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.%"%'&# *%-1!(!#!.) -1% *&-%'$&# $, :'%,%"-%( $" $"
'%&,$". (%.'%%, !0 
!*:#%X$-)6 7$',-8
& ,$*:#% %X&*:#% $, 
!",$(%'%( $" L%
-$!" F6@6 M1%"8 L%
-$!", F6F &"( F6I &'% (%2!-%( -!
-1% %X-%",$!", -! -4!5 &"( -1'%%5($*%",$!"&# ,),-%*,8 '%,:%
-$2%#)6 M1% &::#$
&3$#$-) !0
-1% :'!:!,%( ,
1%*% $, :'%,%"-%( $" L%
-$!" F6a8 41$#% \"&##) L%
-$!" F6B 
!"-&$", & ,$*5
:#$\%( 2%',$!" ]"/*%'$
&# '%,/#-, $"
#/(%(^8 41$
1 4$## 3% /,%( $" -1% 0!##!4$". 
1&:-%',6

FI



 !"! #$%&'(%&)* +,(-./+

 !" #$%&'(%&)* +,(-./+

 !" #$%& '($) (* +!%, "-$#.)" %, +( ,!(/ %& $ ,%#.)" /$0 +!" ,+$1%)%2$+%(& .3(1)"# *(3
$ ,."
%5
 +3%$&'6)$3 ,0,+"#7 $&8 "96$))0 %#.(3+$&+7 +( %&%+%$))0 .3","&+ +!" 
(&+3())"3 +(
1" 8":")(."8 %& +!%, 
!$.+"3; <"+=, 1"'%& /%+! +!" +3%$&'6)$3 ,0,+"# 8",
3%1"8 10 +!"
"96$+%(&,

ẋ1 = 1− x2
2

ẋ2 = u ,
>?;@A

/!"3" x1, x2 ∈ R $3" +!" ,+$+", $&8 u ∈ R %, +!" 
(&+3() ,%'&$); B(3 (63 
(&:"&%"&
"7 +!"
,0,+"# >?;@A /%)) 1" .3","&+"8 %& +!" ,+$&8$38 *(3#

[
ẋ1

ẋ2

]
=

[
1− x2

2

0

]
+

[
0
1

]
u = f(x) + g(x)u >?;?A

/!"3" x ∈ R
2; C, %& $ ,+$&8$38 1$
D,+"..%&' .3(
"863"7 +!" #$%& %8"$ %, +( 6," +!" 
(&+3()

,%'&$) u +( 
(&+3() x2 $&87 %& +63&7 +( 6," x2 +( 
(&+3() x1; E(+%
" +!$+ +!%, ,0,+"# 8(",
&(+ 5+ +!" ,+3%
+F*""81$
D *(3# GH!$)%)7 ?III℄7 $&8 
(&,"96"&+)0 ,+$&8$38 1$
D,+"..%&'
+"
!&%96" 
$& &(+ 1" $..)%"8 *(3 ,+$1%)%2$+%(& .63.(,",; K(/":"37 %+ %, .(,,%1)" +( $..)0 $
)(
$) *""81$
D )%&"$3%2$+%(& $3(6&8 "$
! "96%)%13%6# .(%&+7 /!%
! $3" %&
)68"8 %& +!" ,"+

E = {(x1, x2) ∈ R
2 : |x2| = 1}.

B(3 %&,+$&
"7 )"+=, 8"5&" +!" "96%)%13%6# .(%&+ +( 1" ,+$1%)%2"8 $, (x1, x2) = (0, 1)7 %& (38"3
+( '"+ $ )(
$) *""81$
D )%&"$3%2$+%(& )$/7 /" ,""D $ +3$&,*(3#$+%(& T = [T1, T2]

⊤ ,6
! +!$+
+!" &"-+ 
(&8%+%(&, !()8L

i)
∂T1

∂x
g = 0, ii)

∂T1

∂x
f(x) = T2 $&8 iii)

∂T2

∂x
g 6= 0. >?;MA

N& +!%, 
$,"7 +!" 53,+ 
(&8%+%(& %#.)%", +!$+

∂T1

∂x
g =

[
∂T1

∂x1

∂T1

∂x2

] [ 0
1

]
=

∂T1

∂x2
= 0,

,( +!$+ T1 
$& 1" ,")"
+"8 %&8"."&8"&+ (* x2;  $D%&' %&+( $

(6&+ +!" ,"
(&8 $&8 +!"
+!%38 
(&8%+%(& ,%#6)+$&"(6,)07

∂T1

∂x
f(x) =

[
∂T1

∂x1

∂T1

∂x2

] [ 1− x2
2

0

]
=

∂T1

∂x1
(1− x2

2) = T2

$&8
∂T2

∂x
g =

[
∂T2

∂x1

∂T2

∂x2

] [ 0
1

]
=

∂

∂x2

[
∂T1

∂x1

(1− x2
2)

]
6= 0,

,6''",+ +!" ,")"
+%(& (* T1 = x17 /!%
! 0%")8, +( T2 = 1−x2
27 *6)5))%&' +!" 
(&8%+%(&, >?;MA

$1(:";

B63+!"3#(3"7 6,%&' +!" &"/ :$3%$1)", z1 = x1 $&8 z2 = 1−x2
2 $ &"/ "96%:$)"&+ 80&$#%
$)

,0,+"# 
$& 1" 8"5&"8 $,
[
ż1
ż2

]
=

[
0 1
0 0

]
z +

[
0

−2x2

]
u, >?;OA

?O
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 !"#" z = [z1 z2]
⊤ ∈ R

2$ %&'"#(" )!*) * ')*&+,+-+./ 
1.)#1, ,* 
*. &" 1&)*+."2 *'

u = −
1

2x2
v,

*.2 '","
)+./ v = −z1 − z23 4+",2' 5.*,,4 )1 )!" ,1
*, 6""2&*
7 ,+."*#+-+./ ,* 

u = −
1

2x2

(−x1 − 1 + x2
2). 89$:;

<1)+
" )!*) )!" 
1.)#1, ,* 89$:; +' .1) 2"5."2  !". x2 = 03 )!"#"61#" )!+' '1,=)+1. 1>"#'
1.,4 * ,1
*, ')*&+,+-*)+1.$ ?!*)@' A1#" +' )!*) )!+' 
1.)#1, ,* 21"' .1) 2+')+./=+'! &"B
) "". )!" "C=+,+&#+=A D1+.)' (0, 1) *.2 (0,−1)$ E1# )!+' D=#D1'"3 +. )!" 61,,1 +./ D*#) 16
)!+' '"
)+1.3 * /,1&*, 24.*A+
 .1.,+."*# ')*&+,+-*)+1. 
1.)#1,,"# +' D#1D1'"2 *' * '1,=)+1.
)1 1("#
1A" )!" ,+A+)*)+1.' D#"'".)"2 *&1("$

F1 )!+' ".23  " 2"5." * ." (*#+*&," *'

xd
2 =

1 + σ(x1)

ξ
, 89$G;

 !"#" ξ ∈ R
+ +' )!" 
1.)#1,,"# ')*)" 2"5."2 &",1 +. 89$H; *.2 σ : R → R !*' )!" 122

'+/. D#1D"#)4 +6 σ(y)y > 0 61# y 6= 0 *.2 σ(0) = 0$ F1 #".2"# )!" 2"'+#"2 "C=+,+&#+=A
D1+.) (0, 1) *))#*
)+("3  " .""2 *. +.D=) u(t) '=
! )!*)

lim
t→∞

|xd
2(t)− x2(t)| = 0, lim

t→∞
|ξ(t)− x2(t)| = 0, lim

t→∞
|x2(t)| = 1.

E1# )!+' #"*'1.3 )!" ."I) J4*D=.1( 6=.
)+1. +' )!". D#1D1'"2 *'

V (x1, x2, ξ) =
1

2
(x2

1 + (ξ − x2)
2 + (x2 − xd

2)
2),

 !+
! +' 1&(+1=',4 +.)#12=
"2 &4 1=# 2"'+#" )1 2#+(" x1 )1 -"#1 *.2 &4 )!" 1&K"
)+("' /+(".
*&1("$ <1)" )!*) )!" "C=+,+&#+=A 16 x1 
*. )*7" *.4 (*,=" +. R$ L=&'"C=".),43 )!" )+A"
2"#+(*)+(" 16 V +' +.+)+*,,4 1&)*+."2 *'

V̇ = x1(1− x2
2) + (ξ − x2)(ξ̇ − u) + (x2 − xd

2)(u− ẋd
2), 89$M;

 !"#" )!" 24.*A+
' 16 ξ '","
)"2 )1 &"

ξ̇ = u+ x2 − ξ − x1x
d
2, 89$H;

4+",2' )1

V̇ = −x1σ(x1)− x1x2(x2 − xd
2)− (ξ − x2)

2 + (x2 − xd
2)(u− ẋd

2).

N22+)+1.*,,4 )!" 
1.)#1, ,* +' D#1D1'"2 *'

u = ẋd
2 + x1x2 − (x2 − xd

2), 89$O;

)1 #".2"# V̇ *'
V̇ = −x1σ(x1)− (ξ − x2)

2 − (x2 − xd
2)

2 89$PQ;

9:
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x1

x
2

 !"#$% &'() *+,-% ./$0$,!0 12%304 3/$ !5!0!,2 
/57!0!/5- /5 0+% 
!$
2% x2
1+ (x2− 1)2 = 4 ,57


2/-%82//. -9-0%: 0$,;%
0/$!%- 1$!"+04 3/$ !5!0!,2 
/57!0!/5- (x1(0), x2(0), ξ(0)) = (2, 1, 1)'

<!5
% 0+% 0%$: x1σ(x1) > 0 =+%5 x1 6= 0> !0 3/22/=- 0+,0> V̇ ≤ 0 ,57 V̇ = 0 =+%5 x1 = 0>
ξ = x2 ,57 x∗2 = x2' ?..29!5" @, <,22%A- !5B,$!,5
% .$!5
!.2%> =+%5 x1 ≡ 0 =% +,B%
x2 ∈ {−1, 1}' <!5
% V !- $,7!,229 #5C/#57%7 !5 R

2×R
+ ,57 ./-!0!B% 7%D5!0% =!0+ $%-.%
0

0/ (0, 1, 1)> !3 0+% !5!0!,2 
/57!0!/5 3/$ ξ !- 
+/-%5 !5 R
+> =% +,B% ξ(t) → 1 ,57 +%5
%

x2(t) → 1' E+% D$-0 ,7B,50,"% /C0,!5%7 C9 !50$/7#
!5" 0+% B,$!,C2% ξ !- 0+,0 =% 
,5
,--#$% 0+,0 x2 0%57- 0/ 1' F/$%/B%$> 0+% 
+/!
% /3 0+% 3#5
0!/5 sin(x1) %5-#$%- 0+,0 0+%
!5.#0 -!"5,2 !- 7%D5%7 3/$ ,22 ./--!C2% 0$,;%
0/$!%-'

G57%%7> $%.2,
!5" xd
2 7%D5%7 C9 1&'H4 !5 1&'I4> 0+% 
/50$/2 -!"5,2 
,5 C% =$!00%5 !5 0+%


/:.,
0 3/$:

u(x1, x2, ξ) =
ξ2ũ(x1, x2, ξ)

ξ2 + 1 + σ(x1)
, 1&'((4

=+%$%

ũ(x1, x2, ξ) = x1x2 − (x2 − xd
2)

2 +
1

ξ

∂σ

∂x1
(1− x2

2)−
1

ξ2
(1 + σ(x1))(x2 − ξ − x1x

d
2),

=+%$% 0+% 7%5/:!5,0/$ !- ,2=,9- ./-!0!B% ,57 0+% 
/50$/2 2,= !- =%22 7%D5%7> !5 
/50$,-0
0/ 0+% -/2#0!/5 "!B%5 C9 1&'J4'

E/ !22#-0$,0% 0+% .$/./-%7 -/2#0!/5> -!:#2,0!/5 $%-#20- 3/$ 0+% 
2/-%782//. -9-0%: "!B%5
C9 %K#,0!/5 1&'(4> 1&'L4 ,57 1&'((4 ,$% -+/=5 !5  !"#$% &'( ,2/5" =!0+ 0+% :/5/0/5!
,229
7%
$%,-!5" @9,.#5/B 3#5
0!/5 V !5  !"#$% &'&'  /$ ,22 
,-%- 0+% !5!0!,2 
/57!0!/5 3/$ ξ(0)
!- -%2%
0%7 ,- ( ,57 σ(x1) = tanh(x1)' ?- 7%.!
0%7 !5 0+% .+,-% ./$0$,!0> 0+% %K#!2!C$!#:
(0, 1) !- ,00$,
0!B% 0/ ,22 !5!0!,2 
/57!0!/5-> %B%5 3/$ 0+% 0$,;%
0/$!%- -0,$0!5" 3$/: 0+% /0+%$
%K#!2!C$!#: ./!50 (0,−1)' ?2-/> !0 !- 7%:/-0$,0%7 0+,0 0+% 
/50$/22%$ -0,0% ξ $%:,!5- !5
R

+ ,- -0,0%7 ,C/B%'

&H
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10
−1

10
0

10
1

V

Time (s)

 !"#$% &'&( )*+,#-./  #-
1!.- V '

 ! "#$ %$
'()*'+)$+ 
,%$

2- 13!4 4%
1!.-5 + "%-%$+6!7+1!.- .8 13% !9%+4 "!/%- :%8.$% !4 ,$%4%-1%9 +4 + ;%13.9.6."* 1.
41+:!6!7% 1$!+-"#6+$ 4*41%;4' <. :%"!- =!135 
.-4!9%$ 13% 4%
.-9 .$9%$ 4*41%; .8 13% 8.$;

ẋ1 = f(x1, x2)

ẋ2 = u,
>&'?&@

=3%$% x1, x2 ∈ R5 u ∈ U ⊂ R +-9 f : R2 → R +44#;%9 4;..13' <3%-5 4#,,.4% 13% .$!"!-
(x1, x2) = (0, 0) !4 +- %A#!6!:$!#;5 4#
3 13+1 f(0, 0) = 0'

 !"#$%$&# '('()( ; 08/
$+./ σ : R→ R !"9 $!% .== 9+7/ #&.#%&$4 +0 σ(y)y > 0 0.& y 6= 0
"/= σ(0) = 0(

B%+-=3!6% !- CD+4+"$+-9% %1 +6'5 &E??+℄ 13% 8#-
1!.- σ(·) 3+4 :%%- 4%6%
1%9 +4 σ(x1) =
tanh(x1)5 3%$% =% 3+/% 9%G-%9 13!4 .99 8#-
1!.- +4 σ(x1) = sin(x1)'  $.; 13% 6+41
9%G-!1!.- =% 
+- +44#$% 13+1 13% .$!"!- .8 >&'?&@ 
+- :% $%-9%$%9 +11$+
1!/% !8 13%$% %H!41
+ 4!"-+6 u(t) 4#
3 13+1

lim
t→∞

|f(x1(t), x2(t)) + σ(x1(t))| = 0, lim
t→∞

|x2(t)| = 0.

<. 13!4 %-95 f -%%94 1. 8#6G66 13% -%H1 
.-9!1!.-4'

*++,-.%$&# '('()( 6!% 08/
$+./ f 
"/ *% 9#,+$$%= +/$. $>. 08/
$+./9 k : R → R "/=
h : R2 → R? >+$! k(0) > 0? 98
! $!"$ f 
"/ *% >&+$$%/ "9

f(x1, x2) = k(x1)− h(x1, x2)(x2 + λ), >&'?I@

0.& 9.:% /./-%&. 
./9$"/$ λ ∈ R(

J.1% 13+1 13% 
.-9!1!.- k(0) > 0 !;,6!%4 13+1 h(0, 0) 6= 0'  #$13%$;.$%5 =% %H1%-9 13%
41+1% 4,+
% :* +99!-" 13% 
.-1$.66%$ 41+1% 4#
3 13+1 13% 9*-+;!
4 .8 13% 
6.4%9K6.., 4*41%;

&L



 ! ! "#$ %$
'()*'+)$+ 
,%$

 !"

ẋ1 = k(x1)− h(x1, x2)(x2 + λ)

ẋ2 = u

ξ̇ = ḣ+ (h(x1, x2)− ξ)− x1(x
d
2 + λ),

#$%&'(

)*"!" ξ ∈ R
sgn(h) )+,* ξ(0) = ξ0 ∈ R

sgn(h)  -. xd
2 ,*" /012,+0- 03

(xd
2 + λ)ξ = σ(x1) + k(x1). #$%&4(

50," ,* , ,*" 
0-,!011"! /, ," ξ +/ +-,!0.2
". +- ,*"  - 17/+/ ,0 
08" ,*" "9"
, 03 ,*" 32-
:
,+0- h% ;-  ..+,+0-< ,*" -0, ,+0- R

sgn(h) +/  
0=8 
, 30!= ,0 ."-0," R+ )*"- h(0, 0) > 0
 -. R

− )*"- h(0, 0) < 0%

>0-/+."!+-? ,* , +- /," .7 /, ," ξ = h(0, 0)< ,*"- ,*" 80+-, +- ,*" "@,"-.". /8 
"

(x1, x2, ξ) = (0, 0, h(0, 0)) = E ,

+/  - "A2+1+B!+2= 80+-, 03 #$%&'(< +3 u +/  %-,-.
 /, ," 3"".B 
C D"!+37+-? ,* , u|E = 0%

E+=+1 ! ,0 ,*" 8!"D+02/ "@ =81"< ,*" "A2+1+B!+2= E 
 - B"  /7=8,0,+
 117 /, B+1+F". +-
/2
* ) 7 ,* , ,*" !"?+0- 03  ,,! 
,+0- +/ R2×R

sgn(h)% G*" -"@, /, ,"="-,/  !" -"
"// !7
,0 "/, B1+/* ,*" /, B+1+,7 !"/21,%

 !""# $%$%&% "#$ 
'(-+'//,0./.-1 
'().-.'( 2'+ -#$ %1%-$3 4 !5 6 ,- (0, 0) .%

h(0, 0) 6= −λ
∂h

∂x2
(0, 0) . #$%&H(

'())* $%$%&% 7- -#$ '+.8.( 49:96 -#$ )$('3.(,-'+ '2 -#$ $;</.
.- 
'(-+'/ /,= 4+$3,+>  ! !5
0$/'=6 3?%- 0$ ).@$+$(- 2+'3 A$+': -#.% .%

ξ2 + (σ(x1) + k(x1))
∂h

∂x2
6= 0.

"' <+'0$ .% .()$$) )$B($) ,- 49:96: B+%- =$ +$
,// -#,- ,- -#$ '+.8.( =$ #,C$ )$B($) -#,-

ξ = h(0, 0), σ(0) = 0

,() 0$
,?%$ f(0, 0) = 0: 2+'3 4 !5D6 =$ 8$-

0 = k(0)− h(0, 0)λ,

-#$( $C,/?,-.(8 4 ! !56 ,- -#$ '+.8.(: +$%?/-% .(

h2(0, 0) + λh(0, 0)
∂h

∂x2
(0, 0) 6= 0,

2,
-'+.A.(8 h(0, 0) 1.$/)%

h(0, 0)

(
h(0, 0) + λ

∂h

∂x2
(0, 0)

)
6= 0,

$I
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9+/
% <% !"=% ",&%">4 >%?/%> $!"$ h(0, 0) 6= 0 !"#$$% &' 
#" )*#*' *+#* *+' 
,"*-,$ $#& .)
/'!"'/ #* *+' ,-.0." .1

h(0, 0) + λ
∂h

∂x2
(0, 0) 6= 0

,-

h(0, 0) 6= −λ
∂h

∂x2
(0, 0)

+,$/)2

�

 !""# $%$%$% 3+' 4%#56",7 16"
*.,"

V (x1, x2, ξ) =
1

2

(
x2
1 + (x2 − xd

2)
2 + (ξ − h)2

)
,  !"#$%

&.*+ *+' -'$#*.," 8'*&''" xd
2 #"/ ξ /'!"'/ 8% 9:2;<= .) -#/.#$$% 6"8,6"/'/ ." R

2×R
sgn(h)

.1 #"/ ,"$% .1

lim
x2→∞

h(x1, x2) =∞,  !"#&%

6".1,->$% ." x12 �

&'!()!" $%$%*% ?655,)' *+#* )%)*'> 9:2;:= 7'-.!') @))6>5*.," :2:2; *+' 
,"*-,$$#8.$.*%

,"/.*.,"  !"#'% #"/ *+' 0-,&*+ 
,"/.*.,"  !"#&%2 3+'-' 'A.)*) # 16"
*.," σ &.*+ *+' ,//
).0" 5-,5'-*% #"/ # "'.0+8,-+,,/ ,1 *+' 'B6.$.8-.6> E ,1 *+' #60>'"*'/ )%)*'> 9:2;C=
)6
+ *+#* *+' 
,"*-,$ $#&

u = ẋd
2 + x1h(x1, x2)− (x2 − xd

2) ,  !"#(%

&.*+ xd
2 0.7'" 8% 9:2;<= .) &'$$D/'!"'/ #"/ #)%>5*,*.
#$$% )*#8.$.E') E &.*+ -'0.," ,1

#**-#
*.," R
2 × R

sgn(h)2 �

+)((, $%$%$% F,")./'-."0 *+' 4%#56",7 16"
*.," 0.7'" 8% 9:2;G= .*) *.>' /'-.7#*.7' -'D
)6$*) ." *+' "'A* 'A5-')).,"

V̇ = x1(k(x1)− (x2 + λ)h) + (x2 − xd
2)(u− ẋd

2) + (ξ − h)(ξ̇ − ḣ),

&+'-' 1-,> 9:2;C= #"/ 9:2;H= &' 0'*

ξ̇ − ḣ = (h− ξ)− x1(x
d
2 + λ)

u− ẋd
2 = x1h− (x2 − xd

2)

#"/ ." 
,>8."#*.," ,1 9:2;<= *+' 'B6#*.," ,1 V̇ .) !"#$$% 
,>56*'/ #)

V̇ = −x1σ(x1)− (ξ − h)2 − (x2 − xd
2)

2.

�

!(



 !"! #$% &$'()*+()%( 
-.%

 !"#$% &'&'(' #$% 
+/&(+00-1'0'&2 (-/3 
+/)'&'+/ '/ #$%+(%4  ! !" '. /%
%..-(2 .'/
%
&$% %560'
'& 
+467&-&'+/ +8 &$% 
+/&(+0 0-9 : !;<= 2'%0).> -8&%( .+4% 4-/'670-&'+/.> &+

u(x1, x2, ξ) =
ξ2ũ(x1, x2, ξ)

ξ2 + (σ(x1) + k(x1))
∂h

∂x2

,

9$%(%
ũ = ũ1 + x1h(x1, x2)− (x2 − xd

2),

9'&$

ũ1 =
1

ξ

(
∂σ

∂x1
+

∂k

∂x1

)
f(x1, x2)−

1

ξ2
(σ + k)

(
∂h

∂x1
f(x1, x2) + (h− ξ)− x1(x

d
2 + λ)

)
.

)*$*++#$, &'&'-' ?8 ∂h/∂x2 > 0 8+( -00 x1 -/) -00 x2 -/) '8> 8+( .+4% η ∈ R
+> k(x1) > η>

&$%/ &$%(% %5'.&. - 87/
&'+/ σ 9'&$ &$% +)) .'@/ 6(+6%(&2 .7
$ &$-& σ(x1) + k(x1) > 0>
9'&$ u @'A%/ 12 : !;<=> &$% %B7'0'1('74 E +8 : !;C= '. 0+
-002 -.246&+&'
-002 .&-10% -/) &$%
(%@'+/ +8 -&&(-
&'+/ '. R2×R

sgn(h)> 
+/.%B7%/&02 &$% %B7'0'1('74 x1 = 0, x2 = 0 '. @0+1-002
-.246&+&'
-002 .&-10%!

./#"0+!1  !"#$%&' ()($" *+& *'$("),-(' #.#*&/ !0 1&
*$!" 3454 6+& #&-&
*&% &7,$-$8'$,/
9!$"* (0, 1) = (x̄1, x̄2) $# "!: #+$0*&% *! *+& !'$)$" 8. *+& &''!' 
!!'%$"(*&#

x̃1 = x1 − x̄1 = x1

x̃2 = x2 − x̄2 = x2 − 1.
;343<=

 !"#&7,&"*-.> *+& #.#*&/ ;345= $# *'("#0!'/&% $"*!

˙̃x1 = 1− (x̃2 + 1)(x̃2 + 1)

˙̃x2 = u,
;3435=

:+$
+ ˙̃x1 $# !0 *+& 0!'/ ;345?= :$*+ k(x̃1) = 1> λ = x̄2 = 1 ("% h(x̃1, x̃2) = (x̃2 + 1)4
@!'&!A&'> h(0, 0) = 1 6= 0 ("% *+& 
!"*'!--(8$-$*. '("B 
!"%$*$!" +!-%#4 C$"(--.> :& +(A&
∂h/∂x̃2 = 1 > 0 ("% *+& +.9!*+&#&# !0  !'!--('. 3434D ('& 0,-E--&%4 6+&'&0!'&> *+& 0,"
F
*$!" σ(x̃1) = sin(x̃1) $# #,
+ *+(* *+& 
!"*'!- -(: -!
(--. (#./9*!*$
(--. #*(8$-$G&# *+&
&7,$-$8'$,/ ("% *+& '&)$!" !0 (**'(
*$!" $# R2×R

+4 H7,$A(-&"* ",/&'$
(- '&#,-*# *! *+!#&
$" C$),'&# 345 ("% 343 /(. 8& !8*($"&% 0!' *+$# &I(/9-& :$*+ *+& &7,$-$8'$,/ #+$0*&% *!
*+& !'$)$"4

 !" #$% &$'()*+()%( 
-.%

C!' !,' 9,'9!#&> *+& '&#,-* %&#
'$8&% $" *+& 9'&A$!,# #&
*$!" $# "!: &I*&"%&% *! ( #.#*&/
:$*+ *+'&& #*(*&# $" *'$("),-(' 0!'/4 19&
$E
(--.> :& 
!"#$%&' #.#*&/# !0 *+& 0!'/

ẋ1 = f1(x1, x2)
ẋ2 = f2(x1, x2, x3)
ẋ3 = u ,

;3433=

?<



 !"#$%& '( )$"*+,+-"$+./ .0 1./23,.*",,4 5+/%"&+-"*,% 6&+"/78,"& )49$%:9

 !"#" x1, x2, x3 ∈ R$ f1 : R2 → R %&' f2 : R
3 → R %(()*"' (*++,! -"
,+# /"0'( %&'

(0, 0, 0) 1( %& "2)1013#1)*4 5!"#"6+#"$ ,+ #"&'"# ,!"(" "2)1013#1)* 7+1&, (0, 0, 0) %,,#%
,1-"$
 " &""' %& 1&7), u(t) ()
! ,!%,

lim
t→∞

|x1(t)| = 0, lim
t→∞

|x2(t)− x2(t)
d| = 0, lim

t→∞
|x3(t)− xd

3(t)| = 0,

lim
t→∞

|ξ1(t)− h1(t)| = 0, lim
t→∞

|ξ2(t)− h2(t)| = 0,

 !"#" ξ1 ∈ R %&' ξ2 ∈ R %#" ,!" 
+&,#+00"# (,%,"( %&' xd
2 ∈ R %&' xd

3 ∈ R %#" %)8101%#9
(1:&%0($ %00 ,!"* '"/&"' 3"0+ 4 5+ ,!1( "&'$ f1 %&' f2 %#" #"2)1#"' ,+ !%-" ,!" &"8,
(,#)
,)#"4

 !!"#$%&'( )*+*,* 6!%&% %;+9$ 9.:% 9:..$! 08/
$+./9 k1 : R → R= k2 : R2 → R=
h1 : R

2 → R "/> h2 : R
3 → R= ?%&+04+/7 k1(0) > 0 "/> k2(0, 0) > 0= 98
! $!"$= @% 
"/

9#,+$ %"
! f1 "/> f2 "9

f1(x1, x2) = k1(x1)− (x2 + λ1)h1(x1, x2)

f2(x1, x2, x3) = k2(x1, x2)− (x3 + λ2)h2(x1, x2, x3),
;<4<=>

@+$! 9.:% /./-%&. 
./9$"/$9 λ1= λ2 ∈ R(

?+," ,!%, (1&
" f1(0, 0) = 0 %&' f2(0, 0, 0) = 0$  " !%-" k1(0) = λ1h1(0, 0) %&' k2(0, 0) =
λ2h2(0, 0, 0)4 @+#"+-"# ,!" #"2)1#"*"&,( +& k1 %&' k2 1*709 h1(0, 0) 6= 0 %&' h2(0, 0, 0) 6=
0$ #"(7"
,1-"094

A( 7#"("&,"' 3"6+#"$  " *%B" )(" +6 ,!" 6)&
,1+&( xd
2 %&' xd

3 '"/&"' 39 ,!" #"0%,1+&(!17(

(xd
2 + λ1)ξ1 = σ(x1) + k1(x1)

(xd
3 + λ2)ξ2 = σ(x2 − xd

2)− x1h1(x1, x2) + k2(x1, x2)− ẋd
2,

;<4<C>

 !"#"  " 1&,#+')
"' ,!" 
+&,#+00"# (,%,"( ξ1 %&' ξ2 ,+ 
+7"  1,! ,!" &+&01&"%#1,1"( h1

%&' h2$ #"(7"
,1-"094 D& %&9 
%("$  " !%-" +&09 '"/&"' +&" 6)&
,1+& σ(·)  1,! ,!" +''
(1:& 7#+7"#,9 6+# %&%09(1( (1*701/
%,1+&4 D& ,!" 6+00+ 1&:$ %#:)*"&,(  100 3" +*1,,"' 6+#
3#"-1,94

?+ $ 
+&(1'"# ,!" %):*"&,"' (9(,"*

ẋ1 = k1 − (x2 + λ1)h1

ẋ2 = k2 − (x3 + λ2)h2

ẋ3 = u

ξ̇1 = ḣ1 + π1(h1 − ξ1)− π2x1(x
d
2 + λ1)

ξ̇2 = ḣ2 + π3(h2 − ξ2)− π4(x
d
3 + λ2)(x2 − xd

2),

;<4<E>

 !"#" π1 ,+ π4 %#" 7+(1,1-" #"%0 
+&(,%&,( ,+ 3" ("0"
,"'4 A6,"# %#'($ '"/&" ,!" 7+1&,

(x1, x2, x3, ξ1, ξ2) = (0, 0, 0, h1(0, 0), h2(0, 0, 0)) := E ,

%&' &+," ,!%,$ 16 u 1( % 9$"$+
 (,%," 6""'3%
B -"#1691&: u|E = 0$ ,!"& E 1( %& "2)1013#1)* +6
;<4<E>4

=F



 !"! #$% &$'()*+()%( 
-.%

 !""# $%&%'% #$% ./.&%0 1 !  2 
-3 4% .&-4'5'6%) &+ (0, 0, 0)7 '8 &$% 
+3&(+55-4'5'&/ 
+3*
)'&'+3

h1(0, 0) 6= −λ1
∂h1

∂x2

(0, 0)

h2(0, 0, 0) 6= −λ2
∂h2

∂x3
(0, 0, 0),

 !"!#$

$+5).

 !""# $%&%$% #$% 9/-:;3+< 8;3
&'+3

V (x1, x2, x3, ξ1, ξ2) =
1

2
(c1x

2
1+c2(ξ1−h1)

2+c3(ξ2−h2)
2+c4(x2−x

d
2)

2+c5(x3−x
d
3)

2),  !"!%$

='&$ xd
2 -3) xd

3 )%>3%) 4/ 1 ! ?2 -3) c1 &+ c5 :+.'&'<% (%-5 
+3.&-3&.7 '. (-)'-55/ ;34+;3)%)
'3 R

3 × R
sgn(h1) × R

sgn(h2) '8 -3) +35/ '8

lim
x2→∞

h1(x1, x2) =∞, lim
x3→∞

h2(x1, x2, x3) =∞,  !"!&$

;3'8+(05/ '3 x17 -3) '3 x1 -3) x27 (%.:%
&'<%5/!

()!*+!" $%&%&% @+3.')%( &$% ./.&%0 1 !  2 <%('8/'3A B..;0:&'+3  !"!C7 &$% 
+3&(+55-4'5*
'&/ (-3D 
+3)'&'+3 1 ! E27 -3) &$% A(+=&$ 
+3)'&'+3  !"!&$! #$%(% %F'.& - 8;3
&'+3 σ7 ='&$
&$% +)) .'A3 :(+:%(&/7 -3) - 3%'A$4+($++) +8 &$% %G;'5'4(';0 E +8 &$% -;A0%3&%) ./.&%0
1 ! H2 .;
$ &$-& &$% 
+3&(+5 5-=

u = ẋd
3 + π5h2(x2 − xd

2)− π6(x3 − xd
3) ,  !"!'$

='&$ π5 -3) π6 :+.'&'<% (%-5 
+3.&-3&.7 '. =%55*)%>3%)7 -3) -./0:&+&'
-55/ .&-4'5'6%. E ='&$
(%A'+3 +8 -&&(-
&'+3 R

3 × R
sgn(h1) × R

sgn(h2)! �

,+**- $%&%'% @+3.')%( &$% :+.'&'<% (%-5 
+3.&-3&. π17 π37 π67 c3 -3) c5 -. 8(%% <-('-45%.7
>F'3A π2 = 17 .%5%
&'3A 8(%%5/ c1 = c2 = c4 -3) )%>3'3A π4 = c1/c3 -3) π5 = c1/c57 -8&%(
.+0% 
+0:;&-&'+3. &$% &'0% )%('<-&'<% +8 V (%.;5&. '3

V̇ = −c2π2x1σ(x1)− c3π4(x2 − xd
2)σ(x2 − xd

2)−

− c5π6(x3 − xd
3)

2 − c2π1(ξ1 − h1)
2 − c3π3(ξ2 − h2)

2.
 !"()$

I& 8+55+=. &$-&7 V̇ ≤ 0 -3) V̇ = 0 =$%3 x1 = 07 x2 = xd
27 x3 = xd

37 ξ1 = h1 -3) ξ2 = h2! �

.!"#+/ $%&%'% #$% 
+3&(+55-4'5'&/ (-3D 
+3)'&'+3 '3 #$%+(%0  !"!" '. 3%
%..-(/ .'3
%
&$% %F:5'
'& 
+0:;&-&'+3 +8 &$% 
+3&(+5 5-= 1 ! J2 /'%5).7 -8&%( .+0% 0-3':;5-&'+3.7 &+

u =
ξ22 ũ

ξ22 + Φ2
∂h2

∂x3

,

=$%(%

ũ =
1

ξ2
Φ1 −

1

ξ22
Φ2Γ + π5h2(x2 − xd

2)− π6(x3 − xd
3),

(!



 !"#$%& '( )$"*+,+-"$+./ .0 1./23,.*",,4 5+/%"&+-"*,% 6&+"/78,"& )49$%:9

;+$!

Γ =
∂h2

∂x1

ẋ1 +
∂h2

∂x2

ẋ2 + π3(h2 − ξ2)− π4(x
d
3 + λ2)(x2 − xd

2),

Φ1 = σ̇(x2 − xd
2)− x1ḣ1 − ẋ1h1 + k̇2 − ẍd

2,

"/< =/",,4

Φ2 = σ(x2 − xd
2)− x1h1(x1, x2) + k2(x1, x2)− ẋd

2.

 !"!##$"% &'(')' >0 ∂h2/∂x3 > 0 "/< +0? 0.& 9.:% η ∈ R
+? Φ2 > η 0.& ",, x1 "/< ",, x2?

$!%/ $!%&% %@+9$9 " 08/
$+./ σ ;+$! $!% .<< #&.#%&$4 98
! $!"$ $!% 
./$&., ,"; B'('CD ,.
",,4
"94:#$.$+
",,4 9$"*+,+-%9 E "/< $!% &%7+./ .0 "$$&"
$+./ +9 R3 × R

sgn(h1) × R
sgn(h2)( E%/
%

$!% .&+7+/", %F8+,+*&+8: x1 = 0? x2 = 0 "/< x3 = 0 +9 7,.*",,4 "94:#$.$+
",,4 9$"*,%(

 !" #$$%&
()&%&*+ ,-(.$%,/

 !" #$%& $' (!)* *"
()$, )* ($ *!$- !$- (!" (!"$./ 0"1"&$2"0 ), (!)* 
!%2(". )* %22&)"0
($ 2!/*)
%& */*("3* 3$0"&"0 4/ % *"( $' ,$,&),"%. 0)5".",()%& "67%()$,* ), (.)%,#7&%.
'$.38  $ (!)* ",09 % *),#&" 3%
!)," ),:(" 47* ;<=>?@ */*("3 %,0 % 3%#,"()
 &"1)(%()$,
;=ABCDE@ */*("3 %." 
$,*)0"."0 %,0 *$3" *)37&%()$, ."*7&(* %." %&*$ #)1",8 F$(" (!%(
), (!)* "G".
)*"9 -" %**73" %&& 2%.%3"(".* H,$-, %,0 %&& *(%(" 1%.)%4&"* %1%)&%4&" '$.
3"%*7."3",( '$. 4$(! <=>? %,0 =ABCDE */*("3*8

 !"!# $%&'() *+
-%&) %&.&%/) 012 232/)*

D&"
(.)
 2$-". )* 2.$07
"0 %( #",".%()$, *(%()$,* ;,$.3%&&/ (!.""I2!%*" */,
!.$,$7* 3%I

!),"*@ %,0 (.%,*3)(("0 ($ 
$,*73".* 1)% %, ),(".
$,,"
("0 
$32&"G ,"(-$.H $' ),0)1)07%&

$32$,",(* JK7,07.9 LMMNO A,0".*$, %,0 P$7%09 QRRS℄8 U7" ($ (!" !)#! 
$32&"G)(/ $'
2$-". */*("3*9 (!"). *(%4)&)(/ 2.$2".()"* %." $'(", %,%&/V"0 4/ 
$,*)0".),# *"2%.%("&/ "%
!
#",".%(),# 7,)(*9 -!)&" (!" *"( $' (!" $(!". 3%
!),"* %,0 
$32$,",(* %." (!", 
$,*)0"."0
%, ),:,)(" 47* ;.7,,),# %( 
$,*(%,( 1$&(%#" %,0 '."67",
/@ -)(! ."*2"
( ($ (!" 3%
!),"
7,0". 
$,*)0".%()$,8  !)* ),:,)(" 47* )* 
$,,"
("0 ($ (!" #",".%($. (!.$7#! (.%,*'$.3I
".*9 (.%,*3)**)$, &),"* %,0 &$%0*9 -!)
! !%1" %, "67)1%&",( %03)((%,
" Y %* 0"2)
("0 ),
P)#7." Q8S8

 !" <=>? "&"
(.)
%& %,0 3"
!%,)
%& 0/,%3)
* %." ."2."*",("0 4/ (!" *"( $' ,$,&),"%.
0)5".",()%& "67%()$,* ;Q8SL@ %* ), JW.("#% "( %&89 QRRX℄

δ̇ = ω

ω̇ = −Dω + P −GE2 − EVBY sin(δ + α)

Ė = −aE + bVBY cos(δ + α) +
1

τ
(Ef + ν),

;Q8SL@

-!"." (!" *(%("* 1%.)%4&"* %." (!" .$($. %,#&" δ ∈ [0, π) ), rad9 (!" %,#7&%. *2""0 0"1)%()$,
ω ∈ R ), rad/sec %,0 (!" 67%0.%(7." %G)* ),(".,%& 1$&(%#" E ∈ R

+ ), p.u. ;%&*$ 
%&&"0
(!" 1$&(%#" 4"!),0 (!" (.%,*)",( ."%
(%,
"@9 ."*2"
()1"&/8  !" 
$,(.$& ),27( )* (!" :"&0

SS



 !"! #$$%&
()&%&*+ ,-(.$%,/

 !
#$%$#&' (#)'%* ν #' p.u+

,- '&./%*#0 1 2%.%/ $ .( D %'1 P ($%'1( 3&. $- 3.#
$#&' 3%
$&. %'1 $- / 
-%'#
%*
2&4 .5 $- *%($ %((6/ 1 
&'($%'$+ G #( $- '&./%*#0 1 ) ' .%$&. ( *37
&'16
$%'
 + VB #(
$- 86( 9&*$%) #' p.u. '&./%**: %((6/ 1 %( &' 5 Y %'1 α %. . *%$ 1 4#$- $- 
&'16
7
$%'
 %'1 (6(
 2$%'
 &3 $- ' $4&.; <%1/#$$%'
 /%$.#!=+ ,- 
&'($%'$( a %'1 b %. 
. *%$ 1 4#$- $- (:'
-.&'&6( %'1 $.%'(# '$ . %
$%'
 ( &3 $- 1#. 
$7%!#(5 %( 4 ** %( $- 
( *37(6(
 2$%'
 &3 $- /%
-#' + ,- 
&'($%'$ τ #( $- 1#. 
$7%!#( $.%'(# '$ $#/ 
&'($%'$
#' sec+ Ef . 2. ( '$( $- 
&'($%'$ 9&*$%) 
&/2&' '$ &3 $- > *1  !
#$%$#&'+ ,- . %1 .
#( ;#'1*: . 3 .. 1 $& ?@.$ )%  $ %*+5 ABBC℄ %'1 $- 8#8*#&).%2-: $- . #' 3&. /&. 1 $%#*(
%8&6$ $- (:($ / 2%.%/ $ .(+

,- ( $ &3  E6%$#&'( <A+FG= . 3 .( %*(& $& $- 
*%((#
%* $-.  71#/ '(#&'%* H6! 1 
%: /&1 *
#' 4-#
- *&((: $.%'(/#((#&' *#' #( (622&( 1+ I' $-#( 
%( 5 $- 2. ( '
 &3 $.%'(3 . 
&'16
7
$%'
 . H 
$ 1 #' $- $ ./ GE2 #(  !2*#
#$*: $%; ' #'$& %

&6'$+ J6 $& $-#( '&'*#' %.#$:5
$- /&1 * #( 
%** 1 $- %0//+ /&1 * &3 $- KLIM (:($ / %'1 ($%'1%.1 8%
;($ 22#') $ 
-7
'#E6 
%' '&$ 8 %22*# 1 (#'
 $- *&((: /&1 * 1& ( '&$ 2. ( '$ % ($.#
$73  18%
; ($.6
$6. +

,& 1 .#9 $- 2.&2&( 1 
&'$.&** .5 #$ #( 
&'9 '# '$ >.($ $& %22*: % 2%.$#%* *#' %.#0#') 3  17
8%
; *%4 $& 
%'
 * '&'*#' %.#$# ( 2. ( '$ 1 #' $- $-#.1 
&/2&' '$ &3 $- ( $ &3  E6%$#&'(
<A+FG=5 &!,!5

ν = τ [u+ aE − bVBY cos(δ + α)]−Ef , <A+FA=

4- . u #( $- ' 4 
&'$.&* #'26$+ ,- '5 $-  E6#*#8.#6/ 2&#'$ (δ̄, 0, Ē) &3 $- . (6*$#')
(:($ / #( (-#3$ 1 $& $- &.#)#' 8: 6(#') $-  ..&. 
&&.1#'%$ (5

x1 := δ − δ̄, x2 := ω, x3 := E − Ē, <A+FF=

$- . 3&. 5 4 &8$%#' %'  E6#9%* '$ (:($ /

ẋ1 = x2

ẋ2 = −Dx2 + P − (x3 + Ē)
[
G(x3 + Ē) + VBY sin(x1 + δ̄ + α)

]

ẋ3 = u

<A+FN=

4- . %'%*&)&6(*: $& <A+AA= %'1 %

&.1#')*: $& %((6/2$#&' A+F+G5 4 ) $

λ1 = −1, λ2 = Ē,
k1(x1) = 1, k2(x1, x2) = −Dx2 + P,

h1(x1, x2) = −1, h2(x1, x2, x3) = G(x3 + Ē) + VBY sin(x1 + δ̄ + α).
<A+FC=

L&. &9 .5 1 >'#') $- &11 36'
$#&' %( σ(·) = sin(·)5 $- 
&'$.&* *%4 <A+AO= 1 (
.#8 1
#' $- *%($ ( 
$#&' #( $- ' 1 >' 1 %'1 %22*# 1 $& $- KLIM $& ($%8#*#0 $-  E6#*#8.#6/
2&#'$ (δ̄, 0, Ē)+ P** (:($ / 2%.%/ $ .( %'1 
&'$.&** . )%#'( %. )%$- . 1 #' ,%8* A+G %'1
A+A5 . (2 
$#9 *:+ ,- #'#$#%* 
&'1#$#&'( %. δ(0) = 0.9838 rad5 ω(0) = 0.2 rad/sec %'1
E(0) = 0.8440 p.u.+ ,- 
&'$.&** . #'#$#%* 
&'1#$#&'( %. ξ1(0) = −1 %'1 ξ2(0) = 33.85
8&$- ( * 
$ 1  E6%* $& h1(0, 0) %'1 h2(0, 0, 0) . (2 
$#9 *:+

FN
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 !"!#$%$" &!'($
G )*+
α )*,
Y -.*/0
D )*+
b )*)).-
a )*--.+
Ef )*-/11
P -,*2/,0
δ̄ )*30..
Ē +*),,
VB +

4!5'$ /*+6 789: ;<;%$# =!"!#$%$";*

9> ?@A("$ /*. %B$ %@#$ B@;%C"@$; CD %B$ !(A#$>%$E ;<;%$# ;%!%$; !"$ ;BCF>* 9% @; $G@E$>%
%B!% %B$ $""C" 
CC"E@>!%$; 
C>G$"A$ %C I$"CJ 5$$> %B$ $""C" x2 %B$ #C;% "$="$;$>%!%@G$ ;@A>!'
;@>
$ @% B!; ;%"C>A$" C;
@''!%C"< 5$B!G@C" %B!> %B$ C%B$" %FCJ =B$>C#$>C> @>B$"$>% %C K 7*
7@#('%!>$C(;'<J %B$ 
C>%"C''$" ;%!%$; ξ1 !>E ξ2 5!"$'< #CG$ D"C# %B$@" $L(@'@5"@(#;* M''
%B$;$ ;@A>!'; 
C>G$"A$ %B$@" ;%$!E< ;%!%$; !% 3 ;$
C>E; !=="CN@#!%$'<* 9> ?@A("$ /*, %B$

C>%"C' ;@A>!' ν !>E %B$ O<!=(>CG D(>
%@C> !"$ ="$;$>%$EJ FB$"$ %B$ '!;%J !

C"E@>A'< %C
%B$C"<J ="$;$>% ! #C>C%C>@
!''< E$
"$!;@>A 5$B!G@C" ="CG@>A A'C5!' !;<#=%C%@
 ;%!5@'@%<*

?@A("$ /*-6 789: ;<;%$#*

?@A("$ /*.6 7%!%$; CD %B$ !(A#$>%$E ;<;%$# DC" %B$ 789:*
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 !"! #$$%&
()&%&*+ ,-(.$%,/

 !"#$% &'() *+,-$+. /!",0. 0,1 2304#,+5 6#,
-!+, 6+$ -8% /9:;'

<0!, /9:; 9=<2>?
π1 @ A'(
π2 B B
π3 &'( &'(
π4 C'CA( B
π5 C'C& C'(
π6 C'CCB C'B

c1, c2, c4 C'CD C'(
c3 & C'(
c5 A'( B

E0F.% &'&) *+,-$+..%$ "0!,G'

 !"! #$%&'()
 +',)($()-& ./.('0

E8!G H!,1 +6 G3G-%IG 0$% 0 60I!.!0$ G%-#4 -80- !G $%
%!5!," !,
$%0G!," 0--%,-!+, !, 044.!J

0-!+,G K8%$% !- !G %GG%,-!0. -+ $%1#
% 6$!
-!+, 6+$
% 1#% -+ I%
80,!
0. 
+,-0
-' 90",%-!

G#G4%,G!+, G3G-%IG 0$% 
+II+,.3 %,
+#,-%$%1 !, 8!"8JG4%%1 -$0!,G 0,1 I0",%-!
 F%0$J
!,"GL 0G K%.. 0G !, "3$+G
+4%G 0,1 0

%.%$+I%-%$G' E8% F0G!
 
+,M"#$0-!+, !G G8+K, !,
 !"#$% &'NL K8%$% m !G -8% I0GG +6 -8% F0..L y !G -8% 1!G-0,
% F%-K%%, -8% F0.. 0,1 -8% %.%
J
-$+I0",%-L i !G -8% 
#$$%,- 40GG!," -8$+#"8 -8% 
+!. 0,1 v !G -8% 5+.-0"% 044.!%1 -+ -8% 
+!.'

:, +$1%$ -+ H%%4 %,0&*(*&12 -8% F0.. !, -8% 0!$L 0, %.%
-$+I0",%-!
 6+$
% 1#% -+ 
#$$%,-
I#G- F% "%,%$0-%1 F3 -8% %.%
-$+I0",%- K!-8 -8% G0I% I0",!-#1% 0,1 +44+G!-% 1!$%
-!+,
0G -8% 6+$
% 1#% -+ "$05!-3' O%5%$-8%.%GGL G!,
% -8% F0.. !G $%P#!$%1 -+ .%5!-0-% 0- 0 1%G!$%1
4+G!-!+,L 0 
+,-$+..%$ !G ,%%1%1 6+$ -8!G -0GH'

E+ F%"!, K!-8L 0 G-0-% G40
% I+1%. 6+$ -8!G G3G-%I 
0, F% 6+$I#.0-%1 F3 -8% G%- +6
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 !"#$% &'() *+,-./ 0102%3'

%4#52!670

ẏ1 = y2

ẏ2 = g −
D

m
y2 −

λLµLy
2
3

2m(1 + µLy1)2

ẏ3 =
1 + µLy1

λL

[
−Ry3 +

λLµL

(1 + µLy1)2
y2y3 + v + vf

]
,

8&'9(:

;<%$% ;% $%753%= 2<% >60!2!67 6? 2<% @5AA y = y1B 2<% 0>%%= 6? 2<% @5AA ẏ = y2 57= 2<%

#$$%72 i = y3' g 0257=0 ?6$ 2<% "$5D!21 
6702572B D !0 2<% D!0
6#0 ?$!
2!67 
6%E
!%72B λL

57= µL 5$% >60!2!D% 
67025720 $%A52%= 26 2<% !7=#
257
% L ;<!
< !0 >60!2!67 =%>%7=%72'
R !0 2<% 
6!A %A%
2$!
5A $%0!0257
% 57= vf !0 2<% D6A25"% 
6702572 
63>67%72 26 F%%> 2<%
@5AA 52 5 =%0!$%= >60!2!67'  6$ ?#$2<%$ =%25!A0 5@6#2 2<% 6@2%72!67 6? 2<!0 36=%AB 2<% !7G
2%$%02%= $%5=%$ !0 $%?%$$%= 26 H*5$4#%IB &JJ9℄B ;<%$% 063% ><10!
5A A5;0 5$% #0%= 26 "%2
2<% =1753!
0 5@6D%'

L<% 35!7 "65A <%$% !0 26 M2 2<% 36=%A 8&'9(: ;!2< 2<% 02$#
2#$% "!D%7 @1 8&'&&:' +"5!7B
;% #0% 5 >5$2!5A A!7%5$!I!7" 
672$6A A5;

v =
λL

1 + µLy1
u+Ry3 −

λLµL

(1 + µLy1)2
y2y3 − vf , 8&'9N:

;!2< 2<% 7%; 
672$6A 0!"75A uB 0#
< 2<52 !7 
63@!752!67 ;!2< 2<% %$$6$ 
66$=!752%0

x1 := y1 − ȳ1, x2 := y2, x3 := y3 − ȳ3 8&'9O:

;<%$% ȳ1 !0 2<% =%0!$%= @5AA >60!2!67B 3%57;<!A% ȳ3 !0 2<% $%4#!$%= 
#$$%72 ?6$ 0#
< =%0!$%=
>60!2!67B 1!%A= 2<% %4#!D5A%72 0102%3

ẋ1 = x2

ẋ2 = g −
D

m
x2 − (x3 + ȳ3)

λLµL(x3 + ȳ3)

2m(1 + µL(x1 + ȳ1))2

ẋ3 = u,

8&'9P:

;<%$% 575A6"6#0A1 26 8&'&&: 57= 5

6$=!7"A1 26 500#3>2!67 &'9'QB ;% "%2

λ1 = −1, λ2 = ȳ3,
k1(x1) = 1, k2(x1, x2) = g − D

m
x2,

h1(x1, x2) = −1, h2(x1, x2, x3) = λLµL(x3+ȳ3)
2m(1+µL(x1+ȳ1))2

.
8&'RJ:

9N



 !"! #$$%&
()&%&*+ ,-(.$%,/

 !"#$% &'($#$! )*' +&& ,-$
)#+$ "/ σ(·) = sin(·) !"# 
%&!'%( ()* +,-,./ 01 !"#& 2#3&#2
)&2 )44(0#2 !% !"# 56789: !% 1!);0(0<# !"# #=>0(0;'0>? 4%0&! (ȳ1, 0, ȳ3)- 6(( 1@1!#?
4)')?#!#'1 )&2 
%&!'%((#' A)0&1 )'# A)!"#'#2 0& B);(# ,-C )&2 ,-, '#14#
!0D#(@- B"#
0&0!0)( 
%&20!0%&1 )'# y1(0) = 0.05 m y2(0) = 0 m/sec )&2 y3(0) = 3 A.- B"# 
%&!'%((#'
1!)!# 0&0!0)( 
%&20!0%&1 )'# ξ1(0) = −1 )&2 ξ2(0) = 3.1 ;%!" 1#(#
!#2 #=>)( !% h1(0, 0) )&2
h2(0, 0, 0) '#14#
!0D#(@-

E)')?#!#' :)(>#
m F-FG
g .-HI
λL I
µL F-I
D F-FFI
R I-,
vf C-J.KI
ȳ1 F-I
ȳ1 C-IKCL

B);(# ,-CM 56789: 1@1!#? 4)')?#!#'1-

N& O0A>'# ,-J !"# !0?# "01!%'0#1 %P !"# )>A?#&!#2 1@1!#? 1!)!#1 )'# 1"%*&- 5#)&*"0(# )((
#''%' 10A&)(1 
%&D#'A# !% <#'% !"# #''%' x2 01 !"# ?%1! '#4'#1#&!)!0D# 10A&)( 10&
# 0! ")1
1!'%&A#' %1
0(()!%'@ ;#")D0%' !")& !"# %!"#' !*%- Q0?>(!)&#%>1(@ !"# 
%&!'%((#' 1!)!#1
ξ1 )&2 ξ2 ;)'#(@ ?%D# P'%? !"#0' #=>0(0;'0>?1- 6(( !"#1# 10A&)(1 
%&D#'A# !"#0' 1!#)2@
1!)!#1 )'%>&2 t = 6 1#
%&21- N& O0A>'# ,-G !"# 
%&!'%( 10A&)( v )&2 !"# 8@)4>&%D P>&
!0%&
)'# 4'#1#&!#2 *"#'# !"# ()1! )

%'20&A(@ !% !"#%'@ 4'#1#&! ) ?%&%!%&0
)((@ 2#
'#)10&A
;#")D0%' 2#10'#2 P#)!>'# '#R#
!0&A 76Q-

O0A>'# ,-JM Q!)!#1 %P !"# )>A?#&!#2 1@1!#? P%' !"# 56789:-
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 !"#$% &'() *+,-$+. /!",0. 0,1 2304#,+5 6#,
-!+, 6+$ -8% 9:;2<='

 !" #$%&'$()* 
,-./,'')/

>, -8!? ?%
-!+,@ !, 
+,-$0?- A!-8 -8% 4$%5!+#? +,%@ A% 4$%?%,- -8% 6+$B0.!C0-!+, +6 0
9+:#,+;%< 
+,-$+..%$ 0? 4$%?%,-%1 !, D*0?0"$0,1% %- 0.'@ &EFF0℄' H8!? ?!B4.!I%1 5%$?!+,
0$!?%? 6$+B -8% ,%%1 -+ 4$+4%$.3 I- -8% -8%+$3 -+ -8% 044.!
0-!+, A8!
8 !? -8% ?-0J!.!C0-!+,
+6 4+A%$ ?3?-%B?@ 0? !- A!.. J% 4$%?%,- !, -8% 6+..+A!," 
804-%$?' H+ -8!? %,1@ 
+,?!1%$ -8%
?3?-%B

ẋ1 = f1(x2)

ẋ2 = f2(x1, x2, x3)

ẋ3 = u

K&'LFM

A8%$% x1, x2, x3 ∈ R@ u ∈ U ⊂ R@ f1 : R → R 0,1 f2 : R
3 → R 0$% ?B++-8 5%
-+$ I%.1?

0,1 -8% +$!"!, (0, 0, 0) !? 0, %N#!.!J$!#B'

 $+B -8% .0?- 1%I,!-!+, A% 
0, 0??#$% -80- -8% +$!"!, +6 K&'LFM !? $%,1%$%1 0--$0
-!5% !6
-8% -8%$% %O!?- 0 ?!",0. u(t) ?#
8 -80-

lim
t→∞

|x1(t)| = 0, lim
t→∞

|x2(t)| = 0, lim
t→∞

|x3(t)− xd
3(t)| = 0,

lim
t→∞

|ξ(t)− h(t)| = 0,

A8%$% ξ ∈ R !? -8% 
+,-$+..%$ ?-0-% 0,1 xd
3 ∈ R !? 0, 0#O!.!0$3 ?!",0.@ $%1%I,%1 J%.+A' H+

-8!? %,1@ f2 ,%%1 -+ 6#.I.. -8% ,%O- 
+,1!-!+,?'

 !!"#$%&'( )*+*,* 6!%&% %=+9$ 08/
$+./9 k : R→ R "/< h : R2 → R? @%&+04+/7 f1(0) =
0? k(0) = p > 0 "/< h(0, 0) > 0? 98
! $!"$

f2(x1, x2, x3) = k(x2)− (x3 + λ)h(x1, x3), K&'L&M

0.& 9.:% &%", 
./9$"/$ λ 6= 0(

PQ



 !"! #$%&'$()* 
,-./,'')/

 !"
$ f2(0, 0, 0) = 0% !" &'$ $()!*!+,!)- .$ '/0$ k(0) = p = λh(0, 0)1 23&$ &'/& !" &'!4

/4$% &'$ 
3"&,3**$, )4$4 3"*5 3"$ 65"/-!
/* 4&/&$ ξ +$
/)4$ 3"*5 3"$ 7)"
&!3" h !4 &/8$"
!"&3 
3"4!6$,/&!3"1  )+4$()$"&*5% .$ !"&,36)
$ &'$ ,$*/&!3"4'!9

(xd
3 + λ)ξ = σ(x1) + k(0), :;1<=>

/"6 &'$ /)?-$"&$6 454&$- ,$4)*&4 !"

ẋ1 = f1(x2)

ẋ2 = k(x2)− (x3 + λ)h(x1, x3)

ẋ3 = u

ξ̇ = ḣ+ π1(h− ξ)− π2x2(x
d
3 + λ)− ǫσ(x1)(x3 + λ),

:;1<<>

.'$,$ ξ ∈ R
sgn(h) .!&' ξ(0) = ξ0 ∈ R

sgn(h)% /"6 π1, π2, ǫ /4 934!&!0$ 
3"4&/"&41 @$A"$ &'$
93!"&

(x1, x2, x3, ξ) = (0, 0, 0, h(0, 0)) := E ,

/"6 "3&$ &'/&% !7 u !4 / 4&/&!
 4&/&$ 7$$6+/
8 0$,!75!"? u|E = 0% &'$" E !4 /" $()!*!+,!)- 37
:;1<<>1

 !""# $%&%'% 01) 
,-./,''23$'$.4 
,-*$.$,- 5,/ .1) 646.)% 7 !89: $6 .1)-

h(0, 0) 6= −λ
∂h

∂x3
(0, 0) . :;1<B>

 !""# $%&%$% 01) ;42&<-,= 5<-
.$,-

V = c1

∫ x1

0

σ(η)6η + c2ǫx2σ(x1) +
1

2

[
c3x

2
2 + c4(ξ − h)2 + c5(x3 − xd

3)
2
]
, :;1<C>

>$.1 ci? 5,/ i = 1, 2, . . . , 5 2/) &,6$.$=) 
,-6.2-. @2$-6 2-* xd
3 *)(-)* 34 7 !8A:? $6 /2*$2''4

<-3,<-*)* $- R
3 × R

sgn(h) $5 2-* ,-'4 $5

lim
x3→∞

h(x1, x3) =∞, :;1<D>

<-$5,/%'4 $- x1!

()!*+!" $%&%,% B,-6$*)/ .1) 646.)% 7 !89: =)/$54$-@ C66<%&.$,-  !"!9? .1) 
,-./,''23$'D
$.4 /2-E 
,-*$.$,- 7 !8":? 2-* .1) @/,>.1 
,-*$.$,- :;1<D>! 01)/) )F$6. 2 5<-
.$,- σ? >$.1
.1) ,** 6$@- &/,&)/.4? 2-* 2 -)$@13,/1,,* ,5 .1) )G<$'$3/$<% E ,5 .1) 2<@%)-.)* 646.)%
7 !88: 6<
1 .12. .1) 
,-./,' '2>

u = ẋd
3 + π3hx2 − π4(x3 − xd

3) + ǫσ(x1)ξ, :;1<E>

>$.1 π3 2-* π4 26 &,6$.$=) 
,-6.2-.6 @2$-6 2-* xd
3 @$=)- 34 7 !8A:? $6 >)''D*)(-)*? 2-*

264%&.,.$
2''4 6.23$'$H)6 E >$.1 /)@$,- ,5 2../2
.$,- R
3 × R

sgn(h)! �

<F
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 !"#$% &'(')' 6!% 
./$&.,,"*+,+$4 &"/< 
./=+$+./ +/ 6!%.&%: '(>(? +9 /%
%99"&4 9+/
%
$!% %@#,+
+$ 
.:#8$"$+./ .0 $!% 
./$&., ,"A B'(CDE 4+%,=9F "0$%& 9.:% :"/+#8,"$+./9F $. $!%
%@#,+
+$ 0.&:

u(x1, x2, ξ) =
ξ2ũ(x1, x2, x3, ξ)

ξ2 + (σ(x1) + k(0))
∂h

∂x3

,

A!%&%
ũ = ũ1 + π3x2h(x1, x2)− π4(x3 − xd

3) + ǫσ(x1)ξ,

A+$!

ũ1 =
1

ξ

∂σ

∂x1
f1−

1

ξ2
(σ(x1) + k(0))

(
∂h

∂x1
f1 + π1(h− ξ)− π2x2(x

d
3 + λ)− σ(x1)ǫ(x3 + λ)

)
.

*+$+,,#$- &'('.' G0 ∂h/∂x3 > 0 "/= +0F 0.& 9.:% p ∈ R
+F k(0) = pF $!%/ $!%&% %@+9$9

" 08/
$+./ σ A+$! $!% .== #&.#%&$4 98
! $!"$ σ(x1) + p > 0 0.& ",, x1F $!%/ $!% 
./$&.,
,"A B'(CDE ,.
",,4 "94:#$.$+
",,4 9$"*+,+-%9 E "/= $!% &%7+./ .0 "$$&"
$+./ +9 R3 × R

sgn(h)(
H%/
% $!% .&+7+/", %I8+,+*&+8: x1 = 0F x2 = 0 "/= x3 = 0 +9 7,.*",,4 "94:#$.$+
",,4 9$"*,%(

 ! "#$ !$%"& '()*+,"(-! .$'*+"' /-. "#$ 01 2 ,!3 145678 '9'"$)' ,.$ :.$'$!"$3 *'(!;
"#$ 9+:#,+J%= 
-!".-++$. =>?@AB ,!3 
-))$!"' ,.$ ;(C$! 
,):,.(!; "#$'$ .$'*+"' D("# "#-'$
*'(!; "#$ 
.:#,%$% 
-!".-++$. =>?>EB?

 !"#

F$
,++(!; "#$ $%:.$''(-! =>?G@B ,!3 .$:$,"$3 #$.$ /-. 
-!C$!($!
$

ẋ1 = x2

ẋ2 = −Dx2 + P − (x3 + Ē)
[
G(x3 + Ē) + VBY sin(x1 + δ̄ + α)

]

ẋ3 = u,

=>?@EB

D#$.$ ,!,+-;-*'+9 "- =>?@HB ,!3 ,

-.3(!;+9 "- ,''*):"(-! >?I?H& D$ (3$!"(/9 "#$ /*!
"(-!'

λ = Ē,
k(x2) = −Dx2 + P,

h(x1, x3) = G(x3 + Ē) + VBY sin(x1 + δ̄ + α),
=>?IJB

,!3 3$K!(!; ,;,(! "#$ -33 /*!
"(-! ,' σ(·) = sin(·)& "#$ 
-!".-+ +,D =>?@AB (' "#$! 3$K!$3
,!3 ,::+($3 "- "#$ 01 2 "- '",L(+(M$ "#$ $N*(+(L.(*) :-(!" (δ̄, 0, Ē)? 4++ 
-!".-++$. ;,(!'
/-. "#(' 
,'$ ,.$ ;,"#$.$3 (! O,L+$ >?@?

P(;*.$' >?E ,!3 >?HJ '#-D "#$ (!"$.$'" C,.(,L+$' /-. "#(' 
,'$? P-. (!'",!
$& "#$ $..-.
C,.(,L+$' -'
(++,"$ +$'' ,!3 
-!C$.;$ /,'"$. "- "#$ -.(;(! "#,! "#-'$ 
-..$':-!3(!; "- "#$

.:#,%$% 
-!".-++$. (! P(;*.$ >?@? Q! "#$ -"#$. #,!3& "#$ 
-!".-+ '(;!,+ ν #$.$ (' '".-!;$.
"#,! "#$ -!$ :.$'$!"$3 (! P(;*.$ >?I?  " (' ():-.",!" "- )$!"(-! "#," "#(' 9+:#,+J%=

-!".-++$. *'$' -!+9 -!$ '","$& /-. "#," .$,'-!& D$ :.$'$!" -!+9 "#$ '","$ ξ (! P(;*.$ >?E&
D#(
# 
,! L$ 
-):,.$3 D("# ξ2 (! P(;*.$ >?@? P(!,++9& ,' '","$3 L9 "#$-.9 "#$ 69,:*!-C
/*!
"(-! (' )-!-"-!(
,++9 3$
.$,'(!; ," ,++ "()$?

@H
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 !"#$% &'() *+,+%- ./ +0% ,#"1%2+%3 -4-+%1 /.$ +0% *5678 -!19:!;%3 
.2+$.::%$'

 !"#$% &'=>) ?.2+$.: -!"2,: ,23 @4,9#2.A /#2
+!.2 /.$ +0% *5678 -!19:!;%3 
.2+$.::%$'

 !"#$%

B%
,::!2" +0% %C9$%--!.2 D&'E(F ,23 $%9%,+%3 0%$% /.$ 
.2A%2!%2
%

ẋ1 = x2

ẋ2 = g −
D

m
x2 − (x3 + ȳ3)

λLµL(x3 + ȳ3)

2m(1 + µL(x1 + ȳ1))2

ẋ3 = u

D&'G=F

H0%$% ,2,:.".#-:4 +. D&'I=F ,23 ,

.$3!2":4 +. ,--#19+!.2 &'G'=8 H% "%+

λ = ȳ3,
k(x1, x2) = g − D

m
x2,

h(x1, x2, x3) = λLµL(x3+ȳ3)
2m(1+µL(x1+ȳ1))2

,
D&'G&F

,23 3%;2!2" +0% .33 /#2
+!.2 ,- σ(·) = sin(·)8 +0% 
.2+$.: :,H D&'IJF !- +0%2 3%;2%3 ,23
,99:!%3 +. +0% 5KL@MN -4-+%1 +. -+,O!:!P% +0% %Q#!:!O$!#1 9.!2+ (δ̄, 0, Ē)' K:: 
.2+$.::%$

I&
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 !"#$ %&' ()"$ 
!$+ !'+  !()+'+, "# -!./+ 0121

3" 4'+$ 0155 !#, 0150 $)&6 ()+ "#(+'+$( 7!'"!./+$ %&' ()"$ 
!$+1 8&9:!'!("7+/;< ()+ +''&'
7!'"!./+$ )!7+ /+$$ !9:/"(4,+ !#, 
&#7+' + %!$(+' (& ()+ &'" "# ()!# ()&$+ 
&''+$:&#,"# 
(& ()+ 
.:#,%$% 
&#('&//+' "# 3" 4'+ 01=1 ># ()+ &()+' )!#,< ()+ 
&#('&/ $" #!/ v )+'+
"$ $('&# +' ()!# ()+ &#+ :'+$+#(+, "# 3" 4'+ 01?1 @)!(A$ 9&'+< ()+ B;!:4#&7 %4#
("&#
"$ 9&#&(&#"
!//; ,+
'+!$"# !( !// ("9+ 
/!99"# !$;9:(&("
 $(!."/"(; &% ()+ 
/&$+,C/&&:
$;$(+91

3" 4'+ 0155D E(!(+$ &% ()+ !4 9+#(+, $;$(+9 %&' ()+ FGHBIJ< $"9:/"K+, 
&#('&//+'1

3" 4'+ 0150D 8&#('&/ E" #!/ !#, B;!:4#&7 %4#
("&# %&' ()+ FGHBIJ< $"9:/"K+, 
&#C
('&//+'1

2L



 !"! #$%&'$()* 
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 !"# $%&' %( )*+
π1 ,- .
π2 -/0 0
π3 -/0 0
π4 ,- 0-
c1 1 0
c3 1 0

c2, c4, c5 1- 0
ǫ -/--23 -/--0

4!567 1/28 $"9:6";7< 
>#?@>667@ A!"#B/

22



 !"#$%& '

 !"#$! %"&!'&($) *(&+)$!',(- .+$#'!',$+'"&

 ! "#$ 
&''$!" 
#()"$'* ( +,-&".,! ", "#$ )',/-$0 ,1 "'(!+.$!" +"(/.-.2(".,! 1,' 0&-".3
0(
#.!$ ),4$' +5+"$0+* 4."# "'(!+1$' 
,!6&
"(!
$+ 6.7$'$!" 1',0 2$',* .+ 8.9$!: ;#$
3N<6.0$!+.,!(- ='$6&
$6 ,'6$'> 0,6$- ,1 "#$ N38$!$'(",' +5+"$0* 4."# -,++5 "'(!+0.+3
+.,! -.!$+* !,!-.!$(' -,(6+* .+ "#$! &+$6 ", 
,!+"'&
" ( !,!-.!$(' 65!(0.
 +"("$31$$6/(
?

,!"',- -(4 $!+&'.!8* &!6$' +,0$ 
,!6.".,!+ ,! "#$ )#5+.
(- )('(0$"$'+* 8-,/(- (+50)",".

+"(/.-."5 ,1 "#$ ,)$'(".!8 ),.!": ;, 6("$* ,!-5 1$4 '$+&-"+ ('$ (9(.-(/-$ 1,' "#.+ )',/-$0
4."# "#$ '$+"'.
".9$ (++&0)".,! ,1 &!.1,'0 .!$'".( .! (-- !$"4,'? 8$!$'(",'+* .!1$'$!
$
1(' 1',0 '$(-.+".
: ;#$ '$0(.!.!8 ,1 "#$ 
#()"$' .+ ,'8(!.2$6 (+ 1,--,4+:  ! @$
".,!   
"#$ +5+"$0 0,6$- (!6 "#$ )',/-$0 1,'0&-(".,! ('$ )'$+$!"$6: @$
".,!    
,!"(.!+ +,0$
6.+
&++.,! '$8('6.!8 "#$ 0(.! (++&0)".,!+: @&/+$A&$!"-5* "#$ 
,!"',--$' (!6 0(.! +"(3
/.-."5 '$+&-" ('$ 8.9$! .! @$
".,!  B: C.!(--5* @$
".,! B )'$+$!"+ +.0&-(".,! '$+&-"+ ,! "#$
DE30(
#.!$ F$4 G!8-(!6 ),4$' +5+"$0 /$!
#0('?:

 !" #$%&'( ()*'+ ,-* ./)0+'( 1)/(2+,&3)-

;#$ 65!(0.
+ ,1 "#$ ),4$' +5+"$0* 
,!+.+".!8 ,1 N 0(
#.!$+* -,(6+ (!6 "'(!+0.++.,!
-.!$+* 0(5 /$ 6$+
'./$6 /5 "#$ (88'$8("$6 '$6&
$6 0,6$- $A&(".,!+ =+$$ HI#.(!8 $" (-:*
DJJK/L M'"$8( $" (-:* NEEK℄>

δ̇i = ωi =P:D>

ω̇i = −Diωi + Pi −GiE
2
i − Ei

N∑

j=1,j 6=i

EjYij sin(δi−δj+αij) =P:N>

Ėi = −aiEi + bi

N∑

j=1,j 6=i

Ej cos(δi−δj+αij) + Efi/τi + νi/τi =P:P>

4."# i ∈ N̄ := {1, 2, . . . , N} (!6 4#$'$

− δi(t) ∈ [0, 2π)* 0$(+&'$6 .! '(6.(!+* .+ "#$ ',",' (!8-$ ,1 "#$ i3"# 0(
#.!$L

− ωi(t) ∈ R* 0$(+&'$6 .! '(6.(!+ )$' +$
,!6+* .+ "#$ (!8&-(' 9$-,
."5 6$9.(".,!L

− Ei(t) ∈ R+* 0$(+&'$6 .! ):&:* .+ "#$ 8$!$'(",' A&(6'("&'$ .!"$'!(- 9,-"(8$L

− Di = Dmi/Mi* 4."# Dmi "#$ 6(0).!8 
,!+"(!" =0$(+&'$6 .! ):&:>* Mi = 2Hi (!6
Hi "#$ .!$'".( 
,!+"(!" =0$(+&'$6 .! +$
,!6+>L

QK



 !"! #$%&'( ()*'+ ,-* ./)0+'( 1)/(2+,&3)-

− Pi = ω0Pmi/Mi !"#$ Pmi #$% 
'()#*(# +%
$*("
*, "(-.# -'!%/ "( -0.0 *(1 ω0 #$%
)2(
$/'('.) )-%%1 3+%*)./%1 "( /*1"*() -%/ )%
'(145

− Gi = ω0Gmi/Mi !"#$ Gmi #$% )%,67
'(1.
#*(
% 3+%*)./%1 "( -0.045

− τi +%*)./%1 "( )%
'(1) ") #$% #/*()"%(# )$'/# 
"/
."# #"+% 
'()#*(#5

− νi(t) ∈ R +%*)./%1 "( -0.0 ") #$% 
'(#/', 8',#*9% "(-.#5

− Efi +%*)./%1 "( -0.0 ") #$% 
'(#/', 
'()#*(# 8',#*9% 
'+-'(%(# *--,"%1 #' #$% :%,1
!"(1"(90

;$% -')"#"8% 
'()#*(#) ai *(1 bi */% 1%:(%1 *)

ai =
1

τi
(1− (xdi − x′di)Bmi) , bi =

1

τi
(xdi − x′di) , 3<0=4

!$%/% xdi ") #$% 1"/%
# *>") /%*
#*(
% "( -0.0 x′di ") #$% 1"/%
# *>") #/*()"%(# /%*
#*(
%
"( -0.0 *(1 Bmi ") #$% )%,67).)
%-#*(
% '6 #$% "(#%/(*, +*
$"(% ?.) "( -0.00 @% *)).+%
xdi − x′di > 00 ;$% -*/*+%#%/) Yij *(1 αij !"#$ i 6= j */% 
'()#*(#) 1%-%(1"(9 '(
#$% #'-','92 *(1 -$2)"
*, -/'-%/#"%) '6 #$% (%#!'/A *(1 '6 #$% ,'*1)0 B'()")#%(#,2 !"#$
-$2)"
*, 
'()#/*"(#) !% *)).+% #$*# 6'/ *,, i Pi > 10 ;$% (%%1 6'/ #$") *)).+-#"'( !",,
?%
'+% +*#$%+*#"
*,,2 
,%*/ "( #$% )%C.%, ?%)"1%) #$*# !% *,)' *)).+% #$% 9%(%/*#'/)
*/% *,!*2) #/*()6'/+"(9 +%
$*("
*, %(%/92 "(#' %,%
#/"
*, -'!%/0

 !!"#$%&'( )*+*+* 4) 1)/(2+,&'5 ,-* %)+6'5 &7' &/,-%3'-& %&,03+3&$ ./)0+'( 8' ,%%2('
&7,& ,++ %&,&'% ,/' (',%2/,0+' ,-* ,++ .,/,('&'/% ,/' '9,
&+$ ;-)8-!

D)).+"(9 #$*# *,, )#*#%) */% +%*)./*?,% !*) -/*
#"
*,,2 .(/%*)'(*?,% * 6%! 2%*/) ?*
A0
E'!%8%/ !"#$ #$% "(
/%*)"(9 .#","F*#"'( '6 +%*)./"(9 *(1 #%,%+%#%/"(9 1%8"
%) 3"( -*/7
#"
.,*/ #$% G$*)'/ H%*)./%+%(# I("#) JK*/,))'( %# *,0 LMM=℄4 #$") ") ?%
'+"(9 * 6%*)"?,%
-'))"?","#2 JG/"')#% *(1 % O",8* LMMP℄0

;$% %C.","?/".+ #' ?% )#*?","F%1 ") 1%:(%1 *)

E := (δ̄, 0, Ē) ∈ SN × R
N × R

N
+ , 3<0Q4

!$%/% S := [0, 2π) δ̄ := 
',(δ̄i) *(1 Ē := 
',(Ēi) *(1 !% +*A% #$% 6',,'!"(9 *)).+-#"'(0

 !!"#$%&'( )*+*,* 47' '<23+30/32( δ̄ 3% %2
7 &7,& = ! >5 83&7 ωi = 0 ,-* δi = δ̄i5 1)/ ,++
i5 7,% , 2-3<2' %)+2&3)- 3- E = 
',(Ei)5 83&7 Ei > 0!

;' 1%/"8% #$% -/'-')%1 
'(#/',,%/ "# ") 
'(8%("%(# #' *--,2 * -*/#"*, ,"(%*/"F"(9 6%%1?*
A
#' #$% )2)#%+ )2)#%+ 3<0R473<0<4 3!'! 

νi=τi


ui+aiEi−bi

N∑

j=1
j 6=i

Ej cos(δi−δj+αij)


−Efi , 3<0S4

=S



 !"#$%& '( )*+,"* -+.*/.%"&  %.$&"*/0%1 2$",/*/0"$/+.

 !"#" ui(t) ∈ R$ %&# i ∈ N̄ $ '#" (!" )" 
&)(#&+ ,)-.(/0 1)2 (!")$ "3-#"// (!" #"/.+(,)4
/5/("6 ,) "##&# 
&&#2,)'("/$ /(%(

x1 := 
&+(δi)− δ̄, x2 := 
&+(ωi), x3 := 
&+(Ei)− Ē, 7809:

;!,/ 5,"+2/ (!" "<.'(,&)/

ẋ1=x2 ,

ẋ2=−2,'4{Di}x2 +P− 2,'4{x3,i + Ēi}h(x1,x3) ,

ẋ3=u ,

780=:

 !"#"
P := 
&+(Pi) , h(x1,x3) := 
&+(hi(x1,x3)) , u := 
&+(ui) 780>:

 ,(!

hi(x1,x3) := Gi(x3,i + Ēi) +

N∑

j=1,j 6=i

(x3,j + Ēj)Yij sin(µij(x1)), 780?@:

 !"#"$ %&# i 6= j$  " 2"A)"

µij(x1) := x1,i + δ̄i − x1,j − δ̄j + αij , 780??:

')2$ %&# k = 1, 2, 3$
xk = [xk,1, xk,2, . . . , xk,N ]

⊤ . 780?B:

C"  ')( (& 2"/,4) ' 25)'6,
 
&)(#&+ +' /('D,+,E,)4 (!" "<.,+,D#,.6 &% /5/("6 780=:0 1/
"3-+',)"2 D"+& $ /&6" 
&)2,(,&)/ &) (!" /5/("6 -'#'6"("#/ 6./( D" ,6-&/"2 (& ")/.#"
(!'( (!" 
&)(#&++"# ,/ 2"A)"2 %&# '++ ξi ')2 '++ x1,i0 ;& "3-#"// (!"/" 
&)2,(,&)/ ,) ' 
&6-'
(
%&#6  " 2"A)" (!" N ×N 6'(#,
"/

L :=




L1,1 · · · L1,N
000 0 0 0 000

LN,1 · · · LN,N


 , 780?8:

')2

Q(x1, ξ) :=




Q1,1 · · · Q1,N
000 0 0 0 000

QN,1 · · · QN,N


 , 780?F:

 ,(!

Li,j =

{
Pi/Ēi +GiĒi ,% i = j ,

YijĒj sin(δ̄i − δ̄j + αij) &(!"# ,/"$
780?G:

')2

Qi,j =

{
ξ2i /[sin(x1,i) + Pi] +Gi ,% i = j ,

Yijsij(x1) &(!"# ,/"$
780?H:

 !"#"
sij(x1) :=sin(µij(x1)) , 780?9:

F9



 !"! #$%
'%%$()

 !" i 6= j !"# ξ := 
%&(ξi) '( )*+ ()!)+ %, )*+ #-"!.'
 
%")/%&&+/0 1%)+ )*!) 2'3+" )*!) 4+
!((5.+ Pi>1 ,%/ !&& i )*+ .!)/'6 Q(x1, ξ) '( 4+&&7#+8"+#0

9*+ !,%/+.+")'%"+# !((5.:)'%" %" )*+ (-()+. :!/!.+)+/( "%4 /+!#( !( ,%&&%4(0

 !!"#$%&'( )*+*)*  !" #$%$&"'"%( Pi) Gi) Yij $*+ αij $%" (,
! '!$' '!" &$'%./ L .(
.*0"%'.12"3

,-'./0# 1'-#"/2%&'( ;%"('#+/ )*+ (-()+. <=0>? 3+/',-'"2 @((5.:)'%"( =0A0A7=0A0=0
B'"# ! #-"!.'
 ()!)+7,++#C!
D 
%")/%& &!4 (5
* )*!) )*+ +E5'&'C/'5. %, )*+ 
&%(+#F
&%%: (-()+. "!.+&- %, )*+ +6)+"#+# (-()+. 
%"('()'"2 '" )*+ (-()+. <=0>? !"# '"
)*+ #-"!.'
 
%")/%&&+/ '( !(-.:)%)'
!&&- ()!C&+ !"# !#.')( ! 4+&&7#+8"+# #%.!'"
%, !))/!
)'%"0 @&(% 2'3+ 
%"#')'%"( )*!) +"(5/+ 2&%C!& !(-.:)%)'
 ()!C'&')-0

 !" #$%
'%%$()

9*+ ,%&&%4'"2 /+.!/D( /+2!/#'"2 )*+ :/%C&+. ,%/.5&!)'%" !"# )*+ !((5.:)'%"( !/+ '"
%/#+/0 9% 
!//- %5) )*+ #'(
5(('%" ') '( 
%"3+"'+") )% /+
!&& )*+ :*-('
!& '")+/:/+)!)'%" %,
(%.+ %, )*+ :!/!.+)+/( %, )*+ /+#5
+# .%#+& <=0A?F<=0=?0 <G++ HI5 +) !&0 JKKAL M5"#5/ 
ANNO℄ ,%/ !##')'%"!& #+)!'&(0? 1!.+&- ,%/ j 6= i 

Yij :=
√

G2
ij +B2

ij , αij := arctan(
Gij

Bij

) , <=0A>?

4*+/+ Gij, Bij !/+ )*+ <"%/.!&'Q+#? 
%"#5
)!"
+ !"# (5(
+:)!"
+ %, )*+ 2+"+/!)%/ /+F
(:+
)'3+&-0 R, ') '( !((5.+# )*!) )*+ &'"+ '( 24((2"(( 4*'
* '( %,)+" #%"+ '" :%4+/ (-()+.
()5#'+( Gij = 0S!"# 
%"(+E5+")&- !&(% αij = 00 R" )*'( 
!(+ Yij = Bij  )*!) '( 5(5!&&-
(.!&& 
%.:!/+# )% Gi 4*'
* '( )*+ (+&,7
%"#5
)!"
+ %, )*+ 2+"+/!)%/0 @((5.:)'%" =0A0J
/+E5'/+( )*!) )*+ +E5'&'C/'5. !"2&+( δ̄i C+ (5
* )*!) )*+ E5!#/!)'
 +E5!)'%"(

GiE
2
i + Ei

N∑

j=1,j 6=i

EjYij sin(δ̄i − δ̄j + αij)− Pi = 0, <=0AN?

*!3+ ! 5"'E5+ :%(')'3+ (%&5)'%" ,%/ Ei > 00 T"#+/ )*+ !((5.:)'%" %, &%((&+(( &'"+ )*+
(+
%"# &+,)7*!"# )+/. '( (.!&& 
%.:!/+# )% Gi :!/)'
5&!/&- (% ', δ̄i ≈ δ̄j 0 9*+" )*+
+E5!)'%"( )!D+ )*+ ,%/. GiE

2
i ≈ Pi )*!) 
&+!/&- *!3+ 5"'E5+ (%&5)'%"( ,%/ Ei > 0 ,%/

i ∈ N̄ 0

@((5.:)'%" =0A0= *%&#( ', )*+ Yij U( !/+ (5V
'+")&- (.!&& 
%.:!/+# 4')* )*+ GiU(0 W'3+" )*+
#'(
5(('%" !C%3+ )*'( '( )*+ 
!(+ ,%/ &%((&+(( &'"+ (-()+.(0 @
)5!&&- ! ('.:&+ <
%"(+/3!)'3+?
(5V
'+") 
%"#')'%" ,%/ )*'( !((5.:)'%" )% *%&# ()+.( ,/%. #'/+
) !::&'
!)'%" %, W+/(*2%/'"

'/
&+U( )*+%/+. HX!/2! JKKN℄0 B!
)%/'"2 ,/%. )*+ /'2*) )*+ ,5&&7/!"D .!)/'6 #'!2{Ēi} !"#
/+
!&&'"2 )*!) Pi > 0 ! #'/+
) !::&'
!)'%" %, )*+ )*+%/+. (*%4( )*!) ',

Gi ≥
N∑

j=1,j 6=i

Yij| sin(δ̄i − δ̄j + αij)|, <=0JK?

O>



 !"#$%& '( )*+,"* -+.*/.%"&  %.$&"*/0%1 2$",/*/0"$/+.

 !"#  !" $% &'( L !%) %** ' ) "'+"#,%*-") .#  !" ./"# &'+! 0!%#1 /*%#"2 !"#
" ') 4-** &%#56
7. "  !% % )-8
'"# 
.#1' '.# 4.& 9:6;<=  . !.*1 ') Gi ≥

∑N

j=1,j 6=i Yij6

>!" *%  "& %*). +-%&%# "")  !%  !" $% &'( Q(x1, ξ) ') '#,"& '?*" 4.& %** x1 ∈ SN 2 ξ ∈ R
N@

% 
.#1' '.#  !% ') '$/.)"1 '#  !" /&./.)' '.# ?"*.A 4.& +*.?%* ) %?'*' B6 C'#%**B2 ?"
%-)" .4
/!B)'
%* 
.#) &%'# )2  !" %#+*" δi %#1  !" D-%1&% -&" %(') '# "&#%* ,.* %+" Ei %&" &") &'
 "1
 . ?"*.#+  . [0, 2π) %#1 R+2 &")/"
 ',"*B EF-#1-&2 GHHI℄6 K'#
" .-& '# "&") ')  . .? %'#
+*.?%* &")-* )2  !" *%  "& &") &'
 '.# ') #. 
.#)'1"&"1 '#  !" /%/"&6 >!"&"4.&" A" %))-$"
x3(t) ∈ R

N 6 7. "  !% 2 '# 
.# &%) A' ! $.) .4  !" 
.# &.**"&) /&./.)"1 '#  !" *' "&% -&"2
'#
*-1'#+  !" .#" +',"# '# EL%)%+&%#1" " %*62 ;<GG?℄2  !" &") &'
 '.# .4 x1(t) ∈ SN ')
"#4.&
"16

 ! "#$% &'()*+

M#  !') )"
 '.# A" 1")'+# % 4""1?%
5 
.# &.* *%A %#1 +'," 
.#1' '.#) .#  !" /%&%$" "&) .4
 !" $%
!'#") %#1  !" #" A.&5  . "#)-&" ) %?'*' B /&./"& '") 4.&  !" 
*.)"10*../ )B) "$6
>!" 
.# &.* *%A2  !" 1B#%$'
) .4  !" %-+$"# "1 ) % " %#1  !" NB%/-#., 4-#
 '.# 9)""
"D-% '.#) 9:6;G=2 9:6;;= %#1 9:6:O= ?"*.A=2 %) A"** %)  !" /&..4 .4  !" "P"
 ',"#")) .4  !"

.# &.**"&2 %&" ?%)"1 .#  !" &")-* ) 1")
&'?"1 '# EL%)%+&%#1" " %*62 ;<GG?℄ %#1 EL%)%+&%#1"
" %*62 ;<G;℄6 >. /&.,"  !" ) %?'*' B /&./"& '") A" $%5" -)" .4  !" 4.**.A'#+ 
*%))'
%*
&")-* EM)'1.&'2 GHHQ℄6

 !"#$"% &'&'('  +.3/1%& $!% 14."5/
"* 343$%5 ẋ = f(x)7 8!%&% x(t) ∈ R
n7 ".1 39##+3%

$!"$ x0 /3 ". %:9/*/,&/95 #+/.$7 ."5%*4 $!"$ f(x0) = 0( ;< $!%&% %=/3$3 " &"1/"**4 9.,+9.1%1
<9.
$/+. V : Rn → R >
"**%1 NB%/-#., 4-#
 '.#? 39
! $!"$

− V (x) > 0 <+& "** x 6= x07 ".1 V (x0) = 07

− ∇V (x)⊤f(x) < 0 <+& "** x 6= x07 ".1 ∇V (x0)
⊤f(x0) = 0

$!%. $!% %:9/*/,&/95 x0 /3 *+
"**4 "345#$+$/
"**4 3$",*% /. $!% 3%.3% +< @4"#9.+A7 ."5%*4

− <+& "** ρ1 > 0 $!%&% %=/3$ ρ2 > 0 39
! $!"$ /< ‖x(0)−x0‖ < ρ2 $!%. ‖x(t)−x0‖ < ρ17
<+& "** t > 07 ".1

− $!%&% %=/3$ " .%/B!,+&!++1 U +< x0 39
! $!"$ /< x(0) ∈ U $!%.

lim
t→∞

x(t) = x0 .

�

>. ?"+'# A' !2 A" 1"R#"  !" 4-#
 '.# u : SN × R
3N → R

N %) u = 
.*(ui)2 A!"&" ui2 ')
'$/*'
' *B 1"R#"1 ?B  !" &"*% '.#)

ui()(t), ξ(t)) = ẋd
3,i(t)+β1,i hi()1(t),)3(t))x2,i(t)−β2,i (x3,i(t)−x

d
3,i(t))+ǫiξi(t) sin(x1,i(t)) ,

9:6;G=

IH



 ! ! "#$% &'()*+

 !"#" β1,i > 0$ β2,i > 0 %&' 0 < ǫi < 1$ ()# %** i$ ξ = (ξ1 · · · ξN)
⊤ +, -!" 
)&-#)**"# ,-%-"

-!" '/&%0+
, )(  !+
! %#" '"1&"' 2/

ξ̇i = β3,i (hi( 1, 3) − ξi) − β4,i (x
d
3,i + Ēi)x2,i + ḣi( 1, 3,u) − ǫi(x3,i + Ēi) sin(x1,i),

345667

ḣi( 1, 3,u) = Giui +

N∑

j=1,j 6=i

[ujYij sin(µij(x1,i)) + (x3,j + Ēj)Yij(x2,i − x2,j) cos(µij(x1,i))]

345647
 +-! µij(x1) %, +& 345887$ β3,i > 0$ β4,i > 0 %&'

xd
3,i = [sin(x1,i) + Pi]/ξi − Ēi . 345697

!"#$#%&'&#( )*)*+* ,-%($.'& (/(+'0 1 !23 #%. ()44-(' $+ 5'&$6'( 7(()04+$-%(  !8!8 +-
 !8! !

$3 9:' ;)%
+$-% u $% 1 !=83 $( >'**?.'6%'. $% # %'$@:A-&:--. -;

E0 := (0,h(0, 0)) ∈ SN × R
3N . 3456:7

$$3 9:'&' 'B$(+( ǫ∗ ()
: +:#+ $; ǫi ∈ (0, ǫ
∗) ;-& #** i +:'% (x, ξ) = E0 $( +:' )%$C)' 'C)$*$A?

&$)0 -; +:' 
*-('.?*--4 (/(+'0 1 !23D 1 !=83D 1 !==3D #%. $+ $( *-
#**/ #(/04+-+$
#**/
(+#A*'!

$$$3 9:' .-0#$% -; #++&#
+$-% -; E0 
-%+#$%( #** $%$+$#* 
-%.$+$-%( ()
: +:#+D #*-%@ +:'

-&&'(4-%.$%@ +&#E'
+-&$'( -; +:' 
*-('.F*--4 (/(+'0D +:' 0#+&$B Q(x1(t), ξ(t))D .'?
6%'. $% 345897D $( $%5'&+$A*' ;-& #** t!

$53 G; +:' 0#+&$B Q(x1, ξ) $( $%5'&+$A*' ;-& #** x1 ∈ SN #%. ;-& #** ξ ∈ R
N D +:'% E0 $( #

;*)2%**/ %,/0<-)-+
%**/ ,-%2*" 'C)$*$A&$)0! �

!"##, )*)*-* $3 H$&(+D %-+' +:#+ +:' 
-%+&-* ($@%#* ui #44'#&(I+:&-)@: 'C)#+$-%( 1 !==3
#%. 1 != 3I-% +:' &$@:+ :#%. ($.' -; 1 !=83 #%. 0)(+D +:'&';-&'D A' 0#.' 'B4*$
$+! J)A?
(+$+)+$%@ 1 != 3 #%. 1 !==3 $% +:' 'B4&'(($-% -; ẋd

3 +:#+ 
#% A' 
-04)+'. ;&-0 1 !=K3D
%#0'*/

ẋd
3,i =

x2,i cos(x1,i)

ξi
−
sin(x1,i) + Pi

ξ2
ξ̇i , 3456=7

>' -A+#$%

ẋd
3,i =

g1,i
ξi

+
g2,i
ξ2i

(
N∑

j=1

[Hijuj +Kij] + β3,i(hi − ξi) +
g3,i
ξi

+ g4,i

)
, 3456>7

>:'&'

g1,i = x2,i cos(x1,i) ,

g2,i = −[sin(x1,i) + Pi] ,

g3,i = −β4,i[sin(x1,i) + Pi]x2,i ,

g4,i = −ǫi(x3,i + Ēi) sin(x1,i) ,

3456?7

:@



 !"#$%& '( )*+,"* -+.*/.%"&  %.$&"*/0%1 2$",/*/0"$/+.

Hii = Gi 3+& "** i ∈ N̄ 4 Hij = Yijsij( 1)4 j ∈ N̄ 4 i 6= j4 Kii = 04 ".1

Kij = (x3,j + Ēj)Yij(x2,i − x2,j) cos(µij(x1,i)) ,  !"#$%

5/$! i 6= j( 6. $!% 7%89%* $!% "&:9;%.$7 +3 $!% 39.
$/+.7 "&% +;/$$%1 3+& ,&%=/$> 5!%&%=%&
$!/7 1+%7 .+$ :%.%&"$% 
+.397/+.(

?="*9"$/.: "$ x = 0 $!% 7%
+.1 %89"$/+. /. @'(AB 5% !"=% hi(0, 0) > 0( C+&%+=%&4 3&+;
 !"#&% 5% 7%% $!"$4 "$ $!% %89/*/,&/9; ξ ".1 h 
+/.
/1%4 !%.
% ξi > 04 /. 7+;% .%/:!,+&!++1
+3 E0( D!%&%3+&%4 @'(EFB 
". ,% &%5&/$$%. "7

ui = g5,i +
N∑

j=1

g2,iHijuj

ξ2i
,  !"!'%

5!%&%

g5,i=
g1,i
ξi
+
g2,i
ξ2i

(
N∑

j=1

Kij+β3,i(hi−ξi)+
g3,i
ξi
+g4,i

)
+β1,ihix2,i−β2,i(x3,i−x

d
3,i)+ǫiξi sin(x1,i)  !"!(%

/7 1%G.%1 /. $!/7 .%/:!,+&!++1( H%$ g5 := 
+*(g5,i)4 *%$ IN ,% $!% /1%.$/$> ;"$&/I +3 1/;%.J

7/+. N 4 ".1 *%$ L̃ ,% $!% ;"$&/I 5/$! %.$&/%7

L̃ij =
g2,iHij

ξ2i
.  !"!#%

K% ;"> &%5&/$% %89"$/+. @'(EFB "7

u = (IN − L̃)−1g5.  !"!!%

?I#*/
/$ 
+;#9$"$/+.7 >/%*1

IN − L̃ = 1/":

{
sin(x1,i) + Pi

ξ2i

}
Q(x1, ξ).  !"!&%

D!%&%3+&%4 7/.
% Pi > 1 ".1 ξi > 04 IN−L̃ /7 /.=%&$/,*% /3 ".1 +.*> /3 Q(x1, ξ) /7 /.=%&$/,*%(
L/."**>4 7/.
%

Q(0,h(0, 0)) = L 1/":{Ēi},  !"!)%

M779;#$/+. '(F(' /;#*/%7 $!"$ $!% 
+.$&+* *"5 /7 5%**J1%G.%1 /. E0 ".14 ,> 
+.$/.9/$>4 /.
" .%/:!,+&!++1 +3 E0(

//B N./89%.%77 +3 $!% %89/*/,&/9; /7 /;;%1/"$%*> #&+=%. ,> 79,7$/$9$/+.4 "7 *+.: "7 $!%

+.$&+* *"5 u /7 5%**J1%G.%1( D!% #&++3 +3 7$",/*/$> &%*/%7 +. $!% %I/7$%.
% +3 " H>"#9.+=
39.
$/+. O67/1+&/4 FPPQ℄(  +.7/1%& $!% 39.
$/+. V : SN × R

3N → R 1%G.%1 ,>

V (x, ξ) =
N∑

i=1

(
c1,i

∫ x1,i

0

sin(η)*η + c2,iǫix2,i sin(x1,i)

)
+

+
1

2

(
c3,i‖x2‖

2 + c4,i‖ξ − h‖2 + c5,i‖x3 − xd
3‖

2
)

 !"!+%

)(



 ! ! "#$% &'()*+

,$+- xd
3 := 
/*(xd

3,i) #%0 ,-'&' ck,i1 2/& k = 1, 2, . . . , 5 #&' 3/($+$4' 
/%(+#%+ 5#$%( ()
-
+-#+1 2/& #** i1 c1,i ≥ 11 c2,i ≥ 1 #%0 c3,i ≥ 1! 6+ $( (-/,% 7'*/, +-#+ +-' 
/%+&/* 0'($5%
$( ($83*$9'0 $2 (/8' &'*#+$/%( #8/%5 +-' 5#$%( ck,i1 #( ,'** #( (/8' &'*#+$/%( 7'+,''% +-'
5#$%( ck,i #%0 +-' 3#&#8'+'&( β:(1 -/*0 ;('' '<)#+$/%( ; != >>! ?/,'4'&1 2/& +-' 8/8'%+
,' 3&'2'& +/ ,&$+' +-' @A#3)%/4 2)%
+$/% $% +-' 2/&8 ; ! B>! C/+' +-#+ V 
#% 7' &',&$++'%
#(

V (x, ξ) =
1

2
c4,i‖ξ−h‖2+

1

2
c5,i‖x3−xd

3‖
2+

N∑

i=1

[c1,i(1−cos(x1,i))+
c3,ix

2
2,i

2
+c2,iǫix2,i sin(x1,i)].

 !"!#$
62 +-' +'&8( $% 3#&'%+-'($( #&' %/%D%'5#+$4'1 V $( 3/($+$4' 0'9%$+'E,$+- &'(3'
+ +/ +-'
3/$%+

(x1,x2,x3, ξ) = (0, 0,xd
3,h(0, 0)) .  !"!%$

F/ '(+#7*$(- +-$( 2#
+1 %/+' +-#+1 ($%
' c1,i > 01 +-' G/)%5:( $%'<)#*$+A HI4#%(1 JKLK℄

c2,iǫix2,i sin(x1,i) ≥ −
c22,iǫ

2
ix

2
2,i

2c1,i
−

c1,i sin
2(x1,i)

2
 !"!&$

-/*0(! N($%5 +-' $%'<)#*$+A #7/4' #%0 
-//($%5 c3,ic1,i > c22,iǫ
2
i ,' /7+#$%

c1,i(1−cos(x1,i)) +c2,iǫix2,i sin(x1,i)+c3,ix
2
2,i/2≥ 0 .  !"'($

F-$( 3&/4'( +-#+ V $( 3/($+$4' 0'9%$+'! O7('&4' %/, +-#+  !")*$ A$'*0(

ẋ3,i − ẋd
3,i = β1,ihix2,i − β2,i(x3,i − xd

3,i) + ǫiξi sin(x1,i) ,  !"'*$

#%0 +-#+ 2&/8  !")!$ #%0  !"))$ /%' /7+#$%(

ξ̇i − ḣi = β3,i(hi − ξi)− β4,i(x
d
3,i + Ēi)x2,i − ǫi(x3,i + Ēi) sin(x1,i)

= β3,i(hi − ξi)− β4,i[sin(x1,i) + Pi]
x2,i

ξi
− ǫi(x3,i + Ēi) sin(x1,i),

 !"')$

,-'&' ,' -#4' ()7(+$+)+'0  !")'$ $% +-' ('
/%0 $0'%+$+A! F-'&'2/&'1 ('*'
+$%5

β1,i = β4,i ,

c1,i = c3,i ,

c2,i = c4,i = c5,i,

c1,i = c2,iβ1,i,

 !"'!$

+-' +$8'P0'&$4#+$4' /2 V #*/%5 +-' +&#Q'
+/&$'( /2 +-' 
*/('0P*//3 (A(+'8  !"%$1  !")*$1
 !"))$ 
#% 7' ,&$++'% #(

V̇ = −c4,iβ3,i‖ξ−h‖
2−c5,iβ2,i‖x3−x

d
3‖

2−
n∑

i=1

[x2,i sin(x1,i)]Mi(x1,i)

[
x2,i

sin(x1,i)

]
,  !"''$

,-'&'

Mi(x1,i) :=




c3,iDi − c2,iǫi cos(x1,i)
c2,iǫiDi

2
c2,iǫiDi

2
c2,iǫi


 .  !"'+$

+)



 !"#$%& '( )*+,"* -+.*/.%"&  %.$&"*/0%1 2$",/*/0"$/+.

-+34 /5

0 < ǫi <
4c3D

c2(4 +D)
 !"#$%

$!%.
c3,iDi − c2,iǫi cos(x1,i) > 0 ,  !"#&%

c2,iǫi (c3,iDi − c2,iǫi cos(x1,i))−
c22,1ǫ

2
iD

2
i

4
> 0 ,  !"#'%

".1 !%.
% $!% 7"$&/8 Mi(x1,i) /9 #+9/$/:% 1%;./$%( <+&%+:%&4 9/.
% ǫi > 0 $!%. Mi(x1,i) ≥
ρiI2 > 0 5+& 9+7% ρi > 0 ".14 
+.9%=>%.$*?4

V̇ ≤ −

n∑

i=1

ρi[x
2
2,i + sin2(x1,i)]− c4,iβ3,i‖ξ − h‖2 − c5,iβ2,i‖x3 − xd

3‖
2 ≤ 0.  !"#(%

@!%&%5+&% "** $&"A%
$+&/%9 
+.:%&B% $+ $!% 9%$  !"!'%( C99>7#$/+. '(D(E "**+39 $+ 
+.
*>1%
$!"$ $!% *"$$%& 9%$ 
+/.
/1%9 3/$! E04 !%.
% $!% 
*"/7(

///F @!% *+
"* &%9>*$ B/:%. ,? /F ".1 //F 
". ,% ."$>&"**? %8$%.1%1 $+ "** $&"A%
$+&/%9 "*+.B
3!/
! Q(x1(t), ξ(t)) /9 /.:%&$/,*%4 $!>9 B>"&".$%%/.B %8/9$%.
% +5 $!% 
+.$&+* *"3 5+& "**
t ≥ 0 ".1 "$$&"
$/:/$? +5 E0(

/:F G&+7 H'('IF4 /5 Q(x1, ξ) /9 /.:%&$/,*% 5+& "** x1 ∈ SN 4 ξ ∈ R
N 4 $!%. $!% 
+.$&+* *"3 u

/9 B*+,"**? 3%**J1%;.%1( @!/9 5"
$4 $+B%$!%& 3/$! $!% #&+#%&$/%9 +5 V 4 %9$",*/9!%9 $!% B*+,"*
"9?7#$+$/
 9$",/*/$? 
*"/7(

 !"#$% &'&'(' K5 $!% %=>/*/,&/>7 E H9%% C99>7#$/+. '(D(EF /9 .+$ >./=>%4 ,>$ /$ /9 /9+J
*"$%14 3% 
". 
+.
*>1% 5&+7 $!% "."*?9/9 ",+:% $!"$ /$ /9 *+
"**? "9?7#$+$/
"**? 9$",*%(
<+&%+:%&4 5+& "** /./$/"* 
+.1/$/+.9 9>
! $!"$ Q(x1(t), ξ(t)) /9 /.:%&$/,*%4 3% !":% $!"$
x1(t)→ 0 ".1 x2(t)→ 0(

 !"#$% &'&')' @!% 
+.$&+**%& 1%&/:%1 /. L&+#+9/$/+. '('(E 7"? ,% 
+7#"&%1 3/$! $!%

+.$&+**%& &%#+&$%1 /. M "9"B&".1% %$ "*(4 ENDD,℄ $!"$4 "9 7%.$/+.%1 /. $!% /.$&+1>
$/+.4
/9 $++ 
+7#*%8 ".1 1+%9 .+$ &%9#%
$ $!% #!?9/
"* 9$&>
$>&% +5 $!% 9?9$%7( <+&%+:%&4 "9
9!+3. /. $!% .%8$ 9%
$/+.4 $!% #%&5+&7".
% +5 $!% ",+:% 
+.$&+* *"3 5+& $!% $&".9/%.$
9$",/*/$? #&+,*%7 /9 9/B./;
".$*? ,%$$%& $!". $!% #%&5+&7".
% +5 $!% 
+.$&+**%& #&+#+9%1
/. M "9"B&".1% %$ "*(4 ENDD,℄(

 !" #$%&'()$*+ ,-.&').

)* +,-. ./
+-1* 2/ 34/./*+ .-5678+-1* 4/.67+. 6.-*9 +,/ 2/77:;*12* </2 =*978*> 312/4
.?.+/5@ 2,-
, 
1*.-.+. 1A BC 9/*/48+14.@ !( D6./. 8*> B( 718>.@ 8. >/3-
+/> -* E-964/ !"B"
F,/ .?.+/5 38485/+/4. 84/ +8;/* A415 GH8-@ B('(℄" F,/ 
1*+4177/4 -* /J68+-1*  !"!!% ,8.
D//* +/.+/> +1 .+8D-7-K/ +,/ 312/4 .?.+/5 6*>/4 >-L/4/*+ A867+.@ +,-. -.

 -% )*+/45-++/*+ 3ϕ A867+ -* D6. *65D/4 B$"

M!



 !"! #$%&'()$*+ ,-.&').

 !!" #$%&'($() *!($ +,!)
.!(/ 0$),$$( 01+ 23 '(4 25 67**7,$4 08 ' 61** *7'4 )%!9 !( 01+
25:

 !!!" #$%&'($() 6'!*1%$ !( /$($%')7% 2;:

<7 +.7, ).$ 
7()%7**$% %701+)($++ ,$ 9%$+$() ),7 4!=$%$() +!&1*')!7( +
$('%!7+> ?%+) ).$
97,$% ($),7%@ !+ %$9%$+$()$4 1+!(/ ).$ ).!%4 7%4$% &74$*  A:2"B A:A" '(4 +$
7(4> ).$
97,$% +8+)$& !+ 9%$+$()$4 08 '( $!/.). 7%4$% &74$* /!C$( 0$*7,: D( 07). +
$('%!7+ ).$
9'%'&$)$% Di !+ 1 67% '** i = 1, . . . , n> ,.!*$ ).$ 7).$% 9'%'&$)$%+ '%$ /!C$( !( <'0*$ A:2:
<.$ !(!)!'* 
7(4!)!7( !+ ).$ $E1!*!0%!1& 97!() '*+7 /!C$( !( <'0*$ A:2:

 !"!# $%&'()*'(+' ,*(+-

<.$ 97,$% +8+)$& !+ +!&1*')$4 1+!(/ ).$ '//%$/')$4  %$41
$4" &74$* /!C$( !( $E1')!7(+
 A:2"B A:A": <.$ &')%!
$+ Y '(4 α> ,.!
. '%$ %$*')$4 )7 ).$ +8+)$& '4&!))'(
$ &')%!F>
'%$ /!C$( 08 $E1')!7(+  A:G;" '(4  A:GH": <.$+$ &')%!
$+ '%$ 70)'!($4 ).%71/.  A:25" 6%7&
).$ 9'%'&$)$%+ Gij '(4 Bij '99$'%!(/ !( ).$ %$41
$4 ($),7%@ '4&!))'(
$ &')%!F> ,.!
.
.'+ 0$$( 70)'!($4 08 $*!&!(')!(/ '** 01+$+ $F
$9) ).$ !()$%('* /$($%')7% 01+$+: I

7%4!(/
)7 ).$ 
7(4!)!7( !(  A:25"> ('&$*8 ).') j 6= i> ).$ $*$&$()+ 76 ).$ &'!( 4!'/7('* 76 Y
'(4 α '%$ +$) )7 J$%7: <.$ C'*1$+ 76 ).$ 
7()%7**$% /'!(+ 
.7+$( )'@!(/ !()7 '

71() ).$

7(+)%'!(+ 97!()$4 71) !( K$
)!7( A:A '(4 '%$ *!+)$4 !( <'0*$ A:H:

 !"#$%&""#!" 3ϕ '()*" &! +), -.

<.!+ 6'1*) !+ !()%741
$4 08 
7(($
)!(/ ' +&'** !&9$4'(
$ )7 ).$ /%71(4 ') t = 1  +$
7(4+"
'(4 4!+
7(($
)!(/ !) '6)$% 0.15 +$
7(4+: D( L!/1%$ A:H ).$ )!&$B.!+)7%!$+ 76 ).$ +)')$+ 76
).$ )$( &'
.!($+ '%$ 4$9!
)$4 !( $%%7% 
77%4!(')$ C'%!'0*$+: M7)$ ).') !( ).!+ 
'+$> ).$
+)')$ C'%!'0*$ 
7%%$+97(4!(/ )7 ).$ +9$$4 4$C!')!7(> x2 !"
$%&'%' ()$ &** +,% -%"%$&+)$'
!" & "%!-,.)$,))/ )( +,% +!0%1!"'+&"+ !" 2,!
, +,% (&3*+ !' !"+$)/3
%/4 5*') !+ 
&" .%
")+%/ +,&+ +,% 
)"6%$-%"
% )( +,% '+&+%' +) +,% 
)$$%'7)"/!"- %83!*!.$!30 7)!"+' &*+,)3-,
$&7!/ !' '0))+, !"/!
&+!"- +,&+ +,% 
)"+$)**%$ !"9%
+' *)2 -&!"' !"+) +,% *))7 : & (%&+3$%
+,&+ !' /%'!$&.*% !" &** 7$&
+!
&* &77*!
&+!)"'4 ;" &//!+!)" !" <!-3$% =4= +,% +!0% ,!'+)$>
)( +,% 
)"+$)* !"73+' &"/ )( +,% ?>&73")6 (3"
+!)" &$% 7*)++%/4 @)+% +,&+ V !' &*2&>'
/%
$%&'!"- %A
%7+ /3$!"- +,% (&3*+4

 !"#$%!%& '(%! )*(&
,(%- .!&*!!% ./) 01 $%2 03

B,!' (&3*+ 
)"'!'+' !" & 7%$0&"%"+ /!'
)""%
+!)" )( +,% +$&"'0!''!)" *!"% .%+2%%" .3' CD
&"/ CE ()**)2%/ .> & (3** *)&/ +$!7 !" .3' CE &+ t = 1 F'%
)"/'G4 5(+%$ 0.15 '%
)"/' +,%

)"+$)**%$ !' 37/&+%/ &"/ '+&.!*!H%' +,% '>'+%0 +) +,% "%2 )7%$&+!)" 7)!"+4 ;" <!-3$%' =4I
&"/ =4J +,% +!0%1,!'+)$!%' )( +,% '+&+%' )( +,% +%" 0&
,!"%' )( +,% 
)"+$)* !"73+' &"/ )(
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+!)" &$% /%7!
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ω !"
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 !"#$%& '( )*+,"* -+.*/.%"&  %.$&"*/0%1 2$",/*/0"$/+.

 !"#$%!%& '$()*"! (% +!%!"$&," -.

 ! "#$% 
'%() "#( *(!(+'",+ !-./(+ 01 $% %-22(!34 5'!2 6(+.'!(!"347 2$%
,!!(
"(2 8+,. "#(
!("9,+: '" t = 1) "#$% 
'-%(% ' %$*!$;
'!" 3'
: ,8 (3(
"+$
'3 6,9(+ $!<(
"(2 $!", "#( %4%"(.=
>%%-.$!* '33 6,%"?8'-3" 6'+'.("(+% '!2 (@-$3$/+$-. 6,$!"% '+( :!,9!) '" t = 1.15 %(
,!2%
"#( 
,!"+,33(+ $% -62'"(2 '!2 %"'/$3$A(% "#( %4%"(. ", "#( !(9 ,6(+'"$,! 6,$!"= B,"( "#'"
"#( 6,9(+ 2(.'!2 +(.'$!% "#( %'.( '!2 "#( %9$!* /-% 5!-./(+ C7 6+,D$2(% "#( 6,9(+
"#'" "#( *(!(+'",+ 01 9'% 
,!"+$/-"$!* ", "#( !("9,+:=  ! ,+2(+ ", %#,9 "#( 
#'!*( 8+,.
"#( 6+(?8'-3" (@-$3$/+$-. 6,$!"% ", "#( 6,%"?8'-3" (@-$3$/+$-. 6,$!"%) ;*-+(% E=F '!2 E=G
$33-%"+'"( "#( %"'"(% D'+$'/3(% $! .'
#$!( 
,,+2$!'"(% '3,!* 9$"# "#( 
,!"+,3 $!6-"% '!2
"#( H4'6-!,D 8-!
"$,!=  ! ;*-+(% E=F "#( "+'<(
",+$(% 
,++(%6,!2$!* ", .'
#$!( !-./(+
01 2$D(+*( '8"(+ "#( 8'-3") 9#$3( "#( "+'<(
",+$(% 
,++(%6,!2$!* ", "#( +(.'$!$!* *(!(+'",+%
+('
# '!,"#(+ (@-$3$/+$-. 6,$!" %.,,"#34= >3%, $" $% (D$2(!" "#'" "#( *3,/'3 '%4.6","$

%"'/$3$"4 $! "#( %(!%( ,8 H4'6-!,D $% 6+(%(+D(2=

i Pi E∗F i Gi δ̄i Ēi ξ̄i
0 E=IGCF 0=010I 0=FIGJ 1=0CCK 0=1ICE E=ELJF
C EC=IKJC 0=LECF C=LJ1G 1=ECJG 0=0G1I CG=KE
E EJ=00IF 0=KFJE E=ICE1 1=EF1F 0=0EIE E1=1J
J J0=F0GE 0=IECK K=JECL 1=EJIE 0=1IKK EL=E
I EF=KJKG E=EEEJ C=JJEC 1=IFKI 0=EFLI CF=L
F EI=0GFF 0=LGF1 J=110C 1=EFEE 0=C1JG CL=0L
G EL=LJKL 0=L0LC J=JJIJ 1=EG0K 0=0KII EE=FL
K J0=FF1F 0=I10I F=JLI1 1=E0GL 0=1L0J EK=0G
L JI=E1KL 0=GC1J K=0EJK 1=IJLK 0=0IEJ EK=CK
01 01=KJCI 0=CIK1 I=J1FC 1=11IG 0=00CL L=GJ

M'/3( E=0N O'+'.("(+% (!2 (@-$3$/+$-. D'3-(% -%(2 8,+ "#( %$.-3'"$,!%=

Y =































0 1.5973 1.7025 0.8774 0.3035 0.7937 0.6606 1.4484 0.8518 2.8936
1.5973 0 1.7922 0.6323 0.2187 0.5720 0.4761 0.5379 0.4191 1.0062
1.7025 1.7922 0 0.8819 0.3049 0.7977 0.6641 0.6746 0.5465 1.2471
0.8774 0.6323 0.8819 0 1.9513 1.5890 1.3228 0.6871 0.7394 1.1378
0.3035 0.2187 0.3049 1.9513 0 0.5495 0.4574 0.2376 0.2557 0.3935
0.7937 0.5720 0.7977 1.5890 0.5495 0 3.0318 0.6215 0.6688 1.0292
0.6606 0.4761 0.6641 1.3228 0.4574 3.0318 0 0.5174 0.5566 0.8567
1.4484 0.5379 0.6746 0.6871 0.2376 0.6215 0.5174 0 1.2275 2.8730
0.8518 0.4191 0.5465 0.7394 0.2557 0.6688 0.5566 1.2275 0 1.4931
2.8936 1.0062 1.2471 1.1378 0.3935 1.0292 0.8567 2.8730 1.4931 0































 !"#$%

 !"#&%

α =














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)  !"!#$%&%'"%
 "#$%&'%& ," &%
"!$,&:
, ,-% $,),% "1 ,-% ",-%& $:#$0$,%+$ )!* :$%$<3! )

!#")%&"*+!,-%.)/!&" 0)*<,-%$% %$,3+),%$ 3! ,-% 
"!,&". .)86 7-% "#$%&'%&$ )&% *%$3/!%*
1".."83!/ ,-% 5&3!
35.%$ "1 3++%&$3"! )!* 3!')&3)!
% =>?>@6 A:&,-%&+"&%; ,-% 
.)$$ "1 $0$B
,%+$ ," 8-3
- ,-% *%$3/! 3$ )55.3
)#.% 3$ 3*%!,3C%* '3) ) .3!%)& +),&3D 3!%E:).3,0 $".:,3"!;
1&"+ 8-3
- ,-% "#$%&'%& /)3!$ )&% "#,)3!%*6 >! )**3,3"!; 3, 3$ $-"8! ,-), ,-% :$% "1
3++%&$3"! )!* 3!')&3)!
% "#$%&'%&$; 3!$,%)* "1 $,)!*)&* F:%!#%&/%&G$ "#$%&'%&$; %!.)&/%$
,-% 
.)$$ "1 $,)#3.34)#.% $0$,%+$6

7-3$ 
-)5,%& 3$ ,-%! "&/)!34%* )$ 1".."8$6 >! H%
,3"! I6J ,-% *%
%!,&).34%* $,)#3.34),3"!
5&"#.%+ 3$ 1"&+:.),%* )!* ,-% +)3! &%$:., 3$ /3'%!6 A"& %)$% "1 5&%$%!,),3"!; ,-% 5&""1
"1 ,-% +)3! &%$:., 3$ /3'%! C&$, 1"& ) $0$,%+ 
"+5"$%* "1 ,8" $:#$0$,%+$ 3! H%
,3"!
I6K6 >,$ /%!%&).34),3"! ," N > 2 $:#$0$,%+$ 3$ *3$
:$$%* .),%&6 A3!)..0; 3! $%
,3"! I6L;
,-% )55.3
)#3.3,0 "1 ,-% 5&"5"$%* +%,-"* 3$ 3..:$,&),%* '3) ,8" %D)+5.%$M ) ,&)!$3%!,
$,)#3.34),3"! 
"!,&"..%& 1"& ) ,8"(+)
-3!% 5"8%& $0$,%+ "1 N,- "&*%& )!* )! )
)*%+3


)$% $,:*0 "1 JK,- "&*%&; 8-%&% $"+% $3+:.),3"! &%$:.,$ )&% ).$" /3'%!6

 !" #$%&'() *%$)+',-.%/ ,/0 ),./ $(1+'-

O"!$3*%& ,-% F7> .)&/%B$
).% $0$,%+

Σ : ẋ = Ax +Bu, =I6J@

8-%&% x = [x⊤1 , x
⊤
2 , . . . , x

⊤
N ]
⊤ ∈ R

nN 3$ ,-% ,",). $,),% '%
,"&; xi ∈ R
n 3$ ,-% $,),% '%
,"&


"&&%$5"!*3!/ ," ,-% iB,- $:#$0$,%+; u = [u⊤1 , u
⊤
2 , . . . , u

⊤
N ]
⊤ ∈ R

mN 3$ ,-% ,",). 3!5:,
'%
,"& )!* ui ∈ R

m 3$ ,-% 3!5:, '%
,"& 
"&&%$5"!*3!/ ," ,-% iB,- $:#$0$,%+6  .$"; 3, 3$
*%C!%* ,-% ,",). $0$,%+ +),&3D

A =




A11 A12 . . . A1N

A21 A22 . . . A2N
666

666 6 6 6 666
AN1 AN2 . . . ANN


 ∈ R

nN×nN

NP



 !"! #$%&'() *%$)+',-.%/ ,/0 ),./ $(1+'-

 !"# Aij ∈ R
n×n $%&

B =




B1 0 . . . 0
0 B2 . . . 0
'''

''' ' ' ' '''
0 0 . . . BN


 ∈ R

nN×mN ,

 !"# Bi ∈ R
n×m'

 !"#$% () *!+,-!./ "#0 %)"$"!)%1 $%&  !"#)2" -)** ). 30%04$-!"/1  0 #$50 $**2+0& "#$"
"#0 &!+0%*!)%* ). $-- "#0 *26*/*"0+* *"$"0* $%& !%,2"* $40 "#0 *$+0' 7#$"8* +)401 .)4
.2"240 40.040%
0  0 ,$4"!"!)% "#0 */*"0+ :;'<= !%") N !%"04
)%%0
"0& *26*/*"0+*

Σi : ẋi = Aiixi +Biui +
N∑

j=1,j 6=i

Aijxj , :;'>=

 !"# i ∈ N̄ := {1, 2, . . . , N}' ?%-0** !%&!
$"0& )"#04 !*0 "#0 *26!%&0@ (·)i 4$%30* !% "#0 *0"
N̄ ' 7#0% 
-0$4 .4)+ "#0 
)%"0@"1 "#!* 
-$4!A
$"!)% !* )+!""0&' (#0% A%$--/1 !" !* $**2+0&
"#$" 0$
# *26*/*"0+ Σi #$* $5$!-$6-0 .)4 +0$*240+0%" "#0 
)440*,)%&!%3 *"$"0 xi'

&''(")*+,- ./0/0/ 23( 4,.$ 5A,B6 .1 
%/-$%'',&'( ,/0 8( 9/%8 , ),-$.: F ∈ R
mN×nN

1+
3 -3,- A+BF .1 , ;+$8.-< ),-$.:!

1$,23!" 4,$"(3#*+,-5 B)%*!&04 "#0 */*"0+ :;'>= *$"!*./!%3 C**2+,"!)% ;'<'<' D0*!3%1
!. ,)**!6-01 $% )6*04504E6$*0& &0
0%"4$-!F0& 
04"$!%"/E0G2!5$-0%" 
)%"4)--04 ). "#0 .)4+

ξ̇jΣi
= Wij(xi, ξjΣi

, . . . , ξNΣi
, ui)

x̂jΣi
= Rij(xi, ξjΣi

, ui)

ui = Fiixi +

N∑

j=1,j 6=i

Fij x̂jΣi
, i, j ∈ N̄ , j 6= i,

:;'H=

 #040 Wij : R
n × R

n × ...× R
n × R

m → R
n $%& Rij : R

n × R
n × R

m → R
n *2
# "#$" $--

"4$I0
")4!0* $40 6)2%&0& $%&
lim
t→∞

x(t) = 0,

.)4 $-- !%!"!$- 
)%&!"!)%* (xi(0), ξjΣi
(0)) ∈ R

n × R
n'

(#0 *!3%$- x̂jΣi
!* "#0 0*"!+$"0 ). "#0 *"$"0 xj 30%04$"0&  !"# +0$*240+0%"* ). "#0 *26J

*/*"0+ Σi1  #)*0 *"$"0 !* "#0 (N − 1)nJ&!+0%*!)%$- 50
")4 (ξ⊤1Σi
, ..., ξ⊤NΣi

)⊤ 0@
-2&!%3 ξ⊤iΣi
'

 !"#$% (#0 ,4),)*0& *
#0+0 !* &0
0%"4$-!F0& !% "#0 *0%*0 "#$" "#040 !* %) :)%E-!%0= !%J
.)4+$"!)% 0@
#$%30 60" 00% *26*/*"0+*' K)"!
01 #) 05041 "#$" "#0 +$"4!@ F !* $**2+0&
") 60 L%) % $%& !* &0*!3%0& .4)+ L%) -0&30 ). "#0 +$"4!
0* A $%& B'

(#0 ,4),)*!"!)% 60-) 
)%"$!%* "#0 +$!% 40*2-" ). "#!* 
#$,"04' K$+0-/1 "#0 
#$4$
"04J
!F$"!)%1 5!$ $% MNO1 ). $ 
-$** ). */*"0+* .)4  #!
# "#0 $.)40+0%"!)%0& ,4)6-0+ #$* $
*)-2"!)%'

PP



 !"#$%& '( )*+%&,%&-."+%/ 0
!%2% 34& 5%
%6$&"789%/ 0$"*8789"$846

 !"#"$%&%"' ()*)*) 5%:6% $!% 2"$&8
%+

Λ ∈ R
nN(N−1)×nN(N−1)

Ω ∈ R
nN(N−1)×nN(N−1)

 !"!#

;!8
! "&% /%$%&286%/ *< %7%2%6$+ 43 A= B "6/ F ( >4& 86+$"6
%= 86 $!% 
"+% 43 $;4
86$%&
466%
$%/ +?*+<+$%2+ @N = 2A= $!%< "&% /%:6%/ "+

Λ =

[
Ā22 −B2F21

−B1F12 Ā11

]

Ω =

[
A12 0
0 A21

]  !"$#

;!%&% Āii := Aii +BiFii(

B!% /%
%6$&"789%/ +$"*8789"$846 #&4*7%2 +$"$%/ "*4,% !"+ " +47?$846 83 $!%&% %C8+$+ *74
D
/8"E46"7 2"$&8
%+ P ∈ R

nN(N−1)×nN(N−1) "6/ U ∈ R
nN(N−1)×nN(N−1) +47?$846+ 43 $!%

FGH

P > 0

PΛ+ Λ⊤P − UΩ− Ω⊤U⊤ < 0.
 !"%#

>?&$!%&24&%= $!% 2"##86E+ Wij, Rij "&% 786%"&= $!"$ 8+ $!% 4*+%&,%& $"D%+ $!% 34&2

ξ̇jΣi
= T x

ijxi +
N∑

k=1,k 6=i

T ξ
jkξkΣi

+ T u
ijui

x̂jΣi
= Hx

ijxi +Hξ
ijξjΣi

+Hu
ijui, i, j ∈ N̄, j 6= i,

;!%&% T x
ij , T

ξ
jk ∈ R

n×n= T u
ij ∈ R

n×m= Hx
ij , H

ξ
ij ∈ R

n×n "6/ Hu
ij ∈ R

n×m(

 !" #$%%& %& '() *+,- $)./0'

&'( )*+,-*
*/01 23 ,(3)34/ 5()/ /63 ,(''7 7'( /63 
8)3 '7 /2' )9:)0)/3+)" ;63 ,(''7 7'(
/63 <343(8- 
8)3 *) <*=34 :3-'2 *4 >9:)3
/*'4 !"?"?"

 !"!# $%&'()*(+(,-. 
0(-

@'4)*A3( /2'B*4/3(
'443
/3A )9:)0)/3+) '7 /63 7'(+

Σ1 : ẋ1 = A11x1 +B1u1 + A12x2

Σ2 : ẋ2 = A22x2 +B2u2 + A21x1.
 !"C#

;6341 7'--'2*4<  !"D#1 /63 
3(/8*4/0E3F9*=8-34/ A3
34/(8-*G3A 
'4/('- -82 *)

u1 = F11x1 + F12x̂2Σ1
,

u2 = F21x̂1Σ2
+ F22x2,

 !"H#

%C



 !"! #$%%& %& '() *+,- $)./0'

 !"#" $!" %$&$" '""()&
+ ,&-. /&$#-0 1' 2%%3/4$-1. 56767 -% 4&#$-$-1."( &%

F =

[
F11 F12

F21 F22

]
,

x̂2Σ1
&.( x̂1Σ2

#"4#"%".$ $!" "%$-/&$-1. 1' x2 ,"."#&$"( )8 Σ1 &.( $!" "%$-/&$-1. 1' x1

,"."#&$"( )8 Σ29 #"%4"
$-:";86

<1.%"=3".$;89 
1.."
$-., >56?@ &.( >56A@9 $!" 
;1%"(B;114 %8%$"/ $&+"% $!" '1#/

ẋ1 = Ā11x1 + A12x2 +B1F12x̂2Σ1

ẋ2 = Ā22x2 + A21x1 +B2F21x̂1Σ2
,

>56C@

 !"#"  " !&:" ("D."( Āii := Aii +BiFii6

E!" /&-. $!#3%$ 1' $!" 4#11' -% $!" 
1.%$#3
$-1. 1' & ("
".$#&;-F"( G&G 1)%"#:"# '1# "&
!
%3)%8%$"/ Σi $!&$9  " #"
&;;9 (-%41%"% 1' -$% 
1##"%41.(-., %$&$" xi6 E1 &#(% $!-% ".(9
 " '1;;1 $!" /"$!1(1;1,8 1' $!" G&G $"
!.-=3" "04;-
-$;8 ("$&-;"( -. H2%$1;D "$ &;69 IJJA℄
&.( ("D." $!" 1)%"#:"( %$&$"% &% $!" %3/ 1' &. -.$",#&; &.( & 4#141#$-1.&; $"#/6

L1#" 
1.
-%";89 $!" "%$-/&$" 1' x2 ,"."#&$"( )8 %3)%8%$"/ Σ1 -% ("D."( &%

x̂2Σ1
= ξ2Σ1

+K2Σ1
x1,

 !"#" ξ2Σ1
-% $!" -.$",#&; 4&#$ &.( K2Σ1

∈ R
n×n -% & /&$#-0 $1 )" ("D."(6 <1.%"=3".$;89

$!" "%$-/&$-1. "##1# -% ("D."( &%

x̃2 := x̂2Σ1
− x2,

$!". 
1/43$-., -$% $-/" ("#-:&$-:" 8-";(% $1 $!" "04#"%%-1.

˙̃x2 = ξ̇2Σ1
+K2Σ1

(A11x1 +B1u1 + A12x2)

− (Ā22x2 + A21x1 +B2F21x̂1Σ2
).

M"4;&
-., $!" 3./"&%3#&);" %-,.&; x2 &)1:" )8

x2 = ξ2Σ1
+K2Σ1

x1 − x̃2,

&.( %4;-$$-., -.$1 /"&%3#&);" &.( 3./"&%3#&);" %-,.&;% %3,,"%$% $!" %";"
$-1.

ξ̇2Σ1
= −(K2Σ1

A12 − Ā22)(ξ2Σ1
+K2Σ1

x1)+

+ (B2F21 −K2Σ1
A11 + A21)x1 −K2Σ1

B1u1.
>567J@

E!-% 8-";(% $!" D#%$ 1)%"#:"# "##1# "=3&$-1. (8.&/-
%

˙̃x2 = (Ā22 −K2Σ1
A12)x̃2 − B2F21x̃1,

 !"#"  " ("D."( $!" 1)%"#:&$-1. "##1# 1' $!" %"
1.( %3)%8%$"/ &%

x̃1 := x̂1Σ2
− x1.

NA



 !"#$%& '( )*+%&,%&-."+%/ 0
!%2% 34& 5%
%6$&"789%/ 0$"*8789"$846

 !"
$$%&'( )')*"("+,*- .&/0 /0$ %$!&1)/&1$ "2 x̃1 )'% %$3'&'(

ξ̇1Σ2
= −(K1Σ2

A21 − Ā11)(ξ1Σ2
+K1Σ2

x2)+

+ (B1F12 −K1Σ2
A22 + A12)x2 −K1Σ2

B2u2,
456778

.$ "9/)&' /0$ ,$
"'% "9,$!1$! $!!"! $:+)/&"' %-');&
,

˙̃x1 = (Ā11 −K1Σ2
A21)x̃1 − B1F12x̃2.

<0$ /." $!!"! $:+)/&"', 
)' 9$ 
";=)
/*- .!&//$' ),

˙̃x = A

[
x̃2

x̃1

]
4567>8

.0$!$

A :=

[
Ā22 −K2Σ1

A12 −B2F21

−B1F12 Ā11 −K1Σ2
A21

]
.

?".@ /0$ 
*",$%A*""= ,-,/$; 456B8 
)' 9$ $C=!$,,$% &' /$!;, "2 /0$ "9,$!1)/&"' $!!"!, ),

ẋ = (A +BF )x+

[
B1F12 0
0 B2F21

]
x̃. 4567D8

E&1$' :++;2#$846 56767 )'% /0$ 
),
)%$% ,/!+
/+!$ "2 4567>8 )'% 4567D8 &/ &, 
*$)! /0)/
/0$ 
"'/!"* "9F$
/&1$ &, )//)&'$% &2 /0$ ;)/!&
$, K2Σ1

@ K1Σ2
)!$ ,$*$
/$% ,+
0 /0)/ /0$

;)/!&C A &, G+!.&/H6

<0$ ;)/!&C A 
)' 9$ .!&//$' ),
A = Λ−KΩ, 456758

.0$!$ /0$ ;)/!&
$,

Λ =

[
Ā22 −B2F21

−B1F12 Ā11

]

Ω =

[
A12 0
0 A21

] 4567I8

)!$ (&1$'@ )'% /0$ +'J'".' ()&' ;)/!&C &,

K =

[
K2Σ1

0
0 K1Σ2

]
.

<" $,/)9*&,0 /0$ =!""2 .$ &'1"J$ ) ,/)'%)!% KLM )!(+;$'/ (&1$' &' NO"-% $/ )*6@ 7BB5℄
/0)/ &, %$/)&*$% 0$!$ 2"! /0$ ,)J$ "2 
";=*$/$'$,,6 <0$ ;)/!&C A &, G+!.&/H &2 )'% "'*- &2
/0$!$ $C&,/, ) 9*"
J %&)("')* ,-;;$/!&
 ;)/!&C P ,+
0 /0)/

P > 0

P (Λ−KΩ) + (Λ−KΩ)⊤P < 0.
4567Q8

QB



 !"! #$%%& %& '() *+,- $)./0'

 !"#$#% &'! ()*
, -$.%*#.) /.&0$1 U := PK &'! ($)$#!.0 $#!23.)$&$!4 56789: (!
*/!4 &'!
4&.#-.0- ;<=

P > 0

PΛ+ Λ⊤P − UΩ− Ω⊤U⊤ < 0.
5678>:

&'.& 4'*3)- (! 4*)?!- @*0 P .#- U 7 A'! %.$# /.&0$1K 
.# (! 0!
*?!0!- 34$#% K = P−1U 7

A'! B0**@ $4 
*/B)!&!- $-!#&$@C$#% @0*/ &'! *(4!0?!0 !23.&$*#4 .(*?! &'! /.&0$
!4 *@ &'!
B0*B*4$&$*# .4

T x
12 = B2F21 −K2Σ1

A11 + A21 −K2Σ1
A12K2Σ1

+

+Ā22K2Σ1

T ξ
12 = −(K2Σ1

A12 − Ā22)

T u
12 = −K2Σ1

B1

Hx
12 = K2Σ1

Hξ
12 = In×n

Hu
12 = 0n×n

.#-

T x
21 = B1F12 −K1Σ2

A22 + A12 −K1Σ2
A21K1Σ2

+

+Ā11K1Σ2

T ξ
21 = −(K1Σ2

A21 − Ā11)

T u
21 = −K1Σ2

B2

Hx
21 = K1Σ2

Hξ
21 = In×n

Hu
21 = 0n×n.

=# *0-!0 &* $))34&0.&! &'! $-!.4 %$?!# (C &'! B0*B*4!- /!&'*- .(*?!D &'! -!
!#&0.)$E!-
4
'!/! -$.%0./ @*0 &F* $#&!0
*##!
&!- 43(4C4&!/4 $4 B0!4!#&!- $# G$%7 6787

 !"#$% H*/! 4$/B)! 
.)
3).&$*#4 4'*F &'.& &'! 4&.#-.0- 0!-3
!- *0-!0 ;3!#(!0%!0I4
*(4!0?!0 $# JK.$).&'D 8LMN℄

˙̂x2Σ1
= A21x1 + Ā22x̂2Σ1

+B2F21x1

˙̂x1Σ2
= A12x2 + Ā11x̂1Σ2

+B1F12x2,

C$!)-4 &'! !00*0 -C#./$
4

˙̃x =

[
Ā22 −B2F21

−B1F12 Ā11

]
x̃,

&'.& 
*$#
$-!4 F$&' 5678P: F'!# K2Σ1
= K1Σ2

= 07 Q!#
!D &'! 4!& *@ 4&.($)$E.()! 4C4&!/4
34$#% &'$4 *(4!0?!0 $4 4&0$
&)C 4/.))!0 &'.# &'! *#! 
*00!4B*#-$#% &* &'! =&= *(4!0?!07
H$/$).0 -!0$?.&$*#4 $# JR3//$#%D 8L9LS T*B$#.&'D 8L>8S K.$).&'D 8LMN℄ '.?! (!!# /.-!
&* *?!0
*/! &'! ).
, *@ &'! 
*00!
&$*# &!0/ $# &'! ;3!#(!0%!0I4 0!-3
!- *0-!0 *(4!0?!0

>N



 !"#$%& '( )*+%&,%&-."+%/ 0
!%2% 34& 5%
%6$&"789%/ 0$"*8789"$846

 !"#$% &'  (()*)"'+ )* 
 ' !$ -."/' *. * *.$ $00"0 (1' 2)
- "3  3455 "0($0 64$'!$07$08-
"!-$0#$0 )- "3 *.$ 3"02

˙̃χ =




L1 A12 0 0
0 Ā22 −B2F21 0
0 −B1F12 Ā11 0
0 0 A21 L2


 χ̃,

/.$0$ χ̃ ∈ R
4n )- *.$ "!-$0# *)"' $00"0  '( Li ∈ R

n×n  0$ 30$$ 2 *0)
$-% 90"2 *.$ -*04
:
*40$ "3 *.$ 2 *0);  !"#$ )* )- "!#)"4- *. *  '$
$-- 01 
"'()*)"' 3"0 -* !)5)*1 )- *. * *.$
2 *0); "3 *.$ 0$(4
$( "0($0 "!-$0#$0 )- <40/)*=% <$'
$+ *.$ 4-$ "3  3455 "0($0 "!-$0#$0
("$- '"* $'5 07$ *.$ 
5 -- "3 -* !)5)= !5$ -1-*$2-% ���

 !"#$% &' *.$ ($0)# *)"'-  !"#$ *.$ 3455>-* *$ 3$$(! 
? -* !)5)=)'7 2 *0); F / - -4@:
@"-$( :;%/ *" "!* )'  ' 6A& )' *.$ "!-$0#$0 7 )'- KjΣi

% B"-)'7 *.$ @0"!5$2 "3 C'()'7
!"*. F  '( KjΣi

+ 3"0 *.$ 7)#$' ( * A  '( B+ 0$-45*- )'  646786%"& 2 *0); )'$D4 5)*1%
&'($$(+ 4-)'7 *.$ -* '( 0( 0$@ 0 2$*0)= *)"' "3 *.$ 61 @4'"# $D4 *)"'

Q > 0, Q(A +BF ) + (A+BF )⊤Q < 0

7)#$' )' EF"1( $*  5%+ GHHI℄
S := Q−1, T := FQ−1,

-."/- *. * -* !)5)*1 "3 A +BF )- $D4)# 5$'* *" -"5# !)5)*1 "3 *.$ 6A&

S > 0

AS +BT + SA⊤ + T⊤B⊤ < 0.

K' *.$ "*.$0 . '(+ *.$ 6A& LI%GMN * ?$- *.$ 3"02

P > 0

P (Λ0 + Λ1TS) + (Λ0 + Λ1TS)
⊤P − UΩ− Ω⊤U⊤ < 0,

/.$0$
Λ = Λ0 + Λ1TS,

/)*. Λ  '( Ω 7)#$' )' LI%GON% K!-$0#$ *. * /$ . #$ -@5)* Λ )'*" */" *" 4'($0-
"0$ *. *+
-)'
$ )* ($@$'(- 786%"&7< "' *.$ 4'?'"/' F + )* ($@$'(- "' TS% P"*)
$  5-" *. * Λ0  '( Λ1

($@$'( "'51 "' A  '( B% Q ?)'7 *"7$*.$0 *.$ */" -$*- "3 )'$D4 5)*)$- 1)$5(-  '"'5)'$ 0
$D4 *)"' )' *.$ 4'?'"/'- S, T, P, U % R5*."47. '42$0)
 5 *$
.')D4$-  0$  # )5 !5$ *"
-"5#$ '"'5)'$ 0 2 *0); )'$D4 5)*)$-+ 3"0 $ -$ "3 @0$-$'* *)"'+ /$ . #$ @0$3$00$( *"  #")(
*.)- 
"2@5$;)*1%

 !"!" N#$%&$'$()* 
,$)

S$ '"/ @0$-$'* *.$ @0""3 3"0 *.$ 
 -$ "3 N -4!-1-*$2-% T"'-)($0 LI%UN 
"''$
*$( )'

5"-$(:5""@ /)*. ui 7)#$' )' LI%VN% Q.$ "#$0 55 -* *$ 3$$(! 
? 7 )' 2 *0); )-  --$2!5$(  -

F =




F11 F12 . . . F1N

F21 F22 . . . F2N
%%%

%%% % % % %%%
FN1 FN2 . . . FNN


 ,

MG



 !"! #$%%& %& '() *+,- $)./0'

 !"#$% &'() *%
%,-$./!0%1 2-.3!/!0.-!4, 2
5%6%'


4,2%7#%,-/89 -5% 
/42%1:/44; 282-%6 -.<%2 -5% =4$6

Σi : ẋi = Āiixi +
N∑

j=1,j 6=i

(Aijxj +BiFij x̂jΣi
).

 !" #$%$" "#$&'%$&() (* $!" j+$! #,-#.#$"' /0(1&2"2 $( $!" i+$! #,-#.#$"' 
()$0(44"0 &#

x̂jΣi
= ξjΣi

+KjΣi
xi, i, j ∈ N̄ , j 6= i, 56789:

;!"0" ξjΣi
&# $!" &)$"<0%4 /%0$ %)2 KjΣi

xi &# $!" /0(/(0$&()%4 /%0$= KjΣi
∈ R

n×n7 >"
2"?)" $!" "#$&'%$&() "00(0 ;&$! $!" <")"0%4 *(0'

x̃jΣi
= x̂jΣi

− xj , 5678@:

;!"0" &$# $&'" 2"0&1%$&1" 0"#,4$# &)

˙̃xjΣi
= ξ̇jΣi

+KjΣi

(
Aiixi +Biui +

N∑

k=1,k 6=i

Aikxk

)
−

−

(
Ājjxj +

N∑

k=1,k 6=j

(Ajkxk +BjFjkx̂kΣj
)

)
,

%)2 $!" ,)'"%#,0%-4" #&<)%4 xj %-(1" &# 0"/4%
&)< -.

xj = ξjΣi
+KjΣi

xi − x̃jΣi
.

A"/%0%$&)< &)$( '"%#,0%-4" %)2 ,)'"%#,0%-4" #&<)%4# #,<<"#$# $!" #"4"
$&()

ξ̇jΣi
=− (KjΣi

Aii − Aji − BjFji)xi−

−

N∑

k=1,k 6=i

(KjΣi
Aik − Ajk − BjFjk)x̂kΣi

−

−KjΣi
Biui, i, j, k ∈ N̄ , j 6= i,

567BC:

;!&
! 0")2"0 $!" 
(00"#/()2&)< (-#"01"0 "00(0 2.)%'&
#

˙̃xjΣi
=−

N∑

k=1,k 6=i

(KjΣi
Aik − Ajk − BjFjk)x̃kΣi

−

−
N∑

k=1,k 6=j

BjFjkx̃kΣj
, i, j, k ∈ N̄, j 6= i.

567B8:

DB



 !"#$%& '( )*+%&,%&-."+%/ 0
!%2% 34& 5%
%6$&"789%/ 0$"*8789"$846

 !"#
% "&% '()#*#'+, -(.-
+#/" k 0!**!1- k 6= i '23 k 6= j #2 "&% 4+-" '23 "&% -%
!23 -(5
!0 6789:;< +%-/%
"#=%*,8 >+!5 "&% 
*!-%3?*!!/ -,-"%5 6789;@678A; '23 "&% %-"#5'"#!2 %++!+-
678:B;< 1% !."'#2

ẋ = (A+BF )x+ Ix̃,

1&%+% x̃ = [x̃⊤Σ1
, x̃⊤Σ2

, . . . , x̃⊤Σn
]⊤ ∈ R

nN(N−1)< #- "&% !=%+'** !.-%+='"#!2 %++!+ =%
"!+ 0!+5%3
.,

x̃Σ1
=




x̃2Σ1

x̃3Σ1

888
x̃NΣ1


 , x̃Σ2

=




x̃1Σ2

x̃3Σ2

888
x̃NΣ2


 , ..., x̃Σn

=




x̃1ΣN

x̃2ΣN

888
x̃N−1ΣN


 ∈ R

n(N−1).

C&% #2"%+
!22%
"#!2 5'"+#) .%"1%%2 "&% 
*!-%3@*!!/ -,-"%5 '23 "&% !.-%+=%+ %++!+ 3,?
2'5#
- #- 3%42%3 '-

I =




I11 0 . . . 0
0 I22 . . . 0
888

888 8 8 8 888
0 0 . . . INN


 ∈ R

nN×nN(N−1),

0!+5%3 ., -(.5'"+#
%-

I11 = [B1F12, B1F13, . . . , B1F1N ]

I22 = [B2F21, B2F23, . . . , B2F2N ]

INN = [BNFN1, BNFN2, . . . , BNFN(N−1)].

C&% +%-(*"#2D !.-%+=%+ %++!+ 3,2'5#
- #2 6789:; 
'2 .% (2#"%3 '-

˙̃x = Ax̃,

1&%+%

A =




A11 A12 . . . A1N

A21 A22 . . . A2N
888

888 8 8 8 888
AN1 AN2 . . . ANN


 ∈ R

nN(N−1)×nN(N−1),

1#"& -(.?5'"+#
%- Aii 3%42%3 ., "&% 4+-" -(5 #2 6789:; '23 "&% !E?3#'D!2'* -(.?5'"+#
%-
Aij 3%42%3 ., "&% -%
!23 -(58 >!+ 
!2=%2#%2
%< "&% 5'"+#) A 
'2 .% +%0!+5(*'"%3 -#5#*'+
"! 678:7;8 C! "&#- %23< "&% +%-(*"#2D 5'"+#
%- KjΣi

'+% /*'
%3 #2 ' 3#'D!2'* 0!+5'"#!2
*%'3#2D "! "&% !=%+'** !.-%+='"#!2 D'#2 5'"+#)

K = !"#{K2Σ1
,K3Σ1

, . . . ,KNΣ1
,K1Σ2

,K3Σ2
, . . . ,KNΣ2

,

K1ΣN
,K2ΣN

, . . . ,KN−1ΣN
} ∈ R

nN(N−1)×nN(N−1).

F

!+3#2D "! /+!/!-#"#!2 78:8:< #" #- /!--#.*% "! 423 ' 0%'-#.*% 5'"+#) K ., -!*=#2D "&%
GHI #2 678:J;8 H!+%!=%+< "&% /+!!0 #- 
!5/*%"%3 #3%2"#0,#2D 0+!5 "&% !.-%+=%+ %K('"#!2-

JA



 !"! #$%&'()$*+ ,-.&').

 !"#$ %&$ ' %()
$+ ", %&$ -("-"+)%)".  +

T x
ij = −(KjΣi

Aii − Aji −BjFji +
N∑

k=1,k 6=i

T ξ
jkKkΣi

)

T ξ
jk = −(KjΣi

Aik − Ajk −BjFjk)

T u
ij = −KjΣi

Bi

Hx
ij = KjΣi

Hξ
ij = In×n

Hu
ij = 0n×n.

/). 0012 ). %&$  !"#$ 3$+
()-%)".2 $ 
& +4!+1+%$' 
".%("00$( ui )+ -("#)3$3 5)%& (N − 1)
0"
 0 $+%)' %)".+  .3 %&$ %"% 0 .4'!$( ", +4!+1+%$' "!+$(#$(+ 4+$3 !1 %&$ 5&"0$ +
&$'$
)+ (N − 1)N 6

 !" #$%&'()$*+ ,-.&').

7&$ %&$"(1 -($+$.%$3 ). %&)+ 5"(8 )+ #$()9$3 %&("4:& %5" .4'$()
 0 +)'40 %)". ($+40%+6
7&$+$ ($+40%+  ($ "!% ).$3 #) ; %0 !  + 5$00  + < 0')-=>$?4;) - 
8 :$ @A",!$(:2 BCCD℄
%" 
"'-4%$ %&$ 
"(($+-".3).: A;FG+6 ;"($"#$(2 ). !"%& 
 +$+ %&$ 
".%("00$( ("!4+%.$++
)+ %$+%$3 ).%("34
).: 5&)%$ .")+$ ). '$ +4($'$.%+6

 !"!# $%%&'
)*'+, -.)/%&-

7&$ 
".%("0 0 5 HD6IJ )+ 4+$3 %" +% !)0)K$  .".0).$ ( -"5$( +1+%$' ($-($+$.%$3 !1 %5"
' 
&).$+ ).%$(
"..$
%$3 #)  0"++1 %( .+')++)". 0).$  + 3$-)
%$3 ). /):4($ HD6BJ6 7&$
31. ')
+ ", %&)+ +1+%$'  ($ H+$$ @L(%$: $%  062 BCCMN O + :( .3$ $%  062 BCPP!2 BCPB℄J

δ̇1 = ω1

ω̇1 = −D1ω1 + P1 −G1E
2
1 − E1E2Y12 sin(δ1 − δ2 + α12)

Ė1 = −a1E1 + b1E2 cos(δ1 − δ2 + α12) +
1

τ1
(Ef1 + ν1)

δ̇2 = ω2

ω̇2 = −D2ω2 + P2 −G2E
2
2 − E2E1Y21 sin(δ2 − δ1 + α21)

Ė2 = −a2E2 + b2E1 cos(δ2 − δ1 + α21) +
1

τ2
(Ef2 + ν2),

 !"##$

5&$($ δi ∈ S := (−π/2, π/2)2 ωi ∈ R  .3 Ei ∈ R+  ($ %&$ +% %$+2 νi ∈ R  ($ %&$ 
".=
%("0 ).-4%+2 Di2Pi2 Gi2 ai2 bi2 τi  .3 Efi  ($ -"+)%)#$ 
".+% .%+ 3$-$.3).: ". %&$ -&1+)
 0
- ( '$%$(+ ", %&$ i=%& ' 
&).$2  .3 Yij  .3 αij 2 5)%& i, j ∈ N̄  .3 j 6= i2  ($ 
".+% .%+
3$-$.3).: ". %&$ %"-"0":12 %&$ -&1+)
 0 -("-$(%)$+ ", %&$ .$%5"(8  .3 %&$ 0" 3+ H 3')%=
% .
$ ' %()QJ6 ;"($"#$(2 5$  ++4'$  00 - ( '$%$(+  ($ $Q 
%01 8."5.6 7&$ $R4)0)!()4'
%" !$ +% !)0)K$3 )+

E := (δ̄, 0, Ē) ∈ SN × R
N × R

N
+ , HD6BSJ

TD
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 !"#$ %&'( )*+,$- .!/!-$,$/+&

0!/!-$,$/ 1!
345$ ' 1!
345$ 6

D 7&789' 7&'::'
P ''&%%'6 6;&%7<'
G ;&%=%6 '6&;=7=
a 7&<9=% 7&%;7:
b 7&6':9 7&<667
τ : =&9;
E∗F '&7%=: '&7%6'
δ̄ 7&7%:7 7&'7<'
Ē '&7<6' '&7<'%
Y12 %;&<8;;
Y21 '7%&;;<;
α12 7&79<6
α21 7&79<6

>4?@/$ %&6(  AB ?$5$/!,B/ +*+,$- A4,3 ,3/$$ !
,4C$ !5D /$!
,4C$ .BA$/ #B!D+&

A4,3 δ̄ := 
B#(δ̄i) !5D Ē := 
B#(Ēi)& δ̄ 4+ +@
3 ,3!, E%&66FG A4,3 ωi = 0 !5D δi = δ̄iG 3!+ !
@54H@$ +B#@,4B5 45 E = 
B#(Ei)G A4,3 Ei > 0 IB/ !## i&

 3$ +*+,$- .!/!-$,$/+ !/$ ?/B@.$D 45  !"#$ %&'& J5 ,3$ +!-$ A!*G 454,4!# 
B5D4,4B5+ IB/
,3$ 5B5#45$!/ -BD$# 45 E%&66F !/$ ?!,3$/$D 45  !"#$ %&6&  3$* 3!C$ "$$5 +$#$
,$D ,B "$
!/B@5D ±20% BI ,3$ $H@4#4"/4@- .B45,+&  3$ 454,4!# 
B5D4,4B5 IB/ ,3$ +,!,$ BI ,3$ B"+$/C$/+
E%&'7F !5D E%&''F !/$ +$,,#$D ,B K$/B&

 3$ -!,/4
$+ A !5D B /$+@#,45? I/B- ,3$ #45$!/4K!,4B5 BI E%&66F !5D ,3$ 
B5,/B##$/ ?!45
-!,/4
$+ F11G F12G F21G F22 !/$ ?4C$5 "$#BA&  3$ +.$
,/@- BI ,3$ 
#B+$DL#BB. +*+,$-+ 4+
λ(A + BF ) = {−0.31 ± 12.76i,−0.66 ± 1.45i,−0.83,−0.71}&  3$ M1J E%&'8F 4+ I$!+4"#$
!5D ,3$ /$+@#,45? -!,/4N K .#!
$+ !## $4?$5C!#@$+ BI A !, ,3$ #$I, 3!5D +4D$ BI ,3$ 
B-.#$N
.#!5$& OBA$C$/ 4, 4+ 5$$D$D ,B !++4?5 ,3$ +.$
,/@- BI A !, ,3$ #$I, 3!5D +4D$ BI ,3$
+.$
,/@- BI A+BF ,B ./BC4D$ ,3$ B"+$/C$/ A4,3 ! I!+,$/ D*5!-4
+ ,3!5 ,3$ 
#B+$DL#BB.
D*5!-4
+&  3$ +.$
,/@- BI A 
!5 "$ .#!
$D 45 ! D$+4/$D D4+P /$?4B5 45 ,3$ 
B-.#$N .#!5$
4I ,3$ M1J QR+,$/,!?G 67''℄

P = P⊤ > 0

L⊗ P +M ⊗ (Λ⊤P − Ω⊤U⊤) +M⊤ ⊗ (PΛ− UΩ) < 0
 !"#!$

8=



 !"! #$%&'()$*+ ,-.&').

 !"#$% & '(' ⊗ #')*'$ #' +(!*'
-'( .(!#/
0 1*#

L =

[
−r q
q −r

]
, M =

[
0 1
0 0

]
,


 1(1
0'(23' 1 #2$- ('42!* D &20 
'*0'( −q 1*# (1#2/$ r 2* 0 ' 
!5."'6 ."1*'7 8*#'(
0 2$ 
!*$2#'(102!*% 0 ' !9$'(:'( 412* 510(2
'$ K2Σ1

1*# K1Σ2
42:'* 9'"!&% 1(' !9012*'#

;(!5 0 ' $!"/02!* !; <=7>=? & '(' 1"" 0 ' '24'*:1"/'$ !; A "2' &20 2* 0 ' #2$
 D(−15, 5)7

@* A24$7 =7B 0! =7C% 0 ' ':!"/02!* !; 0 ' $010'$ :1(219"'$ !; 0 ' 51
 2*'$ 1 1*# 2 1(' #'.2
0'#
0!4'0 '( &20 0 ' 
!(('$.!*#2*4 '$025102!*$% 0 ' "100'( 1(' '6.('$$'# 2* 0 ' 51
 2*' 
!!(D
#2*10'$ [δ̂1Σ2

, ω̂1Σ2
, Ê1Σ2

]⊤ = x̂1Σ2
+[δ̄1, 0, Ē1]

⊤ 1*# [δ̂2Σ1
, ω̂2Σ1

, Ê2Σ1
]⊤ = x̂2Σ1

+[δ̄2, 0, Ē2]
⊤%

('$.'
02:'"E7 F 4!!# .'(;!(51*
' 2$ !9$'(:'# 2* 9!0 !9G'
02:'$H $0192"23102!* 1*# '$02D
5102!* !; 0 ' /*-*!&* $010'$ 0(1G'
0!(2'$7

I19"' =7>H @*2021" 
!*#202!*$7

J010' K1"/'

δ1(0) 0.80δ̄1
δ2(0) 1.20δ̄2
ω1(0) 0.10
ω2(0) 0.10
E1(0) 1.20Ē1

E2(0) 0.80Ē2

A11 =




0 1 0
−52.5474 −0.0781 −20.8423
−0.0058 0 −0.3854




A12 =




0 0 0

52.5474 0 −1.3277
0.0058 0 0.2168





A21 =




0 0 0
110.6683 0 −15.1441
0.0465 0 0.3188




A22 =




0 1 0
−110.6683 −0.1661 −41.8686
−0.0465 0 −0.4906




B1 = [0 0 0.1667]⊤

B2 = [0 0 0.1698]⊤

LM
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0 1 2 3 4 5
−2

0

2

4

δ
1

[r
a
d
]

 

 

0 1 2 3 4 5
−2

0

2

4

Time [sec]

δ
2

[r
a
d
]

 

 

δ1

δ̂1Σ2

δ2

δ̂2Σ1

 !"#$% &'() *!+% ,!-./$!%- /0 δ11 δ2 234 .,%!$ %-.!+2.!/3- δ̂1Σ2
234 δ̂2Σ1

'

F11 =
[
−1.4777 0.54763 −9.7568

]

F12 =
[
2.0369 0.35803 −6.7931

]

F21 =
[
11.236 0.13086 −1.8999

]

F22 =
[
−11.081 0.10006 −4.4729

]

K2Σ1
=



0 0.4100 3.3388
0 0.0922 −183.5872
0 −0.0382 44.7519




K1Σ2
=




0 0.1721 10.9143
0 0.3902 −19.6936
0 −0.0049 25.0726





 !"!# $
&'()*
 (+&),-(

5 .6%78%9/$4%$ :*; -<-.%+ 0/$+%4 =< & !3.%$
/33%
.%4 -#=-<-.%+-1 !- ?2$2+%.$!@%4 6!.,
.,% /8%$277 +2.$!
%- A 234 B 2- !3 A&'BCD 234 A&'BED "!8%3 =%7/6' F/$%/8%$1 %2
, -#=-<-9
.%+ ,2- .,$%% -.2.%- 234 /3% 
/3.$/7 -!"3271 $%-#7.!3" !3 N = 41 n = 3 234 m = 1'
*,% -<-.%+ !3!.!27 
/34!.!/3- 2$% x1(0) = [20, 5, −13]⊤1 x2(0) = [−40, 25, 90]⊤1
x3(0) = [12, −50, 16]⊤ 234 x4(0) = [−7, 1 − 1]⊤' ;3 244!.!/31 .,% !3!.!27 
/34!.!/3- /0
.,% /=-%$8%$ !3 A&'BGD 2$% -%. ./ @%$/' *,% -.2.% 0%%4=2
H +2.$!I F !- -?%
!J%4 !3 A&'BKD
=%7/6' *,% :F; A&'LED $%-#7.- 0%2-!=7% 234 .,% %-.!+2.!/3 "2!3 +2.$!
%- 2$% $%
/8%$%4 2-

EE



 !"! #$%&'()$*+ ,-.&').

0 1 2 3 4 5
−10

−5

0

5

10

ω
1

[r
a
d
/
se

c]

 

 

0 1 2 3 4 5
−10

−5

0

5

10

Time [sec]

ω
2

[r
a
d
/
se

c]

 

 

ω1

ω̂1Σ2

ω2

ω̂2Σ1

 !"#$% &'&( )!*% +!,-.$!%, ./ ω10 ω2 123 -+%!$ %,-!*1-!.2, ω̂1Σ2
123 ω̂2Σ1

'

!2 4&'5670 8%9.:'

)+%  !"#$%, &'; -. &'< ,+.: -+% -!*% +!,-.$= ./ -+% ,-1-% >1$!189%, 123 -+%!$ 
.$$%,@.23!2"
%,-!*1-!.2,' A=,-%* -$1B%
-.$!%, $%1
+ %C#!9!8$!#* 1/-%$ D ,%
.23,0 *%12:+!9%0 199 %,-!E
*1-!.2, 
.2>%$"% 1$.#23 F ,%
.23,0 @$.>!2" -+% %G%
-!>%2%,, ./ -+% @$.@.,%3 ,
+%*% /.$
1 91$"%E,1
9% H)I ,=,-%*'

F =









14.95 −31.80 27.75 2.17 1.56 −9.59 0.67 −13.15 −7.48 0.35 0.20 −2.14

−0.65 1.39 −0.98 −2.13 4.50 −0.26 −0.57 1.00 −0.11 3.00 −0.35 −2.47

−1.05 1.35 −0.95 −0.08 −0.83 −1.14 1.55 −4.40 −7.95 −2.00 0.33 1.67

1.06 −1.63 1.16 −3.92 4.18 6.27 1.29 −3.97 −2.06 26.02 −3.97 −18.25









 !"#$%

A =







































−4 6 −4 0.4 0.25 0.25 −0.45 0.4 0 −0.1 0.05 0

2 −9 3 −0.15 0.1 −0.035 0.1 0.025 −0.25 0.05 0.005 −0.1

1 −7 1 0.79 −0.35 0.45 0.35 −0.5 0.6 0.2 −0.15 0.35

0.4 0.25 0.25 0.4 12 8.8 0.05 −0.075 −0.15 −0.05 −0.2 −0.1

−0.15 0.1 −0.035 −4 −1 8 0.2 −0.5 0.4 −0.1 −0.05 0.15

0.79 −0.35 0.45 7 0.5 −2 0.15 −0.4 −0.2 0.25 −0.3 −0.05
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234 Ê2Σ1

'

0 1 2 3 4 5

−500

0

500

x
1
(1

)

 

 

0 1 2 3 4 5
−400

−200

0

200

400

x
1
(2

)

0 1 2 3 4 5
−500

0

500

x
1
(3

)

Time [sec]

x1 x̂1Σ2
x̂1Σ3

x̂1Σ4

 !"#$% &'5) *!+% ,!-./$!%- /0 x1 234 !.- %-.!+2.!/3-'

67



0 1 2 3 4 5
−2000

0

2000

x
2
(1

)

 

 

0 1 2 3 4 5

−500

0

500

x
2
(2

)

0 1 2 3 4 5
−2000

0

2000

x
2
(3

)

Time [sec]

x2 x̂2Σ1
x̂2Σ3

x̂2Σ4

 !"#$% &'() *!+% ,!-./$!%- /0 x2 123 !.- %-.!+1.!/2-'

0 1 2 3 4 5

−200

0

200

x
3
(1

)

 

 

0 1 2 3 4 5

−400

−200

0

200

400

x
3
(2

)

0 1 2 3 4 5
−2000

0

2000

x
3
(3

)

Time [sec]

x3 x̂3Σ1
x̂3Σ2

x̂3Σ4

 !"#$% &'4) *!+% ,!-./$!%- /0 x3 123 !.- %-.!+1.!/2-'



0 1 2 3 4 5
−500

0

500
x
4
(1

)

 

 

0 1 2 3 4 5

−1000

0

1000

x
4
(2

)

0 1 2 3 4 5

−500

0

500

x
4
(3

)

Time [sec]

x4 x̂4Σ1
x̂4Σ2

x̂4Σ3

 !"#$% &'() *!+% ,!-./$!%- /0 x4 123 !.- %-.!+1.!/2-'

K2Σ1
=





39.85 78.75 25.12
27.45 70.79 15.67
19.07 37.95 12.27



 , K3Σ1
=





−22.53 115.17 28.06
−2.03 70.49 5.45
−6.34 −97.86 −4.48



 , K4Σ1
=





4.60 22.96 22.35
5.70 25.92 26.99
4.22 9.90 19.12



 ,

K1Σ2
=





−20.62 2.80 65.33
−8.71 1.81 45.95
−4.16 3.20 34.26



 , K3Σ2
=





2.76 −50.80 −8.09
5.50 −36.86 −9.80
−9.27 75.17 16.20



 , K4Σ2
=





−116.75 −12.31 111.66
−167.27 −22.15 158.26
−110.48 −11.65 106.36



 ,

K1Σ3
=





−48.46 −4.10 62.93
0.77 −1.17 68.61
41.51 6.70 75.56



 , K2Σ3
=





21.77 63.87 25.65
−1.42 −0.09 −1.24
13.38 38.85 15.97



 , K4Σ3
=





−8.02 −4.55 −16.44
−33.75 −13.40 −27.06
−3.63 −2.25 −14.76



 ,

K1Σ4
=





−16.40 10.76 45.60
12.43 15.30 54.25
23.81 18.70 62.21



 , K2Σ4
=





−99.51 −16.94 16.71
−64.29 −32.85 −26.83
−52.90 −1.87 19.54



 , K3Σ4
=





20.62 73.34 2.66
−8.28 19.13 0.03
42.05 −3.18 0.41



 ,

 !"#$%





 !"#$%& '

 !"#$"%&' (%
%"*'&#$+%, -!#.*$!"

 !"#$%" &#"'()#* (# (+, -.#$",/ #0 (.%*&),*( &(%$)")1%()#* #0 /'"()/%
+)*, -#3,. &4&(,/
3)(+ *#*5*,!")!)$", (.%*&0,. 
#*6'
(%*
,& 3%& )*(.#6'
,6 )* 
+%-(,. 78 9+, -.#-#&,6
&
+,/, )& % 
!"#$%&'(!) *#*")*,%. 64*%/)
 
#*(.#"",. (+%( ,*&'.,& !"#$%" %&4/-(#()
 &(%:
$)")(4 #0 (+, 6,&).,6 #-,.%()*! -#)*(8 ;', (# (,
+*#"#!)
%" %*6 .,")%$)")(4 
#*&)6,.%()#*&
(+, ,<
+%*!, #0 )*0#./%()#* $,(3,,* !,*,.%(#.& )& .,&(.)
(,6= %*6 )* &#/, 
%&,& '*6,&).:
%$",= +,*
, (+, *,,6 0#. )!
!"#$%&'(!) 
#*(.#"",.&8 9+, /%)* 
#*(.)$'()#* #0 (+)& -%.( #0 (+,
.,&,%.
+ )& (+, -.##0 (+%(= '&)*! "#
%" /,%&'.,/,*(& %>%)"%$", 3)(+ ,<)&()*! (,
+*#"#!4=
)( )& -#&&)$", (# (.%*&0#./ #'. -.,>)#'& 
,*(.%")1,6 
#*(.#"",. )*(# % (.'"4 6,
,*(.%")1,6
#*,= -.#>)6,6 (+%( (+, 6,.)>%()>, #0 (+, %
()>, -#3,. %( ,%
+ !,*,.%(#. 
%* $, &')(%$"4
,&()/%(,68 ?#/, &)/'"%()#* .,&'"(& '&)*! (+, @A:/%
+)*, B,3 C*!"%*6 $,*
+/%.D &+#3
(+%( (.%*&),*( &(%$)")(4 ,*+%*
,/,*( %*6 >#"(%!, .,!'"%()#* '*6,. 6)E,.,*( 0%'"( &
,*%.)#&
)& ,E,
()>,"4 %
+),>,68

9+)& 
+%-(,. )& #.6,.,6 )* (+, 0#""#3)*! /%**,.8 F* ?,
()#* G8@ (+, &(%*6%.6 -#3,.
&4&(,/ /#6," )& $.),H4 .,>),3,6 %*6 (+, 6,
,*(.%")1,6 (.%*&),*( &(%$)")1%()#* -.#$",/
)& 0#./'"%(,68 F* ?,
()#* G8I (+, 
,*(.%")1,6 
#*(.#"",. #0 JK%&%!.%*6, ,( %"8= IA@I℄ )&
#'(")*,68 9+, 6,
,*(.%")1,6 &
+,/, %*6 )(& &(%$)")(4 %*%"4&)& %., -.,&,*(,6 )* ?,
()#*
G878 M)*%""4= %* )""'&(.%()>, ,<%/-", )& !)>,* )* ?,
()#* G8N= 3+,., % 
#/-%.)&#* $,(3,,*

,*(.%")1,6 %*6 6,
,*(.%")1,6 &
+,/,& )& /%6,8

 !" #$%&'( ()*'+ ,-* ./)0+'( 1)/(2+,&3)-

F* (+)& &,
()#* (+, N5/%
+)*, -#3,. &4&(,/ /#6," 
#*&)6,.,6 )* (+)& 3#.D )& -.,&,*(,68
9+, $,+%>)#. #0 (+, )*(,.
#**,
(,6 !,*,.%(#.& 
%* $, 6,&
.)$,6 '&)*! (+, 
"%&&)
%" (+).6
#.6,. /#6," 3)(+ H'< 6,
%4 64*%/)
& .,-#.(,6 )* JO%)= @PQPR S'*6'.= @PPNR T,.!,*
%*6 U)(%"= IAAAR  *6,.&#* %*6 M#'%6= IAA7℄8 9+)& /#6," )*
"'6,& (+, >#"(%!, %*!",
V
#*&)6,.,6 ,W'%" (# (+, &+%0( %*!",X= (+, &-,,6 6,>)%()#* %*6 (+, >#"(%!, $,+)*6 (+,
(.%*&),*( .,%
(%*
,8 F* %66)()#*= %"" (+, ,",
(.)
%" *,(3#.D +%& $,,* .,6'
,6 (# %* )*(,.*%"
$'& .,-.,&,*(%()#*8 9+, 64*%/)
%" /#6," #0 (+, i5(+ !,*,.%(#. )& !)>,* $4

δ̇i = ωi

ω̇i = −
Dmi

Mi

ωi +
ω0

Mi

(Pmi − Pei)

Ėi =
1

τi
(−Eqi + Efi + νi), i ∈ N̄ := {1, ..., N}

VG8@X

Q7



 !"! #$%&'( ()*'+ ,-* ./)0+'( 1)/(2+,&3)-

 !"#" $!" %$&$"% '&#(&)*"% +, $!(% %-)%.%$"/ &#" $!" #+$+# &01*" δi ∈ S := [0, 2π)2 #&32 $!"
%4""3 3"'(&$(+0 ωi ∈ R (0 #&35%"
 &03 $!" 1"0"#&$+# 7-&3#&$-#" (0$"#0&* '+*$&1" Ei ∈ R+

(0 48-88 Dmi (% $!" 3&/4(01 
+0%$&0$ (0 48-82 Mi = 2H 2  !"#" H (% $!" (0"#$(& 
+0%$&0$
(0 %"
+03%2 Pmi (% $!" 
+0%$&0$ /"
!&0(
&* (04-$ 4+ "# &03 Pei (% $!" "*"
$#+/&10"$(

4+ "#2 )+$! (0 48-82 τi (% $!" 3(#"
$ &9(% $#&0%("0$ %!+#$ 
(#
-($ $(/" 
+0%$&0$8 :!" '+*$;
&1"% Eqi2 Efi &03 νi2 "94#"%%"3 (0 48-82 &#" $!" "*"
$#+/+$('" ,+#
" (0 $!" 7-&3#&$-#" &9(%2
$!" 
+0$#+* 
+0%$&0$ '+*$&1" 
+/4+0"0$ &44*("3 $+ $!" <"*3  (03(012 &03 $!" 
+0$#+* '+*$;
&1" (04-$2 #"%4"
$('"*.8 :+ %(/4*(,. $!" 0+$&$(+02  !"0"'"# 
*"&# ,#+/ $!" 
+0$"9$2 $!"
7-&*(<"# =i ∈ N̄>  (** )" +/($$"3 (0 $!" %"7-"*8

:!" &
$('" Pei &03 #"&
$('" Qei 4+ "# &%  "** &% $!" '+*$&1" Eqi &#" 3"<0"3 &%

Pei = EiIqi

Qei = EiIdi

Eqi = Ei + (xdi − x′di)Idi = xadiIfi

?@8AB

 !"#" Iqi &03 Idi &#" $!" 7-&3#&$-#" &03 3(#"
$ &9(% 
-##"0$%2 xdi (% $!" 3(#"
$ &9(% #"&
;
$&0
" &03 x′di $!" 3(#"
$ &9(% $#&0%("0$ #"&
$&0
"2  !"#"  " !&'" $!&$ xdi > x′di8 Ifi (% $!"
<"*3  (03(01 
-##"0$ &03 xadi (% $!" /-$-&* #"&
$&0
" )"$ ""0 $!" "9
($&$(+0 &03 %$&$+#

+(*%8 C** $!" *&$$"# 7-&0$($("% &#" "94#"%%"3 (0 48-8 %.%$"/8

:!" (0$"#
+00"
$(+0% )"$ ""0 /&
!(0"% &#" 1('"0 ). $!" 
-##"0$%

Iqi =
N∑

j=1

Ej(Gmij cos δij +Bmij sin δij)

Idi =

N∑

j=1

Ej(Gmij sin δij − Bmij cos δij)
?@8DB

 !"#" δij = δi − δj 2 Gmij (% $!" 
+03-
$&0
" &03 Bmij (% $!" %-%
"4$&0
"2 )+$! (0 48-88
#"%-*$(01 ,#+/ $!" 
+/4-$&$(+0 +, $!" 0"$ +#E &3/($$&0
" /&$#(98 F"'"*+4(01 $!" %-/%
 !"0 j = i &03 #"
&**(01 $!" (3"0$($("% GH#$"1& "$ &*82 AII@℄

Yij =
√
G2

mij +B2
mij

αij = arctan

(
Gmij

Bmij

)

Gmij cos δij +Bmij sin δij = Yij sin(δij + αij)

Gmij sin δij − Bmij cos δij = −Yij cos(δij + αij)
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 !"#$%& '( )*+,-+%"& .%
%+$&",-0%1 2*,3$-*+

 !"#$%

Iqi = GmiiEi +
N∑

j=1,j 6=i

EjYij sin(δij + αij)

Idi = −BmiiEi −

N∑

j=1,j 6=i

EjYij cos(δij + αij).
&'()*

+!,-## . 
012!,!,3 &'(4* -,$ &'()* 5"%6#7% !, 78" 9"##:;,09, 
01<-
7 =051 >?8!-,3 "7 -#(.
4@@'-A B6 "7 -#(. CDD4A E57"3- "7 -#(. CDD'A ?-%-35-,$" "7 -#(. CD4C℄

δ̇i = ωi

ω̇i = −Diωi + Pi −GiiE
2
i − diEi

N∑

j=1,j 6=i

EjYij sin(δij + αij)

Ėi = −aiEi + bi

N∑

j=1,j 6=i

EjYij cos(δij + αij) +
1

τi
(Efi + νi)

 !"!#

9!78 78" <0%!7!G" 
0,%7-,7%

Di =
Dmi

Mi

, Pi = diPmi, Gii = diGmii, di =
ω0

Mi

,

ai =
1

τi
(1− (xdi − x′di)Bmii), bi =

1

τi
(xdi − x′di).

H!1!#-5# 70 >?-%-35-,$" "7 -#(. CD4C℄ 9" -%%61" 78-7 -## <-5-1"7"5% -5" "I-
7# ;,09,
9!78 "I
"<7!0, 70 78" $!J"5",
" xdi−x′di 98!
8 !% -%%61"$ 70 2" 6,;,09,. 78", 9" 1-;"
78" =0##09!,3 <5-
7!
-## 5"-%0,-2#" -%%61<7!0,(

 !!"#$%&'( )*+*+* 4!% %53-,-6&-37 $* 6% 8$"6-,-0%1

E := (δ̄, 0, Ē) ∈ S
N × R

N × R
N
+ ,

9!%&% δ̄ := 
*,(δ̄i) "+1 Ē := 
*,(Ēi): -8 83
! $!"$ ;'('<: 9-$! ωi = 0 "+1 δi = δ̄i: !"8 "
3+-53% 8*,3$-*+ -+ E = 
0#(Ei): 9-$! Ei > 0(

K0 $"G"#0< - $"
",75-#!L"$ G"5%!0, 0= 78" 0," <5"%",7"$ !, 
8-<7"5 M -,$ <62#!%8"$ !,
>?-%-35-,$" "7 -#(. CD4C℄ 9" 1-;". =0##09!,3 >N60 "7 -#(. CDDDA O-, "7 -#(. CD4D℄. 78" -$P
$!7!0,-# -%%61<7!0,%(

 !!"#$%&'( )*+*,* 4!% 8-=+",8 δi: ωi: Ei: Pei "+1 Qei "&% 7%"83&"6,% "$ %"
! =%+%&"$-+=
3+-$(
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&(%
$ Ei *6 (% ('&*7
*()
83(%&*&9: *6 .;&$% (<<'.=*>(&$, /*( <2(6.'*() .<$'(&*.%6 5$&0$$% &2$ Pei: Qei (%, &2$
4$%$'(&.' &$'>*%() /.)&(4$ ?1%,$'6.% (%, @.3(,: "AAB℄! D.0$/$': &2$ 6&(&$ /('*(5)$ Ei


(% 5$ 63*&(5)$ 
.><3&$, ;'.> &2$ 
.>5*%(&*.% .; &2$ )(6& &0. $83(&*.%6 *% E !"F: (%,
'$
())*%4 &2(& Ei > 0: 0$ .5&(*% &2$ 83(,'(&*
 $83(&*.%

E2
i − xadiIfiEi + (xdi − x′di)Qei = 0.

G% .',$' ;.' E !"F &. >(H$ <296*
() 6$%6$: &2*6 $83(&*.% >.6& (,>*& ( <.6*&*/$ '$() 6.)3&*.%:
2$%
$

x2
adiI

2
fi ≥ 4(xdi − x′di)Qei,

(%, &2$ 6.)3&*.% *6 4*/$% 59

Ei =
xadiIfi
2

±

√
x2
adiI

2
fi − 4(xdi − x′di)Qei

2
,  !"#$

I*%
$ &2$ 6.)3&*.% 2(6 &. >(&
2 &2$ $83*)*5'*3> /()3$ Ēi *% 6&$(,9J6&(&$: &2$ 6*4% .; &2$
683('$ '..& &$'> *6 ,$&$'>*%$, 
.><3&*%4 E !KF (%, 36*%4 &2$ 6&$(,9J6&(&$ /()3$6 .; Ifi
(%, Qei! L.&$ &2(& Ifi *6 &2$ '.&.' 7$), 
3''$%&: 2$%
$ >$(63'(5)$!

)**+",-./0 &'('1' 1% $6&*>(&$ .; &2$ 6*4%() Ṗei: ,$%.&$, Ṗ f
ei: 6(&*6;9*%4

Ṗ f
ei = Ṗei + εi,

0*&2 εi $=<.%$%&*())9 ,$
(9*%4 6*4%()6: 
(% 5$ 
.><3&$, ;'.> &2$ >$(63'(5)$ 6*4%()6!

2$/34!" 5/$"+4#-./06 %&'()*+, -.+ (/(-+0  !"!$1 2+,)3/)'4 5((607-)&'( !"8"89!"8":"
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&2(& xdi − x′di *6 H%.0%! 16 62.0% 5$).0: &2*6 (663><&*.% 
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.%&'.))$' '$/*$0
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,)B+* )' 
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 ! "#$%& '%() ()# 
#&(+,-%.#/ 
!&(+!--#+ /#+%0,(%!&1 ()# 2,+(%,- -%&#,+%.%&$ 
!&(+!- -,'

νi = τi

(
ui + aiEi − bi

N∑

j=1,j 6=i

EjYij cos(δij + αij)

)
− Efi  !"#$

%& '(()%*+ ,- ,.* &/&,*0  !"!$1 2.*3* ui ∈ R1 '3* ,.* 4*2 
-4,3-) %4(6,&"

7&%48 ,.* *33-3 
--3+%4',*&

x1,i := δi − δ̄i, x2,i := ωi, x3,i := Ei − Ēi,  !"9$

,.* 
-0('
, 0-+*)  !"!$ 
'4 :* *;(3*&&*+ '&

ẋ1,i = x2,i

ẋ2,i = −Dix2,i + Pi − (x3,i + Ēi)hi(x1,x3)
ẋ3,i = ui

 !"<$

2.*3* =-3 k = 1, 2, 31 ,.*4 2* .'>* +*?4*+ ,.* >*
,-3&

xk = 
-)(xk,1, xk,2, . . . , xk,N),

'4+ %4,3-+6
*+ ,.* =64
,%-4&

hi(x1,x3) := Gii(x3,i + Ēi) + di

N∑

j=1,j 6=i

(x3,j + Ēj)Yij sin(µij(x1))

µij(x1) := x1,i + δ̄i − x1,j − δ̄j + αij , i 6= j.  !"@A$

B.* +/4'0%
 4-4)%4*'3 &,':%)%C%48 
-4,3-) )'2 %& ,.*4 +*?4*+ '&

ui = ẋd
3,i + β1,i hix2,i − β2,i (x3,i − xd

3,i) + ǫiξi sin(x1,i),  !"@@$

2.*3* β1,i > 01 β2,i > 0 '4+ ǫi > 01 ξi %& ,.* 
-4,3-))*3 &,',* 2.-&* +/4'0%
& '3* +*?4*+
:/

ξ̇i = β3,i (hi − ξi)− β4,i (x
d
3,i + Ēi)x2,i + ḣi − ǫi(x3,i + Ēi) sin(x1,i)  !"@D$

2%,. β3,i > 01 β4,i > 01 '4+ ,.* '6;%)%'3/ &%84')

xd
3,i =

1

ξi
[sin(x1,i) + Pi]− Ēi.  !"@E$

F, %& %0(-3,'4, ,- 4-,* ,.', ,.* &%84')& ẋd
3,i '4+ ḣi1 6&*+ %4 ,.* 
-4,3-))*3 *G6',%-4&  !"@@$1

 !"@D$1 
'4 :* 
-0(6,*+ 2%,.-6, +%H*3*4,%',%-4 '&

ẋd
3,i =

1

ξi
[x2,i cos(x1,i)]−

1

ξ2i
[sin(x1,i) + Pi]ξ̇i ,  !"@I$

ḣi = Giui + di

N∑

j=1,j 6=i

[ujYij sin(µij(x1,i)) + (x3,j + Ēj)Yij(x2,i − x2,j) cos(µij(x1,i))].
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$%&6(+(,$) $4 νi +). hi +). ,(/ (,%"
."*,2+(,2"A *"56,*" (!" "B
!+)1" $4 ,)4$*%+(,$) 0"(C"") 1")"*+(,)1 6),(/A *")."*,)1 (!"

$)(*$''"* )+(6*+''3 
")(*+',-".9

 !"#$% &'(')' 30'$ '1)' '1$ 
0&'(0* .+4&)* ui +. 5($.$&' $65*+
+'*7 +& $89)'+0&. : !;;< )&-
: !; < )&- +25*+
+'*7 +& : !;=< )&- : !;>< 5(0-9
+&4 )& )*4$/()+
 *005 +& '1$ 
0259')'+0&
0? '1$ 
0&'(0* .+4&)*! @1$ *).' +..9$ +. .0*A$- +& 
1)5'$( " +250.+&4 .02$ )--+'+0&)*

0&-+'+0&. 0& '1$ 517.+
)* 5)()2$'$(.B &)2$*7B C..925'+0& "!;!"! D' +. +&'$($.'+&4 '0 &0'$
'1)' '1+. )..925'+0& +. 0/A+)'$- +& '1$ &$E -$
$&'()*+,$- 
0&'(0**$( 5(050.$- /$*0E!

 !" #$
$&'()*+,$- .')/+*+,)'+0& .
1$2$

 $ $0(+,) + ."
")(*+',-". 2"*/,$) $4 (!" 
$)(*$''"* "56+(,$)/ 789:; +). 789<=;>789<?; C"
C,'' 6/" (!" +'1"0*+,
 *"'+(,$)/ 789D; (!+( ,)2$'2" (!" %"+/6*+0'" /,1)+'/ PeiA Qei +). Ei9

E,*/(A C" $0/"*2" (!+( (!" 
")(*+',-". &+*(,+' ',)"+*,-,)1 ("*% 789:; 
+) 0" *")."*". ."
")F
(*+',-". 6/,)1 Eqi9 G)."".A 4*$% (!" (!,*. "56+(,$) ,) 789<; C" !+2" (!+( 789:; ,/ "56,2+'")(
($

νi = τiui + Eqi −Efi,

+). 4*$% 789D;A (!" '+/( "B&*"//,$) 
+) 0" 4$*%6'+(". +/

νi = τiui + Ei + θiIdi −Efi, 789<H;

C,(! θi = xdi − x′di +/ 6)I)$C) &+*+%"("*9  $ *")."* *$06/( (!" 
6**")( ."
")(*+',-".
2"*/,$)A C" )$C ,)2$I" (!" G%%"*/,$) +). G)2+*,+)
" 7G&G; %"(!$.$'$13 ."/
*,0". ,)
."(+,' ,) JK/($'L "( +'9A D==M℄ ($ ."2"'$& +) +.+&(,2" '+C ($ "/(,%+(" θi +). 6/" O,) +

"*(+,)(3>"56,2+'")( C+3O(!,/ "/(,%+(" ,) (!" 
$)(*$' '+C9 K

$*.,)1'3 ($ JK/($'L "( +'9A
D==M℄A (!" "/(,%+(,$) "**$* 
+) 0" ."L)". +/

zi = θ̂i − θi + ηi(Ei), 789<:;

C!"*" θ̂i ∈ R +). ηi(Ei) ∈ RA +). ,(/ (,%" ."*,2+(,2" +/

żi =
˙̂
θi +

1

τi

∂ηi
∂Ei

(
− Ei −

(
θ̂i + ηi(Ei)− zi

)
Idi + Efi + νi

)
. 789<M;

 !") /"'"
(,)1

˙̂
θi = −

1

τi

∂ηi
∂Ei

(
−Ei −

(
θ̂i + ηi(Ei)

)
Idi + Efi + νi

)
, 789<P;

3,"'./ ($ (!" "**$* .3)+%,
/

żi =
1

τi

∂ηi
∂Ei

Idizi, 789D=;
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 !"#!$#"% &#'#
)*+,
ηi(Ei) = −σiτiEi, σi > 0 -./012

"#+3#" )4# #&)* 5)*!+ #""!" 36+5 *
& 5&

żi = −σiIdizi. -./002

7*+
# #5
4 ,#+#"5)!" *& 8"!39
*+, "#5
)*$# 8!:#" Qei% Idi *& 5&&9 #3 )! ;# 8!&*)*$# <!" 5''
)* #/ =+ 533*)*!+ )4# )!)5' >6589+!$ <9+
)*!+ *+ )4*& 
5&# *& 3#?+#3 5&

V(z) =

N∑

i=1

1

2
z2i -./0@2

:4#"# z = 
!'(zi) 5+3 )4# )* # 3#"*$5)*$# 5'!+, )4# )"5A#
)!"*#& !< -./002 *&

V̇ = −
N∑

i=1

σiIdiz
2
i ≤ 0, -./0B2

4#+
#% )4# #""!" 36+5 *
& 45$# 5 ,'!;5''6 &)5;'# #C9*'*;"*9 8!*+)/

 !"#$% )4# >6589+!$ <9+
)*!+ -./0@2 
!""#&8!+3*+, )! )4# 5358)*$# &
4# # :*'' ;#
533#3 )! )4# ,#+#"5' >6589+!$ <9+
)*!+ W ,*$#+ ;#'!:/

7#
!+3% )4# <9+
)*!+ hi *& "#'5)#3 :*)4 )4# C953"5)9"# 5D*& 
9""#+) Iqi% :4*
4 
5+ ;#
3#)#" *+#3 <"! )4#  #5&9"# #+) !< )4# 5
)*$# 8!:#" Pei 5+3 )4# $!')5,# Ei 5& <!''!:&

hi = diIqi = di
Pei

Ei

. -./0.2

E) )4*& 8!*+) :#  5F# )4# * 8!")5+) !;&#"$5)*!+ )45) )4# &)5)# #C95)*!+ -./102 !< )4#

#+)"5'*G#3 
!+)"!' '5: 
!+)5*+& )4# )#" ḣi )45)% 5& &##+ *+ -./1.2% "#C9*"#& )4# #D
45+,#
!< *+<!" 5)*!+ ;#):##+ ,#+#"5)!"&/ H! 5$!*3 )4*& 8"!;'# :# +!)# )45)

ḣi =
di
E2

i

(ṖeiEi − Peiui),

:4#"# :# 45$# 9&#3 )4# <5
) )45) Ėi = ui *+ )4# 
! 89)5)*!+ !< )4# 3#"*$5)*$#/ =+$!F*+,
E&&9 8)*!+ ./1/@ *) *& 
'#5" )45) ḣi 
5+ ;# 5&6 8)!)*
5''6 #&)* 5)#3 :*)4!9) #D
45+,# !<
*+<!" 5)*!+ ;#):##+ ,#+#"5)!"&/

E')4!9,4 *) *& 8!&&*;'# )! #&)* 5)# 3*"#
)'6 ṖeiI$*5% %(4(% 588"!D* 5)# 3*J#"#+)*5)*!+ !<
PeiI5+3 )4#+ "#8'5
# ḣi *+ -./102% )4*& ,#+#"5)#& 5+3 5',#;"5*
 '!!8 *+ )4# 
! 89)5)*!+
!< ui/ =+&)#53% :# 8"!8!&# )! #&)* 5)# 3*"#
)'6 ḣi 9&*+, *)& 588"!D* 5)# 3*J#"#+)*5)*!+%
3#+!)#3 ḣf

i 5+3 
! 89)#3 $*5
ḣf
i = −γih

f
i + κihi, -./0K2

:4#"# γi, κi 5"# 5";*)"5"6 8!&*)*$# 
!+&)5+)&/ 7## L*,/ ./1/ =+ )4*& :56% )4# 5<!"# #+)*!+#3
5',#;"5*
 '!!8 *& 5$!*3#3 5+3 E&&9 8)*!+ ./1/@ *& "#8'5
#3 ;6 )4# <!''!:*+,/
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$&'()*+,$- .')/+*+,)'+0& .
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 !"#$% &'() *+,
. /!0"$01 ,2 34% 055$,6!103% /!7%$%83!03,$ 9&':;<'

 !!"#$%&'( )*+*,* 30&.+-$( '1$ .+4&)* hi -$5&$- +& 9&':&< )&- +'. )66(07+2)'$ -+8$(9
$&'+)'+0& ḣf

i 
026:'$- ;+) 9&':;<! <1$&=

ḣf
i = ḣi + εi, 9&':=<

>+'1 εi $760&$&'+)**? -$
)?+&4 .+4&)*.!

 !80++>? #@!8" 9&'(A<? 9&':&< 08/ 34% B+3%$%/ @!"80+ 9&':;<? 34% 0/053!C% /%
%83$0+!D%/
/>801!
 8,8+!8%0$ @30E!+!D!8" 
,83$,+ +0F !@ 34%8 /%B8%/ 0@

νi = τiui + Ei + (θ̂i + ηi(Ei))Idi − Efi

ui = ẋd
3,i + β1,i hix2,i − β2,i (x3,i − xd

3,i) + ǫiξi sin(x1,i)

ξ̇i = β3,i (hi − ξi)− β4,i (x
d
3,i + Ēi)x2,i + ḣf

i − ǫi(x3,i + Ēi) sin(x1,i)

9&':G<

F!34 34% 0#6!+!0$> @!"80+ xd
3,i /%B8%/ E> 9&'(H<' I,3!
% 34% #@% ,2 34% 3%$1 ḣf

i ? "%8%$03%/
C!0 9&':=<? !8@3%0/ ,2 ḣi' J0.!8" !83, 0

,#83 9&':=< !3 !@ 
+%0$ 3403 34% ,8+> /!7%$%8
%
E%3F%%8 34% 
%83$0+!D%/ 08/ 34% /%
%83$0+!D%/ 
,83$,+ !@ 34% 5$%@%8
% ,2 34% 0//!3!C%? %6K
5,8%83!0++> /%
0>!8" 3%$1 εi !8 ξ̇i'

L% 0$% !8 5,@!3!,8 3, 5$%@%83 34% 10!8 $%@#+3 ,2 34% 505%$? F4,@% 5$,,2 2,++,F@ !11%/!K
03%+> 2$,1 34% 5$,,2 ,2 34% 
%83$0+!D%/ @
4%1% $%5,$3%/ !8 MN0@0"$08/% %3 0+'? :O(:℄ 908/
0+@, /%30!+%/ !8 
4053%$ H< 08/ Q@@#153!,8 &'H'('

-.'$'!&%&'( )*+*,* 30&.+-$( '1$ 2:*'+2)
1+&$ 60>$( .?.'$2 @ ! A= ;$(+B?+&4 C..:269
'+0&.  !D!D=  !D!E )&-  !"!D! <1$ -$
$&'()*+,$- -?&)2+
 
0&'(0* *)> @ !D"A= @ !DFA= 9&':&<G
9&':G< $&.:($. '1)' '1$ -$.+($- $H:+*+/(+:2 E +. ICJ!

-.''/ )*+*,* K+2+
L+&4 
1)6'$( "= >$ 6(060.$ '1$ M?)6:&0; B:&
'+0& 
)&-+-)'$ /$*0>=
>1+
1 +&
*:-$. '>0 &$> '$(2. 
0(($.60&-+&4 '0 '1$ &$> B$)':($. )-)6'+;$ )&- -$
$&'()*+,$-!
W : SN × R

3N × R× R+ → R

W (x, ξ, z, t) = V (x, ξ) + V(z) +
N∑

i=1

(
c4,i
2β3,i

∫ ∞

t

ε2i (η)/η
)
, 9&':A<

>1$($

V (x, ξ) =
N∑

i=1

(
c1,i

∫ x1,i

0

sin(η)/η + c2,iǫix2,i sin(x1,i)

+
1

2

(
c3,ix

2
2,i + c4,i(ξi − hi)

2 + c5,i(x3,i − xd
3,i)

2
)
)
,

AO



 !"#$%& '( )*+,-+%"& .%
%+$&",-0%1 2*,3$-*+

4-$! ξ = 
*,(ξ1, · · · , ξN) "+1 ck,i5 6*& k = 1, 2, . . . , 55 "&% #*7-$-8% 
*+7$"+$7( )*$-
% $!%
"11-$-*+ *6 $!% -+$%9&", $%&:5 4!-
! -7 &%;3-&%1 $* $"<% -+$* "

*3+$ $!% #&%7%+
% *6 $!%
%=#*+%+$-", $%&: -+  !"#$%(
>+ ? "7"9&"+1% %$ ",(5 @AB@℄ -$ -7 7!*4+ $!"$ V -7 #*7-$-8% 1%D+-$% -+ $!% 7%$

{x1 = 0,x2 = 0,x3 = xd
3, ξ = h(0, 0)},

7-+
% W ≥ V 4% ",7* !"8% $!"$ W -7 #*7-$-8% 1%D+-$%( E!% $-:% 1%&-8"$-8% *6 W -7

Ẇ =

n∑

i=1

(
c1,i sin(x1,i)x2,i + c2,iǫix

2
2,i cos(x1,i)+

+ c2,iǫiẋ2,i sin(x1,i) + c3,ix2,iẋ2,i+

+ c4,i(ξi − hi)(ξ̇i − ḣi)+

+ c5,i(x3,i − xd
3,i)(ẋ3,i − ẋd

3,i)−σiIdiz
2
i −

c4,i
2β3,i

ε2i

)
,

4!%&% $!% $%&: (ẋ3,i − ẋd
3,i) -7 *F$"-+%1 &%
",,-+9 $!"$ ẋ3,i = ui "+1 $!% 6"
$ $!"$

ẋ3,i − ẋd
3,i = β1,i h

f
i x2,i − β2,i (x3,i − xd

3,i) + ǫiξi sin(x1,i),

4!-
! 6*,,*47 6&*:  !"#&%( E!% $%&: (ξ̇i − ḣi) -7 *F$"-+%1 6&*: G'(@HI "+1 G'(@JI "7

ξ̇i − ḣi = β3,i (hi − ξi)− β4,i (x
d
3,i + Ēi)x2,i − ǫi(x3,i + Ēi) sin(x1,i) + εi.

)*45 7%,%
$-+9

β1,i =β4,i,

c1,i =c3,i

c2,i =c4,i = c5,i,

c1,i =c2,iβ1,i,

$!% $-:%K1%&-8"$-8% *6 W 
"+ F% 4&-$$%+ "7

Ẇ =

n∑

i=1

(
− c4,iβ3,i(ξi − hi)

2 − c5,iβ2,i(x3,i − xd
3,i)

2−

−[x2,i sin(x1,i)]Mi(x1,i)

[
x2,i

sin(x1,i)

]

+ c4,i(ξi − hi)εi−σiIdiz
2
i −

c4,i
2β3,i

ε2i

)
,

 !"'(%

4!%&% 4% 1%D+%1 $!% :"$&-
%7

Mi(x1,i) :=


 c3,iDi − c2,iǫi cos(x1,i)

c2,iǫiDi

2
c2,iǫiDi

2 c2,iǫi


 .

)*
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/0- )$%- 1-,$2()$2- *3 W 
(+ 5- -67,-..-1 (.

Ẇ =
n∑

i=1

(
−
1

2
c4,iβ3,i(ξi − hi)

2 − c5,iβ2,i(x3,i − xd
3,i)

2−

−[x2,i sin(x1,i)]Mi(x1,i)

[
x2,i

sin(x1,i)

]
−

−σiIdiz
2
i −

c4,i
2

(
√

β3,i(ξi − hi)−
1√
β3,i

εi

)2)
.
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/0- 7,**3 *3 89# $. 
*%7'-)-1 .-'-
)$+: )0- 3,-- 7(,(%-)-, ǫi 2-,$3;$+:

0 < ǫi <
4c3,iDi

c2,i(4 +Di)
,

<0$
0 -+.&,-. Mi(x1,i) > 0= (+1 $+2*>$+: )0- (,:&%-+). &.-1 $+ ?@(.(:,(+1- -) ('!= ABCA℄!

 !"#$% &'(')' E) $. <-''F>+*<+ )0() (+ (77,*6$%()- 1$G-,-+)$()*, (.;%7)*)$
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). )0- 1-,$2()$2- *3 ( .$:+(' 7,*2$1-1 )0- 3,-I&-+
; ,(+:- *3 )0- .$:+('J. .7-
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-+H
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i β1,i1 β4,i β2,i1 β3,i c1,i1 c3,i c2,i1 c4,i1 c5,i ǫi
' '&2% 3&4 5 %&6'47 2&5722
8 2&6 8' 5 3&%6'4 2&87'2
7 2&6 8' 5 3&%6'4 2&'9%%
4 2&6 8' 5 3&%6'4 2&8446
% 2&6 8' 5 3&%6'4 2&8598
5 2&6 8' 5 3&%6'4 2&82''
6 2&6 8' 5 3&%6'4 2&85%'
3 2&6 8' 5 3&%6'4 2&8332
9 2&6 8' 5 3&%6'4 2&8289
'2 2&34 '4 5 6&'489 2&5222
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C/+. "$,A$$+ "?0 '6 !+D '3&
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*+D0; !+D

#$!-$D !>,$- 0.15 :0$
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