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Abstract

3D models are valuable assets widely used in the industry and likely to face piracy issues. This
dissertation deals with robust mesh watermarking that is used for traitor-tracing.

Following a review of state-of-the-art 3D watermarking systems, the robustness of several con-
tent adaptation transforms are benchmarked. An embedding domain robust against pose is investi-
gated, with a thickness estimation based on a robust distance function to a point cloud constructed
from some mesh diameters. A benchmark showcases the performance of this domain that provides
a basis for robust watermarking in 3D animations.

For static meshes, modulating the radial distances is an e cient approach to watermarking.

It has been formulated as a quadratic programming problem minimizing the geometric distortion
while embedding the payload in the radial distances. This formulation is leveraged to create a
robust watermarking framework, with the integration of the spread-transform, integral reference
primitives, arbitrarily selected relocation directions and alternate metrics to minimize the distortion
perceived. Benchmarking results showcase the bene ts of these add-ons w.r.t the delity vs. ro-
bustness watermarking trade-o . The watermark security is then investigated with two obfuscation
mechanisms and a series of attacks that highlight the remaining limitations. A resynchronization
approach is nally integrated to deal with cropping attacks. The resynchronization embeds land-
marks in a con guration that conveys synchronization information that will be lost after cropping.
During the decoding, this information is blindly retrieved and signi cant robustness improvements
are achieved.

Resune

Les moctles 3D sont des contenus pecieux tes utilies dans l'industrie, et donc la cible potentielle
de piratages. Le tatouage robuste pour les maillages 3D apporte une eponse au probeme du tracage
de tra'tre. Dans letat de I'art du domaine, la couche d'adaptation du contenu en particulier est
tesee facea des attagues standards. Une approche robustea la pose est alorsetudee. Elle utilise
une estimation robuste de lepaisseur, e nie comme la distancea un nuage de points construitsa
partir de mesures du diaretre. Les performances exgerimentales montrent qu'elle forme un point
de cepart prometteur pour le tatouage robuste de maillages 3D poss.

Pour les maillages statiques, la modulation des distances radiales est une approche e cace du
tatouage. Elle aet formuee comme un probeme d'optimisation quadratique sous contrainte, dont
nous proposons plusieurs extensions : une transformee paretalement, des primitives de etrence
calcukes de manere inegrale, des directions de deplacement arbitraires, et de nouvelles netriques
pour minimiser la distorsion percue par un utilisateur. Des exgeriences illustrent leurs kere ces
pour le compromis entre la robustesse et la ctlie du tatouage. La scurie est analyse par
l'internediaire de deux mecanismes de protection et par une rie d'attaques et de contre-mesures.
Un syseme de resynchronisation est inege a n d'aneliorer la esistance au rognage. Des points
de recalage sont inges dans une con guration sgeci que qui porte les informations habituellement
elimirees par l'attaque. Au cecodage, elles sont ecupeees de manere aveugle. Un gain signi catif
des performances est mesue exgerimentalement.
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Notations

Vectors are denoted in boldx, matrices in capital bold X. Elements of a matrix X 2 R"* "2 and
a vector x 2 R" are denotedX;; ; (i;j) 2 J1;n1K Jl;noKand x;; i 2 J1;n1K

In R3, p indi erently denotes the point or the vector. k:k is the Euclidean norm. jXj (respec-
tively jxj) is the number of element in the setX, (resp. the vectorx). A "W' superscript indicates
a watermarked variable.

Main Notations

Notations used throughout the dissertation.

| Notation | Description

A Total area of the surface mesh

B(g;r) Ball centered at g and of radiusr

c Watermark carrier

ab Kronecker delta betweena and b

E F Set of mesh edges and facets

In Identity matrix of size n

J&(ao) Jacobian matrix such that its entry J;)(ao) is the rst derivative at ap of the ith
component ofa with regard to the jth variable in b

L Laplacian matrix derived from a mesh
Control parameter for trade-o s

M Mesh, and unless mentioned otherwise, a triangle surface mesh

m; M Watermark payload with antipodal bits, in vector form and as a diagonal matrix

ni;Ng;Ng Normal vector to the mesh surface at theith vertex location, on the facet f or at point
q

Ny; N¢ Number of vertices and facets in a mesh

Ny Number of payload bits

N1(V); N (v) Sets of, respectively, vertices and facets, in the 1-ring neighborhood of vertex

p, P Location of a vertex and matrix of all vertex locations in a mesh

a, Q Query point on the mesh surface, and set/matrix of all query points

S(g;r) Sphere centered atg and of radiusr

(ux;uy;uz) Basis vectors of the Cartesian coordinates system

vi, V ith mesh vertex and set of mesh vertices

\% Volume of the 3D object bounded by the mesh

Thickness Estimation

Notations for Chapter 5.




| Notation

Description \

ad(f);al Local per-facet accuracy of the estimator, and global per-mesh accuracy, ovey runs
of the algorithm

b Length of the space diagonal of the bounding box

SDE Thickness estimation resulting from the SDF procedure
Aperture closing per iteration

o(f) Ground-truth estimation of the thickness at a facet f

I Number of iteration for the diameter estimation

[9(f); 19 Local per-facet instability of the estimator and global per-mesh instability, over q runs
of the algorithm

k Scale of the robust diameter estimate

Ng; Ns Number of samples in a mesh and normalized number of samples with regard to the
mesh bounding box
Opening angle of the cone in the diameter estimation

R Number of rays cast in a diameter estimation cone

RE;FO(f ); RE;FO Local per-facet error of the estimator and global per-mesh error, oveq runs of the
algorithm
Threshold stopping the iterative cone closing

t(q), tk(q) Thickness estimation at query point g (at a scalek when indicated)

w Spatial window of the bilateral smoothing

Watermarking Radial Distances

Notations for Chapters 6 to 9.

| Notation | Description \
, Watermark embedding strength (vector of )
Watermark separation o set between bins of the histogram of radial distances
Bi Bin in the histogram of radial distances associated to theith radial distance (vertex)
v ith unknown in the QP framework corresponding to the normalized relocation of the
associated vertex in the radial direction
r ith unknown corresponding to the relocation of the associated vertex in the arbitrary
direction u;
Histogram step
Secret parameter in the watermarking system: relative o sets to obfuscate both endg
of a histogram ( min ; max) Of dither in QIM.
Secret seed to generate the secret parameters of a watermark system
g Position of the mesh center of mass
G Set of histogram bins associated to a payload bit
N; Number of samples in thej th bin of a histogram
L Set of landmark points
m; M Minimum and maximum of the radial distances
Ng Number of bins in the histogram of radial distances
Ui Relocation direction associated to theith vertex
i Third spherical coordinate of the ith vertex, with regard to the mesh center of mass
Matrix for the spread-transform projection
Diagonal matrix of cosines between the radial unit vectors and the arbitrary relocation
directions (scaled by the histogram step )
TR Radial distance from the ith vertex position to the center of mass, normalized radial
distance in [G 1), and unit radial vector from the center of mass to the vertex
Vector of radial distances ; from all the vertex positions to the mesh center of mass




s, s()

Spreading sequence, pseudo-randomly generated using the secret seed

Vector of normalized watermark targets

Second Spherical coordinate of theth vertex, with regard to the mesh center of mass

Cost function to represent the watermark delity

Nonnegative weights

s|=||-

Matrix mapping the radial distances to the associated histogram bins







Chapter 1

Introduction

1.1 Context

Three-dimensional (3D) models have become ubiquitous in many industrial applications. In movie
production, they have been replacing traditional two-dimensional (2D) graphics since the early
eighties and the release offron (1982) by Walt Disney Pictures. Thanks to ever more powerful
animation software products | ] and motion capture systems, animations of 3D models are
now routinely used not only in animated movies but also in live-action feature Ims and series as
well. The quality and the level of details of 3D models make them more and more indistinguishable
from real-life objects. We may for instance be unaware that in the large-scale battles of théord
of the Rings trilogy, background combatants are 3D models animated through a complex arti cial
intelligence system [ ].

The rapid dissemination of 3D graphics processing units (GPU) in the mass market around
the year 2000 has prompted the video game industry to drift away from 2D, and from pseudo-3D
games (simulating 3D using projections of 2D graphics, also known as 2.5D), to fully capable 3D
game engines, leading to an abundant use of 3D models. While these 3D assets may be generated
by professional game development studios for internal use, new business models for 3D graphics
have appeared when companies started producing and brokering this type of content-{14]. In
computational science and engineering, Computer-aided Design (CAD) routinely uses 3D solid
modeling for numerical simulations, as it provides the means to cut down research and development
costs.

In addition to their professional applications, 3D models are also playing a growing part in
user-generated content. For instance, some modern game engines o er the possibility for custom
content to be integrated. Creating 3D models for new characters or other game assets has thus
grown into a popular activity, supported by dedicated tools [ . , ] and publications
targeting the semi-professional market | ].

The expected booming of 3D printing activities will further expand the importance of 3D
models. The accessibility of 3D printers for everyday users is likely to impact consumption scenarios.
Contrary to other types of multimedia content, 3D models will turn from cultural and artistic digital
products into actual tangible consumer goods. Analysts forecast new trends based on downloading
and printing models using on-line databases\| ]. Because 3D models are versatile and will
be increasingly available in the mass market, protecting their dissemination and their intellectual
property has become a concern.

Aside from patents, trademarks or industrial design rights infringements that always appear with
digital creations, copyright infringement is a crucial topic for the entertainment industries | ]



Films and music are notoriously pirated and at the center of a large-scale digital black mar-
ket [ ]. Copyright holders have then put a great deal of e orts into tracking the origins
of illegal redistributions of their properties. As the complexity and the value of 3D assets increase,
similar scenarios are expected to occur with the illicit transmission of copyrighted 3D models. How-
ever, because of the ever thinner frontier border between digital models and tangible goods in the
real world, this issue is greatly ampli ed by its potential new impact on merchandising or licensing.
Consider a 3D model of the main character of the latest blockbuster. If this model can be
illegally downloaded, anybody will be able to manufacture at home some custom goods that bear
this character. This is going to a ect the sales of, e.g., toys based on this character; if the illegal
3D model is a degraded version of the original, it may also impact the reputation of the copyright
holder. For children's toys, a plurality of horms may also be violated by a counterfeit home-
made product, leading to safety problems. Related issues have begun to emerge. In 2012, Games
Workshop Limited issued a cease-and-desist noti cations for a CAD model and a 3D print based
on one of its miniature tank [ ]. In 2013, HBO sent a cease-and-desist against a 3D model
for an iPod docking in the shape of the iron throne from the TV showGame of Thrones| ].
In both cases, companies claimed copyright infringement took place. In this context, companies
are facing the challenge of identifying if a model is an illegal reproduction of their work or where
a counterfeit model originates from.

1.2 Digital Watermarking

Digital watermarking is a technical eld that provides copyright owners with the means to pro-
tect their intellectual property rights. It is a central component of multimedia content protection
architectures that complements traditional cryptography [ ]. While cryptography aims at
preventing an unauthorized user from accessing a content, watermarking addresses the issues that
arise once an authorized user has been granted access, e.g., after the decryption, or if the encryption
is broken.

In general, watermarking consists in modifying multimedia content in a robust and imperceptible
way in order to hide a secret message. The embedded message, referred to as the watermark payload,
can indeed serve as a forensic piece of evidence for “traitor tracing' tasks. Alternatively, it may
constitute a proof of ownership in case of litigations. In the former case, authorized users are only
given access to a custom copy of valuable 3D assets. Each user would possess an imperceptibly
di erent and unique version of the 3D models; users and copies of the original 3D assets thus being
one-to-one mapped. If an illegal dissemination of the asset occurs, copyright owners can nd the
leak, as his or her identity is embedded in the pirated publicly-available content. In contrast, in
proof of ownership use-cases, the watermark payload corresponds to the identity of the copyright
owner. He or she can then successfully prove that a content is his or her own.

Digital watermarking has many other uses for security purposes, e.g., for content tampering
detection, and it also has applications outside this scope, for instance in broadcast monitoring.
Because of this plurality of applications, digital watermarking systems are usually adapted to meet
the speci c requirements of their intended use-cases.

1.3 Problem Statement

From a technical standpoint, all watermarking systems are akin to digital communication systems,
where an emitter sends a signal to a receiver through a communication channel. In watermarking,

2



the embedder emits a signal, usually encoding a payload, which is carried by the copyrighted con-
tent, and then retrieved by the decoder. Both ends of this system are managed by the copyright
holders, but the operations applied to the copyrighted content in-between are not controlled: an
authorized user is able to arbitrarily modify his or her content. These modi cations need to be han-
dled by the watermarking systems, so that the decoder can still retrieve the payload. Watermarking
is then characterized by its robustness.

Because increasing the size of the payload usually decreases the robustness, a balance between
these two quantities needs to be set. In addition, most people will not accept that the watermarking
impacts their everyday use of copyrighted content. The delity of the watermark, measuring
the amount of change in the watermarked content, further constrains the system. In general,
watermarking then faces a complex balance between robustness, delity and embedding-rate.

This dissertation focuses on watermarking for 3D models, abbreviated to "3D watermarking’,
in the context of traitor-tracing. The payload, representing the identity (ID) of a user, needs to
be embedded in the model in a very robust and secure manner. Indeed, once it becomes public
knowledge that watermarking techniques are being employed, people leaking 3D contents are likely
to try and remove the incriminating messages so as to avoid prosecution. The embedding rate of
the system then reaches at most a few dozens of bits, and the aforementioned routine watermarking
trade-o focuses on the robustness. These systems are simply referred to as ‘robust watermarking'.

In contrast, “fragile' or “high-capacity' 3D watermarking systems focus on increasing the em-
bedding rate (“high-capacity’) or on applications where the constraints on the robustness can be
partially lifted, such as content tampering detection (‘fragile’). A plurality of fragile or high-
capacity 3D watermarking systems have been proposed instead of robust ones, because providing
a high level of robustness in the 3D context yields several scienti ¢ and technical challenges.

1.4 Technical Challenges in Robust 3D Watermarking

Complex issues immediately arise from the very ways 3D models are digitally represented. The
robustness of a watermarking system relies in part upon an agreement between the embedder and
the decoder on the way they represent the 3D model. When the decoder does not have access to the
original non-watermarked 3D object ("blind watermarking'), achieving such an agreement is actually
tough. Nonetheless, providing the decoder with the original object ("non-blind watermarking')
incurs several practical drawbacks. Issues regarding the representation of 3D models also impact
the usefulness of the most successful signal processing tools for robust watermarking, such as the
Fourier Transform or the Wavelet Transform. The extensions of these transforms for 3D models are
indeed de ned in a content-dependent manner. This makes it harder to handle any modi cation

of the 3D model between embedding and decoding.

Watermarked 3D models can undergo a variety of possible modi cations. Two types of modi-
cations are very challenging to deal with: the cropping attack and the isometric deformation of
the surface, a.k.a., the pose. Both types yield a synchronization problem for watermarking. With
cropping, part of the model is deleted, and its value is usually reduced from the point of view of
copyright holders. However, even mildly noticeable amounts of cropping may lead to large synchro-
nization problems in 3D watermarking. Cropping thus remains a constant issue. Regarding the
pose operations, they only occur when animating 3D models. Not all 3D watermarking systems
are thus expected to be robust against pose, but it becomes a major concern in contexts where the
watermarked 3D assets are parts of animations.

In traitor tracing, the ability for an unauthorized user to access and modify the watermark
payload as he or she wishes may have serious legal consequences: the incriminating ID could
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indeed be changed so as to point to another user. No one other than the copyright owner should
thus be able to access the embedded ID. This constraint is referred to as a security issue. 3D
watermarking research has often either overlooked this issue or used unsound validation methods.
On the opposite, thorough theoretical analyses have been undertaken to assess the watermark
security in other types of content.

As copyright holders may use their 3D assets to advertise their work, they expect robust water-
marking systems to also preserve the visual appearance of the 3D models, i.e. to always achieve a
given level of delity. There is however no de nite way for measuring the perceptual impact of an
embedding in 3D graphics. Perceptually-correlated distortion metrics are still being investigated.
The few existing solutions all present some shortcomings. Their adoption by the watermarking
community is limited, which has hindered research, as di erent watermarking systems are not
aligned with regard to the same distortion metrics.

At last, many 3D automated operations (algorithms, procedures) have some requirements on
their 3D inputs. These requirements are often not met in real-life, and 3D objects often need
to be repaired before being processed, for instance by removing some defects. Most databases
that were not created for research purposes thus cannot be straightforwardly used to perform
large benchmarking campaigns. Unlike in audio and images, only small scale 3D watermarking
benchmarks are feasible.

1.5 Outline

Chapter 2 provides a more technical introduction to the 3D watermarking domain and some key
background notions on 3D objects processing and watermarking. The remaining chapters are then
grouped in two parts.

Part one of this dissertation focuses on content adaptation transforms for 3D watermarking.
The main state-of-the-art robust watermarking systems, classi ed according to their adaptation
transforms, are reviewed in Chapter3. A benchmark of some of the most common adaptation
transforms is reported in Chapter 4. Finally, Chapter 5 investigates a novel extraction transform,
based on the thickness of 3D objects, which exhibits promising properties against pose operations.
Its performance is thoroughly tested.

Part two of this dissertation focuses on enhancing and extending a constraint optimization
formulation for 3D watermarking, to create a modular and versatile framework for robust water-
marking systems. Chapter6 details several extensions to improve the robustness and the delity of
the original watermarking formulation. These extensions are then experimentally benchmarked in
Chapter 7. Chapter 8 takes a closer look at the security of the watermarking framework by describ-
ing a series of attacks and counter-measures. Finally, the speci ¢ issue of cropping is addressed in
Chapter 9, with a novel resynchronization approach that is added to the framework.

Chapter 10 summarizes the main results presented in this dissertation. The original contri-
butions of this work to the 3D watermarking eld are emphasized, and stimulating directions for
future research are listed.

1.6 List of publications
Our contribution has led to the following publications.
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Chapter 2

Background Notions for 3D
Watermarking

3D watermarking is a sub eld of research whose foundations are built on both the digital water-
marking and the geometry processing domains. Some necessary background information from these
areas is reviewed in the rst two sections of this chapter. In Section2.3, the recent ndings on the
assessment of 3D mesh distortion are summarized. Research carried out in this domain is indeed
especially relevant to 3D watermarking; the state-of-the-art review presented in Chapter3 heavily
relies on all the notions introduced next.

2.1 Triangle Mesh Processing

This section is dedicated to introducing some basic concepts relating to 3D objects. A few advanced
topics for mesh processing, routinely used in the context of 3D watermarking, are eventually re-
viewed.

2.1.1 Triangle Mesh De nition
Representation of 3D Objects

Creating and processing the geometry of three-dimensional (3D) data is one of the main sub eld
of research in computer graphics. In this context, 3D data are 3D objects that can be represented
in many ways, using voxels, point-clouds, splines, volumetric or polygonal meshes. .. Some of these
representations focus on the description of thesurface boundaryof a 3D object, formally de ned as
\an orientable continuous 2D manifold embedded inR3" | ]. The parametric representation

of a surface is a mapping from R%to f() RS,

The de nition of a surface only allows for 3D objects to be non-degenerate 3D solids, i.e. both
watertight and nowhere in nitely thin objects. Still, practical computer graphics applications are
usually able to handle surfaces with boundaries These correspond to surfaces with holes that can
be lled, so as to turn them into proper orientable continuous 2D manifold.

Surface Mesh for 3D objects

Since surfaces are continuous, their digital representations are only discrete approximations, a.k.a.
samplings One of the most popular digital representation is a piecewise linear approximation
in the form of a polygon surface mesh Formally, a polygon surface meshM is de ned by its
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geometry and connectivity. The latter is a graph structure. Its set of vertices and edges are
respectivelyV = fv;; i 2 JL;jVjKy, and E= feg;y; (i) ) 2 1, jVjKg. The geometry, also referred to
as the “embedding' of the 2D surface irR?3, is de ned by mapping a vertex v; to a point p; 2 R3.
P 2 R® ", referred to as the “vertex positions', denotes the matrix representing the concatenation
of all vertex positions. It corresponds to approximation of the underlying surface boundary of the
3D object, and constitutes anirregularly sampled signal. Unless mentioned otherwisen, always
denotes the number of vertices in mesh.

2-manifold surfaces are represented with 2-manifold polygonal surface meshes, which are char-
acterized by the fact that: (i) they do not present any self-intersection, and (ii) all their edges are
exactly shared by two faces of their graph (or at least one face for a 2-manifold with boundaries).
An alternate characterization of a 2-manifold surface mesh is that the local neighborhood of all ver-
tices is homeomorphic to a disk (or half a disk for a 2-manifold with boundaries). Data-structures
have been developed for these meshes to minimize storage and optimize neighborhood searches and
traversals of the mesh | ]. In this context, the set of polygon facesF = ff;;i 2 JL;jFjkgis
often used instead ofE to describe the connectivity information. n¢ henceforth denotesjFj.

Triangle Surface Mesh

A sub-case of polygonal surface meshes are triangle surface meshes, where all polygons are triangles.
3D watermarking mainly focuses on triangle surface meshes, which will subsequently be simply
referred to as ‘'meshes’. The motivation for choosing triangles as primitives is that: (i) polygons
can always be partitioned into triangles, and (ii) vertices in arbitrary polygon facets may neither

be coplanar nor convex inR3. Note that most of the aforementioned e cient data-structures also
handle some degenerate meshes, such as ones with non-manifold vertices incident to two distinct
triangle fans (sets of connected triangles sharing one central vertex).

Neighborhood and Regularity

The one-ring neighborhoodof a vertex v;, also referred to as its star neighborhood, is the sei1(v;),
formed by the vertices which are linked tov; by a mesh edge, i.e. fv; 2V j g;;j) 2 Eg. The n-ring
neighborhood of a vertex is then recursively de ned from the 1 ring. This neighborhood de nition is
commonly used for its simplicity as a connectivity-based only quantity. A neighborhood search then
reduces to a graph search irk, and does not involve any computation on the geometric information
in P, which are only sampling approximations.

iN 1(v;j)j is the valence of v;. Triangle meshes are labeled asegular when the valence of all the
vertices is exactly six. When a mesh is only piecewise regular, in other words, almost everywhere
regular, it is labeled assemi-regular. Otherwise, meshes are labeled asregular.

The triangle facets in the one ring neighborhood of a vertexv;, denoted by Nf (v;), are the
facets of F in which v; is a vertex.

Smooth Surface Mesh Representation

Smooth surfaces are characterized by: (i) their parametric representation map$ are CK contin-
uous (k 2), and (ii) the partial derivatives of f do not vanish. Although the mesh geometry
maps vertices to discrete points, a mesh surface is still continuous. But since it is only piecewise
linearly continuous, most of the quantities that are de ned on a smooth surface boundary of a 3D
object cannot be straightforwardly extended to meshes. A rst challenge in mesh processing is to
approximate these quantities.



Moreover, in computer graphics, the surfaces represented via meshes are expected to be almost
everywhere smooth, except in a nite number of locations called “sharp features'. These are often
found in mechanical objects, e.g. thefandisk mesh. Dealing with sharp features is another major
challenge in geometry processing and in 3D watermarking.

Other Types of Information

Much additional information can be added to a mesh such as colors and normal directions for
vertices, labels to create groups of faces, or texture maps, etc. This information enriches the visual
appearance when rendering the mesh on screen. Because this information may be straightforwardly
removed from a mesh le (for example, in an Object File Format (OFF), colors are stored in optional
dedicated columns), robust 3D watermarking research generally does not take them into account.

All the meshes considered hereafter are solely de ned through their vertex position$, and
their vertices V linked to form the triangle facets F. Table D.1 lists the experimental database of
meshes that is mainly used in the following, as well as some of their speci cities, such as defects,
complexity or type.

To conclude this series of de nition, meshes and surfaces described above are sometimes referred
to as “static’, as opposed to the “dynamic' ones that are used in 3D animations. In this dissertation,
we only deal with statically de ned objects.

2.1.2 Mesh Processing
Intrinsic vs. Extrinsic Quantities

The rst fundamental form at a point p on a surface is de ned as the dot product of two tangent
vectors. It is canonically written as a two-by-two symmetric matrix whose coe cients are derived
from the parameterization of the surface. It fully characterizes the metric properties of the surface,
such as the area of a surface patch, or the geodesic distance between two points.

The rst fundamental form is essential to distinguish between intrinsic and extrinsic quantities
measured on a smooth surfacelntrinsic quantities are measured inside the surface. Intuitively,
they could be computed by entities evolving on the surface, much like humans on the Earth. More
formally, they are expressed solely in terms of the coe cient of the rst fundamental form and do
not depend on the embedding of the surface iR3. This is the case for the aforementioned surface
area, or geodesic distances. In contrast, extrinsic quantities, such as the Euclidean distance, depend
on the actual embedding.

Using intrinsic or extrinsic quantities directly impacts the properties of a watermarking system,
such as its robustness (see Sectioh.2.2) or its complexity.

Mesh Curvatures

One of the key notion in di erential geometry is the curvature of a smooth surface. InR?, the
curvature of a smooth curve intuitively measures how it deviates from a straight line, and is formally
de ned with the derivative of the tangent vector to the curve. For surfaces, given a tangent vector
t 2 R3 to the surface at p, the curvature (p;t) is the curvature of the curve de ned by the
intersection between the surface and the plane spanned by(n;t), where n 2 R? is the normal to
the surface atp (see Figure2-1.

The principal curvatures ( min(P); max(P)) are the minimum and maximum values over the
tangent directions of at p; the principal directions are the tangent vectors associated to the prin-