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Résumé

Cette thése propose différentes méthodes théoriques et numériques dont ’objectif est de
simuler & cotit réduit le comportement des plasmas ou des faisceaux de particules chargées
sous 'action d’un champ magnétique fort. Le plan de cette thése est le suivant.

Chapitre 1

Cette thése s’ouvre sur une introduction & la modélisation des plasmas et des faisceaux
de particules chargées. Dans un premier temps, je décris le contexte physique qui est de
confiner un faisceau de particules chargées grace a un champ magnétique fort, dans une
structure de forme toroidale appelée Tokamak. Puis je présente quelques trajectoires d’une
particule chargée sous I'action d’un champ magnétique fort. Par ces exemples, j’introduis
les concepts fondamentaux d’adimensionnement et de recherche d’invariants pour réduire la
dimension du probléme. En outre, bien que ces trajectoires ne tiennent pas compte des effets
collectifs, elles donnent de nombreuses informations lorsque ’effet du champ magnétique
est prépondérant sur 'effet collectif. Je présente ensuite les équations de Vlasov-Poisson
qui décrivent I’évolution d’un faisceau de particules chargées sous 'action d’un champ
magnétique externe. Je rappelle quelques estimations classiques, ainsi que les principaux
résultats d’existence et d’unicité. J’expose également les principales difficultés lies a la
simulation numérique d’un faisceau de particules chargées, notamment sous ’action d’un
champ magnétique fort, et je décris une méthode numérique classique appelée la méthode
PIC (Particle In Cell). Finalement, je rappelle le principe de deux méthodes permettant
d’aboutir a des modéles réduits : la méthode d’homogénéisation basée sur la convergence
a deux échelles, et la méthode Gyro-cinétique basée sur des changements de coordonnées
permettant de réduire la dimension du probléme.

Chapitre 2

Dans ce chapitre nous considérons un systéme dynamique hamiltonien décrivant le
mouvement d’une particule chargée sous 'action d’un champ magnétique fort et nous
construisons un changement de coordonnées pour réduire la dimension du systéme.

Considérons une variété différentielle M. Un systéme dynamique hamiltonien (sur M)
est un systéme dynamique qui s’écrit dans tout systéme de coordonnées sous la forme :

OR

Dans la formule (0.0.1) P est une matrice antisymétrique appelée la matrice du crochet
de Poisson, et H est une fonction réguliére appelée hamiltonien du systéme dynamique.
Bien évidemment, les expressions de P et de H dépendent du systéme de coordonnées.
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L’objectif du changement de coordonnées que nous construisons est de déterminer un
systéme de coordonnées proche du systéme de coordonnées centre guide historique :

hgc
=1z — EB(X) cos (0),
hgc .
Yo!C = 1o + gB(x) sin (9) ,
0" =0,
thc _ ’1)2
2B(x)’

dans lequel la matrice de Poisson et le hamiltonien satisfont les hypothéses du théoréme
suivant :

Théoréme 0.0.1. Si dans un systéme de coordonnées r = (ri,r2,73,74), la matrice de
Poisson est sous la forme :

0 0
Moy 5 §
P(r) = 00 0 1 ) (0.0.2)
00 [-1 0
et si le hamiltonien ne dépend pas de ’avant derniére variable, i.e.
OH
— =0 0.0.3
aTg ) ( )
alors la matrice M ne dépend pas des deux derniéres variables, i.e.
oM oM
— =0 and — =0. 0.04
(97“3 a 67"4 ( )

Par conséquent ’évolution des deux premieres composantes de la trajectoire Ri,Ro est
dépendante de ’avant derniére composante Rs ; et la derniére composante de la trajectoire
R4 ne dépend pas du temps, i.e.

ORy
= =0 (0.0.5)

La succession de changement de coordonnées conduisant au systéme de coordonnées
satisfaisant les hypothéses du Théoréme 0.0.1 est donnée dans la Figure 1. Ce systéme de
coordonnées est appelé le systéme de coordonnées Gyro-cinétique.

Le systéme dynamique de départ est donné dans la Figure 1 en haut a gauche. La
premiére étape (fleche 1) consiste a vérifier que ce systéme dynamique est hamiltonien.
La seconde étape (fleche 2) consiste a réécrire le systéme dynamique originel sous forme
hamiltonienne. Puis (fleche 3), on fait un changement de coordonnées polaire en vitesse.
La quatriéme étape (fleche 4) consiste a déterminer un systéme de coordonnées proche du
systéme de coordonnées centre guide historique dans lequel la matrice de Poisson a la forme
requise pour appliquer le Théoréme 0.0.1. Pour déterminer ce changement de coordonnées,
on utilise les formules de changement de coordonnées pour la matrice de Poisson (& priori)
afin de se ramener & la résolution d’un systéme d’équations aux dérivées partielles hyperbo-
liques. Au terme de la troisiéme étape, la matrice de Poisson est sous la forme requise pour
appliquer le Théoréme 0.0.1. Cependant, le hamiltonien H. dépend (& partir de I'ordre 1
en €) de la variable d’oscillation 6. Ainsi, la derniére étape (fléche 5) consiste a faire un
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f Coordonnées usuelles ] Coordonnées usuelles
(x,v) (x,v)
}\IS(X7V)77\)€(X7 V) s.t:
aix -V oX
ot ol I
oV 1 = 7DEVx,vI{s
— =-B(X)"V ov
L o e J L ot )
1 : Hamiltonien ? 3l
p N 2 Coordonnées polaires
Coordonnées canoniques (x,6,v)
(a,p) | AL(v), P (x, 0, v) )
f(q, p), P (q, p)=S 4 : Mlgorithme de Darbouxl
s.t: ( - )
2Q Coordonnées de Darboux
8811; = qu,pI:IE o (Y7 97 ﬁ)
= L H(y,0,k), Pe(y) )

5 : Transformée de Liel

Coordonnées de Lie

(z,7.7)

He(z, j), P (2)
= P-(z)

FIGURE 1 — Description schématique de la méthode qui aboutit aux coordonnées Gyro-
cinétique.
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changement de coordonnées infinitésimal qui ne modifie pas la matrice de Poisson, de sorte
que dans le nouveau systéme de coordonnées (z,+, j) le hamiltonien ne dépende pas de la
variable d’oscillation . Détaillons les étapes 4 et 5.

En notant Y = (Y1, Y2, Y3, Yy) le changement de coordonnées symbolisé par la fleche
4, les formules de changement de coordonnées impliquent que l'entrée (i, j) de la matrice
de Poisson P. est donnée par :

(f) (y,0.k) = {1, Tj}xgv( (Xaeav)) . (0.0.6)

Pour déterminer ce changement de coordonnées, il suffit de trouver une fonction Y qui
satisfasse les équations aux dérivées partielles :

{Tl, T4} =0, {Tl,'rg} =0,

{2, X4} =0, {Y2, X3} =0, (0.0.7)

{Y5. 04} =1/,
puis de vérifier que la fonction obtenue est bien un difféomorphisme. A noter que dans le but
de gérer le petit paramétre e, nous avons remplacé 1 par 1/¢ dans (0.0.2). Pour résoudre
ces équations, on pose Y3 = # et on impose les conditions aux limites de sorte que en

v = 0, le systéme de coordonnées centre guide historique et le systéme de coordonnées de
Darboux coincident ; i.e

Y (x,60,v=0) =11, (0.0.8)
Yo (x,60,v=0) = z2, (0.0.9)
Yy (x,0,v = 0) = 0. (0.0.10)

La principale nouveauté que nous avons introduit dans cette étape correspond & la facon
dont nous avons résolu ces équations. En effet, nous avons basé la résolution de ces équations
sur la résolution d’une autre EDP :

—EAl-w—% =0, (0.0.11)
1
¢ (x,0,0) = B (0.0.12)

ou A est le champ de vecteur définit par :
cos (0) 0O sin (0) 0O
B(x) 821 B(x) Oz’
En utilisant une méthode des caractéristiques géométriques, nous avons alors montré que
cette EDP admettait pour unique solution la fonction

1
B(GL., (x,0),G2., (x,0))

ou Gy correspond au flot du champ de vecteur A. Nous avons ainsi montré que Y était

A (x,0) = (0.0.13)

p(x,0,v) = (0.0.14)

donnée par

T (x,0, v) =z —ecos(0)Y (x,0,v), (0.0.15)
T (x,0,v) = x2 +esin(0) Y (x,6,v), (0.0.16)

/ ¥ (x,0,s) (0.0.17)



ou
Y (x,0,v) = /ng(x,e,s) ds. (0.0.18)
0

En procédant ainsi nous avons pu montrer que le changement de coordonnées de Darboux,
qui jusqu’a présent a toujours été considéré comme un changement de coordonnées formel,
est un difféomorphisme de R3 x (0, +-00) sur lui-méme. De plus, ceci nous a permis de mon-
trer que le changement de coordonnées ainsi que son inverse étaient réguliers par rapport
au petit paramétre €. Nous avons ainsi été en mesure de déterminer les développements
limités du changement de coordonnées, de son inverse, du hamiltonien, et ceci tout en
controlant les restes!

Comme je 'ai dit plus tot, et quitte & me répéter, la derniére étape consiste & déter-
miner un changement de coordonnées symplectique (qui préserve la matrice de Poisson) et
infinitésimal (proche de I'identité¢). La encore, la principale nouveauté a été de transformer
un changement de coordonnées formel en un changement de coordonnées bien posé.

Expliquons dans un premier temps le principe de la méthode formelle. Notons x, le
changement de coordonnées, et A. = x-! son inverse. Soit d un champ de vecteur sur R*.
On peut alors associer une fonction & ce champ de vecteurs en posant d(r) = (d-r;(r),d-
ro(r),d-r3(r),d - ry(r)), ou les r; correspondent aux fonctions r = (r1,r2,73,74) — 7. On
appelle série de Lie associée au champ de vecteurs d la série formelle :

n
Is, = anﬁ, (0.0.19)

n>0

oud”=d-(d-(...)). Lorsque d est un champ de vecteurs hamiltonien, la série formelle
Is. satisfait les propriétés remarquables suivantes :

— f(Isc(r)) = (Isc - f)(r), pour toutes fonctions analytiques f.

— En temps que fonction, I'inverse de ls. est donnée par Is_..
Dans une méthode de transformée de Lie usuelle, le changement de coordonnées x, est
une composition infinie de séries de Lie :

Xe=...0lsy _20ls) _.1. (0.0.20)

Par la suite nous noterons d; le champ de vecteurs hamiltonien associ¢ a lIs; .. L’inverse de
X. est donnée par

Ae=1lsja0lsg20... (0.0.21)

Le principe de 'algorithme formel est le suivant :
1. Les formules de changements de coordonnées pour le hamiltonien donnent ﬁe =
H.o\..
2. On en déduit que I;TE =H. ol =...- ISy .2 - 1sq 1 - H..
3. On développe f[e et H. en série de Hilbert, puis on injecte les développements dans
la formule obtenue & I'étape précédente.

4. En identifiant les termes du méme ordre (en €), on aboutit & une succession d’EDP
dont les inconnues sont les fonctions qui générent les champs de vecteurs hamiltonien
d; et les coefficients du DSH de H.

5. On résout ces EDP en imposant principalement aux coefficients du DSH de flg de ne
pas dépendre de la variable d’oscillation v et aux fonctions qui générent les champs
de vecteurs hamiltonien d’étre périodiques par rapport a +.
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Dans le chapitre 2 nous nous sommes fixés un entier /N et nous avons construit un chan-
gement de coordonnées XY (fleche 5) qui permet d’obtenir le hamiltonien sous la forme
souhaitée jusqu’a 'ordre N. Au lieu de considérer des séries de Lie formelles, nous avons
utilisé des sommes de Lie partielles. La construction d’un tel changement de coordonnées
a nécessité que les variables (y, 0, k) soient dans un ensemble Dy = K xR X (¢, d) ot K est
un compact et ¢ > 0. Deux problémes sont alors apparus. Premiérement, le changement de
coordonnée Xév n’est pas symplectique. D’autre part, il a fallu déterminer les conditions
initiales du systéme originel (en haut & gauche dans la figure 1) pour lesquelles 'image des
trajectoires (image par les fleches 3 et 4) est dans le domaine D,,. Pour régler ces deux
problémes, nous avons montré que Xév est symplectique (la matrice de Poisson n’est pas
modifiée) jusqu’a l'ordre N —1, et que si on considére des conditions initiales (xg, vo) telles

que (X, [vo|) € K’ x (a,b), ot K’ est un compact inclus dans K et [ﬁ, %} C (¢,d),
alors pendant un intervalle de temps d’amplitude 1/e 'image des trajectoires par les fleches

3 et 4 est dans Dy.

Finalement, nous avons montré que le systéme dynamique obtenu en tronquant le
Hamiltonien a 'ordre IV et la matrice de Poisson & 'ordre N — 1 satisfaisait les hypothéses
du théoréme 0.0.1. De plus, nous avons montré que H(ZZ,jET) - (Zs,jE)H < CeN1on
(ZgT, JET) correspond a la trajectoire tronquée.

Chapitre 3

Dans ce chapitre nous considérons un systéme dynamique hamiltonien correspondant
aux caractéristiques de ’équation de Vlasov qui modélise un faisceau de particules long et
fin. On suppose que le faisceau est confiné par un champ électrique fort dans la direction
radiale (voir Figure 2). Nous construisons alors un changement de coordonnées formel pour
réduire la dimension du systéme. Ensuite, nous élaborons un schéma numérique pour si-
muler une approximation de I’équation de Vlasov-Poisson dans ce systéme de coordonnées.

Soit un faisceau de particules, non-relativiste, long et fin se propageant a vitesse
constante v, dans la direction (Oz3) (voir Figure 2 ). Au lieu de modéliser ce faisceau
par le systéme de Vlasov-Maxwell, nous considérons I'approximation paraxiale de ce sys-
téme. Ce modéle simplifié des équations de Vlasov-Maxwell est particuliérement adapté
lorsque, en plus d’étre long et fin, le faisceau est dans un état stationnaire. Dans le cadre
de I'approximation paraxiale, les effets du champ électromagnétique auto-consistant sont
pris en compte en résolvant une équation de Poisson. Le modéle obtenu est alors similaire &
un systéme de Vlasov-Poisson 2D dans lequel le temps correspond a la coordonnée x3. En
faisant ’hypothése additionnelle que le faisceau est axisymétrique (c’est-a-dire invariant
par rotation d’angle 6), et que la fonction de distribution est concentrée dans le moment
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FIGURE 2 — Faisceau axisymétrique.

angulaire rvy = 0, un adimensionnement des équations conduit au systéme suivant :

Ofe vp O fe Ofe

— EfF+E5)—=0 0.0.22
8t+68r+( + )(%r ’ ( )
10 0. 0¢°
- = =p. (t,7), E.=— , 0.2
ror <T8r> pe (t,1) or (0.0.23)
pe (t,r) = / fe (t,r,vp) dvop, (0.0.24)
R
E.(t,r=0)=0, ¢.(t,r=0)=0, (0.0.25)
fe(t=0,rv.) = fo(r,v), (0.0.26)
ou le champ électrique externe est donné par Z° = —r/e. Les caractéristiques de I’équation
de Vlasov (0.0.22) sont obtenues en résolvant le systéme dynamique hamiltonien :
aRa g € g
5 = Ov, H: (R°, V5 1), R (0,r,0,) =1, (0.0.27)
A
T —0,H:. (R*, V5, 1), V. (0,7,v,) = vy (0.0.28)
ou H. est défini par :
2, .2
Ho(romt) = 2 g (o 0), (0.0.29)

2e

Pour étudier ce systéme on se place sur la variété M = R? x R munie de l'atlas A
définit par :
— A contient la carte "identité" & : M — R3; (r, v, t) = (v, v, 1).
— A contient toutes les cartes (U, p) compatibles avec la carte identité et qui vérifient
w3(r,vp,t) =t, ol @3 est la troisiéme composante de .
On construit le champ de vecteurs 7%; sur M dont 'expression dans la carte identité est
donnée par :

e = 0, H.0, — 0,H.0,, + 0. (0.0.30)
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L’équation de Vlasov est alors caractérisée de fagon intrinséque par ce champ de vecteurs.
En effet, nous montrons que dans tout systéme de coordonnées (7,v,,t), I’équation de
Vlasov est donnée par

ix: df = aé;f + (X;I)l %’: + (X;,)Q gia —0, (0.0.31)

ou Xj‘}[ et f¢ correspondent aux expressions du champ de vecteurs 7% et de la fonction de
distribution dans le systéme de coordonnées (7, v,,t). Ensuite, nous introduisons la relation
d’équivalence suivante sur I’espace des 1-formes : o ~ 3 si et seulement si o — 3 est exacte.
Nous montrons alors que le champ de vecteurs 7%; est caractérisé de facon intrinséque par
la classe d’équivalence de la 1-forme de Poincaré-Cartan dont 'expression dans le systéme
de coordonnées (r, v,,t) est donnée par :

rf‘l (T’, U, t) = vpdr — Hdt. (0.0.32)

En effet, nous montrons que V8% € [v%], ou [v%] correspond a la classe d’équivalence de
Y%, le champ de vecteurs 7% est caractérisé par i, dByg =0et 7545 = 1.

Le changement de coordonnées est alors construit comme suit :
— La premiére étape consiste a effectuer le changement de coordonnées (r,v,,t) —
(u,0,t) définit par r = \/2ucos(d) et v, = /2usin(0).
— La seconde étape consiste a effectuer un changement de coordonnées infinitésimal de
sorte que, dans le nouveau systéme de coordonnées, (f, é, t) la premiére composante
7% soit nulle et la seconde ne dépende pas de la variable d’oscillation.
Pour réaliser la seconde étape, nous introduisons une théorie des formes normales pour
la classe d’équivalence de la 1-forme de Poincaré-Cartan. A l'issu de ce changement de
coordonnées, nous obtenons les expressions des changements de coordonnées directs et ré-
ciproques, ainsi que le systéme différentiel définissant les caractéristiques sous forme de
séries de Hilbert.

Apreés avoir tronqué le systéme dynamique et le changement de coordonnées, nous
construisons un schéma numérique permettant de résoudre le systéme tronqué. Le principe
de résolution approché du systéme (0.0.22)-(0.0.26) est alors le suivant :

— En utilisant les formules de changement de coordonnées, on détermine les conditions

initiales dans le systéme de coordonnées (fi, 6, t).

— On résout I’équation tronqué jusqu’au temps final de simulation.

— En utilisant les formules de changement de coordonnées réciproque, on obtient une

approximation de la fonction de distribution a l'instant final de simulation.

Chapitre 4

Dans ce chapitre nous introduisons un nouveau schéma numérique pour étudier I’équa-
tion d’évolution :

Ouf* +v -Vl + (Euivl) -V f* =0,
f€ (X,V,tZO) :fO(Xav)a

(x1,x2) correspond a la variable de position, v = (v1,v2) a la variable de vitesse,
vg, —v1), f€ = f(x,v,1) est la fonction de distribution, fy est donnée, E° = Z°(x, t)

P
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correspond au champ électrique, et € est un petit paramétre. Cette équation d’évolution
peut étre obtenue a partir de I’équation de Vlasov 6D dans le régime Drift-Kinetic en pre-
nant un champ magnétique constant dans la direction x3 et un champ électrique orthogonal
au champ magnétique.

La résolution numérique est basée sur une méthode particulaire. Ce type de méthode
consiste & approximer la fonction de distribution par un nombre N de macro particules
dont les trajectoires sont données par :

dxe

TRl Ve, X (0) = xo, (0.0.33)
ave 1

= (VE)* + 25 (X5,1), Ve (0) = vo. (0.0.34)

Lorsque le champ électrique est nul, la trajectoire d’une macro particule est un cercle de
centre ¢y = Xg + EV(J)‘ et de rayon ¢ |vg|. Dans le cas général, c’est a dire en présence d'un
champ électrique dépendant du temps et de la position, le systéme dynamique (0.0.33)-
(0.0.34) correspond & une perturbation du systéme obtenu lorsque le champ électrique est
nul. L’évolution en temps de la position d’une macro particule est alors une combinaison
disparate de deux mouvements : un mouvement lent de la position qui correspondait au
centre du cercle lorsque le champ électrique était nul, et une oscillation rapide autour de
celui-ci. Ainsi, pour qu'un schéma classique soit suffisamment précis il est nécessaire de
prendre un pas de temps plus petit que la période d’oscillation.

La nouveauté introduite dans ce chapitre est de proposer un schéma numérique per-
mettant de résoudre de facon précise le systéme (0.0.33)-(0.0.34) en utilisant un pas de
temps At nettement plus grand que la période d’oscillation.

Ce schéma est basé sur un intégrateur exponentiel en vitesse. Un intégrateur exponentiel
consiste a résoudre de fagon exacte le terme de raideur d’une équation du type :

ut (t)

u (t) = . + F (t,u(t)), u(0)=mwug (0.0.35)

ol € est un petit parameétre, en effectuant une intégration par parties. La solution est alors
donnée par

t
u(t) = e%uo +/ et=m/ep (tyu(r))dr (0.0.36)
0
ou M est la matrice défini par :
0 1
M = [ 10 } . (0.0.37)

L’algorithme de passage du temps t,, au temps t,+1 = t,, + At est donné par :
Algorithme 0.0.2. Supposons la solution (X$, V%) du systéme (0.0.33)-(0.0.34) au temps
t, donnée.

1. Calculer (X¢ (tn, + 2me) , V& (t, + 27e)) en utilisant un solveur Runge-Kutta avec un
petit pas de temps et la condition initiale (X5, V).

2. Calculer (X° (t, + N - (2m€)), Ve (t, + N - (27m¢€))) en posant

(vt )= (V) o (R e ) onss
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3. Calculer (X, V&) au temps tn41 en utilisant un solveur Runge-Kutta avec un petit
pas de temps et la condition initiale (X%, VE) au temps t,+ N - (2me), obtenu a l’étape
précédente.

Cet algorithme est validé sur plusieurs cas tests. Dans un premier temps, nous avons
étudié le cas ol le champ électrique est donné par :

2x1 + x2
;—1E —_
E° (x,t) = < o1+ 2 > . (0.0.39)

Nous avons alors déterminé une expression analytique de la variété lente (conditions ini-
tiales pour lesquelles il n’y a pas d’oscillations), et nous avons comparé, pour plusieurs
valeurs de € et de At, notre algorithme avec une solution de référence dans les cas suivant :
— la condition initiale se réduit a une particule qui est alternativement dans, proche,
et loin de la variété lente,
— la condition initiale est un faisceau de particules.
Nous avons observé que plus on s’éloigne de la variété lente plus 'erreur augmente. Néan-
moins, méme loin de la variété lente les résultats sont trés probants. Par exemple, pour un
temps final de simulation t = 10, € = 1074, et un pas de temps At de 'ordre de 1500 fois
la période d’oscillation, on obtient une erreur de I'ordre de 2,5 - 10~7. De plus, pour tous
ces cas tests, nous avons observé que de maniére uniforme, plus e est petit, plus 'erreur est
petite. Nous avons ensuite testé notre algorithme lorsque 1’équation de Vlasov est posée
sur un tore et que le champ électrique est donné par 1’équation de Poisson :

E° = V¢, —A¢* = /RQ fedv — 1. (0.0.40)

A nouveau les courbes d’erreurs étaient trés concluantes et nous avons observé que de
maniére uniforme plus € est petit, plus I'erreur est petite.
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CHAPITRE 1

Inroduction
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1.1 Contexte physique

1.1.1 Physique des plasmas

Dans notre environnement proche la matiére se décline principalement sous trois formes :
solide, liquide et gazeuse. Le plasma est un autre état de la matiére qui est constitué d’'un
mélange globalement neutre d’ions et d’électrons libres. L’ensemble des concepts, méthodes
et résultats propres a I’étude de cet état de la matiére constitue la physique des plasmas.
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FIGURE 1.1 — Densités et températures électroniques des principaux plasmas naturels
(Source : Physique des Plasmas [57]).

Cet état de la matiére peut étre obtenu en chauffant trés fortement un gaz. Les élec-
trons quittent alors I’orbite du noyau de I'atome auquel ils sont rattachés. Le plasma peut
également se former a basse température. C’est par exemple le cas de 'ionosphére, cette
couche élevée de I’atmosphére terrestre qui subit en permanence un intense bombardement
ionisant de particules venant du soleil.

Bien qu’absent a l'état naturel sur terre (hormis les aurores boréales aux poles), le
plasma représente plus de 99,9% de la maticre visible de notre Univers. Les étoiles entre
autres, quel que soit leur type, sont essentiellement des sphéres de plasma. Ainsi la phy-
sique des plasmas se révéle comme étant l'outil de référence pour 1’étude des problémes
d’astrophysique et de physique spatiale.

Actuellement la recherche en physique des plasmas se décline sous trois formes : la
physique des plasmas industriels (les tubes & néon, les écrans plasma, les satellites de com-
munication, la production de rayons X, la gravure par plasma en micro-électronique, etc...),
la physique des plasmas thermonucléaires, et la physique des plasmas naturels, spatiaux
et astrophysiques. Sur les figures 4.1 et 3.2 on peut observer les densités et températures
électroniques de quelques plasmas. Dans cette thése nous nous intéresserons exclusivement
a la physique des plasmas thermonucléaires.

1.1.2 La fusion thermonucléaire controlée

La fusion thermonucléaire est un processus ou deux noyaux atomiques légers s’as-
semblent pour former un noyau plus lourd. Cette réaction dégage une grande quantité
d’énergie. Elle se produit par exemple dans le soleil et la plupart des étoiles de 1'uni-
vers. Théoriquement, & masse de combustible égale, la fusion produit entre 3 & 4 fois plus
d’énergie que la fission.

L’obtention d’une réaction de fusion entre deux particules chargées positivement est
trés difficile a réaliser. Deux types d’interactions entrent en jeu : la répulsion coulombienne
et 'interaction forte. La répulsion coulombienne traduit le fait que deux particules de méme
charge ont une tendance naturelle & se repousser. Cette répulsion est intense et & longue
portée. L’interaction forte est la force responsable de la cohésion d’un noyau atomique ; elle
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FIGURE 1.2 — Densités et températures électroniques de quelques plasmas thermonucléaires
et industriels (Source : Physique des Plasmas [57]).

agit a courte distance (de I'ordre de 1071° m) et tend & unir les deux noyaux. La réaction
de fusion a alors lieu lorsque 'interaction forte domine la répulsion coulombienne c’est a
dire & une distance de quelques fermis. Dans une description & ’aide des niveaux d’énergie
la répulsion électrostatique se présente comme une barriére : la barriére coulombienne. La
hauteur de la barriére coulombienne est alors de 'ordre de plusieurs centaines de keV'. Ainsi
les réactions de fusion apparaissent comme un phénoméne extrémement rare. Néanmoins on
peut observer de fagon expérimentale que des noyaux franchissent la barriére coulombienne
avec une énergie inférieure a celle-ci. Ce phénoméne est appelé effet tunnel et il peut étre
justifié avec des arguments de mécanique quantique.

Enfin, pour une énergie donnée la probabilité de passage de la barriére coulombienne
dépend des espéces chimiques mises en jeu. La réaction de fusion la plus accessible est celle
impliquant le deutérium et le tritium :

D+T —*He+n, (1.1.1)

ol n est un neutron trés énergétique. C’est en ralentissant ces neutrons dans un milieu
adéquat que l'on transforme I’énergie cinétique en énergie thermique convertie en électri-
cité. Par ailleurs, les océans contiennent naturellement suffisamment de deutérium pour
alimenter en énergie la planéte pendant 100 millions d’années. Contrairement & la fission
nucléaire, les produits de la fusion (principalement de I’hélium 4) ne sont que trés peu
radioactifs. C’est sur cette réaction que se concentrent actuellement les recherches sur la
fusion controlée.

La température requise pour une telle réaction est si élevée que les électrons se dé-
tachent de leur atome, le mélange gazeux obtenu est un plasma. Dans ce plasma, la grande
agitation des ions et des électrons produit de nombreuses collisions entre les particules. Pour
que ces collisions soient suffisamment violentes et entrainent une fusion, trois grandeurs
interviennent : la densité n du plasma, la température 1" et le temps tg de confinement.
Le facteur d’amplification @, qui est le rapport de la puissance produite & la puissance
extérieure fournie, est relié & ces trois quantités via le critére de Lawson. Celui-ci stipule
que @ est proportionnel au produit nTtg.
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FIGURE 1.3 — Les dispositifs de confinement magnétique testés par Thoneman en 1946
(tores en verre et en métal), au laboratoire Clarendon (Oxford, Royaume-Uni).

Actuellement deux voies sont envisagées : la fusion par confinement inertiel et la fu-
sion par confinement magnétique. La fusion par confinement inertiel consiste & atteindre
une densité trés élevée pendant un temps relativement court en tirant sur une capsule de
Deutérium et de Tritium avec des faisceaux laser. Dans cette thése je m’intéresserai exclu-
sivement & la fusion par confinement magnétique. Comme je ’ai dit dans la section 1.1.1
le plasma est constitué de particules chargées. Si on applique un champ électromagnétique
externe, le plasma va donc interagir avec celui-ci. La fusion par confinement magnétique
consiste a trouver une structure et un champ électromagnétique adéquat de sorte & confi-
ner le plasma dans cette structure. Le plasma est confiné plus longtemps et & une densité
moins élevée que pour le confinement inertiel. Le premier brevet pour un réacteur de fusion
a été déposé en 1946 par Thomson et Blackman (voir Figure 3.3). En 1968 les scientifiques
russes parviennent & faire fusionner des atomes d’hydrogéne en produisant un plasma a
une température de 'ordre d’une dizaine de millions de degrés. Il 'ont confiné dans une
chambre de forme toroidale appelé Tokamak.

L’histoire de la fusion nucléaire controlée démarre dans les années 1920 lorsque le
physicien Aston mesure le défaut de masse de I’'Hélium et en conclut qu’il est possible
de récupérer une importante quantité d’énergie en fabriquant un noyau d’hélium & partir
d’éléments plus légers. Suite & cela 'anglais Eddington suggére que I’énergie des étoiles est
produite par une réaction de ce type et qu’il serait intéressant d’arriver & reproduire et
a controler cette facon de produire de I’énergie. Néanmoins, & ce jour aucune application
industrielle de la fusion & la production d’énergie n’a encore abouti. Le record actuel de
puissance d’'un réacteur a fusion fonctionnant au deutérium et au tritium est atteint par
la centrale JET en Angleterre (voir Figure 1.4). Son facteur de qualité est de 0.64. Afin
d’obtenir un facteur de qualité supérieur a 1 il est nécessaire de construire une centrale plus
grande. Le projet international ITER, lancé en 2006 et basé dans le sud est de la France
a Cadarache, consiste a construire un Tokamak ayant un facteur de qualité supérieur a
1, démontrant ainsi la faisabilité a 1’échelle industrielle de telles centrales. De facon plus
précise le facteur d’amplification prévu devrait étre supérieur a 10. Une vue d’artiste de ce
Tokamak est donnée dans la Figure 1.5.



FIGURE 1.4 — Tokamak JET.

FIGURE 1.5 — Tokamak ITER en construction & Cadarache.



1.2 Confinement d’une particule chargée a I’aide d’un champ
magnétique externe

Comme nous venons de le voir la fusion par confinement magnétique consiste & confiner
un plasma, c’est & dire un ensemble de particules chargées, a 'aide d’un champ électroma-
gnétique externe. Chaque particule est alors soumise au champ électromagnétique externe
et au champ électromagnétique crée par les particules elles-mémes. Dans cette thése je
vais principalement m’intéresser & des "régimes" pour lesquels la composante externe du
champ magnétique est prédominante. Il est donc indispensable de comprendre comment
une particule chargée évolue sous 'action d’un champ magnétique externe fort. L’hypo-
thése champ magnétique fort sera traduite par un adimensionnement des équations. De
plus dans cette section je vais introduire certains mécanismes basés sur des changements
de coordonnées et des recherches d’invariants qui permettent de simplifier la résolution
numérique des problémes initiaux. Le fil conducteur de cette section sera d’illustrer ces
techniques en répondant a la question : "Comment confiner une particule chargée a ’aide
d’un champ magnétique fort 7"

Considérons donc une particule chargée sous l'action d’un champ magnétique. Le mo-
déle de base correspond aux équations de Newton dans R3 :

92X oX

S (L0, vo) = %E (t, %0, vo) x B (X (t, %0, Vo)), (1.2.1)
aX

X (O,Xo,VQ) = X, E (O,X(),Vo) = Vp, (1.2.2)

ol m est la masse de la particule, ¢ sa charge, X (¢,%g,vo) la position au temps ¢ de la
particule qui & l'instant ¢ = 0 avait pour position xg et pour vitesse vg, et B correspond
au champ magnétique.

1.2.1 Cas d’un champ magnétique constant

Supposons dans un premier temps que le champ magnétique est constant dans la di-
rection x3, c’est a dire que B = Bpe,,. En introduisant les quantités ry et w. définit
par

B
We = lal Bo et rp= U—L, (1.2.3)
m We
ol V| = 4 /0(2),1 + v872, les trajectoires sont données par :

X (t,%0,V0) = x0,1 + gl vs sin <qwct> , (1.2.4)

que lq|
Xo (t, %0, Vo) = To2 + g v cos (qwct) , (1.2.5)

que lql
X3 (t,%0, Vo) = x0,3 + vo 3t (1.2.6)

Les trajectoires obtenues sont donc des trajectoires hélicoidales (voir figure 1.6) d’axe
(Mpzs) et de rayon rp, ou My est le point de coordonnées xq. Le rayon de giration 7, est
appelé rayon de Larmor et la pulsation w. est appelée la fréquence cyclotronique. Au vu
des formules (1.2.3) le rayon de Larmor dépend de la masse de la particule, de I'intensité du
champ magnétique, et de la composante orthogonale au champ magnétique de la vitesse.



Champ magnetique constant
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FIGURE 1.6 — Trajectoire d’une particule sous 'action d’un champ constant dans la direc-
tion x3.

Direction poloidale

Direction
toroidale

FIGURE 1.7 — Source : Site du CEA

Pour une particule donnée, plus 'intensité du champ magnétique est forte, plus la particule
est proche de la ligne de champ et plus elle oscille rapidement.

1.2.2 Cas d’un champ magnétique toroidal

Au vu de la Section 1.2.1, I'idée naturelle pour confiner une particule serait donc de
refermer les lignes de champ, c’est & dire de considérer un champ magnétique dans la
direction toroidale (voir Figure 1.7), et de confiner la particule dans une structure de forme
toroidale. On note Ry le grand rayon de la structure toroidale dans laquelle la particule est
confinée. Soit (€, €s,,€s,), une base orthonormée directe de R?. Considérons le champ
magnétique toroidal

B=e,, 1.2.7
®
ol e, est définit par

e, = —sin (p) e;, + cos () ey, (1.2.8)



FIGURE 1.8 — En coordonnées toroidales, la position M de la particule est définie par
I'angle ¢ et les coordonnées x1 et z3 dans le plan (Az{xy).

e
(voir la figure 1.8 pour la définition de ¢). En faisant la décomposition OM = OA + AM

LIS
(voir Figure 1.8), avec OA = Roe, 1 et AM = xfexf + xjemi, ol
€, = COo8 (p) ez, +sin(p) ey, et €yt = €x;, (1.2.9)

on est amené & considérer le changement de coordonnées (x1, 2, x3) — (acf-, Ty, go) défini
par

21 = (Ro + 271) cos()
x5 = (Ro + =1 ) sin(p) (1.2.10)

xr3 = :L‘2l
Dans ce systéme de coordonnées la vitesse de la particule est donnée par :

X X+ 9 OXf
T = oo (Rt Xt) e+ ten (1.2.11)

En utilisant la stratégie habituelle consistant & doubler les variables pour transformer un
systéme différentiel d’ordre 2 en un systéme différentiel d’ordre 1, la formule (1.2.11) nous
ameéne a considérer un espace de dimension 6 muni d’un systéme de variables que nous

allons noter (:cf, xé-, 0, vf, 1)%‘, v“) et dans lequel I’équation d’ordre 2 (1.2.1) écrite dans le



systéme de coordonnées (ajf-, Ty, go), est équivalente & :

1
ag(tl = Vi, (1.2.12)
XJ_
aa; = Vs, (1.2.13)
8(p VH
o R XL (1.2.14)
avi (v’ q /L
— = —~Vy, 1.2.15
ot  Ry+X{  m? ( )
OVy q
af = %Vf, (1.2.16)
ov' ViV
ot R XL (1.2.17)

Nous allons maintenant adimensionner cette équation. Soit ¢ une échelle de temps carac-
téristique, L une échelle de longueur caractéristique dans la direction orthogonale au champ
magnétique, ¥ une échelle de vitesse caractéristique, et B une échelle d’intensité caracté-
ristique du champ magnétique On définit alors de nouvelles variables a:/lL, x’2l, viL, v’QJ-,
V" et ' par xf = Latt, xy = Lab v1 = oot ve = wubt, 0" = " et t = #'. On défi-
nit également le vecteur sans dimension B’ par B(x) = BB/(x’). De méme on définit les
trajectoires adimensionnées par :

Xt (ft' La't, Lak 7%02}/11_’00;_) = LX}t (t’,x’f‘,xQ 0, Vi, v ) (1.2.18)
Xy (t_t',f/x ,E:L"j,gp,ﬁ@'ﬁ,@u?) = LX45 (t' ot b o it e J‘) (1.2.19)
Vi (t_t/,l_/xllL,f/x/QJ‘,gp,fwf‘,@v'f) =gVt (t/,xl x5 o vt v J‘) (1.2.20)
\' (tt La'it, La ,gp,vvﬁ,vv#) = (t T R ) (1.2.21)
\'A <tt La't, Labt, o, oot oot ) A <’ ot bt ,go,v’f‘,v’;‘). (1.2.22)

En injectant ces variables dans le systéme d’équations (1.2.12)-(1.2.17), en identifiant les
grandeurs caractéristiques w. = ¢B/m, ar, = U/®,, et en imposant

(1.2.23)

&l
o
Sl
Il
o™ |

—e, (1.2.24)

h"@‘
Il
™
@D
=+



on obtient :

oxt
8;::V%, (1.2.25)
OXG-

= Vit (1.2.26)
ot 20
690 V/H
oVEE e (V) 1o
ot _1+5X97:_EV2’ (12.28)
ovEt 1,
v ::EV{, (1.2.29)

avln VIIJ_Vm
/ +e 1L
ot 1+eX]

= 0. (1.2.30)

Remarque 1.2.1. La formule (1.2.23) signifie qu’a l’échelle de temps a laquelle on se
place la période caractéristique d’oscillation autour des lignes de champ est petite. D’autre
part la formule (1.2.24) signifie qu’a l’échelle spatiale & laquelle on observe le systéme le
rayon de Larmor caractéristique est petit.

On pose
PSD(‘TIIJ_a xIZJ_u ¥, /UiJ_v /UéJ_v U/H) = (1 + gxlll)vm' (1231)
On remarque alors que P, est constant le long des trajectoires. En effet, en multipliant
(1.2.30) par (1 + eX/") on obtient :

g%P¢<ngX§g¢[VﬁjV§gV“)::Q (1.2.32)
Ainsi pour résoudre le systéme différentiel (1.2.25)-(1.2.30) il suffit de résoudre le systéme
différentiel

8le
8; = Vi, (1.2.33)
0X5 i1
o = Vi (1.2.34)
oVt 1 eP?
a} = Vi + — g, (1.2.35)
t E (1+eX0)
ovi 1
a; :gvﬁ. (1.2.36)
Les quantités ¢ et V" sont alors obtenues via :
op eP,
30 = 7(1 N 5X’L)2’ (1.2.37)
1
| P‘P
m_ XL (1.2.38)

Enfin, pour obtenir les trajectoires dans le systéme de coordonnées initial (mais adimen-
sionné), il suffit d’adimensionner le changement de coordonnées (1.2.10), c’est a dire de

poser 2} = (1 + exf") cos(p), o = (1 + ex’H) sin(p) et a5 = 25+

10



Champ magnetigque toroidal
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FIGURE 1.9 — Trajectoire d’une particule sous I'action d’'un champ constant dans la direc-
tion toroidale.

Remark 1.2.2. La détermination de l'invariant P, défini par (1.2.31), nous a donc per-
mis de passer d’un systéme différentiel dans RS a un systéeme différentiel dans R* réduisant
ainst la dimension du probléeme.

Dans ce cas la particule n’est pas confinée. En effet, comme on peut le voir sur la figure
1.9, la particule subit une lente dérive transverse. La figure 1.9 a été obtenu avec un sol-
veur Runge-Kutta d’ordre quatre, e = 0.1, (:c’ﬁ)o =1, (a:’Ql)O =1, pg =1, (v’ﬁ)o = 0.5,
(v5-), = 0.7 et ("), = 0.4.

1.2.3 Cas d’un champ magnétique ayant des composantes toroidales et
poloidales

Comme nous venons de le voir dans la section 1.2.2 un champ purement toroidal ne
permet pas de confiner une particule chargée. L’idée est alors d’ajouter au champ magné-
tique une composante poloidale (voir figure 1.7). Les lignes de champ sont alors des hélices
s’enroulant autour de surfaces toriques que ’on appelle des surfaces magnétiques. De cette
maniére, les effets de dérives transverses se compensent. De facon plus précise, considérons
le champ magnétique

B _ BOT e + BORO e
"~ fy(Ro+rcos(0)) o Ry +rcos(0) 7 1939
Boxé‘ e + Boxf‘ e 4 B()R() e ( o )
= 1L L )
fo(Ro+at) ™ fe(Ro+at) ™  Ro+at ©
ou
ey = —sin (0) €,L + cos (9) €L (1.2.40)

(voir la figure 1.10 pour la définition de 6), et ou f, est appelé le facteur de qualité. f,
correspond au nombre de tours toroidaux effectués par une ligne de champ pour faire un
tour poloidale.

11



FIGURE 1.10 — Section toroidales de la figure 1.8

En procédant comme dans la section précédente, et en utilisant I'expression (1.2.39)
du champ magnétique, on obtient que I’équation d’ordre 2 (1.2.1) écrite dans le systéme
de coordonnées (z1,zy,¢) défini par (1.2.10) est équivalente a :

oX L

= Vi 1.2.41
ot 1 ( )
0Xy N
Vv 1.2.42
ot 2 ( )
8(,0 V!
9p _ : 1.2.43
ot Ry + Xf‘ ( )
ovVi (V') qBo( V3Ry V'X{ (1.2.44)
ot Ry + Xf‘ m Ry + Xf‘ fq (Ro + Xf‘) ’ -
\'%s B VX5 Vi
vy _ 4B 2 1 ROL , (1.2.45)
ot m fq (Ro + Xl ) Ry + Xl
ov' Vv qBo Vi Xy ViXi
- =— — —~ |- (1.2.46)
ot Ro+Xj m \fe(Ro+X7)  fy (Ro+X7)

12



Sous le méme adimensionnement que dans la section précédente on obtient :

8Xu_
815} =V, (1.2.47)
aXu_
8; = V5, (1.2.48)
890 V/H
e 1.2.49
or ~ “1texL (1.2.49)
aV/L v 2 Vli 1 V/ux/L
} - 6( )/J_ = 2 1L T 1/J_ ’ (1'2'50)
ot 1+ eX]f e(1+eXih)  fy (T+eXih)
avlJ_ V/J_ 1 VmXu
2 = Lt 2 (1.2.51)
o e(1+eXih)  fy (1+eX)
avlu V/J_Vm 1 VIJ_Xu_ V/J_x/J_
— el _——=—— 22 Ll (1.2.52)
ot 14X} fo \(T+eXih) (1 +eXih)
On pose
1 2 2
P (a7 0w 0" = (b eaf o + o ((x’ﬁ) + (o) ) o (1.2.53)
q

On remarque alors que P, est constant le long des trajectoires. En effet, en multipliant
(1.2.52) par (1 + eX/}") on obtient :

)
5P (X’IL,X’;, <p,V’1i,V’2i,V’“) = 0. (1.2.54)

Ainsi pour résoudre le systéme différentiel (1.2.25)-(1.2.30) il suffit de résoudre le systéme
différentiel

/L
ag(t} =V, (1.2.55)
ale_
8; =V, (1.2.56)
IV Vi
= — 1.2.
ot e (14 eXih) (1.2.57)
2 2
L P (%) + (x5) ))
fo (L4+eXi) N1+ Xt 2f, (1 +eXih)
2 2
b (P (x4 + (x4)?) y
(1+eXih) \1+eXit 2fq (1+eXiH) ’
avlJ_ V/J_
T (1 +15X’1i) (1:25%)
2 2
X P (%) + (x5) ))
fo (LX) N1+ Xt 2f, (1 +eXih)

13



Trajectoire banane

FIGURE 1.11 — Trajectoire d’une particule sous I’action d’un champ ayant des composantes
toroidales et poloidales.

Les quantités ¢ et V" sont alors obtenues via :

2 2
do € ( P, ((X%) + (X5) )) (12.59)
ot 14 eXiE\1+eXit 2fg (LX) /7 o
X/L Xll 2
no Yo (( ) ) (1.2.60)

L+eXit 2f, (1+eX)

Enfin, pour obtenir les trajectoires dans le systéme de coordonnées initial (mais adimen-

sionné), il suffit de poser o} = (1 + ex’") cos(p), x4 = (1 + ex-) sin(p) et a§ = 25~

En utilisant un solveur Runge Kutta d’ordre 4 j’ai obtenu les figures 1.11 et 1.12. Pour
réaliser ces deux figures j’ai pris € = 0.1, un facteur de qualité f; = 1 et un temps final de
simulation ¢ = 350. Les autres parameétres utilisés sont données dans le tableau 4.1. Les

(xllL)o (xél)o Po (UIIL)O (UIQJ—)O (v")g
Figure 1.11 1 1 1 0.5 0.7 0.4
Figure 1.12 1 1 1 0.5 0.7 0.8
TABLE 1.1 —

figures 1.11 et 1.12 illustrent le fait que la nature des trajectoires est fortement liée a la
vitesse paralléle initiale. Sur la figure 1.11 la particule semble rebondir entre deux points.
Ces deux points sont appelés des points miroirs. En utilisant des arguments heuristiques
on peut montrer 'existence d’un céne, appelé cone de perte du miroir, tel que toutes
les particules a I'extérieur de ce cone sont réfléchies. De facon plus précise, en notant
I’angle entre la vitesse et sa composante paralléle & I'instant initial, on peut montrer qu’il
existe une valeur a, tel que si sin? (o) > sin? (a.) la particule est piégée. Ces arguments
heuristiques sont présentés dans la section 1.2.5.

14



Autre trajectoire

FIGURE 1.12 — Trajectoire d’une particule sous I’action d’un champ ayant des composantes
toroidales et poloidales.

1.2.4 Moment magnétique

Soit V (¢,x¢, vo) la vitesse au temps ¢ de la particule qui a 'instant ¢ = 0 avait pour
position xg et pour vitesse vg. Par définition la vitesse vérifie
0X
9 _ v, 1.2.61
Y ( )
ou X est donnée par (1.2.1)-(1.2.2). On décompose alors la vitesse en sa composante
orthogonale au champ magnétique et sa composante paralléle :

V=V, +V, (1.2.62)

Le moment magnétique p est alors définit par :

2
muvy

= STBM, (1.2.63)

“

Lorsqu’a 1’échelle spatial du mouvement de la particule le champ magnétique varie peu
(en espace), le moment magnétique varie peu. En effet, dans ce cas tout se passe locale-
ment comme si le champ magnétique était constant. Or lorsque le champ magnétique est
constant la norme de la composante orthogonale au champ magnétique de la vitesse est
constante (voir section 1.2.1). Nous reviendrons longuement sur cette condition par la suite
(voir Chapitre 2). On dit alors que le moment magnétique est un invariant adiabatique.

1.2.5 Effet miroir magnétique

Un premier exemple d’effet mirroir est donné dans la section précédente dans le cas
ou l'orbite de la particule est en forme de banane (Figure 1.11). De maniére générale il
s’agit d’une configuration dans laquelle la particule semble "rebondir" entre deux points.
Comme nous ’avons observé dans la section précédente l'existence de cet effet dépend
des conditions initiales. Dans cette section nous allons exposer les arguments heuristiques

15



F1GURE 1.13 — Profil du champ magnétique

permettant de déterminer le cone de perte.

La vitesse V de la particule, définie par (1.2.61), vérifie :

NV _ 4y, B(X). (1.2.64)
m

ot

En faisant le produit scalaire de (1.2.64) avec V on obtient I’équation de conservation de
I’énergie cinétique :

o (1 2\

Plagons-nous dans le cadre ot le champ magnétique varie peu a 1’échelle spatiale du
mouvement de la particule. On fait alors 'approximation que le moment magnétique et le
rayon de Larmor sont des invariants. Dans ce cas le champ magnétique ne dépend que de
la coordonnée x3. Supposons en outre que le champ magnétique a le profil donné dans la
figure 1.13. En injectant le moment magnétique dans I’équation de conservation de I’énergie
cinétique on obtient :

1
M V.15 4 1 ||B (X3)]|, = constante. (1.2.66)

Si a l'instant initial la particule se trouve dans le plan x3 = 0 et qu’elle se déplace dans le
sens des z3 croissant alors | B (X3)]|, va augmenter jusqu’a atteindre son maximum dans le
plan x3 = m. La conservation de I’énergie cinétique implique alors que la vitesse paralléle
va diminuer. Si celle-ci vaut 0 avant d’arriver au plan x3 = m la particule va repartir dans
I'autre sens. En effet |B (X3)||, ne peut plus augmenter.

Ecrivons cette condition & partir de ’angle ag que fait la vitesse initiale avec sa com-
posante paralléle. La conservation du moment magnétique donne :

sin? () sin® (o)
B Xs)ll,  [Bolly

ol « correspond a l'angle entre la vitesse & l'instant ¢ et sa composante paralléle. En se
déplacant dans le sens des x3 croissant a partir de I'origine, la norme du champ magnétique
augmente de By & By, ce qui implique que 'angle o augmente & partir de sa valeur initiale
ap. On voit donc que si la situation initiale est telle que « atteint 7/2 avant d’atteindre
le plan 23 = m, la particule sera réfléchie. Si sin?(a) > By/B,, la particule est piégée et
sinon elle s’échappe. La relation sin?(ag) = By/B,, définit le cone de perte.

(1.2.67)
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1.3 Modélisation du plasma

Le modéle & N corps est le modéle le plus précis et le plus complet pour décrire
I’évolution d’un plasma. Néanmoins, comme nous allons le voir dans la section 1.3.1 ce
modéle est inutilisable en pratique. Il existe alors toute une hiérarchie de modéles dérivant
du probléme & N corps. On peut classer ces modéles selon deux catégories : les modéles
cinétiques et les modéles fluides. Les modéles macroscopiques, ou fluides, sont moins précis
que les modéles cinétiques. Ils constituent une bonne approximation lorsque les particules
sont proche de 1’équilibre thermodynamique. Ces modéles consistent & assimiler chaque
espéce de particules d’un plasma & un fluide caractérisé par sa densité, sa vitesse et son
énergie. En outre, ils peuvent étre obtenus a partir des équations cinétiques en calculant les
moments de ’équation de Vlasov, puis en fermant le systéme par une condition d’équilibre
thermodynamique (voir [60]). Dans cette section je vais présenter les modeéles & N corps,
qui sont finalement & la base de tous les autres modéles, et les modéles cinétiques.

1.3.1 Modéle & N corps

Comme nous ’avons vu dans la section 1.1.1 le plasma est un gaz constitué de particules
chargées. Dans le cadre du confinement de ce plasma par un champ électromagnétique ex-
terne, nous sommes donc intéressés par des modéles décrivant I'interaction de ces particules
sous l'effet d’un champ électromagnétique externe. Le modéle le plus basique pour simuler
I’évolution de ces particules consiste & appliquer pour chaque particule les lois de Newton.
En notant N le nombre de particules, en négligeant les collisions entre les particules, et en
supposant que le poids est faible devant la force de Lorentz, on est donc amené a résoudre
le systéme constitué des N équations vectorielles :

d?xk k
m S (1) = ( 3 | FHQ +Fk, (1.3.1)
je{1,...N}, j#k
dxk
xF (0) = xE, — (0= vh, (1.3.2)

ou my et g correspondent respectivement a la masse et a la charge de la particule k,

k

dx
k __ k k
Fo = a <Ee(x 1) + o < Be (x t)) (1.3.3)

est la force de Lorentz due au champ électromagnétique externe (E¢,B.), et pour tout

Jj#k

Fiw=aq (‘ld’f x B, (xk) +E; (xk)) (1.3.4)

correspond & la force de Lorentz due au champ électromagnétique (E;, B;) créé par la
particule j.

Cette modélisation du plasma, appelée modéle & N corps, n’est pas utilisable en pra-
tique pour faire des simulations numériques. En effet, dans un plasma l'ordre de grandeur
du nombre de particules est N ~ 10%°. 1] faudrait donc résoudre un systéme de 3N équa-
tions d’ordre 2.

1.3.2 Modéle cinétique

Dans cette thése je vais m’intéresser exclusivement aux modéles cinétiques. Un mo-
déle cinétique consiste & représenter chaque espéce s de particule par une fonction fs; =
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fs(x,v,t) appelée fonction de distribution. Elle correspond & une moyenne statistique de
la répartition des particules dans I’espace des phases pour un grand nombre de réalisations
du systéme physique considéré. Le produit fsdxdv correspond a la moyenne du nombre
de particules de l’espéce s dont la position et la vitesse sont dans une boite de volume
dxdv centrée en (x,v). En négligeant les collisions entre particules et en se placant dans
un cadre non relativiste (c’est a dire lorsque les vitesses des particules sont faibles devant
la vitesse de la lumiére), des techniques de physique statistique permettent de passer du
modeéle & N corps au systéme d’équations aux dérivées partielles :

8@.};& +v- vxfs + % (E (X,t) 4+ v X B (X’t)) . vaS — O7 (135)

ou gs et my correspondent respectivement & la charge et a la masse d’une particule d’espéce
s. Les champs électriques et magnétiques E et B vérifient les équations de Maxwell :

JE J
ok _ B-_ 2 1.3.
o c“V x - (1.3.6)
0B

s E= 1.3.
BN +V x 0, (1.3.7)
v-E="L, (1.3.8)

€0
V-B=0 (1.3.9)

qui sont reliées aux fonctions de distribution par les densités de charges et de courants
dont les expressions sont données par :

p(x,t) = qu /R3 fs (x,v,t)dv, (1.3.10)
T(x,t) = g /Rg Vs (x,v,t)dv, (1.3.11)

ol c est la vitesse de la lumiére dans le vide et gg la permittivité diélectrique du vide. On
peut décomposer le champ électromagnétique en deux parties : la partie externe, notée
(Ee,Be), et la partie créé par les particules elles-mémes, notée (E., B.). Cette derniére
est appelée la partie auto-consistante du champ électromagnétique. En procédant ainsi et
en utilisant la linéarité des équations de Maxwell on peut supposer que la partie externe
satisfait les équations de Maxwell dans le vide (c’est & dire avec des densités de charge et
de courant qui sont nulles) et que la partie auto consistante satisfait les équations (1.3.6)-
(1.3.9) avec les densités de charges et de courants données par (1.3.10)-(1.3.11).

Dans le cas non-relativiste on peut supposer que le champ magnétique auto-consistant
est stationnaire. Dans ce cas I’équation (1.3.7) se réduit & V x E = 0. On aboutit alors
au systéme de Vlasov-Poisson dans lequel le champ électrique vérifie ’équation de Poisson
(1.3.8) ou de fagon équivalente le probléme de Laplace :

E=-Vé, —Ap=72. (1.3.12)

€0
Remarque 1.3.1. Méme lorsque l’on ne considére qu’une seule espéce de particule et que
l’on me tient compte que des interactions électrostatiques entre les particules, le passage
mathématique du modéle & N corps aux équations de Viasov Poisson, via la théorie des
champs moyens, n’est pas encore justifié. Pour plus de détails sur ce probléme je conseille
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la lecture du cours [62]. Le principal obstacle concerne le fait que le potentiel électrostatique
créé par une particule, c’est a dire

q
o) = (13.13)
ol r = [[r —rg||, correspond a la distance entre le point r ot on calcule le potentiel et la

position rq de la particule, présente une singularité a [’origine.

Par la suite, nous nous placerons dans le cas d'un plasma contenant uniquement une
espéce d’ions et des électrons. Les ions étant plus lourds que les électrons, leur inertie est
plus grande. Si bien que les ions peuvent étre considérés immobiles. En notant n; leur
densité, cette hypothése se traduit par :

&y = 0. (1.3.14)

Concernant leur distribution dans I’espace des phases, on considérera qu'’ils sont & 1’équi-
libre thermodynamique. Ils sont alors répartis selon une gaussienne et la densité est donnée
par n; = [ f;dxdv = 1. Le systéme d’équations & résoudre se réduit alors a :

%—}-V'vxf—{—%(E(X,t)—l—VXB(X,t))'vvaO, (1.3.15)

E= -V, —A¢=]'Of- ‘Nxvﬁﬁh>, (1.3.16)
€0 R3

ft=0,x,v)= fo(x,v), (1.3.17)

ou f correspond & la fonction de distribution des électrons et fy & la répartition initiale
des électrons. Je considérerai souvent le cas ol le champ magnétique B est uniquement
externe et ol le champ électrique E se réduit & un champ auto-consistant.

Remarque 1.3.2. Les plasmas font intervenir différentes échelles déterminées par cer-
taines grandeurs caractéristiques, telles que la longueur de Debye, la fréqguence plasma ou
encore le nombre de Knudsen (voir le livre Rax [57], le proceeding Frénod Lutz [16], ou les
theses Crestetto [9], Filbet [12]).

L’équation de Vlasov est fortement liée aux équations de Newton. Elle exprime que
la fonction de distribution f est conservée le long des trajectoires d’une particule qui
évoluerait sous I'action du champ électromagnétique "moyen" (E, B).

1.4 Quelques outils pour les équations de Vlasov Poisson

Par souci de simplicité et de lisibilité je vais considérer dans cette section le systéme de
Vlasov Poisson pour une espéce de particule. En normalisant les constantes a 1 on obtient :

%—i—v-vxf—kE(x,t)-va:O, (1.4.1)
E=-V¢, —A¢p=p, (1.4.2)
= d 4.
p= [ F vy, (1.4.3)
f (t = O,X,V) = fO (X,V) : (144)

Les résultats sont alors facilement généralisables au cas ot 'on considére un champ ma-
gnétique externe suffisamment régulier.
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1.4.1 Quelques estimations a priori.

J’ai choisi dans cette section de présenter quelques estimations et quelques propriétés de
conservation classique. Ces estimations sont d’une importance capitale d’un point de vue
numérique et d’un point de vue théorique. D’un point de vue numérique il est important
de s’assurer que les méthodes numériques conservent exactement, ou au moins approxima-
tivement, ces propriétés de conservation. D’un point de vue théorique ces résultats sont
a la base de nombreux théorémes d’existences et d’unicités de solutions de I’équation de
Vlasov Poisson. Elles permettent également de montrer des résultats essentiels dans les
différentes théories d’homogénéisation.

Nous allons démontrer ces propriétés de fagcon formelle. Plus précisément nous allons
appliquer les formules de Green :

/(V F)g /F Vg—/ (F-n)g, (1.4.5)
/ (Au) v+/ Vu - Vv—/(m (1.4.6)

et nous allons systématiquement supposer que les intégrandes tendent suffisamment vite
vers 0, de sorte & ce que :

/ (V-F)g+/ F.Vg—0, (1.4.7)

R3xR3 R3xR3

/ (Au)v + / Vu-Vov=0. (1.4.8)
R3xR3 R3xR3

Remarque 1.4.1. D’un point de vue pratique cela signifie que la distribution de particules,
la densité de particules, le potentiel électrique et le champ électrique tendent suffisamment
vite vers 0. On peut obtenir ces résultats de facon rigoureuse en procédant & une étape de
régularisation et en passant a la limite.

Principe du maximum

Pour obtenir le principe du maximum nous allons introduire les caractéristiques de
I'équation de Vlasov (1.4.1) et utiliser le fait que la fonction de distribution f est constante
le long de ces caractéristiques.

Definition 1.4.2. Les caractéristiques de [’équation de Vlasov (1.4.1) sont les fonctions
X(s;t, X,v) et V (s;t,x,v) solutions du systéme différentiel :

88}75( (s;t,x,v) =V (s;t,x,V), (1.4.9)
%\tf (s;t,x,v) =E(X(s;t,x,v),t), (1.4.10)
X (s58,%,V) = X, V (s;8,%,v) = V. (1.4.11)

La fonction f est alors constante le long des caractéristiques. En effet, par définition
des caractéristiques, on a :

0

5% (X (s;t,x,v),V(s;t,x,v),t) (1.4.12)
of 0X ov . ‘

<8t + E . fo + E : Vvf) (X (37t7X7V> 7V (S,t,X,V) 7t> (1413)

=0. (1.4.14)
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On en déduit que f est donnée par

ft,x,v)=f(X(t0,x,v),V(t0,x,v),0) (1.4.15)
=fo (X (t;0,x,v),V (t0,x,v)). (1.4.16)

Ainsi si fy est bornée on obtient le principe du maximum :
0< f(t,x,v) < (sup)fo (x,v). (1.4.17)

Conservation de la charge

En intégrant 1’équation de Vlasov (1.4.1) par rapport a v et en utilisant une formule
de green appropriée on obtient I’équation de conservation de la charge :

dp
i x-J=0, 1.4.18
o +V 0 ( )
ou p est la densité de charge définie par (1.4.3) et J la densité de courant définie par
J(x,t)= [ f(x,v,t)dv. (1.4.19)
R3

En intégrant I’équation de conservation de la charge par rapport & x on obtient la conser-
vation de la charge :
0
= / f(x,v,t)dxdv = 0. (1.4.20)
Ot Jp3 w3

Remarque 1.4.3. En multipliant ’équation de Vlasov par fi71, o q est un entier supé-
rieur a 1, et en intégrant par rapport a x et v on obtient de facon similaire la conservation
de la norme L1 de f

Conservation de ’énergie

En multipliant ’équation de Vlasov par \V\Q et en intégrant par rapport & x et v on
obtient :

a/ V| f (x,v,t) dxdv — 2/ E-J(x,t)dx =0. (1.4.21)
Ot Jpayprs R3
En utilisant I’équation de conservation de la charge (1.4.18) on obtient :
/ J-Edx = —/ J - Vypdx :/ (Vx - J) pdx = — @gbdx (1.4.22)
R3 R3 R3 r3 Ot
En utilisant maintenant I’équation de Poisson (1.4.2) on obtient :
1d 9¢
S 3. x®P " Vx dx = xP xid
Dl fpa VX VxOdx /Rgv¢ Vg 0X
0
=— p—Axpdx (1.4.23)
R3Ot
dp
= —-dx.
R3 ¢8t x

En injectant (1.4.23) dans (1.4.22), puis en injectant le résultat dans (1.4.21), on obtient
I’équation de conservation de I’énergie :

9 (/ yvy2fdxdv+/ yvx¢|2dx) =0. (1.4.24)
Ot \ Jp3«ps R3
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Remarque 1.4.4. En supposant que fRG fo |V|2 dxdv < +00, et en appliquant le lemme de
Gronwall ,on déduit directement de (1.4.24) que pour tout réel T > 0 il existe une constante
C telle que

2 <C. 1.4.2
HM fHLOO(O,T;Ll(]RG)) =¢ ( 5)

Estimation sur la densité de charge

Supposons que fy € L2(R? x R?) et que Jrs fo ]v]2 dxdv < +o00. D’aprés la remarque
1.4.3 et en utilisant que fo € L?(R3 x R3), on obtient la conservation de la norme L? de
f. Soit R un réel strictement positif. On fait alors la décomposition suivante de la densité
de charge :

p(x,t) = /|v|>R fav + /v|§R fdv. (1.4.26)

D’une part on a

2
v 1
/v>R fv = /|v|>R ’RLfdv = R2 /RS vI* fdv, (1.4.27)

et d’autre part, en utilisant I'inégalité de Cauchy Schwartz, on obtient :

1/2 1/2 1/2
/ fdvg(/ dev> </ 1{|V|§R}dv> < C1R3/? </ f2dv> . (1.4.28)
[vI<R R3 R3 R3

Ainsi pour tout R >0 on a:

1/2
p(x,t) < % /3 \v|? fdv + C R®/? (/3 dev> . (1.4.29)
RS RS

En minimisant le membre de droite par rapport a R on obtient :

3/7 2/7
p(x,t) < Cq </]R3 v|? fdv> (/RS f2dv> . (1.4.30)

Finalement en appliquant 'inégalité d’Holder on obtient :

3/5 2/5
/Rg \p(x,t)y”f’dxg/RS Cs </RS |v|2fdv> (/RB f2dv> dx (1.4.31)
3/5 2/5
<C3 (/ V\Qfdxdv> </ fzdxdv) : (1.4.32)
R3 R3

En d’autres termes, la densité est bornée dans L™ (O, T;L7/5 (R?’)).

Remarque 1.4.5. De la méme fagon on obtient une estimation sur la densité de courant.

1.4.2 Existence de solution pour le probléme de Vlasov Poisson.

Intéressons-nous maintenant & la pertinence d’un point de vue mathématique du sys-
téme (1.4.1)-(1.4.4). En d’autres termes, le systéme est-il bien posé pour une condition
initiale donnée ? Il existe trois célébres théorémes pour ce probléme.

Le premier est dit a Ukai et Okabe [61] :
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Theorem 1.4.6. Soit fy € C! (Rd X Rd) positive telle qu’il existe k, K > 0 et v > d tels
que

[fo e vl < w (L4 )77 (L [v) T, (1.4.33)
Vevfo(x,v)| <k (1+x))77(1+]v])77. (1.4.34)
- Sid = 2 alors YT > 0 l’équation (1.4.1)-(1.4.4) admet une unique solution f €

ct ([0,7],C" (R? x R2)).
— Sid =3 alors 3Ty > 0 tel que l’équation (1.4.1)-(1.4.4) admet une unique solution
fect([0,Tp],Ct (R? x R?)).

De plus ce théoréme est généralisable lorsque les équations (1.4.1)-(1.4.4) sont posées
sur le tore T2 ou T3.

Le second résultat est di a Pfaffelmoser [53] :

Theorem 1.4.7. Soit fo € C* (R3 X R3) une fonction positive et & support compact. Alors
le systeme (1.4.1)-(1.4.4) admet une unique solution f € C* (Ry,C (R? x R%)).

Ce théoréme est également généralisable sur le tore T2 ou T2,

Ces deux résultats sont les principaux résultats concernant les solutions réguliéres du
systéme (1.4.1)-(1.4.4). Dans le premier cas la solution n’est pas définie pour ¢t € Ry et
dans le second cas ’hypothése support compact est trés restrictive. Elle n’inclut notamment
pas la distribution initiale la plus importante en physique des plasmas : la gaussienne, qui
correspond a la distribution d’équilibre dans un plasma. Dans [58] 'auteur suggére que cette
hypothése est essentiellement technique et qu’elle peut étre remplacée par des propriétés
de décroissance rapide a U'infini (voir également [33]).

Remarque 1.4.8. Dans [2/, C. Bardos et P. Degond ont montré que lorsque les données
1atiales sont localisées et assez petites il existe une solution globale en temps et que celle-ci
est unique.

Nous allons terminer cette section par le principal résultat concernant les solutions
faibles (c’est a dire au sens des distribution) du systéme (1.4.1)-(1.4.4). La théorie a été
principalement élaborée par P.L. Lions et B. Perthame [39].

Theorem 1.4.9. Soit fo € L' N L>® (RS X R3) une fonction positive. Supposons que
/ [vV|™ fo (x,v) dxdv < 00 si m < my (1.4.35)
R3 xR3

otvmg > 3. Alors le systéme (1.4.1)-(1.4.4) admet une solution f € C (Ry; LP (R* x R3))N
L>® (Ry; L (R? x R?)) (pour tout 1 < p < +00) qui vérifie

sup / [v|™ f(t,x, V) dxdv < +00, (1.4.36)
t€[0,T] JR3xR3
pour tout T' < +00 et m < my.

Remarque 1.4.10. L’unicité a été démontré par G. Loeper [43] sous U'hypothése que
fo € MT(R3xR3), ot MT(R3xR3) correspond a l'espace des mesures positives et bornées
sur R3 x R3.

Remarque 1.4.11. Dans [49] C. Pallard a montré que les résultats d’existence et d’unicité
étatent toujours valable pour mg > 2. De plus, l'auteur a montrer l'existence de solution
dans le cas du tore T3 lorsque mg > 14/3.
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1.5 Reésolution numérique de I’équation de Vlasov-Poisson.

1.5.1 Difficultés liées a la dimension élevée et au couplage non-linéaire.

La résolution numérique des équations de Vlasov Poisson ou de Vlasov Maxwell est un
défi important vu la complexité du probléme. En effet, la fonction de distribution dépend
de la position x = (21, x2,x3), de la vitesse v = (v1,v2,v3), et du temps ¢t. De plus, il est
nécessaire de résoudre un couplage non linéaire entre les équations de Vlasov et de Poisson
ou de Maxwell.

L’évolution des méthodes numériques utilisées pour la résolution de ces équations est
fortement liée a 1’évolution des moyens informatiques. Au cours de cette évolution, des si-
tuations de plus en plus complexes ont pu étre traitées. Ceci, a nécessité le développement
de nouvelles méthodes numériques. Ainsi dans les années 60 et 70 on ne pouvait traiter que
des problémes 1D. Dans les années 80 et 90 la méthode PIC (Particle In Cell), que nous
allons présenter dans la section 1.5.3, était quasiment la seule utilisée pour les simulations
numériques. En effet, elle fournit de bons résultats physiques pour un cotit de calcul rai-
sonnable car elle ne nécessite pas la construction d’un maillage de l’espace des phases.

Depuis la fin des années 90 ’évolution de la puissance de calcul a permis d’envisager des
méthodes plus précises utilisant un maillage de I'espace des phases. Parmis ces méthodes
on trouve principalement les méthodes semi-Lagrangiennes et les méthodes de volumes
finis (voir [60]). Les méthodes semi-Lagrangiennes utilisent le fait que la fonction de distri-
bution est constante le long des caractéristiques et consistent & résoudre ces équations sur
un maillage de I'espace des phases. Cependant ces deux méthodes ne sont utilisées qu’en
petite dimension (2D ou 4D) et il n’est pas encore possible de résoudre les équations sur
une grille 6D.

Actuellement, les méthodes numériques et les moyens informatiques sont toujours for-
tement liés. Depuis le début des années 2000, la puissance de calcul des cartes graphiques
est devenue tellement importante, pour un cott finalement trés réduit (100 a 700 euros
pour les modéles grand public), que les chercheurs en physique des plasmas sont de plus en
plus nombreux & vouloir en exploiter le potentiel. L’objectif recherché est alors de répartir
les tAches d’un méme programme informatique sur plusieurs processeurs de la carte gra-
phique permettant ainsi de réduire le temps de simulation, et de produire des simulations
en temps réel.

1.5.2 Difficulté spécifique aux plasmas fortement magnétisés.

Outre les problémes liés & la dimension élevée et au couplage non linéaire entre Vla-
sov et Maxwell ou Vlasov et Poisson, un autre probléme apparait lorsque 1’on souhaite
simuler ’évolution du plasma dans le cadre du confinement magnétique. En effet, nous
allons nous intéresser a des régimes dont la principale caractéristique est l'intensité du
champ magnétique. En notant ¢ le temps caractéristique d’observation et T, la période cy-
clotron caractéristique (la période caractéristique de rotation autour des lignes de champ
magnétique) ’hypothése champ magnétique fort se traduit par :

H~|‘<5|

—¢ (1.5.1)
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ol € est un petit paramétre. D’'un point de vue numérique cela signifie que pour une
méthode numérique classique le pas de temps doit étre trés petit, notamment plus petit
que la période cyclotron qui a I’échelle d’observation est déja de l'ordre de €.

1.5.3 La méthode PIC.

D’un point de vue numérique j’ai principalement utilisé des méthodes PIC, notamment
dans les chapitres 3 et 4. Pour terminer cette section, je vais donc exposer le principe de
cette méthode dans le cadre de la résolution numérique des équations de Vlasov Poisson.
Une application & 'amortissement Landau est proposé dans I’annexe A.3. Le principe de
la méthode est d’approcher la fonction de distribution, solution de I'équation de Vlasov,
par une combinaison linéaire de N masses de Dirac. Ces masses de Dirac sont centrées en
les positions dans I'espace des phases d’un nombre N de macro-particules. Les coefficients
affectés aux masses de Dirac sont appelés poids des macro particules. En d’autres termes,
on approche la fonction de distribution par :

N
T 0 v,8) = 3 d (= x5 (1) 8 (v = v (1) (15.2)
k=1
ol {(xk,vk)}szl correspond aux N macro particules et ot pour tout k¥ = 1,..., N,

x1, (0) = x§, et v, (0) = v§. L’algorithme est donné dans le schéma ci-dessous.

PEPEIY Calcul du champ
Génération . .
. électrique sur
du maillage .
/ le maillage

Initialisation Calcul de la :

. " Interpolation
des positions densité de charge , .

. . du champ électrique
et des vitesses sur le maillage par .

. L2 sur les particules
des particules par déposition

Déplacement des
particules

Détaillons ces étapes :

Choix des conditions initiales

Il existe principalement deux types de méthodes pour générer les conditions initiales
E kYUY
{(x6:v6) J oy

— Méthode déterministe : on construit un maillage de ’espace des phases et on place les
particules aux barycentres des mailles. Les poids correspondent alors aux intégrales
de la condition initiale sur les mailles.

— Méthode de type Monte Carlo : les positions et vitesses des particules sont choisies
aléatoirement ou pseudo-aléatoirement selon la densité de probabilité associée a fj.
Il est alors fréquent de prendre des poids égaux a 1/N.
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Génération du maillage

Le maillage correspond & un maillage de I'espace des positions. Considérons donc un
domaine €24 et supposons ce domaine suffisamment grand de sorte que les macro particules
restent dans ce domaine durant les simulations. Une autre alternative consiste a supposer
que les particules se déplacent dans un tore. Dans ce cas, cette condition devient obsoléte.
Pour fixer les idées supposons que x € R?, v € R? et que

Q= [0, T,] % [0, T, ], (1.5.3)

out Ty, et Ty, sont deux réels strictement positifs. L’option la plus simple consiste alors a
construire un maillage uniforme

2 =iAz;, i=0,...,Ny,
) (1.5.4)
.fl;%:jAﬂ?Q, iZO,...,NQ,

ot Ni et Ny sont deux entiers positifs et ou Axy = Ty, /N1 et Azg =T, /No.

Remarque 1.5.1. Le choiz du pas d’espace est un point clé de ’algorithme. Il faut par
exemple s’assurer qu’il y ait au moins 100 particules par maille.

Couplage particules maillage

On définit la densité de charge discréte par

N
pN (x,t) = q/]Rz Iy (x,v,t)dv = quk5 (x —xx (1)) . (1.5.5)
k=1

Cette approximation particulaire de p ne permet pas d’avoir les valeurs de p sur le maillage.
Ainsi dans le but de coupler cette approximation avec un solveur de I’équation de Poisson
il est nécessaire de procéder a une étape de régularisation. Cette étape est alors réalisée a
I’aide d’un noyau de convolution S. On définit alors la régularisée pp de py comme étant
le produit de convolution entre pyx et .S :

N

pn(x,t) = /R? S(x—x)py (x,v,t)dv = qukS (x —xi (1)) . (1.5.6)
k=1

Un bon choix consiste & prendre des splines. Dans cette thése je prendrai en général des
splines d’ordre 1. Elles sont définies par :

Saz (z) = { A ( - %) st |zl < Az (1.5.7)

0 sinon,

lorsqu’on est en dimension 1, par S?P (x1,22) = Saz, (21) Saz, (72) en dimension 2, etc...
L’expression de pj sur le maillage Poisson est alors donnée par

N
Ph (Xi’j,t) = qukSQD (Xi’j — X (t)) , (1.5.8)
k=1

ot x" = (x%,23). Le choix des splines comme noyau de convolution permet notamment
d’avoir une conservation numérique de la masse.
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En résolvant I’équation de Poisson on aboutit a ’expression du champ électrique sur le
maillage. On peut formaliser ceci par ’expression suivante :

N
E (x,t) = ZEi,j5 (x —x™). (1.5.9)
k=1

A nouveau, pour obtenir ’expression du champ électrique au niveau des particules, il est
nécessaire de régulariser cette expression. On procéde alors comme pour I’étape précédente.
L’expression du champ au niveau des particules est alors donnée par :

N
E (x (t) 1) = A1 Az E; ;5P (x — x') (1.5.10)
k=1
Remarque 1.5.2. Afin d’éviter des probléemes numériques il est impératif de choisir le
méme noyau de convolution que celui utilisé pour la déposition des particules.

Advection

Les particules sont déplacées en suivant les caractéristique de I’équation de Vlasov.
Pour résoudre ces caractéristiques on peut par exemple utliser la méthode de Runge Kutta
d’ordre 4. Pour une équation du type dy/dt = K(t,y) le schéma numérique permettant de
passer du temps t,, au temps t,41 = t, + At s’écrit :

tn,l = tn, yn’l = yn

At 1
tn2 = tn+ -, Y™ =y + 511, avec I' = AtK (1, y™"),

At n,3 n 1 2 2 n,2
tn,S :tn'{'?y Yyt =y +§I , avec I“ = AtK(th,y ’ ), (1511)
tna =tn + AL, Yyt =y" + I3 avec I* = ALK (t, 3,y™°),

1 1 1 1

Yyt =g 4 611 + 512 + §I3 + 614’ avec I* = AtK (t,4,y™).

Il est donc nécessaire de résoudre numériquement I’équation de Poisson aux étapes 2, 3, 4,
et 5. Il existe bien évidemment d’autres schémas pour avancer les particules. Le principal
défaut de cette méthode est que celle-ci ne conserve pas les volumes. Par exemple, si
on considére les équations de la section 1.2.3, et en effectuant des simulations en temps
long, les trajectoires semblent s’écraser sur elles mémes (voir [56]). Il est donc en général
plus intéressant d’utiliser des méthodes symplectiques. Le schéma de Verlet est de loin
le plus utilisé (voir [60]). Mais on peut également utiliser des intégrateurs symplectiques
variationnels ([56]), ou des schémas Runge Kutta symplectiques.

1.6 Gyrocinétique et méthodes d’homogénéisations.

Dans la section précédente (section 1.5) nous avons observé que la simulation numé-
rique d'un plasma ou d’un faisceau de particules fortement magnétisé se heurtait a deux
principaux problémes : la dimension élevée du probléme ainsi que la nécessité de choisir
un petit pas de temps. Il peut ainsi s’avérer trés intéressant d’avoir recours a des modéles
réduits.

Comme nous ’avons vu dans la section 1.2.1, la trajectoire d’une particule chargée dans
un champ magnétique constant est hélicoidale le long des lignes de champ avec un rayon
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proportionnel & I'inverse de la norme du champ magnétique. Lorsque cette norme est trés
grande la particule est piégée le long de la ligne de champ. Le mouvement apparent de la
particule, appelé mouvement du centre guide, est alors donné par

Ci (t,%0, Vo) = To,1, (1.6.1)
Ca (¢, %0, Vo) = 70,2, (1.6.2)
Cs (t,%0, Vo) = To,3 + vo,3t- (1.6.3)

Lorsque le champ magnétique varie, ou lorsque 'on considére un faisceau de particules,
les choses sont moins triviales. En particulier, la question de savoir si I'influence mutuelle
des particules peut étre exprimée en terme de leur mouvement apparent ou si ’oscillation
génére des effets supplémentaires est importante. L’un des principaux objectifs est de trou-
ver un modéle approché permettant d’éliminer les oscillations rapides. Toutes les théories
d’homogénéisations des équations de Vlasov Poisson sont basées sur ce point.

1.6.1 Reégimes Drift-Kinetic et Rayon de Larmor Fini.

D’un point de vue mathématique la premiére étape consiste a quantifier ce que si-
gnifie se placer dans le cadre d’'un champ magnétique fort. Cette étape est réalisée via
un adimensionnement des équations. Pour simplifier, placons nous dans le cadre ou :
B = B(z1,72)es,, E = E(z1,22), et E-B = 0. Dans ce cas en notant x = (1, 29) € R?
et v = (v1,v2) € R?, les équations de Vlasov Poisson, écrites dans le plan orthogonal au
champ magnétique, sont données par

88‘{+V-fo+§1(E(x,t)+vLB(x)>~va:0, (1.6.4)

E=-V$, —Ap= % = % [Tt v)av, (1.6.5)

Ft=0,%v)=fo(x,v), (1.6.6)
ot vt = (v, —v1).

Pour adimensionner ces équations on procéde comme dans les sections 1.2.2 et 1.2.3.
Soit ¢ une échelle de temps caractéristique, L une échelle de longueur caractéristique, ©
une échelle de vitesse caractéristique, B une échelle d’intensité caractéristique du champ
magnétique, E une échelle d’intensité caractéristique du champ électrique et f un facteur
d’échelle pour f. On définit alors de nouvelles variables x', v/ et ¢ par x = Lx/, v = oV’
et t = tt’. On définit également les quantités sans dimensions E/, B, et f par :

E(x,t) = EE'(¥,t),
B(x) = BB'(x',t), (1.6.7)
f(X, v, t) = ff/(xla Vla t/)
En injectant ces quantités dans (1.6.4), en identifiant les grandeurs caractéristiques w. =
gB/m et aj, = v/@., puis en imposant

1 ay, E
ot = — = = t —= = 1.6.8
Wt =, F=e e —p =g (1.6.8)
on obtient I’équation de Vlasov 2D dans le régime Drift Kinetic :
oFf B (x' 1
a*‘ff VTSt (E (x'#) + W) -V f = 0. (1.6.9)
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Remarque 1.6.1. Les formules (1.6.8) signifient dans 'ordre énuméré que : a l’échelle
temporelle caractéristique la période d’oscillation est petite, a l’échelle de longueur carac-
téristique le rayon de Larmor est petit, et que la force électrique caractéristique est petite
devant la force magnétique caractéristique,

Pour la condition initiale nous allons supposer que ses échelles de variation (avant la
mise & l’échelle) sont du méme ordre de grandeur que les échelles caractéristiques utilisées
c’est a dire que f'(t' = 0,x',v') = fj(x/,v').

Concernant I’équation de Poisson on va imposer que E = ¢/L et que f = qi#ﬂz’ de
sorte que ces équations se réécrivent :
E = -Vyd, —Agd :/ (%, v')dv'. (1.6.10)
R2

Dans la suite par souci de lisibilité, et puisque je travaillerai toujours dans des régimes
adimensionnés, j’enléverai les /.

1.6.2 Meéthode d’homogénéisation basée sur la convergence a deux échelles

Cette méthode est largement développée dans les articles Frénod Sonnendriicker [19] et
Frénod Sonnendriicker [21]. Je me contenterai d’en expliquer les principales étapes. Homo-
généiser le systéme de Vlasov Poisson consiste & déterminer un systéme d’équations limites
lorsque le petit paramétre €, introduit dans ’adimensionnement, tend vers 0. L’intérét d’un
systéme limite est qu’il ne dépend pas du petit paramétre €, ce qui permet d’augmenter le
pas de temps lors de la résolution numérique.

Les différentes méthodes d’homogénéisation se distinguent par le cadre de convergence
choisi. Le cadre de la convergence a deux échelles est particuliérement adapté & notre
probléme puisque il y a principalement deux échelles de temps : une petite échelle & laquelle
se produisent les oscillations rapides et une autre échelle plus lente & laquelle se produit le
mouvement apparent.

Par la suite nous noterons W un espace de Banach, dont le dual est un espace séparable,
et qui est inclus de fagon compact dans D’ (R2 xR2). Commencons par définir la convergence
deux-échelles.

Definition 1.6.2. On dit qu’une suite de fonction f. € L*(0,T;W) converge & deux
échelles vers une fonction 2m-périodique F' € L*°(0,T; L3 (R; W), si pour toutes fonc-
tions 1 = (t, 7,x, V) régulieres, a support compact par rapport a (t,x,v), et 27w-périodiques
par rapport 4 T on a :

t 2T
/ fet,x,v)y <t, 67x,v> dtdxdv — / / Fydrdtdxdv (1.6.11)
Q QJo

lorsque € tend vers 0, ot Q = [0,T) x R2 x R2.

En général, une preuve directe de la convergence & deux échelle d’une suite de fonctions
est complexe. Heureusement, il existe d’autres méthodes pour prouver la convergence a
deux échelles. En général on utilise le théoréme suivant :

Theorem 1.6.3. Si une suite f. est bornée dans L>(0,T; W) alors il existe une fonction
2m-périodique F € L*°(0,T; L (R;W)) et une sous-suite de f. qui converge & deux-
échelles vers F.
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Ainsi en utilisant une propriété de conservation de la norme L? de la fonction de dis-
tribution, il est facile de montrer qu’il existe une sous-suite de f¢ qui converge a deux
échelles vers une fonction F € L°°(0, T; LS (R,; L*(R2 x R2))). Pour fixer les idées consi-
dérons I’équation de Vlasov-Poisson (1.6.4)-(1.6.6) dans le régime Drift-Kinetic avec un
champ magnétique B constant égal a 1, c’est & dire

6(;;5 +v-Vxfe+ <EE (X,iﬁ)—%ivL) -Vyf =0, (1.6.12)

E° = —Vy.¢°, —Ayx¢*= [ fodv, (1.6.13)
RQ

fe(t=0)=fo. (1.6.14)

L’objectif est maintenant de déterminer une équation limite caractérisant la fonction F'. En
multipliant I’équation de Vlasov (1.6.12) par les fonctions tests suggérées dans la définition
1.6.2 et en faisant des intégrations par parties on obtient la formulation faible suivante :

- <[8¢] 1 [W] v [Vl + <E n 1vi> - wr) dxdvt
o ot € | 0T €

(1.6.15)
= [ fobev) 0 (0.0.xv) axiv,
ou pour toutes fonctions ¢ = p(t,7,x,Vv) on a noté
(0] (t,x,v) = @ (t,t/e,x,V), (1.6.16)
et ou
O =R2xR2, (1.6.17)
Q=10,T) x R2 x R2. (1.6.18)

En utilisant une estimation sur la densité de charge, ’équation de Poisson, et un argument
de compacité (Théoréme 1.6.3), il est facile de montrer que le champ et le potentiel élec-
trique convergent a deux échelles (modulo une sous-suite) vers des fonctions 2r-périodiques
® et £. La principale difficulté technique de la méthode est concentrée dans le passage a
la limite dans l'intégrale contenant le produit feE®. Il s’agit alors de se placer dans les
conditions d’application du théoréme suivant :

Theorem 1.6.4. Soit u. une suite de fonctions dans L*(0,T; W) qui converge a deux
échelles vers une fonction U. Si une suite v¢ converge fortement vers une fonctions v dans
un second espace de Banach W' (qui satisfait les mémes propriétés que W ), et si le produit
uv° a du sens dans un troisieme espace de Banach W', alors le produit u-v¢ converge a
deux échelles vers Uv € L>(0,T; L3S (R.; W")).

On peut alors, par exemple, montrer que le champ électrique converge fortement. On
utilise le Théoréme d’Aubin-Lions (voir [59]) :

Theorem 1.6.5. Soient W et W' deuz espaces de Banach, et W un espace de Hausdorff
métrisable et localement convexe tels que W C W' C W". Supposons également que la
premiére inclusion est compact, que la seconde est continue, et que W soit un espaces
séparable et réflexif. Pour 1 <p < oo, et 1 < g < oo on définit

S = {u € LP([0,T],W) ,% e L9([0,T] ,W”)} : (1.6.19)
Alors Uinclusion S C LP ([0, T),W") est compact.

30



En estimant la densité de courant et en utilisant les équations de conservation de la
charge et de Poisson (notamment les propriétés régularisante du laplacien), on obtient une
estimation de O;F et on se place ainsi dans les conditions d’applications du Théoréme 1.6.5.
On en déduit alors la convergence forte du champ électrique. On note E la limite forte.

Remarque 1.6.6. La limite forte E de EF est relié a la limite deux échelles par la formule
1

£ =—E. 1.6.20

5 ( )

En particulier, la limite deux échelles ne dépend pas de T.

En multipliant (1.6.15) par e, puis en passant a la limite, on obtient I’équation de
contrainte suivante :

OF | L. VyF = 0. (1.6.21)
or

L’équation de contrainte ne permet pas de caractériser la limite deux échelles F'. En par-
ticulier cette équation ne permet pas de relier F' a la condition initiale fy. Néanmoins, en
utilisant la méthode des caractéristiques (voir section 1.4.1), cette équation donne la forme
que doit avoir F :

cos (1) —sin(7)

sin (1) cos(7) (1.6.22)

F(t,7,x,v) =G (t,x,u(v,7)), ontu(v,7) =
La derniére étape de la méthode consiste & caractériser la fonction G. On procéde alors
comme suit : on définit la fonction ¢° par ¢°(t,x,v) = f°(t,x,u(v, —t/e)), puis on écrit
une formulation faible de ’équation de Vlasov en terme de g°.

Remarque 1.6.7. La fonction g° correspond a la fonction f¢ a laquelle on aurait "retirée”
loscillation rapide.

Soit ¢ = p(t,x, u) une fonction test, réguliére et & support compact. Posons ¢ (¢, 7,x,v) =
@(t,x,u(v,7)). En utilisant cette classe de fonction test dans ’équation (1.6.15), puis en
faisant le changement de variables u = u(v,t/e) on aboutit a la formulation faible sui-
vante :

/ g¢ (t,x,u) <%gtp +etMy. Vxp + E€ - (eiMVucp>> dxdudt
’ (1.6.23)

=— / fo(x,v)p(0,x,v)dxdv = 0.
@]

Remarque 1.6.8. En écrivant ’équation satisfaite par g et en utilisant des arguments
similaires a ceux utilisés pour montrer la convergence forte du champ électrique, on peut
montrer que g converge fortement vers la fonction 2nG.

En passant a la limite dans 1.6.23 on obtient 1’équation caractérisant G :

oG
- =0 1.6.24
ot ) ( )
1
=0 = 5—Jo- 1.6.2
Gi=0 = 5_fo (1.6.25)
On en déduit donc que F' est donnée par
1
F(t,7,x,v) = Q—fo (x,u(v,7)). (1.6.26)
m

On peut alors approximer f€ par f&(t,x,v) ~ F(t,t/e,x, V).
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Remarque 1.6.9. La limite deux échelles du systéme (1.6.12)-(1.6.14) ne tient pas compte
du champ électrique auto-consistant. Pour obtenir un modéle plus précis il faut déterminer
Uordre suivant dans la développement asymptotique deux échelles de f¢ (voir [14]).

Remarque 1.6.10. Dans d’autre cas, comme par exemple ceuz traités dans [19] et [21],
I’équation caractérisant G dépend de la limite deux-échelles du champ électrique. Pour
obtenir l’équation satisfaite par la limite deux échelles du champ électrique il suffit de
multiplier ’'équation de Poisson par une fonction test appropriée et passer & la limite.

1.6.3 Meéthodes géométriques

Les méthodes géométriques que je vais présenter dans cette section opérent lorsque
le moment magnétique est un invariant adiabatique. Comme nous ’avons observé dans
la section 1.2.4 le moment magnétique est un invariant adiabatique lorsqu’a 1’échelle du
mouvement de la particule le champ magnétique varie peu c’est a dire lorsque

ar VB
L B

e. (1.6.27)

Remarque 1.6.11. Dans la formule (1.6.27), B correspond au champ magnétique adi-
mensionné et X 4 la variable de position adimensionnée.

Dans le régime Drift-Kinetic @y, /L ~ ¢ et la condition (1.6.27) est toujours satisfaite.
Dans le régime Rayon de Larmor Fini le rayon de Larmor est de magnitude 1. Ainsi pour
qu’une particule percoive de faible variation du champ magnétique il est nécessaire que le
champ magnétique adimensionné varie peu, c’est a dire que VxB/B ~ ¢.

Definition 1.6.12. On appel systéme de coordonnées centre-guide historique le systéme
de coordonnées définit par :

hge _ QL U 1.6.2
Y T T Bx) cos (), (1.6.28)

hgc L v .
Yo!C = 1o + T B sin () , (1.6.29)
ghoe = ¢, (1.6.30)

2

hge — U 1.6.31

p 3B’ (1.6.31)

ot 0 et v sont tels que v = |v| et v =v (—sin (#), —cos(0)).

Remarque 1.6.13. Supposons que le champ magnétique est constant égal & By. Dans
ce cas, dans les régimes Drift-Kinetic et Rayon de Larmor Fini, les caractéristiques de
l’équation de Vlasov écrites dans le systeme de coordonnées centre guide historique sont
données par :

aYhoe
ot 0,
hgc
00 _ B (1.6.32)
ot €
8thc
% 0.
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De maniére générale les méthodes géométriques consistent & déterminer un systéme de
coordonnées infinitésimalement proche du systéme de coordonnées centre-guide historique
dans lequel la coordonnée proche du moment magnétique est un invariant et dans lequel
I’évolution des autres variables ne dépend pas de la variable d’oscillation. Le systéme
de coordonnées obtenu est appelé le systéme de coordonnée gyrocinétique. Ainsi, si on
s’intéresse uniquement au mouvement de la particule dans ’espace physique, la résolution
du systéme dynamique dans le systéme de coordonnées gyrocinétique se réduit a trouver
une trajectoire dans R2, au lieu d’une trajectoire dans R?* lorsque le systéme est résolu
dans le systéme de coordonnées initial.
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2.1 Introduction

At the end of the 70, Littlejohn |40, 41, 42| shed new light on what is called the Guiding

Center Approzimation. His approach incorporated high level mathematical concepts from
Hamiltonian Mechanics, Differential Geometry and Symplectic Geometry into a physical
affordable theory in order to clarify what has been done for years in the domain (see Krus-
kal [37], Gardner [24], Northrop [46], Northrop & Rome [47]). This theory is a nice success.
It has been beeing widely used by physicists to deduce related models (Finite Larmor Ra-
dius Approximation, Drift-Kinetic Model, Quasi-Neutral Gyro-Kinetic Model, etc., see for
instance Brizard [5], Dubin et al. [11], Frieman & Chen [22], Hahm [29], Hahm, Lee & Bri-
zard [31], Parra & Catto [50, 51, 52|) making up the Gyro-Kinetic Approzimation Theory,
which is the basis of all kinetic codes used to simulate Plasma Turbulence emergence and
evolution in Tokamak and Stellarators (see for instance Brizard [5], Quin et al [54, 55],
Kawamura & Fukuyama [35], Hahm [30], Hahm, Wang & Madsen [32], Grandgirard et al.
[27, 28|, and the review of Garbet et al. [23]).
Yet, the resulting Geometrical Gyro-Kinetic Approximation Theory remains a physical
theory which is formal from the mathematical point of view and not directly affordable for
mathematicians. The present paper is a first step towards providing a mathematical affor-
dable theory, particularly for the analysis, the applied mathematics and computer sciences
communities.

Notice that, beside this Geometrical Gyro-Kinetic Approximation Theory, an alterna-
tive approach, based on Asymptotic Analysis and Homogenization Methods was developed
by Frénod & Sonnendriicker |19, 20, 21|, Frénod, Raviart & Sonnendriicker [17], Golse &
Saint-Raymond [26] and Ghendrih, Hauray & Nouri [25].

Summarizing, the Geometrical Gyro-Kinetic Approximation Theory consists in buil-
ding a change of coordinates in order to make two components of a dynamical system
disappear. The method to achieve this goal involves, in a intricate way, elements of Ha-
miltonian Dynamical System Theory, Symplectic Geometry, Non-Linear Hyperbolic PDE,
Hilbert Theory of Operators and Asymptotic Analysis.

In order to clarify the purpose and put things in context, notice that the domain of
validity of the Gyro-Kinetic Approximation Theory is that of charged particles under the
action of a strong magnetic field. Hence, we begin by considering a non-relativistic charged
particle moving in a static magnetic field. It is well known that, in usual coordinates
(x,v) = (x1,22,23,v1,v2,v3), where x stands for the position variable and v for the
velocity variable, the position X(¢;x,v) and the velocity V (¢;x,v) at time ¢ of the particle
which is in x with velocity v at time ¢ = 0 are solutions to

X

5 =V X(0) = x, (2.1.1)
(?tf = %y x B(X), V(0) =v. (2.1.2)

In this dynamical system, X has three components (X;, Xg,X3), as V. : (V, Vg, V3).

For the purpose of this paper, we restrict to magnetic fields of the form

B (x) = (0,0, B(z1,2)), (2.1.3)
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and furthermore, we consider only the projection of the particle motion onto the x1, xo-
plan. So writing x = (x1,22) and v = (v1,v2), the bi-dimensional dynamical system for
X(t;x,v) (X = (X1,X2)) and V(t;x,v) (V = (V1, Va)) resulting from (3.1.6) and (3.1.7)
reads

0X
oV _a L _
5 = o BX) TV, V(0) = v, (2.1.5)

where, for any u = (ug,u2) in R?, the notation “u stands for (us, —u;). Throughout the
rest of this paper, we will be interested in trajectory (X,V) and in dynamical system
(2.1.4) and (2.1.5).

Finally, we suppose that the sign of B remains constant and that B is nowhere close to 0.

Now we make precise the context of strong magnetic field we work within. It is well
known that the norm |V] of the velocity V solution to (2.1.5) is constant and that if the
magnetic field B is uniform, the trajectory X of the considered charged particle is a circle.
The radius aj, of the circle, which is called the Larmor radius in the context of Tokamak
and Stellarator plasma, equals the norm of the velocity times the particle charge divided
by the particle mass times the norm of the magnetic field, i.e.

v

We

B
where w, = M, (2.1.6)
m

ar

is the cyclotron frequency. The center of the circle, which is called the guiding center,
equals

C=X(t)—p(), (2.1.7)
where
1
p(t)=—ar |\<7(|t) (2.1.8)

Here, we do not consider a uniform B. Nevertheless, at any time to when the position of
the particle is X(tp), we can consider the local values of the Larmor radius, the cyclotron
frequency and the guiding center

ar(to) = WL‘(;L), (2.1.9)
welto) = AEX )| (2.1.10)
C(t) =X (togn— p(to), (2.1.11)
p(to) = —ay, (to) L‘(\ﬁf“ (2.112)

With the help of those quantities, we can say that considering a small Larmor Radius
consists in considering that the magnetic field applied to the particle position X (tg) is
close to the magnetic field applied to the guiding center position C (¢p). Now, as the
magnetic field is strong, the local value of the period of rotation

Tu(to) = (27 Jwe(to)) ~ (2mm/q| B(C (to)]), (2.1.13)
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is small. Considering that ar,(t) and T¢(¢) have the same magnitude and that they are both
small implies that (ar,(t))%we (¢) is small and hence that

oc LV () VB (X (1) - (V(t)/|V])
a (t) = (aL(t))QWC (t) |V| B (X (t))

is small. As

m|V
ant) ~ M

N ECHT (2.1.14)

the fact that C(t) vary slowly has for consequence that the Larmor Radius vary slowly. To
summarize, for any time ¢ belonging to a time interval of length of order (2rm/q|B(C (to) |)
the values of ar,(t) and of C(t) remain almost constant, so that the particle trajectory is
close to a circle of radius m |V| /¢B (C (tp)) traveled in a time close to (2rm/q|B(C (to) |).

To reexplain this within a rigorous modeling procedure, called scaling, and to introduce
rigorously the small and large quantities, we need to define some characteristic scales : ¢
stands for a characteristic time, L for a characteristic length and @ for a characteristic
velocity. We now define new variables t/, x’ and v/ by t = #t/, x = Lx', and v = oV,
making the characteristic scales the units. In the same way, we define the scaling factor B
for the magnetic field :

B (Lx') = BB (x) . (2.1.15)

Using those dimensionless variables and magnetic field, we obtain from dynamical system
(2.1.4)—(2.1.5) that dimensionless trajectory (X', V') defined by

Xt Lx',ov') = LX'(t'; %', V'), (2.1.16)
V(tt'; Lx',ov') = oV'(t'; X', v'), (2.1.17)
is solution to
L oX'
taat’ =V, X'(0) = x/, (2.1.18)
oV’ qBﬁ N Lxr/ / /
?W—WB(X) A% V'(0) =V (2.1.19)

We introduce the characteristic cyclotron frequency and Larmor radius :

B —
e=22 and ap=— (2.1.20)
m We
Using those physical characteristic quantities, system (2.1.18)—(2.1.19) becomes
oxX’ __ ay
5 =t ch’, X'(0) = x/, (2.1.21)
ov'  __
o = @B (X)) Vv, V'(0) =+ (2.1.22)

Once this dimensionless system written, saying that the magnetic field is strong means that
the characteristic time ¢ is large when compared to the characteristic period T, = 27/
Introducing a small parameter ¢, this can be translated into :

tie = . (2.1.23)



Now, saying that the Larmor radius is small when compared to the characteristic scale
length consists in considering that

%L =, (2.1.24)
Hence, the dimensionless dynamical system is rewritten as :
oxX’
5 = v/, X'(0) = x/, (2.1.25)
ov 1
5 = B (X) v, V'(0) = v'. (2.1.26)
€

Yet, we have enough material to precise, within this framework, our intuition that, with
accuracy of the order of €, for any time ¢’ belonging to a time interval [t(, ¢}] of length of
the order e, X' draws a circle of radius e |v'| /B (X' (t)) over a time 2we/B(X’ (t)). We
let,

X {#)y=C{)+p(t), (2.1.27)
/ / 2 + / /

p )= "B V' (1), (2.1.28)

p (') =|p" ()] (cos (O (t),—sin (O (1)), (2.1.29)

where ©' (') is the angle between the xi-axis and p’ (¢) mesured in the clockwise sense.

(¢
Using the usual mobile orthonormal frame (¢(0) ,a(0)), where ¢(6) = (—sin(6), — cos(9))
and a (0) = (cos (0),—sin (0)), equations (2.1.28) and (2.1.29) yield the expression of V'
in this frame and the ODE it satisfies :

Vi (#) = [V']e (o' (t)), (2.1.30)
av’ / oo
= IV ‘at/ (O (1) == V| 57 () a(e' (+)- (2.1.31)

Injecting (2.1.31) in (2.1.26) and using the fact that, in frame (¢ () ,a (), LV’ (') writes :
V() == [V]a (e (),

we obtain the equation satisfied by 0’ (t') .
In the case of a constant magnetic field, we have :

/
863 (t) =0, (2.1.32)
57 \p )] =0, (2.1.33)
00, 1
o (t') = =B, (2.1.34)

and the particle draws a circle of center C', of radius |p/| over a time 27e/B.
When the magnetic field is not constant the ODEs satisfied by C’, |p’|, and ©’ are

ocC’ AN I ¥ V) Vx B (X/ (tl)) V! (t/)
i Vo B(X'(t)) - V' ()
86/ / /
Oy =te ) ~ L)), (2.187
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Hence, for any time ¢’ belonging to a time interval [t{,t}] of length of the order of ¢, the

usual Taylor inequality leads to |B(C’(t')) — B(C' (t3))| = O (¢?) and hence
00’ 2me .
BT ( ) et gB (C’ (to)) and ©' <t/ + B(C/(tf)))> -0 (t') is close to 2m.  (2.1.38)

Moreover, for any time t belonging to [t{, t}], from (2.1.35)-(2.1.37) we obtain
C(t) = C' ()| = O (%) lle' (¥) | = [ (t0)[| = O (%) - (2.1.39)

Writing X’ (') = C' (t') + p' (¢'), (2.1.39) and (2.1.38) say nothing but that X' draws a
circle of radius € |v'|/B(C' (t;)) around C'(t,) over a time 2me/B (C'(t;)) with accuracy
of the order of €.

The regime in which dynamical system (2.1.25)—(2.1.26) is written is called the drift-
kinetic regime.

Subsequently, we will work exclusively with dimensionless variables. Since no confu-
sion is possible, to simplify the notations, we will remove the ’ and replace B by B
Hence, for xg = (219,729) € R? and v = (v19,v29) € R? we consider X (¢,%q, Vo) =
(X1 (t,x0,v0), Xo(t,x0,vo )) and V (t,x0,vg) = (V1 (¢, %0, Vo), V2 (¢, X0, Vo)) solutions to
the following dynamical system

X
8&5 v, X(0) = xo, (2.1.40)
ov. 1 1 _

and we make the following assumptions on B :

04; 0A;
B = — - —. 2.1.42
™) = 5er ~ 92 ( )

with A = (A1, A3) an analytic function on R? and

inf B > 1. 2.1.43
inf B(x) (21.43)

Remark 2.1.1. In this remark, we will evoke issues related to the numerical simulation
of system (2.1.40)—(2.1.41). What we learn from (2.1.27) is that the solution of (2.1.40)—
(2.1.41) is made of two parts : a strongly oscillating one, related to the strong oscillations
of p, and, the guiding center motion, i.e. the motion of C. Because of the oscillation
part, direct numerical simulation of (2.1.40)—(2.1.41) requires a very small time step, and
then is not considered. One could think that a good option to compute an approximate
solution of (2.1.40)—(2.1.41) would be to compute C. Yet, the resolution of EDO (2.1.35)
C is solution to, requires the knowledge of trajectory X and consequently the resolution of
(2.1.40)-(2.1.41). This option seems then to be a dead end. The interest of the Gyro-Kinetic
Approzimation is that it yields a dynamical system for something which is close to X and
C, but which can be solved as a stand-alone system.
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Now, we give a detailed summarize of what the present paper contains. In the geometric
formalism, in any system of coordinates on a manifold M, a Hamiltonian dynamical system,
which solution is R = R(¢,rp) in the considered system of coordinates, can be written in
the following form

8@1;{ =PR)V:H(R), R(0,r9) = ro, (2.1.44)
where P(r) is a skew-symmetric matrix called the matrix of the Poisson Bracket (or Pois-
son Matrix in short), and H(r) is called the Hamiltonian function. Moreover, a sufficient
condition for a dynamical system to be Hamiltonian is that the dynamical system writes
in the form (2.1.44) in one system of coordinates which is global on M. Roughly speaking,
the goal of the Geometrical Gyro-Kinetic Theory is to make a succession of change of
coordinates in order to satisfy the assumptions of the following theorem.

Theorem 2.1.2. If, in a given coordinate system r = (r1,72,7r3,74), the Poisson Matriz
has the following form :

0 0
Moy 5§
P(r) 00 0 1 , (2.1.45)
00 [—-1 O
and if the Hamiltonian function does not depend on the penultimate variable, i.e.
OH
| 2.1.46
8’)"3 ) ( )
then, submatriz M does not depend on the two last variables, i.e.
oM oM
— =0 and — =0. 2.1.47
8’1“3 an 67“4 ( )

Consequently, the time-evolution of the two first components Ry, Ro s independent of the
penultimate component Rg; and, the last component Ry of the trajectory is not time-
evolving, i.e.

OR;
— =0 (2.1.48)

Proof. When the Poisson Matrix has the form given by (2.1.45), the last line of (2.1.44)
reads

P _ I (g
ot N 8?"3 '

Hence, if the Hamiltonian function does not depend on the penultimate variable, then, the
last component Ry of the trajectory is not time-evolving. Now, introducing the Poisson
Bracket of two functions f = f (r) and g = g (r) defined by

{fo9h (@) = [Vef @)]" P (r) Veg (r) , (2.1.49)

where P (r) is the Poisson Matrix, we have

Pij = {ri,r;}, fori,j=1,2,3,4, (2.1.50)
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where r; is the i-th coordinate function r — r; and a direct computation leads to

B 373172 . 073172

{{r1,r2},. ,r3}, (r) = s (r) and {{ri,r2}.,r4}, (r) = Ors (r). (2.1.51)

Using the Jacobi identity saying that for any regular function f, g, h,

{9k by, +{{h fl 9k + o b F1 =0, (2.1.52)
and the facts that P31 = Pa3 = Pys1 = P24 = 0, we obtain
{{ri, o w3l = — {{rg,ru o rof, — {{ro, 3}, 11}, = 0, (2.1.53)
{{r1,r2}, ,1a}, = — {{ra, 1}y w2ty — {{ro,ra}y , 11}, = 0. (2.1.54)
and consequently, since Py 1 = P = 0, (2.1.51) brings (2.1.47), ending the proof of the
theorem. 0
f Usual Coordinates ) ( Usual Coordinates ]
(x,V) (x,V)
Hix,v), P-(x,v) s.t :
X _y oxX
o O | — pviIL
87VZEB(X)J~V 8l £ Vx,v
L o e J ot
1: Hamiltonian?l / Sl
p . 2 Polar Coordinates
Canonical Coordinates (x,6,v)
(a,p) | ), P (x,6,0) )
f(q, p), P (q, p)=S 4 : Darboux Algorithml
>t :6Q ( Darboux Almost Ca- )
ot - nonical Coordinates
= SVq,pH:
op o (y,0,k)
( o ) \ Ay, 0, k), P-(y) ]
5 : Lie Transforml
( Lie Coordinates )
(z,7.7)
Hi(z, j), P:(2)
\ — ﬁs(z) J

FIGURE 2.1 — A schematic description of the method leading the Gyro-Kinetic Approxi-
mation.

Theorem 2.1.2 is the Key Result that brings the understanding of the Geometrical
Gyro-Kinetic Theory. Skipping most of the details, we can say that the Gyro-Kinetic
Approximation of dynamical system (2.1.40)—(2.1.41) consists in writing it within a system
of coordinates, called the Gyro-Kinetic coordinate system, that satisfies the assumptions
of Theorem 2.1.2 and which is close to the Historic Guiding-Center Coordinates which is
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such that :

hge - v

v =1 EB(X) cos (), (2.1.55)
hge v .

Yy = x9 + EiB(x) sin () , (2.1.56)

ghac = ¢, (2.1.57)
hgc Uz

k"¢ = 3B(x)’ (2.1.58)

where v = |v| and where 6 is such that (v, ) is a Polar Coordinate System for the velocity
variable and is defined precisely by formula (2.2.21).

Once this done, our attempts will be satisfied : the two first components of the resulting

dynamical system will give raise to a good approximation of the evolution of the Guiding
Center motion and hence of the evolution of the particle in the physical space, and, the
dynamical system that needs to be solved will be easier. In particular, it will not involve
the strong oscillations. Moreover, the last component of the solution will be constant and
the evolution of the two firsts will not depend on the third component. As a consequence,
if we are just interested in the motion of the particle in the physical space, i.e. just in the
evolution of the two first components, solving the dynamical system in the new system of
coordinates, reduces to find a trajectory in R2, in place of a trajectory in R* when it is
solved in the original system of coordinates.
To be more precise writing dynamical system (2.1.40)—(2.1.41) in a form satisfying the
assumptions of Theorem 2.1.2 can only be done in a formal way using formal series ex-
pansion. Then, in fact, we will use a variant of Theorem 2.1.2 which result is the same,
up to any order of €. This variant is given in Theorem 2.4.1. From this variant, we can set
dynamical system (2.1.40)— (2.1.41) in a form from which we can, for instance, prove the
following theorem.

Theorem 2.1.3. Assume that the magnetic field B satisfies assumptions (2.1.42) and
(2.1.43) and that all its derivatives are bounded. Let N be a positive integer. Then, for
any of open subsets O (Xo, Rxy; a,b) (see formula (2.1.70)), for any real number R = such

2
exists a positive real number n, such that for any € € (—n,n), there exists a map GG, =
N,o le)
Xz o X°oPol, one to one from

that Ry > Rx,, and for any open interval (c,d) such that [2”%”, ﬁ] C (c,d), there

Up = (Y° o Pol) (6% (x0, Ry, ) x (R/(27Z)) x (¢, d)) D O (x0, Rxy;a,b)  (2.1.59)

onto @G, (Up) ; a system of coordinates (z,7,j) = CG(x,v) on @G, (Up) ; and for any

e € (0,n) a real t3, with t7 > <2, where ag is a positive real number that does not depend

on g, such that the solution

(ZT7 PT) \.7T) = (ZT(ta Z, /YO?jO) ) FT(ta Z, /707j0) ’ jT(t) Z0, Y0, .70)) (2160)
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of the following dynamical system, written within system of coordinates (z,7, j)

OHN, T
aath - B (EZT) gIZfIQé,VT((ZTJO,) ’ 2" (0; 20, jo) = 2o, (2.1.61)
021 "70)
TN
aﬁrtT _iag;j (2" jo) " (0; 20, j0,70) = 70, (2.1.62)
agtT =0 JI" (0320, 50) = Jo, (2.1.63)
where HS]YT 1s the function obtained by Algorithm 2.5.11 , satisfies
1(Z,T) = (Z",T")|| o i < C (2.1.64)
forany t € (—tZ,t2). In (2.1.64), ||gll o ini¢ Stands for
19100 init = sup |9(20, 70, Jo); (2.1.65)
(20,70,40) EGGe (O(x0,Rxq5a,b) )

(Z(ta ZO,’YO)jO)aF(tyz(]a’y()ajO), j(ta ZO,’YOJO)) = @’OGE (X(t,XO,VO),V(t,XO,VO)) ;

(2.1.66)

with (X, V) the solution of dynamical system (2.1.40)~(2.1.41) and (xq, Vo) = CGZ (2o, Yo,
Jjo); and, C that does not depend on .

The map GG giving coordinate system (z,7,7) is a composition of several ones : Pol,

Y°, and xév’o. A detailed summarize of these maps is given in the beginning of section 2.6
in Theorem (2.6.1) and in subsection 2.6.1.

When N = 2, system (2.1.61)(2.1.63) reads

0Z” eJt
ot~ B(z7) vB(2'), " (0) = zo,
(2.1.67)
or’ B (z7) JT 2 B
~ T Ta: (B(z") V2B (2") - 3(VB(2"))"), T7(0) =",
(2.1.68)
0J7"
o

TT(0) = jo.

(2.1.69)
In this theorem and in the sequel, O (xg, Rx,; a,b) stands for the open subset defined
by :

O (x0, Rxo; 0, b) = b(x0, Ry, ) X € (a;b), (2.1.70)

where b?(xq, Ry,) C R? is the open Euclidian ball of radius Ry, and of center xg, and
€ (a;b) is the open crown of R? defined by

€ (a;0) = {veR? |v| € (a,b)}, (2.1.71)
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where [a, b] C (0, +00).

If we are not interested in the evolution of T', since (2.1.63) is obviously solved, in this
system of coordinates solving dynamical system (2.1.40)—(2.1.41) reduces to compute a
bidimensionnal trajectory by solving (2.1.61).

Definition 2.1.4. The coordinate system (z,~,j) obtained in Theorem 2.1.3 is called the
Gyro-Kinetic coordinate system of order N.

Remark 2.1.5. After having obtained the coordinate system given by Theorem 2.1.3, if,
to make numerical simulations of the evolution of the particle, we compute ZT in place of
the particle trajectory X, then the global error is given by :

global error = Series Truncation Error + Numerical Error . (2.1.72)

The Series Truncation Error is made of two parts. As regard to the first part which is the
error done when approzimating Z by ZT , inequality (2.1.64) of Theorem 2.1.3 claims that
it can be pushed up to any order of €. As regard to its second part which is related to the
fact that the change of coordinates giving Z from X is not exactly known, the method for its
construction allows also us to also push this expression to any order of €. As a consequence,
and because the numerical method (which is the one induced by the numerical scheme used
to compute approximatted solution to (2.1.61)) can be as accurate as needed, our result
claims that from the Geometrical Gyro-Kinetic Approximation numerical methods with any
desired accuracy can be built to solve dynamical system (2.1.40)—(2.1.41).

As illustrated in Figure 2.1, the method to build the desired change of coordinates is
made of 5 steps. The first one consists in checking that dynamical system (2.1.40)—(2.1.41)
is well Hamiltonian. This is symbolized by arrow 1 in the top of the figure. Once this is done,
we can go back into the Usual Coordinate System but knowing that the dynamical system
writes as in the square which is in the top-right of the figure, i.e., involving the Poisson
Matrix 736 and the gradient Vi, vH of Hamiltonian function H It may be written in
that form in any coordinates system, and formulas give how to transform the Hamiltonian
function and the Poisson Matrix while changing of coordinates. The goal of the third step
is to introduce a Polar in velocity Coordinate System. In the fourth step, we make another
change of coordinates, based on a Darboux Algorithm, in order to get the form of the
Poisson Matrix allowing the application of the Key Result. This step consists essentially in
solving a hyperbolic non-linear system of Partial Differential Equations (PDEs) for which
a specific well adapted method of characteristics, in a spirit inspired by Abraham [1], is
set out. We obtain a coordinate system close to the Historical Guiding-Center Coordinates
of [37], [24], [46] and [47] involving the magnetic moment and the gyro-angle around the
magnetic direction. In the fifth step, we make a last change of coordinates based on a
Partial Lie Transform Method that we introduce in the present paper, leaving the form of
the Poisson Matrix unchanged up to any desired order N of € and bringing the Hamiltonian
function independent of the last variable up to order N + 1, allowing the proof of Theorem
2.1.3.

Remark 2.1.6. The method in itself is complex and call upon concepts coming from several
mathematical theories. Besides, as the method consists in building a succession of changes
of coordinates, each of them being defined via a complex protocol, we have to check that
what we build are well changes of coordinates, i.e. that they are well one to one, that
they have the required regularity to be real changes of coordinates and that their inverse
transformations have also the required reqularity. Since moreover some of the domains on
which those changes of coordinates are built are not straightforwardly comprehensible, those
checks add a level of technical complexity.
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The motivation for introducing the Polar in velocity Coordinates (x,6,v) in the third
step is not obvious. Indeed, whatever the system of coordinates chosen as point-of-departure,
the resolution of the non-linear set of hyperbolic PDEs involved in the Darboux Algorithm
is possible. Hence, we may wonder why taking this specific one. On another hand, the
change of coordinates based on the Partial Lie Transform, which is a perturbation method,
gives a system of coordinates close to the Historical Guiding Center-Coordinate System
(2.1.55)—(2.1.58). Hence, we may also wonder if there is an a priori argument suggesting
that method, starting from the Polar in velocity Coordinates and leading to a coordinate
system close to the Historical Guiding-Center Coordinate System, generates a coordinate
system satisfying the assumptions of Theorem 2.1.2. As a mater of fact, a few words are
needed to attempt at providing some answers to those questions and, as a by-product, to
explain this motivation.

Helping to provide some answers calls upon geometrical arguments put into the pers-
pective of the regime under consideration. In a first place, the Darboux Algorithm needs
to select a component of the coordinates which is left unchanged while doing the change of
coordinates. This component plays the role of a pivot on which the change of coordinates
leans to be defined.

If we look at what happens in the case of a constant magnetic field, we observe that the
particle trajectory is a circle and obviously rotations of angle 6 are its associated sym-
metries. Invoking the Noether’s Theorem, which relates symmetries and invariants of the
particle trajectory, yields that the magnetic moment, which is the product of the Larmor
Radius by the norm of the velocity, is the invariant associated with those symmetries.
Hence, a well adapted coordinate system to study the motion of a particle is such that
its two first components give the position of the center of the circle and its two lasts are
related to the symmetries and the invariant linked by the Noether’s Theorem. This coor-
dinate system is exactly the Historical Guiding-Center Coordinate System. Notice that,
in the mathematical literature, the coordinate related to the invariant is called "action"
and the coordinate related to the symmetries is called "angle". Consequently, the best
order 0 change of coordinate, before a method leading to a coordinate system close to the
Historical Guiding-Center Coordinate System, is the one leading to the Polar in velocity
Coordinates. With this point-of-departure, and with 6 as pivot, the Darboux Algorithm
gives the Historical Guiding-Center Coordinate System. Moreover the Hamiltonian func-
tion is independent of @, bringing the conditions of application of the Key Result.

Going back to our concerns where the magnetic field B = B(x) depends on the position,
but under the assumptions of the drift-kinetic regime, in view of what we said while explai-
ning this regime and in particular that the particle’s trajectory is close to a circle, rotations
of angles # are close to symmetries, the Noether’s Theorem allows us to hope that there
exists a coordinate system close to the Historical Guiding-Center Coordinate System with
a component related to an invariant close to the magnetic moment. Hence, the Polar in
velocity Coordinate System is the best choice as point-of-departure. As we will see, with
the Polar in velocity Coordinates System as point-of-departure, and with 8 as pivot, the
Darboux Algorithm gives a coordinate system close to the Historical Guiding-Center Coor-
dinate System. This helps to provide answers to the two above questions : since the sought
system of coordinates is, with accuracy of the order of e, the Historical Guiding-Center
Coordinates, and since the result of the Darboux algorithm is, with accuracy of the or-
der of €, the Historical Guiding-Center Coordinates, it can be obtained from the Darboux
Algorithm result using a perturbation method like a Lie Transform Method.

Another remarkable fact is that in the Polar in velocity Coordinate System the Hamil-
tonian function does not depend on 6. As the Darboux algorithm gives a coordinate system
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close to the Historical Guiding-Center Coordinate System, and the Lie algorithm is close
to the identity, this fact is indispensable. Indeed, this leads that the #-dependency of the
Hamiltonian function in the Darboux Coordinates System, appears only at the first order
in €. Consequently the Partial Lie Transform method has finally the ability to eliminate
this #-dependency up to any order N.

The context of the Gyro-Kinetic Approximation is Tokamak and Stellarator Plasma
Physics. An artist vision of ITER, which is a Tokamak, is given in figure 1. The Vessel of
a Tokamak is the interior of a torus with vertical axis of symmetry which, along the torus,
electromagnets can generate a large magnetic field. At first sight, a Stellarator is similar
but with a more complicated shape.

FIGURE 2.2 — Artist vision of Iter.

Clearly, dynamical system (2.1.25)—(2.1.26) is too simplified to be consider in a To-
kamak or a Stellarator. Nevertheless, this model is simple enough to well understand the
method and contains enough complexity to convince that it may be generalized to the
genuine Dynamical System involved for particles in a Tokamak or a Stellarator.

The paper is organized as fallows : in section 2.2, we will construct a symplectic struc-
ture well adapted to the study of (2.1.40)—(2.1.41) and we will give the mathematical
tools necessary for the comprehension of the Geometrical Gyro-Kinetic Theory we develop
then. As a by-product of this section we obtain that the dynamical system we work with
is a Hamiltonian one. In the third section, we will set out the method of characteristics
and we will use it in order to derive the Darboux Coordinate System. In the fourth and
fifth section, we will introduce the concept of Partial Lie Sum and develop the Partial Lie
Transform Method in the case of a Poisson Matrix that depends on e. This method is
a mathematically rigorous version of the Lie Transform Method developed by Littlejohn
[40, 41, 42]. In this new framework, we do not use formal Lie Series, we use Partial Lie
Sums and we control the rests all along the method development. Then in section 2.6 we
will derive the Gyro-Kinetic Coordinate System and prove Theorem 2.1.3.

2.2 Construction of the symplectic structure

We start by recalling the manifold that is used in order to study the motion of a charged
particle. To avoid confusions, we will introduce the notation M for R* endowed with its
usual Cartesian coordinate system and with its usual Euclidian topology. As M is flat the
first chart we choose is the global chart (M, T) where 7 : M — R%; 7(x,v) = (x,V).
Afterwards, we choose the maximal atlas containing this coordinate chart.

47



The first step of the construction of the symplectic structure consists in defining the
Symplectic Two-Form. In the non-dimensionless case and within the general framework,
the electromagnetic Lagrangian reads :

2
vIE q q
L(x,v,t)= 5 T m (x,t)—i—av-A(x,t), (2.2.1)
where ¢ is the usual scalar potential and A is the usual vector potential. In the context
of the present paper, where ¢ = 0 and where the drift-kinetic regime is considered, the
dimensionless electromagnetic Lagrangian reads
v 1

L. (x,v) = N + oV A (x), (2.2.2)

where A is given by (2.1.42). The Canonical Coordinates (q, p) are given by

L
g=xand p= %va (x,v); (2.2.3)
le.:
1
g=xand p=v+ EA (x). (2.2.4)

The Symplectic Two-Form €2, on M that is considered is the unique Two-Form which
expression in the Canonical Coordinate chart is given by

we = dq A dp. (2.2.5)
Now, a Poisson Matrix P on an open subset is a skew-symmetric matrix satisfying :

Vi, j, k € {17 s 4} ) {{riv rj} ) rk} + {{I‘k,l‘i} ) rj} + {{rJ'»rk} 7ri} =0, (2-2-6)

where for smooth functions f and g the Poisson Bracket {f, g} is defined by (2.1.49), and
in the case of a symplectic manifold, the Poisson Matrix in a given coordinate system is
defined as follow : it is the inverse of the transpose of the matrix of the expression of the
Symplectic Two-Form in this coordinate system. Notice that the Jacoby identities (2.2.6)
are direct consequences of the closure of the Symplectic Two-Form.

For our purpose, in the Canonical Coordinates, the matrix associated with the Symplectic
Two-Form is given by

o e[ 02 Iy
Ke(q,p) =8 = ( I, 0, ) , (2.2.7)

and then the Poisson Matrix is given by

P. (q,p) = (IQ (a, p)) s (2.2.8)

We now turn to the change-of-coordinates rule for the Poisson Matrix. Firstly, if in a

given coordinate chart f’, the matrix associated with the Symplectic Two-Form €2, reads
*

Ke (f‘), then, according to the previous definition, the Poisson Matrix is given by

) = (/*ca (f«) >_T . (2.2.9)
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FIGURE 2.3 — General change of coordinates rule for the expression of a Two-Form. The
Two-Form (E)E is the pull-back of (.T)E by o : EJE = 0*&15

If we make the change of coordinates o : P [I>', then the usual change-of-coordinates
rule for the expression of the Symplectic Two-Form (see Figure 2.3) leads to the following
change of coordinates rule for the Poisson Matrix

B (5 = Vo (0 ()P (o () o (0 ()] 20

Using the Poisson Bracket defined in formula (2.1.49), the change-of-coordinates rule for

the Poisson Matrix reads
>
(7.) ()= (i}, (- (7)) 2.11)
i,j r

’

A Hamiltonian function is a smooth function on M and the Hamiltonian vector field
associated with Hamiltonian function G is the unique vector field X satisfying

x5 Q2 = dg, (2.2.12)

where ¢ X, d€Q. is the interior product of differential two-form d€2. by vector field X Eg
The expression of the Hamiltonian vector field associated with the Hamiltonian function

G, in the coordinate system f‘, is the vector field which reads :
* € * *
X (1) = P (F) w6 (%), (2.2.13)

where é is the representative of G in this coordinate system. In fact, we can consider
Hamiltonian vector fields on M, which requires that the Hamiltonian functions are smooth
functions on M, or just Hamiltonian vector fields on an open subset of M, which requires
that the Hamiltonian functions are defined on this open subset.

The Hamiltonian dynamical system associated with Hamiltonian function G on M is
the dynamical system which reads

%7: (t) = X5 (R (1)), (2.2.14)
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or equivalently as said in the introduction, the dynamical system whose expression in every

. * ., .
coordinate system r is given by

%f: - (ﬁ) vﬁ(ﬁ) . (2.2.15)

In particular, if we check that on a global coordinate chart, a dynamical system is Ha-
miltonian, then the dynamical system is Hamiltonian on M and its expression in every
coordinate chart T is given by (2.2.15).

Going back to dynamical system (2.1.40)—(2.1.41), we can easily check that in coordi-
nate system (q, p) defined by (2.2.4) trajectory (Q,P) defined by

Q(s) =X (s) and P (s) = V (s) + %A (X (5). (2.2.16)
is solution to
2Q
b | =SVarH (Q.P), (2.2.17)
ot

where S is defined by (2.2.7) and I;T(q, p) = % P— %A (q)|27 insuring that it is Hamil-
tonian. And, using (2.2.10) or (2.2.11), we obtain the expression of the Poisson Matrix in
the Cartesian Coordinate System :

0 0 1 0
0 0 0 1
P-(x,v) =1 _| | o B | (2.2.18)
B(x)
0 -1 —= 0
and of the Hamiltonian function :
2
H. (x,v) = “'2‘ (2.2.19)

Since the above coordinate charts are both global, dynamical system (2.1.40)—(2.1.41) is
Hamiltonian on M. We will denote by H. : M — R the Hamiltonian function on the
manifold.

Now, we will perform the third step (see Figure 2.1) which consists in setting the
dynamical system (2.1.40)-(2.1.41) in a Polar in velocity Coordinate System (x,60,v = |v|).
To be consistent with the physical literature, we define 6 as the angle between the zi-axis

and the gyro-radius vector p, (x,v) = —%Lv, measured in a clockwise sense; i.e.
_ cos (6)
R A [ e (2.2.20)

The change of coordinates leading to the Polar in velocity Coordinate System is then given
by :

Pol: B2xE: —» R x (R/Q2rD)x (0.400) . < —sin (0) )
(x,v) (x,0,v) N —cos(0) )
(2.2.21)
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FIGURE 2.4 — Polar coordinates for the velocity variable.

Using the change-of-coordinates formula we deduce from (2.2.19) that the expression of
Hamiltonian function H. in the Polar in velocity Coordinate System is :

H. (x,0,v) = U; (2.2.22)
and, using (2.2.11), the expression of the Poisson Matrix in this system is
0 0 - .cosv(é') —sin (6)
P (x,0,v) = COS@ _82(9) Smg(e) - (ii)(g) : (2.2.23)
sin (f) cos(0) —BE(;() 0

According to formula (2.2.15), in this system, the characteristic (Xfpo[, ©°,V%)(t;x,0,v)
laying on R?x (R/(27Z))x (0, +00) and satisfying initial condition (X1 0, V) (0; %, 0, v) =
(x,0,v) € R? x (R/(27Z)) x (0, +0o0) is defined by

Xor (%,0,0) = X (; Pol ™' (x,0,v)), (2.2.24)
©° (t;x,0,v) = Pol; (Xa (t;‘Bo[_l (x,0, v)) , Ve (t;‘Bo[_l (x,0, v))) , (2.2.25)

Ve (t;x,0,v) = \/(Xf (t;‘,Bo[_l (x,@,v)))2 + (X§ (t;‘,]30[_1 (X,G,’U)))Q, (2.2.26)

and is solution to

3X§30[ 1
9 = (t;x,0,v) = —sin (©° (t;x,6,v)) V° (;x,6,v), (2.2.27)
3X§30[ 2
i = (t;x,0,v) = —cos (©° (;x,0,v)) V° (t;x,0,v), (2.2.28)
00° B (X%o[ (t;%,0, U))
— (t;x,0,v) = , (2.2.29)
t
i f

In particular, for any ¢ € (0,+00) and for any (x,6,v), the characteristic V¢ satisfies
Ve (t;x,0,v) = .

In the next subsection we will rather consider that the range of P ol is R? xR x (0, +00)
instead of R? x (R/(27Z)) x (0,+00). This is not a big issue, nevertheless, for purposes
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linked to what we will do in the fifth step, we need to define properly the periodic extensions
of the characteristics expressed in the Polar in Velocity coordinate system as follows :

Definition 2.2.1. Function (X;ﬁj{,@&#,v&v#) ranging in R? x R x (0, 400), solution of
dynamical system (2.2.27)—(2.2.30) and satisfying initial conditions

X;?f[ (0,x,0,v) =x, ©7 (0,x,0,v) =6, Vo7 (0,x,6,v) = v, (2.2.31)

where (x,0,v) € R? x R x (0, 4+00), is called the periodic extension of characteristic (ano[, CH
Ve).

Lemma 2.2.2. Let p : R? x R x (0,4+00) — R? x (R/(27Z)) x (0,+0c) be the canonical
projection. Then, the periodic extension (X;&f{, Q=% Vo) of (Xfw,@avs) satisfies
po Xk, 09, V7 ) (1) = (Xiror, 05, V°) (1) o, (2.2.32)

for any t € R.

—~
—_~

Proof. Let (X;&f[ (t;x,0,v),05% (t;x,0,v) , VoF# (t; %, 0, v)) be the function defined by

(X;‘f[, (:);_;, @) (t;x,0,v) = (X;’;é:[v 0% — o, Va’#> (t;x,0+2m,0).  (2.2.33)

Then, (Xg’;?:[, O, @) (t:x, 0, v) satisfies (2.2.27)~(2.2.30) and

<X;§ﬁ, ﬁ,ﬂ) (0;x,0,v) = (x,0,v). (2.2.34)
Consequently, the Cauchy-Lipschitz Theorem yields that

(Xgﬁ, o, v&#) (t:x, 0 + 27, 0) = (X;;f[, o°# + 2r, vsv#) (t:x,0,v).  (2.2.35)
This ends the proof of Lemma 2.2.2. O

Having this geometrical material on hand, we end this section by clarifying our com-
ments about the Noether’s Theorem done in the introduction. For this we first make precise
the Noether’s Theorem statement. Consider the following definitions :

Definition 2.2.3. Let F' be a Hamiltonian function on R* and 1, be the flow associated
with the Hamiltonian vector field of F'. Let H be another Hamiltonian function, we say
that ¢ is a symplectic symmetry for H if

Vt e R,Vr € RY, H (r) = H (¢4 (r)). (2.2.36)

Definition 2.2.4. Let ¢; be the flow of the Hamiltonian system with Hamiltonian H. We
say that a function G is an invariant of the Hamiltonian system with Hamiltonian H if

vVt € R,Vr € RY G (r) = G (¢ (). (2.2.37)

The Noether’s Theorem links symmetry and invariants in the following way :
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Theorem 2.2.5. If the flow i associated with Hamiltonian function F is a symplectic
symmetry of H, then F is an invariant of the Hamiltonian system of Hamiltonian H.

Now, turning to dynamical system (2.1.40)—(2.1.41) assuming that the magnetic field is
constant, if we make the Historical Guiding-Center change of coordinates; i.e. if we apply
(2.1.55)— (2.1.58), using (2.2.11), we obtain the following expression of the Poisson Matrix
in this Historical Guiding-Center Coordinate System

[

o O O

P. (yﬁgc,@hgc,khgc) = (2.2.38)

1

O O ©
Sal—O O

o oo
Sy

and the Hamiltonian function (2.2.22) becomes H. (yhgc, ghae, khgc) = kh9°B. The vector

field % is clearly hamiltonian. Indeed, its related Hamiltonian function is k"¢, As
H. does not depend on 6"9¢, the flow of % is a symplectic symmetry. The Noether’s
Theorem ensures us that ek"9¢ is an invariant for the Hamiltonian system with Hamiltonian
H.. Notice also that this coordinate system satisfies the assumptions of Theorem 2.1.2.
Now, if the magnetic field is not constant, the trajectory of a particle is close to a circle.
Hence, the flow of =2 is close to a symmetry and ek"9¢ defined by (2.1.58) is close to an

aehgc
invariant.

2.3 The Darboux algorithm

2.3.1 Objectives

The fourth step (see Figure 2.1) on the way to build the Gyro-Kinetic Approximation is
the application of the mathematical algorithm, so called the Darboux Algorithm, to build
a global Coordinate System (yi,y2,0, k) close to the Historic Guiding-Center Coordinate
System (2.1.55)—(2.1.58), and in which the Poisson Matrix has the required form (2.1.45)
to apply the Key Result (Theorem 2.1.2). In fact, in order to manage the small parameter
e, we will build the Coordinate System (y1,y2,6, k) in order to have P (y,0, k) with the
following form :

) Mwi|§ o
2
00 |-1 0

An important and constitutive fact in the Darboux Algorithm is that the -variable is
left unchanged.

We first introduce the following notations : we will denote by
Y (x,0,v) = (Y1 (x,0,v),Ys(x,0,v),X3(x,0,v), Yy (x,0,v)), (2.3.2)

the mapping, defined on a subset of R? x R x (0, +c0), (which will be built) giving the
coordinates (y, 0, k) and by

k="_T1 (2.3.3)

its inverse map (which existence will be set out). Then, the change of coordinates write
(y,0,k) =" (x,0,v) and (x,6,v) =k (y,0,k).
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Applying formula (2.2.11), the matrix entries of (2.3.1) can be rewritten fori =1,...,4
and j=1,...,4 as

(ﬁé(yv 07 k))l] - {Ti7 Tj}x,G,v(K’(ya 67 k)), {Ti7 Tj}x,e,v = (VTZ) ' (ﬁe(vrj)); (234)

with P. given by (2.2.23). Hence, the bottom-right of matrix form given in (2.3.1), results
from :

1
{4, Y3} = ——. (2.3.5)
In the sequel, we will use the following notations :
T =Y, To=",, Y3=""5and Xy =7;. (2.3.6)

Remark 2.3.1. If we use those notations, (2.3.5) may be also read {Xy, Xy} = —1. In
papers of physicists, this last equation reads {k,0} = —%.

In the same way, the fact that the two last lines (or columns) contain only zeros results
from :

{11,713} =0, (2.3.7)
{11, 14} =0, (2.3.8)
{12,713} =0, (2.3.9)
{Y2, Y4} = 0. (2.3.10)

Remark 2.3.2. Using notations (2.3.6), (2.3.7)—(2.3.10) may also read

{Tyw Tk} =0, (07” {yla k} = 0)7 {TyuTG} =0, (07“ {yb 9} = O)a
{ ¥y, i} =0, (or {y2, k} = 0), {¥y,. Yo} =0, (or {y2,0} = 0).

Equations (2.3.5) and (2.3.7)-(2.3.10) make a non linear hyperbolic system of PDEs
that needs to be solved to build mapping Y and consequently the desired change of coor-
dinates. In the perspective of the fifth step (see Figure 2.1), mapping Y needs to be close
to the Historic Guiding-Center Coordinate System (2.1.55)—(2.1.58).

The non-linear nature of (2.3.5) and (2.3.7)-(2.3.10) is balanced by the fact that 6 is
left unchanged by Y and then that Y5 = Yy is known. As a consequence, (2.3.5), (2.3.7)
and (2.3.9) may be solved by an ad-hoc method of characteristics.

Besides, the choice of the boundary conditions, that need to be set to make system
(2.3.5) and (2.3.7)—(2.3.10) to be well-posed, makes that (2.3.8) and (2.3.10) are conse-
quences of (2.3.7) and (2.3.9). This choice is compatible with the constraint to get a
system of coordinates close to the Historic Guiding-Center System which requires, among
others, k to be close to the magnetic moment. As the magnetic moment is 0 when velocity
v is 0, we choose to set the boundary conditions in v = 0, and for Y, =Y, we set

(2.3.11)

Y, (x,6,0) = 0. (2.3.12)

This choice to set the boundary condition in v = 0 generates a small difficulty because
Pe (x,0,v) has a singularity in v = 0. To overcome this difficulty, we use that entry (3,4)
of matrix P, satisfies :
~ ~ B(x
(Pe(x,0,v))34 = (Pe(%x,6,0))0,0 = (x) > 0, (2.3.13)

EV
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for all (x,6,v) belonging to R? x R x (0, +00) because of (2.1.43). We will denote :

= w(x,v). (2.3.14)

That allows us to introduce the matrix Q. (x, 6, v) defined by
P. (x,0,v) = we (x,v) Qc (x,6,v) (2.3.15)

Using this matrix, (2.3.5) and (2.3.7)-(2.3.10) are equivalent, for v # 0, to equations
involving Q. :

v

(Vi) - (Q:(VYp)) = — 5 &)’ (2.3.16)
and
(V) - (Q=(VYy)) =0, (2.3.17)
(V) (Q=(VYy)) =0, (2.3.18)
(V) - (Qe(Vy)) =0, (2.3.19)
(VYy,) - (Q=(VYy)) = 0. (2.3.20)

that have no singularity in v = 0. Consequently in place of solving (2.3.5) and (2.3.7)—
(2.3.10) we will solve (2.3.16)—(2.3.20) which is provided with boundary condition (2.3.12)
and, with regard to (2.3.17)—(2.3.20), with :

Y, (x,0,0) =z, (2.3.21)
Yy, (x,0,0) = z2. (2.3.22)
Obviously in these PDEs the variable v belongs to (0, 4+00). Nevertheless, in subsections
2.3.2 to 2.3.5 we will solve PDEs (2.3.17)—(2.3.20) on R%. Afterwards, in subsection 2.3.6,

we will take the restriction of X to R? x R x (0, +0c) and we will show that this restriction
is a diffeomorphisms from R? x R x (0, +00) onto itself.

2.3.2 First equation processing

In this subsection we deduce Yj from equation (2.3.16). Since the f-variable is left
unchanged by Y,

Vs = (0,0,1,0)T, (2.3.23)

we deduce Q.(VYy) is the penultimate column of Q.. Hence, in view of (2.3.16), (2.3.15)
and (2.2.23), we have the following lemma

Lemma 2.3.3. The last component X4 = Yy of mapping X that gives the Darboux Coor-
dinates in terms of the Polar in velocity Coordinates is the unique solution to

__cos (0) 97, sin () 00y, 0Xp, W
“B (x) Oz °B (x) 0z Ov  B(x)’ (2:3.24)
Y, (x,6,0) = 0. (2.3.25)

Moreover, when € = 0, X (x,0,v) = v?/(2B (x)) is the rescaled magnetic moment asso-
ciated with the trajectory solution to (2.1.40)—(2.1.41).
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Proof. As already said the boundary value problem Y} is solution to is a consequence of
(2.3.16) and of the choice concerning the boundary condition. Problem (2.3.24)—(2.3.25) is
clearly well-posed as a consequence of the linearity of (2.3.24) and of the regularity of its
coefficients. Uniqueness of the solution is obvious. The remark concerning the case when
e = 0 is easily obtained by solving (2.3.24)-(2.3.25) with € = 0. O

We now turn to the resolution of (2.3.24)-(2.3.25). And, as already mentioned, we will
solve this equation on R*. Defining vector field A of R? as

cos() 0  sin(f) O

A _ 9 2 2.3.2
0 = B0 0y ~ B(x) dua’ (2:3.26)
A" its iterated application acting on regular functions f as
0) 0f sin(0) Of
A f = Al po 0 0F 2L 2.3.27
f=1 / B(x) 0x1  B(x) 0x3’ ( )
A" f=A- (A" ) vn > 2. (2.3.28)

and Gy = G, (x,0) its flow, we obtain the following expansion of Y.

Theorem 2.3.4. Under assumptions (2.1.42) and (2.1.43), for any n > 0, for any ¢ € R,
and for any (x,0,v) € R4,

" (—g)! plt2
Y (x,0,0) = ZL (A’ : ]13) (x,0)

— (1+2)!
__ ntl v 1 (2.3.29)
+ ((712-)2)'/0 (v— u)n+2 <An+1 . B) 0G o (x,0) du,

with A" defined by (2.3.28). Moreover, for any | € N, (Al . %) is in CFF (RY) ; for any
n € N, (g,x,0,v) — fov (v— u)"+2 (A”Jr1 . %) 0 G oy (x,0)du is in (G (R5) ; for any
l e N, (Al . %) is in Cp° (R3) ; and, for any v € R and for any n € N, (,%x,0) —

Jo (v— u)"? (A" LY 0 Gy (x,0) du is bounded by CXx (v) = % ’A"Jrl .

1

B Hoo ’
Here and hereafter, C;° (R™) (where m € N) stands of the space of functions being

in C>*°(R™) and with their derivatives at any order which are bounded. For a 27-periodic

set I included in R, Coo (I #) stands of the space of functions being in C*°(I#) and

2m-periodic. For a set 9MM# included in R™ (where m € N and m > 2) which is 27-
periodic with respect to the I-th variable (I < m); meaning that there exists a set

3 c {(r1, ... 71,7141, - -y Tm) € R™7 1Y and, for any (r1,...,7_1,7141,--+,7m) € 3,
another 2m-periodic set jﬁ(rl,...,rl,l,rlﬂ,...,rm) included in R, such that 97 =
{r, (11, T1—1, Tg1s oo o) € 3 € jﬂ(rl, ey TI—1y Ti4+1, -+, Tm) } ; We denote

Cc (sm#) - { fec® sm#) such that r — f (r) (2.3.30)

S C;gr(jﬂ(Tl, e T Tl e o5 Tm))y V(T e oo s TI— 1, Ty - - s Tm) € jb}.

Since the case when the variable with respect to which periodicity occurs is the penultimate
happens very often in the following, we define

cx (mt#) = CF (1) (mt#) (2.3.31)

The proof of Theorem 2.3.4 is based on a method of characteristics that we will develop
now.
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2.3.3 The method of Characteristics

In this subsection we will set out a method of characteristics which brings the capability
of building solution to a PDE, related to (2.3.24), (2.3.17) and (2.3.19), on which the
resolution of (2.3.24), (2.3.17) and (2.3.19) themselves will be based in the next subsection.
This method of characteristics is in the same spirit as the method developed in Abraham
[1, page 233|.

In a first place, we give the regularity property of the flow Gy of vector field A defined by
(2.3.26).

Lemma 2.3.5. Flow G\ = G(x,0) of vector field A defined by (2.3.26) is complete, in
C=(R3), (G},G3) is in C;f’?)(R?’) and G3(x,0) = 6.

Proof. The fact that G is complete is obvious. The regularity of Gy comes from the assumed
regularity of B (see (2.1.42) and (2.1.43)). Integrating %%i(x,ﬁ) = 0 with initial condition
G3(x,0) = 0 yields G3(x, 0) = 0. Finally, let Gy be defined by G (x, 8) = Gx(x, §+27). Then,
the two first components of Gy and G, satisfy the same dynamical system. Furthermore,
since

(G(x,0), G3(x.0)) = x = (G5(x,0), G3(x.0))
the Cauchy-Lipschitz Theorem allows us to conclude that
(G3(x,0), G3(x.0)) = (9A(x.6). G3(x.6))
and consequently that the two first components of Gy are 2m-periodic. O

Secondly, we define vector field € on R> by :

0
€(x,0,v,15) = —eA (x,0) — 90 (2.3.32)
with A given by (2.3.26), and its flow F) = F) (x,6, v, x5) which is such that

PALEIII) _ g (7 (x,0.0.25). (2:3.33)

Fo (x,0,v,25) = (x,0,v,25) . (2.3.34)

Since the function

cos (f) sin ()
(x,0,v,25) — (—5 B (x) ,E B x) ,0,—1,0) ,

is Lipschitz continuous on R®, the flow is complete and we can consider the manifolds

1
I'= {(X)97Uax5) €R57 /UZOa $5:-B()()}7

d P= ).
an AEJRJ:A( )

The following lemma holds true.

Lemma 2.3.6. If there exists a function p = ¢ (x,0,v), from R* to R, which is in C* (R4)
such that P writes

P={(x,0,v,25), x5 = ¢ (x,0,v)}, (2.3.35)
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then ¢ is solution to the following PDE

—eAlp— gf =0, (2.3.36)
1
@ (x,0,0) = & o (2.3.37)

Proof. By construction, £ is a vector field tangent to manifold P. On another hand, if P
writes as in formula (2.3.35), then the vector field

dp 0 Jdp 0 dp 0 Op 0 0
-_-r - L, - - 4 4= - 2.3.
91 0z, | O1g 0y 0000 T Dudv  Ous (2:3.38)

n(x,60,v)

is orthogonal to P in every point of P. Then, using & (x,0,v,z5) - n(x,60,v) = 0 yields
(2.3.36). Moreover the boundary condition of (2.3.37) is obviously satisfied by . O

Using this lemma we obtain the following theorem.
Theorem 2.3.7. The unique solution ¢ to (2.3.36)—(2.3.37) is given by
1
B(GL., (x,0),G2,, (x.0))

where Gy = G (x,0) is the flow of A. Moreover, ¢ is in C?(R‘l) and is bounded (see
(2.3.31) for notation).

p(x,0,v) = (2.3.39)

Proof. By definition, the flow Gy of A is solution to :

W = A G\ (x9), (2.3.40)
Go (x,0) = (x,0).
As
[Zf] (xh)= _gd(gd_;A) (%,0) = —eA (G_or (x,0)), (2.3.41)
we deduce that the flow of € writes -
Py (%,0,0,25) = (Gor (%,0),~ A+ v,5). (2.3.42)

Now, using the following parametric representation of I" :

I'= {xl =t1, xo=1t9, 0 =t3, v=0, x5 = i (t1,t2,t3) € RB}, (2.3.43)

B (t1,t2)’

for any z (= (21, 22, 23, 24, 25)) € P, there exists A € R and m (: (tl,tg,tg, 0, m)> €
I' such that

z=F)\(m) orm=F_)(z). (2.3.44)
This last equality reads also
(t1,t2,t3) = Gex (21, 22, 23) (2.3.45)
A+ 24 =0, (2.3.46)
1
= 2.3.47
%= Bl i) ( )
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Hence,

A= —z, (2.3.48)

(tlv t2) (g—8z4 (217 22, Z3) g3€z4 (Zh 22, Zg)) ’ (2349)
1

25 = (2.3.50)

B (g1624 (zla 22, Z3) 5 g%524 (Zl, 29, 23)) '

In view of the expression of z5 in this formula, applying Lemma 2.3.6, the solution ¢ =
¢ (x,0,v) of (2.3.36)—(2.3.37) is given by (2.3.39). Uniqueness of the solution of problem
(2.3.36)—(2.3.37) is obvious. Since the regularity and periodicity of ¢ is a direct consequence
of Lemma 2.3.5 and of assumptions (2.1.42) and (2.1.43), this ends the proof of Theorem
2.3.7. O

Now, we will look for an asymptotic expansion, with respect to €, of the solution ¢ to
(2.3.36)—(2.3.37). This will be based on a Lie expansion of the flow Gj.

Definition 2.3.8. If A is a vector field of R® with coefficients which are in C{)’O(RB), then
we define the Lie Series S7° (A) - associated with A by

SE(A)- =) (A) - (2.3.51)

Il
1>0

where (A)! is defined by (2.3.27) and (2.3.28), and the partial Lie Sum of order n :

n l
SE(A)- =) (Ab) . (2.3.52)

=0

It is known that, formally, the flow G, associated with A may be expressed in terms of
the Lie Series of A :

!
Gy = 52 (MA) - = Z(A?,) g (2.3.53)
>0 ’

More rigorously, as the flow is complete, using its partial Lie Sum we have

ngA:

A”+1 f) o Gudu, (2.3.54)

for any function f : R3 — R being C*°(R3). Taking now % as function f in (2.3.54), we
obtain

- 1 T (—ev—w)" [ 1 .
¢ (x,6,v) ( B> (X,Q)—i—/o n!(A 'B> Gu (x,0) du

=

Hence we have proven the following lemma

Lemma 2.3.9. Function ¢, solution to (2.3.36)—(2.3.37), admits for any n € N, for any
e € R and for any (x,0,v) € R* the following expansion in power of &

n —vl
(p(X,Q,’U):Z( ;) (Al-;) (x,0)

2—0 e 1 (2.3.55)
" I3 /0 v n'u (An-i-l . B) o g—su (X7 9) du.

n!
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Moreover, for any | € N, (Al . %) is in C;ﬁg(RS) NCP(R?) ; for any n € N, (g,%,6,v) —
IS % (A LY 0 Gy (x,0) du is in C;O(RE’); and for any v € R and any n € N,
‘n+1 HATL+1 )

(€,%,0) > [ % (A" LYoG ey (x,0) du is bounded by CF (v) = (‘ZH)!

This ends this subsection. We will now use these results to solve (2.3.24)—(2.3.25) and
consequently prove Theorem 2.3.4.

2.3.4 Proof of Theorem 2.3.4

For ¢ being given by (2.3.39), let

Y (x,0,v) = /ngp(x,e,s) ds. (2.3.56)

Integrating (2.3.36) between 0 and v, using (2.3.37) and expression (2.3.27) of Al., we
obtain that 1 satisfies —eA! - 1) (x,0,v) — ¢ (x,0,v) = —p (x,6,0) and then is the unique
solution to

cos (0) Oy sin(0) oy O 1
B(x) 0z1  B(x) 9za dv  B(x)
b (x,6,0) = 0. (2.3.58)

(2.3.57)

Integrating now (2.3.57) between 0 and v and using (2.3.58) we obtain that [ ¢ (x,0,s) ds
is the unique solution of (2.3.24)-(2.3.25), from which we deduce that

Yy (x,0,v) = /Ov ¥ (x,60,s)ds. (2.3.59)

Moreover, integrating between 0 and v the expansion of ¢ given by Lemma 2.3.9, we obtain

(x,0,0) = f:(_‘g)l”m <Al . 1) (x.0)

(14 1) B
—_0 i ) (2.3.60)
+ ((ne—il)' /O (U - u)n-l-l (An+1 : B) © gfz-:u (Xv 0) dua

and integrating the expansion of ¢ given by (2.3.60) we obtain the expansion (2.3.29). This
ends the proof of Theorem 2.3.4. ]

2.3.5 The other equations

Equation (2.3.16) was processed and gave expression of Y. Equations (2.3.17), (2.3.18),
(2.3.19) and (2.3.20) will be processed using results of the previous sections. Here, there
is an additional difficulty which is that ¥, and Y,, are simultaneously solutions of two
PDEs; one involving Yy and another one involving Y.

We have the following theorem.

Theorem 2.3.10. The first component X1 = Xy, of mapping X which is solution to
(2.3.18) and (2.3.17) and which satisfies (2.3.21) is given by

Yy, (x,0,v) =1 —ecos ()¢ (x,0,v), (2.3.61)
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where 1 is defined by formula (2.3.56). For any n > 1, for any ¢ € R, and for any
(x,0,v) € R* we have the following expansion for Yy,

2ot (=)
Yy, (x,0,v) = 1 + cos () Z(“) <Al_1 . ;) (x,0) +
=1 (2.3.62)

cos (0) (—e)" ! /OU (v—u)" <A” . ;) (G (x,0)) du.

n!

Moreover, (,x,0,v) — Y, (x,60,v) and (e,%x,0,v) — ¥ (x,60,v) are in C;f(]l@); Y s
bounded by C¥(v) = |v|? H%HOO; for any 1 € N, (A'- 1) is in C° (R3) N (G (RY) ;
(e,x,0,v) — fov (v—u)" (A” . %) (G—cu (%,0)) du is in (&g (R5), and for any v € R and

any n € N, it is bounded by C’:Lryl (v) =" : %HOO.

Proof. In a first place, by definition, 1 (x, 6,0) = 0 and hence Y, given by (2.3.61) satisfies
Y, (x,60,0) = x1. Moreover 1 satisfies (—eA — %) -9 = —% and hence by linearity Yy,
given by (2.3.61) is solution of (2.3.17). On another hand from expansion (2.3.60) of 1) we
deduce expansion (2.3.62) of X, .

Secondly we show that {Xy,, X}, which is defined (with worth 0) for v # 0 because of
the singularity of P., can be extended smoothly by 0 in v = 0. Using expansion (2.3.62) of
Y, for n =1 we obtain

B ecos (0)v v 1
¥, (0,0) = 1 — = ceos () /0 (v — ) (A . B) (G (%,0)) du. (2.3.63)

In the same way, applying formula (2.3.29) with n = 0 we obtain :

v 9

2 v
Y (x,0,v) = B 2/0 (v—u) <A- ) (G—cu (x,0)) du. (2.3.64)

Differentiating (2.3.63) with respect to 1 yields

582111 (x,0,v) =1 — cos (0) v (88951 <]13)> (%)

+ 2 cos (0) /O =) K(;; (A . ;)) (G—eu (x,0)) 85;5“ (x.0)

n <£2 <A;>> (G- ou (x,0)) ag;w (x,0)| du. (2.3.65)

. . . oG1 0G? . .
As % and all its derivatives are bounded and as a—gi and aixi are continuous with respect

to A we obtain the following estimate :

oY, o 1
< Z =
‘axl (,0,v)| < 1+el 8:clBHOO
o (2 )l %
- A.i S Eu ’0
> | owr \* Bl iR o |57
9 1 G2
+lz— (A5 S £i(x,0)|.
‘ Oy ( B) Hooue[—ug),h)] Oxq ( )]
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Hence 8;7?1 (x,0,v) = e} (x,0,v) with 5! (x, 0, v) such that for any (x,0), v €} (x,0,v)

is smooth, and is bounded in the neighborhood of v = 0. In the same way we can show
that

Y Y
T (x 00) =0t (o 0,0) T (,00) = 0, (x,6,0),
Y
0Ty, (x,0,v) =€) (x,0,v), AL (x,0,v) = vt (x,6,v),
av L 81:1 k (2 3 66)
Dk x 0) = (0, ok (x00) = ol (x,0,0),
oYy,

(x,0,v) = vej, (x,0,v) .

ov
with €2 (x,6,v), ezl (x,0,v), €, (x,0,0), ' (x,0,v), € (x,0,v), ez (x,0,v), € (x,0,v)

such that for any (x,0), the functions v — €2 (x,0,v) are smooth, and are bounded in
the neighborhood of v = 0. Injecting these expressions in {Xy,, X} (x,6,v) = (VY,,) -
(755VTk) we obtain {X,,, Xi} (x,0,v) = vey, 1 (x,0,v) with €, 1 (x,6,v) such that v —
€y, k (X, 0,v) is smooth, and is bounded in the neighborhood of v = 0 leading that {X,,, X} }

can be smoothly extended by 0 in v = 0.
As the last step of this proof, because of the Jacobi identity we have

Vo 7é Ov {{Tyl’ Tk} ) T@} + {{Tg, Tyl} ) Tk} + {{Tk’ T@} ) Tyl} = 0’ (2'3'67)

which reads, because the gradient of a constant is zero, because, according to (2.3.5),
{5, Yo} = L and, as we just saw, because X, given by (2.3.61) satisfies { Xy, X, } =0,

{{Tyw Tk} ) TG} = 0. (2368)
Dividing (2.3.68) by w. (x,6) defined by (2.3.14), we obtain that for v # 0, {X,,, X} is
solution to

(V{Y,, T} (QE (vrg)) —0. (2.3.69)

By continuity of the left hand side of (2.3.69) on R*, we deduce that equality (2.3.69) is
valid on R%. As {Y,,, Y)} may be smoothly extended by 0 in v = 0, and as (2.3.69) admits
an unique solution satisfying the boundary condition {X,,, X;}(x,60,0) = 0, we deduce
that Yy, given by (2.3.61) satisfies {X,,, X;} = 0 for all (x,6,v). Hence (2.3.18) follows
and we deduce that Y, given by (2.3.61) is well X,,. This ends the proof of Theorem
2.3.10. O

In the same way we can prove :

Theorem 2.3.11. The second component Yo = X, of mapping X that gives the Darboux
Coordinates in terms of the Polar in velocity Coordinates is given by

Yy, (x,0,v) = x2 +esin ()¢ (x,6,v), (2.3.70)

where 1 is defined by formula (2.3.56). For any n > 1, for any ¢ € R, and for any
(x,0,v) € R* we have the following expansion for X,

n Ul o l
TQQ (Xv 0, U) = xg —sin (9) Z(l'e) <Al1 ’ ;) (X) '9)
- lfll ' (2.3.71)
. —)" v il n 1
— sin (0) — /0 (v—u) (A . B) (G—cu (x,0)) du.

Moreover, (g,%,0,v) — X, (x,0,v) is (&g (R5) .
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2.3.6 The Darboux Coordinates System

In subsection 2.3.2 and 2.3.5 we solved equations (2.3.5) and (2.3.7)—(2.3.10) on R*.
Now, we need to check that the restriction of X to R? x R x (0, 4+00), also denoted by Y,
is a diffeomorphism (onto R? x R x (0, +00)) and hence that (y, #, k) makes a true coordi-
nate system on R? x R x (0, +00). We will also prove that function & defined by k = ¥ 1
is smooth with respect to the small parameter € and we will give its expansion in power of €.

Firstly, using expressions (2.3.61) and (2.3.70) of X, and Y,,, formula (2.3.39) that
gives the expression of ¢ = 0,7, expression (2.3.26) of A and the definition (2.3.40) of its
flow G\, we deduce that

oY, 0
o (x,0,0) = 502, (x,0), (2.3.72)
oY, 0
852 (X7 97 U) = %gzgfu (X7 9) ) (2373)
oY, 0
87)9 (x,0,v) = %in (x,0). (2.3.74)
Hence, since Y, (x,6,0) = z1, X, (x,6,0) = 22 and Yy (x,0,0) = 6 we obtain that
(X, (x,6,v), Xy, (x,6,v), Xy (x,0,v)) = G_cp (x,0). (2.3.75)

From this, it is clear that (y, #, v) makes a coordinate system and that the reciprocal change
of coordinates is given by (x,6,v) = (Gey (y,0) ,v).

In order to show that (y,#,k) makes also a coordinate system we will proceed as
follows : we will express Yy in the (y, 8, v)-coordinate system and using this expression,
we will express v in terms of y and 6 and the yielding expression of Yy in the (y,0,v)-
coordinate system.

Lemma 2.3.12. The representative of Xy in the (y,0,v)-coordinate system is given by

Xy, (y,6,v) :/O ORI (2.3.76)

Proof. Using function ¢ involved in the expression of Y} (see (2.3.59) and (2.3.56)), we

obtain :
Yy (x,0,v) = / (/ v (x,0,u) du) ds
0 0

- /0 (/uvgo(x,Q,u) ds) du (2.3.77)

:/Ov(v—u)cp(x,ﬂ,u)du.

Now, using expressions (2.3.39) of ¢ and (2.3.75) of (YX,, X,, Yy), we obtain

(v—wu)
XHU o B glau Xe) g25u(x 0))du
= / (v—u) du
0 B (G, 1 (Gen (x,0)),G%, ) (G0 (x.0))) (2.3.78)

/ v—1u) p(G—cp (%,0) ,u —v)du,

o

/ up (Y, (x,0,v), Y, (x,0,v), Yy (x,0,v),—u)du,

o
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implying (2.3.76) and consequently proving the lemma. O

Having expression (2.3.76) of Y}, on hand, for all (y,0) € R3 we can define the para-
metrized smooth function n = [n (y, 0)] of v by

1 (y,0)] (v) = Tk (y,0,v). (2.3.79)

Lemma 2.3.13. For any (y,0) € R? x R, function [n(y,0)] is a C®-diffeomorphism from
(0, 4+00) onto itself and function 1 =1 (y,0,k) defined by :

i (y,0.k) = [n(y,0)] " (k) (2.3.80)

which gives the expression of v, is Cq‘ff(]R2 x R x (0, +00)).

Proof. As
din (v, 017 .\ _ v
e O serme e O
n (y,0)] is a C°*diffeomorphism from (0, +o0) onto
(1 0300 0). tim_ (300 () (2.3.81)

for all (y, ). Moreover, according to formula (2.3.76) we have for any v > 0 the following
estimates :

v? v2
sar S (y.0)](v) < -, (2.3.82)
2[|Bll 2
and consequently for any (y,6) € R3
[ (y,6)] ((0, +00)) = (0, +00). (2.3.83)
Particularly, for any v € (0, +00) there exists k € (0, +00) such that
v=1[n(y,0)] " (k). (2.3.84)

The regularity of 77 with respect to k is easily obtained from the fact that [n(y,0)] is a
C°diffeomorphism. The C**-nature of 7 with respect to y and 6 is obtained by computing
the successive derivatives of [ (y,0)] o [ (y,0)]”" = id and using the regularity of 7 that
comes from the regularity of X} and then from the regularity of B and flow G. Moreover,
the periodicity of 7 with respect to 6 comes from the fact that 6 — (g)l\(x, 0),G3(x, 9)) is

in C32.(R) for any x € R? as set out in Lemma 2.3.5. O

Hence we have proven the following theorem.

Theorem 2.3.14. (y, 0, k) makes a coordinate system on R? x R x (0, 4+00) and function
K defined by (2.3.3) is given by

K (Y7 07 k) = (gsf](y,é,k) (Y7 0) ) 77 (Y7 97 k)) ) (2385)

where 1 is defined by (2.3.80).
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Now, we will focus on the e-dependency of k. For this purpose, we will introduce the
functions o = [« (y, 0)](v), which is defined for v € Ry, 5 = [ (y, 8, k)](¢), which is defined
for € € (0,+00), and v = [y (y, 0, k)](¢), which is defined for € € R} by

600 = [ ey @y (2:3.86)
1B (y.0.k)] (e) = [ (y,0)] " (%), (2.3.87)
[y (v, 0,)) ) =L 2LE), (2389

With their help, we can state the following lemma.

Lemma 2.3.15. Function [ defined by formula (2.3.87) admits a smooth continuation to
Ry such that

[B(y,0,k)] (0) =0, (2.3.89)
Moreover, for any € > 0 we have

1
[y (. 0, %)) ([B (.0, %)](e)”

B (y,0,k)]'(¢) = (2.3.90)

where v is defined by (2.3.88).

Proof. By definition, function € — [8(y, 6, k)](e) is in C*(R%) for every (y,0,k) € R? x
R X (0, 400). Moreover function + is such that

Ve >0, [y(y,0,k)](e) = [B(v,0,k)] (). (2.3.91)

Hence, in order to show that 8 admits a smooth continuation on R4 we just have to show
that v admits a smooth inverse function in the neighborhood of 0 in Ry. And yet, for all
€ > 0, we have

! u
[y (y,0,k)](e) :5\/;/0 B0 (y.0) . (y’e))du. (2.3.92)
This function is in C*°(R ) and
dy(y,0,k) _ 1
[ds} (0) = N ) # 0. (2.3.93)

Hence, there exists a neighborhood I of 0 and a smooth function 6 = [¢ (y, 8, k)] (¢) defined
on J = [y(y,0,k)] (I "R;) such that [y(y,0,k)] o [0 (y,0, k)] = id. Hence we have shown
that the smooth function 3 defined on R* admits a smooth continuation to R;. Then,
since (2.3.90) follows directly (2.3.91), Lemma 2.3.15 is proven O

Lemma 2.3.16. Function

(v,0,k,e) = [B(y,0,k)](e) (2.3.94)

is in C33 (R? x R x (0,400) x Ry) (see (2.3.30) for the definition of this space).
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The proof of the periodicity with respect to the third variable is similar to the one of
Lemma 2.3.13.

We will now use Lemmas 2.3.15 and 2.3.16 to deduce an expression of the expansion
with respect to ¢ of the v-component of kK = X1

Lemma 2.3.17. For anyn € N*, there exists P, € Ry,—1 [ X1, ..., X,] (where R,,—1 [ X1, ..., X}]
stands for the space of the homogeneous polynomial of degree n — 1 in n variables) such
that

o P30 (BE), . b (. 0.0) (B())
[B(y, 0, k)™ (e) = . . (2.3.95)
(b (v, 0.0 (8 (e)))

Proof. For n =1 it is just formula (2.3.90). For n > 2, we will prove formula (2.3.95) by
induction.
Differentiating (2.3.90) we obtain

o, P(060RPEE). b0 3E)
[8(y, 0, k)] () = 5 : (2.3.96)
(I . 0.0]" (8(2))

where P2 (Xl,Xg) = —Xg.
Now, assume that formula (2.3.95) is true for some given n > 2. Differentiating (2.3.95)
yields :

Poct (3,001 (B (). by (v.6,0)] ") (8())

[/8 (y7 67 k)](n+1) (8) = 1 2n+1 ’
(I 6.0 (8()))

where
o OP,
Poyr (X1, Xng1) = = (20— 1) Xo P (X1, Xo) + Y X1 Xpp15o (X150, Xn)
— 0Xy
This ends the proof of Lemma 2.3.17. O
Lemma 2.3.18. For any | € N¥, there exists ay € OF), such that
1
5(y.0. 0" (0) = Vk an(y.6). (2:3.97)

Here and hereafter, O77, stands of the algebra of functions spanned by the functions of
the form

(v,0) = fi(y)cos (0) + f2 (y)sin (6), (2.3.98)

where f1, fo € C;° (RQ) .
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Proof. On the one hand, for any (y, 0, k) and for any n € N, [y (y, 0, k)] admits a Taylor-
MacLaurin expansion of order n.

n

(3. 6,8)) (€) = [ (5, 0,001 (0) + £ [y (3. 0,01 (0) ..+ = [y (5,6, )] (0)
TR @)
+/0 (t—e)"dt.

n!

(2.3.99)

On the other hand, applying formula (2.3.54) with %, multiplying by A and integrating
between 0 and ¢ yields :

n l

o 00 = (S gy (N ) 09

(2.3.100)
_|_En+1/1(1_u)n+1(n+1+u) A”'H.l og du)
(n + 1)' 0 B eu )
Injecting formula (2.3.100) in (2.3.88) yields :
[V (y,0,k)] (e) =
£ . gt L gntl ! o \n+l ntl 1)
(2.3.101)

Expanding formula (2.3.101) with respect to &, up to order n, by using the usual expansion
of s = /14 s, and identifying with formula (2.3.99) yields that for any [ € {0,...,n},
VED (v,6.1)] (0) € OF,

Finally, using formula (2.3.95) we obtain formula (2.3.97). This ends the proof of Lemma
2.3.18. O

Theorem 2.3.19. The v-component Kk, of K = X! admits the following expansion in
power of € :

I

(+1)

v (y,0,k) ZW ai+1 (y,0

i <n€++1>' /01 (1w [B(y,0,k)] ") (eu) du, (2.3.102)
where the terms a; of the expansion are defined in Lemma 2.3.18 and are easily obtained
by using formulas (2.3.89) and (2.3.90). Moreover,
(y,0,k, e »—>/ — )" (y,@,k)](”+2)(su) du € C;&(RQ x R x (0,400) x Ry),
(2.3.103)
(see (2.3.30) for the definition of this space).

Proof. We just have to notice that, because of expression (2.3.78) of Y}, or more precisey
of expression (2.3.76) of Y} and of (2.3.86), we have

Y (y,6,v) = ;2 [a(y,0)] (ev) or ev = [ (y, 0)] (€2 Xi(y, 0,0)), (2.3.104)
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and consequently, in view of (2.3.87), function K, expresses as
1
Ve >0, ky (y,0,k) = - B (y,0,k)] (¢). (2.3.105)

Hence equality (2.3.102) follows directly from a Taylor expansion and using (2.3.97) and
(2.3.89).

Property (2.3.103) is a direct consequence of the regularity of function 5. Hence, the
theorem is proven. O

Applying Theorem 2.3.19, up to order 2, we obtain

koy08) = VIRB(v) + e 22 P a9) v, ()
o, BB [ 7 > a(0)" Hp(y)a(o)
50 | p o @O VB ) Bar |
3 1
3 | =’ B0 (u)du
+JO
(2.3.106)

where a = a (), already used in the introduction, is defined by

a9 = < _C:fn(%) ) (2.3.107)

and where Hp is the Hessian Matrix of B.

2.3.7 Expression of the Poisson Matrix

We have solved Equations (2.3.5) and (2.3.7)—(2.3.10) and obtained the change-of-
coordinates mapping Y. Furthermore, by construction, from formula (2.1.50), we know all
the Poisson Matrix entries, except its entry number (1,2) : {X,, Tyz}x,e,v (k(y,0,k)). Its
expression is given by the following theorem.

Theorem 2.3.20. The Poisson Bracket between the two first components Xy, and X, of
mapping Y is given by

€
B (Tyl (X7 97 U) ’ TyQ (X’ 07 U)) '

{Xy . Yyo}y g, (x,6,0) = — (2.3.108)

Proof. The proof consists in identifying the Poisson Bracket between X, and Y, as the
unique solution of the PDE of unknown u

ou
—eAl - 2= = 2.3.1
eA - u— o 0, (2.3.109)
—€
u(x,6,0) B (2.3.110)

In a first place, as function ¢ defined by (2.3.39) is the unique solution of (2.3.36)—(2.3.37),
the unique solution of (2.3.109)—(2.3.110) is given by

U (X7 07 U) = —&p (X7 97 U) ;

i.e. by (2.3.108).
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On an another hand as for any v # 0, {¥p, X, }xgv =0 and {Y,,, Yo}, o, = 0, the
Jacobi identity ensures that

Yo £ 0, {{Xy,, Xy} Yo}y, =0 (2.3.111)

Hence, dividing (2.3.111) by w.(x,v), we obtain that for v # 0, {X,,, X, } is solution of
(2.3.109). Using now the same method as when proving Theorem 2.3.10, we obtain

{0y Yy tipo (x,0,0) = — + vey, y, (X,0,0), (2.3.112)

£
B (x)
with €y, 4, (x,0,v) such that for any (x,0), v €, 4, (x 0 U) is bounded in the neighbo-
rhood of v = 0 and consequently that {Y,,, Y, }, ,, (x,0,0) =

As a conclusion, {X,,, Yy,}, o, = u, and u is given by (2.3.108). Hence the theorem is
proven. [l

Since the entries (755). ~of P, are given by (755). = {Y;,Y;} and since we used the
i,] 0]
convention (2.3.6) we have enough information to state the following Corollary.

Corollary 2.3.21. The Poisson Matrixz in the Darbouxr Coordinate System is given by

0 3y 00
Pe(y,0,k) = Bgf) 8 g 8 (2.3.113)

£

0 o -1 0

2.3.8 Expression of the Hamiltonian in the Darboux Coordinate System

In the Darboux Coordmate System, the Hamiltonian is given by H. (y, 0, k) = ( (y,0,
k)). Since H. (x,0,v) = %, we have
2
He(y,0,k) = 0% (y2’ 0.5) (2.3.114)

Hence, according to Theorem 2.3.19, Hamiltonian function H, is regular with respect to ¢
on R} and it admits an expansion in power of . More precisely, using expansion (2.3.102),
we obtain the following corollaries.

Corollary 2.3.22. The Hamiltonian function in the Darboux Coordinate System admits
the following expansion in power of € :

N
—EIE (Y707k) HO )’7 + ZE”H Y70 k) NJrlLN-‘rl (€7Y707k) ) (23115)

n=1

where function ty41 is in C3 (R4 X R? x R x (0, +00)). Moreover, for anyn € {1,...,N}
there exists a function by, € OF, such that

o (7,0, 8) = VE b, (2.3.116)

with OF, defined by (2.3.98).
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Here and hereafter, Q7 stands of the space of functions

T = {f € C™ (R3 x (0,+00)), f(y,0,k) ch y,0
nely (2.3.117)

where Iy C Z is finite and Vn € Iy, ¢, € O%‘?b}.

Corollary 2.3.23. The Hamiltonian function in the Darboux Coordinate System admits,
up to order two, the following expansion in power of € :

a(0) - VxB(y)
3B (y)?

[fa (0) - VxB(y)+3B(y)a0)" Hp(y)a (9)] +

(NI

Efa(y,ﬁ,k):B(y>k+€

(2B (y) k)2 +

2 (2B (y) k)*
24B (y)?
313 (y, 0, k,€),

(2.3.118)

where a is defined by (2.3.107), function iz is in C;SS(]W x R x (0,400) x Ry), and where
Hp stands for the Hessian matrix associated with B.

In expression (2.3.115), there is an important fact for the setting out of the to come
Lie Transform based Method : the first term is independent of 6.

2.3.9 Characteristics in the Darboux Coordinate System

We denote by (Y°(t;y,0,k), 0% 4. (t:y,0, k), Koae(t:y, 0, k)) the characteristics expres-
sed in the Darboux coordinate system. According to formula (2.2.15), these characteristics
satisfy

'YE

0 629”

TR P (V) VAL (Y, O K. (23119)
equipped with (Y2(0;y,0, k), 0%4.(0;y,0, k), Koqee(0;y, 0, k)) = (y, 0, k), where P- is the
Poissqn matrix expressed in the Darboux coordinate system and given by formula (2.3.113),
and H. is the Hamiltonian function expressed in the Darboux Coordinate System and
given by (2.3.114). The characteristic expressed in the Darboux Coordinate System is
related with the periodic extension of the characteristic expressed in the Polar in velocity
Coordinate System (see Definition 2.2.1 and Lemma 2.2.2) by

YE (6,0, k) = T,y Xk (1. (3.0.8)) 07 (8,02 (3,0,8)) Vo (1,5 (3. 6,K)))

(2.3.120)
Y (1,0 K) = Ly (X5 (15 (3.0.8)) . 07 (1,5 (v, 0,K)) Vo (1,5 (3, 0,K)) )
(2.3.121)
oa (Y, 0.k) = 057 (t, K (y,0,k)), (2.3.122)
Dae (1.0.K) = Lo (X5 (11 (3.0,8)) . 0% (8K (3,0, K)) V¥ (8,5 (3. 6,K)) )
(2.3.123)

The purpose of this subsection is the two following theorems :
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Theorem 2.3.24. Let [a,b] be an interval such that [a,b] C (0,400). Then, for any (y,0) €
2

R3 and for any v € [a,b], Yk(x,0,v) € [2”j§” ] And, for any (y,0,k) € X (R® x [a,b]),
2

for any € € (0,+00), and for any t € R, K&, (t;y,0,k) € [W, %]

Theorem 2.3.25. Let [a, b] be an interval such that [a,b] C (0,+00), xo € R?, and Ry, and
R;O be two real numbers satisfying 0 < Ry, < R;O. Then, for any e € (—R"O;Rxo , RXOERXO) ,

‘I‘(b2(x0R ) x R x [a b])ch(xo R,) xR x _a ) (2.3.124)
o ’ oo 21l 2 *

Moreover, there exists two positive real numbers oy and n, such that for any € € (0,n),
@0

there exists a real number t7 > 22, such that for any t € (—1g,t7) and for any (y,0,k) €
T (52 (x0, Rx) X R X [a, b]),
Y© (t:y,0,k) € b%(x0, RY,) - (2.3.125)

We will prove Theorems 2.3.24 and 2.3.25 in subsection 2.3.10.

2.3.10 Proof of Theorems 2.3.24 and 2.3.25

By definition Y (x,6,v) fo (x,0,s)ds, and 9 (x,0, s) fosgo(X,G,u) du where 1
is defined by (2.3.56) and where ¢ is given by Theorem 2.3.7. Hence,

S S 1 S
vt = [ettman= [ BGL, (x6),0mxo) Bl (33120

and consequently, for any v € [a, b] and for any (x,6) € R? x R, we obtain

2 a2

v
> (2.3.127)
2[|Bllo — 2[1Bllw

Tk(X,e,’U) = /Ov¢(x7978) ds >

On another hand, since inf B( ) > 1, we obtain 1 (x, 0, s) < s, and consequently for any
xER?

v € [a,b] and for any (x,6), we obtain

2

Ty (x,0,0) < % < (2.3.128)

w\%

According to Lemma 2.2.2 and formula (2.2.30), for any (x, 6, v) € R2xRx (0, +00) and
for any t € R, V¥ (t;x,60,v) = v, and consequently for any (y,0,k) € R? x R x (0, +00)
and for any ¢ € R, formula (2.3.123) can be rewritten :

S (Y. 0.K) = T, (X;;f[ (t,k (y,0,k)), 0% (t,k (y,0,k)) , ko (3, 0, k:)) . (2.3.129)

Now, for any (y,6,k) € Y (R* x R x [a,b]) , Ko (y,9 k) € la,b] and estimates (2.3.127)
and (2.3.128) yield that K%, (t;y,0,k) € [2”%2\\ } This ends the proof of Theorem

2.3.24. U
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Concerning Theorem 2.3.25, firstly, for any (x,0) € R? x R and for any v € [a,b],

function 1 satisfies |1 (x, 6, v)| < b. Consequently, for any (x, 0,v) € [12(x0, Ry, ) xR x [a, b]
and for any € € R we have :

(X, (x,0,0), Yy, (X,0,0)) — Xo| < R + || b (2.3.130)

Eventually, since for any € € R, Y}, satisfies (2.3.127) and (2.3.128), and since (X, Xy,)
satisfies (2.3.130), we obtain (2.3.124).

Applying formula (2.3.62) with n =1 yields :

Yy, (x,0,0) =X (x,0,0) + X} (x,0,0), (2.3.131)
where
s cos (0)
Y, (x,0,v) =21 —¢cv Bx)’
i X (2.3.132)
T£1 (x,0,v) = —&%cos (6’)/0 (v—u) (A : B) (G_cu (x,0)) du.
For any (x,6) € R? x R, for any v € [a, b] and for any € € R we have :
212 1
“rb XHU‘_Eb A, (2.3.133)
2 Bl

and consequently for any (x,0) € R? x R, for any v € [a,b], for any ¢ € R* and for any
teR
2b2

# ( # e
‘ <Xq3°[ (t,x,0,v),0° (t,x,@,v),v)‘g 5

1
A-—| . 2.3.134
H (23.134)

On another hand, evaluating Y, in (ngiﬁ[ (t,x,0,v),05% (t,x,0,v) ,v) and differen-

tiating with respect to ¢ yields :

& (0°#) - VB (X &)

9 s €, s,# .2 e, # Pol
gy ('I‘ <Xq30[,9 )) = ev” cos ((9 ) = ; (2.3.135)
B <X,M)
where
ooy [ —sin(6)
&(0) = <_ cos(9)) : (2.3.136)
was already used in the introduction, and consequently
c(0)-VxB
0 (rs (XE # ost )) < |e|b? sup LQ(X) (2.3.137)
ot Po (x,0)€R3 B (x)

Combining estimates (2.3.133), (2.3.134) and (2.3.137) yields that for any (x,6) €
R? x R, for any v € [a,b], for any ¢ € R* and for any t € R
‘Ty1 (ngﬁl (t X, g U) @&# (ta X, 97 U) 7/1)) - Tyl (X7 07 U)
¢(0) - VB (x)
B (x)*

(2.3.138)
22 ||A - l

< |t] e| b
< J]¢] 2 _sup H

(x,0)ER3

o
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The same estimate holds true by replacing Yy, by X,,.

Using estimates (2.3.138) and (2.3.130), we obtain for any (x,0,v) € b?(xq, Ry,) x R X
[a,b], for any ¢ € R and for any ¢ € R*

’(Tzn (X;?f[ (t,x,0,v),05% (t,x,0,v) ,v) Xy, <X;’;fl (t,x,0,v),05% (t,x,6,0v) ,v)) - Xo‘

< V2 (Jt||e|b?a1 + 2D az) + (Rx, + |€] D).,

¢(0)-VxB(x)

Bx)? and ag = HA

where oy = sup . The right hand side of the above

(x,0)€R3
estimate is smaller than RS if and only if ¢ satisfies

1
Bl

< B =B 102 (2.3.139)
\/§ |€’ b2a1 \/Eboq aq
Let n € (0,400) be such that
R,XO - RXO U 2 Q2
— —n"—=>0. 2.3.140
V220 V2bay 7 o ( )
Hence, setting
Rlxo - RX() 77 20{2
g = — —n"—= 2.3.141
0 \/ibzal \/iboq 1 aq ( )
yields that for any ¢ in (—n,n) \ {0},
0 Fx =Py 1 02 (2.3.142)
le| — \/i le] b2ay ﬂboq oy’

and consequently formulas (2.3.120) and (2.3.121) yield (2.3.125). Notice that the restric-
tion of € to (0,7) in Formula (2.3.125) is due to the fact that the function x is only defined
for € € R4. This ends the proof of Theorem 2.3.25. O

2.3.11 Consistency with the Torus

The change of coordinate map X = (X, Xy,, Yy, Xj;) is such that components 1, 2
and 4 are 2m-periodic with respect to 6, and the penultimate component is given by
Yy (x,0,v) = 0. Hence the map p o X', where p is the canonical projection on the torus,
induces a C°-diffeomorphism

YT°: R? x (R/27Z) x R = R? x (R/27Z) x R, (2.3.143)
such that po X = Y° o p. We denote by Y*°, @%c;t and ICED’Oat the expression of the cha-
racteristics solution to (2.1.40)—(2.1.41) and expressed in the coordinate system (y,0,v) =

Y° (x,0,v). Then, these characteristics are solutions to the dynamical system (2.3.120)—
(2.3.123) (viewed as a dynamical system on R? x R/27Z x (0, +0o0)), and they satisfy

po (st %at? EDat) (t7 ) = (YE’Oa @%C;ta ’C%Oat) (tv ) op. (2'3'144)
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2.4 The Partial Lie Sums

2.4.1 Objectives

As a result of the Darboux Algorithm, we obtained a Poisson Matrix P. (y, 0, k) (see
(2.3.113)) with the required form to apply the Key Result (Theorem 2.1.2), but the re-
sulting Hamiltonian Function given by (2.3.115) depends on 6. In order to be under the
assumptions of the Key Result, we would need to make this dependency to vanish. Since
Hy does not depend on 6, it seems to be possible to make the penultimate coordinate
vanish using a mapping parametrized by € and close to the identity map for small €.

Moreover, we would like to build this mapping in such a way that it does not change
the Poisson Matrix expression. This means that, as regarded as functions, P. and the
expression P. of the Poisson Matrix in the sought coordinate system would need to be the
same; i.e. :

P- (2,7,4) = P-(2,7,) or P-(y,0,k) = P- (y,0,k) (2.4.1)

for any (z,~,j) or (y, 0, k). Changes of variables having this property are called symplectic.
It is well-known that, in the case of a Poisson Matrix that does not depend on &, flows
of Hamiltonian vector fields, parametrized by €, are symplectic and moreover close to the
identity map for small values of their parameter.
In the case we are dealing with, the Poisson Matrix depends on . In general, as illustrated
by the example of Appendix B.1, flows of Hamiltonian vector fields are no longer symplectic.
In order to avoid this problem, in Littlejohn [40, 41, 42|, H. is formally expanded as a
series. Then a Lie Transform method based on the use of Lie Series

ST (X5) - = ;}f; (x5)" (2.4.2)

nz

where f = f (y, 0, k) is a smooth function and where Xz 7 is the smooth Hamiltonian vector
field defined by

X:;=¢eP.Vf, (2.4.3)

is developed. Notice that Xz 7 is the Hamiltonian vector field associated with Hamilto-
nian Function e f. Formally, i.e. if convergence of the series are not considered, the map

(y,0,k) — S° (5)_(2];) - (y, 0, k) is symplectic and from this Lie Series, a symplectic and
close-to-identity change-of-coordinates mapping may be built such that, in the resulting
coordinate system, the Hamiltonian function, which is expressed as a series, does not de-
pend on the penultimate variable. The drawback of using such a formal Lie Series method

is that its convergence is neither ensured nor controlled.

Unfortunately, building a coordinate system that satisfies the assumptions of the Key
Theorem can only be led in a formal way and not in a mathematical rigorous way. Hence,
in order to insure its existence, we will rather build a coordinate system satisfying the
assumption of the following variant of Theorem 2.1.2 :

Theorem 2.4.1. Let zg € R? and b? (zo, R;O) C R? be the open ball of radius RS, ; 02 e

zo 7~ Int

the open subset of R* defined by (’)?1: = b? (zo, R;O) xRx(c* d*), where [¢®,d®] C (0,+00) ;
and O’ be an open subset such that O’ C b* (zo, R},) x R x (c*,d*), where 0 < Ry < Ry,

and [c¢*,d*] C (c*,d®). If, there exists a real number n such that for any € € (0,n) there
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exists a coordinate system r = (1r1,72,73,74) 0N (’)?n’: in which the Poisson Matriz has the
following form for N € N* :

Pe(r) = P-(r) + N PR (e, 1), (2.4.4)
where
€
0 - 0 0
c B (7“1, 7’2)
_ 0 0 0
P.(r) = | LBlrura) — | (2.4.5)
0 0 0 -
0 0 —1 0
€

and where PY is in Cz([0,m) x O%:) (see (2.3.31)); if for any € € [0,m) the Hamiltonian
function H., expressed in the coordinate system r, writes

H.(r) = Hor(r1,m9,74) + ¥ py(e,r), (2.4.6)
where Py is in CZ([0,1) X O?‘{:) if
H. p(ri,re,ra) = Ho(r1,72,74) + ... + ENHN(Tl, ro,T4), (2.4.7)
where H;, i=0...N —1 are in QF, (see (2.3.117)) ; if
IVHer |l .

Ry, > 1+R;0—|—\/§ sup
e€[=nn]

; (2.4.8)
1Bl

@0

and if for any € € (0,7) there exists a time t; > %, where ag € (0,+00) does not depend
e, such that for any t € (—t,t5) and for any v € O, the trajectory R* (t;r) solution to

dynamical system :
8RE € &€ €
T P.(R°)VH.(R?), R°(0)=r, (2.4.9)
belongs to O?‘{: ; then, the following truncated dynamical system
aRé" D € € 3
8t = ,Pg(RT)VH&T (RT) 5 RT(O) =T, (2410)

is Hamiltonian of Hamiltonian function Her (r1,72,74) and satisfies the assumptions of
Theorem 2.1.2, so that R, satisfies the conclusions of this same Theorem 2.1.2.
Moreover, R = (Rj,R5,R]) a priori defined for € € (0,n) is extensible to [0,n) and
this extension, also denoted by R, belongs to CN=1([0,7m)) for any r € O'; and, for any
€ (0,n), for any t € <7min(€1,a0), min(sl’ao)> and for any r € O, L¢ = (L§,L§, L)
defined by

R° - Rj

is extensible to [0,m) and this extension, also denoted by LE, is smooth and continuous
with respect to €. Eventually, for any o € (0,7n), we have, for any € € [0,a] and for any
te (_min(l,ao) min (1,a0)>

£ ’ 3

e - ms

o ST sup L (2.4.12)
) €€(0,a]
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where Ry = (R%)1, (RT)2, (R%)4) and where [|g|| o, o stands for

19]lc,0r = sup |g(r)]- (2.4.13)
re0’

Proof. In a first place, since P is a Poisson Matrix and since H. 7 is smooth, dynamical
system (2.4.10) is Hamiltonian of Hamiltonian function H, 7.

Setting
Nee o [ (PRED) (PREex)™ > (N (e )i
Pp(er) = < (PN (PN )™ )~ ((pp(s,r)) )m‘:L..A’ (2.4.14)
and using the skew-symmetry of P, in (2.4.4) yields :
P.(r) =
0 L)Y N (o)
PN R R
) Ny 0 e (o)
NpR) N LNt o
(2.4.15)

The second part of the proof consists essentially in checking that R* is in CV =1 ([0, 7)).

In order to check this, we define for any ¢ € (0,7), for any t € (—%, % , and for any
rec, R¢ :ﬁ/E(t,r) by
Re(t,r) = R°(et,r). (2.4.16)
It satisfies
OR® — —
o () = €P-(RE (1)) VH. (Re(t)) : (2.4.17)

Since € — €P.(r) is in C* ([0,n)) for any r € (9%:, the solution of (2.4.17) depends

smoothly on the parameter . In particular function R?, defined by (2.4.16), is smoothly
extensible at € = 0. Notice that for e = 0, we obtain

=7 0H
RO (t,r) = (rl, ro, T3 + tﬁo (r1,7r2,74) ,7“4) . (2.4.18)
4

On another hand, for any ¢ € (0,7), for any r € O’ and for any t € (—t5,¢5), R°(¢,r) =

erre
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(R3,R5, Rj)(¢t,r) is solution to

o Ri OH. 7
RS € € ory €
— RS SRR | G0 | R+
Oro
Py O0H. OH.
€ £ Pe 3 €

eV |eM. (.597’1 + (PN, )™ g}} + (PN )™ gﬁ’ LR RE(-,r ) Ry,

P Olle Olle €

87’2 87‘2 87‘4
OR} 1,4 OH, 2,4 OH,

g == (PR ) G (PR ) G (ppe )T g e

~— (1
i) )

3.4 OH, O,OH( )}

(2.4.19)
where
" Blum
M (r1,72) = e 81’7"2 : (2.4.20)
B (r1,12)

Notice that, in this system, ﬁ‘é is known and then considered as given. Beside this,

Py OH. OH.
eMe % +(pp(e)"” 5)’}}5 +(pp()" gffe : (2.4.21)
ory ory ory
and
1,4 OH, 2.4 OH, 340H, 0py

(Pp(e ) g+ (PpE )" G+ (PR ) 5o+ 5 e (2422)

are 2m-periodic and smooth, and consequently Cp°(R) with respect to the third variable r3.
Hence, computing the successive derivatives of (2.4.19) with respect to €, we obtain that
e R5(t) is CV 71 in the neighborhood of € = 0.

Moreover, as RS = ((R7)1, (R%)2, (R%)4) is solution to

()
9 R c or €
a—f:Mg((RT)h( 7)2) @ (—T> (2.4.23)
Jrg
I(R5)4
atT "

RS is smooth with respect to ¢, for any ¢ € R and for any r € R? x (0,+00). Moreover,

for any r = (z,r3,7r4), we have

(i )en - IVHerll,

[e'S)

(2.4.24)
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Consequently, assumption (2.4.8) yields that for any € € (—n,7n), for any ¢t € (—%', |—}:|>
(By convention if ¢ = 0, (—i i) =R) and for any r € O,

lel” lel

( Egiﬁi > (tix) € 0% (20, By, ) (2.4.25)

5 € g 1 :D:.
and consequently, R% remains in OF ;.

Now, we will show that L® defined for € € (0,7) by (2.4.11) is extensible to [0,7) and
that the yielding extension is continuous with respect to . By definition for any ¢ € (0,7),
for any ¢ € (—t,t5), and for any r € O’, L¢ is smooth on O’ and CV=1((0,7)) with respect
to . So, we just have to show that ¢ — L€ is extensible as a continuous function on [0, 7),
and particularly, that € = 0 is not a singularity.

In a first place, for any ¢ € (0,7), we will explicit the dynamical system L° satisfies.
Injecting

RE (t,r) = Rr° (t,r) + eV 1LE (4, r), (2.4.26)
in (2.4.19) gives

o (Bi)+<VILg
(R7), + <ML

ot
aH&,T
=M ((R5)1 + VLG, (RS2 + VL) | o9 | (RS + 'L
ory
2Py OH. OH.
d o P R( 9
+e e | Sot [+ (PpE)) | GE |+ (PR(e)) | HE
87“2 87”2 87‘4

—~ [t
((RET)l +eNTILE (RS2 + N 71LS, Ry <6, r) J(RS) 4 + aNlLi> ,

O(R): | _n-1OLS
ot ot

(PR ) S+ (PR T+ (PG )

H. 0
3,488 a+ apH 6,.):|
T3 T3
~ (1
(R -+ =08 (RE) + N L5 5 (o ) (RED 24115

(2.4.27)

£ )

According to formula (2.4.25), and by assumption, for any € € (0,7) , for any t € (—M

M) and for any r € O, RS and R are both in (’)?n’:, which is a convex set. This

allows us to use a Taylor expansion in
OH. 1
M ((Ri)s + 2V L5 (R + V') | | (Re V)
ory
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leading to

OH. 1
M ((R)1 + ¥ L (Re)o + 6V 'L5) | o7t | (R +2 L)
ory
DH. (2.4.28)
=N(Ro), (RD):) | o0, | (BE) + 61 (= RELE)
Ory
where 1 = pi(e,r,1) belongs to COO(L{%), with
L{,} = { (e,r,1) e Ry x R3 x R?,
(2.4.29)
st.ee[0,n) andr+e¥"eb (zo, Ry,) x (c*,d®) }
Injecting (2.4.28) in (2.4.27) and using (2.4.23) yields
o b
L3 e pe cne pefl
T:ﬁl(s,L,&>+€ﬂ2 e L5 R RG(Zor ) ). (2.4.30)
and
LS ~ (1
8(%4 — <g,1f, R7, R§<€,r>> , (2.4.31)
where By and (3 are in C*(U;;), with
Z/lg = { (e,r,1,73) € Ry x R x R x R,
(2.4.32)

st.ec0,n), andr+e¥ " eb (zo, Ry,) x (c*,d®) }

Moreover, 8o and 83 are smooth and 27-periodic with respect to r3. Besides, the solutions
of this dynamical system are continuous with respect to . Clearly the initial data for L is
L#(0) = 0. Hence, L? is continuous with respect to €. Since R — RS, = eN=1Le | estimate
(2.4.12) follows. This ends the proof of Theorem 2.4.1. o O

Theorem 2.4.1 means that we can approximate with accuracy eV ~! dynamical system
(2.4.9) by dynamical system (2.4.10).

Let us fix
N € N*, (2.4.33)

In order to find a coordinate system satisfying the assumptions of Theorem 2.4.1, with this
given N, we will introduce and develop a Partial Lie Transform Method of order N based
on the use of the partial Lie Sums of order (i, j)

7 IWE i Ejn e \"
n=0
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where ¢ and j are non-negative integers and where Xi— is defined by (2.4.3). For any
positive integer IV, the partial Lie Transform of order N will allow us to build a coordinate
system satisfying at this order the assumptions of Theorem 2.4.1. The resulting coordinate
system will be the Gyro-Kinetic Coordinate System of order N (see Definition 2.1.4) :

(2,7,7) -

In the forthcoming subsections, we will introduce the Partial Lie Sums of order (7, ;) and
set out their properties. In the next section we will develop for any NV € N* the Partial Lie
Transform Method of order N. This method will then be applied in section 2.6 to deduce
Theorem 2.1.3 from Theorem 2.4.1.

2.4.2 The partial Lie Sums : definitions and properties

Firstly, to simplify notations to come, we introduce
r = (71,...,74) defined on R? x R x (0, +00), (2.4.35)

as the Darboux Coordinates and the domain on which they are defined (notice that with
this notation 73 = ) and we also introduce the set b¥ (£, Ry,) C R* defined by :

6% (Fo, Re,) = {1" ERY, [£ —Tol oy < Rfo} . (2.4.36)

Here and hereafter, ||, , , stands for |(71,72,74)|, where |-| corresponds to the Euclidian
norm on R3. We call such sets : open periodic balls. We then consider r;in R2x R x (0, +00)

and R > 0 such that
b¥ (5, RE) C R2 x R x (0, 4+00). (2.4.37)
We also recall properties of real analytic functions. For a positive integer p, let

S(Z) =Y a2, (2.4.38)
1eNP

where 1= (l1,...,1,) € N’, Z = (Z1,...,Z,) € R? and Z! = Zil : ..ZIl,”, be a formal power
series of p variables. We can associate with this formal power series the numerical series

> Ja r! (2.4.39)
leNP

where r = (r1,...,7p) € RE. We denote by I's the set

{r € R, such that > |ai|r' < +oo} : (2.4.40)
1eNP

o
and the set I'g is called the "set of convergence" of this series. By abuse of language,

Yo = {x € RP such that Z |ay| ‘Xl‘ < oo} . (2.4.41)
leNP

is also called "set of convergence". We recall that on Xg, the series S(r) is infinitely
differentiable, that the set of convergence of the partial derivatives is the same as of S and
that the derivatives are obtained by permuting sum and derivatives. Notice also that if
the closure of a non-empty open ball is included in the set of convergence, then, the series
converges normally on this ball.
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Definition 2.4.2. We say that a function f is a real analytic function on the open subset
U C RP if, for allry € U, there exists a formal power series Sy, and a real number Ry, > 0
such that the n-dimensional open ball b" (ro, Ry,) is included in U, such that b" (0, Ry,) s
mncluded in Xg and such that

Vr € b"(rg, Ry,), f(r) =S (r—rg). (2.4.42)
We denote by A (U) the space of real analytic functions on U.

We recall the two following theorems.

Theorem 2.4.3. Let Q@ C RP and Q' C RY be two open subsets. Let f : Q — R? in
(A2 and g: Q — RP in (A())P be such that g(Q') C Q. Then, fog isin (A(Q))4.

Theorem 2.4.4. Let f be a real analytic function in a neighborhood of a = (a1, ..., ap).
If the differential (df ), of f in a is non-singular, then f=1 is defined and real analytic in
a neighborhood of f(a).

For more details about the real analytic functions, or for the proofs of the two previous
theorems, see Cartan [7| or Krantz & Park [36].

We also recall the following version of the global inversion Theorem :

Theorem 2.4.5. Let E be a Banach space and F' a normed vector space. Let A: E — F
be a linear, continuous and invertible map such that A~' is continuous. Let p : E — F
be a Lipshitz continuous map such that its Lipshitz constant Lip(p) satisfies Lip(y) <
HA_IH_I. Then,

- h = A+ ¢ is invertible.

— h~1is Lipschitz continuous.

~ IfU C FE is an open subset, if h € CY(U) and if for any x € U, (dh)_ is an

T

isomorphism from E onto F, then h™' is C(h(U)), and for any x € U, (dh™!) =
(dh), "

We will use the results just recalled. The Poisson Matrix P. = P. (¥) in the coordinate
system r satisfies :

Lemma 2.4.6. The Poisson matriz P- = P- () given by formula (2.3.113) and defined by
construction on R? x R x (0,+00), is extensible, with the same expression, as a Poisson
Matriz to R, the extension being also denoted P.. Moreover, all entries of P. are inde-
pendent of 73 and T4 and they can be viewed as functions in A (R2) NCye (]RQ).

Proof. The symplectic Two-Form associated with P,

we (T) = ﬁdﬂ A drg — édf;), A diy, (2.4.43)
on the Darboux Coordinate chart is clearly extensible with the same expression to R*
and the yielding extension is clearly closed and non-degenerate. Hence the extension is a
Poisson Matrix on R%. Moreover, as the magnetic field is defined on R? and since it is by
assumption bounded, larger than 1, and analytic on R? so is %. Hence, all entries of P.
are analytic and in C;° (RQ). This ends the proof of Lemma 2.4.6. 0
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In addition, P. can be rewritten as

Pe(r) =

_ 1
~T: (7). (2.4.44)

which define matrix 7; ().

We will now introduce the Partial Lie Sum of order (7,j) and the Partial Lie Sum
Function as follows :
Definition 2.4.7. Let ¢* be a convex subset of R*. For any f = f (r) in C(¢*), let 192]];
be the differential operator acting on functions g = g (t) of C*(¢*) in the following way :

9 .G — Si (55(2]?) .3, (2.4.45)

where St is defined by (2.4.34) and Xif by (2.4.3). From operator ﬂi’j— we define, with the

same notation, function 1923]? = 19?}F (t) from ¢* to R by

9 = 9" (v) = ((ﬁgf . f'1> ®),..., (ﬁ;ff . 54) (f)) 7 (2.4.46)
where t; stands for v — ;.

Definition 2.4.8. Viewed as a differential operator, 0?— is called the Partial Lie Sum of

order (i,j) generated by f, and view as a function 19?— is called the Partial Lie Sum map
generated by f.

The first property that we will prove is the following theorem.

Theorem 2.4.9. Let i, be two positive integers, € be a convex subset of R? and ¢ defined
by :

" = {f‘ S R4, (fl,fg,m) € Candrs € R} , (2.4.47)

and let f = f () be in C;,f (C#) neye (C#) Then, there exists a real number ij; > 0 such
that for any e € [—n1,71], function 192’? defined by (2.4.46) is a diffeomorphism from ¢#

onto its range. We denote by Ei’]} the inverse function of 19?3}.

Remark 2.4.10. Thanks to Theorem 2.4.9, we will be able to consider change of coordi-
nates ¥ = 192’7]]; (t) for © in b¥ (55, RE) and f fi?ﬁned on b¥ (£, R%), where b¥ (85, RY) is
defined by (2.4.36). We will denote by T = EZE’Jf—(f') the reciprocal change of coordinates.

In view of the Partial Lie Transform method, that we will construct in the next section,

we need to express E.ij in terms of 192’]7 I The problem to reach this goal, is that func-

tion f is not necessarily defined on 19;’3]; (b#(f'(’g, Ra)). In order to overcome this difficulty,
we can choose among two options. The first option consists in restricting the method to
an open subset B C b (£5, RS) such that 192]]; (V) c 6% (5%, RS). But this option implies
a restriction of the domain, and consequently, we do not choose it. The second option,
which is the one we opt for, consists in taking an open subset I containing b#(f‘f‘), Rj) and

192]]; (b#(ff‘), RS)) and defining an extension of function f to this set. Of course this option

requires the Poisson Matrixz to be extensible to LU, which is the case because of Lemma 2.4.6.
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Remark 2.4.11. Another restriction regarding the class of functions f generating the
Partial Lie Sum of order N (see Definition 2.4.8) required by the Partial Lie Transform

Method, is that their restriction to 19?]; (b#(ro, RO)) will depend on the N first terms of
the expansion in power of € of the Hamiltonian function (see (2.3.115)). This implies that
those N first terms need to be extensible to set 19?]} (b#( 0,R0)>, Hence, we could think

that the best choice for 3 is an open subset on which both the Poisson Matriz and the N
first terms of the expansion in power of € of the Hamiltonian function can be extended and

such that 192’3 (b#(ro, RO)) c i

Remark 2.4.12. In the context of the application of the Partial Lie Transform Method
to the Gyro-Kinetic Coordinates, b¥ (v, R%) (see (2.4.36)) is a set on which function k
is defined (see (2.3.3), (2.3.85) and (2.3.102)), the Hamiltonian function is function H.
defined by (2.3.114) and expanded in (2.3.115) and the Poisson Matriz is the matriz P-
defined by (2.3.113). As already noticed, the Poisson matriz is clearly extensible to R*. The
mazimal open subset on which the N first terms of the Hamiltonian expansion in power of €
(see (2.3.115)) can be smoothly extended is R? x R x (0, +00). Hence, one could think that a
good choice for i is R? xR x (0, +-00). Notice that b#(f'g, R}) CR?2xRx (0,+00). Yet with
this choice, there is no reason for the requirement 192’7]} (b#(ro, RO)) C R? x R x (0, +00)
to be satisfied.

Nevertheless, according to the expression of the N first terms of the expansion in power
of € of the Hamiltonian function (see (2.3.115)) we will be able to proceed as follows. We

will choose functions f in C¥ (R? xR x (0,400)). We will show that if b#(fS,RS) C
R? x R x (0,400), then, for any vo in R? x R x (0,4+00) and any Ry > 0 such that
b#(fB,Ra) C b¥(xg, Ro) and b% (v, Ry) C R2 x R x (0, +00), there exists a real number
n > 0 such that for any e € [—n,n], 19zjf (b#(ro7 Ro)) C b#(to, Ry). Consequently, we will
choose for A : b#(to, Ry) with o and Ry properly chosen.

Theorem 2.4.13. Let i, be two positive integers, [ € C;;O(RQ x R x (0,+00)), vg €

R2 x R x (0,+00), Ro be such that b¥ (vg, Ry) C R2 x R x (0,400) and R}y be such that
0 < R} < Rg. Then, there exists a real number n > 0 such, that for any € € [—n,n],
function ﬁ;’f is a diffeomorphism from b#(to, R{)) onto its range and such that

929 (0% (vo, Rp) ) © b (xo, Ro). (2.4.48)
The two following theorems are consequences of the previous one.

Theorem 2.4.14. Let vg € R%2 x R x (0,4+00) and Ry > 0 be such that b#(f'g,RE‘)) C
6% (vo, Ro), where r§, Ry and b#(f'g, R}) are set by (2.4.37). Let f € A(R? x R x (0, +00))N
QT (see definition (2.3.117) of QF,) and i,j € N be such that ij > N, where N is fized
by 7(2.4.33). Then, there exists a real number 2 > 0 such that for any e € [—72;72)

9, (b#(rO,RO)> c b%(vo, Ro), (2.4.49)

"

=" f s well defined and analytic on b7 (vo, Ro), the components 1, 2 and 4 of Ezjf are in

( (vo, Ro ) and its penultimate component satisfies for any ¢ € b#(to, Ry) :
(Ei’f})i)’(fl, T, T3 + 27, ) = <EZ’?})3(E1, T, T3, €4) + 27, (2.4.50)
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Moreover, for any v € b#(to, Ry) the following equality holds true :

B (x) =9 - (0) + M pLis (e v, (2.4.51)
where pgi,j is in C?([_ﬁQQﬁZ] X b#(to,Ro)) (see (2.3.31)).

Theorem 2.4.15. Let vy € R2 x R x (0,4+00) and Ry > 0 be such that b#(to,Ro) -
R? X R x (0,400). Let f € A(R* x R x (0, +00)) N QFps 1,7 € N be such that ij > N and

P. be the matriz whose entries are given, for k,l € {1,...,4}, by

o0, o)) @) s

Then, for any b#(tg, R*%,) such that b#(ta, R%,) C b#(to, Ry,), there exists a real number
N3 > 0 such that for any e € [—73, 73]

9%, (0% (eh. B%,) ) € b (xo, Ro). (2.4.53)
and for any v € b#(to, Ry) the following equality holds true :
Vi, 1€ {1,2,3,4}, T2 (v) = T (v) + N pY e v), (2.4.54)

where pg,k,l 18 in C;f([—ﬁg,ﬁg] X b#(to,Ro)> and where T, stands for the matriz which

satisfies

P, =

2 %7; (2.4.55)

Remark 2.4.16. Formula (2.4.54) is written in terms of 7: because P. has a singularity
in € = 0. Considering 7T- instead 0f77 allows us to avoid havmg to distinguish between the
cases € = 0 and & # 0. In formula (2.4.52), we have rather written the formula using that
P. is the Poisson Matriz in the coordmate system t. This allows to understand why P. is

defined on a subset larger than 1916 7 (b#(rO,RO))

The proof of these theorems are given in subsections 2.4.4, 2.4.5 and 2.4.6. They are
essentially based on the basic properties of the Partial Lie Sums we will expose in the next
subsection.

2.4.3 Basic Properties of the Partial Lie Sums

We will start this subsection with some topological properties.

Lemma 2.4.17. Let 20 C R* be an open set, f = f(x) € C°(2W) and X<, be the Ha-
miltonian vector field associated with ¢f. Then for any p € {1,...,4} and any k > 1,

k k
(XE > ‘T, € C;° (20), where 1y, is the p-th coordinate function and (X§f> - 1s the iterated
application of X¢ o asa differential operator acting on functions.
1 _

Proof. By definition, X2, = P.V(ef) and <X§f) Ty = (7}Vf)p. Hence, as all entries of
_ 1

Tz are in Cp° (]R4) and as f is in C;°(20), so is (Xi f> -rp. An easy induction gives then
the result. This ends the proof of Lemma 2.4.17. O
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Lemma 2.4.18. Let b#(to, Ry) be an open periodic ball defined by (2.4.36), f be a function
in CF <b#(t0, RO)) and i, j be two positive integers. Then, for every R > Ry, there ezists
a real number ng > 0 such that

Ve € [—na,ml, O (b#(tD,Ro)> C b%(xo, RY). (2.4.56)

Proof. From definitions (2.4.45) and (2.4.46), for any t € b™ (v, Ry) :

g i ik ~ el
9V () = ((Zi{,( Q)’“-m) (), (ZEM( ?f)k'“) (t)> (2.4.57)

k=0 k=0
=t+ 5’/2]}0 (v),

where
- U k=1 i k-1
voy(e) = ((ng'( if)k'ﬁ) (®),- s (Zsk,( Zf)k-r4> (t)> . (2.4.58)
k=1 k=1

According to Lemma 2.4.17, as f is in C;° (b#(to, Ro)), szf is in Cp° (b#(to, Ro)), we can
define

—  swp uiﬂ}(r)‘ . (2.4.59)

teb#(t(),R())

Since € — ’ VZstH is smooth, € ‘ szH — 0 when € — 0 and for all ¢ > 0 there exists
> oo oo

a real number 74 such that for any ¢ € [—ny, 4],

E’u;JfH ’ < ¢. Let ¢ > 0 such that
’ [e'¢]

¢ < R, — Ry, for any ¢ € [—n4, n4] and for any v € b#(to, Ry) we have

€

9 (x) — to‘ <t — ol o4+ ’suijf (t)‘ < Ry+c<R) (2.4.60)

1,24 1,2,4

This proves that 19Z€Jf (b#(to, R0)> C b#(vo, R}) and ends the proof of Lemma 2.4.18. [

Lemma 2.4.19. Let b#(to, Ry) be an open periodic ball defined by (2.4.36), f be a function
in C;f(b#(to,Ro)) and i,j be two positive integers. Then, for any real number R{, such
that 0 < R}y < Ry, there exists a real number n such that for any e € [—n, 7]

‘9?,]}([’#(%30)) > b7 (v, Rp). (2.4.61)

Proof. Here again, we will use expression (2.4.57) of 192]f The proof of Lemma 2.4.19 is

based on the Brouwer Theorem (see Brouwer [6] or Istratescu [34]). Let R((]z), R, aém

and aég) be real numbers satisfying Rj, < R(()Q) < R((]g) < Rp and 0 < aéQ) < aég), l be

an integer, and let &' @) (2 and R 3 (3 be the compact and convex subsets of R*
vo,Ry o vo, Ry 0

0 >0
defined by

{t eRY e — o)y 94 < R[()z) andvg e |(I—1)7 — a(()Q), (l+1)7m+ a(()z)} }
(2.4.62)

w0,R? al? ~
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and

] o o= {reRY rowoliyy < RY and e (-7 — ol 1+ )7 +ad] }.
g o

(2.4.63)
Since ¢ ”j H — 0 when ¢ — 0, we can define n > 0 such that for any ¢ € [—n, 7], for

any | € Z, and for any v € ﬁ 0, B2 a2

¥ —vol, + lel || < RS, (2.4.64)
and
I, — u;’J}H <a. (2.4.65)
7 1loo

Now, for all ¥/ € & ,, s, we define the function F5 b
@ (2 v PY
vo, Ry aq

5 R o = RY v — el (v). (2.4.66)

v/ 3
to,R(() >,O¢O

By construction and because of the properties of v E’jf, F;, is continuous on ﬁ RE) O and
Ry aq

for any € € [-n,n] and any v € ey @) (3)
1:07520 o)

.7 3
IFS (v) — ol o0 < [~ w05, Vi (t)‘l L < R, (2.4.67)
and
5 i, 3
(Fg (1)), Il < [¢5 = im] + Jel | (v )| < of?, (2.4.68)

meaning Fy <ﬁ R 4 ) C ﬁ NTCINCE Hence, invoking the Brouwer Theorem and more

precisely its convex compact version, function v has a fixed point in ey RE) &) So we
To, iy T,

have proven that

37’] > 0, V&, |€’ < n, Vi S Z, Vt/ S ﬁ (2)5 v S ﬁ <3), '191 f( ) = t,, (2469)

0, B ol 0 B o

g,

proving 19 <ﬁ R, (3)> ) ﬁlto R 4@ and consequently, since 17 does not depend on [,
4o H»&o
that

99 (U Al > U A . 2.4.70
&f\ iy t07R(()3>7a§)3) lez YOvR((f)’O‘gQ) ( )

® z @) _ @l
Since b%(vo, RY”) = YR o o and 6*(vo, BY) = YR o @ (24.70) can be

rewritten as ﬂijf <b#(t0, R(()S))> D b#<t0,R(()2)>. Finally, since b¥(rg, R{) C b#<t0, R(()2)>

and b#(to, RO ) C b%(v, Ry) we obtain (2.4.61). This ends the proof of Lemma 2.4.19. [
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Lemma 2.4.19 ensures that, if 192’3} is invertible with EZ’Jf as inverse function, for suffi-
ciently small € we have :

sivg(b#(tO,Rg)) c b%(vo, Ro). (2.4.71)

&,

Now, we will focus on more algebraic properties. In definition 2.4.7 we used Hamiltonian
vector fields. The reason why chosing this class of vector fields is related to the following
lemma and its consequences.

Lemma 2.4.20. Let f = f(v), g = g (v) and h = h(x) be three smooth functions defined
on an open subset MM C R*. Then, for all n > 1, the following equality holds true on I :

(Xp)" g, h} = o Ch{(XE)" g, (X)) -} (2.4.72)
k=0

n
where ng is the Hamiltonian vector field associated with € f, (Xif) - its iterated appli-

cation as a differential operator and {g,h} the Poisson Bracket between functions g and

h.

Proof. This proof is easily obtained by induction. The key point of the proof is the following
equality

Sp{ghy ={X g, h}+ {9, X5, - h}, (2.4.73)

which is a direct consequence of the Jacoby identity and which is specific to Hamiltonian
vector fields. O

Another result, which does not require the Hamiltonian nature of the vector field, is
the following lemma.

Lemma 2.4.21. Let g = g(r) and h = h(t) be two smooth functions defined on an open
subset M C R* and X be a smooth vector field defined on M. Then, for all p > 0, the
following equality holds true on N :

- (gh) = zp:c ( ) ((x)p*’f-h). (2.4.74)

As consequence of the previous lemmas, we will now see that operator ﬁzjf almost
commutes with the Poisson Bracket and the product between two functions. More precisely,
we have

Property 2.4.22. Let 91 C R* be an open subset, f = f(x), g = g(t) and h = h(x) be
three functions in C*°(9M) and i,j be two positive integers. If ij > N, then the following
equality holds true for every v in M :

(02 {g.h}) () = {92 - 9. 9% - hf(0) + Pt (e (2479)

where operator 191’] is defined by (2.4.45) and where PR is in C>°(R x ).
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Proof. Firstly, we will define on 9t the function {g, h}ﬁ =y, h}ﬁ (v) by
{g,hf*(x) = (T:(x) VA(¥)) - (Vg(¥)), (2.4.76)

and we notice that € — {g, h}t(t) is in C*°(R) for any t € M.
Now, expanding ﬁzjf -{g,h} using Lemma 2.4.20, expanding {ﬁzgjf - g, 192]]0 . h} , and

making the difference between these two expansions yields (2.4.75) with

27

y . 1 e \m c Te
P (e,e) = =) eIh-INFD > iyl {(Xep)" 9. (XEp)" - (x).
k=i+1 (m,p)e{l,...,i}? s.t. m4p=k

(2.4.77)

Asij > N, all k > i+ 1 satisfy jk > N + 1. Hence € — pg’é’j(e,t) is in C*°(R) for any
v € M. In addition, v — Pp’ (e, ¢) is clearly in C>° (M) for any e € R. This ends the proof
of Property 2.4.22. O

Property 2.4.23. Let 9 C R* be an open subset, f = f(x), g = g(t) and h = h(x) be
three functions in C*°(9M) and i,j be two positive integers. Then, if ij > N, the following
equality holds true on M :

(927 (om) ) = (92 -g)(0) (92 - 0) () + R e e) (2478)
where pgﬁ,’j is in C°(R x IM).

We will now end this subsection by giving the following important property claiming
that 19;]]0 and o ﬁlgjf almost commute.

Theorem 2.4.24. Let M € R3 be an open subset such that M is a compact subset of
R? x (0, +00) ; M* be the open subset of R? x R x (0, +00) defined by

M# = {t ER? xR x (0,4+00), (r1,t2,t4) €N and v3 € R} : (2.4.79)

O C R? x (0,4+00) be an open subset such that W C O and OF be the open subset of
R? x R x (0, +00) defined by

o7 = {t € R? xR x (0,400), (t1,t2,t4) € O and t3 € R} : (2.4.80)

f=f(x)eCy (OF) (see (2.3.31)); g = ge(xr) € A(R? x (0,400)) N QF, (see Definition
2.4.2 and (2.3.117) ) for every € in some interval I containing 0 and € — g-(x) be in C>°(I)
for any v € M# ; and i,j be two positive integers such that ij > N. Then, there exists a
real number 15 > 0 such that for any € € [—75,75] N I the following equality holds true for
any ¢ in M*

(ga o 192’3) (v) = ( . ga> (x) + NN (2 ) (2.4.81)

where ﬁzjf stands for the function defined by (2.4.46) in the left hand side of the equa-

lity and for operator defined by (2.4.45) in the right hand side and where ,Ogé’j s n
C (([=s, 5] N T) x 9IMF).
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Proof. Since g. € QF), there exists a finite set I, C Z and (cf,),er, € (O%?b>ﬂgs such
that g. (v) = Zneﬂge &, (v1,t2,t3) /4. Moreover, for each n € I, , ¢ corresponds to a
finite sum of terms of the form cos™ (v3) sin™™ (v3) d7, (v1,v2), where dj, € Cp° (R?). Now,
as g. € .A(R2 x R x (0, —i—oo)), the dj, belong to A(RQ). Consequently, by linearity, the
proof of the theorem reduces to prove formula (2.4.81) with function g. of the form g.(x) =
cos!(v3) sin™ (v3) d(v1,v2) \/Ta", where d° = d°(rq,t2) € A(R?) NCp° (R?). This is what we
will do.

Let vg € OF. As d° € A(R?), and as (t4 — (/ts") € A((0,400)), there exists a real
number Ry, > 0 and a formal power series T;, of three variables which set of convergence

contains the closure b®(0, Ry,) of the Euclidian ball of dimension 3, which is such that
0% (((x0)y , (v0)3» (v0)) » Rey) C O and such that ¥ (v1, v2,t4) € b°(((x0); , (¥0)5, (¥0)4) » Reo)

d (v1,v9) vea" =Ty ((v1,t2,ta) — ((v0)y, (v0)y, (t0)4)) (2.4.82)
= "ab® ((v1,v2,t4) — ((v0); , (t0)y» (x0)4))" (2.4.83)
1eN3

In addition, since (r3 > cos'(r3)sin™(v3)) is a power series of radius +oo with respect
to t3, there exists a formal power series S, such that b¥ (0, Ry,) C X5, (see (2.4.41)),
b#(to, Ry,) C O7 and such that
Ve € b7 (vg, Rey) s ge(t) = Sy (v —t0) = Z gbvo (v — o). (2.4.84)
leN4
Let R, € (0,Ry,). According to Lemma 2.4.18, there exists a real number NRey,RYy > 0
such that for any ¢ € [—URrO,RQOaURtwR’tO} ) (b# (vo, R; )) C b% (v, Ry, ) . Hence, for
any t € b#(to, Ry, ), we have
. 1
g (ﬁ;’ff (t)) =3 g (ﬂw (¢ )—ro) . (2.4.85)
leN4

On another hand, let ©: = O(t) = (Ocm(t)) e 5. im|<; D€ the smooth function satis-
fying for all smooth functions h,, ;

(19” ) =Y Omlr m( v). (2.4.86)

|m|<i

We have, for any v € b#(to, Ry,),

( e ge)( )= > Ocm (t)gtg; ©=1> Ge’m(t)afm Sgirl | (),

m|<i |m|<i leN4

(2.4.87)

where Il stand for the function v — (v — (t9);)" (t2 — (v0))2(t3 — (v0)3)" (ta — (v0),)".
Since b¥ (0, Ry,) C ¥s,,, we can permute sum and derivatives and we obtain :

(ﬁef ge) Z O:m(t Zgl *0 81’;? Zgl *o ( 9, )(t) (2.4.88)

|m|<i leN4 leN4
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Besides, using Property 2.4.23 and the link (2.4.46) between function 192’1} and operator

9"

S We obtain that, for any 1 € N4,

(ﬂ;’ff . rl()) (v) = (192”? (r1 = (v0)1), - O - (ra — (t0)4)> (v) + €N+1pﬂft’;’] (e,%)
. .. 1 ..
= (9% v 9 xa) (1) = w0) + NP (e, v)

(929 (0) )+ PN (e ).

(2.4.89)

1
As both ) gbro ( Jf( v) — tg) and ) goeo ( 9" 2 Tl )( ) converge normally on sub-
leN4 leN4

set b¥ (vo, R},) N (R? x [a,b] x R) for any compact set [a,b] C R, their difference

=D g (e, ) (2.4.90)

1eN4

also converges normally on this subset and we can deduce that, for any v € b (to, R’ro),

(gs o ﬂijf) (v) = ( e gs) (2) + N =D gkopl (e,v) | (2.4.91)
leN4
Finally, as
N C U 6% (((v0)y, (t0)y, (v0),) , R, (2.4.92)
((70)1:(00)2:(v0) 1) €0 ({0 (x0)y (o)) Fy)

and as M is compact, there exists t(l), ..., th such that

o p i i i
m - iglbg <((t0)1 ? (tO)Q ) (t0)4) ’th%) . (2493)

Setting 75 = 'I?in NR. R . We obtain equality (2.4.81) for all v € MM# and for all
=1,...,p o’ t(Z)
€ [-75,75) N I. This ends the proof of Theorem 2.4.24. O

2.4.4 Proof of Theorems 2.4.9 and 2.4.13

The proof of Theorem 2.4.9 consists in checking that there exists a real number 7
such that for any e € [—7,71], the map F ﬂZE’Jf—(f‘), defined by (2.4.46), satisfies the

assumptions of the global inversion Theorem (see Theorem 2.4.5) on ¢7.
In the first place, function v ’]— defined by (2.4.58), is differentiable and, according

to Lemma 2.4.17, its dlfferentlal 1s bounded. Moreover, according to formula (2.4.58),
e — v"_(¥) is clearly in C**(R) for any t € ¢*. Hence, we can define

7f
I/l’j—H = su ‘(dui’j—)
‘ il = 20 I\ er s

(2.4.94)

)
o0
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4x4
R 8fol,oo

, and function ¢ — HV

where, here, |.|o stands for norm infinity in is clearly

in C*°(R). Now, since ¢ ‘ I/;Jle — 0 when € — 0, there exists a real number 1’ > 0 such
) ,00
that
o ij
ve e [-1, 1], E)V&f‘l,oo‘<1' (2.4.95)

Hence, since €# is convex, we deduce that €Vi’j— is Lipschitz continuous on ¢# and that its
Lipschitz constant is less than ||id*1H;01 .

The second step consists in checking that for any ¥ € ¢#, (d'ﬂi’?)_ is an isomorphism.

/T
As
inj — 7;7]'7
(dﬁe, f>f —id+e (dl/& f)F , (2.4.96)

the Jacobian Matrix of ﬂi’jf in ¥ € ¢# can be rewritten as

Jac(927) (F) = 1+ ex(e, 7). (2.4.97)

where x is bounded with respect to ¥ € ¢# and € + (e, T) is in C*(R) for any t € ¢#.
Hence, there exists a real number 7" > 0 such that for any € € [—n",7"] |e ||x(e, .)|| o] < 1.

Hence, for |e| < 71, where 71 = min (1/,7"), the assumptions of the global inversion
Theorem are satisfied leading to the conclusion that 192’]7 is a diffeomorphism on ¢#. This

5

ends the proof of Theorem 2.4.9. U

Theorem 2.4.13 is a direct consequence of Theorem 2.4.9 and Lemma 2.4.18. U

2.4.5 Proof of Theorem 2.4.14

Once 1, Rj, vo and Ry are set, let Ry, R, and R{ be three real numbers satis-
fying 0 < R% < Ry < Ry < R} < Rl and such that b# (53, RZ) C b¥ (o, R}) and
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b¥ (v, R)) CR? x R x (0,+00) (see Figure 2.5).

In this proof, we will apply Theorem 2.4.24 with f = —f and g. = u Usmg this
Theorem requires that Vg’jf € A(R? x R x (0,+00)) N Q7 and that £ — 1/ - is smooth

on some interval I containing 0. Obviously € — I/i’jf is in C*°(R). On another hand, as f

and all entries of the Poisson Matrix P. are real analytic functions and as product and

partial derivatives of real analytic functions are real analytic functions, function v Jf is real
analytic on R? x R x (0, +-00). In addition, since Q7 is an algebra, it is stable by addition,

multiplication by a scalar and by product. Moreover, Q7 is clearly stable by derivation.

Consequently, I/ljf € OF-

In a first place, we will show that there exists a real number n > 0 such that for any
€ [-n.ml:

9, <b#(r0,R0)) C b%(xo, Ro), (2.4.98)

= ’f- is well defined and analytic on b™ (xo, Rp). (2.4.99)

According to Lemma 2.4.18, there exists a real number 7 such that, for any € € [—ng, 76],
192]}; (b#(to,R5)> C b% (v, Ro) and hence such that, for any & € [—ng, 76], (2.4.98) holds
true.

According to Lemma 2.4.19, there exists a real number 77 such that, for any € €

[—n7, 17,

97, (b#(to,R{{)) > b#(vo, R)). (2.4.100)
Applying Theorem 2.4.5 as in the proof of Theorem 2.4.9, and applying Theorem 2.4.4,
yields that there exists a real number 7g such that for any ¢ € [—ng,ng], = f is well de-

fined and analytic on 191"1; (b#(t R”)> Hence, for any ¢ € [—min(n7,ng), min(ny, ns)],
"'Z’]f is well defined and analytlc on b#(to,}?o’) and consequently on b#(to,Ro). Setting

)

1 = min(ng, n7,n8) yields (2.4.98) and (2.4.99) and the first part of the theorem.

Secondly, we will show that there exists a real number 73 > 0 such that Ve € [—12, 7j2],
and for any v € b (vo, Ry) equality (2.4.51) holds true. Applying Theorem 2.4.24 with
f= —f, = 6% ((v0);, (t0)y , (t0)3, Ro) C R? (the closure of N is clearly compact) and

ge = eV’ we deduce that there exists a real number 7jg such that for any e € [—1js, 7s]

7f7
and any t € b¥ (vg, Ro) :

i (0, 0) = (0 ) s PN e, ao

Moreover, by definition of 191 e

id (92 1 (6)) = (929 - id) x). (2.4.102)
and consequently

05 (9259)

Il
—
<
53
Nl
=
+
=2
A
"D
“2
/03\
¥

(2.4.103)



An easy computation leads to

ij i\ Z'(_Ej)l e \! Z'(‘Sj)k < \F
(”e,—f”("a,f) MZ(Z 1! (Xsf) ) (k k! (Xsf) 't>(t) (2.4.104)

=0

=t PN (e v),

where PN is in Cy (]R x b7 (v, Ro)).

Hence, we have shown that for any ¢ € [—1s, 7js] and for any v € b#(to, Ry) we have
909 (0 L)) = v (P (0) + PR (1)) (2.4.105)

Now, there exists a real number 19 > 0 such that for any € € [—ng, n9] ,

99 (927 (0% (vo, Ro) ) ) © 6% (xo, Rp): (2.4.106)
Let 7z = min (7g,79,7) . Then, for any e € [, 2], Ezjf is well defined and analytic

on b#(to, R{) (see the first part of the proof) and applying Z Jf to both sides of formula
(2.4.105), we obtain for any t € b¥ (v, Ry) :

9 (1) =L (e 4N (Y (5, 0) + pYE (1)) ). (2.4.107)

7f
any € € [—7s,72], they are both 1ncluded in b#(to,R{]), which is convex, we can make
a Taylor expansion of the right hand side of formula (2.4.107). Hence we obtain formula
(2.4.51) for any e € [—j, 72] and for any v € b (xo, Rp).

As EY_is well defined both on 192’3 <’l9i’j_f* (b#(t03R0)>> and on b#(tO,RO) and as for

Thirdly, we will show that the components 1, 2 and 4 of &_”; are in C3 (b# (vo, Rg)) and

that the penultimate coordinate satisfies (2.4.50). Let ¥ € b (tg, Ry). As 195’7]; (b#(to, R{)’)) D
b% (vo, Ro), there exists ¥ € b (vo, Rl]) satisfying ¥ = 19i’j (t'). We also define t# ¢
6% (vo, Ro) and ¥# € b#(to,Rg) by 7 = (t1, %, T3 + 27, 74) and 7 = (), T, T + 27, T)).
Since the components 1, 2 and 4 of ﬁljf are in C3° I (b#(t(), Ry )) and since the penultimate
component satisfy

(95),(+%) = (97), &) + 2m. 2109
we obtain :
¥ = 9, (E’#) , (2.4.109)
and consequently
= () == (02 (¥#)) =¢*. (2.4.110)
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Eventually, to end this proof we need to show that pgm» isin Cp° ([—ﬁg; 7ia] x b7 (xg, R0)> :

The components 1, 2 and 4 of "Z’]f and 191’] are 2m-periodic with respect to v3. Conse-

quently, the components 1, 2 and 4 of P—z ; are 2m-periodic with respect to v3. Moreover,
the penultimate component of = ’Jf and 19 wi satisfy
(B), (1 e + 2mw0) = (22 (k1,0 v3,00) + 2,

(192’7]‘_]0)3(&, to,t3 4+ 27, ty) = <192’7j_f>3(t1, to, T3, 1) + 27.

Consequently, the penultimate component of pgm is 2m-periodic. This ends the proof of
Theorem 2.4.14. ]
2.4.6 Proof of Theorem 2.4.15

Since (2.4.53) is a consequence of Theorem 2.4.14, for any k,l € {1,...,4}, ones pE
is set by (2.4.52) the only thing to prove is (2.4.54). For this, let R and R be two real

numbers such that 0 < Ry < Ry, < Ry, and b#(to,Ré’O) C R? x R x (0, 4+00).

Applying Property 2.4.22 with 90 = b* (vo,RY), f = f, g =Tk and h = I; we obtain
for any v € b#(to, RY)

[ﬁi’?f'{f‘k,f'l}f}() {w £ 9 } (x) + N e ) (2.4.111)

where pgkl is C*(R x b#(to, R})). Moreover, from expression (2.4.77) of the remainder

pgéf ! we obviously see that it is 27-periodic with respect to t3 = 6 and in QT b

Applying Theorem 2.4.24 with f = f ‘ﬁ bs((to) ,(t0)g, (vo)5, Re)) € R3 (the
closure of 9 is clearly compact) and g. = ’7; , there exists a real number 7g > 0 such that
for any € € [—7js,7g] and any v € b#(to, R;) :

(T8 00 ) (0) = [0, T 0) + N o), (24.112)
where pg’clf’l is in C;f([—ﬁsa%} x b* (t(]’Rio))'

Combining equations (2.4.111) and (2.4.112) yields for any ¢ € [, 73] and any v €
b# (to, Rio) .

{00 w0 m | (0) = TH (02(0)) = N R ew) + pid e w)| - (24.013)

Now, accordlng to Theorem 2.4.9, there exists a real number 79 > 0 such that for any

€ [~o, 9], 97 o F is invertible on b# (to,RQO), and a real number 739 > 0 such that for

any € € [—7710,7710]
97, (b#(to, )) > 6% (vo, Ro) . (2.4.114)

Formula (2.4.114) also means that for any ¢ € [— min(79, 710), min(79, 710)],

'_'l’j (b#(to, R0)> C b#(to, RQO) and hence that ﬁz’?f is well defined on = ’? (b#(to, Ro))
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and that Formula (2.4.113) can be applied at E' ’f( t), where v € b#(to, Ry) .

Let 773 = min (7s, 779, 7710), then for any € € [—73, 73] and any v € [J#(to, Ry) , we have

7k, Tk, Nk, —=,] Nkl —,
TE () = TH (1) = ¥ | ppd! (2,82, () + pid ! (2.0, )] (2.4.115)
Now, as pgclf +and p2 FC " are smooth with respect to v € b¥ (xg, R{) and as Eljf is smooth

with respect to v € b#(to, Ry) and with respect to e, formula (2.4.115) can be rewritten
for any t € b (v, Ro) as

TH (e) = TH (e) + N p e, v) (2.4.116)

where pY (e, v) = (pﬁc‘” + pﬁc’”) (5, =, (t)) is in C%°([— 73, 773] x b% (x0, Ro)). Mo-

reover, since the 1, 2 and 4 components of =" ]f are 2m-periodic with respect to tg, the

penultimate component of & ’Jf satisfies formula (2.4.50) and pgg 1 and pF’C’ are 2m-

periodic with respect to t3, the remainder pS bl 2m-periodic with respect to t3. This
ends the proof of Theorem 2.4.15. U

2.4.7 Extension of Lemmas 2.4.18 and 2.4.19, Properties 2.4.22 and
2.4.23, and Theorem 2.4.24

The purpose of this subsection is to extend Lemmas 2.4.18 and 2.4.19, Properties 2.4.22

and 2.4.23, and Theorem 2.4.24 to 19?}{1 et 19;’“}1’“ Notice also that viewed as a function
192}311 e 19?“]%’“ is defined by :

’1911;[]11 .. ﬂlk}ik = ((19?]‘]11 .. ﬁ;kfik> 5 ST (1911;311 . 19?,‘?) -t4) . (2.4.117)

Lemma 2.4.25. Let k € N*, fi, fa,..., fr, € CF (R* xR x (0,400)), i1,...,i and
J1,---, ju be positive integers, vrg € R%2 x R x (0, +oo) and R, Ry and Rj be three

real numbers satisfying Ry < Ro < R, and such that b#(to,R{)) C R? x R x (0,400).
Then, there exists a real number n > 0 such that for any € € (—n,n) :

b% (0, RY) C 9 L. 9 (b#(tg,Ro)) C b7 (v, R)) . (2.4.118)

Proof. The proof of Lemma 2.4.25 is very similar to the proofs of Lemmab 2.4.18 and
2.4.19. In fact, we just have to replace in these proofs szf by v*, where v¥ is such that

O 9 () = e ek (v) (2.4.119)

This ends the proof of Lemma 2.4.25. O

Lemma 2.4.26. Let k € N*, fi, fa,..., fr € C¥ (R? x R x (0,400)), i1,...,i and

Ji,- -, Jk be positive integers such that for anyl € {1,...,k}, iy > N, and b#(to, Ry) such
that b#(to, Rg) € R2xRx (0, +00). Then, for any functions h and g in Cy (R2 x R x (0, —|—oo)),

the following equality holds true on [J#(to7 Ry)

(19721,1'1 . Zka {g h})( )
»fl E fk ’
2.4.120
19%]1 ﬁlkdk 1911,]1 ﬁllmjk h N Nk ( )
efr & fr efi efi (v) +e pPC(Eﬂt)7

where pg’clf is C3f (R x b7 (xo, R0)>.
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Proof. For k = 1, formula (2.4.120) is given by Property 2.4.22. Moreover, since fi, g
and h are in C3 (R? x R x (0,400)), and according to formula (2.4.77), the remainder is
clearly 27-periodic with respect to the penultimate variable. The rest of the proof is an
easy induction. This ends the proof of Lemma 2.4.26. O

Lemma 2.4.27. Let k € N*, f1, fo,....fx € C;f(R2 x R x (0,+oo)), i1,...,0 and
J1s- -, Jk be positive integers such that for anyl € {1,...,k}, 4151 > N, and b#(to, Ry) such
that b7 (vo, Ry) C R2XRx (0, 400) . Then, for any functions h and g in (G (R? x R x (0,400)),
the following equality holds true on b#(to, Ry)

(927 O (o) () =

(9070l g) (o) (B9 h) () + NN, (24021)

where pg}f is in C3 (]R X b#(to,Ro)).

Proof. For k =1, formula (2.4.121) is given by Property 2.4.23. Moreover, since f1, g and
h are in C}?; (R2 x R x (0, +oo)), the remainder is clearly 27-periodic with respect to the
penultimate variable. The rest of the proof is an easy induction. This ends the proof of
Lemma 2.4.27. O

Lemma 2.4.28. Let 9 C R3 be an open set such that N is a compact subset of R? x
(0, 4-00) ; M7 the open subset of R* defined by

M* = {v € RY, (v1,v2,14) € N and t3 € R} ; (2.4.122)

O C R%x (0, 400) be an open subset such that N C O ; O# the be open subset of R* defined
by
o7 = {t eRY, (v1,t0,14) €O and v3 € R} ; (2.4.123)

ke N fi, fo,..., fx € C;f ((9#) y U1y -0k and j1,...,Jk be positive integers such that
foranyl € {1,...,k}, iji > N ; and g = g-(v) € A(R* x R x (0, +00)) N OFy for every
€ in some interval I containing 0 and € — g-(t) be in C>°(I) for any v € IM¥. Then, there
exists a real number 75 > 0 such that for any € € [—75,75] N I the following equality holds
true for any v in M* :

(g0 0 (9202 ) ) @) = (929U e ) () 4 €V R e v) (24124)

where IOF’C is in Cj;(([—%,%] N1)x M*).

Proof. In order to prove Lemma 2.4.28, we only have to check that all the steps of the
proof of Theorem 2.4.24 are valid with '19“’31 - 19““? instead of 191’]]0

Firstly, and with the same arguments as 1n the proof of Theorem 2.4.24, we have only to
show formula (2.4.124) with functions g. of the form g. (¥) = cos’ (t3) sin™ (t3) d* (v1,t2) \/x1",
where d® = d° (v1,t2) € A(Rz) NCge (RQ)

Since Lemma 2.4.18 is extended by Lemma 2.4.25, formula (2.4.85) is also valid with

19::1}711 - ﬂékfi’“ instead of 97 ’j

Eventually, since Property 2.4.23 is extended by Lemma 2.4.27, and since 19“’3 e
19““’1’“ is defined by (2.4.117), formula (2.4.89) is also valid with 19;1’]11 L 19;’“’1’“ 1nstead
of 9, ’]

The rest of the proof is stricto-sensu the same. This ends the proof of Lemma 2.4.28 [
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2.5 The Partial Lie Transform Method

In the previous section we introduced the partial Lie Sum functions and the Partial Lie
Sums of order (4,7) and we have set out their properties. In this section, from these Sums,
we will build for N € N* fixed by (2.4.33), whatever its worth, a change of coordinates such
that in the yielding coordinate system (z,+, j), the Hamiltonian function does not depend
on 7y up to order N in €. Moreover, thanks to Theorem 2.4.15, we will construct this change
of coordinates such that the Poisson Matrix (regarded as a function) remains unchanged,
up to order N —1 in ¢, under this change of coordinates. More precisely, we will prove that
such a coordinate system exists and give a constructive algorithm (Algorithm 2.5.11) in
order to build it. In the first subsection, we will introduce the general Partial Lie Transform
change of coordinates of order N (see formula (2.5.2)), and set out its properties. In the
second subsection, we will give an algorithm to find the g;, for i € {0,..., N} such that the
Hamiltonian becomes under its partial normal form (see subsection 2.5.2 for a definition
of the partial normal forms).

2.5.1 The Partial Lie Transform Change of Coordinates of order N
Let N € N* be set by (2.4.33). For i € {1,..., N}, we define the positive integer «; by

a; =min{k € Nst. ki > N} (=E (]j> +1), (2.5.1)

where E stands for the integer part, and let us state the following lemma which will allow
us to define the change of coordinates.

Lemma 2.5.1. Let vy € R2 x R x (0, +00), Ry, be a positive real number ; b% (v, Ry, ) be
defined by (2.4.36) and satisfying b (tg, Ry,) C R2 X R x (0, 400) ; Ry, be a real number
such that 0 < R]’FO < Ryy; and g1,...,0N € C;f (R2 X R x (O,—l—oo)). Then, there exists a

real number 1 such that for any e € [—n,n)], the function xY defined by :
ai, asg, ay,
=19, 1791 Y, ig2 ...09; ’XgN, (2.5.2)

with the 97" ’Z . defined by (2.4.46), is well defined on b% (vo, Rr,) , and satisfies

ng(b#(ro,R;o)) c 6% (vo, Ry, (2.5.3)
and
b (v0, B,) < x2'(6% (x0, Bry)) (2.5.4)

Proof. We will prove this lemma by induction on N. More precisely, we will show by
induction on N, that for any b#(t(],Rro) C R%2 x R x (0,+00), for any fi, fo,...,fn €
C;f (]R2 x R x (O,+oo)) , for any positive integers 1, ..., 8y and v1,...,vn, for any R
and Ry, such that 0 < R, < R} < Ry, there exists a real number 7y > 0 such that for
all € € [—7n, ] the function

By Bayy By
Y od %o o9 T, (2.5.5)
is well defined on b#(to, Rg) and is such that

00T 00 0 o0 (% (v, By, ) ) € b (x0, Rey) (2.5.6)
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FIGURE 2.6 —

and

b7 (vo, R,) C 9241 0922 0 09NN (b#(m, R;O)) : (2.5.7)

For N =1 it is simply Lemmas 2.4.18 and 2.4.19.

Now, we assume the result for some N > 1. Let b%(vg, Ry,) € R2 x R x (0, +00),

fi, fos oy fNt1 € C;f (R2 x R x (O,—i—oo)) , B1y---,Bn+1 and 1, ..., yn+1 be positive in-
tegers and R, Ry be such that 0 < R, < Ry, < Ry,.
Let Ry € (Ry,, Ry,) and R € (R,

o vos in,) (see Figure 2.6). Then according to Lemmas
2.4.18 and 2.4.19, there exists a real number 19 > 0 such that for all € € [—ng, no]

6% (vo, RY,) C 92y (b#(tojRZo)> : (2.5.8)
92y (0% (v, By, ) ) © 6% (v, B2, ) (2.5.9)

By induction hypothesis (applied with the triplet of periodic balls of radius (Ry,, Ry, Ry,)

and (Ry,, Ry , Ry,)), there exists a real number 1’ > 0 such that for all e € [—7/, 7]
ﬂ b /B b /B b
9B 0 9% o o gtN (2.5.10)

is well defined on b% (vo, R},) and such that

02T 00 o o0 (% (v, By,) ) € b7 (v0, Rey) (2.5.11)
and
b (v, By,) © 9277 0 9757 00 900N (0% (vo, Ry, ) ) (2.5.12)
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Let fy41 = min (19, 7') . For any € € [~7n 41, IN+1],

,‘951,’71 o ,1952];272 o. . o ,,9/8N+17’YN+1 (2.5_13)

€7f1 €7fN+1 ’

is well defined on b? (to, R;O) ,

19571]{71 o 19?’2];;2 0...0 19571;;:;/1\7+1 (b# (YO, R:O)) c b#(to, Rto) : (2.5.14)
and

b% (vo, B,,) C 9247 0972 0oyt (b#(to,R;U)) : (2.5.15)
This ends the proof of Lemma 2.5.1. O

In particular, Lemma 2.5.1 ensures that, if x is invertible with )\év as inverse function,
for sufficiently small ¢ we have : )\év(fl#(to, Bt’O)> C b#(to, Ry,) -

Definition 2.5.2. Function x~ is called the Partial Lie Transform map of order N.

The reason to choose 1,2, ..., N as the indexes in 19?’1’%1, will be clarified in the next sub-
section. The first reason for the choice of «; is that they satisfy ia; > N fori € {1,..., N}.

Hence, the theorems of the previous subsection may apply to functions ﬁgﬁigi. The second

reason for this choice is that with this definition the number of terms in the sum that

defines 9" is minimal.
£, 3gi

We now give a theorem concerning the inverse of the Partial Lie Transform map.

Theorem 2.5.3. Let Gi, G, ..., gn € C (R2 x R x (0, +oo)), rg € R2 xR x (0, +00) and
Ry, > 0 be a real number such that b7 (v, Ry,) C RZxRx (0,400). Then, for any Ry >0

such that 0 < Ry, < Ry, and such that b# (vo, RL) CR? xR x (0,400), there exists a real
number n > 0 such that for any e € [—n,n|, the restriction Xév|b#(ro Ry ) of XY defined
b FO

by (2.5.2) to b (vo, Ry,) is a diffeomorphism, xév(b#(tg,Rro)) C b#(tg,R{qo), and the

inverse function AN = (Xév)_l of XN is well defined on b#(to, Ry,) and expresses as

N _ =man,N =ai,l
Ag =B N Lo 0B L (2.5.16)
where fori=1,...,N, E?i_’lgi 1s the inverse function of 19?1'_’%1_, given by Theorem 2.4.14

Moreover, the components 1, 2 and 4 of AN are in Cy (b#(to, Rt0)> and the penultimate

component satisfies for any ¢ € b¥ (xo, Ry,) and for any € € [—n,n)] :
()\év)g(tl, to, ty + 27, t4) = ()\év)g(tl, to, T3, t4) + 27. (2.5.17)
Proof. Firstly, we will prove by induction that for any N € N*, any fi,..., fny € CF <R2 X

R x (0,—1—00)), any fB1,...,0ny € N* any ~1,...,78 € N* any b#(to,Rto) such that

b% (vo, Re,) C R? x R x (0,+00) and for any R, > 0 such that b¥ (vo, R, ) C R? x R x
(0,+00) and such that 0 < Ry, < RLO there exists a real number ny > 0 such that, for
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BN YN BN-1,YN-1 B1,m . . )
any € € [—nn, nn], (ﬂa,fzv o 19€va71 0...0 1967f1 )b#(to,RtO) is a diffeomorphism, such
that
(19?,1};\,%[ o 1955,];;,1:?]\]_1 0...0 ﬁf}f?l) <b#(t0, Rto)) C b# (to, R/ro) (2.5.18)
d h that ,19/3N7’YN o,ﬂﬁNflﬁNfl o 0,051771 -1
and suc a e fu e frs ... o expresses
-1
(9257 0 02y oo 0B ) B 0BT oL oBIY 259)

and is well defined on b¥ (v, R,) .

For N =1:Let R > 0 be such that 0 < Ry, < R/ < R't,. Applying Theorem 2.4.13

and Lemma 2.4.19 yield that there exists a real number 7; > 0 such that Ve € [—n1,m1],
Br.m

efi 6%(x0,RE) is a diffeomorphism and such that

b (x0, Rey) © 0257 (67 (v0, RY,) ) © 6% (v0, RY,)

Consequently, 19?11];171<b#(t0, Rt0)> cb* (vo, R},) , and =217 5 well defined on b7 (xo, Ry,).

e f1

Now, we assume that the result is true for some N > 1. Let fi,...,fn+1 € C;f <R2 X
R x (O, +OO) ), ,81, - ,,8N+1 € N*, Y1i,---5,YN+1 € N*, b#(to, Rto) satisfying b#(t(), Rto) C

R? x R x (0, +0c0), and Ry, > 0 a real number such that b (to, R’to) C R2 x R x (0, 400)
and such that 0 < Ry, < Ry .

Let R, RY) and R{) be such that 0 < Ry, < R, < RY < R, < R, and b% (xo, RY))) C

To?
R? x R x (0, +00) (see Figure 2.7). By induction hypothesis (applied successively with the
R&ﬁ)), (Rey, RY)), and again with (R, R&l))), there exists a

T’

couples of ball of radius (R,

To?
ﬂBN,’YN o ﬂﬁN—la'YN—l

real number 7y > 0 such that for any € € [—nx, ny], function ( - s 0...0
AL m) is a diffeomorphism
S0 comy) o
(02507 0 02y o002 ) (6% (vo, Rey) ) © b7 (o, RY,) (2.5.20)
and
BN, BN—1, 7N~ B\ _=hm  =h =hN,
(1957]}]\71\’ o 1957]}’]\71_1 Nlo...0o 198’1f;’1> = _.E’lfjl o “s?f;m 0...0 _.E%JN (2.5.21)

is well defined on b* (v, R. ) .
Applying Lemma 2.4.18, there exists a real number ' > 0 such that for any € € [—n/, 7],

9NN+ (b#(tO,RfO)> cb? (to,Rg)) )

& fN+1

Let n” = min(ny,n’), then for any € € [—n", "],

ol (9l 0wy oo 9l ) (6% (vo, Re,)) ) © 6 (w0, RE))
(2.5.22)
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FIGURE 2.7 —

Applying Lemma 2.4.19 and Theorem 2.4.9, there exists a real number 712 > 0 such
that Ve € [—712, 12|,

b* (to, RE‘Z’)) c 9PNy <b#(t0, R;0)> (2.5.23)

€7fN+1

and such that 1951};17” *1 is invertible on b#(to, R;,) . Consequently, for any

£ € [~ min (712, 77”)7 min (712, 77”)]

=B1,71 . =B2,72 =BNIN | =BN+1, YN+
= o= 0...08 o= 5.
e, f1 &, f2 e,fn e, fN+1 (2 5 24)

is well defined on b* (to, RE?) .

Let ny+1 = min (1", 712) , then for any € € [—nn11,7n+1], the following equalities hold
true on b¥ (vg, Ry,) :

[(:-,31,71 o, . .o EBNNN) o EﬁN+17'YN+1i| o <05N+1»7N+1 o 19?1};\71\1 o.. o 19,31771)

e, f1 : e,fn &, fN+1 &, fN+1 e, f1
=01,71 =0N YN =BN+1, YN +1 BN+1:YN+1 BN YN B1,m
= (= o...o0= o | = o (e} O0...0
( E:fl 87.](‘]\] Eny+l ﬁEny-Q—l 1987.}‘.]\7 ’lg‘gyfl
_ (=B1m =B8N, TN BNYN B1,7
- (_'&fl ©.-- 0% fy © 1957fN O Oﬁ&fl

= idlb#(to,RtO) .
(2.5.25)

Starting with the 2mw-periodicity of the components 1, 2 and 4 of Eljf and formula

(2.4.50), the proofs of the 27-periodicity of the components 1, 2 and 4 of AY and formula
(2.5.17) are easily obtained by induction. This ends the proof of Theorem 2.5.3. O
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Theorem 2.5.4. Let gi,...,gn € QF, N A(R2 x R x (0, —|—oo)) (see Definition 2.4.2 and
(2.3.117)), to € R2 x R x (0, +00) and Re, > 0 be a real number such that b% (vg, Ry,) C

R2 x R x (0,+00). Then, for any b¥ (x5, Ry,) such that b7 (v3, Ry,) C b#(to,RtO) there
exists a real number 713 > 0 such that for any € € [—713; 713)

(b#(ro, )) C b#(vo, Re,) (2.5.26)

(where XN is defined by (2.5.2)), and such that the inverse function XY = (Xév)_l of x¥
1s well defined and analytic on b#(to, R.,) and expresses as

AN) = 900t 9oz 9NNy L NN (¢ vy (2.5.27)

&,91 €,92 &;9N

where Py is in C;f([ M3, fis] x 6% (vo, R ))

Proof. We will start the proof of Theorem 2.5.4 by proving formula (2.5.26). Since b¥(x, Ry)

C b (v, Rto), there exists a real number Ry > 0such that 0 < R, < Ry, and b# (v3, Ry,) C
b (tg, ) Applying Theorem 2.5.3, there exists a real number 7 > 0 such that for any

€ [—mn], (b# (vo, R, )) C b#(vo, Ry,) , and consequently such that formula (2.5.26)
is satisfied.
The fact that there exists a real number 7/ > 0 such that for any ¢ € [—7;7], AL is
well defined on b#(to, R.,) is also obtained by applying Theorem 2.5.3.

Consequently, to end the proof of Theorem 2.5.4 we need to check that there exists a
real number 7}, > 0 such that for any € € [—-nx; 7], )\?f is analytic and satisfies formula
(2.5.27) on b#(to, R.,). Consequently, we will prove by induction on p € N* that for any
b7 (o, Re,) such that b¥ (v, Ry,) C R2 x R x (0, +00) ; for any Bi,. .., Bp € N*, for any
Ys---,Y € N* such that for any ¢ € {1,...,p},Bivi > N; for any fi, fa,..., fp €
A (R? x (0,+00)) N OFy; there exists a real number 7, > 0 such that for any e € [, 7] ,

”‘B’lfl“ o =f2];;’2 0...0 :f ”fzp is well defined and analytic on b% (tg, R,) and for any © €
b™ (x0, Re,)

=01, =2, =Dp, B ) )

(B omlyo.omlyr) (0 = (907 - 02T ) (1) + VPN () (25.28)

where PP is in C;f([—np,np] X b#(tmRto)).

The initialization of the induction is given by Theorem 2.4.14.

Now, we assume that the result is true for some fixed p > 1. Let b#(to, R.,) be such
that b#(to,Rto) CR?2XRx (0,400); Bi,---,Bpt1 € Nand 71, ..,7p+1 € N such that for
any i € {1,...,p+ 1}, By > N;and f1, fa,..., fp+1 6A(R2 x R x (0, +oo)) N OF,.

Let RQO be a positive real numbers such that 0 < R, < R and b7 (tg, ) C R? x

R x (0,400). In a first place we will show that there exists a real number n > 0 such

that for any € € [—n, 7], Eflfjl o E?fo 0...0 Ef’}::j” "1 is well defined and analytic on

b7 (o, Re,). According to Theorem 2.4.14, there exists a real number 7; > 0 such that

for any e € [—i, 1], Ef’}; i’j"“ is well defined and analytic on b¥ (v, Ry, ) . Moreover,

according to Lemma 2.4.19, there exists a real number 772 > 0 such that for any ¢ €
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(772, 2] , U7 (b# (tovRio)) > b¥ (vo, Re,) . Let 73 = min(7j1, 72), then for any e €

57fp+1
=0Bp+1:Tp+1

[—73, 73], B 1o is well defined and analytic on b¥ (vg, Re,) and

EBPH’%“(b#(to,RtO)) c b (thRQO) . (2.5.29)

57fp+1

By the induction hypothesis, there exists a real number 7, > 0 such that for any € €

[—1ps ) Eflfjl o Efsz 0...0 Efpfzp is well defined and analytic on b#(to, R;,) - Now,

let 7 = min(73, np). According to Theorem 2.4.3, for any ¢ € [—n, 7], Eflf’;“ o Efo’;Q

!:lﬁp+17'7p+1
Hé?f}?‘f’l
On another hand, according to Lemma 2.5.1, there exists a real number 7’ such that

for any € € [—1/, 7]

0...0

is well defined and analytic on b (vo, Ry,) .

Eff};f o...oF rrmn (b#(to,Rt0)> C b% (v, Ry, (2.5.30)

H€»fp+l

and such that Ef 1];171 is well defined on b* (to, R’to). Moreover, according to Lemma 2.4.25,
there exists a real number 7" > 0 such that for any € € [—n", "]

<0ﬁp+1ﬁp+1 o 19,32,%) (b#(to, Rto)) c b (to’ R/to) . (2.5.31)

5»7fp+1 577f2

Let np+1 = min(n,n’,n"). Then for any € € [—np41, Np+1] and for any v € 6% (vo, Re,) »

=0m @bz o =Bp+1,Yp+1 (v)

e f1 e, fa e, fpr1
— ":‘/B ) ':‘ﬁ ) ":‘B )Y, :‘5 Y,
=20 (2o 0Bl 0Bl (1))

=01, Bp+1, , N+1 N,
e (AT S [U R A O) .
=gl (9l 982 ) (1)) £ NN (e (2:5:32)
T Tsh &—fp+1 Ve~ fa Pint (&
=02 (927 02 ) () + N PN (e )

5 ’ ) s N+1 N, 1

= ((ﬂefj}pﬁﬂ IR ’952—3‘22) “95,1—?1>(t) + eVt NPt (e ).

In this formula, the second equality is obtained from the induction hypothesis, and the
third equality is obtained using a Taylor expansion. Notice that this expansion is valid
because of formulas (2.5.30) and (2.5.31) and since Eflfjl is well defined on the convex

subset b#(to, RQO) . The fourth equality is obtained by applying the case p = 1, and the

last equality by applying the generalization of Theorem 2.4.24, given by Lemma 2.4.28,
31 I /8 ) ﬁ )Y, 6 )
with g, = 1/871:}11 and 19af)j}pﬁ+1 e 19872_’}22.
The proof that pN*+l is in C;f([—npﬂ,np“] X b#(tO,Rt0)> is very similar to the

proof that P, . is in (&g ([—772, 2] % b7 (xo, Rt0)> in Theorem 2.4.14. This ends the proof
=57,
of Theorem 2.5.4. O

Now, we can consider the change of coordinate # = x (¥) from 67 (v, R.,) onto its
range and formula (2.5.27) allows us to compute easily an expansion of the inverse change
of coordinates. In order to obtain the expression of the Hamiltonian dynamical system in
the Partial Lie Transform Coordinate System of order N, we need both the expressions of
the Poisson Matrix and of the Hamiltonian function in this coordinate system.
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Theorem 2.5.5. Let vy € R2 x R x (0,400) and Ry, > 0 be such that b% (vg, Re,) C
R? x R x (0,400); g1,72,---,gn € A (R? x (0,+00)) N QFy; and Pe be the Matriz which
entries are given by :

PE ) = {0 ()} (O (). (2.5.33)

r

Then, for any b#(tg, R*%,) such that b#(ta, R’go) - b#(to, R.,), there exists a real number
M4 > 0, such that for any € € [—714; T4l ,

XN (b#(tg,R:O)) C 6% (vo, Re,) (2.5.34)

and for any v € b#(to, Ry,) the following equality holds true :

Vi, j € {1,2,3,4}, T2 (v) = T2 (v) + ¥ X, (e, v) (2.5.35)

where p%g s in C;f([—ﬁm;ﬁm] X b#(to, Ry) ), and T stands for the matriz satisfying :

~

P. = -T.. (2.5.36)

™ | = N—

Proof. In a first place, we will show by induction on p € N* that for any b#(to, Ry,) such
that b#(to,RrO) C R? xR x (0,400) ; for any f31,..., 8, € N, for any 71,...,7, € N, such
that Vi € {1,...,p}, Bivi = N;forany fi, fa,..., [ € A(R*x R x (0, —|—oo))ﬁQ%‘?b; there
exists a real number 1, > 0 such that for any € € [—np,n,], 195}’;“ 0...0 19?1}’:” is well

defined and analytic on b¥ (vg, Re,) and the k—th component of 19?});171 019532272 o... oﬁ?fj}:”
is given by

(05;}1 09 0. o ﬂfgggp)k (v) = (1955;? gl gt f'k) (¥)
+ ENJrle’p(Ea t) 5

(2.5.37)
where PP is in C;f([—np;np] X b#(to,Ro)).

For, p = 1, equality (2.5.37) is direct consequence of definition 2.4.7 and the analyticity
is obvious (Notice that for p = 1 the remainder is zero).

Now, we assume the result for some fixed p > 1. Let b (o, Ry,) be such that b%(xo, Ry,)
C RZxRx(0,+00), B1,- -+, Bp+1 € N, 41, ..., Yp1 € N, such that forany i € {1,...,p + 1},
Bi’yi > N, and fl, fg, .. .,fp+1 eA (R2 x R x (O,+OO)) N Q%:b

Let Ry,, and R/ be two real numbers such that 0 < Ry, < Ry, and ¥ (vo, R},) C
R? x R x (0, +00) . We will show that there exists a real number 7,1 > 0 such that for any
€ € [=Npt1, Mpt1) 195}’171 01952];272 . .0195”)2;:17”“ is well defined and analytic on b% (tg, Ry, ).
According to Lemma 2.4.18, there exists ; > 0 such that for any € € [—n1,m],

§Pr+1 (b#(t(]aRto)) cb? (’foaR;O) _

5:fp+1

is analytic on b#(to, R:,). According to the induction assumption,

Obviously, 1951’5”“1

there exists 1, > 0 such that for any e € [—n,, 7] , 19?71]2171 019572];;2 o.. .oﬂgp f:p is well defined
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and analytic on b¥ (to, RQO). Setting 7,41 = min(n1,7,), and according to Theorem 2.4.3,

for any € € [—npt1, Mp+1] s 195’1];;“ o 195’82];;2 ...0 195”}:1’3”1

b7 (vo, Rey ).
To end this induction, we will show that for any € € [—np41,7p4+1] and for any ¢ €
b#(to, Rto) .

is well defined and analytic on

(0257 002 o o0l i) (1) = (W2 0 T Ol ) (1) +
€N+1pN,p+1 (8, t) ,
(2.5.38)

where PP s s in €3 ([_7717+15 Np+1] X [’#(to,RO))-

According to the induction step, for any € € [—n,, 1] the k—th component of ﬂflf’jl o
ﬂfoZQ o...0 19?’}:” is given by (2.5.37). Then we obtain for any € € [—np+1, p+1] and for
any v € b (o, Re,) :

B1,m B2,72 Bp+1,Yp+1
(19 S AT )k(t)

&, f1 &,fpt1
= (0257 0025 0 o0l (0T (x)
- (0?5;;“? _— 0f,yjl)k (ﬂf;::jp“ (t)) 4 eNHLpNw (e, s (t)) (2.5.39)
:ﬂf;;’jp“ : (ﬁffjgzp e ﬁf’ljgz’l)k (v) + eNTLpNPHl (e x)
o GG LR O R A CA)
In the third equality we have used Theorem 2.4.24 with g. = (19?"};:17”*1 e 'l‘;‘a’BIf;Yl)l€ -1y

Since for k=1, 2, and 4,

B1,m B2,72 Bp+1:Tp+1 Bp+1,7p+1  19Pp:Y, B1,m
(196, o9 o o pin )k and (ﬂaf’fpﬂp S AR )k (2.5.40)
are 2m-periodic, so is the remainder. Since for k = 3

I I IB ’ I ) /8 ’
(92 00220 00 W’“)g (¢#) = (925 0027 0. o0l ”p“)g (x) + 2,

57fp+1 57fp+1
(2.5.41)
Bo+1,p+1 _ gBpsY B1,m #\ _ (9Bp+17p+1 | gBpp | . 98m
(ﬂaf’fpﬂ’” "'%f}f RERRE’ i )3 (r ) = (‘95,1},)“” ﬂgf}prf 0 >3 (v) + 2,
(2.5.42)
the reminder is also 27-periodic. This ends this first proof by induction.
Beside this, Lemma 2.4.26, yields :
/8 57, B —1,Yp—1 511'71 = ﬁ Y, ﬁ —1,7p—1 517'71 =
{ﬂe,pfpp B T 'rl}f (v) (2.5.43)
) — 1 - b I I N? - -
= (W00l 9 e my ) (8) + eV PR (e ),

with pév’p 2m-periodic with respect to the penultimate variable.
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Afterwards, the bilinearity of the Poisson Bracket, formulas (2.5.37) and (2.5.43) yield
for any e € [—np,n,] and for all v € b% (vo, Re,)

B1,m B2,72 BpY B1,m B2,72 Bpy,
{(19 0195,]3 0...00.] p)k’ (19€7f1 Oﬂ&fz °...09.] p)l} (v)

o o N (2.5.44)
Bps Bp—1,Yp— , - N AN e
=9 0T e T () eV PN (),

with pV 27-periodic with respect to the penultimate variable.
Lastly formula (2.5.37), a Taylor expansion, and Lemma 2.4.28, yield that for any
p € N*, there exists a real number 7; > 0 such that for any e € [—ny,n;], and for all

G E ( 0, E‘:O)
k,l ,8 )Y 62, Y2 ,8p7 P

B' ) 1] ’ 7k'7l
= (ﬂgsc:p e 'f}fffjl T )(t) + 6N+1p£7(e,t)

(2.5.45)

where pév is 27-periodic with respect to the penultimate variable. Setting 714 = min (7, n;)
and combining (2.5.44) and (2.5.45) yields the result. This ends the proof of Theorem
2.5.5. 0

N

-, which expression is given by (2.5.16), transforms functions is

The way that map A
now tackled.

Theorem 2.5.6. Let vy € R2 xR x (0,400), and Ry, > 0 be such that b¥ (v, Re,) C R2 x
R x (0,400) ; G1,G2,---,gN € Q%:bﬂA(RQ xRx(0,+)); G =G(e,x) € Cy(I x R? xR x
(0,400)) where I is an interval containing 0 ; and G be defined by G(e,v) = G (e, AY (v)).
Assume that G admits the following decomposition

G=GN +N Ny, (2.5.46)

where tN41 € Cj;([ x R? xR x (0,+00)), GV € o, N A(R? x R x (0,400)) for any
e €R and e — GN (g,%) is in C°(R) for any v € R? x R x (0, +00). Then, there exists a
real number flag > 0 such that for any & € [—20;7720] N I, and for any v € 67 (xo, Ry,) :

Gle,v) = (19“1’1 I Al @N>(s,t) + 5N+1pg(s,t) , (2.5.47)

€,91 &;,9N

where Y € C;f(([—ﬁm;ﬁm] N1I) x b#(tovRt0)>'

Proof. Let vg € R? x R x (0,+00) , Ry, > 0 and R{ be a real number such that 0 < Ry, <

Ry, and b#(to, R.) C R* xR x (0,+00). According to Lemma 2.5.1, there exists a real
number 7’ > 0 such that Ve € [—7/, 7]

AN (b#(to,RrO)) C 6% (v, R.) . (2.5.48)
According to Lemma 2.4.25 there exists a real number 7" > 0 such that Ve € [—n", 1"

9oul 9o . ﬂaN’N(b#(to, Rro)) C b#(to, Rt{o) . (2.5.49)

€,91 €,92 &,9N
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€,91 €,92

Let 77* = min (', 7). Then for any € € [-1*,7*] both AY (b#(to, Rr0)> and 9oL 9022

o ﬁgg]’VN (b#(tm Rr0)> are included in b% (t07 ero) which is convex, and consequently,

applying a Taylor Theorem we obtain :

GV (=005 0057 02N w) + VT Y (e ))

€,91 €,92 €,9N

_an <€’190¢1,1 9022 gaN:N(t)> + NN (e,v). (2.5.50)

€,91 €,92 &,9N

Eventually, applying formula (2.5.27) of Theorem 2.5.4, and the extension, given in Lemma
2.4.28, of Theorem 2.4.24 with g. = GV (¢,-) and 921! . 9222 . 92V N instead of 97

€,91 £,92 &,dN E:f’
there exists a real number g0, smaller than n*, such that for any & € [—7j20,720] N [ :

G (e,v) =G (£, A (v))
=G (e, 005 0257 92N @) + N PR ()

_ 2.5.51
=GN <5,19°“’1 B R ﬁo‘N’N(t)> + NN (e, 1) ( )

€,91 €,92 &,9gN

- (19%1 L ﬂanN) LGN (e,1) + N pN (e, ).

€,91 €,92 &,9N

Since G € (&g (([—7720; fi20] N T) x b7 (xg, Rt0)>, and since

(190‘1’1 902 19°‘N’N) GN e C;f([—ﬁzo;ﬁzo] X b#(thRto)) ;

€,91 €,92 £,9N

the remainder pg is also 2m-periodic with respect to the penultimate variable. This ends
the proof of Theorem 2.5.6. O

To end this subsection, we will give an useful expression of G(e, t) that we will use in
the next subsection. For p € N, we define the subset U, C NP by

p
U, = {(ml, coo,mp) € NP st kak :p} : (2.5.52)

k=1

Proposition 2.5.7. With the same notations and under the same assumptions as in Theo-
rem 2.5.6, if GN can be written as

N
GN(e,v) =D Gilv) e, (2.5.53)
k=0

then, there exists a real number ij21 > 0 such that for any e € [—T21;721] N I and for any
v e b (v, Ry,) -

N n
Glev)=)_ (ZVM : Gk) (v)e" + NN (e, v) (2.5.54)
k=0

n=0
where, for anyl € {0,..., N},
Xe )™M (Xe )™
s )" () -

6:
! mql...my!

(ma,...,my) €Uy

Proof. The proof is obvious. We just have to expand formula (2.5.47). O
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2.5.2 The Partial Lie Transform Method

The results we set out in the former subsection will be used to set out what we call the
Partial Lie Transform Method of order N. This method applies to Hamiltonian Function
H_, since its first term does not depend on the penultimate coordinate ; i.e. Hy € K, where

_ _ of
K= {f = f(r) € C®(R* x R x (0,+00)) s.t. a—f = 0} : (2.5.56)
T3
The goal of the Partial Lie Transform Method is to find g1, g2,...,9n5 € Q%’bﬂA(RQ x Rx
(0, +00)) such that under the change of coordinates (2.5.2) the Hamiltonian Function does
not depend, up to order N, on the penultimate coordinate; i.e. such that the first terms
Hy, Hy, ..., Hy of the expansion of H,, are in

K = {f € C™(R? x R x (0,400)) s.t. g;f = 0} : (2.5.57)
3

In this case, we will say that the Hamiltonian function is under its partial normal form of
order N.

We will start the construction of the algorithm. The matrix 7, defined by P. = %71,
is given by :

Te(v1,02) = To+€°T2 (v1,v) (2.5.58)
where
00 0 0 0 % 0
To = 88 8 (1) and 73 (v1,v2) = W 8 88 (2.5.59)
00 -10 0 0 00

Hence Hamiltonian vector fields Xigi defined by (2.4.3) are given by :

X:, = ToVgi + 2 T2V, (2.5.60)
or equivalently by
Xe, =M, +&°Nijo, (2.5.61)
where
M; = — = — and Njy o= ———— — = — . 2.5.62
8‘(4 8‘(3 atg at4 an +2 B (tl, tg) <6t2 6t1 8‘(1 8‘(2 ( )
The first result on which the method is based is the following theorem.
Theorem 2.5.8. Let MoCpy, be the space defined by
2m
MoCpe, = {u cCy (R* x R x (0, +00)) such that / u () deg = 0} , (2.5.63)
0

and Hy be the function defined by Hy (t1,t2,t4) = B (v1,v2) s (see formula (2.3.118) of
corollary 2.8.23). Then, for any u € .A(R2 x R x (0, —I—OO)) N QF, N MoCpe,.; the function

er’

g(r) = —B(ém /Otg u (v') dey (2.5.64)
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1s solution of the PDE
(ToVg) - VHo = 1, (2.5.65)
and g € A(R* x R x (0,400)) N QT (see Definition 2.4.2 and (2.3.117)).

Proof. On the one hand, PDE (2.5.65) can be rewritten
P
“B(r,t) () =a(r). (2.5.66)
8'(3
Consequently, the function g defined by formula (2.5.64) is solution of (2.5.65). Now, we
need to check that this function is in A(R? x R x (0, +00)) N QT Firstly, since A(R? x
R x (0,+00)) is stable by integration, function g is clearly in A(R? x R x (0,+00)) . On
the other hand, since u € QF, N MoC, function g is in QF;. O

per

Theorem 2.5.9. Let H. be the Hamiltonian function expressed in the Darboux coordinate
system and whose expansion of order N is given by Corollary 2.3.22. Then, there exists
Hy,...,Hy € ICOA(RQ x R x (0, +00)) NQF, and gi,...,gn € A(R? x R x (0,400)) N
Q% such that for any to € R* xR x (0,+00), for any Ry, and Ry such that 0 < Ry, < Ry,

and b7 (vo, RL,) CR* X R x (0,+00) there exists a real number i1y > 0, such that for any
£ € [~M1a; M), function XY defined by (2.5.2) is well defined on b#(to,RtO),

XY (6% (vo, Re,) ) < % (x0, By, ) (2.5.67)

function A defined by (2.5.16) is well defined on b#(to, R;,),

A?’(b#(to, R;O)) CR2 xR x (0, +00), (2.5.68)

and for any € € [—ij14; 71a] "Ry function HN defined by HN (v) =H. (Aév(t)) writes :

n
HY (v) =) Hi(v) " + NN (e,v), (2.5.69)
k=0

where Lg €Cy ([0;7714] X b#(to,Rme (see (2.3.30) ).

Remark 2.5.10. In order to be precise, if we work on the Darboux Coordinate chart or on
the Partial Lie Transform Coordinate chart we will write T, instead of ¢, for v in the Darbouz
coordinate chart; and r, instead of ¢, for v in the Partial Lie Transform coordinate chart.
In Theorem 2.5.9, the periodic ball b#(to,Rro) 1s viewed as a subset of the open subset
on which the Darbour Coordinate System is defined (precisely R? x R x (0,400)), and
b (to,R{qo) is viewed as a subset of the open subset on which the Partial Lie Transform
Coordinate System is defined.

Proof. Let g1,...,gn € .A(]R2 x R x (0, +oo))ﬂQ§’5jb. According to Lemma 2.5.1 and Theo-
rem 2.5.3, there exists a real number 759 > 0 such that for any e € [—j20; 7720], formulas
(2.5.67) and (2.5.68) hold true. Moreover, according to Proposition 2.5.7, there exists a
real number 7o; > 0 such that for any € € [~721;721] "Ry and for any & € b#(to, R;,),

N
=0

HN () =) (ZVM : Hk> (#) e + N0 (e, 1), (2.5.70)
n k=0
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where 1 € C;ff([—ﬁm;ﬁgl] NR, x b#(xo, R’to)), and for any [ € {0,..., N}, V¥ is defined
by formula (2.5.55).
The only possible values that m; can have in formula (2.5.55) are 0 and 1. If m; = 1, then

mi =mo = ... =my_13 = 0. Hence_7 the only term in the sum of the right hand side of
(2.5.55) that involves function g, is XZ; - . Consequently the only term of
n
> Vi - Hy (2.5.71)
k=0

that involves function g, is Xg; - Ho.
Injecting formula (2.5.61) in the right hand side of (2.5.70), gathering terms of the
same power of €, and comparing the result with the desired form of H (¢) :

I{IEN(f') = f_fo(’fl,fg,’lﬁ) + 6ﬁ1(f1, To,T4) + ...+ €NﬁN(f1,’f2, 74) + €N+1LH(€,f') ,

(2.5.72)
we obtain that g; must be such that
Hy =i+ (ToVa1) - VHy, (2.5.73)
and, for any i € {2,..., N}, that g; must satisfy
H; = (ToVg) - VHy—V (g1, .., Gi-1), (2.5.74)
with V (g1,...,di—1) depending only on g1, ..., g;—1 and their derivatives (and of course of

the entries of the Poisson Matrix) and, consequently, is in .A(]R2 x R x (0, +oo)) N oOF,.

Now, to end the proof, we need to check that using (2.5.73) and (2.5.74) we can build
recursively Hq,...,Hy and gq,...,gn € .A(]R2 x R x (0, —|—oo)) N Q7 such that for any
ie{l,...,N}, H; isin KN A(R2 x R x (O,—i—oo)) N Q% We will prove it by induction
onie{l,...,N}.

For i = 1, setting
1 2r B 1 2r
H = — Hidrs and w =-Hy+ — Hi drs, (2.5.75)
m™Jo 2T 0
yields that Hy € KNA(R? x R x (0,+00)) N Q5% and uy € A(R?* x R x (0, +00)) N Q%N
MoCse,. Hence, equation (2.5.73) yields

per:*
(ToVar) - VHo = uy, (2.5.76)
and Theorem 2.5.8 gives g; as a solution to this PDE.

 Let i € {1,...,N_— 1}. Assume the result for all £ € {1,...,i}. H;.1 is given by
Hit1 = (ToVgis1) - VHo = Vig1 (91, - - -, Gi) - Setting

" 1 27‘(‘ . N
i+1 =~ i1 (G1, -, 5i) dPs € KNAR? x R x (0,+00)) N QF,,  (2.5.77)
0
and
1 27
wir1 = Vit1 (91, .-, 0:i) — 2 )y V(g1,-.-,Gi)dr3

€ A(R* x R x (0,+00)) N Q7 N MoCps,, (2.5.78)
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transform this equation into
(76ng+1) . VEO = Uj41- (2579)

Here again Theorem 2.5.8 gives g;1+1 as a solution to this PDE. This ends the proof of
Theorem 2.5.9. O

Theorem 2.5.9 and its proof makes up the Partial Lie Transform Algorithm. This algo-
rithm can be summarized as follow :

Algorithm 2.5.11.
— step 1 : Inject formula (2.5.61) in the right hand side of

N n
ﬂ?@)—}j(}:v;k4%>@pﬂ+gNHg?@iy (2.5.80)
0

n=0 \k=

where for any 1 € {0,..., N}, Vi is defined by formula (2.5.55).
— step 2 : Gather terms according to their power of € and compare the result with the
following desired expression :

HY () = ffé,VT (F1,72,74) + €N+1Lg(8,f) ) (2.5.81)

with

A~ —

HEJYT (’f’l, f'g,f4) = Ho(fl,fg, f'4) + 6ﬁ1(f1,f2,f4) + ...+ ENﬁN(fl, f’z,f4) , (2.5.82)

to obtain
o, =H, + (ToVa) - VH, (2.5.83)
and, for anyi € {1,...,N} :
H; = (ToVg) - VHy — Vi(G1,- - -, Gi—1) - (2.5.84)
— step 8 : Set
. 1 [ _
Hy = “2r s H, drs, (2.5.85)
and get g1 by solving
_ _ _ 1 [27 _
(ToVg1) - VHy = Hy — o/, Hy dfs. (2.5.86)

Then fori € {1,...,N}, set

R 1 21
Hi =~ Vi(g1s---,Gi—1) dis,
T Jo
) (2.5.87)
1 4 )
W=Vi(Gu i)~ 5o [ Vi@ gi) dis,
T Jo
and get g; by solving :
(ToVgi) - VHo = uj, (2.5.88)

with the help of formula (2.5.64).
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This Algorithm is given in detail up to N =5 in Appendix B.2.
Applying this algorithm, we obtain functions g; and hence the change of coordinates
t=xY(e,1), (2.5.89)

where x is defined by (2.5.2) and (2.4.46). Moreover, in the yielding coordinate system
the Hamiltonian function writes

N
HN(£) = Ho(f1,79,74) + Y _e"Hp(F1, P2, 74) + eV TN (8), (2.5.90)
n=0

and the Poisson Matrix is given by formulas (2.5.35) and (2.5.36).

2.6 The Gyro-Kinetic Coordinate System - Proof of Theorem
2.1.3

In the present section, we begin by giving the following Theorem 2.6.1 from which
the part of Theorem 2.1.3 that concerns any value of N is then deducted. In the next
subsection, we prove Theorem 2.6.1 and finally, we consider the case when N = 2 to end
the proof of Theorem 2.1.3.

Theorem 2.6.1. Assume that the magnetic field B satisfies assumptions (2.1.42) and
(2.1.43) and that all its derivatives are bounded. Let X be the diffeomorphism of R? x
R x (0,400), whose components are solutions to the system of PDEs (2.3.11), whose third
component is given by Y3 (x,0,v) = 0 and which expansions of its components 1, 2 and
4 are given by Theorems 2.3.4, 2.3.10 and 2.3.11. Let N be a positive integer; and gi,
.., gn and HN e be the maps defined on R? x R x (0,+00) and obtained by Algorithm

2.5.11. Then, for any open subset Ogor = b2 (x0, Rx,) X R x (a,b), for any R}, such that

R, > Rx,y, and for any (c,d) such that {2”32” ﬁ} C (¢,d), there exists a real number
fe)

n € (0,+00), such that for any ¢ € (0,n), there exists a real number t; > 22, where
ag > 0 does not depend on e, such that for any (yo, 0o, ko) € X (6%(x0, Ry,) X R x (a,b)),
and for any t € (—tg,t7), the characteristic (Y, K% aes O%ar) (10,00, ko) expressed in

the Darbouz Coordinate System (y,0,k) = Y (x,0,v) satisfies

2 b2
(Y?, Kar: Oar) (£ ¥0, 00, ko) € b% (x0, Rlyy) X R x [2HCJL3H 2} : (2.6.1)

and such that the map xY, defined by

=900l 09222 o ogoN (2.6.2)

£,—g1 € —92 &,—gn’

where for anyi € {1,...,N}, the function 92" -2, is defined on R? xR x (0, +00) by formula
(2.4.45) and where the «; are defined by (2.5. 1) is a diffeomorphism from

Opar = b”(x0, Ry)) x R x (c,d), (2.6.3)

onto 1ts range.
Moreover, for anye € (0,n), for anyt € (—t5,tZ), for any (2o, Y0, Jo) € XéVOT(bQ(XQ, Ry, )%

erre
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R x (a,b)), the solution (ZT’#,FT#,jT’#) = (ZT’#,FT’#,JTv#)(t, Zo, 70, Jo) of the fol-
lowing dynamical system, written within system of coordinates (z,7v,7) = x~ (y,0,k) on
XéV(OSDat)y

OHN,.
€, T4 -
= _ 22 277 (0: 2o, jo) = 2.6.4
ol BEI#) | ol py | (020, J0) =20, (264)
- - ’ » JO
821 ( )
orr#  10HN. .
_ 2T (g ) rT# (0: 2. j - 2.6.5
at A a] ( ;JO ) ( ,ZO,]O,’YO) Y0, ( )
oTTH# . .
5 =0, TT# (0520, jo) = jo,  (2.6.6)

where fIgT is defined by formula(2.5.82), satisfies

H(Z#jj#) — (ZT’#,JT’#)H < eV, (2.6.7)

00, init#
where C' is a constant that does not depend on e, where

9] o inie = sup |9 (2o, jo,Y0)! (2.6.8)
(20,0,70) EXY 0 (b° (30, Ry ) X R X (a,0))

and where (Z#,T%#, T#) = xY(Y®, Koqes Opae) corresponds to the expression of (Y, Ko gy,
O%qr) 0 the coordinate system (z,7,7).
2.6.1 Proof of Theorem 2.1.3 for any fixed N

Once N is fixed, in view of definitions of O (xg, Rx,;a,b) and Up and having in mind
that Y and Xév are the Darboux change of coordinate map and the Lie change of coordinate
map, the proof of the first part of Theorem 2.1.3 is a direct consequence of Theorem 2.6.1,
as soon as there exists a diffeomorphism

xV° 0 0% (x0, Ry,) % (R/27Z) x (c,d) — x2°(6%(x0, Rl,) % (R/27Z) % (c,d)) (2.6.9)

such that pox (¢,-) = X0 (¢, ) op.
Since the components 1, 2 and 4 of xév are 2m-periodic with respect to 6, and since
the penultimate components satisfies

(X, (v, 0+ 2m, k) = (x2), (y,0,k) + 2, (2.6.10)

it is obviously the case.
Notice also that map GG, is given by

@G, = xN° oY o Pol. (2.6.11)

2.6.2 Proof of Theorem 2.6.1

The proof of Theorem 2.6.1 consists essentially in showing that we are under the condi-
tions of application of Theorem 2.4.1, and to apply it.

Once N is fixed, let Hy,...,Hy € KNA®R? xR x (0,+00)) N Q% and g1,...,n €
AR? x R x (0,+00)) N Q7 (see Definition 2.4.2 and (2.3.117)) be the functions obtained

113



FIGURE 2.8 —

by applying Algorithm 2.5.11; Ogor = b2(xo, Ry,) xR x (a,b); and Opge = b2(x0, R},) %
R x (c,d), where R} > Ry, and [ a> E} C (c,d).

2[|Bllo” 2
Let O3 = b (xo, R, ) X R x (c*,d*), OD® =p’ (%0, RY,) xR x (c*,d*); and oD =
b2 (x0, RS)) x R x (¢?,d), where Ry, R%, and R are positive real numbers satisfying

0 < R, <Ry, <R3, <R (see Figure 2.8), and
[e,d] C (¢*,d*) C [¢",d*] C (c*,d®) C [¢*,d*] C (c¥,d®) C [¢?,d?] C (0,400). (2.6.12)

Firstly, we will show that the Lie change of coordinates map of order N x is well defined

on O%t@, that the inverse map AL is well defined on O?‘{:, and that the restriction of x

to Opqe is a diffeomorphism whose range is included in (’)?n’:.
Applying Theorem 2.4.9 with ¢ = [12(X0,R§?0) x (¢®,d®) and ¢* = (’)?‘1’? yields that for

any positive integers ¢, j and for any function f in C;f (Og?) NCye ((’)?ll’t@), there exists

a real number 7; such that for any ¢ € (—ny,m) function ﬁ;jf— defined by (2.4.46) is a

diffeomorphism from O%t@ onto its range. Afterwards, a direct induction yields that there
exists a real number 7y such that for any € € (—ny,ny) the Partial Lie Transform map

of order N is a diffeomorphism from (’)?n’? onto its range.

Now, by compacity, we can cover (’)?‘{: by a finite number p* of periodic balls :
De p #/( .k pe
o = Lo# (b Ry ). (2.6.13)

such that for any k € {1,...,p*}, there exists Rg such that R?, < RSC and b* (tlg, Rg) -
0 0 0 0

O@,@
Jut -
According to Lemma 2.5.1, for each k € {1,...,p®}, there exists a real number 7} such

that for any € € (—ng,ny)
b# (tg,RZS) c xf(b# (r’g, R%)) . (2.6.14)
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Consequently, for sufficiently small ¢, )\é\] is well defined on O?‘;:

According to Theorems 2.5.4, 2.5.5, and 2.5.9, for any k € {1,...,p*}, there exists a
real number 7, such that for any & € [~7, 7], the inverse function AY = (x& )_1 of x &

is analytic on b (tlg, R:k> and expresses as
0

ANy =000t 9022 9en N 4 NPV (e r) (2.6.15)

€ €,91 £,92 &,9N

where pf’k is in C3° <[—77k, k] X b7 (tlg, RLS)) . the matrix P., defined by (2.5.33), is well
defined on b7 <t’5 ) R:k> and
0

Vi,j € {1,2,3,4}, T2 (v) = 727 (v) + M pl (e v) (2.6.16)

where p%’? is in C3 ([—ﬁk; k] X b7 (tlg, R:k)) and where 7- stands for the matrix satis-
? 0
fying (2.5.36) ; and, for any ¢ € [0, 7] the function HY defined by HY (v) = H (e, AY (v)),

is well defined on b% <t’§ , R:k), and expresses
0
N
AN = Hy+ Y e"Hy+ MUl (2.6.17)
n=0

where LﬁfH is in C?([O;ﬁk] x b7 (tlg, R:(,§>> Let 7 = min (771, ce e, NG Y - - ,77]',.) .
Since the functions

N aq,l ag,2 an,N
)‘a - ‘95,1§1 ’ 1957292 Tl 1957151\/ ’ (2.6.18)
T =T, 0,5 €{1,2,3,4},

are in C3 ( [—7; 7] X O%:) and since the function

N
H.— Hy— Y "H,, (2.6.19)
n=0
is in C;’f([O; ] X O?‘{:), functions Py, ,O%’j and ¢y} 7, defined on (’)?n’,:, and whose res-
trictions to each b (tlg , R:,5> are given by pf’k, pgzkj and Lng, are well defined on (’)?1:
and are in C3 ([—77; ] X (’)?n’,:) for the two firsts and (N, ., € Cy ([0; ] X (’)?AI)

In a similar way we can prove that the restriction of xY to Opqc is a diffeomorphism

.. . D%
whose range is included in O §.

According to Theorems 2.3.24 and 2.3.25, there exists a real number 7’ > 0 and a real
number ag > 0, that does not depend on &, such that for any € € (-7, /),

2

__ a b2
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and such that for any ¢ € (0,7’) there exists a real number ¢ > % such that for any
t € (—t5,¢2) and for any (y,0,k) € X (Ogor)

(2.6.21)

2 b2
(Y (13,0, K) . Koo (1,0, K)) € b2 (x0, R, ) [ “ ]

2||Blls" 2
Let O = xN o (Ogor). Then, there exists a real number 7", such that for any ¢ €
(_,)7// ,'7//)
N 2 * * %\ _ Dk
X (Opar) C b° (%0, RE)) x R x (¢5,d*) = O3, (2.6.22)
and consequently such that

_ o,
O’ c 03¢ (2.6.23)

Eventually, (2.6.21) and inclusion (2.6.22) mean that the range by x of the characte-
ristics expressed in the Darboux coordinate system and provided with initial conditions in
T (m), or equivalently that the characteristics expressed in the Lie Coordinate System
and provided with initial conditions in O’ belongs to O%Z (and hence to O?n’:), for any
t e (—t5,18).

Let
n = min (7,7,7") . (2.6.24)
Choosing
v
~

Ry, >1+ Ry +V2 sup 2
1Bl

66[777777}

(2.6.25)

yields that we are under the conditions of application of Theorem 2.4.1. Applying this
theorem yields the main part of Theorem 2.1.3.

2.6.3 Application with N =2
Applying Algorithm 2.5.11 with N = 2, using results of Appendix B.2, yields
&0) - VyB(y)

3
g1y, 0,k) = (2B(y) k)> (2.6.26)
B(y)’
_ 2B(y)k)*.
0o(y,0,k) = CEOR G0 66) . BBy) : VVB() - VBYBY)),  (26.27)
12B(y)
where
() # 2 o2
x r1 O ox x10x
VBVB = 8731673 <5B)2‘2 and VVB = ( 882513 612752 ) (2.6.28)
Ox1 Oxo Oxo r10x2 Oxs

(Notice that, if u,v are two vectors and if A is a matrix, the notation uv : A stands for
u” Av), and

Hi (z,5) =0, (2.6.29)
-2

Hy (2,5) = };)Z o [B (2) V2B (z) — 3 (VxB (z))2] , (2.6.30)
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where

0*B 0B
ViB(x) = W(x) + W(x) , (2.6.31)
1 2

(VxB(x))? = VxB(x) - Vi B(x) . (2.6.32)

Consequently, the dynamical system (2.1.67), (2.1.69), (2.1.68) approximates, with ac-
curacy &, the characteristics (Z,T', J) = (Z(t, zs, Vs, js, S), L' (t, Zs, Vs, Jsy 8), T (L, Zs, Vs, Js, S)) =
@G (X(t,xs, Vs, 8), V(t,Xs,Vs, s)), with (X, V) the solution of dynamical system (2.1.40)—
(2.1.41). This ends the proof of the part of Theorem 2.1.3 concerning the application when
N = 2. ]
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CHAPITRE 3

Application of Lie Transform
Techniques for simulation of a
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3.1 Introduction

In the same spirit of [18], we will consider non-relativistic long and thin beams. Within
the general framework, if we neglect the collisions between particles, the particle density is
obtained by solving a Vlasov-Maxwell system of equations. Here, in addition to consider a
long and thin beam, we will consider a beam satisfying the following assumptions :

— The beam is steady-state : all partial derivatives with respect to time vanish.
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— The beam is long and thin.

— The beam is propagating at constant velocity v, along the propagation axis z.

— The beam is sufficiently long so that longitudinal self-consistent forces can be neglec-

ted.

— The external electric field is supposed to be independent of the time.

— The beam is axisymmetric.

— The initial distribution fy is concentrated in angular momentum.
Under the five first assumptions the 3D Vlasov-Maxwell system reduces itself to a 2D
Vlasov-Poisson system in which the variable ¢ does not represent from a physical point
of view a time variable, but rather the longitudinal coordinate. The details about the
derivation of this model can be found in [13|. Moreover, under all these assumptions it
reduces even to a 1D axisymmetric Vlasov-Poisson system of the form :

of: v 0f: e T Ofe _
ot + e or + (E 5) ov, 0 (3.1.1)
10 [ 0pc\ _ 097
~ o <r 5 > =pe(t,r), E.= 5 (3.1.2)
pe (t,r) = / fe (t, 7, vp) dup, (3.1.3)
R
E.(t,r=0)=0, ¢-(t,r=0)=0, (3.1.4)

fz—: (t = O,T, UT) = fO (T, UT)7

where 7 > 0 is the radial component of the projection of the position vector in the trans-
verse plane to the propagation direction, v, € R is the projection of the transverse velocity
in the transverse plan to the propagation direction, ¢ is the ratio between the characteris-
tic transverse radius of the beam and the characteristic longitudinal length of the beam,
fe = fe(t,r,v,) is the distribution function of the particles, E. = E(r,t) is the radial
part of the transverse self-consistent electric field, and —Z is the strong transverse external
electric field. This system is naturally defined for r > 0 but we can extend it to r € R by
using the conventions f.(t,r,v.) = fo(t, —r, —v,) and E.(t,r) = —E.(t, —r). Details about
the derivation of this model can be found in [18]. Moreover, in the same way as in [18] we
will consider initial conditions for which the beam is confined. Such initial conditions can
be found by solving envelope equations (see [13]| for details about the obtention of such
initial conditions).

The characteristics of (3.1.1) are given by
oR® _V;

3
) =1, 1.
=, RE (0,7, 0,) = r (3.1.6)
ove Re
L =—-——+E.(R%1), V. (0,7r,v,) = vy. (3.1.7)
ot €
Setting
2, .2
He(r,vn,t) = ”r;; +ge(r, 1), (3.1.8)
dynamical system (3.1.6)-(3.1.7) becomes :
RE
aa—t = 0,, H: (R*, V., 1), R®(0,r,v,) =, (3.1.9)
V€
a@tr = —0,H. (R*, V., 1), V.°(0,r,v,) = v,. (3.1.10)
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Consequently, the dynamical system that gives the characteristics is Hamiltonian.

Furthermore, dynamical system (3.1.6)-(3.1.7) corresponds to a perturbation of the
dynamical system

aR%n Vi,Un

ot e Ryn (0,7, 0,) =1, (3.1.11)
oVe R
(;tUn = run (0,7,07) = or. (3.1.12)

In other words, the Hamiltonian function (3.1.8) is a perturbation of the Hamiltonian
function

vf + 72
2
associated to the dynamical system (3.1.11)-(3.1.12).

HY(r, v, t) = (3.1.13)

A well adapted coordinate system for the study of the dynamical system (3.1.11)-
(3.1.12) is the (u, #) coordinate system defined by

rz—l—vf

5 (3.1.14)

,LL =
and

7= /2ucos (), (3.1.15)
v, = \/2usin (6). (3.1.16)

Indeed, in this coordinate system the dynamical system (3.1.11)-(3.1.12) reads :
OMugy,

5% 0, Mugyy, (0, 4,0) = p, (3.1.17)
005, 1
af = S (0,11,60) = 6. (3.1.18)

As a consequence, solving this dynamical system in the new system of coordinates, reduces
to find a trajectory in R, in place of a trajectory in R? when it is solved in the original
system of coordinates.

Under the same change of coordinates, the Hamiltonian function associated to the
dynamical system (3.1.6)-(3.1.7) becomes :

A (1,0,1) = g + 6 <\/2,ucos 0) ,t) , (3.1.19)
and the dynamical system (3.1.6)-(3.1.7) reads :
amua € o3 £ 15 £ 3
ran 290M° sin (O°) E. (\/ 290M° cos (O ),t) , Mu® (0, i, 0) = u, (3.1.20)
0©° 1  cos(©°) - . . B
=T g e (\/293?14 cos (© ),t) , ©°(0,11,0) = 0.  (3.1.21)

Thus, we observe that 9u® is no longer an invariant.
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This kind of situation is very similar to the situation encountered in the Geometrical
Gyrokinetic theory (see for instance Littlejohn [40, 41, 42|, Brizard [5|, Dubin et al. [11],
Frieman & Chen [22|, Hahm [29], Hahm, Lee & Brizard [31], Parra & Catto [50, 51, 52] and
Quin et al [54]). In order to study this kind of situation, the idea is to make an infinitesimal

change of coordinate (i, 6) — (ﬁ, 6~?> = L! (u,0) bringing the characteristics independent

of 0 and in which the characteristic associated with fi is an invariant.

The infinitesimal change of coordinates that we will construct belongs to the class of
the Lie change of coordinates.

Definition 3.1.1. A Lie Change of Coordinates is a formal change of coordinates of the
form

Lo (u,0,t) = Lo (11,0,t) =...0@0% o...0@L (11,0,1) (3.1.22)
=(PL: (1, 0,1),1), (3.1.23)

where for each n € N*, @% is the flow of a vector field

Z" = 770, + Z3 0y, (3.1.24)
i.e., the solution of
a@nJ 7N (=N
Sy = 2@, (3.1.25)
6(15”’2 . )
S = 22 @), ol 0,t) = (1. 6,1), (3.1.26)
apy?
= 0. 3.1.27
P\ ( )

In this paper we will always denote by Py = (¢1,p2) the projection of a function
© = (¢1,p2,¢3) . In section 3.3, starting from the Hilbert expansions of the electric field
E. and the electric potential ¢,

E.=FEy+¢eE +e*FEy+ ..., (3.1.28)
Ge = g0+ Ep1 +7ha + ..., (3.1.29)

we will develop and use a Lie Transform algorithm, based on the utilization of the Poincaré-
Cartan one form, in order to give a constructive proof of the following Theorem :

Theorem 3.1.2. There exists a Lie change of coordinates L. such that in the yielding
(/1, é) coordinate system, given by (r,v,) — (ﬂ, é) =PL. (Pol(r,v,),t), where

Pol: R? — (0, +00) x (R/(277Z); (r,v,) — (u,6) (3.1.30)
with 6 and p given by formulas (3.1.15)-(3.1.16), the system of equations (3.1.1)-(3.1.5)
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reads :

of:

o (g,é, t) +ae (1) %J;S (g,é, t) _0, (3.1.31)
_ %% <7~%an> =p:(t,r), E.= —%djf, (3.1.32)
pe (t,7) = /D é h, (chl (ﬁ’,é’,t)) i (g',é’,t) ‘jma_l (ﬂ’,é’,t)‘dﬁ’dé’, (3.1.33)
Ee(t,r=0)=0, ¢:(t,r=0)=0, (3.1.34)
i (g, bt — 0) — (’I}o[_l oPLo! (g,é,t - 0)) , (3.1.35)

ﬂ,@) coordinate system, a. is defined by

(3.3.89), hy = hy (1, 0') is given by h. (1',0") = 6 (r — /21 cos (7)), Ipe-t (ﬂ’,é’,t))
is the jacobian associated with PLZ, and DL = PL. ((0,4+00)x] — 7, 7], t).
Moreover, up to the second order, L., E;l and a. admit the following expansions :

fi=p+eZi (1,0,t)+ 0 (%),

where f- is the particle density expressed in the

N

. ‘ 3.1.36
0:9+5Z21(#’97t)+0(62)’ ( )
p=i—eZt (1,0.t) +0(2),

S ) (3.1.37)
0=0-c2} (70,t) +0 (),

where Z1 and Z3} are given by formulas (3.3.40) and (3.3.48), and a. admits the the follo-
wing first order expansion :

a: (f1,t) = —é + 27r\1/ﬁ _7; cos (5) Ey (\/ﬁcos (5) ,t) o+ O (e). (3.1.38)

Remark 3.1.3. In formulas (3.1.36), (3.1.37) and (3.1.38), we have only given second
order expansions of the direct and the reciprocal Lie change of coordinates, and the first
order expansion of a.. Nevertheless the algorithm developed in the proof of Theorem 3.1.2
allows us to obtain these expansions at any order.

The change of coordinates L. is formal in the sense that £. corresponds to a composi-
tion of an infinite number of flows. Moreover the construction of L. is based on Lie series
expansions of each of these flows; i.e., for any n € N we will use the formal expansion

6n
- § Zgn,
Per n! '
n>0

See [48] (page 31) for more precisions about these series.

Making first order approximations in the characteristics and in the change of coordi-
nates, we will use (3.1.31)-(3.1.35) in order to simulate the solution f. of (3.1.1)-(3.1.5).
More precisely, approximating the change of coordinates by

fp=p+0(e), (3.1.39)
0=0+0(e), (3.1.40)
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the electric field and the electric potential by

E.=Ey+0(e), (3.1.41)
b = o+ O (e), (3.1.42)

the charge density as follow :
DL =PL. Ry x| — 7, 7], t) = PLy(Ry x| — 7, 7|, t) = Ry x] — 7,7,
hy (Pﬁgl (ﬁ',é’,t)) ~ h, (’Pﬁgl (ﬁ’,é’,t)) —h, (ﬁ’,é’) ,
e (05 = (5.9 = o119

pe (t,7) = /R o (7.0) . (i.0.1") gt

that is
pe (t,1) ~ /R+X]_7m] ) <r — /20 cos (5')) 1 (ﬂ’,é',t) dii'de’. (3.1.44)
and a. by
ag (fi,t) ~ —é + 27“1/% 7; cos (5) Ey (@cos (5) ,t) de, (3.1.45)
we obtain :
38]% + (—i + 27T\1/ﬁ /_: cos (é) E. (\/ﬁcos <§) ,t) dé) %J;f =0, (3.1.46)

_ i; <r%ff> _ /R+X]M] 5 (r — /2] cos (é’)) i ([/,é’,t) di'dd,  (3.1.47)

9.
E.=——¢, 14
or (3.1.48)
E.(t,r=0)=0, ¢.(t,r=0)=0, (3.1.49)

i (;1, 6.t = 0) — fo (\/2,1 cos (é) . \/2fisin (é)) . (3.1.50)
We will give some remarks about this approximation in Subsection 3.3.5.

In the last section we will simulate (3.1.46)-(3.1.50) and then we will obtain an ap-
proximation of f. through :

fe (T,Ur,t) ﬁfs (/’Laevt)' (3.1.51)

The numerical method that we will use to simulate (3.1.46)-(3.1.50) will be a Particle in
Cell (PIC) method. I recall that a PIC method consists in the coupling of a particle method
for the Vlasov equation, and a mesh method for the Poisson equation. The principle of the
method is to discretize the distribution function by a set of macro-particles and to advance
them in time by numerically solving the dynamical system giving the characteristics. As a
consequence, solving this dynamical system in the new system of coordinates, reduces to
find a trajectory in R, in place of a trajectory in R? when it is solved in the original system
of coordinates.
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The paper is organized as follows : in Section 3.2 we will construct an odd dimensio-
nal differential manifold well adapted to the study of (3.1.6)-(3.1.7) and we will give the
mathematical tools necessary for the comprehension of the Lie Transform method we de-
velop then. As a by product of this section we obtain that the non autonomous dynamical
system we work with is characterized intrinsically by an autonomous dynamical system on
the odd differential manifold we work within. Moreover, we will see that this autonomous
dynamical system can also be characterized by the equivalence class of a differential one
form called the Poincaré Cartan one form. Furthermore, we will introduce the Noether
Theorem within this framework. This Theorem gives essentially an intuitive help for the
comprehension of the Lie Transform method. In the third section, we will set out the Lie
transform method and we will use it in order to derive the Lie Coordinate System and
to prove Theorem 3.1.2. Finally, in the fourth and the fifth sections, we will implement
and test the previously described numerical method based on the Lie transform method
analysis.

3.2 Geometrical Tools

3.2.1 Characterization of the differential system (3.1.6)-(3.1.7) and of the
Vlasov equation on an odd dimensional manifold

In the present subsection we will characterize intrinsically on an odd dimensional ma-
nifold differential systems of the form

a % 13 € €

6Rt = 0,,G: (RG, Vigit) RS (0,7,0,) =1, (3.2.1)
Ve

n = -0,G- (R, Vig.t), Vg (0,7,0,) = v, (3.2.2)

where G. = G¢(r,v,,t) is a smooth function, and PDEs

ofs
ot

ofe
or

ofe
oy

(ryvp, t) + 0y, Ge (1,0, ) (ryvp,t) — 0pGe (1, 0p,t) (ryup,t) =0 (3.2.3)

of unknown fEG , through a vector field 7¢,. Notice that if G. = H., where H. is given by
formula (3.1.8), dynamical system (3.2.1)-(3.2.2) and PDE (3.2.3) coincide with dynamical
system (3.1.9)-(3.1.10) and PDE (3.1.1). The principal results are given in theorem 3.2.1
and 3.2.2.

Firstly, we need to build the manifold on which we will work. As a topological space
we take M = R? x R endowed with the (r,v,,t) coordinate system and with its usual
topology. Concerning the differential structure, we choose the differential atlas A which
contains all the coordinate charts of the type (U, ), where ¢ : U — R3; (r,v,,t) —
(Pp (r,v,t),t), which are compatible with the global coordinate chart (M, ®), where
& : M — R (r,v,t) = &(r,v.,t) = (r,v,,t), and which leave the last coordinate t
unchanged.

Defining the vector field X¢, by :

XS, = 8y, G0y — 0,G0,, + O, (3.2.4)
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and denoting by F§ , its flow; i.e., the solution of

OF g
) 71
= 90, G: (FS.q) , FQg(r,vr,t) =, (3.2.5)
8F€,2

a; ~0,G: (F5.6) F5 2 (r,vp,t) = vr, (3.2.6)
OF ¢ .

=1 Foa(ron,t) =t, (3.2.7)

we conclude that the trajectory associated with (3.2.1)-(3.2.2) corresponds to
(Ftlé (r,0r,0), F7G (1, vr,0)> : (3.2.8)

Now, we have enough material to characterize intrinsically the solution of (3.2.1)-(3.2.2).

Theorem 3.2.1. Let 7 : M — TM be the vector field whose principal part in the
(r,vr,t) coordinate system is given by Xg, defined by formula (3.2.4), and let F5 g be its
flow. Then, in every coordinate system (7, 0y,t) belonging to A the trajectory associated

with the dynamical system (3.1.6)-(3.1.7) is given by ( o (7,0,,0), F?G (7, UT,0)> , where

f‘ic corresponds to the representative of ‘7:/\,G in the (r,vr,t) coordinate system, or equi-

valently to the flow of X<, where X% corresponds to the representative of the principal part
of T in the (7,0,,t) coordinate system.

Proof. Let F5 . be the flow of X¢, where X is given by (3.2.4). We denote by R* =
R* (A, 7, vp,t) ,7 V= V:i(\ru,t) and T = T* (A, r,v,,t) its components. Notice that
R* and V7 depends on the small parameter €. But since this dependency does not play a
role in this proof, we do not precise it in the notation. Then, (3.2.8) reads :

R* (t, Ty Ur, O) =Rg¢ (Ta Ur, t) )
Vi(t,r,v,0) = V,q(r,u,t), (3.2.9)
T (t,7,v,,0) = t.

Let
Vo (ryop,t) (f 17,«,5) = (P (r,v,t), 1)
be a change of coordinates such that { = ¢. We denote by R* = R* (/\ T vr,f) V*
()\ r Ur,f) and T* = T* (/\ 7 UT,f) the components of FAG? i.e., the components of

the expression of the flow in the ('r vr,f) coordinate system. Then, the usual change of
coordinates rules yield :

R (A, 7,00, 8) = 0 (RS (L Po (75,,0) ,0), Vi (W PYT (7, 50,1) ,B),
T (A Py (7, 5,.1) 1) ),

Vi (V70 1) = o (RS (WP (7,8,,0) 1), Vi (L PUT (76, 0) 1) (3.2.10)
T (\, Py (7,5, 1) , ) )

T (\ 7, 0, 8) = T (N, Py~ (7,9, 1) ,7) .
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On the other hand, let R = Re; (7,0, t) and Vr,G = Vr,G (7,0, t) be the components
of the trajectory whose range by P! is the trajectory associate with Rg (7, v,,t) and
V., (r,v.,t); ie., such that

(Re (7,5r,8), Vi (7,50, ) )
=1 (Re (PY™" (7,5,,0) 1), Vig (PY™" (7,,,0),8) 1) ,
Y2 (Re (PY™ (7,9:,0) 1), Vig (PYTH (7, 0,,0),1) ,1)).

To finish the proof, we have to show that
(f{* (t,F, B, 0), V" (£, 7, by, 0)) - (f{G (7,57, t) , Vi (7, Ty, t)) . (3.2.11)
Differentiating
T* ()‘7 Fv ﬁTa g) = T* ()\7 ’Pw_l (F7 ’D’r’v E) 75)
with respect to A yields :

oT*

=1
oA

and consequently T* (£, 7,v,,0) = f. Hence, we obtain :
(R* (5.7,5,,0), V; (£.7,5.,0) )
:(@z;1 (R* (£, Py (7,5,,0),0), Vi (£, Py (7,5, 0) ,0) 1), (3.2.12)
vs (R* (L, P! (7,5,,0),0), Vi (L PU" (7,5,,0),0).,7) ).
Finally, using (3.2.9) we obtain :
(f{* (F, 7, ,0) , V3 (f,f,@r,0)>

—(¢1 (Ra (PY™" (7,5,0),8) , Ve (PY! (7,5,0).,7) 1),

(3.2.13)
U2 (Ra (PY™ (7,5,,0),), Ve (PY (7,5,0).,7) 1) )
= (Re (7,7, 9) . Vo (7,5, 7) )
This ends the proof of Theorem 3.2.1. O

Theorem 3.2.2. Let 75 : M — T M be the vector field whose principal part in the (r, vy, t)
coordinate system is given by X%, defined by formula (3.2.4). Then, in every coordinate
system (7, 0y, t) belonging to A the PDE (3.2.3) is given by

z’xédff =0, (3.2.14)

where XSG and fEG correspond respectively to the representative of the principal part of T
and the representative of fé.G in the (T, 0,,t) coordinate system.

127



Proof. Firstly in the (r,v,,t) coordinate system ixe, dfeG reads :

Zngng = (V(r,vr,t)st)TXé’

o afeG &,1 ast £,2 ast
ot +Xg or +Xg ov,
_off ofc ofc
= o TG T 06

and (3.2.14) is satisfied. Now, let (7,0,,t) be a coordinate system belonging to A and
(U, ) € A the corresponding coordinate chart. Then, the expression of T¢ is given by :

XG (7,00, 1) = Vi (71 (70, 8)) XG (071 (7,00,1)) (3.2.15)
and the expression of the particle distribution is given by :

fE (7o, t) = £ (W71 (7, 0,,1)) (3.2.16)

Consequently iXEG d faG reads :

ixscdff
~N\NT ~
= (V(f,ﬁmt)ff ) X&
—1(x ~ -T G (=1 (% ~ T

= (e (07 750, 0)) ™ Vi I @7 (7, 50,1))) (3.2.17)

(Vo (0 (7,0, 1)) XG (v (7, 50, 1))
= (Vo0 fC (07 (7,5,,1))" X& (07 (7,51, 1))

=0,
and (3.2.14) is satisfied.
O
Since the last coordinates of X% is always equal to 1, equation (3.2.14) reads also :
8ng ~618JEG ~aQafG
+ X —=— 4+ X"===0. 3.2.18
ot G a7 G 99, ( )

3.2.2 The Poincaré Cartan one-form

Theorems 3.2.1 and 3.2.2 allow us to characterize intrinsically the differential system
(3.2.1)-(3.2.2) and the PDE (3.2.3). More precisely, these Theorems ensure us that the dif-
ferential system (3.2.1)-(3.2.2) and the PDE (3.2.3) are characterized intrinsically through
the vector field 7. Now, we will see that T can also be characterized by an equation
that involves a differential one form ~¢, called the Poincaré-Cartan one-form. We will es-
sentially see that T¢ can be characterized as the direction vector of the eigenspace of dvyg
associated with the eigenvalue 0 and whose last component is 1. In other words we will
see that 7¢ is the unique solution of irs,dvyg = 0 satistying 7¢, 3 = 1. Afterwards, we will
introduce the following equivalence relation on the one forms space : "a ~ 3 if and only if
a — 3 is exact", and we will see that VB € [vg], where [vg] stands for the equivalence
class of v¢, the vector field T¢ is characterized by z'.,-%d,Bf; = 0 and 7¢ 3 = 1. The main
results are summarized in theorem 3.2.8.
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Definition 3.2.3. The Poincaré-Cartan 1-form ~¢ associated with the dynamical system
(3.2.1)-(3.2.2) is the one-form whose expression in the (r,v,,t) coordinate system is given
by :

TG (rvp,t) = vpdr — Gedt. (3.2.19)
The matrix associated with the differential two-form dI'g; is given by
0 -1 _8T‘GE

Mg (rovpt)=| 1 0 —08,G- (3.2.20)
8,G. 8,G. 0

Lemma 3.2.4. Let (7,0,,t) be a coordinate system belonging to A and Mé the matrix
associated with the representative of dvg, in this coordinate system. Then,

Ker (J\Z/g, (f,f)r,t)> = vect (XEG (f,z”)r,t)) . (3.2.21)

Proof. Let M§ be the matrix defined by (3.2.20). Since M is antisymmetric, its maximal

rank is 2. As ( 0

1 Bl > is of rank 2, the rank of Mg, is exactly 2. Moreover,

ixe, dUG (r,vp,t) = (X (7, vy, N Mg (r,v,,t) = 0. (3.2.22)
Since, ¥ (r, vy, t), Xg (r,vr,t) # 0 (the last component is 1) we have :

Ker (Mg (r,v,,t)) = vect (Xg (r, vy, 1)) . (3.2.23)

Let
Yo (ryop,t) (f,@mf) = (P (r,v,t), 1)

be a change of coordinates belonging in A and d~I‘Z~ be the expression of dv¢, in the (7, 0y, )
coordinate system. Then, the usual change of coordinates rules for differential two-forms
yield :

e o L B ~ 3 ~
(AU (7,0, t) 0,9 ) = (dTG (071 (7,50, 0) 1) sduGl,  RduG o v), (32.24)
and consequently the expression of Mé is given by

~ -~ _ -~ T _ S _ O
M (7, 0p,t) = (V(;ﬂ;mt)qﬁ 1 (r,vr,t)) M (w 1 (r,vr,t)) Vi s,.00 1 (7, 0p,t) . (3.2.25)

Notice that formula (3.2.25) implies that M& is of rank 2.
On an other hand the usual change of coordinates rule for vector fields yields that the
representative of 7¢ in the (7,7,,t) coordinate system is given by :

X& (7, B, t) = Vi (07 (F 00, 1) XG (071 (7, 07 1)) - (3.2.26)
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Consequently, the last component of XE is 1 and
. _ T .
ige AT = (X5 (7,0,0)) MG (7,00, t)
1/~ ~ T 1~ ~ 1~ ~ 2.2
= (X‘SG (1/) ! (Tv Ur, t))) Mé’ (¢ ! (Ta Ur, t)) V(F,ﬁr,t)w ! (Ta Ur, t) (3 7)
=0.
Hence,
Ker (MG (7, o, t)) = vect (xG (7, 5, t)) . (3.2.28)
This ends the proof of Lemma 3.2.4. O

In particular, lemma 3.2.4 implies that in every coordinate system the dimension of
the kernel of Mg is equal to 1. Now, these kernels can be characterize intrinsically on the
manifold as follow :

Definition 3.2.5. The subspace Vi, 1) = {CE(TM’t)/C € R} C Ty, pyM, where &, 4y €

Trv,,0)M is a vector satisfying E(rpt) #0 and

7"71)7‘7
ig(r,vT,t) (d’yeG) (T? v’f‘? t) = 07 (3229)
is called the vortex line of v at (r,vp,t).

Easy computations lead that the vortex line is well defined ; i.e., compatible with the
differential structure. Moreover, Lemma 3.2.4 means that V (r,v,,t) € M, 7g (r,v,,1) is
the unique generator of V,.,, ;) whose last component is 1.

Proposition 3.2.6. Let (7, 0,,t) be local coordinates on M and let XEG be the representa-
tive of TG in this coordinates system. Then, XEG 1s the unique solution of the equation of
unknown Y¢

igedlg =0 (3.2.30)
that satisfies Y§ = 1.

Proposition 3.2.6 allows us to characterize intrinsically 7 by using vg. In fact, as
dod =0, replacing in (3.2.29) v¢ by vg + dSe, where S. is a smooth function, yields the
same result. As a consequence, we will introduce the following equivalence relation :

Definition 3.2.7. Let @ and 3 be two differential one forms. We say that o and 3 are
equivalent if there exists a smooth function S such that o — 3 = dS. We will denote by [a]
the equivalence class of a.

Then we can generalize Proposition 3.2.6.

Theorem 3.2.8. Let (7,0, t) be local coordinates on M, XeG the representative of T¢ in

this coordinate system, and B € (vl Then, )N(Zv s the unique solution of the equation
of unknown Y¢ :

ig-dBg =0, (3.2.31)

that satisfies Yg =1, where Bg corresponds to the expression of B in the (7, 0p,t) coor-
dinate system.
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3.2.3 Noether’s Theorem within this framework

As already said in the introduction, the dynamical system (3.1.6)-(3.1.7) is a pertur-
bation of the dynamical system (3.1.11)-(3.1.12) and the (u, 0) coordinate system is well
adapted for the study of the dynamical system (3.1.11)-(3.1.12). The main argument dis-
cussed in the introduction was that in this coordinate system p is an invariant of the
trajectory. We will see in the next subsection that the Poincaré Cartan one-form associa-
ted with the dynamical system (3.1.6)-(3.1.7) is also a perturbation of the Poincaré Cartan
one form associated with the dynamical system (3.1.11)-(3.1.12). Moreover, we will see
that the non-exact part of the Poincaré Cartan one form associated with the dynamical
system (3.1.11)-(3.1.12) does not depend on 6 and consequently that it is invariant under
the action of the flow of % Such flows are called symmetries of the Poincaré Cartan one
form. The Noether’s theorem connects such symmetries with invariants of the trajectory.
Applying this Theorem in our case gives that —p is the invariant corresponding to the flow
of %. Since the Poincaré Cartan one-form associated with the dynamical system (3.1.6)-
(3.1.7) is a perturbation of the Poincaré Cartan one form associated with the dynamical
system (3.1.11)-(3.1.12), the lowest order (in €) of this one form, expressed in the (u,6)
coordinate system, does not depend on . As a consequence, the flow of % is close to
a symmetry. The goal of the Lie transform method, that we will introduce in the next
section, is to find a coordinate system (fi, #) close to the (y, ) coordinate system in which
the flow of % is a symmetry and in which —f is the corresponding invariant. The aim of
this part is to introduce rigorously, within the framework of the Poincaré Cartan one form,
these notions of symmetries, invariants and Noether’s Theorem. The notions of symmetries
and Noether’s theorem can be written under a lot of forms. Indeed, there exists a lot of
mathematical frameworks to study an Hamiltonian differential system and each of them
provides an other formulation of the Noether’s theorem. Nevertheless, in each of these
mathematical frameworks a symmetry is a diffeomorphism, or a group of diffeomorphisms,
leaving unchanged the principal object of the theory and the Noether’s theorem connects
these symmetries with the invariants of the trajectory. In this paper, according to Theo-
rem 3.2.8, the principal object of the theory is the Poincaré-Cartan one form’s equivalence
class. Consequently, we will give the following definition of symmetries :

Definition 3.2.9. Let Y be a vector field, Gy its flow, and ¢ the Poincaré Cartan one form
associated with the dynamical system (3.2.1)-(3.2.2). We will say that (G)) is a symmetry
of [(vg] if for any X for which Gy is defined, GXv& € Vg i-e., if GXve — VG is exact.

This definition is well-posed with respect to the equivalence relation. Indeed, if B¢ €
[vZ], then there exists a smooth function S° such that 8 = v + dS® and consequently
if Gy is a symmetry

GiBa = Gx (BG +dS°)
= GXvg + dGy S (3.2.32)
€ [val-

Remark 3.2.10. Easy computations lead to the fact that this definition of symmetry is
well posed with respect to differential structure.

On an other hand, a symmetry can be characterized by using directly the vector field
that generates it.

Proposition 3.2.11. Let Y be a vector field and Gy its flow. Then, Gy is a symmetry of
(v&] if and only if Ly~vg is exact.
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Proof. Assume that Gy is a symmetry of [vg]. Then, there exists a smooth function P§
such that GYvg — v = dP5. As Ggvg = g, there exists a smooth fur*lction Q5 such that
GV — 75 = AdQ5. By definition of the Lie derivative, Lyvs = 2435 [,_o= dQ§ and
consequently Lyvg is exact.

Reciprocally, if Lyvg is exact; i.e. if there exists a smooth function R® such that
Ly~ = dR®, then, the usual formula

o . ) )
96 h=ro= Gy, (diyvg + iydvg) (3.2.33)
and the Cartan formula
Lyva = diyyg +iydyg (3.2.34)
yield :
8 * _ E * £
5%’7@ =G} (Ly7e)
=d (G R).

Finally an integration yields the result.

Now, we turn back to the notion of invariant.

Definition 3.2.12. Let 7 be a smooth function on M. We say that I is an invariant of
(3.2.1)-(3.2.2) if and only if ire,dZ = 0.

Remark 3.2.13. Fasy computations lead to the fact that this definition of invariant is
well posed with respect to the differential structure.

Having this material in hands, we can easily derive the Noether theorem within this
framework.

Theorem 3.2.14. Let Y be a smooth vector field whose flow is a symmetry of [vg]. Let
5S¢ be a smooth function such that Ly~ = dS®. Then, iyye — S° is an invariant.

Proof. The Cartan formula yields that Ly~ = dS® is equivalent to
iydyg + diyyg = dS°. (3.2.36)
Moreover, as ire,dyg = 0 we obtain :
Irgtydyg = (VG Y, 75)
= — {676, Y)

= - <Z‘T§;d’)’€G§ y>
=0.

(3.2.37)

Consequently, applying ir¢, at the both sides of (3.2.36) yields ire,d (iyve —S°) =03 ie,
iyYg — S° is an invariant. O
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Remark 3.2.15. Notice that Theorem 3.2.14 is compatible with the relation of equivalence.
Indeed, if Ly~g = dS®, then for any smooth function o°, Ly (vg + do®) = d (S° + Lyo®).
In other words Y generates a symmetry of v¢ + do®. Moreover, the associated invariant
is (Yo +do®) Y — (S+ Lyo®) =5 - Y — S°; i.e. the same invariant as the invariant
associated to ~°.

Remark 3.2.16. FEasy computations lead to the fact that this Theorem is well posed with
respect to the differential structure.

Remark 3.2.17. Definition 3.2.9 is a non-standard formulation of symmetry. A more
popular approach, in cases where G, does not depend on t, is via momentum map (see
for instance [44] or [45]). Within such framework, taking place on the symplectic manifold
(RQ, dr A dvr), a symmetry associated with dynamical system (3.2.1)-(3.2.2) is a flow y}" of
an Hamiltonian vector field X satisfying G- (¥f (r,v,)) = Ge (r,v;) for any (r,v,) € R2.
Constructing the vector field Xr on M by setting Xp = Xp +0-0y; i.e., Xp = 0,, F0, —
0,F0,,, we observe that Lx,vq = d(—F +ix,.7g). Hence, the flow of Xg is also a
symmetry in the sense of definition 3.2.9. Notice that the corresponding invariant is well
the momentum map F. Consequently definition 3.2.9 is well an extension of the classical
definition of symmetry in cases where dynamical system (3.2.1)-(3.2.2) is non autonomous.

3.2.4 Application at the differential system (3.1.6)-(3.1.7)

The non perturbed case (Dynamical system (3.1.11)-(3.1.12))
The solution of (3.1.11)-(3.1.12) is given by

€
( \I,{;i? > =e:N ( ; > (3.2.38)

[0 e () )

According to formula (3.2.38), the trajectories are circle of radius /r? + v2. Under the
change of coordinates (3.1.15)-(3.1.16) dynamical system (3.1.11)-(3.1.12) reads :

oMugy,

where

5 =0, Mk, (0, 1, 6) = p, (3.2.39)
005, 1
af -, $n (0,12,0) = 0. (3.2.40)

Making the change of coordinates (3.1.15)-(3.1.16) in the Poincaré Cartan one form, defined
by (3.2.19) and with G, = HY™ given by (3.1.13), yields :

T'%yun = sin (8) cos (0) dp — 2psin? (0) df — gdt
= —udf — gdt + d (psin (0) cos (9)) (3.2.41)
= B%un + d (usin (0) cos () .
The flow of % reads :
GA (M?Hat) = (:Uv)‘"*'evt) : (3242)

As Eag B%un = 0, proposition 3.2.11 yields that Gy is a symmetry and Noether Theorem
6
(Theorem 3.2.14 ) yields that —p is the corresponding invariant.
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The perturbed case (Dynamical system (3.1.6)-(3.1.7))

Making the change of coordinates (3.1.15)-(3.1.16) in the Poincaré-Cartan one form,
defined by (3.2.19) and with G. = H,, where H, is defined by (3.1.8), yields :

T'%. =sin () cos (0) du — 2usin® (0) do — (g + ¢ (\/ﬂcos (0), t)) dt
= —pudf — (g + ¢ (\/ﬂcos (0), t)) dt + d (usin (0) cos (6)) (3.2.43)
= B, + d(usin (0) cos (9)).

We remark that 8% defined by (3.2.43) is a perturbation of Bun defined by (3.2.41).
Moreover, in this case the symmetry is broken; i.e., G\ defined by (3.2.42) is no longer a
symmetry.

3.2.5 Change of coordinates as the flow of a vector field

Change of coordinates in a one form

Let w be a one form defined on M and €2 its expression in the (r,v,,t) coordinate
system. If (r,v,,t) € M and u € TM,,, 1), we will use the following notation for w
evaluated at (r,v,,t) and applied at u :

Wirppt) - W =< w(r,vp,t);u > . (3.2.44)

Let ¢ @ (r,vp,t) = (7, 0p,t) = (P(r, v, t),t) be a change of coordinates belonging in A
and 2 the expression of w in the (7, ¥y, t) coordinate system. Then, Q is given by (»~1)*Q,
where (¢~1)*Q is called the pullback of © by ¥~! and is computed as follow :

< QF, Br, t); 0 >=< QW (F, Ty, 1)); (d ™) 75,0y - 1> (3.2.45)

In term of coordinates, formula (3.2.45) means that Q(7,,,t) corresponds to the line
vector

[Ql(fy 177‘7 t)a QQ(fa 171”7 t)7 93(7:7 /ﬁ?“a t)

(3.2.46)
= [Ql(d}_l(f? 17mt)),Q2(¢_1(f,@r7t))793(7#_1(7;7177«,15))] v(f,ﬁr,t)w_l(fv ’E'rat)'
Usually, we also use the notation :
Q Iy U, t) = ! *Q Iy Up, t
(7o r,) = (571 U7 51 1) .

= Q4 (7, Oy, t)di + Qo (F, Oy, t)d0, + Q3(7, By, t)dt,

where Ql(F,fJT,t), Qs (7, ¥y, t) and Qg(f,@r,t) are given by formula (3.2.46).

Change of coordinates as the flow of a vector field.

Theorem 3.2.18. Let (7,0, t) be local coordinates on M, Z a vector field on M, and
w a one form on M. Let Z and Q be their expressions in the (7, Uy, t) coordinate system.
Assume that the last coordinates of Z is 0, i.e.

Z (7,0, t) = Z' (7, 0p, t) OF + Z% (F, Uy, t) Oy (3.2.48)

I
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Let @ be its flow; i.e. the solution of

opL -

ai = 7Y(3.), (3.2.49)

07 -

2@, Pt t) = (7 0n1), (3.2.50)
=3

850; = 0. (3.2.51)

Then, under the change of coordinates (7, v;,t) = (7,0r,t) = @c(7, 0y, t), the expression
Q. of w in the (T,0,,t) coordinate system admits the following expansion :
(=1)"e"

Qu(F, Tr, 1) = QUF, 0y, 1) — eLZQUF, By, 8) + . + ~——LEQ(F, Ty, 1)
n:

En+1 1 anJrlQ (3252)
+ / (1 —u)" =5 |ew (7, ¥y, t)du,
0

n! Jentl
where E%Q is defined recursively for k > 1 by

L2 = (55 ((cpa)*ﬁ)> le=0 (3.2.53)

and
Q= r, (L’;Q) . (3.2.54)
Moreover, the change of coordinates admits the following expansion in power of € :
_ en _
F=r+eZ! (7,0, t) + .+ — (L%”ZI) (F, Ty, 1)
n!

En—H 1 an—i—l =1 o
+— /0 (1—u)" Tenff |lew (7,0, t) du,

o (3.2.55)
Oy =0y + €22 (F, Uy, t) + ... + — (E%*IZQ) (7, Ty, 1)

entl 1 o132 o
+ /0 (L= w)" S e (7,50 t) du

and the reciprocal change of coordinates admits the following expansion :

(_171);1511 (5%7121) (7,0, t)

5n+1 1 . 8n+1 B o
+ ol /0 (1 — U) (agnJrl 90_€> ’i-:u (’I“,UT,t) du,

(_12: e (5%—122) (7, 5r, )

5n—‘,—l 1 " an+1 5 o
+ /0 (1 —u) (85”“ g0€> |lew (T, Op, t) du.

n!

F=F —eZ' (F, 0, t) + ... +

(3.2.56)
Oy =0y — €22 (F, Op t) 4+ ... +

Proof. Let (7, v,,t) be local coordinates on M, Z a vector field on M, and w a one form
on M. Let Z and €2 be their expressions in the (7, 0,,t) coordinates. We assume that the
last coordinates of Z is 0; i.e. that

Z =70+ Z°0,,. (3.2.57)
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Let @. be its flow; i.e. the solution of (3.2.49)-(3.2.51). According to formula (3.2.47),

under the change of coordinates (7, 0,,t) = (7,9,,t) = @<(7,0r,t), the expression of w
in the (7,7,,t) coordinates is given by €. = (p-1)*€Q. A Taylor expansion in power of &
yields :
~ . Q n nQ
Qo (7. 5, t) = (7 s t) + e |y (P ) 44 D2 (i)
Oe n! Oem
el ) (3.2.58)
€ L0, .
+ o /0 (1 - U) W ‘Eu (T,Ur7t)du.
Notice that for each k € {1,...,n + 1} we have use the following notation :
Q. [okq. o:Q’
£ = 2 £ (3.2.59)
Oek ek 7 ek
As Q. = (¢-1)*Q, we have for each k € {1,...,n+ 1}
I+, ol Lxm
—— |e=0= | = ((¢z )" =0 - 3.2.60
et 0= (5 (@29)) Lo (3.2.60)
By definition, the Lie derivative of € with respect to —Z is given by
_ 0 A
Loz = {5 ((221)Q) ) le=o (3.2.61)
3
and easy computations lead to
k k@ k@ " e
(1)L =LI0= | 5% ((e=1)Q) ) l=0, (3.2.62)

where L"%Q is defined recursively by formulas (3.2.53)-(3.2.54). Injecting formulas (3.2.62)
in (3.2.58) leads to formula (3.2.52).

In the same way, Taylor’s expansions of the inverse of the flow; i.e. of ¢_., and of the
flow; i.e. ¢., lead to formulas (3.2.55) and (3.2.56).

This ends the proof of Theorem 3.2.18.

3.3 Lie Transform Method

3.3.1 The Lie Change of Coordinates

Subsequently, we will denote by ~° the Poicarré-Cartan one form associated with
the dynamical system (3.1.9)-(3.1.10). We will also denote by B° € [4¢] the one form
whose expression in the (u, 6,t) coordinate system, defined by (3.1.15)-(3.1.16), is given by
(3.2.43) ;i.e., by

B = —pudf — (g + 6. (\/ﬂcos (9),75)) dt. (3.3.1)

Injecting the Hilbert expansion of the electric potential, given by (3.1.29), in (3.3.1) leads
to the following Hilbert expansion of 3° :

B =2 (Bot Byt <Pt ), (33.2)
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where

:6 (M’e t) = —pdt,

B (1,0,t) = —udd — ¢y <\/ﬂcos (9) ,t) dt,

7 3.3.3
B (1,0,1) = 61 (V/2mcos (6) 1) dr, (3.3.3)

According to definition 3.1.1, a Lie change of coordinate is a composite of flows of vec-
tor fields ..., Z3, Z?, Z! parametrlzed by ...e3, 2, ¢. In the same way as in Theorem 3.2.18
we will give in the following Theorem an Hllbert expansion of the expression of ,85 in the
Lie coordinate system. Notice that the expression of the Hilbert expansion of ,6 involves
only the expressions of the vector fields Z', Z%, Z3, ... and the expressions of the terms of
the Hilbert expansion of 3°.

Theorem 3.3.1. Let ~¢ be the one form whose expression in the (r,v,,t) coordinate system
is defined by (3.2.19). Let 3° € [¥°] be the one form whose expression in the (u,0,t)
coordinate system, defined by (3.1.15)-(3.1.16), is given by (3.3.1). Let L. : (u,0,t) —

(,&, 0, t) be a Lie change of coordinates. Then the expression BE of 3% in the Lie coordinates

(ﬂ,é,t) s given by :

B (o) =23 (kfj:o (WiB-r) (ﬂ,é,t)) em, (3.3.4)

m>0

where for each k € N*, Wy, is defined by

_ (_1)’”1 . (_1)nk N .
ni+2ns+...+kng==~k

and Wo = id. Moreover, the change of coordinates admits the following expansion in power
of €
(i.0,t) = £ (1,0,
(zZH)™ ... (Zk)”k (3.3.6)

sy B ) o,

k>0 n1+2ng+...+kn=~k

and the reciprocal change of coordinates admits the following expansion :

(,0,1) = £ (7i,0,1)

ng Z ny! ng! (id) <ﬂ,§, t) '

kZO n1+2n2+...+knk:k
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Proof. We will start the proof by proving formulas (3.3.6) and (3.3.7). Let g = g(u, 6,t)
be a smooth function,

v =10, + €20y + €30, (3.3.8)

a smooth vector field, and Y its flow. Then, (pY)* g = go »Y admits the following Taylor
expansion :

n

()" 9) (1:0.8) = g (1,0.8) +& (v-9) (0. ) .+ = (V' g) (. 0,8)  (33.9)

€n+1 1 . an+1 .

where v - g = Elﬁug + 209 + 30,9 and vFTL. g = v . (vF - g). Writing formally the entire

Taylor series in €, we obtain :

() g) (1, 0,t) = Z%v’“ g | (uo.t). (3.3.11)
n>0

The right hand side of (3.3.11) is usually called the Lie series for the action of the flow
on g. The same result holds for vector valued function G : M — R™ G = (G!,...,G™),
where we let v act component-wise on G : v-G = (v-G',...,v-G™). In our case, the
change of coordinates reads :

(g, é,t) =L (11,0,1)
=...0o@kho...0oph (10,1
- ((...o@?n o...ogpgl)*(zd)) (11,0, 1)
= (((#h) 0. o (@) o) (id)) (1.0,8)

According to formula (3.3.11), we have for each n € N and for each vector valued function

G:

(3.3.12)

8k:nk

(ZFY | G| (1, 0,1). (3.3.13)

Eren(ts

ng >0

o

As a consequence, formula (3.3.12) can be rewritten :

2n9

e™ _i\n € — o\ 71 )
L. (u,0,t) = Zﬁ(zl)l : ZW (Z)™ | ... | Gd) | (1,0,¢)
ni>0 L >0 2
(3.3.14)
€n1+2n2+... (Zl)nl (ZQ)”Q o .
= > P ) Gy | .0.1).

n1,n2,n3,...20

Grouping together the terms with the same power of € leads to formula (3.3.6). In the
same way we obtain formula (3.3.7).

Now, we will prove formula (3.3.4). Let £ = Q(u,0,t) be a differential one-form,

w = w9, + w?dy (3.3.15)
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*
a smooth vector field, and ¢} its flow. Then, according to Theorem 3.2.18, ((cp?’)*l) Q

admits the following Taylor expansion :

(((@)‘1)*()) <,1,§,t) e (,1, é,t) L0 (p,,é t) n

—1)"en " e n+1 1 an-}-lﬂ (3316)
+ (72£ (u,@,t) + En! /0 (I —u)” et |ew <u,9 t) du
Writing formally the entire Taylor series in €, we obtain :
(((w?)_l)*ﬁ) (0.t) = Z(_ln)'gnﬁcv | (pd.1). (3.3.17)

n>0

The right hand side of (3.3.17) is usually called the Lie series for the action of the flow on
Q. Now, according to formula (3.2.47), the expression of 3% in the Lie coordinate system
is given by

B = (e B (3.3.18)

Injecting (3.3.2) in (3.3.18) leads to :

B => "t (L) B, (3.3.19)

p>0

For each p € N we obtain :

(€73) (49
g e Loy
(o) (0 "))2) 6

3.3.20)
—1)"em _ o (
220 n1>0
n
- (—1)”1+"'+”k M B (/1 i t)
| | P » Y .
k>0 n1+2no+.. -Hmk k nyt.. g

Injecting (3.3.20) in (3.3.19) and grouping together the terms with the same power of ¢
leads to formula (3 3. 4)

This ends the proof of Theorem 3.3.1. O

We will denote by B,, the (n — 1)th order of the Hilbert expansion (3.3.4); i.e

3, (/},5, t) - i: (WB,_s) </1,§, t) . (3.3.21)

k=0
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3.3.2 The Lie Transform Method

The Lie Transform method consists to find a differential one-form &, and a Lie change
of coordinates L. such that :

L (L)' = é. + do,

2. o is under a normal form.

We will precise immediately our definition of normal forms. For this purpose, we will
introduce the following linear spaces of smooth functions :

Con ={f €C>*((0,+00) x R;R); fis 27 periodic with respect to 6}, (3.3.22)
_ . OF _
D= {f €05 Ty = 0} , (3.3.23)
1 2
R:{fecg,?; (f):% f(,u,@)dGZO}. (3.3.24)
0

Notice also that C52 =D @ R.

Definition 3.3.2. Let L. : (u,0,t) — ([L,é, t) be a Lie change of coordinates, & =

o (,&,9, t) be a differential one form admitting a Hilbert expansion of the form :

1 ~
o= (a;dg +a2df + @;’;dt) en, (3.3.25)
n>0

and oz = o (1, 0,t) the differential one form defined by o (u,0,t) = & (p,0,t). We say
that & is under a normal form if

Vn €N, a) €D, (3.3.26)
o = —p, and¥n € N\ {1}, o2 =0, (3.3.27)
VneN, o €D. (3.3.28)

This definition is made in order to have the following theorem :

Theorem 3.3.3. Let L. : (u,0,t) — ([L,é, t) be a Lie change of coordinates and X;
the expression of T = T% in the Lie coordinate system. Assume that there exists o, €
[Y°] which is under a normal form. Then, the first component of X% vanish, the second
component is 0 independent and is given by :

~.\2 0a oal
(XH) =%~ o (3.3.29)

and the expression of the particle distribution in the Lie coordinate system satisfies :

%’; (7.0.0) + (X7) " (.1 %’; (#.0.¢) =0. (3.3.30)
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Proof. Let Lc: (u,0,t) — (ﬂ, é,t) be a Lie change of coordinates and &. € [¥°] which is
under a normal form. According to Theorem 3.2.8 the expression of 7¢ in the Lie coordinate
system corresponds to the solution of

i dé. =0 (3.3.31)

~ 3
that satisfies (qu) = 1. Since all the components of &, belong to D, its differential is
given by :
3

@l 9@
dé. = ;Edt/\dﬁ—dﬂ/\dHJr afd i A dt, (3.3.32)

and consequently

ix:, dé.
(%0 (k)Y () i ((5) 2 (3 Y O

Since X, satisfies (3.3.31), we obtain :

(X;{)l =0, (3.3.34)
a; 8;3 (XH)2 —0. (3.3.35)

- \2
Since @! and &2 lie in D, equation (3.3.35) implies that (Xf{) belongs to D.

According to Theorem 3.2.2 the Vlasov equation reads

8f€ ~ A € 2 ~ 8f€
=t (M,G,t) n (XH) (1.1) 55 (u,e t) 0. (3.3.36)
This ends the proof of Theorem (3.3.3). O

Having this material in hand we can precise the objectives of the Lie Transform method.
Let 3° € [¥¢] be the one form whose expression in the (u,6,t) coordinate system, defined
by (3.1.15)-(3.1.16), is given by formula (3.3.1) and whose formal expansion in power of ¢ is

given by (3.3.3). Let L. : (u,0,t) — (ﬂ,é t) be the unknown Lie Change of Coordinates

and 5 the express10n of 3% in this unknown Lie coordinate system. According to Propo-
sition 3.3.1, B admits the expansion in power of ¢ given by (3.3.4). The Lie Transform
method consists to construct by induction the sequences of vector fields (Z”)n N+ and the
sequence of differential one forms (&, )nen such that for each n € N*

é (Go + 6@ + ... + "Gy € [i (BO Byt + s"Bn)] (3.3.37)

and such that the differential one form

1 n
==Y et (3.3.38)
€k=0
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is under a normal form.
Notice that by construction a Lie change of coordinate is infinitesimal and consequently
the first term of the sequence defining &, is given by

& = —judt. (3.3.39)

Now, the constructive proof of the following Theorem constitutes the Lie Transform
algorithm.

Theorem 3.3.4. There exists a Lie change of coordinates L. and a differential one form
& such that & belongs to [v¢] and is under a normal form. Moreover the proof of this
Theorem constitutes a constructive algorithm to build L. and ..

3.3.3 The Lie Transform Algorithm : proof of Theorem 3.3.4

Lemma 3.3.5. For any (Z")n>2 € CS° and Z3 € CS°, setting

Z' (1,0,t) = (¢0 (@cos (9) ,t) — % /_7; oo (\/ﬂcos (9) ,t) d9> oy

+ Z10

(3.3.40)

and
&y = —fidl — (;ﬂ /ﬁ o (\/ﬁcos (9) ,t) dé) dt (3.3.41)
yields that
&l = é(&o tedy) € [i (BO + 5[31)} (3.3.42)

and that & is under a normal form.

Proof. Applying formula (3.3.21) with n = 1 yields :
B, (g, é,t) — WoB, (,1, d, t) + Wi, (,1, g, t) . (3.3.43)
Computing W1 with formula (3.3.5) and using Cartan Formula yields :
Wi = —igid — dig:. (3.3.44)

According to (3.3.44), the only non-exact contribution of W7 is given by —izi1d. Conse-
quently, we just have to find &, S; and Z' such that :

&1 (ﬂ, g, t) — B, (g, . t) — (iz1dBy) (g,é,t) +(dSh) (g,é, t) : (3.3.45)
and such that & = 1 (ép+edy) is under a normal form. Writing formula (3.3.45) in
coordinates yields :

051 . _ 0S1 o .\ i

(%?4-211 — ¢ (@COS (67) ,t) —di’) dt = 0.

(3.3.46)
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Setting &l =0, 62 = —fi, ,a% = —L [ ¢y (\/ﬂ cos (9) ,t) dé,
le (ﬁ,é,t) = ¢ (@COS (é) ,t) — ;ﬂ/j;% (\/ﬁcos (9) ,t) do

and S7 = 0 yields the result. This ends the proof of Lemma 3.3.5.

Theorem 3.3.6. For any (Z")n>3 € Csy, Zf’D €D and Z3 € Csy, setting

_ 1 [0
Z3 = \/ﬂ/o cos (0') Eg (\/Q,ucos (¢) ,t) do’
0 N / / /
_ W/—WCOS (9 ) Ey <\/2ucos (0 ) ,t) do’,

s

7R (ﬁ,é,t) = 09 (ﬂ,é, t) - ;ﬁ/ 0 (g, 0, t) do,

—Tr

where oy is defined by formula (3.3.64), and

_ 1 [T _ _
by — (Zf@ | e (,1, e,t) d9> dt
27 J_
yields that

o, =

™ | =

(&0 + 2@y + %) € [i (,éo +efy + 6232>]

and that &2 is under a normal form.

Proof. Applying formula (3.3.21) with n = 2 yields :
BQ <ﬂ79~7 t) = WOBQ </17 9~7 t> + WlBl (ﬂa é7 t) + WQBO (ﬂ? é7t> .
Computing W with formula (3.3.5) and using Cartan Formula yields :
= . . r,. . .
W,y = —Zsz — dlzz + 5 (ZZ1dZZ1d + d’LZl [,21) .
According to (3.3.53), the only non-exact contribution of W is given by
. .
—’Lzzd + 5221 dZZ1d.
Consequently, we just have to find S, Z4 and Z? such that :
s (71.0,t) = B (7.0.1) ~ (iz2dBo) (7.6.1) ~ (iz:0B1) (7.6.1)
1 _ . .
+ 2 (iz1diz1d50) (,&J, 9,15) + (dSQ) (/1, 9,t> .
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Writing the terms of formula (3.3.54) in coordinates yields :
ig2dBy = —Z3dt,
0 _ ~
igdB, = Zadji — Z1df + ;50 (\/Q,u cos(@),t)
_ - _qcos(f
(221\/2;,, sin(d) — 2} COS())dt,

V20
_, 07} YA
1, 71 1)dt.
on % ap

Consequently, (3.3.54) reads :

a8 - -
08 - -
87§2+Z11_ %:07

and

Z%—d%qL%—gZ)l (\/ﬂcos 6),
~ Z327sin (g)_z;“jg) %% (fajicos (6) 1)

1(-,07% 0Z1
(72194 5 ):0
2 < Yop P o0

Since C5Y = D @ R, we make the following decompositions :
Sy =53 + 5%,
7y =72y + 7%,
7 =720 4 7R

Setting &3 = 0 in (3.3.57) implies

OSE _
06

= 1-

Since Z{ € R, equation (3.3.62) has a solution in R and it is given by

SF —/( 2,0, 1) )de'—;ﬂ/ (=2 (. ,0)) ds

0 0

0

OSR

qﬁo ucos (9 ) t) a9’ + o /_7; o (@cos (9’) ,t) ao'.

(3.3.55)

(3.3.56)

(3.3.57)

(3.3.58)

(3.3.59)
(3.3.60)
(3.3.61)

(3.3.62)

(3.3.63)

Afterwards, setting Z4 = o7 (notice that this choice implies Z4 = Z%’R) and SP =0

in (3.3.56) implies &} = 0.
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Finally, let g2 be the function defined by
_ oSN ~ ~
02 <N79>t) = _875 + ¢1 (@COS <0) 7t>
- _coS _
+ | Z3/27sin () - 21 ) %‘ff’ (V2iicos () 1) (3.3.64)
8Z1 18Z1
Then, equation (3.3.58) reads :

Z2 &3 — oy (,1, d, t) —0. (3.3.65)
Setting
_ ~ - 1 [T ~ -
2% (16.t) = o2 (16t) = o | o (idt) ad (3.3.60)
remove the 6 dependency in as.
O

Remark 3.3.7. Notice that at this level Z%’D 1s not fired. But as soon as it will be fixed,
a3 will also be fized and will be equal to

™

1 _ _
7P| o (,1,9,:5) df € D.

—Tr

Theorem 3.3.8. For any n > 2, for any sequence (Zk) € Cs3, for any Zf’p eD

and for any Z§ € CS2, there exists (Zk)

k>n+1

k<n—1 S CQO:;, ZIL’R € R and (ak)ogksn such that

- L. . . 1/~ . .
al = - (do+eai+...+"ay,) € L ([30 +eBi+.. + 5",@n)} (3.3.67)

and such that & is under a normal form.

Proof. We will prove Theorem 3.3.8 by induction. The case n = 2 was treated in Theorem
3.3.6. Consequently, we pass directly to the induction step.

Let n > 3. Assume that Z!,Z2 ... Z"2? € C$° and Z?_I’R € R are fixed in such a
way that

~n— 1
2%

m\H

(@o+ear st an) € [ (ByreB B, 0)| (a6

and d?_l is under a normal form. We will find Z;“l €Ce, 77~ LD ¢ D, Z{L’R € R and
&, such that :

I T ) 1, ~
Gl = = (&0 + et +.. . +5"G) € L (BO FeB .+ E",Bn)} , (3.3.69)

and such that & is under a normal form.
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Formula (3.3.21) yields :

B (.0.6) = " (WiB, ) (.0.0)
k=0

where W, is given by (3.3.5). As in formula (3.3. 5) (with k = n) ny +2n2+... +nn, = n
the only term depending on Z™ in W, 3 is —L. 3, and the only term dependmg on Zn~1

is Lon-1L718, and as in formula (3.3.5) (with k = n—1) n1+2n2+...+(n—1)n,—1 = n—1,
the only term depending on Z"~! in W,,_18; is —Lz.-18;. Consequently, the only terms
in formula (3.3.21) depending on Z"~! and Z" are —Lz.Bq, Lzn-1L718, and —Lzn—13.
Hence 3, reads :

Bn =B, —iyzdBy— - vdBy +is n-1di 1d,@0 + " <_ ..,Z"72) + something exact.
(3.3.70)

Consequently, the job is reduced to find S, Zy ' € €52, Z{L_l’p €D, Z?’R € R, and &,
such that :

Gn = By —igndBy — i yn 1dBy + iy 1di 1 dBy + 4" (Zl, o Z"*Q) +dS,,  (3.3.71)
and such that &l satisfies (3.3.69). Writing formula (3.3.71) in coordinates yields :
ign-1dB = Z" 1du Zn1de

+ %ﬁo (V2iicos (8) ) | 237" /2fisin () — 1 <9) g, (33.72)

2/
_ 0z} -, 107}
ignadipdBy = — | 271 2L + 20 =L ) a.
1zn—10171 ,60 ( 8~ 2 BY; >
Consequently, (3.3.71) reads :
0Sn  An_1 n (5l Hn—2 1 _
o~ 2 (Z,...,Z )—an—O, (3.3.73)
0Sn  An_1 n (5l Hn—2 -2 _
T (Z,...,Z )—an—O, (3.3.74)
and
_ oS, ~ -
zy +67 ay — fn1 (\/ fi.cos (9> )
cos (60
o ~n—1 ~ - n\ _ —7n—1 ( ) % ~ n
Zy A/2[sin (9) A N P <\/2u cos (9) ,t) (3.3.75)
n (71 7n—2 n— 13Z1 n— 18Z1
Z ..., 72 Z Z =0
+¢3 ( ) ) ) ( 8~ + 2 89
Since C52 = D @& R, we make the following decompositions :
S, =SP4+ Sk, (3.3.76)
7yt = ZpmWP 4 Zum bR, (3.3.77)
i (zl, o ZH) = 2P (zl, - ZH) + iR (Zl, - ZH) . (3.3.78)
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Setting &2 = 0 in (3.3.74) implies

Sy, An_ = —n_
Rt Ly g (Zl,...,Z 2) —0, (3.3.79)
and consequently we set :
65773 >n—1,R n,R [ 71 7n—2
=7, LR _ it (Z,...,Z ) (3.3.80)
7P = P (Zl, o Z"*Q) : (3.3.81)

Since Z?_l’R + 1/13’72 (Zl, e Zn_2> € R, equation (3.3.80) has a solution in R.

Afterwards, setting SP = 0,

_ oSk _ _

n—1 __ n . nR 1 n—2
Z57 = T (Z .. Z ) : (3.3.82)
Gl = yn? (Zl, o Z”‘Q) , (3.3.83)

solve equation (3.3.73).

Finally, let g,, be the function defined by
On <[L, 0, t) =— % + ¢dn-1 (\/ﬁcos (5) ,t)
+ | Z3=1\/2sin <§) — Z?‘lcos@) 8;:) (@cos (9) ,t) (3.3.84)

V2
_ I 01021 o 074
o Zl,...,Zn 2)_<Zn1 ~1 _'_an1 ~1)
V3 ( U ok 2 50
Then, equation (3.3.85) reads :
7t —ad — o, = 0. (3.3.85)
Setting
7R = gk, (3.3.86)
ad = —oP + 7P (3.3.87)

remove the 6 dependency in &. This ends the induction step and the proof of Theorem
3.3.8. ]

3.3.4 Proof of Theorem 3.1.2

Let £, and &, be the Lie change of coordinates and the normal form of ¢ constructed
in the proof of Theorem 3.3.4. According to Theorem (3.3.3) the expression of the particle
distribution in the Lie coordinate system is given by :

of. oa2  oal\ of.
5 (ag - 8t> T (3.3.88)
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Setting

Ja% Gk
ae (frt) = (% (1t) — S (1)) (3.3.8)

yields formula (3.1.31). Moreover, the Hilbert expansion of a. is given by

o, fats
o (nt) = Z(%w =% ) e 3:3.90)

According to formula 3.3.39, the first term of this Hilbert expansion is given by
ap (i1, t) = —1, (3.3.91)

and according to formula (3.3.41), the second term of the Hilbert expansion is given by

ay (1, t) = 27‘(‘\/7/ cos Eo (\/2;1 Ccos (9) ,t) do. (3.3.92)
Formulas (3.3.91) and (3.3.92) yield formula (3.1.38).

The Poisson equation expressed in the (r,v,,t) coordinate system is given by (3.1.2)
and the charge density by (3.1.3). In order to solve the Vlasov Equation (3.3.88) we need to
express the charge density p. in terms of the particle density expressed in the Lie coordinate
system. Let f. be the particle density expressed in the (i, 6) coordinate system; i.e.,

fe(p,0,t) = f. (‘,]30[_1 (1, 0) ,t) , or equivalently (3.3.93)
fe (ryvp,t) = fo (Pol (r,v,) ,1). (3.3.94)

Then, the charge density p., given by (3.1.3), can be rewritten as follow :

(t,r) / f6 7, vT, t v,
= / fo (P 0, t) 6 (r —1") dr'dv).
RQ
— [ R (0 dat
Ry X]—m,7]
where h, = h, (1, 6) is defined by
ho (,6') = 6 (7 = /20 cos (¢) ) (3.3.95)
Let fa the particle density expressed in the (ﬁ, é, t) coordinate system i.e.,
f- (ﬂ,é, t) =f (E;l (ﬁ, é,t)) , or equivalently (3.3.96)
fe(11,0,) = fo (Le (11,0,1)), (3.3.97)
D! = L. ((0,+00)x] — m,7],t) and (jﬁgl (,1/,5/,@)
Then the charge density can be rewritten as follow :

pe (t,r) = / fe (1,0 t) by (1, 0) dyi' d0/
£-1(DY)

€

the jacobian associated with £

€

= /D Fo (7.0 0) b (L (7,0,) ) | T (.8, t) | ditad
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Finally, Lemma 3.3.5 and Theorem 3.3.6 yields that :

2" (1.6.0) = (6n(v/Zucos 0).1) = 5 [ on(/Brcos (6).0)d8),

0
\/17/ cos (6') Eo(v/2ucos (') , t)do’ (3.3.98)
Qﬁxﬁ cos ( Eo(y/2p cos (¢ ,t)d9’> Op.

Applying formulas (3.3.6) and (3.3.7) and truncating at the second order yields formulas
(3.1.36) and (3.1.37). This ends the proof of Theorem 3.1.2.

3.3.5 Truncated models and some remarks about their efficiency

As we saw in the previous Subsection, for a given N € N* the vector fields Z1,...,Zx
allow us to construct the N first terms &y, . .., &y of the normal form a.. Hence, defining
the partial Lie change of coordinates of order N by

LY =¢MNo.. . .oph (3.3.99)

and making the change of coordinates (/], 0, t) = L',év (u,0,t) lead to a differential one

form

&N (pat) =1 Nd~~> eN 3. 3.
1 (u,e,t) €<nzon(u,e,t) +0( )6[5} (3.3.100)

which is up to order N under the normal form. Consequently, Proposition 3.2.6 and Theo-
rem 3.2.2 yield that the characteristics associated with the Vlasov equation (3.1.1) expres-
sed in the partial Lie coordinate system of order IV are given by :

oM, ~
# ([L,O,t) =0 (eY), (3.3.101)
89TN 5 1
= (M,e t) =2 ;)an smuTN, (3.3.102)
Mus (;1, d, 0) — i, O%y (u,e 0) g. (3.3.103)
Remark 3.3.9. Notice that the reminders (the O (V)) depend to f, 0 and t and that
they are evaluated at the characteristics. By construction the vector fields Zq, ..., Zy are

27 periodic with respect to 6. Consequently we can easily deduce that the first component
of Eév s 2w periodic with respect to 6, and that the second component satisfies

(L), (1,0 +2m,t) = (L), (1,0,t) + 2. (3.3.104)

On the other hand, let T%; be the vector field whose principal part in the (r,v,,t) coordinate
system is given by (3.2.4) (with G = H.). Then, its expression in the polar coordinate
system (u,0,t) is given by

f‘[ (M? 97t) = \/ﬂSin ((9> E* (\/ﬂCOS (9) ,t) 8,“

+ (_i 4+ C(\)/S%)EE (@cos () ,t)) Ou + O

(3.3.105)
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and it is consequently 2w periodic. Hence, the expression of T% in the (/1,5, t) coordi-

nate system s 27 periodic with respect to ~9 This implies that the reminders of (3.3.101)-
(3.3.102) are 2w periodic with respect to 6 and consequently bounded with respect to this
variable.

Remark 3.3.10. Since we deal with confined beams, i.e., the initial condition fy is chosen
in such a way that the beam is bounded, the characteristic 9Mu®, which corresponds for a
given particle to the evolution of the half of the square of the modulus between the origin
and the particle position in the phase space, is bounded. Hence if we observe the evolution
of the beam up to a given time T € (0,+00), the usual change of coordinate rules for the
characteristics yield that Sﬁu;N is also bounded for t € [0, T]. Finally, since the reminders
of (3.3.101)-(3.3.102) are 27 periodic with respect to 0 and since S)ﬁu;N is bounded for
t € [0,T], we obtain for any positive real number v and for any e € (0,v) an estimation

‘(9 (EN){ < ON(T,v)eN for the reminders. Integrating these estimations yields error terms
bounded by Cn(T,v)eNT.

Remark 3.3.11. LY admits the following expansion in power of € :

N ~71\"1 7K\ "k
O™ . (Z
.l =) ¢ > ( 2“!“.?(%!) (id) | + O (VtY).  (3.3.106)
k=0 n1+2n2+...+knk:k

Hence, the partial Lie change of coordinates LY is an approzimation of order N +1 of the
Lie change of coordinates. Moreover, since the change of coordinates ([L, 0, t) = Eév (1, 0,1)

produces a O (eV) error term in the right hand side of (3.3.101)-(3.3.102), it produces a
@ (5N ) error term in the characteristics. Hence, for numerical simulations it is sufficient
to truncate (3.3.106) at order N. That is what we do in our simulations for N = 1.

Remark 3.3.12. As a consequence of the previous Remarks and since approximation
(3.1.46) is obtained by making the change of coordinates Cé, the error term in the cha-
racteristics is bounded by C1(v, T)eT for any positive real numbers T and v, and for any
e € (0,v) and t € (0,T). Hence, for small time T of simulation the accuracy is of order
e. For longer times the accuracy is rather O (1) . Nevertheless, we will observe numerically
in Subsection 3.5 that for longer times of simulation the dynamics (fast rotation+slow fi-
lamentation) characterizing the evolution of the shape of the beam is close, but that the
filaments are longer and wider. We will give more explanations in Subsection 3.5.

3.4 Description of the numerical method

In this section, we will describe the PIC method that we will use in order to simulate
equations (3.1.46)-(3.1.50) with the initial condition

2

no v,

Jo(r,vp) = exp <—T > X[-0,75:0,75] (T") - (3.4.1)
Y Vemuy, 20, [ !

As usual in a PIC method, fs will be approximated by the following Dirac mass sum :

7 (38.0) = >t (- ok ) 5 (6 65.0) 5.2)

k=1
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where (i)iflui (t), 65 (t)) is the position in the (/1, 0, t) coordinate system of macro-particle
k which moves along a characteristic curve of the first order PDE (3.1.46). Hence the
. . . . S gl+1l ~ .

job is reduced to compute the macro-particle positions (EmuZ - ,@2’”1) at time tj4q =

~ el ~
t;+ At, knowing their positions (Emuz ) @Z’l) at time t;, by solving the following differential

system :
dﬁftuz
i V=0 (3.4.3)
dzk (t) = — / cos 9’ ( 200y, (£) cos (é) ,t) de’,  (3.4.4)
QWW -
05 (t) = 67, M, (1) = M, (3.4.5)

According to (3.4.3), for cach t € Ry and for each k € {1,..., N}, 9, (t) = fiy and the
job is also reduced to integrate for each time step the equation

des, 1 1 i - _ _
(t)=—-=+ / cos (') E. (\/2;12 cos (0 ,t> ay’, (3.4.6)
O; (t)) = (:);l_ (3.4.7)

Notice also that as 0 — E. (\/2/1 cos (é) ,t) is an even function, the above integral can be
replaced by

4/Og cos (é’) E. <\/ﬂcos (é) ,t) do'. (3.4.8)

The first step of the computation of (:)Z’lJrl consists in replacing the integral above by
p-node quadrature formula. As we approximate the integral of a periodic function over
one period, the trapezoidal rule is optimal and will yield very accurate results for as few
quadrature points as are needed to resolve the oscillations of the function.

Then, the equation for (:)Z’ZJr1 becomes

e . 1 2 -
7 (t) = — + v Ay, cos (o) Ex ("2/% cos (o), t | . (3.4.9)
,ukmzl
s (1) = 65", (3.4.10)

where (o,)F _ is a grid of [0, F].

3.4.1 Expression of the initial condition in the Lie coordinates

The first step consists to replace the initial condition (3.4.1) by

(r,vy) Zwké r— Rk & (vr — %Ok) , (3.4.11)
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where (R?);<k<n are uniformly distributed in [0, 75; 0, 75] and (V .. )1<k<n are normally
distributed.
Using the following expression for 6

arctan (f) ifr>0

arctan (f) +rmifr<0andwv, >0

0 =4 arctan (%) —7if r <0and v, <0 (3.4.12)
§1fr—0andvr>0

—%ifranndvr<0

and formula (3.1.14) for u (Notice that formula (3.4.12) works only for p # 0. If p =0
we set § = 0) we obtain the expression of the initial condition in the (u,,t) coordinate
System

1,0 Zwké —mul) s (60— 6Y). (3.4.13)
Finally, using for each 1 < k < N the first order approximation (3.1.39)-(3.1.40) of the
Lie change of coordinates, we obtain :
~0 0
= Muy,
’f’“o 0’“ (3.4.14)

Consequently, the expression of initial condition in the Lie coordinate system is given by :

() Zwka i — i) (é—ég). (3.4.15)

3.4.2 Numerical Resolution of (3.1.47)

Because of the form of the right hand side in (3.4.9), all along the algorithm we need
to compute values of the electric field E. generated by a given macro-particle distribution

(i 65))

Firstly, in order to solve (3.1.47) on [—L, L] (L will be precise afterwards), we will proceed
as follow. Injecting (3.4.2) in the right hand side of (3.1.47), and denoting by pY the
yielding expression, we obtain :

o (t,r) = iwké (r - \/ﬁcos <(:)i (t))) . (3.4.16)
k=1

Now, let (7)o m, Pe an uniform one-dimensional mesh of [0, L]. In order to obtain an
expression of the right hand side of (3.1.47) on the grid, we will regularize (3.4.16) with
first order spline

N

ol ( Zwksl <r — ﬁcos (@E (t ))) (3.4.17)

k=1
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Afterwards, solving
0

ET‘EE =rph (3.4.18)
on (k) _o ..mp- Dy integrating this equation with the trapezoidal rule, yields the expression
of the electric field E. on the grid. We denote by (Eﬁ)kzl o

according to (3.1.4), EY = 0. On the other hand, using the fact that E. is even, we obtain
the following expression for the electric field on [—L, L] :

these values. Notice that
P

mp
El (r,t) =drpy EF (S'(r—ri) = S (r+14)), (3.4.19)
k=0
where drp = (r1 — r¢)/mp. At the end, in order to obtain the electric field E. at the ma-

cro particle (ﬂ%, CH (t)), we just have to evaluate the above expression at 4/ 2/ cos(05(t)).

3.4.3 Numerical Resolution of (3.4.9)-(3.4.10)

We solve (3.4.9)-(3.4.10) using the classical Runge-Kutta 4 method which gives the
following scheme when applied to the computation of the approximation y'*! of the value
of y solution to %& = K(t,y) at time t; + At knowing its approximation ' at time #; :

ta=t, y" =4,

1
g =14+ DR Y2 =yl + 511, with I' = AtK(tl,l,yl’l),
At 13 1, Lo o 1,2
tig =1t — © = i th I* = AtK(t )
1,3 1+ 2 ’ Yy Yy + 9 , Wl ( ,2,Y )7 (3420)

tha =t + At Yyt =o' + 13 with I® = AtK (113, 4"%),

1 1 1 1
Yyt =y 611 + g12 + §I3 + 614, with I* = AtK (t14, ™).

Now, we will apply this scheme to our problem. So, the first step consists in computing
((:)2’[’2 as follows :
1<k<N

~ ~ 1
Oy =6y + 1!, with

1 (3.4.21)

9 p
I'=At| =+ Ay, cos (o) Ex <\/2ﬁg cos (o) ,tl,1> ,

© /200 m=1

where the value of E. <\/ 200 cos (o) ,tm) has been computed solving equation (3.1.47)

associated with the particle distribution <@Z’l) by the procedure described in sub-

k=1,..,N
section (3.4.2).
The second step of the Runge-Kutta method consists in computing @Z’m defined by

~ ~ 1
o — ool + 1% with

1 2 &
1?2 = At - + Ay cos (o) Ex <\/2[L2 cos (o) ,tl,g) ,

s 2,[12 m=1

(3.4.22)
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where the value of E, (1 /2/12 cos (o) , tl,2> is computed as previously from the (@Z’m)

particle distribution.

k=1,..,N
Then we compute

O — & 4 13, with

1 2 & 3.4.23
P=At|-—=-+ Ay, cos (o) Ex <\/2ﬂ2 cos (o) ,tl’3> , ( )
€ T 2[1/2 m=1

where F. (, /2/12 cos (o) ,tl’g) is computed from particle positions (@Z’l’?’)

Finally, (:)Z’H_1 is obtained by the following formula :

k=1,..,.N

) g 1, 1, 1.4 1
o' =6y + gl gl gl I with

(3.4.24)

1 2 &
I*=At|-=+ Ay cos (o) Ex (\/2/12 cos (o) ,tl+1> ,

€ my /200 m=1

where I', I? and I® are defined above and where E. (\/2,&2 cos (o) ,tl+1> is computed

from particle positions (®€’l’4) .
P P ko Jp=1,..N

3.4.4 Expression of the particle density in the (r,v,,t) coordinate system

Finally, using the previous algorithm, when we come to the desired time t; = m;At
of simulation we need to go back in the (r,v,,t) coordinate system. Firstly, we go back in
the (u, 6,t) coordinate system. Applying for each 1 < k < N the first order approximation
(3.1.39)-(3.1.40) of the Lie change of coordinates we obtain :

emy -0
muk = Hi>

e,mf_'*s,mf
o™ =",

(3.4.25)

Afterwards, using formula (3.1.15)-(3.1.16) we obtain the particle density expressed in the
(r,vp,t) coordinate system.

3.5 Numerical simulations

For the numerical simulations we take a thermal velocity v, = 0.0727518214392, an
initial mass density ng = 1, a number N = 1-10% of macro particles, constant weights wy, =
w = % in 3.4.2, a 18-node composed trapezoidal quadrature formula for the computation
of (3.4.8), L = 1.5 and mp = 128 for the Poisson mesh, a small parameter ¢ = 1073, a time
step At = e4/¢ and a Box-Muller method in order to generate the initial condition. As no
analytical solution is available, we will compare our result with a standard PIC method

(see [18]). The simulation results are given in figures 4.1, 3.2 and 3.3.

Remark 3.5.1. From Figure 4.1 one can see the announced property of accuracy for small
times of simulations.
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reference solution - ) : refererce solion |-

05

FIGURE 3.1 — Beam simulation with an usual PIC method and a Lie PIC method for
e = 0.001. Left : beam at time 0.001, center : beam at time 0.1, right : beam at time 1.
Top : Simulation provided with the usual PIC method, bottom : Simulation provided with
the Lie PIC method.

FIGURE 3.2 — Evolution of p up to time 40 with an usual PIC method and a Lie PIC
method for e = 0.001. Green : with the Lie PIC method, red : with the usual PIC method.
Left : with initial condition p = 0.2948404402060960, right : with initial condition p =
4.22461332489106316 - 10~°

reference solution -+ . Lie PIE +

+

= -1 0,5 o 0,5 1 15 1.5 -1 0.5 0 0.5 1 15

FIGURE 3.3 — Beam simulation at time 35 with an usual PIC method and a Lie PIC method
for e = 0.001. Left : with an usual PIC method, right : with the Lie PIC method.
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Remark 3.5.2. From Figure 3.2 one can see the evolution of u for two given particles :
one close to the center of the beam and the other close to the extremity of the beam.

Remark 3.5.3. In Figure 3.3 we observe that for longer times of simulation the dynamics
characterizing the evolution of the shape of the beam (fast rotation+slow filamentation) is
close to the reference solution but that the filaments are longer and wider. The reason is
the following : we have made first order truncations in the dynamical system giving the
characteristics and in the change of coordinates. Within the framework of these first order
truncations, the electric field is truncated at the first order and the square of the modulus
between the origin and the particles position in the phase space become constant. The fi-
lamentation is due to the fact that the electric field is larger at the extremity of the beam
as at the center. Moreover, without these truncations the particles of the extremity move
toward the center of the beam. With these truncations the distance between the particles
and the origin remain constant and consequently since the electric field is larger when one
moves away from the center of the beam the phenomena of filamentation begins earlier and
the filaments are wider.

3.6 Conclusions and perspectives

In this paper we have shown that we can adapt the geometrical techniques used for
the derivation of the gyrokinetic coordinates to the case of a charged particle beam under
the paraxial axisymetric approximation. In particular, these geometrical techniques are
compatible with our way of doing the scaling. This paper is a first step in the application
of these geometrical method, within our way to do the scaling (see Frénod & Sonnendrucker
[21]), to the Vlasov Poisson equations modeling strongly magnetized plasmas. In particular,
the derivation and the numerical simulations of these equations within our way to do the
scaling, will allow us to compare the efficiently of this method with the other techniques
of homogenization like the two scale methods. Probably, in order to eliminate a variable
and to increase the time step, it will also be possible to combine the both methods. The
numerical results are not only accurate but also promising, if one consider that they are
only based on lowest order approximation of the electric field.
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CHAPITRE 4

An exponential integrator for a
Vlasov-Poisson system with strong
magnetic field

4.1 Introduction

In this paper we introduce a new numerical scheme in order to simulate efficiently in
time the following four dimensional Vlasov equation when the parameter € vanishes

O fs+v-Vxf®+ (EE—FivJ‘) -V ff =0, (4.1.1)
frxv,t=0)=fo(x,v), (4.1.2)

where x = (21, x2) stands for the position variable, v = (v1,v2) for the velocity variable,
vt for (vg, —v1), f¢ = fé(x,v,t) is the distribution function, fy is given, 2 = 2°(x, )
corresponds to the electric field and € is a small parameter. Weak-x and two-scale limits
when e goes to zero of this equation can rigorously be obtained following the method
introduced in [19]. We notice that equations (4.1.1)-(4.1.2) can be obtained from the the
six dimensional drift-kinetic regime by taking a constant magnetic field in the x3-direction
and an electric field evolving in the orthogonal plane to the magnetic field.

The main application will be the case when the electric field Z° is obtained by solving
the Poisson equation. In this case we will rather denote by E€ the electric field and thus,
we will have to solve the following nonlinear system of equations :

O fe+v-Vyft + (EE + ivL> Vv fe =0, (4.1.3)
E° (x,t) = —Vx¢®, —Ax¢" = / fedv —n;, (4.1.4)
R2
fe(x,v,t=0) = fo(x,v), (4.1.5)

where ¢° is the electric potential and n; is the background ion density.
We will also test our scheme when the electric field in (4.1.1) is given by

2x1 + 22
=< —
B° (x,t) = < o1+ 2 > ) (4.1.6)

since in this case we are able to compute the solution to (4.1.1)-(4.1.2).
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In this work we perform the numerical solution of the Vlasov equation (4.1.1) by particle
methods, which consist in approximating the distribution function by a finite number of
macroparticles. The trajectories of these particles are computed from the characteristic
curves

dxe

=V X? (0) = xo, (4.1.7)
ave 1

= (Ve + 25 (X5,1), V= (0) = vy, (4.1.8)

of the Vlasov equation. This method produces satisfying results for (4.1.1)-(4.1.2) with a
small number of macro-particles (see [4]).

When the electric field Z2° vanishes, the trajectory associated with (4.1.7)-(4.1.8) is
a circle of center ¢y = x¢ + avé- and of radius e |vg|. Otherwise, the dynamical system
(4.1.7)-(4.1.8) can be viewed as a perturbation of the system obtained when the electric
field is zero. Hence, in the general case of an electric field depending on position and
time, the evolution of the position of a given particle is a combination of two disparate
in time motions : a slow evolution of what was the center of the circle in the case where
E° is zero, usually called the Guiding Center, and a fast rotation of period about 2me
with a small radius around it (see Fig. 4.1). We refer to Lee [38] and Dubin et all [11]
for comprehensive physical viewpoint reviews about such questions. Consequently, if one
wants to do accurate simulation of the problem (4.1.3)-(4.1.5) using classical numerical
schemes, one needs small time steps, in particular smaller than 27we. Another way is to
use simpler (not stiff) models instead of (4.1.3)-(4.1.5), which can be simulated using
larger time steps. Nevertheless, in this case, such models (as the Guiding Center) need to
incorporate information about the self-consistent electric field acting on particles position
and the additional effect generated by particles oscillations. The usual way to do this is
to use technics based on Asymptotic Analysis and Homogenization Methods leading to a
limit equation in which the mutual influence of the particles can be expressed in terms of
their apparent motion, and afterwards to simulate this limit equation. We refer to Frénod
& Sonnendriicker [19, 20|, Frénod, Raviart & Sonnendriicker [17], Golse & Saint-Raymond
[26] and Ghendrih, Hauray & Nouri [25] for a theoretical point of view on these questions,
and Frénod, Salvarani & Sonnendriicker [18] for numerical applications of such technics.
The contribution of this paper is to propose an alternative to such methods allowing to
make direct simulations of (4.1.1)-(4.1.2) and (4.1.3)-(4.1.5) with a large time step with
respect to 27e.

We mention also the paper of Crouseilles, Lemou & Méhats [10] in which the authors
deal with the same kind of problems. They consider an "augmented" kinetic equation,
where they separate the two scales t/e and ¢t. The fast time scale is represented by a
variable 7 and the stiffness of the equation is concentrated in the right hand side of the
augmented kinetic equation. Then, reinterpreting the singularly perturbed term as a "colli-
sion" operator in the collisionless context the authors construct an Asymptotic Preserving
numerical scheme based on a micro-macro decomposition.

The stiffness of equations (4.1.7)-(4.1.8) comes from the velocity equation and therefore
we are interested in solving the following type of ODE
ut (t)

u' (t) =

where ¢ is a small parameter and where F' represents a nonlinear term playing the role of
the electric field. Consequently, as already said, classical numerical schemes require very
small time step to capture the stiff behavior. As done in [15], in this paper, we propose a

FFtu®),  uw(0)=u (4.1.9)
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FIGURE 4.1 — [lustration of formula (4.1.11) in the case when the electric field is given by
(4.1.6), e = 0.01, and (x0,vo) = (1,1,1,1). In green the evolution of the Guiding Center
and in red the position’s evolution. The final time of simulation is t = 4.

method which is based on an exponential integrator in velocity. An exponential integrator
consists in solving exactly the linear (stiff) part by using a variation-of-constants formula
leading to

t
w(t) = etug + / TR (2w (7)) dr. (4.1.10)
0

It will be interesting to consider the following Guiding Center decomposition
X (t) =C* (t) —e(V* (t))L. (4.1.11)

The paper is organized as follows. In Section 4.2 we recall briefly the main steps of
the Particle-In-Cell (PIC) method for solving the Vlasov-Poisson system in which we are
interested. Then, Section 4.3 is devoted to the construction of the exponential integrator,
named the ETD-PIC algorithm, for advancing in time the particles’ position and velocity.
In Section 4.4 we write the algorithm in terms of the Guiding Center position. Eventually,
in Section 4.5, we implement and test our method on the cases presented above.

4.2 A Particle-In-Cell method

The numerical scheme that we describe in the next section is proposed in the framework
of a Particle-In-Cell method. A PIC method consists first in approximating the initial
condition fy (see (4.1.2)) by the following Dirac mass sum

J\[F
fév” (x,v) = Zwké (x —Xp0) 0 (V—Vio), (4.2.1)
k=1

where { (x40, Vk,O)}ivi 1 is a beam of N, macroparticles distributed in the four dimensional
phase space according to the density function fj. Afterwards, one approximates the solution
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of (4.1.1)-(4.1.2), by

Np
fi, (%, v, 1) = wid (x = X5, (1) 6 (v — Vi (1)), (4.2.2)
k=1

where (X7 (t), V7 (t)) is the position in phase space of macroparticle £ moving along a
characteristic curve of equation

dxe,

Tl Ve, (4.2.3)
dave 1 _

dtk =~ (VO)F 4+ 2° (X5, 1), (4.2.4)
X5 (0) =xp0, V5 (0) = vip. (4.2.5)

Therefore, the problem consists in finding the positions and velocities (in 1 Vi’n +1) at
time t,41 from their values at time t,, by solving (4.2.3)-(4.2.4) with the initial condition
(X5 ., V5,

kn

k,n?

When the problem (4.2.3)-(4.2.4) is coupled to the Poisson equation, the electric field
term in (4.2.4) is numerically computed in a macroparticle position at time ¢ as follows :

1. Construct a spatial grid (the Poisson grid).
2. Compute on this grid

Np
p% (x,t) = wiS (x — X5 (1), (4.2.6)
k=1

where S is a first order two dimensional spline.

3. Solve the Poisson equation —Ax¢ (x,t) = p¥ (x,t) —n; on this grid and deduce the
expression of the grid electric field.

4. Interpolate the grid electric field with the same first order spline yielding the density

p° in order to obtain the electric field at the macroparticle position.

Eventually, an important question in the PIC method is the numerical integration of
the dynamical system (4.2.3)-(4.2.4). Here is the contribution of this paper, to propose an
accurate numerical scheme when using large time steps compared to the fast oscillation.
We thus introduce in the next section a method based on exponential time differencing,
following the same ideas as in [15].

4.3 The exponential integrator in velocity for the Particle-
In-Cell method

Before to describe the exponential integrator that we have implemented for solving
(4.2.3)-(4.2.4) in the framework of the PIC algorithm, we first detail the exponential time
differencing (ETD) method for solving the stiff velocity equation (4.2.4).

4.3.1 The exponential integrator in velocity
One way to solve efficiently stiff ODEs is to use an exponential time differencing ap-

proach (see [8, 15| and the references therein). Such a scheme is recognized to solve the
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stiff part exactly and therefore to avoid slow simulation with small time steps. In order to
write down the scheme in our case we follow the steps in [8]. Let M be the matrix defined

by
M= < o . ) (4.3.1)

eTM_( cos(r) sin(7) > (4.3.2)

—sin (1) cos (1)

and let

be the exponential of M. As already said in Introduction, the dynamical system giving the
characteristics of the Vlasov equation (4.1.1) is given by (4.1.7)-(4.1.8) Then, multiplying
(4.1.8) by e =M we obtain

d —IM~7e _ —IM 1 € —IM dve
o (e YV (7')) =e = (EMV +e ¢ I (4.3.3)
= e Mz (X5, 7). (4.3.4)
Integrating this equality between s and t (where s < t) yields
t
VeE(t)=e = MVE(s)+e= M / e =Mz (XE (1), 7) dr. (4.3.5)

Concerning the position equation, an integration between s and ¢ of (4.1.7) yields
¢
XE (1) = X (s) + / Ve () dr. (4.3.6)
S

Equation (4.3.5) has the merit to solve exactly the stiff part in the velocity equation and
thus, we are left with the numerical treatement of the integral term.

4.3.2 The ETD-PIC method with large time steps

In this section we establish and describe our time-stepping scheme following Section
4.2 in [15]. We write (4.3.5)-(4.3.6) with s = t,, and t = t,,41 = t, + At in order to specify
how the solution is computed at time ¢,11 from its known value at time ¢,,. We are thus
faced with the numerical computation of two integrals from ¢, to t,41.

Since we want to build a scheme with a time step At much larger than the fast oscillation,
we first need to find the unique positive integer N and the unique real r € [0, 27e) such
that

At =N - (2me) + . (4.3.7)
The derivation of the scheme, the Algorithm 4.3.5, is based on the following approximations.

Approximation 4.3.1. We have

tn+N-(27e) .
/ et MEe (X°(7),7)dr ~ N - Ij, (4.3.8)
in

where I7 is defined by

tn+2me P
e _ / MBS (XF (1) 1) dr. (4.3.9)
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Approximation 4.3.2. We have
tn+N-(27e)
/ Ve(r)dr~ N -J9, (4.3.10)
tn
where J5 is defined by
tn+2me
Ji= / Ve (1) dr. (4.3.11)
t'll

Remark 4.3.3. Approximations 4.5.1 and 4.8.2 are valid if we made the assumptions that
the velocity and the electric field evaluated at the particle position are quasi-periodic (with
the same period close to 2me ) and that this period does not change significantly in time. We
will see in the next section that the assumption of quasi-periodicity and small variations in
the period of the particle electric field only is enough to validate approximations 4.3.1 and
4.83.2.

Lemma 4.3.4. Under Approximations 4.53.1 and 4.3.2 we obtain

(vitviaa )= (W) v (Wiataa 5t ) - wom

Proof. Applying formulas (4.3.5) and (4.3.6) with s =t,, and ¢t = t,, + 27e we obtain

(i) -(35)+(Z). e

Applying again formulas (4.3.5) and (4.3.6) with s =¢,, and ¢t =¢,, + N - (27¢e) yields

(FEE) ()7 (kR )

(4.3.14)

Injecting (4.3.10) and (4.3.8) in (4.3.14), we obtain
XE (tn + N - (2me)) \ _ [ X5, JI
< Vet + N-2re)y ) S\ ve )PV Lz ) (4.:3.15)
Injecting (4.3.13) in (4.3.15) we obtain (4.3.12). This ends the proof of Lemma 4.3.4. O

Using Lemma 4.3.4, we deduce the following algorithm to compute (X¢,,, V¢, ;) from
Algorithm 4.3.5. Assume that (X5, V5,) the solution of (4.1.7)-(4.1.8) at time t, is given.
1. Compute (X® (t,, + 2me) , V& (t, + 27me)) by using a fine Runge-Kutta solver with ini-
tial condition (X5,,V5).
2. Compute (X° (t, + N - (27we)), VE (t, + N - (27e))) thanks to formula (4.3.12), i.e.,
by setting

(it ) = (3 ) o (e =) oo

3. Compute (X%, VE) at time tp4+1 by using a fine Runge-Kutta solver with initial condi-
tion (X, VE) at time t, + N - (2me), obtained at the previous step.

See Fig. 4.6 for a schematic description of the algorithm.
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4.4 Link with the Guiding Center Decomposition

We have seen in Introduction that the time evolution of a particle’s position following
(4.1.7) can be split into two parts : the slow motion of the Guiding Center C¢ (see formula
(4.1.11)) and a fast oscillation around it. Therefore, in this section, we are interested to see
what gives for the numerical evolution of the Guiding Center the approximation obtained
in (4.3.12).

With this attempt, we first recall the formula giving the Guiding Center position

Ce(t) = X5 () +e(VE(1)©. (4.4.1)

Then, it is an easy fact to see that the rule in (4.3.16) is equivalent to

(Ve vy )= (V) (v imsg) o

In the following, we see that the rule for the Guiding Center in (4.4.2) may be obtained
directly from the evolution of C¢ under an approximation similar to that in (4.3.8).

To this end, we derive in time (4.4.1) and making use of equations (4.1.7)-(4.1.8) leads
to

dCs
dt

(t) = eME® (X5 (1),1), (4.4.3)

where MZ° is (EE)L = (85, —E7). Thus, we see that the Guiding Center experiences a
slow motion in time. Then, we integrate this equation between s and ¢ (where s < t)

t
CF (1) = CF (s) + =M / == (X (), 7) dr, (4.4.4)
and using this equality with s =t,, and t = t,, + N - (27¢) yields
tn+N-(27e)
C*(tn,+ N -(2me)) =C;, +eM E° (X (), 7)dr. (4.4.5)
tn

Therefore, proceeding as in Section 4.3.2, under the assumption

tn+N-(27e) tn+2me
/ = (X7 (1), 7)dr = N - = (X (1), 1) dr  (446)
tn tn
we deduce from (4.4.5) that
C® (tn + N - (2me)) 2 C;, + N - (C® (t,, + 2me) — Cy,). (4.4.7)

In conclusion, assuming that the period of the electric field only does not change signifi-
cantly in time leads the approximation (4.3.12) to be valid. Indeed, this assumption allows

us to use the approximations in (4.4.6) and in (4.3.8) since 7 — e M g 2me-periodic.
Then, following the lines of the proof of Lemma 4.3.4, we obtain that (4.4.2) is satisfied as
an approximation, and thus that the approximation (4.3.12) is valid.

Let us notice that the scheme giving the Guiding Center evolution is crucial since it gives
an idea about the qualitative behavior of the long time position’s evolution. Indeed, being
almost free of fast oscillations, the evolution of C¢ gives the curvature of the macroscopic
evolution of the particle position (see Figs. 4.1 and 4.2). In the case of equations (4.1.1),
(4.1.2), (4.1.6), developed in Section 4.5.1, this macroscopic evolution is periodic and the
macroscopic (large) period can be explicitly computed, being about 27 /e.
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FIGURE 4.2 — The linear case in Section 4.5.1 with ¢ = 0.01 and the initial condition
(1,1,1,1) : the position’s evolution in time until ¢ = 360 ; the entire trajectory (left) and
a zoom at the begining of the dynamics (right); In green the result of the ETD scheme
using a time step At = 30e and in red the analytic solution (4.5.1)

4.5 Validation of the numerical method

We now validate our algorithm in the test cases presented in Introduction. In the linear
Vlasov test case (4.1.1), (4.1.2), (4.1.6) we will take a number N,, = 10? of macroparticles
(see (4.2.1) and (4.2.2)), and in the Vlasov-Poisson test case, in order to have a number
of particles per cell which is about 100 (see subsection 4.5.2 for the construction of the
Poisson mesh), we take a number N, = 2- 10° of macroparticles. Moreover, in the first and
the last step of the ETD-PIC method we take a time step equal to /c.

4.5.1 The linear case

In this section we consider the Vlasov equation (4.1.1)-(4.1.2) provided with the electric
field Z° given by (4.1.6). In order to test our algorithm it will be interesting to localize the
initial conditions for which the fast oscillations disappear. This domain is usually called the
slow manifold. Hence, in Section 4.5.1) we compute an analytic expression of the solution.
This analytic solution will allow us to compute the slow manifold. Thus, in Section 4.5.1
we will compare the ETD-PIC method with a reference solution obtained with different
initial conditions.
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Analytic solution

Let € be such that 0 < e < /1 — § =~ (0.366. Then, the solution of (4.1.7)-(4.1.8) is
given by :

X7 (t;%0,vo) =K7 <cos (aet) — de sin (ae )) + K5 (Sln (aet) + % cos (ast)>
€ €
b b
+ K3 <cos (b-t) — — sin (bat)> + Kj (sin (bet) + = cos (bgt)> )

€ €
X5 (t;x0,v0) = — Kfue cos (ast) — K5ue sin (ast) — K5vs cos (bet) — Kjve sin (bet),
Vi (t;x0,v0) = — Kjac (ﬁ cos (agt) 4 sin (agt)) + K5a. (cos (agt) — % Gin (aat))

€ €

b b
— K5b, (; cos (b:t) + sin (b@f)) + Kb, (cos (bet) — f sin (bat)) ,

Vs (t;x0,vo) =K{azuesin (ast) — K5azu. cos (ast) + K5b.vg sin (bet) — Kibeve cos (bet) ,

(4.5.1)
where
1 —4e2 — /1 — 82 4 4¢
a. = \/ 522 , (4.5.2)
1 —4e2 4+ /1 — 82 + 4¢
b = \/ - , (4.5.3)
ue = 2 + a2,
v =24 b2,
1 22 (4.5.4)
Te = E — bg,
and
621)5 1 621)571)5 EVe 0
K: —2%)a. Tue T e eeu.. T @=eh)a Zo1
e £ 4 e3 _ 2eue __eve 14+ 2w, e2ve 1 ’
K2 _ a. (2—e?)a. zcac(2—e2) Ue Qe Te 2—¢2 (2—e?)acwe asTe Z0,2
K¢ -  ue 2w, U, )
KZ; (22—52)1-5 = 52)315 @<tz (1) vg;
cu. 3w, e2u. ,
(2—e?)bexe baezs + (2—e?)bexe _(2752)17515 bewe
(4.5.5)

We can thus observe that, in addition to the fast oscillations of period %—: ~ 27e, the
%.

In this case, the slow manifold corresponds to the intersection between the hyperplanes
{(x0,Vvo) such that K5(xo,vo) =0} and {(xo,vo) such that Kj(xo,vo) =0}. Since the
two hyperplanes are different, the intersection is of dimension two. Straightforward com-
putations yield that

solution of (4.1.7)-(4.1.8) contains slow oscillations of period (21—: ~

1 1
__Ue 0
We
5 , . (4.5.6)
2au5 + aug + 25 252 25uE 4 25 u€52

form a basis of this Vectorlal space. Subsequently we Wlll denote by D> this space.
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Numerical simulations

In this section we compare the ETD-PIC method with a reference solution obtained
with a fourth order Runge-Kutta scheme. We consider two different kinds of initial condi-
tion fp. The first one is with one macroparticle, alternatively located on, close to, and far
from the slow manifold. In the second case, we consider a beam of macroparticles and we
compute the maximum in time of the mean of the Euclidean errors.

Considering one particle alternatively on, close to, and far from the slow manifold
means that we take initial conditions

Fi6v) = 6 (x— xb) 8 (v — vi) (157)

where i = 1,2, 3, and (x(l), v[l)) is on the slow manifold, (x%, vg) is close to the slow manifold,
and (xg, vg) is far from the slow manifold. For the numerical simulations we will take

(0, vo) = <1,0,e,—2_€2 +5

3
9 9 Us  We 2eu, We €%Ue
(XO’Vo)‘<1"w’€u"z ate )
€ € - € -

(x5, vg) = (1,1,1,1).

(4.5.8)

Using general formulas for the distances to the slow manifold Ds from these particles, we
obtain the following specific values in Table 4.1.

e =0.01 e = 0.005 e =0.001 | € =0.0005 | € =0.0001
1 =1 | 0.00000000 | 0.00000000 | 0.00000000 | 0.00000000 | 0.00000000
1 =2 | 0.01999800 | 0.00999975 | 0.00199999 | 0.00099984 | 0.00018878
1 =3 | 1.41477865 | 1.41435495 | 1.41421923 | 1.41421509 | 1.41422155

TABLE 4.1 — Euclidean distance between the slow manifold and (xf), vg)
and for € = 0.01, € = 0.005, € = 0.001, € = 0.0005, and € = 0.0001.

icf123) N (4.5.8),

Denoting by (X® (¢), V® (t)) the result of the ETD-PIC method, and by (X (t), Vi (t))
the reference solution, we compute the global Euclidean errors

M € € € €
= m X2, V) (te) — (Xup, VEL) (t0)]|o 45.9
en ke{of?ffn} € ) (tk) — (Xt £) ()l ( )

where n € N corresponds to the ratio between the final time of simulation and the time
step At, at final time 10 for several values of € and of At (See Figs. 4.3 and 4.4 ).

Second, we consider the following initial condition

1 v? + v2

fo(x,v) = RN (L +ncos (kg x1 + kzyz2)) X (X) exp | — , (4.5.10)
th

with kz, =0, kz, = 0.5, vy, =1, 7 =0.1, and

X (%) = X0,1] (1) X[o,4m] (2) , (4.5.11)
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FIGURE 4.3 — Global Euclidean errors of the ETD-PIC method at time 10 for four values
of € (on the top : € = 0.01 (left) and € = 0.001 (right); on the bottom : ¢ = 0.0005 (left)
and e = 0.0001 (right)), obtained with three initial conditions differently positioned with
regard to the slow manifold Do

and we compute the maximum of the mean of the Euclidean errors

MenM - ke{o Z H Xs Vs (tk) — (Xiref» V;,ref) (tk)Hz . (4.5.12)
p] 1

at final time 10 for several values of € and of At (see Fig. 4.5).

Comments about the numerical results

As it can be see on the schematic description of the error given in Fig. 4.6, the numerical
error consists of two parts : the error made in the macroscopic periodic evolution (the
curvature error), denoted by E¢, and the error made by replacing the real fast period of
oscillation by 2we or by 27/b., denoted by Ep. When we take as initial condition f(} the
fast oscillations disappear and thus Ep is zero. Then, if we take as initial condition fg or
fg’, we expect that the error is bigger for a particle off the slow manifold ; this point of
view is in accordance with our numerical results (see Figs. 4.3 and 4.4). Notice also that
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FIGURE 4.4 — Global Euclidean errors of the ETD-PIC method at time 10 for several values
of €, obtained with an initial condition close to the slow manifold

since the guiding center varies slowly (the magnitude of the period of oscillation is 1/¢),
the error Eo made at the final time of simulation ¢ = 10 is small.

We observe from Figs. 4.3, 4.4, and 4.5 that the ETD-PIC scheme is uniformly accurate
when e goes to zero. This was numerically verified as well for one single particle (as those
in (4.5.8)) as for the beam in formula (4.5.10).

4.5.2 The Vlasov-Poisson test case

In the present section we consider the Vlasov-Poisson equation (4.1.3)-(4.1.5), where
the initial condition is given by

1 . v? + v3
fo(x,v) = 5 (1+nsin (kp, @ + kzyy) ) exp | ——— . (4.5.13)
2mvg, 2vp,

In a first place (section 4.5.2) we describe the reference solution we use. Then, in section
(4.5.2) we compare the ETD-PIC method with this reference solution.

Reference solution

We solve numerically (4.1.3)-(4.1.5) by using periodic conditions on the space domain.
We take vy, = 1,7 =0.1, kz;, =0, kz, = 0.5, and

Oy = [0; T3, ] < [0; T3] (4.5.14)

where T, = 1 and T, = 4m. Therefore, since

/ fo(x,v)dxdv =T,,T,,, (4.5.15)
Qy xR2
we take constant weights
T,
w; = ”3]1\7p£2 (4.5.16)
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FIGURE 4.5 -~ Maximum at time 10 of the mean of the Euclidean errors of the ETD-PIC
method for several values of ¢, obtained with the initial condition fy defined by (4.5.10)

in (4.2.1) and (4.2.2), and n; = 1 in (4.1.4). In this way, we obtain

/ fo (x,v)dxdv = / féVp (x,v)dxdv = Ty, Ty,, (4.5.17)
Oy xR2 Qx xR2
ensuring the mass conservation, and

/ (pS (x,t) — n;) dx =0, (4.5.18)

ensuring the neutrality condition.

For the construction of the reference solution, we use the usual fourth order Runge-Kutta
scheme for the advection and an usual Fast Fourier Transform method with 2% cells in the
x1—direction and 27 cells in the xs—direction to solve the Poisson equation. The time step
of the Runge-Kutta solver for computing the reference solution is At = e4/e.

Comments

In Fig. 4.7 we have computed the maximum of the mean of the Euclidean errors (see
formula (4.5.12)) at final time 4 for several values of € and of At. In this nonlinear case,
the uniform accuracy, when e goes to zero, of the ETD-PIC scheme is still observed.
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FIGURE 4.6 — Schematic description of the error made by the ETD-PIC algorithm. The
red cross corresponds to the initial condition, the blue cross corresponds to the result
of the ETD-PIC algorithm’s first step, the vertical lines correspond to the result of the
algorithm’s second step, and the purple cross corresponds to what we obtain by applying
the algorithm’s last step.
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FIGURE 4.7 — Vlasov Poisson case with ¢ = 0.01, ¢ = 0.005, and ¢ = 0.001, ETD-PIC
method : the maximum at time 4 of the mean of the Euclidean errors for initial particles
distributed according to (4.5.13)
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CHAPITRE b

Conclusion générale et perspectives

Nous avons étudié dans ce manuscrit différentes méthodes théoriques et numériques
pour simuler & cotit réduit le comportement des plasmas ou des faisceaux de particules
chargées sous 'action d’un champ magnétique fort.

Le point de départ du chapitre 1 correspond aux travaux de Littlejohn [40, 41, 42].
Ces travaux ont apporté un éclairage nouveau sur 'approximation centre-guide. Son ap-
proche, intégrant des concepts mathématiques de haut niveau (mécanique hamiltonienne,
géométrie différentielle, géométrie symplectique), a permis de clarifier les travaux antérieurs
(voir Kruskal [37], Gardner [24], Northrop [46], Northrop & Rome [47]). Cette théorie est
une grande réussite et elle a été largement utilisée par les physiciens pour en déduire
des modeéles dérivés (Modele Rayon de Larmor fini, modéle de Drift-Kinetic, modéle Gyro-
Cinétique quasi neutre, etc., voir Brizard [5], Dubin et al. [11], Frieman & Chen [22], Hahm
[29], Hahm, Lee & Brizard [31], Parra & Catto 50, 51, 52|). Néanmoins, la théorie qui en
résulte reste une théorie physique, formelle d’un point de vue mathématique, et qui n’est
pas directement abordable pour les mathématiciens. Les travaux que nous avons réalisés
dans le chapitre 2 sont une premiére étape pour rendre cette théorie accessible aux mathé-
maticiens appliqués et aux informaticiens. Comme dans [40], nous nous sommes restreints
a un systéme dynamique hamiltonien SP. décrivant le mouvement d’une particule chargée
sous l'action d’un champ magnétique fort dont la direction est constante. Au terme de ce
chapitre, nous avons obtenu pour tout entier N un systéme de coordonnées et un systéme
dynamique Hamiltonien 7SPY tels que :
— Le systéme dynamique hamiltonien 7SPY satisfait les conditions d’application du
théoréeme 2.1.2.

— Les trajectoires obtenues en résolvant 7'873?[ approchent avec une précision ", et
pendant un intervalle de temps de largeur 1/¢, les trajectoires du systéme SP. (écrit
dans le nouveau systéme de coordonnées).

N

Afin d’obtenir des modéles réduits plus réalistes, plusieurs généralisations sont néces-
saires :

1. Le passage en 3D (en position et en vitesse).

2. Adapter les techniques que nous avons introduites pour des géométries de champ
magnétique plus complexes, comme par exemple celles présentées dans I'introduction.

3. Dériver ces modéles en tenant compte du champ électrique auto-consistant.

Nous avons par ailleurs adapté les techniques géométriques utilisées pour dériver les
coordonnées gyro-cinétiques & un faisceau de particules chargées axisymétrique dans le
cadre de l'approximation paraxiale. Nous avons alors appliqué une méthode PIC pour
simuler les équations obtenues. D’un point de vue des trajectoires, la situation présente
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beaucoup de similitudes avec celle d’un faisceau de particules sous l'action d’un champ
magnétique fort, lorsque 'on considére que le rayon de Larmor est de magnitude 1. La
principale difficulté est que le rayon de giration des particules n’est pas négligeable. Ainsi,
contrairement a la situation ot le rayon de Larmor est petit, le calcul du champ électrique
auto-consistant dépend fortement du rayon de giration.

Plusieurs extensions sont donc envisageables. Afin d’obtenir des résultats plus précis en
temps long, il faut tronquer les changements de coordonnées et le terme d’advection a un
ordre supérieur. Ensuite il semble naturel de passer & I’équation de Vlasov dans le régime
Rayon de Larmor Fini.

Dans le quatriéme et dernier chapitre, nous introduisons un nouveau schéma numeérique
dont l'objectif est de simuler ’équation de Vlasov 2D (en position et en vitesse) dans le
régime Drift-Kinetic en utilisant un pas de temps plus grand que la période d’oscillation
des caractéristiques. Ce schéma, appliqué dans le cadre d’une méthode particulaire, est
basé sur un intégrateur exponentiel en vitesse. Nous avons validé notre algorithme dans le
cas d'un champ électrique externe linéaire et dans le cas ot le champ électrique est obtenu
en résolvant une équation de Poisson. Dans les deux situations cela donne des résultats
trés satisfaisants.

Deux principales extensions de ce travail sont envisagées. Premiérement, tester notre
schéma dans le cadre du régime rayon de Larmor fini, avec des conditions périodiques
assurant le confinement. La seconde extension consiste & adapter notre schéma pour des
géométries toroidales.

Mes autres perspectives concernent les méthodes d’homogénéisation deux-échelles et
les méthodes numériques basées sur des intégrateurs variationnels symplectiques.

Dans l'introduction nous avons déterminé la limite deux échelles de 1’équation de
Vlasov-Poisson 2D dans le régime Drift-Kinetic. Nous avons vu que la limite deux échelles
ne dépendait pas du champ électrique auto-consistant. Ainsi, la limite deux-échelles ne
permet pas de capter les effets dus a la composante orthogonale au champ magnétique
du champ électrique. Afin de capter ces effets il semble donc indispensable de dériver
I’approximation deux-échelles d’ordre 1.

Obtenir la limite deux échelles du systéme de Vlasov-Maxwell est une autre perspective.
Les principaux ingrédients pour déterminer cette limite sont le lemme d’Aubin-Lions et
des estimations portant sur les moments de la fonction de distribution. Ces estimations
sont fortement liées aux estimations nécessaires pour démontrer les résultats d’existence de
solutions faibles pour le probléme de Vlasov-Poisson. Il apparait donc raisonnable d’essayer
de reproduire des arguments similaires en se basant sur les résultats ad-hoc des équations
de Vlasov-Maxwell.

Un intégrateur variationnel symplectique conserve exactement une structure symplec-
tique associée a un Lagrangien discret. En plus de conserver les volumes dans ’espace
des phases, un intégrateur variationnel permet de conserver les invariants avec une grande
précision. Ce genre de schéma semble particuliérement adapté aux régimes que nous avons
considérés dans cette these.
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ANNEXE A

Annexe relative au chapitre 1

Dans cette annexe, nous allons appliquer la méthode PIC (présentée dans I'introduc-
tion) au systéme de Vlasov-Poisson 4D avec des conditions initiales qui correspondent a
une perturbation périodique de I’équilibre thermodynamique. Le phénomeéne physique ainsi
observé, est appelé 'amortissement Landau.

A.1 Présentation de I’équation

Considérons ’équation de Vlasov Poisson 4D suivante :

0
6—];—1—V-fo—i—E(x,t)-va:O, 1.1
E=-Vg, _A¢:p_17

(
(
= d
p /1R3f(x,v,t) v, (
f(t:vaaV):fO(X7V)7 (
ou fp est donnée par

1
N 27T’UtQhT1 T2

fO (Xv V)

2, .2
(1 + ecos (k1z1 + koxa) ) exp <— il —i—2v2) , (A.1.5)
2vy,
avec T1 = 27 /ky et Ty = 27 /ky. Pour résoudre numériquement (A.1.1)-(A.1.4) nous uti-

lisons des conditions périodiques en espace. Plus précisément, nous nous placons sur 2y
définit par :

Comme nous 'avons vu dans l'introduction, le second membre de 1’équation de Poisson
(A.1.2) est constitué de la densité d’électrons p et de la densité d’ions supposée constante
égale a4 1. Ce fond d’ions neutralisant assure la condition de neutralité du plasma. D’un
point de vue mathématique, ce fond d’ions neutralisant est indispensable. En effet, si ¢
est périodique, ses dérivées le sont également, ce qui implique que 'intégrale sur [0, T}, ] X
[0,T,] du second membre de I'équation de Poisson doit étre nulle.

Remarque A.1.1. On peut bien évidemment argumenter contre la pertinence des condi-
tions auz limites périodiques. Néanmoins, cette facon de procéder est certainement la plus
simple pour avoir accés G une géométrie confinée. Elle évite des effets trés compleres a
gérer numériquement tels que la dispersion a l’infini.
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Le choix de la condition initiale (A.1.5) nécessite également quelques explications. Le
paramétre € est un petit parameétre. Par conséquent, la condition initiale (A.1.5) correspond
4 une perturbation périodique de la fonction de distribution représentant le plasma &
I’équilibre thermodynamique.

Remarque A.1.2. L’équilibre thermodynamique est un équilibre stable : lorsqu’on lui ap-
pliqgue une petite perturbation, la répartition des électrons s’égalise et le champ électrique
créé par le plasma tend vers zéro (de fagon exponentielle en temps) au fur et a mesure
que la neutralité électrique est rétablie. Ce phénoméne surprenant est connue sous le nom
d’amortissement Landau et a été mis en évidence en 1946 par le physicien du méme nom.
1l a été démontré pour la premiére fois dans un cadre non-linéaire, en temps infini, et avec
un taux exponentiel par C. Mouhot et C. Villani.

A.2 Résolution numérique

A.2.1 Spécification des différentes étapes de la méthode PIC

Dans le cadre de 'équation de Vlasov 4D (A.1.1) les N macro-particules sont avancées
le long des caractéristiques en résolvant les équations différentielles :

d
% = v, (A.2.1)
dv

di = E (xp,1), (A.2.2)
x;(0) = x3,  vi(0) = v} (A.2.3)

Pour les simulations, nous présenterons les résultats numériques obtenus avec un schéma
Runge-Kutta d’ordre 4 et un schéma de Verlet. Le premier de ces schémas est présenté
dans l'introduction. Le schéma de Verlet, pour passer du temps t,, au temps t,11 = t, + At
est donné par :

nt 1 At
Vit —vr g SE ), (A.2.4)
1
XPH = X7 4 Aty 2 (A.2.5)
1At
VZ—H = VZ+2 + =gt (XZ—H) . (A.2.6)

La derniére étape nécessite la connaissance du champ électrique a I'instant ¢,,41. Ce champ
électrique est obtenu en déposant les positions des particules obtenues a I'étape (A.2.5)
puis, en résolvant I’équation de Poisson.

Concernant l'initialisation, nous avons utilisé la méthode d’inversion de la fonction des
densités cumulées, présentée dans [3] (page 79). Il s’agit d’'une méthode pseudo-aléatoire.
La seule différence est que nous avons généré les positions avec une méthode d’inversion
de la fonction de répartition.

Pour la résolution de I’équation de Poisson, nous avons utilisé une grille uniforme de
[0,T1] x [0, T3] de pas Azy = T1/N; dans la direction 1 et Axg = T5/No dans la direction
9. Cependant, en raison de la périodicité, nous n’avons considéré que les noeuds dans
Q; = [O,Tl — Aﬁﬂ X [O,Tg — AIQ]

L’étape de déposition est optimisée en faisant une boucle sur I’ensemble des particules,
en les localisant, puis en ajoutant la contribution de chaque particule aux quatre noeuds de
la maille dans laquelle la particule se trouve. Il faut également tenir compte des conditions
de périodicité (voir Figure A.1).
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O T1 .O ° T1

FIGURE A.1 — En haut a gauche : la particule est située au centre du maillage et elle
apporte une contribution aux 4 noeuds de la maille dans laquelle elle se trouve. Sur les
autres figures : la particule dans le maillage apporte des contributions via les conditions
de périodicité.
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A.2.2 Principe de la résolution numérique de I’équation de Poisson
Coefficients de Fourier du potentiel électrique

Supposons la fonction de distribution f donnée, et déterminons les coefficients de Fou-
rier de ¢ en fonction de ceux du second membre de ’équation de Poisson :

—Ap =y, (A.2.7)

ol g est défini par

:/ fdv — 1. (A.2.8)
R2

La premiére étape consiste & associer & ¢ et & g leurs développements en série de Fourier :

D)
o (x) = Z Cf’mm exp < 227rTx1> exp <—227rT2x2> ,

(n1,n2)€Z2

g(x)= Z Gny ns €XD ( 227TT.’L'1> exp <—2i7rr;;a:2> .

(n1 n2 EZQ

(A.2.9)

En injectant ces développements dans (A.2.7), puis en procédant par identification, on en
déduit que les coefficients de Fourier de ¢ sont donnés par :

b0 =0,
v (nla n2) € z? \ (07 0) ) (ﬁnl,nQ = .92n1,n2 5 (A'Q'IO)
() + ()
Tl T2

En notant E = (FE1, E3), et en utilisant la relation E = —V¢, on obtient également les
coefficients de Fourier du champ électrique en fonction de ceux de g.

Transformé de Fourier Discréte

Soient N1 et Np deux entiers strictement positifs et IIy, n, 1'espace des suites bi-
périodiques sur C défini par :

2
HNl,Nz = {(an,nz)(n17n2)ez2a V(’I’Ll,RQ) €L ; Xn1+Ni,na+Ny = an,ng} .

Toutes les suites de cet espace sont entiérement déterminées par les valeurs prisent par
Xnyme POUr 0 <mp <Ny —1et0<ny < Ng—1.

Definition A.2.1. La transformé de Fourier discréte d’ordre (Ny, N2) est lapplication
]:NLNQ : HN1,N2 - HN1,N2 définie par'y = ‘FN17N2 (X): ot

Ni—1Ng—1

Ymime = Z Z an,n2§N1m1§n2m27 (A.2.11)

n1=0n2=0

avec €N, = exp (217;) et En, = exp <2m>.

Théoréme A.2.2. Fn, n, est un automorphisme de Iln, n, dont l'inverse .7:](,11 N, €st
donné par :

N1—1Na—1
Xmi,mg = N1N2 Z Z Yn1,n2§N1 1m1§—n2m2. (A.2.12)

n1=0n2=0
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Approximation numérique des coefficients de Fourier

On approxime les coeflicients de Fourier en utilisant une méthode des rectangles a
gauche. On obtient alors I'approximation suivante :

N;—1N;—1
) - 1 . my U
Gmi,ma = Bumymy = NNy Z Z 9 (T1,n1, T2,n,) €XP <217TN17”61> €xp <217TN27L2> )
n1=0n2=0
(A.2.13)
ol {(xl,nu@,nz)} correspond aux noeuds du maillage définis dans la section (A.2.1).

Remarque A.2.3. La suite izml’mQ est un €élément de Iy, N,. En effet, un calcul direct
donne My + Ny ma+Ny = Pmy.my pOUT tout (my,ma) € Z2.

Soit Sn,,n, 'espace des fonctions engendrées par :

{exp (2i7r233:c> exp <2i7rn;22y> , (m1,me) € AN1,N2} ,

N1 N Nz}

ANy Ny = {(mlﬂm), ——t<m < <mg < —~ (A.2.14)

2 27 2 2
Lemma A.2.4. Sila fonction g est un élément de Sy, n, alors :

- \V/(mlam2) ¢ ANl,NQ} gm1,m2 =0.
~ V(m1,m2) € An, N, la formule (A.2.13) est exacte.

Résolution numérique de I’équation de Poisson

Soit YN1:N2 Tapplication qui a une fonction g associe la suite YV:N2 (g) € Ty,
définie par :

- V(nl, n2) € ANI,N27 TN <g> - gm,nz-

— Les autres éléments sont obtenus par (N1, Ny)-périodiciteé.
Le principe de la résolution numérique est le suivant :

1. A partir des valeurs de g sur le maillage, on détermine T™V1-2 (g) en utilisant ]-"]:,11 N

2. En utilisant les formules (A.2.10), on obtient TNtz (¢).

3. En appliquant Fn, n, & TNLN2 (¢)) on obtient une approximation de ¢ sur le maillage.
Lorsque g est un élément de Sy, n,, ce schéma est exact.
Remarque A.2.5. La seconde étape doit étre traitée avec prudence. En effet, TN1LN2 ()
correspond a lextension périodique des coefficients de Fourier ¢n, n, pour (ni,n2) € An, N, -

Dans la seconde étape, il est donc nécessaire d’utiliser les formules (A.2.10) pour (nq,ng) €
ANy,N; -

A.3 Reésultats numériques

Pour les simulations numériques nous prenons un nombre N = 2 - 10° de particules,
une répartition initiale de particules donnée par

fo(x,v)

27wy,

v% + 115
(1 + € cos (klxl —l—kjgaj?)) exp —T s (A31)
th
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ott k1 =0, ko = 0.5, vy, = 1, € = 0.1, un pas de temps At = 1072, des périodes T} =1 et
Ty = 4, des poids constants égaux & 1/N, et nous fixons N; = 2% et Ny = 27. Ce choix de
paramétres correspond & une perturbation dans la direction zy de 1’équilibre thermodyna-
mique.

Le test numérique consiste a vérifier que la seconde composante du champ électrique
décroit vers 0 de fagon exponentielle en temps. En linéarisant I’équation de Vlasov-Poisson,
on peut montrer (voir [60] et [3]) que la seconde composante du champ électrique peut étre
approximée par

Ey (x,t) ~ Egyexp (7t) sin (kozy — wt) , (A.3.2)

ol v = —0.151 et w = 1.323. Notons que ceci n’est pas la solution compléte, car nous
n’avons considéré que le mode dominant du développement en série de Fourier du champ
électrique. Néanmoins, il s’avére qu’aprés environ une période en temps, ceci représente
une excellente approximation de Fs car les autres modes deviennent trés rapidement né-
gligeables devant le mode dominant.

fidvection Verlet

FIGURE A.2 — Advection avec un algorithme de Verlet. En rouge : Evolution de In (|| E2||;2)
en fonction du temps. En vert : la droite —0.159¢ — 1.

Sur les figures (A.2) et (A.3) nous voyons le logarithme de la norme 2 de la seconde
composante du champ électrique. On a également tracé la pente correspondant & 1’amor-
tissement. Numériquement, le coefficient directeur est plutét de l'ordre de —0.159. On
remarque également que pour un temps de l'ordre de 18 I’amortissement est interrompu.
Il s’agit 1a d’un phénoméne purement numérique lié au bruit numérique inhérent a une
méthode PIC. Ce bruit correspond a l’erreur commise en approximant la fonction de dis-
tribution par des réalisations aléatoires de la loi de probabilité associée a cette fonction.
Il peut étre réduit en augmentant le nombre de particules ou en utilisant une méthode
df (voir [60]). Plus la solution est proche de ’état d’équilibre, plus les résultats obtenus
avec la méthode ¢ f seront précis. La Figure (A.4) illustre le gain obtenu en utilisant une
méthode df. Sur la figure (A.5) nous voyons que lorsque la perturbation de 1’équilibre est
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Advection RK4 ——

FIGURE A.3 — Advection avec un algorithme Runge Kutta d’ordre 4. En rouge : Evolution
de In (||E2]|;2) en fonction du temps. En vert : la droite —0.159¢ — 1.

plus faible (¢ = 1073) les résultats sont plus précis. En particulier I'amortissement a lieu
sur un intervalle de temps plus large.
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FIGURE A.4 — En rouge : Evolution de In (||E»||;2) obtenue avec un algorithme RK4. En
vert : Le méme algorithme avec une correction J f.

-5

5}

=}

3}

Ho+ b+t

FIGURE A.5 — Algorithme 6 f avec ¢ = 1073
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ANNEXE B

Annexe relative au chapitre 2

B.1 Example of non-symplectic Hamiltonian vector field flow

In this Appendix, we exhibit an example of a flow - of parameter ¢ - of Hamiltonian
vector field, which - since the Poisson Matrix does depend on ¢ - is not symplectic.

Let € €] — 1, +oo[. Consider on R* endowed with coordinate system x = (1, x2, T3, T4)
the symplectic two-form w, € Q2 (R4), given by

1
we (x) = 1+de1/\dw2+ 2+€d1‘3/\d$4. (B.1.1)
The associated Poisson Matrix is given by
0 1+¢ 0 0
| —+e) 0 0 0
Je (x) = 0 0 0 94 e (B.1.2)
0 0 —(2+¢) 0

Now, let G (x) = z1x3. The Hamiltonian vector field generated by G is given by

0
—(1+e)zs
0
-2+

Xa (x) = J: (x) V&G (x) = (B.1.3)

The flow of this Hamiltonian vector field, denoted by ., is given by

g2 g2
e (x) = (zl,xg — <5 + 2) T3,3, T4 — <25 + 2> :p1> . (B.1.4)

Now, if we make the change of coordinate x — z = . (x), the Poisson Matrix in the
coordinate system z reads

0 14¢ 0 0
2
—(14¢) 0 0 S
0 0 0 2+¢ (B.1.5)
0 2 —(2+¢) 0

Thus, although . is the flow of an Hamiltonian vector field, ¢, is not symplectic.
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B.2 Algorithm 2.5.11 detailed up to N =5

In this Appendix, we apply Algorithm 2.5.11 for N =1, 2, 3, 4 and 5. The computa-
tions are led using Sage software. We first need to compute Vg, Vi, V5, V5, V{ and Vi
with formula (2.5.55). The first step consists in expressing U1, Uz, Us, Uy and Us.

(my1,m2) € N s.t. my + 2mg = 2} ={(0,1);(2,0)},

(my,ma,mg) € N3 s.t. mq + 2ms + 3ms = 3}

(0,0,1)5(1,1,0);(3,0,0)},

(mq, ma, mg, my) € N* s.t. mq + 2ma + 3mg + 4my = 4}
(0,0,0,1);(1,0,1,0);(0,2,0,0);(2,1,0,0); (4,0,0,0)}, (B.2.1)

(my, ma, mg, my, ms) € N° s.t. m1 + 2msg + 3ms + 4dmy + dms = 5}

(0,0,0,0,1);(1,0,0,1,0);(0,1,1,0,0);(2,0,1,0,0);

||
——— A P A P A

(1,2,0,0,0);(3,1,0,0,0); (5,0,0,0,0) }

Then, applying formula (2.5.55) yields :

Vi =id,
V‘i = X?@l.
= M1 +e Ng,

_ 1— — 1— — 11— — 1—
— <M2 + 2Mf> + &2 <N4 + 5 MiNG + 2N3M1) + 545N3
S 3

(Xim) ’ +X§g1 ngz +X§gs (B.2.2)

9= == | = 1— — — 1l—2o_ 1—- —2
€” | N5 + M Ny + N3M; + 6M1N3M1 + 6M1N3 + 6N3M1

i~ < 1— —2 11— — — 12—
3 N3N4 + 6M1N3 + 6N3M1N3 + 6N3M1

1 .—
+ EEGNg
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S S S 1< 2 1,5 2 5 S 4
Vi= X§§4' +ng1' nge +§ (Xigz) ’ +§ (X§!§1> ’ XEEQ. +ﬁ (X;ﬁ) '

— E— 1—2— 1— 1 —
= | My +M;M; + *M?Mz + —M§ + 7M411
2 2 24
e o 1 —— 1 1 1 1 _
+e (N6 +M;N;5 + §M2N4 +N3M;s + §N4M2 + §M1N4 + §M1N3M2 + §N3M1M2
1 —3— 1-—92 — | [ —
—M;,N —M,;Ns;M —M;Ns;M
Tt Vst gV Ns M 5 Vi Ns VL
1 - —3
1 xow)
+ 21 3Vl
S l-—2 1— — — 1l — — 1—2—
+e <N3N5 + §N4 + §M1N3N4 + §N3M1N4 + §N3M2
1 —2-—2 1 - — — 1 — —2 1l — —2— 1l — — — —
+ ﬂMlNg + ﬁM1N3M1N3 + ﬁM1N3M1 + ﬂN3M1N3 + QN3M1N3M1

1 22
+5iNsM)
12— 1 — 3 1l - — —2 1l —2— — 13—

+ €6<§N3N4 + 5 MiN; + 5 NoMiN; + - N; M N + ﬂN3Ml)

1 —4
+e¥ =N,

24

(B.2.3)
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Vi =Xg, - +X5, XS, +X€ L XE, (XE) >

€91 594 €92 Egd €91 593
+ 2X§(h (ngz) +6 (Xth) ngz + 55 120 (ngl)
e Y EvIEYEY Yy v 11— —2 13 1
- (M5 + M M; + MM + MM + S M, M; + MM, + li)
(1NM+1MNW+1MﬁM%ﬁ+MN+MN
1207 21 T qgp T AT T g 1A T AT 1276 2508
[ S, DU, DR
+ N3M, + NyM; + Mst +M;N3M;3 + §M1M2N4 + §M1N4M2

+e€

1 13 1o
s M, M; + 7N3M§ + 7M3N4 + 7M2N3M2

HZ\

M N;M M NMM M.N MNM)
3 2+ 3 2+120 3+120 3Vl

-2 — 2

e*(N3Ng + NuN5 + M; N3N + M N4N3M N; + N3M2N4 + N;3;M;

l—‘/_\

+ §N3N4M2 + 6H1N3N4 + 6M1N3M2 + 6N3M1N4 + 6N3M1N3M2
1

+ 6N3M 1M, +

(B.2.4)

1 —9__o___
+ —OMlNgM "N + —OM N3 M, N5 M, + 2OMfN§M1

—MNM —N‘MN‘ —ﬁﬁﬁﬂ
+ygg eV o Na M N 4 1o NV Navh
HMNMN+1NMNW+1WW)

6 14N3 11N4 120 3 11N3 1 120 3 1
—2— l—- =2 1— —2— 1l — — — 12— — 13—
4 &6 (N3N5 + 5NN + MINNy + NaMINaN + NGMN + Ny My
1 — — — 2 1 — —2— —
M.N. + — M, N;M, N> + — M, N.M,N
+120 3+120 1N3M 3+120 1INg My IN3

1 1 1
—MNM —NMN —N3M;NsM; N
+120 14N3 1++120 3 3+120 3MM1IN3IML1IN3

—2—— —2—2 2 —
+ mNngNg,Ml + mNSMlNg + mNngNng + 120N3M1)

_ 1 1
e (7N3N4 + —M1N§ + —N3M1N§
+ HN3M NG+ —N3M1N3 + —N M1>

10
—N
BT

Hence, the expansions in power of € of Vi, 5, Vi and Vi and the dependency
with respect to the differential operators M; and N of each term of these expansions can
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be summarized by :
Vi =V{ (M) +£*Vi (N3),
V5 =V (M;,M,) +£°V3 (M;,N3,Ny) + V3 (N3),
V§ =V (M, M,, M;) +°V3 (M, M,, N3, Ny, N5) +¢*V3 (M;, N3, Ny)
+e%V§ (N3)
Vi =VY (Ml, MQ,MJ, M,) + &2V (Ml, M27M3,N3,ﬁ4,ﬁ5,ﬁ6) (B.2.5)

+ ssvg (M1, N3, Ny) +£°vi0 (Ng) :

B.2.1 Formulas for N =1

In the present subsection we will apply algorithm 2.5.11 with N = 1. The first step of
the algorithm consists in injecting the expression of V{ in

Z(ZV - Hk) B)e" + %t (e, B) . (B.2.6)

Applying the second step of the algorithm, we obtain :
H(f) = Ho(f) + e (H1(¥) + V(M) - Ho(#)) + VT (M) - Ho(#) + %5 (e, 1) ,

(B.2.7)
that have to be compared with the desired expression :
H!(f) = Ho(f) + eH1(£) + %), (5, #) (B.2.8)
to get
Hi(#) = (ToVar) - VHo (%) + Hi(F). (B.2.9)
Eventually, applying the last step of the algorithm, we set
. 1 [27 _
Hy(r) = 7 H,(r)drs, (B.2.10)
_ 1 [
ul(f') = —Hl(f') + — H1(f') drs, (B.2.11)
2 0
and then we solve equation (7—6V§1) - VHy (%) = u; by setting
_ " d B
gi(t) = — T, T r . 2.12
50 =~ [ W) ds (B2.12)

B.2.2 Formulas for N =2

In this subsection we will apply algorithm 2.5.11 with N = 2. The first step of the
algorithm consists in injecting expressions of V{ and V5 in

H2(#) Z(ZV Y Hk> B)e" + %% (e, 8). (B.2.13)
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Ordering terms according to their power of £ (second step of the algorithm) we obtain :

H2(¥) = Ho(f“) + (Hl( )+VO(M ) - Ho())

+
o,
—
<

that we compare to

to deduce

Hi(#) = (ToVa1) - VHo (%) + Hi (%),

A —

Hy(#) = (ToVgz) - VHo(E) + Va(g1)(T),

with

1— — _ _
Vo(g1) = 5M1 -Ho+ V(M) - Hy + Ho.

H2(#) = Ho(#) + e Hy (t) 4+ €2 Ho (¥ )+ %% (e, 1),

)

(B.2.14)

(B.2.15)

(B.2.16)

(B.2.17)

The last step of the algorithm consists in solving iteratively equations (B.2.16) with g1, go,
H 1 and HQ as unknowns. The first equation was tackled in subsection B.2.1 in which we
obtain g; and H,. So the job is reduced to solve the second equation of (B.2.16). Setting

N 1 27
Hy(t) = Va(g1)(F) dis,

“2m g

we just have to solve
(ToVga) - VHy(t) = us,

where us9 is given by

1 2

u2(F) = V2(91)(¥) — 5~ ; Va(91)(x) drs.

Hence we obtain

1

T3
Ga(T) = —AA)/O ua(71, 72, S, T4) ds.

B(Tl, 9

B.2.3 Formulas for N =3

(B.2.18)

(B.2.19)

(B.2.20)

(B.2.21)

In this subsection we will apply algorithm 2.5.11 with N = 3. The first step of the

algorithm consists in injecting expressions of V{, V§ and V5 in

H3(#) = Z(ZV k- Hk> r)e" —|-€4Li—] (e,1).

186

(B.2.22)



Ordering terms according to their power of £ (second step of the algorithm) we obtain :

H3(#) = Ho(t) + e (Hi(F) + V(M) - Ho(t))
eQ(Vg(Ml,Mg) Hy(£) + VO (M,) - Hl(f)+f{2(f~))
4 e (Vf (M) - Ho(#) + VI(M,, My, M) - Ho(F)
+VI(M,, My) - B, (£) + VO(M,) - Ao (¢ )+H3(f~))
o(F) + Vi(Ns) - Hy(t))

+€9 Vg ﬁg) . Ho(f‘)
+€4L%’T.(E,f’),

that is compared to
H2(#) = Ho(f) + eHy (2) + e Ha () + 3 Hy (8) + €02, (¢, 1),
so that H; and Hy are given by formulas (B.2.16) and Hs is given by :
Hs(#) = (ToV33) - VHo(E) + Vs(g1, 92)(F) ,
with

1o o
Vs(91,92) = MiM; - Ho(l") + 6M1 - Ho(#) + V(M) - Ho

(B.2.23)

(B.2.24)

(B.2.25)

(B.2.26)
(B.2.27)

Eventually the last step of the algorithm consists in solving iteratively the equations
(B.2.16) and (B.2.25). The two firsts were tackled in subsection B.2.1 and B.2.2 in which
we obtain g1, ga, Hy and Hs. So the job is reduced to solve equation (B.2.25). Setting

. I g
H3(t) = —2/ V3(g1, g2)(T) d'3,
™ Jo
we just have to solve PDE
(ToVgs) - VHo(F) = us,

where ug is given by

2

wE) = Valor.9)®) = 5 [ Valor.02)(0) i
Hence we obtain
1 T3
g3(r) = _M/o u3 (71,72, 8,74) ds.
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B.2.4 Formulas for N =4

Now we will apply algorithm 2.5.11 with N = 4. The first step of the algorithm consists
to inject the expression of V{, V5, V§ and Vj in

4 n
HX () =) (ng_k : Hk> (#) " + %5 (e, 2) (B.2.32)
k=0

n=0

According to the second step of the algorithm we order the terms according to their power
of € and we obtain :

HX(£) = Ho(#) + ¢ (Hi(£) + VI (M) - Ho(t))
+ e (vg(ml,m) - Ho(%) + V(M) - B, (£) +H2(f))
+2*(VE(ML) - HoF) + V3 (M, My, M) - Ho(F)
+ V(M M) -y (8) + VI (ML) - o (8) + Hs(5) )
+ &4 (VE(M1, N3, Ny) - Ho(8) + V3 (No) - 7 ()
+ V(M My, M) - Hy () + V3 (M), My, M3, My) - Ho(§)
+ V(M M) - Ha(f) + VI (ML) - H(8) + Ha(f) )

+e° (V§ (MMM%N& N47N5) - Hy(f) + V3 (M1,N37N4) - Hy (%)

+VE(N;) Hz(f'))
— = = (B.2.33)

+ V3 (M;,M;,N3,Ny,N;) - H () + V3(M;,N3,Ny) - H(f)
+ Vi(N3) 'H3(f‘))

+ &7 (VA(ML, N3, Ny) - Ho(f) + VE(Ng) - H (7))

+ &8 (vg(m,m,m,mﬁs) CHy(£) + VE(M,, Ny, Ny) - A (F)
+ V3 (N3) 'Hz(f‘))

+2°(VE(N) - o () )

+ 210 (VS (M, N3, Ny) - Ho () + VE(N3) - B (i)

+e'? (Vi(Ns) - Ho())

+ E5Li—}.(€, ).
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We compare this expansion with the following desired form

+ Vg(ml,m2) - Hy(F) +V(1)(M1) - Hy (%) + H:s(f‘))
T o (B.2.34)
£ (Vg (M, Ny, Ny) - Ho(t) + VZ(Ns) - Hy (5)
+ VS(M,;, My, M3) - H,(¥) + M, - Ho(¥) + M; M3 - Ho ()
+ %M?Mg Hy(%) + ;MQ Hy(t) + iﬂ1 - Ho()
+ V(M1 M) - Hy(8) + VI (M) - Hy(7) + Ha(F) )

+e%u (7).

Hence, we obtain that H; and Hj are given by formulas (B.2.16), Hs by formula (B.2.25)
and Hy by :

Hy(t) = (ToVgs) - VHo(E) + Va(g1, 92, 93) (F) (B.2.35)
with
V2 NE. N N\ LA 2F\ .
Vi(g1,92,93) = V3(M1,N3,Ny) - Hy + Vi (N3) - Hy
+ V3 (M, M2, M;) - Hy + MiM; - Hy
£ oMM, - Hy + MG - Hy + oMY -y (B2.36)
2 2 24
+ V9 (Mi,M,) - H, +V?(M1) - H3 + H4>

Now, the last step of the algorithm consists in solving equations (B.2.16), (B.2.25) and
(B.2.35) wit g1, G2, g3, g4, Hl, HQ, H3 and H4 as unknowns. The three first equations were
processed in subsection B.2.1, B.2.2 and B.2.3 in which we obtain the expressions of g1,
Go, g3, H1, Ho, and Hj. So we just have to solve equation (B.2.35). Setting

L 1 27 . .
Hy(r) = o Vi(g1, g2, 93)(F) dr'3 (B.2.37)
0
the job is reduced to solve PDE
(7_6V§4) . Vﬁo(f) = Uy, (B238)

with g4 as unknown, where u4 is given by

2

R . 1 N\ ga
ua(t) = Valgr, g2, 93)(F) — o Vi(g1, 92, 93)(F) ds. (B.2.39)
0
Hence we obtain :
1 s
g4(t) = ————— 71, T 74 d B.2.40
30 =~ [ s ) ds (B.2.40)
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B.2.5 Formulas for N =5

Presently we will apply algorithm 2.5.11 with N = 5. The first step of the algorithm
consists to inject the expression of V§, V5, V5, V{7 and Vi in

L3

Ye™ + 56%'(5,1“') (B.2.41)

5 n
A3 G) — z( VH)<
k=0

n=0

According to the second step of the algorithm we order the terms according to their power
of € and we obtain :
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Ho(#) = (ZH:VZ,C-I%)( )™ + e85 (e, 1)
e (Hi(¥) + VY (M) - Ho(¥))
(VB(M1, M) - Ho(6) + VI (M) - 1 (F) + Ha(F) )
& (V3(M) - Ho(&) + V§ (M1, Mz, M) - o (F)
+ V(M M) - Hy(f) + V(M) - Hy(#) + Hs (i ))
e (V3(My, No, Ny) - Ho(f) + V3 (Ng) - i (7)
+ V3 (M, My, M;) - Hi(£) + V§(My, My, M3, My) - Hy(%)
+V3(M1,M2) M (8) + V(M) - Hy(7) + Ha(F) )

Vg(Ml,Mg,Mg) - Hy(# )+V2(M1,M2) - Hs(%)
V(M) - Hy(f) + Hs (¢ ))

+V2(M1,M2,N3,N4,N5) Hy (& )+V2(M1,N37N4) Hy(F)
+ Vi (N;) 'H3(T))

a(vg(Ml,Ng,m Hof®) + V3(Ns) - Hu ()

+V4(M1,M2,N3,N4,N ) - Hy(2)
+ VA(M1, Ny, Ny) - fa(7) + V3 (N) - Ha(5) )
+510(V2(M1,ﬁ37ﬁ4) Ho( )+V3(N3) Hl(f‘))

+ett (VG(M17M27N3,N4,N ) - Ho(£) + V§(My, N3, Ny) - Hy(#)
+ VE(N3) - H%(f“))

+ e (V3 (N3) - Ho(t))

+ &1 (VE(My, Ny, Ny) - Ho(®) + V5 (No) - H1(8) )

+ (VIO (Ny) - () )

+ €6L5—.(6, ),

(B.2.42)

that is compared with

H2(#) = Ho(t) + eHy (§) + e Ha(£) + > H3(8) + * Hu(F) + e° Hs (8) + €505, (e, 1) , (B.2.43)
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so that H; and H, are given by formulas (B.2.16), Hj by formula (B.2.25), Hj by formula
(B.2.35) and Hj by :

Hs(¥) = (ToVas) - VHo(E) + Vs(g1, 92, 93, 92) () , (B.2.44)

with

Vs (91,92, 93, 94) = V3 (M1, My, N3, Ny, N5) - Hg + V35 (M, N3, Ny) - £,

+ Vi (N;) - H2+M1M4 H0+M2M3 H0+M1M3'E0

1— —2 _

+ MM, - H0+6M M, - Hy + —M, - Hy

120 (B.2.45)

+V4(M1,M27M37M4) - H,

+VI(M;, My, M;) - Hy + V3 (M, M,) - H;

+VY(M,) - Hy + Hs.
Finally the last step of the algorithm consists to solve 1terat1vely the equations (B.2. 16)
(B.2.25), (B.2.35) and (B.2.44) of unknowns g1, g2, g3, g4, Js, Hy, Ho, Hs, Hy, and Hj.
The fourth first equations were tackled in subsection B.2.1, B.2.2, B.2.3 and B.2.4 in which

we obtain g1, go, g3, G4, Hl, Hz, Hj and Hy. So we just have to solve equation (B.2.44).
Setting

1 2T

Hs(t) = —o— ; Vs(91, 92, g3, 94) (E) dF'3, (B.2.46)

the job is reduced to solve the PDE
(ToV3s) - VHo(F) = us, (B.2.47)

with g5 as unknown, where us is given by

2

. 1 A\ 1a
us (I') V5(917925937.g4)( )_ % V5(91,92793,g4)(r) dr3' (B248)
0
We obtain
1 T3
gs(T = —— us (7 ,'F,S,f ds. B.2.49
50 =~ [, ) (1.2.49)
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Etude mathématique et numérique
d'un modéle gyrocinétique incluant
des effets électromagnétiques pour
la simulation d'un plasma de
Tokamak.

Résumé

Cette theése propose différentes méthodes théoriques et numériques pour simuler a colt réduit le
comportement des plasmas ou des faisceaux de particules chargées sous I’action d’un champ magnétique
fort. Outre le champ magnétique externe, chaque particule est soumise a champ électromagnétique créeé
par les particules elles-mémes. Dans les modéles cinétiques, les particules sont représentées par une
fonction de distribution f(x,v,t) qui vérifie 1’équation de Vlasov. Afin de déterminer le champ
¢lectromagnétique, cette équation est couplée aux équations de Maxwell ou de Poisson. L’aspect champ
magnétique fort est alors pris en compte par un adimensionnement adéquat qui fait apparaitre un
parametre de perturbation singuliere 1/e.

Equation de Vlasov — Modélisation des plasmas — Modéles gyro-cinétiques — Rayon de Larmor fini —
Approximation centre-guide — Simulations numériques — Méthodes PIC — Schémas ETD — Méthodes
numériques multi-échelles

Résumé en anglais

This thesis is devoted to the study of charged particle beams under the action of strong magnetic fields. In
addition to the external magnetic field, each particle is submitted to an electromagnetic field created by the
particles themselves. In kinetic models, the particles are represented by a distribution function f(x,v,t)
solution of the Vlasov equation. To determine the electromagnetic field, this equation is coupled with the
Maxwell equations or with the Poisson equation. The strong magnetic field assumption is translated by a
scaling wich introduces a singular perturbation parameter 1/¢.

Vlasov-Poisson Equation — Plasma modeling — Gyro-kinetic — Finite Larmor Radius — Guiding-Center
Approximation — Numerical Simulations — Particle-In-Cell - ETD Schemes— Multiscale numerical
model
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