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a ∈ P (M) A ⊆M tp(a/A)
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a ∈M tp(a/C) tp(a/acl(C))
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p∣C0
∎
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1/∣det(M)∣ E

E

p Γ p



D N
p an <∞ Γ n
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T
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e Y f
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c′ ⊧ tp(c/A) e = h(f(e, c′)) D A c ∈ D
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T
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T
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dd′ ∈ dcleq(ed) = dcleq(e) e dd′ ∎

L O(L) M(L)
k(L) Γ(L)

val ∶ L→ Γ(L)∪{∞}∣.∣
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K L
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Kn
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e∈Sn

e/Me.

O Kn n Bn
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f ∈ e/Me e
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Sn
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a, b ∈K} K v(K)
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Γ
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valrv k
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RV T1 valrv
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ωn k LGN PL0

PL0
N

L ∈ Lp LGN a cn n ∈ N a
n p cn n n

p cp
L pLGN L ∈ L PL0

N

p
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F
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p ⩾ p0 LGN Lp ∈ Lp ϕ(x,w)
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f ∎
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M p∣M̃ tpL̃(c/A)L(M) r p ∂pr
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Aut(M/B) Aut(M̃/B) p L(M̃)

E ⊆ M̃
T E e′ ∈ M e′
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dclL(M̃) M̃ E e′
e E e ∈ M̃ ∎

e ∈ M̃ eq c1, . . . , cn ∈ dom(M̃) e ∈
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Aut(M̃/Ā) ⧫
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A = dclL̃(Ae) tpL̃(c/A) tpL̃(c/Ae) tpL̃(e/A) tpL̃(e/Ac)
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A = aclL̃(A) c ∈ dom(M̃) aclL̃(Ac) = dclL̃(Ac)
T̃
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A e′ ∈ M̃ e′ ∈ dclL̃(Ae) = A e ∈ dcleqL̃ (A) = dcleqL̃ (Al)

e ∈ dcleqL̃ (A0)
a A0 e L̃eq(a) a′

a e dcleqL̃ (e) = dcleqL̃ (a′) a′ e
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qP ∣A ∶= P (x) ∪ {x ∉ b ∶ b ∈ B(acleq(A)), b strictly included inP}.
ACVF P

L
A ⊆ L P B(A)

P A L L
alg

L L
alg

P P b̄
P A x

b ∈ B(dcleq(A)) P b ∈ B(acleq(A))
A b P

A

A ⊆M eq K b̄
B(dcleq(A))

P = ⋂i bi

A ⊆K(M) a ∈ A a ∈ bi i qP ∣A val(x−a)
r(x − a) P (dcleq(A)) = ∅ qP ∣A



c, c′ ∈
M q ∶= qP ∣A (val(c − a), r(c − a))
A (val(c′ − a), r(c′ − a)) A(c) A(c′) c c′ A

c c′ A A

K(M) L ∶= K(M)alg K(M)
K⋆(M) ker(r) ⋅ (1 + λν(r)0 O(L)) ker(r) ker(r) ⊆ K⋆(M)(1+ λν(r)0 O(L))∩K⋆(M) = (1+ λν(r)0 O(K)) ⊆ ker(r)

K⋆(L) → K⋆(L)/ker(r) ⋅ (1 + λν(r)0 O(L)) r r
x, y, z ∈ L val(x − y) ≫ val(x − z)

r(x − z) = r(y − z)
A

alg(c),Aalg(c′) A
alg

r A(c)(val(c − a), r(c − a)) (val(c′ − a), r(c′ − a)) A
c′ A

d ∈ Aalg
d ∉ bi i val(c − d) = val(c′ − d)

k ∈ val(c− c′) ⩾ rad(bi+k) ⩾ rad(bi)+kval(λ0) > val(c−d)+kval(λ0)
r(c − d) = r(c′ − d)
d ∈ bi i b ∈ B(L) a

d A A L Γ K(M)
b b′ ∈ B(dcleq(A)) P c c′

b′ b′ rad(b′) − kval(λ0)
val(c − d) = val(c − a) r(c − d) = r(c − a) c′

val(c′ − d) = val(c − d) r(c − d) = r(c′ − d)
g A

val(g(c)) = val(g(c′)), r(g(c)) = r(g(c′))
P A d ∈ Aalg

d ∈ bi
i dj⩽n L d A e ∶= 1/n∑j dj ∈ dcleq(A)
i dj ∈ bi+k k kval(λ0) ⩾ val(n) val(e − d) ⩾ val(1/n) +

rad(bi+k) ⩾ rad(bi) e ∈ P (dcleq(A))(val(x − a), r(x − a)) d ∈ P ∎

T THen,0 A ⊆K(M) P
P (A) = ∅ P

r = rv
1 +M val(x − y) > val(x − z) r(x − z) = r(y − z)

A ⊆K(M)
A ⊆M eq P b ∈ B(dcleq(A)) qP ∣A



p

A P = ⋂n=1,2,... bn
A θ(x) A x ∈ bi i Γ

b θ
P A

M0 A ⊆ M eq
0 P (M0) = ∅ qP ∣K(M0)

K M eq
0 P M eq

0 A
A c c′ P A (M eq

0 ,A0) ≺ (M eq,A)
A c c′ Q

A0 M0 c Q
A0 c′ c, c′

c c′
A0 M eq

0 A M eq ∎

qR A QR qR u ∈ PΓ

γ ∈ PΓ(dcleq(A)) γ > u
qP ∣M ∪ ⋃

a∈P (M)
qR(val(x − a), r(x − a))

M a′ a′ ∈ bi i qR{γ > u ∶ γ ∈ PΓ(M)} γ ∈ PΓ(M) qr ⊢ u ⩾ γ ψ ∈ qr
γ γ′ ⩽ γ ψ M Γ

γ′ PΓ(dcleq(A)) qR ⊢ γ′ ⩽ u
c′ (val(c′), r(c′)) ⊧ qR ∪ {γ < u ∶ γ ∈ PΓ(M)} d ∶= a′ + c′

d ⊧ qP ∣M val(d − a′) = val(c′) ∈ PΓ d ∈ bi i
b ∈ B(dcleq(M)) P d

a′ ∈ b val(d − a′) = val(c′) > rad(b) ∈ PΓ(M)
c′ a ∈ P (M) val(d − a′) = val(c′) ≪ val(a − a′)

val(d − a) = val(d − a′) = val(c′) r(d − a) = r(d − a′) = r(c′) d ∎

P a ∈ B(dcleq(A)) a ⊆ bi i qP ∣A
val(x − a) r(x − a) P B(dcleq(A))

qP ∣A
a ∈

B(dcleq(A)) c, c′ ⊧ qP ∣A qR ∶= tp(val(c − a)r(c − a)/A) = tp(val(c′ −
a)r(c′ − a)/A) M0 ≺ M A ⊆ M eq

0

c0 ⊧ qP ∣Meq
0
∪ qR(val(x − a)r(x − a)) c c′ A(val(c − a)r(c − a)) = (val(c0 − a)r(c0 − a)) = (val(c′ − a)r(c′ − a))

A



c, c′ ⊧ qP ∣Meq
0

c c′
M eq

0 A ∎
L p M ⊧ Th(L) A ⊆ M B(acleq(A)) ⊆ A

c ∈ dom(M) tp(c/A) Aut(M/A)
W (c;A) ∶= {b ∈ B(A) ∶ c ∈ b} P ∶= ⋂b∈W (c;A) b M

P
B(acleq(A)) A c

c ⊧ qP ∣A
a ∈ B(dcleq(A)) P qR Aut(M/A)

QR u ∈ PΓ α > u α ∈ PΓ(M) a
qR tp(v(c − a), r(c − a)/A) q∗ ∶= qP ∣M(x) ∪⋃a∈P (M) qR(val(x − a), r(x, a)) q∗ Aut(M/A)

q∗ tp(c/A) ∎
Nn In+b In GLn

b ≫ 0 Nn = Bn(O) ∩⋂m(In + λm0 Bn(O))
Aut(M) p∣M a ∈ Nn

A ⊆ M eq b ∈ Nn(A) c ⊧ p∣A cb ⊧ p∣A p
r QR Aut(M)

t (val(λ0),2val(λ0), . . .) p

P ∶= ⋂i(λi0O) q ∶= qP ∣M q Aut(M)
val r P 0 t q ∶= qP ∣M ∪

t(val(x), r(x)) Aut(M)
p n(n + 1)/2

q

1 A ⊆M eq a ∈Mn In + a ⊧ p∣A
a11 ⊧ q∣A, a12 ⊧ q∣dcleq(Aa11), . . . a22 ⊧ q∣dcleq(Aa11...a1,n), . . . , an,n ⊧ q∣dcleq(Aa11,...an,n−1)

aij = 0 i > j
p Aut(M) Nn

In + b ∈ Nn(A) In + a ⊧ p∣A(In + a)(In + b) = In + a + b + ab ⊧ p∣A d ∶= a + b + ab d11 = a11 + b11 + a11b11
val(a11b11) > val(b11)≫ val(a11)≫ 0.

val(d11) = val(a11) d11 qP ∣A r(d11) =
r(a11) d11 ⊧ q∣A

d12 = a12 + b12 + a11b12 + a12b22;



p

a12 val(d12) =
val(a12) r(d12) = r(a12) d12 ⊧ q∣dcleq(Aa11) b ∈ dcleq(A) d11 ∈
dcleq(Aa11) d12 ⊧ q∣dcleq(Ad11) In + d ⊧ p∣A ∎

R Nn Bn(K) Aut(M/⌜R⌝)
R

g ∈ R p Nn A ⊆M eq

pg ∣A ∶= tp(cg/Ag) c ⊧ p∣dcleq(Ag) pg ∣A = phg ∣A h ∈ Nn(dcleq(A)) p
Nn ⌜R⌝ pg ∣M ∎

L p M ⊧ Th(L) e ∈ Sn(M) E ∶= acleq(e)
Aut(M/E) e

e
Bn(K) b, b′

b′ = σ(b) σ ∈ Aut(M/E) e/λm0 e m b, b′
λm0 e m b′ = ab a ∈ Bn(O)

a = In λm0 O m a ∈ Nn Aut(M/E) Nnb
Aut(M/⌜Nnb⌝) Nnb ∎
T THen,0

P

b resb x ∈ b x + rad(b)M
b x

b ∈ B(dcleq(A)) q A resb(b)
q ⊢ x ≠ b′ b′ ∈ resb(b)(acleq(A))

qb∣M ∪ q(resb(x))

q {x ≠ b′ ∶ b′ ∈ resb(b)(M eq)}
bi ∈ resb(b)(M eq) q ⊢ ⋁i x = bi

q A
c resb(c) ⊧ q ∪ {x ≠ b′ ∶ b′ ∈ resb(b)(M eq)} c ⊧ qb∣M c ∈ b

c b′ ∈ B(M eq) b′ ⊆ b c ∈ resb(b′) ∈ resb(b)(M eq)
c ∎

P = b qb∣A b resb



A ⊆K(M) THen,0 ⊆ T
r = rv c c′ qb∣A

resb(c) = resb(c′) d ∈ Aalg
rv(c − d) = rv(c′ − d) d ∈ resb(c) c ∈ resb(c) =

resb(d) ∈ B(acleq(A)) d ∈ Aalg
c ⊧ qb∣A d /∈ resb(c)

c c′ ∈ resb(c) = resb(c′) val(c − c′) > val(c − d) rv(c − d) = rv(c′ − d)
A K c, c′ ⊧ qb∣A q ∶= tp(resb(c)/A) = tp(resb(c′)/A)

c0 ⊧ qb∣M ∪ q A c c′
resb(c) = resb(c0) = resb(c′) c, c′ ⊧ qb∣M

c c′ M A ∎
P = b a ∈ B(dcleq(A)) b qb∣A
rv(x − a)

c, c′ ⊧ qb∣A val(c−a) = val(c′−a) = rad(b) resb(c) = resb(c′)
rv(c − a) = rv(c′ − a)∎
k k(A) k P = b

a ∈ B(dcleq(A)) x ∈ b A

resb(b) A
resb(b) k V ∶= γO/γM
γ ∶= rad(b) H ∶= Aut(resb(b)/k,A)
V m(k) H ∩ V

resb(b) A k ∞ A{u ∈ V ∶ ∀y∀x (x ∈ resb(b) ∧ y ∈ k) *⇒ (ϕ(x, y) ⇐⇒ ϕ(x +
u, y)) A ϕ(x, y)}.

k V∞ V∞ H ∩ V = V H
resb(b) H ⩽ Aut(resb(b)/A)

H ∩V = {1} H
resb(b)

H a ∈ resb(b) θ ∈ Aut(resb(b)/A) σ ∈ H
θ−1 ○ σ ○ θ ∈ H (θ−1 ○ σ ○ θ)(a) = a θ(a) σ a

H θ(a) = a a ∈ dcleq(A) H
resb(b) k resb(b) ⊆ dcleq(k,A)

V ⊆ dcleq(k,A) (V, resb(b)) A(G,R) keq = k k (G,R)
A′ ∶= keq(dcleq(A)) = k(dcleq(A))

A′
A′ k

L ⊧ ACFA A′ A′ L



p

A ACFA ACF
ACF A′ (G′, S′)(G,R) (G′, S′) G′

G′
0 S′ G′

0 A′ S′
A′ ⊧ ACF G′

A′ H G ×G′
H0 ∶= {x ∈ G ∶ (x,0) ∈ H} H ′

0 ∶= {x ∈ G′ ∶ (0, x) ∈ H}
H G G′

G G′ G
0 H0 (G′, S′) H ′

0

G′/H ′
0 H ′

0 S′ H
G

G′ S′ S′ G′
(a, a′) R×S′ X H (a, a′) P ∶= tp(aa′/A′) P
X 1 P H

A′
X P A′

X R S′ S′ A′
R d (di)i=1...n A′

1/n∑i di ∈ R(A′) A′ ∎
PL0

T PL0 k(A) k a ∈
B(dcleq(A)) a ⊆ bi i qP ∣A val(x−a) r(x−a)

P B(dcleq(A)) qP ∣A
P ∎

p

L p

F ⊆ L λ0 L res(L) = res(F )
L′ L α

F α O(L′)O(L) TL L LG ∪ {Pn ∶ n ∈ >0} ∪ {c}
Pn n K c F TL

K

p F
Pn



p

T̃ = TL T = ACVFG0,p,F
c F

F

Pn aclL(M̃ ′c)∩
M̃ M̃ L̃

L K(M̃) K(dclL(M̃)) = K(M̃) e ∈
K e Sn(M) Λ(e) ⊆ Kn

e e ∈ Sn(dclL(M̃)) Λ(e)
L0 L ∶= K(M̃) [L0 ∶ L] = m0 L′ L

m0 L′ L σ ∈ Aut(M) M̃
L′ [L′ ∶ L] = m a L′

L L F a
fa ∶ L′ → Lm L fa(O(L′)) = O(L)m O(L′)O(L) m fa

Λ(e)(L′) fa(Λ(e)(L′)) = Λ(e′)(L) e′ ∈ Snm(M̃) a′
Aut(L′/F ) a Aut(L′/L) a

Λ(e′)(L) = fa′(Λ(e)(L′)) e e′

Tn L′ L

e ∈ dclL(e′)
fa Lm → L′ ga(α1, . . . ,αm) ∶= ∑αiai M ga

a ga(Λ(e′)) = Λ(e) ga K
L L′ Λ(e) Λ(e′)

a e ∈ dclL(e′)
M̃ L(M)

A = dclL̃(A) ⊆ M̃ G M M̃
A e ∈M g(e) = e g ∈ G e ∈ dclL(A)

e ∈ dclL(M̃) Aut(M/M̃) e e′ G
e′ G Aut(M̃/A) e′ ∈ A
e ∈ dclL(e′) e ∈ dclL(A) ∎



p

B
e D ⊆K(M̃) A ∶= acleqL̃ (e) B ∶= B(A)

c ∈K(M̃) tpL̃(c/B) ⊢ tpL̃(c/A)
W (c;A) = {b ∈ B(A) ∶ c ∈ b}

P ∶= ⋂W (c;A) = ⋂W (c;B) tpL̃(c/B) ⊢ qP ∣B = qP ∣A
qP ∣A

a ∈ B a ⊆ P qP ∣A r(x − a) val(x − a)
K⋆ = F (K⋆)⋅n n tpL̃(r(c − a)/A) F dclL̃(∅)

Γ(dclL̃(B)) = Γ(dclL̃(A)) Γ Γ
tpL̃(val(c−a)/B) ⊢ tpL̃(val(c−a)/A) ∎

D L̃(A) D Aut(M̃/B) D
B e ∈ dcleqL̃ (B)

a B a ∈ aclL̃(e) e ∈ dcleqL̃ (a) dcleqL̃ (e) = dcleqL̃ (a′) a′
L̃(e) a

ACVF
A = aclL̃(A) c ∈ K(M̃) W (c;A) = {bi ∶ i ∈ I} P = ⋂i bi bi

I i ⩽ j bj ⊆ bi
P p ACVF P

r(x, b) L X(b′, b′′) ∶= {x ∶ r(x, b′) ≠ r(x, b′′)} X(b′, b′′)
i = i(b′, b′′) X(b′, b′′)∩P

P j ⩾ i X(b′, b′′)∩ bj
bj

Ei b′Eib′′ X(b′, b′′) ∩ bi
bi r(x, b′) r(x, b′′) ACVF

bi ei ∶= b/Ei

σ ∈ Aut(M/A) r(x, b)⇐⇒ r(x, b) r(x,σb) p⇐⇒ X(b,σb) ∩ P P⇐⇒ i j ⩾ i, bEjσ(b)⇐⇒ i j ⩾ i, σ ej.

p∣M̃ tpL̃(c/A) ACVF p∣M̃
P x /∈ b b ∈ B(dclL(M̃))

P P tpL̃(c/A) tpL̃(c/A)



p

x ∈ d d L(M̃) dj ∈ B(dclL(M̃))
P

b ∈ B(dclL(M̃)) b(M̃) ≠ ∅ b′ ∈ B(M̃)
b(M̃) = b′(M̃)

Γ inf{val(a−c) ∶ a, c ∈ b(M̃)} = γ ∈ Γ(M̃)
b′ γ b(M̃) ∎

d(M̃) d′ B(M̃) tpL̃(c/A)
x ∈ d′ ⊆ P

a ∈ M̃
c ∈K(M̃) a ∈ dclL̃(c) tpL̃(c/aclL̃(a)) Aut(M̃/aclL̃(a))

a ∈ K(M̃)
a ∈ Λ(M̃) a ∈ T(M̃) a

S(M̃) S(M̃)
′

p

p

B ⊆ K(M̃) B = dclL(B) ∩ K(M̃) F
σ ∈ Aut(M̃/B) B′ = {c ∈ K(aclL(B) ∩ M̃) ∶ σ(c) = c}
B′ ⊧ TL B′ ≺ M̃ aclL̃(B)

aclL̃(B) B
B′ ⊧ TL B′

Pn

B′ Bh

x ∈ B′ ∩Pn(M̃) y ∈K(M̃) x = yn(y/σ(y))n = x/σ(x) = 1 y/σ(y) ∈ aclL̃(∅) m ∈
q ∈ F yq ∈ Pm(M̃) K(M̃) Γ = val(F ⋆) +mΓO = O(F ) + λm′0 O y/σ(y) = yq/σ(yq) ∈ Pm(M̃) ⋂mPm(aclL̃(∅)) = {1}
y = σ(y) y ∈ B′

TL K

K,Sn,Tn

Tn

c
Sn Sn(K ′) K ′ K



p

e c
e′ e fe fe(c) = e′ ∅

h h(c, fe(c)) = e c e c
fe e

fe
d ∈ M̃ d e e′ L̃(d) e

σ ∈ Aut(M̃/d) σ(e) = e′ σ d σ(c) fe
tpL̃(c′/e) = tpL̃(c/e) e′ = σ(e) = σ(h(c, fe(c))) = h(σ(c), fe(σ(c))) = e

d e

A = aclL̃(A) ⊆ M̃ ⊧ TL A Aut(M̃/A)
c ∈ M̃ c = f(a1, . . . , an) ai ∈ dom(M̃) f ∅

tpL̃(a1, . . . , an/A) Aut(M̃/A) tpL̃(c/M̃)
tpL̃(d/M̃c) Aut(M̃/A) tpL̃(cd/M̃)
tpL̃(ai/Ai) Aut(M̃/Ai) i Ai ∶= dclL̃(Ai−1ai−1)

Ai = aclL̃(Ai) ∎
p aclL̃ ≠

dclL̃

σ
ac x σ(x)

a ∈ O σ(a) ≠ a γ ∶= val(σ(a) − a) ac(σ(a) − a) =∶ α val(σ2(a) − σ(a)) = γ
ac(σ2(a)−σ(a)) = α p⋅α = 0 (σp(a)−a) = ∑p−1

i=0 (σi+1(a)−σi(a))
δ > γ O/δO a

p σ p ∎
p

p

THen,0 0 PL0



0 TF PL0LG F ⊆K
T̃ = TF T = ACVFG0,0,F

p
L A ⊆ L b ∈ L b

A A A = {at0 ∶ a ∈ A} ⊆ L((t)) ⊧ PL0

b A′
A′ b

p

T̃ T S
M̃ ⊧ T̃ A ⊆ dom(M̃) S(aclL̃(A)) ⊆ S(aclL(A))

S
ThL̃(S) T̃

ThL(S) S(aclL̃(A)) ⊆ S(aclL(A))
A ⊆ S

TF ⊇ THen,0 k⋆/(k⋆)⋅n k⋆ = (k⋆)⋅nres(F )
A = aclL(K(A)) ∩ M̃ Γ(A) = val(K(A))
ThL̃(k) ThL̃(Γ) T̃

k Γ

a ∈ K(M̃)⋆ γ ∈ Γ(M̃) nγ = val(a) n ∈
x ∈ K(M̃) val(ax−n) = 0 c ∈ F res(ax−nc−1) ∈ k⋅n M̃

ax−nc−1 ∈ (K(M̃)⋆)⋅n ac−1 ∈
(K(M̃)⋆)⋅n a′ ∈ F (a)alg ∩ M̃ ⊆ aclL(a) ∩ M̃ val(a′) = γ
Γ(aclL(K(A))) = ⊗⟨val(K(A))⟩

(K,k,Γ)
val res

ϕ∗(x, r) = ∃y ∈K ⋀
i
yixi ∈ (K⋆)⋅ni ∧ val(yi) = 0 ∧ϕ(r, res(y)),

r k A ⊆ K(M̃)
Γ(aclL̃(A)) ⊆ aclL̃(val(A)) ⊆ aclL(val(A)) ⊆ aclL(A)



p

ThL̃(Γ)
ϕ∗ k ϕ∗(a, r)

aiyi ∈ (K⋆)⋅ni yi val(yi) = 0 ni∣val(ai)
bi ∈ aclL(A) ∩ M̃ nval(bi) = val(ai)

ϕ∗(a, r) ⇐⇒ ∃y ∈ k ⋀i yires(aib−ni ) ∈ (k⋆)⋅ni ∧ ϕ(r, y)
k(aclL̃(A)) ⊂ aclL̃(res(aclL(A) ∩ M̃)) Γ ∎

T̃

A ⊆K(M̃) RV(aclL̃(A)) ⊆RV(aclL(A)) T̃ RV

c ∈ RV(aclL̃(A)) γ ∶= valrv(c) γ ∈ ⊗val(A)
c′ ∈ K(aclL(A) ∩ M̃) n ∈ val(c′) = nγ

cn/rv(c′) ∈ k(aclL̃(A)) ⊆ k(aclL(A)) c ∈ aclL(A) ∎

A = aclL(K(A)) ∩ M̃ B(aclL̃(A)) = B(A) b ∈ B(aclL̃(A))
A

b ∈ B(aclL̃(A)) Q B(A) b
Q Aut(M/A) b Q Q

Aut(M/A) dclL(A) ∩ M̃ = A
Q(A) = ∅ Q A M̃ Q

b a ∈ Q(A) a /∈ b
rad(b) ∈ Γ(aclL̃(A)) ⊆ Γ(aclL(A) ∩ M̃) = Γ(A)

Q b b
b′ Q b′ A M rv(b − a) ∈ RV(aclL̃(A)) ⊆

RV(aclL(A)∩ M̃) =RV(A)
b′ A b Q Q

Q val(b − a) ∈ Γ(aclL̃(A)) = Γ(A)
val(b−a) a A b

Q
b ∈ B(A) aclL(A) ACVF

b c K(aclL(A)) = K(A)alg
Aut(M,A) c b(dclL(A) ∩ M̃) = b(A)∎

A ⊆ dclL(K(A)) ∩ M̃ aclL̃(A) ⊆ aclL(A) M̃ ′ ≺ M̃ c ∈
K(M̃) aclL̃(M̃ ′c) ⊆ aclL(M̃ ′c)



C = aclL(A) ∩M C = aclL(K(C)) ∩M e ∈ aclL̃(A) e ∈K ⊆ B
e e ∈

C ⊆ aclL(A)
Sn Tn Bn(K)/H

Tn H LL (Gi)i=1...m Bn(K) G0 = {1} Gm = Bn(K)
i L ϕi ∶ Gi → G Gi−1 G

a(K) m(K)
a ∈ G(C) ϕ−1(a) Gi(C)

i Hi = Gi ∩H L Gi e ∈ (Gi/Hi)(acleqL̃ (C)) eL(C)
ϕ ∶ Gi → G G = a(K) G = m(K)

Gi−1 e ∈ (Gi/Hi)(acleqL̃ (C)) L̃(C)
eHi ⊆ Gi L̃(C) ϕ(eHi)L̃(C) ϕ(Hi) H ∶= ϕ(Hi) L

G G = a H yO yM̃ G = m H = O⋆ H = 1 + I IO H yO⋆
ϕ(eHi) a ∈ C

val−1(γ) γ ∈ Γ(aclL̃(C)) =
Γ(C) = val(K(C))

a′ ∈ ϕ−1(a) ∩ Gi(C) = (a′Gi−1) ∩ Gi(C) a′−1(eHi ∩ a′Gi−1) Hi−1 =
Hi ∩Gi−1 Gi−1 L̃(C) a′−1(eHi ∩ a′Gi−1) L(C)(eHi ∩a′Gi−1) L(C) eHi

Hi eHi ∩ a′Gi−1 L(C) ∎

L L =∏ p /U
F L

FO(L) p Th(L)
TF PL0

F λ0 res(F )
k n ∈ >0 k⋆ = (k⋆)⋅nres(F ) M̃ ⊧ TF

RV γ ∈ Γ(M̃) RVγ ∶= val−1rv (γ)
H Γ(M̃) 1 ∶= val(λ0) RVH ∶= ⋃γ∈H RVγ

0γ RVγ TF,H RVH

k
RVγ ∪ {0γ} H RVH

k

M̃



p

A = (Vi)i∈I k

A Vi A dim(Vi) > 1
Vj Vl A dim(Vj) = dim(Vi) − 1 dim(Vl) = 1 ∅

0→ Vl → Vi → Vj → 0

A 1 Vi m ⩾ 2 Vj

Vl A ∅ k f ∶ V ⊗m
j → Vl g ∶ Vi → Vl

Im(g) ⊆ Im(f)

RVH TF,H

RVH

RVa

H H ′ RVH′
R ∶= {r ∈ >0 ∶ k(M̃) r } L ∶= K(M̃)[λ1/r0 ∶ r ∈ R]
H ′ ∶= ⟨H,1/r ∶ r ∈ R⟩ ⊆ val(L) L K(M̃)

res(L) = k(M̃) RVH(M̃) = RVH(L) RV1 r RVH′ r
r ∈ R RV1/r r r /∈ R RV →RV ∶ x ↦ xr

V1 r
γ ∈ H ′ r ⩾ 2 RVγ r γ ∈ H ′

n ∈ nγ ∈ H ⊆ Γ(M̃) α ∈ H m ∈
nγ = rnα +m RVβ nr RV1 RVα⊗RVβ

⊗m r RVγ
RVH′

σ̃ RVH RVH′ h ∈
RVH′ valrv(h) = γ +n/r γ ∈H n ∈ r ∈ R hrv(λ0)−n/r ∈RVH

σ(h) ∶= σ̃(hrv(λ0)−n/r)rv(λ0)n/r
RVH′ RVH ϕ ∶H ′ → k(M̃) γ +n/r dnr(dr)r∈ ∈ k(M̃) r l drr = 1 dr ≠ 1 r ∈ R dllr = dr

θ ∶ h↦ hϕ(valrv(h)) RVH′
k H ′ RVH′ θ

RVH

X ⊆ RV l
H l ∈ X

RVH RVH′ x ∈RVH′
RVH′ RVH x ∈ RVH

RVH RVH′ x X RVH ∎
TF RV

RV Γ

n ∈ >0 RV/RV⋅n RV = RV⋅nrv(F )
a ∈ RV Γ y ∈ RV r ∈ r < n



valrv(a) = valrv(yn) + val(λr0) valrv(ay−nrv(λ0)−r) = 0 ay−nrv(λ0)−r ∈ k⋆
k⋆ = (k⋆)⋅nres(F ) m ∈ res(F ) ay−nm−1rv(λ−r0 ) ∈ (k⋆)⋅n

a ∈mrv(λr0)RV⋅n
A ⊆ RV(M̃) valrv(dclL̃(A)) ⊆ ⊗valrv(A) γ ∈ Γ(M̃) ∖⊗valrv(A) d ∈ ⋂ (k(M̃)⋆)⋅n ∖ {1} ϕd ∶

Γ(M̃) → k⋆(M̃) ϕd(valrv(A)) = {1} ϕd(γ) = d ψd ∶ t ↦ tϕd(valrv(t))
RV(M̃) A k Γ x ∈ val−1rv (γ)

dx ≠ x val−1rv (γ) A
γ ∈ Γ RVγ ∏iRVγi

TF RV ∪Γ

X ⊆ RVi × Γj Γ γ
γ′ ∈ Γ X ⊆RVγ ×{γ′} X RVγ
γ x ∈RV⟨1,γ⟩ xγγ′ X ⧫

RV RV ΓL̃(A) f ∶RV → R R RV Γ
A ⊆ RV(M̃) R = RV D f X

n m ∈ x ∈D nvalrv(f(x))−mvalrv(x) f

γf ∶= nvalrv(f(x)) −mvalrv(x) ∈ Γ(dclL̃(⌜f⌝)) y ∈ k⋆ x, z ∈ RV
y ⋅ (x, z) ∶= (ynx, ymz) k⋆ RVγ γ
y ∈ ⋂n (k⋆)⋅n γ ∈ Γ(M̃)2 nγ2 −mγ1 = γf γ1 /∈ ⊗⟨valrv(A)⟩

ψ ∈ Aut(RV(M̃)/A)
x ∈ RVγ ψ(x) = y ⋅ x x ∈ X y ⋅ x ∈ X

N ∈ >0 x ∈ RV valrv(x) /∈ ⊗⟨valrv(A)⟩ y ∈ (k⋆)⋅N
x ∈ X y ⋅ x ∈ X X ′ ∶= {x ∈ X ∶ ∀y ∈ (k⋆)⋅N , y ⋅ x ∈ X} X ′

X ∖X ′ (x, y) ∈X ∖X ′ valrv(x) ∈ ⊗⟨valrv(A)⟩
X (k⋆)⋅N f

E ⊆ rv(F ) RV RV⋅(Nn) γ ∈ Γ
x ∈ Dγ ∶= D ∩RVγ y ∈ RV⋅N e ∈ E x = yne X (k⋆)⋅N

gγ(e) ∶= y−mf(x) e γ
valrv(gγ(e)) = 1/n(γf +mvalrv(e)) ∈ Γ(dclL̃(⌜f⌝)) =∶H gγ

Gγ RVH

g ∶ Γ→RVH
l l ∈ g(γ) gγ H

g L̃(⌜f⌝) X = ⋃γ∈Γ (k⋆)⋅NGγ f L̃(H⌜g⌝)
Γ Im(g) RVH

l

k k Im(g)
Im(g) ⊆ aclL̃(⌜f⌝) e ∈ Im(g) g−1(e) ⊆ Γ

d d ∈ aclL̃(⌜f⌝)



p

⌜f⌝ ∈ dcleqL̃ (γd) γ ∈ H = Γ(dclL̃(⌜f⌝))⌜f⌝ γd ▲
x ∈D valrv(x) ∈ ⊗⟨valrv(A)⟩ f

D RVγi γiL̃(⌜f⌝) f RVH H ∶= Γ(dclL̃(⌜f⌝))
f d H γ ∈H dγ f ▲

X ′ X ∖X ′
⧫

f(x) ∈ dclL̃(Ax)
valrv(f(x)) ∈ ⊗⟨valrv(Ax)⟩ i I
ni mi ∈ γi ∈ ⊗valrv(A) ∩ Γ(M̃) x ∈ D i ∈ I
gi(x) ∶= nivalrv(f(x)) −mivalrv(x) = γi Ei,γ gi γ
D ⊆ ⋃i∈I Ei,γi ∣I ∣

X ∶= {(γi)i∈I ∈ Γ ∶D ⊆ ⋃i∈I Ei,γi}
∣I ∣ X x ∈ D

i0 ∈ I Y ⊆ X(γi)i∈I ∈ Y x ∈ Ei0,γi0
gi0(x) = γi0 (γi)i∈I (δi)i∈I ∈ Y γi0 = δi0

Ei0,γi0
= Ei0,δi0

=∶ E ∣I ∣ D ∖E {(γi)i∈I∖{i0} ∈
Γ ∶ D ∖E ⊆ ⋃i∈I∖{i0}Ei,γi} {(γi)i∈I∖{i0} ∶ (γi)i∈I ∈ Y }⧫

(γi)i∈I ∈ X aclL̃(⌜f⌝) fi ∶= f ∣Ei,γi

fi d
d ∈ aclL̃(⌜f⌝) f = ⋃i∈I fi ⌜f⌝ ∈ dcleqL̃ (d) ⌜f⌝

d f
R = Γ γ ∈ Γ(M̃) f−1(γ) ⊆ RV R = RV

f Γ RVl × Γm l m
Γ Γ Γ RV

g ∶ Γ → RV h ∶= g ○ valrv h ∶ RV → RV
γ ∈ Γ h(val−1rv (γ)) = {g(γ)} h

g ∎

Bm ∶= RV /(k⋆)⋅m Bm → Γ
k⋆/(k⋆)⋅m B ⋅m

m Γ∅ B ⋅m
m Bm

Bm Γ

D RV
Bm m val−1rv (a) a



FD Γ m FD

a ∈ Γ val−1rv (a) Bm

RV RVH

Γ Bm

RV

TF

T ⊇ THen,0 Γ RV

p

A = acleqL̃ (A) B ∶=B(A) c ∈K(M̃) tpL̃(c/B) ⊢ tpL̃(c/A)
RV RV

c ∈ RV(M̃) W (c;A) ∶= {b ∈ B(A) ∶ c ∈ b} P ∶= ⋂W (c;A) =⋂W (c;B) B P A B
P b ∈ B

P rv(x − b) tpL̃(rv(x − b)/B) ⊢ tpL̃(rv(x − b)/A) ∎
TF p

p

Γ
P p ACVF P
p r e I = {0} e0 = e

tp(c/A) p∣M̃
TF ⊇ THen,0 L̃ ThL̃(k) ThL̃(Γ) Γ

RV K
k⋆/(k⋆)⋅n F ⊆ K

k⋆ = (k⋆)⋅nres(F ) K
F O(K) TF

K Sn

p

K Sn Tn

Tn ∎



p

RV
PL0

RV

C ⊆ C ′ C ′ C dcleq(C ′) ∩ acleq(C) = dcleq(C)
p = tp(c/C) cC C

C ′′ C ′ C ′ C C ′′ C

tp(c/C) acleq(C) tp(c/C)
x ∈ dcleq(Cc) ∩ acleq(C) C f

f(c) = x tp(c/C) acleq(C) C
D c′ ∈D f(c′) = x x ∈ dcleq(C)

T̃ PL0

M̃ ⊧ T̃ A ⊆ M̃ C ⪯ M̃ RV(M̃) ∪ A
RV(M̃) ∪A

B = dclL̃(B) ⊆ M̃ RV(M̃) ⊆ B b ∈ B(M̃)
c ∈K(M̃) tpL̃(c/B) b ∈ dclL̃(c) b(M̃) ∩ c ≠ ∅

b ∈RV(M̃) c(1+M̃) P ⊆ b
B(B) c ⊧ P b = rv(c)

P B
P B(B)

B(acleqL̃ (B)) P
acleqL̃ (B) P B

b ∈ B(M̃) r ∈ RV(M̃) valrv(r) = rad(b)
r c ∈K(M̃) tpL̃(c/B) rad(b) ∈ dclL̃(c)

d ∈ b dclL̃(Bc)
b ∈ dclL̃(cd) tp(cd/B) ⧫

B ∶= dclL̃(RV(M̃) ∪ A) C ⊇
A∪RV(M̃) C A∪RV(M̃) dclL̃(C) = C B(M̃) ⊆ dclL̃(K(C))

B(M̃) C

C ⊆ dclL̃(K(C))
e ∈ C e ∈K e ∈ Sn e ∈

Tn Sn Tn

i e ∈ (Gi/Hi)(M̃) e L̃(K(C))



e eHi ϕi(eHi)
yO⋆ B(M̃) a′ ∈K(C) a ∈ ϕ−1i (a′)(C)
a−1eHi∩Gi−1 Hi−1 Gi−1 L̃(K(C))

eHi ⧫
dclL̃(C) = C K(C) = K(C)h ⊧ THen,0 rv(K(C)) = RV(M̃)

THen,0 K RV K(C) ⪯
K(M̃) C = dclL̃(K(C)) ⪯ M̃ ∎

T̃ PL0 A ⊆ M̃ ⊧ T̃
T̃A RV

T̃A

Y = D/E T̃A π ∶ D → Y
D

Kn n C ⊇ A Y C ≺ M̃ Y (C) =
Y (M̃) H ⊆ Kn(C) E W

RV(C) H h ∶W →HL̃(C) L̃(C)
ψ ∶ W → Y W → Y
RV(C)∪A =RV(M̃)∪A C RV(M̃)∪A ψ L̃(RV(M̃)∪A)

e ∈RV(M̃) ψ W L̃(Ae)
W L̃(Ae) ϕ(x, e) ψ L̃(Ae) ψ(x, y, e)

e′ ψ(M̃, M̃ , e′)
ϕ(M̃, e′) ϕ(x, z) ψ(x, y, z) D′
RV∣e∣+1 ψ ∶D′ → Y E′ E′((x, z), (x′, z′)) ⇐⇒ ψ(x, z) =
ψ(x′, z′) L̃(A) D′/E′ → Y RV

T̃A D′/E′ RV ∎

K ⊧ PL0 T̃ ∶= Th(K)
A TA K Sn

e ∈ acleqL̃ (A) RV e′
A e RV RV Γ
d ∈RV∪Γ e′ d e d A

TA A RV ∪ Γ = S1 ∪T1

S1 ∪ S2

F



p

r ∈ l ∈ r t = (ti)1⩽i⩽r tl ∏i⩽r tlii∑l∈ r altl ∈ [[t1, . . . , tr]] al ∈
t1, . . . , tr

Lp p RLp = (RLp,l)l∈ r

LN
p RLp LN

p × r val(L⋆
p)

RLp,l l RLp
r

ELp = (ELp,l)l∈ r RLp

ELp RLp x, y ∈ RLp xELpy l ∈ r

x, y ∈ RLp,l ELp,l RLp,l l(ELp,l)l∈ r

2N
p

r r

RLp = (RLp,l)l∈ r

Lp p L ∶= ⋃pLp (RLp)Lp∈L(ELp)Lp∈L ∅ Lp LG ϕ θ
Lp Lp ∈ L RLp = ϕ(Lp) ELp = θ(Lp)

Lp L Lp p
Lp ∈ L RLp = (RLp,l)l∈ r LN

p ELp = (ELp,l)l∈ r(RLp,l)l∈ r ∅ Lp

l ∈ r Lp aLp,l = ∣RLp,l/ELp,l∣ < ∞ Lp ∈ L
SLp ∶= ∑

l∈ r

aLp,lt
l ∈ [[t1, . . . , tr]]

k, n, d ∈ (aj)j⩽k (bj)j⩽k
r l ∈ r ∣l∣ ∶= ∑i⩽r li ⩽ d ql ∈

Xl

j aj bj

p≫ 0 Lp ∈ Lp

SLp = ∑∣l∣⩽d ql∣Xl(res(Lp))∣tl
∣res(Lp)∣n∏k

j=1(1 − ∣res(Lp)∣aj tbj) .

∑l∈ r ap,ltl ∈ [[t1, . . . , tr]] p



Lp p Lrg
Xl Lrg Lp

Rp0 Ep0 p0
Lp0 L = {Lp0}

SLp0
∶= ∑

l∈ r

aLp0 ,l
tl ∈ [[t1, . . . , tr]]

Xl

ql = 1 l

Xl

Lp p

µLp GLN(Lp) µN2

Lp,+ LN2

p µLp

f ∶GLN(Lp) → ∫ f(x)dµLp(x) =∫ f(x)∣det(x)∣−NdµN2

Lp,+(x) det(x) p
p dµLp

dµLp

µLp(A ⋅GLn(O(Lp))) = µLp(GLn(O(Lp)))
µLp,+ µLp A ∈

GLN(Lp)
µLp(A.GLN(O(Lp))) = 1.

m1 m2

N ⊆ >0 LGN ϕ(x,w) p≫ 0 Lp ∈ Lp

aLp ∈ Lp n ∈ N n bn,Lp ∈ Lp

ϕ f ′Lp
∶RLp → Lm2

p × Sm1(Lp) x, y ∈ RLp , xELpy ⇐⇒
f ′Lp
(x) = f ′Lp

(y) f ′Lp
= (f ′′Lp

, fLp) f ′′Lp
∶ RLp → Lm2

p fLp ∶ RLp → Sm1(Lp)
l ∈ r ELp,l = {f ′Lp

(x) ∶ x ∈ RLp,l} ELp = ⋃l ELp,l ELp,l ⊆ Lm2
p × Sm1(Lp)∑l ∣ELp,l∣tl πLp ∶ ELp → Sm1(Lp)

FLp,l = πLp(ELp,l)
ACVF

eLp,l(x) = ∣π−1Lp
(x) ∩ ELp,l∣ N

p ≫ 0 FLp,l F ν
Lp,l
= {x ∈ FLp,l ∶ eLp,l(x) =

ν} ∑
l

∣ELp,l∣tl = ∑
ν⩽N

ν∑
l

∣F ν
Lp,l∣tl,



p

F ν
p,l

ν FLp,l = F ν
Lp,l

FLp,l

Sm(Lp) ∅ Lp

Sm(Lp) GLm(Lp)/GLm(O(Lp)) GLm(O(Lp))
GLp,l

µLp(GLp,l) = ∣FLp,l∣.

∑
l

∣FLp,l∣tl =∑
l

µLp(GLp,l)tl ∈ [[t1, . . . , tr]].

GLp,l LGN Xl [T ]
T res(Lp) (kn ∶ n ∈ N kn
n )

Cn(Lp) ∶= {kn ∈ res(Lp) ∶ kn n }
res(Lp)[ωn] d = dn,Lp res(Lp)

∣Cn(Lp)∣ = ϕ(n)(∣res(Lp)∣d − 1)
n

ϕ C = ∏n∈N Cn c ∈ C(Lp) Xc,l(Lp)
Lp Xl c Yl ∶=∐c∈C Xc,l Lrg

∣Xl(res(Lp))∣ =∑
d∣n

1dn,Lp=d
−n
ϕ(n)

∣Yl(res(Lp))∣
1 − ∣res(Lp)∣d

1dn,Lp=d = 1 dn,Lp = d 0 ∣Xl(res(Lp))∣
Xl Lrg

Xl p≫ 0
Lp p SLp

p

∎
SLp(Pi)1⩽i⩽r [X] Q ∈ [X]

aLp,l p≫ 0 Lp ∈ L
aLp,l ⩽ Q(q)P1(q)n1⋯Pr(q)nr ,

q = ∣res(Lp)∣ ∅ pLp { p} p Dp ⊆ N
p ∅ Ep∅ Dp fp,1, . . . , fp,r∶Dp → p ∖{0}∅ l ∈ r {x ∈ Dp ∶ val(fp,i(x)) =



li} Ep Dp = {(x,val(fp,1(x)), . . . ,val(fp,r(x))) ∶ x ∈Dp} ⊆ N
p × r Ep ⊆ Dp × Dp (x, s1, . . . , sr)Ep(x′, s′1, . . . , s′r) xEpx′

si = s′i i Dp ∅ N
p

Ep ∅ Dp

Γ n ∈
an n Γ

Γ ξΓ(s) ∶= ∑∞
n=1 ann−s p

ξΓ,p(s) ∶= ∑∞
n=0 apnp−ns ζ

Re(s)
ξΓ(s) =∏

p
ξΓ,p(s),

p
ξΓ,p(s) p−s ξΓ(s)

ξΓ,p(s) p
p

τp(s) ∶= ∑∞
n=0 bp,np−ns

τp(s) t ∶= p−s

τ(s)
τ(s)

ξΓ,p(s) Γ

W (X,Y ) ∈ [X,Y ] ξΓ,p(s) = W (p, p−s) p

p



p

Ĝp p G j∶Γ → Γ̂p

Γ̂p p Γ̂p

p
Γ p p

Γ H ↦ j(H) pn

Γ pn Γ̂p j(H) ≅ Ĥp

H ⊴ Γ pn Γ/H ≅ Γ̂p/j(H)
∆ a1, . . . , aR
∆ ∆ aλ11 ⋯aλRR

λi ∈ λi
∆ λi

∆ × → ∆ (g,λ) ↦ gλ ai
p ∆̂p λ
λi p j∶∆→ ∆̂p

∆̂p
R
p

H ∆̂p pn

H R h1, . . . , hR ∈ H H
hλ11 ⋯hλRR λi ∈ p

h1, . . . , hR ∈ ∆̂p

H ∆̂p i

hi = aλi11 ⋯aλiRR

∣∆̂p∶H ∣ = pn
∣λ11λ22⋯λRR∣ = p−n.

∆̂p

h1, . . . , hR R2 (λij)
Dp (λij) ⊆ R2

p ∆̂p ∅ p

∎
n
pn ∆

pn ∆
pn A ∆ Âp ≅ ∆̂p

pn ∆
pn ∆ A ∼ B

Âp ≅ B̂p



bp,n ∑∞
n=0 bp,ntn

Dp fp∶Dp → p fp(λij) =
λ11⋯λRR fp ∅ p EpDp R (λij) (µij) h1, . . . , hR k1, . . . , kR

H K H =KEp ∅ p Dp ×Dp

1 ⩽ i, j ⩽ R
(∃σ(i)1 , . . . ,σ(i)R ∈ p) ki = hσ(i)1

1 ⋯h
σ(i)R
R

(∃τ (j)1 , . . . , τ (j)R ∈ p) hj = kτ(j)1
1 ⋯k

τ(j)R
R ,

p λij µij σi
τj hi kj

Dp Ep Ep Dp

n ∈ Dp,n/Ep,n bp,n
Lp = { p} ∑∞

n=0 bp,ntn Dp EpDp D⊴p (λij)
H (λij) H D⊴p
(∀g ∈ ∆̂p)(∀h ∈H)(∃ν1, . . . , νR ∈ p) ghg−1 = hν11 ⋯hνRR ,

p νi λij
g hDp ×Dp

g ∈ ∆̂p σ(j)i , τ (j)i ∈ p 1 ⩽ j ⩽ R ghjg−1 = kσ(j)1
1 ⋯k

σ(j)R
R

g−1kjg = hτ(j)1
1 ⋯h

τ(j)R
R 1 ⩽ j ⩽ R

p
g hi ki

∎

Γ
Γ ∆/Θ ∆

pn ∆
Θ



p

p

c, d cp,n p pn

c d ∑∞
n=0 cp,ntn

∆ c d ∆
p pn c

d ∆̂p pn D⊴p fpEp D⊴p
R (λij) (µij) h1, . . . , hR k1, . . . , kR H
K ∆̂p/H ≅ ∆̂p/K Ep ∅
p a1, . . . , aR ∆̂p Ep ⊆ D⊴p ×D⊴p

∣fp(λij)∣ = ∣fp(µij)∣,
(∃b1, . . . , br ∈ ∆̂p)(∀ν1, . . . , νr ∈ p) aν11 ⋯aνRR ∈H ⇐⇒ bν11 ⋯bνRR ∈K

(∀σ1, . . . ,σr, τ1, . . . , τr ∈ p)(∃ν1, . . . , νr ∈ p)
(aσ11 ⋯aσRR aτ11 ⋯aτRR = aν11 ⋯aνRR ) ∧ (bσ11 ⋯bσRR bτ11 ⋯bτRR = bν11 ⋯bνRR ).
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val∞ ∶= val∆p R∞ ∶= R∆p

1 O∞ ∶= O∆p = Op−1
M∞ ∶=M∆p = ⋂n∈ pnM RV∆p

n

RV∞ ∶=K⋆/(1 +M∞) ∪ {0} =RV∆p

1

RV∞ lim←(RVn

K → RV∞ lim←( rvn ∶ K → lim←(RVn

RV∞ = (lim←( rvn)(K) Õ∆p
lim←(Rn R∞ =

Frac(Õ∆p) ⊆ Frac(lim←(Rn) = (lim←(Rn)[rv∞(p)−1] Kℵ1 lim←( rvn

K
rvm

,,①①
①①
①①
①①
①

rvn
""

lim←( rvn
■■■

■

--■
■■

rv∞ !! RV∞" #
""

RVm rvm,n
!! RVn lim←(RVnπn

..

πm

//

(K,val∞) (K,val)LRV

L RV K LRV ΣK ΣRV

K K ∪ΣK RV ⋃nRVn ∪ΣRV

T ⊇ Tvf,0,p L LRV∞ LRV LRV∞
RV1 RV∞



RV1 L∞ LRV∞ ∪L∣K ∪ L∣RV ∪ {πn ∶ n ∈ >0}
πn RVn →RV∞ T∞

T∞
vf,0,0 LRV∞

T L∞ rvn πn ○ rv∞
Str(T ) T

C∞ ∶ Str(T ) → Str(T∞) UC∞ ∶ Str(T∞) → Str(T )ℵ0 Str(T ) StrC∞,ℵ1(T∞)
C∞ ℵ1 UC∞
RV RV∞ ∪RV
C⩽M ⊧ T L C∞(C) K(C∞(C)) =

K(C) RV∞(C∞(C)) = lim←(RVn(C) RV(C∞(C)) = RV(C)
K RV rv∞ lim←( rvn πn RV∞ →

RVn f ∶ C1 → C2 L f∞ ∶= lim←( f ∣RVn

πn ○ f∞ = f ∣RVn
○ πn

rv∞ ○ f ∣K = f∞ ○ rv∞ f∞ C∞(f) f ∣K ∪ f∞ ∪ f ∣RV fL f ∣K K f ∣RV RV
C∞(f) rv∞ πn C∞(f) L∞

M ⊧ T ℵ1 C∞(M) ⊧ T∞
C∞(M) ℵ0 x ≠ y ∈RV∞(M1)

n ∈ >0 πn(x) = πn(y) RV∞(M1) = lim←(RVn(M1)
C M i C∞(i)
C∞(C) C∞(M) C∞ Str(T )

UC∞ K ∪ RV C L
T UC∞ ○ C∞(C) C D

Str(T∞) LRV∞ C O
rvn = πn ○ rv∞ O∞

lim←( rvn Op−1O ⊊ Op−1 ⊊ O∞ D = C∞(C) D C∞(C) Op−1 = O∞
lim←( rvn(D) = rv∞(D) C C∞(M) C∞ ○ UC∞(C)

C ∎



A
I I A⟨X⟩

A I 0 Am,n ∶= A⟨X⟩[[Y ]]∣X ∣ = m ∣Y ∣ = n A ∶= ⋃m,nAm,n A(A, I)
W[ p

alg]⟨X⟩[[Y ]] (W[ p
alg], pW[ p

alg])
Q Q ∶ K2 → K Q(x, y) = x/y

y ≠ 0 Q(x,0) = 0
RR K O N valR

M ⊆N ⊆R ⊆ O 1+nM ⊆ 1+nN ⊆R⋆ valRR rvn fn valR = fn ○ rvn
x∣R1 y RV1 f1(x) ⩽ f1(y)

O R O⋆/R⋆ K⋆/R⋆
R rv1(1)∣R1 rv1(x)R LRV ∪{∣R1 }

ALA LRV+ AA E ∈ A⋆m,n Ek ∶RVm+n
k →RVkLA,Q ∶= LA ∪ {∣R1 ,Q} ∪ {Ek ∶ E ∈ A⋆m,n, m n k ∈ } TAA

Tvf

Q
∣R1 R ⊆ O K

f ∈ Am,n Rm ×Nn → R
0 Rm ×Nn

im,n ∶ Am,n →RRm×Nn

⋃m,nAm,n ⋃m,nRRm×Nn

i0,0(I) ⊆N
im,n(Xi) i im,n(Yj) (m + j)

E ∈ A⋆m,n Ek E RVk

E RVk



TA,0,0 TA,0,p

A = A0,0 RA Am,n m n
TA A TA

⟨C⟩ ∶= ⟨C⟩LA,Q C⟨c⟩ ∶= C⟨c⟩LA,Q LA,Q
C Cc

A

A
TA

M ⊧ TA M

O = R R ≠ O ∎
TA THen THenLA,Q ∖ (A ∪ {Q}) TA K

( ,0)O ≠R
TA K



m n ∈ Jm,n {∑µ,ν aµ,νX
µ
Y
ν ∈ Am,n ∶ aµ,ν ∈ I} Am,n

J
X≠n X n

f ∈ Am0,n0 m <m0 n < n0

f = ∑i ai(X≠m, Y )X i
m Xm d f

Xm d J + (Y )
f = ∑i ai(X,Y ≠n)Y i

n Yn d f Y d
n J +(Y ≠n) + (Y d+1

n )
f Xm Yn

f, g ∈ Am0,n0 f Xm Yn d
q ∈ Am,n r ∈ A⟨X≠m⟩[[Y ]][Xm] r ∈ A⟨X⟩[[Y ≠n]][Yn]
d g = qf + r

P ∈ A⟨X≠m⟩[[Y ]][Xm] P ∈ A⟨X⟩[[Y ≠n]][Yn]
Xm Yn d u ∈ A⋆m,n f = uP

∎
µ∣µ∣ = ∑i µi

f = ∑µ,ν fµ,ν(X2, Y 2)Xµ

1Y
ν

1 ∈ Am1+m2,n1+n2 f (X1, Y 1)(µ0, ν0, d)
fµ0,ν0 = 1

µ ν ∣µ∣ + ∣ν∣ ⩾ d fµ,ν ∈ J + (Y 2)
ν < ν0 µ fµ,ν ∈ J + (Y 2)
µ > µ0 fµ,ν0 ∈ J + (Y 2)

f = ∑ν fν(X)Y ν (X,Y ) (µ0, ν0, d) fν0
X (µ0,0, d)

Td(X) ∶= (X0 +Xdm−1
m−1 , . . . ,Xi +Xdm−1−i

m−1 , . . . ,Xm−2 +Xd
m−1,Xm−1) m = ∣X ∣

Td

f = ∑µ,ν fµ,ν(X2, Y 2)Xµ

1Y
ν

1 ∈ Am1+m2,n1+n2



f (X1, Y 1) (µ0,0, d) f(Td(X1),X2, Y )
X1,m1−1
f (X1, Y 1) (0, ν0, d) f(X,Td(Y 1), Y 2)

Y1,n1−1

m = m1 − 1 n = n1 − 1 f (X1, Y 1)(µ0,0, d)
f ≡ ∑

µ<µ0,∣µ∣<d
fµ,0X

µ

1 mod J + (Y2) + (Y1).
Td(X1)µ = (∏m−1

i=0 (X1,i +Xdm−i
1,m )µi)Xµm

1,m

X1,m ∑m
i=0 dm−iµi

µ = µ0

µ ν µ < ν ∣µ∣ < d
m∑
i=0

dm−iµi < m∑
i=0

dm−iνi.

i0 µi < νi j < i0 µj = νj
∑m

i=i0+1 dm−iµi ⩽ ∑m
i=i0+1 dm−i(d − 1)= dm−i0 − 1< dm−i0 ,

∑m
i=0 dm−iµi < ∑i0−1

i=0 dm−iµi + dm−i0µi0 + dm−i0
⩽ ∑i0−1

i=0 dm−iµi + dm−i0νi0⩽ ∑m
i=0 dm−iνi

⧫
f (X1, Y 1) (0, ν0, d)
f ≡ Y ν0

1 + ∑
ν>ν0,µ

fµ,νX
µ

1Y
ν

1 mod J + (Y2).

Td(Y 1)ν = (n−1∏
i=0
(Y1,i + Y dn−i

1,n )νi)Y νn
1,n ≡ Y ∑n

i=0 dn−iνi
1,n mod J + (Y2) + (Y1≠n)

∎

f =∑
µ,ν

fµ,ν(X2, Y 2)Xµ

1Y
ν

1 ∈ Am1+m2,n1+n2 .



d (µ, ν) ∣µ∣ + ∣ν∣ < d gµ,ν ∈ Am1+m3,n1+n3(X1, Y 1) (µ, ν, d) LA,Q∣K uµ,ν sµ,ν M ⊧ TA
a ∈R(M) b ∈N(M) f(X1, a, Y 1, b)(µ0, ν0) ∣µ0∣ + ∣ν0∣ ⩽ d
f(X1, a, Y 1, b) = fµ0,ν0(a, b)gµ0,ν0(X1, uµ0,ν0(a, b), Y 1, sµ0,ν0(a, b)).

∎
R N RV LA,Q

LA,Q
K LA ϕ(X,Y ,Z,R) X Y Z
K R RV A

ϕ(X,Y ,Z,R) ⋀i val
R(Xi) ⩾ 0 ⋀i val

R(Zi) ⩾ 0⋀i val
R(Yi) > 0 (X,Y ) ϕ (∣X ∣, ∣Y ∣)

ϕ(X,Y ,Z,R) K LA
K LA ϕi(X i, Y i, Zi,R) (X i, Y i)(X,Y ) ϕ LA,Q∣K ui(Z)
TA ⊧ ∃X∃Y ϕ ⇐⇒ ⋁

i
∃X i∃Y iϕi(X i, Y i, ui(Z),R).

m ∶= ∣X ∣ n ∶= ∣Y ∣ RA A R LA∣K
ϕ A fi(X,Y ,Z) LA∣K

ϕ ϕ S
N fi ϕ valR(S) > 0

valR(S) ⩽ 0 fi
Xi N fi ϕ valR(Xi) > 0

Xi Yn YiR fi fi Yi N
Xi R Yi N

Zj Zj

ϕ valR(Zj) > 0
N

fi(X,Y ,Z) = ∑µ,ν fµ,ν(Z)Xν
Y

µ
d

gi,µ,ν ui,µ,ν(Z) gi,µ,ν (X,Y ) (µ, ν, d)
M ⊧ TA a ∈M fi(X,Y , a) (µ, ν)∣µ∣ + ∣ν∣ < d fi(X,Y , a) = fi,µ,ν(a)gi,µ,ν(X,Y , ui,µ,ν(a))



i µi νi fi(X,Y , a) =
fi,µi,νi(a)gi,µi,νi(X,Y , ui(a)) µi νi
fi 0 gi,µ,ν X Y

Tj Tj valR(Tj) ⩾ 0 TjR gi,ν,µ valR(Tj) > 0 N gi,µi,νi =∑ν gi,νY ν
gi,νi X (µi,0, d)

ϕ i valR(gi,νi) > 0
valR(gi,νi) = 0

valR(gi,νi) > 0 valR(Yn) > 0 ∧ gi,νi − Yn = 0
X

gi,νi −Yn Xm−1 fj
Xm−1 gi,νi−Yn = 0

Xm−1 0 f ∈ A
Xm−1

f ∈ A Sf K
ψ(X≠m−1, Y ,Z, T ,S,R)

TA ⊧ ∃Xm−1ϕ ⇐⇒ ψ(X≠m−1, Y ,Z, u(Z), f(X≠m−1, Y ,Z),R)
ψ(X≠m−1, Y ,Z, T , f(X≠m−1, Y ,Z),R) (X,Y ) (m − 1, n + 1)

i valR(gi,νi) = 0 valR(Xm) ⩾ 0∧Xm∏i gi,νi −1 = 0
gi,νi X (µi,0, d) g =Xm∏i gi,νi − 1 X(µ,0, d′) µ d′ X

g gi,νi Xm

g g = 0 Xm

fi rvni(fi) ni fi fµi,νigi,µi,νi

rvni(gi,µi,νi) Yn−1 Xn

hi = Xn(∏j≠i gj,νj)gi,νi,µi = ∑ν hi,νY ν hi,νi = Xn∏i gi,νi = 1 ν < νi hi,ν =
Xn(∏j≠i gj,νj)gi,ν ≡ 0 mod J + (Zj ∶ Zj N ) hi(X,Y ) (0, νi, d) Y

hi Yn−1
rvni(gi,νi,µi) = rvni(Xn)−1∏j≠i rvni(gi,νi)−1rvni(hi)

hi pi Yn−1
RVn

g pi gi,νi
Xn RV

RV
RV Xn Yn−1 ∎

ϕ(X,Y ,Z,R) K LA LA,Q
ψ(Z,R) TA ⊧ ∃X∃Y ϕ ⇐⇒ ψ

∎



ϕ(X,Z) LA,QLA,Q ψ(Z) TA ⊧ ∃Xϕ ⇐⇒ ψ ϕ
S ϕ valR(S) ⩾ 0 valR(S) < 0

S S−1 valR(S) > 0
Xi Yi R N f ∈ A

u Xi = u Yi = u
valR(Xi) ⩾ 0 valR(Yi) > 0 Q

ϕ Q ∃Xϕ∃X∃Y ψ ψ

∎
A

K f ∶Kn →K f a ∈Kn

d ∈Kn ξ γ ∈ val(K⋆) ε ∈ B̊ξ(a)
val(f(a + ε) − f(a) − d ⋅ ε) ⩾ 2val(ε) + γ.

d dfa di
f a ∂f/∂xi(a)
M ⊧ TA f ∈ Am,n m n i <m+n gi ∈ Am,n

a ∈Km+n f a ∂f/∂xi(a) = gi(a)
a ∉ Rm ×Nn f 0 B̊0(a)

f ∈ A⟨X⟩[[Y ]] f
K(M) a ∎

M ⊧ TA E(x) ∈ Am,n S ⊆ K(M)m+n x ∈ S val(E(x)) = 0
x ∈ S rvn(E(x)) resn(x)

E ∈ A⋆m,n x ∈Rm×Nn valR(E(x)) = 0 val(E(x)) = 0
rvn(E(x)) resn(x) rvn(x)Rm×Nn rvn(E(x)) 0 rvn(x)

E RVk k

resn x x+nm
m ∈ M E(x + nm) = E(x) + G(x) ⋅ (nm) +H(x,nm)

G(x) ∈ R ⊆ O val(H(x,nm)) ⩾ 2val(nm) > val(n) resn(E(x + nm)) =
resn(E(x)) z ∈ S val(E(z)) = 0 rvn(E(z)) = resn(E(z)) ∎



SCR(C) Ldiv(C)
x∣y valR(x) ⩽ valR(y)

M ⊧ TA C = K(⟨C⟩) S ∈ SCR(C) LA,Q∣K(C) E ∶ K → K

S O b ∶= B̊Oval(d)(c) ⊆ S a e ∈ C⟨cd⟩
F (t, z) ∈ A e ≠ 0 x ∈ b

val(F ((x − c)/d, a)) = 0
E(x) = eF ((x − c)/d, a).

M(∣A∣+ ∣C ∣)+ E S
a(y, z) LA,Q∣K(C) LA,Q∣K(C)

ei(y, z) Fi[t, u] ∈ A b = B̊val(d)(c) ⊆ S i
x ∈ b

E(x) = ei(c, d)Fi((x − c)/d, a(c, d))
Fi((x − c)/d, a(c, d)) ∈ O⋆.

E S LA,Q(C) E S
y y Y E = Ey

S = Sy y
E R SO R R

E R S S

b ⊆ S O d c b =
B̊Oval(d)(c) ⊆ B̊RvalR(d)(c) ⊆ S E S R
B̊RvalR(d)(c) B̊Oval(d)(c) ∎
M LA,Q C = K(⟨C⟩) ⊆ M t ∶ K → K LA,Q∣K(C) S ∈SCR(C) t S LA,Q∣K(C)

E S R ∈ C(X) S(K(M)alg)
x ∈ S t(x) = E(x)R(x)

M C =K(⟨C⟩) LA,Q∣K(C) t
u ∶R→K

Si ∈ SCR(C) R t
Si



t u b x ∈ b val(t(x)) ⩾
val(u(x)) t + u b

LA,Q∣K(M)
t

Ri Ri

Si m
t t ACVF

K(⟨m⟩) ACVF
t

K(⟨m⟩)
ty y LA,Q(y)

ty M
y t u S

t u b M

M ⊧ TA
R = O

Si

u v Q(u, v) t Q(u, v) 0
Si

R ≠ O O =R ∎

ty LA,Q∣K yLA,Q θ ty
T Sk

i Ek
i Rk

i

u(y) u LA,Q∣K y k Sk
i Ek

i

Rk
i ty TA K k KLA,Q θk(y) k t

Si,k Sk
i ∧ θk



K

K

M ⊧ TA LA,Q M
K(M) TA C⩽M a ∈K(M)

K(C) K(C⟨a⟩) =K(C)[a]
R = OR ≠ O ∎

M ⊧ TA K(M) t ∶ K → K LA,Q(M)
b M ξ ≠∞ t

b t a ∈ b rv(dtx) b
val(t(x)) t(x) a e ∈ b rv(t(a) − t(e)) = rv(dta) ⋅
rv(a − e)

v(t(x)) b val(t(a)) ⩽ val(dta) + ξ
val(t(x)) b val(t(x)) − val(t(a)) ⩾ 0
t(x) − t(a) b t(x)

Fa ∈ A K(M) Pa Qa ∈ K(M)[X]
x ∈ b

t(x) − t(a) = Fa (x − a

g
) Pa(x)
Qa(x)

val(Fa(y)) = 0 y ∈M val(g) = ξ t b Pa = 0
Pa ai

Pa K(M) M mi

ai cj Qa nj

Qa(x) b j val(cj − a) ⩽ ξ e ∈ b t(x) − t(a)
e dte e ai



rv( dta
t(e) − t(a)) = rv( dte

t(e) − t(a))
= rv

⎛⎜⎝
∂ (Fa (x−ag )) /∂xx(e)

Fa (e−ag ) + d(Pa)e
Pa(e) +

d(Qa)e
Qa(e)

⎞⎟⎠
= rv

⎛⎜⎝
d(Fa) e−a

g

gFa (e−ag ) +∑i
mi

e − ai
+∑

j

nj

e − cj

⎞⎟⎠ .
y ∈ M val(d(Fa)y) ⩾ 0 = val(Fa(y)) val(d(Fa)y/(gFa(y))) ⩾ −val(g) >−val(e − a) j val(1/(e − cj)) = −val(e − cj) > −val(e − a)

ai0 val(e − ai0) i ≠ i0
val(1/(e−ai)) > val(1/(e−ai0)) rv(mi0)rv(e−ai0)−1 = rv(dta)rv(t(e)− t(a))−1

rv(t(e) − t(a)) = rv(dtam−1
i0
(e − ai1))

t(e) ≠ t(a) dta ≠ 0 ai ∈ b
dtai = d(Fa((x − a)/c)/Qa(x))aiPa(ai) + P ′

a(ai)Fa((ai − a)/c)/Qa(ai) = 0
ai ∈ b mi = 1

ai ∈ b a
ai b γ ∶=min{val(ai − aj) ∶ ai, aj ∈ b∧ i ≠ j}

val(a0−a1) = γ ai
i0 i ⩽ i0 val(ai − a0) = γ i > i0 val(ai − a0) < γ

i ≠ j ⩽ i0 val(ai−aj) = γ i ⩽ i0 ei val(ei−ai) > γ
ei rv(t(ei) − t(a)) = rv(dta)rv(ei − ai)

rv(t(ei) − t(a)) = rv(Fa (ei − xα0+1
g

))rv(p)∏
k

(rv(ei − ak))mkrv(q)−1∏
j

(rv(ei − cj))−nj

p q Pa Qa

rv(dta) = rv(Fa (ei − xα0+1
g

))rv(p)∏
k≠i
(rv(ei − ak))mkrv(q)−1∏

j

(rv(ei − cj))−nj .

rv(Fa((ei − xα0+1)/g)) rv(ei − ak) k > i0 rv(ei − cj) i
k ⩽ i0 k ≠ i rv(ei − ak) = rv(ai − ak) i, j ⩽ i0

∏
i≠k⩽i0

rv(ai − ak) = ∏
j≠k⩽i0

rv(aj − ak).
ai (ai − a0)/g val(g) = γ

i ⩽ i0 ai ∈ O i ≠ j ai − aj ∈ O⋆



∏i≠k res(ai − ak) = ∏i≠k(res(ai) − res(ak)) = c c ∈ R(M)
P = ∏k(X − res(ak)) P ′(res(ai)) − c = 0 i ⩽ i0
P ′ − c i0 i0 + 1

val(t(x)) b a e ∈ b val(t(a)) ⩽ val(t(a) − t(e)) =
val(dta) + val(a − e) e val(t(a)) ⩽ val(dta) + ζ ∎

σ

Am,n t ↦ tσ ∶Am,n → Am,n M TALRV ∪ {∣R1 } σ t ∈ Am,n x ∈ K(M)m+n σ(t(x)) =
tσ(σ(x))
LA,Q,σ ∶= LA,Q ∪ {σ} ∪ {σn ∶ n ∈ } M τLA,Q,σ σ τ ∣K σn τ ∣RVn

σ
Rn Γ

TA,σ LA,Q,σ
σ σn σΓ

K σ Fix(K) ∶= {x ∈ K ∶ σ(x) = x}
x ∈ K σ(x) x,σ(x), . . . ,σn(x) n

σ LA,Q∣K TA,σ ⊧ σ(t(x)) = tσ(σ(x))LA,Q,σ ∣K t LA,Q∣K u
TA,σ ⊧ t(x) = u(σ(x))

(K,σ) ∑n
i=0 aiσi(x) = b

an ≠ 0

K σ f ∶Kn →Kn d ∈Kn

b M d f b a
c ∈ b

val(f(c) − f(a) − d ⋅ (c − a)) >min
i
{val(di) + val(ci − ai)}.



σ

b M d f b
a c ∈ b
val(f(σ(c)) − f(σ(a)) − d ⋅ σ(c − a)) >min

i
{val(di) + val(σi(c − a))}.

M ⊧ TA,σ σ σΓ = id t LA∣K(O(M))
a ∈ O(M) dta t B̊γ(a)

γ =mini{val(∂f/∂xi(a))}

∞ />∞
(a≠i, xi) a

i xi xi

a⩽i a j j > i

(K,val) f ∶ Kn → K d ∈ Kn b a ∈ b
j < n dj f(a≠j, xj) bj d f b

a e ∈ b ε = e − a

val(f(a + ε) − f(a) − d ⋅ ε) = val(∑j f(a + ε⩽j) − f(a + ε⩽j−1) − djεj)⩾ minj{f(a + ε⩽j) − f(a + ε⩽j−1) − djεj}> minj{val(dj) + val(εj)}.
∎

σ

R1,γ(K,val) γ ∈ val(K) R1,γ ∶= Bγ(0)/B̊γ(0) res1,γBγ(0) → R1,γ R1,γ

val1
−1(γ) ∪ {0} ⊆RV1

(K,val) σ f ∶Kn →
K d f b ξ e ∈Kn

δ ∶= val(d) η ∶= val(e)



e f b

val(d − e) >min{δ,η}
η = δ res1,δ(d) = res1,δ(e)

⇒ d ≠ e ε val(ε) > ξ g ∈ K val(g) =
val(d − e) P (σ(x)) ∶= ∑i(di − ei)σi(ε)g−1ε−1σi(x)

K P
c ∈ O⋆ val(P (σ(c))) = 0

val((d − e) ⋅ σ(εc)) = val(g) + val(ε) a ∈ b
val(g) + val(ε)= val((d − e) ⋅ σ(εc))= val(f(σ(a + εc)) − f(σ(a)) − e ⋅ σ(εb))−f(σ(a + εc)) + f(σ(a)) + d ⋅ σ(εb)> val(ε) +min{δ,η}

val(d − e) >min{δ,η}
⇒ δ < η val(di) val(di) = δ < η ⩽ val(ei)

val(di − ei) = val(di) = δ = min{δ,η}
δ = η val(d−

e) > δ res1,δ(d) = res1,δ(e)
⇒ ε val(ε) > ξ val(d − e) > δ

val(f(σ(a + ε)) − f(σ(a)) − e ⋅ σ(ε))= val(f(σ(a + ε)) − f(σ(a)) − d ⋅ σ(ε) + (d − e) ⋅ σ(ε))> δ + val(ε)= η + val(ε).
∎

RV1 f
b ξ δ ∈ val(K) d ∈ R1,δ(K)
γ > ξ a ∈ b res1,γ(ε) ↦ res1,γ+δ(f(σ(a + ε)) − f(σ(a))) ∶

R1,γ →R1,γ+δ x↦ d ⋅σ(x)+1,1



σ

δ d

σ
M ⊧ TA,σ t LA,Q∣K(M) d ∈K(M) a ∈K(M) ξ ∈ Γ(M) (t, a, d, ξ)
σ d f B̊ξ(a)

val(t(σ(a))) >min
i
{val(di) + σi(ξ)}.

M σ (t, a, d, ξ) σ c ∈
K(M) t(σ(c)) = 0 val(c − a) ⩾maxi{val(σ−i(t(σ(a))d−1i ))}

σ σ

M ⊧ TA,σ
(xα)α∈β K(M)

α γ δ ∈ β α < γ < δ val(xα − xδ) < val(xγ − xδ)
a ∈K(M) (xα)

xα↝a α < γ < β val(xα − a) < val(xγ − a)
C ⊆ K(M)

C

(xα) LA,Q∣K(M) t t = 0
α≫ 0 α t(xα)↝0

(xα) σ LA,Q∣K(M) t (σ(xα))
t

M M
M

M σ (xα) M
σ LA,Q∣K(M) t ≠ 0

M



(xα) α < β val(xα−xβ) = val(xα−
xα+1) =∶ γα γα xα↝a val(a−xα) = γα

b i val(b − a) > γα xα↝ b

(xα) γα
val(K⋆) (xα) (xα)

M σ R1(M) M σ

(t, a, d, ξ) σ

max
i
{val(σ−i(t(σ(a))d−1i ))} > ξ.

(t, a, d, ξ) σ i0 val(t(σ(a))) >
val(di0) + σi0(ξ) val(σ−i0(t(σ(a))d−1i0 )) = σ−i0(val(t(σ(a))) − val(di0)) > ξ ⧫

(t, a, d, ξ) σ t(σ(a)) ≠ 0 c
val(c − a) =maxi{val(σ−i(t(σ(a))d−1i ))} val(t(σ(c))) > val(t(σ(a))) (t, c, d, ξ)
σ

ε ∈K(M) val(ε) =maxi{val(σ−i(t(σ(a))d−1i ))}
val(ε) > ξ x ∈ O R(a, ε, x) ∶= t(σ(a) + σ(εx)) − t(σ(a)) − d ⋅ σ(εx)

u(x) ∶= t(σ(a) + σ(εx))
t(σ(a)) = 1 +∑

i

di(σ(a))σi(ε)
t(σ(a)) σi(x) + R(a, ε, x)

t(σ(a)) .

i

val( diσi(ε)
t(σ(a))) ⩾ val(di) + val(t(a)) − val(di) − val(t(a)) = 0

i0 val(ε) = val(σ−i0(t(σ(a))d−1i0 )) d

t B̊ξ(a)
val(R(a, ε, x)) >min

i
{val(σi(ε)) + val(di)} ⩾ val(t(σ(a)))

res1(u(x)) = 0 R1(M)
res1(e) res1(e) ≠ 0



σ

c = a+ εe val(c−a) = val(ε) =maxi{val(σ−i(t(σ(a))d−1i ))} > ξ
val(t(σ(c))) = val(t(σ(a))u(e)) > val(t(σ(a))) >mini{val(di) + σi(ξ)} ⧫
(xα) α(t, xα, d, ξ) σ val(xα+1 − xα) ⩾maxi{val(σ−i(t(σ(xα))d−1i ))}
β > α val(t(σ(xβ))) > val(t(σ(xα))) c xα↝ c (t, c, d, ξ)

σ α val(t(σ(c))) > val(t(σ(xα)))
(t, x0, d, ξ) σ d

t B̊ξ(x0) val(c − x0) = val(x1 − x0) > ξ
R(x, c) ∶= t(σ(c)) − t(σ(x)) − d ⋅ σ(c − x) α

val(t(σ(c))) = val(t(σ(xα)) + d(σ(xα)) ⋅ σ(c − xα) +R(xα, c))⩾ mini{val(t(σ(xα))),val(di) + val(σi(c − xα))}⩾ val(t(σ(xα))).
val(t(σ(c))) ⩾ val(t(σ(x0))) > mini{val(di) + σi(ξ)} (t, c, d, ξ) σ⧫

(t, a, d, ξ) σ t = 0 (xα)α∈β
x0 = a α (t, xα, d, ξ)

σ val(xα+1 − xα) ⩾ maxi{val(σ−i(t(σ(xα))d−1i ))} t(σ(xα))↝0
α M σ t ≠ 0 (xα)

xβ (xα)α∈β+1(xα)α∈β β = γ + 1 t(σ(xγ)) ≠ 0(t, xγ) xβ (xα)α∈β+1(xα)α∈β
t(σ(xγ)) = 0 c = xγ σ(t, a, d, ξ) ∎
TA,σ−Hen

TA,σ−Hen LA,Q,σ σ
TA,σ−Hen,0,0

TA,σ−Hen,0,p

A = ⋃X,Y W[ p
alg]⟨X⟩[[Y ]] Wp LA,Q W( p

alg)
σ W( p

alg)
p
alg

Wp ⊧ TA,σ−Hen,0,p

Wp ⊧ TA W( p
alg)

σ ∎
TA,σ−Hen



M ⊧ TA,σ−Hen K(M)
P (x) = ∑i aixi = c ε ∈ K(M)

val(ε) < val(c)−val(a0) P (εx) = ∑aiσi(ε)σi(x) mini{val(aiσi(ε))} ⩽ val(a0)+
val(ε) < val(c) P (εx) = c P (x) = c

mini{val(ai)} < c = val(P (0) − c) P a
P M (P − c,0, a,0) σ

M σ e ∈K(M) P (e) = c ∎
TA,σ−HenL RV LA,Q,σ T L TA,σ−Hen,0,p

RV RV∞ L∞ LRV∞
∞ LRV∞ RV∞
RVn RVnL∞ T∞

1 ⊇ T∞
vf,0,0 C∞1 ∶ Str(T ) → Str(T∞

1 )
UC∞1 ∶ Str(T∞

1 )→ Str(T ) C Str(T ) C∞1 (C)
⋅∞ 1∞ RV∞
0∞ (0n)n∈ >0

x∣∞y n π1(x)∣1rv1(p−n)π1(y)
x+∞,∞y (πmn(x)+mn,mπmn(y))m∈ >0 n ∈ >0 πn(x)+n,1
πn(y) ≠ 01 0∞
x∣R∞y π1(x)∣R1 π1(y)
E∞(x) (Ek(x))k∈ >0 E A⋆m,n

σ∞ (σn(x))n∈ >0

C∞2 ∶ Str(T ) → Str(T∞
2 ) T∞

2 ∶= T∞
1 ∪T∞A,σ,0,0

C∞2 UC∞1 C∞2ℵ0 ℵ1

T RV C∞3 ∶ Str(T ) → Str(T (RV∞ ∪RV)−Mor
2 )

UC∞3 ∶ Str(T (RV∞ ∪RV)−Mor
2 ) → Str(T )

F Str(T )
M ⊧ T C∞3 (M) ⊧ T∞A,σ−Hen,0,0

M ⊧ T t ∶Kn →K LA,Q∣K(M) d ∈K(M) b O∞
C∞3 (M) d t b O b′ ⊆ b

d t b′ M

a e ∈ b′ ⊆ b val∞(t(σ(a))−t(σ(e))−d⋅σ(a−e)) >mini{val∞(di)+
val∞(σi(a− e))} i0 val∞(di0)+val∞(σi0(a− e))



σ

val(t(σ(a))−t(σ(e))−d⋅σ(a−e)) > val(di0)+val(σi0(a−e)) ⩾mini{val(di)+val(σi(a−e))}∎

M ⊧ T C∞3 (M) σ val∞
(t, a, d, ξ) σ C∞3 (M) i0 val∞(di0)+

σi0(ξ) (t, a, d, ξ) σ val(t(σ(a))) > val∞(di0) +
σi0(ξ) r = σ−i0(t(σ(a))d−1i0 p−1)

val(t(σ(a))) > val(di0) + val(σi0(r)) ⩾min
i
{val(di) + val(σi(r))}.

val∞(σi0(r)) = val∞(t(a)) − val∞(di0) > σi0(ξ),
val∞(r) > ξ B̊Oval(r)(a) ⊆ B̊O∞ξ (a)

d t B̊Oval(r)(a) (t, a, d,val(r)) σ

c ∈ K(M) val(c − a) ⩾ maxi{val(σ−i(t(σ(a))d−1i ))}
t(σ(c)) = 0 i val∞(c − a) ⩾ val∞(σ−i(t(σ(a))d−1i )) ∎

T (RV∞ ∪RV)−Mor
2

RV T∞A,σ−Hen,0,0

L RV LA,Q,σ T L TA,σ−Hen,0,p

RV RV∞ L∞ L∞A,Q,σ RV = ⋃nRVnL∞ T∞ ⊇ T∞A,σ−Hen,0,0 RV∞ ∪RV C∞ ∶ Str(T ) →
Str(T∞) UC∞ ∶ Str(T∞)→ Str(T ) ℵ0

Str(T ) StrC∞,(∣L ∣ℵ1)+(T∞) UC∞
RV∞ ∪RV RV C∞ (∣A∣ℵ1)+

Lan RV LA,Q L Lalg RV LRV+

Lan Tan ∶= T ∣Lan
Talg ∶= T ∣Lalg

Tan Talg

RV

RV∞ L∞an L∞A,Q L∞an T∞
an ⊇ T∞A,0,0

RV∞ ∪RV C∞an ∶ Str(Tan)→ Str(T∞
an) UC∞an ∶ Str(Tan)→ Str(Tan)

C∞an( ⋅ ∣Lan
) = C∞(⋅)∣L∞an UC∞an



RV∞ L∞alg LRV∞ + L∞alg T∞
alg ⊇ T∞

Hen,0,0

RV∞ ∪RV C∞alg ∶ Str(Talg)→ Str(T∞
alg) UC∞alg ∶ Str(T∞

alg)→
Str(Talg)

C∞alg( ⋅ ∣Lalg
) = C∞an( ⋅ ∣Lan

)∣L∞alg = C∞(⋅)∣L∞alg UC∞alg

Lan RV LA,Q Tan Lan
TA RV Lalg ∶= Lan ∖(A ∪ {Q}) RVLRV+ Talg = Tan∣Lalg

ΣRV

RV RV ∪ΣRV

M1 M2 ⊧ Tan Ci ⊆ Mi f ∶ C1 → C2 Lan f⟨C1⟩ Lan Q K(⟨C1⟩) Lan
C Frac(K(C))

LalgQ Lalg
M1 M2 ⊧ Talg Lalg Ci ⊆Mi f ∶ C1 → C2 LRV+

rv(Frac(K(C1))) ⊆RV(C1) f Frac(K(C1))
f ′∣K f ∣K Frac(K(C1))

f ′∣K∪f ∣RV rvn rv(Frac(K(C1))) ⊆
RV(C1) f ∣RV rvn

rvn(f ′(a/b)) = rvn(f(a)f(b)−1) = f(rvn(a))f(rvn(b)−1) = f(rvn(a/b)).
∎

R res RV rv R1 res1 RV1 rv1

Tan ⊇ TA,0,0 M1 M2 ⊧ Tan f ∶ M1 → M2 Lan
C1⩽M1 a1 ∈ M1 f Lalg f ′
a1 f Lan a1

Talg∣RV = Tan∣RV Talg RV
f ′ RV RV(C1⟨a1⟩) ⊆RV(C1) f ′∣R1 f ′ R

a1 a1 ∈R
a2 = f ′(a1) f ′′ K(⟨C1⟩a1) f ′′(t(a1)) = tf(a2)

f ′ K(C1)[a1]



t(a1) = 0 tf(a2) = 0 S ∈ SCR(C1)LA,Q∣K(C1) E S P Q ∈K(C1)[X] Q

S(K(C1)alg) a1 ∈ S x ∈ S t(x) = E(x)P (x)/Q(x) t(a1) = 0
E(x) ≠ 0 P (a1) = 0 f ′ Lalg a2 ∈ Sf

P f(a2) = 0 f LanLan x ∈ Sf tf(x) = Ef(x)P f(x)/Qf(x)
Ef Sf tf(a2) = Ef(a2)P f(a2)/Qf(a2) = 0

f ′′ ∪ f ∣RV LA,QLA,Q∣K(C1) t rv(tf(a2)) = f(rv(t(a1))) S
θ(rv(R(x))) θ Lalg∣RV Ri

K(C1)[X] Lalg(C1)
g ∶ K → ∏iRVni O

T P Q Ri rv(T (x)) g
g S α =

g(a1) β = rv(t(a1)) E g−1(α) = B̊val(d)(c)
eF ((x − c)/d) val(F ((x − c)/d)) = 0 res((x − c)/d) = 0 g−1(α)

rv(E(x)) g−1(α) rv(t(x)) g−1(α)
f Lan α β ∈ RV(C1) LA,Q(C1)∀x, g(x) = α ⇒ rv(t(x)) = β f f ′ Lalg

g Lalg(C1) gf(a2) = f(α)
rv(tf(a2)) = f(β) = f(rv(t(a1))) ∎

M1 M2 f
f ′
C∞alg(f ′) C∞an(f) a1

f ′′ L∞an C∞an(f)
a1 UC∞an ∎

ϕ(x, y, r) Lan x y K r RV∪ΣRV

K Lalg ψ(x, z, r) Lan∣K u(y)
Tan ⊧ ϕ(x, y, r) ⇐⇒ ψ(x, u(y), r)

Tan ∪ {ϕ(x1, y, r),¬ϕ(x2, y, r)}∪{ψ(x1, u(y), r) ⇐⇒ ψ(x2, u(y), r) ∶ ψ Lalg u LA,Q∣K }.
Lalg (ψi)0⩽i<n K



LA,Q∣K ui

Tan ⊧ ∀yx1x2(⋀
i
ψi(x1, ui(y), r) ⇐⇒ ψi(x2, ui(y), r))⇒ (ϕ(x1, y, r) ⇐⇒ ϕ(x2, y, r)).

ε ∈ 2n θε ∶= ⋀ψi(x, ui(y), r)ε(i) ψ1 = ψ ψ0 = ¬ψ y r
θε(x, y, y) K ϕ(x, y, r) η ∈ 22n χη(y, r)
K Lan ⋀ε(∃x θε(x, y, r) ∧ ϕ(x, y, r))η(ε)

y r η χη(y, r)
ϕ(x, y, r) ⇐⇒ ⋁η(χη(y, r) ∧⋁ε∈η θε(x, y, r)) ∎

LacA,Q Lac A Q ∶
K2 →K E ∈ A Ek ∶Rk →Rk ∣R ⊆ (Γ∞)2LacA,Q R ∪ Γ LacA,Q

RV LA,Q LacA,Q TacA,HenA
Ek Γ∞

0 Ek ∣R1 Γ∞
Ek Rn ∣R

K TA,σ−Hen
RV rv RV1 rv1

M ⊧ TA C⩽M
LA,Q∣K(C) t = ∑d

i=0 ti(x≠m)xi
m d xm

t t xm T (C)(t, I,m, d) I m ∈ I d ∈ ∪{∞} t ≠ 0LA,Q∣K(C) I xm

d T0(C) = T (C) ∪ {0}T (C) (u, J, n, e) (t, I,m, d)



K TA,σ−Hen

max(J) <max(I)
max(J) =max(I) J ⊊ I
J = I n >m
J = I n =m e < d

T0(C) T (C)

J < I
a I ⊆ n ∈ I a≠n a

n (a≠n, xn) a n xn

σ≠n(a) (σ≠n(a), xn) σ⩽n(a) ∶= (a,σ(a), . . . ,σn(a))⟨C⟩σ ∶= ⟨C⟩LA,Q,σ C⟨c⟩σ ∶= C⟨c⟩LA,Q,σ

t(x) = ∑i ti(x≠m)xi
m LA,Q(M) a ∈K(M) t a

xm

val(t(a)) =min
i
{val(ti(a≠m)) + ival(am)}.

α ∈ rv(R(M)) a ∈ rv−1(α) (t, I,m, d) ∈ T0(C)
t(x) xm t a (u, J, n, e) < (t, I,m, d)

rv(u(x)) rv−1(α) a≠n ∈ rv−1(α≠n) u(a≠n, xn)
rv−1(αn)

K(M)alg =K(M)
J (v,K, p, f) K < J u xn

u = ∑i ui(x≠n)xi
n a val(u(a)) = mini{val(ui(a≠n)) +

ival(an)} rv(u(a)) = ∑i rv(ui(a≠n))αi
n ≠ 0 e ∈ rv−1(α) i

rv(ui(e≠n))rv(en)i = rv(ui(a≠n))αi
n ∑i rv(ci) ≠ 0 rv(∑i ci) = ∑i rv(ci)



rv(u(e)) = ∑i rv(ui(a≠n))αi
n ≠ 0 u xn

u
u xn (v, J, n, e)

e ≠ ∞ (t, I,m, d)
S ∈ SCR(C⟨a≠n⟩) u(a≠n, xn)

S an ∈ S rv−1(αn) ⊆ S rv−1(αn)
K(C⟨a≠n⟩)alg c ∈ K(C⟨a≠n⟩)alg P = ∑pi(a≠n)X i ∈

K(C⟨a≠n⟩)[X] e ∈ rv−1(αn) rv(P (e)) = 0
P (e) = 0 t rv−1(αn)

F (x, z) ∈ A c ∈K(C⟨a⟩) P Q ∈K(C⟨a≠n⟩)[X] xn ∈ rv−1(αn)
u(a≠n, xn) = F (xn − an

an
, c) P (xn)

Q(xn)
val(F ((xn − an)/an, c)) = 0 rv(P (xn)) rv(Q(xn)) xn

rv(F ((xn−an)/an, c)) res((xn−an)/an) = 0
β ∶= rv(u(a≠n, xn)) xn ∈ rv−1(αn) LA,Q

∀xn rv(xn) = αn⇒ rv(u(a≠n, xn)) = β
LA,Q a≠n Cαnβ a≠n ∈

rv−1(α≠n) LA,Q(Cαβ) rv(u(a)) = β a ∈ rv−1(α) ∎
M1 M2 TA,σ−Hen Ci⩽Mi f ∶ C1 → C2 LRV−MorA,Q,σ

α ∈ rv(R(M1)) ∩RV(C1) a ∈ rv−1(α) (t, I,m, d) ∈ T0(C) xm

m ∈ (t, I,m, d) t
σ(a)

a1 ∈ R(M1) a2 ∈ R(M2) t(σ(a1)) = 0 = tf(σ(a2)) rv(a1) =
α rv(a2) = f(α)

ai f LRV−MorA,Q,σ a1 a2

t = ∑d
i=0 ti(x≠m)xi

m t td(σ≠m(a)) = 0
td td = 1

c ∈K(M) t rv−1(α)
min
j
{val(cj) + val(σj(a))} =min

i
{val(ti(σ(a))) + ival(σm(a))}.

Ni = Mi
alg

se ∶= ∑i<e tixi
m s ∶= sd

i j ≠ m N1 ti(σ≠j(a), xj)
bj ∶= rv−1(αj)



K TA,σ−Hen

e ⩽ d se rv−1(σ(α))
e s(σ≠j(a), xj)

bj ∂s/∂xj(x) LA,Q(C1) d − 1 xm

rv(∂s/∂xj(σ≠j(a), xj)) bj rv(cj) cj ∈ K(M1)
yj zj ∈ bj

rv(t(σ≠j(a), yj) − t(σ≠j(a), zj)) = rv(s(σ≠j(a), yj) − s(σ≠j(a), zj)) = rv(cj)rv(y − z).
LA,Q σ≠j(a) C1rv(cj)

e≠j ∈ rv−1(σ≠j(α)) LA,Q(C1rv(cj))
cj e ∈ rv−1(σ(α))

val(s(σ≠j(a), xj)) =mini<d{val(ti(σ≠j(a))) + ival(xj)} bj

val(cj) + val(σj(a)) ⩾ val(s(σ(a))) ⩾min
i
{val(ti(σ(a))) + ival(σm(a))}.

j =m t xm ∂t/∂xm(x) d−1 xm

cm ∈K(M1) t(e≠m, xm) rv−1(σm(α)) e ∈ rv−1(σ(α))

val(cm)+val(σm(a)) = val(∂t/∂xm(x))+val(σm(a)) =min
i
{val(ti(σ(a)))+ ival(σm(a))}.

c t rv−1(α) ⧫
t ≠ 0 (t, a, c,val(α)) σ

a1 ∈M1 t(a1) = 0 val(a1 − a) ⩾ maxi{σ−i(t(σ(a)c−1i ))}
val(σm(a1 − a)) ⩾ val(t(σ(a)))− val(cm) >mini{val(ti(σ(a)))+ ival(σm(a))}− val(cm) =
val(σm(a)) rv(a1) = rv(a)
xm t xn(t, I, n,∞) < (t, I,m, d) rv(t(x)) 0

rv−1(σ(α)) t(σ≠m(a), xm)
ti(σ(a)) = 0 i t xm σ(a)

xm t
rv(cm) = 0

e ∈ rv−1(σ(α)) t
e LA,Q σ(α) TA

tf f(α) a2
t = 0 a1 a2 ∈ rv−1(α)

f a1 a2 f RV
RV(C1⟨a1⟩σ) ⊆ RV(C1) Ci,n ∶= Ci⟨σ⩽n(a1)⟩ f−1 ∶= f ∶ C1 → C2

n fn−1 fn ∶ C1,n → C2,n σn(a1) σn(a2)
n < m u xn (t, I,m, d)

fn(∑i ui(σ≠n(a1))σn(a1)i) = ∑i fn−1(ui(σ≠n(a1)))σn(a2)i
u xn σ(a1) i ui(σ≠n(a1)) ≠ 0 u(σ(a1)) ≠ 0

σn(ai) Ci,n−1 fn



LRV+ rv(t, I,m, d) rv(u(σ(a1))) =∶ β
a1 ∀x rv(x) = σ(α)⇒ rv(u(x)) = βLA,Q(C1) f

P ∶= t(σ≠m(a1), xm) ∈K(C1,m−1)[X] n ⩾m σn(a1)
P σn−m

σn(α)
σ n = m

e ∈ rv−1(σm(α)) rv(P (e)) = rv(P (e) − P (a)) = rv(cm)rv(e − σm(a1)) ≠ 0 ⧫
σm(a2) f(P σn−m) f(σn(α))

fm−1 LA,Q C1,m−1 fm−1LA,Q TA
f ′ = ⋃n fn LA,Q,σ C1⟨a1⟩σ C2⟨a2⟩σLRV−MorA,Q,σ ∎

α ∈ RV(C1) a1 ∈ M1 rv(a1) = α f
C1⟨a1⟩σ
α ∈ res(R(M1))

α−1 ∎

M ⊧ TA C⩽M
⋆(xα)

i (xi,α) a(xα) i xi,α↝ai

xα a yα
i val(ai − yi,α) = val(ai − xi,α) (yα)(xα)

∣xα∣ = 1 β > α val(yβ−yα) = val(yβ−a+a−yα) =
val(a−xα) = val(xβ−xα) val(a−xβ) > val(a−xα) (yα)

b (xα) val(b−yα) = val(b−xα+1+xα+1−a+a−yα) =
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val(a − yα) = val(a − xα) = val(b − xα) yα↝ b
yα↝ b xα↝ b ∎

F C
P (X) = ∑i πiXi ∈ rv(K(C))[X] (xα) ∈ F

a α P (rv(a − xα)) ≠ 0 rv(pi) = πi val(∑i pi(ai − xi,α)) =
mini{val(pi) + val(ai − xi,α)}

u = ∑d
i=0 ui(x≠m)σm(x)i ud = 1

F CR (t, I,m, d) ∈ T0(C) (t, I,m, d) t
xm (xα) ∈ F

t (u, J, n, e) < (t, I,m, d) α0 rv(u(x)) b0 ∶=B̊γ0(xα0+1) γ0 ∶= val(xα0+1 −xα0) rv(u(x)) ∈ rv(K(C))
a ∈ b0 u(a≠n, xn) bn,0

K(M)alg = K(M) J(v,K, p, f) K < J

e n ∈ (u, J, n, e)(u, J, n, e + 1) u xn

e = 0
J

u = xe+1
n + ∑i⩽e ui(x≠n)xi

n f ⩽ e sf ∶= ∑i⩽f ui(x≠n)xi
n a(xα) α0 j ≠ n val(sf(a≠j, xj))

val(uf+1(a≠j, xj)) bj,0 uf+1(a≠j, xj)
f se(a≠j, xj)

bj,0 s ∶= se α0 val(∂s/∂xj(a≠j, xj))
bj,0 cj ∈K(C) yj zj ∈ bj,0

rv(u(a≠j, yj)−u(a≠j, zj)) = rv(s(a≠j, yj)−s(a≠j, zj)) = rv(cj)rv(yj−zj)
rv(v(a≠j))LA,Q∣K(C) v α0

a ∈ b0 j = n cn ∈K(C) u
xn ∂u/∂xn(x) xn e

c u b0(yα) ∈ F a val(c ⋅ (a− yα)) =minj{val(cj)+ val(aj −
yj,α)} val(u(a) − u(yα)) = minj{val(cj) + val(aj − yj,α)} α val(u(a)) >
minj{val(cj)+val(aj−yj,α)} val(u(yα)) =minj{val(cj)+val(aj−yj,α)} u(yα)↝0

t val(u(a)) < minj{val(cj) + val(aj − yj,α)}



α ≫ 0 rv(u(a)) = rv(u(yα)) ∈ rv(K(C)) α0

a ∈ b0 ⧫
e n ∈ (u, J, n, e)

xn (u, J, n, e)
ue rv b0

v e xn

rv b0 α0 ⧫
n ∈ e ∈ (u, J, n, e)(u, J, n,∞)

a (xα) S ∈ SCR(C⟨a≠n⟩) an

bn,0 α0 c ∈ K(C⟨a≠n⟩)alg xn,α↝ c
P (a≠n, xn) = ∑i pi(a≠n)xi

n e ∈ b0
α0 rv(P (e)) = 0 pi(a≠n) = 0 i

α0 u(a≠n, xn) bn,0
F ∈ A c ∈K(C⟨a≠n⟩) LA,Q∣K(C) P Q xn

xn ∈ bj,0
u(a≠n, xn) = F ( xn − xn,α0+1

xn,α0+1 − xn,α0

, c) P (a≠n, xn)
Q(a≠n, xn)

val(F ((xn − xn,α0+1)(xn,α0+1 − xn,α0), c)) = 0 rv(u(a≠n, xn))
xn ∈ bn,0 α0

rv(u(e)) e ∈ b0 ⧫
∎

d ∈ K(C)
t b0 α0

M ⊧ TA,σ C⩽M res(K(C))
xα C {σ(yα) ∶ yα

C xα}
C

P (X) = ∑i piXi ∈ K(C)[X] i pi = 0
εα = xα+1 − xα i0 val(pi0) + val(σi0(εα))

Qα(σ(X)) = p−1i0 σi0(εα)−1P (σ(εαX)) =∑
i

pip
−1
i0 σ

i(εα)σi0(ε−1α )σi(X).
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res(Qα) res(K(C))
dα ∈K(C) res(Qα(σ(dα))) ≠ res(Qα(σ(1))) res(dα) ≠ res(1)
val(dα − 1) = 0 yα = xα + εαdα

a σ(xα)↝a

rv(ai − σi(yα)) = rv(ai − σi(xα+1) + σi(xα+1) − σi(xα) + σi(xα) − σi(yα))= rv(σi(εα))rv(1 − σi(dα)).
val(a0 − yα) = val(εα) = val(a0 − xα) (yα)(xα) ci = (ai − σi(yα))/σi(εα)
res(P (a − σ(yα))p−1i0 ε−1α ) = res(Q)(res(c))= res(Q)(res(σ(1) − σ(dα)))= res(Q(σ(1))) − res(Q(σ(dα)))≠ 0.

val(P (a − σ(yα))) = val(pi0) + val(σi0(εα)) = mini{val(pi) + val(ai −
σi(yα))} ∎

M1

M2 ⊧ TA,σ−Hen Ni⩽Mi Mi

σ
Ci⩽Ni res(K(C1)) f ∶ C1 → C2 LRV−MorA,Q,σ

(xα) C1 (t, I,m, d) ∈ T0(C1)
xn σ(xα)

σ 0

(xα) K(C1)R (t, I,m, d)
a1 ∈ N1 a2 ∈ N2 xα↝a1 f(xα)↝a2 t(σ(a1)) = 0 =

tf(σ(a2))
a1 C1⟨a1⟩σ C1

ai f LRV−MorA,Q,σ a1 a2

t a1 a2 xα↝a1 f(xα)↝a2
Mi Ni t

α0

d ∈ K(C1) t b0 ∶= B̊val(xα0+1−xα0)(xα0+1)



(zα) C1(xα) a (xα) val(t(σ(a)) − t(σ(zα))) = mini{val(di) +
val(σi(a − zα))} a val(t(σ(a))) < mini{val(di) + val(σi(a − zα))} α

val(t(σ(a))) = val(t(σ(yα))) val(t(σ(x)))
b0 yα xα σ
t

a val(t(σ(a))) > mini{val(di) + val(σi(a −
zα))} ⩾ mini{val(di) + val(σi(ξ0))} ξ0 b0 (t, a, d, ξ0) σ

N1 σ a1 ∈ K(N1) t(a1) = 0
val(a1 − a) ⩾ maxi{val(σ−i(t(σ(a))d−1i ))} > val(xα+1 − xα) xα↝a1 fLA,Q,σ (tf , I,m, d) (f(xα))

a2 ∈K(N2) tf(a2) = 0 f(xα)↝a2
t ≠ 0 xm t

xn LA,Q∣K(A) E P Q
E xn P Q xn a ∈ b0 t(a) =

E(a)P (a)/Q(a) t(σ(a1)) = 0 P (σ(a1)) = 0 (P, I, n,∞) <(t, I,m, d) rv(P (a)) = 0 rv(t(a)) = 0 a ∈ b0
yα xα σ t

f C1,n ∶= C1⟨σ⩽n(a1)⟩
σn(a1) σn(a2) n < m n ⩾ m

σn(a1) P σn−m(X) (bn,0) α0 ≫ 0 P (Xm) =
t(σ≠m(a1),Xm)
n <m n ⩾m

σn(a1) ACVF K(C1⟨σ⩽n−1(a1)⟩)
σn(a1) ∈ K(C1⟨σ⩽n−1(a1)⟩)h K(C1⟨σ⩽n−1(a1)⟩)

t ai ∈ Ni (u, J, n, e)
N1 σ

xα a1 M1 u(σ(a1)) = 0 xα↝a1 K(N1⟨a1⟩σ)
N1 a1 ∈ N1 ∎

N1

M1 N1 σ N1

σ

a ∈ M1 (t, I,m, d) ∈ T0(C1) a C1

xm t(σ(a)) = 0

(t, I,m, d)(t, I,m, d) ∈ T0(C1) C1 (t, I,m, d)(xα) C1 R



K TA,σ−Hen

(u, J, n, e) < (t, I,m, d) (xα) C1

(xα) C1

a1 ∈ R(M1) (t, I,m, d) ∈ T0(C1) C1 C1(t, I,m, d) K(C1⟨a1⟩σ) K(C1) f
C1⟨a1⟩σ N2

C1 (t, I,m, d) (xα) (t, I,m, d)(t, I,m, d) C1 (xα)
d (yα) (xα)

val(t(σ(yα))) = val(t(σ(a)) − t(σ(yα))) =min
i
{val(di) + val(σi(a − yα))},

t(σ(yα))↝0 t(xα) ∎
K(Ni) K(Ci)
K(Ci) Mi

a ∈R(N1) (t, I,m, d)
C1 C1 (t, I,m, d)

(xα) C1R (u, J, n, e) < (t, I,m, d) σ (xα)(u, J, n, e) a1 ∈ N1

xα↝a1 u(a1) = 0 a1(t, I,m, d) a1 ∈ C1 C1 (t, I,m, d) ∎

f N1 → N2

f

C1⩽Lα⩽N1 Lα+1 = Lα⟨cα⟩σ
cα ∈ R(N1) ∖Lα Lα+1 Lλ = ⋃α<λLα

λ f Lα
f fα Lα a = cα xβ↝a

Lα (t, I,m, d) a



Lα (t, I,m, d) fα
Lα⟨a⟩σ = Lα+1

N1 ⋃αLα f N1 N2

f a ∈ K(N2) ∖K(f(N1)) (xα) a(t, I,m, d)
N1 M1 ∎

TA,σ−Hen RV

TA,σ−Hen

RV TA,σ−Hen

TA,σ−Hen,0,0 TA,σ−Hen,0,p

M1 M2 TRV−MorA,σ−Hen,0,0 fLRV−MorA,Q C1 a1 ∈ K(M1) f
C1⟨a1⟩σ N1⩽M1 M1

C1 a1 RV f D1⩽N1

RV(D1) = RV(N1) f
E1⩽N1 rv(K(E1)) = RV(E1) K(N1)

K(E1) f N1

∎
LacA,Q,σLacA,Q σ ∶ K → K σn ∶ Rn → Rn σΓ ∶

Γ∞ → Γ∞ TacA,σ−Hen LacA,Q,σ σ
σ acn○

σ = σn○acn Lac,frA,Q,σ Lac,fr Tac,e−frA,σ−Hen,p(0, p)
e e ⋅ 1 ⩾ val(p)

TacA,σ−Hen Tac,e−frA,σ−Hen,p p e K

K

RV TA,σ−Hen

R ∪Γ TacA,σ−Hen K TacA,σ−Hen

Tac,e−frA,σ−Hen,p ∎
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val(Fix(K)) = val(K)
σ

val(x) = val(ε) ε ∈ Fix(K) acn(x) = Rn(xε−1)acn(ε)
σ

val(Fix(K)) = val(K)
σ

val(Fix(K)) = val(K)
LacA,Q,σ Lac,frA,Q,σ acn(t)

val(t) t LA,Q,σ∣K LacA,Q,σLacA,Q,σ∣R LacA,Q,σ∣Γ

L R Γ LacA,Q,σ T L TacA,σ−Hen,0,0

M N ⊧ T
M ≡ N R0(M) ≡ R0(N) L∣R0

Γ∞(M) ≡ Γ∞(N)L∣Γ∞
M⩽N M ≼N R0(M)≼R0(M) L∣R0

Γ∞(M)≼Γ∞(N) L∣Γ∞
L R Γ LacA,Q,σ T L Tac,e−frA,σ−Hen,p

M N ⊧ T
M ≡ N R(M) ≡ R(N) L∣R Γ∞(M) ≡ Γ∞(N)L∣Γ∞

M⩽N M ≼N R(M)≼R(N) L∣R
Γ∞(M)≼Γ∞(N) L∣Γ∞

R = O
E RVk

E Ek

Rn

e = 1 Rn R0 n

Rn

R0 R R0 σ



σ0 R0

R0 Γ∞

E0 R = O
R Γ∞

L∣R L∣Γ∞ L LacA,Q,σ Lac,frA,Q,σ
R Γ∞

L LA,Q,σ Pn RV0 n∣val0(x)L Wp TA,σ−Hen σ0 R0

ACFp p Γ R0

Γ

σ

W( p
alg)

p
alg ⊆ R0 ⊆ Γ

ACF ∎

NIP

Tac
Hen Lac

L R Γ∞ Lac T ⊇ Tac
Hen L

T
NIP R L∣R Γ∞ L∣Γ∞ NIP

R Γ∞ ∎

L R Γ∞ LacA,Q T ⊇ TacA,Hen L
T NIP

R L∣R Γ∞ L∣Γ∞ NIP



T NIP ϕ(x, y)∅ K
x y KL∖(A∪ {Q}) ψ(x, z) LA,Q∣K u(y) ϕ(x, y)

ψ(x, u(y)) ψ ∎

L R Γ∞ LacA,Q,σ T ⊇ TacA,σ−Hen L
T

NIP R L∣R Γ∞ L∣Γ∞ NIP

T NIP ϕ(x, y)
x y K

ϕ K K LacA,Q,σ ∖ {σ} ψ(x, z)
ϕ(x, y) ψ(σ(x),σ(y)) ψ ∎

val(Fix(K)) = val(K)
σ

LA,Q,σ Wp NIP

R R0

Γ ∎

L Σ Π

L′ ⊆ L T L T ∣L′ L′ {ϕL′ ∶ T ⊧ ϕ} C L C ∣L′ ⋃S∈L′ S(C)L′ Σ L L∣ΣL Σ
T ∣Σ ∶= T ∣L∣Σ C ∣Σ ∶= C ∣L∣Σ



Str(T ) Str(T ∣L′)

Le ⊇ L Σe Le Le LLe Σ L Le ∖Le∣Σ∪Σe
⊆ L

Σ Σe = ∅ Le ∖LLe Σ L
T L Le Te ⊇ T T

P (x) f(x) Le ∖LL ϕP (x) ϕf(x, y) T ⊧ ∀x∃=1y, ϕf(x, y) Te = T ∪{P (x)↔
ϕP (x)} ∪ {ϕf(x, f(x))}

L Σ LΣ−Mor ∶= L∪{Pϕ(x) ∶ ϕ(x) L∣Σ }
T L T Σ LΣ−Mor TΣ−Mor ∶= T ∪{Pϕ(x) ↔ ϕ(x)} M L MΣ−Mor LΣ−Mor

L M Pϕ ϕ(M)L T Σ L∣Σ
T L∣Σ

TΣ−Mor Σ T M ⊧ T MΣ−Mor ⊧ TΣ−Mor

Σ
M1 M2 L M1 →M2 ΣLΣ−Mor

T L T Σ TΣ−Mor

T Σ Σ LeL Σe Le Te ⊇ T Te

Σ ∪Σe

L T Π L
T Σ

T Π Σ Le LLe Te ⊇ T Te Π

Σ L∖(L∣Π ∪ L∣Σ) f ∶ ∏iPi → S
Pi ∈ Π S ∈ Σ Σ

Σ Σ



Σ Σ
Σe Π L Σ ∪Σe

Σ ΠL S1 S2

S1 × S2 ∃xR(x, y) S2 LS1−Mor

Σ T
Π T Σ Le

Σ L Σe Σ∪Σe

Σ F f ∶∏iPi →
S Pi ∈ Π S ∈ Σ

T L T Σ T
Σ

L ϕ(x, y) x Π y Σ
ψ(x) ψ L∣Π ψ(f(u(x)), y)

ψ L∣Σ u L∣Π f F
T Σ

M ⊧ T L(M) Σ
ϕ(x, f(a), b) ϕ L∣Σ Σ

T L(M) Σ L(Σ(M))L∣Σ(Σ(M)) ΣL∣Σ

T L Σ M1 M2 ⊧ TL f ∶ M1 → M2 C1 c1 ∈ Σ(M1) fL c1

C1⩽M1 g ∈ F g(C1) ⊆ Σ(C1)
f L T Σ f ∣ΣL∣Σ M2 f ∣Σ f ′∣Σ ∶ M1∣Σ → M2∣ΣL∣Σ c1 f ′ = f ∣Π ∪ f ′∣Σ

f ∣Π L∣Π f ′ ϕ(x) ϕ L∣Π
f ∣Π L∣Π g ∈ F f ′∣g(C1) = f ∣g(C1) f ′



g f ′∣Σ L∣Σ L∣Σ
f ′ ψ(g(u(x)), y) ψ L∣Σ

u L∣Π g ∈ F f ′ LL ∎

L M L C ⊆ M L C⟨C⟩L C L c ∈ M L C c
C⟨c⟩L

M1 M2 ⊧ T f ∶M1 →M2 L C1⩽M1 c1 ∈ Π(M1)
Σ(C1⟨c1⟩L) ⊆ Σ(C1) f ′ L∣Π ∪F f

C1⟨c1⟩L f ′ L
f ′ L∣Π Σ(C1⟨c1⟩L) ⊆

Σ(C1) f ′∣Σ = f ∣Σ L∣Σ f ′ g ∈ F
ψ(g(u(x)), y) ψ L∣Σ uL∣Π g ∈ F f ′ L ∎

Le Σ L
Σe Te ⊇ T Le TΣ∪Σe−Mor

e

M1 M2 ⊧ Te ∣Le ∣+ LΣ∪Σe−Mor
e

f ∶ M1 → M2 C1 ∣C1∣ ⩽ ∣Le ∣ c1 ∈ M1 fLΣ∪Σe−Mor
e c1

Σ∪Σe c1 ∈ Σ∪Σe(M1)L LΣ∪Σe−Mor
e c1 ∈ Π(M1)

f f ′ Σ ∪ Σe(C1⟨c1⟩Le) f ′LΣ−Mor T Σ f ′L L f ′′
c1 f ′′∣C1⟨c1⟩Le LΣ∪Σe−Mor

e ∎

Str(T )L T L Str(T )L T T∀L
Ti Li i = 1,2 F ∶ Str(T1) → Str(T2) κ

StrF,κ(T2) Str(T2)
F (M) M ⊧ T1 κ



F ∶ Str(T1)→ Str(T2)
M ⊧ T1 F (M) ⊧ T2

κ κ M ⊧ T1 F (M) ⊧ T2

κ C ⊧ T∀ ∣F (C)∣ ⩽ ∣C ∣κ
M1 ≼M2 ⊧ T1 F (M1)≼F (M2)

Σi Li i = 1,2 f ∶ C1 → C2 Str(T1)
Σ1 C2 ∖ f(C1) ⊆ Σ1(C2) F Σ1 Σ2

Σ1 C1 → C2 F (C1)→ F (C2) Σ2

α
F G ∶ C1 → C2 αc ∈ HomC2(F (c),G(c))

c ∈ C1 f ∈ HomC1(c, d) G(f)○αc = αd ○F (f)
c ∈ C1 αcC2 α

α−1c c ∈ C1
F ∶ C1 → C2 G ∶ C2 → C1C1 C2 GF FGC1 C2 α ∶ FG → Id β ∶ GF → Id

αF = F (β) βG = G(α) αF ∶ c↦ αF (c) F (α) ∶ c↦ F (αc)
κ Ti Li ΣiLi i = 1,2 F Str(T1) κ+

C → M1 ⊧ T1 M1 κ+ ∣C ∣ ⩽ κ D
F C → D → M1 C → D Σ1 F ∶ Str(T1) → Str(T2)
G ∶ Str(T2) → Str(T1) κ

F StrF,κ+(T2) G
Σ2 Σ1 F κ+

RV

T1 Σ1 M1 M2 ⊧ T1 (∣L2 ∣κ)+L2 f ∶ F (M1)→ F (M2) Σ2



f Σ2 f
Σ2

f Σ2

D1 D2⩽F (M1)
D1 →D2 Σ2 ∣D2∣ ⩽ ∣L2 ∣ f ∶D1 → F (M2) L2

f g ∶D2 → F (M2)
G

GF (M1) M2 GF (M2)βM2..

G(D2)
&&

g
00

G(D1)
&& G(f)

00✉✉✉✉✉✉✉✉✉✉✉✉✉✉✉✉✉✉✉✉✉✉✉✉

g T Σ1 βM2 ○G(f)∣Σ1∣G(D2)∣ ⩽ ∣L2 ∣κ M2 (∣L2 ∣κ)+ G(D1) → G(D2) Σ1

βM2 ○G(f) g ∶ G(D2) → M2

F

D2

α−1D2!! FG(D2) F (g)
!! F (M2)

D1
!!

&&

f

11

FG(D1)
&& %%++++++++++

F (g) ○ α−1D2
∎

M1 ≼M2 F (M1)≼F (M2)
C∞ p ≼M Mℵ0 C∞( p) C∞(M)

F (M1) F (M2)
T2

Σi Li
T2 M1 M2 ⊧ T1

M1 ≡M2 F (M1) ≡ F (M2)

T e
2 Σ2 T2 Le2 F

F e ∶ Str(T1) → Str(T e
2 ) G Ge ∶ Str(T e

2 ) → Str(T1)



Fe F F e Ge Fe

StrF e,(∣L2 ∣κ)+(T e
2 ) Ge κ
Σ2 Σ1 F e κ+∣L2 ∣ (∣L2 ∣κ)+

Fe (∣L2 ∣κ)+ C Str(T1) Σ1

D Fe C⩽M1 ⊧ T1 M1 (∣L2 ∣κ)+
D⩽M1

C⩽M ⊧ T1 M (∣L2 ∣κ)+ F (M) ⊧ T2

F (M) Le2 F (M)e ⊧ T e
2 F e(C) = ⟨C⟩Le

2

M1 M2 (∣L2 ∣κ)+ C
idF (C) F (M1) → F (M2) Σ2Le2 Le2 F e(C)Le2 (∣L2 ∣κ)+ C F e

f ∶ C1 → C2 Str(T1)
F (f) Σ2 Le2 Le2

iC F (C)→ F e(C)
F F e

Str(T e
2 )→ Str(T2)

Ge G
Ge G ⟨F (C)⟩Le

2∣C ∣κ∣L2 ∣ ⩽ ∣C ∣κ+∣L2 ∣ F κ +L2 M ⊧ T1 (∣L2 ∣κ)+
F e(M) ⊧ T e

2

Fe F C iC(∣L2 ∣κ)+ D Le2
F e(M) (∣L2 ∣κ)+ M ⊧ T1 F eGe(D) = ⟨FG(D)⟩Le

2

F (M)
D → FG(D) Σ2 Le2

D = ⟨D⟩Le
2

F eGe(D)
FG(D) = F eGe(D) iG(D) G(D) ∈ Fe

C ∈ Fe βC ○ G(i−1C ) ∶ GeF e(C) → C
C →M ⊧ T1 M (∣L2 ∣κ)+

E ∈ Fe C → E Σ1 E →M
D ∈ F C → D → M C → D Σ1 F (D) → F e(D)
Σ2 D ≅GF (D) → GF e(D) Σ1 GF e(D) →

GF e(M)≅M F e(D) Le2 F e(M) GF e(D) ∈ Fe

E = GF e(D) ∎

T1 Σ1 T2 T1

T1 κ+
Mi ⊧ T1 i = 1,2 C1⩽C2 ⊆ M1 f ∶ C1 → M2 L1 f



C2 M2 D1 ∈ F
C1 → D1 → M1 C1 → D1 Σ1 T1 Σ1

f D1

M2 C1 D1 C2 ⟨D1C2⟩L1 M2

C1 ∈ F F

F (M1) M⋆
2

F (C2)
&&

g
%%

F (M2)
≼
&&

F (C1)
&&

F (f)
%%"""""""""

M⋆
2 (∣C1∣ℵ0)+ F (M2) g
T2 M⋆

2 G

C2
!! GF (C2) G(g) !! G(M⋆

2 )

C1

&&

!!

f

22GF (C1)
&&

GF (f)!! GF (M2)
≼
&&

.. !! M2

≼33■■■■■■■■■

∎



ACVF

ACVF
ACVF

VDF
x val(∂(x)) ⩾ val(x)

VDF
T̃

T C ACVF
T ACVF T̃ VDF
VDF

X VDF
X

X

Ldiv ACVF L∂,div ∶=Ldiv ∪ {∂} VDF ∂
VDF L∂,div x

p Ldiv ∂ω(x) ∶= (∂n(x))n<ω ∇ω(p) p
X ∇ω(p) ∂ω(X) X

∂ω ∇ω(p) p ∂ω Ldiv ∇ω(p)
ACVF ACVF∇ω(p) p VDFLdiv q

∂ω(X)
∂ω(X) ACVF ⋆ VDF



ACVF

⋆ ∂ω(X) VDFLdiv L∂,div(M)
M VDF L∂,div(M) Ldiv

VDF

NIP L∂,div(M)Ldiv LdivL∂,div(M) Ldiv
∂ω(X) Ldiv

∆ ∆ Ldiv
∆ L∂,div(M) ∆L∂,div(M)

∆ ∆ ACVF LdivL∂,div DCF0

X DCF0

Xn ∶= ∂n(X) ∂n(x) ∶= (∂i(x))0⩽i⩽n Yn Xn(pn)n<ω ACF pn
Yn ACF pn

ACF x
∂n(x) ⊧ pn

X
ACVF

ACVF
VDF

C C
ACVF

C ACVF
VDF

ACVF
ACVFA

NIP
p NIP T

T̃ T T̃ p T

ACVF
T̃ ACVF T̃



NIP

ACVFA
ACVF

ACVFA
∆ ∆ C

T ACVF n

∆
∆

ϕ(x; s) θ(s)
θ(s) ϕ(x; s) p p ϕ(x; s) p

θ(s) ϕ(x; s)
p

∆
T

T

VDF

NIP

NIP

ϕ
ψ NIP

ϕ
NIP

NIP

ϕL ϕ(x; t) L X ϕ
N ≽M a ∈ N ϕ(M ;a) =X



ACVF

T NIP L U LU ∶= L∪{U} L
ϕ(x; t) LU θU L ψ(x; s) M ⊧ T

MU M LU
U(MU) ϕ MU ⊧ θU
MU ⊧ θU U(MU) ψ

χ(x;u) ϕ
M ≼N ⊧ T b ∈ N A ⊆ ϕ(M ; b) d ∈M
A ⊆ χ(M ;d) ⊆ ϕ(M ; b) k V C χ(x;u)(p, q) q n X

A ⊆ X S ⊆ P(X) k A0 ⊆ A
q S ∈ S A0 S1 . . . Sn ∈ S A ⊆ ⋃i Si

θU ∶= ∀x1 . . . xq ⋀
i⩽qU(xi)⇒ ∃u (∀xχ(x;u)⇒ U(x)) ∧⋀

i⩽qχ(xi;u).
M ≼N ⊧ T b ∈ N U(MU) ∶= ϕ(M ; b) A ⊆ ϕ(M ; b) =

U(MU) q χ ϕ d ∈M
A ⊆ χ(M ;d) ⊆ ϕ(M ; b) = U(MU) MU ⊧ θU

MU ⊧ θU Del

DelLU
(MU) ∪ { n⋁

i=1χ(a;ui) ∶ a ∈ U(MU) } ∪ {∀xχ(x;ui)⇒ U(x) ∶ 1 ⩽ i ⩽ n}
A ⊆ U(MU) {χ(M ;d) ∶ d ∈M

χ(M ;d) ⊆ U(MU)} k MU ⊧ θU A0 ⊆ A
q d ∈ M A0 ⊆ χ(M ;d) ⊆ U(MU)

d1 . . . dn ∈M A ⊆ ⋁i χ(M ;di) ⊆ U(MU)
NU ≽MU d1, . . . , dn U(MU) ⊆ ⋁i χ(M ;di) ⊆ U(NU) ∩

M = U(MU) U(MU) ⋁n
i=1 χ(x;ui) ∎

M L A ⊆ M A
ϕ(x; t) χ(x; s) b ∈M

a ∈ A ϕ(A, b) = χ(A,a)

T NIP L L̃ ⊇ L T̃ ⊇ T
M̃ ⊧ T̃ M̃ ∣L

Ñ ⊧ T̃ Ã = dcleqL̃ (Ã) ⊆ Ñ eq

L X L̃eq(Ã) L(R(Ã))R L



NIP

X L̃(Ñ) Ñ ⊧ T̃ Ñ eq ⌜X⌝
ϕ(x; t) L χ(x; s) L̃ θ(s) L̃

θU U(x) χ(x; s)L̃ Ñ d ∈ Ñ N ∶= Ñ ∣L LU
Nd U χ(Ñ ;d) L̃ θ(s)

Nd ⊧ θU ⇐⇒ Ñ ⊧ θ(d) L ψ(x;u)
Ñ ⊧ T̃ d ∈ Ñ

χ(Ñ ;d) ϕ Ñ ⊧ θ(d)

Ñ ⊧ θ(d) χ(Ñ ;d) ψ

M̃ ⊧ T̃ M ∶= M̃ ∣L U≽M ξ(x; v)L c ∈ U a ∈M ψ(M,c) = ξ(M,a)
d ∈ M̃ M̃ ⊧ θ(d) c ∈ U χ(M̃ ;d) =

ψ(M ; c) a ∈M χ(M̃ ;d) = ξ(M ;a) = ξ(M̃ ;a)
M̃ ⊧ ∀s θ(s)⇒ ∃u (∀x (χ(x; s) ⇐⇒ ξ(x,u))).

T̃ Ñ ⊧ T̃ d ∈ Ñ X ∶= χ(Ñ , d)
ϕ Ñ ⊧ θ(d) a ∈ N ∶= Ñ ∣L

X = ξ(N ;a) X L(N)L(A) ⌜X⌝L ∈ N XL̃eq(Ã) ⌜X⌝L ∈ dcleqL̃ (Ã) = Ã ⌜X⌝L ∈ Ã∩N =R(Ã)∎

T NIP L L̃ ⊇ L
T̃ ⊇ T L̃ M̃ ⊧ T̃ M̃ ∣L

∆(x; t) L Ñ ⊧ T̃
Ã = dcleqL̃ (Ã) ⊆ Ñ eq N ∶= Ñ ∣L p ∈ S∆x (N) p L̃eq(Ã)
L(R(Ã)) R L

a ⊧ p ϕ(x; t) ∈ ∆ {m ∈ N ∶ ϕ(x;m) ∈ p} = {m ∈ N ∶⊧ ϕ(a;m)}L L̃eq(Ã)L(R(Ã)) ∎

T NIP
T L ∶= {<}L̃ = LU M̃ ∶= ( ,<, U) U(M̃)

U



ACVF

T̃ ∶= Th(M̃)
U(M̃) L L

Ñ ≡L̃ M̃ U L
Ñ ∣L

L ∶= {E,⩽} TE

E x ⩽ y xEy {⩽}
ϕ(x) ϕE(x, y) ϕ E y

ϕE(x, y) ∶= ϕ(x) ∧⋀i xiEy ϕ

(∃xϕ)E(z, y) ∶= ∃xxEy ∧ϕE(x, z, y)
(∀xϕ)E(z, y) ∶= ∀xxEy⇒ ϕE(x, z, y)

Rϕ(x, y) L⋆ ∶= L∪{Rϕ ∶ ϕ(x) {⩽} }
T ⋆
E ∶= TE ∪ {∀x(Rϕ(x, y) ⇐⇒ ϕE(x, y))} {⩽} ϕ M ⊧ T ⋆

E

a ∈ M b ∈ M M ⊧ Rϕ(a, b) ai
E b b̂ b̂(M) ⊧ ϕ(a)

L⋆ T ⊇ T ⋆
E

M N ⊧ T A ⊆ M B ⊆ N f ∶ A → B L⋆
c ∈M A0 ∶= {a ∈ A ∶ aEc} A0 ≠ ∅

Â0(M) E A0 M B0 ∶= f(A0) B̂0(N) E B0 N
f ∣A0

{⩽} Â0(M) B̂0(N){⩽} g ∶ Â0(M) → B̂0(N)
A0 ∩ a g ∪ f L⋆

A0 = ∅ ϕ(x) {⩽} ĉ(M) ⊧ ϕ(c) M ⊧ ϕE(c, c)
n E a ∈ A M ⊧ ϕE(a, a) M

n + 1 E ϕE(x, x) T
N B

d B{⩽} ϕ ĉ(M) ⊧ ϕ(c) d̂(N) ⊧ ϕ(d){⩽} g ∶ ĉ(M) → ĉ(N) c
g ∪ f L⋆ ∎

L⋆ T ⋆
E⋀i(ϕi(x)∧⋀j Rϕi,j(x, xi,j)) ϕi {E} ϕi,j{⩽}

{⩽} ϕ(x) ¬Rϕ(x, y) M ⊧ T ⋆ a ∈M
b ∈M M ⊧ ¬Rϕ(a, b) i ¬aiEb

i ai ∈ b̂ b̂(M) ⊧ ¬ϕ(a) M ⊧ ⋁i ¬bEai ∨R¬ϕ(a, b) ∎



Mn P({0, . . . , n}) ⩽ M ∶= ∐n∈ MnL E Mn Th(M) IP
M

M M

S(x) x ∃=1y y ⩽ x M
S(M) E x ⩽ a

E C ⊆ N ≽M
S(C) x ⩽ a

a ϕi(x; yi) L ∣x∣ = 1∣yi∣ < 1 − log2(i)/i n ∈
Un ⊆ S(Mn) Un ∉ {ϕi(Mn;m) ∶ i < n m ∈Mn } L̃ ∶= LU
M̃ M U(M̃) ∶= ⋃nUn Ñ ∶= M̃ /U

n ∈ cn ∈ Mn c = (cn)n∈ /U ĉ(Ñ) E Ñ
U(Ñ) ∩ ĉ(Ñ) ⊆ S(ĉ(Ñ)) L L̃(Ñ)L(Ñ ∣L)

ACVF
VDF

L∣K a ∈ L K λ ∈ K
val(∑i λiai) = mini{val(λiai)} L∣K

K L K

K L∣K

x0 x1 ∈ L {val(x0 − λx1) ∶ λ ∈K}



ACVF

t = x0/x1 y ∈ K by = Bval(y−t)(x) y ∈ by(K) by(K)
K z ∈ ⋃ by(K) y ∈ K

val(t − z) ⩾ val(t − y) val(x0 − zx1) ⧫
∣x∣ x ∈ L y ∈ L

K xi ∣x∣ = 1
n > 0 y K (xi)i>0

yi K

{val(x0 − λ ⋅ y) ∶ λ ∈K}
i ⩽ n λ≠i γ(i,λ≠i) ∈

val(L) z(i,λ≠i) ∈K γ(i,λ≠i) = val(x0 −λ≠i ⋅ y≠i − z(i,λ≠i)yi) =max{val(x0 −
λ≠i ⋅ y≠i − λyi) ∶ λ ∈ K} z ∈ K
val(z − z(i,λ≠i)) ⩾ γ(i,λ≠i) z val(x0 − λ≠i ⋅ y≠i − zyi) = γ(i,λ≠i)

val(z − z(i,λ≠i)) + val(yi) = val(x0 − λ≠i ⋅ y≠i − z(i,λ≠i)yi − (x0 − λ≠i ⋅ y≠i − zyi)) ⩾ γ(i,λ≠i)
val(z − z(i,λ≠i)) ⩾ γ(i,λ≠i)

val(x0 − λ≠i ⋅ y≠i − zyi) = val(x0 − λ≠i ⋅ y≠i − z(i,λ≠i)yi + (z(i,λ≠i) − z)yi) ⩾ γ(i,λ≠i).
z γ(i,λ≠i)

b(i,λ≠i) b(i,λ≠i)(K) ≠ ∅ b(i,λ≠i)
µ≠i γ(i,λ≠i) ⩾ γ(i, µ≠i) λ ∈ b(i,λ≠i) µ ∈ b(i, µ≠i)

val(x0 − λ≠i ⋅ y≠i − λyi) ⩾ val(x0 − µ≠i ⋅ y≠i − µyi)
γµ≠i ⩽ val((λ≠i − µ≠i) ⋅ y≠i + (λ − µ)yi) =min{λj − µj,λ − µ} ⩽ (λ − µ).

λ ∈ b(i, µ≠i) b(i,λ≠i) ⊆ b(i, µ≠i)
K zi ∈ ⋃λ≠i b(i,λ≠i)(K) val(x0 − λ≠i ⋅ y≠i − ziyi)

λ≠i val(x0 − z ⋅ y) ⧫
z val(x0 − z ⋅ y) t = x0 − z ⋅ y (t, y)

K xi (t, y) µ λ ∈ K
µ = 0 val(µt + λ ⋅ y) = val(λ ⋅ y) =min{val(λiyi)} =min{val(µt),val(λiyi)} y
K val(µt + λ ⋅ y) >min{val(µt),val(λiyi)}

val(x0 − z ⋅ y) = val(t)
val(t) + val(µ) ⩾ val(µt + λ ⋅ y) >min{val(µ) + val(t),val(λiyi)}

val(µt) > min{val(λiyi)} = val(λ ⋅ y) val(µt + λ ⋅ y) =min{val(λiyi)} =
min{val(µt),val(λiyi)} ∎

L∣K
K L

L RV LRV



THen LRV

RV⋆
n =K⋆/(1+nM) THen

M ⊧ THen L ϕ(x; s) L L∣RV

ψ(y;u) Qi ∈ [X,T ] N⩽M K(M)∣K(N)
a ∈ M b ∈ K(N) c ∈ RV(M) ϕ(N ;a) =

ψ(rvn(Q(N, b)); c)
K

ϕ(x;a) θ(RVn(P (x))) P ∈ K(M)[X] n ∈
ψ L∣RV Pi ∑µ ai,µX

µ
K(M)∣K(N)

K(N) ai,µ K(N)
d ∈ K(M) ∣d∣ ⩽ ∣a∣ d ∣d∣ = ∣a∣
i µ λi,µ,j ∈ K(N) ai,µ = ∑j λi,µ,jdj Pi∑j djQi,j(X,λ) Qi,j ∈ [X,T ] a x ∈ K(N)
val(Pi(x)) = minj{val(djQi,j(x,λ))} rvn(x + y) = rvn(x) +n,n rvn(y)

val(x + y) =min{val(x),val(y)}
rvn(Pi(x)) = ∑

j∈Ji(x)
rvn(dj)rvn(Qi,j(x,λ))

Ji(x) = {j ∶ val(dj)val(Qi,j(x,λ)) }
b = λ c = rvn(d) ∎

Log M

M ⊧ ACVF ϕ(x, y) Ldiv Log ψ(y;u)
Qi ∈ [X,T ] N⩽M K(M)∣K(N) a ∈M

b ∈K(N) c ∈ Γ(M) ϕ(N ;a) = ψ(val(Q(N, b)); c)
∎

L∣K L K
L Γ(K) Γ(L)

Γ(K) Γ(L) K
L

∎



ACVF

(0, p)
Rn = O/(pnM) R = ⋃nRn

acn ∶ K⋆ → R⋆
n acn∣O⋆ = resn∣O⋆

ac

L∣K
L R0(L) K

L Γ(K) Γ(L)
R0(K) R0(L)

Γ(K) Γ(L) R0(K)
R0(L) K L

R⋆
n → RV⋆

n → Γ
R ∪ Γ(K) R ∪ Γ(L)

L
Γ R Rn × Γm

X × Y X ⊆ Rn R Y ⊆ Γm

Γ Γ(K) Γ(L)
R(K) R(L)

n res0,n ∶Rn →R0 τn(x)
y R0,n(y) = x y pn

Rn(L) ∅ Wn(R0(L))
R(K) R(L) R0(K)

R0(L) ∎
k K ∶= k((t ))

K
k

K L∣K
( ,<)( ,+,<) o ∎

Γ

L ⊇ Ldiv T ⊇ ACVF L T
C K L L

Kn M ⊧ T L(M) X ⊆ K



Γ

ACVFG ACVFeqA A
M ⊧ T f = (fλ)λ∈Λ L(M) Kn → Γ ∆(x; t)L p ∈ S∆x (M) f

p Γ
T̃ T Γ

T̃ Γeq eq
T̃ ACVFG ACVFAeq ∶=(ACVF ∪TA)eq

Γ o T

Γ o Γ

g = (gγ)γ∈G L(M) Kn → Γ G ⊂ Γk

k

Γ
g Γ f p λ ∈ Λ(M) γ ∈ G(M)

p(x) ⊢ fλ(x) = gγ(x).
T Γ L(M) f = (fλ)λ∈Λ

Kn → Γ L ∆(x; s) M ⊧ T
p ∈ S∆x (M) L(M) g = (gγ)γ∈G Kn → Γ
Γ f p

∆ f g ∆ fλ1(x) =
fλ2(x) gγ1(x) = gγ2(x)

p
∆ f p L(M) fλ1 fλ2

p p(x) ⊢ fλ1(x) = fλ2(x) ∂pfλ ∈ M eq

λ p

g Γ f p ∆ f g
p L(M) {∂pfλ ∶ λ ∈ Λ} Γ L(M)

Γ

γ Γ Γ T
∂pgγ ∈ Γ λ γ

p(x) ⊢ fλ(x) = gγ(x) ∂pgγ ∂pfλ λ γ{∂pfλ ∶ λ ∈ Λ} L(M){∂pgγ ∶ γ ∈ G} Γ ∎



ACVF

T ACVFG ACVFeqA L LG LeqA,Q
Z1 Z2 ⊆ K D(Z1, Z2) ∶= {val(z1 − z2) ∶ z1 ∈ Z1

z2 ∈ Z2} D(Z1, Z2) d1 > d2 > ⋯ > dk di(Z1, Z2) ∶= di
Z1 = {z} di(z,Z2)
t(x, y,λ) ∶Kn+1+l →K L∣K(M) y ∣x∣ = n ∣y∣ = 1 ∣λ∣ =

l Zλ(x) ∶= {y ∶ t(x, y,λ) = 0} L(M) q = (qη)η∈H
Kn → Γ N ≽M x ∈Kn(N) y ∈K(N) µ0 ∈ Λ(M)

λ ∈ Λ(M) η ∈ H(M) n t y

val(t(x, y,λ)) = qη(x) + n ⋅ d1(y,Zµ0(x)).
α ∈ Zλ(x) mα

u(x,λ) ∶= t(x, y,λ)
∏

α∈Zλ(x)
(y − α)mα

L y

qλ,k,j,η(x) ∶= val(u(x,λ)) + k∑
i=0

dji(Zλ(x), Zη(x)).
k t y ji ⩽ l2

q L(M)
Kn → Γ

N ≽M x ∈ Kn(N) y ∈ K(N) µ0 ∈ Λ(M)
d1(y,Zµ0(x)) =maxµ{d1(y,Zµ(x))} α0 ∈ Zµ0(x) val(y−α0) =

d1(y,Zµ0(x)) λ ∈ Λ(M) α ∈ Zλ(x) η = µ0

val(y −α) = d1(y,Zµ0(x)) val(y −α) = dj(Zλ(x), Zη(x)) j

val(y−α) ≠ d1(y,Zµ0(x)) val(y−α) < d1(y,Zµ0(x)) val(y−α) = val(α−
α0) = dj(Zλ(x), Zµ0(x)) j ⧫

{d1(y,Zµ(x))} λ ∈ Λ(M)
η ∈ Λ(M) d1(y,Zη(x)) > d1(y,Zλ(x)) α0

val(y−α0) = d1(y,Zη(x)) α ∈ Zλ(x) val(y−α) = val(α−α0) = dj(Zλ(x), Zη(x))
j

val(t(x, y,λ)) = val(u(x,λ)) +∑α∈Zλ(x)mαval(y − α)
val(t(x, y,λ)) = val(u(x,λ)) +∑k

i=0 dji(Zλ(x), Zη(x)) + n ⋅ d1(y,Zµ0(x))= qλ,k,j,µ0
(x) + n ⋅ d1(y,Zµ0(x))

n k j ∎



Γ

Γ
f = (fλ)λ∈Λ L(M) Kn → Γ L(M)

g = (gω,γ)ω∈Ω,γ∈G Kn → Γ G ⊆ Γk kL ∆(x; t) p ∈ S∆x (M) ω0 ∈ Ω(M) (gω0,γ)γ∈G
Γ f p

n n = 0 f
Γ n =m+

1 x = (y, z) ∣z∣ = 1 K
λ K T = ACVFG fλ LG(M)

T = ACVFeqA LG(M) ψ(z,w,γ) L∣K
r(x,λ) M ⊧ fλ(y, z) = γ M ⊧ ψ(z, r(y,λ),γ) r

fλ T = ACVFG
ACVFG ψ(z,w,γ)

χ((val(Pi(z,w)))0⩽i<k,γ) χ LG ∣
Γ

Pi ∈K(M)[Y,W ]
χ h ∶ Γk → Γ

ti(y, z,λ) = Pi(z, r(y,λ)) qi = (qi,η)η∈Hi L(M)
Km → Γ ti

q = (qη)η∈H i η ∈ Hi

ε ∈ H qi,η = qε qL Ξ(y; s) L(M) (uε,δ)ε∈E,δ∈D Km → Γ
D ⊆ Γl l p ∈ SΞy (M) ε0 ∈ E(M) (uε0,δ)δ∈D

Γ q Zi,λ(y) ∶= {z ∶ Pi(y, z,λ) = 0}
gε,µ,δ,n(y, z) ∶= h((uε,δi(x) + ni ⋅ d1(z,Zi,µi(y)))0⩽i<k).

ϕn(y, z;λ, ε, µ, δ) fλ(y, z) = gε,µ,δ,n(y, z) ∆(y, z; s,λ, ε, µ, δ, n) ∶= Ξ(y; s) ∪
{ϕn(y, z;λ, ε, µ, δ) ∶ n ∈ } p ∈ S∆y,z(M) ε0 ∈ E(M) (uε0,δ)δ∈D
Γ q p∣Ξ (y, z) ⊧ p
µ0 ∈ Λ(M) λ ∈ Λ(M) η ∈ H(M) n
val(ti(y, z,λ)) = qηi(y) + ni ⋅ d1(y,Zi,µ0,i(x)) y ⊧ p∣Ξ δi ∈ D(M)
qηi(y) = uε0,δi(y)

fλ(y, z) = h((val(ti(y, z,λ)))0⩽i<k)= h((uε0,δi(y) + ni ⋅ d1(y,Zi,µ0,i(x)))0⩽i<k)= gε0,µ0,δ,n
(y, z).

p p(gε0,µ0,δ,n,
)δ∈D,n∈ f p δ Γ

Γ Γ∎

ACVFG ACVFeqA Γ



ACVF

∎
Γ Γ

f p

C ACVF Γ

L ⊇ Ldiv T ⊇ ACVF C L
C n + 1

n

∆
∆ L

∆

K +∞ K−∞
B[l] B[l]st

B +∞ Ḃ−∞ B ∶= B ∪ Ḃ l ∈ >0 B[l] ∶= {B ⊆ B ∶ ∣B∣ ⩽ l}
B[l]st ∶= {B ∈ B[l] ∶ B}

B ∈ B[l] ⋃b∈B b B(B)

B

B[l]st
b {val(x − y) ∶ x, y ∈ b}

∅ ∈ B[l]st



B[l]st B1 B2 ∈ B[l]st
B1 ⊂ B2 ⊂ B1

B2

B1 B2

B ∈ B[l]st ∖ {∅} B grad(B)(γ,0) B γ (γ,1) γ(Γ ∪ {−∞,+∞}) × {0,1}∅ (+∞,1)
B ∈ B[l]st

(Bi)i∈I ⊆ B[l]st i0 Bi0

Bi I(⋂i (Bi)) ⊆ Bi0 (ij)0<j⩽l ∈ I ⋂i (Bi) = ⋂l
j=0 (Bij)

b ∈ Bi0 ⋂i (Bi) ∩ b ≠ ∅ b ⊆ ⋂i (Bi) ⋂i (Bi) = ({b ∈ Bi0 ∶
b ∩⋂iBi ≠ ∅}) (⋂i (Bi)) ⊆ Bi0 ⋂i (Bi) ∩ b = ∅ ib

b ∩ (Bib) = ∅ ⋂i (Bi) Bi0 Bib

l ∎
di(B1,B2)

b1 b2 ∈ B b1 ∩ b2 = ∅ d(b1, b2) val(x1 − x2) xi ∈ bi
xi b1 ⊆ b2 d(b1, b2) =

min{rad(b1), rad(b2)}
B1 B2 ∈ B[l] D(B1,B2) ∶= {d(b1, b2) ∶ b1 ∈ B1 b2 ∈ B2}

D(B1,B2) d1 > d2 > ⋯ > dk i ⩽ k di(B1,B2) ∶= di
d0(B1,B2) ∶= min{rad(B1), rad(B2)} d1(B1,B2)(B1) ∩ (B2) ≠ ∅ di(B1,B2)

i ⩽ l2 i > k di(B1,B2) = dk
M ⊧ T F = (Fλ)λ∈Λ L(M) Kn → B[l]st
Λ L(M) ∆(x, y; t) L x ∈ Kn

y ∈ K t (Fλ(x))
Fλ(x) n = 0

∆ F
∆ F λ∅ λK ∈ Λ x ∈Kn Fλ∅(x) = ∅

FλK(x) = {K} p ∈ S∆x,y(M) p(x, y)



ACVF

◻ ∈ {=,⊆} λ (µi)0⩽i<l ∈ Λ(M) Fλ(x) ◻⋃0⩽i<l Fµi
(x)

◻ ∈ {=,⊆} λ (µi)0⩽i<l ∈ Λ(M) Fλ(x) ◻⋃i<l Fµi(x)
λ1 λ2 µ ∈ Λ(M) Fµ(x) = Fλ1(x) ∩ Fλ2(x)
λ ∈ Λ(M) Fλ(x)
◻ ∈ {=,⩽} λ µ1 µ2 ∈ Λ(M) i ⩽ l2 rad(Fλ1(x)) ◻ di(Fµ1(x), Fµ2(x))

y
p p SLx(M)

∆ F p ∈ S∆x,y(M)
F p λ1 λ2 ∈ Λ(M)

µ ∈ Λ(M)
p(x, y) ⊢ Fµ(x) = Fλ1(x) ∩ Fλ2(x).

F
p

λ ∈ Λ(M) Fλ p µ ∈ Λ(M) p(x, y) ⊢
Fµ(x) ⊆ Fλ(x) p(x, y) ⊢ Fµ(x) ≠ ∅ p(x, y) ⊢ Fµ(x) = Fλ(x)

F p λ ∈ Λ(M) Fλ
p

λ1 λ2 ∈ Λ(M) Fλ1 Fλ2 p p(x, y)
Fλ1(x)

Fλ2(x) p(x, y) ⊢ Fλ1(x) ∩ Fλ2(x) = ∅ p(x, y) ⊢ Fλ1(x) ∩ Fλ2(x) = Fλ1(x)
(a, c) ⊧ p (Fλ1(a) ∩ Fλ2(a)) ⊆ Fλ1(a)

µ p(x, y) ⊢ Fµ(x) = Fλ1(x) ∩ Fλ2(x)
Fµ(a) ⊆ Fλ1(a) Fµ(a) ≠ ∅ Fµ(a) = Fλ1(a) ∎

p L(M) Λp ∶= {λ ∈ Λ ∶ Fλ p} L(M)L(M) (Fλ)λ∈Λp p

Λp p(Fλ)λ∈Λp ∎
F p



(∆, F ) E p
E ⊂ Λ(M) Ψ∆,F (x, y; t,λ) ∆(x, y; t) ∪ {y ∈ Fλ(x) ∧ λ ∈ Λ}

αE/p(x, y) (∆, F ) E p Ψ∆,F

p(x, y) ∪ {y ∈ Fλ(x) ∶ λ ∈ E}∪ {y ∉ Fµ(x) ∶ µ ∈ Λ(M) λ ∈ E, p(x, y) ⊢ Fµ(x) ⊂ Fλ(x)}.
∆ F

αE/p ∆ F

E ⊂ Λ(M) αE/p αE/p Ψ∆,F

αE/p
µ ∈ Λ(M) λ ∈ E p(x, y) ⊢ Fµ(x)∩Fλ(x) = ∅
αE/p(x, y) ⊢ y ∉ Fµ(x) λ ∈ E p(x, y) ⊢ Fλ(x) ⊆

Fµ(x) αE/p(x, y) ⊢ y ∈ Fµ(x) λ ∈ E p(x, y) ⊢ Fµ(x) ⊂ Fλ(x)
αE/p(x, y) ⊢ y ∉ Fµ(x) ∎

q ∈ SΨ∆,F
x,y (M) αE/p p ∶= q∣∆ E = {λ ∈ Λ(M) ∶ q(x, y) ⊢

y ∈ Fλ(x)} q = αE/p
y ∆

y ∆(x, y; t) E ⊆ Λ(M)
λ1 λ2 ∈ E p(x) ⊢ Fλ1(x)∩Fλ2(x) ≠ ∅ αE/p∣M
Ψ∆,F M

λi ∈ E µj ∈ Λ(M)
λ ∈ E p(x) ⊢ Fµj

(x) ⊂ Fλ(x) p(x) ⊢ ⋂iFλi(x) ⊆ ⋃j Fµj
(x)

⋂iFλi(x) E
λ ∈ E p(x) ⊢ Fλ(x) ⊆ ⋃j Fµj

(x) x ⊧ p b
Fλ(x) ⋃j Fµj(x)

b ⊆ Fµ1
(x)

Fλ(x) Fµ1(x)
Fµ1
(x) ∩ Fλ(x) = Fλ(x) Fλ(x) ⊆ Fµ1

(x) ∎
Θ L Ψ∆,F

Θ
Kn+1 Ψ∆,F ∆ F

Ψ∆,F

Θ(x, y; t) L x ∈ Kn y ∈ K L(Fλ)λ∈Λ Kn → B[l] L ∆(x; s)
Ψ∆,F Θ



ACVF

ϕ(x, y; t) Θ a ∈K c ∈M ϕ(a,M ; c)⋃i(bi∖bi,j) bi
bi,j ac l ∈ >0 L(c)
Hϕ,c ∶ Kn → B[l] Gϕ,c ∶ Kn → B[l] M ⊧ ∀y (y ∈ Hϕ,c(a) ∖ Gϕ,c(a) ⇐⇒
ϕ(a, y; c)) L (Hi,ϕ,c)c(Gi,ϕ,c)c Kn →B[li,ϕ] c a i
ϕ(a, y; c) ⇐⇒ y ∈ Hi,ϕ,c(a) ∖ Gi,ϕ,c(a) l li,ϕL (Fλ)λ∈Λ Kn → B[l]

ϕ ∈ Θ i c µ ν ∈ Λ Hi,ϕ,c = Fµ Gi,ϕ,c = Fν
∆(x; t, µ, ν) = {∀y (ϕ(x, y; t) ⇐⇒ y ∈ Fµ(x) ∖ Fν (x)) ∶ ϕ ∈ Θ}

p ∈ SΨ∆,F
x,y (M) ϕ ∈ Θ c ∈ M µ ν ∈ Λ(M) p(x, y) ⊢

ϕ(x, y; c) ⇐⇒ y ∈ Fµ(x)∖Fν (x) p(x, y) ⊢ y ∈ Fµ(x)∧ y ∉ Fν (x)
p(x, y) ⊢ ϕ(x, y; c) p(x, y) ⊢ ¬ϕ(x, y; c) ∎

∆ F

B[l]st
A ⊆ M (Fλ)λ∈Λ L(A) Kn → B[l]L(A) (Gω)ω∈Ω Kn → B[l]st λ(ωi)0⩽i<l Fλ(x) = ⋃iGωi(x) ω λ Gω(x) ⊆ Fλ(x)

Gλ,i,j(x) ∶= {b ∈ Fλ(x) ∶ b j = 0 b
i Fλ(x)}

G = (Gω)ω∈Ω L(A)
x Gω(x) ∈ B[l]st x λ Gλ,i,j(x) ⊆ Fλ(x) Fλ(x) =⋃i,j Gλ,i,j(x) l ∎

F p λ µ ∈ Λ(M)
p(x) ⊢ Fµ(x) ⊆ Fλ(x) κ ∈ Λ(M)

p(x) ⊢ Fλ(x) = Fµ(x) ⊍ Fκ(x).
p Fλ(x) =

Fµ(x) ∪ Fκ(x) Fµ(x) ∩ Fκ(x) = ∅
F = (Fλ)λ∈Λ L(M) Kn → B[l]st ∆(x; t)L F p ∈ S∆x (M) F
p Λp ∶= {λ ∈ Λ ∶ Fλ p} λ ∈ Λ(M)(λi)0⩽i<l ∈ Λp(M) p(x) ⊢ Fλ(x) = ⋃iFλi(x)

x ⊧ p ∣Fλ(x)∣ µ ∈ Λ(M)
Fµ(x) ⊂ Fλ(x) Fµ(x) ≠ ∅ κ ∈ Λ(M) Fλ(x) = Fµ(x)⊍Fκ(x)



Fµ(x) Fκ(x) ∣Fλ(x)∣ ⩽ l
l ∎

A ⊆ M (Fλ)λ∈Λ L(A) Kn → B[l]st ∆(x; t)L L(A) (Gω)ω∈Ω Kn →B[l]stL Θ(x; t, s) ⊇ ∆(x; t) Θ G
p ∈ SΘx (M)

G p

ω ∈ Ω(M) λ ∈ Λ(M) p(x) ⊢ Gω(x) ⊆ Fλ(x)
λ ∈ Λ(M) ω ∈ Ω(M) p(x) ⊢ Fλ(x) = Gω(x)
ω ∈ Ω(M) (ωi)0⩽i<l ∈ Ωp(M) p(x) ⊢ Gω(x) = ⋃iGωi(x)

Ωp ∶= {ω ∈ Ω ∶ Gω p}
F∅ {K} Hλ(x) ∶= (⋂i⩽l Fλi(x))

H = (Hλ)λ∈Λl+1 H
∆(x; t) Ξ(x; s) H p ∈ SΞx(M)

x Fλ(x)
r + 1 H Ξ

H H Ξ p
H

B ∈ B[l]st B1 B B0 B
ε ∈ {0,1} Hε

µ(x) (Hµ(x))ε
B ∈ B[l]st (Ci)i⩽r ⊆ B

B C0∩B B[l]st ⋂j<l⋃k<l(Cεj,k
j,k ∩

B) Cj,k Ci εj,k ∈ {0,1}
B[l]st B⋂j ⋃k(Cεj,k

j,k ∩B)
⋂kC

εj,k
j,k ∩B j

l B
k C

εj,k
j,k ∩B

l b ∈ B j
b ⋃k(Cεj,k

j,k ∩B) ⧫
Gν,µ,ε(x) = ⋂i<l⋃j<l((Hεi,j

µi,j(x)) ∩Hν(x)) Hµi,j ⊆ Hν(x) Hν(x)
Ξ Θ(x; t, s, u)

G

Gν,µ,ε(x) ∩Gσ,τ ,η(x) =⋂
i,k
⋃
j,r
( (Hεi,j

µi,j(x)) ∩ (Hηk,r
τk,r (x)) ∩Hν(x) ∩Hσ(x)).



ACVF

H ρ Hρ(x) =Hν(x)∩Hσ(x)( (Hεi,j
µi,j(x))∩Hρ(x)) ⊆Hρ(x) ( (Hηk,r

τk,r (x))∩
Hρ(x)) ⊆Hρ(x) G

p Gν,µ,ε(x) ⊆ Gσ,τ ,η(x) G0
ν,µ,ε(x)∩

Gσ,τ ,η(x) G G p ∎

b ACVF αb

b X
ACVF αb ⊢ x ∈ X b′ ∈ B b′ ⊂ b

b ∖ b′ ⊆ X X X
αb αb(x) ⊢ x ∈ X

αb L̃L̃ ACVF (bi)i∈I P ∶= ⋂i bi
P L̃

b αb(x) ⊢ x ∈ X(bi)0⩽i<k b
x ∈ K x ∈ b ∖ ⋃i bi ⇒ x ∈ X

αb L̃L̃ k ∃∞L T ∃∞ L
ϕ(x; s) n ∈ M ⊧ T m ∈ M ∣ϕ(M ;m)∣ < ∞∣ϕ(M ;m)∣ ⩽ n

αE/p
E p

L M L
L

p L(M) p L L
ϕ(x; s) L(M) θ(s) m ∈M

M ⊧ θ(m) p(x) ⊢ ϕ(x;m).
A ⊆M θ L(A) p LL(A)



p L L L
∆ ∆(x; t) L

p ∈ S∆x (M) L L(A)L(A) ∆ ϕ(x; t) ∈∆ L(A)
θ(t) m ∈M ϕ(x;m) ∈ p M ⊧ θ(m)

∆(x; t) L p ∈ S∆x (M) L M(ℵ0 + ∣∆∣)+ N ≽M p∣N L
ϕ(x; s) L L p θ(s)

m ∈M p∣M(x) ⊢ ϕ(x;m) M ⊧ θ(m)
ψi(x;mi) ∈ p∣M M ⊧ dpxψi(x;mi)

dpxψi(x; ti) L(M) p ψi

M ⊧ ∀x ⋀iψi(x;mi)⇒ ϕ(x;m)
θ(s)⇒ ⋁

ψ∈∆
∃t (⋀

i⩽ddpxψi(x; ti) ∧ (∀x ⋀
i⩽dψi(x; ti)⇒ ϕ(x; s))).

ℵ0 + ∣∆∣ M(ℵ0 + ∣∆∣)+ (ψj)0⩽j<k
θ(s)⇒ ⋁

0⩽j<k∃t (⋀i⩽ddpxψj,i(x; tj,i) ∧ (∀x ⋀
i⩽dψj,i(x; tj,i)⇒ ϕ(x; s))).

N ⊧M m ∈ N N ⊧ θ(m)
p∣N ⊢ ϕ(x;m)

m ∈ N N ⊧ ¬θ(m) p∣N ⊢ ϕ(x;m)(ψi(s;mi))0⩽i<k ∈ p∣N N ⊧ ∀x ⋀ψi(x;mi)⇒ ϕ(x;m)
N ⊧ ∃s¬θ(s) ∧ ∃t (⋀

i
dpxϕi(x; ti) ∧ (∀x ⋀ψi(x;mi)⇒ ϕ(x;m))).

N ≽M M L p ∎
L ∶= E M L

E
∆(x; t) ∶= {x = t} p ∶= {x ≠ m ∶ m ∈ M}{m ∈ M ∶ p(x) ⊢ xEm} = ∅ p L
N ≽M {n ∈ N ∶ p∣N(x) ⊢ ¬xEn} =M N ≠M



ACVF

A ⊆M M ∣A∣+ ∣A∣+ p L
Aut(M/A) L L(A)

ϕ(x; s) L θ(s) L m ∈
M M ⊧ θ(m) p(x) ⊢ ϕ(x;m) σ ∈ Aut(M/A) m ∈ M
M ⊧ θ(m) p = σ(p) ⊢ θ(x;σ(m)) M ⊧ θ(σ(m)) θ(M)

Aut(M/A) ∎
L ⊇ Ldiv T ⊇ ACVF C LR L L̃ L T̃ L̃ T

M̃ ⊧ T̃ M ∶= M̃ ∣L k T̃
k ∃∞

Ã ⊆ M̃ A ∶= R(Ã) F = (Fλ)λ∈Λ L(A) Kn → B[l]st
∆(x, y; t) L x ∈Kn y ∈K p ∈ S∆x,y(M)

∆ F F p
p

F p E ⊆ Λ(M)(λi)0⩽i<k ∈ Λ(M) µ ∈ E p(x, y) ⊢ Fλi(x) ⊂ Fµ(x) (κj)0⩽j<l ∈
Λ(M)

j p(x, y) ⊢ Fκj(x)
µ ∈ E j p(x, y) ⊢ Fκj(x) ⊆ Fµ(x)
i p(x, y) ⊢ Fλi(x) ⊆ ⋃j Fκj(x)
E = {λ0} p(x, y) ⊢ Fλ0(x)

κj = λ0
p(x, y) ⊢ Fλ0(x) EE ⊆ Λ L̃(Ã) E ⊆ Λ L̃(Ã)

E(M̃) p λ ∈ E(M̃) µ ∈ E(M̃)
p(x, y) ⊢ Fµ(x) ⊂ Fλ(x)
λ0 ∈ E(M̃) λ ∈ E(M̃) p(x, y) ⊢ Fλ0(x) ⊆ Fλ(x) p(x, y) ⊢

Fλ0(x)
p L̃ L̃(Ã) F p αE(M̃)/pL̃ L̃(Ã)

ϕ(x, y; t) L̃ m ∈ M̃ αE(M̃)/p(x, y) ⊢
ϕ(x, y;m) λ0 ∈ E(M̃) (λi)0<i<k ∈ Λ(M)



µ ∈ E(M̃) i > 0 p(x, y) ⊢ Fλi(x) ⊂ Fµ(x) p(x, y) ⊢ y ∈ Fλ0(x) ∖⋃i>0Fλi(x)⇒
ϕ(x, y;m) (κj)0⩽j<l ∈ Λ(M)
j p(x, y) ⊢ Fκj(x) µ ∈ E(M̃) j p(x, y) ⊢ Fκj(x) ⊆ Fµ(x)

i > 0 p(x, y) ⊢ Fλi(x) ⊆ ⋃j Fκj(x)E(M̃) p µ ∈ E(M̃) j
p(x, y) ⊢ Fκj(x) ⊂ Fµ(x) E(M̃) Fλ0(x)

Fκi(x) p(x, y) ⊢ Fκj(x) ⊂ Fλ0(x)⋃j Fκj(x) ⋃iFλi(x)
p(x, y) ⊢ y ∈ Fλ0(x) ∖ ⋃

0⩽j<lFκj(x)⇒ ϕ(x, y;m).
L̃ L̃(Ã) p L(A) F L̃(Ã)

δ1(κ, µ) p(x, y) ⊢ Fκ(x) ⊂ Fµ(x) L̃(Ã) δ2(λ0,κ,m)
p(x, y) ⊢ y ∈ Fλ0(x) ∖ ⋃j<l Fκj(x) ⇒ ϕ(x, y;m)
m ∈ M̃ αE(M̃)/p(x, y) ⊢ ϕ(x, y;m)

M̃ ⊧ ∃λ0 ∈ E ∃κ ∈ Λ ⋀
j<l∀µ ∈ E δ1(κj, µ) ∧ δ2(λ0,κ,m).

∎
F p λ1 λ2 ∈ Λ(M)

p(x, y) ⊢ Fλ1(x) ⊂ Fλ2(x) (µi)0⩽i<l ∈ Λ(M)
i p(x, y) ⊢ Fµi(x)
i p(x, y) ⊢ rad(Fλ2(x)) = rad(Fµi(x))

p(x, y) ⊢ Fλ1(x) ⊆ ⋃iFµi
(x)

Fλ2(x) µi = λ2
Fλ2(x)

λ0 ∈ E(M̃) λ ∈ E(M̃) p(x, y) ⊢ Fλ0(x) ⊆ Fλ(x)
p(x, y) ⊢ Fλ0(x) p L̃ L̃(Ã)

F p αE(M̃)/pL̃ L̃(Ã)
Fλ0(x) +∞ Fλ0(x)

Fλ(x) αE(M̃)/p ⊢ ϕ(x, y;m)
p(x, y) ⊢ y ∈ Fλ0(x)⇒ ϕ(x, y;m) L̃ L̃(Ã)

p Fλ0(x)+∞



ACVF

(Yα,x)α∈A,x∈Kn ⊆ {b ∶ b b′ ∈ Fλ0(x)}L̃(M̃) k α ∈ A x ∈Kn

∣Yα,x∣ ⩾∞ ∣Yα,x∣ ⩽ k
Bγ(a) γ a

Y1,α,x,a,c ∶= {b ∈ B ∶ b ∈ Yα,x b Bval(c)(a)}
b Bval(c)(a) {(x − a)/c ∶ x ∈ b} MO k resa,c(b) resa,c

Y2,α,x,a,c ∶= resa,c(Y1,α,x,a,c)
Y2 = (Y2,α,x,a,c)α,x,a,c L̃(M̃) k

k TL̃(k(M̃)) (Xd)d∈D D ⊆ kr r (α, x, a, c)
d ∈D Y2,α,x,a,c =Xd k∃∞ k d ∈ D ∣Xd∣ ⩾∞ ∣Xd∣ ⩽ k(α, x, a, c) ∣Y1,α,x,a,c∣ ⩾∞ ∣Y1,α,x,a,c∣ ⩽ k l Fλ0(x)

k
Yα,x x α ∣Yα,x∣ ⩾∞ ∣Yα,x∣ ⩽ lk ⧫

Xm ∶= {λ ∶ p(x, y) ⊬ y ∈ Fλ(x) ⇒ ϕ(x, y;m) p(x, y) ⊢ Fλ(x)
Fλ0(x) } L̃ p XmL̃(M̃) Ym,x ∶= {b ∶ ∃λ ∈ Xm, b ∈ Fλ(x)}

k m x ∣Ym,x∣ <∞ ∣Ym,x∣ ⩽ k
αE(M̃)/p(x, y) ⊢ ϕ(x, y;m)(µi)0⩽i<r ∈ Λ(M) p(x, y) ⊢ Fµi

(x) ⊂ Fλ0(x) p(x, y) ⊢ y ∈ Fλ0(x) ∖⋃iFµi
(x)⇒ ϕ(x, y;m) F p

p(x, y) ⊢ Fµi(x)
Fλ0(x)

Xm(M) ⊆ {λ ∈ Λ(M) ∶ i p(x, y) ⊢ Fλ(x) = Fµi(x)}∣Ym,x∣ <∞ ∣Ym,x∣ ⩽ k
λ ∈Xm x, y ⊧ p y ∈ Fλ(x) Fλ(x)

Fλ0(x) ⊧ ¬ϕ(x, y;m) y ∈ ⋃iFµi
(x)

y ∈ Fµ0
(x) Fµ0

(x) ∩ Fλ(x) ≠ ∅
Fµ0
(x) ∩ Fλ(x) = Fκ(x) κ = λ κ = µ0 Fλ(x) = Fµ0(x)

p p
Ym,x ⊆ ⋃iFµi(x) ∣Ym,x∣ ⩽ rl <∞ ⧫
(x, y) ⊧ p k ⋃iFµi(x) ϕ(x,F λ0(x);m)

i Fµi(x) ⊆⋃k
j=1Fµj(x)

p(x, y) ⊢ k⋀
j=1Fµj

(x) ⊂ Fλ0(x) ∧ (y ∈ Fλ0(x) ∖ k⋃
i=1Fµi

(x)⇒ ϕ(x, y;m)).
∎



p L̃ L̃(Ã) F
p αE(M̃)/p L̃ L̃(Ã)

E(M̃)
E λ ∈ Λ Fλ

K ∎

di(B1,B2)
i B1 B2

F p λ1 λ2 ∈ Λ(M) i ∈(µj)0⩽j<l ∈ Λ(M)
j p(x, y) ⊢ Fµj(x)
j p(x, y) ⊢ rad(Fµj(x)) = di(Fλ1(x), Fλ2(x))

p(x, y) ⊢ Fλ1(x) ⊆ ⋃j Fµj
(x)

p(x, y) ⊢ Fλ1(x) p(x, y) ⊢ rad(Fλ1(x)) < di(Fλ1(x), Fλ2(x))(ρj)j<l ∈ Λ(M)
j p(x, y) ⊢ Fρj(x)
j p(x, y) ⊢ rad(Fρj(x)) = di(Fλ1(x), Fλ2(x))

p(x, y) ⊢ Fλ1(x) ⊆ ⋃j Fρj(x)

∆(x, y; t) Θ(x, y; s) L x ∈ Kn (Fλ)λ∈Λ(Gω)ω∈Ω L Kn → B[l]st (Θ,G, x)(∆, F, x) L(M) p ∈ SΘx (M)
Θ G

(Gω)ω∈Ωp p

(Gω)ω∈Ωp p

p ∆



ACVF

λ ∈ Λ(M) (ωi)0⩽i<l ∈ Ωp(M) p(x, y) ⊢
Fλ(x) = ⋃iGωi(x)
Ωp ∶= {ω ∈ Ω ∶ Gω p}

(Θ,G, x)

(Fλ)λ∈Λ L Kn → B[l]st ∆(x; t)L x ∈Kn (Ψ,G, x) (∆, F, x)

(Hρ)ρ∈P L Kn → B[l]st Ξ(x; t, s) ⊇ ∆(x; t)L H H
Ξ λ ∈ Λ ρ ∈ P Hρ = Fλ

λ µ η ∈ Λ i ⩽ l2 Hλ,µ,η,i,1(x)
di(Fµ(x), Fη(x)) Fλ(x) Fλ(x)

di(Fµ(x), Fη(x)) Hλ,µ,η,i,0(x)
di(Fµ(x), Fη(x)) Fλ(x)

Hλ,µ,η,i,0(x) di(Fµ(x), Fη(x))
Fλ(x) H L

∆ Ξ(x; t, s) H
p ∈ SΞx(M) x ⊧ p

λk µk

ηk ∈ Λ(M) ik jk ∈ k ∈ {1,2} r ∈ dr(Hλ1,µ1,η1,i1,j1(x),Hλ2,µ2,η2,i2,j2(x))
Hλk,µk,ηk,ik,jk(x) dik(Fµk

(x), Fηk(x))
Hλk,µk,ηk,ik,jk(x)

Fλk(x) Hλ1,ηk,µk,ik,1

m Hλ1,λ1,λ2,m,1(x)
Fλ1(x) ⧫

F ∆ (Gω)ω∈Ω L(M)
Kn →B[l]st Θ(x; s) L

G p ∈ SΘx (M)
ω ∈ Ω(M) λ ∈ Λ(M) p(x) ⊢ Gω(x) ⊆ Fλ(x)
λ ∈ Λ(M) (ωi)0⩽i<l ∈ Ω(M) p(x) ⊢ Fλ(x) = ⋃iGωi(x)



G Θ

ω1 ω2 ∈ Ω(M) i ∈ >0 x ⊧ p λ1 λ2 ∈ Λ(M)
Gωk
(x) ⊆ Fλk(x) di(Gω1(x),Gω2(x))

Fλk(x)
Gω1(x) Gω2(x) Fλ1(x) Fλ2(x)

F (µj)0⩽j<l ∈ Λ(M)
Gω1
(x) ⊆ Fλ1(x) ⊆ ⋃j Fµj

(x) j Fµj(x)
di(Gω1(x),Gω2(x)) (ρj,k)0⩽k<l ∈ Ω(M) Fµj(x) =⋃kGρj,k(x) ρ Gω1(x) l

Gω1(x)
Gω1 Gω2 Fλ1 Fλ2 ⧫

F∅ {K} (Hρ)ρ∈P Ξ(Gω)ω∈Ω Θ(x;u) p ∈ SΘx (M)
(Gω)ω∈Ωp ∎

(∆(x; t), (Fλ)λ∈Λ, x) p ∈ S∆x (M) L(M)
Fp = (Fλ)λ∈Λp p

x ⊧ p λ1 λ2 ∈ Λp(M) Fλ1(x) ⊂ Fλ2
Fλ1(x) ⊂ Fλ2 µj ∈

Λp(M) Fµj(x) rad(Fλ2) Fλ1(x) ⊆ ⋃j Fµj(x)
E ⊆ Λp(M) (λi)0⩽i<k ∈ Λp(M) µ ∈ E Fλi(x) ⊂ Fµ(x)

µ1 µ2 ∈ E Fµ1(x) Fµ2(x)
F µ1(x) ∩ F µ2(x) ⊇ Fλ0(x) ≠ ∅ Fµ1

(x) ⊆ Fµ2
(x)⋂λ∈E Fλ(x) y1 ≡ y2 µ ∈ E y1 y2

Fµ(x) y1 y2
µ ∈ E y1 y2 Fµ(x)

η Fη (x) ⊆ Fµ(x) l
µ0

Fµ0(x)
Fµ(x) µ ∈ E (Pj)j∈J

j Bj = {b ∈ ⋃iFλi(x) ∶ b ⊆ Pj} Rj ∶= {d(b1, b2) ∶ b1, b2 ∈ Bj} ∪{rad(b) ∶ b ∈ Bj} γ
µj ∈ Λp(M) Fµj(x) γ
b0 Bj b0 γ
Rj κ ∈ E b ∈ Bj b ⊂ Fκ(x) rad(b0) = d(b1, b2)

b1 b2 ∈ Bj b1 b2 Fκ(x) rad(b0) =
d(b1, b2) ⩽ rad(Fκ(x)) rad(b0) = rad(b) b ∈ Bj b

Fκ(x) rad(b0) = rad(b) ⩽ rad(Fκ(x)) b0 ⊆ Fµ(x)



ACVF

ηj Fηj(x) = Fµj
(x) ∩ ⋂κ∈E Fκ(x) ηj

Fηj(x) ⊆ Fµj(x) Fηj(x) κ ∈ E Fηj(x) ⊆
Fκ(x) i Fλi(x) ⊆ ⋃j Fµj

(x) κ ∈ E Fλi(x) ⊆ Fκ(x)
Fλi(x) ⊆ ⋃j Fηj(x) r ηj ∎

L̃ ⊇ L ⊇ Ldiv R L T ⊇ ACVF CL Γ T̃ L̃
T Ñ ⊧ T̃ N ∶= Ñ ∣L Ã = acleqL̃ (Ã) ⊆ Ñ eq A ∶= R(Ã)

k Γ T̃ k
Γeq ∃∞ eq L̃ Γ

M̃ ⊧ T̃ M̃ ∣L

Y ⊂Kn+1 L̃eq(Ã) (∆(x, y; t), (Fλ)λ∈Λ, x)
x ∈Kn p(x, y) ∈ S∆x,y(N) L(A) L̃eq L̃eq(Ã)

Y g = (gγ)γ∈G L(N)
Kn → Γ Γ (rad ○ Fλ)λ∈Λ p

L(A) q(x, y) ∈ SΨ∆,F
x,y (N) L̃eq L̃eq(Ã)

p Y

q = αE/p
E

! Λp ∶= {λ ∈ Λ ∶ Fλ p}
λ ! µ p(x, y) ⊢ y ∈ Fλ(x) ∧ (x, y) ∈ Y ⇒ y ∈ Fµ(x)L̃eq L̃eq(Ã) p ! L̃eq(Ã) ∼

λ ∼ µ p(x, y) ⊢ (y ∈ Fλ(x) ∧ (x, y) ∈ Y ) ⇐⇒ (y ∈
Fµ(x) ∧ (x, y) ∈ Y ) ! Λp/∼ !

λ λ̂ ⊆ Λp ∼ λ Λp/∼
λ ∈ Λp(N) Fλ(x) = {K} x
λ ∈ Λp(N) Fλ(x) = ∅ x K̂

Λp/∼ ∅̂ p Y K̂ ≠ ∅̂
λ ∈ Λp ∖ ∅̂ ! {µ̂ ∶ µ ∈ Λp ∧ λ ! µ}



Ñ µ1 µ2 ∈ Λp(N) λ ! µi

λ ∉ ∅̂ (x, y) ⊧ p y ∈ Fλ(x) (x, y) ∈ Y λ ! µi

y ∈ Fµi
(x) Fµ1

(x) ∩ Fµ2
(x) ≠ ∅

Fµ1
(x) ⊆ Fµ2

(x) Fµ2
(x) ⊆ Fµ1

(x)
µ1 ! µ2 ⧫

((Λp/∼)∖{∅̂},!)
Γ h(λ) ∶= (∂prad(Fλ),0) p(x, y)

Fλ(x) h(λ) ∶= (∂prad(Fλ),1) p ∂p

h Γ h⋆ ∶ λ̂↦ ⌜h(λ̂)⌝
Γ h⋆ Γeq

λ ∈ Λp ∖ ∅̂ h⋆ {µ̂ ∶ λ ! µ}
Ñ µ1 µ2 λ ! µi(x, y) ⊧ p Fµ1

(x) ⊆ Fµ2
(x) (x, y) ⊧

p µ̂1 ≠ µ̂2 Fµ1
(x) ⊂ Fµ2

(x) rad(Fµ1(x)) < rad(Fµ2(x))
Fµ1(x) Fµ2(x) h(µ1) ≠ h(µ2)
ωi ∈ µ̂i h(ω1) ≠ h(ω2)

h⋆(µ̂1) ≠ h⋆(µ̂2) ⧫
λ ∈ Λp(N) ⌜λ̂⌝ ∈ Ã αλ̂(Ñ)/p λ̂(Ñ) p
Y p

Ψ∆,F αλ̂(Ñ)/p L̃eq L̃eq(Ã)
L̃eq(Ã) L(A)
q = αλ̂(Ñ)/p λ ∈ Λp(N) ⌜λ̂⌝ ∈ Ã
αλ̂(Ñ)/p Y

λ ∈ Λp(N) λ̂ ≠ ∅̂ αλ̂(Ñ)/p Y µ

µ̂ ! λ̂ ⌜µ̂⌝ ∈ acleqL̃ (Ã⌜λ̂⌝)
αλ̂(Ñ)/p Y µ0 ∈ λ̂(Ñ) (µi)0<i<k ∈ Λp(N)

µ ∈ λ̂(Ñ) p(x, y) ⊢ Fµi
(x) ⊂ Fµ(x)

p(x, y) ⊢ y ∈ Fµ0
(x) ∧ (x, y) ∈ Y ⇒ y ∈ k⋃

i=1F µi(x).
µi ◁ λ µi i µi ∉ ∅̂

p(x, y) ⊢ Fµi
(x) ∩ Fµj

(x) = ∅ i ≠ j
κ ∈ Λp(N) µi0 ! κ ! λ i0 κ ! λ p(x, y) ⊢ (y ∈

Fκ(x) ∧ (x, y) ∈ Y )⇒ (y ∈ Fλ(x) ∧ (x, y) ∈ Y )⇒ ⋁k
i=1(y ∈ F µi(x) ∧ (x, y) ∈ X)

µi0 ! κ p(x, y) ⊢ Fκ(x) ∩ Fµi0
(x) ≠ ∅ p(x, y) ⊢ Fκ(x) ⊆ Fµi0

(x) κ ! µi0

κ ∼ µi

i ≠ i0 p(x, y) ⊢ Fκ(x) ∩ Fµi
(x) ≠ ∅ p(x, y) ⊢

Fµi
(x) ⊆ Fκ(x) I = {i ∶ Fµi

(x) ∩ Fκ(x) ≠ ∅} p(x, y) ⊢ (y ∈
Fκ(x) ∧ (x, y) ∈ Y ) ⇐⇒ ⋁i∈I(y ∈ Fµi

(x) ∧ (x, y) ∈ Y )



ACVF

{κ̂ ∶ µi ! κ ! λ i}
µi κ µ̂i ◁ κ̂◁ λ̂ µ̂i

! λ̂ i µ̂i ∈ acleqL̃ (Ã⌜λ̂⌝) ⧫
λ ⌜λ̂⌝ ∈ Ã αλ̂(Ñ)/p Y

λ0 ∈ K̂(Ñ) (λi)i∈ω
λ̂i+1 ! λ̂i i ∣{µ̂ ∶ λ̂i ! µ̂}∣ = i + 1 = ∣h⋆({µ̂ ∶ λ̂i !

µ̂})∣ ∃∞ Γeq ∎
Y ⊆ Kn+m L̃eq(Ã) ∆(x, y; t) Θ(y; s) L∣x∣ = n ∣y∣ = m p ∈ S∆x,y(N) L(A) L̃eq L̃eq(Ã)

Y L Ξ(x, y; s, t, r) ⊇
∆ ∪ Θ L(A) q ∈ SΞx,y(N) L̃eq L̃eq(Ã)

p Y

∣y∣ ∣y∣ = 0 y =(z,w) ∣w∣ = 1 Φ(z;u) L
F = (Fλ)λ∈Λ L Km−1 →B[l] ΨΦ,F

Θ Fλ ∶Km−1 → B[l]st(Φ, F, z) F L
Kn+m−1 → B[l]st Gλ(x, z) = Fλ(z) T Γ
Υ(x, z; v) p ∈ SΥy (N) Γ (gγ)γ(rad ○Gλ)λ∈Λ p

∆0((x,w), z; t) ∶=∆(x, z,w; t) Θ0(z;u, v) ∶= Φ(z;u)∪Υ(z; v)
p L Ω(x,w, z; r) ⊇ ∆ ∪ Φ ∪ Υ L(A)
q1 ∈ SΩx,z,w(N) L̃eq L̃eq(Ã) p Y

g = (gγ)γ Γ (rad○Gλ)λ∈Λ q1∣Υ
Y (Ω,G, (x, z)) q1 g L(A) q2 ∈ SΨΩ,F

x,w,z(N)L̃eq L̃eq(Ã) q1 Y
Θ ΨΦ,F ΨΩ,F q2(ΨΩ,F ∪Θ) ∎

⋆L N L x = (xi)i∈I
P L P (N) ∶= {m ∈ Nx ∶ ∀ϕ ∈ P, N ⊧ ϕ(m)}(L, x) (L,⋆) x(L,⋆) (L,⋆) xL

x ∞
X (L̃eq(Ã), x) x K∣x∣ ⩽ ℵ0 ∣L ∣ ⩽ ℵ0 L(A) p ∈ SLx(N)

X



L
{ϕj(xj; tj) ∶ j < ω} L xj

x ∆−1 ∶= ∅ p−1 ∶= ∅ j
∆(x⩽j; sj) L L(A) pj ∈ S∆j⩽xj

(N) j < ω
∆j ∪ {ϕj} ⊆∆j+1 pj+1 L̃eq L̃eq(Ã) pj X

pj ∆j Yj+1 X
x⩽j+1 Yj+1 L̃eq(Ã)

∆j(x⩽j; sj) {ϕ(xj+1; tj+1)} pj Yj+1 Yj+1 X
pj pj+1 p1 pj+1 Y pj pj+1 X

p ∶= ⋃j<ω pj pj L(A) p ∎
p L̃eq pjL̃eq L̃eq(Ã)L̃eq L̃eq(Ã)

L L

L̃ ⊇ L ⊇ Ldiv ∣L̃∣ ⩽ ℵ0 R L T ⊇ ACVF
C L Γ T̃L̃ T K T̃

k Γ T̃ k Γeq

∃∞
M̃ ⊧ T̃ M̃ ∣L

Ñ ⊧ T̃ A = K(dclL̃(A)) ⊆ Ñ L̃(A) X ⊆ Kn

L̃ f ∶ Kn → Y f(X) = Y ∩ Z ZL(A) f

Ñ ⊧ T̃ L̃(Ñ) X p ∈ S L̃(Ñ)
X L̃(R(acleqL̃ (⌜X⌝)))

R
Ã = acleqL̃ (Ã) {p ∈ S L̃(Ã) ∶ p L̃(R(Ã))

} S L̃(Ã)



ACVF

R
T̃

Ã ∶= acleqL̃ (⌜X⌝) X ⊂Kn n K

L̃ π ∶ Kn → ∏Si n Si

X ⊆ ∏Si p Y ∶= π−1(X) L̃(R(acleqL̃ (⌜Y ⌝)))
π⋆p X L̃(R(acleqL̃ (⌜X⌝)))

F ∶= {f L̃ Kn} ∂ω(X) = ∏f∈F f(X)
∂ω(X) (L̃eq(Ã), I) I ∣I ∣ ⩽ ℵ0L(R(Ã)) p ∈ SLI (N) ∂ω(X)

∂ω(x) = (f(x))f∈F q = {x ∶ ∂ω(x) ⊧ p} q XL̃(R(Ã)) ϕ(x; s)L̃ x ∈ Kn K s
K m ∈ K(Ñ) (f ∶ Kn → Y ) ∈ FL̃ g Kl l f(ϕ(Ñ ;m)) = Y (Ñ) ∩ Z(Ñ) ZL(g(m)) Ñ (fi ∶ Kn → Yi) ∈ F L̃

gi L ψi(yi; t) m ∈ K(Ñ) i0
fi0(ϕ(Ñ ;m)) = ψi0(Ñ ; gi0(m)) ∩ Yi0(Ñ)

c1 c2 ⊧ q ∂ω(cj) ⊧ p j ∈ {1,2} ⊧ ϕ(c1;m)
fi0(c1) ∈ ψi0(Ñ ; gi0(m)) ∩ Yi0(Ñ) fi0(c1) ≡L fi0(c2) fi0(c2) ∈ Yi0(Ñ)
fi0(c2) ∈ ψi0(Ñ ; gi0(m))∩Yi0(Ñ) = fi0(ϕ(Ñ ;m)) fi0 ⊧ ϕ(c2;m)

ϕ(x;m) ∈ q ψi0(yi; gi0(m)) ∈ p
i0 fi0(ϕ(Ñ ;m)) = ψi0(Ñ ; gi0(m)) ∩ Yi0(Ñ)L̃(R(Ã)) ∎

A A

NIP M ≡ p

M ℵ0 γ ∈ Γ(M)
γ > n ⋅ val(p) n ∈ b ∶= {x ∈ K(M) ∶ val(x) = γ ∧ ac1(x) = 1}
b acl(⌜b⌝) b′ ⊆ b



rad(b′) − rad(b) ∈ ⋅val(p) (bi)i∈ bi ⊆ b
rad(bi) = rad(b)+ ival(p) x y ∈ ⋂i bi val(x) = val(y) = γ acn(x) = acn(y)

P = ∑i aiX i ∈ [X] i0 ai ≠ 0 i ≠ i0 val(ai0xi0) =
val(ai0yi0) < val(aixi) = val(aiyi) val(aixi) − val(ai0xi0) ⩾ n ⋅ val(p) n ∈

val(P (x)) = val(P (y)) acn(P (x)) = acn(P (y))
x ≡∅ y x y

b b ⋂i bi b
x y acl(b) b⋂i bi

Th( p)
∆

∆

T L R N ⊧ T L(N)
X L ϕ(x; s) p ∈ Sϕx(N) XL(R(acleq(⌜X⌝))) T R

M T̃ E L
X M ϕ(x, y) L E

A = R(acleqL̃ (⌜X⌝)) L(A) p ∈ Sϕx(M)
X X ϕ p(x) ⊢ x ∈

X σ ∈ Aut(M/A) σ(X) E σ(p) = p ⊢ x ∈ X
X ∩ σ(X) ≠ ∅ X = σ(X) ⌜X⌝ ∈ dcleq(A) =

dcleq(R(acleqL̃ (⌜X⌝))) X R ∎

L̃ T̃

T̃
T̃ R R

T T T̃ R ∎

T L A ⊆M M ⊧ T
L(A) X N ⊧ T N ⊆ A p ∈ S(N)

p Aut(N/A) X

T A



ACVF

N ⊧ T X L(A) p ∈ S(A)
X q ∈ S(N) Aut(N/A) p q

X
Inv(N/A) = {p ∈ S(N) ∶ p Aut(N/A) }

Inv(N/A) ⊆ S(N)
p ∈ S(N) ∖ Inv(N/A) ϕ(x; s) m ∈ N σ ∈ Aut(N/A)
ϕ(x;m) ∈ p ϕ(x;σ(m)) ∉ p {q ∈ S(N) ∶ ϕ(x;m) ∈ q

ϕ(x;σ(m)) ∉ q} = {q ∈ S(N) ∶ ϕ(x;m) ∧ ¬ϕ(x;σ(m)) ∈ q}
Inv(N/A) ⧫

p ∈ S(A) L(A) X ≠ ∅ qX ∈ Inv(N/A)
X L(A) X

FX ∶= ⟨X⟩ ∩ Inv(N/A) ≠ ∅ Xi ∈ p ∩iFXi = F⋀i Xi

Inv(N/A) q ∈ ⋂X∈pFX q ∈ Inv(N/A)
X ∈ p q ∈ FX ⊆ ⟨X⟩ q p ∎

T̃

∎



VDF

VDF
NIP ACVF

ACF

DCF0

ω DCF0

VDF ACVF
NIP

VDF

p
alg

VDF

VDF
VDF

ACVF W( p
alg)



VDF

VDF

DCF0

ACVF VDF

VDF

VDF
VDF

L∂ ∂ ∶ K → K
∂ ∶ k → k DVal L∂ M Γ(M)

k(M) (K(M),val,k)
x ∈ K val(∂(x)) ⩾ val(x)

DVal
∂

∂ω(x) (∂n(x))n∈
∂(K,val,∂) K ∂ P ∈ O(K)[X]

a ∈ O(K) val(P (∂ω(a))) > 0 mini{val( ∂
∂Xi

P (∂ω(a)))} = 0 c ∈ O
P (∂ω(c)) = 0 res(c) = res(a)

(K,val,∂) K val(CK) =
val(K) CK ∶= {x ∈K ∶ ∂(x) = 0}

VDF L∂
∂

val k



VDF

VDF VDF0 VDF0,0

ACVF ACVF0,0

ACVF VDF

L∂,div VDF

VDF DVal

VDF

Γ

k DCF0

VDF NIP

k Γ
k Γ

VDF NIP
ACVF NIP ∎

M ⊧ VDF CK(M)
K(M) CK(M)

VDF

VDF
VDF

ACVF

VDF

p



ACVF ((t))
VDF VDF

VDF
VDF

LG∂ LG ∂ ∶ K → K
VDFG LG∂ VDF

VDFG

DCF0

DOAG o ∃∞
k ⊧ DCF0 k((t ))

∂(∑i aiti) = ∑i ∂(ai)ti ∂(t) = 0 VDF

ϕ(x; s)L∂,div Ldiv ψ(u; t) n ∈ ϕ(x; s)
VDF ψ(∂n(x);∂n(s)) m ∈ Ñ ∂n L∂,div

ϕ(Ñ ;m) ψ(x,∂n(m)) ∩ ∂n(K∣x∣) ∎

CK

VDF L∂,div
L∣K L⋆∣K⋆ K⋆

VDF K∣CK



VDF K∣CK

K ⊧ DCF0 Γ ⊧ DOAG K((tΓ)) D(∑γ∈Γ aγtγ) =∑γ∈ΓD(aγ)tγ VDF CK((tΓ)) ∎
CK VDF

ACVF

M ⊧ VDF ϕ(x,m) K(M)
ϕ ψ(∂n(x),∂n(m)) ψ Ldiv

n ∈ x ∈ CK ϕ(x,m) ψ(x,0, . . . ,0,∂n(m))Ldiv(K(M)) CK(M) K(M)
K(M) K(M)∣CK(M)

val(K(M)) = val(CK(M))
CK MLdiv(CK(M)) CK(M) ∎

p
alg

W(Frobp)
acn Rn ∶= O/pnM

Fix(W( p
alg)) = p acn

x ∈W( p
alg) acn(x) ∶= resn(xy−1)acn(y) y ∈ p

val(x) = val(y) Lacσ,P
Pn

WFp ThLac
σ,P
(W( p

alg),W(Frobp),acn)
WFp

WFp Lacσ,P R Γ

∎
Fix(K) WFp

p

M ⊧WFp

M Fix(K)
Fix(K) M

(W( p
alg),W(Frobp)) WFp p



WFp K∣Fix(K)

Th( p) ∎

VDF

VDF
DCF0 a

∂ω(a) VDF
a

∂ω(a)
VDF VDF⟨A⟩∂ A ⟨A⟩⋅−1,∂

A

M ⊧ VDF C ⊆ M A ⊆ M C ⊆ A

dclLdiv
(⟨A⟩∂) = ⟨A⟩⋅−1,∂h ⊊ dclL∂,div

(A) a ∈ dclL∂,div
(A)⟨A⟩∂ aclLdiv

(⟨A⟩∂) ⊊ aclL∂,div
(A)

P (X) ∈ O(M)[X] a ∈ O(M) ε ∈M(M) Qa(∂ω(x)) = x−a+εP (∂ω(x))
Qa M val(Qa(a)) > 0 val(∂Qa

∂X0
(a)) = val(1) = 0

val(∂Qa

∂Xi
(a)) = val(ε)+val( ∂P∂Xi

(a)) > 0 σ Qa(x) = Qa(y) = 0
res(x) = res(a) = res(y) val(x − y) > 0 η ∶= x − y

Qa(y) = x + η − a + εP (x + η) = x + η − ε(∑
I

PI(a)ηI) = η + ε(∑∣I ∣>0PI(a)ηI).
η ≠ 0 val(εPI(a)ηI) > ∣I ∣val(η) ⩾ val(η) val(Qa(y)) = val(η) ≠ ∞

VDF

C = dcl(K(C)) k ã ∈ k
k[[ε]] M k

k(C) K(C)(ε) K(C)
a ã k k[[ε]]

M n ∈ res(K(C)(ε,∂n(a))) = k(C)(∂n(ã))
x−a−ε∂(x) = 0 k[[ε]] x = ∑xiεi xi ∈ k

∑xiε
i = aε0 +∑∂(xi)εi+1,

x0 = a xi+1 = ∂(xi) = ∂i+1(a) x ∈ ⟨C,a, ε⟩∂alg n ∈
x ∈ K(C)(∂n(a), ε)alg ∂n+1(ã) k(C)(∂n(ã))



VDF

σ ∶ k ∪ k(C) k(C)
k[[ε]]∪C C ∑xiεi ∈ k[[ε]] ∑σ(xi)εi x

K(C)(∂n(a), ε) ∎
K Γ

k

M ⊧ VDF A ⊆K(M)
Γ(dcl(A)) = Γ(acl(A)) = ⊗val(⟨A⟩⋅−1,∂) = val(⟨A⟩⋅−1,∂alg),

k(dcl(A)) = res(⟨A⟩⋅−1,∂) k(acl(A)) = res(⟨A⟩⋅−1,∂)alg = res(⟨A⟩⋅−1,∂alg).
Γ(acl(A)) = ⊗val(⟨A⟩⋅−1,∂)

Γ A
ϕ(x,val(a)) a ∈ ⟨A⟩∂ γ ∈ Γ(M) A

val(⟨A⟩∂) Γ

γ ∈ ⊗val(⟨A⟩⋅−1,∂) ⊗val(⟨A⟩⋅−1,∂) = val(⟨A⟩⋅−1,∂alg)⊗val(⟨A⟩⋅−1,∂) val(⟨A⟩⋅−1,∂) ⊆ Γ(dcl(A))
Γ(dcl(A)) = Γ(acl(A))

k
k A ϕ(x, res(a)) a ∈ ⟨A⟩⋅−1,∂

DCF0 ∎
K

M ⊧ VDF A ⊆K(M) K(acl(A)) ⟨A⟩⋅−1,∂alg
val(K(acl(A))) ⊆ Γ(acl(A)) = val(⟨A⟩⋅−1,∂alg)

res(K(acl(A))) ⊆ k(acl(A)) = res(⟨A⟩⋅−1,∂alg)
K(acl(A)) ⟨A⟩⋅−1,∂alg ∎

M ⊧ VDF A ⊆ K(M) K(dcl(A)) ⟨A⟩⋅−1,∂h⟨A⟩⋅−1,∂
res(K(dcl(A))) ⊆ k(dcl(A)) = res(⟨A⟩⋅−1,∂)

val(K(dcl(A))) ⊆ Γ(dcl(A)) = ⊗val(⟨A⟩⋅−1,∂) L ∶= K(dcl(A)) F ∶= ⟨A⟩⋅−1,∂h
c ∈ L val(c) ∈ ⊗val(F ) n nval(c) =

val(a) a ∈ F res(ac−n) ∈ res(L) = res(F ) u ∈ F



res(ac−n) = res(u) L L
h = dclLdiv

(L) = L v ∈ L
vn = ac−nu−1 (cv)n = au−1 ∈ F cn F

F

c L∂,div c K(M)
n n = 1 ∎

M ⊧ VDF A ⊆ CK(M) K(dcl(A)) = Frac(A)h K(acl(A)) = Frac(A)alg
K∣CK

CK K dcl(A) ⊆ CK(M) acl(A) ⊆
CK(M) CK ACVF ∎

ACVF VDFL L∂ x ∈ K x ∈ k ∂ω(x) (∂n(x))n∈
x ∈ Γ ∂ω(x) (x)n∈ x x∞(x(i))i∈ x(i) x LGLG∂ ACVF VDF

M ⊧ VDF A⩽M
∇ω ∶ SL∂

x (A)→ SLx∞(A) p

∇ω(p) ∶= {ϕ(x∞, a) ∶ ϕ L ϕ(∂ω(x), a) ∈ p}.

∇ω
SL∂
x (A) SLx∞(A) ∇ω

U = ⟨ϕ(x∞, a)⟩ ⊆ SLx∞(A)∇−1
ω (U) = ⟨ϕ(∂ω(x), a)⟩ ⊆ SL∂

x (A) ∇ω p q ∈ SL∂
x (A)

ϕ(x, a) L∂ p∖ q ϕ
θ(∂ω(x), a) L θ θ(x∞, a) ∈ ∇ω(p) ∖∇ω(q) ∎



R
R{X1, . . . ,Xm} m R[X(j)i ∶ j ∈

1 ⩽ i ⩽m] ∂ P ∈ R{X1, . . . ,Xm}
P ⋆ ∈ R[X(j)i ∶ j ∈ 1 ⩽ i ⩽m]

x L xK K xk

k xΓ Γ

Px L(A)
{val(∂(P )⋆(xK,∞)) ⩾ val(P ⋆(xK,∞)) ∶ P ∈K(A){xK}}∪ {P ⋆(xk,∞) = 0⇒ ∂(P )⋆(xk,∞) = 0 ∶ P ∈ k(A){xk}}∪ {x(i)j = res((PQ)⋆(xK,∞))⇒ x(i+1)j = res(∂(PQ)⋆(xK,∞)) ∶ i ∈ xj ∈ xk}∪ {x(i+1)j = x(i)j ∶ xj Γ }

Px(A) ⊆ SLx∞(A) A Px ∇ω(SL∂
x (A)) = Px(A)

res res(x, y) = res(x/y)
res(∂(PQ)⋆(xK,∞))

res(Q⋆(xK,∞)∂(P )⋆(xK,∞) − P ⋆(xK,∞)∂(Q)⋆(xK,∞), (Q⋆(xK,∞))2).
P ∈K(A){X} c ∈K(M) ∂(P (c)) = ∂(P )(∂ω(c))
k ∇ω(SL∂

x (A)) ⊆ Px(A)
p ∈ Px(A) c ⊧ p {P ∈ K(A){X} ∶ P ⋆(cK) = 0}

P val(∂(P )⋆(cK)) ⩾ val(P ⋆(cK)) = ∞ L =
K(A)(cK) ∂(cj,i) =
cj+1,i

P,Q ∈ K(A){X} val(∂(P )⋆(cK)) ⩾ val(P ⋆(cK)) val(∂(Q)⋆(cK)) ⩾
val(Q⋆(cK))

val(∂ (P ⋆(cK)
Q⋆(cK))) − val(P ⋆(cK)

Q⋆(cK)) = val(
∂(P )⋆(cK)
P ⋆(cK) − ∂(Q)⋆(cK)

Q⋆(cK) ) ⩾ 0.
l ∶= k(A)(ck) ∂(cj,i) =

cj+1,i res Λ
Γ(A) val(L) cΓ C = L∪ l∪Λ

res val VDF

f ∶ L→M f A q = tp(f(c0)/A) ∇ω(q) = p ∎
∇ω



p ∈ Px(M) L(A) ∇−1
ω (p) L∂(A)

ϕ(x; s) L∂ ψ(∂ω(x),∂ω(s))
ψ(x∞; s∞) L p L(A) θ(s∞)

m ∈ M M ⊧ θ(∂ω(m)) ψ(u,∂ω(m)) ∈ p
ψ(∂ω(x),∂ω(m)) ∈ ∇−1

ω (p) m ∈ M ϕ(x;m) ∈ ∇−1
ω (p)

M ⊧ θ(∂ω(m)) ∎
p ∈ Px(M) A ∇−1

ω (p) A

ϕ(∂ω(x),∂ω(c)) ∈ ∇−1
ω (p) L∂(M) ψ(x∞; s∞) L

σ ∈ AutL∂
(M/A) ⊆ AutL(M/A) ϕ(x∞;σ(∂ω(c))) ∈ p

ϕ(∂ω(x),∂ω(σ(c))) ∈ ∇−1
ω (p) ∎

p ∈ Pn(M) ∇−1
ω (p)

D LG(M) D ACVF
VDF

D ⊆ dclLG(E ∪ k) E ⊆ D k
VDF D

VDF ⧫
M VDFG St

LG∂
M

M ACVFG StLGM c ⊧ ∇−1
ω (p) B ⊆K

St
LG∂
M (dclLG∂ (Mc)) ⫝LG∂M St

LG∂
M (dclLG∂ (MB))

⫝LG∂M St
LG∂
M M

StLGM (dclLG(M∂ω(c))) ⫝LG∂M StLGM (dclLG(M∂ω(B))).
M VDF StLGM (dclLG(M∂ω(c))) ⫝LGM StLGM (dclLG(M∂ω(B)))⫝LGM StLGM M ∂ω(c) ⊧ p p

tpLG∂ (B/StL∂
M (dclLG∂ (Mc))) ⊢ tpLG(∂ω(B)/StLM(dclLG(M∂ω(c))))⊢ tpL(M∂ω(B)/M∂ω(c))⊢ tpL∂

(B/Mc).
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∇ω∇−1
ω (p) ∎

p ∈ SL∂
x (M) L∂(A) ∇ω(p) LG(dclLG∂ (A))
ϕ(x∞; s) L L∂(A) θ(s)
m ∈ M ϕ(x∞;m) ∈ ∇ω(p) ϕ(∂ω(x);m) ∈ p M ⊧

θ(m) ∇ω(p) ∈ SLx∞(M) L∂(A)LG(dclLG∂ (A)) ∎
p ∈ SL∂

x (M) A ∇ω(p) A

ϕ(x∞; s) L m ∈ M ϕ(x∞;m) ∈ ∇ω(p)
ϕ(∂ω(x),m) ∈ p a ∈ A M ⊧ ϕ(∂ω(a),m) ∇ω(p)

A ∎
M p ∈ SL∂

x (M) L∂(M)
p

p

p Γ

∇ω(p)
∇ω(p)
∇ω(p) Γ

ACVF⇒ ⇒ NIP

∇ω(p) L(A) A ⊆ M C ⊧ VDF
A c ⊧ p∣C ∇ω(p) L(C)

p Γ Γ(C) ⊆ Γ(dclL(Cc)) ⊆ Γ(dclL∂
(Cc)) =

Γ(C) C tp(∂ω(c)/CΓ(dclL(Cc)))
tp(∂ω(c)/CΓ(dclL(Cc))) = tp(∂ω(c)/C) = ∇ω(p)∣C∇ω(p) ∎

VDF



⋆

DCF0

SCF
VDF

DCF0

VDF
ACVF

d

VDF
ACFA

ACFA
VDF

d

(L,⋆)
⋆L M L x = (xi)i∈I y = (yj)j∈J

Si xi Sj

f ∶∏i∈I Si(M)→∏j∈J Sj(M) (L, x, y) (L,⋆)
x y j ∈ J L

fj ∶∏i∈I Si → Sj f =∏j∈J fj

∞ ⋆

M L (L,⋆) M(L,⋆) (L,⋆)
f ⋂ϕ∈P ϕ(x, y) P⋂ϕ∈P ϕ(x, y)

⋀
ϕ∈P ϕ(x, y) ∧ ⋀ϕ∈P ϕ(x, z)⇒⋀j yj = zj.

P j
ϕj ∈ P ϕj(x, y) ∧ ϕj(x, z) ⇒ yj = zj θ(x, yj) ∶= ∃y≠j ϕj(x, y)
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L fj (L,⋆)⋀ϕ∈P ∃yϕ(x, y) ∎
(L,⋆) (L,⋆)(L,⋆) (L,⋆)

(Gα)α∈A L G ∶= lim←(Gα = {g ∈∏αGα ∶
f ∶ Gα → Gβ f(gα) = gβ} (L,⋆)

g h ∈ G (g ⋅ h)α = gα ⋅ hα (L,⋆)
T (L,⋆) L

d
T L M ⊧ T(G, ⋅) (L(M),⋆) (L(M),⋆) (L(A),⋆)

A ⊆ M ∆(x; s) L(M)
x G GL(A) A ⊆M

∆
G

ϕ(x; s) ∈∆ jϕ x ϕ ψϕ(x, y, z)L(M) (x, y) ↦ (x ⋅ y)jϕ ∆
G ϕ(x; s) ∈ ∆ m ∈M g ∈ G(M)

ψ(x) ∆ x ∈ G ∃zψϕ(g, x, z) ∧ϕ(z;m) ⇐⇒ ψ(x)
G ∆(x; s) L A ⊆M

G L(A) Θ(x; s, t) ⊇∆(x; s) L(A)
G

Θ(x; s, t) ∶= ∆(x; s) ∪ {t ∈ G ∧ ∃z (ψϕ(t, x, z) ∧ ϕ(z; s)) ∶ ϕ ∈ ∆}
G ∎

G ∅ Θ L
Θ ϕ ∈ ∆ ψϕ(y, x, z)

ψϕ(y, x, z;m) m ∈M ψϕ L θϕ θϕ(x;m)
∆G(x; s, t, u) ∶= {θϕ(x;u)∧ θϕ(t;u)∧ ∃z (ψϕ(t, x, z;u)∧ϕ(z; s)) ∆0 ∶=∆ ∆n+1 ∶=∆n

G

Θ ∶= ⋃n∈ ∆n Θ G

∆(x; s) L GL ∆ L(A)
gp

p ∈ S∆x (M) G g ∈ G(M) gp ∶= tp∆(g ⋅ a/M)
a ⊧ p a ∈ G



∆ G gp(g, p) ↦ gp G ∆ G ϕ ∈ ∆
m ∈ M ϕ(x;m) ∈ gp ϕ(g ⋅ x;m) ∈ p ϕ(g ⋅ x;m)∃zψϕ(g, x, z) ∧ ϕ(z;m) A ⊆ M G(L(A),⋆) p L(A) gp L(Ag)
dgpxϕ(x; s) = dpxϕ(g ⋅ x; s)

A ⊆M
f

A ⊆M p ∈ S∆x (M) G f ∆ G A
g ∈ G(M) gp A

f

d
A ⊆M p ∈ S∆x (M) G p d G A

g ∈ G(M) gp L(A)
A p

d G

T NIP A = acl(A) p ∈ S∆x (M)
p d A

p L(M) f A

Aut(M/Lstp(A)) Aut(M/N) N ≼M
A A
a c N ≼M A

a ≡L(N) c (xi)i<ω L(A) x0 x1

NIP

X L(M)
X L(A) ⇐⇒ X Aut(M/Lstp(A))

Aut(M/Lstp(A)) ⊆ Aut(M/A)
X Aut(M/Lstp(A)) (ei)i<ω L(A)

e0 = ⌜X⌝ e0 e1
σ ∈ Aut(M/N) N A ⊆ N ≼M σ(e0) = e1

Aut(M/N) ⊆ Aut(M/Lstp(A)) e1 = σ(e0) = e0 e0 = ⌜X⌝ ∈
acl(A) = A ⧫
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NIP p ∈ S∆x (M) A
Aut(M/Lstp(A)) ∆

p d A p = 1p L(A)
g ∈ G(M) gp A Aut(M/Lstp(A))
p L(M) f A g ∈ G(M) gp L(M)
Aut(M/Lstp(A)) gp L(A) ∎
p ∈ S∆x (M) d ∆ G ϕ ∈∆ {gp∣ϕ ∶ g ∈ G}

A ⊆ M g ∈ G(M) gp L(A)
ϕ(x; s) ∈ ∆ L(A) ψg(s) g

M ⊧ ∀sdpϕ(g ⋅ x; s) ⇐⇒ ψg(s)L(A) (ψi)0⩽i<k g ∈ G(M)
M ⊧ ⋁

0⩽i<k(∀s dpϕ(g ⋅ x; s) ⇐⇒ ψi(s)).
i qi ϕ ψi {gp∣ϕ ∶ g ∈ G(M)} ⊆ {qi ∶ 0 ⩽ i < k} ∎

P ⊆ S∆x (M) ϕ(x; s) ∈∆ {p∣ϕ ∶ p ∈ P}
p ∈ S∆(M) d G {gp ∶ g ∈ G}

A⩽Aut(M) A
A Aut(M/A) A ⊆ M

L L̃
L̃ L̃

A AL dcleqL̃ (A)
A = Aut(M/A)L(M) A L(A)(L(M),⋆) A (L(A),⋆)

L
X (L,⋆) Y ⊆X(M) Y L XL Z Y =X(M) ∩Z(M)

G A ∆ P ⊆ S∆x (M) ∆ d
G A p ∈ P σ ∈ A σ(p) ∈ P StabG(P ) ∶={g ∈ G ∶ p ∈ P, gp ∈ P} L(M) A G



∆ StabG(P ) (L(M),⋆) A

(g, p)↦ gp G ∆ G
P StabG(P )

⋀
ϕ∈∆⋀p∈P ⋁q∈P ∀s (dqϕ(x; s) ⇐⇒ dpϕ(g ⋅ x; s)).

P L(M)
P G A StabG(P )

p ∈ P StabG(p) ⩽ StabG(P ) StabG(p) G ∣{gp ∶ g ∈
G}∣ ∎
G (L(A), x) A ⊆ M p ∈ S(M) d G acl(A)

P ∶= {σ(p) ∶ σ ∈ Aut(M/A)} Aut(M/A)
d G

∆ P
G

p ∈ S(M) d G StabG(p) (L(M),⋆)
G

A ⊆M G (L(A),⋆) p ∈ S(M) d
G A StabG(p) L(A)

G (L(A),⋆)
G StabG(p) G p

A ⊆ M G (L(A),⋆) p d G
A StabG(p) = {a−11 ⋅ a2 ∶ ai ∈ G a1 ≡L(A) a2}

a1 ≡L(A) a2 σ ∈ Aut(M/A) σ(a1) = a2
p a1p Aut(M/A) G (L(A),⋆)

a1p = σ(a1p) = σ(a1)σ(p) = a2p.

a−11 ⋅a2p = p h ∈ StabG(p) a ⊧ p∣Ah c = h ⋅ a c ⊧ p∣Ah

a−1 ≡L(A) c−1 h = c ⋅ a−1 = (c−1)−1 ⋅ a−1 ⧫
StabG(p) p (a, b) ⊧ p⊗p∣M

a−1 ⋅ b ∈ StabG(p) a−1p StabG(p) p
StabG(p) a ∈ G(M) ap ∈ StabG(p)

g ⊧ p∣M a ⋅ g ⊧ ap ap = a⋅gp = p p
StabG(p)
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H⩽StabG(p) (L(M),⋆) G
a ⋅H p(x) ⊢ x ∈ a ⋅H b ∈ StabG(p) p = bp ⊢ x ∈ b ⋅a ⋅H

b ⋅ a ⋅H = a ⋅H b ∈ a ⋅H ⋅ a−1 StabG(p) = a ⋅H ⋅ a−1 =H
StabG(p)L(A) ∎

x (G, ⋅) A (L(M), x)∞ P ⊆ S(M) A
d G L(M) A H G⩽H
G L(M) A H

P {gp ∶ g ∈ G(M) p ∈ P} StabG(P ) = G(Xα)α∈A L(M) G = ⋂αXα m L(M)
a b ∈ G a ⋅ b = m(a, b) i L(M)

a ∈ G a−1 = i(a) (Xα)α∈A
α0 x y z ∈ Xα0 m(m(x, y), z)

m(x,m(y, z)) m(x,1) = m(1, x) = x m(i(x), x)
m(x, i(x)) 1 α ∈ A

Xα0 ⊆Xα

α ∈ A Yα = {a ∈ Xα0 ∶ p ∈ P,m(a,Xα) ∈ p} L(M)
A

G = ⋂α∈A Yα

a ∈ G i(a) = a−1 ∈ G α ∈ A
β m(X2

β) ⊆ Xα i(a) ∈ Xβ m(i(a),Xβ) ⊆ Xα

x ∈ Xβ m(i(a), x) ∈ Xα m(a,m(i(a), x)) ∈m(a,Xα) a i(a)
x ∈ Xα0 m(a,m(i(a), x)) = x Xβ ⊆ m(a,Xα) p ∈ P Xβ ∈ p

m(a,Xα) ∈ p a ∈ Yα
a ∈ ⋂iα Yα p ∈ P α ∈ A m(a,Xα) ∈ p ⋂im(a,Xα) ∈

p b ⊧ p c ∈ ⋂αXα = G b = m(a, c) a b
c ∈Xα0 a =m(a,1) =m(a,m(c, i(c))) =m(m(a, c), i(c)) = b ⋅ c−1 ∈ G ⧫

Xα ∩ Xβ = Xγ Yα ∩ Yβ = Yγ (Yα)α∈A
α1 a b ∈ Yα1 m(a, b)

i(a) ∈Xα0 A1 ∶= {α ∈ A ∶ Yα ⊆ Yα1} G = ⋂α∈A1
Yα

Sα = {a ∈Xα0 ∶m(a, Yα) ⊆ Yα}
α ∈ A1 (Sα,m)

a b ∈ Sα m(a, b) ∈ Sα x ∈ Yα m(a, x) ∈ Yα
m(b, x) ∈ Yα m(m(a, b), x) = m(a,m(b, x)) ∈ Yα a b ∈

Yα ⊆ Yα1 m(a, b) ∈Xα0 ⧫



α ∈ A1 G ⊆ Sα ⊆ Yα
a ∈ G a ∈ Xα0 b ∈ Yα p ∈ P a−1p ∈ P

m(b,Xα) ∈ a−1p m(m(a, b),Xα) = m(a,m(b,Xα)) ∈ p m(a, b) ∈ Yα
a ∈ Sα a ∈ Sα a ∈Xα0 1 ∈ Yα a =m(a,1) ∈ Yα ⧫

Gα ∶= {a ∈ Sα ∶ i(a) ∈ Sα} α ∈ A1 Gα G ⊆ Gα ⊆ Sα ⊆ Yα
G = ⋂α∈A1

Gα ∎

d M ℵ0 I{x ∈ M ∶ n ∈ , −n < x < n} ∞
a(M) a I

(G, ⋅) (L(M),⋆) A P ⊆ S(M)
A d GL(M) A (Hα)α∈A (L(M),⋆) A

f ∶ G→H ∶= lim←(Hα

p q ∈ S(M) Aut(M/C) C ⊆ M
D ⊆M p⊗ q∣CD (a, b) a ⊧ p∣CD b ⊧ p∣CDa

p q L(C) p⊗ q L(C)
dp⊗ q(x, y)ϕ(x, y, s) = dpx (dqyϕ(x, y, s))

StabG(P ) = G x = (xi)i∈I
G J ∶= {j ⊆ I ∶ ∣j∣ < ∞} j ∈ J c1Ejc2

p1 p2 ∈ P
p1⊗p2(x, y) ⊢ (x ⋅ c1 ⋅ y)j = (x ⋅ c2 ⋅ y)j ∧ (y ⋅ c−11 ⋅ x)j = (y ⋅ c−12 ⋅ x)j
J a aj c j ϕ(y; s, t, x)L(M) ⋀i∈j(x ⋅s ⋅y)i = (x ⋅t ⋅y)i∧(x ⋅s−1 ⋅y)i = (x ⋅t−1 ⋅y)i P{dpϕ ∶ p ∈ P} (ψi(x; s, t))0⩽i<k L(M){dpψi ∶ p ∈ P 0 ⩽ i < k} = {θj(s, t) ∶ 0 ⩽ j < l}

s t ∈ G sEjt ⋀0⩽j<l θj(s, t) Ej L(M)
P G A Ej A

c1, c2 ∈ G c1Ejc2 1Ej(c1 ⋅ c−12 ) 1Ej(c−11 ⋅ c2)
p1 p2 ∈ P (a, b) ⊧ p1⊗p2∣Cc1c2

c2 ⋅ b ⊧ c2p2∣Cc1c2a
c−12 ⋅ b ⊧

c−12 ⋅g2p∣
Cc1c2a

(a ⋅ c1 ⋅ (c−12 ⋅ b))j = (a ⋅ c2 ⋅ (c−12 ⋅ b))j = (a ⋅ 1 ⋅ b)j (a ⋅ c−11 ⋅ (c2 ⋅ b))j =(a ⋅ c−12 ⋅ (c2 ⋅ b))j = (a ⋅ 1 ⋅ b)j (c1 ⋅ c−12 )−1 = c2 ⋅ c−11 (c−11 ⋅ c2)−1 = c−12 ⋅ c1 ⧫
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Ej 1 Gj G
Ej Gj Hj ∞ A G/Ej = G/Gj

πj ∶ G → Hj A
Hj πj G∞ A

j1 ⊆ j2 Gj2 ⊆ Gj1 πj1,j2 ∶
Hj2 → Hj1 A
H ∶= lim←(Hj

c1 c2 ∈ G πj(c1) = πj(c2) j ∈ J c1 = c2
p ∈ P (a, b) ⊧ p⊗2∣Cc1c2

j ∈ J (a ⋅ c1 ⋅ b)j = (a ⋅ c2 ⋅ b)j
a ⋅ c1 ⋅ b = a ⋅ c2 ⋅ b c1 = c2 ⧫

a ∈H c ∈ G j ∈ J πj(c) = aj
(jl)0⩽l<k ∈ J j ∶= ⋃l jl ∈ J c ∈ G πj(c) = aj

l < k πjl(c) = πjl,j(πj(c)) = ajl ⧫
(πj)j∈J G H H ∞(πj)⋆P ∶= {(πj)⋆p ∶ p ∈ P}

A d Hj

j ∈ J Hj = ⋂Lj
Hj,l A L(M) Hj,l

A L(M) Kj Hj,l

j Lj l1 ⊆j l2 Hj,l2 ⊆ Hj,l1 L ∶={(j, l) ∶ j ∈ Lj} j ∈ J l1 ⩽j l2 ∈ Lj ρ(j,l1),(j,l2)
Hj,l2 → Hj,l1 j1 ⊂ j2 ∈ J ρ(j1,l1),(j2,l2) πj1,j2 ∣Hj2,l2

πj1,j2(Hj2,l2) ⊆
Hj1,l1 l1 ∈ Lj1 l2 ∈ Lj2 πj1,j2(Hj2,l2) ⊆ Hj1,l1(L(M),⋆) A H
lim←(Hj,l ∎

⋆
DCF0

f L(M) p ∈ S(M) f⋆p L
M f(a) a ⊧ p

P = {p}

⋆
x = (xi)i∈I P ⊆ SLx(M) L(M)



(L, x) P (L(M), x2, x)(F,G,H) p1 p2 p3 ∈ P
a ⊧ p1∣M (Fa)⋆p2 ∈ P Fa(x) ∶= F (a, x)
a ⊧ p1∣M p ∈ P (Fa)⋆p = p2

p1⊗p2 ⊢ G(x,F (x, y)) = y ∧H(F (x, y), y) = x
p1⊗p2⊗p3(x, y, z) ⊢ F (x,F (y, z)) = F (F (x, y), z)

G (L(M),⋆) d p G(L(M),⋆) {gp ∶ g ∈ G}
⋆⋆ ⋆

P ⊆ SLx(M) A L(M) (F,G,H)
A (L(M), x) P A(L(M),⋆) f A (L(M),⋆)(G, ⋅) f⋆P ∶= {f⋆p ∶ p ∈ P} A d

G = StabG(f⋆P ) p1 p2 ∈ P p1⊗p2(x, y) ⊢ f(G(x, y)) = f(x)−1 ⋅ f(y)
ga

P
ga ⋅ g−1b

P1 ∶= {q ∈ SLx(M) ∶ L ϕ(x; s) q∣ϕ ∈ {p∣ϕ ∶ p ∈ P}} P1

A L(M) q1 q2
q3 ∈ P1 a ⊧ q1∣M (Fa)⋆q2 = q3 L ϕ

M ⊧ dq1x∀s (dq2yϕ(F (a, y); s) ⇐⇒ dq3zϕ(z; s)).
P1 p1 p2 p3 M ⊧

dp1x∀s (dp2yϕ(F (x, y); s) ⇐⇒ dp3zϕ(z; s))
P1 P1

P1 = P
p1 p2 ∈ P a ⊧ p1∣M (Ga)⋆p2 ∈ P Ga(x) ∶= G(a, x)

a ⊧ p1∣M p3 ∈ P (Fa)⋆p3 = p2 C ⊆M
P C G (L(C),⋆) a ⊧ p1∣C
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b ⊧ p3∣Ca c ∶= F (a, b) ⊧ p2∣acl(A)Ca G(a, c) = G(a,F (a, b)) = b ⊧
p3∣Ca ⧫

p1 p2 ∈ P p1⊗p2(x, y) ⊢ F (x,G(x, y)) = y
a ⊧ p1∣M p3 ∈ P (Fa)⋆p3 = p2 b ⊧ p3∣Ma

c ∶= F (a, b) ⊧ p2∣Ma F (a,G(a, c)) = F (a,G(a,F (a, b))) = F (a, b) = c ⧫
(L(M),⋆) S

p ∈ P
F PL ϕ θϕ(x) ∶= ⋀p∈P ⋁q∈P ∀s (dqyϕ(y; s) ⇐⇒ dpyϕ(F (x, y); s)) PL(M)

P A θϕ A χϕ(x) ∶= ⋀p∈P ⋁q∈P ∀s (dqyϕ(y; s) ⇐⇒
dpyϕ(G(x, y); s)) A L(M) α(x) ζ(x)

⋀
p∈P ⋀q∈P dqy dpz F (x,F (y, z)) = F (F (x, y), z)

⋀
p∈P dpyG(x,F (x, y)) = y = F (x,G(x, y)) ∧H(F (x, y), y) = x.

S(x) ∶= {α(x), ζ(x)} ∪ {θϕ(x),χϕ(x) ∶ ϕ L }.
p ∈ P S ⊆ p

a ⊧ p∣M q ∈ P L ϕ m ∈ M d(Fa)⋆qyϕ(y;m) ⇐⇒
dqyϕ(F (a, y);m) d(Ga)⋆qyϕ(y;m) ⇐⇒ dqyϕ(G(a, y);m)(Fa)⋆q (Ga)⋆q ∈ P M ⊧ θϕ(a)∧
χϕ(a)

q1 q2 ∈ P q1⊗ q2(y, z) ⊢ F (a,F (y, z)) = F (F (a, y), z)
M ⊧ dq1y dq2z F (a,F (y, z)) = F (F (a, y), z) ⧫

a ⊧ S p ∈ P (Fa)⋆p (Ga)⋆p ∈ P
ϕ L M ⊧ θϕ(a) ∧ χϕ(a) q1 q2 ∈ P

dq1yϕ(y; s) ⇐⇒ dpyϕ(F (a, y); s) (Fa)⋆p∣ϕ = q1∣ϕ dq2yϕ(y; s) ⇐⇒
dpyϕ(G(a, y); s) (Ga)⋆p∣ϕ = q2∣ϕ (Fa)⋆p (Ga)⋆p ∈ P1 = P ⧫

p1 p2 ∈ P a ⊧ S (b, c) ⊧ p1⊗ p2∣Ma G(a,F (b, c)) =
F (G(a, b), c)

d ∶= G(a, b) F (a, d) = F (a,G(a, b)) = b d ⊧ p3∣Ma F (d, c) ⊧ p4∣Mab

p3 p4 ∈ P c ⊧ p2∣Mad G(a,F (b, c)) = G(a,F (F (a, d), c)) =
G(a,F (a,F (d, c))) = F (d, c) = F (G(a, b), c) ⧫



a b c d ⊧ S e l ⊧ S p ∈ P
p(x) ⊢ F (a,G(b,F (c,G(d, x)))) = F (e,G(l, x)).

p1 ∈ P e1 ⊧ p1∣Mabcd p ∈ P p(x) ⊢ G(d,F (e1, x)) =
F (G(d, e1), x) e2 ∶= G(d, e1) ⊧ p2∣Mabcd p2 ∈ P p3 p4 p5 ∈ P

e3 ∶= F (c, e2) ⊧ p3∣Mabcd e4 ∶= G(b, e3) ⊧ p4∣Mabcd e5 ∶= F (a, e4) ⊧ p5∣Mabcd

p(x) ⊢ F (c,F (e2, x)) = F (F (c, e2), x) p(x) ⊢ G(b,F (e3, x)) = F (G(b, e3), x)
p(x) ⊢ F (a,F (e4, x)) = F (F (a, e4), x) p ∈ P x ⊧ p∣Mabcde1

G(e1, x) ⊧ q∣Mabcde1
q ∈ P

F (a,G(b,F (c,G(d, x)))) = F (a,G(b,F (c,G(d,F (e1,G(e1, x))))))= F (F (a,G(b,F (c,G(d, e1)))),G(e1, x))= F (e5,G(e1, x))
e1 e5 ∈ S ⧫

a b Ra,b(x) = F (a,G(b, x)) i ∈ I i Ra,b

Ra,b,i A L(M) (a, b)Ei(c, d)⋀p dpxRa,b(x) = Rc,d(x) P Ei L(M) A
hi(a, b) A L(M) hi(a, b) =

hi(c, d) (a, b)Ei(c, d) h(a, b) ∶= (hi(a, b))i∈I A (L(M),⋆)
G ∶= h(S × S) m(h(a, b), h(c, d)) ∶= h(e, l) e l

m i ∈ {1,2} ai bi ci di ei
li ⊧ S h(a1, b1) = h(a2, b2) h(c1, d1) = h(c2, d2) p ∈ P

p(x) ⊢ F (ai,G(bi, F (ci,G(di, x)))) = F (ei,G(li, x)).
x ⊧ p∣M(aibicidieili)i∈{1,2} p ∈ P F (c1,G(d1, x)) ⊧ q∣Ma1b1

q ∈ P
F (e1,G(l1, x)) = F (a1,G(b1, F (c1,G(d1, x))))= F (a2,G(b2, F (c1,G(d1, x)))) h(a1, b1) = h(a2, b2)= F (a2,G(b2, F (c2,G(d2, x)))) h(c1, d1) = h(c2, d2)= F (e2,G(l2, x)),

h(e1, l1) = h(e2, l2) G m A(L(M),⋆) A (L(M),⋆)
A (L(M),⋆)

(G,m)
m

a ∈ S h(a, a) b ∈ S h(a, b) h(b, a) c ∈ S
p ∈ P x ⊧ p∣Mabc F (b,G(c, x)) ⊧ q1∣Mabc q1 ∈ P

F (a,G(a,F (b,G(c, x)))) = F (b,G(c, x)) = F (b,G(c,F (a,G(a, x))))
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G(a, x) ⊧ q2∣Mab q2 ∈ P
F (a,G(b,F (b,G(a, x)))) = F (a,G(a, x)).

⧫
a ∈ S q ∈ P b ⊧ q∣Ma c ∶= F (a, b) b c ∈ S p ∈ P x ⊧ p∣Mab

F (c,G(b, x)) = F (F (a, b),G(b, x)) = F (a,F (b,G(b, x))) = F (a, x) f(a) = h(b, c)
b c f m

A (L(M),⋆) a b ∈ S f(a) = f(b)
p ∈ P x ⊧ p∣Mab a =H(F (a, x), x) =H(F (b, x), x) = b f

p ∈ P a b ∈ S q ∈ P h(a,b)(f⋆p) = f⋆q
q ∶= (Fa)⋆(Gb)⋆p ∈ P C ⊆ M P L(C)

G f (L(C),⋆) c ⊧ p∣Cab F (a,G(b,F (c, x))) =
F (a,F (G(b, c), x)) = F (F (a,G(b, c)), x) = F (e, x) e ∶= F (a,G(b, c)) ⊧ q∣Cab

m(h(a, b), f(c)) = f(e) ⊧ f⋆q∣Cab ⧫
f⋆q L(M) q ∈ P p ∈ P f⋆p d

G G = StabG(f⋆P ) p1 p2 ∈ P (a, b) ⊧ p1⊗ p2∣M
p ∈ P x ⊧ p∣Mab F (b, x) = F (a,G(a,F (b, x))) = F (a,F (G(a, b)), x) f(b) =

m(f(a), f(G(a, b))) ∎
p1 p2 ∈ P p1⊗p2(x, y) ⊢ f(G(x, y)) = f(x)−1 ⋅ f(y)

p1 p2 ∈ P p1⊗p2(x, y) ⊢ f(F (x, y)) = f(x) ⋅ f(y)
a ⊧ p1∣M p3 ∈ P (Ga)⋆p3 = p2 b ⊧ p3∣Ma c ∶= G(a, b) ⊧

p2∣Ma F (a, c) = F (a,G(a, b)) = b f0(c) = f0(G(a, b)) = f0(a)−1 ⋅ f0(b) = f0(a)−1 ⋅
f0(F (a, c))

d

(G, ⋅) (H, ⋅) A (L(M),⋆) P ⊆ SLx(M) A
d G f0 A (L(M),⋆)

p1 (f0)⋆p1(y) ⊢ y ∈ H p2 ∈ P p1⊗p2(x, y) ⊢ f0(x−1 ⋅ y) =
f(x)−1 ⋅ f(y) A (L(M),⋆)
f ∶ StabG(P )→H p ∈ P p(x) ⊢ f(x) = f0(x)

G H L(M) f A L(M)
G StabG(P ∣∆) L(M)

∆ P ∣∆ ∶= {p∣∆ ∶ p ∈ P}
f0 f

g ∈ StabG(P ) p1 ∈ P p2 ∶= gp1 ∈ P g = (g ⋅a) ⋅a−1 g ⋅a ⊧ p2∣M
a ⊧ p1 f(g) = f(g ⋅ a) ⋅ f(a−1) = f0(g ⋅ a) ⋅ f0(a)−1



i ∈ {1,2,3,4} pi ∈ P ai ⊧ pi∣M a1 ⋅ a−12 = a3 ⋅ a−14
f0(a1) ⋅ f0(a2)−1 = f0(a3) ⋅ f0(a4)−1

p ∈ P e ⊧ p∣M(ai)0<i⩽4 a2 ⋅ e ⊧
a2p∣Ma1a2

a2p ∈ P f0(a1 ⋅a−12 ⋅e) = f0(a1) ⋅f0(a−12 ⋅e) = f0(a1) ⋅f0(a2)−1 ⋅f0(e)
f0(a1 ⋅ a−12 ⋅ e) = f0(a3 ⋅ a−14 ⋅ e) = f0(a3) ⋅ f0(a4)−1 ⋅ f0(e) ⧫

f a ∈ StabG(p) f(a)
dpxf0(a ⋅ x) = f(a) ⋅ f0(x) p ∈ P f A(L(M),⋆) a1 a2 ∈ StabG(P ) p ∈ P c ⊧ p∣Ma1a2

a1 ⋅ c ⊧ a1p∣Ma1a2
a1p ∈ P f0(a1 ⋅ a2 ⋅ c) = f(a1) ⋅ f0(a2 ⋅ c) = f(a1) ⋅ f(a2) ⋅ f0(c)

f(a1 ⋅ a2) = f(a1) ⋅ f(a2) q ∈ P (a, c) ⊧ q⊗p f0(a ⋅ c) = f0(a) ⋅ f0(c)
f(a) = f0(a)

f0 a, b ∈ StabG(P ) f(a) = f(b) p ∈ P
p(x) ⊢ f0(a ⋅x) = f(a) ⋅ f0(x) = f(b) ⋅ f0(x) = f0(b ⋅x) f0 c ⊧ p∣Mab

a ⋅ c = b ⋅ c a = b
G H L(M) A ⊆ M

ϕ(x) = ⋀p∈P dpy (f0(x ⋅ y) = f0(x) ⋅ f0(y) ∧
f0(x−1 ⋅ y) = f0(x)−1 ⋅ f0(y)) L(M) P

ϕ ϕ(x;u) ϕ L θ(x; s, t, u) L
f0(s ⋅ x) = t ⋅ f0(x) ξ(x;u) L

x ∈ G ζ(x;u) L f0(x) ∈ H
∆(x; s, t, u) ∶= {ϕ(x;u), θ(x; s, t, u), ξ(x;u), ζ(x;u) Θ(x; s, t, u, v)L(A) G G
H A A A Θ

P P ∣Θ A
StabG(P ) StabG(P ∣Θ) A L(M)

G ∎
L ⊆ L̃ R L T L NIP

T̃ ⊇ T L̃ Ñ ⊧ T̃
N ∶= Ñ ∣L

M̃ ⊧ T̃ M ∣L
Ã ⊆ Ñ R(dcleqL̃ (Ã)) =R(Ã) (G, ⋅) L̃(Ã)

d p acleqL̃ (Ã) (L̃(Ã),⋆)
f (L(R(Ã)),⋆) m i

g1 g2 ∈ G f(g1 ⋅ g2) = m(f(g1), f(g2)) f(g−11 ) = i(f(g1))L(R(Ã)) H L̃(Ã)
h ∶ G→H

A ∶= R(Ã) A = AutL̃(M/Ã) P ∶= {σ(gp) ∶ g ∈ G(M) σ ∈ A} = {g(σ(p)) ∶
g ∈ G(M) σ ∈ A} Q ∶= {(f⋆p)∣L ∶ p ∈ P} StabG(P ) = G Q ⊆ SL(N)
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A L̃(Ñ) L
q ∈ Q0 L(N) m1(x, y) ∶=m(i(x), y) m2(x, y) ∶=m(x, i(y))

(m,m1,m2) A (L(M),⋆)
Q

q1 q2 ∈ Q p1 p2 ∈ P qi = (f⋆pi)∣L i ∈ {1,2}
a ⊧ p1∣acleqL̃ (Ã) C̃ ⊆ Ñ c ⊧ p2∣acleqL̃ (Ã)C̃a m(f(a), f(c)) = f(a ⋅ c)

(mf(a))⋆f⋆p2 = f⋆ap (mf(a))⋆q2 = (mf(a))⋆((f⋆p2)∣L) = (f⋆ap2)∣L ∈ Q
q3 ∶= (f⋆a−1p2)∣L ∈ Q (mf(a))⋆q3 = q2
x y z ∈ G

m(f(x),m(f(y), f(z))) = f(x ⋅ y ⋅ z) =m(m(f(x), f(y)), f(z)),
m1(f(x),m(f(x), f(y))) = m(i(f(x)),m(f(x), f(y)))= m(f(x−1), f(x ⋅ y))= f(x−1 ⋅ x ⋅ y)= f(y)
m2(m(f(x), f(y)), f(y)) = f(x) ⧫

A (L(N),⋆) (L, ⋅)
A (L(N),⋆) l l⋆Q A

d L q1 q2 ∈ Q q1⊗ q2(x, y) ⊢ l(G(x, y)) =
l(m(i(x), y)) = l(x)−1 ⋅ l(y)
A L(N) (Hβ, ⋅)β∈B A (L,⋆)

j L lim←(Hβ β ∈ B πβ ∶ lim←(Hβ → Hβ

hβ = πβ ○ j ○ l ○ f hβ L̃(Ã) p1 p2 ∈ P
p1⊗p2(x, y) ⊢ hβ(x−1 ⋅ y) = hβ(x)−1 ⋅ hβ(y)

lim←(hβ B0 ⊆ B
h0 ∶= lim←(β∈B0

hβ H ∶= lim←(β∈B0
Hβ B0

H A L(N) ⌜H⌝L ∈ R(dcleqL̃ (Ã)) = dclL(A)
H L(A) h0 L̃(Ã) p1 p2 ∈ P
p1⊗p2(x, y) ⊢ h0(x−1 ⋅ y) = h0(x)−1 ⋅ h0(y) L̃(Ã)

G = StabG(P )→H ∎
DCF0Lrg Lrg,∂ ∶= Lrg ∪ {∂}

K ⊧ DCF0 k⩽K G Lrg,∂(k) GLrg,∂(k) Lrg(k)



C ⊆ K ⊧ DCF0 dclLrg,∂
(C) = dclLrg(∂ω(C))

dclLrg,∂
(k) = k G

DCF0 ACF0 G d aclLrg,∂
(k)

ACF0

Lrg,∂(k) G Lrg(k) H ∎

Lrg(k)Lrg(k)
k G Lrg,∂(k)

k

DCF0 k

DCF0

d G
M ⊧ VDFG

A = dclLG∂ (K(A)) ⊆M
(G, ⋅) LG∂(A) d K k Γ

g h ∈ G(M) ∂ω(g ⋅ h) ∈ dclLG(A,∂ω(g),∂ω(h)) ∂ω(g−1) ∈ dclLG(A,∂ω(g))LG(A) H d LG(A)
G→H

g h ∈ G(M) n ∈ LG(A)
mn ∂n(g ⋅ h) = mn(∂ω(g),∂ω(h))LG(A) mn,i g h ∈ G(M) i
∂n(g ⋅ m) = mn,i(∂ω(g),∂ω(h))

∂n(x, y) = mn,i(∂ω(g),∂ω(h)) θn,i(x, y) LG
θ mn,i LG(A) mn((LG(A)),⋆) m = ∏i∈ mn,i g h ∈ G(M)

∂ω(g ⋅ h) = m(∂ω(g),∂ω(h)) ((LG(A)),⋆) i
g ∈ G(M) ∂ω(g−1) = i(∂ω(g)) ∎
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⟨ ⟩σ⟨ ⟩⟨ ⟩⋅−1,∂⟨ ⟩L⟨ ⟩∂
Ψ∆,F⋅n
∞∇
σ⩽j(c)
σ≠j(c)↝⩽⌜X⌝
c⩽j
c≠j∣ ∣L∣R∣Σ
ac
ACF
ACFA
acleq

ACVF
ACVFA
ACVFG
αE/pA
B

Bγ(c)

B
B[r]
ḂB̊γ(c)
B[r]st

C∞
CK

DCF
dcleq

∆

∂f/∂xi(x)
dfxDel

DOAG
∂ω
∂pf
dpxϕ(x; s)
eq

Fix( )
Γ
K
kLALacLac,frLA,QLacA,QLA,Q,σLacA,Q,σLac,frA,Q,σ
Λ(s)L∂,div

LdivLrg,∂LGLΓLG∂LG−LGNLG >0LΓ,kLRV+

LRVs

LogLrgLRV

Lacσ,P
M
Σ−Mor

N
NIPO
PL0P( )QR
R1,γ

rad
RCF
res
res1,γ
RV
rvSC( )

SCF
S
σ

St
Stab( )
Str( )
TA
TacA,Hen

TA,σ
TA,σ−Hen

TacA,σ−Hen

Tac,e−frA,σ−Hen,p

THen

Tac
Hen

T
Tvf

Tac
vf

Ts
vf

UC∞
val
val(x)
valn
valR
VDF
VDFG
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