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Titre : STATIQUE ET DYNAMIQUE DES VORTEX DANS LES
SUPRACONDUCTEURS ANISOTROPIQUES
ET/OU MAGNETIQUES

Résumé : Récemment, les études des propriétés de vortex Abrikosov dans des
systémes fortement anisotropes et magnétiques ont été stimulées par la découverte
des supraconducteurs a base de fer et des supraconducteurs ferromagnétiques.
Dans cette thése nous étudions la statique et la dynamique de vortex dans ces
systemes. D’abord, le probleme de l'interaction de vortex avec un petit défaut a été
examiné dans le cadre de la théorie de Ginzburg-Landau. Le potentiel de pinning
pour une cavité cylindrique elliptique a été calculé. D'autre part, la conductivité d'un
supraconducteur anisotrope a I'état mixte a été analysée en détail dans le cadre de
la théorie de Ginzburg-Landau dépendant du temps.

Une partie significative de la thése est consacrée a I'étude de l'interaction entre les
ondes de spin (magnons) et vortex dans les supraconducteurs ferromagnétiques.
Nous avons démontré que le spectre de magnon acquiert une structure de bande en
présence d'un réseau de vortex idéal. En utilisant les équations phénoménologiques
de London et de Landau-Lifshitz-Gilbert, nous avons étudié les réponses ac et dc de
vortex dans les supraconducteurs ferromagnétiques. Enfin, nous avons examiné
I'état de vortex dans des structures hybrides supraconducteur(S)-ferromagnétique(F)
(par exemple, super-réseaux FS) avec une forte dispersion spatiale de la
susceptibilité magnétique. Dans ces systémes I'électrodynamique supraconductrice
peut étre fortement non locale, qui mene a l'attraction des vortex et a une transition
de phase du premier ordre dans la phase de vortex.

Mots clés : Vortex Abrikosov, pinning, écoulement de vortex, supraconducteurs
ferromagnétiques, ondes de spin




Title : VORTEX STATICS AND DYNAMICS IN ANISOTROPIC
AND/OR MAGNETIC SUPERCONDUCTORS

Abstract :

Recently, the studies of the properties of Abrikosov vortices in strongly anisotropic
and magnetic media have been stimulated by the discovery of the iron-based and
ferromagnetic superconductors. In this thesis an analysis of vortex statics and
dynamics in such systems has been carried out. Firstly, the problem of vortex pinning
on a small defect has been considered. Within the Ginzburg-Landau theory the
pinning potential for a cavity in the form of an elliptical cylinder has been derived.
Secondly, the flux-flow conductivity of an anisotropic superconductor has been
analyzed in detail within the time-dependent Ginzburg-Landau theory.

A significant part of the thesis is devoted to the study of interplay between spin
waves (magnons) and vortices in ferromagnetic superconductors. We have
demonstrated that the magnon spectrum acquires a Bloch-like band structure in the
presence of an ideal vortex lattice. Using the phenomenological London and Landau-
Lifshitz-Gilbert equations, we studied the ac and dc responses of vortices in
ferromagnetic superconductors. Finally, we investigated the vortex state in
superconductor-ferromagnet (FS) hybrid structures (e. g., FS superlattices) with
strong spatial dispersion of the magnetic susceptibility. In such systems the
superconducting electrodynamics may be strongly nonlocal, which leads to the
attraction of vortices and to a first order phase transition at the lower critical field.

Keywords . Abrikosov vortices, pinning, flux-flow, ferromagnetic
superconductors, spin waves
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Résumé détaillé de la these

L'existence d'une résistance électrique non nulle dans les supraconducteurs de type II dans
I'état mixte est reliée aux mouvements des vortex de flux magnétique. Dans un
supraconducteur dans I'état mixte la conductivité o est donnée par
_cn
BOCDO
ou c est la vitesse de la lumicre, By le champ magnétique dans 1'échantillon, @, le quantum de
flux, et 7 est le coefficient de viscosité, qui figure dans 1'équation de mouvement des vortex:

&jtr xBy -1V, =0.

B 0
Dans cette relation, ji, est la densité de courant de transport, et Vi la vitesse de flux. Dans le
cas général o et n7 sont des tenseurs. Les études théoriques sur les écoulements des vortex dans
les matériaux anisotropes ont été stimulées par la découverte de supraconducteurs a haute
température critique, qui possedent une structure en couches. En outre, les supraconducteurs a
base de fer découverts récemment sont également fortement anisotropes.
Toutefois, les caractéristiques courant-tension typiques des supraconducteurs de type II ne
sont pas décrites par la loi d'Ohm. Le supraconducteur peut supporter sans dissipation une
densité de courant n'excédant pas une valeur critique j... Ceci s'explique par la présence de
défauts dans le supraconducteur, agissant comme des centres de piégeage. Ces défauts
peuvent piéger les vortex, de sorte qu'ils restent immobiles quand un petit courant circule dans
le supraconducteur. L'implantation des centres de piégeage colonnaires artificiels dans les
supraconducteurs peut induire une augmentation drastique du courant critique, si les lignes de
flux sont alignées le long de ces défauts.
Ainsi, pour interpréter quantitativement les données expérimentales sur la résistivité des
supraconducteurs de type II, il est nécessaire d’estimer la force de fixation et la viscosité 7.
La physique de vortex deviens beaucoup plus riche dans les hybrides supraconducteurs et
magnétiques. Au cours des 14 derniéres années, un certain nombre de composés trés
intéressants ont ¢été découverts révélant la coexistence de la supraconductivité et du
ferromagnétisme en volume: UGe, (température critique T, = 0.7 K) , URhGe (T, = 0.25 K),
UCoGe (T, = 0.8K), et EuFe;As, dopé (T, = 25 K). De plus, récemment des succes
significatifs ont ét¢é obtenus dans la fabrication et la caractérisation des super-réseaux
supraconducteur-ferromagnétique (SF). Dans ces systémes différents effets intéressants
peuvent résulter de l'interaction entre les vortex d’Abrikosov et les ondes de spin, ou les
magnons. En particulier, il a été prédit que la viscosité de vortex # sera augmentée en raison
de l'irradiation de magnons par des vortex mobiles.
La thése présentée est consacrée a 1'étude théorique des propriétés statiques et dynamiques des
vortex d’Abrikosov dans les deux supraconducteurs ordinaires et ferromagnétiques. Ce travail
utilise les approches analytiques suivantes:

- Lathéorie de London, les théories de Ginzburg-Landau ordinaires et dépendante du

temps pour la description de la supraconductivit¢;
L'équation de Landau-Lifshitz-Gilbert pour la dynamique de magnétisation.
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Fig. 1. La section transversale de I'un des systémes étudiés dans cette thése: un vortex en interaction avec un

petit défaut. & est la longueur de cohérence.

Les principaux résultats obtenus dans cette thése sont:

Dans le cadre de la théorie de Ginzburg-Landau, une nouvelle approche pour le calcul
du potentiel d'interaction de vortex avec un petit défaut isolant cylindrique a été
développée. Le potentiel de piégeage pour un défaut cylindrique elliptique et le
courant de «désencrage » d'un défaut cylindrique circulaire ont été déterminés. Nous
avons prédit I'existence d'un état 1ié métastable, ou le centre du vortex est situé¢ hors du
défaut (voir Fig. 1), bien que le vortex reste épinglé. Cet état peut étre vu
expérimentalement en utilisant la microscopie a effet tunnel ou un nano-SQUID.

Le tenseur de viscosité 77 du vortex a été calculé pour un supraconducteur avec un

décalage d’anisotropies de la masse de paire de Cooper et la conductivité normale.
Nous avons prédit que l'anisotropie de la conductivité dans I'état mixte peut dépendre
fortement de la température, méme dans le proche voisinage de T.. Ces résultats
peuvent étre utiles pour l'interprétation des données expérimentales sur la résistivité
des supraconducteurs a base de fer et des supraconducteurs «cuprates», qui sont
fortement anisotropes.

Nous avons démontré que le spectre de magnons d'un supraconducteur
ferromagnétique a I'état mixte a une structure de bande. Le spectre a été calculé
analytiquement et numériquement (voir Fig. 2).

Nous avons aussi calculé la force induite par les moments magnétiques agissant sur les
vortex mobiles dans les structures SF hybrides dans les cas d’un courant de transport
continu ou alternatif, et pour un réseau de vortex parfait ou désordonnée. Quand les
vortex rayonnent des magnons, cette force est augmentée. Par conséquent, certains
¢léments résonants doivent apparaitre sur la courbe I-V de 1'échantillon et sur les
dépendances de I'impédance de surface en fonction du champ magnétique et de la
fréquence.

Nous avons démontré que dans des systémes SF avec une grande largeur de la paroi
de domaine de Bloch la structure magnétique de vortex est sensiblement modifi¢e. En
particulier, le champ d'un vortex peut changer de signe, qui peut étre confirmé
expérimentalement en utilisant la technique de rotation de spin de muonique.
L'inversion de signe de champ des vortex méne a une interaction attractive entre les
vortex et a une transition de phase du premier ordre dans la phase des vortex. Une



conséquence de ceci est la formation d'un état mixte intermédiaire dans une dalle (voir
Fig. 3), qui peut étre visualisé a 1'aide de la technique de décoration de Bitter.

a

Fig. 2. Spectre des ondes de spin propageant perpendiculairement a 1'axe de magnétisation facile dans un
supraconducteur ferromagnétique dans 1'état mixte. La premiére zone de Brillouin pour un réseau triangulaire de
vortex est affiché. (a), (b) et (c) correspondent a la premiére, la deuxiéme et la troisiéme bande du spectre.
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Fig. 3. Une dalle supraconductrice dans I'état mixte intermédiaire. H, est le champ magnétique externe.
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Introduction

The phenomenon of superconductivity, discovered by Kamerlingh Onnes in 1911, has two
main hallmarks: a vanishing electrical resistance and the expulsion of the magnetic field,
referred to as the Meissner-Ochsenfeld (or simply Meissner) effect [[l]. For a long time an
unequivocal explanation of these experimental facts had been lacking, until the advent
of the Bardeen-Cooper-Schrieffer (BCS) theory [2] in 1957. According to this theory,
the emergence of superconductivity is connected with the mutual attraction of electrons
due to the exchange of virtual phonons. At low temperatures electrons with opposite
spins and momenta form the so-called Cooper pairs, whose size equals the superconduct-
ing coherence length &. A finite energy is required to destroy these pairs, thereby the
quasiparticle spectrum of a superconductor has an energy gap. The presence of this gap
explains the zero resistance of the electron gas, as follows from the Landau superfluidity
criterion [3]. Note that in the conventional BCS picture the Cooper pairs have a zero
spin and angular momentum.

Before the establishment of the BCS theory several simple phenomenological descrip-
tions of superconductivity had been proposed. Among them, the most well-known are
the London [4] and Ginzburg-Landau (GL) theories [6]. These were especially successful
in describing the perfect conductivity phenomenon and Meissner effect, and, in addition,
concealed in themselves some fascinating predictions, which were later confirmed experi-
mentally. In particular, the London theory asserts that an external magnetic field decays
exponentially inside the superconductor over a length A, which is called the London pen-
etration depth. The GL theory predicts that all superconductors can be divided into two
classes, based on the value of the GL parameter x = \/€. Materials with &£ < 1/4/2 have
a positive superconductor-normal metal boundary energy. The phase diagram of these
so-called type-I superconductors in the plane temperature (7')-magnetic field (H) is quite
simple (see Fig. Ma): at T' < T,, where T, is a critical temperature, when H < H.(T') the
material is in the superconducting Meissner state (with a vanishing internal induction B),
and at H > H.(T) it is in the normal state. The field H.(T'), called the thermodynamic
critical field, is given by [6]

P

e = ey

where ®y = 7hc/e ~ 2.06 x 107"Gs - cm? is the magnetic flux quantum, c is the light
velocity, and e > 0 is the elementary charge. Equation () is valid at T, — T < T, where
the Ginzburg-Landau theory is applicable.

In compounds with £ > 1/4/2 — the type-II superconductors — the energy of the
superconducting-normal phase interface is negative. At first, type-II superconductivity
was believed to be unphysical. Abrikosov was the first to realize how in materials with

(1)




k > 1/4/2 the superconducting and normal phases may coexist. In his paper [7] he
suggested that type-II superconductors may exhibit a mixed state. In this unusual state
the magnetic field penetrates the sample in the form of flux lines, known as Abrikosov
vortices, carrying one flux quantum ®( each. The vortices have a normal core, which is
separated from the rest of the superconductor by a circulating supercurrent. Thus, the
boundary between the normal and superconducting phases becomes largely extended,
allowing for a gain in the interface energy. In a homogeneous superconductor the vortices
should form an ideal 2D-lattice. The field and order parameter profiles of a vortex are
depicted in Fig. @b, and the phase diagram of a type-II superconductor is shown in Fig.
Dc. Apart from the Meissner and normal states, it contains the mixed state (or Shubnikov
phase), which exists at H.1(T) < H < Heo(T), where H,y and H, are the lower and upper
critical fields, respectively. The London theory in the high- limit (k > 1) gives for H,
the value
0N A

Hcl ~ Whl E (2)

The upper critical field, according to the GL theory [G], equals
P
) 3

Note that in type-1I superconductors H., > H,., and in type-I superconductors H., < H..
For this reason the vortex state is unstable in the latter.

a H
H,(0)

Hc2 =

H‘(T) HA c

Normal

surface
superconductivity

Superconducting

Schubnikov
phase

0 T. T

b h(r)
" complete
Meissner effect
Iy (n) B =0
1 1

Oi A T ——

Figure 1: (a) Phase diagram of a type-I superconductor [6]. (b) The magnetic field
(h(r)) and order parameter modulus (|1(r)]) profiles of a single Abrikosov vortex [G]. (c)
Phase diagram of a type-II superconductor [8]. The third critical field, H.3, and surface
superconductivity are not discussed here.

An experimental confirmation of Abrikosov’s prediction was obtained in 1964, when
the vortex lattice was observed by neutron diffraction [9]. Later, the Bitter decoration
technique allowed to see individual vortices [I0].
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One of the fundamental effects connected with the existence of Abrikosov vortices is
the presence of a non-zero resistance in type-II superconductors in the mixed state. This
fact is explained by the transport current exerting a force

P .

F; = —ju
L cBo‘]t

x Bo (4)

on the flux lines [6], setting them in motion. Here, By is the average magnetic field in
the superconductor, and ji, is the transport current density. Fj is called the Lorentz
force. In defect-free superconductors in the stationary flux-flow regime the Lorentz force
is balanced by the viscous drag force:

F;, —nV. =0, (5)

where V, is the velocity of the vortices, and 7 is a viscosity coefficient. It follows from
Faraday’s law that the moving magnetic flux induces in the superconductor an average

electric field

1
E=-Byx V.. (6)
C

The, from Eqs. (#) - (B) we obtain Ohm’s law, ji, = 0E, where the conductivity is

2

cn
= . 7
7= By (7)

In anisotropic superconductors both o and n are tensors. Then, Eq. (@) is generalized as

follows: )
. ¢ Nyy  — Ty
o= , 8
BOCI)O ( —Nxy Nxx > ( )

when the z-axis is directed along the magnetic field. The peculiar structure of the con-
ductivity tensor is explained by the fact that the 2 component of the electric field depends
on the y component of the vortex velocity, and vice versa.

Typical current-voltage characteristics of type-1I superconductors, however, are not
described by the simple Ohm’s law. The superconductor may support a dissipationless
current density ji, not exceeding some critical value j., [I1]. A finite voltage must be
applied to introduce in the sample a current density larger than j.,. This is explained by
the presence of defects in the superconductor, acting as “pinning” centers. These defects
may trap (pin) vortices, so that they remain immobile when a small current is flowing
through the superconductor. The implantation of artificial columnar pinning centers
into superconductors may lead to a drastic increase of the critical current j., if the flux
lines are aligned along the defects (see [12, I3, 4, 5, [6, [7] and references therein).
Nowadays, various techniques exist allowing to create disordered arrays of such defects
(2, I3], as well as regular defect lattices [IR, 9, 20].

When the applied current is sufficiently large (ji > jer), the Lorentz force will de-
pin the vortices. Then the dissipative flux-flow regime sets in, where vortex motion is
governed by Eq. (B), if the pinning force is negligible. Thus, for the quantitative inter-
pretation of experimental data on the resistivity of type-II superconductors, estimates of
the pinning force and of the viscosity 7 are required.




The theoretical investigation of collective pinning of the vortex lattice is known to
be a quite complicated task. An extensive review of existing theories, which account for
vortex-defect as well as vortex-vortex interactions, can be found in [T1]. In order to deduce
results which can be quantitatively compared with experimental data, these theories
require the individual vortex pinning potential as input. It is known that the efficiency of
a pinning array depends not only on the depth of the potential well for a vortex, but also
on the shape of the well [21]. Thus, a detailed investigation of single vortex-single defect
interactions provides the basis for considerations of many-vortex systems. The problem
of individual vortex pinning has been solved exactly for insulating columnar defects of
different shapes within the London theory [22, 23, 24, 25, 26, 27]. This approach allows to
consider only relatively large defects, with the characteristic cross-section size D > &. In
the case D < &, the Ginzburg-Landau theory may be applied. Analysis of the interaction
of vortices with columnar defects with the size D ~ & has been carried out in a number of
papers [28, 29, B0, B1]. Due to the nonlinearity of the GL equation, its analytical solution
presents a theoretical challenge, especially when the vortex is not centered at the defect.
For that reason this equation has been mainly analyzed numerically. Exact expressions
for the vortex pinning potential and the depinning current in the case D < £ have been
lacking so far.

For the calculation of the viscosity 7 (and, correspondingly, the flux-flow conductivity)
two theoretical approaches have been developed. The first method, proposed by Bardeen
and Stephen (BS) [37], is based on the London theory and on the simplifying assumption
of a step-like order parameter profile of a vortex. This approach usually allows to obtain
a correct order-of-magnitude estimate for 7. The second, more rigorous method for
the calculation of the viscosity is based on the non-stationary generalization of the GL
theory — the time-dependent Ginzburg-Landau (TDGL) equation [33, B4, B5]. Within
this approach, the flux-flow conductivity has been evaluated for isotropic superconductors
in several papers [36, 37, 38].

Theoretical studies of free flux flow in anisotropic materials have been stimulated by
the discovery of high-temperature superconductors, which appeared to possess a rather
strong anisotropy [39]. A number of papers have addressed this problem using the TDGL
equation [40, @1). Tt has been shown that the procedure of viscosity calculation can
be significantly simplified in the limit of dirty uniaxial superconductors with the ratio
So = MeOc/Map0aqp equal to unity. Here, 0., 04, and m., mg, are the normal conductivities
and Cooper-pair masses in the direction of the anisotropy axis ¢ and in the perpendicular
ab plane, respectively. The condition sy = 1 allows to reduce the problem of anisotropic
vortex dynamics to an isotropic one by means of a scaling transformation [&1]. Yet, this is
not true in the case sy # 1, i.e, for a mismatch of anisotropies of Cooper-pair masses and
normal conductivities. Such a mismatch is theoretically possible in the relatively clean
limit [35] and it may have been experimentally observed in the Fe-based pnictide super-
conductors [A2]. To estimate the parameter sq of these materials using given experimental
data, we may use the fact that in the vicinity of the critical temperature

S0 = V[ Vo

where

YH = Hc2,ab/Hc2,07 Yo = Uab/aca
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and He . and Hg 4 are the second critical fields along and perpendicular to the ¢ axis,
respectively. In literature we can find the values vy = 1.15 and ~, = 3.3 for LiFeAs
@3], vz = 5 and v, = 30 — 45 for Tl 5sRbg 42Fe; 725e2 [A4], and vy = 2 and ~, = 21 for
Sro.6Ko.4FesAsy [A5]. For BaFeyAsy [46] and PrFeAsQg 7 [47] very large values of the resis-
tivity anisotropy have been reported — 7, > 100 — as counterposed to the relatively low
anisotropies of the upper critical field (yy ~ 1), typical for Fe-based superconductors [42].
It should be noted that existing experimental data on the pnictides are somewhat contra-
dictory: in [48] and [49] relatively low values 7, < 10 for BaFeyAsy and Ba(Fe;_Coy)oAsy
are given. Still, we can see that there is experimental evidence of a Cooper-pair mass-
normal conductivity anisotropy mismatch in the Fe-based superconductors.

Previous calculations of the viscous drag tensor within the TDGL theory accounted
for the anisotropy mismatch only on the basis of a simplified model of a step-like order
parameter profile in the vortex core [40] (see also [60] for a study using the BS approach).
Of course, a detailed comparison with experimental data demands these calculations to
be generalized for a more realistic order parameter profile.

Vortex physics becomes much richer in superconducting and magnetic hybrids. Mag-
netism and superconductivity are known to be antagonistic phenomena: magnetic mo-
ments destroy Cooper pairs in two ways [b1]. First, the induction B affects the orbital
motion of electrons, tearing apart the Cooper pairs. This so-called electromagnetic mech-
anism completely suppresses superconductivity when B exceeds the upper critical field
H.,. Second, the exchange field in the magnetic material tends to align the electron spins
in the same direction, thus preventing the formation of spin-singlet Cooper pairs. This
is called the paramagnetic effect. Because of it, in materials with the Curie temperature
© smaller than 7, spin-singlet superconductivity exists only in a small temperature win-
dow below © [51]], and in the case T, < O a nonuniform Fulde-Ferrel-Larkin-Ovchinnikov
phase is expected to form [52, 53].

Within the last 14 years, a number of fascinating compounds have been discovered,
revealing the coexistence of ferromagnetism and superconductivity in the bulk (see [64] for
review): UGe, [65] (T, = 0.7 K) , URhGe [56] (T. = 0.25 K), UCoGe [61, 68| (T. = 0.8
K), and doped EuFesAs, [B9] (7. = 25 K). Remarkably, in most of these compounds
T. < ©. It is believed that superconductivity in these materials is of spin-triplet type,
with electron spins in a Cooper pair pointing in the same direction. This allows the
Cooper pairs to survive in the strong exchange field. Another interesting property of the
ferromagnetic superconductors is the incomplete ac Meissner effect [66, 57, bY], indicating
that these materials are in the spontaneous vortex state even in the absence of an external
magnetic field.

Magnetic materials support a special type of collective excitations — the spin waves
[60). These waves, being essentially oscillations of the magnetization, are also called
magnons. Typically, the spin-wave frequency w(q) in ferro- and antiferromagnets depends
monotonically on the wave-vector modulus |q|. In superconducting and magnetic hybrids
the spin-wave spectrum is significantly influenced by the additional superconducting or-
der. It has been shown that in antiferromagnetic [61] and ferromagnetic superconductors
[62, 63] the magnon spectrum in the Meissner state becomes nonmonotonic. A more real-
istic model of the ferromagnetic superconductor should take into account that the sample
is the mixed state. Ng and Varma [62] studied the coupled magnetic moment-vortex dy-
namics in the limit of long wavelength A\, > a,, where where a, is the inter-vortex
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distance. The magnon spectrum within the continuous medium approximation has been
determined. The opposite limit, A\, < a,, has not been studied previously.

The reverse influence of magnetism on vortex dynamics has been considered by Bu-
laevskii et al. [64, 65, 66, 67, 68, 69, (0, [71]. It has been demonstrated theoretically
that the vortex viscosity in magnetic superconductors is enhanced due to the radiation
of magnons by moving vortices [66, 6Y, [71]. This affects the current-voltage characteris-
tics of the sample, allowing to extract the spin-wave spectrum from these characteristics
(62, 68]. In [69] the occurrence of vortex-vortex attraction and formation of vortex clus-
ters in materials with a large magnetic susceptibility has been predicted. It should be
noted that the preceding papers [64, 65, 6| concentrated on the interaction of vortices
with magnons in antiferromagnetic compounds. Thus, an extension of the theory for
ferromagnetic superconductors is required.

The present thesis is devoted to the study of static and dynamic properties of Abrikosov
vortices in both ordinary and ferromagnetic superconductors. This work fills the outlined
above gaps in theory, namely:

e the exact vortex pinning potential for a small columnar defect (D < &) with an
elliptic cross-section is evaluated. For a defect with a circular cross-section the
depinning current is determined.

e the viscosity tensor 7 in an anisotropic superconductor with the parameter s # 1
is calculated using the exact order parameter profile of a vortex;

e the short-wavelength (A, < a,) magnon spectrum of a ferromagnetic superconduc-
tor in the mixed state is determined;

e the damping force connected with the generation of magnons, acting on moving
vortices in ferromagnetic superconductors is calculated.

In addition, several new effects are predicted:

e in the presence of a small transport current, a metastable bound state of a vortex
and a small columnar defect should occur;

e in anisotropic superconductors with the parameter sy # 1 the flux-flow conductivity
anisotropy should depend significantly on temperature even in the close vicinity of
T., where the TDGL theory is applicable;

e in superconducting (S) and ferromagnetic (F) hybrid systems with a large GL pa-
rameter the nonlocal electrodynamics may lead to vortex-vortex attraction. Then,
the transition from the Meissner to the mixed state will be a first order phase
transition.

The structure of the thesis is as follows. In Chapter 0 the problem of vortex pinning
on a small columnar defect is considered within the Ginzburg-Landau theory. The new
results are compared with those obtained previously within the London theory. In Chap-
ter B the vortex viscosity 7 for an anisotropic superconductor with the parameter sy # 1
is calculated using the TDGL theory. Several asymptotic expressions for 7 are derived,
and a variational principle is proposed to evaluate 7 for superconductors with arbitrary



parameters mgp, M., 04 and o.. Chapter B is devoted to the study of the interplay be-
tween magnons and Abrikosov vortices in SF hybrid systems. The spin-wave spectrum of
a ferromagnetic superconductor in the mixed state is determined using the phenomeno-
logical London and Landau-Lifshitz-Gilbert equations [2]. The damping force acting
on moving vortices in ferromagnetic superconductors and SF-superlattices is calculated.
The cases of both a dc and ac driving force acting on vortices are considered. Finally, the
surface impedance of a ferromagnetic superconductor is determined. In Chapter @ the
interaction of vortices in high-x SF-hybrids with strong spatial dispersion of the magnetic
susceptibility is studied. It is shown that the vortices may be attracted to each other at
certain distances. Experimental consequences of this fact are discussed. In the conclusion
of the thesis the main results are summarized.
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Chapter 1

Abrikosov vortex pinning on a small
cylindrical cavity

1.1 Introduction

The problem of single-vortex pinning is generally formulated as follows. The system
(see Fig. [CIa and b) contains a vortex and a defect, which is typically assumed to be of
cylindrical shape. The task is to determine the vortex energy as a function of its position,
and the depinning current density. The first theoretical study of individual vortex pinning
on a cylindrical cavity was carried out by Mkrtchyan and Schmidt [22], who analyzed
the problem using the London theory. Within this approach, the field of a vortex in a
superconductor is determined by the equation

B . (I)O
A2 N2
with the boundary condition B = const on the boundary of the superconductor. Here, z
is a unit vector along the z-axis, and the vector Rg specifies the position of the vortex in
the zy plane. The London equation () is suitable for the description of the vortex field
in high-x superconductors, and may be used for the calculation of the pinning potential
in the situation depicted in Fig. ITa: the defect size D and the vortex-defect distance w
must be much larger than the coherence length.

In the mentioned paper [227] the pinning potential was determined for a defect with
a radius a < A. Later [23, 27], this analysis was extended to the case of larger cavities.
Buzdin and Feinberg [24] pointed out that the term B/A? in Eq. (), responsible for
London screening, can be neglected when w < A and D < A. This observation allowed
them to establish an electrostatic analogy and to simplify considerably the solution for a
vortex interacting with a circular cavity: it was demonstrated that the full magnetic field
can be presented as the sum of the vortex self-field and the field of image vortices, situated
inside the cavity. Using the conformal transformation technique, pinning potentials for
more tricky columnar cavities have been derived [25, 26]. However, in the calculation
of the pinning potential for non-circular defects, only the field of the image vortices has
been transformed, while the modification of the self-field of the real vortex has not been
taken into account. This mistake has been corrected in [A2] by the author of the thesis.

For considerations of small defects, with D < £, the Ginzburg-Landau equation may

z06? (p — Ry) (1.1)
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Figure 1.1: The cross-section of the system. (a) The case when the London theory can
be applied: the defect size D and vortex-defect distance w are large as compared to the
coherence length. (b) The case studied in this Chapter: the defect is small (D < &) and
may be situated inside the vortex core.

be used. The GL theory is based on the general Landau theory of second-order phase
transitions. Thus, the free energy of a superconductor in the GL approximation has the

form [6]
poHe / e|(v+2a)y
47T7”L0 hc
Here, ng is the Cooper pair concentration in the bulk of the superconductor (far from the
vortex), A is the vector potential, and ¢ is the superconducting order parameter. The

equilibrium functions ¢ (r) and A(r) minimize the free energy. Equating to zero the first
variation of F', we obtain the two equations

g 4 gt ) /—<rO;A)2d3r. (1.2)

™

e (v iea )w v+t |9 =0, (13
4,
rotrot A = s, (1.4)

where jg is the supercurrent:

jg = —— [l (A+—V9> (1.5)

4 \2 No

Here, 05 = arg®), and A\ = ®y/(2v21H.£) (compare with Eq. (0)). The GL boundary

condition is

(v + %A) W =0, (1.6)

where n is the normal to the surface of the superconductor.
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Vortex pinning on a cylindrical defect within the GL theory has been studied in a
number of papers [0, 28, 29, B0, B1]. In the review by Blatter et al. [I1] an analytical
estimate for the single-vortex pinning energy is given. The authors applied the variational
principle, taking into account the suppression of the order parameter inside the defect
and ignoring the local vortex distortion, induced by the boundary condition (). This
estimate will be discussed below. In subsequent papers the GL equation was mostly solved
numerically. Maurer et al. [28] calculated the pinning energy for a vortex centered on a
circular insulating or metallic inclusion. Later [29], the depinning current for defects with
radii of 0.25¢ and larger was determined. Priour and Fertig [30] analyzed the interaction
of a vortex with a cylindrical hole with a square cross-section. In [31] the critical current
for a vortex lattice pinned on a set of defects with reduced critical temperature was
determined using numerical simulations and a variational procedure.

The present Chapter of the thesis is based on the paper [AZ]. It is devoted to the
study of vortex pinning on a small cylindrical cavity, or insulating inclusion, with the
characteristic size of the cross-section D lying in the range £, < D < £. Here, & is
the zero-temperature coherence length (in the case D ~ &, the correct description can
be obtained only on the basis of a microscopic theory [73, 4, 75, [76]). In Sec. =2
the general form of the pinning potential within the GL theory is derived. In Sec. 22
this result is used to evaluate the exact pinning potential and depinning current for a
cavity with a circular cross-section. In Sec. 273 the pinning potential for a defect in the
form of a general elliptic cylinder is determined. Finally, in Sec. the GL results are
compared with the result obtained previously using the London theory [24, P5, 26]. The
correct pinning potential for an elliptic cavity with the size D > £, D < ) is presented.

1.2 Vortex pinning within the Ginzburg-Landau the-
ory

1.2.1 General form of the pinning potential

When solving Egs. ([33) - (@) we shall restrict ourselves to the case of a high-x su-
perconductors. Then these equations can be significantly simplified. At small distances
r < A from the vortex center the vector potential can be neglected in Eqgs. (IZ3) and
(I8) (see [[77]). To prove this, let us make a simple estimate. The vortex field (in the
absence of the defect) is given by [6]

Do

B=2z——
%o 2w \2

Ko(r/N), (r>¢) (1.7)

where Kj is the modified Bessel function of the second kind. Let us choose the gauge
where the order parameter phase coincides with the polar angle ¢, and the vector potential
in the center of the vortex vanishes. In this gauge A has only the A, component, which
equals

1 P A
Ay(r) = %/ B.d*p =~ 47:; In =, r <A (1.8)
p<r

r
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At r>> € = /nege™, and |Vi| ~ || /r. Hence, at 7 << A
V| > |2 A (1.9)
= : :

In this Chapter defects with the size D < ¢ are considered. It will be shown below that
the distortion of the vortex by such small pinning centers is very weak, so that Eq. (I9)
holds even in the presence of the defect. Thus, further on we may neglect the vector
potential and consider the simplified GL equation

— &V =Ygt [ Y =0 (1.10)
instead of Eq. (I=3). The boundary condition (ITA) takes the form
nve)| =0, (1.11)
a5

where S is the cross-section of the cavity, dS denotes the boundary of S, and n is the
outward normal to S. The origin of coordinates is placed inside the defect. The second
boundary condition for Eq. (ITI0) specifies the transport current density jg, far from the
vortex core:

c® [¢]* Vo

= Jtr. 1.12
872 \2ng Jt ( )

p—00

Finally, since our system must contain one vortex, the following condition for the order
parameter phase arises:

fv&m:%n (1.13)

where integration is over a wide contour surrounding the defect.

We expect that the equations (ITI) - (II3) can be solved when ji, does not exceed
some value j4, and no solution exists when j;, > j4. Then it is natural to consider j; as
a depinning current.

We will solve Egs. (II0) - (IT13) in the case ji, < jg. If the transport current is much
smaller than the depairing current, the order parameter has the following asymptotics at
infinity:

Y~ \/nge’¥ TP, (1.14)

where ¢’ is the polar angle measured from an axis passing through the center of the
vortex (¢’ will be explicitly defined below), and q = —87%\?j;,/c®y. This asymptotics
can be derived from Eqs. (1), (I'T2) and (IL3) if one expands v in powers of p~! and
neglects terms proportional to j2.

Now we make two assumptions concerning the behavior of the order parameter in the
vicinity of the defect.

(A) The order parameter phase reaches its asymptotic behavior at sufficiently small
distances from the origin: g =~ ¢’ + qp when p > R, where R is some radius in the
range £ K R < g1, )\
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(B) The vortex is weakly distorted by a small defect and a small current. This means
that the solution of equations ([Id) - (CL3) can be presented in the form 3 =
Yo + 1, where 1y corresponds to an unperturbed vortex shifted from the origin by
a vector w (see Fig. IIb), and 1y is a small perturbation: [¢1(p)| < y/ng when
p < R.

The assumption (B) is justified by the fact that the unperturbed vortex corresponds
to a local minimum of the free energy, so large distortions are not energetically favorable.
Both statements (A) and (B) can be verified by numerical calculations. In terms of the
vector w, the angle ¢’ is defined as

tango':z_w .
x

Let us write down the equations for the function ¢;. Linearization of Eq. (II0) yields
— E2V 2y — 1 + 20yt 1ol ? 1 + ng 2t = 0. (1.15)

Far from the vortex core, when the characteristic scale of the order parameter is much
larger than &£, we may obtain from the GL equation

o (1~ £ o) o

Hence, according to the statement (A), the perturbation ©; = 1 — 1y of the order
parameter is given by

R n 2q
bi(p) = yimie® (p) + O (%) o~R (1.16)
The boundary condition for ¢ at the defect border follows from Eq. (II):

(Vi1 + Viho)n| = 0. (1.17)

o

Thus, equations ([IH) - (CId) are to be solved. Here, for clarity, we would like to
stress that the boundary condition (II7) accounts for both the variations of the order
parameter modulus and phase. It is reduced to the London theory boundary condition,
VOsn = 0, only if the vortex is far from the defect, i.e. w > &.

To derive the solvability condition for the system ([CIH) - (IT4d) we may use a method
analogous to the one used in [[77] to determine the viscous drag force acting on a moving
vortex. First, we introduce the auxiliary function ¢, = dV,, where d is an arbitrary
constant unit vector, lying in the xy plane. v, satifies the equation

— Vg — g + 205" [0l a + ng b, = 0. (1.18)

Let us multiply Eq. (IT3) by ¢} and subtract Eq. (ICI8) multiplied by ¢} from it. When
we add the complex conjugate to the resulting equation we obtain

div (=9 Vi + 1V — aVT + 97Ve) = 0.
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Now we integrate this relation over the region p ¢ S, |p — w| < R and apply the Gauss
theorem:

Jipwier (0 + 01 VG = GV + P Vibg) mydl
— [s (=031 + 0V — gV + Vi) ndl = 0, (1.19)

where n; is the outward unit normal to the circle |p — w| = R. The first integral can be
calculated with the help of Eq. (II8):

332
32%{?0”0 [d - (2o % ju)]
(1.20)

Here, we neglected terms of the order of £2/R? which appear due to variations of the
order parameter modulus. Note that the z axis is directed opposite to the magnetic field.
The second integral in Eq. (ICI9) can be transformed using (ICT7) and the Gauss

theorem:

/ r (=vaVh1 + 01 Vg — VT + 1 Vig) ndl =
p—w|=

[y (=051 — gVt + 0 Vi + i Veg) ndl
~ S div (ViVeo + 0aVEg) |+ [og (01 VEE(0) + 97 Vea(0)) nde.  (1.21)

p=0

Here and further we neglect terms which are much smaller than nyD?/&3.

To proceed we have to determine the value of ¢/, at the defect boundary. Note that
near the cavity the characteristic scale of 1; is much smaller than £ (since D < £), so at
p < £ in (I3) the dominating terms are those containing the derivatives of 1. Hence,
in the close vicinity of the cavity Eq. (II3) is reduced to Laplace’s equation

V), = 0. (1.22)

The boundary condition can also be simplified:

Viin| = —Vi(0)n. (1.23)
oS

Such simplification is acceptable since we are not interested in small corrections of the
order of /ngD?/&? to 1. Equations (I"22) and (TZ3) are equivalent to an electrostatic
problem where v; plays the role of the electric potential of a charged cylinder. Note that
these equations can not be derived within the electrostatic approximation for the London
theory [24], where variations of the superconducting phase are taken into account, but
the order parameter modulus is assumed to be constant.

The relation
f V¢1nd€ = 0,
as

can be interpreted as a vanishing total “charge” of the cylinder. It provides that a solution
of equations (I22) and (I23) exists that decays like p~! at infinity. This solution, which

we denote as W), represents the irregular part of ¥;: it has singularities inside the defect.
We define the regular component of ¢, as

P =y — . (1.24)
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It is proved in Appendix A that the contribution of w) to the integral in the right-hand
side of equation (IZ2I) is negligible.

Combining Egs. (CT9) - (IZI) and using the fact that v satisfies Eq. (II0) we
obtain

—4mse [d - (2o X ju)] + S(dV) (52 Vol — [ao]® + ‘;",‘1'0 )

c

p=0

+& Jos [ 1V(0) + QAd)*v@bd(O)] nd( ~ 0. (1.25)

Owing to the linearity of Eqgs. (I"22) and (ZZ3) the solution can be presented in the form

¥i” = g(p) - Vo(0), (1.26)

where g is a real vector field defined by the relations

Vig =0, (nV)g| = —n, g =0. (1.27)
oS pP—00
Then
[ [#4090300) + 047 00 mit = (@) (V069 g) |
p=0
where G is a real symmetric matrix with components
Gij = / ginjdl = / Vg:Vg; dp. (1.28)
as p¢S
Equation (IZ23) transforms into
o .
70 [d- (20 X ju)] — (dVy)U, = 0. (1.29)

Here, Vy, = 0/0w, and

Uy = S e (sﬂw\ rw|+'%') e cvw 0)GVYE(0).  (130)

p=0

Since d is an arbitrary vector, it can be dropped, and we finally obtain the force balance
equation, connecting the vortex displacement w with the transport current jy,:

i)
7“ (20 X jiur) — VU, = 0. (1.31)

Here, the first term is the Lorentz force (compare with Eq. (#)) and the second term

is the pinning force: F, = —V4U,(w). Thus, we may conclude that U, is the pinning
potential. This potential has two components. The first one,

s (5 V3ol? — tbol? +'¢°')
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p=0




appears due to the suppression of the order parameter inside the cavity (» = 0). Note that
the expression ([32) is given in the review [I1] as an estimate of the pinning potential.
The second component of U,,

- 52 (0)GV5(0), (1.33)

is connected with the distortion of the vortex in the vicinity of the cavity. Generally, the
contributions (I=32) and (I=33) to U, are of the same order of magnitude.

Before we determine some pinning potentials explicitly, we would like to note that
our consideration can be easily generalized for the anisotropic case. Indeed, the GL free
energy of an anisotropic superconductor can be presented in the form

47T7’L0 v

ox
where &, &, and £, are the coherence lengths for different directions. The scaling trans-
formation T = z, § = y&, /¢, and Z = 2£, /€, reduces the free energy to the isotropic
form. Thus, we again arrive at Eqs. (ITI0) - (I12).
Now we will consider two types of defects.

+§

~ [P+ id ) (1.34)

1.2.2 A defect in the form of a circular cylinder

Let the defect be a circular cylinder with the radius a. When the origin is placed on the
axis of the cylinder, the decaying solution of equations (I'22) and (IZ23) is

a*(Viy - p
g = LV p) p; ) (1.35)
and the pinning potential is

2 2
Uy(w) = ~1C (25 ol — ol +"”0’)

(1.36)

p=0

The function 1y can be determined numerically from the GL equation (II3), using
standard methods for the solution of ordinary differential equations. The details of these
simple calculations are omitted for brevity. A detailed numerical analysis of the function
1y can be found in [37)].

Equation (I=38) allows us to determine the pinning energy, E,,:

E, = Uy(cc) — U,(0) = 0.47H2a?,

This value coincides with the numerical result given in [28] up to a factor of the order of
unity.

The profiles of the pinning potential and the pinning force are plotted in Fig 2. The
pinning force reaches its maximum at w = we, = 0.84¢, where F, = F,, = 0.252H%a? /€.
When ji, > cF./®y, the force balance equation (I=3T) has no solutions, hence

H2 2
Do

Ja = cFe /P = 0.252 (1.37)
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is the depinning current. Note that j; is much smaller than the depairing current density

2cEH?
3v/3®,’

Jo =

Figure 1.2: Profiles of the pinning potential (a) and the pinning force (b) for a circular
defect.

When j < j; Eq. (I=31) has two solutions due to the nonmonotonic behavior of the
function F,(w), but the solution with the larger vortex displacement is thermodynami-
cally unstable. Indeed, it can be easily proved that it corresponds to a saddle point of the
correction AF' to the free energy of a vortex connected with the presence of the defect
and the transport current:

P .
AF =U, — ?0 [(zo X jur)W] -

Equation (IZ37) predicts that the depinning current grows like a? when the defect size
is increased. Obviously, this quadratic growth rate must slow down when the defect size
is of the order of the coherence length (otherwise, the depinning current would eventually
exceed J.). Thus, for a ~ & equation (I=37) should give an upper estimate for j;. This
argument is well confirmed by the fact that the numerical value of the depinning current
for the defect radius 0.25¢,

H?¢c

g = 0.01
Jd (I)O )

(1.38)

given in [29], is 1.5 times smaller than our estimate.

An important conclusion following from the force balance equation (I=3T) is the exis-
tence of a metastable bound state at j < j;, when the vortex center is situated outside
the cavity. In [29] this state has not been detected numerically. This disagreement with
our result may be due to the relatively large size of defects considered in the paper
(a > 0.25¢), and also due to the strong influence of the outer periphery of the cell where
the GL equation has been integrated.
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1.2.3 The case of an elliptic cylinder

Consider an elliptic defect with the cross-section

xQ y2
—+b—2<1

where a > b. We shall determine the vector field g and the pinning potential. It is
convenient to use the elliptic coordinates ({,?):

x = Va? — b?cosh ( cos ¥, y = Va? — b?sinh ( sin ¥.
The border of the defect corresponds to the value ¢ = (y, where

b
cosh ( a

Vaz — b2’ h a2 — b2

Equations (IZZ7) in the new coordinates read

sinh C() =

0’g  0’g 09a g .
— + = =0, g =0, = —bcos, —21 = —asind. (1.39)
oc o (o0 0 le=c, 0 le=c,
The solution is
Ge = be® ¢ cos 0, g, = ae® ¢ sinv. (1.40)

Using (I=28), we obtain the components of the matrix G-

Guw =7, Gy =7a%,  Guy= Gy =0. (1.41)

2]
The potential well for the vortex now does not have cylindrical symmetry. As a result,

the vortex displacement w and the depinning threshold j; will depend on the direction
of the transport current.

According to equation (I=30), the pinning potential is

by 2
O

o

2 92
+¢&a o

2
Up = f [ <€ [Vebo|” — Jabo]* + WO' >+§b2 (1.42)
o

p=0

1.3 Comparison with the London theory

In the paper [25] the pinning potential in the presence of a circular and elliptic cavity has
been derived within the London theory. This approach is applicable when the defect size
is much larger than the temperature-dependent coherence length, i.e., D > &(T'). Under
certain conditions, the results from Section 2 can be extended to the case D > &(T).
Indeed, the calculations in Section 2 based on the following two statements: (i) |1 <
Vo and (ii): the quantity Vi, is approximately constant in the area occupied by the
cavity. These two conditions are satisfied when

D> ¢and w> D, (1.43)
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so for a large defect and large vortex-defect distance the pinning potential (I=30) should
coincide with the one obtained within the London theory.
At large vortex-defect distances, w > a, for a circular defect Eq. (IZ38) gives
2 CL2

o
Up=— (—0> — + const. (1.44)

Adr ) ) w?

This result is in good agreement with equation (5) from [Z4]. For an elliptic hole Eq.
(22) yields in the w > a limit

Do \>1 [ab Vwl  aPw?
U, =— (_0) 5 (a_ I L w1,> + const, (1.45)

4\ w2 wi w?

whereas the potential from [25] is

CDO 2 a —f- b 2 1
—_ (29 — 1.4
Up <47T/\> ( 2 ) w?’ (1.46)
which, obviously, does not coincide with (IZ23). The reason of this discrepancy is ex-
plained below.

The derivation of the interaction energy between a vortex and a cavity in the London
approximation is based on the equation

. (I)()Bim (W)

Up 8T ’

(1.47)
where By, is the z projection of the field created by image vortices. This field can be
expressed as

/\2
¢ —Go
where ¢ = = + 1y, (o = w, + 1wy, and B, is the full magnetic field, satisfying the Poisson
equation

0%
2T \2

Bim = B, In : (1.48)

V2B, = ——6(p —w). (1.49)

The second term in the right-hand side of Eq. (IZ8) represents the self field of the
vortex with the opposite sign. The image vortices are placed in such a way to provide
the fulfillment of the condition B, = const on the boundary of the cavity. For a circular
defect with the radius ag the image field at the position of the vortex is [24]

o a?
Blcm(CO) = 27_‘_[))\2 In (1 - : ) ; (150)

To obtain the magnetic field in the presence of a non-circular defect, we may apply a
conformal transformation W = W(() to the ¢ plane. Since the form of Poisson’s equation
is not modified by such a transformation, the field distribution in the W plane is given
by

B.(W) = BZ(¢(W)),
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where BS(() is the solution of Eq. (IZ9) in the presence of a circular defect. Using the
definition (48) of the image field, we obtain

Bin(Wo) = B, (C(Wh)) +

. (1.51)

27r)\2 ‘W WOHW Wo

e
where Wy = W ((y) specifies the position of the vortex in the IW-plane. Hence, the pinning

potential equals
2 2
e (B i)
AT A IC(Wo)l

Here, the first logarithmic term originates from the transformation of the image field
(I=50), while the second term is connected with the modification of the self field of the
vortex. In [25] this term has not been taken into account. As a result, the isotropic
potential (IZ8) has been obtained. In order to determine the correct pinning potential
for an elliptic cavity, we apply the modified Joukovsky transformation [Z5]:

——= (W)

dg
Haw

} . (1.52)

a+b¢ a—bag

= - — 1.
B 2
U,(Wp) = (—0) In| 1-— ath —In |1+ o +const.
4mA Wo + VWE —a® + b2 VWE — a2+ b2
(1.54)

For |Wy| > a this expression is in good agreement with the result obtained within the
GL theory (Eq. (IZ3)).

1.4 Summary

The central results of this Chapter are the equations (I"Z1), (I"28) and (I=30), defining the
interaction energy of a vortex and a small cylindrical cavity (D < &) with an arbitrary
cross-section. The problem of the pinning potential evaluation is reduced to a linear
Neumann problem for Laplace’s equation (for the solution of the latter various standard
procedures exist [78]). It should be noted that the method developed here can be applied
not only to bulk superconductors, but also to thin films with the vortices directed normal
to the film.

On the basis of Egs. (1), (I'28) and (I=30) the exact pinning potential for a cavity
with an elliptic cross-section has been calculated (see Eq. (IZ2)). The occurrence a
metastable bound state of the vortex and the defect (Fig. ITb) at low transport currents
has been predicted. This bound state may be observed, for example, using scanning
tunneling microscopy or a nano-SQUID [79]. For a cavity in the form of a circular
cylinder the depinning current has been determined.

The vortex-defect interaction was also considered within the London theory. The
relation (ICh2) has been derived, allowing to calculate the pinning potential for complex
cavities, using the conformal transformation technique. The pinning potentials obtained
within the GL and London theories coincide with each other in the range of parameters
where both approaches are applicable.
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The results of this Chapter comprise an important basis for estimates of the critical
current in superconductors with small columnar defects. In addition, the present analysis
is relevant to recent experimental studies of the vortex ratchet effect [0, 81, 82, B3, 84, 5],
where an anisotropic pinning structure is a key element. Note that the experimental
conditions in [85] almost perfectly match the model used here: the antidots embedded
into the thin Al films represent insulating inclusions, and the typical temperatures are
very close to the critical temperature, so that the coherence length is larger than the
defect size. Thus, the obtained relations for the anisotropic pinning potential may be
useful for vortex ratchet design and for interpretation of future experiments in this field.
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Chapter 2

Resistivity of an anisotropic type-II
superconductor in the mixed state

2.1 Introduction

In the previous Chapter the case of a relatively low transport current has been studied,
when the vortex is pinned. In the opposite limiting case, when the current is sufficiently
strong, the interaction of vortices with defects becomes inessential, and the stationary
flux-flow regime sets in. In the first theoretical papers devoted to the study of the
flux-flow conductivity it has been pointed out that vortex motion is accompanied by
dissipation, having two origins: losses due to relaxation of the order parameter [86] and
ohmic losses associated with normal currents flowing through the vortex core [32]. Both
these mechanisms contribute to the vortex viscosity 7 (see Eq. ({@)). A rigorous approach
to the evaluation of this quantity has been proposed by Schmid [33], and was later
developed by Gor’kov and Kopnin [34]. Their method is based on the time-dependent
Ginzburg-Landau (TDGL) equation

o . _OF
r <h§ - 226(1)2/1) = (2.1)

Here, I' is a relaxation constant, ® is the electric potential, and F' is the GL free energy.
Using this approach, the viscosity n of an isolated vortex in an isotropic superconductor
has been calculated in the papers [36, 87, BR]. A study of the flux-flow conductivity
in the anisotropic (uniaxial) case, relevant to the cuprates [89] and Fe-pnictide super-
conductors [42], is given in [40] and [41] (see also the book [35]). When the parameter
So = MOe/Map0apy 1S equal to unity, the problem can be reduced to the isotropic form
[@T]. The more complicated case of a Cooper pair mass-normal conductivity anisotropy
mismatch (so # 1) has been considered in [A0] on the basis of a simplified step-like order
parameter profile in a vortex.

The present Chapter of the thesis is mainly devoted to the study of the viscosity
tensor 7 in the case sy # 1 using a realistic (sometimes, even exact) order parameter
profile of a vortex. In Sec. =2 the initial equations are given. In Sec. PZ3 some exact
asymptotic expressions for the vortex viscosity are derived. In Sec. 4 a variational
principle is established, which allows to obtain a universal approximate expression for 7).
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Finally, in Sec. 23 the temperature dependence of the flux-flow conductivity anisotropy
is considered within a generalized TDGL theory.

2.2 Basic equations

The GL free energy of a uniaxial superconductor is given by
2 * m—l 2 1 4 3
F= h=V va + agr ’w| + §bGL ’w| d’r. (2.2)

Here, agr and bgp, are parameters that do not depend on coordinates, m is the Cooper
pair mass tensor with the components m;; = mab(éij + ,ueiej), where e is a unit vector
directed along the anisotropy axis, and u is a dimensionless constant. The Cooper pair
concentration in the uniform state ng equals |agr| /bgr. Like in the previous Chapter,
we neglect the vector potential, assuming that the superconductor is in the high-x limit.
Equations (21) and (22) are supplemented by the charge conservation law

Ope | 1. .
8pt +divj =0, (2.3)
where the full current density is
j=—2eh Y| m"'Vog — 6,V. (2.4)

Here, p. is the electric charge density, &, is the normal conductivity tensor with the
components oy;; = 0a0;; + (0. — oap)ese;, and ® is the electrochemical potential. When
the Thomas-Fermi screening length is much smaller than all characteristic length scales of
the problem, one can neglect the difference between V& and V@ [36, 77]. The Thomas-
Fermi screening length is typically of the order of the interatomic distance, so we will
henceforth assume that V& ~ V.

Let us consider the orientation of the internal magnetic field at an angle ¢, to the
crystallographic ¢ axis. We choose the coordinate frame (z,y, z) with the z axis coinciding
with the vortex axis and with the ¢ axis lying in the zz plane (see Fig. E1). In this frame
the functions ¢ and ® do not depend on z, and the tensor 71 is diagonal.

The derivation of the force balance equation (B) and of the explicit expression for
the viscous drag tensor may be found in [77] and [40]. However, in Appendix B, the
calculations are outlined for the reader’s convenience.

The full viscosity can be presented as the sum of the ohmic (Bardeen-Stephen [32])
and relaxational [86] contribution: 7 = 7y, + 7. The latter is given by

m(0) 1/2 ma \ V2
(Mp0) 2z = 2mhI gy ( _— > , (1p0)yy = 2mhI'ngay (m> : (2.5)
where
m(po) = %, (2.6)

and the constant oy is given by Eq. (B20).
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Figure 2.1: The coordinate frame.

The components of the Bardeen-Stephen contribution, 7, are

Nx = [mab/m<900>]1/2(770h)a:x = _ZHOFh/fZ(pﬁ% (u2q)m - %) dxldyh (27)
1 1
X x

ny = [m(o) /ma] " (on)yy = —2nTh / o) 53 (“2% 7 ) doydy;.  (28)
1 1

where u = gab/lEaln

m
@) =& (22 | =, (29)
ab

& and lgg, are the coherence length and the electric field penetration depth in the

ab-plane:
e | = [how/ (8¢*Tng)]"* . (2.10)
2ma |agr|’

In a similar way the quantities &, and [g., related to the c-axis, may be introduced. The
function f(p) in Eqs. (220) and (272) is the dimensionless order parameter in an isotropic
vortex (see Eq. (BIM)). It satisfies the equation

Ld [ df ) f 3
(=) =S+ f-fP=0, 2.11
pdp ( dp)  p? (2.1)
which follows from Eq. (BR). The boundary conditions are f(0) = 0, f(oco) = 1. The
functions @, and ®, in Eqgs. (Z20) and (Z3) should be determined from the linear equa-

tions 26 P
S t = (w20, — L) g2 2.12
5(900) (()ZE% + ay% (u p% f (P1>, ( )
P, 020, [, w1 .
S T ——" 2.1
ston) Gt + o = (10, - 53 o). (213
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where

.2
MeOe sin“ g
=1 - 1) —>0. 2.14
S(o) = 1+ (ma ) A (2.14)

The electric potential can be expressed in terms of ®, and ®, via

4Teh
o= |®,V, -0, m(@o)VLm € ’CLGL"
My baroa \| 2map

(2.15)

Note that there is a relation connecting the components 7, and n,:

My(s,u) =1, (é %) : (2.16)

Equations (23), (220) and (Z3) can be written in a more compact form with the help
of the dissipation function, Wy, ®] [I77]:

2

W, ] = V&6,V + % ’h%—f — 2iedr)| . (2.17)

This function defines the dissipation rate in a unit volume. The viscosity tensor satisfies
the relation
ViV = | Walyp, ®ld®p, (2.18)
z=0
The disipation function consists of two parts, yielding the viscosity components 7, and
ﬁoh:

. a\?
VanOVL = 2Fh/ <¥) d2p7 (219)
z=0
or 0 2
VerA]thL = /_0 [V@(fnvq) + 7 "LMQ <h% — 26@) ] d2p (220)

To avoid confusion, it should be noted that the component 7,,, apart from the ohmic
losses, contains a part of the relaxational losses, as can be seen from Eq. (2220). Nev-
ertheless, we will call 7,, the ohmic vortex viscosity (or Bardeen-Stephen contribution),
following the terminology used in [B5, 40, 7).

Now we will analyze two limiting cases.

2.3 Asymptotic expansions for the viscosity tensor

2.3.1 The limit [ < £

Let us consider such materials where the electric field penetration depth is much smaller
than the coherence length:
lEab < gab; lEc < gc' (221)

This limiting case is more close to gapless superconductors with a high concentration of
magnetic impurities which are characterized by the ration £/l = v/12. The conditions
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(Z=23) impose the following restrictions on the parameters s and w: u > 1, s < u®. In
this subsection we will analyze the case s < 1. The case 1 < s < u? can be considered
in a similar way by dividing Eqs. (Z12) and (213) by s. We shall search the asymptotics
of the viscosity when u — oo neglecting small terms of order higher than u=2.

The approximation used here is based on the fact that the characteristic length scale
for the functions ®, and @, is u~!. Hence, these functions reach their asymptotic behavior
at distances p; < 1 from the vortex axis, where the order parameter profile f(p;) is well

approximated by the first several terms of its Taylor series:

F2(p) = fap? + fapi + fops.

We substitute this expansion into Eq. (Z12) and introduce the new variables p = p;+/u,

o, = O, u?:
Po, 0P, o P -

Further the tilde over Z and § will be omitted. The solution of Eq. (2222) can be expanded

in the powers of ™!

d, =00 4y o) 4 R, (2.23)

where & and " satisfy the following relations:

82 CI)Q(CO) 82 (I);(EO)
+ s =

ayQ Ox2 - prQCI);O) - f2y7 (2'24)
82(1);1) an);l)
Y2 +s oz f2:02q>:(cl) + fup’ (qD:(cO) - %) ) (2.25)

and R, is a remainder term. It is proved in Appendix C that an analogous expansion
can be made in the integral in the right-hand side of Eq. (EZ1):

[2:r(5)
u2

Ny = —2noh [[“;(S) n n 0(u‘2)] , (2.26)

where

le(s) = /ny (CI);(BO) - %) dx dy7 (227)

I (s) = / % {f4p4 <<I);O) — %) + f2p2q>§c1>} dx dy. (2.28)
p P
The viscosity component 7, can be calculated similarly:
1 1
0y = —2nTh [ 1?;(5) + 2225) + o(u_2)] . (2.29)

Using Eq. (218) we obtain
Ly, (s) = L. (s ")/s, Iy, (s) = I, (s71)s. (2.30)

In principle, the functions I1,(s) and Is,(s) can be determined by numerical calculations,
however, in Section 24 some analytical expressions for these functions are given.
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In [40] the v > 1 limit was considered using the Bardeen-Stephen model. This
approach is essentially based on the assumption about a step-like order parameter profile
within the core and does not allow to obtain a leading term of the order of u~! in the
expansion (ZZ28).

The particular case s = 1 has been considered in a number of works mentioned above
[83, BB, B7, BR]. It corresponds to isotropic superconductors, or anisotropic superconduc-
tors with no anisotropy mismatch: (mco.)/(maow) = 1. If s = 1, Egs. (224) and (ZZ9)
can be solved exactly:

O _ 1~ eXP(—\/EPQ/Q)y
T 2 )
P
1 VEp
o) — @ z — 2/9).
N Ui exp(—=v/ f2p"/2)
After some integration we obtain a simple relation for the viscous drag coefficients:
Ny = 1y = 2mnel has(u), (2.31)
V2 f1 0.583 1
~ = - —. 2.32
g (u) " + 2 fou? " Su2 (2.32)
Here the value v/f, = 0.583 was taken from [37], and the relation f; = —f5/4 follows
from Eq. (210).
It is appropriate to recall here the result obtained by Hu [37]:
KQ((SU)
— =) 2.33
2= S K (ou)’ (2:33)

where Ky and K; are the modified Bessel functions of an imaginary argument and 0 is a
fitting parameter. Eq. (233) was derived from the exact solution of Eq. (BI2) with an
approximate order parameter profile:

flp) = ——— (2.34)

According to Schmid [33] and Hu, the optimal value of § is v/2 which follows from a
variational principle. We can compare different values of as(u). When v = /12 Eq.
(2233) yields ay = 0.186, Eq. (232) yields ap = 0.158, while the numerical result is
ag = 0.159 [B8]. Thus, the relation (2232) gives an error less than 1%. If we keep only the
term of order ™! in Eq. (2232), we will get a 6% error which increases with decreasing
u.

2.3.2 The limit s > u>1

Consider the range of parameters s > u? and u > 1. In terms of Ig, £ and ¢, these
conditions read
l2
Oc'Eab
O-ab£3b

Thus, the magnetic field must make a small angle with the ab-plane.

lEc > 507 lEab S gaba C052 ©o <
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When s > u?, the term u?*®, in Eq. (EI2) is negligible compared to y;/p? in the
region p < v/s/u, so we immediately obtain from Eq. (222)

Ne ~ Ins/u’.

More complicated calculations, which can be found in Appendix D, yield

e = 27hlng (m Vs 1.475) : (2.35)
u

ny = 2whl'ng (ln Vs 0.475) . (2.36)
u

Note that in Ref. [40] in the u < 1 limit similar expressions containing Inu~! have been
derived. This similarity is not accidental: the presence of the logarithm In(lg/§) is a
characteristic feature of the [g > ¢ limit.

2.4 A variational principle

In this subsection a simple variational procedure is suggested for the calculation of the
viscous drag tensor in the general case.

The electric potential ® is determined by Eq. (BIZ), which can be viewed as a
condition of zero variational derivative of the functional

/ W, [0 d2p, (2.37)

where the dissipation function Wy is given by Eq. (22I1). This observation together with
Eq. (Z18) yield the variational formulation of our problem:

ViV, = min / Wy[®])d?p. (2.38)
z=0

This relation and the symmetry condition 7,, = 1,, completely define the viscous drag
tensor. Note that Eq. (EZ3R) is in good agreement with the general principle of minimum
entropy production in stationary processes [87)].

Let us rewrite Eq. (EZ3R) in the rescaled coordinate frame separately for both com-
ponents of the Bardeen-Stephen contribution:

ne = 1(s, 1,u), ny =1(1,s,u), (2.39)
where
. . 2% 00\* . () v\
_ 2, e _ 24 2
1(8z, Sy, u) = 2nel'hu Hgn/ lsz (8x) + 5y <8y> + o (v o e dz dy.
(2.40)

We can obtain an upper estimate for the viscosity components if we substitute a trial

function into Eq. (240). To find an appropriate trial function consider the exact equation
for ¢:

526 0%
%5ﬁ+%&;=(ﬁ¢—%)ﬁ@y (2.41)
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The solution of this equation is an even function of x and an odd function of y, so its
Fourier series has the form

¢ = Z Gans1(p) sin(2n + 1), (2.42)

where ¢ is the polar angle in the zy plane. When p is sufficiently large, ¢ =~ y/(u?p?),
which means that the series in Eq. (242) contains only the first term at p — oco. Thus,
the trial function

= W) i ® (2.43)

has the correct parity and the correct asymptotics. Let us substitute this function into
Eq. (220):

0 7\ 2 2
7~ 2nolhrd? mjn/ p (%) + ¢—2 + fzu( ) (u ¢ — 1) dp, (2.44)
0

6 p* p

where

The differential equation for ¢ is

_1d [ do ¢ | 2 o7 1Y
pdp(pdp> p+f()<ugz§ p> 0. (2.45)

Note that we obtain exactly the same equation if we substitute ®, = ¢(p)sin ¢ into Eq.
(Z12) when s = 1 and v = 4. This means that the trial function (ZZ23) reduces our
problem to an isotropic one. Unfortunately, an exact solution of Eq. (2243) is unknown.
However, Schmid [33] found a solution with an approximate order parameter profile [see
Eq. (2233)):

- Ky (0)d — /6% + p?Ky (/02 + p )

¢= 0Ky (ad)u2p

Using this function and the expression (2234) for f we can calculate the right-hand side
of Eq.(2722):
Ko (da)

5K (07 (2.46)

n =~ 2nol'hm

We take 6 = f/(0)~' = f, 2 in order to obtain the correct asymptotics when u — oo,
s =1 (this asymptotics is determined by f’(0), see subsection 2231). Finally, combining
(2239) and (Z48) we get approximate relations for the components of 7':

/0 K, (— )
0~ 2rmoThL 2(u) Vs +3—10 lu , (2.47)
K (7tees)
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2u

"o Ko (72
ny%27mofhf( )\/3S+1 LOVSH]
u

? K: (7ot

No restrictions on the parameters s and u are implied here.
Let us check if these relations are in accordance with the results from Section PZ3.
Expanding 7, in the form (2ZZ7) in the powers of u™' when u > 1 and s < 1 we

obtain the following expressions for the coefficients I, and I5,, which were introduced in
subsection 23T (see Eq. (2228)):

(2.48)

ho(s) = - ES -y (g o TREED) (2.49)
When s =1 )
Ny =My = 27rn0Fhf150) +O(u™?),

which should be compared with Eq. (2232). The perfect agreement between the exact
and approximate result is not surprising, because the trial function (ZZ3) is the exact
solution of our variational problem in the isotropic case.

The applicability of Eqs. (2221) and (E48) for s # 1 has been checked using numerical
calculations. Equation (E41) was solved in the region z > 0, y > 0 with the boundary
conditions

99

Ox =0
A sufficiently large 450 x450 mesh with a 0.03x0.03 unit cell has been used. The numerical
algorithm applied was the method of steepest descent. After the determination of the
function ¢(p) numerical integration has been performed.
When s = 0 Egs. (229) and (2230) give

1.
Ny = ZnOFhT&g +O(u™?),

=0.

=0, ¢

x=0

0.92
n, = 2nelA—— + O(u™?).
u
These analytical expressions are in a good agreement with the asymptotics derived by

numerical calculations:
1.58 5
Ne = 2ngl'h—— + O(u™7),
U

0.86
n, = 2nelAi— + O(u™?).
u

When s > u? Eqs. (247) and (E4R) give

Ne = 1y ~ 2rhl'ng In 78,

which coincides with the main logarithmic term in Eqs. (E233) and (2238).

One can see that the agreement between the exact and approximate asymptotics is
quite well. This is a strong argument in favor of the applicability of Eqs. (E224) and
(248) for intermediate values of s and w.

In Fig. A we plot the analytical and numerical ¢, dependencies of the diagonal
components of the full viscous drag tensor (1 = 7y + Ton)-
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Figure 2.2: The ¢y dependencies of the viscosity tensor components. Solid lines cor-
respond to analytical results (Eqs. (E41) and (E48)), dashed lines show the results
of numerical simulations. Here 7., and 7,, are measured in the units 7y = hl'no,

é-ab/lEab - \/ﬁ

2.5 Temperature dependence of the vortex viscosity
anisotropy

Within the framework of the TDGL equation (Z) the viscosity anisotropy 7., /7y, does
not depend on temperature. However, the region of applicability of Eq. (21) is limited
by gapless superconductivity. In this section we consider a more general approach based
on the generalized TDGL equations [88] (see also [35] for review):

0 oF
2 2
Lly| (ha;: — 2@) = %v ([ m~'Vos), (2.51)

1+ g [ /o

327T2T§th(Tc -T)
T E)

Here 7,y is the electron-phonon mean free time. In the isotropic case Egs. (EZh0) and
(2250) are valid for dirty superconductors, when the temperature is close to T, and vari-
ations of the order parameter in space and in time are sufficiently slow [35].

The main relations for the viscous drag tensor can be derived in same way as described
in section 22 and in Appendix B. As a result, we find that the viscosity still comprises two
terms representing two mechanisms of dissipation, but the viscosity components undergo
some changes. For example, Eq. (23) is modified as follows:

: AN e e
(Mpo)ij = 27 hI'mody; (d_J;) P/ 1+ qonf?(p)dp. (2.52)
0
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To obtain the counterparts of Eqgs. (274), (2R), (Z12) and (ZI3) one should make the
following substitutions in these equations:

2

2 v
! \/1—i_Qph7
f2 \/1+qphf2

\V 1 + C]phf27
;i — niv/ 1 + Gpn, L=1x,y. (2.53)

It can be seen from Eq. (251) that the electric field penetration depth is increased by
a factor (1 + gn)'/* as compared to Eq. (ZI0). It may seem that at low temperatures
we would reach the [y > ¢ limit, which has been analyzed in [40]. However, this is not
quite true because of the different relative impacts of the two mentioned mechanisms
of dissipation in the simple and generalized TDGL models. Within the simple TDGL
theory the Bardeen-Stephen contribution and the relaxational term are of the same order
of magnitude in the [ > ¢ limit. On the contrary, in the generalized model the viscosity
is dominated by the relaxational term at low temperatures (see below).

It is obvious that all main relations from Sec. =3 can be derived again within the
generalized TDGL theory, but they are slightly modified. For example, Eq. (E231) now

reads
\/E B 1+ 2qph}

- o (2.54)

Ne = Ny ~= 2w hl'ng [

Now consider the temperature dependence of the viscous drag tensor. The quantity
¢ph depends on the temperature 1" (gn)7 < 0. Hence,

i (1p0)ze i (750 yy <0

or o - ar Mo

where 79 = Ail'ng. On the other hand, the modified Eq. (£20) can be written in the form
2
(82, Sy, u) = 2nolhu? md}nf [Sm (%)2 T Sy (%ﬁ)

f2(p) 2, w)
+= —Tr) (u o) p2> } dx dy, (2.55)
if we leave Egs. (2239) unchanged. Hence,

a (noh)mx

or  mo

0 (noh)yy

— > 0.
or o

> 0;

At sufficiently low temperatures, when gy, > 1, s S 1 and u ~ 1, it may happen that
(nPO)m‘ > (Uoh)xoca (npo)yy > (noh)yy'
Then the viscosity anisotropy is determined by the relaxational term:

T]ﬂ ~ (np())zx _ 1+ %
Nyy (np0)yy 1+ pcos? gg
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Figure 2.3: Schematic temperature dependence of the viscosity anisotropy for ¢q = 7/2.
The parameter € is of the order of unity.

Note that 7, # n, when s # 1 , so

Nz L+p
My ~ 1+ pcos® g

when ¢, S 1. We have proved that within the generalized TDGL theory the viscosity
anisotropy and the flux-flow conductivity anisotropy do depend on temperature. The
schematic 7" dependence of the ratio n,,/n,, is plotted in Fig. EZ3.

2.6 Summary

In the present Chapter the viscous flux-flow in anisotropic superconductors has been ana-
lyzed within the time-dependent Ginzburg-Landau theory. The Bardeen-Stephen contri-
bution to the viscous drag tensor 7 has been calculated in the limits [p < & and lg. > &..
Unlike in the preceding works, in these calculations no simplifying assumptions concern-
ing the shape of the order parameter in a static vortex have been made. In addition,
a variational procedure has been suggested, which allowed to derive the relations (247)
and (EZ438) suitable for arbitrary electric field penetration lengths (Ig., and lg.), coherence
lengths (£, and &.) and orientation of the magnetic field. The mentioned approximate
relations for 7 are in good agreement with numerical calculations.

The results obtained in this Chapter may be useful for interpretation of experimental
data on the flux-flow conductivity in anisotropic superconductors in weak magnetic fields
(B < He).

Vortex motion has also been considered within a generalized TDGL theory. It has
been found that the viscosity anisotropy may depend on temperature and, thus, the
flux-flow conductivity anisotropy may be altered by heating or cooling the sample.
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Chapter 3

Interaction between spin waves and
vortices in
superconductor-ferromagnet hybrids

3.1 Introduction

In magnetic materials the long-wavelength magnetization dynamics is well described by
the simple phenomenological Landau-Lifshitz equation [3], or its generalization taking
into account dissipation — the Landau-Lifshitz-Gilbert equation [72]:

oM oF v oM

Here, M is the local magnetization of the ferromagnet (or the sublattice magnetization
in the case of a ferrimagnet), I' is the gyromagnetic ratio, F is the free energy, and v is a
relaxation constant. Using Eq. (B) it is easy to obtain the classical spin-wave spectrum
of a ferromagnet with an easy-axis type magnetocrystalline anisotropy [3]:

w(q) = wr(l+ L*¢%), (3.2)

Here, wr is the ferromagnetic resonance frequency, and L is a length of the order of the

Bloch domain wall width. The antiferromagnetic counterpart of Eq. (B22) is [3]

w(q) = \/ WE&F + S?4Fq27 (3.3)

where wap is the antiferromagnetic resonance frequency, and sup is the velocity of
magnons with large wave numbers ¢q. The spectra (B2) and (8B33) do not account for
the magnetostatic interaction. If it is taken into account, the dispersion relations become
more complicated. For example, the ferromagnetic spectrum takes the form

By — 47 M By — 47 M 2
o) = (1 g+ 2 (1 e B2 g 8 o
an an q

Here, By is the magnetic induction in the sample, e is a unit vector directed along the
anisotropy axis, and H,, is the anisotropy field, defining the ferromagnetic resonance
frequency: wrp = YH,,.
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Figure 3.1: (a) The magnon spectrum in an antiferromagnetic superconductor at a fixed
direction of the wave vector [61]. (b) The spectra of magnons propagating normal to
the easy magnetization axis in a superconducting and ordinary ferromagnet. All graphs
correspond to a vanishing internal magnetic induction Bj.

In magnetic superconductors the spin waves interact with the superconducting sub-
system through the exchange and anisotropy fields, which leads to a further modification
of the magnon spectrum. Buzdin [61] has shown that within the London approximation
the antiferromagnetic spectrum becomes non-monotonic — see Fig. Bla. Later [62, 63], a
similar result has been obtained for a ferromagnetic superconductor in the Meissner state
—see Fig. Bdb. The presence of a minimum on the w(q) dependence is closely related to
the appearance of a spiral magnetic order is some magnetic superconductors [b1].

In later works the microwave surface impedance of a ferromagnetic superconductor
has been studied in detail [89], and the spectra of 2-dimensional surface and domain
wall magnons have been determined [90, G1]. In these papers it has been assumed that
the superconductor is in the Meissner state, while experimental studies suggest that the
ferromagnetic superconductors exhibit a spontaneous mixed state [b3, 66, 57]. The spin-
wave spectrum in the vortex phase has been previously considered only by Ng and Varma
[62]. In this paper the coupled spin and vortex dynamics has been studied within the
continuous medium approximation, which is applicable in the limit of long wavelengths
Aw: A\w > a,, where a,, is the intervortex distance.

In the papers [64, 65, 68, 6Y, 66] the reverse influence of magnons on vortex dynamics
has been analyzed. Bulaevskii, Hruska and Maley showed [64] that vortex motion may be
accompanied by Cherenkov generation of magnons. This new dissipation mechanism leads
to the appearance of an additional damping force acting on vortices, which is reflected
in the current-voltage characteristics of the sample. Thus, information about the spin-
wave spectrum can be extracted from the I-V curve of a magnetic superconductor. In
[65] an estimate of the magnetic contribution to the vortex viscosity in antiferromagnetic
borocarbides is given. In [68] it is proposed study the magnon spectrum in magnetic
superconductor by measuring the response of the material to a superposition of ac and
dc currents. The nonlinear magnetization dynamics (corresponding to spin-waves with
a large amplitude) was considered in [69]. The authors demonstrated numerically that
vortices in magnetic superconductors may form clusters, and moving vortices may create
domain walls, if the dissipation constant v in Eq. (BX) is sufficiently small.

In the papers [66, 70, 67, [71] vortex motion in systems with purely relaxational dy-
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namics of the magnetization has been considered:

oM 10F

where 7); — is the relaxation time. Obviously, such systems do not support oscillating
magnon modes. In [66] a novel “polaronic” vortex pinning mechanism is proposed to
explain the unusual magnetization curves of borocarbides. The new pinning mechanism
appears due to the attraction of a vortex to magnetic moments which were polarized
by the same vortex. The influence of this effect on the ac response of the material has
been studied in [67]. In [70] it was proposed to improve the transport characteristics
of superconductors with a small London penetration depth by creating superconductor-
ferromagnet (SF) superlattices, where the “polaronic” pinning mechanism is realized.

In this Chapter of the thesis two problems are solved, concerning the interplay between
Abrikosov vortices and spin waves in SF-hybrids: the calculation of the magnon spectrum
in the presence of vortices, and the analysis of the ac and dc responses of vortices in the
presence of magnetic moments. The initial equations for both problems are derived in
Sec. BZ. In Sec. B33 the spin wave spectrum in a ferromagnetic superconductor in the
mixed state is studied. The results of the paper [62] are extended to the case of short
wavelengths, A, < a,, when Bragg scattering of magnons on the vortex lattice becomes
important. Then the spin-wave spectrum acquires a Bloch-like band structure. In Sec.
B4 the damping force, connected with magnon generation, acting on moving vortices in
ferromagnetic superconductors and SF-superlattices is calculated. It is shown that the
magnetic contribution to the vortex viscosity can be extracted from the surface impedance
of a ferromagnetic superconductor.

3.2 Basic equations

Within the London approximation the free energy of a ferromagnetic superconductor can
be written as

1 d 2 (B — 47M)? M 6M KM2? BH
F:/[ (A+2—Ows>+w+a<a 0 )+ L2
v

_ 43
8mA2 8 2 \ Ox; Ox; 2 4T "

(3.6)
where « is an exchange constant, K is an anisotropy constant, M, = M — (Me)e, and
H, is the external magnetic field. All terms in Eq. (B0) are integrated over the whole
space, except for the first term, which is integrated over the sample volume. We assume
M = 0 outside the sample, and |M| = const in the ferromagnetic superconductor.

Before considering the magnetization dynamics, we determine the equilibrium state
by minimizing F' with respect to M, and then with respect to A and fg. The anisotropy
field H,, = KM in the U-based ferromagnetic superconductors is typically very large
(see Table B)): it is comparable to or greater than the upper critical field. This means
that the inequality B < H,, holds for any internal field B that does not suppress
superconductivity. Then the transverse component of the magnetization M can be
estimated as M| < B/K < M. Since K > 1, in a zero approximation with respect to
K~! we can neglect the transverse magnetization (even in the anisotropy energy, which
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appears to be proportional to K~'). Then

1 ®, > B2 BH )
F(A,6g) ~ A+ —V6 — —BM, - — +21M?*| & .
(A,0s) /[EWQ( +5-V s> + 3o 0= t27 r, (3.7)

where My = Me. For an arbitrary shaped sample further minimization can not be
performed analytically. Here we assume the ferromagnetic superconductor to be an el-
lipsoid. The results derived below should be also valid in the extreme cases of slabs and
long cylinders. It is reasonable to assume that the average internal magnetic field By in
an ellipsoidal sample will be uniform (compare with a dielectric ellipsoid in a uniform
external field — see [92]). Denoting the superconductor volume as V', we can rewrite the
free energy as

B,H B2 BH
F=V By) — MyB, — € S —— t 3.8
(fs( 0) 0Bo — —— >+/r¢v {87T 47T} r+ const,  (3.8)

where the constant does not depend on the magnetic induction B, and fg is the free
energy density of the vortex lattice:

2 2
Fo(Bo) = <87T1A2 (A + %’ves) + %> | (3.9)

Averaging is performed over a volume that is much larger than the inter-vortex distance.
The function fg(By) can be determined explicitly by solving the London equation (B14)
with a given vortex lattice density, corresponding to the average field By. To transform
the integral in Eq. (BR) let us introduce several quantities: the self-field of the sample
Bs = B—H,, the magnetization Mg due to supercurrents, the effective full magnetization
M = My + Mg, and the effective H-field Heg = Bg — 47nMeg. Then the integral can
be transformed as

B2 _ BH.| 3. _ B% 13 HZ 13
fr%V |:§_ 47r:|dr_fr¢V8_7fdr_fr§ZV Sﬂdr

2 2 N N
= %d:gr — frEV %d:gr + const = %Meg (N — JZ—;) Mg + const.

Here N is the demagnetizing tensor, connecting the effective magnetization and effective
field inside the sample: Ho.g = —NMgg. Analytical and numerical values of N can be
found in Ref. [03]. Finally, if we eliminate Mg using the relation

Mg = (47 — N)™(By — H.),

we obtain

F BH. 1 ~ -

— = fs(By) — MyBy — —— + —(By — H,)N (47 — N)"}(B, — H.) + const. (3.10)
Vv AT 8T

Here the only variable is the internal field By, which should be determined from the

equation

OF

a5, = (3.11)
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Compound | UGey | UCoGe URhGe
T., K 0.7 0.8 0.25
0, K 50 3 9.5
A, nm 1000 1200 900
H,,, T ~ 100 | ~ 10 ~ 10
M, Gs 150 9 70
Hu 1,4[13 0,07,&3 0,3#3
wr, Hz ~ 1013 | ~ 109 ~ 101
Vin, em/s | ~ 107 | ~ 10° ~ 107
K =H.,,/M | ~10* | ~10* | ~10°—10?

Table 3.1: Parameters of U-based ferromagnetic superconductors. © is the Curie temper-
ature, H,, is the anisotropy field, py is the magnetic moment per U atom, upg is the Bohr
magneton, wp is the ferromagnetic resonance frequency (the estimate wp ~ 2uy Han/h
is used here), and V4, is the critical vortex velocity for magnon radiation (see Sec. B4).
The data have been taken from [94, b5, 95, 96].

Equations (B10) and (BT) define the equilibrium state of the ferromagnetic supercon-
ductor.

Now we proceed from statics to coupled vortex and magnetization dynamics. Taking
into account Eq. (B8), we can rewrite the Landau-Lifshitz-Gilbert equation (B) as

oM

E:’y(aVQM—KMJ_—&—B)XM+L<MX8—M). (3.12)

M? ot

Considering the high-anisotropy limit (K > 1), we assume the transverse magnetization
M, = m to be small: |m| < M. Then Eq. (BI2) can be linearized with respect to m:

v om
E: (aVQm—Km—i—B) XM0+7B><m+WM0XE-

The magnetic field B satisfies the London equation, which should account for the normal
currents in the nonstationary case:

om

(3.13)

trotB+ 2 = & 4 srrotrotm — 270n 9B
rotro — = —= mrotrotm — —_—
A2 22 2 Ot’

where o, is the normal conductivity outside the vortex core, and x is the vorticity:

(3.14)

K= _2—72rotv95:<1>02 (Zo-l-a) o(p — Ri(2)). (3.15)

)

Here the z axis is directed along the average field By, and the function R;(z) defines the
shape of the i-th vortex. The vectors R; and p lie in the xy plane. Vortex motion may
be described phenomenologically by the relaxation equation [67]

= — 3.16
where 7 is a viscosity coefficient connected with dissipative processes in the vortex core
— see Chapter 2. Equations (B13) - (BI8) comprise the basis for further analysis.
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3.3 Band structure of magnetic excitations in the
mixed state of a ferromagnetic superconductor

3.3.1 Equations for the magnetization Fourier components

In this section the magnon spectrum in a ferromagnetic superconductor in the presence
of an ideal vortex lattice will be determined.

In the following we will neglect the contribution of the normal currents in Eq. (814),
assuming that the inequality

47
A2 o,w
c

holds. This condition can be satisfied at sufficiently low temperatures, when the normal
conductivity is small.

For a start, let us determine the spectrum in the Meissner state. Then, we put kK = 0,
and

B, m ~ 6—iuﬂi—l—ikzz—{-iqr7

where q = (¢;, ¢y,0). In Eq. (813) the nonlinear term B x m should be dropped. Then,
the solvability condition of the linear equations (B3) (with v = 0) and (BT4) gives the
magnon spectrum:

w = wo(q) = YMVE K>, (3.17)

Ki(q,k.) = K + ag® - #’iﬂgﬂﬁ’ (3.18)
~ T 2 2

K(q,k:) = K + ag? — 35550, (3.19)

where K = K + ak?. The high anisotropy of the U-based ferromagnetic superconductors
allows to simplify the expression for the frequency by expanding the root in Eq. (B12)
in the powers of the small quantity (K; — K3)/Kj:

~ 21 (2% + ¢?)
~ 2 z
A characteristic feature of this spectrum is the presence of a minimum at
N2 _ k2
4 = Gmin = \/ m——= — A2 — k2 (3.21)
a

for sufficiently small k, (see Fig. Bb).

Now we turn to the more realistic case of a ferromagnetic superconductor in the mixed
state. If the external magnetic field is absent or parallel to the easy axis, the Abrikosov
vortices in equilibrium are directed along the magnetization vector. We assume the vortex
lattice to be triangular with the positions of the vortices given by the vectors

3 1
Rio = ayyop + ay (%_Xo + 53’0) n, (3.22)
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where p and n are integers. Then, the equilibrium vorticity ko and magnetic field B, are

= Bz Za (p — Rio), (3.23)
0N 2
B, = B,(G)e'S",  B,(G) = : 3.24
> ey b
Gl v
where G are the vectors of the reciprocal lattice:
A 2m 2m
G =pG| +nGy, Gy =—%) Gy=—X+—Yo- 3.25
Pl 2 1 V3, 0 2 V3, 0 @ Yo ( )
The linearized equations (B13) and (BJ4) take the form
0 B, 0
= |avim (K P ] sk Fax G 320
2 b 1
- Vb + Vi Amrot rot m + 2 h (3.27)

where b = B — B, and k1 = kK — K¢. At this point, we will drop the last term, which
is responsible for dissipation, in Eq. (B=28). The linear correction to the equilibrium
vorticity is

dAR,;
@DZ{ p—Rio)— —ZO[ARi-Vp(S(p—R,-)]}, (3.28)

where AR;(2) is the local displacement of the i-th vortex with respect to the equilibrium
state Rjp. Equation (BT8) after the evaluation of the variational derivative takes the
form

A (N2k2+1)

Bo?o(GAR,;))G
— Y BaandS, (3.29)

_”thR( z) = (27?)%/2 fk<£*1 g moree) exp (ikR; + ik.z)d’k

where for any function X (r) its Fourier transform X}, is defined as

1 —ikr ;3
szw/X<r)€ d’r.

We may rewrite Eqs. (B28), (B222) and (B=29) in the Fourier representation. If we do so,
we will find that these equations connect the Fourier components of the functions m, b
and Kk corresponding to wave-vectors satisfying the condition

k =G +ko, (3.30)

where kg is a fixed arbitrary vector, and the vector G runs over the whole reciprocal lattice
(BZ3). Hence, the general solution of Egs. (B28), (B221) and (B=29) can be presented as
a superposition of particular solutions having the form

m = efiwt+ikzz+iqr ZG m(G)eiGr, (331)
b= e—iwt+ikzz+iqr ZG b(G)eiGr7 (332)
Ky = e—iwt+ikzz+iqr ZG K‘,l(G)eiGr, (333)
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where q is the quasi-wave vector in the xy-plane. The fact that the functions (B=3T) -
(B333) satisfy our equations represents a simple generalization of the Bloch theorem. The
condition (BZ33) is equivalent to the following one:

AR;(z) = ARe Witik=tiaRs (3.34)

If we substitute (B2331), (B=32) and (B334) into Egs. (B28), (B222) and (B=29), we obtain
the system

3, AR 2. 4 [1+ N2(k2 + )] 2. ar [T+ X2+ k)  1+XG2 |’
0 Gi<e—t z ) Gi<t1 i p i
(3.35)
—%m(Gl) _ |:_<K + aqf)m(Gl) + 47r(k§+qi2)m(Gi)*27;—(1’—;(1.2(1—&;\“7(?1))+Bo)\_2ik2AR
—% > m(G')B,(G; — G’)] X Zg, (3.36)
G'#0

where q; = q + Gy, and .

K = K + By/M + ak?. (3.37)

By solving Eqgs. (B3H) and (8338) the dispersion relation may be found.

First, we restrict ourselves to the case when the dissipation due to vortex motion is
negligible, i. e., n — oo and AR = 0. The role of thermal losses will be discussed in Sec.
B34

It has been mentioned that in the U-based compounds the magnetic anisotropy is
rather large. Using this fact one can make an approximation which will considerably
simplify the problem. Let the vectors q; have the components (g; cos oy, g; sin ;). For
¢; = 0 the angle «; is arbitrary. We introduce the new variables

m;, = [cos a;m,(G;) + sinaymy (G;)] %,
m;, = [cos aymy,(Gi) — sin a;m,(Gy)]y, %,

where K; and K, are defined by Egs. (BI8), (319) (and K is given by (8337)). Here and
further we omit k, in the list of arguments of K, Ky and wq for brevity. The quantities
m;, and mj, satisfy the equations

iw _ wolg) K1(qi) K1 (g5)
_’Y_Mm;x = —_’3]\3 m;y _Gz;éob” |:m;y 4 K;(qz)Ki(qj) COS (O{z - Of_])
J
i -] oo

w1 wolgs), 1 o 4/ K2(g:)Ka(g)) o
A My = M Mie +Gz¢ob” [mﬁ Ki(a) K1 (q) ©9° (i — ay)
J

Ko(qi) K1 ) .
+m;y 4\/ Klggiglﬁgj; sin (a; — aj)} ? (3.39)
where b;; = B,(G; — G;)/M, and

B 21 (2% + ¢?)
~ K 2y 2 s TR 3.40
Falgt 42 + o - ZEEE D) (3.40

wo(q)
yM
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The main assumption of our approximation is that all fourth roots in Eqs. (B238) and
(B339) can be replaced by unity. Indeed,

o Ki(g)Kalg) 1~ 1 [Kﬂq@‘) — Ko(q:) | Kigy) — Ka(gy) <1
K(qi) K2(q5) 4 Ka(q:) K»(q5)
It is convenient to introduce the variables m; = (m}, — im;y)e_mi and m; = (m}, +
imj, e . Equations (B38) and (B339) yield
e = —wiﬁ?)m?+ > biymj, (3.41)
G;#0
o = —wﬁﬁ)mﬁr > biymy, (3.42)
G;#0

It can be seen that the solutions of Eq. (B22) coincide with those of (BZ), but the
frequencies have the opposite sign. A great advantage of Eq. (B2d) over Eq. (B238) is
that it represents an eigenvalue problem for a real symmetric matrix, so simple numerical
and analytical procedures may be applied to solve it.

Equation (BZ) can be also derived if the uniaxial (z-axis) superconducting and ex-
change interaction anisotropy is taken into account. The only modification is that the
Fourier components of the field and the unperturbed frequencies are given by

D 2

B.(G) = . , 3.43
(G) 1+ G222 /3a2 (349)
w B 2k2A? 2m(K2A + A7)

D) _ g+ arg?+ 20— 2 AL I (3.44)
~M M 1+ XN (2+q¢)  1+EM + ¢

Here the quantities oy, A are related to the z axis, and a;, A, are related to the
perpendicular plane.

3.3.2 Calculations of the magnon spectra

To determine analytically the eigenvalues of the system (BZ) we may use a method,
which is equivalent to the weak-binding approximation for electrons in a crystal. We
will assume that several eigenvalues w for a given vector q are close to wy(q), and the
deviations w — wy(q) can be determined using the degenerate state perturbation theory.

Let us find the applicability conditions for this approximation. Consider the case
when w ~ wo(q), |mf| > |m;r| and all the quantities wy(g;) are not close to wpy(g;) for
j # 1. Then the perturbation theory in its simplest form can be applied. It follows from
Eq. (B2D) that for ¢ # j

m; ~ :

wo(¢i) — wo(q)
Here and further the upper index ”+4” will be omitted for brevity. The correction to the
unperturbed frequency wy(g;) due to the fact that m; # 0 equals

sz ~2 M2

?

wo(qi) — wolg;)

ow =
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For the perturbation theory to be valid we have to demand at least |dw| < |wo(g:) — wo(gj)],

or
2

by <1 (3.45)

-2
(@ = ¢;)(a: + ) [a ~ EATD

for all j # . Here we assumed k, = 0 for simplicity.
If we apply the perturbation theory for a degenerate state, we can permit the condition
(B23) to be violated for N; > 1 different indices j. The number N; can be estimated as

N] ~ Sqa?], (346)
where S, is the area in the g-plane occupied by the vectors ¢; for which the condition

> 1 (3.47)

A2
9 — q5] (¢i + ¢;) | — (A—2+3§))\(>\—2+q§)

holds. To avoid solving secular equations for large matrices, we should demand N, < 1.
Hence, the area S, should not be too large. Restrictions on .S, are the most strong in
two cases: (i) ¢; is close to the value corresponding to the minimum of wy(g;) and (ii) g
is sufficiently large. To estimate S, in the first case, we take ¢; equal to gmin (see Eq.
(B221)). Now the values of the exchange constant a are required. An estimate for this
quantity can be obtained from the relation

o~ 0/d,M? (3.48)

where d, is the interatomic distance. The relation (B28) can be derived within the mean-

field theory for localized spins [97].7 Using the data from Table B, assuming d, ~ 5

A, we obtain o ~ 1071 cm? for UCoGe, and somewhat smaller values for URhGe and

UGe,. Thus, in the U-based ferromagnetic superconductors a@ < A2, and g, > 7L

Note that in [A3] o has been estimated in a different way, and somewhat exaggerated
numbers have been obtained due to the use of incorrect values of L.
Returning to the calculation of Ny, for ¢; = gumin Eq. (BZ1) gives

|Qj - Qmin|2 S ﬁ>

where it has been assumed that |¢; — Gmin| < ¢min- Then

N~a2q~\/%r\, Gy A/ Lo
q vYmin a ,—1—|—G2>\2 M)\OZS/2.

The requirement N, < 1 for all G # 0 leads to the condition

Ol Do

'Equation (828) does not account for the easy-axis magnetocrystalline anisotropy. Thus, it gives an
upper estimate for «
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One can easily show that in the limit ¢; > ¢min V; S 1 when

> 2o o (3.50)
A2 Ma

Thus, the inequalities (829) and (B=50) specify the weak-binding approximation applica-

bility conditions in the corresponding limiting cases.

Similar to the electron spectrum in solid matter, the magnon spectrum in our system
consists of bands separated by the gaps. Obviously, the gaps are the smallest on the
lines of the q plane where adjacent bands would intersect if the matrix elements b;;
were negligible. On these lines w ~ wy(¢;) = wo(g;) for some different indices i and j.
To find small corrections to the unperturbed frequency wy(g;), within the weak-binding
approximation one should solve the simple secular equation

wo(q]i\z[—w b
’l};.. WO(%‘)_W - O (351)
1) ,YM
Then, the frequency gap A is

The spin wave spectrum was also analyzed numerically. The system (8Z) for 61
Fourier components m; has been solved (all other components were set equal to zero).
The diagonalization of the 61 x 61 matrix has been performed using standard algorithms
provided by the GNU C Library. As the parameters those of UCoGe were used: A =
1.2um, o = 107%m?, K = 10, M = 9 emu/cm?. In all calculations k, = 0 was assumed,
and the quasi-wave vector q ran over the first Brillouin zone of the vortex lattice — see
Fig. B2

G,

Figure 3.2: The first Brillouin zone for the vortex lattice. It is sufficient to calculate the
spectrum in the shaded area to determine the spectrum in the whole zone using symmetry
relations.

In Fig. B33a-c the magnon spectra in the lowest three bands for the average magnetic

field equal to
Bov/3 (2
B, — 0V'3 (_” _ )\‘2) . (3.53)

272 «
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are depicted. At this field wy(0) = wo(G1/2). It may be seen that the spectra in the
second and third bands have corners. These corners correspond to band intersection
lines in zero order perturbation theory. In fact, the corners are smoothed out, but this
may be visible only on a small-scale graph. In Fig. BZ3d,e two cross-sections of the 6
lowest bands are shown. The gaps between some bands are so small, that these bands
are undistinguishable on the graphs, so they are represented by one curve. At the field
By = B, the numerical values of the gaps are well approximated by Eq. (B33).
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Figure 3.3: The magnon spectra in the first (a) second (b) and third (c) bands. By = B,
The cross-sections of the lowest 6 bands along the lines OC' (d) and OB (e) of the Brillouin

zone. wry = Y(MK + By).

In Fig. B4 the same spectra for By = 0.15, are shown. As the field decreases, the
shape of the band structure changes qualitatively: in the center of the Brillouin zone some
complicated structure develops. This peculiar behavior is a consequence of the nonmono-
tonicity of the unperturbed spectrum (B=20) and is connected with a commensurability

effect: the spectra are deformed when wy(0) > wo(G1).

3.3.3 Symmetry considerations: intersections of bands

The calculations in the previous section were made assuming that the ferromagnet has
isotropic superconducting properties, but the results derived there are also qualitatively
valid for anisotropic (uniaxial and biaxial) superconductors. In this section we will an-
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Figure 3.4: The magnon spectra in the first (a) second (b) and third (c) bands. By
0.1B,. The cross-sections of the lowest 6 bands along the lines OC (d) and OB (e)
the Brillouin zone. wpy = v(MK + By).

alyze the properties of the band structure which appear only in materials with uniaxial

symmetry.
Let us consider the magnon spectrum in points of the Brillouin zone where the system

(B2) admits a nontrivial symmetry group. We restrict ourselves to the case of a relatively
strong magnetic field, when wy(g;) = wo(g;) implies ¢; = ¢;, so that the nonmonontonicity
of the unperturbed spectrum (824) is irrelevant.

The point with the highest symmetry is the center of the Brillouin zone, where q = 0.

The corresponding symmetry group is
Go = {Ri, o3}

which is isomorphic to the group Cg,. Here o; = Rioy, and R and oy are defined as

follows:

i=0.5, (3.54)

R- m; = m(G;) = m(T'Gy),
T=( s ~%y ). (3.55)
Sin 3 COS 3

—Giy)-

The characters for the irreducible representations of the group Gy are listed in Table B2
Due to the presence of the two-dimensional representations B; and B, intersections of

0g : m; = m(Gm, Gzy) — m(Gm,
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RV | R R | R2ZR* | R? | 0g,09,04 | 01,03,05
Al 1 1 1 1 1 1
Ay | 1 1 1 1 -1 -1
Az | 1 -1 1 -1 1 -1
Ay 1 -1 1 -1 -1 1
By | 2 -1 -1 2 0 0
By | 2 1 -1 -2 0 0

Table 3.2: Character table of the group Go.

Represen- Band Solutions %ﬂfl)
tation | numbers | m(T*Gy) = ...
As 2 (=) m(Gy) | —2bya + 2b13 — byy
b 3,4 e FBm(Gy) | —bio — biz + bis
By 5,6 e 3m(Gy) bia — b1z — by
Ay 7 m(Gi) 2b12 + 2b13 + buy

Table 3.3: The solutions of Eq.(B2) with ¢ = 0 in the first order perturbation theory.

two bands appear in the center of the Brillouin zone. Indeed, consider the bands with
the numbers from 2 to 7. In the zero order perturbation theory w(q = 0) = wy(Gy)
in all these bands. In the first order perturbation theory we have to take into account
the six components m(TiGl), i = 0..5, where the matrix 7' is defined by Eq. (B14).
The solutions of the sixth-order eigenvalue problem can be found in Table BZ3. Here
bio = By(G1)/M, bis = B,(G1 + Ga) /M, byy = B,(2G;)/M. The pairs of bands 3,4 and
5,6 have a point of contact at q = 0.

Another point of high symmetry is the B point (see Fig. B2), where q = qp =
(G1 + G2)/3. The corresponding symmetry group is

gB = {RzBa O-Bi}ai - Oa 17 27 (356)
where R
Ry : m(G;) = m(1T°G; — G1),
opRo - m(Gz) — m(&OBGZ-),

i
0B; = RBO'BO7

and 6pp is the reflection operator with respect to the OB axis. The group Gp is iso-
morphic to the group Cs,. The characters of its irreducible representations are listed in
Table B4. The intersection of bands in the B point occurs at frequencies close to wy(gg).
In the first order perturbation theory we have to take into account the elements m(0),
m(—Gy), and m(—Gg) in Eq. (B21). The solutions of the eigenvalue problem are given
in Table BX4. At this time, the first and second band have a point of contact.

Finally, an important remark should be made here concerning the symmetry of the
initial system (B=38) and (B=38). In Sec. B2l the approximate equation (B) has been
derived using the fact that the quantity K is typically very large. As a by-product of this
simplification we gained the reflection symmetry operations o; and opg;, which are not
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R% RB,RQB 0B, 22071,2
Dy | 1 1 1
Dy | 1 1 -1
E | 2 -1 0

Table 3.4: Character table of the group Gp.

Represen- |  Band Solutions %]\(4«13)
tation numbers
2 1,2 m(—G1) = e=*™m(0), —b12
m(—Gy) = eF2™/3m(0)
D, 3 m(—G1) = m(—Gy) = m(0) 2b12

Table 3.5: The solutions of Eq.(B2T) with q = qp in the first order perturbation theory.

present in the initial system (to be more accurate, the analogues of o; and op; involve
complex conjugation, so these operations are not linear). The system (BZ33) and (B230)
for ¢ = 0 and q = qp admits symmetry groups which are isomorphic to the groups Cy
and Cj3, respectively, which have only one-dimensional irreducible representations. As a
result, a small gap exists between the the bands which had a point of contact within
Eq. (8ZD). However, this gap is negligible (A ~ vMb;; /f( ) for materials with large
magnetocrystalline anisotropy, or at large average magnetic fields By.

3.3.4 Influence of dissipation on the magnon spectrum

Now, let us discuss how the magnon spectrum is modified when dissipation is taken into
account. First, we consider losses due to vortex motion. Generally, it is rather difficult to
express the displacement amplitude AR in terms of m(G;), using Eq. (8333). However,
a simplification is possible in the high-n limit, when all terms in the right-hand side of
Eq. (B333) containing AR can be neglected as compared to the relaxational term in the
left-hand side. For this approximation to be valid it is sufficient to demand

w
an > Bo\"2, Huk?, Hak?, (3.57)
0
where H.; is the lower critical field [see Eq. (B2)]. The condition (BZ3Q) can be satisfied
in the clean limit, since the viscosity 7 grows with growing normal conductivity — see
Chapter B.
Within our approximation

Ook.m(G;)
AR = g 3.58
o wn [+ X2 (k2 + 7)) (3.58)

After substituting this into Eq. (B338) we can repeat the calculations from Sec. B=31 and
obtain the system (BZ) with

~ 27 (2k? + ¢* | Bo®ok?
wO<q,kz>=vM(K+aq2— Tk 2 g o )

A2 24+ @2 wn(1+22(k2 + ¢2))2
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B,(Gi— G;) iBy®Pok? 1

M wn L+ A2 (k2 + @)1+ N2(k2 + qF)]
Now we have an eigenvalue problem for a symmetric non-Hermitian matrix. Due to
dissipation the magnetic excitation levels are broadened, which can lead to the smearing
of the gaps between the energy bands. To observe the effects conneted with the presence of
the gap A for ¢; ~ ¢; (within the applicability region of the weak-binding approximation)
one should provide that

bij -

B,(Gi—G,)) Bo®ok?
M ~wn(l+ A2(k2 + 7))

This means that the viscosity should be sufficienly large, or the longitudinal wave number
k, should be small so that vortex motion is not excited.

In metallic ferromagnets another important mechanism of dissipation exists, which is
due to magnon-conduction electron scattering [60]. This kind of dissipation is qualita-
tively accounted for by the last term in Eq. (83). The constant v defines the magne-
tization relaxation time 7, = w™'v/M. Data on this time in the U-based ferromagnetic
superconductors are not available yet. However, for rough estimates of the magnon spec-
trum broadening the typical values 7, ~ 107? — 10~%s for ordinary metallic ferromagnets
may be used [B0].

(3.59)

3.3.5 Proposal for experimental detection of the gaps in the
magnon spectrum

In this section it will be demonstrated how the evidence of the gaps in the magnon
spectrum can be found using microwave probing. Consider an electromagnetic TE wave
with the wave vector k and amplitude Hy incident on a ferromagnetic superconductor
occupying the half-space = > 0 (see Fig. BXH). For simplicity, we assume k, = 0.
Note that in a TM wave the field H would oscillate along the direction of the uniform
magnetization, hence, this wave does not excite magnons and is completely reflected. For
this reason, we consider further a TE wave. Such a wave excites three magnon modes
inside the ferromagnet: one propagating (q;) and two decaying modes (g and qj). The
wave vectors of these modes are determined from the two equations

W? = whlg) = P M? (K + 5 + ag?) (K + 8 + a® - 7). (3.60)
@=q -k (3.61)

The propagating mode can be reflected back to the surface of the ferromagnet due to
Bragg scattering on vortices, if two conditions are fulfilled for some wave-vector qs:

Q3 = a1 + G, (3.62)
wo(qs) ~ wolq), (3.63)

where G = —GX is a vector of the reciprocal lattice (B=23).
We will determine the amplitude H; of the reflected electromagnetic wave. For the
evaluation of this amplitude the equilibrium field distribution Beq(r) in the material is

required:
B, = 4tMzoe %* + B,(r — 2,%0) + Bj(r). (3.64)
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Figure 3.5: An electromagnetic wave (k) incident on the flat surface of a ferromagnetic
superconductor, is partially reflected back as a wave with the wave vector k;. Inside the
material one propagating (q;) and two decaying magnon modes (qs and q}) are excited.
The mode q; undergoes Bragg reflection on the vortex lattice (represented by dots) and
transforms into the mode q3 propagating towards the sample surface.

Here, the first term represents the screened intrinsic magnetic field (we will assume that
there is no constant external field: H, = 0), B, is the vortex field given by Eq. (B=24),
x, specifies the shift of the vortex lattice with respect to the surface, and the term Bj(r)
is responsible for the vortex lattice distortion in a surface layer with a thickness of the
order of \.

We will consider a dense vortex lattice, so that «/a? > 1. To observe the effects
connected with Bragg reflection of magnons we have to demand ¢; ~ a; !, hence, ag} > 1.
The nonstationary component of the magnetization can be presented in the form

m ~ my (2)e' T + mye’®" + mhe’®’ 4+ my(z)e e (3.65)

where m; (x) and m3(z) vary slowly in space. In Appendix E, using a simple perturbation

theory, it is demonstrated that the influence of the screened intrinsic field on the magnon

modes is not essential. By similar reasons, the distortion field By (r) also does not affect

significantly the spin wave amplitudes. Hence, we can consider my and m/, to be constant.
Now we determine the boundary conditions. Directly from Eq. (Bl) we obtain

om

Ox

The continuity condition for the tangential component of the magnetic field H reads

)\_2 + k;)mly(()) + kqumm(O)
g + A2

(z=0)=0, (3.66)

(HO + Hl) COSﬁ = —471'2 ( s (367)
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where summation is performed over all 4 modes, and ( is the angle of incidence — see
Fig. B34. The electric field inside the material is

E=—drky HXI jar (3.68)

The continuity condition for the electric field reads

Hy— Hy =4k Y~ (;Q)Jr Aq_;n »(0) (3.69)

The wave number ¢4 has a large modulus (¢¥ ~ —2w/yMa) as compared to the other
wave numbers, and the corresponding magnetization component, mj, is small. It can
be neglected in Egs. (BH7) and (BBY). To exclude m) from Eq. (BBH), we note that
My, A imy,, hence

Z Gia(Miz(0) — Mgy (0)) = 0,

3
D giamiy (0) =0, (3.70)
=1

since my, ~ —im;, for i = 1,2,3. Now we have to find a connection between m; and the
amplitude of the Bragg-reflected mode, m3. In these modes the magnetic field is small
as compared to aV?m, so the linearized Landau-Lifshitz equation can be simplified as
follows:

~ 1
VLMm = Km — aV’m + MBU(I‘ — ZTyXp)Mm. (3.71)

To find a link between the mentioned modes it is sufficient to conserve only two terms in
the Fourier series of the vortex field:

Bv (G) (eiG(z—:cU) + e—iG(z—:BU)) :

where G is the reciprocal lattice vector defined by Eqs. (B62) and (B153). By substituting
m = my(z)e' M + m3(z)e'B” into Eq. (BZZD) and neglecting the second derivatives of
m; (z) and ms(z), we obtain

1Vgy 6(;’;61 = SetevTi0rmy (), (3.72)

ivgxagf = —%ei‘/’””‘sxml(x), (3.73)
where Dy

Vge = £ (q1) = 2yMagy,

A = 29B,(G) is the frequency gap [compare with Eq.(B52)], ¢, = G, and § = 2¢;,—G.
The two linearly independent solutions of Eqs. (BZ72) and (B=Z3) are
m; ((L’) = (XO + Z.YQ>€(E_Z'6/2)I,

mg(l’) _ 2ivngeﬁPv (6 B Z%) (XO + iyo)e(e-i-i(S/Q)Z"
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¢ — % Sy (3.74)

For |§] < A/v,, we reject the growing solution, selecting the minus sign in Eq. (8774).
For [0] > A /vy, we select the solution where |my| > [mj| when [0] > A/v,,:

| 52 - [62 - —
€ 5 )2 02 for 0 >0, € 3 ) 02 for 0 < 0. (3.75)

This choice of the sign allows to reject the solution with the negative x-component of the
group velocity. At x = 0 we have

A= _21‘7192@1% (e — i) (3.77)

Now we are ready to write the system of linear equations which will allow us to determine
the amplitude of the reflected wave, H;. Equations (B564), (869), (8=70) and (BZ70) yield

QIxmly + Q22 M2y = 07 (378)
ikyGra—A"2—k2 ikyqea—A"2—k2
471—%”111/ + 47 %mgy (Ho + Hy) cos 3, (3.79)
—Amkg i, — Ak 5B ms, = Hy — Ho, (3.80)
where
= (A+1)my,(0), g -4 (3.81)
m m e = ——(1iz- )
ly = ly q1 11 AQ1

Note that the problem of electromagnetic wave reflection from a superconductor in the
mixed state is formally equivalent to the same problem for a superconductor without
vortices with the only difference that ¢y, is replaced by ¢,. From the system (B7Z8) -
(B280) we find the reflection coefficient

A2q, _ algf+AT?) ~ iky+d1a ~ (ikyt+qeo)a(gf+2"2)
H; q%—&-;\]EZ - 12ﬂ- q1x +e —if kCsz a2 - kqlx - 27r)\*21
Ry=—= = . (382
H, A2qp,  algitATH) eiB (| tky+qiz ks (tky+gos)a(@d+A—2) ( )
q%+)\—2 o ql:E 42 2+)\ 2 oTA—2

Here, the relation
2mq} 273
2 1 2 2
a _——_—— a R —’
o Q% + A2 e q% A

was used, which is valid in the large anisotropy limit. The expression for the reflectivity
coefficient can be simplified, if we take into account that ¢; > A\~! and ¢o, ~ X7 L:
1+ ik*X2e P sin B+ Q(i — kAe™¥)

1 — ik2X2eBsin B+ Q(i + kAe'?)

Ry = (3.83)

where

aX?q} 1-A

@= 2 Yo 1+ A

(3.84)
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In Eq. (B=3) some small terms were dropped which have a negligible effect on the
modulus of the reflectivity coefficient. Since the quantity A can take any value within
the circle |A| < 1, so the only restriction on @ is R(Q) > 0.

When |A| = 1, @ is purely imaginary, and |R| = 1, i. e., the wave is completely
reflected. This is explained by the fact that in this range of parameters the frequency w
is within the frequency gap, and magnons can not propagate in the sample.

Consider now frequencies far from the gap: 0 > A/v,,. In this case the magnons do
not interact with the vortex lattice, and the quantity @ is real and large: ) > 1. From
Eq. (BX3) we obtain
4k\ cos B

Q

An interesting effect which follows from Eq. (B=3) is the complete transmission of
the wave for a frequency close to the frequency gap. Let us put Ry = 0. Then,

1—|Ryl” = < 1. (3.85)

Qi+ ke . (3.86)

This is possible when A &~ 1 and |A| < 1, i. e., the detuning from the gap must be very
small. For example, if kallq} > 1

0] Vg |~ 8m2k? cos® 3 (3.87)
A a2 \4ql0

Note, that for A ~ 1 m;(0) ~ m3(0). The effect of complete transmission is related to a
similar effect in a Fabri-Perrot resonator: in our system, the surface of the material and
the vortex lattice play the roles of the first and second mirrors, respectively.

We need to stress that the system must be finely tuned to make the dip in the R(w)
dependence observable. Indeed, the parameter A must be equal to unity on the border
of the gap, which imposes a constraint on the parameters G and z,:

G = 1. (3.88)

This condition may be satisfied by applying an external magnetic field.

3.4 Magnon radiation by moving Abrikosov vortices

3.4.1 The magnetic moment induced force acting on vortices:
general relations

In this section the response of vortices to an ac and dc current in ferromagnetic super-
conductors and SF-superlattices will be studied. Let the internal field By make an angle
0 with the magnetization easy axis. The z axis is directed along the vortices, which
are for simplicity assumed to be straight. Thus, the quantities R; do not depend on z.
The initial equations for the magnetization and field in a ferromagnetic superconductor
were derived in Sec. B2. In SF-superlattices (see Fig. BM) the magnetic field satisfies
the London equation (BT4) with m = 0 in the superconducting layers. To obtain the
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corresponding equation in the magnetic layers, one should simply put A\ = oo in Eq.
(B14):

0*B drop OB
4+ V2B- 2 4 drrotrotm = 0, (3.89)

0z? 2 Ot
Here, o is the conductivity of the ferromagnetic layers. In Eq. (B=89) the Josephson

NB o T

|
—
dgf | T !
!
!

dr.

T
Shpel},ulld ct

Ferromagnet | % |
| | I

Figure 3.6: A scheme of the SF multilayer system. The dashed lines denote vortices.

current between neighboring superconducting layers has been neglected, which can be
done in the case of a poorly transparent interface between layers, or when the magnetic
layers are sufficiently thick [98].

On the SF interface the following boundary conditions should be imposed:

B.| =B.|, (B—41M),,| = (B -47M),, (3.90)
F S F S
Gm) = 0. (3.91)
F

Let us estimate the contribution of the normal currents flowing in the F-layers of the
multilayer system to the magnetic field. In Eq. (B=9) we put

0B

—_— - B
at (VLVP> ’

where V| is the flux velocity. One can see that the influence of the normal currents on
the magnetic field is negligible, if the inequality

4o
2

Wy <1

holds, where [ is the characteristic in-plane length scale of the problem. Similar arguments
can be applied to the S-layers. Then, the normal currents in the SF-superlattice have a
negligible effect on the magnetic field when

2

Vi < ; (3.92)

47 max(o,, op)l
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where o, is the normal-state conductivity of the superconductor. In the case of a bulk
ferromagnetic superconductor, the analogue of Eq. (B™92) reads

2

V
L< 4ro,l.

(3.93)

As we will see, the main length scales of the problem are the inter-vortex distance a, and
the domain wall width L = y/a/K. Further on we will assume that Eqgs. (B92) and
(B93) with [ = min(a,, L) are satisfied. Then, we may not take into account the normal
currents in Eqgs. (Bd4) and (B=X9).

In Egs. (B04) and (B=9) it is convenient to present the magnetic field as the sum of
the vortex field h and the magnetization field b,,, satisfying the relations

h
Vb + 22— 4rrot ot 3.95
- M+7_ 7 rot rot m (3.95)
inside the superconductor, and
roth =0, divh =0, (3.96)
rot by = 4mrot m, divby =0 (3.97)

in the ferromagnetic layers.
Now we proceed directly to the calculation of the magnetic moment induced force,
acting on vortices. The total force per unit length of the ¢-th vortex is
1 OF

f=—_—— :
’ L, 0R;’ (3.98)

where L, is the vortex length. Averaging f; over all vortices, we obtain the average force

1 oF

f= " L,N, Z, OR,;’

(3.99)

where N, is the number of vortices. The magnetic moments interact with vortices via
the Zeeman-like term in the free energy:

Fy = —/Mhdgr.

It can be shown (see Appendix F) that the part of the total force f, connected with the

magnetic moments, is
1

Ly, N,
For convenience, all further calculations in subsections B0 - B4 are carried out

for a ferromagnetic superconductor. In Sec. B2 it will be discussed how the obtained
results can be extended to the case of the multilayer system.

fi = — / m,Vh.dr. (3.100)
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In the Fourier representation Eq. (B00) reads

4 2
_ ; i | amg.hi.d*q, (3.101)

frr

where for any function X (p) its Fourier transform is defined as
e
T2 '

The quantity m, should be determined from Eq. (BT3). As we have seen, the term
vB x m leads to the appearance of the band structure of the magnon spectrum. However,
in the calculations of the force f); the relatively small band effects are insignificant, since
frr is determined by the integral of m,. Moreover, in the highly anisotropic U-based
superconductors (see Table B) at By < H,o

7B x m| < [yKm x My|.

For these reasons, the term vB x m in Eq. (BT3) may be neglected.
By Fourier transforming Eqgs. (B13), (8794), and (BH) we obtain

Oom v om
8tq = — M x (—(K + ag®)m, + by + hy) + 22 Mo x atq' (3.102)
B, = — 20 Y el 3.103
P41+ N2g2) & ‘ ' (3:105)
X X m

It can be seen that the absolute value of the term by, in Eq. (BO02) is much smaller
than |[Km,|. If w is not very close to wp, this term may be dropped.

Equation (B02) is an inhomogeneous linear differential equation with constant coef-
ficients with respect to m,. It can be solved using standard methods. We are interested
in the z-component of the magnetization, which equals

mge = B0 sin? 0 [*hg (1) { (1+ i) T xexp [ (1) T iw(g) (e 1)
—(1=igp) e [(1—ig) " iwa)(t — )] far (3.105)
where w(q) is given by Eq. (B2). In the small dissipation limit, v < M, we have

Mgy = 'YTMZ sin® 0 ffoo hy.(t") {exp [(—z — ﬁ) w(q)(t — t’)}
x(1—iZ) —exp[(i—L)w(g)(t —t)] (L+1iL)}dt’. (3.106)

Then, the force f; takes the form
fy = ﬁ—stmwfd?quoo ha- ()i (1) x {exp [(i — L) w(g)(t — )] (1 +1i%)

—exp [(—i— L) w(q)(t — )] (1 —iL&)} qdt'. (3.107)
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3.4.2 Vortex motion under the action of a dc current

Let us consider the motion of vortices under the action of a constant external force (e.
g., spatially uniform and time-independent transport current). Then the positions of
individual vortices are given by

Here the vectors R,y denote the vortex positions in a regular lattice, V is the average
flux velocity, and AR;(¢) is responsible for fluctuations of vortices due to interactions
with pinning cites ((AR,;(¢)) = 0). It should be stressed that the influence of pinning on
the flux velocity will be not taken into account here. The effect that will be important
for us is the vortex lattice distortion caused by impurities, which strongly influences the
efficiency of magnon generation.

The product of magnetic fields under the integral in Eq. (BO2) is

. ¢ 2Vt
b 0150 = (g e ) <O (3109

K=Y expliq(Rjo — Rio) + iq(AR;(t) — ARy (t))].
1,J
We will analyze two cases when the sum in the right-hand side of the last relation can
be calculated.

First, let us assume that the inhomogeneities of the material are insignificant, so that
the vortex lattice is nearly perfect. We will put

(exp [iq(AR;(t) — AR (t))]) = 1, (3.110)
where the averaging is over ¢. This assumption is valid when
AR.q < 1, (3.111)

where AR, is the characteristic displacement of vortices from their positions in a perfect
lattice. The inequality (BZI1) must hold for all q giving a considerable contribution to
the integral in Eq. (B004). Below it will be shown that this leads to the condition

AR, < min(L, a). (3.112)

When this condition is satisfied, we may put

472N, B,
K="""20NT5(g - G, 3.113
3, EG: (a—G) ( )

After integration over q and ¢’ the magnetic force (BI07) takes the form

(1+ XNG2202(G) — (VLG)2 — 212V ,Gw(G) (3.114)

fi = oBoyMsin®6 )
G,G<¢ !
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When the terms corresponding to G and —G are combined, this can be written as

' G(GVy) (GVL)? +w?(G)
fir = —yvBy®( sin® 0 B ,
G7GZ<§_1 (14+A2G?)? [w2(G) — (GV )22 + 4= (GV)2w?(G)

(3.115)
where small terms of the order of v/M in the numerator have been dropped. From this
it follows that the force has local maxima when for some G = Gg the condition

W(GQ) =~ VLGO (3116)

is satisfied. This relation presents the well-known Cherenkov resonance condition. When
Eq. (BIIB) holds, magnons with the wave vector Gg are effectively generated. If the
vortex velocity is close to a resonance value, in the sum in Eq. (BII3) we can drop all
terms except the two resonant terms corresponding to G and —Ggy. Then

GO M(Go)
(1+X2G3)? (w(Go) — VL Go)? + ]@—EM(GO).

fur =~ —yvBy®, sin® § (3.117)

It can be seen that the fy; vs. V7, dependence for a given vortex velocity direction exhibits
a Lorentzian-like peak with the width

VL

14
AV, = — )
VL w(GQ) GOVL

M

The maximum value of fj, is

’f | _ ’YM2BOCI)0G0 Sil’l20
Mlmax = (1 4 N2G) 20w (Go)’

(3.118)

Another remarkable feature is that the force is directed at some angle to the velocity of
the vortices: f); is parallel to Gy, and not V. The angle between f,; and V may range
from 0° to 90°. This effect also follows from Equation (3) in [66], though the authors did
not mention it, because it has been assumed that V and f); are always parallel.

Let us discuss how the Cherenkov resonances influence the current-voltage character-
istics. Abrikosov vortex motion is governed by the equation

o

—jur X 20—V +far = 0. (3.119)
c

Taking the cross product of this relation and z,, we obtain the expression for the current

density

Jor = _ﬂVL X Zg + ifM(V—L) X Zg. (3.120)
00 0%

The relation between ji, and E is established via Faraday’s law (B). As follows from Eq.
(BI20), the vortex-magnetic moment interaction leads to an increase Aji, of the current
density at a given electric field E:

. Cc C
AJtr = (}TDfM (EE X Zo) X Zg. (3121)
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According to Eq. (BXI4), near the Cherenkov resonance we have

Zy X GO OLJ(G())
2072\2 2 5
L+ XG0 [ (Gy) — £ (20 x Go)E| + Z5w*(Go)

Ajir = yvByesin? 6 (3.122)

This relation indicates that the I-V curve exhibits a series of peaks corresponding to the
resonance electric fields given by

w(G) — Bio(z0 x G)E ~ 0 (3.123)

Moreover, close to the resonance the additional current Aji, is directed along the vec-
tor zg X Gy and not E. As a result, locally the resistance is anisotropic. Here, it is
important to take into account that generally the directions of the vectors Gy and V,
are not independent: it is known (for isotropic amorphous [99, 100] and polycrystalline
[T0T] materials) that a moving vortex lattice tends to reorientate itself so that its shortest
translation vector is either parallel or perpendicular to V, depending on the the flux ve-
locity and magnetic field. This effect is a consequence of vortex interaction with pinning
centers or with the the quasiparticle tail of another vortex, as follows from theoretical
considerations [I02, 03] and numerical simulations 104, 105, 106, 107]. In our case the
interaction of vortices with magnetic moments also should affect the vortex lattice orien-
tation. As a result, in amorphous and polycrystalline superconductors the resistivity may
remain isotropic even in the presence of magnetic moments. However, in monocrystalline
materials there is a competing effect: here, in the static case the energetically favorable
vortex nearest-neighbor directions are defined by the symmetry of the crystal [I08]. When
vortices move, the interplay of the two mentioned effects yields the stationary orientation
of the vortex lattice. Then, the angle between V and Gy may be a complicated function
of the current and magnetic field, and the anisotropy predicted by Eq. (BT22) is at least
partially preserved.

Considering macroscopic ferromagnetic superconductors and multilayer systems, care
should be taken when applying Eq. (B122) to the whole sample: It is known that even
a small concentration of pinning sites destroys the long-range order in the vortex lattice
[T09]. In fact, vortex lattice domains are formed in large superconducting samples; see
[TOR, 10, [0, 12, I13]. In monocrystalline samples, as mentioned above, the symmetry
of the crystal makes only few orientations of the vortex lattices energetically favorable.
This fact allows us to put forward a qualitative argument. Let us denote as G the set of all
reciprocal lattice vectors for all vortex lattice domains. Since there are only few possible
orientations of the domains, the set G consists of isolated points. When the applied
electric field satisfies Eq. (BT23) for some G € G, the enhancement of the current should
be observable. Hence, even if there are several vortex lattice domains, the peaks on the
current-voltage characteristics are present. The measurement of the peak voltages at
different applied magnetic fields makes it possible to probe the magnon spectrum w(q).

Now we turn to the opposite limiting case, when there is considerable disorder in
the vortex lattice. This situation may be realized in weak magnetic fields, By < ®g/\2
(ay 2 A), when vortex-vortex interaction is weak and the lattice is easily destroyed by
defects and thermal fluctuations. Assuming that the quantities R;(¢) and R;(t') for i # j
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are not correlated, we find that

K=P Z elaRio—Rjo) 4 N <eiQ[ARi(t)—ARi(t’)]> ’ (3.124)
i#]
where

PO

and the averaging is over i. Next we assume that the vortex position fluctuations AR;
are sufficiently large, so that P < 1 for ¢ 2 L™!. As we will see, the main contribution
to fy; comes from g ~ L1, so the behavior of K at smaller ¢ has a negligible effect on
the result derived in this subsection. For an estimate of the required characteristic value
of AR;, we note that if the quantity R;(¢) has a Gaussian distribution function, then the
condition P < 1 is satisfied for (AR?) > L.

Concerning the second term in the right-hand side of Eq. (BZ24), one can see that

<6iq[ARi(t)—ARi(t’)]> — 1,
when t = t/, and
<€iq[AR,~(t)fAR¢(t’)]> —P<1,
when |t — t'| — oco. To proceed further, we put

<eiq[ARi<t>—ARz-(t'>1> — o=t/

9

where the time 7(¢q) is chosen so that (|q[AR;(t) — AR,(')]|) ~ 1 at t — ¢ = 7(q). The
last assumption that will be used is that the vortex self-correlation time 7(q) is much
larger than w(q)™ at ¢ ~ L™!. Then, due to the small factor P, the contribution to fy,
of the first term in the right-hand side of Eq. (B124) can be neglected, and we can put

K = Nye lt=tlm@) (3.125)
After integration over ¢, Eq. (BT2) yields

_ YM®Zsin® 6 / qd’q iw(q)
4 g<e—t (L X2¢)? [ (q) — (V)2 = 2i(qVi)r H(g)]

for (3.126)

where 7,1 (q) = 77'(¢) + vw(q)/M, and in the numerator terms proportional to v/M
have been dropped. The main contribution to the integral comes from q lying in the
vicinity of two circles in the g-plane, given by w(q) = £qV, (this equation specifies the
Cherenkov resonance condition). Near the circle w(q) = qV we can make the following
transformation:

w?(q) — (@V1)? = 2i(qV)m '(q) = 2w(q@)[w(q) —aVi —iry (q)]-

For the circle w(q) = —qV, the transformations are analogous. Then
M®32sin? 0 d? ‘
fM ~ —’7 Ozln / 4 2qz 2% ! . 1 . (3127)
A < (1 +2¢%)? "w(g) —aVi —im (q)
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The last fraction in the right-hand side resembles the expression
i
fx) — i€’
which reduces to —md(f(x)) when € — +0. Hence, the last factor in Eq. (BIZ1) also can

be replaced by a d-function, when 7, '(q) is sufficiently small. To derive the limitation on
7, *(q) we direct the g,-axis along V and rewrite the denominator of the large fraction

in Eq. (B1Z2) as follows:
Gh—ﬁzi;>+q4’

where V;;, = 2wpL is the magnon generation threshold velocity. Now it is evident that
the d-function can be introduced in Eq. (BIZ7) when

2

L
2
Vi

R

2

. V o
opl1 L) — auVi = i @) = (1= 15 ) = (@) +
th

' (q) € wr

_4
Then
6(w(g) —aqVy). (3.128)

fM%

YM®2sin” 6 qd’q
s
Here, two points should be noted: (i) the expression for f); does not depend on the
dissipation rate and on the artificially introduced time 7(q); (ii) Equation (BI28) can
be derived from Eq. (BTIIH) in the limit of an extremely sparse vortex lattice, when
summation can be replaced by integration.
Technical details of integration in Eq. (BIZ8) are given in Appendix G. The final

result is s
_ yMegsin®6 [1 N ( Vi >2

O(Vy — Vi) Ve, (3.129)

f
M 81w, Awp

where © is the Heaviside function. Equation (BT29) is valid for A > L and
Vi, < max(Viy, wré(1 + L267%)

— see Appendix G. Thus, Eq. (BI29) is not applicable to the U-based ferromagnetic
superconductors (see Table B) at V;, > Vjy,, since these materials have L < €. Still, Eq.
(BIZ9) with appropriate modifications (see Sec. B4H) may be applied to SF-superlattices
with ferromagnetic layers having a sufficiently large value of L.

As follows from Eqgs. (BT2Z0) and (B129), at the electric field E = V;, By/c the average
current density should exhibit a stepwise increase by

YM®gcsin® 0

4, 2 th-
S\ wi

i C
A]tr - (}TofM(‘/th) -

The maximum enhancement of the current density due to vortex-magnetic moment in-
teraction is reached at F = \/ﬁAwFBO /c and equals

oy M sin” #
Jmax 8\/5/\3(,«}}733/2 .
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Figure 3.7: The magnon spectra in an (a) antiferromagnet and (b) ferromagnet. The
dash-dotted line is given by w = Vq, where V], is the vortex velocity at which magnon
generation becomes efficient (V7 = V, for antiferromagnetic superconductors and V;, = V4,
for superconductor-ferromagnet hybrids).

In [65] it has been predicted that in antiferromagnetic superconductors in the sparse
lattice limit the current enhancement Ay, is proportional to /Vy, —V, (at V > V,),
where V. is some critical velocity. This result is in contrast with the one obtained here:
we found that Aji, ~ ©(V, — Vi) near the magnon generation threshold. This difference
is due to different magnon spectra in ferromagnets and antiferromagnets — see Fig. B71.
In an antiferromagnet w(q) is given by Eq. (B33). As the vortex velocity is increased, the
resonance condition w(q) = Vq is first satisfied at infinitely large q. However, at ¢ > £7*
the Fourier components h,, are exponentially small. Magnon generation becomes efficient
at ¢ ~ &', which is reached at a critical velocity that roughly equals V, = \/w? 2 + s4 5
In short, the generation threshold in antiferromagnetic superconductors corresponds to
an intersection of the curves w = w(q) and w = Vzq at ¢ ~ 71 (see Fig. Bla), yielding a
Ajiye ~ VL — V. dependence. On the contrary, in ferromagnet-superconductor hybrids
at Vi = Vi, the curves w = w(q) and w = V7q touch each other (see Fig. BZb). This fact
leads to a stepwise increase of the current at the threshold vortex velocity. Of course, the
step-like feature on the I-V curve may be observed only in hybrid systems with L = &.

Before proceeding to numeric estimates, a remark should be made concerning the
condition (BIIZ), providing that the ideal lattice approximation can be used. It follows
from Fig. B7b that near the generation threshold magnons with wave numbers ¢ ~ L~*
are generated. This means that for V;, 2 V4, the main contribution to the integral in Eq.
(BI07) comes from ¢ ~ L™'. Thus, the condition (BIIZ) should be imposed to ensure
the applicability of the perfect lattice approximation.

Now, let us check whether it is possible to observe the features connected with the
Cherenkov resonances on the current-voltage characteristics of ferromagnetic supercon-
ductors and SF multilayers. First, it is important to note that the real magnon generation
threshold velocity V{} in the U-based ferromagnetic superconductors is larger than Vi,
and is of the order of wgré, since in these materials £ > L. As a result, instead of a
step-like increase of the current at a critical voltage we may expect a threshold behavior
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similar to the one described in [65] for superconducting antiferromagnets. We will esti-
mate the supercurrent density j;, which is sufficient to accelerate the vortices up to the
velocity V. Equation (B20) yields

. cn
g b (3.130)

For the viscosity 7 we use the Bardeen and Stephen expression [32] (which is a good
estimate for relatively slow processes [114])

1= ®oHe0on/c?, (3.131)
For the normal state conductivity we may use Drude’s estimate

e*nl

Op ~ .
" mVF

Here n is the concentration of charge carriers, m is their mass, ¢ is the mean free path,
and Vr is the Fermi velocity. Then

e*nlHo Vi

3.132
mcVgp ( )

Jth ~

This value should be compared with the depairing current density which is given within

the BCS theory by
A

mVF’

Jor ~ €N

where A is the superconducting gap. We demand j, < je,. Using the relation A ~ AVp/&
(valid for clean superconductors) we can rewrite the inequality above as

§

< 7VE (3.133)
or v,
wp <€ (3.134)

According to the estimates given in [b4, bA, 67|, in the U-based compounds ¢ is typically
of the order of 50 nm. The Fermi velocities are of the order of 10%¢m/s in UGe, and
10°cm/s in UCoGe and URhGe — see [[IH, 16, 017]. Thus, the inequality (BI33) is
satisfied in neither of these compounds, and the model used here breaks down at vortex
velocities below Vjj,. This is a consequence of the high magnetic anisotropy and large
quasiparticle mass in the U-compounds.

The situation seems to be more optimistic in SF superlattices. Certainly, we should
consider if Eq. (B3T) is valid for multilayers. A study of the vortex viscosity in super-
conductor /normal metal multilayers is presented in [I18] and [I19]. It has been shown
that the Bardeen-Stephen viscosity (BL31) may be significantly modified for vortices in-
clined with respect to the z-axis, or for strongly conducting normal metal layers. Still,
in our case Eq. (B=L30) is a good order-of magnitude estimate for dg ~ dr and op < 0,
where dg and dp are the thicknesses of the superconducting and ferromagnetic layers (see
Fig. B®), respectively.
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Recently, a number of experimental papers [I20, T21, 129, 123, (24, 125, 126, 127, T28,
129] have reported successful fabrication of high-quality YBa,;CusO7/Las/3Ca;/3MnOs
superlattices. In [I30] the value H,, = 1200 Oe for Lag7;Cag3MnOj is given, though
it is noted that the anisotropy is significantly influenced by strain. Strictly speaking,
Lag7Cag3MnO3z with M = 530 emu/cm? (see [130]) and K ~ 2 is not in the K > 1 limit,
which means that the magnetostatic term by, in Eq. (B102) cannot be ignored. However,
the order-of-magnitude estimate for Vi, given here remains valid for ferromagnets with
K ~ 1, and it can be applied to the mentioned compound.

The measured domain wall width in Lag7Cag3MnOs, denoted as § in [T31], is 12 nm.
Assuming v ~ upg/h, where pup is the Bohr magneton, we obtain the following estimate
for the vortex threshold velocity:

Vin = 2vH L ~ 10%em/s. (3.135)

The Fermi velocity in YBagCuzO7 is of the order of or greater than 107cm/s [I32].
Thus, the condition (BT33) (with Vi, in place of V}}) can surely be satisfied in the
cuprate/manganite superlattices.

Of course, the the Bardeen-Stephen estimate for the viscosity n may break down
at transport currents that are considerably smaller than the depairing current. This
may happen, for example, due to the Larkin-Ovchinnikov instability |33, I34] (in dirty
samples at high temperatures), or due to the overheating instability. These effects lead
to a dependence of n on E, and thus to a non-linear current-voltage characteristic. Still,
considering that vortex velocities 105 cm/s can be achieved in the linear flux-flow regime
in both high-temperature |35, [36] and low-temperature [[37] superconductors, one can
expect the effects caused by the magnon radiation to be observable.

3.4.3 Vortex motion under the action of an ac current

As has been shown in Sec. B472, magnon generation in U-based ferromagnetic supercon-
ductors by a vortex array moving with constant velocity seems problematic due to the
high required vortex velocities. In this subsection we will study a more feasible approach
to magnon generation in magnetic superconductors, analyzing the case of a harmonic
external current acting on the vortices. Experimentally, the oscillating current in the
superconductor can be created using the microwave technique (for example, see [38]).
Then, the surface impedance yields information about the high-frequency properties of
the sample — see Sec. B44.

Before we calculate the force fy;, we note that there is an obvious limitation on the
frequency w for the applicability of the London approach, namely hw < A. On the other
hand, magnon radiation by vortices starts at w > wgr. Hence, it is required that hwp < A
to make the resonant features described below observable.

Subjected to the action of a harmonic force, in the linear regime the vortices oscillate
harmonically:

R;(t) = R}, + Re ™" + R*e ™" (3.136)

Here R}, are the equilibrium positions of the vortices, which are defined by vortex-vortex
interaction as well as pinning. The vectors R/, do not necessarily form a regular lattice,
unlike R;9. R is the amplitude of vortex oscillations. We will consider frequencies of
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the order of the ferromagnetic resonance frequency in ferromagnetic superconductors,
wp ~ 100GHz. This frequency is several orders of magnitude larger than the typical
depinning frequency [I39]. This fact allows to neglect the influence of the pinning force

on vortex motion and to assume that the oscillation amplitudes of all vortices are equal
to R.

The product of the magnetic fields in Eq. (B04) equals

2 ) ,
he ()5, (1) = [m} K iR () -Ra(t)
2
~ [47#(1(132(12)} K' {1 +iq[Rs(t) — Ri(t')]}, (3.137)

where
K=" e taRiotiafo = N, <Z eiqR’io+"qRé-o> . (3.138)
2y J
Here the averaging is over 7. The linear with respect to R contribution to the force takes
the form
frr = g]‘ff,o sin 9f<§ 1 qf (lzf,\/zqR (e7i — eml')

v {e[z‘wm)—ﬁw(q)](t—t') _ ol fpe@] ) }th/ Lee

Mq) —tw ! w _
~ Z NO Sln 96 ! q<£*1 d2q(llc+()(\133%2 |:w2(q) wQ (qQ)’waw(q) — W l(q)i| q+ C.C. (3139)

Here c.c. denotes the complex conjugate. Like before, small terms of the order of v/M
were dropped.

To proceed further, the explicit form of X'(g) is required. Again, we will consider the
cases of a perfect vortex lattice and a disordered array.

First, let us assume that pinning is sufficiently weak, so that

gAR, < 1, (3.140)

where AR, ~ |R, — Rjp| is the characteristic deviation of the vortices from their positions
in a perfect lattice. The inequality (B140) should hold for all q giving a considerable
contribution to the integral in Eq. (BZI39). The characteristic value of ¢ will be estimated
below.
For AR, < 1 we have

471'2N Bo
K="= S(q— G). 3.141
o g (a-G) (3.141)

Substituting Eq. (B41) into Eq. (BT39), assuming that the vortex lattice is either
square or regular triangular, we obtain

i = iwnyRe ™ + c.c., (3.142)
. _Z’)/M(I)OBO . 9 G2 W(G> |
N = 2w sin” Z (1 + Azgz)z wQ(G) —w? = Qiﬁww(G) w (G)

Get
(3.143)
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Figure 3.8: (a) The (1) vs. magnetic field dependence at frequencies below the fer-
romagnetic resonance frequency for an ideal triangular vortex lattice [see Eq. (BTZ4)].
no = YM ®Zsin® §/(2A\*w?). The nys vs. By dependencies at w = 1.1wp (b) and w = 1.4wp
(c). v/M = 0.02.

Here, the complex quantity 7y, has been introduced, playing the role of a generalized
vortex viscosity. Indeed, when n,; is purely real, the magnetic force is simply f); =
—nydR;/dt. In our system there is a phase shift between the vortex velocity and fy;, and
the more general expression (B142) is valid. Further on 1, will be called the magnetic
viscosity.

The ideal vortex lattice is likely to form when vortex-vortex interaction is sufficiently
strong, which may happen when the inter-vortex distance is sufficiently small. Let this
distance be much smaller than the London penetration depth, which means By > ®q/\2.
Then AG > 1 for all G # 0, and

. yM®yByw . , 2 1 2 2 -V -
M =y sin 0 Z G 7w (G) |w(G) —w* — 2ZMWW(G) . (3.144)
G#0,G<¢ 1

Now we will consider the behavior of 7y, in different frequency ranges. First, let
the frequency be below the ferromagnetic resonance frequency (w < wg). Then magnon
generation is inefficient. However, if we put v = 0, the force f; will not vanish below the
generation threshold, unlike in the case of constant vortex velocity. Instead, the magnetic
viscosity will be purely imaginary, signifying that there are no magnetic losses. In Fig.
BRa the imaginary part of n vs. magnetic field By dependencies for different frequencies
(below wp) and for a fixed angle 6 are plotted.

At frequencies above the ferromagnetic resonance frequency magnetic dissipation can
not be neglected, and the real part of 1y, becomes significant. In Fig. B=8b and c the
nyv vs. By dependencies for two frequencies and for a fixed angle # and dissipation rate
v/M = 0.02 are plotted. The graphs exhibit a sequence of Lorentzian-like (R(n,)) and N-
shaped ((nas)) features, located at some resonant field values, Bg, which are determined
from the relation

w(G@) =w. (3.145)

For small fields these features may overlap, but the resonance corresponding to the highest
field remains well distinguishable. For a triangular vortex lattice the largest resonance

field equals
)
Bp = ﬁ_o “q),
8m2 L2 wWg
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and for a square lattice
1 @0 w
Br=——|—-1].
" 42 2 (WF )
Solving Eq. (BT43) with respect to G, we obtain

W — Wg

G=q=L" (3.146)

Wr
Hence, the peaks on the n,; vs. By dependencies must be observable if the characteristic
deviation AR, of the vortices from their positions in an ideal lattice satisfies

AR. < min(qy*, a,). (3.147)

When w < wg one can see from Eq. (B144) that the main contribution to 7y, comes
from the vectors G for which w(G) — w is of the order of wp — w, since the terms on
the right-hand side of Eq. (BI44) are proportional to [w(G) — w]~! when v — 0. Then,
for an arbitrary frequency w we obtain the following applicability condition for the ideal
lattice approximation:

AR, < min [av,L _wr } . (3.148)

lw — wpl

Note that when the frequency is close to wg this condition is weaker than the one imposed
by Eq. (B112).

Let us compare the values of 13, and of the main contribution to the viscosity, which
was denoted as 7. When the resonance condition (B123) is satisfied, we obtain from Eq.
(B8123)

’VM(I)OBO M
NG v

Since ByG~2 ~ @y, and the lowest allowable value of w is wr = YM K, we have

2 M
—. 3.149
M KMwp v ( )
Then, according to Eq. (BZI31), the ratio of 1y, to n is
M 262
mifn S 2 (3.150)

v KMwpo,,

For UCoGe, the U-superconductor with the lowest value of wg, in [67] we find the value
121Q¢m for the normal resistivity, and the maximal value 200A for the coherence length.
Using Table B, we obtain

M
Nar/n ~ —3 x 1077, (3.151)
1%

Data on the ratio M/v are not available yet. The small factor 107° in Eq. (BI5h1) appears
due to the large magnetocrystalline anisotropy of UCoGe: it can be seen from Eq. (BI50)
that ny7/n is proportional to K2, since wp = yM K. Hence, to increase the ratio of ny,
to 1, compounds (or multilayer systems) with a lower anisotropy are preferable.

Now consider the situation when the vortex lattice is strongly distorted by pinning
centers. To obtain a qualitative understanding of the behavior of 7, in this case, we will
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calculate the magnetic viscosity under the assumption that the quantities R}, and R}, for
1 # j are uncorrelated. In other words, there is even no short-range order in the vortex
lattice, so that the average concentration of vortices at a distance R from a given vortex
does not depend on R and equals By/®g. Then

L By . B
r_ —igR},+iqR/ _ 0 —iqR j2 — 220
K Nv+Nv< ) et o> N, (/—%e d R+1) N, PW o 5(q)+1}-

i) 0

(3.152)
It should be noted that the product hy.(t')h;_(t) does not decay with increasing t —#/,
unlike in the case of a constant driving force; see Eq. (BLZH). This is explained by the
fact that the vortices oscillate close to their equilibrium positions and do not travel from
one pinning site to another. Thus, the positions R;(t) and R;(t’) of a single vortex are
always well correlated, corresponding to an infinite correlation time 7(q).

With K’ given by Eq. (BI52) the magnetic viscosity takes the form

iyMOF /5_1 ¢’dq w(q) -1
- ¢ - . 1
M drw O o (T+¢222)2 |w?(q) — w? — i€ w™(q) (3.153)

Here, like in Sec. B2, we will assume that the imaginary term —ie (¢ > 0) in the
denominator is an infinitesimal. To simplify the expression in the right-hand side of Eq.
(BI53), we note that the contribution to the integral from small ¢ (¢ < A™!) can be
neglected in the A > L limit. Then we can put 1 + A\2¢? ~ \2¢?, and cut the integral off
at g = \"1:

Further integration is straightforward:

_ aM&sin®0 f1. LN ] A A
v = 16/\4<w—wF> w@(w WF)@ Wr 1+§2 w +Z7Twp(u)—|—wp) 1115 s

(3.155)
when L < £. As above, at w < wp the magnetic viscosity is purely imaginary. However,
unlike in the case of a perfect vortex lattice, now the viscosity does not depend on the
magnetic field and has only one resonance at w = wp. In the limit By — 0 Eq. (B144)
after summation transforms into (BZI54), i.e., the cases of isolated vortices and chaotically
placed vortices are equivalent, like in Sec. B4

As we have seen, at w < wp the magnetic viscosity is purely imaginary. Moreover, at
w < wp the viscosity is proportional to w. This signifies that the vortex can be ascribed
a mass per unit length, M,, so that the equation of motion becomes

d’R;

M,—
dt?

= fo, (3.156)

where f. includes all forces, except for the force f;. The mass is defined by

M, =" (3.157)



Using Eq. (B44), we find that the magnetic contribution to the vortex mass for a perfect

lattice is VDB
7 0bo . 9 Z -2 -3
Mv = 2—)\4 S11 0 = G w (G) (3158)

when By > ®3/\%. For a disordered array we may obtain from Eq. (BI53)

-1
YM®Z ¢ ¢dg _yM®Fsin? A
M, = 1 sin” 0 O ERR0 R S drwin IHE A>E>L).
(3.159)

Let us estimate the characteristic magnetic contribution M, to the vortex mass and
compare it with the electronic contribution (see, for example, [[1]), which is present in
any superconductor:

. 2 m2VF

R

For URhGe, the values of wrp and A\ can be found in Table BT. The electron mass and
Fermi velocity for one of the Fermi surface pockets of URhGe have been measured in
[[T7]. The values given there are m = 22m, and Vr = 4.4 x 10°cm/s, where m, is the
free electron mass. Then

. (3.160)

M P

M, ~
dwi N

~ 107**g/em, M, ~1072%g/cem.

It can be seen that the magnetic contribution to the vortex mass is negligible for URhGe.
Estimates for UGey and UCoGe yield the same result. This happens due to the very
large ferromagnetic resonance frequency wg in these compounds: note that the right-
hand side of Eq. (BI59) contains w”. Thus, the magnetic mass M, should be detectable
in materials with a smaller ferromagnetic resonance frequency.

Finally, a remark should be made concerning the connection between the vortex mass
enhancement in SF hybrids and the polaronic vortex pinning mechanism discussed in [66]
and [67]. In the mentioned papers purely dissipative vortex dynamics has been considered,
i. e., v/M > 1, which is in contrast to the case studied in the present Chapter. Thus,
the polaronic pinning mechanism contributes rather to the real part of n,, than to its
imaginary part, an it is not related to the vortex mass enhancement discussed here.

3.4.4 Connection between the vortex viscosity and the surface
impedance of a ferromagnetic superconductor

A simple experimental method to study vortex dynamics in type-II superconductors is
based on the measurement of the surface impedance. A possible geometry for such exper-
iment is depicted in Fig. B9. We will analyze the simplest situation, when the vortices
are perpendicular to the sample surface, and the probing electromagnetic wave with the
amplitude h, is normally incident on this surface (note the difference with Sec. BZ33,
where a different geometry was considered). Then, for a non-magnetic superconduc-
tor (Mo = 0) theory [/, [40] predicts that in a wide range of parameters the surface
impedance Z(w) equals

» 1/2
Z(w) = (%) , (3.161)
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Figure 3.9: The geometry for the measurement of the vortex viscosity in a ferromagnetic
superconductor. The dashed lines denote vortices.

where 4 is the static differential magnetic permeability,

_ dBqy.
Hs = dHez’
and py is the flux-flow resistance,
_ B®y
Py = 6277 :

Thus, the experimental value of the surface impedance provides information about the
viscosity coefficient 7).

We will prove that for a ferromagnetic superconductor a range of parameters exists,
where Eq. (BOBT) can be applied, if the magnetic viscosity is taken into account: 7
should be replaced by 1 + ny;.

First, the applicability conditions of Eq. (BI61) for an ordinary superconductor
should be outlined. Within the continuous medium approximation used in [I40] an al-
ternating external field h, excites a long-wavelength and a short-wavelength mode in the
superconductor. For convenience, we will call these modes type-1 and type-2, and denote
the z-projections of their wave vectors as k; and ko, respectively. These quantities are
explicitly defined by Equation (24) in [I40]. To use the simple expression (BI61) for the
impedance, three conditions must be fulfilled: (i) |ki| A < 1, (ii) k1] < |ko|, and (iii)
|ka| L, > 1 (L, is the sample thickness — see Fig. B9). According to [I40], the conditions
(i) and (ii) are satisfied, if
.BO/\Q’/]7
where C7, is an elastic modulus of the vortex lattice. This inequality presents a limitation
on the frequency. In the limit H. < By < H. the condition (BTI6Z) can be weakened,
namely

W< wo = (3.162)

@y By

4 \%n

This follows directly from Equation (22) in [140].
Let us turn to the case of a ferromagnetic superconductor. We will assume the sample

is a slab with dimensions L,, L, and L., where L, < L,, L, — see Fig. B9. The z-axis,

w <KL wp = (wp > we). (3.163)
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parallel to the large surface of the sample, is the magnetization easy-axis. In fact, the
slab geometry is not a key point, but the equilibrium magnetization must be parallel
to one of the sample surfaces. By applying an external field one can provide that the
internal field By is parallel to the z-axis. In the slab geometry the components of the
demagnetizing tensor are N,, ~ 0, Ny, ~ 0, N,, ~ 4w. Then, according to Eq. (810), if
the external field is H, = (—47 M, 0, H,.), the internal field is Bq = (0,0, H.,,).

When considering the surface impedance of a ferromagnetic superconductor, an addi-
tional complication arises due to the presence of new degrees of freedom, which are absent
in a conventional superconductor. These are the magnon modes, which can be directly
excited by an electromagnetic wave even in the absence of vortices [63, 89] (see also Sec.
B234). However, in the geometry shown in Fig. B the excitation of these modes can be
avoided, as will be demonstrated below.

If the frequency is not too close to the ferromagnetic resonance frequency (|w — wr| /wr
> K1) we can neglect the magnetostatic interaction in the Landau-Lifshitz equation
when analyzing the additional magnon-like modes, as has been done in Sec. B2 (where
the term by, has been dropped). Then, in the limit of small dissipation, Eq. (BT3) takes
the form

2
om _ — M, x <aa m Km) _ (3.164)

02?2
Equation (B164) yields two modes, which will be labeled as type-3 and 4:

m = (zg F iyo)ms €347,

ks =L7' /2 -1, ky=il7' /2 41, (3.165)

where m3 and my are scalar amplitudes. Note that the effects connected with the band
structure of the magnon spectrum (see Sec. B33) do not affect the modes 3 and 4, since
these magnetization waves propagate along the vortices and do not undergo Bragg scat-
tering on the vortex lattice.

Now suppose that the magnetic field h, in the probing electromagnetic wave oscillates
along the z-axis, i. e., along the equilibrium magnetization (see Fig. B9). It is reasonable
to assume that inside the sample the alternating magnetic induction (b), averaged over
the zy-plane, is also parallel to the z-axis. It will be shown that this statement is self-
consistent. Indeed, for (b) parallel to My we see from Egs. (BT3) and (BBH) that
d(m)/0t = 0. This means that the magnon-like type-3 and 4 modes are not excited.
In the type-1 and 2 modes (m) = 0, but (b) # 0. Hence, these modes differ from
their analogues in non-magnetic superconductors only by the presence of the magnetic
contribution to the viscosity, 7/, which is due to the Fourier-components m, with q # 0.
Then, according to [[40], the internal field (b) will be parallel to the probing field h,
(which follows from the London equation (B4), if the deformation of the vortex lattice
is taken into account). Thus, we have proved the validity of our assumption, having
shown in addition that only the type-1 and 2 modes are excited.

Strictly speaking, the effective viscosity for the long-wavelength type-1 mode differs
from 71+ 7, because the vortices are not straight. However, since |k;| < A7, the radius
of curvature of the vortices is sufficiently large to make this difference negligible.
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3.4.5 Extension of the results to the case of SF superlattices

In the end of this Chapter let us consider how the results from Secs. B4 and B43
can be extended to the case of SF multilayers with vortices oriented perpendicular to the
layers — see Fig. BB. Here, S and F are an ordinary type-1I superconductor and ordinary
ferromagnet, respectively. We will assume the period d of the structure to be sufficiently
small (see below). Then, the generalization of the results from Secs. BA2 and is
straightforward, if two points are taken into account:

(i) Since the magnetic moments now occupy only a fraction of the sample, the force f); is
reduced by a factor of d/d}, where d} < dF is the effective thickness of the ferromagnetic
layer. Formally, all expressions for f);, starting with Eq. (BT01), should be multiplied by
d}»/d. The quantities d} and dp coincide, if the mutual influence of the superconducting
and magnetic orders is negligible. However, this is not the case for cuprate/manganite
superlattices. Experimental papers report giant superconductivity induced modulation
of the magnetization [I25] and the suppression of magnetic order in the manganite layer
close to the SF interface [126, 127, (28, 129]. In the latter case, d% < dp, but both
quantities are of the same order of magnitude.

(ii) Due to the fact that the structure is only partially superconducting, the in-plane
London penetration depth now equals Ay = A(d/dg)'/? (see [141], for example). The
expression for the single vortex field

hes ~ %o
AT (14 ¢?Ny)

(3.166)

can be used if the period d of the structure is much smaller than the characteristic in-
plane length scale of the problem. To apply the results obtained for the case of a constant
driving force, we have to demand d < min(a,, L), according to Sec. B2474. The constraint
is somewhat weaker in the case of the harmonic driving current. Indeed, as we have seen
in Sec. BZ3, the main contribution to f3; comes from ¢ ~ L™y /|w/wp — 1|, hence, the

limitation on the period of the structure is

d < min [aU,L W—F} )
w — wr|

A study of the vortex viscosity in a SFS trilayer has been presented in [I38]. In this
paper the flux-flow resistivity in Nb/PdNi/Nb structure was measured. It was found
that in the presence of the magnetic PdNi layer the flux-flow resistivity in Nb exceeds
the Bardeen-Stephen estimate [32], as if the vortex viscosity is reduced by the interaction
with magnetic moments. At first sight, this seems to contradict the prediction from the
present Chapter. However, this experiment can not be interpreted in the framework of
the model used here, since the ferromagnetic alloy PANi does not possess a well-defined
magnetic anisotropy, and the magnon modes can not be characterized by a wave vector
q due to the lack of translational symmetry. Moreover, the dependence of the critical
temperature of Nb on the PdNi layer thickness signifies strong influence of the magnetic
order on superconductivity. The explanation of the viscosity reduction in the mentioned
experiment requires a more complicated microscopic treatment.
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3.5 Summary

In the present Chapter different aspects of the interplay between vortices and spin waves
in superconductor-ferromagnet hybrids have been analyzed. It has been shown that the
magnon spectrum in a ferromagnetic superconductor in the mixed state acquires a Bloch-
like band structure. The spectrum has been calculated both analytically and numerically.
The band structure changes qualitatively with varying applied field (see Figs. B33 and
B4): as the field is lowered, a complicated structure develops in the center of the first
Brillouin zone. This behavior is a consequence of the nonmonotonicity of the spectrum
in the Meissner state.

Moving Abrikosov vortices in hybrid SF structures may radiate spin waves, which
leads to the appearance of a magnetic contribution fj; to the damping force acting on
the vortices. It has been demonstrated that when the vortices are set in motion by a
dc current, either a series of resonances or a step should appear on the I-V curve: the
type of the resonant feature depends on the degree of ordering of the vortex lattice. The
mentioned effects should be observable in SF superlattices with a relatively low value of
the magnon generation threshold velocity Vi,. For the case of a low-amplitude ac driving
current, the magnetic contribution 7, to the vortex viscosity has been calculated. This
quantity is purely imaginary at w < wp, signifying that additional dissipation is negligible,
but the vortex mass is increased. At w > wp magnons are generated, and 7y, becomes
complex.

Both the vortex-induced gaps in the magnon spectrum and the magnetic viscosity 1y,
affect the surface impedance Z and microwave reflectivity coefficient of the SF systems.
The gaps in the magnon spectrum are best probed in the geometry with the vortices
directed parallel to the sample surface — see Fig. B3, In this geometry dissipation
connected with vortex motion is avoided. On the other hand, to measure the quantity
1Ny the perpendicular geometry may be used — see Fig. B9. Since 7, in the U-based
ferromagnetic superconductors is much smaller than the Bardeen-Stephen contribution
7, an experiment allowing to detect 7,; should involve measurements of Z at different
frequencies and applied magnetic fields. The resonant features connected with 7,; should
emerge on the Z(w) or Z(By) dependencies.

Generally, the influence of magnetic moments on vortex dynamics is stronger in struc-
tures with a lower value of the ferromagnetic resonance frequency. Thus, the mentioned
effects may be best observed in SF superlattices with F layers having a small magnetic
anisotropy.
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Chapter 4

Nonlocal electrodynamics and
vortex-vortex attraction in
superconductor-ferromagnet hybrids

4.1 Introduction

As has been said in the introduction to the Thesis, the Ginzburg-Landau (GL) theory al-
lows to classify all superconducting materials as either type-I or type-II superconductors,
according to their value of their parameter x. A remarkable feature of type-II compounds
is that they support a vortex phase, which is stable due to the vortices always repelling
each other. On the contrary, in bulk type-I superconductors vortices are attracted to
each other, tending to merge into a single giant vortex. Thus, the GL theory states that
in uniform bulk superconductors the vortex-vortex interaction is either purely repulsive
(when k > 1/4/2) or purely attractive (x < 1/v/2). However, for more than 40 years
it has been known that this simple picture is incomplete. It has been found that in
materials with 1/v/2 < & < 1 (low-x superconductors), such as pure Nb, at sufficiently
low temperatures the vortex-vortex interaction potential may become attractive at long
distances |42, 143, 144, T45] (note that this statement does not contradict the GL theory,
which is valid only in the close vicinity of T..). As a result, the magnetization curve of the
superconductor acquires an unstable S-shape [I46], and the transition from the Meiss-
ner state to the mixed state becomes a first-order phase transition: at the lower critical
field vortices enter the superconductor at a finite concentration (see the experimental
papers [[47, T48] and references in [I46, 149]). This phenomenon was coined “type-11/1
superconductivity” [I48], as opposed to “type-11/2 superconductivity”, which stands for
ordinary type-II behavior. Later, analogous effects have been observed in the so-called
type-1.5 multiband superconductors [I50, I51], where the coherence lengths for Cooper
pairs in different bands do not necessary coincide [[52, I53].

In some cases the vortex-vortex interaction may be attractive also in high-x supercon-
ductors. At low magnetic fields, B < H,o, the electrodynamics of these materials, being
essentially local, is well described within the London theory. Therefore, the reversal of
the magnetic field of a single flux line is a sufficient condition for vortex-vortex attrac-
tion [I54, M55, 056, M57]. The field reversal indeed occurs in anisotropic non-magnetic
[[54, 55, 56, T57) and magnetic [T58] superconductors at certain orientations of the

7



vortices. Then, their interaction potential is strongly anisotropic, the vortices penetrate
the sample in the form of separated chains [I59], and the phase transition at H. is still
of second order.

In the present Chapter a new mechanism of vortex-vortex attraction in SF hybrids is
discussed. Here, the attractive interaction may arise due to the spatial dispersion of the
magnetic susceptibility, which introduces a non-local relation between the current density
j and the vector potential A. The nonlocality scale here is the Bloch domain wall width
L. The nonlocal effects become strongly pronounced when L is of the order of or larger
than the London penetration depth A. Then, the vortex-vortex interaction potential
and the phase diagram of the SF system undergo dramatic changes. In particular, the
phase transition from the Meissner state to the mixed state will be a first order phase
transition.”

The Chapter is structured as follows. In Sec. B=2 the field of an isolated vortex in a
SF structure with large L is derived. In Sec. B=3 the phase diagram of the SF system is
discussed. In the final Section B4 a summary of the obtained results is given, and some
systems suitable for the observation the new effects are proposed.

4.2 The vortex field and vortex-vortex interaction
potential in SF hybrids with large L

- - z

MO ‘dF

b b @

| L |T™| »n | ™

~ ~
“——Vortices—
Figure 4.1: A schematic picture of the multilayer system.

First, we will consider an SF multilayer system — see Fig. E. Let the magnetic
layers have an easy x-axis magnetocrystalline anisotropy. Like in the previous Chapter,
the Josephson current between neighboring S layers will be neglected, so that Josephson
vortices do not appear. Such approximation is valid in the case of insulating or sufficiently

!The mentioned effects do not take place in the U-based ferromagnetic superconductors, studied in
the previous Chapter. In these compounds L < A, thus, the influence of spatial dispersion on the vortex
lattice is negligible
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thick F layers, or in the presence of thin oxide interlayers between adjacent S and F layers.
Then, within the London approximation Eq. (B8) may be used for the free energy of the
system. Let us rewrite this equation as

1 D > (B—41M)? o (OMOM\ KM? BH.| ,
F=[|—(A+22Vls )+ ————— + 2 - d’r.
/ lsmg ( TorY S>+ g7 2 \omon )T T2 ar |7

(4.1)
Here and further in this Chapter we will use the notations \g, Ky and o to designate the
characteristics of individual layers, while o, K and A are reserved for averaged charac-
teristics. Note that the superconducting and magnetic terms in Eq. (EX) are integrated
only over the corresponding layers.

In the absence of an external field we may expect that the magnetization vectors in
neighboring F layers point in opposite directions, as shown in Fig. B70. This configuration
minimizes the magnetostatic energy. Then, an external field directed along the z axis
(normal to the layers) will induce Abrikosov vortices oriented also along the z-axis (see
Fig. @T).

Let us make the following transformations:

(B—4rM)? _ Bjj B2 BuoBy .
o = b+ g2+ B, M, — B,;,0M,

—BM()(M - Mo) - BU(M - Mo) + 27TM2, (42)

where M, is the magnetization in the absence of vortices, By is the magnetic field
induced by My, B, is the magnetic field of the vortices (note that B = By + B,). The
magnetization modulus M is assumed constant, which is the case when 7" < ©. Now we
will consider the thin-layer limit, when the period of the structure is much smaller than
the size of the sample, the London penetration depth and all other in-plane length scales
of the problem. Then, the field induced in a magnetic layer by all other layers averages
to zero, and Bj;g = 47M,. Like in Chapter B, we will assume the perpendicular to the
easy axis magnetization component m to be small: m < M. If we keep in the right-hand
side of Eq. (E22) all terms of the order of m? and neglect higher order small terms (e. g.,
m*/M?), bearing in mind that B, and m are of the same order of magnitude we obtain

B — BuogttMol 4 2 Byyo(M — M) — Bym

81 8w
~ (BMO_Sj—ﬂ'NIO)2 + g_j + 20m?2 — va, (43)

since M, — Mo, ~ —Mg,m?/(2M).

In Eq. (E0) the vector potential and the superconducting phase can be presented as
A = Ayo+aand s =00+ 0, where Ay and 0,9 are induced by My, and a and
0" are connected with the vortices. The field B,;o penetrates the superconducting layers
only on the sample edges and does not induce any supercurrents in the bulk, hence, we
can put

o )
A+ Vs =a+ —2ve.
27 27
Thus, the free energy takes the form

1 P 2 Q Om Om Kom?
F=] [W (a+52V0) + % <a_x¢azi> +59

+2 4 27m? — Bym — BB | dr + i, (4.4)
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where

d’r = const

FO _ / (BMO — 47TM0)2
8

does not depend on the external field and the concentration of vortices.

In the thin layer limit we may rewrite the free energy within the continuous medium
approximation. To do this we should multiply the superconducting and magnetic terms
by the corresponding filling factors ds/d and dr/d, where dg and dp are the thicknesses
of the superconducting and magnetic layers:

2 (0% m om II‘l2
F=[ [ (a+ 22V0)" + ol (S0 & (K + 4m) 222

8 47

4B _ B, m— @} d®r + const. (4.5)

Here, unlike in Eq. (B3), all terms are integrated over the whole sample. Now if we
minimize F' with respect to m we obtain

m = (K + 47 — o V?)'B,, and

F= / [873)\2 (a + %V@')Q + Bv%‘va - BZI:“ d*r + const, (4.6)
where ji,, is the permeability operator, given by
fi. = 1+ 47(K — 47 — aV?) ™, (4.7)
and
A= XVd/ds, a=ayd/dp, K= (Ko+4r)d/dp. (4.8)

The same expression (A8) can be derived for a bulk ferromagnetic superconductor.
Indeed, in this case the free energy (BH) can be transformed as follows:

2

F=] [87r1,\2 (A+ %V@Sy + 5 —

8T

B,(M, — M) — Bym, — B,m,

v (dmam) 4 B ot (49
It can be seen that the magnetization M, (which is now directed in the +x direction in
the whole sample) acts as an external field, which leads to the emergence of a spontaneous
mixed state in ferromagnetic superconductors with the vortices directed along Mj. This
situation is not very interesting, since the spatial dispersion does not matter when the
magnetic field is parallel to My. The influence of the spontaneous magnetization can
be compensated by an external field directed in the —x direction. If the sample has a
vanishing demagnetizing factor N,,, the compensating field H,. simply equals —47M,.
Let us substitute H. = H,. + H., into Eq. (£9), where H/, is directed along the z-axis:

2 m
F= f [873/\2 (A + %VQS) + JSB;; + B;MQ — Bymy — B.m,

+2 (2%:3—2}) + KI;Q — ]i—l;rlle] d®r + const. (4.10)
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From this relation it follows that in equilibrium the component B, is of the order of or
smaller than m?/M, hence, the term containing B,m? is much smaller than m?, and it
can be neglected. After the minimization of F' with respect to m we arrive at Eqs. (£0)
and (E27) with H., in place of H.. Thus, we may analyze FS superlattices with thin layers
and ferromagnetic superconductors on a common basis.

It should be noted that when K < 4x the state with M = Mx; in a ferromagnetic
superconductor becomes unstable: the compensating external field flips the magnetization
vector. In a SF superlattice with K given by Eq. (E3) the situation K < 47 is formally
impossible. Further we will assume that K > 4.

Let us determine the magnetic field of a single vortex, directed along the z-axis. The
minimization of I’ with respect to a gives the London equation,

1

) ()
iqx By, =—qx(qxa,) = —ﬁuzz(q) [aq + 2—72V9;] , (4.11)

where B, a; and V@ are the 2D Fourier transforms of B,, a and V¢', and

47

K—irtog (4.12)

,Uzz(Q) =1+

The second term in the right-hand side is responsible for the nonlocal electrodynamics
generated by the magnetic subsystem (note that this term formally reminds the kernel
proposed by Dichtel [I60] for low-+ superconductors). Using Eqs. (EI1) and (B12) it
is easy to determine Fourier-transformed magnetic induction B, of an isolated vortes,
which can be presented in the form

o 1— 1% 1-— L%
By = > 2 2 q21 - q22 ’ (4.13)
AN L g; —ai) | + @ @+ a
where
5 a4+ MK —47\? £ /(o + MK — 47\2)2 — 4K X2«
12 = 20 ) (4-14)

and L = y/a/K, which coincides with the Bloch domain wall width in the case of a
ferromagnetic superconductor. If we recall that in an ordinary vortex

(I)O q)o P
Bp= 55, B.=-—2K (—)
P 4r (14 X2¢?) 2722 0\

we can easily perform the inverse Fourier transform of Eq. (E13):

O
B, =
21 A2L%(q5 — q7)

[(1 = L?¢})Ko(q1p) — (1 — L?3)Ko(q2p)] - (4.15)

The field H = i~ !'B can be calculated in a similar way:

O
H, =
2nA2L% (g5 — q7)

[(1—4nK™" — L?¢])Ko(q1p) — (1 — 4n K" — L?¢3)Ko(q2p)] -
(4.16)
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An interesting fact is that the quantities ¢; and ¢ become complex when L;, < L <
Lypax, where

Lmin,max = )\[1 + v 47TK71]- (417)

Then, both B, and H, exhibit damped spatial oscillations. The situation resembles
the behavior predicted by Eilenberger [161] and Dichtel [I60] for low-+ superconductors.
However, at L > L.« the oscillations disappear: the fields change their sign once,
remaining negative at p — oco. Some graphs of B,(p) and H,(p) are shown in Fig. B

Figure 4.2: The H-field and magnetic induction profiles of a single vortex at different
temperatures 7', corresponding to different values of the ratio L/A(T). p..(0) = 5.
In linear scale graphs only one oscillation of the vortex fields can be seen because the
oscillation amplitude decays very rapidly with p.

Using Eq. (E8), the vortex field sign revesal condition for a SF superlattice can be

written as
d 47 drdp
L Aot — 1+ —— 4.1
0> 0\/d5[ +Ko \/dK()]’ (4.18)

where Lo = \/ag/Kp.

4.3 The mixed state

Let us consider the case of a finite concentration of vortices. If the sample has a vanishing
demagnetizing factor N.,, the free energy of the system at H, = 0 (H, = 0 in the case
of a ferromagnetic superconductor) is
rH
F= /8—vd3r + const, (4.19)
T

where k = —®grot Vs /(27) is the vorticity, and H, = pu'B,,. The relation (ET9) can

z

be derived from Eq. (E8) and the London equation, written in the form
P
rot H, = —\72 (a+ —0V9’> )
2m

It follows from Eq. (B219) that the vortex-vortex interaction potential is proportional to
the H-field of an isolated vortex. Thus, the sign change of H,(p) in Eq. (E8) (or, more
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precisely, the sign change of its derivative) leads to the attraction of vortices. In our case
the unusual behavior of the vortex field is a consequence of the strong spatial dispersion
of fi,,, unlike in [I54, [55, (56, (57, (58], where the sign reversal appeared due to the
anisotropy. In [6Y] it has been erroneously claimed that a large value of p., is sufficient
for the attraction of vortices, so that the dispersion is not required. Indeed, if we put
a =0 in Eq. (E12), we obtain a simple renormalization of A, which is a well-known fact
[61] and does not lead to any field reversal. Still, the numerical simulations presented in
[69] revealed the clusterization of vortices, apparently connected with the dispersion of
the permeability, which has been actually included in the model. This fact is in good
accordance with the analysis given in the present Chapter.

To determine the equilibrium state of a system containing many vortices, some numer-
ical simulations were performed. The relaxation to equilibrium of 800 vortices, confined
in a box with rigid walls, was modeled. The relaxation process was governed by the
equations

R _ —a—F, (4.20)
dt IR,

where R; is the position of the i-th vortex, and n is an arbitrary positive viscosity coef-
ficient. This algorithm allows to find a local minimum of the free energy. The relaxation
was stopped when all derivatives dR;/dt became sufficiently small. Some final vortex
configurations are shown in Fig. BZ3. The parameters K, L and A were chosen so that
the vortex field oscillations were present. In this respect the calculations presented here
differ from those given in [162, 163, 64, 65, [66], where a non-oscillating attractive po-
tential was used to study the vortex structures in multiband superconductors. However,
the obtained pictures are similar to those given in the mentioned papers. Generally, we
can observe either a uniform hexagonal vortex state with several defects (Fig. B=3a and b)
or vortex clusters with a regular internal hexagonal structure (Fig. B=3c-f). No traces of
square configurations have been found, even when other parameters were used. Relying
on this observation, the magnetization curves of the SF system with N,, = 0 were cal-
culated, assuming that the vortex lattice is triangular. The internal field component By,
satisfies the relation

Ui

H,, = 47V '0F/0B,., (4.21)

Several By, vs. H,, curves for different temperatures T are shown in Fig. BZa. For
L > Ly, the curves are S-shaped, having an unstable part at low By (note the similarity
with Klein’s result [146] for low-x superconductors). This means that the phase transition
at H. is of first order. The jump of By at H. is obtained by means of a Maxwell
construction. We can also extract the metastable regions from the magnetization curves.
In particular, the vortex state may exist at fields down to the overcooling field H.y,,,
corresponding to a minimum of H,,(By) — see Fig. Bda. If the surface barrier for the
vortices is absent, the overheating field for the Meissner state is H.jo = He,(0) = 4n f,,/Po,
where f, is the energy per unit length of an isolated vortex. The low-field phase diagram is
shown in Fig. E4b. Here, it is assumed that H,o ~ A7%(T), and T, is well below the Curie
temperature, so that L and K are constants. The A(T') dependence has been taken from
a textbook [B]. The first order phase transition appears below some critical temperature
T, which is determined from the condition L = Ly, (7). Thus, by changing the
temperature we can switch between type 11/2 and type II/1 behavior.
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Figure 4.3: (a)-(c) Delaunay triangulations of vortex configurations in a ferromagnetic
superconductors with p,.(0) = K/(K —4m) > 1 and Lp,,(0)/A = 2. The size of the box
is (a) 50N x 50X, (b) 60N x 60X, and (c) 90N x 90N, where N = v/LA. The fivefold-
and sevenfold-coordinated vortices, forming lattice dislocations, are marked as blue and
red points, respectively. (d),(e) Two realizations of a metastable state with different
(random) initial conditions. The dots denote vortices. Note that the configurations
with many clusters do not correspond to the absolute minimum of the free energy. (f)
Metastable configuration with 20 pinned (fixed) vortices, marked as red dots. In (d)-(f)
the size of the box is 150\ x 150\.

Experimentally vortex structures are usually observed in films with the external field
applied perpendicular to the film. In this geometry N,, ~ 4w, and By, ~ H.., so
that the average vortex density is fixed. In a film of a ferromagnetic superconductor
with a thickness I, > A the vortex-vortex interaction remains attractive at intermedi-
ate distances, acquiring a long-range repulsive tail due to the unscreened magnetostatic
interaction through the free space. Then, an intermediate mixed state with coexisting
vortex and Meissner phase domains should occur [[49]. The equilibrium magnetic field
in the vortex phase domains equals By, (H,1), which is obtained by minimizing the free
energy per vortex. Hence, the fraction of the sample volume occupied by the mixed state
is Hez/BOZ(Hd)-

Generally, in the intermediate mixed state a superconductor may exhibit rather diverse
domain structures, depending on the experimental conditions [[49]. To estimate the
characteristic size D of the vortex domains we will assume that the pattern has a stripe
structure, as shown in Fig. B3, Let us consider the free energy F, per unit area of the film
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Figure 4.4: (a) The By, vs. H., dependencies [Eq. (BZ2I)] at low fields (H., < Hc)
and f1..(0) = 4 (Lypm = 0.268\, where A = A..(0)""/2 is the renormalized London
penetration depth [51]). The curves are indented for better visual separation. The jump
of By, at H., is marked as a red line. (b) The low-field phase diagram of a ferromagnetic
superconductor, or SF superlattice with ..(0) = 10 and \(T' = 0) = L.

Vortices

Figure 4.5: A schematic picture of the stripe domain structure in the intermediate mixed
state of a SF hybrid system at H., ~ By,(H.1)/2. The field lines for B’ = B — H,,. are
shown.

at He, ~ By,(H.1)/2, when a half of the sample is in the mixed state. The contribution
to F, from the mixed / Meissner state interfaces equals o,l,/D, where oy is the surface
tension energy per unit area of the interface. Another contribution to F, originates from
the magnetostatic energy concentrated in the regions with a thickness of the order of D

above and below the film, where the magnetic field is considerably inhomogeneous — see
Fig. B25. Hence,

F, = C(D)BZ,(H.)D + o,l./D + const, (4.22)

where C (D) is a function of the order of unity, weakly depending on D. The minimization
of F, with respect to D yields D o /I, which resembles the behavior of the magnetic
domains size in a ferromagnetic slab [92]. This estimate is valid when D is much larger

than the inter-vortex distance: D > \/®g/By.(H. ).
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4.4 Summary and proposals for experiments

In this Chapter, using the London theory, it has been demonstrated that in a high-x SF
systems with a large domain wall width L the superconducting electrodynamics becomes
strongly nonlocal. Then, the magnetic field of a single vortex may change its sign, and
even exhibit spatial oscillations. These peculiarities of the vortex field may be detected
using muon spin rotation [I67]. The sign reversal of the vortex field leads to mutual
attraction of vortices at certain distances. As a result, the transition from the Meissner
state to the mixed state becomes a first order phase transition. Such unusual type-11/1
behavior should appear at sufficiently low temperatures, when L < A, while in the vicinity
of T, (when A > L) ordinary type-1I1/2 behavior is expected (see the phase diagram in
Fig. B3ab). In a sample in the form of a slab, if the vortex-vortex attraction condition
L > Ly, is satisfied, an intermediate mixed state should emerge. This state may be
visualized using the Bitter decoration technique [149]. The described effects are quite
unexpected in high-x materials.

Let us discuss particular systems, where the predicted effects may take place. The
U-based ferromagnetic superconductors [b3, b, b7 possess a rather strong magnetocrys-
talline anisotropy, and their domain wall thickness is very small, so the vortex attraction
condition, L > L;,, can not be satisfied. Reliable data on the anisotropy of EuFesAs,
[6Y] are not available to date. The usage of SF superlattices provides much more free-
dom in manipulating the parameters, as we can select from a larger set of materials and
choose appropriate thicknesses dg and dg. To satisfy Eq. (BIR), a ferromagnet with a
large value of Ly is required, such as yttrium iron garnet [I68] or permalloy [T69], both
having Lo 2 100 nm. As the superconducting material, niobium may be used (A < 100

nm), which typically has a large parameter x due to impurities, when prepared as a thin
film [T70].
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Conclusion

The Thesis has been aimed at the solution of several theoretical problems concerning
vortex matter in superconducting systems. These problems include the calculation of the
dynamic response of vortices in magnetic and nonmagnetic superconductors, the determi-
nation of the vortex pinning potential, and the study of the vortex-vortex interaction in
superconductor-ferromagnet hybrids. Though considerations in this Thesis were based on
phenomenological theories (London, Ginzburg-Landau (GL) and Landau-Lifshitz-Gilbert
equations), both qualitative and quantitative predictions given here may be checked ex-
perimentally. The main obtained results are summarized below:

e Within the GL theory, a new approach for the calculation of the vortex pinning
potential on a small cylindrical insulating defect has been developed. It has been
shown that the shape of the potential well for a single vortex can be determined
by solving a linear problem (Eqs. (I"Z1) and (IZ28)) instead of the complicated GL
equation. The exact pinning potential for a defect with an elliptic cross-section has
been determined. It appears that the width of the potential well, even in the case
of a very small defect, is of the order of the coherence length £. Due to this, at low
currents a bound state should exist, where the vortex center is located outside the
defect, but the vortex remains pinned. This state may be detected using scanning
tunneling microscopy or a nano-SQUID [79].

e Using the exact order parameter profile of a vortex, the vortex viscosity tensor 7
has been calculated both numerically and analytically for a superconductor with
a Cooper pair mass-normal conductivity anisotropy mismatch (m.o./mapoa # 1).
It has been predicted that the flux-flow conductivity anisotropy may depend con-
siderably on temperature even in the close vicinity of 7T.. These results may be
useful for the interpretation of experimental data on the resistivity of the strongly
anisotropic Fe-based and cuprate superconductors.

e [t has been demonstrated that the magnon spectrum of a ferromagnetic super-
conductor in the mixed state has a Bloch-like band structure. The specrum was
calculated analytically and numerically. The gaps in the magnon spectrum can be
probed by measuring the surface impedance of the sample.

e In Sec. B4, the magnetic moment induced force f);, acting on moving vortices
in hybrid SF structures has been calculated in the cases of a dc and ac driving
force, and for both a perfect and disordered vortex lattice. When vortices radiate
magnons, the force f; is enhanced. As a result, certain resonant features should
appear on the I-V curve of the sample and on the surface impedance vs. frequency
and magnetic field dependencies.

87



e It has been shown that in SF systems with a large domain wall width L 2 X the
magnetic structure of vortices is significantly modified. In particular, the field of
a single vortex may change its sign, which may be confirmed experimentally using
the muon spin rotation technique [I67]. The sign reversal of the vortex field results
in attractive interaction between vortices and a first order phase transition from
the Meissner to the mixed state. A consequence of this is the formation of an
intermediate mixed state in a slab (see Fig. B3). Then, the vortex phase domains
may be visualized using Bitter decoration.

Still, many questions remain open for future work. For example, it would be interest-
ing to develop a method for the vortex viscosity calculation at lower temperatures, where
the time dependent Ginzburg-Landau theory is not applicable. A microscopic calculation
of the vortex pinning potential on a columnar defect would be also very useful. Concern-
ing the interaction between vortices and magnetic moments in SF structures, there is
much room for the improvement of the model. In ferromagnetic superconductors, the in-
fluence of the alternating exchange field on the superconducting properties may be taken
into account. In addition, some limitations in Chapters B and @ may be lifted by using
the Ginzburg-Landau theory (or a more complicated microscopic approach), allowing to
obtain a correct description on length scales of the order of £&. Hopefully, for such fu-
ture research the present Thesis will serve as a source of objectives and a comparative
example.
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Appendix A

An estimate of the contribution of wii) to the integral
in Eq. (20)

In this appendix we will demonstrate that the contribution from the function 77/)§Z) (see
(=24)) to the pinning force is negligible. It is sufficient to prove that the absolute value
of the integral

I= [ (OVe3(0) + 6"V u(0)) nas
oS

is much smaller than noD?/&3.
The function wﬁ” has the following properties:

V@/}%i)n ~ 0, V21/1¥) =0, when p < po, (Al)

08

where py is a quantity of the order of the coherence length. Let us introduce an auxiliary
function v defined by the relations
Vi =0, nVv =0.

pP—00

- aniﬂ;(O), v

oS

The properties of this function are identical to those of ¢§d): it is of the order of \/ngD¢!
at the defect border and decays like p~! at infinity. For a smooth defect v ~ \/ngD?/(£p).
Now we make some simple calculations:

. . D
LWV nde+ / (wgo Jv Oy )dé.
=p

0= / <¢(i)V2U _ ’UV2¢(i) d2p — v
PES, p<po ' ' ) p=po op op

as

Since @DP ~ /1 when p ~ py,
I=¢t (wl@ — v%) dt + c.c., (A2)
p=p0 P P

where c.c. denotes the complex conjugate. According to statement (B) from Sec. [T,
when p = po , [U1] < /no, and |01 /0p| <K /ng/E, since the characteristic length scale
is . Then it follows immediately from Eq. (B2) that |I| < noD?/&3.
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Appendix B

Derivation of the force balance equation (H) and of
some general expressions for the viscosity tensor

In this appendix the relations (2Z7), (£3), (212) and (Z13) are derived. In Egs. (E10) and

(22) it is convenient to make a scaling of the variables: 2’ = x(m(yo)/ma)?, v = v,
2" = z, where m(yy) is given by Eq. (Z8). We rewrite Eq. (Z1) in the form
oyl _ 12 3
I'h—— - 2 _ '0)?] — A B1
50 = g (V7 101 = 11 (V'09)°] = acw [v] = bow [ (B1)
89
2mab

According to Eq. (Z33), the two-dimensional current j = (j.[m(¢o)/ma) "2, j,) satisfies
the relation

div'j’ = 0. (B3)

Here we left only the linear with respect to V1, term. The derivative dp. /0t is proportional
to V2, since in a static vortex p, = 0. It follows from Egs. (B2) and (B3) that

IR (h% - zeq>) = —4—hev’ (5,V'®) (B4)

where we introduced the tensor 7,, with components
Onalz! = S(SOO)O-abu &ny/y’ = Oab,
&nx/y/ — 5_ny/:t/ — 0 (B5)

The parameter s(¢p) is given by Eq. (ZI4). For a moving vortex one should search the
solution of Eqs. (BI), (B2) and (B3) in the form ¢ = ¢(p’ — V1), ® = &(p’ — Vi),
where Vi, = (Vi.[m(go)/ma)?, Vi,) and p’ = (2',y). We expand || and s in powers
of Vi, up to the first order term, assuming the vortex velocity to be sufficiently small:

W] ~ Uo(p' — Vit) + Ui (p’ — Vi), (B6)
95 = Qo(p/ — VLt) + 91(Pl — VLt) (B?)

Here Wqo(p’) and 0y(p’) correspond to a static vortex. The functions ¥y, 6; and ® are of
the order V7. We substitute (BB) and (B2) into Eqs. (BI), (B3) and (B4):

2

2mab

—agrVo — bap Uy + (V2T — o (V'p)?] =0, (B8)
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hQ

(V20 — 0, (V') — 20V'0 - V0] — agr¥1 — b V2T, = —Th(V, V)T,

2Tnab
(B9)
2e b2
div'j, =0,  j = ——"T0yg,, (B10)
Mab
div'jy =0,

Jll = —fan (2\110\111V’90 + \nglel) - &nV,(I), (Bll)

ho_ab 82q) 82q) ¥
i sega | = D0 (200 4 AV V) (B12)

Now we introduce some new notations: ¥, = (dV')¥, 0, = (dV')by, j, = (dAV')j;, where
d is an arbitrary vector. A simple equation connecting ¥, and 6; can be obtained by
applying the operator dV’ to Eq. (BR):

h2

Qmab

[V/Q‘I/d — \I!d(V’GO)2 — 2\I/0V/90 . V’@d] — CLGL\I/d — ?)bGL\I/g\I/d =0. (Blg)

The vector j/, satisfies the obvious relation div’j;; = 0. Let us multiply Eq. (BY) by ¥,
subtract Eq. (BI3) multiplied by ; and integrate the resulting equation over a large
volume containing the whole vortex. After some simple algebra and integration by parts
we obtain

—Th [(VL V)W Uad'r’ = =L [ [(§) + 6,.V'®) V0, — j,V'01] dr’
— L [(5, V')V 0,3 — L [(§104 — §,01)dS. (B14)

Here S is a surface far from the vortex axis. At large distances p’ > £, we have

2eh|agy| barmab
o/ ~ _—v/e — o/ ’ 9 _ _ _“ELras s/ . / t,
J1 bGLmab 1 Jtr 1 2%¢h |aGL| (Jtr P ) + cons

where ji, is the transport current density which is constant. If we calculate the surface
integral in Eq. (BI4) and make some simple transformations, we obtain the force balance
equation [40]

7h . ~ o AV 2 ho g 0*P P / 2 1
?d(Jtr X Zg) = 27th(dVL)/O (d_p> pdp+ 5 / {s(gpo)@ + e (dV'6y)d=p'.
(B15)

If we compare Eqgs. (B) and (BIH), we can see that the viscous drag tensor in the frame
(«',y', 2") should be defined as follows:

~ - 0 d 2 2(1) 2@
d. iV, = 2aT B(d V)12 (_f) pp + "7 / {Sm)g_* 8—} (AV'0o)d*p,
0

bar, dp 2e x2  Oy'?
(B16)
where
b
F(p) = Wolpap)y | ms. (B17)
lagL]
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The components of the tensor 7 in the frame (x, y, z) are given by

Ve (B18)
The right-hand side of Eq. (BIf) contains two terms, representing two mechanisms of

dissipation. The viscous drag tensor due to relaxation of the order parameter is [36, B4,
10, BR):

Moz = [M(00)/Map) Py Mgy = [Map/m(0)]

(n/ )ij _ QWEP’(IGL’

p0

&15ij, (B]_g)
GL

© /d 2
o = / (d_f) pdp = 0.279. (B20)
0 P

The second term in the right-hand side of Eq. (BIf) defines the ohmic viscosity tensor
Mo, Which is evaluated in Chapter Bt

- fio 2o 92 o
. p— —_— . 1
d-7, Vg 5 / ls(goo) 57 + 6y’21 (AV'6y)d*p (B21)

Now, if we substitute ® in the form (Z1H) into Eqs. (BI2) and (BZ) and switch to the
coordinates (x1,71) (see Eq. (Z9)) we obtain Eqgs. (272), (£38), (E12) and (ZI3).
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Appendix C

Expansion of the vortex viscosity in the limit « > 1

In this Appendix Eq. (EZ28) will be derived. First, we divide the integral in Eq. (272)
into two parts:

Ne = N1 + Na2, (Cl)

Ne1 = —2nol'h / )% (u2<1>x - y—i) dx1dyy, (C2)
p1<po/vu P P1

Nu2 = —2nofh/ f2(,01)y1 (U2q>$ - y_;) dzydys, (C3)
p1>po/v/u ,01 P1

where py = u'/%%9 § < 1/6. Note that the left-hand side of Eq. (EI2) is small when
p1 > po/+/u > u"'? 50 it can be accounted for by perturbation theory:

Y1
P, = o Dpy + Dy + .. (C4)

1 02 7\ n 1 { 1 (a? a?>]2y1
d,, = Bpp= — |- [+ s— || £,
LT utf2(py) (3y1 0%1) P’ 2T | () \Oy2 02 ) | 2

The main contribution to the integral in Eq. (C3) is determined by small p;. The
integral of @, is of the order of (up§)™' < w2, the integrals of higher-order terms are
also negligibly small, hence

I y [ 0* PN\ vy
w2 A —2nT =% I, = L == + 52— | S dody. C5
N2 No u 0z /p>p0 pg (8y2+58x2) pg Tay ( )

Let us consider the component 7,;. In the new variables introduced in subsection 2=371

Eq. (C2) reads

= —2n Fh/ 72 (i> Y (éx . i) da dy. 6
n ' ’ P<po \/a p2 p2 ( )

Now we estimate the term R, introduced in Eq. (2223). It satisfies the following relation:

8;;;I+88;£z_uf2(\%)Rm:[ufz(%) fp f4p](q)§co)_p%>

+ [uf? (&) - fort] % (C7)
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Note that when p < /u the source in the right-hand side of (CA) can be presented
as S(x,y)u"?, where S(x,y) is some function independent of u. Since Eq. (C72) is a
screening equation, the function R, (z,y,u) for small p does not depend on the behavior
of the source in the area of big p and can be presented as R, = Rx(a:,y)u_Q. On the
other hand, when p > 1 the derivatives in the left-hand side of Eq. (C7) are small, hence
in the area 1 < p < /u

1 4 2 t
b [ )] s o
u fa p Ja pu

Now we substitute @, in the form (E223) into (CH):

I, | I
N1 = —2710Fh — + — + 1337 y (09)
U U
where
hoe [ (w0 D) -
P<po P

I, = / 7 [fuf* (@5? —%) + fop? @V | da dy, (C11)
P<po P

Io = [, |17 (&) — 22 - 22 (o) — 1) Lz dy
2

[ () = 2] 5oy 4 f 12 (G5) Rty (C12)

One can easily prove that

1 0? 02\ vy
o0 — Y g -9 1
I\ ) + IACE + S0 7 +O0(p™), (C13)
o — 0y (C14)

From Egs. (CI3), (CId) and (CV) we can see that all integrals in Eq. (CI2) are of the
order pZ/u®. Thus |I3,] < u™2, so it can be neglected. Also we can integrate in Egs.
(CI0) and (CIW) over the whole xy plane: using Eqs. (2221), (CH), (CIO), (CI3) and
(CII) one can prove that

[Ioe + I1o — Tia(s)| < u™ (C15)

Finally, taking into account Egs. (CI), (CH) and (CY) we obtain Eq. (2228).
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Appendix D

Calculation of the vortex viscosity in the limit s > u 2>
1

In this Appendix Eqgs. (238) and (2238) will be derived. Here the calculations for the ),
component are presented, since the calculations for the 1, component are less complicated.
First, we rewrite Eq. (ZZL3) in the form

x

*®, 0 0?0,
oz <I>y+?f ()=~ 0y?

The index “1” is omitted. It will be proved below that the terms in the right-hand side
of Eq. (D) give a small contribution to the viscosity, so they can be neglected. Then
the solution of Eq. (D) has the form

om0, [T S, o)

o T?+y? 2uy/s

where p' = /22 + y2. Consider a quantity yo in the range 1 < yg < /s/u (for example,
yo = s'/4/u'/?). We divide the integral in Eq. (ER) into three parts:

S

—®, (1 F(p)). (D1)

m = =20k | [}, P e, dedy — [, 2 (p) % drdy]

—AneTh [ f2(p)% ( 2q, ——) dz dy, (D3)
Using the inequality
2
2p) < D4
o) < 15 (D4)

where A; is some constant, we can estimate the first integral:

u |z||z’| exp(—u|z—2'|/\/3)dx dz’
f|y|<yo f2( ) 2u2CI) dmdy‘ <5 f 2712)+A1)( 24+ A1)
< const 472 <1n \/Tg> < 1 (D5)

Here and further “const” denotes a constant independent of any parameters. The second
term in Eq. (D3) has the following asymptotics when yy > 1:

2
/ FA(p)= dvdy ~ 7 Inye + C,. (D6)
lyl<yo P
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The constant C,, will be evaluated below. The third integral in Eq. (ID3) can be simplified
if we take into account that p > yo, p > yo and yo > 1, so we can substitute unity instead
of f2:

L>wjﬂﬂﬂ§50ﬂ¢y—~%>dxdy~“f <§%fifgiggg—ldx—- )dy

dxf dy <3x2/u2+4y — >€—:c ~ —4f lnwe Tdx
=5y — §Ingm +3C, (D7)

where C is the Euler constant:

C= —/ Inz-e *dx ~ 0.577.
0

Using (D3) - (D1) we obtain

Cy
The component 7, can be calculated in a similar way:
1 s C
= 2mwhl’ —In-— + —= — D
= 2eitna (3% + & < ). (D9)
y?
C, = lim (/ f2(p) = dady — Wlny()) . (D10)
oo N\ Jyl<wo P
Now we evaluate C, and C,. Here the constant ¢} from [37] will be useful:
Y p 1
= — “tdp = —0.3982. D11
di= [0 -] o (D11

It is easy to check that

1
C, =mgy + lim y2p4dxdy—7r(gjt+ln2——).
Y0790 |yl <yo,p>vo 2
Similarly,
1
C’y:7r<gfl+ln2+§).

Finally, the components of the viscous drag tensor take the form

1
1
ny = 2mhI'ng (ln \/75 +4g,—C+ 5) : (D13)

If we substitute C and g¢j with their numerical values, we obtain Eqs. (E233) and (E538).

96



Now it is necessary to prove our assumption concerning the right-hand side of Eq
(OO). Consider it as a perturbation
solution ®,4 has the form

¢, =R + R,

+oo / 2( /
1 _ u®yo(2', y)[1 — ()] _u\x—:z:| /
R, /_OO NG exp —\/g dx’,
1 )

The first order correction to the approximate

(D14)
+o0 32 U |I _ l‘,|
R? = — 9 (' 1) da. D15
0= gz [ e (< ) o (1)
The contribution of ®,; to n, is equal to
Any = —2nDh(I{V + 1),
where

(1)—/]”2 1)d:z:dy,

(D16)
10 = / ()

Q)dx dy.
It will be shown that ‘1}5” < 1and |I{Y

(D17)
< 1 when s > u?.
A simple estimate for |®,0| can be obtained with the help of (D4)
Vs
|®,0| < const u\/“g (D18)
Using the inequality

T p——

AQ + p2’
with Ay = const and Eq. (DI8) we can estimate [ (1)

’]él)‘ < const% In Vs

— < 1.
S U
For all 2/ and y we can write
9 1 2/, 4 const
) < As = const
‘ayQ <(L’/2—|—y2f (p> = <A3+$/2+y2>2’ ( 3 )
whence
|| exp(—u‘gﬁﬂ') exp(-M)
(2) const Vs Vs
‘Iy S s f (A3+x”2)(A1+x2) dx/dx/,ddl
N p(‘u‘zu ,‘) Vs
S % 111 Ts f T.Agdx,dx” < const 111 < 1
when u 2 1.
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Appendix E

Estimate of the distortion of the decaying magnon
modes

In this Appendix we will consider the modification of the mode with the wave-vector qs
in the vicinity of the surface. This consideration can be simply generalized for all other
modes.

First, we note that ¢3 ~ —A"? and ¢o, &~ iA™', since |k,| < A~' (this inequality
holds for frequencies, which are much smaller than the plasma frequency w, ~ cA™!). We
substitute into Eq. (828) B, = 4rMe~"/*, and m ~ moe~"* + m{Ve=2/A where m{"
is the amplitude of the first-order correction, which is to be estimated. This correction
is determined from the following equations:

— ;—ng” + (K — 4ex2)mY x 2o = (bg) — 47rm2) X 2, (E1)

_ By 16m
A27? A2
For w ~ yM (K + aqg?), ag? > 1 we find

1 47

m, " = Oé—q%mg. (EQ)

Hence,

mél)‘ < |myl, so the small correction can be neglected.
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Appendix F

Derivation of equation (B100)

To determine the force fj;, one should calculate the variation of the free energy when all
vortices are shifted by an equal vector, and the magnetization is kept fixed. To simplify
the calculations we may use the fact that the free energy acquires the same variation if
the vortices are kept fixed, and the magnetization is shifted in the opposite direction.

Then SP SP
oF = / (5_A5A + méM)

According to the London equation §F/JA = 0 the first term in the right-hand side
vanishes. Also, the terms in Eq. (B8) which depend only on M (e. g., the exchange
energy) are not affected by the magnetization shift. Hence, only the term

0F = — / BSMd’r, (F1)

remains, and the force acting on a vortex is

L [gOM 1 (0B
r=—
Nva 8351 N’UL’U 8@

(far)z; = Md’r

Presenting the magnetic field as B = h + by, we have

(Far1)z; = NULU J GAMdPr,
(En2)es = —nr S 5 on S MdPr.

Note that the term fj;; does not depend on the vortex positions. Hence, to calculate
this term we can place the vortices anywhere in the superconductor. Let us position the
vortices in an area with uniform magnetization (M = const). Then, fy;» vanishes, and
for = fa71. On the other hand, in the area with homogenous magnetization any identical
displacement of all vortices does not change the free energy, hence, the whole force f),
vanishes. Thus, fy;; = 0, and for any vortex positions fy; = f35. From this follows Eq.
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Appendix G

Evaluation of the integral in Eq. (BT2R)

In this Appendix it is shown how the integral in Eq. (BTZR) can be evaluated. Let us
introduce the dimensionless quantities [ = L/A, [, = V. /(wrA) and g = Aq, and direct
the g, axis along V. Then fj;, =0, and

o 7M<I>2 sin? @ god? g 2 92 . _'yM(I)g sin? 0 (1+122)6(1+12g° —1vgz) 12
fore = 47rA3wF f (1+g 20(1+ 159" — luga) = ATV {/5 (1+¢%)2 d°g
g<

ATV, 149 (14492

_ AM®3sin?0 [12 [ lge) oy (1 2) [ MQ—)@WCZ@] . (G1)
g<N/¢ g<N/E

We will put Vi, > Vi, = 2wrL, so that f, # 0. For simplicity, we will assume that

pets gt J(Gh) - (@2)

2wF 2wF

which is possible when ¢ < L. Then, the whole circle 1 + (?¢%> — [,g, = 0 lies in the
region g < A\/&. Now we make a coordinate shift, redesignating g, — [,/(2[%) by g,:

L i / UGt 1L SR / 5(6° — g?)de
! |

, 2
AT A2V, 1+ g2+ (9o + 25 1+g§+(9m+2zz)]
(G3)

where

2 2 l2

Integration over the modulus of g is now straightforward:

YM®2sin? 6 /27T dcp n /27r (l*2 — 1)dy
8TA*VL 0o 1495+ 5+ Ccos 21
90 414 % gocos ¢ 1+g2+ 414 + L go cos

(G4)
where ¢ is the polar angle in the g-plane. Integration can be completed using standard
methods or a table of integrals. The result is

} —3/2
7M<I>(2) sin? 6 9 l% o9 lg 3

If we return to dimensional variables and recall that L < A, we obtain Eq. (B129).

me:_
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