
HAL Id: tel-01130691
https://theses.hal.science/tel-01130691

Submitted on 12 Mar 2015

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Moments matrices, real algebraic geometry and
polynomial optimization

Marta Abril Bucero

To cite this version:
Marta Abril Bucero. Moments matrices, real algebraic geometry and polynomial optimization.
General Mathematics [math.GM]. Université Nice Sophia Antipolis, 2014. English. �NNT :
2014NICE4118�. �tel-01130691�

https://theses.hal.science/tel-01130691
https://hal.archives-ouvertes.fr


❯◆■❱❊❘❙■❚➱ ❉❊ ◆■❈❊✲❙❖P❍■❆ ❆◆❚■P❖▲■❙ ✲❯❋❘
❙❝✐❡♥❝❡s

❊❝♦❧❡ ❞♦❝t♦r❛❧❡ ❞❡ ❙❝✐❡♥❝❡s ❋♦♥❞❛♠❡♥t❛❧❡s ❡t ❛♣♣❧✐q✉é❡s

❚ ❍ ➮ ❙ ❊
♣♦✉r ♦❜t❡♥✐r ❧❡ t✐tr❡

❉♦❝t❡✉r ❡♥ ❙❝✐❡♥❝❡s
❞❡ ❧✬❯◆■❱❊❘❙■❚➱ ❞❡ ◆✐❝❡ ✲ ❙♦♣❤✐❛ ❆♥t✐♣♦❧✐s

❉✐s❝✐♣❧✐♥❡✿ ✭♦✉ s♣é❝✐❛❧✐té✮ ▼❛t❤❡♠❛t✐q✉❡s ❆♣♣❧✐q✉é❡s

♣rés❡♥té❡ ♣❛r
❆❯❚❊❯❘✿ ▼❛rt❛ ❆❜r✐❧ ❇✉❝❡r♦

▼❛tr✐❝❡s ❞❡ ▼♦♠❡♥ts✱ ●é♦♠étr✐❡ ❛❧❣é❜r✐q✉❡
ré❡❧❧❡ ❡t ❖♣t✐♠✐s❛t✐♦♥ ♣♦❧②♥♦♠✐❛❧❡

▼♦♠❡♥ts ♠❛tr✐❝❡s✱ ❘❡❛❧ ❆❧❣❡❜r❛✐❝ ●❡♦♠❡tr②
❛♥❞ ♣♦❧②♥♦♠✐❛❧ ♦♣t✐♠✐③❛t✐♦♥

❚❤ès❡ ❞✐r✐❣é❡ ♣❛r✿ ❇❡r♥❛r❞ ▼♦✉rr❛✐♥
s♦✉t❡♥✉❡ ❧❡ ✶✷ ❉é❝❡♠❜r❡ ❞❡ ✷✵✶✹

❏✉r② ✿

❘❛♣♣♦rt❡✉rs ✿ ❉✐❞✐❡r ❍❡♥r✐♦♥ ✲ ❈◆❘❙✲▲❆❆❙✱ ❚♦✉❧♦✉s❡

▼❛r❦✉s ❙❝❤✇❡✐❣❤♦❢❡r ✲ ❯♥✐✈❡rs✐tät ❑♦♥st❛♥③✱ ❆❧❧❡♠❛❣♥❡

▼♦❤❛❜ ❙❛❢❡② ❡❧ ❉✐♥ ✲ ▲■P✻✱ P❛r✐s

❉✐r❡❝t❡✉r ✿ ❇❡r♥❛r❞ ▼♦✉rr❛✐♥ ✲ ■◆❘■❆ ❙♦♣❤✐❛ ❆♥t✐♣♦❧✐s

Pr❡s✐❞❡♥t ✿ ❆♥❞ré ●❛❧❧✐❣♦ ✲ ❯♥✐✈❡rs✐té ❞❡ ◆✐❝❡

❊①❛♠✐♥❛t❡✉r✿ ▼❛r✐❡♠✐ ❆❧♦♥s♦ ✲ ❯♥✐✈❡rs✐❞❛❞ ❈♦♠♣❧✉t❡♥s❡✱ ▼❛❞r✐❞





❤tt♣✿✴✴❝r❡❛t✐✈❡❝♦♠♠♦♥s✳♦r❣✴❧✐❝❡♥s❡s✴❜②✲♥❝✲♥❞✴✹✳✵

http://creativecommons.org/licenses/by-nc-nd/4.0


✐✐

❘❡♠❡r❝✐❡♠❡♥ts
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r❛✐♥ ♣♦✉r ♠❡ tr❛♥s♠❡ttr❡ s❛ ♣❛ss✐♦♥ ♣♦✉r ❧❛ r❡❝❤❡r❝❤❡✱ ♣♦✉r s♦♥ s♦✉t✐❡♥✱ s♦♥
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❝❤♦s❡s✳ P♦✉r ♠✬❛✈♦✐r ❞♦♥♥❡é ❧✬♦♣♣♦rt✉♥✐té ❞❡ ♣❛rt✐❝✐♣❡r à ❜❡❛✉❝♦✉♣ ❞❡ ❝♦♥✲
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♠❡r❝✐ ♣♦✉r ♠❡ ❢❛✐r❡ s♦✉r✐r❡ ❝❤❛q✉❡ ❥♦✉r ❡t ♣♦✉r ✈♦tr❡ s♦✉t✐❡♥ ✐♥❝♦♥❞✐t✐♦♥❡❧✳

❊♥s✉✐t❡✱ ❥❡ r❡♠❡r❝✐❡ ❝❤❛❧❡✉r❡✉s❡♠❡♥t ♠❛ ❢❛♠✐❧❧❡ ❡t ♠❡s ❛♠✐s ❞❡ ▼❛❞r✐❞ ♣♦✉r

♠❡ ♠♦♥tr❡r q✉❡ ♠❛❧❣ré ❧❛ ❞✐st❛♥❝❡✱ ✐❧s ♦♥t t♦✉❥♦✉rs ❡té ❧à✳

❊t ❡♥✜♥ ❧❡ ♣❧✉s ✐♠♣♦rt❛♥t✱ ♠❡r❝✐ ❏❛✈✐✱ ♣❛r❝❡ q✉❡ ❝❡tt❡ ❛✈❡♥t✉r❡ ♥✬❛✉r❛✐s ❥❛✲

♠❛✐s ❡té ♣♦s✐❜❧❡ s❛♥s t♦✐✳ ▼❡r❝✐ ♣♦✉r t♦✉t❡ ❧❛ ❢♦r❝❡ ❡t t♦✉t ❧✬❛♠♦✉r q✉❡ t✉
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■♥tr♦❞✉❝t✐♦♥

▲✬♦♣t✐♠✐s❛t✐♦♥✱ ❝✬❡st à ❞✐r❡ ❧❡ ❝❛❧❝✉❧ ❞✉ ♠✐♥✐♠✉♠ ❞✬✉♥❡ ❢♦♥❝t✐♦♥ f à ✈❛❧❡✉rs

ré❡❧❧❡s✱ ❡st ✉♥ ♣r♦❜❧è♠❡ ✐♠♣♦rt❛♥t ❞❡s ♠❛t❤é♠❛t✐q✉❡s ✏♥✉♠ér✐q✉❡s✑ ❡t q✉✐

❛ ❞❡s ❛♣♣❧✐❝❛t✐♦♥s ❞❛♥s ❞❡ ♥♦♠❜r❡✉① ❞♦♠❛✐♥❡s✳ ▲✬❛♣♣r♦❝❤❡ ❝❧❛ss✐q✉❡ ♣♦✉r

rés♦✉❞r❡ ❝❡ ♣r♦❜❧è♠❡ ❡st ❜❛sé❡ s✉r ❞❡s t❡❝❤♥✐q✉❡s ❞❡ ❞❡s❝❡♥t❡ ❞✉ ❣r❛❞✐❡♥t ❞❡

f ✳ ▲✬✐♥❝♦♥✈é♥✐❡♥t ❞❡ ❝❡s t❡❝❤♥✐q✉❡s r❡s✐❞❡ ❞❛♥s ❧❡ ❢❛✐t q✉✬❡❧❧❡s ❝❛❧❝✉❧❡♥t ✉♥

♦♣t✐♠✉♥ ❧♦❝❛❧ q✉✐ ♥✬❡st ♣❛s ♥é❝❡ss❛✐r❡♠❡♥t ✉♥ ♦♣t✐♠✉♠ ❣❧♦❜❛❧✳ ❉❡♣✉✐s ✉♥❡

q✉✐♥③❛✐♥❡ ❞✬❛♥♥é❡s✱ ❞❡ ♥♦✉✈❡❧❧❡s t❡❝❤♥✐q✉❡s ❛❧❣é❜r✐q✉❡s✱ ❞✐t❡s ❞❡ r❡❧❛①❛t✐♦♥✱

✈✐s❛♥t ✉♥ ♠❡✐❧❧❡✉r ❝♦♥trô❧❡ ❞❡s rés✉❧t❛ts ❝❛❧❝✉❧és ♦♥t été ♠✐s❡s ❛✉ ♣♦✐♥t✳

❈❡s ♠ét❤♦❞❡s s♦♥t ❜❛sé❡s s✉r ✉♥❡ r❡❢♦r♠✉❧❛t✐♦♥ ❞❡ ❧❛ q✉❡st✐♦♥ ❡♥ t❡r♠❡s

❞❡ ♠❛tr✐❝❡s ❞❡ ♠♦♠❡♥ts✳ ❆✐♥s✐✱ ❧❛ r❡❝❤❡r❝❤❡ ❞❡ s♦❧✉t✐♦♥s ré❡❧❧❡s ✭s❛♥s t❡♥✐r

❝♦♠♣t❡ ❞❡s s♦❧✉t✐♦♥s ❝♦♠♣❧❡①❡s✮ ❞✬✉♥ ♣r♦❜❧è♠❡ ❞✬♦♣t✐♠✐s❛t✐♦♥ ♦✉ ❞✬✉♥ s②s✲

tè♠❡ ❞✬éq✉❛t✐♦♥s ♣♦❧②♥♦♠✐❛❧❡ ❡st r❡♠♣❧❛❝é❡ ♣❛r ❧❡ ❝❛❧❝✉❧ ❞❡ ♠❡s✉r❡s ❛②❛♥t ❞❡s

♣r♦♣r✐étés s♣é❝✐✜q✉❡s✳ ❈❡tt❡ ❛♣♣r♦❝❤❡ r❡♣♦s❡ s✉r ❞❡s t❡❝❤♥✐q✉❡s ❞❡ ♣r♦❣r❛♠✲

♠❛t✐♦♥ s❡♠✐❞é✜♥✐❡ ✭❙❉P✮ ❡t ❞✬❛❧❣è❜r❡ ❧✐♥é❛✐r❡ ♥✉♠ér✐q✉❡✳ ❚♦✉t❡ ❧✬✐♥❢♦r♠❛t✐♦♥

♥é❝❡ss❛✐r❡ ❡st ❛❧♦rs ❝♦♥t❡♥✉❡ ❞❛♥s ❧❛ ♠❛tr✐❝❡ ❞❡s ♠♦♠❡♥ts✱ ❞♦♥t ❧❡s ❧✐❣♥❡s ❡t

❧❡s ❝♦❧♦♥♥❡s s♦♥t ✐♥❞❡①é❡s ♣❛r ✉♥❡ ❜❛s❡ ❞❡ ♠♦♥ô♠❡s✳ ▲✬✐♥❝♦♥✈é♥✐❡♥t ♠❛❥❡✉r

❞❡ ❝❡tt❡ ❛♣♣r♦❝❤❡ ❡st q✉❡ ❧❛ t❛✐❧❧❡ ❞❡ ❧❛ ♠❛tr✐❝❡ ❞❡s ♠♦♠❡♥ts✱ é❣❛❧❡ ❛✉ ♥♦♠❜r❡

❞❡ ♠♦♥ô♠❡s ❞✬✉♥ ❞❡❣ré ♣❛rt✐❝✉❧✐❡r✱ ❛✉❣♠❡♥t❡ à ❝❤❛q✉❡ ❜♦✉❝❧❡ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡

❡t ❞❡✈✐❡♥t ♣♦t❡♥t✐❡❧❧❡♠❡♥t ✐♠♣♦rt❛♥t❡✳

❘é❝❡♠♠❡♥t✱ ❝❡rt❛✐♥❡s ❛♠é❧✐♦r❛t✐♦♥s ♦♥t été ♣r♦♣♦sé❡s ♣♦✉r ré❞✉✐r❡ ❧❛ t❛✐❧❧❡

❞❡ ❧❛ ♠❛tr✐❝❡ ❞❡s ♠♦♠❡♥t ❡t ❞♦♥❝ ❧❛ t❛✐❧❧❡ ❞✉ ♣r♦❜❧è♠❡ s♦✉♠✐s ❛✉ s♦❧✈❡✉r ❙❉P✳

❊❧❧❡s s✬✐♥s♣✐r❡♥t ❞❡ ❧❛ ♠ét❤♦❞❡ ❞❡s ❜❛s❡s ❞❡ ❜♦r❞ ♣♦✉r ❧❛ rés♦❧✉t✐♦♥ ❞❡ s②s✲

tè♠❡s ❞✬éq✉❛t✐♦♥s ♣♦❧②♥♦♠✐❛❧❡s✳ ▲✬✐❞é❡ ❡st ❞❡ sé❧❡❝t✐♦♥♥❡r ❝❡rt❛✐♥s ♠♦♥ô♠❡s✱

❝♦♥s✐❞érés ❝♦♠♠❡ ❞❡s ❝❛♥❞✐❞❛ts à ✉♥❡ ❜❛s❡ ❞❡ ❧✬❡s♣❛❝❡ q✉♦t✐❡♥t ✿ ❆✉ ❝♦✉rs

❞❡ ❧✬❛❧❣♦r✐t❤♠❡✱ ❧❡s ❞✐♠❡♥s✐♦♥s ❞❡s s②stè♠❡s ❧✐♥é❛✐r❡s à rés♦✉❞r❡ s♦♥t ❛❧♦rs

❧✐é❡s ❛✉ ♥♦♠❜r❡ ❞❡ ♠♦♥ô♠❡s ❛ss♦❝✐és à ❧❛ ❜❛s❡ ❞❡ ❜♦r❞ ❡t s♦♥t ❞♦♥❝ ♠✐❡✉①

❝♦♥tr♦❧❧é❡s✳ ❯♥❡ ❢♦♥❝t✐♦♥♥❛❧✐té ✐♥tér❡ss❛♥t❡ ❞❡ ❝❡tt❡ ❛♣♣r♦❝❤❡ ✭❡♥ ❝♦♥tr❛st❡

❛✈❡❝ ❧❡s ❛♣♣r♦❝❤❡s ❞❡ t②♣❡ ❜❛s❡ ❞❡ ●r♦❡❜♥❡r✮ ❡st s❛ r♦❜✉st❡ss❡ ♣❛r r❛♣♣♦rt

❛✉① ♣❡rt✉r❜❛t✐♦♥s ❞❡ ❝♦é✣❝✐❡♥ts ❞❛♥s ❧❡ s②stè♠❡ ❞✬♦r✐❣✐♥❡✳

▲❡ ❜✉t ❞✉ ♣rés❡♥t ♠❛♥✉s❝r✐t ❡st ❞✬ét✉❞✐❡r ❧❛ ❝♦♠❜✐♥❛✐s♦♥ ❞❡s ♠ét❤♦❞❡s ❞❡

❜❛s❡ ❞❡ ❜♦r❞✱ ❞❡ ❧✬❛♣♣r♦❝❤❡ ❞❡ r❡❧❛①❛t✐♦♥ ❡t ❞❡s t❡❝❤♥✐q✉❡s ❞❡ ♣r♦❣r❛♠♠❛t✐♦♥

s❡♠✐❞é✜♥✐❡✱ ❛✜♥ ❞❡ ❝❛❧❝✉❧❡r ❧✬♦♣t✐♠✉♠ ❞✬✉♥ ♣♦❧②♥ô♠❡ s✉r ✉♥ ❡♥s❡♠❜❧❡ s❡♠✐✲

❛❧❣é❜r✐q✉❡✳ P❧✉s ♣ré❝✐sé♠❡♥t ❝❛❧❝✉❧❡r ✿

inf
x∈Rn

f(x) ✭✶✮

s.t. g0
1(x) = · · · = g0

n1
(x) = 0

g+
1 (x) ≥ 0, ..., g+

n2
(x) ≥ 0



✷ ❈❖◆❚❊◆❚❙

◆♦tr❡ ♠❛♥✉s❝r✐t ❝♦♠♣♦rt❡ ✉♥❡ ✐♥tr♦❞✉❝t✐♦♥ ❡t s✐① ❝❤❛♣✐tr❡s✳

❉❛♥s ❧❡ ♣r❡♠✐❡r ❝❤❛♣✐tr❡✱ ♥♦✉s ✜①♦♥s ❧❡s ♥♦t❛t✐♦♥s ❡t ♥♦✉s r❛♣♣❡❧♦♥s ❧❡s

❝♦♥❝❡♣ts ❡t t❤é♦rè♠❡s s✉r ❧❡s ✐❞é❛✉① ❞❡ ♣♦❧②♥ô♠❡s✱ ❧❡s ♦♣ér❛t❡✉rs ❞❡ ❍❛♥❦❡❧✱

❧❡s ❢♦r♠❡s ♣♦s✐t✐✈❡s ❡t ❧✬❛❧❣è❜r❡ q✉♦t✐❡♥t✳

❉❛♥s ❧❡ ❞❡✉①✐è♠❡ ❝❤❛♣✐tr❡ ♥♦✉s ❞é✜♥✐ss♦♥s ♥♦tr❡ ♣r♦❜❧è♠❡ ❞✬♦♣t✐♠✐s❛t✐♦♥

❡t ♥♦✉s ♣ré❝✐s♦♥s ❧❡s ❞é✜♥✐t✐♦♥s ❞❡ ✈❛r✐étés ❞❡ ♣♦✐♥ts ❝r✐t✐q✉❡s ✭✈❛r✐étés ❣r❛✲

❞✐❡♥t✱ ❞❡ ❑❛r✉s❤ ❑✉❤♥ ❚✉❝❦❡r ♦✉ ❞❡ ❋r✐t③ ❏♦❤♥✮ ❛✐♥s✐ q✉❡ ❧❡s r❡❧❛t✐♦♥s q✉✐

❡①✐st❡♥t ❡♥tr❡ ❡❧❧❡s✳ ❉❛♥s t♦✉s ❧❡s tr❛✈❛✉① ♣ré❝é❞❡♥ts✱ ❧❡s ❛✉t❡✉rs s✉♣♣♦s❡♥t

q✉❡ ❧❡ ♠✐♥✐♠✉♠ ❞♦✐t êtr❡ ✉♥ ♣♦✐♥t ❞❡ ❧❛ ✈❛r✐été ❞❡ ❑❛r✉s❤ ❑✉❤♥ ❚✉❝❦❡r✳ ◆♦✉s

♣♦✉✈♦♥s é❧✐♠✐♥❡r ❝❡tt❡ ❤②♣♦t❤ès❡ ❡♥ ✉t✐❧✐s❛♥t ✉♥❡ ✈❛r✐été ❞❡ ❋r✐t③ ❏♦❤♥✳ ❈❡❝✐

❝♦♥st✐t✉❡ ✉♥❡ ♣❛rt✐❡ ❞❡ ♥♦tr❡ ♣r❡♠✐èr❡ ❝♦♥tr✐❜✉t✐♦♥ à ❧✬♦♣t✐♠✐s❛t✐♦♥ ♣♦❧②♥♦✲

♠✐❛❧❡✳

❉❛♥s ❧❡ tr♦✐s✐è♠❡ ❈❤❛♣✐tr❡ ♥♦✉s ❡①♣❧✐q✉♦♥s ❝♦♠♠❡♥t ❧❡s ♣♦❧②♥ô♠❡s ♣♦s✐✲

t✐❢s✱ ❡t ❧❡s ♠❛tr✐❝❡s ❞❡ ♠♦♠❡♥ts ✐♥t❡r✈✐❡♥♥❡♥t ❞❛♥s ❧✬♦♣t✐♠✐s❛t✐♦♥ ♣♦❧②♥♦♠✐✲

❛❧❡ ❡t ✭❞❛♥s ❧❛ ❞❡r♥✐èr❡ s❡❝t✐♦♥✮ ♥♦✉s r❛♣♣❡❧♦♥s ❧❛ ♠ét❤♦❞❡ ❞❡ r❡❧❛①❛t✐♦♥ ❞❡

▲❛ss❡rr❡✳

❉❛♥s ❧❡ q✉❛tr✐è♠❡ ❝❤❛♣✐tr❡ ♥♦✉s tr❛✐t♦♥s ❞❡ ❧❛ r❡♣rés❡♥t❛t✐♦♥ ❞❡s

♣♦❧②♥ô♠❡s ♣♦s✐t✐❢s ❡t ♥♦✉s ♠♦♥tr♦♥s ✉♥❡ ♣r♦♣r✐été ❞❡ ❝♦♥✈❡r❣❡♥❝❡ ✜♥✐❡ ✭❝♦♥✲

✈❡r❣❡♥❝❡ ❡♥ ✉♥ ♥♦♠❜r❡ ✜♥✐ ❞❡ ♣❛s✮ ❞❛♥s ✉♥ ❝❛❞r❡ ♣❧✉s ❣é♥ér❛❧ q✉❡ ❝❡❧✉✐

❤❛❜✐t✉❡❧❧❡♠❡♥t ❝♦♥s✐❞éré✳ P✉✐s✱ ♥♦✉s ❞é❞✉✐s♦♥s ❧❡s ❝♦♥séq✉❡♥❝❡s ❞❡ ❝❡tt❡ ❝♦♥✲

✈❡r❣❡♥❝❡ ❞❛♥s ❞❡s ❝❛s ♣❛rt✐❝✉❧✐❡rs ✐♥tér❡ss❛♥ts✳

❉❛♥s ❧❡ ❝✐♥q✉✐è♠❡ ❝❤❛♣✐tr❡ ♥♦✉s ❡①♣❧✐q✉♦♥s ♥♦tr❡ ❛❧❣♦r✐t❤♠❡✳ ◆♦✉s ✉t✐❧✲

✐s♦♥s ❧❛ ♠ét❤♦❞❡ ❞❡ r❡❧❛①❛t✐♦♥ ❞❡ ▲❛ss❡rr❡ ❝♦♠❜✐♥é❡ ❛✈❡❝ ❧❡s ❜❛s❡s ❞❡ ❜♦r❞

♣♦✉r ré❞✉✐r❡ ❧❛ t❛✐❧❧❡ ❞❡s ♠❛tr✐❝❡s ❞❡ ♠♦♠❡♥ts ❡t ❛✉ss✐ ❧❡s ♥♦♠❜r❡s ❞❡

♣❛r❛♠ètr❡s à ❝❤❡r❝❤❡r ❞❛♥s ♥♦tr❡ ❙❉P✳ ◆♦✉s ❞♦♥♥♦♥s ❛✉ss✐ ✉♥ ♥♦✉✈❡❛✉ ❝r✐tèr❡

❞❡ t❡r♠✐♥❛✐s♦♥ q✉✐ ✈ér✐✜❡ q✉❡ ❧✬❡①t❡♥s✐♦♥ ❡st ♣❧❛t❡ ❡t ♣❡r♠❡t ❛✐♥s✐ ❞❡ s❛✈♦✐r

q✉❛♥❞ ❧❡ ♠✐♥✐♠✉♠ ❡st ❛tt❡✐♥t✳ ❉❛♥s ❧❛ ❞❡r♥✐èr❡ ♣❛rt✐❡ ❞❡ ❝❡ ❝❤❛♣✐tr❡ ♥♦✉s

❡①♣❧✐q✉♦♥s ❡♥ ❞ét❛✐❧ ❝♦♠♠❡♥t ❢♦♥❝t✐♦♥♥❡ ♥♦tr❡ ❛❧❣♦r✐t❤♠❡✱ ❡♥ ✐❧❧✉str❛♥t ❛✈❡❝

❞❡s ❡①❡♠♣❧❡s✳

❉❛♥s ❧❡ s✐①✐è♠❡ ❡t ❞❡r♥✐❡r ❝❤❛♣✐tr❡✱ ♥♦✉s ♠♦♥tr♦♥s ❧❡s ❡①♣ér✐♠❡♥t❛t✐♦♥s

q✉❡ ♥♦✉s ❛✈♦♥s ré❛❧✐sé❡s✱ ♣✉✐s ♥♦✉s ❧❡s ❝♦♠♣❛r♦♥s ❛✈❡❝ ❧❡s rés✉❧t❛ts ❢♦✉r♥✐s

♣❛r ✉♥ ❧♦❣✐❝✐❡❧ ❞é❥à ❝♦♠♠❡r❝✐❛❧✐sé✳ ◆♦✉s ❞♦♥♥♦♥s tr♦✐s ❛♣♣❧✐❝❛t✐♦♥s ❞❡ ♥♦tr❡

❛❧❣♦r✐t❤♠❡ ❞❛♥s tr♦✐s ❞♦♠❛✐♥❡s ❞✐✛ér❡♥ts✱ ❝❡ q✉✐ é❝❧❛✐r❡ ❧❛ ❢❛ç♦♥ ❞♦♥t ♥♦tr❡

tr❛✈❛✐❧ ♣❡✉t s❡r✈✐r✳ ▲❛ ✜♥ ❞❡ ❝❡ ❝❤❛♣✐tr❡ ❢♦✉r♥✐t ❞❡s ❞ét❛✐❧s s✉r ❧❛ ♠❛♥✐èr❡

❞♦♥t ♥♦✉s ❛✈♦♥s ✐♠♣❧é♠❡♥t❡ ♥♦tr❡ ❛❧❣♦r✐t❤♠❡ ❡t s✉r ❧❛ ♠❛♥✐èr❡ ❞❡ ❧✬✉t✐❧✐s❡r✳

▲❡s rés✉❧t❛ts ❞❡s ❞❡✉①✐è♠❡ ❡t q✉❛tr✐è♠❡ ❝❤❛♣✐tr❡ ❞✬✉♥❡ ♣❛rt ❡t ❞✉ ❝✐♥✲

q✉✐è♠❡ ❝❤❛♣✐tr❡ ❞✬❛✉tr❡ ♣❛rt ❢♦♥t ❧✬♦❜❥❡t ❞❡ ❞❡✉① ♣r❡✲♣✉❜❧✐❝❛t✐♦♥s q✉❡ ♥♦✉s

❛✈♦♥s s♦✉♠✐s❡s ♣♦✉r ♣✉❜❧✐❝❛t✐♦♥ ❬❆❜r✐❧ ❇✉❝❡r♦ ✷✵✶✸✱ ❆❜r✐❧ ❇✉❝❡r♦ ✷✵✶✹❪✳







❈❤❛♣t❡r ✶

■❞❡❛❧s✱ ❞✉❛❧ s♣❛❝❡✱ ❤❛♥❦❡❧ ♠❛tr✐❝❡s
❛♥❞ q✉♦t✐❡♥t ❛❧❣❡❜r❛

■♥ t❤✐s ❝❤❛♣t❡r✱ ✐♥ t❤❡ ✜rst s❡❝t✐♦♥ ✇❡ s❡t ♦✉r ♥♦t❛t✐♦♥ ❛♥❞ ✇❡ r❡❝❛❧❧ ❞❡✜♥✐t✐♦♥s

❛♥❞ t❤❡♦r❡♠s ❛❜♦✉t ✐❞❡❛❧s ❛♥❞ ✈❛r✐❡t✐❡s✳ ■♥ ❙❡❝t✐♦♥ ✷ ✇❡ ❣✐✈❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢

❍❛♥❦❡❧ ▼❛tr✐① ❛♥❞ ✐ts ♣r♦♣❡rt✐❡s ❛♥❞ t❤❡♦r❡♠s✳ ■♥ ❙❡❝t✐♦♥ ✸ ❛♥❞ ✹ ✇❡ st✉❞②

t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ q✉♦t✐❡♥t r✐♥❣ ♦❜t❛✐♥❡❞ ❢r♦♠ q✉♦t✐❡♥t ❜② t❤❡ ❦❡r♥❡❧ ♦❢ t❤❡

❛♥ ❍❛♥❦❡❧ ♦♣❡r❛t♦r✳

✶✳✶ ■❞❡❛❧s ❛♥❞ ✈❛r✐❡t✐❡s

▲❡t K[x] ❜❡ t❤❡ s❡t ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧s ✐♥ t❤❡ ✈❛r✐❛❜❧❡s x = (x1, . . .✱ xn)✱

✇✐t❤ ❝♦❡✣❝✐❡♥ts ✐♥ t❤❡ ✜❡❧❞ K✳ ❍❡r❡❛❢t❡r✱ ✇❡ ✇✐❧❧ ❝❤♦♦s❡ K = R ♦r C✳ ▲❡t

K ❞❡♥♦t❡s t❤❡ ❛❧❣❡❜r❛✐❝ ❝❧♦s✉r❡ ♦❢ K✳ ❋♦r α ∈ Nn✱ xα = xα1
1 · · ·xαn

n ✐s t❤❡

♠♦♥♦♠✐❛❧ ✇✐t❤ ❡①♣♦♥❡♥t α ❛♥❞ ❞❡❣r❡❡ |α| =
∑

i αi✳ ❚❤❡ s❡t ♦❢ ❛❧❧ ♠♦♥♦♠✐❛❧s

✐♥ x ✐s ❞❡♥♦t❡❞ M = M(x)✳ ❋♦r ❛ ♣♦❧②♥♦♠✐❛❧ f =
∑

α fαx
α✱ ✐ts s✉♣♣♦rt

✐s supp(f) := {xα | fα 6= 0}✱ t❤❡ s❡t ♦❢ ♠♦♥♦♠✐❛❧s ♦❝❝✉rr✐♥❣ ✇✐t❤ ❛ ♥♦♥③❡r♦

❝♦❡✣❝✐❡♥t ✐♥ f ✳

❋♦r t ∈ N, Nn
t = {α ∈ Nn || α |:= ∑n

i=1 αi ≤ t}✳
❋♦r t ∈ N ❛♥❞ D ⊆ K[x]✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡ts✿

• Dt ✐s t❤❡ s❡t ♦❢ ❡❧❡♠❡♥ts ♦❢ D ♦❢ ❞❡❣r❡❡ ≤ t✱

• 〈D〉 =
{ ∑

f∈S λf f | f ∈ S, λf ∈ K
}
✐s t❤❡ ❧✐♥❡❛r s♣❛♥ ♦❢ S✱

• 〈S | t〉 =
{ ∑

f∈St
pf f | pf ∈ K[x]t−deg(f)

}
✐s t❤❡ ✈❡❝t♦r s♣❛❝❡ s♣❛♥♥❡❞

❜② {xαf | f ∈ St, |α| ≤ t − deg(f)}✱

• St = S ∩ K[x]t

• S[t] = {xαf | f ∈ S, |α| ≤ t}✱

• Q+
t =

{ ∑l
i=1 p2

i | l ∈ N, pi ∈ R[x]t
}
✐s t❤❡ s❡t ♦❢ ✜♥✐t❡ s✉♠s ♦❢ sq✉❛r❡s

♦❢ ♣♦❧②♥♦♠✐❛❧s ♦❢ ❞❡❣r❡❡ ≤ t❀ Q+ = Q+
∞ ✭s✉♠ ♦❢ sq✉❛r❡s ❙❖❙✮✳

❘❡♠❛r❦ ✶✳✶✳✶ 〈S | t〉 ⊆ (S) ∩ K[x]t = (S)t✱ ❜✉t t❤❡ ✐♥❝❧✉s✐♦♥ ♠❛② ❜❡ str✐❝t✳
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●✐✈❡♥ ❛♥ ✐❞❡❛❧ I ⊆ K[x] ❛♥❞ ❛ ✜❡❧❞ K✱ ✇❡ ❞❡♥♦t❡ ❜②

VK(I) := {x ∈ Kn | f(x) = 0 ∀f ∈ I}
✐ts ❛ss♦❝✐❛t❡❞ ✈❛r✐❡t② ✐♥ Ln✳ ❇② ❝♦♥✈❡♥t✐♦♥ V (I) = V

K
(I)✳ ❋♦r ❛ s❡t

V ⊆ Kn✱ ✇❡ ❞❡✜♥❡ ✐ts ✈❛♥✐s❤✐♥❣ ✐❞❡❛❧

I(V ) := {f ∈ K[x] | f(v) = 0 ∀v ∈ V }.
❋✉rt❤❡r♠♦r❡✱ ✇❡ ❞❡♥♦t❡ ❜②

√
I := {f ∈ K[x] | fm ∈ I ❢♦r s♦♠❡ m ∈ N \ {0}}

t❤❡ r❛❞✐❝❛❧ ♦❢ I✳

❋♦r K = R✱ ✇❡ ❤❛✈❡ V (I) = VC(I)✱ ❜✉t ♦♥❡ ♠❛② ❛❧s♦ ❜❡ ✐♥t❡r❡st❡❞ ✐♥

t❤❡ s✉❜s❡t ♦❢ r❡❛❧ s♦❧✉t✐♦♥s✱ ♥❛♠❡❧② t❤❡ r❡❛❧ ✈❛r✐❡t② VR(I) = V (I) ∩ Rn. ❚❤❡

❝♦rr❡s♣♦♥❞✐♥❣ ✈❛♥✐s❤✐♥❣ ✐❞❡❛❧ ✐s I(VR(I)) ❛♥❞ t❤❡ r❡❛❧ r❛❞✐❝❛❧ ✐❞❡❛❧ ✐s
R
√

I := {p ∈ R[x] | p2m +
∑

j q2
j ∈ I ❢♦r s♦♠❡ qj ∈ R[x], m ∈ N \ {0}}.

❖❜✈✐♦✉s❧②✱

I ⊆
√

I ⊆ I(VC(I)), I ⊆ R
√

I ⊆ I(VR(I)).

❆♥ ✐❞❡❛❧ I ✐s s❛✐❞ t♦ ❜❡ r❛❞✐❝❛❧ ✭r❡s♣✳✱ r❡❛❧ r❛❞✐❝❛❧✮ ✐❢ I =
√

I ✭r❡s♣✳ I = R
√

I✮✳

❖❜✈✐♦✉s❧②✱ I ⊆ I(V (I)) ⊆ I(VR(I))✳ ❍❡♥❝❡✱ ✐❢ I ⊆ R ✐s r❡❛❧ r❛❞✐❝❛❧✱ t❤❡♥ I ✐s

r❛❞✐❝❛❧ ❛♥❞ ♠♦r❡♦✈❡r✱ V (I) = VR(I) ⊆ Rn ✐❢ |VR(I)| < ∞✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❢❛♠♦✉s t❤❡♦r❡♠s r❡❧❛t❡ ✈❛♥✐s❤✐♥❣ ❛♥❞ r❛❞✐❝❛❧ ✐❞❡❛❧s✿

❚❤❡♦r❡♠ ✶✳✶✳✷

✭✐✮ ❍✐❧❜❡rt✬s ◆✉❧❧st❡❧❧❡♥s❛t③
√

I = I(VC(I)) ❢♦r ❛♥ ✐❞❡❛❧ I ⊆ C[x]✳

✭✐✐✮ ❘❡❛❧ ◆✉❧❧st❡❧❧❡♥s❛t③ R
√

I = I(VR(I)) ❢♦r ❛♥ ✐❞❡❛❧ I ⊆ R[x]✳

❇② ❝♦♥✈❡♥t✐♦♥✱ ❛ s❡t ♦❢ ❝♦♥str❛✐♥s C = {c0
1, . . . , c

0
n1
❀ c+

1 , . . .✱ c+
n2
} ⊂ R[x] ✐s ❛

✜♥✐t❡ s❡t ♦❢ ♣♦❧②♥♦♠✐❛❧s ❝♦♠♣♦s❡❞ ♦❢ ❛ s✉❜s❡t C0 = {c0
1, . . . , c

0
n1
} ❝♦rr❡s♣♦♥❞✲

✐♥❣ t♦ t❤❡ ❡q✉❛❧✐t② ❝♦♥str❛✐♥ts ❛♥❞ ❛ s✉❜s❡t C+ = {c+
1 , . . . , c+

n2
} ❝♦rr❡s♣♦♥❞✐♥❣

t♦ t❤❡ ♥♦♥✲♥❡❣❛t✐✈✐t② ❝♦♥str❛✐♥ts✳ ❋♦r t✇♦ s❡t ♦❢ ❝♦♥str❛✐♥ts C, C ′ ⊂ R[x]✱ ✇❡

s❛② t❤❛t C ⊂ C ′ ✐❢ C0 ⊂ C ′0 ❛♥❞ C+ ⊂ C ′+✳

❉❡✜♥✐t✐♦♥ ✶✳✶✳✸ ❋♦r t ∈ N∪ {∞} ❛♥❞ ❛ s❡t ♦❢ ❝♦♥str❛✐♥ts C = {c0
1, . . . , c

0
n1
❀

c+
1 , . . .✱ c+

n2
} ⊂ R[x]✱ ✇❡ ❞❡✜♥❡ t❤❡ ✭tr✉♥❝❛t❡❞✮ q✉❛❞r❛t✐❝ ♠♦❞✉❧❡ ♦❢ C ❜②

Qt(C) = {
n2∑

i=1

c0
i hi+s0+

n2∑

j=1

c+
j sj | hi ∈ R[x]2t−deg(c0i ), s0 ∈ Q+

t , si ∈ Q+

t−⌈deg(c+i )/2⌉}.
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■❢ C̃ ✐s s✉❝❤ t❤❛t C̃0 = C0 ❛♥❞ C̃+ = {∏(c+
1 )ε1 · · · (c+

n2
)εn2 | εi ∈ {0, 1}}✱ Qt(C̃)

✐s ❛❧s♦ ❝❛❧❧❡❞ t❤❡ ✭tr✉♥❝❛t❡❞✮ ♣r❡♦r❞❡r✐♥❣ ♦❢ C ❛♥❞ ❞❡♥♦t❡❞ Pt(C)✳ ❲❤❡♥

t = ∞✱ P(C) := P∞(C) ✐s t❤❡ ♣r❡♦r❞❡r✐♥❣ ♦❢ C✳ ❚❤❡ ✭tr✉♥❝❛t❡❞✮ ♣r❡♦r❞❡r✐♥❣

❣❡♥❡r❛t❡❞ ❜② t❤❡ ♣♦s✐t✐✈❡ ❝♦♥str❛✐♥ts ✐s ❞❡♥♦t❡❞ P+(C) = P(C+)✳

❉❡✜♥✐t✐♦♥ ✶✳✶✳✹ ❋♦r ❛ s❡t ♦❢ ❝♦♥str❛✐♥s C = (C0; C+) ⊂ R[x]✱

S(C) := {x ∈ Rn | c0(x) = 0 ∀c0 ∈ C0, c+(x) ≥ 0 ∀c+ ∈ C+},
S+(C) := {x ∈ Rn | c+(x) ≥ 0 ∀c+ ∈ C}.

❚♦ ❞❡s❝r✐❜❡ t❤❡ ✈❛♥✐s❤✐♥❣ ✐❞❡❛❧ ♦❢ t❤❡s❡ s❡ts✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐❞❡❛❧s✿

❉❡✜♥✐t✐♦♥ ✶✳✶✳✺ ❋♦r ❛ s❡t ♦❢ ❝♦♥str❛✐♥ts C = (C0; C+) ⊂ R[x]✱

√
C0 = {p ∈ R[x] | pm ∈ (C0) ❢♦r s♦♠❡ m ∈ N \ {0}}

R
√

C0 = {p ∈ R[x] | p2m + q ∈ (C0) ❢♦r s♦♠❡ m ∈ N \ {0}, q ∈ Q+}
C+√

C0 = {p ∈ R[x] | p2m + q ∈ (C0) ❢♦r s♦♠❡ m ∈ N \ {0}, q ∈ P+(C)}

❚❤❡s❡ ✐❞❡❛❧s ❛r❡ ❝❛❧❧❡❞ r❡s♣❡❝t✐✈❡❧② t❤❡ r❛❞✐❝❛❧ ♦❢ C0✱ t❤❡ r❡❛❧ r❛❞✐❝❛❧ ♦❢ C0✱

t❤❡ C+✲r❛❞✐❝❛❧ ♦❢ C0✳

❘❡♠❛r❦ ✶✳✶✳✻ ■❢ C+ = ∅✱ t❤❡♥ C+√
C0 =

R
√

C0✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤r❡❡ ❢❛♠♦✉s t❤❡♦r❡♠s r❡❧❛t❡ ✈❛♥✐s❤✐♥❣ ❛♥❞ r❛❞✐❝❛❧ ✐❞❡❛❧s✿

❚❤❡♦r❡♠ ✶✳✶✳✼ ▲❡t C = (C0; C+) ❜❡ ❛ s❡t ♦❢ ❝♦♥str❛✐♥ts ♦❢ R[x]✳

✭✐✮ ❍✐❧❜❡rt✬s ◆✉❧❧st❡❧❧❡♥s❛t③ ✭s❡❡✱ ❡✳❣✳✱ ❬❈♦① ✷✵✵✺✱ ➓✹✳✶❪✮
√

C0 =

I(VC(C0))✳

✭✐✐✮ ❘❡❛❧ ◆✉❧❧st❡❧❧❡♥s❛t③ ✭s❡❡✱ ❡✳❣✳✱ ❬❇♦❝❤♥❛❦ ✶✾✾✽✱ ➓✹✳✶❪✮
R
√

C0 =

I(VR(C0))✳

✭✐✐✐✮ P♦s✐t✐✈st❡❧❧❡♥s❛t③ ✭s❡❡✱ ❡✳❣✳✱ ❬❇♦❝❤♥❛❦ ✶✾✾✽✱ ➓✹✳✹❪✮
C+√

C0 =

I(S(C)) = I(VR(C0) ∩ S+(C))✳

✶✳✷ ❉✉❛❧ s♣❛❝❡ ❛♥❞ ❍❛♥❦❡❧ ♦♣❡r❛t♦rs

❚❤✐s ❙❡❝t✐♦♥ ✐s ❛♥ ✐♥tr♦❞✉❝t✐♦♥ t♦ t❤❡ ❞✉❛❧ s♣❛❝❡ ❛♥❞ ❍❛♥❦❡❧ ♦♣❡r❛t♦rs ✇❤✐❝❤

❛r❡ ❜❛s✐❝ ❡❧❡♠❡♥ts ✐♥ ♦✉r st✉❞②✳
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❉❡✜♥✐t✐♦♥ ✶✳✷✳✶ K[x]∗ := HomK(K[x], K) ❝❛❧❧❡❞ ❞✉❛❧ s♣❛❝❡ ♦❢ K[x]✱ ✐s t❤❡

s❡t ♦❢ K✲❧✐♥❡❛r ❢♦r♠s ❢r♦♠ K[x] t♦ K✳

❚❤❡r❡ ❡①✐sts ❛ ♥❛t✉r❛❧ ✐s♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ t❤❡ r✐♥❣ ♦❢ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s

❛♥❞ t❤❡ ❞✉❛❧ s♣❛❝❡ r✐♥❣ ♦❢ ♣♦❧②♥♦♠✐❛❧s K[x]✳ ■t ✐s ❣✐✈❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛✐r✐♥❣✿

K[[z]] × K[x] → K

(zα,xβ) 7→ 〈zα|xβ〉 =

{
α! if α = β

0 otherwise .

■❢ Λ ∈ HomK(K[x], K) = K[x]∗ ✐s ❛♥ ❡❧❡♠❡♥t ♦❢ t❤❡ ❞✉❛❧ ♦❢ K[x]✱ ✐t ❝❛♥ ❜❡

r❡♣r❡s❡♥t❡❞ ❜② t❤❡ s❡r✐❡s✿

Λ(z) =
∑

α∈Nn

Λ(xα)
z

α

α!
∈ K[[z1, . . . , zn]], ✭✶✳✶✮

s♦ t❤❛t ✇❡ ❤❛✈❡ 〈Λ(z)|xα〉 = Λ(xα)✳

❚❤✐s ♠❛♣ Λ ∈ R∗ 7→ ∑

α∈Nn Λ(xα)z
α

α!
∈ K[[z]] ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳ ❆♥❞ t❤❡r❡✲

❢♦r❡ ❛♥② s❡r✐❡s ❞❡✜♥❡❞ ❛s Λ(z) =
∑

α∈Nn Λα
z

α

α!
∈ K[[z]] ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s

❛ ❧✐♥❡❛r ❢♦r♠ ✐♥ K[x]

p(x) =
∑

α∈A⊂Nn

pαx
α ∈ K[x] 7→ 〈Λ | p(x)〉 =

∑

α∈A⊂Nn

pαΛα.

❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ✐❞❡♥t✐❢② t❤❡ ❞✉❛❧ HomK(K[x], K) ✇✐t❤ K[[z]]✳ ❯s✐♥❣ t❤✐s

✐❞❡♥t✐✜❝❛t✐♦♥✱ t❤❡ ❞✉❛❧ ❜❛s✐s ♦❢ t❤❡ ♠♦♥♦♠✐❛❧ ❜❛s✐s (xα)α∈Nn ✐s
(

z
α

α!

)

α∈Nn ✳ ❚❤❡

❝♦❡✣❝✐❡♥ts σα = 〈Λ | xα〉 ❛r❡ ❝❛❧❧❡❞ t❤❡ ♠♦♠❡♥ts ♦❢ Λ✳

❆♠♦♥❣ ✐♥t❡r❡st✐♥❣ ❡❧❡♠❡♥ts ♦❢ Hom(K[x], K) ≡ K[[z]]✱ ✇❡ ❤❛✈❡ t❤❡ ❡✈❛❧✉✲

❛t✐♦♥s ❛t ♣♦✐♥ts ♦❢ Cn✿

❉❡✜♥✐t✐♦♥ ✶✳✷✳✷ ❚❤❡ ❡✈❛❧✉❛t✐♦♥ ❛t ❛ ♣♦✐♥t ξ ∈ Kn ✐s✿

1
ξ

: K[x1, . . . xn] → K

p(x) 7→ p(ξ)

✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❢♦r♠❛❧ s❡r✐❡s✿

1
ξ
(z) =

∑

α∈Nn

ξα z
α

α!
= e〈ξz〉.

❯s✐♥❣ t❤✐s ❢♦r♠❛❧✐s♠✱ t❤❡ s❡r✐❡s Λ(z) =
∑r

i=1 ωi1ξi
(z) ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞

❛s ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❡✈❛❧✉❛t✐♦♥s ❛t t❤❡ ♣♦✐♥ts ξi ✇❤✐❝❤ ❝♦❡✣❝✐❡♥ts ❛r❡

ωi✱ ❢♦r i = 1, . . . , r✳
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◆♦t✐❝❡ t❤❛t t❤❡ ♣r♦❞✉❝t ♦❢ z
α1

ξ
(z) ✇✐t❤ ❛ ♠♦♥♦♠✐❛❧ xα+β ∈ C[x] ✐s ❣✐✈❡♥

❜②

〈zα1
ξ
(z)|xα+β〉 =

(α + β)!

β!
ξ

β

= ∂α1
x1

· · · ∂αn

xn
xα+β(ξ),

s♦ t❤❛t Λ(z) =
∑r

i=1 ωi(z)1
ξi
(z)❝❛♥ ❜❡ s❡❡♥ ❛s ❛ s✉♠ ♦❢ ♣♦❧②♥♦♠✐❛❧ ❞✐✛❡r✲

❡♥t✐❛❧ ♦♣❡r❛t♦rs ωi(∂) ✏❛t✑ t❤❡ ♣♦✐♥ts ξi✱ t❤❛t ✇❡ ❝❛❧❧ ✐♥✜♥✐t❡s✐♠❛❧ ♦♣❡r❛t♦rs✿

∀p ∈ C[x], 〈Λ(z)|p(x)〉 =
∑r

i=1 ωi(∂)p(ξ)✳

❉❡✜♥✐t✐♦♥ ✶✳✷✳✸ ❋♦r ❛♥② Λ(z) ∈ K[[z]]✱ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ❛ss♦❝✐❛t❡❞ t♦ Λ(z)

♦♥ K[x] ✐s

K[x] × K[x] → K

(p(x), q(x)) 7→ 〈p(x), q(x)〉Λ := 〈Λ(z)|p(x)q(x)〉 = Λ(pq).

❚❤❡ ❞✉❛❧ s♣❛❝❡ Hom(K[x], K) ≡ K[[z]] ❤❛s ❛ ♥❛t✉r❛❧ str✉❝t✉r❡ ♦❢ K[x]✲

♠♦❞✉❧❡✱ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿ ∀σ(z) ∈ K[[z]],∀p(x), q(x) ∈ K[x]✱

〈p(x) ⋆ Λ(z) | q(x)〉 = 〈Λ(z) | p(x)q(x)〉 = 〈p(x), q(x)〉Λ = Λ(pq).

❲❡ ❡❛s✐❧② ❝❤❡❝❦ t❤❛t ∀Λ ∈ K[[z]],∀p, q ∈ K[x]✱ (pq) ⋆ Λ = p ⋆ (q ⋆ Λ)✳

❊①❛♠♣❧❡ ✶✳✷✳✹ ■❢ Λ(z) =
∑r

i=1 ωi1ξi
(z), ✇✐t❤ ωi ∈ K ❛♥❞ ξi ∈ Kn ❛♥❞

p(x) ∈ K[x]✱ ✇❡ ❤❛✈❡

p(x) ⋆ Λ(z) =
r∑

i=1

ωip(ξi)1ξi
(z). ✭✶✳✷✮

❆♥ ✐♥t❡r❡st✐♥❣ ♣r♦♣❡rt② ♦❢ t❤✐s ❡①t❡r♥❛❧ ♣r♦❞✉❝t ✐s t❤❛t ♣♦❧②♥♦♠✐❛❧s ❛❝t ❛s

❞✐✛❡r❡♥t✐❛❧s ♦♥ t❤❡ s❡r✐❡s✿

▲❡♠♠❛ ✶✳✷✳✺ ∀p ∈ K[x],∀Λ ∈ K[[z]]✱ p(x) ⋆ Λ(z) = p(∂z1 , . . . , ∂zn
)(Λ)✳

Pr♦♦❢✳ ❲❡ ✜rst ♣r♦✈❡ t❤❡ r❡❧❛t✐♦♥ ❢♦r p = xi ❛♥❞ Λ = z
α✳ ▲❡t ei =

(0, . . . , 0, 1, 0, . . . , 0) ❜❡ t❤❡ ❡①♣♦♥❡♥t ✈❡❝t♦r ♦❢ xi✳ ∀β ∈ Nn✱ ✇❡ ❤❛✈❡

〈xi ⋆ z
α|xβ〉 = 〈zα|xix

β〉 = α! if α = β + ei and 0 otherwise

= αi〈zα−ei|xβ〉.

✇✐t❤ t❤❡ ❝♦♥✈❡♥t✐♦♥ t❤❛t z
α−ei = 0 ✐❢ αi = 0✳ ❚❤✐s s❤♦✇s t❤❛t xi ⋆ z

α =

αiz
α−ei = ∂zi

(zα) ❛s ❡❧❡♠❡♥ts ♦❢ R∗ ≡ K[[z]]✳
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❇② tr❛♥s✐t✐✈✐t② ❛♥❞ ❜✐❧✐♥❡❛r✐t② ♦❢ t❤❡ ♣r♦❞✉❝t ⋆✱ ✇❡ ❞❡❞✉❝❡ t❤❛t ∀p ∈
K[x],∀Λ ∈ K[[z]]✱ p(x) ⋆ Λ(z) = p(∂z1, . . . , ∂zn

)(Λ)✳

❋♦r ❛ s✉❜s❡t D ⊂ K[[z]]✱ t❤❡ ✐♥✈❡rs❡ s②st❡♠ ❣❡♥❡r❛t❡❞ ❜② D ✐s t❤❡ ✈❡❝t♦r

s♣❛❝❡ s♣❛♥♥❡❞ ❜② t❤❡ ❡❧❡♠❡♥ts p(x) ⋆ δ(z) ❢♦r δ(z) ∈ D ❛♥❞ p(x) ∈ K[x]✳ ❇②

▲❡♠♠❛ ✶✳✷✳✺✱ t❤❡ ✐♥✈❡rs❡ s②st❡♠ ♦❢ D ✐s t❤❡ s♣❛❝❡ ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❡❧❡♠❡♥ts

♦❢ D ❛♥❞ ❛❧❧ t❤❡✐r ❞❡r✐✈❛t✐✈❡ ✐♥ t❤❡ ✈❛r✐❛❜❧❡s z ❛t ❛♥② ♦r❞❡r✳

❚❤❡ ❡①t❡r♥❛❧ ♣r♦❞✉❝t ⋆ ❛❧❧♦✇s ✉s t♦ ❞❡✜♥❡ ❛♥ ❍❛♥❦❡❧ ♦♣❡r❛t♦r ❛s ❛ ♠✉❧t✐✲

♣❧✐❝❛t✐♦♥ ♦♣❡r❛t♦r ❜② ❛ ❞✉❛❧ ❡❧❡♠❡♥t ∈ K[[z]]✿

❉❡✜♥✐t✐♦♥ ✶✳✷✳✻ ❚❤❡ ❍❛♥❦❡❧ ♦♣❡r❛t♦r ❛ss♦❝✐❛t❡❞ t♦ ❛♥ ❡❧❡♠❡♥t Λ(z) ∈
K[[z]] ✐s

HΛ : K[x] → K[[z]]

p(x) 7→ p(x) ⋆ Λ(z).

❉❡✜♥✐t✐♦♥ ✶✳✷✳✼ ●✐✈❡♥ ❛ s✉❜s♣❛❝❡ E ⊂ R[x]✱ ✇❡ ❞❡✜♥❡ tr✉♥❝❛t❡❞ ❍❛♥❦❡❧

♦♣❡r❛t♦r ❞❡✜♥❡❞ ♦♥ t❤❡ s✉❜s♣❛❝❡ ❊✱ ❛ss♦❝✐❛t❡❞ t♦ ❛♥ ❡❧❡♠❡♥t Λ ∈ 〈E · E〉 ❛s
HE

Λ : E → E∗

p(x) 7→ p(x) ⋆ Λ.

■♥ ♣❛rt✐❝✉❧❛r ✐❢ E = R[x]t ✇❡ ❞❡✜♥❡ H t
Λ✳

❉❡✜♥✐t✐♦♥ ✶✳✷✳✽ ❚❤❡ ❦❡r♥❡❧ ♦❢ t❤❡ ❍❛♥❦❡❧ ♦♣❡r❛t♦r ❛ss♦❝✐❛t❡❞ t♦ ❛♥ ❡❧❡♠❡♥t

Λ(z) ∈ K[[z]] ✐s

ker HΛ = {p(x) ∈ K[x] | p(x) ⋆ Λ = 0} ✭✶✳✸✮

■t ✐s ❛❧s♦ ❞❡♥♦t❡❞ IΛ✳

❉❡✜♥✐t✐♦♥ ✶✳✷✳✾ ❲❡ s❛② t❤❛t t❤❡ s❡r✐❡s Λ ❤❛s ❛ ✜♥✐t❡ r❛♥❦ r ∈ N ✐❢

rank HΛ = r < ∞✳

❊①❛♠♣❧❡ ✶✳✷✳✶✵ ■❢ Λ = 1ξ ✐s t❤❡ ❡✈❛❧✉❛t✐♦♥ ❛t ❛ ♣♦✐♥t ξ ∈ Kn✱ t❤❡♥

H1ξ
: K[x] → K[[z]

p(x) 7→ p(ξ)1ξ

❘❡♠❛r❦ ✶✳✷✳✶✶ ❚❤❡ ♠❛tr✐① ♦❢ t❤❡ ♦♣❡r❛t♦r HΛ ✐♥ t❤❡ ❜❛s❡s (xα)α∈Nn ❛♥❞
(

z
α

α!

)

α∈Nn ✐s

[HΛ] = (Λα+β)α,β∈Nn = (〈Λ|xα+β〉)α,β∈Nn = Λ(xα+β)α,β∈Nn .

■♥ t❤❡ ❝❛s❡ n = 1✱ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ [HΛ] ❞❡♣❡♥❞s ♦♥❧② t❤❡ s✉♠ ♦❢ t❤❡

✐♥❞✐❝❡s ✐♥❞❡①✐♥❣ t❤❡ r♦✇s ❛♥❞ ❝♦❧✉♠♥s✱ ✇❤✐❝❤ ❡①♣❧❛✐♥s ✇❤② t❤❡② ❛r❡ ❝❛❧❧❡❞

❍❛♥❦❡❧ ♦♣❡r❛t♦rs✳



❈❍❆P❚❊❘ ✶✳ ■❉❊❆▲❙✱ ❉❯❆▲ ❙P❆❈❊✱ ❍❆◆❑❊▲ ▼❆❚❘■❈❊❙ ❆◆❉

◗❯❖❚■❊◆❚ ❆▲●❊❇❘❆ ✶✶

✶✳✸ ❆rt✐♥✐❛♥ ❛❧❣❡❜r❛

■♥ t❤✐s ❙❡❝t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r ❛♥ ✐❞❡❛❧ I ⊂ K[x]✱ ✇✐t❤ K ❛❧❣❡❜r❛✐❝❛❧❧② ❝❧♦s❡❞

✭✐✱❡✱ K = K✮ ❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞ q✉♦t✐❡♥t ❛❧❣❡❜r❛ A = K[x]/I

❉❡✜♥✐t✐♦♥ ✶✳✸✳✶ ❚❤❡ q✉♦t✐❡♥t ❛❧❣❡❜r❛ A ✐s ❛rt✐♥✐❛♥ ✐❢ dimR(A) < ∞

❆ ❝❧❛ss✐❝❛❧ r❡s✉❧t st❛t❡s t❤❛t t❤❡ q✉♦t✐❡♥t ❛❧❣❡❜r❛ A = K[x]/I ✐s ✜♥✐t❡

❞✐♠❡♥s✐♦♥❛❧✱ ✐✳❡✱ ❆rt✐♥✐❛♥ ✐❢ ❛♥❞ ♦♥❧② ✐❢ V(I) ✐s ✜♥✐t❡✱ t❤❛t ✐s✱ ■ ❞❡✜♥❡s ❛ ✜♥✐t❡

♥✉♠❜❡r ♦❢ ✐s♦❧❛t❡❞ ♣♦✐♥ts ✐♥ Kn✳

❚❤❡♦r❡♠ ✶✳✸✳✷ ▲❡t A ❜❡ ❛♥ ❆rt✐♥✐❛♥ ❛❧❣❡❜r❛ ♦❢ ❞✐♠❡♥s✐♦♥ r ❞❡✜♥❡❞ ❜② ❛♥

✐❞❡❛❧ ■✳ ❚❤❡♥ ✇❡ ❤❛✈❡ ❛ ❞✐r❡❝t s✉♠

A = Aξ1 ⊕ · · · ⊕ Aξr′
✭✶✳✹✮

✇❤❡r❡

• V(I) = {ξ1, ..., ξr′} ⊂ Kn ✇✐t❤ r′ ≤ r✱

• I = Q1∩· · ·∩Qr′ ✐s ❛ ♠✐♥✐♠❛❧ ♣r✐♠❛r② ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ I ✇✐t❤ Qi mξi
−

primary✱

• Aξr′
≡ K[x]/Qi ❛♥❞ Aξi

·Aξj
≡ 0 ✐❢ i = j✳ ❚❤❡ ♠✉❧t✐♣❧✐❝✐t② ♦❢ ❛♥ ✐s♦❧❛t❡❞

♣♦✐♥t ξi ♦❢ V(I) ✐s t❤❡ ❞✐♠❡♥s✐♦♥ ♦✈❡r R ♦❢ A ❧♦❝❛❧✐③❡❞ ❛t ξi✱ t❤❛t ✐s✱ Aξi

❉❡✜♥✐t✐♦♥ ✶✳✸✳✸ ❚❤❡ ❞✉❛❧ A∗ = HomK(A, K) ♦❢ A ✐s ♥❛t✉r❛❧❧② ✐❞❡♥t✐✜❡❞

✇✐t❤ t❤❡ s✉❜s♣❛❝❡

I⊥ = {Λ ∈ K[x]∗ | ∀p ∈ I, p ⋆ Λ = 0}. ✭✶✳✺✮

❝❛❧❧❡❞ ✐♥✈❡rs❡ s②st❡♠ ♦❢ I✱ ✇✐t❤ I t❤❡ ✐❞❡❛❧ ♦❢ K[x] s✉❝❤ t❤❛t A = K[x]/I✳

❘❡♠❛r❦ ✶✳✸✳✹ ❆s I ✐s st❛❜❧❡ ❜② ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② t❤❡ ✈❛r✐❛❜❧❡s xi✱ t❤❡ ♦r✲

t❤♦❣♦♥❛❧ I⊥ = A∗ ✐s st❛❜❧❡ ❜② t❤❡ ❞❡r✐✈❛t✐♦♥s d
dzi

✳

Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✺ ▲❡t Q ❜❡ ❛ ♣r✐♠❛r② ✐❞❡❛❧ ❢♦r t❤❡ ♠❛①✐♠❛❧ ✐❞❡❛❧ mξ ♦❢ t❤❡

♣♦✐♥t ξ ∈ Kn ❛♥❞ ❧❡t Aξ = K[x]/Q✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ✈❡❝t♦r s♣❛❝❡ D ⊂ K[z]

st❛❜❧❡ ❜② t❤❡ ❞❡r✐✈❛t✐♦♥s d
dzi

s✉❝❤ t❤❛t

Q⊥ = A∗
ξ = D · 1ξ(z).
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❚❤❡♦r❡♠ ✶✳✸✳✻ ▲❡t A ❜❡ ❛♥ ❛rt✐♥✐❛♥ ❛❧❣❡❜r❛ ♦❢ ❞✐♠❡♥s✐♦♥ r ✇✐t❤ V(I) =

{ξ1, . . . , ξr′} ⊂ Kn✳ ❚❤❡r❡ ❡①✐sts ✈❡❝t♦r s♣❛❝❡s Di ⊂ K[z] st❛❜❧❡ ❜② ❞❡r✐✈❛t✐♦♥

♦❢ ❞✐♠❡♥s✐♦♥ µi ✇✐t❤
∑r′

i=1 µi = r✱ s✉❝❤ t❤❛t t❤❡ ❡❧❡♠❡♥ts ♦❢ A∗ ❛r❡ t❤❡

❡❧❡♠❡♥ts Λ ∈ K[[z]] ♦❢ t❤❡ ❢♦r♠

Λ(z) =
r′∑

i=1

ωi(z)1ξi
(z),

✇✐t❤ ωi(z) ∈ Di✳

❉❡✜♥✐t✐♦♥ ✶✳✸✳✼ ▲❡t ❣ ❜❡ ❛ ♣♦❧②♥♦♠✐❛❧ ✐♥ A✳ ❚❤❡ ❣✲♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦♣❡r❛t♦r

Mg ✐s ❞❡✜♥❡❞ ❜②

Mg : A −→ A
h 7−→ Mg(h) = gh

✭✶✳✻✮

❚❤❡ tr❛♥s♣♦s❡ ❛♣♣❧✐❝❛t✐♦♥ MT
g ♦❢ t❤❡ ❣✲♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦♣❡r❛t♦r Mg ✐s ❞❡✜♥❡❞

❜②
MT

g : A∗ −→ A∗

Λ 7−→ MT
g (Λ) = g · Λ ✭✶✳✼✮

▲❡t B ❜❡ ❛ ♠♦♥♦♠✐❛❧ ❜❛s✐s ✐♥ A ❛♥❞ B∗ ✐ts ❞✉❛❧ ❜❛s✐s ✐♥ A∗✳ ❆s t❤❡

♠❛tr✐① MT
g ♦❢ t❤❡ tr❛♥s♣♦s❡ ❛♣♣❧✐❝❛t✐♦♥ MT

g ✐♥ t❤❡ ❞✉❛❧ ❜❛s✐s B∗ ✐♥ A∗ ✐s

t❤❡ tr❛♥s♣♦s❡ ♦❢ t❤❡ ♠❛tr✐① ♦❢ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ Mg ✐♥ t❤❡ ❜❛s✐s B ✐♥ A✱ t❤❡

❡✐❣❡♥✈❛❧✉❡s ❛r❡ t❤❡ s❛♠❡ ❢♦r ❜♦t❤ ♠❛tr✐❝❡s✳

❚❤❡ ♠❛✐♥ ♣r♦♣❡rt② ✭s❡❡ ❬❊❧❦❛❞✐ ✷✵✵✼❪✮ t❤❛t ✇❡ ♥❡❡❞ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣

Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✽ ▲❡t I ❜❡ ❛♥ ✐❞❡❛❧ ♦❢ K[x] ❛♥❞ s✉♣♣♦s❡ t❤❛t V(I) =

{ξ1, ..., ξr}✳ ❚❤❡♥

• ❢♦r ❛❧❧ g ∈ A✱ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ Mg ❛♥❞ MT
g ❛r❡ t❤❡ ❡✈❛❧✉❛t✐♦♥s ♦❢ t❤❡

♣♦❧②♥♦♠✐❛❧ ❣ ❛t t❤❡ r♦♦ts✱ ♥❛♠❡❧② g(ξ1), ..., g(ξr)✳

• t❤❡ ❡✐❣❡♥✈❡❝t♦rs ❝♦♠♠♦♥ t♦ ❛❧❧ MT
g ✇✐t❤ g ∈ A ❛r❡ ✲✉♣ t♦ s❝❛❧❛r ✲ t❤❡

❡✈❛❧✉❛t✐♦♥s 1ξ1 , ...,1ξr

✶✳✹ ❆rt✐♥✐❛♥ ●♦r❡♥st❡✐♥ ❛❧❣❡❜r❛ ❛♥❞ ♣♦s✐t✐✈❡

❧✐♥❡❛rs ❢♦r♠s

■♥ t❤✐s ❙❡❝t✐♦♥✱ ✇❡ ❛♥❛❧②③❡ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ❛♥ ❛rt✐♥✐❛♥ ❛❧❣❡❜r❛ ♦❜t❛✐♥❡❞ ❛s

❛ q✉♦t✐❡♥t ❜② t❤❡ ❦❡r♥❡❧ ♦❢ ❛♥ ❍❛♥❦❡❧ ♦♣❡r❛t♦r HΛ✳ ■t ✐s ♦❜✈✐♦✉s IΛ ❞❡✜♥❡❞

✐♥ t❤❡ ❙❡❝t✐♦♥ ❜❡❢♦r❡ ✐s ❛♥ ✐❞❡❛❧ ♦❢ K[x]✳ ❲❡ ❝♦♥str✉❝t t❤❡ q✉♦t✐❡♥t ❛❧❣❡❜r❛



❈❍❆P❚❊❘ ✶✳ ■❉❊❆▲❙✱ ❉❯❆▲ ❙P❆❈❊✱ ❍❆◆❑❊▲ ▼❆❚❘■❈❊❙ ❆◆❉

◗❯❖❚■❊◆❚ ❆▲●❊❇❘❆ ✶✸

AΛ = K[x]/IΛ✳ ❇② ❝♦♥str✉❝t✐♦♥✱ A∗
Λ = I⊥

Λ ❝♦♥t❛✐♥s t❤❡ ❡❧❡♠❡♥t p ⋆ Λ ❛♥❞

Im HΛ ⊂ A∗
Λ✳ ❚❤❡ ❍❛♥❦❡❧ ♦♣❡r❛t♦r HΛ ✐s ❛ ♠❛♣ ❢r♦♠ K[x] ✐♥t♦ A∗✿

0 → IΛ → K[x]
HΛ−−→ A∗

Λ ✭✶✳✽✮

❚❤❡ ✈❛r✐❡t② ❞❡✜♥❡❞ ❜② IΛ ✐♥ Kn ✐s ❞❡♥♦t❡❞ ❤❡r❡❛❢t❡r VK(IΛ) ♦r s✐♠♣❧②

V(IΛ) ✇❤❡♥ K ✐s ❛❧❣❡❜r❛✐❝❛❧❧② ❝❧♦s❡❞✳

■❢ Λ(z) =
∑r

i=1 ωi(z)1
ξi
(z) t❤❡♥✱ ❜② ▲❡♠♠❛ ✶✳✷✳✺✱ t❤❡ ❦❡r♥❡❧ Iσ ✐s t❤❡ s❡t

♦❢ ♣♦❧②♥♦♠✐❛❧s p ∈ K[x] s✉❝❤ t❤❛t ∀q ∈ K[x]✱ p ✐s ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣

♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✿

r∑

i=1

ωi(∂)(pq)(ξi) = 0.

❙✐♥❝❡ ∀p(x), q(x) ∈ K[x]✱ 〈p(x)+IΛ, q(x)+IΛ〉Λ = 〈p(x), q(x)〉Λ✱ 〈., .〉Λ ✐♥❞✉❝❡s

❛♥ ✐♥♥❡r ♣r♦❞✉❝t ♦♥ AΛ✳

❚❤❡♦r❡♠ ✶✳✹✳✶ ▲❡t Λ ∈ K[x]∗ = K[[z]] \ 0

• rankHΛ = dimK(AΛ) < ∞✱ ✐❢ ❛♥❞ ♦♥❧② ✐❢✱

Λ(z) =
r′∑

i=1

wi(z)1ξ1(z) ✭✶✳✾✮

✇✐t❤ wi(z) ∈ K[z] \ 0 ❛♥❞ ξi ∈ Kn ♣❛✐r✇✐s❡ ❞✐st✐♥❝t✳

• ■❢ Λ(z) =
∑r′

i=1 wi(z)1ξ1(z) ✇✐t❤ wi(z) ∈ K[z] \ 0✱ t❤❡♥

✕ t❤❡ ♠❛♣ HΛ : A → A∗ ✐♥❞✉❝❡❞ ❜② HΛ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳

✕ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t 〈·, ·〉Λ s✐ ♥♦♥ ✲❞❡❣❡♥❡r❛t❡ ♦♥ A = K[x]/IΛ

✕ t❤❡ r❛♥❦ ♦❢ HΛ ✐s
∑r′

i=1 µi ✇❤❡r❡ µi ✐s t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ✈❡❝t♦r

s♣❛❝❡ s♣❛♥♥❡❞ ❜② wi(z) ❛♥❞ ❛❧❧ ✐ts ❞❡r✐✈❛t✐✈❡s ∂α1
z1

· · · ∂αn
zn

wi(z) ❢♦r

α = (α1, ..., αn) ∈ Nn✳

✕ t❤❡ ✈❛r✐❡t② V(IΛ) ✐s t❤❡ s❡t ♦❢ ♣♦✐♥ts ξ1, ..., ξr′ ∈ Kn✱ ✇✐t❤ ♠✉❧t✐♣❧✐❝✲

✐t② µ1, ..., µr′

Pr♦♦❢✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ IΛ ❛♥❞ ❜② s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡

0 → IΛ → K[x]
HΛ−−→ A∗

Λ ✭✶✳✶✵✮
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✇❡ ❤❛✈❡ A = K[x]/IΛ ∼ Im(HΛ)✳ ■❢ rank HΛ = dim Im(HΛ) = r < ∞✱ t❤❡♥

dim(A) = dim(K[x]/IΛ) ❛♥❞ A ✐s ❛rt✐♥✐❛♥ ❛❧❣❡❜r❛ ✭♦❢ ❞✐♠❡♥s✐♦♥ r ♦✈❡r K✮✳

❇② ❚❤❡♦r❡♠ ✶✳✸✳✷✱ ✐t ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ❛s ❛ ❞✐r❡❝t s✉♠ ♦❢ s✉❜✲❛❧❣❡❜r❛s

AΛ = Aξ1 ⊕ · · · ⊕ Aξr′

✇❤❡r❡ VK(IΛ) = {ξ1, . . . , ξr′} ❛♥❞ Aξi
✐s ❛ ❧♦❝❛❧ ❛❧❣❡❜r❛ ❢♦r t❤❡ ♠❛①✐♠❛❧ ✐❞❡❛❧

mξi
❞❡✜♥✐♥❣ t❤❡ r♦♦t ξi ∈ Kn✿ Aξi

= K[x]/Qi ✇✐t❤ Qi ❛♥ mξi
✲♣r✐♠❛r②

✐❞❡❛❧ ♦❢ K[x]✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ t❤❡ ♠✐♥✐♠❛❧ ♣r✐♠❛r② ❞❡❝♦♠♣♦s✐t✐♦♥ IΛ =

Q1 ∩ · · · ∩ Qr✳

❚❤❡ s❡r✐❡s Λ(z) r❡♣r❡s❡♥t ❛♥ ❡❧❡♠❡♥t ♦❢ t❤❡ ❞✉❛❧ A∗
Λ = I⊥

Λ ✱ ✇❤✐❝❤ ❜②

❚❤❡♦r❡♠ ✶✳✸✳✻ ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ❛s

Λ(z) =
r′∑

i=1

ωi(z)1ξi
(z) ✭✶✳✶✶✮

✇✐t❤ ωi(z) ∈ C[z]✳ ❚❤❡ ♣♦❧②♥♦♠✐❛❧ ωi(z) ❝❛♥♥♦t ❜❡ ③❡r♦✱ ♦t❤❡r✇✐s❡ Qi ⊂
ker HΛ = IΛ✳ ❆s IΛ = Q1 ∩ · · · ∩ Qr✱ ✇❡ ❞❡❞✉❝❡ t❤❛t IΛ = Qi ❛♥❞ t❤❛t

Λ(z) = ωi(z)1ξi
(z) = 0✱ ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts t❤❡ ❤②♣♦t❤❡s✐s✳

❈♦♥✈❡rs❡❧②✱ ✐❢ Λ(z) =
∑r

i=1 ωi(z)1ξi
(z) ✇✐t❤ ωi(z) ∈ K[z]\{0} ❛♥❞ ξi ∈ Kn

♣❛✐r✇✐s❡ ❞✐st✐♥❝t✱ ✇❡ ❡❛s✐❧② ❝❤❡❝❦ t❤❛t IΛ ❝♦♥t❛✐♥s ∩r
i=1m

di+1

ξi
✇❤❡r❡ di ✐s t❤❡

❞❡❣r❡❡ ♦❢ ωi(z)✳ ❚❤✉s V(IΛ) ⊂ {ξ1, . . . , ξr}✳
❚❤❡ ✐❞❡❛❧ IΛ ❝♦♥t❛✐♥s ✐♥ ♣❛rt✐❝✉❧❛r ✉♥✐✈❛r✐❛t❡ ♣♦❧②♥♦♠✐❛❧s ✐♥ ❡❛❝❤ ✈❛r✐❛❜❧❡

xi✳ ❚❤✉s AΛ = K[x]/IΛ ✐s ♦❢ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥ ♦✈❡r K ❛♥❞ rank HΛ < ∞✳

▲❡t ✉s ❛ss✉♠❡ ♥♦✇ t❤❛t Λ(z) =
∑r′

i=1 ωi(z)1ξi
(z) ✇✐t❤ ωi(z) ∈ K[z] \ {0}

s♦ t❤❛t AΛ = K[x]/IΛ ✐s ♦❢ ❞✐♠❡♥s✐♦♥ r ♦✈❡r K✳

❆s AΛ = K[x]/IΛ ∼Im(HΛ)✱ HΛ ✐♥❞✉❝❡s ❛♥ ✐♥❥❡❝t✐♦♥ ❢r♦♠ AΛ ✐♥t♦ A∗
Λ

✇❤✐❝❤ ✐s ♦❢ ❞✐♠❡♥s✐♦♥ r✳ ❲❡ ❞❡❞✉❝❡ t❤❛t HΛ ✐♥❞✉❝❡s ❛♥ ✐s♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥

AΛ ❛♥❞ A∗
Λ✱ ❛♥❞ ✇❡ ❤❛✈❡ t❤❡ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡✿

0 → IΛ → K[x]
HΛ−−→ A∗

Λ → 0.

❚❤✐s s❤♦✇s t❤❛t A∗
Λ ✐s ❣❡♥❡r❛t❡❞ ❜② ❡❧❡♠❡♥ts p ⋆ Λ ❢♦r p ∈ K[x]✱ t❤❛t ✐s✱ A∗

Λ

✐s t❤❡ ✐♥✈❡rs❡ s②st❡♠ ❣❡♥❡r❛t❡❞ ❜② Λ✳

❇② ❞❡✜♥✐t✐♦♥ ♦❢ IΛ✱ ✐❢ p ∈ K[x] ✐s s✉❝❤ t❤❛t ∀q ∈ K[x]

〈p(x), q(x)〉Λ = 〈p ⋆ Λ(z)|q(x)〉 = 0,

t❤❡♥ p ⋆ Λ(z) = 0 ❛♥❞ p ∈ IΛ✳ ❲❡ ❞❡❞✉❝❡ t❤❛t t❤❡ ✐♥♥❡r ♣r♦❞✉❝t 〈·, ·〉Λ ✐s

♥♦♥✲❣❡♥❡r❛t❡ ♦♥ AΛ = K[x]/IΛ✳

❇② ❚❤❡♦r❡♠ ✶✳✸✳✻✱ Λ ∈ A∗
Λ ❤❛s ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❢♦r♠ ✭✶✳✾✮ ✇❤✐❝❤

♠✉st ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ ❣✐✈❡♥ ♦♥❡✿ Λ(z) =
∑r′

i=1 ωi(z)1ξi
(z)✳ ❚❤✉s A∗

Λ =
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A∗
ξ1
⊕· · ·⊕A∗

ξr′
✇❤❡r❡ IΛ = Q1 ∩ · · · ∩Qr′ ❛♥❞ A∗

ξi
= Q⊥

i ✐s t❤❡ ✐♥✈❡rs❡ s②st❡♠

❣❡♥❡r❛t❡❞ ❜② ωi(z)1ξi
(z) ❢♦r i = 1, . . . , r′✳

❚❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ µi = dimA∗
ξi

= dimAξi
♦❢ t❤❡ ✐♥✈❡rs❡ s②st❡♠ A∗

ξi
✐s t❤❡

♠✉❧t✐♣❧✐❝✐t② ♦❢ ξi❀ ✐t ✐s ❛❧s♦ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ✈❡❝t♦r s♣❛❝❡ s♣❛♥♥❡❞ ❜② ωi(z)

❛♥❞ ❛❧❧ ✐ts ❞❡r✐✈❛t✐✈❡s ∂α1
z1

· · · ∂αn
zn

ωi(z) ❢♦r α = (α1, . . . , αn) ∈ Nn✳ ❲❡ ❞❡❞✉❝❡

t❤❛t dimAΛ = dimA∗
Λ = r =

∑r′

i=1 µi✳

❆s IΛ = Q1 ∩ · · · ∩ Qr′ ✱ ✇❡ ❞❡❞✉❝❡ t❤❛t V(IΛ) = {ξ1, . . . , ξr′}✱ ✇❤✐❝❤

❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ♦❢ t❤✐s t❤❡♦r❡♠✳

❘❡♠❛r❦ ✶✳✹✳✷ ❆♥ ❛❧❣❡❜r❛ A ✐s ❝❛❧❧❡❞ ●♦r❡♥st❡✐♥ ✐❢ A ❛♥❞ ✐ts ❞✉❛❧ A∗ ❛r❡ ✐s♦✲
♠♦r♣❤✐❝ A✲♠♦❞✉❧❡s✳ ❚❤❡♥ t❤❡ q✉♦t✐❡♥t s♣❛❝❡ AΛ = K[x]/ ker HΛ ✐s ❛ ●♦r❡♥✲

st❡✐♥ ❛❧❣❡❜r❛

❆ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ✐♥t❡r❡st ✐s ✇❤❡♥ t❤❡ r♦♦ts ❛r❡ s✐♠♣❧❡✳ ❲❡ ❝❤❛r❛❝t❡r✐③❡ ✐t

❛s ❢♦❧❧♦✇s✿

Pr♦♣♦s✐t✐♦♥ ✶✳✹✳✸ ▲❡t Λ ∈ K[x]∗✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✶✳ Λ =
∑r

i=1 ωi1ξi
, ✇✐t❤ ωi ∈ K \ {0} ❛♥❞ ξi ∈ Kn ♣❛✐r✇✐s❡ ❞✐st✐♥❝t✳

✷✳ ❚❤❡ r❛♥❦ ♦❢ HΛ ✐s r ❛♥❞ t❤❡ ♠✉❧t✐♣❧✐❝✐t② ♦❢ t❤❡ ♣♦✐♥ts ξ1, . . . , ξr ✐♥ V(IΛ)

✐s 1✳

✸✳ ❆ ❜❛s✐s ♦❢ A∗
Λ ✐s 1ξ1 , . . . ,1ξr

✳

Pr♦♦❢✳ 1 ⇒ 2. ❚❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ✈❡❝t♦r s♣❛❝❡ s♣❛♥♥❡❞ ❜② ωi ∈ K \ {0}
❛♥❞ ✐ts ❞❡r✐✈❛t✐✈❡s ✐s 1✳ ❇② ❚❤❡♦r❡♠ ✶✳✹✳✶✱ t❤❡ r❛♥❦ AΛ ✐s r =

∑r
i=1 1 ❛♥❞ t❤❡

♠✉❧t✐♣❧✐❝✐t② ♦❢ t❤❡ r♦♦ts ξ1, . . . , ξr ✐♥ V(IΛ) ✐s 1✳

2 ⇒ 3. ❇② ❚❤❡♦r❡♠ ✶✳✹✳✶✱ A∗
Λ ✐s t❤❡ ✐♥✈❡rs❡ s②st❡♠ s♣❛♥♥❡❞ ❜② Λ✳ ❆s

∀p ∈ K[x]✱ p ⋆ Λ =
∑r

i=1 ωip(ξi)1ξi
✱ A∗

Λ ✐s ✐♥ t❤❡ ✈❡❝t♦r s♣❛❝❡ s♣❛♥♥❡❞ ❜②

1ξ1 , . . . ,1ξr
✳ ❆s dim (A∗

Λ) = r✱ ✐t ✐s ❛ ❜❛s✐s✳

3 ⇒ 1. ❆s Λ ∈ A∗
Λ✱ t❤❡r❡ ❡①✐sts ωi ∈ K s✉❝❤ t❤❛t Λ =

∑r
i=1 ωi1ξi

✳ ■❢

♦♥❡ ♦❢ t❤❡s❡ ❝♦❡✣❝✐❡♥ts ωi ✈❛♥✐s❤❡s t❤❛t dim(A∗
Λ) < r✱ ✇❤✐❝❤ ✐s ❝♦♥tr❛❞✐❝t✐♥❣

♣♦✐♥t ✸✳ ❚❤✉s ωi ∈ K \ {0}✳

■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ ❛❧❧ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ Λ ❛r❡ ✐♥ R✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❡

❢♦❧❧♦✇✐♥❣ ♥♦t✐♦♥ ♦❢ ♣♦s✐t✐✈✐t②✿

❉❡✜♥✐t✐♦♥ ✶✳✹✳✹ ❆♥ ❡❧❡♠❡♥t Λ ∈ R[x]∗ ✐s ♣♦s✐t✐✈❡ ✐❢ ∀p ∈ R[x], 〈p, p〉 = 〈Λ |
p2〉 = Λ(p2) > 0✳ ■t ✐s ❞❡♥♦t❡❞ Λ < 0✳
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❚❤❡ ♣♦s✐t✐✈✐t② ♦❢ Λ ✐♥❞✉❝❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt② ♦♥ ✐ts ❞❡❝♦♠♣♦s✐t✐♦♥

t❤❛t ✇❡ ❝❛♥ ✜♥❞ ❛❧s♦ ✐♥ ❬▲❛ss❡rr❡ ✷✵✶✷❪✱✿

Pr♦♣♦s✐t✐♦♥ ✶✳✹✳✺ ▲❡t Λ ∈ R[x]∗ s✉❝❤ t❤❛t rankHΛ = r✱ Λ < 0 ✐✛

Λ =
r∑

i=1

ωi 1
ξi

✇✐t❤ ωi > 0✱ ξi ∈ Rn, ❢♦r i = 1, .., r✳

Pr♦♦❢✳ ■❢ Λ =
∑r

i=1 ωi 1
ξi
✇✐t❤ ωi > 0✱ ξi ∈ Rn✱ ❢♦r i = 1, .., r✱ t❤❡♥ ❝❧❡❛r❧②

∀p ∈ R[x]✱

〈Λ | p2〉 = Λ(p2) =
r∑

i=1

ωi p2(ξi) > 0

❛♥❞ Λ < 0✳

❈♦♥✈❡rs❡❧② s✉♣♣♦s❡ t❤❛t ∀p ∈ R[x]✱ 〈Λ | p2〉 = Λ(p2) > 0✳ ❚❤❡♥ p ∈ IΛ ✐✛

〈Λ | p2〉 = Λ(p2) = 0✳ ❲❡ ❝❤❡❝❦ t❤❛t IΛ ✐s r❡❛❧ r❛❞✐❝❛❧✿ ■❢ p2k +
∑

j q2
j ∈ IΛ ❢♦r

s♦♠❡ k ∈ N✱ p, qj ∈ R[x] t❤❡♥

〈Λ | p2k +
∑

j

q2
j 〉 = Λ(p2k +

∑

j

q2
j ) = Λ(p2k〉 +

∑

j

Λ(q2
j ) = 0

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t 〈Λ | p2k〉 = Λ(p2k) = 0 ✱ 〈Λ | q2
j 〉 = Λ(q2

j ) = 0 ❛♥❞

pk, qj ∈ IΛ✳

▲❡t k′ = ⌈k
2
⌉✳ ❲❡ ❤❛✈❡ 〈Λ | p2k′〉 = Λ(p2k′

)〉 = 0✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t pk′ ∈ IΛ✳

■t❡r❛t✐♥❣ t❤✐s r❡❞✉❝t✐♦♥✱ ✇❡ ❞❡❞✉❝❡ t❤❛t p ∈ IΛ. ❚❤✐s s❤♦✇s t❤❛t IΛ ✐s r❡❛❧

r❛❞✐❝❛❧ ❛♥❞ V(IΛ) ⊂ Rn✳ ❇② Pr♦♣♦s✐t✐♦♥ ✶✳✹✳✸✱ ✇❡ ❞❡❞✉❝❡ t❤❛t Λ =
∑r

i=1 ωi 1
ξi

✇✐t❤ ωi ∈ C \ {0} ❛♥❞ ξi ∈ Rn✳ ▲❡t pi ∈ R[x] ❜❡ ✐♥t❡r♣♦❧❛t✐♦♥ ♣♦❧②♥♦♠✐❛❧s

❛t ξi ∈ Rn✿ pi(ξi) = 1✱ pi(ξj) = 0 ❢♦r j 6= i✳ ❚❤❡♥ 〈Λ | p2
i 〉 = Λ(p2

i ) = ωi ∈ R+✳

❚❤✐s ♣r♦✈❡s t❤❛t Λ =
∑r

i=1 ωi 1
ξi
✇✐t❤ ωi > 0✱ ξi ∈ Rn✱ ❢♦r i = 1, .., n✳







❈❤❛♣t❡r ✷

▼✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ❛♥❞
✈❛r✐❡t✐❡s ♦❢ ❝r✐t✐❝❛❧ ♣♦✐♥ts

▲❡t f, g0
1, . . . , g

0
n1
✱ g+

1 , . . . , g+
n2

∈ R[x] ❜❡ ♣♦❧②♥♦♠✐❛❧s ❢✉♥❝t✐♦♥s✳ ❚❤❡ ♠✐♥✐♠✐③❛✲

t✐♦♥ ♣r♦❜❧❡♠ t❤❛t ✇❡ ❝♦♥s✐❞❡r ❛❧❧ ❛❧♦♥❣ t❤❡ ♠❛♥✉s❝r✐t ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

inf
x∈Rn

f(x) ✭✷✳✶✮

s.t. g0
1(x) = · · · = g0

n1
(x) = 0

g+
1 (x) ≥ 0, ..., g+

n2
(x) ≥ 0

▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡ ♦❜❥❡❝t✐✈❡s ♦❢ t❤❡ ♠❡t❤♦❞ ✇❡ ❞❡s❝r✐❜❡ ❛r❡ t♦ ❝♦♠♣✉t❡ t❤❡

♠✐♥✐♠✉♠ ✈❛❧✉❡ ✇❤❡♥ f ✐s ❜♦✉♥❞❡❞ ❜② ❜❡❧♦✇ ❛♥❞ t❤❡ ♣♦✐♥ts ✇❤❡r❡ t❤✐s ♠✐♥✐✲

♠✉♠ ✈❛❧✉❡ ✐s r❡❛❝❤❡❞ ✐❢ t❤❡② ❡①✐sts✳

❍❡r❡❛❢t❡r✱ ✇❡ ✜① t❤❡ s❡t ♦❢ ❝♦♥str❛✐♥ts

g = {g0,g+} = {g0
1, . . . , g

0
n1

; g+
1 , . . . , g+

n2
} ✭✷✳✷✮

❛♥❞ ✇❡ ❞❡♥♦t❡ ❜②

S := S(g) = {x ∈ Rn | g0
1(x) = 0, . . . , g0

n1
(x) = 0; g+

1 (x) ≥ 0, . . . , g+
n2

(x) ≥ 0}
✭✷✳✸✮

t❤❡ ❜❛s✐❝ s❡♠✐✲❛❧❣❡❜r❛✐❝ s❡t ❞❡✜♥✐♥❣ t❤❡ ♣♦✐♥ts ✇❤✐❝❤ s❛t✐s❢② t❤❡ ❝♦♥str❛✐♥ts

♦❢ ♦✉r ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭✷✳✶✮✳ ❆♥❞

S+(g) = {x ∈ Rn | g+
1 (x) ≥ 0, . . . , g+

n2
(x) ≥ 0} ✭✷✳✹✮

✐s t❤❡ ❜❛s✐❝ s❡♠✐✲❛❧❣❡❜r❛✐❝ s❡t ❞❡✜♥✐♥❣ t❤❡ ♣♦✐♥ts ✇❤✐❝❤ s❛t✐s❢② t❤❡ ♥♦♥♥❡❣❛t✐✈❡

❝♦♥str❛✐♥ts ♦❢ ♦✉r ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭✷✳✶✮✳

❲❤❡♥ n1 = n2 = 0✱ t❤❡r❡ ✐s ♥♦ ❝♦♥str❛✐♥t ❛♥❞ S = Rn✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡

❛r❡ ❝♦♥s✐❞❡r✐♥❣ ❛ ❣❧♦❜❛❧ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✳

❚❤❡ ♣♦✐♥ts x∗ ∈ S ✇❤✐❝❤ s❛t✐s❢② f(x∗) = infx∈S f(x) ❛r❡ ❝❛❧❧❡❞ t❤❡ ♠✐♥✲

✐♠✐③❡rs ♦❢ f ♦♥ S✳ ■❢ t❤❡ s❡t ♦❢ ♠✐♥✐♠✐③❡rs ✐s ♥♦t ❡♠♣t②✱ ✇❡ s❛② t❤❛t t❤❡

♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐s ❢❡❛s✐❜❧❡✳

❇❡❢♦r❡ ❞❡s❝r✐❜✐♥❣ ❤♦✇ t♦ ❝♦♠♣✉t❡ t❤❡ ♠✐♥✐♠✐③❡r ♣♦✐♥ts✱ ✇❡ ❛♥❛❧②s❡ t❤❡

❣❡♦♠❡tr② ♦❢ t❤✐s ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ❛♥❞ t❤❡ ✈❛r✐❡t✐❡s ❛ss♦❝✐❛t❡❞ t♦ ✐ts
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❝r✐t✐❝❛❧ ♣♦✐♥ts✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❞❡♥♦t❡ ❜② y = (x,u,v) ❛♥❞ z = (x,u,v, s)✱

t❤❡ n + n1 + n2 ❛♥❞ n + n1 + 2n2 ✈❛r✐❛❜❧❡s ♦❢ t❤❡s❡ ♣r♦❜❧❡♠s✳ ❋♦r ❛♥② ✐❞❡❛❧

J ⊂ R[z]✱ ✇❡ ❞❡♥♦t❡ Jx = J ∩ R[x]✳ ❚❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ Cn × Cn1+2 n2 ✭r❡s♣✳

Cn × Cn1+ n2✮ ♦♥ Cn ✐s ❞❡♥♦t❡❞ πx✳

✷✳✶ ❚❤❡ ❣r❛❞✐❡♥t ✈❛r✐❡t②

❆ ♥❛t✉r❛❧ ❛♣♣r♦❛❝❤ t♦ ❞❡❛❧ ✇✐t❤ ❝♦♥str❛✐♥ts ✐♥ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s ✐s t♦

✐♥tr♦❞✉❝❡ ▲❛❣r❛♥❣✐❛♥ ♠✉❧t✐♣❧✐❡rs✳ ❘❡♣❧❛❝✐♥❣ t❤❡ ✐♥❡q✉❛❧✐t✐❡s g+
i ≥ 0 ❜② t❤❡

❡q✉❛❧✐t✐❡s g+
i − s2

i = 0 ✭❛❞❞✐♥❣ ♥❡✇ ✈❛r✐❛❜❧❡s si✮ ❛♥❞ ✐♥tr♦❞✉❝✐♥❣ ♥❡✇ ♣❛r❛♠❡✲

t❡rs ❢♦r ❛❧❧ t❤❡ ❡q✉❛❧✐t② ❝♦♥str❛✐♥ts ②✐❡❧❞s t❤❡ ❢♦❧❧♦✇✐♥❣ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✿

inf
(x,u,v,s)∈Rn×Rn1+2 n2

f(x) ✭✷✳✺✮

s.t. ∇F (x,u,v, s) = 0

✇❤❡r❡ F (x,u,v, s) = f(x) − ∑n1

i=1 uig
0
i (x) − ∑n2

j=1 vj(g
+
j (x) − s2

j)✱

u = (u1, ..., un1),

v = (v1, ..., vn2) ❛♥❞ s = (s1, ..., sn2)✳

❉❡✜♥✐t✐♦♥ ✷✳✶✳✶ ❚❤❡ ❣r❛❞✐❡♥t ✐❞❡❛❧ ♦❢ F (z) ✐s✿

Igrad = (∇F (z)) = (F1, ..., Fn, g
0
1, ..., g

0
n1

, g+
1 −s2

1, ..., g
+
n2
−s2

n2
, v1s1, ..., vn2sn2) ⊂ R[z]

✇❤❡r❡ Fi = ∂f
∂xi

− ∑n1

j=1 uj
∂g0

j

∂xi
− ∑n2

j=1 vj
∂g+

j

∂xi
✳

❚❤❡ ❣r❛❞✐❡♥t ✈❛r✐❡t② ✐s Vgrad := V(Igrad) ❛♥❞ t❤❡ r❡❛❧ ❣r❛❞✐❡♥t ✈❛r✐❡t② ✐s

V R

grad := Vgrad ∩ (Rn × Rn1+2n2)✳

■ts ♣r♦❥❡❝t✐♦♥ ♦♥ x ✐s V x
grad := πx(Vgrad)✱ ✇❤❡r❡ πx ✐s t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢

Cn × Cn1+2n2 ♦♥t♦ Cn✳

❊①❛♠♣❧❡ ✷✳✶✳✷

inf
(x1,x2)∈R2

−12x1 − 7x2 + x2
2;

s.t. 2x4
1 − 2 + x2 = 0

−x1 + 3 ≥ 0,−x2 + 2 ≥ 0, x1 ≥ 0, x2 ≥ 0

❍✐s ❣r❛❞✐❡♥t ✐❞❡❛❧ ✐s Igrad = (∇F (z)) = (−12+8u1x
3
1−v1 +v3,−7+2x2 +u1−

v2+v4, 2x
4
1−2+x2,−x1+3−s2

1,−x2+2−s2
2, x1−s2

3, x2−s2
4, v1s1, v2s2, v3s3, v4s4)

❉❡✜♥✐t✐♦♥ ✷✳✶✳✸ ❋♦r ❛♥② F ∈ R[z]✱ t❤❡ ✈❛❧✉❡s ♦❢ F ❛t t❤❡ ✭r❡s♣✳ r❡❛❧✮ ♣♦✐♥ts

♦❢ V(∇F ) = Vgrad ❛r❡ ❝❛❧❧❡❞ t❤❡ ✭r❡s♣✳ r❡❛❧✮ ❝r✐t✐❝❛❧ ✈❛❧✉❡s ♦❢ F ✳
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❲❡ ❡❛s✐❧② ❝❤❡❝❦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt②✿

▲❡♠♠❛ ✷✳✶✳✹ F |Vgrad
= f |Vgrad

✳

❚❤✉s ♠✐♥✐♠✐③✐♥❣ f ♦♥ Vgrad ✐s t❤❡ s❛♠❡ ❛s ♠✐♥✐♠✐③✐♥❣ F ♦♥ Vgrad✱ t❤❛t ✐s

❝♦♠♣✉t✐♥❣ t❤❡ ♠✐♥✐♠❛❧ ❝r✐t✐❝❛❧ ✈❛❧✉❡ ♦❢ F ✳

✷✳✷ ❚❤❡ ❑❛r✉s❤✲❑✉❤♥✲❚✉❝❦❡r ✈❛r✐❡t②

❆ ✈❛r✐❛♥t ♦❢ t❤❡ ❣r❛❞✐❡♥t ✈❛r✐❡t② t❤❛t ✇❡ ❝❛♥ ✉s❡ ✐♥ ❝♦♥str❛✐♥❡❞ ♣r♦❜❧❡♠s ✐s t❤❡

✇❡❧❧✲❦♥♦✇♥ ❑❛r✉s❤✲❑✉❤♥✲❚✉❝❦❡r ✭❑❑❚✮ ✈❛r✐❡t② ✇❤✐❝❤ ❤❛✈❡ ❜❡❡♥ ✉s❡❞ ✐♥ s❡✈✲

❡r❛❧ ❛♣♣r♦❝❤❡s ❛❜♦✉t ♣♦❧②♥♦♠✐❛❧ ♦♣t✐♠✐③❛t✐♦♥ ✭s❡❡ ❬❉❡♠♠❡❧ ✷✵✵✼✱ ❍❛ ✷✵✶✵✱

◆✐❡ ✷✵✶✶❪✳

❉❡✜♥✐t✐♦♥ ✷✳✷✳✶ ❆ ♣♦✐♥t x∗ ✐s ❝❛❧❧❡❞ ❛ ❑❑❚ ♣♦✐♥t ✐❢ t❤❡r❡ ❡①✐sts u1, . . . , un1 ,

v1, . . . , vn2 ∈ R s✳t✳

∇f(x∗) −
n1∑

i=1

ui∇g0
i (x

∗) −
n2∑

j=0

vj∇g+
j (x∗) = 0, g0

i (x
∗) = 0, vjg

+
j (x∗) = 0.

❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

inf
(x,u,v)∈Rn+n1n2

f(x) ✭✷✳✻✮

s.t. F1 = · · · = Fn = 0

g0
1 = · · · = g0

n1
= 0

v1 g+
1 = · · · = vn2 g+

n2
= 0

g+
1 ≥ 0, . . . , g+

n2
≥ 0

✇❤❡r❡ Fi = ∂f
∂xi

− ∑n1

j=1 uj
∂g0

j

∂xi
− ∑n2

j=1 vj
∂g+

j

∂xi
✳

❚❤✐s ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥s✿

❉❡✜♥✐t✐♦♥ ✷✳✷✳✷ ❚❤❡ ❑❛r✉s❤✲❑✉❤♥✲❚✉❝❦❡r ✭❑❑❚✮ ✐❞❡❛❧ ❛ss♦❝✐❛t❡❞ t♦ Pr♦❜✲

❧❡♠ ✭✷✳✶✮ ✐s

IKKT = (F1, ..., Fn, g
0
1, ..., g

0
n1

, v1g
+
1 , ..., vn2g

+
n2

) ⊂ R[y]. ✭✷✳✼✮

❚❤❡ ❑❑❚ ✈❛r✐❡t② ✐s VKKT := V(IKKT ) ⊂ Cn × Cn1+n2 ❛♥❞ t❤❡ r❡❛❧ ❑❑❚

✈❛r✐❡t② ✐s V R

KKT := VKKT ∩ (Rn × Rn1+n2)✳

■ts ♣r♦❥❡❝t✐♦♥ ♦♥ x ✐s V x
KKT := πx(VKKT )✱ ✇❤❡r❡ πx ✐s t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ Cn ×

Cn1+n2 ♦♥t♦ Cn✳
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❚❤❡ s❡t ♦❢ ❑❑❚ ♣♦✐♥ts ♦❢ S ✐s ❞❡♥♦t❡❞ SKKT ❛♥❞ ❛ ❑❑❚✲♠✐♥✐♠✐③❡r ♦❢ f ♦♥

S ✐s ❛ ♣♦✐♥t x∗ ∈ SKKT s✉❝❤ t❤❛t f(x∗) = minx∈SKKT
f(x)✳

◆♦t✐❝❡ t❤❛t V x,R
KKT = πx(VKKT )

R

= πx(V R

KKT )✱ s✐♥❝❡ ❛♥② ❧✐♥❡❛r ❞❡♣❡♥❞❡♥❝②

r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ r❡❛❧ ✈❡❝t♦rs ❝❛♥ ❜❡ r❡❛❧✐③❡❞ ✇✐t❤ r❡❛❧ ❝♦❡✣❝✐❡♥ts✳

❊①❛♠♣❧❡ ✷✳✷✳✸ ❚❤❡ ❑❑❚ ✐❞❡❛❧ ❛s♦❝✐❛t❡❞ t♦ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✷✳✶✳✷

✐s

IKKT = (−12+8u1x
3
1 − v1 + v3,−7+2x2 +u1 − v2 + v4, 2x

4
1 − 2+x2, v1(−x1 +

3), v2(−x2 + 2), v3x1, v4x2)

❚❤❡ ❑❑❚ ✐❞❡❛❧ ✐s r❡❧❛t❡❞ t♦ t❤❡ ❣r❛❞✐❡♥t ✐❞❡❛❧ ❛s ❢♦❧❧♦✇s✿

Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✹ IKKT = Igrad ∩ R[y]✳

Pr♦♦❢✳ ❆s si(sivi) + vi(g
+
i − s2

i ) = vig
+
i ∀i = 1, ..., n2✱ ✇❡ ❤❛✈❡ IKKT ⊂

Igrad ∩ R[y]✳

■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❡ ❡q✉❛❧✐t②✱ ✇❡ ✉s❡ t❤❡ ♣r♦♣❡rt② t❤❛t ✐❢ K ✐s ❛ ●r♦❡❜♥❡r

❜❛s✐s ♦❢ Igrad ❢♦r ❛♥ ❡❧✐♠✐♥❛t✐♦♥ ♦r❞❡r✐♥❣ s✉❝❤ t❤❛t s ≫ x,u,v t❤❡♥ K ∩ R[y]

✐s t❤❡ ●r♦❡❜♥❡r ❜❛s✐s ♦❢ Igrad ∩ R[y] ✭s❡❡ ❬❈♦① ✷✵✵✺❪✮✳ ◆♦t✐❝❡ t❤❛t si(sivi) +

vi(g
+
i − s2

i ) = vig
+
i ✭i = 1, ..., n2✮ ❛r❡ t❤❡ ♦♥❧② ❙✲♣♦❧②♥♦♠✐❛❧s ✐♥✈♦❧✈✐♥❣ t❤❡

✈❛r✐❛❜❧❡s s1, . . . , sn2 ✇❤✐❝❤ ♠❛② ❤❛✈❡ ❛ ♥♦♥✲tr✐✈✐❛❧ r❡❞✉❝t✐♦♥✳ ❚❤✉s K ∩ R[y]

✐s ❛❧s♦ t❤❡ ●r♦❡❜♥❡r ❜❛s✐s ♦❢ F1, ..., Fn, g
0
1, ..., g

0
n1

, v1g
+
1 , ..., vn2g

+
n2

❛♥❞ ✇❡ ❤❛✈❡

(K) ∩ R[y] = Igrad ∩ R[y] = IKKT ✳

❚❤❡ ❑❑❚ ♣♦✐♥ts ♦♥ S ❛r❡ r❡❧❛t❡❞ t♦ t❤❡ r❡❛❧ ♣♦✐♥ts ♦❢ t❤❡ ❣r❛❞✐❡♥t ✈❛r✐❡t②

❛s ❢♦❧❧♦✇s✿

▲❡♠♠❛ ✷✳✷✳✺ SKKT = V x,R
grad = V x,R

KKT ∩ S+(g)✳

Pr♦♦❢✳ ❆ r❡❛❧ ♣♦✐♥t y = (x,u,v) ♦❢ V R

KKT ❧✐❢ts t♦ ❛ ♣♦✐♥t z = (x,u,v, s) ✐♥

V R

grad✱ ✐❢ ❛♥❞ ♦♥❧② ✐❢✱ g+
i (x) ≥ 0 ❢♦r i = 1, . . . , n2✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t V y,R

grad =

V R

KKT ∩S+(g)✱ ✇❤✐❝❤ ❣✐✈❡s ❜② ❝❧♦s❡❞ ♣r♦❥❡❝t✐♦♥ t❤❡ ❡q✉❛❧✐t✐❡s SKKT = V x,R
KKT ∩

S+(g) = V x,R
grad s✐♥❝❡ ❛ ♣♦✐♥t x∗ ♦❢ V x,R

grad s❛t✐s✜❡s g+
j (x∗) ≥ 0 ❢♦r j ∈ [1, n2]✳

❘❡♠❛r❦ ✷✳✷✳✻ ❚❤✐s s❤♦✇s t❤❛t ✐❢ ❛ ♠✐♥✐♠✐③❡r ♣♦✐♥t ♦❢ f ♦♥ S ✐s ❛ ❑❑❚

♣♦✐♥t✱ t❤❡♥ ✐t ✐s t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ ❛ r❡❛❧ ❝r✐t✐❝❛❧ ♣♦✐♥t ♦❢ F ✳
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✷✳✸ ❚❤❡ ❋r✐t③ ❏♦❤♥ ✈❛r✐❡t②

❆ ♠✐♥✐♠✐③❡r ♦❢ f ♦♥ S ✐s ♥♦t ♥❡❝❡ss❛r✐❧② ❛ ❑❑❚ ♣♦✐♥t ❛s s❤♦✇ ✐♥ t❤❡ ❡①❛♠♣❧❡

✷✳✹✳✶

min x

s.t x3 ≥ 0

❚❤❡ ❑❑❚ ✐❞❡❛❧ ✐s IKKT = (1 − 3v1x
2, v1x

3) = (1). ❆s V(1) = ∅✱ t❤❡r❡ ✐s

♥♦t ❑❑❚ ♠✐♥✐♠✐③❡rs ❜✉t t❤❡ ♠✐♥✐♠✐③❡r ✐s 0✳

■♥ ♦r❞❡r t♦ s♦❧✈❡ t❤✐s ❦✐♥❞ ♦❢ ♣r♦❜❧❡♠s✱ ♠♦r❡ ❣❡♥❡r❛❧ ❝♦♥❞✐t✐♦♥s t❤❛t

❛r❡ s❛t✐s✜❡❞ ❜② ♠✐♥✐♠✐③❡rs ✇❡r❡ ❣✐✈❡♥ ❜② ❋✳ ❏♦❤♥ ❢♦r ♣♦❧②♥♦♠✐❛❧ ♥♦♥✲

♥❡❣❛t✐✈✐t② ❝♦♥str❛✐♥ts ❛♥❞ ❢✉rt❤❡r r❡✜♥❡❞ ❢♦r ❣❡♥❡r❛❧ ♣♦❧②♥♦♠✐❛❧ ❝♦♥str❛✐♥ts

❬❏♦❤♥ ✶✾✹✽✱ ▼❛♥❣❛s❛r✐❛♥ ✶✾✻✼❪✳

❚♦ ❞❡s❝r✐❜❡ t❤❡s❡ ❝♦♥❞✐t✐♦♥s✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ♥❡✇ ✈❛r✐❛❜❧❡ u0 ❛♥❞ ❞❡♥♦t❡

❜② y′ t❤❡ s❡t ♦❢ ✈❛r✐❛❜❧❡s y′ = (x, u0,u,v)✳

▲❡t

F u0
i = u0

∂f

∂xi

−
n1∑

j=1

uj

∂g0
j

∂xi

−
n2∑

j=1

vj

∂g+
j

∂xi

.

❉❡✜♥✐t✐♦♥ ✷✳✸✳✶ ❋♦r ❛♥② γ ⊂ [1, n1]✱ ❧❡t

Iγ
FJ = (F u0

1 , ..., F u0
n , g0

1, ..., g
0
n1

, v1g
+
1 , ..., vn2g

+
n2

, ui, i 6∈ γ) ⊂ R[y′]. ✭✷✳✽✮

❋♦r m ∈ N✱ t❤❡ mth ❋r✐t③✲❏♦❤♥ ✭❋❏✮ ✐❞❡❛❧ ❛ss♦❝✐❛t❡❞ t♦ Pr♦❜❧❡♠ ✭✷✳✶✮ ✐s

Im
FJ = ∩|γ|=mIγ

FJ . ✭✷✳✾✮

▲❡t V γ
FJ := V(Iγ

FJ) ⊂ Cn × Pn1+n2✳

❚❤❡ mth ❋❏ ✈❛r✐❡t② ✐s V m
FJ := V(Im

FJ) = ∪|γ|=mV γ
FJ ✱ ❛♥❞ t❤❡ r❡❛❧ ❋❏ ✈❛r✐❡t② ✐s

V m,R
FJ := V m

FJ ∩ Rn × RPn1+n2✳

■ts ♣r♦❥❡❝t✐♦♥ ♦♥ x ✐s V m,x
FJ := πx(V m

FJ)✳

❲❤❡♥ m = maxx∈S rank([∇g0
1(x), . . . ,∇g0

n1
(x)])✱ t❤❡ mth ❋❏ ✈❛r✐❡t② ✐s ❞❡✲

♥♦t❡❞ VFJ ✳

Pr♦♣♦s✐t✐♦♥ ✷✳✸✳✷ ❆♥② ♠✐♥✐♠✐③❡r x∗ ♦❢ f ♦♥ S ✐s t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ ❛ r❡❛❧

♣♦✐♥t ♦❢ V R

FJ ✳
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Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s s✐♠✐❧❛r t♦ ❚❤❡♦r❡♠ ✹✳✸✳✷ ♦❢ ❬❇❛③❛r❛❛ ✷✵✵✻❪✳ ❋♦r ❛♥②

♠✐♥✐♠✐③❡r ♣♦✐♥t x∗ ✭✐❢ ✐t ❡①✐sts✮✱ ✇❡ ❝♦♥s✐❞❡r ❛ ♠❛①✐♠❛❧ s❡t ♦❢ ❧✐♥❡❛r❧② ✐♥❞❡✲

♣❡♥❞❡♥t ❣r❛❞✐❡♥ts ∇g0
j (x

∗) ❢♦r j ∈ γ ✭✇✐t❤ |γ| ≤ m✮ ❛♥❞ ❛♣♣❧② t❤❡ s❛♠❡ ♣r♦♦❢

❛s ❬❇❛③❛r❛❛ ✷✵✵✻❪❬❚❤❡♦r❡♠ ✹✳✸✳✷❪✳ ❚❤✐s s❤♦✇s t❤❛t x∗ ∈ V γ,R
FJ ⊂ V R

FJ ✳

❘❡♠❛r❦ ✷✳✸✳✸ ■❢ n1 = 0✱ t❤❡ mth ❋r✐t③✲❏♦❤♥ ✭❋❏✮ ✐❞❡❛❧ ✐s

IFJ = (F u0
1 , ..., F u0

n , v1g
+
1 , ..., vn2g

+
n2

) ⊂ R[y′]. ✭✷✳✶✵✮

✇❤❡r❡

F u0
i = u0

∂f

∂xi

−
n2∑

j=1

vj

∂g+
j

∂xi

◆♦t✐❝❡ t❤❛t t❤✐s ❞❡✜♥✐t✐♦♥ s❧✐❣❤t❧② ❞✐✛❡rs ❢r♦♠ t❤❡ ❝❧❛ss✐❝❛❧ ♦♥❡ ❬❏♦❤♥ ✶✾✹✽✱

▲❛ss❡rr❡ ✷✵✵✾❛✱ ▼❛♥❣❛s❛r✐❛♥ ✶✾✻✼❪✱ ✇❤✐❝❤ ❞♦❡s ♥♦t ♣r♦✈✐❞❡ ❛♥② ✐♥❢♦r♠❛t✐♦♥

✇❤❡♥ t❤❡ ❣r❛❞✐❡♥t ✈❡❝t♦rs ∇g0
i (x), i = 1 . . . n1 ❛r❡ ❧✐♥❡❛r❧② ❞❡♣❡♥❞❡♥t ♦♥ S✳

❉❡✜♥✐t✐♦♥ ✷✳✸✳✹ ❲❡ ❞❡♥♦t❡ ❜② Vsing = VFJ ∩ V(u0) t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ VFJ

✇✐t❤ t❤❡ ❤②♣❡r♣❧❛♥❡ u0 = 0✳

❲❡ ❡❛s✐❧② ❝❤❡❝❦ t❤❛t t❤❡ ✏❛✣♥❡ ♣❛rt✑ ♦❢ VFJ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ u0 6= 0 ✐s t❤❡

✈❛r✐❡t② VKKT ✳ ❚❤✉s✱ ✇❡ ❤❛✈❡ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥

VFJ = Vsing ∪ VKKT ✭✷✳✶✶✮

■ts ♣r♦❥❡❝t✐♦♥ ♦♥ Cn ❞❡❝♦♠♣♦s❡s ❛s

V x
FJ = V x

sing ∪ V x
KKT ✭✷✳✶✷✮

▲❡t ✉s ❞❡s❝r✐❜❡ ♠♦r❡ ♣r❡❝✐s❡❧② t❤❡ ♣r♦❥❡❝t✐♦♥ V x
FJ ♦♥t♦ Cn✳ ❋♦r ν =

{j1, . . . , jk} ⊂ [1, n2]✱ ✇❡ ❞❡✜♥❡

Aν = [∇f(x),∇g0
1(x), . . . ,∇g0

n1
(x),∇g+

j1
(x), . . . ,∇g+

jk
(x)]

Vν = {x ∈ Cn | g0
i (x) = 0, i = 1 . . . n1, g

+
j (x) = 0, j ∈ ν, rank(Aν) ≤

m + |ν|}✳

▲❡t ∆ν
1, . . . , ∆

ν
lν

❜❡ ♣♦❧②♥♦♠✐❛❧s ❞❡✜♥✐♥❣ t❤❡ ✈❛r✐❡t② {x ∈ Cn | g+
j (x) =

0, j ∈ ν, rank(Aν) ≤ m + |ν|}✳ ■❢ n ≥ m + |ν|✱ t❤❡s❡ ♣♦❧②♥♦♠✐❛❧s ❝❛♥ ❜❡

❞❡✜♥❡❞ ❛s g+
j , j ∈ ν ❛♥❞ ❛s ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥s ♦❢ (m + |ν|+ 1)✲♠✐♥♦rs ♦❢ t❤❡

♠❛tr✐① Aν ✱ ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❬❇r✉♥s ✶✾✽✽✱ ◆✐❡ ✷✵✶✶❪✳ ■❢ n < m+ | ν |✱ ✇❡ t❛❦❡

lν = 0✱ ∆ν
i = 0✳

▲❡t ΓFJ ❜❡ t❤❡ ✉♥✐♦♥ ♦❢ g0✱ ❛♥❞ t❤❡ s❡t ♦❢ ♣♦❧②♥♦♠✐❛❧s

φν,i := ∆ν
i

∏

j 6∈ν

g+
j , ✭✷✳✶✸✮

❢♦r i = 1, . . . , lν , ν ⊂ [0, n2]✳
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▲❡♠♠❛ ✷✳✸✳✺ V x
FJ = ∪ν⊂[1,n2]Vν = V(ΓFJ)✳

Pr♦♦❢✳ ❋♦r ❛♥② x ∈ Cn✱ ❧❡t ν(x) = {j ∈ [1, n2] | g+
j (x) = 0}✳

▲❡t y′ ❜❡ ❛ ♣♦✐♥t ♦❢ VFJ ✱ x ✐ts ♣r♦❥❡❝t✐♦♥ ♦♥ Cn ❛♥❞ ν(x) = ν = {j1, . . . , jk}✳
❲❡ ❤❛✈❡ g+

j (x) 6= 0✱ vj = 0 ❢♦r j 6∈ ν ❛♥❞ ∆ν
i = 0 ❢♦r i = 1, . . . , lν ✳ ❚❤✐s ✐♠♣❧✐❡s

t❤❛t rank(Aν(x)) ≤ m + |ν| ❛♥❞ t❤❡r❡ ❡①✐sts (u0, u1, . . . , un1 , v1, . . . , vn2) 6= 0

❛♥❞ γ ⊂ [1, n1] ♦❢ s✐③❡ |γ| ≤ m s✉❝❤ t❤❛t

u0∇f + u1∇g0
1 + · · · + un1∇g0

n1
+ v1∇g+

j1
+ · · · + vn2∇g+

jk
= 0,

✇✐t❤ ui = 0✱ i 6∈ γ ⊂ [1, n1]✳ ❚❤❡r❡❢♦r❡ x ∈ πx(VFJ)✱ ✇❤✐❝❤ ♣r♦✈❡s t❤❛t

V(g0, φν,i, ν ⊂ [0, n2], i = 1 . . . lν) ⊂ πx(VFJ)✳

❈♦♥✈❡rs❡❧②✱ ✐❢ x ∈ πx(VFJ) t❤❡♥ x ∈ Vν(x) ⊂ ∪νVν ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ❜② t❤❡

♣♦❧②♥♦♠✐❛❧s g0
1, . . . , g

0
n1

❛♥❞ φν,i := ∆ν
i

∏

j 6∈ν g+
j ✱ ❢♦r i = 1, . . . , lν , ν ⊂ [0, n2]✳

❘❡♠❛r❦ ✷✳✸✳✻ ❚❤❡ r❡❛❧ ✈❛r✐❡t② πx(V R

FJ) = V x
FJ ∩ Rn ❝❛♥ ❛❧s♦ ❜❡ ❞❡✜♥❡❞ ❜②

g0 ❛♥❞ t❤❡ s❡t ΦFJ ♦❢ ♣♦❧②♥♦♠✐❛❧s

̺ν := ∆ν
∏

j 6∈ν

g+
j where ∆ν = det(AνA

T
ν ), ✭✷✳✶✹✮

❢♦r ν ⊂ [1, n2] ❛♥❞ n ≥ m+ | ν |✱ ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❬❍❛ ✷✵✶✵❪✳

❙✐♠✐❧❛r❧② t❤❡ ♣r♦❥❡❝t✐♦♥ V x
sing ♦♥t♦ Cn ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❛s ❢♦❧❧♦✇s✳ ❋♦r

ν = {j1, . . . , jk} ⊂ [1, n2]✱

Bν = [∇g0
1(x), . . . ,∇g0

n1
(x),∇g+

j1
(x), . . . ,∇g+

jk
(x)]

Wν = {x ∈ Cn | g0
i (x) = 0, i = 1 . . . n1, g

+
j (x) = 0, j ∈ ν, rank(Bν) ≤

m + |ν| − 1}. ▲❡t Θν
1, . . . , Θ

ν
lν

❜❡ ♣♦❧②♥♦♠✐❛❧s ❞❡✜♥✐♥❣ t❤❡ ✈❛r✐❡t② {x ∈ Cn |

g+
j (x) = 0, j ∈ ν, rank(Bν) ≤ m+ |ν|−1} ❛♥❞ ❧❡t Γsing ❜❡ t❤❡ ✉♥✐♦♥ ♦❢ g0 ❛♥❞

t❤❡ s❡t ♦❢ ♣♦❧②♥♦♠✐❛❧s

σν,i := Θν
i

∏

j 6∈ν

g+
j , ✭✷✳✶✺✮

❢♦r ν ⊂ [1, n2], i = 1 . . . lν ✳

❲✐t❤ s✐♠✐❧❛r ❛r❣✉♠❡♥ts✱ ✇❡ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣

▲❡♠♠❛ ✷✳✸✳✼ V x
sing = ∪ν⊂[1,n2]Wν = V(Γsing)✳

■❢ ✇❡ ❝♦♠❡ ❜❛❝❦ t♦ t❤❡ ❡①❛♠♣❧❡ ✐♥ t❤❡ ❜❡❣✐♥✐♥❣ ♦❢ t❤❡ s❡❝t✐♦♥
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❊①❛♠♣❧❡ ✷✳✸✳✽

min x

s.t x3 ≥ 0

❚❤❡ ✐❞❡❛❧ ❞❡ ❋r✐t③✲❏♦❤♥ ✐s ✿

IFJ = (u0 − v13x
2, v1x

3)

• ■❢ u0 6= 0 t❤❡♥ IFJ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ✐❞❡❛❧ IKKT = (1− v1

u0
3x2, v1x

3) ❛♥❞

VKKT = ∅✳

• ■❢ u0 = 0 t❤❡♥ IFJ ∩ (u0) = (−v13x
2, v1x

3, u0) ✱ Vsing = {(0, (0 : 1))}✳

❚❤❡♥

VFJ = Vsing ∪ VKKT = Vsing

■ts ♣r♦❥❡❝t✐♦♥ ♦♥ Cn ✐s ❡q✉❛❧ t♦

V x
FJ = V x

sing ∪ V x
KKT

❚♦ ❝♦♠♣✉t❡ V x
FJ ✇❡ ❛♣♣❧② ▲❡♠♠❛ ✷✳✸✳✺✿

❚❤❡r❡ ✐s ♥♦t ❡q✉❛❧✐t✐❡s s♦ m = 0✳

❋♦r ν = 0✱ A0 = [1], V0 = {x ∈ C | rank(A0) ≤ 0} = ∅
t❤❡♥ ∆0

1 = 1✱ φ0,1 = 1 · x3✳ ❋♦r ν = 1✱ A1 = [1,−3x2],

V1 = {x ∈ C | x3 = 0, rank(A1) ≤ 1} = {0} t❤❡♥ ∆1
1 = x3✱ φ1,1 = x3✱ ❛♥❞

ΓFJ = (x3)✳

❚❤❡♥ V x
FJ = V0 ∪ V1 = V(ΓFJ) = {0}.

❚♦ ❝♦♠♣✉t❡ V x
sing ✇❡ ❛♣♣❧② ▲❡♠♠❛ ✷✳✸✳✼✿

❋♦r ν = 0✱ B0 = [], W0 = {x ∈ C | rank(B0) ≤ −1} = ∅ t❤❡♥ Θ0 = 1✱ σ0,1 =

1 · x3✳ ❋♦r ν = 1✱ B1 = [−3x2], W1 = {x ∈ C | x3 = 0, rank(B1) ≤ 0} = {0}
t❤❡♥ Θ1

1 = x3✱ Θ1
2 = x2 ✱σ1,1 = x3✱ σ1,2 = x2 ❛♥❞ Γsing = (x2)✳

❚❤❡♥ V x
sing = W1 = V(Γsing) = {0}✳

✷✳✹ ❚❤❡ ♠✐♥✐♠✐③❡r ✈❛r✐❡t②

❇② t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✭✷✳✶✷✮ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✷✳✸✳✷✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡ ♠✐♥✐✲

♠✐③❡r ♣♦✐♥ts ♦❢ f ♦♥ S ❛r❡ ✐♥

SFJ = SKKT ∪ Ssing ✭✷✳✶✻✮
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✇❤❡r❡

SFJ = V x,R
FJ ∩ S = V x,R

FJ ∩ S+(g), ✭✷✳✶✼✮

SKKT = V x,R
KKT ∩ S = V x,R

KKT ∩ S+(g) ✭✷✳✶✽✮

Ssing = V x,R
sing ∩ S = V x,R

sing ∩ S+(g) ✭✷✳✶✾✮

❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥ ❞❡❝♦♠♣♦s❡ t❤❡ ✐♥✐t✐❛❧ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭✷✳✶✮ ✐♥t♦

t✇♦ s✉❜♣r♦❜❧❡♠s✿

✶✳ ✜♥❞ t❤❡ ✐♥✜♠✉♠ ♦❢ f ♦♥ SKKT ;

✷✳ ✜♥❞ t❤❡ ✐♥✜♠✉♠ ♦❢ f ♦♥ Ssing;

❛♥❞ t❛❦❡ t❤❡ ❧❡❛st ♦❢ t❤❡s❡ t✇♦ ✐♥✜♠❛✳ ❙✐♥❝❡ t❤❡ s❡❝♦♥❞ ♣r♦❜❧❡♠ ✐s ♦❢ t❤❡

s❛♠❡ t②♣❡ ❛s ✭✷✳✶✮ ❜✉t ✇✐t❤ t❤❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♥str❛✐♥ts σν,i = 0 ❞❡s❝r✐❜❡❞ ✐♥

✭✷✳✶✺✮✱ ✇❡ ❛♥❛❧②s❡ ♦♥❧② t❤❡ ✜rst s✉❜♣r♦❜❧❡♠✳ ❚❤❡ ❛♣♣r♦❛❝❤ ❞❡✈❡❧♦♣❡❞ ❢♦r t❤✐s

✜rst s✉❜✲♣r♦❜❧❡♠ ✐s ❛♣♣❧✐❡❞ r❡❝✉rs✐✈❡❧② t♦ t❤❡ s❡❝♦♥❞ s✉❜♣r♦❜❧❡♠✱ ✐♥ ♦r❞❡r t♦

♦❜t❛✐♥ t❤❡ s♦❧✉t✐♦♥ ♦❢ Pr♦❜❧❡♠ ✭✷✳✶✮✳

❊①❛♠♣❧❡ ✷✳✹✳✶ ❲❡ ❝♦♥s✐❞❡r t❤❡ ✏✐❧❧✲♣♦s❡❞✑ ♣r♦❜❧❡♠

min x s.t x3 ≥ 0.

❚❤❡ ✐❞❡❛❧ IKKT ✐s IKKT = (1−3v1x
2, v1x

3) = (1)✳ ❚❤✉s VKKT = ∅✳ ❆❝❝♦r❞✐♥❣

t♦ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✭✷✳✶✻✮✱ SFJ = Ssing ❛♥❞ ✇❡ ❝♦♠♣✉t❡ t❤❡ ♠✐♥✐♠✉♠ ♦❢ x

♦♥ Ssing✱ ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ❜② x2 = 0✿

min x s.t x2 = 0.

❆s ✇❡ ✇✐❧❧ s❡❡ ✐♥ t❤❡ ❙❡❝t✐♦♥ ✹✳✸✳✹✱ t❤❡ r❡❧❛①❛t✐♦♥ ❛ss♦❝✐❛t❡❞ t♦ t❤✐s ♣r♦❜❧❡♠

✐s ❡①❛❝t ❜❡❝❛✉s❡ V R(x2) = 0 ✐s ✜♥✐t❡ ❛♥❞ ②✐❡❧❞s t❤❡ s♦❧✉t✐♦♥ x = 0✳

❉❡✜♥✐t✐♦♥ ✷✳✹✳✷ ❲❡ ❞❡✜♥❡ t❤❡ ❑❑❚✲♠✐♥✐♠✐③❡r s❡t ❛♥❞ ✐❞❡❛❧ ♦❢ f ♦♥ S ❛s✿

Smin = {x∗ ∈ SKKT s.t. ∀x ∈ SKKT , f(x∗) ≤ f(x)}
Imin = I(Smin) ⊂ R[x].

❆ ♣♦✐♥t x∗ ✐♥ Smin ✐s ❝❛❧❧❡❞ ❛ ❑❑❚✲♠✐♥✐♠✐③❡r✳ ◆♦t✐❝❡ t❤❛t IKKT ⊂ Imin ❛♥❞

t❤❛t Imin ✐s ❛ r❡❛❧ r❛❞✐❝❛❧ ✐❞❡❛❧✳

❲❡ ❤❛✈❡ Imin 6= (1)✱ ✐❢ ❛♥❞ ♦♥❧② ✐❢✱ t❤❡ ❑❑❚✲♠✐♥✐♠✉♠ f ∗ ✐s r❡❛❝❤❡❞ ✐♥

SKKT ✳

■❢ n1 = n2 = 0✱ Imin ✐s t❤❡ ✈❛♥✐s❤✐♥❣ ✐❞❡❛❧ ♦❢ t❤❡ ❝r✐t✐❝❛❧ ♣♦✐♥ts x∗ ♦❢ f

✭s❛t✐s❢②✐♥❣ ∇f(x∗) = 0✮ ✇❤❡r❡ f(x∗) r❡❛❝❤❡s ✐ts ♠✐♥✐♠❛❧ ❝r✐t✐❝❛❧ ✈❛❧✉❡✳



✷✽
❈❍❆P❚❊❘ ✷✳ ▼■◆■▼■❩❆❚■❖◆ P❘❖❇▲❊▼ ❆◆❉ ❱❆❘■❊❚■❊❙ ❖❋

❈❘■❚■❈❆▲ P❖■◆❚❙

❘❡♠❛r❦ ✷✳✹✳✸ ■❢ ✇❡ t❛❦❡ f = 0 ✐♥ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭✷✳✶✮✱ t❤❡♥

❛❧❧ t❤❡ ♣♦✐♥ts ♦❢ S ❛r❡ ❑❑❚✲♠✐♥✐♠✐③❡rs ❛♥❞ Imin = I(S) = g
+
√

g0✳ ▼♦r❡✲

♦✈❡r✱ IKKT ∩R[x] = (g0
1, . . . , g

0
n1

) = (g0) s✐♥❝❡ F1, . . . , Fn, v1g
+
1 , . . . , vn2g

+
n2

❛r❡

❤♦♠♦❣❡♥❡♦✉s ♦❢ ❞❡❣r❡❡ ✶ ✐♥ t❤❡ ✈❛r✐❛❜❧❡s u,v✳







❈❤❛♣t❡r ✸

❘❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❖♣t✐♠✐③❛t✐♦♥
♣r♦❜❧❡♠ ❛♥❞ ▼♦♠❡♥t ♠❛tr✐❝❡s

■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ❝♦♥♥❡❝t t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭✷✳✶✮ ✇✐t❤ t❤❡ t❤❡♦r② ♦❢

▼♦♠❡♥t ♠❛tr✐❝❡s ❛♥❞ t❤❡ s❡t ♦❢ ♣♦s✐t✐✈❡ ♣♦❧②♥♦♠✐❛❧s✳

❋♦r t❤❡ ❝❛s❡ ✐♥ ♦♥❡ ✈❛r✐❛❜❧❡✱ t❤❛t ✐s✱ n = 1✱ ❙❤♦r ❬❙❤♦r ✶✾✽✼❪ s❤♦✇❡❞ t❤❛t

t❤❡ ✉♥❝♦♥str❛✐♥❡❞ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠

f ∗ = minx∈Rnf(x) ✭✸✳✶✮

r❡❞✉❝❡s t♦ ❛ ❝♦♥✈❡① ♣r♦❜❧❡♠✳ ❆❢t❡r✇❛r❞s ◆❡st❡r♦✈ ❬◆❡st❡r♦✈ ✷✵✵✵❪✱ t❤r♦✉❣❤

❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ✉♥✐✈❛r✐❛t❡ ♥♦♥ ♥❡❣❛t✐✈❡ ♣♦❧②♥♦♠✐❛❧s ❛s ❛ s✉♠ ♦❢ sq✉❛r❡s✱

♣r♦✈✐❞❡❞ ❛ s❡❧❢✲❝♦♥❝♦r❞❛♥t ❜❛rr✐❡r ❢♦r t❤❡ ❝♦♥❡ ♦❢ ♥♦♥♥❡❣❛t✐✈❡ ✉♥✐✈❛r✐❛t❡ ♣♦❧②✲

♥♦♠✐❛❧s s♦ t❤❛t ❡✣❝✐❡♥t ✐♥t❡r✐♦r ♣♦✐♥t ❛❧❣♦r✐t❤♠s ❜❡❝♦♠❡ ❛✈❛✐❧❛❜❧❡ t♦ ❝♦♠♣✉t❡

t❤❡ ❣❧♦❜❛❧ ♠✐♥✐♠✉♠✳

❍♦✇❡✈❡r✱ t❤❡ ♠✉❧t✐✈❛r✐❛t❡ ❝❛s❡ ✐s ✈❡r② ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧

❝❛s❡ ❜❡❝❛✉s❡ ♥♦t ❡✈❡r② ♥♦♥♥❡❣❛t✐✈❡ ♣♦❧②♥♦♠✐❛❧ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❛ s✉♠ ♦❢

sq✉❛r❡s ♦❢ ♣♦❧②♥♦♠✐❛❧s✳ ❋♦r ✐♥st❛♥❝❡ t❤❡ ❘♦❜✐♥s♦♥ ♣♦❧②♥♦♠✐❛❧ ❛♥❞ ▼♦t③❦✐♥

♣♦❧②♥♦♠✐❛❧ ❛r❡ s✉❝❤ ❢❛♠♦✉s ♣♦❧②♥♦♠✐❛❧s ✐♥ ✷ ✈❛r✐❛❜❧❡s ✇❤✐❝❤ ❛r❡ ♥♦♥✲♥❡❣❛t✐✈❡s

❜✉t ♥♦t s✉♠ ♦❢ sq✉❛r❡s✳ ❋♦r t❤❡ ❧❛st ♦♥❡ ✇❡ ✇✐❧❧ ❣✐✈❡ t❤❡ ♣r♦♦❢ ✐♥ t❤❡ ✜rst ❙❡❝✲

t✐♦♥ ♦❢ t❤✐s ❈❤❛♣t❡r✳ ❆s ♠❡♥t✐♦♥❡❞ ❜② ◆❡st❡r♦✈ ✐♥ ❬◆❡st❡r♦✈ ✷✵✵✵❪✱ t❤❡ ❣❧♦❜❛❧

✉♥❝♦♥str❛✐♥❡❞ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ♦❢ ❛ ✹✲❞❡❣r❡❡ ♣♦❧②♥♦♠✐❛❧ ✐s ❛ ◆P✲❤❛r❞

♣r♦❜❧❡♠✳ ❋♦r ❝♦♥str❛✐♥❡❞ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ❛s ✭✷✳✶✮✱ ❙❤♦r ❬❙❤♦r ✶✾✾✽❪

tr❛♥s❢♦r♠s t❤✐s ♣r♦❜❧❡♠✱ ✈✐❛ s✉❝❝❡s✐✈❡ ❝❤❛♥❣❡s ♦❢ ✈❛r✐❛❜❧❡s✱ ✐♥t♦ ❛ q✉❛❞r❛t✐❝

❝♦♥str❛✐♥❡❞ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ t❤❛t ❤❡ s♦❧✈❡s t❤r♦✉❣❤ ❛ st❛♥❞❛r❞ ❝♦♥✈❡①

❧✐♥❡❛r ♠❛tr✐① ✐♥❡q✉❛❧✐t② ✭▲▼■✮ r❡❧❛①❛t✐♦♥ t♦ ♦❜t❛✐♥ ❛ ❣♦♦❞ ❧♦✇❡r ❜♦✉♥❞✳ ■❢

✇❡ ❛❞❞ r❡❞✉♥❞❛♥t q✉❛❞r❛t✐❝ ❝♦♥str❛✐♥ts ✇❡ ❝❛♥ ✐♠♣r♦✈❡ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ❛♥❞

s♦♠❡t✐♠❡s ♦❜t❛✐♥ t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡✳

❆❜♦✉t ❛ ❞❡❝❛❞❡ ❛❣♦✱ ❛ r❡❧❛①❛t✐♦♥ ❛♣♣r♦❛❝❤ ✇❛s ♣r♦♣♦s❡❞ ❜② ▲❛ss❡rr❡ ✐♥

❬▲❛ss❡rr❡✳ ✷✵✵✶❪ t♦ s♦❧✈❡ t❤✐s ❞✐✣❝✉❧t ♣r♦❜❧❡♠✳ ■♥st❡❛❞ ♦❢ s❡❛r❝❤✐♥❣ ♣♦✐♥ts

✇❤❡r❡ t❤❡ ♣♦❧②♥♦♠✐❛❧ f r❡❛❝❤❡s ✐ts ♠✐♥✐♠✉♠ t❤❛t ✇❡ ✇✐❧❧ ❝❛❧❧ f ∗✱ ❛ ♣r♦❜❛❜✐❧✐t②
♠❡❛s✉r❡ ✇❤✐❝❤ ♠✐♥✐♠✐③❡s t❤❡ ❢✉♥❝t✐♦♥ f ✐s s❡❛r❝❤❡❞✳ ❚❤✐s ♣r♦❜❧❡♠ ✐s r❡❧❛①❡❞

✐♥t♦ ❛ ❤✐❡r❛r❝❤② ♦❢ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ❝♦♥✈❡① ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s✱ ✇❤✐❝❤ ❝❛♥

❜❡ s♦❧✈❡❞ ❜② ❙❡♠✐✲❉❡✜♥✐t❡ Pr♦❣r❛♠♠✐♥❣ ✭❙❉P✮ t❡❝❤♥✐q✉❡s✳ ❚❤❡ s❡q✉❡♥❝❡



✸✷
❈❍❆P❚❊❘ ✸✳ ❘❊▲❆❚■❖◆ ❇❊❚❲❊❊◆ ❖P❚■▼■❩❆❚■❖◆ P❘❖❇▲❊▼

❆◆❉ ▼❖▼❊◆❚ ▼❆❚❘■❈❊❙

♦❢ ❙❉P ♠✐♥✐♠❛ ❝♦♥✈❡r❣❡s t♦ t❤❡ ♠✐♥✐♠✉♠ f ∗ ❬▲❛ss❡rr❡✳ ✷✵✵✶❪ ✉♥❞❡r s♦♠❡

❤②♣♦t❤❡s✐s t❤❛t ✇❡ ✇✐❧❧ s❡❡ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ❝❤❛♣t❡r✳ ❚❤✐s ❤✐❡r❛r❝❤② ♦❢

❙❉P ♣r♦❜❧❡♠s ❝❛♥ ❜❡ ❢♦r♠✉❧❛t❡❞ ✐♥ t❡r♠s ♦❢ ❧✐♥❡❛r ♠❛tr✐① ✐♥❡q✉❛❧✐t✐❡s ♦♥

♠♦♠❡♥t ♠❛tr✐❝❡s ❛ss♦❝✐❛t❡❞ t♦ t❤❡ s❡t ♦❢ ♠♦♥♦♠✐❛❧s ♦❢ ❞❡❣r❡❡ t ♦r ❧❡ss✱ ❢♦r

✐♥❝r❡❛s✐♥❣ ✈❛❧✉❡s ♦❢ t✳ ❚❤❡ ❞✉❛❧ ❤✐❡r❛r❝❤② ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❛s ❛ s❡q✉❡♥❝❡ ♦❢

♠❛①✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s ♦✈❡r t❤❡ ❝♦♥❡ ♦❢ ♣♦❧②♥♦♠✐❛❧s t❤❛t ❛r❡ ❙✉♠s ♦❢ ❙q✉❛r❡s

✭❙♦❙✮✳ ❆ ❢❡❛s✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✐s ♥❡❡❞❡❞ t♦ ♣r♦✈❡ t❤❛t t❤✐s ❞✉❛❧ ❤✐❡r❛r❝❤② ♦❢

♠❛①✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s ❛❧s♦ ❝♦♥✈❡r❣❡s t♦ t❤❡ ♠✐♥✐♠✉♠ f ∗✱ ✐✳❡✳ t❤❛t t❤❡r❡ ✐s

♥♦ ❞✉❛❧✐t② ❣❛♣✳

❚❤✐s ❝❤❛♣t❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✱ ✐♥ t❤❡ ✜rst ❙❡❝t✐♦♥ ✇❡ ❣✐✈❡ t❤❡ ❞❡✜♥✐✲

t✐♦♥ ♦❢ ♣♦s✐t✐✈❡ ❛♥❞ s✉♠ ♦❢ sq✉❛r❡s ♣♦❧②♥♦♠✐❛❧s✱ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ♣r❡♦r❞❡r✐♥❣

❛♥❞ q✉❛❞r❛t✐❝ ♠♦❞✉❧❡ ❛♥❞ t❤❡ t❤❡♦r❡♠s ✇❤✐❝❤ r❡❧② ♦♥ t❤❡s❡ ❝♦♥❝❡♣ts ❞✉❡ t♦

P✉t✐♥❛r ❛♥❞ ❙❝❤♠✉❞❣❡♥✳ ❲❡ ❛❧s♦ t❛❧❦ ❛❜♦✉t t❤❡ s❡q✉❡♥❝❡ ♦❢ ♠❛①✐♠✐③❛t✐♦♥

♣r♦❜❧❡♠s ♦✈❡r t❤❡ ❝♦♥❡ ♦❢ ❙♦❙ ♣♦❧②♥♦♠✐❛❧s✳ ■♥ t❤❡ s❡❝♦♥❞ ❙❡❝t✐♦♥ ✇❡ r❡❝❛❧❧ t❤❡

❝♦♥❝❡♣ts ♦❢ ▼♦♠❡♥t ♠❛tr✐❝❡s ❛♥❞ t❤❡ t❤❡♦r❡♠s r❡❧❛t❡❞ ❛♥❞ t❤❡ ❧❛st ❙❡❝t✐♦♥

✇❡ ❡①♣❧❛✐♥ t❤❡ r❡❧❛①❛t✐♦♥ ♠❡t❤♦❞ ♦❢ ▲❛ss❡rr❡ ❬▲❛ss❡rr❡✳ ✷✵✵✶❪✳

✸✳✶ P♦s✐t✐✈❡ P♦❧②♥♦♠✐❛❧s

❋✐rst ♦❢ ❛❧❧ ✇❡ r❡❝❛❧❧ ❞❡✜♥✐t✐♦♥s ❛s s✉♠ ♦❢ sq✉❛r❡s✱ q✉❛❞r❛t✐❝ ♠♦❞✉❧❡ ❛♥❞

♣r❡♦r❞❡r✐♥❣ t❤❛t ✇❡ ❤❛✈❡ s❡❡♥ ✐♥ ❈❤❛♣t❡r ✶✳

❲❡ s❛② t❤❛t ❛ ♣♦❧②♥♦♠✐❛❧ p ∈ R[x] ✐s ❛ s✉♠ ♦❢ sq✉❛r❡s ♦❢ ♣♦❧②♥♦♠✐❛❧s ✭❙❖❙✮

✐❢ p ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s p =
∑m

i=1 u2
j ❢♦r s♦♠❡ u1, ..., um ∈ R[x]✳

▲❡t S ⊂ Rn ❜❡ ❛ ❜❛s✐❝ s❡♠✐❛❧❣❡❜r❛✐❝ s❡t✱ ❞❡✜♥❡❞ ❛s ✐♥ ❈❤❛♣t❡r ✷✱ S :=

S(g) = S(g0;g+)✱

S = {x ∈ Rn | g0
1(x) = 0, . . . , g0

n1
(x) = 0; g+

1 (x) ≥ 0, . . . , g+
n2

(x) ≥ 0}

❉❡✜♥✐t✐♦♥ ✸✳✶✳✶

• ❆ ♣♦❧②♥♦♠✐❛❧ f(x) ✐s ❝❛❧❧❡❞ ♥♦♥♥❡❣❛t✐✈❡ ♦♥ S ✐❢

f(u) ≥ 0 ∀u ∈ S.

• ❆ ♣♦❧②♥♦♠✐❛❧ f(x) ✐s ❝❛❧❧❡❞ ♣♦s✐t✐✈❡ ♦♥ S ✐❢

f(u) > 0 ∀u ∈ S.

❉❡✜♥✐t✐♦♥ ✸✳✶✳✷
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• ❚❤❡ ♣r❡♦r❞❡r✐♥❣ P(g) ✐s t❤❡ s❡t

P(g) = {
n1∑

i=1

φi(x)g0
i +

∑

ν∈{0,1}m

σν(x)g+
1 (x)ν1 · · · g+

n2
(x)νn2 | ✭✸✳✷✮

σν(x) is sos, φi(x) ∈ R[x]}

❚❤❡ ♣r❡♦r❞❡r✐♥❣ ❣❡♥❡r❛t❡❞ ❜② t❤❡ ♣♦s✐t✐✈❡ ❝♦♥str❛✐♥ts ✐s ❞❡♥♦t❡❞ P+(g) =

P(g+)✳

• ❋♦r ❛ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ s✉❜s♣❛❝❡ E ⊂ R[x] ✇❡ ❝❛♥ ❞❡✜♥❡ t❤❡ tr✉♥❝❛t❡❞

♣r❡♦r❞❡r✐♥❣

PE(g) = {
n1∑

i=1

φi(x)g0
i +

∑

ν∈{0,1}m

σν(x)g+
1 (x)ν1 · · · g+

n2
(x)νn2 | ✭✸✳✸✮

σν(x) is sos(E), σν(x)g+
1 (x)ν1 · · · g+

n2
(x)νn2 ∈ 〈E,E〉,

φi(x) ∈ E, φi(x)g0
i ∈ 〈E,E〉}

❉❡✜♥✐t✐♦♥ ✸✳✶✳✸ • ❚❤❡ q✉❛❞r❛t✐❝ ♠♦❞✉❧❡ Q(S) := Q(g) ✐s t❤❡ s❡t

Q(g) = {
n1∑

i=1

φi(x)g0
i + σ0 +

n2∑

j=1

σj(x)g+
j (x) | σj is sos, φi(x) ∈ R[x]}

✭✸✳✹✮

❚❤❡ q✉❛❞r❛t✐❝ ♠♦❞✉❧❡ ❣❡♥❡r❛t❡❞ ❜② t❤❡ ♣♦s✐t✐✈❡ ❝♦♥str❛✐♥ts ✐s ❞❡♥♦t❡❞

Q+(g) = Q(g+)✳

• ❋♦r ❛ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ s✉❜s♣❛❝❡ E ⊂ R[x] ✇❡ ❝❛♥ ❞❡✜♥❡ t❤❡ tr✉♥❝❛t❡❞

q✉❛❞r❛t✐❝ ♠♦❞✉❧❡

QE(g) = {
n1∑

i=1

φi(x)g0
i +

n2∑

i=1

σν(x)g+
i (x)ν1 | σν(x) is sos(E), ✭✸✳✺✮

σν(x)g+
i (x)ν1 ∈ 〈E,E〉, φi(x) ∈ E, φi(x)g0

i ∈ 〈E,E〉}

Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✹

• ❚❤❡ s❡ts P(g) ❛♥❞ Q(g) ❛r❡ ❝♦♥✈❡①✳

• ■❢ f(x) ∈ P(g)✱ t❤❡♥ f(x) ✐s ♥♦♥♥❡❣❛t✐✈❡ ♦♥ S✳

• ■❢ f(x) ∈ Q(g)✱ t❤❡♥ f(x) ✐s ♥♦♥♥❡❣❛t✐✈❡ ♦♥ S✳

❚❤❡♦r❡♠ ✸✳✶✳✺ ❬❙❝❤♠ü❞❣❡♥ ✶✾✾✶❪ ▲❡t S = {x ∈ Rn | g+
1 (x) ≥

0, . . . , g+
n2

(x) ≥ 0} ❜❡ ❛ ❝♦♠♣❛❝t s❡t✳ ■❢ f(x) ✐s ♣♦s✐t✐✈❡ ♦♥ S✱ t❤❡♥ f(x) ∈
P+(g)✳
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❊①❛♠♣❧❡ ✸✳✶✳✻ ❚❤❡ q✉❛❞r❛t✐❝ ♣♦❧②♥♦♠✐❛❧ f(x1, x2) = x1x2 +1 ✐s ♣♦s✐t✐✈❡ ♦♥

t❤❡ ✉♥✐t s♣❤❡r❡ S = {(x1, x2) ∈ R2 | x2
1 + x2

2 ≤ 1} ✇❤✐❝❤ ✐s ❝♦♠♣❛❝t✳ ❚❤❡♥ ✇❡

❤❛✈❡ t❤❛t f(x) ∈ P+(g)

x1x2 + 1 =
1

2
(x1 + x2)

2 +
1

2
+

1

2
(1 − x2

1 − x2
2)

❘❡♠❛r❦ ✸✳✶✳✼ ■❢ f(x) ✐s ♦♥❧② ♥♦♥♥❡❣❛t✐✈❡ ♦♥ S✱ t❤❡♥ ❙❝❤♠✉❞❣❡♥✬s t❤❡♦r❡♠

♠❛② ♥♦t ❜❡ tr✉❡✳ ❲❡ ❝❛♥ s❡❡ ✐t ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦✉♥t❡r✲❡①❛♠♣❧❡✳

❊①❛♠♣❧❡ ✸✳✶✳✽

f(x) = 1 − x2 and K = {(1 − x2)3 ≥ 0}.

f(x) ✐s ♥♦♥♥❡❣❛t✐✈❡ ♦♥ K✳ ❙✉♣♣♦s❡ t❤❡r❡ ❛r❡ ❙❖❙ ♣♦❧②♥♦♠✐❛❧s s1(x), s2(x)

s✉❝❤ t❤❛t

1 − x2 = s1(x) + s2(x)(1 − x2)3 ✭✸✳✻✮

t❤❡♥ −1 ♠✉st ❜❡ ❛ r♦♦t ♦❢ s1(x) t❤❡r❡❢♦r❡ ♦❢ ♠✉❧t✐♣❧✐❝✐t② ✷✱ ❜✉t −1 ❤❛s ♠✉❧t✐✲

♣❧✐❝✐t② ✶ ♦♥ t❤❡ ❧❡❢t✳

❉❡✜♥✐t✐♦♥ ✸✳✶✳✾ ❚❤❡ ♠♦❞✉❧❡ q✉❛❞r❛t✐❝ Q+(g) s❛st✐✜❡s t❤❡ ❆r❝❤✐♠❡❞❡❛♥

❝♦♥❞✐t✐♦♥ ✭❆❈✮ ✐❢ t❤❡r❡ ❡①✐ts N > 0 s✉❝❤ t❤❛t

N− || x ||22∈ Q+(g). ✭✸✳✼✮

❘❡♠❛r❦ ✸✳✶✳✶✵ ■❢ t❤❡ ❆❈ ❤♦❧❞s✱ t❤❡ s❡t S ♠✉st ❜❡ ❝♦♠♣❛❝t✱ ❜✉t t❤❡ r❡✈❡rs❡

♠✐❣❤t ♥♦t ❜❡ tr✉❡✳ ❲❡ ❝❛♥ s❡❡ ✐t ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦✉♥t❡r✲❡①❛♠♣❧❡✳

❊①❛♠♣❧❡ ✸✳✶✳✶✶

S = {x ∈ R2 | x1 −
1

2
≥ 0, x2 −

1

2
≥ 0, 1 − x1x2 ≥ 0}

❚❤✐s s❡t ✐s ❝❧❡❛r❧② ❝♦♠♣❛❝t✳

❚❤❡ ❆r❝❤✐♠❡❞❡❛♥ ❈♦♥❞✐t✐♦♥ ✐s ♥♦t ✈❡r✐✜❡❞ ❜❡❝❛✉s❡ t❤❡r❡ ❞♦❡s ♥♦t ❡①✐st N

s✉❝❤ t❤❛t

N − (x2
1 + x2

2) = σ0 + (x1 −
1

2
)σ1 + (x2 −

1

2
)σ2 + (1 − x1x2)σ3, with σi sos.

■❢ t❤❡② ❡①✐st✱ t❤❡♥ D = max(deg(σ0), deg(σ3)+2) ≥ 1+max(deg(σ1), deg(σ2))

❲❤❡♥ D = 2✱ ✐t ❞♦❡s ♥♦t ✇♦r❦✳ ❲❤❡♥ D > 2✱ t❤❡ ❤✐❣❤❡st ❡✈❡♥ t❡r♠ ♦❢

σ0 + (1 − x1x2)σ3 ♠✉st ✈❛♥✐s❤✱ ✇❤✐❝❤ ✐s ♥♦t ♣♦ss✐❜❧❡✳
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❚❤❡♦r❡♠ ✸✳✶✳✶✷ ❬P✉t✐♥❛r ✶✾✾✸❪ ▲❡t S := {x ∈ Rn | g+
1 (x) ≥

0, . . . , g+
n2

(x) ≥ 0} ❜❡ ❛ ❝♦♠♣❛❝t s❡t✳ ❙✉♣♣♦s❡ t❤❡ q✉❛❞r❛t✐❝ ♠♦❞✉❧❡ Q+(g) ✈❡r✲

✐❢② t❤❡ ❆r❝❤✐♠❡❞❡❛♥ ❈♦♥❞✐t✐♦♥✳ ■❢ f(x) ✐s ♣♦s✐t✐✈❡ ♦♥ S✱ t❤❡♥ f(x) ∈ Q+(g)

❘❡♠❛r❦ ✸✳✶✳✶✸ ■❢ ❆❈ ❢❛✐❧s✱ t❤❡ ❝♦♥❝❧✉s✐♦♥ ♦❢ P✉t✐♥❛r✬s t❤❡♦r❡♠ ♠✐❣t❤ ♥♦t

❜❡ tr✉❡✳

❊①❛♠♣❧❡ ✸✳✶✳✶✹ ❲❡ t❛❦❡ t❤❡ ❡①❛♠♣❧❡ ✸✳✶✳✶✶✱ ❙ ✐s ❝♦♠♣❛❝t ❛♥❞ t❤❡ Q+(g)

❞♦❡s ♥♦t ✈❡r✐❢② t❤❡ ❆r❝❤✐♠❡❞❡❛♥ ❈♦♥❞✐t✐♦♥✳ ❚❤❡ ♣♦❧②♥♦♠✐❛❧ N − (x2
1 + x2

2)

✇✐t❤ N > 2 ✐s ♣♦s✐t✐✈❡ ♦♥ S ❜✉t N − (x2
1 + x2

2) /∈ Q+(g)

❚❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ♣♦s✐t✐✈❡ ♣♦❧②♥♦♠✐❛❧s ❛♥❞ ♦✉r ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠

✐s t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❲❡ ❝❛♥ r❡❢♦r♠✉❧❛t❡ ♦✉r ♣r♦❜❧❡♠ ✭✷✳✶✮ ❛s✿

f ∗ = sup ρ s.t f(x) − ρ ≥ 0 on S ✭✸✳✽✮

■♥ ♦r❞❡r t♦ ♠❛♥❛❣❡ t❤✐s ❤❛r❞ ♣r♦❜❧❡♠✱ ✇❡ ❝❛♥ r❡❧❛①❡ ✐t ✐♥t♦ t❤❡ ❢♦❧❧♦✇✐♥❣

s✐♠♣❧❡r ♣r♦❜❧❡♠ ❢♦r S = Rn

f sos = sup ρ s.t f(x) − ρ is SOS ✭✸✳✾✮

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ s❤♦✇s t❤❛t ✇❡ ❝❛♥ t❛❝❦❧ ✐t ✇✐t❤ ❙❡♠✐❞❡✜♥✐t❡ Pr♦✲

❣r❛♠♠✐♥❣✳

▲❡♠♠❛ ✸✳✶✳✶✺ ▲❡t f ∈ R[x], f =
∑

α∈Nn
2d

fαx
α✱ ❜❡ ❛ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡

≤ 2d✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss❡rt✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✶✳ f ✐s ❛ s✉♠ ♦❢ sq✉❛r❡s✳

✷✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ s②st❡♠ ✐♥ t❤❡ ♠❛tr✐① ✈❛r✐❛❜❧❡ X = (Xα,β)α,β∈Nn
d
✐s ❢❡❛s✐❜❧❡✿

{

X < 0
∑

α,γ∈Nn
d
|β+γ=α Xβ,γ = fα(| α |≤ 2d).

✭✸✳✶✵✮

Pr♦♦❢✳ ▲❡t zd := (xα || α |≤ d) ✐s t❤❡ ✈❡❝t♦r ❝♦♥t❛✐♥✐♥❣ ❛❧❧ ♠♦♥♦♠✐❛❧s ♦❢ ❞❡✲

❣r❡❡ ❛t ♠♦st d✳ ❚❤❡♥ ❢♦r ♣♦❧②♥♦♠✐❛❧s uj ∈ R[x]d✱ ✇❡ ❤❛✈❡ uj = coeff(uj)
T zd

❛♥❞ t❤✉s
∑

j u2
j = zT

d (
∑

j coeff(uj)coeff(uj)
T )zd✳ ❚❤❡r❡❢♦r❡✱ f ✐s ❛ s✉♠ ♦❢

sq✉❛r❡s ♦❢ ♣♦❧②♥♦♠✐❛❧s ✐❢ ❛♥❞ ♦♥❧② ✐❢ f = zT
d Xzd ❢♦r s♦♠❡ ♣♦s✐t✐✈❡ s❡♠✐❞❡✜✲

♥✐t❡ ♠❛tr✐① X✳ ❈♦♠♣❛r✐♥❣ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ f ❛♥❞ zT
d Xzd ✇❡ ✜♥❞ t❤❡ s②st❡♠

✭✸✳✶✵✮✳
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❊①❛♠♣❧❡ ✸✳✶✳✶✻ ❲❡ ✇❛♥t t♦ ✈❡r✐❢② ✐❢ t❤❡ ♣♦❧②♥♦♠✐❛❧ f = x4+2x3y+3x2y2+

2xy2 + 2y4 ✇❤✐❝❤ ✐s ♥♦♥♥❡❣❛t✐✈❡ ✐s ❙❖❙✳ ❲❡ ❝❛♥ ❞❡❝♦♠♣♦s❡ f ❛s✿

f =
(

x2 xy y2
)
·





a b c

b d e

c e f





︸ ︷︷ ︸

X

·





x2

xy

y2





❲❡ ❧♦♦❦ ❢♦r X < 0 s✉❝❤ t❤❛t✿

x4 = x2 · x2 1 = a

x3y = x2 · xy 2 = 2b

x2y2 = xy · xy = x2 · y2 3 = d + 2c

xy3 = xy · y2 2 = 2e

y4 = y2 · y2 2 = f

❚❤❡♥

X =





1 1 c

1 3 − 2c 1

c 1 2



 < 0 ⇐⇒ −1 ≤ c ≤ 1

❋♦r c = −1 ✇❡ ❤❛✈❡ t❤❡ ●r❛♠ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛♥❞ ✇❡ ❣❡t

X =





1 1 −1

1 5 1

−1 1 2



 =





1 0

1 2

−1 1



 ·
(

1 1 −1

0 2 1

)

❛♥❞ ♦♥❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛s s✉♠ ♦❢ sq✉❛r❡s ♦❢ p ✐s✿ f = (x2 +xy−y2)2 +(2xy +

y2)2

❘❡♠❛r❦ ✸✳✶✳✶✼ ■t ✐s ♦❜✈✐♦✉s t❤❛t f sos ≤ f ∗✳ ❇✉t ♥♦t ❛❧❧ t❤❡ ♥♦♥ ♥❡❣❛t✐✈❡

♣♦❧②♥♦♠✐❛❧s ❛r❡ s✉♠ ♦❢ sq✉❛r❡s ❛s ✇❡ ❝❛♥ s❡❡ ✐♥ t❤❡ ♥❡①t ❡①❛♠♣❧❡✳

❊①❛♠♣❧❡ ✸✳✶✳✶✽ ❚❤❡ ▼♦t③❦✐♥ ♣♦❧②♥♦♠✐❛❧ f(x, y) = x2y2(x2 + y2 − 3) + 1✱ ✐s

♥♦♥ ♥❡❣❛t✐✈❡ ❜✉t ♥♦t ❛ s✉♠ ♦❢ sq✉❛r❡s ♦❢ ♣♦❧②♥♦♠✐❛❧s ✭❙❖❙✮✳

■♥❞❡❡❞✱ f(x, y) ≥ 0 ✐❢ x2 + y2 ≥ 3✳ ❖t❤❡r✇✐s❡✱ t❤❡r❡ ❡①✐sts z ∈ R s✉❝❤

t❤❛t z2 = −x2 − y2 + 3 ❛♥❞ ❜② ❛r✐t❤♠❡t✐❝ ❣❡♦♠❡tr✐❝ ♠❡❛♥ ✐♥❡q✉❛❧✐t②✱ ✇❡ ❤❛✈❡
x2+y2+z2

3
≥ 3

√

x2y2z2✱ ❣✐✈✐♥❣ ❛❣❛✐♥ f(x, y) ≥ 0✳

◆♦✇ ✇❡ ✈❡r✐❢② t❤❛t ✇❡ ❝❛♥ ♥♦t ❞❡❝♦♠♣♦s❡ f(x, y) ❛s ❛ s✉♠ ♦❢ sq✉❛r❡s ♦❢

♣♦❧②♥♦♠✐❛❧s✳ ❲❡ s✉♣♣♦s❡ f =
∑

k p2
k✱ ✇❤❡r❡ pk = akx

3
1 + bkx

2
1x2 + ckx1x

2
2 +

dkx
3
2 + ekx

2
1 + fkx1x2 + gkx

2
2 + hkx1 + ikx2 + jk✱ ✇✐t❤ ak, ..., jk ∈ R✳ ▲♦♦❦✐♥❣ ❛t

t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ x6
1✱ x6

2✱ x4
1✱ x4

2✱ x2
1✱ x2

2 ✐♥ f ✱ ✇❡ ❞❡❞✉❝❡ t❤❛t ak = dk = ek =

gk = hk = ik = 0 ∀ k✳ ❆♥❞ ✐❢ ✇❡ ❧♦♦❦ ❛t t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ x2
1x

2
2 ✐♥ f ✱ ✇❡ ♦❜t❛✐♥

−3 =
∑

f 2
k ✇❤✐❝❤ ✐♠♣❧✐❡s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳
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■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ S = S(g) ✐s ❛ s❡♠✐❛❧❣❡❜r❛✐❝ s❡t

f sos
g = sup ρ s.t. f − ρ ∈ P(g) ✭✸✳✶✶✮

❘❡♠❛r❦ ✸✳✶✳✶✾ ■t t❤✐s ❝❛s❡ ✇✐t❤ S = S(g)✱ ✐t ✐s ♦❜✈✐♦✉s ❛❧s♦ t❤❛t ✐♥ ❤✐s ❝❛s❡

f sos
g ≤ f ∗

❚❤✐s ❢♦r♠✉❧❛t✐♦♥ ❞♦❡s ♥♦t ❧❡❛❞ ❞✐r❡❝t❧② t♦ ❛ s❡♠✐❞❡✜♥✐t❡ ♣r♦❣r❛♠ ♦❢ ✜♥✐t❡

s✐③❡✳ ❲❡ ♥❡❡❞ t♦ ❜♦✉♥❞ t❤❡ ❞❡❣r❡❡ ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧s✳ ❲❡ ❝❛♥ ❝♦♥s✐❞❡r ❢♦r

❛♥② ✐♥t❡❣❡r t ✇✐t❤

2t ≥ max(deg(f), deg(g0
1), . . . , deg(g0

n1
), deg(g+

1 ), . . . , deg(g+
n2

)) t❤❡ ❢♦❧❧♦✇✐♥❣

s❡♠✐❞❡✜♥✐t❡ ♣r♦❣r❛♠

f sos
t,g = sup ρ s.t. f − ρ ∈ Pt(g) ✭✸✳✶✷✮

✇❤❡r❡ t❤❡ tr✉♥❝❛t❡❞ ♣r❡♦r❞❡r✐♥❣ Pt(g) ✱ ✇❤✐❝❤ ✐s t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ PE(g)

✇❤❡r❡ E = R[x]t✱ ✐s t❤❡ s❡t

Pt(g) = {
n1∑

i=1

φi(x)g0
i +

∑

ν∈{0,1}m

σν(x)g+
1 (x)ν1 · · · g+

n2
(x)νn2 | ✭✸✳✶✸✮

σν(x) is sos
t−⌈

Q

g
+
i

2
⌉
, φi(x) ∈ R[x]2t−deg(g0

i )}

❲❡ ❝❛♥ ❛❧s♦ ❞❡✜♥❡ t❤❡ tr✉♥❝❛t❡❞ q✉❛❞r❛t✐❝ ♠♦❞✉❧❡ Qt(g)✱ ✇❤✐❝❤ ✐s t❤❡

♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ QE(g) ✇❤❡r❡ E = R[x]t✱ ✐s t❤❡ s❡t

Qt(g) = {
n1∑

i=1

φi(x)g0
i +

n2∑

i=1

σν(x)g+
i (x) | σν(x) is sos

t−⌈ deg(g+
i

)

2
⌉
, ✭✸✳✶✹✮

φi(x) ∈ R[x]2t−deg(g0
i )}

Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✷✵ f sos
t,g ≤ f sos

t+1,g ≤ f sos
g ≤ f ∗ ❛♥❞ limt→∞ f sos

t,g = f sos
g

✸✳✷ ▼♦♠❡♥t ♠❛tr✐❝❡s

❇❡❢♦r❡ ❞❡✜♥✐♥❣ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ♦✉r ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ❛♥❞ t❤❡ ▼♦✲

♠❡♥t ▼❛tr✐❝❡s ✇❡ ✐♥tr♦❞✉❝❡ s♦♠❡ ❞❡✜♥✐t✐♦♥s✳ ❲❡ ❝♦♥s✐❞❡r ♥♦♥♥❡❣❛t✐✈❡ ❇♦r❡❧

♠❡❛s✉r❡s ♦♥ Rn✱ t❤✉s✱ ❛❧❧ ♦✉r ♠❡❛s✉r❡s ✇✐❧❧ ❜❡ ♥♦♥♥❡❣❛t✐✈❡✳ ❆ ♣r♦❜❛❜✐❧✐t②

♠❡❛s✉r❡ µ ✐s ❛ ♠❡❛s✉r❡ ✇✐t❤ t♦t❛❧ ♠❛ss µ(Rn) = 1✳

❉❡✜♥✐t✐♦♥ ✸✳✷✳✶ ❲❡ ❝❛❧❧ t❤❡ s✉♣♣♦rt ♦❢ ❛ ♠❡❛s✉r❡ µ ♦♥ Rn✱ ❞❡♥♦t❡❞

supp(µ)✱ t❤❡ s♠❛❧❧❡st ❝❧♦s❡❞ s❡t C ⊂ Rn ❢♦r ✇❤✐❝❤ µ(Rn \ C) = 0✳
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❉❡✜♥✐t✐♦♥ ✸✳✷✳✷ ❲❡ s❛② t❤❛t µ ✐s ❛ ♠❡❛s✉r❡ ♦♥ K ♦r ❛ ♠❡❛s✉r❡ s✉♣♣♦rt❡❞

❜② K ⊂ Rn ✐❢ supp(µ) ⊂ K✳

❉❡✜♥✐t✐♦♥ ✸✳✷✳✸ ●✐✈❡♥ x ∈ Rn✱ δx ❞❡♥♦t❡s t❤❡ ❉✐r❛❝ ♠❡❛s✉r❡ ❛t x✱ ✇✐t❤

s✉♣♣♦rt✱ supp(δx) = {x} ❛♥❞✿

δx(u) =

{

1 s✐ u = x

0 s✐♥♦♥✳

❉❡✜♥✐t✐♦♥ ✸✳✷✳✹ ■❢ t❤❡ s✉♣♣♦rt ♦❢ ❛ ♠❡❛s✉r❡ µ ✐s ✜♥✐t❡✱ supp(µ) =

{x1, ..., xr} t❤❡♥ µ ✐s ♦❢ t❤❡ ❢♦r♠✿

µ =
r∑

i=1

λiδxi
for some λ1, ..., λr > 0 ✭✸✳✶✺✮

✇❤❡r❡ xi ❛r❡ ❝❛❧❧❡❞ t❤❡ ❛t♦♠s ♦❢ µ✳

■❢ t❤❡ ♠❡❛s✉r❡ µ ❤❛s ❛ r❡♣r❡s❡♥t❛t✐♦♥ ❛s ✸✳✶✺ ✇❡ s❛② t❤❛t µ ✐s r✲❛t♦♠✐❝

♠❡❛s✉r❡✳

❉❡✜♥✐t✐♦♥ ✸✳✷✳✺ ❲❡ ❞❡✜♥❡ t❤❡ ♠♦♠❡♥t ♦❢ ♦r❞❡r α ♦❢ ❛ ♠❡❛s✉r❡ µ ♦♥ Rn

✐s✿

yα =

∫

xα(dµ). ✭✸✳✶✻✮

• ❚❤❡ s❡q✉❡♥❝❡ (yα)α∈Nn ✐s ❝❛❧❧❡❞ t❤❡ s❡q✉❡♥❝❡ ♦❢ ♠♦♠❡♥ts ♦❢ t❤❡

♠❡❛s✉r❡ µ✳

• ❋♦r t ∈ N✱ t❤❡ s❡q✉❡♥❝❡ (yα)α∈Nn
t
✐s ❝❛❧❧❡❞ t❤❡ tr✉♥❝❛t❡❞ s❡q✉❡♥❝❡ ♦❢

♠♦♠❡♥ts ♦❢ t❤❡ ♠❡❛s✉r❡ µ ✉♣ t♦ ♦r❞❡r t✳

• ■❢ t❤❡ s❡q✉❡♥❝❡ y ✐s t❤❡ s❡q✉❡♥❝❡ ♦❢ ♠♦♠❡♥ts ♦❢ ❛ ♠❡❛s✉r❡✱ ✇❡ ❛❧s♦ s❛②

t❤❛t µ ✐s ❛ r❡♣r❡s❡♥t✐♥❣ ♠❡❛s✉r❡ ❢♦r y✳

❉❡✜♥✐t✐♦♥ ✸✳✷✳✻

• ●✐✈❡♥ ❛ s❡q✉❡♥❝❡ y = (yα)α∈Nn ∈ RNn

✐ts♠♦♠❡♥t ♠❛tr✐① ✐s t❤❡ ✐♥✜♥✐t❡

♠❛tr✐① M(y) ✐♥❞❡①❡❞ ❜② Nn✱ ✇✐t❤ (α, β)t❤ ❡♥tr② yα+β✱ ❢♦r α, β ∈ Nn✳

• ❋♦r ❛ t ∈ Z✱ ❣✐✈❡♥ ❛ tr✉♥❝❛t❡❞ s❡q✉❡♥❝❡ y = (yα)α∈Nn
2t

∈ RNn
2t✱ ✐ts

♠♦♠❡♥t ♠❛tr✐① ♦❢ ♦r❞❡r t ✐s t❤❡ ♠❛tr✐① Mt(y) ✐♥❞❡①❡❞ ❜② Nn
t ✱ ✇✐t❤

(α, β)t❤ ❡♥tr② yα,β ❢♦r α, β ∈ Nn
t ✳
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❊①❛♠♣❧❡ ✸✳✷✳✼ ❚❤❡ ▼♦♠❡♥t ♠❛tr✐① ♦❢ ♦r❞❡r ✷ ♦❢ ❛ ♠❡❛s✉r❡ ✐s ♦❢ t❤❡ ❢♦r♠✿

H2(y) =












1 y1,0 y0,1 y2,0 y1,1 y0,2

y0,1 y2,0 y1,1 y3,0 y2,1 y1,2

y1,0 y1,1 y0,2 y2,1 y1,2 y0,3

y2,0 y3,0 y2,1 y4,0 y3,1 y2,2

y1,1 y2,1 y1,2 y3,1 y2,2 y1,3

y0,2 y1,2 y0,3 y2,2 y1,3 y0,4












✇❤❡r❡ yi,j r❡♣r❡s❡♥ts t❤❡ (i + j)✲♦r❞❡r ♠♦♠❡♥t
∫

xiyjµ(d(x, y)

❉❡✜♥✐t✐♦♥ ✸✳✷✳✽ ❋♦r ❛ ❝❡rt❛✐♥ ❞❡❣r❡❡ t ✇❡ ❝❛❧❧❡❞ t❤❡ tr✉♥❝❛t❡❞ ❧♦❝❛❧✐③✐♥❣

♠❛tr✐① t♦ t❤❡ ♠❛tr✐① H t(g ⋆ y) ✇✐t❤ ❡♥tr✐❡s✿

H t(g ⋆ y)(i, j) =
∑

α

gαy(i,j)+α

❊①❛♠♣❧❡ ✸✳✷✳✾ ❚❤❡ ▼♦♠❡♥t ♠❛tr✐① ♦❢ ♦r❞❡r ✶ ♦❢ ❛ ♠❡❛s✉r❡ ✐s ♦❢ t❤❡ ❢♦r♠✿

H1(y) =





1 y1,0 y0,1

y0,1 y2,0 y1,1

y1,0 y1,1 y0,2





■❋ ✇❡ t❛❦❡ g = 2 − x2
1 − x1x2✱ t❤❡♥

H1(g ⋆ y) =





2 − y2,0 − y1,1 2y1,0 − y3,0 − y2,1 2y0,1 − y2,1 − y1,2

2y1,0 − y3,0 − y2,1 2y2,0 − y4,0 − y3,1 2y1,1 − y3,1 − y2,2

2y0,1 − y2,1 − y1,2 2y1,1 − y3,1 − y2,2 2y0,2 − y2,2 − y1,3





❘❡♠❛r❦ ✸✳✷✳✶✵ ❲❡ ❝❛♥ ❡❛s✐❧② ✈❡r✐✜❡r t❤❛t ▼♦♠❡♥t ♠❛tr✐❝❡s ♦❢ ❛ ❞❡❣r❡❡ t

❝♦rr❡s♣♦♥❞✐♥❣ ❛ tr✉♥❝❛t❡❞ ❤❛♥❦❡❧ ♠❛tr✐① ✇❤❡r❡ E = R[x]t ❛♥❞ ✐ts ❡q✉✐✈❛❧❡♥t

✐♥ ♥♦t❛t✐♦♥ ✐s H t
g·Λ✳

◆♦✇ ✇❡ r❡❧❛t❡ t❤❡ ▼♦♠❡♥ts ♠❛tr✐❝❡s ✇✐t❤ t❤❡ ❍❛♥❦❡❧ ▼❛tr✐①

❉❡✜♥✐t✐♦♥ ✸✳✷✳✶✶ ●✐✈❡♥ y ∈ RNn

✱ t❤❡ ❧✐♥❡❛r ❢♦r♠ Λy ∈ R[x]∗ ✐s ❞❡✜♥❡❞ ❜②✿

Λy(f) = yT vec(f) =
∑

α

yαfα =
∑

fαΛy(x
α) = vect(1)T H(y)vec(f) ✭✸✳✶✼✮

❢♦r f =
∑

α fαxα✳

▲❡♠♠❛ ✸✳✷✳✶✷ ❬▲❛✉r❡♥t ✷✵✵✾❛❪ ▲❡t g ∈ R[x] ❛♥❞ dg = ⌈deg(g)/2⌉
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✶✳ ■❢ y ∈ RNn
2t ✐s t❤❡ s❡q✉❡♥❝❡s ♦❢ ♠♦♠❡♥ts ✭✉♣ t♦ ♦r❞❡r ✷t✮ ♦❢ ❛ ♠❡❛s✉r❡ µ✱

t❤❡♥ H t(y) < 0 ❛♥❞ rankH t(y) ≤| supp(µ) | . ▼♦r❡♦✈❡r✱ ❢♦r f ∈ R[x]✱

H t(y)f = 0 ✐♠♣❧✐❡s supp(µ) ⊂ VR(f) = {x ∈ Rn | f(x) = 0}✳ ❚❤❡r❡❢♦r❡✱

supp(µ) ⊂ VR(ker H t(y))✳

✷✳ ■❢ y ∈ RNn
2t(t ≥ dg) ✐s t❤❡ s❡q✉❡♥❝❡ ♦❢ ♠♦♠❡♥ts ♦❢ ❛ ♠❡❛s✉r❡ µ s✉♣♣♦rt❡❞

✐♥ t❤❡ s❡t K = {x ∈ Rn | g(x) ≥ 0} t❤❡♥ H t−dg(g ⋆ y) < 0✳

✸✳ ■❢ y ∈ RNn

✐s t❤❡ s❡q✉❡♥❝❡ ♦❢ ♠♦♠❡♥ts ♦❢ ♠❡❛s✉r❡ µ✱ t❤❡♥ H(y) < 0✳

▼♦r❡♦✈❡r✱ ✐❢ supp(µ) ⊂ {x ∈ Rn | g(x) ≥ 0}✱ t❤❡♥ H(g ⋆ y) < 0 ❛♥❞✱ ✐❢

µ ✐s r✲❛t♦♠✐❝✱ t❤❡♥ rankH(y) = r✳

Pr♦♦❢✳

✶✳ ❋♦r f ∈ R[x]t✱

fT H t(y)f =
∑

α,β∈Nn
t

fαfβyα+β =
∑

α,β∈Nn
t

∫

xα+βµ(dx) =

∫

f(x)2µ(dx) ≥ 0

✇❤✐❝❤ s❤♦✇s t❤❛t H t(y) < 0✳

■❢ H t(y)f = 0✱ t❤❡♥

0 = f tH tf =

∫

f 2(x)µ(dx).

❆s V R(f) ✐s ❛ ❝❧♦s❡❞ s❡t✱ supp(µ) ⊂ V R(f) ❤♦❧❞s ✐❢ ✇❡ ❝❛♥ s❤♦✇

t❤❛t µ(Rn \ V R(f)) = 0✳ ■♥❞❡❡❞✱ Rn \ V R(f) =
⋃

k≥0 Uk✱ s❡tt✐♥❣

Uk = {x ∈ Rn | f(x)2 ≥ 1
k
} ❢♦r ♣♦s✐t✐✈❡ k ∈ N✳ ❆s

0 =

∫

f(x)2µ(dx) =

∫

Rn\V R(f)

f(x)2µ(dx) ≥
∫

Uk

f(x)2µ(dx) ≥ 1

k
µ(Uk)

t❤✐s ✐♠♣❧✐❡s µ(Uk) = 0 ❢♦r ❛❧❧ k ❛♥❞ t❤✉s µ(Rn \ V R(f)) = 0✳

❚❤❡ ✐♥❡q✉❛❧✐t② rankH t(y) ≤| supp(µ | ✐s tr✐✈✐❛❧ ✐❢ µ ❤❛s ❛ ✐♥✜♥✐t❡ s✉♣♣♦rt✳

❙♦ ❛ss✉♠❡ t❤❛t µ ✐s r✲❛t♦♠✐❝ ✱ s❛②✱ µ =
∑r

i=1 λiδxi
✇❤❡r❡ λi > 0 ❛♥❞ xi ∈

Rn ❢♦r i = 1, ..n✳ ❚❤❡♥ H t(y) =
∑r

i=1 λiζt,xi
ζT
t,xi

, ✇❤❡r❡ ζxi
= (xα

i )α∈Nn

✐s t❤❡ s❡q✉❡♥❝❡ ♦❢ ♠♦♠❡♥ts ♦❢ t❤❡ ❉✐r❛❝ ♠❡❛s✉r❡ δxi
✱ ❝❛❧❧❡❞ t❤❡ ❩❡t❛

✈❡❝t♦r ♦❢ xi ❛♥❞ ζt,xi
= (xα

i )α∈Nn
t
❞❡♥♦t❡s t❤❡ tr✉♥❝❛t❡❞ ③❡t❛ ✈❡❝t♦r✳ ■t

s❤♦✇s t❤❛t rankH t(y) ≤ r✳

✷✳ ❋♦r p ∈ R[x]t✱

pT H t−dg(g ⋆ y)p =
∑

α,β∈Nn
t−dg

∑

γ∈Nn

pαpβgγyα+β+γ =

∫

K

g(x)p(x)2µ(dx) ≥ 0

✇❤✐❝❤ s❤♦✇s t❤❛t H t−dg(g ⋆ y) < 0



❈❍❆P❚❊❘ ✸✳ ❘❊▲❆❚■❖◆ ❇❊❚❲❊❊◆ ❖P❚■▼■❩❆❚■❖◆ P❘❖❇▲❊▼

❆◆❉ ▼❖▼❊◆❚ ▼❆❚❘■❈❊❙ ✹✶

✸✳ ❚❤❡ ✜rst t✇♦ ❝❧❛✐♠s ❢♦❧❧♦✇ ❞✐r❡❝t❧② ❢r♦♠ ✶✱✷✳ ❆ss✉♠❡ ♥♦✇ µ =
∑r

i=1 λiδxi
✇❤❡r❡ λi > 0 ❛♥❞ xi ∈ Rn ❢♦r i = 1, ..n✳ ❚❤❡♥✱ ❛s

H(y) =
∑r

i=1 λiζxi
ζT
xi

, rankH(y) = r✳

❈♦r♦❧❧❛r② ✸✳✷✳✶✸ ❬▲❛✉r❡♥t ✷✵✵✾❛❪ ■❢ y ∈ RNn
2t ✐s t❤❡ s❡q✉❡♥❝❡s ♦❢ ♠♦♠❡♥ts

✭✉♣ t♦ ♦r❞❡r ✷t✮ ♦❢ ❛ ♠❡❛s✉r❡ s✉♣♣♦rt❡❞ ❜② t❤❡ s❡t S t❤❡♥✱ ❢♦r ❛♥② t ≥ dS =

maxdeg(gi)✱

H t(y) < 0, H t−dgj (gj ⋆ y) < 0 (j = 1, . . . ,m) ✭✸✳✶✽✮

❲❡ ✇✐❧❧ st✉❞② ✐♥ ❈❤❛♣t❡r ✺✱ s❡✈❡r❛❧ r❡s✉❧ts ♦❢ ❈✉rt♦ ❛♥❞ ❋✐❛❧❦♦✇ s❤♦✇✐♥❣

t❤❛t✱ ✉♥❞❡r ❝❡rt❛✐♥ r❡str✐❝t✐♦♥s ♦♥ t❤❡ r❛♥❦ ♦❢ t❤❡ ♠❛tr✐① Ht(y)✱ t❤❡ ❝♦♥❞✐t✐♦♥

✸✳✶✽ ✐s s✉✣❝✐❡♥t ❢♦r ❡♥s✉r✐♥❣ t❤❛t y ✐s t❤❡ s❡q✉❡♥❝❡ ♦❢ ♠♦♠❡♥ts ♦❢ ❛ ♠❡❛s✉r❡

s✉♣♣♦rt❡❞ ❜② S

✸✳✸ ▲❛ss❡rr❡ r❡❧❛①❛t✐♦♥

❇❛s❡❞ ✐♥ t❤❡ r❡s✉❧ts ♦♥ ▼♦♠❡♥ts ▼❛tr✐❝❡s ♦❢ t❤❡ ♣r❡✈✐♦✉s ❙❡❝t✐♦♥✱ ▲❛ss❡rr❡ ✐♥

❬▲❛ss❡rr❡✳ ✷✵✵✶❪ ♣r♦♣♦s❡❞ t♦ s♦❧✈❡ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭✷✳✶✮ ❛s ❛ s❡q✉❡♥❝❡

♦❢ tr✉♥❝❛t❡❞ ❝♦♥✈❡① ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s ✇❤✐❝❤ ❝♦♥✈❡r❣❡s t♦ t❤❡ ♠✐♥✐♠✉♠✳

Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✶ ❚❤❡ ♣r♦❜❧❡♠ ✭✷✳✶✮

f ∗ = infx∈S f(x) ✭✸✳✶✾✮

✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠✿

f ∗ = infµ

∫

S
f(x)µ(dx) ✭✸✳✷✵✮

✇❤❡r❡ t❤❡ ✐♥✜♠✉♥ ✐s t❛❦❡♥ ♦✈❡r ❛❧❧ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s µ ♦♥ Rn s✉♣♣♦rt❡❞ ❜②

t❤❡ s❡t S✳

Pr♦♦❢✳ ❋♦r ❛♥② x0 ∈ S✱ f(x0) =
∫

f(x)µ(dx) ❢♦r t❤❡ ❞✐r❛❝ ♠❡❛s✉r❡

µ = δx0 t❤❡♥ f ∗ ≥ infµ

∫

S
f(x)µ(dx)✳ ❈♦♥✈❡rs❡❧② f(x) ≥ f ∗ ❢♦r ❛❧❧ x ∈ S✱

∫

S
f(x)µ(dx) ≥

∫

S
f ∗µ(dx) = f ∗✱ s✐♥❝❡ µ ✐s ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡✳

❆s
∫

f(x)µ(dx) =
∑

α fα

∫
xαµ(dx) = fT y, ✇❤❡r❡ y =

∫
xαµ(dx) ❞❡♥♦t❡s

t❤❡ s❡q✉❡♥❝❡ ♦❢ ♠♦♠❡♥ts ♦❢ µ✱ ✇❡ ❝❛♥ r❡❢♦r♠✉❧❛t❡❞ ✻✳✸✳✶ ❛s✿

f ∗ = inf fT y s.t. y0 = 1, y has a representing measure on S . ✭✸✳✷✶✮
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❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✸✳✷✳✶✷ ✇❡ ❝❛♥ ✐♠♣♦ss❡ t❤❡ ❝♦♥❞✐t✐♦♥s ♦✈❡r t❤❡ ▼♦✲

♠❡♥t ♠❛tr✐❝❡s t❤❛t ❧❡❛❞ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧♦✇❡r ❜♦✉♥❞✿

fµ
g = infy∈RNn fT y s.t. y0 = 1, H(y) < 0, H(gj ⋆ y) < 0 ✭✸✳✷✷✮

❚❤✐s ♣r♦❜❧❡♠ ✐s ❡q✉✐✈❛❧❡♥t t♦✿

fµ
g = infΛ∈R[x]∗ Λ(f) s.t Λ(1) = 1, Λ(p) ≥ 0 ∀p ∈ P(g) ✭✸✳✷✸✮

❲❡ ❝❛♥♥♦t s♦❧✈❡ t❤✐s ♣r♦❜❧❡♠ ❜❡❝❛✉s❡ ✐t ✐♥✈♦❧✈❡s ✐♥✜♥✐t❡ ♠♦♠❡♥t ♠❛tr✐✲

❝❡s s♦ ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ s❡♠✐❞❡✜♥✐t❡ ♣r♦❜❧❡♠ ✇❡ ❝♦♥s✐❞❡r

tr✉♥❝❛t❡❞ ♠♦♠❡♥t ♠❛tr✐❝❡s ❛♥❞ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤✐❡r❛r❝❤② ♦❢ tr✉♥❝❛t❡❞

❝♦♥✈❡① ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ t❤❛t ✇❡ ❝❛♥ s♦❧✈❡ ✇✐t❤ s❡♠✐❞❡✜♥✐t❡ ♣r♦❣r❛♠♠✐♥❣

♠❡t❤♦❞s✳

fµ
t,g = inf

y∈R
Nn
2t

fT y s.t. y0 = 1, Ht(y) < 0, Ht−dgj
(gj ⋆ y) < 0(j = 1, ..., n2)

✭✸✳✷✹✮

♦r

fµ
t,g = infΛ∈R[x]∗2t

Λ(f) s.t Λ(1) = 1, Λ(p) ≥ 0 ∀p ∈ Pt(g) ✭✸✳✷✺✮

✇❤❡r❡ t ≥ max(df , dS)✱ ❛♥❞

Lt(g) := {Λ ∈ R[x]∗2t | Λ(p) ≥ 0, ∀p ∈ Pt(g), Λ(1) = 1}. ✭✸✳✷✻✮

❇② t❤✐s ❞❡✜♥✐t✐♦♥✱ ❢♦r ❛♥② ❡❧❡♠❡♥t Λ ∈ Lt(g) ❛♥❞ ❛♥② g ∈ 〈g0〉 ∩ R[x]t✱ ✇❡

❤❛✈❡ Λ(g) = 0✳

❚❤✉s ✭✸✳✷✹✮ ✐s ❡q✉✐✈❛❧❡♥t t♦✿

fµ
t,g = infΛ∈R[x]∗2t

Λ(f) s.t Λ ∈ Lt(g) ✭✸✳✷✼✮

❚❤✐s ❤✐❡r❛r❝❤② ♦❢ tr✉♥❝❛t❡❞ ❝♦♥✈❡① ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ❝♦♥✈❡r❣❡s t♦ fµ✿

fµ
t,g ≤ fµ

t+1,g ≤ · · · ≤ fµ ≤ f ∗ ✭✸✳✷✽✮

▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡

Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✷ f sos
t,g ≤ fµ

t,g ≤ f ∗✳

Pr♦♦❢✳ ❲❡ ❡❛s✐❧② ❝❤❡❝❦ t❤❛t f sos
t,g ≤ fµ

t,g✱ s✐♥❝❡ ✐❢ t❤❡r❡ ❡①✐sts ρ ∈ R s✉❝❤ t❤❛t

f − ρ = q ∈ Pt(g) t❤❡♥ ∀Λ ∈ Lt(g)✱ Λ(f − γ) = Λ(f) − γ = Λ(q) ≥ 0✳

❲❡ ❛❧s♦ ❤❛✈❡ fµ
t (g) ≤ f ∗ s✐♥❝❡ ❢♦r ❛♥② s ∈ S✱ t❤❡ ❡✈❛❧✉❛t✐♦♥ 1s : p ∈

R[x] 7→ p(s) ✈❡r✐❢② t❤❛t 1s(1) = 1 ❛♥❞ 1s(q) = q(s) ≥ 0 ∀q ∈ Pt(g) ✳

❚❤❡ r❡❧❛①❛t✐♦♥ ❤✐❡r❛r❝❤✐❡s ✐♥tr♦❞✉❝❡❞ ✐♥ ❬▲❛ss❡rr❡✳ ✷✵✵✶❪ ❝♦rr❡s♣♦♥❞ t♦ t❤❡

❝❛s❡ ✇❤❡r❡ ✇❡ t❛❦❡ 〈g0|2t〉 ✐♥st❡❛❞ ♦❢ (g0)✳



❈❍❆P❚❊❘ ✸✳ ❘❊▲❆❚■❖◆ ❇❊❚❲❊❊◆ ❖P❚■▼■❩❆❚■❖◆ P❘❖❇▲❊▼

❆◆❉ ▼❖▼❊◆❚ ▼❆❚❘■❈❊❙ ✹✸

❍❡r❡❛❢t❡r✱ ✇❡ ✇✐❧❧ ❛❧s♦ ❝❛❧❧ ▲❛ss❡rr❡ ❤✐❡r❛r❝❤②✱ t❤❡ ❢✉❧❧ ♠♦♠❡♥t ♠❛tr✐①

r❡❧❛①❛t✐♦♥ ❤✐❡r❛r❝❤②✳ ■t ❝♦rr❡s♣♦♥❞s t♦ t❤❡ s❡q✉❡♥❝❡s

· · · ⊂ Lt+1(g) ⊂ Lt(g) ⊂ · · · and · · · ⊂ Qt(g) ⊂ Qt+1(g) ⊂ · · ·

✇❤✐❝❤ ②✐❡❧❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡s ❢♦r t ∈ N✿

· · · fµ
t,g ≤ fµ

t+1,g ≤ · · · ≤ f ∗ and · · · f sos
t,g ≤ f sos

t+1,g ≤ · · · ≤ f ∗.

❚❤❡ ❢♦✉♥❞❛t✐♦♥ ♦❢ ▲❛ss❡rr❡✬s ♠❡t❤♦❞ ✐s t♦ s❤♦✇ t❤❛t t❤❡s❡ s❡q✉❡♥❝❡s ❝♦♥✈❡r❣❡

t♦ f ∗✳ ❚❤✐s ✐s ♣r♦✈❡❞ ✉♥❞❡r s♦♠❡ ❝♦♥❞✐t✐♦♥s ✐♥ ❬▲❛ss❡rr❡✳ ✷✵✵✶❪✳

❘❡♠❛r❦ ✸✳✸✳✸ ❚❤❡ s❛♠❡ r❡s✉❧ts ❤♦❧❞ ✐❢ ✇❡ r❡♣❧❛❝❡ g ❜② ❛♥② ♦t❤❡r s❡t ♦❢

❝♦♥str❛✐♥ts s✉❝❤ t❤❛t S(C) = S(g)✳





❈❤❛♣t❡r ✹

❋✐♥✐t❡ ❈♦♥✈❡r❣❡♥❝❡ ❈❡rt✐✜❝❛t✐♦♥

❲❡ ❤❛✈❡ s❡❡♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r t❤❛t t❤❡ ❛♣♣r♦❛❝❤ ♣r♦♣♦s❡❞ ❜② ▲❛ss❡rr❡

✐♥ ❬▲❛ss❡rr❡✳ ✷✵✵✶❪✱ ②✐❡❧❞s ❛ s❡q✉❡♥❝❡ ♦❢ ❙❉P ♠✐♥✐♠❛ t❤❛t ❝♦♥✈❡r❣❡s t♦ t❤❡

♠✐♥✐♠✐♠✉♥ ♦❢ f ✉♥❞❡r s♦♠❡ ❤②♣♦t❤❡s✐s✳ ❲❡ ✇✐❧❧ s❛② t❤❛t t❤❡ r❡❧❛①❛t✐♦♥

♣r♦❜❧❡♠ ✐s ❡①❛❝t ✐❢ ❝♦♥✈❡r❣❡ t♦ t❤❡ ♠✐♥✐♠✐♠✉♥ ✐♥ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ st❡♣s✳

❖♥❡ ♠❛② ✇♦♥❞❡r ✐❢ ✉s✐♥❣ t❤✐s ❛♣♣r♦❛❝❤✱ t❤❡ r❡❧❛①❛t✐♦♥ ♣r♦❜❧❡♠ ✐s ❡①❛❝t ❛♥❞

❤♦✇ t♦ ❝♦♠♣✉t❡ t❤❡ ♠✐♥✐♠✐③❡r ♣♦✐♥ts ✇❤❡♥ t❤❡ ♠✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐s ❢❡❛s✐❜❧❡✳

■♥ ♦r❞❡r t♦ ❛♥s✇❡rs t♦ t❤✐s q✉❡st✐♦♥✱ t❤❡ ❢♦❧❧♦✇✐♥❣ str❛t❡❣② ❤❛s ❜❡❡♥ ❝♦♥✲

s✐❞❡r❡❞✿ ❛❞❞ ♣♦❧②♥♦♠✐❛❧ ✐♥❡q✉❛❧✐t✐❡s ♦r ❡q✉❛❧✐t✐❡s s❛t✐s✜❡❞ ❜② t❤❡ ♣♦✐♥ts ✇❤❡r❡

t❤❡ ❢✉♥❝t✐♦♥ f ✐s ♠✐♥✐♠✉♠✳

❆ ✜rst ❢❛♠✐❧② ♦❢ ♠❡t❤♦❞s ❛r❡ ✉s❡❞ ✇❤❡♥ t❤❡ s❡t S ✐s ❝♦♠♣❛❝t ♦r ✇❤❡♥ t❤❡

♠✐♥✐♠✐③❡r s❡t ❝❛♥ ❜❡ ❜♦✉♥❞❡❞ ❡❛s✐❧②✳ ❇② ❛❞❞✐♥❣ ❛♥ ✐♥❡q✉❛❧✐t② ❝♦♥str❛✐♥t✱ ♦♥❡

❝❛♥ t❤❡♥ tr❛♥s❢♦r♠ S ✐♥t♦ ❛ ❝♦♠♣❛❝t s✉❜s❡t ♦❢ Rn✱ ❢♦r ✇❤✐❝❤ ❡①❛❝t ❤✐❡r❛r❝❤✐❡s

❝❛♥ ❜❡ ✉s❡❞ ❬▲❛ss❡rr❡✳ ✷✵✵✶❪✱ ❬▼❛rs❤❛❧❧ ✷✵✵✸❪✳ ■t ✐s s❤♦✇♥ ✐♥ ❬▲❛✉r❡♥t ✷✵✵✼❪

t❤❛t ✐❢ t❤❡ ❝♦♠♣❧❡① ✈❛r✐❡t② ❞❡✜♥❡❞ ❜② t❤❡ ❡q✉❛❧✐t✐❡s g0 = 0 ✐s ✜♥✐t❡ ✭❛♥❞ t❤✉s S

✐s ❝♦♠♣❛❝t✮✱ t❤❡♥ t❤❡ ❤✐❡r❛r❝❤② ♦❢ r❡❧❛①❛t✐♦♥ ♣r♦❜❧❡♠s ✐♥tr♦❞✉❝❡❞ ❜② ▲❛ss❡rr❡

✐♥ ❬▲❛ss❡rr❡✳ ✷✵✵✶❪ ✐s ❡①❛❝t✳ ■t ✐s ❛❧s♦ ♣r♦✈❡❞ t❤❛t t❤❡r❡ ✐s ♥♦ ❞✉❛❧✐t② ❣❛♣ ✐❢ t❤❡

❣❡♥❡r❛t♦rs ♦❢ t❤✐s ✐❞❡❛❧ s❛t✐s❢② s♦♠❡ r❡❣✉❧❛r✐t② ❝♦♥❞✐t✐♦♥s✳ ■♥ ❬▲❛✉r❡♥t ✷✵✵✾❛❪✱

✐t ✐s ♣r♦✈❡❞ t❤❛t ✐❢ t❤❡ r❡❛❧ ✈❛r✐❡t② ❞❡✜♥❡❞ ❜② t❤❡ ❡q✉❛❧✐t✐❡s g0 = 0 ✐s ✜♥✐t❡✱

t❤❡♥ t❤❡ ❤✐❡r❛r❝❤② ♦❢ r❡❧❛①❛t✐♦♥ ♣r♦❜❧❡♠s ✐♥tr♦❞✉❝❡❞ ❜② ▲❛ss❡rr❡ ✐s ❡①❛❝t✳ ■t

✐s ❛❧s♦ ♣r♦✈❡❞ ✐♥ ❬◆✐❡ ✷✵✶✸❛❪ ✉s✐♥❣ ❞✐✛❡r❡♥ts t❡❝❤♥✐q✉❡s✳

■♥ ❛ s❡❝♦♥❞ ❢❛♠✐❧② ♦❢ ♠❡t❤♦❞s✱ ❡q✉❛❧✐t② ❝♦♥str❛✐♥ts ✇❤✐❝❤ ❛r❡ ♥❛t✉r❛❧❧②

s❛t✐s✜❡❞ ❜② t❤❡ ♠✐♥✐♠✐③❡r ♣♦✐♥ts ❛r❡ ❛❞❞❡❞✳ ❚❤❡s❡ ❝♦♥str❛✐♥ts ❛r❡ ❢♦r ✐♥✲

st❛♥❝❡ t❤❡ ❣r❛❞✐❡♥t ♦❢ f ✇❤❡♥ S = Rn ♦r t❤❡ ❑❛r✉s❤✲❑✉❤♥✲❚✉❝❦❡r ✭❑❑❚✮

❝♦♥str❛✐♥ts✱ ♦❜t❛✐♥❡❞ ❜② ✐♥tr♦❞✉❝✐♥❣ ▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡rs✳ ■♥ ❬◆✐❡ ✷✵✵✻❪✱ ✐t

✐s ♣r♦✈❡❞ t❤❛t ❛ r❡❧❛①❛t✐♦♥ ❤✐❡r❛r❝❤② ✉s✐♥❣ t❤❡ ❣r❛❞✐❡♥t ❝♦♥str❛✐♥ts ✐s ❡①❛❝t

✇❤❡♥ t❤❡ ❣r❛❞✐❡♥t ✐❞❡❛❧ ✐s r❛❞✐❝❛❧✳ ■♥ ❬▼❛rs❤❛❧❧ ✷✵✵✾❪✱ ✐t ✐s s❤♦✇♥ t❤❛t t❤✐s

❣r❛❞✐❡♥t ❤✐❡r❛r❝❤② ✐s ❡①❛❝t✱ ✇❤❡♥ t❤❡ ❣❧♦❜❛❧ ♠✐♥✐♠✐③❡rs s❛t✐s❢② t❤❡ ❇♦✉♥❞❛r②

❍❡ss✐❛♥ ❝♦♥❞✐t✐♦♥✳ ■♥ ❬❉❡♠♠❡❧ ✷✵✵✼❪✱ ✐t ✐s ♣r♦✈❡❞ t❤❛t ❛ r❡❧❛①❛t✐♦♥ ❤✐❡r❛r❝❤②

✇❤✐❝❤ ✐♥✈♦❧✈❡s t❤❡ ❑❑❚ ❝♦♥str❛✐♥ts ✐s ❡①❛❝t ✇❤❡♥ t❤❡ ❑❑❚ ✐❞❡❛❧ ✐s r❛❞✐✲

❝❛❧✳ ■♥ ❬❍❛ ✷✵✶✵❪✱ ❛ r❡❧❛①❛t✐♦♥ ❤✐❡r❛r❝❤② ♦❜t❛✐♥❡❞ ❜② ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ❑❑❚

❝♦♥str❛✐♥ts ✐s ♣r♦✈❡❞ t♦ ❜❡ ❡①❛❝t ✉♥❞❡r ❛ r❡❣✉❧❛r✐t② ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ r❡❛❧ ♠✐♥✲

✐♠✐③❡r ♣♦✐♥ts✶✳ ■♥ ❬◆✐❡ ✷✵✶✶❪✱ ❛ s✐♠✐❧❛r r❡❧❛①❛t✐♦♥ ❤✐❡r❛r❝❤② ✐s s❤♦✇♥ t♦ ❜❡

✶❚❤❡ r❡s✉❧ts ♦❢ t❤✐s ♣❛♣❡r ❛r❡ tr✉❡ ❜✉t ❛ ♣r♦❜❧❡♠ ❛♣♣❡❛rs ✐♥ t❤❡ ♣r♦♦❢ ✇❤✐❝❤ ✇❡ ✜① ✐♥
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❡①❛❝t ✉♥❞❡r ❛ str♦♥❣❡r r❡❣✉❧❛r✐t② ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ❝♦♠♣❧❡① ♣♦✐♥ts ♦❢ ❛ss♦❝✐✲

❛t❡❞ ❑❑❚ ✈❛r✐❡t✐❡s✳ ❚❤❡s❡ r❡❣✉❧❛r✐t② ❝♦♥❞✐t✐♦♥s r❡q✉✐r❡ t❤❛t t❤❡ ❣r❛❞✐❡♥t ♦❢

t❤❡ ❛❝t✐✈❡ ❝♦♥str❛✐♥ts ❡✈❛❧✉❛t❡❞ ❛t t❤❡ ♣♦✐♥ts ♦❢ S ♦r ♦❢ s♦♠❡ ❝♦♠♣❧❡① ✈❛r✐❡t✐❡s

❛r❡ ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t✳ ❚❤✉s t❤❡② ❝❛♥♥♦t ❜❡ ✉s❡❞ ❢♦r ❣❡♥❡r❛❧ s❡♠✐ ❛❧❣❡❜r❛✐❝

s❡ts S✱ ❢♦r ✐♥st❛♥❝❡ ✇❤❡♥ S ✐s ❛ r❡❛❧ ♥♦♥✲❝♦♠♣❧❡t❡ ✐♥t❡rs❡❝t✐♦♥ ✈❛r✐❡t②✳

▼♦r❡♦✈❡r✱ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡ ♠✐♥✐♠✉♠ ✐s r❡❛❝❤❡❞ ❛t ❛ ❑❑❚ ♣♦✐♥t

✐s r❡q✉✐r❡❞✳ ❯♥❢♦rt✉♥❛t❡❧②✱ ✐♥ s♦♠❡ ❝❛s❡s t❤❡ s❡t ♦❢ ❑❑❚ ♣♦✐♥ts ♦❢ S ❝❛♥ ❜❡

❡♠♣t②✳ ❆s ✇❡ ❤❛✈❡ s❡❡♥ ✐♥ ❈❤❛♣t❡r ✷✱ t❤✐s ♦❜st❛❝❧❡ ❝❛♥ ❜❡ r❡♠♦✈❡❞ ✉s✐♥❣

❋r✐t③ ❏♦❤♥ ✈❛r✐❡t② ✭s❡❡ ❬❏♦❤♥ ✶✾✹✽✱ ▼❛♥❣❛s❛r✐❛♥ ✶✾✻✼❪✮✳ ❚❤❡r❡ ✐s ♥♦t ♠✉❝❤

✇♦r❦ ❞❡❞✐❝❛t❡❞ t♦ t❤✐s ✐ss✉❡ ✭s❡❡ ❬▲❛ss❡rr❡ ✷✵✵✾❛❪✮✳

❚❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ✐♥✜♠✉♠ ✈❛❧✉❡ ✐s ♥♦t r❡❛❝❤❡❞ ❤❛s ❛❧s♦ ❜❡❡♥ st✉❞✐❡❞✳ ■♥

❬❙❝❤✇❡✐❣❤♦❢❡r ✷✵✵✻❪✱ r❡❧❛①❛t✐♦♥ t❡❝❤♥✐q✉❡s ❛r❡ st✉❞✐❡❞ ❢♦r ❢✉♥❝t✐♦♥s ❢♦r ✇❤✐❝❤

t❤❡ ♠✐♥✐♠✉♠ ✐s ♥♦t r❡❛❝❤❡❞ ❛♥❞ ✇❤✐❝❤ s❛t✐s❢② s♦♠❡ s♣❡❝✐❛❧ ♣r♦♣❡rt✐❡s ✏❛t

✐♥✜♥✐t②✑✳ ■♥ ❬❍❛ ✷✵✵✽❪✱ t❛♥❣❡♥❝② ❝♦♥str❛✐♥ts ❛r❡ ✉s❡❞ ✐♥ ❛ r❡❧❛①❛t✐♦♥ ❤✐❡r❛r❝❤②

✇❤✐❝❤ ❝♦♥✈❡r❣❡s t♦ t❤❡ ❣❧♦❜❛❧ ♠✐♥✐♠✉♠ ♦❢ ❛ ♣♦❧②♥♦♠✐❛❧✱ ✇❤❡♥ t❤❡ ♣♦❧②♥♦♠✐❛❧

✐s ❜♦✉♥❞❡❞ ❜② ❜❡❧♦✇ ♦✈❡r Rn✳ ■♥ ❬●✉♦ ✷✵✶✵❪✱ ❣❡♥❡r✐❝ ❝❤❛♥❣❡s ♦❢ ❝♦♦r❞✐♥❛t❡s

❛♥❞ ❛ ♣❛rt✐❛❧ ❣r❛❞✐❡♥t ✐❞❡❛❧ ❛r❡ ✉s❡❞ ✐♥ ❛ r❡❧❛①❛t✐♦♥ ❤✐❡r❛r❝❤② ✇❤✐❝❤ ❛❧s♦

❝♦♥✈❡r❣❡s t♦ t❤❡ ❣❧♦❜❛❧ ♠✐♥✐♠✉♠ ♦❢ f ♦♥ Rn✳

◆♦t✐❝❡ t❤❛t Pr♦❜❧❡♠ ✭✷✳✶✮ ❝❛♥ ❜❡ ❛tt❛❝❦❡❞ ❢r♦♠ ❛ ♣✉r❡❧② ❛❧❣❡❜r❛✐❝ ♣♦✐♥t

♦❢ ✈✐❡✇✳ ■t r❡❞✉❝❡s t♦ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❛ ✭♠✐♥✐♠❛❧✮ ❝r✐t✐❝❛❧ ✈❛❧✉❡ ❛♥❞

♣♦❧②♥♦♠✐❛❧ s②st❡♠ s♦❧✈❡rs ❝❛♥ ❜❡ ✉s❡❞ t♦ t❛❝❦❧❡ ✐t ✭s❡❡ ❡✳❣✳ ❬P❛rr✐❧♦ ✷✵✵✸❪✱

❬●r❡✉❡t ✷✵✶✶❪✮✳ ❇✉t ✐♥ t❤✐s ❝❛s❡✱ t❤❡ ❝♦♠♣❧❡① s♦❧✉t✐♦♥s ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣

❛❧❣❡❜r❛✐❝ s②st❡♠ ❝♦♠❡ ✐♥t♦ ♣❧❛② ❛♥❞ ❛❞❞✐t✐♦♥❛❧ ❝♦♠♣✉t❛t✐♦♥ ❡✛♦rts s❤♦✉❧❞ ❜❡

s♣❡♥t t♦ r❡♠♦✈❡ t❤❡s❡ ❡①tr❛♥❡♦✉s s♦❧✉t✐♦♥s✳ ❙❡♠✐✲❛❧❣❡❜r❛✐❝ t❡❝❤♥✐q✉❡s s✉❝❤ ❛s

❈②❧✐♥❞r✐❝❛❧ ❆❧❣❡❜r❛✐❝ ❉❡❝♦♠♣♦s✐t✐♦♥ ♦r ❡①t❡♥s✐♦♥s ❬❙❛❢❡② ❊❧ ❉✐♥ ✷✵✵✽❪ ♠❛②

❛❧s♦ ❜❡ ❝♦♥s✐❞❡r❡❞ ❤❡r❡✱ ♣r♦✈✐❞✐♥❣ ❛❧❣♦r✐t❤♠s t♦ s♦❧✈❡ Pr♦❜❧❡♠ ✭✷✳✶✮✱ ❜✉t

s✉✛❡r✐♥❣ ❢r♦♠ s✐♠✐❧❛r ✐ss✉❡s✳

■♥ t❤❡ ❝❛s❡s st✉❞✐❡❞ s♦ ❢❛r✱ t❤❡ ❡①❛❝t♥❡ss ♦❢ t❤❡ r❡❧❛①❛t✐♦♥ ✐s ♣r♦✈❡❞ ✉♥✲

❞❡r ❛ ❣❡♥❡r✐❝✐t② ❝♦♥❞✐t✐♦♥ ♦r ❛ ❝♦♠♣❛❝t♥❡ss ♣r♦♣❡rt②✳ ❋r♦♠ ❛♥ ❛❧❣♦r✐t❤♠✐❝

♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤❡ ✢❛t ❡①t❡♥s✐♦♥ ❝♦♥❞✐t✐♦♥ ♦❢ ❈✉rt♦✲❋✐❛❧❦♦✇ ❬❈✉rt♦ ✶✾✾✻❪

✐s ✉s❡❞ ✐♥ ♠♦st ♦❢ t❤❡ ✇♦r❦s ❬❍❡♥r✐♦♥ ✷✵✵✺✱ ▲❛✉r❡♥t ✷✵✵✼✱ ▲❛ss❡rr❡ ✷✵✵✾❜✱

▲❛✉r❡♥t ✷✵✵✾❛❪ t♦ ❞❡t❡❝t t❤❡ ❡①❛❝t♥❡ss ♦❢ t❤❡ ❤✐❡r❛r❝❤②✱ ✇❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢

♠✐♥✐♠✐③❡rs ✐s ✜♥✐t❡✳ ■♥ ❬▲❛ss❡rr❡ ✷✵✶✷❪✱ ❛ s♣❛rs❡ ❡①t❡♥s✐♦♥ ❬▲❛✉r❡♥t ✷✵✵✾❜❪ ♦❢

t❤✐s ✢❛t ❡①t❡♥s✐♦♥ ❝♦♥❞✐t✐♦♥ ✐s ✉s❡❞ t♦ ❝♦♠♣✉t❡ ③❡r♦✲❞✐♠❡♥s✐♦♥❛❧ r❡❛❧ r❛❞✐❝❛❧

✐❞❡❛❧s✳

❖✉r ❛✐♠ ✐s t♦ s❤♦✇ t❤❛t ❢♦r t❤❡ ❣❡♥❡r❛❧ ♣♦❧②♥♦♠✐❛❧ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠

✭✷✳✶✮✱ ❡①❛❝t ❙❉P r❡❧❛①❛t✐♦♥s ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞✱ ✇❤✐❝❤ ❡✐t❤❡r ❞❡t❡❝t t❤❛t t❤❡

♣r♦❜❧❡♠ ✐s ✐♥❢❡❛s✐❜❧❡ ✭✇❤✐❝❤ ♠❡❛♥s t❤❡r❡ ♥♦t ❡①✐sts ♣♦✐♥ts ♦♥ S ✇❤✐❝❤ ♠✐♥✐♠✐③❡

t❤✐s ❈❤❛♣t❡r✳
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❢✮ ♦r ❝♦♠♣✉t❡ t❤❡ ♠✐♥✐♠❛❧ ✈❛❧✉❡ ❛♥❞ t❤❡ ✐❞❡❛❧ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ♠✐♥✐♠✐③❡r

♣♦✐♥ts✳ ■♥ t❤✐s ❈❤❛♣t❡r ✇❡ t❛❧❦ ❛❜♦✉t ❑❑❚ ♠✐♥✐♠✐③❡r ✐❞❡❛❧ SKKT ❜✉t ❤♦✇

✇❡ ❤❛✈❡ s❛✐❞ ✐♥ ❈❤❛♣t❡r ✷ ✇❡ ❝❛♥ ❛♣♣❧② t❤❡ s❛♠❡ t❤❡♦r❡♠s ❢♦r t❤❡ s✐♥❣✉❧✐❡rs

♠✐♥✐♠✐③❡r ✐❞❡❛❧ Ssing t♦ ♦❜t❛✐♥ t❤❡ r❡s✉❧t ♦♥ S✳ ❚❤❡ ♠❛✐♥ ❝♦♥tr✐❜✉t✐♦♥s ♦❢

t❤✐s ❈❤❛♣t❡r ❛r❡✿

• ❲❡ ♣r♦✈❡ t❤❛t ❡①❛❝t r❡❧❛①❛t✐♦♥ ❤✐❡r❛r❝❤✐❡s ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✈❛r✐❛❜❧❡s

x ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ❢♦r s♦❧✈✐♥❣ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭✷✳✶✮ ✭s❡❡

❚❤❡♦r❡♠ ✹✳✸✳✸ ❛♥❞ ❚❤❡♦r❡♠ ✹✳✷✳✶✵✮✳

• ❲❡ ♣r♦✈❡ t❤❛t ✐❢ t❤❡ s❡t ♦❢ ❑❑❚ ♠✐♥✐♠✐③❡rs ✐s ❡♠♣t②✱ t❤❡ ❙❉P r❡❧❛①❛t✐♦♥

✇✐❧❧ ❡✈❡♥t✉❛❧❧② ❜❡ ❡♠♣t② ✭❚❤❡♦r❡♠ ✹✳✸✳✸✮✳

• ❲❡ ♣r♦✈❡ t❤❛t t❤❡ ❑❑❚ ♠✐♥✐♠✐③❡r ✐❞❡❛❧ ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ❢r♦♠ t❤❡

♠♦♠❡♥t ♠❛tr✐① ♦❢ ❛♥ ♦♣t✐♠❛❧ ❧✐♥❡❛r ❢♦r♠✱ ✇❤❡♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡✲

❧❛①❛t✐♦♥ ✐s ❡①❛❝t✱ ❡✈❡♥ ✐❢ t❤❡ ✐❞❡❛❧ ✐s ♥♦t ③❡r♦✲❞✐♠❡♥s✐♦♥❛❧ ✭❚❤❡♦r❡♠

✹✳✷✳✶✵✮✳

• ❲❡ ♣r♦✈❡ t❤❛t t❤❡ ❡①❛❝t♥❡ss ♦❢ t❤❡ r❡❧❛①❛t✐♦♥ ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ r❡❛❧

♣♦✐♥ts ✇❤✐❝❤ s❛t✐s❢② t❤❡s❡ ❝♦♥str❛✐♥ts ✭❚❤❡♦r❡♠ ✹✳✷✳✶✵✮✳

• ❲❡ ♣r♦✈✐❞❡ ❛ ❣❡♥❡r❛❧ ❛♣♣r♦❛❝❤ ✇❤✐❝❤ ❛❧❧♦✇s ✉s t♦ tr❡❛t ✐♥ ❛ ✉♥✐❢♦r♠ ✇❛②

❛♥❞ t♦ ❡①t❡♥❞ r❡s✉❧ts ♦♥ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ♣♦❧②♥♦♠✐❛❧s ✇❤✐❝❤ ❛r❡

♣♦s✐t✐✈❡ ✭r❡s♣✳ ♥♦♥✲♥❡❣❛t✐✈❡✮ ♦♥ t❤❡ ❝r✐t✐❝❛❧ ♣♦✐♥ts ✭s❡❡ ❬❉❡♠♠❡❧ ✷✵✵✼❪

❛♥❞ ❚❤❡♦r❡♠ ✹✳✶✳✾✮ ❛♥❞ ♦♥ t❤❡ ❡①❛❝t♥❡ss ♦❢ r❡❧❛①❛t✐♦♥ ❤✐❡r❛r❝❤✐❡s

✭s❡❡ ❬◆✐❡ ✷✵✵✻❪✱ ❬❍❛ ✷✵✵✽❪✱ ❬▲❛ss❡rr❡ ✷✵✵✾❜❪✱ ❬◆✐❡ ✷✵✶✶❪✱ ❬▲❛ss❡rr❡ ✷✵✶✷❪✱

❬◆✐❡ ✷✵✶✸❛❪ ❛♥❞ ❚❤❡♦r❡♠ ✹✳✸✳✷✱ ❚❤❡♦r❡♠ ✹✳✸✳✺✱ ❚❤❡♦r❡♠ ✹✳✸✳✻✱ ❚❤❡♦r❡♠

✹✳✸✳✼✮✳

✹✳✶ ❘❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ♣♦s✐t✐✈❡ ♣♦❧②♥♦♠✐❛❧s

■♥ t❤✐s ❙❡❝t✐♦♥✱ ✇❡ ❛♥❛❧②s❡ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ♣♦❧②♥♦♠✐❛❧s ❛s s✉♠ ♦❢

sq✉❛r❡s ♠♦❞✉❧♦ t❤❡ ❣r❛❞✐❡♥t ✐❞❡❛❧✳ ❍❡r❡❛❢t❡r✱ Jgrad ✐s ❛♥ ✐❞❡❛❧ ♦❢ R[z]

s✉❝❤ t❤❛t V(Jgrad) = Vgrad ❛♥❞ C ✐s ❛ s❡t ♦❢ ❝♦♥str❛✐♥ts ✐♥ R[x] s✉❝❤ t❤❛t

S+(C) = S+(g)✳

❚❤❡ ✜rst st❡♣s ❝♦♥s✐sts ✐♥ ❞❡❝♦♠♣♦s✐♥❣ Vgrad ✐♥ ❝♦♠♣♦♥❡♥ts ♦♥ ✇❤✐❝❤ f

❤❛s ❛ ❝♦♥st❛♥t ✈❛❧✉❡✳ ❲❡ r❡❝❛❧❧ ❤❡r❡ ❛ r❡s✉❧t✱ ✇❤✐❝❤ ❛❧s♦ ❛♣♣❡❛rs ✭✇✐t❤ s❧✐❣❤t❧②

❞✐✛❡r❡♥t ❤②♣♦t❤❡s❡s✮ ✐♥ ❬◆✐❡ ✷✵✵✻✱ ▲❡♠♠❛ ✸✳✸❪✷✳

✷■♥ ✐ts ♣r♦♦❢✱ t❤❡ ▼❡❛♥ ❱❛❧✉❡ ❚❤❡♦r❡♠ ✐s ❛♣♣❧✐❡❞ ❢♦r ❛ ❝♦♠♣❧❡① ✈❛❧✉❡❞ ❢✉♥❝t✐♦♥✱ ✇❤✐❝❤

✐s ♥♦t ✈❛❧✐❞✳ ❲❡ ❝♦rr❡❝t t❤❡ ♣r♦❜❧❡♠ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✶✳✶✳
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▲❡♠♠❛ ✹✳✶✳✶ ▲❡t f ∈ R[x] ❛♥❞ ❧❡t V ❜❡ ❛♥ ✐rr❡❞✉❝✐❜❧❡ s✉❜✈❛r✐❡t② ❝♦♥t❛✐♥❡❞

✐♥ VC(∇f)✳ ❚❤❡♥ f(x) ✐s ❝♦♥st❛♥t ♦♥ V ✳

Pr♦♦❢✳ ■❢ V ✐s ✐rr❡❞✉❝✐❜❧❡ ✐♥ t❤❡ ❩❛r✐s❦✐ t♦♣♦❧♦❣② ✐♥❞✉❝❡❞ ❢r♦♠ C[x]✱ t❤❡♥

✐t ✐s ❝♦♥♥❡❝t❡❞ ✐♥ t❤❡ str♦♥❣ t♦♣♦❧♦❣② ♦♥ Cn ❛♥❞ ❡✈❡♥ ♣✐❡❝❡✇✐s❡ s♠♦♦t❤❧②

♣❛t❤✲❝♦♥♥❡❝t❡❞ ❬❙❤❛❢❛r❡✈✐❝❤ ✶✾✼✹❪✳ ▲❡t x, y ❜❡ t✇♦ ❛r❜✐tr❛r② ♣♦✐♥ts ♦❢ V ✳

❚❤❡r❡ ❡①✐sts ❛ ♣✐❡❝❡✇✐s❡ s♠♦♦t❤ ♣❛t❤ ϕ(t) (0 ≤ t ≤ 1) ❧②✐♥❣ ✐♥s✐❞❡ V s✉❝❤

t❤❛t x = ϕ(0) ❛♥❞ y = ϕ(1)✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t ϕ

✐s s♠♦♦t❤ ❜❡t✇❡❡♥ x ❛♥❞ y ✐♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❛t f(x) = f(y)✳ ❇② t❤❡ ▼❡❛♥

❱❛❧✉❡ ❚❤❡♦r❡♠✱ ✐t ❤♦❧❞s t❤❛t ❢♦r s♦♠❡ t1 ∈ (0, 1)

Re(f(y) − f(x)) = Re(f(ϕ(t)))′(t1) = Re((∇f(ϕ(t1)) ∗ ϕ′(t1))) = 0

s✐♥❝❡ ∇f ✈❛♥✐s❤❡s ♦♥ V ✳ ❚❤❡♥ Re(f(y)) = Re(f(x))✳ ❲❡ ❤❛✈❡ t❤❡ s❛♠❡ r❡s✉❧t

❢♦r t❤❡ ✐♠❛❣✐♥❛r② ♣❛rt✿ ❢♦r s♦♠❡ t2 ∈ (0, 1)

Im(f(y)) − Im(f(x)) = Im(f(ϕ(t)))′(t2) = Im((∇f(ϕ(t2)) ∗ ϕ′(t2))) = 0

s✐♥❝❡ ∇f ✈❛♥✐s❤❡s ♦♥ V ✳ ❚❤❡♥ Im(f(y)) = Im(f(x))✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t

f(y) = f(x) ❛♥❞ ❤❡♥❝❡ f ✐s ❝♦♥st❛♥t ♦♥ V ✳

▲❡♠♠❛ ✹✳✶✳✷ ❚❤❡ ✐❞❡❛❧ Jgrad ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ❛s Jgrad = J0 ∩J1 ∩ · · · ∩Js

✇✐t❤ Vi = V(Ji) ❛♥❞ Wi = πx(Vi) ✇❤❡r❡ πx(Vi) ✐s t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ Vi ♦♥ Cn

s✉❝❤ t❤❛t

• f(Vj) = fj ∈ C✱ fi 6= fj ✐❢ i 6= j✱

• W R

i ∩ S+(C) 6= ∅ ❢♦r i = 0, . . . , r✱

• W R

i ∩ S+(C) = ∅ ❢♦r i = r + 1, . . . , s✱

• f0 < · · · < fr✳

Pr♦♦❢✳ ❈♦♥s✐❞❡r ❛ ♠✐♥✐♠❛❧ ♣r✐♠❛r② ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ Jgrad✿

Jgrad = Q0 ∩ · · · ∩ Qs′ ,

✇❤❡r❡ Qi ✐s ❛ ♣r✐♠❛r② ❝♦♠♣♦♥❡♥t✱ ❛♥❞ V(Qi) ✐s ❛♥ ✐rr❡❞✉❝✐❜❧❡ ✈❛r✐❡t② ✐♥

Cn+n1+2n2 ✐♥❝❧✉❞❡❞ ✐♥ Vgrad✳ ❇② ▲❡♠♠❛ ✹✳✶✳✶✱ F ✐s ❝♦♥st❛♥t ♦♥ V(Qi)✳ ❇②

▲❡♠♠❛ ✷✳✶✳✹✱ ✐t ❝♦✐♥❝✐❞❡s ✇✐t❤ f ♦♥ ❡❛❝❤ ✈❛r✐❡t② V(Qi)✳ ❲❡ ❣r♦✉♣ t❤❡ ♣r✐♠❛r②

❝♦♠♣♦♥❡♥ts Qi ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ✈❛❧✉❡s f0, . . . , fs ♦❢ f ♦♥ t❤❡s❡ ❝♦♠♣♦♥❡♥ts✱

✐♥t♦ J0, . . . , Js s♦ t❤❛t f(V(Jj)) = fi ✇✐t❤ fi 6= fj ✐❢ i 6= j✳
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❲❡ ❝❛♥ ♥✉♠❜❡r t❤❡♠ s♦ t❤❛t πx(Vi)
R∩S+(C) ✐s ❡♠♣t② ❢♦r i = r+1, . . . , s

❛♥❞ ❝♦♥t❛✐♥s ❛ r❡❛❧ ♣♦✐♥t xi ❢♦r i = 0, . . . , r✳ ◆♦t✐❝❡ t❤❛t s✉❝❤ ❛ ♣♦✐♥t xi ✐s

✐♥ S✱ s✐♥❝❡ ✐t s❛t✐s✜❡s g0(xi) = 0 ∀g0 ∈ C0 ❛♥❞ g+(xi) ≥ 0 ∀g+ ∈ C+✳ ❆s

✐t ✐s t❤❡ ❧✐♠✐t ♦❢ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ ♣♦✐♥ts ✐♥ V(Ji) ♦♥ ✇❤✐❝❤ f ✐s ❝♦♥st❛♥t✱ ✇❡

❤❛✈❡ fi = f(xi) ∈ R ❢♦r i = 0, . . . , r✳ ❲❡ ❝❛♥ t❤❡♥ ♦r❞❡r J0, . . . , Jr s♦ t❤❛t

f0 < · · · < fr✳

❘❡♠❛r❦ ✹✳✶✳✸ ■❢ t❤❡ ♠✐♥✐♠✉♠ ♦❢ f ♦♥ S ✐s r❡❛❝❤❡❞ ❛t ❛ ❑❑❚✲♣♦✐♥t✱ t❤❡♥

✇❡ ❤❛✈❡ f0 = minx∈S f(x)✳

❘❡♠❛r❦ ✹✳✶✳✹ ■❢ V R

grad = ∅✱ t❤❡♥ ❢♦r ❛❧❧ i = 0, . . . , s✱ W R

i ∩ S+(C) = ∅ ❛♥❞

❜② ❝♦♥✈❡♥t✐♦♥✱ ✇❡ t❛❦❡ r = −1✳

▲❡♠♠❛ ✹✳✶✳✺ ❚❤❡r❡ ❡①✐st p0, . . . , ps ∈ C[x] s✉❝❤ t❤❛t

• ∑s
i=0 pi = 1 mod Jgrad✱

• pi ∈
⋂

j 6=i Jj✱

• pi ∈ R[x] ❢♦r i = 0, . . . , r✳

Pr♦♦❢✳ ▲❡t (Li)i=0,...,s ❜❡ t❤❡ ✉♥✐✈❛r✐❛t❡ ▲❛❣r❛♥❣❡ ✐♥t❡r♣♦❧❛t✐♦♥ ♣♦❧②♥♦♠✐❛❧s

❛t t❤❡ ✈❛❧✉❡s f0, . . . , fs ∈ C ❛♥❞ ❧❡t qi(x) = Li(f(x))✳

❚❤❡ ♣♦❧②♥♦♠✐❛❧s qi ❛r❡ ❝♦♥str✉❝t❡❞ s♦ t❤❛t

• qi(Vj) = 0 ✐❢ j 6= i✱

• qi(Vi) = 1✱

✇❤❡r❡ Vi = V(Ji)✳ ❆s t❤❡ s❡t {fr+1, . . . , fs} ✐s st❛❜❧❡ ❜② ❝♦♥❥✉❣❛t✐♦♥ ❛♥❞

f0, . . . , fr ∈ R✱ ❜② ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ▲❛❣r❛♥❣❡ ✐♥t❡r♣♦❧❛t✐♦♥ ♣♦❧②♥♦♠✐❛❧s ✇❡

❞❡❞✉❝❡ t❤❛t q0, . . . , qr ∈ R[x]✳

❇② ❍✐❧❜❡rt✬s ◆✉❧❧st❡❧❧❡♥s❛t③✱ t❤❡r❡ ❡①✐sts N ∈ N s✉❝❤ t❤❛t qN
i ∈ ⋂

j 6=i Jj✳

❆s
∑s

j=0 qN
j = 1 ♦♥ Vgrad ❛♥❞ qN

i qN
j = 0 mod

⋂

i Ji = Jgrad ❢♦r i 6= j✱ ✇❡

❞❡❞✉❝❡ t❤❛t t❤❡r❡ ❡①✐sts N ′ ∈ N s✉❝❤ t❤❛t

0 = (1 −
s∑

j=0

qN
j )N ′

mod Jgrad

= 1 −
s∑

j=0

(1 − (1 − qN
j )N ′

) mod Jgrad.
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❆s t❤❡ ♣♦❧②♥♦♠✐❛❧ pj = 1− (1− qN
j )N ′ ∈ C[x] ✐s ❞✐✈✐s✐❜❧❡ ❜② qN

j ✱ ✐t ❜❡❧♦♥❣s t♦
⋂

j 6=i Jj✳ ❙✐♥❝❡ qj ∈ R[x] ❢♦r j = 0, . . . , r✱ ✇❡ ❤❛✈❡ pj ∈ R[x] ❢♦r j = 0, . . . , r✱

✇❤✐❝❤ ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ t❤✐s ❧❡♠♠❛✳

▲❡♠♠❛ ✹✳✶✳✻ −1 ∈ P+(C) + (
⋂

i>r Jx
i )✳

Pr♦♦❢✳ ❆s
⋃

i>r πx(Vi)
R ∩ S+(C) = VR(

⋂

i>r Ji ∩ R[x]) ∩ S+(C) =

VR(
⋂

i>r Jx
i ) ∩ S+(C) = ∅✱ ✇❡ ❤❛✈❡ I(VR(

⋂

i>r Jx
i ) ∩ S+(C)) = R[x] ∋ 1

❛♥❞ ❜② t❤❡ P♦s✐t✐✈st❡❧❧❡♥s❛t③ ✭❚❤❡♦r❡♠ ✶✳✶✳✼ ✭✐✐✐✮✮✱

−1 ∈ P+(C) + (
⋂

i>r

Jx
i ).

❈♦r♦❧❧❛r② ✹✳✶✳✼ ■❢ Smin = ∅✱ t❤❡♥ −1 ∈ P+(C) + Jx
grad.

Pr♦♦❢✳ ■❢ Smin = ∅✱ t❤❡♥ f ❤❛s ♥♦ r❡❛❧ ❑❑❚ ❝r✐t✐❝❛❧ ✈❛❧✉❡ ♦♥ S(C) ❛♥❞

r = −1✳ ▲❡♠♠❛ ✹✳✶✳✻ ✐♠♣❧✐❡s t❤❛t −1 ∈ P+(C)+(
⋂s

i=0 Jx
i ) = P+(C)+Jx

grad✳

■♥ t❤✐s ❝❛s❡✱ ∀p ∈ R[x]✱ p = 1
4
((p + 1)2 − (p − 1)2) ∈ P+(C) + Jx

grad✳ ■❢ C0 ✐s

❝❤♦s❡♥ s✉❝❤ t❤❛t V (C0) ⊂ V x
grad t❤❡♥ Smin = ∅ ✐❢ ❛♥❞ ♦♥❧② ✐❢ −1 ∈ P(C)✳

❲❡ r❡❝❛❧❧ ❛♥♦t❤❡r ✉s❡❢✉❧ r❡s✉❧t ♦♥ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ♣♦s✐t✐✈❡ ♣♦❧②♥♦♠✐✲

❛❧s ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬❉❡♠♠❡❧ ✷✵✵✼❪✮✿

▲❡♠♠❛ ✹✳✶✳✽ ▲❡t J ⊂ R[z] ❛♥❞ V = V(J) s✉❝❤ t❤❛t f(V ) = f ∗ ✇✐t❤ f ∗ ∈ R+

✳ ❚❤❡r❡ ❡①✐sts t ∈ N✱ s✳t✳ ∀ε > 0✱ ∃ q ∈ R[x] ✇✐t❤ deg(q) ≤ t ❛♥❞ f + ε = q2

mod J ✳

Pr♦♦❢✳ ❲❡ ❦♥♦✇ t❤❛t f+ε
f∗+ε

− 1 ✈❛♥✐s❤❡s ♦♥ ❱✳ ❇② ❍✐❧❜❡rt✬s ◆✉❧❧st❡❧❧❡♥s❛t③

( f+ε
f∗+ε

− 1)l ∈ J ❢♦r s♦♠❡ l ∈ N✳ ❋r♦♠ t❤❡ ❜✐♥♦♠✐❛❧ t❤❡♦r❡♠✱ ✐t ❢♦❧❧♦✇s t❤❛t

(1 + (
f + ε

f ∗ + ε
− 1))1/2 ≡

l−1∑

i

(
1/2

k

)

(
f + ε

f ∗ + ε
− 1)k def

=
q√

f ∗ + ε
mod J

❚❤❡♥ f + ε = q2 mod J ✳

■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ f ∗ > 0 t❤✐s ❧❡♠♠❛ ✐♠♣❧✐❡s t❤❛t f = (f − 1
2
f ∗) + 1

2
f ∗ = q2

mod J ❢♦r s♦♠❡ q ∈ R[x]✳
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❚❤❡♦r❡♠ ✹✳✶✳✾ ▲❡t C ⊂ R[x] ❜❡ ❛ s❡t ♦❢ ❝♦♥str❛✐♥ts s✉❝❤ t❤❛t S+(C) =

S+(g)✱ ❧❡t f ∈ R[x]✱ ❧❡t f0 < · · · < fr ❜❡ t❤❡ r❡❛❧ KKT ❝r✐t✐❝❛❧ ✈❛❧✉❡s ♦❢ f ♦♥

S ❛♥❞ ❧❡t p0, . . . , pr ❜❡ t❤❡ ❛ss♦❝✐❛t❡❞ ♣♦❧②♥♦♠✐❛❧s ❞❡✜♥❡❞ ✐♥ ▲❡♠♠❛ ✹✳✶✳✺✳

✶✳ f − ∑r
i=0 fi p

2
i ∈ P+(C) +

√
Jx

grad✳

✷✳ ■❢ f ≥ 0 ♦♥ SKKT ✱ t❤❡♥ f ∈ P+(C) +
√

Jx
grad✳

✸✳ ■❢ f > 0 ♦♥ SKKT ✱ t❤❡♥ f ∈ P+(C) + Jx
grad✳

Pr♦♦❢✳ ❇② ▲❡♠♠❛ ✹✳✶✳✺✱ ✇❡ ❤❛✈❡

1 = (
s∑

i=0

pi)
2 =

s∑

i=0

p2
i mod Jgrad.

❚❤✉s f =
∑s

i=0 f p2
i mod Jgrad✳

❇② ▲❡♠♠❛ ✹✳✶✳✻✱ −1 ∈ P+(C) + (
⋂

j>r Jx
j ) s♦ t❤❛t f = 1

4
((f + 1)2 − (f −

1)2) ∈ P+(C) + ∩j>rJ
x
j ❛♥❞

∑

i>r

f p2
i ∈ P+(C) +

s⋂

j=0

Jx
j = P+(C) + Jx

grad. ✭✹✳✶✮

❆s t❤❡ ♣♦❧②♥♦♠✐❛❧ (f − fi) p2
i ✈❛♥✐s❤❡s ♦♥ Vgrad✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

f =
r∑

i=0

fi p
2
i +

s∑

i=r+1

f p2
i +

√

Jx
grad =

r∑

i=0

fi p
2
i + P+(C) +

√

Jx
grad,

✇❤✐❝❤ ♣r♦✈❡s t❤❡ ✜rst ♣♦✐♥t✳

■❢ f ≥ 0 ♦♥ SKKT ✱ t❤❡♥ fi ≥ 0 ❢♦r i = 0, . . . , r ❛♥❞
∑r

i=0 fi p
2
i ∈ P+(C) s♦

t❤❛t

f ∈ P+(C) +
√

Jx
grad,

✇❤✐❝❤ ♣r♦✈❡s t❤❡ s❡❝♦♥❞ ♣♦✐♥t✳

■❢ f > 0 ♦♥ SKKT ❜② ▲❡♠♠❛ ✹✳✶✳✽✱ ✇❡ ❤❛✈❡ fp2
i = q2

i mod Jx
grad ✇✐t❤

qi ∈ R[x]✱ ✇❤✐❝❤ s❤♦✇s t❤❛t

r∑

i=0

f p2
i =

r∑

i=0

q2
i mod Jx

grad

❚❤❡r❡❢♦r❡✱
∑r

i=0 f p2
i ∈ P+(C) + Jx

grad ❛♥❞ f ∈ P+(C) + Jx
grad ❜② ✭✹✳✶✮✱ ✇❤✐❝❤

♣r♦✈❡s t❤❡ t❤✐r❞ ♣♦✐♥t✳

❚❤✐s t❤❡♦r❡♠ ✐♥✈♦❧✈❡s ♦♥❧② ♣♦❧②♥♦♠✐❛❧s ✐♥ R[x] ❛♥❞ t❤❡ ♣♦✐♥ts ✭✷✮ ❛♥❞ ✭✸✮

❣❡♥❡r❛❧✐③❡ r❡s✉❧ts ♦❢ ❬❉❡♠♠❡❧ ✷✵✵✼❪ ♦♥ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ♣♦s✐t✐✈❡ ♣♦❧②♥♦✲

♠✐❛❧s✳
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▲❡t ✉s ❣✐✈❡ ♥♦✇ ❛ r❡✜♥❡♠❡♥t ♦❢ ❚❤❡♦r❡♠ ✹✳✶✳✾ ✇✐t❤ ❛ ❝♦♥tr♦❧ ♦❢ t❤❡ ❞❡❣r❡❡s

♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧s ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ f ❛s ❛♥ ❡❧❡♠❡♥t ♦❢ P+(C)+

Jx
grad✳

❚❤❡♦r❡♠ ✹✳✶✳✶✵ ▲❡t C ⊂ R[x] ❜❡ ❛ s❡t ♦❢ ❝♦♥str❛✐♥ts s✉❝❤ t❤❛t V(C0) ⊂
V x

grad ❛♥❞ S+(C) = S+(g)✳ ■❢ f ≥ 0 ♦♥ SKKT ✱ t❤❡♥ t❤❡r❡ ❡①✐sts t0 s✉❝❤ t❤❛t

∀ε > 0✱

f + ε ∈ Pt0(C).

Pr♦♦❢✳ ▲❡t Jgrad = (C0) ∩ Igrad ⊂ R[z]✱ s♦ t❤❛t V(Jgrad) = Vgrad s✐♥❝❡

V(C0) ⊂ V x
grad✳ ❯s✐♥❣ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✭✹✳✶✮ ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡✲

♦r❡♠ ✹✳✶✳✾✱ ✇❡ ❝❛♥ ❝❤♦♦s❡ t′0 ∈ N ❛♥❞ t0 ≥ t′0 ∈ N ❜✐❣ ❡♥♦✉❣❤ s✉❝❤ t❤❛t

deg(pi) ≤ t0/2 ❛♥❞

∑

i>r

f p2
i ∈ P+

t′0
(C) + Jgrad ∩ R[x]t′0 ⊂ Pt0(C),

s✐♥❝❡ Jx
grad = (C0) ∩ Ix

grad ⊂ (C0)✳ ❚❤❡♥ ∀ε > 0✱

∑

i>r

(f + ε) p2
i =

∑

i>r

f p2
i +

∑

i>r

ε p2
i ∈ Pt0(C). ✭✹✳✷✮

❆s ∀ ε > 0, f + ε > 0 ♦♥ SKKT ✱ ✐✳❡✱ fi + ε > 0 ❢♦r i = 0, . . . , r✱ ✇❡ ❞❡❞✉❝❡

❢r♦♠ ▲❡♠♠❛ ✹✳✶✳✽ t❤❛t ✐❢ t0 ✐s ❜✐❣ ❡♥♦✉❣❤✱ ✇❡ ❤❛✈❡

(f + ε) p2
i = q2

i mod 〈C0 | t0〉 ∩ R[x] ✭✹✳✸✮

✇✐t❤ deg(qi) ≤ t0/2 ❢♦r i = 0, . . . , r✳

❙✐♥❝❡ 1 − ∑s
i=0 p2

i = 0 mod (C0)✱ ✇❡ ❝❛♥ ❝❤♦♦s❡ t0 ❜✐❣ ❡♥♦✉❣❤ s♦ t❤❛t

(f + ε) −
s∑

i=0

(f + ε) p2
i ∈ 〈C0 | t0〉 ∩ R[x]. ✭✹✳✹✮

❋r♦♠ ❊q✉❛t✐♦♥s ✭✹✳✷✮✱ ✭✹✳✸✮✱ ✭✹✳✹✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t ✐❢ t0 ∈ N ✐s ❜✐❣ ❡♥♦✉❣❤✱

∀ε > 0

f + ε ∈ Pt0(C),

✇❤✐❝❤ ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ t❤❡♦r❡♠✳
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✹✳✷ ❋✐♥✐t❡ ❝♦♥✈❡r❣❡♥❝❡

■♥ t❤✐s ❙❡❝t✐♦♥✱ ✇❡ s❤♦✇ t❤❛t t❤❡ s❡q✉❡♥❝❡ ♦❢ r❡❧❛①❛t✐♦♥ ♣r♦❜❧❡♠s ❛tt❛✐♥s ✐ts

❧✐♠✐t ✐♥ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ st❡♣s ❛♥❞ t❤❛t t❤❡ ♠✐♥✐♠✐③❡r ✐❞❡❛❧ ❝❛♥ ❜❡ r❡❝♦✈❡r❡❞

❢r♦♠ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡❧❛①❛t✐♦♥ ♣r♦❜❧❡♠✳ ❲❡ r❡❝❛❧❧

t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥✿

• f ∗ = infx∈SKKT
f(x)

• Smin = {x∗ ∈ SKKT | f(x∗) = f ∗}

• Lt(C) := {Λ ∈ R[x]∗2t | Λ(p) ≥ 0, ∀p ∈ Pt(C), Λ(1) = 1}✳

❲❡ ✜rst s❤♦✇ t❤❛t Smin = ∅ ❝❛♥ ❜❡ ❞❡t❡❝t❡❞ ❢r♦♠ ❛♥ ❛❞❛♣t❡❞ r❡❧❛①❛t✐♦♥

s❡q✉❡♥❝❡✿

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✶ ▲❡t C = (C0; C+) ❜❡ ❛ s❡t ♦❢ ❝♦♥str❛✐♥ts ♦❢ R[x]✱ s✉❝❤

t❤❛t Smin ⊂ S(C) ❛♥❞ V(C0) ⊂ V x
grad ❛♥❞ C+ = g+✳ ❚❤❡♥ Smin = ∅✱ ✐❢ ❛♥❞

♦♥❧② ✐❢✱ t❤❡r❡ ❡①✐ts t0 ∈ N s✉❝❤ t❤❛t ∀t ≥ t0✱ Lt(C) = ∅✳

Pr♦♦❢✳ ▲❡t Jgrad = (C0) ∩ Igrad ❛♥❞ ❧❡t C ′ ❜❡ ❛ s❡t ♦❢ ❝♦♥str❛✐♥ts s✉❝❤ t❤❛t

(C ′0) = Jgrad ∩ R[x] = Jx
grad ❛♥❞ C ′+ = g+ ❜❡ ❛ ✜♥✐t❡ s❡t✳ ❇② ❤②♣♦t❤❡s✐s✱

V(Jgrad) = Vgrad✳ ❲❡ ❞❡❞✉❝❡ ❢r♦♠ ❈♦r♦❧❧❛r② ✹✳✶✳✼ t❤❛t ✐❢ Smin = ∅✱ t❤❡♥

−1 ∈ P+(C ′) + (C ′0) ⊂ P(C) = ∪t∈NPt(C).

❚❤✉s t❤❡r❡ ❡①✐sts t0 s✉❝❤ t❤❛t −1 ∈ Pt(C) ❢♦r t ≥ t0✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t

Lt(C) = ∅✱ s✐♥❝❡ ✐❢ t❤❡r❡ ❡①✐sts Λ ∈ Lt(C)✱ t❤❡♥ Λ(1) = 1 ❛♥❞ Λ(−1) ≥ 0✳

❈♦♥✈❡rs❡❧②✱ s✉♣♣♦s❡ t❤❛t Smin 6= ∅ ❝♦♥t❛✐♥s ❛ ♣♦✐♥t x∗✳ ❆s Smin ⊂ S(C)✱

❢♦r ❛❧❧ t ∈ N t❤❡ ❡✈❛❧✉❛t✐♦♥ 1x∗ ❛t x∗ r❡str✐❝t❡❞ t♦ R[x]2t ✐s ❛♥ ❡❧❡♠❡♥t ♦❢

Lt(C) 6= ∅✳

❚❤✐s ♣r♦♣♦s✐t✐♦♥ ❣✐✈❡s ❛ ✇❛② t♦ ❝❤❡❝❦ ✇❤❡t❤❡r Smin = ∅✱ ✉s✐♥❣ t❤❡ r❡❧❛①❛t✐♦♥

s❡q✉❡♥❝❡ Lt(C)✳ ❲❡ ❛r❡ ♥♦✇ ❣♦✐♥❣ t♦ ❛♥❛❧②s❡ t❤❡ ❝❛s❡ ✇❤❡r❡ f ❤❛s ❑❑❚

♠✐♥✐♠✐③❡rs ♦♥ S✳

❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ❛ss✉♠❡ t❤❛t Smin 6= ∅✳
❋✐rst✱ ✇❡ r❡❝❛❧❧ ❛ ♣r♦♣❡rt② s✐♠✐❧❛r t♦ ❬▲❛ss❡rr❡ ✷✵✵✽✱ ❈❧❛✐♠ ✹✳✼❪✿

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✷ ▲❡t C = (C0; C+) ❜❡ ❛ s❡t ♦❢ ❝♦♥str❛✐♥ts ♦❢ R[x]✳ ❚❤❡r❡

❡①✐sts t0 ∈ N s✉❝❤ t❤❛t ∀t ≥ t0✱ ∀Λ ∈ Lt(C),
C+√

C0 ⊂ (ker M t
Λ)✳
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Pr♦♦❢✳ ▲❡t C0 = {g1, . . . , gl} ❛♥❞ ❧❡t q1, . . . , qk ❜❡ ❣❡♥❡r❛t♦rs ♦❢ J :=
C+√

C0✳

❇② t❤❡ P♦s✐t✐✈❡st❧❧❡♥s❛t③✱ ❢♦r j ∈ 1, . . . , k✱ t❤❡r❡ ❡①✐st mj ∈ N∗ ❛♥❞ ♣♦❧②♥♦♠✐✲

❛❧s u
(j)
r ∈ R[x] ❛♥❞ σj ∈ P+(C) s✉❝❤ t❤❛t

q
2mj

j + σj =
l∑

r=1

u(j)
r gr.

▲❡t ✉s t❛❦❡ t0 ∈ N ❜✐❣ ❡♥♦✉❣❤ s✉❝❤ t❤❛t u
(j)
r gr ∈ 〈C | t0〉 ❛♥❞ σj ∈ P+

t0(C)✳

❚❤❡♥ ❢♦r ❛❧❧ t ≥ t0 ❛♥❞ ❛❧❧ Λ ∈ Lt(C)✱ ✇❡ ❤❛✈❡ Λ(u
(j)
r gr) = 0✱ Λ(q

2mj

j ) ≥ 0✱

Λ(σj) ≥ 0 ❛♥❞ Λ(q
2mj

j ) + Λ(σj) = 0✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t Λ(q
2mj

j ) = 0 ❛♥❞

qj ∈ ker H t
Λ✳ ❚❤✐s ♣r♦✈❡s t❤❛t (q1, . . . , qk) = J ⊂ (ker H t

Λ)✳

❘❡♠❛r❦ ✹✳✷✳✸ ❲✐t❤ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts✱ ✇❡ ❝❛♥ s❤♦✇ t❤❛t ❢♦r ❛♥② t′ ∈ N✱

t❤❡r❡ ❡①✐sts t′0 ≥ t′ s✉❝❤ t❤❛t ∀t ≥ t′0✱ ∀Λ ∈ Lt(C)✱

〈Q | t′〉 ⊂ ker H t
Λ,

✇❤❡r❡ Q = {q1, . . . , qk} ❣❡♥❡r❛t❡s J =
C+√

C0✳

❚❤❡ ♥❡①t r❡s✉❧t s❤♦✇s t❤❛t ✐♥ t❤❡ s❡q✉❡♥❝❡ ♦❢ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s t❤❛t

✇❡ ❝♦♥s✐❞❡r✱ t❤❡ ♠✐♥✐♠✉♠ ♦❢ f ♦♥ SKKT ✐s r❡❛❝❤❡❞ ❢r♦♠ s♦♠❡ ❞❡❣r❡❡✳

❚❤❡♦r❡♠ ✹✳✷✳✹ ▲❡t C ❜❡ ❛ s❡t ♦❢ ❝♦♥str❛✐♥ts ♦❢ R[x] s✉❝❤ t❤❛t Smin ⊂
S(C) ⊂ V x,R

KKT ✳ ❚❤❡r❡ ❡①✐sts t1 ≥ 0 s✉❝❤ t❤❛t ∀t ≥ t1✱

✶✳ fµ
t,C = f ∗ ✐s r❡❛❝❤❡❞ ❢♦r s♦♠❡ Λ∗ ∈ Lt(C)✱

✷✳ ∀Λ∗ ∈ Lt(C) ✇✐t❤ Λ∗(f) = fµ
t,C = f ∗✱ ✇❡ ❤❛✈❡ pi ∈ ker H t

Λ∗ , ∀i =

1, . . . , r✱

✸✳ ✐❢ V(C0) ⊂ V x
grad t❤❡♥ f sos

t,C = fµ
t,C = f ∗✳

Pr♦♦❢✳ ❇② ❚❤❡♦r❡♠ ✹✳✶✳✾✭✶✮ ❛♣♣❧✐❡❞ t♦ f − f ∗✱ ✇❡ ❝❛♥ ✇r✐t❡

f − f ∗ =
r∑

i=1

(fi − f ∗) p2
i + h + g.

✇✐t❤ h ∈ P+(C) ❛♥❞ g ∈
√

Igrad ∩ R[x] =
√

IKKT ∩ R[x] ⊂ R
√

IKKT ∩ R[x]

✭❜② Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✹✮✳ ❙✐♥❝❡ S(C) ⊂ V x,R
KKT = πx(V R

KKT )✱ ✇❡ ❤❛✈❡ R
√

IKKT ∩
R[x] ⊂ I(S(C)) = C+

√

(C0) ❜② t❤❡ P♦s✐t✐✈st❡❧❧❡♥s❛t③✳ ❲❡ ❞❡❞✉❝❡ t❤❛t g ∈
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C+
√

(C0)✳ ❇② ♣r♦♣♦s✐t✐♦♥ ✹✳✷✳✷✱ t❤❡r❡ ❡①✐sts t1 ≥ t0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ t ≥ t1✱

❢♦r ❛❧❧ Λ ∈ Lt(C)✱ Λ(g) = 0✱ Λ(h) ≥ 0✳

▲❡t ✉s ✜① t ≥ t1 ❛♥❞ Λ∗ ∈ Lt(C) s✉❝❤ t❤❛t Λ∗(f) = fµ
t,C ✳ ❚❤❡♥

Λ∗(f − f ∗) =
r∑

i=1

(fi − f ∗)Λ∗(p2
i ) + Λ∗(h).

❆s fi−f ∗ = fi−f0 > 0 ❢♦r i = 1, .., r✱ Λ∗(p2
i ) ≥ 0 ❛♥❞ Λ∗(h) ≥ 0 ✭h ∈ P+

t (C)✮✱

✇❡ ❞❡❞✉❝❡ t❤❛t Λ∗(f − f ∗) = Λ∗(f) − f ∗ ≥ 0✳

❆s ∅ 6= Smin ⊂ S(C)✱ ✇❡ ❤❛✈❡ Λ∗(f) = fµ
t,C =≤ f ∗ ✭❜② Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✷✮✱

s♦ t❤❛t Λ∗(f) = fµ
t,C = f ∗✱ ✇❤✐❝❤ ♣r♦✈❡s t❤❡ ✜rst ♣♦✐♥t✳ ❍❡♥❝❡ ❢♦r i = 1, . . . , r✱

Λ∗(p2
i ) = 0 ❛♥❞ pi ∈ ker H t

Λ∗ ✱ ✇❤✐❝❤ ♣r♦✈❡s t❤❡ s❡❝♦♥❞ ♣♦✐♥t✳

❚♦ ♣r♦✈❡ t❤❛t f sos
t,C = f ∗ ✇❤❡♥ V(C0) ⊂ V x

grad✱ ✇❡ ❛♣♣❧② ❚❤❡♦r❡♠ ✹✳✶✳✶✵ t♦

f −f ∗ ✇❤✐❝❤ ✐s ♣♦s✐t✐✈❡ ♦♥ SKKT ✳ ▲❡t ✉s t❛❦❡ Jgrad = (C0)∩ Igrad ⊂ R[z]✳ ❲❡

❞❡♥♦t❡ ❜② C̃ t❤❡ s❡t ♦❢ ❝♦♥str❛✐♥ts s✉❝❤ t❤❛t C̃0 ✐s ❛ ✜♥✐t❡ ❢❛♠✐❧② ♦❢ ❣❡♥❡r❛t♦rs

♦❢ Jgrad ∩ R[x] ❛♥❞ C̃+ = C+✳

❇② ❚❤❡♦r❡♠ ✹✳✶✳✶✵✱ t❤❡r❡ ❡①✐sts t0 s✉❝❤ t❤❛t ∀ε > 0✱

f − f ∗ + ε ∈ Pt0(C̃).

❆s (C̃0) = (C0) ∩ Igrad ⊂ (C0)✱ ✇❡ ❝❛♥ ❝❤♦♦s❡ t1 ≥ t0 s✉❝❤ t❤❛t 〈C̃ | t0〉 ⊂
〈C | t1〉 ❛♥❞ Pt0(C̃) ⊂ Pt1(C)✳

❚❤❡♥ ∀t ≥ t1✱ f − f ∗ + ε ∈ Pt(C)✳ ❍❡♥❝❡ ❜② ♠❛①✐♠❛❧✐t②✱ ∀ε > 0, f∗ − ε ≤
f sos

t,C ✳ ❲❡ ❞❡❞✉❝❡ t❤❛t f ∗ ≤ f sos
t,C ✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t f sos

t,C = fµ
t,C = f ∗ ❛♥❞

♣r♦✈❡s t❤❡ t❤✐r❞ ♣♦✐♥t✳

❆s ❢♦r t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❣❡♥❡r❛t♦rs ♦❢ C+√
IKKT ✭Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✷✮✱ ✇❡

❝❛♥ ❝♦♥str✉❝t ❣❡♥❡r❛t♦rs ♦❢ Imin ❢r♦♠ t❤❡ ❦❡r♥❡❧ ♦❢ ❛ tr✉♥❝❛t❡❞ ❍❛♥❦❡❧ ♦♣✲

❡r❛t♦r ❛ss♦❝✐❛t❡❞ t♦ ❛♥② ❧✐♥❡❛r ❢♦r♠ ✇❤✐❝❤ ♠✐♥✐♠✐③❡s f ✱ ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣

♣r♦♣♦s✐t✐♦♥s✿

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✺ Imin = (p1, ..., pr) + C+
√

Ix
KKT ✳

Pr♦♦❢✳ ❋✐rst ♦❢ ❛❧❧✱ ✇❡ ♣r♦✈❡ t❤❛t Iz
min = (p1, ..., pr)+ C+

√
Igrad = (p1, ..., pr)+

R

√
Igrad✳

❯s✐♥❣ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ▲❡♠♠❛ ✹✳✶✳✷ ❛♥❞ t❤❡ ♣♦❧②♥♦♠✐❛❧s pi ♦❢ ▲❡♠♠❛

✹✳✶✳✺✱ ✇❡ ❤❛✈❡

V R

grad = (V0 ∪ V1 ∪ · · · ∪ Vs) ∩ Rn+n1+2 n2 = V R

0 ∪ · · · ∪ V R

r ,

❇② ❝♦♥str✉❝t✐♦♥✱ I(V R

0 ) = Iz
min✱ pi(V

R

0 ) = 0 ❢♦r i = 1, . . . , s ❛♥❞ pi ∈ R[x] ❢♦r

i = 0, . . . , r✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t pi ∈ Iz
min ❢♦r i = 1, . . . , r✳
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❆s V R

0 ⊂ V R

grad✱ ✇❡ ❛❧s♦ ❤❛✈❡ C+
√

Igrad ⊂ Iz
min✳

❲❡ ❤❛✈❡ ♣r♦✈❡❞ s♦ ❢❛r t❤❛t (p1, . . . , pr) + C+
√

Igrad ⊂ Iz
min✳ ■♥ ♦r❞❡r t♦

♣r♦✈❡ t❤❡ r❡✈❡rs❡ ✐♥❝❧✉s✐♦♥✱ ✇❡ ❞❡♥♦t❡ ❜② q1, . . . , qm ❛ ❢❛♠✐❧② ♦❢ ❣❡♥❡r❛t♦rs ♦❢

t❤❡ ✐❞❡❛❧ Iz
min✳ ❚❛❦❡ ♦♥❡ ♦❢ t❤❡s❡ ❣❡♥❡r❛t♦rs qj ✭1 ≤ j ≤ m✮✳ ❇② ❝♦♥str✉❝t✐♦♥✱

qj p0(V
R

0 ) = 0 ❛♥❞ qjp0(V
R

i ) = 0 ❢♦r i = 1, . . . , r✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t qjp0 ∈
C+
√

Igrad✳

❇② ▲❡♠♠❛ ✹✳✶✳✺✱ ✇❡ ❤❛✈❡ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥

qj ≡ qj(p0 + p1 + · · · + ps) mod Igrad ⊂ C+
√

Igrad.

▼♦r❡♦✈❡r (pr+1 + · · · + ps) ∈ R[z] ❛♥❞ ✈❛♥✐s❤❡s ♦♥ V R

k ❢♦r k = 0, . . . , r✳ ❚❤✉s

(pr+1 + · · · + ps) ∈ C+
√

Igrad ❛♥❞ ✇❡ ❞❡❞✉❝❡ t❤❛t qj ∈ (p1, . . . , pr) + C+
√

Igrad✳

❚❤✐s ♣r♦✈❡s t❤❡ ♦t❤❡r ✐♥❝❧✉s✐♦♥ ❛♥❞ t❤❡ ✜rst ❡q✉❛❧✐t②✳

❆s V R

grad = V R

grad ∩ S+(C) ✭▲❡♠♠❛ ✷✳✷✳✺✮✱ ❜② t❤❡ P♦s✐t✐✈st❡❧❧❡♥s❛t③✱
C+
√

Igrad = R

√
Igrad✱ ✇❤✐❝❤ ♣r♦✈❡s t❤❡ s❡❝♦♥❞ ❡q✉❛❧✐t②✳

❇② t❤❡ P♦s✐t✐✈st❡❧❧❡♥s❛t③ ❛♥❞ ▲❡♠♠❛ ✷✳✷✳✺✱ ✇❡ ❤❛✈❡

C+
√

Igrad∩R[x] = R

√

Igrad∩R[x] = I(πx(V R

grad)) = I(πx(VKKT )R∩S+(C)) = C+
√

Ix
KKT .

❛♥❞

Imin = Iz
min∩R[x] = (p1, ..., pr)∩R[x]+ C+

√

Igrad∩R[x] = (p1, ..., pr)+
C+
√

Ix
KKT .

✇❤✐❝❤ ♣r♦✈❡s t❤❡ ❡q✉❛❧✐t②✳

❚❤❡♦r❡♠ ✹✳✷✳✻ ❋♦r C s❡t ♦❢ ❝♦♥str❛✐♥ts ♦❢ R[x] ✇✐t❤ Smin ⊂ S(C) ⊂ V x,R
KKT ✱

t❤❡r❡ ❡①✐sts t2 ∈ N s✉❝❤ t❤❛t ∀t ≥ t2✱ ❢♦r Λ∗ ∈ Lt(C) ✇✐t❤ Λ∗(f) = fµ
t,C✱ ✇❡

❤❛✈❡ Imin ⊂ (ker H t
Λ∗)✳

Pr♦♦❢✳ ❚♦ ♣r♦✈❡ t❤❡ ✐♥❝❧✉s✐♦♥ ✇❡ t❛❦❡ t2 = max{t0, t1} ❛♥❞ ✇❡ ❝♦♠❜✐♥❡

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✺ ✇✐t❤ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✷ ❢♦r C ⊂ R[x] ❛♥❞ ❚❤❡♦r❡♠ ✹✳✷✳✹✳

❲❡ ✐♥tr♦❞✉❝❡ ♥♦✇ t❤❡ ♥♦t✐♦♥ ♦❢ ♦♣t✐♠❛❧ ❧✐♥❡❛r ❢♦r♠ ❢♦r f ✳ ❙✉❝❤ ❛ ❧✐♥❡❛r

❢♦r♠ ❛❧❧♦✇s ✉s t♦ ❝♦♠♣✉t❡ Imin✳

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✼ ❋♦r Λ∗ ∈ Lt(C) ❛♥❞ p ∈ R[x]✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss❡rt✐♦♥s

❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✐✮ rankH t
Λ∗ = maxΛ∈Lt(C),Λ(p)=pµ

t,C
rankH t

Λ✳

✭✐✐✮ ∀Λ ∈ Lt(C) s✉❝❤ t❤❛t Λ(p) = pµ
t,C✱ ker H t

Λ∗ ⊂ ker H t
Λ✳
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❲❡ s❛② t❤❛t Λ∗ ∈ Lt(C) ✐s ♦♣t✐♠❛❧ ❢♦r p ✐❢ ✐t s❛t✐s✜❡s ♦♥❡ ♦❢ t❤❡ ❡q✉✐✈❛❧❡♥t

❝♦♥❞✐t✐♦♥s ✭✐✮✲✭✐✐✮✳

❆ ♣r♦♦❢ ♦❢ t❤✐s ♣r♦♣♦s✐t✐♦♥ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬▲❛ss❡rr❡ ✷✵✶✷❪✭Pr♦♣♦s✐t✐♦♥ ✹✳✼✮✳

❘❡♠❛r❦ ✹✳✷✳✽ ❆ ❧✐♥❡❛r ❢♦r♠ Λ∗ ∈ Lt(C) ♦♣t✐♠❛❧ ❢♦r p ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞

❜② s♦❧✈✐♥❣ ❛ ❙❡♠✐✲❉❡✜♥✐t❡ Pr♦❣r❛♠♠✐♥❣ ♣r♦❜❧❡♠ ❜② ❛♥ ✐♥t❡r✐♦r ♣♦✐♥t ♠❡t❤♦❞

❬▲❛ss❡rr❡ ✷✵✵✾❛❪✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ s♦❧✉t✐♦♥ Λ∗ ♦❜t❛✐♥❡❞ ❜② ❝♦♥✈❡① ♦♣t✐♠✐③❛t✐♦♥

✐s ✐♥ t❤❡ ✐♥t❡r✐♦r ♦❢ t❤❡ ❢❛❝❡ ♦❢ ❧✐♥❡❛r ❢♦r♠s t❤❛t ♠✐♥✐♠✐③❡ f ✳

❚❤❡ ♥❡①t r❡s✉❧t✱ ✇❤✐❝❤ r❡✜♥❡s ❚❤❡♦r❡♠ ✹✳✷✳✻✱ s❤♦✇s t❤❛t ♦♥❧② ❡❧❡♠❡♥ts ✐♥

Imin ❛r❡ ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ❦❡r♥❡❧ ♦❢ ❛ tr✉♥❝❛t❡❞ ❍❛♥❦❡❧ ♦♣❡r❛t♦r ❛ss♦❝✐❛t❡❞ t♦

❛♥ ♦♣t✐♠❛❧ ❧✐♥❡❛r ❢♦r♠ ❢♦r f ✳

❚❤❡♦r❡♠ ✹✳✷✳✾ ▲❡t t ∈ N s✉❝❤ t❤❛t f ∈ R[x]2t ❛♥❞ ❧❡t C ⊂ R[x]2t ✇✐t❤

Smin ⊂ S(C)✳ ■❢ Λ∗ ∈ Lt(C) ✐s ♦♣t✐♠❛❧ ❢♦r f ❛♥❞ s✉❝❤ t❤❛t Λ∗(f) = f ∗✱ t❤❡♥
ker H t

Λ∗ ⊂ Imin✳

Pr♦♦❢✳ ■t ✐s s✐♠✐❧❛r t♦ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✾ ✐♥ ❬▲❛ss❡rr❡ ✷✵✶✷❪✳ ▲❡t p ∈
ker H t

Λ∗ ❛♥❞ x∗ ∈ Smin✿ f(x∗) = f ∗✳ ▲❡t 1x∗ ❞❡♥♦t❡s t❤❡ ❡✈❛❧✉❛t✐♦♥ ❛t x∗

r❡str✐❝t❡❞ t♦ R[x]2t✳ ❖✉r ♦❜❥❡❝t✐✈❡ ✐s t♦ s❤♦✇ t❤❛t p(x∗) = 0✳ ❙✉♣♣♦s❡ ❢♦r

❝♦♥tr❛❞✐❝t✐♦♥ t❤❛t p(x∗) 6= 0✳ ❲❡ ❦♥♦✇ t❤❛t 1x∗ ∈ Lt(C) s✐♥❝❡ Smin ⊂ S(C)

❛♥❞ 1x∗(f) = f(x∗) = f ∗✳ ❲❡ ❞❡✜♥❡ Λ̃ = 1
2
(Λ∗ + 1x∗)✳ ❇② ❝♦♥str✉❝t✐♦♥✱

Λ̃ ∈ Lt(C) ❛♥❞ Λ̃(f) = 1
2
(Λ∗(f) + 1x∗(f)) = 1

2
(Λ∗(f) + f(x∗)) = f ∗✳ ❆s

p ∈ ker H t
Λ∗ ✱

Λ̃(p2) =
1

2
(Λ∗(p2) + 1x∗(p2)) =

1

2
p2(x∗) 6= 0

t❤✉s p ∈ ker H t
Λ∗ \ ker H t

Λ̃
❛♥❞ ❜② t❤❡ ♠❛①✐♠❛❧✐t② ♦❢ t❤❡ r❛♥❦ ♦❢ H t

Λ∗ ✱

ker H t
Λ̃

6⊂ ker H t
Λ∗ ✳ ❍❡♥❝❡ t❤❡r❡ ❡①✐ts p̃ ∈ ker H t

Λ̃
\ ker H t

Λ∗ ✳ ❚❤❡♥ 0 =

H t
Λ̃
(p̃) = 1

2
(H t

Λ∗(p̃) + H t
1
x∗

(p̃)) = 1
2
(H t

Λ∗(p̃) + p̃(x∗) · 1x∗)✳ ❆s H t
Λ∗(p̃) 6= 0

✐♠♣❧✐❡s p̃(x∗) 6= 0✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱

0 = H t
Λ̃
(p̃)(p) = Λ̃(pp̃) =

1

2
(Λ∗(pp̃) + p(x∗)p̃(x∗)) =

=
1

2
(H t

Λ∗(p)(p̃) + p(x∗)p̃(x∗)).

❆s p ∈ ker H t
Λ∗ ✱ ✇❡ ❤❛✈❡

0 = H t
Λ̃
(p̃)(p) =

1

2
(p(x∗)p̃(x∗)).
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❆s p̃(x∗) 6= 0 ❛♥❞ ✇❡ ❤❛✈❡ s✉♣♣♦s❡❞ t❤❛t p(x∗) 6= 0✱ ✐t ②✐❡❧❞s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

❚❤❡ ❧❛st r❡s✉❧t ♦❢ t❤✐s ❙❡❝t✐♦♥ s❤♦✇s t❤❛t ❛♥ ♦♣t✐♠❛❧ ❧✐♥❡❛r ❢♦r♠ ❢♦r f

②✐❡❧❞s t❤❡ ❣❡♥❡r❛t♦rs ♦❢ t❤❡ ♠✐♥✐♠✐③❡r ✐❞❡❛❧ Imin ✐♥ ❤✐❣❤ ❡♥♦✉❣❤ ❞❡❣r❡❡✳

❚❤❡♦r❡♠ ✹✳✷✳✶✵ ▲❡t g ⊂ R[x] ❜❡ ❛ s❡t ♦❢ ❝♦♥str❛✐♥ts ✇✐t❤ Smin 6= ∅✳ ❋♦r ❛

s❡t ♦❢ ❝♦♥str❛✐♥ts C ⊂ R[x] ✇✐t❤ Smin ⊂ S(C) ⊂ V x,R
KKT ✭❛s♦❝✐❛t❡❞ t♦ g✮✱ t❤❡r❡

❡①✐sts t2 ∈ N ✭❞❡✜♥❡❞ ✐♥ ❚❤❡♦r❡♠ ✹✳✷✳✻✮ s✉❝❤ t❤❛t ∀t ≥ t2✱

• fµ
t,C = minx∈SKKT

f(x) ✐s r❡❛❝❤❡❞ ❢♦r s♦♠❡ Λ∗ ∈ Lt(C)✱

• ∀Λ∗ ∈ Lt(C) ♦♣t✐♠❛❧ ❢♦r f ✱ ✇❡ ❤❛✈❡ Λ∗(f) = f ∗ ❛♥❞ (ker H t
Λ∗) = Imin✱

• ✐❢ V(C0) ⊂ V x
grad t❤❡♥ f sos

t,C = fµ
t,C = f ∗✳

Pr♦♦❢✳ ❲❡ ♦❜t❛✐♥ t❤❡ r❡s✉❧t ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠ ✹✳✷✳✹✱ ❚❤❡♦r❡♠

✹✳✷✳✻ ❛♥❞ ❚❤❡♦r❡♠ ✹✳✷✳✾✳

❚❤❡ s❛♠❡ r❡s✉❧ts ❤♦❧❞ ✐❢ ✇❡ r❡♣❧❛❝❡ C ❜② ❛♥② ♦t❤❡r ✜♥✐t❡ s❡t ❞❡✜♥✐♥❣ ❛ r❡❛❧

✈❛r✐❡t② s✉❝❤ t❤❛t Smin ⊂ S(C) ⊂ V x,R
KKT ✳

❘❡♠❛r❦ ✹✳✷✳✶✶ ❲❡ ❝❛♥ ❛❧s♦ r❡♣❧❛❝❡ t❤❡ ✐♥✐t✐❛❧ s❡t ♦❢ ❝♦♥str❛✐♥ts g ❜② ❛♥②

♦t❤❡r s❡t g̃ ❞❡✜♥✐♥❣ t❤❡ s❛♠❡ s❡♠✐✲❛❧❣❡❜r❛✐❝ s❡t S = S(g) = S(g̃) ❛♥❞ ❝♦♥s✐❞❡r

t❤❡ ❑❑❚ ✈❛r✐❡t② ❛ss♦❝✐❛t❡❞ t♦ g̃✳

✹✳✸ ❈♦♥s❡q✉❡♥❝❡s

▲❡t ✉s ❞❡s❝r✐❜❡ ♥♦✇ s♦♠❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ t❤❡s❡ r❡s✉❧ts ✐♥ s♣❡❝✐✜❝ ❝❛s❡s✱ ✇❤✐❝❤

❤❛✈❡ ❜❡❡♥ ♣r❡✈✐♦✉s❧② st✉❞✐❡❞✳

✹✳✸✳✶ ●❧♦❜❛❧ ♦♣t✐♠✐③❛t✐♦♥

❲❡ ❝♦♥s✐❞❡r ❤❡r❡ t❤❡ ❝❛s❡ n1 = n2 = 0✳ ❚❤❡♦r❡♠ ✹✳✶✳✾ ✐♠♣❧✐❡s t❤❡ ❢♦❧❧♦✇✐♥❣

r❡s✉❧t ✭❝♦♠♣❛r❡ ✇✐t❤ ❬◆✐❡ ✷✵✵✻❪✮✿

❚❤❡♦r❡♠ ✹✳✸✳✶ ▲❡t f ∈ R[x]✳

✶✳ ■❢ f ✐s ♣♦s✐t✐✈❡ ❛t ✐ts r❡❛❧ ❝r✐t✐❝❛❧ ♣♦✐♥ts✱ t❤❡♥ f ∈ sos+
√

( ∂f
∂x1

, . . . , ∂f
∂xn

)✳

✷✳ ■❢ f ✐s str✐❝t❧② ♣♦s✐t✐✈❡ ❛t ✐ts r❡❛❧ ❝r✐t✐❝❛❧ ♣♦✐♥ts✱ t❤❡♥ f ∈ sos +

( ∂f
∂x1

, . . . , ∂f
∂xn

)✳
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■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ t❤❡r❡ ✐s ♥♦ r❡❛❧ ❝r✐t✐❝❛❧ ✈❛❧✉❡✱ t❤❡♥ f ∈ sos + ( ∂f
∂x1

, . . . , ∂f
∂xn

)✳

❆ ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✶ ❛♥❞ ❚❤❡♦r❡♠ ✹✳✷✳✶✵ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

❚❤❡♦r❡♠ ✹✳✸✳✷ ▲❡t f ∈ R[x] ❛♥❞ C = { ∂f
∂x1

, . . . , ∂f
∂xn

}✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐sts

t0 ∈ N✱ s✉❝❤ t❤❛t ∀t ≥ t0 ❡✐t❤❡r Lt(C) = ∅ ❛♥❞ Smin = ∅ ♦r

✶✳ f sos
t,C = fµ

t,C = f ∗ = minx∈Rn f(x) ✐s r❡❛❝❤❡❞ ❢♦r s♦♠❡ Λ∗ ∈ Lt(C)✱

✷✳ ∀Λ∗ ∈ Lt(C) ♦♣t✐♠❛❧ ❢♦r f ✱ ker H t
Λ∗ ❣❡♥❡r❛t❡s Imin✳

❚❤❡ ✜rst ♣♦✐♥t ♦❢ t❤✐s t❤❡♦r❡♠ ❝❛♥ ❛❧s♦ ❜❡ ❢♦✉♥❞ ✐♥ ❬◆✐❡ ✷✵✵✻❪✳

✹✳✸✳✷ ●❡♥❡r❛❧ ❝❛s❡

❆ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✶ ❛♥❞ ❚❤❡♦r❡♠ ✹✳✷✳✶✵ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

❚❤❡♦r❡♠ ✹✳✸✳✸ ▲❡t C ⊂ R[x] ❜❡ ❛ s❡t ♦❢ ❝♦♥str❛✐♥ts s✉❝❤ t❤❛t

• (C0) = IKKT ∩ R[x]✱

• C+ = g+✳

❚❤❡♥ t❤❡r❡ ❡①✐sts t0 ∈ N s✉❝❤ t❤❛t ∀t ≥ t0✱ ❡✐t❤❡r Lt(C) = ∅ ❛♥❞ Smin = ∅ ♦r

• f sos
t,C = fµ

t,C = minx∈SKKT
f(x) ✐s r❡❛❝❤❡❞ ❢♦r s♦♠❡ Λ∗ ∈ Lt(C)✱

• ∀Λ∗ ∈ Lt(C) ♦♣t✐♠❛❧ ❢♦r f ✱ ✇❡ ❤❛✈❡ Λ∗(f) = f ∗ ❛♥❞ (ker H t
Λ∗) = Imin✳

❚❤❡ s❡t C0 ✐s ❝♦♥str✉❝t❡❞ s♦ t❤❛t V(C0) = V x
KKT = V x

grad✳ ❆s ✇❡ ❤❛✈❡ s❡❡♥✱

t❤❡ ✇❡❛❦❡r ❝♦♥❞✐t✐♦♥ Smin ⊂ S(C) ⊂ V x
KKT ✐s s✉✣❝✐❡♥t t♦ ❤❛✈❡ ❛♥ ❡①❛❝t

r❡❧❛①❛t✐♦♥ s❡q✉❡♥❝❡✳

❚❤❡ ❣❡♥❡r❛t♦rs C0 ♦❢ IKKT ∩ R[x] ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❜② ❡❧✐♠✐♥❛t✐♦♥ t❡❝❤✲

♥✐q✉❡s ✭❢♦r ✐♥st❛♥❝❡ ❜② ●r♦❡❜♥❡r ❜❛s✐s ❝♦♠♣✉t❛t✐♦♥ ✇✐t❤ ❛ ♣r♦❞✉❝t ♦r❞❡r ♦♥

♠♦♥♦♠✐❛❧s ❬❈♦① ✷✵✵✺❪✮✳

✹✳✸✳✸ ❘❡❣✉❧❛r ❝❛s❡

❲❡ ❝♦♥s✐❞❡r ❤❡r❡ ❛ s❡♠✐✲❛❧❣❡❜r❛✐❝ s❡t S s✉❝❤ t❤❛t ✐ts ❞❡✜♥✐♥❣ ❝♦♥str❛✐♥ts

✐♥t❡rs❡❝t ♣r♦♣❡r❧②✳ ❋♦r ❛♥② x ∈ Cn✱ ❧❡t ν(x) = {j ∈ [1, n2] | g+
j (x) = 0}✳

❉❡✜♥✐t✐♦♥ ✹✳✸✳✹ ❲❡ s❛② t❤❛t ❛ s❡t ♦❢ ❝♦♥str❛✐♥ts g = (g0
1, . . . g

0
n1

❀g+
1 , . . . , g+

n2
) ✐s r❡❣✉❧❛r ✐❢ ❢♦r ❛❧❧ ♣♦✐♥ts x ∈ S(g) ✇✐t❤ ν(x) = {j1, . . . , jk}✱

t❤❡ ✈❡❝t♦rs ∇g0
1(x), . . . ,∇g0

n1
(x)✱ ∇g+

j1
(x), . . .✱ ∇g+

jk
(x) ❛r❡ ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥✲

❞❡♥t✳
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❚❤✐s ❝♦♥❞✐t✐♦♥ ✐s ✉s❡❞ ❢♦r ✐♥st❛♥❝❡ ✐♥ ❬❍❛ ✷✵✶✵❪✳ ■t ✐♠♣❧✐❡s t❤❛t ∀x ∈ S✱

|ν(x)| ≤ n−n1 ❛♥❞ t❤❛t Bν(x)(x) ✐s ♦❢ r❛♥❦ n1 + |ν(x)|✳ ❆ str♦♥❣❡r ❝♦♥❞✐t✐♦♥✱

❝❛❧❧❡❞ t❤❡ C✲r❡❣✉❧❛r✐t②✱ ❝♦rr❡s♣♦♥❞s t♦ s❡ts ♦❢ ❝♦♥str❛✐♥ts s✉❝❤ t❤❛t ∀x ∈ Cn✱

Bν(x)(x) ✐s ♦❢ r❛♥❦ n1+|ν(x)|✳ ❚❤✐s ❝♦♥❞✐t✐♦♥ ✐s ✉s❡❞ ❢♦r ✐♥st❛♥❝❡ ✐♥ ❬◆✐❡ ✷✵✶✶❪✳

■t ✐s s❛t✐s✜❡❞ ❢♦r s❡♠✐✲❛❧❣❡❜r❛✐❝ s❡ts ❞❡✜♥❡❞ ❜② ✏❣❡♥❡r✐❝✑ ❝♦♥str❛✐♥ts ✇❤❡♥

n1 ≤ n ❛s s❤♦✇♥ ✐♥ ❬◆✐❡ ✷✵✶✶❪✳

■❢ g ✐s r❡❣✉❧❛r✱ t❤❡♥ ❢♦r ❛❧❧ ♣♦✐♥ts x ✐♥ S t❤❡ r❛♥❦ ♦❢ Bν(x)(x) ✐s n1 + |ν(x)|
❛♥❞ Ssing = ∅✳ ❚❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✭✷✳✶✻✮ ✐♠♣❧✐❡s t❤❛t SFJ = SKKT ❛♥❞ t❤❛t

❛❧❧ ♠✐♥✐♠✐③❡r ♣♦✐♥ts ♦❢ f ♦♥ S ❛r❡ ❑❑❚ ♣♦✐♥ts✳ ■❢ ♠♦r❡♦✈❡r g ✐s C✲r❡❣✉❧❛r✱

t❤❡♥ V x
FJ = V(ΓFJ) = V x

KKT = V x
grad✳

❲❡ ❞❡❞✉❝❡ ❢r♦♠ ❚❤❡♦r❡♠ ✹✳✷✳✶✵ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿

❚❤❡♦r❡♠ ✹✳✸✳✺ ▲❡t g ⊂ R[x] ❜❡ ❛ r❡❣✉❧❛r s❡t ♦❢ ❝♦♥str❛✐♥ts ❛♥❞ ❧❡t C ⊂ R[x]

❜❡ t❤❡ s❡t ♦❢ ❝♦♥str❛✐♥ts s✉❝❤ t❤❛t

• C0 = ΓFJ ❞❡✜♥❡❞ ✐♥ ✭✷✳✶✸✮ ✭r❡s♣✳ C0 = ΦFJ ❞❡✜♥❡❞ ✐♥ ✭✷✳✶✹✮✮✱

• C+ = g+✳

❙✉♣♣♦s❡ t❤❛t minx∈S(g) f(x) ✐s r❡❛❝❤❡❞ ❛t s♦♠❡ ♣♦✐♥t ♦❢ S(g)✳ ❚❤❡♥✱ t❤❡r❡

❡①✐sts t0 ∈ N s✉❝❤ t❤❛t ∀t ≥ t0✱

✶✳ fµ
t,C = f ∗ = minx∈S(g) f(x) ✐s r❡❛❝❤❡❞ ❢♦r s♦♠❡ Λ∗ ∈ Lt(C)✱

✷✳ ∀Λ∗ ∈ Lt(C) ♦♣t✐♠❛❧ ❢♦r f ✱ ker H t
Λ∗ ❣❡♥❡r❛t❡s Ix

min✱

✸✳ ■❢ g ✐s C✲r❡❣✉❧❛r ❛♥❞ C0 = ΓFJ ✱ t❤❡♥ f sos
t,C = fµ

t,C = f ∗✳

❇② ▲❡♠♠❛ ✷✳✸✳✺ ❛♥❞ ❘❡♠❛r❦ ✷✳✸✳✻✱ C ✐s ❝♦♥str✉❝t❡❞ s♦ t❤❛t Smin ⊂ S(C) =

SKKT ⊂ V x,R
KKT ✳

P♦✐♥ts ✭✶✮ ❛♥❞ ✭✸✮ ❛r❡ ♣r♦✈❡❞ ❢♦r C0 = ΓFJ ✐♥ ❬◆✐❡ ✷✵✶✶❪ ✉♥❞❡r t❤❡ ❝♦♥✲

❞✐t✐♦♥ t❤❛t g ✐s C✲r❡❣✉❧❛r✳ ❚❤❡s❡ ♣♦✐♥ts ❝❛♥ ❛❧s♦ ❜❡ ❢♦✉♥❞ ✐♥ ❬❍❛ ✷✵✶✵❪ ❢♦r

C0 = g0 ∪ ΦFJ ✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t g ✐s r❡❣✉❧❛r ✭❜✉t ❛ ♣r♦❜❧❡♠ ❛♣♣❡❛rs

✐♥ t❤❡ ♣r♦♦❢✿ t❤❡ ✈❛♥✐s❤✐♥❣ ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧s ΦFJ ❛t ❛ ♣♦✐♥t x ∈ Cn ❞♦❡s

♥♦t ✐♠♣❧② t❤❛t rank Aν(x)(x) < n1 + |ν(x)|✮✳
■♥ t❤✐s ❝❛s❡✱ t❤❡ r❡❧❛①❛t✐♦♥ ❝♦♥str✉❝t❡❞ ✇✐t❤ ΓFJ ✭♦r ΦFJ✮ ✐s ❡①❛❝t ❛♥❞

❝❛♥ ❜❡ ✉s❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ ♠✐♥✐♠✐③❡r ✐❞❡❛❧s ♦❢ f ♦♥ t❤❡ s❡♠✐✲❛❧❣❡❜r❛✐❝ s❡t S✳

✹✳✸✳✹ ❩❡r♦ ❞✐♠❡♥s✐♦♥❛❧ r❡❛❧ ✈❛r✐❡t②

▲❡t g ⊂ R[x] ❜❡ ❛ s❡t ♦❢ ❝♦♥str❛✐♥ts s✉❝❤ t❤❛t VR(g0) ✐s ✜♥✐t❡ ❛♥❞ ❧❡t

S := S(g)✳ ❇② ❘❡♠❛r❦ ✹✳✷✳✶✶✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t S ✐s ❞❡✜♥❡❞ ❜② ❛ s❡t

♦❢ ❝♦♥str❛✐♥ts g̃ s✉❝❤ t❤❛t (g̃0) ✐s r❛❞✐❝❛❧✳ ❚❤❡♥ ∀x ∈ V(g0) = V(g̃0)✱ t❤❡
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❏❛❝♦❜✐❛♥ ♠❛tr✐① B̃ν(x)(x) ❛ss♦❝✐❛t❡❞ t♦ g̃0 ✐s ♦❢ r❛♥❦ n✳ ❚❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡

V(g0) = V(g̃0) = V x
KKT (g̃) = V x

grad(g̃) ❛♥❞ ❛♥② ♣♦✐♥t ♦❢ S ✐s ❛ KKT ✲♣♦✐♥t✿

S = SFJ = SKKT ✳ ❈♦♥s❡q✉❡♥t❧②✱ ✐❢ ✇❡ t❛❦❡ C = g✱ Smin ⊂ S(C) ⊂ V x,R
KKT (g̃)✱

✇❡ ❞❡❞✉❝❡ ❢r♦♠ ❚❤❡♦r❡♠ ✹✳✷✳✶✵ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿

❚❤❡♦r❡♠ ✹✳✸✳✻ ▲❡t g = (g0,g+) ⊂ R[x] ❜❡ ❛ s❡t ♦❢ ❝♦♥str❛✐♥ts s✉❝❤ t❤❛t

VR(g0) ✐s ✜♥✐t❡✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts t0 ∈ N s✉❝❤ t❤❛t ∀t ≥ t0✱

✶✳ f sos
t,g = fµ

t,g = f ∗ = minx∈S f(x) ✐s r❡❛❝❤❡❞ ❢♦r s♦♠❡ Λ∗ ∈ Lt(g)✱

✷✳ ∀Λ∗ ∈ Lt(g) ♦♣t✐♠❛❧ ❢♦r f ✱ ker H t
Λ∗ ❣❡♥❡r❛t❡s Imin✳

❚❤✐s ❛♥s✇❡rs ❛♥ ♦♣❡♥ q✉❡st✐♦♥ ✐♥ ❬▲❛✉r❡♥t ✷✵✵✾❛❪✳ ❚❤❡ ✜rst ♣♦✐♥t ✇❛s ❛❧s♦

s♦❧✈❡❞ ✐♥ ❬◆✐❡ ✷✵✶✸❛❪ ✉s✐♥❣ ❞❡❞✐❝❛t❡❞ t❡❝❤♥✐q✉❡s✳

✹✳✸✳✺ ❙♠♦♦t❤ r❡❛❧ ✈❛r✐❡t②

❲❡ ❝♦♥s✐❞❡r ❛ s❡t ♦❢ ❝♦♥str❛✐♥ts g = {g0
1, . . . , g

0
n1
} ⊂ R[x] s✉❝❤ t❤❛t VR(g0) ✐s

❡q✉✐❞✐♠❡♥s✐♦♥❛❧ s♠♦♦t❤ ❛♥❞ g+ = ∅✳ ❚❤✐s ♠❡❛♥s t❤❛t S = S(g) = VR(g0)

✐s t❤❡ ✉♥✐♦♥ ♦❢ ✐rr❡❞✉❝✐❜❧❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ s❛♠❡ ❞✐♠❡♥s✐♦♥ d ❛♥❞ t❤❛t ❢♦r

❛♥② ♣♦✐♥t x ∈ S✱ B∅(x) = [∇g0
1(x), . . . ,∇g0

n1
(x)] ✐s ♦❢ r❛♥❦ m = dim S =

n − d✳ ❚❤❡r❡❢♦r❡✱ Ssing = ∅✳ ■♥ t❤✐s ❝❛s❡✱ ∇f(x) ✐s ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢

∇g0
1(x), . . . ,∇g0

n1
(x)✱ ✐❢ ❛♥❞ ♦♥❧② ✐❢✱ rankA∅(x) ≤ r✳

❚❤❡ s❡t ΓFJ ❞❡✜♥❡❞ ✐♥ ✭✷✳✶✸✮ ✭♦r C0 = g0 ∪ ΦFJ ❞❡✜♥❡❞ ✐♥ ✭✷✳✶✹✮✮✱ ♦r

t❤❡ ✉♥✐♦♥ ∆n−d ♦❢ g0 ❛♥❞ t❤❡ s❡t ♦❢ (n − d + 1) × (n − d + 1) ♠✐♥♦rs ♦❢ t❤❡

❏❛❝♦❜✐❛♥ ♠❛tr✐① ♦❢ {f, g0
1, . . . , g

0
n1
}✱ ✇❤✐❝❤ ❝♦♥t❛✐♥ t❤❡ ✜rst ❝♦❧✉♠♥ ∇f ❞❡✜♥❡

t❤❡ ✈❛r✐❡t② SKKT ✳

❲❡ ❞❡❞✉❝❡ ❢r♦♠ ❚❤❡♦r❡♠ ✹✳✷✳✶✵✱ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿

❚❤❡♦r❡♠ ✹✳✸✳✼ ▲❡t g = {g0
1, . . . , g

0
n1
} ⊂ R[x] s✉❝❤ t❤❛t S = VR(g) ✐s ❛♥

❡q✉✐❞✐♠❡♥s✐♦♥❛❧ ❛♥❞ s♠♦♦t❤ ✈❛r✐❡t② ♦❢ ❞✐♠❡♥s✐♦♥ d✳

▲❡t C ⊂ R[x] ❜❡ t❤❡ s❡t ♦❢ ❝♦♥str❛✐♥ts s✉❝❤ t❤❛t C0 = ΓFJ ❞❡✜♥❡❞ ✐♥ ✭✷✳✶✸✮

✭♦r C0 = ΦFJ ❞❡✜♥❡❞ ✐♥ ✭✷✳✶✹✮✱ C0 = ∆n−d✮ ❚❤❡♥ t❤❡r❡ ❡①✐sts t0 ∈ N s✉❝❤

t❤❛t ∀t ≥ t0✱ ❡✐t❤❡r Lt(C) = ∅ ❛♥❞ Smin = ∅ ♦r

✶✳ fµ
t,C = f ∗ = minx∈S f(x) ✐s r❡❛❝❤❡❞ ❢♦r s♦♠❡ Λ∗ ∈ Lt(C)✱

✷✳ ∀Λ∗ ∈ Lt(C) ♦♣t✐♠❛❧ ❢♦r f ✱ ker H t
Λ∗ ❣❡♥❡r❛t❡s Imin✳
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✹✳✸✳✻ ❑♥♦✇♥ ♠✐♥✐♠✉♠

■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ ✇❡ ❦♥♦✇ t❤❡ ♠✐♥✐♠✉♠ f ∗ ♦❢ f ♦♥ t❤❡ ❜❛s✐❝ ❝❧♦s❡❞ s❡♠✐✲

❛❧❣❡❜r❛✐❝ s❡t S✱ ✇❡ t❛❦❡ g′ ✇✐t❤ g′0 = {g0, f − f ∗} ❛♥❞ g′+ = g+✳ ▲❡t

S = S(g)✱ S ′ = S(g′)✳ ❇② ❝♦♥str✉❝t✐♦♥ Smin ⊂ S ′ ❛♥❞ S ′ = S ′
KKT ❛♥❞

V(g0) ⊂ V x
KKT (g′0)✳ ❚❤❡♦r❡♠ ✹✳✷✳✶✵ ❛♣♣❧✐❡❞ t♦ g′ ✐♠♣❧✐❡s t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿

❚❤❡♦r❡♠ ✹✳✸✳✽ ▲❡t g = {g0
1, . . . , g

0
n1

g+
1 , . . . , g+

n2
} ⊂ R[x]✳ ▲❡t f ∗ ❜❡ t❤❡ ♠✐♥✲

✐♠✉♠ ♦❢ f ❛♥❞ C ⊂ R[x] t❤❡ s❡t ♦❢ ❝♦♥str❛✐♥ts s✉❝❤ t❤❛t C0 = {g0, f − f ∗}
❛♥❞ C+ = g+✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts t0 ∈ N s✉❝❤ t❤❛t ∀t ≥ t0✱

✶✳ f sos
t,C = fµ

t,C = f ∗ = minx∈S(C) f(x) ✐s r❡❛❝❤❡❞ ❢♦r s♦♠❡ Λ∗ ∈ Lt,C✱

✷✳ ∀Λ∗ ∈ Lt(C) ♦♣t✐♠❛❧ ❢♦r f ✱ ker H t
Λ∗ ❣❡♥❡r❛t❡s Imin✳

✹✳✸✳✼ ❘❛❞✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥✳

■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ f = 0✱ ❜② ❘❡♠❛r❦ ✷✳✹✳✸ ❛❧❧ t❤❡ ♣♦✐♥ts ♦❢ S ❛r❡ ❑❑❚

♣♦✐♥ts ❛♥❞ ♠✐♥✐♠✐③❡rs ♦❢ f s♦ t❤❛t Smin = S = SKKT ✳ ▼♦r❡♦✈❡r✱ Ix
KKT =

(g0
1, . . . , g

0
n1

) s✐♥❝❡ F1, . . . , Fn✱ v1g
+
1 , . . . , vn2g

+
n2

❛r❡ ❤♦♠♦❣❡♥❡♦✉s ♦❢ ❞❡❣r❡❡ 1 ✐♥

t❤❡ ✈❛r✐❛❜❧❡s u1, . . . , un1 , v1, . . . , vn2 ✳ ❲❡ ❞❡❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿

❚❤❡♦r❡♠ ✹✳✸✳✾ ▲❡t g = {g0
1, . . . , g

0
n1

; g+
1 , . . . , g+

n2
} ⊂ R[x]✳ ❚❤❡r❡ ❡①✐sts t2 ∈

N s✉❝❤ t❤❛t ∀t ≥ t2✱ ∀Λ∗ ∈ Lt(g) ♦♣t✐♠❛❧ ❢♦r 0✱ ✇❡ ❤❛✈❡ (ker H t
Λ∗) = I(S) =

g
+
√

(g0)✳

❚❤✐s ❣✐✈❡s ❛ ✇❛② t♦ ❝♦♠♣✉t❡ C+
√

(C0) ✭s❡❡ ❛❧s♦ ❬▼❛ ✷✵✶✸❪✮✱ ✇❤✐❝❤ ❣❡♥❡r✲

❛❧✐③❡s t❤❡ ❛♣♣r♦❛❝❤ ♦❢ ❬▲❛ss❡rr❡ ✷✵✵✾❜❪✱ ❬▲❛ss❡rr❡ ✷✵✶✷❪ ♦r ❬❘♦st❛❧❦✐ ✷✵✵✾❪ t♦

❝♦♠♣✉t❡ t❤❡ r❡❛❧ r❛❞✐❝❛❧ ♦❢ ❛♥ ✐❞❡❛❧✳







❈❤❛♣t❡r ✺

❇♦r❞❡r ❜❛s✐s r❡❧❛①❛t✐♦♥ ❢♦r
♣♦❧②♥♦♠✐❛❧ ♦♣t✐♠✐③❛t✐♦♥

■♥ ❈❤❛♣t❡r ✸ ✇❡ ❤❛✈❡ s❡❡♥ t❤❡ r❡❧❛①❛t✐♦♥ ❛♣♣r♦❛❝❤ ♣r♦♣♦s❡❞ ❜② ▲❛ss❡rr❡ ✐♥

❬▲❛ss❡rr❡✳ ✷✵✵✶❪ ✇❤✐❝❤ ❛♣♣r♦①✐♠❛t❡s t❤❡ ♣r♦❜❧❡♠ ✭✷✳✶✮ ❜② ❛ s❡q✉❡♥❝❡ ♦❢ ✜♥✐t❡

❞✐♠❡♥s✐♦♥❛❧ ❝♦♥✈❡① ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s✳ ❚❤❡s❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s ❝❛♥

❜❡ ❢♦r♠✉❧❛t❡❞ ✐♥ t❡r♠s ♦❢ ❧✐♥❡❛r ♠❛tr✐① ✐♥❡q✉❛❧✐t✐❡s ♦♥ ♠♦♠❡♥t ♠❛tr✐❝❡s ❛s✲

s♦❝✐❛t❡❞ t♦ t❤❡ s❡t ♦❢ ♠♦♥♦♠✐❛❧s ♦❢ ❞❡❣r❡❡ ≤ t ∈ N ❢♦r ✐♥❝r❡❛s✐♥❣ ✈❛❧✉❡s ♦❢

t✳ ❚❤❡② ❝❛♥ ❜❡ s♦❧✈❡❞ ❜② ❙❡♠✐✲❉❡✜♥✐t❡ Pr♦❣r❛♠♠✐♥❣ ✭❙❉P✮ t❡❝❤♥✐q✉❡s✳ ❚❤❡

s❡q✉❡♥❝❡ ♦❢ ♠✐♥✐♠❛ ❝♦♥✈❡r❣❡s t♦ t❤❡ ❛❝t✉❛❧ ♠✐♥✐♠✉♠ f ∗ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ✉♥❞❡r

s♦♠❡ ❤②♣♦t❤❡s❡s ❬▲❛ss❡rr❡✳ ✷✵✵✶❪✳ ■♥ s♦♠❡ ❝❛s❡s✱ t❤❡ s❡q✉❡♥❝❡ ❡✈❡♥ r❡❛❝❤❡s

t❤❡ ♠✐♥✐♠✉♠ f ∗ ✐♥ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ st❡♣s ❛s ✇❡ s❛✇ ✐♥ ❈❤❛♣t❡r ✹✳ ❚❤✐s ❛♣✲

♣r♦❛❝❤ ♣r♦✈❡❞ t♦ ❜❡ ♣❛rt✐❝✉❧❛r❧② ❢r✉✐t❢✉❧ ✐♥ ♠❛♥② ♣r♦❜❧❡♠s ❬▲❛ss❡rr❡ ✷✵✵✾❛❪✳

■♥ ❝♦♥tr❛st ✇✐t❤ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s s✉❝❤ ❛s ❣r❛❞✐❡♥t ❞❡s❝❡♥t ♠❡t❤♦❞s✱ ✇❤✐❝❤

❝♦♥✈❡r❣❡ t♦ ❛ ❧♦❝❛❧ ❡①tr❡♠❛ ❜✉t ✇✐t❤ ♥♦ ❣✉❛r❛♥t② ❢♦r t❤❡ ❣❧♦❜❛❧ s♦❧✉t✐♦♥✳

❋r♦♠ ❛♥ ❛❧❣♦r✐t❤♠✐❝ ❛♥❞ ❝♦♠♣✉t❛t✐♦♥❛❧ ♣❡rs♣❡❝t✐✈❡✱ s♦♠❡ ✐ss✉❡s ♥❡❡❞ ❤♦✇✲

❡✈❡r t♦ ❜❡ ❝♦♥s✐❞❡r❡❞✳ ❚❤❡ s✐③❡ ♦❢ t❤❡ ❙❉P ♣r♦❜❧❡♠s t♦ ❜❡ s♦❧✈❡❞ ✐s ❛ ❜♦tt❧❡✲

♥❡❝❦ ♦❢ t❤❡ ♠❡t❤♦❞✳ ❚❤✐s s✐③❡ ✐s r❡❧❛t❡❞ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ♠♦♥♦♠✐❛❧s ♦❢ ❞❡❣r❡❡

≤ t ❛♥❞ ✐s ✐♥❝r❡❛s✐♥❣ ❡①♣♦♥❡♥t✐❛❧❧② ✇✐t❤ t❤❡ ♥✉♠❜❡r ♦❢ ✈❛r✐❛❜❧❡s ❛♥❞ t❤❡ ❞❡✲

❣r❡❡ t✳ ▼❛♥② ❙❉P s♦❧✈❡rs ❛r❡ ❜❛s❡❞ ♦♥ ✐♥t❡r✐♦r ♣♦✐♥t ♠❡t❤♦❞s ✇❤✐❝❤ ♣r♦✈✐❞❡

❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧ ♠♦♠❡♥t s❡q✉❡♥❝❡ ✇✐t❤✐♥ ❛ ❣✐✈❡♥ ♣r❡❝✐s✐♦♥ ✐♥

❛ ♣♦❧②♥♦♠✐❛❧ t✐♠❡✿ ♥❛♠❡❧② O((p s3.5 + c p2s2.5 + c p3s0.5) log(ε−1)) ❛r✐t❤♠❡t✐❝

♦♣❡r❛t✐♦♥s ✇❤❡r❡ ε > 0 ✐s t❤❡ ♣r❡❝✐s✐♦♥ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥✱ s ✐s ❜♦✉♥❞✐♥❣

t❤❡ s✐③❡ ♦❢ t❤❡ ♠♦♠❡♥t ♠❛tr✐❝❡s✱ p ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♣❛r❛♠❡t❡rs ✭✉s✉❛❧❧② ♦❢

t❤❡ ♦r❞❡r s2✮ ❛♥❞ c ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♥str❛✐♥ts ❬◆❡st❡r♦✈ ✶✾✾✹❪✳ ❚❤✉s r❡✲

❞✉❝✐♥❣ t❤❡ s✐③❡ s ♦r t❤❡ ♥✉♠❜❡r ♦❢ ♣❛r❛♠❡t❡rs p ❝❛♥ ✐♠♣r♦✈❡ s✐❣♥✐✜❝❛♥t❧②

t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡s❡ r❡❧❛①❛t✐♦♥ ♠❡t❤♦❞s✳ ❙♦♠❡ r❡❝❡♥t ✇♦r❦s ❛❞❞r❡ss t❤✐s

✐ss✉❡✱ ✉s✐♥❣ s②♠♠❡tr✐❡s ✭s❡❡ ❡✳❣✳ ❬❘✐❡♥❡r ✷✵✶✸❪✮ ♦r ♣♦❧②♥♦♠✐❛❧ r❡❞✉❝t✐♦♥ ✭s❡❡

❡✳❣✳ ❬▲❛ss❡rr❡ ✷✵✶✷❪✮✳ ❲❡ ✉s❡ ❇♦r❞❡r ❜❛s✐s ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❛ ♣♦❧②♥♦♠✐❛❧

r❡❞✉❝t✐♦♥✳ ❆s ✇❡ ❦♥♦✇ ❜② ❬▼♦✉rr❛✐♥ ✷✵✵✺❪✱ ❜♦r❞❡r ❜❛s✐s ❡①t❡♥❞ ●r♦❡❜♥❡r

❜❛s✐s ❛♥❞ t❤❡② ❤❛✈❡ ♠♦r❡ ♥✉♠❡r✐❝❛❧ st❛❜✐❧✐t②✳

❲❤✐❧❡ ❞❡t❡r♠✐♥✐♥❣ t❤❡ ♠✐♥✐♠✉♠ ✈❛❧✉❡ ♦❢ ❛ ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝t✐♦♥ ♦♥ ❛

s❡♠✐✲❛❧❣❡❜r❛✐❝ s❡t ✐s ✐♠♣♦rt❛♥t✱ ❝♦♠♣✉t✐♥❣ t❤❡ ♣♦✐♥ts ✇❤❡r❡ t❤✐s ♠✐♥✐♠✉♠ ✐s

r❡❛❝❤❡❞ ✐❢ t❤❡② ❡①✐st✱ ✐s ❛❧s♦ ❝r✐t✐❝❛❧ ✐♥ ♠❛♥② ❛♣♣❧✐❝❛t✐♦♥s✳ ❉❡t❡r♠✐♥✐♥❣ ✇❤❡♥
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❛♥❞ ❤♦✇ t❤❡s❡ ♠✐♥✐♠✐③❡r ♣♦✐♥ts ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡ r❡❧❛①❛t✐♦♥ s❡q✉❡♥❝❡

✐s ❛ ♣r♦❜❧❡♠ t❤❛t ❤❛s ❜❡❡♥ ❛❞❞r❡ss❡❞ ❢♦r ✐♥st❛♥❝❡ ✐♥ ❬❍❡♥r✐♦♥ ✷✵✵✺✱ ◆✐❡ ✷✵✶✷❪

✉s✐♥❣ ❢✉❧❧ ♠♦♠❡♥t ♠❛tr✐❝❡s✳ ❚❤✐s ❛♣♣r♦❛❝❤ ❤❛s ❜❡❡♥ ✉s❡❞ ❢♦r s♦❧✈✐♥❣ ♣♦❧②♥♦✲

♠✐❛❧ ❡q✉❛t✐♦♥s ❬▲❛✉r❡♥t ✷✵✵✼✱ ▲❛ss❡rr❡ ✷✵✵✽✱ ▲❛ss❡rr❡ ✷✵✵✾❜✱ ▲❛ss❡rr❡ ✷✵✵✾❛❪✳

❚❤✐s ❝❤❛♣t❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ t❤❡ ✜rst s❡❝t✐♦♥ ✇❡ ❣✐✈❡ t❤❡ ❞❡✜♥✐✲

t✐♦♥s ❛♥❞ ♠❛✐♥ ♣r♦♣♦s✐t✐♦♥s ❛♥❞ t❤❡♦r❡♠s ❛❜♦✉t ❜♦r❞❡r ❜❛s✐s✳ ■♥ t❤❡ s❡❝♦♥❞

s❡❝t✐♦♥ ✇❡ ♣r♦♣♦s❡ ❛ ♥❡✇ ♠❡t❤♦❞ ✇❤✐❝❤ ❝♦♠❜✐♥❡s ▲❛ss❡rr❡✬s ❙❉P r❡❧❛①❛t✐♦♥

❛♣♣r♦❛❝❤ ✇✐t❤ ♣♦❧②♥♦♠✐❛❧ ❛❧❣❡❜r❛✱ ✐♥ ♦r❞❡r t♦ ✐♥❝r❡❛s❡ t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡

♦♣t✐♠✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠✳ ❇♦r❞❡r ❜❛s✐s ❝♦♠♣✉t❛t✐♦♥s ❛r❡ ❝♦♥s✐❞❡r❡❞ ❢♦r t❤❡✐r

♥✉♠❡r✐❝❛❧ st❛❜✐❧✐t② ❬▼♦✉rr❛✐♥ ✷✵✵✺✱ ▼♦✉rr❛✐♥ ✷✵✵✽❪✳ ■♥ ♣r✐♥❝✐♣❧❡✱ ❛♥② ❣r❛❞❡❞

♥♦r♠❛❧ ❢♦r♠ t❡❝❤♥✐q✉❡s ❝♦✉❧❞ ❜❡ ✉s❡❞ ❤❡r❡✳

■♥ t❤❡ t❤✐r❞ s❡❝t✐♦♥ ❛ ♥❡✇ st♦♣♣✐♥❣ ❝r✐t❡r✐♦♥ ✐s ❣✐✈❡♥ t♦ ❞❡t❡❝t ✇❤❡♥ t❤❡ r❡✲

❧❛①❛t✐♦♥ s❡q✉❡♥❝❡ r❡❛❝❤❡s t❤❡ ♠✐♥✐♠✉♠✱ ✉s✐♥❣ ❛ ✢❛t ❡①t❡♥s✐♦♥ ❝r✐t❡r✐♦♥ ❢r♦♠

❬▲❛✉r❡♥t ✷✵✵✾❜❪✳ ❲❡ ❛❧s♦ ♣r♦✈✐❞❡ ❛ ♥❡✇ ❛❧❣♦r✐t❤♠ t♦ r❡❝♦♥str✉❝t ❛ ✜♥✐t❡

s✉♠ ♦❢ ✇❡✐❣❤t❡❞ ❉✐r❛❝ ♠❡❛s✉r❡s ❢r♦♠ ❛ tr✉♥❝❛t❡❞ s❡q✉❡♥❝❡ ♦❢ ♠♦♠❡♥ts✳ ❚❤✐s

r❡❝♦♥str✉❝t✐♦♥ ♠❡t❤♦❞ ❝❛♥ ❜❡ ✉s❡❞ ✐♥ ♦t❤❡r ♣r♦❜❧❡♠s s✉❝❤ ❛s t❡♥s♦r ❞❡❝♦♠♣♦✲

s✐t✐♦♥ ❬❇r❛❝❤❛t ✷✵✶✵❪ ❛♥❞ ♠✉❧t✐✈❛r✐❛t❡ s♣❛rs❡ ✐♥t❡r♣♦❧❛t✐♦♥ ❬●✐❡s❜r❡❝❤t ✷✵✵✾❪✳

■♥ t❤❡ ❧❛st s❡❝t✐♦♥ ✇❡ ♦❜t❛✐♥ ❛ ♥❡✇ ❛❧❣♦r✐t❤♠ ❢♦r ♣♦❧②♥♦♠✐❛❧ ♦♣t✐♠✐③❛✲

t✐♦♥ ❜❡ ❛❜❧❡ t♦ ❝♦♠♣✉t❡ ③❡r♦✲❞✐♠❡♥s✐♦♥❛❧ ♠✐♥✐♠✐③❡r ✐❞❡❛❧s ❛♥❞ t❤❡ ♠✐♥✐♠✐③❡r

♣♦✐♥ts✱ ♦r ③❡r♦✲❞✐♠❡♥s✐♦♥❛❧ ●✲r❛❞✐❝❛❧✳ ❲❡ s❤♦✇ ❛❧s♦ ❤♦✇ t❤❡ ❛❧❣♦r✐t♠ ✇♦r❦

♦♥ ❛ ❞❡t❛✐❧❡❞ ❛♥❞ ♦♥ ❡①❛♠♣❧❡s ✇❤✐❝❤ ❛r❡ ♣❛rt✐❝✉❧❛r ❝❛s❡s ♦❢ ❙❡❝t✐♦♥ ✹✳✸ ♦❢ t❤❡

❈❤❛♣t❡r ✹✳ ❆s ✇❡ ✇✐❧❧ s❡❡ ✐♥ ❈❤❛♣t❡r ✻✱ t❤❡ ✐♠♣❛❝t ♦♥ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡

r❡❧❛①❛t✐♦♥ ❛♣♣r♦❛❝❤ ✐s s✐❣♥✐✜❝❛♥t✳

✺✳✶ ❇♦r❞❡r ❜❛s✐s

❚❤❡ ❡✐❣❡♥✈❛❧✉❡ ♠❡t❤♦❞ ❢♦r s♦❧✈✐♥❣ ♣♦❧②♥♦♠✐❛❧ ❡q✉❛t✐♦♥s ❢r♦♠ t❤❡ ❙❡❝t✐♦♥ ✶✳✹

r❡q✉✐r❡s t❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢ ❛ ❜❛s✐s ♦❢ A = K[x]/I ❛♥❞ ❛♥ ❛❧❣♦r✐t❤♠ t♦ ❝♦♠♣✉t❡

t❤❡ ♥♦r♠❛❧ ❢♦r♠ ♦❢ ❛ ♣♦❧②♥♦♠✐❛❧ ✇✐t❤ r❡s♣❡❝t t♦ t❤✐s ❜❛s✐s✳ ■♥ t❤✐s ❙❡❝t✐♦♥

✇❡ ✇✐❧❧ r❡❝❛❧❧ ❛ ❣❡♥❡r❛❧ ♠❡t❤♦❞ ❢♦r ❝♦♠♣✉t✐♥❣ s✉❝❤ ❛ ❜❛s✐s ❛♥❞ ❛ ♠❡t❤♦❞ t♦

r❡❞✉❝❡ ♣♦❧②♥♦♠✐❛❧s t♦ t❤❡✐r ♥♦r♠❛❧ ❢♦r♠✳

❚❤r♦✉❣❤♦✉t B ⊆ M ✐s ❛ ✜♥✐t❡ s❡t ♦❢ ♠♦♥♦♠✐❛❧s ✐♥ n ✈❛r✐❛❜❧❡s✳

❉❡✜♥✐t✐♦♥ ✺✳✶✳✶ ▲❡t B ❜❡ ❛ ✜♥✐t❡ s❡t ♦❢ ♠♦♥♦♠✐❛❧s ✐♥ n ✈❛r✐❛❜❧❡s✳

• B ✐s s❛✐❞ t♦ ❜❡ ❝♦♥♥❡❝t❡❞ t♦ 1 ✐❢ 1 ∈ B ❛♥❞ ❢♦r ❡✈❡r② ♠♦♥♦♠✐❛❧ m 6= 1

✐♥ B✱ m = xi0m
′ ❢♦r s♦♠❡ i0 ∈ [1, n] ❛♥❞ m′ ∈ B✳

• B+ = B ∪ x1B ∪ x2B · · · ∪ xnB ✐s t❤❡ ♣r♦❧♦❣❛♥t✐♦♥ ❞❡ B✳

• ∂B = B+ \ B ✐s t❤❡ ❜♦r❞❡r ♦❢ B✳
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❊①❛♠♣❧❡ ✺✳✶✳✷ ❚❤❡ ♠♦♥♦♠✐❛❧ s❡t B = {1, x, y, xy} ✐s ❝♦♥♥❡❝t❡❞ t♦ ✶ ❛s

s❤♦✇ t❤❡ ✜❣✉r❡ ✭r❡❞ ♣♦✐♥ts✮✳ ■ts ♣r♦❧♦♥❣❛t✐♦♥ ✐s B+ = B ∪ xB ∪ yB =

{1, x, y, xy, x2, x2y, xy2, y2} ❛♥❞ ✐ts ❜♦r❞❡r ✐s ∂B = B+ \ B = {x2, x2y, xy2, y2}
✭❜❧✉❡ ♣♦✐♥ts✮✳

❉❡✜♥✐t✐♦♥ ✺✳✶✳✸ ❆ r❡✇r✐t✐♥❣ ❢❛♠✐❧② F ❢♦r ❛ ✭♠♦♥♦♠✐❛❧✮ s❡t B ✐s ❛ s❡t ♦❢

♣♦❧②♥♦♠✐❛❧s F = {fi}i∈I s✉❝❤ t❤❛t

• supp(fi) ⊆ B+✱

• fi ❤❛s ❡①❛❝t❧② ♦♥❡ ♠♦♥♦♠✐❛❧ ✐♥ ∂B✱ ❞❡♥♦t❡❞ ❛s γ(fi) ❛♥❞ ❝❛❧❧❡❞ t❤❡

❧❡❛❞✐♥❣ ♠♦♥♦♠✐❛❧ ♦❢ fi✳ ✭❚❤❡ ♣♦❧②♥♦♠✐❛❧ fi ✐s ♥♦r♠❛❧✐③❡❞ s♦ t❤❛t t❤❡

❝♦❡✣❝✐❡♥t ♦❢ γ(fi) ✐s 1✳✮

• ✐❢ γ(fi) = γ(fj) t❤❡♥ i = j✳

❉❡✜♥✐t✐♦♥ ✺✳✶✳✹ ❲❡ s❛② t❤❛t t❤❡ r❡✇r✐t✐♥❣ ❢❛♠✐❧② F ✐s ❣r❛❞❡❞ ✐❢ deg(γ(f)) =

deg(f) ❢♦r ❛❧❧ f ∈ F ✳

❉❡✜♥✐t✐♦♥ ✺✳✶✳✺ ❆ r❡✇r✐t✐♥❣ ❢❛♠✐❧② F ❢♦r B ✐s s❛✐❞ t♦ ❜❡ ❝♦♠♣❧❡t❡ ✐♥ ❞❡❣r❡❡

t ✐❢ ✐t ✐s ❣r❛❞❡❞ ❛♥❞ s❛t✐s✜❡s (∂B)t ⊆ γ(F )❀ t❤❛t ✐s✱ ❡❛❝❤ ♠♦♥♦♠✐❛❧ m ∈ ∂B ♦❢

❞❡❣r❡❡ ❛t ♠♦st t ✐s t❤❡ ❧❡❛❞✐♥❣ ♠♦♥♦♠✐❛❧ ♦❢ s♦♠❡ ✭♥❡❝❡ss❛r✐❧② ✉♥✐q✉❡✮ f ∈ F ✳

❊①❛♠♣❧❡ ✺✳✶✳✻ ❋♦r t❤❡ ❡①❛♠♣❧❡ ❛❜♦✈❡ ❢♦r t❤❡ s❡t B = {1, x, y, xy}✱ t❤❡ s❡t

♦❢ ♣♦❧②♥♦♠✐❛❧s F = {x2 − 1, y2 − 1, x2y − y, y2x − x} ✐s ❛ ❝♦♠♣❧❡t❡ r❡✇r✐t✐♥❣

❢❛♠✐❧② ♦❢ ❞❡❣r❡❡ ✸ ❢♦r t❤✐s s❡t✳

◆♦t✐❝❡ t❤❛t ❛ ❝♦♠♣❧❡t❡ ❢❛♠✐❧② F ❢♦r B ✐♥ ❞❡❣r❡❡ t ❛❧❧♦✇ ✉s t♦ r❡✇r✐t❡

t❤❡ ♠♦♥♦♠✐❛❧s ♦❢ B+
t ♠♦❞✉❧♦ F ❛s ❡❧❡♠❡♥ts ♦❢ Bt✳ ❚❤✐s ❧❡❛❞ ✐♥ ❢❛❝t✱ t♦ t❤❡

❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♣r♦❥❡❝t✐♦♥ πF,B✱ ❛s♦❝✐❛t❡❞ t♦ ❛ ❝♦♠♣❧❡t❡ ❢❛♠✐❧② ❢♦r ❛ s❡t B
❝♦♥♥❡❝t❡❞ t♦ ✶✳

❉❡✜♥✐t✐♦♥ ✺✳✶✳✼ ▲❡t F ❜❡ ❛ r❡✇r✐t✐♥❣ ❢❛♠✐❧② ❢♦r B✱ ❝♦♠♣❧❡t❡ ✐♥ ❞❡❣r❡❡ t✳ ▲❡t

πF,B ❜❡ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦♥ 〈B〉 ❛❧♦♥❣ F ❞❡✜♥❡❞ r❡❝✉rs✐✈❡❧② ♦♥ t❤❡ ♠♦♥♦♠✐❛❧s

m ∈ Mt ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿
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• ✐❢ m ∈ Bt✱ t❤❡♥ πF,B(m) = m✱

• ✐❢ m ∈ (∂B)t (= (B[1] \ B[0])t)✱ t❤❡♥ πF,B(m) = m − f ✱ ✇❤❡r❡ f ✐s t❤❡

✭✉♥✐q✉❡✮ ♣♦❧②♥♦♠✐❛❧ ✐♥ F ❢♦r ✇❤✐❝❤ γ(f) = m✱

• ✐❢ m ∈ (B[k] \ B[k−1])t ❢♦r s♦♠❡ ✐♥t❡❣❡r k ≥ 2✱ ✇r✐t❡ m = xi0m
′✱ ✇❤❡r❡

m′ ∈ B[k−1] ❛♥❞ i0 ∈ [1, n] ✐s t❤❡ s♠❛❧❧❡st ♣♦ss✐❜❧❡ ✈❛r✐❛❜❧❡ ✐♥❞❡① ❢♦r

✇❤✐❝❤ s✉❝❤ ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ❡①✐sts✱ t❤❡♥ πF,B(m) = πF,B(xi0 πF,B(m′))✳

■❢ F ✐s ❛ ❣r❛❞❡❞ r❡✇r✐t✐♥❣ ❢❛♠✐❧②✱ ♦♥❡ ❝❛♥ ❡❛s✐❧② ✈❡r✐❢② t❤❛t deg(πF,B(m)) ≤
deg(m) ❢♦r m ∈ Mt✳ ❚❤❡ ♠❛♣ πF,B ❡①t❡♥❞s ❜② ❧✐♥❡❛r✐t② t♦ ❛ ❧✐♥❡❛r ♠❛♣ ❢r♦♠

K[x]t ♦♥t♦ 〈B〉t✳ ❇② ❝♦♥str✉❝t✐♦♥✱ f = γ(f) − πF,B(γ(f)) ❛♥❞ πF,B(f) = 0 ❢♦r

❛❧❧ f ∈ Ft✳ ❚❤❡ ♥❡①t t❤❡♦r❡♠s s❤♦✇ t❤❛t✱ ✉♥❞❡r s♦♠❡ ♥❛t✉r❛❧ ❝♦♠♠✉t❛t✐✈✐t②

❝♦♥❞✐t✐♦♥✱ t❤❡ ♠❛♣ πF,B ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❧✐♥❡❛r ♣r♦❥❡❝t✐♦♥ ❢r♦♠ K[x]t ♦♥t♦

〈B〉t ❛❧♦♥❣ t❤❡ ✈❡❝t♦r s♣❛❝❡ 〈F | t〉✳ ■t ❧❡❛❞s t♦ t❤❡ ♥♦t✐♦♥ ♦❢ ❜♦r❞❡r ❜❛s❡s✳

❉❡✜♥✐t✐♦♥ ✺✳✶✳✽ ▲❡t B ⊂ M ❜❡ ❝♦♥♥❡❝t❡❞ t♦ 1✳ ❆ ❢❛♠✐❧② F ⊂ K[x] ✐s ❛

❜♦r❞❡r ❜❛s✐s ❢♦r B ✐❢ ✐t ✐s ❛ r❡✇r✐t✐♥❣ ❢❛♠✐❧② ❢♦r B✱ ❝♦♠♣❧❡t❡ ✐♥ ❛❧❧ ❞❡❣r❡❡s✱ ❛♥❞

s✉❝❤ t❤❛t K[x] = 〈B〉 ⊕ (F ).

❆♥ ❛❧❣♦r✐t❤♠✐❝ ✇❛② t♦ ❝❤❡❝❦ t❤❛t ✇❡ ❤❛✈❡ ❛ ❜♦r❞❡r ❜❛s✐s ✐s ❜❛s❡❞ ♦♥ t❤❡

❢♦❧❧♦✇✐♥❣ r❡s✉❧t✱ t❤❛t ✇❡ r❡❝❛❧❧ ❢r♦♠ ❬▼♦✉rr❛✐♥ ✷✵✵✺❪✿

❚❤❡♦r❡♠ ✺✳✶✳✾ ❆ss✉♠❡ t❤❛t B ✐s ❝♦♥♥❡❝t❡❞ t♦ 1 ❛♥❞ ❧❡t F ❜❡ ❛ r❡✇r✐t✐♥❣

❢❛♠✐❧② ❢♦r B✱ ❝♦♠♣❧❡t❡ ✐♥ ❞❡❣r❡❡ t ∈ N✳ ❙✉♣♣♦s❡ t❤❛t✱ ❢♦r ❛❧❧ m ∈ Mt−2✱

πF,B(xi πF,B(xj m)) = πF,B(xj πF,B(xi m)) ❢♦r ❛❧❧ i, j ∈ [1, n]. ✭✺✳✶✮

❚❤❡♥ πF,B ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❧✐♥❡❛r ♣r♦❥❡❝t✐♦♥ ♦❢ K[x]t ♦♥ 〈B〉t ❛❧♦♥❣ t❤❡ ✈❡❝t♦r

s♣❛❝❡ 〈F | t〉 t❤❛t ✐s✱ K[x]t = 〈B〉t ⊕ 〈F | t〉.

■♥ ♦r❞❡r t♦ ❤❛✈❡ ❛ s✐♠♣❧❡ t❡st ❛♥❞ ❡✛❡❝t✐✈❡ ✇❛② t♦ t❡st t❤❡ ❝♦♠♠✉t❛t✐♦♥

r❡❧❛t✐♦♥s ✭✺✳✶✮✱ ✇❡ ✐♥tr♦❞✉❝❡ ♥♦✇ t❤❡ ❝♦♠♠✉t❛t✐♦♥ ♣♦❧②♥♦♠✐❛❧s✳

❉❡✜♥✐t✐♦♥ ✺✳✶✳✶✵ ▲❡t F ❜❡ ❛ r❡✇r✐t✐♥❣ ❢❛♠✐❧② ❛♥❞ f, f ′ ∈ F ✳ ▲❡t m, m′ ❜❡ t❤❡
s♠❛❧❧❡st ❞❡❣r❡❡ ♠♦♥♦♠✐❛❧s ❢♦r ✇❤✐❝❤ m γ(f) = m′ γ(f ′)✳ ❚❤❡♥ t❤❡ ♣♦❧②♥♦♠✐❛❧

CP (f, f ′) := mf − m′f ′ = m′πF,B(f ′) − mπF,B(f) ✐s ❝❛❧❧❡❞ t❤❡ ❝♦♠♠✉t❛t✐♦♥

♣♦❧②♥♦♠✐❛❧ ♦❢ f, f ′✳

❉❡✜♥✐t✐♦♥ ✺✳✶✳✶✶ ❋♦r ❛ r❡✇r✐t✐♥❣ ❢❛♠✐❧② F ✇✐t❤ r❡s♣❡❝❡t t♦ B✱ ✇❡ ❞❡♥♦t❡ ❜②

CP+(F ) t❤❡ s❡t ♦❢ ♣♦❧②♥♦♠✐❛❧s ♦❢ t❤❡ ❢♦r♠ m f − m′ f ′, ✇❤❡r❡ f, f ′ ∈ F ❛♥❞

• ❡✐t❤❡r m γ(f) = m′ γ(f ′)✱
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• ♦r m γ(f) ∈ B ❛♥❞ m′ = 0✳

❚❤❡r❡❢♦r❡✱ CP+(F ) ⊂ 〈B+〉 ❛♥❞ CP+(F ) ❝♦♥t❛✐♥s ❛❧❧ ❝♦♠♠✉t❛t✐♦♥ ♣♦❧②♥♦✲

♠✐❛❧s CP (f, f ′) ❢♦r f, f ′ ∈ F ✇❤♦s❡ ♠♦♥♦♠✐❛❧ ♠✉❧t✐♣❧✐❡rs m, m′ ❛r❡ ♦❢ ❞❡❣r❡❡

≤ 1✳ ❚❤❡ ♥❡①t r❡s✉❧t ❝❛♥ ❜❡ ❞❡❞✉❝❡❞ ✉s✐♥❣ ❚❤❡♦r❡♠ ✺✳✶✳✾✳

❚❤❡♦r❡♠ ✺✳✶✳✶✷ ▲❡t B ⊂ M ❜❡ ❝♦♥♥❡❝t❡❞ t♦ 1 ❛♥❞ ❧❡t F ❜❡ ❛ r❡✇r✐t✐♥❣

❢❛♠✐❧② ❢♦r B✱ ❝♦♠♣❧❡t❡ ✐♥ ❞❡❣r❡❡ t✳ ■❢ ❢♦r ❛❧❧ c ∈ CP+(F ) ♦❢ ❞❡❣r❡❡ ≤ t✱

πF,B(c) = 0✱ t❤❡♥ πF,B ✐s t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ Kt ♦♥ 〈B〉t ❛❧♦♥❣ 〈F | t〉✱ ✐❡✳ Kt =

〈B〉t ⊕ 〈F | t〉✳

■❢ s✉❝❤ ❛ ♣r♦♣❡rt② ✐s s❛t✐s✜❡❞ ✇❡ s❛② t❤❛t F ✐s ❛ ❜♦r❞❡r ❜❛s✐s ❢♦r B ✐♥

❞❡❣r❡❡ ≤ t✳

❚❤❡♦r❡♠ ✺✳✶✳✶✸ ❬▼♦✉rr❛✐♥ ✷✵✵✺❪ ▲❡t B ⊂ M ❜❡ ❝♦♥♥❡❝t❡❞ t♦ ✶ ❛♥❞ ❧❡t F

❜❡ ❛ r❡✇r✐t✐♥❣ ❢❛♠✐❧② ❢♦r B✱ ❝♦♠♣❧❡t❡ ✐♥ ❛♥② ❞❡❣r❡❡✳ ❆ss✉♠❡ t❤❛t πF,B(c) = 0

❢♦r ❛❧❧ c ∈ CP+(F )✳❚❤❡♥ B ✐s ❛ ❜❛s✐s ♦❢ K[x]/(F )✱ K = 〈B〉 ⊕ (F )✱ ❛♥❞

(F )t = 〈F | t〉 ❢♦r ❛❧❧ t ∈ N t❤❡ s❡t F ✐s ❛ ❜♦r❞❡r ❜❛s✐s ♦❢ t❤❡ ✐❞❡❛❧ I = (F )

✇✐t❤ r❡s♣❡❝t t♦ B✳

❚❤✐s ✐♠♣❧✐❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❜♦r❞❡r ❜❛s❡s ✉s✐♥❣ t❤❡ ❝♦♠✲

♠✉t❛t✐♦♥ ♣r♦♣❡rt②✳

❈♦r♦❧❧❛r② ✺✳✶✳✶✹ ❬▼♦✉rr❛✐♥ ✶✾✾✾❪ ▲❡t B ⊂ M ❜❡ ❝♦♥♥❡❝t❡❞ t♦ ✶ ❛♥❞ ❧❡t F

❜❡ ❛ r❡✇r✐t✐♥❣ ❢❛♠✐❧② ❢♦r B✱ ❝♦♠♣❧❡t❡ ✐♥ ❛♥② ❞❡❣r❡❡✳ ■❢ ❢♦r ❛❧❧ m ∈ B ❛♥❞ ❛❧❧

✐♥❞✐❝❡s i, j ∈ [1, n]✱ ✇❡ ❤❛✈❡✿

πF,B(xi πF,B(xj m)) = πF,B(xj πF,B(xi m)),

t❤❡♥ B ✐s ❛ ❜❛s✐s ♦❢ K/(F )✱ K = 〈B〉 ⊕ (F )✱ ❛♥❞ (F )t = 〈F | t〉 ❢♦r ❛❧❧ t ∈ N✳

✺✳✷ ❇♦r❞❡r ❜❛s✐s ❤✐❡r❛r❝❤②

❚❤❡ s❡q✉❡♥❝❡ ♦❢ r❡❧❛①❛t✐♦♥ ♣r♦❜❧❡♠s t❤❛t ✇❡ ✇✐❧❧ ✉s❡ ❤❡r❡❛❢t❡r ✐s ❞❡✜♥❡❞ ❛s

❢♦❧❧♦✇s✳ ❋♦r ❡❛❝❤ t ∈ N✱ ✇❡ ❝♦♥str✉❝t t❤❡ ❣r❛❞❡❞ ❜♦r❞❡r ❜❛s✐s F2t ♦❢ g0 ✐♥

❞❡❣r❡❡ 2 t✳ ▲❡t B ❜❡ t❤❡ s❡t ♦❢ ♠♦♥♦♠✐❛❧s ✭❝♦♥♥❡❝t❡❞ t♦ 1✮ ❢♦r ✇❤✐❝❤ F ✐s ❛

❜♦r❞❡r ❜❛s✐s ✐♥ ❞❡❣r❡❡ 2t✳ ❲❡ ❞❡✜♥❡

• Et := 〈Bt〉✱

• Ct ✐s t❤❡ s❡t ♦❢ ❝♦♥str❛✐♥ts s✉❝❤ t❤❛t

✕ C0
t = {m − πBt,F2t

(m)✱ m ∈ Bt · Bt}
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✕ C+
t = πBt,F2t

(g+)

❛♥❞ ❝♦♥s✐❞❡r t❤❡ r❡❧❛①❛t✐♦♥ s❡q✉❡♥❝❡

QEt
(Ct) ⊂ 〈Bt · Bt〉 and LEt

(Ct) ⊂ 〈Bt · Bt〉∗ ✭✺✳✷✮

❢♦r t ∈ N✳ ❙✐♥❝❡ t❤❡ s✉❜s❡ts Bt ❛r❡ ♥♦t ♥❡❝❡ss❛r✐❧② ♥❡st❡❞✱ t❤❡s❡ ❝♦♥✈❡① s❡ts

❛r❡ ♥♦t ♥❡❝❡ss❛r✐❧② ✐♥❝❧✉❞❡❞ ♦♥❡ ✐♥ t❤❡ ♦t❤❡r ♦♥❡✳ ❍♦✇❡✈❡r✱ ❜② ❝♦♥str✉❝t✐♦♥

♦❢ t❤❡ ❣r❛❞❡❞ ❜♦r❞❡r ❜❛s✐s ♦❢ g✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❝❧✉s✐♦♥s

· · · ⊂ 〈F2t|2t〉 ⊂ 〈F2t+2|2t + 2〉 ⊂ · · · (g0),

❛♥❞ ✇❡ ❝❛♥ r❡❧❛t❡ t❤❡ ❜♦r❞❡r ❜❛s✐s r❡❧❛①❛t✐♦♥ s❡q✉❡♥❝❡s ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣

❢✉❧❧ ♠♦♠❡♥t ♠❛tr✐① r❡❧❛①❛t✐♦♥ ❤✐❡r❛r❝❤②✱ ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✿

Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✶ ▲❡t t ∈ N✱ B ⊂ R[x]2t ❜❡ ❛ ♠♦♥♦♠✐❛❧ s❡t ❝♦♥♥❡❝t❡❞ t♦

1✱ F ⊂ R[x] ❜❡ ❛ ❜♦r❞❡r ❜❛s✐s ❢♦r B ✐♥ ❞❡❣r❡❡ 2t✱ E := 〈Bt〉✱ E ′ := R[x]t✱

C, C ′ ❜❡ s❡ts ♦❢ ❝♦♥str❛✐♥ts s✉❝❤ t❤❛t C0 = {m − πB,F (m)✱ m ∈ Bt · Bt}✱
C ′0 = 〈F |2 t〉✱ C+ = C ′+✳ ❚❤❡♥ ❢♦r ❛❧❧ Λ ∈ LE(C)✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡

Λ′ ∈ LE′(C ′) ✇❤✐❝❤ ❡①t❡♥❞s Λ✳ ▼♦r❡♦✈❡r✱ Λ′ s❛t✐s✜❡s rank HE′

Λ′ = rank HE
Λ

❛♥❞ ker HE′

Λ′ = ker HE
Λ + 〈F | t〉✳

Pr♦♦❢✳ ❆s F ⊂ R[x] ✐s ❛ ❜♦r❞❡r ❜❛s✐s ❢♦r B ✐♥ ❞❡❣r❡❡ 2t✱ ✇❡ ❤❛✈❡ R[x]2 t =

〈B〉2 t ⊕ 〈F | 2 t〉✳ ❆s 〈Bt · Bt〉 ⊂ 〈B〉2 t ⊕ 〈C0〉✱ 〈C0〉 ⊂ 〈C ′0〉 = 〈F | 2t〉 ❛♥❞

R[x]2 t = 〈B〉2 t ⊕ 〈F | 2t〉✱ ✇❡ ❞❡❞✉❝❡ t❤❛t ❢♦r ❛❧❧ Λ ∈ LE(C)✱ t❤❡r❡ ❡①✐sts ❛

✉♥✐q✉❡ Λ′ ∈ R[x]∗2 t s✳t✳ Λ′
|〈B〉2t

= Λ ❛♥❞ Λ′(〈F | 2t〉) = 0✳

▲❡t ✉s ✜rst ♣r♦✈❡ t❤❛t Λ′ ∈ LE′(C ′) = Lt(C
′)✳ ❆s ❛♥② ❡❧❡♠❡♥t q′ ♦❢

QE′(C ′) ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ❛s ❛ s✉♠ ♦❢ ❛♥ ❡❧❡♠❡♥t q ♦❢QE(C) ❛♥❞ ❛♥ ❡❧❡♠❡♥t

p ∈ 〈F |2t〉✱ ✇❡ ❤❛✈❡ Λ′(q′) = Λ′(q) + Λ′(p) = Λ(q) ≥ 0✳ ❚❤✐s s❤♦✇s t❤❛t

Λ′ ∈ LE′(C ′)✳
▲❡t ✉s ♣r♦✈❡ ♥♦✇ t❤❛t ker HE′

Λ′ = ker HE
Λ + 〈F | t〉 ✇❤❡r❡ E := 〈Bt〉✱ E ′ :=

R[x]t✳ ❆s E · 〈F | t〉 ⊂ 〈F | 2t〉 = C ′0✱ ✇❡ ❤❛✈❡ Λ′(E · 〈F | t〉) = 0 s♦ t❤❛t

〈F | t〉 ⊂ ker HE′

Λ′ . ✭✺✳✸✮

❋♦r ❛♥② ❡❧❡♠❡♥t b ∈ ker HE
Λ ✇❡ ❤❛✈❡ ∀b′ ∈ E, Λ(b b′) = Λ′(b b′) = 0✳ ❆s

Λ′(E · 〈F | t〉) = 0 ❛♥❞ E ′ = E ⊕ 〈F | t〉✱ ❢♦r ❛♥② ❡❧❡♠❡♥t e ∈ E✱ Λ′(b e) = 0✳

❚❤✐s ♣r♦✈❡s t❤❛t

ker HE
Λ ⊂ ker HE′

Λ′ . ✭✺✳✹✮

❈♦♥✈❡rs❡❧② ❛s E ′ = E ⊕ 〈F | t〉✱ ❛♥② ❡❧❡♠❡♥t ♦❢ E ′ ❝❛♥ ❜❡ r❡❞✉❝❡❞ ♠♦❞✉❧♦

〈F | t〉 t♦ ❛♥ ❡❧❡♠❡♥t ♦❢ E✱ ✇❤✐❝❤ s❤♦✇s t❤❛t

ker HE′

Λ′ ⊂ ker HE
Λ + 〈F | t〉. ✭✺✳✺✮
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❋r♦♠ t❤❡ ✐♥❝❧✉s✐♦♥s ✭✺✳✸✮✱ ✭✺✳✹✮ ❛♥❞ ✭✺✳✺✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t ker HE′

Λ′ ❂ ker HE
Λ +

〈F | t〉 ❛♥❞ t❤❛t rank HE′

Λ′ = rank HE
Λ ✳

❲❡ ❞❡❞✉❝❡ ❢r♦♠ t❤✐s ♣r♦♣♦s✐t✐♦♥ t❤❛t fµ
Et,Ct

= fµ
t,〈F2t|2t〉✳ ❚❤❡ s❡q✉❡♥❝❡ ♦❢

❝♦♥✈❡① s❡ts LEt
(Ct) ❝❛♥ ❜❡ s❡❡♥ ❛s t❤❡ ♣r♦❥❡❝t✐♦♥s ♦❢ ♥❡st❡❞ ❝♦♥✈❡① s❡ts

· · · ⊃ Lt(g) ⊃ Lt+1(g) ⊃ · · ·

s♦ t❤❛t ✇❡ ❤❛✈❡ · · · ≤ fµ
Et,Ct

≤ fµ
Et+1,Ct+1

≤ · · · ≤ f ∗✳ ❲❡ ❝❤❡❝❦ t❤❛t s✐♠✐❧❛r

♣r♦♣❡rt✐❡s ❤♦❧❞ ❢♦r QEt
(Ct)✱ Qt(g) ❛♥❞ f sos

Et,Ct
= f sos

t,g ✱ t❛❦✐♥❣ t❤❡ q✉♦t✐❡♥t

♠♦❞✉❧♦ 〈F2t|2t〉✳

✺✳✷✳✶ ❖♣t✐♠❛❧ ❧✐♥❡❛r ❢♦r♠

❲❡ ✐♥tr♦❞✉❝❡ ♥♦✇ t❤❡ ♥♦t✐♦♥ ♦❢ ♦♣t✐♠❛❧ ❧✐♥❡❛r ❢♦r♠ ❢♦r f ✱ ✐♥✈♦❧✈❡❞ ✐♥

t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ Imin ✭❛❧s♦ ❝❛❧❧❡❞ ❣❡♥❡r✐❝ ❧✐♥❡❛r ❢♦r♠ ✇❤❡♥ f = 0 ✐♥

❬▲❛ss❡rr❡ ✷✵✵✾❜✱ ▲❛ss❡rr❡ ✷✵✶✷❪✮✿

❉❡✜♥✐t✐♦♥ ✺✳✷✳✷ Λ∗ ∈ LE(C) ✐s ♦♣t✐♠❛❧ ❢♦r f ✐❢

rank HE
Λ∗ = maxΛ∈LE,C ,Λ(f)=fµ

E,C
rank HE

Λ .

❚❤❡ ♥❡①t r❡s✉❧t s❤♦✇s t❤❛t ♦♥❧② ❡❧❡♠❡♥ts ✐♥ Imin ❛r❡ ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ❦❡r♥❡❧ ♦❢

❛ tr✉♥❝❛t❡❞ ❍❛♥❦❡❧ ♦♣❡r❛t♦r ❛ss♦❝✐❛t❡❞ t♦ ❛♥ ♦♣t✐♠❛❧ ❧✐♥❡❛r ❢♦r♠ ❢♦r f ✳

❚❤❡♦r❡♠ ✺✳✷✳✸ ▲❡t E ⊂ R[x] s✉❝❤ t❤❛t 1 ∈ E ❛♥❞ f ∈ 〈E · E〉 ❛♥❞ ❧❡t

C ⊂ R[x] ❜❡ ❛ s❡t ♦❢ ❝♦♥str❛✐♥ts ✇✐t❤ Smin ⊂ S(C)✳ ■❢ Λ∗ ∈ LE(C) ✐s ♦♣t✐♠❛❧

❢♦r f ❛♥❞ s✉❝❤ t❤❛t Λ∗(f) = f ∗✱ t❤❡♥ ker HE
Λ∗ ⊂ Imin✳

Pr♦♦❢✳ ▲❡t p ∈ ker HE
Λ∗ ❛♥❞ x∗ ∈ Smin✱ ✇❤✐❝❤ ♠❡❛♥s f(x∗) = f ∗✳ ▲❡t

1x∗ ❞❡♥♦t❡s t❤❡ ❡✈❛❧✉❛t✐♦♥ ❛t x∗ r❡str✐❝t❡❞ t♦ 〈E · E〉✳ ❖✉r ♦❜❥❡❝t✐✈❡ ✐s t♦

s❤♦✇ t❤❛t p(x∗) = 0✳ ❙✉♣♣♦s❡ ❢♦r ❝♦♥tr❛❞✐❝t✐♦♥ t❤❛t p(x∗) 6= 0✳ ❲❡ ❦♥♦✇

t❤❛t 1x∗ ∈ LE(C) s✐♥❝❡ Smin ⊂ S(C) ❛♥❞ 1x∗(f) = f(x∗) = f ∗✳ ❲❡ ❞❡✜♥❡

Λ̃ = 1
2
(Λ∗+1x∗)✳ ❇② ❝♦♥str✉❝t✐♦♥✱ Λ̃ ∈ LE(C) ❛♥❞ Λ̃(f) = 1

2
(Λ∗(f)+1x∗(f)) =

1
2
(Λ∗(f) + f(x∗)) = f ∗✳ ❆s p ∈ ker HE

Λ∗ ✱

Λ̃(p2) =
1

2
(Λ∗(p2) + 1x∗(p2)) =

1

2
p2(x∗) 6= 0

t❤✉s p ∈ ker HE
Λ∗ \ ker HE

Λ̃
❛♥❞ ❜② t❤❡ ♠❛①✐♠❛❧✐t② ♦❢ t❤❡ r❛♥❦ ♦❢ HE

Λ∗ ✱

ker HE
Λ̃

6⊂ ker HE
Λ∗ ✳ ❍❡♥❝❡ t❤❡r❡ ❡①✐ts p̃ ∈ ker HE

Λ̃
\ ker HE

Λ∗ ✳ ❚❤❡♥ 0 =
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HE
Λ̃

(p̃) = 1
2
(HE

Λ∗(p̃) + HE
1
x∗

(p̃)) = 1
2
(HE

Λ∗(p̃) + p̃(x∗) · 1x∗)✳ ❆s HE
Λ∗(p̃) 6= 0

✐♠♣❧✐❡s p̃(x∗) 6= 0✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱

0 = HE
Λ̃

(h̃)(p) = Λ̃(pp̃) =
1

2
(Λ∗(pp̃) + p(x∗)p̃(x∗)) =

=
1

2
(HE

Λ∗(p)(p̃) + p(x∗)p̃(x∗)).

❆s p ∈ ker HE
Λ∗ ✱ ✇❡ ❤❛✈❡

0 = HE
Λ̃

(p̃)(p) =
1

2
(p(x∗)p̃(x∗)).

❆s p̃(x∗) 6= 0 ❛♥❞ ✇❡ ❤❛✈❡ s✉♣♣♦s❡❞ t❤❛t p(x∗) 6= 0✱ ✐t ②✐❡❧❞s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

❚❤❡ ♣r♦♦❢ ✐s s✐♠✐❧❛r ❡✳❣✳ t♦ ❬▲❛ss❡rr❡ ✷✵✶✷❪❬❚❤❡♦r❡♠ ✹✳✾❪✳

▲❡t ✉s ❞❡s❝r✐❜❡ ❤♦✇ ♦♣t✐♠❛❧ ❧✐♥❡❛r ❢♦r♠s ❛r❡ ❝♦♠♣✉t❡❞ ❜② s♦❧✈✐♥❣ ❝♦♥✈❡①

♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s✿

❆❧❣♦r✐t❤♠ ✺✳✷✳✶✿ ❖♣t✐♠❛❧ ▲✐♥❡❛r ❋♦r♠

■♥♣✉t✿ f ∈ R[x]✱ Bt = (xα)α∈A ❛ ♠♦♥♦♠✐❛❧ s❡t ❝♦♥t❛✐♥✐♥❣ 1 ♦❢ ❞❡❣r❡❡

≤ t ✇✐t❤ f =
∑

α∈A+A fαx
α ∈ 〈Bt · Bt〉✱ C ⊂ R[x]✳

❖✉t♣✉t✿ t❤❡ ♠✐♥✐♠✉♠ fµ
t,C ♦❢

∑

α∈A+A λαfα s✉❜❥❡❝t t♦✿

✕ HBt

Λ∗ = (hα,β)α,β∈A < 0✱

✕ HBt

Λ∗ s❛t✐s✜❡s t❤❡ ❍❛♥❦❡❧ ❝♦♥str❛✐♥ts

h0,0 = 1✱ ❛♥❞ hα,β = hα′,β′ ✐❢ α + β = α′ + β′✱

✕ Λ∗(g0) =
∑

α∈A+A g0
αλα = 0

∀ g0 =
∑

α∈A+A g0
αx

α ∈ C0 ∩ 〈Bt · Bt〉✳

✕ H
Bt−w

g+·Λ∗ < 0 ❢♦r ❛❧❧ g+ ∈ C+ ✇❤❡r❡ w = ⌈deg(g+)
2

⌉✳

❛♥❞ Λ∗ ∈ 〈Bt · Bt〉∗ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ✈❡❝t♦r [λα]α∈A+A✳

❚❤✐s ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐s ❛ ❙❡♠✐✲❉❡✜♥✐t❡ Pr♦❣r❛♠♠✐♥❣ ♣r♦❜❧❡♠✱ ❝♦r✲

r❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♦❢ ❛ ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧ ♦♥ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ ❛
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❧✐♥❡❛r s✉❜s♣❛❝❡ ✇✐t❤ t❤❡ ❝♦♥✈❡① s❡t ♦❢ P♦s✐t✐✈❡ ❙❡♠✐✲❉❡✜♥✐t❡ ♠❛tr✐❝❡s✳ ■t ✐s ❛

❝♦♥✈❡① ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✱ ✇❤✐❝❤ ❝❛♥ ❜❡ s♦❧✈❡❞ ❡✣❝✐❡♥t❧② ❜② ❙❉P s♦❧✈❡rs✳

■❢ ❛♥ ■♥t❡r✐♦r P♦✐♥t ▼❡t❤♦❞ ✐s ✉s❡❞✱ t❤❡ s♦❧✉t✐♦♥ Λ∗ ✐s ✐♥ t❤❡ ✐♥t❡r✐♦r ♦❢ ❛ ❢❛❝❡

♦♥ ✇❤✐❝❤ t❤❡ ♠✐♥✐♠✉♠ Λ∗(f) ✐s r❡❛❝❤❡❞ s♦ t❤❛t Λ∗ ✐s ♦♣t✐♠❛❧ ❢♦r f ✳ ❚❤✐s ✐s

t❤❡ ❝❛s❡ ❢♦r t♦♦❧s s✉❝❤ ❛s ❝s❞♣✱ s❞♣❛✱ s❞♣❛✲❣♠♣ ♦r ♠♦s❡❦✱ t❤❛t ✇❡ ✇✐❧❧ ✉s❡ ✐♥

t❤❡ ❡①♣❡r✐♠❡♥t❛t✐♦♥s✳

❊①❛♠♣❧❡ ✺✳✷✳✹ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠

min x2 + 3

s.t. f = x4 − x3 − x + 1 = (x − 1)2(x2 + x + 1) = 0

■♥ ♦r❞❡r t♦ s♦❧✈❡ t❤✐s ♣r♦❜❧❡♠ ✇❡ s♦❧✈❡ t❤❡ ❡q✉✐✈❛❧❡♥t ❙❉P ♣r♦❜❧❡♠ ❢♦r t = 3

min Λ(x2 + 3) = Λ(x2) + 3 with Λ s.t.

Λ(1) = 1,

Λ(x4) = Λ(x3) + Λ(x) − Λ(1),

Λ(x5) = Λ(x3) + Λ(x2) − Λ(1),

Λ(x6) = 2 Λ(x3) − Λ(1)

❛♥❞

HΛ :=







1 a b c

a b c c + a − 1

b c c + a − 1 c + b − 1

c c + a − 1 c + b − 1 2 c − 1







< 0

✇❤❡r❡ a = Λ(x)✱ b = Λ(x2)✱ c = Λ(x3)✳

❙♦❧✉t✐♦♥✿ Λ∗(1) = 1✱ Λ∗(x) = 1✱ Λ∗(x2) = 1✱ Λ∗(x3) = 1✱ ✳ ✳ ✳

❚❤❡ ♠✐♥✐♠✉♠ ✐s Λ(x2 + 3) = Λ(x2) + 3 = 4✳

✺✳✸ ❈♦♥✈❡r❣❡♥❝❡ ❝❡rt✐✜❝❛t✐♦♥

❚♦ ❜❡ ❛❜❧❡ t♦ ❝♦♠♣✉t❡ t❤❡ ♠✐♥✐♠✐③❡r ♣♦✐♥ts ❢r♦♠ ❛♥ ♦♣t✐♠❛❧ ❧✐♥❡❛r ❢♦r♠✱ ✇❡

♥❡❡❞ t♦ ❞❡t❡❝t ✇❤❡♥ t❤❡ ♠✐♥✐♠✉♠ ✐s r❡❛❝❤❡❞✳ ■♥ t❤✐s ❙❡❝t✐♦♥✱ ✇❡ ❞❡s❝r✐❜❡ ❛

♥❡✇ ❝r✐t❡r✐♦♥ t♦ ❝❤❡❝❦ ✇❤❡♥ t❤❡ ❦❡r♥❡❧ ♦❢ ❛ tr✉♥❝❛t❡❞ ❍❛♥❦❡❧ ♦♣❡r❛t♦r ❛ss♦✲

❝✐❛t❡❞ t♦ ❛♥ ♦♣t✐♠❛❧ ❧✐♥❡❛r ❢♦r♠ ❢♦r f ②✐❡❧❞s t❤❡ ❣❡♥❡r❛t♦rs ♦❢ t❤❡ ♠✐♥✐♠✐③❡r
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✐❞❡❛❧✳ ■t ✐♥✈♦❧✈❡s t❤❡ ✢❛t ❡①t❡♥s✐♦♥ t❤❡♦r❡♠ ♦❢ ❬▲❛✉r❡♥t ✷✵✵✾❜❪ ❛♥❞ ❛♣♣❧✐❡s

t♦ ♣♦❧②♥♦♠✐❛❧ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s ✇❤❡r❡ t❤❡ ♠✐♥✐♠✐③❡r ✐❞❡❛❧ Imin ✐s ③❡r♦✲

❞✐♠❡♥s✐♦♥❛❧✳

✺✳✸✳✶ ❋❧❛t ❡①t❡♥s✐♦♥ ❝r✐t❡r✐♦♥

❉❡✜♥✐t✐♦♥ ✺✳✸✳✶

• ❆ ✈❡❝t♦r s♣❛❝❡ E ⊆ K[x] ✐s s❛✐❞ t♦ ❜❡ ❝♦♥♥❡❝t❡❞ t♦ ✶ ✐❢ 1 ∈ E ❛♥❞ ❛♥②

♥♦♥✲❝♦♥st❛♥t ♣♦❧②♥♦♠✐❛❧ p ∈ E ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s p = p0 +
∑n

i=1 xipi ❢♦r

s♦♠❡ ♣♦❧②♥♦♠✐❛❧s p0, pi ∈ E ✇✐t❤ deg(pi) ≤ deg(p) − 1 ❢♦r i ∈ [0, n]✳

• ■ts ♣r♦❧♦♥❣❛t✐♦♥ E+ := E + x1E + . . . + xnE ✐s ❛❣❛✐♥ ❛ ✈❡❝t♦r s♣❛❝❡✳

❘❡♠❛r❦ ✺✳✸✳✷ ❖❜✈✐♦✉s❧②✱ E ✐s ❝♦♥♥❡❝t❡❞ t♦ ✶ ✇❤❡♥ E = 〈C〉 ❢♦r s♦♠❡ ♠♦♥♦✲

♠✐❛❧ s❡t C ⊆ M ✇❤✐❝❤ ✐s ❝♦♥♥❡❝t❡❞ t♦ ✶✳ ▼♦r❡♦✈❡r✱ E+ = 〈C+〉 ✐❢ E = 〈C〉✳
❉❡✜♥✐t✐♦♥ ✺✳✸✳✸ ●✐✈❡♥ ✈❡❝t♦r s✉❜s♣❛❝❡s E0 ⊂ E ⊂ K[x] ❛♥❞ Λ ∈ 〈E · E〉∗✱
HE

Λ ✐s s❛✐❞ t♦ ❜❡ ❛ ✢❛t ❡①t❡♥s✐♦♥ ♦❢ ✐ts r❡str✐❝t✐♦♥ HE0
Λ ✐❢ rank HE

Λ = rank HE0
Λ ✳

❲❡ r❡❝❛❧❧ ❤❡r❡ ❛ r❡s✉❧t ❢r♦♠ ❬▲❛✉r❡♥t ✷✵✵✾❜❪✱ ✇❤✐❝❤ ❡①t❡♥❞s t❤❡ r❡s✉❧t

❣✐✈❡♥ ❜② ❈✉rt♦ ❛♥❞ ❋✐❛❧❦♦✇ ✐♥ ❬❈✉rt♦ ✶✾✾✻❪✳ ■t ❣✐✈❡s ❛ r❛♥❦ ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡

❡①✐st❡♥❝❡ ♦❢ ❛ ✢❛t ❡①t❡♥s✐♦♥ ♦❢ ❛ tr✉♥❝❛t❡❞ ❍❛♥❦❡❧ ♦♣❡r❛t♦r ✶✳

❚❤❡♦r❡♠ ✺✳✸✳✹ ▲❡t V ⊂ E ⊂ R[x] ❜❡ ✈❡❝t♦r s♣❛❝❡s ❝♦♥♥❡❝t❡❞ t♦ ✶ ✇✐t❤

V + ⊂ E ❛♥❞ ❧❡t Λ ∈ 〈E · E〉∗✳ ❆ss✉♠❡ t❤❛t rank HE
Λ = rank HV

Λ = dim V ✳

❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ✭✉♥✐q✉❡✮ ❧✐♥❡❛r ❢♦r♠ Λ̃ ∈ R[x]∗ ✇❤✐❝❤ ❡①t❡♥❞s Λ✱ ✐✳❡✳✱

Λ̃(p) = Λ(p) ❢♦r ❛❧❧ p ∈ 〈E · E〉✱ s❛t✐s❢②✐♥❣ rank HΛ̃ = rank HE
Λ ✳ ▼♦r❡♦✈❡r✱ ✇❡

❤❛✈❡ ker HΛ̃ = (ker HE
Λ )✳

■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ❝♦♥❞✐t✐♦♥ rank HE
Λ = rank HV

Λ = dim V ✐♠♣❧✐❡s t❤❛t t❤❡

tr✉♥❝❛t❡❞ ❍❛♥❦❡❧ ♦♣❡r❛t♦r HE
Λ ❤❛s ❛ ✭✉♥✐q✉❡✮ ✢❛t ❡①t❡♥s✐♦♥ t♦ ❛ ✭❢✉❧❧✮ ❍❛♥❦❡❧

♦♣❡r❛t♦r HΛ̃ ❞❡✜♥❡❞ ♦♥ R[x]✳

❚❤❡♦r❡♠ ✺✳✸✳✺ ▲❡t V ⊂ E ⊂ R[x] ❜❡ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ✈❡❝t♦r s♣❛❝❡s ❝♦♥✲

♥❡❝t❡❞ t♦ 1 ✇✐t❤ V + ⊂ E✱ C0 · V ⊂ 〈E · E〉✱ C+ · V · V ⊂ 〈E · E〉✳
▲❡t Λ ∈ LE(C) s✉❝❤ t❤❛t rank HE

Λ = rank HV
Λ = dim V ✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts

❛ ❧✐♥❡❛r ❢♦r♠ Λ̃ ∈ R[x]∗ ✇❤✐❝❤ ✐s ❡①t❡♥❞✐♥❣ Λ ❛♥❞ s✉♣♣♦rt❡❞ ♦♥ ♣♦✐♥ts ♦❢ S(C)

✇✐t❤ ♣♦s✐t✐✈❡ ✇❡✐❣❤ts✿

Λ̃ =
r∑

i=1

ωi1ξi
with ωi > 0, ξi ∈ S(C).

▼♦r❡♦✈❡r✱ (ker HE
Λ ) = I(ξ1, . . . , ξr)✳

✶■♥ ❬▲❛✉r❡♥t ✷✵✵✾❜❪✱ ✐t ✐s st❛t❡❞ ✇✐t❤ ❛ ✈❡❝t♦r s♣❛❝❡ s♣❛♥♥❡❞ ❜② ❛ ♠♦♥♦♠✐❛❧ s❡t ❝♦♥♥❡❝t❡❞

t♦ 1✱ ❜✉t ✐ts ❡①t❡♥s✐♦♥ t♦ ✈❡❝t♦r s♣❛❝❡s ❝♦♥♥❡❝t❡❞ t♦ 1 ✐s str❛✐❣❤t❢♦r✇❛r❞✳
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Pr♦♦❢✳ ❆s rank HE
Λ = rank HV

Λ = dim V ✱ ❚❤❡♦r❡♠ ✺✳✸✳✹ ✐♠♣❧✐❡s t❤❛t t❤❡r❡

❡①✐sts ❛ ✭✉♥✐q✉❡✮ ❧✐♥❡❛r ❢✉♥❝t✐♦♥ Λ̃ ∈ R[x]∗ ✇❤✐❝❤ ❡①t❡♥❞s Λ✳ ❆s rank HΛ̃ =

rank HV
Λ = |V | ❛♥❞ ker HΛ̃ = (ker HE

Λ )✱ ❛♥② ♣♦❧②♥♦♠✐❛❧ p ∈ R[x] ❝❛♥ ❜❡

r❡❞✉❝❡❞ ♠♦❞✉❧♦ ker HΛ̃ t♦ ❛ ♣♦❧②♥♦♠✐❛❧ b ∈ V s♦ t❤❛t p − b ∈ ker HΛ̃✳ ❚❤❡♥

Λ̃(p2) = Λ̃(b2) = Λ(b2) ≥ 0 s✐♥❝❡ Λ ∈ LE(C)✳ ❇② Pr♦♣♦s✐t✐♦♥ ✶✳✹✳✺ Λ̃ ❤❛s ❛

❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❢♦r♠ Λ̃ =
∑r

i=1 ωi1ξi
✇✐t❤ ωi > 0 ❛♥❞ ξi ∈ Rn✳

V ✐s ✐s♦♠♦r♣❤✐❝ t♦ R[x]/I(ξ1, . . . , ξr) ❛♥❞ t❤❡r❡ ❡①✐st ✭✐♥t❡r♣♦❧❛t✐♦♥✮ ♣♦❧②✲

♥♦♠✐❛❧s b1, . . . , br ∈ V s❛t✐s❢②✐♥❣ bi(ξj) = 1 ✐❢ i = j ❛♥❞ bi(ξj) = 0 ♦t❤❡r✇✐s❡✳

❲❡ ❞❡❞✉❝❡ t❤❛t ❢♦r i = 1, . . . , r ❛♥❞ ❢♦r ❛❧❧ ❡❧❡♠❡♥ts g ∈ C0✱

Λ(big) = 0 = Λ̃(big) = ωig(ξi).

❆s ωi > 0 t❤❡♥ g(ξi) = 0✳ ❙✐♠✐❧❛r❧②✱ ❢♦r ❛❧❧ h ∈ C+✱

Λ(b2
i h) = Λ̃(b2

i h) = ωih(ξi) ≥ 0

❛♥❞ h(ξi) ≥ 0✱ ❤❡♥❝❡ ξi ∈ S(C)✳

❇② ✶✳✹✳✸ ❛♥❞ ❚❤❡♦r❡♠ ✺✳✸✳✹✱ ✇❡ ❤❛✈❡ ♠♦r❡♦✈❡r ker HΛ̃ = I(ξ1, . . . , ξr) =

(ker HE
Λ ).

❚❤✐s t❤❡♦r❡♠ ❛♣♣❧✐❡❞ t♦ ❛♥ ♦♣t✐♠❛❧ ❧✐♥❡❛r ❢♦r♠ Λ∗ ❢♦r f ❣✐✈❡s ❛ ❝♦♥✈❡r❣❡♥❝❡

❝❡rt✐✜❝❛t❡ t♦ ❝❤❡❝❦ ✇❤❡♥ t❤❡ ♠✐♥✐♠✉♠ f ∗ ✐s r❡❛❝❤❡❞ ❛♥❞ ✇❤❡♥ ❛ ❣❡♥❡r❛t✐♥❣

❢❛♠✐❧② ♦❢ t❤❡ ♠✐♥✐♠✐③❡r ✐❞❡❛❧ ✐s ♦❜t❛✐♥❡❞✳ ■t ❣❡♥❡r❛❧✐③❡s t❤❡ ✢❛t tr✉♥❝❛t✐♦♥

❝❡rt✐✜❝❛t❡ ❣✐✈❡♥ ✐♥ ❬◆✐❡ ✷✵✶✷❪✳ ❆s ✇❡ ✇✐❧❧ s❡❡ ✐♥ t❤❡ ❡①♣❡r✐♠❡♥t❛t✐♦♥ ♣❛rt✱ ✐t

❛❧❧♦✇s t♦ ❞❡t❡❝t ♠♦r❡ ❡✣❝✐❡♥t❧② ✇❤❡♥ t❤❡ ♠✐♥✐♠✉♠ ✐s r❡❛❝❤❡❞✳ ◆♦t✐❝❡ t❤❛t ✐❢

t❤❡ t❡st ✐s s❛t✐s✜❡❞✱ ♥❡❝❡ss❛r✐❧② Imin ✐s ③❡r♦✲❞✐♠❡♥s✐♦♥❛❧✳

✺✳✸✳✷ ❋❧❛t ❡①t❡♥s✐♦♥ ❛❧❣♦r✐t❤♠

■♥ t❤✐s ❙❡❝t✐♦♥✱ ✇❡ ❞❡s❝r✐❜❡ ❛ ♥❡✇ ❛❧❣♦r✐t❤♠ t♦ ❝❤❡❝❦ t❤❡ ✢❛t ❡①t❡♥s✐♦♥ ♣r♦♣✲

❡rt② ❢♦r ❛ ❧✐♥❡❛r ❢♦r♠ ❢♦r ✇❤✐❝❤ s♦♠❡ ♠♦♠❡♥ts ❛r❡ ❦♥♦✇♥✳

▲❡t E ❜❡ ❛ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ s✉❜s♣❛❝❡ ♦❢ R[x] ❝♦♥♥❡❝t❡❞ t♦ 1 ❛♥❞ ❧❡t

Λ∗ ❜❡ ❛ ❧✐♥❡❛r ❢♦r♠ ❞❡✜♥❡❞ ♦♥ 〈E · E〉 ❣✐✈❡♥ ❜② ✐ts ✏♠♦♠❡♥ts✑ Λ∗(ei) := Λ∗
i ✱

✇❤❡r❡ e1, . . . , es ✐s ❛ ❜❛s✐s ♦❢ 〈E · E〉 ✭❢♦r ✐♥st❛♥❝❡ ❛ ♠♦♥♦♠✐❛❧ ❜❛s✐s✮✳ ■♥ t❤❡

❝♦♥t❡①t ♦❢ ❣❧♦❜❛❧ ♣♦❧②♥♦♠✐❛❧ ♦♣t✐♠✐③❛t✐♦♥ ♦✈❡r ❛♥ s❡♠✐❛❧❣❡❜r❛✐❝ s❡t t❤❛t ✇❡

❝♦♥s✐❞❡r ❤❡r❡✱ t❤✐s ❧✐♥❡❛r ❢♦r♠ ✐s ❛♥ ♦♣t✐♠❛❧ ❧✐♥❡❛r ❢♦r♠ ❢♦r f ✭s❡❡ ❙❡❝t✐♦♥

✺✳✷✳✶✮ ❝♦♠♣✉t❡❞ ❜② ❙❉P✳

❲❡ ❞❡✜♥❡ t❤❡ ❧✐♥❡❛r ❢♦r♠ Λ∗ ❢r♦♠ ✐ts ♠♦♠❡♥ts ❛s Λ∗ : p =
∑s

i=1 piei ∈
〈E · E〉 7→ ∑s

i=1 piΛi ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♥♥❡r ♣r♦❞✉❝t ❞❡✜♥❡❞ ❛s ✐♥ ❉❡✜✲

♥✐t✐♦♥ ✶✳✷✳✸✿

E × E → R

(p, q) 7→ 〈p, q〉Λ∗ := Λ∗(p q) ✭✺✳✻✮
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❚♦ ❝❤❡❝❦ t❤❡ ✢❛t ❡①t❡♥s✐♦♥ ♣r♦♣❡rt②✱ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ❞❡✜♥❡ ✐♥❞✉❝t✐✈❡❧②

✈❡❝t♦r s♣❛❝❡s Vi ❛s ❢♦❧❧♦✇s✳ ❙t❛rt ✇✐t❤ V0 = 〈1〉✳ ❙✉♣♣♦s❡ Vi ✐s ❦♥♦✇♥

❛♥❞ ❝♦♠♣✉t❡ ❛ ✈❡❝t♦r s♣❛❝❡ Li ♦❢ ♠❛①✐♠❛❧ ❞✐♠❡♥s✐♦♥ ✐♥ V +
i s✉❝❤ t❤❛t Li ✐s

♦rt❤♦❣♦♥❛❧ t♦ Vi✿ 〈Li, Vi〉Λ∗ = 0 ❛♥❞ Li ∩ ker H
V +

i

Λ∗ = {0}✳ ❚❤❡♥ ✇❡ ❞❡✜♥❡

Vi+1 = Vi + Li✳

❙✉♣♣♦s❡ t❤❛t b1, . . . , bri
✐s ❛♥ ♦rt❤♦❣♦♥❛❧ ❜❛s✐s ♦❢ Vi✿ 〈bi, bj〉Λ∗ = 0 ✐❢ i 6= j

❛♥❞ 〈bi, bi〉Λ∗ 6= 0 ✳ ❚❤❡♥ Li ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ❛s ❢♦❧❧♦✇s✿ ❈♦♠♣✉t❡ t❤❡

✈❡❝t♦rs

bi,j = xjbi −
ri∑

k=1

〈xjbi, bk〉Λ∗
〈bk, bk〉Λ∗

bk,

❣❡♥❡r❛t✐♥❣ V ⊥
i ✐♥ V +

i ❛♥❞ ❡①tr❛❝t ❛ ♠❛①✐♠❛❧ ♦rt❤♦❣♦♥❛❧ ❢❛♠✐❧② bri+1, . . . , bri+1

❢♦r t❤❡ ✐♥♥❡r ♣r♦❞✉❝t 〈., .〉Λ∗✱ t❤❛t ❢♦r♠ ❛ ❜❛s✐s ♦❢ Li✳ ❚❤✐s ❝❛♥

❜❡ ❞♦♥❡ ❢♦r ✐♥st❛♥❝❡ ❜② ❝♦♠♣✉t✐♥❣ ❛ ◗❘ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ♠❛tr✐①

[〈bi,j, bi′,j′〉Λ∗]16i,i′6ri,16j,j′6n✳ ❚❤❡ ♣r♦❝❡ss ❝❛♥ ❜❡ r❡♣❡❛t❡❞ ✉♥t✐❧ ❡✐t❤❡r

• V +
i 6⊂ E ❛♥❞ t❤❡ ❛❧❣♦r✐t❤♠ ✇✐❧❧ st♦♣ ❛♥❞ r❡t✉r♥ ❢❛✐❧❡❞✱

• ♦r Li = {0} ❛♥❞ V +
i = Vi ⊕ ker H

V +
i

Λ∗ ✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ❛❧❣♦r✐t❤♠ st♦♣s

✇✐t❤ s✉❝❝❡ss✳

❚❤❡ ❝♦♠♣❧❡t❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✐s ❛s ❢♦❧❧♦✇✿
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❆❧❣♦r✐t❤♠ ✺✳✸✳✶✿ ❉❡❝♦♠♣♦s✐t✐♦♥

■♥♣✉t✿ ❛ ✈❡❝t♦r s♣❛❝❡ E ❝♦♥♥❡❝t❡❞ t♦ 1 ❛♥❞ ❛ ❧✐♥❡❛r ❢♦r♠

Λ∗ ∈ 〈E · E〉∗✳

• ❚❛❦❡ B := {1} s := 1❀ r := 1

• ❲❤✐❧❡ s > 0 ❛♥❞ B+ ⊂ E ❞♦

✕ ❝♦♠♣✉t❡ bj,k := xkbj −
∑r

i=1
〈xkbj ,bi〉Λ∗

〈bi,bi〉Λ∗

bi ❢♦r j = 1, . . . , r✱

k = 1, . . . , n;

✕ ❝♦♠♣✉t❡ ❛ ♠❛①✐♠❛❧ s✉❜s❡t B′ = {b′1, . . . , b′s} ♦❢ 〈bj,k〉 ♦❢
♦rt❤♦❣♦♥❛❧ ✈❡❝t♦rs ❢♦r t❤❡ ✐♥♥❡r ♣r♦❞✉❝t 〈., .〉Λ∗ ❛♥❞ ❧❡t

B := B ∪ B′✱ s =| B′ | ❛♥❞ r+= s;

• ■❢ B+ 6⊂ E t❤❡♥ r❡t✉r♥ ❢❛✐❧❡❞ ❡❧s❡ r❡t✉r♥ s✉❝❝❡ss✳

❖✉t♣✉t✿ ❢❛✐❧❡❞ ♦r s✉❝❝❡ss ✇✐t❤

• ❛ ❜❛s✐s B = {b1, . . . , br} ⊂ R[x];

• t❤❡ r❡❧❛t✐♦♥s xkbj −
∑r

i=1
〈xkbj ,bi〉Λ∗

〈bi,bi〉Λ∗

bi✱ j = 1 . . . r k = 1 . . . n✳

▲❡t ✉s ❞❡s❝r✐❜❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♣❡r❢♦r♠❡❞ ♦♥ t❤❡ ♠♦♠❡♥t ♠❛tr✐①✱ ❞✉r✐♥❣

t❤❡ ♠❛✐♥ ❧♦♦♣ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✳ ❆t ❡❛❝❤ st❡♣✱ t❤❡ ♠♦♠❡♥t ♠❛tr✐① ♦❢ Λ∗ ♦♥

V +
i ✐s ♦❢ t❤❡ ❢♦r♠

H
V +

i

Λ∗ =

[

HBi,Bi

Λ∗ HBi,∂Bi

Λ∗

H∂Bi,Bi

Λ∗ H∂Bi,∂Bi

Λ∗

]

✇❤❡r❡ ∂Bi ✐s ❛ s✉❜s❡t ♦❢ {bi,j} s✉❝❤ t❤❛t Bi ∪ ∂Bi ✐s ❛ ❜❛s✐s ♦❢ 〈B+
i 〉✳ ❇②

❝♦♥str✉❝t✐♦♥✱ t❤❡ ♠❛tr✐① HBi,Bi

Λ∗ ✐s ❞✐❛❣♦♥❛❧ s✐♥❝❡ Bi ✐s ♦rt❤♦❣♦♥❛❧ ❢♦r 〈·, ·〉∗✳
❆s t❤❡ ♣♦❧②♥♦♠✐❛❧s bi,j ❛r❡ ♦rt❤♦❣♦♥❛❧ t♦ Bi✱ ✇❡ ❤❛✈❡ HBi,∂Bi

Λ∗ = H∂Bi,Bi

Λ∗ = 0✳

■❢ H∂Bi,∂Bi

Λ∗ = 0 t❤❡♥ t❤❡ ❛❧❣♦r✐t❤♠ st♦♣s ✇✐t❤ s✉❝❝❡ss ❛♥❞ ❛❧❧ t❤❡ ❡❧❡♠❡♥ts

bi,j ❛r❡ ✐♥ t❤❡ ❦❡r♥❡❧ ♦❢ HBi,Bi

Λ∗ ✳ ❖t❤❡r✇✐s❡ ❛♥ ♦rt❤♦❣♦♥❛❧ ❜❛s✐s b′1, . . . , b
′
s ✐s

❡①tr❛❝t❡❞✳ ■t ❝❛♥ t❤❡♥ ❜❡ ❝♦♠♣❧❡t❡❞ ✐♥ ❛ ❜❛s✐s ♦❢ 〈bi,j〉 s♦ t❤❛t t❤❡ ♠❛tr✐①

H∂Bi,∂Bi

Λ∗ ✐♥ t❤✐s ❜❛s✐s ✐s ❞✐❛❣♦♥❛❧ ✇✐t❤ ③❡r♦ ❡♥tr✐❡s ❛❢t❡r t❤❡ (s+1)th ✐♥❞❡①✳ ■♥

t❤❡ ♥❡①t ❧♦♦♣ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✱ t❤❡ ❜❛s✐s Bi+1 ❝♦♥t❛✐♥s t❤❡ ♠❛①✐♠❛❧ ♦rt❤♦❣♦♥❛❧

❢❛♠✐❧② b′1, . . . , b
′
s s♦ t❤❛t t❤❡ ♠❛tr✐① H

Bi+1,Bi+1

Λ∗ r❡♠❛✐♥s ❞✐❛❣♦♥❛❧ ❛♥❞ ✐♥✈❡rt✐❜❧❡✳

Pr♦♣♦s✐t✐♦♥ ✺✳✸✳✻ ▲❡t Λ∗ ∈ LE(C) ❜❡ ♦♣t✐♠❛❧ ❢♦r f ✳ ■❢ ❆❧❣♦r✐t❤♠ ✺✳✸✳✶

❛♣♣❧✐❡❞ t♦ Λ∗ ❛♥❞ E st♦♣s ✇✐t❤ s✉❝❝❡ss✱ t❤❡♥
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✶✳ t❤❡r❡ ❡①✐sts ❛ ❧✐♥❡❛r ❢♦r♠ Λ̃ ∈ R[x]∗ ✇❤✐❝❤ ✐s ❡①t❡♥❞✐♥❣ Λ∗ ❛♥❞ s✉♣♣♦rt❡❞

♦♥ ♣♦✐♥ts ✐♥ S(C) ✇✐t❤ ♣♦s✐t✐✈❡ ✇❡✐❣❤ts✿

Λ̃ =
r∑

i=1

ωi1ξi
with ωi > 0, ξi ∈ Rn.

✷✳ B = {b1, . . . , br} ✐s ❛ ❜❛s✐s ♦❢ AΛ̃ = R[x]/IΛ̃ ✇❤❡r❡ IΛ̃ = ker HΛ̃✱

✸✳ xkbj −
∑r

i=1
〈xkbj ,bi〉Λ∗

〈bi,bi〉Λ∗

bi✱ j = 1, . . . , r✱ k = 1, . . . , n ❛r❡ ❣❡♥❡r❛t✐♥❣ IΛ̃ =

I(ξ1, . . . , ξr)✱

✹✳ fµ
E,C = f ∗✱

✺✳ Vmin = {ξ1, . . . , ξr}✳

Pr♦♦❢✳ ❲❤❡♥ t❤❡ ❛❧❣♦r✐t❤♠ t❡r♠✐♥❛t❡s ✇✐t❤ s✉❝❝❡ss✱ t❤❡ s❡t B ✐s s✉❝❤

t❤❛t rank HB+

Λ∗ = rank HB
Λ∗ = |B|✳ ❇② ❚❤❡♦r❡♠ ✺✳✸✳✺✱ t❤❡r❡ ❡①✐sts ❛ ❧✐♥❡❛r

❢♦r♠ Λ̃ ∈ R[x]∗ ❡①t❡♥❞✐♥❣ Λ∗ ❛♥❞ s✉♣♣♦rt❡❞ ♦♥ ♣♦✐♥ts ✐♥ S(C) ✇✐t❤ ♣♦s✐t✐✈❡

✇❡✐❣❤ts✿

Λ̃ =
r∑

i=1

ωi1ξi
with ωi > 0, ξi ∈ S(C).

❚❤✐s ✐♠♣❧✐❡s t❤❛t AΛ̃ ✐s ♦❢ ❞✐♠❡♥s✐♦♥ r ❛♥❞ t❤❛t IΛ̃ = I(ξ1, . . . , ξr)✳ ❆s HB
Λ∗

✐s ✐♥✈❡rt✐❜❧❡✱ B ✐s ❛ ❜❛s✐s ♦❢ AΛ̃ ✇❤✐❝❤ ♣r♦✈❡s t❤❡ s❡❝♦♥❞ ♣♦✐♥t✳

▲❡t K ❜❡ t❤❡ s❡t ♦❢ ♣♦❧②♥♦♠✐❛❧s xjbi −
∑r

k=1
〈xjbi,bk〉Λ∗

〈bk,bk〉Λ∗

bk✳ ■❢ t❤❡ ❛❧❣♦r✐t❤♠

t❡r♠✐♥❛t❡s ✇✐t❤ s✉❝❝❡ss✱ ✇❡ ❤❛✈❡ ker HB+

Λ∗ = 〈K〉 ❛♥❞ ❜② ❚❤❡♦r❡♠ ✺✳✸✳✺✱ ✇❡

❞❡❞✉❝❡ t❤❛t (K) = (ker HB+

Λ∗ ) = IΛ̃✱ ✇❤✐❝❤ ♣r♦✈❡s t❤❡ t❤✐r❞ ♣♦✐♥t✳

❆s Λ̃(1) = 1✱ ✇❡ ❤❛✈❡
∑r

i=1 wi = 1 ❛♥❞

Λ̃(f) =
r∑

i=1

ωif(ξi) ≥ f ∗

s✐♥❝❡ ξi ∈ S(C) ❛♥❞ f(ξi) ≥ f ∗✳ ❚❤❡ r❡❧❛t✐♦♥ fµ
E,C ≤ f ∗ ✐♠♣❧✐❡s t❤❛t f(ξi) = f ∗

❢♦r i = 1, . . . , r ❛♥❞ t❤❡ ❢♦✉rt❤ ♣♦✐♥t ✐s tr✉❡✿ fµ
E,C = f ∗✳

❆s f(ξi) = f ∗ ❢♦r i = 1, . . . , r✱ ✇❡ ❤❛✈❡ {ξ1, . . . , ξr} ⊂ Vmin✳ ❇② ❚❤❡♦r❡♠

✺✳✷✳✸✱ t❤❡ ♣♦❧②♥♦♠✐❛❧s ♦❢ K ❛r❡ ✐♥ Imin s♦ t❤❛t Vmin ⊂ V(K) = {ξ1, . . . , ξr}✳
❚❤✐s s❤♦✇s t❤❛t Vmin = {ξ1, . . . , ξr} ❛♥❞ ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ♦❢ t❤✐s ♣r♦♣♦s✐t✐♦♥
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❊①❛♠♣❧❡ ✺✳✸✳✼ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❣❧♦❜❛❧ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠

min f(x) = (x − 1)2 · (x − 2)2 · (x2 + 1) + (y − 1)2 · (y2 + 1)

❲❡ ❝♦♥s✐❞❡r t❤❡ s❛♠❡ ♣r♦❜❧❡♠ ♦✈❡r ❤✐s ❣r❛❞✐❡♥t ✐❞❡❛❧ ❛♥❞ ✇❡ ❝♦♠♣✉t❡ t❤❡

♦♣t✐♠❛❧ ❧✐♥❡❛r ❢♦r♠ s♦❧✈✐♥❣ t❤❡ ❙❉P ♣r♦❜❧❡♠ ✇✐t❤ t❂✸✳

❲❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s♦❧✉t✐♦♥✿

Λ∗(1) = 1, Λ∗(x) = 1.5, Λ∗(y) = 1, Λ∗(x2) = 2.5, Λ∗(xy) = 1.5, Λ∗(y2) =

1, Λ∗(y3) = 1, Λ∗(xy2) = 1.5, Λ∗(x2y) = 2.5, Λ∗(x3) = 4.5, Λ∗(y4) =

1, Λ∗(xy3) = 1.5, Λ∗(x2y2) = 2.5, Λ∗(x3y) = 4.5, Λ∗(x4) = 8.5, ...

❲❡ ❛♣♣❧② ❆❧❣♦r✐t❤♠ ✺✳✸✳✶ ❢♦r E = R[x]3

• B0 = {1}, ∂B0 = {x, y}, B+
0 = {1, x, y}

H
B+

0
Λ =





1 1.5 1

1.5 2.5 1.5

1 1.5 1



 −→ H
{1,x−1.5,y−1}
Λ =





1 0 0

0 0.25 0

0 0 0





rank H
B+

0
Λ = 2,

{y − 1} ∈ ker H
B+

0
Λ , {x − 1.5} ⊥ B0 and {x − 1.5} /∈ ker H

B+
0

Λ

L0 = {x − 1.5}

• B1 = B0 + L0 = {1, x − 1.5}, ∂B1 = {y, x2 − 1.5x, xy − 1.5y},
B+

1 = {1, x − 1.5, y, x2 − 1.5x, xy − 1.5y}

H
B+

1
Λ =









1 0 1 0.25 0

0 0.25 0 0.375 0.25

1 0 1 0.25 0

0.25 0.375 0.25 0.625 0.375

0 0.25 0 0.375 0.25









−→ HB̃
Λ =









1 0 0 0 0

0 0.25 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0








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✇❤❡r❡ B̃ = {1, x − 1.5, y − 1, x2 − 3x + 2, xy − 1.5y − x + 1.5}

rank H
B+

1
Λ = 2, and L1 = {0}✱

❚❤❡ ❛❧❣♦r✐t❤♠ st♦♣s ✇✐t❤ s✉❝❡ss✱ t❤❡ ✢❛t ❡①t❡♥s✐♦♥ ✐s s❛t✐s✜❡❞

Ker H
B+

1
Λ = {y − 1, x2 − 3x + 2, xy − 1.5y − x + 1.5}

❛♥❞

Imin = (y − 1, x2 − 3x + 2) = (y − 1, (x − 1) · (x − 2))

✺✳✸✳✸ ❈♦♠♣✉t✐♥❣ t❤❡ ♠✐♥✐♠✐③❡rs

❚❤❡ r❡♠❛✐♥✐♥❣ st❡♣ ✐s t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ♠✐♥✐♠✐③❡r ♣♦✐♥ts✱ ♦♥❝❡ ❆❧❣♦✲

r✐t❤♠ ✺✳✸✳✶ st♦♣s ✇✐t❤ s✉❝❝❡ss ❢♦r Λ∗ ∈ LE(C) ♦♣t✐♠❛❧ ❢♦r f ✳ ❚❤❡ ♠✐♥✐✲

♠✐③❡rs ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦♣❡r❛t♦rs

Mk : a ∈ Amin 7→ xka ∈ Amin ❢♦r k = 1, . . . , n ✇❤❡r❡ Amin = R[x]/Imin ❛♥❞

Imin = IΛ̃ = I(ξ1, . . . , ξr)✳

Pr♦♣♦s✐t✐♦♥ ✺✳✸✳✽ ❚❤❡ ♠❛tr✐① ♦❢ Mk ✐♥ t❤❡ ❜❛s✐s B ♦❢ Amin ✐s [Mk] =

(
Λ∗(xk bi bj)

Λ∗(bi bi)
)1≤i,j≤r✳ ❚❤❡ ♦♣❡r❛t♦rs Mk✱ k = 1 . . . n ❤❛✈❡ r ❝♦♠♠♦♥ ❡✐❣❡♥✈❡❝✲

t♦rs u1, . . . ,ur ✇❤✐❝❤ s❛t✐s❢② Mkui = ξi,kui✱ ✇✐t❤ ξi,k t❤❡ kth ❝♦♦r❞✐♥❛t❡ ♦❢ t❤❡

♠✐♥✐♠✐③❡r ♣♦✐♥t ξi = (ξi,1, . . . , ξi,n) ∈ S✳

Pr♦♦❢✳ ❇② Pr♦♣♦s✐t✐♦♥ ✺✳✸✳✻ ❛♥❞ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ✐♥♥❡r✲♣r♦❞✉❝t ✐♥ ❉❡✜✲

♥✐t✐♦♥ ✶✳✷✳✸ ❛♥❞ r❡❝❛❧❧ ❛❧s♦ ✐♥ ✭✺✳✻✮✱ B = {b1, . . . , br} ✐s ❛ ❜❛s✐s ♦❢ AΛ̃ ❛♥❞

xkbj ≡
r∑

i=1

Λ∗(xk bi bj)

Λ∗(bi bi)
bi mod Imin,

❢♦r j = 1 . . . r✱ k = 1 . . . n✳

❚❤✐s ②✐❡❧❞s t❤❡ ♠❛tr✐① ♦❢ t❤❡ ♦♣❡r❛t♦r Mk ✐♥ t❤❡ ❜❛s✐s B✿ [Mk] =

(
Λ∗(xk bi bj)

Λ∗(bi bi)
)1≤i,j≤r✳

❆s t❤❡ r♦♦ts ♦❢ Imin ❛r❡ s✐♠♣❧❡✱ ❜② ❬❊❧❦❛❞✐ ✷✵✵✼❪❬❚❤❡♦r❡♠ ✹✳✷✸ ❪ t❤❡ ❡✐❣❡♥✲

✈❡❝t♦rs ♦❢ ❛❧❧ Mk✱ k = 1 . . . n ❛r❡ t❤❡ s♦✲❝❛❧❧❡❞ ✐❞❡♠♣♦t❡♥ts u1, . . . ,ur ♦❢ Amin
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❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡✐❣❡♥✈❛❧✉❡s ❛r❡ ξ1,k, . . . , ξr,k✳

❆❧❣♦r✐t❤♠ ✺✳✸✳✷✿ ▼✐♥✐♠✐③❡r ♣♦✐♥ts

■♥♣✉t✿ B ❛♥❞ t❤❡ r❡❧❛t✐♦♥s ❛s ♦✉t♣✉t ✐♥ ❆❧❣♦r✐t❤♠ ✺✳✸✳✶✳

• ❈♦♠♣✉t❡ t❤❡ ♠❛tr✐❝❡s [Mk] = (
Λ∗(xk bi bj)

Λ∗(bi bi)
)1≤i,j≤r✳

• ❋♦r ❛ ❣❡♥❡r✐❝ ❝❤♦✐❝❡ ♦❢ l1, . . . , ln ∈ R✱ ❝♦♠♣✉t❡ t❤❡ ❡✐❣❡♥✈❡❝t♦rs

u1, . . . ,ur ♦❢ l1[M1] + · · · + ln[Mn]✳

• ❈♦♠♣✉t❡ ξi,k ∈ R s✉❝❤ t❤❛t Mkui = ξi,kui✳

❖✉t♣✉t✿ t❤❡ ♠✐♥✐♠✐③❡rs ξi = (ξi,1, . . . , ξi,n)✱ i = 1 . . . r✳

❊①❛♠♣❧❡ ✺✳✸✳✾ ❲✐t❤ t❤❡ ❜❛s✐s B ❛♥❞ t❤❡ r❡❧❛t✐♦♥s ✐♥ t❤❡ ❦❡r♥❡❧ ✇❤✐❝❤ ❛r❡

s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✺✳✸✳✼ ✇❡ ❝❛♥ ❝♦♠♣✉t❡ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♠❛tr✐❝❡s✳

MB={1,x−1.5}
x =

(
1.5 0.25

1 1.5

)

−→
{

x = 1.5 · 1 + 1 · (x − 1.5)

x(x − 1.5) = 0.25 · 1 + 1.5 · (x − 1.5)

MB={1,x−1.5}
y =

(
1 0

0 1

)

−→
{

y = 1 · 1 + 0 · (x − 1.5)

y(x − 1.5) = 0 · 1 + 1 · (x − 1.5)

❲❡ t❛❦❡ ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡s❡ ♠❛tr✐❝❡s ❛♥❞ ❝♦♠♣✉t❡ ✐ts ❡✐❣❡♥✈❛❧✉❡s

❛♥❞ ❡✐❣❡♥✈❡❝t♦rs

M = MB
x + MB

y =

(
2.5 0.25

1 1.5

)

−→ λ1 = 2, λ2 = 3

M · u1 = λ1 · u1 → uT
1 = (−0.5, 1); M · u2 = λ2 · u2 → uT

2 = (0.5, 1)

❋r♦♠ t❤❡s❡ ❡✐❣❡♥✈❡❝t♦rs✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ❛s♦❝✐❛t❡❞ t♦ ❡❛❝❤ ♠✉❧✲

t✐♣❧✐❝❛t✐♦♥ ♠❛tr✐①✳ ❊❛❝❤ ❡✐❣❡♥✈❛❧✉❡ ❝♦♠♣✉t❡❞ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✐✲❝♦♦r❞✐♥❛t❡

♦❢ ❡❛❝❤ ♠✐♥✐♠✐③❡r ♣♦✐♥t ❛s ✇❡ ❤❛✈❡ s❡❡♥ ✐♥ Pr♦♣♦s✐t✐♦♥ ✺✳✸✳✽

MB
x · uT

1 = x1 · uT
1 → x1 = 1; MB

x · uT
2 = x2 · uT

2 → x2 = 2

MB
y · uT

1 = y1 · uT
1 → y1 = 1; MB

y · uT
2 = y2 · uT

2 → y2 = 1

❚❤❡ ♠✐♥✐♠✐③❡rs ♣♦✐♥ts ❛r❡ (1, 1) ❛♥❞ (2, 1)✳
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✺✳✹ ▼✐♥✐♠✐③❡r ❜♦r❞❡r ❜❛s✐s ❛❧❣♦r✐t❤♠

■♥ t❤✐s ❙❡❝t✐♦♥ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ❛❧❣♦r✐t❤♠ t♦ ❝♦♠♣✉t❡ t❤❡ ♠✐♥✐♠✉♠ ♦❢ ❛ ♣♦❧②✲

♥♦♠✐❛❧ ♦♥ S✱ ✐✳❡✱ s♦❧✈❡ ♦✉r ♣r♦❜❧❡♠ ✭✷✳✶✮✳ ■t ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ t②♣❡ ♦❢ ❜♦r❞❡r

❜❛s✐s ❛❧❣♦r✐t❤♠✱ ✐♥ ✇❤✐❝❤ ✐♥ t❤❡ ♠❛✐♥ ❧♦♦♣ ✇❡ ❝♦♠♣✉t❡ t❤❡ ❜♦r❞❡r ❜❛s✐s ❢♦r

❛ ✜① ❞❡❣r❡❡✱ ✇❡ ❝♦♥tr✉❝t t❤❡ tr✉♥❝❛t❡❞ ♠♦♠❡♥t ♣r♦❜❧❡♠ ❛s♦❝✐❛t❡❞ t♦ t❤✐s

❜❛s✐s✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ ♦♣t✐♠❛❧ ❧✐♥❡❛r ❢♦r♠✱ s♦❧✈✐♥❣ t❤✐s tr✉♥❝❛t❡❞ ♠♦♠❡♥t

♣r♦❜❧❡♠ ❜② ❙❡♠✐❞❡✜♥✐t❡ ♣r♦❣r❛♠♠✐♥❣ ✭❙❉P✮ ♠❡t❤♦❞s ❛s ✇❡ ❤❛✈❡ s❡❡♥ ✐♥ t❤❡

❙❡❝t✐♦♥ ✺✳✷✳✶✳ ■♥ t❤❡ ❈❤❛♣t❡r ✻ ✇❡ ✇✐❧❧ s❡❡ ❤♦✇ t❤✐s ❛✛❡❝ts t❤❡ ♣❡r❢♦♠❛♥❝❡

♦❢ ♦✉r ❛❧❣♦r✐t❤♠✳ ❆❢t❡r ❝♦♠♣✉t✐♥❣ t❤❡ ♦♣t✐♠❛❧ ❧✐♥❡❛r ❢♦r♠✱ ✇❡ ❝❤❡❝❦ ✇❤❡♥

t❤❡ ♠✐♥✐♠✉♥ ✐s r❡❛❝❤❡❞ t❤r♦✉❣❤ ❛ ♥❡✇ ❛❧❣♦r✐t❤♠ ✭❡①♣❧❛✐♥ ✐♥ ❙❡❝t✐♦♥ ✇❤✐❝❤

✈❡r✐✜❡s t❤❡ ✢❛t ❡①t❡♥s✐♦♥✱ ✇❤✐❝❤ ✇❛s ❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✸ ❛♥❞ ✇❤✐❝❤ ✐s ❛♥

❡①t❡♥s✐♦♥ ♦❢ ❬▲❛✉r❡♥t ✷✵✵✾❛❪✱ ✇❤✐❝❤ ❝♦♠❡ ❢r♦♠ t❤❡ ✢❛t ❡①t❡♥s✐♦♥ ❝♦♥❞✐t✐♦♥ ♦❢

❈✉rt♦ ❛♥❞ ❋✐❛❧❦♦✇ ❬❈✉rt♦ ✶✾✾✻❪✳ ❊✈❡♥t✉❛❧❧② ✇❡ ❝❛♥ ❝♦♠♣✉t❡ t❤❡ ♠✐♥✐♠✐③❡rs

♣♦✐♥ts ❜② ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♠❛tr✐❝❡s ❛s ✇❡ ❤❛✈❡ s❡❡♥ ✐♥ ❜❡❢♦r❡ s✉❜s❡❝t✐♦♥✳ ❚❤❡

♠❡t❤♦❞ ✐s ❝❧♦s❡❧② ❝♦♥♥❡❝t❡❞ t♦ t❤❡ r❡❛❧ r❛❞✐❝❛❧ ❜♦r❞❡r ❜❛s✐s ❛❧❣♦r✐t❤♠ ♣r❡✲

s❡♥t❡❞ ✐♥ ❬▲❛ss❡rr❡ ✷✵✶✷❪ ❜✉t ✇❡ ✐♥❝❧✉❞❡ t❤✐s ♥❡✇ ❝r✐t❡r✐♦♥ t♦ ✈❡r✐❢② t❤❛t t❤❡

♠✐♥✐♠✉♠ ✐s ❛tt❛✐♥❡❞✳ ■♥ t❤❡ s♦♠❡ ❡①❛♠♣❧❡s ✇❡ ❝♦♠♣❛r❡ t❤❡ ♣❡r❢♦♠❛♥❝❡ ♦❢

♦✉r ❛❧❣♦r✐t❤♠ ✇✐t❤ ●❧♦♣t✐♣♦❧②✳ ●❧♦♣t✐♣♦❧② ✐s ❛ ▼❛t❧❛❜ ♣❛❝❦❛❣❡ ❞❡✈❡❧♦♣♣❡❞ ❜②

❏❡❛♥ ❇❡r♥❛r❞ ▲❛ss❡rr❡ ❡t ❉✐❞✐❡r ❍❡♥r✐♦♥✱ ✇❤✐❝❤ ✐♠♣❧❡♠❡♥ts ▲❛ss❡rr❡ r❡❧❛①✲

❛t✐♦♥ ❬▲❛ss❡rr❡✳ ✷✵✵✶❪ ✭s❡❡ ❙❡❝t✐♦♥ ✸✳✸ ♦❢ t❤❡ ❈❤❛♣t❡r ✸✮✳ ■♥ ♦r❞❡r t♦ ✈❡r✐❢② t❤❡

♠✐♥✐♠✉♠ ✐s r❡❛❝❤❡❞✱ t❤❡② ✉s❡ t✇♦ ❝r✐t❡r✐♦♥s ✭s❡❡ ❬❍❡♥r✐♦♥ ✷✵✵✷❪✮✳ ❚❤❡ ✜rst

❝♦♥s✐sts ✐♥ ✇❤❡♥ t❤❡ s♦❧✉t✐♦♥ ❣✐✈❡s ❜② t❤❡ ❙❉P ♣r♦❜❧❡♠ s❛t✐s✜❡❞ ❛❧❧ t❤❡ ♦r✐❣✲

✐♥❛❧ ♣r♦❜❧❡♠ ❝♦♥str❛✐♥ts ❛♥❞ r❡❛❝❤ t❤❡ ♦❜❥❡❝t✐✈❡ ❢♦♥❝t✐♦♥ t❤❡♥ t❤❡ ❛❧❣♦r✐t❤♠

st♦♣s ❛♥❞ ❣✐✈❡ t❤❡ s♦❧✉t✐♦♥✳ ❚❤❡ s❡❝♦♥❞ ♦♥❡ ✐s t♦ ✈❡r✐❢② t❤❡ ✢❛t ❡①t❡♥s✐♦♥

❬❈✉rt♦ ✶✾✾✻✱ ▲❛✉r❡♥t ✷✵✵✾❛❪ ❜② ♦♥❡ ❝r✐t❡r✐♦♥ t❤❛t ❝♦♥s✐sts ✐♥ t❛❦✐♥❣ t❤❡ ❝♦♠✲

♣❧❡t❡ ✭✇✐t❤ ❛❧❧ t❤❡ ♠♦♥♦♠✐❛❧s✮ ❍❛♥❦❡❧ ♠❛tr✐① ✐♥ ❛ ❞❡❣r❡❡ t✱ t♦ ❝♦♠♣✉t❡ t❤❡

s✉❜♠❛tr✐❝❡s ♦❢ t❤✐s ♠❛tr✐① ❛♥❞ ❝♦♠♣❛r❡ ✐ts r❛♥❦s✳ ❚❤✐s ❝r✐t❡r✐♦♥ ❝❛♥ ❜❡ ❢♦✉♥❞

✐♥ t❤❡ ❜♦♦❦ ❬▲❛ss❡rr❡ ✷✵✵✾❛❪✳ ❚❤❡r❡ ❡①✐ts t✇♦ ♠❛✐♥ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t❤✐s

❝r✐t❡r✐♦♥ ❛♥❞ ♦✉r ♥❡✇ ❛❧❣♦r✐t❤♠✱ t❤❡ ✜rst ✐s ✐♥ ♠❛♥② ❝❛s❡s ♦✉r ❛❧❣♦r✐t❤♠ ✐s

♠♦r❡ q✉✐❝❦❡r✱ ❜❡❝❛✉s❡ ♦✉r ❛❧❣♦r✐t❤♠ ♦♥❧② r❡q✉✐r❡ t❤❡ ❤❛♥❦❡❧ ♠❛tr✐① ✐♥ ❛ ❞❡✲

❣r❡❡ t✱ ✇❤✐❝❤ ✐s s♦❧✉t✐♦♥ ♦❢ t❤❡ ❙❉P ❛♥❞ ✇❡ ✈❡r✐❢② t❤❡ ✢❛t ❡①t❡♥s✐♦♥ ✉s✐♥❣ t❤❡

♦rt❤♦❣❛❧ ❜❛s✐s ❤♦✇ ✇❡ ❡①♣❧❛✐♥ ✐♥ t❤❡ s❡❝t✐♦♥ ❜❡❢♦r❡✳ ❚❤❡ s❡❝♦♥❞ ❞✐✛❡r❡♥❝❡ ✐s

t❤❛t t❤✐s ❝r✐t❡r✐♦♥ ♣r♦❞✉❝❡s ♥✉♠❡r✐❝❛❧ ♣r♦❜❧❡♠ ✐♥ s♦♠❡ ❡①❛♠♣❧❡s✳ ❲❡ ✇✐❧❧ s❡❡

✐t ✐♥ ♥❡①t s❡❝t✐♦♥ ❛♥❞ ✐♥ ❈❤❛♣t❡r ✻✳



❈❍❆P❚❊❘ ✺✳ ❇❖❘❉❊❘ ❇❆❙■❙ ❘❊▲❆❳❆❚■❖◆ ❋❖❘ P❖▲❨◆❖▼■❆▲

❖P❚■▼■❩❆❚■❖◆ ✽✸

❆❧❣♦r✐t❤♠ ✺✳✹✳✶✿ ▼✐♥✐♠✐③❛t✐♦♥ ♦❢ f ♦♥ S

■♥♣✉t✿ ❆ r❡❛❧ ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝t✐♦♥ f ❛♥❞ ❛ s❡t ♦❢ ❝♦♥str❛✐♥ts g ⊂ R[x]

✇✐t❤ Vmin ♥♦♥✲❡♠♣t② ✜♥✐t❡✳

✶✳ ❚❛❦❡ t = max(⌈deg(f)
2

⌉, d0, d+) ✇❤❡r❡

d0 = maxg0∈g0(⌈deg(g0)
2

⌉), d+ = maxg+∈g+(⌈deg(g+)
2

⌉)

✷✳ ❈♦♠♣✉t❡ t❤❡ ❣r❛❞❡❞ ❜♦r❞❡r ❜❛s✐s F2t ♦❢ g0 ❢♦r ❇ ✐♥ ❞❡❣r❡❡ 2t✳

✸✳ ▲❡t Bt ❜❡ t❤❡ s❡t ♦❢ ♠♦♥♦♠✐❛❧s ✐♥ B ♦❢ ❞❡❣r❡❡ ≤ t✳

✹✳ ▲❡t Ct ❜❡ t❤❡ s❡t ♦❢ ❝♦♥str❛✐♥ts s✉❝❤ t❤❛t

C0
t = {m − πBt,F2t

(m), m ∈ Bt · Bt} ❛♥❞ C+ = πBt,F2t
(g+)

✺✳ [f ∗
Ct,Bt

, Λ∗] := ❖♣t✐♠❛❧ ▲✐♥❡❛r ❋♦r♠(f, Bt, Ct)✳

✻✳ [c, B′, K] := ❉❡❝♦♠♣♦s✐t✐♦♥(Λ∗, Bt) ✇❤❡r❡ c =❢❛✐❧❡❞✱ B′ = ∅, K = ∅
♦r c =s✉❝❝❡ss✱ B′ ✐s t❤❡ ❜❛s✐s ❛♥❞ K ✐s t❤❡ s❡t ♦❢ t❤❡ r❡❧❛t✐♦♥s✳

✼✳ ✐❢ c =s✉❝❝❡ss t❤❡♥ V ❂▼✐♥✐♠✐③❡r ♣♦✐♥ts(B′, K)

❡❧s❡ ❣♦ t♦ st❡♣ ✷ ✇✐t❤ t := t + 1✳

❖✉t♣✉t✿ t❤❡ ♠✐♥✐♠✉♠ f ∗ = f ∗
Ct,Bt

✱ t❤❡ ♠✐♥✐♠✐③❡rs Vmin = V ✱

Imin = (K) ❛♥❞ B′ s✉❝❤ t❤❛t K ✐s ❛ ❜♦r❞❡r ❜❛s✐s ❢♦r B′✳
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✺✳✹✳✶ ❊①❛♠♣❧❡ ✐♥ ❞❡t❛✐❧

❲❡ ❝♦♥s✐❞❡r t❤❡ ▼♦t③❦✐♥ ♣♦❧②♥♦♠✐❛❧✱

min f(x, y) = 1 + x4y2 + x2y4 − 3x2y2

✇❤✐❝❤ ✐s ♥♦♥ ♥❡❣❛t✐✈❡ ♦♥ R2 ❜✉t ♥♦t ❛ s✉♠ ♦❢ sq✉❛r❡s ✐♥ R[x, y] ❛s ✇❡ ♣r♦✈❡❞

✐♥ ❊①❛♠♣❧❡ ✸✳✶✳✶✽

❲❡ ♠✐♥✐♠✐③❡ ✇✐t❤ r❡s♣❡❝t ✐ts ❣r❛❞✐❡♥t ✐❞❡❛❧✱ ✇❤✐❝❤ ✐s ♥♦t ③❡r♦✲❞✐♠❡♥s✐♦♥❛❧✳

Igrad(f) = (−6xy2 + 2xy4 + 4x3y2,−6yx2 + 2yx4 + 4y3x2)

❲❡ ❛❧s♦ ❦♥♦✇ t❤❛t t❤❡ ♠✐♥✐♠✐③❡r ✐❞❡❛❧ ✐s ③❡r♦✲❞✐♠❡♥s✐♦♥❛❧✳

❋■❘❙❚ ■❚❊❘❆❚■❖◆

• g0 = {−6xy2 + 2xy4 + 4x3y2,−6yx2 + 2yx4 + 4y3x2}✱ t❤❡♥ d0 = 3 ❛♥❞

t = 3

• ❚❤❡ ❜♦r❞❡r ❜❛s✐s ✐s F3 = {x4y − 3x2y + 2x2y3, y4x − 3y2x + 2y2x3}

• ❚❤❡ ♠♦♥♦♠✐❛❧ ❜❛s✐s ❛ss♦❝✐❛t❡❞ t♦ t = 3 ✐s✿

B3 = {1, x, y, x2, xy, y2, x3, x2y, xy2, y3}

• ❚❤❡ s❡t ♦❢ ❝♦♥str❛✐♥ts

C0
3 = {x5y − 3x3y + 2x3y3, y5x − 3xy3 + 2x3y3, x4y2 − x2y2,

y4x2 − x2y2, x4y − 3x2y + 2x2y3, y4x − 3y2x + 2y2x3}

❤❡♥❝❡ ✇❡ ❤❛✈❡ ✻ ♠♦♥♦♠✐❛❧s t❤❛t ✇❡ ❝❛♥ r❡❞✉❝❡✳
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• ❲❡ ❝♦♠♣✉t❡ [f ∗
B3,C3

, Λ∗] =❖P❚■▼❆▲ ▲■◆❊❆❘ ❋❖❘▼ (f, B3, C3)✱

✶✳ ❚❤❡ s✐③❡ ♦❢ t❤❡ ❤❛♥❦❡❧ ♠❛tr✐① H3
Λ ✐s ✶✵①✶✵✳

✷✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ♣❛r❛♠❡t❡rs t❤❛t ✇❡ ❧♦♦❦ ❢♦r ❛r❡✿

27 (total number of parameters)

−6 (number of reduced parameters)

21 parameters.

✸✳ ❲❡ ✜♥❞ Λ∗ s✉❝❤ t❤❛t Λ∗(f) = −217✳

• ❲❤❡♥ ✇❡ ✈❡r✐❢② t❤❡ ✢❛t ❡①t❡♥s✐♦♥ t❤r♦✉❣❤ t❤❡ ❉❊❈❖▼P❖❙■❚■❖◆ ❛❧✲

❣♦r✐t❤♠✿

[c, B′, K] := ❉❡❝♦♠♣♦s✐t✐♦♥(Λ∗, B3)

✇❡ ♦❜t❛✐♥ c = “failed′′✱ s♦ ✇❡ ❣♦ t♦ t❤❡ s❡❝♦♥❞ ✐t❡r❛t✐♦♥ ✇✐t❤ t = 4✳

❙❊❈❖◆❉ ■❚❊❘❆❚■❖◆

• ❲❡ t❛❦❡ t = 4

• ❚❤❡ ❜♦r❞❡r ❜❛s✐s ✐s F4 = {x4y − 3x2y + 2x2y3, y4x − 3y2x + 2y2x3}

• ❚❤❡ ♠♦♥♦♠✐❛❧ ❜❛s✐s ❛ss♦❝✐❛t❡❞ t♦ t = 4 ✐s✿

B4 = {1, x, y, x2, xy, y2, x3, x2y, xy2, y3, x4, x3y, x2y2, xy3, y4}

• ❚❤❡ s❡t ♦❢ ❝♦♥str❛✐♥ts C4 ✐s ✿

C0
4 = {x7y − 9x3y − 8x3y3, x6y2 − x2y2, x5y3 − x3y3, x4y4 − x2y2,

x3y5 − x3y3, x2y6 − x2y2, xy7 − 9xy3 + 8x3y3, x6y − 9x2y + 8x2y3,

x5y2 − x3y2, x4y3 − x2y3, x3y4 − x3y2, x2y5 − x2y3, xy6 − 9xy2 + 8x3y2,

x5y − 3x3y + 2x3y3, y5x − 3xy3 + 2x3y3, x4y2 − x2y2, y4x2 − x2y2,

x4y − 3x2y + 2x2y3, y4x − 3y2x + 2y2x3}

❤❡♥❝❡ ✇❡ ❤❛✈❡ ✶✾ ♠♦♥♦♠✐❛❧s t❤❛t ✇❡ ❝❛♥ r❡❞✉❝❡✳

• ❲❡ ❝♦♠♣✉t❡ [f ∗
B4,C4

, Λ∗] =❖P❚■▼❆▲ ▲■◆❊❆❘ ❋❖❘▼ (f, B4, C4)✱

✶✳ ❚❤❡ s✐③❡ ♦❢ t❤❡ ❤❛♥❦❡❧ ♠❛tr✐① H4
Λ ✐s ✶✺①✶✺
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✷✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ♣❛r❛♠❡t❡rs t❤❛t ✇❡ ❧♦♦❦ ❢♦r ❛r❡✿

44 (total number of parameters)

−19 (number of reduced parameters)

26 parameters.

✸✳ ❲❡ ✜♥❞ Λ∗ s✉❝❤ t❤❛t Λ∗(f) = 0✱ t❤❡r❡ ✐s ♥♦t ❞✉❛❧✐t② ❣❛♣✱ ✐✳❡✱

fµ
4 = f sos

4 ✳

• ❲❤❡♥ ✇❡ ✈❡r✐❢② t❤❡ ✢❛t ❡①t❡♥s✐♦♥ t❤r♦✉❣❤ t❤❡ ❉❊❈❖▼P❖❙■❚■❖◆ ❛❧✲

❣♦r✐t❤♠✿

[c, B′, K] := ❉❡❝♦♠♣♦s✐t✐♦♥(Λ∗, B4)

✕ c = “sucess′′ ✇❤✐❝❤ ✐♠♣❧② Λ∗(f) = fµ
4 = f sos

4 = f ∗ = 0

✕ B′ = {1, x, y, xy}
✕ K = {x2 − 1, y2 − 1}

• ❲❡ ❝♦♠♣✉t❡ t❤❡ ♠✐♥✐♠✐③❡rs ♣♦✐♥ts t❤r♦✉❣❤ t❤❡ ▼■◆■▼■❩❊❘❙ P❖■◆❚❙

❛❧❣♦r✐t❤♠✿▼✐♥✐♠✐③❡r ♣♦✐♥ts(B′, K)❛♥❞ ✇❡ ♦❜t❛✐♥

{(x = 1, y = 1), (x = 1, y = −1), (x = −1, y = 1), (x = −1, y = −1)}

❘❡♠❛r❦ ✺✳✹✳✶ ❋♦r t❤✐s ❡①❛♠♣❧❡✱ ●❧♦♣t✐♣♦❧② ♠✉st ❣♦ t♦ t❤❡ ♦r❞❡r t = 9 ✐♥

♦r❞❡r t♦ ❞❡t❡❝t t❤❛t t❤❡ ♦♣t✐♠✉♠ ✐s r❡❛❝❤❡❞ ❛♥❞ t♦ ❝♦♠♣✉t❡ t❤❡ ♠✐♥✐♠✐③❡rs✳

✺✳✹✳✷ ❊①❛♠♣❧❡s

❊①❛♠♣❧❡ ✺✳✹✳✷ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠ t❤❛t ❝♦rr❡s♣♦♥❞s t♦ ♦♥❡

❡①❛♠♣❧❡ ♦❢ t②♣❡ ✹✳✸✳✺

min f(x, y, z) = x2 + y2 + z2;

s.t rank

(
x + z + 1 x + y y + z

x + y y + z x + z + 1

)

≤ 1

♦r ❡q✉✐✈❛❧❡♥t❧②

min f(x, y, z) = x2 + y2 + z2;

s.t (x + z + 1)(y + z) − (x + y)2 = 0;

(x + z + 1)2 − (y + z)(x + y) = 0;

(x + z + 1)(x + y) − (y + z)2 = 0;
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❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ ❝♦♠♣✉t✐♥❣ t❤❡ ❝❧♦s❡st ♣♦✐♥t ♦♥ ❛ t✇✐st❡❞ ❝✉❜✐❝ ❞❡✜♥❡❞

❜② 2× 2 ♠✐♥♦rs✳ ❚❤❡ s❡t ♦❢ ❝♦♥str❛✐♥ts g ✐s ♥♦t r❡❣✉❧❛r ❜✉t S(g) = VR(g0) ✐s

❛ s♠♦♦t❤ r❡❛❧ ✈❛r✐❡t②✳

■♥ t❤❡ ✜rst ✐t❡r❛t✐♦♥ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✱ t❤❡ ♦r❞❡r ✐s ✶✱ t❤❡ s✐③❡ ♦❢ t❤❡ ❍❛♥❦❡❧

♠❛tr✐① M1
Λ ✐s ✸✱ min Λ(f) = 1 ❛♥❞ t❤❡r❡ ✐s ♥♦ ❞✉❛❧✐t② ❣❛♣✱ ✐✳❡✱ str♦♥❣ ❞✉❛❧✐t②

❤♦❧❞s✳ ❚❤❡ ✢❛t ❡①t❡♥s✐♦♥ ❝♦♥❞✐t✐♦♥ ✐s s❛t✐s✜❡❞ ❢♦r M1
Λ ❛♥❞ t❤✉s ✇❡ ❤❛✈❡ ❢♦✉♥❞

t❤❡ ♠✐♥✐♠✉♠✳ ❚❤❡ ❛❧❣♦r✐t❤♠ st♦♣s ❛♥❞ ✇❡ ♦❜t❛✐♥ Imin = (x, y − 1, z)✳ ❚❤❡

♠✐♥✐♠✐③❡r ♣♦✐♥t ♦❢ ❢ ✐s {(x = 0, y = 1, z = 0)}✳

❊①❛♠♣❧❡ ✺✳✹✳✸ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❘♦❜✐♥s♦♥ ♣♦❧②♥♦♠✐❛❧

min f(x, y) = 1 + x6 − x4 − x2 + y6 − y4 − y2 − x4y2 − x2y4 + 3x2y2;

✇❤✐❝❤ ✐s ♥♦♥ ♥❡❣❛t✐✈❡ ♦♥ R2 ❜✉t ♥♦t ❛ s✉♠ ♦❢ sq✉❛r❡s ✐♥ R[x, y]✳

❲❡ ♠✐♥✐♠✐③❡ f ✇✐t❤ r❡s♣❡❝t ✐ts ❣r❛❞✐❡♥t ✐❞❡❛❧✱

Igrad(f) = (6x5 − 4x3 − 2x − 4x3y2 − 2xy4 + 6xy2, 6y5 − 4y3 − 2y − 4y3x2 −
2yx4 + 6yx2) ✇❤✐❝❤ ✐s ♥♦t ③❡r♦✲❞✐♠❡♥s✐♦♥❛❧✳

■♥ t❤❡ ✜rst ✐t❡r❛t✐♦♥✱ t❤❡ ♦r❞❡r ✐s ✸✱ t❤❡ s✐③❡ ♦❢ t❤❡ ❍❛♥❦❡❧ ♠❛tr✐① M3
Λ ✐s

✶✵✱ min Λ(f) = −0.93✳ ❚❤❡ ✢❛t ❡①t❡♥s✐♦♥ ❝♦♥❞✐t✐♦♥ ✐s ♥♦t s❛t✐s✜❡❞ ❤❡♥❝❡ ✇❡

tr② ✇✐t❤ ❞❡❣r❡❡ ✹✳

■♥ t❤❡ s❡❝♦♥❞ ✐t❡r❛t✐♦♥ t❤❡ ❞❡❣r❡❡ ✐s ✹✱ t❤❡ s✐③❡ ♦❢ t❤❡ ❍❛♥❦❡❧ ♠❛tr✐① M4
Λ

✐s ✶✺✱ min Λ(f) = 0✳ ❚❤❡r❡ ✐s ♥♦ ❞✉❛❧✐t② ❣❛♣✱ ✐✳❡✱ fµ
4 = f sos

4 = 0✳ ❚❤❡ ✢❛t

❡①t❡♥s✐♦♥ ❝♦♥❞✐t✐♦♥ ✐s s❛t✐s✜❡❞✳
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❚❤❡ ❛❧❣♦r✐t❤♠ st♦♣s ❛♥❞ ✇❡ ♦❜t❛✐♥ f ∗ = fµ
4 = f sos

4 = 0✱ Imin = (x3 −
x, y3 − y, x2y2 − x2 − y2 + 1)✳ ❚❤❡ ♣♦✐♥ts t❤❛t ♠✐♥✐♠✐③❡ f ❛r❡ {(x = 1, y =

1), (x = 1, y = −1), (x = −1, y = 1), (x = −1, y = −1), (x = 1, y = 0), (x =

−1, y = 0), (x = 0, y = 1), (x = 0, y = −1)}✳
❲❡ r❡♠❛r❦ t❤❛t ❢♦r t❤✐s ❡①❛♠♣❧❡✱ ●❧♦♣t✐♣♦❧② ♠✉st ❣♦ t♦ t❤❡ ♦r❞❡r t = 7 ✐♥

♦r❞❡r t♦ ❞❡t❡❝t t❤❛t t❤❡ ♦♣t✐♠✉♠ ✐s r❡❛❝❤❡❞ ❛♥❞ t♦ ❝♦♠♣✉t❡ t❤❡ ♠✐♥✐♠✐③❡rs✳

❊①❛♠♣❧❡ ✺✳✹✳✹ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❤♦♠♦❣❡♥❡♦✉s ▼♦t③❦✐♥ ♣♦❧②♥♦♠✐❛❧ ✇✐t❤ ❛

♣❡rt✉r❜❛t✐♦♥ ε = 0.005✱

min f(x, y, z) = x4y2 + x2y4 − 3x2y2z2 + z6 + ε(x2 + y2 + z2);

s.t h(x, y, z) = 1 − x2 − y2 − z2 ≥ 0

❚❤✐s ❡①❛♠♣❧❡ ❝♦♠✐♥❣ ❢r♦♠ ❬▲❛✉r❡♥t ✷✵✵✾❛✱ ❊①❛♠♣❧❡ ✻✳✷✺❪ ✐s ❛ ❝❛s❡ ✇❤❡r❡ t❤❡

❝♦♥str❛✐♥ts g ❞❡✜♥❡ ❛ ❝♦♠♣❛❝t s❡♠✐✲❛❧❣❡❜r❛✐❝ s❡t✱ ❜✉t t❤❡ ❞✐r❡❝t r❡❧❛①❛t✐♦♥

✉s✐♥❣ t❤❡ ❛ss♦❝✐❛t❡❞ q✉❛❞r❛t✐❝ ♠♦❞✉❧❡ ♦r ♣r❡♦r❞❡r✐♥❣ ✐s ♥♦t ❡①❛❝t✳

❲❡ ❛❞❞ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ❑❑❚ ✐❞❡❛❧ ❛♥❞ ✇❡ s♦❧❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠

min x4y2 + x2y4 − 3x2y2z2 + z6 + 0.005(x2 + y2 + z2);

s.t −4zx4y − 20zx2y3 + 12x2yz3 − 0.06zy5 + 12.06yz5 = 0;

−20zx3y2 − 4zxy4 + 12xy2z3 − 0.06zx5 + 12.06xz5 = 0;

(4x3y2 + 2xy4 − 6xy2z2 + 0.03x5)(−x2 − y2 − z2 + 1) = 0;

(2x4y + 4x2y3 − 6x2yz2 + 0.03y5)(−x2 − y2 − z2 + 1) = 0;

(−6x2y2z + 6.03z5)(−x2 − y2 − z2 + 1) = 0;

✇❤❡r❡ t❤❡ ✜rst t❤r❡❡ ❡q✉❛t✐♦♥s ❛r❡ t❤❡ 2 × 2 ♠✐♥♦rs ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ♦❢

f ❛♥❞ h ❛♥❞ t❤❡ ❧❛st t❤r❡❡ ❡q✉❛t✐♦♥s ❛r❡ t❤❡ ❣r❛❞✐❡♥t ✐❞❡❛❧ ♦❢ f ♠✉❧t✐♣❧✐❡❞ ❜② h✳

■♥ t❤❡ ✜rst ✐t❡r❛t✐♦♥ t❤❡ ♦r❞❡r ✐s ✺✱ t❤❡ s✐③❡ ♦❢ t❤❡ ❍❛♥❦❡❧ ♠❛tr✐① M5
Λ ✐s

✶✻✼✱ min Λ(f) = 0✱ t❤❡r❡ ✐s ♥♦ ❞✉❛❧✐t② ❣❛♣✳ ❚❤❡ ✢❛t ❡①t❡♥s✐♦♥ ❝♦♥❞✐t✐♦♥ ✐s

s❛t✐s✜❡❞ s♦ t❤❡ ❛❧❣♦r✐t❤♠ st♦♣s ❛♥❞ ✇❡ ♦❜t❛✐♥ Imin = (x, y, z)✳

❚❤❡ ♠✐♥✐♠✐③❡r ♣♦✐♥t ♦❢ f ✐s (0, 0, 0)✳

❋♦r t❤✐s ❡①❛♠♣❧❡✱ t❤❡ ❝r✐t❡r✐♦♥ t♦ ✈❡r✐❢② t❤❡ ✢❛t ❡①t❡♥s✐♦♥ ✐♥ ❝♦♠♣❛r✐♥❣

r❛♥❦ ♦❢ s✉❜♠❛tr✐❝❡s ♦❢ t❤❡ ❝♦♠♣❧❡t❡ ✭❛❧❧ t❤❡ ♠♦♥♦♠✐❛❧s ✐♥ ❞❡❣r❡❡ t✮ ❍❛♥❦❡❧

♠❛tr✐① ❞♦❡s ♥♦t ❤♦❧❞ ✇✐t❤ ●❧♦♣t✐♣♦❧② ✐❢ ε ≤ 0.01✳

✺✳✹✳✸ ❊①❛♠♣❧❡s ♦❢ t❤❡♦r✐❝❛❧ r❡s✉❧ts ❢♦r ✐❞❡❛❧s ♥♦♥ ③❡r♦✲
❞✐♠❡♥s✐♦♥❛❧

❋✐♥❛❧❧② ✇✐t❤ t❤❡s❡ t✇♦ ❧❛st ❡①❛♠♣❧❡s ✇❡ s❤♦✇ t❤❛t ❡✈❡♥ t❤❡ ♠✐♥✐♠✐③❡r ✐❞❡❛❧

Imin ✐s ♥♦t ③❡r♦✲❞✐♠❡♥s✐♦♥❛❧ ✇❡ ❝❛♥ r❡❝♦✈❡r ✐t ❢r♦♠ ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ r❡❧❛①❛t✐♦♥

♣r♦❜❧❡♠✳
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❖P❚■▼■❩❆❚■❖◆ ✽✾

❊①❛♠♣❧❡ ✺✳✹✳✺ ❲❡ ❝♦♥s✐❞❡r ▼♦t③❦✐♥ ♣♦❧②♥♦♠✐❛❧ ♦✈❡r t❤❡ ✉♥✐t ❜❛❧❧✿

min f(x, y, z) = x4y2 + x2y4 − 3x2y2z2 + z6;

s.t h(x, y, z) = 1 − x2 − y2 − z2 ≥ 0

❚❤❡ ♣♦❧②♥♦♠✐❛❧ f ✐s ❤♦♠♦❣❡♥❡♦✉s ❛♥❞ ♥♦♥ ♥❡❣❛t✐✈❡ ♦♥ R3 ❜✉t ♥♦t ❛ s✉♠ ♦❢

sq✉❛r❡s ✐♥ R[x, y, z]✳

❲❡ ❛❞❞ t❤❡ ♣r♦❥❡❝t✐♦♥s ♦❢ ❑❑❚ ✐❞❡❛❧ ❛♥❞ ✇❡ ❤❛✈❡ t❤❡ s✐♠✐❧❛r ♣r♦❜❧❡♠

min x4y2 + x2y4 − 3x2y2z2 + z6;

s.t −4xy5 + 12xy3z2 + 4yx5 − 12x3yz2 = 0;

−4zx4y − 20zx2y3 + 12x2yz3 + 12yz5 = 0;

−20zx3y2 − 4zxy4 + 12xy2z3 + 12xz5 = 0;

(4x3y2 + 2xy4 − 6xy2z2)(−x2 − y2 − z2 + 1) = 0;

(2x4y + 4x2y3 − 6x2yz2)(−x2 − y2 − z2 + 1) = 0;

(−6x2y2z + 6z5)(−x2 − y2 − z2 + 1) = 0;

✇❤❡r❡ t❤❡ ✜rst t❤r❡❡ ❡q✉❛t✐♦♥s ❛r❡ t❤❡ 2 × 2 ♠✐♥♦rs ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ♦❢

f ❛♥❞ h ❛♥❞ t❤❡ ❧❛st t❤r❡❡ ❡q✉❛t✐♦♥s ❛r❡ t❤❡ ❣r❛❞✐❡♥t ✐❞❡❛❧ ♦❢ f ♠✉❧t✐♣❧✐❡❞ ❜② h✳

■♥ t❤❡ ✜rst ✐t❡r❛t✐♦♥ t❤❡ ♦r❞❡r ✐s ✺✱ t❤❡ s✐③❡ ♦❢ t❤❡ ❍❛♥❦❡❧ ♠❛tr✐① M5
Λ ✐s

✶✺✻✱ min Λ(f) = 0✱ t❤❡r❡ ✐s ♥♦ ❞✉❛❧✐t② ❣❛♣✳ ❲❡ ❝♦♠♣✉t❡ t❤❡ ❦❡r♥❡❧ ♦❢ t❤✐s

♠❛tr✐①✿ ker M5
Λ = 〈z(y2 − z2), x(y2 − z2), z(x2 − z2), y(x2 − z2)〉✳ ■t ❣❡♥❡r❛t❡s

t❤❡ ♠✐♥✐♠✐③❡r ✐❞❡❛❧ Imin = (z(y2−z2), x(y2−z2), z(x2−z2), y(x2−z2)) ❞❡✜♥✐♥❣

6 ❧✐♥❡s✿ (y ± z, x ± z), (x, z), (y, z)✳ ❍❡r❡ V(Imin) ✐s ♥♦t ✐♥❝❧✉❞❡❞ ✐♥ S✳

❊①❛♠♣❧❡ ✺✳✹✳✻ ❲❡ ❝♦♥s✐❞❡r t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ ❛ ❧✐♥❡❛r ❢✉♥❝t✐♦♥ ♦♥ ❛ t♦r✉s✿

min f(x, y, z) = z

s.t 9 − 10x2 − 10y2 + 6z2 + x4 + 2x2y2 + 2x2z2 + 2y2z2 + y4 + z4 = 0
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■♥ t❤❡ ✜rst ✐t❡r❛t✐♦♥✱ t❤❡ ♦r❞❡r ✐s ✷✱ t❤❡ s✐③❡ ♦❢ t❤❡ ❍❛♥❦❡❧ ♠❛tr✐① M2
Λ ✐s 10✱

min Λ(f) = −1✱ t❤❡r❡ ✐s ♥♦ ❞✉❛❧✐t② ❣❛♣✳ ❲❡ ❝♦♠♣✉t❡ t❤❡ ❦❡r♥❡❧ ♦❢ t❤✐s ♠❛tr✐①✿

ker M2
Λ = 〈x2 + y2 − 4, x(z + 1), y(z + 1), z(z + 1), (z + 1)〉 ✇❤✐❝❤ ❣❡♥❡r❛t❡s

t❤❡ ♠✐♥✐♠✐③❡r ✐❞❡❛❧ Imin = (x2 + y2 − 4, z + 1)✱ ❞❡✜♥✐♥❣ ❛ ❝✐r❝❧❡ ✇❤✐❝❤ ✐s t❤❡

✐♥t❡rs❡❝t✐♦♥ ♦❢ t❤❡ t♦r✉s ✇✐t❤ ❛ t❛♥❣❡♥t ♣❧❛♥❡✳ ◆♦t✐❝❡ t❤❛t t❤❡ ♠✉❧t✐♣❧✐❝✐t② ♦❢

t❤✐s ✐♥t❡rs❡❝t✐♦♥ ❤❛s ❜❡❡♥ r❡♠♦✈❡❞ ✐♥ Imin✳







❈❤❛♣t❡r ✻

❊①♣❡r✐♠❡♥t❛t✐♦♥s✱ ❆♣♣❧✐❝❛t✐♦♥s
❛♥❞ ■♠♣❧❡♠❡♥t❛t✐♦♥

■♥ t❤❡ ✜rst ❙❡❝t✐♦♥ ✇❡ ❛♥❛❧②s❡ t❤❡ ♣r❛❝t✐❝❛❧ ❜❡❤❛✈✐♦r ♦❢ t❤✐s ❛❧❣♦r✐t❤♠✳ ■♥

❛❧❧ t❤❡ ❡①❛♠♣❧❡s t❤❡ ♠✐♥✐♠✐③❡r ✐❞❡❛❧ ✐s ③❡r♦✲❞✐♠❡♥s✐♦♥❛❧ ❤❡♥❝❡ t❤❡ ❛❧❣♦r✐t❤♠

st♦♣s ✐♥ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ st❡♣s ❛♥❞ ②✐❡❧❞s t❤❡ ♠✐♥✐♠✐③❡r ♣♦✐♥ts ❛♥❞ ❣❡♥❡r❛✲

t♦rs ♦❢ t❤❡ ♠✐♥✐♠✐③❡r ✐❞❡❛❧✳ ■♥ s❡❝♦♥❞ ❙❡❝t✐♦♥ s❤♦✇s s♦♠❡ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ t❤❡

♠❡t❤♦❞ ✐♥ t❤r❡❡ ❞✐✛❡r❡♥t ❛r❡❛s ♦❢ r❡s❡❛r❝❤ ❛s ❙✐❣♥❛❧ ♣r♦❝❡ss✐♥❣ ❛♥❞ ❚❡❧❡❝♦♠✲

♠✉♥✐❝❛t✐♦♥s ✭❇❡st ❧♦✇✲r❛♥❦ t❡♥s♦r ❛♣♣r♦①✐♠❛t✐♦♥✮✱ ❇✐♦❧♦❣② ✭❋❛❝t♦rs ✐♥ t❤❡

❣r♦✇t❤ ♦❢ t❤❡ ♣❧❛♥t r♦♦ts✮ ❛♥❞ ❊❧❡❝tr♦♥✐❝ ✭▼❛r① ❣❡♥❡r❛t♦rs✬ ❞❡s✐❣♥✮✳ ■♥ t❤❡

❧❛st ❙❡❝t✐♦♥ ♦❢ t❤✐s ❈❤❛♣t❡r✱ ✇❡ ❡①♣❧❛✐♥ ✐♥ ♠♦r❡ ❞❡t❛✐❧s t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢

❆❧❣♦r✐t❤♠ ✺✳✹✳✶✳

✻✳✶ ❊①♣❡r✐♠❡♥t❛t✐♦♥s

■♥ t❤✐s ❙❡❝t✐♦♥ ✇❡ s❤♦✇ t❤❡ r❡s✉❧ts ♦❢ s♦♠❡ ❡①♣❡r✐♠❡♥ts ❝❛rr✐❡❞ ♦✉t ♦♥ ❛♥

■♥t❡❧ ❈♦r❡ ✐✺ ✷✳✹✵●❍③✳ ■♥ t❤❡s❡ ❡①♣❡r✐♠❡♥ts✱ ✇❡ ❝♦♠♣❛r❡ t❤❡ r❡s✉❧ts ❜❡t✇❡❡♥

♦✉r ❛❧❣♦r✐t❤♠ ✺✳✹✳✶ ✭❜❜r✮ ❛♥❞ t❤❡ ❢✉❧❧ ♠♦♠❡♥t ♠❛tr✐① r❡❧❛①❛t✐♦♥ ❛❧❣♦r✐t❤♠

✭❢♠r✮ ✭✐♥s✐❞❡ t❤❡ ❜♦r❞❡r❜❛s✐① ♣❛❝❦❛❣❡✮✱ t❤❛t✱ ❛s ✇❡ s❛✐❞ ✐♥ t❤❡ ❧❛st ❙❡❝t✐♦♥✱

✇❛s ❞❡s❝r✐❜❡❞ ❜② ▲❛ss❡rr❡ ✐♥ ❬▲❛ss❡rr❡ ✷✵✵✾❛❪✱ ❛♥❞ ✐t ✇❛s ❛❧s♦ ✐♠♣❧❡♠❡♥t❡❞ ✐♥

t❤❡ ♣❛❝❦❛❣❡ ●❧♦♣t✐♣♦❧② ♦❢ ▼❛t❧❛❜ ❞❡✈❡❧♦♣❡❞ ❜② ❉✳ ❍❡♥r✐♦♥ ❛♥❞ ❏✳❇✳ ▲❛ss❡rr❡✳

■♥ ❚❛❜❧❡ ✻✳✶ ❛♥❞ ❚❛❜❧❡ ✻✳✷✱ ✇❡ r❡❝♦r❞ t❤❡ ♣r♦❜❧❡♠ ♥❛♠❡ ♦r t❤❡ s♦✉r❝❡ ♦❢

t❤❡ ♣r♦❜❧❡♠✱ t❤❡ ♥✉♠❜❡r ♦❢ ❞❡❝✐s✐♦♥ ✈❛r✐❛❜❧❡s ✭✈✮✱ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❡q✉❛❧✐t②

❛♥❞ ❡q✉❛❧✐t② ❝♦♥str❛✐♥ts ✭❝✮✱ t❤❡ ♠❛①✐♠✉♠ ❞❡❣r❡❡ ❜❡t✇❡❡♥ t❤❡ ❝♦♥str❛✐♥ts

❛♥❞ t❤❡ ♣♦❧②♥♦♠✐❛❧ t♦ ♠✐♥✐♠✐③❡ ✭❞✮✱ t❤❡ ♥✉♠❜❡r ♦❢ ♠✐♥✐♠✐③❡r ♣♦✐♥ts ✭s♦❧✮✳

❋♦r t❤❡ t✇♦ ❛❧❣♦r✐t❤♠s ❜❜r ❛♥❞ ❢♠r ✇❡ r❡♣♦rt t❤❡ t♦t❛❧ ❈P❯ t✐♠❡ ✐♥ s❡❝♦♥❞s

✉s✐♥❣ s❞♣❛ ✭t✮ ❛♥❞ ✉s✐♥❣ ♠♦s❡❦ ✭tbbr+msk✮✱ t❤❡ ♦r❞❡r ♦❢ t❤❡ r❡❧❛①❛t✐♦♥ ✭♦✮✱

t❤❡ ♥✉♠❜❡r ♦❢ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ❙❉P ♣r♦❜❧❡♠ ✭♣✮ ❛♥❞ t❤❡ s✐③❡ ♦❢ t❤❡ ♠♦♠❡♥t

♠❛tr✐❝❡s ✭s✮✳

❚❤❡ ✜rst ♣❛rt ♦❢ t❤❡ t❛❜❧❡ ❝♦♥t❛✐♥s ❡①❛♠♣❧❡s ♦❢ ♣♦s✐t✐✈❡ ♣♦❧②♥♦♠✐❛❧s✱ ✇❤✐❝❤

❛r❡ ♥♦t s✉♠ ♦❢ sq✉❛r❡s✳ ◆❡✇ ❡q✉❛❧✐t② ❝♦♥str❛✐♥ts ❛r❡ ❛❞❞❡❞ ❢♦❧❧♦✇✐♥❣ ✹✳✷ t♦

❝♦♠♣✉t❡ t❤❡ ♠✐♥✐♠✐③❡r ♣♦✐♥ts ✐♥ t❤❡ ❡①❛♠♣❧❡s ♠❛r❦❡❞ ✇✐t❤ ⋄✳ ❚❤❡ ❢♦✉rt❤

♣❛rt ♦❢ t❤❡ t❛❜❧❡ ❝♦♥t❛✐♥s ❡①❛♠♣❧❡s ✇❤❡r❡ t❤❡ r❡❛❧ r❛❞✐❝❛❧ g
+
√

g0 ✐s ❝♦♠♣✉t❡❞✳
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❲❤❡♥ t❤❡r❡ ❛r❡ ❡q✉❛❧✐t② ❝♦♥str❛✐♥ts✱ t❤❡ ❜♦r❞❡r ❜❛s✐s ❝♦♠♣✉t❛t✐♦♥ r❡❞✉❝❡s

t❤❡ s✐③❡ ♦❢ t❤❡ ♠♦♠❡♥t ♠❛tr✐❝❡s✱ ❛s ✇❡❧❧ ❛s t❤❡ ♥✉♠❜❡r ♦❢ ♣❛r❛♠❡t❡rs ❛♥❞ t❤❡

s✐③❡ ♦❢ t❤❡ ❧♦❝❛❧✐③❛t✐♦♥ ♠❛tr✐❝❡s ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ✐♥❡q✉❛❧✐t✐❡s✳ ❚❤✐s s♣❡❡❞s

✉♣ t❤❡ ❙❉P ❝♦♠♣✉t❛t✐♦♥✳ ■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡r❡ ❛r❡ ♦♥❧② ✐♥❡q✉❛❧✐t✐❡s✱ t❤❡

s✐③❡ ♦❢ t❤❡ ♠♦♠❡♥t ♠❛tr✐❝❡s ✐s t❤❡ s❛♠❡ ❜✉t ♦♥❝❡ t❤❡ ♦♣t✐♠❛❧ ❧✐♥❡❛r ❢♦r♠ ✐s

❝♦♠♣✉t❡❞ ✉s✐♥❣ ♦♥❡ ♦❢ t❤❡ ❙❉P s♦❧✈❡rs s❞♣❛✱ s❞♣❛✲❣♠♣✱ ❝s❞♣ ♦r ♠♦s❡❦✱

t❤❡ ❉❡❝♦♠♣♦s✐t✐♦♥ ❛❧❣♦r✐t❤♠ ✇❤✐❝❤ ✈❡r✐❢② t❤❡ ✢❛t ❡①t❡♥s✐♦♥ ❛♥❞ ❝♦♠♣✉t❡s

t❤❡ ♠✐♥✐♠✐③❡rs ✐s ♠♦r❡ ❡✣❝✐❡♥t ❛♥❞ q✉✐❝❦❡r t❤❛♥ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ❛❧❣♦r✐t❤♠

✉s❡❞ ✐♥ t❤❡ ❢✉❧❧ ♠♦♠❡♥t ♠❛tr✐① r❡❧❛①❛t✐♦♥ ❛♣♣r♦❛❝❤✳

❚❤❡ ♣❡r❢♦r♠❛♥❝❡ ✐s ♥♦t t❤❡ ♦♥❧② ✐ss✉❡✿ ♥✉♠❡r✐❝❛❧ ♣r♦❜❧❡♠s ❝❛♥ ❛❧s♦ ♦❝❝✉r

❞✉❡ t♦ t❤❡ ❜✐❣❣❡r s✐③❡ ♦❢ t❤❡ ♠♦♠❡♥t ♠❛tr✐❝❡s ✐♥ t❤❡ ✢❛t ❡①t❡♥s✐♦♥ t❡st ❛♥❞ t❤❡

r❡❝♦♥str✉❝t✐♦♥ ♦❢ ♠✐♥✐♠✐③❡rs✳ ❙✉❝❤ ❡①❛♠♣❧❡s ✇❤❡r❡ t❤❡ ❢♠r ❛❧❣♦r✐t❤♠ ❢❛✐❧s

❜❡❝❛✉s❡ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ r❛♥❦ ♣r♦❜❧❡♠s ❛r❡ ♠❛r❦❡❞ ✇✐t❤ ✯✳ ❚❤❡ ❡①❛♠♣❧❡s t❤❛t

●❧♦♣t✐♣♦❧② ❝❛♥♥♦t tr❡❛t ❞✉❡ t♦ t❤❡ ❤✐❣❤ ♥✉♠❜❡r ♦❢ ✈❛r✐❛❜❧❡s ❬▲❛ss❡rr❡ ✷✵✵✾❛❪

❛r❡ ♠❛r❦❡❞ ✇✐t❤ ✯✯ ✳

❚❤❡s❡ ❡①♣❡r✐♠❡♥ts s❤♦✇ t❤❛t ✇❤❡♥ t❤❡ s✐③❡ ♦❢ t❤❡ ❙❉P ♣r♦❜❧❡♠s ❜❡❝♦♠❡s

s✐❣♥✐✜❝❛♥t✱ ♠♦st ♦❢ t❤❡ t✐♠❡ s♣❡♥t ❜② ♦✉r ❛❧❣♦r✐t❤♠ ♦❝❝✉rs ❞✉r✐♥❣ s❞♣ ❝♦♠✲

♣✉t❛t✐♦♥ ❛♥❞ t❤❡ ❜♦r❞❡r ❜❛s✐s t✐♠❡ ❛♥❞ r❡❝♦♥str✉❝t✐♦♥ t✐♠❡ ❛r❡ ♥❡❣❧✐❣✐❜❧❡✳

❲❡ ❛❧s♦ s❤♦✇ t❤❛t t❤❡ ✉s❡ ♦❢ ▼♦s❡❦ s♦❢t✇❛r❡ r❡❞✉❝❡s t❤❡ t✐♠❡ ❜❡t✇❡❡♥ ✺✵

✪ ❛♥❞ ✽✵ ✪✳ ■♥ ❛❧❧ t❤❡ ❡①❛♠♣❧❡s✱ t❤❡ ♥❡✇ ❜♦r❞❡r ❜❛s✐s r❡❧❛①❛t✐♦♥ ❛❧❣♦r✐t❤♠

♦✉t♣❡r❢♦r♠s t❤❡ ❢✉❧❧ ♠♦♠❡♥t ♠❛tr✐① r❡❧❛①❛t✐♦♥ ♠❡t❤♦❞✳ ■♥ ❚❛❜❧❡ ✻✳✸✱ ✇❡ ❝❛♥

s❡❡ ✐♥ ♠♦r❡ ❞❡t❛✐❧ t❤❡ ❞✐✛❡r❡♥❝❡ ✐♥ ♥✉♠❜❡r ♦❢ ♣❛r❛♠❡t❡rs✱ s✐③❡ ♦❢ ♠❛tr✐❝❡s ❛♥❞

t✐♠❡ ❜❡t✇❡❡♥ t❤❡ ❛❧❣♦r✐t❤♠ ❜❜r ❛♥❞ ❢♠r✳
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♣r♦❜❧❡♠ ✈ ❝ ❞ s♦❧ ofmr pfmr sfmr tfmr

⋄ ❘♦❜✐♥s♦♥ ✷ ✵ ✻ ✽ ✼ ✶✶✾ ✸✻ ✯

⋄ ▼♦t③❦✐♥ ✷ ✵ ✻ ✹ ✾ ✶✽✾ ✺✺ ✯

⋄ ▼♦t③❦✐♥ ♣❡rt✉r❜❡❞ ✸ ✶ ✻ ✶ ✺ ✷✽✻ ✺✻ ✾✳✺✼

⋄ ❬▲❛ss❡rr❡✳ ✷✵✵✶❪✱ ❊①✳ ✶ ✷ ✵ ✹ ✶ ✷ ✶✹ ✻ ✵✳✵✺✵

⋄ ❬▲❛ss❡rr❡✳ ✷✵✵✶❪✱ ❊①✳ ✷ ✷ ✵ ✹ ✶ ✷ ✶✹ ✻ ✵✳✵✺✵

⋄ ❬▲❛ss❡rr❡✳ ✷✵✵✶❪✱ ❊①✳ ✸ ✷ ✵ ✻ ✹ ✽ ✶✺✷ ✹✺ ✯

❬▲❛ss❡rr❡✳ ✷✵✵✶❪✱ ❊①✳ ✺ ✷ ✸ ✷ ✸ ✷ ✶✹ ✻ ✵✳✵✺✸

❬❋❧♦✉❞❛s ✶✾✾✾❪✱ ❊①✳ ✹✳✶✳✹ ✶ ✷ ✹ ✷ ✷ ✹ ✸ ✵✳✵✹✵

❬❋❧♦✉❞❛s ✶✾✾✾❪✱ ❊①✳ ✹✳✶✳✻ ✶ ✷ ✻ ✷ ✸ ✻ ✹ ✵✳✵✹✹

❬❋❧♦✉❞❛s ✶✾✾✾❪✱ ❊①✳ ✹✳✶✳✼ ✶ ✷ ✹ ✶ ✷ ✹ ✸ ✵✳✵✹✷

❬❋❧♦✉❞❛s ✶✾✾✾❪✱ ❊①✳ ✹✳✶✳✽ ✷ ✺ ✹ ✶ ✷ ✶✹ ✻ ✵✳✵✼✼

❬❋❧♦✉❞❛s ✶✾✾✾❪✱ ❊①✳ ✹✳✶✳✾ ✷ ✻ ✹ ✶ ✹ ✹✹ ✶✺ ✵✳✷✾

❬❋❧♦✉❞❛s ✶✾✾✾❪✱ ❊①✳ ✷✳✶✳✶ ✺ ✶✶ ✷ ✶ ✸ ✹✻✶ ✺✻ ✶✷✳✷✸

❬❋❧♦✉❞❛s ✶✾✾✾❪✱ ❊①✳ ✷✳✶✳✷ ✻ ✶✸ ✷ ✶ ✷ ✷✵✾ ✷✻ ✶✳✷✾

❬❋❧♦✉❞❛s ✶✾✾✾❪✱ ❊①✳ ✷✳✶✳✸ ✶✸ ✸✺ ✷ ✶ ✷ ✷✸✼✾ ✼✽ ✹✶✼✳✾✻

❬❋❧♦✉❞❛s ✶✾✾✾❪✱ ❊①✳ ✷✳✶✳✹ ✻ ✶✺ ✷ ✶ ✷ ✷✵✾ ✷✻ ✶✳✹✽

❬❋❧♦✉❞❛s ✶✾✾✾❪✱ ❊①✳ ✷✳✶✳✺ ✶✵ ✸✶ ✷ ✶ ✷ ✶✵✵✵ ✻✻ ✹✹✳✷✾

❬❋❧♦✉❞❛s ✶✾✾✾❪✱ ❊①✳ ✷✳✶✳✻ ✶✵ ✷✺ ✷ ✶ ✷ ✶✵✵✵ ✻✻ ✹✸✳✻✽
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✯✯ ❬❋❧♦✉❞❛s ✶✾✾✾❪✱ ❊①✳ ✷✳✶✳✼✭✺✮ ✷✵ ✸✵ ✷ ✶ ✷ ✶✵✻✷✺ ✷✸✶ ✸✻✵✷✶✳✸

✯✯ ❬❋❧♦✉❞❛s ✶✾✾✾❪✱ ❊①✳ ✷✳✶✳✽ ✷✹ ✺✽ ✷ ✶ ✷ ✷✵✹✼✺ ✸✷✺ ❃✶✹❤

❬❋❧♦✉❞❛s ✶✾✾✾❪✱ ❊①✳ ✷✳✶✳✾ ✶✵ ✶✶ ✷ ✶ ✷ ✶✵✵✵ ✺✺ ✶✻✳✼✻

❬❋❧♦✉❞❛s ✶✾✾✾❪✱ ❊①✳ ✸✳✶✳✸ ✻ ✶✻ ✷ ✶ ✷ ✷✵✾ ✷✻ ✶✳✹✷

❬▲❛ss❡rr❡ ✷✵✵✾❛❪ ❝❜♠s✶ ✸ ✸ ✸ ✺ ✸ ✽✸ ✷✵ ✵✳✷✵

❬▲❛ss❡rr❡ ✷✵✵✾❛❪ r❡❞✐✛✸ ✸ ✸ ✷ ✷ ✷ ✸✺ ✶✵ ✵✳✵✾

❬▲❛ss❡rr❡ ✷✵✵✾❛❪ q✉❛❞❢♦r✷ ✹ ✶✷ ✹ ✷ ✸ ✷✶✵ ✸✺ ✵✳✼✺

✯✯ s✐♠♣❧❡① ✶✺ ✶✻ ✷ ✶ ✷ ✸✽✼✺ ✶✸✻ ✼✽✵✳✸✼✶

❚❛❜❧❡ ✻✳✶✿ ❊①♣❡r✐♠❡♥t❛t✐♦♥s ✇✐t❤ ❢♠r✲❛❧❣♦r✐t❤♠
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♣r♦❜❧❡♠ ✈ ❝ ❞ s♦❧ obbr pbbr sbbr tbbr tbbr+msk

⋄ ❘♦❜✐♥s♦♥ ✷ ✵ ✻ ✽ ✹ ✷✶ ✶✺ ✵✳✶✺ ✵✳✶✵

⋄ ▼♦t③❦✐♥ ✷ ✵ ✻ ✹ ✹ ✷✻ ✶✺ ✵✳✶✼ ✵✳✵✽✵

⋄ ▼♦t③❦✐♥ ♣❡rt✉r❜❡❞ ✸ ✶ ✻ ✶ ✺ ✶✻✼ ✺✻ ✸✳✼✽ ✵✳✾✵

⋄ ❬▲❛ss❡rr❡✳ ✷✵✵✶❪✱ ❊①✳ ✶ ✷ ✵ ✹ ✶ ✷ ✽ ✻ ✵✳✵✸✵ ✵✳✵✷✷
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❚❛❜❧❡ ✻✳✸✿ ❉✐✛❡r❡♥ts ❜❡t✇❡❡♥ ❢♠r✲❜❜r ❛❧❣♦r✐t❤♠s

✻✳✷ ❆♣♣❧✐❝❛t✐♦♥s

■♥ t❤✐s ❙❡❝t✐♦♥ ✇❡ ♣r❡s❡♥t s♦♠❡ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ ♦✉r ❛❧❣♦r✐t❤♠ ✐♥ s♦♠❡ ❞✐❢✲

❢❡r❡♥ts ❞♦♠❛✐♥s ❛s ❙✐❣♥❛❧ ♣r♦❝❡ss✐♥❣ ❛♥❞ ❚❡❧❡❝♦♠♠✉♥✐❝❛t✐♦♥s ✭❇❡st ❧♦✇✲r❛♥❦

t❡♥s♦r ❛♣♣r♦①✐♠❛t✐♦♥✮✱ ❇✐♦❧♦❣② ✭❋❛❝t♦rs ✐♥ t❤❡ ❣r♦✇t❤ ♦❢ t❤❡ ♣❧❛♥t r♦♦ts✮ ❛♥❞

❊❧❡❝tr♦♥✐❝ ✭▼❛r① ❣❡♥❡r❛t♦rs✬ ❞❡s✐❣♥✮✳ ❋✐rst ♦❢ ❛❧❧ ✇❡ ❡①♣❧❛✐♥ ✐♥ ♠♦r❡ ❞❡t❛✐❧

t❤❡ ❞✐✛❡r❡♥ts ❛♣♣❧✐❝❛t✐♦♥s ❛♥❞ ❛❢t❡r t❤❛t ✇❡ s❤♦✇ ❤♦✇ t♦ ❛♣♣❧② ♦✉r ❛❧❣♦r✐t❤♠✳

✻✳✷✳✶ ❇❡st ❧♦✇✲r❛♥❦ t❡♥s♦r ❛♣♣r♦①✐♠❛t✐♦♥

❚❡♥s♦r ♣r♦❜❧❡♠s ❛♣♣❡❛rs ✐♥ ♠❛♥② ❝♦♥t❡①t ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s✳ ❋♦r ✐♥st❛♥❝❡ ♠❛✲

tr✐❝❡s ❛r❡ ❛♥ ❡①❛♠♣❧❡ ♦❢ t❡♥s♦rs ♦❢ ♦r❞❡r ✷✳ ❍♦✇❡✈❡r ✐♥ ♠❛♥② ♣r♦❜❧❡♠s✱ ❤✐❣❤❡r
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♦r❞❡r t❡♥s♦rs ❛r❡ ♥❛t✉r❛❧❧② ✉s❡❞ t♦ ❝♦❧❧❡❝t ✐♥❢♦r♠❛t✐♦♥s ✇❤✐❝❤ ❞❡♣❡♥❞ ♦♥ ♠♦r❡

t❤❛♥ t✇♦ ✈❛r✐❛❜❧❡s✳ ❚❤❡s❡ ❞❛t❛ ❝♦✉❧❞ ❜❡ ♦❜s❡r✈❛t✐♦♥s ♦❢ s♦♠❡ ❡①♣❡r✐♠❡♥t❛✲

t✐♦♥ ♦r ♦❢ ❛ ♣❤②s✐❝❛❧ ♣❤❡♥♦♠❡♥❛ t❤❛t ❞❡♣❡♥❞s ♦♥ s❡✈❡r❛❧ ♣❛r❛♠❡t❡rs✳ ❚❤❡s❡

♣❛r❛♠❡t❡rs ❛r❡ st♦r❡❞ ✐♥ ❛ str✉❝t✉r❡ ❝❛❧❧❡❞ t❡♥s♦r✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❞✐♠❡♥✲

s✐♦♥❛❧ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ♣r♦❜❧❡♠✳ ❋♦r ❛ s✉r✈❡② ♦♥ t❡♥s♦rs ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s

✭s❡❡ ❬❈♦♠♦♥ ✷✵✵✵❪✮✳ ❚❤❡ t❡♥s♦r ❞❡❝♦♠♣♦s✐t✐♦♥ ♣r♦❜❧❡♠ ❝♦♥s✐ts ✐♥ ❞❡❝♦♠♣♦s✲

✐♥❣ t❤❡ t❡♥s♦r ✐♥t♦ ❛ ♠✐♥✐♠❛❧ s✉♠ ♦❢ ✐♥❞❡❝♦♠♣♦s❛❜❧❡ t❡♥s♦r✱ ✐✳❡✱ t❡♥s♦rs ♦❢

r❛♥❦ ✶✳ ❲❡ r❡❢❡r t♦ ❬❇❡r♥❛r❞✐ ✷✵✶✸❪✱ ❬❇r❛❝❤❛t ✷✵✶✵❪ ❢♦r ♠♦r❡ ♠❛t❡r✐❛❧ ✐♥ t❡♥✲

s♦r ❞❡❝♦♠♣♦s✐t✐♦♥✳ ❚❤✐s ❞❡❝♦♠♣♦s✐t✐♦♥ ❛❧❧♦✇s t♦ ❡①tr❛❝t ✐♥✈❛r✐❛♥ts ♣r♦♣❡rt✐❡s

❛♥❞ ❣❡♦♠❡tr② ♦❢ t❤❡ t❡♥s♦r✳ ❋♦r t❤✐s r❡❛s♦♥ t❤✐s t❡♥s♦r ❞❡❝♦♠♣♦st✐♦♥ ♣r♦❜❧❡♠

❛♣♣❡❛rs ✐♥ ♠❛♥② ❞♦♠❛✐♥s✳ ❋♦r ❡①❛♠♣❧❡ ❙✐♥❣✉❧❛r ❱❛❧✉❡ ❉❡❝♦♠♣♦s✐t✐♦♥ ❢♦r t❤❡

❝❛s❡ ♦❢ t❡♥s♦r ♦❢ r❛♥❦ ✷ ❛♥❞ ❢♦r ❤✐❣❤❡r r❛♥❦ t❤✐s ❛♣♣r♦❛❝❤ ❛♣♣❡❛rs ✐♥ s❡✈❡r❛❧

❞♦♠❛✐♥s s✉❝❤ ❛s ❊❧❡❝tr✐❝❛❧ ❊♥❣✐♥❡❡r✐♥❣✱ ❙✐❣♥❛❧ ♣r♦❝❡ss✐♥❣✱ ❚❡❧❡❝♦♠♠✉♥✐❝❛✲

t✐♦♥s ♦r ❉❛t❛ ❆♥❛❧②s✐s✳

■♥ ♠❛♥② ♣r♦❜❧❡♠s✱ t❡♥s♦r ❝♦❡✣❝✐❡♥ts ❛r❡ ❣✐✈❡♥ ✇✐t❤ s♦♠❡ ❡rr♦r✳ ■♥st❡❛❞ ♦❢

s❡❛r❝❤✐♥❣ ❛♥ ❡①❛❝t ❞❡❝♦♠♣♦s✐t✐♦♥✱ ♦♥❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♣♣r♦①✐♠❛t❡

❞❡❝♦♠♣♦s✐t✐♦♥ ♣r♦❜❧❡♠✿ ■s t❤❡r❡ ✐♥ t❤❡ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ❛ ❣✐✈❡♥ t❡♥s♦r✱ ❛ t❡♥✲

s♦r ✇✐t❤ ❛ s♠❛❧❧ r❛♥❦❄ ❚❤✐s ♣r♦❜❧❡♠ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛♥ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✳

■❢ ✇❡ ✜① t❤❡ r❛♥❦ r✱ t❤❡ ♣r♦❜❧❡♠ r❡❞✉❝❡s t♦ ❝♦♠♣✉t❡ t❤❡ t❡♥s♦rs ♦❢ r❛♥❦ r

✇❤✐❝❤ ❛r❡ t❤ ❝❧♦s❡st t♦ t❤❡ ✐♥♣✉t ❞❛t❛✳ ❍❡r❡❛❢t❡r ✇❡ st✉❞② t❤❡ ❜❡st r❛♥❦✲✶

❛♥❞ r❛♥❦✲✷ t❡♥s♦r ❛♣♣r♦①✐♠❛t✐♦♥✳ ❆s ✇❡ ✇✐❧❧ s❡❡✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ r❛♥❦✲✶ ♠♥✐♠✐③✲

✐♥❣ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❞✐st❛♥❝❡ ✐s ❡q✉✐✈❛❧❡♥t ❢♦r s②♠♠❡tr✐❝ t❡♥s♦rs t♦ ♠❛①✐♠✐③❡

❤♦♠♦❣❡♥❡♦✉s ♣♦❧②♥♦♠✐❛❧ ♦✈❡r ✉♥✐t s♣❤❡r❡s ❡t ❢♦r ♥♦♥s②♠♠❡tr✐❝ t❡♥s♦rs✱ t❤✐s

✐s ❡q✉✐✈❛❧❡♥t t♦ ♠❛①✐♠✐③❡ ♠✉❧t✐❤♦♠♦❣❡♥❡♦✉s ❢♦r♠s ♦✈❡r ♠✉❧t✐s♣❤❡r❡s✳ ■♥ ♣❛r✲

t✐❝✉❧❛r ✇❡ st✉❞② t❤❡ ❡①❛♠♣❧❡s ✐♥ t❤❡ ♣❛♣❡rs ❬◆✐❡ ✷✵✶✸❜✱ ❖tt❛✈✐❛♥✐ ✷✵✶✸❪ ❛♥❞

✇❡ ❝♦♠♣❛r❡ ♦✉r r❡s✉❧ts ✇✐t❤ t❤❡ r❡s✉❧ts ❣✐✈❡♥ ✐♥ t❤♦s❡ ♣❛♣❡rs✳ ■♥ t❤❡ ✜rst ♣❛rt

♦❢ t❤✐s ❙❡❝t✐♦♥ ✇❡ tr❡❛t t❤❡ ❜❡st r❛♥❦✲✶ t❡♥s♦r ❛♣♣r♦①✐♠❛t✐♦♥ ♣r♦❜❧❡♠ ❛♥❞ ✐♥

❛ s❡❝♦♥❞ ♣❛rt ✇❡ tr❡❛t t❤❡ ❜❡st r❛♥❦✲✷ t❡♥s♦r ❛♣♣r♦①✐♠❛t✐♦♥ ♣r♦❜❧❡♠✳ ❇❡❢♦r❡

t♦ ❡①♣❧❛✐♥ t❤❡s❡ ♣r♦❜❧❡♠s ✇❡ ✐♥tr♦❞✉❝❡ s♦♠❡ ♥♦t❛t✐♦♥s✳

❉❡✜♥✐t✐♦♥ ✻✳✷✳✶ ❆ t❡♥s♦r ❞❡ ♦r❞❡r m ∈ Z+ ❛♥❞ ❞✐♠❡♥s✐♦♥ (n1, ..., nm) ∈ Zm
+

✐s ❛♥ ❛rr❛② F t❤❛t ✐s ✐♥❞❡①❡❞ ❜② ✐♥t❡❣❡r t✉♣❧❡s (i1, ..., im) ✇✐t❤ 1 ≤ ij ≤ nj(j =

1, ..m)✱✐✳❡✱

F = (Fi1,...,im)1≤i1≤n1,...,1≤im≤nm

❘❡♠❛r❦ ✻✳✷✳✷ ❚❤❡ s♣❛❝❡s ♦❢ ❛❧❧ s✉❝❤ t❡♥s♦rs ✇✐t❤ r❡❛❧ ❡♥tr✐❡s ✐s ❞❡♥♦t❡❞ ❛s

Rn1×···×nm

❉❡✜♥✐t✐♦♥ ✻✳✷✳✸ ❆ t❡♥s♦r F ∈ Rn1×···×nm ✐s s②♠♠❡tr✐❝ ✐❢ n1 = · · · = nm

❛♥❞

Fi1,...,im = Fj1,...,jm
∀ (i1, ..., im) ∼ (j1, ..., jm)
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✇❤❡r❡ ∼ ♠❡❛♥s t❤❛t (i1, ..., im) ✐s ❛ ♣❡r♠✉t❛t✐♦♥ ♦❢ (j1, ..., jm)✳

❘❡♠❛r❦ ✻✳✷✳✹ ❲❡ ❞❡♥♦t❡ Sm(Rn) t❤❡ s♣❛❝❡ ♦❢ r❡❛❧ s②♠♠❡tr✐❝ t❡♥s♦rs ♦❢

♦r❞❡r m ✐♥ ❞✐♠❡♥s✐♦♥ n✳

❉❡✜♥✐t✐♦♥ ✻✳✷✳✺ ❲❡ ❞❡✜♥❡ t❤❡ s❝❛❧❛r ♣r♦❞✉❝t ♦❢ t✇♦ t❡♥s♦r F ,F ′ ∈
Rn1×···×nm ❛s✿

〈F ,F ′〉 =

n1∑

i1=1

· · ·
nm∑

im=1

Fi1,...,imF ′
i1,...,im

❉❡✜♥✐t✐♦♥ ✻✳✷✳✻ ❲❡ ❞❡✜♥❡ t❤❡ ♥♦r♠ ♦❢ ❛ t❡♥s♦r F ∈ Rn1×···×nm ❛s✿

|| F ||= (

n1∑

i1=1

· · ·
nm∑

im=1

| Fi1,...,im |2)1/2 = 〈F ,F〉

❉❡✜♥✐t✐♦♥ ✻✳✷✳✼ ❊✈❡r② t❡♥s♦r ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢

♦✉t❡r ♣r♦❞✉❝ts ♦❢ ✈❡❝t♦rs✱ ✐✳❡✱

F =
r∑

i=1

ui,1 ⊗ · · · ⊗ ui,m with ui,j ∈ Rnj

❆♥❞ t❤❡ s♠❛❧❧❡st ♣♦s✐t✐✈❡ ✐♥t❡❣❡r r ✐s ❝❛❧❧❡❞ r❛♥❦ ♦❢ F ✳

✻✳✷✳✶✳✶ ❇❡st r❛♥❦✲✶ t❡♥s♦r ❛♣♣r♦①✐♠❛t✐♦♥

❚❤❡ ♣r♦❜❧❡♠ ♦❢ ✜♥❞ t❤❡ ❜❡st r❛♥❦✲✶ t❡♥s♦r ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❛ t❡♥s♦r F ∈
Rn1×···×nm ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❛s ❢♦❧❧♦✇s✳

Pr♦❜❧❡♠ ✿●✐✈❡♥ ❛ t❡♥s♦r F ∈ Rn1×···×nm✱ ✜♥❞ ❛ s❝❛❧❛r λ ❛♥❞ ✉♥✐t ✈❡❝t♦rs

u1, . . . , um s✉❝❤ t❤❛t t❤❡ r❛♥❦✲✶ t❡♥s♦r F̃ = λu1 ⊗ · · · ⊗ um ♠✐♥✐♠✐③❡s t❤❡

❧❡❛st✲sq✉❛r❡s ❝♦st ❢✉♥❝t✐♦♥

f(F̃) =|| F − F̃ ||2 ✭✻✳✶✮

❚❤✐s ❝♦♥str❛✐♥❡❞ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ ❛♥❛❧②③❡❞ ✉s✐♥❣ t❡❝❤♥✐♥q✉❡

♦❢ ▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡rs✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠❜✐♥❛t✐♦♥ ♦❢

f ✇✐t❤ t❤❡ ❝♦♥str❛✐♥t t❡r♠s

f̃ =

n1∑

i1=1

· · ·
nm∑

im=1

(Fi1,...,im − λu1
i1
· · ·um

im)2 +
∑

j

λj(
∑

ij

(uj
ij
)2 − 1) ✭✻✳✷✮
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✐♥ ✇❤✐❝❤ λj(1 ≤ j ≤ m) ❛r❡ t❤❡ ❧❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡rs✳ ❙❡tt✐♥❣ t❤❡ ❞❡r✐✈❛t✐✈❡

✇✐t❤ r❡s♣❡❝t t♦ uj
ik

❡q✉❛❧ t♦ ③❡r♦ ②✐❡❧❞s

λ

n1∑

i1=1

· · ·
nk−1∑

ik−1=1

nk+1∑

ik+1=1

· · ·
nm∑

im=1

Fi1,...,imu1
i1
· · ·uk−1

ik−1
uk+1

ik+1
· · ·um

im =

= λju
j
ij

+ λ2uj
ij

n1∑

i1=1

· · ·
nk−1∑

ik−1=1

nk+1∑

ik+1=1

· · ·
nm∑

im=1

(u1
i1
)2 · · · (uk−1

ik−1
)2(uk+1

ik+1
)2 · · · (um

im)2.

✭✻✳✸✮

■❢ ✇❡ ❞❡r✐✈❡ ✇✐t❤ r❡s♣❡❝t λj ❛♥❞ λ✱ ✇❡ ♦❜t❛✐♥✱ r❡s♣❡❝t✐✈❡❧②

∑

ij

(uj
ij
)2 = 1 ✭✻✳✹✮

n1∑

i1=1

· · ·
nm∑

im=1

Fi1,...,imu1
i1
· · ·um

im = λ
∑

i1,...,im

(u1
i1
)2 · · · (um

im)2. ✭✻✳✺✮

❲❡ ❝♦♠❜✐♥❡ ✭✻✳✹✮ ✇✐t❤ ✭✻✳✺✮ ❛♥❞ ✇✐t❤ t❤❡ r✐❣❤t✲s✐❞❡ ♦❢ ✭✻✳✸✮ ❛♥❞ ✇❡ ♦❜t❛✐♥✱

n1∑

i1=1

· · ·
nm∑

im=1

Fi1,...,imu1
i1
· · ·um

im = λ ✭✻✳✻✮

λ

n1∑

i1=1

· · ·
nk−1∑

ik−1=1

nk+1∑

ik+1=1

· · ·
nm∑

im=1

Fi1,...,imu1
i1
· · ·uk−1

ik−1
uk+1

ik+1
· · ·um

im = (λ2 + λj)uj
ij

✭✻✳✼✮

❈♦♠❜✐♥✐♥❣ ✭✻✳✹✮ ✇✐t❤ t❤❡ r✐❣❤t✲s✐❞❡ ♦❢ ✭✻✳✼✮ ❛♥❞ ❝♦♠♣r❛✐♥❣ t❤✐s t♦ ✭✻✳✻✮✱

②✐❡❧❞s

n1∑

i1=1

· · ·
nk−1∑

ik−1=1

nk+1∑

ik+1=1

· · ·
nm∑

im=1

Fi1,...,imu1
i1
· · ·uk−1

ik−1
uk+1

ik+1
· · ·um

im = λuj
ij

✭✻✳✽✮

❚❤✉s✱ t❤❡ ▲❛❣r❛♥❣❡ ❡q✉❛t✐♦♥s ❝♦rr❡s♣♦♥❞ t♦ ✭1 ≤ j ≤ m✮✿

n1∑

i1=1

· · ·
nk−1∑

ik−1=1

nk+1∑

ik+1=1

· · ·
nm∑

im=1

Fi1,...,imu1
i1
· · ·uk−1

ik−1
uk+1

ik+1
· · ·um

im = λuj
ij

✭✻✳✾✮

n1∑

i1=1

· · ·
nm∑

im=1

Fi1,...,imu1
i1
· · ·um

im = λ ✭✻✳✶✵✮
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|| uj ||= 1, ✭✻✳✶✶✮

❉❡ ▲❛t❤❛✉✇❡r✱ ❉❡ ▼♦♦r ❛♥❞ ❱❛♥❞❡♥✇❛❧❧❡ ♣r♦✈❡❞ ✐♥ ❬❉❡ ▲❛t❤❛✉✇❡r ✷✵✵✵❪

t❤❛t t❤❡ ♣r♦❜❧❡♠ ✭✻✳✶✮ ✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ ♠❛①✐♠✐③❡r✱

max
u1∈Rn1 ,...,um∈Rnm

| g(u1, ..., um) |

s.t || u1 ||= · · · =|| um ||= 1
✭✻✳✶✷✮

✇❤❡r❡ g(u1, ..., um) =
∑

1≤i1≤n1,...,1≤im≤nm
Fi1,...,im · (u1)i1 · · · (um)im ✳

❚❤❡ ❡①❛❝t t❤❡♦r❡♠ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

❚❤❡♦r❡♠ ✻✳✷✳✽ ❋♦r ❛ t❡♥s♦r F ∈ Rn1×···×nm✱ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ t❤❡ ❝♦st

❢✉♥❝t✐♦♥ ✭✻✳✶✮ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♠❛①✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠

max
u1∈Rn1 ,...,um∈Rnm

| g(u1, ..., um) |

s.t || u1 ||= · · · =|| um ||= 1

■❢ t❤❡ s❝❛❧❛r λ ✐s ❝❤♦s❡♥ ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ ✭✻✳✶✵✮✱ t❤❡♥ ✭✻✳✶✮ ❛♥❞ ✭✻✳✶✷✮ ❛r❡

r❡❧❛t❡❞ ❜②

f =|| F ||2 −g2 ✭✻✳✶✸✮

Pr♦♦❢✳ ❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

f(F̃) =|| F − F̃ ||2=|| F ||2 −2〈F , F̃〉+ || F̃ ||2

❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ λ✱ t❤❡ ✈❛❧✉❡ t❛❦❡♥ ❜② 〈F , F̃〉 ❡q✉❛❧s λ2✳ ❙✐♥❝❡

u1, ..., um ❤❛✈❡ ✉♥✐t✲♥♦r♠✱ || F̃ ||2= 1 ❛s ✇❡❧❧✳ ❈♦♠❜✐♥✐♥❣ ✐t ✇✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥

♦❢ g ♣r♦✈❡s t❤❡ t❤❡♦r❡♠✳

❚❤❡ ❡q✉✐✈❛❧❡♥t r❡s✉❧t ❢♦r s②♠❡tr✐❝ t❡♥s♦rs Sm(Rn) ✐s t❤❡ ❢♦❧❧♦✇✐♥❣

❚❤❡♦r❡♠ ✻✳✷✳✾ ❋♦r ❛ t❡♥s♦r F ∈ Sm(Rn)✱ ✜♥❞ ❛ s❝❛❧❛r λ ❛♥❞ ✉♥✐t ✈❡❝t♦rs

u1, . . . , um s✉❝❤ t❤❛t t❤❡ r❛♥❦✲✶ t❡♥s♦r F̃ = λu1 ⊗ · · · ⊗ um ♠✐♥✐♠✐③❡s t❤❡

❧❡❛st✲sq✉❛r❡s ❝♦st ❢✉♥❝t✐♦♥

f(F̃) =|| F − F̃ ||2 ✭✻✳✶✹✮

✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♠❛①✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠

max
u∈Rn

| g(u, ..., u) |

s.t || u ||= 1
✭✻✳✶✺✮

■❢ t❤❡ s❝❛❧❛r λ ✐s ❝❤♦s❡♥ ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ ✭✻✳✶✵✮✱ t❤❡♥ ✭✻✳✶✮ ❛♥❞ ✭✻✳✶✷✮ ❛r❡

r❡❧❛t❡❞ ❜②

f =|| F ||2 −g2 ✭✻✳✶✻✮
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❘❡♠❛r❦ ✻✳✷✳✶✵ ❲❡ ♥♦t✐❝❡ t❤❛t t❤❡ ♣r♦❜❧❡♠ ✭✻✳✶✺✮ ✐s ❡q✉✐✈❛❧❡♥t t♦

max
u∈Sn−1

| F (u, ..., u) | ✭✻✳✶✼✮

✇❤❡r❡ Sn−1 ✐s t❤❡ ♥✲✶ ❞✐♠❡♥s✐♦♥❛❧ ✉♥✐t s♣❤❡r❡✳

■♥ ❚❛❜❧❡ ✻✳✹✱ ✇❡ ❛♣♣❧② ♦✉r ❛❧❣♦r✐t❤♠ ❜❜r✰♠s❦ t♦ ✜♥❞ t❤❡ ❜❡st r❛♥❦✲✶

❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r s②♠♠❡tr✐❝ ❛♥❞ ♥♦♥ s②♠♠❡tr✐❝ t❡♥s♦rs ♦♥ ❡①❛♠♣❧❡s ❢r♦♠

❬◆✐❡ ✷✵✶✸❜❪✳ ❋♦r t❤❡ ♣r♦❜❧❡♠s ✇✐t❤ s❡✈❡r❛❧ ♠✐♥✐♠✐③❡rs ✭✇❤✐❝❤ ✐s t❤❡ ❝❛s❡ ✇❤❡♥

t❤❡r❡ ❛r❡ s②♠♠❡tr✐❡s✮✱ t❤❡ ♠❡t❤♦❞ ♣r♦♣♦s❡❞ ✐♥ ❬◆✐❡ ✷✵✶✸❜❪ ❝❛♥♥♦t ❝❡rt✐❢② t❤❡

r❡s✉❧t ❛♥❞ ✉s❡s ❛ ❧♦❝❛❧ ♠❡t❤♦❞ t♦ ❝♦♥✈❡r❣❡ t♦ ❛ ❧♦❝❛❧ ❡①tr❡♠❛✳ ❲❡ ❛♣♣❧② t❤❡

❜♦r❞❡r ❜❛s✐s r❡❧❛①❛t✐♦♥ ❛❧❣♦r✐t❤♠ t♦ ✜♥❞ ❛❧❧ t❤❡ ❣❧♦❜❛❧ ♠✐♥✐♠✐③❡rs ❢♦r t❤❡ ❜❡st

r❛♥❦ ✶ ❛♣♣r♦①✐♠❛t✐♦♥ ♣r♦❜❧❡♠✳

♣r♦❜❧❡♠ ✈ ❝ ❞ s♦❧ obbr pbbr sbbr tbbr+msk

❬◆✐❡ ✷✵✶✸❜❪ ❊①✳ ✸✳✶ ✷ ✶ ✸ ✶ ✷ ✽ ✺ ✵✳✵✷✽

❬◆✐❡ ✷✵✶✸❜❪ ❊①✳ ✸✳✷ ✸ ✶ ✸ ✶ ✷ ✷✹ ✾ ✵✳✵✷✺

❬◆✐❡ ✷✵✶✸❜❪ ❊①✳ ✸✳✸ ✸ ✶ ✸ ✶ ✷ ✷✹ ✾ ✵✳✵✸✺

❬◆✐❡ ✷✵✶✸❜❪ ❊①✳ ✸✳✹ ✹ ✶ ✹ ✷ ✷ ✷✹ ✾ ✵✳✵✾✼

❬◆✐❡ ✷✵✶✸❜❪ ❊①✳ ✸✳✺ ✺ ✶ ✸ ✶ ✷ ✶✵✹ ✷✵ ✵✳✵✼✽

❬◆✐❡ ✷✵✶✸❜❪ ❊①✳ ✸✳✻ ✺ ✶ ✹ ✷ ✹ ✽✷✹ ✶✵✺ ✶✺✳✸✾

❬◆✐❡ ✷✵✶✸❜❪ ❊①✳ ✸✳✽ ✸ ✶ ✻ ✹ ✸ ✹✽ ✶✻ ✶✳✶✹

❬◆✐❡ ✷✵✶✸❜❪ ❊①✳ ✸✳✶✶ ✽ ✹ ✹ ✽ ✸ ✽✹ ✷✺ ✵✳✶✼

❬◆✐❡ ✷✵✶✸❜❪ ❊①✳ ✸✳✶✷ ✾ ✸ ✸ ✹ ✷ ✺✺✷ ✺✷ ✶✳✺✺

❬◆✐❡ ✷✵✶✸❜❪ ❊①✳ ✸✳✶✸ ✾ ✸ ✸ ✶✷ ✸ ✸✵✷✸ ✶✾✵ ✷✷✸✳✷✼

❬❖tt❛✈✐❛♥✐ ✷✵✶✸❪ ❊①✳ ✹✳✷ ✻ ✵ ✽ ✹ ✽ ✷✸✹✵ ✷✶✵ ✺✾✳✸✽

❚❛❜❧❡ ✻✳✹✿ ❇❡st r❛♥❦✲✶ ❛♥❞ r❛♥❦✲✷ ❛♣♣r♦①✐♠❛t✐♦♥ t❡♥s♦rs

❲❡ ❡①♣❧❛✐♥ ✐♥ ♠♦r❡ ❞❡t❛✐❧s t❤❡ ❡①❛♠♣❧❡s ✐♥ ❚❛❜❧❡ ✻✳✹ ✇❤✐❝❤ ❤❛✈❡ s❡✈❡r❛❧

♠✐♥✐♠✐③❡rs ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ✇✐t❤ ❛❧❧ t❤❡ ❞❡t❛✐❧s t❤❡ ❡①❛♠♣❧❡ ✸✳✹✿

❊①❛♠♣❧❡ ✻✳✷✳✶✶ ✭❊①❛♠♣❧❡ ✸✳✹✮ ❈♦♥s✐❞❡r t❤❡ t❡♥s♦r F ∈ S4(R3) ✇✐t❤

❡♥tr✐❡s✿

F1111 = 0.2883,F1112 = −0.0031,F1113 = 0.1973,F1122 = −0.2458,

F1123 = −0.2939,F1133 = 0.3847,F1222 = 0.2972,F1223 = 0.1862,

F1233 = 0.0919,F1333 = −0.3619,F2222 = 0.1241,F2223 = −0.3420,

F2233 = 0.2127,F2333 = 0.2727,F3333 = −0.3054

min || F − λ · u⊗4
i ||
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m
max 0.2883x4

0−4·0.0031x3
0x1+4·0.1973x3

0x2−6·0.2485x2
0x

2
1−12·0.2939x2

0x1x2+

+6 · 0.3847x2
0x

2
2 + 4 · 0.2979x0x

3
1 + 12 · 0.1862x0x

2
1x2 + 12 · 0.0919x0x1x

2
2✰

−4 · 0.3619x0x
3
2 + 0.1241x4

1 − 4 · 0.3420x3
1x2 + 6 · 0.2127x2

1x
2
2+

+4 · 0.2727x1x
3
2 − 0.3054x4

2;

s.t x2
0 + x2

1 + x2
2 = 1;

❲❡ ❣❡t t❤❡ r❛♥❦✲✶ t❡♥s♦r λ · u⊗3
i ✇✐t❤✿

λ = −1.0960, u1 = (−0.59148, 0.7467, 0.3042); u2 =

(0.59148,−0.7467,−0.3042) ❛♥❞ || F − λ · u⊗4
i ||= 1.9683✳

❊①❛♠♣❧❡ ✻✳✷✳✶✷ ✭❊①❛♠♣❧❡ ✸✳✻✮ ❈♦♥s✐❞❡r t❤❡ t❡♥s♦r F ∈ S4(R5) ✇✐t❤

❡♥tr✐❡s✿

Fi1,i2,i3,i4 = arctan((−1)i1 i1
5
) + arctan((−1)i2 i2

5
) + arctan((−1)i3 i3

5
) +

arctan((−1)i4 i4
5
)

❲❡ ❣❡t t❤❡ r❛♥❦✲✶ t❡♥s♦r λ · u⊗4 ✇✐t❤✿

λ = −23.56525, u1 = (0.4398, 0.2383, 0.5604, 0.1354, 0.6459);

u2 = (−0.4398,−0.2383,−0.5604,−0.1354,−0.6459) ❛♥❞

|| F − λ · u⊗4
i ||= 16.8501✳

❊①❛♠♣❧❡ ✻✳✷✳✶✸ ✭❊①❛♠♣❧❡ ✸✳✽✮ ❈♦♥s✐❞❡r t❤❡ t❡♥s♦r F ∈ S6(R3) ✇✐t❤

❡♥tr✐❡s✿

F111111 = 2,F111122 = 1/3,F111133 = 2/5,F112222 = 1/3,F112233 = 1/6,

F113333 = 2/5,F222222 = 2,F222233 = 2/5,F223333 = 2/5,F333333 = 1

❲❡ ❣❡t t❤❡ r❛♥❦✲✶ t❡♥s♦r λ · u⊗6
i ✇✐t❤✿

λ = 2, u1 = (1, 0, 0); u2 = (−1, 0, 0); u3 = (0, 1, 0); u4 = (0,−1, 0) ❛♥❞

|| F − λ · u⊗6
i ||= 20.59✳

❊①❛♠♣❧❡ ✻✳✷✳✶✹ ✭❊①❛♠♣❧❡ ✸✳✶✶✮ ❈♦♥s✐❞❡r t❤❡ t❡♥s♦r F ∈ R2×2×2×2 ✇✐t❤

❡♥tr✐❡s✿

F1111 = 25.1,F1212 = 25.6,F2121 = 24.8,F2222 = 23

❲❡ ❣❡t t❤❡ r❛♥❦✲✶ t❡♥s♦r λ · u1
i ⊗ u2

i ⊗ u3
i ⊗ u4

i ✇✐t❤✿

λ = 25.6, u1
1 = (1, 0), u2

1 = (0, 1), u3
1 = (1, 0), u4

1 = (0, 1);

u1
2 = (−1, 0), u2

2 = (0,−1), u3
2 = (−1, 0), u4

2 = (0,−1);

u1
3 = (−1, 0), u2

3 = (0,−1), u3
3 = (1, 0), u4

3 = (0, 1);

u1
4 = (1, 0), u2

4 = (0, 1), u3
4 = (−1, 0), u4

4 = (0,−1);

u1
5 = (−1, 0), u2

5 = (0, 1), u3
5 = (−1, 0), u4

5 = (0, 1);

u1
6 = (1, 0), u2

6 = (0,−1), u3
6 = (1, 0), u4

6 = (0,−1);
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u1
7 = (1, 0), u2

7 = (0,−1), u3
7 = (−1, 0), u4

7 = (0, 1);

u1
8 = (−1, 0), u2

8 = (0, 1), u3
8 = (1, 0), u4

8 = (0,−1)✳

❚❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ F ❛♥❞ ♦♥❡ ♦❢ t❤❡s❡ s♦❧✉t✐♦♥s ✐s

|| F − λ · u1
i ⊗ u2

i ⊗ u3
i ⊗ u4

i ||= 42.1195✳

❊①❛♠♣❧❡ ✻✳✷✳✶✺ ✭❊①❛♠♣❧❡ ✸✳✶✷✮ ❈♦♥s✐❞❡r t❤❡ t❡♥s♦r F ∈ R3×3×3 ✇✐t❤

❡♥tr✐❡s✿

F111 = 0.4333,F121 = 0.4278,F131 = 0.4140,F211 = 0.8154,F221 = 0.0199,

F231 = 0.5598,F311 = 0.0643,F321 = 0.3815,F331 = 0.8834,F112 = 0.4866,

F122 = 0.8087,F132 = 0.2073,F212 = 0.7641,F222 = 0.9924,F232 = 0.8752,

F312 = 0.6708,F322 = 0.8296,F332 = 0.1325,F113 = 0.3871,F123 = 0.0769,

F133 = 0.3151,F213 = 0.1355,F223 = 0.7727,F233 = 0.4089,F313 = 0.9715,

F323 = 0.7726,F333 = 0.5526

❲❡ ❣❡t t❤❡ r❛♥❦✲✶ t❡♥s♦r λ · u1
i ⊗ u2

i ⊗ u3
i ✇✐t❤✿

λ = 2.8166, u1
1 = (0.4279, 0.6556, 0.62209), u2

1 = (0.5705, 0.6466, 0.5063),

u3
1 = (0.4500, 0.7093, 0.5425);

u1
2 = (0.4279, 0.6556, 0.62209), u2

2 = (−0.5705,−0.6466,−0.5063)

u3
2 = (−0.4500,−0.7093,−0.5425);

u1
3 = (−0.4279,−0.6556,−0.62209), u2

3 = (0.5705, 0.6466, 0.5063),

u3
3 = (−0.4500,−0.7093,−0.5425);

u1
4 = (−0.4279,−0.6556,−0.62209), u2

4 = (−0.5705,−0.6466,−0.5063),

u3
4 = (0.4500, 0.7093, 0.5425),

❚❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ F ❛♥❞ ♦♥❡ ♦❢ t❤❡s❡ s♦❧✉t✐♦♥s ✐s || F −λ ·u1
i ⊗u2

i ⊗u3
i ||=

1.3510✳

❊①❛♠♣❧❡ ✻✳✷✳✶✻ ✭❊①❛♠♣❧❡ ✸✳✶✸✮ ❈♦♥s✐❞❡r t❤❡ t❡♥s♦r F ∈ R3×3×3 ✇✐t❤

❡♥tr✐❡s✿

F111 = 0.0072,F121 = −0.4413,F131 = 0.1941,F211 = −04413,F221 = 0.0940,

F231 = 0.5901,F311 = 0.1941,F321 = −0.4099,F331 = −0.1012,F112 =

−0.4413,

F122 = 0.0940,F132 = −0.4099,F212 = 0.0940,F222 = 0.2183,F232 = 0.2950,

F312 = 0.5901,F322 = 0.2950,F332 = 0.2229,F113 = 0.1941,F123 = 0.5901,

F133 = −01012,F213 = −0.4099,F223 = 0.2950,F233 = 0.2229,F313 =

−0.1012,

F323 = 0.2229,F333 = −0.4891

❲❡ ❣❡t t❤❡ r❛♥❦✲✶ t❡♥s♦r λ · u1
i ⊗ u2

i ⊗ u3
i ✇✐t❤ λ = 1.000 ❛♥❞ t❤❡ ✶✷

s♦❧✉t✐♦♥s

u1
1 = (0.7955, 0.2491, 0.5524), u2

1 = (−0.0050, 0.9142,−0.4051),
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u3
1 = (−0.6060, 0.3195, 0.7285);

u1
2 = (−0.0050, 0.9142,−0.4051), u2

2 = (−0.6060, 0.3195, 0.7285),

u3
2 = (0.7955, 0.2491, 0.5524);

u1
3 = (−0.6060, 0.3195, 0.7285), u2

3 = (0.7955, 0.2491, 0.5524),

u3
3 = (−0.0050, 0.9142,−0.4051);

u1
4 = (0.7955, 0.2491, 0.5524), u2

4 = (0.0050,−0.9142, 0.4051),

u3
4 = (0.6060,−0.3195,−0.7285);

u1
5 = (0.6060,−0.3195,−0.7285), u2

5 = (0.7955, 0.2491, 0.5524),

u3
5 = (0.0050,−0.9142, 0.4051);

u1
6 = (−0.6060, 0.3195, 0.7285), u2

6 = (−0.7955,−0.2491,−0.5524),

u3
6 = (0.0050,−0.9142, 0.4051);

u1
7 = (0.6060,−0.3195,−0.7285), u2

7 = (−0.7955,−0.2491,−0.5524),

u3
7 = (−0.0050, 0.9142,−0.4051);

u1
8 = (−0.7955,−0.2491,−0.5524), u2

8 = (−0.0050, 0.9142,−0.4051),

u3
8 = (0.6060,−0.3195,−0.7285);

u1
9 = (−0.7955,−0.2491,−0.5524), u2

9 = (0.0050,−0.9142, 0.4051),

u3
9 = (−0.6060, 0.3195, 0.7285);

u1
10 = (−0.0050, 0.9142,−0.4051), u2

10 = (0.6060,−0.3195,−0.7285),

u3
10 = (−0.7955,−0.2491,−0.5524);

u1
11 = (0.0050,−0.9142, 0.4051), u2

11 = (0.6060,−0.3195,−0.7285),

u3
11 = (0.7955, 0.2491, 0.5524);

u1
12 = (0.0050,−0.9142, 0.4051), u2

12 = (−0.6060, 0.3195, 0.7285),

u3
12 = (−0.7955,−0.2491,−0.5524).

❚❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ F ❛♥❞ ♦♥❡ ♦❢ t❤❡s❡ s♦❧✉t✐♦♥s ✐s || F −λ ·u1
i ⊗u2

i ⊗u3
i ||=

1.4143✳

✻✳✷✳✶✳✷ ❇❡st r❛♥❦✲✷ t❡♥s♦r ❛♣♣r♦①✐♠❛t✐♦♥

●✐✈❡♥ ❛ t❡♥s♦r F ∈ Rn1×···×nm t❤❛t ❝❛♥ ❜❡ s②♠♠❡tr✐❝ ♦r ♥♦♥s②♠♠❡tr✐❝✱ ✇❡

s❛② t❤❛t ❛ t❡♥s♦r T ✐s ❛ ❜❡st r❛♥❦✲✷ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ F ✐❢ ✐t ✐s ❛ ♠✐♥✐♠✐③❡r

♦❢ t❤❡ ❧❡❛st sq✉❛r❡s ♣r♦❜❧❡♠

min
X∈Rn1×···×nm ,rankX=2

|| F − X ||2 ✭✻✳✶✽✮

❚❤❡ ❧❛st ❡①❛♠♣❧❡ ✐♥ ❚❛❜❧❡ ✻✳✹ ✐s ❛ ❜❡st r❛♥❦✲✷ t❡♥s♦r ❛♣♣r♦①✐♠❛t✐♦♥

❡①❛♠♣❧❡ ❢r♦♠ t❤❡ ♣❛♣❡r ❬❖tt❛✈✐❛♥✐ ✷✵✶✸❪✳ ❲❡ ❡①♣❧❛✐♥ ✐♥ ♠♦r❡ ❞❡t❛✐❧ t❤✐s

♣r♦❜❧❡♠

❊①❛♠♣❧❡ ✻✳✷✳✶✼ ✭❊①❛♠♣❧❡ ✹✳✷✮ ❈♦♥s✐❞❡r t❤❡ t❡♥s♦r F ∈ S4(R3) ✇✐t❤

❡♥tr✐❡s
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F1111 = 0.1023,F1112 = −0.002,F1113 = 0.0581,F1122 = 0.0039,F1123 =

−0.00032569,

F1133 = 0.0407,F1222 = 0.0107,F1223 = −0.0012,F1233 = −0.0011,F1333 =

0.0196,

F2222 = 0.0197,F2223 = −0.0029,F2233 = −0.00017418,F2333 = −0.0021,

F3333 = 0.1869

❲❡ ❣❡t t❤❡ r❛♥❦✲✷ t❡♥s♦r F̃(s, t, u) = (as+ bt+ cu)4 + (ds+ et+ fu)4 ✇✐t❤

t❤❡ ✽ s♦❧✉t✐♦♥s✿

s1 = (a, b, c, d, e, f) = (0.01877, 0.006239,−0.6434,−0.5592, 0.008797,−0.3522);

s2 = (−0.01877,−0.006239, 0.6434, 0.5592,−0.008797, 0.3522);

s3 = (0.01877, 0.006239,−0.6434, 0.5592,−0.008797, 0.3522);

s4 = (−0.01877,−0.006239, 0.6434,−0.5592, 0.008797,−0.3522);

s5 = (−0.5592, 0.008797,−0.3522, 0.01877, 0.006239,−0.6434);

s6 = (0.5592,−0.008797, 0.3522,−0.01877,−0.006239, 0.6434);

s7 = (−0.5592, 0.008797,−0.3522,−0.01877,−0.006239, 0.6434);

s8 = (0.5592,−0.008797, 0.3522, 0.01877, 0.006239,−0.6434)✳

❚❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ F ❛♥❞ ♦♥❡ ♦❢ t❤❡s❡ s♦❧✉t✐♦♥s ✐s || F −F̃ ||= 0.00108483✳

❚❤❡ ♦t❤❡r ♣♦ss✐❜❧❡ r❡❛❧ r❛♥❦✲✷ ❛♣♣r♦①✐♠❛t✐♦♥s F̃(s, t, u) = ±(as + bt + cu)4 ±
(ds + et + fu)4 ②✐❡❧❞ s♦❧✉t✐♦♥s ✇❤✐❝❤ ❛r❡ ♥♦t ❛s ❝❧♦s❡ t♦ F ❛s t❤❡s❡ s♦❧✉t✐♦♥s✳

❚❤❡ ❡✐❣❤t s♦❧✉t✐♦♥s ❝♦♠❡ ❢r♦♠ t❤❡ s②♠♠❡tr✐❡s ❞✉❡ t♦ t❤❡ ✐♥✈❛r✐❛♥❝❡ ♦❢ t❤❡

s♦❧✉t✐♦♥ s❡t ❜② ♣❡r♠✉t❛t✐♦♥ ❛♥❞ ♥❡❣❛t✐♦♥ ♦❢ t❤❡ ❢❛❝t♦rs✳

✻✳✷✳✷ ❋❛❝t♦rs ✐♥ t❤❡ ❣r♦✇t❤ ♦❢ t❤❡ ♣❧❛♥t r♦♦ts

❚❤❡r❡ ❡①✐sts ♠❛♥② ❢❛❝t♦rs ✇✐❝❤ ❛✛❡❝ts ✐♥ t❤❡ ❣r♦✇t❤ ♦❢ t❤❡ ♣❧❛♥t r♦♦ts✳ ❚❤❡

r♦♦t s②st❡♠ ♠♦❞❡❧ ✐s ❝♦♠♣❧❡① ❞✉❡ t♦ t❤❛t t❤❡ ❢✉♥❝t✐♦♥♥♥✐♥❣ ✐s ❧✐♥❦❡❞ t♦ ❞②✲

♥❛♠✐❝s ♦❢ t❤❡ ❛r❝❤✐t❡❝t✉r❡✳ ❲❛t❡r ❛♥❞ t❤❡ ♥✉tr✐♠❡♥t ✉♣t❛❦❡ ❞❡♣❡♥❞ ♦♥ t❤❡

r♦♦t s✉r❢❛❝❡✳ ❚❤❡ r♦♦t s②st❡♠ ♠♦❞❡❧ ✐s st✉❞✐❡❞ ❜② ❛ st♦❝❤❛st✐❝ ♠♦❞❡❧ ❝♦♠✲

♣♦s❡❞ ♦❢ ✶✹ ♣❛r❛♠❡t❡rs✱ ❛♠♦♥❣ ✇❤✐❝❤ ♦♥❧② ❛ s✉❜s❡t ♦❢ ✹ ♠✉st ❜❡ ❡st✐♠❛t❡❞ ♦♥

✐♠❛❣❡s ❛♥❞ ❛ t♦t❛❧ ♦❢ ✶✺ st❛t✐st✐❝s t❤❛t ❣✐✈❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ s✐③❡ ❛♥❞ s❤❛♣❡

♦❢ t❤❡ r♦♦t s②st❡♠✱ ❞❡♥s✐t② ♦❢ ❜❧❛❝❦ ❛♥❞ ✇❤✐t❡ ♣✐①❡❧s ✐♥ ❞✐✛❡r❡♥ts ❛r❡❛ ♦❢ t❤❡ ✐♠✲

❛❣❡✱✳✳✳ ❚❤❡ ♦✉t♣✉t ♦❢ t❤✐s st♦❝❤❛st✐❝ ♠♦❞❡❧ ✐s t❤❡ ✐♠❛❣❡ ♦❢ r♦♦t s②st❡♠ ♠♦❞❡❧✱

❛s s❤♦✇♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♠❛❣❡✳ ❚❤✐s ✐♠❛❣❡ ❤❛s ❜❡❡♥ ❢♦✉♥❞ ✐♥ t❤❡ ✇❡❜s✐t❡

❤tt♣✿✴✴✇✇✇✳❜✐♦❧♦❣✐❡✳✉♥✐✲❤❛♠❜✉r❣✳❞❡✴❜✲♦♥❧✐♥❡✴✈✐rt✉❛❧♣❧❛♥ts✴✐♣✐♠♦✈✐❡s✳❤t♠❧
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❋✐❣✉r❡ ✻✳✶✿ ✈✐rt✉❛❧ ✐♠❛❣❡s

❖♥❡ ♦❢ t❤❡ ♠❛✐♥ ♦❜❥❡❝t✐✈❡s ♦❢ t❤✐s st♦❝❤❛st✐❝ ♠❡t❤♦❞ ❝♦♥s✐sts ✐♥ st✉❞②✐♥❣

✇❤✐❝❤ st❛t✐t✐❝s ❛r❡ ✐♠♣♦rt❛♥t ❛♥❞ ✇✐❝❤ ❛r❡ ♥♦t r❡♣r❡s❡♥t❛t✐✈❡✳ ❋♦r t❤✐s ♣✉r♣♦s❡

✇❡ ♥❡❡❞ t♦ ♠✐♥✐♠✐③❡ ❛ q✉❛❞r❛t✐❝ ♣r♦❜❧❡♠ ✐♥ ✶✺ ✈❛r✐❛❜❧❡s ❛s ✇❡ ✇✐❧❧ s❡❡ ✐♥ ♠♦r❡

❞❡t❛✐❧✳ ❲❡ ❝❛♥ ✐❞❡♥t✐❢② ❡❛❝❤ ✈❛r✐❛❜❧❡ ✇✐t❤ ❡❛❝❤ st❛t✐t✐❝ ✭❡✈❡♥ ✐❢ ✐t ✐s ♥♦t ❡①❛❝t❧②

t❤❡ s❛♠❡ ❜❡❝❛✉s❡ ✐♥ ♦✉r ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ t❤❡ ✶✺ ✈❛r✐❛❜❧❡s ❝♦rr❡s♣♦♥❞

t❤❡ ✇❡✐❣❤ts ♦❢ st❛t✐st✐❝s✮✳ ❚❤❡ ✈❛r✐❛❜❧❡s ✇❤✐❝❤ ❛r❡ ③❡r♦ ❝♦rr❡s♣♦♥❞ t♦ st❛t✐t✐❝s

✇❤✐❝❤ ❛r❡ ♥♦t ✐♠♣♦rt❛♥t✳ ❚❤✐s ✇♦r❦ ✐s t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❛ ❝♦❧❧❛❜♦r❛t✐♦♥ ✇✐t❤

t❤❡ t❡❛♠ ♦❢ ❈❧❛✉❞❡ ❇r✉❝❤♦✉ ♦❢ ■◆❘❆ ✭❆✈✐❣♥♦♥✮✳ ❋♦r ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t

t❤✐s ♣r♦❜❧❡♠ s❡❡ ❬❈♦r♥❡❧❧ ✷✵✵✷✱ ❇❡❛✉♠♦♥t ✷✵✵✷✱ ❏♦②❝❡ ✷✵✵✽✱ P❛❣ès ✷✵✶✶❪✳

■♥ ♦r❞❡r t♦ ❞❡t❡r♠✐♥❛t❡ t❤❡ ♣❛r❛♠❡t❡rs ❛♥❞ t❤❡ st❛t✐st✐❝s ❛♥❞ ✇❤✐❝❤ ♦❢

t❤❡♠ ❛r❡ ♠♦r❡ ✐♠♣♦rt❛♥t t❤❛♥ t❤❡ ♦t❤❡r ✇❡ ✉s❡ t❤❡ ❆♣♣r♦①✐♠❛t✐♦♥ ❇❛②❡s✐❛♥

❈♦♠♣✉t✐♥❣ ✭❆❇❈✮ ♠❡t❤♦❞✳

❆♣♣r♦①✐♠❛t✐♦♥ ❇❛②❡s✐❛♥ ❈♦♠♣✉t✐♥❣ ✐s ❛ ❢r❡❡ ❧✐❦❡❤♦♦❞ ♠❡t❤♦❞ t♦ ❡st✐♠❛t❡

♠♦❞❡❧ ♣❛r❛♠❡t❡rs✳ ❚❤❡ ❡❧❡♠❡♥ts ♦❢ t❤✐s ♠❡t❤♦❞ ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣s✿

• D = ♦❜s❡r✈❡❞ ❞❛t❛

• D∗ = s✐♠✉❧❛t❡❞ ❞❛t❛
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• θ ✈❡❝t♦r ♦❢ ♣❛r❛♠❡t❡rs ✇✐t❤ Pr✐♦r π(·)

• S(·) ❢✉♥❝t✐♦♥ t❤❛t ❝♦♠♣✉t❡s ❛ s❡t ♦❢ st❛t✐st✐❝s✭❞❡s❝r✐♣t♦r✮

• S = S(D) =✈❡❝t♦r ♦❢ st❛t✐st✐❝s ❢♦r ❞❛t❛ ❉✳

• S∗ = S(D∗) =✈❡❝t♦r ❞❡ st❛t✐st✐❝s ❢♦r ❞❛t❛ D∗

■♥ ♦r❞❡r t♦ ❡st✐♠❛t❡ ✐❢ t❤❡ ♣❛r❛♠❡t❡r ♠✉st ❜❡ ❛❝❝❡♣t❡❞ ♦r r❡❥❡❝t❡❞✱ ✇❡

❡①♣❧❛✐♥ ✐♥ ✇❤❛t ❝♦♥s✐sts t❤❡ ❆❇❈ ❛❧❣♦r✐t❤♠✿

❆❧❣♦r✐t❤♠ ✻✳✷✳✶✿ ❆❧❣♦r✐t❤♠ ❆

✶✳ ❙✉♣♦s❡ t❤❛t ✇❡ ❤❛✈❡ ♦❜s❡r✈❡❞ ❞❛t❛ D ❛♥❞ S = S(D)✳

✷✳ ●❡♥❡r❛t❡ θ∗ ❢r♦♠ π(θ)✳

✸✳ ●❡♥❡r❛t❡ D∗ ❢r♦♠ f(· | θ∗) ❢r♦♠ f(D | θ∗) ✇❤❡r❡ f(· | θ∗) ✐s t❤❡
♣r♦❜❛❜✐❧✐t②✳

✹✳ ❆❝❝❡♣t θ∗ ✐❢ D = D∗ ❛♥❞ r❡t✉r♥ t♦ ✭✷✮✳

❚❤❡ ♣r♦❜❧❡♠ ♦❢ t❤✐s ❛❧❣♦r✐t❤♠ ✐s t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ D = D∗ ✐s ♥♦t r❡❛❧✐st✐❝✳
❚✇♦ ❛♣r♦①✐♠❛t✐♦♥s ❛r❡ ♣r♦♣♦s❡❞ t♦ ♦✈❡r❝♦♠❡ t❤✐s ✐ss✉❡✿

• ❋✐rst ❛♣♣r♦①✐♠❛t✐♦♥✿ ❘❡♣❧❛❝❡ t❤❡ ❝♦♥❞✐t✐♦♥ D = D∗ ❜② ❛ ♠♦r❡ ✢❡①✐✲

❜❧❡ ❝♦♥❞✐t✐♦♥✿ d(D, D∗) < ε ✇❤❡r❡ d(·, ·) ❞❡✜♥❡s ❛ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡

t✇♦ ❞❛t❛s❡ts ❛♥❞ ✉s❡s ❛♥ t❤r❡s❤♦❧❞ ε t♦ ❛❝❝❡♣t t❤❡ s✐♠✉❧❛t❡❞ θ∗✳

• ❙❡❝♦♥❞ ❛♣♣r♦①✐♠❛t✐♦♥✿ ■❢ ✐t ✐s ✐♠♣♦ss✐❜❧❡ t♦ ❝♦♠♣✉t❡ d(D, D∗)✱ t❤❡
st❛t✐st✐❝ S(D) = (S1(D), . . . , Sp(D)) ✐s ❞❡✜♥❡❞ ❛♥❞ t❤❡ ❝♦♥❞✐t✐♦♥

d(D, D∗) < ε ✐s r❡♣❧❛❝❡❞ ❜② dW (S(D), S(D∗)) < ε ✇❤❡r❡ dW (·, ·) < ε ✐s

❛ ✇❡✐❣t❤❡❞ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t✇♦ s❡ts ♦❢ st❛t✐st✐❝s✳

❯s✐♥❣ t❤❡ s❡❝♦♥❞ ❛♣♣r♦①✐♠❛t✐♦♥ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❧❣♦r✐t❤♠✿
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❆❧❣♦r✐t❤♠ ✻✳✷✳✷✿ ❆❧❣♦r✐t❤♠ ❇

✶✳ ❙✉♣♦ss❡ ✇❡ ❤❛✈❡ ♦❜s❡r✈❡❞ ❞❛t❛ D ❛♥❞ S = S(D)✳

✷✳ ●❡♥❡r❛t❡ θ∗ ❢r♦♠ π(θ)✳

✸✳ ●❡♥❡r❛t❡ D∗ ❢r♦♠ f(· | θ∗) ❢r♦♠ f(D | θ∗) ✇❤❡r❡ f(· | θ∗) ✐s t❤❡
♣r♦❜❛❜✐❧✐t②✳

✹✳ ❈♦♠♣✉t❡ st❛t✐st✐❝s S∗ ❢r♦♠ D∗✳

✺✳ ❆❝❝❡♣t θ∗ ✐❢ dW (S(D), S(D∗)) < ε ❛♥❞ r❡t✉r♥ t♦ ✭✷✮✳

❚❤❡ ♦❜❥❡❝t✐✈❡s ♦❢ t❤✐s ❧❛st ❛❧❣♦r✐t❤♠ ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣s

✶✳ ❙t✉❞② t❤❡ ❡✛❡❝t ♦❢ ✇❡✐❣❤ts W

✷✳ ❖♣t✐♠✐③❡ t❤❡ ❝❤♦✐❝❡ ♦❢ st❛t✐st✐❝s ✇❡✐❣❤ts W ✳

✸✳ ❘❡❞✉❝❡ t❤❡ ♥✉♠❜❡r ♦❢ st❛t✐st✐❝s t♦ ✐♠♣r♦✈❡ ❡st✐♠❛t❡✳

❚♦ r❡❛❝❤ t❤❡s❡ ♦❜❥❡❝t✐✈❡s ✇❡ st✉❞② t❤❡ s❡♥s✐t✐✈✐t② ❛♥❛❧②s✐s ♦❢ ▼❡❛♥ ❙q✉❛r❡❞

❡rr❡✉r ✭▼❙❊✮✳ ❋♦r t❤❛t ✇❡ ♠✉st✿

• ❋✐♥❞ t❤❡ ❜❡st ✇❡✐❣❤ts W ♦❢ dW t♦ ♠✐♥✐♠✐③❡ ▼❙❊ ❝r✐t❡r✐♦♥✳

• P♦✐♥t ❡st✐♠❛t❡ ✇✐❧❧ ❜❡✿ θ̂ = Mean{θ∗ : dW (S, S∗) < ε} ✇✐t❤

d2
W (S(D), S(D∗)) =

NS=15∑

i=1

wi(Si − S∗
i )

2 and

NS=15∑

i=1

wi = 1 with wi ≥ 0

• ❈r✐t❡r✐♦♥ t♦ ❡✈❛❧✉❛t❡ ♣♦✐♥t ❡st✐♠❛t❡ (̂θ) ✐s✿

MSEθ(W ) =

Nθ=4∑

k=1

(θ̂(k) − θ(k))2

σ2
θ(k)

❲❡ ✉s❡ ♦✉r ❆❧❣♦r✐t❤♠ ✺✳✹✳✶ ✐♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡s❡ ❜❡st ✇❡✐❣❤ts✳

❚❤❡ ♥❡①t ❡①❛♠♣❧❡ ❤❛✈❡ ❜❡❡♥ ♣r♦✈✐❞❡❞ ❜② t❤❡ t❡❛♠ ♦❢ ❈❧❛✉❞❡ ❇r✉❝❤♦✉

♦❢ ■◆❘❆ ❆✈✐❣♥♦♥✿



✶✶✵
❈❍❆P❚❊❘ ✻✳ ❊❳P❊❘■▼❊◆❚❆❚■❖◆❙✱ ❆PP▲■❈❆❚■❖◆❙ ❆◆❉

■▼P▲❊▼❊◆❚❆❚■❖◆

❊①❛♠♣❧❡ ✻✳✷✳✶✽ Pr♦❜❧❡♠

min 918.93287w2
1 + 1151.12909w2

2 + 908.27977w2
3+

712.77461w2
4 + 774.14579w2

5 + 858.26345w2
6 + 975.01862w2

7+

+997.92049w2
8 + 977.09608w2

9 + 1071.99133w2
10 + 1068.41654w2

11+

+951.22177w2
12 + 809.24105w2

13 + 1094.24424w2
14 + 942.00255w2

15+

+880.48767w1w2 +1658.93140w1w3 +849.10540w2w3 +390.07161w1w4+

+470.11656w2w4 + 338.43198w3w4 + 165.15394w1w5 + 604.05698w2w5+

+72.09737w3w5 + 658.16083w4w5 + 91.55077w1w6 + 975.90816w2w6+

+91.99926w3w6 + 659.09087w4w6 + 558.63077w5w6 + 456.73235w1w7+

+1850.68912w2w7 +587.35178w3w7 +282.26909w4w7 +410.73584w5w7+

+569.83072w6w7 +883.95253w1w8 +2052.51531w2w8 +871.83967w3w8+

+300.15157w4w8 +147.20287w5w8 +218.10548w6w8 +1509.28027w7w8+

+1141.08218w1w9 + 1707.49981w2w9 + 1076.50782w3w9+

+443.54919w4w9 + 438.58698w5w9 + 291.41095w6w9 + 759.49057w7w9+

+1161.57519w8w9−456.10237w1w10+1916.74118w2w10+86.98672w3w10

−74.23206w4w10+53.05954w5w10+856.63882w6w10+1522.76133w7w10+

+1648.47669w8w10 − 78.82731w9w10 − 424.93661w1w11+

+1989.58896w2w11+21.24866w3w11−181.48907w4w11−96.23656w5w11+

+797.67696w6w11 + 1562.63957w7w11 + 1761.24696w8w11+

+102.51727w9w11 + 2446.92197w10w11 − 79.83487w1w12+

+1621.99042w2w12+249.81671w3w12+80.79488w4w12−125.70720w5w12

+379.94343w6w12 + 1433.79647w7w12 + 1387.49924w8w12+

+431.82652w9w12 + 2043.91638w10w12 + 2675.95910w11w12+

+1276.69957w1w13 + 803.48094w2w13 + 1541.13514w3w13+

+485.23186w4w13 + 211.50140w5w13 + 241.29953w6w13+

+712.80388w7w13 + 872.96338w8w13 + 965.48511w9w13+

413.93988w10w13 + 287.60965w11w13 + 634.30374w12w13+

612.56728w1w14 +1759.42674w2w14 +423.82649w3w14 +352.38115w4w14

−90.36056w5w14+56.76638w6w14+929.01717w7w14+1224.39898w8w14+

818.41864w9w14 + 1095.74584w10w14 + 1136.56386w20w14+

1397.56386w12w14 + 794.17985w13w14 + 145.77029w1w15+

1788.55675w2w15+23.66891w3w15+202.22393w4w15+867.25256w5w15+

+789.49510w6w15 + 926.91090w7w15 + 817.26054w8w15+

1074.44452w9w15 + 752.80274w10w15 + 688.90470w20w15+

776.27853w12w15 + 521.71013w13w15 − 147.93694w14w15;

s.t.
∑15

i=1 wi = 1 and wi ≥ 0

❚❤❡ s♦❧✉t✐♦♥ ✐s✿

w1 = 0.27119, w2 = 0, w3 = 0, w4 = 0.20533, w5 = 0.21343,
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w6 = 0, w7 = 0, w8 = 0, w9 = 0, w10 = 0, w11 = 0.30636, w12 = 0, w13 =

0, w14 = 0, w15 = 0.00367.

❚❤✐s s♦❧✉t✐♦♥ ✐s ✈❡r② ✐♥t❡r❡st✐♥❣ ❜❡❝❛✉s❡ ✐t ✐♠♣❧✐❡s t❤❛t ✐♥ t❤✐s ❝♦♥s✐❞✲

❡r❡❞ ♣♦s✐t✐♦♥ t❤❡ st❛t✐st✐❝s S2, S3, S6, S7, S8, S9, S10, S12, S13, S14 ❛r❡ ♥♦t

s✐❣♥✐✜❝❛♥t✳ ❚❤❡r❡❢♦r❡ ♦♥❧② t❤❡ st❛t✐st✐❝s S1, S4, S5, S11, S15 ❛r❡ ♠❡❛♥✐♥❣✲

❢✉❧✳

✻✳✷✳✸ ▼❛r① ❣❡♥❡r❛t♦rs ❞❡s✐❣♥

❚❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ❛♣♣❡❛rs ❛❧s♦ ✐♥ ♣❤②s✐❝❛❧ ♣r♦❜❧❡♠✱ s✉❝❤ ❛s t❤❡

❞❡s✐❣♥ ♦❢ t❤❡ ▼❛r① ❣❡♥❡r❛t♦rs✳ ❚❤✐s ❞❡s✐❣♥ ❤❛s ❛♥ s♣❡❝✐✜❝❛t✐♦♥ ✇✐❝❤ ❝♦♥s✐sts

❛ r❡s♦♥❛♥❝❡ ❝♦♥❞✐t✐♦♥ t❤❛t ♠✉st ❜❡ s❛t✐s✜❡❞ ❜② t❤❡ ❝✐r❝✉✐t s♦ t❤❛t ❛❧❧ t❤❡

✐♥t✐❛❧❧② ❡♥❡r❣② ❝♦♥t❛✐♥❡❞ ✐♥ ❞✐✛❡r❡♥ts ❝❛♣❛❝✐t♦rs ✐s ❝❛rr✐❡❞ ✐♥ ❛ ✜♥✐t❡ t✐♠❡ t♦

♦♥❡ ♦♥❧② ❝❛♣❛❝✐t♦r✳ ❲❡ ✇✐❧❧ s❡❡ t❤❛t t❤❡ ❞✐✛❡r❡♥ts ❝♦♠♣♦♥❡♥ts ♦❢ t❤✐s ❝✐r❝✉✐t

❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ✐♥ ❛ str✉❝t✉❡r❡❞ r❡❛❧ ❡✐❣❡♥✈❛❧✉❡ ♠❛tr✐① t❤❛t ✇❡ ❝❛♥ s♦❧✈❡

❜② ♣♦❧②♥♦♠✐❛❧ ♦♣t✐♠✐③❛t✐♦♥✳ ❚❤✐s s❡❝t✐♦♥ ✐s ❜❛s❡❞ ✐♥ t❤❡ ♣❛♣❡r ❬●❛❧❡❛♥✐ ✷✵✶✹❪

❲❡ ❝♦♥s✐❞❡r t❤❡ ▼❛r① ❣❡♥❡r❛t♦r ♥❡t✇♦r❦ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✜❣✉r❡

❝♦♥s✐sts ✐♥ n st❛❣❡s ✭❛♥❞ n + 1 ❧♦♦♣s✮ ✇❤❡r❡✱ ❞✐sr❡❣❛r❞✐♥❣ t❤❡ r✐❣t❤♠♦st

❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ♣✐❝t✉r❡✱ ❡❛❝❤ ♦♥❡ ♦❢ ♥ st❛❣❡s ❝♦♥s✐sts ✐♥ ❛♥ ✉♣♣❡r ❜r❛♥❝❤

✇✐t❤ ❛ ❝❛♣❛❝✐t♦r ❛♥❞ ❛ ✐♥❞✉❝t♦r ❛♥❞ ❛ ✈❡rt✐❝❛❧ ❜r❛♥❝❤ ✇✐t❤ ❛ ❝❛♣❛❝✐t♦r ♦♥❧②✳

❋✐❣✉r❡ ✻✳✷✿ ♥❡t✇♦r❦ ♠♦❞❡❧ ♦❢ ❛ ◆✲st❛❣❡s ▼❛r① ❣❡♥❡r❛t♦r ♥❡t✇♦r❦ ❞r✐✈✐♥❣ ❛

❧♦❛❞ ❝❛♣❛❝✐t♦r

❋♦❧❧♦✇✐♥❣ ❬❆♥t♦✉♥ ✷✵✵✻✱ ❇✉❝❤❡♥❛✉❡r ✷✵✶✵✱ ❩❛❝❝❛r✐❛♥ ✷✵✵✾❪✱ ✇❡ ❛ss✉♠❡

t❤❛t ❛❧❧ t❤❡ ❝❛♣❛❝✐t♦rs ❛♥❞ ✐♥❞✉❝t♦rs ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ✉♣♣❡r ❜r❛♥❝❤ ❛r❡

t❤❡ s❛♠❡ ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦ s♦♠❡ ✜①❡❞ ♣♦s✐t✐✈❡ r❡❛❧s c ❛♥❞ l✮✳ ❲❡ ❝❛❧❧

t❤❡s❡ ❝❛♣❛❝✐t♦rs ✏st♦r❛❣❡ ❝❛♣❛❝✐t♦rs✑✳ ❚❤❡ ❞❡s✐❣♥ ♣r♦❜❧❡♠ ❛❞❞r❡ss❡❞ ❤❡r❡

✐s t❤❡ s❡❧❡❝t✐♦♥ ♦❢ ✈❡rt✐❝❛❧ ❝❛♣❛❝✐t♦rs✱ ✇❤✐❝❤ ❛r❡ ❡①❛❝t❧② n✱ ✇❤❡r❡ n ✐s t❤❡
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♥✉♠❜❡r ♦❢ st❛❣❡s ♦❢ t❤❡ ▼❛r① ❝✐r❝✉✐t✳ ❚❤❡s❡ ❝❛♣❛❝✐t♦rs ❛r❡ ❝❛❧❧❡❞ ✏♣❛r❛s✐t✐❝

❝❛♣❛❝✐t♦rs✑✳ ❋♦❧❧♦✇✐♥❣ ❬❆♥t♦✉♥ ✷✵✵✻✱ ❇✉❝❤❡♥❛✉❡r ✷✵✶✵✱ ❩❛❝❝❛r✐❛♥ ✷✵✵✾❪✱ t❤❡

✐♥❞✉❝t♦r ❛♥❞ ❝❛♣❛❝✐t♦r ❛♣♣❛r✐♥❣ ✐♥ t❤❡ r✐❣t❤♠♦st ❧♦♦♣ t❛❦❡ t❤❡ ✈❛❧✉❡s nl ❛♥❞

c/n✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤✐s ❝❛♣❛❝✐t♦r ✐s ❝❛❧❧❡❞ ✏❧♦❛❞ ❝❛♣❛❝✐t♦r✑✳ ❚❤✐s s❡❧❡❝t✐♦♥

♣r❡s❡r✈❡s t❤❡ r❡s♦♥❛♥❝❡ ♣r♦♣❡rt② ✭s♦ t❤❛t t❤❡ ♣r♦❞✉❝t ♦❢ ❛♥② ❛❞❥❛❝❡♥t

❝❛♣❛❝✐t♦r✴✐♥❞✉❝t♦r ♣❛✐rs ✐s ❛❧✇❛②s lc✮ ✐♥ ❛❞❞✐t✐♦♥ t♦ ❡♥s✉r✐♥❣ t❤❛t t❤❡ ❧♦❛❞

❝❛♣❛❝✐t♦r ✐s ♥ t✐♠❡s ❧❛r❣❡r t❤❛♥ ❡❛❝❤ ♦♥❡ ♦❢ t❤❡ st♦r❛❣❡s ❝❛♣❛❝✐t♦rs✳ ❚❤❡

♣r♦❜❧❡♠ t❤❛t ✇❡ ✇✐❧❧ s♦❧✈❡ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

Pr♦❜❧❡♠ ✶✿ ❈♦♥s✐❞❡r t❤❡ ❝✐r❝✉✐t ✐♥ ❋✐❣✉r❡ ✻✳✷ ❢♦r ❛ ❣✐✈❡♥ n ❛♥❞ ❝❡rt❛✐♥

✈❛❧✉❡s ♦❢ c ❛♥❞ l✳ ❙❡❧❡❝t ♣♦s✐t✐✈❡ ✈❛❧✉❡s ci > 0, i = 1, ..., n ♦❢ t❤❡ ♣❛r❛s✐t✐❝

❝❛♣❛❝✐t♦rs ❛♥❞ ❛ t✐♠❡ T > 0 s✉❝❤ t❤❛t✱ ✐♥✐t✐❛❧✐③✐♥❣ ❛t t❂✵ ❛❧❧ t❤❡ st♦r❛❣❡

❝❛♣❛❝✐t♦rs ✇✐t❤ t❤❡ s❛♠❡ ✈♦❧t❛❣❡ v(0) = v0 ❛♥❞ st❛rt✐♥❣ ❢r♦♠ ③❡r♦ ❝✉rr❡♥t

✐♥ ❛❧❧ t❤❡ ✐♥❞✉❝t♦rs ❛♥❞ ③❡r♦ ✈♦❧t❛❣❡ ❛❝r♦ss t❤❡ ♣❛r❛s✐t✐❝ ❝❛♣❛❝✐t♦rs ❛♥❞ t❤❡

❧♦❛❞ ❝❛♣❛❝✐t♦r✱ t❤❡ ❝✐r❝✉✐t r❡s♣♦♥s❡ ✐s s✉❝❤ t❤❛t ❛t t = T ❛❧❧ ✈♦❧t❛❣❡s ❛♥❞

❝✉rr❡♥ts ❛r❡ ③❡r♦ ❡①❝❡♣t ❢♦r t❤❡ ✈♦❧t❛❣❡ ❛❝r♦ss t❤❡ ❧♦❛❞ ❝❛♣❛❝✐t♦r t❤❛t ✇✐❧❧ ❜❡

vL(T ) = nv0 s✐♥❝❡ t❤❡ ❝✐r❝✉✐t ✐s ❧♦ss❧❡ss✳

❙♦❧✉t✐♦♥✿ ❆ s♦❧✉t✐♦♥ t♦ t❤✐s ♣r♦❜❧❡♠ ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ ❢r♦♠ t❤❡ s♦❧✉t✐♦♥

♦❢ ❛ s✉✐t❛❜❧❡ str✉❝t✉r❡❞ ❡✐❣❡♥✈❛❧✉❡ ❛ss✐❣♥♠❡♥t ♣r♦❜❧❡♠ ✭s❡❡ ❬●❛❧❡❛♥✐ ✷✵✶✹❪✮✳

❲❡ r❡❝❛❧❧ t❤❡ ♠❛✐♥ t❤❡♦r❡♠ ♦❢ t❤✐s ✇♦r❦✿

❚❤❡♦r❡♠ ✻✳✷✳✶✾ ❈♦♥s✐❞❡r ❛♥② s❡t ♦❢ n ❞✐st✐♥❝t ♣♦s✐t✐✈❡ ❡✈❡♥ ✐♥t❡❣❡r α =

(α1, · · · , αn)✱ ❛ ♠❛tr✐① B ∈ Rn×n ❞❡✜♥❡❞ ❛s

B :=











2 −1 0 · · · 0

−1
✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳

✳✳✳

0
✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ 0

✳✳✳
✳ ✳ ✳ ✳ ✳ ✳ 2 −1

0 · · · 0 −1 n
n+1











❛♥❞ ❛♥② ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ r❡❛❧ ❞✐❛❣♦♥❛❧ s♦❧✉t✐♦♥ P = diag(p1, · · · , pn) t♦ t❤❡

str✉❝t✉r❡❞ ❡✐❣❡♥✈❛❧✉❡ ❛ss✐❣♥❡♠❡♥t ♣r♦❜❧❡♠

σ(BP ) = {α2
1 − 1, · · · , α2

n − 1} ✭✻✳✶✾✮

✇❤❡r❡ σ(BP ) ❞❡♥♦t❡s t❤❡ s♣❡❝tr✉♠ ♦❢ ❇P✱ ✐✳❡✱ t❤❡ s❡t ♦❢ ✐ts ❝♦♠♣❧❡① ❡✐❣❡♥✈❛❧✲

✉❡s✳ ❚❤❡♥ ❢♦r ❛♥② ✈❛❧✉❡ ♦❢ c✱ t❤❡ s❡❧❡❝t✐♦♥ ci = c/pi✱ i = 1, ..., n s♦❧✈❡s t❤❡

Pr♦❜❧❡♠ ✶ ❢♦r ❛❧❧ ✈❛❧✉❡s ♦❢ l ✇✐t❤ T = π√
lc
.

❚❤❡r❡ ❡①✐sts t✇♦ ♠❡t❤♦❞s t♦ s♦❧✈❡ t❤✐s ♣r♦❜❧❡♠✱ ✉s✐♥❣ s②♠❜♦❧✐❝ t❡❝❤♥✐q✉❡s

s✉❝❤ t❤❛t ●rö❜♥❡r ❜❛s✐s ❛♥❞ ✉s✐♥❣ ❝♦♥✈❡① ♣♦❧②♥♦♠✐❛❧ ♦♣t✐♠✐③❛t✐♦♥ t❡❝❤♥✐q✉❡s

✇❤✐❝❤ ✐s ♦❢ ♦✉r ✐♥t❡r❡st✳
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■♥ ♦r❞❡r t♦ ✜♥❞ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤✐s ♣r♦❜❧❡♠ ✇❡ ❤❛✈❡ t✇♦ ❞✐✛❡r❡♥ts ❢♦r♠✉✲

❧❛t✐♦♥s✿

• ❋✐rst ❢♦r♠✉❧❛t✐♦♥✿ ■t ❝♦♥s✐sts ✐♥ ❝♦♠♣✉t✐♥❣ t❤❡ ❞✐❛❣♦♥❛❧ ❡♥tr✐❡s p =

[p1, · · · , pn] s♦❧✉t✐♦♥ ♦❢ ✻✳✶✾✳ ❚❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ s♦❧✈❡ ❛ ✜♥✐t❡ s❡t ♦❢ n

❡q✉❛t✐♦♥s ✇✐t❤ ✉♥❦♥♦✇♥ p✱ ❡❛❝❤ ♦❢ t❤❡♠ ❝♦rr❡♣♦♥❞✐♥❣ t♦ ♦♥❡ ❝♦❡✣❝✐❡♥t

♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣♦❧②♥♦♠✐❛❧ ✐❞❡♥t✐t② ✐♥ t❤❡ ✈❛r✐❛❜❧❡ s✿

det(sI − BP ) =
n∏

i=1

(s − (α2
i − 1)), ∀s ∈ C. ✭✻✳✷✵✮

❋♦r ❛ ✜①❡❞ ✈❛❧✉❡ n ❛♥❞ ✜①❡❞ ✈❛❧✉❡s ✐♥ α ✭✇❡ ❝❛♥ s❡❧❡❝t αi = 2i✱ s♦ t❤❛t

t❤❡ ❝✐r❝✉✐t r❡s♦♥❛t❡s ❛t t❤❡ ❧♦✇❡st ♣♦ss✐❜❧❡ ❢r❡q✉❡♥❝②✮✱ ✇❡ ❝❛♥ ✇r✐t❡ ❛

s②st❡♠ ♦❢ n ♣♦❧②♥♦♠✐❛❧ ❡q✉❛t✐♦♥s ✐♥ t❤❡ ✈❛r✐❛❜❧❡ p ✇✐t❤ r❛t✐♦♥❛❧ ❝♦❡✣✲

❝✐❡♥ts✱ ♥❛♠❡❧②

hi(p) = 0, i = 1, ..., n ✭✻✳✷✶✮

❊①❛♠♣❧❡ ✻✳✷✳✷✵ ❋♦r t❤❡ ❝❛s❡ n = 4✱

B =







2 −1 0 0

−1 2 −1 0

0 −1 2 −1

0 0 −1 5
4







and P =







p1 0 0 0

0 p2 0 0

0 0 p3 0

0 0 0 p4







❙♦✱

BP =







2p1 −p2 0 0

−p1 2p2 −p3 0

0 −p2 2p3 −p4

0 0 −p3
5
4
p4







❚❤❡♥✱

det(sI − BP ) =

∣
∣
∣
∣
∣
∣
∣
∣

2p1 −p2 0 0

−p1 2p2 −p3 0

0 −p2 2p3 −p4

0 0 −p3
5
4
p4

∣
∣
∣
∣
∣
∣
∣
∣

=

= s4 + s3(−2p4 −
15

8
p3 −

3

2
p2 −

7

8
p1)+

+s2(
3

2
p4p3 + 2p2p4 +

5

4
p2p3 +

3

2
p1p4 +

5

4
p1p3 +

3

4
p1p2)+

+s(−p2p3p4 − p1p3p4 − p1p2p4 −
5

8
p1p2p3) +

1

2
p1p2p3p4
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❛♥❞ ✐❢ ✇❡ t❛❦❡ α = (2, 4, 6, 8)

4∏

i=1

(s − (α2
i − 1)) = (s − 3)(s − 15)(s − 35)(s − 63) =

= s4 − 116s3 + 4014s2 − 44100s + 99225

❙♦✱ t❤❡ s②st❡♠ ♦❢ ♣♦❧②♥♦♠✐❛❧ ❡q✉❛t✐♦♥s t❤❛t ✈❡r✐✜❡s ✻✳✷✵ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣

2p4 +
15

8
p3 +

3

2
p2 +

7

8
p1 = 116

3

2
p4p3 + 2p2p4 +

5

4
p2p3 +

3

2
p1p4 +

5

4
p1p3 +

3

4
p1p2 = 4014

p2p3p4 + p1p3p4 + p1p2p4 +
5

8
p1p2p3 = 44100

1

2
p1p2p3p4 = 99225

• ❙❡❝♦♥❞ ❢♦r♠✉❧❛t✐♦♥✿ ■t ❝♦rr❡s♣♦♥❞s t♦ ✐♥✈❡rt✐♥❣ t❤❡ ❡✐❣❡♥✈❛❧✉❡ ❛ss✐❣✲

♠❡♥t ♣r♦❜❧❡♠ ✻✳✶✾✱ t❤❡r❡❜② ♦❜t❛✐♥✐♥❣ ❛♥ ❛❧t❡r♥❛t✐✈❡ s❡t ♦❢ ♣♦❧②♥♦♠✐❛❧

❡q✉❛t✐♦♥s ✐♥ t❤❡ ✉♥❦♥♦✇♥ k = [k1, ..., kn]T = [p−1
1 , · · · , p−1

n ] ✇✐t❤ r❛t✐♦✲

♥❛❧ ❝♦❡✣❝✐❡♥t✱ ✇❤✐❝❤ ❤❛✈❡ t❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ ❜❡✐♥❣ ❧✐♥❡❛r ✐♥ t❤❡ ❝❛♣❛❝✐t♦r

✈❛❧✉❡s✱ ✐♥❞❡❡❞✱ ki = ci/c, i = 1, ..., n✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r t❤❡ ✐♥✈❡rs❡

♣r♦❜❧❡♠✱ ❡q✉❛t✐♦♥ ✻✳✷✵ ❜❡❝♦♠❡s

det(sI − KB−1) =
n∏

i=1

(s − (α2
i − 1)−1), ∀ s ∈ C. ✭✻✳✷✷✮

✇❤❡r❡ K = diag(k) = P−1✳ ❋♦r ❛ ✜①❡❞ ✈❛❧✉❡ ♦❢ n ❛♥❞ ✜①❡❞ ✈❛❧✉❡s ✐♥ α✱

♦♥❡ ❝❛♥ ✇r✐t❡ ❛ s②st❡♠ ♦❢ n ♣♦❧②♥♦♠✐❛❧ ❡q✉❛t✐♦♥s ✐♥ t❤❡ ✈❛r✐❛❜❧❡ k ✇✐t❤

r❛t✐♦♥❛❧ ❝♦❡✣❝✐❡♥ts✱ ♥❛♠❡❧②

qi(k) = 0, i = 1, ..., n. ✭✻✳✷✸✮

❘❡♠❛r❦ ✻✳✷✳✷✶ ❆❧❧ t❤❡ ❡♥tr✐❡s ♦❢ ❡❛❝❤ s♦❧✉t✐♦♥ t♦ t❤✐s ♣♦❧②♥♦♠✐❛❧ s②s✲

t❡♠ ❛r❡ ✐♥ t❤❡ ✐♥t❡r✈❛❧ (0, 1)✳

❊①❛♠♣❧❡ ✻✳✷✳✷✷ ❋♦r t❤❡ ❝❛s❡ n = 4✱

B−1 =







7
8

3
4

5
8

1
2

3
4

3
2

5
4

1
5
8

5
4

15
8

3
2

1
2

1 3
2

2







and K =







k1 0 0 0

0 k2 0 0

0 0 k3 0

0 0 0 k4






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❙♦✱

KB−1 =







7
8
k1

3
4
k2

5
8
k3

1
2
k4

3
4
k1

3
2
k2

5
4
k3 k4

5
8
k1

5
4
k2

15
8
k3

3
2
k4

1
2
k1 k2

3
2
k3 2k4







❚❤❡♥✱

det(sI − KB−1) =

∣
∣
∣
∣
∣
∣
∣
∣

s − 7
8
k1

3
4
k2

5
8
k3

1
2
k4

3
4
k1 s − 3

2
k2

5
4
k3 k4

5
8
k1

5
4
k2 s − 15

8
k3

3
2
k4

1
2
k1 k2

3
2
k3 s − 2k4

∣
∣
∣
∣
∣
∣
∣
∣

=

= s4 + s3(−7

8
k1 −

3

2
k2 − 2k4 −

15

8
k3)+

+s2(
3

4
k1k2 +

5

4
k1k3 +

3

2
k3k4 +

3

2
k1k4 + 2k2k4 +

5

4
k2k3)+

+s(−5

8
k1k2k3 − k2k3k4 − k1k3k4 − k1k2k4) +

1

2
k1k2k3k4

❛♥❞ ✐❢ ✇❡ t❛❦❡ α = (2, 4, 6, 8)

4∏

i=1

(s − (α2
i − 1)−1) = (s − 1

3
)(s − 1

15
)(s − 1

35
)(s − 1

63
) =

= s4 − 4

9
s3 +

446

11025
s2 − 116

99225
s +

1

99225

❙♦✱ t❤❡ s②st❡♠ ♦❢ ♣♦❧②♥♦♠✐❛❧ ❡q✉❛t✐♦♥s t❤❛t ✈❡r✐✜❡s ✻✳✷✷ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣

7

8
k1 +

3

2
k2 + 2k4 +

15

8
k3 =

4

9
3

4
k1k2 +

5

4
k1k3 +

3

2
k3k4 +

3

2
k1k4 + 2k2k4 +

5

4
k2k3 =

446

11025
5

8
k1k2k3 + k2k3k4 + k1k3k4 + k1k2k4 =

116

99225
1

2
k1k2k3k4 =

1

99225

❆s ✇❡ s❛✐❞ ❜❡❢♦r❡ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ✉s✐♥❣ ❝♦♥✈❡① ♣♦❧②♥♦♠✐❛❧ ♦♣t✐♠✐③❛✲

t✐♦♥ t❤❡❝♥✐q✉❡s ✐♥ ♦r❞❡r t♦ s♦❧✈❡ t❤✐s ❡✐❣❡♥✈❛❧✉❡ ❛ss✐❣♠❡♥t ♣r♦❜❧❡♠✳ ■♥❞❡❡❞✱

✇❡ ❝❡♥t❡r ♦✉r ❛tt❡♥t✐♦♥ ✐♥ t❤❡ ✐♥✈❡rs❡ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ❜❡❝❛✉s❡ ❛❧❧ t❤❡ r❡❛❧

s♦❧✉t✐♦♥s ♦❢ ✻✳✷✷ s❛st✐❢② | ki |≤ 1✳ ❆ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦❛❝❤ s♦❧✉t✐♦♥ t♦ t❤✐s

♣r♦❜❧❡♠ ✐s t♦ ❢♦r♠✉❧❛t❡ ✐t ❛s ❛ ♥♦♥❝♦♥✈❡① ♣♦❧②♥♦♠✐❛❧ ♦♣t✐♠✐③❛t✐♦♥✿
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q∗ = min
k

q0(k)

s.t k ∈ K ✭✻✳✷✹✮

✇❤❡r❡ q0 ∈ Q[k] ✐s ❛ ♣♦❧②♥♦♠✐❛❧ ✐♥ k ∈ Rn ❛♥❞ t❤❡ ❢❡❛s✐❜❧❡ s❡t K ✐s ❞❡✜♥❡❞ ❛s

❢♦❧❧♦✇✿

K = {k ∈ Rn | qi(k) = 0, i = 1, ..., n, hj(k) = kj − 2kj+1 + kj+2 ≥ 0, j = 1, ..., n − 2}

✇❤❡r❡ t❤❡ ✐♥❡q✉❛❧✐t✐❡s hj ❞❡✜♥❡ t❤❡ ❢❛❝t t❤❛t ✇❡ ❧♦♦❦ ❢♦r r❡❣✉❧❛r s♦❧✉t✐♦♥s✳

❲❡ ❝❛♥ ❝❤♦♦s❡ ❞✐✛❡r❡♥t ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ q0(k)✳ ❇✉t ✐❢ ✇❡ ✇❛♥t t♦ ❞♦ t❤❡

❝❛♣❛❝✐t♦rs ci = ki/c ❛s ✐❞❡♥t✐❝❛❧ ❛s ♣♦ss✐❜❧❡ ✇❡ ❝❤♦♦s❡✿

q0(k) =
n∑

i,j=1

(ki − kj)
2 = kT











2 −1 0 · · · 0

−1
✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳

✳✳✳

0
✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ 0

✳✳✳
✳ ✳ ✳ ✳ ✳ ✳ 2 −1

0 · · · 0 −1 2











k

❲❡ ❝❛♥ s♦❧✈❡ t❤✐s ♥♦♥ ❝♦♥✈❡① ♣♦❧②♥♦♠✐❛❧ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ t❤❛♥❦s t♦

♦✉r ♠✐♥✐♠✐③❡r ❜♦r❞❡r ❜❛s✐s ❛❧❣♦r✐t❤♠✳ ❋♦r ❡❛❝❤ n t❤❡ r❡❣✉❧❛r s♦❧✉t✐♦♥ ✇❤✐❝❤

✇❛s ❣✐✈❡♥ ✐♥ ❬●❛❧❡❛♥✐ ✷✵✶✹✱ ❇✉❝❤❡♥❛✉❡r ✷✵✶✵❪ ✐s✿

♥ n2 c1
c

n2 c2
c

n2 c3
c

n2 c4
c

n2 c5
c

n2 c6
c

n2 c7
c

n2 c8
c

❝♦♥❞

✶ ✶✳✺ ✶

✷ ✵✳✻✸✶✷✵ ✶✳✶✷✻✻✵ ✶✳✵✷✻✻

✸ ✵✳✽✹✹✵✽ ✵✳✼✼✻✻✷ ✶✳✹✶✷✶✼ ✶✳✵✸✽✼

✹ ✶✳✶✸✷✶✵ ✵✳✼✽✼✸✶ ✵✳✾✷✹✺✵ ✶✳✻✵✸✵✻ ✶✳✵✹✹✵

✺ ✶✳✹✼✹✽✵ ✵✳✽✻✸✹✷ ✵✳✽✹✹✽✶ ✶✳✵✼✸✹✹ ✶✳✼✷✶✼✾ ✶✳✵✹✹✽

✻ ✶✳✽✼✽✾✷ ✵✳✾✻✵✺✻ ✵✳✽✺✺✽✼ ✵✳✾✶✺✶✽ ✶✳✷✸✻✶✾ ✶✳✼✼✸✹✺ ✶✳✵✺✾✷

✼ ✷✳✵✼✵✻✶ ✶✳✵✺✻✻✾ ✶✳✵✹✾✹✵ ✶✳✵✺✼✶✺ ✶✳✵✻✽✻✶ ✶✳✵✽✹✹✾ ✶✳✽✺✷✾✽ ✶✳✵✺✵✷

✽ ✷✳✸✾✹✵✼ ✶✳✶✼✸✷✻ ✶✳✶✷✹✼✺ ✶✳✶✶✷✷✶ ✶✳✶✵✹✹✵ ✶✳✵✾✾✻ ✶✳✵✾✾✽ ✶✳✽✼✷✺✷ ✶✳✵✻✶✼

❚❛❜❧❡ ✻✳✺✿ ❘❡❣✉❧❛r s♦❧✉t✐♦♥s t♦ t❤❡ ▼❛r① ❞❡s✐❣♥ ♣r♦❜❧❡♠

■♥❞❡❡❞✱ ❜② ❚❤❡♦r❡♠ ✻✳✷✳✶✾✱ n2 ci

c
= n2ki t❤❡♥ t❤❡ r❡❣✉❧❛r s♦❧✉t✐♦♥ ✐♥ k ❛r❡✿
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♥ k1 k2 k3 k4 k5 k6 k7 k8 ❝♦♥❞

✶ ✶✳✺ ✶

✷ ✵✳✶✺✼✽ ✵✳✷✽✶✻✺ ✶✳✵✷✻✻

✸ ✵✳✵✾✸✼✽ ✵✳✵✽✻✷✾ ✵✳✶✺✻✾ ✶✳✵✸✽✼

✹ ✵✳✵✼✵✼✺ ✵✳✵✹✾✷ ✵✳✵✺✼✼✽ ✵✳✶✵✵✶✾ ✶✳✵✹✹✵

✺ ✵✳✵✺✽✾✾ ✵✳✵✸✹✺✸ ✵✳✵✸✸✼✾ ✵✳✵✹✷✾✸ ✵✳✵✻✽✽✼ ✶✳✵✹✹✽

✻ ✵✳✵✺✷✷ ✵✳✵✷✻✻✽✷ ✵✳✵✷✸✼✼ ✵✳✵✷✺✹✷ ✵✳✵✸✹✸✸ ✵✳✵✹✾✷✻ ✶✳✵✺✾✷

✼ ✵✳✵✹✷✷✺ ✵✳✵✷✶✺✻ ✵✳✵✷✶✹✶ ✵✳✵✷✶✺✼ ✵✳✵✷✶✽✵ ✵✳✵✷✷✶✸ ✵✳✵✸✼✽ ✶✳✵✺✵✷

✽ ✵✳✵✸✼✹ ✵✳✵✶✽✸✸ ✵✳✵✶✼✺✼ ✵✳✵✶✼✸✼ ✵✳✵✶✼✷✺ ✵✳✵✶✼✶✽ ✵✳✵✶✼✽✺ ✵✳✵✷✾✷✺ ✶✳✵✻✶✼

❚❛❜❧❡ ✻✳✻✿ ❘❡❣✉❧❛r s♦❧✉t✐♦♥s t♦ t❤❡ ▼❛r① ❞❡s✐❣♥ ♣r♦❜❧❡♠ ✭✈❛❧❡✉s ki✮

❊①❛♠♣❧❡ ✻✳✷✳✷✸ ■♥ t❤❡ ❝❛s❡ n = 4 ✇❡ ❢♦r♠✉❧❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠

min 6k2
1 − 4k1k2 − 4k1k3 − 4k1k4 + 6k2

2 − 4k2k3 − 4k2k4 + 6k2
3 − 4k3k4 + 6k2

4;

s.t 7
8
k1 + 3

2
k2 + 2k4 + 15

8
k3 − 4

9
= 0;

3
4
k1k2 + 5

4
k1k3 + 3

2
k3k4 + 3

2
k1k4 + 2k2k4 + 5

4
k2k3 − 446

11025
= 0;

5
8
k1k2k3 + k2k3k4 + k1k3k4 + k1k2k4 − 116

99225
= 0;

1
2
k1k2k3k4 − 1

99225
= 0;

k1 − 2k2 + k3 ≥ 0;

k2 − 2k3 + k4 ≥ 0;

❆♣♣❧②✐♥❣ ♦✉r ♠✐♥✐♠✐③❛t✐♦♥ ❜♦r❞❡r ❜❛s✐s ❛❧❣♦r✐t❤♠ ✺✳✹✳✶ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧✲

❧♦✇✐♥❣ ♠✐♥✐♠✐③❡r✿

sol := (0.0707, 0.0492, 0.0577, 0.1001)

✇❤✐❝❤ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ r❡❣✉❧❛r s♦❧✉t✐♦♥ ❢♦r n = 4 ♦❢ t❛❜❧❡ ✻✳✻ ✇✐t❤ ♣r❡❝✐s✐♦♥

10e − 4 t❤❡r❡❢♦r❡ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t t❤❡ s♦❧✉t✐♦♥ ✐s ✈❡r② ❛❝❝✉r❛t❡✳

❖✉r ❡①♣❡r✐♠❡♥t❛t✐♦♥ ❤❛✈❡ ❜❡❡♥ ❞♦♥❡ ✉♥t✐❧ n = 8✱ t❤❡ s♦❧✉t✐♦♥ ♦❜t❛✐♥❡❞

✐s ❡①❛❝t❧② t❤❡ s❛♠❡ t❤❛t t❤❡ t❛❜❧❡ ✻✳✻ ✇❤✐❝❤ ✐♠♣r♦✈❡s t❤❡ s♦❧✉t✐♦♥s ♥♦t ✈❡r②

❛❝❝✉r❛t❡ ❢♦r n = 2, 3, 4, 5 ❣✐✈❡♥ ❜② ●❧♦♣t✐♣♦❧② ✐♥ ❬●❛❧❡❛♥✐ ✷✵✶✹❪✳

✻✳✸ ■♠♣❧❡♠❡♥t❛t✐♦♥

❚❤❡ ❈✰✰ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❛❧❣♦r✐t❤♠ ❤❛s ❜❡❡♥ ♣❡r❢♦r♠❡❞ ✐♥

t❤❡ ❜♦r❞❡r❜❛s✐① ♣❛❝❦❛❣❡ ♦❢ t❤❡ ▼❛t❤❡♠❛❣✐①✶ s♦❢t✇❛r❡✱ ✇❤✐❝❤ ♣r♦✈✐❞❡s ❛

✶✇✇✇✳♠❛t❤❡♠❛❣✐①✳♦r❣
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❈✰✰ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ❜♦r❞❡r ❜❛s✐s ❛❧❣♦r✐t❤♠ ♦❢ ❬▼♦✉rr❛✐♥ ✷✵✶✷❪✳ ❚❤✐s

❛❧❣♦r✐t❤♠ ✇❛s ✐♠♣❧❡♠❡♥t❡❞ ❜② P❤✐❧✐♣♣❡ ❚r❡❜✉❝❤❡t ❛♥❞ ❇❡r♥❛r❞ ▼♦✉rr❛✐♥✳

❋♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❜♦r❞❡r ❜❛s✐s✱ ✇❡ ✉s❡ ❛ ❝❤♦✐❝❡ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ✐s

t♦❧❡r❛♥t t♦ ♥✉♠❡r✐❝❛❧ ✐♥st❛❜✐❧✐t② ✐✳❡✳ ❛ ❝❤♦✐❝❡ ❢✉♥❝t✐♦♥ t❤❛t ❝❤♦♦s❡s ❛s ❧❡❛❞✲

✐♥❣ ♠♦♥♦♠✐❛❧ ❛ ♠♦♥♦♠✐❛❧ ✇❤♦s❡ ❝♦❡✣❝✐❡♥t ✐s ♠❛①✐♠❛❧ ❛♠♦♥❣ t❤❡ ❝❤♦♦s❛❜❧❡

♠♦♥♦♠✐❛❧s ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❬▼♦✉rr❛✐♥ ✷✵✵✽❪✳

❚❤❡ ❙❡♠✐✲❉❡✜♥✐t❡ Pr♦❣r❛♠♠✐♥❣ ♣r♦❜❧❡♠s ❛r❡ s♦❧✈❡❞ ✉s✐♥❣ ❢♦✉r ❞✐✛❡r❡♥t

s♦❧✈❡rs

• s❞♣❛✷ s♦❢t✇❛r❡ ✇❤✐❝❤ ✇♦r❦ ✇✐t❤ ❞♦✉❜❧❡ ♣r❡❝✐s✐♦♥✳ ■t ✐s ✐♠♣❧❡♠❡♥t❡❞

✐♥ ❈✰✰ ❧❛♥❣✉❛❣❡ ❛♥❞ ✉t✐❧✐③❡s t❤❡ ❇▲❆❙ ❛♥❞ ▲❆P❆❈❑ ❧✐❜r❛r✐❡s ❢♦r

♠❛tr✐① ❝♦♠♣✉t❛t✐♦♥s✳ ■t ✐s ❞❡s✐❣♥❡❞ t♦ s♦❧✈❡ s♠❛❧❧ ❛♥❞ ♠❡❞✐✉♠ s✐③❡

❙❉P ♣r♦❜❧❡♠s✿ ✉s✉❛❧❧② t❤❡ ♥✉♠❜❡r ♦❢ ✈❛r✐❛❜❧❡s m < 2000 ❛♥❞ ♠❛tr✐①

s✐③❡s n < 2000 ❜✉t ❛❧s♦ ❞❡♣❡♥❞ ♦♥ t❤❡ ❛✈❛✐❧❛❜❧❡ ❤❛r❞✇❛r❡✳

• ❝s❞♣✸ s♦❢t✇❛r❡ ✇❤✐❝❤ ✇♦r❦ ✇✐t❤ ❞♦✉❜❧❡ ♣r❡❝✐s✐♦♥✳ ■t ✐s ✐♠♣❧❡♠❡♥t❡❞

✐♥ ❈ ❧❛♥❣✉❛❣❡ ❛♥❞ ✉t✐❧✐③❡s t❤❡ ❇▲❆❙ ❛♥❞ ▲❆P❆❈❑ ❧✐❜r❛r✐❡s ❢♦r ♠❛✲

tr✐① ❝♦♠♣✉t❛t✐♦♥s✳ ■t ✐s ❞❡s✐❣♥❡❞ t♦ s♦❧✈❡ s♠❛❧❧ ❛♥❞ ♠❡❞✐✉♠ s✐③❡ ❙❉P

♣r♦❜❧❡♠s ♦❢ t❤❡ s❛♠❡ s✐③❡ ♦❢ s❞♣❛✳

• s❞♣❛✲❣♠♣✹ s♦❢t✇❛r❡ ✇❤✐❝❤ ✇♦r❦s ✇✐t❤ ♠✉❧t✐♣❧❡ ♣r❡❝✐s✐♦♥ t♦ ♦❜t❛✐♥

❤✐❣❤❧② ❛❝❝✉r❛t❡ s♦❧✉t✐♦♥s✳ ■t ✐s ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❈✰✰ ❧❛♥❣✉❛❣❡ ❛♥❞ ✉t✐✲

❧✐③❡s ●▼P ❧✐❜r❛r②✳ ■t ✐s ❞❡s✐❣♥❡❞ t♦ s♦❧✈❡ s♠❛❧❧ ❛♥❞ ♠❡❞✐✉♠ s✐③❡ ❙❉P

♣r♦❜❧❡♠s ♦❢ t❤❡ s❛♠❡ s✐③❡ ❛s s❞♣❛✳ ❖♥ t❤❡ ♦t❤❡r s✐❞❡ s❞♣❛✲❣♠♣ ✐s ✐♥

❣❡♥❡r❛❧ t❡♥ ♦r ❤✉♥❞r❡❞ t✐♠❡s s❧♦✇❡r t❤❛♥ t❤❡ ❙❉P❆✳

• ♠♦s❡❦✺ s♦❢t✇❛r❡✳ ■t ✐s ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❈✴❈✰✰ ❧❛♥❣✉❛❣❡✳ ■t ✐s ❞❡s✐❣♥❡❞

t♦ s♦❧✈❡ s♠❛❧❧✱ ♠❡❞✐✉♠ ❛♥❞ ❜✐❣ s✐③❡ ❙❉P ♣r♦❜❧❡♠s✳ ■t ✐s ✐♥ ❣❡♥❡r❛❧

❜❡t✇❡❡♥ t✇♦ ❛♥❞ ❢♦✉r t✐♠❡s ❢❛st❡r t❤❛♥ t❤❡ ♦t❤❡rs t❤r❡❡✳

❋♦r t❤❡ ❧✐♥❦ ✇✐t❤ s❞♣❛✱ s❞♣❛✲❣♠♣✱ ❝s❞♣ ✇❡ ✉s❡ ❛ ✜❧❡ ✐♥t❡r❢❛❝❡ s✐♥❝❡✱

✐♥♣✉t ❞❛t❛ ✐s t❤❡ s❛♠❡ ✐♥ t❤❡ t❤r❡❡ ❛♥❞ t❤❡ ♦✉t♣✉t ❞❛t❛ ❝❤❛♥❣❡ ✐♥ ❝s❞♣✳ ■♥

t❤❡ ❝❛s❡ ♦❢ ♠♦s❡❦✱ ✇❡ ✉s❡ t❤❡ ❞✐str✐❜✉t❡❞ ❜✐♥❛r② ❧✐❜r❛r②✳

❖♥❝❡ ✇❡ ❤❛✈❡ ❝♦♠♣✉t❡❞ t❤❡ ♠♦♠❡♥t ♠❛tr✐①✱ ✇❡ ✈❡r✐❢② t❤❡ ✢❛t ❡①t❡♥s✐♦♥

✉s✐♥❣ t❤❡ ❉❡❝♦♠♣♦s❡r ❆❧❣♦r✐t❤♠ ✇✐t❤ s♦♠❡ ❞✐✛❡r❡♥❝❡s✳ ❚❤❡ ❉❡s❝♦♠♣♦s❡r

❆❧❣♦r✐t❤♠ ✐s ✐♥ t❤❡ ❜♦r❞❡r❜❛s✐① ♣❛❝❦❛❣❡ ❛♥❞ ✐t ✇❛s ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❈✰✰

❜② ▼❛tt❤✐❡✉ ❉✐❡♥✳ ❚❤✐s ❛❧❣♦r✐t❤♠ ❞❡❝♦♠♣♦s❡s ❛ s②♠♠❡tr✐❝ t❡♥s♦r ✐♥ s✉♠ ♦❢

t❡♥s♦r ♦❢ r❛♥❦ ✶ ♦r ❡q✉✐✈❛❧❡♥t❧②✱ ✐t ❞❡❝♦♠♣♦s❡s ❛ ♠✉❧t✐✈❛r✐❛t❡ ♣♦❧②♥♦♠✐❛❧ ✐♥ ❛

✷❤tt♣✿✴✴s❞♣❛✳s♦✉r❝❡❢♦r❣❡✳♥❡t
✸❤tt♣s✿✴✴♣r♦❥❡❝ts✳❝♦✐♥✲♦r✳♦r❣✴❈s❞♣✴
✹❤tt♣✿✴✴s❞♣❛✳s♦✉r❝❡❢♦r❣❡✳♥❡t
✺❤tt♣✿✴✴✇✇✇✳♠♦s❡❦✳❝♦♠
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s✉♠ ♦❢ ♣♦✇❡rs ♦❢ ❧✐♥❡❛r ❢♦r♠s✳ ❲❡ ✐♥tr♦❞✉❝❡ s♦♠❡ ❝❤❛♥❣❡s ✐♥ ♦r❞❡r t♦ ✉s❡ ✐t

❢♦r ✈❡r✐❢② t❤❡ ✢❛t ❡①t❡♥s✐♦♥✳

❚❤❡ ♠✐♥✐♠✐③❡r ♣♦✐♥ts ❛r❡ ❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ♠✉❧t✐♣❧✐❝❛✲

t✐♦♥ ♠❛tr✐❝❡s✳ ❚❤✐s ✐s ♣❡r❢♦r♠❡❞ ✉s✐♥❣ ▲❛♣❛❝❦ r♦✉t✐♥❡s ✐♥s✐❞❡ t❤❡ ❉❡❝♦♠♣♦s❡r

❆❧❣♦r✐t❤♠ t❤❛t ✇❡ ❝❛♥ ❣❡t ✇❤❡♥ ✇❡ ❤❛✈❡ ✈❡r✐❢② t❤❡ ✢❛t ❡①t❡♥s✐♦♥✳

■♥ ♦r❞❡r t♦ ❝♦♠♣❛r❡ ✐♥s✐❞❡ t❤❡ s❛♠❡ ❡♥✈✐r♦♥♠❡♥t ♦✉r ❛❧❣♦r✐t❤♠ ✇✐t❤ t❤❡

❢✉❧❧ ♠♦♠❡♥t ♠❛tr✐① r❡❧❛①❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❞❡s❝r✐❜❡❞ ✐♥ ❬▲❛ss❡rr❡ ✷✵✵✾❛❪✱ ✇❤✐❝❤

✐s ✐♠♣❧❡♠❡♥t❡❞ ✐♥ t❤❡ ♣❛❝❦❛❣❡ ●❧♦♣t✐♣♦❧② ♦❢ ▼❛t❧❛❜ ❞❡✈❡❧♦♣❡❞ ❜② ❉✳ ❍❡♥r✐♦♥

❛♥❞ ❏✳❇✳ ▲❛ss❡rr❡✱ ✇❡ ❤❛✈❡ ❛❧s♦ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❈✰✰ t❤✐s ❧❛tt❡r ❛❧❣♦r✐t❤♠ ✐♥

t❤❡ ❜♦r❞❡r❜❛s✐① ♣❛❝❦❛❣❡✳

✻✳✸✳✶ ■♥♣✉t ❛r❣✉♠❡♥ts✱ ■♥♣✉t ❞❛t❛ ✜❧❡ ❛♥❞ ❖✉t♣✉t ❞❛t❛
✜❧❡

■♥ t❤✐s s✉❜s❡❝t✐♦♥ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ❞✐✛❡r❡♥t ❛r❣✉♠❡♥ts t❤❛t ✇❡ ♥❡❡❞ t♦ ❣✐✈❡ ✐♥

t❤❡ ✐♥♣✉t ✇❤❡♥ ✇❡ ✇❛♥t t♦ ❝❛❧❧ t♦ t❤❡ ❛❧❣♦r✐t❤♠ ✺✳✹✳✶✳ ❲❡ ❡①♣❧❛✐♥ t❤❡♠ ✐♥

t❤❡ s❛♠❡ ♦r❞❡r t❤❛♥ t❤❡② ♥❡❡❞ t♦ ❜❡ ✐♥tr♦❞✉❝❡❞✳

✶✳ ■♥♣✉t ❞❛t❛ ✜❧❡ ♥❛♠❡✳ ❚❤✐s ✜❧❡ ❝♦♥t❛✐♥s ❛❧❧ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ♦♣t✐✲

♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✿ t❤❡ ♥✉♠❜❡r ♦❢ ❡q✉❛❧✐t✐❡s ❛♥❞ ✐♥❡q✉❛❧✐t✐❡s✱ t❤❡ ♣♦❧②✲

♥♦♠✐❛❧ t♦ ♠✐♥✐♠✐③❡ ❛♥❞ t❤❡ ❞✐✛❡r❡♥ts ❝♦♥str❛✐♥ts✳ ❲❡ ✇✐❧❧ ❞❡s❝r✐❜❡ ✐t

✐♥ ♠♦r❡ ❞❡t❛✐❧ ❜❡❧♦✇✳

✷✳ ❙❉P ❙♦❧✈❡r ✿ ✲s ♥ ✇❤❡r❡ ♥❂✭✶✲❙❉P❆✱ ✷✲❙❉P❆✲●▼P✱ ✸✲❈❙❉P✱ ✹✲

▼❖❙❊❑✮✳ ■❢ ✇❡ ❞♦ ♥♦t ✜❧❧ t❤✐s ♦♣t✐♦♥ t❤❡ ❞❡❢❛✉❧t s♦❧✈❡r ✐s ✶✲❙❉P❆✳

✸✳ ▼❡t❤♦❞ t♦ ✈❛❧✐❞❛t❡ t❤❡ ✢❛t ❡①t❡♥s✐♦♥✿ ✲♠ ♥ ✇❤❡r❡ ♥❂✭✵✲❞❡❝♦♠♣♦s❡r

❛❧❣♦r✐t❤♠✱ ✶✲r❛♥❦ ♦❢ s✉❜♠❛tr✐❝❡s✮✳ ■❢ ✇❡ ❞♦ ♥♦t ✜❧❧ t❤✐s ♦♣t✐♦♥ t❤❡

❞❡❢❛✉❧t s♦❧✈❡r ✐s ✵✲❞❡❝♦♠♣♦s❡r ❛❧❣♦r✐t❤♠✳

✹✳ P❛r❛♠❡t❡r ✜❧❡ ♥❛♠❡ ❢♦r t❤❡ ❙❉P ❙♦❧✈❡r ✿ ✲♣ ❢ ✇❤❡r❡ ❢ ✐s t❤❡ P❛r❛♠❡t❡r

✜❧❡ ♥❛♠❡✳ ❆♣♣❧② ♦♥❧② ✐♥ t❤❡ ❝❛s❡s ✲s ✶✱ ✷ ♦r ✸✳

✺✳ ❚❤r❡s❤♦❧❞ ✐♥ t❤❡ ❉❡❝♦♠♣♦s❡r ❛❧❣♦r✐t❤♠✿ ✲t t❤r❡s❤♦❧❞✳ ❆♣♣❧② ♦♥❧② ✐♥ t❤❡

❝❛s❡ ✲♠ ✵✳ ■❢ ✇❡ ❞♦ ♥♦t ✜❧❧ t❤✐s ♦♣t✐♦♥ t❤❡ ❞❡❢❛✉❧t t❤r❡s❤♦❧❞ ✐s 10e − 3✳

✻✳ ❈♦♠♣❧❡t❡ ❜♦r❞❡r ❜❛s✐s ♦r ♥♦t ✿ ✲❜ ♥❂✭✵✲✐❢ ✇❡ ✉s❡ ❝♦♠♣❧❡t ❜♦r❞❡r ❜❛s✐s✱

✶✲❜♦r❞❡r ❜❛s✐s ♦❢ ❞❡❣r❡❡ ♠✐♥✐♠✉♠✮✳ ■❢ ✇❡ ❞♦ ♥♦t ✜❧❧ t❤✐s ♦♣t✐♦♥ ✇❡

❝♦♠♣✉t❡❞ ❜② ❞❡❢❛✉❧t t❤❡ ❝♦♠♣❧❡t ❜♦r❞❡r ❜❛s✐s✳

❚❤❡ ✐♥♣✉t ❞❛t❛ ✜❧❡ ♦❢ ♦✉r ❛❧❣♦r✐t❤♠ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠❛t✿

• n1❀ ♥✉♠❜❡r ♦❢ ❡q✉❛❧✐t✐❡s



✶✷✵
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• n2❀ ♥✉♠❜❡r ♦❢ ✐♥❡q✉❛❧✐t✐❡s

• f ❀ ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝t✐♦♥ t♦ ♠✐♥✐♠✐③❡

• gi❀ ❡q✉❛❧✐t② ✐

• hj❀ ✐♥❡q✉❛❧✐t② (≥) j

❊①❛♠♣❧❡ ✻✳✸✳✶ ❲❡ ✇❛♥t t♦ s♦❧✈❡ t❤✐s ♣r♦❜❧❡♠✿

min −10 + 2x + 6y − 2x2 + 2xy − 2y2

s.t. −x2 + 2x ≥ 0

−8 − y2 + 6y ≥ 0

1 − x2 + 2xy − y2 ≥ 0

❚❤❡ ✐♥♣✉t ❞❛t❛ ✜❧❡ ✇✐❧❧ ❜❡ ❛s ❢♦❧❧♦✇✿

0❀

3❀

−10 + 2 ∗ x0 + 6 ∗ x1 − 2 ∗ x02 + 2 ∗ x0 ∗ x1 − 2 ∗ x12❀

−x02 + 2 ∗ x0❀

−8 − x12 + 6 ∗ x1❀

1 − x02 + 2 ∗ x0 ∗ x1 − x12❀

❚❛❜❧❡ ✻✳✼✿ ■♥♣✉t ❞❛t❛ ✜❧❡✿✏❡①❛♠♣❧❡✶✵✑

❚❤❡ ♦✉t♣✉t ❞❛t❛ ✜❧❡ ♦❢ ♦✉r ❛❧❣♦r✐t❤♠ ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ t❤❡ ♥❛♠❡ ♦❢ ✐♥♣✉t

❞❛t❛ ✜❧❡ ✰ ❙♦❧✉t✐♦♥✳ ❋♦r ❡①❛♠♣❧❡ ✐❢ t❤❡ ✐♥♣✉t ✐♥ t❤❡ ❛❜♦✈❡ ❡①❛♠♣❧❡ ✐s ❝❛❧❧❡❞

✏❡①❛♠♣❧❡✶✵✑ t❤❡ ♦✉t♣✉t ❞❛t❛ ✜❧❡ ❛s♦❝✐❛t❡❞ ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ ✏❡①❛♠♣❧❡✶✵❙♦❧✉t✐♦♥✑✳

■t ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠❛t✿

• s♦❧✿❂[s1, s2, ..., sn] ✇❤❡r❡ si ❛r❡ t❤❡ ❞✐✛❡r❡♥t s♦❧✉t✐♦♥s✳

• ❢♠✐♥✿❂f ∗ ✇❤❡r❡ f ∗ ✐s t❤❡ ♠✐♥✐♠✉♠ ♦❢ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✳
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❊①❛♠♣❧❡ ✻✳✸✳✷ ❚❤❡ ♦✉t♣✉t ❞❛t❛ ✜❧❡ ❛s♦❝✐❛t❡❞ t♦ t❤❡ ❛❜♦✈❡ ❡①❛♠♣❧❡ ✇✐❧❧ ❜❡

❛s ❢♦❧❧♦✇✿

s♦❧✿❂[[1, 2], [2, 2], [2, 3]]❀

❢♠✐♥✿❂2

❚❛❜❧❡ ✻✳✽✿ ❖✉t♣✉t ❞❛t❛ ✜❧❡✿✏❡①❛♠♣❧❡✶✵❙♦❧✉t✐♦♥✑





❈♦♥❝❧✉s✐♦♥

P♦✉r ❝♦♥❝❧✉r❡✱ ♥♦tr❡ tr❛✈❛✐❧ ♠❡t ❡♥ ❛✈❛♥t ❞❡✉① ♣♦✐♥ts ✐♠♣♦rt❛♥ts✿

• P❡r♠❡ttr❡ ❞❡ tr❛✐t❡r ❧❡s ♣r♦❜❧è♠❡s ♦ù ❧❛ ✈❛r✐été ❑❑❚ ❡st ✈✐❞❡ ❜✐❡♥ q✉❡

❧❡ ♠✐♥✐♠✉♠ s♦✐t ❛tt❡✐♥t ❞❛♥s ✉♥ ♣♦✐♥t ❞❡ S✳ P♦✉r ❝❡❧❛✱ ♥♦✉s ✉t✐❧✲

✐s♦♥s ❧❛ ✈❛r✐été ❞❡ ❋r✐t③✲❏♦❤♥ q✉❡ ♥♦✉s ❞é✜♥✐ss♦♥s ❝♦♠♠❡ ❧❛ ré✉♥✐♦♥

❞❡ ❧❛ ✈❛r✐été ❑❑❚ ❡t ❞❡ ❧❛ ✈❛r✐été ❞❡s ♣♦✐♥ts s✐♥❣✉❧✐❡rs✳ ◆♦tr❡ ♣r♦❜✲

❧è♠❡ ❞✬♦♣t✐♠✐s❛t✐♦♥ s✉r Ssing ❡st ❞✉ ♠ê♠❡ t②♣❡ q✉❡ s✉r SKKT ✱ ♥♦✉s

❛✈♦♥s ét✉❞✐é s✬✐❧ ② ❛ ♦✉ ♣❛s ❞❡s ♣♦✐♥ts q✉✐ ♠✐♥✐♠✐s❡♥t ♥♦tr❡ ❢♦♥❝t✐♦♥

f s✉r SKKT ✳ ◆♦✉s ❛♣♣❧✐q✉♦♥s ré❝✉rs✐✈❡♠❡♥t ❧❛ ♠ê♠❡ ♠ét❤♦❞❡ s✉r

Ssing✳ ◆é❛♥♠♦✐♥s✱ ✐❧ r❡st❡ ❞✉ tr❛✈❛✐❧ à ❢❛✐r❡ s✉r ❝❡ ♣♦✐♥t✱ ♥♦✉s ❛✈♦♥s

❜❡s♦✐♥ ❞✬✉♥❡ ♣r❡✉✈❡ r✐❣♦✉r❡✉s❡ ♣♦✉r ♠♦♥tr❡r q✉❡ ❝❡tt❡ séq✉❡♥❝❡ ❞❡ s♦✉s✲

♣r♦❜❧è♠❡s ❡st ✜♥✐❡✳ ■❧ ❢❛✉❞r❛ r❡❣❛r❞❡r s✐ ❧❛ ❞✐♠❡♥s✐♦♥ ❞❡ ❧❛ ré❣✐♦♥ ❢❛✐s✲

❛❜❧❡ ❡t✴♦✉ ❧❛ ♠✉❧t✐♣❧✐❝✐té ❞❡s s♦❧✉t✐♦♥s ❞❡ ❧❛ ré❣✐♦♥ ❢❛✐s❛❜❧❡ s❡ ré❞✉✐t ❞❡

♣❧✉s ❡♥ ♣❧✉s✳

• ◆♦✉s ❛✈♦♥s ❞é✈❡❧♦♣♣é ❡t ❝♦❞é ❡♥ ❝✰✰ ✉♥ ♥♦✉✈❡❧ ❛❧❣♦r✐t❤♠❡ ♣♦✉r ré✲

s♦✉❞r❡ ❞❡s ♣r♦❜❧è♠❡s ❞✬♦♣t✐♠✐s❛t✐♦♥ ❞❡ t②♣❡ ✭✷✳✶✮ q✉❛♥❞ ❧❡ ♥♦♠❜r❡ ❞❡s

♣♦✐♥ts q✉✐ ♠✐♥✐♠✐s❡♥t ♥♦tr❡ ❢♦♥❝t✐♦♥ ❡st ✜♥✐✳ ❈❡t ❛❧❣♦r✐t❤♠❡ ✉t✐❧✐s❡

❧✬❛❧❣♦r✐t❤♠❡ ❞❡ ❜❛s❡s ❞❡ ❜♦r❞✱ ❞é✈❡❧♦♣♣é ♣❛r ▼♦✉rr❛✐♥ ❡t ❚r❡❜✉❝❤❡t✱

q✉✐ ♣❡r♠❡t ❞❡ ré❞✉✐r❡ ❧❛ t❛✐❧❧❡ ❡t ❧❡ ♥♦♠❜r❡ ❞❡ ♣❛r❛♠étrés ❞❡ ♥♦tr❡

♣r♦❜❧è♠❡ ❙❉P✱ ❡t ❞♦♥❝ ❞❡ ré❞✉✐r❡ ❧❛ ❝♦♠♣❧❡①✐té ❞❡ ❝❛❧❝✉❧ ❞❡ ❧❛ ❙❉P✳

◆♦tr❡ ✐♠♣❧❛♥t❛t✐♦♥ ❞♦♥♥❡ ❧❛ ♣♦ss✐❜✐❧✐té ❞❡ rés♦✉❞r❡ ❧❛ ❙❉P ❛✈❡❝ q✉❛tr❡

❧♦❣✐❝✐❡❧s✿ ❙❉P❆✱ ❈❙❉P✱ ❙❉P❆✲●▼P ❡t ▼❖❙❊❑✳ ❈❡ ❞❡r♥✐❡r ♣❡r♠❡t ✉♥❡

ré❞✉❝t✐♦♥ ❞✉ t❡♠♣s ❞✬❡①é❝✉t✐♦♥ ❝♦♠♣r✐s❡ ❡♥tr❡ ✺✵✪ ❡t ✽✵✪ ♣❛r r❛♣♣♦rt

❛✉① tr♦✐s ❛✉tr❡s ❧♦❣✐❝✐❡❧s✳ P♦✉r ✈ér✐✜❡r s✐ ❧❡ ♠✐♥✐♠✉♠ ❡st ❛tt❡✐♥t ✭♣❛r

✉♥❡ ❣é♥ér❛❧✐s❛t✐♦♥ ❞✉ ❝r✐tèr❡ ❞✬❡①t❡♥s✐♦♥ ♣❧❛t❡ ❞❡ ❈✉rt♦✲❋✐❛❧❦♦✇✮✱ ♥♦✉s

❛✈♦♥s ❞é✈❡❧♦♣♣é ✉♥ ♥♦✉✈❡❧ ❛❧❣♦r✐t❤♠❡ q✉✐ ✉t✐❧✐s❡ ❞❡s ♣♦❧②♥ô♠❡s ♦rt❤♦❣✲

♦♥❛✉① ❡t q✉❡ ♥♦✉s ♣❡✉t ❛✉ss✐ s❡r✈✐r ♣♦✉r ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❞❡ t❡♥s❡✉rs✳

◆♦✉s ❛✈♦♥s ❛✉ss✐ ❝♦❞é ❧❛ ♠ét❤♦❞❡ ❞❡ ▲❛ss❡rr❡ ✭●❧♦♣t✐♣♦❧②✮ ❡♥ ❝✰✰✱

❛✜♥ ❞❡ ❜✐❡♥ ❝♦♠♣❛r❡r ❧❡s t❡♠♣s ❞❡ ❝❛❧❝✉❧✳ ◆♦tr❡ ❛❧❣♦r✐t❤♠❡ ❡st ❧✐❜r❡✲
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✶✵✷ ❛♥❞ ✶✵✺✳✮

❬P❛❣ès ✷✵✶✶❪ ▲✳ P❛❣ès✳ ▲✐♥❦s ❜❡t✇❡❡♥ r♦♦t ❞❡✈❡❧♦♣♠❡♥t❛❧ tr❛✐ts ❛♥❞ ❢♦r❛❣✐♥❣

♣❡r❢♦♠❛♥❝❡✳ P❧❛♥t✱ ❈❡❧❧ ❛♥❞ ❊♥✈✐r♦♠❡♥t✱ ✈♦❧✳ ✸✹✱ ♥♦✳ ✶✵✱ ♣❛❣❡s ✶✼✹✾✕

✶✼✻✵✱ ✷✵✶✶✳ ✭❈✐t❡❞ ♦♥ ♣❛❣❡ ✶✵✼✳✮

❬P❛rr✐❧♦ ✷✵✵✸❪ P✳❆✳ P❛rr✐❧♦ ❛♥❞ ❇✳ ❙t✉r♠❢❡❧s✳ ▼✐♥✐♠✐③✐♥❣ ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝✲

t✐♦♥s✳ ■♥ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ❉■▼❆❈❙ ❲♦r❦s❤♦♣ ♦♥ ❆❧❣♦r✐t❤♠✐❝ ❛♥❞

◗✉❛♥t✐t❛t✐✈❡ ❆s♣❡❝ts ♦❢ ❘❡❛❧ ❆❧❣❡❜r❛✐❝ ●❡♦♠❡tr② ✐♥ ▼❛t❤❡♠❛t✐❝s

❛♥❞ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ♣❛❣❡s ✽✸✕✶✵✵✳ ❆♠❡r✐❝❛♥ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐✲

❡t②✱ ✷✵✵✸✳ ✭❈✐t❡❞ ♦♥ ♣❛❣❡ ✹✻✳✮

❬P✉t✐♥❛r ✶✾✾✸❪ ▼✳ P✉t✐♥❛r✳ P♦s✐t✐✈❡ ♣♦❧②♥♦♠✐❛❧s ♦♥ ❝♦♠♣❛❝t s❡♠✐✲❛❧❣❡❜r❛✐❝

s❡ts✳ ■♥❞✐❛♥❛ ❯♥✐✈✳ ▼❛t❤ ❏✳✱ ✈♦❧✳ ✹✷✱ ♣❛❣❡s ✾✻✾✕✾✽✹✱ ✶✾✾✸✳ ✭❈✐t❡❞ ♦♥

♣❛❣❡ ✸✺✳✮

❬❘✐❡♥❡r ✷✵✶✸❪ ❈✳ ❘✐❡♥❡r✱ ❚✳ ❚❤❡♦❜❛❧❞✱ ▲✳ ❏✳ ❆♥❞ré♥ ❛♥❞ ❏✳ ❇✳ ▲❛ss❡rr❡✳ ❊①✲

♣❧♦✐t✐♥❣ ❙②♠♠❡tr✐❡s ✐♥ ❙❉P✲❘❡❧❛①❛t✐♦♥s ❢♦r P♦❧②♥♦♠✐❛❧ ❖♣t✐♠✐③❛t✐♦♥✳

▼❛t❤✳ ❖♣❡r✳ ❘❡s✳✱ ✈♦❧✳ ✸✽✱ ♥♦✳ ✶✱ ♣❛❣❡s ✶✷✷✕✶✹✶✱ ❋❡❜r✉❛r② ✷✵✶✸✳ ✭❈✐t❡❞

♦♥ ♣❛❣❡ ✻✺✳✮

❬❘♦st❛❧❦✐ ✷✵✵✾❪ P✳ ❘♦st❛❧❦✐✳ ❆❧❣❡❜r❛✐❝ ♠♦♠❡♥ts✱r❡❛❧ r♦♦t ✜♥❞✐♥❣ ❛♥❞ r❡❧❛t❡❞

t♦♣✐❝s✳ P❤❉ t❤❡s✐s✱ ❊❚❍ ❩✉r✐❝❤✱ ✷✵✵✾✳ ✭❈✐t❡❞ ♦♥ ♣❛❣❡ ✻✷✳✮

❬❙❛❢❡② ❊❧ ❉✐♥ ✷✵✵✽❪ ▼✳ ❙❛❢❡② ❊❧ ❉✐♥✳ ❈♦♠♣✉t✐♥❣ t❤❡ ❣❧♦❜❛❧ ♦♣t✐♠✉♠ ♦❢ ❛

♠✉❧t✐✈❛r✐❛t❡ ♣♦❧②♥♦♠✐❛❧ ♦✈❡r t❤❡ r❡❛❧s✳ ■♥ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ t✇❡♥t②✲

✜rst ✐♥t❡r♥❛t✐♦♥❛❧ s②♠♣♦s✐✉♠ ♦♥ ❙②♠❜♦❧✐❝ ❛♥❞ ❛❧❣❡❜r❛✐❝ ❝♦♠♣✉t❛t✐♦♥✱

■❙❙❆❈ ✬✵✽✱ ♣❛❣❡s ✼✶✕✼✽✱ ◆❡✇ ❨♦r❦✱ ◆❨✱ ❯❙❆✱ ✷✵✵✽✳ ❆❈▼✳ ✭❈✐t❡❞ ♦♥

♣❛❣❡ ✹✻✳✮

❬❙❝❤♠ü❞❣❡♥ ✶✾✾✶❪ ❑✳ ❙❝❤♠ü❞❣❡♥✳ ❚❤❡ ❑✲♠♦♠❡♥t ♣r♦❜❧❡♠ ❢♦r ❝♦♠♣❛❝t s❡♠✐✲

❛❧❣❡❜r❛✐❝ s❡ts✳ ▼❛t❤ ❆♥♥✳✱ ✈♦❧✳ ✷✽✾✱ ♣❛❣❡s ✺✷✾✕✺✹✸✱ ✶✾✾✶✳ ✭❈✐t❡❞ ♦♥

♣❛❣❡ ✸✸✳✮



❇■❇▲■❖●❘❆P❍❨ ✶✸✶

❬❙❝❤✇❡✐❣❤♦❢❡r ✷✵✵✻❪ ▼✳ ❙❝❤✇❡✐❣❤♦❢❡r✳ ●❧♦❜❛❧ ♦♣t✐♠✐③❛t✐♦♥ ♦❢ ♣♦❧②♥♦♠✐❛❧s ✉s✲

✐♥❣ ❣r❛❞✐❡♥t t❡♥t❛❝❧❡s ❛♥❞ s✉♠s ♦❢ sq✉❛r❡s✳ ❙■❆▼ ❏♦✉r♥❛❧ ♦♥ ❖♣t✐✲

♠✐③❛t✐♦♥✱ ✈♦❧✳ ✶✼✱ ♥♦✳ ✸✱ ♣❛❣❡s ✾✷✵✕✾✹✷✱ ✷✵✵✻✳ ✭❈✐t❡❞ ♦♥ ♣❛❣❡ ✹✻✳✮

❬❙❤❛❢❛r❡✈✐❝❤ ✶✾✼✹❪ ❙❤❛❢❛r❡✈✐❝❤✳ ❇❛s✐❝ ❛❧❣❡❜r❛✐❝ ❣❡♦♠❡tr②✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱

✶✾✼✹✳ ✭❈✐t❡❞ ♦♥ ♣❛❣❡ ✹✽✳✮

❬❙❤♦r ✶✾✽✼❪ ◆✳❩✳ ❙❤♦r✳ ❈❧❛ss ♦❢ ❣❧♦❜❛❧ ♠✐♥✐♠✉♠ ❜♦✉♥❞s ♦❢ ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝✲

t✐♦♥s✳ ❈②❜❡r♥❡t✐❝s✱ ✈♦❧✳ ✷✸✱ ♣❛❣❡s ✼✸✶✕✼✸✹✱ ✶✾✽✼✳ ✭❈✐t❡❞ ♦♥ ♣❛❣❡ ✸✶✳✮

❬❙❤♦r ✶✾✾✽❪ ◆✳❩✳ ❙❤♦r✳ ◆♦♥❞✐✛❡r❡♥t✐❛❜❧❡ ♦♣t✐♠✐③❛t✐♦♥ ❛♥❞ ♣♦❧②♥♦♠✐❛❧ ♦♣t✐✲

♠✐③❛t✐♦♥✳ ❙♣r✐♥❣❡r✱ ✶✾✾✽✳ ✭❈✐t❡❞ ♦♥ ♣❛❣❡ ✸✶✳✮

❬❩❛❝❝❛r✐❛♥ ✷✵✵✾❪ ▲✳ ❩❛❝❝❛r✐❛♥✱ ❙✳ ●❛❧❡❛♥✐✱ ▼✳ ❋r❛♥❝❛✈✐❣❧✐❛✱ ❈✳ ❚✳ ❆❜❞❛❧❧❛❤✱

❊ ❙❝❤❛♠✐❧♦❣❧✉ ❛♥❞ ❇✉❝❤❡♥❛✉❡r ❈✳ ❏✳ ❆ ❝♦♥tr♦❧ t❤❡♦r② ❛♣♣r♦❛❝❤ ♦♥ t❤❡

❞❡s✐❣♥ ♦❢ ▼❛r① ❣❡♥❡r❛t♦r ♥❡t✇♦r❦✳ ■❊❊❊ P✉❧s❡❞ P♦✇❡r ❈♦♥❢❡r❡♥❝❡✱

✷✵✵✾✳ ✭❈✐t❡❞ ♦♥ ♣❛❣❡s ✶✶✶ ❛♥❞ ✶✶✷✳✮





❘és✉♠é ét❡♥❞✉

❉❛♥s ❧❡ ♣r❡♠✐❡r ❝❤❛♣✐tr❡ ♥♦✉s ✐♥tr♦❞✉✐s♦♥s ❧❡s ❞é✜♥✐t✐♦♥s ❡t t❤é♦rè♠❡s
♣r✐♥❝✐♣❛✉① s✉r ❧❡s ✐❞é❛✉① ❡t ❧❡s ✈❛r✐étés✱ ♥♦✉s ✐♥tr♦❞✉✐s♦♥s ❛✉ss✐ ❧✬❡s♣❛❝❡ ❞✉❛❧ ❡t
❞é✜♥✐ss♦♥s ✉♥ é❧é♠❡♥t ✐♠♣♦rt❛♥t ❞❛♥s ♥♦tr❡ ét✉❞❡✱ ❧❡s ♠❛tr✐❝❡s ❡t ♦♣ér❛t❡✉rs ❞❡
❍❛♥❦❡❧ ❡t ❧❡s ♣r♦♣r✐étés ❞❡ ❧✬❛♥♥❡❛✉ q✉♦t✐❡♥t q✉✐ s✬♦❜t✐❡♥t ❝♦♠♠❡ q✉♦t✐❡♥t ♣❛r ❧❡
♥♦②❛✉ ❞❡ ♥♦tr❡ ♦♣ér❛t❡✉r ❞✬❍❛♥❦❡❧✳

❉❛♥s ❧❡ ❞❡✉①✐è♠❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ✐♥tr♦❞✉✐s♦♥s ♥♦tr❡ ♣r♦❜❧è♠❡ ❞✬♦♣t✐♠✐s❛t✐♦♥
♣♦❧②♥♦♠✐❛❧ ✿

f∗ = infx∈Rn f(x) ✭✷✺✮

s.t. g0
1(x) = · · · = g0

n1
(x) = 0

g1(x) ≥ 0, ..., gn2
(x) ≥ 0

q✉✐ ❝♦♥s✐st❡ à ♠✐♥✐♠✐s❡r ✉♥❡ ❢♦♥❝t✐♦♥ ♣♦❧②♥♦♠✐❛❧❡ à ❝♦❡✣❝✐❡♥ts ré❡❧s ❞❛♥s ❧✬❡♥s❡♠❜❧❡
s❡♠✐❛❧❣é❜r✐q✉❡

S := S(g) = {x ∈ Rn | g0
1(x) = 0, . . . , g0

n1
(x) = 0g1(x) ≥ 0, . . . , gn2

(x) ≥ 0} ✭✷✻✮

◆♦✉s ét✉❞✐♦♥s ❧❡s ❞✐✛ér❡♥t❡s ✈❛r✐étés ❛ss♦❝✐é❡s ❛✉① ♣♦✐♥ts ❝r✐t✐q✉❡s✿ ❧❛ ✈❛r✐été
❣r❛❞✐❡♥t❡✱ ❧❛ ✈❛r✐été ❞❡ ❑❛r✉s❤✲❑✉❤♥✲❚✉❝❦❡r ✭❑❑❚✮ ❡t ❡♥✜♥ ❧❛ ✈❛r✐été ❞❡ ❋r✐t③✲
❏♦❤♥ ✭❋❏✮✳ P♦✉r ❝❡tt❡ ❞❡r♥✐èr❡ ✈❛r✐été✱ ✐❧ ♥✬② ❛ ♣❛s ❜❡❛✉❝♦✉♣ ❞❡ tr❛✈❛✉① ✭✈♦✐r
❬▲❛ss❡rr❡ ✷✵✵✾❛❪✮ ❡t ❣r❛❝❡ à ❡❧❧❡ ♥♦✉s ❛❧❧♦♥s ♣♦✉✈♦✐r tr❛✐t❡r ❧❡ ❝❛s ♦ù ❧❡ ♠✐♥✐♠✉♠ ❞❡
♥♦tr❡ ❢♦♥❝t✐♦♥ ♥✬❡st ♣❛s ❛tt❡✐♥t ❡♥ ✉♥ ♣♦✐♥t ❞❡ ❧❛ ✈❛r✐été ❑❑❚ ❜✐❡♥ q✉❡ ❧❡ ♠✐♥✐♠✉♠
❞❡ ♥♦tr❡ ❢♦♥❝t✐♦♥ s♦✐t ❛tt❡✐♥t ❡♥ ✉♥ ♣♦✐♥t ❞❡ S ✭✈♦✐r ❡①❡♠♣❧❡ ✷✳✹✳✶✮✳ ◆♦✉s ♠♦♥tr♦♥s
q✉❡ t♦✉t ♣♦✐♥t ❞❡ S q✉✐ ♠✐♥✐♠✐s❡ ♥♦tr❡ ❢♦♥❝t✐♦♥ f ❡st ❧❛ ♣r♦❥❡❝t✐♦♥ ❞✬✉♥ ♣♦✐♥t ré❡❧
❞❡ ❧❛ ✈❛r✐été ❞❡ ❋❏✳ ◆♦✉s ♠♦♥tr♦♥s q✉❡ ❧❛ ✈❛r✐été ❞❡ ❋❏ ❡st ❧✬✉♥✐♦♥ ❞❡ ❧❛ ✈❛r✐été
❞❡s ♣♦✐♥ts s✐♥❣✉❧✐❡rs ❡t ❞❡ ❧❛ ✈❛r✐été ❞❡ ❑❑❚✳ ❈♦♠♠❡ ❝❤❡r❝❤❡r ❧❡ ♠✐♥✐♠✉♠ ❞❡
❧❛ ❢♦♥❝t✐♦♥ f s✉r ❧❛ ✈❛r✐été ❞❡s ♣♦✐♥ts s✐♥❣✉❧✐❡rs ❡st ✉♥ ♣r♦❜❧è♠❡ ❞✉ ♠ê♠❡ t②♣❡
q✉❡ ❝❤❡r❝❤❡r ❧❡ ♠✐♥✐♠✐♠✉♥ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ f s✉r ❧❛ ✈❛r✐été ❞❡ ❑❑❚✱ ♥♦✉s ♣♦✉✈♦♥s
ré❞✉✐r❡ ♥♦tr❡ ét✉❞❡ à ❝❡ ❞❡r♥✐❡r t②♣❡ ❞❡ ♣r♦❜❧è♠❡s s✉r ❧❛ ✈❛r✐été ❞❡ ❑❑❚✳

❉❛♥s ❧❡ tr♦✐s✐è♠❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ♣rés❡♥t♦♥s ❞✬❛❜♦r❞ ❧❡s ❞é✜♥✐t✐♦♥s ❞❡ ♣♦❧②♥ô♠❡s
♣♦s✐t✐❢s ❡t s♦♠♠❡s ❞❡ ❝❛rrés ✭❙❖❙✮✱ ❞❡ ♠♦❞✉❧❡ q✉❛❞r❛t✐q✉❡ Q(g) ❡t ❞❡ ♣r❡♦r❞❡r✐♥❣
P(g) ❡t ❧❡s t❤é♦rè♠❡s ❞❡ P✉t✐♥❛r ❡t ❙❝❤♠✉❞❣❡♥ q✉✐ r❡❧✐❡♥t t♦✉s ❝❡s ❞é✜♥✐t✐♦♥s✳ P✉✐s
♥♦✉s r❡❧✐♦♥s ♥♦tr❡ ♣r♦❜❧è♠❡ ✭✷✺✮ ❛✈❡❝ ❧❛ t❤é♦r✐❡ ❞❡s ♠❛tr✐❝❡s ❞❡ ♠♦♠❡♥ts ❡t ❛✈❡❝
❧✬❡♥s❡♠❜❧❡ ❞❡s ♣♦❧②♥ô♠❡s ♣♦s✐t✐❢s✳ ❉✬✉♥ ❝ôté ♥♦✉s ♣♦✉✈♦♥s r❡❣❛r❞❡r ♥♦tr❡ ♣r♦❜❧è♠❡
❝♦♠♠❡ ✉♥ ♣r♦❜❧è♠❡ ❞❡ ♠❛①✐♠✐s❛t✐♦♥ ✿

f∗ = sup ρ t.q. f(x) − ρ ≥ 0 dans S

❈❡ ♣r♦❜❧è♠❡ ❡st très ❞✐✣❝✐❧ à r❡s♦✉❞r❡✳ ◆♦✉s ❛✈♦♥s ❡ss❛②❡r ❞❡ ❧❡ rés♦✉❞r❡ ❡♥ ✉t✐❧✐s❛♥t
✉♥ ❛✉tr❡ t②♣❡ ❞❡ ♣r♦❜❧è♠❡ ♣♦✉r S = Rn

fsos = sup ρ t.q. f(x) − ρ est sos
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❈❡❝✐ ♥♦✉s r❛♠♠è♥♥❡ à ✉♥ ♣r♦❜❧è♠❡ ❞❡ ♣r♦❣r❛♠♠❛t✐♦♥ s❡♠✐❞é✜♥✐❡ ✭❙❉P✮✳
❉❛♥s ❧❡ ❝❛s ♦ù S = S(g) ❡st ✉♥ ❡♥s❡♠❜❧❡ s❡♠✐❛❧❣é❜r✐q✉❡ ✭✷✺✮

fsos
g = sup ρ t.q f − ρ ∈ P(g)

◗✉❛♥❞ ♥♦✉s ❜♦r♥♦♥s ❧❡ ❞❡❣ré ❞❡ ♥♦s ♣♦❧②♥ô♠❡s✱ ❧❛ ❢♦r♠✉❧❛t✐♦♥ ❝✐✲❞❡ss✉s ♥♦✉s ❝♦♥✲
❞✉✐t à ✉♥ ♣r♦❜❧è♠❡ ❙❉P s❡♠✐❞é✜♥✐❡ ❞❡ ❞✐♠❡♥s✐♦♥ ✜♥✐❡✳ ◆♦✉s ❝♦♥s✐❞❡r♦♥s ♣♦✉r t

t❡❧ q✉❡ 2t ≥ max(deg(f), deg(g0
1), . . . , deg(g0

n1
), deg(g+

1 , . . . , deg(g+
n2

)) ❧❡ ♣r♦❜❧è♠❡
tr♦♥q✉é ✿

fsos
t,g = sup ρ t.q. f − ρ ∈ Pt(g)

◆♦✉s ♣♦✉✈♦♥s ❛❧♦rs ❝♦♥str✉✐r❡ ✉♥❡ sér✐❡ ❞❡ ♣r♦❜❧è♠❡s ✭❝r♦✐ss❛♥t ❡♥ ❧❡ ❞❡❣ré t✮ ❞♦♥t
❧❛ sér✐❡ ❞❡ ♠❛①✐♠✉♠s ❝♦♥✈❡r❣❡ ✈❡rs ❧❡ ♠✐♥✐♠✉♠ ❞❡ ♥♦tr❡ ♣r♦❜❧è♠❡ ❞❡ ❞é♣❛rt

fsos
t,g ≤ fSOS

t1,g ≤ fsos
g ≤ f∗

❉✬✉♥ ❛✉tr❡ ❝ôté✱ ♥♦✉s ♣♦✉✈♦♥s r❡❣❛r❞❡r ♥♦tr❡ ♣r♦❜❧è♠❡ ❝♦♠♠❡ ✉♥ ♣r♦❜❧è♠❡ ❞❡
♠✐♥✐♠✐s❛t✐♦♥✿

f∗ = infµ
∫

S f(x)µ(dx)

♦ù ❧✬✐♥✜♠✉♠ ❡st ♣r✐s s✉r t♦✉t❡s ❧❡s ♠❡s✉r❡s ❞❡ ♣r♦❜❛❜✐❧✐té ❞❛♥s Rn s✉♣♣♦rté❡ ♣♦✉r
S✳ ❈♦♠♠❡

∫
f(x)µ(dx) =

∑

α fα

∫
xαµ(dx) = fT y, ♦✉ y =

∫
xαµ(dx) ❡st ❧❡ ✈❡❝t❡✉r

❞❡ ♠♦♠❡♥ts ❛ss♦❝✐é à µ✱ ❧❛ ❢♦r♠✉❧❛t✐♦♥ ❝✐✲❞❡ss✉s ❡st éq✉✐✈❛❧❡♥t❡ à ✿

f∗ = inf fT y t.q. y0 = 1, y a une mesure representative en S .

▲❡ ♣r♦❜❧è♠❡ ❝✐✲❞❡ss✉s ❡st ❛✉ss✐ tr❡s ❞✐✣❝✐❧❡ ❛ r❡s♦✉❞r❡✳ ◆♦✉s ❝♦♥s✐❞❡r♦♥s ✉♥❡ ❜♦r♥❡
✐♥❢ér✐❡✉r❡ ❡♥ ✐♠♣♦s❛♥t ❞❡s ❝♦♥❞✐t✐♦♥s s✉r ❧❛ ♠❛tr✐❝❡ ❞❡s ♠♦♠❡♥ts✿

f
µ
g = infy∈RNn fT y s.t. y0 = 1, H(y) < 0, H(gjy) < 0

❈♦♠♠❡ tr❛✈❛✐❧❧❡r ❛✈❡❝ ❞❡s ❢♦r♠❡s ❧✐♥é❛✐r❡s ❡st ❧❛ ♠ê♠❡ ❝❤♦s❡ q✉❡ tr❛✈❛✐❧❧❡r ❛✈❡❝ ❞❡s
✈❡❝t❡✉r ❞❡ ♠♦♠❡♥ts ♥♦✉s ét✉❞✐♦♥s ❧❡ ♣r♦❜❧è♠❡ s✉✐✈❛♥t ✿

f
µ
g = infΛ∈R[x]∗ Λ(f) sT. Λ(1) = 1, Λ(p) ≥ 0 ∀p ∈ P(g)

❉❛♥s ❧❡s ❞❡✉① ❞❡r♥✐❡rs ♣r♦❜❧è♠❡s✱ ♥♦✉s tr❛✈❛✐❧❧♦♥s ❛✈❡❝ ❞❡s ♠❛tr✐❝❡s ❞❡ ♠♦♠❡♥ts
✐♥✜♥✐❡s ❡t ❞❡s ♠❛tr✐❝❡s ❞❡ ❍❛♥❦❡❧ ✐♥✜♥✐❡s ✭r❡s♣❡❝t✐✈❡♠❡♥t✮✳ ❊♥ ✷✵✵✶✱ ▲❛ss❡rr❡ ✭✈♦✐r
❬▲❛ss❡rr❡✳ ✷✵✵✶❪✮ ❛ ❡✉ ❧✬✐❞é❡ ❞❡ tr♦♥q✉❡r ❝❡s ♣r♦❜❧è♠❡s ♣♦✉r tr♦✉✈❡r ❞❡s ♣r♦❜❧è♠❡s
❞❡ ❞✐♠❡♥s✐♦♥ ✜♥✐❡ q✉❡ ♥♦✉s ♣♦✉✈♦♥s rés♦✉❞r❡ ❛✈❡❝ ❞❡s ♠ét❤♦❞❡s ❙❉P✳

f
µ
t,g = infy∈RN

2t
fT y s.t. y0 = 1, Ht(y) < 0, Ht−dgj

(gjy) < 0(j = 1...., n2)

♦✉
f

µ
t,g = infΛ∈R[x]∗2t

Λ(f) t.q. Λ(1) = 1, Λ(p) ≥ 0 ∀p ∈ Pt(g)
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♦ù t ≥ max(df , dS)✱ ❡t

Lt,g := {Λ ∈ R[x]∗2t | Λ(p) ≥ 0, ∀p ∈ Pt(g),Λ(1) = 1}.

❉♦♥❝ ❝❡tt❡ ❞❡r♥✐èr❡ ❢♦r♠✉❧❛t✐♦♥ ❡st é❣❛❧❡ à✿

f
µ
t,g = infΛ∈R[x]∗2t

Λ(f) t.q. Λ ∈ Lt(g)

▲❛ss❡rr❡ ♠♦♥tr❡ q✉❡ ♥♦✉s ♣♦✉✈♦♥s ❝♦♥str✉✐r❡ ✉♥❡ séq✉❡♥❝❡ ❞❡ ♣r♦❜❧è♠❡s
❞✬♦♣t✐♠✐s❛t✐♦♥ ❝♦♥✈❡①❡s tr♦♥q✉és✱ ❞♦♥t ❧❡s ♠✐♥✐♠✉♠s ❝♦♥✈❡r❣❡♥t ✈❡rs ❧❡ ♠✐♥✐♠✐♠✉♥
❞❡ ♥♦tr❡ ♣r♦❜❧è♠❡ ❞✉ ❞é♣❛rt✳

f
µ
t,g ≤ f

µ
t+1,g ≤ · · · ≤ fµ ≤ f∗

❉❛♥s ❧❡ q✉❛tr✐è♠❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ét✉❞✐♦♥s q✉❛♥❞ ❧❛ séq✉❡♥❝❡ ❝✐✲❞❡ss✉s ❝♦♥✈❡r❣❡
❡♥ ✉♥ ♥♦♠❜r❡ ✜♥✐ ❞❡ ♣❛s✱ ❝✬❡st✲à✲❞✐r❡✱ q✉❛♥❞ s✬✐❧ ② ❛ ✉♥❡ ❝♦♥✈❡r❣❡♥❝❡ ❡①❛❝t❡✳ ■❧
② ❛ ❞❡ ♥♦♠❜r❡✉s❡s ét✉❞❡s s✉r ❝❡ s✉❥❡t ✭✈♦✐r ♣❛r ❡①❡♠♣❧❡ ❬◆✐❡ ✷✵✵✻✱ ▲❛✉r❡♥t ✷✵✵✼✱
▲❛✉r❡♥t ✷✵✵✾❛✱ ◆✐❡ ✷✵✶✸❛✱ ◆✐❡ ✷✵✶✶✱ ▼❛rs❤❛❧❧ ✷✵✵✾✱ ❉❡♠♠❡❧ ✷✵✵✼✱ ❍❛ ✷✵✶✵❪✳ ❉❛♥s
✉♥❡ ♣r❡♠✐èr❡ ♣❛rt✐❡ ♥♦✉s ét❡♥❞♦♥s ❧❡s rés✉❧t❛ts s✉r ❧❛ r❡♣rés❡♥t❛t✐♦♥ ❞❡ ♣♦❧②♥ô♠❡s
q✉✐ s♦♥t ♣♦s✐t✐❢s ❛✉① ❧❡s ♣♦✐♥ts ❝r✐t✐q✉❡s ✭✈♦✐r t❤é♦rè♠❡ ♣r✐♥❝✐♣❛❧ ✹✳✶✳✾✮✳ ❈❡tt❡
r❡♣rés❡♥t❛t✐♦♥ ♥❡ ✈❛ ❞é♣❡♥❞r❡ q✉❡ ❞❡ ❧❛ ✈❛r✐❛❜❧❡ x ❡t ❞♦♥❝ ❝❡ t❤é♦rè♠❡ ❣é♥ér❛❧✐s❡ ❧❡
rés✉❧t❛t ❞❡ ❬❉❡♠♠❡❧ ✷✵✵✼❪✳ ◆♦✉s ✉t✐❧✐s♦♥s ❝❡s rés✉❧t❛ts s✉r ♣♦❧②♥ô♠❡s ♣♦s✐t✐❢s ♣♦✉r
♠♦♥tr❡r ❧❡s ❞❡✉① rés✉❧t❛ts ♣r✐♥❝✐♣❛✉① s✉✐✈❛♥ts ✿

• ❙✐ ❧✬❡♥s❡♠❜❧❡ ❞❡ ♠✐♥✐♠✐s❡✉rs ❑❑❚ ❡st ✈✐❞❡✱ ♥♦tr❡ séq✉❡♥❝❡ ❞❡ ♣r♦❜❧è♠❡s ❡st
✈✐❞❡ ❛✉ss✐ ❡t ✈✐❝❡ ✈❡rs❛ ✭✈♦✐r Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✶✮✳

• ◆♦✉s ♣♦✉✈♦♥s ❝♦♥str✉✐r❡ ❞❡s séq✉❡♥❝❡s ❡①❛❝t❡s ❞❡ ♣r♦❜❧è♠❡s q✉✐ ❞é♣❡♥❞❡♥t
s❡✉❧❡♠❡♥t ❞❡ ❧❛ ✈❛r✐❛❜❧❡ x✳ ❉❡ ♣❧✉s ❧✬❡①❛❝t✐t✉❞❡ ❞❡ ❧❛ séq✉❡♥❝❡ ♥❡ ✈❛ ❞é♣❡♥✲
❞r❡ q✉❡ ❞❡ ♣♦✐♥ts ré❡❧s ❡t ❧✬✐❞é❛❧ ♠✐♥✐♠✐s❡✉r ♣❡✉t êtr❡ ❝♦♥str✉✐t à ♣❛rt✐r ❞✉
♥♦②❛✉ ❞❡ ❧❛ ♠❛tr✐❝❡ ❞❡s ♠♦♠❡♥ts ❛ss♦❝✐é❡ à ❧❛ ❢♦r♠❡ ❧✐♥é❛✐r❡ ♠ê♠❡ s✐ ❧✬✐❞é❛❧
❞❡s ♠✐♥✐♠✐s❡✉rs ♥✬❡st ♣❛s ③ér♦ ❞✐♠❡♥s✐♦♥♥❡❧✳ ❙♦✉s ❝❡rt❛✐♥❡s ❝♦♥❞✐t✐♦♥s ❞❡
r❡❣✉❧❛r✐té ♥♦✉s ♠♦♥tr♦♥s q✉✬✐❧ ♥✬② ♣❛s ❞✬é❝❛rt ❞❡ ❞✉❛❧✐té✱ ❝✬❡st✲à✲❞✐r❡ q✉❡ ❧❡
♠✐♥✐♠✉♠ ❞❡ µ✲♣r♦❜❧è♠❡ ❡t ❧❡ ♠❛①✐♠✉♠ ❞❡ s♦s✲♣r♦❜❧è♠❡ s♦♥t ❧❡s ♠ê♠❡s ❡t
é❣❛✉① ❛✉ ♠✐♥✐♠✐♠✉♥ ❞❡ ♥♦tr❡ ♣r♦❜❧è♠❡ ✐♥✐t✐❛❧ ✭✈♦✐r ❚❤é♦rè♠❡ ✹✳✷✳✶✵✮

❊♥✜♥ ♥♦✉s ♠♦♥tr♦♥s ❞❡s ❝♦♥séq✉❡♥❝❡s ❞❡ ❝❡s rés✉❧t❛ts sûr ❞❡s ❝❛s ♣❛rt✐❝✉❧✐❡rs✿
♦♣t✐♠✐s❛t✐♦♥ ❣❧♦❜❛❧❡✱ ❧❡ ❝❛s ❞♦♥t g ❡st ré❣✉❧❛✐r✱ ❧❡ ❝❛s ♦ù ❧❛ ✈❛r✐été ré❡❧❧❡ ❞❡s (g0)

❡st ❞❡ ❞✐♠❡♥s✐♦♥ ✜♥✐❡✱ ❧❡ ❝❛s ♦ù ❧❛ ✈❛r✐été ré❡❧❧❡ ❞❡ (g0) ✭q✉❛♥❞ g = (g0)✮ ❡st ❧✐ss❡
❡t éq✉✐❞✐♠❡♥s✐♦♥♥❡❧❧❡ ❡t ❧❡ ❝❛s ♦ù ♥♦✉s ✈♦✉❧♦♥s ❝❛❧❝✉❧❡r ❥✉st❡ ❧❡s ♣♦✐♥ts ré❡❧s ❞❡ S

✭❡♥ ♠✐♥✐♠✐s❛♥t f = 0✮✳

❉❛♥s ❧❡ ❝✐♥q✉✐è♠❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ♣r♦♣♦s♦♥s ✉♥ ♥♦✉✈❡❧ ❛❧❣♦r✐t❤♠❡ ♣♦✉r rés♦✉❞r❡
♥♦tr❡ ♣r♦❜❧è♠❡ q✉❛♥❞ ❧❡ ♥♦♠❜r❡ ❞❡ ♣♦✐♥ts q✉✐ ♠✐♥✐♠✐s❡♥t ♥♦tr❡ ❢♦♥❝t✐♦♥ ❡st



✶✸✻ ❇■❇▲■❖●❘❆P❍❨

✜♥✐✳ ❖♥ ✉t✐❧✐s❡ ❧❡s ❜❛s❡s ❞❡ ❜♦r❞ q✉❡ ♥♦✉s ♣rés❡♥t♦♥s ❞❛♥s ❧❡ ❞é❜✉t ❞✉ ❝❤❛♣✐tr❡
❛✈❡❝ ❞❡s ❡①❡♠♣❧❡s✱ ❞é✜♥✐t✐♦♥s ❡t t❤é♦rè♠❡s q✉✐ ♥♦✉s ♣❡r♠❡tt❡♥t ❞❡ ❝♦♥♥❛îtr❡
❝❡s ❜❛s❡s ❡♥ ♣❧✉s ❞ét❛✐❧✳ ▲❡s ❜❛s❡s ❞❡ ❜♦r❞ s♦♥t ✉♥❡ ❣é♥ér❛❧✐s❛t✐♦♥ ❞❡s ❜❛s❡s ❞❡
❣r♦❡❜♥❡r ♠❛✐s ❛✈❡❝ ✉♥❡ ♠❡✐❧❧❡✉r❡ st❛❜✐❧✐té✳ ●râ❝❡ à ❧✬✉s❛❣❡ ❞❡s ❜❛s❡s ❞❡ ❜♦r❞ ♥♦✉s
♣♦✉✈♦♥s ré❞✉✐r❡ ❧❛ t❛✐❧❧❡ ❞❡ ♥♦s ♠❛tr✐❝❡s ❞❡ ♠♦♠❡♥ts ❡t ❧❡ ♥♦♠❜r❡ ❞❡ ♣❛r❛♠ètr❡s
❛ss♦❝✐és ❛✉ ♥♦tr❡ ♣r♦❜❧è♠❡ ✭❙❉P✮✳ ▲❛ ❝♦♠♣❧❡①✐té ❞❡ ❝❡s ❙❉P ♣r♦❜❧è♠❡s ❡st
O((p s3.5c p2s2.5c p3s0.5) log(ε−1)) ♦ù ε > 0 ❡st ❧❛ ♣ré❝✐s✐♦♥ ❞✬❛♣♣r♦①✐♠❛t✐♦♥✱ s ❡st
❧❛ t❛✐❧❧❡ ♦❢ t❤❡ ♠♦♠❡♥t ♠❛tr✐❝❡s✱ p ❡st ❧❡ ♥♦♠❜r❡ ❞❡ ♣❛r❛♠ètr❡s ❡t c ❡st ❧❡ ♥♦♠❜r❡
❞❡ ❝♦♥tr❛✐♥t❡s✳ ▲❛ s♦❧✉t✐♦♥ ❞❡ ❧❛ ❙❉P ❡st ✉♥❡ ❢♦r♠❡ ❧✐♥é❛✐r❡ q✉✐ ❡st ♦♣t✐♠❛❧❡
✭❡❧❧❡ ♠✐♥✐♠✐s❡ ♥♦tr❡ ❢✉♥❝t✐♦♥ f✮✳ P♦✉r ✈ér✐✜❡r s✐ ❧❡ ♠✐♥✐♠✐♠✉♥ ❞❡ ♥♦tr❡ ♣r♦❜❧è♠❡
✐♥✐t✐❛❧❡ ❡st ❛tt❡✐♥t✱ ♥♦tr❡ ♠❛tr✐❝❡ ❞❡ ♠♦♠❡♥ts ✭❍❛♥❦❡❧✮ s♦❧✉t✐♦♥ ❞✉ ♣r♦❜❧é♠❡ ❙❉P
❞♦✐t ✈ér✐✜❡r ✉♥❡ ❣é♥ér❛❧✐s❛t✐♦♥ ❞✉ ❝r✐tèr❡ ❞❡ ❧✬❡①t❡♥s✐♦♥ ♣❧❛t❡ ❞❡ ❈✉rt♦ ❋✐❛❧❦♦
✭✈♦✐r ❬▲❛✉r❡♥t ✷✵✵✾❜✱ ❈✉rt♦ ✶✾✾✻❪✮ ✳ ◆♦✉s ♣r♦♣♦s♦♥s ✉♥ ♥♦✉✈❡❧ ❛❧❣♦r✐t❤♠❡ q✉✐
✈ér✐✜❡ ❝❡ ❝r✐tèr❡ ❣râ❝❡ ❛ ❧✬✉s❛❣❡ ❞❡ ♣♦❧②♥ô♠❡s ♦rt❤♦❣♦♥❛✉①✳ ➚ ❧❛ s♦rt✐❡ ❞❡ ❝❡t
❛❧❣♦r✐t❤♠❡ s✐ ❧❡ ❝r✐tèr❡ ❡st ✈ér✐✜é ♥♦✉s ♦❜t❡♥♦♥s ✉♥❡ ❜❛s❡ ❡t ❧❡s r❡❧❛t✐♦♥s ❞❛♥s
❧❡ ♥♦②❛✉ ❞❡ ♥♦tr❡ ♠❛tr✐❝❡ ❞❡ ♠♦♠❡♥ts✳ ❆✈❡❝ ❝❡s ❞❡✉① é❧é♠❡♥ts ♥♦✉s ♣♦✉✈♦♥s
❝♦♥str✉✐r❡ ❧❡s ♠❛tr✐❝❡s ❞❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❛ss♦❝✐é❡s ❛✉① ❞✐✛ér❡♥t❡s ✈❛r✐❛❜❧❡s ❡t
♦❜t❡♥✐r ❧❡s ♣♦✐♥ts q✉✐ ❛♥♥✉❧❡♥t ❧❡ ♥♦②❛✉✱ ❝✬❡st✲à✲❞✐r❡ ❧❡s ♣♦✐♥ts q✉✐ ♠✐♥✐♠✐s❡♥t
♥♦tr❡ ❢♦♥❝t✐♦♥ f ✳ ➚ ❧❛ ✜♥ ❞✉ ❝❤❛♣✐tr❡ ♥♦✉s ❞♦♥♥♦♥s ❞❡s ❡①❡♠♣❧❡s q✉✐ ♠♦♥tr❡♥t
❝♦♠♠❡♥t ♥♦tr❡ ❛❧❣♦r✐t❤♠❡ ♠❛r❝❤❡✳ ▲❡ ♣r❡♠✐❡r ♠♦♥tr❡ ♣❧✉s ❡♥ ❞ét❛✐❧ ❧❡s ❞✐✛ér❡♥t❡s
ét❛♣❡s ❞❡ ♥♦tr❡ ❛❧❣♦r✐t❤♠❡✳ ❉❛♥s ❧❡ ❝❛s ♦ù ❧✬✐❞é❛❧ ♥✬❡st ♣❛s ③ér♦ ❞✐♠❡♥s✐♦♥♥❡❧✱
✐❧ ♥✬② ❛ ♣❛s ❞❡ ❝r✐tèr❡ ♣♦✉r ❛rrêt❡r ♥♦tr❡ ❛❧❣♦r✐t❤♠❡✱ ♠❛✐s ♥♦✉s s❛✈♦♥s q✉❡ ♥♦✉s
♣♦✉✈♦♥s ré❝✉♣ér❡r ❧❡s ♣♦✐♥ts q✉✐ ♠✐♥✐♠✐s❡♥t ♥♦tr❡ ❢♦♥❝t✐♦♥ f ❡♥ r❡❣❛r❞❛♥t ❧❡ ♥♦②❛✉
❞❡ ❧❛ ♠❛tr✐❝❡ ❞❡ ♠♦♠❡♥ts ❝♦♠♠❡ ❧❡ ♠♦♥tr❡♥t ❧❡s ❞❡✉① ❞❡r♥✐❡rs ❡①❡♠♣❧❡s ❞✉ ❝❤❛♣✐tr❡✳

❉❛♥s ❧❡ ❞❡r♥✐❡r ❝❤❛♣✐tr❡ ♥♦✉s ❛♥❛❧②s♦♥s ❧❡ ❝♦♠♣♦rt❡♠❡♥t ♣r❛t✐q✉❡ ❞❡ ♥♦tr❡ ❛❧❣♦✲
r✐t❤♠❡✳ ◆♦✉s ❞❡❝r✐✈♦♥s ✉♥❡ sér✐❡ ❞✬❡①♣ér✐♠❡♥t❛t✐♦♥s ❡♥ ❝♦♠♣❛r❛♥t ♥♦tr❡ ❛❧❣♦r✐t❤♠❡
❛✈❡❝ ❝❡❧✉✐ ❞❡ ❧❛ ♠ét❤♦❞❡ ❞❡ ▲❛ss❡rr❡ ✐♠♣❧é♠❡♥t❡ ❡♥ ●❧♦♣t✐♣♦❧② ♣♦✉r ▼❛t❧❛❜✳ ◆♦✉s
❛✈♦♥s ❝♦❞é ♥♦tr❡ ❛❧❣♦r✐t❤♠❡ ❡t ❝❡❧✉✐ ❞❡ ❣❧♦♣t✐♣♦❧② ❡♥ ❈✰✰ ♣♦✉r ♣♦✉✈♦✐r ❝♦♠♣❛r❡r
❞❛♥s ❧❡ ♠ê♠❡ ❡♥✈✐r♦♠❡♥t✳ ◆♦✉s ♠♦♥tr♦♥s ❞❡s t❛❜❧❡❛✉① ♦ù ♥♦✉s ♣♦✉✈♦♥s ✈♦✐r ❧❛
❞✐✛ér❡♥❝❡ ❞❡ t❛✐❧❧❡ ❞❡ ♠❛tr✐❝❡s✱ ❞❡ ♥♦♠❜r❡ ❞❡ ♣❛r❛♠ètr❡s ❡t ❞❡ t❡♠♣s ❞✬❡①é❝✉t✐♦♥✳
P♦✉r ❧❛ rés♦❧✉t✐♦♥ ❞✉ ❙❉P✱ ♦♥ ✉t✐❧✐s❡ ❞✐✛ér❡♥ts ❧♦❣✐❝✐❡❧s✿ ❙❉P❆✱ ❈❙❉P✱ ❙❉P❆✲●▼P
❡t ▼❖❙❊❑✳ ❈❡ ❞❡r♥✐❡r ré❞✉✐t ❧❡ t❡♠♣s ❞✬❡①é❝✉t✐♦♥ ❡♥tr❡ ✉♥ ✺✵✪ ❡t ✉♥ ✽✵✪✳ ◆♦✉s
♠♦♥tr♦♥s ❝♦♠♠❡♥t ✉t✐❧✐s❡r ♥♦tr❡ ❛❧❣♦r✐t❤♠❡✳ ➚ ❧❛ ✜♥✱ ♥♦✉s ❞♦♥♥♦♥s tr♦✐s ❛♣♣❧✐❝❛✲
t✐♦♥s ❞❡ ♥♦tr❡ ❛❧❣♦r✐t❤♠❡ ❞❛♥s tr♦✐s ❞♦♠❛✐♥❡s ❞✐✛ér❡♥ts✿

• ▲❡ tr❛✐t❡♠❡♥t ❞❡s s✐❣♥❛✉① ❡t té❧é❝♦♠♠✉♥✐❝❛t✐♦♥s ✿ ❡♥ ❝❛❧❝✉❧❛♥t ❧❛ ♠❡✐❧❧❡✉r❡
❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ r❛♥❣❡ ✶ ❡t ✷✳

• ▲❛ ❜✐♦❧♦❣✐❡ ✿ ❞ét❡r♠✐♥❛t✐♦♥ ❞❡s ❢❛❝t❡✉rs ♣❧✉s r❡♣rés❡♥t❛t✐❢s ❞❛♥s ❧❛ ❝r♦✐ss❛♥❝❡
❞❡s r❛❝✐♥❡s ❞❡ ♣❧❛♥t❡s✳

• ▲✬é❧❡❝tr♦♥✐q✉❡ ✿ ❧❡ ♣r♦❜❧è♠❡ ❞✉ ❣é♥ér❛t❡✉r ❞❡ ▼❛r① ❝♦♠♠❡ ✉♥ ♣r♦❜❧è♠❡
❞✬❛ss✐❣♥❛t✐♦♥ ❞❡ ✈❛❧❡✉rs ♣r♦♣r❡s✳



▼❛tr✐❝❡s ❞❡ ▼♦♠❡♥ts✱ ●é♦♠étr✐❡ ❛❧❣é❜r✐q✉❡ ré❡❧❧❡ ❡t
❖♣t✐♠✐s❛t✐♦♥ ♣♦❧②♥♦♠✐❛❧❡

▲❡ ❜✉t ❞❡ ❝❡tt❡ t❤és❡ ❡st ❞❡ ❝❛❧❝✉❧❡r ❧✬♦♣t✐♠✉♠ ❞✬✉♥ ♣♦❧②♥ô♠❡ s✉r ✉♥ ❡♥s❡♠❜❧❡ s❡♠✐✲
❛❧❣é❜r✐q✉❡ ❡t ❧❡s ♣♦✐♥ts ♦ù ❝❡t ♦♣t✐♠✉♠ ❡st ❛tt❡✐♥t✳ P♦✉r ❛tt❡✐♥❞r❡ ❝❡t ♦❜❥❡❝t✐❢✱ ♥♦✉s
❝♦♠❜✐♥♦♥s ❞❡s ♠ét❤♦❞❡s ❞❡ ❜❛s❡ ❞❡ ❜♦r❞ ❛✈❡❝ ❧❛ ❤✐ér❛r❝❤✐❡ ❞❡ r❡❧❛①❛t✐♦♥ ❝♦♥✈❡①❡ ❞❡
▲❛ss❡rr❡ ❛✜♥ ❞❡ ré❞✉✐r❡ ❧❛ t❛✐❧❧❡ ❞❡s ♠❛tr✐❝❡s ❞❡ ♠♦♠❡♥ts ❞❛♥s ❧❡s ♣r♦❜❧è♠❡s ❞❡ ♣r♦✲
❣r❛♠♠❛t✐♦♥ s❡♠✐❞é✜♥✐❡ ♣♦s✐t✐✈❡ ✭❙❉P✮✳ ❆✜♥ ❞❡ ✈ér✐✜❡r s✐ ❧❡ ♠✐♥✐♠✉♠ ❡st ❛tt❡✐♥t✱
♥♦✉s ❛♣♣♦rt♦♥s ✉♥ ♥♦✉✈❡❛✉ ❝r✐tèr❡ ♣♦✉r ✈ér✐✜❡r ❧✬❡①t❡♥s✐♦♥ ♣❧❛t❡ ❞❡ ❈✉rt♦ ❋✐❛❧❦♦✇
✉t✐❧✐s❛♥t ❞❡s ❜❛s❡s ♦rt❤♦❣♦♥❛❧❡s✳ ❊♥ ❝♦♠❜✐♥❛♥t ❝❡s ♥♦✉✈❡❛✉① rés✉❧t❛ts✱ ♥♦✉s ❢♦✉r✲
♥✐ss♦♥s ✉♥ ♥♦✉✈❡❧ ❛❧❣♦r✐t❤♠❡ q✉✐ ❝❛❧❝✉❧❡ ❧✬♦♣t✐♠✉♠ ❡t ❧❡s ♣♦✐♥ts ♠✐♥✐♠✐s❡✉rs✳ ◆♦✉s
❞é❝r✐✈♦♥s ♣❧✉s✐❡✉rs ❡①♣❡r✐♠❡♥t❛t✐♦♥s ❡t ❞❡s ❛♣♣❧✐❝❛t✐♦♥s ❞❛♥s ❞✐✛èr❡♥ts ❞♦♠❛✐♥❡s
q✉✐ ♠♦♥tr❡♥t ❧❡s ♣❡r❢♦♠❛♥❝❡s ❞❡ ❧✬❛❧❣♦r✐t❤♠❡✳ ❆✉ ♥✐✈❡❛✉ t❤é♦r✐q✉❡ ♥♦✉s ♣r♦✉✈♦♥s
❛✉ss✐ ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ✜♥✐❡ ❞✬✉♥❡ ❤✐ér❛r❝❤✐❡ ❙❉P ❝♦♥str✉✐t❡ à ♣❛rt✐r ❞✬✉♥ ✐❞é❛❧ ❞❡
❑❛r✉s❤✲❑✉❤♥✲❚✉❝❦❡r ❡t s❡s ❝♦♥séq✉❡♥❝❡s ❞❛♥s ❞❡s ❝❛s ♣❛rt✐❝✉❧✐❡rs✳ ◆♦✉s ét✉❞✐♦♥s
❛✉ss✐ ❧❡ ❝❛s ♣❛rt✐❝✉❧✐❡r ♦ù ❧❡s ♠✐♥✐♠✐s❡✉rs ♥❡ s♦♥t ♣❛s ❞❡s ♣♦✐♥ts ❞❡ ❑❑❚ ❡♥ ✉t✐❧✐s❛♥t
❧❛ ✈❛r✐été ❞❡ ❋r✐t③✲❏♦❤♥✳

▼♦ts ❝❧és✿ ❖♣t♠✐s❛t✐♦♥ ♣♦❧②♥♦♠✐❛❧❡✱ ▼❛tr✐❝❡s ❞❡ ▼♦♠❡♥ts✱ ▼❡t❤♦❞ ❞❡
r❡❧❛①❛t✐♦♥✱ ❇❛s❡ ❞❡ ❇♦r❞✱ ❡①t❡♥s✐♦♥ ♣❧❛t❡✱ Pr♦❣r❛♠❛t✐♦♥ ❙❡♠✐❉é✜♥✐❡✱ ✈❛r✐❡t❡ ❞❡
❋r✐t③✲❏♦❤♥

▼♦♠❡♥ts ▼❛tr✐❝❡s✱ ❘❡❛❧ ❆❧❣❡❜r❛✐❝ ●❡♦♠❡tr② ❛♥❞
P♦❧②♥♦♠✐❛❧ ❖♣t✐♠✐③❛t✐♦♥

❚❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s t❤❡s✐s ✐s t♦ ❝♦♠♣✉t❡ t❤❡ ♦♣t✐♠✉♠ ♦❢ ❛ ♣♦❧②♥♦♠✐❛❧ ♦♥ ❛ ❝❧♦s❡❞
❜❛s✐❝ s❡♠✐❛❧❣❡❜r❛✐❝ s❡t ❛♥❞ t❤❡ ♣♦✐♥ts ✇❤❡r❡ t❤✐s ♦♣t✐♠✉♠ ✐s r❡❛❝❤❡❞✳ ❚♦ ❛❝❤✐❡✈❡ t❤✐s
❣♦❛❧ ✇❡ ❝♦♠❜✐♥❡ ❜♦r❞❡r ❜❛s✐s ♠❡t❤♦❞ ✇✐t❤ ▲❛ss❡rr❡✬s ❤✐❡r❛r❝❤② ✐♥ ♦r❞❡r t♦ r❡❞✉❝❡
t❤❡ s✐③❡ ♦❢ t❤❡ ♠♦♠❡♥t ♠❛tr✐❝❡s ✐♥ t❤❡ ❙❡♠✐❉❡✜♥✐t❡ Pr♦❣r❛♠♠✐♥❣ ✭❙❉P✮ ♣r♦❜❧❡♠s✳
■♥ ♦r❞❡r t♦ ✈❡r✐❢② ✐❢ t❤❡ ♠✐♥✐♠✉♠ ✐s r❡❛❝❤❡❞ ✇❡ ❞❡s❝r✐❜❡ ❛ ♥❡✇ ❝r✐t❡r✐♦♥ t♦ ✈❡r✐❢② t❤❡
✢❛t ❡①t❡♥s✐♦♥ ❝♦♥❞✐t✐♦♥ ✉s✐♥❣ ❜♦r❞❡r ❜❛s✐s✳ ❈♦♠❜✐♥✐♥❣ t❤❡s❡ ♥❡✇ r❡s✉❧ts ✇❡ ♣r♦✈✐❞❡
❛ ♥❡✇ ❛❧❣♦r✐t❤♠ ✇❤✐❝❤ ❝♦♠♣✉t❡s t❤❡ ♦♣t✐♠✉♠ ❛♥❞ t❤❡ ♠✐♥✐♠✐③❡rs ♣♦✐♥ts✳ ❲❡ s❤♦✇
s❡✈❡r❛❧ ❡①♣❡r✐♠❡♥t❛t✐♦♥s ❛♥❞ s♦♠❡ ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ❞✐✛❡r❡♥t ❞♦♠❛✐♥s ✇❤✐❝❤ ♣r♦✈❡ t❤❡
♣❡r❢♦♠❛♥❝❡ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✳ ❚❤❡♦r❡t❤✐❝❛❧❧② ✇❡ ❛❧s♦ ♣r♦✈❡ t❤❡ ✜♥✐t❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢
❛ ❙❉P ❤✐❡r❛r❝❤✐❡ ❝♦♥tr✉❝t❡❞ ❢r♦♠ ❛ ❑❛r✉s❤✲❑✉❤♥✲❚✉❝❦❡r ✐❞❡❛❧ ❛♥❞ ✐ts ❝♦♥s❡q✉❡♥❝❡s
✐♥ ♣❛rt✐❝✉❧❛r ❝❛s❡s✳ ❲❡ ❛❧s♦ s♦❧✈❡ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ✇❤❡r❡ t❤❡ ♠✐♥✐♠✐③❡rs ❛r❡ ♥♦t
❑❑❚ ♣♦✐♥ts ✉s✐♥❣ ❋r✐t③✲❏♦❤♥ ❱❛r✐❡t②✳

❑❡②✇♦r❞s✿ P♦❧②♥♦♠✐❛❧ ♦♣t♠✐③❛t✐♦♥✱ ▼♦♠❡♥t ♠❛tr✐❝❡s✱ r❡❧❛①❛t✐♦♥ ♠❡t❤♦❞✱
❜♦r❞❡r ❜❛s✐s✱ ✢❛t ❡①t❡♥s✐♦♥✱ ❙❡♠✐❉❡✜♥✐t❡ Pr♦❣r❛♠♠✐♥❣✱ ❋r✐t③✲❏♦❤♥ ✈❛r✐❡t②
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