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Abstract

Let F be afield and X, Y some F-varieties. In this dissertation, we are interested in
knowing if the class y € CH(Yp(x)) of an algebraic cycle defined over the function field
F(X) is actually defined over the base field, i.e belongs to the image of the pull-back
homomorphism CH(Y') — CH(Yp(x)). We study this issue in different contexts, the
variety X varying among classes of varieties such as quadrics or projective homogeneous
varieties.
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Chapter 1

Introduction

Let Y be a variety over a field F', let X be a geometrically integral variety over F' and let us
denote its function field as F'(X). For any integer m > 0, consider the following commutative
diagram given by change of field homomorphisms for Chow groups CH™ of codimension m

classes of algebraic cycles
CH™(Y) — CH" (Yr(x))

| |

CH™(Y)—— CH™ (Vg (x,)

where we write Y := Y& with F an algebraic closure of F.

An element § of CH(Y)) is F(X)-rational if its image Y7 (x) under CH(Y) — CH(YF(x)) is
in the image of CH(Yr(x)) — CH(YF(y)). An element ¥ of CH(Y) is simply called rational if
it is in the image of CH(Y') — CH(Y"), denoted by CH(Y"). Note that since F is algebraically
closed, the bottom homomorphism CH(Y) — CH(Y(x)) is injective by the specialization
arguments.

The general question is the following

Question 1.0.1. When is an F(X)-rational element y in CH™(Y') actually rational?
In the aftermath of the previous question, one has the strongest following one.

Question 1.0.2. When is the change of field homomorphism CH™(Y) — CH™(Yp(x)) sur-
jective?

Example 1.0.3. The change of field homomorphism CH(Y) — CH(Yg) associated with a
purely transcendental extension F/F' is surjective, in any codimension (this follows from
the continuity property of Chow groups and the Homotopy Invariance). Therefore, for
any rational F-variety X, the homomorphism CH(Y) — CH(Yp(x)) is surjective, in any
codimension. In particular, this applies to X an isotropic quadric over F, see [7].
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For any integer p, one can ask the same questions with the Chow group Ch = CH/p CH
instead of the integral Chow group CH. The choice of the coefficients depends on what
variety X is considered.

These questions originally come from the work of Alexander Vishik on the Kaplansky’s
Conjecture (see [48, Theorem 5.1]). In this paper, A. Vishik showed that for » > 3, there
exists a field F' of u-invariant 2" + 1 (the u-invariant of a field F' is the maximal dimension of
an anisotropic quadratic form over F'). To prove this result, he needed the following so-called
Main Tool Lemma (proved in [49]), where Ch is the Chow group modulo 2 (see Theorem
[I1.2.1 for a more complete statement).

Theorem 1.0.4. (Vishik) Let @ be a smooth projective quadric over a field F' and let Y
be a smooth quasi-projective F-variety. If char(F)=0 then any F(Q)-rational element
y € Ch'(Y) with i < dim(Q)/2 is rational.

Actually, A.Vishik used the contrapositive statement of the MTL for quadrics to find
some F(Q)-irrational algebraic cycles.

In his proof, A. Vishik states the problem in terms of Chow groups then lifts elements of
the Chow groups to elements of the algebraic cobordism groups, which requires him to work
with the assumption char(F) = 0 (since the algebraic cobordism theory relies on resolution
of singularities). It is a natural idea to try to find a proof which stays at the level of Chow
groups. In [23], Nikita Karpenko extends the above early version of the MTL for quadrics
to any field of characteristic different from 2 (modulo 2-torsion). He was able to do so
because his method uses Steenrod operations of cohomological type on Chow groups instead
of symmetric operations in the algebraic cobordism theory.

In Chapter III, we extend the method introduced by N. Karpenko to get a complete ver-
sion of the MTL on quadrics, modulo 2-torsion (the complete version allows one to consider
algebraic cycles with a larger codimension, see Sections I11.2 and I11.3). Since the proof of
[48, Theorem 5.1] only deals with torsion-free Chow groups, our versions modulo 2-torsion
element can also be used here.

In another paper ([51]), A.Vishik adressed the question treated in Theorem 1.0.3 but
for integral Chow groups CH. He got a similar result assuming that the quadric ) has a
projective line defined over its function field. Since his method uses symmetric operations,
he needed once again the assumption char(F') = 0.

Using a similar method but Steenrod operations in place of symmetric operations, we
were able to get statements valid in any characteristic different from 2 (modulo 2-torsion).
This is the topic of the second part of Chapter III (Sections I11.4 and I11.5).

There are also existing versions of the MTL for varieties X different from quadrics.
For a smooth variety X with a special correspondence in the sense of Markus Rost, Kirill
Zainoulline proved in [55, Theorem 1.3] a version of the MTL over a field of characteristic
0. In Chapter VI (Section VI.3), we use his method to get an improved version when X is
a quadric with a special correspondence.
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For such a smooth variety X with a special correspondence, the result [26, Theorem SC.1]
by N. Karpenko and Alexander Merkurjev constitutes another version, which allows one to
consider algebraic cycles with a larger codimension. We slightly extend this result at the
very end of Chapter VI. In the same article, the authors also provided a version of the MTL
for X the norm variety of a symbol s € H"*'(F, u¥") ([26, Theorem 4.3]).

In Chapter IV, we prove a version of the MTL for X a projective homogeneous varieties
under a linear algebraic group of type Fjy or Eg over a field of arbitrary characteristic (see
Theorem 1V.0.1). The proof notably involves a motivic decomposition of the Chow motive
of X with the help of a Rost motive R and the Riemann-Roch Theorem without denom-
inators. Over a field of characteristic 0, this version is, for the type Fj, contained in the
aforementioned result [55, Theorem 1.3] (modulo torsion) and it is, for both types, contained
in the aforementioned result [26, Theorem 4.3].

In Chapter V, we prove a version of the MTL for X a principal homogeneous space for
SL;(A), with A a central simple algebra of prime degree (see Theorem V.0.1). The proof
mainly relies on a result of I. Panin about the Grothendieck ring of such a variety. In fact,
this version implies the previous one on exceptional projective homogeneous varieties.

Finally, in Chapter VI (Sections VI.1 to VI.3), we are interested in a conjecture ([48,
Conjecture 3.13]) of A. Vishik. This conjecture would be a version of the MTL for quadrics
which brings into play certain algebraic cycles on associated Grassmannians. First, we
compare the rationality of this cycles on Grassmannians with the rationality of certain special
correspondences on product of quadrics. Then we use this to broach the conjecture.

In this dissertation, the word scheme means a separated scheme of finite type over a field
and a variety is an integral scheme. Basic material is introduced in Chapter II.
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Basic material

II.1 Definition and basic properties of Chow groups

In this section, we define the Chow groups, which are the main object of this work. We
also describe some basic properties of Chow groups. Further properties are given is the next
section.

The Rost complex

We follow the construction given in [7, §49] (see also [42]). For a field L, we write K, (L)
for its Milnor ring (see Appendix A). Let X be scheme over a field F. For x € X, we write
F(x) for its residue field and dim(x) for the dimension of the closure {z}. We recall that
2’ € X is a specialization of x if 2’ € {z}.

Let 2,2’ € X such that 2’ is a specialization of z with dim(z") = dim(z) — 1. Then the
local ring O@,x’ is a 1-dimensional excellent domain with quotient field F'(z) and residue
field F(2).

Moreover, it is known that in this situation (i.e more generally when one has a 1-
dimensional excellent domain at one’s disposal) the integral closure @@,w’ in F(x) is semi-
local, 1-dimensional and finite as a (’){T}’w,—algebra. Let us index by 1,...,n the maximal

ideals of @@,x" Then for each ¢ = 1,...,n, the corresponding localization is a discrete
valuation ring with valuation v; and we denote by F; the associated residue field. For each
i =1,...,n, the field F; is a finite extension of F'(z’). Thus, for any such point z,2’ € X,
one can define the homomorphism

Sowr + Ku(F(2)) = K1 (F(2))

by the formula

5z,x’ = Z CF;/F(z) © 5111'7
=1
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where d,, : K.(F(z)) — K._1(F;) is the residue homomorphism associated with the dis-
crete valuation v; on F(x) and cp,/p@y @ Ko(F;) — K. (F(2')) is the norm homomorphism
associated with the extension F;/F(z') (see Appendix A).

Now, for every pair of points z, 2’ € X, one can consider the homomorphism

!

67 K (F(z)) = K. (F(2'))

xT

defined by 6% = 8, if 2’ is a specialization of z with dim(z') = dim(z) — 1 and 6% = 0
otherwise. Furthermore, by [7, Lemma 49.1], for each z € X and o € K, (F(z)), the residue
5;”/((1) is nontrivial only for finitely many points 2’ € X. It follows that there is a well-defined
endomorphism dx of the direct sum

C(X) =[] K.(F(x))

zeX

given by §% on the (z, 2')-component. The group C(X) is graded by the dimension: for any
integer k > 0, we set

Cr(X):= ] K.(F(x))

$€X(k>

where X, the set of point of X of dimension k, and one can extend this grading by setting
Cr(X) =0 for k£ < 0. Note that the endomorphism dy is of degree —1 with respect to this
grading. For any integer n, we also set

Crn(X) = [ Kisn(F(2)).

IEGX(k)

Note that the graded group C. ,(X) is invariant under dy.
By [7, Proposition 49.30], the endomorphism dyx is such that d% = 0, that is to say
(C.(X),dx) is a complex, called the Rost complez of the scheme X.

Definition of Chow groups
For any integers k and n, let us denote by Ax(X, K,,) the homology group of the sequence

Ck:-‘rl,n(X) — Ck’n(X) — Ok—l,n(X)

given by the differential dx. In other words, the group Ax(X, K,) is the k-th homology
group of the complex C, ,(X).

Definition I1.1.1. The group

is called the Chow group of dimension k classes of cycles on X.
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Remark II.1.2. Since for any € X, one has K_;(F(z)) =0 and Ko(F(z)) = Z, it follows
from the very definition that CH(X) is a quotient of the free group

Z(X) =[] z

IEX(k)

called the group of algebraic cycles of dimension k on X. We denote by [z] the element of
Zi(X) associated with x € X. Such an algebraic cycle is called prime cycle. Hence, any
element in Z;(X) is a finite formal sum with coefficients in Z of prime cycles of dimension k.
Identifying = with its closure in X, any element in Z;(X) can also be considered as a finite
formal sum of cycles [Z] associated with closed subvarieties Z C X of dimension k. We will
use the same notation for the class in CH;(X) and all along this dissertation we will simply
called an element of a Chow group an algebraic cycle or even a cycle.

Example I1.1.3. Assume that X is of dimension d. Then the group CHy(X) = Z4(X) is
free with basis the classes of the generic points, or equivalently — the irreducible components
—of X.

We will use the following notion of Chow group as well.
Definition II.1.4. For X equidimensional of dimension d, the group
CHk(X) = Ad_k(X, Kk—d)

is called the Chow group of codimension k classes of cycles on X.

Functorial properties
Push-forward. Let f: X — Y be a morphism of F-schemes. We define a homomorphism
[t Cu(X) = C(Y)
as follows. Let x € X and y € Y. If y = f(x) and the extension F'(z)/F(y) is finite, we set
fry = cr@ypw) - Ku(F(2) = K(F(y))

(where cp(z)/p(y) is the norm homomorphism associated with the extension F(x)/F(y), see
Appendix A), otherwise, we set f«y = 0. The homomorphism f, is of degree zero with
respect to the grading by dimension on C,.

Furthermore, if f is a proper morphism then f, is a morphism of complexes (see [7,
Proposition 49.9]). Therefore, for any integer n, the homomorphism f, induces some homo-
morphsims between the homology groups of the respective complexes C, ,. In particular, f,
gives rise to a homomorphism at the level of Chow groups

called the push-forward of f. For g : Y — Z another proper morphism, one has (g o f), =
g« o f. (this follows from the transitivity of the norm homomorphism).
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Example I1.1.5. Let X be a complete scheme over F'. The pushforward deg : CHo(X) —
CHy(Spec(F')) = Z of the structure morphism X — Spec(F') is called the degree homomor-
phism because for any closed point x € X, one has deg([z]) = [F(z) : F].

Pull-back. Let g:Y — X be a flat morphism of F-schemes. One says that g is of relative
dimension d if for every x € X in the image of g and for every generic point y of g7'({z}),
one has dim(y) = dim(z) + d.

Let g : Y — X be a flat morphism of F-schemes of relative dimension d. For every
x € X, we denote by Y, the fiber scheme Y x x Spec(F(z)) over F(x) and we identify its
underlying topological space with a subspace of Y. For any generic point y of Y,,, the local
ring Oy, , is noetherian 0-dimensional, hence is artinian and consequently has finite length
[ (Oy, ). Then one defines a homomorphism

g CX) = Copa(Y)
as follows. Let z € X and y € Y. If g(y) = = and y is a generic point of Y,, we set
9%y =1(Ov.y) TPy /r@  Ki(F(2)) = K (F(y)),

where rp(y)/r(z) is the restriction homomorphism (see Appendix A), otherwise, we set g*; = 0.
As in the case of the push-forward, for any integer k, the homomorphism ¢* induces a
homomorphism at the level of Chow groups

g* : CHk(X) — CHk+d(Y),

called the pull-back of g. If X and Y are equidimensional then the latter pull-back can be
rewritten as

g*: CH"*(X) — CH" *(Y),
with n = dim(X). For h: Z — Y another morphism of constant relative dimension, one has
(goh) =hog".

Example I1.1.6. Let X be a scheme over F' and let L/F be an extension. The projection
X1 — X is flat of relative dimension 0. The associated pull-back

is called the change of field homomorphism. This homomorphism has the central place in
this work.

We conclude this subsection by stating a proposition which mixes push-forwards and
pull-backs. Consider a fiber product diagram

X' x

Y

A Ve

of F-schemes. The following functorial property comes from [7, Proposition 49.20].
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Proposition I1.1.7. Assume that g and g' are flat morphisms of constant relative dimension
d and that f and f' are proper morphisms. Then the diagram

CH.(X) —2> CH, 4(X")

‘| B

CH,(Y)—2= CH, . 4(Y")

18 commutative.

Products

Let X and Y be two schemes over F. By [7, §52.C], for any integers k, [, 1, j, there is a well
defined pairing
Ap(X, Ki) @ 4(Y, Kj) = Apa(X XY, Kiyj).

Assume that Y = X and that X is smooth of dimension d. The diagonal morphism A :
X — X x X is a regular closed embedding of codimension d. By taking the particular case
1 = —k and 7 = —[ in the above pairing and by combining it with the pull-back associated
with A, one get a new pairing

CH/C(X) & CHZ(X) — CHk+l_d(X),

which endows CH,(X) with a commutative ring structure, with neutral element the class

[X] € CHy(X).

II.2 Further properties of Chow groups

In this section, we introduce some properties of Chow groups we will use all along this
dissertation. All facts provided are taken from the book [7, Chapters IX and X] by R. Elman,
N. Karpenko and A. Merkurjev.

Let F' be a field. The first property below shows that pull-backs commute with the
product on the Chow ring CH, (see [7, Proposition 56.8]).

Proposition I1.2.1. Let f : X — Y be a morphism of smooth F-varieties. Then one has
[l B) = f*(a)- f*(B)
for every o, f € CH(Y) and f*([Y]) = [X].

The Projection Formula below (see [7, Proposition 56.9]) will be extensively use in this
dissertation, especially in Chapter V1.
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Proposition 11.2.2. Let f : X — Y be a proper morphism of smooth F-varieties. Then
one has

felao- [7(8) = fula) - B
for every a € CH(X) and € CH(Y).

One also has the following analog of the projection formula (see [7, Proposition 56.11])

Proposition I1.2.3. Let f : X — Y be a morphism of equidimensional smooth F-varieties.
Then one has

for every g € CH(Y).

The proposition below constitutes the first step of proofs of the main results in Chapter III.

Proposition I1.2.4. ([7, Corollary 57.11]) For every variety X of dimension n and scheme
Y over F, the pull-back homomorphism CH.(X xY) — CH,_,(Yr(x)) is surjective.

The following statement is a slightly altered version of the result [7, Lemma 88.5] (see
also the proof of [26, Proposition 2.8]). This propostion constitutes the basis of proofs of the
results in Chapter IV and V.

Proposition I1.2.5 (Karpenko, Merkurjev). Let X be a smooth variety over a field F' and
Y an equidimensional F-variety. Given an integer k such that for any nonnegative integer i
and any point y € Y of codimension i the change of field homomorphism

CH"™'(X) — CH"" (X))
is surjective, the change of field homomorphism
CH*(Y) — CHF(Yr(x))
15 also surjective.

Note that this statement remains true for any prime p when one considers the group Ch
with Z/pZ-coefficients instead of CH.

II.3 Steenrod operations on Chow groups modulo 2

For a smooth scheme X over a field I’ of characteristic different from 2, P. Brosnan con-
structed in [4, §10] a certain homomorphism

Sy : Ch(X) — Ch(X),
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where Ch is the Chow group modulo 2, called the total Steenrod operation on X of cohomo-
logical type. For any integer j > 0, we denote by

5% - Ch*(X) — Ch*H(X)

the jth Steenrod operation on X of cohomological type (or simply by S7 if there is no ambi-
guity). We refer to the book [7, §61] or to [4, §10] for an introduction to the subject. In this
subsection, we just present some basic properties of Steenrod operations of cohomological
type we will need in Chapter III.

The following proposition shows that Steenrod operations of cohomological type commute
with pull-back homomorphisms.

Theorem I1.3.1. ([7, Theorem 61.9]) Let f : X — Y be a morphism of smooth schemes.
Then the diagram

Ch(X) -~ Ch(X)
I I
Ch(Y) —2~ Ch(Y)
15 commutative

The interaction between Steenrod operations of cohomological type and push-forward is
more complicated and is described with the following statement. For a vector bundle E over
a scheme, we abuse notation and write ¢(£) for both the total Chern class with value in CH
and its modulo 2 reduction (Chern classes are defined in Appendix B).

Proposition I1.3.2. ([7, Proposition 61.10]) Let f : X — Y be a smooth projective mor-
phism of smooth schemes. Then

SY o f* = f* o C(_Tf) o SX7
where T is the relative tangent bundle of f.

Now, let us recall the basic values taken by S7.

Theorem I1.3.3. ([7, Theorem 61.13]) Let X be a smooth scheme. Then for any algebraic
cycle a € ChF(X), one has

A a ifj=0
Sia)=4 a® ifj=k
0 ifj<OQorjy>k.
The following theorem says that the total Steenrod operation of cohomological type on

a product of smooth schemes is just the product of the total Steenrod operations on the
respective schemes.
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Theorem I1.3.4. ([7, Theorem 61.14]) Let X and Y be two smooth schemes. Then one has
SX><Y = SX X Sy.
One easily deduce the following Cartan formula from the previous theorem.

Corollary I1.3.5. ([7, Corollary 61.15]) Let X be a smooth variety. Then for any j and for
any «a, € Ch(X), one has

Sa-B) =Y S*a)-5B).

k+i=j

In the following proposition, whose the statement and the proof are very close to [27,
Lemma 3.1], we focus on how the Steenrod operations interact with the composition of
correspondences (correspondences are defined in Appendix C). This will be useful during
the proof of the main result of Section [11.4.

Let X, X5, X5 be smooth schemes over F' (of characteristic # 2), and assume that X5
is complete (so the push-forward associated with the projection X; x Xy x X3 — X7 x X3
is well defined).

Proposition I1.3.6. For any correspondence o € Ch(X; x Xs) and for any correspondence
f € Ch(X; x X3), one has

(1) Sxixx;(Boa) = (Sx,xx;(B) - c(~=Tx,)) 0 Sx,xx,();
(i) Sxyxxs(B o) = Sx,xx;(8) 0 (Sxyxxy (@) - e(=Tx,)),
where T, 1is the tangent bundle of Xy and c is the total Chern class.
Proof. For any i, j € {1,2,3} such that i < j, let us write p;; for the projection
X1 X Xo x Xg — X; x X
We recall that the composition rule of correspondences (described in Appendix C) is

Boa=ps, (p2*(a)- ps"(8)).
Therefore, by Proposition 11.3.2 applied to pi3, we get

SXIXXS(B © a) = P13« (SX1><X2><X3 (p12*(a) ']723*(5)) 'p12* ([Xl] X C<_TX2>>> s

and since S commutes with products and pull-backs, we get
SX1><X3 (ﬁ © a) = P13« <pl2>|< (SX1><X2 (Oé)) 'p23* (SX2><X3 (5)) ’ ([Xl] X C(_TX2) X [X3])) )

this gives, on the one hand

SX1 X X3 (ﬁ o a) = D13« (plZ* (SXl X X2 (Oz)) * pa3” (SXQXXB (6) ) C(_TX2))) )
thus (i) is proved, and on the other hand, this gives

Sxixxs (B0 @) = piz, (Pr2" (Sx,xx2 () - e(—TX,)) - p23™ (Sxuxx3(8)))
thus (ii) is proved. O



CHAPTER II. BASIC MATERIAL 12

II.4 Grothendieck rings

Definitions and properties

All facts provided here can be found in [11, §15].

Let X be a smooth scheme. The Grothendieck group K(X) of X is the abelian group
given by generators, the isomorphism classes [E] of vector bundles E over X, modulo the
relation

[E] = [E'] + [E"]

whenever one has an exact sequence
0—-F —-FE—FE —0

of vector bundles over X.

The tensor product on vector bundles over X induces a ring structure on K (X) given by
[E] - [E'] = [F ® E'] for any vector bundles F and E’ over X.

For any morphism of smooth schemes f : X — Y there is an induced pull-back homo-

morphism
o K(Y)— K(X)

taking [E] to [f*E]. For example, if X is a smooth scheme over a field F' then for any
extension L/F one can consider the associated change of field homomorphism K (X) —
K(Xp). Hence, K is a contravariant functor from the category of smooth schemes to the
category of commutative rings.

If f is a proper morphism, there exists also an induced push-forward homomorphism

f.  K(X) = K(Y).

If X is irreducible, there is a ring epimorphism
tk: K(X) = Z

taking the class of a vector bundle over X to its rank. This epimorphism is called the rank
homomorphism and has kernel the term 71(X) of the topological filtration on K (X) defined
in the next subsection.

Note that since X is smooth, one can define the Grothendieck ring K (X) in exactly the
same way but using coherent sheaves F on X instead of vector bundles F over X.

Filtrations on the Grothendieck ring

In this subsection, we introduce two particular filtrations on the Grothendieck ring K (X)) of
a smooth variety X over a field F. Material presented here can be found in [22, §2].

On the one hand, the term of codimension i of the topological filtration on K(X) is given
by
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7(X) = {[0Oz]| Z < X and codim(Z) > 1),
where [Oy] is the class in K(X) of the structure sheaf of a closed subvariety Z of X.

On the other hand, the term of codimension ¢ of the v-filtration on K(X) is given by
V(X)) = (B (ar1) ek (am)|ni+-+np, >ianday,. .., a4, € K(X)),
where the endomorphism ¢ is the n-th Chern class with values in K.
As in the case of Chern classes with values in CH, Chern classes with values in K commute
with push-forwards (see Appendix B), i.e for any morphism f : X — Y of smooth varieties
over I and any a € K(Y), one has the identity ¢ (f*(a)) = f*(cX(a)) in K(X).

For any i, one has 7*(X) C 7(X) and one even has 7/ (X) = 7¢(X) for i < 2. We write
A/ (X)) and 7/ (X) for the respective quotients.

We denote by pr the canonical surjection
CH'(X) — 7/"(X)
(2] — (0]
By the Riemann-Roch Theorem without denominators the i-th Chern class induces an ho-

momorphism in the opposite way ¢; : 7/71(X) — CH'(X) such that the composition ¢; o pr
is the multiplication by (—1)""!(i — 1)! (see [11, Example 15.3.6]).

Furthermore, for any smooth F-variety X, Chern classes with different values are con-
nected by the following commutative diagram of maps

K(X)—" CHI(X) (11.4.1)
,yi/i+1 (X) - Ti/z’+1(X>

(see [22, Lemma 2.16]).

Remark II.4.2. Note that for any prime p, one can also consider the vy-filtration ~, and
the topological filtration 7, on the ring K (X)/pK(X) by replacing K(X) by K(X)/pK(X)
in the previous definitions. In particular, one get that for any 0 < ¢ < p, the map pr; :

Ch'(X) - Té/iH(X), where Ch is the Chow group modulo p, is an isomorphism.

Brown-Gersten-Quillen spectral sequence

For any smooth variety X and any ¢ > 1, the epimorphism pri' coincides with the edge
homomorphism of the spectral Brown-Gersten-Quillen structure E5 " (X) = K (X) (see [41,
§7]), that is to say

pri s CHY(X) ~ EVH(X) = - — Ef;fli(X) — P X),
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In particular, for any prime p, the map prﬁ“ is the compostion of the surjections

Ep+l—p-1 (X)
P EPRLTP(X dp) » ——-—>
¢ By (X) (mod p) Tm(0,)

for r from 2 to p + 1, where ¢, is the differential starting at EP~"+1=Ptr=2( X)),

Moreover, by the result [31, Theorem 3.4] of A. Merkurjev on Adam’s operations, every
prime divisor [ of the order of 9, is such that [—1 divides r—1. Therefore, for any » < p—1, the
differential ¢, is of prime to p order and this implies that ¢, is an isomorphism. Consequently,
for any smooth variety X and any prime p, one has

(mod p),

Ch"* (X)) ~ EFT7P71(X) (mod p). (11.4.3)
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Chapter 111

Quadrics

In this chapter, we prove some results comparing rationality of algebraic cycles over the
function field of a smooth projective quadric and over the base field. First, we deal Chow
groups modulo 2 and then with integral Chow groups. Our work is largely inspired by the
work of A.Vishik on this topic. We recall that the word scheme means a separated scheme
of finite type over a field and a wariety is an integral scheme.

Remark IT1.0.1. The case of affine norm quadrics can be treated as follows. Let U be a
non-degenerate anisotropic affine norm quadric given by the equation 7 = ¢ for 7 a Pfister
form over a field F' and ¢ € F*. By a result of M. Rost, one has CH(U) = 0 for any i > 0,
where CH is the integral Chow group (see [21, Theorem A.4| for a proof). M. Rost used this
in [44] in the proof of the Rost Nilpotence Theorem for Chow motives of smooth projective
quadrics. Combining this with Proposition [1.2.5, one get that for any equidimensional
F-variety Y, the change of field homomorphism

CH(Y) — CH(Yi)).

is surjective in codimension < dim(U). It is also surjective in codimension dim(U) for a
given Y provided that for each generic point ¢ of Y, the variety U remains anisotropic over

F(Q)-

Remark III.0.2. Let ), be an r-fold Pfister quadric over a field F' of characteristic # 2.
The combination of [27, Theorem 8.1] with the motivic decomposition result [44, Proposition
19] and Proposition 11.2.5 gives that for any equidimensional F-variety Y the change of field
homomorphism

CH(Y) — CH(Yr(q,))

is surjective in codimension < dim(Q,)/2 = 2"~! — 1. Note that the proof of [27, Theorem
8.1] uses the computation of Chow groups of affine quadrics mentionned in the previous
remark. One also has the equivalent result for the norm quadric associated with 7L (—c).



CHAPTER III. QUADRICS 16

II1.1 Decomposition on Chow groups of projective
quadrics

The main purpose of this section is to introduce the notion of coordinates for a cycle x €
CH(Q x Y), where @) is a smooth projective quadric over F' and Y is a smooth F-variety.
This notion will be useful during the proofs of the results of this chapter.

Let ) be a smooth projective quadric over F' of dimension n given by a quadratic form
¢ (see [7, §22]), and let us set io(Q) := io(v), where iy(yp) is the Witt index of ¢, i.e the
dimension of a maximal totally isotropic subspace of the form .

For i = 0,...,n, let us denote as h* € CH*(Q) the ith power of the hyperplane section
class (note that for any 7, the cycle h' is defined over the base field). For i < iy(Q), let us
denote as [; € CH;(Q) the class of an i-dimensional totally isotropic subspace of P(V'), where

V' is the underlying vector space of ¢. For i < |n/2|, we still write [; € CH;(Q) for the class

of an i-dimensional totally isotropic subspace of P(V), (if i < i0(Q), the cycle [; € CH;(Q) is

the image of [; € CH;(Q) under the change of field homomorphism CH(Q) — CH(Q)). Let

us notice that for i < [n/2], the cycle [; (in CH;(Q) or in CH;(Q) if i < ix(Q)) is canonical
by [7, Proposition 68.2] (in case of even n, there are two classes of n/2-dimensional totally
isotropic subspaces and we fix one of the two).

Moreover, we recall that the total Chow group CH(Q) is free with basis {h’, ;]i € [0, [2]]}
and that the following multiplication rule holds in the ring CH(Q):

h-l;=1;_, for any i € [1, [g]]

(see [7, Proposition 68.1]). Finally, we recall also that

h' = 2l,_; for any i > [g]

Let z be an element of CH"(Q x Y). We write pr for the projection @ x Y — Y. For
every i = 0,...,i9(Q) — 1, we have the following homomorphisms

CH(Q xY) — CH YY)
r — pr(l;-x)=12""
and .
CH'(Q xY) —s CH'"(Y)
r — pro(htx) =13

Definition IIL.1.1. The cycle z' € CH /(Y is called the coordinate of x on h' while
x; € CH ™" ™(Y) is called the coordinate of x on ;.

Note that if r < n/2, for any i = 0, ...,i0(Q) — 1, one has x; = 0 by dimensional reasons.
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Remark ITI.1.2. For any nonnegative integer k < io(Q), let us set z(k) := x—ZfZO h' x x'—
Zf:o l; x ;. Note that for any ¢« = 0,...,k, the coordinate of z(k) on h' (as well as its
coordinate on ;) is 0. The writing

k k
{L‘:ZE(]{?)—f—Zhi Xxi+2li X T
i=0 i=0

is called a decomposition of x.
Assume now that r < ig(Q) and r < k. Then, by [7, Theorem 66.2], one can write

x(k) = i R' x w'
i=0

with some w’ € CH"/(Y). Since, for any i = 0,...,7, the cycle w' coincides with the
coordinate x(k)* of x(k) on h', we get that z(k) = 0.

Recall that one says that the quadric Q is completely split if io(Q) is maximal, i.e ip(Q) =
|n/2] 41 (this terminology is consistent with the fact that for such a quadric the semisimple
group SO(Q) is split, see [29, §25]).

Remark IT1.1.3. Assume that Y = @, r = n, and that £ < |n/2]| (what is the case if the
quadric @ is not completely split). Let z be an element of CH"(Q x Q). Since, fori =0, ..., k,
the group CH" (@) is free with basis {l;} (because i < [n/2]), one can uniquely write

k k
=0 =0

with some b; € Z.

Note that everything in this section holds for Chow groups Ch modulo 2 in place of the
integral Chow groups CH.

I1I.2 Rationality on Chow groups modulo 2 - Main
result

In this section, we deal with Question [.0.1 in the context of smooth projective quadrics and
for Ch is the Chow group modulo 2.
Let Y be a smooth variety over a field F of characteristic different from 2. We recall that
for any 7 > 0, the map
S7 . Ch*(Y) — Ch*™(Y)
denotes the j-th Steenrod operation on Y of cohomological type (see Section 11.3).

The complete version of the Main Tool Lemma by A. Vishik is the following (see [49,
Theorem 3.1(1)]).
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Theorem II1.2.1 (Vishik). Let Y be a smooth quasi-projective variety over a field F of
characteristic 0 and let ) be a smooth projective quadric. Then for any F(Q)-rational
element y € Ch™(Y'), with m < dim(Q)/2 + j, the element S?(y) is rational.

This can be visualized with the following commutative diagram.

Ch™H (V) <<— Ch"™(Y) —= Ch™ (Yir(g))

| | |

Ch™*(Y) ~—Ch" (V) Ch™ (Y

This technical result plays the crucial role in the construction by A. Vishik of fields with
u-invariant 2" + 1, for » > 3 (in fact, he used the contrapositive statement to show that
certain irrational cycles are F'(Q))-irrational, see [48, Theorem 5.1]).

A. Vishik’s proof of the Main Tool Lemma uses symmetric operations in the algebraic
cobordism theory constructed in [52], which requires to work with fields of characteristic 0
since it relies on resolution of singularities.

However, N. Karpenko introduced a method in [23] which works in any characteristic
different from 2 because it only uses Steenrod operations on Chow groups modulo 2 and
no symmetric operations in the algebraic cobordism theory (Chow theory does not rely on
resolution of singularities). Namely, N. Karpenko proved the case j = 0 of the following
theorem and we generalized his method to get a statement similar to Theorem [11.2.1 (see
[8, Theorem 1.1]).

Theorem II1.2.2. Let Y be a smooth variety over a field F' of characteristic different from 2
and let Q be a smooth projective quadric. Then for any F(Q)-rational element 5 € Ch™(Y),
with m < dim(Q)/2 + j, the element S7(y) is is the sum of a rational element and the class
modulo 2 of an integral element of exponent 2.

The version of A. Vishik remains stronger in the sense that his use of symmetric operations
in the algebraic cobordism theory allowed him to get rid of the exponent 2 element appearing
in our conclusion.

Nevertheless, since the proof of [48, Theorem 5.1] only deals with torsion-free Chow
groups, our versions with exponent 2 element can also be used here.

Moreover, the only use of the Steenrod operations allows one to get rid of the assumption
of quasi-projectivity for Y (A. Vishik needed that assumption because the algebraic cobor-
dism theory is defined on the category of smooth quasi-projective schemes over a field of
characteristc 0, see [30]).

Note that in the case j = 0, A.Vishik provided an example [49, Statement 3.7] prov-
ing that, without further assumptions on ¢ and Y, the bound dim(Q)/2 in the previous
statements is sharp.
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If one imposes Y to be complete and dim(Y) < dim(Q)—i1(Q) then there is the interesting
result [34, Theorem 3.1] of N. Karpenko and A.Merkurjev stating that any closed point of
Yr(g) of odd degree actually exists over the base field F'.

Most of material needed for the proof of Theorem II1.2.2 below is taken from the book
[7] by R. Elman, N. Karpenko and A. Merkurjev. In the next section, we prove some other
technical results around rationality of algebraic cycles using the same methods (Proposition
[11.3.1 and Theorem I11.3.6). Those results are weaker versions of some proved by A. Vishik
in [49] (Proposition 3.3(2) and Theorem 3.1(2)) over fields of characteristic 0.

Proof of Theorem I111.2.2

We use material and notation introduced in Section I1I.1 and we denote by n the dimension
of the quadric Q.

We assume that 0 < j < m (otherwise we get S7(7) = 0, see Theorem 11.3.3). Let
7 be an F(Q)-rational element of Ch™(Y). Since the quadric @ is isotropic over F, the
homomorphism CH(Y) — CH(YF(g)) is surjective and is consequently an isomorphism (see
Chapter I). The element 7 € Ch™(Y) being F(Q)-rational, there exists y € Ch™(Yr(q))

mapped to 7 under the homomorphism
Ch™(Yr()) = Ch™(Y(g)) = Ch™(Y).

Let us fix an element z € Ch™(Q) x Y') mapped to y under the surjection (see Proposition
11.2.4)

Since _over_F the quadric ) becomes completely split, by Remark [I1.1.2, the image = €
Ch™(Q x Y) of = decomposes as

T=h0 x a4+ nlel x 23] 4 l[%] X Tpny 40+ l[%]_j X Z[zn]—; (I11.2.3)
where 2* € Ch™ *(Y) is the coordinate of T on h’ and 2; € Ch"™ "™ (Y) is the coordinate of
T on [; (see Definition I11.1.1). Note that, by [49, Lemma 3.2], one has

xozg.

For every i = 0, ...,m, let ' be the image in CH™"(Q xY") of an element in CH™ " (Q xY)

representing S(x) € Ch"(Q x V). We also set s' := 0 for i > m.

The integer n can be uniquely written in the form n = 2! — 1 + s, where ¢ is a non-
negative integer and 0 < s < 2'. Let us denote 2/ — 1 as d. Since d < n, we can fix a smooth
subquadric P of ) of dimension d; we write in for the imbedding

(P—=>Q)Xxidy : PXY —QxY.
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Lemma I11.2.4. For any integer r, one has

STprintr = Zpr*(c,»(—Tp) -in*S"(z))  in Ch”m_d(Y),

1=0

where Tp is the tangent bundle of P, c¢; are the Chern classes, and pr is the projection
PxY =Y.

Proof. Since pr : P xY — Y is a smooth projective morphism between smooth schemes, for

any integer r one has,
T

ST opr, = Zpr*(cz-(—Tp,«) -8
=0
by Proposition I1.3.2, where T}, is the relative tangent bundle of pr over P x Y (so here
T, = Tp). Finally, since in : P XY < @ x Y is a morphism between smooth schemes, the
Steenrod operations of cohomological type commute with in* (see Theorem I1.3.1) and we
are done. O]

We apply Lemma I11.2.4 taking r = d + j. Since pryin*z € Ch™ (V) and m —d < d+ j
(indeed, m —d < n/2 + j — d by assumption, and n/2 < 2d thanks to our choice of d), we
have S pr.in*z = 0.

Hence, we have by Lemma [11.2.4,

d+j
> pri(ed=Tp) - in*S* 7 (x)) =0 in Ch™H(Y).

=0

In addition, for any i = 0,...,d, by [7, Lemma 78.1] we have ¢;(—Tp) = (dﬂ“) - ht,

7

where h' € Chi(P) is the 7th power of the hyperplane section class, and where the binomial
coefficient is considered modulo 2. Furthermore, for any i = 0, ..., d, the binomial coefficient
(d+z+1) is odd (because d is a power of 2 minus 1, see [7, Lemma 78.6]). Note also that for
i > d, we have ¢;(—Tp) = 0 since P is of dimension d. Thus, we get

d
Zpr*(hi Cin*STTH()) =0 in Ch™H(Y).
i=0
Therefore, the element
d
Zpr*(hi -in*sIT) € CH™H(Y)
i=0

is twice a rational element.

Furthermore, for any ¢ = 0, ..., d, we have

pri(h - in* s = pr, (in, (R - in*sT )
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(the first pr is the projection P x Y — Y while the second pr is the projection Q@ x Y — Y).
Since in is a proper morphism between smooth schemes, we have by the projection formula
(see Proposition 11.2.2),

Zn*(hl X in*sd-‘rj—i) — Zn*(hz) X Sd-l—j—i — hn—d-‘ri . Sd-i-j—i

and we finally get

* d+j—i

pro(h" - in*s ) = pr,(h"4F

. Sd+jfi).

Hence, we get that the element

d
Zpr*<hnfd+i . Sd+j*’i) e CH™ (?)

i=0
is twice a rational element.

We would like to compute the sum obtained modulo 4. Since s~ =0if d+j —i > m,
the ith summand is 0 for any i < d+ j —m ((j — m) < 0 by assumption). Otherwise — if
i > d+j—m — the factor h"~%* is divisible by 2 (indeed, we have h"~4*¢ = 2], _; because
n—d+1i>n-+j—m >n/2) and in order to compute the ith summand modulo 4 it suffices
to compute s¥7~" modulo 2, that is, to compute S4~i(7).

According to the decomposition (I11.2.3), we have

3] j
SHITHT) = ST RE x k) 4+ ST 1y X ).
k=0 k=0

And we set

(3] J
Ai = Sd+j_i(hk X :L‘k) and Bi = st—i_j_i(l[%]_k X J][%]_k).
k=0 k=0

NIE]

For any k =0, ..., [5], we have by Theorem I1.3.4,

dtj—i
Sd—i—j—i(hk « [Bk) _ Z Sd+j—i—l<hk) « Sl(l’k)

=0

Moreover, for any | =0, ...,d + j — i, we have by [7, Corollary 78.5],

Sd-i—j—i—l(hk) — (d +j li . l) hd-&-j-l—k—i—l.
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Thus, choosing an integral representative ¢;,; € CH™ **(Y") of S!(2*) (we choose &, = 0
if | > m — k), we get that the element

(5] d+j—i

Z Z (d = li . l) (hd+j+k—i—l > Ek,l) e CHm-l—d-&-j—i(@ « 7)

k=0 1=0
is an integral representative of A;.
Therefore, for any i > d+ j —m, choosing an integral representative B; of B;, there exists

v € CH™ M =4(Q x Y) such that

5] d+j—i

. k ) ) -
gdti—i — Z Z (d+] L l> <hd+j+k—l—l « 5k,l) + B; + 2.

k=0 [=0

Hence, according to the multiplication rules in the ring CH(Q) described in Section III.1,
for any 7 > d + j — m, we have

4 k o
i R By Al -
O(d_i_j_i_l)(l]kxgk,l)“‘ + dlg—; -y

NE

] d+j

hnfdJrz . Sd+]fz —9

[
k=0 1=

Ifk<d—i, onehas j+k < d+j—1i, and for any 0 < [ < d + j — i, we have by
dimensional reasons,

. €kl ifl = j + k
Prallijk X exi) = { 0 otherwise.
Otherwise k > d — 4, and pr.(lj_j—; X €x;) = 0 for any 0 < < d + j —i. Moreover, for
k>d—i,onehas j+k>j+d—1i>m>m—k, therefore g ;1 = 0.
Thus we deduce the identity
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In the latest expression, for every k =0, ..., [%], the total coefficient at e, j1 is

d—k k k k
— _ _ ok+1
i=d+j—m i=d—2k s=0

which is divisible by 4 for £ > 1.
Therefore, the cycle S0, . i Pra(h T 57 € CH™ (YY) is congruent modulo 4 to

d
2507]‘ + Z pr*(hn_d” . BZ)

i=d+j—m

Thus, the cycle 2¢;+ 30, jem pro(R"~9. B;) is congruent modulo 4 to twice a rational
element.

Finally, the following lemma will lead to the conclusion.

Lemma II1.2.5. For any d+ j —m < i < d, one can choose an integral representative B;
of B; so that o
pro (k" B;) = 0.

Proof. We recall that B; : Z] Sdti=i(] 2]k X T[2]_x). For any k=0, ..., 7, we have

d+j—i
ST Uy X wpzop) = > ST U)X SH(zpm—).

1=0
And for any [ = 0,...,d + j — i, we have by [7, Corollary 78.5],

j—i— n+1—[3]+k
e l(l[%]fk) = ( d+j _[i 1 )l[g]kdj+i+l-

Thus, choosing an integral representative 0y, € CH™ *(Y) of S!(x z(n1-1) (we choose
Opy = 0if I > m +[5] — k —n), we get that the element

Jjod+j—i

n+1—1[5]+k R T pa—

(ln k—d—j+i+lX5k,l>€CH +d+ (QXY)
d+ —Z—l 5]

k=0 1=0 ']

is an integral representative of B;. Let us denote it B;.

Hence, we have

Jodt+j—i
dai T n+1—|2+k
h d+i | B, = Z Z ( y +] _[j]_ l )(l[;]—k—n—j-i-l X 6k,l)~
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Moreover, we have

: n
pro(li)k—n—jp1 X 0p)) 0= 1=j+k+n— [5]

Furthermore, for any 0 < k < j, we have d+j—i <m < j+§ < j+n—[5] < j+k+n—[3].
Thus, for any 0 <[ < d+ j —i and for any 0 < k < j, we have pr*(l[%}_k_n_jﬂ X dg) = 0.
It follows that pr,(h" % . B;) = 0 and we are done. O

We deduce from Lemma I11.2.5 that the cycle 2¢,; € CH™™/(Y) is congruent modulo 4
to twice a rational cycle. Therefore, there exist a cycle v € CH™(Y) and a rational cycle
o € CH™(Y) so that

2e0; = 200 + 4y,

hence, there exists an exponent 2 element 6§ € CH™(Y)) so that

807]‘:OZ+2’7+(5.

Finally, since g is an integral representative of S7(2%) and z° = 7, we get that S7(7) is
the sum of a rational element and the class modulo 2 of an integral element of exponent 2.
We are done with the proof of Theorem I11.2.2.

I1I.3 Rationality on Chow groups modulo 2 - Other
results

In this section, we continue to use notation introduced in the previous section and we prove
some results which deal with the limit case of Theorem I11.2.2. Those results have already
been proved by A. Vishik over fields of characteristic 0 (see [49, Proposition 3.3(2) and
Theorem 3.1(2)] respectively).

Proposition III.3.1. Assume that m = [*] + j. Let x € Ch™(Q x Y) be some element,
and let ', x; be the coordinates of T (as in decomposition (111.2.3)). Then the element

S (ZEO) +2°- Tz
differs from a rational element by the class of an exponent 2 element of CH™(Y).

Proof. The image T € Ch™(Q x Y) of  decomposes as in (I11.2.3). Let x € CH™(Q x Y)
be an integral representative of z. The image X € CH™(Q X Y') decomposes as

%= h0x x4+ RO gy kg 4 gy X X

where the elements x* € CH'(Y) (resp. x; € CH™ "t (Y))) are some integral representatives
of the elements z° (resp. z;) appearing in (I11.2.3).
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For every i = 0,...,m—1, let s* be the image in CH™""(Q xY") of an element in CH™"(Q x
Y') representing S*(z) € Ch"™™(Q xY). We also set s := 0 for i > m. Finally, we set s := X
and s™ := (s°)° (because S™(x) = 22, see Theorem 11.3.3). Therefore, for any nonnegative
integer 7, s' is the image in CH™™(Q x Y') of an integral representative of S*(x).

The integer n can be uniquely written in the form n = 2! —1+s, where t is a non-negative
integer and 0 < s < 2'. Let us denote 2 — 1 as d.

We would like to use again Lemma [11.2.4 to get that the sum

d
D pro(hvH T € CHMH(Y) (I11.3.2)
i=d+j—m

is twice a rational element. To do this, it suffices to check that m —d < d + 5. Then the
same reasoning as the one used during the proof of Theorem I11.2.2 gives us the desired
result. We have m —d = [*] + j —d = d + j + ([%}] — 2d), and since our choice of d and
the assumption n > 0, one can easily check that 2d > [%!]. Thus we do get that the sum
(I11.3.2) is twice a rational element. We would like to compute that sum modulo 4.

For any i > d + j —m, the factor s+~ present in the ith summand is congruent modulo
2 to S49~i(%), which is represented by A; + B;, where

[%} d+j—i L
/L : Z ( )(hd+]+k i— l><5kl)
— = d+j5—i—1
and o
i”’<n+1- ]+k:)(l )
[2]—k—d—j+i+l X Ok,
i N At ’

k=
where &,; € CH™ (Y (resp. 6, € CH™ *(Y)) is an integral representative of S'(z¥)
(resp. of S'(x(z)_¢)), and we choose ey = 0if | > m —Fk (resp. 0y = 0if | > m+[5]—k—n).
Finally, in the case of even m — j , we choose Em—j m+j = (X?)Q.

Furthermore, for any ¢ > d + 7 — m, we have

j d+j—i —|—/€
h— d+i B Z Z ( d+] iy )(l[’;]—k—n—j—i-l X (SkJ).

k=0 [=0

And we have
. n
pro(lin)kn—jri X 0p)) #0=1l=j+k+n— [5].

On the one hand, for any i > d+j—m, we have d+j—i <m = n—[5]+j < j+k+n—[3].
Hence, for any 0 <1 < d+j —i and for any 0 <k < j, we have pr.(l[2]p—n—j1 X 0x1) = 0

Then, for any i > d + j — m, we get that pr,(h"~* . B;) = 0.
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On the other hand, for i = d + j —m, we have d+ j —i = j + n — [n/2] and
l:j+k+n—[g]<:>k:() and [ =d+j—i.
Thus, we have . B
pr (thrjim : Bd+jfm> = 6O,m-
Since m > m + [n/2] — n, one has dg,, = 0.

Therefore, for any ¢ > d + j — m, we have

pry (A BZ) = 0.

Then, for any ¢ > d + j — m, the cycle R4+t is divisible by 2. Hence, according to
the multiplication rules in the ring CH(Q) described in Section III.1 and by doing the same
computations as those done during the proof of Theorem [11.2.2, for any ¢ > d 4+ 7 — m, we

get the congruence

hn—d—l—i . Sd+j—i)

k
2 (d - k) €k j+k (mod 4).

pra( _
k=0

Moreover, since d — ¢ — k < k if and only if k < [%}, for any ¢ > d + j — m, we have the
congruence

(5]

pT*(hn_d—H . sd-l-J—Z) =9 Z (d i k) Ekjtk (mod 4). (11133)

k=0
Now, we would like to study the (d 4+ j — m)th summand, that is to say the cycle
pro(h" =™ . s™) modulo 4. That is the purpose of the following lemma.

Lemma II1.3.4. One has

26m—y mes +2x°-xqn) (mod 4) if m — jis even
2 0 2
2x% - xqn) (mod 4) if m—jisodd.

pro (R 5™ = {
Proof. We recall that s™ = (X)?. Thus, we have
P g™ = T (A4 B+ O)
where

A= Z R (xt-xh),

0<4,1<[2]

B = ) (g lg-0) X (xqg)-i - Xq31-0)

0<i,I<j
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and
(5] j

C:=2 Z hi X Xi . Z l[%]_l X X[%]_l.
=0

i=0
First of all, we have

thrjfm A= Z hn+jfm+i+l > (Xi . Xl).

0<iI<[2]

Now we have m = ["TH]+j, son+j—m+i+Il=[5]+i+1 Thus, ifi >1orl>1, we
have n + j —m 44+ 1 > [2], and in this case we have p"H "4+ =21, . Therefore,
the cycle h"~™ . A is equal to

(5]
R (%) + 4 Z bn—ij % (x - x!) + QZlmei x (x')?.
1<i,1<[2] =1
il

n
2

Then, since n > 1, we have n + j — m # n. It follows that pr,(h"™~™ x (x°)?) = 0.
Furthermore, we have

(5

] i ‘
o 2y _ (x 2 )2 if m—jiseven
pr*(izllm_j_% X (<)) = { 0 if m — 7 is odd.

Therefore, pr,(h™7=™ . A) is congruent modulo 4 to 2€mTfj et if m — j is even, and to 0 if

m — 7 is odd.
Then, by dimensional reasons, we have l[%]*i . l[%],l =0if7>1orif [ > 1. Hence, we
have B = (Ifn) - [jn)) % (xqz7)?. Tt follows that

prti—-m . B — (lo . l{g}) X (X[%])2

and Iy - [[z) = 0 by dimensional reasons. Therefore, we get that prti=m . B = 0.

Finally, we have

(5] J
pvHITm L O = 22 pHITmA k. Zl[g}_l X X[2]-1.
=0 =0

Now for any ¢ > 1, we have n + j —m + ¢ > [%], and in this case the cycle A"+ is

divisible by 2. Thus, the element A"™/~™ . (' is congruent modulo 4 to

J
QZ(h[E] . l[g]—z) x (% - X[g]—l)7
1=0
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and, by dimensional reasons, in the latest sum, each summand is 0 except the one corre-
sponding to [ = 0. Therefore, the cycle h"* =™ . (' is congruent modulo 4 to 2l x (x - x[%}).
It follows that pr.(h"*~™ . () is congruent modulo 4 to 2x° - x[z]. We are done. O]

By the congruence (I11.3.3) and Lemma I11.3.4, we deduce that the cycle

d

n—d+i d4j—i

E pri(h SRR
i=d+j—m

is congruent modulo 4 to

a7 i
p3 (d - k:)g’“‘*’“ + 26 xqg)

It follows that the cycle

- k
> Z(d—i—k)g’“j““”xo'x[z}

i=d+j—m k=0

is congruent modulo 4 to twice a rational element o € CH™/(Y’). Then, we finish as in the
proof of Theorem II1.2.2. For every k = 0, ..., [(m — j)/2|, the total coeficient at ey ;1 is
2k+1 which is divisible by 4 for k > 1. Therefore, there exists a cycle v € CH™"(Y) such
that

2e0,; +2x° - Xz2) = 20 + 4,

hence, there exists an exponent 2 element 6 € CH™/(Y)) so that

g0+ X' Xz =a+2y+4.

Finally, since ¢ ; is an integral representative of S7(2°) and x° (resp. x[n) is an integral

0

representative of z° (resp. of x(n)), we get that S7(2°) + 2w differs from a rational

element by the class of an exponent 2 element of CH™%/(Y’). We are done with the proof of
Proposition I11.3.1. O

Remark III.3.5. In the case of j = 0, and if we make the extra assumption that the image
of  under the composition

Ch™(Q x V) = Ch™(Qr(y)) = Ch™(Qp(y) — Ch™(Q)

(the last passage is given by the inverse of the change of field isomorphism) is rational, then
we get the stronger result that the cycle 2° differs from a rational element by the class of an

exponent 2 element of CH™(Y"). That is the subject of [23, Proposition 4.1].
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Finally, the following theorem is a consequence of Proposition I11.3.1.

Theorem II1.3.6. Assume that m = [”TH] +J. Let g be an F(Q)-rational element of
Ch™(Y). Then there exists a rational element z € Ch?(Y) such that S7(g) +7 - z is the sum
of a rational element and the class modulo 2 of an integral element of exponent 2.

Proof. The element § being F(Q)-rational, there exists x € Ch™(Q x Y') mapped to ¥z
under the composition

Ch™(Q x V) = Ch™ (Vi) — Ch™(Yeo))-

Moreover, the image 7 € Ch"(Q x Y) of 2 decomposes as in (I11.2.3). Thus, by Propo-
sition I11.3.1, the cycle S7(y) + 7 - x2) is the sum of a rational element and the class of an
element of exponent 2.

Finally, we have by Proposition [1.1.7,
(pr)s(z - W3 = pro(@ - h3)) = 22 € CW/(Y)

and we are done. O
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II1.4 Rationality on integral Chow groups - Main
version

In this section we continue to use notation introduced in the previous sections and we deal
with Question [.0.1 still in the context of smooth projective quadrics but for integral Chow
groups CH.

In the aftermath of the Main Tool Lemma, A. Vishik adressed similar questions for inte-
gral Chow groups CH instead of Chow groups modulo 2. Namely, he proved the following
integral version of the Main Tool Lemma (see [51, Theorem 3.1]).

Theorem II1.4.1 (Vishik). Let Y be a smooth quasi-projective variety over a field F of
characteristic 0 and let QQ be a smooth projective quadric with i1(Q) > 1. Then any F(Q)-

rational element y € CH™(Y) , with m < dim(Q)/2, is rational.

In the above statement, the assumption that the first Witt index i;(Q) of @ is strictly
greater than 1 means that @) has a projective line defined over the generic point of @) (such
quadrics are quite widespread).

Once again, the use of symmetric operations in the algebraic cobordism theory forced
A. Vishik to work with a smooth quasi-projective variety Y over a field of characteristic 0.

However, we proved a similar result using only Chow theory itself, which allows one to
get a valid statement in any characteristic different from 2 (since Chow theory does not rely
on resolution of singularities) and to get rid of the assumption of quasi-projectivity for YV
(see [9, Theorem 3.1]).

Theorem I11.4.2. Let Y be a smooth variety over a field F' of characteristic different from
2 and let @ be a smooth projective quadric with i,(Q) > 1. Then any F/(Q)-rational element
y € CH™(Y) , with m < dim(Q)/2, is the sum of a rational and an exponent 2 element.

Once again, the version of A. Vishik remains stronger in the sense that his use of sym-
metric operations in the algebraic cobordism theory allowed him to get rid of the exponent
2 element appearing in our conclusion.

The main idea of the proof of Theorem I11.4.2 (inspired by the proof of Theorem I11.4.1) is
as follows. First of all, we consider the F(Q)-rational element 7 € CH™(Y") as the coordinate
on hY of a rational cycles T € C_Hm(Q x Y'), and we use T mod 2, the 1-primordial cycle in
Ch(Q x Q) and the Steenrod operations on Chow groups modulo 2 to form “special cycles”.
Then we choose carefully some integral representatives of these special cycles and we obtain
7 as a specific linear combination of rational cycles (modulo 2-torsion). Most of material

needed for the proof can be found Chapter XIIT and Chapter XV of the book [7].

Remark II1.4.3. Let @) be a smooth projective quadric over F' of positive dimension (in
that case, @ is geometrically integral) given by a quadratic form . Since for isotropic @,
any F'(Q))-rational element (in any codimension) is rational, one can make the assumption
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that the quadric () is anisotropic in order to prove Theorem II1.4.2. In particular, () is not
completely split and one can consider the first Witt index i1 () of ¢, which we simply denote
as %1.

Proof of Theorem I111.4.2

We denote by n the dimension of Q).

The statement being trivial for negative m, we may assume that m > 0 in the proof. Let
7 be an F(Q)-rational element of CH™(Y). Since over F' the quadric ) becomes completely
split and m < n/2, one can fix an element x € CH™(Q X Y'), as in the beginning of the proof
of Theorem I11.2.2, such that the image 7 € CH™(Q x Y) of 2 decomposes as

T=Y hxa (I11.4.4)
i=0
where 2 € CH™ *(Y) is the coordinate of T on h' and z° = 7 (see Remark I11.1.2 with
r=k=m).

Let m € Ch,ys,_1(Q?) be the 1-primordial cycle (see [7, Definition 73.16] and paragraph
right after [7, Theorem 73.26]). Since i; > 1, by [7, Proposition 83.2], we get that the cycle
(h° x h'=1) . 1 € Ch,(Q?) decomposes as

(B x W) o = "y (% X Iy) + Y epllopiy—1 x BT, (111.4.5)
p=0 p=0

where g, € {0,1}, eo = 1, and r = =2+ | with d = |%]. Thus, one can choose a rational

integral representative 7 € CH,(Q?) of (h® x h»~1) - 7 such that 7 decomposes as

L3] L3]
F=> ai(h' x L)+ Y Bili x h') +6(I 2y x I2)), (I11.4.6)

=0 i=0

[SIE]

with some integers «;, 8; and J, where «; is even for all odd ¢ and «q is odd.
The element 7 being rational, there exists v € CH,(Q?) mapped to ¥ under the change

of field homomorphism CH,(Q?%) — CHn(@2). The cycles v and 7 are considered here as
correspondences of degree 0 (correspondences are defined in Appendix C).

Lemma IIL.4.7. For any i = 0,...,m, one can choose a rational integral representative
st e CH™™(Q x Y) of S*((T mod 2) o (§ mod 2)) such that

(i) for any 0 < j < m, 25" is rational , where 59 € CH™ " /(Y) is the coordinate of s'
on h;

(i) for any odd 0 < j < m, s" is rational.
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Proof. First of all, since m <1L/2,_for any j = 0,...,m, one has h"7 = 2[;. Therefore,
for any rational cycle s € CH(Q) x Y'), the element 2pr,(l; - s) (where pr is the projection
Q xY —Y) is rational and (i) is proved.

Assume now that j is odd. By Proposition 11.3.6(i), for any i = 0, ..., m, one has

m m

S*((Z mod 2) o (¥ mod 2)) = Z (S'(T mod 2) - ¢;_x_+(—Tp)) o S¥( mod 2). (111.4.8)

k=0 t=0

For every k = 0,...,m, let @* € CH"™¥(Q x Q) be a rational integral representative of
SE(F mod 2) € Ch"**(Q x Q). We write "/ € CH"™7J(Q) for the coordinate of @* on hi.
For every k£ = 0,...,m and every t = 0,...,m, we choose a rational integral representative
dpy € CH™F(Q x V) of SYT mod 2) - ¢;__¢(~Tg) € Ch™™ " *(@Q x Y). Thus, by the
equation (I11.4.8), the cycle

S et e

k=0 t=0
is a rational integral representative of S*((Z mod 2) o (¥ mod 2)).

Moreover, for any 0 < k < m, one has by (I111.4.5)
S ’Y mod 2 Zé Sk h2p X ZQP + ng 11 1+2p X hi1_1+2p)'

Therefore, for any 0 < k < m, denoting as a®/ € Ch™™7(Q) the coordinate of
S*(¥ mod 2) on h’, we have

, 2
at = Z gp( tP) Skit(l2p)a
(Pt)EE,;
where & ; = {(p,t) € [0,7] x [0,k] [2p+t = j}.

Furthermore, since j is odd, for any (p,t) € &, the binomial coefficient (2tp) is even.
Therefore, for any 0 < k < m, we have a7 = 0 and, consequently, the cycle @*/ ¢
CH™™9(Q) is divisible by 2. Since j — k < n/2, the group CH"™7(Q) is generated
by l;_x and 2l;_j, = h""*J (see Section II1.1). Hence, for any 0 < k < m, the cycle a*7 is
rational.

According to the composition rules of correspondences described in Appendix C, we have
the identity

h? xsi’j:iidmo(hj xdk’j):iih x pro (@7 - dy,).
k=0 t=0 k=0 t=0

Therefore, since for any 0 < k < m and for any 0 < ¢ < m, the cycles a* and dj; are
rational, we get that s/ is rational and (ii) is proved. ]
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Furthermore, we fix a smooth subquadric P of () of dimension m; we write in for the
imbedding
(P—=>Q)xidy : PxY —QxY.

Then, considering = as a correspondence, we set
z:=1in"(xovy) € CH"(P x Y).
In view of decompositions (I11.4.4) and (I11.4.6), we get that the image Z € CH™(P x Y)

of z can be written as
m
zZ= E a; - R x '
i=0

(we recall that the integer «; is even for all odd ¢ and that «y is odd). For every i =0, ..., m,
we set z* := ;- x' € CH™*(Y). Note that since z° = 7, the cycle 2° is an odd multiple of 7.

Note also that since the Steenrod operations of cohomological type commute with in*
(see Theorem I1.3.1), for every i = 0, ...,m, the cycle in*(s') € CH™ (P x Y) (with s’ as in
Lemma I11.4.7) is a rational integral representative of S'(Z mod 2) € Ch"™(P x Y).

Lemma II1.4.9. For any [(m+1)/2] <m’ < m, the cycle

ml

"+i14+1 b —
Z(m e )sm “im'=i ¢ CH™(V)

, i
=0
1s the sum of a rational element O and an exponent 2 element.

Proof. For any [(m+1)/2] < m’' < m, we can fix a smooth subquadric P’ of P of dimension
m'; we write in,,  for the imbedding

(P' P)xidy : PPXY < PxY.

By Lemma [I1.2.4, one has

S™ DIyt i (2 O 2) = Zprm/*(ci(—Tp/) CiMy*S™ Tz mod 2))  in Ch™(Y)
i=0
(where Tps is the tangent bundle of P’, ¢; are the Chern classes, and pr,, is the projection
P'xY =Y).
If m' > [(m+1)/2] + 1, since proy,ing,*(z mod 2) € Ch™ ™ (V) and m —m/ < m/, we
have S™ pro,s,ing,*(z mod 2) = 0. Therefore, we get

Zprm/*(ci(—Tp/) iy *S™ Tz mod 2)) =0 in Ch™(Y).

=0
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Furthermore, by [7, Lemma 78.1], for any i = 0, ..., m/, one has ¢;(—Tp/) = (m/t.i“) h* (mod 2).
By combining the congruence for Chern classes with the observation just prior to the state-
ment of the lemma, we deduce that

m/ ’ . 1 ' .

Z (m +.Z + )prm'*(hz . inm/*m*(sm —z))
(3

=0

is twice a rational element d,,, € CH™(Y). Since, by the projection formula (Proposition
11.2.2), for any i = 0,...,m/, one has pry,, (k' - ing in*(s™ %)) = pr.(hv=™* . g7 =1 =
25™ =4 =i we are done with the case m’' > |(m +1)/2] + 1.

If m" = |(m+1)/2] and m is odd, we still have m —m’' < m’ and we can do the same
reasoning as in the first case. If m' = |(m+1)/2] and m is even, we have m—m/ = m’ = m/2,
and in this case, we have

S 2 DT 2, im0 (2 mod 2) = (PPm2,inm/2" (2 mod 2))2.
Therefore, by the same reasoning as in the first case, there exists d,,/o € CH™(Y") such that
m/2

—l— 141 R E b =z
22 ( ) 2 = 257”/2 + (me/Q an/Q ( ))2

Moreover, we have
(DPmj2,inmy2™(2)) = (225 )2 = 2 (2257),

and since for any i = 0, ...,m, the cycle 2z = pr,,,(h™ " - Z) is rational, the cycle

92:%% = Prm(Z°) — 4 Z

0<i<m

i
is rational also and we are done with the proof of Lemma II1.4.9. O]
Lemma II1.4.10. For any j = 0,...,m, one can choose an integral representative v/ €

CH™(Y) of S7(27 mod 2) such that
(i) the cycle 2v7 is rational and v° is an odd multiple of ;

(i) the cycle v? is rational for odd j;

_ kk _ k k k
(iii) for any k = 0,...,m, one has s** = Y77 akv?, where af

' =04 18 the binomial coefficient
(7))
k—j/ "
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Proof. We induct on j. For j = 0, one has 2z2° = pr,,,(h™ - Z). Hence the element 22° is
rational, and since the cycle 2° is an odd multiple of 7, we choose v° := 2°. For j = 1, one

has
S'((z mod 2)o (5 mod 2)) = Z h' x S' (2" mod 2)—1—22’-}1”1 x (' mod 2) € Ch"™H(Q xY).
i=0 i=0

In the latter expression, the coordinate on h!, whose s! is an integral representative, is
S*(z! mod 2). Since, by Lemma I11.4.7(ii), the cycle s’ is rational, we choose v!' := sh!.
Assume that the representatives 1%, v!, ..., 07~} are already built.

One has
S/((Fmod 2) o (Fmod 2)) =Y > " S*(h') x $77*(2 mod 2) € Ch™H(Q x V).
k=0 =0

In the latter expression, the coordinate on A7, whose s/ is an integral representative, is
a? - S7(27 mod 2) + a§71 S (2 mod 2) 4 - - - 4+ @ - S°(2° mod 2),

where af = (]iz) for any 0 < i < j. Therefore, the cycle
o= g — (G;:,l T I a{) . UO)
is an integral representative of S7(z/ mod 2). Moreover, the element

257 =207 +al_y v+ ah )

is rational by Lemma IT11.4.7(i). By the induction hypothesis, we get that the cycle 207 is
rational. Furthermore, if j is odd, then the cycle s/ is rational by Lemma I11.4.7(ii), and
for any even 0 < i < j, the binomial coefficient a’ is even. Therefore, by the induction
hypothesis, we get that the cycle v7 is rational. We are done with the proof of Lemma
I11.4.10. O

Finally, the following lemma will lead to the conclusion. Denote by n(X) the power series
Zizo n; - X' in variable X, where n, = (_1)l<2171)‘

Lemma I11.4.11. For any polynomial f € Z[X] of degree < |m/2], the linear combination

m
E gm—j : 'UJ
j=0

is the sum of a rational element and an exponent 2 element, where g(X) =, g1+ X' is the
power series f(X)-n(X).
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Proof. Let f = > fi - X* € Z[X] be some polynomial of degree < |m/2]. Consider the
element

ei= Y fumem O € CH™(Y),

m/:LmQ—IJ

with ¢,y as in Lemma [11.4.9. Then, we have

Furthermore, by Lemma I11.4.10(iii), for any k = 0, ..., m, one has s"* = Zf o @¥v7. Hence,
we get the identity

Ly L Ry | j ) .
%;fmm;@;( l )(m’—l—j)”]’

and the latter identity can be rewritten as
|

2=2 if AR R

=0 7=0

vl3

where ¢; ; := S 0 (" (m_ij_j_l). If m—i—j <0, then we have ¢; ; = ny—i—; = 0.

Otherwise —if m —i— 35 >0 — we set k :=m — ¢ — j, and we have

E (L)

which is congruent modulo 2 to ( ’2 2) by the Chu-Vandermonde Identity (see [1, Corollary
2.2.3]). Therefore, since ( %) = (2’“;1) mod 2), we get that, for any i = 0, ..., [m/2] and
forany j =0,....m

Cij = Nm—i—j (mod 2)
Thus, since by Lemma I11.4.10(i), for any j = 0,...m, the cycle 207 is rational, we get that
there exists an element 6 € CH™(Y) such that

L3 m

=2 Zf nm—i—j'UjZQng—j'vj7
=0

=0 7=0

where g(X) =3, g X' is the power series f(X)-n(X). Hence, there exists an exponent 2
element A € CH™(Y') such that

zm:gmj~vj:5+)\,

J=0

and we are done. O
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We finish now the proof of Theorem I11.4.2. By [51, Lemma 3.13], there exists a polyno-
mial f € Z[X] of degree < |m/2] such that the power series g(X) := f(X) - n(X) has an
odd coefficient g,, at X™ and even coefficients g,,—; (with even j) at smaller monomials of
the same parity. Applying Lemma [11.4.11 to this polynomial f, we get that there exists an
exponent 2 element A € CH™(Y') such that the cycle

igm—j ' Uj - A
j=0

is rational. Since for any j = 1,...,m, the cycle 207 is rational and v/ is rational for all odd
J, the product g,,—; - v?, with j > 1, is always rational. Therefore, we get that the cycle

gm~vo—/\

is rational. Furthermore, since g, is odd, the cycle 20° is rational and v° = «ayq - 7, where aq
is odd, there exist an integer k and an element § € CH™(Y') such that g,, - v° = 7+ 2k + 9.
Finally, note that the cycle 27 is rational since it is equal to pr.(h™ - T).

This concludes the proof of Theorem [11.4.2.

II1.5 Rationality on integral Chow groups - A
stronger version

In this section, we continue to use notation introduced in the previous section. The following
result is stronger than Theorem I11.4.2 although its statement is less eloquent.

Let K/F be an extension and X be an F-variety. In the following proof, an element
x € CH*(Xk) is called rational if it is in the image of the change of field homomorphism
CH*(X) — CH"(Xk).

In the same way as before, the following theorem is a generalization of [51, Proposition
3.7] to any field of characteristic different from 2 (although, putting aside characteristic,
Theorem II1.5.1 is still weaker than the original version in the sense that an exponent 2
element appears in the conclusion).

Theorem III.5.1. Assume that m < n/2 and iy > 1, and let E/F be an extension such
that io(Qg) > m. Then, for any y € CH™(Yr(q)) there exists 6 € CH™(Y) and an exponent
2 element A € CH™(Yg(q)) such that ygq) = dp@) + A

Proof. We proceed the same way as in the proof of Theorem [11.4.2.
Let us fix an element z € CH™(Q x Y') mapped to y under the surjection
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Since io(Qg) > m, by Remark III.1.2 (applied with » = k& = m), the image zp) €
CH™(Qr) X Yr()) of x decomposes as

where ' € CH™ " (Yp(q)) is the coordinate of zp(g) on h'.

The image of x under the composition
is 2°. Therefore, by the commutativity of the diagram

CH™(Qg x Yg) — CH"(Yg(q))

| T

we get that 2° = ypg() and we want to prove that there exists § € CH™(Y) and an exponent
2 element A € CH™(Yg(q)) such that 2° = dpg) + A.

Let m € Ch, 4, 1(Q%) be an element mapped to the I-primordial cycle under the homo-
morphism Ch*(Q) — Ch*(Q). By [7, Proposition 83.2], there is no cycle of type h/ x [; with
odd j appearing in the decomposition of (h° x h'*~1) - 75, € Chn(QQE(Q)) (and the cycle
hY x ly appears).

Moreover, since the coefficients near the cycles contained in the decomposition of (h° x
h=1) me@) € Chy(Q% ) given by Remark T11.1.3 (with & = m) do not change when going

over E(Q), the cycle (h® x h"~1) - 1) can be uniquely written as a linear combination of
cycles of type h? x [; with even j € [0,m] (and the coefficient near h° x Iy is 1) , of cycles of
type [; x hJ (where j € [0,m]), and of a cycle p € Ch”(QQE(Q)) whose coordinate on h’ (as
well as coordinate on ;) is 0 for j € [0, m].

Thus, fixing a rational integral representative yg(q) € CHn(QZE(Q)) of (R” x h"™1) - g0,
we get that the integral coefficient «; near the cycle b’ x [; contained in the decomposition
of vg(g) (given by Remark II1.1.3, with £ = m), is even for all odd j, and that «a is odd.

Let v € CH,(Q?) mapped to yg(@) under the homomorphism CH,(Q?) — CH,(Q%))-
We have the following lemma, whose the statement and the proof are very close to Lemma
111.4.7.

Lemma IIL.5.2. For any i = 0,....,m, one can choose a rational integral representative
s' € CH™"™(Qp(q) X Yeq)) of S'((zE@) mod 2) o (vg@) mod 2)) such that

(i) for any 0 < j < m, 2s“7 is rational , where s is the coordinate of s* on h’;
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(i) for any odd 0 < j < m, s is rational.

Proof. We use same notation as those introduced during the proof of Lemma [11.4.7. One
can prove (i) exactly as the same way as Lemma [11.4.7(1). We need the following proposition
to prove (ii).

Proposition I11.5.3. Let X be a smooth F-variety and let p be an element of Ch(Q x X)
such that for any j = 0, ...,r, its coordinate p’ on h? is 0. Then, for any integer k and for
any j =0, ...,r, the coordinate of S*(p) on h is 0.

Proof. We induct on k. For k = 0, one has S° = Id. Assume that the statement is true till
the rank k& and let j € [0,7]. By the Cartan formula (Corollary 11.3.5), one has

k+1

Sk-l—l(lj . ) Sk—i—l + ZSZ Sk-l—l z( )

Since for any i = 1,..., k + 1, the cycle S%(l;) is a multiple of [;_; (see [7, Corollary 78.5]), by
the induction hypothesis, we get

pro(ly - S (p)) = pro(S™H(1 - ).
Furthermore, by Proposition 11.3.2, one has

k+1
SM o pro(l; - ZPT* cr-i(=Tq) - S'(I; - p)),

=0

and since pr.(l; - p) = 0, we deduce that

pro(ly - S p) =) as,

=0

where a; = pri(cg11-i(—Tg) - S'(l; - p)). We are going to prove that for any i = 0, ..., k, one
has a; = 0. Let ¢ be an integer in [0, k. Since by [7, Lemma 78.1}, the cycle ¢;11-;(—Tf) is
a multiple of A*1~7 it suffices to show that pr,(hFt1=%. Si(l; - p)) = 0.

By the Cartan Formula and [7, Corollary 78.5], the cycle pr.(h*™1=¢- S(l; - p)) is a linear
combination of cycles of type pr.(h*™1=¢ . 1;_, - S™(p)), where ¢ € [0,4]. Since for any
t=0,...,i, one has K" [;_, =1, 4 (441-4), we are done by the induction hypothesis. [

We finish now the proof of Lemma I11.5.2. Assume that j is odd. Since by Proposition
I11.5.3, for any k = 0, ..., m, the coordinate of S*(p) on A/ is 0, the only fact that we have to
explain here to prove (ii) (i.e what is new compared to the proof of Lemma I11.4.7) is why
the corresponding cycle @7 € CH" ™7 (Qpq)) is rational.

For the same reasons as in the proof of Lemma I11.4.7, the cycle a*/ € CH”*k_j(QE(Q))
is divisible by 2. Moreover, since one has j — k < m < io(Qg), the cycle [;_ is defined
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over E and it is consequently defined over E(Q). Furthermore, since j —k < m < n/2, the

group CH"™7(Qp(q)) is free with basis {l;_;} (as well as the group CH”+k_j(Qm)) and
therefore the restriction homomorphism

CH"™(Qp(q) — CH™ 7 (Qgg))

is injective (it is even an isomorphism). Since 2[;_, = h"™*7 we deduce that any cycle of
CH"*"7(Qp(q)) divisible by 2 is rational. Thus, for any 0 < k < m, the cycle @7 is rational
and we finish as in the proof of Lemma [11.4.7. O]

Now, one can finish the proof of Theorem [IL.5.1 exactly the same way as the proof of
Theorem [11.4.2 replacing F' by E(Q). O
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Chapter 1V

Exceptional projective homogeneous
varieties

The purpose of this chapter is to prove the following theorem dealing with rationality of
algebraic cycles over function field of some exceptional projective homogeneous varieties (see
[10, Theorem 1.1]). This theorem gives an answer to Question 1.0.2 in the context of those
exceptional projective homogeneous varieties. We refer to [3] for an introduction to linear
algebraic groups.

Theorem IV.0.1. Let G be a linear algebraic group of type Fy or Eg over a field F and let
X be a projective homogeneous G-variety. For any equidimensional variety Y, the change of

field homomorphism

where Ch s the Chow group modulo p, with p = 3 when G s of type Fy and p =5 when G
1s of type Eg, is surjective in codimension < p + 1.

It is also surjective in codimension p+ 1 for a given Y provided that 1 ¢ deg Cho(Xp())
for each generic point ( € Y.

In this chapter, a linear algebraic group G over a field F' is a twisted form (G, by mean
of a cocycle £ € H'(F,Gy) (see Appendix D), where Gy is a split linear algebraic group of
the same type as G (one says that G is of inner type). A projective homogeneous G-variety
X is a twisted form ¢(Go/P) of Go/P for P is a parabolic subgroup of Gy. The proof of
Theorem IV.0.1 is given in Section [V .4.

The above statement is to put in relation with the result [26, Theorem 4.3] by N. Karpenko
and A.Merkurjev, where generic splitting varieties have been considered. In characteristic
0, Theorem IV.0.1 is contained in [26, Theorem 4.3]. In an earlier paper (see [55, Corol-
lary 1.4]), K. Zainoulline proved the first conclusion of Theorem IV.0.1 (modulo torsion) in
characteristic 0 if G is of type Fj. Our result is valid in any characteristic.

The method of proof is basically the method used to prove [26, Theorem 4.3] combined
with a motivic decomposition result for generically split projective homogeneous varieties
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due to V. Petrov, N. Semenov and K. Zainoulline (see [40, Theorem 5.17]) and involving the
Rost motive. This is described in Section [V.2.

In Section V.3, we give the definition of the J-invariant and we present some properties
about Chow groups of the Rost motive of groups of strongly inner type (e.g Fy and Eg) with
maximal J-invariant. Those properties make the method particularly suitable for groups of
type Fy and Eg.

The method also relies on a linkage between the ~v-filtration on the Grothendieck ring of
projective homogeneous varieties and Chow groups, in the spirit of [14].

In the aftermath of Theorem 1V.0.1, we get the following statement dealing with integral
Chow groups (see [26, Theorem 4.5]).

Corollary 1V.0.2. We use notation introduced in Theorem [V.0.1. If p € deg CHy(X)
(for example, if F' is p-special), then for any equidimensional variety Y, the change of field
homomorphism

CH(Y) — CH(Yi(x))

15 surjective in codimension < p + 1.
It is also surjective in codimension p+ 1 for a given Y provided that 1 ¢ deg Cho(Xp(c))
for each generic point ( €Y.

Remark IV.0.3. Our method of proof for Theorem IV.0.1 works for groups of type G as
well (with p = 2). However, the case of Gy can be treated in a more elementary way if
char(F) # 2.

Indeed, it is known that to each group G of type G5 one can associate a 3-fold Pfister
quadratic form 7w such that, denoting by X, the associated Pfister quadric, the variety
X has a rational point over F(X,) and vice versa (see [46, Theorem 9]). Thus, for any
equidimensional variety Y, the right and the bottom maps in the commutative diagram

CH(Y) CH(Yr(x))

| l

CH(Yr(x,)) — CH(Yr(x, xx))

are isomorphisms. Furthermore, by Remark [I1.0.2, the change of field homomorphism
CH(Y) = CH(Yr(x,)) is surjective in codimension < 3.

IV.1 Filtrations on Grothendieck ring of projective
homogeneous varieties
In this section, we prove two statements concerning filtrations on Grothendieck ring of certain

class of projective homogeneous varieties. Those propositions play a crucial role in the proof
of Theorem IV.0.1 (see Section 1V.4). We use notation introduced in Section I1.4.
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Coincidence of filtrations

We have seen in Section [1.4 that for any any smooth variety X over a field F' and for any
integer 4 > 0, the term 7*(X) of codimension i of the y-filtration on the Grothendieck ring
K(X) is contained in the the term 7(X) of codimension 7 of the topological filtration.

The following proposition provides us a way to get the existence of a variety X for
which the two filtrations actually coincide when dealing with a certain class of projective
homogeneous varieties. The method of proof is largely inspired by the proof of [24, Theorem
6.4 (2)] by N. Karpenko and A. Merkurjev.

Proposition IV.1.1. Let Gy be a split connected semisimple linear algebraic group over a
field F and let B be a Borel subgroup of Gy. There exist an extension E/F and a cocycle & €
HY(E,Gy) such that the topological filtration and the ~-filtration on K(¢(Go/B)) coincide.

Proof. Let n be an integer such that Gy C GL,, and let us set S := GL,, and E := F(S/G)).
We denote by T the E-variety S xg/¢, Spec(£) given by the generic fiber of the projection
S — S/Gy. Note that since T is clearly a Go-torsor over FE, there exists a cocycle £ €
H'(E,Gy) such that the smooth projective variety X := T/Bg is isomorphic to ¢(Go/B).
We claim that the Chow ring CH(X) is generated by Chern classes.

Indeed, the morphism h : X — S/B induced by the canonical Gy-equivariant morphism
T — S being a localization, the associated pull-back

h* : CH(S/B) — CH(X)

is surjective. Furthermore, the ring CH(S/B) itself is generated by Chern classes: by [24,
§6,7] there exists a morphism
S(T*) — CH(S/B), (IV.1.2)

(where S(7™) is the symmetric algebra of the group of characters T* of a split maximal torus
T C B) with its image generated by Chern classes. Moreover, the morphism (IV.1.2) is
surjective by [24, Proposition 6.2]. Since h* is surjective and Chern classes commute with
pull-backs, the claim is proved.

We show now that the two filtrations on K(X) coincide by induction on codimension.
Let i > 0 and assume that 7771 (X) = "1 (X). Since for any j > 0, one has 7/ (X) C 77/(X),
the induction hypothesis implies that

,yi/i—i-l(X) C Ti/i+1(X).

Thus, the ring CH(X) being generated by Chern classes, one has /" (X) = 7/71(X) by
(IT.4.1). Therefore one has 7¢(X) = v*(X) and the proposition is proved. O

Note that this result remains true when one consider a special parabolic subgroup P, i.e
a parabolic subgroup P for which H!(F, P) is trivial, instead of B (see [24]).
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~v-filtration on Borel variety of strongly inner groups

We say that a linear algebraic group G over a field F' is of strongly inner type if it is a twisted
form Gy by mean of a cocycle £ € H'(F, Gy) with Gy a split simply-connected group of the
same type as G.

Remark IV.1.3. Assume that Gy is simply-connected (e.g Fy and Eg) and let B be a Borel
subgroup of Gy. Consider an extension E/F and a cocycle £ € HY(E,Gy). By the result
[38, Theorem 2.2.(2)] of I. Panin, the change of field homomorphism

K(¢(Go/B)p) — K(¢(Go/B)g) ~ K(Go/B),

for Grothendieck ring of Borel varieties of strongly inner groups, with £ an algebraic closure
of E, is an isomorphism.

Therefore, since the ~-filtration is defined in terms of Chern classes and the latter com-
mute with pull-backs, the terms of the 7-filtration on K (¢(Go/B)g) do not depend nor on
the extension E/F neither on the choice of £ € H'(E, Gy).

Chow groups and topological filtration

Now, we prove a result which will be used in Section V.4 to get the second conclusion of
Theorem [V.0.1.

We recall that for any smooth variety X over a field F, for any prime p, and for any i <
p+1, the canonical surjection pr’, : Ch*(X) — 72/"1(X) is an isomorphism by the Riemann-
Roch Theorem without denominators (see Remark 11.4.2). The following proposition extends
this fact to © = p + 1 provided that X is a projective homogeneous variety under a certain
class of linear algebraic groups (containing the groups of type Fy and Fg) and p > 2.

Proposition IV.1.4. Let X be a projective homogeneous variety under a semisimple adjoint
algebraic group G of strongly inner type. For any prime p > 2 the canonical surjection

Chp+1 (X) s 7_;)+1/p+2(X)’
18 1njective.

Proof. First of all, we have seen in Section 1.4 that the surjection pré’“ coincides with the
composite g,41 © gy

Ep+1,—p—1(X)
EPFr1(X) (mod p) —» EZHPH(X) (mod p) — 22 (mod p).
Im (041

Furthermore, since any prime divisor [ of the order of d,.; is such that [ — 1 divides p and
p > 2, the differential 6,4, is of prime to p order. It follows that g,.; is an isomorphism.
Therefore, we have shown that pr;’“ is injective if and only if g, is an isomorphism.
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Now let us consider the following inclusions given by the Brown-Gersten-Quillen structure
ELY2(X)cC---C Ey*(X) C By *(X).

By the very definition of the Brown-Gersten-Quillen spectral sequence, one has EL2(X) =
Ey~?(X) if and only if for any r > 2 the differential starting from E»~2(X) is zero. In
particular, the equality FL~2(X) = Ey*(X) implies that the differential §, (starting from
E}72(X)) is zero and consequently that g, is an isomorphism. Therefore, the following
lemma completes the proof of the proposition.

Lemma IV.1.5. Let G be a semisimple adjoint algebraic group of strongly inner type. For
any projective homogeneous G-variety X , the inclusion E;%(X) C EQI’_Q(X) given by the
Brown-Gersten-Quillen spectral sequence is an equality.

Proof. On the one hand, by the very definition, the group EL2(X) is the first quotient

Kfl/Q) (X) of the topological filtration on K;(X). On the other hand, one has Ey *(X) =
AY(X, Ky) (for any integers p and ¢, one has Fy4(X) = AP(X, K_,)).
First, we claim that the natural map

AYX, K,) @ CHY(X) — AY(X, K>) (IV.1.6)

is an isomorphism. Indeed, since Gy, has only trivial Tits algebras (because it is adjoint
and simply-connected), by [33, Theorem], one has

AN X, K,) ~ A (Xoep, Ko)T,

where I' is the absolute Galois group of F. Moreover, since the variety X, is cellular, by
[33, Proposition 1], one has

A (Xgep, K3) =~ K1 Fyop @ CHY(Xop).

Note that since X is smooth, the Picard group Pic(Xyp) is identified with CH' (X, ). Fur-
thermore, since Ggp has only trivial Tits algebras, the group Pic(Xgp) is rational by [36,
Proposition 2.3]. Therefore one has CH'(X) ~ CHl(Xsep) and since (K;F.p,)" = K F =
A%(X, K,), one has A°(X, K;) ® CH'(X) ~ A'(X, K5) and the claim is proved.

Now, it is known that CH'(X,,) is a free abelian group of finite rank (see [45, §2] for
example). Let us denote by ¢ the isomorphism

(F*)%F — AYX, K3)

such that for any a € (F*)®* the element ¢(a) corresponds by (IV.1.6) to > m;(a) ® ¢;
in A°(X, K;) ® CH'(X), where (e;)1<i< is a basis of CH*(X) and m; : (F*)®* — F* is the
standard projection.
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Then it suffices to find a homomorphism v : (F*)%* — K fl/ 2) (X) such that the diagram

KM (X ANX, )

A

(F)e*

is commutative to get the conclusion (as in [20, §4]). The homomorphism ¢ defined as follow
is suitable (and v is necessarily defined this way). For every i = 0,... k, let j; : Z; C X
be a subvariety of codimension 1 such that [Z;] = e; in CH'(X) and let p; be the structure
morphism Z; — Spec(F). Then we set ¢ = Zle ;, with

g (P T pX P R (7)) 2 KX — KV2(X).

This concludes the proof of Proposition [V.1.4.

IV.2 Generically split projective homogeneous
varieties

In this section, we present a motivic decomposition result due to V. Petrov, N. Semenov and
K. Zainoulline (see [40, Theorem 5.17]) and we introduce in a more general context the basis
of the method we will use in Section IV.4 to prove Theorem IV.0.1.

Let X be a projective homogeneous variety under an algebraic group G over a field F.
The variety X is said to be generically split if the group G splits over the generic point of
X (e.g any projective homogeneous variety X under a group G of type Fy or Eg which has
no splitting extension of degree coprime to 3 or 5 respectively).

Assume furthermore that G is semisimple, then such a generically split G-variety X
presents the interest that for any prime p, its Chow motive M(X,Z/pZ) with coefficients
in Z/pZ decomposes as a sum of twists of an indecomposable motive R,(G), called Rost
motive, by mean of the following theorem.

Theorem IV.2.1 (Petrov, Semenov, Zainoulline). Let G be a semisimple linear algebraic
group over a field F' and let p be a prime. Then for any generically split projective homoge-
neous variety X under G one has the motivic decomposition

M(X,Z/pZ) ~ @ R,(G)(i)**,

>0

where Bispait’ = P(CH(X),t)/P(CH(R,(G)),t), with P(—,t) the Poincaré polynomial.
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It follows immediatly from Theorem IV.2.1 that for any integer k and any extension L/F,
one has the following decomposition concerning Chow groups

Ch*(X,) ~ @D Ch (R, (G)L)®™. (IV.2.2)

i>0

If the group G is of strongly inner type (e.g F and Eg) and has no splitting field of degree
coprime to p, the indecomposable motive R,(G) coincides with a generalized Rost motive
and

Ro(@) = DBy + 1)

(see [54, (5.4-5.5)]).

Remark IV.2.3. The Poincaré polynomial P(CH(R,(G)), t) only depends on the J-invariant
modulo p of G defined in the next section. Moreover, the Poincaré polynomial P(CH(X), )
can be computed thanks to the Solomon’s Theorem (see [45, §2.5]) when one knows the
parabolic subgroup P determining X. Note that this allows one to easily compute the co-
efficient a;’s of the decomposition (IV.2.2) when X is a twisted form B of Gy/B, with B a
Borel subgroup of the split group Gy of the same type as G. Beside, except for the follow-
ing proposition, we will only apply decomposition (IV.2.2) to B in the sequel. Note that
since the group G splits over any extension F/F over which 9B admits a rational point, the
projective homogeneous variety ‘B is in particular generically split.

The following statement, which is obtained by combining the decomposition (IV.2.2) with
Proposition I1.2.5, constitutes the first step in our way to prove Theorem IV.0.1.

Proposition 1V.2.4. Let G be a semisimple linear algebraic group over a field F'. Let p be
a prime and R,(G) the associated Rost motive of G. If for any extension L/F, the change

of field
Ch(R,(G)) — Ch(R,(G)L)

s surjective in codimension < k then for any equidimensional variety Y and for any gener-
ically split projective homogeneous G-variety X, the change of field

s surjective in codimension < k.

IV.3 J-invariant

The notion of J-invariant, at first, of an orthogonal group, has been introduced by A. Vishik
in [50], and he notably used it to get his result on the w-invariant of a field (see [48]).
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In the aftermath of the works of A.Vishik, V. Petrov, N.Semenov and K. Zainoulline have
generalized in [40] the notion of J-invariant to an arbitrary semisimple algebraic group. In
this section, we recall some material about the J-invariant of a semisimple algebraic group
and then we study some connections between the J-invariant and Chow groups of the Rost
motive R,(G) introduced in the previous section.

Let Gy be a split semisimple linear algebraic group over a field F' and let B be a Borel
subgroup of Gy. Let G = (G be a twisted form of Gy given by a cocycle £ € H'(F,Gy) and
let B = ¢(Go/B) be the associated Borel variety.

Definition and properties

Most of material and facts described here can be found in [40, §4].
Let us fix a prime p and write Ch for the Chow ring with coefficients in Z/pZ. We
consider the ring homomorphism given by the composite of pullbacks

Ch(8) — Ch(8B) —" Ch(G) .

The map 7 is surjective by [18, p.21]. Moreover, an explicit description of the ring Ch(G) is
known for all types of G and all torsion primes p of G (see [18, Definition 3]). Namely, by
[19, Theorem 3], there exists an integer r > 1 such that one has

Ch*(G) = Z/pZ[zy, ... 2,/ (20", ... 2P,
where, for every ¢ = 1,...,r, the variable z; is of codimension the coprimary part d; of the
ith p-exceptional degree of G while the integer k; is the respective p-primary power. In the
case where a prime p is not a torsion prime of G one has Ch*(G) = Z/pZ.

We give now the definition of the J-invariant of G in the case where Ch*(G) has only
one generator (if G is of type Fy or Eg for example) although this definition can easily be
generalized for arbitrary r (see [40, Definition 4.6]).

Definition IV.3.1. Let p be a tosion prime of G such that r = 1. The J-invariant J,(G)

of G modulo p is the smallest non-negative integer 7 such that xlfj c 7(Ch(B)).

It follows immediatly from the definition that for any extension E/F, one has J,(Gg) <
Jp(G).

For arbitrary r, the J-invariant J,(G) of G consists of a r-tuple of integers (ji, ..., j)
with j; < k; for any 1 < i < r. We will need the following fact about the J-invariant (see
[40, Corollary 6.7]).

Property IV.3.2. One has the equivalence
(i) The J-invariant J,(G) of G modulo p is trivial, i.e (j1,...,7.) = (0,...,0);
(ii) G splits over a finite extension of prime to p degree;

(ili) R,(G) = Z/pZ (Tate motive).



CHAPTER 1V. EXCEPTIONAL PROJECTIVE HOMOGENEOUS VARIETIES 49

Groups of strongly inner type with maximal J-invariant

In this subsection, we assume furthermore that G is simple of strongly inner type.
For any torsion prime p of G, we say that the J-invariant J,(G) = (j1, ..., J,) modulo p
of G is maximal if for every + = 1,...,r, one has j; = k;.

In this subsection, we present some properties about Chow groups of the Rost motive
of simple linear algebraic groups of strongly inner type (e.g Fj and Fg) with maximal J-
invariant modulo some torsion prime. In the next section, we will combine those properties
with the method described in Proposition [V.2.4 to prove Theorem [V.0.1.

Lemma IV.3.3. Let G be a simple linear algebraic group of strongly inner type such that
its J-invariant J,(G) is mazimal. Then one has

(i) p=3orb;
(i) Ch*(R,(G)) ~ Z/pZ and Ch*(R,(G)) = 0.

Proof. Since J,(G) is maximal, by [16, Example 5.3], the cocycle £ € H'(F,Gy) corresponds
to a generic Gy-torsor in the sense of [16] (see also Appendix D). Thus, by [14, Proposition
3.2] and [13, pp. 31, 133], one has Tors,CH?*(B) # 0 (we need the assumption strongly inner
to use material from [14, §3]). The conclusion is given by [14, Proposition 5.4]. O

Lemma IV.3.4. Let G be a simple linear algebraic group of strongly inner type such that
its J-invariant J,(G) is maximal and let L/F be an extension such that J,(Gr) = J,(G).
Then one has

(i) Ch*(R,(G)1) ~ Z/pZ and Ch*(R,(G)1) = 0;
(ii) the change of field Ch*(B) — Ch*(B.) is an isomorphism.

Proof. Since J,(G) is maximal then by Lemma IV.3.3 one has Ch*(R,(G1)) ~ Z/pZ and
Ch*(R,(GL)) = 0. Moreover, since J,(G1) = J,(G), one has R,(GL) ~ R,(G) (see [40,
Proposition 5.18 (i)]) and (i) is proved.

We show now that the change of field Ch?(8) — Ch?*(8;) is an isomorphism. We use
material and notation introduced in Sections [1.4 and I'V.1 about filtrations on Grothendieck
rings. Since J,(G) = J,(GL) is maximal, the cocycles £ and &, correspond to generic Gy-
torsors and one consequently has v3(B) = 73(B) and +*(B) = 73(B1) (see [14, Theorem
3.1(i1)]). In particular, it follows that

75/3(%) = 7‘5/3(‘3) and 72/3(’3 ) = 75/3(‘13,;).
Therefore, since 2 < p + 1, the homomorphism Ch?($8) — Ch?(8B;) coincides with
Ch*(B) =~ ,/(B) — 7,/*(B1) ~ Ch*(By)

and the center arrow is an isomorphism by Remark [V.1.3. O]
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Lemma IV.3.5. In this statement, one has p=5. Let G be a simple linear algebraic group of
strongly inner type such that its J-invariant J5(G) is mazximal and let L/ F be an extension
such that J5(Gr) = J5(G). Then one has

Ch*(R5(G)z) =0 and Ch°(Rs(G)z) = 0.

Proof. Since J5(GL) = J5(G) one has R5(G), = R5(GL) and it suffices to prove that
Ch*(Rs(G)) = Ch’(R5(G)) = 0.

By Proposition IV.1.1 there exist an extension E/F and a cocycle ¢ € H'(E, Gy) such
that the topological filtration and the y-filtration on K (8’), with B’ = ¢ (Gy/B), coincide.
Let us set G' = ¢ G.

We claim that J5(G’) # (0, ...,0). Indeed, assume that J5(G’) = (0,...,0). In that case,
one has R5(G’) = Z/57 (Tate motive) and the isomorphism (IV.2.2) gives that Ch*(B’) ~
7,/52.°. Since 2 < p + 1, it implies that 752/3(%’) ~ 7,/57.°°* and consecutively v2/*(5B) ~
7./5Z°°* by Remark 1V.1.3. However, we have 7:'*(B) = 72/*(%8) (because 73(B) = 73(B)
since & € H'(F,Gp) is generic). Thus, we have Ch*(8) ~ Z/5Z%" which contradicts
Ch*(R5(G)) ~ Z/57 and the claim is proved (we recall that for any i < 6 = p 4 1, one has
/X)) ~ CHY(X)).

We now compute the groups fyé/Hl(‘B’) for i = 3,4,5. We recall that one has K(B') ~
K(Gy/B) by Remark IV.1.3. Furthermore, the description of the free group K(Go/B) in
terms of generators does not depend on the characteristic of the base field (see [5, Lemma
13.3(4)]). Thus, in order to compute the groups yé/iH(SB’) for i = 3,4,5, since J5(G') #
(0,...,0), one can use the following theorem (adapted from [26, Theorem RM.10] to our
situation)

Theorem IV.3.6 (Karpenko, Merkurjev). Let H be a semisimple linear algebraic group
over a field of characteristic 0 and let p be a torsion prime of H. If J,(H) # (0,...,0) then

; ZIpZ if j=0o0orj=k(p+1)—p+1, 1<k<p-—1
Ch' (R, (H)) 2{ 0/ otherwise, ( )

which combined with (IV.2.2) gives that
e THBY) o Ch(B') =~ Z/525 %) fori = 3,4,5
(where the first isomorphism is due to ¢ < p 4+ 1). Therefore, we get
VB = 7,/5720@ 21 for i = 3.4, 5.

Thus, since 72/*(B) ~ Ch*(B), the isomorphism (IV.2.2) for k = 3 gives that 7o/ *(B) =

7§’/ 4(%). Since the v-filtration is contained in the topological one, we get

75(B) = 75(B),
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which implies the existence of an exact sequence
0 (15(B)/13(B)) = 75" (B) = 75/°(B) — 0.

Thus, since 7'54/5<%) ~ Ch*(B), by applying the isomorphism (IV.2.2) for k = 4, we get a
surjection

Z/52°1 ) - Ch'(R5(G)) & Z/525 %),

which implies that Ch*(R5(G)) = 0.
We prove that Ch®(R5(G)) = 0 by proceeding in exactly the same way. O

IV.4 Proof of the result

In this section, we prove Theorem IV.0.1.

Remark IV.4.1. Let G be a semisimple linear algebraic group over a field F' and let X
be a projective homogeneous G-variety. The F-variety X is A-trivial in the sense of [26,
Definition 2.3] (see [26, Example 2.5]), i.e for any extension L/F with X (L) # (0, the degree
homomorphism deg : CHy(X ) — Z is an isomorphism.

Since by [26, Lemma 2.9], any A-trivial variety X with 1 € deg Chy(X) is such that for
any equidimensional variety Y the change of field homomorphism Ch(Y’) — Ch(Yp(x)) is an
isomorphism (in any codimension, with Ch the Chow group modulo p, for any prime p), one
can assume that 1 ¢ deg Chy(X) in order to prove Theorem IV.0.1.

Now, we know from [40, Table 4.13] that if G is of type F; or Ej then the J-invariant J,(G)
of G is equal to (0) or (1) and in the latter case, the J-invariant modulo p is maximal (with
p = 31if G is of type Fy and p = 5 if G is of type Eg). However, the assumption J,(G) = (0) is
equivalent to the existence of a splitting field K/F of G of degree coprime to p (see Property
IV.3.2). In that case one has Chy(X) ~ Cho(Xf) and consequently 1 € deg Cho(X). Thus,
under the assumption 1 ¢ deg Chy(X), one necessarly has J,(G) = (1) and that is why we
can assume J,(G) nontrivial, i.e maximal, in the sequel.

Since for G with nontrivial J,(G) the prime p must divide the degree of any finite split-
ting extension, every projective homogeneous variety under a group of type Fy or Eg with
nontrivial J,(G) (p = 3 for the type F, and p = 5 for the type Ejg) is generically split by
[40, Example 3.6]. Then, by Proposition 1V.2.4, the first conclusion of Theorem IV.0.1 is a
direct consequence of the following proposition.

Proposition IV.4.2. Let G be a linear algebraic group of type Fy or Eg over a field F' such
that J,(G) is nontrivial, with p = 3 if G is of type Fy and p =5 if G is of type Eg. Then,
for any extension L/F, the change of field

Ch(R,(G)) — Ch(R,(G)L), (IV.4.3)

where R,(G) is the associated Rost motive, is surjective in codimension < p+ 1.
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Proof. First of all, the homomorphism (IV.4.3) is clearly surjective in codimension 0 since
one has Ch’(R,(G);) = Z/pZ for any extension L/F. Then, Ch'(%B) is identified with the
Picard group Pic(B) and is rational (for the same reason as in the proof of Lemma IV.1.5).
Furthermore, one can compute the coefficients a;’s in the decomposition (IV.2.2): we get
ap = 1 and a; = rank(G) = rank(CH'(2B)) (see Remark 1V.2.3). Thus, the isomorphism
(IV.2.2) implies that Ch'(R,(G)L) = 0 for any extension L/F. Therefore, we have already
shown that the homomorphism (IV.4.3) is surjective in codimension 0 and 1.

Now we show that it is surjective in codimension 2 and 3 (which proves the proposition for
G of type F}). Since J,(G) is maximal, one has Ch*(R,(G)) ~ Z/pZ and Ch*(R,(G)) = 0 by
Lemma IV.3.3. Moreover, since J,(G 1) < J,(G) for any extension L/F, one has J,(G) = (0)
or J,(Gr) = J,(G) (i.e is maximal).

If J,(GL) = J,(G) then one has Ch*(R,(G)r) =~ Z/pZ and Ch*(R,(G).) = 0 by Lemma
[V.3.4(i) and the homomorphism (IV.4.3) is clearly surjective in codimension 3. Thanks
to the decomposition (IV.2.2) and Lemma [V.3.4(ii), we see that it is also surjective in
codimension 2.

If J,(GL) = (0) then on the one hand one has R,(G) = Z/pZ and on the other hand the
motivic decomposition given in [40, Proposition 5.18 (i)] implies the following decomposition
on Chow groups for any integer k

Ch*(R @Ch’“ (R, (GL)). (IV.4.4)

In particular, one has Ch*(R,(G).) = 0 for k = 2 or 3 and the conclusion follows.

For G of type Eg, we now prove that Ch(R;(G)) — Ch(Rs(G)L) is surjective in
codimension 4 and 5 by showing that one has Ch*(Rs(G);) = Ch’(Rs(G)L) = 0 for
any extension L/F. By Lemma [V.3.5, this is true when J,(G) = J,(G). Moreover, if
Jp(Gr) = 0 then one has (R5(GL) = Z/5Z and the isomorphism (IV.4.4) implies that
Ch*(R5(G)1) = Ch®(R5(G)) = 0. This completes the proof of Proposition IV .4.2. O

Finally, using the same notation as in the statement of Theorem [V.0.1, we want to prove
the second conclusion of Theorem IV.0.1. Since for any generic point ¢ of Y, one has

1 ¢ deg Chy(Xr(o)) = Jp(Gre)) = (1),

by Proposition [V.2.4 and in view of what has already been done, it is sufficient to prove the
following lemma to get the second conclusion.

Lemma IV .4.5. Let G be a linear algebraic group of type Fy or Eg over a field F' such that
Jp(G) is nontrivial, with p = 3 if G is of type Fy and p =5 if G is of type Es. Then one has

Ch*™(R,(G)) = 0.
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Proof. Thanks to Proposition [V.1.4, one can prove the lemma by proceeding in exactly the
same way Lemma [V.3.5 has been proved. O

This concludes the proof of Theorem [V.0.1.
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Chapter V

Principal homogeneous space for

SL1(A)

Let A be a central simple algebra over a field F' and let Nrd : A* — F'* be the reduced norm
homomorphism . We recall that the homomorphism F* — H'(F,SL;(A)), associating to
¢ € F* the SLy(A)-torsor X, given by the equation Nrd = ¢, is surjective (with kernel
Nrd(A*)) — see [15, Proposition 2.7.3] for instance.

The main purpose of this chapter is to prove the following theorem dealing with rationality
of algebraic cycles over function field of SL; (A)-torsors.

Theorem V.0.1. Let A be a central simple algebra of prime degree p over a field F' and let
X be a SLy(A)-torsor. Then

(i) for any equidimensional F-variety Y, the change of field homomorphism
CH(Y) — CH(Yr(x)),
where CH s the integral Chow group, is surjective in codimension < p + 1.

(ii) it is also surjective in codimension p + 1 for a given Y provided that the variety Xp(c
does not have any closed point of prime to p degree for each generic point { € Y.

Note that the previous statement is a version of Theorem IV.0.1 for principal homoge-
neous space for SL;(A) (it gives an answer to Question [.0.2 in this particular context).
Besides we describe in Section V.3 how Theorem [V.0.1 is related to Theorem V.0.1.

The method of proof mainly relies on Proposition [1.2.5. We need to introduce some new
material before giving the proof.
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V.1 Preliminaries

Chow groups of principal homogeneous spaces for SL;(A)

Let X be a SL;(A)-torsor and let p be a prime. One has K(X) = Z by the result [39,
Theorem A] of I. Panin and consequently, for ¢ > 1, the term 7/(X) of the topological
filtration on K (X) is equal to zero. Therefore, for any 1 <4 < p, one has Ch*(X) = 0, with
Ch the Chow group modulo p (see Remark [1.4.2).

Moreover, by the result [47, Theorem 2.7] of A.Suslin, one has CH'(SL,) = 0 for any
i > 1. Hence, for A of degree p (then there exists a splitting field of A of degree p), it follows
by transfert argument that p- CH(X) = 0 for any i > 1. Therefore, for X a SLq(A)-torsor,
with A of prime degree p, one has

CH(X)=0 forany 1<i<p. (V.1.1)

Note that, by Proposition 11.2.5, this gives Theorem V.0.1(i) already.

Brown-Gersten-Quillen spectral sequence

We recall that for any smooth variety X and any ¢ > 1, the epimorphism pri coincides with
the edge homomorphism of the spectral Brown-Gersten-Quillen structure E5"(X) = K(X)
(see [41, 87]), that is to say

pri s CHY(X) ~ EV7H(X) = - — Efl[f(X) _ 7 X,

Assume that X is a SL;(A)-torsor, with A of prime degree p. Then it follows from
(V.1.1) that E;7'(X) = 0 for 3 <4 < p. Consequently, one has A'(X, ) = E72(X).

Moreover, by the result [31, Theorem 3.4] of A.Merkurjev, for any smooth variety X,
every prime divisor [ of the order of the differential §, ending in EPT1"P~1(X) is such that
[ — 1 divides » — 1. Therefore, for any prime p and 2 < r < p — 1, the differential 9, is of
prime to p order. Assume furthermore that X is a SL;(A)-torsor, with A of prime degree
p. Since p - CHP™(X) = 0, one deduce that, for 2 < r < p — 1, the differential 4, is trivial.
Consequently, one has CHP*!(X) = EpFL—r=1(X),

Therefore, for X a SLq(A)-torsor, with A of prime degree p, the differential §, in the
BGQ-structure is a homomorphism

51 AYX, Ks) — CHP(X).

Remark V.1.2. Let X be a principal homogeneous space for a semisimple group G. By
(13, Part II, Example 4.3.3 and Corollary 5.4, one has Ey'(X) = A%(X, K;) = F* and
the composition F'* = K(F) — K;(X) — A% X, K;) of the pullback of the structural
morphism with the inclusions

KPP0 = BEHX) € o BTN € BYTHX)
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given by the BGQ spectral sequence, is the identity. Therefore, for any ¢ > 2, the differential
starting from EY7'(X) is zero, i.e for any i > 2, one has

EXH(X) = 7YX,
In particular, for X a SLj(A)-torsor, with A of prime degree p, one has Egill’fpfl(X) =0,
i.e the differential 6 : A'(X, Ky) — CHPT(X) is surjective.

On the group A'(X, K5)

The proof in the next section will use the work of A.Merkurjev on the Rost invariant of
simply connected algebraic groups (see [13, Part II]). Let X be a SLj(A)-torsor over F.
The group A'(Xp(x), K>) is infinite cyclic with generator ¢ and isomorphic to A'(SLy, K>)
under restriction (where n = deg(A)). Furthermore, the restriction map r : A'(X, Ky) —
ANX F(X)5 K,) is injective with finite cokernel of order the same order as the element Rsy, (4) (X),
where

Rsr,(a) : H'(F,SLy(A)) — H*(F,Q/Z(2))

is the Rost invariant of SLj(A) (see [13, Theorem 9.10]). Moreover, the homomorphism
Rsv, (a) is of order exp(A) by [13, Theorem 11.5].

If char(F) = [ is prime then the modulo ! component H?(F,Z/IZ(2)) of the Galois
cohomology group H?(F,Q/Z(2)) is the group H?(F) defined by K. Kato in [28] by means
of logarithmic differential forms.

V.2 Proof of the result

In this subsection, we prove the result of this chapter.

Theorem V.2.1. Let A be a central simple algebra of prime degree p over a field F and let
X be a SLy(A)-torsor. Then

(i) for any equidimensional F-variety Y, the change of field homomorphism
where CH is the integral Chow group, is surjective in codimension < p + 1.

(ii) it is also surjective in codimension p + 1 for a given Y provided that the variety Xp(c)
does not have any closed point of prime to p degree for each generic point ( € Y.

Proof. We use notation and material introduced in the previous section. One can assume
that X does not have any rational point over F' (or equivalently X does not have any closed
point of prime to p degree, by the result [2, Theorem 3.3] of J. Black), if else there is nothing
to prove. Note that in this situation, the central simple algebra A is necessarily a division
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algebra. We recall that conclusion (i) has already been proved. According to Proposition
[1.2.5, it suffices to show that CHPH(XF(Q) = 0 for each generic point { € Y to get conclusion
(ii). Since Xp() does not have any closed point of prime to p degree, it is enough to prove
that CHP™(X) = 0.

Assume on the contrary that CH?*'(X) # 0. Then 6 : A'(X, K3) — CH?*(X) is nonzero
(since ¢ is surjective by Remark V.1.2), ie E,;3*(X) is strictly included in EM2(X) =
AYX, K,). We claim that this implies that, by denoting as gx the generator of A'(X, K3),
one has r(gx) = ¢. Indeed, otherwise one has r(¢qx) = p - ¢ by the previous subsection.
Consecutively, by denoting as ¢ the corestriction morphism A'(SLy,, Ky) — A'(X, K3), for
any i > 2, one has ¢(E,}"?(SLp)) = ¢(A*(SLy, K>)) = A'(X, K,) (where the first identity
is due to CH'(SLy) = 0 for any ¢ > 2). In particular, one has E}~%(X) = C(E;;:f(SLp)) C
E;jff (X)), which is a contradiction.

Therefore, we have shown that under the assumption CH?*!'(X) # 0, the generator ¢
of AY(Xp(x), K2) is rational. Then it follows that the generator g of CH™'(Xp(x)) is also
rational.

However, since Ap(x) is a still a division algebra, by [25, Theorem 7.2 and Theorem
8.2], the cycle gP~! in CHy(SLy(Ar(x))) is nonzero and the latter group is cyclic of order p
generated by the class of the identity of SLi(Ap(x)). Thus, the degree of the rational cycle
gP~ ! is prime to p.

It follows that X has a closed point of prime to p degree, which is a contradiction.

The Theorem is proved. O

Remark V.2.2. The end of the above proof shows in particular that for a division algebra
A of prime degree p over a field F", the kernel of the Rost invariant Rgy,,(4) is trivial. This
is already contained in the result [35, Theorem 12.2] of A.Merkurjev and A.Suslin under
the assumption char(F) # p. Indeed, let £ € H'(F,SLy(A)) and let X be the associated
SLq(A)-torsor. Assume that Rgy,(a)(§) is trivial. It follows then that the generator of
AY(Xp(x), K>) is rational (see Section V.1). As we have seen in the above proof, this implies
that X has a rational point over F', i.e the cocycle £ is trivial.

Note also that for a division algebra A of prime degree p over a field F', the Rost invariant
Rgt, (4) coincides, up to sign, with the normalized invariant given by the cup product [A] U
(c) € H3(F,Z/pZ(2)) for any class ¢Nrd(A*), where [A] is the class of the algebra A in the
Brauer group Br(F'), see [13, §11].

V.3 Link with Chapter IV - Exceptional projective
homogeneous varieties

In this section, we describe how Theorem V.0.1 implies a similar version of it for projective
homogeneous varieties under a group of type Fj or Fg. Namely, we give an alternative proof
of Theorem V.3.1 below (see Theorem IV.0.1). The following proof requires the characteristic
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of the base field to be different from p, with p = 3 when G is of type F, and p = 5 when G is
of type Eg, although the original result Theorem [V.0.1 is valid for arbitrary characterisitic.

Let X be a nonsplit SL;(A)-torsor over a field F, with A a division algebra of prime
degree p. There exists a smooth compactification X of X such that the Chow motive
M(X,Z/pZ) decomposes as a direct sum R, ® N, where R, is the indecomposable Rost
motive associated with the symbol [A]U (¢) € H3(F,Z/pZ(2)), with ¢ € F*\Nrd(A*) giving

X, see [25, Theorem 1.1]. Note that the projective variety X is a norm variety of s.

Theorem V.3.1. ([10, Theorem 1.1}) Let G be a linear algebraic group of type Fy or Eg over
a field F of characteristic different from p, with p = 3 when G is of type Fy and p =5 when
G is of type Ey, and let X' be a projective homogeneous G-variety. For any equidimensional
variety Y, the change of field homomorphism

where Ch is the Chow group modulo p, is surjective in codimension < p + 1.
It is also surjective in codimension p+ 1 for a given Y provided that 1 ¢ deg Cho(X},(O)
for each generic point ( €Y.

Proof. Since the F-variety X’ is A-trivial in the sense of [26, Definition 2.3], one can assume
that G has no splitting field of degree coprime to p. Indeed, otherwise 1 € deg Chy(X’) by
corestricition and this implies that Ch(Y') — Ch(Yr(x)) is an isomorphism in any codimen-
sion by A-triviality, see [26, Lemma 2.9)].

Let us now write G = (G for a nontrivial cocycle £ € H'(F,Gy), with Gy a split
group of the same type as G. Then the motive R,(G) living on the Chow motive (with
coefficients in Z/pZ) of X' given in [40, Theorem 5.17] is the Rost motive of the symbol
Re,»(&) = [A]U (¢) € H*(F,Z/pZ(2)), where Rg,, is the the modulo p component of the
Rost invariant Rg,, A is a division algebra of degree p and ¢ € F*\Nrd(A*) — see [37, §4]
and [12, §14] (here the assumption char(F’) # p is needed).

Let us denote as X the nonsplit SLy(A)-torsor over F' associated with ¢ and as X its
smooth compactification. We claim that X’ has a closed point of prime to p degree over
F(X) and vice versa.

Indeed, since X is a norm variety for [A] U (c), the motive R,(G) decomposes as a sum

of Tate motives over F(X). Therefore, the group G F(%) 18 split by an extension of degree

coprime to p and it follows that X’ has a closed point of prime to p degree over F/(X) (this
is more generally true for any extension L/F over which X has a closed point of prime to
p degree). Moreover, the motive R,(G) decomposes as a sum of Tate motives over F'(X')
because G is split by F(X’). Consequently, X has a closed point of prime to p degree over
F(X").
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It follows then (note that X is A-trivial by [26, Example 5.7]) that the right and the
bottom homomorphisms in the commutative square

Ch(Y) Ch(Yr(x)

| |

Ch(YF(X)) - Ch(YF(XxX/))

are isomorphisms. Since F(X) = F(X), Theorem V.3.1 is now a direct consequence of
Theorem V.0.1. O

The following was pointed out to me by Philippe Gille.

Remark V.3.2. Let Gy a split group of type Eg over a 5-special field F' (i.e F' has no proper
extension of degree coprime to 5) of characteristic # 5. The above proof gives rise to a new
argument for the triviality of the kernel of the Rost invariant modulo 5

HY(F,Gy) — H*(F,Z/5Z(2)).

This result is originally due to Vladimir Chernousov (under the assumption char(F) # 2, 3,
5, see [6, Theorem]).

Indeed, since F is 5-special, for any nontrivial cocycle £ € H'(F, Gp), the group ¢Gy has
no splitting field of degree coprime to 5. Then, as we have seen in the proof, there is a
division algebra A of degree 5 such that R, 5(§) is equal to a symbol [A] U (¢) associated
with a nonsplit SL; (A)-torsor X. The injectivity of Rg, 5 follows now from Remark V.2.2.
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Chapter VI

Special correspondences

Let p be prime and let X be a geometrically irreducible variety of dimension p™ — 1 over a
field F' of characteristic # p. We refer to [7, §62] or to Appendix C for an introduction to
correspondences. In this chapter, an antisymmetric correspondence o € CHb(X x X), where
b= (p" —1)/(p— 1), is said to be special if its image H € CH’(Xp(x)) under the pull-back
associated with the morphism Spec(F'(X)) x X — X x X is such that

(i) opx)y =1x H— H x 1in CH (X)) ;
(ii) deg(HP™') is not divisible by p.

This notion has initially been introduced by M. Rost in [43].

In the first part of this chapter (section VI.1 to VI.3), we are interested in a conjecture (see
Conjecture VI.1.1 below) due to Alexander Vishik. That conjecture deals with rationality
of algebraic cycles over function field of quadrics and it can be related to some special
correspondences on quadrics. In the second part, we prove the case of equality of a theorem
([26, Theorem SC.1]) due to Nikita Karpenko and Alexander Merkurjev and involving special
correspondences on A-trivial varieties.

VI.1 A conjecture of A. Vishik

Let Y be a smooth quasi-projective variety over a field F', let () be a smooth projective
quadric of dimension n over F' and let us denote its function field as F'(Q). For any integer
m > 0, we recall that one can consider the following commutative diagram given by change
of field homomorphisms for Chow groups modulo 2 of codimension m classes of algebraic

cycles
Ch™(Y) —=Ch™"(Yr)) ,

| |
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where we write Y := Y, with F an algebraic closure of F'. B
We recall that an element § of Ch(Y') is F'(Q)-rational if its image Yz ) under Ch(Y) —

Ch(YF(g)) is in the image of Ch(Yr(q)) — Ch(Yg(g)). Since F is algebraically closed, the
bottom homomorphism Ch(Y) — Ch(Y%q)) is injective by the specialization arguments.

Furthermore, for any I C {0,...,[n/2]}, let us denote the associated partial flag variety
as G(I) (in particular, for any i € {0,...,[n/2]}, the variety G(i) is the Grassmannian
of i-dimensional totally isotropic subspaces) and for J C I we write m with subindex [
with J underlined inside it for the natural projection G(I) — G(J). In particular, for any
i €{0,...,[n/2]}, one can consider

Q W)G(O, i) Ton G(i),

and we set ‘
Zz; .-— 71'(071‘)* O TrZ(Q,Z) (l()) - CHn_l(G(Z)F(Q)),
where Iy € CHy(Qp(q)) is the class of a closed point x € Qp(q) of degree 1.

In the aftermath of its use of the Main Tool Lemma to refute the Kaplansky’s conjecture,
A. Vishik stated the following conjecture (see [48, Conjecture 3.13])

Conjecture VI.1.1 (Vishik). Let Y be a smooth quasi-projective variety over a field F
with char(F) = 0, let Q be a smooth projective F-quadric of dimension n and let i €
{0,...,[n/2]}. If the cycle z; (mod 2) is rational then any F(Q)-rational element y €
Ch™(Y), with m < n — 1, is rational.

Note that A. Vishik proved in [48, Proposition 2.5] that the rationality of z; implies the
rationality of z; for any j > 7.

This conjecture is known for the extremal values i = 0 (if zg = [y is rational, i.e if
Q) is isotropic, then one has CH™(Y) ~ CH™(Yp()) for any m) and i = [n/2] (see [48,
Proposition 3.12]). It is claimed to be known also for i = 1 in [48, end of section 3.2] but a
proof is not given (we get the case i = 1 by combining Proposition VI.2.8 with Proposition
VI.3.2). Moreover, if one considers Conjecture VI.1.1 with Ch := CH (mod 2), where
CH = CH (modulo 2-torsion), instead of Ch, then the case i = 1 is given by the result [55,
Theorem 1.3] of K. Zainoulline.

In the second section of this chapter, we link the rationality of the cycles z; with the
rationality of certain special correspondences p; of Q). In the third section, we give a partial
answer to Conjecture VI.1.1 (in the case the first Witt index i; of @ is sufficiently large)
which go in the direction of a positive general answer (see Proposition VI.3.1).
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V1.2 Rationality of special correspondences on
quadrics

Let @@ be a smooth projective anisotropic quadric of dimension n over a field F'. Let us
denote [n/2) asd. Let p=1x1ly+1lpx 1€ CH"(Q%(Q)) be the so-called Rost correspondence
on @ (in the sense of [7, §80]). Note that if p is rational then p — h™ x 1 is a special
correspondence as defined in the introduction of this chapter, however we choose to work
with p for convenience with computations (note that, since () is anisotropic, the rationality
of p would imply that n + 1 is a power of 2 by [7, Corollary 80.8]).

For every i = 0,...,d, weset t; ;=1 x hx---xhi"t x|, € CH”+i(i_1)/2(QEé)), where

h is the hyperplane section class (always rational), and for any o € S;;; we also denote by
o Q! — Q! the associated isomorphism. Then we set

pi = Yoes,,,04(ti) € CH”H(FDH(Q?&D).
We called p; the i-th Rost correspondence of (). One has py = ly = z¢ and p; = p. Note

that the rationality of p; implies the rationality of p; for any j > 7.

The purpose of this section is to prove the two propositons below. We will need the
following lemma, which can easily be deduced from [48, Propositon 2.1 and Lemma 2.6] and
its proofs.

For any positive integers k < d and j such that j + k& < n, we set

W} = mom, © mou (W) € CH/(G(k)).

J

Lemma VI.2.1 (Vishik). For any 0 < k < d, one has
(i) mop), © Ty (") = [GK)];
(ii) T(0,k,k+1), © W?Q,k,k+1)(hk) = [G(k, k+1)];
(iii)
ﬂ-&,kJrl)(Zk) = c1(0(1)) 'ﬂ-ikk,ﬂ) (Zk41),

where O(1) is the standard sheaf on the projective bundle G(k,k + 1) = Pguy(Trr1),
with ’ﬁﬂ the vector bundle dual to the tautological bundle Try1 on G(k +1).

(iv)
a(0()) -7 (k k+1) (Wk+1) EKk k+1) (VVJkH) kk+1 (VV]k—&—-T)

In the following statement, the fact that if p is rational then z; is also rational has already
been shown by A. Vishik in the proof of [53, Theorem 4.4].
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Proposition VI1.2.2. Leti € {0,...,d}. If p; is rational then z; is also rational.

Proof. In order to simplify the notation in the proof, for any 0 < i < d we denote 7y, as f;
and W(Ovi) as g;.
Since the conclusion is obvious for ¢ = 0, we assume ¢ > 1 in the proof. Let © C

Q x Q x G(0,1) be the subvariety {((y, 2), (y,1))| z € [} and let
0 = [0] € CHaim(c0,1))+1(Q x Q x G(0,1))

be its class as an algebraic cycle.

View as a correspondence, the cycle 6 defines an homomorphism 6, : CH*(Q x Q) —
CH*'(G(0,1)) and one easily checks that for any (a, 8) € {1,h,...,hi" 1 [o}%, with a # 3,
one has

91*(21) if a % ﬂ =1x l()
O.(a x B) =< [G(0,1)] ifaxpf=1xh
0 or fi"(lp) if else

Thus one has the following identity in CH(Q"™' x G(0,1)p(q)),

((dgi—1, x 8:)(p)) - ([Q] x i (h)) = Zoes,_y oulh X h* x - x W) x (91" (21) - 17 (R))
+ Yoes, 04l X h? x -+ x h™Y) x fi*(h).

Then, by applying the homomorphism Idg:-1, X g1, to the previous identity and by combining
the fact that g1, o f1"(h) = [G(1)] (see Lemma VI.2.1(i)) with the projection formula (see
Proposition 11.2.2), one get that in CH(Q"™' x G(1)p(q)) the cycle

Soesi 10« (h X h? X - x K1) X 2y 4+ Bges,_,04(lo X h* x -+ x A7) x [G(1)]  (VL.2.3)

is rational. Note that this gives the conclusion if ¢ = 1 so one can assume ¢ > 2 in the sequel.

Let us denote the sum (VI.2.3) as s = u + v. We write in for the imbedding G(0,1) —
Q x G(1) and we set t = Idgi-2, x r where 7 : CH(Q x G(1)) = CH(G(2)), is defined by

r(a) = a2, (7l (WD) - (To12), © Mo © i (@)))

for any o € CH(Q x G(1)) (we intentionally write r this way for convenience with compu-
tations).

We claim that one has ¢(v)=0. Note that since s is rational and ¢ commutes with change
of field homomorphisms, this would imply that the cycle ¢(u) is rational. We prove the claim.
For any 2 < k <7 — 1, one has

T(0,1,2), © T(0,1,2) © in*(h* x [G(1)]) =0
for dimensional reasons. Furthermore, one has

7T(07l72)* ) WE‘Q,LZ) o Zn*(lg X [G(l)]) = 7Ta’2) (Zl)
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and by the projection formula it follows that
r(lo x [GL)]) = WE - 7a,2), (T(12)(21)) -

Since 7(1,2), (7?&72) (z1)> = 0 by dimensional reasons, we get that t(v) = 0.

Now we would like to compute the rational cycle ¢(u). First of all, for any integer
2<k<i—1, onehas mo12), M9 ?° in*(h* x z;) = 0 by dimensional reasons. Moreover,
one has o

To1,2) © 1" (h X 21) = 7o 9 (h) - To1.9) (”fl,z)(zl)) :

By Lemma VI.2.1(ii), (iii) and the projection formula, it follows that

T(0.12), © M(0,1,2) © in*(h* x z1) = ¢, (O(1)) - T(1.2) (z2). (VI.2.4)

Therefore, using Lemma VI1.2.1(iv) (with £ = j = 1) and once again the projection formula,
from (VI.2.4) one get
r(h X z1) =7y - T(12), © WZ‘LQ)(W;). (VI.2.5)

Moreover, by [48, Proposition 2.1], one has W3 = cy(—7T7), with 7; the tautological bundle
over G(1). Hence, since the bundle 7, , (71) is naturally identified with the tautological line

bundle O(—1) over G(1,2) = Pg(1)(72), one get
T12), © T(12(Wa) = T, (2(=0(=1))) = o(=T) = [G(2)] (VL.2.6)
and it follows from (VI.2.5) that

t<u> = 20’651_20*(h2 X h3 X oo X hiil) X Zo.

Now, for every k = 2,...,1, we set
Uy, = pes,_0x(h" x B x o x BT x 2 € CH(Q™F x G(k)p(q))-
Since the cycle uy = t(u) is rational and one has the identity u; = z;, it suffices to show that,

for any 2 < k <1 — 1, the rationality of u; implies the rationality of w1, to conclude.

Let 2 < k <4 —1 and assume that the cycle w; is rational. We set ¢, = Idgi—s—1_ X 7
where r : CH(Q x G(k)) — CH(G(k + 1)), is defined by

r(a) = T pr), <(7r;k7@)(w,f +1)> ' <7T(0M b, ° 7

for any v € CH(Q x G(k)) (for k =1, t; is the homomorphism ¢ that we used).

We claim that ¢ (ux) = ugri. Note that this would give us the conclusion since ty
commutes with change of field homomorphisms. To prove this we reproduce what has been
done for the computation of ¢(u)
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First of all, for any k+1 < j <4 — 1, one has 1), © Wz{Qv&kH) oin*(h? x z;) =0 by
dimensional reasons. Thus, one get

tk(uk) = tk (Zaegi_k_lo'*(hk-i_l X e X hi_l) X hk X Zk) .

Moreover, one has

* *

0,k,k+1) © m*<hk X 1) = W?Q,k,kﬂ)(hk) *T(0,k,k+1) (W@,kﬂ)(zk)) .

™

—~

Hence, by Lemma VI.2.1(ii), (iii) and the projection formula, it follows that
W(O,E,k 1)* o W?Q,E,k-‘rl) o Z?’L*(hk X Zk) = 01(0(1)) . W?k’ﬂ)(zk+1). (VIQ?)

Then using once again the projection formula and Lemma VI.2.1(iv), from (VI.2.7) one
deduce the identity

tr(ug) = gy - <[Qi_k_1] X (W(k,w)* o 7@k+1)(Wlf+1)>> :
Finally, as in (VI.2.6), one has

T(kk+1), © W@,kﬂ)(Wfﬂ) = [G(k +1)]
and the proposition is proved. O
We simply write z for z;.
Proposition VI.2.8. p is rational if and only if z is rational.

Proof. By Proposition VI.2.2] it remains to show that the rationality of z implies the ratio-
nality of p. We denote 71y as f, mo1) as g and G(1) as G.

Let © C G x Q x @ be the subvariety {(l,y1,¥2)|v1,y2 € [} and let ¢ := [©'] €
CHaim(c)+2(G x @ x Q) be its class as an algebraic cycle. As a correspondence, the cycle ¢
defines an homomorphism

0. : CH" H(G) — CH"(Q x Q).

Let us denote by A th class of the diagonal {(y,y)} C @ x Q. We want to show that
one has the identity 0, (z) + 1 x Iy + Iy X 1 = Ap(g) (this gives us the conclusion). To do so,
viewing the previous cycles as correspondences, one has to prove that the homomorphism

(02(2) + 1 x lo+1o x 1), : CH'(Qr(q)) = CH (Qrq)
is the identity. Moreover, one easily checks that for any o € CHk(Q F(Q)), one has

a ifk=0or k=n
(1Xlo+lo><1)*(a):{ 0 if else



CHAPTER VI. SPECIAL CORRESPONDENCES 66

Therefore, one has to show that for any a € CHk(QF(Q)), one has

a f0<k<n

). @ ={§ o

Note that since the correspondence ¢’ (z) is symmetric, it is sufficient (see [7, §68]) to show

that i oy
) kY H0<k<
OO A

To do so, let us first find an explicit formula for (0. (z)),. Consider the following commu-
tative diagram given by projections

G % QX Q2 % Q

pGxQxQL PexQ

GXxQ—e—0

By the very definition, one has 0;(z) = paxgxq, (z x [@] X [Q] - 0'). Hence it follows by the
projection formula that for any a € CHk(QF(Q)), one has

(0.(2)), (@) = Poxq, © Paxaxq, (2 x a x [Q] - ¢'),
that is to say, by the commutativity of the above diagram,
(0.(2)), (@) = paxq, © Pexaxq, (2 X a x [Q]-0).

Moreover, by denoting v € CH" (G x Q) the class of the subvariety {(l,y)|y € [}, one has
the identity 0" = v X [Q] - pixox (7). Consequently, using the projection formula, one get

(62(2)), (@) = paxq, (7 (Paxq, (2 x @) -7) x [Q]))

that is to say, using again the projection formula,

(0.(2)). (@) = paxa, (7 (2% Q) - (paxa. (Poxgl@)-7) x Q1)) (VI2:9)

Furthermore, since v = in,([G(0,1)]) (with in : G(0,1) < G x @), by the analog Proposition
[1.2.3 of the projection formula , one has

Piong(@) -7 = i 0 in” (Pisegl@))
and by the very definition of the morphisms f and g, it follows that

Paxa, (Pivg(@)7) = 9.0 f*(@).
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In the same way, one has 7 (z x [Q]) = in. o g*(z). Consequently, one deduce from (VI1.2.9)
the following identity

(02(2)), (@) = paxa, ((inx © g"(2)) - (Paxq(gs© [*(a)))),

that is to say, applying the projection formula to in, followed by Proposition I1.2.1,

(02(2)), (@) = fro g™ (z- g.o f*(a)). (VI1.2.10)

We will use this formula for computations.

First of all, one has (#.(z)), (h°) = 0 since g, o f*(h°) € CH '(G). Let us show now that
(0.(z)), (h) = h. Since g, o f*(h) = [G] by Lemma VI.2.1(i), one has

(0.(2)), (h) = f. 0 g"(2) = paxq, ([X]), (VI.2.11)

where X is the subvariety {(l,y)|x,y € I} C G x Q. Let us denote by H the hyperplane
section of () determined by the orthogonal complementary of the vectorial line associated
with the point x. Then one has pgxo(X) = H and the projection pgxg maps isomorphi-
cally the open {(l,9)|x,y € l;y # x} of X to the open H\{x} of H. Therefore, one has
paxq, ([X]) = [H] = h, that is to say

(¢(2)), (h) = h.
Now let 0 < k < d—1. By (VI.2.10), one has

(04(2), (B"1) = £ ((9°(2) - (9" 0 g 0 [* (")) |

and it follows from Lemma VI.2.1(iv) that

(0.(2)). (W) = fu (9°(2) - 1 (RY)) = fe (e (O(1)) - (g7 (2)) - (97 0 gu 0 f*(HY))).

By the projection formula and (VI.2.11), the first summand of the right side of the previous
identity is equal to h* - ((6.(z)), (h)), that is to say h*!.

Therefore, it only remains to prove that the second summand of the right side of the
previous identity is equal to zero to conclude. Using successively the fact that ¢; (O(1)) -
(9"(z)) = f*(lp) (see Lemma VI.2.1(iii)) and the projection formula, one get that this second
summand can be rewritten as

—lp- (frog og.o f*(h"))
and this is equal to zero for dimensional reasons. The proposition is proved. O

We do not know if for ¢ > 2 the rationality of z; implies the rationality of p;.
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V1.3 A partial answer to the conjecture

Let @ be a smooth projective anisotropic quadric of dimension n over a field F' of charac-
teristic 0. We need that assumption on the characteristic of the base field because we will
use the algebraic cobordism theory and the latter relies on resolution of singularities. Let us
denote by 7; the first Witt index of (). The purpose of this section is to prove the following
proposition.

Proposition V1.3.1. Let 0 < i <iy. If p; is rational then for any smooth quasi-projective
variety Y and for any integer m < n — 1, the change of field homomorphism

CHm(Y) — CHm(YF(Q))
18 surjective.

Note that, if the rationality of p; is equivalent to the rationality of z;, then the previous
proposition gives an answer to the Conjecture VI.1.1 in the case the quadric ) has an
(1 — 1)-dimensional subspace defined over the generic point of Q.

Proposition VI.3.1 is actually a consequence of the following statement, which is in fact
the case i = 1 of Proposition VI.3.1 (note that by the very definition of ¢;, one always has
i > 1).

Proposition VI.3.2. If p =1 x Iy + 1y X 1 is rational then for any smooth quasi-projective
variety Y and for any integer m < n — 1, the change of field homomorphism

18 surjective.

The proof of Proposition VI.3.2, which is largely inspired by the proof of [55, Theorem
1.3] by K. Zainoulline, is given in the last subsection (we need to introduce some material
about algebraic cobordism before giving the proof). For the moment, let us explain how
Proposition VI.3.2 implies Proposition VI.3.1.

Proof of Proposition VI.5.1. Since the result is known for ¢ = 0 and ¢ = 1, one can assume
that ¢ > 2 in the proof. Let Q" C @ be a subquadric of codimension i — 1. One can consider
the following commutative diagram

CH*(Y) CH" (Vi) - (VL.3.3)

| |

CH*(Yr(q)) — CH* (Yroxq)

Since i; > i — 1, the quadric @’ has a rational point over F'(Q) and it follows that the
right homomorphism is an isomorphism. Since () has a rational point over F(Q') as well,
the bottom homomorphism is also an isomorphism.
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Hence, one has to show that the homomorphism CH™(Y) — CH™ (Yp(q) is surjective.
Moreover, since m < n —i = dim(Q’) — 1, it is sufficient by Proposition VI1.3.2 to prove that
the cycle

pl=1x1ly+1yx 1€ CHy(QFq) ~ CHo(Q T o)

is rational.

Let us denote by m € CH _i1+1(Q2) a rational integral representative of the 1-primordial
——n—i1+1

cycle in Ch (Q?) (see [7, Definition 73.16] and paragraph right after [7, Theorem 73.26]).
Even if it means adding a rational cycle to 7, one can assume that = decomposes as

d—i1+1
T=1x lil—l + lil—l x 14 Z a; (h] X lj+i1—1 + lj+i1—1 X hJ) 7

Jj=u

where for every j = 4y,...,d — i1 + 1, the coefficient a; is an integer (the fact that one can
choose to make the previous sum start from j = i; is due to [7, Proposition 73.27]).

Furthermore, let us denote by o € S;1; the cyclic permutation which sends %k to k+ 1 for
1 <k<iandi+1tol. We also denote by o : Qt! — Q! the associated isomorphism.
Then, viewing the algebraic cycles at work as correspondences, we recursively define the
following sequence of rational cycles

€0 = pi
{ e =0y (ggm10 (I x W= o)) for k=1,...,i—1
One easily checks that, in CH (Q™*!), one has the identity
Eic1=pXLIxX1x- o x 14686, (Axh "+ x1) xligx1x-x1),

where ¢ is the Kronecker symbol. We write A for the diagonal morphism

Qz — Qi—i—l
(z,y) — (,9,...,y)

By applying A* to the previous equation, one get that the cycle
vi=1xly+1lgx1+68,; (Ixl+h"" xli) € CH(Q?)
is rational. Then, by denoting in the inclusion @’ 2 < (92, one has the identity

m* (")/ o 7T) = 1;1—1' x 1+ 51'71'1 (1 X l,'1—i) .

If © = 7; then the previous identity gives us directly the conclusion. If else —i.e i < 7; — it
follows from the previous identity that the cycle (II, _, x 1) - (h*7%) = [ x 1 is rational and

11—1
consecutively that p’ is rational. The proposition is proved. O
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Symmetric operations in algebraic cobordisms

In this subsection, we briefly recall some properties of symmetric operations in algebraic
cobordisms.

We recall that for any smooth variety X over a field F' of characteristic 0, M. Levine and
F. Morel have defined in [30] the ring of algebraic cobordisms 2*(X) with a natural surjective
map pr: Q*(X) - CH*(X). An element 5 € Q*(X) is a finite sum of classes [v], where the
morphism v : Y — X belongs to a certain class of morphims containing the class of smooth
projective morphisms. In particular, for any smooth projective F-variety U of dimension n,
the class [U — Spec(F')] of the structure morphism is an element of L,, C . = Q*(Spec(F)),
with L the Lazard ring. Moreover, one has

Ker (pr: Q*(X) — CH*(X)) =Ly - Q*(X).

For our purpose (the proof of Proposition VI.3.2), one can keep in mind the following
commutative diagram, for any extension K/F,

0 (X) O (Xk) -
CH*(X) —= CH*(Xx)

Then A. Vishik constructed in [53] and [52] some cohomological operations
o' Q4X) — Q¥T(X),

for r > 0, called symmetric operations. For r > 0, we write ¢! = pr o ®". For r > 0, the
operation ¢/ is additive. For any q(t) = Y50 qit' € CH*(X) [[t]], we set ¢7®) := 3" g;io"".
For a vector bundle £ over X, we write ¢(E)(t) for the total Chern polynomial [ [, (t +

\i), where the \; € CH'(X) are the roots of E.

The following properties of symmetric operations, which have been proved by A. Vishik
(see [52, Propositions 3.4 and Proposition 3.15] and [51, Proposition 2.4(3)]), will be useful
during the proof of Proposition VI1.3.2.

The following proposition describes how ¢ interacts with pull-backs and push-forwards.

Proposition VI.3.4 (Vishik). Let f : X — Y be a morphism of smooth projective varieties.
For any r > 0, one has

(1) fro¢" ([w]) = ¢" o f*([w]);
(ii) If f is a regular embedding then

¢ (fo[1x]) - [w]) = ¢ (NDO) (),

where Ny is the normal bundle of f.
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For any smooth projective F-variety X and any integer j, we denote by S}; n the Landweber-
Novikov operation associated with the integer j. We recall that one has the following com-
mutative diagram

() - ()

prt |

CH*(X) CH*Y(X)

| |

Ch*(X) —~ Ch*™(X)

where S7 is the j-th Steenrod operation of cohomological type on X (we recall that both
SS9y and SY are the identity).

Furthermore, the formula below links in a particular case the symmetric operations by
A. Vishik with the Chow trace of the Landweber-Novikov operations (see [52, Proposition
3.15]).

Let U be a smooth projective F-variety of positive dimension n and let us denote as [U] €
L the class of its structure morphism. We write n(U) for the Rost invariant w €L
of U, where Ty is the tangent bundle of U (the fact that n(U) is an integer can be found in

[32]).

Proposition VI.3.5 (Vishik). Let U be a smooth projective F'-variety of positive dimension
n and let B € QY(X). For any j > max(i — 2n;0), one has

o0 8) = (=1 E(U) - (pro Six(B)) -

Proof of Proposition VI.3.2

In this subsection, we prove Proposition VI.3.2. For an element § in CH* or Q* and
an extension L/F, we write § for the image of § under the associated change of field
homomorphism. In the proof, we also denote by p an element of CH"(Q?) mapped to
1 x Iy +1o x 1 € CH"(Q} ) under the change of field homomorphism

Since 2 € deg (CHy(Q)) (because h™ = 2l), it suffices by [26, Corollary 2.10] to prove the
surjectivity at the level of Chow groups modulo 2, i.e one has to show that for any integer

m < n — 1, the change of field homomorphism

is surjective.



CHAPTER VI. SPECIAL CORRESPONDENCES 72

Let y € Ch™(Yp(g)) and let us fix an element 2 € Ch™(Q x Y) mapped to y under the
surjection (see Proposition [1.2.4)

Chm(Q X Y) - Chm(YF(Q)).

We set 2/ := z o (p(mod2)) € Ch"™(Q x Y). Note that since p is a correspondence of
multiplicity 1, the cycle 2’ is also mapped to y under the previous surjection (see [26, Lemma
2.1(1) and Lemma 2.6]). Furthermore, one has

Tpig) = Tr@ © (1 X lo) +zr@ o (lo x 1) =1 xy, (VL3.6)

the term zp() o (1 x ly) being equal to zero since m < n — 1 We will use this identity at th
very end of the proof.

Since the cycle 1 x [p+ 1y x 1 € CH"(Q%(Q)) is rational, there exists an element a €
Lyg - Q(Q%(Q)) such that, by denoting the class of g : pt — Qrq) in Q(Qrq)) as xo, the
element

I Xzg4+29 X1+ @

is rational (with 1 = [Idg]). Now let us fix an element w € Q™(Q x Y') mapped to 2’ under
2(Q xY) - Ch*"(Q x Y) and let us consider the following rational element

V= (1 X Tog+ T X 1+ a)*(wF(Q)) S Qm(Q X YF(Q)).
The element v decomposes as
v=1Xv, + x5 X v+ (Wp)), (VL.3.7)

where v; € Q™" (Yp(g)) and pr(v,) (mod 2) = y (basic computations for correspondences
are the same for both Chow theory and algebraic cobordism theory).
The following lemma constitutes the next step of the proof.

Lemma VI1.3.8. One has

Y= (btzn_m OPY*(U> - (btzn_m (UO) - (btzn_m O Py, (Oé*(wF(Q))) (mod 2),

where py is the projection Q XY — Y.

Proof. We apply ¢ o py, to the decomposition (VI.3.7) of v. First, we deal with the
first summand of the right side of the equation. By the projection formula, one has

6" o pyL (1 x va) = 6" (gu(1) - 0n),

where ¢ : Q — Spec(F) is the structure morphism. Since one has ¢.(1) = [Q] € L,,, one get
from Proposition VI1.3.5 that

¢t2n_m opy.(1 xvy) = (=1)"n(Q) - pr(va) in CH"(Yr(q)).
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Consequently, as 1(Q) (mod 2) = 1 € Z/2Z since the quadric @ is anisotropic (see [43,
Theorem 9.9]), one has

gbt%*m opy,.(1 xwv,) (mod2)=y.

Secondly, we deal with the second summand of of the right side of the equation. Once
again by the projection formula, one has

2n—m 2n—m 2n—m
¢ " opy. (o X vg) = 0" (gu(wo) - wo) = ¢ (wo)
and the lemma is proved. O
The following lemma constitutes the second step of the proof.

Lemma VI1.3.9. One has
Cbt%im (Uo) =Py« © ¢tnim(v) — Py © ¢tn7m (a*(wF(Q))) .

Proof. We apply py, o ¢'" " to the decomposition (VI.3.7) of v. Let us start with the first
summand of the right side of the equation. The projection formula and Proposition VI.3.4(i)
imply the following string of identities

pY* © Qstnim(]' X Un) = pY* o ¢tn7m © gp;@n)
tho pik/ © ¢t (Un)
= ¢" "(va) - py.(1),

and py, (1) = 0 for dimensional reasons.

We deal now with the second summand of the right side of equation (VI.3.7). Let
f:Spec(F(Q)) XY — @ x Y be the regular embedding g x Idy. Since xg X v9 = f. (1 x 1)-
(1 X vy), it follows from Proposition VI.3.4(ii) that

¢tn—m($0 % U()) _ ¢t"7m‘f*(C(Nf)(t))(]_ X U()). (VI?)].O)

Moreover, one has N, = ¢g*(1g), with T, the tangent bundle of @ (see [17, Corollary 17.12.3]
or [7, Proposition 104.12]). Hence, by [7, Proposition 54.5] (see also Appendix B), one has
6o (c(N,)(£) = o(TQ)(t) - 9u(1) = e(Tg)(t) - lo. Since (Tg)(t) = ( — h)'™ - (£ — 2h) " (see
[50, Proposition 6.1] for example), one get from (VI.3.10) that

¢tn—m ((L’O X U()) = (lo X 1) . ¢t2n—m(1 X UQ) = l() X ¢t2n—m (’Uo)7

where the last identity is due to Proposition VI1.3.4(i). Consequently, one has py,0¢"" " (xq x
vo) = ¢ " (1y) and the lemma is proved. O

One get from the two previous lemmas that y = ¢t2n_m0py*(v)—py*0¢t”_m (v) (mod 2)+z,
with z = py, 0 ¢ " (a(wr)) — ¢ " o py, (au(wr@)) (mod 2). Therefore, the
conclusion is given by the following lemma.



CHAPTER VI. SPECIAL CORRESPONDENCES 74

Lemma VI.3.11. In Ch™(Yp)), one has z = 0.

Proof. Since ¢'" is additive for r > 0, one can assume there exist an integer d > 0 and some
elements [U] € Ly and 5 € Q”er(Q%(Q)) such that a = [U] - B. By L-linearity, it follows that
s (wp)) = [U] - B(wp(g)). Consequently, by Proposition VI.3.5, one has

" " (an(wr)) = (=1)""n(U) - (pro Spy* (B:(wr))) in CH™(Yr()),

and therefore, in Ch™(Yp(@)), one has the following identity
py.od" " (au(wr))) (mod2) =n(U) - py, oS (pr(B.(wrg)) (mod?2)). (VL3.12)

Moreover, since again by L-linearity one has py, (a.(wr@))) = [U]-py, (B:(wr(q))), one
also has the following identity

¢ o py. (ax(wp(g))) (mod 2) = n(U) - S" %o py, (pr (Bu(wr)) (mod2)), (VI.3.13)

and by combining (VI.3.12), (VI.3.13) and Proposition I1.3.2, one get that the cycle z can
be rewritten as

t2n—m

z=n(U) - py. ( Z ci(=Tg) - 8" (pr (Bu(wr(g)) (mod 2))) :

0<i<n—d

Since ¢;(—=Tg) = h* € Ch'(Q) (see [7, Corollary 80.11 and Lemma 78.1]), by denoting the
cycle pr(f) (mod 2) € Ch"*d(Qiﬂ(Q)) as (', the latter equation can be rewritten as

z=n(U) - py, ( > RS @ o 5')) : (V1.3.14)

0<i<n—d

We claim that, for every i = 1,...,n—d, the summand z; := py, (hi . S"*d*i(x’F(Q) o 6’)) of
(V1.3.14) is equal to zero. Indeed, one deduce from (VI.3.6) that 2 o) 0 8" = pgxq (B') X y.

Then by the Cartan formula (see Corollary 11.3.5), it follows that for every i = 1,...,n —d,
one has

2z = zij  with 2z = py, ((hz -5 OPQXQ*(ﬁ,)> X Sn_d_Fj(?J)) :
=0

If j # n—d—1 then one has z; ; = 0 for dimensional reasons. Otherwise, hi-S”*d*iopQXQ*(ﬁ’)

is a 0-cycles and z; ,,—4—; = 0 since deg (hi . gnmd=ig pQXQ*(B’)> = 0 by [43, Lemma 9.3]. [

Proposition VI.3.2 is now completely proved.
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VI.4 Special correspondences on A-trivial varieties

In this section, we state the result [26, Theorem SC.1] (see Theorem VI.4.1 below) due to
Nikita Karpenko and Alexander Merkurjev and then we give an extension, namely we deal
with the case of equality of this theorem.

Let p be a prime and let X be a smooth complete geometrically irreducible variety over
a field F' of characteristic # p. We denote by Ch the Chow group modulo p. First, we
recall that X is said to be A-trivial for Z/pZ if for any extension L/F such that X (L) # 0,
the degree homomorphism deg : Cho(X) — Z/pZ is an isomorphism (for example, any
smooth projective quadric is A-trivial for Z/27). We say that X and X' are equivalent if
for any extension L/F, one has 1 € deg Cho(X) if and only if 1 € deg Cho(X7). This is an
equivalence relation.

For any integer i, we write S° for the cohomological Steenrod operation on Ch which
increases the codimension by 4 (as in [26]). This indexing differs from that of [4]. In this
indexing, one has S* = 0 if i is not divisible by p—1. We recall that b refers to (p"—1)/(p—1).

Theorem VI.4.1 (Karpenko, Merkurjev). Let X be an A-trivial F-variety for Z/pZ equiva-
lent to an A-trivial F-variety of dimension p™ — 1 possessing a special correspondence. Then
for any smooth irreducible F-variety Y, any m,s € Z with s > (m — b)(p — 1), and any
y € Ch™(Yp(x)), the element S*(y) € Ch™**(Yp(x)) is rational up to the class modulo p of
an exponent p element of CH™*(Yp(x)).

The proof of the following proposition is widely inspired by the proof of the previous
statement and is for this reason to be read along with the proof of [26, Theorem SC.1].

Proposition VI.4.2. Let X be an A-trivial F-variety for Z/pZ equivalent to an A-trivial
F-variety of dimension p™ — 1 possessing a special correspondence. Then for any smooth
irreducible F-variety Y, any m € Z, and any y € Ch™(Yr(x)), there exists a polynomial P
of degree < p—1, with rational coefficients in Ch(Yr(x)), such that the element S°(y)+P(y) €
Ch™™*(Yp(x)), with s = (m —b)(p — 1), is rational up to the class modulo p of an exponent
p element of CH™*(Yi(x)).

Proof. We make the assumption that dim(Y) > 0 (otherwise, the conclusion is immediate).
Since the conclusion is given by [26, Lemma 2.9] if 1 € deg Chy(X), one can assume that
deg CHy(X) C pZ. Furthermore, using a commutative diagram similar to (VI1.3.3), one can
also assume that X itself is of dimension d := p™ — 1 and possesses a special correspondence
o € CH’(X x X). As in the introduction of this chapter, we write H € CH"(Xp(x)) for the
image of ¢ under the corresponding pull-back.

As in the proof of [26, Theorem SC.1], one can find an element x € Ch™(X X Y') such
that x decomposes over F'(X) as

rpx)=1Xy+Hxz+- -+ H 7 xa,, (VI.4.3)
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with some 1, ..., 7,1 € Ch(Yp(x)).

Let us fix an integral representative £ € CH™(X x Y) of z € Ch™(X x Y') and for each
integer k > 0, an integral representative S¥ € CH*™ (X x X) of S*(¢) € Ch"**(X x X)) (we
choose o for S%) and an integral representative S¥ € CH™ (X x Y) of S*(z) € Ch™ (X x
Y). By combining the reasoning done in the beginning of [26, Proposition SC.12] with the
fact that S *(z) = P, one get that there exist some cycles by € Ch*(X) such that the
element

Z Py 4 (bj . (pxyz* (bl . S(l; L Sép_l)) . SQI;) +py*(i’p) € CH(Y),

i+j k41 =d+s
i>0; j7k7l1a"'»lp71 >0

is divisible by p (in the previous sum, by- always stands for (by x 1)-). Let us denote this
sum as A + py,(2P).
Furthermore, one knows from the proof of [26, Proposition SC.12] that there exist a cycle
B € CH(Yr(x)), a cycle v € CH(Y'), and a prime to p integer ¢ such that
Apx) = 0B+ pyrix) + qdeg(ba)S;,
where S§ € CH™*(Yp(x)) is an integral representative of S*(y) € Ch™**(Yp(x)). Therefore,
even if it means modifying # and ~, one can write

qdeg(ba)S; + pv . (Thx)) = P*B + PYr(x)- (VI.4.4)

Moreover, according to the decompositon (VI.4), there exists a cycle « € CH™(X X Yp(x))
such that

xF(X)Zng+HXf1+"'+Hp_1Xli'p_l—l—pa/,

where the cycles g, 21, ..., T,—1 are some integral representatives of the cycles y, 1, ..., 2p_1.
Hence, one has

p

- _ - - _ ~ k

m%(x>22(i>(po‘)p FAx g H X HT X T, )
k=0

In the lattest expression, each summand, except the one corresponding to k = p, is divisible
by p?. Thus, even if it means modifying 3, we deduce from the equation (V1.4.4) the following
identity

qdeg(ba)Ss +py, (L x G+ H x @1+ -+ H 7' x3,1)") = p*B+pypx).  (VLAD)

, P
Furthermore, by the multinomial Theorem, the cycle py, ((20 cicp1 H' % iz) > (with

xo = y) is equal to

p ~k0'~k1'..~kp71
> (kg,kl,...,kp_l)y N

ko+ki+-+kp_1=p
k1+2k2+~~~+(p—1)kp,1=p—l
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Since for any ¢ = 0,...,p — 1, one has k; < p, each multinomial coefficient appearing in the
previous sum is a multiple of p. Thus, that sum can be rewritten as

p—1
2 : ~k
P ag -y,
k=1
where

p_l ~ Lk ~ k ~k: 1
— E : beag ez € CH(Y
h (k,kl,...,kp1>x1 2 (Yreo).

ki+ko+-+kp_1=p—Fk
k1+2ko+-+(p—1)kp_1=p—1
Therefore, since the integer deg(by) is divisible by p (by assumption) but not by p? (see
proof of [26, Proposition SC.12], this results from [43, Theorem 9.9] by M. Rost), we deduce
from the equation (VI1.4.5) that the element

S )+ > ap -y (VI.4.6)

is rational up to the class modulo p of an exponent p element of CHm+S(YF(X)) (for k& =
1,...,p — 1, we still write a; for the class in Ch(Yp(x)), and we replace the coefficient in
(Z/pZ)" near S*(y) by 1). From now on, we work with Chow groups modulo p. For any
k=1,..,p—1, one has

—1 _
a = (Z_l)kpy*<(H><:v1+H X Lo + .. —|—Hp1><xp 1)p k)

(
("7 1) 0w (s axn)

one get that
>y = Ply) (V14.7)

where P is the polynomial in variable Z with coefficients in Ch(Yp(x)) such that P(Z) =

/. ie]F(X) Z7 (there is no coefficient e, because py,(1 x 1) = 0). One get the desired

result by combining (VI.4.6) and (VI.4.7). O
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Appendix A
Milnor K-Theory

All material presented here can be found in [7, §100]

Graded Milnor ring. Let F' be a field and let us denote by 7T, the tensor ring of the
multiplicative group F*. We write I for the ideal of T, generated by the tensors a ® b with

a—+b=1 and we set
K.(F)="T,/I.

This graded ring is called the Milnor ring. The class of a tensor a; ® - -+ ® a,, in K, (F) is
denoted by {ay,...,a,} and is called a symbol. One has K,(F) =0 for n < 0, Ko(F) =Z
and K{(F) = F*. For n > 2, K,(F) is generated by the symbol {ay,...,a,} with a; € F*
subject to the multilinearity relation and the Steinberg relation.

Note that for any extension L/F, one has a natural restriction homomorphism 7y/p :
K.(F) — K.(L) associating to any symbol {ay,...,a,}r the symbol {ay,...,a,}r.

Residue homomorphsim. Let L be a field with discrete valuation v : L* — Z and residue
field F'. For any n > 0, the residue homomorphism

8, Kpir(L) = Ky (F)

is uniquely determined by the condition: if ag,aq,...a, € L* are such that v(a;) = 0 for
eachi =1,...,n, then d, ({ag,a,...,a,}) =v(ag){ai,...,a,}, where @; € F'* is the residue
of a;.

Milnor’s Theorem. Let X be an integral scheme over F'. For any regular point x € X
of codimension 1, the local ring Ox . is a discrete valuation ring with quotient field F'(X)
and residue field F(z). We write 0, : Ki1(F (X)) — K.(F(z)) for the associated residue
homomorphism.

Milnor’s Theorem describes the Milnor K-groups of the function field F(AL) = F(t) of
the affine line, by means, the following sequence

TE(t)/F (62)
0— Ko (F) 25 K (F() = Ty, Kn(F (@) —0
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is split exact.
Norm homomorphism. For any finite extension L/F and n > 0, we describe how is
constructed the associated norm homomorphism

We assume first that the extension L/F is simple. Then L can be identified with the residue
field of F'(y) of a closed point y € AL. Now let @ € K,(L) = K,(F(y)). By Milnor’s
Theorem, there exists 5 € K, 1(F(t)) such that 6,(8) = « if z = y and 6,(5) = 0 otherwise.

Let v be the discrete valuation of the field F(PL) = F(AL) = F(t) associatd with the
infinite point of the projective line PL. We set

cr/r(@) = 0u(65).
In the genreal case, we choose an arbitrary sequence of simple field extensions
FCcFHC---CF,=1L

and the composite
CL/F *— Cp /PO " OCE, /F, 4

is well defined.
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Appendix B

Chern classes

Let X be a scheme and let p : E — X be a vector bundle of rank » > 0. The associated
pull-back homomorphism

pr i AUX KL — Av (B K,y

is an isomorphism (see [7, Corollary 52.14]). Let us denote by s : X — E the zero section.

The composite
e(E) = (p*) 'os,: AuX,K,) = A (X, K.y))

is called the Euler class of E.

We write ¢ : P(E) — X for the projective bundle associated with p and L for the
tautological line bundle over P(E). We set e = e(L). The following statement is known as
the Projective Bundle Theorem (see [7, Theorem 53.10]).

Theorem B.0.1. The homomorphism
[Te 7 oq : JTA-in(X, Kiiasi) = A(P(E), K,)
i=1 i=1

18 an isomorphism

Let o € A.(X, K,). Since —e" o ¢*(a) € A,_1(P(FE), K,y1), by the previous theorem,
there exist «; € A,_;(X, K,4;) such that

—e o g (a) = Y (=1)'e" o g ().
i=1
Therefore, one get some homomorphisms

G(E) A(X K.) — Aci(X Ka)
o e N7
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for i = 1,...,7. Moreover, we set ¢o(F) = id and ¢;(F) = 0 for ¢ < 0 or ¢ > r. Those
homomorphisms are called the Chern classes of E and

c(E)=cy(E)+cr(E)+-c(E)

is the total Chern class of E. .
When X is a smooth variety, the homomorphism ¢;(E) : CH*(X) — CH™™(X) is just
the multiplication by an element of CH'(X), which is still denoted by ¢;(E).

The following statement describes the functorial behaviour of Chern classes.

Proposition B.0.2. ([7, Proposition 54.5]) Let f : Y — X be a morphism and E a vector
bundle over X. Set E' = f*(E). Then

(i) If f is proper then c(E) o f. = f.oc(E").
(i) If f is flat then f* o c(E) = c¢(E') o f*.
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Appendix C

Correspondences on Chow groups

In this appendix, we only present the category of correspondences (used in Chapters IIT and
VI). Note that the category of Chow motive is built from this category (see [7, §64]) All
material presented here is taken from [7, §62, §63].

Let A be a commutative ring and CH the Chow group with coefficients in A. Let X and
Y be smooth complete schemes over a field F'. Let X1,..., X, be the irreducible components
of X of dimension dy,...,d,, respectively. For every i € Z, we set

Corry(X,Y) = [ [ CHirq, (Xi x V).
k=1
An element a € Corr;(X,Y) is called a correspondence between X and Y of degree i with

coefficients in A. There is an associative composition between correspondences. Namely, if
Z is another smooth complete scheme, one can consider the associative composition

Corr;(Y, Z) x Corr;(X,Y) — Corr,y (X, Z) (C.0.1)

given by
foa= Pxy,z, (p*g,z,z(a) 'pﬁf,x,g(ﬂ))
for any (5, a) € Corr;(Y, Z) x Corr;(X,Y), where the underlined schemes in indices deter-

mined the associated projection. In Chapters III and VI, for a € Corr;(X,Y), we have
denoted by «, and o the composition by « on the left and on the right, respectively.

The category CR.(F') of correspondences (with coefficients in A) over F' is defined as
follows: objects of CR,(F') are smooth complete schemes over F' and a morphism between
two objects X and Y is an element of the graded group

H Corri,(X,Y).
keZ

Composition of morphisms is given by (C.0.1). The identity morphism of X is the class
[[',] € CH(X?) of the graph of the identity morphism 1x. The direct sum in CR.(F)
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is given by the disjoint union of schemes and the composition (C.0.1) being bilinear, the
category CR,(F) is additive. A smooth complete scheme X, view as an object of CR,(F),
is denoted by M(X) and is called a Chow motive.
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Appendix D

Torsors of algebraic groups

The purpose of this appendix is to recall the notion of a generic torsor. All material presented
here can be found in [29, Chapter VII], [13, Part II, §3] and [24, §6].

Let G be a linear algebraic group over a field F. We recall that an F-variety Y is
called a G-torsor (or a principal homogeneous space under G) if G acts (on the right)
simply transitively on Y. The set of isomorphism classes of G-torsors is in bijection with
the set H'(F,G) of classes of 1-cocycles (sometimes simply referred as 1-cocycles in this
dissertation).

Let n be an integer such that G C GL,. Let us set S := GL, and X := S/G (X is a
classifying variety of G). Since for any field extension E/F one has H(E,S) = 1, the set
H'(E,G) can be identified with the orbit space of the action of S(FE) on X (E):

H'(E,G) = X(E)/S(E).

The G-torsor Y over the function field F'(X) corresponding to the generic point of X is
called a generic torsor.

One can show that if GG is split and Y is a generic torsor with corresponding 1-cocycle £ €
H'(F(X),@G), the Chow ring CH(¢(G/B)), where B is a Borel subgroup of G, is generated
by Chern classes (as in the proof of Proposition IV.1.1). That is the reason why in Chapter
IV we call a 1-cocycle € generic if the associated Chow ring CH(¢(G/B)) is generated by
Chern classes.
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