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Merci à Dmitri Burago de Penn State University pour avoir encadré durant mon mémoire
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Sylvain ARGUILLÈRE

Géométrie sous-riemannienne en dimension infinie et
applications à l’analyse mathé-matique des formes

Résumé : Cette thèse est dédiée à l’étude de la géométrie sous-riemannienne en dimension
infinie, et à ses applications à l’analyse des déformations par difféomorphismes. La première
partie du manuscrit est un résumé détaillé des travaux effectués. La seconde compile les
articles rédigés pendant ces trois dernières années de travail. On commence par étendre
à la dimension infinie le cadre de la géométrie sous-riemannienne classique, en établissant
notamment des conditions assurant l’existence d’un flot géodésique. Puis, on applique ces
résultats aux structures sous-riemanniennes fortes et invariantes à droite sur le groupe des
difféomorphismes d’une variété à géométrie bornée. On définit ensuite rigoureusement la no-
tion d’espaces de formes, jusqu’alors assez vague dans la littérature. Il s’agit de variétés de
Banach sur lesquelles un groupe de difféomorphismes a une action satisfaisant certaines pro-
priétés. On construit ensuite diverses structures sous-riemanniennes sur ces espaces de formes
grâce à cette action, structures que nous étudierons en détails. Enfin, on ajoute des contraintes
aux déformations possibles et on formule les problèmes d’analyse de formes dans un cadre
relevant de la théorie du contrôle optimal en dimension infinie. On démontre un principe
du maximum de type Pontryagin adapté à ce contexte, permettant d’établir les équations
géodésiques contraintes. Des algorithmes pour la recherche de déformations optimales sont
ensuite développés et appuyés par des simulations numériques dans le chapitre 7. Ils unifient
et étendent des méthodes précédemment établies pour l’analyse de formes dans le domaine
de l’image.

Abstract : This manuscript is dedicated to the study of infinite dimensional sub-Riemannian
geometry and its applications to shape analysis using diffeomorphic deformations. The first
part is a detailed summary of our work, while the second part combines the articles we
wrote during the last three years. In the first two chapters, we extend the framework of sub-
Riemannian geometry to infinite dimensions, establishing conditions that ensure the existence
of a Hamiltonian geodesic flow. In the third chapter, we apply these results to strong right-
invariant sub-Riemannian structures on the group of diffeomorphisms of a manifold. We then
define rigorously the abstract concept shape spaces. A shape space is a Banach manifold on
which the group of diffeomorphisms of a manifold acts in a way that satisfy certain pro-
perties. We then define several sub-Riemannian structures on these shape spaces using this
action, and study these structures in Chapters 4 and 5. Finally, in Chapters 6 and 7, we
add constraints to the possible deformations, and formulate shape analysis problems in an
infinite dimensional control theoritic framework. We prove a Pontryagin maximum principle
adapted to this context, establishing the constrained geodesic equations. Algorithms for fin-
ding optimal deformations are then developped, supported by numerical simulations. These
algorithms extend and unify previously established methods in shape analysis.
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2.9 Exemple : le groupe des difféomorphismes de Rd . . . . . . . . . . . . . . . . 43
2.9.1 Structures sous-riemanniennes . . . . . . . . . . . . . . . . . . . . . . 43
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Introduction

Le but de cette thèse est de définir et d’étudier le concept de variété sous-riemannienne de
dimension infinie, afin de l’appliquer à diverses constructions apparaissant dans le domaine
de l’image.

Le manuscrit est composé de deux parties. La première, constituée de sept chapitres,
fournit un résumé complet des travaux effectués. La seconde regroupe les articles rédigés
durant les trois dernières années, avec quelques modifications mineures permettant d’unifier
les notations. Dans cette dernière, le lecteur trouvera des détails et des preuves qui n’ont pas
été insérés dans la première partie dans un souci de lisibilité.

Commençons par donner une brêve vue d’ensemble du domaine de l’analyse mathématique
des formes afin de voir où la géométrie sous-riemannienne de dimension infinie intervient.

Analyse mathématique des formes

L’analyse de formes et de déformations d’images a reçu une attention croissante au cours
des dernières années. Il s’agit de donner un cadre géométrique au problème afin de per-
mettre, par exemple, l’analyse statistique d’images et d’objets déformables. Ce point de vue
a été utilisé avec succès dans de nombreux domaines, et plus particulièrement en anatomie
computationnelle. Cette dernière consiste à comparer des images d’organes (généralement
des IRM de cerveaux) de différents patients, dans le but de prévoir à l’avance l’apparition de
certaines maladies dégénératives [DGM98, GM98, MTY02, MTY06].

La source du problème est que deux formes (par exemple des courbes planes), peuvent
représenter des objets similaires pour un observateur humain, mais être très différentes au
niveau de la liste de points qu’un ordinateur utilisera pour les représenter. Il faut donc, pour
les comparer, trouver des méthodes qui prennent en compte leur géométrie. Plusieurs façons
de résoudre ce problème en utilisant des concepts mathématiques rigoureux ont été proposées
avec succès.

Pour cela, il faut tout d’abord définir un espace de formes S sur lequel on puisse travailler.
Il faut ensuite trouver une manière de comparer deux formes q0 et q1 dans S.

Une des premières solutions a été proposée par Kendall [Ken84]. Il s’agit de définir l’espace
des formes discrètes à n points dans Rd comme l’ensemble des n-uplets de Rd, pour n ∈ N,
quotienté par l’action des rotations et des translations. On peut alors estimer la différence
entre deux formes q0 = (x1, . . . , xn) et q1 = (y1, . . . , yn) en calculant le carré de leur distance
à isométrie près :

inf
{

n∑
i=1
|T (xi)− yi|2 | T : Rd → Rd isométrie

}
.

Plus généralement, on peut considérer une attache aux données g, c’est-à-dire une fonction
à valeurs réelles sur (Rd)n qui compare la différence entre une forme donnée q et la cible q1 :

inf
{
g(T (q)) | T : Rd → Rd isométrie

}
.

5
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On prend généralement g(q) = d(q, q1)2 où d est une distance qui peut être différente de la
distance euclidienne. Ce cadre a été le point de départ de plusieurs méthodes pour l’analyse
des déformations [DM98, KBCL99, Sma96]. Toutefois, elles sont très restrictives. On ne peut
pas, par exemple, étudier des familles de courbes : il faut d’abord trouver un moyen efficace
de les discrétiser. Un problème plus important est que ce modèle ne prend pas en compte
toutes les propriétés géométriques des formes discrétisées. Par exemple, deux formes q0 et q1
découlant l’une de l’autre par une déformation lisse (par exemple un difféomorphisme de Rd)
devraient être ”plus semblables” que si q1 est un déplacement plus aléatoire de q2.

Transformation par difféomorphismes. Une méthode efficace pour tenir compte de ces
considérations est d’étudier des transformations induites par des difféomorphismes. En ef-
fet, les formes étudiées sont généralement des objets plongés dans une variété M (le plus
souvent, M = Rd). Le groupe des difféomorphismes de M agit alors naturellement sur l’es-
pace des formes par (ϕ, q) 7→ ϕ · q. Par exemple, si q est une courbe paramétrée de M , un
difféomorphisme ϕ agit sur q par composition à gauche, tansformant q en une nouvelle courbe
ϕ · q = ϕ ◦ q. On estime alors la différence entre deux formes par

inf {F (ϕ) + g(ϕ · q0) | ϕ difféomorphisme de M} ,

où F (ϕ) est un coût défini sur le groupe des difféomorphismes, et g une attache aux données
estimant une distance entre la forme transformée ϕ · q0 et une forme cible q1.

Flots de champs de vecteurs. Vient alors le problème de définir un coût F avec un bon
comportement. Pour cela, on se restreint à des difféomorphismes engendrés par des flots

∂tϕ
X(t, x) = X(t, ϕX(t, x)), (t, x) ∈ [0, 1]×M,

de champs de vecteurs X dépendant du temps sur M . Un tel flot ϕX est une déformation de
l’espace ambiant M , et induit une déformation t 7→ q(t) = ϕ(t) · q0 d’une forme initiale q0.
Un champ de vecteurs X induit donc une déformation infinitésimale X · q d’une forme q, qui
s’intègre en une déformation de q.

Notons Γ(TM) l’espace des champs de vecteurs de M . L’ensemble des déformations infi-
nitésimales autorisées est alors défini comme un ensemble de champs de vecteurs X apparte-
nant à un certain sous-espace pré-hilbertien (V, 〈·, ·〉) de Γ(TM). Les éléments de V sont en
général des champs de vecteurs lisses.

La différence entre deux formes q0 et q1 est alors mesurée par la minimisation, sur l’en-
semble des champs de vecteurs t 7→ X(t) ∈ V , d’une fonctionnelle de la forme

J(ϕX) = J(X) 1 = 1
2

∫ 1

0
〈X(t), X(t)〉 dt+ g(ϕX(1) · q0) = A(X) + g(ϕX(1) · q0). (1)

Le premier terme mesure l’action A(X) (ou énergie) de la courbe de difféomorphismes définies
par le flot ϕX de X. Celle-ci induit une déformation de l’état initial q0. Le second terme est
une attache aux données qui mesure la différence entre l’état déformé final ϕ(1) ·q0 et la forme
cible q1. Pour le choix de l’espace (V, 〈·, ·〉), on rencontre deux tendances dans la littérature
existante.

Méthode 1 : métriques riemanniennes faibles. On prend pour V l’ensemble des
champs de vecteurs de classe C∞ à support compact. On choisit ensuite une norme pré-
hilbertienne (généralement une norme Sobolev) pour 〈·, ·〉. C’est une approche utilisée par
exemple dans [BHM11, BHM12, MM07].

1. Remarquons qu’il y a correspondance bijective entre les champs de vecteurs X et les déformations ϕX .
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Un tel point de vue engendre naturellement une métrique riemannienne dite ”faible”
(voir [Cla09]), invariante à droite sur le groupe de Lie (modelé sur un espace de Fréchet) des
difféomorphismes de classe C∞ à support compact, de distance associée dR. L’action d’une
déformation t ∈ [0, 1] 7→ ϕX(t) engendrée par un champ de vecteurs t 7→ X(t) ∈ V est alors
donnée par

A(ϕX) = 1
2

∫ 1

0
〈X(t), X(t)〉 dt = 1

2

∫ 1

0

〈
ϕ̇X(t) ◦ ϕX(t)−1, ϕ̇X(t) ◦ ϕX(t)−1

〉
dt.

On peut également définir une longueur pour cette courbe, et une distance dR comme sur les
variétés riemanniennes de dimension finie. Minimiser la fonctionnelle J de (1) revient alors à
minimiser

1
2dR(IdM , ϕ)2 + g(ϕ · q0)

parmi les difféomorphismes de classe C∞ à support compact.

Méthode 2 : espaces de Hilbert à noyau reproduisant. On choisit un espace de
Hilbert (V, 〈·, ·〉) engendré par un noyau reproduisant K(x, y) : T ∗yM → TxM [Tro95]. Un tel
noyau permet d’effectuer très rapidement certains calculs nécessaires à la minimisation de J .
Ce point de vue permet de travailler sur le groupe Ds(M) des difféomorphismes de classe de
Sobolev Hs, qui est une variété de Hilbert et un groupe topologique, plutôt qu’une variété
de Fréchet comme dans le cas précédent. Son espace tangent en l’identité est l’espace des
champs de vecteurs de classe de Sobolev Hs.

Ce cadre, qui est celui adopté dans cette thèse, offre de nombreux avantages d’un point
de vue numérique. En plus de préserver de nombreuses propriétés géométriques des formes
étudiées, il a permis le développement d’une famille d’algorithmes efficaces de comparai-
son de formes : les méthodes LDDMM (Large Deformation Diffeomorphic Metric Matching)
[BMTY05, DGM98, GTY, GTY06, JM00, MTY02, MTY06, Tro95].

Toutefois, on ne prend généralement pas V égal à tout l’espace des champs de vecteurs
de classe de Sobolev Hs, on prend un espace bien plus petit, souvent constitué de champs de
vecteurs analytiques. En conséquence, la géométrie invariante à droite engendrée par V n’est
pas riemannienne mais sous-riemannienne. Les auteurs des méthodes LDDMM n’étaient pas
familiers avec la géométrie sous-riemannienne, et ont traité le sujet du point riemannien 2.

Géométrie sous-riemannienne sur les difféomorphismes. Une structure sous-rieman-
nienne est un triplet (M,∆, g), où M est une variété, ∆ ⊂ TM est un sous-fibré du fibré
tangent, dit sous-fibré horizontal, et g est une métrique riemannienne sur ∆. On peut alors
définir les courbes horizontales, qui sont les courbes tangentes à ∆ en tout point, puis une
notion de longueur, d’action et de distance sous-riemanniennes de façon analogue au cas
riemannien [Mon02, BR96].

Si on revient au cas des flots de champs de vecteurs sur M appartenant à un espace de Hil-
bert (V, 〈·, ·〉), V induit sur le groupe des difféomorphismes une structure sous-riemannienne
forte et invariante à droite. En effet, il suffit de définir l’espace horizontal en ϕ par l’ensemble
des X ◦ ϕ pour X ∈ V . Cette structure se projette alors en une structure sous-riemannienne
forte sur les espaces de formes grâce à l’action des difféomorphismes. Cette construction nous

2. Cette confusion a été possible pour deux raisons. Tout d’abord, les auteurs travaillaient généralement
sur des espaces de formes de dimension finie, auquel cas la structure sous-riemannienne projetée est, de fait,
généralement riemannienne. Ensuite, même en dimension infinie, les méthodes étaient basées sur l’équation ha-
miltonienne des géodésiques et la théorie du contrôle qui, contrairement aux équations géodésiques classiques,
peuvent être appliquées de manière identique en géométrie riemannienne et sous-riemannienne. C’est encore
plus vrai lorsque la distribution horizontale est dense dans l’espace tangent, comme c’était généralement le
cas.
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conduit à étudier la géométrie sous-riemannienne en dimension infinie et ses applications en
analyse de formes.

Résumé des travaux

Les objectifs de cette thèse sont les suivants :
1. Définir une notion générale de géométrie sous-riemannienne en dimension infinie adaptée

aux espaces de formes. Décrire les équations géodésiques.
2. Étudier les structures sous-riemanniennes fortes invariantes à droites sur le groupe des

difféomorphismes d’une variété, et plus particulièrement celles qui peuvent être utilisées
dans les méthodes LDDMM.

3. Donner une définition à la fois rigoureuse, générale, et facilement utilisable de la no-
tion d’espace de formes. Étudier la structure sous-riemannienne induite par l’action du
groupe des difféomorphismes sur un tel espace.

4. Étendre ce cadre à des problèmes d’analyse de formes avec contraintes dans le cadre
du contrôle optimal en dimension infinie, de façon à obtenir de meilleurs modèles des
objets étudiés. Développer des algorithmes pour étudier ce nouveau problème.

Le premier point sera étudié dans les chapitres 1 et 2, le second dans le chapitre 3, et le
troisième dans les chapitres 4 et 5.

Pour mieux comprendre le quatrième point, supposons qu’on veuille étudier le mouvement
d’un cœur lors d’une contraction. Le cadre de déformation par difféomorphismes ne prend
pas en compte la mécanique derrière ce mouvement, ce qui permet d’obtenir des algorithmes
simples mais pose un problème de modélisation. Pour tenir compte des spécificités du mou-
vement, on peut par exemple astreindre le cœur à se déformer uniquement le long de ses
fibres musculaires. Toutefois, comme ces fibres sont alors elles-mêmes déformées, l’espace des
déformations infinitésimales autorisées doit changer en fonction de la position du coeur. On
peut modéliser ce problème dans le cadre des LDDMMs en rajoutant des contraintes linéaires
sur la vitesse des points du cœur, ce qui requiert un point de vue plus général, développé
dans les chapitre 6 et 7.

Chapitres 1 et 2 : Géométrie sous-riemannienne en dimension finie et infinie

On donne tout d’abord une définition générale de structure sous-riemannienne sur une
variété M , introduite par Agrachev, Boscain et al. dans [ABC+10], permettant de prendre en
compte des distributions horizontales à rang variable. Il s’agit d’un triplet (H, ξ, g), où (H, g)
est un fibré vectoriel riemannien sur M et ξ : H → TM est un morphisme de fibrés vectoriels.
On dit que (H, ξ) est un fibré tangent relatif sur M . Les courbes horizontales t 7→ q(t) sont
les courbes telles qu’il existe un contrôle t 7→ u(t) ∈ Hq(t) tel que q̇(t) = ξq(t)u(t). Un tel
couple t 7→ (q(t), u(t)) est appelé un système horizontal. On définit ensuite la longueur et
l’action d’un tel système respectivement par

L(q, u) =
∫ √

gq(t)(u(t), u(t))dt, A(q, u) = 1
2

∫
gq(t)(u(t), u(t))dt,

et on en déduit une distance sous-riemannienne, ainsi que la notion de géodésique sous-
riemannienne, comme dans le cas habituel.

En dimension finie, on sait qu’il existe deux types de géodésiques, données par le principe
du maximum de Pontryagin. On définit les hamiltoniens H1, H0 : T ∗M ⊕H → R par

Hλ(q, p, u) = pξqu−
λ

2 gq(u, u). (2)
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En (q, p, u) ∈ T ∗M ⊕ H fixé, si ∂uHλ(q, p, u) = 0, ce hamiltonien possèdent un gradient
symplectique partiel ∇ωHλ(q, p, u) en (q, p) pour la forme symplectique canonique ω de T ∗M .

Théorème 0.1. (Pontryagin [PBGM64]) Soit q : [0, 1] → M une géodésique sous-
riemannienne issue d’un système horizontal (q, u). Alors il existe (p, λ) 6= (0, 0), où p :
[0, 1]→ T ∗M est de classe de Sobolev H1, et λ =0 ou 1 tels que{

0 = ∂uH
λ(q(t), p(t), u(t)),

(q̇(t), ṗ(t)) = ∇ωHλ(q(t), p(t), u(t)).
(3)

Si λ = 0 la trajectoire q est singulière (ou anormale). Elle est dite géodésique normale
si λ = 1.

On peut de plus obtenir toutes les géodésiques normales en intégrant le flot du gradient
symplectique ∇ωh du hamiltonien normal h : T ∗M → R défini par

h(q, p) = max
u∈Hq

(
pξqu−

1
2gq(u, u)

)
. (4)

Grâce à ce dernier, on peut montrer ([Mon02, AS04]) que réciproquement, si (q(·), p(·)) sa-
tisfait (3), alors, quand λ = 1, q(·) est bel et bien une géodésique. Lorsque λ = 0, q(·) est un
point singulier de l’application point final E qui à un système horizontal (q(·), u(·)) associe
son point final q(1) = (q(·),u(·)). Cette application est étudiée plus en détails en section 1.4.2

Passons au cas de la dimension infinie. La géométrie riemannienne en dimension infinie
est un sujet connu et étudié en analyse sur les variétés [KM97, Omo74, Cla09]. Elle se scinde
en deux cas : les géométries fortes, dont les topologies induites par la métrique riemannienne
et celles induites par la structure de variété cöıncident, et qui sont très similaire au cas de la
dimension finie, et les géométries faibles, où les topologies ne cöıncident pas. Le cas faible est
plus compliqué, car la connection de Levi-Civita et l’application exponentielle n’existent pas
toujours. Toutefois, plusieurs variétés riemanniennes faibles ont été abordées avec succès, avec
à la clé de nombreuses applications inspirées de travaux d’Arnold [Arn66], comme l’existence
et l’unicité de solutions pour de nombreuses équations aux dérivées partielles conservatives.
C’est le cas de l’équation d’Euler des fluides incompressible sur des variétés compactes [EM70],
ou de l’équation KdV (voir [KW09] et ses références pour de nombreux autres exemples). En
analyse de formes, ces structures ont été particulièrement étudiées par Michor, Mumford et
Bauer [BHM11, BHM12, MM07].

La géométrie sous-riemannienne en dimension infinie, en revanche, est encore méconnue.
On a bien un résultat de contrôlabilité approché [DS80] dans le cas général, et de contrôlabilité
exacte sur le groupe des difféomorphismes d’une variété compacte engendrés par des flots de
champs de vecteurs appartenant à un certain C∞(M)-module [AC09]. Un preprint [GMV12]
présente également un équivalent à l’équation hamiltonienne des géodésiques dans un cas très
restreint.

Même la géométrie sous-riemannienne forte de dimension infinie est déjà très différente
du cas de la dimension finie. En effet, l’ensemble des points accessibles est le plus souvent
un sous-ensemble dense d’intérieur vide, ce qui implique que l’image de la différentielle de
l’application point final E est aussi dense d’intérieure vide. En conséquence, il est impossible
d’établir un principe du maximum de Pontryagin tel que le théorème 0.1, c’est-à-dire de
donner des conditions nécessaires complètes pour qu’une courbe soit une géodésique en toute
généralité.

En revanche, on peut se contenter d’une réciproque partielle du principe de Pontryagin qui,
elle, reste valide en dimension infinie. Cela permet, à défaut de trouver toutes les géodésiques,
d’en produire un grande quantité. On montre en effet le résultat suivant.
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Proposition 0.1. Soit (q, u) un système horizontal dont la trajectoire q est simple. Supposons
qu’il existe (p, λ) 6= (0, 0), où p : [0, 1]→ T ∗M est de classe H1 avec p(t) ∈ T ∗q(t)M pour tout
t et λ ∈ {0, 1} tel que {

0 = ∂uH
λ(q(t), p(t), u(t)),

(q̇(t), ṗ(t)) = ∇ωHλ(q(t), p(t), u(t)),

où les hamiltonien Hλ sont définis comme en dimension finie.
– Si λ = 0, alors l’image de dE(q,u) est contenue dans un sous-espace fermé strict de
Tq(1)M .

– Si λ = 1, alors (q, u) est un point critique de l’action A à extrémités fixées. On dit que
q est une géodésique normale.

L’étape suivante est d’obtenir un flot géodésique afin de montrer que, comme en dimension
finie, les géodésiques normales sont bel et bien des géodésiques au sens usuel. Cela demande
de résoudre les équations hamiltoniennes sur T ∗M . Le problème est qu’à priori, cela n’est
possible que si la métrique g est forte sur H car dans le cas contraire,

h(q, p) = max
u∈Hq

(
pξqu−

1
2gq(u, u)

)
= +∞

si p n’est pas de la forme gq(u, ·). Il faut donc restreindre h à un sous-fibré dense du fibré
cotangent τ∗M , appelé fibré cotangent relatif adapté, sur lequel h est bien défini. Remarquons
que la restriction de la forme symplectique canonique à τ∗M est encore une forme symplec-
tique.Dans le cas riemannien, H = TM , et on peut simplement prendre τ∗M = g(TM, ·).

Pour pouvoir ensuite définir et résoudre l’équation hamiltonienne des géodésiques, il faut
ensuite que h admette un gradient symplectique suffisamment régulier sur τ∗M . 3

Le théorème principal du chapitre est alors le suivant.

Théorème 0.2. Si le gradient symplectique de h est C2, alors la projection t 7→ q(t) ∈M de
courbes intégrales t 7→ (q(t), p(t)) ∈ τ∗M du champ de gradients symplectiques de h est une
géodésique locale 4.

Chapitre 3 : structures sous-riemanniennes invariantes à droite sur le groupe
des difféomorphismes

Ce chapitre est un résumé de la première partie de [AT], reproduit en partie I dans la
section 9.1.

On commence par détailler la structure du groupe Ds(M), s > dim(M)/2 + 1, des
difféomorphismes de classe de Sobolev Hs d’une variété M à géométrie bornée. Il s’agit
à la fois d’une variété de Hilbert lisse et d’un groupe topologique. Ce n’est toutefois pas un
groupe de Lie car la composition à gauche n’est pas différentiable. La composition à droite,
elle, est de classe C∞.

Soit alors (V, 〈·, ·〉) un sous-espace de Hilbert de l’ensemble des champs de vecteurs sur
M avec inclusion continue dans l’espace des champs de classe Hs+k, pour k ∈ N. On peut
alors définir sur Ds(M) une structure sous-riemannienne (H, ξ, g) invariante à droite par

Hϕ = V, ξϕ(X) = X ◦ ϕ, g(X,X) = 〈X,X〉 ,

3. Dans le cas riemannien, cette hypothèse équivaut à l’existence d’une connection de Levi-Civita et d’une
application exponentielle [Cla09].

4. Une géodésique locale est une courbe t 7→ q(t) qui minimise l’action en temps court et à extrémités
fixées sur l’ensemble des courbes horizontales qui restent au voisinage de q. On sait que c’est le mieux qu’on
puisse espérer en général : il existe des tructures riemanniennes sur lesquelles certaines géodésiques locales ne
sont pas de véritables géodésiques [Cla09].
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où ϕ ∈ Ds(M), X ∈ V. On en déduit une action, une longueur, et une distance dSR sous-
riemannienne sur Ds(M). On montre alors le résultat suivant.

Théorème 0.3. Tout couple de points (ϕ,ψ) ∈ Ds(M)2 tels que dSR(ϕ,ψ) <∞ peuvent être
joints par une géodésique minimisante. De plus, l’espace métrique (Ds(M), dSR) est complet.

Le problème suivant que l’on étudie est celui de l’accessibilité. En s’inspirant d’un résultat
d’Agrachev et Caponigro [AC09], on montre que dans un cas très particulier, on a un résultat
de contrôlabilité exacte. C’est un théorème remarquable car, comme on l’a mentionné plus
haut, c’est très rare en dimension infinie.

Théorème 0.4. Soit M une variété compacte munie d’une structure sous-riemannienne lisse
(H0, ξ0, g0) complètement non-intégrable 5. Supposons que V soit l’ensemble des champs de
vecteurs sur M tangents à ξ0(H0) et de classe Hs.

Alors la topologie induite par la distance sous-riemannienne sur Ds(M) cöıncide avec sa
topologie intrinsèque de variété. En conséquence, tous ϕ,ψ ∈ Ds(M) appartenant à la même
composante connexe peuvent être joints par une courbe horizontale.

Le reste du chapitre est dédié à l’étude des équations géodésiques.
Comme V a une injection continue dans l’espace des champs de vecteurs de classe C0, il

possède un noyau reproduisant

(x, y) 7→ K(x, y) ∈ L(T ∗yM,TxM),

où L(E,F ) est l’espace des opérateurs linéaires continus entre deux espaces de Banach E et
F , tel que

pX(x) = 〈K(·, x)p,X〉 , (x, p) ∈ T ∗M, X ∈ V.

On en déduit en particulier une forme relativement simple de l’équation hamiltonienne des
géodésiques sur une courbe t 7→ (ϕ(t), P (t)) ∈ T ∗Ds(M) :

∂tϕ(t, x) =
∫
M
K(ϕ(t, x), ϕ(t, y))P (t, y)dy

∂tP (t, x) = −P (t, x)
∫
M
∂1K(ϕ(t, x), ϕ(t, y))P (t, y)dy.

Ces équations ont précédemment été obtenues dans [TY11, You10], dans les cas M =
Rd en supposant implicitement que la structure sous-jacente était riemannienne. Comme
l’équation hamiltonienne des géodésique a la même formulation dans les deux cas, et comme
les espaces V utilisés étaient denses dans les champs de vecteurs de classe Hs, les résultats
étaient tout de même valides. Nous obtenons ici l’équation des géodésiques dans un cadre
général.

Chapitres 4 et 5 : structures sous-riemanniennes sur les espaces de formes

Ces chapitres résument respectivement la deuxième et la troisième partie de [AT], repro-
duit en partie I dans les sections 9.2 et 9.3.

La notion d’espace de formes est assez vague dans la littérature. Il peut s’agir d’un espace
de points [JM00, You10], de courbes [MM07, You10], ou de sous-variétés immergées [BHM11,
BHM12]. Tous ces espaces ont un point commun : le groupe des difféomorphismes a une action
de groupe naturelle sur ces espaces. Cette action est de plus compatible avec la structure
particulière de Ds(M). Nous nous servons de cette observation pour définir un espace de
formes abstrait dans une variété M à géométrie bornée.

5. C’est-à-dire que tout vecteur tangent est à M est une combinaison linaire de crochets de champs de
vecteurs horizontaux pour cette structure.
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Définition 0.1. Soit S une variété de Banach métrisable modelée sur un espace de Banach
B, muni d’une distance compatible D. On suppose que Ds(M), où s > dim(M)/2 + ` et
` ∈ N∗, a une action continue sur S via

(ϕ, q) 7→ ϕ · q, (ϕ, q) ∈ Ds(M)× S.

On dit que S est un espace de formes d’ordre ` si les trois conditions suivantes sont
satisfaites :

1. L’action est semi-lipschitzienne.
2. Pour tout q dans S fixé, l’application Rq : ϕ 7→ ϕ ◦ q est lisse. Sa dérivée en IdM est

notée ξq.
3. Pour tout k dans N, les applications

R : S × Ds+k(M) −→ S, ξ : S × Γs+k(TM) −→ TS,
(q, ϕ) 7−→ ϕ · q (q,X) 7−→ ξqX

(5)

sont de classe Ck. On dit que q ∈ S est à support compact si ϕ ◦ q ne dépend que de la
restriction de ϕ à un compact fixé.

Cette définition permet l’étude de nouveaux types d’espaces de formes, qui peuvent être
très utiles pour la modélisation d’objets. Par exemple, le fibré tangent TS d’un espace de
formes S d’ordre ` a une structure naturelle d’espace de formes d’ordre `+1 par la différentielle
de l’action. On peut se servir de cela pour étudier le mouvement de fibres sur une forme, par
exemple les fibres musculaires d’un coeur.

Soit alors (V, 〈·, ·〉) un sous-espace de Hilbert de Γ(TM) avec inclusion continue dans
l’espace des champs de vecteurs de classe Hs+k, pour k ∈ N∗. On déduit de l’action de
Ds(M) sur S une structure sous-riemannienne forte sur S et invariante par cette action,
définie par le triplet

(S × V, ξ, 〈·, ·〉).
Les courbes horizontales pour cette structure sont les solutions de

q̇(t) = ξq(t)X(t), X(t) ∈ V,

et sont exactement de la forme
q(t) = ϕX(t) · q(0),

où ϕX est le flot de X. On note dS la distance sous-riemannienne correspondante.
Théorème 0.5. Soient q0 ∈ S à support compact, et Oq0 l’orbite de q0, c’est-à-dire l’ensemble
des états q ∈ S tels que dS(q, q0) < ∞. Alors, pour tous q, q′ ∈ Oq0 , il existe une géodésique
minimisante reliant q à q′. De plus, (Oq0 , d

S) est un ensemble métrique complet.
On donne ensuite l’équation hamiltonienne des géodésiques pour cette structure. On men-

tionne également un exemple très utilisé d’espace de formes : l’espace des plongements conti-
nus d’une même sous-variété. Ces résultats unifient dans un cadre bien plus général des
résultats antérieurs [TY11, You10].

Dans le chapitre 5, on définit une autre sorte de structure sous-riemannienne sur un espace
de formes : les structures relevées par des submersions équivariantes. Il s’agit d’un analogue
aux structures sous-riemanniennes définies par une connection de Ehresmann sur un fibré sur
une variété riemannienne [Mon02].

Il s’agit là d’un cadre nouveau pour l’analyse des déformations, qui admet de nombreux cas
applicatifs inédits en permettant la modélisation de formes ”d’ordre supérieur”. Un exemple
de submersion équivariante est donnée par la projection canonique π : TS → S. La structure
relevée à TS par π, par exemple, peut être utilisée pour étudier comment la déformation
d’un objet déforme des fibres sur cet objet. On peut donc utiliser ce cadre pour modéliser la
contraction d’un cœur.
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Chapitres 6 et 7 : espaces de formes contraintes et algorithmes de minimi-
sation

Ces chapitres résument [ATTY13], reproduit en partie I au chapitre 10. On travaille dans
le cadre simplifié suivant : M = Rd, S est un espace de formes d’ordre ` ∈ N∗ dans Rd et un
ouvert d’un espace de Banach B.

Rappelons qu’en analyse des déformations, on veut minimiser une fonctionnelle

J(X) = 1
2

∫ 1

0
〈X(t), X(t)〉 dt+ g(ϕX(1) · q0) = 1

2

∫ 1

0
〈X(t), X(t)〉 dt+ g(q(1)),

où X(t) ∈ V un espace de Hilbert de champs de vecteurs, q̇(t) = ξq(t)X(t) et q(0) = q0 ∈ S.
De nombreuses techniques ont été développées pour minimiser J dans diverses exemples
d’espaces de formes. Toutefois, l’idée d’ajouter sur les déformations possibles des contraintes
qui varient avec la forme est nouvelle. Le seul papier la mentionnant est [You12], et il s’agit
de contraintes très particulières, essentiellement utilisées en dimension finie.

On souhaite donc étendre notre cadre à des espaces de formes avec contraintes. Autrement
dit, minimiser J sur les champs de vecteurs t 7→ X(t) tels que

Cq(t)X(t) = 0

pour presque tout t, où Cq ∈ L(B, Y ). On voit tout d’abord que sous des hypothèses très
faibles, un minimiseur contraint de J existe toujours.

Théorème 0.6. Si V a une inclusion continue dans Hs+1(Rd,Rd) avec s > d/2 + `, et si
q 7→ Cq est continue, g est semicontinue inférieurement et bornée inférieurement, et q0 est à
support compact, alors J possède au moins un minimiseur contraint.

On prouve également que dans la plupart des cas, on peut approcher le minimiseur
contraint de J par une suite de minimiseurs contraints sur des espaces de formes dimen-
sion finie.

Le résultat principal de ce chapitre est une version adaptée à la dimension infinie du
principe du maximum de Pontryagin avec contraintes. Pour cela, notons KV : V ∗ → V
l’isométrie induite par 〈·, ·〉 , et Kq = ξqK

V ξ∗q : T ∗qM → TqM . L’opérateur Kq se calcule
facilement à l’aide du noyau reproduisant de V . On définit le hamiltonien du problème h :
T ∗S → R par

h(q, p) = inf
X∈kerCq

{
pξqX −

1
2 〈X,X〉

}
.

Théorème 0.7. Supposons que pour tout q ∈ S, Cq soit surjective. Soit X ∈ L2(0, 1;V ) un
minimiseur de J le long des contraintes. Alors il existe p ∈ H1(0, 1;B∗) et λ ∈ L2(0, 1;Y ∗)
tels que

p(1) + dg(q(1)) = 0

et {
q̇(t) = ∂ph(q(t), p(t)) = Kq(t)p(t)− ξq(t)KV C∗q(t)λ(t),
ṗ(t) = −∂qh(q(t), p(t)) =− ∂q(Kq(t)X(t))∗p(t) + ∂q(Cq(t)X(t))∗λ(t)

presque partout sur [0, 1], où le multiplicateur de Lagrange λ est donné par

Cq(t)K
V C∗q(t)λ(t) = Cq(t)K

V ξ∗q(t)p(t),

et
X(t) = KV (ξ∗q(t)p(t)− C

∗
q(t)λ(t)).
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Dans le chapitre 7, on développe et on compare deux types d’algorithmes pour la mini-
misation de J , à la fois dans le cas avec contraintes et le cas sans contraintes. La première
méthode consiste à minimiser directement J sur l’espace total des contrôles L2(0, 1;V ). La
deuxième, appelée méthode du tir, utilise le principe du maximum de Pontryagin pour se
restreindre aux géodésiques partant de q0, paramétrées par T ∗q0S.

Le premier algorithme requiert le calcul du gradient de J sur l’espace L2(0, 1;V ). On
obtient

∇J(X)(t) = X(t)−KV ξ∗q(t)p(t), X ∈ L2(0, 1;V ),

où q̇(t) = ξq(t)X(t), et p ∈ H1(0, 1;B∗) tel que p(1)+dg(q(1)) = 0 et ṗ(t) = −1
2∂q(p(t)Kq(t)p(t))

presque partout. Un algorithme du gradient permet alors d’obtenir un minimiseur sans
contraintes.

Il s’agit d’une formule connue, utilisée avec succès sur de nombreux exemples dans les
méthodes LDDMM [TY11, You10]. L’avantage de notre version est qu’elle est valide pour
tous les espaces de formes, et même pour des problèmes de contrôle optimal plus généraux.

S’il y a des contraintes, c’est plus compliqué, et comme les formes contraintes n’ont jamais
été étudiées, nous avons appliqué la méthode du lagrangien augmenté [IK08]. Plus précisément,
il s’agit minimiser successivement des fonctionnelles de la forme

JA(X,λr, µr) = 1
2

∫ 1

0

(
〈X(t), X(t)〉 − λr(t)Cq(t)X(t) + 1

2µr
‖Cq(t)X(t)‖2Y

)
dt+ g(q(1)),

où λr ∈ L2(0, 1;Y ) et µr > 0. On obtient, par exemple en utilisant un algorithme du gradient,
un contrôle optimal Xr sans contraintes et une trajectoire qr associée qui minimisent cette
fonctionnelle. On met ensuite à jour λr+1 = λr − 1

µr
CqrXr et µr+1 < µr. Alors, sous des

hypothèses appropriées, la suite Xr converge vers un contrôle optimal contraint X, et la suite
λr vers le multiplicateur de Lagrange associé à ces contraintes.

Le second algorithme développé, la méthode du tir, utilise notre version du principe du
maximum de Pontryagin [PBGM64, AS04, Tré08], selon lequel un minimiseur contraint de J
satisfait

∃p ∈ H1(0, 1;B∗), (q̇(t), ṗ(t)) = ∇ωh(q(t), p(t)) = (∂ph(q(t), p(t)),−∂qh(q(t), p(t)).

Cette équation différentielle a une unique solution maximale à condition initiale p0 ∈ T ∗q0S =
B∗ fixée. Si une telle courbe est définie sur [0, 1] entier, alors il existe un contrôle X ∈
L2(0, 1;V ) de trajectoire associée q, tel que

J(X) = 1
2h(q0, p0) + g(q(1)) = J̃(p0).

Minimiser J revient donc à minimiser J̃ sur B∗. Il suffit, là encore, de calculer le gradient de
J̃ , que l’on peut ensuite minimiser. Cela s’effectue par la résolution d’une équation adjointe.

Le calcul du gradient de J̃ est plus lent que celui des fonctionnelles JA, mais permet
une satisfaction totale des contraintes, plutôt qu’une satisfaction approchée. Des simulations
numériques de ces algorithmes sont ensuite fournies, sur des exemples ayant des applications
en anatomie computationnelle.

L’analyse des déformations avec contraintes promet de très nombreuses applications. La
plus importante semble être la modélisation de multi-formes : l’étude simultanée d’objets
indépendants, chacun étant déformé par un flot de champ de vecteurs distinct, mais possédant
des intéractions les uns avec les autres. Par exemple, pour étudier simultanément l’hypotha-
lamus et l’hippocampe de différents cerveaux humains, il préférable de les modéliser comme
deux objets distincts. Toutefois, ces objets sont immergés dans un milieu continu (le cerveau
lui-même), ce qui les empêche de se toucher. On peut modéliser cette configuration par des
contraintes sur des multi-formes, voir section 6.2.
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Chapitre 1

Géométrie sous-riemannienne en
dimension finie

On commence par rappeler quelques résultats de géométrie sous-riemannienne en dimen-
sion finie. Cela permettra de mieux comprendre les difficultés qui se posent en dimension
infinie.

Une variété sous-riemannienne est une variété lisse sur laquelle on astreint les vitesses
des courbes à appartenir à un sous-fibré du fibré tangent, appelé le fibré horizontal. De telles
courbes sont dites horizontales. Ce sous-fibré est également équipé d’une métrique, qui
permet de définir les notions usuelles de longueur, d’action, de distance et de géodésique
comme sur une variété riemannienne.

Après avoir rappelé la définition usuelle d’une structure sous-riemannienne, on en donnera
une version plus générale, tirée de [ABC+10] que nous utiliserons dans la suite du manuscrit.
Elle permet d’étudier des cas où la dimension des fibres horizontales peut varier de points
en points, et est particulièrement adaptée à une généralisation en dimension infinie. On
évoquera ensuite le théorème de Chow-Rashevski, qui donne une condition suffisante pour
que tout couple de points d’une variété sous-riemannienne puissent être joints par une courbe
horizontale.

Nous définirons ensuite l’application point final E, qui à une courbe horizontale associe
son point final. Cela nous permettra d’énoncer le principe du maximum de Pontryagin (ou
PMP). Celui-ci établit qu’une géodésique qui n’est pas une courbe singulière pour E satisfait
l’équation hamiltonienne des géodésiques. On formulera ce principe à l’aide des gradients
symplectiques du hamiltonien de la structure.

Nous finirons en donnant une réciproque partielle au principe du maximum : les courbes
satisfaisant l’équation hamiltonienne des géodésiques sont effectivement des géodésiques.

1.1 Premières définitions

Définition 1.1. Une variété sous-riemannienne est un triplet (M,∆, g), avec M une variété
lisse de dimension finie, ∆ ⊂ TM un sous-fibré du fibré tangent, et g une métrique rieman-
nienne sur ∆. [Mon02, BR96]

Remark 1.1. Lorsque ∆ = TM , (M, g) est une variété riemannienne.

On appelle ∆ la distribution horizontale, et on note k la dimension de ses fibres. Un objet
tel qu’un champ de vecteur ou une courbe absolument continue est dit horizontal s’il est
tangent à ∆ presque partout.

17
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On procède ensuite comme sur une variété riemannienne. On définit la longueur L(q)
d’une courbe horizontale q : I →M par

L(q) =
∫
I

√
gq(t)(q̇(t), q̇(t))dt.

On définit ensuite la distance sous-riemannienne d(q0, q1), q0, q1 ∈M :

d(q0, q1) = inf L(q), (1.1)

où l’infimum est pris sur l’ensemble des courbes horizontales entre q0 et q1.

Définition 1.2. Une courbe horizontale q : [a, b] → M telle que L(q) = d(q(a), q(b)) est
appelée une géodésique minimisante.

Une géodésique est une courbe q : I → M , I intervalle, qui est une géodésique mi-
nimisante sur des sous-arcs suffisamment petits : pour deux temps t0 < t1 assez proches,
d(q(t0), q(t1)) = L(q|[t0,t1]), où q|[t0,t1] est la restriction de q au sous-intervalle [t0, t1].

On peut également définir l’action d’une telle courbe horizontale par

A(q) = 1
2

∫
I
‖q̇(t)‖2q(t)dt. (1.2)

L’inégalité de Cauchy-Schwarz implique que, pour une courbe paramétrée telle que t 7→
‖q̇(t)‖q(t) soit constante, minimiser l’action à extrémités fixées revient à minimiser la longueur.
En conséquence, pour trouver les géodésiques sous-riemanniennes, il suffit de trouver les
courbes qui minimisent de l’action. Celle-ci a généralement de meilleure propriétés que la
longueur.

Ces définitions ne comprennent toutefois pas certaines structures plus générales que nous
souhaitons étudier dans la suite de cette thèse. Par exemple, le cas où la dimension de la fibre
∆q peut varier est ici exclus.

Un exemple classique est celui du plan de Grushin, dont la structure est dite presque
riemannienne sur R2, avec ∆(x,y) l’espace engendré par les vecteurs ∂

∂x et x ∂
∂y .

1.2 Un cadre plus général

Par la suite, si E →M est un fibré vectoriel sur M , on notera Γ(E) l’espace des sections
e : M → E de ce fibré.

1.2.1 Fibrés tangents relatifs

Pour étudier des cas où la dimension de ∆ est variable, Agrachev, Boscain et al. ont
introduit dans [ABC+10] une définition plus générale, reposant sur la notion de fibré tangent
relatif.

Définition 1.3. Un fibré tangent relatif sur une variété M est la donnée d’un couple
(H, ξ), où π : H → M est un fibré vectoriel lisse sur M , et ξ : H → TM est un morphisme
de fibrés lisses au-dessus de M . L’image ∆ = ξ(E) ⊂ TM de ce morphisme est appelée la
distribution horizontale.

Bien qu’Agrachev, Boscain et al. n’utilisent pas le terme de ”fibré tangent relatif”, il
s’agit d’une notion bien connue dans l’étude des algébröıdes de Banach-Lie (voir par exemple
[Mac05]). Les définitions de champ de vecteurs horizontal et de courbe horizontale sont
adaptées à ce cadre comme suit.
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Définition 1.4. Soit (H, ξ) un fibré tangent relatif sur une variété M . Un champ de vecteur
X ∈ Γ(TM) est dit horizontal s’il existe une section u ∈ Γ(H) telle que X = ξu.

Une courbe horizontale est une courbe absolument continue q : I → M au-dessus de
laquelle il existe une application mesurable (q, u) : I → H telle que

q̇(t) = ξq(t)u(t), p.p. t ∈ I.

On appelle le couple (q, u) un système horizontal de trajectoire q, et de contrôle u.

1.2.2 Structure sous-riemannienne sur une variété, systèmes horizontaux

Définition 1.5. Une structure sous-riemannienne sur une variété M est un triplet (H, ξ, g),
où (H, ξ) est un espace tangent relatif sur M , et g est une métrique riemannienne sur le fibré
vectoriel H.

On définit alors la longueur d’un système horizontal (q, u) : I → H par

L(q, u) =
∫
I

√
gq(t)(u(t), u(t))dt,

et son action par
A(q, u) = 1

2

∫
I
gq(t)(u(t), u(t))dt.

On peut ensuite définir, comme dans la section 1.1 qui précède, la distance sous-riemannienne
d entre deux points de M comme l’infimum des longueurs de systèmes horizontaux dont la
trajectoire connecte ces deux points. De plus, minimiser la longueur revient ici encore à
minimiser l’action.

1.2.3 Longueur et action des courbes horizontales

Si ξ n’est pas injective, une même courbe horizontale q peut être la trajectoire de plusieurs
systèmes horizontaux, car plusieurs contrôles u peuvent engendrer la même trajectoire.

Pour définir directement l’action et la longueur d’une courbe horizontale q, il faut prendre

AM (q) = inf A(q, u), LM (q) = inf L(q, u),

où l’infimum est pris sur l’ensemble des systèmes horizontaux de trajectoire q.
On peut calculer AM et LM d’une façon un peu plus directe. Notons ∆q = ξq(Hq) ⊂ TqM ,

pour q un point de M . Alors ξq induit une norme euclidienne sur ∆q par

‖w‖2q = inf
u∈Hq , ξqu=w

gq(u, u).

On obtient alors, pour toute courbe horizontale q : I →M ,

AM (q) = 1
2

∫
I
‖q̇(t)‖2q(t)dt, LM (q) =

∫
I
‖q̇(t)‖q(t)dt.

Remark 1.2. En utilisant cette définition, on peut montre facilement qu’il existe un unique
contrôle uq tel que

AM (q) = A(q, uq).
Il est caractérisé pour presque tout t par les conditions

∀u ∈ Hq(t), gq(t)(uq(t), u) = 0.

La distance sous-riemannienne entre deux points de M est donc aussi égale à l’infimum
des longueurs des courbes horizontales. On définit alors les géodésiques et les géodésiques
minimisantes comme dans la section 1.1.

Toutefois, comme on le verra plus loin, l’espace des systèmes horizontaux (q, u) a une
meilleure structure que celui des courbes horizontales. On travaillera donc sur les systèmes
(q, u) plutôt que sur les courbes q.
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1.3 Orbite et théorème de Chow-Rashevski

Dans toute la suite,M désigne une variété lisse, et (H, ξ, g) une structure sous-riemannienne
lisse sur M . On notera également ∆ = ξ(H) ⊂ TM la distribution horizontale, et k la di-
mension des fibres de H.

Il n’est pas acquis que deux points puissent toujours être joints par une courbe horizontale.

Définition 1.6. Soit q un point de M . L’ orbite de q, noté Oq, est l’ensemble des points q′
qui peuvent être joints à q par une courbe horizontale.

Notons que q′ ∈ Oq si et seulement si Oq = Oq′ si et seulement si d(q, q′) < +∞.

Désignons également par ∆ à la fois l’image ξ(H) ⊂ TM de ξ et les champs de vecteurs de
classe C∞ et horizontaux. Comme ces deux objets se déduisent naturellement l’un de l’autre,
il n’y a pas de confusion. Le crochet de Lie de champs de vecteurs permet alors de définir la
sous-algèbre de Lie L ⊂ Γ(TM) de champs de vecteurs engendrée par ∆.

En tout point q de M , on en déduit un sous-espace Lq ⊂ TqM définit par

Lq = {X(q), X ∈ L}.

On a alors le théorème suivant, dû à Sussmann.

Théorème 1.1. Théorème de l’orbite de Sussmann [Sus73] Pour tout q dans M , Oq
est une sous-variété lisse immergée de M , et Lq ⊂ TqOq. Si H et ξ sont analytiques, on a
même Lq = TqOq.

On en déduit le théorème de Chow-Rashevski.

Théorème 1.2. Théorème de Chow-Rashevski [Mon02, BR96, AS04, Tré08] Si, pour
tout q dans M , Lq = TqM , alors tout couple de points de M peuvent être joints par une
courbe horizontale.

1.4 Structure de l’ensemble des courbes horizontales, appli-
cation point final et adjoint

Pour trouver une géodésique reliant deux points q0 et q1 de M , il faut minimiser la
fonctionnelle d’action A sur l’ensemble ΩHq0,q1 des systèmes horizontaux à extrémités fixés
q0 et q1. Il convient donc de chercher les points critiques de A sur cet ensemble. Pour une
variété riemannienne, cela conduit aux équations géodésiques habituelles. Pour une variété
sous-riemannienne, un autre cas peut se présenter.

1.4.1 Espace des courbes horizontales

Commençons par définir l’ensemble H1 × L2(0, 1;H) comme l’ensemble des applications
mesurables (q, u) : [0, 1] → H de classe L2 (dans une trivialisation) et dont la projection
q : [0, 1] → M est de classe de Sobolev H1. Dans ce cas, si (qnu) est un système horizontal,
alors ∫ 1

0
gq(t)(u(t), u(t))dt < +∞.

Cela découle du fait que l’image de q est compacte. Rappelons que H1 × L2(0, 1;H) est une
variété lisse modelée sur un espace de Hilbert (voir par exemple [EM70, Mon02]). C’est même
un fibré vectoriel d’espaces de Hilbert au-dessus de la variété de Hilbert H1(0, 1;M).

Notons qu’une courbe horizontale (q, u) : [0, 1] → H d’action A(q, u) finie appartient à
H1 × L2(0, 1;H). On a alors le théorème suivant, dû à Bismut [Bis84].
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Théorème 1.3. L’ensemble ΩHq0 des courbes horizontales (q, u) : [0, 1]→ H d’action finie, et
de point initial q(0) = q0, est une sous-variété de H1 × L2(0, 1;H).

Preuve. Nous nous contentons de prouver le résultat plus faible suivant : si (q̄, ū) est un
système horizontal avec q̄ simple, alors on peut trouver une paramétrisation lisse de ΩHq0 au
voisinage de (q̄, ū) par un ouvert de L2(0, 1;H) où H est un espace vectoriel isomorphe à une
fibre de H. Pour la preuve complète incluant le cas où q̄ a des intersections, voir l’appendice
D de [Mon02].

On fixe (q̄, ū) ∈ ΩHq0 , et on suppose que la trajectoire q̄ est simple. On peut donc considérer
U un voisinage de im(q̄) que l’on peut identifier, grâce à une carte, à un ouvert de Rd, où d
est la dimension de M . Un tel ouvert sera appelé un système de coordonnées au voisinage de
im(q̄), et l’identification d’un tel ouvert avec un ouvert de Rd sera sous-entendue.

On peut alors définir une trivialisation H|U ' U ×H de H au-dessus de U , où H est un
espace vectoriel isomorphe à une fibre de H. Dans cette trivialistion, on peut identifier ξ à
une application U 7→ L(H,Rd). On peut également identifier ū à un élément de L2(0, 1;H).

Dans ces coordonnées, on a toujours

˙̄q(t) = ξq̄(t)ū(t), p.p. t ∈ [0, 1].

Les théorèmes usuels de Cauchy-Lipshitz à paramètres dans le cas d’un champ de vecteur
intégrable en temps et lisse en espace (voir par exemple [Mon02], appendice D, ou [Tré08])
impliquent alors l’existence d’un voisinage U de ū dans L2(0, 1;H) tel que le problème de
Cauchy

q̇(t) = ξq(t)u(t), q(0) = q0, u ∈ U
ait une unique solution t 7→ q(t, u), appartenant à H1(0, 1;U). On appelle u 7→ q(·, u) l’appli-
cation trajectoire. De plus, l’application U → H1 × L2(0, 1;H) définie par

u ∈ U 7→ (q(·, u), u))

est lisse, injective et d’image localement fermée.
Dans le système de coordonnées U , la dérivée de l’application trajectoire u 7→ q(·, u) en

ū dans la direction δu ∈ L2(0, 1;H), notée

δq = ∂u(q(·, ū))δu ∈ H1(0, 1;Rd),

est donnée par la solution du problème de Cauchy linéaire sur [0, 1] suivant :

δ̇q(t) = ∂q(ξq̄(t)ū(t))δq(t) + ξq̄(t)δu(t), δq(0) = 0. (1.3)

Notons qu’à u ∈ H fixé, q 7→ ∂q(ξqu) est une application à valeur dans l’espace L(Rd,Rd) des
endomorphismes linéaires de Rd.

La méthode de variation de la constante montre que la solution de cette équation est
donnée par

δq(t) = R(t)
∫ t

0
R(s)−1ξq(s)δu(s)ds, (1.4)

où R est la résolvante du système homogène, c’est-à-dire la courbe sur [0, 1] à valeurs dans
Md(R) solution du problème de Cauchy

Ṙ(t) = ∂q(ξq(t)u(t))R(t), R(0) = Id,

avec Id la matrice identité.
On obtient finalement à la fois une paramétrisation locale et une carte d’un voisinage de

q̄ dans ΩHq0 . On a prouvé que ΩHq0 est localement une sous-variété immergée. On admettra que
ΩHq0 est bien une véritable sous-variété au sens global (pas d’auto-intersections par exemple).
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Remark 1.3. Cette preuve reste vraie telle quelle dans le cas de structures sous-riemanniennes
sur une variété M de dimension infinie, modelée sur un espace de Banach B. Il suffit de rem-
placer chaque occurrence de Rd par B.

L’esprit de la preuve reste le même lorsque q n’est pas une courbe simple, mais certaines
difficultés techniques doivent être surmontées, voir [Mon02]. Toutefois, la méthode pour sur-
monter ces difficultés ne se généralise pas à la dimension infinie.

Cela dit, les géodésiques minimisantes sont toujours simples, et les courbes horizontales
avec auto-intersection ne sont donc pas intéressantes quand il s’agit de calculer la distance
sous-riemannienne entre deux points. On travaillera donc uniquement au voisinage de courbes
horizontales simples à partir de maintenant.

Pour un système U de coordonnées au voisinage de im(q), avec (q, u) ∈ ΩHq0 fixé, on appelle
espace de contrôle induit par U une carte

U ⊂ L2(0, 1;H)

de ΩHq0 au voisinage de (q, u) obtenue comme dans la preuve ci-dessus.

Remark 1.4. Le choix d’un repère (e1, . . . , ek) de H|U , orthonormé par rapport à la métrique
sous-riemannienne g, permet d’identifier U à un ouvert de L2(0, 1;Rk), sur lequel

A(q(·, u)) = 1
2

k∑
i=1

∫ 1

0
(ui(t))2dt = 1

2

k∑
i=1

∫ 1

0
u(t)Tu(t)dt, u ∈ U ⊂ L2(0, 1;Rk).

Dans la dernière égalité, on a considéré u(t) ∈ Rk comme une matrice colonne de taille d de
transposée u(t)T .

1.4.2 Application point final

Définissons maintenant l’application point final, notée E, qui à un système horizontal
(q, u) ∈ ΩHq0 associe le point final de sa trajectoire q(1). Cette application est lisse.

Pour q1 élément de M , on note ΩHq0,q1 = E−1({q1}) l’ensemble des systèmes horizontaux
dont les trajectoires joignent q0 et q1. Les géodésiques minimisantes de q0 à q1 sont alors
exactement les minimiseurs de A sur ΩHq0,q1 . Il est donc logique de chercher les points critiques
de la restriction de A à ΩHq0,q1 .

Toutefois, contrairement au cas riemannien, E n’est pas forcément une submersion de
ΩHq0 sur M en tout point. Cela signifie que ΩHq0,q1 n’est pas forcément une variété lisse, et que
l’on ne peut pas appliquer le théorème des extrema liés tel quel pour obtenir tous les points
critiques possibles : on doit rajouter la possibilité de points critiques, ou anormaux.

Lemme 1.1. SoientM une variété de Banach, F :M→ R et G :M→M deux applications
de classe C1. Soient q1 ∈M et u un élément deM qui minimise F sur l’ensemble G−1({q1}).
Alors il existe p1 ∈ T ∗q1M tel qu’au moins l’une des deux possibilités suivantes soit satisfaite :

1. dF (u) = dG(u)∗p1. On dit que p1 est le multiplicateur de Lagrange du problème en u.
2. dG(u)∗p1 = 0 avec p1 6= 0. Dans ce cas, u est un point critique de G, et G−1({q1}) n’est

peut-être pas une sous-variété régulière au voisinage de u.

En effet, si on n’est pas dans le cas 2, dG(u) est surjective et on peut appliquer le théorème
des extrema liés.

Nous nous intéressons bien entendu au cas M = ΩHq0 , F = A, et G = E. Pour utiliser
le lemme 1.1, il nous faut donc calculer l’adjoint de dE. Pour cela, on a le résultat crucial
suivant. De nombreux résultats de cette thèse sont conséquences de variantes en dimension
infinie de la proposition suivante.
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Proposition 1.1. Soit (q, u) ∈ ΩHq0 un système horizontal dont la trajectoire est simple. Soit
p1 ∈ T ∗q(1)M . On définit P ∈ T ∗(q,u)Ω

H
q0 par

P (δq, δu) = (dEq,u)∗p1(δq, δu) = p1δq(1), (δq, δu) ∈ T(q,u)ΩHq0 .

Soit U un espace de contrôles induit par un système de coordonnées U au voisinage de im(q),
identifié à un ouvert de Rd.

Alors, dans ces coordonnées, on a

(dEq,u)∗p1(δq, δu) =
∫ 1

0
p(t)ξq(t)δu(t)dt,

où (q, p) ∈ H1 × H1(0, 1;T ∗M) et p est l’unique solution sur [0, 1] du problème de Cauchy
linéaire adjoint

ṗ(t) = ∂q(ξq(t)u(t))∗p(t) = −p(t)∂q(ξq(t)u(t)), p(1) = p1, (1.5)

où on a identifié p(t) à une matrice ligne de taille d.

Remark 1.5. L’équation (1.5) dépend de la trivialisation H|U ' U×H choisie et du système
de coordonnées U . Ce lemme n’a donc de sens qu’en coordonnées.

Preuve. La preuve est une application directe de (1.4). En effet, si (δq, δu) ∈ T(q,u)ΩHq0 , alors

δ̇q(t) = ∂q(ξq(t)u(t))δq(t) + ξq(t)δu(t), p.p. t ∈ [0, 1], δq(0) = 0.

De plus, dE(q,u)(δq, δu) = δq(1).
En conséquence,

(∂uq(1, u))∗P (δu) =
∫ 1

0
p1R(1)R(t)−1ξq(t)δu(t)dt,

où R : [0, 1]→Md(R) est la solution du problème de Cauchy linéaire

Ṙ(t) = ∂q(ξq(t)u(t))R(t), R(0) = Id.

Or p est solution de (1.5) si et seulement si p(t) = p1R(1)R(t)−1, ce qui implique notre
proposition.

Soit donc U ⊂ L2(0, 1;Rk) un espace de contrôle induit par un système de coordonnées
U au voisinage de Im(q) et un repère othonormé (e1, . . . , ek) de H|U . Soient aussi q0, q1 ∈M
et (q, u) ∈ ΩHq0,q1 . Dans ce cas, on a

A(q, u) = A(u) = 1
2

k∑
i=1

∫ 1

0
(ui(t))2dt.

L’action A est donc lisse, de dérivée directionnelle

dA(u)δu =
k∑
i=1

∫ 1

0
ui(t)δui(t)dt =

∫ 1

0
u(t)T δu(t)dt.

En appliquant le lemme 1.1 et la proposition 1.1, on obtient une condition nécessaire pour
que la trajectoire q de (q, u) soit une géodésique minimisante.
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Lemme 1.2. Soit (q, u) un système horizontal dont la trajectoire q est simple et minimise
l’action A sur ΩHq0,q1. Soit U ⊂ L2(0, 1;Rk) un espace de contrôles au voisinage de (q, u)
induit par un système de coordonnées U au voisinage de im(q) et un repère orthonormé de
H|U . Alors il existe p : [0, 1] → T ∗M au-dessus de q et de classe H1, tel que pour presque
tout t dans [0, 1],

ṗ(t) = −p(t)∂q(ξq(t)u(t)),
et tel qu’au moins l’une des deux conditions suivantes soit satisfaite.

1. Pour presque tout t,
u(t)T = ξ∗q(t)p(t).

En particulier, u(t) = (u1(t), . . . , uk(t)) ∈ Rk est entièrement déterminé par p(t), avec
ui(t) = p(t)ξq(t)ei(q(t)).

2. p(0) 6= 0 (ce qui implique p(t) 6= 0 pour tout t), et p(t)ξq(t) = 0. Autrement dit,
ξq(t)(Hq(t)) = ∆q(t) ⊂ ker p(t) pour tout t. Le système (q, u) est alors un point critique
de E. On dit que q est une trajectoire singulière.

Remark 1.6. Bien que ce ne soit pas le sujet principal de cette thèse, les courbes anor-
males sont des objets très étudiées en géométrie sous-riemannienne depuis que Montgomery
a montré [BR96] l’existence de géodésiques singulières minimisantes qui ne satisfont pas
l’équatin hamiltonienne des géodésiques. Citons par exemple [CJT06], où il est montré que,
génériquement, si la dimension de la distribution horizontale est au moins égale à 3, aucune
courbe singulière n’est une géodésique. En revanche, si la dimension de cette distribution
est égale à 2, alors génériquement, l’ensemble des géodésiques singulières ne satisfaisant pas
l’équation hamiltonienne est un sous-ensemble de dimension d− 4 [LS95].

Un problème dans cette formulation est qu’elle dépend du choix de l’espace de contrôle.
Une formulation hamiltonienne, décrite dans la section 1.5, permet de donner une autre forme
à ces conditions, à la fois indépendante du repère et plus compacte.

1.5 Formulation hamiltonienne

1.5.1 Forme symplectique canonique, gradient symplectique

Définition 1.7. Une forme symplectique sur une variété N est une 2-forme différentielle
fermée ω telle que

∀(q, w) ∈ TN, ∃w′ ∈ TN, ω(w,w′) 6= 0.
L’espace cotangent T ∗M d’une variété M est équipé d’une forme symplectique canonique

ω [Arn89]. Toute fonction f : T ∗M → R différentiable en (q, p) possède alors un gradient
symplectique en (q, p), noté ∇ωf(q, p) ∈ T(q,p)T

∗M et défini implicitement par

ω(q,p)(∇ωf(q, p), ·) = df(q, p).

Soit U est un système de coordonnées dans lequel on note q = (x1, . . . , xd). Alors U induit
un système de coordonnées canoniques

(q, p) = (x1, . . . , xd, p1, . . . , pd) ∈ U × (Rd)∗

sur T ∗M|U . Dans ces coordonnées, on a

ω(q, p) = dx1 ∧ dp1 + · · ·+ dxd ∧ dpd.

On en déduit
∇ωf(q, p) = (∂pf(q, p),−∂qf(q, p)) ∈ Rd × (Rd)∗.

Remarquons que ∂pf est un élément de (Rd)∗∗, qui s’identifie canoniquement à Rd. Écrire
que ∂pf(q, p) ∈ Rd a donc bien un sens.
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Gradient symplectique partiel. Considérons maintenant un cas légèrement plus com-
pliqué. Soit E →M un fibré vectoriel sur M , et notons T ∗M ⊕

M
E le fibré sur M dont la fibre

en q ∈M est la somme directe de T ∗qM et de Eq. Soit f : T ∗M ⊕
M
E → R différentiable en un

point (q0, p0, e0), et telle ∂ef(q0, p0, e0) = 0 (rappelons qu’une dérivée partielle le long d’une
fibre peut bien être définie de façon invariante).

On peut alors définir un gradient symplectique partiel de f par rapport aux variables (q, p)
en (q0, p0, e0). En effet, considérons une section lisse (q, p) 7→ e(q, p) du fibré

T ∗M ⊕
M
E → T ∗M

au voisinage de (q0, p0) telle que e(q0, p0) = e0. Alors l’application f̃(q, p) = f(q, p, e(q, p))
est différentiable en (q0, p0), et possède donc un gradient symplectique. Celui-ci est donné en
coordonnées canoniques par

∇ωf̃ = (∂pf + ∂ef∂pe,−∂qf − ∂ef∂qe).
Comme ∂ef(q0, p0, e0) = 0,

∇ωf̃(q0, p0) = (∂pf(q0, p0, e0),−∂qf(q0, p0, e0)),
qui ne dépend pas de la section e. On note ∇ωf(q0, p0, e0) ∈ T(q0,p0)T

∗M ce vecteur, et on
l’appelle le gradient symplectique partiel de f en (q0, p0, e0).

1.5.2 Hamiltonien

Définissons maintenant les hamiltoniens Hλ : T ∗M ⊕
M
H → R, avec λ égal à 0 ou 1, par

Hλ(q, p, u) = pξqu−
λ

2 gq(u, u).

Soit alors un système de coordonnées U sur M identifié à un ouvert de Rd, et e1, . . . , ek un
repère orthonormé de H|U . Dans ces coordonnées, on a

Hλ(q, p, u) =
k∑
i=1

uipξqei(q)−
λ

2u
Tu.

De plus, dans des coordonnées canoniques sur T ∗M|U , on peut écrire
∂qH

λ(q, p, u) = p∂q(ξqu) ∈ (Rd)∗

∂pH
λ(q, p, u) = ξqu ∈ TqM

∂uH
λ(q, p, u) = ξ∗qp− uT ∈ H∗q .

Remark 1.7. En particulier, ∂qH0 = ∂qH
1 et ∂pH0 = ∂pH

1.

On en déduit la reformulation suivante du lemme 1.2, qui est un cas particulier du fameux
principe du maximum de Pontryagin [PBGM64].
Théorème 1.4. Soit (q, u) un système horizontal minimisant l’action A sur ΩHq0,q1. Alors, il
existe (p, λ) 6= (0, 0), où p : [0, 1]→ T ∗M de classe H1 et λ =0 ou 1 tels que{

0 = ∂uH
λ(q(t), p(t), u(t)),

(q̇(t), ṗ(t)) = ∇ωHλ(q(t), p(t), u(t)).
Si λ = 0, alors p(t) 6= 0 et ∆q(t) = ξq(t)(Hq(t)) ⊂ ker p(t) pour tout t et (q, u) est un point

singulier de E : la trajectoire q est singulière (ou anormale).
Si λ = 1, alors u est entièrement déterminé par p, de telle sorte que gq(t)(u(t), ·) =

ξ∗q(t)p(t). On dit que la courbe (q, u) est une géodésique normale.
Cette formulation, elle, est indépendante du système de coordonnées et du repère.
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1.5.3 Réciproque partielle

Le principe du maximum ne se généralise pas à la dimension infinie, car, comme on
l’évoquera dans la section 1.6, le lemme 1.1 n’est pas vrai en dimension infinie. En revanche,
ce lemme admet la réciproque partielle qui, elle, reste vrai en dimension infinie. Commençons
par une définition.

Définition 1.8. Soit M une variété de Banach, D ⊂ M, et F : M→ R de classe C1. On
dit que u ∈M est un point critique de F sur D si, pour toute courbe s 7→ us ∈ D dérivable
en 0 et telle que u0 = u, on a

d

ds
F (us)|s=0 = 0.

Le résultat suivant est trivial.

Lemme 1.3. Soient M,M′ deux variétés de Banach, F : M → R, G : M → M′ deux
applications de classe C1, q1 un élément de M′ et u un élément de M.

1. S’il existe p1 6= 0 ∈ T ∗q1M
′ tel que dG(u)∗p1 = 0, u est un point singulier de G, au

sens où dG(u) n’est pas surjective, et G−1({q1}) n’est donc peut-être pas une variété au
voisinage de u.

2. S’il existe p1 ∈ T ∗q1M
′ tel que

dF (u) = dG(u)∗p1,

alors u est un point critique de F sur G−1({q1}). On dit que p1 est le multiplicateur de
Lagrange du problème en u.

Appliqué à notre cadre, on obtient la proposition suivante.

Proposition 1.2. Soit (q, u) : [0, 1] → H un système horizontal. Supposons qu’il existe
(p, λ) 6= (0, 0), où p : [0, 1]→ T ∗M , de classe H1 avec p(t) ∈ T ∗q(t)M , et λ =0 ou 1, tels que{

0 = ∂uH
λ(q(t), p(t), u(t)),

(q̇(t), ṗ(t)) = ∇ωHλ(q(t), p(t), u(t)),

Alors, si λ = 0, p(t) 6= 0 pour tout t et (q, u) est un point singulier de E.
Si λ = 1, alors (q, u) est un point critique de A sur ΩHq(0),q(1).

Les géodésiques normales sont donc des points critiques de l’action à extrémités fixées.

1.6 Hamiltonien réduit et équation hamiltonienne des géodési-
ques

Dans cette section, on va voir que les géodésiques normales minimisent l’action à extrémités
fixées, c’est-à-dire que ce sont bien des géodésiques. De plus, en utilisant le hamiltonien nor-
mal (ou, plus simplement, le hamiltonien), on va voir pouvoir donner toutes les géodésiques
normales en résolvant une équation différentielle sur T ∗M .

Soit (q, p, u) ∈ T ∗M ⊕
M
H. Alors l’équation ∂uH

1(q, p, u) = ξ∗qp − gq(u, ·) = 0 admet une
unique solution u(q, p), lisse en (q, p). On obtient gq(u(q, p), u(q, p)) = pξqu(q, p), ce qui nous
permet de définir le hamiltonien normal h : T ∗M → R par la formule

h(q, p) = H1(q, p, u(q, p)) = 1
2pξqu(q, p).

Dans ce cas, ∇ωh(q, p) = ∇ωH1(q, p, u(q, p)), qui est bien défini car ∂uH1(q, p, u(q, p)) = 0.
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Remark 1.8. Comme H1 est strictement concave par rapport à u à (q, p) ∈ T ∗M fixé, on a

h(q, p) = max
u∈Hq

H1(q, p, u) = max
u∈Hq

(pξqu−
1
2gq(u, u)).

Théorème 1.5. Géodésiques normales.
Soit (q0, p0) ∈ T ∗M . Il existe une unique courbe maximale (q, p) : I 3 0 → T ∗M de classe
H1
loc, telle que

(q̇(t), ṗ(t)) = ∇ωh(q(t), p(t)) p.p. t ∈ [0, 1].

Alors q est la trajectoire du système horizontal (q, u(q, p)), et est une géodésique : elle mini-
mise localement la longueur à extrémités fixes. De plus,

t 7→ gq(t)(u(q(t), p(t)), u(q(t), p(t))) = ‖q̇(t)‖2q(t)

est constante.
On dit que (q, p) satisfait l’équation hamiltonnienne des géodésiques.

La preuve est assez longue, et on ne la détaillera pas car nous allons prouver une version
plus générale en dimension infinie. Pour des preuves en dimension finie, voir le chapitre 1 de
[Mon02] pour le cas où ξ est injective, et le chapitre 17 de [AS04] pour le cas général.
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Chapitre 2

Géométrie sous-riemannienne en
dimension infinie

Dans ce chapitre, nous décrivons nos travaux les plus récents. Comme le papier correspon-
dant est encore en cours de rédaction, nous fournissons les preuves complètes des résultats
nouveaux énoncés.

Le but principal est d’étendre la géométrie sous-riemannienne à la dimension infinie. Pour
des applications à venir, nous voulions considérer un cas très général. Par exemple, il était
important d’avoir la possibilité d’étudier une distribution ∆ de sous-espaces tangents qui ne
soit pas fermée dans le fibré tangent.

Pour cela, nous commençons par définir les structures sous-riemanniennes par le biais
de fibrés tangents relatifs, comme dans la section 1.2. Puis, après avoir mentionné une
généralisation déjà connue du théorème de Chow-Rashevski, nous donnerons des exemples
simples qui montrerons quelques-unes des difficultés qui peuvent apparâıtre en dimension
infinie.

On s’attaquera ensuite à la recherche des géodésiques. Les structure sous-riemanniennes
faibles posent particulièrement problème, car l’équation ∂uH

1 = 0 n’a pas toujours de so-
lution, et le hamiltonien normal n’est donc pas défini sur tout l’espace cotangent de notre
variété. Il nous faudra introduire des sous-fibrés vectorielles dense dans celui-ci, appelés fibrés
cotangents relatifs, sur lesquels ∂uH1 = 0 a toujours des solutions. On devra se restreindre à
de tels fibrés pour résoudre l’équation hamiltonienne des géodésiques.

On prouvera ensuite notre résultat principal : les courbes satisfaisant cette équation hamil-
tonienne sont des géodésiques locales. On appliquera ces résultats à un exemple de géométrie
sous-riemannienne faible sur le groupe des difféomorphismes de Rd de classe de Sobolev Hs,
s > 1 + d/2.

Quelques exemples de structures sous-riemanniennes fortes sont traités plus en détails
dans les prochaines parties et dans les preprints [ATTY13, AT].

2.1 Définitions

En dimension infinie, alors que la géométrie riemannienne est très étudiée [EM70, KM97,
Cla09], avec par exemple des applications en mécanique des fluides [EM70, MP10], le cas
sous-riemannien est un domaine très peu exploré. On a tout de même quelques résultats
de contrôlabilité dans le groupe des difféomorphismes par Agrachev et Caponigro [AC09].
Une pré-publication de Grong, Markina et Vasil’ev, disponible sur arxiv [GMV12], calcule
certaines géodésiques dans le cas particulier d’une distribution régulière ∆ de sous-spaces
tangents fermés, admettant un fibré supplémentaire lisse et fermé, et dont la métrique est la
restriction d’une métrique riemannienne faible admettant un flot géodésique.
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2.1.1 Structure sous-riemannienne sur une variété de Banach

Soit donc M une variété de Banach. On définit une structure sous-riemannienne sur M
de façon analogue à la dimension finie (définition 1.5).

Définition 2.1. Une structure sous-riemannienne sur une variété de Banach M est un
triplet (H, ξ, g), où H est un fibré vectoriel lisse de Banach sur M , ξ est un morphisme lisse
de fibrés vectoriels de H sur M (donc (H, ξ) est un espace tangent relatif sur M), et g est
une métrique riemannienne lisse sur H, c’est-à-dire que g définit sur chaque fibre Hq une
forme bilinéaire symétrique définie positive.

Une première différence avec la dimension finie est la dichotomie entre le cas des structures
dites fortes, et celui des structures faibles.

Définition 2.2. Une structure sous-riemannienne (H, ξ, g) sur une variété de Banach M
est dite forte si la topologie intrinsèque des fibres Hq cöıncide avec la topologie définie par
gq pour tout q ∈ M . Dans ce cas, (hq, gq) est un espace de Hilbert. Elle est dite faible dans
le cas contraire.

Remark 2.1. C’est une dichotomie bien connu dans les variétés riemanniennes de dimension
infinie [KM97, Cla09]. Comme nous le verrons plus tard, un des principaux obstacles pour
obtenir des géodésiques est que, pour une métrique faible, l’équation

gq(u, ·) = ξ∗qp (2.1)

n’a pas toujours de solution, puisque l’opérateur u 7→ gq(u, ·) n’est pas forcément surjectif de
Hq sur H∗q .

Dans toute la suite, on fixe M une variété de Banach lisse équipée d’une structure sous-
riemannienne (H, ξ, g). On notera également ∆ = ξ(H) ⊂ TM.

2.1.2 Courbes horizontales, action et longueur

Pour faire plus simple, on va se restreindre aux courbes horizontales de classe de Sobolev
H1. Une courbe q ∈ H1(I;M), I intervalle, est horizontale s’il existe (q, u) ∈ H1 × L2(I;H)
au-dessus de q tel

q̇(t) = ξq(t)u(t), p.p. t ∈ I.

Remark 2.2. Lorsqu’on note (q, u) ∈ H1×L2(I;H), cela signifie que u est de carré intégrable
pour la topologie de Banach intrinsèque sur H, et non au sens de la métrique g.

On appelle un tel couple t ∈ I 7→ (q(t), u(t)) ∈ H un système horizontal, q sa trajectoire
et u son contrôle. On définit également la longueur

L(q, u) =
∫
I

√
gq(t)(u(t), u(t))dt,

et l’action
A(q, u) = 1

2

∫
I
gq(t)(u(t), u(t))dt

d’un tel système, ainsi que l’action

AM (q) = inf
u, (q,u) horizontal

A(q, u),

et la longueur
LM (q) = inf

u, (q,u) horizontal
L(q, u)

de toute courbe horizontale, comme en section 1.2.
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Remark 2.3. Il n’existe pas forcément de contrôle u tel que AM (q) = A(q, u), contrairement
à ce qu’il se passe en dimension finie. Toutefois, si un tel u existe, il est unique, déterminé
pour presque tout t par

∀v ∈ ker ξq(t), gq(t)(u(t), v) = 0.
Pour être assuré de l’existence d’un tel u, il faut que ker ξ admette un fibré supplémentaire
orthogonal (ker ξ)⊥. C’est par exemple vrai pour une structure forte, ou si ξ est injective.

2.1.3 Distance sous-riemannienne

On peut de même définir la distance sous-riemannienne d(q0, q1) comme l’infimum des
longueurs des systèmes horizontaux dont la trajectoire relie q0 et q1. Toutefois, d n’est à
priori qu’une semi-distance lorsque la structure est faible : on peut éventuellement avoir
d(q0, q1) = 0 et q0 6= q1.
Proposition 2.1. Pour une structure forte, la topologie induite par d est plus fine que la
topologie intrinsèque de M . En conséquence, c’est une vraie distance :

∀q0 6= q1 ∈M, d(q0, q1) > 0.

Preuve. Soient q0 ∈ M et U un système de coordonnées au voisinage de q0, identifié à un
ouvert d’un espace de Banach (B, ‖ · ‖B) dans lequel q0 est identifié à 0. Il faut montrer qu’il
existe C > 0 tel que pour tout ε > 0 assez petit, et pour tout q1 ∈ U tel que ‖q1‖B = ε,
d(0, q1) ≥ Cε.

On trivialise H|U ' U×H au-dessus de U . Comme ξ est continue, il existe alors ε0, C > 0
tels que

∀(q, u) ∈ U ×H, ‖q‖ ≤ ε0 ⇒ C‖ξqu‖B ≤
√
gq(u, u) (2.2)

Soit q1 tel que ‖q1‖B = ε < ε0. On va montrer que tout système horizontal dont la trajectoire
relie q0 et q1 a une longueure supérieure à Cε.

Soit I = [a, b] un intervalle de R, et (q, u) : I → H un système horizontal tel que q(a) = q0
et q(b) = q1. Comme q est continue, il existe au moins un t ∈ [a, b] tel que ‖q(t)‖B = ε. Soit tε
le premier d’entre eux. Pour tout t ∈ [a, tε], on obtient ‖q(tε)‖B ≤ ε. On peut donc appliquer
(2.2) et obtenir

Cε = C‖q(tε)‖B ≤
∫ tε

a
C‖ξq(t)u(t)dt‖Bdt

≤
∫ tε

a

√
gq(t)(u(t)u(t))dt‖Bdt

≤ L(q|[a,tε], u|[a,tε])
≤ L(q, u).

2.1.4 Géodésiques locales

On définit un nouveau type de géodésiques n’ayant d’intérêt qu’en dimension infinie et
pour des structures faibles.
Définition 2.3. Une géodésique locale est une courbe horizontale q : I → M telle que,
pour t0 < t1 assez proches, il existe un voisinage U de q([t0, t1]) tel que q|[t0,t1] minimise la
longueur parmi toutes les courbes horizontales à valeurs dans U reliant q0 et q1.

Dans le cas d’une structure faible, une géodésique locale n’est pas forcément une géodésique
au sens habituel, même dans le cas riemannien [Cla09]. En revanche, si la structure est forte,
on voit facilement que les deux notions cöıncident en utilisant la même méthode que dans la
preuve de la proposition 2.1.
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2.2 Un équivalent au théorème de Chow-Rashevski

Dans toute la suite, on fixe M une variété de Banach lisse équipée d’une structure sous-
riemannienne (H, ξ, g). On notera également ∆ = ξ(H) ⊂ TM.

Soit q0 ∈ M . L’orbite Oq0 de q0 est l’ensemble des points qui peuvent être joints à q0
par une courbe horizontale. Autrement dit, Oq0 = {q ∈ M, d(q0, q) < +∞}. Bien entendu,
q1 ∈ Oq0 si et seulement si Oq0 = Oq1 .

Soit L l’algèbre de Lie des champs de vecteurs sur M engendrée par les champs de vecteurs
tangents à ∆ en tout point. On définit pour q ∈M

Lq = {X(q), X ∈ L} ⊂ TqM.

Pour un sous-ensemble quelconque D de M , on définit TqD l’ensemble des vitesses initial
possibles de courbes C1 sur M partant de q et qui restent dans D. On vérifie facilement, par
la même méthode qu’en dimension finie, que Lq ⊂ TqOq.

Toutefois, comme Oq n’est à priori pas une sous-variété immérgée, on ne peut pas en
déduire que Lq = TqM pour tout q dans M implique Oq = M . Ce théorème serait de toute
façon peu utile : comme L est défini de façon algébrique par récurrence, il est très rare que
Lq soit fermé dans TqM . Par contre, il a été montré le résultat de contrôlabilité approché
suivant.

Proposition 2.2. [DS80] Si Lqest dense dans TqM pour tout q, alors toutes les orbites sont
denses dans M .

2.3 Un exemple de structures sous-riemannienne forte : le
produit de groupes de Heisenberg

On rappelle [Mon02, CDPT07, BR96] que le groupe de Heisenberg H est égal à R3 muni
de la structure sous-riemannienne (R3 × R2, ξ, g), où

gq(u, v;u, v) = u2 + v2, (q, u, v) ∈ R3 × R2,

et
ξ(x,y,z)(u, v) = u

∂

∂x
+ v

∂

∂y
+ 1

2(vx− uy) ∂
∂z
.

On note AH l’action associée sur les courbes horizontales, et dH la distance sous-riemannienne
induite. On a

1
C

(x2 + y2 + |z|) ≤ dH(0, (x, y, z))2 ≤ C(x2 + y2 + |z|)

pour un certain C > 0 (voir [Mon02, BR96]).
On considère maintenant M = `2(N,R3) l’espace des suites de triplets q = (xn, yn, zn)n∈N

réels de carré sommable. C’est un espace de Hilbert pour la norme `2.
On définit sur M la structure sous-riemannienne (H, ξ, g) suivante : H = M × H, où

H = `2(N,R2) est l’espace des suites u = (un, vn)n∈N de couples réels de carré sommables,

gq(u, u) =
∞∑
n=0

u2
n + v2

n,

et

ξqu =
∞∑
i=0

un
∂

∂xn
+ vn

∂

∂yn
+ 1

2(vnxn − unyn) ∂

∂zn
.
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Les champs de vecteurs horizontaux sont des C∞(M)-combinaisons (de carré sommable en
chaque point) des champs X0, Y0, . . . , où

Xn = ∂

∂xn
− 1

2yn
∂

∂zn
, Yn = ∂

∂yn
+ 1

2xn
∂

∂zn
, n ∈ N.

De plus, Zn = [Xn, Yn] = ∂
∂zn

, donc Lq 3 X0(q), Y0(q), Z0(q), . . . , est dense dans TqM . Donc
toutes les orbites sont denses.

Toutefois, si q = (xn, yn, zn)n∈N : [0, 1] → M est une courbe horizontale, alors qn =
(xn, yn, zn) : [0, 1] → R3 est une courbe horizontale pour la structure sous-riemannienne
usuelle du groupe de Heisenberg H sur R3. De plus, on a

AM (q) =
∞∑
n=0

AH(xn, yn, zn).

On en déduit aisément que, pour tout q = (xn, yn, zn)n∈N ∈M,

1
C

( ∞∑
n=0

x2
n + y2

n + |zn|
)
≤ d(0, q)2 ≤ C

( ∞∑
n=0

x2
n + y2

n + |zn|
)
.

Cela implique que O0 = `2(N,R2)× `1(N,R), qui est un sous-espace stricte de `2(N,R3). De
plus, la topologie induite par d sur O0 cöıncide avec celle de `2(N,R2)× `1(N,R), qui est plus
fine que celle induite par M .

Remark 2.4. La structure (H, ξ, g) se restreint en une structure sous-riemannienne lisse sur
M ′ = `2(N,R2)× `1(N,R). En se restreignant à M ′, on grossit l’espace cotangent, puisque

(`2(N,R2)× `1(N,R))∗ = `2(N,R2)× `∞(N,R) ⊃ `2(N,R3)∗.

On trouvera donc ”plus” de géodésiques normale en se restreignant à M ′.

Remark 2.5. Si on procède de la même manière dans M = `2(N,R4), avec une structure de
produit infini de groupes de Engel (voir [Mon02]), variété sous-riemannienne E de dimension
4 sur laquelle la distance dE vérifie

1
C ′

(x2 + y2 + |z|+ |w|2/3) ≤ dE(0, (x, y, z))2 ≤ C ′(x2 + y2 + |z|+ |w|2/3),

on trouve que, sur M ,

1
C

( ∞∑
n=0

x2
n + y2

n + |zn|+ |wn|2/3
)
≤ d(0, q)2 ≤ C

( ∞∑
n=0

x2
n + y2

n + |zn|+ |wn|2/3
)
.

On obtient donc O0 = `2(N,R2) × `1(N,R) × `2/3(N,R), et la topologie cöıncide avec celle
induite par dE. Dans ce cas, l’orbite n’est donc même pas un espace localement convexe.

2.4 Application point final en dimension infinie

Dans toute la suite, on fixe M une variété de Banach lisse équipée d’une structure sous-
riemannienne (H, ξ, g). On notera également ∆ = ξ(H) ⊂ TM.

Rappelons que ΩHq0 est l’ensemble des systèmes horizontaux sur [0, 1] partant de q0. On a
vu qu’en dimension finie, ΩHq0 est une sous-variété de H1×L2(0, 1;H), elle-même dotée d’une
structure de variété de Hilbert. Toutefois, ce n’est plus forcément le cas en dimension infinie.
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L’espace H1 × L2(0, 1;H) n’est pas toujours muni d’une structure naturelle de variété.
En effet, pour construire une telle structure, il faut que M admette une ”addition locale” :
un difféomorphisme lisse d’un voisinage de la section nulle dans TM sur un voisinage de la
diagonale dans M ×M qui envoit la section nulle sur la diagonale. C’est le cas, par exemple,
lorsque M admet une métrique riemannienne possédant une connection de Levi-Civita lisse.
Voir [KM97] pour plus de détails. Pour la même raison, ΩHq0 n’est pas forcément muni d’une
structure de variété.

En revanche, dans le cas où la trajectoire q de (q, u) ∈ ΩHq0 est simple, on peut reprendre
mot à mot la construction décrite dans la preuve de la proposition 1.3, remplaçant simplement
chaque occurrence de Rd par l’espace de Banach B sur lequel est modelé M . Cela permet de
définir un espace de contrôle U qui donne une paramétrisation lisse de ΩHq0 au voisinage de
(q, u), induit par un système de coordonées U au voisinage de im(q). Dans cette construction,
U est identifié à un ouvert de L2(0, 1;H), où H est un espace de Banach isomorphe aux fibres
de H.

De plus, on obtient une application trajectoire lisse U → H1(0, 1;U), qui au contrôle
u ∈ U associe la trajectoire q(·, u). La dérivée en u dans la direction δu ∈ L2(0, 1;H) de
cette application, notée δq, est donnée par l’unique solution sur [0, 1] du problème de Cauchy
linéaire

δ̇q(t) = ∂q(ξq(t)u(t))δq(t) + ξq(t)δu(t), δq(0) = 0.

Dans ce cas, dire que la restriction de E à U est lisse a bel et bien un sens, et on peut l’utiliser
pour déterminer les courbes minimisant l’action à extrémités fixées et dont la trajectoire reste
dans U . On obtient ainsi les mêmes formules pour l’application adjointe de sa différentielle.

Proposition 2.3. Soit (q, u) ∈ ΩHq0 avec q est simple. On considère un certain p1 ∈ T ∗q(1)M .
On définit P ∈ T ∗(q,u)Ω

H
q0 par

P (δq, δu) = (dEq,u)∗p1(δq, δu) = p1δq(1).

Soit un espace de contrôle U induit par un système de coordonnées U au voisinage de im(q)
correspondant.

Alors on a
(dE(q,u))∗p1(δq, δu) =

∫ 1

0
p(t)ξq(t)δu(t)dt,

où (q, p) ∈ H1 × H1(0, 1;T ∗M) et p est l’unique solution sur [0, 1] du problème de Cauchy
linéaire adjoint

ṗ(t) = ∂q(ξq(t)u(t))∗p(t), p(1) = p1. (2.3)

La preuve est identique à celle du lemme 1.1.

2.5 Absence de principe du maximum en dimension infinie

En dimension infinie, le lemme 1.1 donnant des conditions nécessaires de minimisation
contrainte est fausse : il faut rajouter une troisième possibilité. En effet, soient M et M
deux variétés modelées sur des espaces de Banach. Soit G : M → M et F : M → R, deux
applications de classe C1. Soit q1 ∈ G(M) ⊂ M , et ū ∈ G−1({q1}), minimiseur de F sur
G−1({q1}). Dans ce cas, l’application Q : u ∈ M 7→ (G(u), F (u)) ∈ M × R est également
de classe C1, et sa différentielle en ū n’est pas surjective (sinon, comme Q serait alors une
submersion en ū, on pourrait trouver (q1, a) ∈ Q(M) avec a < F (ū)). Il y a alors deux
possibilités : soit im(dQ(ū)) est dense dans Tq1M × R, soit elle est incluse dans un sous-
espace strict fermé de Tq1M ×R (on dit qu’il est de codimension positive). Le premier cas est
équivalent à dire que ker(dQ(ū)∗) = {0}, est n’est possible que si M est de dimension infinie.
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Dans le second cas, il existe (p1, λ) 6= (0, 0) ∈ T ∗q1M × R tel que λdF (ū) = dG(ū)∗p1, et on
peut normaliser (p1, λ) λ de telle sorte que λ ∈ {0, 1}.

Lemme 2.1. Soient M une variété de Banach, et F : M → R et G : M → M deux
applications de classe C1. Soient q1 un élément de M et u un élément de M qui minimise F
sur l’ensemble contraint G−1({q1}). Alors une et une seule des deux possibilités suivantes est
satisfaite :

1. L’image de (dG(u), dF (u)) est incluse dans un sous-espace fermé strict de Tq1M × R.
Il (p1, λ) 6= (0, 0)tel que

dG(u)∗p1 = λdF (u).

Si λ = 1, on dit que u est un minimiseur normal, et p1 est appelé le multiplicateur de
Lagrange associé à u. Si λ = 0, im(dG(u)) de codimension positive : on dit que u est
un minimiseur singulier.

2. L’image de (dG(u), dF (u)) est un sous-espace strict dense de Tq1M × R. On dit que u
est un minimiseur élusif de F sur G−1({q1}).

Le deuxième cas n’apparâıt qu’en dimension infinie. Il s’agit d’une difficulté connue en
contrôle optimal de dimension infinie, qui explique l’absence de principe du maximum de
Pontryagin. Voir par exemple [LY95].

Il est intéressant de remarquer que même dans les exemples (non-triviaux) les plus simples,
comme dans le cas d’un produit infini de groupes de Heisenberg (section 2.3), l’image de
la différentielle de l’application point final est toujours un sous-espace dense strict. En
conséquence, toutes les courbes horizontales qui ne sont pas des géodésiques normales sa-
tisfont la condition 2. Cette condition ne donne donc aucune information particulière sur un
minimiseur qui est dans le cas 2.

Il est donc inutile d’espérer utiliser ce résutat pour obtenir un principe du maximum
comme le théorème 1.4 pour donner de bonnes conditions nécessaires pour qu’une courbe
soit une géodésique.

Remark 2.6. Ce problème est lié à un défaut topologique de M : la topologie finale induite
par E sur Oq0 est souvent plus fine que la topologie héritée de M . T ∗M n’est donc pas assez
”gros”.

Une manière de rajouter de rendre normaux ou singuliers certaines géodésiques élusives
est de considérer une sous-variété de Banach M ′ ↪→ M dense, avec q0 ∈ M ′ sur laquelle
∆q ⊂ TqM

′ ⊂ TqM . Dans ce cas, ′q0 ⊂ M ′ et (H|M ′ , ξ|HM′ i, g|HM′ ) est une structure sous-
riemannienne sur M ′. Comme l’inclusion TqM ′ ↪→ TqM est dense et continue, la topologie de
TqM

′ est plus fine que celle de TqM , et il est donc ”plus difficile” d’être un sous-espace dense
de TqM ′ × R, ce qui nous permet d’obtenir plus de minimiseurs normaux et singuliers avec
la condition 1. Dans le cas du produit infini du groupe de Heisenberg, O0 lui-même est une
sous-variété immergée dense, avec en plus une topologie qui cöıncide avec celle induite par la
distance sous-riemannienne.

2.6 Hamiltoniens, géodésiques normales et courbes singulières

Malgré l’absence d’un principe du maximum de Pontryagin, on peut donner des conditions
suffisantes pour qu’une courbe horizontale soit singulière ou soit un point critique de l’action
à extrémités fixées. En effet, rappelons que la réciproque partielle du lemme 1.1, donnée dans
le lemme 1.3, reste valable en dimension infinie. Grâce à la proposition 2.3, on en déduit
immédiatement le résultat suivant, comme en dimension finie.

Cela va nous permettre de généraliser la proposition 1.2 à la dimension infinie.
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2.6.1 Forme symplectique faible sur T ∗M

Sur une variété de Banach, il y a deux catégories de formes symplectiques : les formes
symplectiques fortes et les formes symplectiques faibles.

Définition 2.4. Une 2-forme ω sur une variété de Banach N est dite symplectique faible
si elle est fermée et si l’opérateur v 7→ ωq(v, ·) est injectif de TqN sur T ∗qN pour point
tout q ∈ N . Elle est dite symplectique forte lorsque cet opérateur est également surjectif
[KM97].

Un vecteur v est le gradient symplectique d’une fonction f en un point q si on a df(q) =
ωq(v, ·). Si ω n’est pas forte, contrairement à la dimension finie, une fonction différentiable
en q n’admet pas forcément de gradient symplectique.

L’espace cotangent T ∗M à une variété de Banach M modelé sur un espace de Banach
B possède une forme symplectique faible canonique ω. En coordonnées canoniques (q, p) ∈
B ×B∗, on a

ω(q,p)(δq, δp; δq′, δp′) = δp(δq′)− δp′(δq).

Remark 2.7. En particulier, la forme symplectique canonique ω sur T ∗M est forte si et
seulement si B est reflexif.

Ainsi, une fonction f : T ∗M → R différentiable en (q0, p0) ∈ T ∗M admet un gradient
symplectique ∇ωf(q0, p0) si et seulement si ∂pf(q, p) appartient à TqM à travers l’identifica-
tion TqM = j(TqM), où j : TqM → T ∗∗q M est l’injection canonique de TqM dans son bidual.
Dans ce cas, dans un système de coordonnées canoniques, on obtient

∇ωf(q0, p0) = (∂pf(q0, p0),−∂qf(q0, p0)).

Soit maintenant E un fibré vectoriel sur M et f : T ∗M ⊕
M
E est différentiable en (q0, p0, e0). Si

∂ef(q0, p0, e0) = 0

et
∂pf(q0, p0, e0) ∈ T(q0,p0)M,

alors, comme en dimension finie, f possède un gradient symplectique partiel ∇ωf(q0, p0, e0) ∈
Tq0,p0T

∗M , donné dans un système de coordonnées canoniques par

∇ωf(q0, p0, e0) = (∂pf(q0, p0, e0),−∂qf(q0, p0, e0)) ∈ B ×B∗.

2.6.2 Hamiltoniens

Soit λ ∈ {0, 1}. On définit les hamiltoniens Hλ : T ∗M ⊕
M
H → R par

Hλ(q, p, u) = H1(q, p, u) = pξqu−
λ

2 gq(u, u).

Alors Hλ est lisse, et
∂pH

λ(q, p, u) = ξqu ∈ TqM.

Donc ∂pHλ(q, p, u) s’identifie toujours à un élément de TqM à travers l’injection canonique
TqM ↪→ T ∗∗q M. En particulier, dès que ∂uH(q, p, u) = 0, H possède un gradient symplectique
partiel en (q, p, u).

En utilisant rigoureusement le même raisonnement que dans le cas de dimension finie,
c’est-à-dire en combinant les lemmes 1.3, 2.3, et les valeurs des dérivées partielles de Hλ, on
obtient le résultat suivant.
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Proposition 2.4. Soit (q, u) un système horizontal dont la trajectoire q est simple, et U un
espace de contrôles au voisinage de (q, u). Supposons qu’il existe (p, λ) 6= (0, 0), où p : [0, 1]→
T ∗M est de classe H1 avec p(t) ∈ T ∗q(t)M pour tout t et λ ∈ {0, 1} tel que

{
0 = ∂uH

λ(q(t), p(t), u(t)),
(q̇(t), ṗ(t)) = ∇ωHλ(q(t), p(t), u(t)),

– Si λ = 0, alors, pour tout t ∈ [0, 1], p(t) 6= 0, ξ∗q(t)p(t) = 0 et l’image de dE(q,u) est
contenue dans un sous-espace fermé strict de Tq(1)M . On dit que q est une courbe
singulière.

– Si λ = 1, alors (q, u) est un point critique de A sur ΩHq(0),q(1) ∩ U . On dit que q est une
géodésique normale.

2.7 Espaces cotangents relatifs

L’étape suivante est de montrer que les géodésiques normales sont des géodésiques locales
(voir définition 2.3). Le problème est que cela requiert l’utilisation d’un hamiltonien normal,
qui lui-même nécessite de résoudre en u l’équation

∂uH
1(q, p, u) = ξ∗qp− gq(u, ·) = 0

pour tout (q, p) ∈ T ∗M . Or, si la structure est faible, cette équation peut ne pas avoir de
solution. Pour remédier à ce problème, on est obligé de restreindre H1 à un sous-fibré dense
de T ∗M , appelé fibré cotangent relatif adapté, sur lequel cette équation peut se résoudre.

2.7.1 Fibré cotangent relatif

Définition 2.5. On appelle fibré cotangent relatif un fibré vectoriel d’espaces de Banach
τ∗M sur M qui est aussi un sous-fibré dense de T ∗M avec inclusion continue.

On note encore H1 la restriction du hamiltonien à τ∗M , qui est toujours lisse. On dit
que τ∗M est adapté à la structure (H, ξ, g) si l’équation en u

∂uH
1(q, p, u) = ξ∗qp− gq(u, ·) = 0.

a une solution pour tous (q, p) ∈ τ∗M . Dans ce cas, cette solution est unique, et on la note
u(q, p). Cela nous permet de définir le hamiltonien normal h : τ∗M → R correspondant par

h(q, p) = H1(q, p, u(q, p)) = 1
2pξqu(q, p) = 1

2gq(u(q, p), u(q, p)).

Remark 2.8. Supposons que H soit un sous-fibré fermé de TM et ξ l’inclusion, et que g
soit la restriction d’une metrique riemannienne faible ḡ sur TM . Alors, si H admet un fibré
un supplémentaire orthogonal fermé, τ∗M = TM avec l’injection TM ↪→ T ∗M définie par
v 7→ ḡ(v, ·) est un fibré cotangent adapté.

Dans ce cas, u(q, ḡ(v, ·)) = u(q, v) est la projection orthogonale de v sur Hq. C’est ce qui
est utilisé de façon implicite dans [GMV12], et de façon explicite dans [MM07] pour certaines
structures riemanniennes sur des espaces de sous-variétés.

Remark 2.9. Bien entendu, pour une structure forte, T ∗M lui-même est un fibré cotangent
relatif adapté.
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2.7.2 Forme symplectique canonique faible sur τ ∗M et gradient symplec-
tique

Fixons un fibré cotangent relatif τ∗M sur M . Alors la forme symplectique canonique ω
sur T ∗M se restreint à une forme symplectique sur τ∗M .

Lemme 2.2. La restriction de la forme symplectique canonique ω de T ∗M à τ∗M , c’est-
à-dire son tiré en arrière par l’inclusion τ∗M ↪→ T ∗M , est une forme symplectique faible,
encore notée ω.

Preuve. La restriction de ω à τ∗M est fermée car ω est fermée. De plus, pour tout (q, p) ∈
τ∗M , T(q,p)τ

∗M est dense dans Tq,pT ∗M par définition d’un fibré cotangent relatif. Donc si
ω(q,p)(δq, δp; ·, ·) s’annule sur Tq,pτ∗M , elle s’annule sur Tq,pT ∗M et donc (δq, δp) = 0.

Une fonction f : τ∗M → R différentiable en (q, p) possède alors un gradient symplectique
si et seulement si

1. la dérivée partielle ∂pf(q, p) s’identifie à un vecteur tangent de TqM à travers l’injection
canonique de TqM dans T ∗∗q M ⊂ (τ∗M)∗.

2. Dans un système de coordonnées canonique U ⊂ B × B∗ autour de (q, p) dans T ∗M ,
la dérivée partielle ∂qf(q, p), appartient au sous-espace dense τ∗qM de T ∗qM . Si τ∗M =
T ∗M , comme dans le cas d’une structure forte, cette condition est toujours vérifiée.

De même, une fonction f : τ∗M ⊕
M
H → R admet un gradient symplectique partiel en

(q, p, u) si et seulement si les deux conditions précédentes sont satisfaites et si ∂uf(q, p, u) = 0.

2.7.3 Le cas du hamiltonien

On a déjà vu que ∂pH1(q, p, u) peut toujours s’identifier au vecteur ξqu. Ainsi, H1 possède
un gradient symplectique partiel sur τ∗M en un point (q, p, u) tel que ∂uH(q, p, u) = 0 si et
seulement si

∂qH
1(q, p, u) = 1

2∂qgq(u, u)− ∂q(ξqu)∗p ∈ τ∗qM.

Dans ce cas, le hamiltonien réduit h admet également un gradient symplectique, donné par

∇ωh(q, p) = ∇ωH1(q, p, u(q, p)) =
(
ξqu(q, p), 1

2∂qgq(u(q, p), u(q, p))− ∂q(ξqu(q, p))∗p
)
.

2.8 Équation hamiltonienne des géodésiques normales sur un
espace cotangent relatif adapté

On a maintenant tous les outils nécessaires à la preuve de notre résultat principale sur
les géodésiques sous-riemanniennes en dimension infinie. Commençons par la proposition
suivante, conséquence im-médiate de la proposition 2.4.

Proposition 2.5. Géodésiques normales Soit τ∗M un espace cotangent relatif adapté
à (H, ξ, g) sur M . On suppose que l’application (q, p) 7→ u(q, p) est de classe C1, et que le
hamiltonien réduit h : τ∗M → R possède un gradient symplectique ∇ωh en tout point, et que
ce champ de gradient est de classe C1.

Soit (q0, p0) ∈ τ∗M . Alors il existe une unique courbe maximale (q̄, p̄) : I 3 0→ T ∗M de
classe H1

loc, avec I un intervalle, telle que (q(0), p(0)) = (q0, p0) et (q, p) satisfasse l’équation
hamiltonienne des géodésiques

( ˙̄q(t), ˙̄p(t)) = ∇ωh(q̄(t), p̄(t)).
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Alors q̄ est une géodésique normale, et donc point critique de l’action à extrémités fixées. De
plus, t 7→ ‖u(q̄(t), p̄(t))‖2q̄(t) est constante.

On dit que (q̄, p̄) satisfait l’équation hamiltonnienne des géodésiques sur τ∗M .

Preuve. Le fait que q̄ soit géodésique normale dans le cas où le champ de gradients est de
classe C1 est évident. De plus,

t 7→ ‖u(q̄(t), p̄(t))‖2q̄(t) = 2h(q̄(t), p̄(t))

est constante égale à 2h(q0, p0) car une fonction est constante le long des trajectoires de son
gradient symplectique (voir l’appendice de [Mon02]).

Lorsque le gradient symplectique de h est plus régulier, on peut montrer que les géodésiques
normales sont bien des géodésiques locales. C’est le résultat principal de cette partie.

Théorème 2.1. Géodésiques normales. Supposons que le champ de gradients symplec-
tiques ∇ωh soit de classe C2 sur τ∗M . Soit (q0, p0) ∈ τ∗M , tel que im(ξq0) ne soit pas incluse
dans ker p0, et soit (q, p) : I 3 0 → τ∗M la solution maximale de l’équation hamiltonienne
des géodésiques telle que (q(0), p(0)) = (q0, p0).

Alors q̄ est une géodésique locale. Si la structure est forte, c’est donc une géodésique.

Remark 2.10. Ce théorème implique le théorème 1.5 sur les géodésiques normales en di-
mension finie.

Remark 2.11. L’espace cotangent relatif adapté n’est pas forcément unique. Selon celui que
l’on choisit, on peut obtenir plus ou moins de géodésiques normales.

Remark 2.12. Dans le cas d’une structure forte, T ∗M est toujours adapté, et le hamiltonien
réduit admet toujours un gradient symplectique lisse. On a donc une unique géodésique
normale de point initial q0 et et de covecteur initial p0 pour tout (q0, p0) ∈ T ∗M .

Preuve. La preuve s’inspire à la fois du cas riemannien classique et du cas sous-riemannien
de dimension finie. On commence par choisir un voisinage de coordonnées U de q0 dans M ,
qu’on identifie à l’espace de Banach B sur lequel M est modelé.

Il reste donc à montrer le point principal, c’est-à-dire que si ∇ωh est de classe C2, alors q̄
est une géodésique locale. Autrement dit, que pour 0 < t1 assez petit, il existe un voisinage
Ū de q̄([0, t1]) tel que pour tout système horizontal (q, u) : [0, 1] → H|Ū avec q(0) = q0 et
q(1) = q̄(t1), on ait

L(q̄, ū) ≤ L(q, u).

Soit U un système de coordonnées au voisinage de q0, que l’on identifiera à un ouvert
d’un espace de Banach B. On va travailler sur une trivialisation τ∗M ⊕

M
H|U ' B ×G ×H,

où G est isomorphe à τ∗q0M et H à Hq0 .
On va montrer qu’on peut trouver une calibration de la trajectoire t 7→ q̄(t) au voisinage

de q0. C’est-à-dire une 1-forme fermée θ telle qu’il existe une constante c > 0 pour tout t
assez proche de 0,

θq̄(t)( ˙̄q(t)) = c
√
h(q̄(t), p̄(t)) = c

√
gq̄(t)

(
u(q̄(t), p̄(t)), u(q̄(t), p̄(t))

)
et telle que pour tout (q, u) ∈ H avec q au voisinage de q0,

θq(ξqu) ≤ c
√
gq(u, u).
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Une fois θ trouvée, quitte à réduire le voisinage, on peut supposer que θ est exacte. Soit
(q, u) ∈ ΩHq0 tel que q reste au voisinage de q0, q0 = q(0) et q̄(t1) = q(1), avec t1 > 0 assez
petit. Alors

L(q, u) =
∫ 1

0

√
gq(t)(u(t), u(t))dt ≥ 1

c

∫ 1

0
θq(t)(ξq(t)u(t)︸ ︷︷ ︸

=q̇(t)

)dt = 1
c

∫
q
θ.

Puisque θ est exacte, on a ∫
q
θ =

∫
q̄|[0,t1]

θ.

On obtient donc

L(q, u) ≥ 1
c

∫
q̄|[0,t1]

θ = 1
c

∫ t1

0
θ( ˙̄q(t))dt =

∫ t1

0

√
gq̄(t)

(
ū(t), ū(t)

)
dt = L(q̄|[0,t1], ū|[0,t1]),

où on a noté ū(t) = u(q̄(t), p̄(t)) : (q̄, ū) est bien une géodésique locale au voisinage de q0.
Il reste à construire la forme θ. On va utiliser le flot Φ du champ de gradient symplectique

de h. En effet, comme ∇ωh est, par hypothèse, un champ de vecteurs C2 sur τ∗M , il possède
un flot local, soit une application

Φ = (ΦM ,Φτ ) :]− ε, ε[×U0 × V0 → U1 × V1,

de classe C2, avec U0 et U1 des voisinages de q0 dans B, V0 et V1 des voisinages de p0 dans G, et
ε > 0. À t fixé (q, p) 7→ Φ(t, q, p) est un difféomorphisme sur son image, avec Φ(0, q, p) = (q, p).

D’un autre côté, p0 s’identifie à un élément de B∗. On note U ′0 = ker p0 ∩ U0. On peut
alors définir l’application ϕ :]− ε, ε[×U0 → U1 par

ϕ(t, q) = ΦM

(
t, q,

√
h(q, p0)
h(q0, p0)p0

)
.

Pour faire plus court, on notera n(q) =
√

h(q0,p0)
h(q,p0) . Ce nombre est un facteur de normalisation :

∀q ∈ U ′0, h(q, n(q)p0) = h(q0, p0).

Notons que un tel q, la courbe t 7→ ϕ(t, q) est la projection sur M de la géodésique normale
de condition initiale (q, n(q)p0) dans nos coordonnées locales.

On prouve alors le lemme suivant.

Lemme 2.3. Quitte à réduire U ′0 et ε, ϕ est un difféomorphisme de ] − ε, ε[×U ′0 sur U2 =
ϕ(]− ε, ε[×U ′0)

Preuve. En effet, pour tout δq dans ker p0, on obtient

∂qϕ(0, q0)δq = ∂q(ΦM (0, q0, p0))δq = δq.

Mais ∂tϕ(0, q0) = ˙̄q(0) = ξq0u(q0, p0). Comme im(ξq0) * ker p0, u(q0, p0) est non nul. Donc

h(q0, p0) = 1
2p0ξq0u(q0, p0) 6= 0,

d’où le fait que ∂tϕ(0, q0) n’appartienne pas à ker p0. Donc dϕ(0, q0) est un isomorphisme
linéaire. Le théorème d’inversion local implique termine la preuve.
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On écrira, pour q dans U2, ϕ−1(q) = (t(q), q0(q)). Cela nous permet alors de définir sur
U2 la 1-forme

θq = Φτ (tq, q0(q), n(q0(q))p0) ∈ τ∗qM ⊂ T ∗qM.

Autrement dit, θq est le moment en tq de la géodésique hamiltonienne partant de q0(q) et de
moment initial n(q0(q))p0. Cette remarque a plusieurs conséquences :

– On a θq̄(t) = p̄(t) pour tout t, d’où

θq̄(t)q̇(t) = p̄(t)ξq̄(t)ū(t) = g(ū(t), ū(t)) =
√

2h(q0, p0)
√
gq̄(t)(ū(t), ū(t)).

– Pour tout (q, u) dans U2 ×H,

θqξqu = gq(u(q, θq), u) ≤
√
gq(u(q, θq), u(q, θq))

√
gq(u, u). (2.4)

De plus, comme le hamiltonien est constant le long des trajectoires de son gradient, on
obtient

gq(u(q, θq), u(q, θq)) = 2h(q, θq) = 2h(q0, n(q0(q))p0) = 2h(q0, p0).

En injectant cette remarque dans (2.4), on obtient

θqξqu ≤
√

2h(q0, p0)
√
gq(u, u).

On en déduit que si θ est fermée, c’est bien une calibration de q̄ sur un voisinage de q0.
Il ne nous reste donc plus qu’à montrer que θ est effectivement fermée sur U2. Comme ϕ

est un difféomorphisme sur U2, il suffit de montrer que ϕ∗θ est fermée.
Maintenant, fixons (t, q) dans ]− ε, ε[×U ′0. Pour tout (δt, δq) ∈ R× ker p0, on a

ϕ∗θt,q(δt, δq) = θϕ(t,q)(∂tϕ(t, q)δt+ ∂qϕ(t, q)δq)
= Φτ (t, q, n(q)p0)(∂tϕ(t, q)δt+ ∂qϕ(t, q)δq)
= p(t)(∂tϕ(t, q)δt+ ∂qϕ(t, q)δq),

où p(t) est telle que la courbe t 7→ (q(t), p(t)) soit la solution de l’équation géodésique de
condition initiale (q, n(q)p0) sur ]− ε, ε[ (on a alors ϕ(t, q) = q(t) et p(t) = θq(t)).

Mais comme ϕ(t, q) = q(t), on obtient ∂tϕ(t, q) = q̇(t), d’où

p(t)(∂tϕ(t, q)δt) = p(t)ξq(t)(u(q(t), p(t)), u(q(t), p(t))) = 2h(q(t), p(t)) = 2h(q0, p0).

Il reste à calculer p(t)(∂qϕ(t, q)δq).

Lemme 2.4. On a p(t)(∂qϕ(t, q)δq) = 0.

Preuve. Commençons par calculer ∂qϕ(t, q)δq. On pose, pour un réel s assez proche de 0, et
r dans [0, t], qs(r) = ϕ(r, q + sδq). Remarquons que q(r) = q0(r) pour tout r.

L’application (s, t) 7→ qs(t) est de classe C2, et chaque courbe r 7→ qs(r) est une la
trajectoire géodésique normale et vérifie

q̇s(r) = ξqs(r)ur(s),

où ur(s) = u(qs(r), θqs(r)) est de classe C1. On notera u0(r) = u(r). Enfin, toutes ces courbes
ont la même action

A(qs, us) = h(q0, p0)t.

On a également ∂qϕ(t, q)δq = ∂s(qs(t))s=0.
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Pour plus de simplicité, on va noter

∂s(qs(r))s=0 = δq(r), r ∈ [0, t],

et
∂s(us(r))s=0 = δu(r), r ∈ [0, t].

Comme les dérivées partielles commutent, on obtient

δ̇q(r) = ∂q(ξq(r)u(r))δq(r) + ξq(r)δu(r). (2.5)

D’un autre côté, ∂sA(qs, us)s=0 = 0, donc

0 =
∫ t

0

1
2∂q(gq(r)(u(r), u(r))δq(r) + gq(r)(u(r), δu(r))dr. (2.6)

Or, r 7→ p(r) vérifie

ṗ(r)δq(r) = −∂qh(q(r), p(r))δq(r)
= −∂qH(q(r), p(r), u(r))δq(r)

= 1
2∂q(gq(r)(u(r), u(r))δq(r)− p(r)∂q(ξq(r)u(r))δq(r).

En injectant cette expression dans (2.6), et en utilisant successivement l’égalité p(t)ξq(t) =
gq(t)(u(t), ·) puis (2.5) on obtient

0 =
∫ t

0
ṗ(r)δq(r) + p(r)∂q(ξq(r)u(r))δq(r) + gq(r)(u(r), δu(r))dr

=
∫ t

0
ṗ(r)δq(r) + p(r)

(
∂q(ξq(r)u(r))δq(r) + ξq(r)δu(r)

)
dr

=
∫ t

0
ṗ(r)δq(r) + p(r)δ̇q(r)dr

=
∫ 1

0
˙(pδq)(r)dr = p(t)δq(t)− p(0)δq(0).

Autrement dit, la quantité t 7→ p(t)δq(t) est conservée le long de la trajectoire. Comme
δq(0) = δq ∈ ker p0 et p(0) = n(q(0))p0, on a p(0)δq(0) = 0, d’où

p(t)δq(t) = p(t)∂qϕ(t, q)δq = 0.

Finalement,
ϕ∗θt,q(δt, δq) = 2h(q0, p0)δt,

d’où
ϕ∗θt,q = 2h(q0, p0)dt.

La 1-forme ϕ∗θ est bien fermée, et θ est donc une calibration de q̄ sur U2.
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2.9 Exemple d’application sur le groupe des difféomorphismes
de Rd

Les exemples qui suivent sont une variante sous-riemannienne de certaines métriques
étudiées par Ebin et Marsden dans [EM70]. Dans la suite, on identifiera les éléments v d’un
espace vectoriel Rn à des vecteurs colonnes de taille n, et on notera vT leur transposée.

Soit d un entier strictement positif. On note e = IdRd . On considère, pour s un réel
strictement supérieur à d/2 + 1, l’espace Ds(Rd) des difféomorphismes ϕ de classe C1 tels que
ϕ − e appartienne à l’espace de Sobolev Hs(Rd,Rd). Il s’agit d’un ouvert de l’espace affine
He(Rd,Rd) = e+Hs(Rd,Rd), et donc d’une variété de Hilbert. La structure des groupes de
difféomorphismes de classe Hs d’une variété sera plus précisément définie dans la section 3.

2.9.1 Structures sous-riemanniennes

Considérons une structure sous-riemannienne (H0, ξ0, g0) sur Rd, avec H0 = Rd × Rk,
ξ0 : Rd → L(RkRd) de classe C∞ dont les dérivées sont bornées à tout ordre, et g0

x(u, u) = uTu.
Alors, pour tout entier r ∈ {0, . . . , s}, la structure (H, ξ, gr) suivante définit une structure

sous-riemannienne de classe C∞ sur Ds(Rd) :
– H est le fibré trivial Ds(Rd)×Hs(Rd,Rk).
– Pour (ϕ, u) ∈ H, ξϕu ∈ TϕDs(Rd) = Hs(Rd,Rd) est donné par

(ξϕu)(x) = ξ0
ϕ(x)u(x).

Remarquons que comme ξ0 est lisse et bornée à tout ordre, ξ est bien de classe C∞, et
l’application (ξ0 ◦ ϕ)u appartient bien à Hs(Rd,Rd) = Tϕ(Ds(Rd)) (voir [EM70, ES96,
Sch04]).

– La valeur de gr,ϕ(u, u) = gr(u, u) ne dépend pas de ϕ, et est donnée par le carré de la
norme de Sobolev Hr de u :

gr(u, u) =
∫
Rd
Lru(x)Tu(x)dx =

k∑
i=1

∫
Rd
Lru

i(x)ui(x)dx, (2.7)

où Lr : Hs(Rd) → Hs−2r(Rd) est l’opérateur 1 + (−∆)r si r ≥ 1 avec ∆ le laplacien
euclidien usuel, et et L0 = 1. Lr est un opérateur symétrique et elliptique d’ordre 2r,
donc un isomorphisme linéaire et continu [BBI01].

Remark 2.13. Si s − 2r est négatif, (2.7) reste valide, mais est à comprendre au sens des
distributions.
Remark 2.14. Une courbe t 7→ ϕ(t) de difféomorphismes est horizontale si et seulement si
pour tout x ∈ Rd, la courbe t 7→ ϕ(t, x) est horizontale sur Rd pour (H0, ξ0, g0). En effet,
notant u un contrôle pour ϕ et x(t) = ϕ(t, x), on a

ẋ(t) = ϕ̇(t, x) = (ξϕ(t)u(t))(x) = ξ0
ϕ(t,x)u(t, x) = ξ0

x(t)u(t, x),

qui est bien de la forme ẋ(t) = ξ0
x(t)v(t), pour v(t) dans Rk. De plus, l’action A0 de cette

courbe pour la métrique g0 est donnée par

A0(ϕ, u) = 1
2

k∑
i=1

∫ 1

0

(∫
Rd

(ui(t, x))2dx

)
dt

=
∫
Rd

(
1
2

k∑
i=1

∫ 1

0
(ui(t, x))2dt

)
︸ ︷︷ ︸ dx

A0(ϕ(·,x),u(·,x))

≥ 1
2

∫
Rd
d0(ϕ(0, x), ϕ(1, x))2dx,
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où A0 et d0 sont respectivement l’action et la distance sous-riemannienne sur Rd. En particu-
lier, la distance sous-riemannienne correspondant à la métrique g0 sur Ds(Rd) est une vraie
distance. De plus, si, pour tout x, t 7→ ϕ(t, x) est une geodésique minimisante sur Rd, alors ϕ
en est une sur Ds(Rd). Il est aussi intéressant de remarquer que le problème est très similaire
à celui de transport optimal de masse sur la variété sous-riemannienne Rd avec la structure
(H0, ξ0, g0) [FR10].

Remark 2.15. Il découle de la remarque précedente que toutes les distances dr correspondant
aux métriques gr sont de vraies distances, pas simplement des semi-distances.

Par la suite, on va noter Xi le champ de vecteur x 7→ ξ0
xei, où (e1, . . . , ek) est la base

canonique de Rk. On peut alors écrire en coordonnées

(ξϕu)(x) =
k∑
i=1

ui(x)Xi(ϕ(x)).

Chaque Xi est de classe C∞, et est borné à tout ordre.

2.9.2 Espace cotangent adapté

On a
T ∗Ds(Rd) = Ds(Rd)×H−s(Rd, (Rd)∗),

où
H−s(Rd, (Rd)∗) = Hs(Rd,Rd)∗.

Un élément p de l’espace H−s(Rd, (Rd)∗) peut être vu comme un champ de 1-formes p =
(p1, . . . , pd), identifié à un champ de matrices lignes, dont les coefficients pi sont des distri-
butions appartenant à H−s(R). On dit que p est un co-courant d’ordre s.

Pour un champ de vecteurs X = (X1, . . . , Xd) dans Hs(Rd,Rd), on a alors les notations

p(X) = pX = (p|X)H−s,Hs =
∫
Rd
p(x)X(x)dx =

d∑
i=1

∫
Rd
pi(x)Xi(x)dx =

d∑
i=1

(pi|Xi)H−s,Hs .

Le hamiltonien du problème H : Ds(Rd)×H−s(Rd, (Rd)∗)×Hs(Rd,Rk)→ R est donc

H(ϕ, p, u) = pξϕu−
1
2gr(u, u) =

k∑
i=1

∫
Rd
p(x)Xi(ϕ(x))ui(x)− 1

2Lru
i(x)ui(x)dx.

On en déduit que ∂uH(ϕ, p, u) = 0 si et seulement si, pour tout i dans {1, . . . , k},

Lru
i︸ ︷︷ ︸

∈Hs−2r(Rd,R)

= pXi ◦ ϕ = p1X
1
i ◦ ϕ+ · · ·+ pdX

d
i ◦ ϕ︸ ︷︷ ︸

∈H−s(Rd,R)

.

Remarquons que comme les Xi sont lisses de dérivées bornées à tout ordre, les produits des
Xj
i ◦ ϕ par les distributions pj d’ordre s sont bien définis.

Cette équation n’a de solution que si chaque p1X
1
i + · · · + pdX

d
i est en fait une fonction

de classe de Sobolev au moins Hs−2r. C’est le cas, par exemple, si

p ∈ Hs−2r(Rd, (Rd)∗).

Cela nous pousse à prendre l’espace cotangent relatif

τ∗Ds(Rd) = Ds(Rd)×Hs−2r(Rd, (Rd)∗).
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Comme τ∗Ds(Rd) est dense dans T ∗Ds(Rd), la discussion qui précède montre que τ∗Ds(Rd)
est adapté à la structure (H, ξ, gr).

Dans ce cas, si (ϕ, p) ∈ Ds(Rd)×Hs−2r(Rd,Rd), on a u(ϕ, p) =
∑k
i=1 u

i(ϕ, p)ei, où

ui(ϕ, p) = L−1
r (pXi ◦ ϕ).

Remarquons que (ϕ, p) 7→ u(ϕ, p) est de classe C∞, et on obtient le hamiltonien réduit

h(ϕ, p) =
k∑
i=1

∫
Rd
p(x)Xi(ϕ(x))L−1

r (pXi ◦ ϕ)(x)dx.

Remark 2.16. Si r > d/2, alors L−1
r est obtenu par convolution avec un noyau G : Rd → R

[Eva10], d’où
ui(ϕ, p)(x) =

∫
Rd
G(x− y)p(y)Xi(ϕ(y))dy.

2.9.3 Équation hamiltonienne des géodésiques

Il nous faut maintenant calculer

∂ϕh(ϕ, p) = ∂ϕH(ϕ, p, u(ϕ, p)) ∈ H−s(Rd, (Rd)∗),

et vérifier qu’elle appartient à Hs−2r(Rd, (Rd)∗).
On a, pour tout δϕ ∈ Hs(Rd,Rd), et tout (ϕ, p, u) ∈ τ∗Ds(Rd)×Hs(Rd,Rk),

∂ϕH(ϕ, p, u)δϕ = ∂ϕ(ξϕu)∗pδϕ =
k∑
i=1

∫
Rd
p(x)TdXi(ϕ(x))δϕ(x)ui(x)dx.

On peut donc écrire

∂ϕH(ϕ, p, u) =
k∑
i=1

uipdXi ◦ ϕ.

Or, chaque uidXi ◦ ϕ est un champ de matrices à coefficients dans Hs, et p appartient à
Hs−2r. On a bien que ∂ϕH(ϕ, p, u) ∈ Hs−2r. De plus, comme les matrices dXi sont de classe
C∞ et bornées à tout ordre et, on voit que (ϕ, p, u) 7→ ∂ϕH(ϕ, p, u) est de classe C∞.

On obtient finalement le gradient symplectique de h :
∂ph(ϕ, p)(x) = ξϕ(u(ϕ, p))(x) =

k∑
i=1

L−1
r (pTXi ◦ ϕ)(x)Xi(ϕ(x)) ∈Hs(Rd,Rd),

−∂ϕh(ϕ, p)(x) = −
k∑
i=1

L−1
r (pTXi ◦ ϕ)(x)(dXi(ϕ(x)))T p(x) ∈Hs−2r(Rd,Rd),

de classe C∞ sur τ∗Ds(Rd). On en déduit, en appliquant le théorème 2.1, les équations des
géodésiques normales.

Proposition 2.6. Soit (ϕ0, p0) ∈ Ds(Rd) × Hs−2r(Rd,Rd), et considérons (ϕ, p) : I →
Ds(Rd)×Hs−2r(Rd,Rd) une solution maximale de l’équation différentielle

∀x ∈ Rd, t ∈ I,


∂tϕ(t, x) =

k∑
i=1

L−1
r (p(t)Xi ◦ ϕ(t))(x)Xi(ϕ(t, x)),

∂tp(t, x) = −
k∑
i=1

L−1
r (p(t)Xi ◦ ϕ(t))(x)p(t, x)dXi(ϕ(t, x)).

Alors ϕ est une géodésique locale pour (H, ξ, gr) sur Ds(Rd).
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Remark 2.17. Si r = 0, on remarque que (ϕ, p) satisfait l’équation des géodésiques si et
seulement si, pour tout x dans Rd, t 7→ (ϕ(t, x), p(t, x)) ∈ Rd × (Rd)∗ satisfait l’équation
hamiltonienne des géodésiques sur Rd pour (H0, ξ0, g0).



Chapitre 3

Géométries sous-riemanniennes
invariantes à droite sur les groupes
de difféomorphismes

Dans cette section, nous décrivons les résultats de la première partie de [AT], reproduite
en section 9.1 dans laquelle seront données les différentes preuves, ainsi que quelques détails
supplémentaires. Il s’agit d’étudier les structures sous-riemanniennes fortes et invariantes à
droite sur un groupe de difféomorphismes d’une variété M à géométrie dite bornée [ES96,
Sch04].

On commence par rappeler brièvement la structure du groupeDs(M) des difféomorphismes
Hs sur une telle variété M de dimension d, pour s un entier plus grand que d/2+1. On définit
ensuite les structures sous-riemanniennes fortes invariantes à droite sur un tel groupe.

On montre ensuite que sur de telles structures, deux difféomorphismes d’une même or-
bite peuvent toujours être joints par une géodésique minimisante. De plus, la distance sous-
riemannienne induite est toujours complète.

On finit par l’étude des géodésiques et des courbes singulières. Une des difficultés qui
apparâıtra est que ces structures ne sont à priori pas lisses. Cela vient du fait que le groupe
des difféomorphismes, bien que munit d’une structure naturelle de variété de Hilbert, n’est
pas un groupe de Lie pour cette structure. Plus précisément, on va voir que pour que la
structure invariante à droite engendrée par un espace de Hilbert V de champs de vecteurs
soit de classe Ck, il faut supposer que possède une inclusion continue de V dans l’espace
Γs+k(TM) des champs de vecteurs sur M de classe de Sobolev Hs+k.

On pourra alors appliquer les théorèmes du chapitre 2, et donner l’équation hamiltonienne
des géodésiques.

3.1 Groupe des difféomorphismes

3.1.1 Variété à géométrie bornée

Définition 3.1. [ES96, Sch04] Une variété lisse riemannienne (M, g) de dimension finie d
est dite à géométrie bornée lorsque son rayon d’injectivité inj(M) est non nul et que l’une
des deux conditions équivalentes suivantes est satisfaite.

1. Le tenseur de courbure et toutes ses dérivées covariantes sont uniformément bornées.
2. Pour tout i ∈ N, il existe une constante Ci > 0 telle que dans toute carte exponentielle de

rayon inj(M)/2, les dérivées d’ordre i des coefficients de g sont uniformément bornées
par Ci.

47
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Une telle structure riemannienne permet de généraliser à des variétés non compactes des
résultats classiques dans les variétés compacts [ES96, Sch04].

Pour le reste du chapitre, on fixe une variété (M, g) de dimension finie d à géométrie
bornée.

3.1.2 Espace Hs
e (M,M)

Pour tout entier s et tout fibré vectoriel riemannien (E , g′) sur M de façon invariante, on
peut définir l’espace de Banach Γs,p(E) des sections de classe de Sobolev W s,p, p ∈ [1,+∞]. Il
suffit de considérer la connection ∇ induite sur E par g et g′. Alors Γs,p(E) est la complétion
de l’espace des sections de classe C∞ pour la norme

‖f‖ps,p =
s∑
r=0

(
g′x(∇rf(x),∇rf(x))

)p/2
dvol(x) <∞,

où on a noté dvol la forme volume sur M . Alors

(Γs,p(E), ‖ · ‖s,p)

est un espace de Banach, et même de Hilbert si p = 2. Voir [ES96, Sch04] pour plus de détails.
Dans la suite, on notera simplement Γs,2(E) = Γs(E).

Fixons maintenant s ∈ N et notons exp : TM → M l’application exponentielle rieman-
nienne. On définit e = IdM et

Hs
e (M,M) = {exp ◦X, X ∈ Γs(TM)}.

Exemple 3.1. Si M = Rd, alors Hs
e (Rd,Rd) = e + Hs(Rd,Rd), où Hs(Rd,Rd) est l’espace

des champs de vecteurs de classe de Sobolev Hs sur Rd.

On peut voir [ES96, Sch04] que si s > d/2 + 1, Hs
e (M,M) est muni d’une structure de

variété de Hilbert. De plus, les injections de Sobolev habituelles

Hs
e (M,M)→ C`(M,M), s > d/2 + `,

sont définies et continues.
Pour le voir, on note pour f ∈ Hs

e (M,M)

TfH
s
e (M,M) = {X : M → TM) | X ◦ ϕ−1 ∈ Γs(TM)} = Γs(f∗TM).

L’application X 7→ exp ◦X, définie sur TfHs
e (M,M) définit une carte lisse de Hs

e (M,M) d’un
voisinage de la section nulle sur un voisinage de f , et il est facile de voir que les changements
de cartes sont de classe C∞. On peut alors définir la distance complète

dHs
e (M,M)(f, g) = inf{‖X‖s,2), X ∈ Γs(f∗TM), g = exp ◦X}.

Remarquons que TeHs
e (M,M) = Γs(TM), et que son dual Γs(TM)∗, noté Γ−s(T ∗M),

s’identifie à l’ensemble des 1-formes P sur M à coefficients dans H−s(M), aussi appelés
co-courants d’ordre s sur M . On peut alors écrire, pour tout X dans Γs(TM),

P (X) =
∫
M
P (x)X(x)dvol(x),

qui se calcule, par exemple, grâce à des partitions de l’unité.

Remark 3.1. L’application (f,X) 7→ (f, exp ◦X), définie sur THs
e (M,M), définit une addi-

tion locale lisse surHs
e (M,M). Cela permet de munir des espaces telles queH1(0, 1;Hs(M,M))

d’une structure de variété, voir [KM97].
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3.1.3 Groupe des difféomorphismes de classe Hs

À partir de maintenant, on fixe s > d/2+1. On note Diff(M) l’ensemble des difféomorphismes
de classe C1 de M . Alors

Ds(M) = Diff(M) ∩Hs
e (M,M)

est un ouvert de Hs
e (M,M), appelé groupe des difféomorphismes de classe Hs sur M .

Remark 3.2. Il y a d’autres applications considérées comme des difféomorphismes de classe
Hs sur M dans la littérature [ES96, Sch04], mais nous ne nous intéresserons qu’à ceux qui
font partie de Ds(M). Il s’agit de la composante connexe de l’identité dans l’espace total de
ces difféomorphismes.

Proposition 3.1. [ES96, Omo74, Sch04] Le groupe Ds(M) est un groupe topologique pour
la composition (ϕ,ψ) 7→ ϕ ◦ ψ. De plus, la multiplication à droite Rψϕ 7→ ϕ ◦ ψ est de classe
C∞, de dérivée en e = IdM donnée par dRψ(e)X = X ◦ ψ, X ∈ Γs(TM).

Enfin, pour tout entier k, l’application

Ds(M)× Γs+k(TM)→ TDs(M).
(ϕ,X) 7→ X ◦ ϕ

est de classe Ck.

Remark 3.3. Il est important de signaler que Ds(M) n’est PAS un groupe de Lie. Les
applications de composition et d’inversion sont continues, mais pas différentiables.

La suite décroissante (Ds(M))s>d/2+1 définit en revanche sur son intersection D∞(M)
une vraie structure de groupe de Lie de Fréchet, qui a la particularité d’être une structure de
groupe de Lie Limite Inverse d’espaces de Hilbert, ou LIH [Omo74, Sch04].

On définit alors l’ensemble des champs de vecteurs invariants à droite sur Ds(M) comme
l’espace des champs de vecteurs X ∈ Γ(TDs(M)) tels que,

∀ϕ ∈ Ds(M), X(ϕ) = X(e) ◦ ϕ.

Comme pour les groupes de Lie, cet espace s’identifie naturellement à TeDs(M) = Γs(TM).

3.1.4 Dérivée logarithmique

Soit ϕ : I 3 0 → Ds(M) une courbe de classe de Sobolev H1
loc sur Ds(M). Alors pour

tout t dans I on a
ϕ(t) = ϕX(t) ◦ ϕ(0),

où ϕX est le flot du champ de vecteurs X sur M dépendant du temps et donné par

X(t) = ϕ̇(t) ◦ ϕ−1(t) ∈ Γs(TM), t ∈ I,

c’est-à-dire que ϕX satisfait ϕX(0) = e et

ϕ̇X(t) = X(t) ◦ ϕX(t).

De plus, un tel X est unique. On appelle X : I → Γs(TM) la dérivée logarithmique de ϕ.
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3.2 Structures sous-riemanniennes invariantes à droite

3.2.1 Construction

À partir de maintenant, on fixe (M, g) une variété de dimension d à géométrie bornée, et
on note e = IdM . On pose également s0 le plus petit entier tel que s0 > d/2, et s ≥ s0 + 1 un
autre entier. Une structure sous-riemannienne (H, ξ, ḡ) sur Ds(M) est invariante à droite si :

– Le fibré H est de la forme H = Ds(M)× V , où (V, ‖ · ‖V ) est un espace de Banach de
champs de vecteurs sur M avec une inclusion continue V ⊂ Γs(TM). De plus, ξeX = X
pour tout X ∈ V .

– À X dans V fixé, le champ de vecteurs ϕ 7→ ξϕX est invariant à droite :

ξϕX = (ξeX) ◦ ϕ = X ◦ ϕ.

– La métrique ḡ est indépendante de ϕ :

ḡϕ(X,Y ) = 〈X,Y 〉 ,

où 〈·, ·〉 est une application bilinéaire symétrique définie positive sur V .
Une telle structure est entièrement déterminée par l’espace de champs de vecteurs V et le

produit scalaire 〈·, ·〉. Réciproquement, pour tout espace de Banach de champs de vecteurs V
muni d’un produit scalaire 〈·, ·〉, il existe une unique structure sous-riemannienne invariante
à droite, appelée structure sous-riemannienne induite (ou engendrée) par (V, 〈·, ·〉).

Il faut toutefois faire attention : cette structure n’est pas forcément lisse ! Plus précisément,
la proposition 3.1 montre que ξ n’est de classe Ck que si V ⊂ Γs+k(TM) avec inclusion
continue.

3.2.2 Structures invariantes continues équivalentes à des structures lisses

On dit que deux structures sous-riemanniennes (H, ξ, g) et (H′, ξ′, g′) sont équivalentes
lorsqu’il existe un isomorphisme de fibrés vectoriels f : H 7→ H′ tels que ξ′ = ξ◦f , et g = f∗g′.
Dans ce cas, les courbes horizontales et la distance sous-riemannienne sont identiques pour
les deux structures.

Il existe des structures lisses sur Ds(M) qui sont équivalentes à certaines structures inva-
riantes à droites non lisses. C’est par exemple le cas lorsque V = Γs(TM) (on est donc dans
le cas riemannien), et que

〈X,Y 〉 =
∫
M
gx(Lr(X)(x), Y (x))dx,

où Lr : Γs(TM) → Γs−2r(TM) est un opérateur différentiel linéaire, symétrique, elliptique,
à coefficients lisses et uniformément bornés à tout ordre sur M . La structure induite est
équivalente à (TM, Id, ḡ′), avec

ḡ′ϕ(X,Y ) =
〈
X ◦ ϕ−1, Y ◦ ϕ−1

〉
=
∫
M
gx(Lr(X(ϕ−1(x)), Y (ϕ−1(x)))dx,

pour X,Y ∈ Γs(TϕM).
Bien que l’inversion ϕ 7→ ϕ−1 soit seulement continue, un changement de variable x = ϕ(y)

permet de voir que ḡ′ est bien lisse. Voir [BV13, MP10] pour plus de détails.
C’est par ce changement de structure qu’Ebin et Marsden ont montré dans [EM70]

l’existence et l’unicité des solutions de l’équation d’Euler sur les fluides incompréssibles
sur des variétés compactes. Dans ce cas, la structure invariante à droite est donnée par
V = ker(div) ∩ Γs(TM) et Lr = 1.

Remark 3.4. Les structures sous-riemanniennes définies en section 2.9 ne sont pas équivalentes
à des structures invariantes à droite.
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3.2.3 Courbes horizontales, action, longueur et distance

Considérons une structure invariante à droite sur Ds(M) induite par (V, 〈·, ·〉). On note k
le plus grand entier tel que V soit continuement inclus dans Γs+k(TM). Pour cette structure,
une courbe t 7→ ϕ de classe de Sobolev H1 est horizontale s’il existe t 7→ X(t) ∈ V de carré
intégrable tel que

ϕ̇(t) = X(t) ◦ ϕ(t), p.p. t.
En conséquence, ϕ est horizontale si et seulement si sa dérivée logarithmique X = ϕ̇ ◦ ϕ−1

est dans V et de carré intégrable. De plus, ϕ ◦ ψ est horizontale pour tout ψ fixé de Ds(M).
On dira parfois que le flot d’un champ de vecteurs X ∈ L2(0, 1;V ) est une déformation

de M .
Les théorèmes généraux sur les équations différentielles montrent que, réciproquement,

pour tout X ∈ L2(0, 1;V ), on a

t 7→ sup
x∈M

(gx(X(t, x), X(t, x))

intégrable, et donc X est complet sur [0, 1] : X admet bien un unique flot ϕX défini sur tout
[0, 1] ×M . On en déduit que dans le cas particulier des structures invariantes à droite, ΩHϕ0

a une structure de variété lisse avec seule carte globale L2(0, 1;V )→ ΩHϕ0 (voir lemme 9.1).
L’action et la longueur d’une courbe horizontale ϕ : [0, 1] → Ds(M) prennent les formes

simplifiées suivantes

AD
s(M)(ϕ) = A(ϕ,X) = A(X) = 1

2

∫ 1

0
〈X(t), X(t)〉 dt,

LD
s(M)(ϕ) = L(ϕ,X) = L(X) =

∫ 1

0

√
〈X(t), X(t)〉dt.

On déduit aisément des observations qui précèdent que la distance sous-riemannienne dSR
est invariante à droite : pour tous ϕ,ψ dans Ds(M),

dSR(ϕ,ψ) = dSR(e, ϕ ◦ ψ−1).

L’orbite Oe de l’identité est donc un sous-groupe de Ds(M).

3.2.4 Complétude dans le cas fort

À partir de maintenant, on considère uniquement des structures fortes. Cela signifie que
(V, 〈·, ·〉) est un espace de Hilbert, et donc L2(0, 1;V ) aussi.
Théorème 3.1. Dans le cas d’une structure forte, la distance sous-riemannienne est une
véritable distance. De plus, tout couple de points (ϕ,ψ) ∈ Ds(M)2 tels que dSR(ϕ,ψ) soit finie
peuvent être joints par une géodésique minimisante. Enfin, l’espace métrique (Ds(M), dSR)
est complet.

La preuve, donnée en section 9.1.2, repose sur le lemme suivant, prouvé en section
10.1.5. C’est une conséquence simple du théorème d’Arzela-Ascoli. On commence par définir
dHs

e (U,M)(ϕ|U , ψ|U ), pour U ⊂M , ϕ,ψ ∈ Ds(M) et s > d/2 + 1 par

inf
{
‖X‖Γs(ϕ∗Tϕ(U)) | X ∈ ϕ∗Γs(Tϕ(U)), ψ|U = exp ◦X

}
.

Lemme 3.1. Soit (Xn)n∈N une suite bornée de l’espace de Hilbert L2(0, 1;V ), et (ϕn)n∈N
la suite de flots associée. Alors il existe une sous-suite (Xnj )j∈N qui converge vers X̄ ∈
L2(0, 1;V ) de flot ϕ̄ tel que Xnj converge faiblement vers X̄ et, pour tout domaine borné U
de M ,

sup
t∈[0,1], x∈C

dHs−1
e (U,M)(ϕnj |U (t), ϕ̄|U (t)) →

j→+∞
0.
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3.3 Étude de l’orbite de e

Ici, (V, 〈·, ·〉) est un espace de Hilbert de champs de vecteurs avec inclusion continue
dans Γs(TM), et on considère la structure sous-riemannienne invariante à droite associée sur
Ds(M), et on note dSR la distance sous-riemannienne associée.

Le but de cette section est de donner des conditions pour obtenir un théorème de Chow-
Rashevski, c’est-à-dire des conditions pour que l’orbite Oe de e soit dense dans (voire égal à)
la composante connexe Ds0(M) de e dans Ds(M).

3.3.1 Contrôlabilité approchée

Comme on l’a vu en section 2.2, il existe quelques résultats qui assurent la densité de Oe
dans Ds0(M).

Proposition 3.2. Si V est dense dans Γs(TM), alors Oe est dense dans Ds0(M).

Un résultat plus général peut être déduit du résultat de controllabilité d’Agrachev et
Caponigro [AC09] lorsque M est compact.

Proposition 3.3. (Agrachev-Caponigro) Supposons que M soit compact et soient X1, . . . , Xr

des champs de vecteurs de classe C∞ sur M tels que tout couple de points de M peuvent être
joints par une courbe horizontale pour la structure sous-riemannienne sur M induite par les
Xi.

Enfin, supposons que {
r∑
i=1

uiXi | u1, . . . , ur ∈ C∞(M)
}
⊂ V.

Alors Oe contient la composante connexe de e de l’ensemble D∞(M) des difféomorphismes
de M de classe C∞. En particulier, Oe est dense dans Ds0(M).

Le résultat principal de [AC09] est en fait plus fort. Il implique que si M est compact et
si tout couple de points x, y ∈M peuvent être reliés par une courbe horizontale sur M pour
la structure sous-riemannienne induite par les Xi, alors

∃m ∈ N, ∀ϕ ∈ D∞0 (M), ∃u1, . . . , um ∈ C∞(M), i1, . . . , im ∈ {1, . . . , r}

ϕ = ϕu1Xi1 (1) ◦ · · · ◦ ϕumXim (1).

3.3.2 Contrôlabilité exacte

Comme on l’a vu au chapitre 2, il n’est en général pas possible d’obtenir des résultats
de contrôlabilité exacte en géométrie sous-riemannienne. Toutefois, le théorème d’Agrachev
et Caponigro [AC09] est remarquable car il fait exactement cela : sous certaines conditions
naturelles, tout difféomorphisme lisse peut être connecté à e par une courbe horizontale.

Nous allons généraliser ce théorème au cas des difféomorphismes Hs. Mieux encore, nous
allons voir que si V est l’ensemble des champs de vecteurs horizontaux de classe Hs sur
M compact pour une structure sous-Riemannienne lisse sur M qui satisfait les conditions
de non-intégrabilité usuelles, alors la topologie induite par dSR sur Ds(M) cöıncide avec sa
topologie intrinsèque.

SoitM une variété compacte de dimension d, et soit (H, ξ, g) une structure sous-riemannienne
lisse sur M . On suppose que l’algèbre de Lie L engendrée par les champs de vecteurs hori-
zontaux sur M pour cette structure satisfait Lx = TxM pour tout x.
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Soit alors e1, . . . , er des sections C∞ engendrant H entier, et notons X1 = ξe1, . . . , Xr =
ξer. On peut peut alors trouver m ∈ N et des familles I1, . . . , Im, avec Il = {i1l , . . . , i

jl
l }, où

jl ≤ jl+1, telles que pour tout x ∈M ,

TxM = vect(XIl(x))l∈{1,...,m},

où XIl est le crochet de Lie itéré des Xi1
l
, . . . , X

i
jl
l

.

Theorem 3.1. On conserve le cadre décrit ci-dessus, et on suppose que V est l’ensemble des
champs de vecteurs de classe Hs et horizontaux pour la structure (H, ξ, g) sur M , et que 〈·, ·〉
induit une norme de Hilbert équivalente à la norme Hs.

Alors il existe une application φ : Hs(M,Rm) → Ds(M) de classe C1 avec φ(0) = e et
une constante C > 0 telle que

dSR(e, φ(u1, . . . , um)) ≤ C
m∑
i=1
‖ui‖1/j

i

s .

En particulier, Oe = Ds0(M) et la topologie induite sur Ds(M) par dSR cöıncide avec sa
topologie intrinsèque

La preuve, donnée au chapitre 9. Il s’agit d’une variante du cas de la dimension finie.

3.4 Espaces de Hilbert à noyau reproduisant

3.4.1 Définition

Un espace de Hilbert à noyau reproduisant de champs de vecteurs de M [You10] est un
espace de Hilbert (V, 〈·, ·〉), avec V ⊂ Γ(TM) et une inclusion continue de V dans l’espace des
champs de vecteurs continus sur M . On note alors KV : V ∗ → V la réciproque de l’isométrie
V → V ∗ donnée par X 7→ 〈X, ·〉 [BBI01].

Dans un tel cas, pour tout (x, p) ∈ T ∗M , la forme linéaire p⊗ δx définie par

p⊗ δx(Y ) = pY (x), Y ∈ V

est continue sur V , et appartient donc à V ∗. Il existe alors un unique champ de vecteur
X = KV p⊗ δx de V tel que, sur V ,

p⊗ δx = 〈X, ·〉 .

De plus, p 7→ KV p ⊗ δx est linéaire pour tout x. En notant K(y, x)p = KV p ⊗ δx(y), on
obtient une section K de TM ⊗ TM , appelée le noyau reproduisant de V , où

TM ⊗ TM = {(x, y,A) ∈M ×M × TxM ⊗ TyM = L(T ∗yM,TxM)}.

On a noté L(A,B) l’espace des applications linéaires continues entre deux espaces de Banach
A et B. De plus, y 7→ K(y, x)p appartienne à V et

p(Y (x)) = 〈K(·, x)p, Y 〉 , (x, p) ∈ T ∗M, Y ∈ V.

Remark 3.5. Comme K(x, y) ∈ TxM ⊗ TyM , on peut également considérer que K(x, y)
appartient à L(T ∗xM,TyM) plutôt que L(T ∗yM,TxM). On appelle cette application la trans-
posée de K(x, y), et on la note K(x, y)T . Elle vérifie, pour tout p1 dans T ∗xM et p2 dans
T ∗yM ,

p1K(x, y)p2︸ ︷︷ ︸
∈TxM

= p2K(x, y)T p1︸ ︷︷ ︸
∈TyM

.
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Alors on voit facilement que K(x, y)T = K(y, x). En effet,

p1K(x, y)p2 = 〈K(·, x)p1,K(·, y)p2〉 = p2K(y, x)p1.

On dit que K est une section symétrique de TM ⊗ TM .

De plus, si V s’injecte continuement dans Γs(TM), on vérifie facilement (voir section
10.1.1) que pour tout co-courant P d’ordre s, l’élément KV P ∈ V tel que P =

〈
KV P, ·

〉
est

donné par la convolution

KV P (x) =
∫
M
K(x, y)P (y)︸ ︷︷ ︸
∈TxM

dy, x ∈M.

En particulier, pour tous co-courants P, P ′ de classe H−s,〈
KV P,KV P ′

〉
= P (KV P ′) = P ′(KV P ) =

∫ ∫
M×M

P (x)K(x, y)P ′(y)dydx.

En conséquence, K est au moins de classe Hs.

Remark 3.6. On en déduit que pour toute 1-forme lisse à support compact P sur M , on a∫ ∫
M×M

P (x)K(x, y)P (y)dydx ≥ 0,

avec égalité si et seulement si le champ de vecteurs KV P donné par

KV P (x) =
∫
M
K(x, y)P (y)dy,

est nul pour tout x dans M . On dit que K est une section définie positive.

L’espace V est entièrement déterminé par son noyau reproduisant.

3.4.2 Construction d’espaces à noyau reproduisant

Réciproquement, soitK une section symétrique définie positive de TM⊗TM de classeH2s

pour s un entier plus grand que d/2 + 1. Alors il existe un unique espace de Hilbert (V, 〈·, ·〉)
de champs de vecteurs de classe Hs admettant K comme noyau reproduisant [You10, Aro50].

En effet, V est donné par la complétion de l’espace préhilbertien (V0, 〈·, ·〉), où V0 est
l’ensemble des champs de vecteurs de la forme

KV P (·) =
∫
M
K(·, y)P (y)dy,

où P est une 1-forme lisse à support compact, et〈
KV P,KV P ′

〉
=
∫ ∫
M×M

P (x)K(x, y)P ′(y)dydx.

Cette construction permet de définir directement un noyau K, et de travailler uniquement
avec celui-ci sans jamais expliciter V .

C’est une méthode très utilisée en analyse des déformations. Un tel noyau permet en effet
de résoudre facilement et explicitement les problèmes d’interpolation de splines sur V (voir
[TY05] par exemple). 1

1. On rappelle qu’un problème d’interpolation de splines sur V est celui de trouver, pour
(x1, v1), . . . , (xn, vn) dans TM fixés, le champ de vecteurs X de norme minimale dans V tel que pour tout i
dans {1, . . . , n}, X(xi) = vi.



3.5. HAMILTONIEN, GÉODÉSIQUES NORMALES ET ANORMALES 55

3.5 Hamiltonien, géodésiques normales et anormales

On reprend les notations de la section 3.2, et note k le plus grand entier tel que V ait une
inclusion continue dans Γs+k(TM). On supposera que k ≥ 1.

3.5.1 Hamiltoniens

Les hamiltoniens Hλ : T ∗Ds(M)× V → R, λ ∈ {0, 1}, de notre système sont donnés par

Hλ(ϕ, P,X) = P (X ◦ ϕ)− λ

2 〈X,X〉 = dR∗ϕP (X)− λ

2 〈X,X〉 .

Les Hλ sont de classe Ck. On peut trouver les géodésiques normales et les courbes singulières
en appliquant la proposition 2.4. On rappelle que, dans notre cas, ΩHϕ0 est une variété lisse
que l’on peut identifier à l’espace de contrôles L2(0, 1;V ) par X 7→ ϕX ◦ϕ0, et que E désigne
l’application point final.

Proposition 3.4. Soit ϕ : [0, 1] → Ds(M) une courbe horizontale de contrôle associé X ∈
L2(0, 1;V ). Supposons qu’il existe (P, λ) 6= (0, 0), où (ϕ, P ) : [0, 1]→ T ∗Ds(M) est de classe
H1 et λ =0 ou 1 tel que {

0 = ∂XH
λ(ϕ(t), P (t), X(t)),

(ϕ̇(t), Ṗ (t)) = ∇ωHλ(ϕ(t), P (t), X(t)),
(3.1)

– Si λ = 0, alors, pour tous t ∈ [0, 1], P (t) 6= 0 et V ◦ϕ ⊂ kerP (t). L’image de dE(q,u) est
incluse dans un sous-espace fermé strict de Tϕ(1)Ds(M) : ϕ est une courbe singulière.

– Si λ = 1, (ϕ,X) est un point critique de A à extrémités fixées : ϕ est une géodésique
normale.

Étudions plus en détails les conséquences de ces équations. Dans un système de coor-
données canoniques, on a

∂PH
λ(ϕ, P )(x) = X(ϕ(x)), x ∈M,

et
−∂ϕHλ(ϕ, P,X)(x) = −∂ϕ(X(ϕ(x))∗P (x) = −P (x)dX(ϕ(x)), x ∈M.

Remark 3.7. Cette dernière équation est un abus de notation : elle signifie que pour tout
δϕ dans TϕDs(M),

−∂ϕHλ(ϕ, P,X)δϕ = −
∫
M
P (x)dX(ϕ(x))δϕ(x)︸ ︷︷ ︸

∈Tϕ(x)M

dx.

En conséquence, dans la proposition 3.4, le support de t 7→ P (t) reste constant.

3.5.2 Hamiltonien réduit

Dans le cas λ = 1,
∂XH

1(ϕ, P,X) = 0

si et seulement si
X = X(ϕ, P ) = KV dR∗ϕP.

Cela permet de calculer le hamiltonien normal

h(ϕ, P ) = H1(ϕ, P,X(ϕ, P )) = 1
2P (KV dR∗ϕP ) ◦ ϕ.
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On définira, pour plus de simplicité, l’opérateur KV
ϕ : T ∗ϕDs(M) → TϕDs(M) par KV

ϕ =
dRϕK

V dR∗ϕ, de sorte que

h(ϕ, P ) = 1
2PK

V
ϕ P.

Remark 3.8. Grâce au noyau, on peut écrire

X(ϕ, P )(x) =
∫
M
K(x, ϕ(y))P (y)dy, x ∈M,

et
h(ϕ, P ) = 1

2

∫ ∫
M×M

P (x)K(ϕ(x), ϕ(y))P (y)dydx.

3.5.3 Équation hamiltonienne des géodésiques

Rappelons qu’on a supposé que V a une inclusion continue dans Γs+k(TM), k ∈ N∗. Dans
ce cas, les Hλ et h sont de classe Ck. De plus, h possède un champ de gradients symplectiques
de classe Ck−1.

Ce champ de gradient est donné dans un système de coordonnées canoniques par

∇ωh(ϕ, P ) = (∂PH(ϕ, P,X),−∂ϕH(ϕ, P,X) = (X ◦ ϕ,−PdX ◦ ϕ),

où X = KV dR∗ϕP.

Le gradient symplectique est facile à calculer si on connâıt le noyau reproduisant K de
V . En effet, dans un système de coordonnées canoniques, et en utilisant la symétrie de K, on
obtient pour tout x dans M ,

∂Ph(ϕ, P )(x) = KV dR∗ϕP =
∫
M
K(ϕ(x), ϕ(y))P (y)dy

et
−∂ϕh(ϕ, P )(x) = −P (x)

∫
M
∂1K(ϕ(x), ϕ(y))P (y)dy,

où ∂1K(ϕ(x), ϕ(y)) désigne la dérivée de K au point (ϕ(x), ϕ(y)) par rapport à la première
variable.

Remark 3.9. Cette équation est aussi un abus de notation : elle signifie que pour tout δϕ
dans TϕDs(M),

−∂ϕh(ϕ, P )δϕ = −
∫ ∫
M×M

P (x)
(
∂1K(ϕ(x), ϕ(y))δϕ(x)

)
P (y)dydx.

On peut maintenant appliquer le théorème 2.1. Comme la structure sous-riemannienne
considérée est forte, on peut prendre τ∗M = T ∗M .

Théorème 3.2. Équation hamiltonienne des géodésiques pour des structures in-
variantes à droite.

Supposons que (V, 〈·, ·〉) possède une inclusion continue dans Γs+k(TM), avec k un entier
supérieur où égal à 2. Soit (ϕ0, P0) ∈ T ∗Ds(M), tel que dRϕ(V ) ne soit pas inclus dans
kerP0. Il existe une unique courbe maximale (ϕ, P ) : I 3 0→ T ∗Ds(M) de classe H1

loc, avec
I un intervalle, telle que (ϕ(0), P (0)) = (ϕ0, P0) et pour presque tout t dans I,

(ϕ̇(t), Ṗ (t)) = ∇ωh(ϕ(t), P (t)).
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Dans un système de coordonnées canoniques, cette équation s’écrit, pour tout (t, x) dans
I ×M , 

∂tϕ(t, x) =
∫
M
K(ϕ(t, x), ϕ(t, y))P (t, y)dy

∂tP (t, x) = −P (t, x)
∫
M
∂1K(ϕ(t, x), ϕ(t, y))P (t, y)dy.

(3.2)

Alors ϕ est une géodésique normale, et donc cette courbe est un point critique de l’action
à extrémités fixées pour la structure sous-riemannienne invariante à droite induite par V sur
Ds(M).

De plus, si k ≥ 3, ϕ est une géodésique pour cette structure, c’est-à-dire qu’elle minimise
la longueur entre ϕ(t0) en ϕ(t1) pour t0 et t1 assez proches l’un de l’autre.

Enfin, t 7→
〈
KV
ϕ(t)P (t),KV

ϕ(t)P (t)
〉

est constante.

Remark 3.10. Une conséquence particulièrement intéressante de la formule (3.2) est que le
support de P (t) ne dépend pas de t : le flot géodésique hamiltonien conserve le support de la
variable duale.

De même, si on a P0 ∈ Γs′(T ∗M), avec s′ ∈ {−s, . . . , s}, alors P (t) ∈ Γs′(T ∗M) pour
tout t. De même, si P0 est une 1-forme à coefficients dans les mesures de Radon, P (t) en
est également une pour tout t. Autrement dit, le flot géodésique hamiltonien conserve la
régularité de la variable duale.

3.5.4 Forme réduite des équations hamiltoniennes sur un groupe de Lie

Les résultats décrits dans cette section sont prouvés dans [MR99]. Soit G un groupe de Lie
de dimension finie, d’élément neutre e, et d’algèbre de Lie des champs de vecteurs invariants à
droite (g, [·, ·]). On définit l’application moment µ : T ∗G 7→ g∗ par µ(g, p) = dR∗gp, où Rg est
la multiplication à droite par g. Considérons un hamiltonien lisse sur h : T ∗G→ R invariant
à droite, c’est-à-dire tel que

h(g, p) = h(e, µ(g, p)) =: he(µ(g, p)).

La fonction he : g∗ → R est la restriction de h à g∗ ' T ∗eG. Soit une courbe intégrale
t 7→ (q(t), p(t)) de ∇ωh, et notons µ(t) = µ(g(t), p(t)). Alors µ(t) satisfait

µ̇(t) = −ad∗dhe(µ(t))µ(t). (3.3)

Ici, pour v dans g, adv : g→ g est l’application adv(w) = [v, w], et

dhe(ν) ∈ g∗∗ = g, ν ∈ g∗.

L’équation différentielle 3.3 est appelée équation hamiltonienne réduite, ou équation des mo-
ments.

Réciproquement, soit g0 ∈ G un point fixé, et t 7→ µ(t) une courbe absolument continue
sur g∗ satisfaisant (3.3). Définissons alors une courbe t 7→ (g(t), p(t)) sur T ∗G de classe H1

loc

par
g(0) = g0, ġ(t) = dRg(t)dhe(µ(t)), p(t) = dR∗g(t)−1µ(t), p.p. t.

Dans ce cas, cette courbe est une courbe intégrale de ∇ωh, la seule telle que g(0) = g0 et
µ(t) = µ(g(t), p(t)) pour tout t.
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3.5.5 Équation des moments sur Ds(M)

Les mêmes résultats s’appliquent dans le cas du hamiltonien normal d’une structure sous-
rieman-nienne invariante à droite sur Ds(M). Toutefois, comme Ds(M) n’est pas un groupe de
Lie, l’équation des moment perd de sa régularité. On suppose que la structure est induite par
un espace de Hilbert de champs de vecteurs surM avec inclusion continue dans Γs+1(TM). On
définit sur T ∗Ds(M) l’application moment µ(ϕ, P ) = dR∗ϕP . Cette application est continue,
mais pas forcément différentiable.

Soit alors t 7→ (ϕ(t), P (t)) satisfaisant l’équation des géodésiques, et définissons µ(t) =
µ(ϕ(t), P (t)). On note également X(t) = KV dR∗ϕ(t)P (t) = ϕ̇(t) ◦ ϕ(t)−1. Soit enfin Y dans
Γs+1(TM). Alors on a

d

dt
(µ(t)Y ) = Ṗ (t)(Y ◦ ϕ(t)) + P (t)(dY ◦ ϕ(t)(ϕ̇(t)))

= −P (t)(dX(t) ◦ ϕ(t)(Y (t) ◦ ϕ(t)) + P (t)(dY ◦ ϕ(t)(X(t) ◦ ϕ(t)))
= P (t)([X(t), Y (t)] ◦ ϕ(t))
= µ(t)([X(t), Y (t)]).

Or, le crochet de Lie des champs de vecteurs s’identifie à l’opposé des crochets de Lie induits
sur Γs+1(TM) par la structure de groupe Ds(M) (voir par exemple [Omo74] ou [KM97]). On
obtient donc

µ̇(t) = −ad∗X(t)µ(t).

Enfin, h(e, ν) = 1
2νK

V ν pour tout ν ∈ Γ−s(T ∗M), donc

∂ph(e, µ(t)) = KV µ(t) = KV dR∗ϕ(t)P (t) = X(t).

Finalement, on a bien l’équation des moments

µ̇(t) = −ad∗KV µ(t)µ(t).

Remarquons que µ̇(t) n’est définie que sur Γs+1(TM), et n’appartient donc pas forcément
à Γ−s(T ∗M) = T ∗eDs(M) : il y a une perte de régularité. En conséquence, pour s’assurer
que l’équation des moments a une solution, il faut passer par la transformation inverse qui
envoit t 7→ µ(t) sur une courbe t 7→ (ϕ(t), P (t)) qui satisfait alors l’équation hamiltonienne
des géodésiques décrites dans le théorème 3.2.

3.6 Quelques exemples

Dans cette section, on donne quelques exemples d’espaces de champs de vecteurs à noyaux
reproduisants sur M = Rd, ainsi que les équations géodésiques correspondantes sur Ds(Rd),
s > d/2 + 1. Un élément de (Rd)∗ est identifié à une matrice ligne. Tout x ∈ Rd est identifié à
une matrice colonne de transposée xT . On note |x| =

√
xTx la norme euclidienne canonique

de x.

3.6.1 Noyau diagonal

On considère une fonction γ telle que γ ∈ C∞(R) ∩Hr(R) pour tout entier r. On définit
le noyau K : Rd × Rd → L((Rd)∗,Rd) par

K(x, y)p = γ(|x− y|2)pT , x, y ∈ Rd, p ∈ (Rd)∗.
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On suppose que K est un noyau symétrique défini positif, c’est-à-dire que pour tout P ∈
C1(Rd, (Rd)∗) à support compact,∫ ∫

Rd×Rd

P (x)K(x, y)P (y)dydx =
∫ ∫
Rd×Rd

γ(|x− y|2)P (x)P (y)Tdydx ≥ 0,

avec égalité si et seulement si

∀x ∈ Rd,
∫
Rd
K(x, y)P (y)dy =

∫
Rd
γ(|x− y|2)P (y)Tdy = 0.

Dans ce cas, K est le noyau reproduisant d’un unique espace de Hilbert de champs de vecteurs
(V, 〈·, ·〉) sur Rd, avec inclusion continue dans tous les Hr(Rd,Rd), r ≥ 0. Par exemple,
γ(t) = exp(−t) convient.

Soit s > d/2+1 un entier. On équipe Ds(Rd) de la structure sous-riemannienne invariante
à droite associée. Cette structure est forte, et de classe C∞.

L’équation des géodésiques est alors donnée par

∂tϕ(t, x) =
∫
Rd
γ(|ϕ(t, x)− ϕ(t, y)|2)P (t, y)Tdy,

∂tP (t, x) = −2P (t, x)
∫
Rd
γ′(|ϕ(x)− ϕ(t, y)|2)︸ ︷︷ ︸

∈R

P (t, y)T (ϕ(t, x)− ϕ(t, y))T︸ ︷︷ ︸
∈Md,d(R)

dy,

pour tout x et t.
Par exemple, prenons P (0) = p(0)⊗ δx0 , p(0) ∈ (Rd)∗ et x0 ∈ Rd fixés. On sait que le flot

géodésique préserve le support et l’ordre de régularité, donc P (t) est forcément de la forme
p(t)⊗ δx0 pour tout t. On obtient ṗ(0) = 0 et donc, pour tout x et tout t,

∂tϕ(t, x) = γ(|ϕ(t, x)− ϕ(t, x0)|2)p(0).

3.6.2 Noyau adapté à une structure sous-riemannienne sur Rd

On considère γ : R+ → R comme précédemment. Soient X1, . . . , Xk des champs de
vecteurs lisses et bornés à tout ordre. On définit le noyau K : Rd × Rd → L((Rd)∗,Rd) par

K(x, y)p =
k∑
i=1

γ(|x− y|2)pXi(y)Xi(x).

Supposons qu’il s’agisse d’un noyau symétrique défini positif. C’est le cas si γ(t) = exp(−t)
(voir section 9.1.5 pour une preuve). L’équation hamiltonienne des géodésiques est alors
donnée pour tous x et t par

∂tϕ(t, x) =
k∑
i=1

(∫
Rd
γ(|ϕ(t, x)− ϕ(t, y)|2)P (t, y)Xi(ϕ(t, y))dy

)
Xi(ϕ(t, x)),

∂tP (t, x) = −2P (t, x)
k∑
i=1

∫
Rd
γ′(|ϕ(t, x)− ϕ(t, y)|2)P (t, y)Xi(ϕ(t, y))(ϕ(t, x)− ϕ(t, y))TXi(ϕ(t, x))dy

− P (t, x)
k∑
i=1

(∫
Rd
γ(|ϕ(t, x)− ϕ(t, y)|2)P (t, y)Xi(ϕ(t, y)dy

)
dXi(ϕ(t, x)).

Dans le cas où P (0) = p(0)⊗ δx0, on obtient pour tous x et t

∂tϕ(t, x) =
k∑
i=1

γ(|ϕ(t, x)− ϕ(t, x0)|2)p(t)Xi(ϕ(t, x0))Xi(ϕ(t, x)),

ṗ(t) = −p(t)
k∑
i=1

γ(0)p(t)Xi(ϕ(t, x0))dXi(t, x0).
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Remark 3.11. On voit que si (ϕ, P ) satisfait une telle équation des géodésiques, alors chaque
courbe t 7→ ϕ(t, x) est horizontale sur Rd pour la structure sous-riemannienne induite par les
champs de vecteurs Xi. Si de plus P (0) = p0 ⊗ δx0 , en supposant que γ(0) = 1, la courbe
t 7→ (ϕ(t, x0), p0) vérifie l’équation hamiltonienne des géodésiques pour cette structure.

Exemple 3.2. Plaçons-nous dans le cas du plan de Grushin. On a d = 2, X1 = ∂
∂x et

X2 = ∂
∂y . On prend γ tel que γ(0) = 1. Pour

P (0) = p(0)⊗ δ(x0,y0) = (p1(0), p2(0))⊗ δ(x0,y0),

on notera
P (t) = p(t)⊗ δ(x0,y0) = (p1(t), p2(t))⊗ δ(x0,y0).

Posons alors (x0(t), y0(t)) = ϕ(t, (x0, y0)). On obtient
ẋ0(t) = p1(t),
ẏ0(t) = p2(t)x0(t),
ṗ1(t) = −x0(t)p2

2(t),
ṗ2(t) = 0,

d’où p2(t) = p2(0) = p2, et 
x0(t) = x0 + p1

p2
sin(p2t),

y0(t) = y0 −
p1
p2

(cos(p2t)− 1),

p1(t) = p1 cos(p2t).

Finalement, pour toute courbe (x(t), y(t)) = ϕ(t, (x, y)), on a
ẋ(t) = γ

((
x(t)− x0 −

p1
p2

sin(p2t)
)2

+
(
y(t)− y0 + p1

p2
(cos(p2t)− 1)

)2
)
p1 cos(p2t),

ẏ(t) = γ

((
x(t)− x0 + p1

p2
sin(p2t)

)2
+
(
y(t)− y0 −

p1
p2

(cos(p2t)− 1)
)2
)(

x0 + p1
p2

sin(p2t)
)
p2.



Chapitre 4

Espaces de formes et analyse des
déformations

Ce chapitre est un résumé de la deuxième partie de l’article [AT], reproduit en section
9.2.

La littérature ne donne pas de sens précis au terme d’espace de formes plongées dans une
variété M . De nombreux exemples d’espaces de formes ont été donnés [You10, TY05], tel
que l’espace des courbes fermées continues sur M [MM07], ou encore l’ensemble Emb1(S,M)
des plongements d’une variété compacte S dans M [BHM11, BHM12], sur lesquels les difféo-
morphismes agissent par composition à gauche. Toutefois, ces définitions nous privent de
possibilités plus générales, telle que des variétés munies de fibres pour modéliser du tissu
musculaire.

Il ressort cependant des exemples qu’un espace de formes dans une variété lisse à géométrie
bornée M est, moralement, une variété de Banach S sur lequel le groupe difféomorphismes
de M a une action compatible avec sa structure de groupe.

Une notion générale et abstraite d’espace de formes n’a jamais été définie. Un des buts
de cette thèse est de donner un cadre rigoureux et général à cette notion. Dans cette section,
on commencera en donnant la définition d’un espace de formes S dans M englobant tous les
exemples connus, comme un espace muni sur lequel Ds(M) agit d’une manière particulière,
compatible avec sa structure de groupe de Lie LIH [Omo74].

On continuera sur l’étude de la structure sous-riemannienne sur S induite par une struc-
ture sous-riemannienne forte invariante à droite sur Ds(M) et par son action sur S. On
montrera ensuite des résultats de complétude pour la distance, et que deux points à distance
finie peuvent être reliés par une géodésique minimisante. On donnera alors, comme dans les
cas précédents, des conditions pour qu’une courbe horizontale soit une géodésique normale
ou une courbe singulière, puis on donnera l’équation hamiltonienne des géodésiques.

Dans toute la suite, on fixe M une variété lisse de dimension d à géométrie bornée. On
notera également s0 le plus petit entier strictement plus grand que d/2.

4.1 Définition d’un espace de formes

Un espace de formes S dans M est une variété lisse modelée sur un espace de Banach
sur lequel un groupe de difféomorphismes Ds(M) a une action continue et compatible avec
la structure de groupe décrite dans la proposition 3.1.

Définition 4.1. Soit S une variété de Banach métrisable modelée sur un espace de Banach
B, muni d’une distance compatible D. On suppose que Ds(M), où s = s0 + ` et ` ∈ N∗, agit
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continûment sur S via l’action

(ϕ, q) 7→ ϕ · q, (ϕ, q) ∈ Ds(M)× S.

Alors S est un espace de formes d’ordre ` si les trois conditions suivantes sont satis-
faites :

1. L’action est semi-lipschitzienne : pour tout q ∈ S fixé, il existe γ > 0 tel que

∀ϕ1, ϕ2 ∈ Ds(M), D(ϕ1 · q, ϕ2 · q) ≤ γdHs
e (M,M)(ϕ1, ϕ2). (4.1)

2. Pour tout q dans S fixé, l’application Rq : ϕ 7→ ϕ · q est de classe C∞. Sa différentielle
en e est notée ξq : Γs(TM)→ TqS, et est appelée l’action infinitésimale de Γs(TM)
en q.

3. Pour tout k dans N, les applications

R : S × Ds+k(M) −→ S, ξ : S × Γs+k(TM) −→ TS,
(q, ϕ) 7−→ ϕ · q (q,X) 7−→ ξq(X) (4.2)

sont de classe Ck.
En particulier, l’action de Ds(M) sur lui-même par composition en fait un espace de formes
d’ordre `.

Les éléments de S sont généralement appelés des états.

Définition 4.2. Un état q d’un espace de formes d’ordre ` est dit à support compact s’il
existe un sous-ensemble compact U de M tel que (4.1) dans la condition 1 de la définition
4.1 puisse être remplacée par

∀ϕ1, ϕ2 ∈ Ds(M), D(ϕ1 · q, ϕ2 · q) ≤ γdHs
e (U,M)(ϕ1, ϕ2).

Exemple 4.1. Soit S est une variété compacte. Alors l’ensemble S = Emb1(S,M) des
plongements C1 de S dans M est un espace de formes d’ordre 1 dont tous les états sont à
support compact pour la composition à gauche par des éléments de Ds(M).

Un cas particulier, le plus étudié dans les applications [You10] puisqu’étant de dimension
finie, est celui où S est de dimension 0. Alors S = {s1, . . . , sn} est un ensemble fini, et
S = C1(S,M) est difféomorphe à l’espace de formes Lmkn(M) des n landmarks sur M

Lmkn(M) = {(x1, . . . , xn) ∈Mn | i 6= j ⇒ xi 6= xj},

sur lequel un difféomorphisme ϕ agit diagonalement :

ϕ · (x1, . . . , xn) = (ϕ(x1), . . . , ϕ(xn)) ∈ Lmkn(M).

Dans ces exemples, l’action infinitésimale ξqX de X ∈ Γs(TM) est le champ de vecteurs le
long de q donné par la composition à gauche X ◦ q : S → TM .

Remark 4.1. Soit t 7→ X(t) ∈ Γs(TM) un champ de vecteurs dépendant du temps, et
q0 ∈ S. Pour t 7→ ϕX(t) le flot de X, on définit la courbe q : t 7→ q(t) = ϕX(t) · q0. Alors on a

q̇(t) = ξq(t)X(t) p.p. t.

Réciproquement, si t 7→ q(t) ∈ S est une courbe telle qu’il existe t 7→ X(t) ∈ Γs+1(TM) avec
q̇(t) = ξq(t)X(t) presque partout, alors q(t) = ϕX(t) · q(0).
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4.2 Structures sous-riemanniennes induites

Soit S un espace de formes d’ordre ` dans M , s = s0 + ` comme défini dans la section 4.1
précédente.

4.2.1 Définition de la structure induite

Soit (V, 〈·, ·〉) un espace de Hilbert à noyau reproduisant de champs de vecteurs sur M avec
inclusion continue dans Γs+1(TM). Alors (S×V, ξ, 〈·, ·〉) est une structure sous-riemannienne
forte sur S : c’est la structure sous-riemannienne induite par V sur S. On en déduit une
notion de courbe horizontale q, d’actions A(q,X) et AS(q), de longueurs L(q,X) et LS(q),
et de distance sous-riemannienne dS . Une courbe q : I 3 0 → S est horizontale pour cette
structure si et seulement si il existe un contrôle X : I → V tel que q̇(t) = ξq(t)X(t) presque
partout. En notant ϕX le flot de X, on obtient q(t) = ϕX(t) · q(0).

On appellera parfois une telle courbe horizontale une déformation de l’état initial q(0).
Comme ϕX est horizontale sur Ds(M) pour la structure invariante à droite engendrée par
V , on en déduit qu’une courbe t 3 I 7→ q(t) est horizontale si et seulement si il existe q0 ∈ S
fixé et une courbe de difféomorphismes horizontaux telle que

q(t) = ϕ(t) · q0, p.p. t.

De plus,
A(q,X) = A(ϕ,X) =

∫
I
〈X(t), X(t)〉 dt.

Une telle courbe ϕ est appelée un relevé horizontal à Ds(M) de la trajectoire q.

4.2.2 Action d’une trajectoire et relèvement minimal

Une même trajectoire q peut correspondre à de nombreux systèmes (q,X), et donc ad-
mettre plusieurs relèvements horizontaux (ϕ,X). Rappelons que l’action d’une courbe hori-
zontale q (indépendemment de tout contrôle associé), est donnée par

AS(q) = inf
X∈L2(0,1;V ), q̇=ξqX

A(q,X).

On en déduit que pour tout relevé horizontal ϕ de q associé au contrôle X,

AS(q) ≤ A(ϕ,X) = AD
s(M)(ϕ).

Il convient alors de se demander s’il existe, pour une trajectoire q fixée, un relèvement
minimal, c’est-à-dire un relèvement d’action minimale. Pour cela, notons ∆ = ξ(S×V ). Alors
ξq munit son image ∆q = ξq(V ) d’un produit de Hilbert 〈·, ·〉q défini par la formule

〈w,w〉q = inf
X∈V, w=ξqX

〈X,X〉 .

De plus, si ξqX = w, on a une décomposition unique X = X0 + X1, avec ξqX0 = 0 et
X1 ∈ (ker ξq)⊥. On a alors

〈w,w〉q = 〈X1, X1〉 ,

et on en déduit que la restriction de ξq à (ker ξq)⊥ est une isométrie sur son image ∆q (voir
sections 9.2.2 et 10.1.2 pour plus de détails).

On notera ξ−1
q : ∆q → (ker ξq)⊥ l’inverse de cette image. Il s’agit en fait du pseudoinverse

de ξq, non de son inverse, mais on s’autorisera cet abus de notation. Le produit Hilbertien
sur ∆q permet de définir calculer l’action AS(q) d’une courbe horizontale q : I → S. On a en
effet

AS(q) = 1
2

∫
I
〈q̇(t), q̇(t)〉q(t) dt.
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Proposition 4.1. Soit q : [0, 1] → S une courbe horizontale sur S. Alors q a un unique
relèvement minimal t 7→ ϕ̄(t) tel que ϕ̄(0) = e, qui vérifie

AD
s(M)(ϕ̄) = AS(q).

De plus, le contrôle associé X̄(t) = ˙̄ϕ · ϕ−1 appartient à (ker ξq(t))⊥ pour presque tout t, ce
qui équivaut à dire que

X̄(t) = ξ−1
q(t)q̇(t) p.p. t ∈ [0, 1].

Voir section 9.2.2 pour plus de détails.

En d’autres termes, la déformation d’un état q se relève à une unique déformation ϕ mi-
nimale de l’espace M tout entier. En utilisant cette propriété, on peut montrer la complétude
de la métrique sous-riemannienne dS dans le cas d’états à supports compacts.

Théorème 4.1. Soient q0 dans S à support compact, et Oq0 l’orbite de q0, c’est-à-dire
l’ensemble des états à distance finie de q0. Alors, pour tous q, q′ ∈ S, il existe une géodésique
minimisante reliant q à q′. De plus, (Oq0 , d

S) est un ensemble métrique complet.

Voir section 9.2.2 pour la preuve.

4.2.3 Point de vue dual

Trouver le relèvement minimal d’une courbe horizontale donnée est difficile, car l’opérateur
inverse ξ−1

q est très difficile à calculer en pratique. Il plus simple de construire directement
un champ de vecteurs dans (ker ξq)⊥, qui est automatiquement le relèvement minimal de la
courbe horizontale correspondante par la proposition 4.1. On travaille pour cela sur l’espace
cotangent T ∗S.

Lemme 4.1. Soit (q, p) ∈ T ∗S. Alors KV ξ∗p appartient à (ker ξq)⊥, et〈
KV ξqp,K

V ξqp
〉

= pξqK
V ξ∗qp.

On notera Kq = ξqK
V ξ∗q : T ∗q S → TqS.

C’est un opérateur symétrique (i.e., p1Kqp2 = p2Kqp1), semi-défini positif (i.e., pKqp ≥
0). L’opéra-teur Kq définit un morphisme de fibrés vectoriel T ∗S → TS de classe Ck, où k est
le plus grand entier tel que V ait une inclusion continue dans Γs+k(TM). Voir les sections
9.2.2 et 10.1.2 pour plus de détails.

Remark 4.2. Il peut donc être utile, lors de la recherche de géodésiques, de considérer
simplement des contrôles de la forme X(t) = KV ξ∗q(t)p(t). On n’obtient pas toutes les courbes
horizontales de cette façon (sauf si ∆q est fermé dans TqM), mais les courbes q obtenues
satisfont alors

AS(q) = 1
2

∫
p(t)Kq(t)p(t)dt.

De plus, le relèvement minimal de q est le flot de X. On verra en particulier dans la section
suivante que toutes les géodésiques normales sont de cette forme.

4.3 Équation hamiltonienne des géodésiques sur un espace de
formes

On se place dans le cadre suivant : on prend S un espace de formes d’ordre ` dans M ,
on pose s = s0 + `, et on considère un espace (V, 〈·, ·〉) de Hilbert à noyau reproduisant de
champs de vecteurs sur M avec injection continue dans Γs+k(TM), k ∈ N∗. On considère la
structure sous-riemannienne induite par V sur S.
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4.3.1 Hamiltoniens du système

Les hamiltoniens Hλ
S : T ∗S × V → R, λ ∈ {0, 1}, du système sont donnés par

Hλ
S(q, p,X) = pξqX −

λ

2 〈X,X〉 .

les Hλ
S sont de classe Ck. On peut donc appliquer la proposition 2.4.

Proposition 4.2. Soit q : [0, 1] → Ds(M) une courbe horizontale, de contrôle associé X ∈
L2(0, 1;V ). Supposons qu’il existe (p, λ) 6= (0, 0), où p : [0, 1]→ T ∗S est de classe H1 et λ =0
ou 1 tels que 0 = ∂XH

λ(q(t), p(t), X(t)) = ξ∗q(t)p(t)− λ 〈X(t), ·〉 ,

(q̇(t), ṗ(t)) = ∇ωHλ(q(t), p(t), X(t)) = (ξq(t)X(t),−∂q(ξq(t)X(t))∗p(t).
(4.3)

– Si λ = 0, alors, pour tout t ∈ [0, 1], p(t) 6= 0, et ∆q(t) ⊂ ker p(t) : q est une courbe
singulière.

– Si λ = 1, (q,X) est un point critique de A à extrémités fixées : q est une géodésique
normale.

On a donc ∂XH1(q, p,X) = 0 si et seulement si ξ∗qp = 〈X, ·〉, autrement dit si X = KV ξ∗qp.

Remark 4.3. En particulier, les géodésiques normales sont bien de la forme décrite en
remarque 4.2.

Le hamiltonien normal hS : T ∗M → R vaut alors

h(q, p) = 1
2pξqK

V ξ∗qp = 1
2pKqp.

On en déduit facilement son gradient symplectique, donné dans un système de coordonnées
canoniques par

∇ωh(q, p) = (Kqp,−
1
2∂q(pKqp)).

4.3.2 Équations géodésiques

En appliquant alors le théorème 2.1, et on obtient directement le

Théorème 4.2. Géodésiques normales sur les espaces de formes.
Soit (V, 〈·, ·〉) un espace de Hilbert à noyau reproduisant K de champs de vecteurs sur une
variété M lisse à géométrie bornée. On suppose que V a une inclusion continue dans Γs+k(TM),
avec k un entier supérieur où égal à 2 et s = s0 + `, ` ∈ N∗. Soit S un espace de formes dans
M d’ordre `, et (S × V, ξ, 〈·, ·〉) la structure sous-riemannienne engendrée par V sur S.

Soit (q0, p0) ∈ T ∗S, tel que ∆q0 = ξq0(V ) ne soit pas inclus dans ker p0. Il existe une
unique courbe maximale (q, p) : I 3 0 → T ∗S de classe H1

loc, avec I un intervalle, telle que
(q(0), p(0)) = (q0, p0) et pour presque tout t dans I,

(q̇(t), ṗ(t)) = ∇ωh(q(t), p(t)).

Dans un système de coordonnées canoniques, cette équation s’écrit
q̇(t) = Kq(t)p(t)

ṗ(t) = −1
2∂q(p(t)Kq(t)p(t)).

(4.4)
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Alors q est la trajectoire du système (q,X) = (q,KV ξ∗qp), et ce système est un point critique
de l’action à extrémités fixées. Le relèvement minimal de q est le flot de t 7→ KV ξ∗q(t)p(t). De
plus, si k est au moins égal à 3, q est une géodésique pour cette structure, c’est-à-dire qu’elle
minimise la longueur entre q(t0) et q(t1) pour t0 et t1 assez proches l’un de l’autre.

Enfin,
t 7→

〈
KV ξ∗q(t)p(t),K

V ξ∗q(t)p(t)(t)
〉

= p(t)Kq(t)p(t)

est constante, égale à 2h(q0, p0).

Grâce à l’équation des moments sur Ds(M), on obtient aussi le résultat suivant.

Proposition 4.3. Si t 7→ (q(t), p(t)) satisfait l’équations géodésique sur T ∗S, alors

t 7→ (ϕX(t), ξ∗q(t)p(t)) ∈ T
∗Ds(M),

où X(t) = KV ξ∗q(t)p(t), satisfait l’équations géodésique sur T ∗Ds(M), où ϕ est le relèvement
minimal de q.

Autrement dit, le relevèvement minimal d’une géodésique normale est une géodésique
normale.

4.4 Cas des variétés immergées dans Rd

On prend M = Rd. On peut alors identifier le noyau K d’un espace de Hilbert à noyau
reproduisant de champs de vecteurs sur Rd à une application K : Rd×Rd → L((Rd)∗,Rd). On
considère S une variété lisse compacte et S = C0(S,Rd). S est un espace de formes d’ordre 1
pour l’action donnée par la composition à gauche. On a T ∗S = S × C0(S,Rd)∗, et

C0(S,Rd)∗ =M(S)⊗ (Rd)∗,

où M(S) désigne l’ensemble des mesures de Radon sur S.
En utilisant les propriétés de K, on voit que pour q : S → Rd continue, x ∈ Rd, et

p ∈M(S)⊗ (Rd)∗,
KV ξ∗qp(x) =

∫
S
K(x, q(s))dp(s),

d’où
Kqp(s) =

∫
S
K(q(s), q(s′))dp(s′)

et
pKSq p =

∫ ∫
S×S

dp(s)K(q(s), q(s′))dp(s′)

En utilisant le fait que K(x, y)T = K(y, x) pour tous x, y ∈ Rd, on obtient la forme suivante
pour l’équation normale des géodésiques :

∂tq(t, s) =
∫
S
K(q(t, s), q(t, s′))dp(t, s′)

∂tp(t, s) = −p(t, s)
∫
S
∂1K(q(t, s), q(t, s′))dp(t, s′).

(4.5)

Là encore, le support et la régularité de p sont conservés. Dans le cas d’un espace de landmarks
S ' Lmkn(Rd), avec

Lmkn(Rd) = {(x1, . . . , xn) ∈ (Rd)n | i 6= j ⇒ xi 6= xj},
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on a q(t) = (x1(t), . . . , xn(t)), p(t) = (p1(t), . . . , pn(t)) ∈ T ∗q(t)S = ((Rd)∗)n, et on obtient
ẋi(t) =

n∑
i=1

K(xi(t), xj(t))pj(t), i = 1, . . . , n,

ṗi(t) = −pi(t)
n∑
i=1

∂1K(xi(t), xj(t))pj(t), i = 1, . . . , n.
(4.6)
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Chapitre 5

Structures sous-riemanniennes
relevées sur un espace de formes

Dans cette section, on décrit un autre type de structure sous-riemannienne, appelée struc-
ture relevée. Il s’agit d’une variante de la construction permettant de doter une fibration sur
une variété riemannienne d’une structure sous-riemannienne grâce à une connection d’Ehres-
mann (voir [Mon02], chapitre 11). On peut utiliser de telles structures pour étudier comment
la déformation d’un état q0 appartenant à un certain espace de formes S peut engendrer une
déformation d’un état q̂0 plus ”gros”.

Par exemple, soit Ŝ = S × S ′ un produit d’espaces de formes d’ordre ` dans une variété
à géométrie bornée M . Alors Ŝ est un espace de formes d’ordre ` pour l’action diagonale

ϕ · (q, q′) = (ϕ · q, ϕ · q′), (q, q′) ∈ Ŝ = S × S ′.

Soit maintenant un espace de Hilbert de champs de vecteurs à noyau reproduisant V avec
inclusion continue dans Γs+1(TM), où s > ` + d/2 avec d = dim(M). On munit Ŝ, S et S ′
des structures sous-riemanniennes induites.

Soit q̂0 = (q0, q
′
0) ∈ Ŝ. Considérons une déformation q : [0, 1] → S du premier terme

du couple (q0, q
′
0). Alors q a un unique relèvement minimal ϕ : [0, 1] → Ds(M), de contrôle

X(t) = ξ−1
q(t)q̇(t). Ce relèvement induit à son tour une déformation q̂ : [0, 1] → Ŝ de l’état

total par
q̂(t) = ϕ(t) · q̂0 = (ϕ(t) · q0, ϕ(t) · q′0),

et on a
˙̂q(t) = (q̇(t), ξq′(t) ξ−1

q(t)q̇(t)︸ ︷︷ ︸
∈(ker ξq(t))⊥

).

C’est la seule courbe horizontale partant de q̂0 sur Ŝ dont la projection sur S soit égale à q
et dont l’action AŜ(q̂) soit égale à celle de q : c’est le relèvement minimal de q partant de q̂0
à travers la projection canonique π : S × S ′ → S. La structure relevée sur Ŝ à travers π sera
alors une structure pour laquelle les courbes horizontales seront exactement les relèvements
minimaux de courbes horizontales sur S.

On se placera dans le cadre plus général où on a une submersion équivariante π : Ŝ → S
entre deux espaces de formes. Après avoir étudié quelques propriétés d’une telle application,
on définira la structure sous-riemannienne relevée induite par π sur Ŝ, puis on donnera une
équation hamiltonienne des géodésiques sous certaines hypothèses.

Toutes les preuves sont détaillées dans la troisième partie de [AT], reproduit en section
9.3 avec plusieurs exemples explicites d’équations géodésiques.
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5.1 Applications équivariantes

Soient Ŝ et S deux espaces de formes d’ordre ` ∈ N∗ dans M une variété à géométrie
bornée, et soit s > d/2 + `. On suppose qu’on a une submersion lisse π : Ŝ → S qui est
équivariante sous l’action de Ds(M) :

∀(ϕ, q̂) ∈ Ds(M)× Ŝ, π(ϕ · q̂) = ϕ · π(q̂).

Soit (V, 〈·, ·〉) un espace de Hilbert à noyau reproduisant de champs de vecteurs sur M avec in-
clusion continue dans Γs+k(TM), k ∈ N∗. On équipe S et Ŝ des structures sous-riemanniennes
induites par V .

Définition 5.1. Un relèvement horizontal au travers de π d’une courbe horizontale q :
[0, 1]→ S est une courbe horizontale q̂ : [0, 1]→ Ŝ telle que q = π ◦ q̂.

Si (q,X) : I 3 0→ S × V est un système horizontal tel que q(0) ∈ π(Ŝ), alors pour tout
q̂0 ∈ π−1({q(0)}), ϕX · q̂0 est un relèvement horizontal de q. Réciproquement, une courbe
horizontale est un relèvement de la courbe horizontale π ◦ q̂ : I → S, et on a

AS(π(q̂)) ≤ AŜ(q̂),

car dπq̂ξq̂X = ξπ(q̂)X (voir section 9.3.1).

Lemme 5.1. Soit q̂ ∈ Ŝ et q = π(q̂). Notons (ker dπq̂ ∩ ∆q̂)⊥ l’orthogonal de ker dπq̂ dans
∆q̂ = ξq̂(V ) pour le produit scalaire 〈·, ·〉q̂ induit par ξq̂.

Alors la restriction
dπq : (ker dπq̂ ∩∆q̂)⊥ → ∆q = ξq(V ),

est une isométrie, d’inverse
dπ−1

q̂ = ξq̂ξ
−1
q .

En particulier,
Πq̂ = ξq̂ξ

−1
q dπq̂

est la projection orthogonal de ∆q̂ sur (ker dπq̂ ∩∆q̂)⊥.

Voir section 9.3.1 pour la preuve.

Proposition 5.1. Soit q̂0 ∈ Ŝ, q0 = π(q̂0), et q : I 3 0 → S une courbe horizontale avec
q(0) = q0. Cette courbe admet un unique relèvement horizontal q̂ : I → Ŝ tel que q̂(0) = q̂0 et

AŜ(q̂) = AS(q).

Ce relèvement, appelé relèvement minimal de q partant de q̂0, est déterminé par

˙̂q(t) = ξq̂(t)ξ
−1
q(t)q̇(t), p.p. t ∈ I. (5.1)

Pour l’existence, on voit que t 7→ X(t) = ξ−1
q(t)q̇(t) appartient bien à L2(0, 1;V ), et l’unique

solution de (5.1) est donc donnée par q̂ = ϕX · q̂0. Le reste du résultat est conséquence
immédiate du lemme 5.1.

Exemple 5.1. On prend S = Lmkn(M), Ŝ = TS, et π : TS → S la projection canonique.
Si q = (x1, . . . , xn) ∈ S, alors w ∈ TqS s’écrit

w = (w1, . . . , wn) ∈ Tx1M × · · · × TxnM.
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Alors S et Ŝ sont des espaces de formes d’ordre 1 pour les actions respectives

ϕ · (x1, . . . , xn) = (ϕ(x1), . . . , ϕ(xn)),

et
ϕ · (x1, . . . , xn;w1, . . . , wn) = (ϕ(x1), . . . , ϕ(xn); dϕ(x1)w1, . . . , dϕ(xn)wn),

pour (x1, . . . , xn) ∈Mn et wi ∈ TxiM pour tout i = 1, . . . , n. L’application π est équivariante :
on a bien

ϕ · (x1, . . . , xn) = π(ϕ · (x1, . . . , xn;w1, . . . , wn)).

5.2 Structure sous-riemannienne relevée

La structure sous-riemannienne relevée induite sur Ŝ par (V, 〈·, ·〉) et π est une structure
pour laquelle les courbes horizontales sur Ŝ sont exactement les relèvements minimaux de
courbes horizontales sur S. Elle est définie par (Ŝ × V, ζ, 〈·, ·〉), avec

ζq̂ = Πq̂ξq̂,

où
Πq̂ = ξq̂ξ

−1
πq̂
dπq̂

est la projection orthogonale sur (ker dπq̂∩∆q̂)⊥ comme introduit dans le lemme 5.1. L’action
et la longueur des courbes cöıncident avec celles de la structure sous-riemannienne non relevée.

Remark 5.1. L’application q 7→ ζq n’a aucune raison d’être régulière. Même en dimension
finie, il suffit que le rang de ξπ(q̂) varie pour que ζ ne soit pas continue en q.

Proposition 5.2. Le relèvement minimal d’une géodésique minimisante est une géodésique
minimisante pour la structure sous-riemannienne relevée (voir section 5).

Comme Πq est difficile à calculer directement, on utilise généralement un point de vue
dual pour trouver des relèvements minimaux.

Lemme 5.2. Soient q̂ ∈ Ŝ, q = π(q̂), et u ∈ T ∗q S. Alors

ζq̂K
V ξ∗qu = ξq̂K

V ξ∗qu.

En particulier, un relèvement minimal à Ŝ d’une courbe t 7→ q(t) sur S telle que q̇(t) =
Kq(t)u(t) presque partout satisfait

˙̂q(t) = ξq̂(t)K
V ξ∗q(t)u(t), p.p. t.

Cette courbe est donc horizontale pour la structure relevée.

Voir section 9.3.4 pour la preuve.

Exemple 5.2. On suppose que M = Rd. Soient S = Lmkn(Rd), Ŝ = TS, et π : TS → S.
Soit

q̂0 = (q0, w0) = (x1,0, . . . , xn,0;w1,0, . . . , wn,0) ∈ TS.

En utilisant un point de vue dual pour une courbe horizontales t 7→ q(t) = (x1(t), . . . , xn(t))
partant de q0 sur S, on obtient pour tout temps t des vitesses de la forme

ẋi(t) =
n∑
j=1

K(xi(t), xj(t))uj(t), i ∈ {1, . . . , n}
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et
u(t) = (u1(t), . . . , un(t)) ∈ T ∗q(t)S = T ∗x1M × · · · × T

∗
xnM.

De plus,

KV ξ∗q(t)u(t)(x) =
n∑
j=1

K(x, xj(t))uj(t).

Donc, l’unique relèvement minimal t 7→ q̂(t) = (q(t), w(t)) à Ŝ de la courbe q partant de q̂0
est donné par la solution de l’équation différentielle

ẋi(t) =
n∑
j=1

K(xi(t), xj(t))uj(t)

ẇi(t) =
n∑
j=1

∂1(K(xi(t), xj(t))uj(t))wi.

5.3 Équation hamiltonienne des géodésiques

5.3.1 Hamiltonien et hamiltonien réduit

On va se restreindre à la recherche de géodésiques normales. Considérons le hamiltonien
H1
π : T ∗Ŝ × V → R défini par

H1
π(q̂, p̂, X) = p̂ζq̂X −

1
2 〈X,X〉 .

Alors
0 = ∂XHπ(q̂, p̂, X) = ζ∗q̂ p̂− 〈X, ·〉

équivaut à
X = KV ζ∗q̂ p̂ = KV ξ∗q̂Π∗q̂ p̂.

Le hamiltonien réduit est donné par

hπ(q̂, p̂) = 1
2 p̂ζq̂K

V ζ∗q̂ p̂.

À première vue, ce hamiltonien (et ses dérivées éventuelles) est extrêmement difficile à cal-
culer. Dans [AT], on lui a donné une forme un peu plus simple sous certaines conditions, qui
nous a permis de prouver la version suivante de l’équation hamiltonienne des géodésiques.
Elle s’appuie sur le lemme 5.2.

Proposition 5.3. Supposons que ζ soit lisse, et que l’équation linéaire en u ∈ T ∗π(q̂)S sui-
vante :

Kπ(q̂)u = ξπ(q̂)K
V ξ∗q̂ p̂,

ait au moins une solution u pour tout (q̂, p̂) ∈ T ∗Ŝ. Alors, pour un tel u,

hπ(q̂, p̂) = 1
2uKπ(q̂)u.

Soit maintenant
(q̂, p̂, u) ∈ H1 ×H1 × L2(0, 1;T ∗Ŝ ⊕

Ŝ
π∗T ∗S)
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tel que, pour presque tout t,

Kπ(q̂(t))u(t) = ξπ(q̂(t))K
V ξ∗q̂(t)p̂(t)

˙̂q(t) = ξq̂(t)KV ξ∗π(q̂(t))u(t),

˙̂p(t) = −(p̂(t)− 1
2dπ

∗
q̂(t)u(t))(∂q̂Kq̂(t)dπ

∗
q̂(t))u(t)

− (p̂(t)− dπ∗pq̂(t)u(t))Kq̂(t)(∂q̂dπq̂(t))∗u(t).

Alors q̂ est une géodésique pour la structure relevée par π sur Ŝ.

Voir section 9.3.4 pour la preuve. Dans la section 9.3.5, on utilise cette forme de l’équation
hamiltonienne pour donner quelques exemples de géodésiques dans des espaces de formes
relevés de dimension finie.

Remark 5.2. On peut également modéliser les structures relevées en rajoutant des contraintes
de la forme Cq̂X = 0 plutôt qu’en définissant une nouvelle structure sous-riemannienne. On
va étudier ce type de problème dans la section suivante, et on trouvera des équations très
similaires à celles de la proposition 5.3.
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Chapitre 6

Espaces de formes avec contraintes

Les résultats de ce chapitre sont tirés des deux premières parties de [ATTY13], reproduit
dans les sections 10.1 et 10.2.

La structure d’espace de formes peut être utilisée pour faire des études statistiques sur
une famille d’objets déformables. Par exemple, en anatomie computationnelle, on les utilise
pour comparer les cerveaux de différents patients les uns avec les autres. L’avantage d’uti-
liser les espaces de formes pour modéliser les déformations d’un objet physique est que les
algorithmes de minimisation sont relativement simples à implémenter. Beaucoup plus, par
exemple, que des modèles se basant sur une analyse des lois qui régissent la dynamique de
l’objet à modéliser. En contrepartie, on perd en qualité de modélisation. Les déformations par
difféomorphismes préservent tout de même des aspects géométriques locaux et globaux des
objets étudiés (nombre d’intersections, régularité) qui rendent souvent ces pertes acceptables.

L’ajout de contraintes sur les déformations possibles permettrait d’améliorer la modélisation.
Par exemple, si on veut étudier plusieurs objets indépendants, plongés dans un milieu continu,
de manière simultanée, cela n’a pas de sens de les déformer tous à l’aide d’un même difféomorphisme :
il faut utiliser un difféomorphisme différent pour chaque objet, et un pour le milieu. Toute-
fois, si on veut conserver les propriétés du système, il faut ajouter des contraintes forçant les
frontières des objets à cöıncider avec celles du milieu ambiant.

Pour résoudre un tel problème, nous allons utiliser le language de la théorie du contrôle
optimal [AS04, Tré08] plutôt que celui de la géométrie. De plus, on travaillera dans Rd plutôt
que dans une variété à géométrie bornée quelconque, et sur un espace de formes S qui est un
ouvert d’un espace de Banach B. C’est dans ce contexte qu’est écrit [ATTY13].

On va commencer par poser rigoureusement le problème de contrôle optimal contraint. On
conserve les notations des deux chapitres précédents. On cherche à comparer deux états q0, q1
d’un même espace de formes. Si S est de dimension infinie, il est très rare d’avoir q1 ∈ Oq0 .
Donc, plutôt que de chercher une géodésique horizontale reliant q0 à q1, on va minimiser une
fonctionnelle de la forme

J(X) = A(ϕX , X) + g(q(1)) =
∫ 1

0
〈X(t), X(t)〉 dt+ g(ϕX(1) · q0).

Dans la formule ci-dessus, on a pris X ∈ L2(0, 1;V ) avec V un espace de champs de vecteurs
à noyau reproduisant, ϕX le flot de X, et t 7→ q(t) = ϕX(t) · q0 la courbe horizontale
correspondante sur S partant de q0. La fonction g : S → R est une fonction d’attache aux
données mesurant la différence entre ϕX(1) · q0 et un état cible q1, voir [GTY, VG05] pour
des exemples de telles foncitons.

Pour ajouter des contraintes, on définit également C : S → L(V, Y ), avec Y espace de
Banach, et on minimisera J sur le sous-ensemble des X tels que, pour presque tout t ∈ [0, 1],

Cq(t)X(t) = 0.
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Une fois le cadre correctement posé, on voit que sous des hypothèses très faibles, ce
problème contraint admet bien une solution. On verra également que, dans la plupart des
cas, les solutions du problème de minimisation avec contraintes sur un espace de formes de
dimension infini peuvent être approchées par une suite de solutions de problèmes sur des
espaces de formes de dimension finie.

On donne ensuite une variante en dimension infinie du principe du maximum de Pon-
tryagin qui donne des conditions de minimisation au premier ordre sur les contrôles. Un des
avantages de minimiser une fonctionnelle J(X) = A(X)+g(ϕX(1) ·q0), plutôt que de minimi-
ser l’action à extrémités fixées est que tous les minimiseurs satisfont un équivalent contraint
de l’équation hamiltonienne des géodésiques. On n’aura pas à s’inquiéter des minimiseurs
singuliers ou élusifs par exemple (voir section 2.5).

6.1 Position du problème, existence de solutions

6.1.1 Cadre et Notations

Dans tout ce chapitre, on prendra d un entier strictement positif et S un ouvert d’un
espace de Banach B qui est également un espace de formes dans Rd d’ordre ` ∈ N∗ pour une
action

(ϕ, q) 7→ ϕ · q, (ϕ, q) ∈ Ds(Rd)× S,
dont l’action infinitésimale sera notée

(q,X) 7→ ξqX, (q,X) ∈ S × Γs(TRd) = S ×Hs(Rd,Rd),

avec s le plus petit entier strictement supérieur à d/2 + `. On fixe également un état initial
q0 dans S. On définit ensuite V ⊂ C0(Rd,Rd) un espace de Hilbert de champs de vecteurs sur
Rd à noyau reproduisant avec inclusion continue dans Hs(Rd,Rd). On notera K = Rd×Rd →
L((Rd)∗,Rd) son noyau.

On prendra des contraintes C : S → L(V, Y ), où L(V, Y ) est l’ensemble des opérateurs
linéaires continus de V dans Y , avec Y un espace de Banach. Enfin, on fixera une attache
aux données g : S → R.

6.1.2 Première formulation

Notons H1
q0(0, 1;S) = {q ∈ H1(0, 1;S), q(0) = q0}.

Problème 1. Minimiser la fonctionnelle

J1(q,X) = 1
2

∫ 1

0
〈X(t), X(t)〉 dt+ g(q(1))

sur l’ensemble des couples

(q,X) ∈ H1
q0(0, 1;S)× L2(0, 1;V ),

tels que
q̇(t) = ξq(t)X(t), Cq(t)X(t) = 0, p.p. t ∈ [0, 1].

Il s’agit d’un problème de contrôle optimal avec contraintes. Un cas particulièrement
intéressant est celui de contraintes cinétiques, c’est-à-dire de contraintes de la forme

C ′(t)q̇(t) = C ′q(t)ξq(t)X(t) = 0.

Par exemple, des contraintes d’état pures C(q(t)) = 0, pour C : S → Y une application
différentiable, sont équivalentes aux contraintes cinétiques dC(q(t))ξq(t)X(t) = 0, et ce cas
est donc compris dans le problème 1.
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Remark 6.1. On peut équiper S d’une structure sous-riemannienne pour laquelle les courbes
horizontales q sont exactement celles pour lesquelles il existe un contrôle X tel que (q,X)
satisfasse les contraintes. Il suffit de remplacer ξq par ξqΠq, q ∈ S, où Πq est la projection or-
thogonale sur kerCq. Dans le cas où kerC est un sous-fibré de S×V , on peut tout simplement
considérer la structure (kerC, ξ, 〈·, ·〉).

Théorème 6.1. Si V a une inclusion continue dans Hs+1(Rd,Rd), si q 7→ Cq est continue,
si g est semicontinue inférieurement et bornée inférieurement, et si q0 est à support compact,
alors J1 possède au moins un minimiseur.

6.1.3 Formulation duale

Comme on définit généralement V par son noyau, on connâıt rarement explicitement
tous ses éléments. Il peut être préférable de considérer une formulation duale en utilisant les
résultats de la section 4.2.3. Rappelons que pour (q, p) ∈ S ×B, on a〈

KV ξ∗qp,K
V ξ∗qp

〉
= pKqp,

où KV : V ∗ → V est l’opérateur inverse de l’isométrie de Riesz

X 7→ 〈X, ·〉

et
Kq = ξqK

V ξ∗q : B∗ → B.

Cela nous pousse à considérer le problème suivant.

Problème 2. Minimiser la fonctionnelle

J2(q, u) = J1(q,KV ξ∗qu) = 1
2

∫ 1

0
u(t)Kq(t)u(t)dt+ g(q(1))

sur l’ensemble des couples

(q, u) ∈ H1
q0(0, 1;S)× L2(0, 1;B∗),

tels que
q̇(t) = Kq(t)u(t), Cq(t)K

V ξ∗q(t)u(t) = 0, p.p. t ∈ [0, 1]. (6.1)

Dans le cas de contraintes cinétiques Cq = C ′qξq, (6.1) devient

q̇(t) = Kq(t)u(t), C ′q(t)K
∗
q(t)u(t) = 0, p.p. t ∈ [0, 1].

Bien sûr, on se prive de certaines possibilités, il faut donc se demander dans quels cas les
problèmes 1 et 2 sont équivalents.

Proposition 6.1. Supposons que pour tout q ∈ S, ker ξq ⊂ kerCq, et que ∆q = ξq(V ) soit
fermé. Alors les problèmes 1 et 2 sont équivalents au sens où inf J1 = inf J2. De plus, si
(q̄, ū) minimise J2, alors (q̄, KV ξ∗q̄ ū) minimise J2, et, réciproquement, si (q̄, X̄) minimise J1
il existe ū tel que X̄ = KV ξ∗q̄ ū.

Voir fin de la section section 10.1.2 pour la preuve. Ces conditions sont toujours vérifiées
si S est de dimension finie et si les contraintes sont cinétiques. Cela dit, en dimension infinie,
∆q n’est presque jamais fermée. Toutefois, le principe du maximum nous permettra de donner
un autre cas où il y a équivalence.

Proposition 6.2. Supposons que V ait une inclusion continue dans Hs+1(Rd,Rd), que les
contraintes sont cinétiques, de classe C1, et que Cq(V ) = Y pour tout q dans S. Alors pour
tout point critique (q,X) de J1, il existe u ∈ L2(0, 1;B∗) tel que X = KV ξ∗qu. En conséquence,
les problèmes 1 et 2 sont équivalents.
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6.2 Un exemple : espaces de multi-formes

Les problèmes d’analyses de formes demandent parfois d’étudier simultanément plusieurs
objets avec des propriétés très distinctes les uns des autres. Dans ce cas, il est plus logique
que chaqua forme se déplace grâce à son propre espace de champs de vecteurs.

On considère S1, . . . ,Sk des espaces de formes dans Rd, ouverts d’espaces de Banach
B1, . . . , Bk. On considère également V1, . . . , Vk des espaces de Hilbert de champs de vecteurs
sur Rd à noyau reproduisant avec inclusions continues dans Hs(Rd,Rd), où s > d/2 + 1. Pour
i ∈ {1, . . . , k}, on note ξi,qiXi l’action infinitésmale de Xi ∈ Vi sur qi ∈ Si. On cherche à
minimiser

1
2

k∑
i=1

∫ 1

0
〈Xi(t), Xi(t)〉 dt+ g(q1(1), . . . , qk(1))

sur tous les X = (X1, . . . , Xk) ∈ L2(0, 1;V1 × · · · × Vk), où qi(1) = ϕXi(1) · qi,0, avec qi,0 ∈ Si
fixé, i ∈ {1, . . . , k}. Du point de vue dual, on peut à la place minimiser

1
2

k∑
i=1

∫ 1

0
ui(t)Ki,qiui(t)dt+ g(q1(1), . . . , qk(1))

sur tous les u = (u1, . . . , uk) ∈ L2(0, 1;B∗1 × · · · ×B∗k), où qi(0) = qi,0 et

q̇i(t) = Ki,qi(t)ui(t)

presque partout sur [0, 1], avec Ki,qi = ξi,qiK
Viξ∗i,qi . Bien entendu, si on n’ajoute pas de

contraintes, il n’y a presque aucune différence avec le fait d’étudier séparément chaque espace
de formes Si : la seule interaction possible vient de l’attache aux données g.

Prenons l’exemple de deux objets immergés dans un milieu continu, représentés par des
ouverts U1 et U2 de Rd à bords lisses. Chaque objet est déformé par un espace de Hilbert de
champs de vecteurs à noyau reproduisant, respectivement noté V1 et V2. Pour modéliser un
tel cas de figure, on considère alors deux états q1,0 = Id∂U1 et q2,0 = Id∂U2 dans leurs espaces
de formes respectifs S1 = C1(∂U1,Rd) et S2 = C1(∂U2,Rd), où S1 et S2 sont des hypersurfaces
de Rd. Les états q1,0 et q2,0 représentent les bords des ouverts respectifs U1 et U2 de Rd.

Le milieu continu dans lequel ces objets sont immergés est alors repéré par le complémentaire
U3 = (U1 ∪ U2)c. Il est déformé par des flots de champs de vecteurs d’un troisième espace de
Hilbert de champs de vecteurs V3. On considère alors un troisième état q3,0 qui représente le
bord de ce milieu continu. On peut écrire q3 = (q1

3, q
2
3) ∈ S3 = S1 × S2.

Une déformation de ce système

t 7→ (q1(t), q2(t), q1
3(t), q2

3(t)) = (ϕX1(t)·q1, ϕ
X2(t)·q2, ϕ

X3(t)·q3), Xi ∈ L2(0, 1;Vi), i = 1, 2, 3,

représente la façon dont chaque bord ∂Ui est déformé par le flot ϕXi .
Pour que cette déformation conserve la configuration voulue, il faut imposer que le bord

du milieu se déplace avec les bords des deux objets, ce qui revient à imposer pour tout temps
les contraintes suivantes :

q1(t) = q1
3(t), q2(t) = q2

3(t).

On parle de contraintes collées. On peut utiliser ce modèle pour étudier des déformations
d’objets indépendants qui ne doivent pas se rencontrer, puisque la transformation

x 7→ ϕX
i(t, x) lorsque x ∈ Ūi

est alors un homéomorphisme de Rd pour tout t.
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Si on veut que la satisfaction des contraintes ne dépendent pas de la paramétrisation qi
du bord de Ui tout au long de la déformation, il faut laisser les bords glisser les uns sur les
autres. Autrement dit, on doit imposer

∃fi ∈ Diff(∂Ui), qi(t) · f = qi3(t), i = 1, 2.

On parle alors de contraintes glissées.

6.3 Approximation par des espaces de formes de dimension
finie

On suppose que V a une inclusion continue dans Hs+1(Rd,Rd), et que q0 est à support
compact. Soient alors (Y n)n∈N une suite d’espaces de Banach, Cn : S → L(V, Y n) une suite de
contraintes, et (gn) une suite de fonctions S → R semicontinues inférieurement et possédant
une borne inférieure indépendante de n. Pour tout entier n, on considère le problème Pn
suivant : minimiser

Jn1 (q,X) = 1
2

∫ 1

0
〈X(t), X(t)〉 dt+ gn(q(1))

sur l’ensemble des couples (q,X) ∈ H1
q0(0, 1;S)× L2(0, 1;V ) tels que

q̇(t) = ξq(t)X(t), Cnq(t)X(t) = 0, p.p. t ∈ [0, 1].

Par le théorème 6.1, Pn admet au moins une solution (qn, Xn). Alors, sous certaines condi-
tions, on peut extraire de la suite (qn, Xn) une sous-suite qui converge vers une solution du
problème 1.

Proposition 6.3. Supposons que V ait une inclusion continue dans Hs+1(Rd,Rd), et que
pour tout q ∈ S, la suite (kerCnq )n∈N soit décroissante pour l’inclusion et satisfasse⋂

n∈N
kerCnq = kerCq.

On suppose également que gn converge vers g sur tout compact de S, et que q0 est à support
compact. Alors la suite (Xn)n∈N et bornée dans L2(0, 1;V ), et tout point d’adhérence X̄ de
cette suite pour la topologie faible sur L2(0, 1;V ), (q̄, X̄) = (ϕX̄ ·q0, X̄) satisfait les contraintes
et minimise J1.

Plus précisément, pour toute sous-suite (Xnj )j∈N faiblement convergente vers un certain
X̄ ∈ L2(0, 1;V ), la suite de courbes (qnj )j∈N converge uniformément vers la courbe q̄ = ϕX̄ ·q0,
Cq̄(t)X̄(t) = 0 presque partout, et

J
nj
1 (qnj , XnJ ) →

j→+∞
J1(q̄, X̄) = inf J1.

On peut utiliser ce résultat pour approcher une solution du problème 1 sur un espace
de formes de dimension infinie S par une suite de solutions au problème 1 sur des espaces
de formes de dimension finie. En effet, soit (Sn) un suite d’espaces de formes d’ordre ` de
dimension finie, et supposons qu’il existe des applications équivariantes πn : S → Sn et
πnm : Sm → Sn telles que πnmπm = πn pour tous m ≥ n ∈ N. On note qn0 = πn(q0). On définit
alors des contraintes C̃n : Sn → Y n et des attances aux données g̃n : Sn → R sur les espaces
de formes de dimension finie Sn.

Soit (qn, Xn) une solution du problème 1 sur Sn avec contraintes C̃n et attache aux
données g̃n. Alors (ϕXn · q0, X

n) est une solution du problème Pn sur S ci-dessus avec
contraintes Cnq = C̃nπn(q) et attache aux données gn = g̃n ◦ πn. On trouve donc des solu-
tions aux problèmes Pn en résolvant le problème 1 sur des espaces de formes de dimension
finie.
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Exemple 6.1. Soient S1 le cercle unité, et S = C1(S1,Rd) l’ensemble des courbes fermées
de Rd. C’est un espace de formes d’ordre 1 sur lequel Ds(Rd) agit par composition. On prend
l’attache aux données

g(q) =
∫
S1

(q(s)− q1(s))T (q(s)− q1(s))ds,

pour q1 une courbe cible. Soit F ∈ C1(Rd,L(Rd,Rk)). On définit des contraintes Cq ∈
L(V, C1(S1,Rk) par

CqX(s) = F (q(s))X(q(s)), s ∈ S1.

Soit alors (sn)n∈N∗ une suite dense sur S1.
On peut alors définir Sn = (Rd)n,

πn(q) = (q(s1), . . . , q(sn)), πnm(x1, . . . , xm) = (x1, . . . , xn)

avec m ≥ n ∈ N, et (x1, . . . , xm) ∈ Sm, ainsi que

C̃n(x1,...,xn)X = (F (x1)X(x1), . . . , F (xn)X(xn)), (x1, . . . , xn) ∈ (Rd)n

et
g̃n(x1, . . . , xn) = 1

n

n∑
i=1

(xi − q1(si))T (xi − q1(si)).

Alors, pour gn = g̃n · πn et Cnq = C̃nπn(q), on a bien que (kerCn)n∈N est croissante, que⋂
n∈N

kerCnq = kerCq,

et que gn converge vers g uniformément sur tout compact.

6.4 Principe du maximum avec contraintes

6.4.1 Énoncé du théorème

On se place dans le cadre suivant, qui englobe celui des espaces de formes avec contraintes.
On considère V un espace de Hilbert, S un ouvert d’un espace de Banach B, et Y un espace
de Banach.

Soient ξ : S × V → B et C : S × V → Y , deux applications de classe C1 linéaires par
rapport à la seconde variable. On définit des fonctions L : S×V → R de classe C1 et g : S → R
de classe C1. On suppose que L satisfait, pour des fonctions continues γ0 : R → R valant 0
en 0 et γ1 : B → R fixées,

‖dL(q′, X ′)− dL(q,X)‖B∗×V ∗ ≤ γ0(‖q′ − q‖B) + γ1(q′ − q)‖X ′ −X‖V , (6.2)

pour tous (q, q′, X,X ′) ∈ S2 × V 2, où on note ‖ · ‖E la norme d’un espace de Banach E.
Fixons q0 dans M .

Problème 3. Minimiser

J(q,X) =
∫ 1

0
L(q(t), X(t))dt+ g(q(1))

sur tous les couples (q, v) ∈ H1
q0(0, 1;S)× L2(0, 1;V ) tels que

q̇(t) = ξq(t)X(t), Cq(t)X(t) = 0, p.p. t ∈ [0, 1].
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Remark 6.2. Les estimées (6.2) sont des conditions suffisantes pour que J soit différentiable,
de dérivée

dJ(q,X)(δq, δX) =
∫ 1

0
∂qL(q(t), X(t))δq(t) + ∂XL(q(t), X(t))δX(t)dt+ dg(q(1))δq(1).

Pour cela, on définit le hamiltonien augmenté H : S ×B∗ × V × Y ∗ → R par

H(q, p,X, λ) = pξqX − L(q,X)− λCqX.

On peut alors donner le principe du maximum de Pontryagin (PMP) suivant.

Théorème 6.2. Supposons que pour tout q ∈ S, Cq soit surjective. Soit (q,X) ∈ H1
q0(0, 1;S)×

L2(0, 1;V ) une solution du problème 3. Alors il existe p ∈ H1(0, 1;B∗) et λ ∈ L2(0, 1;Y ∗)
tels que p(1) + dg(q(1)) = 0 et

0 = ∂XH(q(t), p(t), X(t), λ(t)),
q̇(t) = ∂pH(q(t), p(t), X(t), λ(t)),
ṗ(t) = −∂qH(q(t), p(t), X(t), λ(t)),

(6.3)

pour presque tout t ∈ [0, 1]. De plus, λ est unique, appelé le multiplicateur de Lagrange
du problème.

Plusieurs variantes du PMP en dimension infinie sont disponibles dans la littérature,
par exemple pour des problèmes de contrôle d’EDP, mais ces variantes sont généralement
dépourvues de contraintes. Des versions du PMP avec contraintes sont nombreuses en dimen-
sion finie, mais peu d’entre elles concernent la dimension infinie, et même celles-là demandent
des contraintes telles que kerCq soit de codimension finie. La preuve fournie dans [ATTY13]
contient certaines subtilités qui font du théorème 6.2 une extension non triviale du PMP
habituel.

En effet, une des premières étapes de la preuve usuelle est de construire notre p dans
(L2(0, 1;B))∗. Lorsque B est reflexif, comme en dimension finie, (L2(0, 1;B))∗ = L2(0, 1;B∗)
[Bou83], et on peut alors montrer que p est en fait de classe H1. Toutefois, lorsque B n’est pas
refléxif, on n’a pas forcément (L2(0, 1;B))∗ = L2(0, 1;B). Il a donc d’abord fallut montrer
que l’on pouvait identifier p à un élément de L2(0, 1;B∗).

6.4.2 Équation des géodésiques contraintes sur les espaces de formes

On revient aux notations habituelles pour la résolution du problème 1. Dans ce cas,
L(q,X) = 1

2 〈X,X〉. La condition

∂XH(q, p,X, λ) = 0

est donc vérifiée si et seulement si X = KV (ξ∗qp− C∗qλ). Ainsi, CqX = 0 si et seulement si

CqK
V C∗qλ = CqK

V ξ∗qp.

Or, lorsque Cq est surjective pour tout q, cette équation a une unique solution λ(q, p), de
même régularité que ξq et Cq. Donc X = X(q, p) est également déterminé par (q, p). Cela
nous permet de définir le hamiltonien normal h : S ×B∗ → R par

h(q, p) = H(q, p,X(q, p), λ(q, p)),

ainsi que le résultat suivant.
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Théorème 6.3. Supposons que ξ, C et g sont de classe C2, et que Cq est surjective pour tout
q dans S. Soit (q,X) ∈ H1

q0(0, 1;S)× L2(0, 1;V ) une solution du problème 1. Alors il existe
p ∈ H1(0, 1;B∗) tel que (q, p) satisfasse les équations géodésiques avec contraintes{

q̇(t) = ∂ph(q(t), p(t)) = ξq(t)X(t) = Kq(t)p(t)− ξq(t)KV C∗q(t)λ(t),
ṗ(t) = −∂qh(q(t), p(t)) =− ∂q(Kq(t)X(t))∗p(t) + ∂q(Cq(t)X(t))∗λ(t),

(6.4)

sur [0, 1], où le multiplicateur de Lagrange est donné par

Cq(t)K
V C∗q(t)λ(t) = Cq(t)K

V ξ∗q(t)p(t),

et
X(t) = KV (ξ∗q(t)p(t)− C

∗
q(t)λ(t)).

De plus, la propriété ”Cq surjectif pour tout q” est une condition suffisante pour que
(kerC, ξ, 〈·, ·〉) soit une structure sous-riemannienne lisse, où kerC est le fibré sur S dont la
fibre au-dessus de q est kerCq. On voit alors facilement que h est aussi le hamiltonien normal
de cette nouvelle structure. On peut donc appliquer le théorème 2.1.

Proposition 6.4. Si C et ξ sont de classe C2, alors h aussi, et l’équation des géodésiques
contraintes a une unique solution maximale (q, p) : I 3 0 → S × B avec condition initiale
(q0, p0) ∈ S × B∗ fixée. La courbe q est alors un point critique de l’action sur les courbes
horizontales contraintes à extrémités fixées. De plus, si C et ξ sont C3, alors q minimise
l’action sur l’ensemble des courbes horizontales contraintes à extrémités fixées.

Remark 6.3. Dans le cas de contraintes cinétiques CqξqX = 0, en notant p̃(t) = p(t) −
C∗q(t)λ(t), les équations se simplifient en


q̇(t) = Kq(t)p̃(t),

ṗ(t) = −1
2∂q(Kq(t)p̃(t))∗p̃(t) + ∂q(Cq(t)Kq(t)p̃(t))∗λ(t),

(6.5)

Dans le cas de contraintes d’états pures, c’est-à-dire le cas où l’on remplace les contraintes
Cq(t)X(t) = 0 par dC(q(t))X(t) = 0 presque partout, avec C : S → Y de classe C2, on peut
également réécrire l’équation{

q̇(t) = Kq(t)p̃(t),
˙̃p(t) = −∂q(Kq(t)p̃(t))∗p̃(t) + dC(q(t))∗λ̃(t).

Dans ce cas, l’équation pour le multiplicateur de Lagrange λ devient

dC(q)KqdC(q)∗λ̃ = 1
2∂q(Kqp̃)∗p̃− d2C(q)(Kqp̃,Kqp̃)− dC(q)∂q(Kqp̃)Kqp̃.



Chapitre 7

Algorithmes de minimisation

On conserve les notations du chapitre précédent.
Dans ce chapitre, résumé des sections 4 et 5 de [ATTY13], on donne des algorithmes

développés pendant cette thèse permettant de calculer approximativement des minimiseurs
contraints de J1. On décrit les deux principales méthodes : la minimisation sur l’espace
des contrôles, qui s’effectue dans L2(0, 1;V ), et la minimisation par tir. Celle-ci s’appuie
sur le principe du maximum (théorème 6.2), qui assure que les minimiseurs de J1 sont des
géodésiques normales contraintes. Il suffit donc de minimiser J1 sur l’espace des géodésiques
partant de q0, qui sont paramétrées par la condition initiale p(0) ∈ T ∗q0S. On réduit donc
dans ce cas le problème à la minimisation d’une fonction sur T ∗q0S. Les différentes preuves,
ainsi que quelques précisions, sont données en section 10.3.

On finit par la description d’une variante de l’algorithme de quasi-Newton qui permet
d’effectuer plus rapidement certains calculs nécessaires à la méthode du tir. Il s’agit d’un
résumé rapide de [Arg13], reproduit au chapitre 11.

7.1 Minimisation sur l’espace des contrôles par l’algorithme
du gradient

On commence par calculer le gradient sans contraintes de la fonctionnelle J1. Ensuite, on
rappelle la méthode du lagrangien augmenté pour minimiser une fonctionnelle sous contraintes,
et on calcule le gradient correspondant pour cet algorithme.

7.1.1 Gradient sans contraintes

Il s’agit d’une méthode bien connue et déjà utilisée dans des exemples classiques d’es-
paces de formes [BMTY05, DGM98, GTY, GTY06, JM00, MTY02, MTY06, Tro95]. Nous
la généralisons au cadre décrit en section 6.4 : on considère un espace de Banach B, S un
ouvert de B, et V un espace de Hilbert. On prend également une fonction ξ : S → L(V,B)
telle que (q,X) 7→ ξqX soit de classe C2, et un lagrangien L : S × V → R de classe C2 qui
satisfait les estimées 6.2. On définit enfin g : S → R de classe C1, et on fixe q0 ∈ S. On veut
minimiser

J(q,X) =
∫ 1

0
L(q(t), X(t))dt+ g(q(1)),

sur l’ensemble des (q,X) ∈ H1
q0(0, 1;S)×L2(0, 1;V ) tels que q̇(t) = ξq(t)X(t) presque partout.

On sait (voir par exemple [Tré08] ou l’appendice D de [Mon02]) que pour tout contrôle
fixé X dans un ouvert U de L2(0, 1;V ), il existe une unique courbe q(·, X) = qX horizontale
partant de q0 telle que q̇X(t) = ξqX(t)X(t). De plus, l’application X 7→ qX est de même
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régularité que ξ (voir les sections 1.4 et 2.4). On peut donc identifier J à la fonctionnelle
X 7→ J(X, qX) définie sur l’ouvert U . Enfin, le hamiltonien H est défini sur S ×B∗ × V par

H(q, p,X) = pξqX − L(q,X).

Proposition 7.1. La différentielle en X ∈ U de J est donnée par

dJ(X)δX = −
∫ 1

0
∂XH(qX(t), p(t), X(t))δX(t)dt, δv ∈ L2(0, 1;V ),

où p ∈ H1(0, 1;B∗) est la solution du problème de Cauchy adjoint ṗ(t) = ∂qH(qX(t), p(t), X(t))
avec condition initiale p(1) + dg(qX(1)) = 0. On obtient ainsi

dJ(X)δX =
∫ 1

0
〈∇J(X)(t), δX(t)〉 dt,

où
∇J(X)(t) = −KV ∂XH(qX(t), p(t), X(t)).

Dans le cas des espaces de formes, L(q,X) = 1
2 〈X,X〉, et ∂XH(q, p,X) = ξ∗qp − 〈X, ·〉,

d’où
∇J1(X) = X −KV ξ∗qp, X ∈ L2(0, 1;V ).

Remark 7.1. Une remarque particulièrement intéressante est que pour u ∈ L2(0, 1;B∗),

∇J1(KV ξ∗qu) = KV ξ∗q (u− p).

On en déduit aisément que ∇J2(u) = u− p est un gradient de

J2(u) = J2(qu, u) = 1
2

∫ 1

0
u(t)Kqu(t)u(t)dt+ g(qu(1)),

où qu satisfait q̇u(t) = Kqu(t)u(t) presque partout, par rapport à la forme bilinéaire semi-
définie positive

(u1, u2) 7→
∫ 1

0
u1(t)Kqu(t)u2(t)dt.

Cela permet de travailler directement dans L2(0, 1;B∗).

7.1.2 Méthode du lagrangien augmenté pour le cas contraint

On travaille dans le cadre d’un espace de formes de dimension finie (B = Rn et Y = Rk),
avec des contraintes cinétiques de la forme Cq q̇ = 0 presque partout. En particulier, on
identifie les éléments des espaces Ra, a ∈ N, à des matrices colonnes de taille a, ceux de (Ra)∗
à des matrices lignes, et on note |w| la norme euclidienne d’un vecteur w ∈ Ra.

Alors, par la proposition 6.1 le problème 1 est équivalent au problème 2 consistant à
minimiser

J2(u) = J2(qu, u) = 1
2

∫ 1

0
u(t)Kqu(t)u(t)dt+ g(qu(1))

sur l’ensemble des u ∈ L2(0, 1; (Rn)∗) tels que qu(0) = q0, et, presque partout, on ait

q̇u(t) = Kqu(t)u(t), Cqu(t)Kqu(t)u(t) = 0.

Définissons alors le lagrangien augmenté LA : S × V × (Rk)∗ × R+ → R par

LA(q, u, λ, µ) = 1
2uKqu+ λCqKqu+ 1

2µ |CqKqu|2.

L’algorithme du lagrangien augmenté est défini par récurrence comme suit.
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1. On prend un contrôle u0 ∈ L2(0, 1; (Rn)∗) (par exemple u0 = 0). On fixe également λ0
dans L2(0, 1; (Rk)∗) (par exemple λ0 = 0), et µ0 > 0. On pose r = 0 et on note qr = qu0 .

2. On minimise par rapport à u ∈ L2(0, 1; (Rn)∗) la fonctionnelle sans contrainte

u 7→ JA(qu, u, λr, µr) =
∫ 1

0
LA(qu(t), u(t), λr(t), µr)dt+ g(qu(1)),

par exemple an partant du point initial ur, et en utilisant un algorithme du gradient.
Le minimiseur obtenu est noté ur+1.

3. On met à jour qr+1 = qur+1 , et

λr+1 = λr −
1
µr
Cqr+1Kqr+1ur+1.

On fixe ensuite µr+1 ≤ µr. On remplace enfin r par r + 1 et on reprend l’étape 2.
Sous des hypothèses appropriées, si, à partir d’un certain r, µr est plus petit qu’une cer-

taine constante, la suite de contrôles ur converge vers un contrôle optimal ū. Plus précisément,
un théorème du chapitre 3 de [IK08] permet d’assurer la proposition suivante.

Proposition 7.2. ([IK08, Chapitre 3]) Supposons que toutes les applications apparaissant
dans l’algorithme du lagrangien augmenté soient de classe C2 et que CqKq soit surjective
pour tout q dans S. Soit ū un contrôle optimal contraint de trajectoire associée q̄, et de
multiplicateur de Lagrange associé λ̄. On suppose qu’il existe c et µ des constantes strictement
positives telles que

∀ δu ∈ L2(0, 1; (Rn)∗), ∂2
uJ(q̄, ū, λ̄, µ)(δu, δu) ≥ c‖δu‖2L2(0,1;(Rn)∗).

Alors il existe un voisinage U de ū dans L2(0, 1; (Rn)∗) tel que, si le contrôle initial u0 de
l’algorithme du lagrangien augmenté appartient à U , et si on prend µr ≤ µ pour tout r, alors
la suite (ur)r∈N (resp. (λr)r∈N) obtenue converge fortement vers ū (resp. λ̄).

Pour appliquer l’algorithme, il ne manque plus qu’à calculer le gradient en u de JA(qu, u, λ, µ)
pour λ et µ fixés. La section 10.3.2 nous donne la formule suivante.

Proposition 7.3. Pour u ∈ L2(0, 1; (Rn)∗), et pour la forme bilinéaire semi-définie positive

(u1, u2) 7→
∫ 1

0
u1(t)Kqu(t)u2(t)dt, u1, u2 ∈ L2(0, 1; (Rn)∗),

on a
∇uJA(qu, u, λ, µ) = u− p+ λCqu + 1

µ
uKquC

T
quCqu ,

avec

ṗ(t) =
(
u(t)

2 − p(t)
)
∂q(Kqu(t)u(t)) + λ(t)∂q(Cqu(t)Kqu(t)u(t)) + 1

2µ∂q|Cq
u(t)Kqu(t)u(t)|2.

presque partout et p(1) + dg(qu(1)) = 0.

Remark 7.2. Le calcul de ∇uJA(qu, u, λ, µ) est relativement rapide. En effet, une fois une
discrétisation en temps effectuée, Kq a généralement une forme suffisamment simple pour que
l’expression(

u(t)
2 − p(t)

)
∂q(Kqu(t)u(t)) + λ(t)∂q(Cqu(t)Kqu(t)u(t))− 1

2µ∂q|Cq
u(t)Kqu(t)u(t)|2

soit calculable avec un nombre de multiplications de l’ordre de n2 (on rappelle que n est la
dimension de S). En revanche, un très grand nombre d’itérations est nécessaire pour que les
contraintes soient approximativement satisfaites.
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7.2 Minimisation sur le moment initial par la méthode du tir

On se place, ici encore, dans le cas d’un espace de formes de dimension finie, de telle
sorte que B = Rn. Alors le principe du maximum implique que minimiser J1 sous contraintes
revient à minimiser

J̃1(p0) = J(q, ξ∗qp) = 1
2p0Kq0p0 + g(q(1)),

où (q, p) : [0, 1]→ S × (Rn)∗ satisfait l’équation des géodésiques

q̇ = ∂ph(q, p), ṗ = −∂qh(q, p)

sur [0, 1], avec h le hamiltonien normal défini en section 6.4.2. Autrement dit, plutôt que de
minimiser J1 sur l’espace des contrôles, on se restreint à l’espace des géodésiques contraintes
partant de q0 et identifié à (Rn)∗ = T ∗q0S. Il faut alors calculer un gradient de J̃1. On utilise
la proposition bien connue suivante, prouvée en section 10.3.1.

Proposition 7.4. Soit X : Rd → Rd un champ de vecteurs de classe C1, et x0 ∈ Rd tel que
le flot ϕX de X soit défini sur [0, 1]× U , avec U un voisinage de x0. On définit G : U → R
par G(x) = g(ϕX(1, x)), où g : Rd → R est de classe C1. Alors G est aussi de classe C1 et
dG(x0) = Z(1), où Z(0) = dg(ϕ(1, x0)), et

∀t ∈ [0, 1], Ż(t) = Z(t)dX(ϕ(1− t, x0)).

Au niveau algorithmique, cette méthode a un défaut : pour calculer ZdX il faut calculer
toutes les dérivées partielles de X. Le calcul de ZdXT aura donc une complexité d fois
supérieure à celui de X. Une exception à cette règle survient lorsque X est un champ de
gradient, auquel cas dX est symétrique, et ZdX = (dXZT )T . Le calcul de ZdX est alors du
même ordre de complexité que celui de X, en utilisant par exemple une différence finie

ZdX(x) = (dX(x)ZT )T ' 1
h

(X(x+ hZT )−X(x)).

Dans notre cas, on a E = Rn× (Rn)∗ et X(q, p) = ∇ωh(q, p). Calculer X(q, p) requiert un
nombre de multiplications de l’ordre de n2 +k2,8, où k = dim(Y ) est la dimension de l’espace
des contraintes. Le terme en k2,8 provient de la résolution du système linéaire

CqK
V C∗qλ = CqK

V ξ∗qp,

nécessaire pour le calcul de h. Donc, à chaque étape de temps, le calcul de Ż nécessite un
nombre de multiplications de l’ordre de n3 + nk2,8, ce qui est beaucoup trop important si k
est du même ordre de grandeur que n.

Toutefois, comme on est dans le cas d’un champ de gradient symplectique, une simplifi-
cation similaire à celle du cas où dX est symétrique est possible, et on obtient

(Zd∇ωh)T =
(
∂p(∂qh)zT − ∂q(∂qh)αT
∂p(∂ph)zT − ∂q(∂ph)αT

)
,

dont le calcul est d’une complexité du même ordre que celui de ∇ωh (voir section10.3.2 pour
plus de détails). Ces formules permettent de calculer le gradient de J̃1 avec une complexité
de l’ordre de n2 + nk2,8, et donc de minimiser J1 par la méthode du tir.

Remark 7.3. Lorsque le nombre de contraintes k est du même ordre de grandeur que la
dimension n de l’espace de formes, le calcul du gradient de J̃1 est sensiblement plus long que
celui du gradient de la fonctionnelle JA pour la méthode du lagrangien augmenté. En revanche,
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le nombre d’étapes nécessaires est bien moindre, car les contraintes sont par construction
toujours satisfaites avec une grande précision : on ne travaille qu’avec des courbes contraintes
dans la méthode du tir.

Lorsque le nombre de contraintes est petit, la méthode du tir est supérieure, alors que
les deux méthodes ont tendance à se valoir dans le cas général si on ne demande pas aux
contraintes d’être satisfaites avec une trop grande précision. En revanche, la matrice CqKqC

∗
q

peut être très mal conditionnée dans certains cas pratiques. Il est alors préférable d’utiliser
la méthode du lagrangien augmenté.

7.3 Simulations numériques

7.3.1 Courbes englobant une aire constante

Commençons par considérer un problème avec des contraintes très simples. On prend

S = Emb1(S1,R2),

l’espace des courbes simples fermées de classe C1 dans le plan. On considère l’espace à noyau
reproduisant V associé au noyau gaussien

K(x, y)p = exp
(
−|x− y|

2

2

)
pT .

Une courbe q ∈ S est le bord d’un domaine compact U(q) dont l’aire est donnée par

A(U(q)) =
∫
S1
x(s)ẏ(s)ds.

Soit q0 ∈ S un point initial fixé, q1 une cible telle que A(U(q1)) = A(U(q0)), et g : S → R
avec

g(q) = dS(q, q1)2,

où dS est une distance sur l’espace des courbes avec de bonnes propriétés (voir [VG05, GTY,
GTY06] pour des exemples de telles distances).

On fait une implémentation numérique de la minimisation de J1 sous les contraintes

A(U(q(t))−A(U(q0)) = 0.

Pour cela, on discrétise S en l’espace des landmarks Lmkn(R2), dont les éléments

q = ((x1, y1), . . . , (xn, yn))

représentent une discrétisation d’une courbe simple fermée. L’aire est alors celle du polygone
U(q) de sommets (x1, y1), . . . , (xn, yn), calculée à l’aide du polynôme

A(U(q)) = 1
2(x1y2 − x2y1 + · · ·+ xny1 − x1yn).

On a pris q0 un cercle de centre (0, 0) et de rayon 1 et q1 un cercle de centre (3, 0) et de rayon
1. La figure 7.3.1 compare la trajectoire optimale sans contraintes et la trajectoire optimale
avec contraintes de volume constant. Enfin, la figure 7.2 montre le difféomorphisme final sous
contraintes.
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Figure 7.1 – Trajectoire optimale sans contraintes (à gauche) et avec volume constant (sur
la droite).

Figure 7.2 – Difféomorphisme correspondant à la trajectoire optimale. Figure gauche : condi-
tion initiale (en bleu) et cible (en rouge). Figure droite : difféomorphisme résultant.

7.3.2 Cas des multiformes

On considère maintenant un problème de multiformes. On prend S1 = S2 = Emb1(S1,R2)
et S3 = S1 × S2. On considère également trois noyaux K1, K2 et K3 correspondant à des
espaces de Hilbert de champs de vecteurs sur R2. On définit g : S1 × S2 × S3 → R par

g(q1, q2, q
1
3, q

2
3) =

2∑
i=1

d(qi, q(i))2 + d(qi3, q(i)),

où les q(i) ∈ Si sont des courbes cibles fixées.
Les courbes q1 et q2 représentent le bord de domaines respectifs U(q1) et U(q2) dans

R2, tandis que q3 = (q1
3, q

2
3) représente celui du milieu continu (U(q1) ∪ U(q2))c dans lequel

on les suppose plongés. On veut conserver cette configuration le long d’une déformation
t 7→ (q1(t), q2(t), q3(t)) induite par des flots de champs de vecteursXi ∈ L2(0, 1;Vi), i = 1, 2, 3.

On regarde deux types de contraintes : les contraintes collées, qui s’écrivent qi(t) = qi3(t),
i = 1, 2, t ∈ [0, 1], et les contraintes glissées, qui signifient que qi3(t) se déduit de qi(t) par
une reparamétrisation fi(t) ∈ Diff(S1) dépendant du temps : qi3(t) = qi(t) ◦ fi(t), i = 1, 2,
t ∈ [0, 1]. Ces contraintes sont équivalentes au fait que

∀x ∈ im(qi(t)), t ∈ [0, 1], (Xi(t, x)−X3(t, x))T νi(t, x) = 0, i = 1, 2,
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où νi(t, x) est la normale à Im(qi(t)) en x.
Pour l’implémentation numérique, on a discrétisé qi en (xi,1, . . . , xi,n) ∈ (R2)n pour i =

1, 2, et q3 en (x1,1
3 , . . . , x1,n

3 ;x2,1
3 , . . . , x2,n

3 ) ∈ (R2)2n. On peut alors calculer la normale νi,k
approchée en xi,k à la courbe discrétisée qi en prenant un vecteur unitaire orthogonal à
xi,k+1 − xi,k−1.

La figure 7.3 montre la configuration initiale en bleue et la cible en rouge. La figure
7.4 montre le résultat final, après avoir appliqué un algorithme de minimisation par lagran-
gien augmenté. Les trois difféomorphismes correspondant sont également représentés. Cette
méthode se généralise facilement au cas de surfaces triangulées dans R3.

Figure 7.3 – Multiformes : états initiaux (en bleu) et cible (en rouge).

Figure 7.4 – Multiformes : contraintes collées (à gauche) et glissées (à droite).
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7.4 Un algorithme de quasi-Newton

Les résultats de cette section sont prouvés dans [Arg13], reproduit dans le chapitre [].
Le problème principal au niveau de la complexité de calcul de la méthode du tir est la

résolution du système linéaire permettant d’obtenir le multiplicateur de Lagrange associé aux
contraintes, qui est de la forme

Aλ = c, λ, c ∈ Rk,

avec A une matrice symétrique définie positive. Le but de cette section est de donner une
méthode plus rapide permettant de résoudre ce système de manière approximative à chaque
étape de gradient.

La méthode est inspirée des algorithmes dits de quasi-Newton. Une façon efficace de
minimiser une fonction f : Rd → R de classe C2 est de construire par la méthode de Newton
une suite (xk)k∈N par la relation de récurrence

xk+1 = xk − hkH(f)−1(xk)∇f(xk),

où H(f) est la hessienne de f , ∇f son gradient, et hk > 0 est le pas. Toutefois, des cas
où le calcul de H(f) est trop compliqué ont conduit à introduire des algorithmes dits de
quasi-Newton : il s’agit de construire xk+1 par la relation de récurrence

xk+1B
−1
k ∇f(xk),

où (Bk) est une suite de matrices symétriques définies positives de taille d× d telles que

Bk+1(xk+1 − xk) = ∇f(xk+1)−∇f(xk),

de telle sorte que
Bk+1(xk+1 − xk) ' H(f)(xk)(xk+1 − xk).

Il existe de nombreuses façons de construire de manière simple les matrices Bk [DM77, DS96,
GMW81]. Toutefois, il a été prouvé dans [CGT91, Sch74] que certaines de ces méthodes
permettent de construire une suite de matrices (Bk) qui approchent la suite de matrices
H(f)(xk) dans toutes les directions plutôt que dans une seule (la direction (xk+1 − xk)), si
on suppose en plus que la suite des

sk = xk+1 − xk

est uniformément linéairement indépendante (voir définition 7.1). Par exemple, en posant

yk = Aksk, rk = yk −Bksk, Bk+1 = Bk + rkr
T
k

rTk sk
, (7.1)

avec

Ak =
∫ 1

0
H(f)(xk + tsk)dt,

on obtient, sous la condition que la suite (xk) converge vers un certain x̄, que (Bk) a la même
limite que (Ak), c’est-à-dire H(f)(x̄) [CGT91].

Toutefois, la suite (Bk) peut être définie pour toutes suites (Ak) de matrices symétriques
et (sk) de vecteurs dans Rd. Notre résultat montre alors que, sous certaines hypothèses, la
suite (Bk) obtenue converge vers la même limite que la suite (Ak).
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7.4.1 Cadre, définitions et énoncé du résultat

Commençons par introduire le cadre de notre problème et quelques notations. On définit
d’abord une suite (Ak)k∈N de matrices symétriques et inversibles de taille d× d. On suppose
que cette suite converge vers une limite A∗, également symétrique et inversible. On note alors
pour k ∈ N

ηk,∗ = sup
i≥k
‖Ai −Ak‖,

où ‖ · ‖ est la norme d’opérateur.
Soit également (sk)k∈N une suite de vecteurs de Rd. On fixe B0 une matrice carrée de

taille d× d symétrique définie positive, et pour k ∈ N, on définit

yk = Aksk, rk = (Ak −Bk)sk = yk −Bksk,

où (Bk) est calculée par la méthode dite de mise à jour de rang 1, qui correspond à la
récurrence

Bk+1 = Bk + rkr
T
k

rTk sk
,

avec rTk sk 6= 0 pour tout k.

Définition 7.1. La suite (sk)k∈N est dite (m,β)−uniformément linéairement indépendante,
pour m ≥ d ∈ N∗ et β > 0, si

∀k ∈ N,∃k + 1 ≤ k1 < · · · < kd ≤ k +m, σ

(
sk1

|sk1 |
, . . . ,

skd
|skd |

)
≥ β,

où σ(M) est la plus petite valeur singulière d’une matrice M .

On rappelle que les valeurs singulières d’une matrice M sont les racines des valeurs propres
de MTM .

Remark 7.4. Cela signifie que pour tout k, on peut trouver k + 1 ≤ k1 < · · · < kd ≤ k +m
tels que le volume du parallélépipède formé par les ski

|ski |
soit minoré par une constante positive

indépendante de k.

Notre résultat est le suivant.

Théorème 7.1. Supposons qu’il existe c > 0 tel que

∀k ∈ N, |rTk sk| ≥ c|rk||sk|.

Alors, pour tout (m,β) ∈ N×R∗+ tel que (sk) soit (m,β)-uniformément linéairement indépendante,
on a

∀k ∈ N, ‖Bk+m −A∗‖ ≤
(

1 +
(2 + c

c

)m+1
) √

d

β
ηk,∗.

En particulier, Bk tend vers A∗ quand k tend vers l’infini.

7.4.2 Application au calcul d’une suite d’inverses

On peut utiliser cet algorithme pour approcher une suite d’inverses de matrices (A−1
k ). Il

suffit pour cela de poser

sk = Akekmod d, yk = A−1
k sk = ekmod d,
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où les (e0, . . . , ed−1) est la base canonique de Rd, et kmod d est le reste de la division eucli-
dienne de k par d.

On peut alors utiliser la méthode de mise à jour de rang 1 pour ces deux suites pour obtenir
une suite (Bk) de matrices symétriques qui converge vers (A∗)−1. En effet, la suite (sk) sera
bien (d, β)-uniformément linéairement indépendente à partir d’un certain rang, puisque la
famille (sk+1, . . . , sk+d) convergera vers (A∗e0, . . . , A∗ed−1), qui est une base de Rd. On peut
donc appliquer le théorème 7.1 et montrer que Bk converge bien vers A−1

∗ quand k tend vers
l’infini.

Dans [Arg13], reproduit dans le chapitre 11, de nombreuses simulations numériques ont été
effectuées pour tester l’efficacité de cet algorithme. Il en ressort qu’il fonctionne extrêmement
bien dans le cas où la matrice limite A∗ est bien conditionnée, mais peut nécessiter de nom-
breuses itérations dans le cas contraire.

On peut utiliser cette variante pour calculer plus rapidement des valeurs approchées du
multiplicateur de lagrange. Les détails sont donnés en section 11.7.



Chapitre 8

Conclusion et perspectives

Dans cette thèse, on a d’abord défini la géométrie sous-riemannienne en dimension in-
finie dans un cadre très général (distribution horizontale non fermée, et équivalent d’une
distribution à rang variable), on a obtenu plusieurs résultats sur l’équation géodésique. On
a également donné une idée de la difficulté du sujet par rapport au cas sous-riemannien de
dimension finie et au cas riemannien de dimension infinie. On a également procédé à une
étude complète des structures sous-riemanniennes fortes sur le groupe des difféomorphismes
Ds(M) d’une une variété (M, g) à géométrie bornée, pour lesquelles l’équation géodésique
a une forme particulièrement simple si on utilise le noyau reproduisant du sous-espace de
champs de vecteurs qui engendre la structure.

On a ensuite donné une définition des espaces de formes qui englobe les exemples connus
dans la littérature, unifiant et généralisant les méthodes usuelles. On a de plus construit des
structures sous-riemanniennes particulières sur ces espaces de formes, les structures relevées,
qui promettent de nouvelles applications. Enfin, on a ajouté des contraintes dépendant de
l’état sur l’ensemble des transformations possibles, prouvé un nouveau principe du maximum
de Pontryagin adapté à ce problème, et développé des méthodes LDDMM à ce nouveau cadre,
elles-mêmes appuyées par des simulation numériques sur des exemples ayant de nombreuses
applications potentielles.

Ce travail de thèse débouche sur les perspectives suivantes.

Étude des structures sous-riemanniennes fortes

Soit (H, ξ, g) une structure sous-riemannienne forte sur une variété de HilbertM . Plusieurs
questions fondamentales peuvent se poser.

Comportement de la distance au voisinage d’un point. Il s’agit de décrire l’allure de
l’orbite Oq au voisinage de q ∈M . Pour mieux situer la question, rappelons qu’en dimension
finie, le théorème de la boule embôıtée nous donne une bonne description de la distance sous-
riemannienne d à un point : autour de chaque point q0, il existe C,C ′ > 0 et des coordonnées

q = (x1
1, . . . , x

k1
1︸ ︷︷ ︸

x1

, . . . , x1
r , . . . , x

kr
r︸ ︷︷ ︸

xr

)

centrées en q0 = 0 telles que

C
r∑
i=1
|xi|2/i ≤ d(q0, q)2 ≤ C ′

r∑
i=1
|xi|2/i.

La première partie de l’inégalité se prouve heuristiquement de la façon suivante : on prend
X,Y des champs de vecteurs horizontaux et normés, de flots ϕX , ϕY , et on note Z = [X,Y ].
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Alors pour t ≥ 0,

ϕ−Y (
√
t) ◦ ϕ−X(

√
t) ◦ ϕY (

√
t) ◦ ϕX(

√
t)(x) =

t→0
tZ(q) + o(t).

Intuitivement, en coordonnées, on peut donc joindre q et q+tZ(q) par une courbe horizontale
de longueur 4

√
t. En itérant le procédé, on voit que si Zi = [Xi, Yi], i = 1, . . . , l, avec les Xi

et Yi horizontaux et normés, on peut joindre q et q + t1Z1(q) + · · ·+ tlZl(q) par une courbe
de longueur 4l

∑l
i=1
√
ti, et en déduire le théorème de la boule embôıtée si r = 2. On peut

généraliser très facilement ce raisonnement pour r plus grand.
On a vu que dans le cas d’un produit infini de groupes de Carnot, ce résultat reste vrai

au voisinage de l’origine. Toutefois, dans un tel espace, la distribution horizontale ∆ est
engendrée par des champs de vecteurs X tels que dim([X,∆]/∆) ≤ `, où ` ∈ N fixé. On
voit facilement que la méthode décrite devrait encore marcher, avec quelques subtilités. Mais
qu’en est-il sur des variétés sous-riemanniennes plus générales ?

Dans ce cas, on doit donc a priori effectuer un raisonnement similaire avec une infinité de
Zi. En conséquence, en suivant la même méthode, pour pouvoir atteindre

q +
∞∑
i=0

tiZi(q)

avec une courbe de longueur finie, il faut que

∞∑
i=1

√
ti < +∞ =⇒ (ti)i∈N ∈ `1/2(N,R).

La méthode ne donne donc pas un résultat optimal (appliquée telle quelle au produit infini
de groupes de Heisenberg, on obtient seulement `2(N,R2) × `1/2(N,R) ⊂ O0). Il faut donc
développer de nouveaux outils pour répondre à ce problème.

Recherche du ”bon” espace cotangent pour la formulation d’un principe du maxi-
mum de Pontryagin. Rappelons que l’apparition de géodésiques élusives (au sens du
lemme 2.1) est dûe à un défaut de multiplicateurs de Lagrange : comme on l’a vu en remarque
2.6, dans le cas sous-riemannien fort, l’espace cotangent n’est pas trop gros (contrairement
au cas faible, qui nécessite de trouver un sous-fibré adapté), mais trop petit : en restreignant
la structure à une sous-variété dense et stable de l’espace ambiant, on obtient de nouveaux
covecteurs initiaux qui ”normalisent” certaines des géodésiques élusives. Cela amène naturel-
lement à se demander s’il existe un espace cotangent suffisamment gros pour obtenir tous les
multiplicateurs de Lagrange possibles, c’est-à-dire pour lequel il n’existe pas de géodésique
élusive.

Dans un produit infini de groupes de Heisenberg, la distance sous-riemannienne sur l’orbite
de 0 est équivalente à la distance du sous-espace dense `2(N,R2)× `1(N,R) ⊂ `2(N,R3). On
voit alors aisément qu’une fois que l’on se restreint à ce sous-espace, dont le cotangent en 0
est `2(N,R2) × `∞(N,R), toutes les géodésiques sont normales : `2(N,R2) × `∞(N,R) est le
”bon” espace cotangent pour cette structure sous-riemannienne.

En revanche, dans le cas d’un produit infini de groupe de Engel, la distance (et l’orbite)
est équivalente à celle d’un espace vectoriel topologique qui n’est pas localement convexe,
et la même méthode ne fonctionne pas, car le dual topologique d’espaces non localement
convexes est en général ”trop petit” par rapport à ce qu’on voudrait (Il en existe d’ailleurs
dont le dual topologique est nul [Day40]).
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Groupe nilpotent libre d’ordre 2 sur un espace de Hilbert Pour commencer à
répondre partiellement à ces deux questions, on pourrait pour commencer étudier des exemples
simples mais moins triviaux. Par exemple, M = H ×AS(H), (H, 〈·, ·〉) un espace de Hilbert
séparable et AS(H) les opérateurs anti-symétriques de Hilbert-Schmidt sur H, muni de la
structure (M ×H, ξ, 〈·, ·〉) avec

ξ(q,A)u = (u, 1
2q ∧ u).

Il s’agit d’une structure invariante à gauche pour la loi de groupe de Lie

(q, A) · (q′, A′) = (q + q′, A+A′ + 1
2q ∧ q

′).

C’est une extension à la dimension infinie des groupes nilpotents libres d’ordre 2 [Mon02,
Chapitre 6], étudiés en détails en dimension finie dans [MPAM06].

Applications à l’analyse mathématique des formes

Réduction des équations géodésiques sur un espace de formes. Un autre sujet
que nous n’avons pas abordé, et qui est très naturel à étudier, est celui de la réduction des
équations géodésiques dans le cas où il existe des symétries dans la structure. Un exemple
simple est celui d’un espace de courbes dans Rd : on prend S1 le cercle unité, et S =
Emb1(S1,Rd) l’ensemble des arcs paramétrés C1, réguliers, fermés, et simples dans Rd. On
considère (V, 〈·, ·〉) un sous-espace de champs de vecteurs avec inclusion continue dansHs+2(Rd,Rd)
avec s > d/2 + 1, et on munit S de la structure sous-riemannienne habituelle (S ×V, ξ, 〈·, ·〉),
où pour q ∈ S et X ∈ V , ξqX = X ◦ q ∈ C1(S1,Rd).

Alors, pour tout difféomorphisme ψ de classe C1 de S1, la transformation q 7→ q ◦ ψ
est une isométrie pour la structure sous-riemannienne. Cela signifie, essentiellement, que
cette transformation envoie toute courbe horizontale sur une courbe horizontale de même
longueur et de même action. Elle conserve donc la distance sous-riemannienne. De plus, on
voit aisément que le groupe Diff1(M) des difféomorphismes C1 de S1 est une variété de Banach
et un groupe topologique dont l’espace tangent en l’identité est Γ1(TS1).

Pour q ∈ S, p ∈M(S1)⊗ (Rd)∗ ⊂ T ∗q S, définissons η(q, p) ∈ Γ1(TS1)∗ par

η(q, p)Y =
∫
S1
∂sq(s)Y (s))dp(s).

Alors on peut voir ([MM07, TY11]) que si t 7→ (q(t), p(t)) satisfait l’équation hamiltonienne
des géodésiques avec p(0) ∈M(S1)⊗ (Rd)∗, alors, pour tout t, p(t) ∈M(S1)⊗ (Rd)∗ et

η(q(t), p(t)) = η(q(0), p(0)).

Notons qu’il s’agit essentiellement du théorème de Noether sur les systèmes mécaniques à
symétries. On obtient ainsi des lois de conservation le long des géodésiques, ce qui permet de
mieux comprendre leur structure, et d’étudier leur caractère intégrable au sens de Liouville.

En particulier, pour minimiser

1
2

∫ 1

0
〈X(t), X(t)〉 dt+ g(ϕX ◦ q0),

lorsque g(q ◦ ψ) = g(q) pour tous q ∈ S, ψ ∈ Diff1(M), on peut voir que le covecteur initial
p(0) de la géodésique est tel que η(q0, p(0)) = 0. Cela permet de restreindre l’espace dans
lequel il faut choisir le moment initial dans la méthode du tir.
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Formes contraintes et espaces de multiformes. La puissance des méthodes LDDMM
est de produire de façon générique des structures (sous)-riemanniennes induites sur des es-
paces de formes très variés avec un minimum d’a priori. La construction de cartes exponen-
tielles autour d’un état initial fixé permet ensuite le déploiement de systèmes de coordonnées
pour la modélisation de la variabilité sur lequel une approche statistique va pouvoir par
exemple estimer une densité de probabilités ou des approches de type machine learning pour
construire des fonctions de discriminations.

Cependant cette approche ne considère pas la nature physique des formes sous-jacentes
mais plutôt de l’espace qui les contient, et n’est pas toujours un point de départ suffisant pour
construire un système de représentation qui soit assez proche des données. L’introduction de
contraintes comme au chapitre 6 permet de conditionner un modèle dans une situation parti-
culière par des connaissances a priori. Nous en avons donné un exemple très simple par la prise
en compte d’une contrainte globale de volume constant sur les courbes horizontales, qui génère
des trajectoires géodésiques très différentes du cas sans contraintes. Le conditionnement sur
une courbe d’englober un volume prescrit tout au long de sa déformation peut d’ailleurs être
très utile dans l’étude de phénomènes d’évolution dans les situations où un même patient est
observé sur plusieurs échelles de temps dans des modélisations de phénomènes de croissance.
D’autres contraintes locales décrivant des contraintes sur l’évolution d’un objet au cours du
temps peuvent être prises en comptes, comme par exemple des contraintes isométriques entre
certains points de la forme. De tels contructions ne peuvent être obtenues par les modèles
génériques invariants à droite. Enfin la situation des multi-objets que nous avons décrite dans
les chapitres 6 et 7 montre la richesse potentielle de telles approches en terme de modélisation
pour l’étude de complexes de formes, qui sont pourtant des situations courantes en anatomie
computationnelle pour étudier simultanément plusieurs parties du cerveau lors de processus
neurodégénératifs. L’optimisation du choix des contraintes dans une situation particulière à
partir d’une base de données reste un sujet encore très largement ouvert qui pourrait passer
par la compréhension de la géométrie des modèles induits.

De plus, on n’a pas étudié le cas de contraintes non-linéaires, ni de contraintes d’inégalités.
Ces dernières tout particulièrement mèneraient à encore plus d’applications intéressantes,
comme imposer au volume de courbes de diminuer au cours de la transformation plutôt
que de rester constant, afin de mieux modéliser des phénomènes de dégénération du cerveau
d’un patient atteint de certaines maladies neurologiques. Il s’agit toutefois (pour le moins en
dimension infinie) d’un cas très difficile à étudier, bien plus que les contraintes d’égalités.

Un exemple d’application des structures relevées : modélisation d’un muscle.
Les formes relevées sont très utiles pour la modélisation de mouvement de muscles. Plus
précisément, on peut actuellement étudier un tel mouvement de deux façons. La première
utilise un point de vue dynamique, et consiste à modéliser avec précision la façon dont le
muscle bouge par un système d’équations aux dérivées partielles. Il s’agit d’un procéssus
extrêmement compliqué, développé dans le cas du cœur dans [BCF+13] par exemple. Les
algorithmes nécessaires sont très coûteux, et il est difficile d’utiliser de tels modèles pour une
analyse statistique comparant le mouvement du muscle de différents patients. La deuxième
manière est de procéder par une méthode classique d’analyse de formes (comme la méthode
LDDMM). Toutefois, les mouvements obtenus ne cadrent alors pas du tout à ceux observés
en pratiques, car aucun des aspects dynamiques du mouvement à modéliser n’est pris en
compte. Pour remédier à ce problème, on peut utiliser des structures relevées.

En effet, pour discrétiser une forme (notre muscle) dans Rd, on prend un ensemble fini de
points q = (x1, . . . , xn) ∈ (Rd)n = S. Le groupe Ds(Rd), s > d/2 + 1 agit diagonalement sur
S par

ϕ · q̂ = (ϕ(x1), . . . , ϕ(xn)).
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Soit (V, 〈·, ·〉) un espace de Hilbert de champs de vecteurs de classe Hs+2 et K son noyau
reproduisant. Les équations hamiltoniennes pour la structure sous-riemannienne associée sur
S sont données sur une courbe

t 7→ (q(t), p(t)) = (x1(t), . . . , xn(t), p1(t), . . . , pn(t)) ∈ T ∗S = (Rd)n × ((Rd)∗)n

par 
ẋi(t) =

n∑
j=1

K(xi(t), xj(t))pi(t), i = 1, . . . , n,

ṗi(t) =
n∑
j=1

pi(t)∂1K(xi(t), xj(t))pj(t), i = 1, . . . , n.

Pour modéliser un muscle, ion va alors ajouter en chaque xi un vecteur wi représentant
la direction de la fibre musculaire :

q̂ = (q, w) = (x1, . . . , xn, w1, . . . , wn) ∈ Ŝ = T (Rd)n ' (Rd)n × (Rd)n.

Le groupe Ds+1(Rd) agit sur Ŝ par

ϕ · q̂ = (ϕ(x1), . . . , ϕ(xn), dϕ(x1)w1, . . . , dϕ(xn)wn).

L’action infinitésimale d’un champ de vecteur X ∈ Hs(Rd,Rd) est donc

ξq̂X = (X(x1), . . . , X(xn), dX(x1)w1, . . . , dX(xn)wn).

Si on relève la géodésique t 7→ (q(t), p(t)) ci-dessus à Ŝ, on obtient

ẇi(t) =
n∑
j=1

∂1(K(xi(t), xj(t))pi(t))wi, i = 1, . . . , n.

Or, un muscle agit sur lui-même en contractant ses fibres, c’est-à-dire en exerçant une force
en xi dans la direction wi. Cela se traduit par l’ajout d’un terme parallèle à wTi dans la
dérivée du covecteur pi :

ṗi(t) =
n∑
j=1

pi(t)∂1K(xi(t), xj(t))pj(t) + ui(t)wi(t)T , ui(t) ∈ R, i = 1, . . . , n.

On modélise finalement le mouvement d’un muscle par le système de contrôle

ẋi(t) =
n∑
j=1

K(xi(t), xj(t))pi(t), i = 1, . . . , n,

ṗi(t) =
n∑
j=1

pi(t)∂1K(xi(t), xj(t))pj(t) + ui(t)wi(t)T , i = 1, . . . , n,

ẇi(t) =
n∑
j=1

∂1(K(xi(t), xj(t))pi(t))wi, i = 1, . . . , n.

Ce modèle, inspiré d’une remarque de [TV12], pourrait permettre d’étudier, par exemple, le
battement d’un cœur. Il permet en effet une meilleure modélisation du mouvement au cours
du temps, tout en restant simple et peu coûteux du point de vue algorithmique.
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Géométries sous-riemanniennes lisses sur un groupes de difféomorphismes
et application à la recherche de solutions d’équations conservatives

Structures invariantes à droites lisses et faibles. Il reste plusieurs problèmes que
nous n’avons pas abordés concernant les structures sous-riemanniennes invariantes à droite
sur le groupe des difféomorphismes d’une variété à géométrie bornée (M, g). Par exemple,
si le sous-espace de champs de vecteurs V a une inclusion continue dans Γs+k(M), k ∈ N∗,
il semble plus logique d’étudier la structure sous-riemannienne forte et invariante à droite
induite sur Ds+k(M) plutôt que celle sur Ds(M). Le problème est que cette structure est
seulement continue, et l’équation hamiltonienne des géodésiques n’a donc pas forcément de
solution. Nous avons également négligé le cas des structures invariantes à droite faibles, qui
est plus compliqué, car il peut être difficile de trouver un espace cotangent relatif adapté qui
soit lisse.

Toutefois, ces deux problèmes peuvent être abordés dans le cas où :

1. V est engendré par des champs de vecteurs X1, . . . , Xk ∈ Γs(TM) de classe C∞ et
bornés à tout ordre, comme dans la section 2.9. Autrement dit,

V =
{

k∑
i=1

uiXi, ui ∈ Hs(M,R)
}
.

Dans ce cas, V est un sous-espace fermé de Γs(TM). On définit alors le sous-fibré
H′ ⊂ TDs(M) par

H′ϕ =
{

k∑
i=1

uiXi ◦ ϕ, ui ∈ Hs(M)
}
.

En prenant l’inclusion pour ξ′ : H′ → TDs(M), on obtient alors un espace tangent relatif
de classe C∞. De plus, l’application H = Ds(M)× V → H′ définie par X 7→ X ◦ ϕ est
un isomorphisme continu d’espaces tangents relatifs.

2. On remplace la norme de Hilbert sur V par la norme pré-hilbertienne

〈X,X〉Lr =
∫
M
g(Lr(X)(x), X(x))dx,

où Lr : Γs(TM)→ Γs−2r(TM) est un opérateur différentiel linéaire, symétrique, ellip-
tique à coefficients lisses et uniformément bornés à tout ordre. On a une structure forte
lorsque r = s. Sinon la structure sera faible. On définit alors, pour (ϕ,X) ∈ TDs(M),

gϕ,Lr(X,X) =
∫
M
gx(Lr(X ◦ ϕ−1)(x), X ◦ ϕ−1(x))dx.

Le changement de variable x = ϕ(y) montre que g est en fait de classe C∞.

Dans ce cas, (H′, ξ′, gLr) est une structure sous-riemannienne sur Ds(M) équivalente à la
structure sous-riemannienne invariante à droite engendrée par (V, 〈·, ·〉Lr).

On peut alors travailler avec cette nouvelle structure pour appliquer les théorèmes de
la section 2. Un candidat d’espace cotangent en e adapté serait Γs−2r(T ∗M), comme dans
la section 9.1.5. En plus de s’inscrire naturellement dans la continuation de nos travaux, les
structures faibles invariantes à droite sur des groupes de difféomorphismes ont des applications
naturelles dans la recherche de solution d’équations conservatives (équation d’Euler des fluides
parfaits, équations de Burgers, KdV...), voir [EM70, BV13, MP10] et leurs références par
exemple. Nous donnons un exemple d’application possible au paragraphe suivant.
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Fluides incompressibles dans des variétés sous-riemanniennes. L’équation des fluides
incompressibles d’Euler sur une variété compacte orientable (M, g) est donnée par{

Ẋ(t) +∇gX(t)X(t) = ∇gp(t),

divX(t) = 0,
(8.1)

où X(t) ∈ Γs(TM), p : M → R et ∇g est la connection de Levi-Civita. On sait depuis
les travaux d’Arnold [Arn66], puis d’Ebin et Marsden [EM70], que c’est la forme réduite de
l’équation des géodésiques sur Ds(M) (i.e. l’équation des moments, voir section 3.5.4) pour
la métrique riemannienne faible

gϕ,1(X,X) =
∫
M
gϕ(x)(X(x), X(x))dx, X ∈ TϕDs(M),

sous la contrainte d’état pure
div(X ◦ ϕ−1) = 0.

Cette condition, qui est continue seulement en ϕ, devient lisse lorsqu’on la remplace par la
condition équivalente

div(X ◦ ϕ−1) ◦ ϕ = 0.

La structure
(H′, ξ′, gϕ,1), H′ϕ = kerCϕ, ξ′ϕ(X) = X, ϕ ∈ Ds(M),

se restreint à Dsvol(M), le groupe des difféomorphismes qui préservent la forme volume. Cette
restriction est équivalente à la structure invariante à droite surDsvol(M) engendrée par l’espace
pré-hilbertien (V, gIdM ,1), où

V = ker div ∩ Γs(TM),

de la même manière qu’on a vu que gLr était lisse dans la discussion précédente, et ce car ϕ
préserve la forme volume. Ebin et Marsden ont ensuite prouvé que cette métrique admettait
une connection de Levi-Civita et un flot géodésique, ce qui a montré l’existence locale et
l’unicité des solutions à l’équation d’Euler pour toute condition initiale X(0) ∈ Γs(TM),
s > dim(M)/2 + 1.

Il est alors naturel de se demander comment ce comporte un fluide incompressible sur une
variété sous-riemannienne. Un des développements possibles de cette thèse est la démonstration
d’un résultat similaire d’existence et d’unicité des solutions à une telle équation. Considérons
(H0, ξ0, g0), une structure sous-riemannienne sur une variété M compacte de dimension fi-
nie. Supposons, pour simplifier, que H0 soit trivialisable, et soit alors (e1, . . . , ek) un repère
orthonormé global de H0. Soit également Xi : x 7→ ξ0

xei(x), champ de vecteurs horizontal de
classe C∞ sur M .

On considère, comme dans la section 2.9, la structure sous-riemannienne (H, ξ, g) sur
Ds(M) définie par

H = Ds(M)×Hs(M,Rk), ξϕ(u) =
k∑
i=1

uiXi ◦ ϕ, g(u, u) =
k∑
i=1

∫
M
u2
i (x)dx, (ϕ, u) ∈ H.

On rajoute les contraintes Cϕ : Hs(M,Rk)→ Hs−1(M,R) définies par

Cϕu = div((ξϕu) ◦ ϕ−1) ◦ ϕ.

Cette structure, de classe C∞, se restreint à Dsvol(M) en une structure équivalente à une
structure sous-riemannienne faible et invariante à droite.

L’objectif est alors de trouver un espace cotangent relatif adapté sur lequel le hamiltonien
possède un gradient symplectique suffisemment régulier, et expliciter ce gradient. Cela peut
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se faire en étendant les résultats de la section 6 au cas des métriques faibles. Le but serait
alors d’écrire la forme réduite de l’équation associée pour obtenir l’équation d’Euler des
fluides incompressibles sur une variété sous-riemannienne, ainsi qu’un espace de conditions
initiales pour lesquelles elle admet une unique solution locale. En plus d’être un problème très
naturel de géométrie sous-riemannienne, ces considérations ouvrent naturellement la voie à
des considérations de fluides incompressibles à mouvements contraints.

Équation d’Euler avec contraintes. Il s’agit d’ajouter au fluide des contraintes de la
forme

CϕX(t)ϕ̇
X(t) = 0, p.p. t,

où ϕX représente le mouvement du fluide, c’est-à-dire le flot du champ de vitesse de déplacement
X du fluide sur la variété M . On obtient alors le mouvement d’un fluide contraint en cherchant
l’équation des géodésiques contraintes sur Ds(M) pour la norme∫ (∫

M
gx(X(x), X(x))dx

)
dt

pour X(t) ∈ V = ker div∩Γs(TM) en combinant les résultats des chapitres 3 et 6, à condition
bien sur de les généraliser au cas où 〈·, ·〉 est une métrique pré-Hilbertienne sur V , plutôt
qu’une métrique forte. Un tel point de vue ouvre de nombreuses applications potentielles.

Le cadre des multiformes, par exemple, semble particulièrement adapté à l’étude d’une
intéraction solide-fluide (ou même une intéraction entre deux fluides inhomogènes). En ef-
fet, on peut repérer un solide compact par un domaine compact U0 ⊂ M , plongé dans un
fluide parfait repéré par le complémentaire U c0 . On peut alors étudier le mouvement qu’une
déformation du solide, modélisée par la restriction à U0 d’une courbe t 7→ ϕ1(t) ∈ Ds(M),
induit sur le fluide. Ce mouvement est repéré par la restriction à U c0 d’une seconde courbe
t 7→ ϕ2(t) ∈ Ds(M).

Par exemple, on peut imposer des contraintes collées

ϕ1(t, x) = ϕ2(t, x), x ∈ ∂U0

pour tout t, ou, plus logiquement, des contraintes glissés,

ϕ1(∂U0) = ϕ2(∂U0),

ce qui laisse la possibilité au fluide de glisser le long du solide.
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Chapter 9

Sub-Riemannian geodesic equations
on groups of diffeomorphisms and
shape spaces

The contents of this chapter were presented in Chapters 3, 4 and 5.

Abstract

In this paper, we define and study strong right-invariant sub-Riemannian
structures on groups Ds(M) of Sobolev diffeomorphisms of class Hs, of a manifold
M of bounded geometry, s > dim(M)/2 + 1, and their applications to mathemat-
ical shape analysis. We derive the Hamiltonian geodesic equations for normal
geodesics and singular curves for such structures. We then define a shape space
in M as an infinite-dimensional manifold S on which the group of diffeomor-
phisms of M has an action that is compatible with the particular group structure
of Ds(M), and investigate the invariant sub-Riemannian structures induced on S
by this action and a right-invariant sub-Riemannian structure on Ds(M). Then,
we introduce a new kind of structure on shape spaces: sub-Riemannian that
are lifted through equivariant submersions between shape spaces. We give the
geodesic equations in each case, along with several examples.

Introduction

The general purpose of shape analysis is to compare several shapes while keeping track of
their geometric properties. This is done by finding a deformation, mapping one shape onto
the others, which minimizes a certain action that depends on the properties of the shape.
This implies that an action has been assigned to every possible deformation of a shape, the
design of this cost function being a crucial step in the method. This technique has been used
in the analysis of anatomical organs from medical images (see [GM98]).

A recent approach represents deformations as flows of diffeomorphisms generated by time-
dependent vector fields [DGM98, Tro95, Tro05]. Indeed, when considering the studied shapes
as embedded in an ambient manifold M of dimension d, diffeomorphisms induce deformations
of the shape itself. Such deformations preserve local (such as the smoothness) and global (such
as the number of self-intersections) geometric properties of the shape. The set of all possible
deformations is defined as the set of flows of time-dependent vector fields on the space of
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”infinitesimal transformations”, which is a subset of the space of all vector fields on M of
Sobolev class at least Hs0+1, where s0 is the smallest integer such that s0 > d/2. Then,
defining a pre-Hilbert norm on those vector fields that are infinitesimal transformations, the
total action of the final deformation is given by the time-integral of the squared norm of the
time-dependent vector field by which it is generated.

In order to define the space of infinitesimal transformations and the corresponding norm,
two ways are classically considered in the existing literature.

The first, used in [BHM11, BBHM13, MM07], consists of considering C∞ vector fields with
compact support, and weak Hk norms with k ∈ N. The resulting structure is then a weak
right-invariant Riemannian structure on the Fréchet Lie group of smooth diffeomorphisms
with compact support on M .

The second, that we will use in this paper, consists of considering a Hilbert space (V, 〈·, ·〉)
of vector fields on M with continuous injection in the space of Hs0+1-vector fields. This frame-
work has led to the development of the so-called Large Deformation Diffeomorphic Metric
Mapping (LDDMM) method (see [AG04, BMTY05, JM00, MTY02, MTY06]). Actually, in
this framework, we will show that the group of diffeomorphisms of class Hs0+1 becomes a
sub-Riemannian manifold, equipped with a right-invariant sub-Riemannian structure (pro-
vided this group can be equipped with a manifold structure compatible with its group law),
under the additional assumption that M has bounded geometry (see [Sch04]). In this case,
all groups of diffeomorphisms of class Hs, s > s0 + 1, are both Hilbert manifolds and topo-
logical groups such that composition on the right is smooth, while composition on the left
is only continuous. By projection, the shape space inherits of a sub-Riemannian structure
in the sense of [ABC+10] thanks to the restriction of the infinitesimal action to the space
of infinitesimal deformations. In the existing literature, most authors were not familiar with
sub-Riemannian geometry, and the subject was actually treated from the point of view of
Riemannian geometry. This was possible because of two facts: firstly, they mostly focused on
finite-dimensional shape spaces (spaces of landmarks) on which the structure induced by the
infinitesimal action is indeed Riemannian. Secondly, even when that was not the case, they
used the Hamiltonian characterization of geodesics, which does not show that a structure
might not be Riemannian, especially when the horizontal distribution is dense.

The first purpose of this paper is therefore to establish in a complete way the point of
view of sub-Riemannian geometry applied to the study of shapes, and then to determine the
Hamiltonian geodesic equations on the group of diffeomorphisms and on shape spaces. This
approach provides an appropriate geometric point of view for shape deformation analysis and
yields new interesting examples. In the last section of this paper, we will also introduce a
new category of shape spaces: the lifted shape spaces, obtained by lifting the deformation
on a small shape to a bigger shape space. This new approach to shape analysis explicitly
requires the use of sub-Riemannian geometry.

Recall that a sub-Riemannian manifold is a triple (M,H, h), whereM is a finite-dimensional
manifold and (H, h) is a smooth Riemannian subbundle of the tangent space TM of M , called
horizontal distribution, equipped with a Riemannian metric h. Horizontal curves are defined
as curves on M with velocity in H. Their length can be defined according to the metric h,
which leads to define the corresponding sub-Riemannian distance between two points. We
refer the reader to [BR96, Mon02] for a survey on sub-Riemannian geometry in finite di-
mension. Note that, in [ABC+10], rank-varying horizontal distributions are considered by
including horizontal distributions of the form ξ(E), where E is a vector bundle on M and
ξ : E → TM is a vector bundle morphism, which is rather the point of view that we need
here.

Since the shape spaces we are dealing with are infinite dimensional, we need here to
consider infinite-dimensional sub-Riemannian manifolds. To the best of our knowledge, sub-
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Riemannian geometry has been very much unexplored in the infinite-dimensional context.
Probably, the first result established in an approaching context is the controllability result on
diffeomorphisms obtained in [AC09]. We also mention the recent preprint [GMV12] in which
the authors establish the geodesic equations for infinite-dimensional weak sub-Riemannian
geometries. In this reference, however, while the manifolds considered are modeled on more
general convenient spaces (see [KM97]), only closed horizontal distributions with closed com-
plement are considered, which does not include the dense distributions that usually emerge
in shape deformation analysis. Whereas there is no canonical way to define the concept of
sub-Riemannian geometry in infinite dimension, and whereas a systematic study of infinite-
dimensional sub-Riemannian geometries is still to be done, in this paper we will define and
develop all corresponding geometric notions that we think appropriate in order to model and
investigate shape spaces in this context.

We will characterize the geodesics, which are critical points of the action A between two
end-points. Contrarily to the finite-dimensional setting where any minimizer of the action is a
critical point, in infinite dimension a serious difficulty emerges, due to the fact that the range
of the differential of the end-point mapping need not be closed. This problem is particularly
accurate in our shape analysis setting, because the horizontal distribution itself is never closed
in general. In this paper, instead of deriving necessary conditions for minimizing the action,
we will provide sufficient conditions for being a critical point of the action, showing that any
solution of certain Hamiltonian equations is a critical point of the action.

The paper is organized as follows.
In Section 9.1, we recall some results on manifolds of bounded geometry and on their

groups of diffeomorphisms, and we define strong right-invariant sub-Riemannian structures on
these groups. We establish the metric and geodesic completeness for the corresponding sub-
Riemannian distance. We compute the derivative and the adjoint of the end-point mapping,
and we infer the Hamiltonian geodesic equations. We provide several examples and comment
on the difficulty of finding reasonable necessary conditions for optimality.

In Section 9.2, we consider general shape spaces and investigate the sub-Riemannian struc-
ture induced by the action of the group of diffeomorphisms. We establish the Hamiltonian
geodesic equations and give some examples.

Finally, in Section 9.3, we define lifted shape spaces, which are shape spaces on which
the sub-Riemannian structure is induced by lifting that of another shape space through
an equivariant mapping. The corresponding Hamiltonian geodesic equations are harder to
establish in general, but we will provide a simpler version by using a slightly different point of
view. We establish the Hamiltonian geodesic equations on some finite-dimensional examples.

9.1 Sub-Riemannian structure on groups of diffeomorphisms

Let d ∈ N∗, and let (M, g) be a smooth oriented Riemannian manifold, where M is a
smooth manifold of dimension d equipped with a Riemannian metric g. We assume that M
has bounded geometry, that is, we assume that its global injectivity radius inj(M) is positive
and that one of the following equivalent conditions is satisfied:

1. For every i ∈ N, the Riemannian norm of the i-th covariant derivative of the curvature
tensor of M is bounded.

2. For every i ∈ N, there exists Ci > 0 such that |dig| ≤ Ci in every normal coordinate
chart (defined by the Riemannian exponential map of M) of radius inj(M)/2 on M .

In this section, we are going to define a sub-Riemannian structure on the manifold Ds(M),
which is the connected component of the neutral element of the group of diffeomorphisms of
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M of Sobolev class Hs. We will then derive Hamiltonian equations for normal geodesics of
this sub-Riemannian manifold, and provide several examples with M = Rd.

9.1.1 Definition of the manifold Ds(M)
Let us first settle some notations and recall some results about the manifold structure of

the space Hs(M,N) of mappings from M to N of Sobolev class Hs, for s large enough. Here,
(N,h) is another smooth Riemannian manifold with bounded geometry.

Let f : M → N be a smooth mapping. Its differential is a section of the vector bundle
T ∗M⊗Mf∗TN, where f∗TN = {(x, v) ∈M×TN | v ∈ Tf(x)N}. The Levi-Civita connections
on M and N induce a Riemannian connection on T ∗M⊗f∗TN , which allows us to set |df |2s =∑s
i=0

∫
M |∇if(x)|2 dx, for every integer s ≥ d/2 + 1. Then, we define the set C∞,s(M,N) of

smooth functions from M to N of Sobolev class Hs as that of smooth functions from M to N
such that |df |2s < +∞. The tangent space TfC∞,s(M,N) at f is defined as the set of smooth
sections X of f∗TN such that

|X|2s =
s∑
i=0

∫
M
|∇iX(x)|2 dx < +∞. (9.1)

The norm | · |s is a pre-Hilbert one. Note that any X ∈ TfC∞,s(M,N) is bounded and there
exists C > 0 such that hx(X(x), X(x)) ≤ C|X|s for every x ∈ N .

For δ < inj(N)/2, we say that two elements f1 and f2 of C∞,s(M,N) are δ-close if
there exists X ∈ Tf1C∞,s(M,N) such that |X|s ≤ δ and f2 = expN ◦X, where expN is the
Riemannian exponential map on N . We denote Vδ the set of all such couples.

It is known (see [ES96, Sch04]) that the set {Vδ | 0 < δ < inj(N)/2} is a basis for a metriz-
able uniform structure on C∞,s(M,N), with distance dHs(M,N). Its completion Hs(M,N) is a
smooth Hilbert manifold, with TfHs(M,N) = {X ∈ Hs(M,TN) | ∀x ∈M g(x) ∈ Tf(x)N},
and on which the norm | · |s defined by (9.1) is a Hilbert norm.

If s > d/2 + `, then we have a continuous inclusion Hs(M,N) ↪→ C`(M,N). Moreover, if
M is compact, then the inclusion Hs+1(M,N) ↪→ Hs′+1(M,N), s′ < s, is compact.

Taking s > d/2 + 1 and M = N , we are now in a position to define Ds(M). We denote
by Hs

0(M,M) the connected component of e = idM in Hs(M,M), and by Diff(M) the set of
C1 diffeomorphims on M .

Definition 9.1. For every integer s > d/2 + 1, we define Ds(M) = Hs
0(M,M)∩Diff(M) as

the connected component of the space of diffeomorphisms of class Hs on M .

The Hilbert manifold Ds(M) is an open subset of Hs(M,M). In what follows, we denote
by Γs(TM) = TeDs(M) the tangent space of Ds(M) at e = idM , which coincides with the
space of vector fields of class Hs on M .

The set Ds(M) is a topological group for the composition (ϕ,ψ) 7→ ϕ ◦ ψ, and for every
ψ ∈ Ds(M), the right multiplication Rψ : ϕ 7→ ϕ ◦ ψ is smooth. Moreover, for every k ∈ N,
the mapping (ϕ,ψ) ∈ Ds+k(M)×Ds(M) 7→ ϕ ◦ ψ ∈ Ds(M) is of class Ck. The derivative of
Rψ is given by dRψ.X = X ◦ψ (and this, at any point ϕ). Similarly, the derivative of the left
multiplication is given by dLϕ.X = dϕ(ψ).X whenever ϕ is of class Hs+1 (see [ES96, Sch04]).

Using the smoothness of the right multiplication, we define the set of right-invariant vector
fields onDs(M) as the set of vector fieldsX : Ds(M)→ TDs(M) that satisfyX(ϕ) = X(e)◦ϕ.
The set of right-invariant vector fields is therefore identified to TeDs(M) = Γs(TM).

Note that Ds(M) is not a Lie group because, although the right multiplication is smooth,
the left composition in Ds(M) is only continuous. It can however be noticed that the set
D∞(M) = ∩s>d/2+1Ds(M) is a Lie group; more precisely, endowed with the inverse limit
topology, it is an inverse limit Hilbert Lie group, which is a particular type of a Fréchet Lie
group (see [Omo74]).
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Curves on Ds(M). For every ϕ(·) ∈ H1(0, 1;Ds(M)), the time-dependent vector field
X(·) = ϕ̇(·) ◦ ϕ(·)−1 ∈ L2(0, 1; Γs(TM)) is called the logarithmic velocity of ϕ(·). Note that,
by definition, we have ϕ̇(t) = X(t) ◦ ϕ(t) for almost every t ∈ [0, 1].

Such curves of diffeomorphisms are flows of time-dependent right-invariant vector fields
on Ds(M) whose norm is square-integrable in time. Conversely, thanks to a generalized
version of the Cauchy-Lipschitz theorem (see [Tré08]), any time-dependent vector field X(·) ∈
L2(0, 1; Γs(TM)) generates a unique flow ϕXe (·) ∈ H1(0, 1;Ds(M)) such that ϕXe (0) = e, and
therefore defines a unique curve ϕX(·) = ϕXe (·) ◦ ϕ0 for any fixed ϕ0 ∈ Ds(M).

In other words, for any fixed ϕ0 ∈ Ds(M), there is a one-to-one correspondence X(·) ↔
ϕX(·) between time-dependent vector fields X(·) ∈ L2(0, 1; Γs(TM)) and curves ϕ(·) ∈
H1(0, 1;Ds(M)) such that ϕ(0) = ϕ0.

9.1.2 Sub-Riemannian structure on Ds(M)
A sub-Riemannian manifold is usually defined as a triple (M,∆, h), where M is a man-

ifold and (∆, h) is a smooth Riemannian subbundle of the tangent space TM of M, called
horizontal distribution, equipped with a Riemannian metric h.

Here, keeping the framework and notations of the previous section, we takeM = Ds(M),
and we are going to define a (right-invariant) horizontal distribution on the manifold Ds(M),
endowed with a (right-invariant) Riemannian metric, that is, to define a (right-invariant)
sub-Riemannian structure on the infinite-dimensional manifold Ds(M).

Let s and s̃ be integers such that s̃ ≥ s > d/2 + 1. In what follows, we consider a Hilbert
space (V, 〈·, ·〉) of vector fields of class H s̃ on M such that the inclusion V ↪→ Γs̃(TM) is
continuous.

Definition 9.2. We consider the subbundle Hs of TDs(M) defined by Hsϕ = RϕV = V ◦ ϕ
for every ϕ ∈ Ds(M), endowed with the (fibered) metric 〈X,Y 〉ϕ = 〈X ◦ ϕ−1, Y ◦ ϕ−1〉.
This subbundle induces a sub-Riemannian structure on Ds(M), that we refer to as the strong
right-invariant sub-Riemannian structure defined by V on Ds(M).

Note that the mapping (ϕ,X) 7→ X ◦ ϕ gives a parametrization of Hs by Ds(M) × V .
This parametrization is of class Ck with k = s̃− s.

Note that, if s < s′ < s̃, then the restriction of Hs to Ds′(M) coincides with Hs′ . In
particular, for a fixed diffeomorphism ϕ ∈ Ds′(M), we have Hsϕ = Hs′ϕ = V ◦ ϕ. Hence Hsϕ
does not depend on s and we will simply write it as Hϕ.

Example 9.1. The simplest example of such a structure on the group of diffeomorphisms is
obtained by taking V = Γs̃(TM) and

〈X,Y 〉 =
s̃∑
i=1

∫
M
gx(∇iX(x),∇iY (x)) dx.

Then Hsϕ is the space of X ∈ Hs(M,TM) such that X(x) ∈ Tϕ(x)M and X ◦ϕ−1 ∈ Γs̃(TM).
For s = s̃, we have Hsϕ = TDs(M) and we obtain a Riemannian structure on Ds(M).

Moreover, using a careful computation and the change of variable x = ϕ(y) in the integral,
we can see that the Riemannian structure is smooth.

Such metrics have been studied in [BHM11, BBHM13, MM07], seen as ”weak” Riemannian
metrics on the group of smooth diffeomorphisms (in contrast with ”strong” metrics as in
[BV13]).

Example 9.2. Let ∆ be a smooth subbundle of TM , endowed with the restriction of the
metric g to ∆. We define the space V = {X ∈ Γs(TM) | ∀x ∈M X(x) ∈ ∆x} of all horizon-
tal vector fields of class Hs. Then Hϕ is the space of Hs mappings X : M → TM such that
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X(x) ∈ ∆ϕ(x). Note that, although the parametrization (X,ϕ) 7→ X ◦ ϕ is only continuous,
H is a smooth subbundle of TDs(M) (indeed the subbundle ∆ iself is smooth).

These examples show that the parametrization (X,ϕ) 7→ X ◦ ϕ may not be the most
appropriate one in some particular situations. We will however keep this general point of
view throughout the paper.

Remark 9.1. In Definition 9.2, we consider ”strong” sub-Riemannian structures. We can
define ”weak” sub-Riemannian structures on Ds(M), for which the norm induced by 〈·, ·〉
on V is not complete. This allows to deal with more general metrics such as the L2 norm
on vector fields, 〈X,Y 〉 =

∫
M gx(X(x), Y (x)) dVolg(x), where Volg is the canonical volume

form on (M, g). When V is the set of volume-preserving vector fields, this metric induces a
smooth Riemannian metric on the group of volume-preserving diffeomorphisms of M , whose
geodesics are the solutions of the Euler equations on M (see [EM70]).

Remark 9.2. Any Hilbert space V of vector fields of class at least Hs, with s > d/2, has
a reproducing kernel. This means that the operator V ∗ → V given by the inverse of the
isometry X 7→ 〈X, ·〉, is the convolution with a section K of the bundle L(T ∗M,TM) =
TM ⊗ TM →M ×M , called the reproducing kernel of V .

Any element P of the dual Γ−s(T ∗M) of Γs(TM) can be represented by a one-form
with (distributional) coefficients of class H−s, so that P (X) =

∫
M P (x)(X(x)) dx, for every

X ∈ Γs(TM) (the integral is computed in coordinates by means of a partition of unity). Such
a P is called a co-current. By restriction, any co-current P ∈ Γ−s(T ∗M) belongs as well to
the dual V ∗ of V . In particular, for any (x, p) ∈ T ∗M , the linear form p⊗ δx : X 7→ p(X(x))
belongs to V ∗, and the unique element Y such that 〈Y, ·〉 = p⊗δx on V is denoted by K(·, x)p.
Then K(x, y) is a linear mapping from T ∗yM to TxM , that is an element of TyM ⊗ TxM .
Moreover, for every co-current P ∈ Γ−s(T ∗M), the unique element Y such that 〈Y, ·〉 = P
on V is given by Y (x) =

∫
M K(x, y)P (y) dVolg(y). In particular, K is of class at least Hs on

M ×M .

We are now in a position to consider horizontal curves on Ds(M) for the strong right-
invariant sub-Riemannian structure induced by V , and to define the associated concept of
sub-Riemannian distance.

Horizontal curves.

Definition 9.3. An horizontal curve for the strong right-invariant sub-Riemannian structure
induced by (V, 〈·, ·〉) on Ds(M) is a curve ϕ(·) ∈ H1(0, 1;Ds(M)) such that ϕ̇(t) ∈ Hs for
almost every t ∈ [0, 1]. Equivalently, it is a curve with logarithmic velocity X(·) ∈ L2(0, 1;V ).

For every ϕ0 ∈ Ds(M), we define Ωϕ0 as the set of all horizontal curves ϕ(·) ∈ H1(0, 1;Ds(M))
such that ϕ(0) = ϕ0. We define the mapping Φϕ0 : L2(0, 1;V )→ Ωϕ0 by Φϕ0(X(·)) = ϕX(·),
where ϕX(·) is the unique solution of the Cauchy problem ϕ̇X(·) = X(·)◦ϕX(·), ϕX(0) = ϕ0.
We have Ωϕ0 = Φϕ0(L2(0, 1;V )).

Lemma 9.1. We assume that k = s̃ − s ≥ 1. For every ϕ0 ∈ Ds(M), the mapping
Φϕ0 : L2(0, 1;V ) → Ωϕ0 is a Ck diffeomorphism, and the set Ωϕ0 is a Ck submanifold of
H1(0, 1;Ds(M)).

Proof. Using the correspondence ϕ(·) ↔ X(·) explained in Section 9.1.1 (for ϕ0 fixed), it
suffices to prove that the graph in H1(0, 1;Ds(M))× L2(0, 1;V ) of the Ck mapping X(·) 7→
ϕX(·) is a Ck manifold, globally parametrized by X(·) 7→ (ϕX(·), X(·) ◦ ϕX(·)).

We denote by H1
ϕ0(0, 1;Ds(M)) the set of ϕ(·) ∈ H1(0, 1;Ds(M)) such that ϕ(0) = ϕ0.

We define H1
ϕ0 × L

2(0, 1;TDs(M)) as the fiber bundle over H1
ϕ0(0, 1;TDs(M)) defined by
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{(ϕ(·), δϕ(·)) ∈ H1
ϕ0(0, 1;Ds(M))×L2(0, 1;TDs(M)) | δϕ(t) ∈ Tϕ(t)Ds(M) for a.e. t ∈ [0, 1]}.

We consider the affine vector bundle morphism C : H1(0, 1;Ds(M)) × L2(0, 1;V ) → H1
ϕ0 ×

L2(0, 1;TDs(M)) defined by C(ϕ(·), X(·))(t) = ϕ̇(t) − X(t) ◦ ϕ(t). Then C is of class Ck
and Ωϕ0 = C−1({0}). In coordinates on Ds(M), we have ∂ϕC(ϕ(·), X(·)).δϕ(·) = δϕ̇(·) −
d(X(·) ◦ ϕ(·)).δϕ(·), which is a continuous linear differential operator of order one, and the
linear Cauchy-Lipschitz theorem in Banach spaces implies that it is an isomorphism. The
lemma follows from the implicit function theorem.

Definition 9.4. For every ϕ0 ∈ Ds(M), the end-point mapping endϕ0 : Ωϕ0 → Ds(M) is
defined by endϕ0(ϕ(·)) = ϕ(1), for every ϕ(·) ∈ Ωϕ0.

The end-point mapping is of class Ck, with k = s̃− s ≥ 1.

Definition 9.5. An horizontal curve ϕ(·) ∈ H1(0, 1;Ds(M)) is said to be singular whenever
the codimension of Range(d endϕ0(ϕ(·))) in Tϕ1Ds(M) is positive.

Remark 9.3. An horizontal curve ϕ(·) ∈ H1(0, 1;Ds(M)) is singular if and only if there
exists Pϕ1 ∈ T ∗ϕ1D

s(M)\{0} such that (d endϕ0(ϕ(·)))∗.Pϕ1 = 0. Examples of singular curves
can be built by considering a sub-Riemannian manifold M on which there exists a nontrivial
singular curve γ(·) (such manifolds do exist, see, e.g., [Mon02]), and by taking V as the set of
horizontal vector fields of class H s̃ on M , as explained in Example 9.2. Then any autonomous
vector field X such that X ◦ γ(·) = γ̇(·) generates a singular curve.

Note that, in Theorem 9.4 further, we provide an Hamiltonian characterization of singular
curves.

Given ϕ0 and ϕ1 in Ds(M), we consider the set Ωϕ0,ϕ1 = end−1
ϕ0 ({ϕ1}) of horizontal curves

steering ϕ0 to ϕ1.

Remark 9.4. The set Ωϕ0,ϕ1 need not be a submanifold of Ωϕ0 , due to the fact that endϕ0

need not be a submersion. In the finite-dimensional context a singularity of this set is exactly
a singular curve, that is a critical point of the end-point mapping, or equivalently, a projection
of an abnormal extremal (see [CJT06, Mon02]). In infinite dimension the situation is more
complicated because of the possible existence of proper subsets that are dense. More precisely,
since we are in infinite dimension, we can have either of the three following possibilities:

1. Range(d endϕ0(ϕ(·))) = Tϕ1Ds(M);
2. the codimension of Range(d endϕ0(ϕ(·))) in Tϕ1Ds(M) is positive;
3. Range(d endϕ0(ϕ(·))) is a proper dense subset of Tϕ1Ds(M).

In finite dimension, only the two first possibilities do occur. In the first case it is usually said
that ϕ(·) is regular, and in that case Ωϕ0,ϕ1 is locally at ϕ(·) a submanifold of Ωϕ0 .

However, in the present infinite-dimensional framework (adapted to shape analysis), since
the horizontal distribution H itself is not closed in TDs(M), actually the first possibility
never occurs, and in particular we have to deal with the third possibility. In the context
of controlled partial differential equations, this third possibility corresponds to a situation
where the control system is approximately controllable but not exactly controllable.

Sub-Riemannian distance and action.

Definition 9.6. The sub-Riemannian length L(ϕ(·)) and the sub-Riemannian action A(ϕ(·))
of an horizontal curve ϕ(·) ∈ H1(0, 1;Ds(M)) with logarithmic velocity X(·) = ϕ̇(·)◦ϕ(·)−1 ∈
L2(0, 1;V ) are respectively defined by

L(ϕ(·)) =
∫ 1

0

√
〈X(t), X(t)〉 dt and A(ϕ(·)) = 1

2

∫ 1

0
〈X(t), X(t)〉 dt.
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The sub-Riemannian distance dSR between two elements ϕ0 and ϕ1 of Ds(M) is defined as
the infimum of the length of horizontal curves steering ϕ0 to ϕ1, with the agreement that
dSR(ϕ0, ϕ1) = +∞ whenever there is no horizontal curve steering ϕ0 to ϕ1.

An horizontal curve ϕ(·) : [0, 1] → Ds(M) is said to be minimizing if dSR(ϕ(0), ϕ(1)) =
L(ϕ(·)).

We have dSR(ϕ0, ϕ1) = dSR(e, ϕ1 ◦ ϕ−1
0 ), that is, dSR is right-invariant. Concatenation

and time-reversals of horizontal curves are horizontal as well, hence dSR is at least a semi-
distance, and the subset {ϕ1 ∈ Ds(M) | dSR(e, ϕ1) <∞} is a subgroup of Ds(M) that does
not depend on s (it is proved in Theorem 9.1 further that dSR is a distance). Moreover,
it follows from the Cauchy-Schwarz inequality that L2 ≤ 2A, and therefore dSR(ϕ0, ϕ1) is
equal to

√
2 times the infimum of the action over all horizontal curves steering ϕ0 to ϕ1.

Therefore, minimizing the length over horizontal curves between two end-points is equivalent
to minimizing the action over this set.

Theorem 9.1. The sub-Riemannian distance dSR is indeed a distance (taking its values in
[0,+∞]), that is, dSR(ϕ0, ϕ1) = 0 implies ϕ0 = ϕ1. Moreover, any two elements ϕ0 and ϕ1
of Ds(M) with dSR(ϕ0, ϕ1) < +∞ can be connected by a minimizing horizontal curve, and
(Ds(M), dSR) is a complete metric space.

Proof. The proof follows, in the context of sub-Riemannian geometry, some arguments of
[Tro95].

Firstly, in order to prove that dSR(ϕ0, ϕ1) = 0 implies ϕ0 = ϕ1, since dSR is right-
invariant, it suffices to prove that ϕ1 6= e implies dSR(e, ϕ1) > 0. Let ϕ(·) ∈ Ωe be an
horizontal curve such that ϕ(0) = e and ϕ(1) = ϕ1 6= e, and let X(·) be its logarithmic
velocity. Let x ∈ M such that ϕ1(x) 6= x. Setting x(t) = ϕ(t, x), we have ẋ(t) = X(t, x(t)),
and then, 0 < dM (x, ϕ1(x))2 ≤

∫ 1
0 gx(t)(X(t, x(t)), X(t, x(t))) dt, where dM is the Riemannian

distance on M . Since there exist positive constants C1 and C2 such that gy(Y (y), Y (y)) ≤
C1‖Y ‖2Γs(TM) ≤ C2〈Y, Y 〉, for every y ∈ M and for every Y ∈ V , it follows that 0 <

dM (x, ϕ1(x))2 ≤ C2
∫ 1

0 〈X(t), X(t)〉 dt = 2C2A(ϕ(·)). Since this inequality is true for every
horizontal curve ϕ(·) steering e to ϕ1, we get that 0 < dM (x, ϕ1(x)) ≤ dSR(e, ϕ1) (note by
the way that this inequality holds true for every x ∈M).

Secondly, since the structure is right-invariant, it suffices to prove that any ϕ1 ∈ Ds(M)
such that dSR(e, ϕ1) <∞ can be reached from e by a minimizing horizontal curve. In order to
prove this fact, we will use the following lemma, which itself mainly follows from the Sobolev
embedding theorem (see [ATTY13] for the proof).

Lemma 9.2. Let (Xn(·))n∈N be a bounded sequence of L2(0, 1;V ), consisting of logarith-
mic velocities of horizontal curves (ϕn(·))n∈N such that ϕn(0) = e = idM . Then there
exist X̄(·) ∈ L2(0, 1;V ), corresponding to the horizontal curve ϕ̄(·), and an increasing se-
quence (nj)j∈N of integers such that (Xnj (·))j∈N converges weakly to X̄(·), and such that
supt∈[0,1] dH s̃−1(U,M)(ϕnj (t), ϕ̄(t)) converges to 0 as j tends to +∞, for every compact subset
U of M .

Let (Xn(·))n∈N be a minimizing sequence of L2(0, 1;V ), associated with horizontal curves
(ϕn(·))n∈N, for the problem of minimizing the action over all horizontal curves steering e to
ϕ1. By Lemma 9.2, up to some subsequence, the sequence (Xn(·))n∈N converges weakly to
X̄(·), associated with an horizontal curve ϕ̄(·) such that ϕ̄(1) = ϕ1 (note that s̃− 1 > d/2).
Hence ϕ̄(·) is an horizontal curve steering e to ϕ1, and by lower semi-continuity of the action,
we have A(ϕ̄(·)) = 1

2
∫ 1
0 〈X̄(t), X̄(t)〉 dt ≤ lim infn 1

2
∫ 1

0 〈Xn(t), Xn(t)〉 dt, and hence ϕ̄(·) is a
minimizing horizontal curve steering e to ϕ1.

Let us finally prove that (Ds(M), dSR) is complete. Let (ϕn1 )n∈N be a Cauchy sequence of
Ds(M). Then (ϕn1 )n∈N is a Cauchy sequence as well in C0(M,M) for the metric topology of



9.1. SUB-RIEMANNIAN STRUCTURE ON GROUPS OF DIFFEOMORPHISMS 111

uniform convergence on compact subsets, which is complete, and therefore converges to some
ϕ̄1 ∈ C0(M,M). To conclude, it suffices to prove that ϕ̄1 ∈ Ds(M) and that dSR(ϕn1 , ϕ̄1)→ 0
as n→ +∞.

For every integer m ≥ n, let Xn,m(·) be the logarithmic velocity of a minimizing horizontal
curve ϕn,m(·) steering ϕn1 to ϕm1 . For every n, the sequence (Xn,m(·))m≥n (indexed by m)
is bounded in L2(0, 1;V ), and hence from Lemma 9.2, up to some subsequence it converges
weakly to some X̄n(·) ∈ L2(0, 1;V ), which is the logarithmic velocity of an horizontal curve
ϕ̄n(·). Moreover ϕm1 = ϕn,m(1) → ϕ̄n(1) in C0(M,M) as m → +∞. But since ϕm1 → ϕ̄1,
it follows that ϕ̄n(1) = ϕ̄1. In particular, ϕ̄1 ∈ Ds(M) and ϕ̄n1 (·) is an horizontal curve
steering ϕn1 to ϕ̄1. By weak convergence of Xn,m(·) to X̄n(·) as m → +∞, and by lower
semi-continuity, we infer that

dSR(ϕ̄1, ϕ
n
1 )2 ≤ 2A(ϕ̄n(·)) =

∫ 1

0
〈X̄n(t), X̄n(t)〉 dt

≤ lim inf
m→∞

∫ 1

0
〈Xn,m(t), Xn,m(t)〉 dt = lim inf

m→∞
2A(ϕn,m(·)) = lim inf

k→∞
dSR(ϕn1 , ϕm1 )2.

The equality in the last part is due to the fact that ϕn,m(·) is a minimizing horizontal curve
steering ϕn1 to ϕm1 . Since (ϕn1 )n∈N is a Cauchy sequence, the right-hand side of the above
inequality tends to 0 as n→ +∞, and hence dSR(ϕ̄1, ϕ

n
1 )→ 0 as n→ +∞.

9.1.3 The accessibility property on Ds(M)
In the rest of this section, (V, 〈·, ·〉) is a Hilbert space of vector fields of class Hs on a

manifold M of bounded geometry and dimension d. We consider the corresponding right-
invariant sub-Riemannian structure (Hs, 〈·, ·〉) on Ds(M) as in Definition 9.2.

The purpose of this section is to give conditions on V ensuring the approximate accessibil-
ity or (resp. exact accessibility) property from e. This means, giving conditions ensuring that
the set DH, defined in Theorem 9.1, is dense in (resp. equal to) the connected component
Ds0(M) of e in Ds(M).

Approximate accessibility There are some general results of approximate accessiblity in
infinite dimensional sub-Riemannian geometry, though they cannot be applied directly here
because our structures are not smooth. The property of exact accessibility from a given
point in infinite dimensional sub-Riemannian manifolds, however, is almost never satisfied.
Therefore, in most cases, we cannot expect to have better than approximate accessibility.
For example, we have the following result.

Proposition 1. If V is dense in Γs(TM) then DH is dense in Ds0(M).

Proof. The assumption implies thatHs is dense in TDs(M). The proof of [DS80] then implies
the result.

A more general result can be deduced from a result by Agrachev and Caponigro [AC09]
in the case where M is compact.

Proposition 2. (Agrachev-Caponigro) Assume that M is compact and let X1, . . . , Xr be
smooth vector fields on M .

Assume that any two points x, y ∈ M can be connected by a smooth curve t 7→ x(t) ∈ M
whose velocity belongs to the span of (Xi(x(t)))i=1,...,r for every t.

Finally, assume that {
r∑
i=1

uiXi | u1, . . . , ur ∈ C∞(M)
}
⊂ V.
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Then DH contains the set D∞0 (M) of all smooth diffeomorphisms of Ds0(M). In particular,
it is dense in Ds0(M).

Proof. The main result of [AC09] is actually stronger. It says that, if M is compact and if
any two points x, y ∈ M can be connected by a smooth curve t 7→ x(t) ∈ M whose velocity
belongs to the span of (Xi(x(t)))i=1,...,r for every t, then

∃m ∈ N, ∀ϕ ∈ D∞0 (M), ∃u1, . . . , um ∈ C∞(M), i1, . . . , im ∈ {1, . . . , r}

ϕ = ϕu1Xi1 (1) ◦ · · · ◦ ϕumXim (1).

This directly implies the result.

Remark 9.5. It is straight-forward to generalize the results of [AC09] to the case where{
r∑
i=1

uiXi | u1, . . . , ur ∈ Hs(M)
}
⊂ V,

to obtain exact controllability. However, we found a shorter and simplerproof for the slightly
less general case where the family (X1, . . . , Xr) is bracket-generating, which we give in the
appendix. The main interest of this new proof is that it also lets us give estimates similar to
that of the ball-box theorem, see [Mon02] for the ball-box theorem, and the next section for
a complete statement and implications of this new result.

Exact controllability As mentionned, exact accessibility is very rare in infinite dimen-
sional sub-Riemannian manifolds. However, there is a special case for which we do have
DH = Ds0(M). For this, we will first need to define the notion of a bracket-generating family
of smooth vector fields.

Let (M, g) be a riemannian manifold with bounded geometry and dimension d. Let
X1, . . . , Xr be smooth vector fields on M , bounded at every order.

Remark 9.6. The family (X1, . . . , Xr) defines a rank-varying sub-Riemannian structure ∆
on M (see [ABC+10]).

Define the following space of vector field

V = {X ∈ Γs(TM) | ∀x ∈M,X(x) ∈ span(X1(x), . . . , Xr(x))},

on which we define a Hilbert product 〈·, ·〉 whose norm is equivalent to the Hs-norm defined in
Section 9.1.1. Note that V is a Hs(M)-module generated by X1, . . . , Xr, so that any X ∈ V
can be written

X =
r∑
i=1

uiXi, u = (u1, . . . , ur) ∈ Hs(M,Rr),

and
〈X,X〉 ≤

r∑
i=1
‖ui‖2Hs(M).

In this section, we consider the right-invariant sub-Riemannian structure (Hs, 〈·, ·〉) induced
by the Hilbert space (V, 〈·, ·〉) on Ds(M), and denote by d the corresponding sub-Riemannian
distance. Note that we have

Hϕ =
{

r∑
i=1

ui ◦ ϕX ◦ ϕ | ui ∈ Hs(M)
}
.
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Remark 9.7. It is easy to see that a curve t 7→ ϕ(t) ∈ H1(0, 1;Ds(M) is horizontal if and
only if each curve t 7→ ϕ(t, x) ∈ M , with x ∈ M , is horizontal for the sub-Riemannian
structure ∆ on M generated by (X1, . . . , Xr).

Recall that we defined DH as the set of diffeomorphisms ϕ ∈ Ds(M) with finite sub-
Riemannian distance from e = IdM , that is, those that can be connected to e through a
horizontal curve t 7→ ϕ(t).

Definition 9.7. The family (X1, . . . , Xr) is said to be bracket-generating if, for every
x ∈M ,

TxM = span
{

[Xi1 [. . . , [Xij−1 , Xij ] . . . ](x) | j ∈ N∗, 1 ≤ i1, . . . , ij ≤ r
}
.

In other words, if any tangent vector at x ∈ M is a linear combination of Lie brackets of
X1, . . . , Xk [Mon02].

In this case, any two points ofM can be connected by a curve whose velocity is a linear con-
bination of the vector fields (X1, . . . , Xr) at each time. This is the so-called Chow-Rashevski
theorem [Mon02, BR96].

Recall that we took the Xi to be smooth, so that their iterated Lie brackets are well-
defined. For more simplicity, if I = (i1, . . . , ij) with 1 ≤ i1, . . . , ij ≤ r, we shall denote

XI = [Xi1 [. . . , [Xij−1 , Xij ] . . . ]. (9.2)

When M is compact, it is well-known [Mon02, BR96] that (X1, . . . , Xr) is bracket-generating
if and only if one can find an integer m ≥ d and I1, . . . , Im, with Il = (il1, . . . , iljl) ⊂ {1, . . . , r}

jl

such that for every x ∈M ,

TxM = span(XI1(x), . . . , XIm(x)).

In particular, in this case, for every X ∈ Γs(TM), we can write

X =
m∑
i=1

uiXIi , (u1, . . . , um) ∈ Hs(M,Rm)

with
‖X‖2s ≤

m∑
i=1
‖ui‖2s.

Theorem 9.2. Suppose that M is compact and that the family (X1, . . . , Xk) is bracket-
generating. Then there exists a C1-mapping φ : Hs(M,Rm)→ Ds(M) with φ(0) = e and a
constant C > 0 such that

dSR(e, φ(u1, . . . , um)) ≤ C
m∑
i=1
‖ui‖1/j

i

s .

In particular, DH = Ds0(M) and the topology induced by the sub-riemannian distance dSR
coincides with the intrinsic manifold topology on Ds(M).

Remark 9.8. This theorem is an Hs version of [AC09]. The part about the induced topology,
however, is completely new and could not be easily deduced from Agrachev and Caponigro’s
proof. This theorem is of particular interest in the context of sub-Riemannian geometry in
infinite dimensions. Indeed, it is known that, in almost every cases, only a dense subset can
be reached from a given point through horizontal curve, and the topology does not coincide.
Indeed, the bracket-generating condition is an algebraic condition, and therefore, in infinite
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dimensions, the linear combinations of all brackets of horizontal vector fields is only dense in
the tangent space to the manifold. However, in our particular case, we will see that we can
adapt the finite dimensional proof, although it will require a bit of care.

Also of note, this theorem and more was proved in [BV13] for the right-invariant Rieman-
nian case (V = Γs(TM)), even in noncompact manifolds.

Proof. The proof follows a method similar to that of Chow-Rashevski’s theorem from [Mon02],
with a few extra tricks.

– Step 1: Reduction to a neighbourhood of e = Idm.
The first step is a consequence of the following result, which is an immediate conse-
quence of the right-invariance of the sub-Riemannian distance.
Lemma 9.3. DH is a subgroup of the connected component Ds0(M) of e in Ds(M).

Proof. Let ϕ,ψ ∈ DH. Then ϕ ◦ ψ−1 ∈ DH since

dSR(ϕ ◦ ψ−1, e) = dSR(ϕ,ψ) ≤ dSR(ϕ, e) + d(ψ, e) < +∞.

Then, to prove that DH = Ds0(M), we just need to show that DH contains a neighbour-
hood of e.
The distance being right-invariant, to prove that the topologies coincide, it is sufficient
to show that, inside any sub-Riemannian ball centered at e is included a neighbourhood
of e for the intrinsic topology. This would also prove that DH contains a neighbourhood
of e, and therefore finish the proof.

– Step 2: Smooth parametrization of the horizontal distribution. The next problem we
need to settle in order to apply the method of the proof for the finite dimensional case
from [Mon02], compared to the finite dimensional case, is that our parametrization of
H, which we recall is given by

(ϕ,X) ∈ Ds(M)× V 7→ X ◦ ϕ ∈ TϕDs(M)

is only continuous. This makes it impossible to blindly compute Lie brackets of hor-
izontal vector fields on Ds(M) (recall that a vector field X : Ds(M) → TDs(M) is
horizontal if X(ϕ) ∈ Hϕ for every ϕ).
Remark 9.9. One should be careful not to confuse vector fields on M and vector
fields on Ds(M). To avoid any confusion, we will write vector fields on the infinite
dimensional manifold Ds(M) using emboldened letters, as above.
Lemma 9.4. The mapping Ds(M)×Hs(M,Rr)→ TDs(M) defined by

(ϕ, u1, . . . , ur) 7→ Xu(ϕ) =
r∑
i=1

uiXi ◦ ϕ

is smooth, and its range is equal to H. In particular, any ϕ 7→ Xu(ϕ) is a smooth
horizontal vector field on Ds(M).

Proof. The smoothness is obvious: in the expression
∑r
i=1 u

iXi ◦ ϕ, only the terms
Xi ◦ ϕ depend on ϕ, and those are smooth because we assumed the Xis were smooth.
Moreover,

r∑
i=1

uiXi ◦ ϕ =

 r∑
i=1

(ui ◦ ϕ−1)︸ ︷︷ ︸
∈Hs(M)

Xi

 ◦ ϕ ∈ V ◦ ϕ = Hϕ,
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so that any Xu is indeed horizontal. Conversely, if Yϕ ∈ Hϕ, we can write

Yϕ =
r∑
i=1

ui ◦ ϕXi ◦ ϕ = Xu◦ϕ(ϕ).

The range of the map is indeed H.

– Step 3: Length of integral curves of smooth horizontal vector fields.
A consequence of Lemma 9.4 is that each Xu has a unique local flow (t, ϕ, u) 7→ Φ(t, uϕ)
on Ds(M), which is smooth. Moreover, if t 7→ ϕ(t) = Φ(t, uϕ(0)) is an integral curve
of this flow, it is a smooth horizontal curve for the right-invariant sub-Riemannian
structure induced by V . Moreover, we can estimate the length of this curve as follows.
Lemma 9.5. On any open subset U of Ds(M) small enough, there is a constant C > 0
such that, for every u ∈ Hs(M,Rr) and ϕ ∈ U〈

r∑
i=1

ui ◦ ϕ−1Xi,
r∑
i=1

ui ◦ ϕ−1Xi

〉
≤ C

r∑
i=1
‖ui‖2Hs .

Consequently, the length of the curve t ∈ [0, 1] 7→ Φ(t, u, ϕ) is bounded from above by

C

√√√√ r∑
i=1
‖ui‖2Hs .

Proof. Indeed, the mapping Ds(M) × Hs(M,Rr) → Hs(M,Rr) defined by (ϕ, u) 7→
u ◦ϕ−1 = Rϕ−1u is continuous. This implies [Omo74] that the map ϕ 7→ Rϕ−1 , defined
on Ds(M) with values in the space of continuous linear operators on Hs(M,Rr) is
locally bounded, though it may not be continuous. Since the Hilbert norm on V is
equivalent to the Hs norm, this immediately yields the result.

– Step 4: Lie brackets of horizontal vector fields.
For i ∈ {1, . . . , r}, and u ∈ Hs(M), let Xu

i be defined by Xu
i (ϕ) = uXi(ϕ), so that

Xu
i = X(0,...,0,u,0,...,0).

Each Xu
i is a smooth vector field for every u ∈ Hs(M). We can then compute the Lie

bracket of Xu
i with Xv

j . First of all, for every (ϕ, δϕ) ∈ TDs(M), and i ∈ {1, . . . , r},
we have

dXu
i (ϕ)δϕ = ∂ϕ (uXi ◦ ϕ) (ϕ)δϕ = ui(dXi ◦ ϕ)δϕ.

Hence, for every ϕ ∈ Ds(M), u, v ∈ Hs(M), and i, j ∈ {1, . . . , r},[
Xu
i ,Xv

j

]
(ϕ) = dXv

j (ϕ)Xu
i (ϕ)− dXu

i (ϕ)Xv
j (ϕ)

= v(dXj ◦ ϕ)(uXi ◦ ϕ)− u(dXi ◦ ϕ)(vXj ◦ ϕ)

Since for every x ∈M ,

dXi(ϕ(x))(v(x)Xj(ϕ(x))) = v(x)dXi(ϕ(x))Xj(ϕ(x)),

we obtain [
Xu
i ,Xv

j

]
(ϕ) = uv (dXj(ϕ(x))Xi(ϕ(x))− dXi(ϕ(x))Xj(ϕ(x)))

= uv[Xi, Xj ] ◦ ϕ
= uvXi,j ◦ ϕ.

A trivial induction reasoning yields the next lemma.
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Lemma 9.6. Let j ∈ N∗, I = (i1, . . . , ij) ∈ {1, . . . , r}j, ϕ ∈ Ds(M), and u1 . . . , uj ∈
Hs(M). Then [

Xu1
i1
, [. . . , [Xuj−1

ij−1
,Xuj

ij
] . . .

]
(ϕ) = ui1 . . . uijXI ◦ ϕ,

where the smooth vector field XI on M was defined in (9.2) as

XI =
[
Xi1 , [. . . , [Xij−1 , Xij ] . . .

]
.

In particular, the Lie bracket is a continuous, multilinear operator with j entries with
respect to (u1, . . . , uj).

– Step 5: Taylor expansions of commutators of horizontal flows and corresponding length.
For i ∈ {1, . . . , r}, and ui ∈ Hs(M), let (t, ϕ 7→ Φui

i (t, ϕ) denote the flow of Xui
i on

Ds(M). Moreover, for j ∈ N∗ and I = (i1, . . . , ij) ∈ {1, . . . , r}j , we shall denote

Φ−ujij
(t) ◦ · · · ◦ Φ−u1

i1
(t) ◦ Φuj

ij
(t) ◦ · · · ◦ Φu1

i1
(t) = ΦI(t, u1, . . . , uj).

Remark 9.10. Lemma 9.5 implies that, for every ϕ, there exists C > 0 such that,
for small enough u1, . . . , uj , ϕ and ΦI(1, u1, . . . , uj)(ϕ) can be connected by a curve of
length at most 2C(‖u1‖Hs + · · ·+ ‖uj‖Hs). In particular,

dSR(ϕ,ΦI(1, u1, . . . , uj)(ϕ)) ≤ 2C(‖u1‖Hs + · · ·+ ‖uj‖Hs).

Our key lemma is the following.
Lemma 9.7. Let ϕ ∈ Ds(M), j ≥ 2, and I = (i1, . . . , ij) ∈ {1 . . . , r}j. Then

ΦI(1, u1, . . . , uj)(ϕ) = ϕ+ u1 . . . ujXI ◦ ϕ+ o(‖(u1, . . . , uj)‖jHs),

as (u1, . . . , uj) go to 0.

Proof. It is well-known that, for fixed u1, . . . , uj and for small t ∈ R,

ΦI(t, u1, . . . , uj)(ϕ) = ϕ+tj
[
Xu1
i1
, [. . . , [Xuj−1

ij−1
,Xuj

ij
] . . .

]
(ϕ)+o(tj) = ϕ+tju1 . . . ujXI◦ϕ+o(tj+1).

But, since we clearly have tXuk
ik

= Xtuk
ik

for each k,

ΦI(t, u1, . . . , uj)(ϕ) = ΦI(1, tu1, . . . , tuj)(ϕ).

As a consequence, if Φu1,...,uj
I (1, ϕ) admits a Taylor expansion in (u1, . . . , uj), this ex-

pansion is given by

ΦI(1, u1, . . . , uj)(ϕ) = ϕ+ u1 . . . ujXI ◦ ϕ+ o(‖(u1, . . . , uj)‖jHs).

We already know that the term on the left is smooth in (ϕ, u), so it does admit a taylor
expansion in u of order j. Hence we obtain our result.

– Step 6: Proof of the theorem.
First of all, recall that, since the family (X1, . . . , Xr) is bracket-generating, there exists
I1, . . . , Im, families of elements of {1, . . . , r} of increasing cardinal, such that any X ∈
Γs(TM) is an Hs-combination of XI1 , . . . , XIm . Then, for k ∈ {1, . . . ,m} and jk the
size of Ik consider the map φk defined from a neighbourhood of (0, e) in Hs(M)×Ds(M)
onto a neighbourhood of e in Ds(M) given by

φk(u, ϕ) = ΦIk

(
1, ‖u‖

1−jk
jk

Hs u, ‖u‖1/jkHs , . . . , ‖u‖1/jkHs

)
(ϕ).
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This map is smooth in u outside of 0, and it is of class C1 around 0 since Lemma 9.7
shows that for every ϕ ∈ Ds(M),

φk(u, ϕ) = ϕ+ uXIk ◦ ϕ+ o(u)

as ‖u‖Hs → 0. Moreover, Remark 9.10 shows that, for every ϕ, there exists a constant
C > 0 such that for small u,

dSR(ϕ, φk(u, ϕ)) ≤ C‖u‖1/jkHs . (9.3)

Finally, consider the map φ from a neighbourhood of 0 in Hs(M,Rm) into Ds(M),
defined by

φ(u1, . . . , um) = φ(um) ◦ · · · ◦ φ(u1)(e).

Then φ is of class C1 around 0, and its derivative is given by

dφ(0)(δu1, . . . , δum) =
m∑
k=1

ukXIk ∈ Γs(TM), (δu1, . . . , δum) ∈ Hs(M,Rm),

and is therefore surjective, as we assumed that (XI1 , . . . , XIn) generated all of TM .
The submersion theorem proves that the image through φ of any neighbourhood of 0
in Hs(M,Rm) is a neighbourhood of e in Ds(M). Let ε > 0 be small enough that φ
is defined and smooth on the ball B of center 0 and radius εjm in Hs(M,Rm). Then,
there exists a neighbourhood Uε of e in Ds(M) such that

U ⊂ φ(B(0, εjm))).

But, for ε small enough, (9.3) also implies that there is a constant C > 0 such that for
every (u1, . . . , um) ∈ B(0, εjm),

dSR(e, φ(u1, . . . , um)) ≤ 2C
m∑
k=1
‖uk‖

1/jn
Hs ≤ 2mCε.

Hence any sub-Riemannian ball of center e contains a neighbourhood U of e for the
intrinsic topology. Thanks to our reasoning in Step 1, this concludes the proof.

9.1.4 Geodesics on Ds(M)

We keep the framework and notations used in the previous sections.

Definition 9.8. A geodesic ϕ(·) is an horizontal curve which is a critical point of the action
mapping A restricted to Ωϕ(0),ϕ(1). In other words, for any C1 family of horizontal curves s ∈
(−ε, ε) 7→ ϕs(·) ∈ Ωϕ(0),ϕ(1), with ε > 0 and ϕ0(·) = ϕ(·), we have dA(ϕ(·)).∂sϕs(·)|s=0 = 0.
With a slight abuse of notation, we will denote by Tϕ(·)Ωϕ(0),ϕ(1) the set of all such infinites-
imal variations ∂sϕs(·)|s=0.

A geodesic ϕ(·) is said to be minimizing if L(ϕ(·)) = dSR(ϕ(0), ϕ(1)).

Note that, obviously, any minimizing horizontal curve is a geodesic.
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Preliminary discussion: Lagrange multipliers. In finite dimension, the critical point
property usually leads to a Lagrange multipliers relation, which provides a first-order nec-
essary condition for optimality, itself allowing us to derive Hamiltonian geodesic equations.
Here, since we are in infinite dimension, the situation is more complex and we do not have
necessarily a nontrivial Lagrange multiplier. Let us be more precise with this important
difficulty, because it justifies the point of view that we are going to adopt in the sequel. The
discussion goes as follows.

Let ϕ(·) ∈ H1(0, 1;Ds(M)) be a minimizing horizontal curve steering ϕ0 ∈ Ds(M) to
ϕ1 ∈ Ds(M). Then ϕ(·) is a geodesic, that is, a critical point of the action A restricted to
Ωϕ0,ϕ1 = end−1

ϕ0 ({ϕ1}). Defining the mapping Eϕ0 : L2(0, 1;V )→ Ds(M) by the composition
Eϕ0 = endϕ0 ◦ Φϕ0 , and defining the mapping Fϕ0 : L2(0, 1;V )→ Ds(M)× R by

Fϕ0(X(·)) = (Eϕ0(X(·)), A(Φϕ0(X(·)))) = (endϕ0(ϕX(·)), A(ϕX(·))),

it follows that the logarithmic velocity X(·) of ϕ(·) is a critical point of Fϕ0 ; or, in other
words, the differential dFϕ0(X(·)) is not surjective, that is, Range(dFϕ0(X(·))) is a proper
subset of Tϕ1Ds(M)× R. Then, there are two possible cases:

1. either the codimension of Range(dFϕ0(X(·))) in Tϕ1Ds(M) × R is positive, which is
equivalent to the fact that ker((dFϕ0(X(·)))∗) 6= {0},

2. or the space Range(dFϕ0(X(·))) is dense in Tϕ1Ds(M)× R, which is equivalent to the
fact that ker((dFϕ0(X(·)))∗) = {0}.

The first case means that we have a nontrivial Lagrange multiplier, and the second case
means that there does not exist any nontrivial Lagrange multiplier. Note that the second
case can never occur in finite dimension. Here, since we are in infinite dimension, we have to
face with this additional difficulty.

Since dΦϕ0 : L2(0, 1;V ) → Tϕ(·)Ωϕ0 is an isomorphism, it follows that, for the geodesic
ϕ(·) = ϕX(·), there are two possible issues:

1. There exists (Pϕ1 , p
0) ∈ T ∗ϕ1D

s(M)× R \ {(0, 0)} such that

(d endϕ0(ϕ(·)))∗.Pϕ1 + p0dA(ϕ(·)) = 0. (9.4)

This is a Lagrange multipliers relation. In finite dimension, only this first possibility
does occur, and leads to the Pontryagin maximum principle (see, e.g., [Tré08] for this
point of view). Note that the Lagrange multiplier (Pϕ1 , p

0) is defined up to some
multiplying scalar, and usually it is normalized by distinguishing between two subcases:
(a) Normal case: p0 6= 0. In that case, we normalize the Lagrange multiplier so that

p0 = −1. Then (9.4) implies that dA(ϕ(·)) = (d endϕ0(ϕ(·)))∗.Pϕ1 , and in that
case we will then derive the so-called normal geodesic equations.

(b) Abnormal case: p0 = 0. In that case, (9.4) implies that (d endϕ0(ϕ(·)))∗.Pϕ1 = 0
(and for instance we can normalize the Lagrange multiplier by normalizing Pϕ1).
This is equivalent to saying that the corank of d endϕ0(ϕ(·)) is positive: in other
words, according to Definition 9.5, ϕ(·) is a singular curve. In that case, we will
then derive the co-called abnormal geodesic equations, which are the Hamiltonian
characterization of singular curves.
Remark 9.11. If ϕ(·) is a singular curve, then there exists Pϕ1 ∈ T ∗ϕ1D

s(M)\{0}
such that (d endϕ0(ϕ(·)))∗.Pϕ1 = 0. In other words, there exists an abnormal La-
grange multiplier. This Lagrange multiplier is not necessarily unique (up to some
multiplying scalar), and the dimension of the space of such Lagrange multipliers is
usually called the corank of the singular curve (see [CJT06, CJT08] where generic
properties are established for singular curves in finite dimension).
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2. The mapping (dFϕ0(X(·)))∗ is injective, that is, if we have (9.4) for some (Pϕ1 , p
0) ∈

T ∗ϕ1D
s(M), then (Pϕ1 , p

0) = (0, 0).
This case is peculiar to the infinite-dimensional setting, and can never occur in finite
dimension. In that case a necessary condition for optimality in the form of a Pontryagin
maximum principle cannot be derived (see [LY95, Chapter 4]).

Definition 9.9. A geodesic ϕ(·) ∈ H1(0, 1;Ds(M)) is said to be elusive whenever the mapping

(dFϕ0(X(·)))∗

is injective.

In what follows, we are going to state a Pontryagin maximum principle for non-elusive
geodesics (that is, for the first case of the above discussion), and derive the normal and
abnormal geodesic equations.

Remark 9.12. The concept of elusive geodesic is new, and is specific to the infinite dimen-
sion. What is important to understand is that elusive geodesics escape to the dual analysis
in terms of Lagrange multipliers, due to the topology of the ambient space.

As it follows from the definition of an elusive curve, a Lagrange multiplier cannot exist
because, although the mapping dFϕ0(X(·)) is not surjective, its range is however dense in
the target space Tϕ1Ds(M)× R. This difficulty, which is specific to the infinite-dimensional
setting, is actually well known in constrained optimization. In [Kur76] the author provided
some weak regularity conditions under which the existence of Lagrange multipliers can be
established for a general nonlinear programming problem. He showed that the topology of
the target space plays an important role, and he established a connection between the choice
of suitable function spaces and the existence of Lagrange multipliers.

Before commenting on this choice, let us first provide an easy way to exhibit elusive
geodesics. The idea relies on the fact that V is not closed in Γs(TM) = TeDs(M), which
results in “missing” some initial momenta. For example, if ϕ0 = e and if s̃ ≥ s + 3,
then restricting Hs to Ds+1(M) gives new initial momenta P0, namely, those belonging to
Γ−s−1(T ∗M) \ Γ−s(T ∗M) (where Γ−s(T ∗M) is the dual of Γs(TM) = TeDs(M)).

Based on this idea, the method to exhibit elusive geodesics consists of “decreasing the
order” of the cotangent space, in the following sense. The Hilbert space (V, 〈·, ·〉), with V =
Γs+3(TM), induces a right-invariant sub-Riemannian structure on Ds+1(M). Anticipating
a bit, let t 7→ (ϕ(t), P (t)) be a normal geodesic on T ∗Ds+1(M) with ϕ(0) = e and P (0) ∈
Γ−s−1(T ∗M) \ Γ−s(T ∗M). Then, we claim that ϕ(·) is an elusive horizontal curve for the
sub-Riemannian structure induced by (V, 〈·, ·〉) on Ds(M).

Indeed, it is clear horizontal curves starting at e coincide for both structures. Let us
prove that ϕ(·) can have neither a normal nor an abnormal Lagrange multiplier, in the
sub-Riemannian structure on Ds(M). If there would exist a normal Lagrange multiplier,
then the corresponding initial momentum P ′(0) ∈ Γ−s(T ∗M) would satisfy P (0) = P ′(0)
on V = Γs+3(TM) which is dense in Γs(TM), and we would have P ′(0) = P (0), which
is impossible. There cannot exist an abnormal Lagrange multiplier, because the range of
d ende(ϕ(·)) contains Hϕ(1) = Tϕ1Ds+3(M), which is dense in Tϕ1Ds(M). This proves the
claim.

Conversely, we can get new normal geodesics for a right-invariant sub-Riemannian struc-
ture on Ds(M) induced by a Hilbert subspace of vector fields with continuous inclusion in
Γs+3(TM), by restricting it to Ds+1(M), adding extra initial momenta by increasing the or-
der of the cotangent bundle. In such a way, some elusive geodesics become normal geodesics.
Note that it may happen that some elusive geodesics become abnormal curves because of the
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increased range in the choice of momenta. However, note also that this simple process does
not turn every elusive geodesic into either a normal or an abnormal geodesic.

We conclude that, in accordance with [Kur76], the choice of the cotangent space (and thus,
the choice of the topology of the target space) is important. The stronger is the topology
in the target space, and the larger is the dual, but then Lagrange multipliers become more
and more irregular. It is therefore reasonable to avoid choosing a too strong topology in the
target space.

In our setting there does not seem to exist a best possible choice for the cotangent bundle
(better in the sense that, by adding new possibilities for the initial momenta, we would turn
every possible elusive geodesic into either a normal or an abnormal geodesic). The question of
finding a “good” space of initial or final momenta (implying the absence of elusive geodesics)
is open and seems quite difficult. 1 For instance, the authors found examples of Hilbert Lie
groups (more precisely, `2(N,R4), with R4 equipped with the Engel group structure) for which
the natural space of momenta is not even locally convex.

Following this preliminary discussion, we are now going to derive the normal and abnormal
geodesic equations, which are Hamiltonian characterizations of non-elusive geodesics. We
stress again that, in general, no such Hamiltonian characterization can be derived for an
elusive geodesic.

We will prove that any solution of the normal geodesic Hamiltonian equations, if it is well
defined on [0, 1], projects onto a geodesic (critical point of the action). Therefore, instead of
giving necessary conditions to minimize the action, we are rather going to provide sufficient
conditions under which we have a non-elusive geodesic.

Hereafter, we first establish the normal geodesic equations, then the abnormal geodesic
equations, and we finally provide necessary conditions for optimality. The three theorems are
then proved together.

Normal geodesic equations. Let KV : V ∗ → V be the inverse of X 7→ 〈X, ·〉. We define
the Ck vector bundle morphism KHϕ : T ∗ϕDs(M) → TϕDs(M) by KHϕ = dRϕKV dR∗ϕ for
every ϕ ∈ Ds(M).

Definition 9.10. We define the normal Hamiltonian h : T ∗Ds(M)→ R by

h(ϕ, P ) = 1
2P (KHϕP ), (9.5)

for every (ϕ, P ) ∈ T ∗Ds(M).

The expression (9.5) means that, as in classical sub-Riemannian geometry (see [Mon02]),
h(ϕ, P ) is the squared norm of P for the cometric induced on T ∗Ds(M) by the sub-Riemannian
structure. This is the usual way to define the normal Hamiltonian. Any element P ∈
T ∗ϕDs(M) of the cotangent bundle is called a momentum.

1. Note that these difficulties are also due to the fact that the sub-Riemannian problem consists of min-
imizing the action A(ϕ(·)) over all horizontal curves ϕ(·) such that endϕ0 (ϕ(·)) = ϕ1, that is, of minimizing
a functional under an infinite number of constraints. Assume that, instead, we consider the problem of min-
imizing the penalized functional J(X(·)) =

∫ 1
0 〈X(t), X(t)〉dt + G(endϕ0 (ϕX(·))) over the set L2(0, 1;V ), for

some C1 function G. Then, we claim that, if G is bounded below then this (unconstrained) penalized prob-
lem has at least one solution X(·) ∈ L2(0, 1;V ), and there exists a momentum mapping t 7→ P (t) such that
P (1)+dGϕ(1) = 0 and such that (ϕ(·), P (·)) is solution of the normal geodesic Hamiltonian geodesic equations
(9.6). This claim follows from an easy adaptation of the proofs of the results in the present paper (see also
[ATTY13]). This framework can be used in order to “approach” a target diffeomorphism ϕ1 with an horizontal
curve, by choosing a smooth penalization function G.
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In canonical coordinates, we have KHϕP = X(ϕ, P ) ◦ ϕ, with X(ϕ, P ) = KV (dRϕ)∗.P ,
and hence

h(ϕ, P ) = 1
2P (X(ϕ, P ) ◦ ϕ) = 1

2〈X(ϕ, P ), X(ϕ, P )〉.

Note that (ϕ, P ) 7→ X(ϕ, P ) is of class Ck.
Denoting by ω the canonical strong symplectic form on T ∗Ds(M), the symplectic gradient

∇ωh : T ∗Ds(M) → TT ∗Ds(M) of h (which is of class Ck−1) is defined by the relation
dh = ω(∇ωh, ·). In canonical coordinates, we have ∇ωh = (∂Ph,−∂ϕh), where ∂Ph ∈
T ∗∗ϕ Ds(M) = TϕDs(M) thanks to the natural isomorphism between a Hilbert space and its
bidual space, and we have

∇ωh(ϕ, P ) =
(
KHϕP,−(∂ϕKHϕP )∗.P

)
= (X(ϕ, P ) ◦ ϕ,−(∂ϕ(X(ϕ, P ) ◦ ϕ))∗.P ).

Theorem 9.3. We assume that s > d/2 + 1 and k = s̃− s ≥ 2. For every ϕ0 ∈ Ds(M) and
every P0 ∈ T ∗ϕ0D

s(M), there is a unique absolutely continuous fibered 2 mapping (ϕ(·), P (·)) :
I → T ∗Ds(M), defined on a maximal interval I ⊂ R with 0 ∈ I, solution of the Cauchy
problem

(ϕ̇(t), Ṗ (t)) = ∇ωh(ϕ(t), P (t)), (9.6)

for almost every t ∈ I, and (ϕ(0), p(0)) = (ϕ0, P0).
Moreover, if I ⊂ [0, 1] then ϕ(·) is a geodesic.

Definition 9.11. In the conditions of Theorem 9.3, if I ⊂ [0, 1] then ϕ(·) is said to be a
normal geodesic.

Remark 9.13. In canonical coordinates, the normal geodesic equations (9.6) are written as

ϕ̇(t) = KHϕ(t)P (t), Ṗ (t) = −(∂ϕKHϕ(t)P (t))∗.P (t).

Note that t 7→ h(ϕ(t), p(t)) is constant and that, if I ⊂ [0, 1] thenA(ϕ) = 1
2
∫ 1

0 h(ϕ(t), P (t)) dt =
1
2h(ϕ(0), P (0)).

Remark 9.14. According to the notations above, the logarithmic velocity of any normal
geodesic ϕ(·) is given by X(·) = X(ϕ(·), P (·)) = KV (dRϕ(·))∗.P (·).

Remark 9.15. If V has a continuous inclusion in Γs(TM) for every s ∈ N (which implies
that V has a continuous injection in the Fréchet space of smooth vector fields), then, since
any compactly supported co-current P (that is, any one-form with distributional coefficients)
belongs to Γ−s(T ∗M) for some s ∈ N, it follows that any such P generates a locally minimizing
normal geodesic starting at e. Therefore, the Fréchet Lie group D∞(M) = ∩s>d/2+1Ds(M)
inherits of a strong right-invariant sub-Riemannian structure.

Remark 9.16 (Momentum formulation). We define the momentum map µ : T ∗Ds(M) →
Γ−s(T ∗M) by µ(ϕ, P ) = (dRϕ)∗.P . Let us assume that k = s̃ − s ≥ 2. Let (ϕ(·), P (·)) be
a solution of the normal geodesic equations (9.6). We set µ(t) = µ(ϕ(t), P (t)) and X(t) =
KV (dRϕ(t))∗.P (t) = KV µ(t).

Let Y ∈ Γs+1(TM) ⊂ Γs(TM). Then µ(t)(Y ) = P (t)(Y ◦ϕ(t)). Omitting the dependence
in t for the readability, we have

µ̇(Y ) = P (∂ϕ(Y ◦ ϕ)(X ◦ ϕ)− ∂ϕ(X ◦ ϕ)(Y ◦ ϕ)) = P ([X,Y ] ◦ ϕ) = µ([X,Y ]) = ad∗Xµ(Y ).

In other words, t 7→ µ(t) has a derivative µ̇(t) = ad∗KV µ(t)µ(t) in the bigger space Γ−s−1(T ∗M).
Conversely, if a map t 7→ µ(t) ∈ Γ−s(TM) satisfies this equation, then the horizontal curve

2. This means, here, that P (t) ∈ T ∗ϕ(t)Ds(M) for almost every t.
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ϕ(·) with logarithmic velocity X(·) = KV µ(·) such that ϕ(0) = e is a normal geodesic with
initial momentum µ(0).

We recover in such a way the classical formula for critical points of the action on Lie
groups (see [MR99]). The difficulty in this equation is due to the loss of a derivative. Indeed,
since ad∗KV µ is an unbounded operator on Γ−s(T ∗M), it may be hard to prove the existence
of solutions of this differential equation without using a priori the result of Theorem 9.3.

Abnormal geodesic equations. The abnormal geodesic equations actually provide a
Hamiltonian characterization of singular curves.

Definition 9.12. We define the abnormal Hamiltonian H0 : T ∗Ds(M)× V → R by

H0(ϕ, P,X) = P (X ◦ ϕ) = P (dRϕ.X). (9.7)

Since X is of class Hs+k, it follows that H0 is of class Ck. We have ∂XH0(ϕ, P,X) =
(dRϕ)∗.P , where the partial derivative ∂XH

0 : T ∗Ds(M) × V → V ∗ is understood as a
partial derivative along the fibers of a vector bundle. The symplectic gradient ∇ωH0 :
T ∗Ds(M) × V → TT ∗Ds(M) of H0, defined by the relation dH0 = ω(∇ωH0, ·), is given in
canonical coordinates (ϕ, P ) on T ∗Ds(M) by ∇ωH0(ϕ, P,X) = (X ◦ ϕ,−(∂ϕ(X ◦ ϕ))∗.P ).

Theorem 9.4. We assume that s > d/2 + 1 and k = s̃− s ≥ 2. Let ϕ(·) ∈ H1(0, 1;Ds(M))
be an horizontal curve with logarithmic velocity X(·) = ϕ̇(·) ◦ϕ(·)−1. Then ϕ(·) is a singular
curve if and only if there exists an absolutely continuous mapping P (·) on [0, 1] such that
P (t) ∈ T ∗ϕ(t)D

s(M) \ {0} and

(ϕ̇(t), Ṗ (t)) = ∇ωH0(ϕ(t), P (t), X(t)), (9.8)
∂XH

0(ϕ(t), P (t), X(t)) = (dRϕ(t))∗.P (t) = 0, (9.9)

for almost every t ∈ [0, 1].

Necessary conditions for optimality. The following result is a version of the Pontryagin
maximum principle, which is adapted to our infinite-dimensional setting.

Theorem 9.5. We assume that s > d/2 + 1 and k = s̃− s ≥ 1. Let ϕ(·) ∈ H1(0, 1;Ds(M))
be a minimizing horizontal curve with logarithmic velocity X(·) = ϕ̇(·) ◦ϕ(·)−1. Then ϕ(·) is
a geodesic, and:

– either ϕ(·) is a normal geodesic, and in that case, there exists an absolutely continu-
ous mapping P (·) on [0, 1] such that P (t) ∈ T ∗ϕ(t)D

s(M) and (9.6) is satisfied almost
everywhere on [0, 1];

– or ϕ(·) is a singular curve, and in that case, there exists an absolutely continuous
mapping P (·) on [0, 1] such that P (t) ∈ T ∗ϕ(t)D

s(M) \ {0} and (9.8)-(9.9) are satisfied
almost everywhere on [0, 1];

– or ϕ(·) is elusive.

Remark 9.17. In finite dimension, it has been established in [RT05] and in [Agr09] that
the set of end-points of normal geodesics is an open dense subset of the ambient manifold.
Although such a result is not established in our infinite-dimensional context (it is all the more
difficult than one has also to deal with elusive curves), it is however expected that, in some
appropriate sense, the ”generic” case of the above theorem is the first one (normal geodesics).

Besides, it has been established in [CJT06, CJT08] that, in finite-dimensional sub-Riemannian
geometry, for generic (in a strong Whitney sense) horizontal distributions of rank greater than
or equal to three, any singular curve cannot be minimizing. Although such a result seems
currently out of reach in our infinite-dimensional setting, we expect however that, since our
distribution is infinite-dimensional, there is no minimizing singular curve.
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Proof of Theorems 9.3, 9.4 and 9.5. Let us first compute the adjoint of the derivative
of the end-point mapping.

Lemma 9.8. Let ϕ(·) ∈ Ωϕ0 be an horizontal curve with logarithmic velocity X(·) = ϕ̇(·) ◦
ϕ(·)−1. We set ϕ1 = ϕ(1) = endϕ0(ϕ(·)). For every Pϕ1 ∈ T ∗ϕ1D

s(M), the pull-back
(d endϕ0(ϕ(·)))∗.Pϕ1 of Pϕ1 by d endϕ0(ϕ(·)) is a continuous linear form on L2(0, 1;V ), and
can therefore be identified to an element of L2(0, 1; )∗ = L2(0, 1;∗ ), given by

((d endϕ0(ϕ(·)))∗.Pϕ1)(t) = ∂XH
0(ϕ(t), P (t), X(t)) = (dRϕ(t))∗.P (t), (9.10)

for almost every t ∈ [0, 1], where (ϕ(·), P (·)) : [0, 1] → T ∗Ds(M) is the unique absolutely
continuous mapping solution of (ϕ̇(t), Ṗ (t)) = ∇ωH0(ϕ(t), P (t), X(t)) on [0, 1] and P (1) =
Pϕ1.

Proof of Lemma 9.8. In local coordinates, the fibered part of the differential equation of
the lemma is Ṗ (t) = −(∂ϕ(X(t) ◦ ϕ(t)))∗.P (t), which is a linear differential equation. The
Cauchy-Lipschitz theorem for linear differential equations therefore ensures global existence
and uniqueness of a solution P (·) of class H1 (and thus, absolutely continuous) such that
P (1) = Pϕ1 . Let us now prove the formula (9.10). The mapping X(·) 7→ ϕX(·) is of class Ck,
with k ≥ 1, and is defined implicitly by the differential equation ϕ̇X(t)−X(t)◦ϕX(t) = 0 for
almost every t ∈ [0, 1], with ϕX(0) = ϕ0. To compute its derivative δϕ(·) = dϕX(X(·)).δX(·)
in the direction δX(·) ∈ L2(0, 1;V ), we differentiate this differential equation in local coordi-
nates, and obtain that δϕ̇(t)− δX(t) ◦ ϕX(t)− ∂ϕ(X(t) ◦ ϕX(t)).δϕ(t) = 0 for almost every
t ∈ [0, 1], with δϕ(0) = 0. For every δX(·) ∈ L2(0, 1;V ), this Cauchy problem has a unique
solution δϕ(·), and we have d endϕ0(ϕ(·)).δX(·) = δϕ(1). Moreover, we have∫ 1

0
∂XH

0(ϕ(t), P (t), X(t)).δX(t) dt =
∫ 1

0
P (t)(δX(t) ◦ ϕ(t)) dt

=
∫ 1

0
P (t)(δϕ̇(t)) dt−

∫ 1

0
P (t) (∂ϕ(X(t) ◦ ϕ(t)).δϕ(t)) dt

=
∫ 1

0

(
P (t)(δϕ̇(t)) + Ṗ (t) (δϕ(t))

)
dt

= Pϕ1(δϕ(1)) = (d endϕ0(ϕ(·)))∗.Pϕ1 ,

which yields (9.10).

Theorem 9.4 follows from Lemma 9.8 because ϕ(·) is a singular curve if and only if then
there exists Pϕ1 ∈ T ∗ϕ1D

s(M) \ {0} such that (d endϕ0(ϕ(·)))∗.Pϕ1 = 0.
Let ϕ0 and ϕ1 be two elements of Ds(M), and let ϕ(·) ∈ Ωϕ0,ϕ1 . Since Ωϕ0,ϕ1 =

end−1
ϕ0 ({ϕ1}), we have Tϕ(·)Ωϕ0,ϕ1 ⊂ ker(d endϕ0(ϕ(·))) (see Definition 9.8 for the definition of

the set of all infinitesimal variations). Note that, if d endϕ0(ϕ(·)) were surjective, then Ωϕ0,ϕ1

would be, locally at ϕ(·), a Ck submanifold of Ωϕ0 , and then Tϕ(·)Ωϕ0,ϕ1 = ker(d endϕ0(ϕ(·))).
But, as already said, in our context only the inclusion is true.

Since Tϕ(·)Ωϕ0,ϕ1 ⊂ ker(d endϕ0(ϕ(·))), if there is some Pϕ1 ∈ T ∗ϕ1D
s(M) such that

dA(ϕ(·)) = (d endϕ0(ϕ(·)))∗.Pϕ1 , then ϕ(·) is a critical point of A restricted to Ωϕ0,ϕ1 (and
hence ϕ(·) is a geodesic steering ϕ0 to ϕ1). Conversely, according to the discussion done at
the beginning of Section 9.1.4, this Lagrange multiplier relation is satisfied whenever ϕ(·) is
a geodesic steering ϕ0 to ϕ1 which is neither singular nor elusive.

Besides, the differential dA(ϕ(·)) ∈ L2(0, 1;V ∗) is given by dA(ϕ)(t) = 〈X(t), ·〉. It follows
from Lemma 9.8 that

(dA(ϕ(·))− d endϕ0(ϕ(·))∗.Pϕ1) (t) = 〈X(t), ·〉 − ∂XH0(ϕ(t), P (t), X(t)),
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for almost every t ∈ [0, 1], where P (·) : [0, 1]→ T ∗Ds(M) is the unique solution of (ϕ̇(t), Ṗ (t)) =
∇ωH0(ϕ(t), P (t), X(t)) on [0, 1] and P (1) = Pϕ1 . Defining the total Hamiltonian by

H : T ∗Ds(M)× V → R
(ϕ, P,X) 7→ P (X ◦ ϕ)− 1

2〈X,X〉,

we have ∇ωH = ∇ωH0, and (dA(ϕ(·))− (d endϕ0(ϕ(·)))∗.Pϕ1) (t) = −∂XH(ϕ(t), P (t), X(t))
for almost every t ∈ [0, 1]. We have obtained the following lemma.

Lemma 9.9. Let ϕ0 ∈ Ds(M). Let X ∈ L2(0, 1;V ) be the logarithmic velocity of an horizon-
tal curve ϕ(·) ∈ H1(0, 1;Ds(M)) starting at ϕ0. The two following statements are equivalent:

– There exists an absolutely continuous fibered mapping (ϕ(·), P (·)) : [0, 1] → T ∗Ds(M)
such that (ϕ̇(t), Ṗ (t)) = ∇ωH(ϕ(t), P (t), X(t)) for almost every t ∈ [0, 1] and P (1) =
Pϕ1, and such that

0 = ∂XH(ϕ(t), P (t), X(t)) = (dRϕ(t))∗.P (t)− 〈X(t), ·〉,

for almost every t ∈ [0, 1].
– There exists Pϕ1 ∈ T ∗ϕ1D

s(M) \ {0} such that dA(ϕ(·)) = (d endϕ0(ϕ(·)))∗.Pϕ1.
Under any of those statements, ϕ(·) is a (normal) geodesic.

For every fixed (ϕ, P ) ∈ T ∗Ds(M), the equation ∂XH(ϕ, P,X) = 0 yields 〈X, ·〉 =
(dRϕ)∗.P , whose unique solution is given by X(ϕ, P ) = KV (dRϕ)∗.P . Then we obtain
the normal Hamiltonian h : T ∗Ds(M)→ R by setting

h(ϕ, P ) = H(ϕ, P,X(ϕ, P )) = 1
2P (X(ϕ, P ) ◦ ϕ) = 1

2〈X(ϕ, P ), X(ϕ, P )〉.

Theorems 9.3 and 9.5 follow.

9.1.5 Examples of geodesic equations in D(Rd)

In this section, we assume that M = Rd. Let s0 be the smallest integer such that s0 > d/2.
It is easy to prove that for every integer s ≥ s0 + 1, the group Ds(Rd) coincides with the
set of diffeomorphisms ϕ of Rd such that ϕ − IdRd ∈ Hs(Rd,Rd), and is an open subset of
the affine Hilbert space IdRd + Hs(Rd,Rd) (endowed with the induced topology, see Section
9.1.1).

Since we are in Rd, we have TDs(Rd) = Ds(Rd)×Hs(Rd,Rd) and T ∗Ds(Rd) = Ds(Rd)×
H−s(Rd, (Rd)∗). Therefore, a momentum P ∈ T ∗ϕDs(Rd) is a 1-form on Rd with distributional
coefficients in H−s(Rd), denoted by P = P1dx

1 + · · · + Pddx
d = (P1, . . . , Pd). For a vector

field X, we can also write X = X1e1 + · · · + Xded = (X1, . . . , Xd), with (ei) the canonical
frame of Rd.

The Euclidean inner product of two vectors v and w of Rd is denoted by v · w. The
notation vT stands for for the linear form w 7→ c ·w. Conversely, for a linear form p ∈ (Rd)∗,
we denote by pT the unique vector v in Rd such that p = vT .

These notations are extended to vector fields and to 1-forms with distributional coeffi-
cients, by setting (X1e1 + · · ·+Xded)T = X1dx1 + · · ·+Xddxd and (P1dx

1 + · · ·+Pddx
d)T =

P1e1 + · · ·+ Pded.

Spaces of vector fields with Gaussian kernels. Let V be the Hilbert space of vector
fields on Rd associated with the reproducing kernel K : Rd × Rd → End((Rd)∗,Rd) defined
by K(x, y)p = e(x, y)pT , for every p ∈ (Rd)∗, with e(x− y) = e−

|x−y|2
2σ , for some σ > 0. This
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space is widely used in shape deformation analysis (see [TY05, TY11, You10]). Note that the
mapping (x, y) 7→ e(x− y) is equal (up to a multiplying scalar) to the heat kernel at time σ.

The elements of V are analytic, and all their derivatives decrease exponentially at infinity,
hence V ⊂ Hs(Rd,Rd) for every s ∈ N. Moreover, for every 1-form with tempered distri-
butional coefficients P , the vector field X such that 〈X, ·〉 = P on V is given by X(x) =∫
Rd e(x−y)P (y)T dy, for every x ∈ Rd. For every (ϕ, P ) ∈ T ∗Ds(Rd) = Ds(Rd)×H−s(Rd,Rd),

the solution of ∂XH(ϕ, P,X) = 0 is X(ϕ, P )(x) =
∫
Rd e(x − ϕ(y))P (y)T dy. Therefore, the

normal Hamiltonian is given by

h(ϕ, P ) = 1
2P (X(ϕ, P ) ◦ ϕ) = 1

2

∫
Rd×Rd

e(ϕ(x)− ϕ(y))P (x) · P (y) dy dx.

Since e(x − y) = e(y − x) and de(x).v = − 1
σe(x)(x · v), we get that the normal geodesic

equations are written in the distributional sense as

∂tϕ(t, x) =
∫
Rd
e(ϕ(t, x)− ϕ(t, y))P (t, y)T dy,

∂tP (t, x) = 1
σ

∫
Rd×Rd

e(ϕ(t, x)− ϕ(t, y)) (ϕ(t, x)− ϕ(t, y))T P (t, x) · P (t, y) dy.
(9.11)

By inspecting the above equations, it is not difficult to prove that the support of ∂tP is
contained in that of P , and that, if P ∈ H−s′(Rd,Rd) for some s′ ∈ N, then so is ∂tP . In
other words, the Hamiltonian normal geodesic equations preserve the support and the order
of the distributional 1-form P .

A particularly simple example is when P = a ⊗ δx0 , with a ∈ (Rd)∗ (that is, P (X) =
a(X(x0))). In that case, we have h(ϕ, P ) = 1

2a · a, hence ∂ϕh(ϕ, P ) = 0 and therefore P is

constant along the geodesic flow, and ∂tϕ(t, x) = e−
|ϕ(t,x)−ϕ(t,x0)|2

2σ aT . Note that, in this case,
ϕ(t, x0) = x0 + taT is a straight line with constant speed a · a.

Gaussian kernels for sub-Riemannian distributions in Rd. Let X1, . . . , Xk be smooth
pointwise linearly independent vector fields on Rd, with k ≤ d, which are bounded as well
as all their derivatives. These vector fields generate a sub-Riemannian structure on Rd (see
[BR96, Mon02] for this classical construction), with horizontal curves t 7→ x(t) satisfying the
differential equation ẋ(t) =

∑k
j=1 uj(t)Xj(x(t)) for almost every t, with uj ∈ L2(0, 1;R) for

every j = 1, . . . , k. We consider the kernel K(x, y)p = e(x, y)
∑k
j=1 p(Xj(y))Xj(x).

Let us first prove that K is the reproducing kernel of a Hilbert space of vector fields V . For
any compactly supported 1-form P with distributional coefficients, an easy computation gives
K(x, ·)P =

∑k
j=1 (

∫
Rd e(x− y)P (y)(Xj(y)) dy)Xj(x), where P (y)(Xj(y)) = P1(y)X1

j (y) +
· · ·+Pd(y)Xd

j (y). The vector K(x, ·)P is well defined since the vector fields y 7→ e(x−y)Xj(y)
are smooth and all their derivatives decrease exponentially at infinity, and P is a compactly
supported 1-form with distributional coefficients. Then we have

P (K(·, ·)P ) =
k∑
j=1

∫
Rd
e(x− y)P (y)(Xj(y))P (x)(Xj(x)) dy dx.

In order to check that K is the reproducing kernel of a Hilbert space of vector fields, it is
sufficient to check that P (K(·, ·)P ) ≥ 0 for any such 1-form P , and P (K(·, ·)P ) = 0 if and
only if the vector field x 7→ K(x, ·)P is identically equal to 0 (see [You10]). For such a
P , we set pj(x) = P (x)(Xj(x)), for j = 1, . . . , k. Then we have K(x, ·)P =

∑k
j=1

∫
Rd e(x −

y)pj(y) dy Xj(x), and therefore P (K(·, ·)P ) =
∑k
j=1

∫
Rd e(x−y)pj(y)pj(x) dy dx. Since (x, y) 7→

e(x− y) is the heat kernel at time σ, it follows that
∫
Rd e(x− y)T (y)T (x) dy dx ≥ 0 for any
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distribution T on Rd, with equality if and only if T = 0. Therefore, P (K(·, ·)P ) is nonnega-
tive, and is equal to 0 if and only if p1 = · · · = pk = 0, in which case K(x, ·)P = 0 for every
x in Rd. We have thus proved that K is the reproducing kernel of a Hilbert space of vector
fields V .

Moreover, any element of V can be written as x 7→ u1(x)X1(x) + · · ·+ uk(x)Xk(x) (and
is horizontal with respect to the sub-Riemannian structure on Rd induced by the Xi), where
the uj ’s are analytic functions with all derivatives decreasing exponentially at infinity. In
particular, the inclusions V ⊂ Hs(Rd,Rd) are continuous for every integer s.

Remark 9.18. It could be more natural to replace e(x− y) with the sub-Riemannian heat
kernel associated with the sub-Laplacian X2

1 + · · · + X2
k , but since such kernels are much

harder to compute, we will keep the Euclidean heat kernel.

For every (ϕ, P ) ∈ T ∗Ds(Rd) = Ds(Rd)×H−s(Rd,Rd), the solution of ∂XH(ϕ, P,X) = 0
is X(ϕ, P )(x) = K(x, ϕ(·))P =

∑k
j=1 (

∫
Rd e(x− ϕ(y))P (y)(Xj(ϕ(y))) dy)Xj(x). The normal

Hamiltonian is given by

h(ϕ, P ) = 1
2

k∑
j=1

∫
Rd×Rd

e(ϕ(x)− ϕ(y))P (y)(Xj(ϕ(y)))P (x)(Xj(ϕ(x))) dy dx.

We infer that the normal geodesic equations are written as

∂tϕ(t, x) =
k∑
j=1

(∫
Rd
e(ϕ(t, x)− ϕ(t, y))P (t, y)(Xj(ϕ(t, y))) dy

)
Xj(ϕ(t, x)),

∂tP (t, x) = 1
σ

k∑
j=1

∫
Rd
e(ϕ(t, x)− ϕ(t, y))(ϕ(t, x)− ϕ(t, y))TP (t, y)(Xj(ϕ(t, y)))P (t, x)(Xj(ϕ(t, x))) dy

−
k∑
j=1

∫
Rd
e(ϕ(t, x)− ϕ(t, y))P (t, y)(Xj(ϕ(t, y)))P (x)(dXj(ϕ(t, x))) dy.

Here, we have P (x)(dXj(ϕ(t, x))) = P1(x)dX1
j (ϕ(t, x)) + · · ·+ Pd(x)dXd

j (ϕ(t, x)). It is easy
to check that this geodesic flow preserves the support of P and its regularity.

In the simple case where P = a⊗ δx0 with a ∈ (Rd)∗, we have

X(ϕ, P )(x) = e(x− ϕ(x0))
k∑
j=1

a(Xj(ϕ(x0)))Xj(x).

Since e(0) = 1, we get h(ϕ, a ⊗ δx0) = 1
2
∑k
j=1 a(Xj(ϕ(x0)))2. It is interesting to note that

h(ϕ, a ⊗ δx0) = h∆(ϕ(x0), a), where h∆ is the normal hamiltonian for the sub-Riemannian
structure induced by theXj ’s on Rd. Now we have ∂ϕh(ϕ, a⊗δx0) =

(∑k
r=1 a(Xr(ϕ(x0)))a(dXr,ϕ(x0))

)
⊗

δx0 . We see that the subbundle Ds(Rd)×(Rd∗⊗δx0) ⊂ T ∗Ds(Rd) is invariant under the Hamil-
tonian geodesic flow. Hence, if t 7→ (ϕ(t), P (t)) is solution of the normal geodesic equations
and P (0) = a(0) ⊗ δx0 , then there exists a curve t 7→ a(t) ∈ Rd such that P (t) = a(t) ⊗ δx0

for every t. Denoting by x(t) = ϕ(t, x) for x ∈ Rd and by x0(t) = ϕ(t, x0), we finally obtain

ẋ(t) = e(x(t)− x0(t))
k∑
j=1

a(t)(Xi(x0(t)))Xj(x(t)), ȧ(t) = −
k∑
j=1

a(Xr(x0(t)))a(dXj(x0(t))).

In particular, if x(0) = x0, we get

ẋ(t) =
k∑
j=1

a(Xj(x(t)))Xj(x(t)), ȧ(t) = −
k∑
j=1

a(Xj(x(t)))a(dXj(x(t))).
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We recover the equations satisfied by a normal geodesic in Rd for the sub-Riemannian struc-
ture induced by the Xj ’s on Rd, with initial momentum a(0).

9.2 Shape spaces

9.2.1 Definition

Throughout the section, M is a smooth compact Riemannian manifold of dimension d.
Let s0 be the smallest integer such that s0 > d/2. Shape spaces in M are spaces acted upon
by the group of diffeomorphisms of M in a way that is compatible with its inverse limit
Hilbert Lie group structure. The following definition is adapted from that of [ATTY13].

Definition 9.13. Let S be a Banach manifold modeled on a Banach space B, equipped with
a compatible complete distance dS . Assume that Ds(M), with s = s0 + ` and ` ∈ N∗, acts
continuously on M , according to the action

Ds(M)× S → S
(ϕ, q) 7→ ϕ ◦ q = Rq(ϕ)

We say that S is a shape space of order ` in M if the following three conditions are satisfied:
1. The action is semi-Lipschitz, that is, for every q ∈ M there exists γq > 0 such that

dS(ϕ1 ◦ q, ϕ2 ◦ q) ≤ γq dHs(M,M)(ϕ1, ϕ2) for all (ϕ1, ϕ2) ∈ (Ds(M))2.
2. For every q ∈ S, the mapping ϕ 7→ ϕ ◦ q is differentiable at e. This differential is

denoted by ξq or by · ◦ q, and is called the infinitesimal action of Γs(TM).
3. For every k ∈ N, the mappings

R : S × Ds+k(M) −→ S ξ : S × Γs+k(TM) −→ TS
(q, ϕ) 7−→ ϕ ◦ q (q,X) 7−→ ξq(X) (9.12)

are of class Ck.

Note that, according to this definition, we have the following immediate properties:
– the semi-Lipschitz property implies that the operator ξq : Γs(TM)→ TqS is continuous;
– the mappings q 7→ ϕ ◦ q and q 7→ ξq(X) are of class Ck, for every ϕ in Ds+k(M) and

bounded vector field X of class Hs+k;
– the action by left composition of Ds0+`(M) on itself makes it a shape space of order `.

Definition 9.14. We say that q ∈ S has a compact support if there exists a compact subset
U of M such that, in the first condition of Definition 9.13, we have dS(ϕ1 ◦ q, ϕ2 ◦ q) ≤
γq dHs(M,M)(ϕ1|U , ϕ2|U ).

In other words, q has a compact support if ϕ ◦ q depends only on the restriction of ϕ to
a compact subset of M .

Example 9.3. The most usual shape spaces are the manifolds of all differentiable (or even
just topological) embeddings q : S → M of a compact Riemannian manifold S into M . In
this case, Ds0+1(M) acts on S by composition. This example motivates the notation ϕ ◦ q
chosen above to denote the action of ϕ on q.

Indeed, let ` ∈ N∗ and let S be a smooth compact Riemannian manifold. The space
S = C`(S,M) of embeddings of S in M is a Banach manifold. The group of diffeomorphisms
Ds(M), with s = s0 + `, acts continuously on M by the left composition (ϕ, q) 7→ ϕ ◦ q, with
infinitesimal action (X, q) 7→ X ◦ q. Then S is a shape space (see [ATTY13]).
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Another example is given by S = Hr0+`(S,M), where r0 is the smallest integer greater
than dim(S)/2. The restriction theorems for an element of Hs0+`(M,M) to a submanifold
show that S is also a shape space for the action by composition.

A particularly interesting case is obtained when taking S = (s1, . . . , sn), n ∈ N, a finite
set (i.e., a zero-dimensional compact manifold). In that case, we obtain S = C`(S,M), which
is identified with the space Lmkn(M) = {(x1, . . . , xn) ∈ Mn | xi 6= xj if i 6= j}, called
the space of n landmarks in M . For q = (x1, . . . , xn), the action of Ds0+1(M) is given by
ϕ ◦ q = (ϕ(x1), . . . , ϕ(xn)). For a vector field X of class Hs0+1 on M , the infinitesimal action
of X at q is given by ξq(X) = (X(x1), . . . , X(xn)). Spaces of landmarks are all shape spaces
of order 1 (see [ATTY13] for more details).

All elements of all shape spaces described in this example have compact support.

Remark 9.19. Let S1 and S2 be shape spaces of respective orders `1 and `2. Then the
space S1 × S2 is a shape space of order max(`1, `2), with the diagonal action ϕ ◦ (q1, q2) =
(ϕ ◦ q1, ϕ ◦ q2).

Remark 9.20. Let S be a shape space of order `. Then TS is a shape space of order `+ 1,
with the action of Ds0+`1+1(M) on TS1 defined by ϕ ◦ (q, v) = (ϕ ◦ q, ∂q(ϕ ◦ q)(v)).

Curves on S. We consider curves on S induced by curves on Ds(M)) as follows. For every
shape q0 ∈ S, and for every ϕ(·) ∈ H1(0, 1;Ds(M)), the curve of shapes q(·) = ϕ(·) ◦ q0
belongs to H1(0, 1;S) and is solution of the Cauchy problem

q̇(t) = ξq(t)X(t) = X(t) ◦ q(t), q(0) = q0, (9.13)

where X(·) = ϕ̇(·) ◦ ϕ(·)−1 ∈ L2(0, 1; Γs(M)) is the logarithmic velocity of ϕ(·). We say that
the curve ϕ(·) ∈ H1(0, 1;Ds(M)) is a lift of the curve q(·) ∈ H1(0, 1;S).

9.2.2 Sub-Riemannian structure on shape spaces

Let S be a shape space of order ` ≥ 1 in M , and s = s0 + ` as in Definition 9.13.
Let s̃ > s, and let (V, 〈·, ·〉) be a Hilbert subspace of Γs̃(TM) = TeDs̃(M) with continuous

inclusion. According to Section 9.1.2 (see in particular Definition 9.2), we consider the strong
right-invariant sub-Riemannian structure induced by V on Ds(M).

This sub-Riemannian structure on Ds(M) induces itself a sub-Riemannian structure on
S, via the infinitesimal action ξ, as follows. For every q ∈ S, we set HSq = {X ◦ q | X ∈ V }.
The resulting distribution of subspaces HS = ∪q∈MHSq is the horizontal distribution induced
by V on the shape space. The infinitesimal action X 7→ X ◦ q = ξq(X) induces a Hilbert
norm on HSq by

‖w‖2HSq = inf{〈X,X〉 | w = X ◦ q, X ∈ V } (9.14)

Indeed, if X = X0 + X1 with X0 ∈ ker ξq and X1 ∈ (ker ξq)⊥, then ‖w‖2HSq = 〈X1, X1〉, and
therefore ‖ · ‖HSq is a Hilbert norm on HSq with inner product 〈·, ·〉q, and ξq : (ker ξq)⊥ → HSq
is an isometry. With a slight abuse of notation, in what follows we will denote by ξ−1

q : HSq →
(ker ξq)⊥ the inverse of this isometry, which is actually the pseudo-inverse of ξq. Note that
ξ−1
q ξq is the orthogonal projection onto (ker ξq)⊥.

We have thus shown that the subbundle HS of TS, equipped with the fibered Hilbert
metric (9.14), induces a sub-Riemannian structure on S.

Remark 9.21. The continuity of X 7→ X ◦ q implies that the topology on HSq defined by
the norm (9.14) is finer than the one induces from the inclusion HSq ↪→ TqS. The topologies
coincide if and only if HSq is closed.
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Definition 9.15. An horizontal curve on S is a curve q(·) ∈ H1(0, 1;S) such that q̇(t) ∈ HSq(t)
for almost every t ∈ [0, 1]. Equivalently, it is a curve such that q̇(t) = ξq(t)X(t) = X(t) ◦ q(t)
for almost every t ∈ [0, 1] for some X ∈ L2(0, 1;V ).

The lift of an horizontal curve q(·) on S is an horizontal curve ϕ(·) on Ds(M), called
horizontal lift of q(·), satisfying q(·) = ϕ(·) ◦ q(0).

Definition 9.16. The sub-Riemannian length LS(q(·)) and the sub-Riemannian action AS(q(·))
of an horizontal curve q(·) ∈ H1(0, 1;S) are respectively defined by

LS(q(·)) =
∫ 1

0
‖q̇(t)‖HS

q(t)
dt and AS(q(·)) = 1

2

∫ 1

0
‖q̇(t)‖2HS

q(t)
dt.

The sub-Riemannian distance dSSR between two elements q0 and q1 of S is defined as the infi-
mum of the length of horizontal curves steering q0 to q1, with the agreement that dSR(q0, q1) =
+∞ whenever there is no horizontal curve steering q0 to q1.

An horizontal curve q(·) : [0, 1]→ S is said to be minimizing if dSSR(q(0), q(1)) = L(q(·)).

For all (q0, q1) ∈ S2, we denote by ΩSq0 the set of all horizontal curves q(·) ∈ H1(0, 1;S)
such that q(0) = q0, and by ΩSq0,q1 is the set of all curves q(·) ∈ ΩSq0 such that q(1) = q1.

Definition 9.17. A geodesic q(·) is an horizontal curve which is a critical point of the action
mapping AS restricted to ΩSq(0),q(1).

We have the following result.

Lemma 9.10. For every q0 ∈ S, for every q(·) ∈ ΩSq0, for every horizontal lift ϕ(·) of q(·), we
have AS(q(·)) ≤ A(ϕ(·)). Moreover, for every ϕ0 ∈ Ds(M) such that ϕ0 ◦q0 = q0, there exists
a unique horizontal lift ϕ(·) ∈ Ωϕ0 of q(·) such that AS(q(·)) = A(ϕ(·)), and its logarithmic
velocity is given by X(·) = ξ−1

q(·)q̇(·). It is called the minimizing lift of q(·) starting at ϕ0.

Proof. For almost every t ∈ [0, 1], we set X(t) = ξ−1
q(t)q̇(t) ∈ V . This defines a measur-

able function. Since ξ−1
q is an isometry onto its image, we have 1

2
∫ 1

0 〈X(t), X(t)〉 dt =
1
2
∫ 1

0 ‖q̇(t)‖HS
q(t)

dt = AS(q(·)) < ∞, and therefore X(·) ∈ L2(0, 1;V ), and for every ϕ0 ∈
Ds(M) there exists a unique horizontal curve ϕ(·) ∈ H1(0, 1;Ds(M)) with logarithmic veloc-
ity X(·). If ϕ0 ◦ q0 = q0 then ϕ(·) is an horizontal lift of q(·) and satisfies AS(q(·)) = A(ϕ(·)).

Conversely, let ϕ(·) be an horizontal lift of q(·) with logarithmic velocity X(·). Then
q̇(t) = X(t) ◦ q(t) for almost every t ∈ [0, 1], and ‖q̇(t)‖HS

q(t)
≤ 〈X(t), X(t)〉, with equality

if and only if X(t) = ξ−1
q(t)q̇(t). Therefore, A(q) ≤ A(ϕ) with equality if and only if X(t) =

ξ−1
q(t)q̇(t) for almost every t ∈ [0, 1]. The lemma follows.

A consequence is that the minimizing lift of a minimizing geodesic on S is a minimizing
geodesic on Ds(M). The metric and geodesic completeness of S for dS follow (as in Theorem
9.1).

Theorem 9.6. The sub-Riemannian distance dSSR is indeed a distance (taking its values in
[0,+∞]), that is, dSSR(q0, q1) = 0 implies q0 = q1.

Moreover, for every q0 ∈ S with compact support, denoting by Sq0 = {ϕ◦q0 | ϕ ∈ Ds(M)}
be the orbit of q0, the metric space (Sq0 , d

S
SR) is complete and any two states q, q′ ∈ Sq0 can

be connected by a minimizing horizontal curve.

Proof. Let (q0, q1) ∈ S2 with dSSR(q0, q1) < ∞, and let (qn(·))n∈N be a minimizing se-
quence of horizontal curves in H1(0, 1;S) such that qn(0) = q0 and qn(1) = q1 for every
n, with AS(qn(·)) converging to 2dSSR(q0, q1)2. For every n, we define Xn(·) = ξ−1

qn(·)(q̇n(·)) ∈
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L2(0, 1;V ), and we define ϕn(·) = ϕX
n(·). For every n, ϕn(·) is the minimizing lift of qn(·)

such that ϕn(0) = e. Up to some subsequence, we have Xn(·) ⇀ X̄(·) in L2(0, 1;V ). Let
ϕ̄(·) = ϕX̄(·). Since s̃ > s, Lemma 9.2 implies that dHs(U,M)(ϕn(1)|U , ϕ̄(1)|U )→ 0 as n→ +∞
for every compact subset U of M . Since q0 has a compact support, defining the horizontal
curve q̄(·) = ϕ̄(·) ◦ q0 in S, we get

dS(q1, q̄(1)) = dS(qn(1), q̄(1)) ≤ γdHs(U,M)(ϕn(1)|U , ϕ̄(1)|U )→ 0.

Therefore, dS(q1, q̄(1)) = 0 and q̄(1) = q1. But

AS(q̄(·)) ≤ A(X̄(·)) ≤ lim inf
n→∞

A(Xn(·)) = lim inf
n→∞

AS(qn(·)) = 2dSSR(q0, q1).

The proof for the completeness of Sq0 follows a similar line.

The momentum viewpoint As mentioned in Example 9.2, if V is a Hilbert space with
continuous injection in Γs(TM), then V is uniquely characterized by a positive semi-definite
convolution kernel K, the reproducing kernel of V . K is a section of the vector bundle
End(T ∗M,TM)→M ×M such that for any continuous 1-form p : M → T ∗M ,∫

M×M
px (K(y, x)py) dy dx ≥ 0.

More generally, this kernel also allows the conversion of a continuous linear form P on V
into the corresponding vector field X ∈ V that satisfies P = 〈X, ·〉: X is simply obtained by
convolution of P with K

X(x) = P (K(·, x)) =
∫
M
P (K(y, x)) dy.

For this reason, it is interesting to consider the problem of finding geodesics on a shape
space S from the dual viewpoint. Indeed, (Hq, 〈·, ·〉q) is a Hilbert space with continuous
inclusion iq : Hq ↪→ TqM . Therefore, any continuous linear function (or momentum) p ∈ T ∗qM
restricts to a continuous linear form i∗qp ∈ H∗q which in turn corresponds to a unique horizontal
vector v such that i∗qp = 〈v, ·〉q. In the following result, we show how to compute this vector
v using the isometric operator KV : V ∗ → V and the infinitesimal action ξq.

Lemma 9.11. Let q ∈M and p ∈ T ∗qM . The momentum map of the action of Ds(TM) on
S is defined by (q, p) 7→ ξ∗qp = p � q ∈ Γs(TM)∗. Then X = KV ξ∗qp belongs to (ker ξq)⊥, and

i∗qp = 〈ξqX, ·〉q = 〈Kqp, ·〉q.

The operator in the right-hand side of this equality is defined as Kq = ξqK
V ξ∗q : T ∗qM → Hq.

It is symmetric (i.e. p1(Kqp2) = p2(Kqp1)), positive semi-definite (p(Kqp) ≥ 0), and

〈X,X〉 = ‖Kqp‖2q = p(Kqp).

The map (q, p) 7→ Kqp is of class C s̃−s.
Finally, when Hq is closed in TqM , Kq is surjective.

Recall that s = s0 + ` and ` is the order of S as a shape space.

Proof. Let X = KV ξ∗qp and take X0 ∈ ker(ξq). Then

〈X,X0〉 = 〈Ke
Hξ
∗
qp,X0〉 = ξ∗qp(X0) = p(ξqX0) = 0.

So X belongs to ker(ξq)⊥. But we know that ξq is an isometry when restricted to the
orthogonal of its kernel, so for any v ∈ Hq,

〈Kqp, v〉q = 〈ξqKV ξ∗qp, v〉q = 〈KV ξ∗qp, ξ
−1
q v〉 = p(ξqξ−1

q v) = p(v).

Hence i∗qp = 〈Kqp, ·〉q. The rest follows immediately.
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This lemma gives a nice way to build horizontal vectors from momenta on S.

Remark 9.22. The map q 7→ Kq is the cometric associated to the sub-Riemannian metric
〈·, ·〉q. In particular, as we will see in the next section, the reduced Hamiltonian on M is
h(q, p) = 1

2p(Kqp).

Example 9.4. Take S = Lmkd(n). An element q of S is given by an n-tuple q = (x1, . . . , xn)
with xi ∈M , and the infinitesimal action of X ∈ Γs(TM) is

X ◦ q = ξqX = (X(x1), . . . , X(xn)).

A 1-form on S is given by an n-tuple p = (α1, . . . , αn) with αi ∈ T ∗xiM , and

p(w) =
n∑
i=1

αi(wi).

Now p � q(X) = p(X ◦ q) =
∑n
i=1 αi(X(xi)). So

p � q =
n∑
i=1

αi ⊗ δxi ,

with δx the usual dirac mass. Therefore, if (x, y) 7→ K(y, x) is the reproducing kernel of the
Hilbert space V , we get

KV p � q(x) = p � q(K(·, x)) =
n∑
i=1

K(xi, x)αi

and

Kqp = ξqK
V p � q =

(
n∑
i=1

K(xi, x1)αi, . . . ,
n∑
i=1

K(xi, xn)αi

)
∈ Tx1M × · · · × TxnM.

9.2.3 Normal sub-Riemannian geodesic equations on shape spaces

We assume that S is a shape space in M of order `, and that Ds(M), s = s0+`, is equipped
with a right-invariant sub-Riemannian structure H with continuous inclusion V ↪→ Γs̃(TM),
s̃ ≥ s+ 1.

For q0 ∈ S, define the end-point map endSq0 : L2(0, 1;V ) → S by endSq0(X) = ende(X) ◦
q0 = Rq0(ende(X)) = q(1), where end is the end-point map from e on Ds(M) as defined in
Section 9.1.2. endSq0 is of class C s̃−s as a composition of the C s̃−s ende map with the smooth
map Rq0 .

The previous section shows that to find the minimizing geodesics between two points
q0, q1 in M , we can just look for geodesics t 7→ ϕ(t) in Ds(M) starting at e and such that
ϕ(1) ◦ q0 = q1. This leads us to look for critical points of

A(X) = 1
2

∫ 1

0
〈X(t), X(t)〉 dt

with respect to the constraints endSq0(X) = end(X) ◦ q0 = q1.
Define the hamiltonian HS : T ∗S × V → R of the motion

HS(q, p,X) = p(X ◦ q)− 1
2〈X,X〉 = p(ξqX)− 1

2〈X,X〉.

Then we have the following lemma.
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Lemma 9.12. Let q : [0, 1] 7→ S be an horizontal curve, and ϕ an horizontal lift with
logarithmic speed X = ϕ̇ ◦ ϕ−1. Let q0 = q(0) and q1 = q(1). Let p1 ∈ T ∗q1S. Then, for every
δX ∈ L2(0, 1;V ),

dAX(δX) = (d endSq0)∗p1(δX)−
∫ 1

0
∂XH

S(q(t), p(t), X(t))(δX(t)) dt,

where p(t) ∈ T ∗q(t)M satisfies p(1) = p1 and

(q̇(t), ṗ(t)) = ∇ωHS(q(t), p(t), X(t)). (9.15)

Proof. First of all, ∇ωHS(q, p,X) is the symplectic gradient of HS at (q, p), with fixed
parameter X, for the canonical symplectic form on T ∗M . It should be pointed out that,
since S is modeled only on a Banach space B, not a Hilbert space, ω is just a weak symplectic
form and not every real map on T ∗M has a symplectic gradient. However, the function
(q, p) 7→ HS(q, p,X) does admit a symplectic gradient for fixed X. This is very simple to
check: just consider a canonical coordinate system (q, p) ∈ U × B∗ around (q, p). Then

∂(q,p)H
S
q,p,X(δq, δp) = δp(ξqX) + ∂q(p(ξqX))(δq) = ω((ξqX,−∂q(ξqX)∗p), (δq, δp)),

so ∇ωHS(q, p,X) = (ξqX,−∂q(ξqX)∗p). In particular, the Cauchy problem (9.15) has linear
coefficients in p, and so it does have a unique global solution.

The rest of the proof is precisely the same as that of Lemma 9.8. First of all, p(t) exists
and is uniquely defined for fixed p1, since ∇ωHS(q, p,X) is linear in p. Moreover, we have
d( endSq0)X(δX) = δq(1), where, in a local trivialization,

δ̇q(t) = ∂q(ξq(t)X(t))(δq(t)) + ξq(t)(δX(t)),

with δq(0) = 0. Then∫ 1

0
∂XH

S(q(t), p(t), X(t))(δX(t)) dt =
∫ 1

0
p(t)(ξq(t)(δX(t)) dt− dAX(δX).

But since ξq(t)(δX(t)) = δ̇q(t)− ∂q(ξq(t)X(t))(δq(t)) we get∫ 1

0
p(t)(ξq(t)(δX(t)) dt =

∫ 1

0
p(t)(δ̇q)(t)dt−

∫ 1

0
∂q(ξq(t)X(t))∗p(t)(δq(t)) dt

=
∫ 1

0
p(t)(δ̇q(t)) + ṗ(t)(δq(t)) dt

= p1(δq(1)) = (d endq0)∗Xp1.

Corollary 9.1. Let q : [0, 1]→ S be an horizontal curve with end-points q0 and q1, and X the
logarithmic velocity of an horizontal lift ϕ of q. Then the following statements are equivalent

1. There exists p1 6= 0 ∈ T ∗q1S such that dAX = (d endSq0)∗Xp1. In particular, t 7→ q(t) is a
geodesic.

2. There exists an absolutely continuous map t 7→ p(t) ∈ T ∗q(t)S, with p(1) = p1, such that
for almost every t ∈ [0, 1],

0 = ∂XH
S(q(t), p(t), X(t)) = ξ∗q(t)p(t)− 〈X(t), ·〉,

(q̇(t), ṗ(t)) = ∇ωHS(q(t), p(t), X(t)) = (ξq(t)X(t),−∂q(ξq(t)X(t))∗p(t)). (9.16)
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Such a curve is called a normal geodesic.

The first equation in (9.16) is satisfied if and only if

ξ∗q(t)p(t) = 〈X(t), ·〉,

if and only if X(t) = KV ξ∗q(t)p(t). Moreover, we know that in this case, X = KV ξ∗qp always
belongs to (ker ξq)⊥.

This means that if ξ∗q(t)p(t) = 〈X(t), ·〉 for almost every t, then t 7→ X(t) is the logarithmic
velocity of a minimizing lift of the horizontal curve q.

We now define the maximized hamiltonian hS : T ∗S → R by

hS(q, p) = HS(q, p,KV ξ∗qp) = 1
2p(ξqK

V ξ∗qp) = 1
2p(Kqp) = 1

2‖Kqp‖2q .

Remark 9.23. We have hS(q, p) = h(e, ξ∗qp), where h is the reduced Hamiltonian on T ∗Ds(M).

This is the same as the usual sub-Riemannian Hamiltonian defined in [Mon02]. It is of
class at least C s̃−s and has a well-defined symplectic gradient of class C s̃−s−1, given by

∇ωhSq, p = (∂phS(q, p),−∂qhS(q, p)) =
(
Kqp,−

1
2∂qp(Kqp)

)
.

Theorem 9.7. Let S be a shape space of order ` in M , and H be a strong right-invariant
sub-Riemannian structure on Ds(M) such that ξ : S×V → TS is of class C2. Then, for every
starting point q0 ∈ S and initial momentum p0 ∈ T ∗q0S, there is a unique normal geodesic
t 7→ q(t) with corresponding momentum t 7→ p(t), defined on an interval I 3 0, such that
(q(0), p(0)) = (q0, p0) and the curve t 7→ (q(t), p(t)) satisfies the usual hamiltonian geodesic
equation  q̇(t) = ∂ph

S(q(t), p(t)) = Kq(t)p(t),

ṗ(t) = −∂qhS(q(t), p(t)) =− ∂q
(
p(t)(Kq(t)p(t))

)
.

In particular, t 7→ hS(q(t), p(t)) is constant and

A(q) = 1
2

∫
I
hS(q(t), p(t)) dt = `(I)

2 hS(q(0), p(0)).

Moreover, q is locally minimizing, i.e. for any t0 ∈ I and any t1 ∈ I close enough to t0 is
minimizing.

Remark 9.24. It should be noted that the same discussion as that of the end of Section
9.1.2, other geodesics may also exist. They may, again, come from the fact that ξ may be
a ”bad” parametrization of HS , or be ”abnormal” geodesics (critical points of the end-point
map), or exist for deeper reasons exclusive to infinite dimensional sub-Riemannian geometry.

However, just as is the case for Ds(M), critical points of functionals of the form

J(q) = A(q) + g(q(1))

are always normal geodesics. This is very useful in practical applications, where finding the
exact minimizing geodesic between two shapes is impossible anyway.
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Minimizing lifts of normal geodesics are normal geodesics It is clear that for a
normal geodesic t 7→ (q(t), p(t)) on a shape space S, the horizontal curve t 7→ ϕ(t) in Ds(M)
given by ϕ(0) = e and logarithmic velocity X(t) = KV ξ∗q(t)p(t) is the minimizing lift of q(·).
Moreover, if q(·) is a minimizing geodesic, then so is ϕ(·) as a straightforward consequence
of Lemma 9.10.

However, it is a well-known fact in dynamics [MR99] that ϕ(·) itself satisfies the Hamil-
tonian geodesic equations in Ds(M), with initial momentum KV ξ∗q(0)p(0). More precisely, we
have the

Proposition 3. Take (q0, p0) ∈ T ∗S and P0 = ξ∗q0p0. Then the Hamiltonian geodesic on
Ds(M) starting at e with initial momentum P0 is the minimizing lift of the Hamiltonian
geodesic on S starting at q0 with initial momentum p0.

In other words, the Hamiltonian flow on T ∗Ds(M) preserves the subbundle R∗q0T
∗S.

Proof. Consider the mapping t 7→ µ(t) = ξ∗q(t)p(t), where (q(t), p(t)) is the Hamiltonian
geodesic on S starting at q0 with initial momentum p0. Let X(t) = KV µ(t), and Y ∈
Γs+1(TM). Then

µ̇(Y ) = p
(
∂q(ξq(Y ))(ξq(X))− ∂q(ξq(X))(ξq(Y ))

)
= p([ξ(X), ξ(Y )](q))

= p(ξq([X,Y ])) = ad∗Xµ(Y ).

Therefore, t 7→ µ(t) satisfies the necessary and sufficient condition for X(t) = KV µ(t) to
be the logarithmic velocity of a Hamiltonian geodesic (ϕ(t), P (t)) on Ds(M) with initial
momentum µ(0) = P0. Since X(t) = ξ∗q(t)p(t), ϕ is also the minizing lift of q starting at
e.

9.2.4 Some examples of geodesic equations on classical shape spaces

Just as before we consider shape spaces in M = Rd to obtain simpler geodesic equations.
We keep the notations from Section 9.1.5.

Spaces of continuous embeddings of compact manifolds and Gaussian kernels
Take the space Hilbert space V ⊂ Hs(Rd,Rd) defined by the Gaussian kernel

K(x, y)p = e−
|x−y|2

2σ pT = e(x− y)pT ,

as in Section 9.1.5.
We let S be a compact Riemannian manifold, and S = C0(S,Rd), a Banach manifold

(and actually a Banach vector space). We have T ∗S = S × C0(S,Rd)∗, with the elements of
C0(S,Rd)∗ being identified to maps S → (Rd)∗ with coefficients in the spaceM(S) of Radon
measures on S, that is, elements of M(S)⊗ (Rd)∗.

Then, for q : S → Rd continuous and p = (p1, . . . , pd) ∈M(S)⊗ (Rd)∗,

(KV ξ∗qp)(x) =
∫
S
e(x− q(s))dpT (s).

Hence, we have Kqp ∈ TqS = C0(S,Rd) given by

(Kqp)(s) =
∫
S
e(q(s)− q(s′))dpT (s′).

The reduced Hamiltonian is therefore

hS(q, p) = 1
2

∫
S×S

e(q(s)− q(s′))
d∑
i=1

dpi(s)dpi(s′) = 1
2

∫
S×S

e(q(s)− q(s′))[dp(s) · dp(s′)].
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Using e(x− y) = e(y − x) and dex(v) = − 1
σ (x · v)e(x), we get for any δq ∈ TqS,

∂qh
S(q, p)(δq) = − 1

σ

∫
S×S

[(q(s)− q(s′)) · δq(s)]e(q(s)− q(s′))[dp(s) · dp(s′)].

In the end, the geodesic equations read

q̇(t, s) =
∫
S
e(q(t, s)− q(t, s′))dpT (t, s′),

ṗ(t, s) = 1
σ

∫
S
e(q(t, s)− q(t, s′))(q(s)− q(s′))T [dp(t, s′) · dp(t, s)].

In the special case of landmarks, we can write S = (Rd)n, writing q = (x1, . . . , xn) and
p = (p1, . . . , pn)(Rd∗)n ∼ (Rd)n, we get (omitting time for readability)

ẋi =
n∑
j=1

e−
|xi−xj |

2

2σ pTj ,

ṗi = 1
σ

n∑
j=1

e−
|xi−xj |

2

2σ (pi · pj)(xi − xj)T ,
i = 1, . . . , n.

Remark 9.25. It is worthwile to note that in the neighbourhood of q = (x1, . . . , xn) such
that i 6= j implies xi 6= xj , the structure here is actually Riemannian instead of simply
sub-Riemannian.

An action of higher order In this paragraph, we keep our Gaussian kernel K as above
and S our compact Riemannian manifold, but we take the shape space S = TC0(S,Rd) =
C0(S,Rd)× C0(S,Rd), a shape space of order 1 for the action

ϕ ◦ (q, v)(s) = (ϕ(q(s)), dϕq(s)(v(s))).

The three conditions for a shape space of order 1 are easily seen to be true. The infinitesimal
action of a vector field X on Rd is

ξq,v(X)(s) = (X(q(s)), dXq(s)(v(s))).

Now a momentum on S is a couple (p, l) of maps S → (Rd)∗ with coefficients in M(S),
and

ξ∗q,v(p, l)(X) =
∫
S

dp(s)(X(q(s)) +
∫
S

dl(s)(dXq(s)v(s)).

Therefore,

KV ξ∗q,v(p, l)(x) =
∫
S
e(x− q(s))dpT (s)− 1

σ

∫
S
e(x− q(s))[v(s) · (x− q(s))]dlT (s).

Writing ξq,vKV ξ∗q,v(p, l) = (w1, w2), and es,s′ = e(q(s)− q(s′)), we get

w1(s) =
∫
S
es,s′dpT (s′)− 1

σ

∫
S
es,s′ [v(s′) · (q(s)− q(s′))]dlT (s′),

w2(s) =− 1
σ

∫
S
es,s′ [v(s) · (q(s)− q(s′))]dpT (s′)

+ 1
σ2

∫
S
es,s′ [v(s′) · (q(s)− q(s′))][v(s) · (q(s)− q(s′))]dlT (s′)

− 1
σ

∫
S
es,s′ [v(s′) · v(s)]dlT (s′).
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The reduced hamiltonian is given by

hS(q, v, p, l) = 1
2

∫
S×S

es,s′ [dp(s) · dp(s′)]−
1

2σ

∫
S×S

es,s′ [v(s′) · v(s)][dl(s) · dl(s′)]

− 1
2σ

∫
S×S

es,s′ [(v(s)) · (q(s)− q(s′))][dl(s) · dp(s′) + dp(s) · dl(s′)]

+ 1
2σ2

∫
S×S

es,s′ [v(s′) · (q(s)− q(s′))][v(s) · (q(s)− q(s′))][dl(s) · dl(s′)].

From there, the geodesic equations are easily deduced. For example

l̇(s)T = −∂vhS(q, v, p, l)T (s) = 1
σ

∫
S
es,s′v(s′)[l(s) · dl(s′)]

+ 1
2σ

∫
S
es,s′(q(s)− q(s′))[l(s) · dp(s′) + p(s) · dl(s′)]

− 1
σ2

∫
S
es,s′(q(s)− q(s′))[v(s′) · (q(s)− q(s′))][l(s) · dl(s′)].

In the case of landmarks, we take q = (x1, . . . , xn), v = (v1, . . . , vn), p = (p1, . . . , pn), and
l = (l1, . . . , ln). Denoting xi,j = xi − xj ,we get

ẋTi =
n∑
j=1

(
pj −

1
σ

[vj · xi,j ]lj
)
e(xi,j),

v̇Ti =
n∑
j=1

(
− 1
σ

[vi · xi,j ]pj −
1
σ2 [vi · (xi,j)][vj · xi,j ]lj + 1

σ
[vi · vj ]lj

)
e(xi,j),

l̇Ti = 1
σ

n∑
j=1

[li · lj ]e(xi,j)vj + 1
2σ

n∑
j=1

[li · pj + lipj ]e(xi,j)xi,j

− 1
σ2

n∑
j=1

[vj · xi,j ][li · lj ]e(xi,j)xi,j .



i = 1, . . . , n

The derivative of pi is slightly more complex, as

ṗTi = 1
σ

n∑
j=1

(
pi · pj −

1
σ

[vi · xi,j ][vj · xi,j ][lj · lj ]−
1
σ

[vi · vj ][li · lj ]
)
e(xi,j)xi,j

− 1
σ2

n∑
j=1

([vi · xi,j ][li · pj ]− [vj · xi,j ][pi · lj ]) e(xi,j)xi,j

− 1
σ3

n∑
j=1

([vi · xi,j ][vj · xi,j ][li · lj ]) e(xi,j)xi,j

+ 1
σ

n∑
j=1

([li · pj ]vi − [pi · lj ]vj) e(xi,j).



i = 1, . . . , n.

Remark 9.26. Again, in the case of landmarks, there is an open and dense subset of Ŝ on
which the sub-Riemannian structure is actually Riemannian.

The case of sub-Riemannian Gaussian kernels Here, we compute the sub-Riemannian
Hamiltonian geodesic equations for the shape space S = C0(S,Rd), with S a compact Rie-
mannian manifold, and with V defined by the reproducing kernel

K(x, y)p = e−
|x−y|2

2σ

k∑
r=1

p(Xr(y))Xr(x) = e(x, y)
k∑
r=1

p(Xr(y))Xr(x),
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for X1, . . . , Xk smooth bounded vector fileds on Rd with bounded derivatives at every order,
linearly independent at every point x of Rd.

Now for q ∈ S and p = (p1, . . . , pd) ∈ T ∗q S =M(S)⊗ (Rd)∗, we get

(KV ξ∗qp)(x) =
k∑
r=1

∫
S
e(x− q(s))dp(s)(Xr(q(s)))Xr(x),

where dp(s)(Xr(q(s))) ∈M(S) is defined by X1
r (q(s))dp1(s) + · · ·+Xd

r (q(s))dpd(s).
Then we get

Kqp(s) = KV ξ∗qp(q(s)) =
k∑
r=1

∫
S
e(q(s)− q(s′))dp(s′)(Xr(q(s′)))Xr(q(s)),

and compute the reduced Hamiltonian

hS(q, p) = 1
2

k∑
r=1

∫
S×S

e(q(s)− q(s′))dp(s)(Xr(q(s)))dp(s′)(Xr(q(s′))).

Then, reintroducing the notations es,s′ = e(q(s)− q(s′)), we obtain

∂qh
S(q, p)(δq) = − 1

σ

k∑
r=1

∫
S×S

es,s′ [δq(s) · (q(s)− q(s′))]dp(s)(Xr(q(s)))dp(s′)(Xr(q(s′)))

+
k∑
r=1

∫
S×S

es,s′dp(s)(dXr,q(s)(δq(s))dp(s′)(Xr(q(s′))).

In other words, as a Radon measure,

∂qh
S(q, p)(s) =

k∑
r=1

∫
S
es,s′dp(s′)(Xr(q(s′)))

(
p(s)(dXr,q(s))−

1
σ
p(s)(Xr(q(s)))(q(s)− q(s′))T

)
.

Here, p(dXr,q) in M(S)⊗ (Rd)∗ is the (Rd)∗-valued Radon measure given by

dp(s)(dXr,q(s)) = dp1(s)⊗ dX1
r,q(s) + · · ·+ dpd(s)⊗ dXd

r,q(s).

Therefore, the Hamiltonian geodesic equations are given by

q̇(s) =
k∑
r=1

∫
S
e(q(s)− q(s′))dp(s′)(Xr(q(s′)))Xr(q(s)),

ṗ(s) =
k∑
r=1

∫
S
es,s′dp(s′)(Xr(q(s′)))

( 1
σ
p(s)(Xr(q(s)))(q(s)− q(s′))T − p(s)(dXr,q(s))

)
.

In the case of landmarks, q = (x1, . . . , xn) ∈ (Rd)n and p = (p1, . . . , pn) ∈ (Rd)n∗, and
denoting xi − xj = xij , we obtain

ẋi =
k∑
r=1

n∑
j=1

e(xij)pj(Xr(xj))Xr(xi),

ṗi =
k∑
r=1

n∑
j=1

e(xij)pj(Xr(xj))
( 1
σ
pi(Xr(xi))xTij − pi(dXr,xi)

)
.

(9.17)
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Remark 9.27. An interesting fact is that e(xij)→ δij as σ → 0, where δij = 1 if i = j and
0 otherwise. Moreover, 1

σe(xij)xij → 0 as σ → 0 because xii = 0. Therefore, as σ goes to 0,
the geodesic equations become

ẋi =
k∑
r=1

pi(Xr(xi))Xr(xi),

ṗi =
k∑
r=1
−pi(Xr(xi))pi(dXr,xi).

For each couple t 7→ (xi(t), pi(t)) ∈ T ∗Rd, we recognize the hamiltonian geodesic equation
for the sub-Riemannian structure ∆ induced on Rd by X1, . . . , Xk: the dynamic is that of a
system of n points without interaction in (Rd,∆).

So Equations (9.17) can be seen as a perturbation of such a dynamic by creating an
interaction between the points xi, which decreases exponentially with respect to the square
of the Eucliddean distances between the points.

9.3 Lifted Shape Spaces

In this section we introduce another geometry on a shape space Ŝ for which there exists
a smooth equivariant submersion π onto another shape space S. This structure is obtained
by lifting the sub-Riemannian structure on S to Ŝ.

The geodesic equations obtained are more complex, but can be used to ”keep track” of
additional information on a shape space, or to emphasize the importance of certain points in
the shape. Examples of applications of such structures have been given in [You12].

9.3.1 Lifted sub-Riemannian structure

We keep the notations from the previous sections.
Let us start with a simple case to clarify the concepts we wish to introduce. Let S and

S ′ be two shape spaces of respective orders ` and `′. Then S × S ′ =: Ŝ is a shape space
of order ˆ̀ = max(`, `′) for the diagonal action of Ds0+ˆ̀(M). Now take a right-invariant
sub-Riemannian structure H on Ds0+ˆ̀(M) induced by a Hilbert space vector fields of class
Hs0+k, with k ≥ ˆ̀. It also induces on S (resp. S ′ and Ŝ) the sub-Riemannian structure HS

(resp. HS′ and HŜ).
However, it is not the only such structure that one could equip on Ŝ. Indeed, let q̂0 =

(q0, q
′
0) ∈ Ŝ and define q : [0, 1]→ S an horizontal curve in S with q(0) = q0. Then there is a

unique minimizing horizontal lift t 7→ ϕ(t) in Ds(M) of q such that ϕ(0) = e. Recall that its
logarithmic velocity X(t) = ϕ̇(t) ◦ ϕ−1(t) is given by X(t) = ξ−1

q(t)q̇(t).
This one-parameter family of diffeomorphisms, in turn, defines an horizontal curve

q̂(t) = ϕ(t) ◦ q̂0 = (ϕ(t) ◦ q0, ϕ(t) ◦ q′0)

in Ŝ, and
˙̂q(t) = X(t) ◦ q̂(t) = ξq̂(t)X(t) = ξq̂(t)ξ

−1
q(t)q̇(t).

It is, in fact, the only curve starting at q̂0 in Ŝ that projects on q through the canonical
projection π : (q, q′) 7→ q whose total action is equal to that of q(·). In other words, it is the
unique minimizing lift of q(·) to Ŝ starting at q̂0.

Such minimizing lifts are exactly curves of class H1 in Ŝ with velocity belonging to

ξq̂
(
ξ−1
π(q̂)(H

S)
)
,
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which is a distribution of subspaces on Ŝ. We will denote

HŜπ =
⋃
q̂∈Ŝ

ξq̂
(
ξ−1
π(q̂)(H

S)
)
.

This is a particular case of lifted sub-riemannian structures on shape spaces. We will now
give a more general description. Simply assume that S and Ŝ are shape spaces in M of orders
` ≤ ˆ̀, and that we have a map π : Ŝ → S that satisfies, for every ϕ ∈ Ds0+ˆ̀(M) and q̂ ∈ Ŝ,

π(ϕ ◦ q̂) = ϕ ◦ π(q̂).

We say that π is equivariant.
The composition rule for derivatives shows that for every X ∈ Γs0+ˆ̀(TM), we have

dπ(ξq̂X) = dπ(X ◦ q̂) = X ◦ π(q̂) = ξπ(q̂)X.

This implies that dπ(HŜ) ⊂ HS for any sub-Riemannian structure induced by a Hilbert space
of vector fields V ⊂ Γs̃(TM), s̃ > s0 + ˆ̀.

Let us give a few examples.

Example 9.5. Additional landmarks: Take n ≤ n̂ ∈ N∗, and S = Lmkn(M) and Ŝ =
Lmkn̂(M). We define π : Lmkn̂(M)→ Lmkn(M) by

π(x1, . . . , xn̂) = (x1, . . . , xn).

The mapping π is an equivariant submersion for the diagonal action of Ds0+1(M): for every
ϕ in Ds0+1(M),

π(ϕ ◦ (x1, . . . , xn̂)) = π(ϕ(x1), . . . , ϕ(xn̂)) = (ϕ(x1), . . . , ϕ(xn)) = ϕ ◦ π(x1, . . . , xn).

Example 9.6. Embeddings of submanifolds: Let Ŝ be a smooth compact Riemannian
manifold, S a sub-manifold of Ŝ without boundary, and let S = C0(S,M) and Ŝ = C0(Ŝ,M).
Then the map π : q̂ 7→ q̂|S is an equivariant submersion.

Example 9.7. Action on the tangent space: Let S be a shape space in M of order `.
Then Ŝ = TS is a shape space of order ` + 1 for the action of Ds0+`+1(M) given by the
differential of the action on S

ϕ ◦ (q, v) = (ϕ ◦ q, ∂q(ϕ ◦ q)(v)) ∈ Tϕ◦qS.

Then the projection π(q, v) = q is an equivariant submersion for these actions.
In the case of landmarks, i.e. S = Lmkn(M), we can write (q, v) = (x1, . . . , xn, v1, . . . , vn),

with vi ∈ TxiM , and

ϕ ◦ (q, v) = (ϕ(x1), . . . , ϕ(xn), dϕx1(v1), . . . , dϕxn(vn)).

We now have the following lemma for an equivariant map π : Ŝ → S.

Lemma 9.13. Let V be a Hilbert space of vector fields with continuous inclusion V ⊂
Γs̃(TM). Assume that π is an horizontal submersion, that is, for every q̂ in Ŝ,

dπ(HŜq̂ ) = HSπ(q̂).

Then the map π is also actually a sub-Riemannian submersion: for every q̂ ∈ Ŝ, the
restriction of dπq̂ to the orthogonal of its kernel in the horizontal space HŜq̂ is an isometry.
Moreover, the inverse of this restriction, i.e. the pseudo-inverse of dπq̂, is given by

dπ−1
q̂ = ξq̂ξ

−1
π(q̂).

In particular, Πq = ξq̂ξ
−1
π(q̂)dπq̂ is the orthogonal projection HŜq̂ →

(
ker(dπq̂) ∩HŜq̂

)⊥
.
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Proof. Let q̂ ∈ Ŝ and q = π(q̂). Also take w ∈ HSq and ŵ0 ∈ HŜq̂ such that dπ(ŵ0) = 0.
To prove that the pseudo-inverse of dπq̂ is ξq̂ξ−1

π(q̂), we need to check the following two
facts:

dπq̂ξq̂ξ
−1
q (w) = w,

and
ξq̂ξ
−1
q (w) ⊥ ŵ0, |ξq̂ξ−1

q (w)|q̂ = |w|q.
For the first one, recall that dπq̂ξq̂ = ξπ(q̂) = ξq, so dπq̂ξq̂ξ−1

q (w) = ξqξ
−1
q (w) = w.

For the second fact, let us first note that X = ξ−1
q (w) belongs to ker(ξq̂)⊥. Indeed, since

dπq̂ξq̂ = ξq, we have ker(ξq̂)⊥ ⊂ ker(ξq)⊥, and therefore ξ−1
q (w) ∈ ker(ξq)⊥ ⊂ ker(ξq̂)⊥. In

particular,
X = ξ−1

q̂ ξq̂(X).

Let X0 = ξ−1
q̂ (ŵ0). We then have ξq̂(X0) = ŵ0, and therefore

ξq(X0) = dπξq̂(X0) = dπ(ŵ0) = 0.

Now, as both ξ−1
q̂ and ξ−1

q are isometries onto their images, we finally obtain

〈ξq̂(X), ŵ0〉q̂ = 〈X,X0〉 = 〈w, ξq(X0)〉q = 0.

All that is left is to see that for w ∈ HSq ,

‖w‖q = ‖dπ−1
q̂ w‖q̂.

This is a trivial consequence of the fact that X = ξ−1
q (w) belongs to ker(ξq̂)⊥, on which ξq̂ is

an isometry.

This lemma has a few trivial but important consequences, similar to Lemma 9.10.

Proposition 4. Sub-Riemannian lifts: Let q̂0 ∈ Ŝ and q0 = π(q̂). Let q : [0, 1] → S
be an horizontal curve with q(0) = q0. Then for any horizontal curve t 7→ q̂(t) such that
π(q̂(t)) = q(t) (such curves are called horizontal lifts of q to Ŝ),

A(q) ≤ A(q̂).

Moreover, there is a unique such q̂ starting at q̂0 such that

A(q) = A(q̂).

Its velocity is given by ˙̂q(t) = ξq̂(t)ξ
−1
q(t)q̇(t). We call it the minimizing lift of q to Ŝ starting

at q̂0.
In particular, when q is a locally minimizing geodesic, so is its the minimizing lift.

We can now define the lifted sub-Riemannian structure on Ŝ defined by π.

Definition 9.18. Lifted sub-Riemannian structure: Let S and Ŝ be shape spaces in M

of respective orders ` ≤ ˆ̀. Let H be a right-invariant sub-Riemannian structure on Ds0+ˆ̀(M)
induced by vector fields of class Hs0+k, k ≥ ˆ̀. Assume there is an equivariant smooth sub-
mersion π : Ŝ → S.

The lifted sub-Riemannian structure HŜπ on Ŝ is the structure for which horizontal curves
are exactly minimizing lifts of horizontal curves in S. In other words, it is the distribution
of subspaces on Ŝ defined by

HŜπ =
⋃
q̂∈Ŝ

ξq̂
(
ξ−1
π(q̂)(H

S)
)
,

with the Hilbert norm ‖ŵ‖q̂ = ‖dπq̂ŵ‖π(q̂).
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Lifted shapes can be used for studying how the deformation of a given shape induces the
deformation of a ”bigger” shape, i.e. one with more information.

We can then define horizontal curves for this new structure, the action A and length L

of such curves (which coincide with the action and length for HŜ), and the corresponding
sub-Riemannian distance dŜπ on Ŝ.

We have the following result, a straightforward consequence of Proposition 4.

Proposition 5. Let q̂ : [0, 1] → Ŝ be a curve of class H1, and define q : t 7→ π(q̂(t)) its
projection onto S. Then

1. q̂ is horizontal for HŜπ if and only if it is the minimizing lift of q. In this case, A(q̂) =
A(q) and L(q̂) = L(q).

2. If q is a geodesic (resp. a minimizing geodesic), so is q̂ (for both sub-Riemannian
structures).

3. As a consequence, π is a lipshitz-1 map: for every q̂1, q̂2 ∈ M̂, dŜπ (q̂1, q̂2) ≥ dS(π(q̂1), π(q̂2)).

9.3.2 The end-point mapping under an additional assumption

Recall that we took V to have a continuous inclusion in Γs0+ˆ̀+1(TM). We also require
the following assumption, which will hold true for the rest of the section.

– The pseudo-inverse dπ−1 : π∗HS → HŜπ is of class C1. In particular, so is the orthogonal
projection tensor Πq̂ = dπ−1

q̂ dπq̂ on HŜπ .

Remark 9.28. This assumption is automatically verified whenever the sub-Riemannian
structure HS on the base space S is a true fiber bundle of class C1 over S. This is in
particular the case when this sub-Riemannian structure is actually a Riemannian structure.

In finite dimension, the converse is also true, and the authors do not know wether that is
the case in Banach shape spaces.

In this case, we can introduce another ”infinitesimal action” ζ : Ŝ × V → TS of class C1

by
ζq̂(X) = Πq̂ξq̂(X).

Horizontal curves are those curves t 7→ q̂(t) of class H1 for which there exists X ∈ L2(0, 1;V )
such that for a.e. t,

˙̂q(t) = ζq̂(t)(X(t)) = Πq̂(t)ξq̂(t)(X(t))

Remark 9.29. There is no reason for q̂(t) to be equal to ϕX(t) ◦ q̂0. In fact, this is almost
never true.

We obviously get that HŜπ is the image of ζ. Moreover, if v̂ = ζq̂(Y ), then

‖v̂‖2q̂ = min
Y ∈V, ζq̂(Y )=v̂

〈Y, Y 〉.

There exists a unique X such that this minimum is reached, given by X = ζ−1
q̂

˙̂q(t), where
ζ−1
q̂ is the pseudo-inverse of ζ, which is, of course, equal to the restriction of ξ−1

q̂ to HŜπ,q̂.
Therefore, for any curve t 7→ q̂(t) in Ŝ, horizontal forHŜπ , there is a unique time-dependent

vector field t 7→ X(t) ∈ V with minimal action such that ˙̂q(t) = ζq̂(t)(X(t)) almost everywhere.

Remark 9.30. For this particular time-dependent vector field X, we have

ξq̂(t)(X(t)) = ξq̂(t)ξ
−1
q̂(t)(q̇(t)) = q̇(t) = ζq̂(t)(X(t)),

so we do have q̂(t) = ϕX(t) ◦ q̂(0) for every t.
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Let q̂0 ∈ Ŝ. Since ζ is of class C1, it is easy to see that so is the corresponding end-point
mapping

endζq̂0
: L2(0, 1;V )→ Ŝ,

which to X associates q̂(1), where q̂ : [0, 1]→ Ŝ is the unique solution to the Cauchy problem

q̂(0) = q̂0, q̇ = ζq̂(X(t)).

Therefore, just as in Section 9.2.3, to find horizontal geodesics for the lifted structure
between q̂0 and q̂1 ∈ Ŝ, we just need to find critical points of the action map A : L2(0, 1;V )→
R with respect to the constraints endζq̂0

(X) = q̂1.

9.3.3 The lifted Hamiltonian geodesic equations

Introduce the lifted Hamiltonian Hζ : T ∗Ŝ × V by

Hζ(q̂, p̂, X) = p̂(ζq̂(X))− 1
2‖X‖

2.

The exact same proofs as in the previous sections give the following results.

Lemma 9.14. Let q̂ : [0, 1] 7→ Ŝ be an horizontal curve for the lifted structure, and X :
[0, 1] → V such that ˙̂q = ζq̂(X) almost everywhere. Let q̂0 = q̂(0) and q̂1 = q(1). Let
p̂1 ∈ T ∗q̂1

Ŝ. Then, for every δX ∈ L2(0, 1;V ),

dAX(δX) = (d endζq̂0
)∗p̂1(δX)−

∫ 1

0
∂XH

ζ(q̂(t), p̂(t), X(t))(δX(t)) dt,

where p̂(t) ∈ T ∗q̂(t)M satisfies p̂(1) = p̂1 and

( ˙̂q(t), ˙̂p(t)) = ∇ωHζ(q̂(t), p̂(t), X(t)). (9.18)

Corollary 9.2. Let q̂ : [0, 1] → S be an horizontal curve for the lifted structure with end-
points q̂0 and q̂1, and X as above. Then the following statements are equivalent

1. There exists p̂1 6= 0 ∈ T ∗q̂1
Ŝ such that dAX = (d endζq̂0

)∗X p̂1. In particular, t 7→ q̂(t) is a
geodesic.

2. There exists an absolutely continuous map t 7→ p̂(t) ∈ T ∗q̂(t)Ŝ, with p̂(1) = p̂1, such that
for almost every t ∈ [0, 1],

0 = ∂XH
ζ q̂(t), p̂(t), X(t)) = ζ∗q̂(t)p̂(t)− 〈X(t), ·〉,

( ˙̂q(t), ˙̂p(t)) = ∇ωHζ(q̂(t), p̂(t), X(t)). = (ζq̂(t)X(t),−∂q̂(ζq̂(t)X(t))∗p̂(t)).
(9.19)

Such a curve is called a normal geodesic.

The first equation in (9.19) is satisfied if and only if

ζ∗q(t)p̂(t) = 〈X(t), ·〉,

if and only if X(t) = KV ζ∗q̂(t)p̂(t).
As usual, we now take a look at the maximized hamiltonian hζ : T ∗Ŝ → R, defined by

hζ(q̂, p̂) = Hζ(q̂, p̂,KV ζ∗q̂(t)p̂(t)) = 1
2 p̂(ζq̂K

V ζ∗q̂ p̂) = 1
2 p̂(dπ

−1
q̂ Kqdπ

−1∗
q̂ p̂) = 1

2‖Kqdπ
−1∗
q̂ p̂‖2q ,

where q = π(q̂).
It is interesting to note that in the case where HS = TS, i.e. if the sub-Riemannian

structure on the smaller shape space is actually Riemannian, then dπ−1∗
q̂ p̂ is actually an

element of T ∗q S, and we obtain

hζ(q̂, p̂) = hS(π(q̂), dπ−1∗
q̂ p̂).
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9.3.4 The momentum viewpoint and another form of the lifted geodesic
equations

As we saw in Section 9.2, it can be difficult to compute ξ−1
q w, and, therefore, dπ−1

q̂ . This
means we need an easy way to build horizontal vectors. For this, we use the same method as
in Section 9.2. Recall that we denote, for q̂ ∈ Ŝ and q = π(q̂),

Kq̂ = ξq̂K
V ξ∗q̂ : T ∗q̂ Ŝ → HŜq̂

and
Kq = ξqK

V ξ∗q : T ∗q S → HSq .

Note that since ξπ(q̂) = dπq̂ξq̂, we have

Kπ(q̂) = dπq̂Kq̂dπ
∗
q̂ .

Lemma 9.15. Let q̂ ∈ Ŝ, q = π(q̂) and p ∈ T ∗q S. Let p̂ = dπ∗q̂p. Then

Kq̂p̂ = ξq̂K
V ξ∗qp = dπ−1

q̂ Kqp ∈ HŜπ .

In particular, Im(Kq̂dπ
∗
q̂ ) ⊂ HŜπ and

‖Kq̂p̂‖2q̂ = ‖Kqp‖2 = p(Kqp).

Proof. We know that ξ−1
q Kqp = KV ξ∗qp and dπq̂ = ξq̂ξ

−1
q , so

dπ−1
q̂ Kqp = ξq̂K

V ξ∗qp.

Since dπq̂ξq̂ = ξq, we have ξ∗q = ξ∗q̂dπ
∗
q̂ , hence ξ∗qp = ξ∗q̂ p̂ and

dπ−1
q̂ Kqp = ξq̂K

V ξ∗q̂ p̂ = Kq̂p̂.

Moreover,
‖Kq̂p̂‖2q̂ = ‖KV ξ∗q̂ p̂‖2 = ‖KV ξ∗qp‖2 = p(Kqp).

Example 9.8. Take n ≤ n̂ ∈ N∗, and S = Lmkn(M) and Ŝ = Lmkn̂(M). We define
π : Lmkn̂(M)→ Lmkn(M), as above, by π(x1, . . . , xn̂) = (x1, . . . , xn). Now let V be a hilbert
subspace of vector fields of class at leastHs0+1, with associated kernelK(x, y) : T ∗yM → TxM .

Let q̂ = (x1, . . . , xn̂) and q = π(q̂). Now take some

p = (p1, . . . , pn) ∈ T ∗q Lmkn(M) = T ∗x1M × · · · × T
∗
xnM.

Then for x ∈M ,

X(x) = KV ξ∗qp(x) =
n∑
i=1

K(x, xi)pi,

so we get

dπ−1Kqp =
(

n∑
i=1

K(x1, xi)pi, . . . ,
n∑
i=1

K(xn̂, xi)pi

)
.

On the other hand, we have p̂ = dπ∗p = (p1, . . . , pn, 0, . . . , 0), so we also get

Kq̂p̂ =
(

n∑
i=1

K(x1, xi)pi, . . . ,
n∑
i=1

K(xn̂, xi)pi

)
.



144 CHAPTER 9. RIGHT-INVARIANT SUB-RIEMANNIAN GEODESIC EQUATIONS

Example 9.9. Take n ∈ N∗, S = Lmkn(M) and Ŝ = TLmkn̂(M). We take π : TLmkn̂(M)→
Lmkn(M) the usual projection. Now let V be a hilbert subspace of vector fields of class at
least Hs0+2, with associated kernel K(x, y) : T ∗yM → TxM .

Let q̂ = (q, v) = (x1, . . . , xn̂, v1, . . . , vn), where q = (x1, . . . , xn) and vi ∈ TxiM . Now take
some p = (p1, . . . , pn) ∈ T ∗q Lmkn(M). Again, we have p̂ = dπ∗p = (p1, . . . , pn, 0, . . . , 0) ∈
T ∗TLmkn(M), so we obtain

Kq̂p̂ = (w1, . . . , wn, w
′
1, . . . , w

′
n),

with

wi =
n∑
j=1

K(xi, xj)pj ∈ TxiM

and

w′i = ∂xi

 n∑
j=1

K(xi, xj)pj

 (vi) ∈ T(xi,vi)TM,

which is well-defined as the derivative at xi of the map KV ξ∗qp : M → TM applied to vi.

These examples show that the easiest way to find horizontal vectors (and, hence, horizon-
tal curves) for the lifted structure is to consider those curves that are solution of the control
system

q̇ = ξq̂K
V ξ∗π(q̂)u, u ∈ T ∗π(q̂)S.

In any local trivialization, this is a control system of class C1 with respect to q̂ even if the
assumption from the previous sections that dπ−1 be of class C1 is not satisfied. In particular,
it has a unique solution.

The action of such a curve is equal to

1
2

∫ 1

0

1
2u(t)(Kπ(q̂(t)u(t)) dt.

Then, one can introduce yet another Hamiltonian H, but this time defined on the vector
bundle T ∗Ŝ ⊕M π∗T ∗S → Ŝ, by

H(q̂, p̂, u) = p̂
(
ξq̂K

V ξ∗π(q̂)u
)
− 1

2u(Kπ(q̂)u).

In this case, while ∂uH(q̂, p̂, u) : T ∗π(q̂)S → R is well-defined as a derivative along fibers, the
symplectic gradient

∇ω̂H(q̂, p̂, u) ∈ TT ∗Ŝ

is defined indepently of the trivialization of π∗T ∗S if and only if ∂uH(q̂, p̂, u) = 0, which is
equivalent to

Kπ(q̂)u = ξπ(q̂)K
V ξ∗q̂p. (9.20)

This inmplies in particular that dπ∗q̂u and p coincide on HŜπ,q̂.
Then

H(q̂, p̂, u) = 1
2u(Kπ(q̂)u) = hS(π(q̂), u) = hSπ (q̂, p̂),

which does not depend on u as long as Kπ(q̂)u = ξπ(q̂)K
V ξ∗q̂p. Therefore, assuming that (9.20)

can be solved in u, we can define the corresponding reduced Hamiltonian, which coincides
with the reduced Hamiltonian hSπ defined in the previous Section.
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On the other hand, using the equalities Kπ(q̂) = dπq̂Kq̂dπ
∗
q̂ and ξ∗π(q̂) = xi∗q̂dπ

∗
q̂ , we have,

in a local trivialization,

∂q̂H(q̂, p̂, u) = p̂((∂q̂Kq̂)dπ∗q̂u) + p̂(Kq̂(∂q̂dπ∗q̂ )u)− 1
2u(dπq̂(∂q̂Kq̂)dπ∗q̂u)− u(dπq̂Kq̂(∂q̂dπ∗q̂ )u)

= (p̂− 1
2dπ

∗
q̂u)((∂q̂Kq̂)dπ∗q̂u) + (p̂− dπ∗q̂u)(Kq̂((∂q̂dπ∗q̂ )u).

We deduce the following Hamiltonian geodesic equations

Kπ(q̂)u = ξπ(q̂)K
V ξ∗q̂ p̂,

˙̂q = ξq̂K
V ξ∗π(q̂)u,

˙̂p = −(p̂− 1
2dπ

∗
q̂u)((∂q̂Kq̂)dπ∗q̂u)− (p̂− dπ∗q̂u)(Kq̂((∂q̂dπ∗q̂ )u).

(9.21)

It is easy to check that when these equations admit a solution, this solution coincides
with that of the geodesic equations (9.19) from the previous section. This is usually a better
form for the geodesic equations, because there is no need to compute the derivative of ζ. The
first form was needed because this control system using lifted momenta has ”less” controls
than the one we wanted to study, that is, we might have

ξq̂K
V ξ∗π(q̂)(T

∗
π(q̂)S)  HŜπ ,

and therefore, we had to check that critical points of the action for the momentum point of
view were indeed true critical points of the action.

9.3.5 Some examples of lifted geodesic equations

We consider some simple cases of lifted shape spaces and compute their geodesic equations.
Note that, contrarily to examples from Section 9.2.4, even the landmark cases will be strictly
sub-Riemannian.

Extra landmarks with the Gaussian kernel Let n,m ∈ N∗, and consider S = Lmkn(Rd)
and Ŝ = Lmkn+m(Rd), with π(x1, . . . , xn+m) = (x1, . . . , xn). Then T ∗S = Lmkn(Rd) ×
(Rd)n∗, and T ∗Ŝ = Lmkm+n(Rd)× (Rd)(m+n)∗.

We assume that the reproducing kernel K of V is the diagonal Gaussian kernel, as intro-
duced in Sections 9.1.5 and 9.2.4. Our goal is to compute the geodesic equations from (9.21)
for this particular example. In other words, we first need to solve the linear system

Kπ(q̂)u = ξπ(q̂)K
V ξ∗q̂p.

Then, we shall compute ∂∂p̂H(q̂, p̂, u) = ξq̂K
V ξ∗π(q̂)u and ∂q̂H(q̂, p̂, u) = (p̂−1

2dπ
∗
q̂u)((∂q̂Kq̂)dπ∗q̂u).

Note that the term (p̂−dπ∗q̂u)(Kq̂((∂q̂dπ∗q̂ )u) does not appear in ∂q̂H(q̂, p̂, u) because ∂q̂(dπ∗q̂ ) =
0.

Here, Kq can be identified to a n×n block matrix, with blocks of size d×d, and the (i, j)−th
bloc is given by e(xi−xj)Id, with Id the identity matrix. It is invertible (see[TY05]), and there
exists S = (S(xi, xj))i,j=1,...,n, a matrix of size n× n such that

∑n
k=1 S(xi, xk)e(xk − xj) = 1

if i = j and 0 if i 6= j.
Then, for q̂ = (x1, . . . , xn+m), u = (u1, . . . , un) and p̂ = (p1, . . . , pn+m), we know that we

have

KV ξ∗q̂ p̂(x) =
n+m∑
j=1

e(x− xj)pTj .
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Hence, if (v1, . . . , vn) = ξqK
V ξ∗q̂ p̂, we obtain

vj =
n+m∑
k=1

e(xj − xk)pTk , j = 1, . . . , n.

So the equation Kπ(q̂)u = ξπ(q̂)K
V ξ∗q̂p becomes

n∑
k=1

e(xj − xk)uTk =
n+m∑
k=1

e(xj − xk)pTj , i = 1, . . . , n.

This linear equation is solved in u by

ui =
n∑
j=1

n+m∑
k=1

S(xi, xj)e(xj , xk)pk = pi +
n∑
j=1

n+m∑
k=n+1

S(xi, xj)e(xj , xk)pk,

and therefore, if ∂p̂H(q̂, p̂, u) = ξq̂K
V ξ∗qu = (v̂1, . . . , v̂n+m), we have

va =
n∑
i=1

e(xa, xi)uTi =
n∑
i=1

e(xa, xi)pTi +
n∑

i,j=1

n+m∑
k=n+1

S(xi, xj)e(xj , xk)pTk .

Noting that ∂q̂dπq̂ = 0, we must now compute

∂q̂H(q̂, p̂, u) = (p̂− 1
2dπ

∗
q̂u)((∂q̂Kq̂)dπ∗q̂u) + (p̂− dπ∗q̂u) = (p̂− 1

2dπ
∗
q̂u)((∂q̂Kq̂)dπ∗q̂u).

If we denote p̂′ = p̂ − 1
2dπ

∗
q̂u = (p′1, . . . , p′n+m) and write −∂q̂H(q̂, p̂, u)T = (α1, . . . , αn+m),

we have

αa = 1
σ

n∑
i=1

e(xa − xj)[p′a · ui + ua · p′i](xa − xj)T

+ 1
σ

n+m∑
i=n+1

e(xa − xi)[ua · p′i](xa − xi)T , a =1, . . . , n,

αa = 1
σ

n∑
i=1

e(xa − xi)[p′a · ui](xa − xi)T , a =n+ 1, . . . , n+m.

On the other hand, p′a = pa − 1
2ua, hence, we obtain

αa = 1
σ

n∑
i=1

e(xa − xi)[pa · ui + ua · pi − ua · ui](xa − xi)T

+ 1
σ

n+m∑
i=n+1

e(xa − xi)[ua · pi](xa − xi)T , a =1, . . . , n,

αa = 1
σ

n∑
i=1

e(xa − xi)[pa · ui](xa − xi)T , a =n+ 1, . . . , n+m.
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We can finally write the lifted geodesic equations on Ŝ

ua = pa +
n∑
i=1

n+m∑
k=n+1

S(xa, xi)e(xi − xk)pk, a =1, . . . , n,

ẋa =
n∑
i=1

e(xa − xi)uTi a =1, . . . , n+m,

ṗa = 1
σ

n∑
i=1

e(xa − xi)[pa · ui + ua · pi − ua · ui](xa − xi)T

+ 1
σ

n+m∑
i=n+1

e(xa − xi)[ua · pi](xa − xi)T , a =1, . . . , n,

ṗa = 1
σ

n∑
i=1

e(xa − xi)[pa · ui](xa − xi)T , a =n+ 1, . . . , n+m.

Tangent spaces of landmarks with the Gaussian kernel In this example, we keep
our Gaussian kernel K as above and S = Lmkn(Rd) but we take Ŝ = TS = S × (Rd)n and
π(q, v) = q. We denote q̂ = (q, v) = (x1, . . . , xn, v1, . . . , vn). Again, we want to compute the
geodesic equations (9.21), first by solving

Kπ(q̂)u = ξπ(q̂)K
V ξ∗q̂p,

then by computing ∂∂p̂H(q̂, p̂, u) = ξq̂K
V ξ∗π(q̂)u and ∂q̂H(q̂, p̂, u) = (p̂− 1

2dπ
∗
q̂u)((∂q̂Kq̂)dπ∗q̂u).

Again, the term (p̂−dπ∗q̂u)(Kq̂((∂q̂dπ∗q̂ )u) does not appear in ∂q̂H(q̂, p̂, u) because ∂q̂(dπ∗q̂ ) = 0.
A momentum on Ŝ is denoted p̂ = (p, l) = (p1, . . . , pn, l1, . . . , ln), and we have

ξ∗q,v(p, l)(X) =
n∑
j=1

pj(X(xi)) + lj(dXxj (vj)).

Therefore we get

KV ξ∗q,v(p, l)(x) =
n∑
j=1

e(x− xj)pj −
1
σ

n∑
k=1

e(x− xj)[(x− xj) · vj ]lTj .

Hence, the equation Kπ(q̂)u = ξπ(q̂)K
V ξ∗q̂p becomes the linear problem

n∑
k=1

e(xj − xk)uTk =
n∑
k=1

e(xj − xk)pTj −
1
σ

n∑
k=1

e(xj − xk)[(xj − xk) · vj ]lTj , j = 1, . . . , n,

solved by

ui = pi −
1
σ

n∑
j,k=1

S(xi, xj)e(xj − xk)[(xj − xk) · vk]lk, i = 1, . . . , n.

Then we compute ξq,vKV ξ∗qu = (w1, . . . , wn, w
′
1, . . . , w

′
n)

wa =
n∑
i=1

e(xa − xi)uTi ,=
n∑
i=1

e(xa − xi)pTi −
1
σ

n∑
j,k=1

e(xj − xk)[(xj − xk) · vk]lTk


w′a = − 1

σ

n∑
i=1

e(xa − xi)[va · (xa − xi)]uTi ,


a = 1, . . . , n.
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Now if we denote

p̂′ = p̂− 1
2dπ

∗
q̂u = (p′1, . . . , p′n, l′1, . . . , l′n) = (p1 −

1
2u1, . . . , pn −

1
2un, l1, . . . , ln),

we obtain

p̂′(Kq̂dπ
∗û) =

n∑
i,j=1

e(xi − xj)[p′i · uj ]−
1
σ

n∑
i,j=1

e(xi − xj)[vi · (xi − xj)][li · uj ].

Therefore, for −∂q̂H(q̂, p̂, u) = (α1, . . . , αn, β1, . . . , βn), we get

αa = 1
σ

n∑
j=1

e(xa − xj)[p′a · uj + p′j · ua](xa − xj)T

+ 1
σ

n∑
j=1

e(xa − xj)([la · uj ]vTa − [lj · ua]vTj )

− 1
σ2

n∑
j=1

e(xa − xj)[(xa − xj) · ([la · uj ]va − [lj · ua]vj)](xa − xj)T ,

βa = 1
σ

n∑
j=1

e(xa − xj)[la · uj ](xa − xj)T ,



a = 1, . . . , n.

Since p′i = pi − 1
2ui, [p′a · uj + p′j · ua] = [pa · uj + pj · ua − uj · ua] and we obtain the geodesic

equations

ua =pa −
1
σ

n∑
j,k=1

S(xa, xj)e(xj − xk)[(xj − xk) · vk]lk,

ẋa =
n∑
i=1

e(xa − xi)uTi ,

v̇a =− 1
σ

n∑
i=1

e(xa − xi)[va · (xa − xi)]uTi


a = 1, . . . , n,

and

ṗa = 1
σ

n∑
j=1

e(xa − xj)[p′a · uj + p′j · ua](xa − xj)T

+ 1
σ

n∑
j=1

e(xa − xj)([la · uj ]vTa − [lj · ua]vTj )

− 1
σ2

n∑
j=1

e(xa − xj)[(xa − xj) · ([la · uj ]va − [lj · ua]vj)](xa − xj)T ,

l̇a = 1
σ

n∑
j=1

e(xa − xj)[la · uj ](xa − xj)T ,



a = 1, . . . , n.



Chapter 10

Shape deformation analysis from
the optimal control viewpoint

The contents of this chapter were presented in Chapters 6 and7.

Abstract

A crucial problem in shape deformation analysis is to determine a deformation
of a given shape into another one, which is optimal for a certain cost. It has a
number of applications in particular in medical imaging.

In this article we provide a new general approach to shape deformation anal-
ysis, within the framework of optimal control theory, in which a deformation is
represented as the flow of diffeomorphisms generated by time-dependent vector
fields. Using reproducing kernel Hilbert spaces of vector fields, the general shape
deformation analysis problem is specified as an infinite-dimensional optimal con-
trol problem with state and control constraints. In this problem, the states are
diffeomorphisms and the controls are vector fields, both of them being subject
to some constraints. The functional to be minimized is the sum of a first term
defined as geometric norm of the control (kinetic energy of the deformation) and
of a data attachment term providing a geometric distance to the target shape.

This point of view has several advantages. First, it allows one to model general
constrained shape analysis problems, which opens new issues in this field. Second,
using an extension of the Pontryagin maximum principle, one can characterize the
optimal solutions of the shape deformation problem in a very general way as the
solutions of constrained geodesic equations. Finally, recasting general algorithms
of optimal control into shape analysis yields new efficient numerical methods in
shape deformation analysis. Overall, the optimal control point of view unifies and
generalizes different theoretical and numerical approaches to shape deformation
problems, and also allows us to design new approaches.

The optimal control problems that result from this construction are infinite di-
mensional and involve some constraints, and thus are nonstandard. In this article
we also provide a rigorous and complete analysis of the infinite-dimensional shape
space problem with constraints and of its finite-dimensional approximations.

Keywords: shape deformation analysis, optimal control, reproducing kernel Hilbert spaces,
Pontryagin maximum principle, geodesic equations.

AMS classification: 58E99 49Q10 46E22 49J15 62H35 53C17 53C22 58D05
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Introduction

The mathematical analysis of shapes has become a subject of growing interest in the
past few decades, and has motivated the development of efficient image acquisition and
segmentation methods, with applications to many domains, including computational anatomy
and object recognition.

The general purpose of shape analysis is to compare two (or more) shapes in a way that
takes into account their geometric properties. Two shapes can be very similar from a human’s
point of view, like a circle and an ellipse, but very different from a computer’s automated
perspective. In Shape Deformation Analysis, one optimizes a deformation mapping one shape
onto the other and bases the analysis on its properties. This of course implies that a cost
has been assigned to every possible deformation of a shape, the design of this cost function
being a crucial step in the method. This approach has been used extensively in the analysis
of anatomical organs from medical images (see [GM98]).

In this framework, a powerful and convenient approach represents deformations as flows of
diffeomorphisms generated by time-dependent vector fields [DGM98, Tro95, Tro05]. Indeed,
when considering the studied shapes as embedded in a real vector space Rd, deformations of
the whole space, like diffeomorphisms, induce deformations of the shape itself. The set of all
possible deformations is then defined as the set of flows of time-dependent vector fields of
a Hilbert space V , called space of ”infinitesimal transformations”, which is a subset of the
space of all smooth bounded vector fields on Rd.

This point of view has several interesting features, not the least of which being that the
space of possible deformations is a well-defined subgroup of the group of diffeomorphisms,
equipped with a structure similar to the one of a right-invariant sub-Riemannian metric
[BR96, Mon02]. This framework has led to the development of a family of registration
algorithms called Large Deformation Diffeomorphic Metric Mapping (LDDMM), in which the
correspondence between two shapes comes from the minimization of an objective functional
defined as a sum of two terms [AG04, BMTY05, JM00, MTY02, MTY06]. The first term
takes into account the cost of the deformation, defined as the integral of the squared norm of
the time-dependent vector field from which it arises. In a way, it is the total kinetic energy
of the deformation. The second term is a data attachment penalizing the difference between
the deformed shape and a target.

An appropriate class of Hilbert spaces of vector fields for V is the one of reproducing
kernel Hilbert spaces (in short, RKHS) [Aro50], because they provide very simple solutions
to the spline interpolation problem when the shape is given by a set of landmarks [TY11,
You10], which is an important special case since it includes most practical situations after
discretization. This framework allows one to use tools from Riemannian geometry [TY11],
along with classical results from the theory of Lie groups equipped with right-invariant metrics
[Arn66, Arn89, HMR98, MR99, You10]. These existing approaches provide an account for
some of the geometric information in the shape, like singularities for example. However, they
do not consider other intrinsic properties of the studied shape, which can also depend on
the nature of the object represented by the shape. For example, for landmarks representing
articulations of a robotic arm, the deformation can be searched so as to preserve the distance
between certain landmarks. For cardiac motions, it may be relevant to consider deformations
of the shape assuming that the movement only comes from a force applied only along the
fiber structure of the muscle. In other words, it may be interesting to constrain the possible
deformations (by considering non-holonomic constraints) in order to better fit the model.

In order to take into account such constraints in shape deformation problems, we propose
to model these problems within the framework of optimal control theory, where the control
system would model the evolution of the deformation and the control would be the time-
dependent vector field (see preliminary ideas in [TY11]).
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The purpose of this paper is to develop the point of view of optimal control for shape
deformation analysis as comprehensively as possible. We will show the relevance of this
framework, in particular because it can be used to model constrained shapes among many
other applications.

Indeed, a lot of tools have been developed in control theory for solving optimal con-
trol problems with or without constraints. The well-known Pontryagin maximum principle
(in short PMP, see [PBGM64]) provides first-order conditions for optimality in the form of
Hamiltonian extremal equations with a maximization condition permitting the computation
of the optimal control. It has been generalized in many ways, and a large number of variants
or improvements have been made over the past decades, with particular efforts in order to be
able to address optimal control problems involving general state/control constraints (see the
survey article [HSV95] and the many references therein). The analysis is, however, mainly
done in finite dimension. Since shape analysis has a natural setting in infinite dimension
(indeed, in 2D, the shape space is typically a space of smooth curves in R2), we need to de-
rive an appropriate infinite-dimensional variant of the PMP for constrained problems. Such
a variant is nontrivial and nonstandard, given that our constrained shape analysis problems
generally involve an infinite number of equality constraints.

Such a PMP will allow us to derive in a rigorous geometric setting the (constrained)
geodesic equations that must be satisfied by the optimal deformations.

Moreover, modeling shape deformation problems within the framework of optimal control
theory can inherit from the many numerical methods in optimal control and thus lead to new
algorithms in shape analysis.

The paper is organized as follows.
Section 10.1 is devoted to modeling shape deformation problems with optimal control. We

first briefly describe, in Section 10.1.1, the framework of diffeomorphic deformations arising
from the integration of time-dependent vector fields belonging to a given RKHS, and recall
some properties of RKHS’s of vector fields. In Section 10.1.2 we introduce the action of
diffeomorphisms on a shape space, and we model and define the optimal control problem on
diffeomorphisms which is at the heart of the present study, where the control system stands
for the evolving deformation and the minimization runs over all possible time-dependent
vector fields attached to a given RKHS and satisfying some constraints. We prove that,
under weak assumptions, this problem is well posed and has at least one solution (Theorem
10.1). Since the RKHS is in general only known through its kernel, we then provide a kernel
formulation of the optimal control problem and we analyze the equivalence between both
problems. In Section 10.1.3 we investigate in our framework two important variants of shape
spaces, which are lifted shapes and multi-shapes. Section 10.1.4 is devoted to the study of
finite-dimensional approximations of the optimal control problem. Section 10.1.5 contains a
proof of Theorem 10.1.

Section 10.2 is dedicated to the derivation of the constrained geodesic equations in shape
spaces, that must be satisfied by optimal deformations. We first establish in Section 10.2.1 an
infinite dimensional variant of the PMP which is adapted to our setting (Theorem 10.2). As
an application, we derive in Section 10.2.2 the geodesic equations in shape spaces (Theorem
10.3), in a geometric setting, and show that they can be written as a Hamiltonian system.

In Section 10.3, we design some algorithms in order to solve the optimal control problem
modeling the shape deformation problem. Problems without constraints are first analyzed in
Section 10.3.1, and we recover some already known algorithms used in unconstrained shape
spaces, however with a more general point of view. We are thus able to extend and generalize
existing methods. Problems with constraints are investigated in Section 10.3.2 in view of
solving constrained matching problems. We analyze in particular the augmented Lagrangian
algorithm, and we also design a method based on shooting.
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In Section 10.4 we provide numerical examples, investigating first a matching problem
with constant total volume, and then a multishape matching problem.

10.1 Modelling shape deformation problems with optimal con-
trol

The following notations will be used throughout the paper. Let d ∈ N fixed. A vector
a ∈ Rd can be as well viewed as a column matrix of length d. The Euclidean norm of a
is denoted by |a|. The inner product a · b between two vectors a, b ∈ Rd can as well be
written, with matrix notations, as aT b, where aT is the transpose of a. In particular one has
|a|2 = a · a = aTa.

Let X be a Banach space. The norm on X is denoted by ‖ · ‖X , and the inner product
by (·, ·)X whenever X is a Hilbert space. The topological dual X∗ of X is defined as the
set of all linear continuous mappings p : X → R. Endowed with the usual dual norm
‖p‖X∗ = sup{p(x) | x ∈ X, ‖x‖X = 1}, it is a Banach space. For p ∈ X∗, the natural pairing
between p and w ∈ X is p(w) = 〈p, w〉X∗,X , with the duality bracket. If X = Rn then p can
be identified with a column vector through the equality p(w) = pTw.

Let M be an open subset of X, and let Y be another Banach space. The Fréchet derivative
of a map f : M → Y at a point q ∈M is written as dfq. When it is applied to a vector w, it
is denoted by dfq.w or dfq(w). When Y = R, we may also write 〈dfq, w〉X∗,X .

We denote by W 1,p(0, 1;M) (resp. H1(0, 1;M)) the usual Sobolev space of elements of
Lp(0, 1;M), with 1 ≤ p ≤ +∞ (resp., with p = 2) having a weak derivative in Lp(0, 1;X). For
q0 ∈M we denote by W 1,p

q0 (0, 1;M) (resp., by H1
q0(0, 1;M)) the space of all q ∈W 1,p(0, 1;M)

(resp., q ∈ H1
q0(0, 1;M)) such that q(0) = q0.

For every ` ∈ N, a mapping ϕ : M → M is called a C` diffeomorphism if it is a bijective
mapping of class C` with an inverse of class C`. The space of all such diffeomorphisms is
denoted by Diff `(M). Note that Diff 0(M) is the space of all homeomorphisms of M .

For every mapping f : Rd → X of class C` with compact support, we define the usual
semi-norm

‖f‖` = sup
{∥∥∥∥∂`1+···+`df(x)

∂x`11 . . . ∂x`dd

∥∥∥∥
X

∣∣ x ∈ Rd, (`1, . . . , `d) ∈ Nd, `1 + · · ·+ `d ≤ `
}
.

We define the Banach space C`0(Rd,Rd) (endowed with the norm ‖ · ‖`) as the completion
of the space of vector fields of class C` with compact support on Rd with respect to the
norm ‖ · ‖`. In other words, C`0(Rd,Rd) is the space of vector fields of class C` on Rd whose
derivatives of order less than or equal to ` converge to zero at infinity.

We define Diff `
0(Rd) as the set of all diffeomorphisms of class C` that converge to identity

at infinity. Clearly, Diff `
0(Rd) is the set of all ϕ ∈ Diff `(Rd) such that ϕ− IdRd ∈ C`0(Rd,Rd).

It is a group for the composition law (ϕ,ψ) 7→ ϕ ◦ ψ.
Note that, if ` ≥ 1, then Diff `

0(Rd) is an open subset of the affine Banach space IdRd +
C`0(Rd,Rd). This allows one to develop a differential calculus on Diff `

0(Rd).

10.1.1 Preliminaries: deformations and RKHS of vector fields

Our approach to shape analysis is based on optimizing evolving deformations. A defor-
mation is a one-parameter family of flows in Rd generated by time-dependent vector fields on
Rd. Let us define this concept more rigorously.
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Diffeomorphic deformations. Let ` ∈ N∗. Let
v : [0, 1] −→ C`0(Rd,Rd)

t 7−→ v(t)

be a time-dependent vector field such that the real-valued function t 7→ ‖v(t)‖` is integrable.
In other words, we consider an element v of the space L1(0, 1; C`0(Rd,Rd)).

According to the Cauchy-Lipshitz theorem, v generates a (unique) flow ϕ : [0, 1] →
Diff 1

0(Rd) (see, e.g., [AS04] or [Tré08, Chapter 11]), that is a one-parameter family of diffeo-
morphisms such that

∂ϕ

∂t
(t, x) = v(t, ϕ(t, x)),

ϕ(0, x) = x,

for almost every t ∈ [0, 1] and every x ∈ Rd. In other words, considering ϕ as a curve in the
space Diff 1

0(Rd), the flow ϕ is the unique solution of

ϕ̇(t) = v(t) ◦ ϕ(t),
ϕ(0) = IdRd .

(10.1)

Such a flow ϕ is called a deformation of Rd of class C`.
Proposition 6. The set of deformations of Rd of class C` coincides with the set{

ϕ ∈W 1,1(0, 1; Diff `
0(Rd)) | ϕ(0) = IdRd

}
.

In other words, the deformations of Rd of class C` are exactly the curves t 7→ ϕ(t) on Diff `
0(Rd)

that are integrable on (0, 1) as well as their derivative, such that ϕ(0) = IdRd.
Proof. Let us first prove that there exists a sequence of positive real numbers (Dn)n∈N such
that for every deformation ϕ of Rd of class C`, with ` ∈ N∗, induced by the time-dependent
vector field v ∈ L1(0, 1; C`0(Rd,Rd)), one has

sup
t∈[0,1]

‖ϕ(t)− IdRd‖i ≤ Diexp
(
Di

∫ 1

0
‖v(t)‖i

)
, (10.2)

for every i ∈ {0, . . . , `}.
The case i = 0 is an immediate consequence of the integral formulation of (10.1). Com-

bining the formula for computing derivatives of a composition of mappings with an induction
argument shows that the derivatives of order i of v ◦ ϕ are polynomials in the derivatives of
v and ϕ of order less than or equal to i. Moreover, these polynomials are of degree one with
respect to the derivatives of v, and also of degree one with respect to the derivatives of ϕ of
order i. Therefore we can write∣∣∣∣ ddt∂ixϕ(t, x)

∣∣∣∣ ≤ ‖v(t)‖i|∂ixϕ(t, x)|+ ‖v(t)‖i−1Pi(|∂1
xϕ(t, x)|, . . . , |∂i−1

x ϕ(t, x)|), (10.3)

where Pi is a polynomial independent of v and ϕ, and the norms of the derivatives of the
∂jxϕ(t, x) are computed in the space of Rd-valued multilinear maps. The result then follows
from Gronwall estimates and from an induction argument on i.

That any deformation of Rd of class C` is a curve of class W 1,1 in Diff `
0(Rd) is then a

direct consequence of (10.2) and (10.3).
Conversely, for every curve ϕ on Diff `

0(Rd) of class W 1,1, we set v(t) = ϕ̇(t) ◦ ϕ−1(t),
for every t ∈ [0, 1]. We have ϕ̇(t) = v(t) ◦ ϕ(t) for almost every t ∈ [0, 1], and hence it
suffices to prove that t 7→ ‖v(t)‖` is integrable. The curve ϕ is continuous on [0, 1] and
therefore is bounded. This implies that t 7→ ϕ(t)−1 is bounded as well. The formula for
computing derivatives of compositions of maps then shows that ‖v(t)‖` is integrable whenever
t 7→ ‖ϕ̇(t)‖` is integrable, which completes the proof since ϕ is of class W 1,1.
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Reproducing Kernel Hilbert Spaces of vector fields. Let us briefly recall the defini-
tion and a few properties of RKHS’s (see [Aro50, TY11] for more details). Let k ∈ N∗ be
fixed.

Given a Hilbert space (V, (·, ·)V ), according to the Riesz representation theorem, the
mapping v 7→ (v, ·)V is a bijective isometry between V and V ∗, whose inverse is denoted
by KV . Then for every p ∈ V ∗ and every v ∈ V one has 〈p, v〉V ∗,V = (KV p, v)V and
‖p‖2V ∗ = ‖KV p‖2V = 〈p,KV p〉V ∗,V .

Definition 10.1. A Reproducing Kernel Vector Space (RKHS) of vector fields of class C`0 is
a Hilbert space (V, (·, ·)V ) of vector fields on Rd, such that V ⊂ C`0(Rd,Rd) with continuous
inclusion.

Let V be an RKHS of vector fields of class C`0. Then, for all (b, y) ∈ (Rd)2, by definition
the linear form b ⊗ δy on V , defined by b ⊗ δy(v) = bT v(y) for every v ∈ V , is continuous
(actually this continuity property holds as well for every compactly supported vector-valued
distribution of order at most ` on Rd). By definition of KV , there holds 〈b ⊗ δy, v〉V ∗,V =
(KV (b ⊗ δy), v)V . The reproducing kernel K of V is then the mapping defined on Rd × Rd,
with values in the set of real square matrices of size d, defined by

K(x, y)b = KV (b⊗ δy)(x), (10.4)

for all (b, x, y) ∈ (Rd)3. In other words, there holds (K(·, y)b, v)V = bT v(y), for all (b, y) ∈
(Rd)2 and every v ∈ V , and K(·, y)b = KV (b⊗ δy) is a vector field of class C` in Rd, element
of V .

It is easy to see that (K(·, x)a,K(·, y)b)V = aTK(x, y)b, for all (a, b, x, y) ∈ (Rd)4, and
hence thatK(x, y)T = K(y, x) and thatK(x, x) is positive semi-definite under the assumption
that no nontrivial linear combination aT1 v(x1) + · · · + aTnv(xn), with given distinct xj ’s can
vanish for every v ∈ V . Finally, writing KV (a⊗ δy)(x) = K(x, y)a =

∫
Rd K(x, s)a dδy(s), we

have
KV p(x) =

∫
Rd
K(x, y) dp(y), (10.5)

for every compactly supported vector-valued distribution p on Rd of order less than or equal
to `. 1

As explained in [Aro50, You10], one of the interests of such a structure is that we can
define the kernel itself instead of defining the space V . Indeed a given kernel K yields a unique
associated RKHS. It is usual to consider kernels of the form K(x, y) = γ(|x − y|)IdRd with
γ ∈ C∞(R). Such a kernel yields a metric that is invariant under rotation and translation.
The most common model is when γ is a Gaussian function but other families of kernels can
be used as well [TY05, You10].

10.1.2 From shape space problems to optimal control

We define a shape space in Rd as an open subset M of a Banach space X on which the
group of diffeomorphisms of Rd acts in a certain way. The elements of M , called states of the
shape, are denoted by q. They are usually subsets or immersed submanifolds of Rd, with a
typical definition of the shape space as the set M = Emb1(S,Rd) of all embeddings of class
C1 of a given Riemannian manifold S into Rd. For example, if S is the unit circle then M
is the set of all parametrized C1 simple closed curves in Rd. In practical applications or in

1. Indeed, it suffices to note that

bTKV p(x) = (b⊗ δx,KV p)V ∗,V = (p,KV b⊗ δx) =
∫
Rd

(K(y, x)b)T dp(y) = bT
∫
Rd

K(x, y)dp(y).
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numerical implementations, one has to consider finite-dimensional approximations, so that
S usually just consists of a finite set of points, and then M is a space of landmarks (see
[TY05, You10] and see examples further).

Let us first explain how the group of diffeomorphisms acts on the shape space M , and
then in which sense this action induces a control system on M .

The group structure of Diff `
0(Rd). Let ` ∈ N∗. The set Diff `

0(Rd) is an open subspace of
the affine Banach space IdRd +C`0(Rd,Rd) and also a group for the composition law. However,
we can be more precise.

First of all, the mappings (ϕ,ψ) 7→ ϕ ◦ ψ and ϕ 7→ ϕ−1 are continuous (this follows from
the formula for the computation of the derivatives of compositions of mappings).

Moreover, for every ψ ∈ Diff `
0(Rd), the right-multiplication mapping ϕ 7→ Rψ(ϕ) = ϕ ◦ ψ

is Lipschitz and of class C1, as the restriction of the continuous affine map (IdRd + v) 7→
(IdRd + v) ◦ ψ. Its derivative (dRψ)IdRd : C`0(Rd,Rd) → C`0(Rd,Rd) at IdRd is then given by
v 7→ v ◦ ψ. Moreover, (v, ψ) 7→ v ◦ ψ is easily seen to be continuous.

Finally, the mapping

C`+1
0 (Rd,Rd)×Diff `

0(Rd) → C`(Rd,Rd)
(v, ψ) 7→ v ◦ ψ

is of class C1. Indeed we have ‖v ◦ (ψ + δψ) − v ◦ ψ − dvψ.δψ‖` = o(‖δψ‖`), for every
δψ ∈ C`0(Rd,Rd). Then, using the uniform continuity of any derivative div of order i ≤ `, it
follows that the mapping ψ 7→ dvψ is continuous. These properties are useful for the study
of the Fréchet Lie group structure of Diff∞0 (Rd) [Omo74].

Group action on the shape space. In the sequel, we fix ` ∈ N, and we assume that the
space Diffmax(1,`)

0 (Rd) acts continuously on M (recall that M is an open subset of a Banach
space X) according to a mapping

Diffmax(1,`)
0 (Rd)×M → M

(ϕ, q) 7→ ϕ · q,
(10.6)

such that IdRd · q = q and ϕ · (ψ · q) = (ϕ ◦ ψ) · q for every q ∈ M and all (ϕ,ψ) ∈
(Diffmax(1,`)(Rd))2.

Definition 10.2. M is a shape space of order ` ∈ N if the action (10.6) is compatible with
the properties of the group structure of Diff max(1,`)

0 (Rd) described above, that is:
– For every q ∈ M fixed, the mapping ϕ 7→ ϕ · q is Lipschitz with respect to the (weaker

when ` = 0) norm ‖ · ‖`, i.e., there exists γ > 0 such that

‖ϕ1 · q − ϕ2 · q‖X ≤ γ‖ϕ1 − ϕ2‖` (10.7)

for all (ϕ1, ϕ2) ∈ (Diff max(1,`)
0 (Rd))2.

– The mapping ϕ 7→ ϕ · q is differentiable at IdRd. This differential is denoted by ξq and
is called the infinitesimal action of Cmax(1,`)

0 (Rd,Rd). From (10.7) one has

‖ξqv‖X ≤ γ‖v‖`,

for every v ∈ C`0(Rd,Rd), and if ` = 0 then ξq has a unique continuous extension to the
whole space C0

0(Rd,Rd).
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– The mapping
ξ : M × C`0(Rd,Rd) −→ X

(q, v) 7−→ ξqv
(10.8)

is continuous, and its restriction to M × C`+1
0 (Rd,Rd) is of class C1. In particular the

mapping q 7→ ξqv is of class C1, for every bounded vector field v of class C`+1.

Example 10.1. For ` ≥ 1, the action of Diff `
0(Rd) on itself by left composition makes it a

shape space of order ` in Rd.

Example 10.2. Let ` ∈ N and let S be a C` smooth compact Riemannian manifold. Consider
the space M = X = C`(S,Rd) equipped with its usual Banach norm. Then M is a shape
space of order `, where the action of Diff max(1,`)

0 (Rd) is given by the composition ϕ · q = ϕ◦ q.
Indeed, it is continuous thanks to the rule for computing derivatives of a composition, and
we also have

‖ϕ1 · q − ϕ2 · q‖X ≤ γ‖ϕ1 − ϕ2‖`.

Moreover, given q ∈ M and v ∈ C`0(Rd,Rd), ξqv is the vector field along q given by ξq(v) =
v ◦ q ∈ C`(M,Rd). Finally, the formula for computing derivatives of a composition yields

‖v ◦ (q + δq)− v ◦ q − dvq.δq‖X = o(‖δq‖X),

for every δq ∈M , and the last part of the definition follows. This framework describes most
of shape spaces.

An interesting particular case of this general example is when S = (s1, . . . , sn) is a finite
set (zero-dimensional manifold), X = (Rd)n and

M = Lmkd(n) = {(x1, . . . , xn) ∈ (Rd)n | xi 6= xj if i 6= j}

is a (so-called) space of n landmarks in Rd. For q = (x1, . . . , xn), the smooth action of order
0 is ϕ · q = (ϕ(x1), . . . , ϕ(xn)). For v ∈ C0

0(R2,R2), the infinitesimal action of v at q is given
by ξq(v) = (v(x1), . . . , v(xn)).

Remarque 10.1. In most cases, and in all examples given throughout this paper, the map-
ping ξ restricted to M × C`+k0 (Rd,Rd) is of class Ck, for every k ∈ N.

Proposition 7. For every q ∈M , the mapping ϕ 7→ ϕ ·q is of class C1, and its differential at
ϕ is given by ξϕ·qdRϕ−1. In particular, given q0 ∈M and given ϕ a deformation of Rd of class
Cmax 1,`

0 , which is the flow of the time-dependent vector field v, the curve t 7→ q(t) = ϕ(t) · q0
is of class W 1,1 and one has

q̇(t) = ξϕ(t)·q0ϕ̇(t) ◦ ϕ(t)−1 = ξq(t)v(t), (10.9)

for almost every t ∈ [0, 1].

Proof. Let q0 ∈ M , fix ϕ ∈ Diff `
0(Rd) and take δϕ ∈ TϕDiff `

0(Rd) = C`0(Rd,Rd). Then
ϕ+ δϕ ∈ Diff `

0(Rd) for ‖δϕ‖` small enough. We define v = (dRϕ−1)ϕδϕ = δϕ ◦ϕ−1. We have

(ϕ+ δϕ) · q = (IdRd + v) · (ϕ · q) = ϕ · q + ξϕ·qv + o(v) = ϕ · q + ξϕ·qϕ̇ ◦ ϕ−1 + o(δϕ),

and therefore the mapping ϕ 7→ ϕ · q is differentiable at ϕ, with continuous differential
ξϕ·qdRϕ−1 . The result follows.
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The result of this proposition shows that the shape q(t) = ϕ(t) · q0 is evolving in time
according to the differential equation (10.9), where v is the time-dependent vector field asso-
ciated with the deformation ϕ.

At this step we make a crucial connection between shape space analysis and control theory,
by adopting another point of view. The differential equation (10.9) can be seen as a control
system on M , where the time-dependent vector field v is seen as a control. In conclusion,
the group of diffeomorphisms acts on the shape space M , and this action induces a control
system on M .

As said in the introduction, in shape analysis problems, the shapes are usually assumed
to evolve in time according to the minimization of some objective functional [TY11]. With
the control theory viewpoint developed above, this leads us to model the shape evolution as
an optimal control problem settled on M , that we define hereafter.

Induced optimal control problem on the shape space. We assume that the action of
Diff max(`,1)

0 (Rd) on M is smooth of order ` ∈ N. Let (V, (·, ·)V ) be an RKHS of vector fields
of class C`0 on Rd. Let K denote its reproducing kernel (as defined in Section 10.1.1). Let Y
be another Banach space. Most problems of shape analysis can be recast as follows.

Problem 1. Let q0 ∈M , and let C : M ×V → Y be a mapping such that v 7→ C(q, v) = Cqv
is linear for every q ∈ M . Let g : M → R be a function. We consider the problem of
minimizing the functional

J1(q, v) = 1
2

∫ 1

0
‖v(t)‖2V dt+ g(q(1)) (10.10)

over all (q(·), v(·)) ∈ W 1,1
q0 (0, 1;M) × L2(0, 1;V ) such that q̇(t) = ξq(t)v(t) and Cq(t)v(t) = 0

for almost every t ∈ [0, 1].

In the problem above, q0 stands for an initial shape, and C stands for continuous con-
straints. Recall that the infinitesimal action can be extended to the whole space C`0(Rd,Rd).

Note that if t 7→ v(t) is square-integrable then t 7→ q̇(t) is square-integrable as well.
Indeed this follows from the differential equation q̇(t) = ξq(t)v(t) and from Gronwall estimates.
Therefore the minimization runs over the set of all (q(·), v(·)) ∈ H1

q0(0, 1;M)× L2(0, 1;V ).
Problem 1 is an infinite-dimensional optimal control problem settled on M , where the

state q(t) is a shape and the control v(·) is a time-dependent vector field. The constraints C
can be of different kinds, as illustrated further. A particular but important case of constraints
consists of kinetic constraints, i.e., constraints on the speed q̇ = ξqv of the state, which are
of the form Cq(t)ξq(t)v(t) = Cq(t)q̇(t) = 0. Pure state constraints, of the form C(q(t)) = 0
with a differentiable map C : M → Y , are in particular equivalent to the kinetic constraints
dCq(t).ξq(t)v(t) = 0.

To the best of our knowledge, except very few studies (such as [You12]), only uncon-
strained problems have been studied so far (i.e., with C = 0). In contrast, the framework
that we provide here is very general and permits to model and solve far more general con-
strained shape deformation problems.

Remarque 10.2. Assume V is an RKHS of class C1
0 , and let v(·) ∈ L2(0, 1;V ). Then v

induces a unique deformation t 7→ ϕ(t) on Rd, and the curve t 7→ qv(t) = ϕ(t) · q0 satisfies
q(0) = q0 and q̇v(t) = ξqv(t)v(t) for almost every t ∈ [0, 1]. As above, it follows from the
Gronwall lemma that q ∈ H1

q0(0, 1;M). Moreover, according to the Cauchy-Lipshitz theorem,
if ` ≥ 1 then q(·) is the unique such element ofH1

q0(0, 1;M). Therefore, if ` ≥ 1 then Problem 1
is equivalent to the problem of minimizing the functional v 7→ J1(v, qv) over all v ∈ L2(0, 1;V )
such that Cqv(t)v(t) = 0 for almost every t ∈ [0, 1].
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Concerning the existence of an optimal solution of Problem 1, we need the following
definition.

Definition 10.3. A state q of a shape space M of order ` is said to have compact support if
for some compact subset U of Rd, for some γ > 0 and for all (ϕ1, ϕ2) ∈ (Diff max(`,1)

0 (Rd))2,
we have

‖ϕ1 · q − ϕ2 · q‖ ≤ γ‖(ϕ1 − ϕ2)|U‖`,

where (ϕ1 − ϕ2)|U denotes the restriction of ϕ1 − ϕ2 to U .

Except for Diff max(`,1)
0 (Rd) itself, every state of every shape space given so far in examples

had compact support.

Theorem 10.1. Assume that V is an RKHS of vector fields of class C`+1 on Rd, that q 7→ Cq
is continuous, and that g is bounded below and lower semi-continuous. If q0 has compact
support, then Problem 1 has at least one solution.

In practice one does not usually have available a convenient, functional definition of the
space V of vector fields. The RKHS V is in general only known through its kernel K, as
already mentioned in Section 10.1.1 (and the kernel is often a Gaussian one). Hence Problem
1, formulated as such, is not easily tractable since one might not have a good knowledge (say,
a parametrization) of the space V .

One can however derive, under a slight additional assumption, a different formulation of
Problem 1 that may be more convenient and appropriate in view of practical issues. This
is done in the next section, in which our aim is to obtain an optimal control problem only
depending on the knowledge of the reproducing kernel K of the space V (and not directly on
V itself), the solutions of which can be lifted back to the group of diffeomorphisms.

Kernel formulation of the optimal control problem. For a given q ∈ M , consider
the transpose ξ∗q : X∗ → V ∗ of the continuous linear mapping ξq : V → X. This means
that for every u ∈ X∗ the element ξ∗qu ∈ V ∗ (sometimes called pullback) is defined by
〈ξ∗qu, v〉V ∗,V = 〈u, ξq(v)〉X∗,X , for every v ∈ V . Besides, by definition of KV , there holds
〈ξ∗qu, v〉V ∗,V = (KV ξ

∗
qu, v)V . The mapping (q, u) ∈ M ×X∗ 7→ ξ∗qu ∈ V ∗ is often called the

momentum map in control theory [MR99].
We start our discussion with the following remark. As seen in Example 10.2, we observe

that, in general, given q ∈M the mapping ξq is far from being injective (i.e., one-to-one). Its
null space ker(ξq) can indeed be quite large, with many possible time-dependent vector fields
v generating the same solution of q(0) = q0 and q̇(t) = ξq(t)v(t) for almost every t ∈ [0, 1].

A usual way to address this overdetermination consists of selecting, at every time t, a
v(t) that has minimal norm subject to ξq(t)v(t) = q̇(t) (resulting in a least-squares problem).
This is the object of the following lemma.

Lemma 10.1. Let q ∈M . Assume that Range(ξq) = ξq(V ) is closed. Then, for every v ∈ V
there exists u ∈ X∗ such that ξqv = ξqKV ξ

∗
qu. Moreover, the element KV ξ

∗
qu ∈ V is the one

with minimal norm over all elements v′ ∈ V such that ξqv′ = ξqv.

Proof. Let v̂ denote the orthogonal projection of 0 on the space A = {v′ : ξqv′ = ξqv}, i.e.,
the element of A with minimal norm. Then v̂ is characterized by ξqv̂ = ξqv and v̂ ∈ ker(ξq)⊥.
Using the Banach closed-range theorem, we have (ker(ξq))⊥ = KV Range(ξ∗q ), so that there
exists u ∈ X∗ such that v̂ = KV ξ

∗
qu, and hence ξqv = ξqKV ξ

∗
qu.

Remarque 10.3. Note that the latter assertion in the proof does not require Range(ξq) to
be closed, since we always have KV (Range(ξq)) ⊂ (ker(ξq)⊥).
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Whether Range(ξq) = ξq(V ) is closed or not, this lemma and the previous discussion
suggest replacing the control v(t) in Problem 1 by u(t) ∈ X∗ such that v(t) = KV ξ

∗
q(t)u(t).

Plugging this expression into the system q̇(t) = ξq(t)v(t) leads to the new control system
q̇(t) = Kq(t)u(t), where

Kq = ξqKV ξ
∗
q , (10.11)

for every q ∈M . The operatorKq : X∗ → X is continuous and symmetric (i.e., 〈u2,Kqu1〉X∗,X =
〈u1,Kqu2〉X∗,X for all (u1, u2) ∈ (X∗)2), satisfies 〈u,Kqu〉X∗,X = ‖KV ξ

∗
qu‖2V for every u ∈ X

and thus is positive semi-definite, and (q, u) 7→ Kqu is as regular as (q, v) 7→ ξqv. Note that
Kq(X∗) = ξq(V ) whenever ξq(V ) is closed.

This change of variable appears to be particularly relevant since the operator Kq is usually
easy to compute from the reproducing kernel KV of V , as shown in the following examples.

Example 10.3. Let M = X = C0(S,Rd) be the set of continuous mappings from a Rieman-
nian manifold S to Rd. The action of Diff0(Rd) is smooth of order 0, with ξqv = v ◦ q (see
Example 10.2). Let V be an RKHS of vector fields of class C1

0 on Rd, with reproducing kernel
K. Every u ∈ X∗ can be identified with a vector-valued Radon measure on S. Then

〈ξ∗qu, v〉V ∗,V = 〈u, v ◦ q〉X∗,X =
∫
S
v(q(s))Tdu(s),

for every q ∈M and for every v ∈ V . In other words, one has ξ∗qu =
∫
S du(s)⊗δq(s), and there-

fore, by definition of the kernel, we have KV ξ
∗
qu =

∫
SKV (du(s)⊗ δq(s)) =

∫
SK(·, q(s)) du(s).

We finally infer that

Kqu(t) =
∫
S
K(q(t), q(s)) du(s).

Example 10.4. Let X = (Rd)n and M = Lmkd(n) (as in Example 10.2). Then ξqv =
(v(x1), . . . , v(xn)), and every u = (u1, . . . , un) is identified with a vector of X by 〈u,w〉X∗,X =∑n
j=1 u

T
j wj . Therefore, we get ξ∗qu =

∑n
j=1 uj⊗δxj , and KV ξ

∗
qu =

∑n
j=1K(xj , ·)uj . It follows

that

Kqu =

 n∑
j=1

K(x1, xj)uj ,
n∑
j=1

K(x2, xj)uj , . . . ,
n∑
j=1

K(xn, xj)uj

 .
In other words, Kq can be identified with matrix of total size nd × nd and made of square
block matrices of size d, with the block (i, j) given by K(xi, xj).

Following the discussion above and the change of control variable v(t) = KV ξ
∗
q(t)u(t), we

are led to consider the following optimal control problem.

Problem 2. Let q0 ∈M , and let C : M ×V → Y be a mapping such that v 7→ C(q, v) = Cqv
is linear for every q ∈ M . Let g : M → R be a function. We consider the problem of
minimizing the functional

J2(q, u) = 1
2

∫ 1

0
〈u(t),Kq(t)u(t)〉X∗,Xdt+ g(q(1)) = E(q(t)) + g(q(1)) (10.12)

over all couples (q(·), u(·)), where u : [0, 1] → X∗ is a measurable function and q(·) ∈
W 1,1
q0 (0, 1;M) are such that q̇(t) = Kq(t)u(t) and Cq(t)KV ξ

∗
q(t)u(t) = 0 for almost every

t ∈ [0, 1].

The precise relation between both problems is clarified in the following result.
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Proposition 8. Assume that ker(ξq) ⊂ ker(Cq) and that Range(ξq) = ξq(V ) is closed, for
every q ∈ M . Then Problems 1 and 2 are equivalent in the sense that inf J1 = inf J2 over
their respective sets of constraints.

Moreover, if (q̄(·), ū(·)) is an optimal solution of Problem 2, then (q̄(·), v̄(·)) is an optimal
solution of Problem 1, with v̄(·) = KV ξ

∗
q̄(·)ū(·) and q̄(·) the corresponding curve defined by

q̄(0) = q0 and ˙̄q(t) = Kq̄(t)ū(t) for almost every t ∈ [0, 1]. Conversely, if (q̄(·), v̄(·)) is an
optimal solution of Problem 1 then there exists a measurable function ū : [0, 1] → X∗ such
that v̄(·) = KV ξ

∗
q̄(·)ū(·), and ū(·) and (q̄(·), ū(·)) is an optimal solution of Problem 2.

Proof. First of all, if J2(q, u) is finite, then v(·) defined by v(t) = KV ξq(t)u(t) belongs to
L2(0, 1;V ) and therefore, using the differential equation q̇(t) = ξq(t)v(t) for almost every t
and the Gronwall lemma, we infer that q ∈ H1

q0(0, 1;M). The inequality inf J1 ≤ inf J2
follows obviously.

Let us prove the converse. Let ε > 0 arbitrary, and let v(·) ∈ L2(0, 1;V ) and q ∈
H1
q0(0, 1;M) be such that J1(q, v) ≤ inf J1 + ε, with q̇(t) = ξq(t)v(t) and Cq(t)v(t) = 0

for almost every t ∈ [0, 1]. We can write v(t) = v1(t) + v2(t) with v1(t) ∈ ker(ξq(t)) and
v2(t) ∈ (ker(ξq(t)))⊥ = Range(KV ξ

∗
q(t)), for almost every t ∈ [0, 1], with v1(·) and v2(·)

measurable functions, and obviously one has
∫ T

0 ‖v2(t)‖2V dt ≤
∫ T
0 ‖v(t)‖2V dt. Then, choosing

u(·) such that v2(·) = KV ξ
∗
q(·)u(·), it follows that J2(u) = J1(v2) ≤ J1(v) ≤ inf J1 + ε.

Therefore inf J2 ≤ inf J1. The rest is obvious.

Remarque 10.4. Under the assumptions of Proposition 8 and of Theorem 10.1, Problem 2
has at least one solution ū(·), there holds min J1 = min J2, and the minimizers of Problems
1 and 2 are in one-to-one correspondance according to the above statement.

Remarque 10.5. The assumption ker(ξq) ⊂ ker(Cq) is satisfied in the important case where
the constraints are kinetic, and is natural to be considered since it means that, in the problem
of overdetermination in v, the constraints can be passed to the quotient (see Lemma 10.1).
Actually for kinetic constraints we have the following interesting result (proved further, see
Remark 10.17), completing the discussion on the equivalence between both problems.

Proposition 9. Assume that V is an RKHS of vector fields of class at least C`+1
0 on Rd, that

the constraints are kinetic, i.e., are of the form Cqξqv = 0, and that the mapping (q, w) 7→ Cqw
is of class C1. If Cqξq is surjective (onto) for every q ∈M , then for every optimal solution v̄
of Problem 1 there exists a measurable function ū : [0, 1]→ X∗ such that v̄ = KV ξ

∗
q̄ ū, and ū

is an optimal solution of Problem 2.

Note that this result does not require the assumption that Range(ξq) = ξq(V ) be closed.

Remarque 10.6. It may happen that Problems 1 and 2 do not coincide whenever Range(ξq)
is not closed. Actually, if the assumption that Range(ξq) is closed is not satisfied then it may
happen that the set of controls satisfying the constraints in Problem 2 be reduced to the zero
control.

Let us provide a situation where this occurs. Let v(q) ∈ Range(KV ξ∗q )\Range(KV ξ
∗
q ) with

‖v(q)‖V = 1. In particular v(q) ∈ (ker(ξq))⊥. Assume that Cq is defined as the orthogonal
projection onto (Rv(q) ⊕ ker(ξq))⊥ = v(q)⊥ ∩ (ker(ξq))⊥. Then ker(Cq) = Rv(q) ⊕ ker(ξq).
We claim that ker(CqKV ξ

∗
q ) = {0}. Indeed, let u ∈ X∗ be such that CqKV ξ

∗
qu = 0. Then on

the one part KV ξ
∗
qu ∈ ker(Cq), and on the other part, KV ξ

∗
qu ∈ Range(KV ξ

∗
q ) ⊂ (ker(ξq))⊥.

Therefore KV ξ
∗
qu ∈ ker(Cq)∩ (ker(ξq))⊥ = Rv(q), but since v(q) /∈ Range(KV ξ

∗
q ), necessarily

u = 0.
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10.1.3 Further comments: lifted shape spaces and multishapes

In this section we provide one last way to study shape spaces and describe two interesting
and important variants of shape spaces, namely lifted shape spaces and multishapes. We show
that a slightly different optimal control problem can model the shape deformation problem
in these spaces.

Lifted shape spaces. Lifted shapes can be used to keep track of additional parame-
ters when studying the deformation of a shape. For example, when studying n landmarks
(x1, . . . , xn) in Rd, it can be interesting to keep track of how another point x is moved by the
deformation.

Let M and M̂ be two shape spaces, open subsets of two Banach spaces X and X̂ respec-
tively, on which the group of diffeomorphisms of Rd acts smoothly with respective orders `
and ˆ̀. Let V be an RKHS of vector fields in Rd of class Cmax(`,ˆ̀)

0 . We denote by ξq (respec-
tively ξq̂) the infinitesimal action of V on M (respectively M̂). We assume that there exists
a C1 equivariant submersion P : M̂ →M .

By equivariant, we mean that P (ϕ·q̂) = ϕ·P (q̂), for every diffeomorphism ϕ ∈ Diff max(`,ˆ̀),1

and every q̂ ∈ M̂ . Note that this implies that dPq̂.ξq̂ = ξq and ξ∗q̂dP
∗
q̂ = ξ∗q .

For example, for n < n̂, the projection P : Lmkd(n̂)→ Lmkd(n) defined by P (x1, . . . , xn̂) =
(x1, . . . , xn) is a C1 equivariant submersion. More generally, for a compact Riemannian man-
ifold Ŝ and a submanifold S ⊂ Ŝ, the restriction mapping P : Emb(Ŝ,Rd)→ Emb(S,Rd) de-
fined by P (q) = q|S is a C1 equivariant submersion for the action by composition of Diff 1(Rd).

The constructions and results of Section 10.1.2 can be applied to this setting, and in par-
ticular the deformation evolution induces a control system on M̂ , as investigated previously.

Remarque 10.7. Let V be an RKHS of bounded vector fields of class Cmax(`,ˆ̀)+1
0 . Let g be

a data attachment function on M and let C be a mapping of constraints. We set ĝ = g ◦ P
and Ĉq̂ = CP (q̂). Then a time-dependent vector field v in V is a solution of Problem 1 for M
with constraints C and data attachment g if and only if it is also a solution of Problem 1 for
M̂ with constraints Ĉ and data attachment ĝ. This remark will be used for finite-dimensional
approximations in Section 10.1.4.

One can however define a control system of a different form, by lifting the control applied
on the smaller shape space M to the bigger shape space M̂ .

The method goes as follows. Let q0 ∈ M and q̂0 ∈ P−1(q0). Consider a measurable map
u : [0, 1] → X∗ and the corresponding curve q(·) defined by q(0) = q0 and q̇(t) = Kq(t)u(t)
for almost every t ∈ [0, 1], where Kq = ξqKV ξ

∗
q . This curve is the same as the one induced

by the time-dependent vector field v(·) = KV ξ
∗
q(·)u(·). The deformation ϕ corresponding to

the flow of v defines on M̂ a new curve q̂(t) = ϕ(t) · q̂0 with speed
˙̂q(t) = ξq̂KV ξ

∗
q(t)u(t) = Kq̂(t)dP

∗
q̂(t)u(t),

with Kq̂ = ξq̂KV ξ
∗
q̂ . Note that P (q̂(t)) = q(t) for every t ∈ [0, 1]. We have thus obtained a

new class of control problems.
Problem 3. Let q̂0 ∈ M̂ , and let C : M̂ × V → Y be continuous and linear with respect to
the second variable, with Y a Banach space. Let g : M̂ → R be a real function on M̂ . We
consider the problem of minimizing the functional

J3(q̂, u) = 1
2

∫ 1

0
〈u(t),KP (q̂(t))u(t)〉X∗,Xdt+ g(q̂(1))

over all (q̂(·), u(·)), where u : [0, 1] → X∗ is a measurable function and q̂(·) ∈ W 1,1
q̂0

(0, 1; M̂)
are such that ˙̂q(t) = Kq̂(t)dP

∗
q̂(t)u(t) and Cq̂(t)KV ξ

∗
P (q̂(t))u(t) = 0 for almost every t ∈ [0, 1].
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Note that, if g and C only depend on P (q̂) then the solutions u(t) of Problem 3 coincide
with the ones of Problem 2 on M .

Problem 3 can be reformulated back into an optimal control problem on V and on M̂ , sim-
ilar to Problem 1, by adding the constraints Dq̂v = 0 where Dq̂v is the orthogonal projection
of v on ker(ξP (q̂)).

Some examples of lifted shape spaces can be found in [You12], where controls are used from
a small number of landmarks to match a large number of landmarks, with additional state
variables defining Gaussian volume elements. Another application of lifted shape spaces will
be mentioned in Section 10.1.4, where they will be used to approximate infinite-dimensional
shape spaces by finite-dimensional ones.

Multishapes. Shape analysis problems sometimes involve collections of shapes that must
be studied together, each of them with specific properties associated with a different space
of vector fields. These situations can be modeled as follows.

Consider some shape spaces M1, . . . ,Mk, open subsets of Banach spaces X1, . . . , Xk, re-
spectively, on which diffeomorphisms of Rd acts smoothly on each shape space Mi with
order `i. Let ki ≥ 1, and consider V1, . . . , Vk, RKHS’s of vector fields of Rd respectively of
class C`i+ki0 with kernels K1, . . . ,Kk, as defined in Section 10.1.1. In such a model we thus
get k control systems, of the form q̇i(·) = ξi,qi(·)vi(·), with the controls vi(·) ∈ L2(0, 1;Vi),
i = 1, . . . , k. The shape space of a multi-shape is a space of the form M = M1 × · · · ×Mk.
Let q0 = (q1,0, . . . , qk,0) ∈ M . Similarly to the previous section we consider the problem of
minimizing the functional

k∑
i=1

∫ 1

0
‖vi(t)‖2Vidt+ g(q1(1), . . . , qk(1)),

over all time-dependent vector fields vi(·) ∈ L2(0, 1;Vi), i = 1, . . . , k, and with qi(1) =
ϕi(1) · qi,0 where ϕi is the flow generated by vi (note that, here, the problem is written
without constraint).

As in Section 10.1.2, the kernel formulation of this optimal control problem consists of
minimizing the functional

1
2

∫ 1

0

k∑
i=1
〈ui(t),Kqi(t),iui(t)〉X∗i ,Xi dt+ g(q(1)). (10.13)

over all measurable functions u(·) = (u1(·), . . . , uk(·)) ∈ L2(0, 1;X∗1 × · · · × X∗k), where the
curve q(·) = (q1(·), . . . , qk(·)) : [0, 1]→M is the solution of q(0) = q0 and

q̇(t) = Kq(t)u(t) =
(
K1,q1(t)u1(t), . . . ,Kk,qk(t)uk(t)

)
, (10.14)

for almost every t ∈ [0, 1], with Ki,qi = ξi,qiKViξ
∗
i,qi

for i = 1, . . . , k.
Obviously, without any further consideration, studying this space essentially amounts to

studying each Mi separately, the only interaction possibly intervening from the final cost
function g. More interesting problems arise however when the shapes can interact with each
other, and are subject to consistency constraints. For example, assume that one studies a
cat shape, decomposed into two parts for the body and the tail. Since these parts have very
different properties, it makes sense to consider them a priori as two distinct shapes S1 and S2,
with shape spaces M1 = C0(S1,R3) and M2 = C0(S2,R3), each of them being associated with
RKHS’s V1 and V2 respectively. Then, in order to take account for the tail being attached
to the cat’s body, the contact point of the body and the tail of the cat must belong to both
shapes and be equal. In other words, if q1 ∈ M1 represents the body and q2 ∈ M2 the tail,
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then there must hold q1(s1) = q2(s2) for some s1 ∈ S1 and s2 ∈ S2. This is a particular case
of state constraints, i.e., constraints depending only on the state q of the trajectory.

Considering a more complicated example, assume that two (or more) shapes are embedded
in a given background. Consider two states q1 and q2 in respective spaces M1 = C0(S1,Rd)
and M2 = C0(S2,Rd) of Rd. Assume that they represent the boundaries of two disjoint
open subsets U1 and U2 of Rd. We define a third space M3 = M1 ×M2, whose elements
are of the form q3 = (q1

3, q
2
3). This shape space represents the boundary of the complement

of U1 ∪ U2 (this complement being the background). Each of these three shape spaces is
acted upon by the diffeomorphisms of Rd. Consider for every Mi an RKHS Vi of vector
fields. The total shape space is then M = M1 ×M2 ×M3, an element of which is given
by q = (q1, q2, q3) = (q1, q2, q

1
3, q

2
3). Note that ∂(U1 ∪ U2) = ∂(U1 ∪ U2)c. However, since

(q1, q2) represents the left-hand side of this equality, and q3 = (q1
3, q

1
3) the right-hand side,

it only makes sense to impose the constraints q1 = q1
3 and q2 = q2

3. This model can be
used for instance to study two different shapes that are required not to overlap during the
deformation.

In this example, one can even go further: the background does not need to completely
mimic the movements of the shapes. We can for example let the boundaries slide on each
another. This imposes constraints on the speed of the shapes (and not just on the shapes
themselves), of the form CqKqu = 0. See section 10.4 for additional details.

Multi-shapes are of great interest in computational anatomy and provide an important
motivation to study shape deformation under constraints.

10.1.4 Finite dimensional approximation of optimal controls

The purpose of this section is to show that at least one solution of Problem 1 can be
approximated by a sequence of solutions of a family of nested optimal control problems on
finite-dimensional shape spaces with finite-dimensional constraints. We assume throughout
that ` ≥ 1.

Let (Y n)n∈N be a sequence of Banach spaces and (Cn)n∈N be a sequence of continuous
mappings Cn : M × V → Y n that are linear and continuous with respect to the second
variable. Let (gn)n∈N be a sequence of continuous functions on M , bounded from below with
a constant independent of n. For every integer n, we consider the problem of minimizing the
functional

Jn1 (v) = 1
2

∫ 1

0
‖v(t)‖2V dt+ gn(q(1)),

over all v(·) ∈ L2(0, 1;V ) such that Cnq(t)v(t) = 0 for almost every t ∈ [0, 1], where q(·) :
[0, 1] → M is the curve defined by q(0) = q0 and q̇(t) = ξq(t)v(t) for almost every t ∈ [0, 1].
It follows from Theorem 10.1 that there exists an optimal solution vn(·) ∈ L2(0, 1;V ). We
denote by qn(·) the corresponding curve.
Proposition 10. Assume that V is an RKHS of vector fields of class C`+1

0 on Rd and that
the sequence (ker(Cnq ))n∈N is decreasing (in the sense of the inclusion) and satisfies⋂

n∈N
ker(Cnq ) = ker(Cq),

for every q ∈ M . Assume that gn converges to g uniformly on every compact subset of M .
Finally, assume that q0 has compact support. Then the sequence (vn(·))n∈N is bounded in
L2(0, 1;V ), and every cluster point of this sequence for the weak topology of L2(0, 1;V ) is an
optimal solution of Problem 1. More precisely, for every cluster point v̄(·) of (vn(·))n∈N, there
exists a subsequence such that (vnj (·))j∈N converges weakly to v̄(·) ∈ L2(0, 1;V ), the sequence
(qnj (·))j∈N of corresponding curves converges uniformly to q̄(·), and J

nj
1 (vnj ) converges to

min J1 = J1(v̄) as j tends to +∞, and v̄(·) is a solution of Problem 1.
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Proof. The sequence (vn(·))n∈N is bounded in L2(0, 1;V ) as a consequence of the fact that the
functions gn are uniformly bounded below. Let v̄(·) be a cluster point of this sequence for the
weak topology of L2(0, 1;V ). Assume that (vnj (·))j∈N converges weakly to v̄(·) ∈ L2(0, 1;V ).
Denoting by q̄(·) the curve corresponding to v̄(·), the sequence (qnj (·))j∈N converges uniformly
to q̄(·) (see Lemma 10.2). Using the property of decreasing inclusion, we have CN

qnj (·)v
nj (·) = 0

for every integer N and every integer j ≥ N . Using the same arguments as in the proof of
Theorem 10.1 (see Section 10.1.5), it follows that Cq̄(·)v̄(·) = 0. Finally, since

∫ 1
0 ‖v̄(t)‖2V dt ≤

lim inf
∫ 1

0 ‖vn(t)‖2V dt, and since gn converges uniformly to g on every compact subset of M ,
it follows that J1(v̄) ≤ lim inf Jnj1 (vnj ).

Since every v ∈ ker(Cq) belongs as well to ker(Cnjq ), it follows that Jnj1 (vnj ) ≤ J
nj
1 (v),

for every time-dependent vector field v(·) ∈ L2(0, 1;V ) such that Cq(·)v(·) = 0, where q(·) :
[0, 1] → M is the curve corresponding to v(·). Since gn converges uniformly to g, one has
J
nj
1 (v)→ J1(v) as n→ +∞. It follows that lim sup Jnj1 (vnj ) ≤ min J1.

We have proved that J1(v̄) ≤ lim inf Jnj1 (vnj ) ≤ lim sup Jnj1 (vnj ) ≤ min J1, and therefore
J1(v̄) = min J1, that is, v̄(·) is an optimal solution of Problem 1, and J

nj
1 (vnj ) converges to

min J1 = J1(v̄) as j tends to +∞.

Application: approximation with finite dimensional shape spaces. Let S1 be the
unit circle of R2, let ` ≥ 1 be an integer, X = C`(S1,Rd) and let M = Emb`(S1,Rd) be the
space of parametrized simple closed curves of class C` on Rd. We identify X with the space
of all mappings f ∈ C`([0, 1],Rd) such that f(0) = f(1), f ′(0) = f ′(1), ..., f (`)(0) = f (`)(1).
The action of the group of diffeomorphisms of Rd on M , defined by composition, is smooth
of order ` (see Section 10.1.2). Let q1 ∈M and c > 0 fixed. We define g by

g(q) = c

∫
S1
|q(t)− q1(t)|2 dt,

for every q ∈ M . Consider pointwise kinetic constraints C : M ×X → C0(S1,Rm), defined
by (Cq q̇)(s) = Fq(s)q̇(s) for every s ∈ S1, with F ∈ C0(Rd,Mm,d(R)), where Mm,d(R) is the
set of real matrices of size m× d.

Note that the multishapes constraints described in Section 10.1.3 are of this form.
Our objective is to approximate this optimal control problem with a sequence of optimal

control problems specified on the finite dimensional shape spaces Lmkd(2n).
For n ∈ N, let ξn be the infinitesimal action of the group of diffeomorphisms on Lmkd(2n),

the elements of which are denoted by qn = (xn1 , . . . , xn2n). Define on the associated control
problem the kinetic constraints C̃nqnξnqnv = (Fxn1 v(xn1 ), . . . , Fxn2nv(xn2n)), and the data attach-
ment function

g̃n(qn) = c

2n
2n∑
r=1
|xnr − q1(2−nr)|.

Let vn(·) be an optimal control of Problem 1 for the above optimal control problem specified
on Lmkd(2n).

Proposition 11. Every cluster point of the sequence (vn(·))n∈N for the weak topology on
L2(0, 1;V ) is a solution of Problem 1 specified on M = Emb`(S1,Rd) with constraints and
minimization functional respectively given by C and g defined above.

Proof. Define the submersions Pn : M → Lmkd(2n) by

Pn(q) = (q(2−n), . . . , q(2−nr), . . . , q(1)).

Let gn = g̃n ◦ Pn and Cnq = C̃Pn(q)dPq. In other words, gn (resp. Cn) are the lifts of g̃n

(resp. C̃n) from Lmkd(2n) to M through Pn. Using Remark 10.7 on lifted shape spaces,
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we infer that the optimal control vn(·) of Problem 1 specified on the finite dimensional
space Lmkd(2n) with constraints C̃n and data attachment g̃n is also optimal for Problem
1 specified on the infinite dimensional set M with constraints Cn and data attachment gn.
Now, if v ∈ ker(Cn) for every integer n, then Fq(s)v(q(s)) = 0 for every s = 2−nr with n ∈ N
and r ∈ {1, . . . , 2n}. The set of such s is dense in [0, 1], and s 7→ Fq(s)v(q(s)) is continuous.
Therefore Fq(s)v(q(s)) = 0 for every s ∈ [0, 1], that is, Cq(·)ξq(·)v(·) = 0. Since the converse
is immediate, we get ker(Cq(·)) =

⋂
n∈N ker(Cnq(·)). Finally, since q(·) is a closed curve of class

at least C` with ` ≥ 1, it is easy to check that

gn(q) = c

2n
2n∑
r=1
|q(2−nr)− q1(2−nr)|

converges to g, uniformly on every compact subset of M . Therefore, Proposition 10 can be
applied to the sequence (vn(·))n∈N, which completes the proof.

Remarque 10.8. The same argument works as well if we replace S1 with any compact
Riemannian manifold S, and applies to the vertices of increasingly finer triangulations of S.

10.1.5 Proof of Theorem 10.1

Let (vn(·))n∈N be a sequence of L2(0, 1;V ) such that J1(vn) converges to its infimum. Let
(ϕn)n∈N be the corresponding sequence of deformations and let (qn(·))n∈N be the sequence of
corresponding curves (one has qn(t) = ϕn(t) · q0 thanks to Remark 10.2). Since g is bounded
below, it follows that the sequence (vn(·))n∈N is bounded in L2(0, 1;V ). The following lemma
is well known (see [You10]), but we provide a proof for the sake of completeness.

Lemma 10.2. There exist v̄(·) ∈ L2(0, 1;V ), corresponding to the deformation ϕ̄, and a
sequence (nj)j∈N of integers such that (vnj (·))j∈N converges weakly to v̄(·) and such that, for
every compact subset U of Rd,

sup
t∈[0,1]

‖(ϕnj (t, ·)− ϕ̄(t, ·))|U‖` −→
j→+∞

0.

Proof of Lemma 10.2. Since the sequence (vn(·))n∈N is bounded in the Hilbert space L2(0, 1;V ),
there exists a subsequence (vnj (·))j∈N converging weakly to some v̄ ∈ L2(0, 1;V ). Besides,
using (10.2) for i = `+1 and the Ascoli theorem, we infer that for every compact subset U of
Rd, the sequence (ϕnj )j∈N is contained in a compact subset of the space C0([0, 1], C`0(U,Rd)).
Considering a compact exhaustion of Rd and using a diagonal extraction argument, we can
therefore extract a subsequence (ϕnjk )k∈N with limit ϕ̄ such that, for any compact subset U
of Rd,

sup
t∈[0,1]

‖(ϕnjk (t, ·)− ϕ̄(t, ·))|U‖` −→
k→+∞

0. (10.15)

To complete the proof, it remains to prove that ϕ̄ is the deformation induced by v̄(·). On the
first hand, we have limk→+∞ ϕnjk (t, x) = ϕ̄(t, x), for every x ∈ Rd and every t ∈ [0, 1]. On
the second hand, one has, for every k ∈ N,∣∣∣∣ϕnjk (t, x)− x−

∫ t

0
v̄ ◦ ϕ̄(s, x) ds

∣∣∣∣ =
∣∣∣∣∫ t

0

(
vnjk ◦ ϕnjk (s, x)− v̄ ◦ ϕ̄(s, x)

)
ds

∣∣∣∣
≤
∣∣∣∣∫ t

0
vnjk ◦ ϕnjk (x)− vnjk ◦ ϕ̄(s, x) ds

∣∣∣∣+ ∣∣∣∣∫ t

0
vnjk ◦ ϕ̄(s, x)− v̄ ◦ ϕ̄(s, x) ds

∣∣∣∣ .
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Set C = supn∈N
∫ 1

0 ‖vn(t)‖1 dt, and define χ[0,t]δϕ̄(·,x) ∈ V ∗ by (χ[0,t]δϕ̄(·,x)|v)L2(0,1;V ) =
∫ t

0 v ◦
ϕ̄(s, x) ds. Then,∣∣∣∣ϕnjk (t, x)− x−

∫ t

0
v̄ ◦ ϕ̄(s, x) ds

∣∣∣∣ ≤ C sup
s∈[0,t]

|ϕnjk (s, x)− ϕ̄(s, x)|

+
∣∣∣(χ[0,t]δϕ̄(·,x)|vnjk − v̄)L2(0,1;V )

∣∣∣ ,
which converges to 0 as j tends to +∞ thanks to (10.15) and to the weak convergence vnjk (·)
to v̄(·). We thus conclude that ϕ̄(t, x) = x+

∫ t
0 v̄ ◦ ϕ̄(s, x) ds, which completes the proof.

Setting q̄(t) = ϕ̄(t) · q0 for every t ∈ [0, 1], one has ˙̄q(t) = ξq̄(t)v̄(t) for almost every
t ∈ [0, 1], and it follows from the above lemma and from the fact that q0 has compact support
that

sup
t∈[0,1]

‖q̄(t)− qnj (t)‖X −→
j→+∞

0.

The operator v(·) 7→ Cq̄(·)v(·) is linear and continuous on L2(0, 1;V ), so it is also weakly
continuous [BBI01]. We infer that the sequence Cqnj (·)vnj (·) converges weakly to Cq̄(·)v̄(·) in
L2(0, 1;Y ). Since Cqnj (·)vnj (·) = 0 for every j ∈ N, it follows that Cq̄(·)v̄(·) = 0. In other
words, the time-dependent vector field v̄(·) satisfies the constraints.

It remains to prove that v̄(·) is indeed optimal. From the weak convergence of the sequence
(vnj (·))j∈N to v̄(·) in L2(0, 1;V ), we infer that

∫ 1

0
‖v̄(t)‖2V dt ≤ lim inf

j→+∞

∫ 1

0
‖vnj (t)‖2V dt.

Besides, since g is lower continuous, lim infj→+∞ g(qnj (1)) ≥ g(q̄(1)). Since J1(vnj ) converges
to inf J1, it follows that J1(v̄) = inf J1.

10.2 Constrained geodesic equations in shape spaces

In this section, we derive first-order necessary conditions for optimality in Problem 1. We
extend the well-known Pontryagin maximum principle (PMP) from optimal control theory to
our infinite-dimensional framework, under the assumption that the constraints are surjective.
This allows us to derive the constrained geodesic equations for shape spaces, and we show
how they can be reduced to simple Hamiltonian dynamics on the cotangent space of the
shape space.

10.2.1 First-order optimality conditions: PMP in shape spaces

We address the Pontyagin maximum principle in a slightly extended framework, con-
sidering a more general control system and a more general minimization functional than in
Problem 1.

Let V be a Hilbert space, and let X and Y be Banach spaces. Let M be an open subset
of X. Let ξ : M ×V → X and C : M ×V → Y be mappings of class C1. Let L : M ×V → R
and g : M → R be functions of class C1. We assume that there exist continuous functions
γ0 : R→ R and γ1 : X → R such that γ0(0) = 0 and

‖dLq′,v′ − dLq,v‖X∗×V ∗ ≤ γ0(‖q′ − q‖X) + γ1(q − q′)‖v′ − v‖V , (10.16)

for all (q, q′) ∈M2 and all (v, v′) ∈ V 2.
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Let q0 ∈M . We consider the optimal control problem of minimizing the functional

J(q, v) =
∫ 1

0
L(q(t), v(t)) dt+ g(q(1)) (10.17)

over all (q(·), v(·)) ∈ H1
q0(0, 1;M)×L2(0, 1;V ) such that q̇(t) = ξq(t)v(t) and Cq(t)v(t) = 0 for

almost every t ∈ [0, 1]. We define the Hamiltonian H : M ×X∗ × V × Y ∗ → R by

H(q, p, v, λ) = 〈p, ξqv〉X∗,X − L(q, v)− 〈λ,Cqv〉Y ∗,Y . (10.18)

It is a function of class C1. Using the canonical injection X ↪→ X∗∗, we have ∂pH = ξqv.

Remarque 10.9. The estimate (10.16) on L is exactly what is required to ensure that
the mapping (q, v) 7→

∫ 1
0 L(q(t), v(t)) dt be well defined and Fréchet differentiable for ev-

ery (q, v) ∈ H1
q0(0, 1;M) × L2(0, 1;V ). Indeed, the estimate L(q(t), v(t)) ≤ L(q(t), 0) +

γ1(q(t), q(t))‖v(t)‖2V implies the integrability property. The differentiability is an immediate
consequence of the following estimate, obtained by combining (10.16) with the mean value
theorem: for every t ∈ [0, 1], and for some st ∈ [0, 1], one has

|L(q(t) + δq(t), v(t) + δv(t))− L(q(t), v(t)− dLq(t),v(t)(δq(t), δv(t))|

≤
(
γ0(‖δq(t)‖X) + γ1(stδq(t))‖δv(t)‖

)
(‖δq(t)‖X + ‖δv(t)‖V ).

Theorem 10.2. Assume that the linear operator Cq(t) : V → Y is surjective for every q ∈M .
Let (q(·), v(·)) ∈ H1

q0(0, 1;X)×L2(0, 1;V ) be an optimal solution of the above optimal control
problem. Then there exist p ∈ H1(0, 1;X∗) and λ ∈ L2(0, 1;Y ∗) such that p(1) + dgq(1) = 0
and

q̇(t) = ∂pH(q(t), p(t), v(t), λ(t)),
ṗ(t) = −∂qH(q(t), p(t), v(t), λ(t)),
∂vH(q(t), p(t), v(t), λ(t)) = 0,

(10.19)

for almost every t ∈ [0, 1].

Remarque 10.10. This theorem is the extension of the usual PMP to our specific infinite
dimensional setting. Any quadruple q(·), p(·), v(·), λ(·) solution of the above equations is
called an extremal. This is a ”weak” maximum principle, in the sense that we derive the
condition ∂vH along any extremal, instead of the stronger maximization condition

H(q(t), p(t), v(t), λ(t)) = max
w∈ker(Cq(t))

H(q(t), p(t), w, λ(t))

for almost every t ∈ [0, 1]. Note however that, in the case of shape spaces, v 7→ H(q, p, v) is
strictly concave and hence both conditions are equivalent.

Remarque 10.11. It is interesting to note that, if we set V = H`(Rd,Rd) with ` large
enough, and if L(q, v) = 1

2
∫
Rd |v(x)|2dx and Cqv = div v, then the extremal equations given

in Theorem 10.2 coincide with the incompressible Euler equation. In other words, we recover
the well-known fact that every divergence-free time-dependent vector field minimizing its L2

norm (in t and x) must satisfy the incompressible Euler equation (see [Arn66]).

Remarque 10.12. Note that the surjectivity assumption is a strong one in infinite dimen-
sion. It is usually not satisfied in the case of shape spaces when Y is infinite dimensional. For
instance, consider the shape spaces M = C0(S,Rd), with S a smooth compact Riemannian
manifold. Let V be an RKHS of vector fields of class C1

0 , acting on M as described in Section
10.1.2. Let T be a submanifold of S of class C1. Set Y = C0(T,Rd), and consider the kinetic
constraints C : M × V → Y defined by Cqv = v ◦ q|T . If q is differentiable along T , then no
nondifferentiable map f ∈ Y is in Range(Cq).
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Remarque 10.13. It is possible to replace Cq with the orthogonal projection on ker(Cq)⊥,
which is automatically surjective. However in this case the constraints become fiber-valued,
and for the proof of our theorem to remain valid, one needs to assume that there exists a
Hilbert space V1 such that, for every q0 ∈M , there exists a neighborhood U of q0 in M such
that

⋃
q∈U ker(Cq) ∼ U × V1.

Remarque 10.14. An important consequence of the surjectivity of Cq is that the norm
on Y is equivalent to the Hilbert norm induced from V by Cq, for every q ∈ M . The
operator CqKV C

∗
q : Y ∗ → Y is the isometry associated with this norm. In particular Y must

be reflexive, and hence L2(0, 1;Y ∗) = L2(0, 1;Y )∗ (whereas we only have an inclusion for
general Banach spaces).

Remarque 10.15. Theorem 10.2 withstands several generalizations. For instance it remains
valid whenever we consider nonlinear constraints C(q, v) = 0 and a general Lagrangian L of
class C1 without any estimates and a nonlinear control system q̇ = ξ(q, v), provided that ξ is
of class C1 and that ∂vC(q(t), v(t)) is surjective for every t ∈ [0, 1]. However, this requires to
consider v ∈ L∞(0, 1;V ) and makes the proof of the regularity of the Lagrange multipliers
slightly more involved.

Before proving Theorem 10.2, it can be noted that many versions of the PMP can be found
in the existing literature for infinite-dimensional optimal control problems – for instance, with
dynamics consisting of partial differential equations, and however, most of the time, without
constraint on the state. Versions of the PMP with state constraints can also be found in the
literature (see the survey [HSV95]), most of the time in finite dimension, and, for the very few
of them existing in infinite dimension, under the additional assumption that the constraints
are of finite codimension. To the best of our knowledge, no version does exist that would
cover our specific framework, concerning shape spaces, group actions, with an infinite number
of constraints on the acting diffeomorphisms. The proof that we provide hereafter contains
some subtleties such as Lemma 10.4, and hence Theorem 10.2 is a nontrivial extension of the
usual PMP.

Proof of Theorem 10.2. We define the mapping Γ : H1
q0(0, 1;M)×L2(0, 1;V )→ L2(0, 1;X)×

L2(0, 1;Y ) by Γ(q, v) = (Γ1(q, v),Γ2(q, v)) with Γ1(q, v)(t) = q̇(t)− ξq(t)v(t) and Γ2(q, v)(t) =
Cq(t)v(t) for almost every t ∈ [0, 1]. The mapping Γ stands for the constraints imposed to
the unknowns of the optimal control problem.

The functional J : H1
q0(0, 1;M)×L2(0, 1;V )→ R and the mapping Γ are of class C1, and

their respective differentials at some point (q, v) are given by

dJ(q,v).(δq, δv) =
∫ 1

0
(〈∂qL(q(t), v(t)), δq(t)〉X∗,X + 〈∂vL(q(t), v(t)), δv(t)〉V ∗,V ) dt

+ 〈dgq(1), δq(1)〉X∗,X ,

for all (δq, δv) ∈ H1
0 (0, 1;X)× L2(0, 1;V ), and dΓ(q,v) = (dΓ1(q,v), dΓ2(q,v)) with

(dΓ1(q,v).(δq, δv))(t) = δ̇q(t)− ∂qξq(t)v(t).δq(t)− ξq(t)δv(t),
(dΓ2(q,v).(δq, δv))(t) = ∂qCq(t)v(t).δq(t) + Cq(t)δv(t),

for almost every t ∈ [0, 1].

Lemma 10.3. For every (q, v) ∈ H1
q0(0, 1;M) × L2(0, 1;V ), the linear continuous mapping

dΓ(q,v) : H1
0 (0, 1;X) × L2(0, 1;V ) → L2(0, 1;X) × L2(0, 1;Y ) is surjective. Moreover the

mapping ∂qΓ1(q,v) : H1
0 (0, 1;M)→ L2(0, 1;X) is an isomorphism.
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Proof. Let (q, v) ∈ H1
q0(0, 1;M) × L2(0, 1;V ) and (a, b) ∈ L2(0, 1;X) × L2(0, 1;Y ). Let us

prove that there exists (δq, δv) ∈ H1
0 (0, 1;X)× L2(0, 1;V ) such that

a(t) = δ̇q(t)− ∂qξq(t)v(t).δq(t)− ξq(t)δv(t), (10.20)
b(t) = ∂qCq(t)v(t).δq(t) + Cq(t)δv(t), (10.21)

for almost every t ∈ [0, 1].
For every q̃ ∈ M , Cq̃ : V → Y is a surjective linear continuous mapping. It follows that

Cq̃|(ker(Cq̃))⊥ : (ker(Cq̃))⊥ → Y is an isomorphism (note that V = ker(Ctildeq) ⊕ (ker(Cq̃))⊥

since V is Hilbert). We set Aq̃ = (Cq̃|(ker(Cq̃))⊥)−1 = KV C
∗
q̃ (Cq̃KV C

∗
q̃ )−1. Note that q̃ 7→ Aq̃

is of class C1 in a neighbourhood of q([0, 1]).
Assume for the moment that δq(·) is known. Then we choose δv(·) defined by δv(t) =

Aq(t)
(
b(t)− ∂qCq(t).δq(t)

)
for almost every t ∈ [0, 1], so that (10.21) is satisfied. Plugging

this expression into (10.20) yields

δ̇q(t)− ∂qξq(t)v(t).δq(t)− ξq(t)Aq(t)
(
b(t)− ∂qCq(t)v(t).δq(t)

)
= a(t),

for almost every t ∈ [0, 1]. This is a well-posed linear differential equation with square-
integrable coefficients in the Banach space X, which has a unique solution δq ∈ H1

0 (0, 1;X)
such that δq(0) = 0. This proves the statement.

Proving that the mapping ∂qΓ1(q,v) : H1
0 (0, 1;M)→ L2(0, 1;X), defined by (∂qΓ1(q,v).δq)(t) =

δ̇q(t)− ∂qξq(t)v(t).δq(t) for almost every t ∈ [0, 1], is an isomorphism follows the same argu-
ment, by Cauchy uniqueness.

Let (q, v) ∈ H1
q0(0, 1;M) × L2(0, 1;V ) be an optimal solution of the optimal control

problem. In other words, (q, v) is a minimizer of the problem of minimizing the functional
J over the set of constraints Γ−1({0}) (which is a C∞ manifold as a consequence of Lemma
10.3 and of the implicit function theorem). Since dΓ(q,v) is surjective (note that this fact
is essential since we are in infinite dimension), it follows from [Kur76, Theorem 4.1] that
there exists a nontrivial Lagrange multiplier (p, λ) ∈ L2(0, 1;X)∗ × L2(0, 1;Y )∗ such that
dJ(q,v)+(dΓ(q,v))∗(p, λ) = 0. Moreover since Y is reflexive one has L2(0, 1;Y )∗ = L2([0, 1], Y ∗),
and hence we can identify λ with a square-integrable Y ∗-valued measurable mapping, so that
the Lagrange multipliers relation yields

0 =
〈
dJ(q,v) + (dΓ(q,v))∗(p, λ), (δq, δv)

〉
=
〈
p, δ̇q

〉
L2(0,1;X)∗,L2(0,1;X) −

〈
p, ∂qξqv.δq

〉
L2(0,1;X)∗,L2(0,1;X) −

〈
p, ξqδv

〉
L2(0,1;X)∗,L2(0,1;X)

+
∫ 1

0

〈
∂qL(q(t), v(t)) + (∂qCq(t)v(t))∗λ(t), δq(t)

〉
X∗,X

dt

+
∫ 1

0

〈
∂vL(q(t), v(t)) + C∗q(t)λ(t), δv(t)

〉
V ∗,V

dt+
〈
dgq(1), δq(1)

〉
X∗,X

,

(10.22)

for all (p, λ) ∈ L2(0, 1;X)∗ × L2([0, 1], Y ∗) and all (δq, δv) ∈ H1
0 (0, 1;M)× L2(0, 1;V ). Note

that the space L2(0, 1;X)∗ can be different from L2(0, 1;X∗) (unless X∗ satisfies the Radon-
Nikodym property, but there is no reason to consider such a Banach space X), and hence
a priori p cannot be obviously identified with a square-integrable X∗-valued measurable
mapping. Anyway, in the next lemma we show that this identification is possible, due to a
hidden regularity property in (10.22).

Lemma 10.4. We can identify p with an element of L2([0, 1], X∗), so that

〈
p, r
〉
L2(0,1;X∗),L2(0,1;X) =

∫ 1

0

〈
p(t), r(t)

〉
X∗,X

dt,
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for every r ∈ L2(0, 1;X).

Proof of Lemma 10.4. For every r ∈ L2(0, 1;X), we define δq ∈ H1
0 (0, 1;X) by δq(s) =∫ s

0 r(t) dt for every s ∈ [0, 1] (Bochner integral in the Banach space X), so that r = δ̇q.
Defining α ∈ L2(0, 1;X)∗ by〈
α, f

〉
L2(0,1;X)∗,L2(0,1;X) =

〈
p, ∂qξqv.f

〉
L2(0,1;X)∗,L2(0,1;X)

−
∫ 1

0

〈
∂qL(q(t), v(t)) + (∂qCq(t)v(t))∗λ(t), f(t)

〉
X∗,X

dt,
(10.23)

for every f ∈ L2(0, 1;X), and taking δv = 0 in (10.22), we get〈
p, r
〉
L2(0,1;X)∗,L2(0,1;X) =

〈
α, δq

〉
L2(0,1;X)∗,L2(0,1;X) −

〈
dgq(1), δq(1)

〉
X∗,X

. (10.24)

Let us express δq in another way with respect to r. By definition, one has δq(s) =
∫ s

0 r(t) dt
for every s ∈ [0, 1], and this can be also written as δq(s) =

∫ 1
0 χ[t,1](s)r(t) dt, with χ[t,1](s) = 1

whenever s ∈ [t, 1] and 0 otherwise. In other words, one has δq =
∫ 1

0 χ[t,1]r(t) dt (Bochner
integral). For every t ∈ [0, 1], we define the operator At : X → L2(0, 1;X) by Atx = χ[t,1]x.
It is clearly linear and continuous. Then, we have δq =

∫ 1
0 At(r(t)) dt, and therefore, using

(10.24),

〈
p, r
〉
L2(0,1;X)∗,L2(0,1;X) =

〈
α,

∫ 1

0
At(r(t)) dt

〉
L2(0,1;X)∗,L2(0,1;X)

−
〈
dgq(1),

∫ 1

0
r(t) dt

〉
X∗,X

.

Now, interchanging the Bochner integrals and the linear forms, we infer that

〈
p, r
〉
L2(0,1;X)∗,L2(0,1;X) =

∫ 1

0

〈
α,At(r(t))

〉
L2(0,1;X)∗,L2(0,1;X) dt−

∫ 1

0

〈
dgq(1), r(t)

〉
X∗,X

dt,

and then, using the adjoint A∗t : L2(0, 1;X)∗ → X∗, we get

〈
p, r
〉
L2(0,1;X)∗,L2(0,1;X) =

∫ 1

0

〈
A∗tα− dgq(1), r(t)

〉
X∗,X

dt.

Since this identity holds true for every r ∈ L2(0, 1;X), it follows that p can be identified
with an element of L2(0, 1;X∗), still denoted by p, with p(t) = A∗tα− dgq(1) for almost every
t ∈ [0, 1].

Still using the notation introduced in the proof of Lemma 10.4, now that we know that
p ∈ L2(0, 1;X∗), we infer from (10.23) that α can as well be identified with an element of
L2([0, 1], X∗), with

α(t) = (∂qξq(t)v(t))∗p(t)− ∂qL(q(t), v(t))− (∂qCq(t)v(t))∗λ(t),

for almost every t ∈ [0, 1]. Note that α(t) = ∂qH(q(t), p(t), v(t), λ(t)), where the Hamiltonian
H is defined by (10.18).

Since α ∈ L2(0, 1;X∗), we have, for every x ∈ X,

〈A∗tα, x〉X∗,X =
〈
α, χ[t,1]x

〉
L2(0,1,X∗),L2(0,1;X) =

∫ 1

0
〈α(s), χ[t,1](s)x〉X∗,X ds

=
∫ 1

t
〈α(s), x〉X∗,X ds =

〈 ∫ 1

t
α(s) ds, x

〉
X∗,X

,

and therefore A∗tα =
∫ 1
t α(s) ds for every t ∈ [0, 1]. It follows that p(t) = A∗tα − dgq(1) =∫ 1

t α(s) ds − dgq(1), and hence, that p ∈ H1(0, 1;X∗) and that p(·) satisfies the differential
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equation ṗ(t) = −α(t) = −∂qH(q(t), p(t), v(t), λ(t)) for almost every t ∈ [0, 1] and p(1) +
dgq(1) = 0.

Finally, taking δq = 0 in (10.22) yields∫ 1

0

〈
∂vL(q(t), v(t)) + C∗q(t)λ(t)− ξ∗q(t)p(t), δv(t)

〉
)V ∗,V dt = 0,

for every δv ∈ L2(0, 1;X), and hence ∂vL(q(t), v(t))+C∗q(t)λ(t)−ξ∗q(t)p(t) = 0 for almost every
t ∈ [0, 1], which exactly means that ∂vH(q(t), p(t), v(t), λ(t)) = 0. The theorem is proved.

10.2.2 The geodesic equations in a shape space

We use the notations introduced in Section 10.1.2, and consider a shape space M of order
` ∈ N, V an RKHS of vector fields of class C`+1

0 on Rd, and we set L(q, v) = 1
2‖v‖

2
V . We

assume that C and g are at least of class C1 and that Cq : V → Y is surjective for every
q ∈M .

In this context ξ is of class C1. Let us apply Theorem 10.2. We have ∂vH(q, p, v, λ) =
ξ∗qp−C∗qλ− (v, ·)V , and the condition ∂vH(q, p, v, λ) = 0 is equivalent to v = KV (ξ∗qp−C∗qλ).
Then we have ∂pH = ξqv = ξqKV (ξ∗qp − C∗qλ) = Kqp − ξqKV C

∗
qλ, where Kq = ξqKV ξ

∗
q is

defined by (10.11). Besides, Cqv = CqKV ξ
∗
qp − CqKV C

∗
qλ = 0 if and only if CqKV C

∗
qλ =

CqKV ξ
∗
qp. Since Cq is surjective, it follows that CqKV C

∗
q is invertible, and hence λ = λq,p =

(CqKV C
∗
q )−1CqKV ξ

∗
qp. The mapping (q, p) 7→ λq,p defined as such is of class C1 and is linear

in p. In particular, v = vq,p = KV (ξ∗qp − C∗qλq,p) is a function of class C1 of q and p and is
linear in p. We have obtained the following result.

Theorem 10.3 (Geodesic equations in shape spaces). Let (q(·), v(·)) ∈ H1
q0(0, 1;M) ×

L2(0, 1;V ) be a solution of Problem 1. There exists p ∈ H1(0, 1;X∗) such that

v(t) = vq(t),p(t) = KV

(
ξ∗q(t)p(t)− C

∗
q(t)λ(t)

)
,

for almost every t ∈ [0, 1], and p(·) satisfies p(1) + dgq(1) = 0 and the geodesic equations

q̇(t) = Kq(t)p(t)− ξq(t)KV C
∗
q(t)λ(t),

ṗ(t) = −∂q
〈
p(t), ξq(t)v(t)

〉
X∗,X

+ ∂q
〈
λ(t), Cq(t)v(t)

〉
Y ∗,Y

,
(10.25)

for almost every t ∈ [0, 1], with

λ(t) = λq(t),p(t) = (Cq(t)KV C
∗
q(t))

−1Cq(t)KV ξ
∗
q(t)p(t).

Moreover the mapping t 7→ 1
2‖v(t)‖2 is constant, and one has

J(v) = 1
2‖v(0)‖2V + g(q(1)).

Remarque 10.16. Defining the so-called reduced Hamiltonian h : M ×X∗ → R by

h(q, p) = H(q, p, vq,p, λq,p),

we have a priori ∂qh = ∂qH+∂vH(q, p, vq,p, λq,p)◦∂q(vq,p)+∂λH(q, p, vq,p, λq,p)◦∂q(λq,p). But
since λq,p and vq,p are such that ∂vH(q, p, vq,p, λq,p) = 0 and Cqvq,p = ∂λH(q, p, vq,p, λq,p) = 0,
it follows that ∂qh(q, p) = ∂qH(q, p, vq,p, λq,p). Similarly, we have ∂ph(q, p) = ∂pH(q, p, vq,p, λq,p).
Therefore, in Theorem 10.3, the geodesics are the solutions of the Hamiltonian system

q̇(t) = ∂ph(q(t), p(t)), ṗ(t) = −∂qh(q(t), p(t)).
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Corollary 10.1. Assume that the mappings C and ξ are of class C2. Then h is of class C2

as well, and for every (q0, p0) ∈M ×X∗, there exists ε > 0 and there exists a unique solution
(q, p) : [0, ε]→M ×X∗ of the geodesic equations (10.25) such that (q(0), p(0)) = (q0, p0).

Note that for most of shape spaces (at least, for all shape spaces given as examples in this
paper), the mapping ξ is of class C2 whenever V is an RKHS of vector fields of class C`+2.

Example 10.5. A geodesic (q(t), p(t)) = (x1(t), . . . , xn(t), p1(t), . . . , pn(t)) on the landmark
space Lmkd(n) must satisfy the equations

ẋi(t) =
n∑
j=1

K(xi(t), xj(t))pj(t), ṗj(t) = −1
2

n∑
j=1

∂xi

(
pi(t)TK(xi(t), xj(t))pj(t)

)
,

where K is the kernel of V .

Remarque 10.17. Assume that the constraints are kinetic, i.e., are of the form Cqξqv = 0
with Cq : X → Y . Then q̇(t) = Kq(t)(p(t) − C∗q(t)λ(t)) and λq,p = (CqKqC

∗
q )−1CqKqp. Note

that even if Kq is not invertible, the assumption that Cqξq is surjective means that CqKqC
∗
q

is invertible. In particular, minimizing controls take the form KV ξ
∗
qu, with u ∈ L2(0, 1;X∗).

This proves the contents of Proposition 9 (see Section 10.1.2).

Remarque 10.18. Let M (resp., M ′), open subset of a Banach space X (resp., X ′), be a
shape space of order ` (resp. of order `′ ≤ `). Assume that there is a dense and continuous
inclusion X ↪→ X ′, such that M ↪→M ′ is equivariant (in particular we have X ′∗ ↪→ X∗). For
every q0 ∈ M ⊂ M ′, there are more geodesics emanating from q0 on M than on M ′ (indeed
it suffices to consider initial momenta p0 ∈ X∗ \X ′∗). These curves are not solutions of the
geodesic equations on M ′, and are an example of so-called abnormal extremals [AS04, Tré08].
Note that they are however not solutions of Problem 1 specified on X ′, since Theorem 10.2
implies that such solutions are projections of geodesics having an initial momentum in X ′∗.

An example where this situation is encountered is the following. Let S be a compact
Riemannian manifold. Consider X = C`+1(S,Rd) and X ′ = C`(S,Rd), with actions defined
in Definition 10.2. If p(0) is a `+ 1-th order distribution, then the geodesic equations on X
with initial momentum p(0) yield an abnormal geodesic in X ′.

Remarque 10.19. Following Remark 10.18, if the data attachment function g : X → R+

can be smoothly extended to a larger space X ′, then the initial momentum of any solution
of Problem 1 is actually in X ′∗ ⊂ X∗.

For example, we set g(q) =
∫
S |q(s) − qtarget(s)|2 ds, for some qtarget ∈ X, with X =

C`(S,Rd) and S a compact Riemannian manifold. Let X ′ = L2(S,Rd). Then the momentum
p : [0, 1]→ X∗ associated with a solution of Problem 1 (whose existence follows from Theorem
10.3) takes its values in X ′∗ = L2(S,Rd).

The case of pure state constraints. Let us consider pure state constraints, i.e., con-
straints of the form C(q) = 0 with C : M → Y . Recall that, if C is of class C1, then they can
be transformed into the mixed constraints dCq.q̇ = dCq.ξqv = 0. In this particular case, the
geodesic equations take a slightly different form.

Proposition 12. Assume that C : M → Y is of class C3, and that dCq.ξq : V → Y is
surjective for every q ∈M . Consider Problem 1 with the pure state constraints C(q) = 0. If
v(·) ∈ L2(0, 1;V ) is a solution of Problem 1, associated with the curve q(·) : [0, 1]→M , then
there exists p̃ : [0, 1]→ X∗ such that

q̇(t) = Kq(t)p̃(t), ˙̃p(t) = −1
2∂q〈p̃(t),Kq(t)p̃(t)〉X∗,X + ∂q〈λ̃q(t),p̃(t), C(q(t))〉Y ∗,Y ,
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for almost every t ∈ [0, 1], with

λ̃q,p̃ = (dCqKqdC
∗
q )−1

(1
2dCq.Kq∂q〈p̃,Kqp̃〉X∗,X − d2Cq.(Kqp̃,Kqp̃)− dCq. (∂q(Kqp̃).Kqp̃)

)
.

Moreover one has dCq0 .Kq0 p̃0 = 0 and dgq(1) + p̃(1) = dC∗q(1)ν for some ν ∈ Y ∗.

Note that all functions involved are of class C1. Therefore, for a given initial condition
(q0, p̃0) ∈ T ∗q0M with dCq0 .Kq0p0 = 0, there exists a unique geodesic emanating from q0 with
initial momentum p̃0.

Proof. The proof just consists in considering λ̃(t) = λ̇(t) and p̃ = p − dC∗q .λ, where p and
λ are given by Theorem 10.3, and then in differentiating C(q(t)) = 0 twice with respect to
time.

Remarque 10.20. The mappings p̃ and λ̃ can also be obtained independently of Theorem
10.3 as Lagrange multipliers for the mapping of constraints Γ(q, v) = (q̇ − ξqv, C(q)), using
the same method as in the proof of Theorem 10.2, under the assumptions that C : X → Y is
of class C2 and dCq.ξq is surjective for every q ∈M .

10.3 Algorithmic procedures

In this section we derive some algorithms in order to compute the solutions of the optimal
control problem considered throughout. We first consider problems without constraint in
Section 10.3.1, and then with constraints in Section 10.3.2.

10.3.1 Problems without constraints

Shape deformation analysis problems without constraint have already been studied in
[BMTY05, DGM98, GTY, GTY06, JM00, MTY02, MTY06, Tro95] with slightly different
methods, in different and specific contexts. With our previously developed general framework,
we are now going to recover methods that are well known in numerical shape analysis, but
with a more general point of view allowing us to generalize the existing approaches.

Gradient Descent. We adopt the notations, the framework and the assumptions used in
Section 10.2.1, but without constraint. For q0 ∈ M fixed, we consider the optimal control
problem of minimizing the functional J defined by (10.17) over all (q(·), v(·)) ∈ H1

q0(0, 1;M)×
L2(0, 1;V ) such that q̇(t) = ξq(t)v(t) for almost every t ∈ [0, 1]. The Hamiltonian of the
problem then does not involve the variable λ, and is the function H : M × X∗ × V → R
defined by H(q, p, v) = 〈p, ξqv〉X∗,X − L(q, v).

We assume throughout that g ∈ C1(X,R), that ξ : M × V → X is of class C2, is a linear
mapping in v, and that L ∈ C2(X × V,R) satisfies the estimate (10.16).

As in the proof of Theorem 10.2, we define the mapping Γ : H1
q0(0, 1;M)× L2(0, 1;V )→

L2(0, 1;X) by Γ(q, v)(t) = q̇(t) − ξq(t)v(t) for almost every t ∈ [0, 1]. The objective is to
minimize the functional J over the set E = Γ−1({0}).

According to Lemma 10.3, the mapping ∂qΓ(q,v) is an isomorphism for all (q, v) ∈ E.
Therefore, the implicit function theorem implies that E is the graph of the mapping v 7→ qv
which to a control v ∈ L2(0, 1;V ) associates the curve qv ∈ H1

q0(0, 1;X) solution of q̇v(t) =
ξqv(t)v(t) for almost every t ∈ [0, 1] and qv(0) = q0. Moreover this mapping is, like Γ, of class
C2.

Then, as it was already explained in Remark 10.2 in the case where L(q, v) = 1
2‖v‖

2
V ,

minimizing J over E is then equivalent to minimizing the functional J1(v) = J(qv, v) over
L2(0, 1;V ).
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Thanks to these preliminary remarks, the computation of the gradient of J|E then provides
in turn a gradient descent algorithm.

Proposition 13. The differential of J1 is given by

dJ1v.δv = −
∫ 1

0
∂vH(qv(t), p(t), v(t)).δv(t) dt,

for every δv ∈ L2(0, 1;V ), where p ∈ H1([0, 1], X∗) is the solution of ṗ(t) = −∂qH(qv(t), p(t), v(t))
for almost every t ∈ [0, 1] and p(1) + dgqv(1) = 0. In particular we have

∇J1(v)(t) = −KV ∂vH(qv(t), p(t), v(t)),

for almost every t ∈ [0, 1].

Remarque 10.21. This result still holds true for Lagrangians L that do not satisfy (10.16),
replacing L2(0, 1;V ) with L∞(0, 1;V ). The gradient is computed with respect to the pre-
Hilbert scalar product inherited from L2.

Proof. Let v ∈ L2(0, 1;V ) be arbitrary. For every δv ∈ L2(0, 1;V ), we have dJ1v.δv =
dJ(qv ,v).(δq, δv), with δq = dqv.δv. Note that (δq, δv) ∈ T(qv ,v)E (the tangent space of the
manifold E at (qv, v)), since E is the graph of the mapping v → qv. Since E = Γ−1({0}), we
have 〈dΓ∗(qv ,v)p, (δq, δv)〉 = 0 for every p ∈ L2(0, 1;X)∗. Let us find some particular p such
that 〈dJ1(qv ,v) + dΓ∗(qv ,v)p, (δq, δv)〉 only depends on δv.

Let p ∈ H1([0, 1], X∗) be the solution of ṗ(t) = −∂qH(qv(t), p(t), v(t)) for almost every
t ∈ [0, 1] and p(1) + dgqv(1) = 0. Using the computations done in the proof of Theorem 10.2,
we get

〈dJ1(qv ,v) + dΓ∗(qv ,v)p, (δq, δv)〉 =
∫ 1

0

(
〈p(t), δ̇q(t)〉X∗,X − 〈∂qH(qv(t), p(t), v(t)), δq(t)〉X∗,X

− 〈∂vH(qv(t), p(t), v(t)), δv(t)〉V ∗,V
)
dt+ dgqv(1).δqv(1).

Integrating by parts and using the relations δq(0) = 0 and p(1) + dgqv(1) = 0, we obtain

〈dJ1(qv ,v) + dΓ∗(qv ,v)p, (δq, δv)〉 = −
∫ 1

0
∂vH(qv(t), p(t), v(t)).δv(t) dt

Since 〈dΓ∗(qv ,v)p, (δq, δv)〉 = 0, the proposition follows.

In the case of shape spaces, which form our main interest here, we have L(q, v) = 1
2‖v‖

2
V ,

and then ∂vH(q, p, v) = ξ∗qp− (v, ·)V and KV ∂vH(q, p, v) = KV ξ
∗
qp− v. It follows that

∇J1(v) = v −KV ξ
∗
qvp.

In particular, if v = KV ξ
∗
qu for some u ∈ L2([0, 1], X∗), then

v − h∇J1(v) = Kvξ
∗
q (u− h(u− p)),

for every h ∈ R. Therefore, applying a gradient descent algorithm does not change this
form. It is then important to notice that this provides as well a gradient descent algorithm
for solving Problem 2 (the kernel formulation of Problem 1) without constraint, and this
in spite of the fact that L2([0, 1], X∗) is not necessarily a Hilbert space. In this case, if
p ∈ H1([0, 1], X∗) is the solution of ṗ(t) = −∂qH(qv(t), p(t), v(t)) for almost every t ∈ [0, 1]
and p(1) + dgqv(1) = 0, then u− p is the gradient of the functional J2 defined by (10.12) with
respect to the symmetric nonnegative bilinear form Bq(u1, u2) =

∫ 1
0 〈u1(t),Kq(t)u2(t)〉X∗,X dt.

This gives a first algorithm to compute unconstrained minimizers in a shape space. We
next provide a second method using the space of geodesics.
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Gradient descent on geodesics: minimization through shooting. Since the tools
are quite technical, in order to simplify the exposition we assume that the shape space M
is finite dimensional, i.e., that X = Rn for some n ∈ N. The dual bracket 〈p, w〉X∗,X is
then identified with the canonical Euclidean product pTw, and Kq = ξqKV ξ

∗
q : X∗ → X is

identified with a n×n positive semi-definite symmetric matrix. Theorem 10.3 and Corollary
10.1 (see Section 10.2.2) imply that the minimizers of the functional J1 defined by (10.10)
coincide with those of the functional

Ĵ1(p0) = 1
2p

T
0 Kq0p0 + g(q(1)), (10.26)

where v = KV ξ
∗
qp and (q(·), p(·)) is the geodesic solution of the Hamiltonian system q̇(t) =

∂ph(q(t), p(t)), ṗ(t) = −∂qh(q(t), p(t)), for almost every t ∈ [0, 1], with (q(0), p(0)) = (q0, p0).
Here, h is the reduced Hamiltonian (see Remark 10.16) and is given by h(q, p) = 1

2〈p, ξqKV ξ
∗
qp〉X∗,X =

1
2〈p,Kqp〉X∗,X . Therefore, computing a gradient of Ĵ1 for some appropriate bilinear sym-
metric nonnegative product provides in turn another algorithm for minimizing the func-
tional J1. For example, if the inner product that we consider is the canonical one, then
∇Ĵ1(p0) = Kq0p0 + ∇(g ◦ q(1))(p0). The term ∇(g ◦ q(1))(p0) is computed thanks to the
following well-known result.

Lemma 10.5. Let n ∈ N, let U be an open subset of Rn, let f : U → Rn be a complete
smooth vector field on U , let G be the function of class C1 defined on U by G(q0) = g(q(1)),
where g is a function on U of class C1 and q : [0, 1] → Rn is the solution of q̇(t) = f(q(t))
for almost every t ∈ [0, 1] and q(0) = q0. Then ∇G(q0) = Z(1) where Z : [0, 1] → Rn is the
solution of Ż(t) = dfTq(1−t)Z(t) for almost every t ∈ [0, 1] and Z(0) = ∇g(q(1)).

In our case, we have U = M × Rn and f(q, p) = (∇ph,−∇qh) = (Kqp,−1
2∇q(p

TKqp)).
Note that we used the Euclidean gradient instead of the derivatives. This is still true
thanks to the identification made between linear forms and vectors at the beginning of
the section. We get ∇Ĵ1(p0) = Kq0p0 + α(1), where Z(·) = (z(·), α(·)) is the solution of
Ż(t) = dfTq(1−t),p(1−t)Z(t) for almost every t ∈ [0, 1] and Z(0) = (z(0), α(0)) = (∇g(q(1)), 0).

In numerical implementations, terms of the form dfTw, with f a vector field and w
a vector, require a long computational time since every partial derivative of f has to be
computed. In our context however, using the fact that the vector field f(q, p) is Hamiltonian,
the computations can be simplified in a substantial way. Indeed, using the commutation of
partial derivatives, we get

dfT(q,p)Z =
(
∇q(f(q, p), Z)
∇p(f(q, p), Z)

)
=
(
∇q(∇phT z −∇qhTα)
∇p(∇phT z −∇qhTα)

)
=
(
∂p(∇qh).z − ∂q(∇qh).α)
∂p(∇ph).z − ∂q(∇ph).α)

)
.

Replacing h with its expression, we get

dfT(q,p)Z =
(
∇q(pTKqz)− 1

2∂q(∇q(p
TKqp)).α

Kqz − ∂q(Kqp).α

)
.

Therefore, instead of computing d(∇q(pTKqp))Tα, which requires the computation of all
partial derivatives of ∇q(pTKq), it is required to compute only one of them, namely the one
with respect to α. Let us sum up the result in the following proposition.

Proposition 14. We have ∇Ĵ1(p0) = Kq0p0 + α(1), where (z(·), α(·)) is the solution of

ż(t) = ∇q(p(1− t)TKq(1−t)z(t))−
1
2∂q(∇q(p(1− t)

TKq(1−t)p(1− t))).α(t),

α̇(t) = Kq(1−t)z(t)− ∂q(Kq(1−t)p(1− t)).α(t)
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with (z(0), α(0)) = (∇g(q(1)), 0), and (q(t), p(t)) satisfies the geodesic equations q̇(t) =
Kq(t)p(t) and ṗ(t) = −1

2∇q(p(t)
TKq(t)p(t)) for almost every t ∈ [0, 1], with q(0) = q0 and

p(0) = p0.

A gradient descent algorithm can then be used in order to minimize Ĵ1 and thus J1.

10.3.2 Problems with constraints

In this section, we derive several different methods devoted to solve numerically con-
strained optimal control problems on shape spaces. To avoid using overly technical notation
in their whole generality, we restrict ourselves to the finite-dimensional case. The methods
can however be easily adapted to infinite-dimensional shape spaces. We use the notation, the
framework and the assumptions of Section 10.1.2.

Let X = Rn and let M be an open subset of X. For every q ∈ M , we identify Kq with
a n × n symmetric positive semi-definite real matrix. Throughout the section, we focus on
kinetic constraints and we assume that we are in the conditions of Proposition 9, so that
these constraints take the form CqKqu = 0. Note that, according to Proposition 8, in this
case Problems 1 and 2 are equivalent. Hence in this section we focus on Problem 2, and
thanks to the identifications above the functional J2 defined by (10.12) can be written as

J2(u) = 1
2

∫ 1

0
u(t)TKq(t)u(t) dt+ g(q(1)).

Note (and recall) that pure state constraints, of the form C(q) = 0, are treated as well since,
as already mentioned, they are equivalent to the kinetic constraints dCq.Kqu = 0.

The augmented Lagrangian method. This method consists of minimizing iteratively
unconstrained functionals in which the constraints have been penalized. Although pure state
constraints are equivalent to kinetic constraints, in this approach they can also be treated
directly. The method goes as follows. In the optimal control problem under consideration,
we denote by λ : [0, 1] → Rk the Lagrange multiplier associated with the kinetic constraints
CqKqu = 0 (its existence is ensured by Theorem 10.2). We define the augmented cost function

JA(u, λ1, λ2, µ) =
∫ 1

0
LA(q(t), u(t), λ(t), µ) dt+ g(q(1)),

where LA, called augmented Lagrangian, is defined by

LA(q, u, λ, µ) = L(q, u)− λTCqKqu+ 1
2µ |CqKqu|2,

with, here, L(q, u) = 1
2u

TKqu. Let q0 ∈ M fixed. Choose an initial control u0 (for example,
u0 = 0), an initial function λ0 (for example, λ0 = 0), and an initial constant µ0 > 0.
At step `, assume that we have obtained a control u` generating the curve q`, a function
λ` : [0, 1] → Rk, and a constant µ` > 0. The iteration ` → ` + 1 is defined as follows.
First, minimizing the unconstrained functional u 7→ JA(u, λ`, µ`) over L2(0, 1;Rn) yields a
new control u`+1, generating the curve q`+1 (see further in this section for an appropriate
minimization method). Second, λ is updated according to

λ`+1 = λ` −
1
µ`
Cq`+1Kq`+1u`+1.

Finally, we choose µ`+1 ∈ (0, µ`] (many variants are possible in order to update this penal-
ization parameter, as is well-known in numerical optimization).
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Under some appropriate assumptions, as long as µ` is smaller than some constant β > 0,
u` converges to a control u∗ which is a constrained extremum of J2. Note that it is not
required to assume that µ` converge to 0. More precisely we infer from [IK08, Chapter 3] the
following convergence result.

Proposition 15 (Convergence of the augmented Lagrangian method). Assume that all in-
volved mappings are least of class C2 and that CqKq is surjective for every q ∈M . Let u∗ be
an optimal solution of Problem 2 and let q∗ be its associated curve. Let λ∗ be the Lagrange
multiplier (given by Theorem 10.2) associated with the constraints. We assume that there
exist c > 0 and µ > 0 such that

(∂2
uJA)(u∗,λ∗,µ).(δu, δu) ≥ c‖δu‖2L2(0,1;Rn), (10.27)

for every δu ∈ L2(0, 1;Rn). Then there exists a neighborhood of u∗ in L2(0, 1;Rn) such that,
for every initial control u0 in this neighborhood, the sequence (u`)`∈N built according to the
above algorithm converges to u∗, and the sequence (λ`)`∈N converges to λ∗, as ` tends to +∞.

Remarque 10.22. Assumption (10.27) may be hard to check for shape spaces. As is well-
known in optimal control theory, this coercivity assumption of the bilinear form (∂2

uJA)(u∗,λ∗,µ)
is actually equivalent to the nonexistence of conjugate points of the optimal curve q∗ on
[0, 1] (see [BCT07, BFT06] for this theory and algorithms of computation). In practice,
computing conjugate points is a priori easy since it just consists of testing the vanishing of
some determinants; however in our context the dimension n is expected to be large and then
the computation may become difficult numerically.

Remarque 10.23. Pure state constraints C(q) = 0 can either be treated in the above context
by replacing CqKq with dCq.Kq, or can as well be treated directly by replacing CqKq with
C(q) in the algorithm above.

Any of the methods described in Section 10.3.1 can be used in order to minimize the
functional JA with respect to u. For completeness let us compute the gradient in u of JA at
the point (u, λ, µ).

Lemma 10.6. There holds

∇uJA(u, λ, µ) = u+ CTq λ+ 1
µ
CTq CqKqu− p,

where p(·) is the solution of

ṗ(t) = −∂q(p(t)TKq(t)u(t)) + ∂qLA(q(t), u(t), λ(t), µ)

= ∂q

((
u(t)

2 − p(t)
)T

Kq(t)u(t)
)

+ λ(t)T∂qCq(t)u(t) + 1
2µ∂q

(
u(t)TKq(t)C

T
q(t)Cq(t)Kq(t)u(t)

)
for almost every t ∈ [0, 1] and p(1) + dgq(1) = 0.

Remarque 10.24. For pure state constraints C(q) = 0, there simply holds ∇uJA = u − p
and the differential equation in p is

ṗ(t) = ∂q

((
u(t)

2 − p(t)
)T

Kq(t)u(t)
)

+ λ(t)TdCq(t) + 1
µ
C(q(t))TdCq(t).
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Proof of Lemma 10.6. We use Proposition 13 with L(q, u, t) = LA(q, u, λ(t), µ), with λ and
µ fixed (it is indeed easy to check that this proposition still holds true when the Lagrangian
also depends smoothly on t). The differential of JA with respect to u is then given by

d(JA)u.δu =
∫ 1

0

(
∂uLA(q(t), u(t), λ(t), µ)− p(t)TKq(t)

)
δu(t) dt, (10.28)

where p(·) is the solution of ṗ(t) = −∂q(p(t)TKq(t)u(t)) + ∂qLA(q(t), u(t), λ(t), µ) for almost
every t ∈ [0, 1] and p(1) + dgq(1) = 0. To get the result, it then suffices to identify the
differential d(JA)u with the gradient ∇JA(u) with respect to the inner product on L2(0, 1;Rn)
given by (u1, u2)L2(0,1;Rn) =

∫ 1
0 u1(t)TKq(t)u2(t) dt.

The advantage of the augmented Lagrangian method is that, at every step, each gradient
is “easy” to compute (at least as easy as in the unconstrained case). The problem is that, as
in any penalization method, a lot of iterations are in general required in order to get a good
approximation of the optimal solution, satisfying approximately the constraints with enough
accuracy.

The next method we propose tackles the constraints without penalization.

Constrained minimization through shooting. We adapt the usual shooting method
used in optimal control (see, e.g., [Tré08]) to our context. For (q, p) ∈ M ×X∗ = M × Rn,
we define λq,p as in Theorem 10.3 by

λq,p = (CqKqCq)−1CqKqp.

We also denote πqp = p− CTq λq,p. In particular, vq,p = Kqπqp.

Remarque 10.25. A quick computation shows that πqp is the orthogonal projection of p
onto ker(Cq) for the inner product induced by Kq.

According to Theorem 10.3, Corollary 10.1 and Remark 10.17 (see Section 10.2.2), the
minimizers of J2 have to be sought among the geodesics (q(·), p(·)) solutions of (10.25), and
moreover p(0) is a minimizer of the functional

Ĵ2(p0) = 1
2‖vq0,p0‖2V + g(q(1)) = 1

2p
T
0 πq0Kq0πq0p0 + g(q(1)).

The geodesic equations (10.25) now take the form

q̇(t) = ∂ph(q(t), p(t)) = Kq(t)πq(t)p(t),

ṗ(t) = −∂qh(q(t), p(t)) = −1
2p(t)

TπTq(t)(∇qKq(t))πq(t)p(t) + λTq(t),p(t)(∇qCq(t))Kq(t)πq(t)p(t),

where h is the reduced Hamiltonian (see Remark 10.16). It follows from Proposition 14 that
∇Ĵ2(p0) = πTq0Kq0πq0p0 + α(1), where Z(·) = (z(·), α(·)) is the solution of

ż(t) = ∂p(∇qh(q(1− t), p(1− t))).z(t)− ∂q(∇qh(q(1− t), p(1− t))).α(t)
α̇(t) = ∂p(∇ph(q(1− t), p(1− t))).z(t)− ∂q(∇ph(q(1− t), p(1− t))).α(t)

with (z(0), α(0)) = (∇g(q(1)), 0). Replacing ∇qh and ∇ph by their expression, we get

ż(t) = p(1− t)TπTq(1−t)(∇qKq(1−t))πq(1−t)z(t)− λTq(1−t),p(1−t)(∇qCq(1−t))Kq(1−t)πq(1−t)z(t)

− ∂q
(1

2p(1− t)
TπTq(1−t)(∇qKq(1−t))πq(1−t)p(1− t)

− λTq(1−t),p(1−t)(∇qCq(1−t))Kq(1−t)πq(1−t)p(1− t)
)
.α(t)

α̇(t) = Kq(1−t)πq(1−t)z(t)− ∂q(Kq(1−t)πq(1−t)p(1− t)).α(t))
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In practice, the derivatives appearing in these equations can be efficiently approximated using
finite differences.

This algorithm of constrained minimization through shooting has several advantages com-
pared with the previous augmented Lagrangian method. The first is that, thanks to the
geodesic reduction, the functional Ĵ2 is defined on a finite-dimensional space (at least when-
ever the shape space itself is finite dimensional) and hence ∇Ĵ2(p0) is computed on a finite-
dimensional space, whereas in the augmented Lagrangian method ∇uJA was computed on
the infinite-dimensional space L2(0, 1;Rn).

A second advantage is that, since we are dealing with constrained geodesics, all resulting
curves satisfy the constraints with a good numerical accuracy, whereas in the augmented
Lagrangian method a large number of iterations was necessary for the constraints to be
satisfied with an acceptable numerical accuracy.

This substantial gain is however counterbalanced by the computation of λq(t),p(t), which
requires solving of a linear equation at every time t ∈ [0, 1] along the curve (indeed, recall that
λq,p = (CqKqC

∗
q )−1CqKqp). The difficulty here is not just that this step is time-consuming,

but rather the fact that the linear system may be ill-conditioned, which indicates that this
step may require a more careful treatment. One possible way to overcome this difficulty
is to solve this system with methods inspired from quasi-Newton algorithms. This requires
however a particular study that is beyond the scope of the present article (see [Arg13] for
results and algorithms).

10.4 Numerical examples

10.4.1 Matching with constant total volume

In this first example we consider a very simple constraint, namely, a constant total volume.
Consider S = Sd−1, the unit sphere in Rd, and let M = Emb1(S,Rd) be the shape space,
acted upon with order 1 by Diff(Rd). Consider as in [TY11] the RKHS V of smooth vector

fields given by the Gaussian kernel K with positive scale σ defined by K(x, y) = e−
|x−y|2

σ2 Id.
An embedding q ∈M of the sphere is the boundary of an open subset U(q) with total volume
given by Vol(U(q)) =

∫
S q
∗ω, where ω is a (d−1)-form such that dω = dx1∧ · · ·∧dxd. Let q0

be an initial point and let q1 be a target such that Vol(U(q0)) = Vol(U(q1)). We impose as
a constraint to the deformation q(·) to be of constant total volume, that is, Vol(U(q(t))) =
Vol(U(q0)). The data attachment function is defined by g(q) = d(q, q1)2, with d a distance
between submanifolds (see [VG05] for examples of such distances).

For the numerical implementation, we take d = 2 (thus S = S1) and M is a space of
curves, which is discretized as landmarks q = (x1, . . . , xn) ∈ Lmk2(n). The volume of a
curve is approximately equal to the volume of the polygon P (q) with vertices xi, given by
Vol(P (q)) = 1

2(x1y2 − y2x1 + · · ·+ xny1 − ynx1).
If one does not take into account a constant volume constraint, a minimizing flow matching

a circle on a translated circle usually tends to shrink it along the way (see Figure 10.1(a)). If
the volume is required to remain constant then the circle looks more like it were translated
towards the target, though the diffeomorphism itself does not look like a translation (see
Figure 10.1(b)).

The implementation of the shooting method developed in Section 10.3.2 leads to the
diffeomorphism represented on Figure 10.2.
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(a) Matching trajectories without constraints. (b) Matching trajectories with constant volume.

Figure 10.1: Matching trajectories.

Figure 10.2: Constant volume experiment. On the left: initial condition (in blue) and target
(in red). On the right: matching.

10.4.2 Multishape matching

We consider the multishape problem described in Section 10.1.3. We define the shape
spaces M1, . . . ,Mk, by Mj = Emb(Sj ,Rd) for every j ∈ {1, . . . , k − 1} and Mk = M1 × · · · ×
Mk−1 (background space). For every j ∈ {1, . . . , k} we consider a reproducing kernel Ki and
a reduced operator Kq,j for every q ∈Mj .

In the following numerical simulations, each qj is a curve in R2, so that S1 = · · · = Sk =
S1, the unit circle. The function g appearing in the functional (10.13) is defined by

g(q1, . . . , qk) =
k−1∑
j=1

(
d(qj , q(j))2 + d(qjk, q

(j))2
)
,

where qk = (q1
k, . . . , q

k−1
k ) and q(1), . . . , q(k−1) are given target curves. The distance d is a

distance between curves (see [VG05] for examples of such distances). We consider two types
of compatibility constraints between homologous curves qj and qjk: either the identity (or
stitched) constraint qj = qjk, or the identity up to reparametrization (or sliding) constraint
qjk = qj ◦ f for some (time-dependent) diffeomorphism f of S1. Note that, since the curves
have the same initial condition, the latter constraint is equivalent to imposing that q̇jk− q̇j ◦f
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is tangent to qjk, which can also be written as

(vk(t, qjk)− vj(t, q
j
k)) · ν

j
k = 0,

where vj = Kjξ
∗
qjuj and νjk is normal to qjk. In the numerical implementation, the curves

are discretized into polygonal lines, and the discretization of the control system (10.14) and
of the minimization functional (10.13) is done by reduction to landmark space, as described
in section 10.1.4. The discretization of the constraint in the identity case is straightforward.
For the identity up to reparametrization (or sliding) constraint, the discretization is slightly
more complicated and can be done in two ways. A first way is to add a new state variable
νjk which evolves while remaining normal to qjk, according to

ν̇jk = −dvjk(q
j
k)
T νjk,

which can be written as a function of the control uk and of the derivatives of Kk (this
is an example of lifted state space, as discussed in Section 10.1.3). A second way, which
is computationally simpler and that we use in our experiments, avoids introducing a new
state variable and uses finite-difference approximations. For every j = 1, . . . , k − 1, and
every line segment ` = [z−` , z

+
` ] in qjk (represented as a polygonal line), we simply use the

constraint ν` · (vj(`) − vk(`)) = 0, where ν` is the unit vector perpendicular of z+
` − z

−
` and

vj(`) = 1
2(vj(z−` ) + vj(z+

` )). Note that the vertices z−` and z+
` are already part of the state

variables that are obtained after discretizing the background boundaries qk.

Figure 10.3: Multishape Experiment: Initial (blue) and target (red) sets of curves.

With these choices, the discretized functional and its associated gradient for the aug-
mented Lagrangian method are obtained with a rather straightforward – albeit lengthy –
computation. In Figure 10.3, we provide an example comparing the two constraints. In this
example, we take k = 2 and use the same radial kernel K1 = K2 for the two shapes, letting
K1(x, y) = γ(|x− y|/σ1), with

γ(t) = (1 + t+ 2t2/5 + t3/15)e−t.

The background kernel is K3(x, y) = γ(|x − y|/σ3), with σ1 = 1 and σ3 = 0.1. The desired
transformation, as depicted in Figure 10.3, moves a curve with elliptical shape upwards, and a
flower-shaped curve downwards, each curve being, in addition, subject to a small deformation.
The compared curves have a diameter of order 1.



182 CHAPTER 10. OPTIMAL CONTROL AND SHAPE DEFORMATION

The solutions obtained using the stitched and sliding constraints are provided in Figures
10.4(a) and 10.4(b), in which we have also drawn a deformed grid representing the diffeomor-
phisms induced by the vector fields v1, v2 and v3 in their relevant regions. The consequence of
the difference between the kernel widths inside and outside the curves on the regularity of the
deformation is obvious in both experiments. One can also note differences in the deformation
inside between the stitched and sliding cases, the second case being more regular thanks to
the relaxed continuity constraints at the boundaries. Finally, we mention the fact that the
numerical method that we illustrate here can be easily generalized to triangulated surfaces
instead of polygonal lines.

(a) Stitched constraints. (b) Sliding constraints.

Figure 10.4: Multishape Experiment.

10.5 Conclusion and open problems

The purpose of this paper was to develop a very general framework for the analysis of
shape deformations, along with practical methods to find an optimal deformation in that
framework. The point of view of control theory gives powerful tools to attain this goal. This
allows in particular for the treatment of constrained deformation, which had not been done
before.

Now that a concrete setting has been fixed, many new developments can be expected.
First of all, the minimization algorithms in the case of constrained shapes are quite slow for a
very high number of constraints. Moreover, we did not study any of the geometric aspects of
shape deformation spaces. For example, we only briefly mentioned the infinite-dimensional
sub-Riemannian structure that the RKHS induces on both groups of diffeomorphism and
shape spaces. Sub-Riemannian geometry in infinite dimension and codimension is still a
very open subject with very few results. The sub-Riemannian geometry in this paper is
particularly difficult and interesting to study because the horizontal spaces may not be closed
in the ambient space. A key difference with finite dimension is that some geodesics might
exist that are neither normal nor abnormal.

More general control problems can be designed. One can, for example, use a second-order
approach, with a control system taking the form

q̇ = ∂pH(q, p), ṗ = −∂qH(q, p) + f(q, u)

in which the original state is lifted to the cotangent space (q → (q, p)), and the new control is
u. These models have been introduced for shapes in [TV12], with f(q, u) = u, providing a way
to interpolate smoothly between multiple shapes. We are currently exploring applications of
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this approach to model muscle-like motions, with external forces constrained to being collinear
to the fibers.

Another glaring issue comes from the assumption of the surjectivity of the constraints in
Theorem 10.2. Indeed, in most practical cases, such as multishapes in Section 10.1.3, this
assumption fails. In finite dimension, problems can occur when the rank of Cq changes with
q. They are usually solved by taking higher-order derivatives of Cq on the sets on which it
is not maximal. This does not seem easily possible with Banach spaces. Another problem
comes from the incompatibility of topologies between the Hilbert space V and the Banach
space Y in which the constraints are valued: Cq may not have a closed range, in which case
we could find ”missing” Lagrange multipliers. If Cq(V ) were constant, this could be solved
simply by restricting Y to Cq(V ) equipped with the Hilbert topology induced by Cq and V ,
but since it is not constant, this might be impossible. It would be very interesting, both for
control theory in general and for shape deformation analysis in particular, to find a way to
address this problem.
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Chapter 11

Symmetric rank-one update

The contents of this chapter were presented in Section 7.4.

Abstract

The symmetric rank-one update method is well known in optimization for its
applications in quasi-Newton algorithms. In particular, Conn, Gould, and Toint
proved in 1991 that the matrix sequence resulting from this method approximates
the Hessian of the minimized function under a suitable linear-independence as-
sumption. Extending their idea, we prove that symmetric rank-one updates can
be used to approximate any sequence of symmetric invertible matrices, which has
applications to more general problems, such as the computation of constrained
geodesics in shape analysis imaging problems. We also provide numerical simula-
tions for the method and some of these applications.

11.1 Introduction

Let d be an integer and f : Rd → R a C2 function. We consider the problem of minimizing
f over Rd. A well-known efficient algorithm to numerically solve this minimization problem
is Newton’s method: starting at some point x0, it considers the sequence

xk+1 = xk − hkH(f)−1
xk
∇f(xk),

with ∇f the gradient of f , H(f) its Hessian, and hk > 0 some appropriate step length.

However, very often the Hessian of f is too computationally demanding difficult to com-
pute, leading to the introduction of so-called quasi-Newton methods. The methods define a
sequence

xk+1 = xk − hkB−1
k ∇f(xk),

where (Bk) is a sequence of symmetric matrices such that

Bk+1(xk+1 − xk) = ∇f(xk+1)−∇f(xk). (11.1)

Indeed, since

∇f(xk+1)−∇f(xk) =
(∫ 1

0
H(f)xk+t(xk+1−xk)dt

)
(xk+1 − xk) ' H(f)xk(xk+1 − xk),

we get
Bk+1(xk+1 − xk) ' H(f)xk(xk+1 − xk).

185
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It is reasonable to expect Bk to be close to H(f)xk in the direction sk = xk+1 − xk (see
[DM77, DS96, GMW81]).

There are many ways to build a matrix sequence (Bk) satisfying (11.1). However, it was
proved in [CGT91] and [Sch04] that some of these methods let Bk approximate H(f)xk in all
directions instead of just one, i.e.,

‖Bk −H(f)xk‖ →
k→∞

0

which implies
‖Bk −H(f)x∗‖ →

k→∞
0,

with the additional assumption of the uniform linear independence of the sequence

sk = xk+1 − xk,

a notion that will be recalled later. In [CGT91] for example, this is proved for the update of
Bk by

yk = ∇f(xk+1)−∇f(xk) = Aksk, rk = yk −Bksk, Bk+1 = Bk + rkr
T
k

rTk sk
, (11.2)

with
Ak =

∫ 1

0
H(f)xk+t(xk+1−xk)dt.

In this paper, our aim is to generalize the approach in [CGT91] by defining the above
symmetric rank-one algorithm for any sequence of symmetric matrices (Ak) and vectors (sk),
and derive a convergence result, opening a wider range of applications.

For instance, if a sequence Ak converges to an invertible matrix A∗, then we can use the
above algorithm to approximate the inverse A−1

∗ of the limit A∗. Indeed, let (e0, . . . , ed−1)
be the canonical vector basis of Rd. We define the sequence (sk) in Rd by

sk := Akekmod d, yk = A−1
k sk = ekmod d. (11.3)

This sequence is uniformly linearly independent, hence the sequence Bk defined by (11.2) will
converge to A−1

∗ . The rate of convergence depends on the dimension d and on the rate of
convergence of Ak, but Bk is much easier to compute than A−1

k .
One of the motivating applications is the computation of geodesics constrained to em-

bedded submanifolds of Riemannian spaces. Indeed, to obtain a geodesic between two fixed
points of a submanifold, we need to find a converging sequence of maps t 7→ λk(t) given
implicitly by an equation of the form

Ak(t)λk(t) = ck(t),

where Ak(t) is a convergent sequence of symmetric, positive definite matrices of high dimen-
sion (see [ATTY13]). The λk are the Lagrange multipliers induced by the equations of the
submanifold. It may be very computationally demanding to solve such a linear system for
every time t and every step k. Instead, we can take

λk(t) = Bk(t)ck(t),

with Bk(t) obtained by applying the symmetric rank-one algorithm described in the previous
paragraph. This is particularly useful in Shape Spaces, where the studied manifolds have a
very high dimension and a very complex metric. 1

1. The present article was actually motivated by such a problem appearing in shape analysis, investigated
in [ATTY13].
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This paper is structured as follows. We give the general framework in Section 11.2, then
state the main result after recalling two equivalent definitions of the uniform linear indepen-
dence of a sequence of vectors in Section 11.3. Then, Section 11.4 is dedicated to intermediate
results that will, along with notions developed in Section 11.5, lead to the proof of our the-
orem. Section 11.6 presents numerical simulations for approximating random matrices and
their inverse. Finally, in Section 11.7, we describe the shape deformation problem for which
the algorithm was introduced, and apply the symmetric rank-one update method to some
simple examples, comparing it to the classical method described in [ATTY13].

11.2 Notations and symmetric rank-one algorithm

Consider a sequence (Ak)k∈N of real square symmetric d× d matrices. Assume that this
sequence converges to some matrix A∗, i.e.,

‖Ak −A∗‖ →
k→∞

0,

where ‖·‖ is the operator norm on the space Md(R) of d×d matrices induced by the canonical
Euclidean norm | · | on Rd. Then define

ηk,l = sup
k≤i≤l

‖Ai −Ak‖, and ηk,∗ = sup
i≥k
‖Ai −Ak‖

for all k ≤ l ∈ N. Note that

∀k ≤ l ∈ N, ηk,l ≤ ηk,∗ and ηk,∗ → 0 as k →∞.

Now let (sk)k∈N be a sequence of vectors in Rd.
The objective is to find a somewhat simple sequence (Bk)k∈N of symmetric matrices such
that Bk → A∗, using only sk and yk = Aksk.

We use the symmetric rank-one update method from [CGT91]. Start with B0 = Id, the
d× d identity matrix. Define for k ∈ N

yk = Aksk, rk = (Ak −Bk)sk = yk −Bksk,

and compute

Bk+1 = Bk + rkr
T
k

rTk sk
.

It is of course required that rTk sk 6= 0 for every k.

11.3 Main Result

For every k, we have

Bk+1sk = Bksk + rk = Bksk + yk −Bksk = yk,

so
Aksk = Bk+1sk.

The main idea is that if Ak, Ak+1, . . . , Ak+m are not too far from each other (which is the
case for k large enough), we expect Bk+msk+i to be close to Ak+msk+i for i ≤ m. Then, if we
can extract from every finite subsequence (sk, . . . , sk+m) a vector basis of Rd, we will obtain
the desired convergence.

For a more precise statement, we next define the notion of uniform linear independence.
The most intuitive and geometric definition is the following.
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Definition 11.1. Take a sequence s = (sk)k∈N of vectors in Rd, d ∈ N∗, and let m ≥ d be an
integer. Then s is said to be m-uniformly linearly independent if there exists some constant
α > 0, such that for all k ∈ N, there are d integers k + 1 ≤ k1 < · · · < kd ≤ k +m such that

|det (sk1 , . . . , skd)| ≥ α|sk1 | . . . |skd |.

In other words, from every finite segment of (sk) of length m, we can extract a linear
basis sk1 , . . . , skd that will, once normalized, form a parallelepiped that does not become flat
as k goes to infinity.

Remark: A sufficient condition for s = (sk)k∈N to be m-uniformly linearly independent
is the following. If the sequence of subsets ({sk+1, . . . , sk+m})k∈N converges to a subset
{s∗,1, . . . , s∗,m′}, with m′ ≤ m a positive integer, that generates Rd, then, for some integer k0
large enough, (sk0+k)k∈N is m-uniformly linearly independent. This is an obvious consequence
of the continuity of the determinant.

Another definition was given in [CGT91] after [OR00] as follows.

Definition 11.2. A sequence s = (sk)k∈N of vectors in Rd, d a positive integer, is said to be
(m,β)-uniformly linearly independent, where d ≤ m ∈ N and β > 0, if for all k ∈ N, there
are d integers k + 1 ≤ k1 < · · · < kd ≤ k +m such that∣∣∣∣∣λ

(
sk1

|sk1 |
, . . . ,

skd
|skd |

)∣∣∣∣∣ ≥ β,
where λ(M) is the singular value of the square matrix M of smallest magnitude.

Remark: A sequence s = (sk) in Rd is (m,β)-uniformly linearly independent for some
m ≥ d and β > 0 if and only it is m-uniformly linearly independent in the sense of Definition
11.1. Indeed, let v1, . . . , vd ∈ Rd, and denote V =

(
v1
|v1|

, . . . ,
vd
|vd|

)
. If |λ(V )| ≥ β > 0, then

det(V ) ≥ βd, which proves the first part of the equivalence. On the other hand, we know

that the eigenvalue of V with largest modulus has modulus less than
√
d max
i=1,...,d

|ski |
|ski |

=
√
d.

Now, assume that det(V ) ≥ α > 0. Then |λ(V )| ≥ α

d
d−1

2
, ensuring the second part of the

equivalence.

Theorem 11.1. Let (Ak), (sk), (yk), (rk) and (Bk) be defined as in Section 11.2, with (Ak)
having a limit A∗. Assume that there exists a constant c > 0 such that for every integer k,

|rTk sk| ≥ c|rk||sk|.

Then, for every β > 0 such that (sk) is (m,β)-uniformly linearly independent in the sense of
Definition 11.2, we have for every k ∈ N the quantitative estimates

‖Bk+m −A∗‖ ≤
(

1 +
(2 + c

c

)m+1
) √

d

β
ηk,∗. (11.4)

The next two sections are dedicated to the proof of this theorem.

11.4 First estimates

In this section, we give upper bounds on∣∣∣∣(Bk+m −Ak)
sk
|sk|

∣∣∣∣ ,
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and deduce estimates on ∣∣∣∣(Bk+m −A∗)x
|x|

∣∣∣∣
for a particular set of x ∈ Rd.

Proposition 16. Let (Ak)k∈N be a sequence of real symmetric matrices in Md(R), d ∈ N,
and (sk) be any sequence in Rd. Define yk, Bk and rk as above. Assume that there exists a
constant 0 < c ≤ 1 and for every k ∈ N,

rTk sk ≥ c|rk||sk|.

Then, for every l ≥ k + 1,

|(Ak −Bl)sk| ≤
(2 + c

c

)l−k−1
ηk,l−1|sk|.

Proof: We prove this inequality by induction on l, with k ∈ N fixed. For l = k + 1, we
know that Bk+1sk = Aksk = yk, hence

|(Ak −Bk+1)sk| = 0.

We will use the notation
IH(l) :=

(2 + c

c

)l−k−1
ηk,l−1|sk|,

where IH stands for Induction Hypothesis. Now, assume the result to be true for some
l ≥ k + 1, i.e.,

|(Ak −Bl)sk| ≤
(2 + c

c

)l−k−1
ηk,l−1|sk| = IH(l). (11.5)

Let us prove that

|(Ak −Bl+1)sk| ≤
(2 + c

c

)l−k
ηk,l|sk| = IH(l + 1).

Note that
|(Ak −Bl+1)sk| = |Aksk − (Bl + rlr

T
l

rTl sl
)sk|

= |Aksk −Blsk −
rlr

T
l sk

rTl sl
|

≤ |(Ak −Bl)sk|+
|rl||rTl sk|
c|rl||sl|

≤ IH(l) + |r
T
l sk|
c|sl|

.

(11.6)

Let us find a bound for |r
T
l sk|
c|sl| , the second term of the right-hand side. First we have

|rTl sk| = |yTl sk − sTl Blsk|
≤ |yTl sk − sTl yk|+ |sTl (yk −Blsk)|
= |yTl sk − sTl yk|+ |sTl (Ak −Bl)sk|
≤ |yTl sk − sTl yk|+ |sl|IH(l).

However, since Al is symmetric and yl = Alsl,

|yTl sk − sTl yk| = |sTl (Al −Ak)sk| ≤ ηk,l|sl||sk|,
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from which we deduce
|rTl sk| ≤ ηk,l|sl||sk|+ IH(l)|sl|.

Using (11.6), we get

|(Ak −Bl+1)sk| ≤ IH(l) + |r
T
l sk|
c|sl|

≤ IH(l) + 1
c
ηk,l|sk|+

1
c
IH(l)

= (1 + 1
c

)IH(l) + 1
c
ηk,l|sk|

= 1 + c

c

(2 + c

c

)l−k−1
ηk,l−1|sk|+

1
c
ηk,l|sk|

≤
(2 + c

c

)l−k
ηk,l|sk| = HI(l + 1),

where the last inequality comes from the simple fact that ηk,l−1 ≤ ηk,l. �

This proposition shows that if Ak, Ak+1, . . . , Al are close to one another (i.e., if ηk,l is
small), then Blsk stays quantifiably close to Aksk.

Now, note that ‖A∗ − Ak‖ ≤ ηk,∗, and ηk,∗ decreases to 0 as k goes to infinity. Keeping
the same assumptions, we obtain the following result.

Corollary 11.1. Take m, k ∈ N, and let x ∈ Rd be in the span of sk, . . . , sk+m. If

x

|x|
=

m∑
i=0

λi
sk+i
|sk+i|

, λ0, . . . , λm ∈ R,

then
|Bk+m+1x−A∗x|

|x|
≤ ηk,∗

(
1 +

(2 + c

c

)m) m∑
i=0
|λi|.

Proof: First, it follows from Lemma 16 that

|Bk+m+1x−A∗x|
|x|

≤
m∑
i=0

|λi|
|sk+i|

|Bk+m+1sk+i −A∗sk+i|

≤
m∑
i=0

|λi|
|sk+i|

(
|Bk+m+1sk+i −Ak+isk+i|+ |A∗sk+m −Ak+isk+i|

)
≤

m∑
i=0
|λi|

((2 + c

c

)i
ηk,k+m + ηk,∗

)
.

Define
C(m) =

(
1 +

(2 + c

c

)m)
and, using ηk,k+m ≤ ηk,∗, we get

|Bk+m+1x−A∗x|
|x|

≤ ηk,∗C(m)
m∑
0
|λi|.

The result follows. �

In particular, if we can let k go to infinity while keeping
m∑
i=0
|λi| bounded, then we obtain

Bk+mx→ A∗x. Thus, if we can do it for all x ∈ Rd, we will have proved that Bk → A∗.
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Thus, if we prove that every normalized vector x ∈ Rd is a uniformly bounded linear
combination of sk, . . . , sk+m as k goes to infinity, we have proved our theorem. In the next
section of this paper, we will define a third notion of uniform linear independence of a sequence
directly related with this property and prove that it is equivalent to the previous definitions.

11.5 Uniform m-span of a sequence and applications

In order to investigate the subspace on which Bk → A∗, we need a notion that is more
general than uniform linear independence, that of a uniform span of a sequence of vectors.

Definition 11.3. Let s = (sk)k≥0 be a sequence in Rd, and let m ∈ N. We say that a vector
x in Rd is uniformly in the m−span of s if for some fixed γx > 0,

∀k ∈ N, ∃λ0, . . . , λm ∈ R
x

|x|
=

m∑
i=0

λi
sk+i
|sk+i|

and
m∑
i=0
|λi| ≤ γx. (11.7)

We denote by USm(s) the set of all such vectors.
USm(s) is a vector sub-space of Rn. Moreover, there exists a constant γ > 0 such that

Property (11.7) holds for all x ∈ USm(s) with γx = γ, i.e.,

∃γ > 0, ∀k ∈ N, x ∈ USm(s), ∃λ0, . . . , λm ∈ R,
x

|x|
=

m∑
i=0

λi
sk+i
|sk+i|

and
m∑
i=0
|λi| ≤ γ.

(11.8)

To prove the existence of γ in (11.8), it suffices to consider an orthonormal basis (xi)i
of USm(s), associated with some constants (γxi)1≤i≤d, in Property (11.7). Then we can just
take γ = γx1 + · · ·+ γxd .

Remark: There holds USm(s) ⊂
∞⋂
k=0

span(sk, . . . , sk+m).

Example: Define the sequence s = (sk) by

sk =


ek[d] when kmod d 6= d− 1 mod d,

e0 + 1
k
ed−1 when kmod d = d− 1 mod d,

Then

USm(s) =
{
{0} if 0 ≤ m ≤ n− 2
span(e0, . . . , ed−2) otherwise.

Using this definition, a simple application of Corollary 11.1 gives the following result.

Proposition 17. Let (Ak), (sk), (yk), (rk) and (Bk) be defined as in Section 11.2, assuming
that (Ak) has a limit A∗ and that |rTk sk| ≥ c|rk||sk| for some fixed constant c > 0.
Then, for every m ∈ N

sup
x∈USm(γ)

|Bk+m+1x−A∗x|
|x|

≤ C(m)γηk,∗, (11.9)

where γ is taken from (11.8) and

C(m) =
(

1 +
(2 + c

c

)m)
.
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Finally the main result is a consequence of this proposition and of the following lemma.

Lemma 11.1. Let s = (sk)k≥0 be a sequence in Rd, and let m ∈ N. Then s is (m,β)-
uniformly linearly independent if and only if USm(s) = Rd. Moreover, we can take γ =

√
d
β

in (11.8).

Proof: Let v1, . . . , vd be linearly independent elements of Rd and define the invertible
matrix

V =
(
v1
|v1|

, . . . ,
vd
|vd|

)
.

Let Λ = (λ1, . . . , λd)T ∈ Rd, be such that x = V Λ has |x| = 1. Then

d∑
i=1
|λi| ≤

√
d|Λ| =

√
d|V −1x| ≤

√
d

|λ(V )| .

This proves that if a sequence s = (sk) in Rd is (m,β)-uniformly linearly independent, then
USm(s) = Rd and we can take γm(s) =

√
d
β .

On the other hand, take a unit vector x ∈ Rd such that

V −1TV −1x = 1
λ(V )2x.

Then, denoting (λ1, . . . , λd)T = Λ = V −1x,

1
|λ(V )| = |λ(V )| 1

|λ(V )|2 = |λ(V )||V −1TV −1x| = |λ(V )||V −1TΛ| ≤ |Λ| ≤
d∑
i=1
|λi|,

which proves the converse. �

Our main result is proved.

11.6 Numerical simulations

In this section, after running numerical simulations of our algorithm on random symmetric
matrices, we check that the sequence of inverses of a sequence of matrices can indeed be
approximated.

All simulations were done using Matlab on a standard desktop computer.

11.6.1 Approximation of a sequence of matrices

Here we test the algorithm on random symmetric matrices with coefficients generated by
a normalized Gaussian law.

Let d ∈ N∗ and define a square symmetric matrix A∗ = 1
2(M + MT ), where the entries

of the d× d matrix M were chosen at random using the normalized Gaussian law. Then, fix
0 < λ < 1, and define the sequence (Ak)k∈N of symmetric matrices obtained by perturbating
A∗ as follows

Ak = A∗ + λk

2 (Mk +MT
k ),

where Mk is a matrix with random coefficients taken uniformly in [−1, 1]. This gives ‖Mk‖ ≤
d. Obviously, Ak → A∗ linearly as k →∞. More precisely, we have

‖Ak −A∗‖ ≤ dλk,
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ε(1, 10, k, λ) k=10 k=20 k=50 k=100
λ =0.9 6.5e4 2.3e5 960 5.0
λ =0.5 6.5e4 63 5.9e-8 0
λ =0.1 6.5e4 6.4e-6 0 0

Table 11.1: Estimates from Theorem 11.1

k=10 k=20 k=50 k=100
mean(δk) max(δk) mean(δk) max(δk) mean(δk) max(δk) mean(δk) max(δk)

λ =0.9 14 4700 7.5 3800 0.18 8.0 1e-3 0.1
λ =0.5 2.7 1700 6.4e-4 3.e-2 7.4e-13 5.3 e-11 0 0
λ =0.1 0.068 7.0 8.3e-12 2.1e-9 0 0 0 0

Table 11.2: Simulation results for symmetric rank-one update

so ηk,∗ ≤ dλk.
Remark: While the Gaussian law is better suited to generate random real numbers, we

wanted to have clear bounds on the norm of the perturbations λk

2 (Mk + MT
k ). This is why

we only took coefficients with absolute value less than one for each Mk.
We define the (d, 1)-uniformly linearly independent sequence of unit vectors (sk)k∈N by

the formula
sk = ek mod d, k ∈ n,

where (e0, . . . , ed−1) is the canonical basis of Rd. Then we apply the symmetric rank-one
update to obtain a sequence of symmetric matrices (Bk)k∈N, starting with B0 = Id. If we
assume that there exists c > 0 such that |rTk sk| ≥ c|rk||sk| for every k ∈ N then we can apply
Theorem 11.1 with m = d, β = 1 , and obtain

‖Bk+d −A∗‖ ≤ ε(c, d, k, λ)

where
ε(d, k, λ, c) =

(
1 +

(1 + c

c

)d+1
)
d3/2λk.

Remark: In the algorithm, the term rTk sk = eTkmod d(Ak−Bk)ekmod d is just the kmod d-
th diagonal term of (Ak − Bk). It is difficult to give an a priori estimate on the term c in
Theorem 11.1. For example, if the diagonal terms of the Ak are equal to one, since B0 = Id,
rTk sk = 0 for every k and Bk will never be updated.

Table 11.1 computes the best (i.e., the smallest) upper bounds ε(c, d, k, λ) possible for
d = 10 for different values of k and λ. They are obtained by taking c = 1. This will
let us compare the rates of convergence of our simulations with the best possible estimates
obtainable by Theorem 11.1. A zero corresponds to a numerical value smaller than the
machine epsilon 2.2e-16.

We computed the final distance δk = ‖Bk − A∗‖ between Bk and A∗ for d = 10, various
values of λ, and various numbers of steps k. We repeated the simulation 1000 times for each
value of λ and k, each time with new random values for both A∗ and every Mk, k ∈ N. Table
11.2 gives the mean value and the maximum value of δk over these 1000 simulations for each
number of steps and each λ.

Comparing the two tables, we see that the numerical convergence rate is even better
than the best possible one given by Theorem 11.1. These simulations strongly support the
theoritical results.
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k=10 k=20 k=50 k=100
mean(δ′k) max(δ′k) mean(δ′k) max(δ′k) mean(δ′k) max(δ′k) mean(δ′k) max(δ′k)

λ =0.9 65 2.4e4 20 4500 35 2.4e4 0.22 91
λ =0.5 33 1.3e4 2.5 1800 2.8e-8 2.8 e-5 2.8e-9 2.6e-6
λ =0.1 14 6700 4.8e-9 1.9e-6 3.7e-11 2.8e-8 2.2e-12 1.4e-10

Table 11.3: Simulation results for symmetric rank-one update on inverses

11.6.2 Approximation of a sequence of inverses

As mentioned in the introduction, our algorithm lets us compute the inverse A−1
∗ of the

limit A∗ provided A∗ is invertible.
Indeed, consider the following sequences for the symmetric rank-one algorithm

sk := Akek mod d , yk = A−1
k sk = ek mod d. (11.10)

In other words, sk is the k mod d-th column of Ak. Then the sequence (sk)k∈N is (d, β)-
linearly independent for some β > 0 starting at some k0 large enough since, as k goes to
infinity, the finite set {sk, . . . , sk+d−1} = {Akek mod d, . . . , Ak+d−1ek+d−1 mod d} will converge
to the generating set {A∗e0, . . . , A∗ed−1}, and the sequence (sk0+k)k∈N is therefore d-uniformly
linearly independent for some k0 big enough. The smallest singular value of the matrix(

sk
|sk|

, . . . ,
sk+d−1
|sk+d−1|

)
(11.11)

will converge to that of (
A∗e0
|A∗e0|

, . . . ,
A∗ed−1
|A∗ed−1|

)
,

which depends only on A∗, which gives an insight on the correct value of β. The value of c
in Theorem 11.1, however, cannot be guessed here either.

Take the sequence (Bk)k∈N obtained by applying the symmetric rank-one update method,
with starting point B0 = Id and using the sequence (sk)k∈N defined by (11.11). Assuming
that there exists c > 0 such that |rTk sk| ≥ c|rk||sk| for every k ∈ N, this sequence converges to
A−1
∗ by Theorem 11.1. The rate of convergence depends on the dimension d and the rate of

convergence of Ak. Note that Bk is much easier to compute than A−1
k . Indeed, the complexity

for the computation of the inverse of a d × d matrix is greater than the O(d2) complexity
required in each symmetric rank-one update. This can be useful when solving approximately
converging sequences of linear equations, as we will show in the next section.

In our numerical simulation, we computed the distance δ′k between Bk and A−1
∗ for dif-

ferent values of k and λ. We used the same sequence (Ak) with random coefficients as in
the previous section, with (Ak) converging linearly to a random (but invertible) symmetric
matrix A∗ with rate 0 < λ < 1. For each number of steps and each value of λ considered, we
repeated this simulation 1000 times for different A∗ and different random matrices Ak. Table
11.3 gives the mean value and maximum value of δ′k over these 1000 simulations.

We see that δ′k = ‖Bk−A−1
∗ ‖ does decrease to zero, but with a slower rate than that of the

approximation of A∗ itself given in Table 11.2. Moreover, the maximal value is significantly
larger than the mean value for this distance. A reasonable explanation for both discrepancies
is that A∗ can be ill-conditioned when generated in such a random way. This can cause them
to be almost singular, which would have two consequences. First, the rate of convergence of
(A−1

k )k∈N to A−1
∗ is slower than that of (A−1

k )k∈N to A∗. Therefore, the ηk,∗ from Theorem 11.1
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k=10 k=20 k=50 k=100
mean(δ′k) max(δ′k) mean(δ′k) max(δ′k) mean(δ′k) max(δ′k) mean(δ′k) max(δ′k)

λ =0.9 23 2300 11 2200 0.25 25 2.3e-3 1.2
λ =0.5 2.8 220 1.2e-3 0.16 1.3e-12 4.8e-10 1.5e-15 8.7e-12
λ =0.1 0.36 38 7.4e-12 7e-9 1.1e-14 4.8e-12 8.2e-15 1.4e-12

Table 11.4: Simulation results for inverses of matrices with singular values in [0.5, 1.5]

k=10 k=20 k=50 k=100
λ =0.9 83 56 47 12
λ =0.5 85 29 1.0e-4 1.2 e-7
λ =0.1 54 2.1e-4 3.7e-7 1.0e-9

Table 11.5: Simulation results for inverses of matrices yk randomly generated

is larger than in the case described in Section 11.6.1. Second, the sequence sk = Akekmod d
is less uniformly linearly independent.

To test this hypothesis, we tried the simulation again but this time we forced A∗ to have
a good conditioning. This will make the sequence of matrices Ak uniformly well-conditioned.
This kind of sequence can appear in certain numerical simulations of PDEs, in cases where
the Ak are discretized versions of a positive-definite self-adjoint operator.

For the simulation, we took A∗ so that its singular values all belong to [0.5, 1.5]. For
this, we used A∗ = OTDO, where D is a diagonal matrix of size 10 × 10 with diagonal
coefficients randomly generated using the uniform law on [0.5, 1.5], and O was obtained by
orthonormalizing the columns of a random matrix Z, whose coefficients were generated using
a Gaussian law. Leaving the rest of the process unchanged, we performed 1000 simulations
for the same values of λ and k as those from Table 11.3 and obtained Table 11.4.

As expected, the numbers on Table 11.4 show that the sequence (Bk)k∈N converges to
A−1
∗ much faster than in the case of a purely random A∗. In fact, the convergence is almost as

good as the one shown by Table 11.2 in the previous section. This confirms that the method
is more effective with sequences of matrices that are well scaled.

We also did an extra simulation in the case of a purely random A∗: since the sequence
(sk)k∈N in (11.10) has no reason to be particularly good (i.e., uniformly linearly independent
with a nice constant), we applied our algorithm this time by taking a new sequence for
(yk)k∈N, letting each yk be a random vector with coefficients taken along a normal Gaussian
law at each step. We still set sk = Akyk. This is done in the hopes that, on average, the
sequence sk could be more uniformaly linearly independent. We computed the mean values
for δ′k = ‖Bk −A−1

∗ ‖ over 1000 repetition of this simulation. They are given in Table 11.5.

This experiment shows that taking a random sequence of vectors (yk)k∈N is not as effective
as taking the yk periodically equal to the canonical basis of Rd.

For large values of d, as k goes to infinity, this method gives us an approximation of
the whole sequence (A−1

k )k∈N and is faster than computing the inverse of Ak at every step.
Indeed, the complexity of one rank-one update is only in O(d2).

Remark: This method does not allow for better computations of inverse of a badly
scaled matrix A by setting Ak = A for every k. A quick Matlab simulation showed that the
command inv(A) gives more precise results.
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11.7 An application: optimal deformations of constrained shapes

The main problem of shape deformation analysis is to find an optimal deformation from
one shape to another. From the numerical point of view, a shape is usually a collection of
distinct points qT = (xT1 , . . . , xTn ) where n is a positive integer and each xi is an element of
Rd. They are usually a discretization of the boundary of a certain domain in Rd. The space
of such shapes is called the space Lmkd(n) of n landmarks in Rd, i.e.,

Lmkd(n) = {q = (xT1 , . . . , xTn )T ∈ Rnd, i 6= j ⇒ xi 6= xj}.

A deformation of an initial shape q0, with qT0 = (xT1,0, . . . , xTn,0), is a curve t 7→ q(t) with
q(0) = q0, of Sobolev classW 1,2, that is, an absolutely continuous curve with square-integrable
speed.

11.7.1 Large deformation diffeomorphic metric mapping.

The so-called LDDMM (Large Deformation Diffeomorphic Metric Mapping) setting for
studying deformations of landmarks is used in computational anatomy [BMTY05, DGM98,
Tro05].

We start by considering a Reproducing Kernel Hilbert Space V of smooth vector fields
on Rd, that is, a subspace V of C∞(Rd,Rd) equipped with a Hilbert product 〈·, ·〉V such that
the inclusion V ↪→ C∞(Rd,Rd) is continuous. For such a space, there exists a matrix-valued
reproducing kernel K : Rd × Rd →Md(Rd) such that, for any x, v ∈ Rd, and every X ∈ V ,

〈K(·, x)v,X〉V = vTX(x).

Such a space V is completely determined by its reproducing kernel K. The kernel we use in
this example is given by

K(x, y) = e−
|x−y|2

2σ Id,

for some σ > 0.
Then, one considers deformations t 7→ q(t) ∈ Lmkd(n) of the form

q(t)T = (ϕX(t) · q0)T = (ϕX(t, x1,0)T , . . . , ϕX(t, xn,0)T ),

where (ϕX(t))t∈[0,1] is a family of diffeomorphisms of Rd, flow of a time-dependent vector
field t 7→ X(t, ·) ∈ V on Rd such that t 7→ ‖X(t, ·)‖V is square-integrable. The optimal
deformation t ∈ [0, 1] 7→ ϕX(t) · q0 from a starting shape q0 to a target shape q1 is the one
such that the total energy 1

2
∫ 1

0 〈X(t), X(t)〉V dt is minimal. The reason of using such a setting
is that it actually provides an optimal deformation of the full space Rd thanks to the flow
ϕX .

In particular, it preserves the fact that q(0) is the discretization of the boundary of a
certain domain U of Rd: q(t) will then be a discretization of the boundary of the deformed
domain U(t) = ϕ(t, U).

Since it is extremely hard to determine this minimum, one usually considers the penalized
functional

Ĵ(X) = 1
2

∫ 1

0
〈X(t), X(t)〉V dt+ g(ϕX(1) · q0),

where g : Rd → R is a smooth data attachment term, minimal at q1. A classical result
[You10], consequence of the solution to the spline interpolation problem for vector fields in
V , is that minimizing Ĵ is equivalent to minimizing the functional

J(u) = 1
2

∫ 1

0

n∑
i,j=1

e
|xi(t)−xj(t)|2

2σ ui(t)Tuj(t)dt+ g(q(1)), ui ∈ L2(0, 1;Rd), i = 1, . . . , n,
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where q(t) = (x1(t), . . . , xn(t)) satisfies the control system

q(0) = q0, ẋi(t) =
n∑
j=1

e
|xi(t)−xj(t)|2

2σ ui(t) a.e. t ∈ [0, 1], i = 1, . . . , n.

We can retrieve the corresponding flow ϕX by integrating the vector field

X(t, x) =
n∑
j=1

e
|x−xj(t)|2

2σ ui(t).

We can write this differential equation as q̇(t) = Kσ
q(t)u(t), where Kσ

q is the bloc matrix of

size nd×nd consisting of blocks of size d×d, with the (i, j)-th block is equal to e
|xi(t)−xj(t)|2

2σ Id,
and u = (uT1 , . . . , uTn )T ∈ (Rd)n. This is a symmetric, positive-definite matrix for every q in
Lmkd(n), and we also have

n∑
i,j=1

e
|xi−xj |

2

2σ uTi uj = uTKσ
q u.

In this form, this an optimal control problem in finite dimension. It has an optimal solu-
tion which satisfies certain Hamiltonian equations, and can be solved numerically (see[ATTY13,
Tro05, You10]).

11.7.2 Shapes with constraints.

The shape deformation problem which motivated the symmetric rank-one update de-
scribed in this paper is an extension of the one described in the previous section, aimed at
studying several shapes simultaneously. Let n1, n2 be two positive integers. Assume that
we have two different starting shapes q1

0 and q2
0, belonging to different landmarks spaces

Lmkd(n1) and Lmkd(n2), each one being a discretization of a different domain U1 and U2

with U1 ∩ U2 = ∅.
Usually, one would just consider the total shape to be the union of those two shapes, and

deform it using a single diffeomorphism. However, the objects we want to model should be
considered as two independent shapes, as in the case of images of different parts of the brain.

This is why, instead, we would like to model a deformation of q1
0 and q2

0 such that they
evolve independently from one another (each one being deformed by a different diffeomor-
phism), but are immersed in a deformable background (deformed by a third diffeomorphism),
whose boundary coincides with the union of the boundaries of U1 and U2: one obtains
a discretization q3 of this boundary by concatenation (q3

0)T = ((q1
0)T , (q2

0)T ) ∈ Lmkd(n3),
where n3 = n1 + n2. The total shape qT0 = ((q1

0)T , (q2
0)T , q3

0)T ) belongs to the space
Lmkd(n1)× Lmkd(n2)× Lmkd(n3).

The main reason for considering constrained shape deformation is to model such a system
[ATTY13]. Indeed, to model a deformation q(t)T = (q1(t)T , q2(t)T , q3(t)T ) of the total shape,
we can use the control system

q(0) = q0, q̇1(t) = Kσ1

q1(t)u
1(t), q̇2(t) = Kσ2

q2(t)u
2(t), q̇3(t) = Kσ3

q3(t)u
3(t), a.e. t ∈ [0, 1],

where ui ∈ L2(0, 1;Rdni), i = 1, 2, 3. This control system can be written q̇(t) = Kq(t)u(t),
where

Kq =


Kσ1

q1 0 0
0 Kσ2

q2 0
0 0 Kσ3

q3

 .
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Note that the matrix Kq is symmetric and positive definite for every q ∈ Lmkd(n1) ×
Lmkd(n2)× Lmkd(n3). The functional we want to minimize is therefore given by

J(u) = 1
2

∫ 1

0
u(t)TKq(t)u(t)dt+ g(q(1)).

Kq is a symmetric positive definite matrix. However, one also needs to preserve the condition
q3(t)T = ((q1(t))T , (q2(t))T ) for every t ∈ [0, 1] (that is, the boundary of the deformed
background coincides with the boundaries of the deformed domains). This means that we
should impose on our control system the constraints (q̇3)T = ((q̇1)T , (q̇2)T ), i.e.,

Kσ3

q3(t)u
3(t) = ((Kσ1

q1(t)u
1(t))T , (Kσ2

q2(t)u
2(t))T )T a.e. t ∈ [0, 1].

These linear constraints can be as written CKq(t)u(t) = 0, with

C =
(
In3 −In3

)
.

In conclusion, we wish to find a minimum of J(u) = 1
2
∫ 1

0 u(t)TKq(t)u(t)dt + g(q(1)) over all
square-integrable functions u : [0, 1] → (Rd)n1+n2+n3 such that q(0) = q0 and, for almost
every t in [0, 1], q̇(t) = Kq(t)u(t) and CKq(t)u(t) = 0.

Now, define for q ∈ Lmkd(n1)×Lmkd(n2)×Lmkd(n1+n2) the symmetric positive definite
n3 × n3 matrix Aq = CKqC

T .
Then, according to an appropriate version of the Pontryagin Maximum Principle ([ATTY13,

Tré08]), if u is optimal for our constrained minimization problem, and q is the curve such
that q(0) = q0 and q̇ = Kqu, then there exists an absolutely continuous curve p : [0, 1] ∈
(Rd)n1+n2+n3 with square-integrable speed such that p(1) +∇gq(1) = 0, and, for almost every
t in [0, 1],

u(t) =
(
p(t)− CTA−1

q(t)CKq(t)p(t)
)
,

q̇(t) = Kq(t)
(
p(t)− CTA−1

q(t)CKq(t)p(t)
)
,

ṗ(t) = −1
2
(
p(t)− CTA−1

q(t)CKq(t)p(t)
)T
∇qKq(t)

(
p(t)− CTA−1

q(t)CKq(t)p(t)
)
.

(11.12)

Here, we used the notation aT∇qKqb for the gradient of the map q 7→ aTKqb at q, for
a, b ∈ (Rd)n1+n2+n3 fixed. Since this is a differential equation with smooth coefficient, it has
a unique solution for fixed (q0, p0)

Remark: The system (11.12) actually consists of the Hamiltonian geodesic equations on
the submanifold defined by C = 0 for the Riemannian metric whose cometric tensor is Kq.

Moreover, in this case, t 7→ u(t)TKq(t)u(t) is constant. Hence, the minimization of J
reduces to the minimization of

J̃(p0) = 1
2
(
p0 − CTA−1

q0 CKq0p0
)T

Kq0

(
p0 − CTA−1

q0 CKq0p0
)

+ g(q(1))

with respect to the initial momentum p0 = p(0). Note that this reduction is fundamental in
our approach.

The computation the gradient of J̃ requires solving an adjoint equation with coefficients
depending on the derivatives of the right-hand side of (11.12). This is described in more
details in [ATTY13].

All operations involved in the computation of this gradient have a number of multipli-
cations have complexity in O((n1 + n2)2) at each time step, for some constant m > 0, with
the distinct exception of the computation of the inverse of Aq (or, at least, the resolution of
linear equations of the form Aqa = b which appear both in (11.12) and several times in the
associated adjoint equation), whose complexity is higher.
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11.7.3 Implementation of the symmetric rank-one update.

One of the most time-consuming aspects of this method is the computation, at each time
step, of the inverse of Aq. Therefore, we can try to speed things up by applying a symmetric
rank-one update as follows.

Let f0, . . . , fd(n1+n2)−1 be the canonical vector basis of Rdn1+dn2
. For any k ∈ N, define

yk = ek mod d(n1+n2).

We start with the initial momentum p0 = 0, and let B0(t) = A−1
q0 for each t ∈ [0, 1]. The

computation of A−1
q0 is necessary to compute the different gradients anyway, so this does not

add any extra time, and gives a better initial conditioning of the matrix. Then, assuming we
have constructed an initial momentum pk and a family of matrices Bk(t), t ∈ [0, 1], we use
(11.12) to compute a trajectory xk(t), replacing A−1

q by Bk(t). Finally, at each time t, we
define

sk(t) = Aqk(t)yk,

rk(t) = Bk(t)sq(t)− yk,

Bk+1(t) = Bk(t) + rk(t)rTk (t)
rTk (t)sk(t)

.

We can then compute the gradient of J̃ with an adjoint equation, where any directional
derivative

∂q(Aqk(t)a)−1(b) = −A−1
qk(t)∂q(Aqk(t))(b)A−1

qk(t)a, a ∈ Rn3
, b ∈ (Rd)n1+n2+n3

is replaced with −Bk(t)∂qAqk(t)(v)Bk(t)a. This lets us perform the minimization of J̃ using
gradient descent or a regular quasi-Newton algorithm.

As long as the algorithm gives a converging sequence of initial momenta pk, the trajectories
qk(t) will also converge to a trajectory q∗(t), making each Aqk(t), with t ∈ [0, 1] fixed, a
converging sequence, with invertible limit A∗(t). Therefore, each Bk(t), for t ∈ [0, 1] fixed,
converges to A∗(t) as k →∞. In other words, as k →∞, we are indeed computing the true
gradient of J̃ .

11.7.4 Numerical simulations

We consider the shapes q1
0 and q2

0 as an equidistant discretization of n1 = n2 = n points
of circles of radius 1 in R2, centered at (−1, 0) (resp. (2, 0)), and we try to match them
with circles of radius 1 (resp. 0.9) centered at (−0.75, 0) (resp. (1.5, 0)). This is actually a
difficult matching to perform without the context of constrained shape deformation, because
deforming two separate shapes into targets that are so close to each other is very difficult using
a single diffeomorphism. Constrained multiple shapes provide an appropriate framework for
finding such a matching.

The following values are taken for the constants: σ1 = 0.5, σ2 = 0.3 and σ3 = 0.1. We
used 10 time steps, with step length ∆t = 0.1.

The first thing that we compared is the time necessary to accomplish one gradient step
thanks to the adjoint equations to (11.12) as described in [ATTY13]. Then we measured the
time required to complete the algorithm with the same stopping condition on the gradient
algorithm. Finally, we compare how much the constraints are satisfied in the final deformation
obtained thanks to the gradient algorithm. This is done by computing the total value of the
lack of satisfaction of the constraints

γ(u(·)) =

√∫ 1

0
|CKq(t)u(t)|2dt.
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Number of points n=30 n=60
Method used Regular method Rank-one update Regular method Rank-One update

Time for one gradient 3.3 1 9.8 2.6
Total time 63 23 69 23
γ(u(·)) 1.e-15 0.66 1.e-15 1.1

Table 11.6: Comparison of the time necessary to perform a gradient descent algorithm and
satisfaction of constraints

We obtain Table 11.6. It gives a comparison between the regular method of computing
the exact solutions of any linear system Aqa = b appearing in the adjoint equations, and the
one using the symmetric rank-one update method described in the previous paragraph.

As expected, the symmetric rank-one algorithm is much faster. However, since the regular
method computes the exact solutions for satisfying the constraints, those are satisfied with
great precision. This is not the case when using the rank-one update method where we obtain
γ(u(·)) = 1.1 in the case n = 60. However, this value is actually quite small, since we are
computing an Euclidean norm in Rn1+n2 = R120. Indeed, Figure 11.1 is a picture of the final
deformation obtained by the rank-one update.

Figure 11.1: Multiple shape experiment: matching circles with the rank-one update method.

In Figure 11.1, there are four circles (two of which coincide), one for each of the two shapes,
and two for the background. Since we are in the framework of LDDMM, the deformations
are induced by diffeomorphisms, showcased by their action on a grid. In fact, there are three
diffeomorphisms: one for the deformation of the first shape (circle on the left), shown by
the grid deformation in the left disk, one for the deformation of the second shape (circle
on the right), represented by the grid deformation on the disk on the right-hand side, and
the diffeomorphism acting on the background. This one is represented by the deformation it
induces on the rest of the grid.

The constraints forced the two circles on the left-hand side to coincide. The difference
between the two circles on the right shows that the constraints are only approximately satis-
fied. Note that while visible, the difference is rather small. We could force the constraints to
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be better satisfied by increasing the number of gradient steps. In fact, we obtained numbers
as small as 1e-4 by taking a great many number of steps (around 2000 or so). However, in
this case, it is faster to use the regular method.

11.8 Conclusion

The symmetric rank-one update used in quasi-Newton methods for minimizing real func-
tions can be generalized to a more abstract framework. The algorithm this paper obtained
can be used to approximate sequences of symmetric matrices. This opens several possible
applications, one of which is the computation of the sequence of inverses of a sequence of
invertible matrices. This can be applied to compute constrained optimal controls for which
the computation of the inverse of the constraints is too computationally demanding. This is
particularly useful when tackling problems of shape deformations, where the number of con-
straints can be quite large. We are hopeful that other applications of the symmetric rank-one
update method can be given.

However, some limitations remain. In particular, the rate of convergence may be low,
since, in higher dimensions, the term

(
1+c
c

)m+1
in the main theorem will be quite large,

because m is at least equal to the number of columns in the matrices of the sequence and
is therefore large in high dimensions. Moreover, just as for the classical quasi-Newton algo-
rithms, there is no clear way to find a lower bound for c, even in the more simple cases.
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Poincaré Anal. Non Linéaire, 27(3):793–807, 2010.

[AC09] A. A. Agrachev and M. Caponigro. Controllability on the group of diffeomor-
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[Arn66] V. Arnold. Sur la géométrie différentielle des groupes de Lie de dimension infinie
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[HMR98] D. D. Holm, J. Marsden, and T. S. Ratiu. Euler-poincaré models of ideal fluids
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[Tro05] A. Trouvé. Diffeomorphism groups and pattern matching in image analysis.

International Journal of Computational Vision, 37(1):17, 2005.
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