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Résumé :

Cette these est consacrée au développement de modeles mathématiques de I'hématopoiese
et de maladies du sang. Elle traite du développement de modeles hybrides discrets continus
et de leurs applications a la production de cellules sanguines (I'hématopoiese) et de maladies
sanguines telles que le lymphome et le myélome.

La premieére partie de ce travail est consacrée a la formation de cellules sanguines a partir
des cellules souches de la meelle osseuse. Nous allons principalement étudier la production
des globules rouges, les érythrocytes. Chez les mammiferes, I’érythropoiese se produit dans
des structures particulieres, les 1lots érythroblastiques. Leur fonctionnement est régi par de
complexes régulations intra et extracellulaire mettant en jeux différents types de cellules,
d’hormones et de facteurs de croissance. Les résultats ainsi obtenus sont comparés avec des
données expérimentales biologiques ou médicales chez I’humain et la souris.

Le propos de la deuxieme partie de cette these est de modéliser deux maladies du sang,
le lymphome lymphoblastique & cellules T (T-LBL) et le myélome multiple (MM), ainsi que
leur traitement. Le T-LBL se développe dans le thymus et affecte la production des cellules
du systeme immunitaire. Dans le MM, les cellules malignes envahissent la mcelle osseuse
et détruisent les ilots érythroblastiques empéchant I'érythropoiese. Nous développons des
modeles multi-échelles de ces maladies prenant en compte la régulation intracellulaire, le
niveau cellulaire et la régulation extracellulaire. La réponse au traitement dépend des
caractéristiques propres a chaque patient. Plusieurs scénarios de traitements efficaces, de
rechutes et une résistance au traitement sont considérés.

La derniere partie porte sur un modele d’équation de réaction diffusion qui peut étre
utilisé pour décrire I’évolution darwinnienne des cellules cancéreuses. L’ existence de “pulse
solutions”, pouvant décrire localement les populations de cellules et leurs évolutions, est
prouvée.

Mots cléfs : modeles hybrides discret-continus, hématopoiese, maladies du sang, traite-
ment, résistance.



Abstract :

The thesis is devoted to mathematical modeling of hematopoiesis and blood diseases. It
is based on the development of hybrid discrete continuous models and to their applications
to investigate production of blood cell (hematopoiesis) and blood diseases such as lymphoma
and myeloma.

The first part of the thesis concerns production of blood cells in the bone marrow. We
will mainly study production of red blood cells, erythropoiesis. In mammals erythropoiesis
occurs in special structures, erythroblastic islands. Their functioning is determined by com-
plex intracellular and extracellular regulations which include various cell types, hormones
and growth factors. The results of modeling are compared with biological and medical data
for humans and mice.

The purpose of the second part of the thesis is to model some blood diseases, T cell
Lymphoblastic lymphoma (T-LBL) and multiple myeloma (MM) and their treatment. T-
LBL develops in the thymus and it affects the immune system. In MM malignant cells
invade the bone marrow and destroy erythroblastic islands preventing normal functioning
of erythropoiesis. We developed multi-scale models of these diseases in order to take into
account intracellular molecular regulation, cellular level and extracellular regulation. The
response to treatment depends on the individual characteristics of the patients. Various
scenarios are considered including successful treatment, relapse and development of the
resistance to treatment.

The last part of the thesis is devoted to a reaction-diffusion model which can be used
to describe darwinian evolution of cancer cells. Existence of pulse solutions, which can
describe localized cell populations and their evolution, is proved.

Keywords: hybrid discrete-continuous models, hematopoiesis, blood diseases, treat-
ment, resistance
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Chapter 1

Introduction

The thesis is devoted to the mathematical modeling of hematopoiesis and blood diseases.
We will begin this study with modeling of the lineage choice of megakaryocytic-erythroid
progenitors. These two lineages lead to the production of erythrocytes and platelets. We will
study in more detail the erythroid lineage of hematopoiesis. We will model erythroblastic
islands, main functional units of erythropoiesis, in normal and pathological situations. The
latter will be considered in the case of multiple myeloma. It is a hematological disorder where
malignant cells invade the bone marrow resulting in destruction of erythroblastic islands
and, as a consequence, to severe anemia. The methods developed for this modeling are
applicable to study other diseases. We will show their application to study T-cell lymphoma
where tumor develops in the thymus. One of the important aspects of these disorders is
that, similar to other cancers, malignant cells can adapt to treatment and develop resistant
clones. We will study this question in the case of lymphoma and in a more abstract setting.
In this introductory chapter, we will present a short biological background followed by the
discussion of the methods of modeling and by the presentation of the main results of this

work.
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1.1 Biological background

1.1.1 Hematopoiesis

Hematopoiesis is a complex process which begins with hematopoietic stem cells (HSCs)
and results in production of red blood cells (erythrocytes), white blood cells (leucocytes)
and platelets. Erythrocytes participate in the transport of oxygen, white blood cells in the
immune response, platelets play an important role in blood coagulation. In adult humans
hematopoiesis occurs mainly in the bone marrow. Due to consecutive stages of maturation
and differentiation HSCs give rise to all lineages of blood cells. Various dysfunctions can
affect hematopoiesis and cause blood diseases.

Hematopoietic stem cells are located in specific area, called stem cell niche. In niche,
HSCs can be in a nondividing state or it can differentiate in order to keep a steady number
of blood cells. Hematopoiesis process has the ability to adapt to changes or to stress by
elevating the production rate of blood cells.

HSCs are pluripotent cells, they self-renew or differentiate into different lineages. This
first differentiation leads to the appearance of common myeloid progenitors (CMP) and
common lymphoid progenitors (CLP). Further differentiation of CMP and CLP give rise, in
case of CMP, among others cells, to megakaryocytes and erythrocytes and in case of CLP,
to lymphocytes. Secondary lymphoid organs such as thymus, spleen, liver and lymph nodes

also participate in final differentiations.

Lineage choice of pluripotent cells

Burst forming unit erythroid progenitors (BFU-E) and burst forming units-megakaryocytic
progenitors (BFU-MK) appear due to differentiation of megakaryocytic-erythroid progenitor
(MEP). BFU-MKs divide and differentiates and become thrombocytes. This process is
called the megakaryopoiesis. Similarly, BFU-Es becomes erythrocytes in the process of
erythropoiesis. The next stage of maturation of BFU-E is colony-forming unit-erythroid

(CFU-E).
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Lymphoid progenitor cells
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Figure 1.1: All blood cells originate from the stem cell compartment on the left and are
released in the blood stream on the right. The lymphoid branch, on top, releases T and
B-lymphocytes. The myeloid branch consists of the red lineage (bottom), white lineage in
blue and platelets in green.

The complex mechanism that determines commitment of MEP is not completely un-
derstood, but it is established that the proteins and transcription factors GATA-1, FLI-1,

EKLF play an important role in this process.
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Figure 1.2: Pattern of differentiation of MEP.

Erythropoiesis

Every day, normal adult humans produce 3 - 10° new erythrocytes per Kg of body weight
[117], which is approximately 2.1-10'! new erythrocytes for the average 70 Kg person. These
new erythrocytes replace the same number of senescent erythrocytes that are removed daily
from the circulation. Bleeding or increased rates of erythrocyte destruction (hemolysis) de-

crease the number of circulating erythrocytes resulting in acute anemia. Acute anemia
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causes hypoxia that induces stress erythropoiesis in which erythrocyte production is in-
creased until the recovery of normal numbers of circulating erythrocytes. The number of
red blood cells should be approximately constant which means that their production should

be able to adapt to stress or to diseases.

Multipotent Erythrocytic Erythrocytic
step cell progenitors progenitors Erythrocyte

5 /\CFUE /‘é
® @ Is
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! L ) |
i |
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Figure 1.3: Schematic representation of erythropoiesis.

The erythroid lineage of hematopoiesis begins with committed erythroid progenitors that
differentiate into more mature cells, the erythroblasts, which subsequently differentiate into
reticulocytes. In mammals, the anucleate reticulocytes leave the bone marrow by entering
the blood where they become mature erythrocytes. Erythropoiesis is tightly regulated, and
its dysregulation results in various blood disorders, such as leukemia, polycythemia and
anemia.

The structural unit of mammalian erythropoiesis is the erythroblastic island, which
consists of a central macrophage surrounded by as many as several dozen erythroid cells,
beginning at the colony-forming unit-erythroid (CFU-E) stage and extending through the
reticulocyte stage [40]. The term CFU-E/Pro-EBs describes the erythroid progenitor stage
at which the fate decisions are made. CFU-E/Pro-EBs have three possible fates : program-
med cell death by apoptosis, proliferation without further differentiation (self-renewal), and
terminal differentiation into reticulocytes (Figure 2.10). CFU-E/Pro-EB fate is determined
by a complex network of intracellular proteins that has not been completely elucidated and
that appears to vary in different biological models. Apoptosis of the CFU-E/Pro-EBs is

mainly regulated by Fas, a membrane protein of the TNF receptor family that is activated
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by Fas-ligand. An important difference between humans and mice is that, among erythroid
cells, mature late-stage erythroblasts produce the most Fas-ligand in humans [107], whereas
immature early-stage erythroblasts and some CFU-E/Pro-EB themselves, produce the most

Fas-ligand in mice [100].

1.1.2 Blood diseases

Two blood diseases, the lymphoma and the multiple myeloma, will be presented in more
detail since they will be studied in Chapter 3. These diseases are characterized by invasive
processes by tumors of different part of the body that block normal hematopoiesis. For lym-
phoma, respiratory symptoms shows the early stage of the disease. Symptoms of myeloma

are varied and often uncharacteristic.

Multiple Myeloma

Multiple Myeloma (MM) is a blood disease that affects especially elderly people, its fre-
quency increasing with age. This disease is exceptional before the age of forty years. Its
incidence is two time more prevalent in men than in women. Causes of the disease are

unknown.

Figure 1.4: Bone marrow. Courtesy of M. Koury.

Medical background. MM is a cancer of the bone marrow that destroys bone tissue,

by causing tumors formation inside bones, till the whole bone marrow is replaced by the
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tumors.

Clinical presentation. The diagnostic is sometimes suggested by persistent bone pains,
fatigue, disturbances related to hypercalcemia, neurological involvement, renal failure, in-
fection and hyperviscosity. The anemia often associated to MM causes by itself symptoms
such as weakness, drowsiness, depression, cardiac decompensation and respiratory distress.
Some patients are asymptomatic, symptoms like vertebral compression fractures result from

bones destruction by the disease and are evidence of generalized disease.

Treatment strategy. MM is presently an incurable hematological malignacy but re-
cent research suggests that therapies designed for long-term cure of the disease should
target stem cell. The abnormal erythropoiesis caused by MM is associated with severe nor-
mochromic/normocytic anemia. A common complication of MM, anemia indicate in general
a poor prognosis. Chemotherapy with melphalan-prednisone is the standard treatment for
multiple myeloma. Other treatment modalities include polychemotherapy and bone mar-
row transplantation. Only 50 to 60 percent of patients respond to therapy. The aggregate
median survival for all stages of multiple myeloma is three years. Most patients with mul-
tiple myeloma have very significant reductions in the generalized bone marrow infiltration
after chemotherapy, permitting comparisons of erythropoiesis in the same individuals at
different degrees of bone marrow infiltration. Anemia persists if a remission of patients
can not be obtained by chemotherapy and reduces patient’s quality of life and sometime
blood transfusions are required. It is possible to treat successfully anemia by erythropoi-
etin therapy [101]. Rise of production of erythrocytes after this treatment is simulated in
Section 3.1. These malignant cells disrupt erythroblastic island function by either releasing
cytokines that are directly cytotoxic to erythroblasts and/or macrophages. Some cytokines
can also be indirectly cytotoxic to the marrow erythroid cells by reducing the amount of
erythropoietin (EPO), the principal hormonal regulator of erythropoiesis, produced by the
kidneys. As the infiltration of the bone marrow space progresses, the malignant cells can

physically disrupt the spatial organization of the erythroblastic islands.
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T Lymphoblastic lymphoma

In industrialized countries, annual cancer incidence in children under than 15 years is esti-
mated to be 140 new cases per million and LBL annual incidence is also estimated between
0.3 to 0.5 case for 100000 children and adolescents, and 85 to 90% are T-cell-lymphoblastic
lymphoma [84, 32]. In the current WHO (World Health Organization) classification, T-LBL
and T-cell Acute Lymphoblastic Leukemia (T-ALL) are a biologic unit termed “precursor
lymphoma/leukemia” [149, 137].The distinction between T-LBL and T-ALL resides in an
arbitrary cut-off point of 25% BM infiltration: BM infiltration below 25% is considered
T-LBL and above, T-ALL [85]. Non-Hodgkin Lymphoma (NHL) is the third most common
form of childhood cancer. LBL represents about 30% of NHL cases in childhood and early
adolescence, and 85 to 90% of LBL are T-LBL [84]. Although T-LBL represents around

25% of all NHL in children, it is considered as a rare disease.

Medical background. Lymphoblastic lymphoma (LBL) is a neoplasm developing from
immature T- or B-precursor cells [137]. LBL are postulated to arise from precursor B in
the bone marrow (BM) or thymic T cells at varying stages of differentiation [52].

Most patients with T-LBL typically present with mediastinal tumor. Other manifes-
tations are lymphadenopathy, frequently with cervical and supraclavicular bulky disease.
Pleural or pericardial effusions are also common. The presence of a predominantly anterior
mediastinal mass can cause respiratory symptoms from coughing, stridor, dyspnea, edema,
elevated jugular venous pressure to acute respiratory distress. About 15-20% of patients
exhibit bone marrow infiltration. Less than 5% show CNS (Central Nervous System) in-
volvement [137]. The median age of diagnosis is 8.8 years, and T-LBL are 2.5 times more

often diagnosed in male patients [137, 33].

Prognostic factors. The probability of pEFS (probability of event-free survival) in LBL
is high, whereas survival in relapsed patients is very poor. As the 5-year EFS (event-free

survival) rates are acceptable, the possibility that patients with favorable risk profiles might
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be “overtreated” is considered. However, there are currently no validated parameters for
use to identify patients with a favorable risk profile. It is of special importance to detect
the 10%-30% of patients with a high risk of relapse in order to adapt therapy regimen early.
Age older than 14 years [153], CNS involvement trial [1] and unresponse to therapy [155]

are identified as possible unfavorable prognostic factors, but this needs confirmation.

Treatment strategy. pEFS in pediatric T-LBLB is currently about 80% [29]. Based
on historical studies, the current treatment approach of LBL uses therapy similar to that
for childhood acute lymphoblastic leukemia [151], and EFS is actually more than 80% in
children and adolescent. Successive studies demonstrated the importance of initial intensive
treatment, secondary intensification of chemotherapy, prolonged maintenance therapy and
prophylaxis of CNS relapse. Although the development of therapy protocols meant a major
step toward curing pediatric patients from LBL, unanswered questions remain. Numerous
trials and protocols have been developed on the Berlin-Frankfurt-Muenster (BFM) or LSA2-
L2 (American group) backbone to increase event free survival as well as overall survival (OS)
and to reduce toxicity within the established therapy regimens [137]. Central nervous system
(CNS) prophylaxis is considered as an important element of all LBL protocols, including
prophylactic cranial irradiation and Methothrexate (MTX) (high-dose or intrathecal) [137].
Prophylactic irradiation was historically used in all protocols. Several recent trials showed
that it was not required any more to achieve an excellent treatment outcome [155, 33, 131].
More trials are needed to evaluate the role of high-dose MTX in pediatric LBL who do
not received prophylactic irradiation and an acceptable number of intrathecal MTX. The
therapy of LBL is rather long with its total duration of 24 months in most protocols including

induction, consolidation and maintenance therapy [137].
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1.2 Modeling approaches: multi-scale hybrid model

1.2.1 Modeling literature

Hematopoiesis has been the topic of modeling works for decades. Dynamics of hematopoietic
stem cells have been described by Mackey’s early works [103, 104]. The author developed
hypothesis that aplastic anaemia (lower counts of all three blood cell types) and periodic
haematopoiesis in humans are probably due to irreversible cellular loss from the prolifer-
ating pluripotential stem cell population. A model for pluripotential stem cell population
is described by delay equations. In the later developed model, described by the first or-
der differential equations, a population dynamics of cells capable of both proliferation and
maturation was analysed [105]. In Bernard et al. [18] mathematical model was proposed
to explain the origin of oscillations of circulating blood neutrophil number. The authors
demonstrated that an increase in the rate of stem cell apoptosis can lead to long period
oscillations in the neutrophil count. In extension of the previous model Colijn and Mackey
in [51] applied mathematical model, described with system of delay differential equations,
to explain coupled oscillations of leukocytes, platelets and erythrocytes in cyclical neutrope-
nia. The platelet production process (thrombopoiesis) attracted less attention through years
[67, 163]. Cyclical platelet disease was a subject of mathematical modeling in Santillan et
al. [132] and was enriched in Apostu et al. [12]. The red blood cell production process
(erythropoiesis) has recently been the focus of modeling in hematopoiesis. Pioneering math-
ematical model which describes the regulation of erythropoiesis in mice and rats has been
developed by Wichmann, Loeffler and co-workers [164]. In this work, proposed models were
validated by comparing with experimental data. Analysis of the regulating mechanisms in
erythropoiesis was enriched in [168]. In 1995, Bélair et al. proposed age-structured model
of erythropoiesis where erythropoietin (EPO) causes differentiation, without taking into
account erythropoietin control of apoptosis found out in 1990 by Koury and Bondurant in
[92]. In 1998 Mahaffy et al. [106] expanded this model by including the apoptosis possibility.

Age-stuctured model is detailed in [3] with assumption that decay rate of erythropoietin
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depends on the number of precursor cells. In [57] Crauste et al. included in the model
the influence of EPO upon progenitors apoptosis and showed the importance of erythroid
progenitor self-renewing by confronting their model with experimental data on anaemia in
mice. A model of all hematopoietic cell lineages that has been proposed by Colijn and
Mackey [50, 51] includes dynamics of hematopoietic stem cells, white cell lineage, red blood
cell lineage and platelet lineage. A review of mathematical models and simulation studies,
applied to stem cell biology, with particular interest to the hematopoietic system is proposed
by Roeder[125].

In recent works a combination of different models is used in order to describe the process
of hematopoiesis in its complexity. A hybrid model is suggested in [95] where granulopoiesis
is described by ordinary differential equations and stem cell organization by an individual
based model.

In this work we consider another type of hybrid models coupling discrete and continuous
approaches at the level of each cell. The difference with the preceding works [36] is that ODE
are not used to describe cell concentrations of cells but concentrations of proteins inside
each individual cell. From this point of view this work can be related to the individual
based model in [95]. In our model, cell fate is determined by the combination of discrete
and continuous models. Global and local regulation acts at the level of individual cells and
not for the whole cell population.

All the previously mentioned approaches did not consider spatial aspects of hematopoiesis.
Cellular regulation by cell-cell interaction was neither considered in these models. Multi-
scale approaches include both cell population kinetics [24] or erythroid progenitor dynamics
[57, 55] and intracellular regulatory networks dynamics in the models [19] in order to give
insight in the mechanisms involved in erythropoiesis. Off-lattice discrete-continuous hybrid
models, applied to the erythropoiesis modeling, allow to take into account simultaneously
interactions at the cell population level, regulation at the intracellular and extracellular
levels and to study an importance of the spatial structure [98, 23]. The role of macrophage

in stabilizing of erythroblastic island is investigated in [70]. Indeed, macrophages produce
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growth factors (GF) that influence the fate of cell. According to the distance between cells
and macrophage, the quantity of GF received by cells vary.

Multi-scale hybrid model consists in the coupling of two models, with different space and
time scales. Such discrete-continuous models are usually called hybrid models [24, 114, 118].
Hybrid discrete-continuous models are widely used in the investigation of dynamics of cell
populations in biological tissues and organisms that involve processes at different scales. In
this approach biological cells are considered as discrete objects described either by cellular
automata ([66], [78], [88], [108], [136], [145]) or by various on-lattice or off-lattice models
([64], [87], [120]) while intracellular and extracellular concentrations are described with

continuous models, ordinary or partial differential equations.

1.2.2 Multi-scale hybrid discrete-continuous model

Hybrid models can be based on cellular automata and other lattice models and off-lattice
models where cell position in space is not restricted to the nodes of a grid. In cellular
automaton model each individual cell can be represented as a single site of lattice, as several
connected lattice sites or the lattice site can be larger than an individual cell. A generalized
cellular automaton approach is presented by the cellular Potts models (CPM). The CPM is
a more sophisticated cellular automaton that describes individual cells, occupying multiple
lattice sites, as extended objects of variable shapes. These models take into account surface
energy of cell membrane. The CPM effective energy can control cell behaviors including cell
adhesion, signalling, volume and surface area or even chemotaxis, elongation and haptotaxis
[78], [136]. In each particular CA model, the rules which determine cell motion should
be specified. It can be influenced by the interaction of cells with the elements of their
immediate surrounding and by processes that involve cellular response to external signals
like chemotaxis. The numerous models with gradient fields of chemical concentrations that
govern motility of cells have been suggested. Cellular automaton have been used extensively
to model a wide range of problems. Different stages of tumor development from initial

avascular phase([66], [88]) to invasion ([11]) and angiogenesis ([108], [145]) are studied.
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Off-lattice models are important to those biological situations in which the shape of
individual cells can influence the dynamics or geometry of the whole population of cells. In
off-lattice models, shape of cells can be explicitly modelled and response to local mechanical
forces, interaction with neighboring cells and environment can be investigated. Hybrid
off-lattice models, not limited in possible directions of cell motion, are widely applied to
the modeling of tumor growth and invasion where cell migration should be taken into
account ([87], [120]). Another type of off-lattice models, called fluid-based elastic cell model,
approach that takes into account cell elasticity, is also applied in tumor growth modeling

([11]; [64]).
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1.3 Main results of the thesis

The thesis is devoted to mathematical modeling of hematopoiesis and blood diseases. We
develop hybrid discrete-continuous models and apply them to study erythropoiesis and
lineage choice. We will also use them to model two diseases, lymphoma and myeloma.
The last chapter of the thesis is devoted to the analysis of solutions of reaction-diffusion

equations which describe Darwinian evolution of cancer cells.

1.3.1 Methods of modeling

A hybrid modeling approach with off-lattice cell dynamics is used in order to study hema-
topoiesis. Cells will be considered as discrete objects while intracellular and extracellular
concentrations will be described with ordinary and partial differential equations. This model
will be applied to study the lineage choice of megakaryocytic-erythroid bipotent progenitors,
functioning of erythroblastic islands in erythropoiesis and some blood diseases (lymphoma,

multiple myeloma).

Intracellular regulation

Cell fate is determined by specific cellular proteins P, ..., P, whose concentrations (or bio-
logic activities) are described by ordinary differential equations :
dP; ,
dTJ =®;(P), j=1,...k, (1.3.1)
where ®; are the rates of their production or activation. These proteins will be specified
below for intracellular regulation of megakaryocytic-erythroid progenitors and of erythroid
progenitors.
Depending on the values of these intracellular proteins, the cell will self-renew, differ-
entiate or die by apoptosis. Precise conditions that determine cell fate will be specified

below for each particular application. It should be noted that cell fate depends also on the

extracellular regulation, that is on nutrients, hormones, growth factors in the extracellular
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cell motion

%—dAc —nc +nG(p) x+pux+H(Vn,c)=0
extra-cellular /
matrix

Q cell division,
differentiation, death
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dt F(p : C) networks

Figure 1.5: Schematic representation of hybrid models. Cells are considered as individual
objects. Circles of different colors correspond to different cell types. Intracellular con-
centrations described by ordinary differential equations determine cell fate. Extracellular
substances described by partial differential equations can influence the intracellular regula-
tion. Cells can move due to mechanical forces acting from other cells or because of some
other factors.

matrix. These substances can influence the intracellular regulation. Therefore instead of

equations (1.3.1) we should consider the equations

dP;(t)
dt

= &;(P(t),v(zi,1)), j=1,.k, (1.3.2)

where v is a vector of extra-cellular concentrations taken at the center z;(t) of the cell.

Extracellular regulation

The concentrations of the species in the extra-cellular matrix are described by the reaction-

diffusion system of equations
%

i D Av + G(v,c), (1.3.3)
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where c is the local cell density, G is the rate of consumption or production of these sub-
stances by cells. These species can be either nutrients coming from outside and consumed
by cells or some other bio-chemical products consumed or produced by cells. During ery-
thropoiesis, erythroid cells produce Fas-Ligand Fp, which influences the surrounding cells
by increasing intracellular Fas activity. The Fas-ligand-producing erythroid cells are mainly
immature erythroblasts in murine erythropoiesis [100] and mainly the mature erythroblasts
in human erythropoiesis [107]. On the other hand, macrophages produce a growth factor
G, which stimulates erythroid cell proliferation. In mice, G is KL/SCF in normal erythro-
poiesis and BMP4 in stress erythropoiesis. The concentrations of Fas-ligand and of the

growth factor in the extracellular matrix are described by the reaction-diffusion equations :

oFy,

W = D1AF, + W1 — 01 Fp, (134)
% = DoAG + Wy — 09G. (1.3.5)

Here D1, Dy are diffusion coefficients and W7, W5 are the rates of production of the corre-
sponding factors. These functions are proportional to the concentrations of the correspond-
ing cells.

In numerical simulations, equations (1.3.4), (1.3.5) are solved by a finite difference
method with Thomas algorithm and alternative direction method. Neumann (no-flux)
boundary conditions are considered at the boundary of the rectangular domain. Constant
space and time steps are used.

The source terms W7 and W5 are piece-wise constant functions different from zero at the
location of the corresponding cells. Let us explain the definition of these functions with the
example of the function W7 in equation (1.3.4). Consider a cell that produces Fas-ligand. It
is shown as a circle in Figure 1.6. For each mesh point ij we consider the grid cells adjacent
to this point. Denote by S;; the area of the biological cell inside these numerical cells (grey

cells in Figure 1.6). Then the value of the source term in the mesh point ij is written as
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I I

Figure 1.6: Schematic representation of a cell on the numerical grid.

follows: Wlij = wYS;;/(4s), where w} is a constant which measures the normalized intensity
of Fas-ligand production, s is the area of the numerical cell. For example, if the grid point ij
is inside the biological cell together with all four numerical cells around it, then ij = ).

When the concentrations of various substances in the extracellular matrix are found,
we can use them in the equations (1.3.2) for the intracellular concentrations. If cell size is
sufficiently small in the length scale determined by the gradients of extracellular concentra-
tions, then the variation of these concentration at the cell size is small. Therefore we use
the values of extracellular concentrations at the cell center. These values are found from

their values at the grid points by interpolation.

Movement of cells

Since cells divide and increase their number, they can push each other resulting in cell
displacement. In order to describe mechanical interaction between cells, we restrict ourselves
to the simplest model where cells are presented as elastic spheres. Consider two elastic

spheres with centers at the points 1 and x5 and with the radii, respectively, 1 and ry. If
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the distance hio between the center is less than the sum of the radii, v + ro, then there
is a repulsive force between them, fi2, which depends on the difference between (r; + r9)
and hpo. If a particle with center at x; is surrounded by several other particles with centers
at the points x;,7 = 1,...k, then we consider the pairwise forces f;; assuming that they
are independent of each other. This assumption corresponds to small deformation of the
particles. Hence, we find the total force F; acting on the i-th particle from other particles,
F; =5, fij. The motion of the particles can now be described as the motion of their centers

by Newton’s second law

MT; + mut; — Z fij =0,
JF#i

where m is the mass of the particle, the second term in the left-hand side describes the
friction by the surrounding medium, and the third term is the potential force between cells.

We consider the force between particles in the following form

ho—h;;
o 7}1“_0(%_]}11) R h() — hi < hij < h()
fl] = 5
0 , hij > ho

where h;; is the distance between the particles ¢ and j, ho is the sum of cell radii, K is a
positive parameter, and h; accounts for the incompressible part of each cell. This means
that the internal part of the cell is incompressible. It allows us to control compressibility of
the medium. The force between the particles tends to infinity when h;; decreases to ho-h;.

When a cell center crosses the boundary of computational domain, it is removed from
the simulations. Under some conditions, cells can also be removed even if they are inside
the computational domain. In particular, in the case of cell death or, in the case of blood
cells in the bone marrow, if they leave bone marrow into the blood flow. When a new cell

appears, we prescribe it initial position and initial velocity.
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Cell properties and division

Biological cells considered in hybrid models are characterized by certain parameters such
as their type, duration of cell cycle, initial radius and initial values of intracellular proteins.
These values are given to each cell at the moment of its birth. Some other cell properties
are variable and they can change during it life time. In particular, cell age, radius, position
and current values of intracellular proteins. These values are recalculated at every time
step.

Some of cell properties can be given as random variables. For example, duration of
cell cycle is considered as a random variable with a uniform distribution in the interval
[T — 6T, T + 0T). Initial protein concentrations can also be considered as random variables
in some given range.

Cell fate is determined at the end of cell cycle. At the first stage, they make a choice
between apoptosis and survival. If they survive and divide, they make a choice between
self-renewal and differentiation. In both cases, the choice is determined by the values of
intracellular proteins.

During cell cycle, cell radius grows linearly. It becomes twice the initial radius at the end
of cell cycle. Then mother cell is replaced by two daughter cells. Geometrically, two circles
with the initial radius are located inside the circle with twice larger radius. The direction
of cell division, that is the direction of the line connecting the centers of daughter cells,
is random. This is specific for cell division in hematopoiesis. In some other applications,
direction of cell division can be prescribed.

Let us also note, that cell volume in the model is not preserved after division. The
total volume of the daughter cells is twice less than the volume of the mother cell before its
division. Since cells in the bone marrow are sufficiently sparse, preservation of their volume
during division is not essential. It can be important in some other applications where cell

density is large and the forces acting between cells should be found more accurately.
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1.3.2 Hematopoiesis

Hematopoiesis is a complex process that begins with hematopoietic stem cells and results in
production of erythrocytes, platelets and leucocytes. This process is controlled by numerous
local and global regulatory mechanisms. If some of them do not function properly, various
blood diseases can appear. In particular, excessive proliferation of immature cells can lead
to leukemia and other malignant diseases.

In this work we will study erythroid lineage of erythropoiesis beginning with lineage
choice and then its further progression till mature erythrocytes in the blood flow. We will
see that this process is tightly regulated by intracellular proteins, growth factors in the

extracellular matrix and hormones.

Lineage choice

We begin to model hematopoiesis with a lineage choice of bipotent megakaryocytic-erythroid
progenitor (MEP). In this model, cell-cell interaction can be neglected, and extracellular
regulation is not included.

In Section 2.1, we will continue to develop the hybrid model of erythropoiesis. It couples
cell dynamics with intracellular and extracellular regulations. It is important to emphasize
that we do not impose cell fate as a given parameter (deterministic or stochastic) as it is
conventionally done in cell population dynamics. Cell fate is determined by intracellular
regulation of protein concentrations and by its environment.

The study of erythropoiesis begins with differentiation of megakaryocytic-erythroid pro-
genitors (MEP) into one of two lineages, BFU-E and BFU-MK. Intracellular regulation of
MEP cells is based on the transcription factor GATA-1 and proteins FLI-1 and EKLF. We
will show how this regulation determines the lineage choice and the proportion of two types
of differentiated cells, BFU-E (burst forming unit erythroid) and BFU-MK (burst forming
units-megakaryocytic). The former are engaged in the erythroid lineages, the latter lead to
the appearance of platelets.

We will also investigate the role of stochasticity in the intracellular regulation. Random
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variations in the initial intracellular concentrations of newly born cells will determine their
choice between self-renewal and differentiation. In the case of immature cells MEP, random
initial concentrations of intracellular proteins determine their further development and the
choice between two lineages. In the case of deterministic initial conditions all cells will have

the same fate, and lineage choice cannot be described.

Thus, in this section we have developed hybrid model of MEP cell choice between two lin-
eages, erythroid and megakaryocytic. We have shown how the intracellular requlation based
on GATA-1, FLI-1 and EKLF and random initial concentrations of intracellular proteins

determine cell fate and proportion of cells of two different lineages.

Erythropoiesis

Production of red blood cells in the bone marrow occurs in small units called erythroblastic
islands. They consist of a central macrophage surrounded by erythroid cells with various
levels of maturity. Their number can vary from several up to about 30 cells. Some of
the erythroid cells produce Fas-ligand that influences the surrounding cells by increasing
intracellular Fas activity.

In order to describe erythropoiesis, we use hybrid discrete-continuous models where cells
can divide, differentiate, die by apoptosis, move and interact mechanically with each other.

We consider a simplified model of molecular network that integrates multiple microen-
vironmental influences within the erythroblastic island with those of circulating regulators
of erythropoiesis, such as EPO and glucocorticosteroids.

We compare erythropoiesis in mice and in humans. Our modeling results predict a more
rapid recovery from acute anemia by mice compared to humans due to the more central
location in murine erythroblastic islands of the main producers of Fas-ligand, the early
stage-erythroblasts, as compared to the more peripheral location in human erythroblastic
islands of the main producers of Fas-ligand, the late-stage erythroblasts. This prediction
was confirmed by in vivo experimental evidence and clinical observations. Results are also

consistent with experiments demonstrating enhanced proliferation in vitro of those erythroid
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(a) in mice (b) in human

Figure 1.7: Typical structure of an erythroblastic island in the simulations : Fas-ligand produced
by early-stage erythroblasts (left) or by late-stage erythroblasts (right). The large cell in the center
is a macrophage, yellow cells - CFU-E/Pro-EBs and differentiating erythroblasts, blue - late-stage
mature erythroblasts and reticulocytes, level of green - concentration of the growth factor (G)
produced by the macrophage, level of red - concentration of Fas-ligand. Black circles inside cells
show their incompressible parts.

cells that are most closely associated physically with central macrophages.

Thus, in this section we have developed hybrid model of erythropoiesis. We describe
its functioning in normal and stress (anemia) conditions. We obtain a good description of
experimental results and of clinical data. We also show that central macrophage is necessary
to stabilize erythroblastic islands. Multiple islands without macrophage are unstable and
cannot be stabilized by the hormone erythropoietin. On the other hand, erythroblastic islands
with macrophages show a stable and robust behavior in a wide range of parameters. Finally,
we modeled erythropoiesis in mice and in humans and explained the difference between them.
This difference shows that in some cases murine erythropoiesis cannot be used as a biological

model of human erythropoiesis.

1.3.3 Blood diseases
Myeloma

Multiple myeloma (MM) is a relatively common disease that is characterized by bone mar-

row infiltration with malignant plasma cells and, very frequently it leads to a malignancy-
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associated chronic anemia. Multiple myeloma cells proliferate and form a tumor that grows
and gradually fills the whole space. When it arrives to erythroblastic islands, it destroys
them by the direct mechanical contact. Moreover, malignant cells produce Fas-ligand and

TRAIL protein which stimulate apoptosis of erythroid progenitors.

Figure 1.8: Left: erythroblastic islands (at the bottom of the picture), cancer cells (at the
top of the picture). Right: disappearance of erythroblastic islands due to the invasion of
cancer cells.

In order to model multiple myeloma, we use the model of normal erythropoiesis described
above. Moreover, we introduce in the model malignant cells that do not differentiate and
do not die by apoptosis. They proliferate and produce Fas-ligand stimulating apoptosis of
normal erythroid cells. As a consequence, the normal structure of erythroblastic island is
destroyed by mechanical action of tumors and by apoptosis induced by myeloma cells.

One of the consequences of the disease is the destruction of erythroblastic islands and
appearance of severe anemia. The organisms tries to resist producing hormone erythropoi-
etin that stimulates production of red blood cells. Treatment with additional erythropoietin
can also be considered. In the model, action of erythropoietin is taken into account through
the critical level of intracellular protein Fas which determines apoptosis of erythroid pro-
genitors. Erythropoietin increases this critical level and more erythroid progenitors survive

resulting in the increased production of erythrocytes.

Thus, we suggest a model of multiple myeloma. We show how it develops and influences
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functioning of erythropoiesis. It leads to the development of anemia that can be partially

compensated by treatment with hormone erythropoietin.

Lymphoma

Lymphoma is a disease characterized by the appearance of tumor in the thymus, an or-
gan located in the thorax. The volume of the tumor increases and provokes important
respiratory difficulties. We study lymphoma development in children and its treatment by
chemotherapy. Patients are treated during two years, though according to some estimates,
patients can be over-treated. The purpose of this simulation is to study the number of re-
lapses as a function of the duration of treatment and of the doses of drugs, mainly purinethol
and methotrexate.

In order to study lymphoma, we begin with modeling of healthy thymus. The model is
based on the same approach as we used before to model normal erythropoiesis and multiple
myeloma. Cells are considered as individual objects. Their fate is determined by the
intracellular regulation and it is influenced by growth factors produced bo other cells.

In Section 3.2, we will model T cells formation in the thymus containing precursors,
double negative (DN), double positive (DP) and simple positive (SP) cells. After differ-
entiation, these cells give rise to T lymphocytes. The proportions of each kind of cells
remain approximately constant in a healthy individual. Thymus provide a constant T cells
production compensating apoptosis. In simulations, apoptosis is modeled by a probability
of remaining alive for each cell type. Nurse cells produce growth factor which promotes
self-renewal of thymocytes. The thymocytes located sufficiently far from the nurse cells will
differentiate else they will self renew.

A single mutated cell begins to proliferate and causes tumor. Malignant cells self-renew
at the end of each cell cycle with a given probability. They grow exponentially and invade
the thymus and push out normal cells.

The action of chemotherapy on thymus is simulated by intracellular drug concentration

given by physiologically based pharmacokinetic model (PBPK) in time, for various values of
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parameters. If the intracellular drug concentration reaches some critical level at the end of
cell cycle, then the cell dies. Malignant cells are gradually eliminated, the tumor disappears,
precursors enter the thymus and recreate its normal structure.

We simulated maintenance treatment and analyzed the number of relapses as a function
of duration of treatment. The results of the simulations correspond to the database EuroLB.
They show that the duration of treatment can be reduced from 24 month, as it is the case

in clinical practice, to 12 month with the same proportion of relapses.

Resistance to treatment. We study the resistance to treatment in the case of lym-
phoma. Let us recall that malignant cells die if the intracellular concentration of drug
reaches some critical level p.. This value can be different in different cells. Hence different
cells have different sensibility to treatment. On the other hand, we assume that when lym-
phoma cells divide, daughter cells can have different values of p. in comparison with the
mother cell. Since cells with a larger value p. have a better probability to survive, then

more and more resistent cells will emerge in the process of treatment.

In the study of lymphoma, we have developed a hybrid model which describes normal
functioning of thymus and the development of the disease. We model treatment of lymphoma
and analyze the response of virtual patients to treatment. We show that the duration of
treatment can possibly be reduced with the same proportion of relapses. Finally, we model

the development of the resistance to treatment.

1.3.4 Existence and dynamics of pulses

Biological cells can be characterized by their genotype. Cells of the same type have a lo-
calized density distribution in the space of genotypes. This distribution can evolve under
the influence of various external factors. In particular cancer cells can adapt to chemother-
apy treatment resulting in appearance of resistant clones. This process is called Darwinian
evolution of cancer cells [27]. We studied above the emergence of resistance with hybrid

discrete-continuous models in the case of lymphoma treatment. In this chapter we analyze
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this process with reaction-diffusion equations. We will consider the scalar reaction-diffusion

equation
ou 0%u

on the whole axis. The typical example of the nonlinearity is given by the function
F(u,z) = u*(1 —u) — o(z)u, (1.3.7)

where the first term describe the rate of cell birth and the second term the rate of their
death. Let us note that the space variable x here corresponds to cell genotype, u(x,t) is
the cell density which depends on = and on time ¢. The diffusion term describe variation
of genotype due to mutations, the mortality term depends on the space variable, that is on

cell genotype.

Monostable case

If K =1 and o(x) = const, then this equation does not have localized stationary solutions.
In order to describe cell populations with localized genotype which correspond to certain
cell type, we need to introduce space dependent mortality coefficients. This means that
cells can survive only in a certain range of genotypes (survival gap).

Consider now cell population dynamics if there are two survival gaps, that is two intervals
of genotype where cells can survive. We will consider the model with global consumption of
resources where all cells consume the same nutrients and their quantity is limited. In this

case, the function F' in (2.2.20) is replaced by the functional

F(u, 2, J(u) = u*(1 — J(u)) — o(x)u, J(u)= /OO u(y, t)dy.

Hence we consider a nonlocal reaction-diffusion equation.
Suppose that initially all cells are located in the first survival gap (Figure 1.9). If we

increase the mortality coefficient there, then this cell population disappears. Instead of
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it, another cell population appears in the second gap. This behavior can be explained as
follows. Cells located in the first survival gap consume all nutrients and do not allow cells
in the second gap (which are present because of mutations) to proliferate. When cells from
the first gap are removed, nutrients become available and cells in the second gap proliferate
restoring a similar population with another genotype. This is one of possible mechanisms
of emergence of cell clones resistant to chemotherapy in the process of treatment.

u u u

—_— J L
All cells consume the same nutrient X Chemotherapy X New cells with a different genotype X

Figure 1.9: Development of the resistance to treatment. In the beginning all cells are located
in the first survival gap. They do not appear in the other one because they do not have
enough nutrients. If cells in the first survival gap are eliminated by chemotherapy, then
more resistent cells in the second survival gap will appear.

Bistable case

Cancer cells can accelerate their proliferation due to cell-cell interaction. In this case the
proliferation rate is proportional to u* with & > 1 and not with k = 1 considered above.
Then we obtain a bistable equation. This equation has stable stationary pulses even in the
case where o(z) = const. In this case, pulse solutions can easily be constructed analytically.
However if the function o(z) is not constant, then this simple analytical construction is not
applicable. We study the existence of pulse solutions of this equation in Chapter 4.

We use the the Leray-Schauder method based on topological degree and a priori es-
timates of solutions. It should be notes that the classical degree construction for elliptic
problems in bounded domains is not applicable here since we consider the problem on the
whole axis. We apply the degree construction for Fredholm and proper operators with the

index zero. Therefore we need to study the properties of the corresponding operators. The
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main difficulty of the application of the Leray-Schauder method is related to a priori esti-
mates of solutions. We develop a special approach which allows us to obtain the estimates
in weighted Holder spaces which are introduced in order to define the degree. The following

theorem is proved.

Theorem. If the function F(w,x) satisfies conditions:

OF (w, x)

F0,z)=0, z>0; o

<0, w>0, z>0

F(w,z) <0, Vx> 0,w > wy.

and the function Fy(w) satisfies conditions:

F (0) <0, Fy(w)<0 for w>wy

/ i F. (u)du =0, / Fi(u)du # 0 Yw € (0,w), w # wp.
0 0

then the problem
w”" + F(w,z) =0, w'(0)=0

on the half-axis © > 0 has a positive monotonically decreasing solution vanishing at infinity.

It belongs to the weighted Hélder space Ej.

This theorem affirms the existence of solutions on the half-axis. The existence of pulse
solutions on the whole axis can be now obtained by symmetry. We also use this result
to prove the existence of pulse solutions for the corresponding nonlocal reaction-diffusion
equation.

In the case of time dependent problem, if the mortality rate depends on the genotype,

o = o(x), then the pulse will move in the direction where this function is less. In this
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case we have a gradual change of cell genotype due to small mutations. This evolution will
also lead to the emergence of cell clones better adapted to treatment. Thus, there are two
different mechanisms of cell evolution. In one of them, cell genotype can have large changes,

jumps to other survival gaps (k = 1), in the other one these changes are continuous.

Analyzing the reaction-diffusion equations, we proved the existence of pulse solutions for
local and nonlocal reaction-diffusion equations. We suggested two possible mechanisms of
the resistance to treatment. These mechanisms are based on the evolution of cancer cells in

the space of genotypes and on survival of more adapted cells.
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Chapter 2

Hematopoiesis

2.1 Lineage choice

2.1.1 Introduction

In this section, we discuss intracellular regulation of bipotent MEP (megakaryocytic-erythroid
progenitor) between thrombocytic and erythroid lineage. MEP can differentiate into BFU-E
(burst forming unit erythroid) progenitors or BFU-MK (burst forming units-megakaryocytic)
progenitors or self-renew in order to give rise to the two lineages of blood cells.

The ‘hybrid’ model that couples two relevant scales, intracellular protein regulation
with extracellular matrix is used to model lineage choice. An intracellular regulation of
progenitors allows to simulate this choice. Cell-cell interaction can be neglected, and the
model does not include extracellular regulation. Cell movement and their spatial position
play an important role in cell’s decision between self-renewal, differentiation and apoptosis
based on intracellular protein concentrations. We have performed numerical simulations
to model the behavior of MEP and we obtained all the expected behavior (appearance
of two lineages) concerning the commitment of progenitors by changing the parameters of

equations of an hybrid model.
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2.1.2 Intracellular regulation

The complex mechanism that induces commitment of MEP is not completely understood
but the role of some growth factors and transcription factors has been established. Indeed,
the erythroid transcription factor (zinc finger factor) GATA-1 is required for the differenti-
ation and maturation of erythroid/megakaryocytic cells [38]. Endogenous EKLF (erythroid
Kruppel-like factor) promotes the erythroid lineage choice while FLI-1 (Friend Leukemia
Integration 1) overexpression inhibits erythroid differentiation [38]. Interactions between
FLI-1 and EKLF are also involved [38], EKLF represses FLI-1 [72, 30, 144].

We will take into account intracellular regulation of MEP with GATA-1 and transcrip-
tion factors FLI-1 and EKLF. We assumed that distribution of hormones Epo and Tpo
is uniform in the bone marrow. Moreover according to biological observations there is no
communication between these cells. Therefore extracellular regulation is not present in this
model.

Let u be the concentration of the transcription factor EKLF, v the concentration of
FLI-1 and w of GATA-1. FLI-1 can form complexes with the other two factors. We will

denote them by [uv] and [vw]. Then the intracellular regulation can be described as follows:

ki ko ki k4
u+w < [uw], [uw] = nu, V4w << vw],  [vw] = ngv.
iy ky

Taking into account the mass balance w + [uw] + [vw] = wy, we obtain the system of

equations for these concentrations:

CC% = —kiu(wo — [uw] — [vw]) + (k] + niks)[uw], (2.1.1)
% = —kiv(wy — [uw] — [vw]) + (k3 + noks)[vw], (2.1.2)
d[;L;U] = ki u(wo — [uw] — [vw]) — ky [uw], (2.1.3)
d[Z;U] = k3 o(wo - [uw] — [owl]) — k5 [vw]. (2.1.4)
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Intracellular regulation described by this system of equations should be completed by con-
ditions of self-renewal of the progenitors or their commitment to one of the two lineages.
We will suppose that if concentrations of FLI-1 and EKLF are less than some critical values
at the end of cell cycle, then differentiation does not hold and the cell self-renews. If at
least one of these two concentrations is greater than the critical level, then the cell differen-
tiates. In this case, it becomes BFU-MK if the concentration of FLI-1 is greater than the
concentration of EKLF, and it becomes BFU-E otherwise (Figure 2.1).

In this model, transcription factors FLI-1 and EKLF influence the commitment of pro-

genitors in a MEP cell lineage with the following rules (cf. Figure: 2.1):

e If [FLI-1] < [FLI-1],,, and [EKLF] < [EKLF],., then self-renewal.

cri crit

e If [FLI-1] > [FLI-1],,,, and [EKLF] < [EKLF]_,, then BFU-MK production.

e If [FLI-1] < [FLI-1],.,, and [EKLF] > [EKLF], ., then BFU-E production.

crit

e If [FLI-1] > [FLI-1],.,, [EKLF] > [EKLF|_,, and [FLI-1] > [EKLF] then BFU-MK

crit?

production else [FLI-1] < [EKLF| BFU-E production.

Lineage choice by MEP depends on the different parameters and on the initial conditions of
GATA-1, FLI-1 and EKLF. Two behaviors of bipotent MEP can be observed. The statement
of rules, given above, which determine MEP fate according to intracellular concentrations

is summarized in the figure 2.1.

Figure 2.1: Phase space: concentration u
on x-axis, v on y-axis. If the concentra-
tions at the end of cell cycle are as the
coordinate point belongs to yellow region,
the considered cell self-renews. In blue re-
gion, the cell differentiates into BFU-E.
In green region, the cell differentiates into
BFU-MK. Cell fate depends on the con-
centrations v and v.
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2.1.3 Results

We carry out numerical simulations of the model presented in the previous section. Cell
cycle duration is taken to be 12 hours with a random perturbation uniformly distributed
between 0 and 7 hours. Initial concentrations are equal to a random value between 0 and
0.05 for u and v, and between 0 and 0.09 for w. Initial concentrations of [uw] and [vw] are
equal to zero. Daughter cells have the same values of intracellular concentrations as mothers
cells at the moment of cell division. The critical values of u and v, for which differentiation
occurs, are taken equal 0.2.

Figures 3.11, 3.15 and 2.4 show the results of numerical simulations. In subfigures (a) we
present evolution of intracellular concentrations u and v in time in 10 different cells. These
concentrations determine the cell fate according to Figure 2.1. The initial concentration of
w and v in each cell is randomly distributed in the square [0, 0.05] x [0, 0.05]. Subfigures (b)
and (c) show snapshots of cell populations and the evolution of cell number in time.

Number of cells

W

- Tinl?ilnin)
(a) Concentrations u and v (b) Snapshot of cell popula- (¢) Number of MEP (red) and
in 10 cells tion BFU-MK (green) cells as a func-

tion of time

Figure 2.2: Evolution of the population of MEP cells for the values of parameters k:l+ =
0.005, k; = 0.008, ko = 0.01, k5 = 0.005, k3 = 0.008, ks = 0.1. In Figure 2.2(a), curves
of the phase space are majority located above the first bisector. MEP cells self-renew and
differentiate into BFU-MK cell lineage as shown in Figure 2.1. The Figures 2.2(b) and 2.2(c)
show the evolution towards BFU-MK cells and gradual disappearance of self-renewal.

Depending on the values of parameters, different regimes of cell population dynamics
are observed. If production of the intracellular concentration v (EKLF) is slower than

of the concentration v (FLI-1), then cells MEP basically differentiate into the BFU-MK
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(a) Concentrations v and v in (b) Snapshot of cell popula- (c¢) The same cell population
10 cells tion some time later

Figure 2.3: Evolution of the population of MEP cells for the values of parameters ki =
0.005, k; = 0.008, ky = 0.1, k; = 0.005, k5 = 0.008, k4 = 0.2. MEP cells self-renew
and differentiate into BFU-E cell lineage. In Figure 2.3(a), curves of the phase space are
majority located bellow the first bisector, there is commitment into BFU-E lineage as shown
in Figure 2.1. The Figures 2.3(b) and 2.3(c) show the evolution towards BFU-E cells and
gradual disappearance of self-renewal.

/ -, Number of cells
o '
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Iz " TimEmin
(a) Concentrations u and v (b) Snapshot of cell popula- (¢) Number of MEP cells
in 10 cells tions (red), BFU-MK (green) and

BFU-E (blue) as a function

of time

Figure 2.4: Evolution of the population of MEP cells for the values of parameters ki =
0.002, k£ = 0.003, ko = 0.1, k; = 0.004, k5 = 0.00329, k4 = 0.1. Both lineages of
differentiated cells BFU-E and BFU-MK are present. In Figure 2.4(a), curves of the phase
space are distributed around the first bissector, there is commitment into BFU-E and BFU-
MK lineage as shown in Figure 2.1. The Figures 2.4(b) show the coexistence of the three
type of cells. Figure 2.4(c) show the evolution towards BFU-E and BFU-MK cells and
gradual disappearance of self-renewal.

lineage. There is weak self-renewal observed for the values of parameters in Figure 3.11,
and after several cell cycles all cells differentiate. An opposite situation is shown in Figure
3.15 where MEP cells differentiate into BFU-E. As before, the self-renewing activity is weak

and after several cell cycles all cells differentiate. For the intermediate values of reaction
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rates, both lineages of differentiated cells are present (Figure 3.16). If we decrease the
rate of production of the intracellular proteins EKLF and FLI-1, then some of the MEP
cells can remain undifferentiated and preserve their self-renewal capacity. Let us also note
that the distribution of initial protein concentrations can influence the dynamics of the cell
population.

Thus we show how intracellular regulation of MEP cells influence their differentiation
in one of the two lineages. The balance between them can be controlled by the hormones
EPO stimulating production of erythrocytes and TPO stimulating production of platelets.
Their concentrations influence the parameters of the intracellular regulation of the MEP
cells and can increase production of one of the two cell types decreasing production of the

other one.
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2.2 Erythropoiesis

2.2.1 Introduction

The erythroid lineage of hematopoiesis begins with early erythroid progenitors that dif-
ferentiate into more mature cells, the erythroblasts, which subsequently differentiate into
reticulocytes. They leave the bone marrow and enter the bloodstream where they finish
their differentiation and become erythrocytes. Erythropoiesis occurs in the bone marrow
within small units, called erythroblastic islands. In wvivo, erythroblastic islands consist of
a central macrophages surrounded by erythroid cells of different maturation stage. Pro-
genitor stage of colony-forming units-erythroid (CFU-Es) are situated close to macrophage
while reticulocytes are at the periphery of the island [40]. CFU-Es make a choice between
three possible fates. They can increase their number without differentiation, differentiate
into reticulocytes or die by apoptosis. Complex intracellular protein regulation determines
CFU-E fate.

We develop a multi-scale model of erythroblastic islands which takes into account in-
tracellular regulation, cell-cell interaction and extracellular regulation. The intracellular
regulation of erythroid progenitors describes the choice between self-renewal, differentiation
and apoptosis. Intracellular regulatory mechanisms involved in progenitor cell fate are nu-
merous and not completely known. This is an active area of biological research where new
data appear and where there is no clear understanding of the underlying biological mecha-
nisms. Therefore different approaches are possible in describing intracellular regulation.

Three models of intracellular regulation of erythroid progenitors are presented in this
chapter. The first model (Section 2.2.2) is suggested in [20]. It is based on the interaction of
two proteins: Erk (Extracellular signal-regulated kinases) and Fas. They inhibit each others
expression. ERK promotes self-renewal, while Fas controls differentiation and apoptosis.

The second model (Section 2.2.3) takes in count three proteins, Erk, BMP4 (Bone
Morphogenetic Protein 4) and Fas. These proteins control differentiation, self-renewal and

apoptosis of erythroid progenitors. This model can also be considered as a more general
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example applicable in other situations where each of cell fates is controlled by some protein.

According to more recent data, the third model contains four proteins: activated glu-
cocorticosteroid receptor (GR), activated BMPRA4 receptor (BMP-R), transcription factor
GATA-1 and activated caspases (Section 2.2.4). This model describes intracellular dynamics
represented by regulatory networks based on specific protein competition. This intracellular
dynamical level, represented by ordinary differential equations, is influenced by extracel-
lular substances represented by partial differential equations. The cell fate depends on its
environment, the extracellular regulation and on the intracellular regulation. Stochasticity
due to random events (cell cycle duration, orientation of the mitotic spindle at division)

and small population effects also plays an important role.

2.2.2 Regulation by proteins Erk and Fas
Intra- and extra- cellular regulation

Recent studies have proposed that there is competition between two key proteins: ERK,
which stimulates proliferation without differentiation, and Fas which stimulates differenti-
ation and apoptosis [128]. ERK is involved in a self-renewal loop, while Fas controls differ-
entiation and also triggers cell apoptosis. Fas is activated by extracellular Fas-ligand that is
produced by mature erythroblasts and reticulocytes [107]. This regulation demonstrates a
bistable behaviour that provides the choice between cell self-renewal and differentiation or
apoptosis [62, 55]. One of the most important regulator of erythropoiesis is erythropoietin
(EPO), a hormone released by the kidneys in quantities that are inversly proportional to
the number of erythrocytes in blood. EPO protects erythroid progenitors from apoptosis
through the binding to the erythropoietin receptor (EPO-R) [92].

Based on the current knowledge, in a first model (2.2.2), we decided to focus on a
simplified regulatory network based on two proteins, Erk and Fas, responsible respectively
for cell self-renewal and proliferation and cell differentiation and apoptosis [107, 128]. These
proteins are antagonists: they inhibit each other’s expression. They are also subject to

external regulation, through feedback loops.
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One of these feedback loops is based upon the population of reticulocytes. They pro-
duce Fas-ligand which is fixed to their exterior cell membrane. Fas-ligand activates Fas,
a transmembrane protein and influences progenitor differentiation and apoptosis. Another
feedback control is related to mature erythrocytes in bloodstream. Their quantity deter-
mines the release of erythropoietin and other hormones, called growth factors. Erythro-
poietin is known to inhibit erythroid progenitor apoptosis [92] and to stimulate immature
erythroid progenitor self-renewal [61]. Other hormones, like glucocorticoids [62, 55|, also
increase progenitor self-renewal by activating Erk.

The simplified system of Erk-Fas interactions considered as the main regulatory network

for erythroid progenitor fate is then [55]

dE

—= = (a(Bpo,GF) + BE*)(1 - E) — aF — bEF, (2.2.5)
%f = (L)1 = F) - cEF — dF, (2.2.6)

where £ and F' denote intracellular normalized levels of Erk and Fas. Equation (2.2.5)
describes how Erk level evolves toward maximal value 1 by activation through hormones
(function « of erythropoeitin, denoted by Epo, and other growth factors, denoted by G)
and self-activation (parameters 5 and k). In the meantime, Erk is linearly degraded with a
rate a and is inhibited by Fas with a rate bF. Equation (2.2.6) is very similar, only there
is no proof for Fas self-activation. Fas is however activitated by Fas-ligand, denoted by
Fp,, through the function v(Fp), it is degraded with a rate d and it is inhibited by Erk
with a rate cFE. Critical values of Erk and Fas, denoted by E.. and F., correspond to
self-renewal and apoptosis, respectively, when they are reached. If at the end of the cell
cycle intracellular concentrations of Erk and Fas do not reach their critical values, then cell
differentiates.

Reticulocytes and erythrocytes (differentiated cells) produce Fas-ligand.

oFry,

W = DFLAFL+WFL_UFLFL7 (227)
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where Wg, = kp, Ce is a source term depending on the number of reticulocytes, o, is
degradation rate, and Dp, is diffusion rate. If the diffusion coefficient D, is sufficiently
small, then Fas-ligand is concentrated in a small vicinity of reticulocytes. In this case,

Fas-ligand influences erythroid progenitors when they are sufficiently close to reticulocytes.

Results

The goal is to compare results of computations and experimental results. This experimental
data gives the increase in the size of the culture erythroid progenitors and the ratio of
reticulocytes and erythrocytes (differentiated cells) for six days (cf. experimental data in

Table 6.1 and value of parameters in Table 6.7 of Section 6.2).

Biology experience. Biological date were obtained under the following conditions: Nor-
mal bone marrow cells were prepared from 19 days old SPAFAS embryos and grown as
T2ECs in a medium consisting of a-modification of Eagle’s medium (a-MEM) containing
10% FBS (Gibco BRL); 1% normal chicken serum (NCS; Gibco BRL); 10~* M betamercap-
toethanol (Sigma); 5 ng/ml TGF-a; 1 ng/ml TGF-31; 10~° M Dexamethasone and 1 % of
a 100 X antibiotics solution(penicillin plus streptomycin; Flow Laboratories) as previously
described [75]. T2ECs were induced to differentiate at 10° cells/ml by the concomitant
removal of TGF-a, TGF-f and Dex from the medium and the addition of 10 ng/ml insulin
and of 5% Anemic Chicken Serum (ACS). The differentiation level was assessed by acidic
benzidine staining for revealing hemoglobin-containing(mature) cells. The preparation of
ACS as well as the estimation of the level of differentiation by acidic benzidine staining

have been previously described [74].

Simulation of cells culture. The simulation begins with a culture of 98 progenitors (see
Figure 2.5). Behavior of the culture depends on the quantities of Erk and Fas in the cells.
At first, these progenitors have low random initial quantities. This small perturbation is
made to induce the appearance of the first reticulocytes. If the initial values of Erk and Fas

(Eop and Fp) are equal to 0, only one choice can be observed (differentiation or self-renewal).
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Figure 2.5: Growth of cells culture. After
several divisions, progenitors (yellow) be-
come reticulocytes (blue) which produce a
growth factor: Fas-ligand (red halo). Af-
ter one cycle, reticulocytes become ery-
throcytes (purple): cells do not divide in

this model.
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Figure 2.6: Left: proportion of differentiated cells (reticulocytes, erythrocytes) to all cells
over time. Right: accumulation of total number of cells. Different curves correspond to
different amplitude of stochastic variation of initial activities of ERK and Fas in newly
formed cells. Blue curve corresponds to the case where the initial activity of ERK is
between 0 and 0.015, Fas between 0 and 0.01, with a uniform probability distribution. Red,
black and green curves correspond to 0=0.15, 0.01, 0.007 respectively (see the explanation
in the text). Normalized cell number: the ratio of the current cell number to the initial
cell number. The initial cell number is 2.10° for the experiment and 98 for the numerical
simulations. Curves made with the mean of 3 simulations.

Reticulocytes produce a protein Fas-ligand which promotes differentiation and apoptosis.

Comparison between in vivo and in silico cells culture. The quantities of proteins
in the cells are given by the equations (2.2.5)-(2.2.6), so the behavior of the progenitors
depends on the parameter values of the system. The most significant are « and ~. For
exemple with a=0.000037 all the progenitors choose division, with a=0.000035 all the pro-
genitors choose differentiation after one cycle. To do some comparison between simulation
and experimental results, curves of cells number as a function of time are set out.

The evolution of the cells culture is similar in vitro experiment and in the calculation.

50



Almost all the progenitors no longer divide and become reticulocyte. After one cellular

cycle, reticulocytes all become erythrocyte.

The role of stochasticity in initial conditions. Curves of Figure 2.6 show the influ-
ence of initial conditions. In this simulation, initial quantities of Erk and Fas are randomly
distributed between between 0 and c. If ¢ is less than 0.005, each division give only pro-
genitors. If ¢ is between 0.005 and the threshold there is self-renewal and differentiation. If
the thresholds are exceeded, it is possible that some or all cells die during the first division.
In this case the next generation born of surviving cells was similar behavior to that shown

by the curves.

2.2.3 Regulation by proteins, glucocorticoids and transcriptions factors
Extracellular regulation

A population of cells is numerically simulated in a 2D computational domain which is a
rectangle. Each cell is a discrete object, an elastic ball, considered to be circular and
composed of two parts: a compressible part at the border and a hardly compressible part
at the center. All newborn cells have the same radius ry and linearly increase in size until
the end of their cycle, when they reach twice the initial radius. When a cell divides, it gives
birth to two small cells side by side, the direction of division being chosen randomly. From
a biological point of view, cell cycle proceeds through Go/G1, S, G2 and M phases. We
assume the duration of Go/G; phase is a random variable with a uniform distribution in
some given interval [79], other phase durations are supposed to be constant.

Several cell types are computed. Erythroblasts, which are immature erythroid cells, also
known as erythroid progenitors. They follow the growth rules explained above and their
fate is determined as described in Section 2.2. They either self-renew and give two cells of
the same type, or differentiate and give two reticulocytes, or die by apoptosis, depending
on their exposition to growth factors and Fas-ligand.

Reticulocytes, are almost mature red blood cells that leave the bone marrow and en-
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ter the bloodstream after ejecting their nuclei. In this individual-based model, they are
differentiated cells which stay in the bone marrow a little while after being produced, and
leave the bone marrow (computational domain) at the end of one cell cycle. Contrarily to
erythroblasts, reticulocytes do not have a choice to make, they only express Fas-ligand on

their surfaces, thus influencing the development of surrounding erythroblasts.

Organization and modeling of erythropoiesis

Erythropoiesis represents a continuous process maintaining an optimal number of circulat-
ing red blood cells and tissue oxygen tension. It occurs mainly in the bone marrow where
erythroid progenitors, immature blood cells, which can proliferate and differentiate, un-
dergo a series of transformations to become erythroblasts (mature progenitors) and then
reticulocytes which subsequently enter the bloodstream and mature into erythrocytes. At
every step of this differentiation process, erythroid cells can die by apoptosis (programmed
cell death) or self-renew [73], [75]. Numerous external regulations control cell fate by mod-
ifying the activity of intracellular proteins. Erythropoietin (Epo) is a hormone synthesized
in the kidney in response of decrease in tissue oxygen level. Epo promotes survival of early
erythroblast subsets by negative regulation of their apoptosis through the action on the
death receptor Fas [92].

Glucocorticoids [73], [75] and some intracellular autocrine loops [75], [135] induce self-
renewal. Previously considered by the authors [55], [70], Erk (from the MAPK family)
promoting cell self-renewal inhibits Fas (a TNF family member) [128]. The cell fate depends
on the level of these proteins. In addition to global feedbacks, there is a local feedback
control through cell-cell interaction, during which Fas-ligand produced by mature cells binds
to the membrane protein Fas inducing both differentiation and death by apoptosis [107].

The process of erythroid maturation occurs in erythroblastic islands, the specialized
niches of bone marrow, in which erythroblasts surround a central macrophage which influ-
ences their proliferation and differentiation [40], [154]. However, erythropoiesis has been

mainly studied under the influence of Epo, which can induce differentiation and prolifera-
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tion in witro without the presence of the macrophage. Hence, the roles of the macrophage
and the erythroblastic island have been more or less neglected.

We will use a hybrid discrete-continuous model developed in [21], [24] in order to bring
together intracellular and extracellular levels of erythropoiesis as well as to study the im-
portance of spatial structure of erythroblastic islands in the regulation of erythropoiesis.
We focus in particular on the role of the macrophage in erythroid cell proliferation and
differentiation and its role in the erythroblastic island robustness. To our knowledge, this is
the first attempt to model erythropoiesis by taking these aspects into account. In the pre-
vious models [70], [97] it was supposed that Fas-ligand was produced by mature erythroid
cells [107]. This assumption corresponds to human erythropoiesis. In this work we study
the production of red blood cell in mice taking into account the co-expression of Fas and

Fas-ligand by immature erythroid progenitors, particularly in spleen [91].

Erythroblastic islands

Production of red blood cells in the bone marrow occurs in small units called erythroblastic
islands. They consist from a central macrophage surrounded by erythroid cells with a
various level of maturity. Their number can vary from several cells up to about 30 cells.
Some of the erythroid cells produce Fas-ligand which influences the surrounding cells by
increasing intracellular Fas activity. These are immature cells in murine erythropoiesis
[91] and more mature cells in human erythropoiesis [107]. On the other hand, macrophages
produce a growth factor (like SCF, Ephrin-2 or BMP-4 [124]) which stimulates proliferation.
In addition, immature cells are subject to a feedback control mediated by mature red blood
cells circulating in the bloodstream, representing the action of Epo. Concentration of Epo
in the computational domain is supposed to be uniform, so all cells are similarly influenced
by Epo (Figure 2.7).

The concentrations of Fas-ligand F, and of the growth factor GG, produced by macrophages,
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Figure 2.7: Intracellular and extracellular regulation that determine erythroid progenitor
fate.

in the extracellular matrix are described by the reaction-diffusion equations:

F
88;/ = D1AF + W1 — 01 Fp, (2.2.8)
% = DoAG + Wy — 09G. (2.2.9)

where W7 and W5 are the constant source terms, the last terms in the right-hand sides of
these equations describe their degradation, D1 and Dy are diffusion coefficients.

Complete intracellular regulatory mechanisms involved in erythroid progenitor cell fate
are very complex and not yet elucidated. Based on the current knowledge, we consider
a simplified regulatory network with three groups of proteins and hormones. The first
group, denoted by u, consists of proteins and hormones, such as protein Erk, BMP4 and
glucocorticoids, involved into self-renewal. The second group, denoted by v is represented
by GATA-1 [5], promoting erythroid progenitor differentiation. The last group, denoted by
w, is represented by protein Fas inducing apoptosis. Moreover, self-renewal proteins inhibits
apoptotis and differentiation. Intracellular regulation in erythroid progenitors is described

by the ordinary differential equations:
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du

R 2.2.10
dt m ( )
dv

— = 1— 2.2.11
i Y2(1 — Bruv) ( )
dw

- = (1= Buw), (2.2.12)

At the end of cell cycle, if u < v, progenitors differentiate, if u > v, then progenitors
self-renew. If w > w, then the cell dies by apoptosis at any moment of time during cell
cycle. The quantity w being different in different cells, some of them die and some other cells
survive. The intracellular regulation is influenced by the extracellular variables through the

coefficients v and ~s:

M=% +71G, v2=99+13Epo, v3="3+5FL.

The concentration of Epo is constant in these simulations. Therefore the value of the
coefficient 75 is the same for all cells, while the values of the coefficients v; and 3 depend
on the cell position with respect to the macrophage and to other erythroid cells. Indeed, v;
depends on the quantity of G produced by the macrophage. This quantity is calculated for
each cell at each moment of time. Similarly, the quantity of Fy, influences 3. Let us note,
that the threshold w,, also depends on the concentration of Epo. Since Epo downregulates
cell apoptosis, w,, increases with the increase of Epo.

After each cell division, initial concentrations u, v, w in the daughter cells are set equal
to the half of the concentration in the mother cell. Cell cycle is taken 24 hours plus/minus
random value between 0 and 12 hours. The first generation of progenitors has the initial
concentrations of u,v,w given as a random variable uniformly distributed in the intervals
[0, ugl, [0, vo] and [0, wp]. Random perturbations in initial conditions are important to
describe experiments in cell culture without macrophages (not presented here). In this

case, if the initial protein concentrations are the same for all cells, they will have the same
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fate. However the experiments show this fate can be different for different cells.

A typical structure of erythroblastic islands is shown in Figure 2.13. It consists of a
macrophage and two other types of cells, immature progenitors (yellow) and reticulocytes
(blue). Macrophage expresses a growth factor (green) driving nearby erythroblasts toward
self-renewal. In mice Fas-ligand (red) is produced by undifferentiated cells (Figure 2.13,
left), while in human by differentiated cells (Figure 2.13, right). We will consider below
only erythropoiesis in mice. The results of modeling will be compared with experiments in
the subsequent work. Model of human erythropoiesis can be found in [70].

With a suitable choice of extracellular and intracellular parameters, functioning of the
island is stable (Figure 2.8, left). It contains in average 25 erythroid progenitors and 5
reticulocytes. The influence of the most important parameters on the erythroblastic island
is estimated and shown in Figure 2.8 and 2.9. Periodic oscillations in the number of cells
are related to the cell cycle.

An important characteristic of erythroblastic islands is the rate of production of pro-
genitors and reticulocytes, which determine the number of erythrocytes in blood. We study
how this production depends on the parameters w.., 71 and 73. First, we will focus on
the global feedback control mediated by Epo. When w,, increases, the size of the island
also increases due to decreased apoptosis of immature progenitors. Consequently, there are
more cells at the perimeter of the island. They have a tendency to differentiate since they
are far from the macrophage which promotes self-renewal. Therefore, increasing of the Epo
level increases the production of reticulocytes (Figure 2.8, right).

Increase of v, promotes self-renewal and augments the number of immature progenitors.
Consequently, the number of reticulocytes also increases (Figure 2.9, left). When we in-
crease the value of 49, which influences the differentiation rate, the number of reticulocytes
decreases. For sufficiently large values of this parameter, the island disappears after several
cell cycles (Figure 2.9, right). Let us note that we split here the action of Epo on cell
differentiation from its action to downregulate apoptosis. In wvivo, Epo acting on both of

them stimulates production of erythrocytes.
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Figure 2.8: The number of progenitors (red curve) and reticulocytes (blue curve) in time
(left). Average in time number of progenitors and reticulocytes for different values of the
parameter w., (right). Each curve is obtained as a mean value for 10 simulations.
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Figure 2.9: Average in time number of progenitors and reticulocytes for different values of
71 (left) and 49 (right) (mean values for 10 simulations).

Tis new model of erythropoiesis taking into account intracellular and extracellular reg-
ulations and cell-cell interaction. Competition between three groups of proteins that de-
termine the cell fate has been considered with continuous models (ordinary differential
equations) whereas cells have been studied as discrete objects. Extracellular regulatory
network are described by partial differential equations. The model suggests an important
role of macrophages in functioning of erythroblastic islands and production of mature red
blood cells. Without macrophages, erythroblastic islands quickly lose their stability and
either die out or abnormally proliferate [70]. Macrophages control the size of erythrob-

lastic islands which show their capacity to rapidly increase production of mature cells in
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response to stress (anemia, hypoxia). This response is based on the increased production of
erythropoietin and glucocorticoids. Analysis of feedback by Epo and of the role of central
macrophage in erythroblastic islands give a new insight into the mechanisms of control of
erythroid cell proliferation and differentiation. More detailed description of the intracellu-
lar regulation and comparison with experimental data will be presented in the subsequent

papers.

2.2.4 Regulation by activated glucocorticosteroid receptor, activated BMPR4

receptor, transcription factor GATA-1 and activated caspases
Introduction

The functional unit of mammalian erythropoiesis, the erythroblastic island, consists of a
central macrophage surrounded by adherent erythroid progenitor cells (CFU-E/Pro-EBs)
and their differentiating progeny, the erythroblasts. Central macrophages display on their
surface or secrete various growth or inhibitory factors that influence the fate of the sur-
rounding erythroid cells. CFU-E/Pro-EBs have three possible fates : a) expansion of their
numbers without differentiation, b) differentiation into reticulocytes that are released into
the blood, ¢) death by apoptosis. CFU-E/Pro-EB fate is under the control of a complex
molecular network, that is highly dependent upon environmental conditions in the erythrob-
lastic island.

Methods and results: A model was developed in which cells are considered as individual
physical objects, intracellular regulatory networks are modeled with ordinary differential
equations and extracellular concentrations by partial differential equations. We used the
model to investigate the impact of an important difference between humans and mice in
which mature late-stage erythroblasts produce the most Fas-ligand in humans, whereas
early-stage erythroblasts produce the most Fas-ligand in mice. Although the global be-
haviors of the erythroblastic islands in both species were similar, differences were found,
including a relatively slower response time to acute anemia in humans. Also, our modeling

approach was very consistent with n vitro culture data, where the central macrophage in
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reconstituted erythroblastic islands has a strong impact on the dynamics of red blood cell
production.

The specific spatial organization of erythroblastic islands is key to the normal, sta-
ble functioning of mammalian erythropoiesis, both in wvitro and in vive. Our model of a
simplified molecular network controlling cell decision provides a realistic functional unit of
mammalian erythropoiesis that integrates multiple microenvironmental influences within
the erythroblastic island with those of circulating regulators of erythropoiesis, such as EPO

and glucocorticosteroids, that are produced at remote sites.

External influences

Y /
N/
()

=
/N
Survival Apoptosis

\ s,
¥ / \‘\ ':'i"ff

Proliferation  Differentiation

@ oo
] 1

~ 00

L) ‘f;_) o0

Figure 2.10: Schematic representation of erythroid progenitor cell decision making. Large
yellow circles represent erythroid progenitors at the CFU-E/proerythroblast stage of differ-
entiation. Their fate is determined by intracellular regulation which can be influenced by
extracellular substances including Fas-ligand and EPO. This intracellular regulatory net-
work is shown in greater detail in Figure 6.2. Erythroid progenitors have one of three
possible fates : die by apoptosis, proliferate without differentiation (self-renewal), or termi-
nally differentiate.

Differentiation from hematopoietic stem cell (HSC) through the CFU-E/Pro-EB stage of
erythropoiesis requires the hematopoietic growth factor Kit ligand /stem cell factor (KL /SCF)
[58]. At the CFU-E/Pro-EB stage of differentiation, the KL/SCF requirement is lost, and a
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dependency upon the hormone erythropoietin (EPO) to prevent apoptosis begins [92, 167].
This EPO-dependency persists throughout the period that the CFU-E/Pro-EBs make de-
cisions about their fate. EPO is produced by the kidneys in quantities that are inversely
and exponentially proportional to the number of erythrocytes in blood [93]. EPO gene
transcription is regulated by hypoxia-inducible factor (HIF), a transcription factor that
rapidly accumulates in the kidney EPO-producing cells when oxygen delivery to the kid-
neys is reduced [93]. Through specific receptors (EPO-R) on erythroid progenitors EPO
prevents their apoptosis via down-regulation of Fas and up-regulation of Bel-xL, an anti-
apoptotic protein [107, 100, 81]. Thus, EPO is the major regulator of erythropoiesis that
directly links the tissue hypoxia caused by decreased circulating erythrocytes to the rates of
new erythrocyte production. Although increased EPO production and the other changes of
stress erythropoiesis are similar in humans and mice, one prominent difference is that during
hypoxic stress, mice have an extensive expansion of splenic erythropoiesis. This enhanced
murine splenic erythropoiesis during hypoxic stress is mediated by bone morphogenetic
protein 4 (BMP4), a protein produced by other hematopoietic and non-hematopoietic cells
[119]. This BMP4 expression in the spleen increases self-renewal of erythropoietic progeni-
tors including the CFU-E/Pro-EBs.

The differentiation of erythroid progenitors and erythroblasts depends upon multiple
transcription factors including, most prominently, GATA-1, the zinc finger-containing com-
ponent of transcription factor complexes that binds to the DNA sequence (A/T)GATA(A/G).
GATA-1 is required for the differentiation of HSCs to the erythroid-committed progenitor
stages and for the terminal differentiation of the CFU-E/Pro-EBs to reticulocytes [38]. The
complexity of erythroid differentiation related to species, organ, and stress conditions com-
plicates understanding of erythropoiesis and its mathematical modeling. In this report, we
develop mathematical models which will allow us to consider various hypotheses about the

organization of mammalian erythropoiesis.

60



Mathematical modeling

Mathematical modeling of erythropoiesis was first based on the dynamics of hematopoietic
stem cells, erythroid progenitors and erythroid precursors [164]. Subsequently, stimulated
[165] and suppressed erythropoiesis were modeled [168]. An age-structured model describ-
ing erythroid cell dynamics, including an explicit control of differentiation by EPO, was
proposed [16] and further developed [2, 3, 106]. Age-structured models of erythropoiesis
were also used to study stress erythropoiesis [57, 133]. The modeling methods used in
these works were based on ordinary differential equations, delay differential equations and
transport (age-structured) equations. Spatial cell organization, as found in erythroblastic
islands, was not included in any of these studies. Moreover, in all these previous models,
as in other models of hematopoiesis, the rates of self-renewal, differentiation and apoptosis
were considered as given parameters.

In order to describe spatial cell organization and functioning of erythropoiesis in vivo
and in wvitro, we develop in this work a hybrid model of erythropoiesis in which cells are
considered as individual objects, intracellular regulatory networks are described by ordinary
differential equations and concentrations of biochemical substances in the extracellular ma-
trix are described by partial differential equations. The quantities and activities of intra-
cellular proteins determine cell fate by self-renewal, differentiation or apoptosis. Therefore,
most importantly, we do not impose the corresponding rates as parameters, but rather we
obtain them as a result of modeling of the molecular network. This model is based on our
previous investigations in which we studied intracellular regulation of erythroid progenitors
[55, 62], developed individual cell-based models of hematopoiesis [26, 19, 22] and hybrid
models of hematopoiesis [19, 70, 80, 97].

Although spatial organization of erythropoietic cells has not been included in most
published models, an erythroid progenitor’s fate depends on its environment, and the out-
come among self-renewal, differentiation and apoptosis depends upon the erythropoietic
progenitor cell’s spatial situation. Consequently, spatial organization of erythropoietic cells

is important for their function. We previously modeled erythroblastic islands consider-
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ing their specific structure: a macrophage at the center surrounded by closely associated
erythroid progenitors with the more mature erythroblasts and reticulocytes located at pro-
gressively peripheral locations from the central macrophage [70]. To study the role of the
central macrophage, we modeled erythroblastic islands without it, i.e., as foci of erythroid
progenitors surrounded by reticulocytes. Within the range of tested parameters, however,
these erythroblastic islands modeled without macrophages were very heterogeneous in de-
velopment. After several cell cycles, these islands without central macrophages diminished
and disappeared or, conversely, they expanded exponentially, with the difference between
these two fates depending on their initial size and stochastic perturbations. However, as-
suming that the central macrophage releases pro-survival cytokines, we demonstrated that
it induced a very significant stabilizing effect on the erythroblastic island [70].

In this work we continue the development of the hybrid model of erythropoiesis. Taking
into account recent biological data we will present a modified (in comparison with [70])
intracellular regulation. Moreover we will consider two different cases which correspond to
human and murine erythropoiesis. In the former, Fas-ligand, the secreted protein which
determines erythroid progenitor differentiation and apoptosis is produced by more mature
erythroid cells, while for the latter by early erythroblasts and erythroid progenitors them-
selves. We will demonstrate that although the quantitative behavior of the system in these
two cases is similar, there is some difference between them. In particular, hematocrit re-
covery in vivo after anemia is faster in mice than in humans.

Due to obvious limitations of in vivo investigation of erythropoiesis, especially in hu-
mans, detailed analysis of the structure and functioning of erythroblastic islands have not
been performed. In vitro experiments on CFU-E/Pro-EBs co-cultured with macrophages
were considered as a biological model of in vivo erythropoiesis, and such experiments showed
that erythroid cell properties strongly depend on their position with respect to adherence to
a central macrophage [124]. Mathematical modeling performed herein gives a good descrip-
tion of n wvitro experimental results and confirms the importance of the spatial organization

of cells in erythroblastic islands. Moreover, numerical simulations show that erythropoiesis
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in erythroblastic islands with macrophages can be stable, indicating that this stabilization
is an important role of macrophages in erythroblastic islands. Thus, erythropoiesis is deter-
mined by intracellular and extracellular regulations, cellular environment, local and remote
feedbacks, and stochastic perturbations. The hybrid models presented here take each of
these aspects into account and obtain good agreement with experimental results.

Before division, cells increase their size. When two daughter cells appear, the direction
of the axis connecting their centers is chosen randomly from 0 to 27. Cell cycle duration is
taken to be 18 hours with a random perturbation uniformly distributed between -3 and 3
hours [75]. Intracellular and extracellular regulations and equations of motion represent the
main features of the hybrid model of erythropoiesis. More detailed description of the hybrid
model is given in [70]. The two-dimensional model considered in this work is appropriate
to describe the experiments in cell cultures where the third dimension can be neglected.

We used the conventional Thomas algorithm and alternative direction methods to solve
two-dimensional reaction-diffusion equations. Ordinary differential equations were solved
by the Euler method. Numerical simulations were carried out with the original software
developed by the authors.

One simulation takes about 10 hours of the CPU time on a modern PC. Each point
in Figures 2.12, 2.15 and 2.16 represent an average of 10 simulations. This is sufficiently
representative and it would be difficult to increase essentially the number of simulations

because of the computational complexity.

Intracellular regulation and cell fate

Intracellular regulation of erythroid progenitors. A detailed description of the in-
tracellular regulation of erythroid progenitors is presented in Appendix 1. We will use here
a simplified model which retains the most important features of this regulation but allows
us to reduce the number of unknown parameters. We will consider here an intracellular
regulation of CFU-E/Pro-EBs where each of the possible cell fates (self-renewal, differenti-

ation, or apoptosis) is determined by different proteins. Consider the simplified kinetics of
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Figure 2.11: Scheme for the modeling of erythropoietic fate based on simplification of the
biological scheme in Figure 6.2 (see Appendix 1). Four major variables that play a role
in the intracellular regulation of CFU-E/Pro-EBs and affect the fate decisions to undergo
apoptosis, terminal differentiation, or self-renewal are retained from Figure 6.2. They in-
clude : 1) the concentration of activated glucocorticosteroid receptor (z) that determines
the rate of self-renewal in normal, steady-state erythropoiesis and in more limited hypoxia
states in which adjustments of EPO concentrations maintain a stable number of circulating
erythrocytes; 2) the concentration of activated BMP4 receptor (u) that determines the rate
of expansion of the CFU-E/Pro-EB population in periods of hypoxic stress; 3) the con-
centration of GATA-1 (v) that determines the rate of terminal differentiation; and 4) the
concentration of activated caspases (w) that determine the rate of apoptosis when elevated
and the rate of terminal differentiation when reduced. The major extracellular mediators
that affect the intracellular variables have been retained. These extracellular mediators
include : 1) the concentration of glucocorticosteroid hormone (GC) that varies with de-
gree of stress including that associated with hypoxia; 2) the expression of BMP4 by central
macrophages that increases with hypoxia-induced stress; 3) the concentration of EPO which
varies inversely with the degree of hypoxia; and 4) the expression of Fas by erythroid pro-
genitor cells, which varies inversely with the EPO concentration and 5) Fas-ligand, which
is produced by other erythroid cells in the erythroblastic island, specifically by early stage
erythroblasts in mice and late-stage mature erythroblasts in humans.

the intracellular regulation shown in Figure 2.11 :

dz

4= _ 22.1
a (2.2.13)
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=i+ b (2.2.14)
d
d—qtj = ay — byzv, (2.2.15)
d
di: — a3 — byzw. (2.2.16)

Here z is the concentration of activated glucocorticosteroid receptor (GR). The value of
ag can depend on the extracellular concentration of GC. For a fixed concentration, it is a
constant. Next, u is the concentration of activated BMPR4 receptor (BMP-R), which de-
termines cell self-renewal and depends on the extracellular concentration of BMP4 provided
by macrophages. Hence, a; depends on this concentration. The second summand in the
right-hand side of equation (2.2.14) takes into account that self-renewal can be up-regulated
by GR. Cell differentiation is determined by a relatively complex sub-scheme based on the
transcription factor GATA-1. In order to simplify this regulation and to avoid introduction
of additional parameters, we will keep only one variable v, which describes the concentration
of GATA-1. The value of ay depends on the extracellular EPO concentration. Finally, w
denotes the activated caspase concentration which determines cell apoptosis and depends
on the intracellular Fas concentration which, in turn, depends upon the extracellular Fas-
ligand concentration. Apoptosis is down-regulated by EPO (through az) and by GR taken
into account through the last term in the right-hand side of equation (2.2.16). These are
the main features of the regulatory mechanism. Some others are not taken into account in
the simplified model because they are less essential but they can be easily introduced.

We suppose that cell fate is determined by the values of the variables u, v, w. Namely,
if at some moment of time w (caspase) reaches its critical value w,,, then the cell dies by
apoptosis. The variables u (BMP4) and v (GATA-1) are compared at the end of the cell

cycle. If u > v, then the cell divides and self-renews, otherwise it divides and differentiates.

Extracellular regulation. Intracellular regulation of erythroid progenitors is influenced
by extracellular substances. Glucocorticosteroids (GC') and soluble growth factors (G)

produced by the macrophage stimulate self-renewal. GC' with a constant concentration
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in the model, implicitly enters equation (2.2.13) through the right-hand side ag (the first

relation in (3.1.5)) :

a = ay+ayGC a1 =a)+alG,ay = a) + aiE,

a3 = a3 +aiF. (2.2.17)

Growth factors enter equation (2.2.14) through a;. EPO and Fas-ligand influence differ-
entiation and apoptosis. They are taken into account in equations (2.2.15) and (2.2.16),
respectively, by means of the coefficients as and as. All dependencies in (3.1.5) are taken to
be linear in order to simplify the model and to reduce the number of parameters. BMP4 at
the surface of macrophage acts through the surface receptor BMP4-R to decrease cell cycle

duration in those erythroid progenitors that are in contact with central macrophages.

Differentiated cells. Reticulocytes do not divide, but they stay in the bone marrow
before entering the blood. Human mature erythroblasts, which give rise to the reticulocytes,
are the major source of Fas-ligand that induces CFU-E/Pro-EB apoptosis by activating
intracellular caspases by binding to the specific membrane receptor, Fas. In mice, the
major source of Fas-ligand is the very early erythroblasts that are the immediate progeny
of CFU-E/Pro-EBs.

If the concentration of Fas-ligand is sufficiently high, then the CFU-E/Pro-EBs die by
apoptosis. In intermediate concentrations of Fas-ligand, the CFU-E/Pro-EBs differentiate
into reticulocytes after three divisions. In low concentrations of Fas-ligand, the erythrob-
last progenitors proliferate without differentiation, i.e., they self-renew. Thus, the fate of
erythroid progenitors is determined by the concentration of Fas-ligand or, in other words,
by their spatial location with respect to the immature erythroblasts in mice and the mature
erythroblasts in humans. Progenitors located close to Fas-ligand-producing erythroblasts
die by apoptosis, those at an intermediate distance differentiate, and those located furthest
from the Fas-ligand-producing erythroblasts proliferate without differentiation.

The numbers of differentiated cells and progenitors are strongly influenced by the values
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Figure 2.12: Average number of CFU-E/Pro-EBs and differentiating erythroblasts (green
curves) and late-stage, pre-enucleation erythroblasts and reticulocytes (blue curves) in one
erythroblastic island as a function of ay for different values of w,, equal to 0.7 (upper pair of
curves), 0.6 (middle pair of curves) and 0.509 (lower pair of curves), respectively. Fas-ligand
produced by early stage erythroblasts. The average is taken with respect to time and with
respect to 10 simulations.

of multiple parameters, but the total number of erythroid cells increases with greater values
of we,, the critical variable of Fas-ligand which determines apoptosis of progenitors (Figure
2.12). Increased we, corresponds to greater values of EPO which stimulate survival of
progenitors under the action of reduced Fas-ligand. Similarly, the number of erythroid
cells also increases due to macrophages (parameter a;) that stimulate self-renewal of CFU-
E/Pro-EBs. In all cases, at steady state, CFU-E/Pro-EBs and differentiating erythroblasts

outnumber the mature cells.

Results

Structure and function of erythroblastic islands. In our erythroblastic island model,
macrophages produce various growth factors (G) including those, which stimulate prolifer-
ation without differentiation (self-renewal). Therefore, CFU-E/Pro-EBs located closest to
and interacting most with the central macrophage proliferate without differentiation, while
CFU-E/Pro-EBs located closest to Fas-ligand-producing erythroblasts die by Fas-mediated

apoptosis. CFU-E/Pro-EBs located at intermediate distances between macrophages and
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Fas-ligand-producing erythroblasts differentiate and provide new reticulocytes that replace
those leaving the bone marrow by entering the circulating blood. Thus, normal CFU-E/Pro-
EBs that do not interact directly with and are sufficiently far from the central macrophage
will differentiate and cannot undergo unlimited proliferation. This organization of erythrob-
lastic islands in the presence of a central macrophage appears to be very stable [70], and
these erythroblastic islands can exist for an unlimited time with approximately constant
size and a constant rate of reticulocyte production. However, this steady-state rate of ery-
thropoiesis can be influenced by EPO, which downregulates apoptosis of CFU-E/Pro-EBs

allowing their enhanced proliferation and differentiation in response to anemia.

Figure 2.13: Typical structure of an erythroblastic island in the simulations : Fas-ligand
produced by early-stage erythroblasts (left) or by late-stage erythroblasts (right). The
large cell in the center is a macrophage, yellow cells - CFU-E/Pro-EBs and differentiating
erythroblasts, blue - late-stage mature erythroblasts and reticulocytes, level of green - con-
centration of the growth factor (G) produced by the macrophage, level of red - concentration
of Fas-ligand. Black circles inside cells show their incompressible parts.

The major source of Fas-ligand produced by erythroid cells is the late-stage erythrob-
lasts in human [107] and the early-stage erythroblasts [100] in mice. Therefore, we con-
sidered models incorporating these two different sources of Fas-ligand and compared them.
Figure 2.13 shows erythroblastic islands in which Fas-ligand is produced by early-stage
erythroblasts (left) and by late-stage erythroblasts (right). If Fas-ligand is produced by
late erythroblasts, then progenitors located closest to them die by apoptosis, so that these

late erythroblasts are relatively isolated. If Fas-ligand is produced by early erythroblasts,
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late erythroblasts can be close to but not surrounded by CFU-E/Pro-EBs. Otherwise, the
quantity of Fas-ligand is high, resulting in apoptosis. In both cases, CFU-E/Pro-EBs are
located closer to the central macrophage and mature erythroid cells are at the periphery of
the island, i.e., the structure of the islands is similar in humans and mice.

The difference between human and murine erythroblastic islands appears in the quan-
titative analyses of the numbers of progenitors and of differentiated cells over time. In
both cases the initial configuration is the same : several progenitors are located near the
macrophage. In mice where Fas-ligand is produced by early erythroblasts (Figure 2.14, left)
the number of erythroid cells grows faster than in human erythroblastic islands where they
are produced by late erythroblasts (Figure 2.14, right). In mice, apoptosis of CFU-E/Pro-
EBs occurs when their number becomes sufficiently large, and it does not influence their
self-renewal in the beginning of the evolution of the island when their number is small. In
humans, CFU-E/Pro-EB differentiation and apoptosis can occur from the very beginning,
and together they slow down growth of cell number. This difference can play a role in
stress erythropoiesis where the number of erythroblastic islands can greatly increase and
new islands start their functioning with one or several CFU-E/Pro-EBs in the vicinity of
a macrophage. The slower response in humans is consistant with experimental and clinical
data (see Recovery from bleeding, Figure 2.17).

We considered next the dependence of the results on the concentration of EPO through
the value of as. We compared the two cases where Fas-ligand is produced either by early-
stage erythroblasts in mice or by late-stage erythroblasts in humans. In mice, the number of
mature erythroblasts and reticulocytes was low for small values of as and it increases slightly,
while the number of progenitors remains almost constant (Figure 2.15, left). This behavior
can be explained as follows. When ay is small, the value of the intracellular variable v also
remains small and differentiation does not occur. CFU-E/Pro-EBs either self-renew, or they
die by apoptosis, if the concentration of Fas-ligand is large enough. Increasing ao further
increases the number of differentiated cells. For larger values of ao, where differentiation

begins to compete with self-renewal, the number of mature erythroblasts and reticulocytes
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Figure 2.14: Number of CFU-E/Pro-EBs and differentiating erythroblasts (green curves)
and mature erythroblasts and reticulocytes (blue curves) in one erythroblastic island as a
function of time : Fas-ligand produced by early-stage erythroblasts (left) or by late-stage
erythroblasts (right). Green and blue curves are mean values for 10 simulations. Black
and red curves show the 95% confidence intervals (mean +1.96xstandard deviation/\/n
(n =10)). For the parameter values used, see Tables 6.3 and 6.4.

still increases but there is a significant decrease in the number of progenitors. For even
larger values of as the number of mature of erythroblasts and reticulocytes also decreases
because of the decreased numbers of CFU-E/Pro-EBs.

This dependence is different in human erythroblastic islands where Fas-ligand is pro-
duced by late-stage erythroblasts (Figure 2.15, right). Surprisingly, increasing as decreased
the number of mature of erythroblasts and reticulocytes. Probably, this happened because
the number of self-renewing progenitors decreased and the number of apoptotic cells in-
creased. Since there were less progenitors, then the number of mature of erythroblasts and
reticulocytes also decreased. As noted previously, CFU-E and differentiating erythroblasts
outnumbered mature erythroblasts and reticulocytes, but the proportions remained about
the same as the numbers of both decreased.

These results in Figure 2.15 show that the action of EPO on GATA-1 does not by itself
increase the number of mature erythroid cells. EPO also acts on Fas receptors, downreg-
ulating apoptosis. Since we do not account explicitly for Fas receptors in the model, we
described the action of EPO on apoptosis through the critical value of Fas-ligand. Figure
2.16 shows the average number of cells in the erythroblastic island for different values of

wer. The qualitative behavior of the curves was similar in the cases where Fas-ligand was
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Figure 2.15: Average number of CFU-E/Pro-EBs and differentiating erythroblasts (green
curve) and mature erythroblasts and reticulocytes (blue curve) in one erythroblastic island
as a function of as. Black and red curves show the 95 % confidence intervals. Fas-ligand
produced by early-stage erythroblasts (left) or by late-stage erythroblasts (right). The
average is taken with respect to time and with respect to 10 simulations.
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Figure 2.16: Average number of CFU-E/Pro-EBs and differentiating erythroblasts (green
curve) and erythroblasts and reticulocytes (blue curve) in one erythroblastic island as a
function of w.,.. Black and red curves show the 95 % confidence intervals. Fas-ligand
produced by early-stage erythroblasts (left) or by late-stage erythroblasts (right). The
average is taken with respect to time and with respect to 10 simulations.

produced by early-stage erythroblasts and by late-stage erythroblasts. However there was
an essential difference between them for small values of w.. If Fas-ligand was produced
by early-stage erythroblasts, they easily killed each other for small values of w.. and the
island disappeared. It was different if Fas-ligand was produced by late-stage erythroblasts.
Progenitors had more time to expand before late-stage erythroblasts appeared and killed
some of them by Fas-ligand production. Therefore, the island survived when late-stage

erythroblasts were the source of Fas-ligand and values of w,, were low.
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Comparison with experiments and clinical data
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Figure 2.17: Recovery of hematocrits (Hct) after severe acute hemorrhage in mouse and
human. In the upper panel, four healthy, adult mice were phlebotomized daily during the
three days prior to monitoring recovery of Hcts. Data are means +1 S.D. of Hcts. The
last phlebotomy was on Day 0. Day 1, with the nadir Hct, is the first day of recovery. For
phlebotomy methods, see [92] and [124]. Shaded area shows the period of phlebotomies, and
the dashed line indicates the mean baseline Hct of the mice prior to phlebotomies. In the
lower panel, Het of a patient who refused transfusion of blood during recovery from bleeding
caused by anticoagulation administered during the 4-day period indicated by shading. The
anticoagulation was last administered on Day -1. Day 1, with the nadir Hct, is the first day
of recovery. The dashed line indicates the mean baseline Het on Days -8 to -6, which were
prior to the administration of anticoagulation.

Recovery from experimental bleeding in mice and in the clinical setting. Simu-
lations of erythroblastic islands in Figure 2.14 predicted that mice with Fas-ligand provided
mainly by early stage erythroblasts will have a more rapid erythrocyte production during
stress erythropoiesis compared to humans with Fas-ligand provided mainly by late stage

progenitors. Direct comparison of erythroblastic islands in vivo between mice and humans
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is not feasible, but respective responses, in terms of recovery of circulating erythrocytes
after severe blood loss, are shown in Figure 2.17. For this comparison, response to acute
hemorrhage is measured in hematocrit (Hct), the percentage of the blood volume that is
comprised of erythrocytes. Humans and mice have similar Hcts because mice have about
twice as many erythrocytes per volume of blood as humans, but a mouse erythrocyte is
about one-half the size of a human erythrocyte. In Figure 2.17, four normal mice are bled
on three consecutive days such that their Hcts are reduced from 47 +1 % (mean £1 S.D.)
to 24 +1 % on Day 1 of recovery, the day after the last bleeding. The human results are
from a patient who bled for 3 to 4 days following anticoagulation therapy. His mean Hct
of 33%, as measured on the 3 days prior to anticoagulation, decreased to a Hct of 17.5%
on Day 1 of recovery. Despite his severe anemia, the patient refused the blood transfusions
that would otherwise be given to a patient with such an acute anemia. The patient had
a slight baseline anemia from chronic arthritis, but he did not have renal failure, adrenal
failure or iron deficiency. When he refused blood transfusions, the patient received EPO
(darbepoetin), corticosteroids, and intravenous iron, and he was monitored with daily Hct
measurements.

In Figure 2.17, both the mice and the patient began their recovery after having lost
about one-half of their baseline erythrocyte volume. However, the mice recover completely
to their mean baseline Hct by Day 7 after bleeding, whereas the human patient, with a
Hct of 26% on Day 8, only recovered about one-half the total erythrocyte volume that he
had lost. During stress erythropoiesis, the size of individual islands increases because of
more intensive self-renewal and downregulation of apoptosis, but the number of islands also
grows. Thus, only a qualitative comparison is possible between the human data in Figure
2.17 and modeling in Figure 2.14 (right). In Figure 2.17, at some time between Day 9 and
17, when the patient had returned home and was not monitored daily, he recovered to his
baseline Hct, while the simulations in Figure 2.14 indicate that, indeed, about two weeks
is required for a human to return to a baseline Hct. The prolonged rate of recovery in the

human patient compared to the mice is consistent with the simulation results in Figure
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2.14 that predict that mice will respond more quickly than humans to a similar degree of
acute blood loss. This prediction by our model indicates that the spatial constraints of
the erythroblastic island structure coupled with the differences in Fas regulation patterns
contribute to the prolonged recovery period after acute hemorrhage in humans compared

to mice.

In vitro experiments on cell cultures. Since we cannot directly compare our models
with erythroblastic island function in vivo, we also compared them with experimental results

from cell cultures, which can be considered as good in vitro approximations.

AC+NAC: Simulation with macrophage Number of NAC and AC
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Figure 2.18: Comparison of in wvitro experiments and numerical simulations with mouse
cells. Left figure : the total number of erythroid cells in co-cultures (upper curve). The
number erythroid cells in control cultures without macrophage (lower curve); black symbols
- experiments, continuous curves - simulations. Three curves for each of the experiments
represent mean value and confidence intervals for 10 simulations. Right figure : the number
of cells adherent to macrophage in co-cultures (AC) - lower curve, nonadherent cells in
co-cultures (NAC) - upper curve, and middle curve is control culture without macrophages.
For a value of the parameters used, see Tables 3 and 4. Experimental data were originally
reported in reference [124].

New features of the in vitro systems were added in the model. Since the duration of
the cell cycle is different for erythroid cells adherent to macrophages (AC) in comparison
with nonadherent erythroid cells (NAC), we introduced different cell types in the model:
adherent progenitors and differentiated cells and nonadherent progenitors and differentiated

cells. In the model, a cell is considered as adherent if at the moment of its birth the distance
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Figure 2.19: Simulation of one erythroblastic island in vitro. Large cell - macrophage, yellow
cells - AC progenitors, blue - NAC progenitors, rose -NAC differentiated cells including
reticulocytes, green - AC apoptotic cells. Fas-ligand is produced by early stage erythroblasts
(yellow and light blue).
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Figure 2.20: In vitro differentiation of erythroblasts in erythroblastic islands isolated from
the spleens of mice in the erythroblastosis phase after infection with anemia-inducing strain
of Friend virus. The erythroblastic islands were isolated as described previously [124], cul-
tured with 4 units/mL of human EPO for 8, 24, 44, or 72 hours, fixed with glutaraldehyde,
and stained with 3,3’-dimethoxybenzidine and hematoxylin. Hemoglobin-containing ery-
throid cells have orange-staining cytoplasm, while nuclei stain blue-violet. Examples of
erythroblastic islands were selected at each time of culture to show morphological changes
of terminal erythroid differentiation. Most 8 h cells that are have large nuclei and little
hemoglobin content. At successive times, the differentiating erythroid cells show increasing
hemoglobin accumulation and decreasing nuclear size with associated increases in chromatin
condensation. In the 44 h island, most erythroblasts are mature with eccentrically located
nuclei that characterize the pre-enucleation state. In the 72 h island most of the erythroid
cells have enucleated, forming reticulocytes. Nuclei in various stages of degradation are also
present. Bar equals 10 micrometers; mn designates macrophage nucleus.

from its center to the macrophage membrane is less than 1.5 of its radius. Parameters of
intracellular regulation are the same for nonadherent cells and adherent cells. The difference
between them is the duration of the cell cycle. In accordance with experimental estimates,

we set the duration of cell cycle of adherent cells at 6 hours, and that of nonadherent cells at
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16 hours. We add to these durations a random perturbation uniformly distributed between
-90 and 90 minutes.

Moreover, we assumed in the model that differentiated cells can die by apoptosis, and
that apoptotic cells are removed more slowly than they are in vivo. Without these assump-
tions we could not obtain a good description of the experimental data: the number of cells
in the simulations continued to grow after 40 hours, while it decreased in the experiments
(Figure 2.18). We note that modeling in vivo erythropoiesis (Section 2.2.4), we did not
introduce apoptosis of differentiated cells assuming that they are promptly phagocytosed
in the bone marrow. Likewise, reticulocytes, having completed differentiation in a period
of hypoxic stress, egress promptly from the bone marrow into the circulating blood.

The results of numerical simulation are shown and compared to the experimental results
in Figure 2.18. We obtained a very good approximation of the total number of cells and
the number of adherent and nonadherent cells in the cultures with macrophages.

The total cell number in the cultures with macrophages grows faster than in the cultures
without macrophages (see Figure 2.18 and [124]). This can be explained by the influence
of macrophages on the duration of cell cycle of erythroid progenitors, most likely due to
surface-displayed KL/SCF and locally produced by BMP4. Adherent cells (AC) located
close to macrophage have shorter durations of cell cycle than nonadherent cells (NAC)
located further from the macrophage (Figure 2.19, compare with Figure 2.20).

Progenitors located closer to the macrophage divide faster. Due to the increasing num-
ber of cells, they push each other further from the macrophage, resulting in slower division
rates as they become further distanced from the macrophage. As the distances from the
macrophage become even greater these erythroid progenitors differentiate or die by apop-
tosis.

Altogether, these comparisons allowed us to validate the model and to determine the pa-
rameters of intracellular regulation. Moreover, we could elucidate the influence of macrophages
on the duration of the cell cycle.

Erythropoiesis is controlled by a complex regulation which is far from being completely
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understood. The spatial organization of erythropoiesis in mammalian hematopoietic or-
gans, including the fetal liver and spleen as well as the bone marrow, is based on a specific
morphological structure, the erythroblastic island [40]. Our hybrid model is based on the
erythroblastic island as a stable, functional unit that integrates its multiple microenviron-
mental influences with those of circulating regulators of erythropoiesis, such as EPO and
glucocorticoids, that are produced at remote sites. As biological experiments incorporate
the microenvironmental influences of erythroblastic islands on erythropoiesis, we argue that
mathematical modeling should also incorporate them as well.

We have previously shown that one of the major roles of central macrophages was the
stabilization of cell numbers in erythroblastic islands [70]. Simulations showed that is-
lands without macrophages either grow exponentially or disappear after several cell cycles.
We demonstrate here that central macrophages are also needed for an adequate response
in stress situations, such as acute anemia, thereby reinforcing the need for proper spatial
description in modeling of erythropoiesis. Simpler models based on ordinary differential
equations, which implicitly assume a uniform cell distribution, cannot describe erythrob-
lastic islands whose size and production of mature cells are determined by interaction of
erythroid progenitors with reticulocytes and macrophages and, consequently, by their mu-
tual locations.

In our hybrid model of erythropoiesis, we do not impose cell fate as a given param-
eter (deterministic or stochastic), as is conventionally done in cell population dynamics,
but we describe the decision-making process at the cellular level as the function of its in-
tracellular network. Indeed, the rates of self-renewal, differentiation and apoptosis cannot
be considered as fixed parameters because they have strong variations for different cells
inside the same island. Although the molecular network controlling this process had to
be greatly simplified in Figure 2.11 compared to Figure 6.2, it nevertheless retained the
essential characteristics that would be expected from such a network, and proved to be
sufficient to derive the correct responses as a function of the cell’s environment. One key

issue is the parametrization of the model, since most parameters had to be fitted to obtain
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the global expected behavior. A systematic parameter sweep was beyond the scope of the
present work, but it could be performed to assess critical parameters, that would have to
be measured.

Our modeling results were able to predict a more rapid recovery from acute anemia by
mice compared to humans due to the more central location in murine erythroblastic islands
of the main producers of Fas-ligand, the early stage-erythroblasts, as compared to the more
peripheral location in human erythroblastic islands of the main producers of Fas-ligand, the
late-stage erythroblasts. This prediction was confirmed by in vivo experimental evidence
and clinical observations. A testable prediction of our model is that engineered mice that
would express Fas-Ligand at later stages during the erythroid differentiation sequence would
display a much slower recovery than wild-type mice. Whether this accelerated recovery from
acute anemia by mice compared to humans might help explain the more rapid development
of murine CFU-E into erythroid colonies in vitro, 2-3 days in mice [146, 112] versus 6-8 days
in humans [134, 80], could also be addressed.

Furthermore, our results show that our model is consistent with experiments demonstrat-
ing enhanced proliferation in wvitro of those erythroid cells that are most closely associated
physically with central macrophages. It is interesting to note that in order to model the
in vitro situation, two key assumptions had to be added: that differentiating cells can die
by apoptosis, and that apoptotic cells are more slowly removed in vitro than in vivo. Al-
though both assumptions stemmed as necessities for proper modeling, they were confirmed
by experimental evidence [124].

In sum, our work demonstrates that a proper modeling of erythropoiesis requires de-
parting from an average value for the decision-making rates, and to account for spatial

organization of the cells, both for modeling in vitro and in vivo experiments.
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2.2.5 Stability of multiple islands
Introduction

The stability of erythroblastic islands is studied with a model containing an intra- regulation
by the two proteins Erk and Fas. It is known that macrophages influence surrounding cells in
erythroblastic islands in many different ways [40, 124]. In our previous works we conjectured
that one of its major roles can be to stabilize the island [24, 70]. Without a macrophage, a
single island will unlimitedly grow or shrink and disappear after several cell cycles. In vivo,
a big number of island interact with each other. So the question is whether this interaction
can result in a stable production of red blood cells. In this work, we investigate a system of
many islands. We begin with numerical simulations and then suggest and study a simplified
analytical model. The main conclusion of this work is that feedback by erythropoietin can
possibly stabilize a single island, but a system of many islands without macrophages is
unstable. Maintenance of a constant level of erythrocytes in blood seems to be impossible

to achieve with this model, and macrophages should be an important stabilizing factor.

Simulations of erythroblastic islands

Without feedback by erythropoietin. We first simulate a system of islands without
feedback by erythropoietin. This means that « in equation (2.2.5) is constant. Two neigh-
boring islands can interact mechanically (cells push each other) and biochemically through
Fas-ligand. Figure 2.21 shows an example of 2D numerical simulations with a hybrid model
for a system of nine islands. The initial configuration is shown in the left figure, and the
same islands after some time in the right figure. We see that the islands can grow, merge
or disappear. Their size and number change in time.

The number of erythroid progenitors in each island is shown in Figure 2.22 (left). During
about ten cycles the islands remain approximately constant in size. After that, some of them
exponentially grow (with time oscillations due to cell cycle), some other disappear.

Mature cells, reticulocytes leave the bone marrow into the blood and become erythro-

79



cytes. Figure 2.21 (left) shows the evolution of the number of erythrocytes in blood. It
constantly grows and does not stabilize to a constant value, as it should be in accordance

with biologically realistic behavior.
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Figure 2.21: Simulation of erythroblastic islands. Initial configuration (left) and a snapshot
of the islands after some time. Mature cells (reticulocytes) are shown in blue, immature
cells (erythroid progenitors) are yellow and Fas-ligand is the red halo.
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Figure 2.22: Number of progenitors in each island. Without feedback (left), some islands
grow, some other disappear. In the case with feedback (right), after some time all islands
disappear.

With feedback by erythropoietin. In vivo, the number of erythrocytes in blood deter-
mines the quantity of erythropoietin produced in the kidney [140]. This hormone comes to

the bone marrow with blood flow and influences the fate of erythroid progenitors. On one
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hand, it stimulates their self-renewal (function « in equation (2.2.5)), on the other hand, it
downregulates apoptosis increasing the critical value of Fas, F.. Both of the factors increase
production of erythrocytes.

Denote by N the number of erythrocytes in blood and by Np its equilibrium value.
Then the level of erythropoietin in blood depends on N — Ny. Hence a and F,. can also be

considered as functions of N — Ny. For simplicity, we consider the linear dependencies:

a = oo+ k‘a(No — N), (2.2.18)

F., = Fo-l—k?F(No—N), (2219)

where the parameters k, and kg should be chosen to stabilize the number of erythrocytes
in blood.

However, varying these parameters we could not obtain this stabilization. The typical
behavior of the system is shown in Figures 2.22 (right) and 2.23 (left). In the beginning,
the number of progenitors and of reticulocytes (not shown) in the bone marrow grow.
Consequently, the number of erythrocytes in blood also grow and exceeds the equilibrium
value Ny. As a result, the concentration of erythropoietin drops, self-renewal of erythroid
progenitors decreases, their apoptosis increases. The number of progenitors in the bone
marrow and the number of erythrocytes in blood rapidly decay to zero, and the system
cannot recover anymore. Thus, feedback by erythropoietin did not allow us to stabilize the

number of erythrocytes in blood in the framework of the model under consideration.

Approximate analytical solution

In this section we consider a simplified model of erythropoiesis in vivo where we use a
schematic geometric structure of erythroblastic islands. We assume that they keep a circular
shape. Their global control is provided by the hormone erythropoietin whose quantity
depends on the total number of erythrocytes produced by all islands. We will show that

this system is unstable.
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Figure 2.23: Left: number of erythrocytes in blood as a function of time for different values
of feedback coefficients or without feedback (upper curve). Right: graphical solution of
equation 2.2.21.

Single island. Simplifying the structure of an erythroblastic island, we suppose that
erythroid progenitors fill a circle of radius R. Then the number n of progenitors in the
island is proportional to its area S = 7R?*: n = “TR2, where o is the area of a single
progenitor cell. The rate of self-renewal of the progenitors is proportional to their number,
that is to the area S of the circle. Reticulocytes are located at the boundary of the circle.
Their number m is proportional to its length, m = %, where d is diameter of reticulocytes.

Since stimulation by Fas-ligand takes place at a small distance, we can suppose that
only the progenitors located near the boundary die by apoptosis. Hence the apoptosis rate
is proportional to 2rR. We can now write the equation for the number of progenitors:
% = kin — kom, where k; is determined by the duration of cell cycle, k2 by the time during
which the intracellular concentration of Fas reaches the critical level necessary to kill the

cell. From the last equation we obtain:

—~ —aR—b, (2.2.20)

where a = k1/2, b = oks/d. This equation has a stationary solution, Ry = b/a. It can be
easily verified that it is unstable. If R > Ry, then the circle will indefinitely grow, if R < Ry

it will shrink. Thus, a single island in this model is unstable.
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Stabilization by the apoptosis rate. The apoptosis rate b depends on the concentration
of erythropoietin that depends, in its turn, on the number of erythrocytes IV in blood. The
number of erythrocytes depends on the number of reticulocytes. For the sake of simplicity,
we suppose that this dependence is instantaneous, that is NV is a function of m at the same
moment of time. Then b can be considered as a function of R. Hence instead of equation
(2.2.20) where b is a constant we obtain the equation

dR

—r = aR—b(R), (2.2.21)

where b(R) is some given function. According to its biological meaning, it is an increasing
function. Dependance of apoptosis on erythropoietin concentration is specified in [55] on
the basis of the data available in literature. Qualitatively, it has the S-shape shown in
Figure 3 (right). Its exact form is not essential for what follows.

Equation (2.2.21) can have one or several stationary solutions. In the example, in Figure
3, there are three solutions. Only one of them is stable, R = Ra, since b'(R2) > a. Two
others are unstable. The solution of this equation with an initial condition R(0) = Ry will
converge to the stationary solution R = Ry if R1 < Ry < R3. If Ry < R, the solution will

decrease, and if R(0) > Rs, then it will grow.

System with more than one island. Let us return to a model similar to (2.2.21) when
there are n islands with radii R, ..., R". Then we will have the system of equations
dR/

= aR? —b(S), j=1,..,n, (2.2.22)

where S = 1(R! + ...+ R"). The last term in equation (2.2.22) implies that erythropoietin
production and apoptosis rate depend on the total (or average) erythrocyte concentration
which is proportional to S.

Each stationary solution Ry, Ro, R3 of equation (2.2.21) originates a stationary solution

of system (2.2.22): R' = ... = R® = R, k =1,2,3. Let us show that solution Ry, which
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is stable for equation (2.2.21), becomes unstable for system (2.2.22). We note first of all

that taking a sum of all equations in (2.2.22) we obtain:

— = aS —b(9). (2.2.23)

As before, S = Ry is a stationary solution of this equation. Therefore, the solution S(t) of
this equation with the initial condition S(0) = Rz is identically equal to Rs. Let us now
take initial conditions RI(0) = RJ, j = 1,...n of system (2.2.22) in such a way that
L(R{+ ...+ R}) = Ry. Then S(t) = 1(R'(t) + ... + R"(t)) = R. Hence system (2.2.22)
can be written as

dR/

= aR’? —b(Ry), j=1,...n. (2.2.24)

Hence all equations of this system are independent of each other. The functions R’(t) with
the initial condition greater than Rs exponentially grow, with the initial conditions less
than Rs exponentially decay till they become equal to 0. Since the solution is exponentially
growing for a particular initial condition constructed above, then the matrix of the linearized
system has a positive eigenvalue. Hence the dimension of the stable manifold is less than
n. Therefore the solution with a generic initial condition, which does not belong to this
manifold, will not converge to the stationary solution. Thus we have proved that stationary

solutions of system (2.2.22) are unstable.
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Chapter 3

Blood diseases

3.1 Multiple Myeloma

3.1.1 Biological background

Multiple myeloma (MM) is a relatively common disease that is characterized by bone
marrow infiltration with malignant plasma cells and, very frequently has a malignancy-
associated chronic anemia, i.e., a chronic decrease of circulating red blood cells. The degree
of anemia is correlated with the degree of marrow infiltration [15] and with the proliferative
rate of the myeloma cells, [71] both of which can be quantified before and after therapy.
Many patients treated for MM respond with improved or resolved anemia. Thus, the mar-
row infiltration by MM can be examined from its most prevalent stage at diagnosis to its
resolution or lowest degree of infiltration in those patients who respond to therapy, see
Figure 3.1.

Among human diseases, the progression of chronic infections or metastatic tumor growth
is variable, and infiltration of bone marrow by either process is rare when compared to
infiltration by hematologic diseases. Some hematologic diseases such as lymphomas and
leukemias often grow in the spleen as well as the bone marrow and, therefore, they can
confound determinations of bone marrow involvement because the spleen, which enlarges

and traps circulating cells will also reduce the numbers of circulating blood cells. Among the
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various blood cell types, the red blood cells are the most accurate for determining decreased
counts because they have a relatively narrow normal range compared to leukocytes and
platelets, which can vary two-to-three fold and still remain in the normal range.

Erythropoiesis occurs in the bone marrow within small units of cells called erythroblastic
islands. Erythroblastic islands consist of a central macrophage surrounded by erythroid
cells beginning at the progenitor stage of colony-forming units-erythroid (CFU-Es) and
extending through reticulocytes [40], [128]. CFU-Es have three possible fates: expansion
of their numbers without differentiation, differentiation into reticulocytes, and death by
apoptosis. CFU-E fate is determined by a very complex network of intracellular proteins.

Malignant cells of MM disrupt erythroblastic island function. MM cells produce two
cytokines which be cytotoxic for erythroblasts: Fas-ligand (FL) and the tumor necrosis
factor-related apoptosis-inducing ligand (TRAIL). Differentiating erythroblasts have recep-
tors for both FL and TRAIL, and triggering the receptors activates apoptotic pathways
in erythroblasts. If receptors of FL and TRAIL are activated, they induce apoptosis of
erythroblasts. Abnormal up-regulation of apoptogenic receptors, including FL. and TRAIL,
by highly malignant myeloma cells is involved in the pathogenesis of the ineffective erythro-
poiesis and chronic exhaustion of the erythroid matrix, see Figure 3.2.

In addition, GATA-1 (a survival factor for erythroid precursors) was remarkably down-
regulated in fresh erythroblasts from the severely anemic patients. These results indicate
that progressive destruction of the erythroid matrix in aggressive MM is due to cytotoxic
mechanisms based on the up-regulation in myeloma cells of FL., TRAIL, or both. It is con-
ceivable that the altered regulation of these receptors defines a peculiar cytotoxic phenotype
that drives the progression of aggressive MM [138].

Myeloma is treated with chemotherapies, which improves the patient’s condition but
does not heal the disease. Stem cell transplant are also used to try to cure patients. Anemia
associated with myeloma is treated with erythropoietin (EPO) injections. This treatment
rises patients life expectancy but, as chemotherapies, does not cure the disease.

In modeling of erythroblastic island function, immunoglobulin proteins produced by
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Figure 3.1: Effects of MM infiltration of the bone marrow that can lead to chronic anemia.

multiple myeloma can reduce renal function and, thereby, indirectly inhibit erythropoiesis
via decreased EPO concentrations reaching the erythroblastic islands. Indeed, inappropri-
ately low serum EPO concentrations have been reported in patients with multiple myeloma,
and the degree of EPO deficiency is correlated with the amount of bone marrow infiltration
and the proliferation rate of the multiple myeloma cells [15] and [71]. However, EPO con-
centrations can be corrected by successful treatment of the myeloma and/or administration
of exogenous EPO. If the patients are successfully treated, the anemia resolves with the

clearance of myeloma from the bone marrow.

3.1.2 Mathematical model

In this section we will model development of multiple myeloma in the bone marrow. At the
first stage of this modeling, we will introduce erythroblastic islands in normal situation and
will describe their functioning similar to the modeling presented in Section 2.2. We take into

account here that some islands can extinct due to random perturbations in the dynamics
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Figure 3.2: Schematic representation of defective erythropoiesis in MM from Blood [138].

of erythroid progenitors. In this case we reinitiate them introducing new progenitors. This
corresponds to the action of colony forming units (CFU-E) cells that go around the bone
marrow leaving erythroid progenitors (burst forming units, BFU-E) behind them.

After that, when we obtain a steady functioning of the system formed by a number
of erythroblastic islands, we introduce multiple myeloma cells. They proliferate and form
a tumor that grows and gradually fills the whole space. When it arrives to erythroblas-
tic islands, it destroys them by the direct mechanical contact. Myeloma cells proliferate
and push out normal erythroid cells. Moreover, malignant cells produce Fas-ligand and
TRAIL protein which stimulate apoptosis of erythroid progenitors. Thus development of
multiple myeloma leads to the destruction of erythroblastic islands and to severe anemia.
It can be partially compensated by treatment with hormone erythropoietin (Epo) which

downregulates apoptosis of erythroid progenitors.

Normal erythropoiesis

Cell dynamics is regulated by some proteins and growth factors that determine their self-
renewal, differentiation and apoptosis. Their concentrations can be described by the system

of ordinary introduced in Section 2.2.4:
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= = a0, (3.1.1)
% = a1+ bz, (3.1.2)
% = a9 — byzv, (3.1.3)
% = a3z — byzw. (3.1.4)

Here w is the concentration of activated BMPRA4 receptor (BMP-R), v is the concentration of
GATA-1, w is the concentration of the activated caspase, z is the concentration of activated
glucocorticosteroid receptor (GR). The parameters of the intracellular regulation depend

on the extracellular regulation:
a1 = a) +a}G,az = a3 + a3 F, a3 = a} + a3 F. (3.1.5)

Here G is the concentration of growth factor, F is the concentration of erythropoietin, F' is
the concentration of Fas-ligand.

After some time, reticulocytes leave the bone marrow in the blood flow where they
become mature erythrocytes. In numerical simulation this time is taken equal one cell
cycle, after which they are removed from the computational domain. Reticulocytes produce

Fas-ligand. The distribution of its concentration is described by the equation:

oF

E = DpAF +Wpgp —opF, (3.1.6)

where the first term in the right-hand side of this equation describes diffusion of Fas-ligand in
the extracellular matrix, the second terms its production and the last terms its degradation.
We should specify that Fas-ligand is a transmembranian protein which acts by direct cell-
cell contact. Its description by the diffusion equation is a mathematical approximation. If

the diffusion coefficient is sufficiently small, then it will be localized around the Fas-ligand
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producing cells and act only on the neighboring cells. This approach allows us to avoid the
detailed description of cell geometry. Let us also note that the production term is considered
as a step-wise constant function with the support located at the area of Fas-ligand producing
cells.

Let us recall that erythroblastic islands consist of erythroid progenitors and reticlocytes
around central macrophages. During the development of multiple myeloma, malignant
cells proliferate and push all other cells by the direct physical contact. This is one of
the mechanisms which act on erythroblastic islands. Erythroid progenitors are small cells
approximately of the same size as multiple myeloma cells.

Macrophages produce growth factor G which stimulated proliferation of erythroid pro-

genitors. Its concentration is described by the reaction-diffusion equation

oG

which takes into account its diffusion, production and degradation.

Number of erythrocytes in blood. Anemia is one of the consequences of the disease,
characterized by the low levels of healthy red blood cells (RBCs) and less than normal level
of hemoglobin in blood.

Erythrocyte lifetime in blood for humans is 120 days. In order to accelerate the simula-
tions, we reduce it to 40 day (as it is for mice). New erythrocytes are added when they leave
the bone marrow (more precisely, reticulocytes become erythrocytes already in blood flow),
and they are removed when their age reaches 40 days. Erythroblastic islands are shown in
Figure 3.3 and the total number of erythrocytes produced by 8 islands in Figure 3.4. We

can see that after about 20 days, the total number of erythrocytes reaches its steady level.

Disease

There are two mechanisms by which multiple myeloma cells invade the bone marrow. Cells

of the tumor push out normal cells by pure mechanical interaction and cancer cells increase
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Figure 3.3: Numerical modeling of normal erythropoiesis with 8 erythroblastic islands. The
initial cell distribution is shown in the left image, the same islands 5 days later in the right
image. In some of the islands, erythroid progenitors disappear. In this case, they are added
again due to the presence of CFU-E cells in the bone marrow. Fas-ligand produced by
reticulocytes is shown in red and growth factor produced by macrophages in green.
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Figure 3.4: Total number of erythrocytes produced by 8 islands. After approximately 20
days it reaches a steady state level with some oscillations around it due to cell cycle.

apoptosis of erythroid progenitors by Fas-ligand and other biochemical signals. A compar-
ative study of two cases of MM is conducted. We first studied MM with malignant cells
acting only mechanically and then with cancer cells producing Fas-ligand and TRAIL. In
both of them, the tumor does not spawn until the cells erythropoiesis reaches the stability
phase. The objective is to study the impact of Fas-ligand on the evolution of different pop-
ulations of cells. In other words, by comparing the populations of erythroid progenitors and
reticulocytes, we establish the role of Fas-ligand secretion in the development of multiple
myeloma.

Let us consider the case where malignant cells do not secrete Fas-ligand. We analyze
the erythroid progenitors and reticulocytes populations. We notice that while in the sta-
bility phase, the progenitors’ number is higher than the reticulocytes, the extinction of the
progenitors takes place faster. This can only be explained by the Fas-ligand effect of the
reticulocytes in the elimination of progenitors by triggering apoptosis. Nevertheless, be-

cause of the spatial organization and the location of macrophages, some of the progenitors
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are surrounded by malignant cells. These cells are also pushed until they differentiate and
either die or leave the bone marrow.

The same behavior of the populations can also be observed in the case of MM cells
producing Fas-ligand. However, contrary to the case without Fas-ligand produced by MM
cells, the difference between the time of extinction of progenitors and reticulocytes is not as
important. In fact, if that difference is due to the Fas-ligand secreted by reticulocytes, the
Fas-ligand secreted by the tumor overshadow the effect of the Fas-ligand of reticulocytes in
the case of MM with Fas-ligand. This can be clearly noticed when analyzing qualitatively
the maximal values of Fas-ligand in both cases. The result is that the same fate which is
extinction is awaiting all cells whether they are progenitors or reticulocytes.

The first important effect of Fas-ligand does not take place until the few hours of the
simulation. In fact, we have seen that the cells that are near the tumor disappear at a
high rate when there is a secretion of Fas-ligand. While in the case of MM without Fas-
ligand, the elimination of cells is primarily due the physical pushing of reticulocytes by the
tumor against the progenitors. We have shown that while the difference in the apoptosis
of progenitors in the two cases is not that significant, the reticulocytes difference is wider
and clearer. In fact, the Fas-ligand protein is not only responsible of apoptosis, but also
of differentiation. This is why the extinction of reticulocytes in the case of MM with Fas-
ligand takes place earlier due to the early differentiation of a large number of progenitors.
The progenitors late extinction is explained by the compensation of the Fas-ligand of the

reticulocyte by the one of the MM.

Regulation by EPO

In the previous paragraph, we studied the development of multiple myeloma assuming that
the concentration of erythropoietin was constant. However the number of erythrocytes
in blood determines the quantity of erythropoietin produced in the kidney [140] and the
number of erythrocytes depends on the quantity of EPO. Indeed, a feedback loop regulates

the production of erythrocytes: if this number decreases, as in anemia, the amount of EPO

92



= s -
R RIS |
X &
e 5 o
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Figure 3.6: We can see the declining number of progenitors and of mature cells during
the growth of tumors. Left: with cancer cells acting by mechanical actions (yellow curve -
progenitors, blue curve - reticulocytes). Right: with cancer cells producing Fas-ligand and
TRAIL (blue curve - progenitors, red curve - reticulocytes).

produced increases in order to stimulate erythropoiesis.

In the model of normal erythropoiesis developed in Section 2.2.4, apoptosis of erythroid
progenitors is determined by the intracellular concentration of activated caspace (variable w
in equation (2.2.16)). If this concentration exceeds some critical level we,, then the cell dies
by apoptosis. The hormone erythropoietin produced in the kidney downregulates apoptosis
of erythroid progenitors. In the model, we take this effect into account assuming that w,,
depends on the difference N — Ny of the current number N or erythrocytes in blood and

their number Ny in normal conditions:

Wer = Wer, — k(N — Np) (3.1.8)
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Figure 3.7 shows the number of erythroid progenitors in the bone marrow and the number

of erythrocytes in blood for fixed but different values of the critical value we,.
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Figure 3.7: Purple curve: wq= 0.08, green curve: wq= 0.09, red curve: w.= 0.1, blue
curve: we= 0.11. Left: number of progenitors. Right: number of more mature cells, as
functions of time.

The comparison of the both cases highlights the effect of EPO in regulating the popu-
lation of cells. In fact, by increasing and decreasing the apoptosis rate, EPO manages to
change the value to which the population converges.

Through these comparisons, we have shown that in the case of variable EPO, the pop-
ulation of normal cells takes a longer time to reach extinction than in the case of fixed
variable. This can only explained by the variation of the threshold we,. Injection of EPO
are used to treat myeloma. Treatment by exogenous EPO can be presented as an increasing
of value of we,.

Werg — k(N — No),t <T

Wer(t) = (3.1.9)
Werg — k(N — No) + wepy, t > T

where T is the time of injection and we,, describes the effect of exogenous EPO. In Figure
3.8, we can observe the increase of the number of erythrocytes, after an injection of EPO

the population extinct with a delay.
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Figure 3.8: Blue curve: number of erythrocyte after injection of EPO. Red curve: number
of erythrocyte without exogenous EPO.

3.1.3 Partial differentiation of myeloma cells

In Chapter 2 we presented two models of erythropoiesis with two different schemes of intra-
cellular regulation. One of them was based on the interaction of Erk and Fas, another one
on a more complete regulation with BMP4, Fas, GATA-1 and activated caspases. Though
intracellular regulations are different, functioning of erythroblastic islands in these two cases
is similar. The results on the development of multiple myeloma presented above are ob-
tained for the second intracellular regulation (Section 2.2.4). We have also studied it in the
case of the first intracellular regulation. The results obtained in this case are very similar
to the other case, and we do not present them here.

We will study in this section how the rate of proliferation of multiple myeloma cells
influences the tumor growth and anemia which accompany this blood disorder. We will
consider this question in the case of the Erk-Fas intracellular regulation. We will suppose
that at each cell cycle, a cancer cell has a probability p to divide into two daughters cells
identical to the mother cell (self-renewal) and the probability 1 — p to divide into two
differentiated cancer cells that stop their division after one cell cycle.

If p = 1, then all myeloma cells divide giving similar cells. This means that their
number growth exponentially until they fill completely the whole computational domain
(Figure 3.9). At the same time, erythroid progenitors and reticulocytes in the bone marrow
rapidly disappear while the number of erythrocytes in blood gradually decay because their

production in the bone marrow is stopped. If p = 0.25, then multiple myeloma cells stop
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Figure 3.9: Figure 3.9: Cell number in time during multiple myeloma development: ery-

throcytes in blood (red), multiple myeloma cells (green), progenitors (yellow), mature cells
(blue).

their proliferation after several cell cycles and erythropoiesis is almost normal. It is weakly
influenced by the presence of non-diving myeloma cell in the bone marrow. The number of
erythrocytes in blood for different values of p is shown in Figure 3.10. It rapidly decreases

for p > 0.5 and it tends to its normal value for p < 0.5.
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Figure 3.10: Number of erythrocytes in blood as a function of time for different values of
the parameter p.
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3.2 Lymphoma

3.2.1 Biological background
Healthy functioning thymus

Given the clinical presentation of the disease, the modeling assumes a tumor arising in the
thymus. Therefore we begin by simulating the functioning of a healthy thymus. The thymus
is an important organ in the formation of the immune system in very young childrens. Its
action becomes negligible in adults. The thymus is composed of several lobules, containing
a cortex and a medulla separated by a cortico medullary jontion. The thymus is the site
of maturation, in particular the cortex [31], and education: selection process, of T lympho-
cytes. This area contains the three types of thymocytes studied: double negative (DN),
double positive (DP) and single positive (SP). This classification depends on the expression
of the receptors CD4 and CDS8, DP: CD4TC'D8", DN: CD4~CD8 , SP: CD4*CD8 or
CD4~CDS8*. Other thymic cells, such as nurse cells, cortical and medullary epithelial cells
are involved in proliferation, differentiation and apoptosis of thymocytes.

During education process of thymic cells, stem cells located in the bone marrow can
give rise to thymic precursors. Precursors will go through several stages of differentiation
and proliferation to give rise to all the T cells. Precursors enter the thymus through blood
vessels. During the early stages of T cell development precursors become DN1, which are
multipotent cells able to differentiate into T lymphocyte, NK (Natural Killer) lymphocyte
and dendritics cells. Pro T thymocytes (DN2) mature to become DP or NK. Finally, DP

become SP and exit the thymus through blood vessels [86] (see Figures 3.11 and 3.12).

Education of T cells. Cancer cells appear when cells proliferate rather than differentiate,
causing the emergence and development of a tumor. Control of maturation, migration,
proliferation and differentiation of T cells ligneage is due to their interactions with other
cells in the thymus, especially with epithelial cells, nurse cells and dendritic cells. For each

new stage of differentiation and maturation, a transcription factor of a T cell, activated by
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Figure 3.11: Intrathymic migration of developing thymocytes. T lineage precursors enter
the thymus through post-capillary venules of the corticomedullary junction (CMJ) and
then migrate outward to the subcapsulary zone (SCZ) where they undergo TCR beta chain
rearrangement and selection. At this time polarity of migration is reversed and CD4+CD8+
(DP) thymocytes move back into the cortex for alpha chain rearrangement and for testing
of nascent TCR through positive selection. Post-selected thymocytes are granted access to
the medulla where they are screened for self-reactivity through negative selection. Pattern
and legend from [166].

a signal from the microenvironment, is involved.

Selection. Each day 5.107 mature cells are produced but only 10° cells leave the thymus.
98% of the thymocytes die by apoptosis after three types of selections: 3, positive and
negative selections. During their development, lymphocytes express several receptors which
allow cells to receive signals from their environment. Cells that fail to produce a functional
pre-TCR (T cell receptor) are eliminated by apoptosis. This is called the g-selection. In
positive selection, upon contact with cortical epithelial cells, lymphocytes DN receive a
signal of life or death. In negative selection, upon contact with epithelial cells of medulla,
surviving lymphocytes DP also receive this signal. More precisely, cells with a TCR (T cell

membrane receptor) with sufficient affinity for self MHC (major histocompatibility complex)
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molecules of epithelial cells, survive. In summary, the cells with too high or too low affinity

with MHC die as a result of different selection processes.

Signal transmission. In the normal thymus, mature cells produce cytokines (soluble
substances cell signaling). Cytokines may be interleukins, growth factors or inhibitory
factors. They provide the biological support of proliferation, differentiation or death signal.
There is a balance between cytokines families with antagonist roles.

Proliferation and differentiation of thymocytes is a response to epythelial cells (Figure
3.13). It is suggested that intracellular signals through different MAP (Mitogen-activated
protein) kinase cascades selectively guide positive and negative selection of T lymphocytes
[85].

MAPK acts during the signaling cascade that induces proliferation or differentiation. It
is a regulator of the differentiation of immature thymocytes from double-negative to double-
positive cell, most probably acting as a transducer of pre-T cell receptor signaling[56].
Signals through ERK signaling cascade and through p38 signaling cascade are critically
involved in TCR signals inducing positive selection and negative selection, respectively [56].

Three proteins are mainly involved in the MAP cascade:

e ERK: activation of ERK by TCR promotes positive selection, differentiation of DN

to DP and proliferation,

e p38: activation blocks differentiation. Inhibition of p38 MAP is necessary for differ-

entiation and proliferation,

e JNK: activation of JNK is involved in negative selection.

Disease

Even if the disease begins in the thymus, it can also affect the bone marrow. The tumor
and the action of treatment are not limited to the thymus and can reach the whole body

through the blood vessels and also affect the bone marrow. The tumor appears due to the
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Figure 3.12: Differentiation pattern of normal cells.

malignant transformation of clonal abnormal progenitor cells capable of expansion with in-
finite self-renewal potential which occurs in thymus [102]. Such cells possess a genetic lesion
that causes their proliferation and blocks their differentiation [47]. Genetic aberrations in
leukemogenesis can affect transcription factor, protein-protein interaction, signal transduc-
tion, fate determination and cell cycle activator and differentiation [47]. The consequences
of these genetic mutations are very complex and are not modeled in this study. In 90% of

cases, lymphoma is caused by excessive proliferation of immature thymocytes [31].

3.2.2 Mathematical model

A hybrid model is used to model the education of T cells, the disease at a cellular level
and the action of treatment. Healthy and cancer cells are modelled as discrete objects
which interact with their environment. Intracellular proteins and extra-cellular regulation
are described with continuous models, ordinary and partial differential equations [98, 69,
59, 6, 8, 9, 63]. Hybrid discrete-continuous models are widely used in the investigation of

dynamics of cell populations in biological tissues and organisms that involve processes at
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different scales.

Thymus modeling

The model of thymus considered in this work contains precursors, DN (3%), DP (85%)
and SP (12%) cells (these values are taken from [90]). The proportions of cells remain
approximately constant in a healthy individual. They provide a constant T cells production
compensating apoptosis. Precursors are supposed to be committed to the T lineage by
activation of their receptors Notch. Other lineages are not studied here. We only simulate
the transformation of DN1 cells into DP and after that into SP.

Cell cycle duration is taken in average 7' = 3 days plus/minus random variation in time
interval [T'— 0, T + 6], with a uniform distribution. At the end of cell cycle, the cell divides.
Everywhere below we will set § = 1. At the moment of cell division, its choice between self-
renewal, differentiation and apoptosis is specified. Early T cells are first located in a stromal
cell niche [28]. They are exposed to stromal factors [28] which determine their proliferation
and differentiation [56, 123]. Differentiation and self-renewal of T cells are controlled by
signals emitted by their microenvironnement. Intracellular regulation which determines cell
fate is described by ordinary differential equations (6.1.3), extracellular concentrations by
partial differential equations (2.2.9). Apoptosis is modeled by probability distribution (cf.
Paragraph “(-selection, negative and positive selections”).

When cells become SP, they leave the thymus. In order to maintain a constant number of
each type of cells, new cells are introduced in the computational domain by a periodic input
of precursors. New cells are added if there is some space available for them. Consequently,
if the number of lymphocytes in the thymus is sufficiently low, then new cells appear there.
If the number of cells is high, for example in the case of tumor growth, there are no new
cells. This is one of the reasons why during the progression of the disease, the thymus
cannot perform its function.

To model the individual behavior of cells and also that of patients, parameters are

assigned to each newly born cell. These parameters determine cell self-renewal capacity and
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malignant potential. The parameters are the cell position, age, life expectancy, threshold
of sensitivity to treatment, threshold of sensitivity to the external environment. These
characteristics can be transmitted to daughter cells or they can be random variables.

Cell behavior depends on the intracellular and extracellular regulations described below.
It also depends on its spatial location and on various cell specific parameters such as duration

of cell cycle and sensitivity to treatment (Section 3.2).

Intracellular regulation

For each thymocyte we introduce an intracellular variable u which corresponds to the con-

centration of the proteins MAPK. Its evolution is described by the equation

du

— = kG 3.2.10
dt co + ) ( )

where ¢ is a positive constant and G is the concentration of extracellular growth factors. If
u exceeds some critical value u..;; at the end of cell cycle, then the cell self-renews, otherwise

it differentiates.

Extracellular regulation

Nurse cells produce growth factor G which promotes self-renewal of thymocytes. If they are
close to nurse cells, then the intracellular concentration u will grow due to the presence of
growth factor. It will reach the critical value and the cell will self-renew. The thymocytes
located sufficiently far from the nurse cells will differentiate. Concentration of the growth
factor G is described by the reaction-diffusion equation

oG

where D is the diffusion coefficient, W is the production rate, v is the degradation rate.
Nurse cells are considered as a constant source of growth factor. The last term in the

right-hand side of this equation describes its degradation.
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[b-selection, negative and positive selections

Figure 3.13 shows the signal transduction responsible for different selections of T cells.
Epithelial cells form a fibrous network in the thymus [31]. So we assume that they are
numerous enough and uniformly distributed in space such that each T cell can receive their
signals of life and death upon a cell to cell contact.

In simulations, apoptosis is modeled by a probability of remaining alive for each cell
type. The probability of survival is equal to 60 % for precursors, 40 % for DN, 50 % for DP
and 40 % for SP. After all maturation stages, a probability of 95 % of apoptosis for healthy

cells is observed.

Regulation of the proliferation and differentiation of
thymocytes by epithelial cells

[Membrane receptors |

Signal cytokines

Epithelial cell

Growth factor

ucleus

Transcription factor Notch1,Gata 3,
RunX3....

T cells (DN,
DP, SP)

Figure 3.13: Simplified pattern of signals transduction. Each thymic cell receives signals
from its microenvironnement. These signals determine the fate of cells by 3, negative and
positive selection.

Normal fonctioning of thymus

Spacial cell organization with different cell types is shown in Figure 3.15. Figure 3.14 shows
the results of numerical simulations of healthy thymus which correspond to one year of real
time. The number of different cell types is constant in average with some oscillations related

to cell cycle. Proportions of DN, DP and SP cells are in agreement with their physiological
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values in humans.
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Figure 3.14: Numerical simulations of healthy thymus: a part of thymic cortex. The number
of cells (DN (blue), DP (green), SP (red)) in a section of healthy thymus during one year.

3.2.3 Lymphoma development and treatment
Modeling of lymphoma

Appearance of tumor is caused by early thymocytes with excessive self-renewal and insuffi-
cient differentiation and apoptosis because of genetic mutations. In the model, we introduce
a single mutated cell which begins to proliferate. Malignant cells self-renew at the end of
each cell cycle with a given probability p. They have proliferating advantage compared to
normal cells. They multiply and increase the volume of thymus. Gradually, the whole thy-
mus is invaded by the tumor. Healthy cells can no longer develop normally. They disappear
being replaced by malignant cells.

Figure 3.15 shows the development of tumor. It invades the thymus and destroys the spa-
tial cell organization which is necessary for normal development of thymocytes. Therefore
their number decreases. On the other hand, there is no enough space for new immature cells
in the thymus. Therefore the influx of early thymocytes from the bone marrow (through
the blood flow) also decreases. Both factors result in the decrease of the number of normal

cells in the thymus (Figure 3.16).
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(c) 27 days (d) 45 days

Figure 3.15: Development of tumor in the thymus. The number of malignant cells grows
exponentially. They invade the thymus and push out normal cells. Cells shown in the figure:
early thymocytes (gray), DN (blue), DP (green), SP (red), stromal cells (large purple cells),
malignant cells (purple). Extracellular substances produced by nurse cells are shown as
green halos.
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Figure 3.16: The number of cells before and during the development of tumor. The number
of malignant cells grows exponentially, the number of normal cells decreases. The curve
showing the number of malignant cells is purple, the corresponding curves for normal cells
are blue, green and red.
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Treatment

In this section we will study lymphoma treatment with chemotherapy. Medications used
in the treatment represent a combination of drugs, mainly methotrexate and purinethol.
Treatment consists of several phases: induction, consolidation, reinduction, maintenance
[155]. We will take into account two phases: treatment of acute phase (induction) with the
duration 1-1.5 months and maintenance treatment (up to 2 years after the beginning of of
induction) [155]. Treatment doses for Mercaptopurine (plurimethol) are 50 mg/m? daily
and for Methotrexate (PO) 20 mg/m? weekly.

The protocol of treatment is too complicated to be faithfully reproduced in the model.
However the frequency of drug injection is sufficient to consider that its concentrations in the
patient’s body is constant during the treatment. We assume that cancer cells are exposed to
the same quantity of treatment regardless of their location. Maintenance treatment begins

after the complete or partial disappearance of the tumor.
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Figure 3.17: Simulations of lymphoma treatment by chemotherapy. When the tumor disap-
pears, precursors enter the thymus and recreate its normal structure. Precursors (gray), DN
(blue), DP (green), SP (red), stromal cells (large purple cells), epithelial cells (not shown,
these cells form a fibrous network in the thymus), malignant cells (purple).

106



(t)/Pcrit

0.0 0.5 1.0 15 20 25 3.0 35
Time (days)

Figure 3.18: Ratio of intracellular drug concentration p(t) and the threshold p..; during
cellular cycle for ky=2.1073, k_=10"3 (blue), ky=k_=10"3 (black), k4 =10"3, k_=2.10"3
(green).

Physiologically based pharmacokinetic model (PBPK) for Methotrexate and Mercaptop-
urine comprises the following compartments: stomach, gut lumen, enterocyte, gut tissue,
spleen, liver vascular, liver tissue, gall bladder, systemic plasma, red blood cells (RBC),
kidney vascular, kidney tissue, skin, bone marrow, thymus, muscle and rest of the body
[113]. All these tissues and organs were modelled using the standard flow limited equation:

dCr Cr

VTW =Qr(Cp — Ko

), (3.2.12)

where V7 is the volume of tissue, Cr concentration of the drug, Q7 plasma flow, K, tis-
sue/plasma concentration ratio for the tissues and Cp is the systemic plasma concentration

[113]. We assume that a similar equation can be used at the cellular level:

d
dif = ktpo(t) — kp. (3.2.13)

Here p is the intracellular drug concentration, pg is the concentration of drug in the thymus.
The coefficient k™ determines the ability of a cell to absorb the drug, k~ to remove it. When
p(t) reaches a critical value p.,;, the cell dies. The value p. can be different for different
cells. It follows the normal distribution N (perit, o). The mean value is o and o, the standard

deviation is equal to 10%u. The value of u can be equal for all cells or can be inherited from
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their mother cell. Cells have the ability to change their response to treatment by changing
the value of p.riz. The intracellular drug concentration which is necessary to kill malignant
cells is not known. We will vary the ratio ;o (.22~ =1.25 in Figure 3.20).

Figure 3.18 shows intracellular drug concentration in time for various values of parame-
ters. All cells for a given simulation follow the same dynamics of drug accumulation since,
according to the assumptions of the model, the drug concentration is uniformly distributed
inside the thymus and it does not depend on time. If the intracellular drug concentration
reaches the critical level p..;+ at the end of cell cycle, then the cell dies. Since cells differ
by the duration of cell cycle and by the value pg;t, some cells can die while some other can
survive the treatment.

The action of chemotherapy on thymus is illustrated in Figure 3.17. Malignant cells are
gradually eliminated, new precursors enter the thymus and recreate its normal structure.

Duration of treatment from the data base EuroLB [60] is shown in Figure 3.19. Among
114 patients, 6 died from the disease. Data are available for three of them. They died 216,
477 and 594 days (7, 16 and 20 months) after the beginning of the maintenance treatment.
Similar to the database FEuroLB, we tested the durations of treatment in virtual patients

at 6, 12, 18 and 24 months. As expected, the number of relapses decreases with a longer

maintenance treatment (Figure 3.20).
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Figure 3.19: Histogram of the duration of maintenance treatment for 78 patients having T
or B lymphome.
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Figure 3.20: The number of relapses decreases (and number of healings increases) as a func-
tion of duration of short treatment for a constant ratio between p..;; and pg, perit=1.25pg.

Maintenance treatments

The criteria to monitor the evolution of the disease in virtual patients is the number of
malignant cells. The number of cancer cells is observed for a period at most equal to two
years (Figure 3.21). After treatment of the acute phase, the treatment of the maintenance
phase begins at the same time for all patients. Statistical correlation between the duration
of treatment, the relapse rate and the administered drug doses will be discussed in future
studies. Figure 3.21 shows simulations of two years of treatment. During one month (time
of acute phase of the disease), the number of cancer cells increases. One month after the
beginning of treatment the number of cancer cells decreases and during the maintenance
treatment it approaches zero. During the maintenance phase of treatment, all malignant
cells die, or few cells survive and give rise to new cancer cells. Figures 3.21 (a) and (c) show
a pair of cured patients, Figures 3.21 (b) and (d) show one patient completely cured and
one patient who relapsed. The behavior of the two patient of a pair can be different for the

same treatment (the same dose of drugs and the same duration of treatment).

Resistance to treatment

Cancer cells can develop resistance to treatment due selection and Darwinian evolution

[152, 49]. The most resistant cells will survive and multiply while less resistant cells will
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Figure 3.21: Numerical simulation of lymphoma treatment. The first vertical line shows
beginning of treatment of the acute phase, the second vertical line shows the end of treat-
ment of the acute phase and beginning the maintenance treatment, the third vertical line
shows the end of maintenance treatment for the patients in figures (b) and (d). One of
them relapsed. Treatment is continued for patients in figures (a) and (c). Both of them are
cured.

die. In order to model this effect, we introduce in the model variation of the critical value
Perit- Let us recall that when intracellular drug concentration reaches this value, the cell
dies.

If this value is not reached by the end of cell cycle, the cell divides. The daughter
cell will have the same critical value as the mother cell with a small random perturbation
Perit £ €. We set € = 10%periz. Hence we have diffusion of the critical value which leads to

gradual appearance of more resistant cells. Since less resistant cells will be eliminated by
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Figure 3.22: Cell distributions with respect to the values of p..;; after 1 (blue), 2 (pink),
4 (yellow), 9 (brown), 14 (red), 20 (black) months. After several months of treatment, the
mean value of p..;; increases. We can observed a spreading of the gaussian distribution.
Each histogram represents an average of 10 simulations.

treatment, the tumor will become more and more resistant to treatment. Figure 3.18 shows
the quantity of drug inside a malignant cell during cell cycle. This quantity increases as a
function of time.

Let us also note that the initial drug concentration in newly born cells are set zero
because the drug molecules half-life time is very short.

Figures 2.4 and 3.22 show the evolution of cell distribution with respect to their critical
values pqrit. We can conclude that these distributions move in the direction of large critical

values resulting in appearance of cells resistant to treatment.
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Chapter 4

Pulses in reaction-diffusion

equations

4.1 Introduction

Biological cells can be characterized by their genotype. Cells of the same type have a lo-
calized density distribution in the space of genotypes. This distribution can evolve under
the influence of various external factors. In particular cancer cells can adapt to chemother-
apy treatment resulting in appearance of resistant clones. This process is called Darwinian
evolution of cancer cells [27]. We studied above the emergence of resistance with hybrid
discrete-continuous models in the case of lymphoma treatment. In this chapter we analyze
this process with reaction-diffusion equations. We will consider the scalar reaction-diffusion

equation
ou 0%u

on the whole axis. The typical example of the nonlinearity is given by the function

F(u,z) = u*(1 —u) — o(z)u, (4.1.2)
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where the first term describe the rate of cell birth and the second term the rate of their
death. Let us note that the space variable x here corresponds to cell genotype, u(x,t) is
the cell density which depends on x and on time ¢. The diffusion term describe variation of
genotype due to mutations, the mortality term depends on the space variable, that is on cell
genotype. If k =1 and o(x) = const, then this equation does not have localized stationary
solutions. In order to describe cell populations with localized genotype which correspond
to certain cell type, we need to introduce space dependent mortality coefficients. This
means that cells can survive only in a certain range of genotypes (survival gap). We will
study the existence of stationary solutions of Equation 4.1.1 and will show that localized
solutions (pulses) can exist under certain conditions of the function o(z). The method
of proof is based on topological degree for elliptic problems in unbounded domains and
on the Lerays-Schauder method. Consider now cell population dynamics if there are two
survival gaps, that is two intervals of genotype where cells can survive. We will consider
the model with global consumption of resources where all cells consume the same nutrients
and their quantity is limited. Suppose that initially all cells are located in the first survival
gap (Figure 4.2). If we increase the mortality coefficient there, then this cell population
disappears. Instead of it, another cell population appears in the second gap. This behavior
can be explained as follows. Cells located in the first survival gap consume all nutrients and
do not allow cells in the second gap (which are present because of mutations) to proliferate.
When cells from the first gap are removed, nutrients become available and cells in the
second gap proliferate restoring a similar population with another genotype. This is one of
possible mechanisms of emergence of cell clones resistant to chemotherapy in the process of
treatment.

Existence of solutions of the semilinear elliptic equation

Aw+ F(w,z) =0 (4.1.3)

in R", n > 1 depends on the nonlinearity F(w,x). It is studied in detail for polynomial
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functions F'(w,z) = wP where existence of solutions is determined by the values of n and
p [37], [41], [42], [76], [77]. Another typical example is given by the nonlinearity F(w,x) =
—a(z)|w|P~ 2w+ \b(x) |w|? 2w, where a(x) and b(x) are positive functions and X is a positive
parameter. Under some additional conditions it is proved that there exists a value of A for
which a nontrivial solution of this equation exists in the corresponding function space. In
some cases it can be proved that this solution is radial (n > 1) and non-negative. The
review of methods and results can be found in [7], [99].

In the second example considered above, the nonlinearity has variable sign and the
trivial solution w = 0 can be stable. In this case, nontrivial solutions, if they exist, do not
bifurcate from the trivial one. We can expect that they separate basins of attraction of the
trivial solution and of some other solution or infinity (blow up solution). These properties
can be clearly seen in the autonomous case, for example F(w, z) = —aw + bw?, where a and
b are some positive constants. In this case, equation (4.1.3) has a positive solution (pulse)
which vanish at infinity [17]. It is unstable as a stationary solution of the corresponding
parabolic equation. Solution of the Cauchy problem with a perturbed initial condition will
converge either to 0 or grow to infinity. Moreover, such pulse solutions exist for any values
of parameters a and b and not only for some values of parameters as in the example above.
In the one-dimensional case, they can be easily found analytically.

In this work we will study existence of pulse solutions for a nonautonomous nonlinearity.

We will consider the one-dimensional equation on the whole axis

w” + F(w,z) =0 (4.1.4)

and we will look for its classical solutions with the limits

w(zxo0) = 0. (4.1.5)

Similar to the example above, we will see that such solutions can separate basin of attraction

of the trivial solution and of some other solution. In fact, existence of solutions of problem
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(4.1.4), (4.1.5) will be determined by the properties of travelling waves for the corresponding
autonomous equation with the limiting function Fy(w) = limjg_ F(w,z). The typical
form of the function F' considered in this work is given by the example from population

dynamics

F(w,z) = w?(1 —w) — o(z)w, (4.1.6)

where the first term in the right-hand side describes the reproduction of the population, the
second term its mortality. The mortality rate o(z) is a positive function which depends on
the space variable. We can consider the nonlinearity in a more general form. The conditions
on it will be specified below.

We will use function (4.1.6) in order to explain the main features of this problem.

Consider first the case where o(z) = 0 is a constant. Set

Fo(w) = w*(1 — w) — oow.

Suppose that 0 < oy < 1/4 and consider the zeros of this function, wy = 0, w; and wy are

solutions of the equation w(l —w) = 0, 0 < w1 < way. If

/w2 Fo(w)dw > 0, (4.1.7)
0

then the equation

w” + Fo(w) =0 (4.1.8)

with the limits w(£o00) = 0 has two solutions. The trivial solution Wy(x) = 0 and a positive
solution W7y (x) which can be easily found analytically. Its explicit form is not essential for

us. In the case of the inequality

w2

Fo(w)dw < 0 (4.1.9)
0
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there exists only trivial solution. Finally, if

/ " Fy(w)dw = 0, (4.1.10)
0

then equation (4.1.8) does not have nontrivial solutions, which vanish at infinity, but there

is a solution with the limits

w(—00) = wz, w(+o0)=0. (4.1.11)

Let us note these three cases are related to the speed of travelling waves, that is solutions

of the equation

w” + cw’ + Fy(w) =0

with limits (4.1.11). Here ¢ is the wave speed. Its sign can be determined multiplying the
equation by w’ and integrating from —oo to +oo. If condition (4.1.7) is satisfied, then ¢ > 0.
If the inequality is opposite, then ¢ < 0. Finally, in the case (4.1.10), ¢ = 0. We will see

that properties of solutions of problem (4.1.4), (4.1.5) depend on the sign of the wave speed.

Condition (4.1.7). In this case, the question about the existence of solution can be
formulated in the following way. If we change the function o(x) by a continuous deformation
starting from the constant og, will the nontrivial solution persist? We will study this
question by a Leray-Schauder method which is based on topological degree and a priori
estimates of solutions. Topological degree in unbounded domains is defined in weighted
spaces, in the space without weight it may not exist. Therefore the estimates should also
be obtained in the weighted spaces. Usual estimates in Holder or Sobolev spaces are not
sufficient.

Let us explain in more detail what estimates we need in order to prove the existence of
solutions and how they can be obtained. Consider equation (4.1.4) with the function o, (x)

which depends on a parameter 7. Suppose that there exists a limit o¢p = limg,_ 1o 0 ().
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Let E = C3t%(R) be the weighted Holder space with the norm [Jul|g = [Jup||c2+o(r), where
p(z) = V1422 If the usual Holder norm |ju|g,, Eo = C*T*(R) is bounded and the
solution decays exponentially at infinity, then the weighted Holder norm is also bounded.
The Ep-norm of the solution can be estimated by the usual methods, exponential decay of
solution at infinity follows from the assumption Fj(0) < 0. However this is not sufficient
for a uniform estimate in the weighted Hoélder space. Consider a family of solutions u,
which depends on a parameter 7. If the weighted norm ||u||g tends to infinity as 7 — 79,
then it can be verified that equation (4.1.8) has a nonzero solution, and u, converges to
this solution. Under some additional conditions, we will prove that this convergence cannot
occur and will obtain, by this, a priori estimates of solutions. We will use here monotonicity

of solutions on the half-axis.

Condition (4.1.9). The situation is different in the case of condition (4.1.9). Equation
(4.1.4) does not have nontrivial solutions vanishing at infinity. A nontrivial solution can
bifurcate from the trivial solution. Condition (4.1.9) will allow us to obtain a priori estimates
of nontrivial solutions in the weighted norm. Hence if the trivial solution becomes unstable,
then we will obtain the existence of a nontrivial solution. Let us note that for function
(4.1.6) the trivial solution becomes unstable if the function o(x) is negative for some z.
This does not correspond to the biological meaning of this example. We consider this case

in view of other possible applications and more general functions F'.

Thus, equality (4.1.10) separates two cases where we prove existence of solutions. In the
case where this equality is satisfied, the method to prove existence of solutions developed

in this work is not applicable.

Nonlocal equations. Besides equation (4.1.4) we will also study the nonocal equation

w' + Fw,z, 1) =0, I(w)= /OO w(z)dx (4.1.12)

—00

with the typical example of nonlinearity
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F(w,z,I) =w?(1 - 1) — o(x)w. (4.1.13)

This case is quite similar to the previous one, and analysis of the existence of solutions is
based on the previous results. However, due to the integral term, the number of solutions
can change, and some of them can become stable [160]. Though we do not study stability
of solutions in this work, this is an important justification for the investigation of pulse

solutions.

Leray-Schauder method. Existence of solutions will be proved by the Leray-Schauder
method based on the topological degree for elliptic problems in unbounded domains. Let
us recall that the Leray-Schauder degree is not generally applicable in this case. It can
be used under some special conditions on the coefficients which allow the reduction of the
corresponding operator to the compact operator [99]. In our case this approach is not
applicable. We will use the degree construction for Fredholm and proper operators with
the zero index [159]. This construction requires the introduction of special weighted spaces.
Therefore a priori estimates of solutions required for the Leray-Schauder method should
also be obtained in the weighted spaces. This is a special type of estimates where the
boundedness of the solution and of its derivatives is not sufficient. These estimates will be
obtained for monotone solutions and will require separation of monotone and non-monotone
solutions (explained below). This approach is inspired by the method of proof of travelling

waves for monotone and locally monotone systems [158].

In the next section we will introduce function spaces and operators, we will obtain a
priori estimates of solutions and prove the main existence result (Theorem 2.7). It corre-
sponds to the case (4.1.7) in the example considered above. In Section 4.3 we will discuss
another possible case which correspond to inequality (4.1.10). Nonlocal equations will be

considered in Section 4.4.
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4.2 Monotone solutions on the half-axis

We begin with the problem on the half-axis. We consider equation (4.1.4) for = > 0 with

the Neumann boundary condition and look for a solution decaying at infinity:

w'(0) =0, w(+o00)=0. (4.2.1)

This problem can be extended to the whole axis by symmetry. We will assume that

oF
F(0,2) =0, x>0; g”’x)<0, w>0, >0 (4.2.2)
x
and for some € > 0
F!(0,2) < —¢, V2 >0. (4.2.3)
Moreover, there exists w4 > 0 such that
F(w,z) <0, Yz >0,w > w;. (4.2.4)

4.2.1 Operators and spaces

We will use the Leray-Schauder method to prove the existence of solutions. We need to
introduce the operators, function spaces, construct a continuous deformation of the operator
and obtain a priori estimates of solutions. Operators and spaces should be defined in such
a way that the topological degree exists for them. We suppose that the function F'(w,x) is
sufficiently smooth with respect to both variables. We can assume for simplicity that it is

infinitely differentiable with all derivatives bounded. Consider the operator

A(w) =w" + F(w, )

acting from the space
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Ey={ueCTRy), u'(0) =0}

into the space E2 = Cj/(R;). Here Cﬁ+a(R+) is a weighted Holder space with the norm

g,y = llupllorsaey),

where () is a weight function. We will set p(z) = v/1 + 22. Construction of the topological

degree for such spaces and operators can be found in [159].

4.2.2 Separation of monotone solutions

We will obtain a priori estimates of solutions for monotonically decreasing solutions. There-
fore we need to separate them from non-monotone solutions. We understand this separation
in the following sense. Consider a solution w,(z) # 0 which depends on parameter 7. The
dependence on 7 is continuous in the norm C!(R.). Suppose that the solution w,(x) is
monotonically decreasing for 7 < 7y and it is not monotonically decreasing for 7 > 79. We
will prove that this assumption leads to a contradiction.

We proceed by contradiction. Then there is a sequence 7,, — 79 and the sequence of
solutions wy,(z) = w,, (z) such that these functions are not monotone and the function
wo(x) = wry(z) is monotone. Therefore there exists a sequence z;, such that w/,(z,) = 0.
Without loss of generality, we can suppose that z,, — xg, where one of the following three
cases takes place: 0 < xg < oo, g = 00, xg = 0. We will show that all of them lead to

contradiction.

Finite value of zy. Consider first the case where 0 < x¢p < oo. Then w{(zo) = 0 and

wy(z) <0 for all z > 0. Set u(x) = —wy((x). Differentiating equation (4.1.4), we get

" + F) (wo, z)u — Fi(wg, x) = 0. (4.2.5)
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Since u(z) > 0 for all x > 0, u(xg) = 0, F, < 0, then we obtain a contradiction in signs
in the last equation. If the inequality in (4.2.2) is not strict, that is F), < 0, then the last
equation contradicts the maximum principle.

Let us consider one more generalization. We will suppose that

Flw,z) =0 = F.(w,z)<0, w>0, z>0. (4.2.6)

Therefore the derivative F). is negative not everywhere as in condition (4.2.2) but only at
zero lines of the function F.

Since w(j(zg) = 0, then F(wo(zo),z0) = 0. By virtue of condition (4.2.6), we have
F!(wo(zo),z0) < 0. Differentiating equation (4.1.4) and taking into account that wj(zo) =

0, we obtain

wy (x) = —FL(wo(z0),70) > 0. (4.2.7)

Hence w((xz) > 0 in some neighborhood of the point zy. This contradicts the assumption

that w((x) <O0.

Infinite value of xy. We consider now the case where x,, — co. Since w,(x) — wo(z)
in C'(R,) and wo(z) — 0 as  — oo, then wy,(z,) — 0 as n — oo. If wy,(z,) > 0, then
F(wp(zp),zn) < 0 and w]! (z,) > 0. Hence any positive extremum of the functions w,(x)
is a minimum. Therefore they cannot converge to zero at infinity. Similarly, if w,(z,) < 0,
then it is a maximum and, as before, the function cannot converge to zero at infinity.
Finally, if wy,(z,) = 0, then by virtue of condition (4.2.2) we have that F'(w,(xy),z,) =0,
wl'(xy) = 0. Therefore wy,(x) = 0. This contradicts our assumption that all solutions w, (x)

are nontrivial.

Zero value of xy. Let us consider the last case where z,, — g = 0. We note that
F(wp(0),0) > 0. Indeed, if F(w(0),0) < 0, then w({(0) > 0. Since w;(0) = 0, then this

function cannot be monotonically decreasing.
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If F(wp(0),0) = 0, then w{(0) = 0. The function u(x) = —w{(z) satisfies equation
(4.2.5) where F, < 0. Since u(z) > 0 for all z > 0, u(0) = 0 and «/(0) = 0, then we
obtain a contradiction with the Hopf lemma which affirms that «/(0) > 0. In the case of
the generalized condition (4.2.6), we get inequality (4.2.7). It contradicts the assumption
that the function wy(x) is decreasing.

Thus, we proved that F'(wg(0),0) > 0. Therefore the same inequality holds in some
neighborhood of x = 0. Since wy,(x) converges uniformly to wg(z), then w//(z) < 0 in the
interval 0 < x < ¢ with some positive § independent of n. This assertion contradicts the

assumption that w/ (z,) = 0 and z,, — 0 as n — co. We proved the following theorem.

Theorem 2.1 (Separation of monotone solutions.) There exists a positive number
r such that for any solution of problem (4.2.8), (4.2.9), which depends on a parameter T,

such that

lwy —wn |z, =7

for any monotone solution wy; and any nonmonotone solution wy of this problem. This

estimate does not depend on T.

4.2.3 A priori estimates of monotone solutions

We consider the equation

w” + Fr(w,z) =0 (4.2.8)

on the half-axis x > 0 with the Neumann boundary condition:

w'(0) = 0. (4.2.9)

We will look for its solution decaying at infinity, w(+o0c) = 0. In order to simplify the

presentation, we suppose that the function F;(w,z) is infinitely differentiable with respect
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to all variables w, x, T,

aF‘I’ )
F(0,2) =0, x>0 a(?:x) <0, w>0, >0 (4.2.10)
and
F(0,
88(395) <— x>0, 7€[01] (4.2.11)

for some € > 0. Moreover, there exists wy > 0 such that

Fr(w,x) <0, Yw>wq, >0, 7€]0,1] (4.2.12)

Let w,(z) be positive solutions of problem (4.2.8), (4.2.9) decaying at infinity. From
condition (4.2.12) it follows that w,(x) < wy for all  and 7. Indeed, since we consider
montonically decreasing solutions, it is sufficient to verify that w.(0) < w,. If the opposite
inequality holds, then, by virtue of the equation, w”(0) > 0, and this function is not
decreasing.

Since the function F,(w,z) is sufficiently smooth with respect to w,z and 7, then
solutions are uniformly bounded in C?(R,) and the dependence on 7 is continuous in
CY(Ry). In order to prove that solutions are uniformly bounded in the weighted Holder

norm, it is sufficient to verify that the weighted norm

lwrlle = lwplloe,)
of these solutions is uniformly bounded. Here p(x) = 1 + 22.

Let € > 0 be sufficiently small such that F(w,z) < 0 for 0 < w < € and all z > 0. Such
€ exists by virtue of condition (4.2.11). Since w;,(x) is a decreasing function and, obviously,
w7 (0) > € (otherwise Fr(w,(0),0) < 0 and w?(0) > 0), then there exists a unique solution
of the equation w;(x) = €. Denote it by x.

The solutions w;(x) admit a uniform exponential estimate for x > x,. Therefore if =,
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is uniformly bounded, then we obtain a uniform estimate of the norm ||w-||,.

Suppose that the values x, are not uniformly bounded. Then there exists a sequence 7,
for which x,, = x,, — oco. Without loss of generality we can assume that 7, — 79 for some
70 € [0, 1]. We will consider the corresponding sequence of solutions w,,(x) = w, (x). It has
a subsequence locally convergent to a solution wg(z) such that w((0) = 0 and wy(oo) > 0.
The latter follows from the equality w,(x,) = € and convergence of the sequence z,, to
infinity.

Let us also consider the sequence vy, (z) = wy(x + x,,) of shifted solutions. Obviously,

v, (0) = €. It has a subsequence locally convergent to a monotone solution vg(x) of equation

V' + Fy(v)=0 (4.2.13)

defined on the whole axis and such that vg(400) = 0, vg(—o0) > €. Here

Fi(v) = lim Fr (v,x).

T—00

This limit exists by virtue of the condition on the derivative in (4.2.10).
Set v_ = v(—00). Then F(v_) = 0. Multiplying equation (4.2.13) by v’ and integrat-

ing, we obtain

/0 " Fy (w)du = 0.

Thus, the assumption that x, is not uniformly bounded leads to the conclusion that there

exists a zero v_ of the function F; such that the previous equality holds.
Condition 2.2. For any v > 0, if F}(v) = 0, then [ Fy(u)du # 0.

If this condition is satisfied, then the values z, are uniformly bounded. Hence the norm

||wr]|, is also uniformly bounded.
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4.2.4 Model problem

Consider the function F'(w, z), which satisfies conditions (4.2.2)-(4.2.4), and the limit func-

tion

Fi(w)= lim F(w,x).

T—+00
We suppose that it satisfies the following conditions:

F (0) <0, Fy(w)<0 for w>w; (4.2.14)

with some wy > 0. Moreover there exists wg € (0, wy) such that Fy (wg) # 0,

/wo Fy(u)du =0, /w Fi(u)du #0 Yw € (0,w4), w # wp. (4.2.15)
0 0

Then problem

w”’ + Fy(w) =0, w'(0)=0, w(+o0)=0

has a unique positive solution wq(x), and wg(0) = wy is its maximal value. This solution
can be easily found analytically.

We will find the index of this solution, that is the value of the degree with respect to
small sphere around this solution. It is given by the following expression:

ind(wo) - (_1)1/7
where v is the number of positive eigenvalues (with their multiplicities) of the linearized
operator
Lu=u"+ F_ (wo(z))u

acting on functions C?(R.).
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Lemma 2.5. The eigenvalue problem

u" + Fy (wo(z))u = Au, 4'(0)=0, u(co)= (4.2.16)

does not have a zero eigenvalue.

Proof. Let us note first of all that the essential spectrum of this problem lies in the left-half
plane since F’_ (0) < 0. Suppose that the assertion of the lemma does not hold and problem
(4.2.16) has a nontrivial solution ug(x) for A = 0. Then this solution cannot be positive for
all z. Indeed, if ug(z) > 0 for 0 < x < oo, then the function vy(x) = ug(|x|) defined on the

whole axis is a positive solution of the equation

'+ Fl(wi(z))v =0, z€R,

where the function wy(z) is an extension on the whole axis of the function wg(z) by sym-
metry. Since the function vy(x) is positive, then A = 0 is the principal eigenvalue of the

operator

Lv ="+ F (w1 (x))v,

and this eigenvalue is simple [158]. On the other hand, vi(z) = w/(x) is an eigenfunction

of this operator corresponding to the zero eigenvalue, and

vi(z) = —wi(—z) >0, —co<z <0, wvi(z)=wy(z)<0, 0<z<o0.

Hence this eigenfunction is not positive, and it is different from the eigenfunction vy(x). We
obtain a contradiction with simplicity of the principal eigenvalue.

Thus, the function ug(x) has variable sign. Since it is determined up to a factor, we can
assume that ug(0) < 0. Then it has positive values for some x > 0 and it decays at infinity
since F_ (0) < 0.

Next, the function ui(z) = —w((z) is a solution of the problem
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u” + F (wo(z))u=0, u(0)=0, u(oco)=0,

which differs from problem (4.2.16) considered for A\ = 0 by the boundary condition. This
function is positive for all z > 0. We will use this function to prove that the solution ug(x)
cannot exist. Set w(x) = tu;(x)—wup(x), where t is a positive number. This function satisfies

the equation

w" + F (wo(z))w = 0. (4.2.17)

Let zg be such that

F (wo(z)) <0, zy<x<oo.

Since wy(x) is a positive function, we can choose ¢ for which w(zg) > 0. We can verify that

w(x) >0, zp<z<o0. (4.2.18)

Indeed, if w(x1) < 0 for some 1 > x¢, then this function has a negative minimum since
it converges to 0 at infinity. We obtain a contradiction in signs in equation (4.2.17) at the
point of minimum. If w(xz;) = 0, then we get a contradiction with the maximum principle.
Indeed, since w(x) > 0 for x > xp, then this function is either everywhere positive or
identically zero for such z. The latter contradicts the assumption that w(xzg) > 0.

Let us recall that uo(0) < 0. Therefore w(0) > 0 for any ¢ > 0. Moreover, (4.2.18) holds
for t large enough. Hence for ¢ sufficiently large, the function w(z) is positive for all z > 0.
If t = 0, then it has negative values since ug(z) has positive values. Let ¢y be the infimum
of all ¢ for which w(x) is positive for all z > 0. Then there exists a value z € [0, x| for
which w(zy) = 0. Indeed, if w(zx) is positive in this interval, then ¢ can be decreased in
such a way that it remains positive there. Since w(xp) > 0, then (4.2.18) holds, and w(x) is
positive for all . This contradicts the definition of tg.

Thus, w(xz) > 0 for all x > 0 and w(z2) = 0. But this is not possible by virtue of the
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maximum principle. Hence problem (4.2.16) cannot have nontrivial solution for A = 0.

O

Remark 2.6. The principal eigenvalue )y of problem (4.2.16) is positive. Indeed, if it
is non-positive, then, since the corresponding eigenfunction is positive, we will obtain a
contradiction with the fact that the function —w{)(x) is a positive (for z > 0) solution of the
equation Lu = 0 (cf. the proof of the lemma). We proved in Lemma 2.5 that this problem
does not have a zero eigenvalue. We can verify that any real A € (0, \g) is not an eigenvalue
of this problem. Indeed, suppose that there is an eigenvalue A\* € (0, \g). The corresponding
eigenfunction u*(z) cannot be positive because only the principal eigenvalue has a positive
eigenfunction. As in the proof of the lemma, we introduce the function w = tu; — u*. It

satisfies the equation

W'+ F (wo(a))w + ¢(x) = N,

where ¢(x) = A\*tu;. As above, we choose ¢t > 0 in such a way that w(xz) > 0 for all z and
w(z2) = 0 for some xo > 0. Since ¢(x) > 0 for all z > 0, then we obtain a contradiction in

signs in the last equation at x = x».

4.2.5 Existence theorem

We can now prove the main theorem of this section.

Theorem 2.7. If the function F(w,x) satisfies conditions (4.2.2)-(4.2.4) and the function
F.(w) satisfies conditions (4.2.14), (4.2.15), then problem

w” + F(w,z) =0, (4.2.19)

w'(0) =0 (4.2.20)

on the half-axis © > 0 has a positive monotonically decreasing solution vanishing at infinity.

128



1t belongs to the weighted Holder space Ej.

Proof. We will consider the homotopy

Fr(w,x) =7F(w,z) + (1 — 7)Fp(w).

Let us recall Condition 2.2, which follows from (4.2.14), (4.2.15), and assumption that
solutions are uniformly bounded are used for a priori estimates of monotone solutions. The
latter can follow from the maximum principle or from the estimates. Conditions (4.2.14)
and (4.2.15) provide existence of solutions for the model problem; conditions (4.2.10) and
(4.2.11), which follow from (4.2.2)-(4.2.4) and the definition of the function F;(w, ), provide
separation of monotone solutions.

For 7 = 0 this equation has a unique strictly decreasing solution wg(z). Let us find
its index, that is the degree with respect to a small ball which contains only this solution
and no other solutions. Such small ball exists because the operator linearized about this

solution is invertible (Lemma 2.5). By virtue of Lemma 2.5 and Remark 2.6

ind (wg) = (—1)” = —1,

where v is the number of positive eigenvalues of the operator linearized about this solution
together with their multiplicities [159].

Let us recall that the operator A; : Ey x [0,1] — Eq,

Ay (w) =" + Fy(w,2)

is proper on closed bounded sets. This means that for any compact set G C Fy and any
closed bounded set M C E; x [0,1], the set A-1(G) N M is compact. Therefore the set of
solutions of equation (4.2.8) for all 7 € [0, 1] is compact. By virtue of a priori estimates
of monotone solutions, there is a bounded ball B C FE; which contains all such solutions.

Next, because of the separation of monotone and non-monotone solutions, we can construct
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a domain D C B such that it contains all monotone solutions, and it does not contain
non-monotone solutions.

Next, monotone solutions of problem (4.2.8) cannot approach the trivial solution w = 0
in the norm of the function space. Indeed, if w(0) is sufficiently small, then w”(0) =
—F(w(0),0) > 0 and the solution is not monotone since it grows for small x and vanishes
at infinity.

Thus, the domain D can be constructed in such a way that it does not contain the trivial

solution either. Therefore by virtue of homotopy invariance of the degree v(A,, D) we get

7(A1, D) = 7(4y, D) = 1.

Hence equation (4.2.8) has a positive decaying solution from the space E; for 7 = 1. The
theorem is proved.

O

Remark 2.8. If we consider equation (4.2.19) on the whole axis with a function F(w,z)
even with respect to x for each w, then we can use the result of Theorem 2.7 and extend

the solution from the half-axis to the whole axis by symmetry.

4.2.6 Examples

Example 2.9. Consider the function

F(w,z) = aw*(1 — w) — o(z)w,

where a > 0 is a constant, o(z) is a positive bounded increasing function, o, = o(400).
If problem (4.2.8), (4.2.9) has a positive solution, then the estimate sup, w(z) < 1 holds.
Indeed, otherwise at the point of maximum we obtain a contradiction in signs in the equa-
tion.

Let a > 404. Then equation aw(l — w) = o4 has two positive solutions. Denote the

maximal of them by v_. If
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3 30’+
v_ (1—41)_) >%,

then fov’ Fy(u)du > 0, and Condition 2.2 is satisfied. In this case we can apply the result
on the existence of solutions. If the integral is negative, the solution may not exist since

condition (4.2.15) is not satisfied.

Example 2.10. Consider, next, the function

F(w,z) = aw’® — o(z)w.

Condition 2.2 is obviously satisfied in this case. However we need to estimate the maximum
of the solution. It does not follow in this case from the maximum principle since the function

F(w, z) is not negative for large w. We multiply the equation

2

w” + aw® — o(z)w =0

by w’ and integrate from 0 to co. Taking into account that w'(0) = 0 and w'(z) < 0 for all
x>0, we get
o 1
w3(0) = —/ o(x)ww'dr < 3 o w?(0).
0

Hence sup, w(z) = w(0) < 304/2a. Thus we can obtain a priori estimates and prove

existence of solutions by the Leray-Schauder method.

Remark about upper and lower functions. Let us consider as example the function

F given by equality (4.1.6). The condition (4.2.2) implies that ¢’(x) > 0. Set

F (w) =w?(1 —w) — (0w, Fy(w)=w?(1-w)—o(+oo)w.

Suppose that problems
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w” + Fy(w) =0, w'(0)=0, w(+o0)=0

have solutions and denote them by w_(x) and w4 (x), respectively. Their existence depends
on the values of ¢(0) and o(+00), and it can be easily verified. Then w_(z) is an upper
function and w4 (z) is a lower function. If wi(x) < w_(z) for all z > 0, then we can
use the method of upper and lower functions to prove the existence of solutions of the
problem under consideration. However, this inequality does not hold, and this method is
not applicable. The function w_(z) is positive. It can be considered as an upper function.
Then the corresponding solution will decay in time and uniformly converge to the trivial

solution w = 0 but not to the pulse solution.

4.3 Solutions on the half-axis without monotonicity condi-
tion

In the previous section we proved existence of monotone solutions on the half-axis using
separation of monotone and non-monotone solutions and a priori estimates of monotone
solutions. In this section we will study the case without separation of monotone and non-
monotone solutions. In this case we need to obtain a priori estimates of solutions which
may not be monotone. We consider problem (4.2.8), (4.2.9) on the half-axis assuming that
condition (4.2.11) is satisfied. We do not assume here condition (4.2.10).

We consider the equation

w” + Fr(w,z) =0 (4.3.1)

on the half-axis x > 0 with the boundary condition

w'(0) = 0. (4.3.2)

We will look for solutions decaying at infinity. Here
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Fr(w,z) =7F(w,z) + (1 — 7)Fy(w),

where

Fi(w) = lim F(w,x).

T—r00

The function F;(w,x) depends on the parameter 7 € [0, 1]. We suppose that it is infinitely

differentiable with respect to the variables w, z,7 and

F.(0,z) =0, F:(w,z)<0, Yw>wy, x>0, 7€]l0,1]. (4.3.3)

We will also assume that

Fy(0) =0, F/(0) <0 and / Fy(u)du <0, Yw e (0,w,). (4.3.4)
0

Proceeding as in Section 4.2.3, we estimate the values x.. If they are not uniformly

bounded, then the equation

w’ + Fy(w) =0 (4.3.5)

has a bounded solution wg(z) on the whole axis such that wy(+o00) = 0. Then 0 < wp(z) <
wp for all x € R. Moreover either wg(x) is a monotonically decreasing solution with some
limit wg at —oo or it is a pulse solution vanishing at 0o and some maximal value wg. In
both cases, [;"° Fy(u)du = 0. We obtain a contradiction with inequality (4.3.4). Thus, we

can formulate the following theorem.

Theorem 3.1. If conditions (4.3.3) and (4.3.4) are satisfied, then solutions of problem
(4.3.1), (4.3.2) are uniformly bounded in the norm C’fﬁ'a(RJr).

If 7 = 0, then equation (4.3.1) coincides with equation (4.3.5). It has only the trivial

solution. The value of the degree with respect to any bounded set in the space E; equals
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1. If F(0,z) = 0 for all x, then problem (4.3.1), (4.3.2) also has the trivial solution. If a
simple real eigenvalue of the problem linearized about the trivial solution crosses the origin,
then this solution becomes unstable and nontrivial solutions bifurcate from it. This is not
only a local bifurcation. There is a continuous branch of solutions starting from the trivial

solution.

4.4 Existence of pulses in the case of global consumption

We consider the equation

w’ + F(w,z, [(w)) =0 (4.4.1)

on the whole axis. It describes evolution of biological species with global consumption of

resources [27], [160]. Here

F(w,z,1) = aw*(1 — I(w)) — o(z)w, I(w)= /OO w(zx)dx.

We look for a positive solution decaying at infinity. Set

c=1—I(w) (4.4.2)

and w = u/(ac). Then we get the equation

' +u? —o(z)u=0 (4.4.3)

which we studied in Section 4.2.5. If o(x) is a positive even function bounded and increasing
for > 0, then it has a positive decaying at infinity solution (Example 2.10). Then from

(4.4.2)

1
?—c+ —I(w) =0. (4.4.4)
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This equation has two real solutions if I(u) < a/4, one solution in the case of equality, and
no solutions if the inequality is opposite. Hence equation (4.4.1) has pulse solutions if the

reproduction rate coefficient a is sufficiently large.

Example 4.1. In the case when o(x) = ¢ > 0 is a constant, assuming u’(0) = 0 we can

find the analytic solution:

30‘0
2cosh? (@l‘)

and the value of the integral I(u) = 6,/0g. Therefore, in the case of a > 24,/07 we have

u(x) =

the two pulse solutions given by the formula

300 1+,/1-2 /5,
) C12 = .
2acq acosh? (@x> 2

wy2(x) =
2

When a = 24,/0¢, there is a single pulse

300
acosh? ( @x)

w(z) =

Finally, for 0 < a < 24,/0¢, we have no real valued pulse solutions.
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4.5 Mathematical model of the development of the resistance

to chemotherapy

It is known that cancer treatment by chemotherapy can result in the emergence of cell lines

resistant to treatment. We will consider a mathematical model which describes this effect.

4.5.1 Model

We consider a cell population with the density u(z,¢) which depends on its genotype x and
on time t. Genotype z is considered as a continuous one-dimensional variable. When cells
divide, their genotype can change due to small random mutations. The evolution of the cell
density is described by the equation

ou 0%u

ot o T

Wy — Wy, (4.5.1)
where W, is the rate of cell birth and W, the rate of death. We will suppose that x takes
all real values though we can also consider a bounded interval. Next, we assume that all

cells consume the same nutrients independently of their genotype, and that the rate of cell

birth depends on available nutrient:

We will look for positive solutions of this equation which decay at infinity assuming that

the integral I(u) is well defined.
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4.5.2 Stationary solution
Existence of stationary solutions

Let us begin with the following example. If the mortality coefficient is constant o(x) =

const, then integrating equation (4.5.1), we obtain

I'=al(b—cl). (4.5.1)

Hence I(t) converges exponentially to I(oco) = b/c. Though the integral of solution converges
to a positive constant, it can be proved that u(z,t) converges uniformly to zero. This, the
only stationary solution of equation (4.5.1) is the trivial solution u = 0.

In order to get nontrivial solutions of this equation, we will consider the death rate

coefficient depending on genotype x. We will consider the following model example

gy ‘x’ Z L
o(x) = , (4.5.2)
o1 , lz|<L

where L is a positive constant. Without loss of generality we can set o1 = 0. Otherwise we
can take it into account in the constant b. We will find a stationary solution of equation

(4.5.1) analytically. Put k = a(b— cI(u)). Then for |z| < L we have the equation:

dw” + kw =0

which we consider on the half-axis > 0 with the boundary condition w’(0) = 0. Then

w(x) = ¢1 cos(Ax),

where A = \/k/d, ¢; is an arbitrary constant.

If x > 0, then the equation becomes

dw” + (k — og)w = 0.
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Hence

w(zx) = cgel” |

where u = /(09 — k)/d, co is an arbitrary constant.

From the conditions

we get the equalities:

c1cos(AL) = coe M —ei\sin(AL) = —cope M.

This system has a nontrivial solution if the determinant equals zero. It gives the equation

tan(AL) = % .

It can be written as equation with respect to k:

k o
tan (ﬁ L) = ?0 —1. (4.5.3)

This equation has one or more solutions in the interval 0 < k < 0¢. It is interesting to note
that this solution depends only on d, L and o and it is independent of a, b and ¢, that is of
parameters which determine the rate of cell birth.
When we find the value of k, we can determine, next, the ratio
C2

T = —= = cos(A\L) e"F
C1

the solution w(x) = cywp(z), where
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cos(AL) , 0<z<L
wo(x) =
Texp(—pzr) , x>1L

Finally, the constant ¢; can be found from the equation

k=a <b— % o1 /Ooowo(x)d:v> .

4.5.3 Cell population with multiple survival gaps
Local and global consumption of resources

In the model example considered in the previous section, the mortality coefficient o(z) has
a small or zero value in some interval |z| < L and a high value outside this interval. In this
case, the cell population is basically localized inside this interval. Its density exponentially
decays outside it because of cell death. From the biological point of view, this means that
cells survive with some given genotype and do not survive for other genotypes. We will call
this interval of genotypes survival gap.

Let us now consider the case with several survival gaps, that is with several intervals of

genotype with zero death rate,

0 , yu<zr<z, yy<zx<z
o(x) =
oy otherwise
We will begin with the equation
Ou _ g U s — cu) - o(a) (45.1)
— =d —5 4+ au(b— cu) — o(z)u. 5.
ot Ox?

It differs from equation (4.5.1) by the birth rate. Instead of the global consumption which
depends on the integral I(u) we consider local consumption which depends on u. This
model implies that each cell type (genotype) consumes its own nutrients.

Figure 4.1 shows the results of numerical simulations for equation (4.5.1). The initial
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W O

X X

Figure 4.1: Initial condition and the snapshot of solution of equation (4.5.1) for ¢ = 10 and
t =T70.

condition is localized in the central survival gap. After some time cell subpopulations appear
also in two other gaps. This is possible because they have resources independently of cells
in the central gap.

u u u

—_— J L
Al cells consume the same nutrient X Chemotherapy X New cells with a different genotype  x

Figure 4.2: Cell population is localized in the first survival gap (left). If the mortality
coefficient there is increased (middle), then this cell population disappears. Instead of it,
cells appear in the second survival gap (right).

The situation is different if all cells consume the same nutrients. The corresponding
example is shown in Figure 4.2. Cell population is localized in the first gap. If we increase
the mortality coefficient there and, by this, remove this gap, then this cell population

disappears. Instead of it, another cell population appears in the second gap.

4.5.4 Cancer treatment

One of possible reasons of relapse in cancer treatment by chemotherapy is emergence of new

lineages of malignant cells resistant to treatment. These cells can appear due to secondary
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mutations from the existing malignant cells in the tumor. Some of them can get in another
survival gap. However they will not proliferate because they do not have enough nutrients.
If the original population of cancer cells is removed by chemotherapy, nutrients will be
available and these other cells will start proliferating.

The model presented above describes this process. It also allows us to estimate the
time of relapse. Let a cell population be located in the first survival gap, and [ be the
distance from it to the second survival gap. Then from the stationary solution presented in
Section 3.1 we estimate the number of cells in the second survival gap as w(l) = ¢z exp(—pul).
When cells in the first survival gap are removed by chemotherapy, the integral I(u) rapidly
decreases and can be approximated by 0. From the equation we obtain the growth rate of
cell population in the second survival gap:

u(l,t) = w(l)e® .

The product ab is determined by the duration of cell cycle and can be found experi-
mentally for each cell lineage. The value w(l) is the probability of cells in the first survival
gap to have mutation which will put them in the second survival gap. In fact, diffusion in
the space of genotypes should be understood in terms of such probabilities. If it can be
estimated, then we find how cell population grows in time.

Let us note that in this estimate, the first cell population is removed by treatment
instantaneously. More precise estimates can be obtained if we take into account its decay

rate.
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Chapter 5

Conclusions

Cette these est consacrée aux modeles hybrides discret-continus appliqués a la modélisation
de 'hématopoiese et de maladies du sang, telles que le myélome multiple et le lymphome
lymphoblastique a cellules T, ainsi qu’a l'analyse des solutions d’équations de réaction-

diffusion permettant de décrire I’évolution darwinienne de cellules malignes.

Modeles hybrides. Les modeles hybrides permettent de décrire le comportement des
cellules sanguines (apoptose, prolifération et différenciation) en couplant ’aspect continu des
équations différentielles ordinaires pour la régulation intracellulaire ainsi que des équations
aux dérivées partielles pour la régulation extracellulaire avec une représentation discrete

des cellules considérées comme des spheres, auxquelles sont attribués des parametres.

Choix de lignage. Les modeles hybrides sont utilisés pour simuler ’hématopoiese. Ils
permettent, en considérant uniquement une régulation intracellulaire de simuler le choix de
lignage du progéniteur MEP, 'une des premieres étapes de la cascade de différenciations

aboutissant a la formation des cellules sanguines.

Erythropoiése. Plusieurs régulations intracellulaires mettant en jeux la compétition en-
tre plusieurs protéines auxquelles s’ajoute une régulation extracellulaire permettent de

simuler I'érythropoiese. En comparant les résultats obtenus avec des données biologiques,
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nous constatons que le modele permet de reproduire assez fidelement les processus bi-
ologiques, en particulier les mécanismes permettant d’adapter le nombre de globules rouges

produits a un stress subi par 'organisme, par exemple dans le cas d’'une hémorragie.

Myélome multiple. Ces modeles ont été ensuite utilisés pour simuler deux maladies du
sang. Le myélome multiple est une maladie invasive du sang, qui peut induire une grave
anémie. En effet, le développement de tumeurs détruit la structure des ilots érythroblastiques
en les écrasant et en produisant une substance cytotoxique: le Fas-ligand. La modélisation
de l'action mécanique et de la production de Fas-ligand ont permis de simuler ’apparition

de anémie.

Lymphome lymphoblastique a cellules T. Le lymphome lymphoblastique a cellules
T provoque l'apparition de tumeurs dans le thymus et est traité pendant deux ans. Les
résultats montrent qu’il semble possible de réduire la durée du traitement d’entretien sans
augmenter le nombre de rechute. Cette hypothese va étre testée sur une population virtuelle
créée avec ce modele, permettant de représenter le thymus dans son fonctionnement normal
ou altéré par la maladie. La variable permettant de suivre I’état du malade, rémission ou

rechute, est le nombre de cellules cancéreuses.

Evolution darwinienne des cellules. La modélisation du traitement du lymphome a
également permis de simuler ’apparition d’une résistance aux médicaments utilisés pen-
dant la chimiothérapie grace aux modeles hybrides. D’autres formes de modélisation sont
envisageables. Il est possible de modéliser ’apparition d’une résistance aux traitement en
considérant la distribution du phénotype des cellules malignes. Elle peut étre étudiée comme
étant la solution d’une équation de réaction-diffusion, dont les parametres dépendent des
nutriments disponibles et consommés par les cellules malignes. La résistance est alors due

a une forme de sélection et a I’évolution darwinnienne des cellules.
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Chapter 6

Appendix

6.1 Numerical implementation

6.1.1 Resolution of reaction-diffusion equations

Concentrations evolution of a substance U is described with the following reaction-diffusion
equations,

ou

where W is a constant source term, o is degradation rate and D is diffusion rate.

In a two dimensional space,

oU 0*U QU
— = D(—— —_— — < <L Oo<t<T
5 (82x+32y)+W oU0<z,y<L,0<t<

U(z,y,0) = (z,y),0 <,y < L (6.1.2)

U(z,y,t)lp =G

We use a finite difference scheme in the square domain 0 < z,y < L,0 <t < T with
the boundary D. We choose the grid (z;,y;,tn) = (ihg, jhy, nAt), with i = 1,2, ..., N, and

he =53 =1,2,.... N, and h, = N%,
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Equations can be written in the following form and solved by alternating direction implicit

method.

n+1/2 2 n+1/2 n+1/2
i Ui _ plitty — Mg Uiy
At/2 h3
Jt1 ) J—1 1/2
Db h;ﬂ b=l Wi — O'UZ;_ /
n+l _ , n+l/2 n+1/2 2 n+1/2 n+1/2 (6.1.3)
Yig —Uij plitly i Ui
At)2 h3
n+1 n+1 n+1
Ui — 2ui; U s
D h2 + WJ Z ]
Y
With boundary conditions, “20 = uﬁj =0 and uZNyfl = u’ﬁ,zfl’j =0.
_ (i n 2D g) /2 D W2 D 2
At h2 27 h2 Yit1,y h2 Yim1j =
~— \,./
Ci b; a;
2 2D, D D
_(E - TZ)Uz,j - ],Tiui,j—i-l - @ui,j—l + Wi
fi
+1/2 +1/2 +1/2
—G ?] 4+ b :l+1g/ + aiu:’;fl,‘; = fi
With simplified notations ufjl/ g u;, we get
U1 = ou; + G
bi—1
o; =
Ci—1 — Qj—104—1
fic1a
Bi = afiog———
bi—1
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2 2D o D D
+1 +1 +1 _
- (E—i_hif/—i_i) uy "‘p Uit + n2 upi oy =
- —~—
Cj B Aj
2 2D n+12 D g2 D 12
_(E hg )U hzui—f—l,j _hQ i—1,j + Wi
x
Fj
—Coul Tt + B[ + Al = F
With simplified notations u; j = uj, we get
Uj—1 = ’}/juj'—l-lij
Bj_l
Y=
Cj1—Aj 171
Fj—lﬁj
Ki = Yiki_1—
J G B
n+1/2

The Thomas algorithm consists of calculating u, j and ug j (which approximate U (x4, y;, t,, 41 /2)

and U (x;,y;,t,)) with the previous recurrent formulas.

6.1.2 Implementation of numerical algorithms

The software used for the simulation of hematopoiesis is written in C*F, with operating
system Ubuntu. The computations are carried out in dimensionless length units in such
a way that the initial cell diameter corresponds to one unit. The computation domain is
a square with the side equal 100 length units. In dimensional variables we consider cell
diameters to be 10 microns.

The structure of the software is as follow:

e Creation of a cell culture (list of cells) and of the computation domain. For each cell:
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| Initialization cells parameters |

l¢
*

| Calculation of forces between cells |

|

Calculation of intra and extra cellular concentrations

Updated

Yes Age of cell No
>

cell cycle

cell growth

Cancerous cell

Intrace"u\a;treatment Selection

(probability of death)

Treatment threshold

Self renewal

Intracellular
concentration

<
Threshold

Y
Differentiation Self renewal

Figure 6.1: Simplification of the algorithm describing the fate of cells.

— Initialization of parameters. Birth of the healthy cells of a section of thymus and
of one cancer cell. Each cell has a duration of life, coordinates, and intracellular

concentrations.

— Forces between cells and coordinate of cells are calculated, movement is due to

Newton’s second law.

— Intracellular and extracellular concentrations are calculated.
e Application of the rules governing healthy cell divisions.
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— Every time step, age of cell is evaluated. While the age of the cell is less than or

equal to the cell cycle, the cell grows.

— If a cell survives to the three selections, it self-renews or it differentiates according

to the intracellular concentration.
e Application of the rules governing cancer cell divisions

— If the age of a cancer cell is equal or exceeds cell cycle duration and if the quantity

of treatment is less than a threshold, the cell divides. Otherwise the cell dies.
e Treatment of the disease based of the date.
e Updated of the cell culture.

Parameters of intracellular regulation are not known from the experiments. We choose
them in such a way that: 1. the bistable dynamics is preserved, 2. the hybrid system shows
qualitatively correct and robust behavior with a correct proportion of cells of different types,
3. the results of the simulations fit the experimental curves. The values of parameters are

given in the following tables.

6.2 Values of parameters for lineage choice

day 0 | day 2 | day 3 day 4 | day 6
number of cells 210° | 6.610° | 11.910° | 16.510°
ratio of differentiated cells (%) 0 40 80 97

Table 6.1: Biological data for Section 2.2.2.
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Parameter Value Unit
Cell cycle length 720 min
Cell cycle variation 420 min
« 0.000358 h1
B 0.05 h~t.NU!
a 0.0041 h1
b 0.0139 | h~t.NU!
c 0.00139 ht
d 0.00011 ht
kg 0.0002 | A=t NU—2
E. 0.8 NU
F., 0.19 NU
Ey Value of initial quantity E 0.015 NU
Fp Value of initial quantity F 0.01 NU

Table 6.2: Intracellular parameters. Data for Section 2.2.2.

Parameter Value Unit
Cells cycle length T 18 h
Cells cycle variation 3 h

ad 0.001
a(l) 0

al 0.0001
af 0.0000005
a 0

a9 0.00077
al 0.0001
al 0.000001
b1 0.0004
bo 0.0045
bs 0.43
Wer 0.09 NU

Table 6.3: Values of intracellular parameters. figure 2.14 (right).
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Parameter Value Unit
Cells cycle length T 18 h
Cells cycle variation 3 h

ad 0.001
ag 0

al 0.00025
af 0.0000005
al 0

a9 0.000825
a} 0.0001
al 0.000001
b1 0.0004
by 0.0045
b3 0.51
Wer 0.509 NU

Table 6.4: Values of intracellular parameters. figure 2.14 (left).

Parameter Value | Unit

AC Cells cycle length 6.5 h
Cells cycle variation 0.5 h

ad 0.001

a 0

al 0.000035

a) 0.000035

al 0

a9 0.00035

al 0.0001

ad 0.000001

b1 0.0004

bo 0.0045

bs 0.4

Wer 0.5 NU

Table 6.5: Values of intracellular parameters for AC. figure 2.18.
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Parameter Value Unit
NAC Cells cycle length 16 h
Cells cycle variation 0.5 h
ad 0.001
ag 0
al 0.00003
af 0.0000005
al 0
a9 0.00044
a} 0.0001
al 0.000001
b1 0.0004
ba 0.0045
bs 0.4
Wer 0.485 NU

Table 6.6: Values of intracellular parameters for NAC. figure 2.18.

Parameter Value Unit
Cell cycle length 720 min
Cell cycle variation 420 min
o 0.000358 h1
Ié; 0.05 h~t.NU!
a 0.0041 h1
b 0.0139 | A"L.NU!
c 0.00139 h1
d 0.00011 h1
kg 0.0002 | A=t NU2
E., 0.8 NU
Fer 0.19 NU
FEy Value of initial quantity E 0.015 NU
Fy Value of initial quantity F 0.01 NU

Table 6.7: Intracellular parameters (Section 2.2.2).
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Parameter | Value Unit
To 0.01 L
m 1 M
L 6.10° h~1
K 0.9.10° M.h~2
Dp, 3.10~* L2t
kr, 3.107% | Ff, molecules / reticulocyte / h
o, 0.6 ht

Table 6.8: Extracellular parameters (Section 2.2.2).

6.3 Appendix 1. Intracellular regulation of erythroid pro-

genitors

In the derivation of the variables used in the model in Figure 2.11, we considered intracellular
regulation of erythroid progenitors where each of three possible cell fates (self-renewal,
terminal differentiation, or apoptosis) is determined by the concentration or activity of
specific proteins. Figure 6.2 shows a biological scheme summarizing known intracellular
regulatory events in erythroid progenitors at the CFU-E/Pro-EB stage of differentiation,
including the spatial interactions of the erythroid progenitors with the central macrophage,
other erythroid cells in an erythroblastic island, and the general microenvironment in the
bone marrow.

In Figure 6.2, human fetal erythroid progenitors have been proposed to have an intra-
cellular network comprised of opposing and antagonistic functions that can be represented
by two proteins. One protein, ERK, is a kinase within the Ras/Raf/ERK signal transduc-
tion pathway of growth factors and hematopoietic cytokines that can stimulate self-renewal
in CFU-E/Pro-EBs [128, 61]. In erythroid progenitors, ERK concentrations are increased
by activated glucocorticosteroid receptors that, in turn, are directly related to the extra-
cellular concentration of glucocorticosteroid hormones produced in the adrenals [116, 161].
Stress erythropoiesis requires functional glucocorticosteroid receptors [14]. EPO and KL/-
SCF also increase intracelluar ERK concentrations [162]. Activated ERK, in turn, increases

glucocorticosteroid receptor expression [156]. The second protein is Fas, a member of the
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tumor necrosis factor receptor family that can activate specific caspases, a series of intra-
cellular proteolytic enzymes that promote apoptosis [128]. At high levels of activation, Fas
stimulates erythroid progenitor apoptosis [107, 100], while at lower activities it promotes
terminal erythroid differentiation [128] that is mediated through the activity of the tran-
scription factor GATA-1 on the expression of many erythroid-specific genes. Activated Fas
concentrations are directly related to extracellular Fas-ligand concentrations, which in hu-
man hematopoietic tissues are produced mainly by the most mature erythroblasts [107] and
in mouse hematopoietic tissues are produced mainly by early stage erythroblasts [100].

The intracellular concentration of activated Fas is a key factor in the decisions made
by the erythroid progenitor in Figure 2.10. When a specific threshold of intracellular Fas-
mediated caspase activity is present, the erythroid progenitor dies by apoptosis. If the
intracellular concentration of activated Fas is not sufficient to reach the apoptosis threshold,
then the erythroid progenitor makes the second decision based on a competition between
ERK-mediated self-renewal and Fas-mediated terminal differentiation [128]. The major
regulator of Fas activity is the concentration of EPO in the bone marrow microenvironment.
Under normal conditions, the EPO concentrations in the blood and the marrow are relatively
low, and the Fas expression on the CFU-E/Pro-EBs is sufficiently high that the resultant
level of caspase activity causes most of them undergo apoptosis [93]. The relatively low
concentrations of glucocorticoid hormone present under normal conditions results in only
a few CFU-E/Pro-EBs undergoing self-renewal. Therefore, of those CFU-E/Pro-EBs that
do not undergo apoptosis, most will have sufficient Fas and limited ERK so that they will
terminally differentiate, thereby supplying the 2 - 10! new erythrocytes required each day
to replace those erythrocytes lost to senescent removal.

The normal steady-state erythropoiesis can respond rapidly to changes in EPO concen-
trations [93]. In kidney disease, anemia develops as less EPO is produced, and more than
normal numbers of CFU-E/Pro-EBs undergo apoptosis from the resulting increases in Fas
and caspase activities. Exogenous EPO administration or recovery from the kidney disease

will lower the Fas and caspase activities, thereby decreasing the apoptosis rate to normal,
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and the anemia will resolve. EPO levels increase slightly or moderately with limited bleed-
ing, hemolysis, lung disease, or ascent to high altitude because normal kidneys will produce
more EPO in response to slight or moderate hypoxia. The increased EPO will decrease
Fas activity and increase the Bcl-xIL concentration, thereby reducing the intracellular cas-
pase activities. The decreased apoptosis resulting from the reduced caspase activities is
accompanied by an EPO-mediated increase in GATA-1 such that terminal differentiation is
increased relative to self-renewal.

Although EPO can increase ERK activity, its effect alone on self-renewal is less than
its effect on preventing apoptosis and promoting terminal differentiation. With acute hy-
poxia due to large amounts of bleeding or hemolysis, the resultant stress erythropoiesis is
characterized by large increases in EPO, but the ability of the erythroid progenitor cells
that supply the steady-state erythrocyte production to respond to the increased EPO has
a maximal limit. Very high EPO concentrations eliminate almost all apoptosis, and EPO-
mediated increases in GATA-1 promote terminal differentiation.

Although the total response to very high concentrations of EPO is limited by the num-
ber of available CFU-E/Pro-EBs, the erythropoietic response to hypoxic stress is amplified
by an increased self-renewal that provides more CFU-E/Pro-EBs. Increased concentrations
of glucocorticosteroids and EPO in stress erythropoiesis can raise ERK levels and pro-
mote CFU-E/Pro-EB self-renewal, but a major factor in the expansion of CFU-E/proery-
throblasts numbers during stress erythropoiesis in mouse spleens is BMP4, a member of the
transforming growth factor-family of cytokines, with receptors that signal through the Smad
pathway [119]. Splenic macrophages with the same immunophenotype (F4/80 positive) as
those that include the central macrophages of erythroblastic islands appear to be the source
of BMP4 in murine stress erythropoiesis [110]. Erythroid cells that are directly in contact
with central macrophages have a decreased duration of cell cycle that increases their pro-
liferation rate [124], and macrophage function in vivo is required for recovery from anemia
due to bleeding or hemolysis [130, 48, 121]. The generation of increased CFU-E/Pro-EBs

during hypoxic stress requires not only hypoxia but c-Kit and EPO as well as priming by
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the cytokine Hedgehog [119]. The source of the BMP4-inducible erythroid progenitors that
give rise to an expanded CFU-E/Pro-EB population in the spleen is not certain. They
appear to be a separate population of erythroid progenitors that are closely related to,
if not the same as, the CFU-E/Pro-EBs of normal steady-state erythropoiesis. However,
once they develop to the CFU-E/Pro-EB stage, these BMP-derived progenitors appear to
have all of the characteristics of the CFU-E/Pro-EBs present during normal, steady-state
erythropoiesis [119].

e Early \
/ erythroblast \
[ (in mice) or
\ ate erythroblast  ,

—— == Hypoxia

-~

v oc Epo (in humans)

N Soluble SCF N -

~~FasL—
p— -Kii P CKitr — — )E * o~

Cell membrane — — BMP4-R <—2 BMP4R* — €Kit == cKitr — EpoR—EpoR Fas = e

—~

Fasl
N

Nuclear membrane E—

Boxl — Ty
Self-Renewal | 4—— GR*$—5.GR \

N iGATAI —J Caspase
/ \_/\" activation
N

Figure 6.2: Schematic representation of intracellular and extracellular regulation of mam-
malian erythropoiesis at the stage of the CFU-E/Pro-EB in an erythroblastic island. The
scheme uses data from studies of both human and mouse. Macrophages through BMP4, and
the microenvironment through KL/SCF and glucocorticosteroids stimulate CFU-E/Pro-EB
self-renewal. EPO stimulates CFU-E/Pro-EB survival and differentiation through its down-
regulation of Fas and up-regulation of GATA-1. Very early stage erythroblasts in mouse and
late stage erythroblasts in human promote apoptosis through their production of Fas-ligand.
See text for a detailed description of the scheme.

6.4 Appendix 2. Cell culture experiments

In previously reported studies [124], erythroblastic islands isolated from the spleens of mice
in the acute erythroblastosis phase of anemia-inducing Friend virus (FVA)-infection pro-

vided the macrophages for experiments that reconstituted erythroblastic islands n wvitro.
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Because EPO levels are low in FVA-infected mice [92], most erythroid progenitors do not
survive beyond the CFU- E/Pro-EB stages in vivo, and a majority of erythroblastic islands
in the spleen are populated mainly with CFU-E/Pro-EB. However, when these isolated
splenic erythroblastic islands are cultured for 72 hours in vitro with EPO under conditions
that promote differentiation, the erythroid cells terminally differentiate. Although some
erythroblasts lose adherence to macrophages in culture, others remain in the cultured ery-
throblastic islands. In Figure 2.20, islands at various times of culture were selected to show
the stages of erythroid differentiation within the islands in wvitro.

In order to compare the proliferation and differentiation of the same population of devel-
opmentally homogeneous CFU-E/Pro-EBs cultured in erythroblastic islands and cultured
without central macrophages, a series of experiments used reconstituted erythroblastic is-
lands [124]. In these experiments, isolated splenic erythroblastic islands were cultured for
6 hours so that their central macrophages bound to the tissue culture plates. Then, after
removal of adherent erythroid cells, the macrophages were cultured for another day before
CFU-E/Pro-EBs purified from the spleen of another FVA-infected mouse were added in
co-cultures for 6 h. Excess unbound erythroid progenitors were then removed, and the
co-cultures were continued. Proliferation and differentiation of co-cultured CFU-E/Pro-
EBs over the ensuing 3 days were compared to aliquots of the same CFU-E/Pro-EBs that
were cultured alone and, thereby, served as controls. In the co-cultures some erythroblasts
lost their macrophage adherence. Comparisons of erythroid cells that remained adherent
to the macrophages with non-adherent erythroid cells of co-cultures or the control cells
cultured without macrophages demonstrated that central macrophage adherence promoted

more rapid cell proliferation due to shortened G1 phase of cell cycle [124].

6.5 Appendix 3

In the models considered in this work, some parameters are known : cell size, cell number,

duration of cell cycle [75], diffusion coefficient [45]. Some other parameters, especially
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reaction constants in intracellular regulation are not known. Such parameters were varied

in a large range in order to see how the results depends on them. In the description of the

experiments, unknown parameters were fitted.

Initial quantities for the systeme (2.2.13)-(2.2.16) are as follows: z = 1, u = 0.5, v = 0.5,

w = 0.25 (mice); z =1, u = 0.5, v = 0.5, w = 0.5 (human). At the moment of cell division,

the two daughter cells inherit half of quantities z, u, v, w of the mother cell.

Table 6.9: Values of intracellular parameters used in Figure 2.14 (right).

nondimensional unit

Parameter Value Unit
Cells cycle length T 18 h
Cells cycle variation 3 h

space variable x NU
time variable h
ad 0.001 ht
a} 0 h1
al 0.0001 | A7t
af 0.0000005 | h~*
al 0 ht
a9 0.00077 | A7t
a} 0.0001 | At
al 0.000001 | A1
by 0.0004 | A1
by 0.0045 h—!
b3 0.43 h_1
Wer 0.09 NU
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Parameter Value Unit
Cells cycle length T 18 h
Cells cycle variation 3 h

space variable x NU
time variable h
ad 0.001 h1
a} 0 h1
al 0.00025 | A1
af 0.0000005 | A1
al 0 h!
a9 0.000825 | h~!
a} 0.0001 | A7t
al 0.000001 | A7t
b 0.0004 | A7t
by 0.0045 h—t
bs 0.51 h1
Wer 0.509 NU

Table 6.10: Values of intracellular parameters used in Figure 2.14 (left)

Parameter Value | Unit
AC Cells cycle length 6.5 h
Cells cycle variation 0.5 h

space variable x NU
time variable h

ad 0.001 | A7t

aé 0 Rt

al 0.000035 | A1

a) 0.000035 | h~!

al 0 h!

a9 0.00035 | h~!

al 0.0001 | At

al 0.000001 | A=t

by 0.0004 | A1

by 0.0045 h—t

b3 0.4 h1

Wey 0.5 NU
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Parameter Value Unit
NAC Cells cycle length 16 h
Cells cycle variation 0.5 h

space variable x NU
time variable h

ad 0.001 h1

ag 0 h!

al 0.00003 | A1

af 0.0000005 | A1

al 0 ht

a9 0.00044 | A7t

a} 0.0001 | At

al 0.000001 | At

by 0.0004 | A7t

by 0.0045 h~1

b3 0.4 h=1

Wer 0.485 NU

Table 6.12: Values of intracellular parameters for NAC. Figure 2.18

Parameter | Value Unit
o 0.01 h!
D1 0.25e-5 L?.h!
w1 0.00005 | molecules.L~2.h~!
o9 0.005 h!
Do 0.05e-4 L?.h1
wo 0.0005 | molecules.L=2.h~1

179

Table 6.13: Values of extracellular parameters. L is an arbitrary length unit



6.6 Value of parameters of myeloma simulation

Parameter Value Unit
Cell cycle length 720 min
Cell cycle variation 180 min
o 0.026 h1
B 1 L. NU!
a 0.265 h1
b 0.03 | mLNU!
¢ 0.05 h1
d 0.025 h1
E., 0.3 NU
F., 0.6 NU
Ey Value of initial quantity E | 0.3 NU
Fy Value of initial quantity F 0.3 NU

Table 6.14: Value of parameters without macrophage

Parameter Value Unit
Cell cycle length 1440 min
Cell cycle variation 360 min
a 0.01 h1

B 2 h~L.NU!

kalpha 0.1 | h=t/GFmolecules

a 0.53 h1

b 0.06 h~L.NU!
c 0.1 h=!
d 0.05 h1

kg 0.03 h~t.NU?
E., 0.55 NU
F., 0.48 NU
Eqy Value of initial quantity E | 0.3 NU
Fp Value of initial quantity F 0.3 NU

Table 6.15: Value of parameters with macrophages, Figure 3.9.
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Parameter Value | Unit
Cell cycle length 720 | min
Cell cycle variation | 180 | min

Table 6.16: Value of parameters without macrophage

Parameter Value | Unit
Cell cycle length 1440 | min
Cell cycle variation | 360 | min

Table 6.17: Value of parameters with macrophages, Figure 3.9.
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