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Résumé

L’objet de cette these est d’étudier plusieurs modeles probabilistes reliant les marches aléa-
toires et les arbres aléatoires issus de processus de branchement critiques.

Dans la premiere partie, nous nous intéressons au modele de marche aléatoire a valeurs
dans un réseau euclidien et indexée par un arbre de Galton—Watson critique conditionné par
la taille. Sous certaines hypotheses sur la loi de reproduction critique et la loi de saut centrée,
nous obtenons, dans toutes les dimensions, la vitesse de croissance asymptotique du nombre de
points visités par cette marche, lorsque la taille de 'arbre tend vers ’infini. Ces résultats nous
permettent aussi de décrire le comportement asymptotique du nombre de points visités par une
marche aléatoire branchante, quand la taille de la population initiale tend vers l'infini. Nous
traitons également en parallele certains cas ou la marche aléatoire posséde une dérive constante
non nulle.

Dans la deuxiéme partie, nous nous concentrons sur les propriétés fractales de la mesure har-
monique des grands arbres de Galton—Watson critiques. On comprend par mesure harmonique
la distribution de sortie, hors d’une boule centrée a la racine de ’arbre, d’une marche aléatoire
simple sur cet arbre. Lorsque la loi de reproduction critique appartient au domaine d’attraction
d’une loi stable, nous prouvons que la masse de la mesure harmonique est asymptotiquement
concentrée sur une partie de la frontiére, cette partie ayant une taille négligeable par rapport a
celle de la frontiere. En supposant que la loi de reproduction critique a une variance finie, nous
arrivons a évaluer la masse de la mesure harmonique portée par un sommet de la frontiere choisi
uniformément au hasard.

Mots clés : arbre de Galton—Watson critique, marche aléatoire indexée par un arbre, marche
aléatoire branchante, nombre de points visités, mesure ISE, serpent brownien, super-mouvement
brownien, marche aléatoire sur un arbre, mesure harmonique, dimension de Hausdorff, mesure
invariante.
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Abstract

The aim of this Ph. D. thesis is to study several probabilistic models linking the random
walks and the random trees arising from critical branching processes.

In the first part, we consider the model of random walk taking values in a Euclidean lattice
and indexed by a critical Galton—Watson tree conditioned by the total progeny. Under some
assumptions on the critical offspring distribution and the centered jump distribution, we obtain,
in all dimensions, the asymptotic growth rate of the range of this random walk, when the size
of the tree tends to infinity. These results also allow us to describe the asymptotic behavior of
the range of a branching random walk, when the size of the initial population goes to infinity.
In parallel, we treat likewise some cases where the random walk has a non-zero constant drift.

In the second part, we focus on the fractal properties of the harmonic measure on large
critical Galton—Watson trees. By harmonic measure, we mean the exit distribution from a ball
centered at the root of the tree by simple random walk on this tree. If the critical offspring
distribution is in the domain of attraction of a stable distribution, we prove that the mass of the
harmonic measure is asymptotically concentrated on a boundary subset of negligible size with
respect to that of the boundary. Assuming that the critical offspring distribution has a finite
variance, we are able to calculate the mass of the harmonic measure carried by a random vertex
uniformly chosen from the boundary.

Keywords: critical Galton—Watson tree, tree-indexed random walk, branching random walk,
range, ISE, Brownian snake, super-Brownian motion, random walk on trees, harmonic measure,
Hausdorff dimension, invariant measure.
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CHAPITRE 1

INTRODUCTION

1.1 Arbres généalogiques aléatoires

1.1.1 Arbres de Galton—Watson

Un arbre discret est un graphe connexe sans cycle, et un arbre de Galton—Watson est un
arbre discret aléatoire qui décrit la généalogie d’'une population gouvernée par un processus de
Galton—Watson.

Commencgons par présenter le formalisme introduit par Neveu [79] pour les arbres planaires
(enracinés et ordonnés). Soit U ’ensemble des mots d’entiers défini par

Uu:= U N™,
n=0

otl, par convention, N = {1,2,...}, et N’ = {&} est réduit & un seul élément que 1’on interpréte
comme la racine ou 'ancétre de la population. Un élément de U est une suite u = (uy, ug, . . ., uy),
et I'on pose |u| = n de sorte que |u| représente la génération de w. En particulier, |&| = 0.
Nous noterons < l'ordre lexicographique sur U, tel que @ < 1 < (1,1) < 2 par exemple. Si
u = (u1,us,...,u,) € U\{D}, alors on appelle @ := (u1,ug,...,u,—1) le parent de u. Lorsque
u = (ug,...,up) et v=_(v1,...,0,) sont des éléments de U, on définit la concaténation de u
et v par uv = (ug,...,Up,v1,...,0,). En particulier, u® = Ju = u.

Définition 1. Un arbre planaire T est un sous-ensemble (fini ou infini) de U vérifiant les trois
propriétés suivantes :

(i) @ eT;

(i) si w € 7\{@}, alors @ € T;

(iii) pour tout u € 7, il existe un entier k,(7) > 0 tel que, pour chaque j € N, uj € 7 si et
seulement si 1 < 5 < ky (7).

Pour w € 7, nous appellerons k,(7) le nombre d’enfants de u. On note .7 ’ensemble des
arbres planaires, et .7 le sous-ensemble contenant tous les arbres planaires finis. Si 7 € 7%, on
appelle son nombre total de sommets (noté #7) la taille de 7, et h(7) désignera la hauteur de T,
c’est-a-dire

h(7) = sup{|u|: u € T}.

Pour un arbre 7 infini, on pose par convention #7 = h(7) = c0. Si 7 € J et u € T, on note
Tlu] :={w € U: uw € 7} le sous-arbre de 7 issu de u. Par la suite, on considére un arbre 7 € .7

11



12 Chapitre 1 Introduction

toujours comme un graphe dont les sommets sont les éléments de 7 et les arétes sont les couples
{1, u} pour tout u € 7\{@}.

Tout arbre planaire fini est codé par une fonction continue appelée la fonction de contour.
Pour définir la fonction de contour C'(7) d’un arbre planaire fini 7, imaginons que 7 soit plongé
sur le demi-plan supérieur de sorte que toutes ses arétes soient de longueur unité, et considérons
une particule qui explore I'arbre en partant de la racine a vitesse unité. Elle se déplace tout
autour de 7 dans le sens des aiguilles d’'une montre. Chaque aréte est visitée deux fois par la
particule si bien qu’il lui faut un temps 2(#7 — 1) pour parcourir entiérement 7. Pour chaque
entier ¢ € [0,2(#7 — 1)], on définit C¢(7) comme la hauteur du sommet visité par la particule
a l'instant t. Puis on interpole linéairement C(7) sur lintervalle [0,2(#7 — 1)], et 'on pose
Cy(1) = 0 pour tout t > 2(#71 — 1).

On peut aussi coder un arbre planaire fini d’une fagon légerement différente. Si 7 € 77,
énumérons les sommets de 7 dans l'ordre lexicographique ugp = @ < u; < ... < ug,_1. Pour
chaque n € {0,1,...,#7 — 1}, on définit H,(7) comme la hauteur du sommet u,. On pose
H,, (1) = 0 pour m > #r7, et U'on prolonge alors H(7) & R4 par interpolation linéaire. La
fonction H(1) = (H¢(7),t > 0) est appelée fonction de hauteur de 7.

391 A Ci7) A Hy(7)

VARY,

/-

32
Py
1

.
<Y

0

Figure 1.1 — Un arbre planaire 7, sa fonction de contour C(7), et sa fonction de hauteur
H(r)

Nous rappelons a présent la définition d’'un arbre de Galton—Watson. Soit p une mesure de
probabilité sur Z, telle que u(1l) < 1. Un arbre de Galton—Watson de loi de reproduction p
(abrégé en u-GW arbre) est un arbre planaire aléatoire tel que chaque sommet de l'arbre ait
un nombre d’enfants de loi u, et tel que les nombres d’enfants de sommets différents soient des
variables aléatoires indépendantes. On peut vérifier que la loi II,, d'un u-GW arbre est I'unique
mesure de probabilité sur 7 vérifiant les deux conditions suivantes :

(i) I, (ka(T) = k) = p(k) pour tout k > 0;

(ii) pour tout k& > 1 tel que p(k) > 0, sous la mesure II,(d7 | kg(7) = k), les sous-arbres
T[1],...,7[k] sont i.i.d. de loi II,,.

I est bien connu qu’un arbre aléatoire de loi IT, est p.s. fini si et seulement si la moyenne de p
est inférieure ou égale a 1. Lorsque > "y~ ku(k) = 1, 11, est donc une loi de probabilité sur 77,
et l'on dira que p (et, par extension, un u-GW arbre) est critique.
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1.1.2 Arbres de Galton—Watson conditionnés

Fixons une loi de reproduction p. Sans mention contraire, nous supposons dans cette intro-
duction que le pged du support de p est égal a 1. Pour tout entier n suffisamment grand tel
que II,(#7 = n) > 0, on note T,, un arbre de Galton-Watson conditionné & avoir n sommets,
c’est-a-dire un arbre aléatoire de loi II,(d7 |#71 = n).

Plusieurs classes combinatoires d’arbres aléatoires & n sommets peuvent étre réalisées comme
des arbres de Galton—Watson conditionnés & avoir n sommets pour des lois de reproduction
particulieres. Par exemple,

— lorsque p est la loi géométrique de parametre 1/2; i.e. u(k) = 2~ (k+1) pour tout entier

k >0, T,, est uniformément distribué sur I’ensemble des arbres planaires a n sommets ;

— lorsque p(0) = wu(2) = 1/2, T,, est uniformément distribué sur Pensemble des arbres

binaires a n sommets ;

— lorsque p est la loi de Poisson de paramétre 1, i.e. pu(k) = e !/k! pour tout entier k >

0, T,, est uniformément distribué sur l’ensemble des arbres étiquetés non ordonnés a n
sommets (souvent appelés « arbres de Cayley »).
Nous renvoyons & Le Gall [58, Section 1.5] pour plus d’explications et de précisions.

Remarque 1. Soit v > 0 un parametre fixé tel que Z, = 37~ p(k)y* < co. On définit une

nouvelle loi de probabilité p(,) en posant, pour tout k > 0,

p(k)y"
Zy

fi(y) (k) =

On dit alors que les deux lois u et p(,) appartiennent a la méme famille exponentielle. D’apres
Kennedy [42, Section 2], un u-GW arbre conditionné & avoir n sommets a la méme loi qu’un
p(r)-GW arbre conditionné a avoir n sommets. Donc, s’il existe 7 > 0 tel que Z, < oo et p()
soit critique, alors étudier un arbre de Galton—Watson non critique conditionné revient a étudier
un arbre de Galton—Watson critique conditionné. Dans le cas ou cette réduction est impossible,
on dit que u est non générique, et nous renvoyons a [37, 38, 40, 46] pour ’étude des phénomenes
différents qui se produisent dans ce cas.

Remarque 2. Quand p est non critique, on peut démontrer la décroissance exponentielle de
la probabilité II,,(#7 = n) lorsque n tend vers l'infini, alors que si p est critique, la méme
probabilité décroit & une vitesse polynomiale. Selon Aldous [4], le cas critique est en ce sens plus
naturel pour un modele d’arbre aléatoire a n sommets.

De fagon similaire, pour chaque entier n > 1 tel que II,(h(7) > n) > 0, on note T un
arbre de Galton—Watson conditionné & avoir une hauteur supérieure a n, c’est-a-dire un arbre
aléatoire de loi I1,(d7|h(T) > n).

Dans toute cette these, nous nous concentrons sur le cas ou y est critique.

1.1.3 Théoremes de convergence pour les fonctions de codage
Soit p une loi de reproduction critique et 05 la variance de p.

1/2

Théoréme 1 (Aldous [5]). Supposons que o, = (var u)*/* € (0,00). Alors on a la convergence

en lot
(loi

) B e
<2f ont(Tn) it T (et)o<t<1
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qui a lieu dans ’espace des fonctions continues € ([0, 1], R) muni de la topologie uniforme. Dans
la limite, e = (e¢)o<t<1 désigne une excursion brownienne normalisée (i.e. de durée égale a 1),
voir e.g. le livre de Revuz et Yor [82, Chapitre XII] pour sa définition.

Une application directe de ce théoréme concerne la hauteur h(T,,) de 'arbre T,,. En remar-
quant que h(T,) est le maximum de C(T,,), on en déduit que h(T,)/+/n converge en loi, lorsque
n — 00, Vers % max e.

Une généralisation du théoreme d’Aldous au cas ou p est dans le domaine d’attraction d’une
loi stable a été obtenue par Duquesne [25]. Rappelons que, si a € (1,2], on dit que la loi de
reproduction critique p appartient au domaine d’attraction d’une loi stable d’indice « s’il existe

une suite croissante (a,)n,>1 telle que a, — oo et

Zn] —n (o

an, n—00

Y,

ou Z[n] est une somme de n variables aléatoires indépendantes de méme loi y, et la transformée
de Laplace de la variable limite Y est donnée par E[e Y] = ¢=*". Selon les résultats classiques
de [31], Chapitres XIII et XVII], 1 appartient au domaine d’attraction d’une loi stable d’indice «
si et seulement si (1) <1 et

Z pk)rt =7+ (1 —r)*L(1 —7) pour tout r € [0,1), (1.1)
k>0

ot la fonction L(x) est d variation lente lorsque x — 0%, i.e. L est une fonction réelle mesurable,
positive dans un voisinage de 0, telle que

. L(tx)
|

=1 pour tout ¢ > 0.

Lorsque p a une variance finie et non nulle, la condition (1.1]) est satisfaite avec av = 2.

Théoréme 2 (Duquesne [25]). Soit u une loi de reproduction critique dans le domaine d’attrac-
tion d’une loi stable d’indice o € (1,2]. Il existe une suite de nombres réels strictement positifs
A, — oo telle que la convergence conjointe

(loi

0<t<1 n—00

A A,
( (Hp, HE)

702nt(Tn)a . nt(Tn)> 0<t<1

a lieu dans €([0,1],R)2. Dans la limite, (H* )o<t<1 désigne une excursion normalisée du pro-
cessus de hauteur stable d’indice «, voir [25, Section 3] pour sa définition.

De plus, on peut montrer que la suite (A4, /n'/*),> est & variation lente, de sorte que A,
est grosso modo de l'ordre de nl/a 11 est aussi possible d’expliciter A, en terme de la loi de
reproduction j, cf. [47, Theorem 1.10]. Lorsque a = 2, le processus H¢ a la méme loi que /2e.

1.1.4 Arbres continus aléatoires

Les résultats présentés ci-dessus qui concernent les limites d’échelle des fonctions codant T,,
peuvent étre interprétés comme des convergences des arbres discrets aléatoires vers certains
« arbres continus aléatoires ».
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Par définition, un arbre réel est un espace métrique (7,d) tel que pour chaque couple de
points u, v € T, il existe a reparamétrisation prés un unique chemin injectif continu reliant u a v,
et de plus ce chemin [u, v] est isométrique au segment [0, d(u, v)]. L’ensemble des arbres continus
que nous considérerons par la suite est ’ensemble des arbres réels compacts et enracinés, c’est-
a-~dire ayant un point p € T distingué appelé racine. Deux arbres réels compacts et enracinés
T et T’ sont dits équivalents s’il existe une bijection isométrique entre 7 et T’ préservant la
racine. On note T 'ensemble des classes d’équivalence d’arbres réels compacts enracinés.

Si (E,d) est un espace métrique, rappelons que oy est la distance de Hausdorff entre les
compacts de E. L’espace T est muni de la distance de Gromov-Hausdorff dgy définie de la
fagon suivante : si (T, p,d) et (T7,p',d") sont deux arbres réels compacts de racines respectives
p et p/, on pose

deu (T, p,d), (T, ¢, d')) = inf {0u($(T), ¢'(T")) V (¢(p), ¢'(¢"))},

ol I'infimum est pris sur toutes les injections isométriques ¢: T — E et ¢': T — E dans un
méme espace métrique (E, 9). Il est clair que dagu((T, p,d), (T, p/,d')) ne dépend que des classes
d’équivalence de (T, p,d) et (T',p/,d"). Evans, Pitman et Winter [30, Theorem 2] ont montré
que Pespace métrique (T, dgy) ainsi obtenu est complet et séparable.

On peut construire un arbre réel par un codage similaire au codage d’un arbre planaire
par sa fonction de contour. Plus précisément, si f: Ry — R4 est une fonction continue (non
identiquement nulle) a support compact telle que f(0) = 0, pour s,¢ > 0 on définit

de(s,t) == f(s)+ f(t) =2 min f(r).

rE[sAt,sVit]

I est facile de vérifier que d; est une pseudo-distance sur Ry. On peut alors introduire une
relation d’équivalence sur Ry en disant s ~f t si dy(s,t) = 0. L’arbre continu codé par f est
I’espace métrique quotient

7} = [07+oo)/Nf

muni de la distance dy et enraciné en la classe d’équivalence de 0. On note py: [0,4+00) — Ty la
projection canonique. Pour tout s € Ry, ps(s) est donc un sommet de 77 a distance f(s) de la
racine.

Remarquons qu'un arbre planaire fini 7 peut étre vu comme un arbre réel compact enraciné
T (7) si 'on remplace les arétes de 7 par des segments de longueur 1. Par ailleurs, si C(7) est la
fonction de contour de 7, on vérifie que I'arbre continu 7(7) coincide avec I’arbre continu 7¢(,)
construit a partir de C(7) a isométrie pres. Signalons toutefois que I'arbre planaire 7 ne peut
étre reconstruit a partir de 'arbre réel 7 (7), car il n’y a pas d’ordre entre les enfants d’'un méme
individu dans 7 (7). Par la suite, on utilisera la méme notation 7 pour désigner 7 (7) s’il n’y a
pas de risque d’ambiguité dans le contexte.

1.1.5 Limites d’échelle d’arbres de Galton—Watson conditionnés

D’apres [58, Lemma 2.4], si f et f’ sont deux fonctions (excursions) du type considéré
précédemment, alors dgu(Ty, Tp) < 2||f — f'||s- En utilisant cette propriété, on peut reformuler
les théoremes d’Aldous et de Duquesne en termes de convergence (au sens de Gromov-Hausdorff)
des arbres de Galton—Watson conditionnés proprement renormalisés .

D’abord, si (7T,d) est un arbre réel et si » > 0, notons r7 larbre réel obtenu de 7 en
multipliant par r la distance d. Rappelons que T,, désigne un u-GW arbre conditionné a avoir
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W Y SR K oo 4 2
5 ! 3

Spas

(a) I'arbre brownien Tg (b) I'arbre stable 77 5

Figure 1.2 — Simulations approchées des arbres continus aléatoires (O |. Kortchemski)

n sommets. Quand la loi de reproduction p est critique et de variance 02 finie non nulle, le
Théoréme [I] entraine que
Ou T (loi

2\/ﬁ " oo

la convergence ayant lieu en loi dans I'espace (T, dgp). Dans la limite, Parbre continu aléatoire
Te codé par l'excursion brownienne normalisée e est appelé arbre brownien continu (abrégé en
CRT pour « Continuum Random Tree »). Il a été introduit par Aldous [3, 4, ][] au début des
années 1990.

Te

Plus généralement, si la loi de reproduction critique u appartient au domaine d’attraction
d’une loi stable d’indice a € (1,2], le Théoreme [2, dont nous gardons les notations, implique
alors la convergence en loi

%Tn e

dans l'espace (T, dgp). On appelle Pobjet limite Tgexe l’arbre de Lévy stable de paramétre o, qui
a été introduit par Le Gall et Le Jan [60], ainsi que par Duquesne et Le Gall ﬂZGﬂlﬂ Pour rendre
la notation plus claire, on écrit désormais 7, pour un arbre de Lévy stable de parametre «. En
particulier, 75 a la méme loi que 7. Ve

Soit 7 un arbre continu. Le degré d’un point u € T est par définition le nombre de com-
posantes connexes de 7 \{u}. Un point de degré 1 est appelé une feuille, et un point de degré
supérieur ou égal a 3 est un point de branchement. Il est bien connu que ’arbre brownien est
p.s. un arbre binaire au sens ou les points de branchement sont de degré 3. En revanche, les
points de branchement de 7, sont p.s. tous de degré infini quand « € (1, 2).

Notons que Curien et Haas [I9] ont prouvé que les arbres stables (74,1 < a < 2) peuvent
étre construits sur un méme espace de probabilité en étant emboités les uns dans les autres (a
des facteurs multiplicatifs pres).

x. Remarquons que dans cette série d’articles, Aldous a plutot pris Tze pour la définition du CRT.
t. La définition de Tgexc en tant qu’arbre se trouve dans un article ultérieur de Duquesne et Le Gall [27].
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1.2 Autour de la marche aléatoire classique sur Z¢

1.2.1 Théoréme de Dvoretzky et Erdos

Soit # une mesure de probabilité sur le réseau euclidien Z%. Si Y;,Ys,... est une suite de
variables aléatoires indépendantes de méme loi 6, on définit la marche aléatoire X = (X,)n>0
issue de l'origine 0 € Z% avec la loi de saut 6 en posant Xg =0et X, =Y, +---+Y, pour
tout entier n > 1. On note R, := #{ Xy, X1, ..., X, } le nombre de points visités par la marche
jusqu’a l'instant n.

L’étude du comportement asymptotique de R,, lorsque n — oo a fait 'objet de nombreux
travaux, a commencer par le travail pionnier [29] de Dvoretzky et Erdos en 1951.

Théoréme 3 (Dvoretzky et Erdos [29]). Supposons que la loi de saut 0 sur Z est uniforme sur
les 2d voisins de l’origine.

e Sid=2, alors

1
Bl R, 2% . (1.2)
n n—00

e Sid >3, on note qg > 0 la probabilité que la marche aléatoire X ne retourne plus a son

point de départ, alors

1 B
~ Ry, 2% . (1.3)

n—oo

En dimension d = 1, grace au théoréme de Donsker, selon lequel la marche aléatoire simple
renormalisée (n_l/ 2x Int J)tzo converge vers un mouvement brownien réel standard (By);>0, on
a immédiatement .

& (loi sup By — inf B;.
\/’Tl n—=00 << 0<t<1

L’argument de Dvoretzky et Erdos pour le théoréme précédent consiste a estimer les moments
d’ordre 1 et d’ordre 2 de R,,. Cette méthode se généralise au cas ou 6 est centrée et de variance
finie. En particulier, si d = 2, leur résultat est lié au fait que la marche aléatoire simple
sur Z2 ne retourne pas & 'origine avant I'instant n avec une probabilité (7 + o(1))/logn lorsque
n — oo.

Quand d > 3, nous pouvons obtenir la convergence de R, /n comme une conséquence
simple du théoréme ergodique sous-additif de Kingman [45]. Pour tous m,n > 0, le nombre de
sites visités entre 0 et n + m par la marche X est inférieur au nombre de sites visités entre
0 et n plus le nombre de sites visités entre n et n + m. Cela se traduit comme la relation
Riu+m < Ry 4+ Ry o7y, o 7, est Popérateur de shift sur les trajectoires : X o1, = Xy — Xpn.
En utilisant le théoreme ergodique sous-additif de Kingman, on a donc

%Rn npjsgo qd »
oll ¢ = limy_yeo %E[Rn] = P(X; # 0,X2 # 0,...). Cette approche due a Kesten, Spitzer
et Whitman [85] s’applique a toutes les marches aléatoires, et 1'on voit que la constante limite
gq > 0 si et seulement si la marche aléatoire X est transitoire (i.e. d > 3 dans le cadre de la
marche aléatoire simple).

Nous renvoyons le lecteur a Jain et Pruitt [33] B5] pour un théoréme de fluctuation du
nombre de points visités R,, en dimension d > 3. L’analogue en dimension d = 2 se trouve dans
Le Gall [54]. Lorsque la marche aléatoire est dans le domaine d’attraction d’une loi stable, voir
un panorama des théorémes limites pour R,, dans Le Gall et Rosen [64].
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1.2.2 Principe d’invariance des temps locaux de la marche aléatoire

Soit (X, )n>0 une marche aléatoire simple sur Z avec Xo = 0. Pour tous n > 1, p € Z, notons
M= #{0 < k< n: Xp = p)

qui représente le nombre de visites du point p par la marche X avant l'instant n + 1.

Le principe d’invariance de Donsker suggere fortement l’existence des analogues browniens
comme limite en loi des nombres de visites de la marche aléatoire X en différents points conven-
ablement renormalisés. Cela nous conduit a la notion de temps local du mouvement brownien.

Théoréme 4. Soit (By)i>0 un mouvement brownien réel issu de 0. Il existe un processus aléatoire
(L$,a € R,t > 0) a valeurs dans Ry, unique da indistinguabilité prés, tel que
(i) p.s., Uapplication (t,a) — L{ est continue, et croissante en la variable t ;

(ii) p.s., pour toute fonction ¢: R — Ry mesurable, pour toutt > 0,

[ eBods = [aaptars.

La variable L} est appelée temps local au niveau a, a l'instant ¢ du mouvement brownien B.

Remarquons que le temps local L{ peut étre vu comme la densité de temps d’occupation
en a, et défini comme la limite

il—I}(l) 276/ 1{a e<Bs<a+te} ds.

Pour plus de renseignements sur le temps local brownien, voir e.g. le chapitre VI du livre de
Revez et Yor [82].

En utilisant les marches aléatoires plongées dans un mouvement brownien, on peut établir
le résultat classique suivant. Voir par exemple [78, Theorem 6.19] pour une version plus forte.

Théoréme 5. Soit un entier k > 1. Pour tous a1,...,a; € R, on a
1 1/2 1 1/2 (loi
(\/ﬁw al %Ag” m) (L L), (1.4)

Cette convergence a lieu conjointement avec la convergence en loi de (n_l/zXWJ )e>0 vers le mou-
vement brownien (By)i>0. On peut méme avoir une version fonctionnelle de la convergence ,
i.€e.

nl/2q nl/2q (loi a a
)\tntj 1J7 \FAL kJ>t>0 P (Ltla---thk)

t>0 "

(7

1.3 Marches aléatoires sur Z? indexées par un arbre

1.3.1 Arbres de Galton—Watson spatiaux

Un arbre spatial discret (d-dimensionnel) est un couple (7, (zy)uer) o0 T € Ty et 2z, € Z4
pour tout u € 7. On note ﬂf* I’ensemble des arbres spatiaux discrets.

Soit § une mesure de probabilité sur Z¢. On supposera toujours que son support n’appartient
pas & un sous-groupe strict de Z%. Etant donné un arbre 7 € Ty, on définit la marche aléatoire
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(Z:(u),u € T) sur Z% indexée par T et de loi de saut 6 de la fagon suivante : d’abord, pour la
racine &, on pose Z.(&) = 0. Puis, a chaque aréte e de l’arbre 7, nous attribuons de maniére
indépendante une variable aléatoire Y, & valeurs dans Z? de loi #. La position spatiale Z,(u)
d’un sommet u différent de la racine est définie comme la somme des Y, sur toutes les arétes e
le long du chemin simple de la racine & v dans l'arbre 7.

v’ Z-(v")

N

LV

N
N

Figure 1.3 — Un arbre planaire 7 et une marche aléatoire Z, sur Z? indexée par 7

A

A

Soit p une loi de reproduction critique. On écrit maintenant H:ﬂ la mesure de probabilité
sur ﬂf* sous laquelle 7 est distribué selon II,, et, conditionnellement a 7, les positions spatiales
(zu)uer sont distribuées comme une marche aléatoire indexée par 7 et de loi de saut #. On dit que
la, mesure H/*m est la loi d’un arbre de Galton—Watson spatial issu de 0, de loi de reproduction
u et de loi de déplacement spatial 6.

Rappelons que T,, désigne un u-GW arbre conditionné a avoir n sommets. Notons Z, une
marche aléatoire sur Z?¢ indexée par T,. Le couple (T, Z1,) € ﬂf* est alors distribué selon la
loi de probabilité conditionnelle IT} o(-|#7 = n).

1.3.2 Mouvement brownien indexé par 7, et serpent brownien

En s’inspirant du théoréeme d’Aldous, on cherche & définir le mouvement brownien indexé
par I'arbre brownien 7, qui apparaitra comme la limite d’échelle de la marche aléatoire Z, .

Considérons d’abord un arbre réel déterministe (7, d) enraciné en p. Si u,v € T, on note
u A v le plus proche ancétre commun a u et v, c¢’est-a-dire le sommet de T vérifiant I’équalité
[p,u A v] = [p,u] N [p,v]. Le mouvement brownien indexé par T est défini comme un processus
gaussien centré (2, )ye7 a valeurs dans R?, dont la distribution est caractérisée par les propriétés
Z,=0et

cov(Zy, Zy) =d(p,uAv)-1d

pour tous les u, v € T, ou Id désigne la matrice identité de taille d. Intuitivement, Z, correspond a
la valeur au temps d(p, u) d’un mouvement brownien standard d-dimensionnel, et Z, également.
Mais Z, partage le méme mouvement brownien avec Z, entre temps 0 et d(p,u Av), et il utilise
ensuite un mouvement brownien indépendant entre les temps d(p,u A v) et d(p,v).

Si I'arbre continu 7 = T est codé par une fonction f héldérienne, le processus (Zu)ug—f a
une modification continue. Cela s’applique en particulier p.s. a chaque réalisation de I’excursion
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brownienne normalisée e. On peut donc définir un processus gaussien centré Zy, & trajectoires
continues qui, conditionnellement & 7g, est un mouvement brownien indexé par I’arbre brownien.

Intimement lié & Z7,, le serpent brownien est un objet tres productif, introduit par Le
Gall. Nous nous contentons ici d’une introduction concise, et nous renvoyons le lecteur a la
monographie [57] pour une présentation détaillée. Commencgons par quelques définitions. Une
trajectoire arrétée dans R? est une application continue w: [0, C(w)] — R%, o1 le nombre Clw) €st
appelé temps de vie de la trajectoire w. De plus, on note w = w(C(w)) le point terminal de w.
Lorsque () = 0, la trajectoire w est identifiée & son point de départ w(0) € R?. Notons W
I’ensemble de toutes les trajectoires arrétées.

Définition 2. Le serpent brownien standard (Wy)s>o issu de 0 est un processus a valeurs dans
% (R4, W) dont la loi est caractérisée de fagon suivante :

(i) le processus du temps de vie (s := (w,),s > 0) suit la loi d’un mouvement brownien
réfléchi dans R issu de 0.

(ii) Wo = 0 p.s., et, conditionnellement & ((s)s>0, (Ws)s>0 est un processus de Markov inho-
mogene, dont le noyau de transition est spécifié comme suit. Pour tous 0 < s < s/,

o Wy (t) = W(t) pour tout 0 <t < me(s,s) :=min{¢: s <7 < '}
o (Wy(me(s,s') +1) — Wy (me(s,8')))o<i<c,—me(s,s) est indépendant de Wi, et suit la
loi d’un mouvement brownien dans R¢ partant de 0.

En utilisant la théorie des excursions, on peut définir le serpent brownien (WS( ))OS s<1 dirigé
par une excursion brownienne normalisée e et issu de 0, qui vérifie des propriétés similaires aux
(i) et (ii) ci-dessus, avec la seule différence que le processus du temps de vie

(69 1= Cypmy 52 0)

est maintenant donné par ’excursion brownienne normalisée e. Notons (Ws(l))og s<1 le processus
de la “téte” du serpent brownien W), et observons que Ws(l) = Wt(l) si de(s,t) = 0. Alors le
mouvement brownien Z7, indexé par ’arbre brownien peut étre construit a partir de (171\/5(1))05 s<1
modulo la relation d’équivalence ~se.

La mesure d’occupation Z du serpent brownien W) dirigé par e est une mesure de proba-
bilité définie sur R? par la formule

o~

(Z, ) =/01d8s0(W§1))

pour toute fonction ¢ mesurable positive. Cette mesure aléatoire Z s’appelle 'ISE (abrégée pour
« Integrated Super-Brownian Excursion »), et a été initialement introduite par Aldous dans [6]
avec une normalisation légerement différente. La mesure ISE en grande dimension intervient dans
divers résultats asymptotiques en mécanique statistique ou en combinatoire. Voir e.g. I'article
de vulgarisation [84] de Slade pour plus de références.

Rappelons que 'on peut coder un arbre planaire fini 7 par sa fonction de contour C. De
méme, on peut définir la fonction de contour spatial V' d’un arbre spatial (7, (zu)uer) € 7 en
posant pour tout entier ¢ € [0, 2(#7 — 1)], Vi((2u)uer) = 2v o v est le sommet visité par C' au
temps ¢, puis en interpolant linéairement V' sur U'intervalle [0, 2(#7 —1)]. Le couple (C, V') code
alors l'arbre spatial (7, (zy)uer)-

Revenons maintenant a la marche aléatoire Z1, indexée par T,, et supposons que
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Hypothese (H) :

(i) la loi de reproduction critique p est différente de la masse de Dirac en 1, et il
existe un réel n > 0 tel que > ;. e u(k) < oco.

(ii) la loi de saut 6 est une mesure de probabilité sur R? de moyenne nulle et
vérifiant la condition de moments suivante :

lim r0({z e z?: |z| >r})=0.

r—+00

Le prochain résultat est une extension multi-dimensionnelle du théoreme 2 de D’article de
Janson et Marckert [39].

Théoréme 6. Soit 0, = (var )% et My la matrice de covariance de 6. On écrit M(,l/2 pour

l'unique matrice symétrique définie positive telle que My = (M(,l/2)2, et 'on note Mg_l/2 son
inverse. Sous Uhypothése (H), on a alors la convergence conjointe

2

nl/4

2 o

n—0o0

(%C2nt(Tn) M91/2<%>1/2V2nt(ZTn)) (loi (s,
0<t<1

Figure 1.4 — Simulation de la mesure aléatoire >, 1, 07 (4), oU I'endroit sombre

représente une masse supérieure, et |'arc vert a pour rayon n'/* (Image tirée de [84]
© G. Slade).

Pour tout u € T, on note Z, (u) = Mo_l/z( /2)1/2 ZT”( ") Soit Z,, la mesure de probabilité
empirique associée a ZT,“ i.e.

=Y 5

uETn

Sous I’hypothese (H), le théoréme précédent entraine la convergence en loi de Z,, vers la mesure
ISE Z, lorsque n — oo. Cette convergence a lieu dans l'espace . (R%) des mesures de probabilité
sur R? muni de la topologie faible.
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1.3.3 Le nombre de points visités par la marche aléatoire Zt,

Les résultats présentés dans cette section sont détaillés dans les chapitres 9 et [3
Ces chapitres sont basés sur nos deux articles [61), [62] écrits en collaboration avec
J.-F. Le Gall.

Notons Ry, := #{Z1, (u): uw € T} < n le nombre de points visités par la marche aléatoire
Z7, indexée par un arbre de Galton-Watson conditionné T,, de taille n.

Rappelons que si la loi de reproduction p est géométrique de parametre 1/2 , le u-GW arbre
conditionné T,, est uniformément distribué sur I’ensemble des arbres planaires a& n sommets. Dans
ce cas particulier, nous avons établi, en analogie avec le Théoreéme (3| de Dvoretzky et Erdos, le
théoreme suivant, qui concerne le comportement asymptotique de R,, pour notre modele de la
marche aléatoire Z, .

,—[Théoréme ([61, Theorem 1])] \

Soit # une mesure de probabilité sur Z?¢ symétrique et de support fini. Pour chaque
entier n > 1, soit T, un arbre planaire uniforme de taille n. Sachant T,,, on prend
ZT, une marche aléatoire dans Z% de loi de saut 6 indexée par T, et I’on note R,, son
nombre de points visités. Alors,
e sid>5,
P)

1
= Rn — Cp,
n n—o00

P
ol cy > 0 est une constante dépendant de 0, et Q> indique la convergence en

probabilité ;
e sid=4,
1 2
ogan L 87204, (1.5)
n—oo

ot 02 = (det My)'/4, My désignant la matrice de covariance de 6;
e sid< 3,
n_d/4 Rn (i)i; 2d/4(detM9)1/2 )\d(supp(I)) ) (16)
n (e.e]

ot A\g(supp(Z)) > 0 représente la mesure de Lebesgue du support de la mesure
aléatoire ISE 7.

Remarquons que la dimension critique pour le comportement de R,, est maintenant d = 4, au
lieu de d = 2 pour la marche aléatoire ordinaire. D’apres le Théoréme [6] I’ensemble des positions
spatiales de Z1, est inclus dans une boule centrée a l'origine d’un rayon d’ordre n'/* . Donc
R, est au plus de 'ordre de n/4 en dimension d < 4. Signalons néanmoins que le Théoréme @
n’implique pas directement la convergence lorsque d < 3.

Nous voudrions souligner le fait que, dans le théoreme ci-dessus, les asymptotiques de R, en
différents régimes restent valides pour un cadre beaucoup plus général. D’abord, en appliquant
le théoreme ergodique sous-additif de Kingman d’une fagon non triviale, on peut démontrer la
croissance linéaire de R,, dans le contexte suivant :
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,—[Théoréme ([61, Theorem 7])} \

Soit p une loi de reproduction critique dans le domaine d’attraction d’une loi stable
d’indice o € (1,2]. Pour tout entier n suffisamment grand, soit T,, un u-GW arbre
conditionné & avoir n sommets, et soit ZT, une marche aléatoire dans Z? de loi de saut
0 indexée par T,. Si R,, désigne le nombre de points visités par ZT,, on a

1 P

=R 23 Cup, (17)

n n—00

ol ¢, ¢ € [0,1] est une constante dépendante de et de 6.

De plus, nous avons trouvé une condition suffisante pour que la constante limite ¢, 9 > 0 :

,—[Proposition ([61, Proposition 5])} \

Supposons en plus que la loi de saut 6 est centrée et a des moments d’ordre (d —1) Vv 2

finis. Alors
2

>0 1 d > .
Cu’g orsque o — 1

En particulier, si la loi de reproduction p est de variance finie, alors ¢, 9 > 0 lorsque
d > b.

Lorsque d = 4, la convergence (1.5)) est en fait établie en supposant que la loi de saut 6 est
symétrique et a des moments exponentiels finis ([61, Theorem 14]). Cependant, nous devons nous
restreindre au cas ou u est géométrique de parametre 1/2 (et donc T, est uniforme sur les arbres
planaires de taille n), parce que nos arguments s’appuient fortement sur 'utilisation d’une chaine
de Markov qui permet d’engendrer les arbres spatiaux discrets aléatoires appropriés. Ce processus
a valeurs dans l’espace des trajectoires semi-infinies dans Z* est un analogue discret du serpent
brownien, que I'on appelle le serpent discret. Une estimation cruciale ([6I, Proposition 8]) indique
que la probabilité que la “téte” du serpent discret ne revienne pas a l'origine avant 'instant
n se comporte comme (47204 + 0(1))/logn quand n — oco. Cette estimation est analogue a
I'asymptotique pour la probabilité que la marche aléatoire ordinaire dans le plan ne revienne
plus a son point de départ avant 'instant n, mais la preuve se révele beaucoup plus compliquée
dans notre cadre.

Lorsque d < 3, nous avons prouvé le résultat suivant :
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,—[Théoréme ([62, Theorem 5]).

| S

Supposons que d < 3. Pour tout entier n suffisamment grand, soit T,, un u-GW arbre
conditionné & avoir n sommets, et soit ZT, une marche aléatoire dans Z? de loi de saut
0 indexée par T,. Soit o, = (var u)'/? et Mp la matrice de covariance de §. On note
Ry, le nombre de points visités par Z7, . Sous I'hypothese (H), on a

_ loi 2 \d/2
iR, O ()" (dethy) /2 Ma(supp(Z)) (1.8)
I

ot A\g(supp(Z)) est la méme variable aléatoire figurant dans la convergence (1.6)).

\ J

Notons que le support de la mesure aléatoire ISE Z a une mesure de Lebesgue strictement
positive si et seulement si d < 3. Le coeur de nos arguments pour le théoréme ci-dessus est un
principe d’invariance des temps locaux de la marche aléatoire ZT,. Pour chaque a € 72, soit

Ln(a) == 3 Lz, (w-a)

’LLETn

le nombre de visites en site a par la marche ZT,. En utilisant les résultats de Sugitani [86], on
peut établir existence p.s. d'une densité (¢;,z € R?) continue sur R¢ pour la mesure ISE Z,
par rapport & la mesure de Lebesgue ([62, Proposition 1]), et, de plus, pour tout z € R?\{0}, il
y a Pégalité p.s. {{; > 0} = {z € supp(Z)} ([62, Proposition 2]). Observons que

Rn= D 1L, (a)>0}-

a€Z4

Le théoréme suivant nous permettra de démontrer la convergence (1.8]) par un calcul de mo-
ment. Avant de l’énoncer, on introduit la notation |x| := (|z1],...,|zq]) € Z¢ pour tout
x = (x1,...,14) € R et la constante

[SIIsH

1
‘4T (detMy)1/2 (%)

,—[Théoréme ([62, Theorem 4]).

|

Supposons d < 3 et soit un entier k& > 1. Pour tous ag,...,a; € R¥\{0}, sous I'hy-
pothese (H), on a

d_ 2 L a d_ 2 _ L a (loi
<n4 1Ln(L U—MM92n4a1J),...,n4 1Ln<L %M;nélakj)) n%o (calays---,calay)-

On s’attend a ce que le résultat ci-dessus reste valable méme si ’'on enléve la condition a; # 0,
et que 'on puisse avoir une convergence fonctionnelle au lieu de celle au sens des marginales
de dimension finie. En dimension d = 1, ce renforcement a été obtenu par Bousquet-Mélou et
Janson [I5, Theorem 3.6] dans un cas particulier, puis par Devroye et Janson [24, Theorem 1.1]
dans un cadre plus général.
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1.3.4 Le nombre de points visités par la marche aléatoire branchante

Les résultats présentés dans cette section sont détaillés dans les chapitres [9 et [3
Ces chapitres sont basés sur nos deuzx articles [61, [62] écrits en collaboration avec
J.-F. Le Gall.

Au lieu de considérer une marche aléatoire indexée par un u-GW arbre conditionné a un
nombre fixe de sommets, il est aussi intéressant d’étudier la situation ou la structure généalogique
est codée par un nombre fini de u-GW arbres non conditionnés et indépendants.

Considérons p arbres de Galton—Watson spatiaux

(7_(1)’ (Z(l)(u))uer(l)) Yoty (T(p)’ (Z(p) (U))u€7<p))

issus de 0, indépendants et identiquement distribués selon HZ ¢- Pour chaque entier n > 0, on
définit la mesure ponctuelle aléatoire

P

P = Z < Z 5z(j>(u)>7

J=1 uerl@) ul=n

qui représente la somme des mesures de Dirac aux points ou se situent les sommets de généra-
tion n. On appelle X = ( ,E” ],n > 0) la marche aléatoire branchante sur 7% avec la configura-
tion initiale Xép I = pdo. Le nombre de points visités R(XP)) est alors

R(xPy .= #lacZa= ZU)(u) pour un j € {1,...,p} et u € T(j)}.

On définit la fonction de hauteur (H ,Lp }, k > 0) de la forét M., 7®) comme la concaténation
des fonctions de hauteur de chaque arbre (H;(7)),0 < i < #70) — 1), et 'on pose H,Ep] =0
pour k > #r(M) 4 ... 4 #7(®) De la méme maniére, on définit la fonction (Z,[f], k > 0) par la

concaténation des fonctions (Zi(j ), 0 < i < #7@ —1). Enfin, on prolonge les deux fonctions H !
et ZIPl 3 R, par interpolation linéaire. Nous pouvons maintenant énoncer notre analogue du
Théoréme [6l

,—[Proposition ([62, Proposition 6])] \

Sous I'hypothese (H), on a

g g _ loi ==
(G a2\ [oe 2BL) v ot @) B (Gones My Wane)sz0,©),

i
% p28’ -

ou (Wy)s>0 est le serpent brownien standard issu de 0, et  désigne le premier temps
d’atteinte de 2/0,, par le temps local en 0 du processus du temps de vie ((s)s>0, la
convergence des processus ayant lieu pour la topologie de la convergence uniforme sur
tout compact.

Lorsque d < 3, on déduit une estimation importante pour la probabilité d’atteinte d’un point
éloigné pour la marche aléatoire indexée par un u-GW arbre.
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,—[Théoréme ([62, Theorem 7])} \

Sous la mesure de probabilité H;,G’ notons R := {z,: u € 7} l'ensemble des points

visités par la marche aléatoire indexée par 7. Si d < 3, en supposant ’hypothese (H),
on a

2(4 —d)
—
I

lim |M9_1/2a\2 I, g(a € R) =

la|—o00 o

Grace au théoreme précédent, nous avons obtenu un résultat analogue a la convergence (|1.8))
pour la marche aléatoire branchante en petites dimensions.

,—[Théoréme ([62, Theorem 8]).

|

Supposons que d < 3. Sous I’hypothese (H), on a

(loi 2
(7

p—0o0 Opu

p~?R(xP)) ) (det Mp) /2 >\d< | supp Xt)»

>0

ol \g désigne la mesure de Lebesgue sur RY, (X¢)e>0 est un super-mouvement brownien
en dimension d issu de dy avec le mécanisme de branchement 1 (u) = 2u?, et supp X;
signifie le support topologique de X;.

Le super-mouvement brownien (X¢);>o ci-dessus est un processus de Markov homogene a
valeurs dans I’espace des mesures finies sur R?. Nous renvoyons le lecteur & Le Gall [57] pour
voir ses liens avec le serpent brownien. Notons a nouveau que U;>qsupp X; a une mesure de
Lebesgue strictement positive si et seulement si d < 3.

En grande dimension (d > 5), on a aussi I’analogue de la convergence (|1.7)).

,—[Théoréme ([61, Proposition 20]).} \

Soit d > 5. On suppose que la loi de reproduction critique u est de variance ai >0
finie, et la loi de saut # est centrée avec des moments d’ordre d — 1 finis. Avec la méme
constante ¢, g > 0 apparaissant dans (1.7)), on a

%R(X[p]) (lof) CF‘JKL

= 2
P pooo oy

ol la variable aléatoire J > 0 a pour densité (2rs®)~1/2 exp(—%s) sur (0, 00).

La dimension critique reste encore d = 4. Comme précédemment, on se restreint a la loi de
reproduction géométrique.
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,—[Théoréme ([61, Proposition 21]).] \

Soit d = 4. On suppose que p est la loi de reproduction critique géométrique, et 6 est
symétrique avec des moments exponentiels finis. Alors,

log p (loi 2 1/2

ou J est la méme variable aléatoire que dans le théoreme précédent.

Remarques. (1) Par un calcul des moments d’ordre 1 et 2, on sait que si d > 5, il existe des
constantes C1,Co > 0 dépendant de d, i et 0 telles que

Cila)?*~? < IT, gla € R) < Cy la*~®  lorsque |a| — oco.

Si d = 4, lorsque |a| — oo, on s’attend a ce que

C
II* R~ ——.
pol@ € R~ Bog Tal

Notons que la minoration pourrait étre donnée par la méme méthode de calcul des moments,
tandis que la majoration reste ouverte.

(2) Dans Particle [61], nos résultats sur le comportement asymptotique de R(X)) quand
d > 5 ou d = 4 sont en effet plus forts que ceux que nous avons présentés ci-dessus, au sens ou
ils sont corrects pour une configuration initiale quelconque de la marche aléatoire branchante,
a condition que (Xo[p], 1) = p. Cependant, ce n’est plus le cas lorsque d < 3 (cf. les discussions
dans la Section .

(3) Signalons que, en dimensions 2 et 3, Lalley et Zheng [49, Theorem 1] ont obtenu un
principe d’invariance des temps locaux de la marche aléatoire branchante quand la loi de repro-
duction p est Poisson de parametre 1.

1.3.5 Et si 'on ajoute une dérive constante ?7

Les résultats présentés dans cette section sont détaillés dans le chapitrelfl Ce chapitre
est basé sur larticle [67]] en préparation.

Revenons a la marche aléatoire Zt, indexée par T,. Dans la Section ou la loi de
saut 6 considérée est centrée, on a vu que la dimension 4 est critique pour le comportement
asymptotique de R,, (le nombre de points visités par Zt,_). On peut maintenant se demander
comment R,, se comporte si I’on ajoute une dérive constante a chaque pas de Zt,. Dans cet
objectif, soit D € Z4\{0} la dérive fixée, et 'on définit une nouvelle mesure de probabilité § sur
7% comme la mesure-image de 6 par la translation x — 2 + D. Donc si l'on remplace la loi de
saut 6 par 6, chaque déplacement spatial de Zt, sera composé d'un saut aléatoire selon 6 et
d’une dérive D déterministe.

D’abord, les arguments généraux développés pour la croissance linéaire de R, au cas centré
s’adaptent bien au cas avec dérive, et I’on obtient le théoreme suivant :
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,—[Théoréme ([67, Theorem 1]).

| S

Soit p une loi de reproduction critique dans le domaine d’attraction d’une loi stable
d’indice o € (1,2]. Pour tout entier n suffisamment grand, soit T,, un u-GW arbre
conditionné & avoir n sommets, et soit Zt, une marche aléatoire dans Z? avec la loi
de saut 6 indexée par T,. Si R, désigne le nombre de points visités par Z, , il existe
alors une constante c,g€ [0,1] dépendante de u et de 6 telle que

(P)
77?/ n%oo :“9
Supposons en plus que 6 est centrée et a des moments d’ordre 2d V 3 finis. Alors

a—+1
a—1"

Ci > 0 lorsque d >

En particulier, si la loi de reproduction p est de variance finie, alors C i > 0 lorsque
d > 4.

Lorsque d < 2, en supposant que la loi de reproduction critique p est de variance finie et que
la loi de saut 6 est assez “bonne” , nous nous attendons & ce que R, se comporte comme n(4+1)/4
quand n tend vers linfini. Nous renvoyons le lecteur a la Section [.4] pour voir les discussions
correspondantes.

Nous pensons que la dimension critique devient 3 pour le comportement asymptotique du
nombre de points visités R,, dans le cas avec dérive. Malheureusement, nous sommes incapables
de traiter la dimension 3 dans un cadre général. Néanmoins, nous parvenons a traiter le cas tres
particulier ou les deux premieres coordonnées évoluent comme une marche aléatoire centrée sur
72, alors que la troisieme augmente d’une unité a chaque pas. Cela conduit au résultat suivant.

,—[Théoréme ([67, Theorem 4])} \

Soit Zt, une marche aléatoire sur Z? indexée par un arbre uniforme T,, avec n sommets.
Supposons que sa loi de saut 0 est symétrique et a des moments exponentiels finis. On
(n)

note My sa matrice de covariance. Pour chaque entier k£ > 0, notons €2,
points visités dans Z? par les sommets en génération k de T, i.e.

le nombre de

O\ = #{Zr, (u): u € Ty, Ju] = k}.
Par convention #0 = 0. Pour la somme finie R,, := 2 k>0 Q,(Cn), on a la convergence

logn

1.2
Rn
n— 00

8m(det My)'/2.

Notre théoréme ci-dessus est étroitement lié au travail récent de Lalley et Zheng [50], qui ont
étudié diverses statistiques d’occupation d’une marche aléatoire sur Z%, d > 2 indexée par T(%)
Rappelons que T est un 1u-GW arbre conditionné a atteindre la hauteur n. Soit maintenant
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d = 2. On note Q, le nombre de points dans Z? visités par les sommets de T en génération n.
Sous ’hypothese que la loi de reproduction p est critique de variance finie, et que la loi de saut 6
est uniforme sur les 5 sites de distance < 1 de l'origine, leur résultat [50, Theorem 7] montre que
la famille de variables aléatoires ( logan n > 1) est tendue. Rappelons que la hauteur de l’arbre

n

T, est de l'ordre de y/n. Alors R,, peut étre interprété comme une somme de /n quantités,
toutes de 'ordre de 1@. Cet argument heuristique fournit le méme ordre de grandeur de R,

que celui indiqué dans le théoréeme précédent.

1.4 La mesure harmonique sur un arbre de Galton—Watson cri-
tique

Dans la théorie des fonctions harmoniques, et notamment la résolution du probleme de
Dirichlet classique, la mesure harmonique est un concept mathématique extrémement important.
D’un point de vue probabiliste, la mesure harmonique sur le bord d’un domaine borné de R?
(d > 2) est la loi de sortie d'un mouvement brownien démarré a l'intérieur du domaine. Dans
le cas d’un graphe discret, la mesure harmonique sur le bord d’un ensemble fini se définit de la
méme fagon, mais le mouvement brownien est remplacé par la marche aléatoire simple.

Il a été observé dans plusieurs contextes que la mesure harmonique sur un ensemble fractal
est portée par un sous-ensemble de dimension strictement plus petite. En particulier, le fameux
théoréme de Makarov [74] montre que la mesure harmonique sur la frontiére d’'un domaine
simplement connexe de R? est toujours portée par un ensemble de dimension de Hausdorff 1,
quelle que soit la dimension de Hausdorff de la frontiére. Voir l'article de Bourgain [14] pour des
analogues en dimension supérieure. Dans le cas discret de Z%, des résultats similaires se trouvent
dans [52] et [13]. Ce phénomene de la « chute de dimension » a également été observé par Lyons,
Pemantle et Peres [71], [72] dans le cas de la mesure harmonique a l'infini pour des marches
aléatoires sur des arbres de Galton—Watson sur-critiques. Par la suite, nous allons présenter des
résultats similaires dans le cas des arbres de Galton—Watson critiques.

Soit p une loi de reproduction critique telle que u(1) < 1. Sous la probabilité P, on note T(™)
un p-GW arbre conditionné a avoir une hauteur supérieure a n, et T&”) P’ensemble des sommets
& hauteur n de Parbre T(™. Conditionnellement & T, considérons une marche aléatoire simple
sur T partant de la racine de Parbre jusqu’a son premier temps d’atteinte de Tsln). La loi du
premier point & hauteur n de T visité par la marche est donc une mesure de probabilité L

T lée 1 h i i
sur 1 pn 7, appelee la mesure narmonique au niveau n.

1.4.1 La mesure harmonique sur la frontiere

Les résultats présentés dans cette section sont détaillés dans le chapitre[d. Ce chapitre
est basé sur larticle [66] publié.

On suppose dans cette partie que la loi de reproduction critique p appartient au domaine
d’attraction d’une loi stable d’indice o € (1,2]. Alors il est connu que, modulo une fonction
multiplicative a variation lente,

1
#Tﬁ[‘) /A pa-1 quand n — oco.

Dans le cas particulier ot i a une variance finie, le théoreme classique de Yaglom montre
— n . . . 7 .
que n 1#T$L ) converge en loi vers une variable exponentielle, alors que récemment, Curien et



30 Chapitre 1 Introduction

Le Gall [20] ont prouvé qu’il existe une constante 5 ~ 0,78 qui ne dépend pas de u et telle que
« presque toute » la masse de p, est concentrée sur approximativement n” sommets de T%n). Le
théoreme suivant généralise a toutes les valeurs de a € (1, 2] le résultat qu’ils ont obtenu dans
le cas de variance finie (a = 2).

,—[Théoréme ([66, Theorem 1])] \

Supposons que la loi de reproduction critique p appartient au domaine d’attraction
d’une loi stable d’indice o € (1,2]. Il existe alors une constante 3, € (0, ﬁ), qui ne
dépend que de «, telle que, pour tout § > 0, nous avons la convergence en probabilité

- a_5 —Pa d (]P)
pin({ € T 0270 < pun(0) < nPet9)) 51,
Ainsi, pour tout € € (0, 1), il existe avec P-probabilité tendant vers 1 quand n — oo, un
sous-ensemble A,, . de T%n) tel que #A, . < nPetod ef pn(Ape) > 1—e. Inversement, la
plus grande p,-mesure d’un ensemble de cardinal inférieur & nf—? tend en probabilité
vers 0 quand n — co.

\. J

On observe que la distribution d’atteinte u, au niveau n pour la marche aléatoire simple
sur T reste la méme si I'on élague T des branches n’atteignant pas le niveau n. Donc, il
suffit de considérer la marche aléatoire simple sur I’arbre réduit T*" obtenu en ne gardant que
les sommets de T ayant un descendant au niveau n. Si 'on multiplie la distance de graphe
sur T*" par un facteur n~!, les arbres réduits renormalisés n~'T*" convergent en loi, au sens de
Gromov-Hausdorff, vers un arbre réel compact aléatoire A(® que nous décrivons maintenant.

Pour chaque « € (1,2], on définit une loi de reproduction 6, de la fagon suivante : si a = 2,
on pose 0y = do la masse de Dirac en 2. Si a < 2, on pose

ea(o) = 9&(1) = 0,
a2-a)B3—a)---(k—1—a)

0o (k) = o . Wk > 2,

Soit Uy une variable aléatoire uniformément distribuée sur [0, 1], et Ky une variable aléatoire
distribuée selon 6, indépendante de Ug. Pour construire A(®) on commence avec un segment
orienté de longueur Uy, dont lorigine sera la racine de Parbre. A autre extrémité de ce segment,
on attache les origines de Ky segments orientés de longueur Uy, Uy, ..., Uk, ou, conditionnelle-
ment & Uy et Ky, Uy, Us, . .., Uk, sont indépendantes et uniformément distribuées sur [0, 1—Ug].
Cela termine la premiere étape de la construction. Dans la deuxieme étape, on prend une nou-
velle variable aléatoire indépendante K distribuée selon 6, et au premier de ces Ky segments
on attache K7 nouveaux segments, dont les longueurs sont & nouveau indépendantes et uni-
formément distribuées sur [0,1 — Uy — Uj], conditionnellement & toutes les variables aléatoires
apparues avant. Pour les Ky — 1 autres segments, on répete cette procédure de facon indépen-
dante. On continue alors la construction par récurrence. Apres une infinité d’étapes, on obtient
4 la fin un arbre réel non-compact, dont le complété est Parbre réel compact A, On Iappellera
Iarbre réduit stable de paramétre o. Notons que tous les nombres de descendants Ky, K1q,...
impliqués dans la construction de A® sont p.s. égaux & 2, ce qui correspond au mécanisme de
branchement binaire. En revanche, ce n’est plus le cas lorsque 1 < a < 2. Voir la Figure |1.5
pour une illustration.
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Figure 1.5 — A gauche, un grand arbre de Galton—-Watson réduit T*"; 3 droite, la limite
d’échelle A(@) |'arbre réduit stable de paramétre 1 < o < 2

La frontiere dA® de A(® est définie comme 1’ensemble de tous les points & hauteur 1.
Conditionnellement & A, on peut définir le mouvement brownien sur A(® issu de la racine
jusqu’au premier temps d’atteinte de A Il se comporte comme un mouvement brownien
linéaire tant qu’il reste a 'intérieur d’un segment. Il est réfléchi a la racine de I'arbre, et lorsqu’il
arrive a un point de branchement, il choisit chacun des segments adjacents avec des probabilités
égales. La distribution aléatoire du point d’atteinte de OA® par le mouvement brownien est
donc la mesure harmonique sur dA(®) | notée juo. Le résultat suivant dans ce cadre continu est
un ingrédient clé dans la preuve du théoréme précédent.

,—[Théoréme ([66, Theorem 2])}

Pour chaque « € (1, 2], avec la méme constante S, € (0, ﬁ) que précédemment, on a
P p.s. po(dz) p-p.,
iy 108 Ha(B(z, 7))

710 logr = Pas

ou B(xz,r) est la boule fermée de centre = et de rayon r dans A En particulier, la
dimension de Hausdorff de p,, est P p.s. égale a 3, (alors que la dimension de Hausdorff

de DA est égale & —L7).

La constante [, apparaissant dans les deux théoremes précédents peut étre exprimée en
termes de la conductance de A(®. Si l'on voit I'arbre aléatoire A(® comme un réseau de ré-
sistances avec un ohm par unité de longueur, la conductance équivalente entre la racine et la
frontiere DA est une variable aléatoire continue que nous noterons C(®. D’un point de vue
probabiliste, elle est la masse, sous la mesure d’excursion en dehors de la racine pour le mouve-
ment brownien sur I’arbre, des excursions qui atteignent la hauteur 1. D’aprés la définition de
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A et Pinterprétation du réseau électrique ci-dessus, C(® satisfait 'équation récursive en loi

. -1
e & <U+ @ <1>_U ( >> :
CY +CY +--+Cy

(1.9)

Za))zZl sont des copies i.i.d. de C(®), la variable aléatoire N, est distribuée selon 0, et U
est uniformément distribuée sur [0, 1]. Toutes ces variables aléatoires impliquées sont supposées
indépendantes. Nous montrons que, pour tout a € (1,2], la loi 7, de la conductance C@) est
caractérisée dans la famille de toutes les mesures de probabilité sur [1,00) par I'’équation ((1.9)).

ou (C-(

,—[Théoréme ([66, Theorem 3 & Proposition 4])} \

— Pour tout « € (1, 2], la constante (,, apparaissant dans les deux théorémes précédents
est donnée par

1 (Jralds)s)®
i 2 (ff Yo (ds)Va(dt) 5+S;5t71 1>.

— Il existe une constante M > 0 telle que pour tout o € (1,2], B < M.

\. J

Notons que la dimension de la frontiere A tend vers l'infini quand « | 1. Néanmoins,
la dimension de la mesure harmonique pu, reste toujours bornée. Il est aussi intéressant de
remarquer que, pout tout o € (1,2], la constante 3, s’exprime par la méme fonction de la
distribution 74, bien que les arbres réduits stables (A(® a € (1,2]) aient des mécanismes de
branchement différents.

1.4.2 La mesure harmonique prés d’un point typique de la frontiere

Les résultats présentés dans cette section sont détaillés dans le chapitre[6l Ce chapitre
est basé sur larticle [68] en préparation.

Nous allons étudier le comportement local de la mesure harmonique preés d’un point typique
sur la frontiere T%n). Supposons dans cette section que la loi de reproduction critique p est
de variance finie. Nous écrivons donc 8 = B2, A = A®@ et ¢ = C? pour alléger la notation.
Cependant, afin de ne pas confondre avec la loi de reproduction u, nous continuerons d’écrire
1o la mesure harmonique sur 0A.

Notre théoreme principal dans le cadre discret est le suivant :

,—[Théoréme ([68, Theorem 1])} \

(n)

Soit €2,, un sommet uniformément choisi au hasard de T;, . Il existe alors une constante
universelleﬂ A € (1,00), qui ne dépend pas de la loi de reproduction u, telle que, pour
tout & > 0, nous avons

lim P(n "% < 5, (Q,) <n M%) =1.

n—oo

a. Les simulations numériques montrent que A ~ 1.21.
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Pour énoncer le résultat analogue dans le continu, on introduit un nouvel arbre réel (non-
compact) binaire I, tel que chaque point a hauteur y € [0,00) dans cet arbre correspond, de
fagon bijective, & un point dans A\OA a hauteur 1 —e™¥ € [0,1). Cet arbre continu aléatoire
s’appelle 'arbre de Yule, car il décrit la généalogie du processus de Yule classique, ou chaque
individu a un temps de vie exponentielle de parametre 1, ces temps de vie sont indépendants
les uns des autres, et de plus chaque individu a exactement deux enfants. Par définition, la
frontiere a l'infini OI" de I" est I’ensemble des géodésiques infinies partant de la racine. Grace au
branchement binaire, OI' peut s’identifier avec {1,2}. Pour tout r > 0, soit I', I’ensemble des
points de I' & hauteur . Par un argument de martingale, on peut définir

et il est bien connu que W suit une loi exponentielle de parameétre 1. Pour tout « € T', soit H(x)
la hauteur de z, et I'[x] le sous-arbre de descendants de x dans I". On définit de maniére similaire

Wy = lim e” #I', [x].

La mesure uniforme w sur OI" est une mesure de probabilité (aléatoire) sur OI' qui vérifie les
deux propriétés suivantes :

(1) p.s. @ n’a pas d’atome, et son support topologique est 0T ;
(2) pour tout x € I' et pout chaque géodésique infinie v passant par z,

)4%
J(B(v. H — ¢ H@ 't
BBy, H(x)) = 10N,
ou B(v, H(x)) désigne 'ensemble de tous les géodésiques infinies dans T' qui coincident
avec v jusqu’a hauteur H(z).

Puisque les frontieres A et OI' peuvent étre identifiées par la bijection expliquée ci-dessus, on
note w la mesure de probabilité (aléatoire) sur JA induite par w, qui sera appelée la mesure
uniforme sur OA.

,—[Théoréme ([68, Theorem 2])} \

Avec la méme constante A que précédemment, on a P p.s. w(dz) p.p.,

IOg M2 (B(Xa T))

lim ——————= = )\,
rl0 log r

|
g loBEBET)
710 log r

ou B(z,r) est la boule fermée de centre x et de rayon r dans A.

Comme corollaire direct, on obtient que PP p.s., la mesure harmonique us est singuliére par
rapport & la mesure uniforme w.
Pour démontrer les deux derniers théoremes, notons d’abord que, choisir uniformément au

(n)

hasard un sommet de T, est, dans un certain sens, équivalent a biaiser la loi de T par
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#T%n). Cette observation nous amene & introduire 1’arbre de Galton—Watson biaisé par la taille,
noté T, cf. [43] [70]. Ecrivons i la loi biaisée de y, définie par fi(k) = ku(k) pour tout k > 1
(remarquons que i est bien une mesure de probabilité car p est critique). Soit (]\Afk)k>1 une
suite de variables aléatoires i.i.d. de méme loi zi. Elles sont toutes égales ou supérieures a 1. La
racine @ de I'arbre T donne naissance & N1 enfants. Prenons un des ses enfants uniformément au
hasard, que ’on note vi. Les autres engendrent indépendamment les uns des autres des u-GW
arbres ordinaires. L’individu v, quant a lui, donne naissance a ]\72 enfants. De méme, on prend
un de ces nouveaux enfants au hasard, que ’on note vs. Les autres sont les racines de u-GW
arbres ordinaires. On peut répéter cette procédure une infinité de fois, et ’arbre infini aléatoire
obtenu est ’arbre biaisé¢ T (voir la Figure . Il est clair par construction que T aun unique
chemin infini (&, vy, ve,...) partant de la racine, que l'on appelle I’épine dorsale.

N // sy

N

N4 =2 [ vy (]

n-GW n-GW \/
]vg = 3
\\/ n-GW
W-GW -GW \2 / -GW

ﬁl - .\\ /v/

"o

Figure 1.6 — Un arbre de Galton—Watson biaisé par la taille T

De méme, afin d’obtenir une meilleure compréhension d’un point distingué choisi au hasard
selon la mesure uniforme w sur A, on construit un arbre réduit continu biaisé par la taille A
de la fagon suivante : d’abord, la racine @ de A a une ligne de descendants distinguée qui est
un segment de longueur 1. Soit V5 une variable aléatoire & valeurs dans [0, 1] de loi 2(1 — x)dz.
A la hauteur V5 de la ligne de descendants distinguée, on greffe un sous-arbre qui est une
copie indépendante de A normalisée par le facteur (1 — V). Ensuite, on se donne une copie
indépendante V; de Vg, et a la hauteur Vg + (1 — V) V) de la ligne de descendants distinguée, on
greffe une autre copie indépendante de A, mais cette fois normalisée par le facteur (1-V5)(1-V7).
Notons que, pour chacune des greffes, on choisit le coté gauche ou le coté droite de la ligne de
descendants distinguée avec équiprobabilité. Nous continuons cette procédure pour greffer une
infinité de sous-arbres sur la ligne de descendants distinguée, avec la hauteur de la position de
greffe tendant vers 1, et nous obtenons a la fin une réalisation de A.

La constante \ apparaissant dans les deux théorémes précédents peut aussi étre exprimée
en termes de la conductance de A. Si 'on regarde l'arbre A comme un réseau électrique avec
un ohm de résistance par unité de longueur, la conductance équivalente entre la racine et la
hauteur 1 est une variable aléatoire C & valeurs dans [1, 00). On peut montrer que la distribution
de C est caractérisée par ’équation récursive en loi

¢ L (v+ 1= V)fl, (1.10)
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- RS T RN hauteur 1
(1-Va)Wi
Ve
———————————————————————————————————— hauteur 0
%]

Figure 1.7 — Un arbre réduit continu biaisé par la taille A

ou la loi de la variable aléatoire V' a densité 2(1 — x) sur [0, 1], et V,C,C sont supposées étre
indépendantes. On en déduit que la conductance C a des moments finis de tous les ordres, et,
elle admet une densité f continue sur [1,00), qui atteint un maximum global a 3/2.

15 2 3 4 5 6 7 8

Figure 1.8 — Un histogramme de la distribution de C sur (1,00) obtenu a partir des
simulations basées sur ([1.10]). Les courbes rouges et bleues correspondent respectivement
aux formules explicites pour la densité f sur [1,2] et [2, 3].

Nous terminons avec la belle formule suivante pour la constante A.

,—(Proposition ([68, Proposition 4])} \

La constante A\ apparaissant dans les deux théoremes précédents est donnée par

A=E[C]-1.
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Bien entendu, on s’attend a ce que nos résultats dans cette section se généralisent au cas ou
la loi de reproduction p appartienne au domaine d’attraction d’une loi stable d’indice « € (1, 2).
Cela fera l'objet d’un futur projet de recherche.
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CHAPITRE 2

'THE RANGE OF TREE-INDEXED RANDOM
WALK IN HIGH DIMENSIONS

LES RESULTATS DE CE CHAPITRE SONT ISSUS DE L’ARTICLE [61], ECRIT EN COLLABORATION
AVEC JEAN-FRANQOIS LE GALL ET ACCEPTE POUR PUBLICATION DANS LE Journal of the
Institute of Mathematics of Jussieu.

We provide asymptotics for the range R, of a random walk on the d-dimensional lattice
indexed by a random tree with n vertices. Using Kingman’s subadditive ergodic theorem, we
prove under general assumptions that n~ 'R, converges to a constant, and we give conditions
ensuring that the limiting constant is strictly positive. On the other hand, in dimension 4 and
in the case of a symmetric random walk with exponential moments, we prove that R,, grows like
n/logn. We apply our results to asymptotics for the range of branching random walk when the
initial size of the population tends to infinity.

2.1 Introduction

The main goal of this work is to derive asymptotics for the number of distinct sites of the
lattice visited by a tree-indexed random walk. Asymptotics for the range of an ordinary random
walk on the d-dimensional lattice Z¢ have been studied extensively since the pioneering work of
Dvoretzky and Erdos [29]. Consider for simplicity the case of a simple random walk on Z4, and,
for every integer n > 1, let R,, be the number of distinct sites of Z¢ visited by the random walk
up to time n. When d > 3, let g4 > 0 be the probability that the random walk never returns to
its starting point. Then,

o ifd>3,
%RRH%Ode
o ifd=2
logan 25 o7,
n—00
o ifd=1,

_ d .
n 1/2Rn Q) sup B, — inf By,
N0 0<i<1 0<i<1

where Q indicates convergence in distribution and (Bi);>o is a standard linear Brownian

motion. The cases d > 3 and d = 2 were obtained in [29], whereas the case d = 1 is a very

39
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easy consequence of Donsker’s invariance theorem (see e.g.[34]). The preceding asymptotics
have been extended to much more general random walks. In particular, for any random walk
in Z¢, an application of Kingman’s subadditive ergodic theorem [45] shows that the quantity
R, /n converges a.s. to the probability that the random walk does not return to its starting point
(which is positive if the random walk is transient). See also [34] for the almost sure convergence
of the (suitably normalized) range of an arbitrary recurrent random walk in the plane, [33] for
a central limit theorem for the range of transient random walk, [54] for a non-Gaussian central
limit theorem in the plane and [64] for a general study of the range of random walks in the
domain of attraction of a stable distribution.

In the present work, we discuss similar asymptotics for tree-indexed random walk. We
consider (discrete) plane trees, which are rooted ordered trees that can be viewed as describing
the genealogy of a population starting with one ancestor or root, which is usually denoted by
the symbol @. Given such a tree 7 and a probability measure § on Z%, we can consider the
random walk with jump distribution 6 indexed by the tree 7. This means that we assign a
(random) spatial location Z7(u) € Z? to every vertex u of T, in the following way. First, the
spatial location Z7(@) of the root is the origin of Z¢. Then, we assign independently to every
edge e of the tree 7 a random variable X, distributed according to 6, and we let the spatial
location Z7(u) of the vertex u be the sum of the quantities X, over all edges e belonging to the
simple path from @ to u in the tree. The number of distinct spatial locations is called the range
of the tree-indexed random walk Z7.

Let us state a particular case of our results.

Theorem 2.1. Let 0 be a probability distribution on Z¢, which is symmetric and has finite
support. Assume that 0 is not supported on a strict subgroup of Z%. For every integer n > 1,
let T, be a random tree uniformly distributed over all plane trees with n vertices. Conditionally
given Ty, let Z7, be a random walk with jump distribution 0 indexed by T,, and let R,, stand for
the range of Zr,. Then,

e ifd>05,
1
- Rn (P)> 0 »
n n—oo

P
where cg > 0 is a constant depending on 0, and Q> indicates convergence in probability;

o ifd=4,
logn L2 4

R, — 8m2o?,
n—oo

where 0? = (det M9)1/4, with My denoting the covariance matriz of 0;
e ifd<3,
_ d
AR, ag Aa(supp(Z)).

where ag = 24*(detMy)'/? is a constant depending on 6, and Ag(supp(Z)) stands for the
Lebesgue measure of the support of the random measure on RY known as ISE (Integrated
Super-Brownian Ezcursion).

Notice the obvious analogy with the results for the range of (ordinary) random walk that
were recalled above. At an intuitive level, R, is likely to be smaller than the range R,, of ordinary
random walk, because one expects many more self-intersections in the tree-indexed case. This is
reflected in the fact that the “critical dimension” is now d = 4 instead of d = 2. In the same way
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as d = 2 is critical for the recurrence of random walk on Z¢, one may say that d = 4 is critical
for the recurrence of tree-indexed random walk, in the sense that for random walk indexed by
a “typical” large tree of size n, the number of returns to the origin will grow logarithmically
with n. Furthermore, one may notice that the set of all spatial locations of 7, is contained in
the ball of radius Cn'/* centered at the origin, with a probability close to 1 if the constant C
is sufficiently large (see Janson and Marckert [39] or Kesten [44] in a slightly different setting),
so that the range R, is at most of order n%4 in dimension d < 3. We finally mention that the
limiting constant cg in dimension d > 5 can again be interpreted as a probability of no return
to the origin for random walk indexed by a certain infinite random tree: See Section [2.2] below
for more details.

Let us emphasize that asymptotics of the type of Theorem hold in a much more gen-
eral setting. Firstly, it is enough to assume that the jump distribution € is centered and has
sufficiently high moments (a little more is needed when d = 4). Our argument to get the case
d > 5 of Theorem relies on an application of Kingman’s subadditive ergodic theorem, which
gives the convergence of %Rn to a (possibly vanishing) constant in any dimension d, without
any moment assumption on . Secondly, in all cases except the critical dimension d = 4, we
can handle more general random trees. Our methods apply to Galton—Watson trees with an
offspring distribution having mean one and finite variance, which are conditioned to have ex-
actly n vertices. In the special case where the offspring distribution is geometric with parameter
1/2, we recover uniformly distributed plane trees, but the setting of conditioned Galton—Watson
trees includes other important “combinatorial trees” such as binary trees or Cayley trees (see
e.g. [58]). Some of our results even hold for an offspring distribution with infinite variance in
the domain of attraction of a stable distribution.

In the present work, we deal with the cases d > 5 and d = 4 of Theorem and the
extensions that have just been described. The companion paper [61] addresses the “subcritical”
case d < 3, which involves different methods and is closely related to the invariance principles
connecting branching random walk with super-Brownian motion.

Let us turn to a more precise description of our main results and of our methods. In
Section below, we discuss the convergence of %Rn in a general setting. The basic ingredient
of the proof is the introduction of a suitable probability measure on a certain set of infinite
trees. Roughly speaking, for any offspring distribution p with mean one, we construct a random
infinite tree consisting of an infinite “spine” and, for each node of the spine, of a random number
of Galton—Watson trees with offspring distribution u that branch off the spine at this node. This
construction is related to the infinite size-biased Galton-Watson tree (see [70] and references
therein), with the difference that we consider only subtrees branching off the right side of the
spine. For a more precise description, see subsection [2.:2.3] The law of our infinite tree turns out
to be invariant under a shift transformation, which basically involves re-rooting the tree at the
first vertex (in lexicographical order) that does not belong to the spine. If we consider a random
walk (with an arbitrary jump distribution ) indexed by this infinite tree, the number of distinct
locations of the random walk at the first n vertices of the infinite tree yields a subadditive process
R, to which we can apply Kingman’s theorem in order to get the almost sure convergence of
%Rn to a constant (Theorem . One then needs to discuss the positivity of the limiting
constant, and this leads to conditions depending both on the offspring distribution x and on the
jump distribution . More precisely, we give a criterion (Proposition involving the Green
function of the random walk and the generating function of p, which ensures that the limiting
constant is positive. In the case when p has finite variance and if the jump distribution 6 is
centered (with sufficiently high moments), this criterion is satisfied if d > 5. The preceding
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line of reasoning is of course very similar to the classical application of Kingman’s theorem to
the range of ordinary random walk. In the present setting however, additional ingredients are
needed to transfer the asymptotics from the case of the infinite random tree to a single Galton—
Watson tree conditioned to have n vertices. At this point, we need to assume that the offspring
distribution p has finite variance or is in the domain of attraction of a stable distribution, so
that we can use known results [26] on the scaling limit of the height process associated with a
sequence of Galton—Watson trees with offspring distribution p: Applying these results to the
sequence of trees that branch off the spine of the infinite tree yields information about the
“large” trees in the sequence, which is essentially what we need to cover the case of a single
Galton—Watson tree conditioned to be large (Theorem [2.7). The case d > 5 of Theorem
follows as a special case of the results in Section [2.2]

Section [2.3] which is the most technical part of the paper, is devoted to the proof of a
generalized version of the case d = 4 of Theorem (Theorem . We restrict our attention
to the case when the offspring distribution is geometric with parameter 1/2, and we assume that
the jump distribution 6 is symmetric with small exponential moments. While the symmetry
assumption can presumably be weakened without too much additional work, the existence of
exponential moments is used at a crucial point of our proof where we rely on the multidimensional
extension of the celebrated Komlés-Major-Tusnady strong invariance principle. Our approach
is based on the path-valued Markov chain called the discrete snake. In our setting, this process,
which we denote by (W,,),>0, takes values in the space of all infinite paths w : (—oc,(|NZ — Z4,
where ¢ = ((w) € Z is called the lifetime of w. If (,, denotes the lifetime of W,,, the process
(Cn)n>0 evolves like simple random walk on Z. Furthermore, if (41 = (, — 1, the path W41
is obtained by restricting W, to the interval (—oo,(, — 1] N Z, whereas if (41 = (¢, + 1,
the path W41 is obtained by adding to W,, one step distributed according to . We assume
that the initial value Wy is just a path (indexed by negative times) of the random walk with
jump distribution 6 started from the origin. Then the values of the discrete snake generate a
random walk indexed by an infinite random tree, which corresponds, in the particular case of
the geometric offspring distribution, to the construction developed in Section [2.2] Note however
that, in contrast with Section the Markovian properties of the discrete snake play a very
important role in Section A key estimate (Proposition states that the probability that
the “head of the discrete snake” (that is the process (Wy((x))r>0) does not return to the origin
before time n behaves like ¢/logn for a certain constant c¢. This is analogous to the well-known
asymptotics for the probability that simple random walk in Z? does not come back to its starting
point before time n, but the proof, which is developed in subsection 2.3.2] turns out to be much
more involved in our setting. The main result of Section (Theorem gives the case d = 4
of Theorem [2.1] under slightly more general assumptions. It would be of interest to extend this
result to more general offspring distributions, but this would require a different approach.

Section applies the preceding results to asymptotics for the range of a branching random
walk in Z¢, d > 4, when the size of the initial population tends to infinity. This study is related
to the recent work of Lalley and Zheng [50], who discuss the number of distinct sites occupied
by a nearest neighbor branching random walk in Z¢ at a fixed time. Note that the genealogical
structures of descendants of the different initial particles are described by independent Galton—
Watson trees, which makes it possible to apply our results about the range of tree-indexed
random walk. Still one needs to verify that points that are visited by the descendants of two
distinct initial particles give a negligible contribution in the limit. The analogous problem for
low dimensions d < 3 is addressed in [61].
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Let us finally mention that there are certain analogs of our results in a continuous setting. In
particular, Delmas [22] considers the Lebesgue measure of the tubular neighborhood of radius &
of the range of a super-Brownian measure in R%, d > 4, and proves that this measure behaves like
£4=% when d > 5 and like |log ¢|~! when d = 4. This is analogous to our results for branching
random walk in Section 2.4 An exact analog of the cases d > 4 in Theorem [2.1] is obtained
by considering the Lebesgue measure of the tubular neighborhood of radius € of the support
of the so-called integrated super-Brownian excursion (ISE). Asymptotics for this quantity when
e — 0 are derived in [22, Corollary 2.4]. We do not know of any analog of Proposition [2.8in the
continuous setting. Abraham and Werner [I] discuss a very similar problem for the Brownian
snake and super-Brownian motion in R¢, but only when d < 3.

Notation. We use the notation [a, b] := [a,b]NZ for a,b € Z, with a < b. Similarly, ]| — oo, a] :=
(—00,a] NZ for a € Z. For any finite set A, #A denotes the cardinality of A.

2.2 Linear growth of the range

2.2.1 Finite trees

We use the standard formalism for plane trees. We set
o
Uu:= U N
n=0

where N = {1,2,...} and N° = {@}. If u = (u1,...,u,) € U, we set |u| = n (in particular
|@| = 0). We write < for the lexicographical order on U, so that @ < 1 < (1,1) < 2 for instance.
If u,v € U, uv stands for the concatenation of u and v. In particular Gu = u@ = u. The
genealogical (partial) order < is then defined by saying that v < v if and only if v = uw for
some w € U.
A plane tree (also called rooted ordered tree) 7T is a finite subset of U such that the following
holds:

(i) g eT.
(i) fu=(uy,...,up) € T\{D} then © := (uy,...,up—1) € T.
(iii) For every u = (uq,...,u,) € T, there exists an integer k,(7) > 0 such that, for every
JEeN, (ur,...,up,j) €T if and only if 1 < j < k(7).

The notions of a child and a parent of a vertex of T are defined in an obvious way. The
quantity k,(7) in (iii) is the number of children of v in 7. If u € T, we write [T], ={v e U :
uv € T}, which corresponds to the subtree of descendants of u in 7. We denote the set of all
plane trees by Ty.

Throughout this work, we consider a probability measure p on Z, which is critical in the
sense that

> ku(k) =1.
k=0

We exclude the degenerate case where p(1) = 1. The law of the Galton-Watson tree with
offspring distribution p is a probability measure on the space T, which we denote by II,, (see
e.g. |58, Section 1}).

We also let 6 be a probability measure on Z¢, which is adapted in the sense that it is not
supported on a strict subgroup of Z¢.
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A (d-dimensional) spatial tree is a pair (T, (zy)ue7) Where T € Ty and z, € Z? for every
u € T. Let ’]I‘* be the set of all spatial trees. We write IT* 1.0 for the probability distribution on T}
under which T is distributed according to II, and, condltlonally on T, the “spatial locations”
(zu)ueT are distributed as random walk 1ndexed by 7T, with jump distribution 0, and started
from 0 at the root @ (see the definition given in Section 1). We then set

app = 1T, o(2y # 0, Vu € T\{D}),

and, for every y € Z4,
huo(y) =11}, (2 # —y, Yu € T).

Notice that a, 9 > 0, simply because with positive probability a tree distributed according to
I1,, consists only of the root.

2.2.2 Infinite trees

We now introduce a certain class of infinite trees. Each tree in this class will consist of an
infinite ray or spine starting from the root, and finite subtrees branching off every node of this
infinite ray. We label the vertices of the infinite ray by nonpositive integers 0, —1, —2,.... The
reason for labelling the vertices of the spine by negative integers comes from the fact that —1 is
viewed as the parent of 0, —2 as the parent of —1, and so on.

More precisely, we consider the set

Vi=Z_xU

where Z_ = {0,—1,-2,...}. For every j € Z_, we identify the element (j, @) of V with the

integer j, and we thus view Z_ as a subset of V. We define the lexicographical order on V as

follows. If j,j' € Z_, we have j < j' if and only if j < j/. If u € U\{@}, we have always

J =< (Jyu). If u,u’ € U\{@}, we have (j,u) < (j/,u) if either j > j/, or j = 7/ and u < v/,

The genealogical (partial) order < on V is defined in an obvious way: in agreement with the

preceding heuristic interpretation, the property j < j’ for 4,5’ € Z_ holds if and only if j < j'.
Let T be a subset of V such that Z_ C T. For every j € Z_, we set

Ti={uel:(ju) €T}

We say that T is an infinite tree if, for every j € Z_, T is a (finite) plane tree, and furthermore
T\Z_ is infinite. We write T for the set of all infinite trees. By convention, the root of an
infinite tree 7 is the vertex 0. Clearly, 7 is determined by the collection (7;)jez_. Note that
the lexicographical order of vertices corresponds to the order of visit when one “moves around”
the tree in clockwise order, starting from the “bottom” of the spine and assuming that the
“subtrees” T; are drawn on the right side of the spine, as in Fig. 1.

We next define a shift transformation 7 on the space T. Starting from an infinite tree 7T, its
image 7(7) = T is obtained informally as follows. We look for the first vertex (in lexicographical
order) of T\Z_. Call this vertex v. We then “re-root” the tree 7 at v and, in the case when
v is not a child of 0 (or equivalently if 7o = {@}), we remove the vertices of the spine that are
strict descendants of the parent of v.

For a more formal definition, let & € Z_ be the unique integer such that v € T (necessarily,
v = (k,1)). Then, T is determined by requiring that:

= T] = Tjaks1 if § < =2
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= To = [Tel1;
— T, is the unique plane tree such that there exists a bijection from Ti\{u € Ty : 1 < u}
onto 77, that preserves both the lexicographical order and the genealogical order.

00 O.
(0,1) (11) (0,1)
0 -<§| _je—fe] e 0 -<§|
) )] (_271) °
Sl —pe——e<_ —2e—fe___ -1¢

° /o

o o o o o o o o
_3.<:\0 _4.<:\0 _4.<:\0 _3.<:\0

T T =7(T) To1(T) (T)

Figure 2.1: The first 3 iterations of the shift transformation on an infinite tree 7. At
each step, the marked vertex will become the new root after the shift.

Fig.[2.1] explains the construction of 7’ better than the formal definition.

2.2.3 The invariant measure on infinite trees

Let P, be the probability measure on T that is determined by the following conditions.
Under P, (dT),

— the trees To, T—1,T_2, ... are independent;

— 7o is distributed according to II,;

— for every integer j < —1,

P (ko (T;) = n) = p([n + 1,00)),
for every n > 0; furthermore, conditionally on kg (7;) = n, the trees [Tj]1, [Tjl2, ..., [Tjln
are independent and distributed according to II,.
Notice that >-,~qp([n + 1,00)) = 1 due to the criticality of the probability measure p. The
reason for introducing the probability measure P, comes from the next proposition.

Proposition 2.2. The probability measure P, is invariant under the shift 7.

Proof. Suppose that T is distributed according to P, and set 7’ = 7(7) as above. We need
to verify that 7 is also distributed according to P, or equivalently that the trees 7y, 77, ...
satisfy the same properties as 7y, 7_1,... above. The key point is to calculate the distribution
of (k‘g(ﬁ»’),j < 0). Fix an integer p > 1, and let ng, ny,...,n, € Z4. Also let k be the element
of Z_ determined as in the definition of 7/ = 7(7) at the end of subsection [2.2.2] The event

{k = 0} N {kg('ﬁ)’) = ny, k@(Tll) =N1,..., k}g(']:/p) = np}
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holds if and only if we have
ke (To) = n1 + 1, k1(To) = no, ka(T-1) = na, .., ka(Tpt1) = np,

which occurs with probability

p(n1 + )p(no)p([ne +1,00)) ... p([np + 1, 00)).
Let ¢ € Z_\{0}. Similarly, the event

{k =00 {ka(Ty) =10, ke (T 1) =n1,..., ka(T",) = np}
holds if and only if we have
ka(To) =0,..., ka(Ter1) =0, ka(Te) = ni+1, ki(Te) = no, ka(Te—1) = no, ..., ka(Te—pt1) = np,
which occurs with probability
(0)p([1,00)) [y + 2,00)) a(mo)a([nz + 1,50)) ... [y + 1, 50)).

Summarizing, we see that the event

{ka(T5) = nos kas(T21) = na, . . -, kg('T_’p) =n,}
has probability

u(no)u(ny + Dpu([ng +1,00)) .. [y + 1,50))

4 ulno)()( 3 (1,50~ )l + 2, 00) (g + 1,50) .. [y + 1,50)
=—1

— p(no)ullny + 1, 00))u(lns + 1,50)) ... [y + 1,00))

as desired. An immediate generalization of the preceding argument shows that, if ty and t;;,
1 <j <p,1<1i<n; are given plane trees, the event

i=1

p nj
{ko(T21) = nay . ko (T2,) = np} N {Tg = to} N ( N (AT = tjﬁ))
j=1

has probability

nj

[+ 1,00) ) [z +1,00)) [y +1,00)) x Ty(to) x TT (T] Ma(ts)).
j=1 i=1

This completes the proof. ]

2.2.4 Random walk indexed by the infinite tree

Let 7 € T. The definition of random walk indexed by T requires some extra care because
we need to specify the orientation of edges: The (oriented) edges of T are all pairs (z,y) of
elements of T such that there exists j € Z_ such that

— either = (j,u), y = (j,v), where u,v € 7; and u is the parent of v;
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—orx=35—1y=7.

See Fig. We write £(T) for the collection of all oriented edges of 7. The random walk
indexed by 7 is a collection (Z7(u))uer of random variables with values in Z¢, such that
Z7(0) = 0 and the random variables (Z7(y) — Z7(2))(2,)ee(7) are independent and distributed
according to ¢. Let P stand for the distribution of the collection (Z7(u))ueT-

Let T* be the set of all pairs (7T, (24)ue) where 7 € T and z, € Z% for every u € T. We
define a probability measure PZ,G on T* by declaring that P} ¢ is the law of the random pair
(7 ,(Z4)uez) where 7 is distributed according to P, and conditionally on . = T, (2%)uecs
is distributed according to P(7.

We next define a shift transformation 7% on T*. For (7, (zy)uer) € T*, we set 7°(T, (2u)ueT) =
(T, (2})uet’), where T' = 7(T) and the spatial locations of vertices of 77 (which may be viewed
as a subset of T') are obtained by shifting all original locations z,, so that the location of the root
of 7" is again 0. More precisely, if k& € Z_ is defined as above in the definition of 7' = 7(7),
there is a unique bijection ¢ from 7’ onto T\{k + 1,k + 2,...,0} that maps 0 to (k,1) and
preserves both the lexicographical order and the genealogical order, and we set

/
Fu = For(u) T For(0)
for every u € 7.
Proposition 2.3. The probability measure PZ,G 18 tnvariant under 7.

This is an easy consequence of Proposition [2.2] and the way the spatial positions are con-
structed. We leave the details to the reader.

° Ul(T)
UO(T) =0 .<o Uz(T)
e e
* T us(7)
_9 e
B
: * 27 wn

ﬂ

Figure 2.2: The orientation of edges of T, and the sequence ug(7T ), u1(T), ua(T),...

Let 7% = (T, (zu)uer) € T*. We define a sequence (u;(7));>o0 of elements of T as follows.
First, ug(7) = 0 is the root of 7. Then ui(7T),u2(T),... are all elements of T\Z_ listed in
lexicographical order (see Fig.. We set, for every integer n > 1,

Rn(T*) = #{ZuO(T)7 Zul(T)v s 7zun_1(7)}'

We let S = (Sg)r>0 be a random walk in Z¢ with jump distribution 6, which starts from z
under the probability measure P,, for every x € Z%.
Recall the notation a,¢ and h, g introduced at the end of subsection [2.2.1}
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Theorem 2.4. We have

R,
— — ¢ P’ ,-a.s.
n n—oo 1,0 w0

where the limiting constant ¢, ¢ € [0,1] may be defined as

[ )

with

P, 9(z) = Zu([kz—k 1,00) ( Z 0(y) hyo( ac—i—y))k,

k=0 yezZd

for every x € 74,
Proof. Set v = (7)™ for every integer n > 1. We claim that, for every n,m > 1,
Ryym < Ry + R o

Indeed, R,(T™) is the number of distinct elements among 2y, (7, Zu, (7)s - - - » Zu,_ (T), and simi-
larly Ry 4y, (77) is the number of distinct elements among 2y, (7, Zu; ()5 - - - » Zungmy (7). ON the
other hand, from the construction of the shift transformation, it is falrly easy to verify that
Ry o 7,(T) is the number of distinct elements among 2y, (7); Zu,,1(T)s - + > Zupsm_1(T)- Lhe
bound of the preceding display follows immediately.

Since 1 < R, < n, we can then apply Kingman’s subadditive ergodic theorem to the sequence
(Rn)n>1, and we get that R, /n converges almost surely. The fact that the limit is constant
is immediate from a simple zero-one law argument (we could also verify that 7 is ergodic).
Furthermore, the limiting constant c, g is recovered by

1
Cuo = hrgonE% ol Rn).
However, with the preceding notation,
n—1

wolftn] = Ep o Z Lz, #2u;, Vieli+1n—1]}

= ZPW Zu, # Zus Vi € [i4+1,n —1])

= ZPMQ zu; 70,V € [1,n—i—1])
using the shift invariance in the last equality. It now follows that

Cup = lim E
n—oon

MG[R ] PZ,@(ZUJ‘ 7é 07 V] > 1)7

and the right-hand side is easily computed in the form given in the theorem, using the definition
of P} . O
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Theorem does not give much information when the limiting constant ¢, ¢ is equal to 0.
In the next proposition, we give sufficient conditions that ensure ¢, 9 > 0. We let g, denote the
generating function of p,

:Z,u(k)rk, 0<r<1.

In the remaining part of this subsection, we assume that the random walk S is transient (it is
not hard to see that c, 9 = 0 if S is recurrent). We denote the Green function of S by Gy, that

is
00
= E()I:Z 1{Sk:x}:| N T € Zd.
k=0

Proposition 2.5. (i) The property c,9 > 0 holds if

FPy-a.s.

= 1 (1= Go(S))
11 ( g“Gew)e )>0,

(ii) Suppose that the random walk S is centered and has finite moments of order (d — 1)V 2.
Then,
— if p has finite variance, then c, 9 > 0 if d > 5.
— if p is in the domain of attraction of a stable distribution with index o € (1,2), then
cup >0 if d > 24

Proof. (i) We have already noticed that a, ¢ > 0. We then observe that, for every r € [0, 1),

Sk +1,50)) r* = 1_13“7@ (2.1)
k=0

Next we can get a lower bound on the function h,g(y) by saying that the probability for tree-
indexed random walk to visit the point —y is bounded above by the expected value of the number
of vertices at which the random walk sits at —y. Since pu is critical, it follows that

huo(y) >1—Go(—y)

for every y € Z®. Hence, for every = € Z4,

> 6(y) z+y)>1— > 0y)Go(—z —y).

y€Zd4 y€Z4
However,
> 0W)Go(—z—y) = > 0(y) Ex-‘ry[z 1{sk=0}} = Ex[z 1{sk=0}} < Go(—x).
y€EZ4 yeZa k=0 k=1

Consequently, using ([2.1), we have, for all x such that Gy(—z) > 0,

1 —g,((1 = Go(=1x))4)
Go(—) '

The assertion in (i) follows, noting that G(S;) > 0 for every j > 0, Py-a.s.

@#79(33) >
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(ii) If S is centered with finite moments of order (d — 1) V 2, then a standard bound for the
Green function (see e.g. [54, Théoreme 3.5]) gives the existence of a constant Cy such that, for

every = € Z,
Gol) < Cy |2 (2.2)

(recall that we assume that S is transient, so that necessarily d > 3 here).
Suppose first that u has a finite variance 0’2. Then,

o2
gu(l=s)=1-s+ 7”82 + o(s?)

as s — 0. Consequently,

1—gu(1—5s) 0/3
/T2 S
5 2s+o(s)

as s — 0. By taking s = Gy(S;), we see that the condition in (i) will be satisfied if
Z GQ(Sj) < o0, Py-a.s.

However, using the local limit theorem and the preceding bound for Gy, it is an easy matter to
verify that the property

Eg[i G@(Sj)} < 0
j=1

holds if d > 5. This gives the desired result when p has a finite variance.
Suppose now that p is in the domain of attraction of a stable distribution with index a €
(1,2). Then the generating function of p must satisfy the property

gu(l—s)=1—5+5%L(s)

where L is slowly varying as s | 0 (see e.g. the discussion in [26], p.60]). By the same argument
as above, we see that the condition in (i) will be satisfied if

ZG@ )L L(Ge(S))) < oo, Py-a.s.

and this holds if
(a—1)(d—-2)/2>1,

which completes the proof. O

Remarks. 1. The moment assumption in (ii) can be weakened a little: According to [51],
the bound (2.2)) holds provided the random walk S (is centered and) has moments of order
(d—2+¢) V2 for some € > 0. However moments of order d — 2 would not be sufficient for this
bound.

2. Suppose that the random walk S satisfies the conditions in part (ii) of the proposition. If
p has finite variance, it is not hard to verify that c,9 = 0 if d < 4. Let us briefly sketch the
argument. It is enough to consider the case d = 4. Under the probability measure IT*
N, for the number of vertices whose spatial location is equal to x. Then, if z #£ 0,

1,00 write

nolNz] = Go(z) > Cylz| ™
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for some constant Cj; > 0. On the other hand, standard arguments for Galton-Watson trees
show that there exists a constant K, such that

(N < Ky Y. Go(2)Gola — 2)2.
z€Z4

Using ([2.2) and simple calculations, we obtain the existence of a constant K ;/tﬁ such that, for
every x € Z* with |z| > 2,
2 -2
wol(N2)™] < K g |2~ log |a].

Hence, for every = € Z* with |z| > 2,

(IT), 4 [N—)])?
115, 5[(N—)?]

The property c,9 = 0 now follows easily. In the next section, we will see (in a particular case)
that the proper normalization factor for R, is (logn)/n when d = 4.

1= hyp(x) =T, p(N—y > 1) > > (Cp)*(K,9) " |22 (log )

3. The paper [67] considers certain random walks with drift on 7%, for which the property
cu,p > 0 holds if d > 4 although the bound ({2.2)) no longer holds.

4. It is an interesting question whether the condition d > 20‘ is also sharp when p is in the

domain of attraction of a stable distribution of index «. We Wlll not discuss this problem here
as our main interest lies in the case when p has finite variance.

2.2.5 Conditioned trees

Our goal is now to obtain an analog of the convergence of Theorem for random walk
indexed by a single Galton—Watson tree conditioned to be large. Recall from subsection [2.2.1
the notation T7 for the set of all spatial trees. If 7" = (T, (zu)ueT) is a spatial tree with at least
n vertices, we keep the same notation R, (7 ) for the number of distinct points in the sequence
Zugs Zugs - - s Zup_q» Where uo,ul,. .ugT—1 are the vertices of 7 listed in lexicographical order.
Also recall from subsection 1| the definition of the probability measure Hu g on T}

Proposition 2.6. Assume that p has finite variance O'Z, or that p is in the domain of attraction

of a stable distribution with index o € (1,2). For everyn > 1, let Z;n) be a random spatial tree
distributed according to the probability measure HZ,H(' | #T > n). Then, for every a € (0,1],

]' *
n Rian) (Tony) =2, Cuoa

in probability.

Proof. We first consider the case when g has finite variance ai Let 9% = (7,(ZW)ucs)
be a T*-valued random variable distributed according to P}, , under the probablhty measure
P. Recall the notation .7}, for j € Z_, introduced in subsectlon m By construction, the
“subtrees”

T0: [ T-aln, [Talas - [ Talkg (70 (T2t [T=ale, - [Tl (70), [T-sl1s - -

then form an infinite sequence of independent random trees distributed according to II,. To
simplify notation we denote this sequence by gy, 7(1), Z(2),. ... We then introduce the height
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process (Hj),>0 associated with this sequence of trees (see [58, Section 1]). This means that, for

every j > 0, we first enumerate the vertices of 7(;) in lexicographical order, then we concatenate

the finite sequences obtained in this way to get an infinite sequence (vy)g>o of elements in U,

and we finally set Hy, := |vg| for every & > 0. Note that the infinite sequence of vertices (vi)r>0

thus obtained is essentially the same as the sequence (u(.7))r>0 introduced in subsection [2.2.4]
Then (see e.g. [58, Theorem 1.8]), we have the convergence in distribution

(5 ) g . (5 164) ., 23

where (5¢)i>0 denotes a standard linear Brownian motion. Next, for every integer n > 1, set
kp:=inf {k > 0: #F) > n}.

Clearly, the tree 7, ) is distributed according to IL,(- | #7 > n). Also set

diy = 3, #T)-

0<j<kn

Using the convergence ({2.3)), it is not hard to prove (see e.g. the proof of Theorem 5.1 in [59])
that

1 (d)
- 2 D1 (2.4)

where D7 denotes the initial time of the first excursion of § away from 0 with duration greater
than 1.
By Theorem [2.4] and an obvious monotonicity argument, we have for every integer K > 0,

1
li —Ry 1 (T7) — =0 8.
Jim sup | R (77) —euot] =0, as
and it follows that
. o 1 ] d, i,
nh_)ngo ER(dknJrLanj)/\Kn(g ) — Eden/\K”(g ) — Cu,e((T +a)NK — n A K)‘ =0, a.s.

Since K can be chosen arbitrarily large, we deduce from the last convergence and (2.4)) that we
have

im —(Ry, +1an)(7) = Ray, (7)) = cupa

n—oo n
in probability.
Let Zzn) stand for the spatial tree obtained from J; ) by keeping the spatial positions
induced by 7 *. Then, by construction, we have

RLanJ('g(zn)) > denJrLanJ(g*) - den (‘9*)

Therefore, using the preceding convergence in probability, we obtain that, for every fixed € > 0,

P(Blan) (i) > (enoa = ) =3 1. 25)
We claim that we have also
P(RLG”J(‘ZZn)) < (Cuﬁa +5)’I’L) — 1. (2.6)

n—o0
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To see this, we argue by contradiction and suppose that for all n belonging to a sequence (n;);>1
converging to infinity, we have

P<RL<mJ(§(Zn)) > (cupa+ €)n> >4

for some 0 > 0 independent of n. We suppose that ¢, g > 0 (the case when ¢, 9 = 0 is easier).
We observe that, for every fixed n, the tree ;) and the quantity R4, (ﬂ(zn)) are independent
of the random variable dj,, . Notice that ﬂ(zn is not independent of dj, , because the value of
dy,, clearly influences the distribution of the spatial location of the root of J;, ). However, if we
simultaneously translate all spatial locations of ﬂ(zn) so that the new location of the root is 0,
the new locations become independent of dy,,, and the translation does not affect R, (ﬂ(zn))
On the other hand, from the convergence in distribution , we can find ¢’ > 0 such that, for
every sufficiently large n,

P(di, < 5—n) >4
2¢u.0
Using the preceding independence property, we conclude that, for every sufficiently large n in

the sequence (n;);>1,

n) P(RLanj(y(;;n)) > (cmch—e)n) > 56
However Theorem implies that

1 . e
“Riensre ) (T7) i cupat 5, as.

and so we arrive at a contradiction, which completes the proof of .

By construction, the tree J;,  is distributed according to II,(- | #7 > n), and if we shift
all spatial locations of 9(2” so that the new location of the root is 0, we get a random spatial
tree distributed according to H;ﬂ(- | #7 > n). The convergence of the proposition thus follows
from and .

The proof in the case when p is in the domain of attraction of a stable distribution with
index o € (1,2) is essentially the same, noting that Theorems 2.3.1 and 2.3.2 in [26] give an
analog of the convergence , where the role of reflected Brownian motion is played by the
so-called height process associated with the stable Lévy process with index a. We omit the
details. O

We now would like to get a statement analogous to Proposition [2.6] for a tree conditioned to
have a fixed number of vertices. This will follow from Proposition by an absolute continuity
argument. Before stating the result, we need to introduce some notation. Let G be the smallest
subgroup of Z that contains the support of . Plainly, the cardinality of the vertex set of a tree
distributed according to II,, belongs to 1 +G. On the other hand, for every sufficiently large
integer p € 14+ G, we have I, (#7 = p) > 0, so that the definition of II,(- | #7 = p) makes
sense.

If T = (T, (2u)ueT) is a spatial tree, we write R(7*) for the number of distinct elements in
{z4 :u €T}

2

Theorem 2.7. Assume that p has finite variance o, or that p is in the domain of attraction
of a stable distribution with index o € (1,2). For every sufficiently large integer n € G, let Z;)
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be a random spatial tree distributed according to the probability measure H;,e(’ | #T =n+1).
Then,

1

“R(Tmy) o

n n—o00, n€G

in probability.

Proof. We assume in the proof that G = Z. Only minor modifications are needed to deal with
the general case.

We first consider the case when p has finite variance ai. The arguments needed to derive
Theorem from Proposition are then similar to the proof of Theorem 6.1 in [59]. The
basic idea is as follows. For every a € (0,1), the law under IL,(- | #7 = n + 1) of the subtree
obtained by keeping only the first [an| vertices of T is absolutely continuous with respect to the
law under II,,(- | #7 > n) of the same subtree, with a density that is bounded independently of
n. A similar property holds for spatial trees, and so we can use the convergence of Proposition
for a tree distributed according to H;e(- | #7 > n), to get a similar convergence for a
tree distributed according to I} 4(- | #7 = n +1). Let us give some details for the sake of
completeness.

As previously, we write ug(7),u1(T),...,ugr—1(T) for the vertices of a plane tree 7T listed
in lexicographical order. The Lukasiewisz path of T is then the finite sequence (X,(7),0 < /¢ <
#T), which is defined inductively by

Xo(T) =0, Xp1(T)— Xe(T) = kyyey(T) =1, forevery 0 <L < #T,

where we recall that, for every u € T, k,(7) is the number of children of u in 7. The tree T
is determined by its Lukasiewisz path. A key result (see e.g. [68, Section 1]) states that under
I1,(dT), the Lukasiewisz path is distributed as a random walk on Z with jump distribution v
determined by v(j) = u(j + 1) for every j > —1, which starts from 0 and is stopped at the first
time when it hits —1 (in particular, the law of #7 under II,,(d7") coincides with the law of the
latter hitting time). For notational convenience, we let (Y)r>0 be a random walk on Z with
jump distribution v, which starts from j under the probability measure P, and we set

T:=inf{k>0:Y, =—1}.

Next take n large enough so that II,(#7 =n+1) > 0. Fix a € (0,1), and consider a tree
T such that #7 > n. Then, the collection of vertices ug(7), ..., u|qn|(T) forms a subtree of T~
(because in the lexicographical order the parent of a vertex comes before this vertex), and we
denote this subtree by p|, (7). It is elementary to verify that p|,, (7) is determined by the

sequence (Xy(7),0 < ¢ < |an]). Let f be a bounded function on Zl*+1, Using the Markov
property at time |an| for the random walk with jump distribution v, one verifies that

1T, [f((Xk)OSkSLanJ) ‘ #T =n+ 1}

_ P(O)(T>7’L)

(% (X\_anj )
% (X\_anj )

(2.7)

11, [f((Xk)OSkSLanj) | #T >n

where, for every integer j > 0,

Yn(j) = Pj)(T =n+1—lan]), ¢, (j) = Py (T > n — |an]).
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See [59) pp.742-743] for details of the derivation of (2.7). We now let n tend to infinity. Using
Kemperman’s formula (see e.g. Pitman [8I, p.122]) and a standard local limit theorem, one
easily checks that, for every ¢ > 0,

oo [ s | FOT >0 n(G) Lo
: ( Vi | Poy (T = n+1) 94,()) F“(am/ﬁ)

n—00 j>evm

) —0, (2.8)

where for every x > 0,

2(21(1 — a)®)~1/2 exp(—z2/2(1 — a))
I, ds (2ms3)~1/2 exp(—a2/2s)

Fy(z) =

See again [59, pp.742-743] for details. Note that the function I', is bounded over R. Further-
more, from the local limit theorem again, it is easy to verify that

hﬁ)lhmsupﬂ (Xjan) ScVn|#T =n+1)=0, hrglhmsupl_[ (Xan) < cvn|#T >n) =0.
C. n—oo n—oo
(2.9)

(We take this opportunity to point out that the analogous statement in [59 p.743] is written
incorrectly.) By combining ([2.7] , and ., we obtain that, for any uniformly bounded
an

sequence of functions (fy,)n>1 on A , we have
lim |11 X T=n+1| -1 X X“”” T = 0.
nl—>rgo iz fn(( k)ngS\_anJ) # n -+ 0 fn(( k)nggLanJ) # >n
(2.10)

This convergence applies in particular to the case when, for every n, f,((Xk)o<i<|an|) 15 2
function of the tree p|q,) (T). If we now replace II,, by Hu ¢, the same convergence still holds,
and we can even allow the function of the tree p| gy (T) to depend also on the spatial locations of
the vertices of p|4,,|(T) (the point is that the conditional distribution of these spatial locations
given the tree 7 only depends on the subtree p|q,|(7)). Consequently, if ¢ > 0 is fixed, we have

lim \n;;ﬁ LI p—— \ #T = nt1| =10 (L, oy panf>en) ra(i%) \ #T > n] \ — 0.

n—oo

Recalling that the function I', is bounded, and using Proposition we now obtain that

7111_)11(}011 <|RLfmJ —cpgan| > en ’ #T =n+ 1) =0.
Since 0 < R(T*) = Rjan)(T*) < n+ 1~ lan|, IT% 4(- | #T = n + 1)-ass., and a can be chosen
arbitrarily close to 1, the convergence in Theorem follows.

Very similar arguments can be used in the case when p is in the domain of attraction of a
stable distribution with index a € (1,2). We now refer to the proof of Lemma 3.3 in [48] for
the exact analogs of the properties - used in the finite variance case. We leave the
details to the reader. O

The case d > 5 of Theorem [2.1] follows from Theorem [2.7] and Proposition [2.5] noting that
when p is the critical geometric distribution, a tree distributed according to II,(- | #7 = n) is
uniformly distributed over the set of all plane trees with n vertices (see e.g. [58, Section 1.5]).
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2.3 The critical dimension

In this section, we discuss the dimension d = 4, which is critical in the case of random walks
that are centered and have sufficiently high moments. We restrict our attention to the case when
the offspring distribution is geometric with parameter 1/2. Our main tool is the discrete snake,
which is a path-valued Markov chain that can be used to generate the spatial positions of the
tree-indexed random walk.

2.3.1 Limit theorems

We now let § be a symmetric probability distribution on Z*. We assume that # has small
exponential moments and is not supported on a strict subgroup of Z*. As previously, we write
S = (Sk)k>o for the random walk in Z* with jump distribution #, and we now assume that
S starts from 0 under the probability measure P. We will also assume for simplicity that the
covariance matrix My of 6 is of the form o2 Id, where Id is the four-dimensional identity matrix
and o > 0. This isotropy condition can be removed, and the reader will easily check that all
subsequent arguments remain valid for a non-isotropic random walk: the role of o2 is then played
by (det Mg)'/4.

We first introduce the free discrete snake associated with 8. This is a Markov chain with
values in the space W that we now define. The space VW is the set of all semi-infinite discrete
paths w = (w(k))ge]—coc] With values in Z*. Here { = ((w) € Z is called the lifetime of w. We
often write W = w(¢{(w)) for the endpoint of w.

If w € W, we let W stand for the new path obtained by “erasing” the endpoint of w, namely
(W) = ¢(w) — 1 and W(k) = w(k) for every k €] — o0,((w) —1]. If x € Z*, we let w @ x
be the path obtained from w by “adding” the point x to w, namely ((w ® z) = ((w) + 1,
(w @ x)(k) = w(k) for every k €] — oo, ((w)] and (w & z)({(w) + 1) = =.

The free discrete snake is the Markov chain (W,,),>0 in W whose transition kernel is defined
by 1 1

Qw,dw’) = B Sz(dw’) + 3 Z 0() 0y (i542) (dw").
z€Z4
We will write ¢, = ((W,,) to simplify notation. It will also be convenient to write W, for the
path W, shifted so that its endpoint is 0: W7 (k) = W, (k) — W, for every k €] — 00, ,].

It w e W, P, will denote the probability measure under which the discrete snake W starts
from w. For every integer m € Z, we also write P, for a probability measure under which
Co = m a.s. and the initial value Wy of the discrete snake is distributed as (=S —k)ke]—oo,m]
(since S is symmetric we could omit the minus sign here). We write P for Py. As usual, the
expectation under P, resp. under P, is denoted by E,,, resp. by E. Note that ((,)n>0 is a
simple random walk on Z started from m under P,,. We will use the notation

7, :=inf{n > 0: ¢, = (o — p}

for every integer p > 0.

Furthermore, from the form of the transition kernel of the discrete snake, it is easy to verify
that for every n > 0, for every integer ¢ € Z such that P, ((, = ¢) > 0, the conditional
distribution of W, under Py, (- | {, = ¢), coincides with the distribution of Wy under P,.

Proposition 2.8. We have
(logn) P(W), # 0,Vk € [1,n]) = 40,

lim
n—oo
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time A
G=m—11..... ® _g;

time A erasing
0 with

Co=mj """ ¢ probab. \. _s
1/2 VA
space
-5, @ — L
/ time
A
Cl = m + 1 ° SI

— [ ]
S3 m

_Sl
with /
space probab. o —5
1/2 AN
®_g.
/
space
W() Wl
Figure 2.3: The discrete snake under P,,,. In this illustration, S7 is an independent
copy of 57.
Furthermore,

(log p) P(Wy # 0,V € [1,7,]) = 2n%0*.

lim
p—o0
The proof of Proposition [2.8]is given in subsection below. Our first theorem is concerned

with the range of the free snake.

Theorem 2.9. Set R, := #{T//[\/O, Wi, ... ,Wn} for every integer n > 0. We have

logn R, L?ﬂ;)

n—oo

Am’ot.

Proof. We first observe that
ElRa] = E{ZO R 2 P(W; Wi Vi€ li+1nD).

Then, by applying the Markov property of the free snake, we have

E[Rn] = > E[Paw, (W) # Wo ,Vj € [1,n —i])]

-

s
I
o

E[P(Wp(wj #Wo ,¥j € [1,n - z']])]

I

ﬁ
Il
o

P(W; #0,Yj € [1,n —1]),

I

@
Il
o
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where the second equality is easy by translation invariance, and the last one is a simple conse-
quence of the remark before the statement of Proposition Using now the result of Proposi-

tion [2.8] we get
logn

lim E[R,] = 4n°c™. (2.11)
n—,oo N

Let us turn to the second moment. We have similarly

n n

E[(RH)Q} = E[Z Z 1{%;&1@ VEE[i+1,n];We£W; ,VEE[[j—&—l,n]]}]

i=0 j=0

=2 > P(Wi# W, ¥k € [i+1,n]; W, # W, ¥ € [j+1,n]) + E[R,)]
0<i<j<n

=2 > B[Py (Wi # Wo ¥k € [1n —il;We # Wyi Ve € [j — i+ 1,n — i])]
0<i<j<n
+ E[R,]

-2 ¥ P(Wk £0,Vke[Lin—i];W,#W,_; Ve [[j—i—l—l,n—i]]) +E[Ry],
0<i<j<n

where the last equality again follows from the observation preceding Proposition [2.8] Let us fix
a € (0,1/4) and define

op:i=inf{k>0:¢ < —n%_o‘}.

By standard estimates, we have

lim (logn)*P (o, < n'™3* or g, > n'~*) = 0.

n—o0
Thus, using also (2.11]),
lim su (loﬂ)QE[(R )2] = lim su 2(1°g” ’ S P(Wi#0,Vke[Ln—i;
n—)oop n n — ’n—)oop n k ) ) )

0<i<j<n

W, % I//‘\/j,i Melj—i+1l,n—i;nt3*<oa, gnl_a).

Clearly, in order to study the limsup in the right-hand side, we may restrict the sum to indices
i and j such that j —i > n'~®. However, if 0 < i < j < n are fixed such that j —i > n!=2,

P(Wk L0 NVke[lLn—i;Wy £ W, Velj—i+ln—i;n' 3 <o, < nl—a)

< P(Wk #0,Vk € ﬂl,an]];V/[?g % Wj_i Melj—i+1l,n—i;n'3*<g, < nlfa)
= P(Wk #0,Vk € [1,0,];n' 3% <0, < nl_o‘) P(Wg #0,Vlel,n— ]]])
To derive the last equality, we use the strong Markov property at time o, and then, after

conditioning on o, = m, the Markov property at time j — ¢ — m for the free snake shifted at
time o, and the observation preceding Proposition Now obviously,

P(I//I\/k 7& 0,Vk € [[1,0'71]];”1_3a <op < nl_a) < P(I//I\/k ?é 0.vke [[1’ Lnl_?)aj]]),
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and it follows that

. logny2 2
hTILILsOlCl)p< - ) E[(Rn)’]
. 10gn 2 = 1-3 = .
< limsup2( —— P(Wy, #0,VE e [1,[n >Y|])P(Wy#0,V0 € [1,n — j]
n—00 ( n ) 0<i<z;<n ( ) ( )
j—i>nl—o
_ 1 (4n26%)2
13«

by Proposition Since « can be chosen arbitrarily small, we get

1 2
lim sup (ﬂ> E[(R,)?] < (4n?ch)?. (2.12)
n—00 n
Theorem is an immediate consequence of (2.11)) and (2.12)). O

We now aim to prove a result similar to Theorem for the “excursion” of the discrete
snake. We set
T:=inf{k >0:( = —1}.

For every integer n > 1, we let W™ = (Wén))ogkggn be a process defined under P, whose
distribution coincides with the conditional distribution of (W)o<g<2, knowing that T = 2n+ 1.
To simplify notation, we write (,gn) =C (W,gn)) Note that (C/gn))ogkgn is the contour function,
also called depth-first walk, of a Galton—-Watson tree with geometric offspring distribution of
parameter 1/2, conditioned to have n 4 1 vertices (see e.g. [81, Chapter 6]). We have already
noticed that the latter tree is uniformly distributed over plane trees with n+1 vertices. From the
form of the transition mechanism of the discrete snake, it then follows that {Wén) ,0<k<2n}
is distributed as the set of all spatial locations of a random walk with jump distribution 8 indexed
by a uniform random plane tree with n + 1 vertices.
We will need two simple estimates that we gather in the next lemma.

Lemma 2.10. (i) Let r > 1 be an integer. There exists a constant C(r) such that, for every
integersn > 1 and m > 0,
E [(#{k € [0,2n] : " = m})"| < C(r) (m+1)"
(ii) Let € > 0. Then, for every r >0,
IP’( sup (,gn) > n%ﬁ) =0(n")
0<k<2n
asmn — 0o.

Part (i) of the lemma can be deduced from Theorem 1.13 in Janson [36] using the connection
between ¢ and the critical geometric Galton-Watson tree (it is also possible to give a direct
argument), while Part (ii) is standard. Notice that Part (i) of Lemma implies

B [k € [0,20) : ¢ < 222 = o (1))

as n — oQ.
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We will make a repeated use of Kemperman’s formula for simple random walk (see [81], p.122]
for a more general version): For every choice of the integers m, k such that &k > m > 0,

m—+1
k

Pon(G = —1) = " Bo(Ge = m + 1) (2.13)

Together with this formula, we will use the local limit theorem for simple random walk on Z,
which we state in the form found in Lawler and Limic [53, Proposition 2.5.3, Corollary 2.5.4]:
As k — oo,

Bo(Ge = m) = |/ = exp (= o) exp (O(7 + 7)) (214)

uniformly over integers m such that |m| < k and k + m is even.
We fix o € (0,1/4) and to simplify notation, we write p,, = Ln%_O‘J for every integer n > 1.
Recall the notation 7, = inf{n > 0: ¢, = (o — p}.

Lemma 2.11. If n > 0 is sufficiently small, we have

lim sup ’(log n) P, (T//I\/j + Wo V5 €1, 7,1

n—reo < nl=n<k<2n

1l _ o 1
n2”2<m<n2 "

T:k)— ff;:‘) -0,

where in the supremum we consider only integers m and k such that k + m is odd.
Proof. We first explain how to choose . We set ¢, = Lnlf%aj and note that

a 1ic(a
Po(C > 127 %) < Po(y > ad )

where c(a) = %5 > 0. By a standard bound, the latter probability is bounded (for n large) by

exp(—n?), where the constant v = v(a) > 0 only depends on a. We fix 7 > 0 such that 3n < vy
and n € (0,a/8).
To simplify notation, we then set

Ay = {(m,k) : ni=$% <m< n%Jr”, n'™" <k < 2nand k4 m is odd}.

07

a/d /g, standard estimates give, for every § € 0,%)

Since p, ~n~
- 5
nhﬁrrolon Po(7p, > qn) = 0. (2.15)

We claim that we have also, for every ¢ € (0, §),

lim n°  sup  Pp(7p, > ¢ | T =k)=0. (2.16)

n—o0 (m,k)EA,

Let us postpone the proof of (2.16)) and derive the estimate of the lemma.
Let us consider (m, k) € A,,. We have

Py ({W) # Wo ,¥j € [1, 7,1} 0 {7, < g} N{T = k})

=En {1{Tpnéqn} 1{1?/]-;&1?/0 ,Vje[[l,Tpn]]}mepn (T=Fk—- E)KZTPn:|’ (2.17)
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s C
n%+n L
m

O l 1 1 1 1 >
3a .
Tpn qn = |77 | nl=n k 2n

Figure 2.4: lllustration of the proof of Lemma m

where we have used the strong Markov property at 7,,. We now would like to say that the
quantity Pp,—, (T' = k — {), evaluated at ¢ = 7, , does not differ too much from P, (T" = k)
under our conditions on m, k and 7,, (see Fig.4 for an illustration). Let k&’ be an integer such
that k — ¢, < k¥ <k and ¥’ +m — p,, is odd. By Kemperman'’s formula,

m—p,+1
Prrcp, (T = K) = 0= Py(Gr = m = po + 1) (2.18)
and by (213),
2 (m —p, +1)2 1 m—pn +1)4
Po(Cr =m —pp + 1) =4/ — OXP ( - 2k’)> exp(O(y + (k’?’))> (2.19)

Next observe that

‘(m—anrl)z B (m+1)2‘ - (m+1)2(1_})+ (m+1)* = (m—p, + 1)
2k’ 2k - 2 Kk 2K’
2
< QH(m+1) +pn(m+1) ’
- kK’ K

which tends to 0 as n — oo, uniformly in m, k,k’. Comparing the estimate for Pp,_, (T =
k") that follows from (2.18) and (2.19) with the similar estimate for P,, (T = k) that follows

from (2.13)) and ([2.14)), we get

Py, (T = K) 1\) .

i
0 (;},1% P, (T = k)

where the supremum is over all choices of (m, k, k') such that (m, k) € A,, and k" satisfies the
preceding conditions. Using (2.17]), we obtain that, for any fixed § > 0, we have for all sufficiently
large n, for every (m, k) € A,
(L= 8) Puu({7p, < an} 0 {W; # Wo V) € [1,7,1})
< Pr({7p, < an} N{W; # Wo ,¥j € [1,7,]} | T = k)
< (14 8) Py ({7, < g} N {W; # Wy ,¥5 € [1,7.1})-
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The quantity P, ({7, < ¢} N {W; # Wy ,¥j € [1,7,,]}) does not depend on m € Z, and
(log n) Po(7p, > ¢n) tends to 0 by (2.15)). Using Proposition we have thus

47204
1—2a’

(logn) Po({7p, < an} N{W; # Wo ,¥j € [1,7,]}) =

lim
n—oo

The estimate of the lemma follows from the preceding considerations and ([2.16|).
It remains to prove (2.16). If (m, k) € A,, we have

Pm({Tpn > qu} N{T =k})
P (T = k) '

Po(Tp, > qn | T =k) =
Recall formula (2.13)) for P,,,(T = k) and also note that by (2.14]),
[2 (m +1)2 1 m

when n — oo, uniformly in (m,k) € A,. Notice that % + %; — 0 as n — oo, uniformly in
(m,k) € A,, and that Z‘—: < n3" if (m, k) € A,,. By our choice of 7, it follows that

—a

D=

1_ o
ig Pr(Cgn >m +n2"2) k- Po(Gq, >n272) 1
P, T=k)< Z = z =0(—
(2.21)
as n — 0o, uniformly in m and k.
On the other hand, by applying the Markov property at time g,, we have
1_a
Pr({7p, = @} {lg, S m+n272}{T = k}) = E,, |:1{7'Pn2‘}n}m{ctln§m+n%7%} o (T = k—qn)}.

On the event {7, > gn} N {(y, < m+ néfg} we have m — p, < (;, < m+ n:=%, P, as. If

<«
2

1
m—p, <m' <m+n2"2 and m’ + k — g, is odd, using again Kemperman’s formula, we have

m' +1 m' +1
n n

Po(Ck—q, = m' +1).
Furthermore, from ([2.14)),

(m +1)° 1)2) exp(O(1 + ml4)) (2.22)

Foldionn =) = o0 (= gy

Now observe that

(m' +1)2  (m+1)? < (m' +1)? = (m+1)2  (m' —m)(m' + m+2)

2(k — gn) 2k 2k 2k

and the right-hand side tends to 0 as n — oo, uniformly in (m,k) € A, and m’ such that
m—p, <m' <m+ ns=%. By comparing (2.20) and (2.22)), noting that m’ < 2m under our

assumptions, we get
| Por(T = k = g)
lim su su uu < 2.
n—>oop <m,k,€z' IP)m(T = k) B
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It follows that, for all n sufficiently large, we have, for every (m, k) € A,

m({Tn > an} N {Cp <m+n2-2} N {T = k})
P (T = k)

Recalling (2.15), we have thus proved that, for every § € (0, §),

< BPm(Tpn > Qn) = 3]P)O('Tpn > Qn)-

lim n° sup ]P’m({Tpn > qn} N{¢ < m—l—n%_%} | T = k) =0,
n—oo (m,k)EAR

and by combining this with (2.21]), we get the desired estimate ([2.16]). O

We set, for every n > 1,

— #{Wm W Wiy
Proposition 2.12. We have

logn

limsup( )QE[(R;)Q} < (872%0%)%

n—oo

Proof. We note that
2n

° P— A~ A~
Ry, = Z; 1{W,§”)7AW§"> Vee[i+1,2n]}
1=

and therefore

2n
= Z ]P)(An(lvj))v (2'23)

ig—1
where A, (i,7) is defined by

An(i,g) = (W £ W™ vee [i+ 1,20} n {W™ # W™ ve e [j+1,2n]}.

We fix o € (0,1/4), and define p,, and ¢, for every n > 1 as above. We also fix n > 0 so that
the conclusion of Lemma 2.11] holds.

In view of proving the proposition, we will use formula . In this formula, we can restrict
our attention to values of ¢ and j such that j —¢ > n'=2 and J < 2n —n'~" (or the same with i
and j interchanged). Also, when bounding P(A, (i, 7)), we may impose the additional constraint
that n2~% < Ci(n) < n2 " and n2~% < CJ(-n) < natn; Indeed, Lemma [2.10| readily shows that
the event where either of these constraints is not satisfied will give a negligible contribution to
the sum in .

Let us fix 4,5 € [1,2n] such that j —i > n'~2 and j < 2n — n'~". By using the definition
of W as a conditioned process and applying the Markov property at time i, we have

]P)(An(zu]) N {n%,% < Cl(n) < n%Jﬂ)} a {n%,% < C](n) < n%+n})

_ £ [1{”%_%SQSH%+"}1{T>Z'} E, [l{n%_% SCj—iSn%*'n}lA;L(i’j)1{T12n+1_i}}] (2.24)
B P(T =2n+1) ' ‘

where

Al (i,§) = {We #£Wo Vee[1,2n—i]} N {Ws £ W,_; Ve [j—i+1,2n—i]}.
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Setting r = j — 4, we are thus led to bound

En, [1{@7&17[/0 Vee[1,k—1]} 1{15[\/575{7[\4 NeE[r+1,k—1]} 1{n%*%§<T§n%+n} 1{T=k}] , (2.25)

1 « 1 @
where nz272 <m < n2™ r > n' =2 and r+ 07" < k < 2n (and moreover k + m needs to be
odd). Recall the notation 7, , and set

ngz) =inf{l>7r:{ = —pn}-

Thanks to (2.16]), we can also introduce the constraint 7, < ¢, inside the expectation in (2.25]),
up to an error that is bounded above by P,,(T = k) o(n~?) for some § > 0 (here the term o(n~?)
is uniform in m, r, k satisfying the preceding conditions). Furthermore, we get an upper bound

by replacing the interval [1,k — 1], resp. [r + 1,k — 1], by [1,7p,], resp. [r + 1,T;§Z)]]. Next,
using the Markov property at time r, and noting that r» > ¢,,, we have
B [1{1/?/@;&1?/0 Ve[, 1} Lirp, <an} 1{1@7@% Veelr+1,771} 1{n%—%§@§n%+n} 1{T:k}]

= B[ L, 40, weelt my, 1) Lrnn oo} Lizsr) L=< anttn

x E(WT) [1{‘7[\/27&17‘\/0 Vee[l,mp, 1} 1{T:k7T}H‘

See Fig. 5 for an illustration.

s C
nztn b
m
[n2 ]
1 IR
G St ;
[n2 ] | |
1 R
1_«a
n2-x=2
0 1 1 1 i 1 |T| >
Tpo Gn=In'"F] 7 T e N o2n
Figure 2.5: lllustration of the proof of Proposition m
Then the key observation is the following. Let zg = m, z1,..., 2, be a simple random walk

trajectory over [0, 7] such that 0 < min{z;: 0 < ¢ < r} < m—p,. Then under P,,, conditionally
on the event {¢; = 21,...,( = 2}, the path (W;.(z,) — Wy (2, — €))e>0 is independent of the
event {Wy # Wy VL € [1, 7,1}, and distributed as (S;)¢>0. This property easily follows from
the construction of the discrete snake.

Thanks to the latter observation, we may rewrite the right-hand side of the last display, after
conditioning with respect to (i,..., (., in the form

Em (1, 4% weeltmpl) Moo <o) 1on L8 oo ki Bo Ly weeqm, 1=k |
(2.26)
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Recall that k£ — r> nt=n, and1 let € > 0. It follows from Lemma that, for n large enough,
on the event {ni_% < (- <n2 1M}, the quantity

ECT' [I{VT/H&WO Mee[l,mp, 1} 1{T:k—7‘}}
is bounded above by

Ar?ot _1
(1 _— —l—s)(logn) Pe (T =k —r).
Hence the quantity ([2.26) is also bounded by
4ot 1
(1 o0 T 5) (logn) ™" Enm [1{@7&@0 el ]y Moo <o} Lrsny Lo dog o gy Po (T =K = r)]
47204 1
- (1 " 90 5)(1°g )" Em [1{%@% ety e} L3-8 o0 3y 1{T:’“}}’

again by the Markov property at time 7. Finally, another application of Lemma [2.11] shows that
the quantity in the last display is bounded above for n large by

( 47204
1 -2«
Summarizing, we see that the quantity (2.25)) is bounded above for n large by

+ 6)2(log n) 2P (T = k).

((fiz;fi + 8)2(10gn)‘2 + 0(n‘5)) P (T = k).

Finally, from (2.24)), we have for n large

P(An(i,§) N {n2 =% < ¢ <31y fnamF < (Y < ity

< (55 +2) town o)

254
:(17:(2704

E[Lgrsi P (T = 2n+1—1)]
P(T=2n+1)

+ 5>2(log n)~2 +o(n=°),

where the term o(n~°) is uniform in 4 and j satisfying the preceding conditions. The statement
of the proposition follows by summing this bound over ¢ and j. ]

Lemma 2.13. We have 1
lim inf —2"" E[R:] > 8720™.
n—00 n

Proof. Let § > 0 and € € (0, 3). To simplify notation we write n(e) = |2(1 —2¢)n] in this proof.
We fix 0 < a < b such that, if (e;)p<¢<1 denotes a normalized Brownian excursion defined under
the probability measure P, we have

Ple. ¢ (a,b)) = P(e1_c & (a,b)) < 6.

Since we know that the sequence of processes ((2n)~1/2¢ E;)zt J)Ogtgl converges in distribution to
(et)o<t<1, it follows that, for every sufficiently large n,

P ¢ lavan.bv2n) o (5, & [av2n,bv2n]) < 6. (2.97)
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Let ;é”) denote the law of ESBLE I If F), is a nonnegative function on Z™&*! the Markov property
gives

(n)
E [1{amg<<”> <o} Layamee™ <vvany Fr((Clane) wt)oskn(e))]

[2ne] [2ne|4+n(e)

- E{l{amsd”) <ovam Be(p) {1{ax/%gcn<s>be/%}Fn((Ck)ongn(s)) ‘ T=2n+1- L2”5JH

[2ne] [2ne]

En, [1{am§<n(s)§bm}Fn((Ck)ogkgn(a)) 1{T:2n+l—|_2naj}}

— (n)
= pe (m)
a\/2n<§n:<b\/2n ) Pm(T =2n+1- \_QHEJ)
= /,L m
av2n<m<bv2n ) Prn(T = 2n + 1 — |2n2))

where n(g) 1= 2n+ 1 — [2ne| — n(e).
Let m,m’ € [av/2n,bv2n] be such that m + [2ne| and m' + |2ne| + n(e) are even. By
Kemperman’s formula ([2.13)),

P (T =n(e)) C2n41—2ne] m'+1 Po(Caey = m' +1)
Pl =20+1-(2ne) 7@ m+1 PolGanpizme) = m+ 1)
and using (2.14)), we easily obtain that there exists a finite constant C(e,a,b) such that, for

every sufficiently large n, and every m,m’ satisfying the above conditions,

Pro (T' = n(€))
Ppo(T =2n+1— [2ne])

< C(e,a,b).
We thus obtain that, for every large enough n,

E|

[2ne]

(n)
1{amsc(n) <bv2n} 1{a\/%SCE;7)LEJ +n(€)gb\/%} Fn ((CLQnEJ +k)0§k§n(€)):|

< C(g,a,b) Z Mgn) (m) Ep, [1{a\/ﬁggn(g)gb\/ﬁ} Fy ((Ck:)ogkgn(e)) 1{T>n(5)}]
av2n<m<bv/2n

< 0(57 a, b) Z Mgn) (’I’)’L) Em [Fn((Ck)ngSn(a))} .
aV2n<m<b\/2n

Let G, be a nonnegative measurable function on W&+ The preceding bound remains
valid if we replace Fn((C{5.) 1 )o<kzn(s) bY Gu((W5h. . 1 Jo<ken(e) i the left-hand side and
Fn((Ck)o<k<n(e)) bY Gn((Wk)o<k<n(e)) in the right-hand side (just use the fact that the condi-
tional distribution of W given ¢(™ is the same as the conditional distribution of W given ¢ ).

In particular, if we let Gy, (wo, w1, . .., wy()) be the indicator function of the set where
logn(e) , . R I
) a1 ) 1

we obtain that

n n 1 .
P, € [av2n,bvanl, ¢ 4 € lav/2n, bV, Oi(’z_gg) R — 4n%) > o)
logn(e) 5 4
< C(e,a,b)P(| ) e —dnto > 9), (2.28)
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where

o . A(n) ’\(n) A(n)
Ry® = W o) Wiane 410+ Wiane fn(e) -

Here we used the (obvious) fact that the distribution of R,, under P,, does not depend on m.

By Theorem the right-hand side of (2.28]) tends to 0 as n — oo. Using also (2.27)), we
obtain that

lim sup IP’(‘ log n(e)

n—+00 n(ﬁ)

Ry*° — 4%204‘ > 5) <.

Since Ry > R?* and since both d and € can be chosen arbitrarily small, the statement of the
lemma follows. O

Theorem 2.14. We have

1 L2(P
osn R; " 8204,
n n—00

Proof. By combining Proposition and Lemma [2.13] we get that

1
lim supE[( ognR; - 877204)2}
n—o0 n
: logn g9 2 4f s - logn 2 442
< <117ILSO%pE[( - Ry) ]) — 167°0 (hggg}flﬁl[ - Rn]) + (87°c*)* <0,
which gives the desired result. O

Theorem and the remarks before Lemma [2.10] give the case d = 4 of Theorem

2.3.2 Proof of the main estimate

In this subsection, we prove Proposition which was a key ingredient of the results of the
previous subsection. We first recall some basic facts. For every z € Z* and k > 0, we set

pr(z) = P(Sk = x)

and we now denote the Green function of the random walk S by

G(z) =) pu(z)
k=0

(G = Gy in the notation of Section 2). A standard estimate (see e.g. [53, Chapter 4]) states that

1
xlgrolo |z|* G(z) = 97257 (2.29)
Let p be the period of the random walk S. Since S is assumed to be symmetric, we have p = 1
or 2. Then from the local limit theorem (see e.g. [53 Chapter 2]), we have
. ) p
1 2pi(0) = ——. 2.
j—>o<l>I,?EpZ 77 p;(0) 4m2o4 (2.30)
We state our first lemma.
Lemma 2.15. We have P(W), = 0) =0 if k ¢ pZ, and

. = p
1 P =0)= ——.
k—migclepz KWy = 0) 4254
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Proof. The first assertion is clear since (i is odd when k is odd, P a.s. Then, for every integer
k>0, set

Ak—oggkg,
and
Xp =G — 2,

From the construction of the discrete snake, and the fact that .S is symmetric, the conditional
distribution of W} knowing that X = m is the law of S,,,. Consequently,

[e.9]

P(Wy, = 0) = Y P(Xy, = m) pm(0). (2.31)
m=0

Asymptotics for P(S,, = 0) = pp(0) are given by (2.30). We then need to evaluate P(X; = m).
Set X = 1+ X}, for every k > 0. The discrete version of Pitman’s theorem (see [80, Lemma
3.1]) shows that, under the probability measure P, (X;)r>0 is a Markov chain on {1,2,...} with
transition kernel QQ given by Q(1,2) = 1 and for every j > 2,

1j+1

QU+ 1) =5

5 Q(]a] - 1) =5 . -

This Markov chain is also the discrete h-transform of simple random walk on Z, (killed upon
hitting 0) corresponding to h(j) = j. Let (Yj)r>0 stand for a simple random walk on Z that
starts from ¢ under the probability measure Py, and let Hy = inf{n > 0:Y,, = 0}. It follows from
the preceding observations that, for every integer £ > 1 and every m > 1 such that 1 < m < k+1
and k + m is odd,

]P)(Xk :m) :mP1<Yk =m, Hy > k?)
=m(Py(Yy =m—1) = Py(Yy =m +1))

() e

2m?
=—FPYr=m-1
Etmtl 0(Yy =m —1)
Hence, for every m > 0,
2(m +1)?
P(X, = = Py(Y, =m). 2.32
(X =m) = === Po(Yi =m) (2.32)
From (2.31)) and (2.32)), we get
- k
PWr=0)= ) —— 1)%pm(0)) Po(Vy, =
(W =0) = 3 s (4 0%n(0) AT = m),
and the second assertion of the lemma follows using (2.30)). O

__ In the next lemma, for every integer k£ > 0, we use the notation W, for the time-shifted path
Wi = (Wk(4))j<0, where Wi(j) := Wi(Cx + j), for every j < 0.
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—

Lemma 2.16. Let k > 1 such that P(Wy = 0) > 0. Under the conditional probability measure
P(- | Wy = 0), the two pairs (Wy, W) and (Wi, W) have the same distribution.

Proof. Write (1, ), 4,7 > 0 for the joint distribution under P of the pair

(f min (s, (x — min Q)

0<(<k 0<(<k

By an easy time-reversal argument, we have 7y (i,j) = mx(j,4) for every i,5 > 0. On the other
hand, under P, conditionally on

(= min ¢, — min ¢) = (i,])

0<l<k 0<l<k
we have Wo(—i — £) = Wy (—i — £) = Wi(—j — £) for every £ > 0, and the two random paths

(Wo(—i+10) — WO(—i))ogzgz‘

and

(Wk(_] + Z) - Wk(_j))ogegj = (Wk:(_l + 6) - WU(_Z'))()S@SJ'
are independent and distribut/e\d as the random walk S stopped respectively at time ¢ and at
time j. Note that the event {Wj = 0} occurs if and only if the latter two paths have the same
endpoint. The statement of the lemma easily follows from the preceding observations and the
property (i, j) = 75 (J, %) O

Let us fix n € (0,1/4). Thanks to Lemma we may choose § > 0 small enough so that,

for every sufficiently large n,
n

SO P(W=0) <.
k=|(1-6)n]

We then observe that

I
M-

P(Wi = 0;W, # 0,9 € [k +1,n])

iy
o

I
M=

E[1{Wk:0} Py (Wg £0,Y0 € [1,n— k]])}

iy
o

I
M=

E[1{szo} Pwo) (Wg £0,Y0 € [1,n— k]])]

il
o

In the second equality, we applied the Markov property of the discrete snake at time k, and in
the third one we used Lemma [2.16
From the last equalities and our choice of 9, it follows that, for n large,

L(1=3)n] N
E[( k;) Liv,—op) By (We # 0.¥C € [1, [6n]]) | = 1 - 7.

Next fix ¢ € (0,1/2) and write n(e) = Ln%“j to simplify notation. For every integer p > 1,
there exists a constant C) . such that, for every n > 1,

P(1p) <n) < Cpen®.
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Hence, we also get, for every sufficiently large n,

Tn(E)—l
E[( k;) 1{%:0})&%)(% #0,90e 1, [on]])| >1-2n.

By conditioning with respect to Wy, we see that the left-hand side of the preceding display is
equal to

Tn(e)—1 .
]E[E(WO)[ kz 1{@:0}} Py (We # 0,%0 € [, Lanﬂ])].
=0

We now note that, for every integer m > 1,

Tm—1

m—1
E(Ww[ g_:o 1{@:0}1 =2 ZO G(=Wo(—j)) (2.33)

(we could write G(Wy(—j)) instead of G(—Wy(—7)) because S is symmetric, but the preceding
formula would hold also in the non-symmetric case). To derive formula ([2.33)), first consider the
case m = 1. By a standard property of simple random walk, we have for every integer ¢ > 0,

T1—1
Ewo) [ > 1{<w'}] = 2.

k=0

Then using the conditional distribution of W given the lifetime process ¢, we obtain

T1—1 00 -1
E o) l > 1@;0}] = Eum) l > Lg=i 1{m20}]
k=0 i=0 k=0
[e’) T1—1
= Ew,) [ > 1{@:2-}] pi(=Wo(0))
1=0 k=0
= 2G(-Wy(0)).

(Of course here Wy(0) = 0, but the previous calculation holds independently of the value of
Wy(0).) The same argument shows that, for every j € [1,m — 1],

Tji+1—1
IE(Wo)|‘ Z 1{Wk=0}‘| =2G(-Wo(—j))
k=T;

and formula ([2.33)) follows.
From (2.33) and the preceding considerations, we get that, for all sufficiently large n,

n(e)—1
2F [( G(=Wo(=3)) )Py (We # 0,9 € [1, [9n]]) | > 1 - 21, (2.34)
0

J=

Now recall that, under the probability measure P, (—Wy(—j));>0 has the same distribution as
(Sj)j>0. At this point we need two other lemmas.

Lemma 2.17. For every integer p > 1, there exists a constant C(p) such that, for everyn > 2,

E[(znja(sj))p] < C(p) (log n)P.
=0
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Proof. We first observe that

B(356) ] = F{(5 615 1qs0) ] ot

as n — 00, because the event where sup{|S;| : 0 < j < n} > n has a probability which decreases
to 0 faster than any negative power of n. For every integer k > 1 and = € Z*, set

Using (2.29) and the standard local limit theorem (see e.g. [53, Chapter 2]) one easily verifies
that, for every sufficiently large n, for all « € Z* such that |z| < n, the bound G,;3(z) > 1G(z)
holds. Thanks to this observation, it is enough to bound

[(ZGnd ) Lsi<ny) |

However, if S’ stands for another random walk with the same distribution as S but independent
of S, we have

n n
> Ga(S)) [Z Lis;=s1} S}
P =0
and by Lemma 1 in Marcus and Rosen [76], we know that there exists a constant C’(p) such
that, for every n > 2,

gMﬁ

B(35" 105-)'] < ) g

§=01i=0

The desired bound follows since the conditional expectation is a contraction in LP. ]

Lemma 2.18. For every o > 0, there exists a constant C, such that, for every integer m > 2,
we have

(’ ZG (Sk) — logm’ > alogm> < Cy(logm)~ 3/2.

We postpone the proof of Lemma [2.18 and complete the proof of Proposition [2.8] An
application of Holder’s inequality gives for p > 2,

E[(i)@(sj)) Lo ats)= (5 4+a)logm}1
sﬂéawr” (32605 = g +yos)

1/
) — ——logm| > alogm !
J 47254 & &

v;here 5+ E = 1 and we used Lemma [2 Choosing p > 4 and using Lemma [2 we obtain
that

A E [( 2) a(s))) Ly 68> (rdr +a) 1ogm}] =0.
j:
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From ([2.34) and the fact that (—Wy(—j));>0 has the same distribution as (S;);>0, we then get,
for every sufficiently large n,

2 (g + o) (logn(<)) P(m 0,90 € [1, |on]])
n(e)—

> - - n(e .

=1=2 2E[< Z G(=Wo(= )) {20 G- Wo(=1))> (g +a) log n()}
>1-3n.

Since logn(e) < (% + ¢) logn, the preceding bound implies that

1

liminf(logn) P (Wg # 0,V € [1, Lénj]]) o (W

~1
Rt = 1 T2 @)

Now note that the ratio log|dn|/logn tends to 1 as n — oo, and that 1, € and « can be chosen
arbitrarily small. We conclude that

linrr_1>i£f(log n) IP’(I//I\/@ #0,Vl e [[l,n]]) > 4no?

The proof of the analogous result for the limsup behavior is similar. In the same way as we
proceeded above, we arrive at the bound

E[(; 1{Wk=0}>P(WO) (Wg # 0,V € [[1{@]])
=0

At this point, we would like to replace the sum from k£ = 0 to n by a sum from k = 0 to 7,(c)_1,

where n/(g) = Ln%_aj for some fixed ¢ € (0,1/2). Simple arguments give the existence of a
constant C, such that, for every integer n > 1,

P(Tn’(e) Z n) S Cé n_g/Q.

We can then write

Tn! (&) 1 . I(e) 1
1>E ( kz:% 1{Wk:0}>P(WO)(WZ 75 O,Vf € [[l,n]])] — E[I{Tn,<s)2n} < kX:%] 1{Wk:0})‘|’

and by the Cauchy—Schwarz inequality, we have

Tn/<€)—1

Ell{wzm( kzzo Yt

To bound the expectation in the right-hand side, one can verify that, for every integer m > 1,

Tm—1 2 m—1 2 m—
E[( ];) 1{‘?@20}) |Wo] < 4( Z G W() > Z Wo

Jj=0 Jj=0

Tn/(e)_l

1/2
2
< (CLne/?)1/2 xE[( 3 1{%:0}) ] . (2.35)

k=0

where, for every x € Z*,

= > GGz -

yeZA
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The proof of the latter bound is sunllar to that of above, and we leave the details to the
reader. One then checks from that there ex1sts a constant C such that

®(x) < C(|lz| v1)"2(1 +log(|z| V1)), for every z € Z*.

It easily follows that
Tm—1 2
E[( kz_% 1{{%0}) ] = O((logm)?)

as m — oo. Consequently the right-hand side of (2.35)) tends to 0 as n — oo and if n > 0 is
fixed, we have, for all n sufficiently large,

Tn/(g)fl
EK ];) 1{vT/k:0}>P(WO)(Wg7éO,V€E[[1,n]]>

Just as we obtained ([2.34)), we deduce from the latter bound that

<1l+n.

@)
QEK G(—WO(—j))>]P’(WO) (We# 0,0 e [1,n])| <1+4n. (2.36)

J=0

Then fix a € (0, (47204)~1). Tt follows from (2.36) that

) —
A gmzgr ~ W Uogm (@) E l (O GWa(-)2 (g~ o)) | (O70) (We 0.2 Hl’nﬂ)]

n'(e)

7=0

<1+n.
On the other hand,
' (e)—1 1
(logn'(s))}P’( > G(=Wo(—j)) < (W - ) logn’(s)) Pl
§=0

by Lemma [2.18] By combining the last two displays, we get

lim sup 2(4;4 - a)(logn’(a))}P’(Wg # 0,V € [[l,n]]) <1l+4n.

n—o00 7T2U

Since 7, € and « can be chosen arbitrarily small, we get

lim sup (log n) P(Wg # 0,V € [1, n]]) < An’ot
n—oo

which completes the proof of the first assertion of Proposition The second assertion is

an easy consequence of the first one, noting that, for every ¢ > 0, both P(r, > p?*e) and

P(r, < p?>~¢) are o((logp) ') as p — . O

Proof of Lemma [2.18 The general strategy of the proof is to derive an analogous result for
Brownian motion in R*, and then to use a strong invariance principle to transfer this result to
the random walk S.

We let B = (Bi)¢>0 be a four-dimensional Brownian motion started from 0 and set p; = | By|
for every t > 0, so that (p¢)¢>0 is a four-dimensional Bessel process started from 0. Here is the
Brownian motion version of Lemma
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Lemma 2.19. Let ¢ > 0. There exist two constants C(c) and f(e) > 0 such that, for every
t>r>1,
tds 1 t t t
P — -1 log(-) ) < =)=Ae),
(1[5 508 > cloa(h)) <€) ()

Let us postpone the proof of Lemma [2.19] We fix a > 0 and consider an integer n > 1.
By an extension due to Zaitsev [89] of the celebrated Koml6s—Major—Tusnady strong invariance
principle, we can construct on the same probability space the finite sequence (Si,...,S,) and
the Brownian motion (By);>0, in such a way that, for some constants ¢ > 0,¢ > 0 and K > 0
that do not depend on n, we have

E{exp (c max |Sk — aBk])} < K exp(c’logn).

It readily follows that we can find constants C' > 0 and a > 0 (again independent of n) such
that

P(lgll?é{nwk — oBg| > Clogn) <Kn™¢

Let A > 2 be a constant. Then
AC )

< o) = Olllogm) )

P(tZ(ilggfn)‘lo—‘Bt‘ < AC’logn) = (me]Bt

by an easy estimate. On the event

E, := {éléié{n |Si — oBg| < C’logn} N { inf o|B| > AClogn}

t>(logn)*

we have, for every integer k such that (logn)* < k < n,

|Sk| > o|Bg| — C'logn > (1 — n)o|By|
and

|Sk| < o|Bg| + Clogn < (1+ n)o|By|
where n = 1/A. We now fix A so that 1 € (0, 1) and 5n < m20%a/2.

Recalling our estimate , we also see that (provided n is large enough) we have on the

event E,, for every integer k: such that (logn)* <k < n,

1 1
(1=3n)s5 o |Be| 2 < G(Sk) < (1+ )y gy, | Bi| 2.

o 2

Consequently, we have on the event FE,,

1 n 1 n
Q-syas > BIP< Y GS<0idnsag Y B
k=[(logn)*] k=[(logn)*] k=[(logn)*]

The next step is to observe that
n

> B ?

k=[(log n)*]

/n+1 dS
[(logn)*] | Bs|?

is close to
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up to a set of small probability. Indeed simple estimates show that, for any choice of k£ > 0, we
have
sup sup |Bs— Bi| < klogn
0<k<n k<s<k+l

outside of a set of probability O(n~!). By choosing  suitably, we then see that on the event

E, = E, N { sup sup |Bs— Bi| < /flogn}
0<k<n k<s<k+1

we have
n n+1 ds

n+1 ds g
R =T DR U R
[ogm)] |Bsl® = i f q

(logn)*] |B

and consequently

1 n+1 ds " 1
— <
(L=5m5 5.1 2m2ot /[ logn)?4] | Bs | o (lzo;n)ﬂ GSk) = (L4555 2m204 /[

n—+1 ds

(logn)4] |Bs[?” (2:37)

We also need to bound the quantity

[(logn)*]—1
Z G(Sk)-

k=0

However, from Lemma [2.17] with p = 2, we immediately get that, for every integer m > 2 and
every h > 0,

P(i G(Sk) > h) < 0(2)(}1;%7”)2. (2.38)
Finally, -
(‘ZG (Sk) — logn’ > alogn)
[(log n)*] n

Z G(Sk) > %logn) + P(‘ Z G(Sk) — 1 logn‘ > — logn)
= k=[(logn)*]

The first term in the right-hand side is O((logn)~%/?) by (2.38). On the other hand, by (2.37),
the second term is bounded by

EC P " 11 "1
>
)+ ‘/logn " B, ’2 5 ogn‘ > ogn)

where o/ = (%7720404) A i is a constant independent of n, which satisfies
1 1 1 o 1 1 1 a
1+57)(5 ! < — and (1-57n)(= —d > - —.
(1+ "7)(2 o )277204 propri e E ( 77)(2 “ )27204 A0t 2

(Hege we use our choice of 1 such that 57 < m20*a/2.) From preceding estimates, we have
P(ES) = O((logn)~2). On the other hand, Lemma implies that

n+1 11 /1 0 b
_Z > — -
‘/logn o 1B |2 5 ogn‘ > ogn) (n™?)
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for some b > 0. This completes the proof of Lemma [2.18 O

Proof of Lemma [2.19 By a scaling argument, it is enough to consider the case r = 1, and we
consider only that case. For every integer k > 0, set

Vi ::inf{tZO:pt:ek}

Ye+1 ds
Tk Ps

A scaling argument shows that the variables Xj, k£ > 0 are identically distributed. Moreover,
the strong Markov property of the Bessel process implies that the variables X, k > 0 are
independent. Furthermore, the absolute continuity relations between Bessel processes can be
used to verify that these variables have small exponential moments. More precisely, using the
explicit form of the density of the law over the time interval [0, t] of the four-dimensional Bessel
process started at 1 with respect to Wiener measure (see question 3 in Exercise XI.1.22 of Revuz
and Yor [82]), it is an easy exercise of martingale theory to verify that

and

.
E[e?’XO/g]:E[eXp§ ld—j} = /e < 0.
8 Y Ps

Set
co = E[Xo] = E[Xk]

for every k > 0. We can apply Cramér’s large deviation theorem to the sequence (Xj)g>o. It
follows that, for every § > 0, there exists a constant b(d) > 0 such that for every sufficiently
large n,

P(‘ [/Zn (;j — con‘ > 5n) < exp(—b(d)n). (2.39)

On the other hand, it is easy to verify that the variable

/70 ds
1 p?

has exponential moments. Just use the above-mentioned argument involving the density of the
law of the Bessel process to verify that

E[exp (g /170 igﬂ < 00

(deal separately with the cases 1 < vy and vy < 1). It then follows that, for every § > 0, and
for all sufficiently large n,

P(/:O (;g > (5n) < exp(—b'(6)n)

with some constant b/'(6) > 0. The same bound holds for the variable

/'Vm ds
GR)
e2m p?

for any integer m > 0, since this variable has the same law as

/’YO ds
1 P2



2.4 The range of branching random walk 7

by scaling.
By combining the latter facts with (2.39), we obtain that, for every ¢ > 0, there exists a
constant b(d) > 0 such that, for every sufficiently large n,

p(’ /le% i; - CO”‘ > 5n) < exp(—b(6)n). (2.40)

At this stage, we can identify the constant ¢y, since the preceding arguments also show that

co = lim 1E[/162n ds} =1

n—oo n, Fg

by a direct calculation of E[(ps)~2] = (25)~!. Once we know that ¢y = 1, the statement of
Lemma follows from (2.40) by elementary considerations: For every ¢ > 1, choose n such
that e2" < t < e2("+1) and observe that

tds 1 2 g
— — =logt > elogt; C / — —n > 2n;,
whereas )
td 1 e d
{/—;—flogt<—5logt}§{/ —j—n—1<—25n}.
1 Ps 2 1 Ps
This completes the proof. ]

2.4 The range of branching random walk

In this last section, we apply the preceding results to asymptotics for the range of branching
random walk in Z%, d > 4. We assume that the offspring distribution p is critical and has finite
variance UZ > 0, and that the jump distribution 6 is centered and has finite moments of order
d — 1 (and as usual that € is not supported on a strict subgroup of Z%).

Let My (Z%) stand for the set of all finite point measures on Z%. Let Z = (Z,),>0 denote
the (discrete time) branching random walk with jump distribution 6 and offspring distribution
p. This is the Markov chain with values in M, (Z%), whose transition kernel Q can be described
as follows. If

p
w=> 0, € M(Z%),
=1

Q(w, -) is the distribution of
P &

Z Z Oz;+Yi

i=1j=1
where &1, ..., &, are independent and distributed according to p and, conditionally on (&1, ..., &),
the random variables Y; ;, 1 < i < p, 1 < j < &, are independent and distributed according to 6.
More informally, each particle alive at time n is replaced at time n + 1 by a number of offspring
distributed according to p, and the spatial position of each of these offspring is obtained by
adding a jump distributed according to 6 to the position of its parent.

The range of Z is then defined by

R(Z):=#{zecZ:3In>0,2,(z)>1}.
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We also write N(Z) for the total progeny of Z,

[e.9]

N(Z) =D {Za,1)

n=0

where (Z,,,1) is the total mass of Z,. It is well known (and easy to prove using the Lukasiewisz
path introduced in the proof of Theorem that N(Z) has the distribution of the hitting time
of —(Zy,1) by a random walk on Z with jump distribution v(k) = pu(k+ 1), for k = —1,0,1,...,
started from 0.

Proposition 2.20. Suppose that d > 5. For every integer p > 1, let ZP) be a branching random
walk with jump distribution 8 and offspring distribution p, such that <Zép)7 1) = p. Then,

R(Z(P))

plgrolo W =cu9 in probability,

where ¢, 9 > 0 is the constant in Theorem . Consequently,

1 R(Z®) D Cuo 5
p2 p—0o0 0'3 ’

where the positive random variable J has density (2ms®)~1/2 exp(—Qis) on (0, 00).

Proof. We may and will assume that there exists a sequence 71,772, ... of independent random
trees distributed according to II,, such that, for every p > 1, the genealogy of Z () is coded by
TY,72,...,7TP, meaning that 7' is the genealogical tree of the descendants of the i-th initial
particle of Z(), for every p > 1 and i € {1,...,p}. Notice that we have then

N(ZP)) = #T .. 4 #TP.

For every i € {1,...,p}, we will write SZ»(p ) for the set of all spatial locations occupied by the
particles of Z() that are descendants of the i-th initial particle. Note that the location of the
i-th initial particle may depend on p. Clearly, we have

R(ZP) < #SP 4. 4 #5p. (2.41)

Let (Hy)r>0 be the height process associated with the sequence T, T2, ... (see the proof
of Proposition [2.6). Then, as an easy consequence of (2.3), we have the joint convergence in
distribution

1 1 @ /2
((;HLthj/\N(ZP))tZOa 2? N(Z(p))) e ((a|BtAJ1/Gu|)t207Jl/o‘u)7 (2.42)

where f3 is a standard linear Brownian motion, and for every s > 0, J; = inf{t > 0 : LY(3) > s},
where (LY(8))¢>0 is the local time process of 3 at level 0. See [58, Section 1.4] for details of the

derivation of (2.42]).

Fix ¢ > 0. For a € (0,1), let dp1,4p2,...,%m, be all indices i € {1,...,p} such that
#T? > ap?. It follows from (2.42)) that, if a has been chosen sufficiently small, the bound

N(ZP)) — (#T 1 4 oo 4 T ) = Z #T' < ep? (2.43)

B L P\ (i 1o}
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will hold with probability arbitrarily close to 1, uniformly for all sufficiently large p. On the
other hand, it also follows from (2.42)) that m,, converges in distribution as p — oo to a Poisson
distribution with parameter o, " +/2/ma (here the quantity /2/ma is the mass that the Ito
excursion measure assigns to excursions of length greater than «). In particular, by choosing «
even smaller if necessary, we have P(m, > 1) > 1 — ¢ for all p large enough. We now fix o > 0
so that the preceding properties hold for all p large enough.

Next we observe that, conditionally on m,, the trees T, ..., Tm are independent and
distributed according to II,(- | #7 > ap?). From Theorem we now get that

(p) s
Pl| Foupa + S, o| >e|my>1) — 0. (2.44)
%ﬁ7ﬁp4 +_...+_##7ﬂp7np K P = p—00
Then, on the one hand, we have from ,
R(ZW) < #8504+ #80) + > #T,

ie{l,.‘.,p}\{ip,l,...,inmp}

and on the other hand,

R(ZP) > #8! +#SP — S #(SE

ip,mp
1<k<t<my

S/\
}\\_/

Sivy):

Taking into account the bound (2.43)) and the fact that p~2N(Z®)) converges in distribution to
a positive random variable, we see that the first assertion of the proposition will follow from the
last two bounds and ([2.44]), provided we can verify that

% > #S! ZM)QO (2.45)

— 00
P”  <k<t<m, P

Recall that m, converges in distribution to a finite random variable. In order to establish
, it is enough to verify that, if S®)1, respectively S®-2, is the set of points visited by a
random walk indexed by a tree distributed according to II,(- | #7 > ap?), with the spatial
location of the root equal to x1, resp. to z2, and if S®1 and S®)2 are independent, we have

1
S B[#(SPTnsP)] — 0.

p pP—00
However,
E[#(SP 8P| = 3 Py e SV Py e SP2) < 3 P(ye SO,
yezd yezZd
using the Cauchy—Schwarz inequality and translation invariance, which also allows us to take

x1 = 0. By a first moment argument, we have then

Go(y)
P (P)1y < 9
e < T > "

where the constant ¢(,) > 0 depends only on p. Here we used the classical bound

1< (e VapGely)) Al

T, (#T > k) > e k% k=1,
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which follows from the fact that the distribution of #7 under II, coincides with the law of the
first hitting time of —1 by a random walk on Z with jump distribution v started from 0 (see the
proof of Theorem . Finally, we have

1 _ 1
S5 B#SPT NSO < 3 (e 2a o)) A 5
p yezd p

and the right-hand side tends to 0 as p — oo by dominated convergence, noting that

Z G@(y)2 < o0

yeZa

by . This completes the proof of the first assertion of the proposition.

The second assertion follows from the first one and the convergence in distribution of
p_QN(Z(p)) to Ji/o,. Just note that Jy,,, has the same law as U;le by scaling, and that
Ji is distributed as the first hitting of 1 by a standard linear Brownian motion, whose density
is as stated in the proposition. ]

We now state the result corresponding to Proposition [2.20] in the critical dimension d = 4.
As previously, we must restrict our attention to the geometric offspring distribution.

Proposition 2.21. Suppose that d = 4, and that p is the critical geometric offspring dis-
tribution. Also assume that 0 is symmetric and has small exponential moments, and set o> =
(det M9)1/4. For every integer p > 1, let Z\) be a branching random walk with jump distribution

0 and offspring distribution u, such that (Zép), 1) =p. Then,

(»)
lim (logp) R(Z'))

Jim N(Z®) = 8120 in probability.

Consequently,

1
%8P R(zw) 1D ux2 o g,

where J is as in Proposition [2.20

The proof of Proposition [2:21] goes along the same lines as that of Proposition [2.20] using
now Theorem instead of Theorem A few minor modifications are needed, but we will
leave the details to the reader.



CHAPITRE 3

THE RANGE OF TREE-INDEXED RANDOM
WALK IN LOW DIMENSIONS

LES RESULTATS DE CE CHAPITRE SONT ISSUS DE L’ARTICLE [62], ECRIT EN COLLABORA-
TION AVEC JEAN-FRANQOIS LE GALL ET ACCEPTE POUR PUBLICATION DANS The Annals of
Probability.

We study the range R, of a random walk on the d-dimensional lattice Z? indexed by a
random tree with n vertices. Under the assumption that the random walk is centered and has
finite fourth moments, we prove in dimension d < 3 that n=%*R,, converges in distribution
to the Lebesgue measure of the support of the integrated super-Brownian excursion (ISE). An
auxiliary result shows that the suitably rescaled local times of the tree-indexed random walk
converge in distribution to the density process of ISE. We obtain similar results for the range
of critical branching random walk in Z¢, d < 3. As an intermediate estimate, we get exact
asymptotics for the probability that a critical branching random walk starting with a single
particle at the origin hits a distant point. The results of the present article complement those
derived in higher dimensions in our earlier work.

3.1 Introduction

In the present paper, we continue our study of asymptotics for the number of distinct sites of
the lattice visited by a tree-indexed random walk. We consider (discrete) plane trees, which are
rooted ordered trees that can be viewed as describing the genealogy of a population starting with
one ancestor or root, which is denoted by the symbol @. Given such a tree 7 and a probability
measure 6 on Z¢, we can consider the random walk with jump distribution 6 indexed by the tree
7. This means that we assign a (random) spatial location Z7(u) € Z% to every vertex u of T,
in the following way. First, the spatial location Z7(@) of the root is the origin of Z%. Then we
assign independently to every edge e of the tree 7 a random variable Y, distributed according
to 6, and we let the spatial location Z7(u) of the vertex u be the sum of the quantities Y, over
all edges e belonging to the simple path from @ to u in the tree. The number of distinct spatial
locations is called the range of the tree-indexed random walk Z7.

In our previous work [61], we stated the following result. Let 6 be a probability distribution
on Z%, which is symmetric with finite support and is not supported on a strict subgroup of Z¢,
and for every integer n > 1, let 7,7 be a random tree uniformly distributed over all plane trees
with n vertices. Conditionally given 7,7, let Z7o be a random walk with jump distribution 6
indexed by 7,7, and let R, stand for the range of Z7o. Then,

81
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e if d > 5,
1
*Rn (P)> Co ,
n n—00

P
where ¢y > 0 is a constant depending on 6, and Q indicates convergence in probability;

o if d =4,

1

cen L—2> gr2ot,
n—o0

Ry,

where 02 = (det My)'/*, with My denoting the covariance matrix of ;
o ifd <3,

Ry % e dalsupp(D)), (3.1)

where ¢y = 294 (det My)'/? is a constant depending on #, and \g(supp(Z)) stands for the
Lebesgue measure of the support of the random measure on R% known as Integrated Super-
Brownian Excursion or ISE (see Subsection 2.3 below for a definition of ISE in terms of
the Brownian snake, and note that our normalization is slightly different from the one in
6])-

Only the cases d > 5 and d = 4 were proved in [61], in fact in a greater generality than stated
above, especially when d > 5. In the present work, we concentrate on the case d < 3 and we prove
a general version of the convergence , where instead of considering a uniformly distributed
plane tree with n vertices we deal with a Galton—Watson tree with offspring distribution g
conditioned to have n vertices.

Let us specify the assumptions that will be in force throughout this article. We always
assume that d < 3 and

e 1 is a nondegenerate critical offspring distribution on Z, such that, for some A > 0,
[o.¢]
> M (k) < oo,
k=0

and we set p := (var u)'/2 > 0;

e 0 is a probability measure on Z?, which is not supported on a strict subgroup of Z%; 6 is

such that
. 4 d. —
rgrfoor 0{z e Z |z| >r}) =0, (3.2)
and @ has zero mean; we set o = (det Mp)*/?? > 0, where M, denotes the covariance

matrix of 6.

Note that holds if § has finite fourth moments.

For every n > 1 such that this makes sense, let 7T, be a Galton—Watson tree with offspring
distribution p conditioned to have n vertices. Note that the case when 7, is uniformly distributed
over plane trees with n vertices is recovered when p is the geometric distribution with parameter
1/2 (see, e.g., Section 2.2 in [63]). Let Z7, denote the random walk with jump distribution 6
indexed by 7,, and let R,, be the range of Z7, . Theorem below shows that the convergence
holds, provided that ¢y is replaced by the constant 24/2g%p=4/2,

An interesting auxiliary result is an invariance principle for “local times” of our tree-indexed
random walk. For every a € Z¢, let

Ly(a) = Z Lz (wy=a}

u€Tr



3.1 Introduction 83

be the number of visits of a by the tree-indexed random walk Z7, . For z = (z1,...,24) € R,
set |z := (|x1],...,|zq]). Then Theorem shows that the process

d_q 1/4
(n4 L,(|n"/"z] )) SeR\(0}

converges as n — 00, in the sense of weak convergence of finite-dimensional marginals, to the
density process of ISE (up to scaling constants and a linear transformation of the variable z).
Notice that the latter density process exists because d < 3, by results due to Sugitani [86]. In
dimension d = 1, this invariance principle has been obtained earlier in a stronger (functional)
form by Bousquet-Mélou and Janson [15, Theorem 3.6] in a particular case, and then by Devroye
and Janson [24, Theorem 1.1] in a more general setting. Such a strengthening might also be
possible when d = 2 or 3, but we have chosen not to investigate this question here as it is not
relevant to our main applications. In dimensions 2 and 3, Lalley and Zheng [49, Theorem 1]
also give a closely related result for local times of critical branching random walk in the case of
a Poisson offspring distribution and for a particular choice of 6.

Our tree-indexed random walk can be viewed as a branching random walk starting with a
single initial particle and conditioned to have a fixed total progeny. Therefore, it is not surprising
that our main results have analogs for branching random walks, as it was already the case in
dimension d > 4 (see Propositions 20 and 21 in [61]). For every integer p > 1, consider a
(discrete time) branching random walk starting initially with p particles located at the origin of
74, such that the offspring number of each particle is distributed according to j, and each newly
born particle jumps from the location of its parent according to the jump distribution 6. Let
VPl stand for the set of all sites of Z% visited by this branching random walk. Then Theorem
shows that, similarly as in , the asymptotic distribution of p~#2#4VIPl is the Lebesgue
measure of the range of a super-Brownian motion starting from dyp (note again that this Lebesgue
measure is positive because d < 3, see [21] or [86]). In a related direction, we mention the article
of Lalley and Zheng [50], which gives estimates for the number of occupied sites at a given time
by a critical nearest neighbor branching random walk in Z¢.

Our proof of Theorem depends on an asymptotic estimate for the hitting probability of
a distant point by branching random walk, which seems to be new and of independent interest.
To be specific, consider the set VI of all sites visited by the branching random walk starting
with a single particle at the origin. Consider for simplicity the isotropic case where My = o2 1d,
where 1d is the identity matrix. Then Theorem shows that

2
lim |a|? P(a e V) = M.

la|]—o00 P

See Subsection 5.1 for a discussion of similar estimates in higher dimensions.

Not surprisingly, our proofs depend on the known relations between tree-indexed random
walk (or branching random walk) and the Brownian snake (or super-Brownian motion). In
particular, we make extensive use of a result of Janson and Marckert [39] showing that the
“discrete snake” coding our tree-indexed random walk Z7, converges in distribution in a strong
(functional) sense to the Brownian snake driven by a normalized Brownian excursion. It follows
from this convergence that the set of all sites visited by the tree-indexed random walk converges
in distribution (modulo a suitable rescaling) to the support of ISE, in the sense of the Hausdorff
distance between compact sets. But, of course, this is not sufficient to derive asymptotics for
the number of visited sites.
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Our assumptions on g and € are similar to those in [39]. We have not striven for the
greatest generality, and it is plausible that these assumptions can be relaxed. See, in particular,
[39] for a discussion of the necessity of the existence of exponential moments for the offspring
distribution p. It might also be possible to replace our condition on ¢ by a second moment
assumption, but this would require different methods as the results of [39] show that the strong
convergence of discrete snakes to the Brownian snake no longer holds without .

The paper is organized as follows. Section [3.2] presents our main notation and gives some
preliminary results about the Brownian snake. Section [3.3]is devoted to our main result about
the range of tree-indexed random walk in dimension d < 3. Section discusses similar results
for branching random walk, and Section presents a few complements and open questions.

3.2 Preliminaries on trees and the Brownian snake

3.2.1 Finite trees

We use the standard formalism for plane trees. We set
oo
Uu:= U N™,
n=0

where N = {1,2,...} and N’ = {@}. If u = (u1,...,u,) € U, we set |u| = n (in particular
|@| = 0). We write < for the lexicographical order on U, so that @ < 1 < (1,1) < 2 for instance.
A plane tree (or rooted ordered tree) T is a finite subset of U such that:

(i) @ €T;
(ii) fu=(uy,...,u,) € T\{@} then @ := (uy,...,up_1) € T;
(iii) For every u = (u1,...,u,) € T, there exists an integer k,(7) > 0 such that, for every

JjEN, (u1,...,un,j) €T if and only if 1 < 75 < k(7).

The notions of a descendant or of an ancestor of a vertex of 7 are defined in an obvious way. If
u,v € T, we will write u Av € T for the most recent common ancestor of v and v. We denote
the set of all planes trees by Ty.

Let 7 be a tree with p = #7 vertices and let @ = vy < v; < --- < v,_1 be the vertices of T
listed in lexicographical order. We define the height function (H;)o<i<p of T by setting H; = |v;]
for every 0 <i < p—1, and H, = 0 by convention.

Recall that we have fixed a probability measure p on Z satisfying the assumptions given in
Section 1, and that p? = var . The law of the Galton-Watson tree with offspring distribution s
is a probability measure on the space T, which is denoted by I, (see, e.g., [58, Section 1]).

We will need some information about the law of the total progeny #7 under II,. It is well
known (see, e.g., [58, Corollary 1.6]) that this law is the same as the law of the first hitting time
of —1 by a random walk on Z with jump distribution v(k) = u(k+1), k= —1,0,1,... started
from 0. Combining this with Kemperman’s formula (see, e.g., [81), p.122]) and using a standard
local limit theorem, one gets

: 2
lim kY210, (#T > k) =

Jlim oS (3.3)
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Suppose that p is not supported on a strict subgroup of Z, so that the random walk with jump
distribution v is aperiodic. The preceding asymptotics can then be strengthened in the form

1
o2

lim k%210, (#T = k) = (3.4)
k—oo

3.2.2 Tree-indexed random walk

A (d-dimensional) spatial tree is a pair (T, (zy)ue7) Where T € Ty and z, € Z% for every
u € T. We let ']T} be the set of all spatial trees.

Recall that 6 is a probability measure on Z¢ satisfying the assumptions listed in the introduc-
tion. We write I, 4 for the probability distribution on T} under which 7" is distributed according
to II,, and, conditionally on 7, the “spatial locations” (z,)uc7 are distributed as random walk
indexed by 7, with jump distribution 0, and started from 0 at the root @: This means that,
under the probability measure H;’g, we have z» = 0 a.s. and, conditionally on 7, the quantities
(zu — zg,u € T\{@}) are independent and distributed according to 6.

3.2.3 The Brownian snake

We refer to [57] for the basic facts about the Brownian snake that we will use. The Brownian
snake (Wy)s>0 is a Markov process taking values in the space W of all (d-dimensional) stopped
paths: Here a stopped path w is just a continuous mapping w : [O,C(w)] — R? where the
number () > 0, which depends on w, is called the lifetime of w. A stopped path w with zero
lifetime will be identified with its starting point w(0) € R?. The endpoint w(((w)) of a stopped
path w is denoted by w.

It will be convenient to argue on the canonical space C' (R4, W) of all continuous mappings
from R4 into W, and to let (Ws)s>0 be the canonical process on this space. We write (; := Cows)
for the lifetime of W,. If € R?, the law of the Brownian snake starting from x is the probability
measure P, on C'(R4, W) that is characterized as follows:

(i) The distribution of ({s)s>0 under P, is the law of a reflected linear Brownian motion on
R started from 0.

(ii) We have Wy = z, P, a.s. Furthermore, under P, and conditionally on ((s)s>0, the process
(Ws)s>0 is (time-inhomogeneous) Markov with transition kernels specified as follows. If
0<s<éd,

o Wy(t) = Wi(t) for every 0 <t < me(s,s’) :==min{¢: s <7 < s}
o (Wylme(s,s') +1) = Wy(me(s, s))o<t<c, —me(s,s) is a standard Brownian motion in
R? independent of Wj.

We will refer to the process (Ws)s>0 under Py as the standard Brownian snake.

We will also be interested in (infinite) excursion measures of the Brownian snake, which we
denote by N, = € R?. For every x € R?, the distribution of the process (Ws)s>0 under N is
characterized by properties analogous to (i) and (ii) above, with the only difference that in (i)
the law of reflected linear Brownian motion is replaced by the It6 measure of positive excursions
of linear Brownian motion, normalized in such a way that N, (sup{¢s : s > 0} > ¢) = (2¢)~}, for
every € > 0.

We write v := sup{s > 0: (s > 0}, which corresponds to the duration of the excursion under

N,. A special role will be played by the probability measures Ngf) := Ng(- | v = r), which are



86 Chapitre 3 The range of tree-indexed random walk in low dimensions

defined for every z € R% and every r > 0. Under N(;), the “lifetime process” ((s)o<s<r is a

Brownian excursion with duration . From the analogous decomposition for the It6 measure of

Brownian excursions, we have
>~ d
Ny = / . ) (3.5)
0

2V 273

The total occupation measure of the Brownian snake is the finite measure Z on R? defined

(r)

under N, or under Ny, by the formula

<Z790> = /O’Y ds @(Ws)>

for any nonnegative measurable function ¢ on RY.

Under N(ml), Z is a random probability measure, which in the case x = 0 is called ISE for
integrated super-Brownian excursion (the measure Z in is thus distributed as Z under
N(()l)). Note that our normalization of ISE is slightly different from the one originally proposed
by Aldous [6].

The following result will be derived from known properties of super-Brownian motion via
the connection between the Brownian snake and superprocesses.

Proposition 3.1. Both N, a.e. and Ng) a.s., the random measure Z has a continuous density
on R, which will be denoted by (¢Y,y € RY).

REMARK. When d = 1, this result, under the measure N(()l), can be found in [I5, Theorem

2.1].

Proof. By translation invariance, it is enough to consider the case x = 0. We rely on the Brow-
nian snake construction of super-Brownian motion to deduce the statement of the proposition
from Sugitani’s results [86]. Let (W%);c; be a Poisson point measure on C'(R4, ) with intensity
No. With every i € I, we associate the occupation measure Z% of W*. Then Theorem IV.4 in [57]
shows that there exists a super-Brownian motion (X;)¢>o with branching mechanism (u) = 2u?
and initial value Xg = dg, such that

/Ootht:ZZi.
0

el

As a consequence of [86, Theorems 2 and 3], the random measure [;* dt X; has a.s. a continuous
density on R?\{0}. On the other hand, let B(0,¢) denote the closed ball of radius ¢ centered at
0 in R?. Then, for every € > 0, the event

Ao = {#{icI: ZY(B(0,¢)) > 0} = 1}

has positive probability (see, e.g., [57, Proposition V.9]). On the event A., write i( for the unique
index in I such that Z%(B(0,&)¢) > 0. Then, still on the event A., the measures [;°dt X; and
Z" coincide on B(0,¢)¢. The conditional distribution of W knowing A. is No(- | Z(B(0,¢)¢) >
0), and we conclude that Z has a continuous density on B(0,¢)¢, No(-| Z(B(0,£)¢) > 0) a.s.
As this holds for any € > 0, we obtain that, Ny a.e., the random measure Z has a continuous
density on R\ {0}. Via a scaling argument, the same property holds N(()l) a.s. This argument
does not exclude the possibility that Z might have a singularity at 0, but we can use the rerooting

invariance property (see [6, Section 3.2] or [65], Section 2.3]) to complete the proof. According to
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this property, if under the measure N(()l) we pick a random point distributed according to Z and
then shift Z so that this random point becomes the origin of R?, the resulting random measure
has the same distribution as Z. Consequently, we obtain that Ngl) a.s., Z(dz) a.e., the measure

Z has a continuous density on R?\{z}. It easily follows that Z has a continuous density on R,
Ngl) a.s., and by scaling again the same property holds under Ng. ]

Let us introduce the random closed set
R = {Wszogsgy}.
Note that, by construction, Z is supported on R, and it follows that, for every y € R4\ {z},
{# >0} c{yeR}, N,ae or NI as. (3.6)
Proposition 3.2. For every y € R4\ {z},
{# >0 ={yeR}, N, ae and N a.s.

Proof. Fix y € R%, and consider the function u(z) := N (¢Y > 0), for every x € R\ {y}. By
simple scaling and rotational invariance arguments (see the proof of Proposition V.9 (i) in [57]
for a similar argument), we have

u(z) = Cglz —y| ™

with a certain constant C'y > 0 depending only on d. On the other hand, an easy application of
the special Markov property [56] shows that, for every r > 0, and every x € B(y,r)¢, we have

u(x) = Ny [1 — exp ( - /XB(y’T)C(dz) u(z))}

where XB®7)° stands for the exit measure of the Brownian snake from the open set B(y,r)°.
Theorem V.4 in [57] now shows that the function u must solve the partial differential equation
Au = 4u? in R\ {y}. It easily follows that Cy =2 — d/2.

The preceding line of reasoning also applies to the function v(z) := N, (y € R) (see [57, page
91]), and shows that we have v(x) = (2 —d/2)|z —y| =2 = u(z) for every z € R?\{y} — note that
this formula for v can also be derived from [21, Theorem 1.3] and the connection between the
Brownian snake and super-Brownian motion. Recalling , this is enough to conclude that

{t >0} ={yeR}, N;ae. (3.7)

for every z € R?\{y}.

We now want to obtain that the equality in also holds Ng;l) a.s. Note that, for every
fixed z, we could use a scaling argument to get that {¢¥ > 0} = {y € R}, N as., for Ag
a.e. y € R? where we recall that \; stands for Lebesgue measure on R%. In order to get the
more precise assertion of the proposition, we use a different method.

By translation invariance, we may assume that = = 0 and we fix y € R¥\{0}. We set
T, :=inf{s > 0: W, = y}. Also, for every s > 0, we set

Ny 1 . -1 3 ~
Y= 111513(1)nf (Aa(B(y,¢))) /0 dr 1{|Wry|§e}’
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Note that @/ = (Y, Ny a.e. and N(()l) a.e. We then claim that, for every s > 0,
(T, <s}={F>0}, Npae (3.8)

The inclusion {#¥ > 0} C {T, < s} is obvious. In order to prove the reverse inclusion, we argue
by contradiction and assume that

No(T, < s, &% = 0) > 0.

Note that No(7, = s) = 0 (because No(W; = y) = 0), and so we have also No(Ty < s, 0 =0)>0.
For every n > 0, let
Ty(”) =inf{r >T,: ( < (¢r, — )t}
Notice that, by the properties of the Brownian snake, the path WT&’” is just Wrp, stopped at
time (¢, — 1)
From the strong Markov property at time 7T}, we easily get that T 15?7) 1Tyasn] 0, Ngae.

on {Ty < oo}. Hence, on the event {T}, < s}, we have also TZSU) < s for i small enough, Ny a.e.
Therefore, we can find n > 0 such that

No(T,, < s,%m =0) > 0.

However, using the strong Markov property at time Tén), and Lemma V.5 and Proposition
V.9 (i) in [57], we immediately see that, conditionally on the past up to time Ty(”), the event
{Wr #*y,Vr > Ty(n)} occurs with positive probability. Hence, we get

No(T < 5,84 = 0) > 0.

Since Zg = (¥, this contradicts , and this contradiction completes the proof of our claim
B3I).

Finally, we observe that, for every s € (0, 1), the law of (W;)o<y<s under N(()l) is absolutely
continuous with respect to the law of the same process under Ny (this is a straightforward
consequence of the similar property for the Ito excursion measure and the law of the normalized
Brownian excursion, see, e.g., [82, Chapter XII]). Hence, also gives, for every s € (0, 1),

(T, < s} ={#¥ >0}, N(()l) a.s.,

and the fact that the equality in (3.7]) also holds Nél) a.s. readily follows. O

3.3 Asymptotics for the range of tree-indexed random walk

Throughout this section, we consider only integers n > 1 such that IL,(#7 = n) > 0 (and
when we let n — oo, we mean along such values). For every such integer n, let (7, (Z"™(u))ueT;,)
be distributed according to II} o(-|#7 = n). Then 7, is a Galton-Watson tree with offspring
distribution p conditioned to have n vertices, and conditionally on 7, (Z"(u))ye7, is a random
walk with jump distribution ¢ indexed by 7.

We set, for every t > 0 and = € RY,

(@) ! exp (— T Moy
= xp | — ———
Pt (27t)4/2 \/det My P ’
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where z - y stands for the usual scalar product in R%.
For every a € Z%, we also set

Ln(a) = Z 1{Z”(u):a}-

w€Tn

Lemma 3.3. For every e > 0, there exists a constant C. such that, for every n and every b € Z¢
with |b| > en'/*,
E((Ln(b)’] < Cen®72.

Furthermore, for every x,y € RN\{0}, and for every choice of the sequences (xy,) and (y,) in Z¢
such that n=Y*z, — z and n=Y4y, — y as n — oo, we have

lim 77,%72 E[Ln(xn) Ln(yn)] = (‘0(%7 y)?

n—oo

where

(,0(.1‘, y) = p4 /(R o drydrodrs (7"1 + 1o + r3)e—p2(r1+rz+r3)2/2 /Rd dem (Z)prz (37 - Z)prs (y - Z)
+

The function ¢ is continuous on (R4\{0})2.

REMARK. The function ¢ is in fact continuous on (R%)2. See the appendix at the end of the
chapter for a proof.

Proof. We first establish the second assertion of the lemma. We let ug,u?,...,u;_; be the
vertices of T, listed in lexicographical order. By definition,

n—1
=0

so that

n—1n—1

E[Ln(zn)Ln(yn)] = E{Z Y Lznr)=an, 27 @)=yn} |-
i=0 j=0

Let H™ be the height function of the tree 7y, so that H = |u'| for every i € {0,1,...,n —1}.
Ifi,j € {0,1,...,n—1}, we also use the notation H}; = |u}' Au7| for the generation of the most
recent common ancestor to u;" and uj, and note that

H' — min  HP'| <1. :
b i/\jrgnklgivj k’ - (3.9)
Write 7, = 0*F for the transition kernels of the random walk with jump distribution 6. By

conditioning with respect to the tree 7, we get

n—1n—1

BlLa(en) )] = B| X 3 3% migy (@) o= 6) iy o)

i=0 j=0 aezd

1 rl
2 n n n .
=n‘FE |:/0 /0 dsdt (bxn,yn ( I_Tbsj ) H\_nt] ) HLnsJ,I_ntj ):| ) (310)
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where we have set, for every integers k,¢,m > 0 such that k A ¢ > m,

@;n,yn(k, l,m) = Z T (@) Th—m (Tn, — @) Tp—m (Yn, — @).
a€Zd

In the remaining part of the proof, we assume that € is aperiodic (meaning that the subgroup
generated by {k > 0: m(0) > 0} is Z). Only minor modifications are needed to treat the general
case. We can then use the local limit theorem, in a form that can be obtained by combining
Theorems 2.3.9 and 2.3.10 in [53]. There exists a sequence 4, converging to 0 such that, for

every n > 1,
jal?

sup ((1 + %)nd/2|7rn(a) —pn(a)|) < dp. (3.11)

a€Z
Let (kp), (£n), (my) be three sequences of positive integers such that n='/2k, — u, n=1/2¢,, — v
and n=Y2m,, — w, where 0 < w < uw A v. Write

gn R

and note that, for every fixed z € R?,

Jim i, ([on4) = pu2),

nh—>ngo nd/4 Thn—mn, (xn - L2n1/4J) = pu_w(l’ - Z)v
Tim 0, (g — [204]) = pu-uly — 2),

by (3.11]). These convergences even hold uniformly in z. It then follows that

n—o00 TnsYn

lim n%/2p™ (kny lnymiy) = /]Rd d2 Pw(2)Pu—w (T — 2)Pv—w(y — 2) = Vayu(u,v,w). (3.12)
Indeed, using (3.11) again, we have, for every K > 2(|z|V |y|) + 2 and every sufficiently large n,
w0 [ Qe (L) o L ), (i — L)

{lzl=K+1}

1 3
<C dz (——— ) ,
{lz1>K+1} <Ozﬁ—1V>
with a constant C' independent of n and K. The right-hand side of the last display tends to 0 as
K tends to infinity. Together with the previously mentioned uniform convergence, this suffices
to justify (3.12)).
By [568, Theorem 1.15], we have

P —1/2 (d)

(511 / Hi)o<e<t o (@)oci<ts
where (e;)o<t<1 is a normalized Brownian excursion, and we recall that p? is the variance of p.
The latter convergence holds in the sense of the weak convergence of laws on the Skorokhod
space D([0, 1],R4) of cadlag functions from [0, 1] into R;. Using the Skorokhod representation
theorem, we may and will assume that this convergence holds almost surely, uniformly in ¢ €
[0, 1]. Recalling (3.9)), it follows that we have also

—-1/2 f1n : .
-n H — min e, =: me(s,t
Lns] |_ntj n—00 sAt<r<sVit T e( ’ ),
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uniformly in s,t € [0,1], a.s.
As a consequence of (3.12) and the preceding observations, we have, for every s,t € (0,1)
with s # t,

. 2 2 2
. d
nl;ngon /2<I>gmyn (anszHFntprnsJ,LmJ) = \Ilzyy(;es, ;et, ;me(s,t)), a.s. (3.13)

We claim that we can deduce from (3.10]) and (3.13]) that

lim 132 B[Ln(n) Ln(yn)] = E[/l /1dsdt \I/zy(2es,2et,2me(s,t))]. (3.14)
n—00 o Jo P\ p p p

Note that the right-hand side of (3.14)) coincides with the function ¢(z,y) in the lemma. To see
this, we can use Theorem III.6 of [57] to verify that the joint density of the triple

(me(s,t), €5 — me(s,t), e — me(s,t))
when s and ¢ are chosen uniformly over [0, 1], independently and independently of e, is
16(r1 + o + 73) exp(—2(r1 + 79 + 13)?).

So the proof of the second assertion will be complete if we can justify (3.14]). By Fatou’s
lemma, (3.10) and (3.13)), we have first

liminf n2 2 E[Ly(2n) Ln(yn)] > EUl /1dsdt \Ifxy(Qes,Qet,Qme(s,t))].
n—00 0o Jo TAp pop

Furthermore, dominated convergence shows that, for every K > 0,

1,1 .
lim EUO /0 dsdt(ndﬂ@g‘myn(HfmJ,antJ,anstJ)/\K)}

n—oo

= E[/O1 /01 dsdt(\lfw,y(ies, iet, ime(s,t)) A K)}

Write T (s, 1) = nd/20? (ansj HE I-VlfnsJ LntJ) to simplify notation. In view of the preced-

Tn,Yn
ing comments, it will be enough to verify that

1,1
lim (hmsupE[/ / dsdtTy(s,t) 1{Fn(57t)>K}:|> =0. (3.15)
0 JoO

K—o0 n—o00

To this end, we will make use of the bound

sup T (x) < M (Jz|~ A1), (3.16)
k>0

which holds for every = € Z? with a constant M independent of 2. This bound can be obtained
easily by combining (3.11]) and Proposition 2.4.6 in [53]. Then let k, ¢, m > 0 be integers such
that k£ A £ > m, and recall that

o (ko lm) =" T(a) T (T — @) T (Yn — a).
a€Zd
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Fix € > 0 such that |z| A |y| > 2¢. Consider first the contribution to the sum in the right-hand
side coming from values of a such that |a| < en'/%. For such values of a (and assuming that n
is large enough), the estimate allows us to bound both 7y, (2, — a) and 7p_,, (yn — @)
by Me~%n~%*. On the other hand, if |a| > en'/*, we can bound m,,(a) by Me~%n~%*, whereas

(3.11)) shows that the sum
Y Mm@ — @) T (Y — a)

|a|>enl/4

—d/2

is bounded above by ¢ ((k —m) A (£ —m)~%2 A1) for some constant ¢;. Summarizing, we

get the bound
or  (k,0om) < M*e 2072 4oy M~ (k= m) AN (L —m) "2 A1)
<eren g n Y (k4 £ —2m)" Y2 A1),

where ¢ . and cp . are constants that do not depend on n, k, ¢, m. Then observe that, for every
S, te (07 1)5
Hﬁnsj + antj - 2ansj,[ntj =dn (UTLLnsJ ) u?ntj )7

where d,, denotes the usual graph distance on 7,. From the preceding bound, we thus get
Ln(s,t) < Cle + CQ,End/Zl (dn(uTnsJ ) u?ntj)id/2 A 1)'

It follows that, for every K > 0,

/ / dsdtTy,(s,t) L, (st)>c1ctea K}

/ / ds dt Cl JE + co en d/4 (dn (uTnSJ ’ uTI_LTLtJ )7d/2 A 1)) {nd/ dn (Ul

=n 2 Z (c1e + 0275nd/4 (dp(u, U)_d/2 A1))1
u,ETh

[ns] u Lnt] )7d/2>K}

{dn(u7v)<K—2/d n1/2} :

By an estimate found in Theorem 1.3 of [24], there exists a constant ¢ that only depends on u,
such that, for every integer k > 1,

E[#{(u,v) € T, x Ty : dn(u,v) = k}] < cokn. (3.17)

It then follows that

1 1
E[ /0 /0 dsdtTyp(s,t) 1{rn(s7t>>cl,€+02,€K}]
|K—2/dp1/2)
<n Hepe + coen®) 4 con? Z F(ere + Cz’end/4k—d/2).
k=1

It is now elementary to verify that the right-hand side of the preceding display has a limit g(K)
when n — oo, and that g(K) tends to 0 as K — oo (note that we use the fact that d < 3). This
completes the proof of and of the second assertion of the lemma.

The proof of the first assertion is similar and easier. We first note that

BIL.P) =B X ®jyulfol,Junv)

u,ETn
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where the function @y, is defined as above. Then, assuming that |b] > 2¢ n'/4, the same
arguments as in the first part of the proof give the bound

®y (ful, [o], [u A o]) < eren™ 2 + epen™* (du(u,0) "2 A 1).

By summing over all choices of w and v, it follows that

E[Ln(b)Q] < Cl,€n2_d/2 + 6275n_d/4 <7’L—|—E|: Z dn(u, U)_d/2:| +n2 % n—d/4>
u,WE T, 1<dn (u,0)<y/1n
Lvn]
< (e1e + 2e9.)n2" Y2 4 ¢y .p~ /A > k=2 E[#{(u,v) € Tt dn(u,v) = k}],
k=1

and the bound stated in the first assertion easily follows from (3.17]).
Let us finally establish the continuity of ¢. We fix € > 0 and verify that ¢ is continuous on
the set {|x| > 2¢, |y| > 2e}. We split the integral in dz in two parts:

— The integral over |z| < e. Write ¢; .(z,y) for the contribution of this integral. We observe
that, if |z| < e, the function © — py, (z — z) is Lipschitz uniformly in z and in 7 on the set
{]z| > 2}, and a similar property holds for the function y — p,,(y — z). It follows that
¢1,¢ is a Lipschitz function of (x,y) on the set {|z| > 2¢, |y| > 2¢}.

— The integral over |z| > e. Write 2 .(x,y) for the contribution of this integral. Note that
if (n,vn)n>1 is a sequence in RY x R? such that |u,| A |v,| > 2¢ for every n, and (u,, vy,)
converges to (z,y) as n — oo, we have, for every fixed r1,72,73 > 0,

/ dz pry (2)Pry (Un — 2)Prg (U — 2) — / dz pry (2)pry (T — 2)prs (y — 2).
{lz|>€} {lz|>€}

n—oo

We can then use dominated convergence, since there exist constants c. and ¢, that depend
only on g, such that

/{| [> }dsz1 (2)pry (un = 2)prs (n = 2) < CePrygr (Un — vn) < Ce(ra + 7’3)_d/27
z|>e

and the right-hand side is integrable for the measure (11472 +r3)e_”2(”+7"2+’"3)2/ 2drydrodrs.
It follows that ¢, is also continuous on the set {|x| > 2¢, |y| > 2¢}.

The preceding considerations complete the proof. O

In what follows, we use the notation W) = (Ws(l))og s<1 for a process distributed according
to N(()l). We recall a result of Janson and Marckert [39] that will play an important role below. As
in the proof of Lemma we let ug,u?, ..., u;_; be the vertices of 7T, listed in lexicographical
order. For every j € {0,1,...,n — 1} write Z}' = Z"(u}) for the spatial location of 7, and
Z» = 0 by convention. Recalling our assumption , we get from [39, Theorem 2] that

p _ (d) 1/2 75 (1
(\[2” v e oci<t o (M, W ))Ogtgl’ (3.18)

where as usual Mal /% s the unique positive definite symmetric matrix such that My = (Me1 / 2)2,
and the convergence holds in distribution in the Skorokhod space ([0, 1], R%). Note that there
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are two minor differences between [39] and the present setting. First, [39] considers one-
dimensional labels, whereas our spatial locations take values in Z?. However, we can simply
project Z,(u) on the coordinate axes to get tightness in the convergence from the results
of [39], and convergence of finite-dimensional marginals is easy just as in [39, Proof of Theorem
1]. Second, the “discrete snake” of [39] lists the labels encountered when exploring the tree
T in depth first traversal (or contour order), whereas we are here enumerating the vertices
in lexicographical order. Nevertheless, the very same arguments that are used to relate the
contour process and the height function of a random tree (see [75] or [58, Section 1.6]) show
that asymptotics for the discrete snakes of [39] imply similar asymptotics for the labels listed in
lexicographical order of vertices.

In the next theorem, the notation (1%, € R?) stands for the collection of local times of
WM which are defined as the continuous density of the occupation measure of W) as in
Proposition We define a constant ¢ > 0 by setting

L /p

=—4/= 1
~JE, (3.19)

where 02 = (det My)'/? as previously. We also use the notation M;l/Q = (M;/Q)_l.

Theorem 3.4. Let x',... 2P € RN{0}, and let (z}),..., (z8) be sequences in Z¢ such that
\/gn_l/4 M9_1/233¥Z — 2/ asn — oo, for every 1 < j < p. Then,

d_q 1 a_q p (d) diz! djz?
(= Lp(xy),...,n4 Ly(ah)) —7 (1™, .., ),

where the constant c is given by (3.19)).

REMARKS. (i) As mentioned in the introduction, this result should be compared with The-

orem 1 in [49], which deals with local times of branching random walk in Z? for d = 2 or 3.
See also [15, Theorem 3.6] and [24, Theorem 1.1] for stronger versions of the convergence in
Theorem 3.4 when d = 1.
(ii) It is likely that the result of Lemma[3.3]still holds when z = 0 or y = 0, and then the condition
x' # 0 in the preceding theorem could be removed, using also the remark after Lemma
Proving this reinforcement of Lemma [3.3] would however require additional technicalities. Since
this extension is not needed in the proof of our main results, we will not address this problem
here.

Proof. To simplify the presentation, we give the details of the proof only in the isotropic case
where My = 0%1d (the non-isotropic case is treated in exactly the same manner at the cost
of a somewhat heavier notation). Our condition on the sequences (z7,) then just says that
en Y4zl — 27 as n — oo.

By the Skorokhod representation theorem, we may and will assume that the convergence
holds a.s. To obtain the result of the theorem, it is then enough to verify that, if x €
RN {0} and (z,) is a sequence in Z? such that cn~ Y%z, — 2 as n — oo, we have

i Ly () i, (3.20)

To this end, fix z and the sequence (z,), and for every € € (0, |z|), let g. be a nonnegative
continuous function on R?, with compact support contained in the open ball of radius e centered
at x, and such that

/Rd 9:(y) dy = 1.
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It follows from (3.18)) (which we assume to hold a.s.) that, for every fixed ¢ € (0, |z|),

/ g:=(cn —1/4 Lntj ) dt

n—oo

—>/g5Wt

Furthermore,
1
) Y a8, gz
/0 g:(W, ) dt = /dgg(y)l dy — *,

by the continuity of local times. Let § > 0. By combining the last two convergences, we can
find g1 € (0, |z|) such that, for every € € (0,e1), there exists an integer nj(¢) so that for every
n > ny(e),

1
P(‘/ ge(en™ 4 20, ) dt 41’ > 6> < 6. (3.21)
0
However, we have
1
/ ge(en™ 1/4Z|_nt Z ge(en™Y*a) Ly (a)
0 aEZd

da
=0t [ geen™ 0ty )) Lo((ny)) dy.

Set
m(e) = [ gelen™ /Ay )) dy

and note that
() — g:(cy) dy = e,

n—o0 Rd

By the Cauchy—Schwarz inequality,
1 2
E[(/ g=(en™ /4ZLmJ)dt—nn(a)n%_an(a}n)) }
0
d 2
= B[ (087! [ gulen™ 1ty (a1 9 = L)) dy) |
R

<€) xnd ™2 [ dyge(en™/n ) B[(La(lny)) ~ Lo(z)?).

Using the first assertion of Lemma one easily gets that, for every fixed € € (0, |z|),

n—oo

nt =2 /Rd dy |g-(en™ 40y ) — ge(ey)| E[(La([n*y]) = Lu(2n))*] — 0.

On the other hand, by the second assertion of the lemma,

nz‘z/Rddyge(cy)E[(Ln(Lnl/‘lyJ)—L n_m/ dy g-(cy) y) — 290(%,y)+<p(%7%))-

If 7. stands for the limit in the last display, the continuity of ¢ ensures that +. tends to 0 as
e — 0.
From the preceding considerations, we have

2
limsupE{ / g:(cn™ MZLmJ)dt_Un(g) n%_an(an ] < ¢,

n—o0
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Hence we can find 2 € (0, |z|) small enough so that, for every € € (0,e3), there exists an integer
na(e) such that, for every n > na(e),

1
P((/ go(en VA2 ) dt = ma(e)nt T Ly()| > 5) <3 (3.22)
0

By combining (3.21)) and (3.22)), we see that, for every ¢ € (0,1 A g2) and n > nj(e) V na(e),
P (| (e)ni ™ L () — 1] > 26) < 26.

Our claim (3.20)) easily follows, since 1, (¢) tends to ¢=¢ as n — oo. O

Set R, = #{Z™(u): u € T,}. Recall the constant ¢ from (3.19), and also recall that Ay
denotes Lebesgue measure on R%.

Theorem 3.5. We have
n~*R, n%o cIN(S)

where S stands for the support of ISE.

Proof. Again, for the sake of simplicity, we give details only in the isotropic case My = o2 1d.
From the definition of ISE, we may take S = {Wt(l) : 0 <t <1}. We then set, for every € > 0,

S. := {z e RY: dist(z,S) < e}.

As in the preceding proof, we may and will assume that the convergence (3.18) holds almost
surely. It then follows that, for every € > 0,

—1/4 »n .
P{en " Z"u): ue Ty} C S:) — L

Fix K > 0, and let B(0, K) stand for the closed ball of radius K centered at 0 in R Also set

)= s.n B(0, K +¢). It follows that we have also

P(({2"(w): v e T} N B0, n!/*K)) C et SEY) — 1.

n—o0

Applying the latter convergence with € replaced by /2, we get

P (#({2"(w): w € To} N BO,e”'n 1K) < = Inlt xy(8U)) — 1.

n—oo

Write RY) = #({Z"(w): u € T,}NB(0, ¢ 'n/*K)). Since )\d(SéK)) I A(SNB(0,K)) ase | 0,
we obtain that, for every § > 0,

P (n MR < (SN B0, K)) +5) — 1,

and therefore, since the variables n~% 4R,(1K) are uniformly bounded,

lim F [(n—d/‘*R;K) — ¢ I\(S N B0, K)))+] =0. (3.23)

n—oo
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On the other hand, we claim that we have also
liminf Bn~ YR > I B[\(S N B(0, K))]. (3.24)
To see this, observe that

E[RY)] = > P(Ly(a) > 0)
a€Z¥NB(0,c~1nl/4K)

dz P(Ln(|z]) > 0) + O(n{=D/4
Lo s, B P L)) > 0) 4 O

—nd/t [y P(La(lnMy]) > 0) + O
B(0,c—1K)

as n — 0o. By Theorem for every y # 0,

lim inf P(L,(|n'*y]) > 0) > P(I% > 0) = P(cy € S),

n—oo

where the equality is derived from Proposition Fatou’s lemma then gives

n—00 -

lim inf n~4E[RE)] > / _ dyP(eyes) = c4E[M\(S N B(0,K))],
B(0,c—1K)

which completes the proof of (3.24]).
Using the trivial identity |z| = 22" — z for every real x, we deduce from (3.23)) and (3.24)
that

lim B[n~ R — c=Ai(S 0 B0, K))|| = 0.

n—o0

However, we see from (3.18)) that, for every ¢ > 0, we can choose K sufficiently large so that
we have both P(S € B(0,K)) > 1— 0 and P( 0 = R,) > 1— ¢ for every integer n. It then

follows from the previous convergence that n~%* R, converges in probability to ¢\ (S) as
n — oo, and this completes the proof of Theorem O

3.4 Branching random walk

We will now discuss similar results for branching random walk in Z?. We consider a system
of particles in Z? that evolves in discrete time in the following way. At time n = 0, there are p
particles all located at the origin of Z? (we will comment on more general initial configurations
in Subsection . A particle located at the site a € Z% at time n gives rise at time n + 1 to
a random number of offspring distributed according to u, and their locations are obtained by
adding to a (independently for each offspring) a spatial displacement distributed according to 6.
In a more formal way, we consider p independent random spatial trees

(TW (20 W) erm) - (TP (2P () o)

*

distributed according to 1T, 9,

measure

and, for every integer n > 0, we consider the random point

p

XT[LP] = Z ( Z 5Z(j)(u)>,

J=1 Y ueT W Jul=n
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which corresponds to the sum of the Dirac point masses at the positions of all particles alive at
time n.

The set VP of all sites visited by the particles is the union over all n > 0 of the supports
of XLP ], or equivalently

V[p} e {CL S Zd a = Z(J)(u) for some ] € {1; 7p} a‘nd (RS T(J)}

In a way similar to Theorem we are interested in limit theorems for # VP! when p — oo. To
this end, we will first state an analog of the convergence (3.18)). For every j € {1,...,p}, let

be the vertices of TU) listed in lexicographical order, and set H, Z-(j ) = |u£] )] and Zi(j V=7 (j)(ugj )),
for 0 < i < #7U) —1. Define the height function (H,[Cp], k > 0) of T, .., T® by concatenating
the discrete functions (Hi(]), 0<i<#TW —1), and setting H,[Cp} =0fork > #TW ... H#T®),
Similarly, define the function (Z,Ep ], k > 0) by concatenating the discrete functions (Zi(J ), 0<i<
#T0) — 1), and setting Z,[gp] =0 for k> #TW +...+47® Finally, we use linear interpolation

to define Ht[p | and Zt[p ) for every real t > 0. We can now state our analog of (3.18)).
Proposition 3.6. We have

—

Po—1 gl [P -1 bl -2 1 ... ®y) (D 1/2
(( p H \/;p Qszs)SZO’p (#T + +#Tp)) pjo ((Cs/\‘raMg Ws/\‘r)szoﬂ_)a

9 p2s’

where (Ws)s>o0 is a standard Brownian snake, T denotes the first hitting time of 2/p by the local
time at 0 of the lifetime process ((s)s>0, and the convergence of processes holds in the sense of
the topology of uniform convergence on compact sets.

The joint convergence of the processes & p! H}E’;}s and of the random variables p_Q(#T(l) +

-4+ #T®)) is a consequence of [58, Theorem 1.8], see in particular (7) and (9) in [58] (note that
the local times of the process ((s)s>0 are chosen to be right-continuous in the space variable, so
that our local time at 0 is twice the local time that appears in the display (7) in [58]). Given
the latter joint convergence, the desired statement can be obtained by following the arguments
of the proof of Theorem 2 in [39]. The fact that we are dealing with unconditioned trees makes
things easier than in [39] and we omit the details.

We now state an intermediate result, which is of independent interest. Under the probability
measure IT* 5, welet R := {z,: u € T} be the set of all points visited by the tree-indexed random

w0
walk.

Theorem 3.7. We have

|a1‘1£>noo |M9 a\ Huﬂ(a € R) = T
Proof. We start by proving the upper bound
1/2 2(4—4d)

limsup [M, /“al? nola €R) <

3 .
|a]—o0 P
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By an easy compactness argument, it is enough to prove that, if (aj) is a sequence in Z? such
that |ax| — oo and ay/|ax| — z, with z € R? and |z| = 1, then

2(4 — d)

limsup |ag|* II% p(ap € R) < ——"—. (3.25)
k—ro0 " pQIMG_I/Qx’z
Set pr, = |ax|? € Z4 to simplify notation. We note that
P
Plag e V) =1 - (1-107 4(ar € R)) (3.26)

On the other hand, it follows from our definitions that

P(ay € V[pk]) < P(Els >0: \/%Zs(pk) = %).

We can then use Proposition [3.6] to get

limsup P(a; € VP) < By(3s € [0,7): 1y, = @ )

k—o00
= 1—exp < — ZNO(\/gMe—l/%c € R))
—d)

2(4

=1l—exp| —————=—).
p( p2|M9_1/233|2)

The second line follows from excursion theory for the Brownian snake, and the third one uses
the formula for Nyo(y € R), which has been recalled already in the proof of Proposition By
combining the bound of the last display with , we get our claim , and this completes
the proof of the upper bound.

Let us turn to the proof of the lower bound. As in the proof of the upper bound, it is enough
to consider a sequence (ag) in Z? such that |ag| — oo and ay/|ax| — =, with € R? and |z| = 1,
and then to verify that

2(4 — d)

lim inf |ag|? T y(ax € R) > ———7"—.
k—o0 H P2|Mg_l/2£€|2

(3.27)

As previously, we set pr = |ag|?. We fix 0 < e < M, and we introduce the function g, defined
on Zy by g,(j) = M (#T = j). Then

M
P I (o € R) = gt [ dr Il o € Ry #T = )

— 3 M 2
ok [ drgu(1pir)) P(Lyg(ax) > 0).

where we use the same notation as in Lemma L, (b) denotes the number of visits of site
b by a random walk indexed by a tree distributed according to II,(- | #7 = n). Note that
Theorem gives, for every r € [, M],

. 174,
h;ggfp(LLPﬁTJ(ak) >0) > P(l > 0),
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where we write z = \/g M, 124 to simplify notation. To complete the argument, we consider

for simplicity the aperiodic case where p is not supported on a strict subgroup of Z (the reader
will easily be able to extend our method to the general case, using (3.3)) instead of (3.4)). By
(3.4), we have for every r € [e, M|,

1
lim pj 2r]) = :
Jim pi gu(pir]) Wz

Using this together with the preceding display, and applying Fatou’s lemma, we obtain

M- dr
. . 2 7% - r
lim inf |ag|"IT, o(ax € R) 2 /E 27 Pl

—1/4

2> 0). (3.28)

A scaling argument shows that

1/4

pr " > 0) =N (@ > 0) =N (02 > 0).

Using this remark and formula (3.5)), we see that the right-hand side of (3.28) can be rewritten
as % No(1{c<y<nry 1irz50})- By choosing € small enough and M large enough, the latter quantity
can be made arbitrarily close to

2 2 d., _ 2(4 — d)
SN > 0) == (2 - )l P =
p P P2 My x|
This completes the proof of the lower bound and of Theorem O

Recall our notation VP! for the set of all sites visited by the branching random walk starting
with p initial particles located at the origin.

Theorem 3.8. We have

Q) 2
pr 2yl 9, (%) /\d( U Suprt>,

p—oo " p £50
where (X¢)1>0 is a d-dimensional super-Brownian motion with branching mechanism 1 (u) = 2u?
started from &g, and supp X; denotes the topological support of X;.

Proof. Via the Skorokhod representation theorem, we may and will assume that the convergence
in Proposition [3.6] holds a.s., and we will then prove that the convergence of the theorem holds
in probability. If £ > 0 is fixed, the (a.s.) convergence in Proposition implies that, a.s. for
all large enough p, we have

\/gp_l/QV[p] - Ue({Mgl/ZWS: 0<s<7}),

where, for any compact subset K of R?, . (KC) denotes the set of all points whose distance from K
is strictly less than e. It follows that we have a.s.

limsup p~ 24Vl < (z)d/2 )\d(u2s({M91/2Ws: 0<s< 7‘})>

p—o0
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Since € was arbitrary, we also get a.s.

lim sup p_d/Q#V[p] < (i)d/2 )\d({M;/2I//T\/S: 0<s< 7‘}) (3.29)

p—00
To get an estimate in the reverse direction, we argue in a way very similar to the proof of
Theorem We fix K > 0, and note that a minor modification of the preceding arguments
also gives a.s.
9 -
limsup p~ %24 (VP 0 B(0, p*/2K)) < (5)"? )\d<{M91/2Ws: 0<s<7}n B(O,K’)),
p—>00 P

where K’ = \/gK. Since the variables p~%2 # (V") 0 B(0, p'/?K)) are uniformly bounded, it
follows that

2 —= +
lim E[(p-d/2 #0P 0BO,p2K)) = ()" Na({M; W1 0 < s < 7)1 B0, K)) ) ] = 0.

p

p—o0

(3.30)
On the other hand,
p PE#FVINBO PR =p Y Plae V)
a€Z4nB(0,p!/2K)
=p > (1-(-IaeR)P)
a€Z4nB(0,p/2K)
[ de(1-ep (- B0 ),

where the last line is an easy consequence of Theorem Furthermore,

B[ MM e 0 < s < 7} 0 BO.K)|

2.d/2 2 —1/2
(; / /B(O,K’)dy (l—exp(—;No(Me /yeR)))

! 4—d
- <5)d/2 /B(O,K’) (1 - e (- P’qu?ﬂ?))

2(4 —d)
= /B(O,K) dz (1 — exp ( — /)2]]\49_1/21:]2>)

From the last two displays, we get

plggoE[p—d/z #OVPNB(0,p 2 K))| = E[(i)d/2 Ma({M,*W,: 0 <5 <730 B0, K))]. (3.31)

From (3.30) and (3.31)), we have

. _ 2.d/2 1/255
plgroloEUp 4/2 (Yl A B(0, p'/2K)) — <) Poa({My P W, 0 <s < mhn B(O,K’))H —0.
Since, by choosing K large enough, P(V[p] C B(O,pl/QK)) can be made arbitrarily close to 1,
uniformly in p, we have proved that

—~ 2 —~
p 2 gyl © (2yer M({MP W0 <5 <7}) = (2;’)6‘/2 M({We:0<s<7}). (3.32)

p—o0 p
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The relations between the Brownian snake and super-Brownian motion [57, Theorem IV.4] show
that the quantity )\d({WS : 0 < s < 7}) is the Lebesgue measure of the range of a super-Brownian
motion (with branching mechanism 2u?) started from (2/p)dg. Finally, simple scaling arguments
show that the limit can be expressed in the form given in the theorem. O

3.5 Open problems and questions

3.5.1 The probability of visiting a distant point

Theorem gives the asymptotic behavior of the probability that a branching random walk
starting with a single particle at the origin visits a distant point a € Z%. It would be of interest
to have a similar result in dimension d > 4, assuming that 6 is centered and has sufficiently high
moments. When d > 5, a simple calculation of the first and second moments of the number of
visits of a (see, e.g., the remarks following Proposition 5 in [61]) gives the bounds

Cila)?*~? < IT, p(a € R) < Cy |a|>~4

with positive constants C1 and C5 depending on d, 4 and 8. When d = 4, one expects that
C

* cR) ~ ————.
po@ €R) & nioe Tal

Calculations of moments give I} ;(a € R) > c1(lal?log |a|)~t, but proving the reverse bound

nola € R) < c2(]a|?log |a])~! with some constant ¢z seems a nontrivial problem. This problem,
in the particular case of the geometric offspring distribution, and some related questions are
discussed in Section 3.2 of [9].

3.5.2 The range in dimension four

With our previous notation R, for the range of a random walk indexed by a random tree
distributed according to II,(-|#7 = n), Theorem 14 in [61] states that in dimension d = 4,

1 2
ogan L, 8o,

n—oo

provided g is the geometric distribution with parameter 1/2, and 6 is symmetric and has ex-
ponential moments. It would be of interest to extend this result to more general offspring
distributions. It seems difficult to adapt the methods of [6I] to a more general case, so new
arguments would be needed. In particular, finding the exact asymptotics of Hzﬁ(a € R) (see
the previous subsection) in dimension d = 4 would certainly be helpful.

3.5.3 Branching random walk with a general initial configuration

One may ask whether a result such as Theorem remains valid for more general initial
configurations of the branching particle system: Compare with Propositions 20 and 21 in [61],
which deal with the case d > 4 and require no assumption on the initial configurations. In the
present setting, Theorem remains valid for instance if we assume that the initial positions
of the particles stay within a bounded set independently of p. On the other hand, one might

[p]
0

consider the case where we only assume that the image of p~1 X ¥ under the mapping a — p~/2a
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converges weakly to a finite measure & on R%. This condition ensures the convergence of the
(rescaled) measure-valued processes X Pl to a super-Brownian motion Y with initial value Yy = &,
and it is natural to expect that we have, with a suitable constant C,

p= /2 yylvl p%o C )\d( U supp Y}) (3.33)
>0

For trivial reasons, will not hold in dimension d = 1. Indeed, for % < a < 1, we may let
the initial configuration consist of p—[p®] particles uniformly spread over {1,2,...,,/p} and [p*]
other particles located at distinct points outside {1,2,...,,/p}. Then the preceding assumptions
hold (¢ is the Lebesgue measure on [0,1]), but obviously fails since #VIP! > |p®]. In
dimension 2, fails again, for more subtle reasons: One can construct examples where
the descendants of certain initial particles that play no role in the convergence of the initial
configurations contribute to the asymptotics of #VI?! in a significant manner. Still, it seems likely
that some version of holds under more stringent conditions on the initial configurations
(in dimension 3 at least, the union in the right-hand side of should exclude t = 0, as can

be seen from simple examples).

3.6 Appendix
Recall that

SD(:E7 y) = :04 (B,)3 dridrodrs (rl +ro + 7“3)6_p2(rl+r2+r3)2/2 /Rd dzpn (z)pm (l’ - z)pm (y - Z)
+

Here we prove the continuity of ¢ on (R%)2,
For notational ease, we define the norm J on R by

J(z)? =2 M, 'a, Vo € RY,

First observe that for r1, 7,73 > 0,

3d 3 d
m)¥ (@t rarara)t [ azpn(Ipes(e — oty )
J(2)> Jx—2)? Jy-—=2)?
= d —_— - -
[t e (= E - H - T
A123 r173 r172 2 Tr1+73 9  T14T2 9 r1 1
= dz exp ( — x —z)" = J(x)* — J + x-M ,
/Rd p( 2rirors " Agag Aq23 ) 2A123 2A123 Y Aq23 o y)

where Ajo3 1= 7179 + 1173 4+ 7213. Since for every z,y € R?,

Tt
2

we get the following estimate

| dzpe@pae = 2)pry v =)

1+ T2

Iy -

J()? +rz-Myly <0,

1 Aq23 173 172 2
< 5 3 4 dz exp (— A A —2) )
(2m) 2 (detMy)2 (ryrors)2 /R 2rirors 123 123
1

(2m)d - (detMp) - (A123)d/2’
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and it follows that for every z,y € RY,
4

p ri+ra+7y p*(r1+ra +13)°
< dridrod — .
P@Y) < GO (detddy) /(Ms T s e rs & rarg) 2 P ( 3 )
We claim that the integral
ri+ra s p*(r1 41y +73)°
drydrod exp | —
/(R+)3 ner2ars (rire +rirs + 7’27“3)d/2 P ( 2 )

converges when 1 < d < 3. In fact, due to the exponential term in the integrand, it is enough
to show the convergence of

r 4+ 1o+ 173
I:= / dry drg drs 73
0<r1,r2,r3<1 (rira + 173 + rorg)d/

Using the spherical coordinate

(3.34)

r1 = rsinfcosy,
ro = rsinfsin 1,
rg = rcosf,

we see that

! /2 /2 7(sin 6 cos ¥ + sin @ sin ¢ + cos 0)
1=/ 2 / i 9d9/ d
/o ner 0 S 0 ¢rd (sin? @ sin ) cos ¥ + sin @ cos O cos 1 + sin O cos @ sin 1)) 4/2

1 w/2 /2 ; ; ;
:/ r3_ddr/ d@/ dy ! sin 6 cos ¢ + sin @ siny + cos 0 !
0 0 0 (sin §)2 ! (sin @sin ¢ cos 1 + cos f cos ¢ + cos O sin 1)) 2

1 /W/Qde/ﬁﬂdw sin 6 cos 1) + sin 0 sin ¢ + cos 6
4—d Jo 0 (sin@)%*l(sinesinwcosdj+cos€cosw+cosé’sin¢)%

as 1 <d < 3. Observe that for any fixed ¢ € (0, §), the denominator

?

(sin@)%_l(sinﬁsin¢cos¢ + cosf cosp + cos@sirnb)g, 0,9 € (e, g —¢)

is uniformly bounded away from 0. Also notice that the integrand in the original definition ((3.34)
of the integral I is symmetric with respect to r1,ro and r3. So we only need to verify the
convergence of

- - : . .
II::/ dG/ dy ! sin § cos 1 + sin 0 sin) + cos
0 0 (sin §) 2! (sin @ sin ) cos 1 + cos O cos ¥ + cos O sin 1))
As cosfcos > 1/2 for every 0,9 € (0,¢), we have

Hg/ d9/ diﬁf’d::&sad/?-/ do (sin )% < oo,
0 0 (sinf)2~1(3)2 0

d-
2

which finishes the proof of our claim.
Therefore, we have shown for every z,y € R, 1 < d < 3 that

4 2 2
T o+ T ™ +ro+T
P 1+72+713 o (_P(1 2 3))<OO’

< drydrad
ple.y) < (2m)e - (det My) /(RJr)S rarzars (r172 + 1173 + rors)d/? 2

and the continuity of ¢ on (R”l)2 follows immediately as a simple application of the dominated
convergence theorem.



CHAPITRE 4
THE RANGE OF TREE-INDEXED RANDOM
WALK WITH DRIFT

LES RESULTATS DE CE CHAPITRE SONT ISSUS DE L’ARTICLE [67] EN PREPARATION.

We study the range R,, of a random walk on the d-dimensional lattice Z¢ indexed by a
random tree with n edges, under the assumption that the jump distribution is not centered.

4.1 Introduction

We continue our study of the tree-indexed random walk in the d-dimensional lattice Z¢,
but this time its jump distribution is no longer centered. Some partial results are presented
in this note concerning the asymptotics for the number of distinct sites in Z¢ visited by this
non-centered tree-indexed random walk.

We let 6 be a centered probability distribution on Z%, which has finite first moments and
is centered. We also assume that 6 is not supported on a strict subgroup of Z¢. We write
S = (Sk)k>0 for a random walk in Z% with jump distribution €. It is assumed that the random
walk S starts from z under the probability measure P, for every x € RY. We fix D € Z4\ {0}
and define a new probability distribution 6 on Z as the image of 6 under the translation
x € Z%— x4+ D. If we set for every k > 0 that

gk =S, + kD,

then S = (§k)k20 is a random walk in Z? with constant drift D, and its jump distribution is 6.

Now we consider the random walk with jump distribution 0 indexed by a plane tree 7. This
means that we assign a (random) spatial location Z7(u) € Z¢ to every vertex u of T, in the
following way. First, the spatial location Z7(@) of the root @ is the origin of Z%. Then, we
assign independently to every edge e of the tree 7 a random variable X, distributed according
to 6, and we let the spatial location Z7(u) of the vertex u be the sum of the quantities X,
over all edges e belonging to the simple path from & to u in the tree 7. Due to our definition
of 6, this random walk Z7 indexed by T has constant drift D. The number of distinct spatial
locations is called the range of the tree-indexed random walk Zr.

Let u be a probability measure on Z., which is critical in the sense that it has mean one.
As in [61], 62], we always consider the critical Galton-Watson tree with offspring distribution
u as a random plane tree. The degenerate case where u(l) = 1 is excluded. Let G be the
smallest subgroup of Z that contains the support of p. Then for every sufficiently large integer
n € G, we may define 7, as a u-Galton—Watson tree conditioned to have exactly n + 1 vertices.

105
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Conditionally given Ty, let Z7, be a random walk with jump distribution 0 indexed by T, and
let R,, stand for the range of Z7, . In this work, we show that the asymptotics of R,, as n — oo
exhibit different behaviors depending on the dimension d, and we compare these results with
the corresponding ones shown in [61} [62] for the case where the jump distribution is centered.

4.2 Linear growth of the range

In this section, we use the general results established in [61, Section 2| to show the following
theorem.

Theorem 4.1. Assume that u has finite variance, or that p belongs to the domain of attraction
of a stable distribution with index o € (1,2). For every sufficiently large integer n € G, let T,
be the p-Galton—Watson tree conditioned to have n+ 1 vertices. Conditionally given Ty, let Zt,
be a random walk with jump distribution 6 indezed by T, and let R, denote the range of Z, .
Then there exists a constant g€ [0,1] depending on p and 0 such that

1
R,

— C in probability.
n n—oo, n€g 0 p y

Moreover, suppose in addition that 0 is centered and has finite moments of order 2d V 3.
— if u has finite variance, then g > 0ifd>4.
— if w is in the domain of attraction of a stable distribution with index o € (1,2), then
c,g>0if d> 2.

Proof. The first assertion about the convergence in probability of n~!'R,, follows directly from
Theorems 4 and 7 in [61]. In particular, we get from Theorem 4 in [61] that the limiting constant
¢, 4 can be expressed as

Ci = 4 Fo [ 11 @Mﬁé(—gj)l, (4.1)
j=1

in which a o is a positive constant depending on p and 6, and for every x € 74,

@, 5(x) =3 u(lk + 1,00) ( X ) by e +9)'

k=0 y€eZ4a

where hué(x) is the probability that a random walk with jump distribution 6 indexed by a
u-Galton—Watson tree never visits —x. We denote the Green function of S by Gg, that is

Gé(x) = Ey [kz:%] 1{51@:35}} , Vz € 7.

By [61), Proposition 5 (i)], we know that the property ¢,5>0 holds if Py-a.s.

i (L= 9= Ga(Si))4)y 42
11;11( Gy(S)) )>0. +

where g,, stands for the generating function of ;. At this point, we need the following lemma
whose proof is postponed to the end of this section.
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Lemma 4.2. If the random walk S is centered with finite moments of order 2dV 3, there exists
a constant Cyz such that, for every x € Z4,

1—d
Gyla) < Cyla 7", (4.3)

Suppose that p has a finite variance. Then using the Taylor series expansion of g, at 1, we
know that the condition (4.2)) will be satisfied if

00
Z Gé(gj) < o0, Py-a.s. (4.4)
j=1

However, for any € > 0, the law of large numbers shows that Py-a.s. for all sufficiently large n,
S| > n'~¢|D].

Combining the latter display with Lemma one easily checks that the property holds if
> 1, e d >4

The case where p is in the domain of attraction of a stable distribution with index a € (1,2)
can be treated similarly (see the proof of Proposition 5 (ii) in [61]), and we omit the details. [

Proof of Lemma[].3 We set § = |D|™! within this proof, and we assume for technical conve-
nience that the random walk S is aperiodic. Only minor modifications are needed to treat the
general case. We begin by writing for every z € Z?\ {0} that

Gé(l’) = Z Po(gk = (L‘) + Z Pg(gk = .Z')

k>26|z| k<26|x|

Since k > 25|z| implies that |z — kD| > 1k|D|, we have
~ 1
Po(S =) = Py(Sy =z — kD) < PO(\Sk| > §k|Dy).

Provided the random walk S is centered with finite moments of order d + 1, the Rosenthal
inequality implies the existence of a constant C' < oo such that

Bo[|Sk|™Y] < Ck*ST forall k > 1.

Thus,

Ro(1el = $k0l) < (kD) B ls ) < e (Fpl) e,

and it follows that
~ 1-d
Z Py(Sp =) =0(|z| =) as |z| — oo.
k>20|z|

Next, we continue the decomposition

Z P0(§k=$)=< Z + Z + Z )PQ(SkICC—kD),

1 1
k<26|x| k<lz|d |22 <k<s|z|/2 0lz|/2<k<26|x|
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and we will bound each sum in the right-hand side. Firstly, Proposition 2.4.6 in [53] states that,
if the random walk S is centered with finite moments of order d V 2, then there exists ¢ < oo

such that for all n and =,
dv2
¢ (n
Py(S, =2) < -— .
0( .’E)_ nd/2<|l">

Using this estimate, one easily shows that

S Po(Sp = — kD) =o(jz| Z°)  as |a| = oo,
k<|z|?
Then for the second sum, we observe that |x —kD| > k|D| if k < d|x|/2. As the random walk S
is assumed to have finite moments of order 2d, we can similarly apply the Rosenthal inequality
to show that
1—d
Z Py(Sy=x—kD)=0(|z| =) as |z| — oo.
2|2 <k<d]a|/2

Finally, let us complete the proof by showing that

Po(Sk =2 — kD) = O(|z|'Z*)  as |2| = . (4.5)
Olz|/2<k<26|x|

To this end, we will use the local limit theorem for the random walk S. We write mi(z) =
Py(Sg = x) for every k > 1 and every = € Z¢. We set also

(@) ! oxp (- 2o )
= xp ( — ——%—
Pr 2nk) 2 Jdet My T ok /)’

where M denotes the covariance matrix of 6, and -y stands for the usual scalar product in R
Using the definition of pg, it is not difficult to find constants ¢y, co > 0 such that

00 )
C1 Cc2]
§ pk(x_kD) S d E eXp(— |x’ )7
Slz|/2<k<26|x] 2|2 j=o

and the right-hand side of the last display is bounded by |x|% up to some multiplicative
constant. On the other hand, since S is centered with finite moments of order 3, according
to [53, Theorem 2.3.10], there exists ¢3 < oo such that

|7 (x — kD) — pi(a — kD)| < ﬁr
X

for all k,z satisfying that |z — kD| > |z|'/2. Besides, we can use [53, Theorem 2.3.9] to show
that

Zlhk(x — kD) — pg(z — k:D)‘ = o(|x|%),
k

where the sum is taken over all k such that é|z|/2 < k < 2§|z| and |z — kD| < |z|'/2. By
combining these two results, one easily verifies that

Z |7k (z — kD) — pi(z — kD) :O(]a:\l%d) as |z| — oo.
Olz|/2<k<26|x|
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The bound (4.5 thus follows from the identity

> P(Sk=z-kD)= > pe(z=kD)+ > (mr(z—kD)—pg(z—kD)).
O|z|/2<k<26|x| Slz|/2<k<26|x| Olz|/2<k<26|x|
Therefore, we have finished the proof of Lemma O

Remark. We expect that the estimate (4.3]) in Lemma should hold under a weaker moment
assumption on f. More generally, it seems that deriving sharp estimates is still an open problem
for the Green function of a general random walk on Z? with non-zero drift.

4.3 The critical dimension d = 3

For the tree-indexed random walk with non-zero drift, the critical dimension is expected to
be 3, in the same sense as dimension 4 is shown to be critical for the centered tree-indexed
random walk in [61} Section 3]. Unfortunately, we are so far unable to show this statement in its
full generality. In the following discussions, we will restrict our attention to the case when the
offspring distribution u is geometric with parameter 1/2 (the associated conditioned Galton—
Watson tree 7, is then uniformly distributed over all plane trees with n + 1 vertices), and we
will consider a special case of jump distribution 6 that we now describe.

Let 6 be a symmetric probability distribution on Z3. Assume that 6 is supported on the
subgroup spanned by (0,1,0) and (0,0,1), and that € has small exponential moments. Then
we take D = (1,0,0) and define 0 as the image of  under the translation # € Z* — x + D.
As previously, we write S = (Sk)k>0 for the random walk in Z3 with jump distribution 6, and
we now assume that S starts from the origin 0 under the probability measure P. Due to our
assumption on 6, the random walk S actually moves on the 2-dimensional hyperplane spanned
by (0,1,0) and (0,0,1), which is isomorphic to Z2. By abuse of notation, we let My be the
covariance matrix of the probability distribution on Z? induced by 6, and we will suppose for
simplicity that Mp is of the form o?1d, where Id is the two-dimensional identity matrix and
o > 0. This isotropy condition can of course be removed, and the reader will easily check that
all subsequent arguments remain valid for a non-isotropic random walk: the role of o2 is then
played by (det Mg)l/ 2. The following result is the analog of the case d = 4 of [61, Theorem 1].

Theorem 4.3. Let Ry, be the range of the random walk Z7, in 73 indexed by the uniform plane
tree Ty, with n+ 1 vertices, with jump distribution 0. Under the above assumptions on 6 and D,

the range Ry, satisfies that
logn 2
& Ry —>L 87’

n—oo

The preceding theorem is closely related to Theorem 7 in a recent work of Lalley and
Zheng [50], where they considered a nearest-neighbor critical branching random walk in Z?
initiated by a single particle at the origin, assuming the critical offspring distribution to be of
finite variance. We let §2, be the number of distinct sites occupied by this two-dimensional
branching random walk at a fized generation n, and denote by G, the event that the associated
critical branching process survives up to generation n. It is shown in [50, Theorem 7] that the
conditional distributions of IO%QH given the event G,, are tight. Following the same notation
used in [50], one simply writes this result as

Q, = Op(n/logn) given G,, . (4.6)
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Combining with [50, Theorem 6], we see that n/logn is the correct order of magnitude for
Q,, conditionally on G,,. If F,, denotes the event that the critical branching process has exactly
n descendants, one expects that the size of 2, conditionally on F,,2 should be of the same order
as the size of ), conditionally on G,,.

V-

7? Z* 7?2 7?

Figure 4.1: Following the construction of Z7,, the vertices of 7, are embedded in
72 x 7., and they are colored differently according to their generation.

Now return to the tree-indexed random walk Z7, considered in the setting of Theorem [4.3
Since D = (1,0,0), for every positive integer k smaller than the height of 7,,, we have

{Z7,(u): u € Ty lu| = k} C {(k,y,2) € Z3: (y,2) € Z*}.

See Fig. for an illustration. In this situation, the range of Z7, turns out to be the sum of
the numbers of occupied sites at each generation k, over all integers k& from 0 to the maximal
generation of 7,. Theorem above can therefore be reformulated as follows.

Theorem 4.4. Let {Z7 (u): u € Ty} be a two-dimensional random walk indexed by the uniform
plane tree T, with n 4+ 1 vertices. We assume that its jump distribution 0 is symmetric, not
supported on a strict subgroup of Z?, and has small exponential moments. For every integer
k >0, we write Q,(gn) for the number of distinct sites in Z* occupied by the k-th generation of Ty,
i.e.

Q,gn) =#{Z7, (u): u € Tp, |u| = k}.
Yy convention, =0 ¢ the set {fu € Ty: |u| = 1s empty. We define Ry, := , then
B " =0 if th T, k We define Ry := Y0 Q4 th

1
ogn R, 2
n—oo

8m(det My)'/?

where My stands for the covariance matrix of 6.
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Since the tree 7T, has height of order y/n, one may intuitively think of R, as a sum of \/n

quantities, all being of order lggﬁn as suggested by 1} In view of Theorem (4 thls heuristic
argument indeed gives the correct asymptotic growth rate of R,,. We will establish Theorem [£.3]
(and thus Theorem [4.4] as well) in the next two subsections.

4.3.1 Proof of Theorem

Our main tool is the free discrete snake (W,,),>0 in 73 associated with the jump distribu-
tion 0. For its definition and the related notation, we refer the reader to [61, Section 3.1]. In
particular, under the probability measure IP, the initial value Wy of the discrete snake is dis-
tributed as (— S_ k)k<0, Where S = (Sk)k>0 defined as S;, = Si + kD is a random walk with jump
distribution 6. As an analog of Theorem 9 in [61], we have the following result concerning the
range of the free snake.

Theorem 4.5. Set R, := #{WO, Wi, ... ,Wn} for every integer n > 0. We have

logn L*(P
& R, —(>) Ao’
n n—00
The key ingredient for proving the preceding theorem is the next proposition, which is the

analog of Proposition 8 in [61].

Proposition 4.6. We have
Tim (logn) P(0 ¢ {W1,Ws, ..., Wy}) = 4mo®. (4.7)

Once Proposition is established, Theorem [£.5]can be shown in the same way as Theorem 9
in [61]. Furthermore, we can verify that Theorem viewed as a similar result to Theorem
for the “excursion” of the discrete snake, can be derived from the latter by the same method
developed in [6I] (see the arguments between Lemma 10 and Theorem 14 therein). So it is
enough to prove the key estimate in the rest of this section. To this end, we shall follow
the outline of Section 3.2 in [61], during which necessary modifications of the proof will be
explained in details.

Our first lemma is the analog of Lemma 15 in [61].

Lemma 4.7. There exists a constant M > 0 such that

lim sup k:IP’(Wk =0) <M.

k—o0

Proof. For every integer k > 0, we set

= min
S 0<j <k€]’

and
X = — 2§k.

Recall that ((x)x>0 is a simple random walk on Z started from 0 under P. A discrete analog of
Pitman’s theorem (see e.g. [55]) shows that for every integer m > 0 such that P(X; = m) > 0
and 0 < j <m,

1

P(Ck—§k=j|Xk=m)=m+1-
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From the construction of the discrete snake, the conditional distribution of Wk knowing that
G — G, = J and Xy = m is the law of S](.l) — Sff)_j, where S0 and S@ are two independent

copies of S under the probability measure P. Using the fact that S is symmetric, we have
P(SY — 5% . =0) = P(Sm + (2] — m)D =0),

and accordingly,

oo

Wi =0) = Y P(X; :m>(ZP<ck — G, =J | Xpg=m)P(Sp + (2 —m)D = 0))-
m=0 j=0
Then applying formula (32) in [61] for the probability P(X) = m), we obtain
, 2

Z k+m+42
m=0

P(Wy = 0) = (m—l—l fj P(Sp, + (2] — )DzO))PO(Yk:m), (4.8)

where (Y})r>0 stands for a simple random walk on Z that starts from 0 under the probability
measure Py. However, observe that P(S,, + (2j —m)D =0) = P(S,, = O)I{m:2j} and

m

(m+1)> P(Sp+(2j —m)D = 0) = (m+ 1)P(S;n = 0)1(,, is even)-
j=0

Since the symmetric random walk S is essentially two-dimensional, the local limit theorem
implies that we can find a constant M > 0 such that

lim sup (m + 1) ZPS + (2§ —m)D =0) < M. (4.9)
The result of the lemma therefore follows by combining (4.8]) and ( . O

Owing to the previous lemma, for any n € (0,1/4), we can choose § > 0 small enough so
that, for every sufficiently large n,

n

S P(WL=0) <.
k=|(1-6)n]

At the same time, one can check that the statement of Lemma 16 in [61] remains valid in the
present setting, and equation (33) in [61] now becomes

Tm—1 m—1
o 5 1] =2 X GaWot),
k=0 Jj=

where 7, = inf{k > 0: S, = Sy —m} and Gy is the Green function of the non-centered random
walk S, namely

=Y P(Sp==2)=) P(Sy=x—kD), VzelZ’
k=0

Recall that under P, the random path (—Wy(—j));>0 has the same distribution as (S )j>0. The
following lemma is the analog of Lemma 17 in [61].
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Lemma 4.8. For every integer p > 1, there exists a constant C~'(p) such that, for every n > 2,
= ~ \P ~
E[(ZGé(Sj)> } < C(p) (logn)P.
7=0

Proof. If x = (k,z) with k > 0 and Z € Z?, we have Gj(z) = P(Sy = (0,z)). Otherwise,
Gj(x) = 0. Moreover, due to our assumptions on , we know that for every ¢ > 1 there exists a
finite constant Cy > 0 such that

P(S, = (0,2)) < Cz(]i A (|f’2)z> (4.10)

So in particular, one recovers the estimate (4.3)) in the case d = 3, namely

Gs(z) < E;O Vo € 73\ {0}. (4.11)

Notice that P-a.s. |S;j| > j|D| for every integer j > 0. The required moment estimate thus
follows immediately from (4.11]). O

_ Using 1D and 1 , one can check that there exists a positive constant C depending on
6 such that for every = € Z?3,

C(1+log(|z| V1))

Oy(z) ==Y Gi(y)Galx —y)* < 2l 1 ,

yEZ3

which entails that

2

Tm—1
E[( ,; I{Wk=0}> ] = O((logm)?) as m — oo.

For the derivation of the last display, we refer the reader to the arguments between displays (35)
and (36) in [61].
We state our last lemma, which is the analog of Lemma 18 in [61].

Lemma 4.9. For every a > 0, there exists a constant Cy such that, for every integer m > 2,
we have

1

Amo?

m
P( ‘ Z G5(Sk) — logm‘ > alogm) < Chlogm)™3/2, (4.12)
k=0
Notice that, with all the ingredients prepared above, the key estimate (4.7]) can be proved in a
similar manner as Proposition 8 in [61]. Hence, in order to complete the proof of Proposition

(and that of Theorem , it suffices to prove Lemma . This will be our objective in the next
subsection.



114 Chapitre 4 The range of tree-indexed random walk with drift

4.3.2 Proof of Lemma

Within this subsection, we slightly abuse our notation by using the same letter to denote
the symmetric probability distribution on Z? induced by . Correspondingly, the random walk
S with jump distribution 6 is directly viewed as a random walk on Z2. It is assumed as usual
that S starts from the origin 0 under the probability measure P. For every integer k > 0, we
write its k-step transition probability

mi(x) := P(Sk = x) for every x € Z2.

For technical convenience, we assume additionally that the random walk S is aperiodic. The
arguments below can easily be extended to treat the periodic case.

Recall that under P, the projection of S on the one-dimensional subspace Z x {0}? is simply
the deterministic walk (|D|k)k>0, while its projection on the orthogonal two-dimensional sub-
space {0} x Z? is the random walk S that we described above. Further considerations show
that under P, (Gg(gk))kzo is identically distributed as (74 (Sk))k>0. The estimate is thus
equivalent to

(13 mish -

logm‘ > alogm) < Cy(logm)™3/2, (4.13)

Our strategy for proving the latter estimate is to first derive an analogous result for Brownian
motion in R?, and then to use a strong invariance principle to transfer this result to the random
walk S.

We let B = (By)i>0 be a planar Brownian motion started from 0, also defined under the
probability measure P. We write

1 |z

pr(x) = —exp(— o

R? ¢
51 ) Yz € Rt > 0,

for its transition density function. The Brownian motion version of (4.13)) is given as follows.

Lemma 4.10. Let € > 0. There exist two positive constants C(e) and B(e) such that, for every
t>r>1,
a

Proof. By a scaling argument, it is enough to consider the case t > r = 1, and we will only treat
that case. For every v > 0, we set

t

ps(Bs)ds — ﬁlog (f)\ > clog (i)) <o) (L)@,

r

Xu = e_u/QBeu s

and then

(‘/ps ds-llogt‘>£logt)— (‘/ 2773 -5 ds—logt)>5logt>

gt 1 _1xul? 1
= (‘/ du——logt‘ >€logt> (4.14)

Note that (X,)u>0 is a two-dimensional stationary Ornstein-Uhlenbeck process. It is a
Harris recurrent regular Feller process with the invariant probability measure N(0,1d). By the
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ergodic theory of Feller processes (see e.g. Theorem 20.21 in [41] or Section X.3 in [82]), we have
the pathwise convergence

1t |Xu|2 a.s. |X0|2 1
Z/Oexp(— 5 ) du - E[exp(— 5 )}—5

On the other hand, let .#;(R?) be the space of all (Borel) probability measures on R?
equipped with the weak topology. For every ¢ > 0, the empirical measure

1t
L; ::f/ 0x, du
tJo

is a well-defined . (R?)-valued random variable. Since the stationary Gaussian process (Xy)u>0
has a continuous spectral density vanishing at oo, we can apply Theorem 2.1 in [I6] to see that
the family of the laws of (L;):>o satisfies the large deviation principle in .7} (R?) with a good
convex rate function. As the mapping

zI2
p € M (R?) — /exp(—|2‘),u(d:c) eR

is continuous, it follows by the contraction principle (Theorem 4.2.1 in [23]) that the family of
the laws of

1t Xo|?
Yt::—/ exp(—| ul ) du, t>0
t Jo 2

also satisfies the large deviation principle with a good rate function I. Moreover, noting that
Y; € (0,1) for any ¢ > 0, we can use [23, Theorem 4.5.10] to check that x = 1/2 is the unique
point such that I(xz) = 0. Hence, for every ¢ > 0, there exist two constants C'(¢) > 0 and
B(g) > 0 such that, for every ¢ > 0,

1t | X |2 1
P h/ exp(— 20 ) du— 2| > £ ) < C(e) exp(—H(=)) (4.15)
0
The statement of Lemma therefore follows readily from (4.14)) and (4.15]). O

Recall our assumptions that 6 has small exponential moments, and that its covariance matrix
is equal to 0?Id. By an extension due to Zaitsev [89] of the celebrated Komlés—Major-Tusnady
strong invariance principle, we can construct on the same probability space the finite sequence
(S1,...,Sm) and the Brownian motion (Bj)¢>0, in such a way that, for some constants ¢ >
0, >0 and K > 0 that do not depend on m, we have

/
E{exp (clrgr}gagxm | Sk — aBk\)} < K exp(c'logm).
It follows that we can find constants C' > 0 and a > 0 (again independent of m) such that
— < e, .
P(lg}cagxm |Sk — o Bg| > C’logm) < Km (4.16)
On the other hand, from the standard estimate of Gaussian tail probability

o] 2 o) 2 1 2
/ exp(—%) du < / gexp(—%)du = Eexp(—%), Vo >0,

T
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we know that for any integer p > 1,
/{72/3
P<E|k € NN [(logm)'®, m] such that |oBy| > 2) _ O(m™),

as m tends to infinity. Together with (4.16]), this implies that
P(EI k € NN [(logm)'® m] such that |Sy| > k2/3) =0(m™%).

So for the event

._ _ 2/3 10
By = { max |5k —oBi| < Clogm}n {|Sk| v [oBy| < k%, vk € [(logm)', m]},

we have P(ES,) = O((logm)~2) according to the preceding estimates.

Since 6 is supposed to have an exponential moment, one has the following local limit theorem
for the §-random walk S on Z2, which can be found in Lawler and Limic [53, Theorem 2.3.11].
There exists a constant p > 0 such that for all n > 0 and all x € Z? with |z| < pn,

1|z
Tu(2) = poza(@) oxp (O( = + £)).
Thus for any n > 0, there exists M(n) € N such that for every integer m > M(n), on the
event F,, we have

m m m

A=n) D peulSK)< > m(S)<O+n) > pew(Sy).  (417)

k=[(logm)'7] k=[(logm)'0] k=[(logm)'0]

We next observe that on the event E,,,

m m 1 S,.|2 o B2
S S -rloB)| < Y eI - ep(-I20
k=[(logm)10] k=[(logm)'9]
m 2 2
= 2 277(172k: 2 2(72|ZB}CI
k=[(logm)!°]
m 2 2
< 3 20C|Bg|log m + C*(logm)
Arotk?
k=[(logm)!°]
= o((logm)™?), as m — oo. (4.18)

Similarly, we can show that the sum

m

Z pagk(o-Bk)

k=[(logm)?]

is close to the integral

m+1 1 m+1
/ Py2s(0Bs)ds = —2/ ps(Bs)ds
[(logm)!0] 7% J[(logm)!0]
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up to a set of small probability. Indeed, outside of a set of probability O(m~!), we have

sup sup |Bs — Bg| <logm.
0<k<m k<s<k+1

One then verifies that on the event

E, :=E,N { sup sup |Bs— Bi| < logm},
0<k<m k<s<k+1

it holds that

fj Poan(0By) — — /[ T (Bl ds| = of(logm)~2). (4.19)

k= (log m)10] o7 J[(logm)'0]

Furthermore, by symmetry of the jump distribution 8, we notice that for every integer k > 0,
E[m,(Sk)] = max(0).

An application of the local limit theorem yields immediately that
Ui 1
EL;)M(S;Q)} = Irg? logm + O(1) as m — 00.

By analogous arguments (cf. the proof of [50, Lemma 27] in a slightly different setting), we have

E[(liwk(sk)f] = (47302 logm)2 + o((logm)?) as m — oo.

In particular, there exists C’ > 0 such that for every integer m > 2 and every h > 0,

- C'(logm)?
P m(Sk) > ) < i (4.20)
k=0
Finally, for every a > 0,
U 1
P S) — 1 > al
( kz:%)ﬂk( %) 1ol ogm‘ >« ogm)
[(log m)*°] o m o
<P Z 7k(Sk) > = logm | + P 7k (Sk) — logm‘ > —logm |.
2 4dro? 2
k=0 k=[(logm)10]

The first term in the right-hand side is o( (log m)~%/2) by (4.20). On the other hand, by (4.17), (4.18)
and (4.19), the second term is bounded by

m+1

~ 1 1
P(E;)+ P ’—/ ps(Bs)ds — logm‘ > o' logm
" o? [(logm)10] Ao

with some constant o’ > 0 independent of m, provided that m is sufficiently large (to be precise,
we need to have chosen a small 7 > 0 depending on « for this argument to work). We have seen
that P(ES,) = O((logm)~2). Meanwhile, Lemma implies that

1 m+1 1
P - s BS d — 1 > ’1 _ O —b
(‘02 /((bgm)ml Ps(By) ds 4ro? Ogm’ =a Ogm) (m™)

for some b > 0. The proof of Lemma [4.9] is therefore completed.
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4.4 The lower dimensions d < 2

In this section, we briefly discuss dimensions d = 1 and d = 2, without giving the details of
the arguments. In contrast with the previous setting, we will consider in this section a general
probability distribution 0 on 7%, whose mean D € R? is different from 0. As usual, for n € G,
we denote by Z7;, a random walk with jump distribution 6 indexed by a pu-Galton—Watson tree
T, conditioned to have exactly n + 1 vertices.

4.4.1 The one-dimensional case

We assume that

e 11 is a nondegenerate critical offspring distribution on Z, such that, for some A > 0,

Z e (k) < oo
k=0

and we set o, = (var u1)/2 > 0;

e 0isa probability measure on Z, which is not supported on a strict subgroup of Z. The

measure 6 satisfies
hm r20({x € Z: |z| > r}) =0,

r—+
and its mean D # 0.

Without loss of generality, we may suppose by symmetry that D > 0.
Under the preceding assumptions, Theorem 8 in [39] implies that

1 (d) 2D
Z Z —
(s on Zum zn) 2 (5 s eno)

where in the limit e = (e5)o<s<1 denotes a normalized Brownian excursion. As an immediate
corollary, we have
(d) 2D
—

— max €. (4.21)

maXZTn( ) min ZT( ) n—oo,neg o0, 0<s<l1
"

1
f ( u€Tn u€T

The distribution of the limit variable max(y ;€5 was calculated by Chung [18] in the following
form. For every x > 0,

P(Omsax e > x) =2 Z 4k2x? — 1) exp(—2k%2?).
See e.g. [10, Proposition 2.1] for further information on this distribution.
If the jump distribution 6 is supported on the set {0,+1}, then the range R,, of Z7, satisfies
the equality
Ry = max Z7, (u) — min Z7, (u),
u€Tn

u€Tn
and from (4.21]) we obtain that

2D
Ru @, 2 pax €. (4.22)
\/ﬁ n—o00,n€g o 0<s<1
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In general we have only
R, < max Z7,(u) — min Z7, (u),

u€Ty u€Tn

and the convergence (4.21]) merely entails R,, = Op(y/n), by which we mean that the distributions
of (Rp/+/n,n € G) are tight. In fact, one can extend the convergence (4.22)) to more general
jump distributions. We omit here the details.

4.4.2 The two-dimensional case

For the tree-indexed random walk Z7, on Z? with jump distribution 5, it is not difficult to see
that its range R, = Op(n?’/ 4), provided we assume some conditions on y and @ similar to those
in the previous subsection. To further describe the possible distributional limit of n=3/4R,,, we
introduce the one-dimensional Brownian snake W) = (Ws(l))og s<1, which starts from 0 and is
driven by the normalized Brownian excursion e. As explained in [62], it is a random process
in R distributed according to the normalized excursion measure N(()l) of Brownian snake. Given
a positive constant ¢ > 0, for every r > 0, we let X,gc) be the random measure on R defined by
the formula

1
(x9.1) = [ dLie) few )
0

for any nonnegative measurable function f on R, where (L%(e),s > 0) stands for the local time

of e at level r. From this definition, the support of the measure Xﬁc) is given as

supp(X(9) = {cWV: 0 < s <1 such that e, = r}.

We conjecture that under some mild assumptions on p and 5, there exist two positive con-
stants ¢; and c¢o, both depending on p and 6, such that

Rn (d)

371 2. (c2)
13/t pnscomed X ({(err,z) € R®: r > 0 and x € supp(X,;?)}),

where Ay denotes the Lebesgue measure on R2.
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CHAPITRE 5

THE HARMONIC MEASURE OF BALLS IN
CRITICAL GALTON—WATSON TREES

LES RESULTATS DE CE CHAPITRE SONT ISSUS DE L’ARTICLE [66] PUBLIE DANS The Elec-
tronic Journal of Probability 19 (2014), No. 97, 1-35.

We study properties of the harmonic measure of balls in large critical Galton—Watson trees
whose offspring distribution is in the domain of attraction of a stable distribution with index
a € (1,2]. Here the harmonic measure refers to the hitting distribution of height n by simple
random walk on the critical Galton—Watson tree conditioned on non-extinction at generation n.
For a ball of radius n centered at the root, we prove that, although the size of the boundary

is roughly of order nﬁ, most of the harmonic measure is supported on a boundary subset
of size approximately equal to nfe, where the constant 8, € (0, ﬁ) depends only on the
index «. Using an explicit expression of 5., we are able to show the uniform boundedness of
(Ba,1 < a < 2). These are generalizations of results in a recent paper of Curien and Le Gall [20].

5.1 Introduction

Recently, Curien and Le Gall have studied in [20] the properties of harmonic measure on
generation n of a critical Galton—Watson tree, whose offspring distribution has finite variance and
which is conditioned to have height greater than n. They have shown the existence of a universal
constant 8 < 1 such that, with high probability, most of the harmonic measure on generation n
of the tree is concentrated on a set of approximately n? vertices, although the number of vertices
at generation n is of order n. Their approach is based on the study of a similar continuous model,
where it is established that the Hausdorff dimension of the (continuous) harmonic measure is
almost surely equal to 5.

In this paper, we continue the above work by extending their results to the critical Galton—
Watson trees whose offspring distribution has infinite variance. To be more precise, let p be
a non-degenerate probability measure on Z; with mean one, and we assume throughout this
paper that p is in the domain of attraction of a stable distribution of index « € (1,2], which
means that

Z p(k)rF =r+ (1 — )L —7r) for any r € [0,1), (5.1)
k>0

where the function L(x) is slowly varying as z — 0. We point out that the finite variance
condition for p is sufficient for the previous statement to hold with & = 2. When a € (1,2),
by results of [31, Chapters XIII and XVII], the condition (5.1)) is satisfied if and only if the tail

123
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probability

> (k) = p(lz, +00))

k>x

varies regularly with exponent —a as * — +o00. See e.g. [12] for the definition of regularly
varying functions.

Under the probability measure P, for every integer n > 0, we let T be a Galton—Watson tree
with offspring distribution p, conditioned on non-extinction at generation n. Conditionally given
the tree T, we consider simple random walk on T starting from the root. The probability
distribution of the first hitting point of generation n by random walk will be called the harmonic
measure (,, which is supported on the set T;n) of all vertices of T(™ at generation n.

Let g, > 0 be the probability that a critical Galton-Watson tree T©) survives up to gen-

eration n. It is shown in [83] that, as n — oo, the probability ¢, decreases as n” =T up to
multiplication by a slowly varying function, and qn#TgLn) converges in distribution to a non-
trivial limit distribution on Ry, whose Laplace transform can be written explicitly in terms of
the parameter o. The following theorem generalizes the result [20, Theorem 1] in the finite

variance case (o = 2) to all « € (1,2].

Theorem 5.1. If the offspring distribution p has mean one and belongs to the domain of at-

traction of a stable distribution of index o € (1, 2], there exists a constant Bq € (0, ﬁ), which

only depends on o, such that for every é > 0, we have the convergence in P-probability

i ({0 € T 00070 <y (v) <P}y By (5.2)

Consequently, for every e € (0,1), there exists, with P-probability tending to 1 as n — oo,
a subset Ay, of T%n) such that #A, . < nPetd and pn(Ape) > 1 —e. Conversely, the maximal
pn-measure of a set of cardinality bounded by nP=9 tends to 0 as n — oo, in P-probability.

The last two assertions of the preceding theorem are easy consequences of the conver-
gence (5.2), as explained in [20].

We observe that the hitting distribution p, of generation n by simple random walk on T(™)
is unaffected if we remove the branches of T that do not reach height n. Thus in order to
establish the preceding result, we may consider simple random walk on T*", the reduced tree
associated with T(™, which consists of all vertices of T(™ that have at least one descendant at
generation n.

When the critical offspring distribution p has infinite variance, scaling limits of the discrete
reduced trees T*" have been studied in [87] and [88]. If we scale the graph distances by the
factor n~!, the discrete reduced trees n =1 T*" converge to a random compact rooted R-tree A(®)
that we now describe. For every a € (1, 2], we define the a-offspring distribution 6, as follows.
For o = 2, we let 5 = 5 be the Dirac measure at 2. If o < 2, 6, is the probability measure on
Zy given by

02(0) = 04(1) = 0,
al'(k — «
balk) = k!P((Q—a)) -

a2—-a)B3—a)---(k—1—a)
k! ’

Yk > 2,

where I'(-) is the Gamma function. We let Uy be a random variable uniformly distributed over
[0,1], and let Ky be a random variable distributed according to 6,, independent of Ug. To
construct A(®) | one starts with an oriented line segment of length Uy, whose origin will be the
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root of the tree. We call Ky the offspring number of the root @. Correspondingly, at the other
end of the first line segment, we attach the origins of K4 oriented line segments with respective
lengths Uy, Us, . .., Uk, such that, conditionally given Uy and K, the variables Uy, U, ..., Uk,
are independent and uniformly distributed over [0,1 — Ug]. This finishes the first step of the
construction. In the second step, for the first of these Ky line segments, we independently
sample a new offspring number K distributed as 6,, and attach K; new line segments whose
lengths are again independent and uniformly distributed over [0,1 — Uy — Uy, conditionally on
all the random variables appeared before. For the other Ky — 1 line segments, we repeat this
procedure independently. We continue in this way and after an infinite number of steps we get
a random non-compact rooted R-tree, whose completion is the random compact rooted R-tree
A See Fig. in Section for an illustration. We will call A(® the reduced stable tree
of parameter a. Notice that all the offspring numbers involved in the construction of A are
a.s. equal to 2, which correspond to the binary branching mechanism. In contrast, this is no
longer the case when 1 < a < 2.

We denote by d the intrinsic metric on A(®. By definition, the boundary dA(® consists
of all points of A(® at height 1. As the continuous analogue of simple random walk, we can
define Brownian motion on A(®) starting from the root and up to the first hitting time of A,
It behaves like linear Brownian motion as long as it stays inside a line segment of A, Tt is
reflected at the root of A and when it arrives at a branching point, it chooses each of the
adjacent line segments with equal probabilities. We define the (continuous) harmonic measure
lie as the (quenched) distribution of the first hitting point of A(® by Brownian motion.

Theorem 5.2. For every index o € (1,2], with the same constant B, as in Theorem we
have P-a.s. pq(dx)-a.e.,

- o (Ba(z,))

= 5.3
710 log r Pec (5-3)

where Bq(x,7) stands for the closed ball of radius r centered at x in the metric space (A, d).
Consequently, the Hausdorff dimension of pa is P-a.s. equal to Bq.

According to Lemma 4.1 in [71], the last assertion of the preceding theorem follows directly
from . As another direct consequence of , we have that P-a.s. for yiq(dz)-a.e. 2 € A,
to(Ba(z,7)) — 0 as r | 0, which is equivalent to non-atomicity of 4.

Since it has been proved in [28, Theorem 1.5] that the Hausdorff dimension of A with
respect to d is a.s. equal to ﬁ, the previous theorem implies that the harmonic measure has
a.s. strictly smaller Hausdorff dimension than that of the whole boundary of the reduced stable
tree. This phenomenon of dimension drop has been shown in [20, Theorem 2] for the special
case of binary branching a = 2.

We prove Theorem in Section [5.2.5] where our approach is different and shorter than the
one developed in [20] for the special case a = 2.

Notice that the Hausdorff dimension of the boundary dA(®) increases to infinity when « | 1.
However, it is an interesting fact that the Hausdorff dimension of the harmonic measure remains
bounded when « | 1.

Theorem 5.3. There exists a constant C' > 0 such that for any o € (1,2], we have B, < C.

Our proof of Theorem relies on the fact that the constant 3, in Theorems and
can be expressed in terms of the conductance of A . Informally, if we think of the random
tree A® as a network of resistors with unit resistance per unit length, the effective conductance
between the root and the boundary dA(® is a random variable which we denote by C(®. From
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a probabilistic point of view, it is the mass under the Brownian excursion measure for the
excursion paths away from the root that hit height 1. Following the definition of A(®) and the
above electric network interpretation, the distribution of C(®) satisfies the recursive distributional
equation

ol @ (U n 1-U )_1, (5.4)
SR SR

Z-O‘))izl are i.i.d. copies of C(®), the integer-valued random variable N, is distributed

according to 64, and U is uniformly distributed over [0,1]. All these random variables are
supposed to be independent.

where (C (

Proposition 5.4. For any « € (1,2], the distribution v, of the conductance C(®) s character-
ized in the class of all probability measures on [1,00) by the distributional equation . The
constant B, appearing in Theorems and [5.3 is given by

Ba1< (J 7a(ds)s)” _1>' 5.5

T2\ Yalds)va(dt) 55

Interestingly, formula expresses the exponent S, as the same function of the distribution
Ya, for all a € (1,2]. In the course of the proof, we obtain two other formulas for 3, (see (5.23))
and below), but they both depend on « in a more complicated way, which also involves
the distribution 6,,.

The paper is organized as follows. In Section [5.2] below, we study the continuous model
of Brownian motion on A(®. A formal definition of the reduced stable tree A(®) is given
in Section In Section we explain how to relate A(® to an infinite supercritical
continuous-time Galton-Watson tree I'®) | and we reformulate Theorem in terms of Brownian
motion with drift 1/2 on I'®), Properties of the law of the random conductance C(®, including
the first assertion of Proposition are discussed in Section [5.2.3] and Section [5.2.4] gives the
coupling argument that allows one to derive Theorem from formula . Section is
devoted to the proofs of Theorem and of formula . We emphasize that our approach
to Theorem is different from the one used in [20] when a = 2. In fact we use an invariant
measure for the environment seen by Brownian motion on I'® at the last passage time of a
node of the n-th generation, instead of the last passage time at a height h as in [20]. We then
apply the ergodic theory on Galton—Watson trees, which is a powerful tool initially developed
in [71].

In Section [5.3] we proceed to the discrete setting concerning simple random walk on the
discrete reduced tree T*". Let us emphasize that, when the critical offspring distribution p is in
the domain of attraction of a stable distribution of index « € (1,2), the convergence of discrete
reduced trees is less simple than in the special case & = 2 where we have a.s. a binary branching
structure. See Proposition [5.14] for a precise statement in our more general setting. Apart from
this ingredient, we need several estimates for the discrete reduced tree T*" to derive Theorem [5.1]
from Theorem [5.2] For example, Lemma [5.13] gives a bound for the size of level sets in T*",
and Lemma presents a moment estimate for the (discrete) conductance C,(T*") between
generations 0 and n in T*". Although the result analogous to Lemma in [20] is a second
moment estimate, we only manage to give a moment estimate of order strictly smaller than « if
the critical offspring distribution p satisfies with o € (1,2]. Nevertheless, this is sufficient
for our proof of Theorem [5.1} which is adapted from the one given in [20].
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Comments and several open questions are gathered in Section [5.4} Following the work of
Aidékon [2], we obtain a candidate for the speed of Brownian motion with drift 1/2 on the
infinite tree I'(®) expressed by in terms of the continuous conductance C(®). Nonetheless,
the monotonicity properties of this quantity remains open. It would also be of interest to know
whether or not the Hausdorff dimension S, of the continuous harmonic measure p, is monotone
with respect to o € (1,2].

Acknowledgments. The author is deeply indebted to J.-F. Le Gall and N. Curien for many
helpful suggestions during the preparation of this paper. He also wishes to thank the anonymous
referee for several valuable remarks.

5.2 The continuous setting

5.2.1 The reduced stable tree

We set -
v=N
n=0

where by convention N = {1,2,...} and N° = {@}. If v = (v1,...,v,) € V, we set |v| = n (in
particular, |@| = 0), and if n > 1, we define the parent of v as ¥ = (vy,...,v,-1) and then
say that v is a child of ¥. For two elements v = (v1,...,v,) and v/ = (v{,...,v},) belonging
to V), their concatenation is vv’ := (vy,...,v,, v}, ...,v),). The notions of a descendant and an
ancestor of an element of V are defined in the obvious way, with the convention that every v € V
is both an ancestor and a descendant of itself. If v,w € V, v A w is the unique element of V such
that it is a common ancestor of v and w, and |v A w| is maximal.

An infinite subset II of V is called an infinite discrete tree if there exists a collection of
positive integers k, = k,(II) € N for every v € V such that

M={2}U{(v1,...,v) € V:v; <k for every 1 < j < n}.

7"'7’”]’71)

Recall the definition of the a-offspring distribution 6, for a € (1,2]. It will also be convenient
to consider the case o = 1, where we define 6; as the probability measure on Z, given by

01(0) = 61(1) = 0,
ou(k) — k(kl_l) Wk > 2.

If o € (1,2], the generating function of 6, is given (see e.g. |26, p.74]) as

S Oa (k) rk = A=rf=l+ar o 0], (5.6)
>0 a—1
while for o = 1,
Zﬁl(kz) rF=r4+ 1 —r)log(l—r), Vre(0,1]. (5.7)
k>0

Notice that for a € (1,2], the mean of 6, is given by

«

My = € [2,00),

a—1
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whereas 6; has infinite mean.

For fixed a € [1,2], we introduce a collection (K, (v))yey of independent random variables
distributed according to 6, under the probability measure P, and define a random infinite discrete
tree

1) .= {@} U {(vy,...,um) € V: vj < Ko((v1,...,vj-1)) for every 1 < j <n}.

We point out that II?) is an infinite binary tree.

Let (U, )yey be another collection, independent of (K (v))yey, consisting of independent real
random variables uniformly distributed over [0, 1] under the same probability measure P. We
set now

Yo =Us
and then by induction, for every v € II(®) \ {@},

Y, =Y + Uy(1—Ys).

Note that a.s. 0 <Y, < 1 for every v € II(®. Consider then the set

A = ({@}X[O,Y@})u( U {U}X(Y{,,YU]).

veld(@\{o}

There is a straightforward way to define a metric d on Aéa), so that (A(()a), d) is a (noncompact)
R-tree and, for every x = (v,r) € Aéa), we have d((@,0),x) = r. To be specific, let z = (v,r) €
A(()a) and y = (w,r’) € A(()a):

e If v is a descendant (or an ancestor) of w, we set d(z,y) = |r — /.

e Otherwise, d(z,y) = d((v A w, Yorw), ) + A((v A w, Yorw),y) = (r — Yorw) + (' — Yopw)-

See Fig. for an illustration of the tree Aéa) when a < 2.

: : —_— ‘ ‘ — Height 1
.,|,| -ln | | N |,|,.| 7|| ‘ | nn | | I,Il,l | | I,IVIVJ I,,I,-
1n | b 12
1 a1 | b 32
21 |22 T23
Y; Y, Y3
T R T 3
Yy
v l Height 0
o

Figure 5.1: The random tree A[()a) when 1 < a <2
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We let Al® be the completion of Aéa) with respect to the metric d. Then
A = Al yoa@

where by definition A = {z ¢ A®): d((2,0),2) = 1}, which can be identified with a
random subset of NY. It is immediate to see that (A(a), d) is an a.s. compact R-tree, which we
will call the reduced stable tree of index «.

The point (2, 0) is called the root of Al®). For every x € Al we set H(z) = d((2,0), z)
and call H(z) the height of z. We can define a (non-strict) genealogical order on A(® by setting
x < y if and only if z belongs to the geodesic path from the root to y.

For every ¢ € (0,1), we set

Al = {2 e A H(z) <1-¢},
which is also an a.s. compact R-tree for the metric d. The leaves of AS;C“) are the points of the
form (v,1 —¢) for all v € V such that Y3 < 1 —¢ <Y,. The branching points of A are the
points of the form (v,Y;) for all v € V such that ¥, < 1 —e¢.

Now conditionally on A(® we can define Brownian motion on Aé“’ starting from the root.
Informally, this process behaves like linear Brownian motion as long as it stays on an “open
interval” of the form {v} x (¥3,Y, A (1 —¢)), and it is reflected at the root (&,0) and at the
leaves of Aé“). When it arrives at a branching point of the tree, it chooses each of the possible line
segments ending at this point with equal probabilities. By taking a sequence ¢, = 27", n > 1
and then letting n go to infinity, we can construct under the same probability measure P a
Brownian motion B on A(® starting from the root, which is defined up to its first hitting time
T of A, We refer the reader to [20, Section 2.1] for the details of this construction. The
harmonic measure i, is then the distribution of By_ under P, which is a (random) probability
measure on A C NN,

5.2.2 The continuous-time Galton—Watson tree

In this subsection, we introduce a new tree which shares the same branching structure as
A@_ such that each point of Al® at height s € [0,1) corresponds to a point of the new tree
at height —log(1l — s) € [0,00) in a bijective way. As it turns out, this new random tree is a
continuous-time Galton—Watson tree.

To define it, we take o € [1,2] and start with the same random infinite tree II(*) intro-
duced in Section Consider now a collection (V},),eyp of independent real random variables
exponentially distributed with mean 1 under the probability measure P. We set

Z@ - V@
and then by induction, for every v € TI'® \ {@},
Ly =2y + V.

The continuous-time Galton-Watson tree (hereafter to be called CTGW tree for short) of stable
index « is the set

@ .= ({@}X[O,Zg])u< U {v}x(Zﬁij]>,

vell@)\ {2}
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which is equipped with the metric d defined in the same way as d in the preceding subsection.
For this metric, I'® is a.s. a non-compact R-tree. For every © = (v,r) € '@, we keep the
notation H(z) =r = d((@,0),x) for the height of the point z.

Observe that if U is uniformly distributed over [0, 1], the random variable —log(1l — U) is
exponentially distributed with mean 1. Hence we may and will suppose that the collection
(Vi)wey is constructed from the collection (U,)yey in the previous subsection via the formula

V, = —log(1 — U,) for every v € V. Then, the mapping ¥ defined on A(()a) by

U(v,7):= (v,—log(l —r)) for every (v,r) € A(()a),

is a homeomorphism from A(()a) onto (@),
By stochastic analysis, we can write for every t € [0,7),

U(B,) = W(/Otu — H(By))™2 ds) (5.8)

where (W (t))i>0 is Brownian motion with constant drift 1/2 towards infinity on the CTGW
tree (@) (this process is defined in a similar way as Brownian motion on Aéa), except that it
behaves like Brownian motion with drift 1/2 on every “open interval” of the tree). Note that
again W is defined under the probability measure P. Since all the offspring numbers involved in
the CTGW tree T'(®) are larger than 2, it is easy to see that the Brownian motion W is transient.
From now on, when we speak about Brownian motion on the CTGW tree or on other similar
trees, we will always mean Brownian motion with drift 1/2 towards infinity.

By definition, the boundary of I'(®) is the set of all infinite geodesics in I'(®) starting from
the root (&,0) (these are called geodesic rays), and it can be canonically embedded into NN,
Due to the transience of Brownian motion on I'(®) | there is an a.s. unique geodesic ray denoted
by Wx that is visited by (W (t)):>0 at arbitrarily large times. We say that W, is the exit ray of
Brownian motion on I'®. The distribution of W, under P yields a probability measure v, on
NN, Thanks to , we have in fact v, = po, provided we think of both p, and v, as (random)
probability measures on NN. The statement of Theorem is then reduced to checking that for
every 1 < a < 2, P-a.s., v4(dy)-a.e.

lim 1log va(B(y,r)) = —fa, (5.9)

r—00 1

where B(y,r) denotes the set of all geodesic rays that coincide with y up to height r.

Infinite continuous trees. To prove (5.9), we will apply the tools of ergodic theory to certain
transformations on a space of finite-degree rooted infinite continuous trees that we now describe.
We let T be the set of all pairs (I, (2, )yerr) that satisfy the following conditions:

(1) II is an infinite discrete tree, in the sense of Section
(2) We have
(i) zy €[0,00) for all v € IT;
(ii) zp < 2y for every v € II\{@&};
(iii) for every v € Iy := {(v1,v2,...,Vn,...) € NN: (v, v9,...,0,) € II,¥n > 1},

Jim 2, ,) = +00
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In the preceding definition, we allow the possibility that zz = 0. Notice that property (iii)
implies that #{v € II: z, < r} < oo for every r > 0.

We equip T with the o-field generated by the coordinate mappings. If (I, (zy)yemn) € T, we
can consider the associated “tree”

T = ({2} x[0,25]) U ( U {v}x (zf,,zv]>,

vell\{}

equipped with the distance defined as above. The set Il is identified with the collection of all
geodesic rays in II, and will be viewed as the boundary of the tree 7. We keep the notation
H(x) = r for the height of a point x = (v,7) € T. The genealogical order on 7 is defined as
previously and again is denoted by <. If u = (uj,us,...) € I, and z = (v,7r) € T, we write
x < uif v=(ug,ug,...,u;) for some integer k > 0.

We will often abuse notation and say that we consider a tree 7 € T: This means that we are
given a pair (II, (z,)yemr) satisfying the above properties, and we consider the associated tree 7.
In particular, 7 has an order structure (in addition to the genealogical partial order) given by
the lexicographical order on II. Elements of T will be called infinite continuous trees. Clearly,
for every stable index « € [1,2], the CTGW tree T'® can be viewed as a random variable with
values in T, and we write ©,(d7) for its distribution.

Let us fix 7 = (I, (2y)verr) € T. Under our previous notation, kg is the number of offspring
at the first branching point of 7. We denote by 7(1), 7(2),- - -, T(x,) the subtrees of T obtained
at the first branching point. To be more precise, for every 1 < i < kg, we define the shifted
discrete tree II[i] = {v € V: iv € II}, and 7T;) is the infinite continuous tree corresponding to
the pair

(H[Z]7 (Ziv - ZQ)vGH[i]) .
Under ©,(dT), we know by definition that kg is distributed according to 6,. Moreover, condi-
tionally on kg, the branching property of the CTGW tree states that the subtrees 7(y), ..., T(x,)

are i.i.d. following the same law O,.
If » > 0, the level set of T € T at height r is

T.={xeT: Hx)=r}.

For a € (1,2], we have the classical result

E[#T()] = exp (—

o 1) =exp ((mq — 1)r),
which can be derived from the following identity (see e.g. Theorem 2.7.1 in [26]) stating that for
every u > 0,

E[exp(—u#l®) =1—[1—e"(1—(1— efu)lfa)]ﬁ '

5.2.3 The continuous conductance

Recall that, for a € [1,2], the random variable C(@ is defined as the conductance between
the root and the set DA in the continuous tree A® viewed as an electric network. One can
also give a more probabilistic definition of the conductance. If 7 is a (deterministic) infinite
continuous tree, the conductance C(7) between the root and the boundary 07 can be defined
in terms of excursion measures of Brownian motion with drift 1/2 on 7. Under this definition,
we can set C(®) = C(T(@)) € [1, 00). For details, we refer the reader to Section 2.3 in [20].
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In this subsection, we will prove for o € (1,2] that the law of C(® is characterized by the
distributional identity (5.4) in the class of all probability measures on [1,00), and discuss some
of the properties of this law. For u € (0,1),n € N and (z;);>1 € [1,00)", we define

G(u,n, (2)i>1) ( + S >_1
U, My (X5)i =lu )
izl Tr+x2+ -+ Ty

so that (5.4) can be rewritten as

c@ Y U, Ny, (€)i51) (5.10)
where U, N, (Ci(o‘))izl are as in (5.4]). Note that 1D also holds for a = 1. Let .# be the set
of all probability measures on [1, 00| and let ®,: .# — .# map a distribution o to

B, (0) = Law(G(U, N, (X:)i>1))

where (X;);>1 are independent and identically distributed according to o, while U, N, are as
in ((5.4). We suppose in addition that U, N, and (X;);>1 are independent.
We write v, for the distribution of C(®, and define for all ¢ > 0 the Laplace transform

a(l) = E[exp(—£C@ j2)] = /1 T ety (dr),

Proposition 5.5. Let us fiz the stable index o € (1,2]. The law o of C® s the unique fized
point of the mapping ®, on ., and we have ®F (o) — 74 weakly as k — oo, for every o € M .
Furthermore,

1. If a« = 2, all moments of v2 are finite, and 2 has a continuous density over [1,00). The
Laplace transform po solves the differential equation

200" (0) + L' (£) + ©*(£) — p(£) = 0.

2. If a € (1,2), only the first and the second moments of v, are finite. The distribution v,
has a continuous density over [1,00), and the Laplace transform p solves the differential
equation

(L= () + o) ~1 _

/! /
20" (0) + L' (£) + p—

0. (5.11)

Proof. The case o = 2 has been derived in [20, Proposition 6] and is listed above for the sake of
completeness. We will prove the corresponding assertion for a € (1,2) by similar methods.
Firstly, the stochastic partial order < on .# is defined by saying that o < ¢’ if and only if
there exists a coupling (X,Y") of ¢ and ¢’ such that a.s. X <Y. It is clear that for any a € [1, 2],
the mapping ®,, is increasing for the stochastic partial order.
We endow the set .#; of all probability measures on [1,c0] that have a finite first moment
with the 1-Wasserstein metric

di(o,0") = If{E[|X —Y][]: (X,Y) coupling of (o,0”)}.

The metric space (.#1,d;) is Polish and its topology is finer than the weak topology on ..
From the easy bound
G(u,n, (xi)i21) <z1+x2+ -+ 29
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and the fact that EN, < co when a # 1, we immediately see that &, maps .#; into .#; when
a > 1. We then observe that the mapping ®,, is strictly contractant on (.#7,d;). To see this,
let (X;,Y;)i>1 be independent copies of a coupling between 0,0’ € .#; under the probability
measure P. As in (5.10), let U be uniformly distributed over [0,1] and N, be distributed
according to 0. Assume that U, N, and (X;,Y;);>1 are independent under P. Then the two
variables G(U, Nq, (X;)i>1) and G(U, Ng, (Y;)i>1) give a coupling of ®,(c) and ®,(c’). Using
the fact that X;,Y; > 1, we have

|G(U, N, (Xi)i>1) — G(U, Na, (Yi)i>1)|

1-U -1 1-U -1
= U — (U
‘( +X1+X2+...+XNQ) ( +Y1_|_Y2_|_..._|_YNQ) ‘
_ ‘ (X1+X2+"‘+XNQ—Yl—YQ—”-—YNQ)(l—U) ‘
UX1+Xo+ - +Xn)+1-0)UY1+ Yo+ +Yn,)+1-0)
1-U

< (X =Y+ [Xo = Yo+ + [ XN, — Vi, |) (14 (No — )U)?’
(07

Notice that for any integer k& > 2,

k(1-U) B k—1—kFklogk
(1+(l<:—1)U)2} =y

E|

Taking expected values and minimizing over the choice of the coupling between o and o', we get

Na<1 — U)
[<1+ (No — 1)U

d1(@a(0), Pa(0”) < Jdi(o,0")

N, —1— N,log N, N ,
{ (Na—1)2 }>d1(0—70—) - Cadl(O',O'),

~ (1+E

with ¢, < 1. So for a € (1, 2], the mapping ®,, is contractant on .#; and by completeness it has
a unique fixed point 4, in .#;. Furthermore, for every o € .4, we have ®¥(s) — 7, for the
metric di, hence also weakly, as k — oc.

Since we know from that v, is also a fixed point of ®,, the equality v, = . will
follow if we can verify that 4, is the unique fixed point of &, in .#. To this end, it will be
enough to show that we have ®%(0) — 7, as k — oo, for every o € /.

For any a € [1,2], we apply @, to the Dirac measure d, at co to see

Do) = Law(U7Y),

1-U !
@i(éoo) = Law((U+ — — _1> ),
U +Uy +--+ Uy

where we introduce a new sequence (U;);>1 consisting of i.i.d. copies of U, independent of N,
and U under P. Thus the first moment of ®2(d4,) is given by

1_ -1
/ du/ duq - - / duy <u +— — 4 1>
k>2 Uy~ F Uy e AUy

1 1 1 1
= / du1 / duk 1 3 I Y 10g<*+*+"‘+7)
k>2 1_ + uy +"'+“k) Ul U9 Uk

229 /du1 /duklog +7+ +i>,

k>2

IN
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in which the integrals can be bounded as follows,

1
/ duy - / duklog +—+ +—)
Uy U2 Uk

1 1 1
/ duldug duk log ( + — 4+ 7>
O<ul <ug<--<up<l

log(2+%+-‘-+ﬂ>

Uk

2 1 1
dUQdU3---duk|:u210g(u2—|—us_|_...+Uk)+

k'/ 1 1 1
O<ug<ugz<---<up<l 'LL2_ + ug + e+ 'U/’;

k log k
k! / duodus - - - duy [ug log — + o8 }
O<ug<uz<--<up<l u k-1

1 1 1
= logh+ 5+ 4 klog h

k
< (24 =) logk.
PR G ) log

kE—1

Using Stirling’s formula, we know that 0, (k) = O(k=(*®)) as k — +00. As

k[ logk
Z(2+—k_ ) iira < T

k>2

for all a € [1,2], we get ®2(d) € .#1. By monotonicity, we have also ®2(c) € .#; for every
o € ., and from the preceding results we get ®% (o) — 7, for every o € .#. This implies that
Yo = o is the unique fixed point of ¢, in 4.

For every t € R we set Fy(t) = va([t,00]). For every integer k > 2, we write % (t) =
IP’(CYY) + Céa) + -+ C,(f) > t), where (C,(Ca))kzl are independent and identically distributed
according to 7,. Then we have, for every ¢t > 1,

Falt) = P(U+ @ <i>_U <a>§t_1>
c ety el

= ]P’(U<t1and§_z <C()+C(°‘) .+C](\‘;2>
_ E{ 1/tduF(N)< ut)]
0 1—wut
t—1 [ do
= (Na)
t /t (x—1)2E{FO‘ (x)} (5.12)

By definition, we have FP (t) =1 for every t € [1,2] and k > 2. It follows from ([5.12]) that

D(@)
Folt) = = +1-D@, vtell,2], (5.13)

where

D) =9 /200 @c‘fcl)QE[F;N@(x)] e [1,2).

We observe that the right-hand side of is a continuous function of ¢ € (1, 00), so that F,
is continuous on [1,00) (the right-continuity at 1 is obvious from (5.13))). Thus 7, has no atom
and it follows that all functions Fo(ék), k > 2 are continuous on [1,00). By dominated convergence
the function x — E[FéNa)(x)] is also continuous on [1, 00). Using again we obtain that F,
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is continuously differentiable on [1, 00) and consequently ~, has a continuous density f, = —F},
with respect to the Lebesgue measure on [1, 00).

Let us finally derive the differential equation . To this end, we first differentiate
with respect to ¢ to get that the linear differential equation

Kt — DFL() — Falt) = —E[FN) (1)) (5.14)

holds for ¢ € [1,00). Then let g: [1,00) — R4 be a monotone continuously differentiable
function. From the definition of F,, and Fubini’s theorem, we have

| dtgd OF.(0) = Elg€)] - 9(1)
and similarly
[t OB 0] = Bloef +¢7 4+ +2)] - g(0)
We then multiply both sides of by ¢'(t) and integrate for ¢ running from 1 to oo to get
E[c{(C{™ —1)¢' ()] + E[g(C\*)] =E[g(C\™ + 5 + -+ ). (5.15)

When g(x) = exp(—x£/2) for £ > 0, we readily obtain (5.11]) by using the generating function
of N, given in (5.6). Finally, taking g(z) =  in (5.15)), we get

Q

E[(C™)"] = E[NJE[C] = E[c)].

Nevertheless, by taking g(z) = x2 in (5.15)), we see that the third moment of C(®) is infinite since
E[(N. a)z] = 00. O
The arguments of the preceding proof also yield the following lemma in the case o = 1.
Lemma 5.6. The conductance CV) of the tree AW satisfies the bound

log k

V<23 2+—7<+oo. (5.16)
k>2 -1 k(k 1)

Additionally, the Laplace transform o1 of the law of CV) solves the differential equation

20" (0) + £p'(6) + (1 — p(£)) log(1 — p(£)) = 0.

Proof. The law of C) is a fixed point of the mapping ®; defined via with o = 1. By
the same monotonicity argument that we used above, it follows that the first moment of CV) is
bounded above by the first moment of ®?(d4,), and the calculation of this first moment in the
previous proof leads to the right-hand side of .

As an analogue to (5.15)), we have
E[cV () - 1)g'(c)] +E[g(ct))] = E[gcV + ¢SV +---+c{].

By taking g(z) = exp(—x¢/2) and using ({5.7)), one can then derive the differential equation
satisfied by (. O
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5.2.4 The reduced stable trees are nested

In this short subsection, we introduce a coupling argument to explain how Theorem
follows from the identity (5.5 in Proposition .
Recall the definition of the a-offspring distribution 6,. From the obvious fact

k—1
«
1-— 0 v 1,2,k >3
;i_a<, ae(1,2),k >3,
one deduces that for all £ > 3,
dp <0, Vae(,2)
daa b ) .

This implies that for every k > 3, 0,([2, k]) is a strictly increasing function of a € (1,2). Using
the inverse transform sampling, we can construct on a common probability space a sequence of
random variables (N, a € [1,2]) such that a.s.

Ng, 2 Ny, foralll <as <ag <2,
Then following the same procedure explained in Section [5.2.1] we can construct simultaneously

all reduced stable trees as a nested family. More precisely, there exists a family of compact
R-trees (A(®), o € [1,2]) such that

—
=

A 2 A@ forall 1 <a<2;
Al Al2) gl 1 < oy <oy <2.

Consequently, the family of conductances (C(*), o € [1,2]) associated with (A(® «a € [1,2]) is
decreasing with respect to a. In particular, the mean E[C(O‘)] is decreasing with respect to «,

and it follows from (5.16)) that (E[C(™],« € [1,2]) is uniformly bounded by the constant

log k
o= 224 o) B e
k>2 k—1"k(k—1)

Proof of Theorem For any « € (1,2], 7, is a probability measure on [1,00) and

st
S o (d8)7a(dt
s+t—1—/7 87()+t

>/ va(dswa(dt)g(s 7

= 3 [[relaona@nsnn = 5.

/ Ya(ds)va(dl)

So we derive from ([5.5)) that

b < 5 (2EC@]) 1) < S (20E-1) < =

l\.')\r—t
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5.2.5 Proof of Theorem

The proof of Theorem given below will follow the approach sketched in |20} Section 5.1].
We will first establish the flow property of harmonic measure (Lemma [5.7)), and then find an
explicit invariant measure for the environment seen by Brownian motion on the CTGW tree I'®)
at the last visit of a vertex of the n-th generation (Proposition . After that, we will rely on
arguments of ergodic theory to complete the proof of Theorem and that of Proposition

Throughout this subsection, we fix the stable index « € (1,2] once and for all.
For notational ease, we will omit the superscripts and subscripts concerning « in all the proofs
involved. Recall that P stands for the probability measure under which the CTGW tree I'(®
is defined, whereas Brownian motion with drift 1/2 on the CTGW tree is defined under the
probability measure P.

The flow property of harmonic measure

We fix an infinite continuous tree 7 € T, and write as before 71y, 7(2),- -, T(x,) for the
subtrees of T at the first branching point. Here we slightly abuse notation by writing W =
(W(t))¢>0 for Brownian motion with drift 1/2 on 7T started from the root. As in Section
Woo stands for the exit ray of W, and the distribution of W, on the boundary of 7 is the
harmonic measure of 7, denoted as vy. Let K be the index such that W, “belongs to” 7ZK)
and we write W/ for the ray of T(x) obtained by shifting W at the first branching point of 7.

Lemma 5.7. Let j € {1,2,...,kg}. Conditionally on {K = j}, the law of W/ is the harmonic
measure of T(jy.

The proof is similar to that of [20, Lemma 7] and is therefore omitted.

The invariant measure and ergodicity

We introduce the set
T C T x NV

of all pairs consisting of a tree 7 € T and a distinguished geodesic ray v in 7. Given a
distinguished geodesic ray v = (v1,v2,...) in T, we let S(7,v) be obtained by shifting (7, v)
at the first branching point of 7, that is

S(T7 V) = (’T(vl)a ‘7)7

where v = (v2,v3,...) and 7(,,) is the subtree of T rooted at the first branching point that is
chosen by v.

Under the probability measure P ® P, we can view (I'® W) as a random variable with
values in T*. We write ©%(d7dv) for the distribution of (T'(®), W.,). The next proposition gives
an invariant measure absolutely continuous with respect to ©F under the shift S.

Proposition 5.8. For every r > 1, set

Ttl

Ka(r) == ];kea(k)/’)’a(dtl)/'?/a(d@) - '/’Ya(dtk) Pttty bty —1

The finite measure kq(C(T))Ok(dTdv) is invariant under S.
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Remark. The preceding formula for «,, is suggested by the analogous formula in |20, Proposition
25] for a = 2.

Proof. First notice that the function k is bounded, since for every r > 1,

Z k@ /tlv dtl)

Let us fix 7 € T, then for any 1 < i < kg and any bounded measurable function g on N,
the flow property of harmonic measure gives that

o C(Tw)
/VT(dV) Liy=iy 9(V) = ) -+ ClTo)) /Vﬁi)(du)g(u)-

Recall that ©*(d7 dv) = O(dT)vy(dv) by construction. Let F' be a bounded measurable
function on T*. Using the preceding display, we have

/ F o S(T,v) k(C(T)) ©*(dT dv) (5.17)

S e(Ty) _
- Z/F 0N o ey O TR = v, (dw)

Observe that under ©(d7 | ky = k), the subtrees 7(1),7(2),- .., T(x) are independent and dis-
tributed according to ©, and furthermore,

om)=(U+ 1-v ))1

C(Ty) + - +C(Tw

where U is uniformly distributed over [0, 1] and independent of (71, 7(2), - - -, T(x)). Using these
observations, together with a simple symmetry argument, we get that the integral (5.17) is given
by

Iik&(k) /01 dx/@(dﬂ) . ./e(dm/yﬁ(du)F(Tl,u)

C(T) 1—x -1
- rem "t et remm) )

:/@*(dﬂdu (Ti,u [Zk@ /dx/@de /@di

C(Th) 1—x -1
C(Th) +---1+C(Tk) “(<x+ C(T1)+---+C(Tk)) )]

The proof is thus reduced to checking that, for every r > 1, k(r) is equal to

> 1 r 1—x 1
3 K00 | d [0 [00T) e (e e )
(5.18)

To this end, we will reformulate the last expression in the following way. Under the probability
measure P, we introduce an ii.d. sequence (C;);>o distributed according to 7, and a random
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variable N distributed according to 6. In addition, under the same probability measure P, let
U be uniformly distributed over [0, 1], (CNZ-)Z'ZO be an independent copy of (C;)i>0, and N be an
independent copy of V. We assume that all these random variables are independent. Note that
by definition, for every r > 1,

K(r) = E[ — ~7"NC1 — }
r+C +C+--+Cx—1
It follows that (5.18)) can be written as
-1
= r+C2+-..+Ck(U+m) +Cl+c2+...+c~N_1
=r > kO(k)E _Na — ]
k=2 L(r+Co+ +C)A+(CL+Ca+ -+ Cy = VU + 575¢)
=r > KO(K)E| =—— _ CitCt: +Cy }
L(C1+Co+ -+ Cr—)(U(r+Cat-+C) +1-U)+r+Ca+ -+
:TZkG(k)E - _ Ci+C+---+Cx }
L(C1+Co+- - +C)U(r+Co+---+C—1)+ 1)+ (r+Co+---+C,—1)(1 -U)
> [ 1
=7y kO(k)E - }
k=2 _(T+C2++Ck—1)(U+m)+l
e¢] oy NN
— > kO(R)E| —— ¢ }: { —.C }
o Lr+C+Co+---+C,— 1 r+C+Co+---+Cn—1
where I —U
Ci+-+Cx

is independent of (C;);>0 and N. By 1) the random variable C is also distributed according
to . So the right-hand side of the last long display is equal to x(r), which completes the proof
of the proposition. O

We normalize k, by setting
Ka(r) _ Ka(r)
[ 5a(C(T)OLATAv) [ £a(C(T))Oa(dT)

for every r > 1. Then Ro(C(T))O%(dTdv) is a probability measure on T* invariant under the
shift S. To simplify notation, we set Y7 (dTdv) := Ro(C(T))O%(dTdv). Let m; be the canonical
projection from T* onto T. The image of Y7, under this projection is the probability measure

To(dT) := Ea(C(T))Oa(dT).
Proposition 5.9. The shift S acting on the probability space (T*,Y}) is ergodic.

Ra(r) =

Proof. Our arguments proceed in a similar way as in the proof of [20, Proposition 13]. We define
a transition kernel p(7,d7”) on T by setting

(T dT’)zfj C(Tw) 57 (dT")
P 2 C(Tay) + -+ C(Tgpgy) 0
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Informally, under the probability measure p(7,d7T"), we choose one of the subtrees of T obtained
at the first branching point, with probability equal to its harmonic measure.

For every integer n > 1, we denote by S™ the mapping on T* obtained by iterating n times
the shift S, and then we consider the process (Z,)n>0 on the probability space (T*, T*) with
values in T, defined by Zy(7,v) = T and

Zn(T’ V) = (Sn(Tv V))

for every n > 1. According to Proposition [5.8] and the flow property of harmonic measure, the
process (Zp)n>0 is a Markov chain with transition kernel p under its stationary measure Y(d7).

We write T for the set of all infinite sequences (70,77, ...) of elements in T, and let T be
the set of all infinite sequences (7°,77,...) in T*, such that, for every integer j > 1, 77 is one
of the subtrees of 7771 above the first branching point of 771, Note that T is a measurable
subset of T and that (Z,(T,V))ns0 € T for every (T,v) € T*. If (T°,7%,...) € T,
there exists a geodesic ray v in 7 such that 77 = S7(7°,v) for every 5 > 1, and we set
H(T, T, ...) == (T° v). Notice that v is a priori not unique, but to make the previous definition
rigorous we can take the smallest possible v in lexicographical ordering (of course for the random
trees that we consider later this uniqueness problem does not arise). In this way, we define a
measurable mapping ¢ from T into T* such that

o(Zo(T,v), Z1(T,v),...)=(T,v), T*-a.s. (5.19)

Now given a measurable subset A of T* such that S~'(A) = A, we aim at proving that
T*(A) € {0,1}. To this end, we consider the pre-image B = ¢~!(A), which is a measurable
subset of T® C T*. Due to the previous constructions, B is shift-invariant for the Markov
chain Z in the sense that

{(Zo,Zl,...) EB}:{(Zl,ZQ,...) EB}, a.s.
Using Proposition 16.2 in [73], we then obtain a measurable subset D of T, such that
]_B(Zo, Zl, .. ) = 1D(Z()) a.s.,

and moreover p(7,D) = 1p(T), Y(dT)-a.s. It follows thus from that Y*-a.s. we have
(T,v) € Aif and only if T € D.

However from the property p(7, D) = 1p(T), Y(dT)-a.s., one can verify that Y(D) € {0, 1}.
First note that this property also implies that p(7, D) = 1p(7), ©(dT )-a.s. Hence, ©(d7)-a.s.,
the tree T belongs to D if and only if each of its subtrees above the first branching point belongs
to D (it is clear that that the measure p(7,-) assigns a positive mass to each of these subtrees).
Then, the branching property of the CTGW tree shows that

o(D) = i (k) ©(D)*
k=2

which is only possible if ©(D) = 0 or 1, or equivalently if T(D) = 0 or 1. Therefore T*(A) is
either 0 or 1, which completes the proof. O
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Proof of Theorem

Having established Proposition [5.8] and Proposition [5.9} we can now apply the ergodic theo-
rem to the two functionals on T* defined as follows. First let J,,(7,v) denote the height of the
n-th branching point on the geodesic ray v. One immediately verifies that, for every n > 1,

n—1
Jn=> JioS"
i=0
If M = [k(C(T))O*(dTdv), it follows from the ergodic theorem that ©*-a.s.,

%Jn — ! / J1(T,v)R(C(T))O* (AT dv). (5.20)

Note that the limit can be written as

M—lE[\ log(1 = 1) s( (U + Cl"‘l_Z‘CN)_I)]

with the notation used in the proof of Proposition [5.8
Secondly, let x,, v denote the n+1-st branching point on the geodesic ray v. If v = (v1,v2,...),
then x,, v = ((v1,...,vn), Jut1(T,Vv)) with the notation of Section We set for every n > 1,

Fo(T,v):=logrr({ue dT: x,v < u}).

By the flow property of harmonic measure (Lemma , we have
n—1 ]
Fo=Y Fiof,
i=0
and by the ergodic theorem, ©*-a.s.,

%Fn s M [ F(T v)R(C(T))" (dTdv), (5.21)

n—oo

where the limit can be written as

_ NC C 1-U -1
M 1E{cl vy e e (U g e )]
By combining and , we obtain that the convergence holds with limit
B[y 108 (s res) #((U + et es) )]
E|[log(1 - U)|n((U + ﬁ)_l)}

Proposition 5.10. We have g < ﬁ

Proof. We use the notation

W(T) = lim e a1 #7;,

which exists ©(d7)-a.s. by a martingale argument. Since Y 6(k)klogk < oo, the Kesten—Stigum
theorem (for CTGW trees, see e.g. [, Theorem III.7.2]) implies that the previous convergence
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holds in the L!-sense and [W(T)O(dT) = 1. Moreover, ©(W(T) = 0) = 0 and the Laplace
transform
/6_“W(T)®(d7') =1- % for any u € (0, 00)
(1 uot)at

can be obtained by applying Theorem I11.8.3 in [7] together with (5.6). In particular, it follows
from a Tauberian theorem (cf. [31, Chapter XIII.5]) that [|logW(T)|©(dT) < oc.

Let T(1), - - -, T(ky) De the subtrees of T at the first branching point, and let J(7) = J1(T,v)
be the height of the first branching point. Then, ©(d7)-a.s.

W(T) = ™50 (W(Tay) + -+ + W(Tio)s

so that we can define a probability measure w on {1,2,...,kz} by setting
“EEW(T)
. o (i) .
= — 1 <i<ky.
wT(/L) W(T) ) — ? — a

On the other hand, for 1 < i < kg, let v3-(i) denote the mass assigned by the harmonic measure
vy to the rays “contained” in 7(;), that is,

. - C(Twuy)
vr(i) = /1{v1:i}”7(dv) -~ C(Tay) + -+ C(Ti))

By a concavity argument,

ZVT )log 2 T() <0, (5.22)

and the inequality is strict with posmve O-probability.

Recall that Y(dT) = M~'k(C(T))O(dT) is the image of the probability measure Y*(d7 dv)
under the canonical projection m; from T* to T. According to the discussion before Proposi-
tion [5.10}, we can write

:(/T(dT /TdT % (i) log ——
7’(1)
which by (5.22)) is strictly smaller than
(/T(dT /TdT %(i) log ——.
wr (7)
However, it follows from the definition of wy that
1 W(T)
Y(dT) Y vi(i)log——==—— [ Y(dT)J /T dT logi
Jx Z Holow o ~a T8 )
Wom(T,v)

1 *
-1 /T(dT)J(T) +/T (dTdv) IOgWom(S(T,v))

:ﬁ / Y(dT)J(T),

where in the last equality we used the fact that T* is invariant under the shift S, and that
log W(T) is integrable under ©(d7) hence also under T*. Therefore, we have shown 8 < —-
and the proof of Theorem is completed. O
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Proof of Proposition

We have seen above that

E{m log (cﬁcilclv) ((U + m)_l)} _

-1
1-U
E|log(1 - U) (U + zes) )]
On account of Proposition [5.5 the proof of Proposition [5.4] will be completed if we can verify
that the preceding expression for /3 is consistent with formula ([5.5)). In the following calculations,
we will keep using the same notation introduced in the proof of Proposition [5.8]
Firstly, the numerator of the right-hand side of 5.23 is equal to

+Cn (U+W) Yy -1
Ncl(cl—i-"‘—i-CN)lOgcl_i_?i}_i_cN
{C1+"‘+CN+51+"'+C~N—1+U(C1+"'+CN—1)(C~1+"'+5N—1)}

For every integer k > 2, we define for x € (1,00) the function

8=

(5.23)

NCl Cl
El— 1
[cl+---+cN Og(cw---

xcy log

01+'c‘1~+ck
a+ g tar—1l4(c+ +c—1)(z—1u

where u € (0,1) and ¢1,...,¢; € (1,00). We can apply to get
E[Ge,...cov(Ci+ - +Cx) | Ciy...,Cr, U]
C3C1(Cr+ -+ Cp) log g
(Co+Ci+-+C—1+(Co—1)(C1+---+C, —1)U)
With help of the last display, the numerator of the right-hand side of becomes

Gey,oopu(®) =

. Cl,...,Ck,U].

{ NC§C1(01+~-+CN)IOgcl+€7.1+CN }
(Co+C1+--~+CN—1+(CO—1)(CI+"'+CN_1)U)2

We now integrate with respect to U and recall that for a,b,c > 0, fo duz—"—s ® +Cu) So the

= 3ot
numerator of the right-hand side of ((5.23|) coincides with

NCgcllogm .
Co+Ci+--+Cn—1
On the other hand, the denominator of the right-hand side of is equal to
E{ @ +~;+CN)(C~1 +-~+C~N)log(1~— vy ]
Cit+Cn+Ci++Cy—D(Cr++CNU+(Cr+-+Cx — 1)1 -0)
(C1+-+CN)(Cr+ -+ Cx)log(1 —U)
{cl+--~+CN+51+---+C~N—1+(61+---+CN—1)(51+---+5N—1)U}
E{ C2(Cy + -+ +Cn)%log(1 —U) }
(Co+Crt-+Cn—1+4(Co—1)(C+-+Cy—1U)
E{cgcf( —14+Co+C1—2CoC1 + (Co —1)(C1 — 1)U) log(1 — U)}
(Co+Cr— 1+ (Co—1)(Cy —1)U)° ’
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where we have repeatedly used 1) in the last two equalities, the first time to replace Ci+
--++Cgx by Co, the second time to replace C1 +- - - +Cx by Ci. In order to integrate with respect
to U, we appeal to the identity that for a,b,c > 0,

/1 (a+bu)log(l —u) b(c —a)+ (2b+c—|—a)clogﬁcc
; .

(c+ bu)3 N 2bc(b + ¢)?
Applying this formula, we see that the denominator of the right-hand side of (5.23]) coincides
with
—E[ CoC1 }
Co+C—1 '
We have thus obtained the following formula
NCoC C1+Co+--4C
E|:CO+Cl+"‘3'+16N_1 10g ' 2C1 N}
8= e (5.24)
E|:C0+lelj|

By a symmetry argument, the numerator of the right-hand side of ((5.24)) is equal to

NCyCq log(61 +CQ+"‘+CN):| B { NCyCq log(Cl) }
Co+Ci+---+Cn—1 Co+Ci+---+Cn—1

E[

:E{CO(Cl +Co + -+ +Cn)log(Cy +CZ+"'+CN)} 7E[CO(C1+C2+"'+CN)10g(CO)}
Co+Ci+--+Cn—1 Co+Ci+---+Cn—1
=E[f(Ci +Co+ - +CN)] —E[g(C1 +Co+ - +Cn)], (5.25)
where we have set, for every x > 1,
_ Co.’L‘ - Cox
f(x)_E[CO—kx—ll()gx} and g(x)_E[Co—kx—ll()gCOl

We can replace E[f(C1 + Co + --- + Cn)] by E[f(C1)] + E[C1(C1 — 1)f'(C1)] using (5.15]), and
similarly for g, to obtain

1 CoC
E[f(Ci+Co+ - +Cn)] —E[g(C1 +Co+ - +CnN)] = (E[CO]Q—E[“D.
2 Co+C—1
Plugging this into (5.25)) yields the required formula (5.5), and hence finishes the proof of
Proposition

5.2.6 A second approach to Theorem

In this section, we outline a different approach to Theorem which contains certain
intermediate results of independent interest. This approach involves an invariant measure for
the environment seen by Brownian motion on the CTGW tree T'(®) at the last visit of a fixed
height. This is similar to Section 3 of [20], and for this reason we will leave the proofs to
Section [5.51

We fix the index « € (1, 2], and we first introduce some additional notation. For 7 € T and
r >0, if x € Ty, let T[z] denote the subtree of descendants of x in 7. To define it formally, we
write v, for the unique element of V such that x = (v,,r), and define the shifted discrete tree
vy] = {v € V: vyv € IT}. Then T[] is the infinite continuous tree corresponding to the pair

(1), (Zowo = Poertpon).
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For a fixed r > 0, we know that T'® has a.s. no branching point at height r. As there is
a unique point x € I\ such that = < Wao, we write T (1) = T(@)[z] for the subtree above
level r selected by harmonic measure.

To describe the distribution of '@ (r), recall that for every x > 0,

Palz) = E[exp(—xc(a)ﬂ)] = O4(exp(—zC(T)/2)).

Proposition 5.11. The distribution under P@ P of the subtree T\®) (1) above level r selected by
harmonic measure is

¢ (C(T)) ©a(dT),

where, for every ¢ > 0,

) (c) = B [exp— /OT ds (ma(l — (pa(XS))O‘*1 - i 1)}

Here X = (Xs)o<s<r Stands for the solution of the stochastic differential equation

dXs =2V Xsdns + (2 — X,)ds

that starts under the probability measure P, with an exponential distribution of parameter c/2.
In the previous SDE, (ns)s>0 denotes a standard linear Brownian motion.

Now we define shifts (7,.),>0 on T* in the following way. For r = 0, 79 is the identity mapping
of T*. For r > 0 and (7,v) € T*, we write v = (v1,ve,...) and v,, = (v1,...,v,) for every n > 0
(by convention, vo = &). Also let ;. be the unique element of 7, such that z,, < v. Then we
set

7 (T,v) = (Tleral s (1, vnrz, - )

where k = min{n > 0: z,,, > r}. Informally, 7,(7,v) is obtained by taking the subtree of 7T
consisting of descendants of the vertex at height r on the distinguished geodesic ray, and keeping
in this subtree the “same” geodesic ray. It is straightforward to verify that 7. o 74 = 745 for
every r,s > 0.

The next proposition gives an invariant measure absolutely continuous with respect to O,
under the shifts 7,.. To simplify notation, we set first

S o
- ’ 2 s/2 _ /
Cr(@):=2 [ " dsl(s)? e = [ [ 1a(a0ra(d0) 75—

Proposition 5.12. For every ¢ > 0,

lim & (c) = & (¢

r—-+00

cts—1
The probability measure A}, on T* defined as

AL(ATdv) := &) (C(T)) O4(dTdv)
is invariant under the shifts 7., r > 0.

Furthermore, one can easily adapt the proof of Proposition 13 in [20] to show that for every
r > 0, the shift 7, acting on the probability space (T*,A}) is ergodic. Applying Birkhoff’s
ergodic theorem to a suitable functional (see Section 3.4 of [20]) leads to the convergence
in Theorem with S, given by formula . See Section for more details.
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5.3 The discrete setting

5.3.1 Galton—Watson trees

Let us first introduce discrete (finite) rooted ordered trees, which are also called plane trees
in combinatorics. A plane tree t is a finite subset of V' such that the following holds:

(i) ¥ et.
(i) If u = (u,...,u,) € t\{@}, then @ = (u1,...,up—1) € t.
(iii) For every u = (uq,...,uy) € t, there exists an integer k,(t) > 0 such that, for every j € N,
(U1, ..., up,j) € tif and only if 1 < j < k,(t).
In this section we will say tree instead of plane tree for short. The same notation and terminology
introduced at the beginning of Section will be used in this section: |u| is the generation
of u, uv denotes the concatenation of u and v, < stands for the (non-strict) genealogical order
and u A v is the maximal element of {w € V: w < uwand w < v}. A vertex with no child is
called a leaf.

The height of a tree t is
h(t) := max{|v|: v € t}.

We write .7 for the set of all trees, and 7, for the set of all trees with height n.
We view a tree t as a graph whose vertices are the elements of t and whose edges are the
pairs {u,u} for all v € t\{@}. The set t is equipped with the distance

d(u, v) := Z(lul + [v] = 2Ju A v)).

1
2
Notice that this is half the usual graph distance. We will write By(v,r), or simply B(v,r) if
there is no ambiguity, for the closed ball of radius r centered at v, with respect to the distance
d in the tree t.

The set of all vertices of t at generation n is denoted by

t, :={vet: v =n}
If v € t, the subtree of descendants of v is
to] :={v et:v =<'}

Note that t[v] is not a tree under the previous definition, but we can turn it into a tree by
relabeling its vertices as
tlv] i={w e V:vw € t}.

If v € t, then for every i € {0,1,...,|v|} we write (v); for the ancestor of v at generation i.
Suppose that |[v| = n. Then Bi(v,i) Nt, =t [(v),_;] Nty, for every i € {0,1,...,n}. This simple
observation will be used repeatedly below.

Let p be a non-trivial probability measure on Z, with mean one, which belongs to the
domain of attraction of a stable distribution of index « € (1,2]. Therefore property at the
beginning of the Introduction holds. For every integer n > 0, we let T be a Galton-Watson
tree with offspring distribution p, conditioned on non-extinction at generation n, viewed as a
random subset of V (see e.g. [58] for a precise definition of Galton-Watson trees). In particular,
TO) ig just a Galton—Watson tree with offspring distribution p. We suppose that the random
trees T(") are defined under the probability measure P.
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We let T*" be the reduced tree associated with T which consists of all vertices of T(") that
have (at least) one descendant at generation n. Note that |v| < n for every v € T*". A priori
T*™ is not a tree in the sense of the preceding definition. However we can relabel the vertices of
T*", preserving both the lexicographical order and the genealogical order, so that T*” becomes
a tree in the sense of our definitions. We will always assume that this relabeling has been done.

Conditionally on T, the hitting distribution of generation n is the same for simple random
walk on T and that on the reduced tree T*". In view of studying properties of this hitting
distribution, we can consider directly a simple random walk on T*" starting from the root &,
which we denote by Z" = (Z}!);>0. This random walk is defined under the probability measure
P. Let

H, :=inf{k > 0: |Z}}| = n}
be the first hitting time of generation n by Z", and set 3,, = Z}; to be the hitting point. The
discrete harmonic measure p, is the law of ¥,, under P, which is a (random) probability measure
on the level set T;".

Set g, = P(R(T®) > n). If L is the slowly varying function appearing in , it has been
established in [83, Lemma 2] that

1
-1
By the asymptotic inversion property of slowly varying functions (see e.g. [12, Section 1.5.7]), it
follows that )
gn ~n o1f(n) asn— oo, (5.27)

for a function ¢ slowly varying at co. Moreover, it is shown in [83, Theorem 1] that, as n — oo,
Gn# T converges in distribution to the positive random variable W(I'(®) introduced in the
proof of Proposition [5.10

We will need to estimate the size of level sets in T*”. The following lemma is an analogue of
Lemma 15 in [20].

Lemma 5.13. For every r > 1, there exists a constant C = C(r,p) depending on r and the
offspring distribution p such that, for every integer n > 2 and every integer p € [1,n/2],

E[(log #T,*f_p)T]% < ClogZ and  E[(log #T;’;")T]% < C logn.
p

Proof. We can find a = a(r) > 0 such that the function z — (log(a+x))" is concave over [1, 00).
Then as in the proof of [20, Lemma 15],

E[(log#T;,)"]" < E[(log(a+ #T32,))]" < log (a + EFT,]) = log(a + ),

qn
Using Potter’s bounds on slowly varying function (see e.g. [I12, Theorem 1.5.6]), one can deduce
from that there exists a constant C' = C’(p) > 0 such that for every n > 2 and every
p € [1,n/2],
dp ’ n
log (qn> < (C'log (p),
from which the first bound of the lemma easily follows. The second estimate can be shown in a
similar way. O

The goal of this section is to prove Theorem We will assume in the rest of this section
that the critical offspring distribution p satisfies (5.1)) with a fixed a € (1,2]. Accordingly, we
will omit the superscripts and subscripts concerning « if there is no ambiguity.
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5.3.2 Convergence of discrete reduced trees

We first define truncations of the discrete reduced tree T*". For every s € [0,n], we set
Ry(T™):={veT™: |v] <n-—s]}.

Recall from Section B.2.1] the definition of the continuous reduced tree A of index «. For
every € € (0,1), we have set A, = {z € A: H(z) <1 —¢c}. We will implicitly use the fact that,
for every fixed &, there is a.s. no branching point of A at height 1 — e. The skeleton of A, is
defined as the following plane tree

Sk(A.) :={otu{vell\{g}:V; <1-c} ={o}uU{vell\{g}: (v,Y;) € A.}.

A vertex v of Sk(A,) is a leaf of Sk(A;) if and only if ¥, > 1 —e.

Let t be a tree. We write S(t) for the set of all vertices of t whose number of children is
different from 1. Then we can find a unique tree [t] € .7 such that there exists a bijection
from [t] onto S(t) that preserves the genealogical order and the lexicographical order of vertices.
Denote the inverse of this canonical bijection by u € S(t) — [u] € [t]. In a less formal way, [t] is
just the tree obtained from t by removing all vertices that have exactly one child.

Proposition 5.14. We can construct the reduced trees T*™ and the (continuous) reduced stable
tree A on the same probability space (0, F,P), so that the following assertions hold for every
fized € € (0, 1) with P-probability one.

(1) For every sufficiently large integer n, there exists an injective mapping V5, : u — wib® from

Sk(A;) into S(Repn(T*™)) satisfying the following properties.

(1.a) The mapping Vs, preserves both the lexicographical order and the genealogical order.

(Lb) If w is a leaf of Sk(A;), [wikf] is a leaf of [Ren(T*™)] and |w}¥| = n — |en]. The
restricted mapping

W, TLeaves : Leaves of Sk(Az) — {v € S(Ren(T™)): [v] s a leaf of [Ren(T™)]}

is bijective.

(1.c) For every vertexr u of Sk(A;),

: 1 n,e
: 1—716
am ClwE = Ya,

where U denotes the parent of u in Sk(A;), andwiy® stands for the vertex in S(Repn(T*"))
such that [wWir®] is the parent of [wi¢] in [Ren(T*™)]. (Notice that wi* does not nec-

. . . . n,e
essarily coincide with wy”.)

(2) The mapping VS, is asymptotically unique in the sense that, if \T/fl is another mapping such
that the preceding properties hold, then for n sufficiently large,

e (u) = US (u)  for every u € Sk(A,).
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Figure 5.2: On the left, the tree A, its truncation A. and its skeleton Sk(A.). On the
right, a large reduced tree T*" of height n, its truncation R.,(T*") and the associated
tree [Ren(T*™")]. The vertices depicted as filled red disks on the left correspond to the
vertices depicted as filled red squares on the right, via the mapping ¢,

Proposition (see Fig. for an illustration) essentially results from the convergence in
distribution of the rescaled contour functions associated with the trees T(") towards the excursion
of the stable height process with height greater than 1 (see [26, Section 2.5]). By using the
Skorokhod representation theorem, one may assume that the trees T and the excursion of the
stable height process are constructed so that the latter convergence holds almost surely. The
various assertions of Proposition then easily follow (cf. [26], Section 2.6]), using the relation
between the excursion of the stable height process with height greater than 1 and the limiting
reduced tree A, which can be found in |26 Section 2.7].

Remark 1. Let us take 0 < § < e. If u is not a leaf of Sk(A.), we must have w* = w? for
sufficiently large n. On the other hand, if w is a leaf of Sk(A.), then for large n, w}»* must be
an ancestor of w™?°.

Remark 2. We expect that a result more precise than Proposition [5.14] should hold. For all
sufficiently large n, the mapping ¥¢ should be a bijection, and the equality w}¢ = w}* should
hold for all u € Sk(A.) (in other words, there should be no white square in the right part of
Fig. [5.2). However this refinement does not easily follow from the results of [26], and we will
omit it since it is not needed for our purposes.

5.3.3 Convergence of harmonic measures

Recall that p is the continuous harmonic measure on the boundary 0A of the reduced stable
tree, and that p, is the discrete harmonic measure on T;". For every x € 0A., we set

4 (@) = n({y € 9A: 7 < y}) = Pla < Br.).

" by setting

Similarly, we define a probability measure pj, on T ™ len)

p(u) = pn({v € T u < v}),

I len ]
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for every uw € U |\ Clearly, u, is the distribution of (En)n—|en)-

Proposition 5.15. Suppose that the reduced trees T*™ and the (continuous) tree A have been
constructed so that the properties of Proposition hold, and recall the notation (wy),esk(A.)
introduced therein. Then P-a.s. for every x = (u,1 —¢) € 0A,,

lim 5, (w)}¥) = 4 (@).

n—o0

Proof. Let 6 € (0,¢) and set Ts = inf{t > 0: H(B;) =1—0} < T. Define a probability measure
1= on A, by setting for every z € DA,

1= (z) = P(z < Bry).

Similarly, we write ,ug) for the distribution of the hitting point of generation n— [dn]| by random

walk on T*” started from @&. Then we define a probability measure ,uf[((s) on T " len

| by setting
1O ) = 1) ({w € T 5y v < w}),

for every v € T3 len]"
As in the proof of [20, Proposition 18], we have P-a.s.

: ,(0) € _

glgg](wzlalgslu (2) = ()] 0,
%im(limsup( sup ‘uf{(‘s)(v)—u;(v)‘)> = 0.
—0 oo UGT:LTLLan

So the convergence of the proposition will follow if we can verify that for every fixed § € (0,¢),
we have P-a.s. for every x = (u,1 —¢) € JA,,

Tim 5@ () = 1= (@), (5.28)
To this end, we may and will assume that the reduced trees T*"" and the (continuous) tree A
have been constructed so that the properties of Proposition hold simultaneously for € and
for 4.

Firstly, by considering the successive passage times of Brownian motion stopped at time Ty
in the set {(u, Yy A (1 —9)): u € Sk(As)}, we get a Markov chain X, which is absorbed in
the set {(v,1 —0): v is a leaf of Sk(As)}, and whose transition kernels are explicitly described
in terms of the quantities Y,,,u € Sk(As) by series and parallel circuits calculation.

Secondly, let n be sufficiently large so that assertions (1) and (2) of Proposition hold
with e as well as with §, and consider simple random walk on T*" started from @ and stopped
at the first hitting time of generation n — |[dn]. By considering the successive passage times of
this random walk in the set S(Rgs,(T*")), we again get a Markov chain X (9" which is absorbed
in the set

{v € S(Rsn(T™)): [v] is a leaf of [Rs,(T™)]}.

By property (1.b) of Proposition this set is exactly {w™®: v is a leaf of Sk(As)}. As pre-
viously, the transition kernels of this Markov chain X ()" can be written explicitly in terms of
the quantities |v|,v € S(Rsn(T*")).
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Recall that by Proposition
U5 (Sk(As)) = {wy s u € Sk(As)}

is a subset of (R, (T*)), and that the mapping ¥ is injective. If we let X (9" be the Markov
chain restricted to the subset W2 (Sk(Ajs)), then after identifying both sets {(u, Yy A (1 —0)): u €
Sk(As)} and W9 (Sk(As)) with Sk(As), we can view both X and X ()" as Markov chains with
values in the set Sk(Agy). Using property (1.c) of Proposition we see that the transition
kernels of X (9 converge to those of X ().

Write Xéﬁ) for the absorption point of X and similarly write Xéf)’” for that of X0,
Notice that Xég)’" is also the absorption point of the restricted Markov chain X©®m We thus

obtain that the distribution of Xég)’" converges to that of Xég) (recall that both Xé?’” and X(gg)

are viewed as taking values in the set of leaves of Sk(Ay)). Consequently, for every u € V such
that x = (u,1 —¢) € 0A,, we have

lim P(u < X" = P(u< X)),

n—oo

However, from our definitions, we have
P(u < XQ) = p=O(x),

and, for n sufficiently large, since w!° coincides with the ancestor of w9 at generation n — [n|
(see Remark 1 after Proposition ,

Plu < XO7) = 5 w}e).

u

This completes the proof of (5.28]) and of the proposition. O

Recall that 5 is the Hausdorff dimension of the continuous harmonic meaure .

Proposition 5.16. Let r > 1 and £ € (0,1). We can find g € (0,1/2) such that the following
holds. For every € € (0,¢9), there exists ng > 0 such that for every n > ny,

B B|[1og 4 (Sabnten)) — Bloge| | < €loge

Proof. Recall our notation Bq(z,r) for the closed ball of radius r centered at x € A. Fix
n € (0,1). Since Br_ is distributed according to p, it follows from Theorem that there exists
g0 € (0,1/2) such that for every € € (0,g9) we have

PP (’ log u(Ba(Br_,2¢)) — 5log5‘ > (n/2)] loga\) <n/2. (5.29)

Let us fix € € (0,£0) and assume that the reduced trees T*"* and the (continuous) tree A have
been constructed so that the properties of Proposition [5.14] hold. We now claim that, under
P P,

U (Snneen)) s p(Ba(Br,2)). (5.30)

To see this, let f be a continuous function on [0, 1]. Since the distribution of (¥,),_|.,| under
P is uf,, we have

B o B[f(uh (S )] =B 5 i) £l ).

veT*n

n—|en]
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By property (1.b) of Proposition we know that P-a.s. for n sufficiently large,

Z :U’fl(v) f(u;(’l))) = Z Iui(wgvs) f(lu;(wg,s)),

vET*N z=(u,1—€)€IA,

n—|en]

and by Proposition the latter quantities converge as n — oo towards

> 1 (@) f(u(2) = E[f(n(Ba(Br_, 2¢)))],

TEIA.

which establishes the convergence ([5.30) as claimed.
By (5.29) and (5.30)), we can find ng = ng(e) > =1 such that for n > no,

P® P (\logﬂi(@n%_m) - ﬁlogsl > Ilogel) <.
Using the Cauchy—Schwarz inequality, we have then

E® E [log 5, ((Sn)n—|en)) — Bloge| |
27‘]1/2

1
<n"|logel" + 772E®EHIOgM%(<En>n—LanJ) — Bloge

QT/Q. (5.31)

<" loge|" + QTH%]ﬂlogg‘T‘ + 2TU%E®E{ llogui((zn)n,kw)

Since r > 1, the function
g(@) = (z ne™) [log(z A e™ )P

is nondecreasing and concave over [0,1]. Thus, we obtain

= Y sl )

veT*™

n—|en]

< D glun() + @27
UET:LTL len]

S H#TL o) ¥ 9((#TZTLLenJ)71> +(2r)%

*7 r 2r
< ‘log #Tn—Lan‘ +2(2r)"".

E[ ‘log 1, ((Zn)n—(en))

We now use Lemma [5.13] to see

n

len]

By combining the last estimate with (5.31)), we get that, for every n > ng(e),

27“} < EH log #T," en) ‘%} n 2(27“)% < C2r(10g )27« N 2(271)274.

E® E{ ‘log Ni((zn%*LmJ)

EFE Hlog M;«En)n—LenJ) — ﬁlogg‘r} <+ 2T77%BT)| loge|" + 27’+1T]% ((QT)T +C" logglr).

The statement of the proposition follows since n was arbitrary. O
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5.3.4 The flow property of discrete harmonic measure

We briefly recall the flow property of the discrete harmonic measure p,, presented in [20]

Section 4.3.1]. Let t € .7}, be a plane tree of height n and Z®) = (Z,gt))kzo be simple random
walk on t starting from @. We set

HY = inf{k > 0: |Z,S:t)\ =n} and XU .= Zl(‘;i(f)'

We write uﬁ} ) for the distribution of E%t ), considered as a measure on t supported by t,.
For 0 < p < n, we set

Ll(f) = sup{k < HY: ]Z,gt)| =p}.

Clearly =Y e I[ch()t)], and therefore ngt()t) = (sz>>p.
p P

Lemma 5.17 (Lemma 20 in [20]). Let p € {0,1,...,n —1} and z € t,. Then, conditionally on
<E£lt))p = z, the process
(1)
(Z(Lg,t)—i-k)/\H,(f) ) k>0

is distributed as simple random walk on t[z] starting from z and conditioned to hit t[z] N t,
before returning to z, and stopped at this hitting time. Consequently, for every integer q €
{0,1,...,n — p}, the conditional distribution of

1D (B(5Y, q))
uD Bz n — p))

knowing that (ES)>IJ = z is equal to the distribution of
i) (B (205, 0)).

5.3.5 The subtree selected by the discrete harmonic measure

We begin by introducing the conductance of discrete trees. Let ¢ be a positive integer and
let t € 7 be a tree such that h(t) > i. Consider the new graph t’ obtained by adding to the
graph t an edge between the root @ and an extra vertex 9. We denote by C;(t) the effective
conductance between 0 and generation 7 of t in the graph t’. In probabilistic terms, it is equal
to the probability that simple random walk on t’ starting from @ hits generation 7 of t before
hitting the vertex 0.

Recall that for i € {1,...,n — 1}, T**[(£,)n_s] is the subtree of T*" above generation n — i
that is selected by harmonic measure, and T*"*[(X,),—;] is the tree obtained by relabeling the
vertices of T*"[(X,,)n_i] as explained above.

Lemma 5.18. For every integer i € {1,...,n — 1} and every nonnegative function F on 7,

This lemma is proved in [20] under the assumption that p has finite variance. Actually the
proof uses only the branching property of Galton—-Watson trees and remains valid under our
assumptions on p.

Meanwhile, we have the following moment estimate for the conductance C,, (T*").
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Lemma 5.19. For every r € (0,«), there exists a constant K = K(r,p) > 1 depending on r
and the offspring distribution p such that, for every integer n > 1,

K
(n+1)""

E[C.(T™)"] <

Proof. We can assume n > 2, and set j = |[n/2] > 1. An application of the Nash-Williams
inequality [73, Chapter 2] gives
T

Co(T) < —
() = =

On the other hand,
E[(#T)] =E[(#{ve T i(TOR) > n— 1) | A(T) > n]
= ¢, E[(#{v e T (TOR) > n— 5}

Notice that given #Tgp) = k, the conditional distribution of #{v € T;O): MTOR) > n—j}is
the binomial distribution B(k, ¢n—;). Using Jensen’s inequality, we get

B[ e T ATOM) 2 n— 1] < B[E[(o € TO: aTOW) 20— 537 | #71]7]
= B[(@, T+ g~ #TY)
< @ E#TON) + (guey — ) PE[#T)3).

At this point, we need the following result proved in [32, Lemma 11] for the unconditioned
Galton—Watson tree. For any v € (0,«), there is a finite constant C(v) such that for every
m > 1,

E[#TO)] < Cy)an (5.32)

The original statement of the latter bound in [32] was given for any v € [1, ), while the case
v € (0,1) follows from the (trivial) case v = 1 by applying the Holder inequality to

E[1 10 #T)]

(we can in fact take C'(v) =1 for any v € (0,1)).
With the help of (5.32)), we conclude that

*NAT =T = T —r r 1-Z
E[Ca(T™)] <5 7"q7" (COap_ya) ™"+ Cr/2) (- — a2 ))3q; ),

and the statement of the lemma readily follows from (5.27]). O

5.3.6 Proof of Theorem [5.1

Following [20], we will show
E® E||log pin(X,) + Blogn|] = o(logn) as n — oo, (5.33)

which is sufficient for establishing Theorem The proof given below is adapted from [20,
Section 4.3.2]. For later convenience, we introduce the notation

a+1 3
17
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and its Holder conjugate -
P 3,00).

Rl G

Fix £ > 0. Let ¢ > 0 and ng > 1 be such that the conclusion of Proposition holds for
every n > ng with the exponent r = o*. Without loss of generality, we may and will assume that
e = 1/N, for some integer N > 4, which is fixed throughout the proof. We also fix a constant
v > 0, such that ylog N < 1/2.

Let n > N be sufficiently large so that NV [ylogn] > ng. Then we let £ > 1 be the unique

integer such that N¢ < n < N! and write

Nn(zn) +z€:1 Nn(B(EmNjil))

_mm\TR o) i og i, . N .
pn(B(Ea, N)) o 8 (B(S,, NT)) o8k (B(Zn, N)).  (5.34)

log pin (¥n) = log

To simplify notation, we set

pin(En)
pin(B(Zn, N))
pin(B(Xn, Nj_l))
fin(B(En, N7))

P = logun(B(Sn, N)) + Blog(n/N*).

From (5.34]), we see that

Al = log + Blog N,

A7 = log + Blog N for every j € {2,...,(},

{41 /41
E® E||logpn(a) + Blogn|| =E@ E[| > 47|] <> Ee B[l 47]]. (5.35)
j=1 i=1

We will bound each term in the sum of the right-hand side.
FIRST STEP: A PRIORI BOUNDS. We verify that, for every j € {1,2,...,¢+ 1},

E® E[|A?|] < (CKY® + B) log N, (5.36)

where C' = C(a*, p) is the constant in Lemma for the exponent r = o, and K = K(a, p)
is the constant in Lemma [5.19] for the exponent r = a.

Suppose first that 2 < 5 < ¢. Using the second assertion of Lemma with p =n — NJ
and ¢ = N7~!, we obtain that, for every z € T." i, the conditional distribution of A7 under
P, knowing that (3,),,_yi = 2, is the same as the distribution of

(T*"[2]) T*"[2])

log uy, (B, NT1) + Blog N.

Recalling that ugjm[z]) is the distribution of Egj*n[z]) under P, we get

E[AY [(Sn)pons =2 < B [[loguly, " (BE P, N7Y)[] + plog N
= G;(T™[2]) + Blog N, (5.37)
where for any tree t € Sy,
Gi(t) = [ (@) | og ), (Buly. N = 3 (el g ) D).

Zeth,Nj—l
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As explained in [20], we have the entropy bound G;(t) < log #ty;_ys—1 for any tree t € Fy;.

So we get from ([5.37)) that
E® E[|A}]] <E® Ellog #Ty;_ns-1[(Zn)n-nil] + Blog N
< (N + 1)E [Crs (T) log # TRy 1| + Blog N

*

. « NI\ & 1/07 *« NI a* 1/(1

< (NJ+1)IE[(CNJ-(T ) ] E[(log#TNf?_Nj,l) ] + Blog N
_ «NJ a* 1/0(’k

< KVR[(log # T i) | + Blog N,

using successively Lemma the Holder inequality and Lemma [5.19] Finally, Lemma [5.13
gives

; Oé* 1 O(*
E[(log#mfﬁm_l) } /" < Clog N,

and this completes the proof of (5.36) when 2 < j < £. The cases j =1 and j = ¢+ 1 can be
treated in a similar manner. For details we refer the reader to [20} Section 4.3.2].

SECOND STEP: REFINED BOUNDS. Let us prove that, if [ylogn| < j </,
E® E[|AY] < K%Y/ log N. (5.38)
Recall that for j € {|ylogn],..., ¢} we have N > ng. From (5.37), we have
E[|A7]] = E[F;(T™[(Zn)n-ni))],
where, if t € Ty,
Fy(0) = |31og N = Gy(0)| = | [ ) () (log g (Bely: N771)) + log ).
Using Lemma [5.18| as in the first step, we have
E® B[|A7]] = E® E[F(T™"[(Zn)n_ni])] < (N + DE [Cys (T) B(T*)].
We then apply the Hélder inequality together with the bound of Lemma for r = a to get
E® E UA?” < KV/a E[Fj(T*Nj)a*]l/a*

: Kl/&E[ </ pi(dy) ‘logHNj(B(y,Njfl)) + Blog NDQ* ] e

_ . Gf* 1/0[*
< KYOE | [ v (dy) flog s (Bu, N74) + glog N |

_ gl/a. g QFE Ulogu%%@m)mml) + Blog N‘O‘*]l/a* )

where the last equality follows from the definition of the measure pf, at the beginning of Sec-
tion Now recall that 1/N = & and note that N9 — N7=! = NJ — eNJ. Since we have
NJ > ng, we can apply Proposition with 7 = o* and get that the right-hand side of the
preceding display is bounded above by K1/@¢1/2" Jog N, which finishes the proof of .

By combining (5.36)) and (5.38)), and using (5.35)), we arrive at the bound
E® E [|log pin(E5) + Blogn|] < |ylogn| (K'2C 4 B)log N + ¢ KYa¢l /e 1og N
< (Y(EYPC + B)log N + K1) logn,

which holds for every sufficiently large n. By choosing £ and then v arbitrarily small, we see
that our claim ([5.33)) follows from the last bound, and this completes the proof of Theorem 5.1
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5.4 Comments and questions
Following [20} Section 5.2], let us consider the supercritical offspring distribution 9,(37) of index
€ (1,2], defined as Q&R)(l) =1-—1and

1
00 (k) = =0, (k) for every k > 2.

We let T&”) be an infinite Galton—Watson tree with offspring distribution H&H), then n_ngL)
viewed as a metric space with the graph distance rescaled by the factor n~!, converges in dis-
tribution in an appropriate sense (e.g. for the local Gromov-Hausdorff topology) to the CTGW
tree T, as n — oo.

Consider then the biased random walk (Z ,gn)) k>0 Ol T((ln) with bias parameter A" =1 — %
towards the root (see [72] or [2] for a precise definition of this process). Then heuristically the

rescaled process
—1(n)
(TL ZL”2tJ)tZO

will converge in distribution in some sense, as n — 0o, to Brownian motion (W (t)):>o with drift
n)

1/2 on the CTGW tree I'®). Furthermore, the rescaled “conductance” nC (T(
in distribution to the continuous conductance C(®) = C(I'(®)).

M) converges

(n)

Following this informal passage to the limit, we can find a candidate for the limit of nVy

as n — oo, where Vgn) stands for the speed of the biased random walk Z(™ on T(an)

either directly employ an explicit formula of V((xn) stated in [2, Theorem 1.1], or use the invariant
measure for the environment seen from the random walker ([2, Theorem 4.1]) to calculate the
speed as the proportion of last-exit points. Both methods give rise to the following quantity

which should be interpreted as the speed of Brownian motion W with drift 1/2 on INON

. One can

]
Co+C M -1
Vo= — 0 T (5.39)
{ 2C, }
ey e -1
where C(()a) and C{O‘) are two independent copies of C(*) under the probability measure P.
Since the conductance C(®) is a.s. strictly larger than 1, we see immediately from ({5.39)

that V, < % for any o € (1,2]. On the other hand, according to the coupling explained in
Section the denominator of the right-hand side of ([5.39))

(@) (@ @)
E ()QCO() }:E{ <C> +(C§ }:HE{U 1() }
¢l e 1 ¢l @ 1 ¢ 4 c@ 1

is increasing with respect to a.

Question 1. If we apply the coupling explained in Sectionm does the derivative %C(a) of
the conductance with respect to o exist almost surely?

An affirmative answer to Question 1 would allow us to take the derivative of the numerator
in (5.39)) with respect to «, and to see that

5]
da C(()a) + C£O‘) 1

<0

e E{C“”(C” D+ e - ne”
@+ - 1)’
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because a.s. %C(O‘) < 0. Hence, the numerator in the right-hand side of 1) would be
decreasing with respect to a, and so would be the speed V4.

Question 2. Does the speed V decrease with respect to a?

A similar question was raised in [§], concerning the monotonicity of the speed with respect
to the offspring distribution for biased random walk on Galton-Watson trees with no leaves. It
has been proved in [77] that this monotonicity holds for high values of bias.

We also want to ask the same question of monotonicity for the Hausdorff dimension of the
continuous harmonic measure fi,.
Question 3. Does the Hausdorff dimension B, decrease with respect to a?

Finally, it is interesting to figure out the dimension of the harmonic measure on d9AM). Due
to the fact that 61 has infinite mean, it may require different methods to treat the case a = 1
in the continuous setting.

5.5 Appendix: proofs postponed from Section |5.2.6

Before starting the proofs, we state first a useful “spine” decomposition of the CTGW tree
(@ for o € (1,2], which is a reformulation of the standard results about the size-biased Galton—
Watson trees, see e.g. [I7]. Recall that mq = %5 is the mean of the a-offspring distribution 6.

The size-biased a-offspring distribution §a is then defined as

(k) = (k+1)0a(k+1)

for every k > 1. (5.40)

me

We take T = (I, (zy)yem) € T. If [0, 2] denotes the geodesic segment in 7 between the root
and z, we can define the subtrees of T branching off [0, z]. To this end, set n, = |v,| and let
Upo = D, Vg1, ..,Uzn, = Uy be the successive ancestors of v, from generation 0 to generation
ng. For every 1 <1 <y set ry; = 2y, ,_,, and write k;; = k,,,_, — 1 as the number of siblings
of vg; in II. Then, for every 1 < i < n, and 1 < j < k;;, the j-th subtree branching off the
ancestral line [0, z] at v, ;—1, which is denoted by 7y j, corresponds to the pair

(H[ﬁx,i,j]v (Z’D'I,iij - TCE,Z')’UEH[”DLZ'J}) )

where 0, ; ; is the j-th child of v, ;1 different from v, ;. To simplify notation, we introduce the
point measure

Ny zz

67‘56 2267&5“7—11])’

=1 j5=1

which belongs to the set M,(Ry x T) of all finite point measures on Ry x T.

Lemma 5.20. Fiz o € (1,2]. Let F' be a nonnegative measurable function on T, and let H be
a nonnegative measurable function on My(Ry x T). Forr >0,

where we assume that, under the probability measure P,

N =D 85 k(T 321)

i€l
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Tlx]
Te31
I X
Teoa  Tu22 ‘ 723
Tl T2
(2,0)

Figure 5.3: Schematic representation of the spine decomposition

is a Poisson point measure on Ry x N x TN with intensity
oo
aljo(s)ds 9 H

From now on we fix the stable index a € (1,2]. Unless otherwise specified, we will omit the
superscripts and subscripts concerning « in the following proofs.

5.5.1 Proof of Proposition m

Let F' be a nonnegative measurable function on T, and consider the quantity

L :=E®E[F{I(r)|=E®E| Y F[z])ly<w.}|: (5.41)
zel,

where the notation E ® F means that we consider the expectation first under the probability
measure P (under which the Brownian motion W is defined) and then under P.

Let us fix 2 € Iy and R > r. We write I'[2] := {y € I': 2 < y} to denote the subset of T
composed of all descendants of x in I'. Define

R.— {y e\I'[z]: H(y) < R} UT[z].

Let W*% be Brownian motion with drift 1/2 on IT'*®. We assume that W% is reflected both
at the root and at the leaves of "%, which are the points y of I'\I'[z] such that H(y) = R. Write
(Ef’R)tZO for the local time process of W% at z. From excursion theory, #2: has an exponential
distribution with parameter C(I'[z])/2. For details, we refer the reader to [20, Section 3.1].

We then consider for every a € [0, 7] the local time process (L?’R)tzo of W* at the unique
point of [0, z] at distance a from the root. Note in particular that LI’R = €f’R. As a consequence
of a classical Ray-Knight theorem, conditionally on (%t = ¢, the process (L7 %™)o<a<, is
distributed as the process (X,)o<a<, Which solves the stochastic differential equation

dX, = 2v/Xadna + (2 — X,)da
{ Xyt (5.42)
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where (74)q>0 is a standard linear Brownian motion. In what follows, we will write P, for
the probability measure under which the process X starts from ¢, and P for the probability
measure under which the process X starts with an exponential distribution with parameter ¢/2.

Now write {x;,1 < i < n,} for the branching points of I'**f (or equivalently of I') that
belong to [0, ], and set a; = H(z;) for 1 < i < n;. We denote by k; the number of subtrees
branching off [0, z] at z;, and write

(T 1<j<n,

for the finite subtrees of I'"¥ that branch off [0, z] at z;. See Fig. for an illustration.

We
T[]
-------------------------------- Height R
I e IR A I3y
re-------—---- Height r
\ ,,,,,,,,,,,,,,,,,, Height 0

Figure 5.4: The infinite tree I'>® and the finite subtrees that branch off [0, z]

Let A, r be the event that W= never hits the leaves of T*% or equivalently that W%
escapes to infinity in T'[z] before hitting any leaf of I'*%, Excursion theory shows that

P(A IR’(LGR)0<a<7«)—eXp(—EZZC F‘BR L% )

i=17=1

where C(T' jR) refers to the conductance of I'; ,]R between its root x; and the set of its leaves
(this conductance is defined by an easy adaptation of the definition given at the beginning of

Section [5.2.3)).

From the preceding observations, we have thus

7,

P(Ayr) = [exp(—fzzc refy pa )}

=1 j=1

— Beapp[ow (- 153 e X)) (5.3

i=17=1
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At this point, we let R tend to infinity. It is easy to verify that P(A, g) increases to P(A,), where
A, = {x < W }. Furthermore, for every i € {1,...,n,} and j € {1,...,k;}, C(Fﬁ’f) decreases
to C(I'y,5), where I'y; ; is the j-th subtree of I' branching off [0, z] at z;. Consequently, we
obtain

ng ki
Pla < Wao) = Eeqriap | exp ((— %Z > C(Twig) Xr-ay)-
i=1j=1

We can now return to the computation of the quantity I, defined in (5.41)).

L =E[ > F(Tla]) Pz < Wao)]

zel,
ny ki
= E{ Z F(F[{L‘])E(C(p[m])) {exp ( - % Z ZC(FJM‘J‘) XT—Gi)H .
z€l'y 1=1j5=1

Note that the quantity inside the sum over z € T, is a function of I'[x] and of the subtrees of I'
branching off the segment [0, x]. We can thus apply Lemma to get

1 [e's) k
I, = e(m—l)r/G(dT) F(T) Eiry {E{exp (- 5 /N(ds dk [T d7;) S e(T) X_)H
j=1

j=1

where the constant m = -%5 is the mean of a-offspring distribution #. Under the probability

measure P, the random measure A/ is a Poisson point measure on Ry x N x TN with intensity

ml[ﬂ,r} (S)dS é\(dk) H @<d7;>7

J=1

where the size-biased offspring distribution 6 is defined by 1)

Now we can use the exponential formula for Poisson measures to arrive at

I, = embr / edT) F(T) Ecry) {GXP ( - m/OT ds i é(k)(l - SO(XS)]CD]

k=1

_ / O(dT) F(T) Ec(ry) [exp - /O " ds (1-m i é(k)go(Xs)k)] , (5.44)
k=1

where we recall that for every x > 0,
¢(2) = Blexp(~2.C/2)] = ©(exp(~2C(T)/2))

is the Laplace transform (evaluated at x/2) of the distribution of the conductance C(I"). Observe
that for any r € (0, 1), the identity

i (k)rk =1 — (1)t
k=1

follows by differentiating (5.6)). Applying this to (5.44]), we have thus proved Proposition
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5.5.2 Proof of Proposition m

In order to study the asymptotic behavior of ®, when r tends to +o00, we first observe that,
in terms of the law v(ds) of C(I'), we have

—s 1 —{s
o) = [ @) =g [ sea(as)

It follows that p(¢) < e=%/2 and |¢'(¢£)| < (S sv(ds))e~*/2. By differentiating (5.11)), we have

206"(0) + 24+ 040+ 759 (O = (L= p(0)") =0 (5.45)

Lemma 5.21. For every £ > 0,

r a—1 1 _ o' (0)e'’?
TILIgO Eg[exp / ds (m(l — o(X5)) — oz 1)] = - [Fds o/ (5)2 e

Additionally, there exists a constant A < oo such that, for every £ >0 and r > 0,

Eg{exp—/or ds (m(l — go(Xs))O‘f1 1 )} < A.

a—1

Proof. Firstly, under [©(dT) P(7y), the density of X is

a(t) = /[100) 1(ds) 3 €12 = =), (5.46)

So from Lemma [5.11] we have

b= /@<dT) By [exp— /OT ds (m(l — cp(XS))o‘*l 1 )]

a—1

_/dégp’(e)Eg[exp—/ords (m(l—cp(Xs))afl— ! )]

a—1

We can generalize the last identity via a minor extension of the calculations of the preceding
subsection. Let LY. be the total local time accumulated by the process W at the root of I'. Fix
r > 0 and take a nonnegative measurable function ' on T. Let h be a bounded nonnegative
continuous function on (0,00). As an analogue of I, in the preceding subsection, we set

1l ::E@E[ ) > F( 1{“%}1

zel,

The same calculations that led to (5.43) give, for every x € I', and R > r,

7,

ER(LE 14, ] = E[h(LYH) exp(_fzzc 0o Lo )|
i=1j=1

= E(C(F[a}]))[ (X;) exp ( - *ZZ Xr- “)]

i=17=1
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0,R 0
When R — oo, Lgy* converges to L, and so we get

E[h(LY) Lzwoy] = Ecr) {h( ) exp ( -5 Z ZC K “)}

lel

We then sum over z € I, and integrate with respect to P. By the same manipulations as in the
previous proof, we arrive at

/@ (dT) F(T) Eeiry {h(XT)exp—/T ds (m(1 - p(X,))*' = ! )] (5.47)

0 a—1

Note that if F' =1,
I"=E®E[h / e (¢

since given I' = T the local time L2, follows an exponentiel distribution with parameter C(7)/2,
and we use the same calculation as in ([5.46|). Hence the case F' =1 of (5.47)) gives

/Ooo de o' (0) B, {h(XT) exp — /OT ds (m(l - QP(XS))ail / dey'(¢ . (5.48)

By a standard truncation argument, this identity also holds if A is unbounded.

a—l

Lemma 5.22. The process

M= =50 e (5= [ s (m(1 = ox0)"™ = —15)), ¢20

a—1
is a martingale under Py, for every £ > 0.

Proof of Lemma From the stochastic differential equation (5.42)), an application of It6’s
formula shows that the finite variation part of the semimartingale — M, is

/0 C(2X(X) + (24 X (X, + X (T —ml— (X)) )Yeds,  (5.49)

where for any s > 0,

Ys := exp (% - /OS du(m(l - @(Xs))a_l - ))

a—1

Recall that m = ;%7, and hence (5.49) vanishes thanks to (5.45), whereupon M is a local
martingale. Furthermore, we have already noticed that, for every £ > 0, |¢/(£)| < Ce=%/?, where

=1 [sy(ds). It follows that |M]| is bounded by Cexp(=L;) over the time interval [0,¢], and
thus M is a (true) martingale. O

We return to the proof of Lemma [5.21] Let £ > 0 and ¢ > 0. On the probability space where
X is defined, we introduce a new probability measure Q' by setting

The fact that @} is a probability measure follows from the martingale property derived in
Lemma By definition of M;, we have Pj-a.s.

M, (X, X; -0 t a— 1
o= e (i [ s 1),
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so that the martingale part of log M(t) is

where 7 is the linear Brownian motion in (5.42). An application of Girsanov’s theorem shows
that under QY, the process

S

_ 2 //X
’)78 = ’]78_ «/Xu(1+ SD( U)

——— 2 )du, 0<s<t,
0 @I(Xu)>

is a linear Brownian motion over the time interval [0, ¢]. Furthermore, on the same time interval
[0, ], the process X satisfies the stochastic differential equation

20"(X
dX, = 2/X, dij, + 2X, (1 + 7 (Xs)

m)ds +(2- X,)ds,

or equivalently, using ([5.11]),

2 1o gl — (LX),

dX, = 2V/Xdils + (2 - X+ —— K0

(5.50)

Notice that the function

(0%
0 1_90_(/1_90) (E)
2

is continuously differentiable over [0,00), takes negative values on (0,00) and vanishes at 0.
Pathwise uniqueness, and therefore also weak uniqueness, holds for by an application
of the classical Yamada-Watanabe criterion. The preceding considerations show that, under
the probability measure Q% and on the time interval [0,¢], the process X is distributed as the
diffusion process on [0, c0) started from ¢, with generator

d? 2 1—-p—(1-p)"~ d
£72T@+(2_r+0{—1 (p/ (7"))5

Write X for this diffusion process, and assume that X starts from ¢ under the probability
measure Py. Note that 0 is an entrance point for X but independently of its starting point, X
does not visit 0 at a positive time. By comparing the solutions of (5.42)) and (5.50), we know
that X is recurrent on (0, 00).

We next observe that, by and a few lines of calculations, the finite measure A on (0, co)
defined by

MNde) := ' (0)? e v
is invariant for X. We normalize \ by setting

A

A= X020

It is then easy to prove that the distribution of X, under P, converges weakly to Nast — 00,
for any ¢ > 0. Consequently, for any bounded continuous function g on [0, 00), and every ¢ > 0,

Eqlg(X0)] — gdX. (5.51)
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By the same argument as in [20, Section 3.2], the preceding convergence remains true if g is a
continuous, increasing and nonnegative function such that [ gd\ < oo.
We can thus apply (5.51)) to the function

L e
g E =——7x~F€ )
) ¢'(€)
which satisfies the desired properties and in particular [gd\ = — [¢'(¢)d¢ = 1. For this
function g,
_ —£/2 t 1
_ Nt . _6 - _ a—1 .
Eelg(X0)] = Qilo(X0)] = = el exp /0 ds (m(1 - (X)" = ——)]-

It follows from ([5.51]) that, for every £ > 0,

%

. t o 1 ~ 1 1
tin gy B oo [ s (0™ 19)] = [ = S = e

which gives the first assertion of the lemma. The second assertion of Lemma [5.21] can be shown
in the same way as in [20]. O

By definition, we have

®,.(c) = g/ooo dee=c/? Eg[exp—/or ds (m(l - @(Xs))a_l - )]

a—1

From Lemma [5.21] and an application of the dominated convergence theorem, we get

() / £/2
i — etz (_ PO
ThI_El ®,.(c) = C/O dle X ( c ),

where 174
. ° 102 o8/2 n___—
Cl : 2/0 dSQO(S) e //V(dé)y(dg)g_i_gl_l'

By a straightforward calculation, the preceding limit is identified with ®o(c) defined in the
statement of Proposition [5.12]
Finally, with all the ingredients prepared above in this appendix, we can show the invariance

of A*(d7dv) under the shifts (7,7 > 0) in the same way as in |20, Proposition 12], and the
proof of Proposition [5.12]is therefore completed.

5.5.3 Another derivation of formula (5.24)

Recall that vy stands for the harmonic measure of a tree 7 € T. For every r» > 0, we consider
the nonnegative measurable function G, defined on T* by the formula

G, (T,v) := —logvy(By(v,r)),

where By (v,r) denotes the set of all geodesic rays of 7 that coincide with the ray v over the
interval [0,7]. The flow property of harmonic measure (cf. Lemma 7 in [20]) implies that, for
every r,s > 0, we have

Gris =Gr+Gsoyp.
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Since the shift 7. acting on (T*, A*) is ergodic, the Birkhoff ergodic theorem implies that A*-a.s.

Recall that A* has a strictly positive density with respect to ©*. So the latter convergence also
holds ©*-a.s., which gives the convergence (5.9) with 8 = A*(G1) > 0.
For € > 0, we define a nonnegative function H; on T* by setting

o 0 if Zy 2 g,
He(T,v) == { —logvr({v' e NN: v; <v/}) if 25 <e,

where we write 7 = (II, (2y)verr) as in Section Clearly, H.(T,v) < G(T,v), and
H(T,v) = Go(T,v) if zy, > €. More generally, H. o 7,.(T,v) = G. o 7,.(T,v) if there is at
most one index ¢ > 0 such that r < z,, < r +¢. It follows from these remarks that, for every
integer n > 1,

n—1
G1> ZHl/noTk/na (552)
k=0
and for every (7,v) € T*,
n—1
Gl(T')V) = nh_g]gOZHl/noTk/n(Tvv) (553)
k=0

Let us then investigate the behavior of A*(H.) when ¢ — 0. By considering the subtrees
T1)s -+ T(ky) of T obtained at the first branching point, we can write

__/@(dT) o (C 1{%@}22% C( s log zk@(cg; - (5.54)

Recall the branching property of the CTGW tree, and notice that

2221 C(T)) )
e (T 0T

C(T) =

Substituting this into (5.54)), we see that A*(H) can be expanded as

C(T:) C(T;)
~S"0(k) [OdT7) [OWT)--- [6dT) . lo
Z ) [ewm [t [ ’“”z o) PR CT)
_ 1C(T;)
dze Oy
Jy g (e—z+<1—e T )

o em o em
== 3 ko foa) foram - o o 1c<’r>1gz§:10<7;>

. ' C(Ty)
/0 dze Q)m(e—z +(1 —]6_12‘)(2?:1 6(73)))
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by a symmetry argument. Since ®., is a bounded continuous function, and

C
| F o <,
2> j=1C(T;) j=1C(T;)
we can let ¢ — 0 in the preceding expression and get
- A(H, C(Th) ( .
lim k6 (k /@ (dT7)- /@ (dT5) log o(T;
e=0 Z k 1 C(T5) —1C( 73 ( j=1 )

(5.55)
Note that we used the fact that 6 has a finite first moment. Sine the limit in the preceding

display is finite, we can use (5.53) and Fatou’s lemma to get that A*(G1) < oo, and then use
(5.52)) (to justify dominated convergence) and ([5.53|) again to obtain that

B=A(C1) = lim nA*(Hy,,)

coincides with the right-hand side of (5.55)). Using the expression of ®,, we can therefore
reformulate (3 as in formula (5.24]).
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CHAPITRE 6

TYPICAL BEHAVIOR OF THE HARMONIC
MEASURE

LES RESULTATS DE CE CHAPITRE SONT ISSUS DE L’ARTICLE [G8] EN PREPARATION.

We study the typical behavior of the harmonic measure of balls in large critical Galton—
Watson trees whose offspring distribution has finite variance. Here the harmonic measure refers
to the hitting distribution of height n by simple random walk on the critical Galton—Watson
tree conditioned to have height greater than n. For a ball of radius n centered at the root,
we prove that, with high probability, the mass of the harmonic measure carried by a random
vertex uniformly chosen from the boundary is approximately equal to n™*, where A € (1, 00) is
a universal constant which does not depend on the offspring distribution.

6.1 Introduction

We let 6 be a non-degenerate probability measure on Z,, and we assume that § has mean
one and finite variance o2 > 0. Under the probability P, for every integer n > 0, let T be a
Galton—Watson tree with offspring distribution 8, conditioned on non-extinction at generation n.
We denote by T%n) the set of all vertices of T(") at generation n. Then the classical Yaglom’s
theorem states that nil#T%n) converges in distribution to an exponential distribution with
parameter 2/02.

Conditionally on the tree T we consider a simple random walk on T(™ starting from the
root. Let 3, be the first hitting point of generation n by the random walk. The distribution u,
of ,,, which is called the harmonic measure of T is a random probability measure supported

(n)

on the level set T, .

Theorem 6.1. Let ), be a random vertex uniformly chosen from T%n). There exists a universal

constant \ € (1,00), which does not depend on the offspring distribution 6, such that for every
0 >0,

lim P(n 27 < 1, (Q) <n M) =1. (6.1)

n—oo

Numerical simulations show that A ~ 1.21.
The convergence (6.1]) can be rewritten as

1
lim E|—— Z {pn(v) > n M or pp(v) <n 270} =0.

n
n—oo #T7(’L ) veT%’rL)

169
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Using the theorem of Yaglom, it is easy to see that the preceding convergence is equivalent to

lim 1El Z i (v) > or pp(v) <n 0} =0. (6.2)

veTy

We take 6 € (0,A — 1), and define A, :={v € T, pin(v) > n~*9}. The convergence 1’
implies that for every € > 0,
An
IP’(# > 5) — 0.

n n—oo

On the other hand, by the definition of A,,, for any vertex v € T%n)\An, we have p, (v) < n= 9,
and it follows that un(T%n)\An) < n*HJ#TﬁZ‘). Using again Yaglom’s theorem, we get that

]P’(un(T,({L)\An) > 5) — 0.

n—0o0

Therefore, it holds with probability tending to 1 as n — oo that, up to a mass of size e,
the harmonic measure p, is supported on a subset of T%n) of cardinality smaller than en. This
simple consequence of Theorem [6.1] has already been observed in a recent paper of Curien and Le
Gall [20], where they have shown the existence of a universal constant 8 € (0,1) independent of

the offspring distribution 6, such that for, every § > 0, we have the convergence in P-probability

fin({v € T =870 <y (v) < n~FF%Y) % 1. (6.3)

As pointed out by Curien and Le Gall in [20], for studying the harmonic measure p, on

T%”), we can directly consider simple random walk on the reduced tree T*", which consists of
all vertices of T(™ that have at least one descendant at generation n. Moreover, if we scale
the graph distances by n~!, the rescaled discrete reduced trees n~!T*" converge to a random
compact rooted R-tree A, whose structure is described as follows. We take a random variable
Uy uniformly distributed over [0, 1], and start with an oriented line segment of length Ug,
whose origin will be the root of A. At the other end of this initial line segment, we attach the
initial point of two new line segments with respective lengths U; and Us, in such a way that,
conditionally given Ug, the variables U; and Us are independent and uniformly distributed over
[0,1 — Ugl. At the other end of the first of these 2 line segments, we attach two line segments
whose lengths are independent and uniformly distributed over [0, 1—Ug—Uyj], again conditionally
on Uy and U;. We repeat this procedure independently for the second line segment with Uy
replaced by Us. We continue this construction by induction, and after an infinite number of
steps we obtain a random non-compact rooted R-tree Ay with binary branching (see Figure,
whose completion with respect to its intrinsic metric d is the continuous reduced tree A. We
assume that A is also defined under the probability measure P. Its boundary 0A is defined as
the set of all points of A at height 1 (i.e. at distance 1 from the root). We can define Brownian
motion on A starting from the root and up to the first hitting time of JA. The (continuous)
harmonic measure p on OA is the (quenched) distribution of the first hitting point of A by
Brownian motion.

We then define another (non-compact) random R-tree I' with binary branching, such that
each point of I' at height y € [0,00) corresponds to a point of Ay at height 1 —e™¥ € [0,1).
The resulting new tree I' is the Yule tree which describes the genealogy of the classical Yule
process, where individuals have independent exponential lifetimes with parameter 1 and each
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””f””””]”] ””” i””””]”] ””””””” ]”’ Helghtl

************************************************* Height 0

Figure 6.1: The random tree Ay

individual has exactly two offspring. By definition, the boundary OI" of T" is the set of all
infinite geodesics in T' starting from the root (these are called geodesic rays). Due to the binary
branching mechanism, both A and 9T can be canonically identified with {1, 2}V,

For every r > 0, we write [', for the level set of I' at height . By a martingale argument,
we can define

. 3 -r
W = rlggo e "#I,,

and it is well known that W follows an exponential distribution of parameter 1. For any = € T,
we write I'[z] for the subtree of descendants of x in I', and we similarly define

Wy = lim e "#I',[x].
It is immediate to see that for every r > 0,

Z e W = W.

IEFT

For every x € I, let H(z) denote the height of . The uniform measure @ on OI" is defined as
the unique random probability measure on II' satisfying that, for every x € I' and for every
geodesic ray v € JI' passing through x,

W

W M

where B(v, H(x)) stands for the set of all geodesic rays in I' that coincide with v up to height
H(z). In earlier work, w is also named as the branching measure on the boundary of I'. Recall
that OA can be identified with OI' as explained above. We let w be the random probability
measure on A induced by @, which will be referred to as the uniform measure on 9A.

Theorem 6.2. With the same constant A as in Theorem we have P-a.s. w(dv)-a.e.

O(B(v, H(z))) = e 1@

hmw — ), (6.4)
710 logr
. logw(Ba(v. )

1 6.5
10 log r ’ (6.5)



172 Chapitre 6 Typical behavior of the harmonic measure

where Bq(v,r) stands for the closed ball of radius r centered at v in the metric space (A, d).

Remark. The Hausdorff measure of 0A with respect to d is a.s. equal to 1. An exact Hausdorff
measure function can be found in Duquesne and Le Gall |28, Theorem 1.3].

Corollary 6.3. P-a.s. the two measures p and w on the boundary of A are mutually singular.

Proof. With the same constant 5 as in (6.3)), it is shown in Theorem 3 of [20] that P-a.s. p(dv)-
a.e.,

o R Balvr)) _

L0 log r

If we define

_log u(Ba(v,r))
B = OA: lim —————% =
ve rlf(f)l log r B3
then P-a.s. u(B) = 1. However, since § < 1 < A, we get from (6.4 that P-a.s. w(B) = 0, which
finishes the proof. O

Similar results for supercritical infinite Galton—Watson trees can be found in Theorem 3
of [69] and in Theorem 6.3 of [71], where the uniform measure and the visibility measure (defined
as the law of the geodesic ray chosen by forward simple random walk) on the boundary of the
infinite tree are considered.

In order to get a better understanding of the distinguished geodesic ray in the Yule tree I’
chosen randomly according to the uniform measure w(dv), we follow the ideas of [70] to construct
a size-biased version I' of I', which is the genealogical tree of the following branching process.
Initially, there is one particle having an exponential lifetime with parameter 2, and it reproduces
two offspring simultaneously when it dies. We choose one of them uniformly at random and
the chosen one will continue as the initial ancestor, while the other offspring will independently
evolve as the classical Yule process. The size-biased Yule tree [ thus defined is an infinite random
R-tree with binary branching. We can apply to [ the same transformation that relates I' and
Ay (essentially, every point of I' at height y corresponds to a point of Ay at height 1 — e™Y),
and we get a bounded (yet non-compact) rooted R-tree 30, which can be interpreted as the
size-biased version of Ag. The completion of Ao with respect to its intrinsic metric is denoted
as A, and we call A the size-biased reduced tree. Its boundary OA is similarly defined as the set
of all points in A at height 1. We assume that A is defined under the probability measure P.

e height 1
(1-Va)W
Vo
777777777777777777777777777777777777 height 0
& e1g

Figure 6.2: Schematic representation of the size-biased reduced tree A
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Due to the previous description of f‘, one can construct A directly as follows. At first, the
root & of A has a distinguished descendant line of length 1. Let V5 be a random variable taking
values in [0, 1] with density 2(1 —z), and we graft to the distinguished descendant line at height
Vo a subtree which is an independent copy of A scaled by the factor (1 — V). In the second
step, we take V; as an independent copy of V5 and graft to the distinguished descendant line at
height Vg + (1 —V)V; another independent copy of A scaled by the factor (1—V)(1—V7). Note
that for each grafting, we choose the left-hand side or the right-hand side of the distinguished
descendant line with equal probabilities. We continue this procedure to graft more subtrees to
the distinguished descendant line, with the height of the grafting position increasing to 1. After
an infinite number of steps we obtain a realization of A. See Figure for an illustration.

The constant A appearing in Theorems and can be expressed in terms of the (con-
tinuous) conductance of A. Informally, if we think of the random trees A and A as electric
networks of resistors with unit resistance per unit length, the effective conductances between
the root and the boundary in A and A are continuous random variables denoted respectively as
C and C. From a probabilistic point of view, each of these conductances can be obtained as the
mass under the Brownian excursion measure in the corresponding tree for the excursion paths
away from the root that hit height 1. It is easy to see that both C and C take values in [1,00).
Following the above construction of A and the electric network interpretation, the distribution
of C satisfies the recursive distributional equation

5g<v+

L V) g (6.6)
c+¢C
where in the right-hand side V,C and C are independent, and the distribution of the random
variable V has density 2(1—z) over [0,1]. We prove that the law 7 of C has finite moments of all
orders, and it has a continuous density fover [1,00), which reaches its global maximum at 3/2.
The density function ]? exhibits a singular behavior analogous to that of the density function
of C (see [20, Section 2.3]). Although f is twice continuously differentiable on the interval (1,3),
it is shown that f is not third-order differentiable at the point 2. A similar singular behavior is
expected at all integer points n > 2. See Figure [6.3

Proposition 6.4. The distribution 7 of the conductance C is characterized in the class of all
probability measures on [1,00) by the distributional equation . The constant X appearing in

Theorems and[6.9 is given by
A=E[C] —1€ (1,00). (6.7)

The remainder of this paper is structured as follows. We start the next section by defining
formally the continuous random trees A and I'. The notation of the random variables involved
will be slightly different from the one used in this Introduction. The distribution 5 of the
conductance C is studied in Section , and the proof of Theorem and of formula
is given in Section The size-biased continuous random trees A and T’ are introduced
respectively in Section and in Section [6.2.7, Then, we gather some preliminaries for the
discrete setting in Section [6.3] In the end, Section [6.4]is devoted to the proof of Theorem [6.1]

Acknowledgments. The author gratefully acknowledges many helpful suggestions of J.-F. Le Gall
during the preparation of this paper. He is also indebted to N. Curien for several stimulating
discussions.
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15 2 3 4 5 6 7 8

Figure 6.3: A histogram of the distribution 7 over (1, c0) obtained from the simulations
based on . The red and the blue curves correspond respectively to the explicit
formulae for the density of 7 over [1,2] and [2, 3].

6.2 The continuous setting

6.2.1 The reduced tree A

We set
o0
V= J{1,2}",
n=0

where {1,2}° = {@}. If v = (v1,...,v,) € V, we set |[v| = n (in particular |@| = 0). If

v # &, we define the parent of v as v = (v1,...,v,-1), and we then say that v is a child
of v. If both u = (u1,...,uy) and v = (v1,...,v,) belong to V, their concatenation is uv :=
(U1, ..., Um,V1,...,0,). The notions of a descendant and an ancestor of an element of VV are

defined in the obvious way, with the convention that a vertex v € V is both an ancestor and a
descendant of itself. If v,w € V, v A w is the unique element of V that is an ancestor of both v
and w and such that |v A w| is maximal.

We then consider a collection (Uy)yey of independent real random variables uniformly dis-
tributed over [0, 1] under the probability measure P. We set Yz = Uy and then by induction,
for every v € {1,2}" with n > 1,

Note that a.s., 0 <Y, < 1 for every v € V. Consider then the set
Ay := ({2} x[0,Yz])U ( U {v} x (YU,YU]>.
veV\{o}

We can define a natural metric d on Ay, so that (Ag, d) is a (noncompact) R-tree and, for every
x = (v,r) € Ap, d((2,0),x) = r. To be specific, let z = (v,7) € Ag and y = (w,7") € Ap:

e If v is a descendant of w or w is a descendant of v, we set d(x,y) = |r — 1’|
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e Otherwise, d(z,y) = d((v A w, Yorw), ) + d((v Aw, Yorw), y) = (r — Yorw) + (7 = Yorw)-
See Figure [6.4] for an illustration of the tree Ag.

: Height 1
P! I" | | |11 byt !
| v Yoty
| | Yor
| o
N -
Uy(1-Ys) T
Us(1 — Ya)
. |
Lf
. Height 0

Figure 6.4: The random tree Ay

We let A be the completion of Ay with respect to the metric d. Then A = Ag U 0A, and
the boundary A := {x € A: d((2,0),z) = 1} is canonically identified with {1,2}"Y. Note that
(A,d) is a compact R-tree.

The point (2,0) is called the root of A. For every z € A, we set H(z) = d((@,0),z) and
call it the height of z. We can define a genealogical order on A by setting z < y if and only if
x belongs to the geodesic path from the root to y.

For every € € (0,1), we set A; := {z € A: H(z) < 1 — ¢}, which is also a compact R-tree
for the metric d. The leaves of A, are the points of the form (v,1 — ¢) for all v € V such that
Y; < 1—¢ <Y,. The branching points of A, are the points of the form (v,Y,) for all v € V
such that YV, <1 —e.

Conditionally on A, we can take any ¢ € (0,1) and define Brownian motion on A, starting
from the root. Informally, this process behaves like linear Brownian motion as long as it stays
on an “open interval” of the form {v} x (Y3,Y, A (1 —¢€)), and it is reflected at the root (&,0)
and at the leaves of A.. When it arrives at a branching point of the tree, it chooses each of
three possible line segments ending at this point with equal probabilities. By taking a sequence
(en, = 27™),>1 and then letting n go to infinity, we can construct under the same probability
measure P a Brownian motion (B;);>0 on A starting from the root up to its first hitting time 7
of OA. We refer the reader to [20] for the details of this construction. The harmonic measure g
is the distribution of B,_ under P, which is a (random) probability measure on A = {1,2}.

6.2.2 The Yule tree I

To define the Yule tree, consider a collection (I,),ecy of independent real random variables
exponentially distributed with mean 1 under the probability measure P. We set Z5 = Iy and
then by induction, for every v € {1,2}", with n > 1, Z, = Zy + I,. The Yule tree is the set

I':=({@} x[0,Zz]) U ( U {v} x (ZE7ZU]>7

veV\{o}
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which is equipped with the metric d defined in the same way as d in the preceding section. For
every x = (v,r) € I', d((2,0),2) = r and we keep the notation H(x) = r for the height of the
point x.

Observe that if U is uniformly distributed over [0, 1], the random variable —log(1 — U) is
exponentially distributed with mean 1. Hence we may and will suppose that the collection
(Iy)vey is constructed from (U, )yey in the previous section via the formula I, = —log(1 — U,),
for every v € V. Then, the mapping ¥ defined on Ag by ¥(v,r) = (v, —log(l —r)), for every
(v,7r) € Ay, is a homeomorphism from Ag onto I'.

Using stochastic calculus, we can write, for every ¢ € [0, 7),

U(B,) = W(/Otu — H(B,))™2 ds) (6.8)

where (W (t)):>0 is Brownian motion with constant drift 1/2 towards infinity on the Yule tree
(this process is defined in a similar way as Brownian motion on A, except that it behaves like
Brownian motion with drift 1/2 on every “open interval” of the tree). Note that W is also
defined under the probability measure P. From now on, Brownian motion on the Yule tree I' or
on other similar trees will always refer to Brownian motion with drift 1/2 towards infinity.

By definition, the boundary 0T is the set of all geodesic rays in T' starting from the root
(2,0). From the transience of Brownian motion on I'; there is a.s. a unique geodesic ray denoted
by W that is visited by (W(t),t > 0) at arbitrarily large times. The distribution of W, under
P yields a probability measure v on the boundary dI'. Thanks to , we have in fact v = p,
provided we identify A and OT with {1,2}" and view both y and v as (random) probability
measures on {1,2}.

Yule-type trees. We define .7 to be the set of all collections (z;)yecy of positive real numbers
such that the following properties hold:

(i) 25 < 2y for every v € V\{@};
(ii) for every v = (vy,vg,...) € {1, Z}N, lim,, o0 Z(v1,..0n) = TOO.

Notice that we allow the possibility that zg = 0. We equip .7 with the o-field generated by the
coordinate mappings. If (z,),cy € 7, we consider the associated “tree”

T := ({9} x[0,25]) U ( U {v} x (%Ju]):

veV\{o}

which is equipped with the distance d similarly defined as above. If x = (v,r) € T we still write
H(z) = r for the height of z. The genealogical (partial) order on T is defined as previously and
will again be denoted by <. The set of all geodesic rays in T is called the boundary 9T, which
is naturally identified with {1,2}N. If u = (u1, u2, ..., Un,...) € {1,2}N, and = = (v,7) € T, we
write z < u if v = (uy, ug, ..., ux) for some integer k& > 0.

We will often say that we consider a tree T € 7: this means that we are given a collection
(zv)vey satisfying the above properties, and we consider the associated tree T'. In particular, T
has an order structure given by the lexicographical order on V. Elements of 7 will be called
Yule-type trees. The Yule tree I can be viewed as a random variable taking values in .7, and
we write ©(dT") for its distribution.

Let us fix T' € 7. If r > 0, the level set at height r is T, ;= {z € T: H(z) =r}. fz € T,
we can then consider the subtree T'[x] of descendants of x in T. Formally, we view T'[z] as an
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element of .7: We write v, for the unique element of V such that z = (vg,r), and define T'[z]
as the Yule-type tree corresponding to the collection (zy,, — 7)vey.

As we have seen in the Introduction, the limit W(T) = lim,_,o e "#7, exists ©(dT)-a.s.
For every x € T, we similarly set W(T'[z]) = lim, oo e "#T,[z]. If v € OT is a geodesic ray
passing through z, let By(v, H(x)) denote the set of geodesic rays in T that coincide with v
up to height H(x). Then O(dT)-a.s., the uniform measure wr on 97T is defined as the unique
probability measure on 0T satisfying that

e TOIW(T[z])

WT) , VYreT and v € 9T such that z < v.

wr(Ba(v, H(z))) =

On the other hand, for a fixed Yule-type tree T € .7, we define the harmonic measure

on JT as the distribution of the first hitting point of T by Brownian motion on 7' (with drift
1/2 towards infinity).

6.2.3 The invariant measure

We write

T* =T x {1,2}"

for the set of all pairs consisting of a tree T € .7 and a distinguished geodesic ray v. Then
following [20, Section 5.1], we define a shift transformation on 7* by shifting (7,v) at the
first branching point of 7. More precisely, if 7' corresponds to the collection (z;)yey, we write
T(1y and T{y) for the two subtrees of T obtained at the first branching point, which means, for
i€{1,2}, T{;) is the tree corresponding to the collection (2 — 2z)yey. For any geodesic ray
v = (v1,v2,...) in the tree T', we set S(T',v) := (T(y,), V), where v = (vg,v3,...).

The following proposition is the analogue of Proposition 6.1 in [71] for the Yule tree.

Proposition 6.5. The probability measure W(T)O(dT")wr(dv) is invariant under S.

Proof. Under ©(dT), if T' corresponds to the collection (z,)yey, then zg is exponentially dis-
tributed with mean 1. Conditionally on zg, the branching property of the Yule tree states that
T(1) and T{y) are i.i.d. of the same law ©.

Let F be a bounded measurable function on 7*. By the definition of the shift S and then
the preceding observation, we have

/ F o S(T,v)W(T)O(dT)ar(dv) = é / F(Tsy, u) (e W(T};))) O (dT )i, (du)
= o /O T de) / F(T, )W(T)O(dT)@r(du)
_ / F(T, W)W(T)O(dT)&r(du),
which completes the proof of the statement. 0

6.2.4 The continuous conductances

For a fixed Yule-type tree T, we consider the excursion measure of Brownian motion (with
drift 1/2) on T away from the root, and define the conductance C(T") as the mass assigned



178 Chapitre 6 Typical behavior of the harmonic measure

by this excursion measure to the set of trajectories that never return to the root. Note that
1 <C(T) < oo for any T' € 7. For more details we refer the reader to [20, Section 2.3].

To simplify notation, we introduce under the probability measure IP a pair of random variables
(W, C) that is distributed as (W(T),C(T)) under ©(dT). In addition, we let C be a random
variable defined under P that is distributed as C(7") under the probability measure W(T)O(dT).

Let T be a Yule-type tree corresponding to the collection (z,)yecy. Recall that T(1) and
Ty stand for the two subtrees of T" obtained at the first branching point. From the identity
W(T) = e 22 (W(Tr)) +W(T\2))) for every T € 7, it follows that the distribution of W satisfies

the recursive equation
d
WL (1= U)W + W),
in which W; and W, are independent copies of W, and, U is uniformly distributed over [0, 1]
and independent of (Wi, Ws). Moreover, the preceding equation holds jointly with a similar
distributional identity for the conductance C (see equation (2) in [20]). To sum up, we have

w,c) &L <(1—U)(W1+W2),(U+ 611;[22)1), (6.9)

where U is as above, while (W;,C;)icq1,2y are two independent copies of (W,C), and are inde-
pendent of U.

Lemma 6.6. The random variable C satisfies the distributional identity .

Proof. By definition, the distribution of C is determined by

~

Elg(C)] = E[Wg(C)] (6.10)
for every nonnegative measurable function g. Using and symmetry, we have

-~

@] = sla-vmm (v gg) )

B2 -vmig((V+ o) )]

Recall that the random variable V' has density function 2(1 — x) over [0,1]. The statement of
the lemma therefore follows by applying (6.10]) in reverse order. O

The law v of the conductance C has been discussed at length in [20, Proposition 6]. By
similar arguments, we can study the law 7 of C. These properties are collected in the next
proposition.

For every v € (0,1),2 > 0 and ¢ > 1, we define

Let .# be the set of all probability measures on [0, co] and let O M — M map a probability
measure o to

d(0) = Law(G(V, X,0)) (6.11)

where V' and C are as in , while X is distributed according to o, and is independent of the
pair (V,C).
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Proposition 6.7. (1) The distributional equation (-) characterizes the law 7 of C in the
sense that, 3 is the unique fized point of the mapping ® on M, and for every o € M, the
k-th iterate (I)k( ) converges to 7 weakly as k — co.

(2) The law 7 has a continuous density over [1,00), and all its moments are finite.

(3) For any monotone continuously differentiable function g: [1,00) — Ry, we have

o~ o~ ~ ~

E[C(C - 1)¢'(C)] +2E[¢(C)] = 2E[g(C +C)], (6.12)

where C and C are always assumed to be independent under the probability measure P.

(4) We define, for all £ > 0, the Laplace transforms p(¢) = Elexp(—£C/2)] and

©)

(6) = Elexp(~£C/2)] = [ "/ 5(dn).
1
Then @ solves the linear differential equation

20¢"(€) + £/ (0) = 2(1 = () (¢) = 0.

The proof of this proposition is very similar to that of the analogous results in [20, Proposi-
tion 6]. We skip the details.

Remark 1. Using assertion (1) in Proposition one can approximate the law 7 of C by
iterating the mapping ®. An application of the Monte—Carlo method gives E[C] ~ 2.21.

Remark 2. Following the preceding proposition, we discuss here some smoothness properties
of the density of 5. For every ¢t > 1, we set F/(t) = P(C > t), and we get from that

ﬁ(t):2(t_t1)2/toodx(x_xl)31?(5+czx). (6.13)

Since P(C +C > t) = 1 for every t € [1,2], we obtain from the last display that

~ 4t — 2
F(t)= ——4A0—240+1,  VtelL2] (6.14)
where ,
0 T =R
Ay =2 — — P > Z.9).
0 /2 dx(x_1)3 (C+Cix)€<2, )

Let f: —F' be the density of the law 4. Then it follows from 1} that for all t € [1,2],

- t—1 - 3—2t
f(t) = 4A0 X 3 and f,(t) = 4A0 X T

o~

In particular, we have f(1) = 0, f(2) = Ao/2 and f’ (3) = 0. A numerical approximation of
F(2) gives that Ag ~ 0.976.

For the density f of the law of C, it is shown in |20}, Section 2.3] that there exists a constant
Ko € (1,2) such that f(t) = Kot 2 for t € [1,2]. The explicit forms of f and f over [1,2] can
be used to calculate by convolution the probability P(C + C > t) for ¢ € [2,3]. The values of F
over [2,3] are thus determined via the ordinary differential equation

tt—1)F'(t) —2F(t) = —2P(C +C > t), (6.15)
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which is a direct consequence of (6.13)). By solving this differential equation, we are able to
get an explicit, yet complicated, expression of F' over [2,3], in terms of the two (unknown)
parameters Ay and K (numerical approximations of f(1) show that Ky ~ 1.477). One can then

~

verify that the density f is continuously differentiable on (1,3). Furthermore, it holds that
Fre-)=71"@+) =0,

and that ]? is twice continuously differentiable on (1, 3). However, f is not third-order differen-

tiable at the point 2, as one has

34

4

~ A
, while f///(2-|-) = ﬁ —4A0Ky.

J?///(Q_) i

This is similar to the singular behavior of the density f pointed out in LQO, Section 2.3], where it is
shown that f”(2—) # f”(2+). One may conjecture that the density f of 7 is twice continuously
differentiable on the whole interval (1, 00), but not third-order differentiable at all integers n > 2.

We finally note that 3/2 is the global maximum point for the density ]? In fact, we have
seen that f reaches it maximum at 3/2 over the interval [1,2]. Meanwhile, it is elementary to
verify, by differentiating , that the function ]? is strictly decreasing over [3/2,00).

6.2.5 Proof of Theorem and of Proposition

We have seen in Proposition that the probability measure W(T)O(dT )wr(dv) on % is
invariant under the shift S. Recall that W(T') follows an exponential distribution of mean 1 under
©(dT'). Taking into account that W(T') > 0, ©(dT')-a.s., we can then verify, in a similar way as
in [66, Section 2.5], that the shift S acting on the probability space (7%, W(T)O(dT)wr(dv)) is
ergodic. We shall now apply Birkhoff’s ergodic theorem to the three functionals defined below.

Firstly, let H,(T,v) denote the height of the n-th branching point on the geodesic ray v.
One immediately verifies that, for every n > 1,

n—1
H,=Y HioS,
1=0

where S° stands for the i-th iterate of the shift S. It follows thus from the ergodic theorem that
W(T)O(dT)wr(dv)-a.s.,

1

“H, / Hy(T,v) W(T) ©(dT)ar(dv). (6.16)

n

Since the density W(T') is strictly positive, the latter convergence also holds O(dT)wr(dv)-a.s.
By definition of H; and then the branching property of the Yule tree,

/ H\(T,v) W(T) ©(dT)or(dv) = / 2o W(T) ©(dT)
_ / 2o e (W(T() + W(T}y)) O(dT)
- 2(/000 ze*2Zdz) x /W(T)@(dT) = % (6.17)

Secondly, for a fixed geodesic ray v = (v1,vq,...) € {1,2}, we let x,,y denote the n+1-st
branching point on the geodesic ray v, i.e. x,v = ((v1,...,v,), Ho41(T,v)). We set, for every
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n > 1, the functional F,,(T,v) :=logwr({u € 0T: x,,v < u}). In particular,

W(T ()

Fi (T =1 .
(T, v) = log W(Ty) + W(T2))

By definition of Wy, one can check that

n—1 ]
F,=> Fiob5"
=0
Using the ergodic theorem again, we have O(dT) wr(dv)-a.s.,

fF — | FA(T,v)W(T)O(dT)wr(dv),

n—oo

in which the limit can be calculated as follows:
/ Fy(T,v) W(T) ©(dT)@r(dv)

R W(T;)
_ Z/e W(Tlo) o8 g S ()

= Z/ “FW(T3)) log W(T(;)) ©(dT) — /(Ze “W(T ) log (e W(T)) ) ©(dT)

= 2(/0 efzzdz X /W(T) log W(T) ©(dT) —/W(T) log (e*W(T)) ©(dT)
_— / 2o W(T) ©(dT). (6.18)

Note that we used the fact that [WW(T)|logW(T')| ©(dT) < oo to derive the last equality. In
view of (6.17), we see that ©(dT) wr(dv)-a.s., F,,/n converges to —3 whereas H,/n converges
to 3. By considering the ratio F,/H, and taking n — oo, we get that ©(dT)-a.s. wr(dv)-a.e.,

1
lim —logwr(By(v,r)) = —1,

r—00 1

from which the convergence (6.5)) readily follows.
Thirdly, we turn to the harmonic measure pr and set, for every n > 1, the functional
Gn(T,v) :=logpur({u € 9T": x5, v < u}). In particular,

C(Tw,))
C(Twy) +C(Tey)

Gl (T7 V) = log
The flow property of the harmonic measure p7 (see Lemma 7 in [66]) yields that
n—1 )
G, = Z GioS".
i=0
Similarly we have the ©(dT)wr(dv)-almost sure convergence

G =, [ GV WT) BT (av), (6.19)
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and we calculate the limit as follows:

/ G1(T,v) W(T) ©(dT)@r(dv)

B . . C(Tiy)
_ Z/ W(T(p)] gC(T(l))—l—C(T(Q)) e(dT)

o, (T,
_ 2(/ 2 dz /W Ti1)) log CT) 1 ) e(dT)

_ . C(Twy)
- /W 198 g g O

Putting the convergence ([6.19)) together with (6.16[), we see that ©(dT)-a.s. wr(dv)-a.e.,

C(T()
C(Tiy)) +C(T(2))

lim lloguT(Bd(v r)) =2 /W(T(l))log o(dT).

r—oo r

Using the branching property of the Yule tree and recalling the notation in Section we
have therefore P-a.s. w(dv)-a.e. that

iy 08 #(Ba(v, 7)) _ QE[log (thﬂ’
rl0 log r

where C and C are supposed to be independent under the probability measure P. However, by
taking g(x) = log(x) in (6.12)), we see that
C+cC
E[C] —1= QE{log( = )} (6.20)

By defining A := E[CA} — 1, the proof of the convergence 1D is hence completed.
Finally, in view of Proposition it only remains to verify that A > 1. In fact, we know
from the display following (6.19) that

e C(T(ny) +C(T(2))
_ 2/ (ZW Jtog =S )@(dT).

By concavity of the logarithm,

<0

—_ )

22: W(T() log (W(Tu)) tW(T)  C(T) )
= W(T(l)) + W(T(Q)) W(T(i)) C(T(l)) + C(T(Q))
which entails that

W(T(l)) + W(T(2))
= ZW W(T ()

2 C( ())+C T(Q)
W(T ;) log
; © C(T»)

Notice that the previous inequality is strict if and only if for i € {1,2},

W(T () C(Twy)
W(T (1)) +W(Tz)) © C(T(ny) +C(Ti2))
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Since the latter property holds with positive probability under ©(dT’), we have

2
\ s 9 / J— ( Z; W(T,) log w(m% (;(:\;(T@))) o(dT)

_ 9 / F1(T,v) W(T) ©(dT) @ (dv).

By (6.18) and (6.17), the right-hand side of the last display is equal to 1. We have therefore
finished the proof of Theorem [6.2] and of Proposition [6.4]

6.2.6 The size-biased Yule tree I

Let (I',¥) € 7* be a random variable distributed according to W(T)O(dT)@r(dv). We
now give a direct construction of this random variable under the probability measure P. In the
following description, all the random variables involved are supposed to be defined under P.

First, we introduce a sequence (ay)g>1 of i.i.d. random variables uniformly distributed over
the set {1,2}, and another sequence (Jj)g>1 of i.i.d. real random variables exponentially dis-
tributed with mean 1/2. Let (I®))z>; be a collection of independent Yule trees, each of
which corresponding respectively to the collection (Zq()k))vey with the notation introduced in
Section We assume that (ag)r>1, (Ji)k>1 and (F(k))kzl are independent.

For every integer n > 1, we set v, = (a1,a2,...,an) € {1,2}" and Z,, = > 1_; Ji. We write
Vi, = (a1,a2,...,an-1,3 — ay) € {1,2}" for the unique sibling of v,, in V, and define the subtree
I'(v,,) grafted at v, as

D) = (W} x (Zu,. 20, + 2571) U ( U v} x (2, + 2.2, + zé””) |
veV\{o}

Finally, let T be the following Yule-type tree

P = ((2) % 0.2, ) 0 (U fwn)  (Zoys Zual ) U (U D)),

n>1 n>1

We will call T' the size-biased Yule tree. See Figure for an illustration.

Lemma 6.8. The pair (f‘, v = (a1,az,...)) € 7 x{1,2} constructed above follows the required
distribution W(T)O(dT )wr(dv).

The proof of this lemma is based on similar calculations carried out in the previous section.
We leave the details to the reader.

6.2.7 The size-biased reduced tree A

Recall the bijection ¥: (v,7) € Ag — (v, —log(1 —r)) € I introduced in Section We
now apply the inverse mapping ¥~1(v, s) = (v,1 — e~*) to the size-biased Yule tree L.

We keep the notation of the preceding section. For every integer n > 1, we set V,, =
1 —exp(—Jy), and then by induction,

-~

i;:/n = YVn—l + (1 - ﬁn—l)vn .
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%)

Figure 6.5: Schematic representation of the size-biased Yule tree r

Notice that (V;,)n>1 are i.i.d. random variables with density function 2(1 — z)1,¢[o,1], and that
for every n > 1, Y,, =1 — exp(—Zy, ). Thus,

WD) = (2} % 0.5 ) U (Ut x (B Fopal ) U (U 27106,

n>1 n>1

We point out that, independently for every n > 1, ! (D'(Vy,)) is a rescaled copy of the precom-

pact reduced tree Ag with the scaling factor (1 — Y,.,). From now on we will denote ¥—1(T') by
Ag. See Figure for an illustration of Ag.

— M- — Height 1
| lll L I,,I,,I |’|| I||
"""""""""" vl |
(1=Y)Vs
_ffvl
i
l Height 0
0]

Figure 6.6: Schematic representation of the random tree ﬁo



6.3 The discrete setting 185

As for Ag, one can define the intrinsic metric d on Ao such that (30, d) is a noncompact
R-tree, and for every z = (v,r) € 30, we have d((2,0),z) = r. Similarly as in Section
we then let A be the completion of AQ with respect to d, so that (ﬁ, d) is a compact R-tree.
In fact, A = Ag U A, and the boundary A := {z € A:d((2,0),z) = 1} is canonically
identified with {1,2}N. We will call A the size-biased reduced tree. We keep the same notation
H(xz) =d((2,0),z) for the height of z € A. For every ¢ € (0,1), we set

A, ={reA: Hx)<1-c¢}

One can think of both A and A as electric networks of ideal resistors with unit resistance
per unit length, and define C(A) (resp. C(A)) be the effective conductance between the root and
the set OA (resp. 8&) in the corresponding network. As explained in [20, Section 2.3], C(A) is
identically distributed as the random variable C introduced in Section Analogously, C (3)
has the same distribution as C according to Lemma We will thus call C the continuous

conductance of the size-biased reduced tree A.

6.3 The discrete setting

6.3.1 Notation for discrete trees

We set -
U:=|JN,
n=0

where N = {1,2,...} and N° = {@}. If u = (u1,...,u,) € U, |u| = n is the generation (or
height) of w. In particular, || = 0.
A (rooted ordered) tree T is a subset of U such that the following holds:

(i) €T,
(i) fu=(u,...,up) € T\{D}, then @ := (u1,...,up—1) € T;
(iii) For every u = (uy,...,u,) € T, there exists an integer k,(7) > 0 such that, for every

JEN, (u1,...,un,j) €T if and only if 1 < 5 < k(7).

The notions of a child and a parent of a vertex of 7 are defined in an obvious way. We write <
for the genealogical order on 7. The quantity k,(7) in (iii) is called the number of children of u
in 7. We always view a tree T as a graph whose vertices are the elements of 7 and whose edges
are the pairs {u,u} for all u € T\{@}.

If T is finite, we call it a plane tree. The set of all plane trees is denoted by Ty. For an
infinite tree T, we say it has a single infinite line of descent if there exists a unique sequence of
positive integers (up)n>1 such that (u1,us,...,u,) € T for all n > 1. We denote by T the set
of all infinite trees that have a single infinite line of descent.

The height of a tree T is written as h(7) := sup{|u|: u € T}. The set of all vertices of T at
generation n is denoted by T, := {u € T: |u| = n}. If u € T, the subtree of descendants of u is
Tlu] :={u' € T: u < u'}. Note that T[u] is not a tree under our definition, but we can relabel
its vertices to turn it into a tree, by setting 7 [u] := {w € U: uw € T}.

Let 7 be a tree of height larger than n, and consider a simple random walk X = (Xj)r>0
on T starting from the root @. This random walk is defined under the probability measure P7 .
We write 7, := inf{k > 0: |Xj| = n} for the first hitting time of generation n by X, and we
define the discrete harmonic measure p! supported on 7y, as the law of X, under P7.
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Critical Galton—Watson trees. Let 6 be a non-degenerate probability measure on Z,
and assume that 6 has mean one and finite variance 02 > 0. For every integer n > 0, we let
T be a Galton-Watson tree with offspring distribution 6, conditioned on non-extinction at
generation n, viewed as a random element in Ty. In particular, TO is just a Galton—Watson
tree with offspring distribution 6. From our assumption that 6 is critical (i.e. of mean 1), it
follows that for all n > 0, T is finite. We suppose that the random trees T are defined
under the probability measure P.

Let T*" be the reduced tree associated with T(™, which is the random tree composed of all
vertices of T that have descendants at generation n. It is always implicitly assumed that we
have relabeled the vertices of T*", preserving both the lexicographical order and the genealogical
order, so that T*" becomes a plane tree in the sense of our preceding definition.

For every n > 1 we set ¢, := IP’(#TT(«LO) > 0). By a standard result (see e.g. Theorem 9.1 of [7,
Chapter 1]) on the non-extinction probability up to generation n, we have

2
I~ 5 as m — 0. (6.21)

Size-biased Galton—Watson tree. We introduce a random variable N distributed ac-
cording to the size-biased distribution of ¢, that is, for every k& > 0, P(N = k) = k0(k). Let
(Nk) k>1 be a sequence of independent copies of N defined under P. Now we follow [43] and [70]
to construct a size-biased Galton-Watson tree T defined under P. First, the root @ of T is
given number Ni of children. Choose one of these children uniformly at random, say vi. It has
a number ]\72 of children, whereas the other children of the root have independently ordinary
f-Galton—Watson descendant trees. Again, among the children of vi we choose one uniformly at
random, call it vo, and give the others independent #-Galton—Watson descendant trees. Mean-
while the vertex vo has a number N3 of children. Since a. 8. N > 1, we can repeat this procedure
infinitely many tlmes The resulting random infinite tree T is called a size-biased Galton—Watson
tree (see Figure . It is clear by the construction that T is a random element in Ts and that
its unique mﬁmte hne of descent is (vi,va,...), which we will call the spine of T

Figure 6.7: Schematic representation of a size-biased Galton—Watson tree T
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Let ['T'] (") he the plane tree obtained from T by keeping only its first n generations, i.e.,
T™ = {veT:|v <n}.

It is shown in [43] and [70] that [T](® is distributed according to the law of T size-biased

by #T&”). Moreover, conditionally given the first n levels of 'T', the vertex v, on the spine is
uniformly distributed on the n-th level of T. Besides, notice that

E#TY] 1
E[#T(”)] — [7%;} — o

All these observations are summarized in the following proposition.

Proposition 6.9. Let F(T,v) be a nonnegative measurable function defined on Ty x U. Then
for every integer n > 1,

E[ 3y F(T(”),v)] = iE[F([ﬂW,vn)]

q
vET%") "

For every integer n > 1, let ['T']” be the plane tree obtained from T by erasing the (infinite)
tree of descendants of the vertex v,,, and keeping all other vertices. By convention, the vertex
vy, is included in [T]™. Notice that in general [T]® # [T](), since the height of [T]" can be
strictly greater than n.

At last, we let [T]*" be the reduced tree associated with the plane tree [T]" up to generation n,
which consists of all vertices of [’T’]” that have (at least) one descendant at generation n. We
implicitly assume that the relabeling has been done to turn ['T'] *T into a tree. It is easy to check

that [T]*" is also the reduced tree associated with [T]™ up to generation n.

6.3.2 Convergence of discrete reduced trees

We briefly recall in this section the result on the convergence of discrete reduced trees T*".
For every real number s € [0,n], we write the truncation of the tree T*" at level n — |s] as

Ry(T™) :={veT™: |v| <n-—|s]}.

For every ¢ € (0,1), we have set A; = {x € A: H(z) < 1 —¢}. We know that, for every
fixed e, there is a.s. no branching point of A at height 1 — . The skeleton of A, is defined as
the following plane tree

Sk(A.) = {@}U{ve W{@}: Vs <1—c} = {@}U{ve WD}: (5,Y;) € AL,

Consider then the set Ty p;, of all plane trees in which every vertex has either 0, 1 or 2
children. For T € Ty, we write S(T) for the set of all vertices of 7 having 0 or 2 children.
Then there is a unique plane tree (7) such that one can find a canonical bijection u — w,, from
(T) onto S(T) that preserves the genealogical order and the lexicographical order of vertices.

The following result is Proposition 16 in [20].

Proposition 6.10. We can construct the reduced trees T*" and the (continuous) tree A on the
same probability space (Q, F,P) so that the following properties hold for every fized ¢ € (0,1)
with P-probability one.
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(i) For every sufficiently large integer n, we have Ry (T*") € T fpin and (Ren(T*")) = Sk(A.).

(ii) For every sufficiently large n, such that the properties stated in (i) hold, and for every
u € Sk(A;), let w denote the vertex of S(Ren(T*™)) corresponding to w via the canonical
bijection from (Ren(T*™)) onto S(Ren(T*™)). Then we have

1
lim —|wy®| =Y, A (1—¢).
n

n—oo

6.3.3 Convergence of discrete conductances

Let 7 € T be a tree of height larger than n, and consider the new graph 7’ obtained by
adding to the graph 7 an edge between the root @ and an extra vertex 0. We define as before
a simple random walk X on 7, starting from the root @, under the probability measure PT".
Let 75 be the first hitting time of d by X, and for every integer 1 < i < n, let 7; be the first
hitting time of generation ¢ (of the tree 7)) by X. We write

Ci(T) == PT' (1 < 7a).

This notation is justified by the fact that C;(7) can be interpreted as the effective conductance
between 0 and generation i of T in the graph 77, see e.g. [73, Chapter 2].

Recall the notation that C(A) stands for the conductance between the root and the set A
in the reduced tree A. Analogously, for every ¢ € (0, 1), C(A;) denotes the conductance between
the root and the set {z € A: H(z) =1 — ¢} in A. The following proposition is stated in [20].
We provide here a detailed proof.

Proposition 6.11. Suppose that the reduced trees T and the tree A are constructed so that
the properties stated in Proposition [6.10 hold. Then

nCp(T) 225 C(A).

n—oo

Proof. By definition, for every ¢ € (0,1),

Crne len] (") = P(T“L)/(Tn— len] < o) 2 P(T*TL),(TH <79) = Cu(T™).

Note that there is probability at least 1 — Len) that, after hitting the generation n — [en], the

n+1
simple random walk on (T*")" will hit the generation n before moving down to the extra vertex 0.

Hence it follows from the strong Markov property of simple random walk that

0 < Cpen)(T™) = Cu(T™") < mcn—LanJ (T™).

By similar probabilistic arguments, we also have
0 <C(A;) —C(A) <eC(Ay),

which entails particularly that C(A;) < 2C(A) if e < 1/2.
Let n be sufficiently large so that assertions (i) and (ii) of Proposition hold with € €
(0, %) By calculating the conductances using the series law and parallel law, we see that a.s.
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Then it follows from

[nCn(T™) = C(A) < [nCu(T™) = 1Crmon) (TT) ]+ [0 Cr o) (T™) = C(A) [+ |C(A) — C(A)]
< en]Cren) (T™) + [0 Cpm o) (T™) = C(Ac)| + £ C(Ae)

that
limsup [nCp,(T™) — C(A)| < 2eC(A:) < 4eC(A).
n—oo
Letting € — 0, we conclude that [nC,(T*") — C(A)| — 0 as n — oc. O

Similarly, we write C (35) for the conductance between the root and the set
{zreA:H(z)=1-¢}
in A. By the same reasoning as in the previous proof, we point out that, for every € € (0,1/2),
0 <C(A.) — C(A) < 2:C(A). (6.22)
For future reference, we state the following result, which is Lemma 22 in [20].

Lemma 6.12. There exists a constant K > 1 such that, for every integer n > 1,

E[(nC.(T™)’] < K.

6.3.4 Backward size-biased Galton—Watson tree

We introduce in this section a new infinite random tree 'T', which is a variant of the size-biased
Galton-Watson tree T.

First, the random tree T has a unique infinite ray of vertices (ug, uy, ug, ...), which will be
referred to as its spine. We declare that, for every n > 0, the vertex u, is at generation —n.
This gives a genealogical order on the spine of T: u; is viewed as the parent of ug, us is viewed
as the parent of uy, and so on.

Next, we descrlbe the finite subtrees in T branching off every node of the spine. To this
end, we recall that N follows the - size-biased distribution of 0, and we denote by L a random
variable which, conditionally on N, is uniformly distributed on the set {0, 1,. —1}. Let
(Ln,]\Afn)nzl be a sequence of i.i.d. copies of the pair (L,N), and set R, = N - Ln — 1 for
every n > 1. To every vertex u, we give a number L,, of children to the left of the spine and a
number R, of children to the left of the spine. Each of these children (there are N,—1in total)
will independently have an ordinary §-Galton—Watson descendant tree (later we will say that
these Galton—Watson trees are grafted at u,), and we also assume the independence of these
Galton-Watson trees among all n > 1. This finishes the construction of T. See Figure for
an illustration. We remark that T is not a tree in the sense of Section However, due to
its obvious tree structure, we will call T the backward size-biased Galton—Watson tree .

The genealogical (partial) order on T is defined in the following way. We simply keep the
genealogical orders inherited from the grafted Galton—Watson trees and combine them with the
genealogical order on the spine. For instance, us is an ancestor of any vertex in the subtrees
grafted at u;. We can also define in a consistent manner the notion of generation for every
vertex in T. In fact, for any vertex v not on the spine, there is a unique vertex u,, on the spine
such that v belongs to a finite subtree grafted at u,,, then we say that the generation of v in T
is equal to —m + 1 plus the initial generation of v inside the corresponding grafted plane tree.
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0-GW
(Li,R1) = (0,1) "o s ----- Generation 0
0-GW 0-GW
(L2,Re) = (2,0) . o Wie  ----- Generation —1
0-GW
(Ls;Rs) = (0,1) uy N Generation —2
0-GW 0-GW 6-GW
(Ls,Ry) = (2,1) . o u3 s - ---- Generation —3
we = Generation —4

Figure 6.8: Schematic representation of the backward size-biased Galton-Watson tree T

For every n > 1, let ['T']” be the plane tree obtained from T by only keeping the finite tree
above the vertex u,. We take u,, as the root of ['T']”, and the lexicographical order on the set of
vertices of [T]" corresponds to the order of visit when one “moves around” the finite tree [T]" in
clockwise order, starting from the root u,. A key observation is that, viewed as a random plane
tree, [T]" has the same distribution as the random tree [T]" defined in Section Moreover,
the root u,, of [T]" corresponds to the root @ of [T]", and the vertex ug in [T]™ corresponds to
the vertex v,, in [T]".

6.4 Proof of Theorem IE

Recall that A = E[CA] —1 is the constant greater than 1 that appears in the convergence (6.4).
Let 6 > 0. By applying Proposition [6.9] to the indicator function

F(T,v) =1{n*° < PT(X, =v) <n for T € Tfandv e T,

we see that

n 1 = n
E| 3 1{n 0 <P (X, =v)< nM}C] = —P({n" < P (X, =vy) <n?H0)e).
dn
veT;")

Notice that in the left-hand side of the last display, PT" (X,, = v) is by definition the harmonic

measure fi,(v) at vertex v. In view of (6.2]) and (6.21]), the proof of convergence (6.1)) is thus
reduced to showing that for every § > 0,

lim P(n 0 < PM7(X, =v,) <n ) = 1. (6.23)

n—oo
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Since the hitting distribution of generation n is the same for simple random walk on ['T'] ()
and on its reduced tree [T]*", we have the equality

P[ﬂ(n) (XTn = Vn) = P[ﬂm (XTn = Vn) = P[/ﬂn (XTn = Vn)

under the probability measure P. Furthermore, according to the final remark in Section [6.3.4]
the (random) probability PIT" (X, = v,,) is distributed under PP as

p['i']" (X, =up),

by which we mean the probability that a simple random walk on T starting from the root u,
hits level n (of [T]") for the first time at ug. So the convergence (6.23) is equivalent to

: —A—4 T —A+6
nh_)rgl()lP’(n A0 < P (X,. =) < n™?* ) =1. (6.24)
In order to show the latter convergence, we denote by —Mj, —Mo, ... the generations of

the vertices on the spine of T where there is (at least) one grafted plane tree that reaches the
generation 0, i.e. has a descendant of generation 0. This sequence of negative integers (—Mp)r>1
is listed in the strict decreasing order, and we set by convention My = 0. For every k > 1, we
also set Ly := My — Mp_1 > 1.

For every n > 1, let k,, := k:n('T') be the index such that Mj, <n < M, +1.
Lemma 6.13. We have P-a.s.

1. n — 1
360 2logn

Proof. Recall that for every j > 1, there are Nj — 1 Galton-Watson trees grafted at u; in T.
Consider the event that at least one of those plane trees grafted at u; reaches generation 0, and
let €; be the corresponding indicator function. Then,

!

~

P(e; = 0) =E[(1 - g;-)V | =E[(1 - g-0)""

Let gg be the generating function of 6, i.e.

go(r) :== Z G(k)rk, 0<r<1.
E>0

Since # has a finite variance o2,

02

gg(l—s):1—3+?s2—|—o(82) as s — 0.

As the mean of N — 1 is 02, we have E[(1 — s)ﬁfl} =1— 025+ 0(s) as s — 0, which, together
with (6.21]), yields that

2
P(e; = 0) = 1_;+o(j*1) as j — oo. (6.25)

Notice that by definition, k, = €1 + €2 + - - - + €,. Hence,

Elk,] = Z (1-P(e; =0)) ~ 2logn as n — oo.
j=1
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Since €1,..., ¢, are independent, and we have also var(k,) = O(logn), the L?-convergence of
kn/(2logn) follows immediately. The a.s. convergence is then obtained by standard monotonicity
and Borel-Cantelli arguments. O

We introduce some additional notation before stating the next proposition. For every j > 0,
we write P]T for the (quenched) probability measure under which we consider a simple random
walk X = (Xj)r>0 on T starting from the vertex u;. Under PjT, we denote by Sy the hitting time
of generation 0 by the simple random walk X, and for every ¢ > 0, II; := inf{k > 0: X = u;}
denotes the hitting time of vertex u;.

Proposition 6.14. For every § > 0, there exists an integer ng € N such that for every n > ng,
we have

P(P[T]n (XTn = uO) > n_/\+5) < 8]P>(P]\-I;fkn (XSO =g, Sy < HMkn-o—l) > n_)\+5/2>,

and

P( PITY (X, = ug) < nfm) < SP(PAT/[kn (Xs, = w0, So < Iy ,,) < n—H)_

Proof. We keep the notation used in the proof of Lemma [6.13] and observe that

P(Mg,4+1 —n>n) = P(en+j:0for all1 <j<n)
1
- H (i =0) 22 3

by (6.25)). One can thus find an integer ng such that for every n > ny,

P(My, 11 > 2n) > (6.26)

OO\H

Since My, +1 — n is independent of the finite tree above the vertex u,, in 'T',

P(Mj,, 11 > 2n, P (X, = ug) > n %) = P(Mj,, 11 > 2n) x P(PI" (X, =ug) > n>F9),
(6.27)
_On the other hand, it is crucial to note that under the probability measure IP, the probability
PIM" (X, = ug) has the same distribution as the conditional probability
Pv;r(XSO = 110’50 < HMknJ,-l)?
which can be calculated as
P?I(XSO =up, Sp < HMkn-H)
PT—I!—(SO < HMkn+1)
PJ(HMk:n < HMkn+1) X PJ\T/[kn(XSO = up, Sp < HMkn+1)
PT—I;—(SO < ]'_‘[Mkn+1)

PnT(XSO = 110‘50 < HMkn+1) =

by the strong Markov property of the random walk. On the event {Mj, 1 > 2n}, simple
considerations show that P (Sy < II My, 1) = 1/2. Hence, we have

P(My, 1> 2n, P (X, = ug) > n0) = P(My,, 11> 20, P (X, = ug|So < Ty, ) > n )
< P(My, 11> 2n, PMk (X =g, Sp < My, ,,) =0 )2)

< P(P]\T/Ikn(XSO =g, Sy < HMk"+1) > n_)\+6/2).
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The last display, together with and , yields the first inequality in the statement of
the proposition.

We can argue in a similar manner for the second inequality stated in the proposition. Its
proof is even simpler because it suffices to use the bound

P]\—I;[kn (XSO = up, S(] < HMkn-H) < PJ(XSO = u0]50 < HMkn+1)’

instead of the estimate PJ—(SQ <, 1) = 1/2 used above. O

According to (6.24)) and the preceding result, we can therefore derive Theorem from the
following proposition.

Proposition 6.15. For every 6 > 0, it holds that

lim P(n 70 < Pl (Xg, =0, S0 < Iy, ,,) <n ) = 1. (6.28)

n—oo

6.4.1 Proof of Proposition m

Under the probability measure P, for every k > 1, we set

Pk :pk(-T-) = P]—I\;[k(XS() = LI(],S() < HMk+1)'

By the definition of M}, there exists at least one plane tree grafted to usg, that reaches gener-
ation 0. The root of this subtree is necessarily a child of uyy, distinct from ups, ;. If such a
subtree is unique, we let ¢ = ¢, ('T') be the probability that a simple random walk starting from
its root reaches generation 0 before visiting uyy, . If there is more than one such grafted trees,
we take ¢ to be the sum of the corresponding probabilities. This definition is justified by the
fact that c; can be interpreted as the effective conductance between ujs, and generation 0 in
the graph that consists only of the vertex u,z, and all the subtrees grafted to it.

We also set, for every k > 1,
hk = hk(-T_) = P]\T/[k_l(SO < HMk),

which is the probability that a simple random walk starting from u,z, 1 reaches generation 0
before visiting uyy,. With the notation of the beginning of Section [6.3.3} it is clear that

hie = Cog 1 ([TIME71).

We write £, = 1/Ly = (My — My_1)~" for all k> 1. Then simple considerations show that

pr= b +c1+ b’
and, for all £ > 2,
4y, Oy,
= ———(pr—1 + ) 6.29
Pk Oy + cp + ki <pk ! by, +cp_1+ hg_1 pk) ( )

To establish the last formula, we consider the excursions of simple random walk outside of vertex
uyy,, which are independent of the same law. Under this excursion law, the random walk makes
its first jump with equal probability towards one of its neighbors, which are up, —1, upr,+1 and
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the children of uyy, distinct from upz,—1. The respective probabilities for an excursion to visit
upg,_,, to visit upy,,,, and to reach generation 0 in one of the subtrees grafted at uyy,, are
proportional respectively to 1/Ly = l, to 1/Lk+1 = lx+1 and to cg. So the probability for the
random walk starting from wupy, to visit uyy, _, before hitting uyy, , , or reaching generation 0 is

Cr
ly 4+ litq + ¢k '

Next, conditionally on the latter event, the strong Markov property leads us to consider a simple
random walk that starts from uys,_,. With probability py_; it reaches generation 0 by hitting
the vertex ug before moving down to uyy, . However, we must also add the probability that this
random walk goes back down to uy, before reaching generation 0, which is equal to

C

b4 cp1 + hy—t’

multiplied by the probability p; that once returning to uys, the random walk will eventually hit

generation 0 at ug before moving down to upy, _, -
We derive from (6.29)) that

» —» (€k+ck+€k+1 B " )
bt o Oy, O+ cp—1 + hp—1
from which it follows that
L9 + 4 4
X — .
= Pk H ( j Ej +cj—1 +hj_1)
We define thus, for every j > 2,
ci + 041 0
Qs = Q;(T) = log Pl hH)

Lemma 6.16. We have
- Z Q]

The proof of this key lemma is postponed to the next section. Now for any § > 0, let us
consider the event

(6.30)

k—o00 2

kn
{(A=)logn <3 Q; < (A+0)logn}.
j=2

Using Lemma and Lemma [6.16] we see that the last event holds with P-probability tending
to 1l asn — co. As

kn
Pk, = P1€Xp ( - ZQj)?

j=2

we have
. —A—0 —A+6)
nll_ggoﬂ”(pm < Pk, < pin ) =1
Recalling the definition of pg, we conclude that
. - T —A+6
nh_{glop(pm < Py, (Xs, =19, S0 < My, ) <pin " ) =1

Since § is arbitrary, the required convergence ([6.28|) readily follows from the last display, and
this completes the proof of Proposition [6.15 and Theorem [6.1] It remains to prove Lemma [6.16]
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6.4.2 Proof of Lemma m

From the definition of @), we can write for every k£ > 2

M,
Qr = log (1 + Micr + Lk+1 _ T: )
]\LL: +Mk ~(Mg—1cp—1 + My—1hg—1)

Lemma 6.17. We have

Lk+1 Lk (d) / ! A
, M, M, M;_1h —-—
(Mk Mo kCh, Mp—1¢—1, My—1hyj— 1) havd (R,R',C.C',C),

where in the limit
~ R and R’ are two positive random variables with the same distribution given by

P(R > xz) = (1+a)2 for all x > 0;

— C and C' are distributed according to the law 7;

~ C is distributed according to the law 7.
Furthermore, we suppose that R,R',C,C, C are all defined under the probability measure P, and
they are independent.

Proof. We first observe that (My_1, Li),>1 is a Markov chain on Z; xN whose initial distribution
and transition probabilities are given as follows. Initially My = 0 and for every integer ¢ > 1,

L
P(Ly > () = H (ej = 0),

where €; = 0 means as previously that none of the Galton-Watson trees grafted at u; reaches
generation 0. Then for every k > 1, My = My_1 + Ly a.s. and conditionally on { M} = m},

l
P(Lgy1 > 4| M =m) = H P(em+j = 0) =: F(m, 1), for every ¢ > 1. (6.31)
j=1

Using ((6.25)), it is elementary to verify that for every x > 0,

1
For every k > 1, let F, = 0(L1, La, ..., Lg) be the o-field generated by (L;,1 < i < k), so that
(Fk)k>1 is the natural filtration associated with the Markov chain (My_1, Lg)k>1. As My > k,
it is clear that M} — oo as k — oco. By dominated convergence and the last display, we get that
for every z,y > 0,

p(¢k1>x,%l>y) _ E{l{ﬂikl>x}P<L]\?1 ]fk)]
- el e (o)
1

—
koo (14 z)2(1+y)?’
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which entails that

( Ly, ’ Lk:+1) @,
M1~ Mg

Note that conditionally on M} and on the number of subtrees grafted at uy that hit genera-
tion 0, these subtrees are Galton Watson trees conditioned to have height greater than M — 1.
Furthermore, the property E[N] = 3" k26(k) < oo and the estimate entail that a.s. for all
sufficiently large £, there is a unique subtree grafted at uj, that reaches generation 0. Hence
by Proposition [6.11} we obtain the convergence

(R',R). (6.32)

k—o0

d
(My_1¢h1, Mycy) k%é (c.c), (6.33)
which holds jointly with (6.32]), provided we let (C’,C) be independent of (R, R).
Let J > 2 be a fixed integer. We can generalize the preceding arguments to show that the

2J-tuple

Ly Lgo Ly—y
Mok, M3k, Mi—y 1051
(Mk72’Mk73’ M1 k—2Ck—2, Mp—3Ck—3, ..., Mp—j-1Ck—j—1
converges in distribution as k — oo to (R1,Ra,...,Rs,C1,Ca,...,Cy). These random variables

appearing in the limit are all independent, and (R;)1<;<7, respectively (C;)1<;j<s, have the same
Tk forall 1 < j < J, then (V)1<j<y are i.id. with
the same law of density 2(1 —z) on [0, 1], and the previous convergence can be reformulated as

distribution as R, resp. as C. If we set V; =

Li_; @
M — i Co <. .34
(Mk,] kg1 Ch—j= 1)1§j§J k—s00 (Vi Cihsj< (6.34)

For all integers £ > 2 and 1 < j < k, we define
WY = h(T) = Pl _1(So < Magy ATlag, 1),

which is the probability that a simple random walk starting from wujs, 1 reaches generation 0

(0) )

before visiting uys, or u Mjo_;—1- We set by convention h,
as a conductance, we obtain the formula

= 0. From the interpretation of h(

1y 1y 1
h](cl],)l — (Lk—l + (Ck—Z + hggigl)) 1)
by the series law and parallel law. It follows that

L —1
1 — L1
) | Lk Myt
Miihy = | T+ |
k=1 My _ock_o + My _oh;_,

The same calculation can be repeated for Mj_ gh,(QJQ ),Mk_gh,(g‘ig2), etc. By using l) and
the fact that h,(c ) 1 = 0, we see that the law of Mk 1h,(€‘])1 converges weakly to o/ (00) as

k — oo, where ® is the mapping defined in Moreover, according to assertion (1) in
Proposition ®7(8y) — 7 = Law(C) weakly as J — 00.
On the other hand,

hy, — hl(fJ) - PJ\-I/—fkfl(HMkafl < Sy < 1IIpg,) > 0.
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. - M 1
Note that there is probability at least 1 — ’“Mi"

simple random walk on T will reach generation 0 before hitting u,z,. Hence, by the strong
Markov property of simple random walk, we have

that, after hitting the vertex us,_,—1, the

J i Mp_;—1
hi — h](c ) < P]\T/[k_l(HMk,J—l < Sp /\HMk) X %
Since by similar reasoning,

1
M;, — M;._ J—‘l—l

PMk 1 (Mg ;-1 < So Apg,) <

it follows that
M_;—1

= M, — My +1

Myhy — Mh" <

Thus, for any n > 0,

My 51 —1 )

P(|My_1hpq — My_1h\ [ >0) <P
(| My—1hg—1 k—1hy21l > n) < (Mk1—MkJ1+1_n

But due to the previous discussions, it is clear that

lim limsupP
J=00 fooo

( Mg_j1—1

=0.
My1—Mg_j1+17 77)

So we obtain, for any n > 0, that

lim lim sup P(|My_1hp—1 — Mj— 1h 1\ >n) =0.

J=00 koo
Finally, by applying [I1, Theorem 3.2] we get that

My_ihi % ¢ (6.35)
k—o0

Notice that hy_; only depends on Mj,_; and the finite tree strictly above the vertex up,
in T. So conditionally on Mj,_1, the latter quantity hg_q is independent of (Lg, Lg41, Ch—1, Ck)-
In consequence, the convergence holds jointly w1th d6 32[) and (]6 33|), if we take C to be
independent of (R, R',C,C’). The proof of Lemma is therefore complete. O

Lemma 6.18. It holds that
sup E[(Myhg)?] < oco.
k>1

Proof. From the interpretation of h; as a conductance, we know by the series law and parallel
law that

=1
hr = (Lk + (Ck,1 + hkfl) 1) .
It follows that
My _1cp—1 + My_1hg_1

]%/TZ(Mk—lck—l + My _1hg—1)+1— ]\LTz '

Mhy, =
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From the interpretation of c;_1 and hi_1 as conductances, it is easy to see that My_q1c,_1 > 1
and My_1hir_1 > 1. Hence,

My_qcp—1 + My_1hg—1 My _1hg—q
Mph < ST n < Mp_qcp_1 + I
My +1—- M, 14+ M,

For any n > 0, one can take C'(n) > 1 —I—% so that (a+b)% < C(n)a®+ (1+n)b? for every a,b > 0.
Applying this inequality to the last display, we obtain

B[(Mih)?) < COIE[Mrcer)?) + (14 mE[ (7). (6.36)
My,
Notice that
My_1hp—1\?2] [~ B (Mi—1hi—1)?
E|:(1+]\LJIZ ) } _E[;P(Lk —K‘Mk—l)4(1+ Mkf1+€)2 :

According to (6.31)), there exists a constant ¢ > 0 such that, a.s. for all integers k > 2, we have
P(Lk > Mk—l |Mk_1) > c. Thus,

Mi_1hi_1)?
Zp(Lk — g’Mk—l)(kl—fl)Q
>1 (1 + Mk—1+€)
2
< (5)2 > P(Lgp = 0| My—1)(My—1hi—1)*> + > P(Lp = €| My_1)(Mp_1hj—1)°
£>Mj 1 C<My_1
5
< (11— =) (Mg—1hg—1)?,

9

and it follows that Mok ) .
k—11tk—1
E[(lLk) } <(1- §C)E[(Mk—1hk_1)2]
+ M,

Together with (6.36)), the last display entails that
5
E[(Myhi)?] < CE[(Mg_1cx-1)*] + (1 +n)(1 - §C)E[(Mk—1hk—1)2]-

Recall that by Lemma , E[(Mk,lck,l)ﬂ is uniformly bounded with respect to k. So by
choosing 7 sufficiently small so that (147)(1—2c) < 1, we see that there exist positive constants
C < oo and p < 1, both independent of k, such that for all k& > 2,

E[(Myhi)?] < C + pE[(My—1hx—1)*].
The sequence (E[(Mjyhy)?])g>1 is therefore bounded. O

With the notation of Lemma [6.17] we set

C+ % 1
00 =10 (1+ R A).
N g R 14+R(C+C)

Lemma 6.19. (i) We have limy_,o E[Qr] = E[Qoo]-
(i) We have the equality E[Qoo] = A/2.
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(iii) It holds that
sup E[|Q:Q,|] < and  sup E[(Q:Q;)?] < oo.

4,7>1 4,j>1

Proof. (i) On the one hand, since 7 > 1,

M.cp + My M
e Lyt
On the other hand,
%
Qr > log (1 — k )
T+ 1 (My_ycp 1 + My_1hi, 1)
My M1
:—10 (1+ Ly )Z—IO ( Lk )
® MM" (Myg—1ck—1 + Mg_1hg_1) & My _1cp—1 + Mg_1h—1

Using the facts that My_1cx_1 > 1 and My_1hip_1 > 1, we arrive at

ul < ma {1 1+ M-+ 7). 1o 1+ 52)

One can find A > 0 such that log(1 + z) < A + z'/2 for every = > 0. It follows that

Q| < A+ (Myer + L]‘ﬁl)é + (ML’“;I) < A+ (Myep)? + (Lj\ﬁl)é + (ML’“;) (6.37)

d
Recall the convergence in distribution Mjc (—Q C shown in Lemma [6.17, By Lemma |6.12] it
follows that

E[Myex] — E[C]. (6.38)

In particular, supy, E[Myc] < co. Meanwhile, using (6.25) and (6.31)), it is not difficult to verify
that there exists a positive constant K such that for every = > 0,

My,
sup P >z) < .
k>1 (Lk+1 ) 1+

So using the formula

E

M © M
(kal)a :/0 ox 1]P’(kal>:1:)dx,

we get the existence of a constant o € (3, 1) such that

M,
s E| (1)

< o0. (6.39)

Hence, it follows from (6.37)) that (Qg)r>2 is bounded in LP with some p > 1. The sequence
(Qk)k>2 is thus uniformly integrable. However, according to Lemma Qi converges in
distribution to Quo. Therefore, Q; — Qoo in L' and we have

Jim E[Qy] = E[Qu].
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(ii) Recall that V = 1+7R and V' = 5 +R, are independent with the same law of density
2(1 —z) on [0,1]. Noting that

log <(C + l)V’ + V(e +C) = )

C+% 1
lo <1+ R A>
© Y 1+ R(C+C) R 1-V'+V'(C'+C)

1 1—-V'\—1
= logV'+1log(C+ —= %4 = )
og —|—0g< +R+( +C’+C) )

we can use the distributional identity to obtain
1 ~
E[Qo] = E[log V'] —HE[log €+ +c)].

Since R = %, it follows that

log(C—i-%—i-CA) —log(1 -V +V(C+C)) —logV,

which yields E[Qs] = E[log(1 — V + V(C 4 C)]. To complete the proof of assertion (ii), we
apply again to see that

~

E[log(1 — V + V(C +€))] = E[log(C +C)] — E[log()] = E[log (Cgc)}

which is equal to \/2 according to (6.20)).
(iii) There exists a constant A > 0 such that log(14z) < A+ z!/* for every > 0. It follows
then from the same arguments as in the proof of assertion (i) that

L]Z_il)+log(1 Ag}:))(log( + Mjcj + LZ )—l—log (14—]\2/[2;1))

< (o (s 22) 4 (1)) (o (e 220+ ()

|QiQ;| < (log (1 + Mc; +

In order to prove that sup; ; E[|Q;Q;|] < oo, it is enough to develop the product in the last line
of the preceding display, and to show that the expectation of each term is uniformly bounded
with respect to ¢ and j. In fact, by the Cauchy—Schwarz inequality,

=[(5' () =[5 T #[CE ]
and the right-hand side is uniformly bounded according to ([6.39). Moreover, as
” If_il)}l(MjCj + L]Zfl) < E[((Mici)i + (L]‘il) 1) ((Mep)* + (Lli,l)i)]

we can develop the right-hand side and similarly use (6.38]) and ((6.39)) to show that it is uniformly
bounded. All the other terms can be treated in an analogous way. By similar arguments, one
can also prove that sup; ; E[(QiQ;)?] < co. This finishes the proof of assertion (iii). O

E [(Mici

Using assertions (i) and (ii) of Lemma we have thus

k—o0

, 1 1 A
lim E{k 2@4 = Jlim - z;E[Qj] =E[Qu] = 5 (6.40)
j: ]:
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Lemma 6.20. We have

k
limsupE[(;jz:;Qj)z} < (E[Qoo])2 — )j (6.41)

k—o0
Proof. We first note that for every 6 € (0,1/2),
‘]E[ > Qz‘Qg} - E{ > QiQ]}

2<i,5<k 0k<1,j<k
[i—j|>0k

< 45k? x sup B[|Q;Q;l]-
2y

In view of Lemma (iii), the estimate (6.41) will be proved if we can show for arbitrarily
small 6 € (0,1/2) that

1
limsupsz[ 3 Q,Q]} < (E[Quo])”. (6.42)
k=00 Sk<ij<k

|i—j|>0k

We thus fix 6 € (0,1/2) in the following arguments. By symmetry, we can further restrict our
attention to the indices ¢ and j such that 0k <1i,7 < k and j — i > 0k.
Notice that by the Cauchy—Schwarz inequality,

1 1 1 1
kQE{ > Qinl{MH_125Mj_1}:| <12 > P(Mipq > eM;1)2E[(Q:Q;)°]?
Sk<ij<k Sk<ij<k
j—i>0k j—i>0k
1 1
< sup P(Mjy1 >eM;_1)? xsupE[(QiQ;)*]%. (6.43)
0k<i,j<k i,J
j—i>0k

However, observe that Lemma |6.13| can be reformulated as

log M, ]p__a}s, 1

k koo 2’

and it follows that for all € € (0,1),

lim sup P({there exist i, j € [0k, k| with j — i > 0k such that M; ; >eM;_1}) =0. (6.44)

k—o0

Together with Lemma (iii), the latter display implies that the right-hand side of ((6.43)
converges to 0 as k — oo. The proof of (6.42)) is thus reduced to showing that for fixed §,

: : 2 2
lim sup (hmsukaE[ > Qinl{Mm@Mjl}D < (E[Qw))” (6.45)
j—i>0k

To this end, we take ¢ € (0,1/2) and define, for every k > 2,

b= ha(T) = Cogy 1 en ((TPFY)
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where [T]*(Mx=1) stands for the reduced tree associated with ['T']Mk_l up to height My — 1.
In other words, hj, is the probability that a simple random walk on T starting from ups, 1
hits a point of genera‘mon —|eMj,] that has a descendant at generation 0 before hitting upy, .
Comparing with the definition of hy, it is clear that hf > hj. On the other hand, by similar
arguments as in the proof of Proposition [6.11], we obtain

L‘EMkJ
hi — h < €
k k= Mk k>
which entails that
Myhj, — Myhy, < [eMy]hi, < 2eMyhy,. (6.46)
We set
]X[i: ]Z[*: + MA;[: (My—1cp—1 + Mkﬂhi_l)

Using the elementary inequality 0 < logz — logy < L;y for x > y > 0, we see that

My My, My
G- (g P )
Micp. + Lk+ T: + 3= (Mk—lck—l + My_1hg—1) T: + Mk: (My_1cp—1 + Mkz—lhi,l)
@ W 1(Mk 15— My—hy)
5
Mycy + 1 Lo ( + - 1<Mk 1¢k—1 + My_1hi_1))

Taking account of the easy facts that Myc, > 1 and My = Myp_1 + L, we obtain

(%)2Mj\fﬁl (My—1hy_y — My_1hg_1)

2
(Mk + M, )
Ly, Mr_1

which, together with (6.46)), implies that

Qr — Qk <

< My_1hj_y — My_1hg—1,

Q. — Qr < 2eMy_1hp—1.

This allows us to approximate E[Q;Q;1n, , <cnr,_1}] by E[QiQ51 (s, <ens;_ 3], because

‘E[Qi@jl{Mi+1<€M]’—1}] - E[Qinl{Mi+1<5Mj,1}]‘ SEUQZ(Qi )H
<E[(Q5 - Q)*)F x E[(@:)]*
< 2€E[(Mj,1hj71) ]§ X E[(QZ)Q}%a

and the right-hand side converges to 0 uniformly with respect to i, j and k when € — 0, according
to Lemma and assertion (iii) of Lemma

Let us consider indices i, j such that dk <i,j < k and j — ¢ > 0k, and let F; be the o-field
generated by the variable M;, 1 and the finite part of T above the vertex u M,,,- Informally, one

can think of it as the o-field generated by [T]Mi+1. Thus, Q; is F;-measurable and

E [Qi@?l{MH_leMj_l}] =E [Qz’ E [Q;l{Mi+1 <eMj_1} | j}z” : (6.47)
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At this point, we observe that

E [Q;l{Mi+1<€Mj,1} |‘Fl:| = E[QEI{MZ'+1<€MJ',1} | Mi+1:| . (648)
On the other hand, one can generalize the proof of Lemma to show that

L]-‘rl L € (d) / A
( M Mj 1 MCJ’M]*ICJ*I’Mjflhj—1> jjo (R’Ra(j?CaCE)? (649)

where in the limit, the first four random variables R, R’,C,C’ are the same as in Lemma
whereas (1 is distributed as C(ﬁs). It is assumed in addition that R, R’,C,(’, CA6 are independent
under P. Furthermore, it is not hard to verify that the convergence is still valid if, instead
of the distribution of

(L]+1 L
M; M] 1
we consider the conditional distribution of the same random 5-tuple given M;, 1, and let ¢ and j
tend to infinity satisfying that j — i > ;.

We define thus

€
M CJ, Mjflcjfl, Mjflhj_1>,

C+4i 1
c=1o <1+ R = )
“ g R 14+R(C+C)

By the same arguments used for assertions (i) and (iii) of Lemma we obtain

lim ( sup ‘E[Q§|Mz+1 =/] —E[Q;H) =0,
7?]‘_;%0‘ Z: P(M1+1:£)>0
j—i>8j

and we see that
sup  E[(Q5)*| M1 = (]
l: P(Ml+1:€)>0

is uniformly bounded for all 7, j satisfying that j —i > Jj. In view of (6.44]) and (6.48)), it follows
that a.s.

Jim [BIQ5 L <enr,_y | Fi] ~E[Q]] =0
Jj—i>0j

Hence, we get from (6.47) and Lemma (i) that

. _ e
gg;<”z£HEK&Q1uLH@MJgo__HQmEK%J
j—i>0k

Finally, it remains to estimate the difference between E[Q%] and E[Qx]. To do this, we use

a coupling argument by defining both C. and ¢ C from a common reduced tree A independent of
(R,R,C,C"), so that C = C(A) and C. = C(A.). Since C > 1 and C. > C > 1, one can proceed
in the same way as we did for bounding )}, — Qk, and arrive at

R'(C. - C)
&) my

1+4  R(C.-0) <(1

z < <C.—C.
C+ % (1+RI(C'+0))?

Taking account of l} the last display gives |E[Q5] — E[Qx]| < 2¢ E[C], and the right-hand
side converges to 0 as € — 0.
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According to the previous discussions, we can conclude that

. . 2
limsup | lim sup kZE[ > Qinl{Mi+1<ij_1}}
e—0 k—o0 §k<i,j<k
j—i>0k
: . 2 e
= limsup | limsup ?E Z QiQ5 L,y <eMy_y)
e—0 k—o00 5k§’57]§k
j—i>8k
. 2
< limsup E[Quo|E[Q%] = (E[Qu])”,
e—0
which finishes the proof of (6.45)). The proof of Lemma is therefore completed. O

Proof of Lemma[6.16 By combining ([6.40) and (6.41]), we have

limsupE[(iin _ ;\)2} < (hmsupE{(;in)T) —\ lim EuiQ]] + T <0,
=

which gives the desired result.
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