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Résumé: Dans ce travail de these, nous nous intéressons a certaines propriétés d’'une classe
de processus stochastiques a accroissements stationnaires et autosimilaires. Ces processus sont
représentés par des intégrales multiples de Wiener-It6. Dans le premier chapitre, nous étu-
dions les propriétés géométriques des trajectoires de ce type de processus. En particulier, nous
obtenons un développement en ondelettes presque-siir. Celui-ci permet alors de trouver une
borne supérieure pour le module de continuité uniforme, une borne supérieure pour le comporte-
ment asymptotique du processus et un résultat presque-str concernant les coefficients ponctuel
et local de Holder. De plus, nous obtenons des bornes inférieures et supérieures pour les dimen-
sions de Hausdorff du graphe et de I'image des versions multidimensionnelles anisotropes de la
classe de processus considérée. Dans le deuxieme et le troisieme chapitre de cette these, nous
nous intéressons au calcul différentiel stochastique relatif au processus de Rosenblatt. A D'aide
de la théorie des distributions de Hida, nous définissons une intégrale stochastique par rapport
au processus de Rosenblatt. Nous obtenons une formule d’Ito pour certaines fonctionnelles du
processus de Rosenblatt. Nous calculons explicitement la variance de I'intégrale stochastique
par rapport au processus de Rosenblatt pour une classe spécifique d’intégrandes aléatoires. En-
fin, nous comparons l'intégrale introduite avec d’autres définitions utilisées dans la littérature
et procédons a une étude fine des termes résiduels faisant le lien entre ces différentes définitions.
Mots-clefs: Calcul stochastique, Développement en ondelettes, Dimension de Hausdorff, In-
tégrale multiple de Wiener-Ito, Processus autosimilaires, Processus de Rosenblatt, Régularité
Holdérienne, Théorie des distributions stochastiques de Hida.

Summary: In this PhD thesis, we are concerned with some properties of a class of self-similar
stochastic processes with stationary increments. These processes are represented by multiple
Wiener-1t6 integrals. In the first chapter, we study geometric properties of the sample path of
this type of processes. Specifically, we obtain an almost sure wavelet expansion which, in turn,
allows us to compute an upper bound for the uniform modulus of continuity, an upper bound for
the asymptotic growth at infinity of the processes and the almost sure values of the pointwise
and local Holder exponents at any points. Moreover, we obtain lower and upper bounds for
the Hausdorff dimensions of the graph and the image of multidimensional anisotropic versions
of the class of processes previously considered. In the second and in the third chapters, we
are interested in the stochastic calculus with respect to the Rosenblatt process. Using Hida
distributions theory, we define a stochastic integral with respect to the Rosenblatt process. We
obtain an Ito formula for some functional of the Rosenblatt process. We compute explicitly
the variance of the stochastic integral with respect to the Rosenblatt process for a specific class
of stochastic integrands. At last, we compare the considered integral with other definitions
used in the literature and provide a careful analysis of the residual terms linking the different
definitions of integrals.

Key words: Holder regularity, Hausdorff dimension, Multiple Wiener-1t6 integral, Self-similar
processes, Rosenblatt process, Stochastic calculus, Wavelet expansion, White noise distribution
theory.






Introduction

1 Régularité des trajectoires de processus stochastiques.

En analyse, la premiere rencontre avec la notion de régularité se fait a travers celle de continu-
ité. La question naturelle qui suit ce concept, permettant un approfondissement de I’étude des
fonctions, est celle de la dérivabilité. Néanmoins, des la fin du XIXieme siecle, des mathémati-
ciens tel que K. Weierstrass ont introduit et débuté 1’étude de fonctions continues partout mais
dérivables nulle part. Ces objets, qualifiés de pathologiques par la communauté mathématique
du début du XXieme siecle, ont rencontré un essor particulierement important sous 'influence
du mathématicien B. Mandelbrot par l'introduction du concept d’ensemble fractal. En effet,
I'image et le graphe de ce type de fonctions sont des exemples de fractales. Ainsi, il a fallu
développer de nouveaux outils d’analyse afin d’étudier de facon quantitative la régularité des
trajectoires de ces fonctions. Dans ce contexte de recherche, sont apparus l'espace de Holder
ponctuel et 'exposant ponctuel de Holder d’une fonction. Il sont définis comme suit:

Définition 1.1: Soit o > 0 et tg € R. La fonction f : R — R appartient a 'espace C*(ty) s'il
existe C' > 0, § > 0 et un polynome P de degré au plus |«| tels que:

V[t —to| <6, [f(t) = P()] < CJt —to|*.
De plus, I'exposant ponctuel de Holder de f en ty est défini par:
ay(to) =sup{a > 0; f e C% )}

Lorsque cet exposant est compris entre (0, 1), il admet la représentation utile suivante:

ay(tg) = sup {oz > 0; 1imsup|f(t0 +p) = f(to) < oo} .
p—0 lp|*

De fagon analogue a cette représentation, un autre exposant de régularité, I'exposant local de

Holder, peut s’avérer complémentaire dans I’étude de la régularité d’une fonction continue mais



nulle part dérivable. Il est défini par:

ag(ty) = sup {a > 0; limsup sup M < oo} .

p—0  ¢,5€B(to,p) |t - S|a

L’exemple paradigmatique de fonction pour laquelle ces exposants de régularité different est la
fonction dite de "chirp”. Pour o € (0,1) et 5 > 0, elle est définie par:

Ve € R, fep(z) = |z|%sin (@%) :

Cette fonction possede un comportement local non-trivial en 0. En effet, on a le résultat suivant:

. (0%
144

afch(o) = Oé, &fch (0)

Parallelement aux développements d’outils analytiques tels que les exposants de régularité, le
XXieme siecle a vu I’émergence et le développement de la théorie des probabilités et notamment
des processus stochastiques. Le représentant central de cette théorie est incontestablement le
mouvement brownien. Observé empiriquement pour la premiere fois par le botaniste R. Brown,
puis introduit plus tardivement en physique par A. Einstein [35],[34], cet objet n’a été défini
mathématiquement qu’en 1923 par N. Wiener [120]:

Définition 1.2: Le mouvement brownien standard, noté {B;; t € R, }, est 'unique processus

gaussien centré de fonction de covariance donnée par:
Vs, t € Ry, E[B:Bs] =sAt.

Les trajectoires du mouvement brownien présentent des propriétés similaires a celles de la
fonction de Weierstrass. Notamment, elles sont continues partout mais dérivables nulle part.
De plus, concernant les exposants de Holder ponctuel et local, le résultat suivant a été démontré

([83]):

pos. VEE R, ap(t) = an(t) = %
Malgré son caractere central et son apparition naturelle comme processus limite de certains
phénonemes discrets aléatoires indépendants (ou faiblement dépendants), le mouvement brown-
ien appartient a une classe plus générale de processus a savoir les mouvements browniens frac-
tionnaires (notés mBf dans la suite). Cette classe est paramétrée par un réel H € (0,1) appelé
I'exposant de Hurst. Ces processus sont définis comme suit:

Definition 1.3: Soit H € (0,1). Le mouvement brownien fractionnaire de parametre H,
noté {Bf : t € R, }, est 'unique processus gaussien centré de fonction de covariance donnée

10



par:
1
Vs,t € Ry, E[B'B] = 3 (7 2 — |t — s|?].

On remarque que pour H = 1/2, on retrouve le mouvement brownien standard. Originellement
introduit par A. Kolmogorov en 1940, [57], afin de rendre compte des phénomenes de turbulence
dans les fluides, cette classe de processus ne fut démocratisée que bien plus tard par les travaux
de B. Mandelbrot et J. Van Ness, [75]. De méme que les trajectoires du mouvement brownien,
celles du mBf sont continues partout mais dérivables nulle part et le résultat suivant a été
démontré [11],[42],[17]:

p.S. Vit c R+, C(BH(t) = &BH(t) = H.

Afin d’approfondir I’étude des trajectoires du mouvement brownien et du mouvement brown-
ien fractionnaire, d’autres outils plus fins que les exposants de Holder peuvent étre employés.
Puisque les trajectoires de ces deux processus sont continues sur un compact, elles y sont en par-
ticulier uniformément continues. Ainsi, il existe des fonctions croissantes positives (aléatoires a

priori), notées ¢y, telles que:

p.s. lim ¢g(h) =0,

h—0+
: |BiL, — B
p.s. limsup sup ———— < 1.
hoo+ o<t<i-n  Pu(h)

Des résultats bien plus précis furent démontrés par P. Lévy (1937, [64]) pour les trajectoires du
mouvement brownien, par M. B. Marcus pour les trajectoires du mBf avec H € [0,1/2] (1968,
[76]), et par D. Khoshnevisan et Z. Shi (2000, [56]), pour le mouvement brownien fractionnaire
avec H €]1/2,1[. En effet, on a:

BE, — BH
p.s. limsup sup |Brin o =1.

h—0t+ 0<t<l-h 2h2H10gl
\/ h

De plus, le comportement local en tout point des trajectoires de ces processus est décrit de

facon précise par le module de continuité local suivant:

BE, — BH
vVt € R,, p.s. limsup [Brin il

=1.
h—07 \/2h2H log(log(%))

Un tel résultat fut démontré par A. Khinchin (1933, [55]) pour le mouvement brownien et par
S. Orey (1972, [91]) pour le mouvement brownien fractionnaire. Il est important de noter que
ce résultat sur le comportement local des trajectoires se déduit de I'asymptotique de celles-ci

en temps long par inversion du temps et par la stationnarité des accroissements du mBf.
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Différentes méthodes peuvent étre employées afin de démontrer ces résultats de régularité.
L’une d’entre elles tire son origine de la construction du mouvement brownien par P. Lévy ([64]
et [83] pour une présentation moderne des résultats). Cette construction s’apparente, en effet, a
une décomposition en ondelettes du mouvement brownien dans la base des fonctions de Haar de
L?([0;1]). Avant d’aller plus loin dans la description des résultats obtenus par cette méthode,
un bref rappel concernant la théorie des ondelettes et son lien avec la régularité ponctuelle de
fonction est nécessaire (voir [80] et [28] pour plus de détails). Une base d’ondelettes de classe
N > 0 est une base orthonormale de L*(R) (ou de L*([0;1])) définie de la fagon suivante:

Il existe une fonction, v, telle que elle-méme et ses dérivées d’ordre N soient dans L>(R).
Pour tout 0 < n < N et pour tout p € N, sup(1 + |z|)?|4™ (2)| < cc.
z€eR

Pour tout 0 <n < N, [, 2™(z)dzr = 0.
La collection de fonctions {1, = 29/24(2. — k);j € Z, k € Z} forme une base orthonor-
mée de L*(R).

Il existe différentes bases orthonormées d’ondelettes vérifiant des propriétés supplémentaires
souvent cruciales suivant le probleme considéré. Ainsi, I’élément ), de la base de Lemarié-
Meyer appartient a l'espace de Schwartz, des fonctions C*°(R) et a décroissance rapide, et
I’élément 1 des ondelettes de Daubechies possede une certaine régularité prescrite et est a sup-

port compact. Concernant la régularité ponctuelle de fonction, le résultat suivant fut démontré
par S. Jaffard ([48], voir aussi [50]):

Théoréeme 1.4: Soit @ > 0 et ty, € R. Soit f € C%¢ty). Alors, il existe une constante
C > 0 telle que:

[(f5 0500 < C27 G (1 4 (278, — k).

Réciproquement, si I'inégalité précédente est vérifiée et s'il existe € > 0 telle que f € C¢(R)
(espace des fonctions uniformément e-Holdériennes), alors il existe un polynome, P, de degré
au plus [a], § > 0 et C > 0 tels que:

Vit — to] < 8, 1(t) = P()] < Clt — to|*|log(It — to])].

Il est important de remarquer que presque toutes les trajectoires du mouvement brownien frac-
tionnaire appartiennent a un espace Holdérien uniforme. De facon plus précise, les invariances
statistiques du mBf telles que la H-autosimilarité et la stationnarité des accroissements as-
surent, par le critere de continuité de Kolmogorov, que ce processus admet une modification
dont les trajectoires sont presque-siirement H —n Héldériennes, pour tout 0 < n < H, sur tout
compact de R.

12



La décomposition en ondelettes du mouvement brownien fractionnaire fut introduite par Meyer
et al. ([81]) et sous une forme légerement différente par Benassi et al. [20]. Plus précisément,
plusieurs décompositions sont présentées dans [81], 'une d’entre elles étant particulierement
élégante et utile pour I’étude de la régularité des trajectoires du mouvement brownien fraction-
naire. Elle correspond a une généralisation directe de la construction du mouvement brownien
de P. Lévy.

Proposition 1.5: Soit H € (0,1) et K C R compact. Presque-surement, on a:

+oo +o0

Vte K, Bl' = > > 27y (20t — k) — v (—k)]ejr,

j=—00 k=—00

ou la série a droite de 'égalité converge uniformément sur K, {€;, (j,k) € Z x Z} est une
collection de variables aléatoires gaussiennes standards indépendantes et ¢y est définie par:
( ) zt§
S ede,

l
2

FW)(§)
VteR, ¥
0= 30 J e
ou F est I'opérateur de transformée de Fourier et 1) 'ondelette mere de la base d’ondelettes de
Lemarié-Meyer.

Néanmoins, I’étude de la régularité des trajectoires a I’aide de cette décomposition en ondelettes
n’a pas été faite dans [81], les auteurs s’intéressant plutot aux différentes représentations pos-
sibles du mBf. En revanche, les auteurs de larticle [20] ont véritablement initié I’étude de la
régularité en calculant les modules de continuité uniforme et les lois du logarithme itéré pour
une large classe de champs aléatoires gaussiens, a partir d’'une décomposition en ondelettes
adéquate. Cette méthode a alors été utilisée afin d’étudier différentes généralisations du mou-

vement brownien fractionnaire.

En particulier, dans la premiere partie de [16], les auteurs ont étudié la décomposition en
ondelettes du drap brownien fractionnaire. Ils en ont tiré plusieurs résultats de régularité: un
module de continuité uniforme du drap brownien fractionnaire ainsi que le comportement a

I'infini et la non-dérivabilité presque-sture de ce champs aléatoire.

Dans [14], les auteurs ont considéré le drap stable fractionnaire linéaire, généralisation non-
gaussienne du drap brownien fractionnaire. A partir d’'une décomposition en ondelettes, les
auteurs ont obtenu des bornes supérieures fines pour le module de continuité uniforme, pour le

comportement a l'infini et pour le comportement autour des axes cartésiens.

De plus, dans [11], les auteurs ont considéré une classe de processus appelés les processus
multifractionnaires généralisés a exposant aléatoire. Cet article fait suite aux travaux de A.
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Ayache et J. Lévy-Véhel ([13], [12]) et A. Ayache ([10]) sur les mouvements browniens mul-
tifractionnaires généralisés. Sommairement, 'idée de leurs constructions est la suivante: on
considere, par exemple, la décomposition en ondelettes du mouvement brownien fractionnaire
sur tout compact et on remplace, d'une certaine facon, I’exposant de Hurst, H, par une suite
de fonctions Lipschitziennes, { H,(.)} (ou par une suite de processus admissibles) de sorte que
le processus obtenu soit bien défini, a trajectoires continues et étende naturellement le mouve-
ment brownien fractionnaire. L’important résultat de régularité ponctuelle suivant a alors été
démontré dans [11]:
p.s. Vt € R, az(t) = liminf H,(t),
n——+o00

ou {Z;} désigne le processus multifractionnaire généralisé associé a la suite { H,,}. Il est impor-
tant de noter que, de ce résultat général de régularité ponctuelle, se déduit le résultat uniforme
concernant les exposants de Holder ponctuel et local du mouvement brownien fractionnaire

énoncé plus haut.

De surcroit, les séries aléatoires d’ondelettes ont été utilisées par S. Jaffard dans [49] et par
J.M. Aubry et S. Jaffard dans [8] afin de construire des exemples de processus stochastiques
exhibant un caractere multifractale. De fagon plus précise, certains exposants de régularité, cap-
turant des comportements plus fins que les exposants ponctuel et local, sont considérés dans ces
deux articles. Ces exposants varient le long des trajectoires des séries aléatoires d’ondelettes et
leurs ensembles de niveau sont des fractales dont la dimension de Hausdorff est non-triviale.

Enfin, dans [19], la construction de P. Lévy du mouvement brownien a été utilisée afin de
modeler des processus dits autorégulés. Ces processus possedent un exposant ponctuel de
Holder variant le long de leurs trajectoires et dont la valeur en un point dépend de I'amplitude
du processus en ce point. En particulier, sous certaines hypotheses concernant le processus

autorégulé, les auteurs ont obtenu le résultat suivant (voir section 4 de [19]):
p.s. Ve Ry, ax(t) =ax(t) = g(Xy),

ol g est une fonction C*'(R) & valeurs dans (0, 1) intervenant dans la construction de {X;}.

En outre, d’autres extensions du mouvement brownien fractionnaire existent. Celles-ci font
appel aux intégrales multiples de Wiener-1t6. Introduites par N. Wiener en 1938 [121] sous le
terme de chaos polynomial, les intégrales multiples de Wiener-1to furent définies et étudiées
par K. Itd en 1951 dans [47]. Comme l'intégrale de Wiener simple, elles sont définies & par-
tir d'une procédure limite et d’une isométrie entre ’espace des fonctions symétriques de carré
sommable sur R” et ’ensemble des variables aléatoires a variance finie mesurables par rapport
a la tribu engendrée par un mouvement brownien standard. Les processus généralisant le mou-

vement brownien fractionnaire aux chaos de Wiener apparaissent comme objets limites dans
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des théoremes généraux de la limite non-centrale. En effet, R. L. Dobrushin et P. Major ([32])
ainsi que M. Taqqu ([108],[109]) ont montré le résultat suivant:

Theorem 1.6: Soient H € (1/2,1) et d € N*. Soit {,, n € Z} une suite gaussienne sta-

tionnaire centrée de variance unitaire telle que:

2H—-2

E[Sniﬂ] =n 4 .

Soit g une fonction mesurable telle que E[g(&)] = 0, E[g(&)?] < oo et:
+o0
g(l‘) = ZCjHj(x)v
j=d
ol H; est le j-ieme polynome de Hermite et ¢; = 1/(j127) [, g(x) H;(x) exp(—2?/2)dz. Alors,
on a, pour tout (t1,...,t,) € (R4 )
Lntlj

L
1 1
(n_H Zg(fi)>---,n—H

i=1 i=1

ntp

Jg(@)) L (L, LR,

n—-+o00

avec,

ou {B,, = € R} est un mouvement brownien indexé par R et ¢(H, d) est une constante stricte-
ment positive telle que E[( [pa R gy, Tq)dBy,...dB,,)% = 1.

Les objets limites ainsi obtenus sont appelés processus de Hermite. Pour d = 1, on retrouve la
représentation du mouvement brownien fractionnaire a l'aide d’une intégrale de Wiener simple
introduite dans [75]. Pour d = 2, le processus obtenu est appelé le processus de Rosenblatt. I
est important de noter que ces processus possedent plusieurs propriétés en commun avec le mBf.
En particulier, ils sont a accroissements stationnaires, H-autosimilaires et leurs trajectoires sont
presque toutes H-n Holdériennes, pour tout 0 < n < H, sur tout compact. Néanmoins, pour
d # 1, ce ne sont plus des processus gaussiens. De plus, alors que le mouvement brownien frac-
tionnaire est 'unique (& une constante multiplicative preés) processus gaussien a accroissements
stationnaires et H-autosimilaire, plusieurs noyaux déterministes peuvent étre considérés afin de
construire, a d # 1 fixé, des processus a accroissements stationnaires et H-autosimilaires mais

de lois différentes.

L’étude de la régularité uniforme et locale de ces processus n’a été que partiellement initiée
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depuis leur découverte. Dans [82], T. Mori et H. Oodaira ont considéré une large classe de

processus H-autosimilaires et a accroissements stationnaires représentés par:
Ve Ry, X[M = dB,,...dB
- +5 t = Qt({L‘l,...,iL‘d) Ty s
R4

ol () est une fonction symétrique de carré sommable vérifiant les propriétés suivantes:

o Qi(xy,...,myq) = fot q(s — 1,..., 8 — xq)ds,
o Ve >0, q(cxy,...,crq) = cH_%_lq(xl, ey L),

o [ala(@r, . .,xa)q(ar + 1, g + 1)|day...dzg < oo

On remarque que le noyau des processus de Hermite vérifie les propriétés précédentes. Pour
cette classe de processus, les auteurs ont obtenu une loi du logarithme itéré fonctionnelle. Celle-
ci permet d’obtenir les enveloppes supérieures et inférieures exactes du comportement a l'infini
des processus ainsi considérés. L’ordre des fluctuations apparaissant alors dans ce comporte-

/2 En revanche, il est important de noter qu’on ne peut

ment asymptotique est h¥ (loglog(h))
pas en déduire le comportement local en 0 contrairement au cas du mBf. L’inversion du temps

n’est a priori pas valable pour d > 2.

Dans [106], des résultats partiels de régularité sont présentés concernant des processus auto-
similaires ergodiques. En particulier, le résultat suivant concernant les exposants ponctuel et
local de processus H-autosimilaires et a accroissements stationnaires représentés par des inté-

grales multiples de Wiener-Ito est démontré:
Vit e Ry, p.s. axma(t) = axna(t) = H.

L’ordre des quantificateurs est ici primordial. Ce résultat s’avere bien moins fort que celui
concernant les exposants de régularité du mBf.

Dans [93], V. Pipiras démontre plusieurs développements de type ondelette pour le processus
de Rosenblatt. On remarque, en particulier, qu'une représentation analogue a celle présentée
plus haut pour le mBf et utile pour I’étude de la régularité des trajectoires n’est pas obtenue
dans [93].

Enfin, dans [118], les auteurs obtiennent, par des arguments de chainage, une borne supérieure
concernant le module de continuité uniforme de processus H-autosimilaires et a accroissements
stationnaires représentés par des intégrales multiples de Wiener-Ito. De méme que pour le

comportement asymptotique & I'infini, Pordre des fluctuations locales au voisinnage de 07 est
Rt (log(1/h))">.
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2 Géométrie fractale.

Afin d’approfondir I’étude des propriétés de régularité des processus stochastiques, un examen
complémentaire des trajectoires peut se faire a travers le prisme de la géométrie fractale. Au
coeur de ce domaine se trouve le concept de dimension fractale ([74]). Introduite en 1919
par F. Hausdorff ([41]) et développée par A. S. Besicovitch, la dimension de Hausdorff est la
définition la plus répandue. Elle repose sur la notion de recouvrement d’ensembles et permet de
définir une quantité intrinseque & tout sous-ensemble non vide de R mesurant, d’une certaine
facon, son taux d’occupation de 'espace ambient. Avant d’aller plus loin, il est essentiel de
rappeler quelques définitions et notations (voir [36],[78] pour plus de détails). Pour tout sous-
ensemble, I, non vide de RV, on note, |F| = sup{||z —y|l2, =,y € F}, le diametre de F pour la
norme euclidienne dans RY. Pour tout § > 0, on appelle d-recouvrement de F' toute collection
dénombrable ou finie d’ensembles, {F;}, telle que F' C U2, F; et |F;| < § pour tout i € N*.
Pour tout s > 0, on définit la mesure de Hausdorff s-dimensionnelle de F' par:

“+o00 [e%e}
H(F) = lim inf {; B, FC L_JlF || < 5} .

On remarque de plus que §'il existe s > 0 tel que H*(F) < oo alors pour tout r > s, on a
H"(F) = 0. Ceci autorise alors la définition suivante pour la dimension de Hausdorff de F"

dimy(F) = inf{s > 0, H*(F) =0} = sup{s > 0, H*(F) = oo}.

Sauf sur des exemples simples, le calcul explicite de cette quantité peut s’avérer bien délicat.
De facon générale, des bornes supérieure et inférieure peuvent étre obtenues par des méthodes
bien distinctes.

Dans un premier temps, les ensembles fractales aléatoires auxquels se sont intéressés de nom-
breux probabilistes sont I'image et le graphe de processus stochastiques ([110], [111] pour les
travaux initiaux sur le mouvement brownien et [112],[123] et [124] pour des articles de synthese
plus ou moins récents sur la géométrie fractale de processus stochastiques).

Définition 2.1: Soient N > 1 et {X;, t € R} un processus multidimensionnel a valeurs
dans RY. Soit I C R,. On définit 'image et le graphe de {X;} sur F respectivement par:

Rp(X) ={X,, te F} CcRY,
Grp(X) = {(t,X,), t € F} c RV*1,

Le résultat suivant concernant le mouvement brownien fractionnaire N-mutlidimensionnel de
parametre de Hurst H € (0,1) a été démontré par H. McKean dans [79] pour H = 1/2 et par
J-P. Kahane dans [54] pour H quelconque dans (0, 1).
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Théoréme 2.2: Soit {B, = (B/"",...,B}""), t € R,} un mouvement brownien fractionnaire

N-dimensionel de parametre de Hurst H. Soit F' C R,. On a, presque-siirement:

dimy,(Rp(B)) = min {N, % dimH(F)} |
dimy(Grp(B)) = min {% dimy (F), dimg(F) + (1 — H)N} |

En outre, un résultat beaucoup plus général concernant les processus multidimensionels dont
les composantes sont des copies indépendantes d’un processus auto-similaire et a accroissements

stationnaires fut démontré par Y. Xiao et L. Huoan dans [122].

Théoréeme 2.3: Soit {X;, = (X},..., X}V), t € R;} tel que, pour tout i € {1,....,N}, {X;}
soit un processus auto-similaire de parametre H; et a accroissements stationnaires. On suppose
que 0 < H < ... < Hy <1 et que:

1 ,
Vi € {1, ...,N}, le > E, EHX;

3K >0, Vie {1,..,N}, P(|X{| <2) < Ku.

Pil < 400,

Alors, on a, pour tout F' C R, , presque-sirement:

Hy,

dimy(F) + 325 (H), — Hj)
Hj,

. k
dimy (Rp(X)) = min {N, dimyy(F) + 2 oy (Hi Hj), k=1, .., N} :

dimy (Grp(X)) = min{ , k=1,..., N, dimy(F) + Z(l - Hj)} :

Il est important de noter que la premiere hypothese, portant sur la finitude de certains moments
des variables aléatoires X7, permet d’obtenir la borne supérieure des égalités précédentes. De
meéme, la seconde hypotheése permet d’obtenir la borne inférieure.

Ainsi, si les composantes de {X;} sont des copies indépendantes d'un processus H;-autosimilaire
et a accroissements stationnaires représenté par une intégrale multiple de Wiener-1t6 d’ordre d >
1, la borne supérieure pour I'image et le graphe de {X;} sur F est valable. En effet, comme pour
les variables aléatoires gaussiennes, chaque Xi admet des moments de tout ordre. En revanche,
la seconde hypothese s’avere beaucoup plus difficile a vérifier. En effet, sauf pour d = 1 et pour
le cas de la distribution de Rosenblatt (loi de la variable aléatoire représentée par un processus de
Rosenblatt au temps 1), une telle borne n’est a priori pas établie. Néanmoins, pour le processus
de Rosenblatt N-multidimensionnel, le résultat précédent s’applique donc. Enfin, dans I'article
[103], un résultat concernant la dimension de packing (autre dimension fractale complémentaire
de celle de Hausdorff) de 'image du processus de Rosenblatt N-multidimensionnel sur F est

démontré.
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3 Analyse stochastique.

L’analyse stochastique est un domaine relativement récent regroupant de nombreuses théories
lies a 1’étude des processus stochastiques. Depuis la fin des années 70, elle a rencontré un
développement particulierement important, notamment grace aux travaux de P. Malliavin (voir
[72] et [73]) et a l'introduction par celui-ci du calcul différentiel qui porte maintenant son nom.
En effet, le calcul de Malliavin est un calcul différentiel en dimension infinie permettant une
extension dans ce contexte des notions de dérivation, d’espaces de Sobolev et d’intégration.
L’exemple paradigmatique d'un tel calcul est celui associé a 1’espace de Wiener standard, a
savoir (Cy([0,1],R), H}([0,1]), W), ou Cy([0, 1], R) désigne I’ensemble des fonctions continues
sur [0,1], & valeurs dans R et s’annulant en 0, H{ ([0, 1]) Pensemble des fonctions absolument
continues sur [0, 1], s’annulant en 0 et dont la dérivée faible est de carré sommable sur [0, 1]
et W la mesure de Wiener sur Cy([0,1],R). Le calcul de Malliavin possede de nombreuses
applications en mathématiques ([87], [84]) et constitue un champ encore tres actif de recherche.
En particulier, il présente des liens étroits avec la théorie de I'intégration stochastique. En effet,
depuis les travaux de B. Gaveau et P. Trauber ([38]), les outils du calcul de Malliavin se sont
avérés efficaces afin de définir et d’étudier certaines extensions de l'intégrale stochastique par
rapport au mouvement brownien ([89], [88]). De fagon précise, cet article établit la connexion
entre l'intégrale de Skorohod ([104]) et I'opérateur adjoint de la dérivation stochastique associée

a l'espace de Wiener standard.

Simultanément aux travaux de P. Malliavin, T. Hida (voir [44] et [43]) a développé un calcul
différentiel en dimension infinie appelé le calcul du bruit blanc. Celui-ci possede de nombreuses
similarités avec le calcul de Malliavin mais présente néanmoins une différence de points de vue.
En effet, 'objet central de cette théorie n’est plus le mouvement brownien, contrairement au
calcul de Malliavin, mais sa "dérivée”, le bruit blanc. Ainsi, ’espace sous jacent de cette théorie
est le triplet suivant (S'(R), L%(R), 1), ou S’(R) désigne ensemble des distributions temprérées
A valeurs dans R, L?*(R) l'ensemble des fonctions de carré sommable sur R et p la mesure
gaussienne sur espace conucléaire S’(R), appelée mesure bruit blanc. De plus, dans ce cadre
théorique, I. Kubo et S. Takenaka ([59]) ont construit une extension de l'intégrale stochastique
par rapport au mouvement brownien qui coincide, dans certains cas, avec I'extension introduite

par A. Skorohod et reliée aux opérateurs du calcul de Malliavin.

Avec la popularisation du mouvement brownien fractionnaire, des questions relatives a un
calcul stochastique par rapport a celui-ci se sont alors naturellement posées. En effet, sauf pour
H = 1/2, un mBf d’indice de Hurst, H, n’est ni une semimartingale ni un processus de Markov.
Ainsi, la théorie classique de l'intégrale stochastique ne s’applique pas au mBf et de nouveaux
outils ont du étre développés afin de construire une intégrale par rapport a celui-ci. De fagon
naturelle, plusieurs mathématiciens se sont alors tournés vers le calcul différentiel en dimension

infinie, que ce soit celui de Malliavin ou celui de Hida, pour répondre a ce probleme.
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En particulier, dans l'article [30], les auteurs ont initié 'analyse stochastique du mBf a 1'aide
du calcul de Malliavin sur l'espace de Wiener naturellement associé a ce processus, noté
(Co([0,1],R), H, Wh). 1ls ont alors défini deux types d’intégrales stochastiques par rapport au
mBf & I'aide de l'opérateur adjoint de la dérivation stochastique sur cet espace. Pour H > 1/2
et pour chacune des deux intégrales, ils ont entre autre obtenu les formules d’'It6 respectives
pour des fonctionnelles C?(R) & dérivées bornées de processus d’Itd "fractionnaires”.

Suite a ces résultats partiels, une pléthore d’articles a vu le jour sur I'intégrale stochastique par
rapport au mouvement brownien fractionnaire, utilisant le calcul de Malliavin (par exemple [3],
[25], [4], [26]). Notamment, dans [3], les auteurs ont développé un calcul stochastique pour une
large classe de processus gaussiens (dits de Volterra) représentés par:

t
W, = / K(t, 5)dB,,
0

ou K (.,.) est un noyau déterministe vérifiant certaines propriétés et K (t,.) est de carré sommable
sur [0,%]. L’idée fondamentale de cet article est de relier 'opérateur adjoint de la dériva-
tion stochastique associé a {W;} a celui de {B;} grace a la représentation précédente. Ainsi,
'intégrale stochastique par rapport a {WW;} d’un processus aléatoire se rameéne & une transfor-
mation déterministe de ce processus et a une intégration stochastique par rapport a {B;}. De
plus, pour H > 1/4 et pour toute fonction f € C*(R) telle que:

1 / "
3e>0, 0 <A< =, Vo € R, max{[f ()], |f'(@)], [f"(2)[} < cexp(Aa?),

la formule d’It6 suivante est vraie:
t t
Ve 0LT1, FBY) — 1) = [ PEISBI - [ (B0 as
0 0

Dans [21], C. Bender définit une intégrale stochastique par rapport au mouvement brownien
fractionnaire (pour tout H € (0,1)) a l'aide des outils du calcul du bruit blanc. De fagon plus
précise, I'auteur calcule la dérivée, au sens des distributions de Hida, du mouvement brownien
fractionnaire. Ensuite, l'intégrale stochastique par rapport au mBf est alors définie a I'aide
de cette dérivée, du produit de Wick et de l'intégrale au sens de Pettis. Ainsi, il obtient une
formule d’'It6 valable pour tout H € (0, 1), pour tout f € S’'(R) et pour tout 0 < a < b, au sens
des distributions de Hida:

p0)— iy = [ a2 s

Il est important de noter que, dans cet article, la représentation du mBf introduite par B.
Mandelbrot et J. Van Ness ([75]) est utilisée alors que, dans [3], la représentation du mBf sur
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un compact est employée. Le cas H = 1/2 fut démontré par I. Kubo dans [58].

Enfin, dans [26], les auteurs définissent une intégrale stochastique par rapport au mBf a 1'aide
d’un opérateur adjoint étendu. Cela leur permet en retour d’obtenir une formule d’It6 pour
H € (0,1/2), pour f € C%*(R) et méme plus généralement, pour f convexe.

On note également qu’il existe d’autres approches pour traiter 'intégration stochastique par
rapport au mouvement brownien fractionnaire valables suivant les valeurs de H. On renvoie
pour cela a larticle de synthese [27] et aux articles plus récents [115], [116] traitant du cas

multidimensionnel.

L’état actuel de la recherche concernant le calcul stochastique par rapport aux extensions du
mBf aux chaos gaussiens d’ordre supérieur a 1 est beaucoup moins avancé. Plusieurs mathémati-
ciens se sont donc naturellement penchés sur la question de définir une intégrale stochastique
par rapport aux processus de Hermite (introduits a la section 1). Une premiére interrogation
dans cette direction est d’identifier la classe d’integrandes déterministes pouvant étre intégrée

par rapport a ces processus. Les auteurs de [69] ont obtenu le résultat suivant:

Définition-Théoréme 3.1: Soit H = {f : R = R, [, f(w)f(v)|u —v[*" 2dudv < oo}
On note, pour tout f € H:

Ifl5, = H2H — 1) (u) f(v)|u — v|*" “2dudv.

RxR
Alors il existe une isométrie, X7 de (H, ||.||) dans (L3(Q, F,P), |.|2(q)) telle que:

p p

v<a1’ a3 ap) ERP, & <t f(t) = Zaiﬂ(ti,tiﬂ](t)v XH,d(f) = Z a,()szf - ngyd%

=1 =1

ot X" = [oa b (21, ..., 20)d By, ...d By,

Ainsi, la classe d’intégrandes déterministes est identique a celle du mBf pour H € (1/2,1).
Cette classe contient notamment des distributions (voir [94], [52], [53]).

Concernant des intégrandes aléatoires, une analyse fine des intégrales stochastiques par rapport
au processus de Rosenblatt a été initiée dans [113] par C. Tudor. Un rappel concernant les ré-
sultats obtenus dans cet article est de mise. Tout d’abord, puisque la variation quadratique des
processus de Hermite est nulle (H > 1/2) et puisque leurs trajectoires sont presque-surement
H — n Hoéldériennes (pour tout 0 < nn < H), Pauteur remarque que l'approche dite par "régu-
larisation”, développée par F. Russo et P. Vallois dans [97] (voir aussi [98]), peut étre employée
avec succes afin de définir une intégrale stochastique par rapport aux processus de Hermite
pour des intégrandes aléatoires suffisamment réguliers. En particulier, pour tout f € C*(R),
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on a la formule d’Ito-Stratonovich suivante:

t
Vi € Ry, f(XIY) = f(XI) 4 / FXBA) K,
0

Il est important de noter que 'intégrale stochastique précédente est définie de la facon suivante:

t B 6 SHd _ gHd
J R R Y e
0 e—~0t  Jo 2e

ou ucp désigne I'uniforme convergence en probabilités sur [0, 7], pour tout 7" > 0. Néanmoins,
une telle intégrale parait difficile a manipuler d'un point de vue de la théorie des probabil-
ités. En effet, un calcul explicite de sa moyenne et de sa variance semble ardu a priori. C’est
pourquoi, dans [113], I'auteur a défini une intégrale stochastique de type "Skorohod” par rap-
port au processus de Rosenblatt. De fagon plus précise, grace a ’adjoint de la dérivée seconde
stochastique associée au mouvement brownien et a I’aide d’une représentation intégrale du pro-
cessus de Rosenblatt sous la forme d’une intégrale double de Wiener sur un compact, l'intégrale
stochastique d’une certaine classe d’intégrandes aléatoires par rapport au processus de Rosen-
blatt est définie. Les propriétés de I'opérateur adjoint intervenant dans la définition de cette
intégrale rendent alors possible une estimation de ses moments d’ordre p > 1. Une question
alors naturelle est de savoir si un lien existe entre les deux intégrales stochastiques ainsi définies
pour une certaine classe d’intégrandes. Le théoreme 2 de [113] présente un tel résultat. La
différence fondamentale avec les résultats connus pour le mBf pour H > 1/2 (voir [4]) est
I’apparition d’un terme, dit de "trace”, supplémentaire. Pour le processus de Rosenblatt, ces
termes ne sont pas explicites ni leurs conditions d’existence. De plus, une formule d’Ito6 faisant
intervenir l'intégrale de type Skorohod par rapport au processus de Rosenblatt est obtenue.
Pour tout f € C?(R) et pour tout ¢ € [0, 7], celle-ci s’écrit:

t t
FRE2) = J(RE2) 4 / PRSI 4 g / XA PH s 4 N,
0 0

ou {N;} est un processus limite explicite uniquement pour des instances particulieres de f, a
savoir =% et x* (voir théoréme 4 de [113]). La remarque fondamentale concluant cet article
(remarque 8 de [113]) mentionne I'apparition, pour f(z) = 23, de la dérivée troisitme de f
ainsi que de certains cumulants (d’ordre supérieur a 2) de la distribution de Rosenblatt dans le
calcul de {N;}.

4 Organisation et résultats principaux.

Cette these comporte trois chapitres. Ceux-ci peuvent se lire de facon indépendante les uns des

autres. Le premier chapitre traite des propriétés géométriques des trajectoires de certains pro-
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cessus auto-similaires et a accroissements stationnaires représentés par des intégrales multiples
de Wiener-It6 d’ordre quelconque. De fagon précise, dans la premiere partie de ce chapitre, une
classe particuliere de processus est considérée :

vVt € R, Xa:/

* H—2 H—2
[ e =<l = ] dm,aB,

ou t* = (t,...,t). Il est important de noter que cette classe n’appartient pas a la classe de
processus pour laquelle les résultats de l'article [82] s’appliquent. A partir d’une représentation
en ondelettes de ce processus (proposition 2.1 du chapitre 1), les résultats suivants sont obtenus:

Proposition 4.1: Il existe un espace de probabilité, {2*, de mesure pleine, une variable aléatoire
strictement positive A; dont les moments de tout ordre sont finis et une constante, by > 1, tels
que:

| X7 (w) — X¢(w)|

Yw e Q* sup < Ag(w).
(s,)e0,1] |t — s (log(bg + |t — s]*l))g

Proposition 4.2: Il existe un espace de probabilité, 2*, de mesure pleine, une variable aléatoire
strictement positive By dont les moments de tout ordre sont finis et une constante c; > 3, tels
que:

XOL
Yw € O* sup | t (w)|
teRy (1 4+ [t]) 7 (loglog(cq + |t]))

< By(w).

d =
2

Théoreme 4.3: Presque-surement,
Vt € (O, ].), O[Xoc(t) == dXoc(t) =H.

Il est important de noter que ce résultat est uniforme sur les trajectoires du processus { X/ }.
De plus, l'ordre du chaos n’apparait pas dans la valeur des exposants ponctuel et local.

Dans la deuxieme partie de ce chapitre, on s’intéresse a des processus N-multidimensionnels,
(Y7 = (Y™, ..., Y,") t € R}, dont les composantes sont des copies indépendantes d'un pro-
cessus auto-similaire et a accroissements stationnaires représenté par une intégrale multiple de
Wiener-Ito6 d’ordre d > 1 fixé. Chaque composante admet un exposant d’auto-similarité dis-
tinct. Ces exposants vérifient 1/2 < H; < ... < Hy < 1. Le résultat suivant concernant la

dimension de Hausdorff du graphe et de I'image de ces processus multidimensionnels est obtenu.
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Théoréme 4.4: Soit F' C R,. Presque-stirement,

Soh_y (Hy—H;)

dimy F +
min | N; " d k=1,...,N| < dimyRp(Y")
Hy,
dimyF + % (H, — H;
< min (N; i LU ]),kzl,...,N>,
Hy,
. Zk:1(Hk_Hj) N
L e - n,
min | 2% k= o Nidimy F 4 ; % < dimyGrp(Y™T)
dimyF + Y (Hy — H)) N
< min i= k=1, NidimyF +) (1—H;)|.
Hy i=1

Les deuxieme et troisieme chapitres de cette these sont indépendants du premier dans la mesure
ou ils s’intéressent a des questions relatives au calcul stochastique par rapport au processus de
Rosenblatt. Dans le deuxieme chapitre, en utilisant la théorie des distributions de Hida, une
intégrale stochastique par rapport au processus de Rosenblatt est introduite dont la définition
est motivée par celles de I'intégrale bruit blanc ([59, 60]) et de U'intégrale bruit fractionnaire
([21]). De facon précise, la dérivée du processus de Rosenblatt, au sens des distributions de
Hida, est calculée (voir lemme 3.4 du chapitre 2). L’intégrale du bruit de Rosenblatt est alors
définie par multiplication de Wick de l'intégrande avec cette dérivée et par intégration au sens de

Pettis (voir définition-théoreme 3.10 du chapitre 2). La formule d’It6 suivante est alors obtenue.

Théoreme 4.5: Soit (a,b) € R’ tel que a < b < oo. Soit F' une fonction analytique en-

tiere de la variable complexe vérifiant:

1
AN € N,3C >0,¥2€C |F(2)] <O+ |z])N exp (\/inﬁ(z)]) :

Alors, on a dans (S)*:

b . o b 4HE—1
~ ~ ~ B -~ t ~
P(XP) = P(XPT) = / FOXPT) 0 XPMdt +) j(Hm(X%H) / —(k_l).F(k)<Xf’H>dt)
a k=2 a °
o b
- (2'“ / F<k>(;zfﬂ><>x;f»kdt),

k=2

ol1, o désigne le produit de Wick relatif au mouvement brownien, ry(X ") désigne le cumulant
d’ordre k > 2 de la distribution de Rosenblatt et XtH ¥ la dérivée au sens des distributions de
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Hida du processus {X;"*} défini par:

/ / ((he? @1 hy"™?) @1 he'?).c. @1 hy?) (w1, 25)d By, dBy,.

~
k—1x®1

Le symbole ®; désigne le produit tensoriel contracté d’ordre 1.

Il est important de noter I’apparition dans cette formule d’It6 des cumulants de tout ordre de la
distribution de Rosenblatt ainsi que des dérivées de tout ordre de la fonction F'. Cette formule
confirme les attentes exprimées dans 'article [113] & la remarque 8.

Dans la quatrieme partie de ce chapitre, une comparaison est faite entre 'intégrale du bruit
de Rosenblatt associée a une représentation du processus de Rosenblatt en intégrale double de
Wiener-1t6 sur un compact, notée {Z, t € [0,T]}, et 'intégrale de type Skorohod définie dans
I'article [113]. Le résultat est le suivant:

Proposition 4.6: Soit {<I>t,t € [0;T]} un processus stochastique tel que ® € L?(Q;H) N
L*([0,T]; D??) et E| fo fo |D2, ,, 0|3 ds1dss] < 0o. Alors, {®¢} est intégrable au sens de Sko-
rohod et (S)*-intégrable par rapport au processus de Rosenblatt, {Z{ },c0.77, et on a:

T T )
/ qmzﬁ:/ ¢y o ZHdt.
0 0

D*? désigne 1'espace de Sobolev-Watanabe-Kree d’ordre (2,2) et D% _ T'opérateur de dérivée

S1,82

seconde stochastique, tous deux associés a un mouvement brownien standard.

Enfin, la variance de I'intégrale stochastique par rapport au processus de Rosenblatt est calculée
explicitement pour une certaine classe de processus intégrandes. Des conditions suffisantes sont
imposées sur la classe d’intégrandes et notamment sur leur décomposition en chaos de Wiener.
Afin d’énoncer précisément le résultat, quelques notations doivent étre introduites. Un outil
récurrent intervenant dans ’analyse stochastique associée au mouvement brownien fractionnaire
est I'intégrale fractionnaire d’ordre 5 € (0, 1) sur 'axe réel, dénotée I 36; Elle est définie comme
suit sur I'espace de Schwartz des fonctions infiniment dérivables et a décroissance rapide:

Vfe SMR),Vz e R, I7(f)( /f (z —y)" dy.

Brievement, on suppose que les noyaux de la décomposition en chaos de Wiener du processus
intégrande {®;, t € (a,b)} vérifient, pour tout m > 2 et pour tout ¢:

(—i&m— 1) (=i&m)
I[Z, (L 1&1)

Hy s 3, (1) € 2R™). F(F( (6 r) =  F ()€,
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olt &; = > " L(fin(., 1)) et (—i€)/? = |¢|1/2 exp(—iH sign(£)m/4). Le résultat s’énonce alors
de la facon suivante:

Théoréme 4.7: Soit (a,b) C Ry tels que 0 < a < b < oo. Soit {®4;t € (a,b)} un pro-
cessus stochastique tel que pour tout ¢ € (a,b), ®; € (L?). De plus, on suppose que:

Vt € (a,b), YVm > 2, fn(.,t) vérifie H1,

2

+f<m+2>!(/a g (2 ) < +oo,

m=2 7b

olt ¢ = (1 + €) pour un certain € € (274 v (2H — 1);1). Alors, on a:

3H—-1

E{(/ @toXZHdt)] H(2H—1)/ It — s]*T-VE[D,,]dsdt
(a,b)x (a,b)

2H — 1 -
T adery LD / CSHED (@)D (,)]dsdt
[lb ab 5 012 6,50[2

d ®,) (D b, )|dsdt,

+a(H /(ab) o E, @)D gy

ou d(H) > 0 est une constante connue explicitement et [?5 2 (@) et <D5 IH/2)2(q)t) deux
804y

éléments de L*((a,b) X (a,b)) ® (L?) coincidant avec Ddsolf/z (®) et (D , f/2) ((IJ ) pour {®;}

plus réguliers.

Il est important de remarquer I'apparition d’un terme faisant intervenir une dérivée seconde

stochastique dans la formule précédente, ce qui differe significativement du cas gaussien.

Dans le dernier chapitre de cette these, on étudie le lien entre les intégrales définies par régu-
larisation par rapport au mouvement brownien fractionnaire et par rapport au processus de
Rosenblatt et les intégrales bruit fractionnaire et bruit de Rosenblatt. Pour ce faire, on com-
bine des outils issus de la théorie du bruit blanc et du calcul de Malliavin. En particulier, en
utilisant les espaces de Sobolev-Watanabe-Kree, notés (W™?) pour r > 0 dans ce chapitre, on
définit des familles d’opérateurs sur ces espaces associées au mBf et au processus de Rosenblatt
(voir propositions 2.4 et 2.6 du chapitre 3). Ceux-ci sont notés V7~1/2 pour le mBf et V7/2,
V©@:H/2 pour le processus de Rosenblatt. Le résultat concernant le mouvement brownien frac-

tionnaire est alors le suivant:

Proposition 4.8 : Soit {®; : t € (a,b)} un processus stochastique tel que pour tout ¢ € (a,b),
€ (W'?). De plus, on suppose que:

b
/ ||(I)t||?L2)dt < +OO,
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b
_1
/ IV (@) 20 ooyt < +00.

Alors, on a:

b BH - BH . b BH . BH b ptte d
/@tLdt ) / (IDtQH_E—tdt—i-A(H)// VI3 (@) (s, ) dt,
a a a t

€ € ©
ou A(H) est une constante strictement positive connue explicitement.

En combinant alors une formule de dérivation des fonctions composées pour I'opérateur V7 —1/2

avec certaines fonctionnelles du mBf, on retrouve le résultat bien connu suivant:

Proposition 4.9: Soit FF € C'(R). On suppose que pour tout ¢ € (a,b), F(B) € (W'?)
et que:

Vz € R, max{F(z), F'(z)} < Ce™’,

pour C'> 0 et A > 0 tel que A < 1/(46*"). Alors, on a:
b ) b
[ F@a B = (v (PB) + H [ B
ol I'égalité est vraie dans (L?) et presque-stirement.

Concernant le processus de Rosenblatt, comme dans [113], on note 'apparition d’un second

2),H/2

terme de trace. Celui-ci fait intervenir I'opérateur V¢ et notammment sa restriction a la

diagonale de (a,b) x (a,b). Celle-ci n’existe pas nécessairement pour les éléments de (W?*?). En
effet, pour tout ® € (W?2), V@:H/2(d) appartient a L?((a, b) x (a,b)) ® (L?) (voir proposition
2.6 du chapitre 3). Ainsi, une hypothese de méme nature que Hj est suffisante afin de définir

JH /2

une telle restriction, notée V@-/2. Le résultat est alors le suivant:

Proposition 4.10: Soit {®; : t € (a,b)} satisfaisant les conditions (1), (2) and (3) de la
proposition 3.2.4. De plus, on suppose que:

b
/ Hq)tH%LZ)dt < 00,
b " )
S IV @) apoiunit <

b
/ IV @0) [ 20,0902y < 00
a
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$2H_g2H

X2 H X2 H b X?,H . X2,H b t+e d
o Keie ~ X7 @ / boo St [ ([0 (@))% )

€ a ¢ 50l 2 €

/ / v (3,3,)d5>dt

Il est important de noter le caractere algébrique de cette égalité analogue a une identité remar-

est (S)*-intégrable et on a:

quable. En effet, le premier terme fait intervenir (D* L 12)%, le second s’apparente & un terme
+

),H/2

croisé D J/2 © VH/2 et le dernier fait intervenir V2 Ce caractere algébrique est issu de

ds0l
la formule multiplicative du calcul de Malliavin (Lemma 3.11 du Chapitre 2) utilisée dans la

preuve de cette proposition.

Enfin, pour ®, = F(X>"), avec F une fonction infiniment dérivable sur R telle que F et
toutes ses dérivées soient a croissance au plus polynomiale, un calcul explicite des termes de
trace apparaissant a la proposition précédente est réalisé. En particulier, on obtient:

Proposition 4.11: On a dans (5)*:

/ab( tt+eD* H(vg(F(Xf,H))(sj'))dS)dt .

6301_’_2 € e—0t

VD@ ([ af e ).

ou I(I}) = [ (fo H/2 = u|H_1du> dB,. Et, on a presque-siirement:

d(H) /ab (/tm VO (F(XP)(s, 5, )%W by

b b
- H - -
H/ (2H-1 F’()L’E’H)df 5 53()(12&)/ (3H-1 F(z)(xtQ,H) It

a

2d(H)

IESE

H(2H —1) /b L(efh (%) FO (X dt.

gz
ol Ir(ef’y(., LJy [ (u—. (v—=)2 |u—t" o — t|7 " dudv).

Il est important de noter que les résultats de ce chapitre sont obtenus a I’aide des représen-
tations du mouvement brownien fractionnaire et du processus de Rosenblatt en intégrale de
Wiener (simple et double) issues du théoreme de la limite non-centrale 1.6 et non a l'aide des

représentations respectives sur un compact.
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Chapter 1

On a class of self-similar processes with station-

ary increments in higher order Wiener chaoses.

Self-similar processes with stationary increments (SSSI processes), i.e. processes X which
satisfy:
Ve>0 {Xu:teR)} L{clX, teR,)

Vh>0 {Xn—Xn:teRYZIX, teR,)

for some positive H, have been studied for a long time due to their importance both in theory
and in practice. Such processes appear as limits in various normalisation procedures [63, 101,
109]. In addition, they are the only possible tangent processes [37]. In applications, they
occur in various fields such as hydrology, biomedicine and image processing. The simplest
SSSI processes are simply Brownian motion and, more generally, Lévy stable motions. Apart
from these cases, the best known such process is probably fractional Brownian motion (fBm),
which was introduced in [57] and popularized by [75]. A construction of SSSI processes that
generalizes fBm to higher order Wiener chaoses was proposed in [82]. These processes read

Vt e R, Xt:/ he(x1, ..., 24)dBy, ...dB,,
R4

where {B, : x € R} is a two-sided Brownian motion and where h; satisfies:

1. hy € LA(R?), where L2(R?) denotes the space of square-integrable symmetric functions,
2. Ve >0, hg(cry,...,cxg) = cH’%ht(xl, ey Ta),s
3.Vp >0, hypp(xr,...stq) — hy(@1, ..., 2q) = hp(a — ¢, ... 2 — 1).
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Properties 2. and 3. ensure self-similarity and stationarity of the increments of the process.
Among the kernels satisfying the above properties, [82] considered:

H-4-1
o Jillst—xlly " s,

t1d -G+5)
* fo Hj:1(3 — ), *ds.

where s* = (s, ..., s), ||.]|2 is the euclidian norm in R? and (z), = max(0, z).

The second kernel defines a class of processes called Hermite processes, which have been and
still are the subject of considerable interest [32, 109, 2, 93, 113]. For d = 1, one recovers fBm
(the only SSSI Gaussian process). The process obtained with d = 2 is called the Rosenblatt
process.

When d > 1, the processes in the general class defined in [82] are somewhat difficult to analyse,
because they are no longer Gaussian. In recent years, the family of Hermite processes, and
specially the Rosenblatt one, has been studied in depth from the point of views of estimation
[18], stochastic calculus [113], distributional properties [117], wavelet-like decomposition for
d = 2 ]93], and more. Wavelet-like decompositions, in particular, are useful for investigating
the local properties and providing synthesis algorithms.

General results on sample paths properties of ergodic self-similar processes, such as local or
pointwise regularity or Hausdorff dimensions were obtained in [106]. These results apply to
SSSI processes belonging to higher order Wiener chaoses. Namely, at any t € R, almost
surely, the pointwise and local Holder exponents are equal to H (see section 4 for a definition).
Nevertheless, in the case of fBm, a lot more is known, both in the one and multidimensional
cases [92, 33, 107, 11, 9]. However, in the non-Gaussian case d > 1, there is still room for
improvements. For instance, almost sure pointwise Hoélder exponent at any point is not known
for SSSI processes belonging to Wiener chaoses of order d > 2. Of course, by stationarity of
increments, self-similarity and the finiteness of every moments of X7, one has:

Vp>1, E[|X,— X,P] = |t —sPPE[(X1)"].

By Kolmogorov’s lemma, X has a modification whose sample paths are Holder-continuous of
all exponents smaller than H (we will always work with such a version in the following), but
obtaining the exact almost sure pointwise Holder exponent at any point is more difficult.

The aim of this article is to study a class of SSSI processes obtained by considering a particular
kernel h satisfying conditions 1.,2.,3. above. The interest of this class is that it allows one
to obtain a wavelet-type expansion for all values of d (and not only for d = 1 and d = 2
as it is the case for Hermite processes). This expansion permits in turn to deduce sharp local

regularity results on the sample paths. Our class of processes is defined by the following multiple
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Wiener-1t6 integral representation:

a * H-4¢ H-¢
X :/Rd (1t =113~ IxIly*] 4B, (11)

where t € [0,1], t* = (¢,...,t) and « = H — 1+ 4. When d = 1, {X{} is a fBm. One can
think of this class as a natural extension of fractional Brownian motion to higher order Wiener
chaoses. Indeed, this class of kernels appears in the definition of the Lévy fractional Brownian
field (see [101], chapter 8).

The main results of this article are propositions 3.2 and 3.3 and theorems 3.1 and 4.1. Propo-
sitions 3.2 and 3.3 are concerned respectively with the uniform modulus of continuity and the
asymptotic behaviour at infinity of the process {X;}. Due to the self-similarity and the sta-
tionarity of the increments, the exponent of the power function controlling these behaviours is
H. Nevertheless, due to the non-Gaussianity of Wiener chaoses random variables for d > 2, the
sample paths of the process { X'} differ significantly from the ones of fBm since the logarithmic
correction is to the power of g. Moreover, theorem 3.1 gives us the almost sure pointwise and
local Holder exponents at any points. It extends a well-known result regarding fBm, namely
that, almost surely, for any ¢ € (0,1), the pointwise and local Hélder exponents at ¢ are equal
to H. Nevertheless, the techniques in order to obtain this result for the considered class of
processes are somewhat more involved since the collection of random variables used to define
the wavelet-type expansion of { X} is not a collection of independent standard normal random
variables (for d > 1) anymore (see the remark after proposition 2.1). Lemma 3.3 is the key to
obtain such a result. It is based on a geometric condition which lets us obtain independence
and the Carbery and Wright inequality ([24]). This inequality provides us an estimate for the
small ball probability of a random variable from the collection previously mentionned. It ap-
pears in the study of the convergence in law for sequences of functionals on the Wiener space
(see [85]). Theorem 4.1 is concerned with Hausdorff dimension of the range and the graph of
general anisotropic multidimensional processes whose independent components are copies, with
different self-similarity exponents, of a SSSI process belonging to a fixed Wiener chaos. Lower
bounds and upper bounds are obtained using methods similar to those of [122]. Moreover,
regarding the lower bounds, Theorem 2.3 of [122] can not be applied directly to the multidi-
mensional processes under consideration. Indeed, to our knowledge, it is not known (except
for the Rosenblatt distribution) whether or not a random variable, represented by a SSSI pro-
cess, at a fixed time, belonging to a Wiener chaos, admits a continuous and bounded density
(see the remark after proposition 4.1). Once again, using an approximation lemma based on
the Carbery and Wright inequality (see lemma 4.2), we obtain lower bounds for the Hausdorff

dimensions.

The remaining of this work is organized as follows. In the next section, we define precisely
our process. In Section 2, we prove the existence of a modification of { X} which is expressed
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as an almost-surely absolutely convergent wavelet-type series. Section 3 studies the pointwise
and local Holder regularity of sample paths and the behaviour at infinity of the process. Finally,
we provide in Section 4 general results on the Hausdorff dimension of the range and graphs of
multidimensional anisotropic SSSI processes defined by multiple Wiener-Ito integrals.

1 Definitions and notations

In this section, we define the class of processes, {X;}, by means of the multiple Wiener-It6
integrals and the Riesz kernel. First of all, let us define the multiple Wiener-Ito6 integrals. We
refer the reader to chapter 1.1.2 of [87]. The multiple Wiener-1t6 integrals, denoted by g, is a
linear continuous application from L2(R%) to L2(Q, G,P), where G is the sigma-field generated

by the two-sided Brownian motion. Moreover, it satisfies the following properties:

o Forall f e L2(RY), I,(f) = Li(f),
e For all f € L*(RY), E[I4(f)] =0,
e For all f € L*(RP) and g € L*(RY),

0 P#q
Pl < fi0>2mey P=q

where f(z1,...,24) = T 2ooes, f(To@), - To(a)) and Sy is the set of permutations of {1,..., d}.

Let us define the Riesz kernel:

]{? ( ) 1 ||X||g_d a_d%0727476
a\X) =
(@) | [x|l5 ™" In ok a—d =0,2,4,6
with:
oa I(5)
2072 ——=— a#d+2k, «a# -2k
I'(5%)
Yale) = {1 o= —2k

(~1)% e (- “Nr(g) a=d+ ok

where £ € N and ['(a) = fooo x*te~*dx. This kernel occurs in the definition of the Riesz

potential which will be used below. Let H € (%, 1) and set « = H + %l — 1 which is, thus, in
R\ N. Consider the following kernel:

R (@1, ey 2a) = ka1 (87 — %) — kaqa (%)
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where t* = (¢,...,t). The kernel h{ is clearly symmetric and it is classical to show that it is a
square-integrable function. Moreover, simple calculations show that Properties 2. and 3. are
also verified. Thus the process:

vte[0,1] X7 = la(h{),
is an SSSI process by [82].

Self-similarity and increments stationarity entail that
1
V(s,t) € [0,1%, BIXPXE] = SEIXT)T [[ + 15 — [t = o],

i.e. X[ has same covariance structure as fBm. In particular, it displays long range dependence.
Note that, as mentioned above, Kolmogorov’s lemma implies that the process has a modification
whose sample paths are almost surely continuous. We will always work with this modification
in the sequel. Using a classical patching argument, X“ can then be defined on the whole of R.

2 Wavelet decomposition

Wavelet decompositions of stochastic processes are a powerful tool for the study of sample paths
properties such as regularity. They have been used in particular in [16] and [14] respectively for
the cases of fractional Brownian sheet and linear fractional stable sheet. Following the method
in these articles, we shall obtain an almost sure wavelet-type expansion of {X/}.

In that view, we use a specific wavelet basis of L*(R?) (the reader is referred to [80] for an
introduction to wavelet theory). For d = 1, we consider the Lemarié-Meyer wavelet basis,
which satisfies the following property:

e the scaling function ¢ and the mother wavelet 1) are in the Schwartz space, S(R).

o supp(F(¢)) C {£ € R: [§] < F} and supp(F(¥)) C {€ € R: & < |¢] < &}, where
F(0)(©) = fy o(x)edr.

o {2:4(272 — k) : (j, k) € Z x Z} is an orthonormal basis of L(R).

eV eN [, aly(x)dr =0.

The last property implies that the mother wavelet is in the Lizorkin Space, So(R). We use the
canonical construction of a multidimensional multiresolution analysis from a monodimensional
one using tensor products. Let E denote the set {0,1}¢\ (0,...,0). For all € € E, we note ()
the function defined by:

1/,(6) (x) = w(fl)(xl)_“zl/}(fd)(xd)
where (@ = ¢ and ¥ = ¢. Then {)(x) = 259 (2x — k) : (j.k,¢) € Z x Z* x E} is
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an orthonormal wavelet basis of L?(R?). By construction, for all € € E, 1)©)

Lizorkin type space:

So(RY) = {¢p € S(RY) : VB € N¢ /Rd x")(x)dx =

This space is invariant by the Riesz potential which is defined by (see [100], page 483):

T00) = [ Fulx=y)iv)dy.

For ¢ in Sp(R?), the following inversion formula holds:

L[ e F)©)
To - = 1<x,E> de.
Vi) / TS

(2m)4

0}.

is in the following

We are now ready to give our wavelet-type expansion for the process {X}. For this purpose,

we proceed as follows:

e We show the existence of a modification of {X¢}, denoted by {X}, which can be ex-

pressed as a random wavelet-type series which almost surely converges absolutely at every

point ¢ € [0, 1].

e We show that this modification is continuous on [0, 1].

e We conclude that these two processes are indistinguishable.

Proposition 2.1. There ezists a modification of the process {X;t € [0,1]}, denoted by { X},

such that:

VweQ Ve [0,1] Xp(w) =) ) ) 2 [zt (g

JEZ keZd eeE

NIt —

k)

_ Zaﬂ(w(d)(_

k)] Lo ().

Remark: In [16], the wavelet expansion of the fractional Brownian sheet is proved by means

of the It6-Nisio theorem (see theorem 2.1.1 in [62]). In our case, we can not use such theorem

since the collection {Iy( 6)) (4, k,€) € Z x Z¢ x E} is not a collection of independent random

variables. Indeed, for any (j,k, k', ¢,€), one has:

E[La(¢5a) Ta(¥§30)] = d! < {0550 >
d‘ < % kvw k)’ >

= Z < @bj,k

oESy

- Z <¢] ’w(k’>

oESY

o U;ka), >

where ¢ 0 0(21, ..., 2q) = V(To01), - To(@)), €0 = (€5(1)s - €(a)) and similarly for k,. Thus, if
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there exists o € Sy for which ¢, = € and k, = k', we have E[[d<w§f&)[d<w§i)/)] # 0. For d = 3,
one can choose € = (1,0,1), ¢ = (1,1,0), k = (1,2,3) and k' = (1,3,2) and ¢ = {1,2,3}{132}

In order to show this proposition, we need the following lemma:

Lemma 2.1. Let {f,} be an orthonormal basis of L?(R%). There exists an event * of prob-
ability 1 and a strictly positive random variable, éd(w), which has all its moments finite such
that:

d
2

Vwe Q' VneN |Ii(f,)| < Cyw)(log(e +n))2.

d
2

Proof: The proof follows the lines of the one of Lemma 1 in [15]. Let a, = (log(e + n))z.
Theorem 6.7 of [51] entails that:

1
=
(e + n)cabd

[SYIN)

Aeq> 00 Wb >2, ¥ €N, P ([Lalfa)] = banVll]|full o ) < et

For cdb% >1, 3 < 00, and the Borel-Cantelli lemma implies that:

2
(e—l—n)cdbd

30", P(Q*) =1: Ywe ', In(w) e N: Vn > n(w),

[ La(£2) ()] < blog(e + 1)) 2Vdl|| ful | 12y < b(log(e + n)) VL.
Set:
min{n e N: k >n |Li(fo)| <bllogle + k)vVdl}  weQ

) = +o0 w ¢ QO

and define:

sup  ([La(fe)])  weqr
C(W) = ¢ 0<k<7(w)
+o0 w ¢ OF.

We compute the moments of any order p > 0 of this random variable. Following the proof of

Lemma 1 of [15], one gets:

E(|CP) = Z]E ( sup (Ha(fi) ") X {rw)=n})

0<k<n
+o00 n
p p
< E(llal/fo)l HE;E(WU’“)' Xty b10g(en1) S vy
+oo n
< E(L(fo)P) + 3D E( L fi) ) P(|La( fa-1)| > bllog(e +n — 1))2Vdl)2.
n=1 k=0

36



Using Theorems 5.10 and 6.7 of [51], one deduces

» » < n+1
E(ICPP) < E(ILa(fo)l") + ¢, ) e
n=l(e4n—1)""

2

1.e., for % > 2,
Vp >0 E(C]P) < +oc.

From this, one deduces that there exists a strictly positive random variable C’d(w), whose every
moments are finite and such that:

d
2

a.s. VneN |Ii(f.)| < Cyw)(logle+n))2 O

An indexing argument shows that the following inequality holds:

d
2

as. V(j.ke) €Zx L x E [\ < Cra(w)(log(e + || +|[k[[1))
Ca(w) (log(e + [5]))2 (log(e + ||k[]1))*,

IN

where we have used the two trivial facts:

e the function z — 2% is increasing on R
o V(z,y) e Ry log(e+xz+y) <log(e+z)log(e +y)

Let us now move to the proof of Proposition 2.1. It is similar to that of the wavelet-type
expansion of fBm in [81] and in section 4.2 of [9].

Proof: For every ¢t € [0,1], h¢ is in L*(R%). We can expand it into the wavelet basis {@/)](61)(}
Using Ito isometry we have, in L*(Q, G, P):

Xp =303 < b > L)

JEZL keZd e€E

Let us show that the right hand side converges absolutely for every ¢ in [0, 1] on Q*. It suffices
to show that:

vwe @ YN ST <l > 11a@i)] < oo

JEZ keZd eeE

For this purpose, write:

< b0 = [ s =) = o (X))
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The change of variables 2/x — k = u yields:
< he, ) >= oM / oer (278" — K — 1) — oo (—k — )] (u)du.
R4

Split the integral into two terms to get:
< b g >= 21 [T () (206 — k) — T () (k)]

We need to distinguish between j < —1 and j > 0. Since Z°*!(1)(9) € Sy(RY), the function f
defined on R by:
f(u) _ Ia—i—l(w(e))(u* _ k)

is in C*°(R) (with u* = (u,...,u)). Thus, by the mean value theorem:

df

v € [0,271] I%%w%@%ﬂqg—zwwwwpky—w%JQ

By the chain rule,

E: N =k,

where v* = (v, ...,v). Using the rapid decrease of ;2-(Z*!(1(9)), one gets:

Cp.a
(14 [[v* = Kklf2)?

d
Vp >0 |d—“Z(v)| <

For j < —1, v € [0,27t] C [0, 5]. Thus, for |[k||; large enough, the following estimate holds:

C/p,d

VEE0] | < by > | < 20k

By Lemma 2.1,

= d
2

Vwe Q" V(jike) €ZxLXE L) w)] < Clw)(log(e+ i)

d
2

(log(e + [[k|]1))>-

Thus,

j(1—H)

d d
2 2

I < B % > oo o a(®\%) (@)] < € 4(w) 77 (log(e +13)* log(e + ki) .

(1 + |[k]|2)
Since H < 1, almost sure uniform convergence for the “low frequency” part j < 0 for p suffi-
ciently large does hold. The high frequency part j > 0 requires a bit more work. Using the
rapid decrease at infinity of Zo+!(1)(9)), one gets:

1

Ia+1 (e) th* —_ k)< : p,d ]
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Thus, for 7 > 0:

. 1 1
| < h > | < Cp 2! { : +

(L4 [[27¢" = K[[2)» (1 + [[k[|2)”

In order to conclude, we need to estimate the following quantity:

log(e k1
Z<( gle + |[k[[1))

%
2 (14 (27t — K[

Denote |27t |* = (|27t], ..., |27t|) € Z* where |u] is the integer part of the real u. A change of
variable in the previous sum yields:

log(e klg log(e k 20t |*
Z(( gle + || ||)))pzz(( gle + |k + [2¢)*[]))

d
2
1+ |]27¢* — k|2 1+ []27¢* — |27t ]* — Kk||2)P°

kezd kezd

By the triangular inequality,
log(e + |k + [27t]"[1) < log(e + [[k[[ + [[[27¢]"[|1) < C"log(e + |k|}:) log(e + [[[27¢]"[]1)-

Consequently, one obtains:

(log(e + ||k||1))g it ¢ sup (log(e + ||k‘|1>>g
Z ( Kl < C'(log(e + [[[27t]"[]1)) (Z (1+|’Z_k|’2)p>.

Kkezd L+[[27t z€[01]7 \ 74

Thus, for 7 > 0:

ST < gl > (L@ (@)] < Clly(w)279 (log(e + d27t)) % (log(e + |j]))2,

kezd
which concludes the proof .0
Remark: This wavelet expansion does not extend straightforwardly to every stochastic process

represented by I;(h;) where h, satisfies properties 1.,2. and 3. Indeed, for Hermite processes,
the wavelet coefficients of the kernel h; are equal to:

oy
< hy; i >=c(H, //]Rd(][[1 J )qp;l’((xl,...,xd)dxl...dxdds
— c(Ho) / (e o ffo><¢;-,il><s*>ds
= ) [ 1)) s
= ¢(Hy)27H /0 o I ()Y (s — k). IHo () (s — ky)ds
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where Hy = 4 + 42 10 () (t) = ﬁ ['_(t =)o~ (s)ds is the fractional integral of Weyl

type of order Hy (see [100]) and ¢(Hj) a certain normalizing constant. Take for instance, d = 2,
e =(1,0) and (j,k) € Z x Z*. We obtain:

27t
< hi Yy >= C(H())QJH/O L () (s — ki) I () (s — ks)ds

But the scaling function ¢ is not in the Lizorkin space Sy(R). Thus, I7°(¢) does not decrease
sufficiently fast at infinity. Actually, by Lemma 1 of [93], we have:

C

Ho
3C>0 Ve eR O] S

Proposition 2.2. The two processes { Xt € [0,1]} and {X{;t € [0,1]} are indistinguishable.

Proof: We postpone it to the next section where we derive, in proposition 3.2, a uniform
modulus of continuity for {X2;¢ € [0,1]}.

3 Uniform and Local Regularity of the sample paths

From Proposition 2.1, one sees that the process X;* may be written:
XP =X+ X
where X! is the low frequency part and X" the high frequency part, namely:

X 3 3 T [ - 7] 1)

JEZ_ keZd e€eE

=575 ST o (2o () @0 — k) — T (00 (—k)] LS.

JEN kezd eeE

In order to study the regularity of the stochastic process, we will show that the low frequency
part is C*°(R) and then focus on the regularity of the high frequency part.

Proposition 3.1. Almost surely, the process {X}*} is in C(R).

Proof: Let g;x be defined by:
vt e [0,1]  gix(t) =TT () (2t — k).
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We need to show that the following random series converges uniformly on [0, 1] almost surely:
dmg. .
> 3 ST, mer.
JEZ_ keZ4d eeE

The chain rule formula entails that:

Po—pm Y @)@ k).

(4150 sim)€{1,...,d}™

Since T (y(9)) € Sp(R?), one obtains the following estimate:

Cp,d,m

dmg'k :
Vp >0 L2 ()] < 2™ . .

dtm

Moreover, since ¢ € [0,1] and j < —1, 2/t* € [0, 3]*. Thus, for ||k||» sufficiently large, one has:

dmgjk i Opdm
CJike ()| < gim__—pdm__
e = 2 T Ly

Finally, since H < 1 < m and using Lemma 2.1, one obtains the almost sure uniform conver-
gence of the random series. O

The next two results are analogues of Theorems 1 and 2 of [16]. The first one gives a modulus
of continuity for the process X;* while the second one deals with the asymptotic behaviour of
the process as t — +00. Their proofs are also similar.

Proposition 3.2. There exists a strictly positive random variable Ay of finite moments of any
order and a constant, by > 1, such that:
| X7 (w) — X3 (w)]

Yw € QF sup < Ag(w).
(sl [t — s (log(ba + |t — s|71))?

This result should be compared with Remark 2.3 p.166 and the sentence that follows its proof
on p.167 of [106], which provide a related (but weaker) result, namely that the local Holder
exponent of X (as well as the ones of all Hermite processes) is equal to H: the above propo-
sition entails that the local Holder exponent of X is not smaller than H, and Theorem 3.4
below will ensure that it is not greater than H. See also Lemma 5.9 of [103], which provides a

similar result for Hermite processes.

Proof: Since t — X1 is in C*(R) almost surely, we need only to deal with the high fre-
quency component Xth . Let w € Q* and (s,t) be in [0,1]. There exists a positive integer jg
such that:

270l <t — 5| <2700,
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Write:
X — XM = (1) + (IT),

where
=) 3 P I )@ — k) — I ) @8 k)] L)
7j=0 keZd ceF

and

= 30 3 S 2 2o () (278 — k) — I (1)) (278" — k)] Lu(i).

Jj>jo+1kezd eeE

Let us consider the first sum. Using Lemma 2.1, the smoothness of Z¢+1(¢)(9)), its rapid decrease
at infinity and similar upper bounds as in the proof of proposition 2.1 for the high frequency
part, there exists a deterministic constant b; 4 > 1 such that:

a 4 .
(D] < Ava()]t — 5| Z 2073 (b g+ 5)7 < Al g(w)[t — 5|20 by 4+ o).
7=0

Similarly, for the second sum, there exists a deterministic constant b, 4 > 1 such that:

K\J\Q..

(I1)] < Asq(w Z 279 by + )% < A 4(w)27H (b + jo)?.

Jj=jo+1

Putting the results altogether and using the definition of jg yields the desired conclusion. O

Proposition 3.3. There exists a strictly positive random variable By of finite moments of any
order and a constant cq > 3, such that:
| X ()]

Yw e QF sup - < By(w).
teky (1 + |¢])7 (log log(ca + [¢]))2

Proof: The proof is quite similar to the previous one except that the behaviour at infinity of
the process will be governed by the low frequency part. Let ¢ be a real strictly greater than 1
and let j; denote the integer such that:

9J1 <t< g+l
Let w € Q*. We consider the following quantity that we split into three parts:

SOST ST o (20 (g (204" — k) — 24 (1) (—k)] (log(e+|jl+IKIN)E = (D)+(I1)+(I1T)

JEZ keZd eeR
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where,

—(j1+1)

(D= > 3> o 1o (ye) (20t — k) — T (4) (k)] (log(e + |j] + [[kI]))

j=—00 keZd ek

(U1 =3 3 329 [29 ()20t — k) — T (6°)(—K)] (lose + ] + KI])

Jj=—7j1 keZd e€E

(111 =3 > 27 [T () (@2t — k) — I (&) (k)] (log(e + || + |IKlI))

J=0 kezd eeE

Let us deal first with the high frequency part. We have:
[(I1T)] < hs(t) + hs(0)

where hg is the function defined by:

ha(t) =Y > > 2T () (27" — k)| (log(e + || + [IKI[))2.

J=0 keZd e€E

Reasoning as in the proof of proposition 2.1 for the high frequency part, one gets:

+oo d
ha(t) < Cs ) 279" (log(e + j + ||127¢7]1)) 2

Jj=0

Using that:
Va,b >0 log(e + a+0b) <log(e+ a)+ log(e+b),

and, for d > 2, by a convexity argument:

[NlIsH

Va,b>0 (a+0b)2 < Cd(&% + b%%

one gets:
too J > A d
hat) < Csa 3 2797 (log(e + 1)) + Cha S 2797 (log(e + 27][6°|]))?
j=0 J=0

Finally, since log(e + 27||t*|]) < log(e + 27) + log(e + ||t*]]):
d
ha(t) < Csq (log(e + [[t7]]))>

Consider now the second term. One has:

[(L1)] < ha(t) + ha(0),
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where hs is the function defined by:

[NJisH

= i D T2 T () (278 — k)| (log(e + || + |[K]]))? -

J=—7J1 k€Zd e€E
It is clear that:

d
2

<0222ﬂ (log(e + j +277||t*[]))

Using the definition of j; and elementary computations, one obtains:

[NJisH

ha(t) < Caa(1 + [t])" (loglog(ca + [t]))? -

Similarly for hy(0), one has:

IR

ha(0) < C3 4(1+ [¢) " (loglog(ca + [¢]))

For the last term, we apply the mean value theorem to the function f defined above to get:

—(1+1)

(log(e + |5] + [I]1)
’ < Cld Z Z 22(1 H)J‘t’ (1+ ||k||)p S {,d’t|7

Jj=—00 keZd eeE

d
2

and the result follows. O

Remark 3.1. In order to study the local reqularity of the process, we will only need the behaviour
at infinity of the high frequency part.

There exist different tools in order to measure efficiently the roughness of the sample paths
of stochastic processes. In the setting of continuous nowhere differentiable Gaussian random
processes, one way to study this feature is the Holderian regularity through the computation
of the local and pointwise Holder exponents (see [9] and references therein). Since the paths of

the class of processes studied are nowhere differentiable, they are defined respectively by:

XOL
Axa(t) =sup{y >0: limsup sup Xy | < +oo},
p—0t u,weB(t,p) ‘U’ - U|'Y
. |Xt+p Xa|
vxao(t) =sup{y >0: limsup < 400},

p—0 | |7

where B(t, p) is the ball centered at ¢ of radius p. Notice that one always has
Yo (t) < yxa(t).
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Proposition 3.2 entails that, almost surely:
YVt € (O, 1) ’)/Xa(t) Z :)/Xa(t) 2 H.

We will show the converse inequality and obtain the following result:

Theorem 3.1. Almost surely,

Vi € (07 1)7 WXa(t) = %{a (t) = H.

This result should be compared with Proposition 2.2 p.163 and Remark 2.1 p.164 of [106],
which entail that, for all ¢, almost surely, the pointwise Holder exponent of X¢ (as well as the
ones of all Hermite processes) are equal to H.

To prove the previous theorem, we introduce a random field Xy that is closely related to
X} and defined as follows:

Vw e, VheRY X{(w) =) Y D 27 [T (49) (2t — k) — T (1) (—K)] Ta(4,).

JEN keZd eeE

It is easily checked that X} is well defined and that its sample paths are continuous. Moreover,
proceeding as in the proof of Proposition 3.3 for the high frequency part (III), one can prove
that:

d
2

a.s., Vt € RY X2 < Cy(w) (log(e + [|t]]))
We obtain the following result regarding the pointwise Holder exponent of the random field X§':

Proposition 3.4. Almost surely,

vte (0,1)? yx«(t) = H.

In order to obtain this result, we need several lemmas. We define the following operator on

So(RY):
o [ F e

The Fourier transform of the dilated and translated version of this function is equal to:

vx € R DT (y)(x) =

VEER! F(DH()0)(€) = 2792 F (D (1) (279€),

where F(D"(¥))(&) = [[€[I** F()(§)-

Lemma 3.1. Almost surely,

V(i kN x Z x B I(y\9) = 270+ [ X2 Do () (27t — k)dt.

R4
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Proof: For w € Q* and (j,k,¢) € N x Z¢ x E, we compute the following quantity:

A= [ X¢ D) (20t — k., 20ty — kg)dty...dty.

Since the function D*F1(¢0(9)) is in Sp(R?Y), the asymptotic growth properties of the random
field {X{'} allows one to invert the sum and the integral, so that:

Z 9 ]’H/ IaJrl(Z/J(el))(Qj/t . k/)Da+1(¢(E))<2jt — k)dt [d(¢ , l){/)

/k/ /

Z AJ Lk € ]d ’k’)

7K e
Let us compute the inner products A; y . By Fourier isometry,

1
(2m)4

— i/
Ajl’k/’E/ - 2 JH

[ e e R ) 2 g e R F DTG (2 7€) de
Rd

Using the inversion formula and the definition of the operator D**!, one gets:
27j(H +d)

Ay )= ———
Ik e (2m)d

/Rd 97959 g ¢ K> 2T K> T (y () (979 6) F (1) (2T€) de.

Since: |
FW)(€) = 279827 <K& F(pl9) (27¢),
one finally obtains,
Aj’,k/,e’ = 2_j(H+d ¢J k( )w -y k/ (X)dl’

But {QZJJ(EIZ} is an orthonormal basis of L?(R?), so that:

[ XD )2 —lode = 2 ). o

We want to show that the pointwise Holder exponent of the random field X{' is everywhere
equal to H almost surely. As a first step, we will exhibit an event of probability one such
that, for any to € [0, 1]%, there exists a random variable I4(1); 6)) which is both “large” enough
and whose index is “close” to ty. The construction of such an event is similar to lemma 4.1 in
[11] but, as mentionned in the introduction, somewhat more involved due to the fact that the
collection {1;(v (E)) (4,k,€) € Z x Z¢ x E} is not a collection of independent standard normal
random variables for d > 1. In that view, we will use the following result from [24]:

Lemma 3.2. [2/, Theorem 8] There exists an absolute constant ¢ > 0 such that for all poly-
nomial @ : R — R of degree at most d, all 1 < q < oo, all log-concave probability measures i
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on R"™ and all o > 0,

(/n ’Q(mﬂg#(dw));u({w R |Q(z)| < a}) < cqat.

Lemma 3.3. Let 1 < 8 < 2. There is an event ** of probability one such that for all w € Q**,
for all € in E, for all ty € [0,1]%, and for j large enough, there is a k; € Z¢ such that:

[ty — 277 k;| < bjP277
where b > 0 is a constant independent of w and

[La(51,)] > 1

where n > 0 is a constant independent of w.

Proof: Let j be a positive integer. For simplicity, we assume ¢ = (1,...,1). The general case
follows in a similar way. We consider the dyadic points of order j of (0,1)¢ i.e. {k277 : k €
{1,..,29 — 1}9}. Set A; = {1,...,29 — 1}%. Let us build a covering of A;. In that view, define
the following sets: .

J

Q;=1{0,... Lj.—ﬂJ F 1y

Vq € Q;, Df = {[i"la+r:refo,..[5"] —1}}.

Clearly:
A]‘ C U D;l

q€Q;

Consider the following event:

A= U N 05 < gt

. : q
qeQ); kediag(DY)

Where diag(D?) denotes the diagonal of D?. We wish to estimate its probability, and in
particular its dependence on j. For this purpose, we first perform a study of the random
variables I4(15)). Since € = (1, ..., 1), one has:

Vik = Vi @ .. @ Yjg,

and
Vs = Vjgy @ Oj k-

Let us reorder the previous symmetric tensor product in the following way:
7€ ®71 & 5 &
ik = Vi ©-- QU

J.k1
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where [ € 1,...,d, 1 + ... +7 = d and, for all p,m in {1,...,l}, k, # k,,. Using the formula
expressing Wiener-1t6 integrals in terms of Hermite polynomials, one obtains:

l

L) = [ Hoy( / by, ()dB).

p=1

The standard normal random variables fR Y, (u)dB, are independent. As a consequence, each
]d(wj-,k) is a polynomial of degree at most d evaluated at independent standard normal random
variables. Moreover, for each k, k' € diag(D7), I4(¢5,) and I4(¥5,) are mutually independent
for k # k'. Therefore:

Pia) < S TT BUILG5)I < 1)

‘ . q
qeQ; kediag(DY)

Lemma 3.2 with ¢ = 2d yields

PUIL5)] < 7)) < (A )

Using the trivial fact:
Vall[dslls > 1,

one obtains the estimate

=

. 1 1
P({[1a(¥5,)] < W}) < (Z)
which entails that

[i*1
d

P(4;) < 2 2yi(y
( j)_(Lj—ﬁJﬂL ()T
Since 5 > 1, Z;ff P(A;) < co. By the Borel-Cantelli lemma, the following event has probability
one: .
o =4

J=1j=J

where A$ denotes the complement of the event A;. Let w € Q™ and t, € [0, 1]¢. There exists
k; € A such that ]’EO — 1~<j2~_j| < V/d277. Moreover, since Ugeo, Dj is a coneringNOf A, there
exists ¢; such that k; € DY. But for j large enough, there also exists k; € D}’ such that

1 .
|Id(1/}j7f<j)| > m Write:
[to — 277k, < |6 — ;27| + 277 [k; — ky| < b2,

which yields the desired conclusion. O

We are now ready to prove that the pointwise Holder exponent of the random field X is

equal to H almost surely:
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Proof of proposition 3.4: Assume that there exists wy € Q*, t; € (0,1)? and ¢ > 0
such that:
e (t0)(wn) = H + o,

By definition of the pointwise Holder exponent, for any t such that ||t — to||s is sufficiently
small, the following inequality holds:

X3 (wo) — X, (wo)| < Clwo)llt = tolls™, (1.2)

where C'(wp) > 0 is a finite constant. By continuity and growth at infinity of X, this inequality
holds for any t € RY. For any (j,k,¢) € N x Z¢ x E,

[ La(W530) (wo)| = 27UFD] [ XTDUH (49 (27 — K)dt .
Rd

Using the fact that D*1(¢¢) € Sp(R?) and inequality (1.2), one gets:
L] < 2000 [ g - X [0 ) 2t - e
R

< Claa)? [ it~ tol I D )2t - W)
R4

The rapid decrease of D**1(¢¢) and the the change of variable x = 27t — k yield

L(v < C'wo)2M [ |[277x + k279 — o |0 —dx.
a5 o)l < Clwn)2” || ol T

Since (|| + |s|)fte0 < C”(|t| <0 4 |s|H+<0), one obtains
[ La(@520) (o) < C"(wo)2 77 (1 + ||k — 2to[[50).
This inequality is true for any j and k. Applying it with the k; of Lemma 3.3 yields
[La(¥5, ) (wo)| < C"(wo)2770 (1 + (b57) 1),

This right hand side in the above inequality tends to 0 as j tends to +o00. But, by Lemma 3.3,
[La(¥§x, ) (wo)| > 1. Then, ad absurdum,

a.s, Vt € (0,1)%, vxe(t)=H. O
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4 Hausdorff Dimensions of SSSI processes represented

by multiple Wiener-1t6 integrals

In this section, we consider geometric properties of fractal random sets generated by general
multidimensional processes whose components are represented by multiple Wiener-Ito integrals
of order d whose kernel verify conditions 1., 2., 3. with self-similar exponent H. Especially, we
provide estimates for the Hausdorff dimension of the range and the graph of such multidimen-
sional processes. For example, these estimates hold for multidimensional versions of X as well
as for multidimensional Hermite processes. More precisely, let d > 1 and N > 1 be two integers.
Let {Y;®} be the process defined by:

Y =(H, d)La(hy")

where v(H, d) is a normalizing positive constant such that E[|Y;”|?] = 1 and hZ any symmetric
square-integrable kernel satisfying properties 1.,2.,3.
Let 3 < Hy < ... < Hy < 1. Let {Y{'} be the multidimensional process defined by:

{Yf} = {(YtH17 ""Y;HN) te R—i—}

where the coordinates are independent copies of the process Y,I. Let F' C RY be non-empty.
We recall briefly the basic frame of the Hausdorff dimension definition (see [36] for further
details). For all § > 0, we denote by {U;}, a d-cover of F', any countable (or finite) collection
of sets verifying:

o ['C U;ﬁl Ui,

o Vi e N* 0 <diam(U;) = sup (|z —y|) <6.
z,yeU;

We denote by C5(F') the set of all §-covers of F'. For s > 0, we define:

Hi(F)= inf (F)<§;diam(Ui)s>

{Ui}EC(g
and the s-dimensional Hausdorff measure of I’ by:

oo 0<s<dimy(F)

HE =i ® =1, s dima(F),

where dimy (F) is the Hausdorff dimension of F. It is formally given by:
dimy(F) =inf{s > 0: H*(F) = 0} = sup{s : H*(F) = oo}.
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Moreover, there is a close link between Holderian regularity and Hausdorff dimension (see
proposition 2.3 page 32 of [36]). Specifically, one can obtain upper bound for the Hausdorff
dimension of Holderian transformation of set. This bound depends on the Hélderian exponent
of the transformation and the Hausdorft dimension of the initial set. Finally, for the sake of
completeness, we recall a useful result concerning potential theoretical methods in order to

derive lower bounds for Hausdorff dimension (see chapter 4 of [36]).

Lemma 4.1. Let F be a Borel subset of RV .

e [f there exists a measure, p, on F' such that 0 < u(F) < oo and such that:

// |a:—y||2 =%

for some s > 0, then dimy(F) > s.
o I[fH*(F) > 0 then there exists a measure p on F such that 0 < u(F) < oo and such that:

YVO<r<s //
W—Mb

Let £ C R, be non-empty. It turns out that the methods developed in [122] apply with few
modifications for estimating the Hausdorff dimension of the range Rp(YH) := {YH(¢), t € E}
and the graph Grg(Y#) := {(t,Y?(¢)), t € E} of Y? over E. We shall make use of the
following lemma which is similar to lemma 4.3 of [85]:

Lemma 4.2. There exists a stricly positive constant, C', depending only on d, such that:

Vjie{l,..,N} P(|v{%| <)< Cura.

Proof: We shall use Lemma 3.2 in order to prove this inequality. For all j € {1,...,N},
v(Hj, d)h 7€ L2(RY). If {f, : n € N} is an orthonormal basis of L?(R), then {f;, ® .. ® fiy:

(i1, ...,74) € N} is an orthonormal basis of L?(R?). Thus, one can approximate v(H;, d)hi" by:
= Z < (Hj, d)hi"; i, @ . ® fiy > i, @ .. @ fiy:
..... ig=1

By linearity of the multiple Wiener-Ito integral,

n

L") = Y < y(Hp D fiy ® @ iy > Lalfiy © @ fiy)-
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The Wiener-It6 theorem entails that [;(f;, ® ... ® f;,) is a polynomial of degree at most d
evaluated at independent standard normal random variables. Therefore,

LA™ = P o / f1(u)dB; (). . / fo(w)dB;(u))

where P, ; is a polynomial of degree at most d. Applying Lemma 3.2 to this quantity with
= 2d and p the Gaussian probability measure on R™ yields that there exists a constant

q
C(d) > 0 such that:
Hjn Lo Hijn—%
VneN Ve >0 P(ih"")| <z) < C(d)xd||hy”"|5 .
By the continuity of the multiple Wiener-Ito integral, I;(hi?™) — La(y(H;,d)hi?) in L*(Q).

Consider a subsequence such that Iy(h]"") converges almost surely to I,(y(H i) d)hi"). Using
Fatou’s lemma along this subsequence, one obtains:

P(ly(hy”) < 7)

IN

liminf P(|I;(h7")] < )
n—-+4oo

C(d)z# liminf [|B55"||; 7
n—+4o00 1 2

IN

1 o1
C(d)at ||y(Hj, d)hy"|];

A IA
Q
=
o

N

=

N}
8
=

since, we have E[|Y1H”|2] = ’Y(Hj,d)Qd!Hh{IjH% =1. 0O

Now, we state the main theorem of this section.

Theorem 4.1. Almost surely,

i + Sl

min | V; d k=1,..,N | <dimyRg(Y?)
Hy,
dimyE+SF (H, — H.
< min (N; " Zj_l( i j),k;zl,.
Hj,
: Zk:l(Hk*Hj) N
dimuF + == 1 - H, _
min k! A d k= 1,...,N;dimHE+Z% SdZmHGTE(YH)

i=1
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o k=1,..,N;dimyE +) (1 - H,)

i=1

dimyuE + Y5 (H, — H;) N
< min J .
The lower bounds of the previous theorem are obtained similarly to Theorem 2.3 of [122] using

the approximation lemma 4.2.

Proposition 4.1. Almost surely,

b\ (Hy—H;)

dimyE +
dimyRp(Y?) > min | N; 222 T h=1..N|.
Hy,
. Zk:1(Hk*Hj) N
dimy 8 + St g,
dimyGre(YH) > min | % T ,kzl,...,N,dz’mHEJr;%

Proof: Assume that dimyFE > 0 (otherwise there is nothing to prove) and let k be such that:

SMH S H;

p ! < dimyFE < p
Let us compute the quantity:
dita o+ St=1 (= Hi)
A =min [ N; il d Jj=1,.,N
H;j
Let j < k. Let:
K i (H.—H
o dimyB 4 2GR dimy B 2t
o H,, H;
Then,
1| S* (Hy - H)H;, SY_ (H, — H)H,
A = d E(H. — H i=1 i)ty i=1\11j i
iy | U = ) d d
- , N
1 ‘ S (Hy— H)H; iy (He — Hy)H;
= d E(H; — H, =1 g/t =) '
i imyE(H; k) + g + y
Since:
k k—1 E—1
> (H,—Hj)H; = Y (Hy— H;)H; < (Hy, — Hj)H;
i=j+1 i=j+1 i=j+1



one gets:

] ko . . J_(H;—H;) k-1
d E 4 2=t g B4 2=l > H;
1My a B 1my d < k J —dzmHE + i=1

Hy H; = H,Hy d

which is strictly less than 0 by definition of k. One proves in a similar way that this inequality

also holds for j > k. Thus,

k )
 dimy B + ==

A
Hj,

From this one deduces that ’%1 <A< %.

We shall use a classical potential theoretic method [36] to obtain a lower bound on the Hausdorff
dimension. More precisely, in the case of the range of {YZ}, we study the convergence of the
following quantity:

/ dpvyr (x)dpiyn (y)
Re(YH)x Rp(YH) |z —y|7

where 7 is a strictly positive constant and py# is the image by Y# of a positive measure, i, on
FE, both of them suitably chosen. By a change of variable, the previous quantity is equal to:

/ dpu(t)dp(s)

wm [Y{T =Y

By Fubini’s theorem, it suffices to show the convergence of the following integral:

| B -y duauds)

Fix v € (.1, )) and set

N
Hj
F(x) = [[PIVi7] < ).
j=1
One computes:
E(Y{ - Y]] = / (1]t = s|™)? + .. + (wn |t — s[¥)*]72dF ()
]RN

+
= |t—S|_H17/ 1dF2(I’2)dFN(ZEN)/ [l‘%-}-...—f-(I’Nlt—S|HN_H1)2]_%dF1(ZL‘1).
R

d—
+ R
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For all @ > 0 and all g > 0:

J = / [.f% + &2]_§dF1<.Z'1) = 5 .Z'1F1(331)[$% + GQ]_%_ld.iEl.
Ry Rt

When 5 > é, Lemma 4.2 yields:

+oo
J < BC(d) / 22 + a?] "2 'y T da
0

When £ < é,

T +o0
/ $1F1($1>[x?+a2]§1d:c1§/ 7 1+dda:1+/ 7 day
R, 0 )

and thus
/ (22 + a?] 5 dFy(21) < C"(8, d).
Ry

Since v € (%, A) we see that, upon integrating iteratively with respect to dFy(z1), dFy(xs), ..., dFy(xy),
the integral
/ (1]t — s|P)? + ... + (zn|t — 5|72 dF (2)

RY

is not larger than a constant times:

_ Hp—H;
’t _ S|_Hl'Y_(H?_Hl)(7_5)_~~_(Hk—Hk71)(7_%) — |t _ S|*HM+Z?:1 L J_

Hy,—H,
d

By Lemma 4.1, the condition Hyy — Zle
measure i on F such that

< dimy E entails that there exists a positive

< +00.
w  Hp—H,
xE |t _ SlHk’Y*ijl a z

/ plds)p(dt)

Therefore,

of[ samn)

g [Yi =Y
i.e.
dimyRp(Y?) >~ a.s.

for all v € (54, \).
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The proof of the lower bound for the Hausdorff dimension of the graph of YZ over E fol-
lows from the one of Theorem 2.3 in [122] using the upper bound supplied by Lemma 4.2. We
omit the details. O

Remarks:

e The proof relies essentially on Lemma 4.2. The lower bound holds for multidimensional
Hermite processes of any order d as well as for multidimensional versions of X¢.

e Moreover, it is well-known that the density of the Rosenblatt distribution is continuous
and bounded ([2], [29]). As a consequence, P(|Y;"| < z) < Kz, which yields the following
lower bounds, almost surely:

dimyE + S (H, — H;
dimy Rp(Y?) > min <N; Bt 2 J>,/<;:1,...,N>

Hi,
_ Y dimyE + Y% (H), — H;) , N
dimyGre(Y™) > min J k= 1,...,N,dzmHE+Z(1—HZ—)
H i=1

One thus retrieves here the result of Theorem 2.3 of [122].

e Actually, for d = 2, we have the following equality in law:
Hj (d) =
n=1

where {\, g,;n > 1} satisfying [Ay g,| > ... > [Ao_1,m;| 2> [Anm;| > ... > 0 are the eigenval-
ues of the Hilbert-Schmidt operator associated with the L?(R?)-kernel h{lj and {n,;n > 1}
is a collection of independent standard normal random variables. A sufficient condition
for YlHj to have a continuous and bounded density is obtained in [46] using Malliavin cal-
culus. The boundedness and the continuity of the density rely on the existence of negative
moments for ||D(Y{")| r2w) Where D is the Malliavin derivative (see theorem 3.1 of [46]
and chapter 1.2 of [87] for a definition of D). Lemma 7.1. in [46] provides sufficient and
necessary conditions for the existence of negative moments for HD(YlHj M r2@wy- It depends
on the number of non-zero eigenvalues in {\,, HM > 1}. Thus, for such YlHj , we have the
following lower bounds, almost surely:

. k
dimuE 2 (e = ;) ) N)

dimy Re(Y?) > min (N;

Hy,
. " [ dimyE+ Y2 (Hy, — H)) . a
dimyuGre(Y™) > min ]_} k= 1,...,N,d@mrHE—|—Z(1 — H;)
k i=1
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Upper bounds for the Hausdorff dimensions of the range and the graph are obtained by a direct
application of Theorem 3.1 in [122], since we deal with elements of Wiener’s chaoses, which
thus have finite moments of all order:

Proposition 4.2. [122, Theorem 3.1] Almost surely,

dimyE +S*_ (H, — H;
dimyRp(Y?) < min (N; " Z]j{—l( i ]),kzl,...,N>,
k

o k=1,...,NidimyE + ) (1 — H)

i=1

dimyE +S*_ (H, — H; N
dzmHGrE(YH) < min ( s 2]71( i ]) ) .

Remarks:

e For the N-dimensional anisotropic Rosenblatt process, we retrieve the known results,
almost surely:

dimyFE +S*_ (H, — H,
dimyRe(Y?) = min (N; w2 (H J),kzl,...,N>,

Hj,
) H . dimy E + Zl?:1 (Hy, — Hj) . il
dimyuGre(Y") = min : k= 1,...,N;dzmHE+Z(1—HZ-)
Hi i=1

e In the isotropic case, the first equality was proven in [103].
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Chapter 2

A white noise approach to stochastic integration

with respect to the Rosenblatt process.

Since the nineties, there have been mainly two different approaches in order to develop stochas-
tic calculus for processes which are not semimartingales. The first one is a pathwise Riemann-
Stieltjes integration which originates from a stochastic analysis of fractional Brownian motion
for H > % (see [66]). Indeed, fractional Brownian motion (fBm), popularized by Mandelbrot
(see [75]), is not a semimartingale for H # 1. This approach which has been extended by
Zhile, using fractional integration by part formula, (see [125]), allows us to obtain an integral
with similar properties to the ones of the Stratonovich integral. The second approach is based
on tools from the Malliavin calculus and leads us to a stochastic integral close to the 1t one.
These techniques were first developped by Decreusefond and Ustiinel (see [30]) for fractional
Brownian motion and extended by Alos et al. to Gaussian Volterra processes (see [3]). In [21],
using white noise distribution theory, the author developped a stochastic calculus with respect
to fractional Brownian motion (for every H € (0, 1)) which leads, quite easily, to an It6 formula

for generalized functionals of this process.
Moreover, fBm belongs to the family of Hermite processes which appear in non-central limit
theorems for processes defined as integrals or partial sums of non-linear functionals of station-

ary Gaussian sequences with long-range dependence (see [109], [108] and [32]). They admit the
following representation, for all d > 1:

t d
Vt >0 YtH’d:c(Ho)/.../ (/ H(s—xj)folds> dB,,...dB,,
R R \JO ;5
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where {B, : = € R} is a two-sided Brownian motion, ¢(Hy) is a normalizing constant such
that E[|Y;"9?2] = 1 and H, = L4+ 21 with H € (1,1). For d = 1, one recovers fractional
Brownian motion. These processes share many properties with fBm. Namely, they are H-
self-similar processes with stationary increments. They possess the same covariance structure,
exhibit long range-dependence and their sample paths are almost-surely 6-Holder continuous,
for every § < H. For d = 2, the process is called the Rosenblatt process by Taqqu (see [108]).

This process has received lots of interest in the past and more recent years. The distribu-
tional properties have first been studied by Albin (see [2]) and more recently by Veillette and
Taqqu ([117]) and Maejima and Tudor ([71]). A wavelet-type expansion has been established
by Pipiras ([93]). Geometric properties of random fractal sets generated by anisotropic multi-
dimensional version of the Rosenblatt process have been considered in [103]. The construction
of estimators for the self-similarity parameter H has been investigated by Bardet and Tudor in
[18] and by Tudor and Viens in [114].

Finally, stochastic calculus with respect to the Rosenblatt process has been developped by
Tudor in [113] from both, the pathwise type calculus and Malliavin calculus points of view.
Even if these two approaches are successful in order to define a stochastic integral with respect
to the Rosenblatt process, the Malliavin calculus one fails to give an It6 formula for the Rosen-
blatt process in the divergence sense for general smooth functionals. Indeed, the appearance of
two trace terms from a limiting procedure makes the Ito formula in the divergence sense diffi-
cult to obtain (see Section 8 of [113] and more specifically Theorem 3). However, by analyzing
the peculiar cases of the monomials 2% and 23, the author noticed the appearance of certain
non-zero cumulants of the Rosenblatt distribution (see section 2 below for a definition) as well
as the appearance of the third derivative of z3. Moreover, in Remark 8 of [113], the author
expected that, for sufficiently smooth functionals, It6 formula regarding stochastic integration
with respect to the Rosenblatt process should involve all the derivatives of such functionals
as well as all the non-zero cumulants of the Rosenblatt distribution. Using white noise distri-
bution theory, we define, in this article, a stochastic integral with respect to the Rosenblatt
process which leads to an Ito formula for a certain class of functionals of this process confirming
the above conjecture. This class of functionals is completely characterized by Paley-Wiener-
Schwartz theorems. All the derivatives of these functionals appear in the change of variable
formula (see section 3, specifically Remarks 3.13 and 3.15). The non-zero cumulants of the

Rosenblatt distribution seem to be the ones responsible for this result (see Theorems 3.14 and
3.16).

Last but not least, we obtain in section 5 of this article (see Theorem 5.8) an explicit for-
mula for the variance of the stochastic integral with respect to the Rosenblatt process. We note
the appearance of three terms. The first one is directly linked with the covariance structure of

the Rosenblatt process. Since fractional Brownian motion and the Rosenblatt process share the
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same covariance function, this term is similar to the one appearing in the definition of the class
of deterministic integrands for which one can define a Wiener integral with respect to fBm (see
[94]). The second one requires the use of the derivative operator from white noise distribution
theory (see Definition-Theorem 1.8 below). This term is somewhat classical in this setting (see
Theorem 13.16 of [60]). Finally, the third term emphasizes the non-Gaussian nature of the
Rosenblatt process. Since the Rosenblatt process admits a double Wiener-1t6 integral represen-
tation, the second order derivative operator is involved in the definition of this term. Moreover,
this formula holds under two sufficient conditions on the Wiener-It6 expansion of the stochastic
integrand process. More specifically, multidimensional fractional integrals of the kernels of the
Wiener-1t6 expansion are assumed to belong to a certain function space with dominating mixed
smoothness (see the preamble before Theorem 5.8 for a definition and hypothesis H1). These
spaces were introduced by Lizorkin and Nikol’skii in [67] (see [102] for a recent survey of these
spaces). This assumption is needed in order to define properly the second order derivative
operator applied to the stochastic integrand process. The second condition ensures that one
recovers the variance formula for the stochastic integral of the integrand process from the sum
of the variance formulae of the stochastic integral of its projections on Wiener chaoses. This
result stresses one of the advantages of white noise distribution theory over pathwise methods
for the stochastic calculus with respect to the Rosenblatt process. Indeed, as in the fBm case
for H € (1/2,1), one can use Young integration in order to define a stochastic integral with
respect to the Rosenblatt process. Nevertheless, as stated in [27] (see Remark 9 page 17 as well
as Conclusion 3.3 page 19), statistical properties such as mean or variance of these stochastic

integrals seem rather difficult to obtain.

The remaining of this article is organized as follows. In the first section, we introduce the
tools from white noise distribution theory needed in order to define a stochastic calculus with
respect to the Rosenblatt process. Section 2 is devoted to the study of the translated charac-
teristic function of the Rosenblatt process at time ¢ > 0 in the direction £ € S(R). The main
results of this article are in section 3 where we define the stochastic integral by means of the
Rosenblatt noise, Wick product and Pettis integration. Specifically, we obtain Ito6 formulae for
functionals of the Rosenblatt process. In the fourth section, we compare our approach to the
one in [113]. Using the finite interval representation of the Rosenblatt process, we show that
the Rosenblatt noise integral extends the Skorohod integral defined by Malliavin calculus tools.
Finally, we derive a sufficient condition for the Rosenblatt noise integral of a stochastic process
{®;} to be an element of (L?) and we compute the variance of this random variable.
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1 White noise setting.

In this section, we briefly remind the white noise analysis introduced by Hida and al. in [43].
For a good introduction to the theory of white noise, we refer the reader to the book of Kuo [60].
The underlying probability space (€2, F,P) is the space of tempered distributions endowed with
the o-field generated by the open sets with respect to the weak™ topology in S’(R) and with
the infinite dimensional Gaussian measure ;1 whose existence is ensured by the Bochner-Minlos
theorem.

For all (¢4, ...,0,) € S(R), the space of C*°(R) functions with rapid decrease at infinity, the
vector (< .;¢1 >, ..., < .;¢, >) is a centered Gaussian random vectors with covariance matrix
(< s >)g)- As it is written in Kuo [60], for any function f € L*(R), we can define < .; f >
as the random variable in L?(2, F,P) obtained by a classical approximation argument and the

following isometry:

V(p, 1) € S(R)* E[<;¢ ><;¢ >] =< ;¢ >[2(R)

Thus, for any ¢t € R, we define (p-almost everywhere):

By(.) = < 1y > t>0
t\-) =
—<lgg> t<0

From the isometry property, it follows immediately that B; is a Brownian motion on the white
noise space and, by the Kolmogorov-Centsov theorem, it admits a continuous modification.
Moreover, using the approximation of any function f € L*(R) by step functions, we obtain:

< f >=/f(8)st

We note G, the sigma field generated by Brownian motion and (L?) = L?(Q2,G,P). By the
Wiener-1t6 theorem, any functionals ® € (L?) can be expanded uniquely into a series of multiple

Wiener-1t6 integrals:
® =" IL(én)
n=0

where ¢,, € p(R”), the space of square-summable symmetric functions. Using this theorem
and the second quantization operator of the harmonic oscillator operator, A = ;7“22 + 22 + 1,
Hida and al. introduced the stochastic space of test functions () and its dual, the space of

*

generalized functions (5)* or Hida distributions. We refer the reader to pages 18-20 of Kuo’s

book for an explicit construction. We have the following Gel’fand triple:
() C (L*) C (9)"
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We denote by ((;)) the duality bracket between elements of (S) and (S5)* which reduces to
the classical inner product on (L?) for two elements in (L?). Note that (S) is defined as an
equivalence class of test random variables defined p-almost everywhere. Nevertheless, by The-
orem 6.5 of [60], each element of (S) admits a unique continuous version with which we will be
working from now on. Furthermore, we note that, for all w € S’(R), §,, is an element of (S)*
(see Chapter 7, Paragraph 7.2, Theorem 7.8 in [60]).

In the context of white noise analysis, the main tool is the S-transform. It is a functional on
S(R) which characterizes completely the elements in (5)* (as well as the strong convergence in
(S)*). In the third section, we will see that the S-transform is fundamental in order to define

the stochastic integral with respect to the Rosenblatt process.

Definition 1.1: Let ® € (S)*. For every function £ € S(R), we define the S-transform of
® by:
S(®)(§) = ({5 exp(<; € >) 1))

el . .
where : exp(<; & >) := exp(<; & > —%) =53 W) ¢ (S).

n=0 " nl
Remark 1.2: For every ® € (L?), we have:

S(®)(€) = B[ : exp(<;€ >) ] = B<[a)
where fi¢ is the translated infinite dimensional measure defined by:

[1€117 r)

5 Hdw).

p1e(dw) = exp(< w; € > —

Regarding the S-transform, we have the following properties and results:

Theorem 1.3:

1. The S-transform is injective. If V¢ € S(R), S(®)(&) = S(V)(&) then & = ¥ in (5)*.
2. For ®, U € (5)* there is a unique element ® ¢ ¥ € (5)* such that for all £ € S(R),
S(U)(&)S(P)(&) = S(PoW)(£). It is called the Wick product of & and W.
3. Let &, € (9)* and F,, = S(®,). Then ®,, converges strongly in (S)* if and only if the
following conditions are satisfied:
e lim F},(&) exists for each £ € S(R).
. %%%Ore exists strictly positive constants K, a and p independent of n such that:

Vn € N,VE € S(R)  |Fu(8)| < K exp(al|APE][72(g))

Next, we introduce the Wick tensors. This object allows us to obtain a certain representation
for multiple Wiener-It6 integrals on the white noise space which leads to a formula for the
translation of second Wiener chaos elements in any direction £ € S(R). For futher details, we
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refer the reader to chapter 5 of Kuo’s book pages 32-35 [60].

Definition 1.4: The trace operator 7 is the element of S’ (R?) uniquely defined by:

Vip,p € S(R) < T;0Q@¢ >=<1;¢0 >

Definition 1.5: The Wick tensors of any elements w € S’(R) is defined by:
Z (2k — )IN(=1)Fw®n-2) 7ok

where C), = (2k—1)!! = (2k—1)(2k—3)...3-1 and ® is the symmetric tensor product.

(2k)'(n k)1
Theorem 1.6: Let f € L2(R"). p-almost everywhere, we have:
L(f)w) =< w® 5 f >

Proof: See Theorem 5.4 of Kuo’s book [60].

Lemma 1.7: For all f € L?(R?) and ¢ € S(R), we have:

p—ae L(f)(w+E) =L{f)(w)+2hL(< f;€>)(w)+ < f;6%2>

Proof: For all w € S’(R), we have:

1

cw®2 = Z 2 (_1)kw®(2—2k)®7_®k
) ) k:!(2 — 2k)! 2k

where the equalities stand in S’(R?). Thus, we have,

Hw+E = (w+ 9% -

D(w+ )%= w420 ® € 4 22

Let (f,) be a sequence of functions in S(R?) converging to f in L2(R?). For each n, we have:
< WHYP S fr>=< W > 2 <wRE fo >+ < ;657>

< (w —|—§)®2 5 e >=<e w®? Shh>F2<w <& fu>>+ < fn;f®2 >

Thus, passing to the limit, we obtain p-almost everywhere:

L(f)(w+&) = L(f)w)+2L(< f;6€>)(w)+ < [ >. O
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We end this section by introducing the differential operator and its adjoint. These operators
play an important role in the context of white noise integration with respect to Brownian mo-
tion (see chapter 13.4 of [60]). Actually, they lead to sufficient condition in order to the white
noise integral of a stochastic process to be in (L)%. Thus, as we will see in the fifth section,
they also lead to sufficient condition for the Rosenblatt noise integral of a stochastic process
to be a square integrable random variable. We refer the reader to chapter 9 of [60] for further

information concerning these two operators.

Definition-Theorem 1.8: Let y € S’(R) and ® € (S). The operator D, is continuous
from () into itself and we have:

Vw e S(R) Dy(®)(w) =Y n<iw: = Ly ¢, >,
n=1
where we denote by ®; the contraction of order 1 (see [87]).

Proof: See theorem 9.1 of [60].0

Definition-Theorem 1.9: Let y € S(R) and ¥ € (S)*. The adjoint operator D; is con-

*

tinuous from (S)* into itself and we have:

Ve e S(R)  S(Dy(¥))(§) =< w;& > S(W)(€) = S(Li(y) o ¥)(§)

*

where I1(y) is a generalized Wiener-It6 integral in (S)*. Moreover, we have the following

generalized Wiener-It6 decomposition for Dy (¥):

D)) = 3 <y, >

n=0

Proof: See theorem 9.12, 9.13 and the remark following corollary 9.14 in [60].00

2 Second order Wiener chaoses and Rosenblatt process.

In this section, we state the definition of the Rosenblatt process and several known properties
of the Rosenblatt distribution (the law of the Rosenblatt process at time 1). Specifically, we
remind the formulae of its characteristic function and of its cumulants. In [117] and more
generally in [77], it is shown that this characteristic function is infinitely divisible. Moreover in
[71], the authors show that this distribution is selfdecomposable and unimodal. In this section,
we show that the translated characteristic function of the ditribution of the Rosenblatt process

at t is analytic on R and admits a certain analytic representation in the neighborhood of the
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origin which is fundamental in the derivation of the It6 formula for functionals of the Rosenblatt
process.

Definition 2.1: The Rosenblatt process is defined by the following double Wiener-Ito integral
representation:

t H H_
VteR, X[ = c(H)/ </ (s—21)2 (s —x9)2 lds) dB,,dB,, (2.1)
2 0

R
where ¢(H) is a normalizing constant such that E[| X |?] = 1. In particular, by Remark 2.3 of
[70], we have:
H(2H — 1) 1

2 B(1—H,Z)

72

c(H) =
Remarks 2.2:

e Moreover, using the well-known formulae:

Va,b >0 p(a,b) = % F(a)l(1—a) = sin?ﬂa)
we obtain:
gy JHECH -1 sin(rH) 1
o(H) = 2 ( )sm(%H) (T(H))>?
And thus,

i Cs—a)t (s m)i
st [ ([ ) s

e As we can see the kernel of the Rosenblatt process verifies the following properties:

o, o
L, m0) = d(H) fy S — S —ds is in L(R?).
2. fH(twy, tas) = tH_lle(acl,QxQ). :
3. fin (@1, wa) = i (w1, 20) = fil (w1 — £, w2 — 1),
e It is well known that with each function f € L?(R?), we can associate the self-adjoint
Hilbert-Schmidt operator, T, defined on L*(R) by:

Vg€ L®) Ty = [ Flor o,
R
For the Rosenblatt process, we denote by T; the self-adjoint Hilbert-Schmidt positive

operator associated with f{I. Denoting by A\; > Xy > ... > )\, > ... and {en} the

eigenvalues and the associated eigenvectors of T}, we obtain the following representation
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for the kernel, f/7, in L2(R?):

“+00

=) At (e ® en) (1. 7) (2.2)

e From this formula, we classically obtain a peculiar representation in law (in (L?) and
almost surely as well) for the Rosenblatt process at time ¢:

—+00
(d)
LU QY (X2 - 1)
n=1

where (X,) is a sequence of independent standard normal random variables.
e We end this series of remarks by reminding the formula of the cumulants for any second
Wiener chaos element (see [86]):

k(L(f) =0  ¥r>2 k(L(f)=2"r=1> \X(f)

where (A, (f)) are the eigenvalues of T¥.

In the computation of the translated characteristic function for the Rosenblatt process at time
t, we need the three following lemmas. The first one is the second part of Lemma 2.1 in [70].
The proof of the second one is quite similar to the calculation of the Rosenblatt distribution’s
cumulants. The last one is a simple reformulation of Lemma 1.7 using the diagonal represen-
tation of the kernel fH.

Lemma 2.3: For every s,7 > 0:

SAT H_4 H_q H
/ (s =)} (r—uaz1)f dl’1:5(1—Ha§)’5_7”’H71

Lemma 2.4: For every £ € S(R), we have:

H

< fH € o d(m) / 1 F (€)(s)ds

and,
-1

< \(((ftH o1 1) @1 £H)... @ ftH)j 92 >=d(H) H(#_l)

k—1x®1

/Ot /Ot L2 (€)() 2 (§) () KF (s, r)dsdr
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where I (¢)(x) = 1/(T(H/2)) [ (x— )P e (y)dy is the fractional integral of Weyl’s type
of order H/2 of & (see [100] chapter 2 section 5.1) and K} ~?(s,r) is the sequence of kernels
defined by:

t
KX(s,r)=|s —r|"t Kl (s,r) = / |s — ul"r —ul"du
0

¢ ¢
Vk >3, KF2(s,r) = / / |s — 21 |7 oy — 2y |7 g — s | T — | ey dg g
0 0

Remark 2.5: The type of integrals used in the definition of the sequence of kernels (KF(s,r))x
intervenes in the calculation of the cumulants of the Rosenblatt distribution (see [117]). Indeed,
we have, for all r > 2:

[HeH-1)\ [* !
/iT<X1H):2T1<T’—1)!< %) /0 /0 |l —ao| a2y [P 2y~ |y d,

(2.3)
And, by Remark 2.2,

Z)«“_(/ (212 )/ /|x1_x2|H1..y — 2, | Y2y — 2 |F Yy, (2.4)

Proof:

H
Let ¢ be in S(R). Note that 1.2 (£) € C*(R). Using Fubini’s theorem and the definition of the
fractional integral of Weyl’s type of order %, we have:

< FHLE S d(H) / 1F (€)(s)2ds

Moreover, using Fubini’s theorem and Lemma 2.3, we have:

< gt e == [ (1 @1 g1 an 26 o) an)dnide
= [ ([ e i) esandeds,
[ [ eeten ( /¢ ;é}f e (2) _1du) sir
~ e (gt [ et s -

T [ [ ©els - s
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Now, using iteratively Fubini’s theorem and Lemma 2.3, we obtain straightforwardly for all
k>3

H(2H — 1))'“1

< (AU f) @1 fiT). @0 f1); €92 >= d(H) ( 5

—
k—1x®1

Lemma 2.6: For any ¢ € S(R):

LI +¢€) —tHZA [X2—1+2<§ %t)w{n + < fH, %2 >

where (X,,) is a sequence of independent standard normal random variables.

Proof: This is just a direct application of Lemma 1.7 and of the diagonal decomposition
of the kernel f/7. O

Definition 2.7: A Rosenblatt distribution is the law of the Rosenblatt process at time 1
whose characteristic function admits the following analytic representation in a neighborhood of

the origin:
k
1 <X (2i0) ( [(2H — 1)H
H _

Elexp(i0X7")] = 52 < 5 ) Ck (2.5)

where,
1 1
Crp = / / 2y — mo| T |2y — mps | 2y — | ey dy,

0 0

Remark 2.8:

e Using Cauchy-Schwarz inequality, one can show that |c;| < (m)g ensuring that
the former series is convergent in a neighborhood of the origin and thus analytic in this
neighborhood. Nevertheless, using a result by Lukacs (see theorem 7.1.1 in [68]), this char-
acteristic function is actually analytic in a horizontal strip of the complex plane containing
the real line.

e In [117] and [77] this distribution is shown to be infinitely divisible and, thus, its character-
istic function admits a Lévy-Khintchine representation. Using this representation, one can
show that the density of the Rosenblatt distribution exists and is infinitely differentiable
with all derivative tending to 0 at +oo (Corollary 4.3 of [117]).

We are now ready to state the main result of this section.
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Theorem 2.9: Let £ € S(R) and ¢t > 0. We have (for 6 being small enough):

2 k 2
k=2

+oo . k
Er¢[exp(i0X )] = exp(if < fI1; 692 >) exp lz (2i0tH)k ( (2H — 1)H> .

1 <= §
X exXp (5 > (2i0)M| 12 (£)II%2(R)>

k=2

where Ttk/ ? denotes the operator T’ FH associated with ff!, iterated k/2-times. Moreover, we

have:
5 oy ik Gl /D)
Vk > 2 [T ()] 2w = Y (At (< & ) (2.6)
n=1
=< (o ) @ 7). @1 f1):652 >
k—I;®1
Remark 2.10:

e Under the probability s, the random variable X} has a non-zero mean and is the sum
of two independent random variables with one of them having the law of the Rosenblatt
process at time t.

e Trivially, we obtain the following estimates ensuring the convergence around the origin of
the second series in the expression of Ef¢[exp(id X /[)]:

k
T2 2@y < M (7 @10 f7) @10 f7)- @1 7)) €] 22wy
k—1x®1

1 k
k - ’ 2H — 1)H ;
T2 ()72 @) < (Z()\ntH)Qk> 11172y = 7" ( %) (car) 2 |IENNZ 2wy

n=1

Proof: Let £ € S(R) and ¢ > 0. By Lemma 2.6, we have:

X' +¢) —tHZA {X2—1+2 3 %t)>Xn}+<ftH;§®2>

n=1

en(./t .
Let us compute the characteristic function of X2 — 1+ 2 < ¢; (i ) > X,, where X,, is a

standard normal random variable. Let o > 0, # € R and X be a centered normal random

variable with variance % By standard computations, we get the following formulae for the

density and the Laplace transform of Y = (X + 8)%:

y)

WER ) = Losm 1)y S expl-0) 22 comnaayy
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NI

OéQﬁQ
a—+ W

V>0 Elexp(—uY)] = ( ) exp(—af?) exp( )

o+ i

Subtracting ( + 8?) from Y in order to obtain a centered random variable, we have:

% 202
) expyexp(-a) expl L) explu®

V>0 Elexp(—pY’)] = <a+ﬂ

Putting a = 1, 8, =< &; %/tm > and Y = (X, + ,)?%, we get:

N

262 N0 10°

T+ 2n)

1

Leading to the following formula for the characteristic function of A, (X2 — 1+ 24,X,,):

N|=

ﬁQ}\Q@Q
T 1—2i) 6)

Using the independence of the X,,’s, we have for any N > 1:

N N 1 1
o H 2 _ o\ 4H
Elexp(i6t Z (XD —1428,X,))] = (g (1 — 2i)\ntH9> exp(—iA,t 9))

n=1
N

2\242H
2 ﬁn)\nt
i (‘26 Zm)
n=1 n

The first product term converges to the distribution of the Rosenblatt process at time ¢ as

N — +o00. Using the following estimate:

62 )\2

VO ER o g

| < [Bal*A%

and, (2.6) for k = 2, we obtain:

+00 L
1 2
Vo e R Erlexp(i0X]))] = exp(i < f1; %% >) (H (m) exp(—i)\ntHH)>

n=

) 2A2 tQH
90
X eXp Z 1— 2in.tH0

For 6 small enough, using (2.4) and (2.6), we get:

+oo 1 +o00 k
1 2 1 2@01€H (2H — )H
_ —iA,t70) -

k=2
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) +oo 52)\2 t2H 1 +oo i & )
—20 — | = = 210)"||T32
o 27D o g | = o 2;; i0)"|T7 (€l
ensuring the analyticity of the translated characteristic function in a neighborhood of the origin,

and, by theorem 7.1.1 of [68], the analyticity in a certain horizontal strip. Thus, this charac-
teristic function is in C*°(R).

Moreover, using (2.2) and (2.6), we have:

T2 ()| Bagry =< (- ((F @1 ) @1 f7)... @1 f1);622 > .0

-~

k—1x®1

3 Stochastic calculus and Ito formula with respect to the

Rosenblatt process.

In this section, we define differentiability as well as integrability of stochastic distribution pro-

*

cesses in (S)*. In particular, we compute the (S)* derivative of the Rosenblatt process, X/,
named the Rosenblatt noise. Thus, using Wick product and Pettis integration, we define the
Rosenblatt noise integral of integrable stochastic distribution process. We end this section with

Ito formulae for functionals of the Rosenblatt process.

Definition 3.1:

1. Let I C R be an interval. A mapping X : I — (S5)* is called a stochastic distribution
process.

2. A stochastic distribution process X is said to be differentiable, if ,llir%%
—

()"

exists in

Remark 3.2: By the last point of Theorem 1.3, convergence in (S)* is ensured by pointwise

convergence of the S-transform and a uniform growth condition.

H
Lemma 3.3: Let £ € S(R) and H € (1,1). Then I2(§) € C®(R) and it exists a strictly

29
positive constant C'y such that:

122 () lle < Corllillse + 1€V o + 1112

Proof: See the proof of Theorem 2.3 in [21].0

H
Note that the previous inequality makes d, o I? a tempered distribution, for all ¢ € R, where

0, denotes the Dirac delta function at time ¢.
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Lemma 3.4: The Rosenblatt process is (S)* differentiable and its derivative, the Rosenblatt
noise, admits the following generalized double Wiener-Ito integral representation (as an element

of (5)*): o
VE>0 X[ = d(H)L(6P% o (12)%2)

and its S-transform is equal to:

H

vE e S(R)  S(X[T)(€) = d(H)(I¢ (€)(1))

Proof: Let t > 0. By Fubini’s theorem, we have:

v € SR)  S(X)(8) = d(H) /Ot(fg(ﬁ)(S))zds

Thus,

H t+h o
>0 sy = I [k e pas

By Lemma 3.3, we obtain the following estimate:

Xt — xH

|5( ”hh )(E) < Crd(H)([I&]loo + 16 oo + 11€]1)*

H

H
Using Theorem 1.3, % converges in (S)* and the limit is completely characterized by its

S-transform: .
S(X{T)(€) = d(H)(I2 (§)(1))?

By a similar argument than the one used in the representation of the fractional noise (see [21]
page 90), we can extend the double Wiener-It6 integral to elements of S’ (R?). Consequently,

we get the following representation for the Rosenblatt noise:
. H
X1 =d(H)I(67% o (17)™?)

Remark 3.5: Let d > 1 and let H € (3,1). Let Hy = 5+ ZZ1. We define the Hermite process
of order d by the following multiple Wiener-Ito integral representation:

_ ;) Ho1
Vt>0 Y= HO/ /(/H(S %)+ )ds> dB,,...dB,,,

where d(Hy) is a normalizing constant such that E[|Y;""*|?] = 1. The Hermite processes of order
1 and 2 are respectively fractional Brownian motion and the Rosenblatt process. As previously,
we obtain the following formula and representation for the derivative in (S)* of the Hermite

process of order d:
Ve >0 Vi = d(Ho)Iy(57" o (1)),
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Ve e S(R) SV, (€) = d(Hy)(IM(¢)(t))".

Definition 3.6: Let £ > 2. For any ¢ > 0, we define the following sequence of stochastic

processes (belonging to the second Wiener chaos):

[ ] A ) 0 0 S 22

k:—1><®1

Moreover, by Lemma 2.4, the S-transform of this process is given by:

VE e S(R)  S(X[F) (¢ H)\| ———— QH_ 0 / / () (r)KF2(s,r)dsdr

Lemma 3.7: For any k > 2, the process {X;"* : t > 0} is (S)* differentiable and its derivative,
XtH * i uniquely defined by the following S-transform:

k—1
Ve e S(R) S(XM)(e) —d(H)y LD

< [(E (k= 1) 4+ 1)) /0 /0 2 () (tu) L2 (€)(t0) K2 (u, v)dudy
st [ L o0 © (), o)dud]

Proof: Let (a,b) € R’ such that 0 < a < b < co. Let ¢t € (a,b) and £ € S(R). In order
to prove the (S)* differentiability of the process XtH * we will proceed as in the proof of the
former lemma. Let h > 0 such that ¢ + h € (a,b). We have:

SO (€)= a(ayy HPHE =1 0 / / (©) (1) KF2(s, r)dsdr

Using scaling property of the sequence of kernels KF~2(s,r), we get:

HEH-1)

S(X/)E) = d(Hn | ==

H(k-1)+ / / IF(€)(tu) L2 () (t0) K (u, v)dudv

Thus, we have:

HRH-1)

[S(XE)(E) = S < d(H) 5

t+h

[(1) + (11)]

where,

([) — ‘(t + h)H(kz—l)—i—l H(k—-1) +1|

/ / ((t+ h)u)l? (5)((t+h)v)Kf‘2(u,v)dudv
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([[) — tH(k‘*l)‘i’l

| [ [ e morf e+ ne - 1 ©wor @] K. oduds

Combining Lemma 3.3 and the Mean value theorem, we obtain for (1):

1 1
(1) < (H(k— 1) + DB (1l + 160 oo + 1611 ( [ Kf-2<u,v>dudv)h (2.7)

For the second term, we have:

H

TE€)((t+Ryw) — I (€)(tw)| K2, v)dude

. 1yl
(17) < 26604 7 ()| / /

H
Using the fact that 1.2 (§) € C*°(R), we have as previously:

H H 1 1
(IT) < 269 =01 LE (6| o 11 (69)] oo ( / / Kf_Q(U,v)duch)) h

(11) < 20"* DR (€)oo + 1€ o + T1€]1)

1 1
NE oo + 112 oo + EV] ) (/ / Kf—%u,v)dudv)h (2.8)

H,k H,k
Xk x

By (2.7) and (2.8), |S(—*+
Theorem 1.3.
Moreover, the pointwise convergence of .S(

)(&)| verifies the uniform growth condition of the last point of

H,k H,k
t+h7Xt

——)(§) as h — 0% is ensured by the dominated

convergence theorem.
Consequently, the process X% is (S)* differentiable for any k& > 2 and its (S)*-derivative

admits the following S-transform:

k—1
HQ2H—1)

S(X)(€) = d(H) 5

=1+ 0 [ [ @ @0 odudo

L HB /0 /0 %[Ig(g)(tu)lg(g)(tv)]Kf_Q(u,v)dudv 0

As well as differentiability, we can define integrability of a stochastic distribution process in

term of the S-transform.

Definition 3.8: A stochastic distribution process X : I — (S)* is integrable if:

1. V¢ € S(R), S(X)(&) is measurable on 1.
2. V¢ € S(R), S(X)(&) € LY(I).
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3. f I €)dt is the S-transform of a certain Hida distribution.

We have the following criterion for integrability of stochastic distribution process.

Theorem 3.9: Let X : I — (S)* be a stochastic distribution process satisfying:

1. V¢ € S(R), S(X))(§) is measurable on I.
2. There is a p € N, a strictly positive constant a and a non-negative function L € L([)
such that:

V€€ S(R) |S(X:)(€)| < L(t) exp (al|A7€][3)

Then X is (S)*-integrable.
Proof: See theorem 13.5 in [60].0

We are now ready to state the definition of the Rosenblatt noise integral. This definition
is motivated by the one of the white noise integral. Indeed, in the case of stochastic integra-
tion with respect to Brownian motion in a white noise context, this integral coincides with the
classical Ito integral for L?(2 x I) nonanticipating integrands (see theorem 13.12 in [60]).

Definition-Theorem 3.10: Let {®;;¢ € I} be a (S)* stochastic process satisfying the assump-
tions of Theorem 3.9. Then, ®, o X/’ is (S)* integrable over I and we define the Rosenblatt

noise integral of {®;} by:
/@thtH = /@toXtHdt
I I

Moreover, we have the following representation:

CIDdXH:/D* 2(®,)dt
Jaxit= [wr e

Proof: Using Lemma 3.4 and Theorem 3.9, one can show that ®, o X is (S)*-integrable over
I. Let us compute the S-transform of [, ®,dX/".

Ve e S(R) S / B,dX1)(€) = / S(®0)(€)S (X (€)dt

- / S(®)(€)d(H)(1F (€)(1)) 2t

I

Then, using Definition-Theorem 1.9 iteratively, we obtain:

([ @ax©) = [ (/A o 1) o0 VA (1)
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(@) (E)VA(H)LE (§)(t)dt,

/ SO,
I \/d(H)8:0I 2

=[S o @ o

In the rest of this section, we derive an Ito formula for a certain class of functionals of the
Rosenblatt process. In the framework of white noise distribution theory, generalizations of
It6 formula have been obtained for Brownian motion (See chapter 13.5 in [60]), for fractional
Brownian motion (see [21]), and for convoluted Lévy processes (see [22]). When one wants to
derive an Ito formula with respect to a stochastic process, the first step is to identify for which
class of functionals this formula will hold. At least, we want the polynomials to belong to this
class. So, in the sequel, using the multiplicative formula from Malliavin calculus, we get an 1t
formula for 22 and 3 in the (S)* sense. It appears that the series expansion intervening in
the analytic representation around the origin of the logarithm of the translated characteristic
function of the Rosenblatt process at time ¢ plays a fundamental role. Then, using Schwartz’s

Paley-Wiener theorem, we identify the class of functionals for which this 1t6 formula is true.

Lemma 3.11: Let (p,q) € N*. Let f € ﬁQ(Rp) and g € ﬁQ(Rq). Then, we have:

PAq

L,()Iy(9) = Y MCPCH g0, (f ®1 9)

r=0

where C? = ;—ir)! and ®, denotes the contraction of order r.

ri(

Proof: See proposition 1.1.3 of [87].0

Theorem 3.12: Let (a,b) > 0 such that @ < b. Then in (5)*:

b b
(XJI)Q—(Xf)2=2/ deXf+b2H—a2H+4/ dX 2

a

and
b b b
(X3 — (XH)3 = 3/ (XH2axH 4 6H/ s*H1 X s 4 12/ XHaXH2 4 gy (X (WPH — a3)
a a a b
+24 / dXH3,
Proof: Let t > 0 and £ € S(R). Using Lemma 3.11, we get:

(XtH)2 = I4(ftH®ftH) + 412(ftH ®1 ftH) + 2||ftH||%2(R2)-

77



and,

(X = LS ol @ f)+8L((f o ff e fi) +4L((ff e i @ 1)+ 12L((fF & f) @2 £7)
H16L((f @1 f) @0 ) + 20 @) AT +8 < T @ [ 11 >

Then, using the definition of the S-transform, we have:

SUX)NE) = (< 1567 =) + 4 < ff @1 f1567 > L2/ o)

S(XTP)E) =(< £1€2 >P +8 < (ffaff) @1 f1,€ > +a < (f @ fT) ® f1;6% >
+12 < (ftH®ftH) @2 ftH§§®2 > +16 < (ftH ®1 ftH> ®1 ftH§€®2 >
+ 2||ftH||%2(R2) < ftH§§®2 >+8 < ftH X1 ftHyftH >

By (2.2) and the cumulant’s formula, we have:

+o0 H

K3(X7')
S< Sl e fli Sl >=8 (wt")’ =8t = = s (XTT),
n=1

and

202 m = 2.
Moreover, we have:
< (fffen fl e flie >=a < fll o 1672 >< f1692 >
8 < (f'&f) @ 1,65 >=8 < [ 6% > ITi()I 72wy
Finally, we get, by Fubini’s theorem:
12 < (fg{@ftH) X2 ftH§f®2 >=12 << ftH®ftH§f®2 >§ftH >

By definition of the symmetric tensor product:

. 1
< ftH®ftH;§®2 >= 1 Z / ftH(%(l),$a(2))ftH($a(3)7%(4))§®2($17$2)d$1d$2
’ oES, R?
The integral inside the sum can only have two values (depending on o):
<HLERS I 0= (")

H H ®2 —
/R2 Ji @a(): Te@) fi (To(3), To@))§7 (21, 12)dr1das = L) o4 (0.0
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where (07, 0") € (So({1,2H12}) x So({3,4}34h) U (S, ({1,2} 34 x S5({3,4}{12})). Thus, we
get:

th<£>®2

. 1
<FIOfL € >=2 3

3 < ftH3£®2 > ftH +

To conclude, we have:

12 < (f1&f1) @2 11677 >= 4 < {1567 > || Toge) + 8 < fI T

Once again, using (2.2), we obtain:
< GO >=< (f @1 f") &1 f1;6 >
And so, we obtain the following expression for the S-transform of (X/)3:
SIX)E) = (< 71567 >)° +12 < [16%7 > ||T(E) [ Tom) + 377 < 11677 >

+24 < (fff @ fI) @ [ €% > 4 Ry (XTT)
By differentiation, we get:

d

2 [SIXENO] = B(< £567 =) + 12O [F2x) + 3*) S(X)(€)

d -
(2 T [22)] + 6HE 1)5(X1:H)(€)+24 S (@ S @ f5657 2]
+3HB3 A g (X
Using the expression of the S-transform of (X/7)2:

d

CISUXIE] = 8S(OXY 0 XIYE) + 6(HP " 4+ 2L [IT(E) o SCXE)

t?)H—l

6(H
+6( 5

’{3(XH)+22 [ (ft ®1 f; )®1ftH?€®2 >])

And by Lemma 3.7:

d

- [SUXT)©O] = 38((X{)? 0 X7)() + (6H +128(X,%)(€))S(X{T) (¢)

F3HBE ey (XH) 4 248(X ) ()

In order to conclude, we have to show the (.S)*-integrability of the distribution processes (X/)?o
XH 2H-1XH and XH o X2 on (a,b). By definition of the Wick product, we have:

S((X)? 0 X{T)(€) = S((X)*)(©)S(XT)(€)
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Using the Chaos expansion of (X)? and Lemma 3.4,

H

S((X)? 0 X{T)(€) = d(H) (L2 (€)(1))* ((S(X[)(€)? +4 < fff @1 fiT:€7% > +¢21)

And by Lemma 2.4,
SUX{)? 0 X{T) (&) =d(H)(1 (5)(t))2[(d(H)/O 17 (€)(s)]ds)?

waa TCEZD [ [ @ ls — -t + 29

Since 1—? (&) € C®(R), t — S((XH)? o X}1)(€) is continuous on (a,b) and then measurable.
Moreover using Lemma 3.3 and the fact that fol fol |s — r|HLdsdr < oo, we get easily the last
point of theorem 3.9 ensuring the (S)*integrability of the distribution process (X/7)2 o XH.
We proceed as previously to get the (S)*-integrability of the distribution processes X o XtH 2
and ?2-1XH 0O

Remark 3.13:

e For 22, we note the appearance of two terms involving the third derivative of this mono-
mial. As it is written in [113], one cannot hope to obtain an It6 formula which ends with
a second derivative term for the Rosenblatt process.

e Before stating the main results, we need an estimate of the radius of convergence of the

power series expansion of the logarithm of the translated characteristic function of the
k

Rosenblatt process at time ¢ in a neighborhood of the origin. Using, |¢;| < (m)z
and Theorem 2.9, the power series expansion converges if [v/20t| < 1. For t € (a,b)
where 0 < a < b < 0o we obtain the sufficient condition |6| < ﬁ.

Theorem 3.14: Let (a,b) € R such that a < b < co. Let F' be an entire analytic function of

the complex variable verifying:

1|
exp(—+|S(z

Then, we have in (5)*:

b ) 0 b yHk—1
F(XH) - F(XH) :/ FOXM o xlat +) (an(Xf{)/ = 1)'F(k)(XtH)dt)
a k=2 a '

o0

b
+ (2’” / F(k)(XtH)on’kdt).

k=2
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Proof: Let (a,b) € R such that a < b < oo and let F' be as in the theorem. First of all, let’s
compute the S-transform of F(X/) for ¢t € (a,b). By definition, we have:

vE€ S S(FX)E = BFCKE s ep(<i€>) ] = [ PO @)duele)

_ / . F((XH) (@ + €))du()

Using the Transfer theorem and the Parseval-Plancherel’s theorem, we obtain:
S(F(XH =5 / F(F)(0)E e [exp(i0 X )]do
T

Moreover, by the Paley-Wiener theorem (see [96], Theorem 9.11), the Fourier transform of F
is in C§°(R) and its support is contained in the ball {6 : |0| < }. Thus,

1
V2bH

X (200t )* — k
S(F(XM)(¢) = ! / ) F(F)(0)exp(if < fH; %% >)exp (%Z (2 9; ) ( (2H - 1)H> Ck)

2m P
1 <X x
<o (5 Y i) T O )as
k=2
where, we have (by Theorem 2.9):

k
T2

T2 (115 =< (- @1 1) @1 ). @1 f1);6%% >= S(X™)(¢)

-~
k—1x®1

We differentiate with respect to ¢ and get:

d 1 d .
FSEXNEO =5 [ FE0)g el < g5 >)

X exp <% *2"’ <2z'0]zH>k( [(2H g DH ) ck> exp G §<2z'0>’“5<Xf”“><£>ﬂ db.

The differentiation of the translated characteristic function with respect to t € (a,b) for § €
supp(F(F)) gives:

d .

= [E<lexpl0X[)]] = (1) + (1) + (111)

where,

(1) = 08 (X[") (B [exp(i6 X)),

2 2
k=2

an =4 f [tHk—l(zw)k( M)kck} B fexp(0X Y],
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and by Lemma 3.7,

+oo

=52 | @S | B e

k=2

(I11)

l\l)l»—l

Since we integrate over supp(F(F')) strictly contained in {6 : 0] < ﬁ} where the power

series are absolutely convergent, we have:

1

d H _ o H
FSECENO = SEE) (32

/ F(F)(0)i0B" [exp(i0 X" )]de)
27 J supp(F(F))

2 2

+i {z’flmf”“( M)kck(i /Supp(f(F)) ]—"(F)(@)(i&)kE"é[exp(z'GXtH)]dHﬂ
+§_o: [Qk_ls(Xf{’k)(f)(% /supp(f(F)) F(F)(0)(i6)"Ers [exp(thH)]d@)}

Using (i0)*F(F)(0) = F(F®)(8), the formula for S(F(X[))(¢) and (2.3), we obtain:

GSFCR(E) = SCENOS (PO CEE) + 3 [H— e ISR
+Z 2SO E)©)|

To conclude we need to show the (S)*-integrability over (a,b) of the three former terms using

Theorem 3.9. From the formula of Lemma 3.7 we get the following estimate:

SCEm©) <y TR [t - v+ pe i @12 [ K woduas
S EE@E € [ [ K )] (2.9

By Cauchy-Schwartz inequality, we have:

1,1 . 1 9 L
KF2 dudv < [ =¥———
/0/0 1 (u,v)uv_(2(2H_1)H) < 00

Moreover, we have:

1

S(F®(xH < — F(F)(9)||6|*do
SO <5 [ IFEEO)

Writting supp(F(F)) = [mp; Mp] C {0 : 10| < \/gle}i

ISEOINE] < o IF ) oy w5 [ M)
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So the general term of the third series is bounded by:
. 1
25X OS(FEX)©) SCz(H)%(\@)kHF(F)HLl(R) max{|mr|*; |Mr|*}
(H(k = 1) + D" E V(€] oo + 1€V oo + [1€]11)?

+2t1EDT (e oo + 1€Moo + NN UIED oo + HEP oo + 11EM[1)].

Thus, this term is (5)*-integrable over (a,b) and we have:

/ [25S(X ) (OS(FD (X)) (©)lat < Ca(H)i(\/i)'“IIF(F)HLl(R) max{|mp|*; [Mp|*}

27
[(bH(k_l)“ — " (1] oo 4+ 11EV oo + [1€]11)*
2 G HGE-D+2 _H(k-1)42 ) W ® v
+H(k:—1)+2(b a (€0 4+ 1€ loo + NENDUIE oo + 1€ |o0 + 1€ [[1)] -

Since max{|mpl; | Mp|} < ﬁ, we can invert the sum and the integral. We proceed as previ-

ously to prove the (S)*-integrability of the two other terms and we obtain the result.O

Remark 3.15:

e The Ito formula obtained stresses the fundamental role of the analytic expansion around
the origin of the logarithm of the translated characteristic function. In particular, the
non-zero cumulants of the Rosenblatt distribution are crucial.

e Moreover, this result confirms the Itd6 formula obtained for the monomial z? and z3.
Nevertheless, the polynomials do not belong to the class of functionals for which the Ito
formula holds. Thus, we need a generalization of the Paley-Wiener theorem in order to
get the result for a bigger class which contains the polynomials. This is the aim of the

next theorem.

Theorem 3.16: Let (a,b) € R such that a < b < co. Let F' be an entire analytic function of
the complex variable verifying:

IN € N,3C > 0,¥2 € C |F(2)| < O+ |2])" exp(

1 Cx
N0l

Then, we have in (5)*:

b ) 0 b yHk—1
F(XH) - F(xXH) :/ FOXMyoxlat +) (an(xff)/ = 1)'F(k)(XtH)dt)
@ k=2 a '

+§: (2’c ! / (X o Xf’kdt).

k=2
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Proof: Let (a,b) € R% such that a < b < oo and let F' be as in the theorem. As previously,
we have to compute the S-transform of F(X/[T) for any ¢ € (a,b). Using Cauchy-Schwartz
inequality and the definition of F', we have:

N|=

Ve e S(R) IS(F(XI)(©)] < B [|F(X/)] < E[F(X)PIPE[: exp(<; € >) )

SO < OB+ XP)™ esp(E1R) <

since X[ is in the second Wiener’s chaos and, by hypercontractivity (see Corollary 2.8.14 in
[84]), has finite moments of any order. Thus, we get:

1 .
S(F(X)() = 5— < F(F); B [exp(i. X{")] >
where <;> has to be understood as the duality bracket since, by Schwartz’s Paley-Wiener

theorem (see [96], Theorem 9.12), F(F) is in S’(R), has a compact support contained in the

ball {6 : 0] < ﬁle} and is of order N. Let [mp; Mp] be such that:
1

supp(F(F)) C mp; Mp) € {0 : 10| < .

P(F(F)) & e M) €40 16] < =23

Since F(F) is a distribution with compact support and since E*¢[exp(i.X)] € C°(R) (by
Theorem 2.9), we have:

SO = 5 < F(E): g B fexp(i X[1)] >

where ¢¥r € C§°(R), is equal to 1 in a neighborhood of supp(F) and supp(r) = [mp; Mp]. We
differentiate with respect to ¢ and get as previously:

d

1 e a
FSFXN)NO) = 5 < F(F)ide() [E [exp(i.X;7)]] >

with,

%[]E“ﬁ lexp(i0 X)) = (I) + (II) + (II1)

where,
(1) = i0S (X[ (&)B s [exp(i0X,1)],

+oo . k
g [tHk 1(2i0) ( w> ck} EX¢ [exp(i0 X)),

k=2

“+o00

(111 = 5 3 | S ©) [ fexpliox )

k=2
In order to invert the sum and the duality bracket, we need to estimate
F(F);p()(i.)*Ere[exp(i. X[T)] > for large values of k (> N). Since N is the order of F(F),
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we have (see chapter 2.3 of [45]):

N

l
| < F(F);0p() @) B [exp(i. X)) > | < CFZ@@[SHPM | % ((10)*E" [exp(i0.X,)]) |

where C'r > 0. Using Leibniz’s formula, we obtain:

| < F(F);r (@) B fexp(i X[ > | < Cr ) Y O

=0 m=0
X maX{|mF]k_m; |Mplk_m}k(k —1)...(k—m+ 1)E“5[|XtH|l_m]

Thus, using ¢ < ( )%, we obtain the following estimate:

1
HEZH-1)

(2H — 1)H\* Al
tHk—12k< T> cr| < F(F);vop( )6 ) B [exp(i X)) > | < Cp ) Y Ch
=0 m=0
x (V2)FHR max{ jmp [F | Mp [P e (k = 1)..(k — m + D) ER[| X H )™
Since max{|mp|; |MFr|} < ﬁ, we can invert the sum and the duality bracket for (/7). Simi-

larly, using (2.9), we can invert the sum and the duality bracket for (111). We get:

tHk_l

(k—1)

d

—S(F(X[1)(€) =S(X{)(€)S(FM(X[)(€) + [H re(XT)S(FO (XT))(€)

dt

3 S OSE)E)|
k=2

To prove the (S)*-integrability of the three former terms, we proceed as for the proof of theorem
3.13 using the appropriate estimates.O

Remark 3.17:

e Every polynomial verifies the condition of the theorem. Moreover, for such functionals,
the sums are finite.

e Using the growth property of F' and the hypercontractivity of the second Wiener chaos
elements, we can show that the left-hand side of the equality is in (L?).

4 Comparison with other approaches

In [113], the author introduces two definitions of the stochastic integral with respect to the

Rosenblatt process. The fisrt one is a pathwise integral using the method of [97] and the second
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one is a Skorohod integral using elements of the Malliavin calculus. The Skorohod approach
relies on the finite interval representation of the Rosenblatt process. From this representation
by means of the double Skorohod integral with respect to Brownian motion, the author defines
the stochastic integral with respect to the Rosenblatt process. In this section, we show that this
Skorohod integral coincides with the Rosenblatt noise integral defined using the finite interval

representation.

Definition-Theorem 4.1: The Rosenblatt process {X/};cr is equal in distribution to the
process {Z{}iejo) defined by:

H S ﬁ H_q
Vit e [0,T] Z, J:— > (s —wxj)} dsdBy,dB,,
[0;¢]2

Proof: See theorem 1.1 in [95] or proposition 1 in [113]. O

Remark 4.2: It is important to note that even if the two processes have the same finite-
dimensional distributions under g, this fact is not true anymore under the probability pe for
some & € S(R). Indeed, one can show that for £ € C§°(R, R, ) such that supp(§) C (0, +00):

vt e [0;T] S(X[T)(€) # S(Z,7)(¢)
Using this representation, we can compute the S-transform of the process {Z1} as well as
differentiate it in (5)*.

Proposition 4.3: The process {Z/'} is (S)*-differentiable and the S-transform of its derivative
is equal to:

H_
)3 (t— )2

VE e SRWVE e [0,T] S(Z)(¢ / ¢(x dz)’

HI@F

Proof: First of all, we need to compute the S-transform of the process {Z[}. By definition,

we have:

H

Ve € SRVEE 0,T] S(Z7)(€) = e(H) / LAY TR
[0,t]2

-1

ds)f(xl)ﬁ(xg)dxld@
By Fubini’s theorem, we have:

S(Z)(€) = c(H)



By making the change of variable x = us, we obtain:

q_

sz© =t [ o( [0-wi

Since £ € S(R) and H € (3, 1), we get:

o \2
£($u)u’?du> ds

d H H
Vi >0 Z(S(Z1)(©) = eti)"

Moreover, for any A > 0 such that t +h < T
S(Z{n) () — S(Z)(€) 1 /t+h H /1
=c(H)- s 1—u
i = etmg] () 0=
1

<amrlgi( [ a-wf ) < @)

+ ol

Thus, using Theorem 1.3, we obtain the result. O

Similarly to the previous section, we can define a stochastic integral with respect to {Z},
using the Wick product with the stochastic distribution process {ZtH } and Pettis integration
over [0, 7.

Definition-Theorem 4.4: Let {®y;¢t € [0,7]} be a (S)* stochastic process satisfying the
assumptions of Theorem 3.9. Then, ®; o Z} is (S)* integrable over [0, 7] and:

/ d,dz :/ D, 0 ZHdt
(0,7 [0,77]

Proof: Using estimate (2.10) and Theorem 3.9, one can show that ®; o Z/ is (S)*integrable
over [0,7]. O

In the next proposition, we prove that this integral is an extension of the Skorohod integral
defined in [113]. For this purpose, we need to introduce elements of the Malliavin calculus with
respect to Brownian motion. Let S be the class of smooth random variables of the form:

V(tl,...,tn) € [O,T] F:f(Btla'“aBtn)
where f € C°(R™). Then, we define the Malliavin derivative on the class S by:

0
\V/t S [O,T] Dt(F) = 8_f(Bt17"‘7Btn)1[0,tj}(t)
= 9t
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This operator is unbounded, closable and can be extended to the closure of S, denoted D7,
with respect to the norm (see section 1.2 in [87]):

k
VFeS k21p=2 |FI},=EIFPI+ Y ElID (F)ll}2g0m)

J=1

where D7 is the jth iteration of the operator D. For any j > 1, D takes values in L*(Q; L*([0,T7)).
We denote by o the adjoint operator of D. It is an unbounded operator from a domain in
L*(Q; L2([0,T])) to L*(). An element ¢ € L*(Q; L*([0,T])) belongs to the domain of § if and
only if:

VF € D'? |E[< DF;¢ >p2oml| < Cov/E[F?]
Moreover, we have the following duality relationship:
VF € D' E[§(¢)F] = E[< DF; ¢ >12(01))]
For any j > 1, this formula extends to the adjoint operator of D’, denoted by 47, and we have:
V¢ € Domé’ VF € DV E[§(¢)F] = E[< D'F, ¢ > 12011

For further properties regarding the multiple integral §7, we refer the reader to [89]. We are now
ready to state the definition of the Skorohod type integral with to respect to the Rosenblatt
process introduced in [113].

Definition 4.5: Let {®; : ¢t € [0;T]} be a square integrable stochastic process. Then, we
define its Skorohod integral with respect to {Z;}icpo,r) by:

/T O, = (15 (®))

where Iy (®) is defined by:

T

I(®)(s1,52) = e(H) / 3.

1Vs2

vl
w‘m
vl

1 (u— sg)g’ldu

sl (u— 1)

)

u
S

)
2
We state the main result of this section which links the two definitions of integral.

Proposition 4.6: Let {@t,t € [0;T]} be a stochastic process such that ® € L*(2;H) N

L*([0,T];D??) and E| fo fo ||D? . ®|[3,ds1dss] < oo where

S1,52

H=A{f:[0;T] — R;/O /0 f(s)f()|t — s|*" 2dsdt < oo}.
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Then, {®,} is Skorohod integrable and (S)*-integrable with respect to the Rosenblatt process,

{Z{ }iepo:1], and we have:
T T .
/ o071 = / ®, 0 ZHdt
0 0

Proof: The fact that {®;} is Skorohod integrable with respect to {Z} follows from Lemma
1, section 6 in [113]. Let us show that ®, o Z/" is (S)*-integrable. By definition, we have:

VEe SR) |S(D, 0 Z) ()] = [S(2)(9)1S(Z)(©)]

< c(H) |2 B (@, - exp(< € >) | / - ERTS T

Using Cauchy-Schwartz inequality, we obtain:

[
N

(B[, : exp(<; € >) | < (E[(Pe)?)2 (E[(: exp(<; € >) 2)7))

le|2
5 )

N[

< (E[(@4)"])2 exp(

Thus, we get the following estimate:

5(c0 2¢)(6)] < el (@) el e S ([ (- w¥ - a)’

Since ¢ € L%([0, T]; D*?), we have,

/ ' T (E[(®,)?])2dt < +oo

So, we conclude by Theorem 3.9. We have to show that the two integrals are equal. Let us
compute the S-transform of the Skorohod integral of {®;} with respect to {Z”}. By definition,

Ve SR) S / 8521 (€) = E02(Iu(6)) : exp(<:€ >)

0

By the duality formula, we obtain:

S(/OT ,02[1)(€) = B*[< I (®); D*(: exp(<; € >) 1) >r2(oyry2)]
= B [< I (®); €% > p2(orpy: exp(<; € >) ]
Moreover, for any 1 such that I () € L*([0;T]?),
T 2

v [T

J

oz

< IH(¢)§5®2 >r2([0;T]) = C(H)/ , ( (U - Sj)%fldu>§®2(51, 52)d51d52
[0;T7]

81\/82 le
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Thus, we get:

S / 071 (€) = / B[, : exp(<:€ >) JS(ZH)(€)dt = 5 / B, o ZHd1) (€)

And so we are done. O

5 Variance formula

Before stating the theorem, we need to introduce some notations.

Definition 5.1: Let (p1,...,pm) € [1,4+00)™. The mixed norm space, LPL-+Pm)(R™) is the
Banach space of measurable functions on R™ with the finite norm:

1

P2 b3 Pm

P1 b2
[f 1 om) (emy = (/ (/|f L1y, & |p1dx1) dxg) cd Ty,

For more details, we refer the reader to Chapter 2.48 in [1]. Furthermore, we need to consider
the following multidimensional version of fractional integrals (Chapter 5, Paragraph 24 in [100])

Definition-Theorem 5.2: The mixed Liouville-type fractional integrals of order ag, ..., .,
where a; € (0,1), of a function, ¢ € S(R™), is defined by:

L (0) = (IF © . @ I57)(¢).

.....

Moreover, the linear operator I$1:*™ is bounded from L(Pt-Pm)(R™) to L@-9m)(R™) if and

.....

only if, 1 < p; < 1/a; and ¢; = p; /(1 — ayp;), for every i € {1,...,m}.
Proof : See the proof of Theorem 24.1 of [100]. O

Remark 5.3: When some of the «; are equal to 0, we replace I{" by the identity opera-
tor and the theorem is still true with ¢; = p; and p; > 1.

0,...,0,H/2)
+

.....

In the sequel, for ﬁxed m > 2 and H € (1/2, 1), we have to COIlSldel" the operators I

.....

-----
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A, =A(z1,...,zpm) € R 2,1 = x,,} for functions f not smooth enough. For this purpose,
we introduce the function spaces with dominating mixed smoothness which were defined by
Lizorkin and Nikol’skii in [67] (see [102] for a recent survey on these spaces and their general-

izations).

Definition 5.4: For any (ay,...,q,,) such that a; > 0 for every i € {1,...,m}, we define
Glet=mem) i (Rm) by

m

St HR™) = {f € S®™) : F [+ 1617 F(f) € L*R™)

i=1

vf.g e SR < f g >= / (T10+ 1) ()6 Flo) e

These spaces admit several representations, one of them being particularly relevant in our
context (see [67]). Indeed, using partial and mixed Liouville derivatives of fractional orders (see
Chapter 5, Paragraph 24.2 in [100]), we have:

Syt H(R™) = {f € LAR™) : VB = (B1, s ), Bi = 0 0r ay, D (f) € LHR™).

77777

The mixed Liouville derivative of order (a4, ..., a,,) plays here a dominant role. The trace prob-
lem for function spaces with dominating mixed smoothness appears to be much more difficult
than for standard isotropic fractional Sobolev spaces. Indeed, function spaces with dominating
mixed smoothness are not rotationally invariant in general. For example, trace problems for
hyperplanes parallel to coordinate axis are different of trace problems for hyperplanes in oblique
position. Nevertheless, for m = 2, regarding trace problem on the diagonal of R?, we have the
following result (see Theorem 5.4 in section 5.1 of [102] and also [119] for the proof):

Theorem 5.5: Let ajy, as be strictly positive such that «; < 1/2 for every i = 1,2 and
aj + ag > 1/2. Then, we have:

Tr (5L H(R?)) = H*1H273(R),

where T'r is the trace operator on the diagonal of R? and H*1+*2~1/2(R) is the standard isotropic

fractional Sobolev spaces of order o + ay — 1/2 (see [1] Chapter 7).

In the following, we are interested in S(O """ OH/2H[2) pr (R™). It is straightforward to check

that S O’H/Q’H/2)H(Rm) is isomorphically isometric to L2(R™~2) @ S§7/* H/Q)H(IRZ) The
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next lemma allows us to consider the restriction of function in S{""#/ 2H/2) g (R™) to the
hyperplane A,,.

Lemma 5.6: There exists a linear and continuous operator 7' from Séo """ OH/2H/2) by (R™) to
GO =12 (Rm=1Y guch that for any f € S OH/2H/2 grrmY A C(R™), we have:

T(f) = flan:

Proof: We note 7' the operator defined by:

H H
2772

vy € LAR™),Vo € Sy2 T H(R?Y), T ® ¢) = ¥ @ Tr(9),

and extended by linearity. Moreover, we have:

70 © Ol oyorn d ey < Ol
where C'y is a strictly positive constant depending on H uniquely. Thus, by a standard argu-
ment, we can extend 7' to a continuous and linear operator from L?(R™2) ® SéH/ 2H2) g (R?)
to L2(R™2) ® H¥~2(R). We note this extension 7' and it is exactly the tensor product
operator £ ® Tr where E is the identity operator from L*(R™72) to L?(R™2). Using the
linear isometry between L2(R™~2) @ SS7/2H/% g(R2) and S*0H/2H/2) gr(Rm) (and between
L2(R™2) @ HA-Y2(R) and Séo """ O’H_l/Q)H(]Rmfl) respectively), we obtain a linear contin-
uous operator 7' from Séo""’U’H/Q’H/Q)H(Rm) to Séo """ 0’H_I/Q)H(Rm_l). It is straightforward
to check that this operator reduces to the restriction operator over A,, for functions f &
S0 OHIZHL) prrmY A C(R™) since Ay, = R™ 2 x Ay. O

In the sequel, we are interested in functions of the form ¢ = IJ(B{::;;(B’H/ 2H/ 2)( f) for some

f € L*(R™). However, such a function g does not belong to Séo """ OH/2H[2) pr (R™) even if
DSS’.’.';;O’H/ZH/Q)(Q) € L*(R™) (see Theorem 24.3 in [100]), where DSE)_’.'."’O’H/Q’H/Q) is the mixed
Marchaud derivative of order (0, ...,0, H/2, H/2). This is due to the fact that IJ(S’.::"’J?’H/Q’H/Q)(.)
maps continuously L?(R™) into L2--22/(1=H)2/(=H))(R™) Thus, we make the following as-
sumption for the Chaos kernels of the integrand stochastic process which is considered in The-

orem 5.8:

o045 (0,...,0, 4,5

HL: Vm>2, Vi€ (a,0), 107072 (1) € ST 2 HR™).

We end this preamble by discussing the hypothesis H1.

Lemma 5.7: Let f € L2(R™) such that [\ 0#/2H2 () ¢ gl0--OHZH2) ppgm)  Then,

-----
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there exists a function g € L*(R™) such that:

(—i&m1)? (—i&pm)
[T, (1 + &%)

F(g).

NI+ ol

F(f) =

Moreover,

I fllz2@my < Crllgllze@my,

where C'y is a strictly positive constant independent of m.

Proof : First of all, a function in Séo """ OH/2HI2) (R™) admits an integral representation
as a convolution of a function in L*(R™) with the Bessel polypotential kernel G(0,....0,H/2,H/2)
(see [67] and Chapter 5, Paragraph 24.12 of [100] for a definition of this kernel). Thus, we have:

H H
0,..,0, 2 1

Jg € L*R™), 1,772 (f) = Go,....0,H/2,H/2) * J-

Let V.= U™ {(&,....&m) € R™, & = 0}. Let Sy(R™) = {¢ € S(R™), Va € N V¢ €
V, D*(F(¢))(&) = 0}. By Theorem 1 of [99], Sy (R™) is dense in L*(R™). Moreover, Sy (R™)
is invariant under mixed Liouville-type fractional integration (Chapter 5, Paragraph 24.9 of
[100]). Thus, we have, for ¢ € Sy (R™):

where 1*())

—
’Q\r—t

Je(s = t)7 "4 (s)ds. By Parseval-Plancherel Theorem,

R S | F(9)(€)
<1 (f)7¢>—(2ﬁ)m/mf(f)(§)(( 4 )§,>d5.

"’me—l) 2 (_Hgm

Since, 12,7-.....,2;H/2,H/2(f) = Go,...0,H/2,H/2) * g for g € L*(R™), we have:
0,...0, 1 1 F(9)(€) e T RvEay
<L) 0 >= o - 7 (@) (§)dE.
@)™ Jem TT7,, 1 (14 16125

Thus, taking F(¢)(€) = F(¥)(&)[(+i&mn_1)H/*(+i&n)1/?] for some ¢ € Sy (R™), we have:

1 (i) B (<) ® g —
/. (F(f)(é) = T f<g><s>) FNEe = 0.
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We conclude by density. Moreover, since (—i&n_1)%/?(—i&,) "2/ (T2, (1 + |&]2)/1) is a
bounded and continuous multiplier (see [105]), we have the following inequality:

||f||L2(Rm) < CHHQ“L?(Rm)- O

Thus, for any ¢ € (a,b) and m > 2, we have:

(—i&m— 1) (—i&m)

g, (1) € L2 (R™), F(fm(,1)) =
gm(,t) € L*(R™), F(fm(,1)) 0 (e

i Flgn (1),

such that:

||fm(7 t) ||L2(R7n) S CH“gm(, t) HL2(R‘"L)

77777

as an element of Séo """ O.H/ZLH[2) pr (R™) (see [67]). We are now ready to state the theorem regard—
ing the variance of the stochastic integral of a random process with respect to the Rosenblatt

process.

Theorem 5.8: Let (a,b) C Ry with 0 < a < b < oco. Let {®4;t € (a,b)} be a stochastic
process such that for all ¢ € (a,b), ®; € (L?). Moreover, let us assume that:

Vt € (a,b), Ym > 2, fn(.,t) verifies H1,

+oo 2

Z(mzﬂ(/w o)) < .

m=2

where @, = 3% L, (fm(.,t)) and ¢ = £ (1 + €) for some € € (3725 V (2H — 1);1). Thus, we
have:

E[( / d, 0 XHdt)?) = H2H — 1) / / — 5|2 H-VE[D,d,]dsdt
(a,b) a,b) J (a,b)

\/ﬁ/(ab/ab |t — s|""E[D \/—55017( t)D Jaimser? i (Ps)]dsdt
/ab /ab A(H)seol 2 )Q@t)w\/@étolg) (®s)]dsdt.

Remark 5.9:
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2/q
1. Note that the condition Y% (m + 2)!(f(a ) Hgm(.;t)H‘iQ(Rm)dt) < 400 ensures the

existence of two elements in L?((a,b) X (a,b)) ® (L?) represented by:

+oo
~ (0,...,0,2)
@M Ou—ae, D y(@)= 3 mlua(LIE (ful0)())
+0o0
MNEN B —ae, (D g)2®@) =3 mlm— 1)Ly o(TIY 7l 0))(5)
: s QU —a.e., 6501_? t.—m:2mm m—2 ot mles ,8)).

Indeed, we have for the first term, for m > 2:

[ (et < Conn [ NSV G )
(ab)x(ab) @y L2 TR (Rem)

and similarly for the second term. Since these elements coincide with Dy . If/z(@) and
(D5solf/2)2<q)t) for smoother {®,}, we denote them by D§Solf/2 (®;) and (DSSoIf/2>2(¢)t) in
the sequel.

2. These conditions are quite similar to the ones of Theorem 13.16 in the case of the white
noise integral (see chapter 13 of [60]).

3. The first term appearing in the formula for the variance is classical and is linked to the
space of distributions for which we can define the Wiener integrals with respect to the
Rosenblatt process (see section 3 of [113]). Actually, since the Rosenblatt process and frac-
tional Brownian motion possess the same covariance structure, this space of distribution
is the same than the one for fBm (see [94] for further details).

4. We note the appearance of the second order stochastic derivative which differs significantly
from the Gaussian case.

Proof: For any t € (a,b), by the Wiener-Ité6 Theorem, we have:

o, = Z ]m(fm('v t))

Let us fix m. By the definition of the operator D* » and by Pettis integration (in (5)*
V/d(H)seoI 2

as well as in S’(R)), we obtain:

/W)) L(fm(t)) 0 XHdt = d(H) I ps (/(

(6; 0 [§)®2®fm(., t)dt>
a,b)
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Let £ € S(R). We have:

H H
</ (01 0 1)@ fin (-, 1)t €577 >=/ < (80 I7) P2 D fn(.,1); €5 > dt
(0.0

(a,b)
o LSS

Moreover, using Lemma 2.3, we have:

-1

fm(il','g, ceey 42, t)dt) €®(m+2) (33'1, vy $m+2)d$1...d$m+2

H_ 4 H_4
E—)e () 2 H(2H — 1)
(a,b) F(%) F(%) fn(5 ) HL2(R +2) 5

/ / £ = 2D < fo (1) fonlos) > o dids
(a,b) J (a,b)

(d(H))?|

which is finite by Hardy-Littlewood-Sobolev inequality (see Theorem 4.3 in [65], with n = 1,
A=2-2H,p=r=+). Indeed,

| = S < o )ifn(es) S ragum dtds| < [ =PI 02
(a,b)x(a,b) (a,b)x(a,b)
X ||fm(.,S>HL2(Rm)dtdS,
1 2H
<Cul [ Ut Olfen)
(a,b)
2
q
< Ctasa( [ U Olfentt)
(a,b)
q
< Cotana / )Hgm(.,t)H%z(Rm)dt) <o
a,b
Thus,

-1

%re2 _ (t—o) i (=)}
d(H) /(a7b)(5toj+ )® ®fm(7t)dt_d(H>sym (/(;71;) 1—‘<%) F(%) fm(xi’n'“amerQat)dt)

where sym() denotes the symmetrization’s operation and we have the following estimate en-
suring that [, ®¢ o XHdt is in (L)%

. H(2H — 1) X
Bl [ woxtap) < TCEZD S v [ [ o P < ) > dids,
(a,b) m=0 (a,b) J (a,b

H(2H —1) X 7
< — ;(m + 2)!/

(a,

H(2H— 1) +o00 % 2H

m=0

) /( ) ‘t — S’g(H_l)”fm(., t)HLZ(Rm)Hfm(v S)HLQ(Rm)dtdS,
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H(2H — 1) <& :
< Crang ML S+ U [l O] < o0

m=0

Now, we compute precisely the symmetrization of the previous function in order to obtain the
exact formula for the variance of [ (ap) P10 XHdt. By definition, we have:

-1

cum (t—a)? " (t—a0)?
/ </<> rdy &

(t — %(n) Tt — oz 2
m ag 9 ey olm ,t dt
e / 2 ey rg) Il dmn§

fm<l'3, ooy Tm42, t)dt> B

H

UES 42 2
m+2 H_q H_4q
1 / (t—x;)? (t—2o0))}
= 5 — g —— 7 fn(Zo2), s To(ma), 1) | dt
(m +2)! Jiap) ; L(%) ;: L(%)
o m—+1

where S’ 7.1 is the set of permutations of the set {1,...,5 — 1,5 +1,...,m + 2}.

& E (t—x %71 (t—x )%71
— + — k)4
- (m—}-Q / Z Z ]) F(E) Z fm(xa(1)7--~,ﬂ?g(m+2),t) dt
@b) \ j=1 k=1k#j 2 sl

where S is the set of permutations of the set {1,...,m + 2} \ {j, k}. But, the kernel f,,(.,t)
is symmetric in the m first coordinates. Thus,

—~ ! N e i O il x
- (m+2)(m+1) / (Zlk%%é] ) F(%) fm(_j7k,t)> dt

where x; ;. is the vector (1, ..., T, 42) Without the coordinates x; and zj. At this point, in order
to pursue the computations and to explain the inversion of integrals, we approximate smoothly
each f,,(.) (considered as functions of m + 1 variables). We proceed as follows to do SO: we use
a sequence of functions, (g”), in S(R™!) such that f(a’b) 19m (1) = g (Ol 2@mydt  — 0.

n—-+00
Then, for each t € (a,b) and for each m > 2:
HZ m— 1(1+‘£l‘ )

which ensures that f7(,t) € L*(R™) N C®(R™). The a posteriori bounds obtained after the
computations will allow us to extend the formula of the L?-norm of the symmetrization to the

vneN, F(fr(,t) = Fgm (1)),

i ol

non-regularized version of f,,(.). We can now compute the L?-norm of the symmetrization. We
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obtain:

m+2 m+2 m+2 m+2 _1 _1

:[<m+2 m+1 Z Z Z Z /bx(ab></Rm+2 (t_F:(rg)j (t_fk))j

J=1 k=1,k#j i=1 [=1,l#

-1

(s—a)? ' (s—w)?
)

L(%) LS

To pursue, we need to enumerate the different values of the integral over R™*2 and to count

f (-]kﬂ )fm( zl? ) )dtds

the number of times such values appear. Since j # k and ¢ # [, we have at most equality
between two couples of subscripts, namely, i = j and [ = k or j = [ and ¢ = k which
leads to 2(m + 2)(m + 1) possibilities. On the contrary, we can have every subscripts distinct
corresponding to (m + 2)(m + 1)m(m — 1) possibilities. Finally, the 4(m + 2)(m + 1)m last
possibilities correspond to the case where two subscripts are equal and all the others disinct.
These three cases lead to three different values for the integral over R™*2. Specifically, we

/ (t — ;)
Rm+2 F(%
((B(1—H, H))2

obtain:

- (t — l’k)

i

(s — )

ra

fm(zj,ka )fm( Xl S ) X =

~— +M‘m
~— +l\3‘m

(s —20)2
)

L3

[t = sPHD < frn( 1) finls 8) > L2

~— +w‘m

£ s < (B0 LF) @1 ful

~—

H
(00012 ) ®1 fm(,5) >r2mm-1y

[2) @1 (8,0 12) @1 funlo 1)) (10 12) @1 (80 I2) @1 fnl, 8)) >r2m-2),

vl

and we obtain for the L? norm of the symmetrization:

S W 4
(m+1)(m+2) (F(%))zx
B —H %

(F<E);22 ) /(v b) ( ) ’t - S|H*1 < (53 ¢) I_E) ®1 fm(,t)7 ((515 o [_E) ®1 fm<7 3) >L2(Rm_1) dsdt
2 a a

+m(m — 1)/ < (05012) @1 ((6s012) @1 fn(,1)); (6; 0 12) @1 ((6; 0 1)@
(a,b)x(a,b)

2
) /( o It — 5P < £,(,1); finl, 8) >r2(rm) dsdt
a,b)x(a,b

+4m

fm(,8)) >r2@m-2) dsdt].

We want to bound the three former terms in order to invert the sum and the integrals and to
obtain the final formula for the variance. We denote the three integrals respectively by (1),
(II) and (III). The first one, (I), has already been dealt with. Let us bound the second one:

1) = /( e T L 1Dl LD (il ) () 2 ddt,
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By Cauchy-Schwarz inequality, we obtain:

(IT)] < /f . b)! ST 2 GG ) e I %2 (fn (s 8)) )| 22 am1y disdlt
a,b)X(a,

1/q
First of all, by Definition-Theorem 5.2 and since ( f H fm( )] 12 (Rm) ) < 00, we note
that:

([, (Lo <»<meu))%ﬂﬁf<mx

Or stated otherwise, the measurable function (s,t) — HI(O;'.'.ZQFH/Q (fr ) ( 8) [ L2@m-1)L(ap) (1)
is an element of L 2/ (1=H).9)(R?). Similarly, using Theorem 2.51 of [1], the measurable function

.....

-----

.....

)/2 + 1/q. Moreover, for e € ((1 — H)/(3H — 1)V (2H — 1);1), we have r > 1/H. Thus, by
Holder inequality with p* = r, we obtain:

1
(D) < [t — s[" D dsdt ||f+,’.'.'.’,+ D)) B s
( )
(a,b)x(a,b) (a,b)x(a,b)

1
P

where,

1
Vpe (1, ——=) / It — s[PEVdsdt < co.
1-H (a,b)x (a,b)

Using the generalized version of Holder inequality for mixed-norm spaces, the permutation

inequality for mixed norms, and Definition-Theorem 5.2, we get:

wmgaw([wmammw )

In order to conclude, we need to bound the last integral, (I11). We have

(0 """ 7%7%) (07"'707%7%)
(111) (1 B O G):TIE D52 (£ (05) (1) > pans) dsdr.
(a,b) J (a,b)
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By Cauchy-Schwarz inequality, we obtain:

(I11)] < / . / N OB Oy % T2 FD () (D) 2y dsdt.

%) (0,0, 5,5)
T 0 (f, OO zznty < T2 (ful )l g0 01172 g m
H ﬂ
< Ol (ful D) 500172572 g gymy

< C}zHgm(,t)HL?(Rm)-

Thus,

q

/b (/ IT( zﬁjm,g%% (fm(,t)))(,S)H%Q(Rm_z)ds)th< 0.

Since g =1/H(1 +¢€) withe > (1—H)/(3H — 1)V (2H — 1), we have ¢ > 2. Thus,

S Ca,b7H,e

.....

—~
’5
=
N
A
+
+
l\:)
l\.’)
CS
3
-
\_/
SN—
SN—
—~
-
=
N
=
3
N
o
(V)
jo
~
N—
D=

7777 )

X
—
-
=
N
/\
+
Jr
l\:’
N
CS
3
—
\_/
SN—
N—
=
l\J
%
3
\_/
Q=

for some C,p e > 0. Using Cauchy-Schwarz inequality, we obtain:

2

y([U)ygca,b,H,e(/( ) 19 G |72 gom) ) .

Multiplying by (m + 2)!(d(H))? and using the condition:

§<m+2)!(/(a e - )3<+oo7

m=0

we can invert the sum and the integrals. Using the definition of D s gz as well as the
d(H)é:01

isometry for multiple Wiener-Ito integrals, we get the following formula for the (L?) norm of
f(a b) q)t < XtHdt

E[( / d, 0 XHdt)?] = H2H — 1) / / — 5|2 H-VE[®,d,]dsdt
(a,b) a,b) J (a,b)

(2H - 1) H-1
\/7/((11)) /ab |t — s| E[D \/—53012( t)D\/m(StoI§<q)s)]det
2
/ab /ab d(HJoI%) ((I)txDmétO[?) (Cbs)]dsdt. O
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Chapter 3

From forward integrals to Wick-It6 integrals:

the fBm and the Rosenblatt process cases.

Forward integration is a natural generalization of 1t6 integration allowing for anticipating inte-
grands. There are basically two approaches in order to define a forward integral with respect
to Brownian motion: by means of Wiener analysis (and/or white noise analysis) and by regu-
larization techniques. It was first introduced by M. A. Berger and V. J. Mizel in [23] through
a Wiener-Ito expansion of the integrand. Using a simple instance of the multiplication formula
from Malliavin calculus, the authors define the forward integral as the sum of the Skorohod
integral and a term involving what they call "the (-derivative”, an ancestor of the Malliavin
derivative. In [88], the whole machinery of Malliavin calculus is used in order to study deeply
the stochastic calculus with anticipating integrands. Similarly, in [7], J. Asch and J. Potthoff
define in the framework of white noise distribution theory a forward integral with respect to
Brownian motion allowing for anticipating integrands. Inspired by the work of H-H. Kuo and
A. Russek in [61], the authors prove that this stochastic integral verifies many suitable prop-
erties. Namely, they prove that it is linear when the integrand is a constant random variable
and that it is well approximated by forward Riemann sums. Moreover, they compute the
quadratic variation of a forward stochastic integral process, prove its sample path continuity
and obtain an It6 lemma in its usual form. Nevertheless, the definition of this forward integral

relies heavily on the existence of a term involving the right stochastic derivative of the integrand.
The regularization technique was developped by F. Russo and P. Vallois in [97]. It is an

almost pathwise method allowing to define forward, backward and symmetric integrals with

respect to general integrators. This forward integral coincides with the classical It6 integral
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when the integrator is a semimartingale and the stochastic integrand verifies certain conditions.
Moreover, in the Brownian motion case, thanks to a Wiener analysis point of view, the authors
study another type of forward integral. Once again, this integral is the sum of the Skorohod
integral and a term involving the stochastic gradient of the integrand. Specifically, it involves
a certain type of trace of the stochastic gradient of the integrand (see Theorem 2.1 of [97]).
Naturally, they raise the question of the link between these two types of forward integration
(see Remark 2.2 of [97]). They are the same when the limiting procedure of the regularization
is strengthened.

Regarding fractional Brownian motion, the regularization techniques can be applied readily
when H > 1/2. Indeed, in this case, fBm is a zero quadratic variation process which admits a
modification whose sample path are almost surely H —n Hélder continuous, for any 0 < n < H.
Therefore, the forward, backward and symmetric integrals with respect to fBm exist and might
coincide for peculiar integrands. When H < 1/2, the regularization techniques must be adapted
and new tools are required in order to define properly symmetric integrals with respect to fBm
(see [39, 40]). In [4], the explicit link is made between the symmetric integral and the divergence
operator associated with fractional Brownian motion for H > 1/2. In this Gaussian framework,
a term involving the stochastic derivative of the integrand appears. In [113], where stochastic
integration with respect to the Rosenblatt process is performed, a similar analysis leads to two
residual terms. These terms seem difficult to analyse. This is mostly due to the complexity of

the kernel of the representation of the Rosenblatt process used in this article.

In this chapter, we intend to study the connection between the forward integrals with respect
to fBm (H > 1/2) and with respect to the Rosenblatt process and the respective Wick-Ito inte-
grals defined using white noise distribution theory. For this purpose, we introduce in section 2
stochastic derivative operators which are compositions of iterations of the stochastic gradient,
denoted V®) for k > 1, with mixed Liouville-type fractional integrals of certain orders. Then,
for fixed € > 0, we compute explicitly, the (S)-transform of the following Hida distributions:

b H H
BHE _ B
/ @t—t“E Ldt,

b H H
X0 - X
/ q)t“rﬁ—tdt’

€

where { B/} is a fractional Brownian motion, { X/} is a Rosenblatt process and {®;} a certain
stochastic integrand process. It is important to notice that { B/'} and { X/’ } are defined through
their classical representation, namely:

Bl = A(H)/R (/Ot %ds) dB.,
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where A(H) and d(H) are positive constants such that E[|Bf|?] = E[|X|*] = 1. Moreover,
for fixed € > 0, the two previously mentionned Hida distributions appear to be the sum of two
terms in the fBm case and of three terms in the Rosenblatt case (see Propositions 3.1.2 and 3.2.6
respectively). Regularized versions of the Wick-1t6 integrals appear naturally as well as residual
terms involving the stochastic operators inroduced in section 2. In the Rosenblatt case, the
second residual term is way more difficult to handle than the first one (see the preamble before
Proposition 3.2.4). Finally, for specific integrand processes, these terms are compute explicitely.
As in chapter 2 and as in [113], the non-zero cumulants of the Rosenblatt distribution appear

in the computation of the residual terms associated to the Rosenblatt process.

1 Hida distribution and Sobolev-Watanabe-Kree spaces.

In this section, we briefly remind the white noise analysis introduced by Hida and al. in [43].
For a good introduction to the theory of white noise, we refer the reader to the book of Kuo [60].
The underlying probability space (€2, F,P) is the space of tempered distributions endowed with
the o-field generated by the open sets with respect to the weak™ topology in S’(R) and with
the infinite dimensional Gaussian measure p whose existence is ensured by the Bochner-Minlos
theorem.

For all (¢1,...,¢,) € S(R), the space of C*°(R) functions with rapid decrease at infinity, the
vector (< ;01 >, ..., < .;¢, >) is a centered Gaussian random vectors with covariance matrix
(< ¢is ¢ >)ig)- As it is written in Kuo [60], for any function f € L*(R), we can define < .; f >
as the random variable in L?(2, F,P) obtained by a classical approximation argument and the

following isometry:

V(p,9) € S(R)? E[<;v) ><;¢ >] =< ¢;¢ >p2)

Thus, for any ¢t € R, we define (p-almost everywhere):

By() = < Ly > t>0
() =

From the isometry property, it follows immediately that B; is a Brownian motion on the white

noise space and, by the Kolmogorov-Centsov theorem, it admits a continuous modification.
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Moreover, using the approximation of any function f € L?*(R) by step functions, we obtain:

< f>= /R f(5)dB,

We note G, the sigma field generated by Brownian motion and (L?) = L*(Q,G,P). By the
Wiener-It6 theorem, any functionals ® € (L?) can be expanded uniquely into a series of multiple

Wiener-1t6 integrals:
O =" I(¢n)
n=0

where ¢, € ﬁQ(R"), the space of square-summable symmetric functions. Using this theorem
and the second quantization operator of the harmonic oscillator operator, A = ;Td; + 22 +1,
Hida and al. introduced the stochastic space of test functions (S) and its dual, the space of
generalized functions (S)* or Hida distributions. We refer the reader to pages 18-20 of Kuo’s

book for an explicit construction. We have the following Gel’fand triple:
() C (L%) C (9)"

We denote by ((;)) the duality bracket between elements of (S) and (S)* which reduces to
the classical inner product on (L?) for two elements in (L?). Note that (S) is defined as an
equivalence class of test random variables defined p-almost everywhere. Nevertheless, by The-
orem 6.5 of [60], each element of (S) admits a unique continuous version with which we will be
working from now on. Furthermore, we note that, for all w € S’(R), d,, is an element of (S)*
(see Chapter 7, Paragraph 7.2, Theorem 7.8 in [60]).

In the context of white noise analysis, the main tool is the S-transform. It is a functional on

S(R) which characterizes completely the elements in (S)* (as well as the strong convergence in
(5)").
Definition 1.1: Let ® € (S)*. For every function £ € S(R), we define the S-transform of

® by:
S(®)(€) = ((P;: exp(<;€ >) 1)

€] 2 . .
where : exp(<; € >) = exp(<; € > ——2 @) = 5% L") ¢ (9).

2 n!

Remark 1.2: For every ® € (L?), we have:
S(®@)(€) = E[® : exp(<; € >) | — E¥<[a)]
where p is the translated infinite dimensional measure defined by:

2
”£‘|L2(R))/L<dw).

pe(dw) = exp(< wi§ > ———
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Regarding the S-transform, we have the following properties and results:

Theorem 1.3:

1. The S-transform is injective. If V¢ € S(R), S(®)(&) = S(V)(&) then & = ¥ in (S5)*.
2. For &, ¥ € (S)* there is a unique element ® o U € (S)* such that for all £ € S(R),
S(U)(E)S(P)(&) = S(PoW)(£). It is called the Wick product of & and W.
3. Let &, € (9)* and F,, = S(®,). Then ®,, converges strongly in (S)* if and only if the
following conditions are satisfied:
e lim F),(&) exists for each £ € S(R).
. %%%ore exists strictly positive constants K, a and p independent of n such that:

Vn e N,VE € S(R) |F,(§)] < K exp(al|APE|[72g))

In the sequel, we introduce the differential calculus and Sobolev-Watanabe-Kree spaces on the
white noise probability space. For further details, we refer the reader to chapter 9 of [60] and
chapter 5 of [43]. First, we define the Gateaux derivative of elements in (S) for direction in

S'(R).

Definition-Theorem 1.4: Let y € S’(R) and & € (S). The operator D, is continuous
from () into itself and we have:

Vw € S'(R)  Dy(®)(w) = Y nlu-a(y @1 én)(w),
where we denote by ®; the contraction of order 1 (see [87]).

Proof: See Theorem 9.1 of [60]. O

The next result states that every test random variable is actually infinitely often differentiable
in Gateaux and in Fréchet senses.

Theorem 1.5: Let ® € (5). @ is infinitely often Gateaux differentiable in every direction
of S'(R) and infinitely often differentiable in Fréchet sense. Moreover, for every k € N* and for
every yi, ..., yx € (S'(R))*, we have:

Dy 0Dy, 0...0D, (D) =<1 Qs ® ... @ yp; VF(B) >,

where V#)(®) is the k-th Fréchet derivative of ® and the equality stands in (S). In particular,

(@
V(@) € S(RY) @ (9).
Proof: See Theorems 5.7 and 5.14 of [43]. O
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We introduce as well the number operator, N, on S in order to define Sobolev-Watanabe-
Kree spaces.

Definition-Theorem 1.6: Let 7 > 0 and ® € (S) given by ® = > "7 I,,(¢,,). We have:
N'® = " n"L(¢).
n=0
Moreover, N" is a linear and continuous operator from (S) into itself.

Proof: See Theorem 9.23 in [60]. O

Let r > 0 and (P) C (S) the algebra of polynomial random variables generated by elements of
the form I () with & € S(R). We denote by (W"?) the completion of (P) with respect to the

norm:
Ve € (P), [|®]l2 = [I(N + E)2®| 1),

where F is the identity operator.

Theorem 1.7: Let k € N* and » > k. V® extends to a continous operator from (W™?)
into L2(R*) @ (Wr—+2),

Proof: See Theorem 5.24 and Corollary 5.25 of [43]. O

We introduce a space of test random variables which is useful when considering function-
als of fractional Brownian motion as well as functionals of the Rosenblatt process. For this
purpose, we define, for any » € R and any p > 1, (W"P) by the completion of (P) with re-
spect to the norm |[(N + E)"/2.||(z»). We denote by (W>>*°) the projective limit of the family
{OW"P), p > 1, r € R}. Due to Meyer inequality (see chapter 1.5 of [87]), for every k > 1,
the operator V) is continuous from (WW>>°) into (W>>°)(L?(R¥)), this space is stable under
pointwise multiplication and the following version of the product and chain rules hold.

Propostion 1.8: Let &, ¥ € (W) and let I’ be an infinitely continuously differentiable

function on R such that F and its derivatives have polynomial growth. Then, F/(®) € (W)
and:
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Proof: This proposition is a consequence of the product and chain rules on (P) for V as well
as Remark 1 page 78, Proposition 1.5.1 and Proposition 1.5.6 of [87]. O

We end this section by the definition of the adjoint of the Gateaux derivative D, for every
y € S'(R).

Definition-Theorem 1.9: Let y € S'(R) and ¥ € (S)*. The adjoint operator D} is con-

*

tinuous from (S)* into itself and we have:

V¢ € S(R)  S(Dy(¥))(§) =< y; & > S(V)(§) = S(Liy) o ¥)(§)

*

where [1(y) is a generalized Wiener-It6 integral in (S)*. Moreover, we have the following

generalized Wiener-1to decomposition for Dy (¥):

Dy (0)() =Y L (y®in).

n=0

Proof: See Theorem 9.12, 9.13 and the remark following corollary 9.14 in [60].0

2 Stochastic analysis of fractional Brownian motion and

of the Rosenblatt process.

In this section, we state the definition of fractional Brownian motion and of the Rosenblatt
process. Following [21] and [6], we remind that these processes are (S)*-differentiable and com-
pute their (S)* derivatives. Then, we define stochastic derivative operators of first and second
orders which play a significant role in the trace terms appearing in the relationship between
Wick-1to integral and forward integral with respect to these two processes. Moreover, we com-
pute explicitely the Hilbert space adjoint of the first order stochastic gradient which is linked
to Wick-Ito integral with respect to fractional Brownian motion. Therefore, we give a brief
introduction to the stochastic integrals with respect to the fractional and the Rosenblatt noises
in the Wick-It6 sense and make explicit the aforementioned link with the adjoint operator. In

the rest of the article, we fix an interval (a, b) included in R.

Definition 2.1: For H > 1/2, we define fractional Brownian motion and the Rosenblatt

process by:

3
H—3

vt € (a,b), BﬁzA(H)/R(/Ot%

2

ds) B,
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. Ys—a)? (s—an)i
X —d(H)/RQ (/O R ds>dBmdBm,

where A(H) and d(H) are positive constants such that E[|Bf|?] = E[|X¥|?] = 1 and defined
by:

Y

I(H—-1HCH-1)I(E - H)\3
I'(2—2H) )
H(2H —1) (I(§))?
2 B(l—H;5)

g = (

d(H) =

*

Definition-Theorem 2.2: Fractional Brownian motion and the Rosenblatt process are (S5)*-
differentiable and their derivatives, the fractional noise, { Bf'}, and the Rosenblatt noise, { X'},

admit the following (.5)-transforms:

Ve € S(R), S(BI)(E) = AH)II 2 (€)(1),
S(XH)() = d(H)(I} ()(t))>

where for every 0 < a < 1, I¢(&)(t) = 1/(T'(a)) [, (t — 5)$7'€(s)ds is the fractional integral of
order « of £ on the real line ([100] chapter 2).

Proof: See the proof of Lemma 2.15, Theorem 2.17 and Definition 2.18 of [21] for fractional
Brownian motion and Lemma 3.4 of [6] for the Rosenblatt process.

The next Lemma is a technical one allowing us to define the first order stochastic deriva-

tive operators associated with fractional Brownian motion and the Rosenblatt process.

Lemma 2.3: For every a € (0,1/2) and every r > 0, the operator I{ ® E admits a con-
tinuous extension from L*(R) ® W"™?) to L*((a,b)) @ (W"?).

Proof: We define I¢ ® E on simple element of L*(R) ® (W"?) by:
V6, € L(R) x (W), (I2 @ E)(69 0) = I2(6) & ©.
and we extend it by linearity. Moreover, we have:

115(0) ® || 2((@ppeovr2) = 15D L2(@p) | @[l owm2),
< Ca,b,aH[i((?)HLlfza (R)H‘I’H(ww),

< Copalldll @l @l owre).
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since I¢ is a continuous operator from L*(R) to Lﬁ(R) and 2/(1 — 2a) > 2 (Theorem 5.3 of
[100]).0

Consequently, we have the following result:

Proposition 2.4: Let r > 1, € (0;1/2). There exists a continuous operator, denoted
Ve, from (W"?) to L?*((a,b)) @ (W™12) such that:

Vo € W), A@ p—ae.(t,w) € (a,b) x S'(R), V*(®)(t,w) = in[n_1(< 0 o IS5 by >)(w),

Proof: From Lemma 2.3 and Theorem 1.7, the operator V* = (I$ ® E) o V is continuous
from (W"?) to L*((a,b)) ® W"1?). We only have to prove that the previous equality holds.
First of all, notice that, for n > 1, by Definition-Theorem 5.2 of Chapter 2:

=2 (Rn)’

< Ca,a,b||¢n||L2(R") < Foo.

Then, I,,_1(< d(y o I%; ¢, >)(.) is an element of L*((a,b)) ® W 1?). By a standard argument,
one can show that 3. nl, ;(< 6y © I%; ¢n >)(.) converges in L*((a,b)) ® (W'1?), since

€ (W"?), to an element which we denote by >.>° nl, 1(< &) o I;¢, >)(.). Since (S)
is dense in (W"?), there exists a sequence (®,) € (S)N such that ®, et ® in (W"?). By
continuity, V(®,,) = V(®) in L*((a,b)) @ (W'1?). Moreover, for all n € N, since

—+0o0

V(®,) € S(R)® (5) and (0; 0 IT) ® (0, 0 E) € S"(R) ® (S)*, we have:

V(t,w) € R x S(R), VYD,)(t,w) = ((I$ ® E) o V)(P,)(t,w),
- /OO (t I‘(cz; V(®,)(s,w)ds,
= I3 (V(®n) (-, w))(1),
=<0 13(V(Pn) (., w)) >,
=< 0,017 V(P,)(w) >
= Dso19(Pn) (w),

= Z M p—1(< 8 0 IS5 oy >) (w).
m=1

where we use Theorem 1.5 for the next to last equality. Since &, —J>r ® in (W"?), one can
n—-+00

show that Y °_ ml,_1(< §¢yoI¢; @7, >)(.) converges to > °_  mly,_1(< 0y o I ¢m >)(.) in
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L*((a,b)) ® (Wr=12). Thus, the equality holds in L?((a,b)) @ (W™ 12). O

The next Lemma is a technical one needed to define the second order stochastic derivative
operator related to the Rosenblatt process.

H/2

Lemma 2.5: For every r > 0, The operator I 12 & I"" ® E admits a continuous exten-

sion from L*(R?) ® (W"?) to L*((a,b) x (a,b)) @ (W™?).
Proof: The proof is similar to one of Lemma 2.3. O
Consequently, we have the following result:

Proposition 2.6: Let r > 2. There exists a continuous operator, denoted V®H/2  from
(W™2) to L*((a,b) x (a,b)) ® (W"22) such that, for every & € (W"?):

m

A2 @ —a.e. VP2 (D) (s,t,w) Znn—l )V —2(< 05 0[ ®5t01ﬁ7¢n >)(w),
n=2

with & = ZZO:O In(¢n>

oo
Proof: The operator V?#/2 = [2 @ [? ® E o V® is a continuous operator from (W"?)
to L*((a,b) x (a,b); (W"22)) by the previous Lemma and Theorem 1.7. The equality is proved
similarly to the one of Proposition 2.4 noting that, for n > 2:

0,2 H
12072

(60)]

Qvﬁ’ﬁ)(ﬂgn)’

H H 1
(/( e || < 55 O]Jr2 ®6t ¢} f ;gbn > ||%2(Rn—2)d3dt)2 < CHabHIJr + 1@
a,b)x(a

< C}{,a,bﬂﬁbn”L?(Rn) < 0.

I n
allows to define an element of L*((a, b)x (a,b); W"%?)) as I,,_o(< d(yol Z @5 ol ?; ¢, >)(.). O

Next, we briefly remind the definitions of the fractional noise and of the Rosenblatt noise
integrals for stochastic integrand processes which are (S)*-integrable on (a, b).

Proposition 2.7: Let {®4;t € (a,b)} be a (S)* stochastic process such that:

1. V¢ € S(R), S(®.)(§) is measurable on (a,b).
2. There is a p € N, a strictly positive constant a and a non-negative function L € L*((a,b))
such that:

vE € S(R), [S(®:)(€)] < L(t) exp (al|A7¢][3)
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Then, ¢, ¢ B{{ and ®; ¢ XtH are (S)* integrable over (a,b) and we define the fractional noise
integral and the Rosenblatt noise integral of {®;} by:

/ d,dBH = / d, o BH L,
(a,b) (a,b)

/ O dx ] :/ ®, 0 XHdt.
(a,b) (a,b)

Moreover, we have the following representation:

®,dBH = / D* ) (Dy)dt,

/(a,b> anf = | 0 @)
dX ] = (D* i )2 (Dy)dt.

/(a,b) e (a,b) \/d(H)&toI_? !

Proof: See Definition-Theorem 3.10 of [6] for the Rosenblatt noise integral and Section 3.3 of
[21] for the fractional noise integral. O

Finally, we compute the Hilbert space adjoint of V¥, for o« € (0;1/2), and link this opera-
tor with the fractional noise integral for a certain class of stochastic integrand processes.

Proposition 2.8: Let a € (0,1/2) and r > 1. The operator (V*)* = V* o (I%(I(gp).) ® E) is a
linear and continuous operator from L?((a,b)) ® (W"?) to (W' 1?), where I* is defined by:

Ve € S(R). 1)) = oy [ (5 =03 e(s)as.

Proof: By Proposition 2.4, V* = (I2 ® E) oV is a linear and continuous operator from (W"?)
to L*((a,b)) @ (W"12). Thus, by definition, (V*)* is a linear and continuous operator from
L*((a, b)) @ (W' 12)* to (W"?)*. Moreover, (V*)* is equal to V* o (I¢ @ E)*. Let us compute
(I¢ ® E)*. We have, for every s >0, f € L*((a,b)) ® (W*?)* and g € L*(R) @ (W>?):

< (I_(,’X_ ® E)*(f), g >(L2(R)®(W5’2)*,L2(R)®(W372)):< f, ([_a’_ & E)(g) >(L2((a,b))@(Wsz)*,L2((a,b))®(st2)) .
Assume f = f; ® F} and g = g3 ® G1. Then, by relation 5.16 of [100]:
< (]?L ® E)*<f),g >(L2(R)@(W2)*, L2(R)®@(Ws:2)) =< f1; 11(91) >L2((ab) < Gy > (W=2)*,(W2)),

=<< Ig(]l(a,b)fl); g1 Zr2r)< Fl; Gy > ((Ws2)* (Ws:2)) 5

Thus, (I*(I(ep.) ® E) and (I ® E)* coincide on simple elements of L*((a,b)) ® (W*?)*.
Since, both operators are linear and bounded operators on L?((a,b)) ® (W*?)*, they agree
on L*((a,b)) ® (W*?)*. Consequently, (V*)* is equal to V* o (I*(I(qp).) @ E) on L*((a,b)) ®
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(Wr=L2)* Moreover, it is well known that the operator V* is a linear and continuous operator
from L*(R) ® (W"?) to (W™ 1?) for any r > 1 (see Proposition 5.27 of [43]). This concludes
the proof. O

Proposition 2.9: Let o € (0,1/2) and ® € L*((a,b)) ® (W'?). We have:

b
(V) (@) = [ Doy (@it

Proof: Let £ € S(R). (V)*(®) € (L*) € W'H)* and : e<¢> :is in (S) C (W*?), for any
s > 0. Thus, we have:

S((VH@))) () =< (VH@))",: 5% >y,
=< (V“((I)))*,: 6<;£> :>((W1’2)*,(W1’2)),
=< q), Va(Z €<;£> I) >L2((a,b))®(L2)a

=< B, 19(8) : €57 > 12 ((ap)a(L?);

b
- / I9(6)(t) < Byy: €< > dt,

:/ﬂ@mm@@%

- s( / b D;toji(@)dt) €). O

3 From forward integrals to Wick-Ito integrals.

In this section, we want to make an explicit connection between forward integrals with respect
to fractional Brownian motion and with respect to the Rosenblatt process, built using Russo-
Vallois theory of regularisation ([97]), and the Wick-It6 integrals introduced in Proposition 2.7.
For this purpose, we adopt the following strategy. First of all, for a certain class of stochastic
integrands denoted by {®;; t € (a,b)}, we compute the (S)-transforms of ®,(B/1, — B}') and
of &,(XH, — X/ for every € > 0 and ¢ € (a,b). Then, we prove the (S)*-integrability of the
two former terms on (a,b). Finally, for peculiar cases, we examine the convergence in (S)* of

[P @B, — Bff)dt/e and of [*®,(XH, — XH)dt/e.
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3.1 Fractional Brownian motion.

Proposition 3.1.1: Let {®; : t € (a,b)} be a stochastic process such that for all ¢t € (a,b),
®, € (WH?). Then, we have, for every € > 0 and ¢ € (a, b):

BH — BH (- BH — d
B, —tte t (8 B, o Stie — Dt / vH- (@) ) s

€

Proof: Let ¢ > 0 be small enough such that ¢t + ¢ € (a,b). Since &, € W'?) C (L?),
Dy =30 Ln(Pn(, 1)) with ¢,(,t) € L2(R™). Let us fix n > 1. Using the multiplication formula
from Malliavin calculus (see Proposition 1.1.3 of [87]), we obtain:

t+e (

LG OB~ B = AUDLe ([ S,

where gtI:It—&-e(‘) = A(H)/T(H —1/2) 1HE( — .)E_S/st. Then, for any £ € S(R), we have:
S(Lu(dn (1)) (Bie = B{))(€) =< 6u(,1); € >< g1 € > A0 < b, 1) @1 g1 3 €771 >

By continuity of the scalar product in (L?), we have:

S(q)t(Bg-e Z <¢n €®n > gtt+e7€>+n<¢n( )®1 9£+€;5®"71 >)‘
n=0

We want to compute separately the two infinite series appearing in the right hand side of the
previous equality. First of all, we have:

Z < Ol €®n >< gtt+e7€ > = S(®, )(S)S(Bﬁg BtH)(f)a
= 5(®; o (Bfi. — B"))(€).

Moreover, for the second term, we have, by Fubini theorem and Definition-Theorem 5.2 of

chapter 2:
e (0,...,0,H—1) 1
n < ¢n(,t) @1 gtt+e7€®n > = A(H)n/ <L P(on(01)(58) ¥ > ds,
¢
t+e
A [ San, (0P 0,0 s
t+e



We want to invert the infinite series and the integral over (¢,t+¢). For any n > 1 and t € (a, b),
we have:

-----

-----

[V

e’} b 1 9
(Zn!n(/ 12 (60 0) 8y ds ) ) ,
< (b—a)? exp<§||sn%2®>x
<

1
2

b
10 (6, ))(-,S)Hiz(wl)d8> :

1 _1
<(b—a)> eXP(§H5H%2(R))HVH 2(Po)l 22 (@) @(£2)s

which is finite since ®, € (W"?). Thus, we have:

.....

400 t+e 00
S0 < 0ulo) @1 gl €7 > = A(H) / SO S (L a (100D (6,00 5))) (6)] ds,

n=1

where we use the square-integrability of || VZ =2 (®,)(s, || (£2) on (a, b) to justify the last equality.
This concludes the proof. O

Proposition 3.1.2: Let {®; : t € (a,b)} be a stochastic process such that for all ¢t € (a,b),
®, € (WH?). Moreover, assume that:

b
/ ”(I)tn?[g)dt < +00,
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b
_1
/ IV (@) 20 ooyt < +00.

Then, we have:
b BH _ pH . b BH _ pH b ptte d
/q)tLdt@ / &0 P =B A / / VI (@,)(s,) .
a € a € a Jt €

H _pH
Proof: In order to prove the (S)*-integrability of CI%M over (a,b), we are going to prove
the (S)*-integrability of the two terms appearing in Proposition 3.1.1. Let us start with the
first term. For every £ € S(R), we have:

S(@,o PP 6) = (@) (©)5( PP,
— B expl<, € > T [T gD

By Cauchy-Schwarz inequality and by Lemma 3.3 of Chapter 2, we have:

H H
Bt+e - Bt

1 \
|S(Ps 0 )(E)] < ChrllElloe + 1€V oo + 1€l 1) exp(5 €172 ) BV [27]2

Using the fact that fab H@tH%LQ)dt < 400, we have the (S)*-integrability of the first term. Let

us deal with the second term now. For every & € S(R), we have:

t+e t+e
5( / VHE(®,)(s, )ds)(€)] < / SV (@) (5,))()lds,
< exp(lele) [ 19 HBI( s

1 b 1
Sexp(§||§||%z(R))/ V=2 (@) (s, )l 12y ds,
< (b—a)} exp(Z[€]? vH3 (@
< (b= a)2 exp(G €]z (o)l 22((@pper2)

Using the fact that f: HVH*%(Q%)H%Q((a’b))@)(p)dt < +00, we have the (S)*-integrability of the
second term. This ends the proof. O

The next proposition examines the chain rule property for certain functionals of fractional

Brownian motion.

Proposition 3.1.3: Let I be in C'(R). Assume that, for every t € (a,b), F(BE) € (W?).
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Then, we have, in L?((a,b)) ® (L?):

A(H)B(H — 1,2

VITHE(BI)(6.0) = =g =Ty QH)(/O js = v dr) FU(BY) (w).

Proof: We denote by {H,, ;21 : n € N} the family of Hermite polynomials of parameter ¢*.

Then, {H,, 2n/(v/nlt!™) : n € N} is an orthonormal family of L?(R,yeu (dx)) where 4,21 is the
centered Gaussian probability measure over R with variance t*. Since E[(F(B}[?))?] < oo, we
have:

TL tQH
F Z CTL t2H —F/— \/_tHn

where c,, ;2n are the Hermite coefficients of F' with respect to y,2x. Using Wiener-1to Theorem,

we have:

Z ((90 t) ")
t2H .
tHn

n=

Let n > 0. Denote by d,, ;2r the Hermite coefficients of F’ with respect to v;2n. We have:

dn7t2H :/F/( )H\;ﬁzlgx)")/tQH(d.%)

Integrating by part, we obtain:
dn7t2H = — /IR F(:L‘)[an_Lt2H (:L‘) - tQ_HH"thH (x)]—,

’ytzH(dl')

d = F(z)H. _—

e /R 0 () oy
vn+1

dn7t2H = t—HCn'l'LtZH'
Since E[((N + E)Y2F(B}))?] < +oo, F' € L*(R, y2u(dx)) and we have:

F,:i\/n—i-l HntQH

Cn41,42H —F— — i
n=0 tH tHn

_OO\/_ H,_ 1,62H
F' = D e o=

n=1

Thus, by Wiener-1t6 Theorem, we obtain:

Z - ((QOt)@mil)
¢ \/771—1 tH(n=1)’
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EZV%;n_w@m*y

Moreover, by assumption, F/(BH) € (W'?), consequently, by Proposition 2.4, we have, A@yu-a.e:

1 . t2H H— ; n
VA3 (F(B Z \/_"*Hn n-1(< 00 I (g) ™" >)(w),

VIS (F(BI))(s,0) = 112 (gl E: n () ),

Vnlt#n
A(H)ﬁ(H—%,Z— s — 1222400\ F'(BH (
T (A\ %) /(B! ()).0

VI3 (F(BI))(s,w) =

Proposition 3.1.4: Let F be in C'(R). Assume that, for every ¢t € (a,b), F(BF) € (W?).
Then, we have:

A(H) / ’ ( /t o vH%(F(BtH))(s,)@)d o / 21 (BH ) d,

€

Proof: Using Proposition 3.1.3 as well as standard calculations lead to the convergence of this
trace term. O

Remark 3.1.5: Let F' be as in Proposition 3.1.4. In order to apply Proposition 3.1.2 to
¢, = F(BH), it is sufficient to prove that:

b
[ UPBI <+
b
H-1 H
[ IV B sy <+
If we assume that there exist C' > 0 and A > 0 with A < 1/(46*") such that:
Vz € R, max{F(z), F'(z)} < Ce".

Then, we have:

b b
dt
JUFEa <0 [ e <o
b b
_1 H-1
[ IV B Baunaaydt = | 12 o IF (B it

b 2H
< Ca,b,H/a Ny dt < oo
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We conclude this subsection by the following convergence result.

Theorem 3.1.6: Let F' be in C'(R). Assume that, for every t € (a,b), F(B) € (W'?)
and that:

Vz € R, max{F(z), F'(z)} < Ce™’,

for some C' > 0 and A > 0 with A\ < 1/(40*). Then, fab F(Bf)(BE, — Bff)dt/e converges in
(S)* to the following element of (L?):

APy (P 1 [P

Proof: First of all, let us study the convergence of f; F(Bf) o (B, — Bff)dt/e. For any
¢ € S(R), we have:

b H _ pH b H _ pH
5(/ F(Bf)oudt)(ﬁ)z/ S(P(BH)) ()5 P = B

€

)(€)dt,

€

=) [ s [ o T

€

Since, Iffl/ ?(€) is infinitely differentiable, we have:

t+e 1 d 1
lm [ ETHOGT = O
Moreover,
t+e 1 d ‘ 1
ISEGINEN [ O T < AU e < an IFBH lanll 7 @)l

The right hand side of the previous inequality is in L'((a,b)). Thus, by Lebesgue dominated
convergence theorem,

H_BH

b b
i S( [ P8 o 22— 2ar) () = S( [ P8 o Ban) ).

e—0+ €

Furthermore, the previous uniform bound allows us to apply the third bullet points of Theorem
1.3. This proves the convergence in (S)* of [* F(BH)o (B, — BF)dt/e to [* F(BF)o BHdt.
Since, F'(BfT) € (W"?), a direct application of Proposition 2.9 leads to:

/ " BB o Bt = A(H)(VIH) (F(BT)),
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which makes it an element of (L?) by Proposition 2.8. Applying Proposition 3.1.4 and Remark
3.1.5 leads to the result. O

Remark 3.1.7: Actually, one can prove that the convergence of the previous theorem holds in
(L?). Thus, using the definition of the forward integral of Russo-Vallois, we obtain the following
equality in (L?) (and almost surely as well):

/bF(BtH)d—BtH = AH)(VP2)*(F(B")) + H/b 1P (Bt

3.2 The Rosenblatt process.

In this subsection, we study the counterpart of Propositions 3.1.1 and 3.1.2 for the Rosenblatt
process. As it was first observed in [113] using Malliavin calculus, a second trace term appears
when one wants to connect forward and Wick-Ito integrals with respect to the Rosenblatt
process. This second trace term is way more delicate to handle and new assumptions are
needed to be made on the class of stochastic integrand processes in addition to mere Malliavin
differentiability. More specifically, the existence of this term is linked to the restriction on the
diagonal of (a,b) x (a,b) of V@H/2(®) where ® is at least in (W??). Based on the Wiener-Ito
expansion of ® and Proposition 2.6, we have:

M2 @ —a.e.(s t,w), V(2)%((I>)(s, t,w) = Zn(n — 1)[n_2(1'5r ,,,,, V2 (n) (8, 1) (w),

Thus, one way to ensure the existence of such a restriction is to impose regularity assumptions
upon Ii;:;;? H/Q’H/Z)(@L) for each n > 2. For this purpose, we introduce, in this subsection,
the function spaces with dominating mixed smoothness which were defined by Lizorkin and

Nikol’skii in [67] (see [102] for a recent survey on these spaces and their generalizations).

Definition 3.2.1: For any (aj,...,a,) such that «; > 0 for every ¢ € {1,...,n}, we define

n

S HRY) = {f € S®Y) : F [+ 16117 F(£) € LR},

=1

Vf,g e SEUT T HRY) < f,g 5= / (TT0+ 1) (6 Flo) e



The trace problem for function spaces with dominating mixed smoothness appears to be much
more difficult than for standard isotropic fractional Sobolev spaces. Indeed, function spaces
with dominating mixed smoothness are not rotationally invariant in general. For example,
trace problems for hyperplane parallel to coordinate axis are different of trace problems for hy-
perplane in oblique position. Nevertheless, for n = 2, regarding trace problem on the diagonal
of R?, we have the following result (see Theorem 5.4 in section 5.1 of [102] and also [119] for
the proof):

Lemma 3.2.2: Let aj, ay be strictly positive such that «; < 1/2 for every i = 1,2 and
aj + ag > 1/2. Then, we have:

Tr(SL ) H(R?)) = HM 273 (R),

where T is the trace operator on the diagonal of R? and Ho1+a2—1/2 (R) is the standard isotropic
fractional Sobolev spaces of order oy + ag — 1/2 (see [1] chapter 7).

Now, we consider a specific case of spaces with dominating mixed smoothness closely related to
the mixed Liouville derivative of fractional order (0,...,0, H/2, H/2) (see chapter 5, paragraph
24.2 in [100] for a definition). Namely, we consider Séo""’O’H/ 2H2) f (R™). This space is isomor-
phically isometric to L2(R"~2) @ S5¥/*#/2) F(R?). Then, we have the following trace result:

Lemma 3.2.3: It exists a linear and continuous operator T from S5 *#/>#/2 Fr(Rn) to
Séo""’O’H_l/Q)H(Rnfl) such that for any f € Séo""’O’H/Q’H/Q)H(R") N C(R™), we have:

T(f) = flan-

where A, = {(x1,...,x,) ER" : x,, = 2,1 }.
Proof: See the proof of Lemma 5.6 in Chapter 2. O

Similarly as in Chapter 2, assuming that [J(P""L?’H/Q’Hp)((bn) € Séo""’O’H/Q’Hp)H(R”) for each

-----

n > 2 induces the following structure on ¢, € L2(R"):

(_ignfl)%(_ign)
Flo,) =
) e

for some 1, € L*(R™) and we have the following inequality:

F(tn),

sl ol

|Pnllz2@ny < Crl|¥nllL2@n)-

for some Cy > 0 independent of n. We say that ¢,, verifies H1 when ¢, is as above (see as well
Chapter 2 Section 5 for further details).
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Proposition 3.2.4: Let {®; : t € (a,b)} be a stochastic process such that:

vt € (a,b), &, € (W>?), (3.1)
Vn > 2, Vt € (a,b), ¢n(,t) verifies HI, (3.2)
% b
n(n— Dl [ TS0 (G0 ()8 s < oo. (3.3)
n=2 a

Thus, for all t € (a,b) and for all € > 0 such that ¢ + € € (a,b), we have:

XH _XH X XH XH t+e€
Dire TR g o Dte TR L o g(H) D* ﬂ(v%(@txsu'))@

€ € t dsol €

t+e d
+d(H) [ VOE@) (s, =

t

Dy

Remark 3.2.5: The last assumption ensures the existence of an element of L*((a,b)) ® (L?)
defined by the following Wiener-It6 expansion, for all ¢ € (a,b):

.....

s HH
A @ —ae, VOT(@)(s,5,.) =3 nln— DL oMU (0,(0)(, 5).
n=2

Since, it coincides with V-2 (®,)(s, s, .) for smoother {®,}, we denote it V@2 (d,)(s,s,.) in
the sequel.

Proof: Let ¢ > 0 be small enough such that ¢t + ¢ € (a,b). Let us fix n > 2. Using the
multiplication formula from Malliavin calculus, we obtain:

[n<¢n(vt))( t+e XH) - I (¢n< ))IQ(ftIiﬂ)
= n+2(¢n(-7t)®f£+e) + 2nIn(¢n(w t) ®1 fﬁﬂ) + n(n - 1)In—2<¢n(-vt) X2 ftﬁﬂ)a

where fH, (w1, 25) = d(H)/(D(H/2))* [ (s —21)2 "

we have:

(s — ZL‘Q)%ildS. Then, for any ¢ € S(R),

SIn(dn(, ) (X = X[))(€) = < Gul, )01, €77 > +2n < (1) @1 [, 67" >
+n(n—1) < du(.,1) @2 fii €57 >

By continuity of the scalar product in (L?), we have:

o

S@(X/ = XN©) =) ( < (O €M > 420 < (., t) @1 fll €57 >

n=0

Fn(n = 1) < bu(ot) @a f1, €2 > )
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We want to compute separately the three infinite series and to invert the sums and the integrals.
Let n € N*.

< PO f L €5 > =< (1) €5 >< [, 6657 >
=) < o6 > [ @) s
= dSLo O [ T s

Thus, we have:

o0 t+€ "
Z<¢n DR € > = dH) Y SN [ (E©)(s)7ds
JS(XH, — XM)(€) = S(@y 0 (XM, — XI)(E).

Moreover,

2n < ¢p(.,t) @4 f£+€;£®" > = Zn/ (Dn(.s 1) @1 ftﬁﬁ)(xl, ooy T )EE (1, oy ) dy iy,
Rn

=2n On (21, oy Ty 1, U, t)f£+e(a:n, u)E¥"(xy, ..., ) dudzy ...dx,

Rn+1

H2_ 4
(s —xn)

H
t+e (S _ u)?
= 2nd(H (L1, oy Tpq, Uy t / + ds)
( ) Rn+l¢ ( 1 1 )( . F(%) F(%)
X E¥™(xy, ..., ) dudry...dz,

USil’lg < |¢n(7t)| ®1 ft]ere; |£|®n >§ Hf”%(}g)”‘(bn(yt” ®1 fthreHLQ(R") < 00, by Fubini Theorem,
we have:
H

t+e H 1
2n < Ga(-,t) @1 frp 67" > = 2nd(H)/t L2 ()(s) < {7 P (0n( ) (59 €57 > oy ds,

=2(H) [ Sl (5.0 1 @1 o ONOL (€)(5)ds,

ﬁ
2

= 2d(H) /t HGS(D* 2 (V

(50[7

(Ln(¢n(-,1)))(s.-))) (§)ds.

We want to invert the infinite sum and the integral over (¢, +¢). For any n > 1 and ¢ € (a,b),
we have, by Theorem 24.1 of [100]:

1-H

(1 i ts) <o
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L 00,8
/ngu”wmmuwmwg@<w

H
Since 25 € (4; +00), this is true for p = 1 and p = 2. Using [|12 (§)loc < Crr([|€]loc + 1M [|oc +
1€|l21(r)) and Cauchy-Schwarz inequality, we obtain the following bound:

t+e
a (0,..,0,4) n—1 n—
/ L2 () < L7 (9 ) (5 8); €57 > pa@n1y [ds < Cr([[€lloo + 1€Moo + €111 @)IIEN Ry
¢

77777

b

(0,...,0,4)
x [T (0n () () | n2eryds.

.....

00 b H 2
X (an( I (0009l )

<(b—a)? eXP(gHﬁH%‘Z(R))

0 b 3
0,.,0,%)
x(Ejmy/nu ..... +2wAﬁme%mHﬂ%,
n=0 a

1 H
< (b—a) eXp(§||£H%2(R)>HV 2 (@)l 2 (@myee2),

which is finite since ®; € (W*?) C (W?). Consequently, we obtain:

[e.9]

t+e g
gpwwn Yo fllae™ > =2t [T

n=0

where the last equality is jusitified by the following bound and the fact that ||V (®;)(s, lz2y

is square-integrable on (a, b):

a H
2

12O (V¥ (®0)(5,) (€] Car(lelloe + 1V e + 1) expG €l o)1V % (@) (s, ey
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To conclude, we have to identify the last term. Since for n > 2 and for t € (a,b), ¢, (,t) verifies
H1, there exists a L*(R™) function, 1, (,t), such that:

(—i&u1)? (—i&,)
T (1 + &)

Let (¢2(,t)), be a sequence of functions in S(R™) which converges to ¢, (,¢) in L*(R™) when p
tends to infinity. Then, the sequence of C*°(R") functions, (¢2(,t)),, defined by:

F(6a(.1) = 7 F (1),

(_an—l)% (_Z§n>
HZ:n—l(l + |§k|2)

converges to ¢,(,t) in L*(R"). By Fubini Theorem, for all p in N, we have:

Fn (1),

NS vl

VpeN, F(o(.1) =

t+e H H
n— 0"“7075)? n—
n(n — 1) < &, 1) s [, 67" > = d(H)n(n — 1) / < 10D (G (1), 5, 5); €572 > ds,
t

.....

0,4 &

t+e
— d(H)n(n — 1) / < T 0F D (4 1)))(5): €572 > ds.

where T is the trace operator over A,, defined in Lemma 3.2.3. The left-hand side converges
to n(n — 1) < ¢n(.,t) @2 f{1,:E%"? > due to the continuity of the scalar product and of the
contraction operator of order 2. Let us show that the right hand side converges to d(H)n(n —

1) [ < T(L(r 7777 "\ x 2)(¢n( t))(,8);€¥"2 > ds when p tends to infinity. We have, for all
peN:

t+e
[ o<raltE (ﬁ(,t)—¢n(,t)))(78);€®”‘2>ds|S / lelnz2,

..... (¢p( ) d)n( )G )2 @e-2)ds,

Moreover, we have:

IT(EE L5200 = 6l ) iz  ITELLERAG0E) = 60(0)) g 01170 s

-----

H H
[RERE] 7777)
< Cul 557200 GE) = n( )| gon0.m2.m72 gy
< Cllvn(t) = ¥n(s )l L2 @ny-

| ST (@ 8) = 6ul 1)) 9): 65772 > ds| < Cpllél gy (b — )2 05 (1) = ¥ul, ) 2
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Then, by passing to the limit, we obtain, for n > 2 and for ¢ € (a, b):

H ®TL*2 t+€ (07“'70)%7%) ®TL*2
n(n —=1) < al.,1) ®2 frps €777 >= d(H)n(n — 1)/ <TG 72 (0n(01))(8);: €577 > ds.
t

.....

Finally, by the previous bound, we have:

t+e

+o00 b HH 1
> lnm - 1)( I @a( D) s>||Lz<an>ds) H&IIZQ(?R)] < exp(5 €172z

n=2
- b (0,...,0, 2 H) 2 :
Sl =t [ 1T 0008 payds) |
n=2 a
+o0 b
(0,...0,4 1) n—29 1
> [n(n - 1)( 1T(L (%(J)))(,8)!IL2(Rn-2>d8) HSHLz(R)] <(b—a)rex ( 1€1172z)) %
n=2 a
o b 3
| (0 0 H H) 2 d
> n(n—1mn! | T (@O S 12@n—2yds | < oo
n=2 a
To conclude, we obtain
t+e

where the last equality is obtained by the last assumption of the proposition. O

Proposition 3.2.6: Let {®; : ¢ € (a,b)} be a stochastic process verifying assumptions (3.1),
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(3.2) and (3.3) of Proposition 3.2.4. Moreover, let us assume that:

b
/ 42,0, < oo,

b
H
IV2 (@)1 20 by 12t < 00,

;’ b b H H
S atn =1t [ ([T E P G0 st < o

XH _xH
Then’ (th

b XH XH N b XH _ xH b t+e
/@tLdt (2 /(I)t Ldﬂdd(H)/( D* 4 (V
a a a t

€ €

is (S)* integrable and we have:

m‘m

()5, ) % )

550[_’_2 €

+d(H) / ’ ( /t t+€v<2>%(q>t)(s,s )d8>dt

H _~vH
Proof: In order to prove the (S)*-integrability of CI%M over (a,b), we are going to prove
the (S)*-integrability of the three terms appearing in Proposition 3.2.4. Let us start with the
first term. For every £ € S(R), we have:

(o X ) (a5 g,
— B expl(<,6 > — VLB | adowrt

H
By Cauchy-Schwarz inequality and [[1.2 (€)]lec < Cr([I€]loe + 1€Moo + €]l L1R) ), We have:
S(d Xt{{-e B XtH <C (1) 2 l 2 EX D2 %
[5(®1 0 ————)E)] = Crrlll€lloo + 1€ oo + €111 () exp(S 1€ ] 72m) E*[PE]2

1

< Crn(lElle + 1V o + Il e0)? exp(5 N2 ce (Zn'nezsn Wiz

Using the fact that fab ||(I>t||%L2)dt < oo and Theorem 13.5 of [60], we deduce that the first term
is (S)*-integrable over (a,b). Let us deal with the second term now. For every ¢ € S(R), we
have:

t+e " ds ds
2

t+e H
S([ DT x4V (<1>t)(s,))—)(€)=/t (V7 (@1)(s,) (€)1 (€)(s)—

: deol 2 € €
As for the first term, we get:

t+e s T2(R
S D L (vE@) () D) >|<0H1 x<”5” By

t sl 2 €

€000 + 11€ 0 22y + 11€loo)
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b
x / EX (VY (@0)(s, )2 ds,

SO D L (vE@)s ) B >\<OH1ex<”§””‘R’

H
: ds0l 2 € 2

Y€ loo + 1€l 1y + 1™ 1)

1

1 0,...,0,2
=t (Yot 1 o))

H
Using the fact that Y >° nn 'f (f HI(O """ y 2)(¢n(7t))(?‘S)H%Q(R"—l)dS)dt < oo and Theorem
13.5 of [60], we obtain the (S)*-integrability of the second term over (a,b). We deal with the
last term similarly. This ends the proof of the propostion. O

3.2.1 Trace term of order 1

We want to compute explicitely the term defined by:

H
2

Ve > 0, d(H) /b< " 4 (V (d)t)(s,.))ds>dt

§sol
for specific processes, {®;}, expressed as functionals of the Rosenblatt process. Namely, let
F be an infinitely continuously differentiable function on R such that F' and all its deriva-
tives have polynomial growth. Then, we set, for every t € (a,b), ®; = F(X[). Since,
XH = L(fH), XF € W>>) and so does F(X/) by Proposition 1.8. The first step is to
compute VH/2(F(XH)).

Lemma 3.2.1.1: We have:

H
2

\%

(FX{)(s,w) = 11(/0 (u— ) s — ul ™ du) (X)),

Proof: By Proposition 1.8 and by definition of the operator V%, we have:
H H
VE(F(X])(s,0) = V2 (X[ (5,0) F' (X)) ().

Moreover, by Proposition 2.4 with a = H/2, we obtain:

ﬁ
V2

(PO (5.w) = 2L (15 () 8) P @),

- <u—x>f ) du )F’<Xﬁ><w>,

+w\:1;

VP = ot ([ w00
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H
2

\%

(FXI)(5,) = LH5) L [0 s PO )

(T(%))?
2 H(2H -1 ¢ H_
VEEXE)6.9) = s\ g0 [ =) s — ) P (). 0
I'(3) 0
H_
Lemma 3.2.1.2: Let t € (a,b). Let I7,(.) = [i(u—.)2 "5 — u|#'du. The stochastic process

{L(17()) : s € [t,+00)} is (L?) continous on [t, +00).

Proof: First of all, note that [,(.) € L*(R) for any s € [t, +00). Indeed, we have:

/(li( N2dA, = // ls — | s — o) Hu — o) dudw,
R
<p(1l—-H (/ / lu — o2 2dudv> <//\u—s]2H2|v—s\2H2dudv)2,
o Jo

H %52 Sl (s — )2
Sﬁ(l_Hﬁ)(H(zH—m) 2H — 1 < oo

Let (s,) € [t; +oo)Y such that s, — s. We have:

n—-+o0o

E[(ﬁ(zi,t(.)) - h(z;ﬁ(.))) = [t e+ [@lpas—2 [ ot @ar,
= 6(1 — H; g)(Kf(s, 8) 4+ K2 (s, sn) — 2K2(s, sn)),

where K2(s1,82) = [ [ [sa—v|"~!|s1—ul"~ u—v|"~'dudv. Moreover, by Lebesgue dominated

convergence theorem, K7?(.,.) is continuous on [t, +00) X [t, +00). Thus, we obtain:

E[(wi,t(.» —h(z;a(.») | — 0.0

n—-+00
Proposition 3.2.1.3: We have:

d(H)/ ( t+€D* H(v’z’(zr()ng))(s,))ds)dtHO+ = d(H) [ DTy (VE(F(XT)(L,))dt.

6sol 2 € a Ol 2

Proof: Let £ € S(R). Let ¢ € (a,b). By Lemma 3.2.1.2, the function s — S(I, (I F'(X["))(¢)
is continuous on [t, +00). Thus, we have:

t+e H dS

lim S F' (X)L (€)(s)—

e—0T t €

= S(LUSF (X)L ).
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Moreover, for any € > 0:

[ s PO O < I @l [ ST Pl

H 1 t+e .
SNE@les [ 1< B 55 25 [ds,
t
H 1 t+e '
<NE@le; [ IR Ian IO 5 s,
t

H_ .1 . H
< (B0 = H, )2 [F(XG) = el I1E ()l

t+e )
X / (K?2(s,s))zds,
¢

< (B0 — H, S HF (X 1 e - o112 (9o (K2 )2,

1
€

since K7(s,s) < K?(t,t) for any s € [t; +00). Moreover, we have, by Cauchy-Schwarz inequality:

1F/ (XY €56 1 |2y < E[(F'(X[))AE[et<¢> 21,
< eslEPE[(F (X)),

By assumption, F” is an infinitely differentiable function with polynomial growth. Consequently,
it exists C' > 0 and N € N* such that:

Vo € R, [F'()] < C(1+]a]).

Then,

4N

1

1F(X[T) 2 €55 1 || 1oy < Ce2lE (1 ANt + CEVE[| X[ |F)) *,
k=2
4N

<062||5H (1+4NtH+ZC’ 1>ktHk)%’
k=2

where for the last inequality, we use a hypercontractivity argument (see Corollary 2.8.14 of
[84]). Therefore, we have the following bound:

4N
3

—| / SR F (X)) (€)LF (€)(5)ds| < Cul[ T (€)oot 37 3e3IE° (14 ANEH 437 OOV (1 — 1)4479)

k=2

The right hand side of the previous inequality is in L'((a,b)). By Lebesgue dominated conver-
gence theorem, we have:
ds ’ Hy (v H 7

dt — S(Il(lt,t)F (Xt ))(f)Lr (f)(t)dt-

€ e—0t

/ / S F (X)) OIF (€)(9)=

a

129



To conclude, we can use the previous bound in order to apply the third point of Theorem 1.3. O

A direct application of Proposition 2.9 allows us to write:

d(H) "

a 5t0[

H
2

(V= (F(X)(t,)dt = d(H)(V

Fosly

Yooy [ V3
- LN AR R AUATEON)
Remark 3.2.1.4: In the peculiar case where F'(z) = z, we obtain for the previous term:

b u 4d(H) [H(2H —1)

2ai) [0 (TEECS Y = g ([ )

_ 4d(H) [H(2H —1) bt "oy H_y Ho1
= Gy B[ L €= 0F = f =,

where {X/"?} is the stochastic process introduced in Definition 3.6 of Chapter 2.

-1

+l\:\m

Il(lft)dt),

3.2.2 Trace term of order 2

We want to compute explicitely the term defined by:

b t+e
Ve > 0, d(H)/ (/ v
a t

for specific processes, {®;} = {F(X[)}, with F an infinitely continuously differentiable func-

vl

d
(@0)(5,5,) = )dt,
tion on R such that F' and all its derivative have polynomial growth. The first step is to
compute V@H2(F(XH)).
Lemma 3.2.2.1: For any k > 0, let KF(s,r) be defined by:
t
Vs,r € (t,+00), KP(s,7) =|s —r|"!, K} (s,r) = / |s — | e —ul"du
0
Yk >3, KF2(s,r) / / |s — a7~ oy | g — s T — o[ Ty dags.

Then, we have:

vl

H(2H — 1)

o) ko1, s PO )

d(H)V® 2 (F(X[)) (51, 82,w) = H(2H — 1)K} (1, s0) F'(X{) + 4(
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so|F Y dudv) FP(XH).

2d(H) 7— v—*H w— sy F Vo —
Iy 2H—112//u— )2 M — sy

Proof: Using Propostion 1.8 and the definition of the operator V
) (51, 52,0)F'(X[) + V= (X

H
(2.3 | we have:

VOF (F(X[T)) (51, 52,0) = VO (X; ) (s1,0)V 7 (X[ (52, 0) FO(XT),

Using Proposition 2.4 and Proposition 2.6, we have:

VOF (F(XH)) (51, 59,0) = ZIﬁ’%)( FEY(s1, 59) F' (X
AL (102 () (s L2 () 50)) FO(XH).

By the multiplication formula from Malliavin calculus (Proposition 1.1.3 of [87]), we get

2))

it

V(Z)’%(F(XH))(SuSz, )= 2103 (F1) (1, 52) FU(XT) + AL () s IS () s

+ < 10D () (1) L2 (£ 52) S]FO(XH),
g_l(u — :U)f_ldx)duF'(XtH)

o2 [ ([ —w)f ‘%u—xﬁ “an)( [ (52— )

(r'(5))*
2 . %* . g-1 o |H-1|,, _ . |H-1 2)/vH
+ s H(2H — 1) 15( (u—2)7 (v—%)F |u—s1|" v —s2|"  dudv)F'?(X,")
(F(z))
H(2H H H_
(F H // /u—x? U—.Z‘)_,?_I 1dx)|81—u||52—v|dudvF(2)(XtH),
3)
dH 1
( )B<H & /|u—31]H Yu — so|"tduF' (X ])
()
2 _ _ %* e hy g H-1, o H-1 ) vH
+ 1) I( (u—2)2 (=)} |u—s1|""|v—so|" dudv) F'9(X;")
(I(5 ))
H(2H -1
2 ( )g //]u o[ sy — sy — 0| tdudvF @ (X ).
(I(3))?
Thus,

H(2H — 1)K} (s1, 55) F'(X[") + 4( w)gm(sl@)ﬂ?)(xﬁ

d(H)V®2 (F(X[T)(s1,82,0) =
— 59| dudv) F@ (X[, O

2d(H) — u—. %7 v—*%flu—s =1y
e 112// ) = syl

Remark 3.2.2.2:

e As Mentionned previously, note that for any t € (a,b), we have
1 ' H-1 H-1 21

K (t,t) = t— - “du =
ety = [ el = Gy

< 00,
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t ot 1 t ot 1

Kf(t,t) S (/ / |$1 — $2|2H_2dl'1d$2) (/ / |(L’1 — t|2H_2|$2 — t|2H_2dZL‘1d{L'2) s
0o Jo 0o Jo
t2H 1 — —

3 tQH 1 2(/.3[‘] 1
= < 00
(H(QH— 1)) 2H -1 HQ2H —1)(2H — 1)

IN

e Moreover, by Lebesgue dominated convergence theorem, one can show that K}(.,.) and
K?(.,.) are continuous on [t, +00) X [t, +00).

e Finally, for any s € [t,+00), we have:
K2(s,s) < KZ(t, ).

Lemma 3.2.2.3: We have:

e—0t

H2H—1 d ws. H b
g HELZD) ( / / K2(s,5) ) PO ;‘f)dtﬁ?g(xff)/ (H=1 pC) (X ) gt

Proof: By the previous remark and Lebesgue dominated convergence theorem, we have:

ds s ’
H(2H—1/ / K}(s,s)— )F’(XH)dt%H P (X at,

e—0t

(/2= / ([ R BP0 xiar 22 gy TEE= Ry /fo(vf,t)F@NXff)dt.

By scaling property of the kernels, we have:

H(2H — 1) / / K} (s s)d VF'(X[T)dt == H(2H — 1)/b K}t t)F'(XH)dt,

b 1 b
H(2H — 1) / KNt ) P (XT)dt = H(2H — 1) / (1— )22y / 25 (Xt
a 0

a

H(2H — 1), 3

s PEE =0y s, oy = o 12 =1

b
. ))3K12(1,1)/ IR (X at.

a

Moreover, we note that:

1 1 1
Ki(1,1) = H/ / / |21 — 2o|" g — 5| g — | dwy daodirs.
o Jo Jo

Thus,

b b
H(2H—1)/ Kg(t,t)F’(Xf)dt_H/ IR (X,

[HQH —1),5 [* H '
4( %)3/ Kf(m)p@)(xf)dt:5/@3()({{)/ BH1E@ (X MYat. O
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Lemma 3.2.2.4: Let t € (a,b). We have:

t+e t t H_ H_ d
/ [2(/ (u—")7 1(U — %)} 1|u — s/ — 5|H*1dudv)—8
t 0 0 €
2 tort H_ H_
R (=2 (0= u =t o — ¢/ dudv).
e—0t 0o Jo

Proof: First of all, note that:
t ot . v
/ / (u— )j (v—=x)7 |u —t|" o — | dudv € L*(R?).
Indeed, we have:
t ot optopt
/ / / / lu — |7 o — )7 ! — ) — ) — | o — | dudodd do’ = (KP(t,1))?,
0o Jo Jo Jo
which is finite. Let € > 0. We have:
tte ds " 2 t+e i . ds 2
E| D(eg (%) — = B(eg(, ) | | = E| t (La(egy (5 %)) = La(egi(6))— ) |,
2 / — )l cn) — el %) > g dds

H
where e, (., %) = [} [T (u—. (v—=%)2 Yu — s|f1o — s|T-'dudv. Moreover, we have:

1 t+e ptte 1 — H) H\\2 t+e ptte
—2/ / < el (L x)iel (L *) >r2me dsds’ = (B 2 ) / / (K2(s,s))*dsds’ .
€ J t ’ ' € t t

Thus,

s [ neroon® - nietion) 1= 2B s aa

A ILEDE [ e spas + 2060 - 1 oz o

€

The continuity of K?(.,.) on [t,4+00) X [t,+00) concludes the proof. O
Lemma 3.2.2.5: We have:

/ (/t 612(654.,*))0[:)1? (X H)dt “i?/ Lyl (., +) FO (X[t

e—0t

Proof: We want to bound the following quantity:
b t+e ds b
[ (] neteonS ) reca - [ neer ol
a t ’ € a ’
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By Cauchy-Schwarz inequality, we obtain:

(I)g/abE{
(I)s/ab

In order to conclude, we want to apply the Lebesgue dominated convergence theorem to the

t+e .
/t (IQ(eﬁft(.,*))—IQ(efft(,?*)))d?

| el = Bl

PO,

I1FP (X | 2yt
L2(Q)

right-hand side of the previous inequality. By Lemma 3.2.2.4, we have:

ds

€

=0.
L2(Q)

Vt € (a,b), lim

e—0t

/t (Lfe!( %)) — L(efl (%))

Moreover, we have:

. t-i-e(] (eH( *)) . ( . @ 2 2 t+e T i
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t
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But, we have, for every s € [t, +00):
H (|2 — 1—H E 2 K2 2
legellz2 @z = (B( s DB (s,8))%
K7(s,s) < K[ (t,1).
Thus,
E t+61 a — (el §2<8 - i e )
(B(eth () = B(efi( )2 ) | <8801 — H, 52K 0)
t
H _
Moreover, since F(® has polynomial growth, we have:
IFP (X 72y = EI(FP (X)),
< CE[(1 + [X{"))*"],
2N
< C(L+2Nt" +> " CVE( X)),
k=2
2N
S C(L+ 2Nt ) CRN (k= 1)k,
k=2

The dominating hypothesis is then satisfied. This concludes the proof. O

134



Bibliography

[1] Robert A. Adams and John J. F. Fournier. Sobolev spaces, volume 140 of Pure and Applied
Mathematics (Amsterdam). Elsevier/Academic Press, Amsterdam, second edition, 2003.

[2] J. M. P. Albin. A note on Rosenblatt distributions. Statist. Probab. Lett., 40(1):83-91,
1998.

[3] Elisa Alos, Olivier Mazet, and David Nualart. Stochastic calculus with respect to Gaussian
processes. Ann. Probab., 29(2):766-801, 2001.

[4] Elisa Alos and David Nualart. Stochastic integration with respect to the fractional Brow-
nian motion. Stochastics, vol. 75, no 3, p. 129-152, 2003.

[5] Benjamin Arras. On a class of self-similar processes with stationary increments in higher
order Wiener chaoses. Stochastic Process. Appl., vol. 124, nu. 7, 2415-2441, 2014.

[6] Benjamin Arras. A white noise approach to stochastic integration with respect to the
Rosenblatt process. preprint, 2013.

[7] Joachim Asch and Jiirgen Potthoff. Itd’s lemma without non-anticipatory conditions.
Probab. Theory Related Fields, vol. 88, no. 1, p. 17-46, 1991.

[8] Jean-Marie Aubry et Stéphane Jaffard. Random wavelet series. Comm. Math. Phys., 2002,
vol. 227, no 3, p. 483-514.

[9] Antoine Ayache. Continuous Gaussian multifractional processes with random pointwise
Holder regularity J. Theor. Probab., 26(1):72-93, 2013.

[10] Antoine Ayache. The generalized multifractional field: a nice tool for the study of the
generalized multifractional Brownian motion. J. Fourier Anal. Appl., vol. 8, no 6, p.

581-602, 2002.

[11] Antoine Ayache, Stéphane Jaffard and Murad Taqqu. Wavelet construction of generalized
multifractional processes. Revista Matematica Iberoamericana, 23(1):327-370, 2007.

[12] Antoine Ayache et Jacques Lévy-Véhel. The Generalized multifractional Brownian motion.

Stat. Inference Stoch. Process., 3, 7-18, 2000.

135



[13] Antoine Ayache et Jacques Lévy-Véhel. Generalized multifractional Brownian motion:
definition and preliminary results. Fractals: theory and applications in engineering, 17-32,
Springer, London, 1999.

[14] Antoine Ayache, Francois Roueff, and Yimin Xiao. Linear fractional stable sheets: wavelet
expansion and sample path properties. Stochastic Process. Appl., 119(4):1168-1197, 2009.

[15] Antoine Ayache and Murad S. Taqqu. Rate optimality of wavelet series approximations of
fractional Brownian motion. J. Fourier Anal. Appl., 9(5):451-471, 2003.

[16] Antoine Ayache and Yimin Xiao. Asymptotic properties and Hausdorff dimensions of
fractional Brownian sheets. J. Fourier Anal. Appl., 11(4):407-439, 2005.

[17] Paul Balanca and Erick Herbin. 2-microlocal analysis of martingales and stochastic inte-
grals. Stochastic Process. Appl., 122, 2346-2382, 2012.

[18] Jean-Marc Bardet and Ciprian Tudor. A wavelet analysis of the Rosenblatt process:
chaos expansion and estimation of the self-similarity parameter. Stochastic Process. Appl.,
120(12):2331-2362, 2010.

[19] Olivier Barriere, Antoine Echelard et Jacques Lévy-Véhel. Self-regulating processes. FElec-
tron. J. Probab., vol. 17, no 103, p. 1-30, 2012.

[20] Albert Benassi, Stéphane Jaffard and Daniel Roux. Elliptic gaussian random processes.
Revista matemadtica iberoamericana, 1997, vol. 13, no 1, p. 19-90.

[21] Christian Bender. An Ité formula for generalized functionals of a fractional Brownian
motion with arbitrary Hurst parameter. Stochastic Process. Appl., 104(1):81-106, 2003.

[22] Christian Bender and Tina Marquardt. Stochastic calculus for convoluted Lévy processes.
Bernoulli, 14(2):499-518, 2008.

[23] Marc A. Berger and Victor J. Mizel. An extension of the stochastic integral. Ann. Probab.,
vol. 10, no 2, p. 435-450, 1982.

[24] Anthony Carbery and James Wright. Distributional and L? norm inequalities for polyno-
mials over convex bodies in R*. Math. Res. Lett., 8(3):233-248, 2001.

[25] Philippe Carmona, Laure Coutin and Gérard Montseny. Stochastic integration with respect
to fractional Brownian motion. Ann. Inst. Henri Poincaré Probab. Stat., vol. 39, no. 1, pp.
27-68, 2003.

[26] Patrick Cheridito and David Nualart. Stochastic integral of divergence type with respect to
fractional Brownian motion with Hurst parameter H € (0,1/2). Ann. Inst. Henri Poincaré

Probab. Stat., vol. 41, no. 6, pp. 1049-1081, 2005.

136



[27] Laure Coutin. An introduction to (stochastic) calculus with respect to fractional Brownian
motion. In Séminaire de Probabilités XL, volume 1899 of Lecture Notes in Math., pages
3—-65. Springer, Berlin, 2007.

[28] Ingrid Daubechies. Ten lectures on wavelets. Vol. 61. Philadelphia: Society for industrial
and applied mathematics, 1992.

[29] Yu. A. Davydov. Distributions of multiple Wiener-1t6 integrals. Teor. Veroyatnost. i
Primenen., 35(1):51-62, 1990.

[30] Laurent Decreusefond and Ali-Suleyman Ustiinel. Stochastic analysis of the fractional
Brownian motion. Potential Anal., 10(2):177-214, 1999.

[31] Roland Lvovich Dobrushin. Gaussian and their subordinated self-similar random general-

ized fields. Ann. Probab., Vol. 7, Nu. 1, 1-28, 1979.

[32] Roland Lvovich Dobrushin and Péter Major. Non-central limit theorems for nonlinear
functionals of Gaussian fields. Z. Wahrsch. Verw. Gebiete, 50(1):27-52, 1979.

[33] Werner Ehm. Sample function properties of multiparameter stable processes. Z. Wahrsch.
Verw. Gebiete, 56(2):195-228, 1981.

[34] Albert Einstein. Investigations on the theory of the Brownian movement. Dover, New-York,
1956.

[35] Albert Einstein. Uber die von der molekularkinetischen Theorie der Wirme geforderte
Bewegung von in ruhenden Fliissigkeiten suspendierten Teilchen Ann. Phys., 17, 549-560,
1905.

[36] Kenneth Falconer. Fractal geometry. John Wiley & Sons Inc., Hoboken, NJ, second edition,
2003. Mathematical foundations and applications.

[37] Kenneth Falconer. The local structure of random processes. J. London Math. Soc.,
67(2):657-672, 2003.

[38] Bernard Gaveau and Philip Trauber. L’intégrale stochastique comme opérateur de diver-
gence dans 'espace fonctionnel. J. Funct. Anal., vol. 46, no 2, p. 230-238, 1982.

[39] Mihai Gradinaru, Francesco Russo and Pierre Vallois. Generalized covariations, local time
and Stratonovich It6’s formula for fractional Brownian motion with Hurst index H > 1/4.
Ann. Probab., vol. 31, no. 4, pp. 1772-1820, 2003.

[40] Mihai Gradinaru, Ivan Nourdin, Francesco Russo et Pierre Vallois. m-order integrals and

generalized [t0’s formula; the case of a fractional Brownian motion with any Hurst index.
Ann. Inst. HenriP oincaré Probab. Stat., vol. 41, no. 4, pp. 781-806, 2005.

[41] Félix Hausdorff. Dimension und &dufleres Maf. Math. Ann., vol. 79, p. 157-179, 1919.

137



[42] Erick Herbin and Jacques Lévy-Véhel. Stochastic 2-microlocal analysis. Stochastic Process.
Appl., vol. 119, no 7, p. 2277-2311, 20009.

[43] Takeyuki Hida, Hui-Hsiung Kuo, Jiirgen Potthoff and Ludwig Streit. White noise: an
infinite dimensional calculus, volume 253. Kluwer Academic Print on Demand, 1993.

[44] Takeyuki Hida. Analysis of Brownian functionals. Carleton Mathematical Lectures Notes,
vol. 13, 1975.

[45] Lars Hormander. The analysis of linear partial differential operators. I. Classics in Math-
ematics. Springer-Verlag, Berlin, 2003. Distribution theory and Fourier analysis, Reprint
of the second (1990) edition [Springer, Berlin; MR1065993 (91m:35001a)].

[46] Yaozhong Hu, Fei Lu and David Nualart. Convergence of densities of some functionals of
Gaussian processes. J. Funct. Anal., vol. 266, no 2, p. 814-875, 2014.

[47] Kiyosi Itd6. Multiple Wiener Integral. J. Math. Soc. Japan, Vol. 3, no. 1, 157-169, 1951.

[48] Stéphane Jaffard. Pointwise smoothness, two-microlocalization and wavelet coefficients.
Publ. Mat, 1991, vol. 35, no 1, p. 155-168.

[49] Stéphane Jaffard. On lacunary wavelet series. Ann. Appl. Probab., 2000, p. 313-329.

[50] Stéphane Jaffard and Yves Meyer. Wavelet methods for pointwise reqularity and local
oscillations of functions. American Mathematical Soc., 1996.

[51] Svante Janson. Gaussian Hilbert spaces, volume 129 of Cambridge Tracts in Mathematics.
Cambridge University Press, Cambridge, 1997.

[52] Maria Jolis. On the Wiener integral with respect to the fractional Brownian motion on an
interval. J. Math. Anal. Appl., vol. 330, no 2, p. 1115-1127, 2007.

[53] Maria Jolis. The Wiener integral with respect to second order processes with stationary
increments. J. Math. Anal. Appl., vol. 366, no 2, p. 607-620, 2010.

[54] Jean-Pierre Kahane. Some random series of functions. Cambridge University Press, Vol.
5, 1993.

[55] Alexandre Khinchin. Asymptotische Gesetze der Wahrscheinlichkeitsrechnung. Springer
Verlag, Berlin, 1933.

[56] Davar Khoshnevisan and Zhan Shi. Fast sets and points for fractional Brownian motion.
Séminaire de Probabilités XXXIV, Springer Berlin Heidelberg, 2000. 393-416.

[57] Andrei Kolmogorov. Wienersche spiralen und einige andere interessante kurven in

hilbertchen raume. Doklady, 26(26):115-118, 1940.

138



[58] Izumi Kubo. It6 formula for generalized Brownian functionals. Theory and Application of
Random Fields, Springer Berlin Heidelberg, p. 156-166, 1983.

[59] Tzumi Kubo and Shigeo Takenaka. Calculus on Gaussian White Noise III. Proc. Japan
Acad. Ser. A Math. Sci., vol. 57, no. 9, 433-437, 1981.

[60] Hui-Hsiung Kuo. White noise distribution theory. Probability and Stochastics Series. CRC
Press, Boca Raton, FL, 1996.

[61] H.H. Kuo and A. Russek. White noise approach to stochastic integration. J. Multivariate
Anal., vol. 24, no 2, 218-236, 1988.

[62] Stanislaw Kwapien and Wojbor A Woyczynski. Random series and stochastic integrals:

single and multiple. Boston, 1992.
[63] John Lamperti. Semi-stable stochastic processes. Trans. Am. Math. Soc., 104:62-78, 1962.
[64] Paul Lévy. Théorie de ’addition de variables aléatoires Gauthier-Villars, Paris, 1937.

[65] Elliott H. Lieb and Michael Loss. Analysis, volume 14 of Graduate Studies in Mathematics.
American Mathematical Society, Providence, RI, second edition, 2001.

[66] SJ Lin. Stochastic analysis of fractional Brownian motions. Stochastics: An International
Journal of Probability and Stochastic Processes, 55(1-2):121-140, 1995.

[67] P. 1. Lizorkin and S. M. Nikol’skii. Classification of differentiable functions on the basis of
spaces with dominant mixed derivatives. Trudy Mat. Inst. Steklov, 77:143-167, 1965.

[68] Eugene Lukacs. Characteristic functions. Hafner Publishing Co., New York, 1970. Second

edition, revised and enlarged.

[69] Makoto Maejima and Ciprian A. Tudor. Wiener integrals with respect to the Hermite
process and a non-central limit theorem. Stoch. Anal. Appl., vol. 25, no 5, p. 1043-1056,
2007.

[70] Makoto Maejima and Ciprian A. Tudor. Selfsimilar processes with stationary increments
in the second Wiener chaos. Probab. Math. Statist., 32(1):167-186, 2012.

[71] Makoto Maejima and Ciprian A. Tudor. On the distribution of the Rosenblatt process.
Statistics € Probability Letters, 83(6):1490 — 1495, 2013.

[72] Paul Malliavin Stochastic calculus of variations and hypoelliptic operators. Proc. Inter.
Symp. on Stoch. Diff. Equations, Wiley, 195-263, 1978.

[73] Paul Malliavin. Stochastic analysis. Berlin, Springer, 1997.

[74] Benoit B. Mandelbrot. Les objets fractals: Forme, hasard et dimension. First edition,

Flammarion, 1975.

139



[75] Benoit B. Mandelbrot and John W. Van Ness. Fractional Brownian motions, fractional
noises and applications. STAM Rev., 10:422-437, 1968.

[76] Michael B. Marcus. Holder conditions for Gaussian processes with stationary increments.
Trans. Amer. Math. Soc, 1968, p. 29-52.

[77] Hiroyuki Matsumoto and Setsuo Taniguchi. Wiener functionals of second order and their
Lévy measures. FElectron. J. Probab., 7:No. 14, 30 pp. (electronic), 2002.

[78] Perti Mattila. Geometry of Sets and Measures in Euclidean Spaces. Cambridge University
Press, Cambridge, 1999.

[79] Henry P. Jr. McKean. Hausdorff-Besicovitch dimension of Brownian motion paths. Duke
Math. J., 22, no. 2, 229-234, 1955.

[80] Yves Meyer. Wavelets and operators, volume 37 of Cambridge Studies in Advanced Math-
ematics. Cambridge University Press, Cambridge, 1992. Translated from the 1990 French
original by D. H. Salinger.

[81] Yves Meyer, Fabrice Sellan, and Murad S. Taqqu. Wavelets, generalized white noise and
fractional integration: the synthesis of fractional Brownian motion. J. Fourier Anal. Appl.,
5(5):465-494, 1999.

[82] Toshio Mori and Hiroshi Oodaira. The law of the iterated logarithm for self-similar pro-
cesses represented by multiple Wiener integrals. Probab. Theory Related Fields, 71(3):367—
391, 1986.

[83] Peter Morters and Yuval Peres. Brownian motion. Cambridge University Press, 2010.

[84] Ivan Nourdin and Giovanni Peccati. Normal approzimations with Malliavin calculus, vol-
ume 192 of Cambridge Tracts in Mathematics. Cambridge University Press, Cambridge,
2012. From Stein’s method to universality.

[85] Ivan Nourdin and Guillaume Poly. Convergence in total variation on Wiener chaos. Stochas-

tic Process. Appl., 123(2):651-674, 2012.

[86] Ivan Nourdin and Guillaume Poly. Convergence in law in the second Wiener/Wigner chaos.
Electron. Commun. Probab., 17:no. 36, 12, 2012.

[87] David Nualart. The Malliavin calculus and related topics. Probability and its Applications
(New York). Springer-Verlag, Berlin, second edition, 2006.

[88] David Nualart and Etienne Pardoux. Stochastic calculus with anticipating integrands.
Probab. Theory Related Fields, vol. 78, no 4, p. 535-581, 1988.

[89] David Nualart and Moshe Zakai. Generalized multiple stochastic integrals and the repre-
sentation of Wiener functionals. Stochastics, 23(3):311-330, 1986.

140



[90] Nobuaki Obata. White noise calculus and Fock space. Springer, 1994.

[91] Steven Orey. Growth rate of certain Gaussian processes. Proceedings of the Sizth Berke-
ley Symposium on Mathematical Statistics and Probability, Vol. 11 : Probability theory.
Berkeley, Calif. : Univ. California Press, 443-451, 1972.

[92] Steven Orey and William E. Pruitt. Sample functions of the N-parameter Wiener process.
Ann. Probab., 1(1):138-163, 1973.

[93] Vladas Pipiras. Wavelet-type expansion of the Rosenblatt process. J. Fourier Anal. Appl.,
10(6):599-634, 2004.

[94] Vladas Pipiras and Murad S. Taqqu. Integration questions related to fractional Brownian
motion. Probab. Theory Related Fields, 118(2):251-291, 2000.

[95] Vladas Pipiras and Murad S Taqqu. Regularization and integral representations of hermite
processes. Statistics € probability letters, 80(23):2014-2023, 2010.

[96] Michael Reed and Barry Simon. Methods of modern mathematical physics. 1. Fourier
analysis, self-adjointness. Academic Press [Harcourt Brace Jovanovich Publishers|, New
York, 1975.

[97] Francesco Russo and Pierre Vallois. Forward, backward and symmetric stochastic integra-
tion. Probab. Theory Related Fields, 97(3):403-421, 1993.

[98] Francesco Russo and Pierre Vallois. Elements of stochastic calculus via regularization.
Séminaire de Probabilités XL, p. 147-185, Springer Berlin Heidelberg, 2007.

[99] Stefan G. Samko. Denseness of the Lizorkin-type spaces ¢y in LP(R™). Mathematical
Notes, vol. 31, no 6, p. 432-437, 1982.

[100] Stefan G. Samko, Anatoly A. Kilbas, and Oleg I. Marichev. Fractional integrals and
derivatives. Gordon and Breach Science Publishers, Yverdon, 1993. Theory and applica-
tions, Edited and with a foreword by S. M. Nikol’skii, Translated from the 1987 Russian
original, Revised by the authors.

[101] Gennady Samorodnitsky and Murad Taqqu. Stable Non-Gaussian Random Processes.
Chapman and Hall, 1994.

[102] Hans-Jiirgen Schmeisser. Recent developments in the theory of function spaces with
dominating mixed smoothness. In NAFSA 8—Nonlinear analysis, function spaces and
applications. Vol. 8, pages 144-204. Czech. Acad. Sci., Prague, 2007.

[103] Narn-Rueih Shieh and Yimin Xiao. Hausdorff and packing dimensions of the images of
random fields. Bernoulli, 16(4):926-952, 2010.

141



[104] Anatoliy Skorohod. On a generalisation of a stochastic integral. Theory Probab. Appl.,
vol. 20, no 2, 219-233, 1976.

[105] Elias M. Stein. Singular integrals and differentiability properties of functions. Princeton
Mathematical Series, No. 30. Princeton University Press, Princeton, N.J., 1970.

[106] Keizo Takashima. Sample path properties of ergodic self-similar processes. Osaka J.
Math., 26:159-189, 1989.

[107] Michel Talagrand. Hausdorff measure of trajectories of multiparameter fractional Brow-
nian motion. Ann. Probab., 23(2):767-775, 1995.

[108] Murad S. Taqqu. Weak convergence to fractional Brownian motion and to the Rosenblatt
process. Probab. Theory Related Fields, 31(4):287-302, 1975.

[109] Murad S. Taqqu. Convergence of integrated processes of arbitrary Hermite rank. Z.
Wahrsch. Verw. Gebiete, 50(1):53-83, 1979.

[110] S. James Taylor. The Hausdorff a-dimensional measure of Brownian paths in n-space.
Math. Proc. Cambridge Philos. Soc., vol. 49, issue 1, 31-39, 1953.

[111] S. James Taylor. The a-dimensional measure of the graph and set of zeros of a Brownian
path. Math. Proc. Cambridge Philos. Soc., vol. 51, issue 2, 265-274, 1955.

[112] S. James Taylor. The measure theory of random fractals Math. Proc. Cambridge Philos.
Soc., vol. 100, issue 3, 383-406, 1986.

[113] Ciprian A. Tudor. Analysis of the Rosenblatt process. ESAIM Probab. Stat., 12:230-257,
2008.

[114] Ciprian A Tudor and Frederi G Viens. Variations and estimators for self-similarity pa-
rameters via Malliavin calculus. Ann. Probab., 37(6):2093-2134, 2009.

[115] Jérémie Unterberger. Stochastic calculus for fractional Brownian motion with Hurst
exponent H > 1/4: a rough path method by analytic extension. Ann. Probab., vol. 37, no.
2, p. 565-614, 2009.

[116] Jérémie Unterberger. A rough path over multidimensional fractional Brownian motion
with arbitrary Hurst index by Fourier normal ordering. Stochastic Process. Appl., vol. 120,
no. 8, p. 1444-1472, 2010.

[117] Mark Veillette and Murad Taqqu. Properties and numerical evaluation of the Rosenblatt
distribution. Bernoulli, vol. 19, no 3, p. 982-1005, 2013.

[118] Frederi G. Viens and Andrew B. Vizcarra. Supremum concentration inequality and mod-
ulus of continuity for sub-nth chaos processes. J. Funct. Anal., vol. 248, no 1, p. 1-26,

2007.

142



[119] Jan Vybiral. A diagonal embedding theorem for function spaces with dominating mixed
smoothness. Funct. Approz. Comment. Math., 33:101-120, 2005.

[120] Norbert Wiener. Differential space. J. Math. Phy., 2, 131-174, 1923.
[121] Nobert Wiener. The Homogeneous chaos. Amer. J. Math., 60, 897-936, 1938.

[122] Yimin Xiao and Huonan Lin. Dimension properties of sample paths of self-similar pro-
cesses. Acta Math. Sinica (N.S.), 10(3):289-300, 1994. A Chinese summary appears in
Acta Math. Sinica 38 (1995), no. 4, 576.

[123] Yimin Xiao. Random fractals and Markov processes. Fractal geometry and applications:
a jubilee of Benoit Mandelbrot, vol. 72, 261, 2004.

[124] Yimin Xiao. Recent Developments on Fractal Properties of Gaussian Random Fields.
Further Developments in Fractals and Related Fields, Birkhduser Boston, p. 255-288, 2013.

[125] Martine Zahle. Integration with respect to fractal functions and stochastic calculus. I.
Probab. Theory Related Fields, 111(3):333-374, 1998.

143



	Introduction
	1 Régularité des trajectoires de processus stochastiques.
	2 Géométrie fractale.
	3 Analyse stochastique.
	4 Organisation et résultats principaux.

	1 On a class of self-similar processes with stationary increments in higher order Wiener chaoses.
	1 Definitions and notations
	2 Wavelet decomposition
	3 Uniform and Local Regularity of the sample paths
	4 Hausdorff Dimensions of SSSI processes represented by multiple Wiener-Itô integrals

	2 A white noise approach to stochastic integration with respect to the Rosenblatt process.
	1 White noise setting.
	2 Second order Wiener chaoses and Rosenblatt process.
	3 Stochastic calculus and Itô formula with respect to the Rosenblatt process.
	4 Comparison with other approaches
	5 Variance formula

	3 From forward integrals to Wick-Itô integrals: the fBm and the Rosenblatt process cases.
	1 Hida distribution and Sobolev-Watanabe-Kree spaces.
	2 Stochastic analysis of fractional Brownian motion and of the Rosenblatt process.
	3 From forward integrals to Wick-Itô integrals.
	3.1 Fractional Brownian motion.
	3.2 The Rosenblatt process.
	3.2.1 Trace term of order 1
	3.2.2 Trace term of order 2



	Bibliography

