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Introduction

1 Objectifs de cette thése

Notre objectif dans ce travail est I’étude d’une classe de systémes nonlinéaires d’équations
aux dérivées partielles (EDP) constituée par des équations d’onde et des équations de Klein-
Gordon couplées, posées sur un espace-temps courbe. Un de nos résultats principaux est
I’existence de solutions réguliéres définies globalement en temps pour le probléme de Cauchy
lorsque les données initiales sont suffisamment petites et que les nonlinéarités des équations
satisfont & des conditions trés naturelles (conditions nulles, conditions de non-explosion). Nous
couvrons ainsi une classe trés large de systémes hyperboliques nonlinéaires qui apparaissent
dans des nombreux contextes physiques. Notre application principale dans cette thése est
donnée par la théorie f(R) de la gravitation nonlinéaire.

Cette théorie f(R) est une modification de la théorie de la relativité générale introduite
par Einstein en 1915. L’introduction de cette théorie plus générale est justifiée de la maniére
suivante : ces derniéres années, de plus en plus d’observations astronomiques nous indiquent
que l'expansion de I’Univers est dans une phrase d’accélération, ce qui n’est pas compatible
avec les modeles déduits de la relativité générale classique.

Pour résoudre cette difficulté, les physiciens ont proposé plusieurs théories modifiées, et
parmi elles est l'introduction de 1’énergie noire. Une autre théorie possible introduite par
Buchdahl dans [3] est la théorie f(R) de la gravitation nonlinéaire, que nous nous proposons
détudier dans cette thése. Selon le choix de la fonction f, la théorie f(R) présente les aspects
différents en ce qui concerne le comportement global du champ de gravité. La relativité générale
est vue comme un cas limite de cette theorie, et est obtenue en prenant f(R) précisément égale
a la courbure scalaire R de ’espace-temps. Ce degré de liberté nous permet d’inclure plusieurs
modeéles physiques : ’énergie noire, la masse noire, la formation des structures, etc.

Cette théorie est trés appréciée par les physiciens, mais les modéles mathématiques qui
en sont issus n’ont pas été étudiés du point de vue mathématique. Les équations de champ
de la théorie f(R) sont algébriquement et analytiquement plus complexes que les équations
d’Einstein de la relativité générale : ces équations contiennent des dérivées partielles du qua-
triéme ordre en la métrique inconnue, alors que les équations d’Einstein ne contiennent “que”
des dérivées d’ordre (au plus) deux.

Dans la premiére partie de la thése, nous présentons une étude mathématique de la théorie
f(R) de la gravité nonlinéaire. Nos objectifs principaux sont les suivants [12] :

1. Formulation du probléme de Cauchy lorsque des données initiales sont prescrites sur une
hypersurface de type espace.

2. Re-formulation des équations de la théorie f(R) de la gravité nonlinéaire. Nous commengons
par présenter plusieurs formulations qui sont chacunes pertinentes pour des techniques d’-
analyses mathématiques différentes. Parmi ces formulations, nous choisissons finalement la
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"formulation conforme augmentée", que nous définissons et qui transforme les équations de
champ de la théorie f(R) sous la forme d’un systéme hyperbolique quasi-linéaire du seconde
ordre, composé d’équations d’onde et d’équations de Klein-Gordon.

3. Nous démontrons 'existence de solutions (définies localement en temps) du probléme de
Cauchy dans le cadre de notre formulation conforme augmentée.

4. Nous montrons ensuite la propriété de convergence suivante : si la fonction f est proche
de la fonction identité R (en un sens convenable), nous démontrons que la solution du prob-
leme de Cauchy donnée par la théorie f(R) reste proche de la solution donnée par I’équation
d’Einstein. Cette propriété est fondamentale pour affirmer que la théorie f(R) est "physique-
ment raisonnable", en particulier parce que la relativité générale est déja validée par de trés
nombreuses observations astronomiques. Une "nouvelle" théorie du champ de gravité doit ad-
mettre la relativité générale dans une certaine limite. Le passage d’un systéme d’ordre quatre
(dans la théorie f(R)) a un systéme d’ordre deux (équations d’Einstein) rend cette analyse
"limite" singuliére et techniquement délicate.

Dans la deuxiéme partie de cette thése, nous étudions la question de I’existence globale
en temps dans le cadre des systémes nonlinéaires composés d’équations d’onde et d’équations
de Klein-Gordon [13]. Notre motivation pour ce travail est fournie par notre étude précédente
des équations du champ de la théorie f(R) de la gravité nonlinéaire, qui prennent la forme
d’un systéme de ce type. Par ailleurs, de tels systémes apparaissent fréquemment dans les con-
textes physiques, par exemple : le systéme de Dirac-Klein-Gordon, le systéme de Proca-Klein-
Gordon, etc. Nous avons développé une nouvelle technique basée sur un feuilletage courbe de
I’esace-temps, que nous qualifions de "feuilletage hyperboloidal". Avec ces techniques, nous
pouvons surmonter certaines des difficultés rencontrées habituellement dans la litérature avec
les techniques classiques.

2 Validité mathématique de la théorie f(R) de la gravitation

2.1 Equations du champ de la théorie f(R)

Comme nous ’avons présenté dans la section 1, en plus des termes du deuxiéme ordre dus &
la courbure de Ricci dans les équations d’Einstein, les équations du champ de la théorie f(R)
contiennent des dérivées du quatriéme ordre en la métrique inconnue, qui proviennent des
dérivées du second ordre de la courbure scalaire. Ces équations de type "ondes nonlinéaires"
(dans une jauge bien choisie) constituent le systéme d’EDP & resoudre et sont considérable-
ment plus complexes que le systéme d’Einstein. Cependant, nous mettons ici en évidence une
structure mathématique remarquable qui est & la base de notre "formulation conforme aug-
mentée". Cette formulation conforme augmentée est une extension du systéme original et dans
laquelle la métrique inconnue et sa courbure scalaire sont considérées comme des inconnues
indépendantes. Nous établissons I’existence locale de solutions pour ce systéme augmenté et
nous démontrons ensuite que la solution du systéme augmenté coincide avec la solution du
systéme original de la théorie f(R) de la gravitation nonlinéaire.

Rappelons que la théorie de la relativité générale est basée sur ’action d’Hilbert-Einstein :

Auclogl = [ (S +Llonal) v,

associée a 'espace-temps (M, g) inconnu de dimension (3 + 1) et de signature lorentzienne
(=, +,+,+). La forme de volume canonique est désignée par dV;, et nous notons par Rm =
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Rmyg, Ric = Ricy et R = Ry, respectivement, les courbures de Riemann, de Ricci et la courbure
scalaire de la métrique g. La fonctionnelle ci-dessus est déterminée par la courbure scalaire R,
et un lagrangien L[¢, g| décrivant la matiére représentée par un champ ¢ défini sur M.

Il bien connu que les points critiques de l'action Apg[¢, g] (au moins formellement) satisfont
a I’équation d’Einstein :

R
Gy := Ricy — 79 g=8rT[,9], (1)
ou 5L
Taﬁ[¢7g] =2 @Tﬂ[gbv g] + Jap L[¢7g]

est le tenseur énergie-impulsion déterminé par le modéle de matiére. Si nous nous concentrons
d’abord sur le cas du "vide", ’équation d’Einstein est équivalente &

Ricy = 0.

La théorie f(R) de la gravitation nonlinéaire peut étre interprétée comme une théorie de
la "gravité d’ordre élevé" et est définie comme suit. Soit f une fonction de R dans R fixée.
Nous introduisons 'action de la théorie f(R) par

(M

Axclo, g] =: / 16

=+ L[¢7 g]) dvga
M

dont les points critiques satisfont & I’équation suivante :

Ng = f,(Rg) Gy — %(f(Rg) - Rgf/(Rg))g + (g My — Vd) (f/(Rg)) =8 T, g]. 2)

Nous observons que le tenseur Ny de la théorie f(R) de la gravité nonlinéaire "remplace" le
tenseur d’Einstein G, tandis que le tenseur énergie-impulsion reste invariant. En particulier,
si nous prenons la trace de (2),

tr Ny = f'(Rg)Rg — 2f(Ry) + 30, (Ry) = 8wtr (T). (3)

Cette équation peut étre vue comme une équation d’évolution de la courbure scalaire R,. Elle
va jouer un réle indispensable dans notre analyse.

Concernant le tenseur énergie-impulsion, nous observons que (voir aussi le texte plus loin)
le tensor N, est de divergence nulle :

VO‘Naﬂ = 0.
Cette proppriété implique que le tenseur énergie-impulsion est aussi a divergence nulle :
VeT,5 = 0.

Pour que la théorie f(R) soit une extension de la théorie classique de la relativité générale,
il est nécessaire d’'imposer f(R) ~ R quand R — 0. De plus, nous montrons dans ce travail
que le signe du coefficient x := f”(0) > 0 est critique pour la stabilité et nous supposons donc
que
F(R) =1+ k(R + KO(R?)).
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Par intégration, nous avons
RZ
F(R) = R+ 5= +KO(RY)), (4)

oi1, par définition, le terme O(22)/2% est borné quand z — 0 (uniformément par rapport a
k). En particulier, la fonction f étant supposée C°, elle est croissante et strictement convexe
dans un voisinage de 0, et donc inversible. Un cas particulier mais intéressant en physique est
obtenu en prenant le terme HO(RZ) identiquement égal & zéro.

Dans un systéme de coordonnées locales, I’équation (2) est un systéme d’EDP non-linéaires
du quatrieme ordre, tandis que I’équation d’Einstein est un systéme du seconde ordre. Notre
défi dans cette étude est d’analyser l'effet de ces termes du quatriéme ordre et de développer
un cadre mathématique qui généralise celui de la relativité générale mathématique. De plus,
comme nous 1’avons expliqué dans la premiére section, nous retrouverons la théorie d’Einstein
en faisant converger le coefficient s vers 0.

2.2 Le probléme de Cauchy

Dans la littérature physique, plusieurs choix sont possibles pour le repére dans lequel les
mesures physiques sont réalisées (malgré 1’équivalance mathématique). Pour les physiciens,
ce choix de repére est essentiel pour formuler précisément le fonctionnel d’action décrivant la
matiére et la couplant au champ de la gravité. Dans le "repére de Jordan", la métrique originale
gap Présentée dans I’équation (2) est vue comme la métrique "physique". Par ailleurs, dans le
"repére d’Einstein", la métrique conforme gTag = ['(Rg)gap est interprétée comme étant la
métrique qui a une signification physique. Pour ces considérations sur les aspects physiques de
la théorie, nous renvoyons a [15]. Notre objectif ici est uiniquement de clarifier la terminologie
du point de vue mathématique. En particulier, le terme de “repére” est utilisé en un sens
différent en géométrie différentielle, et nous préférons utiliser ici les expressions “couplage de
Jordan” et “couplage d’Einstein” afin d’éviter toute confusion.

Plus précisément, le "couplage de Jordan" représente le couplage minimal du champ de
matiére & la géométrie de l'espace-temps (représenté par le tenseur N;) exprimé dans la
“métrique de Jordan” (la métrique original g). Par ailleurs, le "couplage d’Einstein" est le
couplage minimal du champ de la matiére a la géométrie de ’espace-temps exprimé dans a
métrique conforme g,

Au vue des observations de [15], des couplages différents conduisent & des théories qui
peuvent étre non-équivalentes. Nous soulignons qu'une théorie physique peut étre présentée
dans les métriques différentes. Sinsi, le couplage de Jordan peut étre présenté avec la métrique
d’Einstein, tandis que le couplage d’Einstein peut aussi étre présenté avec la métrique d’Ein-
stein. Mais, si nous changeons la métrique de présentation avant de décider du couplage de
la matiére, le couplage dans une autre métrique en général ne sera plus minimal. Plus pré-
cisément, le couplage d’Einstein n’est pas minimal par rapport a la métrique de Jordan, et le
couplage de Jordan n’est pas minimal par rapport & la métrique d’Einstein. Il semble que ces
terminologies physiques aient conduit & de multiples confusions dans la littérature physique.

Dans ce travail, on considére le modéle de matiére décrit par un champs scalaire réel de
masse nulle, donné par les tenseurs énergie-impulsion suivants (selon le couplage adopté) :

1
Couplage de Jordan : T,z := V4,9V — §galggé>‘V5¢VA¢,

5)
1 (
Couplage d’Einstein : T, 5 := f'(Ry)(VadVs6 — igaﬁgﬁvgwm).
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Nous soulignons que le couplage d’Einstein est présenté avec la métrique de Jordan. Nous re-
marquons que des choix de couplage différents nous conduisent des systémes d’EDP différents.
Nous nous concentrons principalement sur le couplage de Jordan, en raison du fait que, comme
nous observons dans la suite, le couplage d’Einstein fournit un probléme de Cauchy mal-posé.

Maintenant nous énoncons le résultat principal de la premiére partie de la thése sous une
forme abrégée. Rappelons que le probléme de Cauchy de I’équation d’Einstein est formulé
comme suit (cf. Choquet-Bruhat [4]) pour la terminologie et les références historiques). Soit
(M,g) une variété riemannienne de dimension 3 et K un champ de tenseur 2-covariant défini
sur M. Nous supposons que ces données initiales (combinées avec les données initiales qui
décrivent le champ de matiére) satisfont certaines contraintes de type Gauss-Coddazi que
nous déterminons. Nous cherchons un développement (globalement hyperbolique) de ces don-
nées initiales, c’est-a-dire, par définition, une variété lorentzienne (M, g) qui satisfait I’équation
d’Einstein et telle que la variété M est plongée comme une sous-variété de métrique induite g
coincidant avec la restriction de g & M et de seconde forme fondamentale coincidant avec K.
Le développement maximal (globalement hyperbolique), par définition, est 'unique développe-
ment de ces données initiales qu contiens tous développements possibles & isometries prés.

Nous généralisons cette formulation du probléme de Cauchy au cas de la théorie f(R).
L’équation du champ (2) est du quatriéme ordre, et des données initiales supplémentaires sont
ainsi nécessaires. Nous ajoutons aux données initiales deux champs scalaires R, R; définis
sur M qui (essentiellement) représente la restriction de la courbure scalaire et sa dérivée
temporelle. De plus, les restrictions du champ scalaire et sa dérivée temporelle sont notés,
respectivement, ¢q, @1.

Théoréme 1 (Développements de Cauchy pour la théorie f(R) de la gravité nonlinéaire). On
considére l’équation du champ gravitationnel (2) pour une fonction f de la forme (4) et pour un
couplage matériel de Jordan (5). Des données initiales (M, g, K, Ro, R1, ¢o, 1) suffisamment
réquliéres étant prescrites, il existe un unique développement mazimal globalement hyperbolique
(M, g) de ces données initiales satisfaisant l’équation (2) (en un sens que nous expliquerons
dans les sections suivantes).

Nous préciserons cet énoncé dans la partie 1 ci-dessous. Nous soulignons que notre résultat
présente la premiére démonstration mathématique rigoureuse montrant que la théorie de f(R)
peut étre vue comme une modification de la théorie classique introduite par Einstein.

Au-dela de ce résultat, nous présentons les équations du champ sous la forme d’un systéme
de EDP quasi-linéaires hyperboliques. En effet, un ensemble de conditions de jauge imposées
sur la métrique d’Einstein : les "conditions d’onde". Notre formulation contient une variable
supplémentaire, désignée par p qui représente la courbure scalaire de 1’espace-temps.

Definition 2. La formulation conforme augmentée des équations de la théorie f(R) (avec
le couplage de Jordan et sous les conditions d’onde ajoutées sur la métrique d’Einstein) s’écrit :

CMIB/
9" 0005 gt ap = Fap(g';09",09") — 1200p03p + V(p)g' o5 — 167000030,

o' B! af
9" 0w g = —29""" 0u0sp,
o' B’ D A _ B 4ar raB
9" OuOpp— 5 =W(p) = 55,9 0a0p¢,

A
gTOé/BFTaB = 0’
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ol Faﬁ(gT; dgt,dg") est une forme quadratique par rapport o la variable dgt (définition précise
donnée dans les discussions suivantes) et la fonction V.=V (p) et W = W (p) sont quadratiques
par rapport a p quand p = 0.

Nous retournons la théorie d’Einstein en choisissant f(R) = R et x = 0. Nous démontrerons
que si p = 0, le systéme ci-dessus se réduit au systéme standard d’Einstein.

3 Meéthode du feuilletage hyperboloidal

3.1 Objectifs de la méthode

Nous nous intéressons aux équations d’onde quasi-linéaires posées dans 1’espace de Minkowski
de dimension (3+41) et, en particulier, aux modeéles en physique mathématique et qui décrivent
certains couplages non-linéaires par des équations de Klein-Gordon : par exemple, le systéme
de Dirac-Klein-Gordon, le systéme de Proca-Klein-Gordon, etc. Cette étude est aussi motivée
par des études réalisées sur le systéme (5) et le systéme des équations d’Einstein couplée avec
un champ scalaire réel de masse positive. L’équation de Klein-Gordon est aussi essentielle pour
la modélisation des ondes non-linéaires dans les fluides ou dans les matériaux élastiques.

La méthode du feuilletage hyperboloidal est une "méthode de champ de vecteurs" a la
maniére de [10] et [5]. Cette approche se base sur les deux ingrédients principaux classiques :
d’une part, une estimation de ’énergie (convenablement pondérée) définie & partir des champs
de Killing de I'espace-temps de Minkowski et, d’autre part, une estimation du type de Sobolev
qui fournit l'estimation clef dans L°°. Avec ces arguments, les auteurs réussissent & établir
I’existence globale-en-temps des solutions pour des données initiales suffisamment petites et
localisées (c’est-a-dire supportées dans un compact). De plus, cette méthode s’appuie sur un
argument de bootstrap, ainsi qu’une analyse trés fine de la vitesse de décroissance en temps
des solutions et, de plus, I’analyse de la "structure nulle" des équations considérées. Pour un
systéme couplé d’équations d’onde et d’équations de Klein-Gordon, le travail le plus récent [9]
prpopose une généralisation directe de cette méthode des champs de vecteur.

Dans cette partie, nous considérons le probléme de Cauchy associé a des systémes non-
linéaires couplant des équations d’onde et des équations de Klein-Gordon. Nous introduisons
un nouveau cadre —le feuilletage hyperboloidal— qui nous améne & une généralisation im-
portante de I’état de 'art dans ce domaine. Avec des normes de type L? (convenablement
pondérées), nous pouvons traiter ici des termes nonlinéaire qui n’étaient pas inclus dans [9]
mais qui sont importants dans certains contexts de la physique mathématique. (Des applica-
tions seront ainsi traitées dans un travail en cours [14].) Ce cadre du feuilletage hyperboloidal
nous ameéne une nouvelle méthodologie, qui se base sur une observation d’Hérmander [8] pour
I’analyse de I’équation standard de Klein-Gordon.

Nous notons par [ I'opérateur d’onde dans l’espace-temps de Minkowski. Pour mieux
expliquer nos idées, nous commencons par un systéme simple (mais suffisamment complexe
pour notre propos)

Ou =P(0u, 0v),
Ov + v =Q(du, Ov).

Il s’agit d’un systéme composé d’une seule équation d’onde couplée avec une seule équation de
Klein-Gordon. Les termes quadratiques P et () décrivent les interactions entre ces deux champs
scalaires u et v, dont 'un est massif. Nous rappellons que, d'une part, ’existence de solutions
globales-en-temps des équations d’onde quasi-linéaires (sans couplage avec Klein-Gordon) est

(7)
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établie par [10] dans le cas ou les termes quadratiques vérifient la "condition nulle". D’autre
part, I'existence de solutions globales-en-temps (sans couplage avec une équation d’onde) est
établie dans [11] et des termes quadratiques arbitraires peuvent étre inclus ici. (Le méme
résultat est aussi établi dans [17] par une méthode différente.

Par contre, si l'on utilise ces méthodes classiques sur un systéme couplé d’équations d’onde
et d’équations de Klein-Gordon du type (7), une difficulté essentielle apparait : un champ de
vecteur de Killing associé a 'opérateur [, ¢’est-a-dire le champ S := t0; 4+ r0,, n’est plus un
champ de Killing de lopérateur de Klein-Gordon (O + 1), de sorte que ce champ de vecteur
S ne peut plus étre utilisé dans "analyse.

Dans|9], Katayama a réussi a résoudre cette difficulté et a établi un résultat d’existence nou-
veau pour les solutions globales-en-temps pour une classe de systémes couplés (7). I s’appuie
sur une nouvelle estimation de type Sobolev qui remplace ’estimation classique de Klainerman-
Sobolev, et il utilise aussi une estimation de type L°° — L. Notre texte fournira plus loin
d’autres références sur ce sujet.

3.2 Existence globale pour les systémes des équations d’onde et des équa-
tions de Klein-Gordon

Dans cette section, nous pouvons énoncer notre résultat principal. Par convention, tous les
indices latins a, b,... prennent les valeurs {1, 2,3}, tandis que les indices grecs «, f3,... prennent
leurs valeurs dans {0,1,2,3}. La convention classique de "sommation d’Einstein" est aussi
utilisée.

Nous nous intéressons au probléme de Cauchy associé au systéme suivant :

Dw; + G2 (w, dw)Dadsw; + Ew; = Fi(w, dw),
w;i(B +1,x) = wip, (8)
dwi(B +1,7) = wiy,

dans lequel les inconnues sont les fonctions w; (1 < i < ng) définies sur 'espace-temps de
Minkowski R3t!. L’hypothése suivante de symétrie est imposée :

Gi = G;a s Gz = Gi (9)
et la structure d’onde-Klein-Gordon est décrite en posant .

=0, 1 < < o,
C;, =
B jo+1 < i < mny,

ot ¢ > 0 est (une constante positive et) la borne inférieure des constantes de Klein-Gordon.
La partie courbe des termes principaux G7 af (w, Ow) et les termes quadratiques F;(w, Ow) sont
décomposés de la maniére suivante :

G{aﬁ(w,aw) = A{O‘mk(‘%wk + Bgaﬁkwk, (10a)
Fi(w, 0w) = Haﬁjkﬁawj85wk + Qf‘jkwkﬁawj + R{kijk, (10b)

ol, pour simplicité dans la présentation et sans perdre en généralité, nous supposons que les
coefficients Agamk, Bfaﬁk, Pf‘ﬁjk, Q?Jk, et ng sont constants.
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Pour simplifier la présentation, nous utilisons la convention suivante sur les indices :

tous indices i, j, k,l prennent les valeurs 1,...,ng,
tous indices 7, J, k,l prennent les valeurs 1, ..., jo,
tous indices 7, J, k, I prennent les valeurs jo + 1,. . ., no.

Il sera utile d’introduire la notation
Uj 7= W;

pour les composantes qui satisfont aux équations d’onde ou composantes d’onde, et
Vy = Wy

pour les composantes qui satisfont aux équations de Klein-Gordon ou composantes de
Klein-Gordon.
Nos hypothéses principales sont la conditions nulles pour 1’équations d’onde :

AP eae = BIPRe ey = PPPIRe g — 0
si (€0)7 =) (€)* =0,

a
et les conditions de non-explosion qui excluent les termes nonlinéaire générant une explosion
en temps fini. Ce sont les termes quadratiques qui contiennent les composantess d’onde comme
facteur. Plus precisément, nous supposons que

B*** = RI* = R = 0.

Nous soulignons que les conditions nulles sont imposées sur les termes quadratiques “pure-
ment” de type "onde" : ces conditions ne sont imposées que sur les formes quadratiques
apparaissant dans les équations d’onde et ne concernent que les dérivées des composantes
d’onde.

De plus, nous imposons la condition
QMM =0,

7

qui est la seule restriction véritable dans cette thése. Mais c’est nécessaire a cause de I'implé-
mentation de la méthode du feuilletage hyperboloidal. Si cette hypothése n’est pas réalisée, la
solution ne posséde plus une vitesse de décroissance “proche” de celle des solutions du systéme
linéarisé. (Nous renvoyons a [14] pour I’analyse de tels termes.)

Nous énoncons maintenant le résultat principal de la deuxiéme partie de la thése.

Théoréme 3 (Existence globale du systéme d’onde-Klein-Gordon). Nous considérons le prob-
léme de Cauchy (8) avec des données initiales de classe C™ posées sur l’hypersurface spatiale
{t = B + 1} et nous supposons que ces fonctions sont supportées dans la boule {|z| < B}.
Alors sous les conditions (10), il existe une constante €9 > 0 telle que, si

|wiollgs msy + lwitllas rs) < eo,
alors la solution locale associée se prolonge pour tout temps positif.

Dans le cas spécial ng = jo, le systéme (8) ne contient que les composantes d’onde et le
théoréme 3 se réduit au résultat classique d’existence globale pour les systéme quasi-linéaires
avec nonlinéarités quadratiques nulles. Dans ce cas, notre méthode est, dans une certaine
mesure, plus simple que la méthode classique. De plus, notre méthode montre que la solution
décroit plus rapidement en comparaison du resultat obtenu par la méthode classique.
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3.3 Stratégie générale de la démonstration

Nous présentons dans cette section les idées cruciales de notre nouvelle méthode. Les
définitions rigoureuses sur les notions utilisées dans cette discussion seront introduites dans la
partie II.

— Feuilletage hyperboloidal

L’idée la plus importante dans les travaux de la deuxiéme partie de la thése, c’est
de feuilleter 'espace-temps (la partie dans un cone de la lumiére) par une famille
d’hyperboloides, tandis que dans le contexte classique, ’espace-temps est feuilleté une
famille de plans. En comparaison avec le feuilletage classique, ce feuilletage hyperboloi-
dal a ’avantage d’étre invariant sous les transformations de Lorentz.

Il nous faut alors trouver une estimation d’énergie associée a ce feuilletage, ce que nous
obtenons ici. (Ceci suggére qu’il faut chercher des feuilletages encore plus généraux dans
une variété lorentzienne courbe [14].)

— Repére semi-hyperboloidal

Nous introduisons alors le champ de repéres semi-hyperboloidals adapté a ce feuilletage
hyperboloidal. Ce champ de repére consiste en trois champs vectoriels tangents aux
hyperboloides et un champ de type temporel. Suivant ici [8], nous préférons de ne pas
utiliser le vecteur normal aux hyperboloides mais le champ de vecteur 0;. Nous rappellons
que dans la littérature classique le repére nul (qui consiste en deux champs vectoriels
nuls et deux champs vectoriels tangents aux cones de lumiére) est souvent utilisé.

En comparaison avec le repére nul, I’ avantage du repére semi-hyperboloidal est sa
regularité dans l'intérieur du cone de la lumiére, tandis que le repére nul est singulier
(en {r = 0}). Cet avantage nous permet de surmonter quelques difficultés techniques.

— Décomposition de 'opérateur d’onde adaptée au repére semi-hyperboloidal
Nous décomposons I'opérateur d’onde par rapport au repére semi-hyperboloidal. Cette
déomposition nous permet d’exprimer la dérivée temporelle du seconde ordre par d’autres
dérivées qui possédent des décroissances plus rapides et cette décomposition améliore
donc significativement les estimations sur les composantes d’onde.

— Energie hyperboloidale
La clé de notre méthode est une analyse fine de I’énergie hyperboloidale (introduite par
[8]) : nous utilisons ici tous les termes de cette énergie afin de controler certaines dérivées
des composantes d’onde, tandis que [8] ne s’intére qu’aux termes d’ordre zéro.

— Inégalités globales de type Sobolev
Pour établir les estimations L sur la solution (et ses dérivées), nous analysons un en-
semble d’estimations de commutateurs et nous établissons une inégalité du type Sobolev
globale sur les hyperboloides (semblalble & celle établie dans [§]).

— Inégalité de type Hardy sur un hyperboloide
De plus, nous avons aussi besoin d’une nouvelle inégalité, c’est-a-dire une inégalité de
Hardy sur un hyperboloide. Elle sert & controler la norme L* des composantes de la
métrique courbe.
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— Stratégie de bootstrap et hiérarchie d’énergie

Dans I’argument de bootstrap que nous introduisons dans les sections suivantes, nous
n’imposons pas une unique hypothése de bootstrap (comme dans la littérature existante
sur les équations quasi-linéaires), mais nous imposons un ensemble d’hypotheéses qui,
demande des comportements différents sur les énergies des dérivées d’ordres différents.
Nous demontrons que les énergies d’ordre moins élevé sont bornées tandis que les énergies
d’ordre plus élevé possédent des coissances polynomiales. Cette stratégie plus complexe
se trouve étre indispensable pour les systémes qui contiennent les couplages d’équations
d’onde et d’équations de Klein-Gordon & cause du fait que les dérivées d’ordres différents
ont des décroissances différentes.
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1 Introduction

1.1 The theory of nonlinear gravity

In recent years, new observational data have suggested that alternative theories of gravity, based on
extensions of Einstein’s field equations of general relativity, may be relevant in order to explain, for
instance, the accelerated expansion of the Universe and certain instabilities observed in galaxies.
Among these theories, the so-called f(R)-theory of nonlinear gravity (where a function of the scalar
curvature R is prescribed) is recognized as a physically viable alternative to Einstein’s theory.
Despite their important role played in physics, these field equations have not been investigated
by mathematicians yet. This is due to the fact that the nonlinear gravity field equations are
significantly more involved than the ‘classical’ Einstein equations, since they contain fourth-order
derivatives of the unknown metric (rather than second-order derivatives).

Our purpose in the present paper is to initiate the mathematical study of these nonlinear gravity
theories. Our main objective in the present paper is to define a suitable notion of ‘initial data
set’ for this theory, formulate the initial value problem, and establish the existence of a globally
hyperbolic maximal developments associated with a given initial data set. Our ain theorem will
validate the physical intuition that the nonlinear gravity theory is an ‘approximation’ of Einstein’s
theory.

As already mentioned, in addition to the (second-order) Ricci curvature terms arising in E-
instein equations, the field equations of the f(R)-theory involve fourth-order derivatives of the
metric and, specifically, second-order derivatives of its scalar curvature. The corresponding sys-
tem of partial differential equations (after a choice of gauge) consists of a system of wave-like
equations which is significantly more involved than the original Einstein system. Yet, a remark-
able mathematical structure is uncovered in the present paper, which is based on a reformulation
of the problem, refered to as the augmented conformal formulation: we formulate an extended
system in which both the metric and its scalar curvature are regarded as independent unknowns;
we establish the well-posedness of the initial value problem for this augmented formulation, and
we then recover the solutions of field equations nonlinear gravity.

Recall first that Einstein theory is based on the Hilbert-Einstein action

Anclog) = [ (¢ + Llo.gl) av,

associated with a (3 + 1)-dimensional spacetime (M,g) with Lorentzian signature (—,+,+,+)
whose canonical volume form is denoted by dV = dV,. Here and thereafter, we denote by
Rm = Rmy, Ric = Ricy, and R = R, the Riemann, Ricci, and scalar curvature of the metric
g, respectively. Greek indices a, § = 0, ..., 3 represent spacetimes indices. Observe that the above
functional Agp[g] is determined from the scalar curvature R, and a Lagrangian L[¢, g], the latter
term describing the matter content represented by fields ¢ defined on M.

It is well-known that the critical metrics of the action Agn[g] ( at least formally) satisfy
Finstein’s equation

R
Gy = Ricy — ng: 81 T, gl (1.1)
in which the right-hand side

oL
Tasle, 9] = =2 5 556,91+ gas L2, 9] (1.2)
is referred to as the stress-energy tensor of the matter model. For instance in the vacuum, these
equations are equivalent to the Ricci-flat condition
Ricy = 0. (1.3)

The ‘higher-order’ gravity theory of interest in the present paper is defined as follows. A
function f : R — R being prescribed, we can introduce the action of the f(R)-theory by

Axclo.g) = [ (1524 1jo.g)) vy, (1.4
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whose critical points satisfy the following field equations of nonlinear gravity

Ny := f'(Rg) Gy — %(f(Rg) - Rgf/(Rg))g + (9 Oy — Vd) (f/(Rg)) =8 T[¢,g]. (1.5)

Observe that the nonlinear gravity tensor N, now replaces Einstein’s tensor G, while the right-
hand side (further discussed below) is still given by the stress-energy tensor (1.2). In particular,
by taking the trace in (1.5), we find the following scalar equation

tr Ny = f'(Ry)Ry — 2f(Ry) + 30, (Ry) = 8ntr (T), (1.6)

which can be regarded as an evolution equation for the spacetime curvature and will play an
important role in the present work.

Concerning the matter content, we observe (cf. Section 2 below for details) that the nonlinear
gravity tensor IV, is divergence free, that is,

V*Nas =0, (1.7)
so that the matter field necessarily satisfies the divergence equation
VOThs = 0. (1.8)

Clearly, for the nonlinear theory to formally be an extension of the classical theory, it is
necessary to assume that f(R) ~ R for small R. In addition, we will see later that the (positive)
sign of the coefficient  := f”(0) > 0 is critical for stability and, so, we set

f(R) =1+ k(R +rO(R?)), (1.9)

which after integration yields
R2
£(R) :RH(7 +RO(RY)), (1.10)

where, by definition, the remainder O(z?)/z? remains bounded when 2z — 0 (uniformly in ).
In particular, the map f (which we assume to be smooth) is increasing and strictly convex in a
neighborhood of 0 and, therefore, is one-to-one. A case of particular physical interest arises if the
term kO(R3) in (1.10) is taken to vanish identically.

In local coordinates, the field equations (1.5) consist of a nonlinear system of fourth-order
partial differential equations (PDE’s), while the Einstein equation (1.1) leads to only second-order
equations. Our challenge in the present paper is to investigate the role of these fourth-order terms
and whether they can be handled within the mathematical framework developped for Einstein
equations. Furthermore, one would expect to recover Einstein’s theory by letting the coefficient
 tend to zero. This formal limit is, however, highly singular, since the latter is a system of only
second-order PDE’s, while the nonlinear gravity equations are fourth-order.

1.2 The initial value problem

In the physics literature, the choice of the frame in which measurements should be made (despite
being mathematically equivalent) are still under vivid discussions, and this issue is essential for
physicists in order to properly formulate the coupling between the gravity equations and the
matter fields. In the so-called “Jordan frame”, the original metric g,s is considered to be the
“physical metric”, while in the so-called “Einstein frame”, the conformally-transformed metric
gTaﬂ = f'(Rg)gap is considered to be the “physical metric”. Some discussions in the physical
aspects of the theory can be found for example in [6]. Our purpose here is simply to fix the
terminology. In particular, since the term “frame” has a different meaning in differential geometry,
we will use the expressions “Jordan coupling” and “Einstein coupling” instead.

More precisely, the “Jordan coupling” refers to the minimal coupling of the matter field to the
geometry of the spacetime (represented by the tensor N,) with respect to the “Jordan metric” (the
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original metric) gog. On the other hand, the “Einstein coupling” refers to the minimal coupling
of the matter field to the geometry of the spacetime with respect to gTaﬁ.

As discussed for instance in [6], different couplings lead to different physical theories which may
not be equivalent to each other. We emphasize that a theory can be expressed in various choices
of metrics, which means in our case that the “Jordan coupling” can also be expressed with the
“Einstein metric” gTaﬁ, while the “Einstein coupling” can also be stated in the “Jordan metric”
gap. Hence, if one changes the metric before defining the matter model, the coupling may no
longer be the minimal coupling in the new metric. This suggests that the “Einstein metric” is not
the physical metric in the “Jordan coupling” theory, while the “Jordan metric” is not the physical
metric in “Einstein coupling”. This physical terminology has apparently led to great confusion in
the physical literature.

Throughout this article, the matter model of interest is the real massless scalar field, defined
by its stress-energy tensor and we consider the following two possible couplings:

1
Tas = VadV50 — 59059" V56V 20, 1.1
1.11

Ty = ' (Ry) (VadV6 ~ 300" Vs6V0).

We emphasize that the Einstein coupling is written in the Jordan metric. (Our notion of Einstein
coupling is precisely equivalent to the notion of “Einstein frame” in [6].) As we will see, different
choice of couplings leads to different systems of PDE’s. Our primary interest is for the so-called
Jordan coupling, since we will argue that the Einstein coupling leads to an ill-defined problem
and, in the rest of this section, we thus state our conclusion for the Jordan coupling.

We are now in a position to state our main results, in a preliminary form at least. Recall
that the initial value problem for the Einstein equations is formulated as follows (cf. Choquet-
Bruhat [3] for the terminology and historical references). Given a Riemannian 3-manifold (M, g),
a 2—covariant tensor field K (together with suitable matter data) satisfying certain constraint
equations, one search for a (globally hyperbolic) development of this initial data set, consisting by
definition of a Lorentzian manifold (M, g) satisfying Einstein equations, such that M is embedded
in M as a spacelike hypersurface with induced metric g and second fundamental form K. The
maximal (globally hyperbolic) development, by definition, is the unique development of the initial
data set in which one can isometrically embed any such development.

We generalize this standard formulation of the initial value problem to the theory of nonlinear
gravity. Since the field equations (1.5) are now fourth-order, additional initial data are required,
which are denoted by Ry, Ry and are specified on the initial slice M: they represent the spacetime
scalar curvature and its time derivative of the (to-be-constructed) spacetime. In addition, initial
data for the scalar field and its time-derivative are denoted by ¢q, ¢1, respectively, and are also
prescribed on the initial hypersurface.

Theorem 1.1 (Cauchy developments of nonlinear gravity). Consider the field equations (1.5) of
nonlinear gravity based on a function f = f(R) satisfying (1.9) and assume that the matter is
described by a scalar field with Jordan coupling (1.11). Given a “asymptotically flat” initial data
set (M,g, K, Ro, Ry, b0, $1) (the rigorous definition will be given in definition 6.1 ), there exists a
unique mazimal globally hyperbolic development (M, g) of these data which satisfies the nonlinear
gravity equations (1.5) (in the sense of Definition 2.5, below). Furthermore: if there is a initial data
set (M, g, K', ¢, ¢}) of the Cauchy problem associated to the classical Einstein equation which is
“closed” to the initial data set (M, g, K, Ry, R1, o, #1), then the solution generated is still “closed”
to the solution generated by Einstein equation with the initial data (M,g', K', ¢4, ¢}).

The statements above will be made precise in the course of this paper. We emphasize that
our results provide the first mathematically rigorous proof that the theory of nonlinear gravity is
sound and can be regarded as an approximation of the classical theory of gravity introduced by
Einstein, as expected by physicists.

Importantly, we are able here to express the field equations as a system of second-order hyper-
bolic equations, as now stated. In fact, we advocate here the use of wave coordinates associated
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with the Einstein metric and our formulation in such coordinates is given in the following defini-
tion. Our formulation contains an additional unknown denoted by p which represents the scalar
curvature of the spacetime (and specifically p = 3 In f'(R,)).

Definition 1.2. The augmented conformal formulation of the field equations of nonlinear
gravity (with Jordan coupling and in wave coordinates associated with the Einstein metric) reads:

(X’,H/
9" " 0u08 9 05 = Fapl(g';09",09") — 12000050 + V(p)g' 05 — 1670a00s6,
o' B’ af
9" 00 0p ¢ = 29" 0a00pp,

g (1.12)
198 o - L = AT ged
9" Owlpp—5-=W(p) = 55.9" Oaddsd,
af 1+
g’f FTaﬂ =0,

in which Fag(g';0g',0g") are quadratic expressions (defined in Section 3 below) win dg' deter-
mined by the Ricci curvature, and the function V.=V (p) and W = W (p) are of quadratic order
2

p* as p— 0.

We recover Einstein’s theory by choosing f(R) = R and k — 0. We will show that p = 0 and
the above system reduces to the standard formulation in wave coordinates so that, in particular,
we recover the expression R = 87 V,¢pV*¢ of the scalar curvature in terms of the norm of the
scalar field.

2 Formulation of the Cauchy problem in the Jordan metric

2.1 The 3 + 1 decomposition of spacetimes

In this section, we formulate the initial value problem for the nonlinear gravity system when
initial data are prescribed on a spacelike hypersurface. Until further notice, our setup is as follows
in which we follow the presentation given in [3]. We are interested in time-oriented spacetimes
(M, g) endowed with a Lorentzian metric g with signature (—, +, 4, +), which are homeomorphic
t0 [0, tmax) X My and admit a global foliation by spacelike hypersurfaces M; ~ {t} x M determined
by a time function ¢ : M — [0, ax) and a fixed three-dimensional manifold M. Throughout, we
always assume that

The spacetime M is globally hyperbolic, and every M, is a Cauchy surface, (2.1)

so that a (system of) wave equation(s) posed on any Cauchy surface enjoys the usual uniqueness
property. See the textbooks by [3, 5] for the definitions.

We take local coordinates adapted to this product structure, say (z®) = (2" = t,z%), and we
choose vectors 0; as a natural frame of M;. This structure defines the natural frame (0, 9;). We
also introduce the so-called Cauchy adapted frame by setting e; = 0; and ey = 9, — 3'0; where
B = 370; a time-dependent field tangent to M; and called the shift vector, with the restriction
that eg is orthogonal to M;.

Now we introduce the dual frame 0% of the Cauchy adapted frame (e,) by

0° = dt, 0" = da' + Bidt.

All tensors under consideration will be always expressed in a Cauchy adapted frame or in its dual
frame. In particular, the spacetime metric reads

g = —N26°9° + gijﬁiﬁj, (2.2)

where the positive function N is refered to as the lapse function.
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The structure coefficients of a Cauchy adapted frame are defined by
Céj = ;0 = 8j5i- (2-3)
The Riemannian connection associated to g is represented by the following differential forms w:
Ve, = wfam ® eg,
and
VO = w07 @ 6°.

We denote by g = g, the induced Riemannian metric associated with the slices M; and by V
the Levi-Civita connection of g with the Christoffel symbols (with respect to the natural frame
{27}) denoted by T.,. We can also introduce the second fundamental form K = K; defined, for
all vectors X,Y tangent to the slices My, by

K(X,Y):=g(Vxn,Y),

which in the Cauchy adapted frame reads

1
K;; = —ﬁ( < eo,gij > —91;0:8' — 9u09;8"). (2.4)

Here and throughout this paper, we use the notation < e, g;; > for the action of the vector field
ep on the function g;;. We define the operator dy acting on a two-tensor defined on the slice M,
by
doTij =< eo, Tj; > —T1;0:8" — 1,10, 8" (2.5)
which is again a two-tensor on M;. With this notation, we thus have K = —ﬁ?oy.
Standard calculations in section VI.3 of [3] yield the following splitting of the connection:
; —i

who = Ng“0;N, w; =wiy =N"'ON, wiy=N""'<ey,N >, 26)
1 .
wy; = EN_Q( < €0, 9ij > —gnj0i" — gin0;BF) = —N 1Ky,

wh; = —NK} +0;8', wiy=—-NK.

Here, f;-k denotes the Christoffel symbol of the connection of V in the natural frame {x'}. Tt is
also a standard matter to derive the following Gauss—Codazzi equations on each slice:

Rij i = Rijr + Kinkyy — Ky Ky,
Roijr = N(ViKpi — ViKji), (2.7)
Roio; = N(0oKij + NKy, KF +V;0;N).

Next, by suitable contractions of these identities, we arrive at

50K¢j ﬁlajN

Rij = Rij — = + Ky K| —2Ka K -~ (2.8a)
Roj = N(9,K] — Vi K}), (2.8b)

N2 ij 12
Goo =~ (B — Ky KV + (K})?). (2.8¢)

These equations clarify the relations between geometric objects in M and in M, respectively.
The equation (2.8a) yields the evolution of the tensor K and together with the definition
0vg = —2N K, we thus find the evolution system

00Kij = N(Rij — Rij) + NK;; K} —2NKyK! — V;0;N,

- (2.9)
8ogij = —QNKij.

On the other hand, the equations (2.8b) and (2.8¢) will serve as constraint equations.
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2.2 Evolution and constraint equations

Now, we are going to combine the equation (2.8) and the field equation (1.5) and obtain the
fondamental equations of nonlinear gravity.

To deal with the system (1.5), we recall first some identities related to the Hessian form in a
Cauchy adapted frame. Given any smooth function f defined on (M, g), we can write

Vdf =V (<ey, [>07) =<eg, <ea,[>>0° @0 <ey, [>w] 07 @06%
We need to calculate explicitly the following components:

ViVif = 0:0f — O fw], = 0,0;f — Tionf — Wy < eo, f >
= ViV, f + KN~ — B'a) f (2.10)
=V.V,;f+ KiLnf,

where £,, is the Lie derivative associated to the normal unit vector of the slice M;. Furthermore,
we find

ViVof =VoV,f =<eo,0;f >— <eo, f>wy; — 0 fuwi,
=(0r = B'0:))0;f — (00 — B'0) f NT'O;N + NO f K} — 0: f0; '
=0y — '0:)0;f — (0, — B'0;) f O;In N + NO f K — 0, f0; '
=0;(0y — B'0)) f — (0 — B'0;) f O;In N + NO, f K
=NO;(N~" (0, — B'8,) f) + NK,0; f.

The trace of the Hessian of a function, that is, the d’Alembert operator, is expressed in the
Cauchy adapted frame as follows:

Ogf =9°°VaVaf = —=N*VoVof + g7 ViV, f
=—NVoVof +g7ViV;f+ g7 K;N~" (0, — B')) f
=— N*VoVof + Agf + g7 KijLnf,

where Agf is the Laplace operator associated with the metric g.
For a technical reason, we need rewrite the field equation (1.5) in a slightly different form.
Define the tensor

1
Egop = Ngop — itr (Ng)gasp, (2.11)

where tr (Ng) is the trace of the tensor N, with respect to the metric g. Then
! 1 ! 1 /
Fyy = I'(Ry) Ry + 5 7' (RWA(Ry)gas — ( 56060, + Va5 ) (R,

where we have introduced the function

Wi (r) == W reRr. (2.12)

Then by (1.5), E, satisfies the following equation:

Byop = 8m(Tap — %tr (T)gas)- (2.13)
By defining next by
Hop = (Tap — %tr (T)gas): (2.14)
the field equation can be written as
Eg,5=8THag. (2.15)
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For different components, we will choose a different form of the equations, specifically:

E!]ij = 87THij,
EQOj = 87THOj, (216)
NQOO = 87TTOQ,

Or equivalently:
1 1 1
PR+ 3£ W (R ~ (3900, + 939, ) 1'(R) = $x(T3 = g (Thg). - (2170)
F'(Ry)Roj — VoV, f'(Ry) = 87T, (2.17b)

F(Ry) Gy — %f/(Rg)Wl(Rg)goo + (900 Oy — VoVo) (f/(Rg)) = 81Tho. (2.17¢)

The following lemma shows that any solution of (1.5) is also a solution of (2.16) (and vice
versa).

Lemma 2.1. If gog and T, satisfy the equations (1.5), then they also satisfies (2.16). The
converse also holds.

Proof. By a simple calculation, (2.16) is found to be equivalent to the following three equations:

(Ng — 87TT)Z.]. = —%gi]—tr (87T — Ny),
(Ng —87T),. =0
900 87TT()() =0.

Then by taking the trace of the tensor (N, — 87T,
3
tr (Ng — 81T = —étr (87T — Ny)

which leads to
r (87T — Ny) = 0.

Then the desired result is proved. O

From (2.17a) and by using (2.10), we arrive at the following form:

1 1, 1 /
Rij =R, (Egij = 5[ (Bg)Wi(Ry)gij + i(gijljg +2V,V;) f (Rg))

E;; 1 _
“Fy) 21
5, VoVl (R,)

INEF(R,)

(9,87 +2ViV;) ['(Ry)
2 (R,)
+ (K + 59.,K) ([ (Ry))

(2.18a)

where N
K := g7 K, (2.18b)
is the trace of K with respect to g. We also have

Foj = ﬁ<a<9w+wvf(”>
B Ng j n Né)] (N_l(c’)t — 518@)‘]0/(}%

~ f'(Ry) f'(Ry)
Ngo;  NO;(f"(Rg)LnR,)

= Ryt PR

O

) + NK:0;(In(f'(Ry))) (2.18c¢)

=

+ NKI9; (In(f'(Ry))),
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and

Goo = f'(R ) (Ngoo + lf/(Rg)Wl(Rg)goo - (QOODg - VoVo)f/(Rg))
N, oo (2.18d)
900 !/
= (R, + 900W1(R ) — F(R )(A + 97 Ki;L,) ' (Ry).

By combining (2.18a) with (2.8a), (2.18c) with (2.8b) and (2.18d) with (2.8c), the evolution
equations and constraint equations for the system of nonlinear gravity are formulated as follows:

00K;j =NR;j — NRjj + NK;; K| — 2NK; K} — V;0;N
=NR;; + NK;;K| - 2NK; K} — V;0;N

_NE; N N(g;;0q +2ViV;) ' (Ry)
iR, T2 V)i 27 (Ry) (2.19)
Ngijvovof( g)

2N2f’(Rg) - N(Kij + %gin)Lnln(f/(Rg))7

gogij = QNKij,

2Nq00 + 2A§f/(Rg) + 2@7/][(”'6”(111 f/(Rg)) — Wl(Rg)v (220)

R KyKY + ()" = s p s * =1,

J

and

S Nyoi O (f"(Ry)LnR
8JK:—V»LKJZ _ /gO] + J(f (/ g) 2 g)
Nf'(Rg) f'(Ry)
Now, we analyze the coupling with the matter field and consider the stress energy tensor T,g3.
The equations read Ny 5 = 87Top, where Ty = Top for the Jordan coupling and Tog = T;B for

the Einstein coupling. We also define the mass density o and the momentum vector J (measured
by an observer moving orthogonally to the slices) by the relations

+ K0 (In(f'(Ry)))- (2.21)

o= N"2Ty, Jj = —N"1Ty,. (2.22)

Recall first the constraint equations for the classical theory of general relativity, when the
Einstein equations Go3 = 8mT,s are imposed. Therefore, the last two equations in (2.8) yield

E—F Kij Kij - (Kf)z = ].67TO',
. o (when f' = 0). (2.23)
V' K;j —V;K} =8 Jj,

In the same way, we introduce a definition suitable for nonlinear gravity.

Proposition and Definition 2.2. The equations for nonlinear gravity in a Cauchy adapted
frame {eg,e1,e2,e3} decompose into:
1. Evolution equations:

00K;j =NR;j + NK;;K| — 2NK; K} — Vo;N

87TN( ij zgw tr (T)) (gijAE + 2§i§j)f,(Rg)

Fay R 27 (R, 221
Ng;;VoVof'(Ry) 1_ / '
oty Nt 58, K) La (] (Ry)),

50§ij = — 2NKij.
2. Hamiltonian constraint equations:

1670 . 2051 (Ry
f'(Rg) — f'(Ryg)

R— K K"+ (K])? = ) + 297 KL, (In f/(Ry)) — Wi(Ry), (2.25)
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3. Momentum constraint equations:

St (" (R)EuR,)
F(R,) 7(R,)

Observe that, in the classical gravity theory, the factor f(R) coincides with R and f'(Ry) =1,
so that the terms consulting f’(Rg) in the right-hand sides of the constraint equations (2.25) and
(2.26) vanish identically and we recover the standard equations (2.23).

We observe that these constraint equations are highly involved compared with the classical
case. The main difficulty is that they consult the four-order derivatives of the metric g in the form
of the second order derivatives of the scalar curvature R,. We also remark that these four-order
derivatives destroy the elliptic structure of the classical constraint equations.

9K —ViK; = + K10, (In(f'(Ry)))- (2.26)

2.3 The divergence identity

As in the classical case, the evolution equation of the matter field is deduced by the relation
V*T,s = 0, which should also be guaranteed by (1.5).

Lemma 2.3 (The divergence identity in nonlinear gravity). The contracted Bianchi identities

1
VRap = ivﬁR (2.27)
imply
V*Ng.,5 =0. (2.28)

Proof. The following calculation is made in a abstract (local) natural frame. Indeed, this is checked
as follows by computing the three relevant terms:

V(VaVaf (R) = gapOgf'(R)) = (VOVa Vs — VsVAVL) f/(R)
= (VaVpV® = VsV V)(f'(R))
= [Va, Va|(VH(f'(R))) = RapV°(f'(R)),

then
V(f'(R) Rap) = RagV*(f'(R)) + f'(R) V*Rap
= RagV*(f'(R) + 31 (R) VR,
and finally
Ve (34(R) gas) = 3V (B) = 37'(R) VaR
Combine these three identities together yields the desired result. ]

As a first application of (2.27), we can now determine which coupling (in the Jordan metric
under consideration in this section) is mathematically sound.
If we assume that

1 ! !
Tozﬂ = Toc,(:? = aa(baﬁd) - 5904,69& o aa’¢a,6’¢7
then, by the field equation Ny, = 87Tus and (2.27), we find
VP T,s =0
and thus
Ogellye = 0.
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Consequently, if ¢ satisfies the following wave equation on M
Uy =0, (2.29)

then the tensor T,z is automatically divergence-free. We thus have a single scalar equation for
the evolution of the matter field ¢.
Next, if we assume the Einstein coupling

1 a/ ’
Ta[ﬁ = Tlg = f/(Rg)(aa¢aﬁ¢ - 59&/59 A aa’¢6ﬁ’¢)>
then the field equation Ny, = T;EB together with (2.27) lead us to
ampt
VT, 5 =0,

which yields
" (R)TupVRy + f'(Ry)0s0,0 = 0.

This (vectorial) equation can be written as

" R 1 Y
9ppUg¢ = J;((Rgg)) (000056 — 59059" © Oar $05:8) V" Ry
or equivalently
F'(Ry) o sver -0 >v ) ( B9 604 )v R 2.30
(Fryoeew =000 Vo = gty (o Yoot vom. @

For general initial data, this always leads to an over-determined differential system (since only
one scalar field should be determined) and this strongly suggests that the Einstein coupling is not
compatible (unless we make the additional assumption that V¢ and VR are colinear).

From now on, we thus focus our attention on the Jordan coupling.

2.4 The initial value problem for nonlinear gravity

We now formulate the Cauchy problem for the system (1.5). To do so, we specify the expression of
the stress-energy tensor Ti,3. Acoording to our earlier discussion, we assume the Jordan coupling:

]_ ’ ’
Tap = Tap = 0a99p¢ — 59ap9" B O $0 ¢ (2.31)
and we can then compute the corresponding matter fields

1 1 ”
0= N"Top = [£,0* + 5 |Ve|, = 5 (1£ndl* +770:00;),
Ji = *Lnﬁéaﬁb

(2.32)

Definition 2.4. An initial data set for the nonlinear gravity theory (M, g, K, Ro, Ry, ¢0, ¢1)
consists of the following data:

e a 3—dimensional manifold M endowed with a Riemannian metric g and a symmetric (0, 2)-
tensor field K,

e two scalar fields denoted by Ry and Ry defined on M and representing the (to-be-constructed)
spacetime curvature and its time derivative,

o two scalar fieds ¢o and ¢1 defined on M,
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e which are assumed to satisfy the Hamiltonian constraint of nonlinear gravity

_ - . 8(d? + G99 8;d0; _
R— K;; K" +(Kj)2 — (¢1+g %o J¢0) 2A5/"(Ro)

. "(Ro)R
+2§wzgjcnf%%%%7i-—ma(Roy

and the momentum constraint of nonlinear gravity

8w 0ido + 9, (f”(RO)R1)
f'(Ro) f'(Ro)

0K — V.Kj = + K:10; (In(f'(Ro)))- (2.34)

Definition 2.5 (Formulation of the initial value problem for nonlinear gravity). Given an initial
data set (M,g, K, Ry, Ry, ¢o, 1) as in Definition 2.4, the initial value problem associated with
the nonlinear gravity theory consists of finding a Lorentzian manifold (M, g) and a matter field ¢
defined on M

1. The field equations of nonlinear gravity (1.5) are satisfied,

2. There exists an embedding i : M — M with pull back metric g = i*g and second fundamental
form K.

3. The field Ry coincides with the restriction of the spacetime scalar curvature R on M, while
Ry coincides with the Lie derivative L, R restricted to M, where n denotes the normal to

M.
4. The scalar fields ¢o, ¢1 coincides with the restriction of ¢, Ln¢p on M.

Such a solution to (1.5) is refered to as a nonlinear gravity development of the initial data
set (M7§7 K? R03R15¢07¢1)'

Similarly as in classical gravity, we can define the notion of maximally hyperbolic nonlinear
gravity development of the initial data set.

We first observe that the initial value problem for nonlinear gravity reduces to the classical
formulation in the special case of vanishing geometric data ¢g = ¢1 = Ry = Ry = 0. Similarly as
in classical gravity, these fields can not be fully arbitrary prescribed but certain constraints (given
above) must be assumed.

2.5 Preservation of the constraints

We now address the following issue: Suppose that the evolution equations are satisfied by a pair of
symmetric two-tensors (g, K) in the spacetime and the stress-energy tensor T is divergence-free,
and suppose that if the constraint equations are satisfied on the initial slice My, then we will
prove that the field equations hold on the spacetime — that is the preservation of the constraint
equations.

This is the first example of the “preservation-type” results.We will see other examples in the
following discussion. The common character of these results are: in a differential system the
equations are classified into two categories: one is easer to handle (the evolution equations in
this example) while the other is difficult (the constraint equations). Our strategy is to replace
the difficult equations by some equations which can be deduced form the original system (in this
example, the trace-free equation of T'), and which are also easier to handle. This forms a new
system and our task is to prove the equivalence between the original system and this newly formed
system.

Before the statement of the main result, we remark the following observations. The evolution
equations (2.24) are equivalent to (2.17a) and the constraint equations (2.25) and (2.26) are equiv-
alent to (2.17b) and (2.17c). So we suppose that (2.17a) together with the divergence condition
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Va5 = 0 are satisfied in the spacetime M = U;c(o s,...)M¢, and the constraint equations (2.17b)
and (2.17c) are satisfied on the initial slice. Then we will prove that the equations (2.17b) and
(2.17¢) are satisfied in the whole spacetime. More precisely, the following proposition holds:

Proposition 2.6. With the previous notation, suppose that equations

by, ety 0 (2.35)
and
I (2.36)
hold in Uyc(0,4,,0) Mr and
Egoj _ 87THOj7 NgOO = 87TT00 (237)

hold on the initial slice My = {t = 0} Then

Eyo; =87Hoj, Nggo = 8xTho in the spacetime | | M. (2.38)
t€[0,tmax)

Proof. The calculations are made in a Cauchy adapted frame. For convenience in the proof, we
introduce the notation

Yag =N,

Y 81T a5,

and we will prove that o,3 = 0 which leads to the desired result.
By the hypothesis VT, = 0 and the identity (2.27),
V¥8ap = 0. (2.39)

Recall the definition of Egaﬁ and H,g, the following relation holds:

1
Zaﬁ = Eg Ha[g — iga[gtr (Eg — H) (240)

aBf
In particular
Yoo=F

1
900 — HOO — igootl‘ (Eg — H) (241)

Now by considering the fact that g% = go; = 0 and (2.35),

tr (Ey — H) = g"(Eyo, — Hoo)- (2.42)
Combine (2.41) and (2.42),
tr (B, — H) = 2% %0. (2.43)
Substitute this equation into (2.40),
Sap = Egop — Hap — 9apg™ Too- (2.44)

where we can calculate more precisely the spacial components with the aid of (2.35)
Sij = —9i;9" Zoo- (2.45)
Now with these preparations we calculate
5% = g% Susp.

When a = =0,
20 = 20ag™” = g°*Zo0. (2.46)

When 3 =0, 1 < a < 3. We denote by a = o. Then recall that ¢g*° = 0,

28 = gaalza’o = gaalza’O
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For1<b<3
2 = 959" T8 = 9%g0e 55
For 1 <b<3and 1<a<3, by applying (2.45) and (2.46), then
5 =9 % = Qualzba’ = *Qaa/gba/goozoo = *51(;123

So we conclude by
50 = g% 0S5, Tp = —0p%. (2.47)

Now recall that the identity (2.39) can be written as
Va3 =0

which leads to
< e€q XF > — wiBZg‘ —l—wg&Eg =0.
When g =0,
< e0, B0 >+ 05§ — wlpSy + wlySs =0. (2.48)

For 1 < b < 3, taking the equation (2.47),
< e0, 028 > + da(— 5?28) —whES +wa X =0
which leads to
< €0, B8 > — g00d XY — goog"™* (w3b2$ — wngg) + g00g% < eo, "0 gper > 28/ =0. (2.49)

Consider (2.48) and (2.49) together, we remark that by (2.47), the lower order terms are linear
combinations X with 0 < o < 3. So these equations forms a first-order differential system.

Furthermore we remark that this system is symmetrizable. Recalling that we denote by g = g,
the induced Riemannian metric on the slices M;, we introduce the following notation:

V= (28, ES)Tv Pa = goo(§a17§a27§a3)T’
o1 = (17070)7 02 = (0,1,0), 03 = (05071)
Then the principal part of the system formed by (2.48) and (2.49) can be written as

<e,V>+Y A9V =F (2.50)

0 o
Aa/ — a
( —goop® 0 )

and F' a linear form on V. Then by multiply this equation by the matrix Ay defined as following;:

1 0 —300 0
Ag = = - )
0 ( 0 —9%gap > Jo0 < 0 Gab )

Then the system (2.50) becomes

where

Ap< e,V >+ AgA"9,V = AF
and remark that AgA® are symmetric:

AgA® = ( (aaO)T i )

Then the system (2.50) is symmetrizable. We also remark that by (2.37) implies that V' = 0
on the initial slice {¢ = 0}. Then, thanks to our global hyperbolicity assumption (2.1) and by a
standard uniqueness theorem, we conclude that V' = 0 in the whole spacetime. O
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3 Formulation of the Cauchy problem in the Einstein met-

ric

3.1 Conformal transformation

From the last section we observe that both evolution equations and and constraint equations for
nonlinear gravity are highly involved and difficult to be treated with standard PDE’s techniques.
Then main difficulty comes from the forth-order term V,Vgf'(R,) in (1.5). To overcome this

difficulty, we adopt the following conformal transformation:

t B

9o =€"gas, g e

9°?,

where the conformal factor is defined by
1
pi=g In f'(R,) or equivalently f'(R,) = e*.

We have the following expression of the tensor Ny in the Einstein metric.

Lemma 3.1. With the notation above, the following identities hold:

;
9 1
e* R 5 — 6000 pdap + T”BWQ(/)) =Ng,p— éga/gtr (Ng),

where the function Wo = Wa(p) is defined implicitly by the relation

O =0 o,
WQ(S) = f’(’l‘) ) € f ('I")
where Wy is defined by (2.12). We also define the function
Ws(s) == f(r), €* = f'(r)

which will be used in the proof.

Proof. Recall the tensor

Ngaﬂ = f/(Rg)ROKﬁ - %f(Rg)gaﬁ + (gaBDg - Vocvﬁ)f,(Rg)

and the trace
tr (Ng) = f/(Rg)Rg —2f(Ry) + 3Dgf/(Rg)-
We remark the following identities:
VaVge? =2e*V,Vp + 4e*V o pVgp,
Oge% = 2e**0yp + 4e* g(Vp, Vp).
With these identities, we get

1
Nyog = € Rag = 50a5Ws(p) +2¢* (gastly = VaVis)p + 4¢* (9059(0p, Op) — DapOsp)

and

Ws(p) 1 _tr (Ny)
Ogp — 520 +29(0p,0p) = <Walp) = =, 5.7

In general, the following relation hold between the Ricci curvature tensor of g and ¢':
R'as = Rap —2(VaVsp = VapVsp) — (Oep +29(Vp, Vp)) gas-

By (3.5), N4 can be expressed as following:

1
Ny, 5 = € Rl og — 66>V 0pV3p + 66> g059(V p, V) + 3¢* gosOgp — 3 Wa(p)gas-

Combined with the trace equation, the desired result is proved.
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Now the field equation in conformal metric is formulated as following.

Proposition and Definition 3.2. The field equations of nonlinear gravity in the Einstein
metric gTaﬁ = €% gap with p = %ln(f’(Rg)) read as follows:

‘i‘alﬁ/

;
9« 1
e*’ R 5 — 6€*° Do pdpp + TﬁWQ(p) =81 (Tap — §9Tab’g Turpr). (3.6)

At this juncture, it is unclear how the scalar field p should be recovered in term of the Einstein
metric. We will derive below an evolution equation on p.

Remark 3.3. For later use, we also observe here that for an arbitrary C? function w,

Ogrw = e 2 (Ogw + 29*? 9, pdsw) = e 2 Oyw + 2gTaﬂ8ap65w. (3.7)

gt
Then the trace equation is transformed into

_ Walp) | Wa(p) 1
Dt = 6e2r + 6elr +664P

tr (N,). (3.8)

3.2 Evolution and constraint equations in the conformal metric

As in the last section, we can formulate the evolution equations and constraint equations with
respect to the transformed field equation (3.3). To do so, we introduce as before a foliation of
spacetime M = [0,4+00) X M; and a Cauchy adapted frame {eg,e1,ea,e3} with respect to the
transformed metric gf. Then by exactly the same calculation, we find

3 =t
— aoKTz“ l l VlﬁNT
Rlo; = NT(9;KT, - V| K1), (3.9b)
Nt
Glog = 5 (R = KK+ (KT))%). (3.90)

Here V' refers to the covariant derivative on the slice M, with respect to g'. Then (3.9a) represents
the evolution equations

= —t
doK'i; = NY(Rj; —

00g';; = —2NTKT;;.

l l =
Ri,) + NTKT KT —oaNTKT KT, — o, NT, (3.10)

The transformed field equations (3.3) can be written as following:

_ 1 1
Rigs=e QP(Ngaﬁ - §ga6tr (Nyg)) + 60apdsp — @gTaBWQ(p)'

By taking the trace of this equation with respect to the metric g,
R' = —e™*tr (Ny) + 64" (0p, Op)gop + € 7" s Wal(p)
which leads to
Glop = Ngop +6VaoVpo— 391 (dp, 8p)gTa5 + e_QPgTQBWQ(p),
So the evolution equations and constraint equations are found: The evolution equations are
FoK 'y =NTR}, + NTKT KT, —2NTKT, K1, — 1o, NT
e (Ngij - QQ%PgTijtr (Ng) +6€°°0;pdjp + ;gTijWQ(Rg)>

007" ;; = —2NTKT;;,
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while the Hamilton constraint equation is

_ ii 1 2N, _
R'— k1K1Y 4 (KT)? = 2/)7;&02 +12[ L1 p” + 69" (VTp, Vip) — e W (p)
e

and the momentum constraint equations read

N, .
ettt _ olett 905 ,
KT - V'K, = N +6L,1p0;p.

Here n' denotes the normal unit vector of the slice M.
We consider again the Jordan coupling with matter field (the reason of this choice of coupling
is explained in the next subsection):
N‘]a[;’ = 87TTaﬂ.

Furthermore, define
To; T
o _ 20 T 200
Ti=—§r = Nt2'

Then the evolution and constraint equations with conformal metric are formulated as following.

Definition 3.4. In the Finstein metric, the equations of nonlinear gravity in a Cauchy adapted
frame {ep, €1, ea,e3} can be decomposed as follows:

1. Evolution equations:
FoK 'y =NTRy + NTK1, KT — 2NTKT, K1, - Vi, NT
1
— Nfe=2 (877Tij - 4776_2'092]-261" (T) + 6€*9;p0;p + §gTijW1(Rg)),
dog'; = —2NTKT;;.

2. Hamiltonian constraint equation:

9 _ 1607

—1 ij l
R'— KT ;K" +(KT)) 2

12102 + 691 (V1p, Vip) — e 2Wa(p)  (3.11)
3. Momentum constraint equations:
[ JT;
KN -V KT, = —67; +6L,,:p0;p. (3.12)

Remark 3.5. We emphasize again that the constraint equations are equivalent to

N900 = 871’T()(),
Ng()a = 87TTOa‘

The evolution equations are equivalent to

1 1
Ngop — igabtr (Ng) = 87T(Tab — igabtr (T))

3.3 The divergence identity

As before, in order to get the evolution equation of the matter field, we need to calculate the
divergence of the tensor N, with respect to the conformal metric gf. This is concluded by the
following lemma:

Lemma 3.6.
«

VI Nyos = €2 (297°0,pNyg5 — tr (Ng)Dpp). (3.13)
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Proof. The following calculations are made in a abstract (local) natural frame. This identity comes
from the relation
.
F‘LQB =105 +06208p + 650ap — gasVp.

Then

V" Nyos
=27V, N,
=e "2 g0 (&yNga[s - PiaNgﬁé - F%Nga&)

— 672”9M (5g6ap + 5gavp — ngép)NgM — e*2pg‘” (&i(()gp + 5287p — g%gV‘sp)Ngm;
= 2V Ny s

—e 2 (Vop+ V°p —4V°p) N,

af

Bs e 2 (83,0‘51“ (Ng) + VQPNgaﬁ - VQPNgaﬁ)

Remark that V*N, o = 0 by lemma 2.3, then

VTaNgaﬂ = 672’)(297687/)]\7966 —tr (Ny)9sp).

With the Jordan coupling, the divergence of the stress-energy tensor is expressed by
VTaTaﬁ = (2g5“’85p Tyg —tr (T)aﬁp)€72p

which (together with the state equations of the matter field coupled) will supply the evolution
equation of the matter field.

Here parallel to the case of Jordan metric, we will determine the choice of coupling in the
Einstein metric with the aid of (3.13). Surprisingly, we will see that in Einstein metric, the
reasonable choice is again the Jordan coupling.

We remark the following calculation. When

1
Top = Top = Ouddpd — 59a5|v¢|§,
which is the case of Jordaon coupling,

dpptr (T) —29"05p Ty = — |V|205p — 29(0p, 06)9pd + [V |20sp
= —2g(0p,09)0s¢

which leads to
(29"705pTy5 — tr (T)dsp)e™>" = 29" (Dp, p)Ds . (3.14)

Then we remak at first the following identities:
VITos = 050 0,1 6.

Combined with (3.13),
(95(25 ngb = 26—2pga A 8a/gz56ﬂ/p6g¢.

This leads to the following wave equation:

0,16 = 207" 80 00 p. (3.15)

Then we consider the Einstein coupling:
1
Taﬁ = Totg =% (aa¢86¢ - §gaﬁ|v¢|3)y
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then
Taa

VT, =000, 6 + 26%g 'p(0aOp — gaﬁ|V¢\ 5)

= ¥ 030(0y1 6 + 29" (9p, 09)) — 3ﬂﬂ|V¢|§~
Combined with (3.18),
036 (0g16 + 29" (0p, 09)) — pplVel5 = 29" (9p, 06)05¢-
This leads to
e 06 (0yg1 6 + 29" (9p, 09) — 27" (V1p, V1)) = 05|V,
which, as in the case of Jordan metric, leads to an over-determined differential system. This

suggests again that the Einstein coupling is not compatible.

3.4 The initial value problem in nonlinear gravity (conformal version)

As in the case of Jordan metric, we formulate the initial value problem and the constraint equations
on initial data in conformal metric. To do so, we take again the Jordan coupling of a real massless
scalar field:

Taﬁ = a¢8ﬁ¢ gaﬂ|v¢|2

Then taking the expression of o and JT,

1 iy
= 5 (10l +599:60;6).
I =—L,:100;0.
As in the classical case, define the following initial data set for this conformal formulation.

Definition 3.7. An initial data set for the nonlinear gravity theory in Einstein metric
(M,g", Kf,pg,pi, qﬁg, qﬁJ{) consists the following data:

e o 3—dimensional manifold M endowed with a Riemannian metric ' and a symmetric

(0,2)—tensor field KT,

e two scalar fields denoted by pg and p]; on M and representing the (to-be-constructed) con-
formal factor and its time derivative,

e two scalar field q% and qﬂ defined on M,

e which are assumed to satisfy the Hamiltonian constraint of nonlinear gravity in Ein-
stein metric

B KRR = 8¢ ((0])2451 100,05 ) +6(0])>+65" 010}0; e 20 Wa ),
(3.16)
and the momentum constraint of nonlinear gravity in Einstein metric

oK — VKT = ¢1 J% +6p]0;p. (3.17)

Then similarly, we formulate the initial value problem of nonlinear gravity in Einstein
metric.
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Definition 3.8 (Formulation of the initial value problem in Einstein metric). Given an initial
data set (M, gT,KT,pE,pJ{,qbg,(ﬂ) as in Definition 3.7, the initial value problem associated with
the nonlinear gravity theory consists of finding a Lorentzian manifold (M, g) and a two-tensor field
Ta[g on M

1. The conformal metric gt is defined with the relation gTaB = €%Pg,p with the conformal factor
p= 3In(f'(Ry)) where Ry is the scalar curvature of g.

2. The field equations of nonlinear gravity (3.6) are satisfied with p = %ln ' (Ry).

3. There exists an embedding i : M — M with pull back metric g' = i*g' and second funda-
mental form K*.

4. The field pEr] coincides with the restriction of the conformal factor p on M, while pI coincides
with the Lie derivative L+ p restricted to M, where n' denotes the normal unit vector of M.

5. The scalar fields ¢(T), qﬂ coincides with the restriction of ¢, L,1¢ on M.

Such a solution to (3.6) is referred to as a nonlinear gravity development of the initial data
set (M, 3", K1, o, pl, 00, 1)

Similarly as in classical gravity, we can define the notion of maximally hyperbolic nonlinear
gravity development of the initial data set.

We first observe that the initial value problem for nonlinear gravity reduces to the classical
formulation in the special case of vanishing geometric data d);r] = d)J{ = Ry = Ry = 0. On the other
hand, without matter fields and for non-vanishing geometric data Ry and R;, the spacetimes
under consideration do not satisfy Einstein vacuum equations. Similarly as in classical gravity,
these fields can not be fully arbitrary prescribed but certain constraints (given above) must be
assumed.

3.5 Preservation of the constraints

As in the case of original (Jordan) metric, we discuss the preservation of the constraint equations.
This result is concluded in the following proposition.

Proposition 3.9. Let (g%, KT) be a pair of symmetric two-tensor of class C? defined in the
spacetime M = Uyc(o,4,...)Me- If the following equations hold in M

max

1 1
Ngij - 5757" (Ng)gij = 87T(Ti' - itr (Ng)gij)7 (3.18)
ViT,5 =72 (97°0,pTy5 — Opptr (T)), (3.19)
and on the initial slice M,
Ngog = 8mTop. (3.20)
Then (3.20) hold in M.
Proof. Recall the definition
Sap = Nyo5 — 81Tap.
We will prove that oo = 0.
Then (3.18) can be written as
1
Sij - Htr f(2)g',; =0. (3.21)

Taking the trace of the tensor ¥,z — %tr Ygap With respect to g

_ id 1
tr 'Y —2tr ' = — N1 2200 +g' ](Zij - §tr (2)gij),
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combined with (3.21),

tr 15 = —NT 3. (3.22)
Combine (3.22) with (3.21), then
Yoo
Yij = ToNTE 9" (3.23)

By the same procedure in the proof of proposition 2.6, the following relations hold:

oL LI ST S v ) 5 (3.24)

Now consider the identity (3.13) combined with (3.19), the following identity holds:
ViS5 =2 (20,p%7 — dpptr (%)) (3.25)

We remark that by (3.24), the right-hand-side is a linear form of the function Eg . Recall that by
definition,
) «
VIaDg = < eq, T > —whosTf + 0l 2h (3.26)
Combine (3.25) and (3.26), a first-order linear differential system is formed:

5
< ea,Xf > — wTaﬁZg —|—sz62% = 6_2”(28%1273 — Ogptr (X))
Remark that the principle part of this system

< eg, 28 > + 9, %8 = lower order terms,
TOO 1 c 0 (327)
<ep,g" g'pe25 > — OpXg = lower order terms.

can be symmetrized by the same procedure of the system formed by (2.48) and (2.49). Recall also
that by (3.20), this system has vanishing initial data. Then, recalling our global hyperbolicity
assumption (2.1), the desired result is proved. O

4 The conformal formulation in wave coordinates

4.1 Gravity tensors in wave coordinates

Form this section we will begin to solve the system (3.6) with the techniques of PDE. To do so,
we need firstly write (3.6) in a coordinate system well chosen. If we observe the left-hand-side of
(3.6), we remark that if we neglige the terms on p, the principle part (the second-order derivatives
on g') is contained in RTQB. To its investigate the structure, we preform the following calculation
which is valid for a general Lorentzian manifold with arbitrary local coordinate system.

Let (M, g) be a Lorentzian manifold with metric g of sign (—,+,+,+) in a local coordinate
system {2°,2',2% 2%}, We denote by I' ; the associated Christoffel symbols. Oy := V*V,, is
called the d’Alembert operator (associated to g). The following lemma is the result of a direct
but tedious calculation:

Lemma 4.1 (Ricci tensor in general coordinates). With the notation' T* := go‘ﬁl"gﬂ, and T'y =
9P, we have

]_ Il 1 1
Rap = —59° 7 00 0p gap + 5(0als + 0pTa) + 5 Fap(g; 09, 09), (4.1)

where Fog(g; 0g,0q) are nonlinear functions in the metric coefficients and are quadratic in their
first-order derivatives and the second-order operator ga’ﬁ’aa,aﬁ, is called the reduced d’Alembert
operator. Furthermore

Ogu = ga'ﬁ’aa,aﬁ,u + I9su.

1We emphasize that here I', are regarded as functions but not the components of a vector.
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Proof. These are direct but tedious calculations:
Rop = 8>\P25 - 3a1“2A + Fgﬂrié - Tial“?u

combined with 1
I = 3 M (9agpxn + 0pgar — Ongap)-
Then we calculate the expression of Ricci tensor,
Rop = 3AF8\¢3 - f%l“?u + Fé\ﬁrié - 1“351“%»

where the second order derivatives come from the first two terms. So we focus on the first two
terms,

Mg — 0al'hy = %3,\ (97°(0agps + 03gas — Dsgap)) — %(Ga (97°(9p9xs + Orgps — Dsgpn))
= *%@ (9™ 059ap) + %3,\ (9™ (0agss + 0pgas)) — %3(1 (90392
then
Mg — 0Ly = —%gAéaM?agaﬁ + %g/\éaaaAgéﬁ + %gmaﬁaxgaa - %gmaaaﬁgm +lot. (4.2)

where l.o.t. refers to the quadratic terms of first-order or zero-order derivatives.
Then we focus on the term 0,I'g + 93T ,.

1
"= Flggaﬁ = 59(1”8975 (00985 + 089as — Osgap)

1
= g 9?0 gps — 59"[3 97° 05905

and
T = ga 7 = g*%0agpx — %gaﬁ Ixgap-
So
9aT5 = 00 (9" 0s5925) — %aa (9™ 059xs),
then
9aT5 + 05T 0 = g7°0.00955 + 9*°050\g50 — 97° Oupgrs + Lo.t. (4.3)
Then compare (4.2) and (4.3), the desired result is proved. O

Observe the field equation (1.5) or the transformed field equation in conformal metric (3.3),
there are linear terms of Ricci curvature tensor. To guarantee the hyperbolicity of the linear part
(at least for the second order terms in (1.5)), we will use the wave coordinate conditions: a local
coordinate system is called a wave coordinate system if its Christoffel symbols satisfies the
following conditions:

I =g*T7 ;=0 (4.4)

Now, by (3.3), the principle part (neglige the terms on p) of the expression
1 L2 (g i i
Ngop — igaﬁtr (Ng) — 3¢ ((%F + 0T )

is %62"9*&[38&/8@/ gTaﬁ which is a (quasi-linear) wave operator. Motivate by this expression, we
introduce the following formulation of (3.6) in a wave coordinate system:
The equation (3.6) written in a wave coordinate system takes the following form

1 1 1
N, gaptr (Ng) — 562"(8QTT5 +05T1,) = 87 (Tup — =tr (T)gas), (4.5)

ap 9 2
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The trace equation (3.8) becomes

16, Walp)  Ws(p) | Artr (T)
Ogtp+TT 0s5p = Ge2e Getn 3cip (4.6)
with
rfy=0.

Then by lemma 4.1, this system, written with the metric g7 and its derivatives, is as following

Lemma 4.2. The field equation (3.6) written in a wave coordinate system is expressed as following:

o' B’ W- 1% 8w

with the constraint equations given by wave coordinate conditions
gt =0 (4.7b)

Together with the trace equation

o8 _ Walp) | Ws(p) | 4mtr (T)
g OB = Ge2r Getr 3etr (4.7c)
where p = %f’(Rg) and the evolution equation of matter field
VT, = (tr (T)0ap — 2g5787pT7ﬁ)672”. (4.7d)

We emphasize here in in this formulation, the trace equation (4.7c) and the evolution equation
of matter field (4.7d) are not independent of the field equation. The essential equations are (4.7a)
and (4.7b).

4.2 The wave-like system of nonlinear gravity theory

The aim of this subsection is to study the system formed by (4.7a) and (4.7b). The main difficulty is
that this is a (neglige the terms on p) quasi-linear wave system but with constraints (4.7b) which
is difficult to manage. The strategy is try to replace these constraints by another differential
equation which is simpler to manage. This forms a new system and (a priori) not equivalent to
the original (3.6). This system is call the wave-reduced system which is defined as following:

Definition 4.3 (Wave-reduced system, geometric form). The wave-reduced system associated to
(3.6) is formulated as following

1 1 1
N, gaptr (Ng) — 562”(8QPT5 +05T1,) = 87 (Tup — itr (T)gas) (4.8a)

aB 5
VI Tos = (tr (T)0sp — 29°70,pT,5) e (4.8b)
where Ny, is defined by (3.3) and we recall the relation e = f'(Ry).
Then by (3.3) and Lemma 4.1, this system is written as following:

o' B’ Wa(p 8
9" 00 0pr 9" 5 = Fap(g';09",09") — 1200p0sp + %g%ﬁ — 5, (2Tap — tr (T)gap)

VTaTag = (tr (T)0gp — 295787,0T75)e_2p. (4.9)
1
p= ilnf/(Rg).

which is (4.7) without the constraint equations (4.7b) but combined with the evolution equation
(4.7d). We will establish the following result.
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Proposition 4.4. Consider a spacetime M = Uig(o s,,...)M¢ with metric gt which is supposed to
be globally hyperbolic, together with a matter field T. Suppose that the following wave coordinate
conditions hold

17 = gt 1t = 0 (4.10)

«

on the initial slice My, together with the constraint equations (3.11) and (3.12). Then, the condi-
tions (4.10) are satisfied within the domain of determinacy of My.

This proposition means that if we want to find a solution of (3.6), what we need to do is to
find a solution of (4.9) with the constraint equations (4.10) satisfied on the initial slice, which will
turns to be four additional constraint equations demanded on initial data set. Recall again that
the interest of seeing (4.8) rather than (3.6) is that the former one has a hyperbolic “principle
part” (neglige the terms on p).

The key to proving this proposition is using contracted Bianchi identity (in the sense of (3.13))
and, amazingly, the precise form of the nonlinear gravity tensor N, is not used for this step !

4.3 Preservation of the wave coordinate condition

Before prove this proposition, we need some preparations. The following lemmas gives the key
identities to be used.

Lemma 4.5. Let (M,g) be a regular pseudo-riemannian manifold. Then the following identity
holds:

V(8als + 95Ta — gapg™ " 0 Ts) =97 000575 — g°'T7 0,05 — g T2, 4950,

L (4.11)
~ 939" " (0w Tp)
where I') 5 are the Christoffel symbols, IV := g“ﬂFgﬂ and T, = g, T7.
Proof. This is by direct calculation. First we remark the following identities:
VeOsu = g Qo Dpu — 7, 50,u,
Ogu = g 0,0pu — gaﬁfzﬁc%u.
Then we find
V(0alp + 95 a — gapg™ " 0uTp)
=Vals + V9sT0 — 95 (9% BarTsr)
=0,0p + 0% 00 05T — g T2, 50500 — 959”7 (00 Tpr) — 9% % 9500 T
=0,0p — g°T%, 505 0 — 959”7 (0 Tsr)
=9%% 0009505 — g**'T7 0,015 — g2 T, 1057 — D59 % (0ar D).
O

The following lemma gives the relation between the wave condition and the evolution equation
of the wave-reduced system (4.9).

Lemma 4.6. Let (M, g") be a Lorentzian manifold. Suppose that gt in class C* and T.p a tensor
of class C2. If in a local coordinate system {z° x1,x2 23}, (g7, Tnp) satisfy the system (4.8), then
the following equation holds in the domain of the coordinate system:

9" 0 05T 5 =Fy(p.g"sT1, 001 (4.12)

where Fg(p,g';-,-) is a combination of linear and bilinear forms and we recall FTzﬂ the Christoffel
symbol and

g oot B
I =gsp T =g g™ T,
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Proof. Taking the trace of (4.8a) with respect to the metric g,
tr (N, — 81T) = —e*g*P9,T15. (4.13)

Combined with (4.8a),

1 1
Nyop = 87Tap =5 gastr (Ng — 87T) + 5&/} (0aT15 + 05T7,)

1 ' (4.14)
(o3
=567 (0al" 5+ 05T 0 = gTopg" " 0uTls)
Taking the trace of (4.14) with respect to g,
1 U
5VTQ(62”(8QF% + 00T — gt 0™ P 0,Tt ) = VI (Ngos — 87Tap). (4.15)

The left-hand-side is calculated by using (4.11)
%VTQ(62P(8QFT5 + 05T — g1 s BT 1))
:%e%vf“(aar*ﬁ + 05T o — gTapg™ 0Tt 4)
+ & (9aT 5+ 05T — g1 g™ 0T 5) V1
zéeZ’) (gTa'B'aa,aﬁ,rfﬂ — gTaalFTla,&FTg - gTaa/FTZ,ﬁ&;FTa - 8ﬁg7alﬂl (aa,rfﬁ,))
+ (015 + 05T o — gtosg'™ 00T ) V1%

1 Y 1 ~
::ieQPgTa b (r“)azagerB + gezpFﬁ(pa QTQ FT'}" BFT"/)

where Fs(p,g';-) is a combination of linear and bilinear forms of the functions I'f., and 9I'T.,.
The right-hand-side of (4.15) is calculated by using the identity (3.13) and (4.8b).

VTQ(Ngaﬁ —87Tag) = e 2 (tr (Ny — 8T)dsp — 297637p(Ng5B — 8 Tya)).
Then by (4.13),
VI (Nygos — 87Tas)
:6_2"( — e2pga/ﬁ/6azl“fg/65p — 62”97‘5&,p(8aﬁ5 + 85FTQ — gTaﬁgTalﬂlaa/ngz))
=~ 9"°0,p(0:T75 + 05I'"5).

Then by (4.15),

(1/[3,
g]L aa/ag/FTg = Fﬁ(p, gT;FTW,aFTV), (4.16)
where ~
Fa(p, g% FT’Y’ aFT'y) = —Fjz(p, g% FT’YV aFT’y) - 26_2p97567p(65ﬂ5 + aﬂFT5>
is a combination of linear and bilinear forms of the functions FTAY and GI‘TV. O

Lemma 4.7. Let (M, g") be a Lorentzian manifold with space-like foliation M = [0,taz) X M;
and the sign of g' is (—,+,+,+). Suppose that the metric is in class C* and the tensor field Tnp
is in class C? and the equation (4.8) holds on the initial slice My. Suppose furthermore on the
slice My the wave coordinate conditions and the constraint equations hold, which are

v aB o+
It =gt ;=0
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and (as stated in (3.16) and (3.17))

1607 12| < eg,p > |?
+ | 02P |

— 1] 1
R'— K11 4 (KT)? = +6g1(Vp, Vp) — e 273 (p),

e2r Nt
l - l JTj 6<60,p>ajp
8jKTl — VTKTJ = _6?‘0 + T
Then on My,
8t = 0.

Proof. We recall the Cauchy adapted frame (eq, €1, €2, e3) defined as following:

gToZ‘

€p ‘= aO - 6167,7 ﬁz = ng )

€; = 61

So gf(eg,e;) = 0.

A tensor can be written in both natural frame and a Cauchy adapted frame. We denote by a
underlined letter with index the components of a tensor written in a Cauchy adapted frame. For
example, T', 5 is the (a, #) component of the tensor 7" in a Cauchy adapted frame.

Recall that the momentum constraint equations are equivalent to
N90j = 8nLy;, (4.17)

the Hamiltonian constraint equation is equivalent to

Ny, = 87T, (4.18)

Recall that the Cauchy adapted frame is expressed by the natural frame via

Ca = q)gag,
where
1 -t -p* =B
0 1 0 0
B _
®)as={0 0o 1 o0
0 0 0 1
Then
_ o 58’ _ o 56’
&aﬁ—Nga,ﬁ@a <I>5, T.5=Tup Py <I>ﬁ.

Now remark that the wave-reduced field equation (4.8a) can be rewritten with the components
in Cauchy adapted frame:

Ny~ 5 Nogl, = 505 5 (0Tl s+ 05TV 0r) = 87(Lyy — ir (T)g! )
which is
Ngaﬁ—%tr Nggfw—%e”(@g' <ea Ty > 489 <ep, I > ) = SW(Iaﬁ—%tr (T)g ) (4.19)
) Now combine (4.19) with (4.17) by fixing @« = 0,1 < § = b < 3 in (4.19) and remark that
g =0

Z_0j
@f < eO,FTB/ > +<I>8" <ep, 'y >=0.

Consider this equation on the initial slice M. Recall that 't = 0 so that OpI's = 0 for any
1<b<3and 0 < < 3. Then remark that <I>b5 = 55 and < ey, [Ty >= 't v = 0. So that

< e, Iy >=0, (4.20)
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which leads to 9,I'T, = 0.
Now combine (4.19) with (4.17) and (4.18) by fixing « = 8 =0 in (4.19):

0 < e, T g > +0Y < e, Tl >= —tr (N, — 87T)g' o-
Now recall (4.17) and (4.18) and the fact that g7y; = 0, then

tr (Ng —877T) = g*? (N, —87L5) =g (Ng, —87Ls;). (4.21)

Recall (4.19) with 1 <a =4 <3 and 1 < =j; < 3, and remark that < ei,FTa >= 0, then

1
%,j —8rl;; = itr (Ng — SWT)QZ,J,

which leads to 1
gZJ (Nq - 8772”) = §tr (Nq — 87TT)gljg_,

= 37 =]
so that (by (4.21))
3
tr (Ng — 81T = itr (Ng —8nT)
then
tr (N, —8nT) = 0.
Substitute this into (4.20),

Y < eo, Ty > 485 < e, >=0.

Recall (4.20),
Y < eg, T > 48 < eo, Ty >=0.

So the desired result is proved. O

Proof of Proposition 4.4. Combine lemma 4.6 and lemma 4.7, we see that I'f 5 satisfies the follow-
ing initial value problem

//B/
gTa 8(1'83’FT5 :Fﬁ(p7gT;FT738FTv)

with initial data
FT5|mo:0 =0, 60FT5|m0:0 =0.
Recall that 20 is the time-time like direction and the symmetry of gt guarantees the hyperbolicity
of gT“'B/aa,aﬁ,.
We also observe that T'f = 0 is a solution of this initial value problem. Then, by recalling the

global hyperbolicity of gf, the desired result of uniquenes within the domain of determinacy is
proved. O

5 The augmented conformal formulation

5.1 Definition

In this section we will re-formulate again our system in order to get the local-in-time existence
of the system (3.6). The main difficulty is that if we take into consideration of the fact that p is
function of the scalar curvature, this is a third-order system without any special structure on its
principle part (remark that the third order terms are dp where p is a function of the second-order
derivatives of gT, 5-) To over pass this difficulty, we make the following trick. We replace in system
(4.8) the constraint e?? = f’(R,) by the trace equation which gives the evolution law of p. This
leads to the formulation to be presented. Here we replace p by ¢ in order the emphasize that the
relation e?” = f’(R,) is no longer a priori valid.
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For the convenience of discussion, we introduce the following notation. We define the tensor
¥ 8 by the following equation:

Lot aWalo). (5.1)

1
NP o ~gaptr (Ng) = 629Ria5 — 66298a9359+ 5

9dap 2
Here we use o to take the role of p = 1n f/(Ry) and we define giﬁ = e%¢g,5. We also use the
notation V¥, R¥ and R* for the connection, the Ricci curvature tensor and the scalar curvature
associated with the metric g*. Also, Fizﬁ refers to the Christoffel symbols of g* under a natural

frame, and I't" := giaﬁl“izﬁ and T't,, = giw,Fﬂ.

Definition 5.1. The conformal augmented formulation for the monlinear gravity theory is the
following differential system:

1 1
Ni s = 56 (0aT s+ 05T 0) = 87 (Tug — Sgastr (T)). (5.2a)
Wa(o) | f(0(0) | 4nmtr (T)
oo = Ge2e Gete 3edeo giaﬁ' (5.2b)

A priori, the variable ¢ becomes an independent unknown that is, it is no longer regarded as
a function of the scalar curvature R,. Then this system becomes a second-order system.
First we calculate the divergence of the tensor IV, 51]:04 5 This is conclude in the following lemma:

Lemma 5.2. When (5.2b) holds, the following identity holds:

VINE = 5 e722(29° 00N} — tr (87T)p0). (5.3)

Proof. This is by direct calculation. First, by (5.2),

1
N} =eGl,; — 62 (0a0050 — 5908/Volg) = 9" apWa(0)

1
9ap 5

where

1

is the Einstein tensor associated to the metric g*.
Now we remark the following identities:

vival ~ o,

af 1
VI (0u0ds0 = 5905|Velg:) = 95000
For the convenience of expression, we introduce the following notation: Let the application s(-)
R—R
r— s(r) = %lnf’(r)
and we denote by 6(-) the (local) inverse of s(-) near 0. Then
af
v (giaﬂWQ(Q» =03(W2(0))
236( “2f(0(0) — 0(0))
= — 2" *2950f(0( @)) +e 21" (0(0))0' ()90 — 0'(0)dp0
)

= —2e72930f(0(0)) + e 220’ (0)030 — 0 (0)Dp0
=— 22030/ (0(0)).
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With these identities we can calculate the divergence of IV, ga 5

[e3 (03 ]. «
vi Ngaﬂ :2629G§Bvi 9—12629(%9839—ggag\VQlﬁi)Vi 0
— 6e%20500,:0 + €205 f(0(0))
[e3 1 « [0
:2e2gagﬁvi 0 — 12¢%2 (90050 — §gaa\VQI§¢)V* 0—gtasWa(0) V"0
— 67030010+ 205/ (0(0)) + " sWa(0) V"0

:ZNgiaﬁviaQ— 66298ﬁ0<Dg1 _ f(0(e)) _ W2(9)>.

6ede 6e2e

Then by (5.7¢),

f0(0))  Wsa(e) 4mtr (T)
6ele + 6e2e + 3ede

Then the desired result is proved by substitution. ]

Dgigz

Then by this lemma, we see that the evolution law of T is given by
VT, = (QQMC%QTW —tr (T)dg0)e %, (5.4)

Then there arise the following questions: will the relation €22 = f'(Ry) (with g7, 5 = €*¢gaz)
be guaranteed by (5.2)7 The following subsections of this section are devoted to answer this
question.

First, in the second subsection, we will re-formulate the initial value problem for the augmented
conformal formulation, which we have formulated for the nonlinear field equation in both Jordan
and Einstein metric.

Then in the third subsection, to make the principle part of (5.2) hyperbolic, we will reduce
this system in a wave coordinate. We will prove in the forth subsection that once the wave
constraint equations I'fy = 0 hold on the initial slice, then the augmentation relation e2¢ = f'(R,)
is guaranteed by (5.8).

5.2 Formulation of the initial value problem for the augmented confor-
mal formulation

In this section we formulate the initial value problem for the augmented conformal formulation.
This is rather a repeat of the definition 3.7 and 3.8. But we would rather like to do this for the
clarity of the following discussion.

As in the classical case, define the following initial data set for this conformal formulation.

Definition 5.3. An initial data set for the augmented conformal formulation of non-
linear gravity theory (M,g*, K*¥, oo, Ql,gz%, gbi) consists the following data:

e a 3—dimensional manifold M endowed with a Riemannian metric §* and a symmetric

(0,2)—tensor field K*,

e two scalar fields denoted by oy and o1 on M and representing the (to-be-constructed) con-
formal factor and its time derivative,

e two scalar field gi% and d)f defined on M,
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e which are assumed to satisfy the Hamiltonian constraint of nonlinear gravity of aug-
mented conformal formulation

Ri—Kiiniw‘F(Ki;)Q = 8672p <(¢4;)2+§12381 éaj(ﬁ%) +6(Q1)2+6§T”3i908jgo—67290Wg(go),

(5.5)
and the momentum constraint of augmented conformal formulation
) . 1 I
i ot i 91050
8jKii -V iKij = 1622" 0 + GQlanQ. (56)

Here B and V' refers to the scalar curvature and connection with respect to the metric g*.

Then similarly, we formulate the initial value problem of augmented conformal formu-
lation.
Definition 5.4 (Formulation of the initial value problem of augmented conformal formulation).
Given an initial data set (M, g%, K*, oo, o1, qﬁ(i), qﬁ) as in Definition 5.3, the initial value problem
associated with the nonlinear gravity theory consists of finding a Lorentzian manifold (M, g) and
a two-tensor field Tz on M

1. The augmented conformal metric g% is defined with the relation giaB = e%¢g,5 with the
conformal factor o satisfying the evolution equation (5.7c¢).

2. The augmented conformal field equations (5.7) are satisfied.

3. There exists an embedding i : M — M with pull back metric gt = i*¢g* and second funda-
mental form K¥.

4. The field oo coincides with the restriction of the conformal factor ¢ on M, while o1 coincides
with the Lie derivative £, restricted to M, where nt denotes the normal unit vector of M
(with respect to g*).

5. The scalar fields (;55, qﬁj{ coincides with the restriction of ¢, L,:1¢ on M.
Such a solution to (3.6) is referred to as a nonlinear gravity development of the initial data
set (M7§17K1790a Ql,QSg»Qﬁ)

Exactly as formulated in Section 3, the constraint equations can be written in the following
geometric form: The Hamiltonian constraint:

NHOO = 87TT00.
The momentum constraint:
Ngo, = 81T0q-

5.3 Wave-reduced augmented conformal formulation

As explained above, in this subsection we are going to reduce the conformal augmented system
(5.2) in a wave coordinate system in order to form a hyperbolic principle part. This leads to the
following formulation (where we replaced the wave constraints by the evolution law of 7' given by

(5.3)):
Definition 5.5. The conformal augmented formulation for the monlinear gravity theory is the
following differential system.:

1 1 1
Njop = 39aptr (Ng) = 56¢(9als + 05T%a) = 87(Tas = 50astr (7). (5.7a)
Vi Ty = (2070,01y5 — i1 (T)9s0)e > (5.70)
8 Wa(e) = f(6(e)) = 4mtr (T)
Ugro+ 950 = Go2e Goie 2ot giaﬁ. (5.7¢)
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By lemma 4.1, the following PDE form of the system (5.7) is direct:

Lemma 5.6. The conformal augmented formulation for the monlinear gravity theory is the fol-
lowing differential system

a/IB/ W 1
gi 8alaﬂlgiaﬂ = Faﬁ(gi; 6917 891) _ IQaaQaﬁQ+ 622(99) giaﬁ _ 167T(Ta5 o igaﬁtr (T))’ (583,)
ViaTag = (QQMa'YQT’YB — 4 (T)agg)e_%, (5.8b)

o' _ Walo) | f(0(e) | 4mtr (T)
g 804' aB/Q - 6629 + 6649 3649 . (58C)

where
giaﬁ = 629%[&

which is not a priori coincide with gt.

5.4 Preservation of the constraints

In this subsection we will solve the first problem of preservation of the constraints. The answer is
concluded by the following proposition.

Proposition 5.7. Let (M,g*) be a Lorentzian manifold with space-like foliation M = [0,t,az)
with the sign of g* (—, 4,4, +). Let T be a C* symmetric two tensor and o be a C* scalar fields
defined in (—e,€) x R®. Furthermore, assume that g* is in class C* and the triple (giaﬂ7 ®,0) is a
classical solution of (5.8). Denote by gop = e_ZQgiaﬁ a metric conformal to g*. Then if on the
slice {x° = 0}, the constraint equations (5.5), (5.6) together with the following constraint equations
hold:

gt =0, (5.9)

where Ry is the scalar curvature associated with gog and Filﬁ are the Christoffel symbols of g*.
Then (5.9) hold in (—e,€) x R3. Furthermore,

e =2 = %ln(f’(Rg)) (5.10)

holds in (—€,€) x R3. So that (g%, 5, ¢, 0) is also a solution of (3.6).

The rest of this section is devoted to the proof of this proposition. From now on in this section
we assume that the function giaﬂ, 0 and T,p are regular enough such that all the derivatives
appear in the equations are continuous.

To prove this proposition, we make the following preparations.

First we calculate the divergence of the tensor IV, ga 5 This is conclude in the following lemma:

Lemma 5.8. When (5.7c) holds, the following identity holds:

vi"‘Ngiaﬂ = e*29(2gaa'aa,gNga5 — tr (87T)9p0) + 6622050+ 950. (5.11)

Proof. This is by direct calculation. First, by (5.2),

1 1
Ngaﬁ = 629Gi5 - 6629([%93{39 - §gaB|VQ|§¢) - §giaBW2(Q)

where 1
Giaﬁ = Riaﬂ - §giaﬁRi

is the Einstein tensor associated to the metric g*.
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Now we remark the following identities
vivgl — o,
V(000050 — ~gas|Vol%:) = D500
(9a0dp0 = 5908|V 0lg) = 9g0Tyr0
For the convenience of expression, we introduce the following notation: Let the application s(-)

R—R

r—s(r) = %lnf’(r)
and we denote by 6(-) the (local) inverse of s(-) near 0. Then
V(g% s Wal0) =05 (Wa(0))
=05 (e *2f(0(0)) — 0(0))
=—2e Q‘Qaﬁgf(%))
= —2¢7*050f(0(0)) +
=—2e"*050f(0(0))-

With these identities we can calculate the divergence of N¥

€22 f"(0(0))0 (0)0s0 — 0’ (0)p0
+e722e%20 (0)050 — 0 (0)950

daB
« ]. «

v Ngaﬁ :2@29G§6Vi 0— 1262Q(aa9839 _ §ga@\VQ|§¢)Vi 0

— 6e%20500,:0 + €205 f(0(0))

:QeQQGiBViaQ — 12629(%985@ — ggaB\VQI?ﬂ)Vi“Q _ giaﬂWg(g)ViO‘Q
_ GeQQGBQDgiQ + 6*2935]0(9@)) T giaBWQ(Q)V QQ
=2N; V" g—6e2@aﬁg(mgi _ ) 2(9))

6ede 6e2e

Then by (5.7c),

— f(0(0)) | Walo) | 4mtr (T)
Ogi0=—T" 050+ Gete =+ Ge2e 2oie
Then the desired result is proved by substitution

Lemma 5.9. (5.8a) leads to the following identity

O]
Ry | Wa(o) | Amtr (T)  g*P0,T%
Hyie= Ge2e T 3e2e 3ete  Ge2e (5:12)
Proof. This is also a direct calculation. Recall that (5.8a) is written as
9 1
2Rt 5 — 6620, 0050 + 2 WQ( ) — 2 —(0uT 5 + 95TH,) = 87 (Tup — S 9astr (7). (5.13)
Recall that (3.5) leads to

Rtos = Rag —2(VaVso

— Da000) —
Substitute this into (5.13),

(Og0+29(Vo, Vo)) gas
2 2 2 2 2 giaﬁ
€“®Rop — 2€°°V Vg0 — 4€7%0,0080 — gape“°Og0 — 2¢°°gapg(V o, Vo)
1
=87 (Top — ftr (T)gap) +

Wa(o)
(8 Fing@gFi )
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Taking the trace of this equation with respect to g,
e* R, — 6e*°0,0 — 12e*%g(Vo, Vo) + 2e*°Ws () = —8xtr (T) + ngga’ﬁ(?aFIB
which can also be written as

Ws(o) . drtr(T)
3 3e2e
Recall (3.7), the desired result is proved. O

R, g*? t

The following lemma is to clarify the geometric form of the system (5.8)

Lemma 5.10. Let (M,g*) be a Lorentzian manifold. Suppose that gt in class C* and Tap a
tensor of class C2. If in a local coordinate system {x°, x', 22, 23}, (g%, Tap) satisfy (5.8) Then the
following equation holds in the domain of the coordinate system:

O/B/
g+ " 0w s Tt =Fp(0, g% T, 0TE,) (5.14)

where F(o, g%;-,+) is a combination of linear and bilinear forms and we recall Filﬁ the Christoffel
symbol and

I, = giﬂﬁlpiﬂ/ _ giﬁﬁ/gi‘mpii;.
Proof. Taking the trace of (5.7a) leads to the following equation

e2g® P 9T 5 = —tr (Ng —8nT). (5.15)
Combine this with (5.7a),

629 Y
- (0al*s + 05T a = gapg™ ¥ 0aTHpr) = Ni . —87Tup. (5.16)

Taking the divergence of this equation with respect to the metric g*, the left-hand-side is
calculated by using (4.11):

%vi“ (e“’(@ar% + 05T o — gapg™” laa’Fiﬂ’))

=52 (o 0 dp Ty — gt T 0T - T 05T — 00! (00T ) (5.17)
22 (€% (0T + 05T o = gasg™ " 0uTH) ) VH " |

::%ezé’galﬁlaafaﬁ'f‘iﬁ + Fy(o, g% TH,, 01

where F is a combination of linear and bilinear forms on I‘i7 and GFiv depending on o, ¢g* and
their derivatives.
The right-hand-side is calculated by using (5.7b) and (5.11):

VH(Ng 5 — 87Tap)
:6—29(29aa’ o/QNgag —tr (87TT)65Q) + Gezgaﬂgfiéaag — 8me 2@ (295'787,QT7[3 — tr (T)agp)
:6*29<2g“’“879(]\7§a o~ 81Tag) — tr (Nf - sz)aﬁg) + 60397 505p.
Then by (5.15) and (5.16),

v (N§ 5 = 87Tap) = g7 0,0(8aT*5 + aﬁr¢a> + 60507 95p (5.18)

which is a linear form of the functions I'f,, and &Yl"ia.
Combine (5.17) and (5.18) with (5.16), the desired result is established. O
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Lemma 5.11. Assume that on the initial slice {t = 0} the equations (5.8) holds. Furthermore we
assume that
Iy =0

and the constraint equations (5.5) and (5.6) hold on the initial slice {t = 0}.

Then on the initial slice
(%Fi)\ =0.

Proof. We remark that the constraint equations (5.5) and (5.6) are equivalent to

N,foj = 8Ty,

and

N‘JIOO = 87TT00.

Then the proof is exactly the same calculation which is preformed in the proof of lemma 4.7 that
we omit the detail. O

Proof of proposition 5.7. By lemma 5.10 and lemma 5.11 and by the global hyperbolicity of the
metric g¥, we see that in the spacetime M,

s =0. (5.19)
Now recall the lemma 5.9. Combine (5.12) with (5.19),

Oyo= 20 4 Welo) |, drtr (T) (5.20)

9 6e2e 3e2e 3ete

In the same way (5.7¢) becomes

0

Compare these two equations we get
Ry +Wi(e) — f(6(0)) =0
which leads to (by the definition of W5 given in )
0(0) = Ry.

Then by the definition of 6, e*¢ = R,,. O

6 Local existence theory — formulation and statement of
the result

6.1 Overview

In this section we will establish the local existence of the Cauchy problem associated to system
(5.8) with a type of initial data called asymptotic flat initial data and a special (but important and
typical) nonlinear function f. In the following subsections we will make a sequence of notation
and definition for the statement of the main result of local existence announced in theorem 6.2.
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6.2 Construction of the initial data set for PDE system

Recall the mater model we are considering is the real massless scalar field with Jordan coupling.
Recall the discussion made on section 3.3 (the equation (3.15)), the system (5.8) is written as

o' B’ W-
gt 8a/85/gia5 = Faﬂ(gi;agi, dogt) — 1200050 + 622(99) giaﬁ — 16700 p0pd, (6.1a)
ia/ﬁ/ . 10/5/
9" OwOp ¢ =29"" " Ow¢Ipo, (6.1b)
o'p’ Wale) | f(0(0) Am a'p
9" " 0w 0= e =rake 362ggi Do PO . (6.1c)

Remark that this is a diagonalized quasi-linear wave system. To make the associated initial value
problem well posed, the initial data should be composed by the following functions:

giaﬁ(():x) = g(iiaﬁ7 8tgiaﬁ(07x) = gzlto(ﬁ:
Q(va) = 00, 8ttg(07'r) = 01,
6(0,x) = do = 86, 00, 2) = 1 = ¢},

There are 24 functions to be supplied, but the geometrical initial data set (M, g¥, K¥, 0, 01, qﬁftp qzﬁ)
supplies only 16 functions.

To construct a solution of (6.1) which solves also (3.6), by proposition 5.7, the condition (5.9),
(5.5) and (5.6) should be satisfied on the initial hypersurface. This leads to a nonlinear PDE
system composed by eight equations. It can be expected that the 8 supplementary initial data
can be determined by these 8 constraint equations. However it is not a trivial task. We will not
investigate this system in detail but assume that such a system of 8 constraint equations plus 16
functions supplied by the geometric initial data set will determine a PDE initial data set.

We denote by (M, ggaﬁ,g%aﬂ7 00, 01, $0, 1) the PDE initial data determined by

(M,g*, K*, 09, 01, qﬁ%, qﬁ) and the constraint equations (5.5), (5.6) and (5.9)

6.3 Simplification of the f(R) field equation

To clarify the nonlinear effect given by f, we focus on the second order term of f and for simplicity,
we assume that .
firy:=r+ 57’2 (6.2)

with £ > 0. Recall €2? = f'(R,), then

e —1
62p:1+l<cRg, R, = )
K
then ) ( ) )
r)—rf'(r r+ Ere —r(1+kr KT
WQ(S):f()/ f(): 2 I
f(r) 1+ kr 2(1 4+ kr)
where
e = f'(r) =1+ xr.
So (e 2
e —1
W- =
2(s) 2Kke2s

The spacetime we will consider in the rest of this section, denoted by M, is equipped with a
1—parameterized space-like foliation

M =1[0,T] x My, te[0,T]
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and we assume that for each t, M is diffeomorphic to R3. That is, M is diffeomorphic to [0, T] x R3.
We assume that in its canonical coordinate system (z°, 2!, 2%, 23) the metric g* is of signature
(_7 +7 +7 +) .

We will work in the case where the space-time metric is “near” the Minkowski metric. So the

following notation is found to be convenient: Denote by
hap == giaﬂ — Mag-

Then a triple (giaﬁ, 0, ¢) is also represented by (hag, 0, @).

When £ is given, we will write the triple (hag,0,¢) as (hjs, 0", #") to emphasize that the
solution of (5.8) depends on the coefficient .

With these notation the system (5.8) is reduced in the following form:

(™% 4 H (h))00r 0 hlyy =Fop ("3 Oh",0h") — 167000" 056"
(e20" — 1)2 (6.3a)

— 1204,0"030" — Sroic” (maﬁ + hZﬁ),
(5 HF (h)) 000 6" = 2m™® + HY (h)) 0 60310, (6.3b)
e2e" 1 _ 47

(™% 4 HP (1)) 00 (m™% 4 B ()0 6" 950", (630)

Grete” — 3e2e”
where 1
(Haﬁ(hﬁ) + mo‘ﬁ)aﬁ = ((maﬁ —+ hgﬁ)aﬂ) R (64)

h™ denotes the matrix hyg. We remark that H @B(.) are C* functions defined in a compact
neighborhood of 0 in R'°, which means there exists a positive constant ey such that if

i
<
1?%}50‘33 | < o,

then for all k& € N, the k—th order derivatives of H*?, denoted by D*H“?, is well defined at
= (z!,---2'%) and
sup |DkH°‘B(x)| < C(k,e0)

o] <e’

A classical result of linear algebra shows that when maxqg hag < €9 with g sufficiently small,
then
HP(h) = —hag + Q°F (harpr, harg ) (1 + R (harp)) (6.5)

where Q“A(-,-) is a quadratic form and

|Ra6(ha/ﬂ/)| < 0(80) r(le’%}’( |h’04/6/ |

Remark that with this notation, the PDE initial data can be rewritten with h,g as
(Mv h07 h17 00, 01, q%? (Zﬁ) with
hagli=0 = hoap == gioa[j —Mag, Othag = h1ap = gi1a5~

Some observations can be already made. This system is composed by 12 quasi-linear wave-
type equations where 11 of them (those on hgs and @") are quasi-linear wave equations while
the equation on " is a quasi-linear Klein-Gordon equation with a potential containing a linear
defocusing part.
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6.4 Vector fields and index

For the convenience expression, we introduce in this section a series of notiation:
We introduce the vector fields which are the generators of the spacial rotation. They are
commute to the linear wave and linear Klein-Gordon operator:

Qij = xi('“)j — LEjai =X 8j - Ijai,

where the index of coordinates are rising and lowering by the Minkowski metric. There are totaly
3 such rotation vector fields. We denote by

Ql = ng, QQ = 923, QB = QlS-

Remark that
[Q.,00=0, [Q,0+1]=0,
that is, the Q, commute with the linear wave and Klein-Gordon operator.
For the convenience of proof, we introduce the following notion on multi-index. Let .# be

a finite set composed by n letters & = {a1,@9,...,a,}. We call n the order of .#, denote by
|.#| = n. We introduce a order ”<” on .# defined by

a; 2o if and only if 4 < j.

The pair (£, <) is called a abstract multi-index. Obviously a subset of .# can also be regard
as a multi-index with the restricted order. The order < describe the location of each differential
operator in a product.

Now we introduce the partition of a abstract index .. Let _#; be family of subset of .# with

G/k:'ﬂ’ /kﬁ/k/zg.
k=1

we say {_#i} is a m—partition of .# and denote by Y;" , 7, = .#. We observe that each _7j
can be regard as a multi-index and ", | Zkx| = |.7].
If for all k = 1,2,...m, #, # &, we say {_#;} is a proper m—partition of .# and denote by
et S =T Sl = 1.
Now return to the case of multi-index in the context of differential operators. Let Z be a family
of one-order differential operator, Z = {Z1,Zs,... Z,}. An n order multi-index on family Z is a
map
I1:7—{1,2,...n}
a; — I(ay) € {1,2,...n}

We write Z! := Z1(a1) © ZI(az) © " © ZI(a,)- We often abuse a bit the notation by writing
I=(an,an_1,...,01) with ; € {1,2,...n} where we have valuate each letter c; by I(«;).

A m—partition of index I is defined as following: Let {_#i} be a (proper) m—partition of
the abstract index .#. Then we restrict the map I on each ordered set _Z;. This gives m multi-
index, denoted by {Jr} = I({_#x}). Then we call J; a (proper) m—partition of I, denoted by
I= 2?21 Ik, (|Jk| > 1)-

We often consider the set Z(#,m) composed by all the possible m—partition of .#. Then
each partition in Z2(.#, m) can associated to a partition of I. We remark that if [];" , uy is a
product of m C'*° functions, then

#(fw)- ¥ 7mw
k=1 { At (S m) i=1
with {Ji} = I({_#x}). But for simplicity we often take the notation
#(n)- & Mo
k=1 S Je=T k=1

when there no risk of misunderstanding.
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6.5 Functional spaces

We recall that in the classical case, a initial data set of a Cauchy problem of the general relativity
satisfies the constraint equations (2.23). This system leads to a nonlinear elliptic system and by
the theorem of positive mass, the non-trivial part of the metric § — m always has (at most) a
decreasing rate as 7! at spacial infinity which gives the definition of the ADM mass. If g — m
decreases faster than r—!, then § = m.

In our case, the constraint equations (5.5) and (5.6) are much more complicated than the
classical system, the parallel result to the positive mass theorem is totally known. But as we
will concentrated on the convergence result where we take a “Einstein” initial data set (which is
00 = 01 = 0) which satisfies the classical constraint equations. So we have to handle the quasi-
linear wave system with initial data decreasing as r~! at spacial infinity. These functions as (in
general) not in L?(R3). So we need to construct our local solution with the aid of the following
functional space.

For the convenience of discussion we first define the following norms for the C°(R3) functions
which are the smooth functions with compact support set. A first norm to be introduced is

lelxa:=">_  [l0FQ" ||z
[T1]+|12|<d

The L? norm is with respect to the standard volume form, i.e. the Lebesgue measure.
The second norm defined for the C2°(R?) functions is

lollxari == D 10:07 92" 0]l r2(ms),
[I1|+|I2|<d

where 0, ¢ refers to the spacial gradient of ¢.
The first functional space to be used in the following discussion, the space X I‘iﬂ, is defined as

the completion of the norm || - || ya+: on the C$° functions.
P
We denote by || -|| ya+1 := || - [|xa + || - || ya+1. The second functional space, X%, to be used in
R P
the following discussion, is defined as the completion of the norm || - || ya+1 on the Cg° functions.
R

The last functional space to be used, denoted by X 1(?1» is defined as following: we define the
following norms,

[ fll5-1 :=sup{(L +7)[f]}
r>0
Ifllxaer = N Fllm— + [ fllxaers

We define the functional space X}‘f,“ as the completion of the C.(R3) functions with respect of
this norm.
The relations among these functional spaces are:

XH o xittc x? X§cX$, X§cXg
And, as we will see in the next section, when d > 2, by (7.8),
XtcBt X4c X4 cXxd
Finally, for the triple Sy := (hoag, 00, ¢0), we define the norm:

8]l xa+1 2= D lhoapllxa+r + lleoll yarr + [|doll xa+s
0 H R P
a,B
d+1 _ yrd+1 d+1 d+1 . _
and denote by X" = X7 x Xg™ x X5, For the triple S1 = (h1a4, 1, 01), we define

IS1llxa = > Ihraglxe + lletllxa + llgr] xa
a,p

Now we define the notion of asymptotically flat PDE initial data.
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Definition 6.1 (Definition of the asymptotically flat initial data). A PDE initial data set in wave
coordinate system (M, hoag, h1as, 00, 01, P0, ¢1) of initial value problem defined in definition 3.7
is called asymptotically flat if

o the initial slice My is diffeomorphic to R3 and in its canonical coordinate system, the initial
data set satisfies the wave constraint equations.

e in the canonical coordinate system (acl,xQ,x3),

|hoaslle-1 < €o-

where g9 represents the ADM mass.

o the B=Y(R3) norm of oo, 01,91 are finite.

This means that the initial data decreasing as r—! at spacial infinity.

A geometrical initial data (M,g¢, K¥, oo, Ql,qﬁé,gb{) is called asymptotically flat, if it gives a
asymptotically flat PDE initial data.

We recall that the components of the solution to the system (6.1) are functions defined in
R* with three spacial variables and one time variable. To describe these functions, we need to
introduce the following functions space.

Let C2° denotes the smooth functions with compact support defined in R*. Let u € C°. Then
for all t € R, the function u(t,-) defined in R? is a C2° function. This observation leads to the
following definitions:

We define
[u(t, ) ga == Z 0" Q2 u(t, )|l L2 gs)
[T1]+]12|<d
= > loralut )l = D loFult, ) x
k| J1 |+ J2| <d k+1<d
lut, Mg = > 100" Quyult, )|z
|I1\+712\§d
= > 0a0f o ut, @y = Y I0Fult, ) xy,
@ k+|Ji|+]J2|<d k+1<d
ut, Y g 2= e, Vg + ) e
[ut, M garr = llult, s+ + lult, )l garr-

We also define the following norms on time interval [0, 7] for p € [1, 00]:

lellzo oy =lutt Mol ooz Tellomegy = [Nt s o gory:
oy =t Mg ooy oliocrgy = Nt e oy
Finally we define, for p < oo, the functional space L?([0, T]; E4), LP([0,T); E%), LP([0, T]; E%)
and LP([0, T]; E%) the completion with respect to the corresponding norm on the C2°(R*) function

and denoted by C([0,T],; E4), C([0,T]; E%) and C([0,T]; EY) the completion of C2° functions
with respect to the corresponding norms.
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6.6 Statement of the theorem of local existence

For the convenience of discussion, we introduce the following norm on initial data So := (ho, h1, ¢o, ¢1, 00, 01):

150ll x+1 = max{[lhoagll xa+1, 1hraglxa, w2 A go | yasa,
R R 61| xca, w7272 go| gavn, k772 01 .

Now we are ready to state the local theorem of existence.

Theorem 6.2 (Local existence and uniform bound). Let d > 4 be an integer. And assume that
(hoag  hiag) € X5 x X4 (¢o,01) € X x X (00,01) € X x X<

Denote by Sy := (hg, h1, ¢o, &1, 00, 01) and suppose that ||SO||Xd+1 < e <o with g > 0 sufficiently
small. Then there exist two constants A >0 and T* > 0 1ndependent of k such that on the time
interval [0,T*], the cauchy problem (6.3) (with 0 < k < 1) has a unique (distributional) solution
(h&g, ¢, 0%) in the following functional space:

OFhs € C0,T), X4 n CH(0,T), X3 +0), - ofr € C0,T), X37*) n O (0, 7], X3+,
oF" € C([0,T), X5 N CY ([0, 7], X5+

for 0 < k < d—1. Furthermore the following estimates hold with constant independent of k:

155t g, < Ae, (6.62)
6]l < Ae, (6.6b)
5Ny + K2l gl pa s < Ae. (6.60)

where C(gg) is a constant determined by .

6.7 Existence result for nonlinear field equation

Equipped with the local existence theorem 6.2, we are able to build the local solution of the
original Cauchy problem defeined in definition 5.4. This is concluded in the following theorem.

Theorem 6.3 (Existence of nonlinear gravity development). Let (M,g*, K*, oo, Ql,qﬁg,qﬁb be a
initial data set of the Cauchy problem defined in definition 5.3 and assume its associated PDE
initial data Sy = (ho, h1, Po, P1, 00, 01) s asymptotically flat and satisfies the conditions of theorem
6.2. Let (hj5, 9", 0%) the solution of (5.8) associated to So. Then the space-time ([0,T7] x R3, g%)

is a nonlinear gravity development of the initial data (M, 75, K%, 00, 01, gbg, gzﬁji) .

Proof. We just inverse the procedure of formulation. Remark that the local solution (hf 50", 0")
constructed is sufficiently regular with h = g% — m sufficiently small. This guarantees that the
metric g* is globally hyperbolic on [0, 7] x R3. So we apply the result on preservation of constraints
with is proportion (5.7). Once the constraints

= S f(Ry),
=0
are verified, we see that the pair (g%, ¢) satisfies the conformal field equation (3.6). O
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7 'Technical tools for local existence theory

7.1 Estimates on commutators

From this subsection we will make some preparations in order to prove the theorem 6.2. In this
subsection we will concentrate on the estimates on commutators. First we remark the following
basic commutative relation:

[aaa ch} = 6abac - 5(108177 [at7 Qab] =0. (71)
Lemma 7.1. Let u be a C™ function defined in [0,T] x R3. Then for any multi-indez Iy, I with
|I1| + |I2| = n, the following estimates hold:
Q@ duJu= Y ©l50.097u (7.2)
[71<|1]
where @éf] are constants. When o = 0, @gfj =0.

Proof. Firs we remark that when o = 0, 9y = 0; commutes with Q.
When « > 0, this is proved by induction on the order of |J|. When |J| = 1, the result is proved
by (7.1). We denote by
[Qa,05] = 0450,

Now assume that for |J| < k, (7.2) is valid. Then for |J| = k&,
Q7 =, 0"
where |Ji| = k — 1. Then
107, 8a]u =0, Q7 Ot — 00 Q0,710 = Q0 Q71 00t — Vo, D1t + Qo 0 Q7 1 — Dy, Q1
=Qa, ([, Balu) + [, 0]

=Qa1( > @;{;glabQKlu>+9glaabQJlu

|K1|<|J1]

= ) O Q0,00 ut 6 0,07

| K1 |<|J1]
= Y O 00, ut 6] 00wt D 0% [Q,, 0] u
[K1|<|J1] [K1|<|J1]
= Y O 00, ut6) 00wt D 0% 68 0.0 .
[K1]<|J1] [K1|<|J1]
This conclude the desired result. ]

Lemma 7.2. Let u be a C° function defined in [0,T] x R®. Then the following estimates hold
for |Ii| + | L] = d:

01 Q" 0pu| < 0,00 Q%u| + C(d) > 0,00 Q"2ul, (7.3a)
151 <|I2]

10,00 Q0| < [0 QEu| + Cd) Y |0HQR0,u], (7.3b)
17 1+]15]<d

(050", 0005]u| < C(d) Y 040022770l (7.3¢)

‘J2T£TIQ‘
|okQlu(t, z)| < C(k) Z 0 Qlvu(t, )|,  for x| > 1, (7.3d)
|J1|<EK
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000, H0,05lul < Y 08" H| 10,050 %l

Ji+J{=I1
Jo+Jh=1I3
‘Jil+|]é‘>0 J/ ’ (736)
+Cd) > [0 HP| |00 0,0 Q2 ul
Ji+Ji =11

[J2|+]J51<|I2]
o,B,a’a

where H*? are C> functions.

Proof. We remark that from (7.2), the following identity is direct:

ok 0,0 = Y eltaolaku

|K|<|I2]
e To prove (7.3a), we remark that

00", dJu =0l (2", dalu) = > 9 (OL0.0"u) = > Ol 0.000"u
C’|J2|S|IZ‘ Cv‘J2|§‘I2‘
and ’
S |8l o0raul <Cd) Y 10.0"0 ). (7.4)
c,|J2|<|I2] ¢, |I5|<| 12|
This proves (7.3a).

e (7.3b) is proved by induction on d. We see clearly that (7.3b) holds for d = 0. If it holds for
d < k, let us prove the case d = k + 1:

020" Q" u| < |00 o] + [0, 0 Q]u.

Then by (7.4),
|0a0" Q2| <|01Q20u| + C(d) Y 0.0yl
o 131<| 2]

Remark here, |I}| < |I3] — 1 < k. Then we apply the assumption of induction on the second term
in right-hand-side:

0.0 Q2| < |07 Q20u]+C(d—1) > |0"Q% duu

s |15 |1> 15

which proves (7.3b).
e The proof of (7.3c) is a direct application of (7.2).

(011012, 9,05]u =[011 012, 0,]05u + 9, ([0 Q2 95]u)
= Y 05 0000"05u+ > OF 0.0.010"u

OtJQ 6J2
[J2]<|I2| [J2|<| 12|
= Y 05000050+ > 08 0.00 [0, 05lu
[J2]<|I2| [J2|<|I2|
+ Z @Igca aahQJz (75)
[ J2|<|I2]
= Y elelo.0.000
[J2l<|I2]
|[Ka|<|I2]
+ Y 080.0.00 0 u+ Y Ok 0.0 050"
| J2|<|I2] |J2|<|I2]
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which leads to (7.3c).
e The proof of (7.3d) consults the notion of homogeneous functions. A function f of class
C>(R3\ {0}) is called homogeneous of degree i if

f(rz) =r'f(z), for any r > 0 and = € R*\ {0}.

Recall the classical result that a partial derivative of a homogeneous function of degree i is again
homogeneous and of degree 7 — 1.

We denote by w® := % And we notice that they are homogeneous functions of degree 0. And
recall the definition of radical derivative 9, = w®d,. We will prove that

oF =y Ajo! (7.6)
11k

where A¥ is a homogeneous function of degree —k + |I|.
For k = 1, this is guaranteed by the expression of 0,.. Assume that this holds for the integer
less than or equal to k, we will prove the case of k + 1:

Oy = 8,0Fu = 9, ( > A’}@i)
I,a

=Y whoy(Afo)) =) wPa,ATOL + ) WP AT0,0!
I,a I,a I,a
We remark that w?d;, A¥ is homogeneous of degree —k —1+|I| and w®A¥ is homogeneous of degree
—(k+ 1)+ |I| + 1. This concludes (7.6).
Then we sees that (7.3d) is a direct result of (7.6).
e To prove (7.3e), we preform the following calculation:

[0l Q% H*P9,05u]

= > A0 HP 97 02 0,05u + HP [0 Q"2 0,05u
J1+J{ =11, 0o+ Tb=1I
[J11+175]1>0
= > 07 QB HP0,050 0w+ Y QT HP[9] Q% 0,05]u
J1+J{ =11, 0o+ Tb=1I3 Jy+J{ =11
[J{1+1751>0 Jo+Jh=Is
= > 071 Q%2 HP 0,050, 72
J1+J{ =11, 0o+ Th=1I3
[J{1+1751>0
J1 T J 'K J1 K J J1 oK
oY atemmen( S eferianaietie Y efnoaier)
Ji+Jp =11 Ko |<|J2] [ Ko |<|J2]
JotJh=Is K5 <|Ka|
where (7.5) is applied. Then (7.3e) comes directly form this identity. O

We also need the commutator estimates on the product in the form 07122, These estimates
are included in the following lemma

Lemma 7.3. Let u be a C° function defined in [0,T] x R3. Then the following estimates hold
for |Ii| + |I2| = d:

01 Q2 0,u] < (0,07 Q2w+ C(d) Y |0.0" Q"2 (7.72)
a, 15| <|I2|
020" Q"] < 01 Q20ul + C(d) Y 91904, (7.7b)
B
[T |+ 1| <d
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(070", 0005]ul < C(d) Y [0a040"Q"ul, (7.7¢)

a,a
[J2]<|I2]

ol Q2 H*P9,05u| < 271072 1P| 10,0507 Q720
B B

Ji+J) =11
Jo+Jh=1I3
[ 1+1751>0

+Cd) Y. (0519 HP| (00 0,0" Q"

Ji+J) =11
[J2]+1J51<|12]
o,B,a!a

(7.7d)

Proof. We remark that from (7.2), the following identity is direct:
Q"2 0,] = > elo,0r 0 u.
|K|<|I2|
Then we preform exactly the same calculation to the proof of lemma 7.2 with 9% replaced by

oh. O

7.2 Global type Sobolev inequalities and embedding results
In this subsection we will reprove the following estimate due to [cite Klainermain)]

Lemma 7.4. Let u € X% with d > 2. Then for
[ullg-1 < Cllul|xa. (7.8)

Proof. We will only prove this inequality for the C2° functions. Then by the procedure of regu-
larization , it will extend to the whole X¢.
We consider R? equipped with the polar coordinates, i.e.:

z' =rsinfcosp, z?=rsinfsing, 2°=rcosf.
Remark that (7.8) is equivalent to the following inequality for all 2o € R3:
[u(zo)[(1 4 70) < Cllul[xq
with zg = (23, 22, 23) = (ro sin 0y cos @g, 7o sin O sin g, 79 cos dg).
The case where ry < 1 is direct by classical Sobolev inequality. We will concentrated on the

case where g > 1.
We will consider the estimate on the the following open subset of R? defined by

V = (ro—1/2,70 +1/2) x (00 — 1/2,00 + 1/2) x (g0 — 1/2,¢0 + 1/2)
Now let u be a C2° function, we denote also by u its restriction on V' and define:
v(r, 8, ) == u(rsind cos p, rsin O sin ¢, r cos )
with 79 > 1. Then by classical Sobolev inequality,
lu(wo)® = [v(ro, 00, 60)P < C / 10403k 02 o 2 drdBd.
Kotk tho>2”V

Remark that in V, 7o — 1/2 < r < 19 4+ 1/2, which leads to 1 — 1/(2r¢) < r/rg < 1+ 1/(2r9).
Recall that rg > 1, then

< <

N w

| =
Sl=



Then )
1
- / |9k 0t k20| *drdfdy < / |0k ot 020> S drdody
2 Jv v ro

:r62/ |8f°8§18$2v|2r2drd9d¢
v
ZTJQ/ |3,’f°8§185,2v|2dx
v
<ry? / |0F0 0 k2 v|*da
R3

where dz is the standard volume form of R3.
Here we remark that

x! x?

Ogv = cos 31U + sin pQzou = 1/ Qz1u + 73 Q301

((x1)2 + (‘1‘2)2) ((II)Z + (.1‘2)2)

and
0,v = Qigu, Opv = Oru.

Remark that Q7 cos ¢, Q7 sin ¢ are homogeneous of degree 0. So we see, by homogeneity, that
for r > 1/2,

|8f°3§185;2v| = |8f°(cos €31 + sincpﬂgg)le]fgu‘ <C Z |k Q)
[I|<ki+k2

which leads to
ol <Crg? 3 [ (o0t (7.9)
R3

[ I|+ko<2
Then by (7.3d), the desired result is proved.

For the convenience of application, we will also need the following embedding results.

Lemma 7.5. Let u be a function in X &2 and v € L=([0,T); ES?). Then for all pair of multi-
index (I1,I) with |I| + |I2] < d, the following estimate holds:

o5 < Cllull yare. (7.10a)

u||L°°(]R3)
0" Q" u(t, ~)HLDC(R3) < Cllo(t, )gar= fort €[0,T]. (7.10b)

Proof. We will only prove this inequality when v € C>°(R3) and v € C°(R*). Then by the
regularization procedure, it will extends on X% and L>([0,T]; E4™?) .
e Let us begin with (7.10a). The proof is composed by estimates in different cases.

CASE 1. I = I = 0. Then the left-hand-side of (7.10a) is controlled by its B~1 norm so (7.10a)
holds.
CASE 2. |I;| > 0. In this case we suppose that Iy = (aj,az, - ,a,) and denote by I} =
(ag, -+ ,ay). Then I is of order n — 1 > 0. Then by classical Sobolev’s inequality,

loz Q%]

~ (w250 ey < O S 010,050

[J1]<2

< Cllull yarz-

(R3) (R3) (R3)

CASE 3. |I2] = 0,|Iz] > 0. In this case we suppose that Iy = (b1,bs,--- ,b,) and denote by
I} = (bg,--- ,by). Then I is of order n — 1 > 0. Then

[0 Q" ul] oy = 190, 250 o oy < €D NI(1+ 1A ]|y = €D 062 0
b b
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Then by (7.8),

05 2" ]l o gy <O YO0 Q 0l o =C D0 Y 000,05 V| o g
b [Ji|+[J2[<2 b
<c Y ||woralaak

EAFREARS
b/

UHLQ(RTS) S C||UHX;13+2

where the estimate of commutator (7.3a) is applied.

Combine these three cases, (7.10a) is proved.

e Then we will prove (7.10b). The proof is similar: we also discuss in three different cases:
CASE 1. I; = I = 0. Then the left-hand-side of (7.10b) is controlled by its B~! norm so (7.10b)
holds.

CASE 2. I; > 0. In this case we also suppose that Iy = (a1, @2,...,q,) and denote by Ij =
(a2, ..., ap). Then |I1| > 0. Then also by classical Sobolev’s inequality:

10122 0(t, )|z <C Y [107100,05 Q2 0t Mia@s) = C Y 00,0012 0(t, ) | 2oy

| 1] <2 PAES
<Clo(t, ) gase.

CASE 3. || = 0,|Iz] > 0. Then we suppose that Iy = (b1,be,...,a,), and denote by I} =
(ba,...,byn). Then |I5| > 0. Then
10" Q% 0(t, )| Lo ms) =11, 22 0(t, )| o
<O A+ )22 0(t, | gy = C D[22 0(t, ) |51
b b

<CY (2% u(t )xe =C > 97072005 0(t, )| x>
b |J1\+\bJ2\S2
<C Y 90y 0(t, ) x2 < Cllu(t, )| gare-
PARTAR
Combine these three cases, (7.10b) is established. O

Lemma 7.6. Let u € X¢ and v € L>=([0,T]; E%), then the following estimate holds for all pair
of multi-index (I, Iy) with 1 < |I| 4 |I2]| < d:

[(1+7)"'ol Q™| ro(rsy < Cllullxg- (7.11a)
[(L+7)"ro"Q%u(t, )| L2y < C|lu(t, Mea, fortel0,T] (7.11b)

Proof. e The proof of (7.11a) is composed by estimates in different cases:
CASE 1. |I;| > 0. In this case we suppose that Iy = (aj,az, - ,ay,) and denote by I} =
(ag, - ,ay). Then I} is of order n — 1 > 0. Then

ot

— (w25 2] 2 ey < |

u||L2(R3) u||L2(R3) “ng'

CASE 2. |I1] = 0,|Iz] > 0. In this case we suppose that I = (b1,bs, -+ ,b,) and denote by
I; = (ba,- -+ ,by). Then I is of order n — 1 > 0. Then

||(1 +7’)718£IQIQU||L2(R3) = ||(1 +r)719b1QIéu||L2(R3) S CZ ||8bQIé’U,HL2(R3) S CH“HX?,
b

Combine these two cases, (7.11a) is proved.
e The proof of (7.11b) is exactly the same if we replace 9, by 9 in the above proof. O
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Lemma 7.7. Let u be a in class X2. Then

lullpe@sy <C Y0 (1L +[e))7 07 Q% ull e (7.12)

[T1|+[12]<2

Proof. This inequality is equivalent to

()| <C > A+ olQRul ., zeR? (7.13)

[T1]+[12]<2

for all u € C2°(R3). Then by regularization, this inequality is hold for all u € X?2. This is proved
by distinguish different .
Let x(-) a C* function defined on [0, co) with

(5] = { 1, s<1/2,

0, 1<s<o0.

Then x(| - |) is a C2°(R3) function.
Now we consider the case || < 1/2. We consider the function

f(@) = x(|z)u(z)

which is in class C°({|z]| < 1}). Then we apply the classical Sobolev’s inequality:

fu(@)] =1f @) < C 310 fllzqrer<an = € 3 02 CelleDu@) ] g oreny)

<2 =
=C Z HailX(|x|)a£2u(x)HL2({|I|<1}) <C Z ||a£2u($)”L2({\z\<1})
11y |+115 <111, |I2]<2
HES
<O Y 04050 gy €€ T 0+ 1) 00
[T2]<2 [T2]<2

where we remarked that 911 x(|z|) are bounded.
When |z| > 1/2, we consider the following calculation:

Ju(@)] =[(1 = x@lz)u(@)| = [[(1+ |2]) - @+ [2)) 7 (1 = x(@l2) u(@)]| Lo gy
<[+ l2) 71 = x@l2]) u(@)]|
and the by (7.8),
u()] <[[(1+J2) 7 (1 = x(@J2]))u(@) |5
<C¢ Y flore (@ + 2 (L - x@leD)u(@)) | L2 g,

]+ 12| <2
J _ : -
=C > o (a7 (L = x(@l2]))) 97 Q" (1 + )~ (1= x(2l]))w(@)]| 2 gy

[T11+1T11=11

[Ty ]+]12]<2
where for the last equality we have used the fact that

Qa (L +[2)7H(1 = x(2]2]))) =0

because both factors are radial symmetric. Then we will prove that

A7 (1 + [2) L (1 — x(2l2])) < C(1 + |z)7?

for |J{| < 2. This is check directly by calculating and the fact that (1—x(2[])) and its derivatives
are supported out of the ball {|z| < 1/4}. Then the desired result is established. O
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7.3 Linear estimates

We begin with the linear theory of wave equation with the initial data given in X % (R%) x X4(R?).
For the simplicity of proof, we introduce the energy functional with respect to a metric g*? defined
in R* as following:

1/2
Ey(t,u) := (/]R3 (— %[0l + g™ Daudpu) (t, )da:) (7.14)

and 12
Ego(t,u) == </ (= 9%0¢ul?* + g**Ogudyu + *v?)(t, )d:c) (7.15)
R3
A metric ¢*? is said to be coercive with constant C' > 0, means that
CTHIVul r2mey < Ey(t,u) < C|[Vull 2y, (7.16)

where Vu refers to the space-time gradient of u. For the convenience of discussion, we introduce
the notation for the C2° functions defined in the region [0, 7] x R3:

l[ult, )l a1 := > IVl QRult, )| L2 e
[T1|+]12|<d

By (7.3a) and (7.3b), the norm || - HX;;“ and ||V (-)|| x« are equivalent.
We also introduce the following notation:

Ej(s,u):z Z E,(s,0"Q%u), Eg’c(s,u):z Z B, (5,0 Q%2).
[Ty |+[12|<d [Ty |+|I2|<d

Then when the coercive condition (7.16) is assumed,
CHlu(t, M garr < Bg(s,u) < Cllu(t, )|l ari- (7.17)

The existence results to be established in the nest subsection is essentially based on the following
linear estimates.

Lemma 7.8 (L type estimate for wave equation). Let u be a C2° function defined in the region

[0,T] and let F = —Ou, then for any 0 <t <T

t
[ult, )31 @) < Ct/o 1 (s, ) |51 r2)ds + C([u(0, )|l 5 -1 (rs) + ¢ Vu(0, 2) | 5-1(ra))  (7.18)

where Vu refers to the space-time gradient of u.

Proof. This estimate based on the explicit expression of the linear wave equation. We consider
the Cauchy problem:
Ou=—-F

u(0,7) = —f(2), Owu(0,x) = —g(z) (7.19)

The u can be expressed by

¢
u(t, x) =4i/ 1 / F(s,x —y)do(y)ds
T Jo lyl=t—s

t—s

g(z —y)do(y) + L /l o (flx —y)— < 0uf(xz—y),y > )do(y)

+ 47rt ly|=t 47Tt2

=uq (¢, z) + ua(t, x) + us(t, z).
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Here do(y) refers to the standard Lebesgue measure on the sphere |y| =t — s or |y| = ¢, and
< -,- > refers to the standard scalar product on R®. The notation 9, f stands for the (spacial)
gradient of f. The remained work is to estimate u; with ¢ = 1,2, 3.

When [z| < 1, we make use of the fact that || - || o3y < || - [[z-1. Then

F . t t
lun (£, )| < / I Cs, )l / dg(y)dsg/ HF(S,')HBfl(t—s)dsgt/ (s, )5
t—S ly|=t—s 0 0

The other terms uy and ug are estimated similarly. Then (7.18) is proved in this case.
When |z| > 1, we need to establish the decay estimate of the solution at spacial infinity. We

begin with u;.
LGRS
us (t, ) ds
s ()| < - /t/ e

IF (55 ) llm—1 B
47r/ /yzt_s(lﬂx—yl) do(y)ds

t—s

We focus on the expression f|y|:t—s(1 +]z—y|)"tdo(y). We make the following parametrization of

the sphere {]y| =t — s}. Let 6 be the angle from the vector —z to the vector —y, and ¢ refers the
angle from the plan determined by pair of vector (x,y) to a fixed plan containing x (for example
the plan determined by x and (0,0, 1)). With this parametrization, the volume form o(y) has the
following expression:

do(y) = (t — s)? sin §dfdyp

Also, by the classical trigonometrical theorem “Law of cosines”,
|z —y|? = |z|® + |t — s|* — 2|z|(t — 5) cosb.

Then

27
t — s)” sin6dfd
[ sl = [ [ (6= o)leinddidy
ly|=t—s 0 1+ (|2 + |t — s|> = 2|z|(t — s) cosb)

o /1 (t —s)°dy

-11+ (|:c|2 + |t — 8|2 = 2|z|(t — s)y

)1/2

where v := cosf. Then

-1 on(t —s) [* || (t — s)dry
14|z — do(y) =
/|y|=t—s( + | yl) ) || /_1 14+ (|x|2 + [t — 5|2 — 2]z|(t — 3)7)1/2

_ 27(t—s) lzl+(=5) rqr
[ ==y 1T

where 7 := (|z]? + [t — s|* = 2|z|(t — s)y )1/2 Then,

[ACoP N tdete)ds
it < [ [ ket

t—s

[z]+(t—s)
<L / I1F(s,)lla [ T g,
2|z| Jo llo|—(t—s)) L+ T

Now the discussion should be made in the following two cases:
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1. |z| > t. In this case |z| >t — s always holds. then

I lel+(t=s) gy
lug (t, x) S—/ F(s,-) 3-1/ ds
o) g [ 1l |

al—(t—s)| L+ T

1 t l[+(t=s) -
gt [ IFG A [ s
2[z| Jo o] —(t—s) LT

1 t |z|+(t—s)
s—f/ww»mﬂ/ drds
2|z || (t—s)

| ‘/(t—s)HF(s Npg-1ds < — / |1E(s,-)||g-1ds

which leads to

t
IMWJWQAHH&WHM

2. |z| < t. In this case we need a more precise calculation.

lal+(t=9) gy
fun(t, @) <51 ./” Mo | ds
2|z| ol —(t—s)] L+ T

t—le] el +(t=5) gy 1t jal+(t—s)
. ww»mqf ds + = Mﬁdha/
2|z \/ (t— L+7 22| Ji—a ||~ (t—s)

s)—|z|

t—|x|
2)z||| F( ) F _
<301/ musn@wﬁﬂ|/ F(s, )lm-sds

t—|x|
sA Iﬂ&mw%+/ﬂﬂ WWM—/HFsmw@
t— a:

Recall that |z| <t < T, then
t t t
mMMS/MuM%ms—/Mwwwm
0 |33| 0

so that .
MW&JWQ/HH&de&
0

The estimate of us and us are similar.

)l <5 [ o= vldoty

||g||3*1 / 1
<NINB=" - 1)"d
< ‘y‘:t(\w yl+1)"do(y)

By the same parametrization made in the estimate of u; and similar calculation, we can conclude

by
|z|uz(t,z)| < t|lgllp-1-

In the same way:

1
t <
it < [

y|=t

1 t
Sl lls-r + — 192 flls-1-
|| ]

Wlacsio) 1 [ octlacrity)
|z —y|+1 dmt Jiy= v —y[+1

Combine the estimates made in |z| < 1 and |z| > 1, the desired result is established.
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Lemma 7.9 (L? type estimate for wave equation). Let u be a C° function defined in the region
[0,T] x R? and g*? = m®® + H* be a C™ metric where m®? is the Minkowski metric with
signature (—,+,+,+). Assume that g*? is coercive with constant C. Let f = —g*?0,05u, then
forany 0 <t <T,

d (e
T Bo(tu) S CIf(t |y + O (IVgP ()| Byt w). (7.20)
a,p

where Vu refers to the space-time gradient of u.

Proof. This is a standard calculation.
1 1
atugaﬁaaagu 2580 (‘()00(801;)2 — g“b(?auabu) + 0q (gaﬁatuagu) + §8tgaﬁ8au85u — aagaﬁatuaﬁu

Integrate on the slice {t = 7} and apply the Stocks’ formula,

1

3 / 80( — ¢%(0pu)? + gab(?au@bu)dx = Oufdx
R3 R3

+ % / (atgo‘ﬁﬁauaﬁu — 28aga58tu85u)dx
R3

which leads to (by coercive condition, )
1d

f—(Eg(t,u))z = / Oyufdr + 1/ (8tgaﬂ8au8gu — 28agaﬂ8tu35u)dx
2dt R3 2 R3

which is
d 1
Ey(t,u)—E,4(t, u) :/ Owufdx + f/ (8tg“58au65u — 28ag“58tu85u)dx.
dt RS 2 ]R3

So that J
Ey(t, u) 2 Eg(t, u) < [0l 2 wo) | fll 2oy + CUIVG [l powio [Vl L2 sy
Then recall (7.16)
4 By(t.0) < Ol sy + CIV™ i Byt )
O
Now we will combine lemma 7.8, 7.9 with the Sobolev estimate (7.8) in order to get a estimate

on the E?IH norm. For the convenience of the discussion, With this notation, we can state the
following estimate:

Lemma 7.10 (E¢ norm estimate on wave equation). Let u be a C° function defined in the region
[0,T] x R3. Let g*# be a C™ metric, g = m®? + HYP with m®? the standard Minkowski metric.
Assume that g satisfies the following coercive condition with a constant C > 0 and |[H%| < 1/2.
Let g*P0,5u = —F. Then the following estimates hold for d > 3:

t
lu(t, ) gasr Cllu(0, )] gare®Io P 4 O / |1E (7, )| ga €€ 7 Pa)ds g, (7.21a)
0

t t
lu(t, lls—: <Ct / 1P (s, llp-ds + CLE3 (0,u) / | (s, )| o € i P30 g
0 a 0
t o (7.22)
oty / VB (s, ) e / IF(r, )| 52eC F PSP gs 1 013 (0, u)
EL 0

where
Dy (t) := maxc [ HP (¢, )| gy

O{,
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Proof. We begin with the estimate on E¢ norm of Vu. We derive the equation with respect to
o1 Qf2 where |I;| + |I2] = I. Remember that this product of operator commute with the linear
wave operator, Then

—0h 0l F =001 QR2u + HY 0,050 Q20 4 [0 Q2 H*P9,05)u

which is
90,0501 Q1u = —F — [0 Q" H*P9,d5]u.

Apply (7.20),

d
—Bg(t,01 Q%) <Cl0" QP P(t, )| 2oy + Cll[0" Q" HY0a08]ult, ) 12e2)
a (7.23)
+ O IVHP ()| oo mo) By (£, 0" Q20).
a,p
We should estimate the second term in right-hand-side. By (7.3e),
o, Haﬁ@aaa}UHLz(Rs) < S 9HQBEH 0,050 Q% ul| 2 )
Ji+J{ =11
Jo+Jh=1I5
[J]1+175]>0
+ > 0710 HP 9,,0,07 Q% 1 rs) (7.24)
Ji+J =11

[Jo|+|T51<|12]
a,B,a’a

:ZTl + TQ.

Here we make the convention that when [ < 0, [071Q%1,9,05] = 0. We see that both terms can be
bounded by CD4 E%(s,u): For Ty, when |J;| + |J4| < d — 1, Then by (7.10b),

071972 H? 9,05071 Q72 ul| 12 sy <[|071Q72 H|| o (55 ]| 000507 Q72| 12 g3y
<C|H*| gass |lul| gars-
When |J{| + |J5| > d, then J; = J2 = 0. Then by (7.11b) and (7.8),

1071072 HP 09,0507 Q%20 2 sy <[[(1+ 1) 71071072 HOP|| 12 (o) | (1 + )P Opul| 1 )
SCHHQBHEgHHaaaﬂUHE? < C||Haﬂ|\Eg+1HU||E;~

The therm 75 is bounded in the same manner and we omit the detail.
Combine this with (7.23),

d
Bt o Qu) <C|o" Q2 F(t, )| p2ms) + CDaES(t,u)
7.25
—0—02||VH“*B(t,-)HLoo(Rs)Eg(t,GllQI2u) (7.25)
a,p
Taking the sum with respect to (I3, I3) for |I;| + |I2| < d, then
d
%Eg(t, u) < C||F(t,")|| e + CDaEL(t, u). (7.26)
Integrate (7.26):
¢
B(t,u) < B0, u)eC fs Patr)ar 4 ¢ /0 1 (7, )| €€ J2 Palis g, (7.27)
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which leads to (by (7.17)) (7.21a).
We now turns to estimate the B~ norm. We can easily deduce that

Ou=—(1—H") " (H" + Hm*)9,00u — 2(1 — H*) ' H*9,0,u — (1 — H*)"'F  (7.28)

here we use the assumption that H% < 1/2 to make sure that (1 — H%)~! is well defined. Then
and then by lemma 7.8,

lullg-s <Ct / 11— HY) " F(s, )||5-rds

+ Ct/ (1= H) " H®),04ul|5-1ds + Ct /t (1 = HY " H9,0,u||5-1ds
0 0
+ C([|u(0, @) ||l 5 -1 r2y + | Vu(0, ) || -1 (r2))
gC’t/t ||F(5,-)|3_1ds+0t/t ||Hab8a8bu|3_1ds+0t/t | H*00,8,ull5-ds
0 0 0
+ C([|u(0, z) || -1 (r2y + [ Vu(0, ) || g -1 (r2))
We remark that the following estimates are guaranteed by (7.8),

1% 0.0pulls—+ < [|H|[ 1= |0u05ull5-1 < [|[H* || 10.0pull g2 < C Y | H || By (s, u)
a6

and
[Vu(0, )|l < CIVu(0,)| g2,

Then combined these two estimate:

t t
lu(t, )||s-1 SCt/O | F (s, -)||371ds+CtZ/0 HHaﬁ(s,~)||LooE3(s,u)ds+CtE§(O,u).

(7.29)
Now combine (7.27) and (7.29),
t t
Jult, s <Ot [ PG5+ CLENO.0) Y [ 795 (5.) e Hi D207
0 0
¢ s (7.30)
+ €Y [ s ) [P ) e PO s+ e 0.0,
0 0
O

Furthermore, the following L? type estimate on Klein-Gordon equation is important:

Lemma 7.11 (L? type estimate for KG equation). Let v be in class C° defined [0,T] x R® and
let F = c?v— g*%0,05v, ¢ > 0. Let ¢°% = m® + HYP be a O metric and satisfies the coercive
condition with a constant C, i.e. (7.16), then the following estimate holds for 0 <t < T':

cllot, Ypa + [t M garr SC([0(0, )l garr + el[v(0, )| pa)e fo PaIr

(7.31a)
+C/ 1E (s, ) e 1 €C S Pa) grds.

Proof. The proof is essentially the same to that of lemma 7.8. The only difference comes from the
potential term:

6,51)(9“58&851; - 021;)
1 1 1
:580 (goo(aov)2 — g“baavabv) - 5(0801))2 + 04 (gaﬂatvagv) + §8tgaﬁaav85v - 8ag“ﬂ8tv85v.
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Then the same calculation of the proof in (7.8) leads to

d
By o(t,) < CIFE gy + C S0 IVH () 0) Byt v). (7.32)
a,B

Now we derive the equation with respect to 82’2, and preform the same calculation as we
done in the proof of lemma 7.10, the we arrive at:

t
B2 (t,u) < B (0,u)eCJo Paln)dT 4 ¢ /0 |F(7, )| ga €€ Jr P qr, (7.33)
Then combined with the expression of Fy . and the coercive condition (7.16), the desired result is

proved. O

At the end of this subsection, we establish the following estimate on second order time derivative
of the solution.

Lemma 7.12. Let u be a C° function defined in R*. Suppose that u satisfies the following
wave/Klein-Gordon equation:
g“ﬁaaagu —Fu=-F

where ¢ > 0. Suppose that g®? = m®# + H*P with |H00| < 1/2 . Then the following estimate hold
for all pair of multi-index (I, I3)

||3£19[28t6t“||m(u«3)
<|[of > ((1 — H)~H(m™ + H)9,0pu)
+2[[of Q" (1 — H) " H"9,0,u)

HLQ(R3) + C2||8£1 QI2 ((1 - Hoo)ilu) HLQ(Rs) (734)

ol (1 - H")7'F) ||L2(R3).

I esy + |
Proof. This is by decomposition of the wave operator:

9°P0,05u = (— 14 H")0,0u + 2H**9,0,u + (m® + H)9,0pu
Then by the equation

( -1+ HOO)Btatu +2H%9,0,u + (m“b + H“b)aaabu —Pu= —F,

we have ) 0 b X
2HY9,0, m*® + H)9,0,u F
0,0, = — cu n Oy U ( ) b
1— HO0 1— HO0 1— HO0 1— HO0
Then the desired result is proved. ]

7.4 Existence results for linear equations

In this subsection we will establish the existence theory for linear wave and Klein-Gordon equations
with initial data in the corresponding functional spaces defined in subsection 6.5. We begin with
the wave equation.

Proposition 7.13 (Existence of linear wave equation in E}{IH). Let d > 3 be an integer. Assume
that F € L'([0,T); EY), (uo,u1) € B4 x EY Assume that g*? is a O metric defined on
[0, 7] xR? and coercive with constant C > 0, and H* = g —m®F is in the class C([0, T]; E4)
with |H°| < 1/2. Then the following Cauchy problem

9°9,05u = —F,

u(0,2) = ug(z), Bu(0,z) = uy(x) (7.35)
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has a unique solution in class C([0,T); E4™) with Ofu € C([0,T); E**1=%), 1 < k < d. Further-
more, this solution satisfies the following estimate:

t
lu(t, ) gass < ClIV(0,-)|| gae® Jo PO 4 C/ 1F (7, )| ga € r Pa)dear, (7.36a)
0

t t ‘
lu(t, )51 <Ct / IF (s, lp-rds + CLEE0,0) 3 / H (s, ) o i PoTIdTg
0 o 0
t L (7.37)
vty [l [ IFG el P Oas + CeEd0,0
ap 0 0

where
Du(t) = masx | H (1) o

Proof of proposition 7.13. The uniqueness is direct by applying the lemma 7.9.

The existence is based on the regularization and the estimate proved in lemma 7.10. We
proceed by make a series of triple (uf,uf, F™) which converges to (ug,u1, F') in the following
sense:

Jim [jug —uoll gg+r = 0, Tim fJuf —uol[ga = 0

lim [P = Fllpaorypey =0, lim [|HR? = H*| g o,y = 0

where ufl, u} are C2°(R3) functions and for all t € [0,7T], F"(t,-) € C2°(R3).

By classical existence theorem of linear wave equation (see for example [8]), fix the time interval
[0, T, each triple (uy, uf, F™) determines a unique C2° solution by (7.35). These solution, denoted
by u", formes a series.

By estimate (7.21a), {u"} is a Cauchy sequence in L>([0,T], X%™'). When d > 3, (7.22) shows
that {u"} is a Cauchy sequence in L>([0,T],B~1). So that {u"} converges in C([0,T], E4+)
(u™ are C2° functions so u™ € C([0,7];B7!)). Furthermore, because u" are C° functions so
they are in C([0,T], %) which is a closed subspace of L>([0,T], E%™). Then {u"} converges
in C([0,T], ES™). We denote by u the C([0,T], E4™)~limit of {u”}. Then we see that u €
c((0.T); )

We call apply the same argument on {9Fu} and get the desired regularity.

The estimate on u is gained by taking limit of the estimate on u™. O

If we analyse carefully the proof of proposition 7.13, we can conclude that if the triple (F, ug, u1)
is only supposed to be in L'([0,T], E4) x Eg,“ x E4, the Cauchy problem (7.35) determines also
a unique solution in C([0,T], E4™). We prefer to state this result separately in the following
proposition:

Proposition 7.14. Let d > 3 and assume that the triple (F,ug,u1) is only supposed to be in
LY([0,T), EY) x ES™ x B4 And assume that g*® is a C> metric defined on [0,T] x R® and
coercive with constant C > 0, and H*? = g*% —m®F is in the class C([0,T]; E4™). Then the
Cauchy problem (7.35) has a unique solution u in C([0,T], E5T") and dfu € C([0,T); E4F'=F) for
0 <k < d. Furthermore it satisfies the following estimate

t
Ju(t, M gars < CIVa(0, ) gacks P 4 ¢ / |F(r, | e Pal)s g, (7.384)
0

where
Dy (t) == TB%XHH“B(tw)HEyb

Apply lemma 7.11 and taking the same procedure of regularization used in the proof of propo-
sition 7.13, the following existence result for linear Klein-Gordon equation holds:
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Proposition 7.15 (Existence for KG equation). Let d > 3 and the triple (vo,v1, F') be in class
E}i;l x B¢ x LY([0,T], E4). Assume that g®P is a C* metric defined on [0,T] x R and coercive
with constant C > 0, and H*® = ¢*# —m®P is in the class C[O,T];E?IH). Then the following
Cauchy problem

gaﬁaaaﬁu —v=F, ¢>0,

v(0,2) = vo(x), Ow(0,x)=v1(x) (7.39)

has a unique solution in class C([O,T];Eﬁ;l) N CH[0,T); EL). Furthermore, it satisfies the fol-
lowing estimate

lo(t, )l garr + 10 (t, ) pa + ellot, )l g <C(IVa(0,-)l| ga + cl[v(0, ) pa) e Jo ParIdr

t
+C/ HF(Sa )”Ed ecfs Dd(T,')des7
0

(7.40a)
[ot, M gasr + cllo(t, ) ge <C(IVu(0, )l ga + cllv(0, Y pa)e€ Jo Palr)dr
¢ . (7.40D)
+c/ |F(s,-)|| pa €€ Js PaT) drds,
0
where
— Iil2 graB . - )
Dy(t) . Pax |07 Q2H*(t,-)|| Los (r3)

o,

7.5 Nonlinear estimates

To estimate the solution of quasi-linear system, we will need the following estimates on nonlinear
terms.

Lemma 7.16. Let F be a C* function from R™ to R and v a C™ application form R* to R™
with components denoted by u = (u1,usz, -+ ,Um). Let Z be a family of one order linear differential
operate Z = {Z,} with o € A where A is a subset of N*. Then the following identity holds for all
multi-index I = (o, oo, - -+, o) with |I] > 1:

m
1<|LI<|T] > Kji=Ij=1i=1
Here
m
Pl = H b
i=1
is a product of partial differential operator with L = (I3, --1,,) and the convention:

Z'w=1, if |I|=0

is applied. Furthermore, in a product if the set of index is empty, this product is regarded as 1.
For example,

lj
1175w =1, ift;=o0.
=1

Proof. We remark that in the right-hand-side, for a fixed L, the sum is taken over all the proper
|L|—partition of index I. That is, over all the proper L—partition of abstract index .# with
|.#| = I. We denote by

Hji =S with {Kji} = I({H]i})
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and we denote by #,(.#, |L|) the set of all proper |L|—partition of .#. Then (7.41) can be written

as
m

Z'(F(w) = Y P"F(u) > 1 TI2% . (K} =1({%:)).

1<|LI<|| {A:YePp(F,|L)) j=1i=1

Now we associate each term in right-hand-side to a pair (L, {#;;}) by the following manner: in
the sum, each term PLF(u) H;nzl Hile ZKiiu; corresponds to an operator PL which supply L.
The {Kj;} is a partition of I which is a restriction of I on a abstract partition {.%#};}. Remark
that for fixed L the sum is taken on &2,(.#,|L|), so we have constructed a bijection from the terms
in right hand side to the following set

2(7) ={(L.{H: )| A € Zp(S, L)), L < L] < |7}

We will prove (7.16) by induction on the order of |I| with associated abstract multi-index
S = {a1,q9,...,a,}. We check by direct calculation that this identity is valid for |I| = 1.
Suppose that it holds for |I| < n, we consider |I'| =n 4 1. Let .#’ be the associated n + 1 order

abstract multi-index composed by {a1,@s ..., @, a,t1} and the restriction of I’ on .# is coincide
with 1.
Then ,
Z" (F(w))
m 1
T X PEw Y IIT2%w)
1<|LI<|T| {Hj:ye P, (F,|L]) j=1i=1
m 1
= Z ZI’(OLn+1)(PLF(u)) Z H H ZKjiuj
1<|L|< T {H;:}ePp(F,|L]) j=1i=1
m 1
+ Z PLF(U) Z ZI'(Cvn-H) HHZKJZU7
1<|LI<l1| (5 }ePu( S IL]) j=1i=1
= T1 + TQ.

For T, we remark that

m m U
T = Z ZPL;CF(U’)ZI'(OM-H)U’IV Z HHZK]“U,]

I<|LIS| I k=1 {#jitePp(S,|L]) j=11i=1
m m l;-
’ ’
S VETUID S 11 EL
I<|LI<T] k=1 {H;:}e P, (F,|L)) j=1i=1

with Ly = (1,05, ... 0y, ..., 15,) with I} = 1; for j # k and [}, = I + 1 and J¥}; = J%j; with
(4,4) # (k, 1) and %/k’l; = ay,41. Here Kj; is the restriction of I on J¢j; while KJ’-Z- is the restriction
of I' on K. '

For T5,

m 1
T,= Y  P"F(u) > Zpanen T 2%

1<[LI<)| (A ePy(#IL) j=li=1
m 1

= Y PL'F(u) > S T 2%,
1<|LI<|| (A5} € (S |L]) 15iosm j=1i=1

where ' ;; = A when (§,1) # (jo, t0) and &7 ;0 = Hjyio U {ant1}-
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Now we associate each term in T} and T5 a pair of form (L', {};}) by the same manner. We
remark that this defines an injection from the terms contained in 77 and T5 to the set

27" =AW D < U] < |57 { A} € Zp(L], )}

The injectivity is by checking the fact that for two terms if L’ = L/, the different terms correspond
to different partition by the definition of “sum over partitions”.

Denote by o7 the image of the terms in 77 and T3 under this injection. This is a subset of
2(#"). We will prove that o7 = 2(.#") which leads to the equality in the case where |I'| = n+1.
To do so, let

(L/v{‘%/g/z}) € Q(ﬂ/)v L' = (lll7l/271;n)
Then we see that as a,+1 € &' there is one and only one (jo, i) such that a, 1 € Ji/]glo
Ui #5i = ' and they are disjoint to each other. We will prove that (L', {#};}) € /.

We define L = (I1,l2,...,ln) with I; = I’ for j # jo and [;, = Ij — 1. We construct {.%j;}
as following: ¢, = &, if (j,9) # (jo,%0) and Hjyi, = K ;0 N {ant1}e. Such constructed pair
(L, ;) to be in 2(.7).

When %, = @, we see that (L', {#}}}) corresponds to a term in 77. More precisely in the
following term:

because

m

Z]/(an+1)(PLF(u)) Z HHZKNUJ‘

{#jitePp(S,|L]) j=11=1
m m 1l
=PHF@) Y Zawue 3 JTI2%w
k=1 (KY€ Pp( 5 |L]) =1 i=1
where we can see it by fixing k = jo and {;} in the sum.

When i, # @, (L',{%};}) corresponds to a term in T5:

m 1

PLF(”) Z ZI,((X71+1) H HZKjiuj

{5 e2p(S,|L1) j=1i=1

—PLF(u) > > HHZK’{"%‘

we see it by fixing (4;, jo) and {#};} in the sum. O

Lemma 7.17. Let F be a C™ function from R™ to R and v a C* application form R* to R™.
Then the following identity holds for any multi-index Iy, Iy with |I| + |I2| > 1:

[11]+]12] m
ohal(Fu) = Y > PR Y J[JIoFef (7.42)
=1 >m, =l Xji Kiji=I j=1i=1
g, Koji=I2
where L = (I1,la,- -+ , ;) is a m—dimensional vector with its components taking value in N and

PL the partial differential operator
pt=TJok
i=1

and the convention:
oMQRu=1, if|h]|=|l=0

1s applied.
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Proof. The proof is an application of (7.41). Let DI = 011Q%2 with D = {9,,Q,}. We denote by
D, =0, fora=0,1,2,3, Dy =Qq_3, for a =4,5,6.
We denote the components of I; and Is by

Ilz(ﬂlaﬂQa'“ﬂ’l’u)» 1—2:(’717’}/23"'7771,2)
Then [ is determined by
I= (a17a27"'an13an1+1 7a7L1+TL2)

with a; = ; for i =1,2,n1 and qyn, =y + 3 for i = 1,2, ns.
Remake that D is a family of first-order linear differential operator. Then by (7.41)

m
ohal(F(u) = Y > PERw) [ ] 2% s (7.43)

1<ILISI| 5, K i=1 j=li=1
Then, because };; Kj; = I is a partition of I. Then
DEii — 5K1.7'iQK§_7-q:

with Z].i Kj; = I a partition of I; and Zji Ksj; = Iy a partition of I. This gives

m 1
onQR(Fu) = > > PR [T [ 0% 0w,

1<|LI<K|I| Xji K1ji=11 j=1li=1
Yji Koji=I2

Then the desired result is proved. O

The result of lemma 7.17 will be applied in the following case where F'(-) is supposed to vanish
at 0 in second order.

Lemma 7.18. Let F' be a C* function defined in a compact neighborhood V' of 0 in R™ and
F(0) = VF(0) = 0. Let d > 3 and suppose that u map from R* to V with its components
u; in L>=([0,T); EY). Then the following estimates hold for any couple of index (I1,Is) with

[Ty ]+ 12|
10795 () (M oy < CEVod) S ult,Msar  forte0T]  (74)
k=2

where C(F,V,d) is a constant determined by F, V and d, and ||u(t,-)| ge := max; ||u;(t, )| ga-
Proof. When |I| + |I2| = 0, by the condition F(0) = VF(0) =0,

|Fu)] < C(F V)Y Ju,l?

j=1

which leads to the desired result.
For |I1| + |I2| > 1, proof is based on the lemma 7.17. We take the expression:

[Ty |+|12]

m 1
ghob(Fw)= Y Y PR Y [[[[oMvefey

=1 3™ 1=l Xj,i Kiji=Ih j=1l1=1
= i Kaji=I2

and remark that for [L| = 37" I; =1, PLF(0) = 0. Then we have, in the compact neighborhood
V of 0,
|0;F(u)| < C(F,V)|ul
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where C'(F,V) is determined by V and F and |u| := max; |u;|. Then,

|611912 Z 8119[211, |
\11|+\12| m
+ Z Z ‘PLF(u” Z HH’aKUiQKZjiuj’
=2 3L, =t i Kiji=n j=1i=1
Xj,i Kaji=I2
[I1|+(12] m L
F V)|’U,‘ ’allﬂfzu‘ + Z Z ‘PLF(’U,)‘ Z HH‘aKlinngiuj‘.
>t =l 2ji Kiji=h j=1li=1

i Kaji=Ia
(7.45)
The first term in right-hand-side is estimated as following:

||U 811 le ||L2(]R3) _”u( )||LOG(R3) H(?IIQIZU(ta ')||L7(R3)
<Cllult, )| g2 llult, )lxe < Cllult, )%

where the Sobolev’s inequality is applied.
The second term in right-hand-side of (7.45) is estimated as following: we observe the term :

m
D1 (e
24, Kiji=I1 j=11i=1

g, Koji=I2
Recall that |L| = Zj l; > 2, then we see that in the product there are at least two factors and
ZKlji:Ih ZKjS:IQ
ji ji
is a partition of (I1,I2) in [L| = }_; ; pieces with |L| > 2. Remark that
S Kyl = L1 Y [ Kajil =1l
Ji Ji

We observe that there among the index Kij; there is at most one, denoted by K, j,, is of order
higher than |/;|/2. In an other world,

|Kvji| < [|I2]/2], if i # i0,j # jo,

where [2] denotes the biggest integer less than or equal to z. The same result holds for the index
K>;;. Then we conclude that in the decomposition of (11, I2) there is at most one pair of index,
denoted by (K14, K2iyjo ), is of order higher than d/2. In an other world,

[Kyji| + |Koja| < [d/2], if i # do, 5 # Jo-
Then if we take the L? norm, we will find that

m 1
1)

j=li=1

< ||8K1“QK2““J(t )||L°°(]R3) - [|@F 00 @F2i0dou (2, ')HL?(RS)
L2(R3) J

s
:N

u
Yl
&
A
..

il )
S e

IA
s
s
Q‘J
=
5
5

uj(t, )| ga Il (8, )

<
<
Rl
o r
£y
Jll
S

IA
s
s
=
=
+
S
=
5
a

S
Y]
o=
s
o
S
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Here we have applied (7.3a). Now recall d > 3, then 2 + [d/2] < d. Then

m

LI TTo% % u,-)

j=li=1

L
< [l

L2(R3)

Also, we remark that in the compact neighborhood V, sup,cy |PYF(u)] < C(F,V) with
C(F,V,|L|) a constant determined by F’ and V and |L|. Then the desired result is proved. O

Now combine lemma 7.18 with the global Sobolev inequality (7.8), the following estimate holds:

Lemma 7.19. Taking the assumptions on F and u as in lemma 7.18. Then for |I1|+ |Iz| < d—2,
the following estimate holds:

[I1|+|I2]+2
107" (F(w)) (1, )|+ < C(EV,d) > ult, )] - (7.46)

k=2
We also need the following type of estimate in the following discussion:

Lemma 7.20. Let d > 3 and assume that H(-) be a C* function defined in a compact neigh-
bourhood V of 0 in R™ and assume that u is a map from R? to V with its components u; in class
L>=([0,T); EL). Then the following estimate holds for d > |I| + |I2| > 1:

[T1]+| 12|
”(1 +r)tohQl (H(u))(t, ~)HL2(R3) < C(H,V,d) Z |Ju(t, )H%g[, t € [0,T]. (7.47)
k=1
Proof. We apply the expression (7.42):
[11]+[12] m U
onQP(Hw) = Y. > PH@ Y [[[]o"efi
=1 Z 1 U=l 2ji Kiji=I1 j=11i=1

i Koji=I2

Remark that PYH (u) is bounded by a constant C(H,V,|L|) determined by V. The estimate of

|01 Q2 (H (u))(t,-) ||L2(R3) reduced into the estimate of

m U
H(1 +r) T [T T 0% @yt )

j=li=1

L2 (R3)

where Kij; and Kyj; is a possible partition of (I1,I). We take the same argument to that the
proof of lemma 7.18. Suppose that [Kij,i,| + [K2joie] > |K1ji| + |K2ji| for all pares (4,1), i.e
(K1joios K2joio) is the pair of index with highest order. Then

| Kyji| + [Kojil < [d/2], ifi# i0,7 # jo

and
|K1j0io| + ‘KQjOiO‘ > 1

Then z

H“ +r) 7 [T o% 0 ()

j=li=1 L2 (R3)
m

H H ||8K1inK2j1Uj(t, ')HLOO(]RB) || (1 + ,r)—laKu'oio QKziojo Uj (t’ ) HLz(R:’)

J#ic iz
Then by (7.10b) and (7.11b), the desired result is proved. O
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Lemma 7.21. Taking the same assumption on H and u as in lemma 7.20, and assume further-
more that H(0) = 0. Then for all |I| 4 |I2| < d — 2, the following estimate holds:

|1 |+ L2 ] +2

100" (H@) () p ) < COH Vi) D7t ) (7.48)
k=1

Proof. When I = I = 0, we recall the that the condition H(0) = 0 implies
[1H ()l Lo zs) < C(H, V) |[ull oo sy < C(H, V) |[ul|p-1.
When |I1]| + I2| > 1, we apply (7.47) combined with lemma 7.7:

0" Q" (H @) ()| pwzey SC Y 10707200Q% (H(w) (t-) 12 (rs)
[J1]+]J2]<2

<C > ofohaal (Hw)(t )2 ws
FARRAES
TR
Here we remark that when |I;| > 1, by applying (7.7a) successively (|I1| times), we see that
|I7| > 1, this leads to the fact that |Ji| + |I]| + |J2| 4+ |I5| > 1. Then we apply (7.47).
When |I;] = 0, then |I3] > 1 then we can also apply (7.47).
O

Lemma 7.22. Let F be a C*° function defined in a compact neighbourhood Vy of 0 in R™ and H
be a C* function defined in a compact neighbourhood Va of 0 in R™. Assume that F(0) =0 and
V(F)=0. Let u be a map from R* to Vy with its components u; in class L°°([0,T); E%) and v be
a map form R* to Vi with its components v; in class L>=([0,T); E?). Then the following estimate
holds for |I| + |I2| < d with d > 3:

|05 (H (u)F(v)) (8, )| 12 sy < CH,FV, d)(Z lut, ) s ) (Z lo(t, IIEd> t€10,T].
(7.49)
Proof. The proof is based on the lemma 7.18, lemma 7.19, lemma 7.20 and lemma 7.21.
ohQR(Hw)F(v) = Y 07" (H(u) — H(0))0"1Q% (F(v)) + H(0)0" Q" (F(v)).

Ji+J) =11
Jo+Jh=1I3

When d > |Jj| 4 |Jy] > d/2, || + |J2| < [d/2] < d —2:
07172 (H (u) — H(0))(t, )8"1Q% (F(v ))

Miz@s)

<[loh Q" (H(u) - HO)(¢, )] *(F@) )] 2 gy
[J1]+|J2|+2 WARPA
SCHFV.) D fult )y > o)l
k=1 k=2

where lemma 7.21 and lemma 7.19 are applied (on function H(u) — H(0) and F(v)). The term
H(0)0" Q" (F(v)) is estimated by (7.44).
When |[J1| + |Jo| > d/2 > 1, |J; + |J5] < [d/2] <d—2:

107927 (£ (w)) (1, )2 % (F () (1 )]

<|[[(1+r)" o Q7 (H(u))(¢, )||L2(R3)|| (1 + )01 (F(u))(t, ~)HLOO(R3)

=)0 Q% (H () ()] e 07 2% (P ) 1)
[J1]+]J2] |1 14175 +2
ccurva Y el ) (X lwolk).
k=1 k=2
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where lemma 7.20 and lemma 7.19 are applied. O
We will need the following estimate on multi-linear functions.

Lemma 7.23. Letd > 3 be an integer and u;, v, i = 1,2, ---m be functions in class L= ([0, T]; E?).
Then the following estimates hold for m > 2 and |I1| + |I2| < d:

‘ ohak ( ﬁ u; —ﬁ Ui) (t,-)
=1 =1

where ||u| xa := max; ||u;||xe and ||v]|xa := max; ||v;|| xa.

SC(Vad)”u(tv')_U(tv')”Edi Do lultgallo g

L2(R®) k=1 ki+ko=Fk

(7.50)

Proof. We remark the following indentity
Hui - Hvi = Z(uk — k) H u’ H vl
i=1 i=1 k=1 j<k >k
The for each term,

ohql2 ((Uk _ 'Uk) H u; H ’Uj) _ Z HE e K2k (uk _ vk) H 8K1jQK2jUj H 8K1jQszUj_

i<k j>k > K1i=I >k <k
i Koi=I

To estimate the product
aKleKQk(uk — ) H 5-K1jQK2juj H aKleszvj7
i>k j<k

we apply the same reasoning in the proof of lemma 7.18, there is at most one pair of multi index
of order bigger that d/2. Then (7.50) is proved by applying the classical Sobolev’s inequality. O

Lemma 7.24. Letd > 3 be an integer and u;,v;, i = 1,2, ---m be functions in class L°>°([0,T); E%).
Then the following estimates hold for m > 2 for 1 < |I| + |I2] < d:

H(l + 7’)71811912 (ﬁul — ﬁv,) (t, )
i=1 i=1

SC(Vvd)IIU(tw)—v(t»')IIEg,i > lut, ) ot g . ¢ € 00,7,

d 3
H
k=1 ki+ko=k

L2(R3)
(7.51)

where |Jul| gg = max; [[uil|gg and [|v] xa := max; [|v;]| o -
Proof. We remark the following indentity

V4 Z(uk — k) H U H vj.

i=1 k=1 j<k >k

m m
I -
i=1 =
The for each term,

ohql2 ((Uk _ 'Uk) H u; H ’Uj) — Z HE e Kk (uk _ 'Uk) H aKleK2juj H 3K1jQK2j'Uj-

i<k  j>k i K1i=I1 j>k i<k
i Koi=Ig
To estimate the product
8K1kQK2k(uk — ) H 3K1jQK2juj H aKUQszvj7

j>k i<k
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we also apply the same reasoning in the proof of lemma 7.18, there is at most one pair of multi
index of order bigger that d/2. We discuss in the following three different cases.

CASE 1. |Kig| + |Kor| > |Kq1j| + | K| for j =1,2,---m, i.e. (Kig, Kor) takes the highest order.
Then for j # k, |K1j| + |K2j| < [d/Q] <d-2and |K11€| + ‘K2k| >1. So

H(1 + 1) ORI (uy, — ) [[ 950 Q5w [ 05 50

i>k j<k L2(R3)
S|+ 7)o QI (w —vp) || ooy || [T 0 22y [T 05025200,
>k j<k Lo (R3)
<Cllu, — vl g || [T 0" 5% u; [T 0" %0, .
>k <k Lo (R3)

Here we applied (7.10a) on the first factor. Remark that m > 2 then there exists a jo # k. So the
second factor is bounded by applying (7.48) and the fact that |Ky;| + [Kz;| < d — 2.

CASE 2. |Kii| + |Kak| < [d/2] < d — 2 and there exists jo < k such that |Kyj,| + |Kaj,| >
|K1;| + |K2;]. Then

H(l + ) toR Qe (yy — vy) H ROy, H K1 QK2

>k j<k L2(R?)
§||8KleK2k (u’f - vk)HLOO(]RS) H HaKUQK%uJ'HLoc(R% H ||8K1jQK2jvj||Loo(R3)
>k
x ||(147)~toF0 Q™0 ydo HLQ(RS)
<Cllu—v| g H H“JHEZ H “Uj“E§||uj°||Eg
J>k J’j:j);

where (7.10b) and (7.11b) are applied.

CASE 3. |Kig| + |Kok| < [d/2] < d — 2 and there exists jo > k such that [Kqj,| + |[Kzj,| >
|K1;| + |K2;|. The prove is exactly the same to the last case if we exchange the roles of u; and
Uj. O

Finally we should be able to estimate the difference of two quadratic functions. This is con-
cluded in the following lemma:

Lemma 7.25. Letd > 3 be an integer. Let F' be a C'*° function defined in a compact neighbourhood
V of 0 in R™ with F(0) = VF(0) = 0. Assume that u and v are maps from R* to V with their

components in L>°([0,T); E?). Then the following estimate hold for all pair of index (I, I5) with
(1] + [ I2] < d:

[Ty |+ I2|—1
10512 (F(u) = F(0))|| jaggay < C(EVid)llu —vlxa D > lulialoli. (7.52)
k=1 k1+ko=k

Proof. When I = I = 0, we apply the mean value theorem: there is a 6 € [0, 1] such that
|F(u) — F(v)| < |VF(Ou+ (1—0)v)|u—nu|.
Then by the condition VF(0) = 0,
|F(u) — F(v)| < |[VF(0u+ (1 —0)v)|u—v| < C(F,V)|0u+ (1 - 0)v|lu— .
Then
[1E(u)(t,-) = F(0)(t, )l 2@sy SCF,V)llu = vl 2@s) [[0u + (1 = 0)v] Lo @s)
<CW)ult, ) = vt ) ga(llult; e + o, )l ga)-

83



For the case for |I1| 4+ |I2] > 1, we recall the expression (7.42) :

Q"2 (F(u) — F(v))
[Ty ]+|12] m
Z Z PLF(u) Z H H of i Qf2iiy
=1 Zj 1=l YiiKyj=I1 j=1i=1
Zj,i Koji=lI2
=3 0,F (u) (9" Q" u; — 9" Q20)
J
[T1[+|12] m
+ Z Z PEF(u) Z <H f i fziig
=2 Zj 1=l Y giKyj=I j=1li=1
i Koji=Ia
[11]+]12] m
+ > > (PR -PRR) Y ]
=1 >, 1;=l 25Ky =11 gj=11=
i Kaji=Ia
=TT+ +1T5.

— PLF(v)

m 1
1§ (T

S ik =0 j=1i=1
Xji Koji=I2

m 1
H H aKlinKZJivj>

j=1i=1

aKlji QK2ji,Uj
1

To estimate T3, we take into consideration of the condition VF(0) = 0 with leads to

|0;F (u)(t, )| < C(V)|ul.
So [|0;F(w)(t, )| oo 2y < C(V)||ult, )| ey < C(F,V)||u(t, )| xa. Then
Ty (t, )| L2@sy < C(F,V)|ult, ) —v(t, )| xallu(t, )| xa-

To estimate T», we need to apply lemma 7.23. To do so, we remark the following relation:

m

> (1

X dhiKy =11 j=li=
g0 Koji=I2

m m
oo (11 -11+) =
i=1 i=1

Then
[T1]+|12]

Ty= )

=2 ¥, 1=l

lj
aKlinK2jiuj _ H H aKlinK2ji
1

m 1

vj) (7.53)

j=li=1

PLRp 811912 u 1 oY
b
j=1

Recall that |PLF(u)| is bounded by a constant C(F,V,|L|) determined by the neighbourhood V/,

the function F and the order |L|. Then we apply (7.50).
The estimate of T3 is as following:

[T1 |+ 12| m 1
(L PRESIE= WD W 120 A YR o0 1 R SO ) 2 ity e
=1 ¥, 1=l SiiKy=I1  j=1i=1
2,1 Koji=I2
(7.54)
As in the estimate on T5, we see that
[T1]+[12]
Z I HHaK“’QKz“U(t )HLQ(RS) < Z (t, lsa
X 5iKy5,=I j=1li=1
g, Koji=T2
and
[PEF(u)(t, ) =P F(0)(t, )| oo sy < CE VLDt )=o(t, )L < OV, LD ut, ) =v(t, )| pa.
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Then

1T5(t, )l L2 sy < C(V)llult, - N pa Z ol

which concludes (7.52). O

The following L* type estimate is a direct application of lemma 7.25 and the global Sobolev
inequality (7.8):

Lemma 7.26. Let F, G, u and v take the assumption as in lemma 7.25, then for any |I1|+ |I2| <
d — 2, the following estimate holds:

|07 Q" (F(u)(t, ) —F(v)(t,-)) ] [P

7.55
<C(FV,d)[u(t,-) = v(t, )IIEdZ D M, gallott )l (759

k=1ki+ko=k

Lemma 7.27. Let d > 3 be an integer. Let H be a C* function which is defined in a compact
neighbourhood V' of 0 in R™ and let u,v be maps from R* to V with their components in class
L>([0,T), E). Then the following estimate holds for 1 < |I1| + |I2| < d:

H(1+7‘)_1811§2[2 (H(u) (v)) ||L2(]R3)

[T1]+|12] (7.56)
<CWlut:) = ot egy Do D lult g o)l

k=0 ki+ko=k

Proof. The proof is quite similar to that of lemma 7.25.
When |I| + |I2] > 1, we apply the same calculation:

ol Q2 (H(u) — H(v))

[Ty [+] 2] m 1 m 1
-3 3 (rrw X [IIoew-riae) S [0
=1 Z lj=l Y 5iKy5=I1 j=1i=1 YKy =11 j=11i=1

g, Kaji=I2 i Koji=I2

[T1|+|12] m L m 1

S SID ST SR 101 LRSS 111 CRT )

=1 ¥, 1=l SiiKy=I S j=1i=1 j=1i=1

i Koji=Ia
[11]+]12] m
+ (P*H(u) - P*H(v)) > [[]o" ",
=1 Zj Ij=l > 5iKy,=I1 j=11=1
i Koji=I2

=: T1 + T2.

The estimate of 77 and Ty are similar to the estimate made in the proof of lemma 7.25. Tj is
estimated by apply lemma 7.24 and T3 is by applying the following estimate

|PEH (u) = PYH ()| o sy < CUH, VLl = vz < C(V, LD Ju — v] xa

and the fact that (by applying (7.47))

m
oo oo,

j=li=1

L
< W)l -
L2(R3)
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We also need a L estimate on H(u) — H(v):

Lemma 7.28. Let d > 3. Assume that H be a C*° function defined in a compact neighbourhood
V of 0 in R™ and assume that u,v are maps from R* to V with their components in the class
L>([0,T); E). Then the following estimate holds for |I1| + |Io| < d — 2:

1879 (H (u) — H(0)) (¢, )| oo (k3

il (7.57)
SCH V.d)llult,) = vt ey Do D Mt )l o)l

k=0 ki+ka=k
Proof. When I; = I, = 0, then there exists 6 € [0, 1] such that
|H(u) — H(v)| <|VHOu+ (1 —0)v)||u—v| <C(H,V)u—wv|.

which proves (7.57).
For |I;| + |I2| > 1, we apply lemma 7.7 combined with (7.56). O

Lemma 7.29. Let F be a C* function defined in a compact neighbourhood Vy of 0 in R™ and
H be a C* function defined in a neighbourhood Vo of 0 in R™. Let d be an integer and d > 3.
Assume that F(0) = 0,VF(0) = 0. Let u; and ug be maps from R* to Vy with their components in
L>([0,T); E}) and vy, v be maps from R* to Vo with their components in class L>([0,T]; E4).
Then the following estimate holds for |I1| + |I2| < d and d > 3. Then

|07 Q"2 (H (ur) F(v1) — H(uz) F(v2)) (t, )] 1 sy

d-1 (7.58)
<CV)(lua(t, ) = ua(t, gy, + lloa(t, ) = valt, ) pa) Y M ()
k=1

where
M(t) == max{|lui; (¢, ) e, uz; (@t ) ga , lo1;(E )l ga, o2, )| ga}-

Proof. We remark the following calculation:

811 QI2 (H(’U,l)F(Ul) — H(Ug)F(UQ))
:811 QIQ (H(ul)F(vl) - H(’LL1)F(’U2) + H(ul)F(vg) — H(UQ)F(UQ))
A1 Q™ (H (uy) (F(v1) — F(vy))) 4 01Q% (F(v) (H (u1) — H(us)))
=:T1+1Ts

The term T3 is estimated as following:

T1 = (9]1 QIQ (H(ul)(F(vl) — F(’Ug))) = Z 8‘]1(2]2 (H(U,l))a‘]{ Q‘]é (F(Ul) — F(Ug))
When |J1| + |J2| < [d/2] < d — 2, by applying (7.48) and (7.52)
072927 (H (u1)) 072272 (F(v1) = F(02))(t, )| o sy
:HaJ1 QJ2 (H(ul))(t’ .)HLDC(]R?) ||8J{QJ£ (F(Ul) - F(UQ))(tv ')HLQ(RS)

[J1[+]J2]+2 [J1]+1J3]-1

<C<H7F7V»d>( > ||“1(tv')|E;;>(||Ul(tr)—v2(ta')||Ed S )l )

k=0 k=1 kitks=k
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When [Ji| + |Jo| > d/2 > 1, [J1| + |J3| < [d/2], we apply (7.47):
07122 (H (u1)) 871 Q72 (F(v1) — F(vs))(t
<@+ ) 7r0N Q% (H () (8, )| 2 rey 107102 (F(01) — F(v2)) (8, )|

[J1]+]J2] [ 1+1T51+1
<C(V) > lully - C(H, FV,d)llor(t,) = valt, Mg Y Do Mol o)
k=1 k=1 k1+ko=k
[I1|+|12|+2

<C(H,F.V,d)|lor(t,-) = va(t, Mpe D B ] A EACR] A CAC] [

k=1 k1+kotks=k
The term T is estimated similarly by applying (7.44), (7.56), (7.46) and (7.57). We omit the
detail but write out the estimate
[Ty |+]12]+1

IT2(t 2y < luat,) = w2t Mlgg, D Dol lually

k=2 k1+kotks=k

] H ];;d

Ed

8 Proof of the local existence theorem

8.1 Iteration and uniform bound

In this section we will begin the proof of theorem 6.2. The proof of this theorem will occupy the
following two subsections. The prove is a classical iteration procedure constructed below:

(m® P HY (1)) 00 O g™ =Fap (i OBy, 0hiy) — 167063050,

B . (8.1a)
— 1200050505 — K~ Valon) (mas + hiyg),
(% 4 B (W) 000 sy = 2™+ HYP ()00 6305 (8.1p)
o' B o' B 11k K QZ — K m a'p’ o' B (pr f o
(m B + H B (hn))aa’aﬁ’ng»l — 3;—1 =K 1Vp(9n) — 3@293 (m A + H g (hn))aa’¢naﬁ/¢na
(8.1c)
where 9
2s 2s
-1 (e - 1) -1 .
Vi =~ V =0 — 5
K Val(s) oreds 0 I o(5) 6rets 3k

and with initial data
hn n(O I) - hOaBa stL(O,l') = ¢O(x)7 92(07:6) = Qo(x)v
ath:[g’((Lx) - h’laﬂv 3t¢2(07x) = ¢1(:l?) atgfl(ovx) = Ql(z)

Recall the function H*?(h) are defined in (6.4) and the associated estimates are in (6.5). We take
(h“ ). For the convenience of discussion, we denote by

Sy = (hyjs's s 0n)-

We also denote by Fy(S¥), Fp(SF) and Fr(S¥) the terms in right-hand-side of (8.1a), (8.1b) and

(8.1c).
We take S§ = (h';bo, @6, o) as the solution of the following homogeneous Cauchy problem:

Ohag =0, O¢ =0, Dg—i:(),

RS (0,2) = hoas,  05(0,2) = do(x), 0§ (0,2) = go(),
Ohg (0,2) = hiag,  0,05(0,2) = d1(z) Or0f(0,2) = o1(x).
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we sees that the source terms and metric coefficients in (8.1) are sufficiently regular and the
initial data are in the corresponding class demanded in proposition 7.13, 7.14 and 7.15. Then we
conclude that by the theory of local existence for linear equations, this iteration procedure is well
defined in a fixed time interval [0,7] where the metric coefficients and source terms are in the
corresponding class and |H(h£)%| < 1/2 . We see that is iteration defines a sequence of triple
Sk o= (hg’ﬁ"7 @, 0%). In order to get the local existence, we will prove that S/ converges with
respect to the following norm:

1S, )l par
=max{|[hy5 (¢, Ml pass, 65t ) pars, Non(t M pars, 5721 eh () el

For all ¢ € [0, 7] where T* > 0 will is to be constructed.
We suppose that for certain d > 3, for all k < n and all ¢t € [0, 7],

1Sk (€, )| g+ < Ae, (8.2)

we will show that [[Syy, (¢, )| xe+1 < Ae with 7" and A well chosen.
First, we remark that when (8.2) holds with Ae < gg with g¢ small enough, the metric g';; =

m? + hgk are coercive with constant C'(gg) where C(gg) is determined by &g.
Now combined (8.2) with lemma 7.18, the following estimates on source terms are direct:

Lemma 8.1. Assume that (8.2) holds with d > 3. Suppose that 0 < Ae < gy where ¢ is a
constant sufficiently small. Then the following estimates holds for k < n:

| Fag(hf, 05, 0h) (t, )| pa + | 0adfOsdf(t, )| ma + |0aof sk (¢, )| ga < Cleo,d)(Ac)?, (8.3a)
[(m? + HP' (h))Oar 80 0 (t, )| pa < Clen, d)(Ae)?, (8.3b)

le=22% (m®'?" + H'P' (R5)) 0o ¢ 0 S5 (8, )| pa < Cleo, d)(Ae)?, (8.3c)

15~ Vo (05) (¢, )l e < Cleo, d)(Ae)?,  [IK™ Vi(ef) (map + RER)(t, )| ma < Cleo, d)(Ae)?. (8.3d)

These are classical estimate when we establish the local theory of existence for quasi-linear wave
equations with quadratic nonlinearity. The only thing important is (8.3d) where the x appears in
the left-hand-side in order to get estimates independent of k.

Proof. These estimates are applications of (7.44) and (7.49) combined with (8.2). The only thing
we need to be pay attention is that to guarantee the C° regularity of the function H%?(-), we
need to restrict its defined in a compact neighborhood V of 0 in R with

7
= <
14 {121%’%0 || < eo}

with eg sufficiently small. This can be guaranteed by taking ¢ < ¢ in (8.2).
We remark that F,g(hlr, Ohli, Oht) is quadratic with respect to Oh% and C'*° with respect to
hf. Then we apply (7.49). The estimate on the term

(m®'?" + HP (1)) s ¢ 00 0

is established in the same manner.
The estimate of (8.3d) is proved by making use of the estimate

K20 pa < Ae,

which is a direct result of (8.2).
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Now we begin the estimates on the commutators such as [8;1912,Halﬁl(hfb)aa/agf]hg’; who

: . nt1
appears in the estimates of [|hg5" || xa -

Lemma 8.2. There exists a positive constant €g such that if (8.2) bholds with d > 3, Ae < ¢eg < 1,
then the following estimates hold for all couple of index (I1,12) with 1 < || + |I2] < d:

(07", HY (1) 0ar O 15 (8, | g < Cleo, D ABGE T (t, )| parr,  (8.4a)
(07", B ()00 05718741 (2, )| . < Cleo, D) Ael 1t )l s, (8.4b)
197", B ()00 071l 1 (8 )| ga < Cleo, d)Ae]| @ a (t, )l s (8.4c)

Proof. The estimate of these three commutators are similar. We will only prove the first in detail.
Let (I1,12) be a pair of multi-index, |I;| + |Iz| < d. Recall the estimate of commutator (7.3e):
|[8119127Halﬁlaa’aﬁ/]hz/%j_ll < Z |aJ{QJ§Ha'5/| |aa”8an19J2thl+l|
J1+J{=1

[J2]+1J51<|I2]
ol B! ol a

+ Z |8J{QJ§HO/B'| |8a/aB/aJ1QJ2thl+1|
Ji+J{ =1
Jo+Jh=1I3

[ 1+1751>0

:ITl + Tg.

e We begin with T5. The estimate is established in the following two cases.
CASE 1. 1 < |J{|+ |4 <d—1,1 < |Jy|+ |J2] <d—1.
In this case,
J Jrra’ B 1k J10J2 1, kn+1
|07 H P (B Do 0 07 V2R ||L2(R3)
<0712 H* P (hf)|| oo (29| Oar O 07 Q2 By 5T

SC(&-O? d)ASHh‘Z(t? .)||E;i3’+17

2 ey

where we applied Ae <1 and (7.48).
CASE 2. J{ = I, J5 =I5, J1 = J2 = 0. Recall that d > 3 then |J1| + |J2] < d — 3.

107227 HE (%) D 03007 27 WEE | Lo
<[+ ) op Q= HY Y ()] o oy |0 O P

<C(eo, d)Ael|hf5 | gas,

I

where we aoplied Ae <1 and (7.47).
The estimate of term T; is quite simpler. Recall that in the expression of 77, the sum is taken
over the index satisfying the following conditions:

Ji+Ji =1, |L|+|J] <|L|l-1
So
([l =+ [J1]) + (|| + [J5]) <d -1

which leads to
|Ji| +[Ja] <d—1.

So

071 Q2 9,,0,01 Q2R )< |07 ||, |0 D0 Q721

2 s 2 es)
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As in the estimate of Ty, we see that with |J]| + [J5| < d —1,

|02 Q|| . oy < Cleon d)Ac.

The second factor on hg’gﬂ is bounded directly by HthLHHX%H. So we conclude by (8.4a). O

Now we need to discuss the bound of the initial data EZ (0 hEnTL), E2 (0, ,,)and B¢ (0,05, ).

g ' ap
We will see that these norms are controlled by ||S|| ya-+1:

Lemma 8.3. When ||Sol| ya+1 is supposed to be bounded by € < eq for ey sufficiently small, there
ezists a positive constant determined by €y and d such that

(0,0") + E¢ —1/2(0,0") < C(eo, d)e.

In+1,

Egn (0, 1)+ E

In+1

Proof. We recall that

”SOHij‘*'l = max{”hoaﬁﬂxzﬂ, ||h1a5||Xd, /@*(1/2)[d/2]+1/4Hd)OHX}dD_H’
kTR xca, 712712 00| yasn, w7172 0y xa ).

We remark that when 0 < k < 1 the norm [|9702Q'20%(0, )| 2(rs) is determined directly by
00 and p; thus, bounded by k= [4/2-1/2 < jx=1/2
When 2 < k < d, we need to use the equation.
We will prove that for 0 < |k| < d—2and ||+ 2| <d-1-k
10:0:0F 0L Q2 hf5 5(0, )| p2(rey < Cleo, d)e,
10:0,0F 0L Q2 07(0, ) || 2R3y < C'(e0, d)r!4/HT1/27 R/ 2g, (8.5)
100,97 01 QU2 ¢ (0, ) || L2 sy < C(eo, d)r/2W/2=1/4¢
This is proved by induction on k. We see that for £ = 0,1, the estimates hold by direct
verification. Suppose that (8.5) holds for (k — 1, k) we will prove the case k + 1.
The estimate of ||0,9,0F 19l Q12 @"||L2(r3), is a bit complicated. We see that by lemma 7.12,
|\atataf+1a§§zf2g“\|L2(R3) <||oF ol (1- HY! (m“b + H“b)6a6b9”“) | L2 (r3)
+ 2||8f+18£1 QIZ ((1 — HOO)*lHoaataag”) HLZ(]Rs)
3 C K
+ EHatkHailQIzQ | 2 (r3)
+0F Q= (1 = HP)FR) | 2 es)
Then we see that
100,07 021 07| L2 (msy < C(eg, d)slY/2H1/271d/2,
We remark that by lemma 7.12,
[10:0:0F 0L Q2 Wi gl p2(rsy <[OF O Q2 ((1 — HO) ™M (m + H)0.00his5) | 12 (r2)
+ 2|0y ol Q2 ((1 — H) " H* 0,0,k 5) | 12 (r2)
+ loFolr Q2 ((1 — HO) Fy)||p2rs)

Then by the bounds supplied by ||So[|*! and (8.5), we see that ||0;0,0: Q2 hsllL2(rs) is bounded
by C(go,d)e.
In the same manner, we see that for 0 < k <d—2

||5t8t856£1 0r ¢KHL2(]R3) < C(go’ d),i_(l/Q)[d/2]+1/4€'
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Now we are ready to estimate the L? type norm of S*:

Lemma 8.4. There exists a positive constant ey such that if (8.2) holds for Ae < ey < 1 and
d >3, then

||h27ﬁn+1(t, ')”E}ifl + ||8th2b"+1(t, ’)HEd < C(Eo, d) (Eec(EO,d)Ast + AE(@C(EO’d)AEt . 1)) (868.)

||¢Z+1(t7 ')HE%JFJ + ||8t¢>2+1(t, )| Ed < 0(807 d) (Eec(so,d)Ast + AE(@C(SO’d)AEt _ 1)) (86b)

o1 ()l g + 10eeh 41 (8, Mlma + K241 (8 ) g
SC(EO; d) (EeC(sg,d)Aet + A€<€C(Eo,d)Ast o 1))

where C(eo,d) is a positive constant determined by e and d.

(8.6¢)

Proof. The prove this an application of the L? estimate (7.20). We first concentrate on the
estimate of hZ’"H. To do so, we derive the equation (8.1a) with respect to a product 971 Q2 with
||+ | 2| < d:

(m™ 4 HYP (1)) 00 0 01 QST = 01 Q8 Fiy (7, 61, 07) — (019" HYP 0000 Iy ™,
where Fiy denotes the terms in right-hand-side of (8.1a), which is
Fr(hyy, ¢, o) =Fap(hiy; Ohyy, 0hiy) — 1610009505 — 1200030p05 — K~ Va(eh) (map + hig).

Then by (7.20),

d -
— By, (6,00 QR <C101 Q" Fiy | 1 es) + C|[07 Q" HY 00095 W5 | L2

dt
o' B 1k I 012 1, 5,n+1
+CY | VH (W) o oy Bon (1,01 Q2REET).
aff
By lemma 8.1 and (8.2), and the (equi-)coercivity of g, guaranteed by Ae < &g,
d K,n K,n
T Fo.(t, QPRI <C(eo, d)(Ae)® + Cleo, d)Ae Y EL(t, hif ™)
af
+ C(eo,d)AcEy, (t, 0" Q2 REETH).
Taking the sum over the index (I1, Iz) with |I;| + |I2| < d and «, §:
d K, K,n
p > EY (t,higth) <Cleo,d)(Ae)? + Cleo, d)Ae Y B (t, by ™)
which leads to
S B (6 ) < B (0, eCEn DA 4 (Ll ) (5.7
af af

Remark that by lemma 8.3, EZ (0,hq,p) is controlled by ||h0HX1’!,+1 and ||h1]|x«, so it can be

controlled by C(gg, d)e where C(g¢,d) is a constant depending only on d and &g.

The estimate of E_f;in (t, ¢ yq) is exactly the same, we omit the detail.

The estimate of on o}, is similar. By the same procedure of energy estimate, we arrive at
the following estimate:

d ’ ’
E k—1/2 (tv aIIQIQ Q'Z+1) SC”aIlQIZFRHLS(Rs) + C”[aIIQIQv H* A aa’aﬁ’}QZ—}—lHLz(

a 9n,
+C Y [VHT (W) e oy B2 (8,070 05 ).
af

R3)
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where Fr denotes the right-hand-side of (8.1c). Then, also by lemma 8.1 and (8.4c) and the same
calculation in the estimate of hZ’g“7

EZH’K71/2 (t, thtl) < Egn’ﬁ71/2 (0702+1)6C(8(),d)A5t +A6(€C(Eu,d)Ast _ 1)
O

Now we begin to make the choice of the couple (Ag,Tp) such that when A < Ay, T' < Ty, (8.6)
implies
HthL+1(t7 ) HE;+1 —+ ||8thzg7’+1(t7 ) HEd S AE,

19511 (8 M gaer +110:5 11 (F ) [ pa < Ae, (8.9)
o1t M garr + 1002541 (1 )l ma + 5720y (B )| e < Ae
on the time interval [0,7]. This is concluded in the following lemma.

Lemma 8.5. There exists a couple of positive constants (€9, Ao(g0,d)) where ¢ is a universal
constant and Ay(go,d) is determined by d and €o such that when (8.2) is valid with A > Ay and
Ae < eg <1 on the time interval [0,T] with

In (1+ (2C(eo,d))™)
C(go,d)Ae

where C(go,d) is a constant determined by ey and d. Then (8.9) hold.
Proof. By lemma 8.4, we chose Ag(ep,d) and T such that when A > Ag(eg,d) and ¢t < T
C(eo,d) (sec(g"’d)‘%t + Ae (eC(E"’d)AEt — 1)) < Ae.

TSTO::

This can be guaranteed by

1
C(Eo,d)AETO _ 1 <
¢ = 2C(e0,d)’
Cleo,d) ATy A
- QC(So,d)

which is equivalent to

oo (14 (2C(E0,d) )

> .
< C(EQ, d)AE A = 20(60, d) +1

in (14(2C(c0,d) ")

Then we can take Ay = 2C(eg,d) + 1 and Ty = Cleo DAz . O

Then we are about to estimate the B~! norm of hZ’B"H.

Lemma 8.6. There exists a positive constant 9 such that if (8.2) holds with d > 3, A > Ay,
Ae < gg on the time interval [0,T), T < Ty where (Ao, Tp) are constants determined in lemma
8.5. Then the following estimate hold

BTt ) ls-1 < Cle)T?(Ae)® + C(T + 1)e. (8.10)
Proof. We will apply (7.18). Remark that
Ohig ™ = Fy — H*P 0005 iy ™.
Then by (7.18),
L t t L .
B () 5 SCt/O IIFH(T,-)IIB—ldHCtZ/O |H D by (7, ) | 3 -adr
a,B

+O(Ihgs 0, )l + VRGO, )]l 5-1)
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Then we can apply on each term the global Sobolev inequality (7.8) to get estimates on the B!

norms:
IFrlls-1 < CllFallx2 < CllFulls: < Cleo)(Ae)?,

where we applied (8.3a) and (7.8).
| 000 (1) lmr U [l () |0 B s o
<CIIH*|lgz, s s,
<CO(gg)(Ag)?.

Here we applied lemma 8.5.

And we remark that the initial terms ||hg’g+1(0, x)||g-1 and ||V}LZ’B"Jr1 |lz—1 are determined by
the initial data hg and hp, hence, can be controlled by C'e where C' is a universal constant. So we
conclude by the desired result. O

Now we can conclude that, with suitable choice of A and T" and sufficient small ¢, the sequence
{5y} is bounded with respect to the norm | - ||Xg+1. More rigorously, the following proposition.

Proposition 8.7. There exists a couple of positive constant (A, T) depends only on e, € and d
such that if (8.2) holds on [0,T], then

1Sy (t, M gasr < Ae < e <1, (8.11)

which means that the sequence of triple {S%} is bounded in the Banach space E3tY. Furthermore,
ife — 07T,
T — oo.
Remark that the choice of (A4,T) are independent of .

Proof. By lemma 8.5, we take already A > Ag(eo,d) and T < Tj such that (8.9) holds. In order
to prove (8.11), we need only to guarantee, by (8.10), the following inequality:

C(e0)T?(Ae)? + C(T + 1)e < Ae.

This can be guaranteed by

A
< =
Teyet
1
T2 < ————.
~ 2C(g9)Ae

So we demand % — 1 > 0. Taking into consideration of the conditions demanded in lemma 8.5:

A > Ao(Eo,d) = QC(Eo,d) +1
In (14 (2C(e0,d))™ ")

T<T,=
=70 C(eo,d)Ac

together withe the condition Ae < gp. So we see that when ¢ sufficiently small such that
Ao(e0,d) < goe™ /3,

we can take A = goe /3 and T = min{A(20) ! — 1, (2C(0) Ac) "%, Ty }. Then we see that there
exist a constant C’(gg, d) such that T > C’(g¢,d)e~/3. This proves the desired result. O
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8.2 Contraction and local existance

To establish theorem 6.2, we need to prove that the sequence {S%} is contract. This is conclude
in the following proposition:

Proposition 8.8. Let (8.11) holds with (A,T) determined in by proposition 8.7. Assume that
d > 4. Then there exist a time interval [0,T*] determined by o, and d such that the sequence
{S,} is contract in the following sense:

[1S5+1 = Shllzes (fo,02);x2) < AlISR(E, ) = Sh_1(ts )l Lo (jo,7+]:x4)- (8.12)
with a fited 0 < A < 1. Furthermore, when ¢ — 0%, we can take T* such that T*(¢) — +oo.

We emphasize that here the lower bound of the life-span-time 7™ given here does not depend
on the coefficient «.

The rest of this section is mainly devoted to the proof of this proposition. To do so, we
start by taking the difference of between the iteration relation for the pair (Sy,,S5)) and that of
(Sr,SF_1). This leads to the following differential system

(m® 7+ HP (1)) 00 (s ™ = hE ) =(HY P (hiy_y) = H*7 (1)) 0o O iy (8.13a)
+ Fu(S;) — Fu(S, 1),
(™ B ) (@50 = 05) =(H () = B )0yl
+ Fp(S7) — Fp(S5 1),
(m®% 4 HYP (1)) 00 D (05 41 — 05) =(H*P'(hE_)) — HYP'(h5)) Do D 0 (8.130)
+ Fr(Sy) — Fr(S5_1)
with zero initial data
K,n K,n K,n+1 K,n
hegTH0,2) = hg(0,2) =0, Oy (hig ™ — By ) (0,2) =0,
qsfH—l(Oa I) - ¢fL(O’ l‘) = 07 at (¢fl+1 - ¢’:L) = 07
QZ—&-l(Oa :L‘) - 92(07 :l?) = 07 at (QTL+1 - QTL) (07 CE) =0
For simplicity of expression, we denote by Dy (Sy,, S,,—1) the right-hand-side of (8.13a), by Dp(Sy, Sn—1)

the right-hand-side of (8.13b) and by Dg(S,, Sn—1) the right-hand-side of (8.13c). Then we need
to estimate

;n+1 s
Ihes ™ = ke g Nonn = dnlla  [lehen = ehllxq 1)
;n+1 , .
Ihes ™ = el
First we recall the uniform bound of the sequence constructed in the last subsection:
1S5 (&, ) a1 < Ae < go <1 (8.15)

with d > 3 for 0 <t < T. We remark that this condition is equivalent to (8.9) for all n € N*.
Now we will make a series of estimates to bound the norm listed in (8.14).

Lemma 8.9. Let {SI} be the sequence constructed by (8.1) who satisfies the uniform bound
condition (8.15) with d > 4. Then the following estimate holds for |I| + |I2] < d —1:

[0 Q= D (S5 41, St )| 12 sy < Cleo, d)Ac||S3i (2, ) = Sy (¢, ) (8.16)
Proof. This is guaranteed by (7.58) and (8.2). Recall that
Di(Sn, Sn) = = (H*P (hiy) = HP (7)) 0o O iy
+ (Fap(hi, 00t 0hL) — Fupg(hp—1,0h_y, 0K _1))
— 167 (0a 03¢y, — Oat 10507 _1) — 12(0a 00507, — Dah 10505 1)
— 17 (Valen) (map + BF) = Valgioy) (mas + 5 ™))

:ZT1 +T2+T3—|—T4
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e We observe that ||Ti[|ga is bounded by C(go,d)Az|[hy; — by [ xa -

107 QT oy < D (07 Q7 (HP (hE) = HYP (1)) 0710720005 W | o oy

Ji+JI{ =11
Ja+J4=1I3
When |Ji| + |Jo] £d —3,d—1> |J{|+ |J5] > 2,
[0 Q7 (HP (hg) — HY'P (1)) 07107200, 05/ B2

<|| @7’ (HP (hg) — H'P (R _y))
<C(eo, d)lhy — byl g, llhas | paes
<C(eo,d)Aellhy; — hyy 1l
<C(eo,d)Ael|Sy; — Sp_1|ga,

2 ey

HLOO(R3) ||3J{ Q'Iéaa/aﬁ’hgbn ||L2(]R3)

Where (7.57) is applied.
When d — 1 > |Ji]| + |J2] > d — 2, we have 0 < |Ji| 4+ |J4] < 1. Then recall that d > 4,
[J{] + |J5] +1 < d—2. Then

|07 (7 (hy) — HP (1)) 0712700 05 W3 | o s
<[t +r)7r0n Q7 (P (h) — B (05 _0)|| o o 107272000 0 B |
<Cl(eo, )11 = Wiyl oy 0727 0o O hi5
<C(eo, ISy = Si_1llpallhes | eg
<C(o,d)Ac||S; — S5 1|l e

e

where (7.8), (7.56) and (7.7a) are applied. Remark that because of the term with second order
derivative 8a/8ﬁ/h2’£, we can only bound the E? norm, i.e. one order of regularity is lost.

e The E? term T, and T are bounded by (7.52) and (8.15).
e We should pay additional attention to the term Tj:

n (Vi) (mas + E5) = Viloi1) (mag + 155 )

The E? norm of this term can be bounded by C(eg, d)(Ag)?. This is garanteed by (7.44) and the
assumption
k2|0 | xa < C(eo, d) Ac

deduced from (8.15). O

Lemma 8.10. Let {S;i} be the sequence constructed by (8.1) who satisfies the uniform bound
condition (8.15). Then the following estimate holds for |I| + |I2] < d —1:

(0" Q" HY (h5)0ar 05| (W5 ™ = D) | oy < Cle0)Acllhiy™ = Wi llgy  (817)

Proof. we preform the same calculation as in the proof of lemma 8.2:
!l s +1 s
HahQIz,HGﬁ &Yﬂﬁ'](h';; —hl;ﬁn)‘
< Z |8J{QJéHa/ﬁ/ ‘ ‘aa”aanl QJZ (hg’ﬁnJrl - h‘ggl) |

Ji+J{=11

12|+ 751< T2
al,8' el a

+ Y QR |00 0s0n % (W — B
Ji+Ji=I
Jo+Jh=Ig

[I]1+1751>0

ZZT1 + TQ.
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To estimate T7, we remark that because |J{| + |J3] + |J2| + |J5| < d —2, by (7.48) and (8.15),
107172 H'P (W55 )|| oo (ra) < Cle0, d)Ae
and also because |J1| + |J2] < d — 2:

|00 020" Q%2 (M5 — BivE) < C|\hEgtt = nyy

||L2(]R3) = af HEg,

Then we see that
K,n+1 Kyn
T3 sy < Cleo) Ael|ZE — R .

The estimate on T3 is established in a bit complicated. We see that in Ty, |J1| + |J2| < d —2
$0

|00 00" Q7 (RE ™ — RLE) < C||hsg™ —nyy

HLZ(R3) = B B ”E}i
When 1 < |J1]|+ |5 <d—1
107172 H P (W23 || Lo r3) < Cle0, d)Ae

where we applied (7.48) combined with (8.15).

: yn+1 )
Now we are ready to estimate the term ||I"LZB"Jr - hZB"HE%

Lemma 8.11. Let {Si} be the sequence constructed by (8.1) who satisfies the uniform bound
condition (8.15) with d > 4. Then the following estimate holds:

d
7Ed71(t7 (hgig’+1 - hgﬁn)) SC’({3—07 d)A€||Sn(t7 ) - Sn—l(ta )HES

e o (8.18)

+ C(eo, d)AES (¢, (5™ — ).

Proof. We derive the equation (8.13a) with respect to a product 01*Q%2 with |I;| + |I2] < d — 1.
Recall the relation of commutation, we get

(e 4 H7 (1)) Dur D01 Q2 (W = ) =00 ((HP (h5y) = H7 (1) Dur D 735 )
+ 01 Q" (Fu(SE) — Fu(Si_y))
— 0" Q" HYP 9,05 (W3 — hEE).

Then we apply (7.20),

d K,M KR,n
i P (107 QB (R = 1))

<Cl0" =D (S5, Sh_ ) aasy + 11079, B (00095 (s = BEE) |2 s
2 NVHS ) ey B (107 2 (0 = 1))

aI7B/
Remark that by (7.48) and (8.15),
[VH? (B3] e gy < Cleo, d)Ae.

Then by lemma 8.9 and 8.10,

d

%Egn (t, 0 Q= (h2g+1 —hiyg)) <Cleo, d)Ae||Sn(t, ) — Su—1(t, -)HES_

Kkyn+1 K,
+C(50,d)A€HhQ,ﬁ —hajs ||E§,
+ C(e0)AcEy, (t, 00 Q" (RT3 = BIE)).
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Then by taking the sum over all the pair of multi-index (I3, I3) with |I1]|+|I2| < d—1, and remark
that (by (8.15)):

I = 1 gy < Cleo, VBT 0 (5 = B,
Then the desired result is proved. ]

The estimates on (gzbfb i1 (ﬁ’fl) and (g%, — o) are established in the same manner. We will
only write the result:

Lemma 8.12. Let {S£} be the sequence constructed by (8.1) who satisfies the uniform bound
condition (8.15) with d > 4. Then the following estimates hold:

tE;in 1(t ( n+1 ¢2)) < 0(507d)A€||S7l(t7 ) - Sﬂ—l(t7 )HEZL + C(an d)AEngl(t (¢n+1 ))a

(8.19a)
d - K K
%Esn’],;—l/Z(t’(g’Il%»l_gn)) < C(Eovd)AEHSn(tv ')_Sn—l(t7')HEg"i_C(gO’d)AgEd ! 1/2(t (Qn+1 Qn))
(8.19b)

Then we are at the point to estimate the B~! norm of (thLH — hzﬁn)

Lemma 8.13. Let {S;i} be the sequence constructed by (8.1) who satisfies the uniform bound
condition (8.15) with d > 4. Then the following estimate holds:

[ ™ = heg ] g < Cleo)t® Ae||Sy = Si_y| - (8.20)
Proof. This is by applying (7.18). To do so we need to establish the following estimates:
[H (B )0ar O (B = hit)|| -2 < Cleo) Aellhy ™ = Bt | (8.21)

D1 (S5, Sn1)||g-1 < Cleo)Ae|Sy = S5y

[P B (8.22)

We see that (8.22) is direct by (8.16) and (7.8).
To establish (8.22), we see that

2 )00 (5~ W) g STV ) 000 (55— 8

<C(e0)Ae||hy; mtl Wi les

(-

where (7.7) is applied. O
Now we are ready to prove proposition 8.8.
Proof of proposition 8.8. We integrate (8.18), (8.19a) and (8.19b) and get the following estimates:
g (4 (h5™ = hig) < (70 —1)||5
Eg (t, (91 — o)) < (T 1) [1S% =S5 || Lo 7 pm0)
Bt (@ = 0) < (OO IS = Y|y (5230
Recall that the metric g,, is coercive with constant C'(gg). Then

15541 (t ) = S5t )l g
<C(eo, d) max{Ey (¢, (hy5 ™" = hi5)) Byt @y — 0m)), By 1ja(t (hn — 03D}

Gy —1/2

Sn-tll e o0 (8.232)
(8.23D)

Then we conclude by

1851 = SNl poe (0,71 0y < Cleo, d) (€0 DA — 1|55 —

1:—1||Loo([07T*];Eg)- (8.24)
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Then if we chose
T _ In (1 + (20(50))*1)
N C(eg)Ae ’

then
A= eClEdet 1 —1/2 <1

which satisfies the condition of contraction. Furthermore, recall that in proposition 8.7 we can
take A = goe= /3 and T > C’'(co,d)e~ /3 when ¢ sufficiently small. So here we can also take
T* = C"(gp,d)e /3 for ¢ sufficiently small. This leads to the limit of 7*(¢) when ¢ — 0. O

Now we apply the fixed point theorem of Banach and see that {Sf} converges to a triple
S* := (h",¢", 0*) in the sense of L>([0,T*], E?). Then we will prove that S* is a solution of
(8.1). This is concluded by the following proposition.

Proposition 8.14. When d > 4, the S* constructed above is a solution of (8.1) in the sense of
distribution. Furthermore,

hig € C([0,To], BY), 0fhiz € C0,To), EF "),k <d

¢* € C([0,To], Ef),  9Fhlys € O([0,To), Bp "),k < d
0" € O([0,To], B),  OFhig € C(10,To), B "),k < d.

Furthermore, ||S*(t,-)||ga < Ae with 0 <t <T™.

Proof. The prove is by taking the limit in both side of (8.1). We will prove that the convergence
of {S%} in sense of L>°([0,T*]; E%) can guarantee the convergence of both side of (8.1).

Recall that the sequence {0;0;h, 5} also converges in the sense L>([0,7*]; E472) and so does
{0:0:¢%} and {0:0: 05 }.

The convergence of {S%} in E? guarantees the following convergence (remark that x < 1:

hoy — hig in L(0,T*]; B), Vhig — Vhig in L0, 7% E47Y),
or — ¢ in L([0,T*]; E%), Ve — V¢™ in L=([0,T*]; E471), (8.25)
o — 0" in L®([0,T*]; ES) N L>([0, T*]; E4™"), Vol — Vo in L=([0,T*]; B ).

here V denotes the space-time divergence. So by Sobolev embedding (d — 1 > 2), {hf}, {V¢£}

and {o%} converges in L°°([0,7*] x R3). Furthermore, we have

0,0uhly — 0,0:hl s in L([0, T*]; EY72),  0:0:hk5 — 0.05hfg in L>([0, T]; E7?)

00,08 — 010,¢" in L°([0,T*]; EY™%),  0,0,0% — 0,0,¢" in L([0, T*]; B4~?) (8.26)
Oy0uhlny — 0,0,hl g in L([0, T*]; EY2),  0:0:hl5 — 0.05hfg in L>([0,T]; E*?)

«

These convergence are sufficient to guarantee the convergence of both side of (8.1) because both
side depend linearly the terms with second order derivatives. And the lower order terns converge
in L*° sense. O

Now we are ready to prove the theorem 6.2:

Proof of theorem 6.2. We have verified that the triple S* is a local solution of (6.3). Furthermore,
we notice that the lower bound of life-span-time 7™ constructed in proposition 8.14 does not
depend on k. The estimates are established by taking the limit of the (8.15). O
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9 Comparing the f(R) theory to general relativity

9.1 Overview

In this section we will compare the solution given by f(R) theory with the solution of classical

Einstein equation. For the convenience of discussion, we introduce the following notation: we

denote by S° := (hag, ®) the triple composed by has and ¢ which are determined by the following
Cauchy problem:

(m™? 4 HYP' (1)) 0ar O hap = Fag(h, Oh,0h) — 16700056, (9.1a)

(m® + HYP (1)) 00030 = 0 (9.1b)

with the initial data
haﬁ(o?‘r) = hOOtB? 8th065(07$) = hlaﬁv

¢(0,$) = ¢07 8t¢(07'r) = ¢1~

We claim that if this initial data satisfies the following constraint conditions,
(9.2)

then gog = Mmag + hap and ¢ satisfies the classical Einstein’s field equation coupled with the real
masse less scalar field ¢. For the convenience of discussion we introduce the following norm of Sy:

[[Soll a1 = max{|[hoasll xass 1hrapllxa, ldoll xars é1llxa}-

We will state the following local existence result on this system:

Theorem 9.1. Suppose that (houg, h1ap) € X' x X and (¢o, 1) € X' x X4 and with d > 4.
Denote by So = (ho, h1, o, $1) and assume that

||SO||X{)1+1 <e<eg <1

with €9 a sufficiently small constant. Then there exists a pair of positive constant (A, T*) deter-
mined by €g, € and d such that the Cauchy problem (9.1) with initial data Sy has a unique solution
(in sense of distribution) (hag, ®) in the time interval [0,T*]. Here

has € O([0, T} Bfy), ¢ € C((0,T"]; ER).

When € — 0%, we can take
lim T* = 4o0.

e—0t

Furthermore, the local solution satisfies the following estimates in the time interval [0,T*]:
[hasll g + [|4]] g < Ae. (9.3)

The proof is similar to that of the theorem 6.2: we make iteration and estimate the sequence
constructed by this iteration and prove that with suitable choice of (A,7*), this sequence is
contract. The detailed prove is omit.

For the convenience of discussion, we introduce the following notation: Let Sy = (hgaﬁ7 h(l)aﬁ, 39, 99)
be a initial data who satisfies the Einstein’s constraint equation (2.23) and S1 = (hoag h1as, ¢0, @1, 00, 01)

be a initial data who satisfies the nonlinear constraint equations (5.5) and (5.6). Define the fol-
lowing function D, (S, S1):

Di(S0, 81) = max{[|h5as = hoaslxgers [Aap = rasllxas |90 = doll g

168 = 61llcgoe

ool s s 52 ol
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Denote by
S°(t) = (hap (1), 0" (1) € C([0,T"]; Xjg) N CH([0,T1; X 1) x C([0, T°]; X) N CH([0, T]; Xp71),
the local solution of Cauchy problem (9.1) with initial data S°(0) = Sy, and
S"(t) =(hiy, 0", 0%) € C(10, T X)) N CH([0, T]; X577 ) x C([0,T*]; Xp) N CH([0, T]; X h)
x C([o,T i Xp) N CH(0, T X~ N C([0, T X ).
We introduce the “distance” form S° to S*:

(S0, 87)(t) : Zuh — hgllpe +116° = 6"l me.

Now we are ready to state key estimate.

Theorem 9.2 (Theorem of comparison). There exists a positive constant €g such that if
max{[|S1 [ a+1. [Sollxar} <€ <o <1,

with d > 4. Then in the common interval of existence [0, T*] (which depends only on e,e¢ and d),
the following estimates hold:

DI71(S0, 5)() < Cleo, d)(DU1(S, 8%)(0) + (BL2,,2(0,0%))" + £1/2(Ae)?). (9.4)

9.2 Proof of the result of comparision

The proof of theorem 9.2 demands better estimate on ||} || xa-1. We will improve it by the
following estimates:

First we establish a better bound of the L? norm of 9,0 Q2¢". This is by the following
lemmas:

Lemma 9.3. Let S® = (h5,¢", 0") be the solution of Cauchy problem (6.3) with d > 4. Then
the following estimate holds for all |I| + |Ix] < d — 2:

K712)10,0M Q" 0| p2(ray < Cle0, d) Ae. (9.5)
Proof. This is a direct result of (6.6¢). O

Lemma 9.4. There exists a positive constant £g such that if (8.2) holds for d > 4 and Ae < &,
then
K L— K 2
Hg (t7 ')”%‘4*2 < H3/2C(€07 d)t(Aa)B + 0(607 d)H(Eg’,f—uz (Oa 0 )) . (96)

Proof. This is a modified energy estimate. We derive the equation (6.3c) with respect to 91 Q2
with |I;| 4+ |I2] < d —2: As in the proof of lemma 7.11:

010102 0" (97 06, 050" Q"2 0" — 3r71011Q12 ")
:%30 (9% (0" Q12 0)2 — g0,01 Q12 09,01 Q12 %) — %30 ((3/{)_1/28119[2 QK)Q
+0a (970" Q2 070301 Q2 0%) + %at 9P 0,0" Q" 0" 950" Q12 "
— Dag®P 0,01 Q™2 0" 9501 Q12 o
For simplicity, denote by v = 871Q2p". Then
(0" Q" Fr(h®, 9", 0"))
:%(’h (goo((?tv)2 - g“baavabv) - %@((3/{)_1/%)2 + Oq (g“ﬁé)tv(')gv) + %('hg"‘ﬁaavagv - 8ag“‘f38tv85v
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Integrate this equation in the region [0,#] x R? and use the Stokes’ formula,

t
/ / O (01 QP Fr(h™, ¢, o)) dxdt
0 JR3

1 wY) 2 1 K\ 2
:§<Eg,n*1/2(t78119[29 )) 7§(Eg,n*1/2(07aIIQI2Q )) (97)

t
1
—l—// (Eatgaﬁﬁavagv—8agaﬁ8tv8@v)dxdt
o Jr3

Then by (7.44), (7.49), (9.5) and (6.6), we see that

t
/ / atv(athFR(h“,gb“,g”))dxdt‘SC(eo,d)t(As)Snl/Q.
0 R3

Also by (6.6) and the fact that d > 4
1908 e ) < Cle0) [hapll g1 < Clen) e,

then

¢ 1
/ / (iﬁtgaﬂaavagv — 8agaﬁ8tv6‘5@)dxdt‘ < Clgg, d)t(Ae)3k.
o Jr3
Combine these two estimate with (9.7), we see that (remark 0 < x < 1)

(E

g,k—1/2 (t, ((')I] QIQQH))Q < (E

g

m1/2(0,0110% 07))? 4 Cleg, d)t(Ac)? 2.
This leads to (recall the definition of (E ,.—1/2(t,u))

k0T Q2 R (¢, ')”%2(11&3) < C(e,d)(E 7,{71/2(0,811912@‘))2 + Cleo, d)t(Ae)? k2.

g

Now we are ready to prove the theorem 9.2.

Proof of theorem 9.2. By taking the difference of (6.3a) and (9.1a), and the difference of (6.3b)
and (9.1b), we obtain the following two equations:

(ma/ﬁ’ + Ha/B/(hO))aa,6B/ ((hgﬁ — hgﬁ) _ (Hal6/<h0) _ Ha/B’(hK))aa/agthﬁ
+ (Fap(h?,0n°,0R°) — Fog(h",0n",0n"))

(9.8a)
— 167 (0a6°9p¢" — a0 00"
+ 120,07 050" + %71Vh(9”)(maﬁ + hgﬁ)7
(m*? 4+ HYP(h°))Dar 03 (87 = ¢%) = = (H*P' (W) = H*P (h")) 0 00" (9.8b)

_ z(moﬂﬁ/ + Halﬁ/(hn))aa/¢naﬁgn.
Then we will establish the estimates (9.4) from these two equations. The proof is quite similar to

that of lemma 8.11 and lemma 8.12.
Step I. The estimates on L? type norms. Let us begin with the EflJQ norm of (hgﬁ—hgﬁ).

Let (I, I) be a pair of multi-index with ||+ |Iz| < d—2. We derive (9.8) with respect to 971 Q2:
(m®?" + HYP (h0)) 00 001 Q12 (RO 5 — RLZ )

=-—o9hqk ((H“/ﬁ'(ho) — HYP' (1)) 0 95 gﬂ) + 01 Q2 (Fop(R°,01°, 0h°) — Fop(h”, 00", O0"))
— 16701 Q%2 (9,¢°0¢° — 00" 0pe") — [0 Q12 HY'P (h0)00 03] (RS 5 — R 4)
12070 (940" 050%) + K102 Q" (Vi(0") (mas + 1is))

=2T1 +T2+T3+T4+T5+T6.
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Then combined with (7.20),

d I 12 (1,0 o 0) I, o2
2 Bo(t, 070" (R — <c§]wmp+c§mﬂl3huwmﬁ o(t, 0" Q" (h) 5 — hiig)).
=1 o,
(9.9)
We will need to control the L? norm of these T; for i = 1,--- ,6. The term T} for i = 1,2, 3,4 can

be bounded as following:

ITil] 2 gsy SCle0, ) Ae(IR = Al gas + B = B*[| g1 6° = | ga-1) (9.10)
<C(gg,d)AcD? (S0, 5%)(¢).

The proof is exactly the same to the proof of (8.16) and (8.17) and we omit the detail.
The crucial terms T5 and Tg are bounded as following:
HT5HL2(]R3) < C(Eo, d)H(A6)2

. B (9.11)
Tl 2oy < Cleo, d)rM/?(Ae)? + C(eo, d) (EL 2,40, %))

The estimates on T and Tg consult the refined estimates (9.5) and (9.6). More precisely, T
is estimated by (7.44), (6.6b) and (9.5). T is estimated by (7.44) and (9.6):
Now combine these estimates on T; and remark that

[HZ (h0)]| o < Cle0)Ae
and
Eg(t,0m Q"% (h05 — hig)) < Cleo, d)D (82, 8%)(1),
we can deduce from (9.9), that

4 -z , (5 — i) <Cleo, d)AeD?(S°, S%)(t) + C(eo, d)r'/*(Ae)?

dt? (9.12)

_ 1o 2
+ o0, d) (B2, (0, 0)
where we recall the definition of D:

(5%, 5%)( ZHh Zﬁ”EgﬂLHﬁbO*(ﬁﬂnE;ﬂ-

The estimate on the norm [|¢° — ¢'|| x4 is similar to that of h — A" (even simpler). We claim
that the following estimate on the right-hand-side of (9.8b):

| (HP (h0) — HYP (h*)) s 030 0" || ga—» < Cle0) Ae||h — B g, (9.13a)

| (m®? + HY® (")) 000" 050" || pa_» < Cleo)r"/?(Ae)?. (9.13b)
The first can be proved exactly as in the proof of (9.12). The second one is proved as following:
for any (I, Iy) with |I1] + |Ix] < d -2,
||812Q12 ((maﬁ + Haﬁ(hn))aa(bnaﬂgn) ||L2(R3)

< D0 (0797 (m + B (1)) [ e oy 107127 (006" 050%) || 12 s
PR

<Cleod) D [079%(0u0"050") | o)
\J'|+|(T].f\<d72

<C(eo,d) Z Z ||6KIQK2‘9&¢H3519K£8B95HL2(R3)

Ki+K{=J]

! I
174 I+|J 1<d=2 g, x) -1}
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Then, when |K7| + |K2| <d -3,

|01 Q520,¢"0%10 2 050" |, SHaKlﬂKzaa(f’KHLw(RS) [0%i 02 050% |
<C(eo, d)Acl| 0" || pa-

<C(eo,d)r"/*(Ae)>.

(R3) (R?)

When |K1| + |K2| =d — 2 and K| = K} = 0, recall that d > 4:
0% Q206" 9120307 | 2 gay </NO™ Q0" g 190" | o sy

<C(eo, d)Ac||0"|| ga_s < Cle0, d)'?(Ae)?

(R?)

So we conclude by (9.13b), and combined with (7.20),

d
%Ej‘Q(t, (¢° — ¢%)) <C(e0,d)AcDU(S", S%)(t) + Cl(eo, d)r'/?(Ae)*. (9.14)

Step II. The estimate on B~* norm. To do so we rewrite the equation (9.8a) into the following
form:

O((hop = i) = = H*P (1)9ar 0 (Wp — W) — (HY (h) = HP (1)) 0 O

+ (Fag(ho, OhY,0nY) — F.p(h", 8h”,8h”)) — 167r(6‘a¢>086¢0 — aaqb“(?g(ﬁ”)

+120,0%050" + ﬁ_th(g”)(mQB + hgﬁ)

=: T0+T1 +T2+T3+T4+T5+T6

(9.15)

By (7.18) we need to control the B=! norm of the terms 7; for i = 1,---6. By (7.8), we need
only to control the X? norm of these terms. Recall the condition d > 4, then d — 2 > 2. So we
only need to control the X%~2 norm of these terms. Remark that in the Step I we have already
controlled this norm for the terms T} with ¢ > 1. Now we only need to control the X2 norm of Tp.
Let (I1,I2) be a pair of multi-index with |I1| + |I2| < 2. Then

072 Q"= (H (h) 0o O (hys = )| 2 s

< 3T (lof e (B (1)) 07 2% 0 0 (WS — i) || e

Ji+J =11
Jo+Jh=I3
< D 08 (HY O | ) 192 200 0 (g — i) e
Ji+J =11
Jo+Jh=I3

<C(eo)l|h”l| x4llh® — h"|| s
<C(e0) Ae|[h — B| ga-1.

Then by (7.18), the following estimate on B~! norm holds:
t
105t ) —hEs(t, ) ||ls-1 < C(ao)tAe/ DI=1(80, S”)(T)dT—FC(l—l-t)(thaﬂ—hoaﬁnxg—l) (9.16)
0
Step ITII. Conclusion. Now by integrating (9.12) and (9.15), we get the following estimate:

t
EI72(t,hd 5 — hiig) <EI2(0,h05 — hiig) + C(so,d)As/ DI=1(89, 8% ()dr (9.172)
0 9.17a

+ C (g0, d)i'/?(Ae)*t + Cleo, d)t(EL2, (0, %))

103



t
B0 = 0) SEL0,(0 - o) + Cepe [ DS smar

+ C(e0, d)r'/?(Ae)?t.

Recall that g is coercive with constant C(gg) when ¢ is sufficiently small. Then

DS - 57)(t) <Cleo,d) Y Ef2(t, his — hisg) + Cleo,d) Y [ho5(t,-) — hiag(t, )lm—
a,B a,B

+ Cle0, d)EI2(t,¢° — ¢") < C(e0,d)*D*1(S0 — S7)(¢).

(9.18)
Then combine (9.16), (9.17a), (9.17b) and (9.18), the following estimate holds:
DI (S0, %) (8) <Ce0, d)(L+ T*YDI(S°, $%)(0) + Cleo, d)T* (B2, .0, 2))
+ C(Eo, d)T*Kl/Q(AE)B (919)

+ C(eo,d)(1 4+ T*)Ae /t DI=1(89, %) ()dr
0

which leads to
DS, 57)(t)
<C(eo,d)(1+T*) (D487, 5°)(0) + (B 212(0,0%))" + £1/2(A2)? ) eCleod A4 T8

which leads to the desired result. O
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Chapter 1

Introduction

1.1 Main objective

We are interested in nonlinear wave equations posed on the (3 + 1)-
dimensional Minkowski spacetime and, especially, in models arising in
mathematical physics and involving a nonlinear coupling between with
the Klein-Gordon equation, such as the Dirac-Klein-Gordon equation, the
Proca-Klein-Gordon equation, etc. (See Section 1.4, below.) Our study
is also motivated by the Einstein equations of general relativity when the
matter model is a massive scalar field. The Klein-Gordon equation is al-
so important to describe nonlinear waves propagating in fluid or elastic
materials.

The so-called ‘vector field method’ was introduced by [Klainerman
(1986, 1987)] and [Christodoulou (1986)]. It is based on weighted norm-
s defined from the conformal Killing fields of Minkowski spacetime and
Sobolev-type arguments adapted to the wave operator, and yields a global-
in-time, well-posedness theory for the initial value problem for the nonlinear
wave equation, when the initial data have small amplitude and are “local-
ized”, that is, are compactly supported. This method relies on bootstrap
strategies and an analysis of the decay of solutions in time, and applies to
quadratic nonlinearities satisfying the so-called ‘null condition’. (See Sec-
tion 1.3.) Furthermore, as far as coupled systems of wave and Klein-Gordon
equations are concerned, the current state-of-the-art theory is given by the
recent work by [Katayama (2012a)] who suitably extended the vector field
method. (See the presentation below.)

In this monograph, building upon these earlier works, we consider the
Cauchy problem for a broad class of nonlinear coupled systems consisting
of wave equations and Klein-Gordon equations, and we introduce a novel
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approach, which we refer to as the ‘hyperboloidal foliation method’ and
leads us to a vast generalization of the state-of-the-art. By working in
suitably (spacetime) weighted norms, we are able to include nonlinearities
that were not covered by [Katayama (2012a)], but yet are important in
certain applications (to be presented in [LeFloch and Ma (2015)]). The
hyperboloidal foliation method introduces a novel methodology, which takes
its roots in an observation (recalled in Section 2.1)) made by [Hérmander
(1997)] for the Klein-Gordon equation.

Let us denote by [] the wave operator in Minkowski space. For our
purpose in this monograph, a simpler (yet challenging) model of interest is
provided by the system (see notation below)

[(u = P(0u, dv),
(v + v = Q(du, dv),

which couples the wave equation and the Klein Gordon equation and de-
scribe the nonlinear interactions of, say, two scalar fields, one of them being
massive. Here, the nonlinear terms P(du, dv) and Q(du, dv) are quadratic
forms in the first-order spacetime derivatives du, ou and account for both
self-interactions and interactions between the two unknown scalar fields u

(1.1.1)

and v. On one hand, global existence of solutions to nonlinear wave equa-
tions without Klein-Gordon terms is established when the nonlinearities
satisfy the ‘null condition’ (cf. 1.1.5¢, below). On the other hand, the vec-
tor field method also applies to nonlinear Klein-Gordon equations, as shown
by! [Klainerman (1987)]. However, when one attempts to tackle coupled
systems of wave and Klein-Gordon equations like (1.1.1), one faces a major
challenge due to the fact that one of the conformal Killing fields associated
with the wave equation (the scaling vector field t0; + rd,) is not conformal
Killing for the Klein-Gordon equation and, therefore, can no longer be used
in the analysis.

[Katayama (2012a,b)] precisely succeeded to circumvent this difficulty
and established a global existence theory for a class of coupled systems
like (1.1.1) satisfying certain structural conditions. He relied on an alter-
native Sobolev-type estimate in place of the classical Klainerman-Sobolev
inequality and an L*-L* estimate. We refer to Section 2.1, below, for
further historical backgound.

The rest of this introduction is devoted to the main result we will estab-
lish by our method. Throughout, Latin indices a, b, ¢ will take values within

IThe global existence problem for the nonlinear Klein-Gordon equation in dimension
three was solved independently by [Klainerman (1985)] and [Shatah (1985)] by different
methods.
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1,2, 3, while Greek indices «, 3,y denote 0, 1,2, 3. Einstein’s convention on
repeated indices is in order.

We are interested in the Cauchy problem for the following broad class
of nonlinear systems of wave—Klein-Gordon equations:

Cw; + Ggaﬁ(w, ow)Badpw; + cw; = Fy(w, dw),
wi(B + 1,x) = w;y, (1.1.2)
Orwi(B + 1,z) = w1,

in which the unknowns are the functions w; (1 < i < ng) defined on
Minkowski space R3*!. We assume the symmetry conditions

af _ yiof o _ ~jB
G177 = G;O‘ , GIYP =@’ (1.1.3)
and, for definiteness, the wave-Klein-(GGordon structure condition
=0, 1 <2<,
¢ J0 (1.1.4)
= g, jO +1 SRS 05

where o > 0 is a (constant, positive) lower bound for the mass coefficients of
Klein-Gordon equations. We decompose the curved metric? G? B (w, ow)
and the quadratic interaction terms F;(w, dw) in the form

GIF (w, ow) = AT*PYF 0wy, + BI*P Ry, (1.1.5a)

Fy(w, 0w) = PY7* 05w, 05wy, + QX7 widnw; + RFwjwy, (1.1.5b)

in which, for simplicity in the presentation of the method and without

genuine loss of generality, we assume that the coefficients A‘Z bk, Bg abk

Pf‘ﬁj , Q777, and R]" are constants.

Then, in order to simplify the notation, we adopt the index convention
that

all indices 1, 5, k, [ take the values 1,..., ng,
all indices 7, 7, /l%,lAtake the values 1, ..., jo,
and all indices 7, J, %,lvtake the values jo + 1,. .., np.

It is convenient also to write
Uy 1= Wy

for the components satisfying wave equations or wave components for
short, and to write

Vy 1= Wy

2More precisely, the underlying curved metric of the problem is the Minkowski metric
plus this term.
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for the components satisfying Klein-Gordon equations, also refered to as
Klein-Gordon components for short.

Our main assumptions are the null conditions for the wave com-
ponents

APPTRe g = BIPRe ey = POPe ey = 0
whenever (£y)* — Z}(S@)2 =0,

a

(1.1.5¢)

and the non-blow-up conditions (imposing that only Klein-Gordon com-
ponents have zero-order quadratic interactions and suppressing also other
products which are known to lead to finite time blow-up)

BI*PF = RI* = R = 0. (1.1.5d)
Moreover, we impose that

Q% — o, (1.1.5¢)

{2

which is our only genuine restriction in this monograph, but is necessary for
the present implementation of the hyperboloidal foliation method. Name-
ly, when this condition is violated, solutions do not have the decay and
asymptotics of solutions to the linear wave or Klein-Gordon equations in
Minkowski space; this issue is postponed to [LeFloch and Ma (2015)]. We
emphasize that the null condition in (1.1.5¢) is imposed for the quadratic
forms associated with the wave components, only, and that no such restric-
tion is required for the Klein-Gordon components.

We are now in a position to state the main result of the proposed theory.

Theorem 1.1 (Global well-posedness for nonlinear wave systems).
Consider the initial value problem (1.1.2) with smooth initial data posed on
the spacelike hypersurface {t = B + 1} of constant time and suppose these
data are compactly supported in the ball {|x| < B}. Then, under the condi-
tions (1.1.5), there exists a real €9 > 0 such that, provided the initial data
Wip, Wi : R® — R satisfy the smallness condition

lwiollme sy + [wir]l s sy < €0, (1.1.6)

the Cauchy problem (1.1.2) admits a unique, smooth global-in-time solution

(w;).

In the special case ng = jo, the system (1.1.2) contains only wave equa-
tions and the statement in Theorem 1.1 reduces to the classical existence
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result for quasilinear wave equations satisfying the null condition. Our
method is somewhat simpler than the classical proof in this case.

An outline of this monograph is as follows. In Chapter 2, we introduce
some basic notations on the hyperboloidal foliation and the associated en-
ergy, and we formulate our bootstrap assumptions. Chapter 3 is devoted to
the properties of vector fields and commutators and their decompositions,
which we will use throughout this book. In Chapter 4, we discuss the null
condition in the proposed semi-hyperboloidal frame and we derive prelim-
inary estimates on first- and second-order derivatives of the solutions. In
Chapter 5, we present some technical tools and, especially, a global Sobolev
inequality on hyperboloids and a Hardy-type inequality on hyperboloids.
We continue in Chapter 6 with fundamental estimates in L* and L? norm-
s, which follows from our bootstrap assumptions. Chapter 7 is devoted
to controling the second-order derivatives of the wave components, while
Chapter 8 deals with quadratic terms satisfying the null condition and also
discusses the time decay of solutions. Next, in Chapter 9, we derive L?
estimates on interaction terms, which completes our bootstrap argument.
Furthermore, to illustrate the advantage of our new theory, in Chapter 10
we include a simple (but typical) example, that is, the application of the hy-
perboloidal foliation method to scalar quasilinear wave equations. In fact,
the reader could start by reading this chapter, although some material from
earlier chapters is used. Finally, the local existence theory is sketched in
Chapter 11. Furthermore, the bibliography at the end of this book provides
the reader with further material of interest.

1.2 General strategy of proof and scope of the theory

We present here several key features of our method of proof of Theorem 1.1,
while referring to Chapter 2 below for the relevant notions (hyperboloidal
foliation, bootstrap estimates, etc.).

e Hyperboloidal foliation.
Most importantly, in this book we propose to work with the family
of hyperboloids which generate a foliation of the interior of the light
cone in Minkowski spacetime. (Cf. (2.1.4), below). In contrast
with other foliations of Minkowski space which are adopted in the
literature, the hyperboidal foliation as the advantage of being fully
geometric in nature and is invariant under Lorentz transformations.
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It is therefore quite natural to search for an estimate of the energy
defined on these hypersurfaces, rather than the energy defined on
flat hypersurfaces of constant time, as is classically done. This
also suggests that our method should generalize to more general
curved Lorentzian manifolds, as we will discuss in [LeFloch and
Ma (2015)].

The semi-hyperboloidal frame.

Furthermore, to the hyperboloidal foliation we attach a semi-
hyperboloidal frame (as we call it), which consists of three vectors
tangent to the hyperboids and a timelike vector. (Following here
[Hormander (1997)], we do not use the normal to the hyperboloid-
s.) This frame has several advantages in the analysis in comparison
with, for instance, the ‘null frame’ which is often used in the lit-
erature and, instead, is defined from vectors tangent to the light
cone. Importantly, the semi-hyperboloidal frame is regular (in the
interior of the light cone, which is the region of interest), while the
null frame is singular at the center ({r = 0}, say). This regularity
allows us to bypass certain technical difficulties.

Adapted decomposition of the wave operator.

We also introduce a decomposition of the wave operator [] with
respect to the semi-hyperboloidal frame, which, the wave com-
ponents, provides us with an expression of the second-order time
derivatives 0;0; in terms of better-behaved derivatives. Cf. in Lem-
ma 2.4, below.

The hyperboloidal energy.

Our method takes advantage of the full expression of the energy flux
induced on the hyperboloids, in order to estimate certain weigthed
derivatives on the hyperboloids. This is one of the keys which
allows us to encompass the wave and the Klein-Gordon equations
within a single framework. In constrast, [Hormander (1997)] was
only interest in controling the zero-order term of the energy.
Global Sobolev inequality on hyperboloids.

In order to establish uniform bounds on the solutions, we analyze
various commutators of fields and operators arising in the problem
and, then, apply suitable embedding theorems. In this direction,
we rely here on a Sobolev inequality on hyperboloids, which was
discovered by [Hérmander (1997)].

Global Hardy inequality on hyperboloids.

Furthermore, we also need a new embedding estimate, that is, a
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global Hardy inequality on hyperboloids, which we establish in this
book and is essential in eventually deriving an L™ estimate on the
metric coefficients. Section 5.2 for a precise statement.
e Bootstrap strategy and hierarchy of energy bounds

In the bootstrap formulation we introduce below, we do not impose
a single bootstrap assumption as done in most of the literature on
nonlinear wave equations, but we impose a hierarchy of assump-
tions. This rather involved bootstrap argument is found to be
necessary in order to handle systems of coupled wave and Klein-
Cordon equations: this is due to the fact that, for Klein-Gordon
equations, the derivatives of different order admit different decay
behavior and, therefore, different energy bounds.

We refer to Chapter 2 for further details and continue with several
observations concerning the scope of Theorem 1.1.

1. First of all, in the course of the proof, we will show that the energy
on the hyperboloids for the so-called wave components (that is, the quan-
tity Em.c, (s, ZTu;) defined in Section 2.1 below) remains globally bounded
for all |1
components have not only “small amplitude’ but also “small energy”. Oth-
er methods of proof for such problems often lead to unbounded energy.
In contrast, in Chapter 2, we will actually establish that the ”standard”

< 3, that is, up to fourth-order derivatives. Hence, the wave

flat energy (that is, the quantity |0aZ%us(t, )| 12(re) defined at the end of
Chapter 2, below) is uniformly bounded for all times. Hence, in comparison
with the standard method based on the “flat energy”, a much better bound
is achieved with the help of the hyperboloidal energy.

2. We also emphasize that, in Theorem 1.1, the initial data belong
to H®, while [Katayama (2012a)] assumes a very high regularity on the
initial data (that is, 19 derivatives). In principle, H* would be the optimal
regularity in order to work with a uniformly bounded metric and apply
the vector field technique: namely, the metric term G‘ZO‘B (w, dw) in (1.1.2)
involves second-order derivatives and, in the spatial dimension 3 under
consideration, Sobolev’s embedding theorem H™ < L™ holds provided m >
3/2. Allowing only integer exponents, we see that H* would be optimal.

3. Certain nonlinear interaction terms may lead to a finite time blow-up
of the solutions, especially

UsU3,  UVy, U0V

and are, therefore, naturally excluded in Theorem 1.1.
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4. We only impose the standard null condition. In contrast, a more
restrictive null condition was imposed in [Katayama (2012a)] as certan
interactions were excluded. Our method appears to be more robust and
allow still further generalizations; cf. [LeFloch and Ma (2015)].

5. In short, by denoting by ) an arbitrary quadratic nonlinearity and
by N an arbitrary null form and by using the notation u,v for arbitrary
wave/Klein-Gordon components, the terms allowed in Theorem 1.1 for,
both, wave and Klein-Gordon equations, are

Qv,v), Q(v,00v), Q(v,00u) Q(dv,0dv),
Q(dv, 0u), Q(dv,d0v), Q(dv,ddu),

while, in wave equations only, we impose the null condition on quadratic
forms in du and ddu, so that the following terms can be included

N(u,d0u), N(0u,0ou), N(0u,dou),
while, in Klein-Gordon equations, we can include the terms

Q(0u,0u), Q(du,dou), Q(u,ddu).

1.3 Earlier works

For a background on the vector field method and the global well-posedness
for nonlinear wave equations, we refer to the textbooks [Héormander (1997)]
and [Sogge (2008)]. Additional background on nonlinear wave equations is
found in [Strauss (1989)]. We do not attempt to review the large literature
and only mention some selected results, while refereing the reader to the
bibliography at the end of this monograph.

As already mentioned, the first results of global existence for nonlinear
wave equations in three spatial dimensions were established by [Klainerman
(1986, 1987)] and [Christodoulou (1986)] under the assumption that the
nonlinearities satisfy the null condition and when the equation is posed in
the flat Minkowski space. A (very) large literature is available for equations
posed on curved spaces and, once more, we do not try to be exhaustive. We
refer to [Lindblad (1990)], [Klainerman and Sideris (1996)], [Klainerman
and Selberg (1997)], [Klainerman and Machedon (1997)], [Bahouri and
Chemin (1999)], [Tataru (2000, 2001, 2002)], [Alinhac (2004, 2006)],
[Lindblad and Rodnianski (2005)], and [Lindblad, Nakamura, and Sogge
(2012)].

The Klein-Gordon equation on curved spaces was also studied in [Bach-
elot (1994, 2011)].
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Since the decay of solutions to the (linear) Klein-Gordon equation is
t~%2 in dimension d > 1, the decay function t~%2 is not integrable in di-
mension two and specific arguments are required in two dimensions: [Delort,
Fang, and Xue (2004)] have treated quadratic quasilinear Klein-Gordon
systems in two space dimensions and, more precisely, coupled systems of
two equations with masses satisfying mq # 2mo and mso # 2mq with gener-
al nonlinearities. Furthermore, [Delort, Fang, and Xue (2004)] could treat
the case of equality when the null condition is assumed. This work sim-
plified and generalized (by including resonant cases) the earlier works by
[Ozawa, Tsutaya and Tsutsumi (1995, 1996)], [Tsutsumi (2003a,b)] and
[Sunagawa (2004)].

More recently, [Germain (2010)] revisited the global existence theory in
dimension three for coupled Klein-Gordon equations with different speed-
s and systematically analyzed resonance effects. This problem was also
studied by [Sideris and Tu (2001)] under the null condition.

Wave equations in one space dimension are treated by quite different
methods; see [Delort (2001); Sunagawa (2003); Candy (2013)].

The problem of global existence for coupled systems of wave and Klein-
Gordon equations have attracted much less attention so far in the litera-
ture. In addition to the references already quoted, let us mention [Bache-
lot (1988)] who first treated the Dirac-Klein-Gordon system and [Georgiev
(1990, 1992)] who treated general systems but imposed a strong version of
the null condition.

Results on the blow-up of solutions were established by [John (1979,
1981)] and, more recently, [Alinhac (2003)].

Hyperboloidal foliations were used first by [Friedrich (1981, 1983, 2002)]
in order to establish a global existence result for the Einstein equations.
His proof was based on a conformal transformation of the Einstein equa-
tions and an analysis of the regularity of its solutions at infinity. This
research was motivated by earlier work by [Penrose (1963)] on the com-
pactification of spacetimes. This idea was later developed by [Frauendiener
(1998, 2002, 2004)] and [Rinne and Moncrief (2013)]. The importance of
hyperboloidal foliations for general hyperbolic systems was emphasized in
[Zenginoglu (2008, 2011)] in order to numerically compute solutions within
an unbounded domain. The general standpoint in these works is that, by
compactification of the spacetime, one can conveniently formulate an ‘ar-
tificial’ outer boundary and numerically compute asymptotic properties of
interest.
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1.4 Examples and applications

The Maxwell-Klein-Gordon system

The theory presented in this book applies to many systems arising in math-
ematical physics; we present here a few of them. For instance, the Maxwell-
Klein-Gordon system in Coulomb gauge takes the form of a system of non-
linear wave equations for real-valued unknown A; and a complex-valued

field ¢
OA; = —S(¢0;9) + ¢ Aj — ;0 Ao,

O¢ = 2v—=1(— A70;¢ + Aodr¢) + V=10 Ao + (A AY + m?) ¢,
(1.4.1)
with auxillary unknown Ag given by

Ady = ~S(638) + 612 Ao, (14.2)

supplemented with an elliptic constraint equation imposed on the initial
data

07 A; = 0. (1.4.3)

The Dirac-Klein-Gordon system

Consider next the following coupling between the Dirac equation and the
wave or Klein-Gordon equation (with m,o > 0):

— 1T 04tp + map = Bul o1 Tl 59,
—[v+ov= @Nrﬁﬂh

in which the unknown are the (C*-valued) spinor field ¢ and the (real-
valued) scalar field v. We have denoted by T the complex conjugate trans-
pose of ¢. Here, § > 0 is a coupling constant, while the 4 x 4 matrices I'“
are the so-called Dirac matrices which are essentially characterized by the
commutation conditions

(1.4.4)

Fal“g + Fgra = QImaﬁ, (1.4.5)

where mg, 3 is the Minkowski metric diag(—,1,1,1) and I denotes the 4 x 4
identity matrix. It is a standard matter to deduce from the Dirac equation
second-order wave/ Klein-Gordon equations for real-valued unknowns. This
is obtained by composing the Dirac operator with itself (since, roughly
speaking, the Dirac operator is the “square-root” of the wave operator)
and considering real and imaginary parts of 1.
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The FEinstein equations

Although our theory in its present form does not directly apply to the
Einstein equations of general relativity

Gaﬂ = Taﬁ) (1.4.6)

it however is directly motivated by this system. The left-hand side G,z
of (1.4.6) is the Einstein tensor of a spacetime (M, g), that a Lorentzian
(3 4+ 1)-dimensional manifold, while the right-hand side T, denotes the
energy momentum tensor of a matter field, which in our context can be
assumed to be a set of massless and massive scalar fields. We refer the
reader to the follow-up work [LeFloch and Ma (2015)].
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Chapter 2

The hyperboloidal foliation and the
bootstrap strategy

2.1 The hyperboloidal foliation and the Lorentz boosts

We will work with the foliation of the interior of the light cone in Minkowski
spacetime R3t!, defined as below.
We introduce the hyperboloidal hypersurfaces

He = {(t,x) [t > 0; t* — |z|* = s°} (2.1.1)

with hyperbolic radius s > 0, where (t,z) = (¢,27) = (¢,2%, 22, 23) denote
Cartesian coordinates. We will also write r? := |z|?> = Y (z%)%. We also
introduce the (interior of the half) cone

K= {(t,z)/|z| <t—1} (2.1.2)
and, with sg = so > 1, the truncated cone region limited by two hyper-
boloids

Kisosa] ={(t,2) /|| <t —1, (s0)® <t*—|z]* < (1) ¢t >0}
= U (Hs N K). (2.1.3)

S0<S<S,

This set is thus limited by two hyperboloids and can be naturally foliated
by hyperboloids. See Figure 2.1 for a display of the set K[y, s,]-
By taking s; = +00, we can also use the notation

Kiso,+ory 1= {(t,2) [z <t =1, (s0)* < t* — |2}
= U (Hs n XK). (2.1.4)

S$=So

We refer to Figure 2.2 for an illustration of the set K 4.
In the following, we will interested in functions supported in the cone
Kliso,+o) (for instance in solutions to the Klein-Gordon equation (2.1.5),
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Fig. 2.1 K[SOHSI]

below) which is defined in the cone X, 1) and vanishing on the light
cone {t > 0,|z| =t — 1}.

Remark 2.1. The estimate ¢ < %gs holds in the region K n {|z| < t/2}
—a region of interest in our estimates below.

It is convenient to consider first the Klein-Gordon equation
Cu + o2 u = f,

u(t, )|sc,, = uo(t, ), we(t,x)|sc,, =ui(t,x),

with given 0,59 = B + 1 > 0. Recall that the symbol [] denotes the wave
operator in Minkowski spacetime. In (2.1.5), the initial data wug,u; are
prescribed and compactly supported in the ball {|x| < B } of radius B =
sp — 1. The source-term function f is defined in K[y, 1), so that, by the
principle of propagation at finite speed, the solution u = u(t, x) to (2.1.5) is
also defined in X[, ;) and vanishes on the light cone {t > 0, [z| =t — 1}.
In the same manner, the solution of our main system (1.1.2) studied in this
monograph is also defined in X[, ;) and vanishes on the light cone.

Furthermore, we introduce the hyperbolic rotations or Lorentz boosts
(by rising and lowering the indices with the Minkowski metric)

L, :=—x,00 + 100, = x“0; + td,, (2.1.6)

(2.1.5)
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Fig. 2.2 K[so,-i-oc)

and we denote by 2 the family of admissible vector fields consisting,
by definition, of all vectors

Zo = On, Z31q = L. (2.1.7)

Observe that, for any Z, Z' € %, the Lie bracket [Z, Z'] also belongs to %,
so that this set is a Lie algebra. For any multi-index I = (aq, s, ..., Q)
of length |I| := m, we denote by ZI the m-th order differential operator
VAR Zoy - Za,,. We also denote by 0! the m-th order derivative operator
0l := 04,00, -0, (here 0 < a; < 3) and L the m-th order derivative
operator LY := Ly, La, ... Lq,, (here 4 < a; < 7).

Since we will be working within the cone X, we have |z%/t| < 1 in K
and therefore the spatial rotations

Qup 1= %0, — 200, (2.1.8)
need not be included here since they can be recovered from 2, namely

P b

Qup = =Ly - %LS. (2.1.9)

Observe that, within the cone X, the coefficients x®/t are smooth, bounded,
and homogeneous of degree zero (see the definition below in lemma 2.2).
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Now; we study the energy associated with the hyperboloidal foliation.
Using d;u as multiplier for the equation (2.1.5), it is easy to derive the
following energy inequality for all s; > s¢:

S1 1/2
(B (51,0)) "> < (B o (50, 1)) +J (J f2 d:c) ds, (2.1.10)
So j‘fs

where dr = dx'dz?dz® and! the energy on the hyperboloids is defined

as
3

(Z ((xi/t)atu + @;u)z + ((s1/t)0pu)* + au2) dx

s1 =1
(2.1.11)
with @ > 0. Then, [Hérmander (1997)]), established a Sobolev-type es-
timate adapted to this inequality (cf. Lemma 7.6.1 therein or (5.1.1) in

Em,o(51,u) 3=J

H

chapter 5) and arrived at the L* estimate

supt3/2|U| <C Z E17n,c7(517ZIU)1/2

51 II]<2
51 1/2
< CEp o (s0, ZIu)/? + C 2 J (J z1f? daz) ds.
Il<z¥s0 NI
(2.1.12)
Most importantly, this calculation yields the optimal rate of decay t—3/2 for

solutions to the Klein-Gordon equation.

2.2 Semi-hyperboloidal frame

Our analysis in the present work is based on the semi-hyperboloidal
frame as we call it, which is defined by

0y := 04, 0, :=t""Ly = (2%/t) 0 + Oa, (2.2.1)

while standard methods rely on the so-called null frame (containing two
null vectors tangent to the light cone). Note that the transition matrix
between the semi-hyperboloidal frame and the natural frame 03 is given by

0o = ®50s and 0, = U504 with

1 000 1 000
z1/t100 —z'/t100

O = U= ! = 2.2.2
z2/t010 | —22/t 010 ( )
23/t00 1 —23/t 001

IThe subscript refers to the Minkowski metric.
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Let us emphasize here an advantage of the semi-hyperboloidal frame:
the “bad” direction ¢, (along which the derivative of solutions to the wave
equation decrease slower than the tangent directions of H,) is a unit time-
like vector (while in the null frame the “bad” direction is a null vector)
and, with our choice of frame, the transition matrices ® and ¥ are smooth
within the cone XK.

In the following, we adopt the following notation and convention. In
order to express the components of a tensor in a frame, we always use
Roman font with upper and lower indices for its components in the natural
frame, while we use underlined Roman font for its components in the semi-
hyperboloidal frame. In other words, the coordinates of a tensor T' (defined
in K) are denoted by 77 in the frame d, and by 7% in the frame d,,. By
observing that |6a®g‘ < 1 in K, we obtain the following estimate.

Lemma 2.1. For any two-tensor T defined in the cone X and for all indices
a, 8,1 and admissible field Z, one has

20 P N VA

ol B,
I’1<|1]

mn XK.

The proof of this estimate relies on the following lemma:

Lemma 2.2 (Homogeneity lemma). Let F' = F(t,z) be a C* function
defined in the closed region {t = 1, |x| < t} and assumed to be homogeneous
of degree n in the first variable, in the sense that:

ft,x) =t"f(1,z/t) in the region {t > 1,|z| < t}. (2.2.3)

Then, for all multi-indices Iy, I, the following estimate holds for some
positive constant C(n, |I1],|1I2|, f):

01 22 f(t,2)| < C(n, |11, | 2|, f) t 1Tl in K = {|lz| <t—1}.
(2.2.4)

Proof. By differentiating the relation f(¢,z) = ¢" f(1,x/t) with respect to
% we find

O f(t,x) =" 100 f(1,2/t)

and, with respect to t,

Of(t,x) = =t (a/t) Da f (L, x/t) + nt" " f(1, 2/t).
Hence, 0, f and d;f are homogeneous of degree (n — 1). Observe next that

Lof(t,x) = —t"(x/t) (z/t) Op (L, 2/t) + nt" f(L, 2 /t) + "0, (1, z/t)
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is also homogeneous of degree 7).

We observe that if some functions f; are homogeneous of degree n; (in
their first variable), then the product | [, f; is homogeneous of degree . n;
and then any Z! f is homogeneous.

We claim that the degree of homogeneity of Z!f is not higher than
n. This follows easily by induction. Namely, this is clear when |I| = 1.
Moreover, assume that for all [I| < m, Z! f is homogeneous of degree ’ < 1,

then we now check the same property for all |[I| = m + 1. Namely, assume
that Z! = Z; ZI" with |I'| = m. When Z; = 0,, then Z'f = 0,(Z' f)
and we observe that Z! f is a homogeneous of degree n’ < n. Then we
see that d, (Z r f) is again homogeneous of degree ' — 1 < n’ < n. When
71 = L, then L, (Z r f) is homogeneous of degree n’ < n. This completes
the induction argument that Z! f is homogeneous of degree at most 7.

Furthermore, observe that if f is homogeneous of degree n, then 9%t f
is homogeneous of degree n — |I1|. This is so since 0, f is homogeneous of
degree n—1. So 071 Z!2 f is homogeneous of degree n— |I;| and is C* within
the cone K.

Now, in order to establish the estimate (2.2.4), we perform the following
calculation. Given (¢,z) € K, we have

ol Z2 f(t,x) =t~ 1+l Z12 £ (1 2 /t)
and thus
01 Z2 f(t, z)| = 711100 Z12 £ (1, 2/1)).

We observe that, by a continuity argument in the compact set {t = 1, |z| <
1}, there exists a positive constant C(n, |I1], |I2]) such that

sup |611Z12f(1,x)‘ < C(n, |, |12])

|z|<1

and the desired result is proven. ]

We now estimate the coefficients of the matrices ® and W. First, we
recall the following property of homogeneous functions. We observe that
x®/t is obviously C'* in the closed region {t > 1, |x| < t}.

Lemma 2.3 (Changes of frame). With the notation above, the follow-
ing two estimates hold for all multi-indices I, I5:

01 Z2288| < C(n, | 1], | L))t~ in XK. (2.2.5)

01 28| < O(n, L], | L|) 17 in K. (2.2.6)
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Proof of lemma 2.1. Recall that
TP =T°7 0, v,

Then

Z'TP = 2N (TP ug) = > 20 (9w 2T
I1+1>=1

Then

2T < Y |2t (w2
Ii+1x=1
< Y|z
|L21<]1]

where the fact

|z (w5 vg)

< (L))

is applied, which is a direct result of (2.2.6). O

More generally, any second-order differential operator T%%4, 0 can be
written in the semi-hyperboloidal frame so that, for arbitrary functions u,
we can write 7% = 7P @ﬁ,@g’ (with obvious notation) and

T%9,05u = T°P2,05u — T (0,95 ) d5ru. (2.2.7)
In particular, for the wave operator [], we obtain
Cu = m™?8,05u —m® (2,95 ) dpru,

where m®” are the components of Minkowski metric tensor in the semi-
hyperboloidal frame. Then, a simple calculation gives m®® = (£ —r?)/t? =
52 /t? and leads us to the following important identity.

Lemma 2.4 (Decomposition of the wave operator). In the semi-
hyperboloidal frame, the wave operator admits the decomposition

(5/1)2000pu =lu — m9,0,u — m*0,0yu — m™d ,u

/ 2.2.8
+ mo‘ﬁ (Qa\Ilg )@B/U, ( )

where m®® = x%/t and m®® = 0.
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2.3 Energy estimate for the hyperboloidal foliation

As presented in Chapter 1, we are interested in the following class of wave-
Klein-Gordon type systems
Cw; + G2 0npw; + Gw; = Fi, (2.3.1)
wz’|9{so = Wip, atqubcso = Wiy, -
with unknowns w; (1 < i < ng), where the metric (with some abuse of
notation) Gga'B and the source-terms F; are defined in the cone X, and
Wig, w1 are supported on the initial hypersurface Hs, n K. To guarantee
the hyperbolicity, we assume the symmetry property (1.1.3) and we also
assume that the constants ¢; satisfy (1.1.4).
We introduce the following energy associated with the Minkowski metric
on each hyperboloid H,:
Emaci (87 wz)
-

= (|atw¢|2 + > 10qwil + (22 /t) Oyw;daw; + 62w2> dx

S

(&

r

) <C? wi+ 21w+ ((s/t)atwi)z) da

S

(&

- [ <c2w2+2 (s/t)o wl) +t2(Sw;))* +t 22 ‘Qabwl )dx,
Hs

a#b
(2.3.2)

where we use the notation (2.1.8) and
LS =0+ Za z®/t). (2.3.3)

When ¢; =0, we write E,,(s,w;) := Em,o(s, w;) for short.
On the other hand, the curved energy associated with the principal
part of (2.3.1) is defined as

EG.,(s,w;) := Ep,c,(s,w;) + QJ (ﬁtwié’gijga'B) (1, —z*/t)dx
Hs

—J (Oowidpw;GI*P) da,

(2.3.4)
where the second term in the right-hand-side involves the Euclidian inner
product of the vectors (dyw;dpw;GI*”) and (1, —z%/t).

Proposition 2.1 (Energy estimate for the hyperboloidal foliation).
Let (w;)1<i<n, be the (local-in-time) solution to (2.3.1) and suppose that,
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on some interval [sg, 1], the following coercivity conditions are satisfied for
some constant k1 > 1 by the "metric” G

"{1_1 Z Em,ci(s?wi) < Z EG,Ci (57 wl) < K1 Z Emaci(sawi)a (235)

< A]\4(5)E|7n,cZ (S, ’sz')l/2,
(2.3.6)

: 1 :
Uj{ ;(aaGgaﬂatwiaﬂwj—iatGgaﬁaawiaﬂwj) dw

and the sources satisfy the bound
Z | Fi| 22 3¢,y dx < L(s) (2.3.7)

for some locally integrable functions L, M > 0. Then the following energy
estimate holds (for all s € [sg, s1]):

(Zl] Eopei (8, wz’)) "

@%(; Em,ci(so,wi)>1/2 + CK?2 J ) (L(r) + M(r)) dr,

S0

(2.3.8)

where the constant C' > 0 depends on the the structure of the system (2.3.1)
and is independent on the initial data.

The following remarks are in order:

e In view of (2.3.2) and (2.3.8), the L? norm of d,w and (s/t)0,w
are unifomly controlled on each hypersurface H,. It is expected
that these derivatives enjoy better decay than d,w itself.

e Note also that the term Y, (z%/r)((r/t)0a + (*/7)0))w = t7*Sw
so that t~1Sw is also a “good” term (although we will not use this
term directly in the following analysis).

e In Chapter 10, we will see that the energy on the initial hyperboloid
E,.(s0,w;) is controlled by the H* norm of the initial data on the
initial slice t = sg.

Proof. In view of the symmetry (1.1.3) and by using d;w; as a multiplier,
we easily derive the energy identity

Z (%@Z (Gaw; + szwzz)2 + 2 0 (Oqw;iOpw;)

+ 00 (G1P ywi05w;) — %at (G{“ﬁaawiaﬂwj)>

= dwiFi + ). (aaG»gaﬂ Orw;Opw; — %at(;«gaﬁ aawiaﬁwa .
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We integrate this identity over the region X, ¢ and use Stokes’ formula.
Note that by the property of propagation at finite speed, the solution (w;)
is defined in K4, 1) and vanishing on the light cone. We obtain

1
_Z EG i S UJZ) — EG,ci(s()awi))

. 1 .
—Z JX ath-Fi + 0aGIP dyw;05w; — 5@05“5@&%05%) dtdz

[s0,s]

=; J r L{T (7/t)0wi F, d

+ Z J dr LC ((T/£)0aGI*" dyw; 05w, — %atagaﬁaawiaﬁwj) dx
which 1ead; to
d% Z Eg.,(s,w;) = QZ L{ ((s/t)@aGgaﬁatwiéﬁwj
— (5/20)0, G B widsw; + (s/t)@twiFi) d
So, with the assumptions (2.3.6) and (2.3.7), we get

2 o) o D B (s, wi) ”
(Zeetem) "5

1/2
SZ (L{ |Fi|2dx> Epc (s, wi)? + M (s ZEm e (s,w;)'/?

1/2 1/2
<Ck (ZJ |Fi|2dx) (Z EG,ci(s,wi)) + CriM(s ZEG e (5, ws) /2
i YHs i

1/2

1/2
<Cl€1L (ZEG c; (8 UJZ)) -I-ClilM (ZEGC S, W; > ,

which yields

1/2
d% (Z E.c,(s, wn) < Cra(L(s) + M(s)).

We integrate this inequality over the interval [sg, s] and obtain
no 1/2
( S Bge (s, wi))
i=1

no 1/2 s s
<<ZEG,01(SOawz’)) +CIQ1J L(T) -I—Clilj M(T)dT

1=1 S0 So
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By using the condition (2.3.5), we find
Z Em,ci (87 wz) < K1 Z EG,C@' (87 wl) < Ii% Z Em,ci (87 wi)?

which completes the proof. O

2.4 The bootstrap strategy

We are now in a position to outline our method of proof. It will be necessary
to distinguish between three levels of regularity and, in order to describe
this scale of regularity, we will use the following convention on the indices

in use:
I*: multi-index of order < 9,
IT: multi-index of order < 4, (2.4.1)
I: multi-index of order < 3,

which we call admissible indices. Throughout, we denote by C' a constant
depending only on the structural constants of the system (1.1.2), which are
Jjo, ko, B, and . We emphasize that these constants do not depend on
ee (0,1].

It is convenient to introduce the norm of a function on the hyperboloids,
so if u is a function supported in the half-cone X, we set

|[u] g,y = <JH |u(t, a:)|pda:) . = (JRS |u(\/m, x)‘pdx> 1/19‘
) (2.4.2)

The proof of Theorem 1.1 relies on Propositions 2.2 and 2.4, stated now.
The first proposition below will be established in Chapter 11.

Proposition 2.2 (Initialization of the argument). For any suffi-
ciently large constant Cy > 0, there exists a positive constant €, € (0,1)
depending only on B and Cy such that, for every initial data satisfying

D wioll o rey + winllzrs ra) < €6, (2.4.3)

a corresponding solution exists in the region limited by the constant time
hypersurface t = B + 1 and to hyperboloid at the time so = B + 1, which
also satisfies the uniform bound

:
S B(s0, 2%w;)Y2 < G (Z lwioll o) + ||w¢1||H5(R3)) (2.4.4)
j i
for all admissible vector fields Z and indices IF.
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Given some constants, C7,e¢ > 0, 1/6 > 6 > 0 and a hyperbolic time
interval [sg, s1], we call hierarchy of energy bounds the following con-
ditions (for all s € [so, s1] and all admissible fields and indices):

Ep .o (s, Zlﬁvjv)l/2 < Cies®  for jo+1 <7< ny, (2.4.5a)
Em(S,ZIﬁu§)1/2 < Cres®  for 1 <7< jo, (2.4.5b)

E,. (s, Zﬂvj)l/2 < Cres®?  for jo+1 <7< no, (2.4.5¢)
Em(S,ZITu;)l/2 < Ches®? for1 <7< Jo, (2.4.5d)

Epn (s, Z'uz)'? < Cre for 1 <7< jo. (2.4.5e)

Observe that (2.4.5e) is specific to the wave components. We also remark
that, because ¢; = o >0 for jo+1 <7< n+0,

o (5, Z705) < By (5, 2" 07) < (€3/0) Emn e, (5, 27 v7),  (2.4.6)

which means these two energy are equivalent.

Given some constants k1 > 1, C';,e > 0 and a hyperbolic time interval
[s0,s1], we call hierarchy of metric and source bounds? the following
three sets of estimates:

e For all |I*| < 5,
ml_lEG,Ci(Su ZIﬂwi) < Z Em(sa Zlﬁwi) < K1 Z EG,Ci(S7 Zjuwi)a

7

(2.4.7a)
S jas JL It 1 jap It I#
‘J ;(%Gl &tZ w,ﬁ/@Z wj—§8tGi ﬁaZ wla@Z wj>dac
s

<SM(I%,5)Ep e, (5, ZIﬁwZ-) = C(C1e)% s OB, .. (s, Zlﬁwi)

(2.4.7b)
and (with the notation (2.4.2))
no 0
jaf I, LN
; [[GI*" 0adp, 2" Jw; HL2(}CS) T ; |2 FZHL?(}CS) (2.4.7¢)

<L(I*,5) := C(Cre)?s™ 110,

2Throughout, C' > 0 denotes a constant depending only on the structure of (2.3.1) and
independent on the initial data.
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e For all |IT| < 4,
: 1 ‘
Uﬂ{ ;(aac:gaﬁatzﬂwiaﬁzﬂwj - éatagaﬁaazﬁwiaﬁzﬂwj) dx

<M(IT, 8)Emc, (s, 2" w;) 1= C(Cre)2s 2B, . (s, 2" w;)
(2.4.8a)
and

o - I | 70 o
;H[GZ 0a0p; Z ]wamwcS)Jr;lHZ il L2 ac. (2.4.8h)

<L(IT,s) := C(Che)?s 11972,
e For all |I] <3,

. 1 )
‘L{ ;(éaGgaﬂﬁthuﬁnguj— 5@(}%”%2%%2%;) dz

<M, 8)Ep(s, Z1uz) := C(Cre)2s VB, (s, Z1uz)
(2.4.9a)
and

no )
DG 005, 2 Twj 1 s
=1

ull o 2.4.9h
+ 212 i oo,y + 127(GFP07) l2oc (2450)
=1

<L(I,s) := C(Cre)?s™3/2+2,
Observe that (2.4.9a) concerns the wave components, only.

Proposition 2.3. There exit positive constants €, C such that if the hi-
erarchy of energy bounds (2.4.5) holds for € < €} and Cye < 1, then there
exists a constant k1 > 1 (determined by €3) and a constant C' > 0 (deter-
mined by the structure of the system (1.1.2)) such that hierarchy of metric
and source bounds (2.4.7a) also hold.

The proof of this proposition will occupy a major part of this mono-
graph, especially Chapter 6 to 9.

Proposition 2.4 (Enhancing the hierarchy of energy bounds).

Fiz some parameter 6 € (0,1/6). Suppose that Proposition 2.2 holds for
some positive constant Cy and €. Then, there exists a sufficiently large con-
stant Cy = Cy such that, if the solution to (1.1.2) with data (2.4.3) satisfies
the hierarchy of energy bounds (2.4.5), then there exists some €y € (0, €()
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such that for all € € (0,€), the following hierarchy of enhanced energy
bounds also hold (for all s € [so, s1] and all admissible indices):

E,. (s, ZIhv]v)l/2 < %C’les‘S for jo+1 < J < no, (2.4.10a)
Em(S,ZIHUg)l/Q < %C’les‘S for 1 <7< jo, (2.4.10Db)
En.o(s, Zﬂvj)l/2 < %C’les‘s/Q for jo+1 < j< ny, (2.4.10c)
Em(s,ZITug)l/2 < %C’les‘s/z for 1 <7 < jo, (2.4.10d)
En(s, Z up)'? < %C’le for 1 <7< jp. (2.4.10e)

We now assume that (2.4.5) hold and we provide a proof of Proposition
2.4 which is given under the assumption that Proposition 2.3 holds.

Proof. Step I. High-order energy estimates.

Suppose the hierarchy of metric and source bounds (2.4.7a)-(2.4.7¢) hold
(for all [I*] < 5). Let us apply to the equations (1.1.2) the operator ZI"
(with |I*] < 5):

2% w; + G 0,052  w; + w; = [GI*° 0,05, 2" Jw; + 2V F,.

Then, by using Lemma 2.1 (under the condition (2.4.7a)), for |I*| < 5 we
find

1/2
L. /
Z Ep.c;(s,Z" w;)

1/2 s
<K? (Z Ep.c; (S0, Zﬂwi)) + Ck32 J (L(Iﬁ,T) + M(Iﬂ,r))dr.

So

Then we have

1/2 )
(Z Em,ci(S,Z”wi)> < E%C@E + Cﬂ%(cle)ZJ S48 g

S0

Observing that the integral of the function is bounded independently of s
5(01—2%%00)

we obtain
2Ck2C%

and provided € <
u 1/2
(Z Epm.e (s, 21 wi)) < (1/2)Ches®,
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which leads to the enhanced energy bound
1
Enm.o(s, 2" w;) < Bpe, (s, 2" w;) < 5Caes’. (2.4.11)
This establishes (2.4.10a)-(2.4.10b).

Step II. Intermediate energy estimates.

Suppose here the hierarchy of metric and source bounds (2.4.8a)-(2.4.8b)
hold for all |IT| < 4. Let us apply to the equation (1.1.2) the operator z!'
(with |[IT] < 4):

DZITwZ' + Ggaﬁ(?aégZﬂwj + ciw; = [Ggaﬁé’a@ﬁ,Zﬂ]wj + ZITFZ'.

Then, by using Lemma 2.1 (under the condition (2.4.7a)), for |IT| < 5 we
find

1/2
It - /
Z Ep e (s, 2" w;)

1/2 s
<f<o% (Z Em.c; (s0, Zﬂwi)> + Cm% J (L(IT, T) + M(IT, T))dT.

S0

Then we have

1/2 s
(Z Em’ci(& ZITwi)) < /1%006 + CH%(CUS)Q J 7'*1"‘5/2d7-_

S0
Observing that the integral of the function is bounded independently of s
and provided e is sufficiently small in the sense that
€ < 5(01 — 2/%%00)’
4CKIC?

we find
. 1/2
(2 Em,ci(svzl wz)) < (1/2)016367
which leads to the enhanced energy bound

1
Em.o(s, 2" w;) < B, (s, 27 w)Y? < 5Ces””. (2.4.12)
This establishes (2.4.10c)-(2.4.10d).

Step III. Low-order energy estimates.
Assume now that the hierarchy of metric and source bounds (2.4.9a)-

(2.4.9b) holds for all |I| < 3.
02wz + GI*P 005 2 uy = [G12P 0,05, Z' uy — 21 (GI*P 00 05v5) + 21 B
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By Lemma 2.1 (under the condition (2.4.7a)), we have

(Z Epn(s, Z%)) v

1/2 s
@%(Z Em(so,ZIUg)> +Cm§f L(I,7)+ M(I,7)dr

S0

and thus

1/2 s
(Z Em(s,ZIua)) < k2Che + CK2(Cre)? J +—3/2+28 3

S0

By recalling 6 < 1/6, it follows that

1/2 Cr202e2B20-1/2
I, < .2 k1Lq€
@Em(s’z w) <o TS

Observing again that the integral of the function is bounded independently

. 1-46)(C1 —2K5Co)
of s and provided € < ( -1
p S TACKICIBT 12

bound for the wave components

, we obtain the enhanced energy

1
En(s, Z1u)Y? < 5016. (2.4.13)

This establishes (2.4.10e).

Step IV. Conclusion. Assuming now that

— Y2 _ _ 9,2
¢ < min (5(01 3/61200)’ (1 45)(01 2/’%100)),
4Ck1Cs 4CrK2C2B29-1/2
then we see that (2.4.10) is established. 0

Observe that (2.4.7a), (2.4.7b), and (2.4.9a) concern only the metric
and depend mainly on L*™ bounds on the solution and its derivatives: these
bounds will be established in Chapter 6. On the other hand, the inequal-
ities (2.4.7c) and (2.4.9b) are L? type estimates and will be eventually
derived in Chapter 9.

We complete this chapter with a proof of our main result (by assuming
Propositions 2.2 and 2.4).

Proof of Theorem 1.1. Let (w;) be the unique local-in-time solution to
(1.1.2), and let [sp,s*] be the largest interval (containing sp) on which
the inequalities (2.4.5) hold for all s € [so,s*]. As guaranteed by
Proposition 2.2, there exists some €; such that, provided |wiogers) +
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w1l s (rs) < € < €, we have Eg(so,Zﬂwj)l/2 < Cpe with Cy < C7). B
continuity, we certainly have s* > s.
Proceeding by contradiction, we assume that s* < 400, so that, at the

*

time s = s*, at least one of the inequalities (2.4.5) must be an equality.

That is, at least one of the following conditions holds:

Em’g(s*,zfﬁvj)lﬂ = 0168*6 for jo +1 < 7 < no,

Em(s”‘,Zﬂug)l/2 = Ches*® for 1 <7< jo,

Em,(,(s*,ZIij)l/2 — Cres*? for Jo+1<7< (2.4.14)
E.(s*,Z Tu;)l/2 = 0168*6/2 for 1 <7 < jo,
E..(s*,Z

I

Iu;)l/Q = Cie, for1l <7< jo.

Yet, for ¢ < ¢y and according to Pr0p081t10n 2.4, the enhanced energy
bounds also hold:

1 -
Em,a(s*,Zﬂjv]v)l/2 < —0168*6 for jo +1 < j < ng,

Ep(s*, 27 un) /2 < %clesé for 1 <7< jo,
Epo(s* ZIT )1/2 50168*6/2 for jo +1 < 7 < no,
En(s*, 27 up)? < %Cles*é/2 for 1 <7 < jo,
Em(s*,zfm)l/k%cle for 1 <7 < jo.

This is a contradiction and therefore it must be that s* = 4oo0. Hence,
the inequalities (2.4.5) hold for all s € [sg, +00) and, by the local existence
criteria in Theorem 11.2 (combined with Sobolev’s inequalities), this local
solution extends for all times. This completes the proof of Theorem 1.1. [

2.5 Energy on the hypersurfaces of constant time

To end this chapter, we prove that the global-in-time solutions we have
constructed for (1.1.2) enjoy a uniform energy estimate along the standard
hypersurface of constant time ¢.

Proposition 2.5. Suppose that the wave components u; of the global-in-
time solution w; satisfying (2.4.5) and (2.4.9) (with €y sufficiently small
and Cyre < 1). Then, the following estimate also holds for allt > B + 1:

||8tZIu(t, ')”L?(]R3) + Z ||6aZIu(t, ')”LQ(]RS) < C3(6, €9)Che, (2.5.1)
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where C3 is depends upon 6, €y and the structure of the system.

The proof of this result relies on a modified version of the basic energy
estimate, as follows.

Lemma 2.5. Let (u;) be the solution to the following Cauchy problem

Lu,; + Ggaﬁﬁagui = F; (2 5 2)
Uz‘|9{50 = U;0, atui|f}650 = U1,

where F; and G{O‘B are defined in Ky, y). Then, there exists a positive
constant €9 such that provided

o, 6 < e

there exists a positive constant C(eg) (depending upon €g) such that
2
(1orutto, Maaces) + X losutto, Moo

(t5+1)/2
<C’Z Eq(t,u;) + C’ZJ dsJ (s/t)|0yu; F;|da

(2 t s
(53+1)/2 | ey
+C dsf (s/1)|0a G dyu;dpu; — §6thaﬁaauié’guj| dxds.

to Hs
(2.5.3)

Proof. The proof relies on an energy estimate within the region K;, :=
{(t,2)|]z] < t—1,t0 <t < +/|z]*>+t2}. The corresponding figure 2.3
displays the set K;,. We start from the identity

P CEONCBES WACRILHS

7 «@

(]

: 1 :
+ 00 (G1P 0yui05u,) — 50 (G?aﬂaauiaﬁuj»
: 1 :
=Y 0y + ) (aa(;gaﬁatuiaﬁuj - iatagaﬁaauiaguj)
and integrate it within K, with respect to the volume form dtdx. Applying
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-1 D 1

Fig. 2.3 Ky,

Stokes’ formula, we get

1
B Z Eq(t,u;)
1 . .
-5 Z J (Z |5aui|2 + 2G5055tu2~65uj —_ Ggaﬁaauiaﬁuj) (t,-)dx
7 R3 «@

. 1 .
= Z <6tuZFZ + 6aG§a50tuiéguj — §6tG§O‘B8aui0ﬁuj> dzdt

:Kto 1

:JK

(s/t)z (&tuin' + 8aG£aﬂ6tuiﬁguj — %&Gia'gé’aui@guj> dzds,

to 1
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where we recall that s = 4/t?2 — |x|2. This implies

Z JRS (Z |5aUz‘|2 + QGgOBatuiaﬂUj — Ggaﬂaauiaﬂuj> (t,-)dx
< Z EG(t7 uz)
T ZJ (s/D)|0vui Fi + 0a G OpuiOgu; — 50,G™ dauidpuy| duds
- Ky

< Z EG(t7 ul)

(tg+1)/2
+ZLO ds L{ (s/t)|6tuiFZ-|da:

1 s

(+1)/2 | ey
+J dsf (5/t)[0aG1*" 0yu;05u; — 56’,56’50‘68&%05%‘ dxds.
t

0 }CS

Then we observe that

ZJ [2G7°° 8yu;05u;— G dauidpuy|de < C max |G Y | 0aui(t, ) L2 ws)
RB

1,5,0,3 5
1,0

and thus, if max; j o g |G£aﬁ| is sufficiently small,

Z fRS 12G7°P dyui05u; — G douidpuj|da < Z |0ai(t, )] 2 (g -
Then, we have
%Za] |atu(t, )| z2ms) < 2 JR3 (g |aaui|2+2Gg'0ﬁatuiaﬁuj—G{O‘ﬁaauiaﬁuj> dx
and the desired result is proven. O

Proof of Proposition 2.5. We recall the equations satisfied by the wave
components:

02" + GIP 0,52 uy = [GI*P 0005, 2 us — Z1(GIP 000505) + Z1 F;
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and apply (2.5.3), so that:
Z 106 Z" us(t, )| 122

; (to+1)/2 ; ,
<C ) Ea(t, Z'u;) + CZL ds L{ (s/t)|0: 2wz 2" F|da
7 7 0

S

(tg+1)/2 -
—I—ZJ; dsf (s/t)|6tZIug[G%aﬂ(9aé’g,ZI]u5|d:I:

0 :H:s

(ta+1)/2 .
+> Jt ds J (5/8)|0: 2" uz 2" (GL*7 00 0vy) |da

(ta+1)/2 ‘ .
+ C’Z i dsJ (s/t)‘aaGﬁaﬂatZIugé’BZlu- — lﬁtGlaﬁaaZIUgaﬁZIu-| dzxds.
= J, 5, 2 J 2 2 J

By (2.4.5e) (which is already established thanks to our bootstrap argu-
ment) which holds on the time interval [B + 1, +o0):

Y Eg(t, Zuz) < (Cre)?,
and the second term in the right-hand side is uniformly bounded as follows:

(t5+1)/2
J dsJ (s/t)|8tZIUgZIFg‘dJ:
¢

0 :}Cs

(ta+1)/2 , s
QJ ||(S/t)atZ u;HLz(g{S) Z Fi”L?(.‘Hs)dS
t

(tg+1)/2 (t2+1)/2
<Cl€f 12" Bl 2 (ac,yds < Clej C(Cre)2s~3/2+20
t

0 to
<C(Cre)(1/2 —26)7 1.
The third and fourth terms are bounded in the same manner:
(ta+1)/2 N
J dsJ (s/t)|5tZIug[G§a'36a8,3, ZMNuz|dz < C(Cre)®(1/2 — 28)7 7,
t

0] g{s

(t5+1)/2 g
f ds J (s/1)]0: 2"z Z" (G2 80 05v5) [dx < C(Cre)®(1/2 — 25) .
to He

The last term is bounded by applying (2.4.9a):

(t5+1)/2 ‘ 1. .
L ds LC (5/t)|0aGL*" 0,2 uz05 2 u; — §atagaﬁaazfu€aﬁzfuj| dxds
0 s
<C(Cre)(1/2 —26)~ 1,
O
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Chapter 3

Decompositions and estimates for the
commutators

3.1 Algebraic decomposition of commutators

In this chapter, we are going to estimate the commutators [X,Y]u :=
X(Yu) — Y(Xu) of two operators X,Y applied to functions u defined in
the cone K = {|z| <t —1}.

First of all, all admissible vector fields Z, (cf. Chapter 2) are Killing
fields for the flat wave operator ], so that the commutation relations

[0a, (] = 0, [Lo, (0] =0 (3.1.1)
hold. Next, we introduce the notation
[La, 0plu =: ©, 30,1, (3.1.2a)
[0a, 05]u =: t_lﬁlﬂﬁvu, (3.1.2b)
[Las 3]0 =: €50, u. (3.1.2¢)
in which
Oap = —dabdy, ©40 = —0,,
b
I3, = dandy. I3, = =0 = U3, 7y = 0.

b a
O = —%53 =UpsY, Ol =—61+ %53 = —67 + @55y
(3.1.3)

All of these coefficients are C'“ in the cone X and for each multi-index |1,
the function |Z'II| is bounded for all Il € {©,0,T'} and, furthermore,

0%, =0,  [Lady] = 05,05 = 05,0, (3.1.4)
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Lemma 3.1 (Algebraic decomposition of commutators. I).
There exist some constants Hif] such that, for any function u defined in
the cone X, the following identities hold (for all o and I ):

(2 0a]u= > 050527 u. (3.1.5)

RARSE

Proof. The proof is done by induction on |I|. Observe that when |I| = 1,
(3.1.5) is covered by (3.1.2). Assume next that (3.1.5) is valid for |I| < k
and let us derive this property for all [I| < k+1. Let Z! be a product with
multi-index satisfying |I| = k + 1, where Z! = Z, Z with |I'| = k and Z;
is one of the fields ¢, L,. Recall that

(21, 00]u = [Z: 27 0a]u = Z, (21, 0a]u) + [Z1,00) 2" u

and

Zl([ZII,&a]u):Z1< > 95’]@2%): S 0872100,27u.
|J|<k—1 |J|<k—1

Then, we have

(28, 0.Ju= Y 0.7210,27u+[21,0,)2" u.
|J|<k—1

First of all, when Z; = dg, we can commute and obtain [Z1, 8a]ZI/u =0
and

ooz 27 u=Y 0870,2, 27y,

| J|<k—1 |J|<k—1

so that (3.1.5) is established in this case.
Second, when Z; = L,, we apply (3.1.2a) and write

S0 L0, 27 u= Y 0L)0LaZlu+ ) 0L)[La0,)27u

|J|<k—1 |J|<k—1 |J|<k—1
= > 0870 LZ7u+ Y 08761,0,27u
|J|<k—1 | J|<k—1

and [Lq,0a]2"u = ©8 032" u. So, (3.1.5) holds for |I| = k + 1, which
completes the induction argument. O
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3.2 Derivation of the decomposition

Lemma 3.2 (Algebraic decomposition of commutators. II). For
any function u defined in the cone X, the following identity holds:

(27, 05]u= )] 05,0,Zu (3.2.1)
|71<I1]
where Qg} are C* functions satisfying the following estimates in XK :
o1 21057 | < C(n, |11, 1, 1111, (322)
Proof. To establish (3.2.1) and (3.2.2), we perform the following calcula-
tion:
(2", 05]u = (2", ®}0Ju= > Z"®}z"0u+ 2", 0,]u.
Ii+I5=1I
I121<1|

In the first sum, we commute Z2 and 0 and obtain

(27, 0lu=">, Z"olo,zmu+ ), ZNel[Z"™,0,Ju+ ®}[ZT,0,]u

Ii+Ig=1I Ii+Ig=1I
[T2]<|I] [T2]<|I]

= > ZMelezPu+ ), ZMo)[z",0,]u
In+Ip=1I 11-1—1221
[Hal<|1]

— 1EW: S Is 1EW: S Ica J

Zh®%0, 7" u + (21 ®024)0.%0nZ u.

I1+Is=1I I1+1o=1I
[T2]<|I] [T]<|I2]

Hence, 09 are linear combinations of Zh @} and Q%O‘Zh O} with |I;] < |1

and |Iz| < |I|, which yields (3.2.1). Note that 9%0‘ are constants, so that
0" Z" (0120 Z21 @) = 0ot 21 21 &)

and, by (2.2.5), we arrive at (3.2.2). O

Lemma 3.3 (Algebraic decomposition of commutators. III). For
any function u defined in the cone X, the following identities hold:

(210 Ju= > olbo,zu+tt > plh0,27u, (3.2.3)

[J]|<I [J<|1I]

where ag and pi} are C* functions satisfying the following estimates in

X :

07 2501y < Cln, |11, |1, | L)), (3.2.4a)
01 Z" p| < Cn, |10, |, | L))t~ (3.2.4b)
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Proof. We proceed by induction. The case |I| = 1 is easily checked from
(3.1.2b) and (3.1.2c). By assuming that (3.2.3) with (3.2.4a) and (3.2.4b)
hold for |I| < k, we want to treat indices |I| = k + 1. To do this, let Z7
be a product of operators with multi-index |I| = k + 1. Then, Z! = Z, 2"
with |I’| = k and the following holds:

(7', 0Ju=[22",0.] = Z: (12", 8.Ju) +[Z1,8.1Z" u.
Case I: Z; = d,. We consider first the case Z; = 0, and write

Z1 (21, 0.]u)

=6a( Z ol're,Z7u + 17 Z pgi,V,&’VZJIu)

|J|<|I’| IJ’|<|1’|

= > da(olN)Z7u+ Y. olPo,0azu+ D) 0lP[0a,8,12”

|J]<|1"] |J]<|1"] |JI<]1]

+oat™t Y (eI 2w+t Y Ga(pl)) 0527 u

|7 [<]1| || <[1]

1! PNy 0a 2w+t Y pl0a,0,)27 u.
|77 <I] |77 <|2]

For the second term in the right-hand-side, we make a change of frame, i.e.
@bé’ Z7u = ol ab(\IngA/ZJu).
For the third term, we recall (3.1.2b) and write
Ui}b[ﬁa,ﬁb]ZJu = t_lacI(/]bEZébé‘vZ‘]u.
For the last term, we remark that [0,,0,] = 0. Hence, we conclude that

Z1(12" ] )
= > dalolN)Z7u+ > olpo, (18,27 u)

|J]<1"] |J]<|1"]

+t78 ST (@IPo,00))0 27 u v dat™t Y. (ph))0, 27 u

|J|<|I'| |/ )<| 1’|

+ ¢! Z O pcj,é’ZJu—l—tl 2 piﬂ@é’Z‘]

[T/ <IT'] [J7<IT'|
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So, we have
Zl ([ZI/7QC]U)
= >, (0792)2,2,27u

71<I1|
+ Y dalolN 0,27 u+ Y (0l},92)8Y 0y 27w
1<) J1<1]
+t78 ST (@IPo,00))0, 27w+t Y Ga(ph)) 0527 u
|J]<[1"] |77 <|I]
+t78 Y plR00a 27 ur dat™ Y (08))0,27 u.
[T/ <]1"] [J/ <1’

We also recall that

(21,02 w = [00,0,)2" u = t'T7,.0, 2" u
Then we conclude that, when Z; = 0,, Oé:y] are linear combinations of
oW . For all 91 Z!2 we have

ohzl(olPuy) = N ol (Zhel 2Mwy)
Is+14=1>

_ Is r7Is _I'b Al r7ls 7y
= Y ohzbhelPolzlw.
I3+is=1I3
Is+Ig=1I1

Now, we apply (2.2.6) on ¢%¢ Z14¥? and our induction assumption (3.2.4a)
on 015 2!t for |I'| < k and obtain

|07 2% (o L2 W) | < C(n, |11, | L] )t~
Note that pi?] are linear combinations of the following terms:
tdo (oI0)UY, t(ol}o,w)@Y, oI},
peis Balper)s 1at™ (017), Lo
For the term ¢0, (ag]b) U/, we observe that

oz (ton (olP)w)) = Y. 0Bz (19)) 9T 21 (90l ))
Is+Is=1Iy
Is+Ig=1I2

Note that ¢t¥) is homogeneous of degree 1 and continuous in the region
{t = 1,|z| < t}. Then by Lemma 2.2,

072 2% (19])| < C(n, |I3], | Tg]) 21T, (3.2.5)
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By Lemma 3.1, we have
aI4Z16 (aao_g:]b) 26148 ZIS ]’b 814[Z16 a ]O-gjjb
14 16 165 I4 II I/b
A AT 2 Oy 01052 %5 0]
|I’|<|I.s|
Then, by the induction assumption (3.2.4b) and (2.2.6)
0"0a2" 5[} < C(n. L], 16|yt~
01405 2% (7| < Cln, L], sy~
Then, we obtain
072 (2acl)| < Cn, L], [IsE~ 11,
combined with (3.2.5), we get
012" (100 (007) 97| < Clns 11 112"
which is the right-hand-side of (3.2.4b).
Next, for the term t(aé}bébwg)qﬂ/, we observe that
t(cl}o, 1) 0Y = t®)®Y 059 ol P,
and, similarly to the cases above,

oz (0] @) 05V olF) = D) ozl (0] ®) 0507 ) 0" 200!}
Ig+I5=1Iy
Iytlg=1I2

where in each term of the sum the first factor is homogeneous of degree 0
and can be controlled by lemma 2.2

072 214 (t8) 82 0507 | < C(n, |I3], |I5])t %!
and the second factor is controlled by the assumption of induction (3.2.4b):
0% 2% 5L F| < Cn, | I5), | Tt
Then we conclude that
|07 212 (18, 87 05V o1 P)| < C(n, | L], | L)t~

The term Cfg:]beEZéb is estimated in the same manner by noting that
I'), is nothing but a linear combination of ¥, with constant coefficients.
So they are homogeneous of degree 0.

The term p ., is bounded by our induction assumption (3.2.4b).
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For the term 0, (pgﬂ), we apply (3.1.5):
70 (a7) =201+ (2 21E)
=" 0, Z"pl 7+ (Y 050 05270l ))
| J2|<|I2]
=0T 0.2 pL ) + Y. 020 oM asz7pl ).
| J2|<|1z]
Then, by applying the assumption if induction, we see that the term
0112120, (p' ) can be bounded by the right-hand-side of (3.2.4b).
cJ
Then, we consider the term #0,t~! (,oizﬂ) and observe that it vanishes
. . - I/ - _I/
when a # 0, while for & = 0 we obtain td.t ' (p,.,) = —t *(p.,) and
ozl (—t7' )y == > otz olizlepl )
Ig+I4=1I;
Is+Ig=1I5

By a direct calculation, we find
072 215471 < C(n, | T3], |15 )t~ %]

and, by our induction assumption (3.2.4b),
[0 2% (=70 7)

At last, we observe that the term I'?_ is directly handled with (3.1.3).
Finally, we combine together our estimates on the components of piﬂ
and thus arrive at (3.2.4b) when Z; = 0,.
Case 2, Z1 = L,.
We now treat the case Z; = L, and write

Z (21, 8.]u)

< C(’I’L, |Il|7 |I2|)t_|ll|'

(Y ezt S ezt
|J| <[] | T <]
- Z (Laog:,b)QbZ‘]u-i— Z o0, LaZ u + Z o[ Lq,8,)27u
|J]<|1"] |J]<[1"] |J]<|1"]
+ 7 (tLat™Y) Z p},é’yZJlu
Pt
+tt Z (Lapilﬂ)&ijlu—l—t_l pgﬁ&yLaZJ/u
| [<[1] | [<[1]
+t78 Y pl[La,0,)27 u.
|| <[1]
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In right-hand-side, we apply (3.1.2c) on the third term and (3.1.2a) on the
last term, and remark that the coefficient of the fourth term tL,(t71) =
—% = 2. Then,
Zl ([ZI/,QC]U)
= Y (LaolP)oyZ7u+ Y olto,LaZ’u+ ) 0l0%0.27u

| JI<|1"] | JI<|1"] | JI<|I']
+t ol plo, 77w
| T <[1']

+t71 Y (L PO, Z w4t > P00 Loz u

| T <|1"] | T/ <[1"]

-1 J

+t pinel o5z

| T <|1"]

We also recall that
[21,0.)7" w = [Lq,0.) 2" u = ©°,0, 72" u.

We observe that ol are linear combinations of Lool?, oI, oI’?©¢, and
©° . The estimate on the first two terms follows directly from the mductlon
assumption (3.2.4a). On the other hand, the third term is estimated as
follows:

ol zl2glbec, = Z 81321505}’ ol1 z1s9¢,
Ig+I4=1I;
Is+Ig=1I2
The first factor is bounded by the induction assumption (3.2.4a) and for
the second factor, remarking that ©, is a linear combination of \I/ﬁsy, can be
bounded by (2.2.6). In the same manner we can get the desired estimate
on ©° . So, (3.2.4a) is established in the case Z; = Ly, |I| =k+ 1
In the same way, pc ; are linear combinations of \Ifopc g0 Lapc Jrs pi 2

o J,G)ﬁ The second and the third terms are bounded by the induction
assumption (3.2.4b). The first term is estimated by applying (2.2.6) and
the induction assumption (3.2.4b). For the last term, note that 957 are
linear combinations of \Ilg' and constants. Hence, by applying (2.2.5) and
the induction assumption (3.2.4b), the desired bound is reached. Finally,
by combining these estimates together, (3.2.4b) is established in the case
|I| = k + 1, which completes the argument and, consequently, the proof of
Lemma 3.2. 0
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3.3 Estimates of the commutators

The following statement is now immediate in view of (3.1.5), (3.2.1), and

(3.2.3).

Lemma 3.4. For any function u defined in the cone X, the following esti-
mates hold:

127, 0, Ju| + (27, 0alu| < C(n, 1)) )] [0s27u], (3.3.1)
B,|J|<I

127, 0,Jul <Cn, 1) >, (8,27 u|+Cn (1)) >, |t7'0,277ul.
b,|J1]<|1] |.]2|<’Y|I|—1

(3.3.2)

Furthermore, from (3.1.5), (3.2.1), and (3.2.3), we deduce the following
estimates. Recall the convention Z7 = 0 when |I| < 0.

Lemma 3.5. For any function u defined in the cone X, the following esti-
mates hold:

(2", 000s]ul < C(n, |I) > 1[040 Z7ul, (3.3.3)
Iﬂgllll

127, 0,051u| + [[Z7, 80@p]u] <C(n,|I]) > 2,052 ul
a,B
|J1I<IT|

Cln, | 1Nt > 0,2724).

>
[J2|<|1|

(3.3.4)

Proof. 1. To derive (3.3.3), we write
[Z1,0,05]u = é’a([ZI, 8,3]u) + 21, 04]05u
and, by applying (3.1.5), the first term in right-hand-side can be written as
0u (2", 05]u ( > 050,27 ) > 051000, 27u.
|7I<1] | 7I<1]

This expression is bounded by C(n, [I]) Y] a.s |6 03 ZJu| The second term

[ARS Y
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is estimated as follows:

[Z7,0.)05u = ) 0.10,27dpu

|71<11]
D 00,0sZ7u+ D) 020,27, 05]u

|71<11] [71<I1]

IATRIYATESDY 9”&( > eﬁj,acszj’)
|71<11] [71<I1] |771<171

= > 00,0527 u+ Y. 021035,0,0527 u.

|J|<|1] |71<I1]

771<]7]
This latter expression is bounded by C(n, |I|) X B |(9 VAL u‘ Therefore,
(3.3.3) is established.
2. We now derive (3.3.4) and we will begin with [Z7,0,05]u. By (3.2.1)
and (3.2.3),
u=0,[2",05lu+1[2",0,]05u

( AT ZJ) >, o502 0qu+ 7t > pueyZ70gu

1<l 1<l 1<I1]
D, 0850, Z7u+ Y 050,077 u

|JI<[1] | J]<|1]
DN AR AL REN D WA LAY AL
[ J1<|1] | J|<|1|
thus
u= Y 0,0:50,Z7u+ Y, 070,0,2"u
[ J1<I] | J<|1]
+ Z Uégﬁcﬁﬁzju“‘ Z Ué,c]Qc([ZJ,% )+t Z p 8Zjaﬁu
| J]<|1] | T1<|1] |J]<|I|

and, therefore,

u= > 8, 9”& Zhu+ Y 000,(97 0,27 )

|J1<I1] 1<)
|71<I1] |J1<1] |J1<1]

= > 009 0,0,Z7u+ > 0150.05Z"u

|71<I1] 1<)

+ > 0570,(97)0, 27 u+ Y 2,0550,27u

|J|<|1] |J|<|1]

+ Y ol5a. (27 5lu) + 70 Y plro, 77 d5u.

|J]<|1] |J]<|1]|
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Here, the first and second terms can be bounded by

> 10,0527 ul.

a,B,|J|<|I|

Recall that |Qa\I/§l| < C(n)t~! and ‘Qaﬁgj < C(n, |I])t™1, the third, fourth
and last terms can be bounded by C(n, [I)t™' Y ;<7 10527 ul.
So we focus on the fifth term:

Y, 0052.([27, 25]u)

|J<1]
I J
= > aaf’,gc( > o050, u)
| J<1] IJ’\<|J|
|Jl<|I] [JI<|1]
77 1<|J] 7' 1<|J]
= > o585 ) u+ > al5007,0.(V )
[J]<|T] |J|<|I]
[77]<]J] [J/1<]J]

SO
Z U,Bja ([ZJaQﬁ]U)
|JI<|1]
J J
= > 050,050+ D al5007,0.(V1) 2, u
[J]<|I] |J|<|I]
1771<1J] 1771<]7]
+ > o500, 90,0, .
171<11]
17/1<1J]
Similarly, the first two terms can be bounded

by C(n,|I])t™! 2Tl <] |0, Z72u| and the last term can be bounded by
2 8.171<|1] 10,05Z7u|. This completes the proof of (3.3.4).

Now we regard the estimate on [Z!,0,8,]u. First we preform the fol-
lowing calculation:

[ZI7QaQb]u = [ZI?Qan]U + [Zlv [Qonéb]]u'
The estimate on the first term in right-hand-side is already done. We
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concentrate on the second term. This leads to the following calculation:
(27, [0, 0]Ju =[Z", @0[05, 0,]Ju — [Z, 0,20 05]u
(2,7 @80, Ju — (27, 0,98 051
> Zh (¢ iy, 20 u + 70T, [ 27,0, ]u

I1+Ix=1
[Ig]<|I|

- 2 (@) 7R 0su - 0,600 05l

I1+1Is=1I
[T2]<|1|

= > Zh(t'ehrl,)0, 2"

I1+Is=1
[T2]<|1|

+ Y, Zh(tT ALY, 27,0, Ju+ tT BT 27, 6, u

I1+Is=1
[Ig]<|I|

— Y, ZM(2,90)0s2"u
Iy +Ip=I
[Io]<|I]
— S 21 (0,@8)[2", dpTu — 201127, ds]u.

I1+Iy=1
[Ig]<|I|

So, we have
[Zja [Qoméb]]u
= > zZh@lelry)e zRu+ Y, ZD (LT, (27,0, ]u

I +Ig=1I I +1x=1

[Ta1<|1|

— > ZM(9,®0)0pz"u— ). ZM(2,25)[2", dp)u.
I|11+|I2|7|I I +Ix=1
21<

We remark that the function t_l@gng and 0, ®” are homogeneous of degree
—1 and C% in the closed region {t > 1, |x| < t}. Then by Lemma 2.2, we
have

|z (7 R0, )| <C(n, 1)t
|27 (2,95)| <C(n, | 1))t~
So we conclude by
127, [0, 0)]u| < C(n, [INETY > [0427ul.
|J|1|I|

This complete the proof of (3.3.4). O
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Lemma 3.6. For any function u defined in the cone X, the following esti-
mates hold:

‘ZI((s/t)aau)‘<‘(s/t)6aZIu‘+C’(n,|I|) Z ‘(s/t)agZJu‘. (3.3.5)
BilJI<|1]

To prove this lemma, we need the following result:

Lemma 3.7. Let I be a multi-index. Then
== (t/s)Z'(s/t) (3.3.6)

is a C* function defined in the closed cone X = {|z| < t — 1} and al-
[ of its derivatives (of any order) are bounded in K. Furthermore, it is
homogeneous of degree n with n < 0.

We admit here this result and give the proof of (3.3.5). The proof of (3.3.6)
will be given at the end of this chapter.

Proof of (3.3.5). We observe that

(27, (s/t)ou]u="> Z"(s/t) Z" dau+ (s/t)[Z',0u]u

I1+Iy=1I

I <|I-1|

= > ZR([ZM 0 Jut+ ), Z"(s/t)0aZMu
Ij4+Ig=1 I 4+Ig=1I

[I1]<|I]—-1 [T1l<|I]-1

+ (s/1)[Z", Oa]u
= 3 Zh(y[ZDJu+ S Z(sft)nzh.
Ii+Ix=1 I+ Tp=1

[T1]<|T]=1

By applying (3.3.6), we find

Mzl (sy[200.dul < D) |2 (s/0)]][2", Gyl

Ii+Ix=1 Li+1x=1
<C(n, 1)) > |[(s/t)0aZ’ul
|J|<|I]—1
and
> ZR(s/t)oaZlul < C(n 1)) ), |(s/t)daZ”ul.
1 To=1 1|11
[I1]<|I|—-1
Consequently, (3.3.5) is proven. O
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Proof of (3.3.6). First we remark the following identities:

(t/s)La(s/t) = =2 /t,

(t/s)0q(s/t) = —a/s%, (t/s)0:(s/t) = |x|>s™ 2t L.
Remark that in the cone X = {|z| < t — 1}, the function 2?/s?, |z|*s™2¢t~1,
1%/t are bounded and C*. x%/s? and |z|>s?t~! are homogeneous of degree

—1 while 2%/t is homogeneous of degree 0, we also remark that all of their
derivatives (of any order) are bounded in K. Then we have proved (3.3.6)

(3.3.7)

in the case where |I| = 1.

For the case |I| > 1, we preform the induction on |I|. Assume that for
|I| < k, (3.3.6) holds. Then for an operator Z! with |I| = k41, we suppose
that Z! = Z; Z!" where |I'| = k. Then

(t/5)2" (s/t) = (/)22 Z" (s/t) = Z1((t/5) 2" (s/t)) = Za(s/t) 2" (s/1),
where Z; can be 0, or L,. Remark that by the assumption of induction
and (3.3.7), the second term is a C'* function homogeneous of degree non-
positive and all of its derivatives are bounded in K. Now we focus on the
first term. By the assumption of induction, (t/s)Z! (s/t) is C*, homoge-
neous of degree non-positive and bounded in K. We need to distinguish
two different cases.

CASE 1, Z; = 0. In this case, Z ((t/s)ZI/(s/t)) is homogeneous of degree
less than or equal to —1, and by the assumption of induction, all of its
derivatives are bounded in X.

CASE 2, Z; = L,. In this case, Z; ((t/s)ZI/(s/t)) is homogeneous of degree
less than or equal to 0.

Z1((t/s)Z7 (s/t)) = 220, ((t/5)Z" (s/)) + toa ((t/s) 2T (s/t)).

Denote by f(t,x) = 04 ((t/s)ZI/(s/t)) and recall that f(¢, x) is homogeneous
of degree n with n < —1 so

ft,x) = (¢/2)"f(2, 22 /).
Recall that f(2,x) is bounded when |z| < 2. Then (recall that ¢ > 1 in
t>1)

100 (/)27 (s/t))| = | £ (t,2)| < C(n, I')t" < C(n, I')t.
Then
21 ((t/5) 21 (/1)) < C(n, T')(1 + |2|/1).

Taking into consideration the fact that in X, |z?| < t, the desired result is
proven. ]
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Chapter 4

The null structure in the
semi-hyperboidal frame

4.1 Estimating first-order derivatives

In this chapter, we discuss the null condition and derive estimates on several
null quadratic forms. A quadratic form T*?0,udsv acting on the gradient
of two functions wu,v is said to satisfy the null condition if, for all null
vectors € € R, i.e. satisfying (£)? — Y, (€.)? = 0, one has
TP¢ 5 = 0. (4.1.1)
Similarly, a cubic form Ao‘ﬁ’yfafg&, is said to satisfy the null condition if,
for all null vectors, one has
A*PYE EE, = 0. (4.1.2)
All of the terms of interest here are linear combinations of factors d,u dgv

and 0,ud,0sv and ud,0gv. Throughout, we constantly use the notation
2 _ 42 _ .2
§4 =1 —r-.

Proposition 4.1 (Bounds for null forms). If T*¢,£5 is a quadratic
form satisfying the null condition, then for every multi-index I there exists
a constant C(I) > 0 such that
M = O(I)(s/t)*> in the cone K (4.1.3)
2 : 1.
Simalarly, if a cubic form Aaﬁ'yfaé’g& satisfies the null condition, then for
every multi-index I there exists a constant C(I) > 0 such that
(2 —r?)
t2

|ZIIOO‘ < C(I)

|ZIAOOO| < C(I) = C(I) (s/t)> in the cone X. (4.1.4)

We first state an elementary estimate based on homogeneity, which is
immediate from the observation that, with the notation in the statement
below, Z! f is homogeneous of degree n’ < n; namely, the proof is similar
to the one of Lemma 2.2.
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Lemma 4.1 (Homogeneity lemma). Let f be a C* function defined in
the closed set {t = 1} n {t/2 < r < t}. Assume that f is homogeneous (in
first variable) of degree n in the sense that f(t,x) =t"f(1,x/t). Then, the
following estimate holds:

|Zlf(t,x)‘ < C(n, |[I|)t" in the region {r = t/2} n XK. (4.1.5)

Proof of Proposition 4.1. We use the notation w, = w* := z%/|z| and
wo = —w" := —1, so that (wg)? =, (wa)? = 0. We consider the component
7% and write

7% = 7AW WY = TP00 0Y — TP w,wg
= TP (WOUY — wawg).
First, when r < /2, we have
I « 0,0 « I1\q,0 712,0
ZNTPuY) = . TPzh ez vy
I1+1>=1
Applying Lemma 2.2, we obtain
2N (TR0 WY) | < ), K|ZD0| 20| < C(n, [T)K (s/t)*(t/s)°.
I +1s=1
Recall that when 0 < r < t/2, we have (t/s)? < 4/3 so in the region
K n{r<t/2},
| ZH (TP w20 | < C(n, |I]) K (s/t)>.
Second, in the region {r > t/2} n X, we have the expression
T% = TP (PO VY — wawp)
and thus
Z'T% = TP Z1 (W2 UG — wawg).
When o = 8 = 0, (\113\11% — waw@) = 0. When o« = a > 0,8 = 0, we have
ZI(\Pg\P% — Wawg) = A (wa (1= (r/1)))
= Y zhe,z" <—t — T).
I +1s=1 t
When a =a > 0, 8 =0 > 0, we obtain
ol maxb>

t2 7’2

ZN(WOUY — wawg) = ZI<

= > AR AL AL (1 + %) A <—r ; t).

I+ I+ I3+14=1
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We focus on the estimates of Z1w,, Z7 (1 + %) and 77 (t_TT) By Lemma
4.1, Z'w, and Z'(1 + %) are bounded by C(n,|I|). For the estimate of
Z1 (%), we perform the following calculation:

t—r s? ot

t 2t

and then
ZH -ty = > Zh(t/t+1) 2% (/)27 (s/t).
Ih+1s+13=1
We observe that t/(t +r) is C” regular, defined in {t > 1} n {t/2 < r < t},
and homogeneous of degree 0. Then, we have
1ZT (t/(t+ 1)) | < C(|1)).
The term Z!2(s/t) is bounded by C(|I])(s/t) by applying Lemma 3.7. Then
we conclude with
121 ((t/m) /)] < CUI)(s/1)?,

which proves the desired result. O
Then we have the following estimates on the null quadratic forms.

Proposition 4.2. For any null quadratic form To‘ﬁaauaﬁv, where TP are
constants, and for any multi-index I, one has

|ZI (To‘ﬁé’au&’ﬂv) |
<SCK(s/t)> > 20wz o]
|12+ L2 <1
Ok Y (|ZMuzR0p] + 2R 950 20,0)),
a,B,
[T1 1+ I2|<|I]

where K := max, g |T°‘5‘.

The importance of this estimate relies in the factor (s/t)? before the
component of dyudiv. As we will see later, the other derivative term 0,
enjoys better L* and L? estimates in our framework. The derivatives of
direction J; do not always have enough decay, and the factor (s/t)? precisely
allows us to overcome this lack of sufficient L? and L* decay.

Proof. The proof relies on a change of frame. In the semi-hyperboloidal
frame we have

To‘ﬁaaué’gv = Iaﬂéauﬁﬁv
= T0udw + T 0udyv + T8, udsv + T8, ud,v.
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Then, we have
z! (To‘ﬂ Oaudpgv)
=z! (Iaﬂéauéﬂv)
=Z" (T 0udpw) + Z' (T 0pudyv) + Z' (T*°0,udw) + Z' (T*°0,udyv)
=R1 + Ry + R3 + Ry4.
Recalling the null condition satisfied by the null form under consideration
and by Proposition 4.1, we get
i< X |Z5@T) 2% (0u) - 2 (0w)]
I+ Ta+Is=1
<CK(s/t)* >, [Z2"éw|- |20
(I |+ 2| < 1]
The term Rj are estimated directly. Recall that by Lemma 2.1, |2/ T?| <
C(I)K. Then
Ri< Y |20 28 (o) - 2 (3,0)

b,
Il+12+13=1

<SCK Y 2" (o) - 2" (9yv)].

b,
[T+ Io]<|I]

The terms R3 and R4 are estimated similarly. Then the desired result is
proved. L]

4.2 Estimating second-order derivatives

In the following sections, we will need to treat the second-order derivatives
Bos 0a0pu, where B“# are constants. A second-order operator of this form
is said to satisfy the null condition if

3
B*¢.85 =0 for &0 — )| &&= 0.

=1

Proposition 4.3. Let B*%0,05 be a second-order operator satisfying the
null condition with constants B*? bounded by K. Then, one has

| Z" (B*F 0, 05u)|
<C(n, [INK(s/t)® Y, Z'(00wu) + C(n, |INK Y. Z"(0,04u)
<]

a,o
[11]<|1]

FOm IS S |25 (@)

| | <[
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Proof. We have
B*0,05u =B73,05u + B* 0, (¥} )5 u
ZQOO Or0ru + anéa oru + EObathU + EaanQbU
+ B0, (¥ )dgu.

Recall that B is a null quadratic form, then |Z7B%| < C(n,|J|) K (s/t)?
and

|ZI§OOOt(3tu‘ < Z |ZI2§OO‘ ‘leé’tatu‘
I1+1>=1
< C(n, |INK(s/t)* > |Z"0i00u.
1<)

Also, from Lemma 2.1 |Z!B| < C(n,|I|)|B|. Then we have

2" (B 0,0m)| < ), 28" 2" 0,00
11+(;2=I

<C(n,[INK > |2"3,0:u].

a
[11]<|1]

For the term Z7' (EObﬁthu) by applying (3.1.2) we have
‘ZI(BObathUM < Z |ZIQECLO‘ ‘leatébu|
I1+1>,=1
<Cm,|INK Y |Z™ o)
1<
and
‘leathU| <|ZIIQbatu‘ + |ZI1 [Qb, at]U|
<]z a0 + 2" (15,0,
<Jzhon+ Y |2 ) 2500)
Is+14=1>
<|ZMoyom| +CtTt D |20,
|13|%|I1|

Here, we have used the estimate |Z7/(¢71L,)| < C(n,|J[). So we have
proven that

12" B 010,u| < C(n, [INK Y |Z2"8y0pu|+C(n, [INKE™" > |Z"0,ul.

b Yy
[T ]<|T| [11]<|1|
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The term Z7! (ﬁaanQbu) is estimated as follows:

|21 (B®0,0,u)| < C(n, 1)) Y. |272B™||2"8,0,yl
Iy 4Tg=1
<Cm,IDK Y, [2"8,05ul.
e

The term Z7! (BO‘B Oa (\Ifg ) Qﬁ,u) is estimated by applying the decay rate
supplied by Z7|0, (ng)‘ < C(n,|J|)t™t. This completes the proof. d

As a direct corollary, the following estimates hold.

Proposition 4.4. Let B(u, dov) be a bilinear form acting on the function
u and the Hessian form of v by

B(u, 00v) = B*Pud,dpv.

We assume that the quadratic form Baﬁé’oﬁg satisfies the null condition.
Then the following estimates hold:

|27 (B*Pudadpv)| <C(n, JINK (s/t)* >, |Z2"u||2"60,]

[N+ ] < 1]
+C(n,INK Y |Z2"u|]|2"0,0,v]
a,b

11+ I2]<]1]
4.2.1
+C(n,[INK ) |Z2"u]|Z2™0,04v] (4:212)

14175 <1
+C(n, INKt™" > |Z2"u]]|Z2™0,0),

[e%
[T+ 12]<|T|

12", B*Pudadglo| <C(n, [I)K(s/t)* >, |Z2"u||Z"0,:000]

[Ty 1+ Io]<|1]
[I2]<|T]

+Cn, | INK DY, > |Z"u||Z2"29,0,v]

a,B 1I11+]I21<|I|
[T2]<|I|

+Cn, [INK Y, > |Z2"u]|Z2"8,0,v|

a,b [ T1]+121<|I|
[I2]<|I|

+C(n, [INKt™ > 2"l |Z" 050

11+ 12]<|T]
[I2]<|I],p

(4.2.1b)
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Proof. We first establish (4.2.1a):
z! (Baﬂué’a@/gv) =71 (ﬁo‘ﬂuéaéﬁv + Baﬁuﬁaﬁlgléﬂ,v)

= > ZBB*zhuz"0,04v
IW+Ix+13=1I
+ > Bz ZR0, Y 20,0 =: Ry + R,
I+ Ix+13=1I
in which R; can be estimated as follows:

Ry= Y  ZBBYZMhuz"0,05v
11+12+13:I
= > ZBBYZMuz"9,00
Ii+Ix+13=1
+ > zZBB*zhuzRi,0w+ ), ZPBYZMuz™80,
ILi+Ix+Is=1I I+ Ix+Is=1I
+ > zBB®zhuz8,0,0.
I+ Ix+13=1
Recall that ‘ZIQO‘5| < C(n,|I|)K and |ZI§00| < C(n,|I])(s/t)?, then
|Ri| <C(n, |INK (s/t)> >, |Z"u||2"20,0,0]
||+ 12| <1

ClnIDK . [Z2"u]]|Z20,0,0]

a,b

[1l+112]<I1]
C(n,[INK > |Z"u||2"0,05v)-
|11|+(T’I§|<|I|
Observe now that |27, \IJB‘ n,|I])t~!, then Ry is bounded by
|Rol < )] \Baﬂuzhuuzha U || 220,50
Ii+Ix+1s3=1
Cln, |INKt™ > |Z"u||2"0,0].
|I1|+|?2|<|I|

Thus the estimate (4.2.1a) is proven.
Next, in order to derive (4.2.1b), we observe that

[Z7, B*Fud,05]v = [ZI,Qo‘ﬁuQaéﬁ]'U + [ZI,BO‘Bué’a\I!g/QB,]U =: R3 + Ry.
The term Rj3 is decomposed as follows:
(2", B*"ud,0,4]v
> ZBB* zhuz"0,0,v + B*u[Z',0,0,]v

Iy +Iz+13
[I2]<|I]

=2R5 +R6.
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The term Rj is estimated as follows:

Rs= >, ZBB*Zzhuz"3,0,v

I1+19+4+1I3
[T2]<|1]

= Z 7 B% 71wy, 7126,0,v

I1+19+13
[Ig]<|I|

+ > zZBBYZzhuz"8,00+ ), ZPB®Z"uz8,0,v

Iy +Ig+13 I1+Iz2+13
[Ig]<|I] [Ig|<|I]

+ Y ZBB® 7 z"9,0,
Il+12+13
[T2]<|I]

and thus

IRs| < >, |2%B™||2"u||2% 00,0

Il+12+I3ZI
[T2]<|1|

+ Z ‘ZI?’EQOHZIluHZIQQa@tﬂ

I +Io41I3=I
[I2]<|I]

+ Z ‘ZI3§0b‘ ‘leu‘ ‘ZI2(9thv|

I1+1Is+13=1
[Hal<|1]

+ > |ZBB®) |z |Z220,0,0],
I1+1Io+13=1
1Ig]<II]

hence

[Rs| <C(n, [ IDK(s/t)> > |Z"u]|Z2"0:00]

[T1]+11I2]<|1|
[I2|<|I]

+C(n,[INK Y |Z2"u]|Z2,04v]

[T1l+11I2|<|1]
[T2]<|T|

+Cn, [INK > |Z2"u||2%8,8,v].

[T11+112|<|1]
[T2]<|T|

The term Rg is decomposed as follows:

B*u[Z",0,05]v =B"u[Z',8,0,]v + B“*u[Z,d,0:]v
+ B%u[Z!,0:0,]v + B*u[Z,0,0,]v.
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Then we apply (3.3.3) and (3.3.4) and the fact that |[B%| < C(s/t)?:
‘Baﬁu[zl7éaéﬁ]v‘
=|B"u[Z", 0,0:]v| + |Bu[Z",8,0:]v]
+|B®u[Z", 6,0,]v| + |B**u[Z, 0,0,]v]
C(n, [INK (s/t)*|ul Y] |Z2" 00,0

¥,
11| <|1]

C(n, INKlul > 10,8520 + C(n, [ INKt u| > |0,27 ).
|11a|,<6|1| |11a|7<,8|1|

The term R4 is estimated as follows:
(2", B*Pud W5 0
= > BYzhuzR0,V] 20,0 + B*Pud V] (21,0, 0.

I1+Is+13=1
[T2]<|T|

Recall the additional decreasing rate supplied by |20, \If | n, | I)t~
the first term is bounded by

C(n, [ INKt™" Y |Z"u|[Z2"0 ).

[T1]+12]<|1]
al<|1I,8’

The second term is estimated by (3.3.2) and the additional decreasing rate
supplied by |Zlé’a\llg | < C(n, [I])t7*. It can also be bounded by

C(n, [ INKt™" > |Z"|[Z"00).

1]+ 12]<|1]
[I2|<|I],B

This complete the proof of (4.2.1b). O

4.3 Products of first-order and second-order derivatives

The third type of null form we treat is a null quadratic form acting on the
gradient and the Hessian, as now stated.

Proposition 4.5. Let A be a cubic form acting on the gradient of u and
the Hessian matriz of v by

A(0u, 00v) = AP0 udn05v.
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where u,v are C* function supported in the cone K. If A*PY satisfies the
null condition, then the following estimate holds for any multi-index I :

| Z" (A*P70,udndpv)|

< CK(s/t)? Z |ZIlé’tu Zbé’té’tv| + CKQ (I, u,v) + CKQo(1,u,v),
[T1 [+ 12| <1

where

(1, u,v) = Z |ZhQau‘ ‘ZI2QBQ,YU‘ + Z |ZhQau| |ZIQQbQ,yv‘
STl 5 inl<i)

+ Z |Z11Qau‘ ‘ZI2QBQCU‘
1 <
and
Qo(I,u,v) <t™? Z |21 0 - Z12050].
o, B,
11 1+1721<]1]
Proof. We observe the following relation of change of frame:
AP0, udadgv = AP0, 10,050 + APV ude (V5 ) du
= Ry(u,v) + Ra(u,v).

The term Z! Ry can be estimated as follows. Recall that |0, (\I/gl)| <<,
then

ZH (A 0,ud, (U5 )0p0) = D) AIZB o wZRd,0 - 210, (V).
Ii+Ix+13=1

Then it can be estimated as

21 (407 0yu00 (] )2g0)| < CKETH 30 |21 00uZ " 050] = 0.
14115 <1
The term R; can be estimated as follows:
Ry =A"0, 00,050
=A"00,u0,0v
+AOOCchatatv —|—A0boatuatébv —|—Aa008tUQaat’U
+ AabOatUQaQb’U + AObCQCUathU + Aaocécuéaatv + AabCQaquacv
Z=R3 (U, ’U) + R4 (u7 ’U)

where

R3(u,v) := A%00,10,0,v
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and R4(u,v) denotes the remaining terms. Then Z'R, = Z'R3 + Z'Ry.
To estimate |Z! R3|, we observe that A7 is a null cubic form so by Propo-
sition 4.1, |ZT A9 < C(s/t)?. Then

ZN(A" 0o o) = >, ZBAY . 210 Z70,0,0.
I+ Ix+13=1I
So that
27T (A"°0uo00)| < CK(s/t)* Y |Z1éw- 20,000
12|+ |12] < 1|

To see the estimates on Z/ R, terms, one just remark that by Lemma 2.1,
|Z1 A“P7| < C(I)K. Then one sees directly the controlling of Z/ R3 by ;.

Finally, by combining the estimate on Ry, R3 and Ry, the desired result
is established. 0

The fourth type of null terms we need to control is the commutator
between Z! and A.

Proposition 4.6. Let A be a null quadratic form acting on the gradient of
function u and the Hessian matriz of v by

A(0u, 00v) := AP0 ud,0pv

where u and v are C* functions supported in the cone X. Then the follow-
ing estimate holds:

[Z", A0 0, udad5)0| <CK (s/t)* >, |Z2™6uZ" 6,0,

2|+ 13|11,
[T3]<|1|

+CK Y > |2"0.uz"0,0,v|

c,a,B Ial+I31<I1],
1131<|T]

+CK Y, > |Z2"0,uz"0.0,0]

c,a, B 21+ 13|<|1],
[I3]<|I]

+CK Y, > |Z2"0,uZ"050,0]

c,a, B 21+113]|<|1],
[I3]<|T]

+tTICK Y Y 0,27 uda 2.
a,y Izl |I]-1
11 1+1121<1|

Proof. We use the change of frame formula

AP udadgv = A9 u- 0,040 + AP0 - 06 (V5 ) 240
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and find

[Z7, A%P7 0, u0005]v
:[ZI,AQBVQWUQaQB]U + [ZI’Aa,BW&’,Yuaa (\Ifgl)ﬁﬁl]v
=R1(1,u,v) + Ra(I,u,v).

We first decompose Ry (1, u,v) as

(27, A0 ud,04]v
= > ZBAZ2(0,u) 2" (2,05v) + A0 u[ZT,8,0,]v

Io+Ig+14=1,
[T3]<|T|

=:R3(I,u,v) + Ry(I,u,v),
while R3(1,u,v) is decomposed as

RS (Ia u, U)
= Z ZL"AOOOZI2 (9,5UZ13 é’tatv

Io+Ig+Iy=1,

[Ig]<|1]
+ >, ZhAYzRouz o0+ Y, ZMAMZR0uz"0,0.v
Io+Ig+14=1, Io+I3+1y4=1I,

[T3]<|I] [T3]<|I]
+ Y ZBAZRwz 0w+ Y. 21 A 20 uz8,0,0
Io+Ig+Iy=1I, Ig+Ig+Iy=1I,

[I3]<|TI] [I3]<|T]
+ Y, ZRAYZRuzBi0w+ ). ZMAMZR0uZ"0,0,v
12+I3+I4=I, 12+13+I4=I,

[T3]<|I] [T3]<|I]

+ Y ZMA%zRo .z d,0,0.

12+I3+I4=I,
[T3l<|1|

Then, we observe that A is a null cubic form and, by Proposition 4.1,
|27 A% < C(T)K (s/1)°.
Then, by Lemma 2.1, we have
‘ZI“AO‘BV‘ < K.
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The term Rs(I,u,v) is estimated as follows:
|R3 (Ia U, ’U)|
SCK(s/t)> > |Z™0wuZ™ 0,000

2| +[I3]<]1],
[I3]<|I]

+CK Y, |ZRuZB000|+CK ). |Z2%0uZ"60,0]

T2l +I13]<I1], [I21+113]<|1],
[T3]<|1| [I3]<|1]

+CK Y, |ZRowZ0,00]+ CK Y |Z"0,uZ" 0,0,

T2 +13]<I1], 12 +|13]<I1],
I3]<|1] [I31<|1]
+CK Y, |ZRouzZ™d00m|+CK Y |Z"0uZ’0,0,v|
T2 +I13]<I1], T2 +|13]<|1],
FEIRSFY [13]<|1|
+CK Z ‘ZI2QCU’ZISQ(1Q1)U‘7
[I2|+I3]<|1],
FEIRSEY

so that
[Rs(I,u,0)| <CK(s/t)> > |Z™0uZ"™ 0,000

[I2|+[I3]<|I],
[I3]<I|I|

+CK Y. >, |Z2P0.uz"0,0,v]

e, B ol +113]<|1],
1131<|1]

+CK Y, Y [Z2R0,uZ%d.0,0]

c,a, B 21+ I3|<|1],
[I3]<|1]

+CK > > |Z270,uz840.).
o Vo
The term R4(I,u,v) is also decomposed as:
Ry(I,u,v) =A"0u[ZT,0,0,]v + A0 u[ZT, 8,0, ]v
+ A%00,u[ 2T, 0,0, )0 + A0 27, 8,0 ]v
+ A% u[Z",0,0,]v + A0, u[Z", 8,0+ |v
+ A2, 0,0, v + A% u[Z",8,0,]v.
Thanks to the null condition, we have
|Ra(I,u,v)| SCK (s/t)*0u|[Z", 0,0, ]v| + CK|0.u[Z", 0,0:]v]

+ CK|owu[Z', 0,0, ]v| + CK|owu[Z", 0,0:]v]
+ CK|QCu[ZI, 010y 0| + C’K|QCU[ZI,Qaat]v|
+ CK|ow[Z',0,0,]v| + CK|0,u[Z",0,0,]v].
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Observe now that thanks to the estimates on commutators (3.3.3) and
(3.3.4), we have

o2, 010 v < C 0,u0,032" V|,
I 5 I

o,

|I’|<|I| 1
0oulZ”, 8,050 < C Y [2auf,dsZ v+ Ot Y |a,ud, 2" v,
II’\ZIII 1 \I’ILIII
and
0,u[Z",0,0.]v| < C Z 0aud 052" v+ Ct71 D |0,ud, 2" v|-
|I’\<|I| 1 II’\llll

We also note that Y. |0, u|l < CY, [0aul, so that |Ry(I,u,v)| is bounded
by
|Ra(I,u,v)|

SCK(s/t)? Y |oudadsZ"v|+ CK Y |0,ufadsZ!v|

a,B a,B,c
FAAENPIES! [T7<|T|—1

+CK Y |dauddgv| + CKt™ > [0uda 2" 0|,

a,B,c o,y
[I'<|I]—1 [I'1<|1]-1

In conclusion, Ry (I, u,v) is bounded by

|Ri(I,u,0)| SCK(s/t)> > |Z™0uZ’™ 0,000

Ha|+II3|<|I],
FEIRSE

+CK Y > |Z2%0.uz"0,0,v|

c,a,B 2| +1131<I1],
|131<|1]

+CK Y > |2%0,uz"0.0,v|

c,a,fB 121+ 1I3<|1],
[13]<|1|

+CK Y, > |2"0,uz%d,0,0]

c,a, B 2l+II3|<|1],
[Ig]<|T]

+t7'CK 2 ‘@Vuéalev

\1’I<III 1

Next, we turn our attention to the estimate of Ro(l,u,v):
Ro(1,u,v) =AO‘6767u . 6a‘11g [ZI,QB,]U
+Y Az G 20 - 210,V

Iy +Io41I3=1I,
[2]<|I]

=R5(1,u,v) + Rg(I,u,v).
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To estimate the term Rs(I,u,v), we recall (3.2.1) and the fact that
|0a\1fg | < Ct™!, so that

APV - 0,00 (21,0510 < CKETH Y |0,udpz v

By
111<|1]-1
In the same way, for Rg(I,u,v) we have
Re(I,u,0) <CKt™ > Y 02" ud, z"v].
B,y Hil+lI2|<|T]

[T2]<|1|

This establishes the desired conclusion. [l
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Chapter 5

Sobolev and Hardy inequalities on
hyperboloids

5.1 A global Sobolev inequality on hyperboloids

To turn the L? energy estimates into L™ estimates, we will rely on the
following Sobolev inequality. Here, we consider this issue in general spatial
dimension n > 1.

Lemma 5.1 (Sobolev-type estimate on hyperboloid). Let p(n) be
the smallest integer greater than m/2. For any function u defined on a
hyperboloid Hr in Minkowski spacetime R, one has

suptPlu(t )] < Cn) 3 L wlzagoer, (5.1.1)

r [Tlsp(n)
where the constant C'(n) > 0 depends only on the dimension.
This result slightly improves upon Lemma 7.6.1 in [Hormander (1997)],

since the right-hand side of (5.1.1) does not contain the rotation fields
Qab = :c“@b — xbﬁa.

Proof. Recall the relation t = 4/s? + |z|? in H, and consider any function
u be a defined in some hyperboloid H,. The restriction of the function u
to the hyperboloid JH; is

ws(x) == u(+/s% + |z|?, x).

Fix a point (f9, o) on the hyperboloid ¥, where to = /s + z3. Observe
that

awaso ('T) = Qa”((sg + |$|2)1/2, LU) = Qau(t? LU)’

where t = 4/s2 + |z|2. Then, we have

t0qws, (x) = td,u((sg + |z|)Y2,t) = Lou(t, ). (5.1.2)
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We define the following function
9so.to(Y) 1= Wsy (to y)
and note that
Gso,to (U0) = Wso (20) = u((s§ + |ol*)"/?, 20) = ulto, zo).
Applying the standard Sobolev inequality to gs,.+,, we obtain

< C(n) J 107 90,0 () [Pdy.

‘ 2
B(yo,1/3)

1950, (40)
Taking into account the identity
OaFso,to (Y) = to0aWsy (toy) = to0aws, ()
= tOQau((to + |332|)1/2,x) = tOQau(t,LL‘)),
we see that
0" Gso,t0 (y) = (tod)"u(t, z)

and, therefore,

9s0.10 (50> <C(n) J (t0) u(t, 2)) [Py
B(yo,1/3)

—cr” | (t00) u(t, 2)) " d
B((to,z0),to/3)nFHs,

Observe also the relation

(to0) ws, (z) = (to/t)" (t0) ws, (x)
= (to/t)" L'u((s2 + |=|))Y2,2)) = (to/t)’ L u(t,z).

So, when |zg| < tg/2 then ty < %so and thus

to < Cso < Cy/|x|?2 + s3 = Ct.

When |zg| = to/2 then in the region B((to,z0),t0/3) N Hs, we have

to < Clz| < Cy/|x|?2 + s3 = Ctt.

Here C' is a universal constant. Then, it follows that
2 2
950,80 (0)|” =19s0,t0 (40)]

<C(n)t5"JB( o |(t0) u(t, 2))[* dz

éC’(n)t&”J |L1u(t,a:)|2 dz,
50

which completes the proof.
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Combining this result with the estimate (3.3.5) and recalling the e-
quation (2.3.2), we arrive at the following conclusion. For clarity in the
following we use now the notation E,, . (defined in Chapter 2) in order to
emphasize the dependency of the hyperboloidal energy upon the “mass”
coeffficient ¢ in the Klein-Gordon equation.

Lemma 5.2 (L™ estimates on zero and first-order derivatives).
If u is a function supported in the cone X, then the following estimates
hold:
(a)sup ‘t(”_2)/256au‘ < C(n) Z Em,g(s,ZIu)lﬂ,
s
[T]<p(n)
(b)sup ‘t”/zéau| < C(n) Z Ep.o(s, Z1u)Y?,
o [11<p(n)
(c)sup ‘Jt”/2u| < C(n) Z Em7U(S,ZIu)1/2,
Tt 11<p(n)
where C'(n) depends only on the dimension n.

(5.1.3)

We are now illustrate our result with the case of the homogeneous linear
wave equation
Ow =0, w|sg,, =wo, OiWlscy,, = wr, (5.1.4)
where the solution w; is defined in Hpy1 N K. By the energy estimate
in Lemma 2.1, the associated energy E,,(s, Zw) is essentially conserved.
Then, by the commutator estimates 3.5 and Sobolev inequality in Lemma
5.1, we find
0, w] < Cn)t™™2,  |daw| < Cln)t="2F (12 —r?)~1/2, (5.1.5)
This is exactly the classical result but we emphasize that our proof uses
neither the explicit expression of the solution operator nor the scaling vector
field S = ro, + to;.
Now, we turn our attention to the energy and decay estimates for the
“good” second-order derivatives, tht is, derivatives such as 0,0,u. As we
will see, these derivatives have better decay than that of d,u or even du,u.

Lemma 5.3 (Bounds on second-order derivatives). For every func-
tion u supported in the cone K, the following estimates hold:
sup |t”/2sQaQau|2 + sup |t”/2sQaQau|2 < C(n) 2 En(s, ZM),
Hs s
[I[<p(n)+1

(5.1.6)
J ‘sQaQau|2dx —I—J |sQaQau‘2qu <C Z B (s, Z"u). (5.1.7)
Hs s

17)<1
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Proof. Noting that
0y =t La,
we obtain
10,,0qu| < t7YLaoul.

Then by Lemma (5.2) we obtain the first estimate. The second is a trivial
result of the expression (2.3.2). O

Remark 5.1. The energy estimates and L” estimates of d,0,u will consult
the wave equation it-self. Roughly saying, by Lemma 2.4. These estimates
will be established later.

At the end of this section, we state the L™ estimates of the solution of
wave equation (i.e. ¢; = 0).

Lemma 5.4. If u is a function supported in the cone X, then for any
multi-index J, if X5 11<1714p(n) En(s, Z'u)'? < C's¢ for any € > 0, then
one has

‘ZJU| < CClt(fn—f—l—f—e)/Q(t . 7,)(1—1—6)/2 _ Ccltfn/Qsl—f—e' (518)

Proof. When ¥/ <714 pn) Em(s Z'u)'/? is bounded by C’s¢, by Lemma
5.2, in the cone X,

|0pu| < C(n)t~ (1924 — p)=(1=9)/2,

Then the proof of (5.1.8) follows by integration along radial directions. [

5.2 Hardy inequality on hyperboloids

In this section we will establish an analogue of the classical Hardy’s in-
equality on hyperboloid. This inequality are used to control the L? norm
of the wave components in the following chapter.

Proposition 5.1. Let u be a function supported in the cone K. Then the
following estimate holds:

”5_1“”!22(9{5) SC”5_1u||132(9{13+1) + CZ HQaqu(fH

rCR [ (e + 12l
(5.2.1)
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We will rely on the following technical observation.

Lemma 5.5. Let u be a function supported in the cone X then the following
estimate holds:

L2(9¢,) < Cza} 1040 22 (3¢, )-

I
|z
Proof. This is a modified version of the classical Hardy’s inequality. We
introduce the following function as in the proof of Lemma 5.1:

we(z) :=u(r/s?+ |z|?,z).

Then we note that

Oaws(x) = Qau(\/ s? + |‘T|27x)7

and we apply the classical Hardy inequality to wj:

f Irtw, () |Pde < CJ |Vw,(z)|*de = CZJ 0 u(V/s? + r273;)‘2d$
R3 R3 o R3

< CZ J |0 ult, x)|2da:.
a YIHs

This completes the proof. O

Proof of Proposition 5.1. Recall that s> = t* — r? and introduce a s-
mooth cut-off function y satisfying

1, 2/3<m,
x(r) =
0, 0<r<1/3

We also consider the vector field (defined in X)

w - (0, 2001

(1+172)s?

and compute its divergence

DivW
XU/ =2t w2
* (14 7r2)125 (1 +1r2)1/2 roos(l+r2)Y2 (14 r2)1/2
r?t + 3t 22t 2
B ((1 + 12)252 + (1+ 7“2)34) (UX(T/t)) '
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Next, we integrate the above inequality in the region Kip 41 4, € K n
{B + 1< \/t?2 — 12 < 50} with respect to the Lebesgue measure of R%:

J DivWdzdt
X

[B+1,s0]

- Hu xtx(r/t)
=9 L o,u- rx(r/ _ dedt
Jx[B"‘l,So? (a ! (1+ ?“2)1/25 r(1+ 7“2)1/2 o
S rx(r/tu X (r/t)r
x

r s+ )2 (14 0r2)

dxdt

[B+1,s0]

- _[gc[BJrl’SO]((lrjf;)its? + a irj;f)s4) (UX(T/t))dedt
Sy RV

e[, J e
o L 0 (g + e o)
:;JBH 1(s)ds + JB To(s)ds + JSO T3(s)ds,

+1 B+1

where

T — 95 LC (s/1) <6au- rx(r/Hu - a%tx(r/t) )d:z:

(1+r2)2s r(1+1r2)1/2

t)
<951 _rux(r/t) 1(5/t)0qut]| 12 x(r/t)ztr (1 4 r2)71/2 -
s(1 +r2)1/2 g{sza:' HL
t)
<05 XD S d il o,
s(1+r2)1/? %sza] )
o u rx(r/u X (r/O)r
Ty = —2s JS}C (S/t) ( +T2)1/2 (1_|_7,2)1/2dx
|| rux(r/t) —1 / —1/2
<C's m . ||U7“ HL2 rX (T/t)(l + r’ HLJO(S{ )
t)
<os|rextr/t) 0,1l 2ot
8(1 +7“2)1/2 LQ(%S); FaRILA (L)

T; < 0.

178

Hs)



We write our identity in the form

d
< (J Didexdt) T+ T+ Ty (5.2.2)
dso \ Jk

[B+1,s0]

and obtain

a4 ( J Dideq:dt)
dSO K

- (5.2.3)
1) 2.
< O Tux(r/t) 0o ) |
N PN Lz(j{s);(”(s/) lL2c) + [2aulz23c,))

On the other hand, we apply Stokes’ formula in the region X[p,1 ], and
obtain

-
DivWdxdt
YK[B+1,50]
-
= W nda—i—f W - ndo
JHs, Hpi1
r 2 2
= ‘ux r/t)s| d$—J ‘ux r/t)s 1| dz.
JHs, 1+ Hpi1 1

Differentiating this identity with respect to sy, we find

d d r?
— DivW = — -1
o0 (J:K iv d:z:dt) dsg (Lc 5,2 |uX r/t)s ‘ daz)

[B+1,s0]
d | rux(r/t)

rux(r/t)
3(1 +T2)1/2 L2(g{so)d30 3(1 +7"2)1/2

L2(3s,)
(5.2.4)
Combining (5.2.3) and (5.2.4) yields us
d | rux(r/t)
dso | s(1 + r2)1/2

< Osgt ) (12aull2(3e.) + 120tz (3c, )
L2(Hsy) a

Then, by integrating this identity on the interval [B + 1, s], we obtain

Hr(l +r2)_1/2x(7’/t)5_1uHL2(g{ ) < H?" (1+ Tz)_l/zX(T/t)S_luHLz(HBH)

Oy j L2l e, + 12,1l 2 oc, )

(5.2.5)
Furthermore, we observe that, in the region X 4], there is a positive
constant C'
x(r/t)r
) < C——"—.
X(T/ ) (1 +7")1/2
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Then by Lemma 5.5, we find
Ix(r/t)s ™ ul L2 gac,) <Clr(L+r) " Px(r/t)s™ ull 2 gac,)

<Cs™ | a0

+CX [ (Rl + 12l

B+1
(5.2.6)
Furthermore, we observe that in the cone X,

(1—x(r/t))s~t < Ct™1.
Hence, by Lemma 5.5, we have

(1= x(r/t)us™ zagoe,y < 1t ulzzor,) < C Y I0aulzeoc, -

Combining this with (5.2.6), we obtain the desired result. O
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Chapter 6

Fundamental L* and L? estimates

6.1 Objective of this chapter

We begin the discussion of the bootstrap arguments and assume that (2.4.5)
hold on some time interval. Our aim is to derive additional estimates
which follows from these assumptions. In the present chapter, we are able
to deduce several L? and L™ estimates on the solution and its derivatives.
These rather direct estimates will serve as a basis for the following Chapters.
The estimates we are going to now establish are classified into two groups:
L? estimates or L™ estimates:

e The L2?-type estimates are classified into two generations:

— The estimates of the first generation are immediate conse-
quences of (2.4.5).

— The estimates of the second generation are deduced from those
of the first generation, by recalling the commutator estimates
(cf. Lemmas 3.4 and 3.5). These are the L? bounds that will
be more often used in the following discussion.

e The L™-type estimates are also classified into two generations:

— The estimates of the first generation follow immediately from
(2.4.5) and the Sobolev inequalities (5.1).

— The estimates of the second generation are deduced from the
ones of the first generation and the commutator estimates in
Lemmas 3.4 and 3.5.

In the following, the letter C' will be used to represent a constant who
depends only on the structure of the system (1.1.2), that is, the number
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of equations ng, the number of wave components jy, the Klein-Gordon
constant ¢;, and the structural constant K.

6.2 L2 estimates of the first generation

From the structure of the energy given in (2.3.2) and the energy assumption
(2.4.5), the following estimates hold of |I¥| < 5 and |IT| <

Z H(s/t)éoéZﬂwiH]_J2 —1—2 |(s/t)2, 71 wzHL2 ) S C’C’les (6.2.1a)

ZH 5/t)0a 2" Wil 1290 +Za]2H (5/1)0,2" Wil| 2 e < CCres’’?, (6.2.1b)
: S 0.2 wi i € OO 6210
iZHQazﬂwz‘HLzms) < CChes’?, (6.2.1d)
S 2 ey € O 6210
S 17 el < CCres 62

By taking 2" = 0,21, 21" = 0,21, zI" =19, 21" = H,Z!" and Z!' =
td, 7! = H,Z' in (6.2.1e) and (6.2.1f), we have especially the follovving
estimates on Klein-Gordon components for |IT| < 4 and |I| <

) [0aZ" 8] 2 o +2 022" vr] 2 g0, < CCres”, (6.2.22)
gua 2 PP +ZZ]QH@ Z'01] 2 9¢.) < CCLes™?, (6.2.2b)
’ ) \!tﬁaéIT”f\\Lz<ﬂs) < COpes’, (6.2.2¢)

5,2 < CCRST™ 6220

za

The estimate on 0,7 Iy in (6.2.2a) is covered by the estimate on 0; 7 I vy
and the estimates on 0, ZI vy.
For any |I| < 3, we deduce from (2.3.2) and (2.4.5e) the following esti-

mates for the wave components:

2 l(s/000 2" il o ey + D3 N(/020 2" ] 25, < CCres (6.2.30)

22,2 ) o ¢, < CCre (6.2.3b)

a,r
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6.3 L2 estimates of the second generation

By using Lemma 3.5, we can commute the vector fields under consideration
and, by relying on the estimates established in the previous section, we
obtain the following result.

The first group of estimates is obtained by (3.3.1), (3.3.2) and (6.2.1):

SN2 00w agge, + 2 (/27 2] 2 g, < CCaes®, (6.3.12)

7,Q 7,Q

ZH /02" 6awi] o e, +ZH $/0 2" 23wi 12 50, < CCres™2, (6.3.1b)
212" dawn] o, < CCres”, (6.3.1c)
Z |2 04wi] Layae,, < CCres™?, (6.3.1d)
D2 05 25, < CCres, (6.3.1¢)
7
212" 0 o, < CCaes”. (6.3.1f)

The second group of estimates follows from (3.3.1), (3.3.2)s and (6.2.2):

Z 12" ave] o . +Z |27 00vr] 2 g, < CCres’, (6.3.22)
Z HzlaawHLz y T 2 127 0,07 HL2 ) S CChes®?, (6.3.2b)
2" 5] < O 6320
Z [t2" 0,07 2 3¢, < CCres®? (6.3.2d)

The third group of estimates follows from (3.3.1), (3.3.2), and (6.2.3):
Z |(s/t) )Z10 uluLQ(:}C ) —I—Z |(s/t) VAL uZHLQ(}C ) S < CChe, (6.3.3a)

’LOL
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22" 00w o e, < CCre (6.3.3b)

7,a

The fourth group of estimates concerns the second order derivatives.
The first is deduced form (5.1.7), (2.4.5a), and (2.4.5b), while the second
is deduced from (5.1.7) and (2.4.5e):

S 152,252 il ngpey + 3 (50522 w2y < CCres’s (6340
a,B,i a,fB,i

Z HSQaQBZIwiHm(:J{S) + Z HSQBQaZIwiHLz(:}{S) < CCres®?, (6.3.4b)
a,B,i a,B,i

> |Is2a25 ZﬂUsz(}cs) + > |s850, ZI"WHLQ(%S> < CChe,  (6.3.4c)

a’ﬁfl\ a7/676:

where I” denotes the multi-index of order not bigger than 2. We can also
use estimates on commutators (3.3.4) and get:

S 152" 8,250l o, + X 152" 20015, < CCres”, (6:350)
a,B,i a,B,i

5 1520250y + 3 57000 < O, (6350
a,fB,i a,B,i

Z HSZIanQﬁ“?H:J{S + Z HSZIbﬁﬁéaWH}CS < CCqe, (6.3.5¢)

a’/67€ a”/67€

Finally, we have the L? estimates for the wave components themselves:
for all I <5 and all |IT| < 4,

Hs_lZIﬂugHLz(j{S) < CChes® ! (6.3.6a)
HS_IZITWHLQ(%S) < CChesd?, (6.3.6b)
[t71 2w o g0, < CCrhe. (6.3.6¢)

The first two inequalities are direct results of (6.2.1a), (6.2.1b), (6.2.1c),
(6.2.1d) combined with lemma 5.1. The last inequality is a result of Lemma
5.5 combined with (6.2.3b).

!Here if we want to be more precise, C = C'(Cy/C1 + 1 + 1) where C’ is a constant
depending only on the structure of the system. We see that it also depends on Cy and
d. But as we can assume that 1/12 < 6 < 1/6 and C1 = Cp, we denote again by C here
and regard it as a constant determined by the structure of the system.
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6.4 L™ estimates of the first generation

IFor convenience i the presentation, we introduce here a new convention
(which parallels the index convention already made in (2.4.1)):
J¥% multi-index of order < 3,
JT: multi-index of order < 2, (6.4.1)
J: multi-index of order < 1.
Now we give the decay estimates based on the energy assumption (2.4.5)
and the Sobolev-type inequality given in Lemma 5.1.

The first group of inequalities follows directly from (5.1.3), (2.4.5a), and
(2.4.5b):

sup (3t1/2|0aZJuwj|) + s;clp (stl/Q‘QaZJﬂij < CCjes® (6.4.2a)

S

S}ICJp (st1/2|é’aZ‘]ij|) + S;flp (stlm‘QaZﬂij < CCles®? (6.4.2b)

sup (t3/2|QaZJﬁij < CChes’ (6.4.2c)
g—cs
sup (t3/2|QaZ‘]ij|) < CCles®? (6.4.2d)
Hs
sup (t3/2|ZJﬁvj|) < CCLes®. (6.4.2¢)
Hs
sup (t3/2|ZJT'UJv|) < CChes®?. (6.4.2f)
:H:s

The second group of estimates is a special case of the second one by
taking 27" = 0,27, 27" = H,Zz7" =10,27", 27" = 0,27 and 77" =
H,77 =t0,77 in (6.4.2e) and (6.4.2f):

Sup (t3/2|6aZJTv]v|) + S:}lgp <t3/2|QaZJTUjD < CCyes’, (6.4.3a)
sup (t3/2|5aZijv|) + sup (t3/2|QaZJUj|) < CCyes’?, (6.4.3b)
s Fs

sup (t5/2‘QaZJTUj|) < CCyes’, (6.4.3c)

S

185



sup (t5/2‘QaZJ’Uj|) < CCyes’?, (6.4.3d)
s
The estimates in the third group follow from (5.1.3) (a) and (b) com-
bined with (2.4.5e):

sup (st'?[0,Z27uz|) + sup (st¥?(0. Z7uz|) < CChe, 6.4.4a
3¢ k ¢ « k

sup (t3/2|QaZ‘]uE|> < CChe. (6.4.4b)
s

The fourth group concerns the “second order derivative” of the solution.
They are deduced from (5.1.6) and (2.4.5):

sup (t3/2s‘QaQaZﬂwj|) + sup (t3/25|QaQaZJij|) < CCres®,  (6.4.5a)
Hs Hs

sup (t3/28|QaQaZ‘]wj|) + sup (t3/2$|QaQaZ‘]wj|) < CCres®?,  (6.4.5b)
:]_C g—CS

S

sup (t3/23|QaQau5|) + sup (t3/25‘QaQauj‘) < CChe. (6.4.5¢)
H s

S

6.5 L™ estimates of the second generation

The estimates in this section follow from the first generation L™ estimates
established in the previous section, combined with commutator estimates
in Lemma 3.5.

The first group of estimates are results of (3.3.1), (3.3.2) combined with
(6.4.2):

sup stl/QZJué’aw- + sup stl/zZJﬁQ w;i| < CCLes®, (6.5.1a)
3¢ J o o hadV)
sup st1/2Z‘]T6aw~ + sup st1/2ZJTQ w;| < CCLes®?, 6.5.1b
J 5 ]
sup |t3/2Z‘]ﬂQawj| < CChes?, (6.5.1c)
sup ‘t3/2ZJTQawj‘ < CCles®?, (6.5.1d)
Hs
sup £3/2 7%y < CChes?, 6.5.1e
i

S
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sup|t3/2ZJTvE| < CChes®?, (6.5.1f)
H

S

The second group consists of the following estimates. They are results
of (3.3.1), (3.3.2) combined with (6.4.3)

s;{1p ‘t3/2ZJT&avj‘ + s;{1p ‘t?’/zZJTQaUﬂ < CChes®, (6.5.2a)
Sgl_{lp |t3/2ZJ8avj| + Sjl{lp ‘tS/ZZJQavﬂ < CChesd?, (6.5.2b)
s;clp |t5/2ZJTQavj| < CChes?, (6.5.2¢)
s}tgp |t5/QZJQavj| < CChesd?. (6.5.2d)

S

The third group consists of the following estimates which are direct
results of (3.3.1), (3.3.2) combined with (6.4.4).

sup |st1/2Z‘]6’auj‘ + sup |st1/2Z‘]Qau5| < CChe, (6.5.3a)
Hs Hs

sup |t3/2ZJQau5‘ < CChe, (6.5.3b)
s
The estimates of fourth group are deduced from (3.3.4) and (6.4.5a) and
(6.4.5¢).

sup (t3/2sZJTQaQawj) + sup (t3/2sZJTQaQawj) < CChes’, (6.5.4a)
g{s g{s

sup (t3/stJQaQawj) + sup (t3/2sZJQaQawj) < CCles®?, (6.5.4b)
J‘Cs g{s

s;clp |st3/2QaQ5uﬂ + S;flp ‘st‘gpéaébuﬂ < CCqes. (6.5.4c)

We finally can write down the decay estimates for the wave components,
which follow from Lemma 5.4 combined with (2.4.5):

sup (t3/2s_1|ZJﬂug|> < CCLes’, (6.5.5a)
s

sup (t3/23_1|ZJTu;|) < CCles®?, (6.5.5b)
FHs

sup (t3/25_1|Z‘]ug|) < CChe. (6.5.5¢)

S
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Chapter 7

Second-order derivatives of the wave
components

7.1 Preliminaries

The estimates derived in this chapter concern the terms u;0,0gu;, while
the phrase “second-order derivatives of wave components” refers here to
the terms

é’aagZIug, Zfﬁaagw.

Controling these terms is particularly delicate, in comparison wiht the es-
timate already derived in previous chapter. Our strategy here is as fol-
lows. We will analyse the structure of the second-order derivatives of the
wave components and we will see in the following section that the only
“bad” component of the second order-derivative is dy0,usZ Tu or equiva-
lently, 0;0;Z u;. Then in the third section on will analyse the estimate on
0.0:Z'u; and give a general description. The proofs are presented in the
last two sections.

The aim of this section is to prove that in order to get the estimate
on 0,082 Tuz, we need only estimate 0,0, Z”u; since of the better estimates
enjoyed by the other components of the Hessian matrix of Z/u;. More
precisely, the following estimate will be established:

Lemma 7.1. Let u be a C* function compactly supported in the half-cone
K = {|x| <t—1}. Then for any multi-index I the following estimate holds:

10002 u| < |0:0:2"u| + C' Y |0,05 2" u| + 92 10,2 ul,
a,B ¢ Y

where C is a universal constant.
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Proof. We recall the following relation based on the change of frame (be-
tween natural frame and semi-hyperboloidal frame):
I, o' b I B’ I
=00,090,0, 2 u+ > WO W%0,0,2"u
b

+ 3 0W00,0, 2 u+ Y WaWY0,0,Z u + 0a (V5 ) 252 .
a a,b

Observing that

<

n_C
e 2
0V | <~

and

[0,,0:1(Z"w)| < Ct Z 10aZ"ul,

we can estimate the term
1010, 2 ul + > 110,0,2"ul < Y 110,052 u + Ct™1 Y 0,27 ).
b a,b a,B 0
then the desired result is proved. L]

Now we consider the case under energy assumption (2.4.5). Then the
following estimates hold.

Lemma 7.2. Under the assumption (2.4.5), the following L* estimates hold
for [I'] < 4,|1°| <2

5% 20008 2" wi] 12 g, < [5°4720:0.2" i 2, + CChres®,  (7.1.1a)

+ CCres®?,  (7.1.1D)

l2c,

|52 0a05 2" ua] a5,y < 5% 0002 ] 1o

H33t—2aaagzlbuium(j{s) < H33t—2atatszu?”m(%s) +CCre.  (7.1.1c)

And the following L™ estimates hold for |JT| < 2:
sup |s3t_1/26aé’gZJTu| < sup |33t_1/26té’tZﬂu| + CChes, (7.1.2a)
s

S

sup |s3t7120,05 27 u| < sup |s37Y20,0,Z7 u| + CCres®/?, (7.1.2b)
Hs s

sup |s3t7120,0gu| < sup |3t~ Y20,0,u| + CChe. (7.1.2c)
FHs

S

Proof. The estimate (7.1.1a) is a combination of Lemma 7.1 and the esti-
mate (6.3.4a) while (7.1.1c) is a combination of Lemma 7.1 and the estimate
(6.3.4c). For the L™ estimates, we combine Lemma 7.1 with (6.4.5). O
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7.2 Analysis of the algebraic structure

The aim of this section is to establish a general estimate on the term
0:0:Z u; by making use of the identity (2.2.8). The strategy is to express
the term 0;0; Z1u; by other terms in (2.2.8).

In this first lemma, we establish the algebraic relation between 6,0, 2 u;
and the remaining terms which decrease faster.

Lemma 7.3. Let Utt(I) = (8té’tZIu1, 8t8tZIu2, ey 8té’tZIuj0)T whach is
a jo— dimension vector and L, be the jo— dimensional matriz of identity.
Then the following relation holds:

((s/t)°L;, + G(w, 0w)) Uy (1)
= ([2",G°0,0,)u; — Qa1 w, dw, d0w) + Z' B + R(Z'wz)) ., (7.2.1)
where
(G(w, 8w))€’§ = (ngo(w, 6w))AJA,

1S a Jo X jo order matriz and

Qc:(I,w, 0w, 00w)

= Z1 (G2 (w, 0w)d,0ruz + G (w, 0w)drdyus + GL™ (w, 0w)dy 0y u;)

+ 71 (Gga'g(w, 8w)Q5,u55a‘Ilgl) + 77 (Ggo"g(w, 0w)000305)
and
R(Z"uz) := — m 030, 2" uz — m™ 0,00 2" uz — m** 0,002 uz
+m® (0,95 )05 2 us.

We note that the term Z!F; and (), are bilinear terms which can be

expected to enjoy better estimates. The term R(Z%u;) contains only the

“good” second order derivatives and can also be expected to enjoy better
estimates.

Proof. Recall the identity (2.2.8) with the function Z1u;
(s/t)?0000 2" vz =02 vz — m®* 040, 2" uz — m* 0,002 s
—m®0,0, 2wz + m* (9,95 )0 27w (7.2.2)
=02"u; + R(Z1, ug).
By equation (1.1.2), the first term in right-hand side can be written as
OZ7u; = Z'0u; = =27 (G%Q'B(w, Ow) 0 dpw;) + Z' (Fo(w, 0w)).
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where
G (w, 0w)dndpw; = GI*P (w, 0w)dadsu; + GI*° (w, dw)dndsvy
and
G2 (w, 0w)dadpuz = GI* (w, 0w)d D guz + G (w, 0w)d g uz0a V5
Then, we have
2" (G (w, 0w)dadpu;)
= 2" (G (w, dw)2a@5u3) + 2" (GIF (w, du)@u500 W5 )
=71 (G 0,0,u5 + G1*°0,04u5 + G 0,0, u5
+ G0, 05u3) + 21 (GIP (w, 0w) 210, T )
=G (w, 0w) 0,0, 2 uzy + [ 21, GI*° (w, 0w) 10, uz
+ 2! (GI" (w, 6w)2rdyuz + GI* (w, dw)d, Oruz + G2 (w, dw)d, 0y u7)
+ 21 (GI (w, 0w) 0 gruzda W ).
So we conclude with
021wz = — G (w, 0w) 010, 21wz — [ 27, GI° (w, 0w) 0,0 ]us
— Z1(GI" (w, 0w) @, 0ruz + G (w, dw)d;dyuz + G (w, dw),dyus)
= 2(G* (w, 0w)2pu0a ¥ ) — 2" (GIF (w, 0w)2adpvy)
+ ZTF(w, ow).
Substituting this into the equation (7.2.2), we obtain
(s/t)20,:0: 2 uz + GI™° (w, 0w) 0,0, Z w5
—[2", G2 (w, 0w)é,0,]u;
— 21 (GI* (w, 0w)2,0,uy — G2 (w, dw) 0,y uz — GI™ (w, 0w)d,,0yu15)
= 2 (w, 0w)2u0a ¥ ) — 2 (GIF (w, 0w)2adpvy)
+ Z' B(w, ow) + R1(Z",uz)

and the desired result is proven. O

Now we derive estimates from the algebraic relation (7.2.1). A first step
is to get the estimate of the inverse of the linear operator (I;, + (¢/5)*G).
We can expect that when |(¢/s)?G| is small, (I, + (t/s)*G) is invertible
and can get estimate on Uy ([) form (7.2.1).
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Lemma 7.4. If the following sup-norm estimates
|Ouz| < CCret= 2571, |0vy| < CCret™3%4,

7] < CCLet™%s°,  |uy| < CCret™*/%s

hold for some CC1ie sufficiently small, then the following estimate holds:

10:0: 7 us| <C(t/3)2(|[ 21, G000, ]| + | QoI w, dw, dow)|
+|Z' B+ |R(Z"w))).

(7.2.3)

(7.2.4)

Remark 7.1. (7.2.3) can be guaranteed by the energy assumption (2.4.5)
via the L™ estimates (6.5.1), (6.5.2), (6.5.3) and (6.5.5).

Proof. By the structure of G(w, dw)

700 1300~k ~ F00vk A 700k, 700k
G = A0 g + A0 vy + B g + By vy

Taking into account the assumption of (7.2.3),
IGI| < CCye(s/t)?.

When CCie sufficiently small, the linear operator I, + (¢/5)*G(w, dw)
is invertible (viewed as a linear mapping from (R, || - |,) to itself) and
I(L;, + (t/5)>G(w, 0w)) | is bounded by a fixed constant. Then by
Lemma 7.3, we have
(s/t)20:0:Z uy =(1;, + (t/5)*G(w, dw)) ™

([Zf, GI6,0,]u; — QeI w, dw, 0ow) + Z'F; + R(qug))A

(A
and so

((s/1)%0,:0: 2 uz| <C(|[27, G200, ]uz| + |Qaa(I, w, dw, dow)))
+C(|Z'B| + |R(Z'w))).
O

Then we need to estimate the terms appearing in the right-hand side
of (7.2.4). We observe that the term [Z7, Ggooé’t@t]uj contains the factor
0:0+Z” u; which is also a “second-order” derivative but with |J| < |I|. This
structure leads us to the following estimates of induction type. Recall again
our convention: Z! = 0 when |I| < 0.

Lemma 7.5. Followed by the notation of Lemma 7.3 and 7.4, the following

induction estimate holds
1000:Z7us| SCK(t/s)* > (12"70wi| + |2"wi])]0:0: 2" uy]

[I1 ]+ Io]<|T]
[I11<|I],7,5,

+ C(t/3)*Qr;(1, w, dw, 00w) + C(t/s)?|Qas(I, w, dwdow)|

+ O(t)s)2|Z B + O(t)s)?|R(Z ws)],
(7.2.5)
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Qro= >, >, (1220w +12"2w;|) (12,052 uz| + 710+ Z" ug))

[11+]12]<1I] a,B,v
[T I<IIl,v,5,5

Proof. This is purely an estimate on the term |[ZI,Q?08t6t]u5|. The
estimate on this term is as follows:
(2", G100 s = . Z2(GP°) - 2" (Bi0vug) + G212, 0001 uy.

I]_+12=I
11 ]<|1|

(7.2.6)
Remark that S ok o
22(G37)| <[ 2" (AT 0 wi) | + 27 (B wi)|
<CK ), (|200yw)] + 2" w]).
TN
Then the first term in right-hand side of (7.2.6) is bounded by
CK Y. (1Z2"0yw;| + 12" w;|)| 2" 640,uj).
<)
Recall that
|ZI:L @tatuﬂ < |(9tatZ11u5| + |[Z11,8t8t]u5\,
and, again by (3.3.3) and Lemma 7.1,
(2", 00 ]usl < D) 100612 u5) + C Z 10,052 " 5]

Is|<|I
[Is|<[ 1] |13|<|11|

+Cth > 0,25 uy).
I31<1, |
Then the first term of the right-hand side of (7.2.6) is bounded by
CK >, (12%0,w;] + 2" w;)]0:0: 2" ug]

[I1 ]+ I2|<|T]
[T11<IIl,7v,3,3

+CK Y > (1220w;] + 122 ws)) (10,852 ug| + 710, 2" ug)

[Ty |+ I2l<|T| a,B,~'

[Ty 1<II],7v,3,3

Similarly, the second term of the right-hand side of (7.2.6) is estimated
as follows: by (3.3.3) and Lemma 7.1,

(21, 8,0,]us) < C Z 1060527 us

IJ\<|II

<C > |00 Z7ug) +C Z 10,0527 u5)
|71<1] .

+Ct Y 10,27 ug).

v
ARSFY
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Combined with the following estimate

G < CK Y (|0yw;| + Jwyl).

7Y

Then the second term of right-hand side of (7.2.6) bounded by

CK 3, (05| + uws]0idiz” ]
|J|<|I|

+CK Y (10w;| + |[wi]) (18,0527 uz + t7 18y Z7uz)

3577,
[JI<]I]

and the desired result is proved. L]

7.3 Structure of the quadratic terms

The aim of this section is to analyse the structure of the quadratic terms
Q17 Qc; and Z! F5. We emphasize that some components of these terms
satisfy the null condition and we can use it to make the estimates a bit
simpler, but we prefer to avoid the use of the null structure here in order
to show the independence of these analysis on this structure. First, we
study the term Q7; and note that the Q)7;’s are a linear combination of
the following terms with constant coefficients with |I1| + |I2| < |I|:

|ZIQ&’ UE| |0, aﬁzlluﬂ |ZIQa vE| 12, @leluﬂ,
1250z 0,057 gl 12720 102252 51,
U0 0y Z ), Y2010 0,
tHZ2ug |10y 20 gl 7 Z 0] 10y 21 g,

(7.3.1)

195



Then, we consider Qg5
Qa1 w, 0w, d0w)
=71 (G (w, 0w)d, 0ru; + G (w, dw)drdyuz + GI* (w, dw)d, dyuy)
+ 21 (G (w, 0w) 25130605 ) + ZT(GI* (w, 0w) 00 d5vy)
— 71 (A0, uzd, dpus + BI M ugd, vy + AT 050, 0
+ B0, 00u)
+ 21 (A% uzd,0,u5 + BPuz6,0,u5 + AP v 6,0,
+ B4 0,8,u5)
+ 21 (A%, uzd, 0yus + BIuzd,8,us +AJ“’”ka ;0 0y U5
+ B 00,0,u5)
+ 2N (AP0 0z 05050285 + BI*ug 0 550,05
+ AP 005,150, 5 + BIF 00050, 07
+ 2 (AT 0z 00005 + AP0 02000505 + BI 0 000507,
Let K := maxq, g0 5 {A7*°7", BI*P} and remark that by (2.1),
2" AR 12" Bl < (DK,

Then we observe that Qg4(I,w,dw,d0w) is a linear combination with
bounded coefficients of the following terms:

z! (w2, (%ui) z! (U{QGQBUj), z! (u30:0,u5), z1 (v5010,u5),
Z'(0,u:0,05u5), Z'(0,vi0,05u3), Z'(0,us0idquz),  Z'(0,vi0ed,u5),
ZI( Vi uzaﬁ,u]) ZI(aa‘Ilg/U;Q@uJA),
210,95 0,wdguz),  Z1(0aV) 0vidgus),

(

Z1 (vy0,, 651)]) (67ugé’a65v5), z! (&,v;&’aé’gvj)
(7.3.2)
Then for the term Z!F;, recall its definition

7' =71 (P;‘ﬁjk&awj&gwk + Q?jkvzé’awj + ngvjvvﬁ)
We classify its components into the following groups:

Oau;08Uz,  OaViOpWi, VyOaWj, UjUL.
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We regard Z! F; as a linear combination with constant coefficients bounded
by K of the following terms:

z! (6au5@3ug), z! (8av58,3wk),
7' (vpfavs), 2" (vyvg)-
Then the estimates on 0,0; Z u; turn out to be the estimates on these terms
listed in (7.3.2) and (7.3.3).

(7.3.3)

7.4 L% estimates

The purpose of the section is to establish the L* estimates on 6;0;Z” u; (and
then 0,052 u;) under the energy assumption (2.4.5). It is a combination
of the estimates on the terms Qr;, Qcs, ZJTFg and R(ZJTU;) with Lemma
7.5. So first we estimate these terms in the following two lemmas.

Lemma 7.6. Under the energy assumption (2.4.5), the following estimates
hold for any |JT| < 2

177 Bl < CKt3/257 149, (7.4.1a)
1Qa:(JT, w, dw, dow)| < CKt3/257149, (7.4.1Db)
Qr:(JT, w, dw, ow) < CKt=3/2571+9, (7.4.1¢)

IR(Z7 w;)| < Ct=3/257 18, (7.4.1d)

Lemma 7.7. Under the energy assumption (2.4.5), the following estimates
hold for any |J| <1

|ZFs| < CKt=3/257149/2, (7.4.2a)
Qa3 (J, w, dw, 0ow)| < CKt 3257 1+9/2) (7.4.2b)
Qr;(J, w, dw, dow) < CKt=3/271+9/2, (7.4.2¢)
|R(Z7uz)| < Ct—3/2571+9/2, (7.4.2d)

Lemma 7.8. Under the energy assumption (2.4.5), the following estimates
hold:

[Py < CKt™3/2s71, (7.4.3a)
1Qc:(0, w, dw, ow)| < CKt=3/2s71, (7.4.3b)
Qr;(0,w, dw, dow) < CKt=3s, (7.4.3c)
|R(us)] < Ct737s71, (7.4.3d)
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The proofs of these two lemmas are essentially the same. We compute
the relevant terms and express them as linear combinations of some bilinear
terms, then suitably estimate each of them. The difference of the decreasing
rate between these two lemmas is the due to the difference of regularity.

Proof of Lemma 7.6. The estimates of |Qg;(JT, w, dw, 00w)| are as fol-
lows. Recall that Qg.(J',w,0w,d0w) is a linear combination of the
terms listed in (7.3.2) with the index I replaced by J'. We estimate of
77" (u30,0u5) in detail:

2 (o) < Y |2 ul| 270,00
Jo+J3=J%

= \UgHZJTQa&tuﬂ + ‘ZJZuQHZ‘hQaatUﬂ + |ZJTu;HQaatu5|.

Then when J; = 0 and J; = J', we apply (6.5.5¢) and (6.5.4a); when
J3 =0and Jo = J, we apply (6.5.5a) and (6.5.4c); and when |.J5| = 1 and
|J3| = 1, we apply (6.5.5¢) and (6.5.4a);

127" (wi,00u7)| < C(Cre)* 340

For the other terms, we will specify the L™ estimates to be used but
omits the details. This makes the following list:
Here the in the different colones represent the different partition of J¥ =
Ja + J3. (a,< b) means |Ja| = a, |J3| < b. In the last colon, we specify the
decreasing rate obtained directly by applying the given inequalities (modulo
the constant C'(Cye)?). The first number of inequality is that used on the
first factor and the second number of inequality is that used on the second
factor.
Product (2,<0) (1,< 1) (0,<2) Decreasing rate
uz0,05u;5 (6.5.5a), (6.5.4c) (6.5.5¢), (6.5.4a) (6.5.5¢), (6.5.4a) t3s0
v;70,0gu; (6.5.1e),(6.5.4c) (6.5.1e), (6.5.4a) (6.5.1e), (6.5.4a) t=357 1420
up0:0,uy (6.5.5a), (6.5.4¢c) (6.5.5¢), (6.5.4a) (6.5.5¢), (6.5.4a) t=3s°
v;010,u; (6.5.1e), (6.5.4c) (6.5.1e), (6.5.4a) (6.5.1e), (6.5.4a) ¢35~ 120
( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

Q,YU{QGQBUJA 6.5.2a), (6.5.4¢c) (6.5.2a), (6.5.4a) (6.5.2a), (6.5.4a t—3g—1+20

0,uz0,0gu; (6.5.1a), (6.5.4c) (6.5.3a), (6.5.4a) (6.5.3a), (6.5.4a t2g72+9
Product (2,<0) (1,<1) (0,<2) Decreasing rate
Qvu;é’tﬁauj 6.5.1a), (6.5.4c) (6.5.3a), (6.5.4a) (6.5.3a), (6.5.4a t—2g7249

0., v50:0,uz (6.5.2a), (6.5.4c) (6.5.2a), (6.5.4a) (6.5.2a), (6.5.4a)  t~3s~!1+2°

( ) ( ) ( ) ( ) ( ) )

( ), (6.5.4¢) ( ) ( ) ( ) ( )

v0ad5v; (6.5.1¢),(6.5.2a) (6.5.1¢), (6.5.2a) (6.5.1¢), (6.5.2a) ¢ ~3529
0,u704,05v5 (6.5.1a), (6.5.2a) (6.5.3a), (6.5.2a) (6.5.3a), (6.5.2a) ¢t~ 2s~1+20
0,070,005 (6.5.2a), (6.5.2a) (6.5.2a), (6.5.2a) (6.5.2a), (6.5.2a) t3520
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Taking into account the fact that s < Ct < Cs? and § < 1/6, we conclude
that these terms are bounded by C(Cje)?t=3/2s= 149

There are again the following four terms of ()g;, which are estimated
differently:

7z (0a\I/gIUgQB,u5) , 7z (8a\llglz);@ﬂ,uj) ,

27 (0a95 0w gug), 27 (9200 0,00 u5).
By observing that |ZI(3a\I’g/| < C(I)t™1, these terms can be estimated by
C(C1e)*t=35%°. We give the proof for Z/1 (8,1\1!?1@@5,@7):

A

27 @ty < D) 120V 25 - 270
Jo+Js+Ja=J1
<Ot Y (2| |27 8] < OF Cret YR Oy 1210
| T2 |+ T3] <| 7]
=C(C1e)%t 3% < C(Cre)?t3/2571H9
where we recall that 6 < 1/6 and (6.5.5a) and (6.5.1a) are used. The

other terms are estimated similarly, we omit the details and list out the
inequalities used on each term and each partition of indices:
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terms (2,<0) (1,<1) (0,<2) Decreasing rate

t71 22w 2730 5u; (6.5.5a), (6.5.3a) (6.5.5¢), (6.5.3a) (6.5.5¢), (6.5.1a) t=3s9

t71Z%20;2%0gu; (6.5.1¢),(6.5.3a) (6.5.1¢), (6.5.3a) (6.5.1¢), (6.5.1a) 25~ 1F2
t1Z"20,u; 272 0 gouz (6.5.1a), (6.5.3a) (6.5.3a), (6.5.3a) (6.5.3a), (6.5.1a) ¢ 2s 20
t712"20,v;27 05 u;5 (6.5.1a), (6.5.3a) (6.5.1a), (6.5.3a) (6.5.1a), (6.5.1a) ¢ 3512

Then we focus on the term Qr;. Recall that it is a linear combinations of the terms presented in (7.3.1) with I;
replace by J; where ¢ = 1,2. Then each term is estimated as in the estimates of Q4. We give the list of inequalities
used for every partition |.J;|+|Ja| < |JT|. Recall that in the following list the symbol (a, < b) means |J1| = a, |J2| < b.

Product (2,<0) (1,<1) (0,<2) Decreasing rate
08,0327 uz Z720,up, (6.4.5a), (6.5.3a) (6.4.5a), (6.5.3a) (6.4.5¢), (6.5.1a) ¢ 25~ 2+°
0,032 uz Z720, vy (6.4.5a), (6.4.3a) (6.4.5a), (6.4.3a) (6.4.5¢), (6.4.3a)  t~3s71+20

0,052 u; Z72uy;, (6.4.5a), (6.5.5¢) (6.4.5a), (6.5.5¢) (6.4.5¢), (6.5.5a) t=3s9
0,057 uz Z72vp (6.4.5a), (6.5.1e) (6.4.5a), (6.5.1¢) (6.4.5¢), (6.5.1e) ¢ 35120
Product (2,<0) (1,<1) (0,<2) Decreasing rate
t=10y Z7uz Z720,uz (6.4.2a), (6.5.3b) (6.4.4a), (6.5.3a) (6.4.4a), (6.5.1a)  t~2572+0
t710y Z7uy 2720, vy (6.4.2a), (6.5.2a) (6.4.4a), (6.5.2a) (6.4.4a), (6.5.2a) 35 1+
t710y 2 uy 27y (6.4.2a), (6.5.5¢) (6.4.4a), (6.5.5¢) (6.4.4a), (6.5.5a) 350
t710, 2 uy 2720 (6.4.2a), (6.5.1e) (6.4.4a), (6.5.1e) (6.4.4a), (6.5.1e)  t~3s71F20



Then we conclude by (7.4.1c).

The estimates on Z” TF; is essentially the same. Recall that Z7/ ' F;is a
linear combination of the terms listed in (7.3.3) with I replace by J'. We
write in detail the estimate of the term Z”7' (@luj(?gu@), as follows:

T T
|ZJ (é’aujaﬂum <|ZJ 8au5| . |a,3u%| + |8au5| . |ZJ1 85’LL@|
+ D 1200w - |27 0pu

[J1]=1,|J2|=1,
Jo+Jg=JT

<CC1et Y2140 . 0O et 12571

+ CCet™ 2571 CC et 2571 H0
+ CCet™ 257 CC et 27
C(Cle)zt—18—2+5

<
<C(Cre)?t™3/271H9,
Here for the three partition of J¥ = J; 4+ Jy, the L* estimates use are:
when |Ji| = 0 and |.J5]| < |JT|, we apply (6.5.3a) and (6.5.1a); when |.J;| =
|J2| = 1, we apply (6.5.3a) and (6.5.3a); when |J;| = |JT| and |.J5] < 0, we
apply (6.5.1a) and (6.5.3a).

For the remaining terms we will just list out for each partition of .J; the
L™ estimates used, which is again a list (decreasing rate modulo C(Cye)?):

Product (2,<0) (1,<1) (0,<2) Decreasing rate
Oauz05uz (6.5.1a), (6.5.3a) (6.5.3a), (6.5.3a) (6.5.3a), (6.5.1a) ¢~ 1s—2T0
Oavy0pwy (6.5.2a), (6.5.1a) (6.5.2a), (6.5.1a) (6.5.2a), (6.5.1a)  t~2s~ 120
vidaw; (6.5.1¢),(6.5.1a) (6.5.1c), (6.5.1a) (6.5.1¢), (6.5.1a)  ¢~25~1+29
vyuy  (6.5.1e),(6.5.1e) (6.5.1¢), (6.5.1e) (6.5.1e), (6.5.1¢) t—3+20

Combined with the condition § < 1/6 and the fact that s < Ct < Cs?, the
estimate (7.4.1a) is proved. On the other hand, the estimate of R(Z71uy)
is a direct application of (6.4.5a). O

Proof of Lemma 7.7. The proof is essentially the same to that of (7.7)
while the only differences are the inequalities used on each term and each
partition of index. We omit the details but present the inequalities used,
as follows.

For the estimates of Qg7(J, w, dw, d0w), the inequalities used are listed
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out in the following list:

Product (1,<0) (0,<1) Decreasing rate
u;0,05u; (6.5.5¢), (6.5.4c) (6.5.5¢), (6.5.4b) t=350/2
v;0,05u; (6.5.1f), (6.5.4c) (6.5.1f),(6.5.4b)  t73s71H0
u;010,u; (6.5.5¢), (6.5.4¢) (6.5.5¢), (6.5.4b) t=35%/2
vy010,u;  (6.5.1f),(6.5.4c) (6.5.1f), (6.5.4b) ¢ 3s71H?
0,v50,05u;3 (6.5.2b), (6.5.4¢) (6.5.2b), (6.5.4b) =357 1+0
0,u;0,05u; (6.5.3a), (6.5.4c) (6.5.3a), (6.5.4b) =257 2+9/2

Product (1,<0) (0,<1) Decreasing rate

0, u;0,0,u; (6.5.3a),(6.5.4c) (6.5.3a),(6.5.4b) =25~ 2+9/2
0., v:040,u5 (6.5.2b), (6.5.4¢) (6.5.2b), (6.5.4b) 7351 +°
07040507 (6.5.1f), (6.5.2b) (6.5.1f), (6.5.2b) t=35°
0-u;00,05v5 (6.5.3a), (6.5.2b) (6.5.3a), (6.5.2b) =25~ 1+9/2
0170, 0505 (6.5.2b), (6.5.2b) (6.5.2b), (6.5.2b) t=3s°
terms (1,<0) (0,<1) Decreasing rate
t 127w 27305 uy  (6.5.5¢), (6.5.3a) (6.5.5¢), (6.5.3a) t—3
t=1Z2%20;27205u; (6.5.1f),(6.5.3a) (6.5.1f), (6.5.3a) ¢35~ 1+9/2
t=1 27 0,u; 272 0 guz (6.5.3a), (6.5.3a) (6.5.3a), (6.5.3a) t=2572
t=12%20,v;Z72 0515 (6.5.1b), (6.5.3a) (6.5.1b), (6.5.3a) ¢35~ 119/2

For the term Qr;(J, w, 0w, 00w):

Product (1,<0) (0,<1) Decreasing rate
0,057 v uz Z720uy, (6.4.5b),(6.5.3a) (6.4.5¢), (6.5.3a) ¢~ 2s~2+0/2
0,052 uz Z720,vy; (6.4.5b),(6.4.3b) (6.4.5¢), (6.4.3b) ¢t 3s71H0

0,057 uy Z72uy (6.4.5Db), (6.5.5¢) (6.4.5¢), (6.5.5a) t=3s0
0,032 uz Z2vy  (6.4.5b),(6.5.1f) (6.4.5¢), (6.5.1f) ¢ 3s71+°

Product (1,<0) (0,<1) Decreasing rate
t7 10y Z7 w5 2720, up (6.4.4a), (6.5.3a) (6.4.4a), (6.5.3a) t=2572
t 18 ZJluj Z7%20.,v; (6.4.4a), (6.5.2b) (6.4.4a), (6.5.2b) ¢t 3s71+9/2

t= 1& ' Z g Z‘]?uk (6.4.4a), (6.5.5¢) (6.4.4a), (6.5.5¢) t=3
t—laVIZJlujz%% (6.4.4a), (6.5.1f) (6.4.4a),(6.5.1f) =257 1+9/2
For the term F3:

Product (1,<0) 0,<1) Decreasing rate

Oaus0puz (6.5.3a),(6.5.3a) (6.5.3a), (6.5.3a) t—1s72

0n 505wy (6.5.2b), (6.5.1b) (6.5.2b), (6.5.1b)  ¢t~2s71+9/2

vpdaw; (6.5.1f),(6.5.1b) (6.5.1f), (6.5.1b)  ¢t=2s71+9/2

vyUE (6.5.1f),(6.5.1f) (651f),(6.5.1f) 349

On the other hand, the estimate of R(Z”u) is a direct result of (6.4.5b). [
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Proof of Lemma 7.8. The proof is essentially the same as the proof
of Lemma 7.6 but much easier. We analyze first the estimate on
|Qc+(w, dw, dow)|. This is a direct application of the L* estimates es-
tablished earlier on the terms listed in (7.3.2) with I = 0. As done in the
proof of Lemma 7.6, this gives the following list (Decreasing rate modulo

C(C1e)?):

terms (0,0) Decreasing rate
uz0,05u5 (6.5.5¢), (6.5.4c) t=3
vi0,05u; (6.5.1¢),(6.5.4c)  t3s71H0
u;0:0,us  (6.5.5¢), (6.5.4¢) t=3
vi0rd,u;  (6.5.1e), (6.5.4c)  t3s71F0
0,uz0,0gu; (6.5.3a), (6.5.4c) t=2572
0,v:0,05u5 (6.5.2a), (6.5.4c)  t73s7 1T

terms (0,0) Decreasing rate
0., u7010,uz (6.5.3a), (6.5.4c) t=2572
0, vi0t0,u5 (6.5.2a),(6.5.4c) ¢ 35710
V70,0507 (6.5.1€), (6.5.2a) t=35%0
0,700,050y (6.5.3a), (6.5.2a)  t~2s71+9
07000505 (6.5.2a), (6.5.2a) t=3s%0

The following four terms

0aW) wdgy,  0aVS vidgug, 0oV O uzdgug,  0aV 0y0i04u;

are estimated by taking into account of the additional decay supplied by

the factor |\I/ | < Ct~1. The inequalities used for each term are listed as

follows:
terms (0,0) Decreasing rate
t_lu;Qﬁ,ujA (6.5.5¢), (6.5.3a) t=3
t~tvidgu; (6.5.1e),(6.5.3a) ¢35
t=10yuzdgu; (6.5.3a), (6.5.3a) t=2572
t710,vi0gu; (6.5.2a),(6.5.3a)  t™3s71H0

The estimates of Q)r; are similar. We establish the following list and

omits the details:

Product (0,0) Decreasing rate
Oyugz, 0,055 (6.5.3a), (6.5.4c) t2572
awk 0,05u7 (6.5.2a),(6.5.4c)  t73s7 1T

uk 0,0zu; (6.5.5¢), (6.5.4c) t=3

0,05u; (6.5.1¢),(6.5.4c) ¢t 3s 1H0
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Product (0,0) Decreasing rate

t—1o uk v uy (6.5.3a), (6.5.3a) t=2572
t710 vy 0u; (6.5.2a),(6.5.3a) ¢35 1T0
t~ uké’ uy (6.5.5¢), (6.5.3a) t=3
t~lvy dyu; (6.5.1e),(6.5.3a) 3570

Then we conclude with (7.4.3c).

The estimate of F; is as follows: recall the structure of F; described by
(7.3.3), we need to estimate these terms with I = 0. Then as in the proof
of Lemma 7.6, the following list is established (with decreasing rate modulo

C(Cre)?):

Product (0,0) Decreasing rate
dau70guz (6.5.3a), (6.5.3a) t—1s72
Oavi0gw; (6.5.2a), (6.5.1a) ¢t~ 2s71+20
vi0aw; (6.5.1e),(6.5.1a) 2571+
vy (6.5.1e), (6.5.1¢) t=3520

By tacking into account the condition § < 1/6 and the fact s < Ct, we
conclude with (7.4.3a).
The estimate of R(u;) is a direct application of (6.5.4c). O

We can now prove the main result of this section.

Proposition 7.1. Let w; the solution of (1.1.2) and assume that (2.4.5)
holds. Then for the wave components, the following decay estimates hold
for any JT <2

sup (sgt_1/2|8t8tZ‘]Tu;|) < CCyesd (7.4.4a)
Fs
sup (s3t_1/2|0t<?tZJUg|) < CCles®/? (7.4.4b)
sup (33t_1/2|8t8tw|) < CChe. (7.4.4c)
and more generally

sup |s3t_1/2&’aagZJTu| < CChes’, (7.4.5a)

sup |53t 7120,05 27 u| < CCLes®/?, (7.4.5b)

sup |s3t7120,05u| < CChe. (7.4.5¢)

S
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Proof. (7.4.4c) will be firstly proved. Substitute (7.4.3) into (7.2.5) with
|I| = 0. Recall the convention |I| < 0 = Z! = 0. Then the desired result

is proved.
Observe that for (7.4.4b), the case |J| < 0 is proved by (7.4.4c). For

the case |J| = 1, we recall (7.2.5):

10:0:27us| SCK (t/5)* > (1272 0ywi| + | 27wy ) [0, 0]
IJ2|=1

+ C(t/5)2Qr+(Ja, w, 0w, 0w) + C(t/3)%|Qc(J, w, dwddw)|
+ C(t/s)?| 22 F;| + C(t/s)*| R(Z7*w3)|

substitutes (7.4.4c) (estimate on 0:0;u;) and (7.4.2) into (7.2.5) together
with the following estimate:

Z (127 0 w;|+|Z7 w;|) < C’Cle(t_l/23_1—I—t_3/2$+t_3/235) < CCLet™3s.

3
|

>

Az

5
l7]<1

For (7.4.4a), remark that the case |JT| < 1 is guaranteed by (7.4.4b)

and (7.4.4c).

The case |JT| = 2 is by substituting (7.4.4b) (with |J| = 1), (7.4.4c) and
(7.4.1) into (7.2.5) with |I| = 2 together with the following estimate which
is a direct result of (6.5.1a), (6.5.5¢) and (6.5.1e):

Z (|ZJT07wi| + |ZJTwi|) S CCre(t V25 1102 447325 4 3/25%/2)
20
< CCl€t73/281+5/2.

Then we recall (7.2.5) with I = JT:

10:0:.27" w5
<CK(t/s)* >, (1Z70,wi| + 27 w;]) 10:0:27 u]

[J11+1J21<2
[J11<1,7,5,4

+ C(t/S)zQT'Z\(JQ, w, Ow, 00w) + C(t/5)2|QG’Z\(J2, w, Owdow)|
+ C’(t/s)2|ZJ2Fg| + C(t/s)2|R(Z‘]2ug)|.
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Substitute (7.4.4b) (with |J| = 1), (7.4.4c) and (7.4.1),
|@t(9tZJTUg|
<CK(t/s)> >, (1Z70,wi| +Z27%wil) 0:0:27 ug| + CKCret'/? 573+

[J1]+]T2]<2
[J11<1,7,7,4

<CK(t/s)> >, (1270,wi| +|Z7wi|) 0:0:27 ug]

[J1[+]JT21<2
[J11=1,v,7,%

+CK(t/s)? Y, (1270 wi| +127wi]) 0.6, 27 ug| + CKCye2t'/2s75+°

[J1|+]J2]<2
[J11=0,v,7,%

SCKCye(t)s)*t™32s 11257302 L OKCye(t)s)?t=3/2s1H0/2 . 1/2573
+ CKCett?s73+0
<CKCiets 7% + CKCyet'/?s 340 < OKChet'?s 370,
The bound (7.4.5) are direct result of (7.4.4) combined with (7.1.2). O

Then we can give the complete L™ estimates of the second-order deriva-
tives.

Proposition 7.2. Assume that (2.4.5) hold then the following estimates
hold for all |Jt| <2 and |J] < 1:

sup |53t_1/28a05Z‘]Tu| + sup |53t_1/2ZJT8a05u| < CCes’, (7.4.6a)
b |53t Y20,05 27 u| + Sup 531227 0,,05u| < CCyes’?, (7.4.6b)
sup |53t 7120,05u| < CCe. (7.4.6¢)

Proof. These estimates are based on (3.3.3) and (7.4.5). O

7.5 L2 estimates

The aim of this section is to get the L? estimates on 0,0, 2! u3. As in the last

section, the strategy is to make use of the (7.2.5). First of all, we estimate
the terms Qr;, Qaz, Z! Fy and R(Z1uy).

Lemma 7.9. Under the energy assumption (2.4.5), the following estimates
hold for all |IT| < 4:

Hngg(IT,w, ow, 00w < C(Cre)?s?, (7.5.1a)

Mize,)
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HSQTg(IT,w,8w,0§w)HL2(%S) < C(Cre)?s®, (7.5.1b)
[s2" Bl a5, < C(Cre)?s’, (7.5.1¢)
HSR(ZITU@)H[;(:}(S) < CC;[ES(S. (751d)

Lemma 7.10. Under the energy assumption (2.4.5), the following esti-
mates hold for all |I| < 3:

|sQa(1, w, 0w, 00w)|| o g | < C(Cre)?s°/2, (7.5.2a)
HSQTQ‘(I7 w, aw; aaw) HLQ (Hs) < 0(016)256/2, (752b)
52" B o,y < CLC1e)*s™, (7.5.2¢)

)

|sR(Z < CCyes’. (7.5.2d

"up) HL2(J-CS)

Lemma 7.11. Under the energy assumption (2.4.5), the following esti-
mates hold for all |I’| < 2:

|sQar(I", w, dw, aaw)ng{s) < C(Cre)?, (7.5.3a)
|sQar(I", w, dw, aaw)ng{s) < C(Cre)?, (7.5.3b)
|27 B Laaq,, < C(Cre)?, (7.5.3¢)
|sR(Z" w)| .2 oy < CCre. (7.5.3d)

Proof of Lemma 7.9. Let us regard firstly the estimate on |Qg;|. Recall
the structure of Qg; expressed by (7.3.2), the estimate turns to be L2
estimates on each term of (7.3.2) with I = I, |IT| < 4. We take u;0,01u;
as example and write down in detail the estimate on it:

27" (uada0015) | 25,
< ) |s(ZM s 2%20,00u5) | o o

Il—f—Ig:IT

:
=||s(uz - 27 8, 00u5) HLQ(%S) +|IZ|_]1 |s(Z"uz - Z728,00u5) HLQ(}CS)
11-:12_=}T
+ Z |s(2"us - 220, 00u5) HL?(:HS) T Z |s(2" s - 2720, 00u5) HL2(1}CS)
e et
+ HS(ZITU’@‘ . QaatUj) HLQ(.'HS)

:=T0 +T1 —|-T2 —|-T3 +T4.
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Observe now that in term Ty, |I2| <4 — k.
The term T} is estimated by (6.5.5¢) and (6.3.5a):

T = [ls (s 210,0009) | oo, < COels (4702 5210, 005)
< ks 3210, 3015 ., < CLChes™ S
The term T; is estimated by (6.5.5¢) and (6.3.5a):
> s(Z"uz - 2729, 00u5)

l120c.)

l129c.)

< CCie Z Hs(t_g/Q : SZI2QaatuJA) HL2(9'CS)
[IT1]=1,
Iy +Ip=1IT
<CCles 2 Z HSZISQaatu5||L2(}() C(Cre)2s™1/2+3,
[11]=1,
I +Iy=1IT

The term 75 is estimated by (6.5.5a) and (6.3.5c) (remark that |I2] <
4—2=2):

) 520w - 2"20,00u5) 22 s,

<CCre Y |s(t™*s'7 - 2"20,0009)| oo,
|11|=27Jr )
I1+Ig=1I
=CCles_1/2+5 Z HSZIQQOL@WJAHB(%) C(Cy 6)2 —1/2+6

The term T3 is estimated by (6.5.5a) and (6.3.5¢c) (remark that |I3] <
4-3= 1)
= 2, Is(z"w- 220,005)]

L2(H)
1111=3,
I +Ip=1IT
< CCre ) |s(t™2s" - 52"0,0005) | oo
=CCles_1/2+5 Z HSZIQQG@WJAHB(%) C(Cy 6)2 —1/246

T, is estimated by (6.3.6a) and (6.5.4c):

Ty :H (ZITW' 0,,0ru3) Hm(f}c ) S CClEH‘SZﬂW't—
=CC, 68_1/2Ht L0 UAH

< C(Cre)2s7 249,

3/28_1HL2(5}C$)

00163_1/2”5_1ZITWH

L2(3) L2(%s)
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So we conclude with
52" (u00u3)| 5., < C(Cre)Ps /20,

For the remaining terms, we will not write the details, but give for each
partition of IT = I; 4+ Iy the L? and L™ estimates to be used established
later. As in the estimate of u;0,0:u;, we denote by (k, < 4 — k) the terms
with which |I1| = k, |I2| < 4 — k. This leads us to the following list:
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term (4,<0) (3,<1) (2,<2) (1,<3) (0, < 4)
wi0,05u; (6.3.6b),(6.5.4c) (6.5.54), (6.3.5¢) (6.5.5), (6.3.5¢) (6.5.5¢), (6.3.5a) (6.5.5¢), (6.3.5a)
vid,05u; (6.3.1€), (6.5.4c) (6.5.1¢), (6.3.5¢) (6.5.1¢), (6.3.5¢) (6.5.1¢), (6.3.5a) (6.5.1¢), (6.3.5a)
w:00,u; (6.3.6b), (6.5.4¢) (6.5.5a), (6.3.5¢) (6.5.5a), (6.3.5¢) (6.5.5¢), (6.3.5a) (6.5.5¢), (6.3.5a)
01 0,u;  (6.3.1e),(6.5.4¢c) (6.5.1e), (6.3.5¢) (6.5.1¢), (6.3.5¢) (6.5.1e), (6.3.5a) (6.5.1¢), (6.3.5a)
0, u30,05u; (6.3.1a), (6.5.4c) (6.5.1a), (6.3.5¢) (6.5.1a), (6.3.5¢) (6.5.3a), (6.3.5a) (6.5.3a), (6.3.5a)
0.,v70,0gu; (6.3.2a), (6.5.4c) (6.5.2a), (6.3.5¢) (6.5.2a), (6.3.5¢) (6.5.2a), (6.3.5a) (6.5.2a), (6.3.5a)

PPy
R N S NN
N N N N~

terms (4,<0) (3,<1) (2,<2) (1,<3) (0,<4)
0., u30:0,u5 (6.3.1a), (6.5.4c) (6.5.1a), (6.3.5¢) (6.5.1a), (6.3.5¢) (6.5.3a), (6.3.5) (6.5.3a), (6.3.5a
6 V01,5 (6.3.2a), (6.5.4c) (6.5.2a), (6.3.5¢) (6.5.2a), (6.3.5¢) (6.5.2a), (6.3.5a) (6.5.2a), (6.3.5a
1)“6 dpvy (6.3.1e),(6.5.2a) (6.5.1e), (6.3.2a) (6.5.1¢), (6.3.2a) (6.5.1¢), (6.3.2a) (6.5.1e),
0u30408vy (6.3.1a), (6.5.2a) (6.5.1a), (6.3.2a) (6.5.1a), (6.3.2a) (6.5.3a), (6.3.2a) (6.5.3a),
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( );

)

)

6.3.2a)

)
04700505 (6.3.2a), (6.5.2a) (6.5.2a), (6.3.2a) (6.5.2a), (6.3.2a) (6.5.2a), (6.3.2a) (6.5.2a )

(
(
(6.3.2a
(6.3.2a



There are four terms to be estimated differently:

sZ1 (005 wdpuy),  sZ (02 V5 vidguy),
sz! (8a\11g/ &YUgQ,B,uj) , sz! (8Q\Ilg/ &YU;QB,Uj) .

We will use the extra-decay supplied by |Z7 \Ifgl| < C(I)t1. Let us take
T !
Z! (8a\I/g u;QIB,uj)
as an example and write its estimate in details:

52" (@ widyus) |prsey < D) (570 20 2]

I+ I+ I3=1IT
< N |2 20,

HL2(J-CS) (3€s)

(3s)
[T |+ T2 <|17]
=C Z Hst_lw . ZI2Q6’“JAHL2(:HS) +C Z Hst_thug . ZIQQB,UjHLz(j{S)
IS |12||Ié:7T1|’—1
+C Z Hst_lleug . ZI2Qﬂ’“JAHL2(:}cs) +C Z Hst_thug- ZIQQB,UJAHLQ(%E
|12|\I:|TT2|’—2 |12||Iil|;3|’—3
+C Z HSt—lZflui . QB,UJAHLQ(}CS)
I,|=4

=T+ Ty +T5 + 15+ Ty.

The term Ty by (6.5.5¢) and (6.3.1a):

Ty =C )] Hst_l%ta'ZIQQ@“?HH(%)
|12 |<[TT]
<CCie ), Hst_lt_3/25'ZI2Q5/“5HL2(9{S)
| I2|<|IT]
=CC1e Z Ht_5/232'ZIQQ,B’u5HL2
|T2|<|IT]
<CCes™ 31 |12 05u5 o o
|12 |<[T7]
<C(Che)2s~ /245,

(3Cs)
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The term T; is estimated by (6.5.5¢) and (6.3.3a)
T =C Z Hst_llew-ZI2Q,3,ujHL2(% )

|11|:1,
[Io|<|IT|—1

< CCqe Z Hst_lt_g/QS'ZIQQB’“JAHL%:HS)
|12||2||7T1|’_1

<CCLes /2 Z HZIQQB’UJAHL%}CS)

|11|:1,
Igl<|IT|-1

< 0(016)28—1/2-1-5
The term 75 is estimated by (6.5.5a) and (6.3.3a)
T =C Z Hst_thUg- ZI2QB'UJAHL2

(3s)
|11]=2,
|12|<|IT|72
<CCre Y, |st™H72610 - 22 05u5] 0 g0
1y 1=2,
lIgl<|IT]—2
—1/2+6 Iz A
<CCies Z HZ Qﬁ’“ﬂHL?(st)
|1y 1=2,
ITo]<|1T|—2

< 0(016)28_1/2+5
The terlm T3 is estimated by (6.5.5a) and (6.3.3a):
T3 =C Z Hst_thu;- ZIQQB,Uj}‘LQ

()
[I1]=3,
|Ip]<|1T|—3
—1,-3/2 146 | 71> ~
< CCqe Z Hst t S Z Qﬁ’“JHH(S}CS)
[I1]=3,
|Ig|<|1T]=3

<CCpes /249 Z HZIQQﬂ/“iHLz(HS)

|11|=3,
1al<|1T]—3

< 0(016)25—1/2+5
The term T} is estimated by (6.3.6b) and (6.5.1a):
T, =C Z Hst_leu;-Qﬁ,uJAHm

(Hs)
|I2|=4
< CChe Z Hst_lzbui't_1/23_1HL2(9f5)
|I2|=4
200168_1/2 Z Ht_lzbuing(g{s)
|T2]=4

< 0(016)28_1/2+5/2-
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For the remaining three terms, we list out the L? and L® estimates to be
used for each term and each partition of IT, recall here the notation (a, < b)
means |[1| = a, |I2| < b:
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terms (4,<0) (3,<1) (2,<2) (1,<3) 0,<4)
widgu; (6.3.6b), (6.5.3a) (6.5.5a), (6.3.3a) (6.5.5a), (6.3.3a) (6.5.5¢), (6.3.3a) (6.5.5¢), (6.3.1a)
vidguy (6.3.1e),(6.5.3a) (6.5.1e),(6.3.3a) (6.5.1¢),(6.3.3a) (6.5.1¢), (6.3.3a) (6.5.1e), (6.3.1a)
Oyuzdgus (6.3.1a), (6.5.3a) (6.5.1a), (6.3.3a) (6.5.1a), (6.3.3a) (6.5.3a), (6.3.3a) (6.5.3a), (6.3.1a)

(6.3.2a), (6.5.3a) (6.5.2a), (6.3.3a) (6.5.2a), (6.3.3a) (6.5.2a), (6.3.3a) (6.5.2a), (6.3.1a)

)

)

I

~ o~~~
NSNS NGNS
—~ o~~~
~ ~ —~
N

a’yviéﬁluj P



Finally we conclude with (7.5.1a).
Then we estimate the term @Qp; which is similar to that of Qg;.

Recall the structure of Qp; presented in (7.3.1). We take the term
AL Oyug QaQBZhuj as an example:

> 27053 0,052 s

(Hs)
|T1 ]+ T2 |<|IT]
= > 12203 0005wl o, + DL 1527053040577 ] oo
|2 <7 'Illﬁlffflm

+ Z |sZ"0uz Qaéﬁzhuium(%s)

[Ty 1+ 1o]<|IT]
[11]=2

+ Y |sz"0,up0,052"

[I1]+|I2|<|IT|
[I11=3

+ 0 [s0yvug 2,052 ]
[Ty |<|T7|

Z=T0 +T1 —|-T2 —|-T3 -|-T4.

uJAHLQ(J{S)

We will estimate each partition of IT.
Tp = Z HSZIQav“% QaQBUJAHm(J{S) S Z HSZIQav“% QaﬁﬁuiHm(J{S)
|12 |<|IT] |I2]<4

< ) Ws/2% 030z oo, 15(/9)0005u5] 1 g, < CCrEs - CCres ™2

|I2|<4

< 0(016)28_3/2+6,

here (6.3.1a) and (6.4.5¢) are applied.

< Y, |52 0,052 g La oy

|Il|:1,|I2|<3
< ) [(s/8) 2" 0 ug ] oo, |5(t/9)20@5 2" 3] o o
|I1|=1,]I2]<3

< CChe- CCyes P10 < C(Cre)*s™7%,

where (6.3.3a) and (6.4.5a) are applied.

Similarly, the term T, T35 and T} are estimated by applying respectively
(6.3.3a)(6.4.5a),

(6.5.3a)(6.3.4a), (6.5.3a)(6.3.4a).
For the other terms, we will not write in detail the proof but list out the
inequalities to be used on each term and each partition of index |I; |+ |[2| <
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|77, this makes the following list:

Product (4,<0) (3,<1) (2,<2)
50,057 us 712 0,uz; (6.3.4a),(6.5.3a) (6.3.4a), (6.5.3a) (6.3.4c), (6.5.1a)
50,052 uz Z"2 0, vy (6.3.4a), (6.5.2a) (6.3.4a), (6.5.2a) (6.3.4c), (6.5.2a)

50,032 uz Z™ug  (6.3.4a), (6.5.5¢) (6.3.4a), (6.5.5¢) (6.3.4c), (6.5.5a)
( );(6.5.1e) ( );(6.5.1e) );(6.5.1e)

$0,03Z21 u; Z v (6.3.4a), (6.5.1e) (6.3.4a), (6.5.1e) (6.3.4c), (6.5.1e

Product (1,<3) (0,<4)
$0,0321 uz 2" 0y ug, (6.4.5a), (6.3.3a) (6.4.5¢), (6.3.1a)
$0,0321 u; 2™ 0 vy (6.4.5a), (6.3.2a) (6.4.5¢), (6.3.2a)

$0,032 u; 2"y (6.4.5a), (6.3.6¢) (6.4.5¢), (6.3.6b)
$0,0321 u; Z v (6.4.5a), (6.3.1e) (6.4.5¢), (6.3.1e)

Product (4,<0) (3,<1) (2,<2)
st™10y ZMus 220, up (6.2.1a), (6.5.3a) (6.2.3a), (6.5.3a) (6.2.3a), (6.5.1a)
st™10 Z1uzZ20,vp (6.2.1a), (6.5.2a) (6.2.3a), (6.5.2a) (6.2.3a), (6.5.2a)

st™10., ZNuzZ2ur  (6.2.1a), (6.5.5¢) (6.2.3a), (6.5.5¢) (6.2.3a), (6.5.5a)
);(6.5.1e) ( );(6.5.1e) ( );(6.5.1e)

po(
st™10y Zhu;Z2v;  (6.2.1a), (6.5.1e) (6.2.3a), (6.5.1e) (6.2.3a), (6.5.1¢

Product (1,<3) (0,<4)
st 0y Z1 3220, up (6.4.4a), (6.3.3a) (6.4.4a), (6.3.1a)
st™10y ZM 220, v; (6.4.4a),(6.3.2a) (6.4.4a), (6.3.2a)

st™10., ZNuzZ"2ur  (6.4.4a), (6.3.6¢) (6.4.4a), (6.3.6b)

k
st™10, Z1uzZ2v;  (6.4.4a),(6.3.1e) (6.4.4a), (6.3.1e)

Now, we estimate the term F; which also is similar: recall the structure
of ZI' F; presented in (7.3.3) with I replaced by IT. As before, we consider
the term Z7' (Oauj0suz) as an example and we write down the details of
the analysis. For the other terms, we just give the L? and L™ estimates to
be used for each factor:

2" (Gati50515) | s
<[lsbauy- 2" 05ug] oo, + O 52" 0z 2" 0gug] o o,
I 4Iy=IT
[11]=1
+ ) Hszhaau?Zf2aﬁu@HL2(g{s)
Iy +Ig=1T
[11]=2
+ 2 s2" daus- 2" 05ug] ooy + 152" 0auz - O5ug] oo
11|4I-11|2==31T

Z=T0 +T1 +T2 +T3 +T4.
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The term T} is estimated by (6.5.3a) and (6.3.1a):
ai ~1/2 ~1  I'
To =H36au5- A é’guEHLQ(HS) < CCleHs-t PRg=l. gz (%'IL@HLQ(}CS)
10 — f f

=CCe|st 125=1 . (t/s) (s/tz" qu@)HLQ(}CS) < C’CleHs/tZI 85U@HL2(%S)

<C(Che)?s°.
The term T} is estimated in the same way by exchange the roll of u; and
U@.

The terms 77 and T3 are estimated by (6.5.3a) and (6.3.3a). We estimate

Ty as follows. The estimate of T3 is by exchange u; and ;. in the following

proof.

Tv= ), [s2"0uuz- 2™0sug agaq

Il+12=IT,
[11]=1

< COve|st™2571 - (t/5)(s/0) 2" 051z pa s,
<CCre|(s/t) 2" 0gug] 24, < C(Cr€)%s".
The term 7% is estimated by (6.5.1a) and (6.3.3):

Ty= ), [s2"0uu; 29su oaq

I 4+Iy=IT,
[11]=2

< CCxels =254 . (t]5)(5/1) 27050z o o
=CC’16$5H(s/t)Zb@Buﬂ‘LQ(g{s) < C(Che)?s°.

The estimate of other terms are presented in the following list:
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Product (4,<0) (3,<1) (2,<2) (1,<3) (0,<4)
Oauzdpug (6.3.1a),(6.5.3a) (6.3.3a), (6.5.3a) (6.5.1a), (6.3.3a) (6.5.3a), (6.3.3a) (6.5.3a), (6.3.1a)
0508wy, (6.3.2a), (6.5.1a) (6.3.2a), (6.5.1a) (6.5.2a), (6.3.1a) (6.5.2a), (6.3.1a) (6.5.2a), (6.3.1a)
vi0aw; (6.3.1e),(6.5.1a) (6.3.1e), (6.5.1a) (6.5.1¢), (6.3.1a) (6.5.1¢), (6.3.1a) (6.5.1¢), (6.3.1a)
(6.3.1¢), (6.5.1¢) (6.3.1e), (6.5.1¢) (6.5.1¢), (6.3.1e) (6.5.1¢), (6.3.1¢) (6.5.1¢), (6.3.1¢)

Ny

NSNS AN NG
A~~~
NSANG AN
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Then we conclude (7.5.1c).
The estimate of R(Z1us) is a direct result of (6.3.5a). O

Proof of Lemma 7.10. The proof is essentially the same to that of Lem-
ma 7.10. The only difference is the inequalities applied on each term and
each partition of index. We will list out the relevant inequalities but will
skit the details.

For the proof of (7.5.2a), we list out the inequalities in the following
list.
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Product (3,<0) (2,<1) (1,<2) (0,<3)

wid,05u; (6.3.6¢), (6.5.4¢) (6.3.6¢), (6.5.4b) (6.5.5¢), (6.3.5¢) (6.5.5¢), (6.3.5b)
vid,0u;  (6.3.10), (6.5.4c) (6.3.11), (6.5.4b) (6.5.1F), (6.3.5¢) (6.5.1F), (6.3.5b)
wdid s (6.3.6¢), (6.5.4c) (6.3.6¢), (6.5.4b) (6.5.5¢), (6.3.5¢) (6.5.5¢), (6.3.5b)
vt u;  (6.3.16), (6.5.4c) (6.3.1f), (6.5.4b) (6.5.1f), (6.3.5¢) (6.5.1f), (6.3.5b)
0.,u:0,0,5u5 (6.3.3a), (6.5.4¢) (6.3.3), (6.5.4b) (6.5.3a), (6.3.5¢) (6.5.3a), (6.3.5b)
0,050,05u5 (6.3.2b), (6.5.4¢) (6.3.2b), (6.5.4b) (6.5.2b), (6.3.5¢) (6.5.2b), (6.3.5b)
Product (3,<0) (2,<1) (1,<2) (0,<3)

(6.3.3a), (6.5.4b) (6.5.3a), (6.3.5¢) (6.5.3a), (6.3.5b)
(6.3.2b), (6.5.4b) (6.5.2b), (6.3.5¢) (6.5.2b), (6.3.5b)
vr0adpvy  (6.3.1f),(6.5.2b) (6.3.1f), (6.5.2b) (6.5.1f), (6.3.2b) (6.5.1f), (6.3.2b)
04204005 (6.3.3a), (6.5.2b) (6.3.3a), (6.5.2b) (6.5.3a), (6.3.2b) (6.5.3a), (6.3.2b)
000005057 (6.3.2), (6.5.2b) (6.3.2b), (6.5.2b) (6.5.2b), (6.3.2b) (6.5.2b), (6.3.2b)

The following four terms are estimated by apply the additional decreasing rate supplied by 6Q<I>g:
I g I B8’
VA (6,1\1/6 quﬂ,uj), sZ (6a\11ﬁ wﬁﬂ,uj),
YAl (6a\llglé’wugﬁﬂ,u5)7 sZT (6alllglﬁwwﬁﬁ,uj).

Qﬂ{uﬁtéauj (6.3.3a), (6.5.4¢c
0,040, u5 (6.3.2D), (6.5.4c
(
(

R R SANEIRNLS

terms (3,<0) (2,<1) (1,<2) (0,<3)
0V wsdgu; (6.3.60), (6.5.3a) (6.3.6¢), (6.5.3a) (6.5.5¢), (6.3.3a) (6.5.5¢), (6.3.3a)
aawg'wgﬂ,uj (6.3.1f), (6.5.32) (6.3.1£), (6.5.3a) (6.5.1f), (6.3.3a) (6.5.1f), (6.3.3a)
6(1\112 Oyuzdgiuz (6.3.3a), (6.5.3a) (6.3.3a), (6.5.3a) (6.5.3a), (6.3.3a) (6.5.3a), (6.3.3a)
5 (6.3.2b), (6.5.3a) (6.3.2b), (6.5.3a) (6.5.2b), (6.3.3a) (6.5.2b), (6.3.3a)

—
—
~—

= T —
= T —
= T —
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For the term Qr5,

Product (3,<0) (2,<1) (1,<2) (0,<3)
50,032 uz Z720uz, (6.3.4D), (6.5. Sa) (6.3.4c), (6.5.3a) (6.4.5b), (6.3.3a) (6.4.5¢), (6.3.3a)
50 6BZJ1UAZ‘726 vy (6.3.4b), (6.5.2b) (6.3.4c), (6.5.2b) (6.4.5b), (6.3.2b) (6.4.5¢), (6.3.2b)

50,0527 uz Z72uy (6.3.4b), (6. 5 5¢) (6.3.4c), (6.5.5¢) (6.4.5b), (6.3.6¢) (6.4.5¢), (6.3.6c)
50,0527 uz Z72v;  (6.3.4b), (6.5.1f) (6.3.4c), (6.5.1f) (6.4.5b), (6.3.1f) (6.4.5¢), (6.3.1f)
Product (3,<0) (2,<1) (1,<2) (0,< 3)

st 0y Z 7 uz 272 04uzp (6.2.3a), (6.5.3a
st™10 Z" vz 2720, v (6.2.3a),(6.5.2b
st™10, Z7 vz Z72up (6.2.3a), (6.5.5¢
st™ 0y Z7u; Z2vp  (6.2.3a), (6.5.1f

~—

(6.2.3a), (6.5.3a
(6.2.3a), (6.5.2b
(6.2.3a), (6.5.5¢
(6.2.3a), (6.5.1f

~—
~—

(6.4.4a), (6.3.3a)
(6.5.3a), (6.3.2b)
(6.4.4a), (6.3.6¢)
(6.4.4a), (6.3.1f)

(6.4.4a), (6.3.3a
(6.4.4a), (6.3.2b) (
(6.4.4a), (6.3.6¢
(6.4.4a), (6.3.1f

— =
-~ =
- =

~
~



For the estimates on Z!F;, the inequalities used are presented in the
following list:
Product (3,<0) (2,<1) (1,<2) (0,< 3)
Oauz0pus (6.3.3a),(6.5.3a) (6.3.3a),(6.5.3a) (6.5.3a),(6.3.3a) (6.5.3a), (6.3.3a)
Oavy0gwy, (6.3.2b), (6.5.1b) (6.3.2b), (6.5.1b) (6.5.2b), (6.3.1b) (6.5.2b), (6.3.1b)
vyOqw; (6.3.1f), (6.5.1b) (6.3.1f), (6.5.1b) (6.5.1f), (6.3.1b) (6.5.1f), (6.3.1b)
vyvy  (6.3.1f),(6.5.1f) (6.3.1f), (6.5.1f) (6.5.1f), (6.3.1f) (6.5.1f), (6.3.1f)

The estimate on R(Z!u3) is a direct result of (6.3.5b) O

Proof of Lemma 7.11. The proof of Lemma 7.11 is essentially the same
to that of Lemma 7.9. The only difference is the different regularity. We
will not give the details of the estimate and only list the inequalities which
will be used for every term and every partition of I = Iy + I3:
Product (2,<0) (1,<1) (0,<2)
u;0,08u5 (6.3.6¢), (6.5.4c) (6.5.5¢), (6.3.5¢) (6.5.5¢), (6.3.5¢)
vy 0 05% (6.3.1e), (6.5.4c) (6.5.1e), (6.3.5¢) (6.5.1e), (6.3.5¢)
u;0:0,u5 (6.3.6¢), (6.5.4¢) (6.5.5¢), (6.3.5¢) (6.5.5¢), (6.3.5¢)
vy0:0,u7 (6.3.1e), (6.5.4c) (6.5.1e), (6.3.5¢) (6.5.1e), (6.3.5¢)

— o — —
N TN N N

Product (2,<0) (1,<1) (0,<2)

0. uz0,05u;z (6.3.3a), (6.5.4c) (6.5.3a), (6.3.5¢) (6.5.3a), (6.3.5¢)
6 00,057 (6.3.2a), (6.5.4c) (6.5.2a), (6.3.5¢) (6.5.2a), (6.3.5¢)
0 LU0t0,uz (6.3.3a), (6.5.4¢) (6.5.3a), (6.3.5¢) (6.5.3a), (6.3.5¢)
E vi6id,u; (6.3.2a), (6.5.4¢) (6.5.2a), (6.3.5¢) (6.5.2a), (6.3.5¢)
0radpvs (6.3.1¢), (6.5.2a) (6.5.1¢), (6.3.2a) (6.5.1¢), (6.3.2a)
0,u70,,0gvy (6.3.3a), (6.5.2a) (6.5.3a), (6.3.2a) (6.5.3a), (6.3.2a)
0,704 0gvy (6.3.2a), (6.5.2a) (6.5.2a), (6.3.2a) ( ), ( )
There are four terms to be estimated differently:

ZN 0oV uidgus),  Z' (0,95 vidguy),
210,95 0,widguz),  ZT(0aV 0yvidug).
As before, these terms are to be estimated by the aid of extra-decay supplied

by |ZI\Ilgl| < C(I)t~!. We omit the detail but list out the inequalities to
be used for each term and each partition of I = Iy + I3:

Product (2,0) (1,1) (0,2)
0a\11§'luggﬁ,u5 (6.3.6¢), (6.5.3a) (6.5.5¢), (6.3.3a) (6.5.5¢), (6.3.3a)
%‘If/g vidgu; (6.3.1e), (6.5.3a) (6.5.1¢), (6.3.3) (6.5.1¢), (6.3.3a)

3@‘1’5,97“@3'“? (6.3.3a), (6.5.3a) (6.5.3a), (6.3.3a) (6.5.3a), (6.3.3a)
000} 3,0:05u7 (6.3.2a), (6.5.3a) (6.5.2a), (6.3.3a) (6.5.2a), (6.3.3a)

6.5.2a), (6.3.2a
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And we conclude with (7.5.3a).

Then we turn our attention to the estimates for (Q7;. As before the
details are omitted. The inequalities used for each term and each partition
of the indices are listed:

Product (2,<0) (1,<1) (0,< 2)
50,032 u; 2" 0 uz; (6.3.4c), (6.5.3a) (6.3.4c), (6.5.3a) (6.5.4c), (6.3.3a)
$0,0321 uz 2™ 0, vy (6.3.4c), (6.5.2a) (6.3.4c), (6.5.2a) (6.4.5¢), (6.3.2a)

50,052 uz Zup  (6.3.4¢), (6.5.5¢) (6.3.4c), (6.5.5¢) (6.4.5¢), (6.3.6¢)

$0,03Z1 u; Z vy (6.3.4¢), (6.5.1e) (6.3.4c), (6.5.1e) (6.4.5¢), (6.3.1e)

Product (2,<0) (1,<1) (0,<2)
st™10y Z1u3Z20,up (6.2.3a), (6.5.3a) (6.2.3a), (6.5.3a) (6.4.4a), (6.3.3a)
st™10y Z1uzZ120,v; (6.2.3a), (6.5.2a) (6.2.3a), (6.5.2a) (6.4.4a), (6.3.2a)

st™10 Z1uzZ2uy  (6.2.3a), (6.5.5¢) (6.2.3a), (6.5.5¢) (6.4.4a), (6.3.6¢)
(

)
st™10y Z1uzZ20;  (6.2.3a), (6.5.1e) (6.2.3a), (6.5.1¢) (6.4.4a), (6.3.1e)
e

The estimate of Z!F; is essentially the same. As before, we omit the
details but list out the inequalities to be used:
Product (2,0) (1,1) (0,2)
dauz0guz (6.3.3a), (6.5.3a) (6.5.3a), (6.3.3a) (6.5.3a), (6.3.3a)
Javy0pwy, (6.3.2a), (6.5.1a) (6.5.2a), (6.3.1a) (6.5.2a), (6.3.1a)
vy0qw; (6.3.1e),(6.5.1a) (6.5.1e), (6.3.1a) (6.5.1e), (6.3.1a)
vyvy  (6.3.1e),(6.5.1e) (6.5.1e),(6.3.1e) (6.5.1e), (6.3.1e)

The estimate of R(Z%us) is a direct result of (6.3.5¢). O
Now we are ready to prove the second main result of this section.

Proposition 7.3. Let u; be wave components of the C* local solution of
(1.1.2) and assume that (2.4.5) holds. Then the following estimates hold
for |I'| <4 and |I"| < 2:

|s%t 2010, 2" wa| 12 (3c.) < CChes?, (7.5.4a)
st tO¢ UTI| L2 (F < 1€S s ..
372000, 27wz 1290,y < CCres®? 7.5.4b
|s%t720,6, 2" ws 12 (5¢.) < CCre. (7.5.4¢)
and further more
§°t 0, Upll2iry < 1€S°, .0.0a
34720005 2" us| 12 (5¢,) < CChes’ 7.5.5
320,057 uz| 1290y < CCLes®?, 7.5.5b
B (3s)
|53 2040527 us| 12 (3¢.) < CChe. (7.5.5¢)
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Proof. The proof is a combination of (7.5.1), (7.5.3) with (7.2.5). Let’s
prove first (7.5.4c).

The proof is an induction. We first prove (7.5.4c) with [I’| = 0 and
observe that with the convention |I| < 0 implies Z! = 0, (7.2.5) implies
(with |I| = 0):

BN RTRT

< CHSQG€HL2(HS) T CHSQTiHm(}cS) T CHSF?HL%:HS) T CHSR(“?)HL%:HS)'
Then by the group of inequalities (7.5.3),

Hsgtfzaté’tug < 0016.

l29c.)

Let’s suppose that (7.5.4c) holds with |[I’| < m, we will prove that
(7.5.4c) with |I’| < m + 1. By (7.2.5),
b
Hsgt_20t6tZI UQHL2(}(5)
<SCK Y, Y sz ] + 125 wi]) - 0002 w5 o

[Io|+II31<|IP], 7,7,
[Iz|<|1P]

+ C||sQa: (I, w, dw, 00w r2(3c.) + C|sQrs(I°, w, 6w, 80w) ] L2 (sc.)
b
+ O|lsR(Z" u3) | 12 (a1,)
when |I°| < m +1 < 2, we apply (7.5.3):
3,—2 I
HS t ﬁtatZ uiHLQ(ﬂ{S)
<SCK Y Y [s(1Z2% 0w + | 2w - 0100 2" ug| o g0, + CCre

[Io|+|I31<|I], 7,7,
|Io]<|IP|

SCK ) 3 |s(Z2%05wi| + 125 wil) - 0,0, 2" wg)| o g

[Io|+]I3]<|Ib], ¥,7,0
[I3]=1

+CK Y N s 750y + 7% un]) - 902" g, + CCre
[Ta+1131<I1°], 7,750
[I3]=2
Observe now that when Iy = 1, by (6.5.3), (6.5.1¢), (6.5.5a) and (6.5.1c):
|ZIS a’yuﬂ < CClEt_1/28_17 |ZIg a’yvﬂ < CClEt_3/2867
| ZT3u;| < CCOvet™ s, |Z%v;] < COret ™50,
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And by the induction assumption ((7.5.4¢) for |I5| < 1’| — 1):

Z Z Hs(|ZI367wi| + |ZIs’wi|) : atatZIQUjHLz(g{s)

Iz |+|I3]<|IP], ¥,]7,1
[I3]=1

<C(C’16) Z Ht28—2(t—1/28—1 + t_3/28 + t—3/286) . SSt—Qatatzlz

[Tzl +|T5]<|Tb]
¥,7,%,1I3|=1

<C(Cye) Z Z Hsgt_ZatatZIQ“pr(}cs)

IIa|+]I3]<IIb], ¥,7,0
[I3]=1

<C(Cle)2.

Uin(:}{s)

When |I3]| = 2, we observe that |I3| < 0. Then by (7.4.4c),
2 |s(|1Z"2 0w;| + | Z"wy|) - 6,0,2"
V350
<CCre Y (127 0yw;| + | Z"wy]) - 12573,
Y5358
<CCLE S 1257220 0] s + OO D252 0,01
82C 1

OO Y |25 225 1y g, + CC1E Y 125 227

uzy H L2(%,)

(FCs)

WHB(:HS)

All of these four terms can be bounded by C(Cye)? by applying (6.3.3),
(6.3.2), (6.3.6¢) and (6.3.2). So for |[I’| < m + 1 < 2, (7.5.4¢) is proved.
Then by induction, (7.5.4c) is proved for |I’| < 2.

Then we turn to the proof of (7.5.4b) and observe that in (7.5.4b), the
case |IT| < 2 is already proved by (7.5.4c). We need only treat the cases
|IT| = 3.

When |IT| = 3, we apply (7.2.5):

H sgt_26t8tZIﬂ uiHLQ(ﬁfs)

<SCK ), Y |s1Z"0wil + 125 wil) - 0,0, 2" us] o g
s

+ C”SQgg(Il, w, aw, 86w);||Lz(g(S) + CHZ‘I1 Fg” + CHSZIlu;HLz(g{S).
We observe that by (7.5.1),

|s* 20,0, 2" s, )

< CK Z Z Hs(|ZI3(97wi| + | Z3wy)) - 8t0tZIQuJAHL2(j{S) + CCLes’

[T2|+1131<3, ~, 7,4
|Io]<3
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We focus on

> 2 sz 0wl + 125 wi]) - 002 5] o

[T2|+I13]<3, ~,7%
[Io]<3

< Z Z HsZI387ua 5t5tZI2UjHL2(9{S)

2] +113]1<3, ~,7,%
[Io]<3

4 Z Z HSZI?’&YU;5tatZIQU5HL2(st)

o] +113]1<3, v,7,7
|I2|<3

+ Z Z HSZI‘Q’U’{'atatzbujHLQ(ﬂ‘Cs)

[T2|+11I31<3, ~,7,7
[I5]<3

T Z Z HSZI?’W'0t5tZI2“§HL2(:}cS)'

[I2|+1131<3, v,7,7
[To]<3

For each sum, the possible choice of (|I2|,|I3]|) are

We list out, for each sum, the relevant inequalities for each possible choice
(|Z2], |13]). This makes the following list:

Product (2,<1) (1,<2) (0,< 3)
$010: 21 uz 2120, uz (7.4.4a), (6.3.3a) (7.4.4a), (6.3.1b) (7.4.4c), (6.3.3a)
$010: 2 uy Z120, vy (7.4.4a), (6.3.2a) (7.4.4a), (6.3.2a) (7.4.4c), (6.3.2a)
$010c 21 uz - Z12u; (7.4.4a),(6.3.6¢) (7.4.4a), (6.3.6¢) (7.4.4c), (6.3.6¢)
$010c 2 ug - Z120; (7.4.4a), (6.3.1¢) (7.4.4a), (6.3.1c) (7.4.4c), (6.3.1c)

Then we conclude with the fact that these four terms can be bounded by
CC1es®. So (7.5.4a) is proved for |IT| = 3.
When |I| = 4, we apply the case |IT| = 3 and, more precisely,

\|33t_28t6t211 U’Z\||L2(g.fs) < 001686, (756)
As in the case |IT| = 3, by (7.2.5) and (7.5.1),

|s* 20,0, 2" s, )

< CK Z Z Hs(|ZI3(97wi| + | Z3wy)) - (9t0tZIQuJAHL2(j{S) + CCLes’

[To|+113]<4, ~, 7,4
|Io]<3
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The first sum is also decomposed into four parts:

D> s(12% 0w + 12 w)) - atath“iHm(:Hs)

|12|+|I3|<4’ 7>jai
[I2]<4

< szt 0w aaz g g

II2l+II31<4, 4,77
[I2]<4

+ Z Z HSZI?’&YUE atathU’JAHL?(?‘Cs)

o] +113]<4, 4,77
|Ig|<4

+ Z Z HsZI3Ua'5tatZ12uiHL2(:}Cs)

II2l+I131<4, 4,77
[Io]|<4

Y 2 IsZB v 00002 ug o g -

o] +1131<4, ~,7,%
[Io]|<4

The possible choices of (|I2],|I3]|) are
(37< 1)7 (27< 2)7 (]‘7< 3)7 (07<4)

Then we list out the inequalities to be used for each term and each choice
of (|I2], [13]):
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Product (3,<1) (2,<2) (1,<3) (0,< 4)
8010, Z12u; Z%2 0 uz (7.5.6), (6.5.3a) (7.4.4a), (6.3.3a) (7.4.4a), (6.3.3a) (7.4.4c), (6.3.1a)
50101 Z12u; Zfsa 7.5.6), (6.5.2a) (7.4.4a), (6.3.2a) (7.4.4a), (6.3.2a) (7.4.4c), (6.3.2a)

satatZIQUAZI‘w 7.5.6), (6.5.5¢) (7.4.4a), (6.3.6¢) (7.4.4a), (6.3.6¢) (7.4.4c), (6.3.6¢)
$010: Z12uzZ 30y (7.5.6), (6.5.1e) (7.4.4a), (6.3.1c) (7.4.4a), (6.3.1c) (7.4.4c), (6.3.1c)

/\/\/\/\
~ A~ S/



Then concludes by (7.5.4a).
(7.5.5) are combinations of (7.5.4) and (7.1.1). O

Now, we derive the complete L? estimates of the second-order deriva-
tives.

Lemma 7.12. Under the assumption (2.4.5), the following L? estimates
hold for |IT| < 4,|I"] < 2

Hs?’t_%a@,gZﬂu;HLQ(g{s) + HS?’t_2ZIT6a65u;HL2(g{S) < CChes?, (7.5.7a)

‘|$3t_2aaaﬁZIU?HLQ(j{S) + Hsgt_2ZI(9aaﬁu/Z\HL2(g_cs) < 001635/27

(7.5.7b)

34—2 r 31—2r,1"
|57 700082Z" wal 1 g, + 57227 0alpua] o g,y < CCre. (7.5.7¢)
Proof. These inequalities are based on (3.3.3) and (7.5.5). O
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Chapter 8

Null forms and decay in time

8.1 Estimates independent on the second-order estimates

In this chapter we will give the estimate of the following terms:
T(0usz, Ouz) = To‘ﬁéauﬁlguj, [Z7, Ao‘mﬁwu;@a&g]uj.

where T°% and B®? are null quadratic forms. The estimates in this section
will not apply to the “second-order derivatives” (7.5.7) and (7.4.6).

Remark that for the term [Z1, A%%70,u;0,05]uz, we can apply (7.5.4c)
and (7.4.4c) for better decreasing rate but the following decreasing rate will
be sufficient for the main result.

Lemma 8.1. Assume that the energy assumption (2.4.5e) holds, then the
following estimates holds for all |[I| < 3 and |J| < 1:

|27 (0ur, 0u3) 25, < C(Che)?s™53/2, (8.1.1a)
[[Z", A% 0543000513 1o ¢, < C(Cre)?s ™20 (8.1.1b)

Proof. The proof of (8.1.1a) is a combination of Lemma 4.2 with (6.5.3)
and (6.3.3). By recalling the decomposition of T presented in Lemma 4.2,
we have the following list/
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terms (3,<0) (2,<1) (1,<2) (0,<3)
(s/t)2Z"1 0yuz 212 0u5 (6.3.3a), (6.5.3a) (6.3.3a), (6.5.3a) (6.5.3a), (6.3.3a) (6.5.3a), (6.3.3a)
ZM0,u; 220 4u;  (6.3.3b),(6.5.3a) (6.3.3b), (6.5.3a) (6.5.3b), (6.3.3a) (6.5.3b), (6.3.3a)
ZM05uzZ"0,u;  (6.3.3a),(6.5.3b) (6.3.3a), (6.5.3b) (6.5.3a), (6.3.3b) (6.5.3a), (6.3.3b)



This completes the argument.

The estimate on the term [Z1, A%%70,u;0,05]u; is also proved by using
the inequalities presented in the following list. Remark that due to the
structure of commutator, some partition of the index do not exist.

terms (3,<0) (2,<1) (1,< 2)
(s/t)2Z1 0uz 212 0,045 (6.3.3a), (6.5.3a) (6.3.3a), (6.5.1a) (6.5.3a), (6.3.3a)
Z" 9, u; 212050 u;  (6.3.3b), (6.5.3a) (6.3.3b), (6.5.1a) (6.5.3b), (6.3.3a)
ZM0,up 20,0 u; - (6.3.3a),(6.5.4c) (6.3.3a), (6.5.4a) (6.5.3a), (6.3.5¢)
Z" 0 up 22050, u;5  (6.3.3a), (6.5.4¢) (6.3.3a),(6.5.4a) (6.5.3a), (6.3.5¢)
t 1 ZM0quzdgu;  (6.3.3a),(6.5.3a) (6.3.3a), (6.5.3a) (6.5.3a), (6.3.3a)
Finally, we derive the L” estimates of T by the following list
terms (1,<0) (0,<1) Decreasing rate

(8/1)2Z71 0puzZ72 0u; (6.5.3a), (6.5.3a) (6.5.3a), (6.5.3a) t=3
Z710,u; Z7204u;  (6.5.3b), (6.5.3a) (6.5.3b), (6.5.3a) t=2s71
Z105uzZ720,u;  (6.5.3a),(6.5.3b) (6.5.3a), (6.5.3b) t=2s71

8.2 Estimates depending on the second-order estimates

In this section we will establish the following estimates of the terms
[Z1, B u;0,,05]us.

Lemma 8.2. Assume that the energy assumption (2.4.5e) holds, then the
following estimates hold for |I*| <5, |IT| < 4 and |I| < 3:

[[Z", B*Pu30405]u5], » C(Cre)?s™/240, (8.2.1a)

<
(3s) =
Proof. Recall the structure of [Z1, B*%u;0,05]u; presented in Lemma 4.4.
It is a linear combinations of several terms and we need to control each term
in each possible partition of the index |I1| + |I2| < |I|. As before, we lists
out the inequalities used for each term and each partition of index:

terms (3,<0) (2,<1) (1,<2)
(s/t)?ZMug Z12040,u5 (6.3.6¢), (7.4.4¢) (6.3.6¢), (7.4.4a) (6.3.6¢), (7.4.4a)
ZNhup Z120,05u;  (6.3.6¢), (6.5.4¢) (6.3.6¢), (6.5.4a) (6.3.6¢), (6.5.4a)
Zhu; 2120, 0u;  (6.3.6¢), (6.5.4¢) (6.3.6¢), (6.5.4a) (6.3.6¢), (6.5.4a)
t7 170wy Z10qu;  (6.3.6¢), (6.5.3a) (6.3.6¢), (6.5.3a) (6.5.5¢), (6.3.3a)
O
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8.3 Decay estimates

We are now in a position to prove (2.4.7a),(2.4.7b), (2.4.8a) and (2.4.9a).
The proof of (2.4.7a) requires only the L™ estimate established in Chap-
ter 6.

Lemma 8.3. Let {w;} be the local solution of (1.1.2) and suppose that the
energy assumption (2.4.5a) and (2.4.5e) hold, then there exists a constan-
t e > 0 depending only on K such that, if Cie sufficiently small, then
following estimate holds:

/{1_1 ZEm,ci(s, ZIwi) < ZEG’Q(S, ZIwi) < Ky ZEm,ci(s, Zqu;).

Here K is the L™ bound of the constant A{aﬁwk and szaﬁk.

Proof. We note that
OGP < CK Y (|owi] + |wi])

i7j7a76

< CK ), (10avi] + |0us] + [vs] + |us])

Then by applying (6.5.2a), (6.5.3a), (6.5.1e) and (6.5.5c), and recall that
0<0d<1/6,

MG < CK (™32 + 712571,
i,J,0,8

D |EG.e,(5,wi) = By e, (s, w7))]

= ‘ZJ (@wiagijgaﬁ) (17 —.’L"a/t)d:r . J (8aw1~6@ij{°‘ﬂ)dm
Hs

S

of (30 (game)e

Hs 1,5, a,k

QCKJ Z |0w;| + |wil) - (Zm w| )dm
(t_1/23_1 —|—t_3/2 )(t/s)? (Z| s/t)0 wk|2>

< CKCléz Em(S,’UJZ') < CKCUEZ Emyci(s,wi)

< QCKC&GJ‘
g{s

Here we take C’K Cie < 2/3 with C' a umversal constant, then the lemma
is proved by fixing k1 = 3. ]
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The proof of (2.4.7b) consults the energy estimate (6.2.1a).

Lemma 8.4. Suppose (2.4.5a) and (2.4.5e) hold, then for any |I*| < 5
the following estimates is true:

_ Lo o
U g(@aGM)atzf”wiang“wj — 5 (aGI? )aaZI”wiaﬂZﬂwj)dx
g{s

<C(Cre)?s HOE,, (s, Zﬂwi)l/2 < CO(C1e)?s™ O E,, + (s, Zﬂwz’)lp-
(8.3.1)

Proof. We note that
0.GI%7) < CK Y |aw;| + CK Y |0adsw;]
j 5B
<CK ) (10avy] +10a0svf]) + CK ) (10aus] + 0adpuz])
JooB ey
< CCret™ 12571,

By substituting this result into the expression, the first term in left-hand
side of (8.3.1) is bounded as follows:

H(s/t) (3aG‘Za6) 3tZIﬁ wiaﬁzlﬁwﬂ' HLI(U{S)

= (/)0 GI*") (5002 wi(5/)05 2" w3 1 .

<O C(Crept 2572 (s/)0, 2" wi(s /)0 2" wj | 1 o
3,8
<CChes 1_25]H<s/t>atzf wi(s/t)0s 2" wj 5.
.75
<CChes™ Y. |(s/0)05 2" wy .
j’B
Then we apply (6.2.1a) and find

(s/6)0: 2" w;

(Hs) HL2(}CS)'

(/6 (0aGI™®) 002" wi05 2" w5 1 g

1/2
< 0(016)23—1”“ |(s/t)6tZIuwi|2dx>

< C(Cre)2s™ 1R, (s, 21 w;) V2.

The second term is estimated in the same way and we omit the details. [

The proof of (2.4.8a) is similar to that of (2.4.7b).
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Lemma 8.5. Under the assumption (2.4.5c), (2.4.5d) and (2.4.5e), the
following estimate hold:

U ; ( (0G0, ZITwzagZﬂw] — 5(& Gjo‘ﬁ)&aZﬂwié’BZﬂwj) dx
3,

<C Cy 6) 1+6/2E (S,ZITU}Z')l/z < Cr(cvl6)28—1—1—5/2Ewm7 ( ZIJr )1/2
(8.3.2)

Proof. As in the proof of Lemma 8.4:

H(s/t) (éaG‘Zaﬂ)étZﬂwié’gZﬂwjHL1

cc
N [T 7
7B

(3Cs)

(/8027 w;

l129c.)

Then we apply (6.2.1b):

H (s/t) ((%Gfo‘ﬁ) @tZIﬁwiaﬁZIu wy HLl(st)

1/2
< 0(016)23—1”/2( f |(s/t)8tZIﬂfwi‘2d93>

S

< O(Cre)2s™ 192, (s, 21 w;) V2.

The second term is estimated in the same way and we omit the details. [

The proof of (2.4.9a) is quite similar but the null structure will be taken
into consideration for the sharp decay rate s~ 3/229,

Lemma 8.6. Suppose (2.4.5a) and (2.4.5e) hold, then for any |I| < 3 the
following estimates are true:

N 1 N
‘J}C ;((8aGgo‘ﬁ)0tZIU€aBZIUJ — 5(6’,5G%a5)8a21u;8ﬁ21u5> dx

SCK(C1e)2s732H0E, (s, Z1up) /2.
(8.3.3)

Proof. We decompose the term Ggaﬁ as follows:
(5/8)00GL*P 052 u30, 2 us
=(s5/t) (ALP7% 000,07 + BI*P*0001) 05 2 430, 2 s
+ (s/t) (AZ*P7* 0,0, up + BIP*0,uz) 05 2 ug0, 2 us
Z=R1 + RQ
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The estimate of R; is direct. We apply the inequalities (6.5.1e)
1R 2 3¢,y = [I(s/8) (A% 0,0,07 + BIP,07) (02" u30: 2" w) | 12 3¢,
SCK|(E325° (t/5)) (5/1)03 2 5 (/002 il 11 e,
SOK|(7 5™ 40 (8/0)05 2 ug o, - [(5/)0 2] 3o,
<0K0168_3/2+5||83Z1u5||L2(g{5) - B (s, Zlug)l/Q.
Then we apply (6.2.3a),
|R1 |2 sc,) < CKCres™ 0B, (s, Z uz) /2. (8.3.4)

The estimates on Rs is more complected. We have the following decom-
position:

(5/t) (AP 0000z + BIPF0pu) 05 2 s
—(s/t) A2* 0,0, u205 2wz + (/) B 0005 27 u;
= (/1A (02 ug, 00uz) + (s/t) T2 (Ouz, 02 us)

Recall that A%k and ‘Tgk are null forms.

Let us consider first the terms of Agk. By Lemma 4.5 (with I = 0), we
have

AN0Z us, d0uz)

SCK(s/t)?|0:0uz| |0: 2 uz] + CK Q1 (0, Z uz,u uz) + CKt™1Q(0, Z u;, uz)
<CK(s/t)?|0:0ruz| |0+ 2 us)

+CK ) 10,05uz| 10,2 us| + CK )7 10,95uz 10,2 ug)

a,B,y a,by
+CK Y 10,05uz) 0.2 ug| + CKt™' > |00 2" ug) |05ug)-
a,B,c a,B

Each term is estimated as follows:
|(s/1)?00suz, 0: 2" ugl L2 (ac,) = (s/8)0:0rug, (/8)0:Z  ug L2 (o)
< COvellt ™ (s/t)0: 2" ug| 12 (31,
< CCres 2| (s/t)0 Z uz| 12 (3¢.) < C(Cre)?s™2,
where we applied (6.5.3a) and (6.2.3a):
10,2505 0 2" w52 o) = 1(4/5)2a8 0z (/)02 03] 125
< CO| (/)2 (5/0,2 sl 1200,
< CC165_3/2||(s/t)8tZIu5||L2(g{s) < C(Cre)?s73/2,
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where we applied (6.5.4c) and (6.2.3a).

The term |0,0,uz 0, Z uz]12(3¢,) is estimated in the same manner and
we omit the details.

1008507 0,27 w3 20ty < 12adgu im0 10275 2ot < C(C10)%s™2
where (6.5.3a) and (6.2.3b) are applied:
[t71 002" uz 05ug ]l L2 (ac,) < 167 (8/9)0puzllL=(sc.)
< C(Che)?s7%2,
where (6.5.3a) and (6.2.3a) are applied. Then we conclude with
% B
H(S/t)fl% (8ZIU@, aauj)HLQ(ﬂ-Cs) < CK(CUE)S 3/2.

Then we have

(8/t)0a Z" uj] L2 (3¢

(s/8) A2 (02" s, 30u3)8, 2" uz

l119c,)

< [AZ (021 uz, 00u3) || 12 (50) | (5/8)0e Z s 12 3. (8.3.5)
< C(C1e)*s P Ep (s, Z"us)'/?.

Next, we consider the terms of ‘J‘gk. By (4.2.1a), ‘.Tgk(aZIu@, Ouz) can
be bounded by a linear combination of the terms presented in Lemma 4.2.
All the estimates are based on the inequalities (6.5.3a), (6.5.3b), (6.2.1a)
and (6.2.1c).

(/)02 w500z | oo, , < 15/t o o0 (578000 27051 oo
< 0(016)23_3/2,

HQauEQBZIuJAHB(}c) H(t/s)
< C(Cre)s /2,

(S/t)éﬂzlui“L2(}cs)

|00uz 202" us] 12 0.y < [Garz]

I
92 uiHm(}cs)
< C(Chre)?s732,

S

Then we conclude with

H‘J’(é’%,(9Zlu5)é’tZIUgHL1(g{s) < H‘J’(é’u@,('J’Zluj)HL2 ) (5/t)0: 2" uz

< C(CLe)? By (s, Z1uz) ',

l2209c.)

(8.3.6)
Combining (8.3.4), (8.3.5) and (8.3.6), we conclude that

H&’a (Ggaﬂ(w, ﬁw))@tZIug < C(C1€)2s7 320, (s, ZTup) V2,

Then we conclude that the term H&t (Ggaﬁ(w,éw))aaZlu;HLl(g{ )
bounded by C(Cy€)?s~3/2+9 which proves the desired result. O

2 5e.)

is also
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Chapter 9

L? estimates of the interaction terms

9.1 L2 estimates on higher-order interaction terms

In this chapter, we establish three groups of energy estimates mentioned in
the proof of Proposition 2.4, that is, (2.4.7c), (2.4.8b), and (2.4.9b) which
are derived under the assumption (2.4.5). We emphasize that three groups
of inequalities correspond to different decreasing rates in time. The proofs of
(2.4.7¢) and (2.4.8b) are much easer than the one of (2.4.9b) since, roughly
speaking, it does not require the null structure. The sharp decreasing rate
in (2.4.7c) is a consequence of the null structure. Interestingly, this is the
only place where the null structure is used in a fundamental way.

This chapter is divided into two parts. The first part is devoted to the
proof of (2.4.7c) while the second is devoted to that of (2.4.9b).

Here we will establish the following L? estimates.

Lemma 9.1. Under the assumption of (2.4.5), the following estimates hold
forall|[ﬁ|<5 and B+1<s<T

|27 B yag., < C(Cre)s ™7, (9.1.1a)

(21, GI% (w, 0w)dadsw;| < O(Cre)s™ 2. (9.1.1b)

Proof. We begin with (9.1.1a). This concerns only the basic L? and L*
estimates established earlier. Recall that Z! uFi is decomposed as follows:
ZIuFi — 7z (Piaﬁjké’awjagwk) +zI" (Q?jkvéﬁawj) + 70 (Rf-vkvjvg)
Then we see that Z!° F; is a linear combination of the following terms:
z! (é’augﬁguj), z! (6av;8,3wj), 7zl (v;&’awj), 7zt (vjvz).
Then as done before, we write down, for each term and each partition of
It = If + Ig, the inequalities used in the following two lists (recall the
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convention of notation, on each term I f acts on the first factor and I f acts
on the second and the symbol (a, < b) means |If| = a, [T} < b):

Product  (5,<0) (4,< 1) (3,<2)

dauz0gusy (6.3.1a), (6.5.3a) (6.3.1a), (6.5.3a) (6.3.3a), (6.5.1a)
Oavidgw; (6.3.2a), (6.5.1a) (6.3.2a), (6.5.1a) (6.3.2a), (6.5.1a)
vidaw; (6.3.1¢), (6.5.1a) (6.3.1¢), (6.5.1a) (6.3.1¢), (6.5.1a)
vyvy  (6.3.1e),(6.5.1e) (6.3.1e), (6.5.1e) (6.3.1e), (6.5.1e)
Product (2,< 3) (1,<4) (0,<5)

dauz0guy (6.5.1a), (6.3.3a) (6.5.3a), (6.3.1a)
Javy0pw; (6.3.2a), (6.5.1a) (6.5.2a), (6.3.1a)
vi0aw; (6.3.1e),(6.5.1a) (6.5.1e), (6.3.1a)
vyoy  (6.3.1¢), (6.5.1¢) (6.5.1¢), (6.3.1¢)

(

(6.5.3a), (6.3.1a)
(6.5.2a), (6.3.1a)
(6.5.1e), (6.3.1a)
(6.5.1e), (6.3.1e)

From these inequalities, we conclude by (9.1.1a).
Then we turn our attention to (9.1.1b). Recalling the decomposition of
(27, GI? (w, ow)dads]w;, we find

(27, GIP (w, dw)0a 05w,

(27, A1 dadg]w; + (27, BI* P 0,05]w; (9.1.2)
+12", BI** 0,050
The first term of the right-hand-side is decomposed as follows:
(27, AT°PR D 10y, 0005]w;
= 3 AP ZIG w2 0,05w; + AP0 wy [ 27 0005 ]w;.

1§+15=1ﬁ
115 1<1781-1

(9.1.3)
The first term is decomposed as follows:

Z A{C“W“Zf?aﬂywszgaaaﬁwj

Iﬁ‘l‘]%:]ﬁ
118 <18 —1

B Bk I It jaBvk oIt 1}

= Z (A‘ga "z 1@71%2 26a0gwj +A‘ga vz 1671%2 26a65wj .
FLI L
|1§|<|21ﬁ|—1

So we observe that this term is a linear combination of the following terms
with constant coefficients:

ZM 0 Z%0,05u5, 21 0yuz 20,0505, Z710,0; 2" 0005w,
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with | %] + |[If| < |I%] and I§ < |I%] — 1.

The second term in right-hand-side of (9.1.3) is estimated as follows.
We see that it is a linear combination of the following terms with constant
coefficients:

0yuz [Z7 0008 ug,  0yur[ 27 0adslvy,  Oyvr[Z", 0adslw;.

Then by the estimates on commutators (3.3.3), these terms are bounded
by

It Jg
D 10vupfads 2 uy, D 10vupads 20y,
[I5|<|¥] -1 [I5|<|1H] -1
I“
> |0y0p0ads 2 2wy
[I5|<|¥] -1

Then we observe that [ZIﬁ,Azaﬂvkﬁywkaaﬁg]wj is bounded by a linear
combination of the following terms with constant coefficients:

ZIQ avugzlg 0a0pus, Zﬂ 377%21@ 0a0pvy, ZI§ avaZIg Oadpw;
ZI? avugéaé’ngIguj, ZIﬁ 8,yugaaaﬁzlgvj’ ZIQ %UE%aﬂzlgwj

with |I7| + |} < |I%] and |If| < 4

Then we give the inequalities used for each term and each partition of
index:

Product (5,<0) (4,<1) (3,<2)

Z1 0z 2% 0,05u; (6.3.1a), (7.4.6¢) (6.3.1b), (7.4.6b) (6.3.3a), (7.4.6a)

Z104u; 20,0505 (6.3.1a),(6.5.2a) (6.3.1b), (6.5.2a) (6.3.3a), (6.5.2a)

Zf”a vafza aﬁwj 6.3.2a), (6.5.1a) (6.3.2a), (6.5.1a) (6.3.2a), (6.5.1a)

Z1 00005 Z u; (6.3.1a), (7.4.6¢) (6.3.1b), (7.4.6b) (6.3.3a), (7.4.6a)

) ( ) ( ) ( )

) ( ) ( ) ( )

Y
Y
Y

Y

Z1 0300052 vy (6.3.1a), (6.4.3a) (6.3.1b), (6.4.3a) (6.3.3a), (6.4.3a
Z1 0,01 00052 %w; (6.3.1a), (6.4.2a) (6.3.1a), (6.4.2a) (6.3.1a), (6.4.2a

Y

TN TN /N N N /N
o~ o~ o~ o~ o~ o~
— — —— ~—— ~——

9

Product (2,<3) (1,<4)
Z1 0yuz 2%0,05u; (6.5.1b), (7.5.7b) (6.5.3a), (7.5.7a)
Zf”a uAZI 0.05v5 (6.5.1a), (6.3.2a) (6.5.1a), (6.3.2a)
Zf”a kaI26 Ogw; (6.5.22),(6.3.1a) (6.5.22), (6:3.1a)
z1 a U 0a aﬁzf 5 (6.5.1b), (7.5.7b) (6.5.3a), (7.5.7a)
7119 Uz O aﬁZf (6.5.1b), (6.2.2a) (6.5.3a), (6.2.2a)
Z1 00100052 %w; (6.5.1a), (6.2.1a) (6.5.1a), (6.2.1a)

—~ o~ o~ o~~~
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The estimates of the remaining terms of the right-hand-side of (9.1.2)
are estimated similarly. By a calculation, we observe that these two terms
can be bounded by the combination of the following terms with constant
coefficients:

; f ; f
ZIlvEZI20a85wj, ZIluEZIQ@oﬁBu;,
t f ; f
levéaa@gz"?wj, lez%@a&’gZI?uj,
with [IF] + |I§| < |I*] and |I§| < 4. We will write in detail the estimate for

the most difficult term 2 u,;ZIg 0a0gUs:

DO VAT ALY NPT

1% 1 18 1<) 1)

|15 1< 78] -1
< Z |ZI§U"§ 0 UA| + Z |ZIEUAZ158 0 UA|
x LCalply k atgl;
|17 |<5 |1 |=4,| 5| <1

f f
+ > 25wz 6,05u4
|17]=3,| 15| <2
f i f i
+ Z ‘211U@2126aaﬁu5| + 2 ‘lel%ZI?aa@ﬁuﬂ
|1 |=2,|15|<3 11} |=1,|15|<4
=15+ Ty + T35+ 15 + T7.

The term T} is estimated by applying (6.3.6a) on the first factor and (7.4.6¢)
on the second factor:

5] z2(3¢,) = | ; Hs’lZIﬁuE saaaﬁujHLg(g{S)
f|<s

<|sz

i
Il“%HLz(J{S) Séaaﬂuium(}cs)

S O(C1e)*s[t125 72| 5., < C(Cre)?s 14

where we observe that in the half-cone X, s <t < Cs?.
The term Ty is bounded by applying (6.3.6b) and (7.4.6b):

N

Tl 22 (3¢, Z }‘3_1ZI§UE Szlgaaaﬁuium(%s)

|1}]=4,]15]<1
gc(01€)285/2Hstl/28—3+5/2

<C(Cre)s™10.

| r ac.)
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The term T3 is bounded by applying (6.3.6¢) and (7.4.6a):

_ f #
15 22 (¢, < Z |s 2", szfzaaagujHLQ(g{
|1§|=3,|15|<2

SC’(C’le)ZHstl/Qs_
SC(Clﬁ)Sil_HS.
The term 75 is estimated by applying (6.5.5b), (7.5.7b):

s)

P

—3,2 1" 3,—2 18
||T2||L2(J-CS) < Z HS t°Z lug s t—°Z 2aaaBUjHL2(g{S)
|1}]<2,|15]<3
_ §
< N ezt
|1f<2,|1|<3
§—3424—3/241+5/2

L= (F€,) H A Oa aﬁ“iHL? (7

5/2
HLOO(U{S)CCles /
=C(Cre)?s™ 119,
The term 77 is bounded by applying (6.5.5¢) and (7.5.7a):
_ ; o gt
|T |2 (3¢,) < Z |s™3t2 2" ug 5%t QZIQaaaﬁuiHm(g{s)
[ |<1,] 15| <4
< Z “8_3t2ZI§uA
|If]<1,|1E|<4

<COye| s34 725 Lo (9, - OCres® < C(Cre)?s™ 7.

For the remaining terms, we list out the inequalities to be used on each

1
2aaaﬁuiHL2(:}c )

term and each partition of index in the following list:

Product (5,<0) (4,<1) (3,<2)

Z vaan dsw; (6.3.1e), (6.5.1a) (6.3.1e), (6.5.1a) (6.3.1e), (6.5.1a)
z1 ug VAR aﬂu (6.3.6a), (7.4.6¢) (6.3.6b), (7.4.6b) (6.3.6¢), (7.4.6a)
1vv6 8521210] (6.3.1e), (6.4.2a) (6.3.1e), (6.4.2a) (6.3.1e), (6.4.2a)
u 0005 Z%u; (6.3.6a), (7.4.6a) (6.3.6b), (7.4.6b) (6.3.6¢), (7.4.6¢)
Product (2,<3) (1,< 4)
ZN . 7130,05w; (6.5.1¢), (6.3.1b) (6.5.1¢), (6.3.1a)
ZfluAleﬁ aﬂuj (6.5.5b), (7.5.7b) (6.5.5¢), (7.5.7a)
m@ aBZ%wJ (6.5.1¢), (6.2.1a) (6.5.1¢), (6.2.1a)
1uké’ aBZfauj (6.5.5b), (6.2.1b) (6.5.5¢), (6.2.1a)

243



Then we estimate the source with fourth-order derivatives.

Lemma 9.2. Under the assumption of (2.4.5), the following estimates hold
forall |[IT| <4 and B+1<s<T

HZITF5HL2(1}CS) S 0(016)5_1+6/27 (9.1.4a)

721 GIP (w, 0w)0a05]w;| < C(Cre)s™ 972, (9.1.4b)
Bl1W;

2
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Proof. The proof is essentially the same to that of Lemma 9.1. We will not write the proof in details, but we list
out the inequalities used for each term and each partition of index.
First we list out the estimate on ZITFZ-:

Product (4,<0) (3,<1) (2,<2) (1,<3) (0,<4)
datzdsu; (6.3.1b), (6.5.3a) (6.3.3a), (6.5.3a) (6.3.3a), (6.5.1b) (6.5.3a), (6.3.3a) (6.5.3a), (6.3.1b)
dovidpw; (6.3.2a), (6.5.1a) (6.3.2a), (6.5.1a) (6.3.2a), (6.5.1a) (6.5.2a), (6.3.1a) (6.5.2a), (6.3.1a)
v0aw; (6.3.1e),(6.5.1a) (6.3.1e),(6.5.1a) (6.3.1e), (6.5.1a) (6.5.1e), (6.3.1a) (6.5.1¢), (6.3.1a)
vy (6.3.1e),(6.5.1e) (6.3.1e), (6.5.1e) (6.3.1e), (6.5.1e) (6.5.1e), (6.3.1e) (6.5.1e), (6.3.1¢)

= — D D
NSANGING NG
o~~~
—~ T~

The terms [Zﬂ7 Bfuﬁkwkaaﬁﬁ]wj are estimated by the inequalities listed in the following list:
Product (4,<0) (3,<1) (2,<2) (1,<3)
Z10,uz Z13.0,05u; (6.3.1b), (7.4.6¢) (6.3.3a), (7.4.6b) (6.5.1b), (7.5.7c) (6.5.3a), (7.5.7b)
21 0,u;0005 2" u; (6.3.1b), (7.4.6¢) (6.3.3a), (7.4.6b) (6.5.1b), (7.5.7¢) (6.5.3a), (7.5.7b)
) )
)

=

o
N

( ) ( ( ) ( (

( ) ( ( ) ( ( (
7160, u; 2% 0,055 (6.3.1b), (6.5.2a) (6.3.3a), (6.5.2a) (6.3.3a), (6.5.2a) (6.5.3a), (6.3.2a)
ZN 0yuz0005 2" vy (6.3.1b), (6.5.2a (6.3.3a), (6.5.2a) (6.5.3a), (6.3.2a)
Z1 0,0y 212 0,05w; (6.3.2a), (6.5.1a (6.3.2a), (6.5.1a) (6.5.2a), (6.3.1a)
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9.2 L2 estimates on third-order terms

In this section we will prove the L? estimates of the source term (2.4.9b)
with |I| < 3. We osberve that this is the only place where the null structure
is taken into consideration.

Lemma 9.3. Under the assumption of (2.4.5), the following estimates hold
for all |I] < 3:

| Z Py 12 (3c,) < C(Cre)?s™3/2+2, (9.2.1a)
121G (w, 0w) 0050y L2 (3¢,) < C(Cre)s™3/2+%, (9.2.1b)
(27, G2*F (w, 0w)0aslug] 5., < C(Cre)’s™ 242, (9.2.1¢)

Proof. We first prove (9.2.1a) and recall the structure of Z! F;:

7' By =21 (P27 0 uz05u;)
+ P?O‘BJVEZI (Oavy0puz) + P?O‘BJ%ZI (Oauzosuy) + P?O‘BJVEZI (Oavy05vy)
+ Q2! (vgdaws) + R 21 (ugeg).

Remark that the first term in the right-hand-side is a null term. We apply
directly (8.1.1):

“Piaﬁj%aaufaﬁuﬁ}‘L2(}(S) < C’(016)28_3/2.

The remaining terms are linear combinations of the following terms with
constant coefficients:

A (6avjégwk), z! (véﬁawj), z! (Uj”UE).
We will not give in detail the estimates of each term, but we list out the

inequalities used on each term and each partition:

Product  (3,<0) (2,< 1) (1,<2) (0,< 3)

Javy0pwy, (6.3.2a), (6.5.1a) (6.3.2a), (6.5.1a) (6.5.2a), (6.3.1a) (6.5.2a), (6.3.1a)

vydaw; (6.3.1e),(6.5.1a) (6.3.1e), (6.5.1a) (6.5.1e), (6.3.1a) (6.5.1e), (6.3.1a)
vivr  (6.3.1e), (6.5.1¢) (6.3.1e), (6.5.1¢) (6.5.1¢), (6.3.1¢) (6.5.1¢), (6.3.1¢)

To prove the second inequality (9.2.1b), we observe that it can be de-
composed as follows:

Z1 (G2 (w, 0w)dadv5) = ALV 2T (101,00 0p05) + BIF 27 (07000505
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So it is to be bounded by a linear combination of the following terms with
constant coefficients:

ZM(0ywi0adsvy),  Z'(vpadsvy).

As before we list out the inequalities used on each term and each partition
of index

Product (3,<0) (2,<1) (1,< 2) (0,< 3)
0wy 0a0gvy (6.3.1a), (6.5.2a) (6.3.1a), (6.5.2a) (6.5.1a), (6.3.2a) (6.5.1a), (6.3.2a)
vy.0a0gvy (6.3.1e),(6.5.2a) (6.3.1e), (6.5.2a) (6.5.1e), (6.3.2a) (6.5.1e), (6.3.2a)

The proof of the inequality (9.2.1c) also consults the null structure.
Recall the following decomposition:

(21, GI*P (w, 0w)dadslu;
=[21, ALP% 0z 0,05 Tug + (27, BL Uz 0005]u;
+ (21, AP0 00008 ug + (271, BL"*PPur0,05]uy

Observing the null structure of the first two terms and applying (8.1.1b)
and (8.2.1a), we obtain

027, A7 0y Pas)s] oo, + 1127, BE ugdadslug] 1o

< 0(016)28_3/2_!_6.

(3s)

The remaining two terms are linear combinations of the following term:
ZflavaZIQé’aaﬂuj, ZIl’UEZIQaOﬁﬂu]A,
leévvzaaé‘gZIQuj, ZIlvzaoﬁgZI?uj

with |I;] + |I2| < |I] and |I2] < 2.

We omit here the details and list out the inequalities applied to each
term and each partition of index:

Product (3,<0) (2,<1) (1,<2)

Z1 0, v; 2120, 0puy (6.3.2a), (6.5.1a) (6.3.2a), (6.5.1a) (6.5.2a), (6.3.1a)

Zhw: Z120,05u; (6.3.1e), (6.5.1a) (6.3.1¢), (6.5.1a) (6.5.1¢), (6.3.1a)

710,010,087 uz (6.3.2a), (6.4.2a) (6.3.2a), (6.4.2a) (6.5.2a), (6.2.1a)

Z10;0,0322u; (6.3.1¢),(6.4.2a) (6.3.1¢), (6.4.2a) (6.5.1¢), (6.2.1a)
O
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Chapter 10

Revisiting scalar wave equations

10.1 Background and statement of the result

In this chapter, we revisit the classical theory concerning the global exis-
tence of small energy solutions to the scalar nonlinear wave equation (with
B > 0 given)

Cu = Po‘ﬁaauégu

(10.1.1)
U|5-CSO = Uo, atu|9{30 = us,
where C*-regular initial data ug,u; are compactly supported in the open
ball B(0,sp). We recall that B(0,so) is the intersection of the spacelike
hypersurface H;, and the cone-like region K. We impose the classical null

condition on the bilinear form P*?, that is,

PP, =0 for all £ € R* satisfying —&2 + > &2 = 0. (10.1.2)

The global existence for (10.1.1) is discussed in many textbooks [Sogge
(2008)]. Yet, it is interesting to revisit this problem here with the hyper-
boloidal foliation method. Importantly, we prove that the hyperboloidal
energy of the solutions is uniformly bounded (with respect to the hyper-
bolic time variable), while in the classical framework the associated energy
might increase polynomially. Therefore, our method leads to a sharper
asymptotic behavior.

The hyperboloidal energy E,, was introduced in (2.1.11) in Chapter 2,
while the admissible vector fields Z € 2 were defined in (2.1.7).

Theorem 10.1 (Existence theory for scalar wave equations).
Let d = 3 be a given integer, then there exists a real €y such that if for
all |I] = 3,

Eon(s0, ZTu) < € < €, (10.1.3)
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then the local-in-time solution u to the Cauchy problem (10.1.1) extends to
arbitrarily large times. Furthermore, there exists a constant C7 > 0 such
that the following estimates hold for all |I| < 3

En(s, ZTu) < Cye (10.1.4)
and

|0au(t, )| < Chet™(t —r)~V2. (10.1.5)

10.2 Structure of the proof

We rely on a bootstrap argument and, to begin with, we assume that, in a
given time interval [so, s1] the local solution satisfies the following estimate:

|I§_1|ax{Em(s,ZIu)} < Cre, for s € [sg, s1] (10.2.1)
<3

with s1 1= sup,>,, { max|;j<a{En (s, Z'u)} < Cie} supposed to be finite.
When C; > 1 and by continuity, we have s; > sg. Then we will prove that
for suitable €y and C4, when € < ¢g,
1
max{FE,,(s, Z'u)} < =Cye, for s € [so,s1]. (10.2.2)
|7]<3 2
This leads to
1
Eo(s1, Z1u)} < =Che.
fﬂg{ (51,27 u)} o 1€
Then by continuity, we conclude that

s1 < sup { max{E,,(s, Z'u)} < C1¢}
s=so  [1]<3
this contradiction leads to the conclusion that s; = 4+00. In view of the
local-in-time existence theory in Theorem 11.2, the solution u extends to
all times.
Then our task reduce to proving the following result and the rest of this
chapter is devoted to its proof.

Proposition 10.1. Let u be the local solution of (10.1.1) with initial data
satisfying

En(s0, ZMu) < ¢ (10.2.3)
for all |I| < 3. Then there exists a couple of positive constant (C1,¢e)

such that if it satisfies the estimate (10.2.1) with € < €¢, then the estimate
(10.2.2) holds.
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10.3 Energy estimate

In this section we are going to estimate E,,(t, Z'u). The following lemma
is a adapted version of Lemma 2.1 in the case of (10.1.1).

Lemma 10.1. Let u be a local solution associated to (10.1.1) and |I| < 3
be a multi-index. Then the following estimate holds:

En(s, Z'u) < B, (so, Z1u) + J |27 (PP 0qudgu)

S0

HLQ(%)dT. (10.3.1)

Proof. This is a special case of Lemma 2.1 which we can also check directly.
We apply to the equation (10.1.1) a product Z! with |I| < 3. Recall the
commutation relation [Z,[]] = 0, we find

D(qu) = 7! (Po‘ﬁaauagu).

Then, we multiply this equation by 0;Z7u and perform the standard cal-
culation of energy estimate. For simplicity we denote by & =: Z u:

%at ((ata)Q + Z(aaa)2> — 00 (0,10 11) = Z" (PP 0,101 ) 04l

Integrating this equation in the region X[, s, we have

1
0, (0,0)% + Oa Ul 2) — 0q (0000 | dtdx
J:K[so,SJ (2 t<( t ) ;( ) ( :

_ f Z1 (PO 9, idgu) 0,1l dtda.
X

[SO ,8]

(10.3.2)

Recall that by Huygens’ principle, the solution is supported in the cone
XK, then in a neighbourhood of the cone {|z| = 7—1} n{so <7 < t}, u = 0.
Then by Stokes’ formula, the left-hand side reduces to

1

5 J ((ata)2 + Z (aaﬂ)2v 28taaa&) -ndo
Hs -

g
2 Jac

where n is the (future oriented) unit normal vector to the hyperboloids and

(1007 + > 10471]?, 20,1i041) .ndo,

S0

do is the induced Lebesgue measure on the hyperboloids:

2 + [2f2) "/

n=(t*+ |1’|2)71/2(t, —z%), do= ( ;

dx
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Then the left-hand-side of (10.3.2) becomes
1J |04 + ) [0 a|2+2x—aa U0 | da
9 5. t . a n a Wt

)
2 Jgc

which is £ B, (s, Z1u)? — 2 E,,.(so, ZTu)?.
In another hand, recall that in the region X[, 4, the relation of change

of variable 7 = (2 — |z|?)%/2, then by the relation dtdx = (7/t)drdz, the
right-hand-side of (10.3.2) becomes

<|ata|2 + > 10.0]% + 2%@@@@) de,

S0

J dTJ (1/t)0uZ" (PP dpudpu)dz.
So j‘f-,-

Then (10.3.2) becomes

1 1 s
§Em(s, Z1Tu)? — §Em(so, ZTu)? = f dsj (1/t)0uZ’ (Po‘ﬂﬁaué’/gu)dx.
s H-
’ (10.3.3)
Derive (10.3.3) with respect to the variable s,

E(r, Zlu)diE(T, VAT =J (r/t)0uZ’ (PP d4udgu)da
T H

T

<||(7/t)0su] L2 (3¢, HZI (Po‘ﬂéauc?gu) HHT

Recall (2.3.2), E(s, Z'u) = C||(1/t)0sul 2(3¢,)- Then
d

T E(s, Z2'u) < |2 (PP dqudgu)
s

Integrate this with respect to 7 on [sg, s], the desired result is proved. [

e,

Now, we observe from (10.3.1) that the key toward estimating the energy
of Z'u is the estimate of |Z!(P*?dqudsu)||2(sc,). This is the subject of
the following sections.

10.4 Basic L? and L” estimates

In this section we deduce from the bootstrap assumption (10.2.1) a set of
estimates on L? and L” type norms on the derivatives of the solution.

The proof is immediate by combining the expression of the energy FE,, and
(10.2.1).
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Lemma 10.2 (Basic L? estimates). Suppose that (10.2.1) holds. Then
for all |I| < 3, the following estimate hold for s € [so, s1]:

10,2  u] L2 (3c,) < CChe, (10.4.1a)

||(3/t)QoZIU||L2(J{S) < CChe, (10.4.1Db)
where C' > 0 is a (universal) constant.

Now, we combine Lemma 10.2 with the estimates on commutators lem-
ma 3.4 and (3.5), the following estimates hold.

Lemma 10.3. Suppose that (10.2.1) holds. Then for all |I1|+ |I2| < 3, the
following estimate hold for s € [0,T]:

||ZhQaZI2u||L2(g.CS) < CChe, (10.4.2a)

12" ((s/t)29 2" u) | 12(3¢,) < CCre (10.4.2b)
where C > 0 is a universal constant.

Then we have the following decay estimates. The proof is immediate by
combining (10.4.2) and Lemma 5.1.1.

Lemma 10.4 (Basic L” estimates). Suppose that (10.2.1) holds. Then
for all |J| < 1, the following estimate hold for s € [0,T]:

1t320,Z7 u|| 1= (5¢.) < CChe, (10.4.3a)

|t42500Z | 1 (3¢.) < CChe, (10.4.3b)

where C > 0 is a universal constant.

10.5 Estimate on the interaction term

We now estimate the source term P’ 9,udsu with the help of (10.4.2) and
(10.4.3).

Lemma 10.5. Assume that the inequalities (10.4.2) and (10.4.3) hold and
P8 s a null bilinear form. Then the following estimate hold:

|21 (PP ,udpu) C(Cre)?s™3/2, (10.5.1)

l120c,) <
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Proof. We must combine Proposition 4.2 with (10.4.2) and (10.4.3). From
Proposition 4.2, we recall that

‘ZI (Paﬁaauaguﬂ

<CK(s/t)> Y, |Z2"owz"™ o)
[+ |22 <]

ek Y (|ZM0,uz0pu] + |20 02" 0,u])
4TI

=: 171 + T27

where K = max, s |P*?|.

To estimate the L? norm of each term of Ty, we remark that |I1|+|I2| <
|I| < 3 implies that |I;1] < 1 or |I3| < 1. Suppose, without loss of generality,
that |I3| < 1. Then, we have

H(s/t)zleOtqu@tuHLQ(j{s)

—1/2 =1 (41/2 . T
< H(S/t)atuHm(}cs)H(S/t)t s (#2522 0,u)
< CCres ™ 2CCre < C(Cre)?s™3/2.

I ac.)

The terms in T5 are estimated similarly. We remark that when |[;]| < 1,

|27 0,0 22850 ayyr, =220 0,0t (t/5)(5/t) 2" 00 .
<[22 0,u s (s/t) 2" 0gu) .,
28_3/2Ht3/2Z[1@auHLw

<C(Cre)?s73/2,

(3Cs) (3Cs)

(FCs)
(s/1)2" 51| .

(Hs) (Hs)

When |I3| < 1, we have

1250, 2" 05u] a5, =[2" Qaut ™25 112527 0gu| o
175 2,50 7 gl
=s 2|20, .

<C(Cre)?s73/2,

tl/QSZIQQB“HLw(J{S

(FCs) )

So we arrive at the desired result. O
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10.6 Conclusion

Proof of Proposition 10.1. Now we combine (10.5.1) and (10.3.1):

Epn(s, Z1u) <Em(s0, Z7u) + C(Cye)? J =32,
SCOO
<Ep(s0,2"u) + C(Cle>2J 732dr < e+ C(Cre)”.
1

Then if we take C7 > 2 and € < ¢ = 2%16%, then
1

1
En(s, ZTu) < 5016,
which concludes the argument. ]

The asymptotic profile of the solution is also clear: (10.1.4) has already
been proved by Proposition 10.1. To see 10.1.5, we remark that by Lemma
10.4,

|0pu| < Cret 1257t = Cret 2t —r) Y2, |3,u| < Cret /2,

By recalling the relation

xa

Og = 0 u — 78tu,

then (10.1.5) follows.
In view of the discussion at the beginning of Section 10.2, the result
stated in Theorem 10.1 is now established.
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Chapter 11

The local well-posedness theory

11.1 Construction of the initial data

In this chapter, we establish a local existence theory for the quasi-linear

systems
Ow; + G2 (w, 0w)dapw; + Cw; = Fy(w, dw), (11.1.1)
wi(B+1,2) = wig, Owi(B+1,x) =w;,
where
GIP (w, dw) = AI*PTF 0wy, + BIPkyy,,
(11.1.2)

Fy(w, 0w) = P*7*0,w;05w1, + Q7% dpwjwy, + R wjwy,.

These Af‘mj, Biabk, Piaﬁjk, Q?jk, ng are constants. To guarantee the hy-

perbolicity, the following symmetry conditions are assumed:
jaff _ ~iaf o _ ~iB

G} = G;.a ) G]*7 =G, (11.1.3)

Initial data are prescribed on the hyperplane {t = B+1} and are denoted

by (wig, ws;) € HTHR3) x HYR3). We assume that they satisfy the

following smallness condition:
||in||Hd+1(R3) <€, ||wil||Hd(R3) <€ (11.1.4)

We also assume that w;, and w;; are supported in the ball {|z| < B}.
The following local-in-time existence holds which is essentially established
in [Sogge (2008)].

Theorem 11.1. For any integer d = 2p(n) — 1, there exists a time interval
[B+1,T(¢")+ B+ 1] on which the Cauchy problem (11.1.1) admits exactly
one solution w; = w;(t,x). Furthermore, one has

w;(t,z) € C([B + 1,T(e) + B + 1], HTH(R?)), (11.1.5)
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and there exists a constant A = A(¢’') > 0 such that

D 00z will LB, 2me) < AlE). (11.1.6)
11 <hp(m)—1
Furthermore, one has

. AN : N __

e’li{{)l*' T(e") = +oo0, efli%l+ A(e') =0 (11.1.7)
and, if T* denotes the supremum of all such times T, then either T* = 4+
or

Dot x)| ¢ LF([0,T*) x R). (11.1.8)
|| <(s+3)/2
In addition, let Eq(T,w;) be the hyperboloidal energy (defined in Section

2.2). For any Cy > 1 and € > 0, there exists some €, > 0 (depending only
on the structure of the system) such that for all € < €

Y E(B +1,w;) < Ce. (11.1.9)

Proof. We only skecth the proof. The local existence and the blow-up
criteria are given by Theorem 4.1 (Section 1.4) of [Sogge (2008)]. Then,
the profile of A(¢’) and T'(¢’) follows by the construction of the solution
in the proof of this theorem. We thus focus on estimating the energy
Eg(B +1, ZI’(UZ)

We consider the region V(B) := {(t,z) : t > B+1,t*>—|2]? < B+1}n K
where K = {|x| <t—1,¢ > 0}. We observe that in V(B), t < %. So

we can fix some ¢, sufficiently small so that T'(¢') > %. So the local
solution is well defined in the region V(B).

To estimate Eq(B + 1, Z'w;), we choose d;w; as a multiplier and, by
the standard procedure, we derive the energy estimate:

Ea(B+1,Z'w;) — EX(B + 1, Z w;)

= J (Z1Fi(w, 0w) - 0, Z1w; — [ 21, G 0,012 w; 0,2 w;) ddt
V(B)

: 1 .
+ J (aaGgaﬁathwiaﬁszj — ié’tGZO‘ﬂ&aZIwi@Blej)dxdt
V(B)

(B+1)%+1
2 ’
<CK ) 002 w;| 10527 wj| - 104 27 wy|dadt
i,j,k YB+1
o, B
<CA(€).
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Here, C' is a constant depending only on the structure of the system. We
have

Eg(B+1,Z"w;) < CA(¢') + C€.

Thus, for any Cy > 1 and € > 0, we can find some ¢, sufficiently small such
that

CA(€) + Ce' < Cype.

11.2 Local well-posedness theory in the hyperboloidal foli-
ation

For the convenience of discussion one introduces the following notion of
hyperbolic variables. In the cone X, we introduce the variables

0 =5 = A/t2 — |22,

Then the natural frame associated with these variables is

- s
a0 = aS = gétu

Bo = 0 :%@t+aa.

By an easy calculation, we express the D’Alembert operator in this frame:
302

2T = = = 3
—000atu — Z Oadatt + ~0,u. (11.2.1)

Lu = aoéou +

The symmetric second-order quasi-linear operator G2*° (w, dw)d,05w; can
also be expressed in this frame:

GIP (w, 0w)da0pw;

B . | . (11.2.2)
= GI (w, dw)da 05w + GIP (w, dw)dy (\Ilg )Opw,
with
Gl = GI* 7w, v,
which is again symmetric with respect to 1, j.
With these preparation, we can transform the system (11.1.1)
Bodow; + GI%80Bgw; + —Bodaw; + GI°%(w, Ow)edaw;
5 (11.2.3)

- Z éaéawi + @gabéaabwj = F’Z(w, 8’11))
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with initial data posed on s = B + 1:
wi(B+1,-) =wj,, 0Jswi(B+1,-)=uwj,.

We observe that this system is again symmetric and that the perturbation
terms G are small, so this system is again hyperbolic with respect to the
variables (s,Z%). Then, by the standard theory of second-order symmetric
hyperbolic system (see for example in [Taylor (2011)] (Proposition 3.1 in
Chap. 16, Section 3), the following theorem holds.

Theorem 11.2. Let k be a integer satisfying k = n+2. Let w;y and w;; are

C™ functions supported in the ball centered at 0 and with radius %.
Then, the following Cauchy problem
Cw; + G‘go‘ﬂ(w, Ow)dppw; + ciw; = Fy(w, ow), (11.2.4)
Wila g = Wip,  OrWilgcp,, = Wir
with
S 10" willza ot + 3 10%Bewil 2o,y < ¢ (11.2.5)

a<k+1 a<k

admits a unique local-in-time solution, which satisfies the following bound
in the time interval [B + 1,T(e) + B + 1]:

Z |0%willp29¢,) < Ale). (11.2.6)
az=k+1
Furthermore, if T* denotes the supremum of all T(e) (for e fized), then

either T* = 400 or

lim > (0w pegc,) = +oo. (11.2.7)
s—o>T*—
a<(s+3)/2
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