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Résumeé

Dans cette these, j’étudie d’abord la théorie des I'-limites. En dehors de quelques propriétés
fondamentales des I'-limites, les expressions de I'-limites séquentielles généralisant des résultats
de Greco sont présentées. En outre, ces limites nous donnent aussi une idée d’une classification
unifiée de la tangence et la différentiation généralisée. Ensuite, je développe une approche des
théories de la différentiation généralisée. Cela permet de traiter plusieurs dérivées généralisées
des multi-applications définies directement dans I’espace primal, tels que des ensembles varia-
tionnels, des ensembles radiaux, des dérivées radiales, des dérivées de Studniarski. Finalement,
j’étudie les regles de calcul de ces dérivées et les applications liées aux conditions d’optimalité

et a I’analyse de sensibilité.



Abstract

In this thesis, we first study the theory of I'-limits. Besides some basic properties of I'-limits,
expressions of sequential I'-limits generalizing classical results of Greco are presented. These
limits also give us a clue to a unified classification of derivatives and tangent cones. Next, we
develop an approach to generalized differentiation theory. This allows us to deal with several
generalized derivatives of set-valued maps defined directly in primal spaces, such as variational
sets, radial sets, radial derivatives, Studniarski derivatives. Finally, we study calculus rules of

these derivatives and applications related to optimality conditions and sensitivity analysis.
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Preface

Variational analysis is related to a broad spectrum of mathematical theories that have grown
in connection with the study of problems of optimization and variational convergence.

To my knowledge, many concepts of convergence for sequences of functions have been
introduced in mathematical analysis. These concepts are designed to approach the limit of se-
quences of variational problems and are called variational convergence. Introduced by De Giorgi
in the early 1970s, I'-convergence plays an important role among notions of convergences for
variational problems. Moreover, many applications of this concept have been developed in other
fields of variational analysis such as calculus of variations and differential equations.

Recently, nonsmoothness has become one of the most characteristic features of modern vari-
ational analysis. In fact, many fundamental objects frequently appearing in the frame work
of variational analysis (e.g., the distance function, value functions in optimization and control
problems, maximum and minimum functions, solution maps to perturbed constraint and varia-
tional systems, etc.) are inevitably of nonsmooth and/or set-valued structures. This requires the
development of new forms of analysis that involve generalized differentiation.

The analysis above motivates us to study some topics on I'-limits, generalized differentiation

of set-valued maps and their applications.

viil



Chapter 1

Motivations

1.1 I-limits

Several last decades have seen an increasing interest for variational convergences and for
their applications to different fields, like approximation of variational problems and nonsmooth
analysis, see [22,32,/113,/120,/131}|133,/150]. Among variational convergences, definitions of
I"-convergence, introduced in [48] by Ennio De Giorgi and Franzoni in 1975, have become
commonly-recognizied notions (see [37] of Dal Maso for more detail introduction). Under suit-
able conditions, I'-convergence implies stability of extremal points, while some other conver-
gences, such as pointwise convergence, do not. Moreover, almost all other variational conver-
gences can be easily expressed in the language of I'-convergence. As explained in [16,57,|169],
this concept plays a fundamental role in optimization theory, decision theory, homogenization
problems, phase transitions, singular perturbations, the theory of integral functionals, algorith-
mic procedures, and in many others.

In 1983 Greco introduced in [82] a concept of limitoid and noticed that all the I'-limits are
special limitoids. Each limitoid defines its support, which is a family of subsets of the domain
of the limitoid, which in turn determines this limitoid. Besides, Greco presented in [82,/84] a
representation theorem for which each relationship of limitoids corresponds a relationship in set
theory. This theorem enabled a calculus of supports and was instrumental in the discovery of a
limitation of equivalence between I'-limits and sequential I'-limits, see [83].

Recently, a lot of research has been carried in the realm of tangency and differentiation and
their applications, see [2,4,8,|14,/15,50,77,101,/109,|134]. We propose a unified approach to
approximating tangency cones and generalized derivatives based on the theory of I'-limits. This

means that most of them can be expressed in terms of I'-limits.



81. Motivations

The analysis above motivates us to study the theory of I'-limits.

1.2 Sensitivity analysis

Stability and sensitivity analyses are of great importance for optimization from both the
theoretical and practical view points. As usual, stability is understood as a qualitative analysis,
which concerns mainly studies of various continuity (or semicontinuity) properties of solution
maps and optimal-value maps. Sensitivity means a quantitative analysis, which can be expressed
in terms of various derivatives of the mentioned maps. For sensitivity results in nonlinear pro-
gramming using classical derivatives, we can see the book [64] of Fiacco. However, practical
optimization problems are often nonsmooth. To cope with this crucial difficulty, most of ap-
proaches to studies of optimality conditions and sensitivity analysis are based on generalized
derivatives.

Nowadays, set-valued maps (also known as multimaps or multifunctions) are involved fre-
quently in optimization-related models. In particular, for vector optimization, both perturbation
and solution maps are set-valued. One of the most important derivatives of a multimap is the
contingent derivative. In [[107-109,/153}/154,162,/163|], behaviors of perturbation maps for vector
optimization were investigated quantitatively by making use of contingent derivatives. Results
on higher-order sensitivity analysis were studied in [158,/167]], applying kinds of contingent
derivatives. To the best of our knowledge, no other kinds of generalized derivatives have been
used in contributions to this topic, while so many notions of generalzed differentiability have
been introduced and applied effectively in investigations of optimality conditions, see books [11]
of Aubin and Frankowska, [[129,|130] of Mordukhovich, and [147]] of Rockafellar and Wets.

We mention in more detail only several recent papers on generalized derivatives of set-valued
maps and optimality conditions. Radial epiderivatives were used to get optimality conditions
for nonconvex vector optimization in [[66] by Flores-Bazan and for set-valued optimization in
[102] by Kasimbeyli. Variants of higher-order radial derivatives for establishing higher-order
conditions were proposed by Anh et al. in [2,41[8]. The higher-order lower Hadamard directional
derivative was the tool for set-valued vector optimization presented by Ginchev in [71,72].
Higher-order variational sets of a multimap were proposed in [[105,/106]] by Khanh and Tuan in
dealing with optimality conditions for set-valued optimization.

We expect that many generalized derivatives, besides the contingent ones, can be employed

effectively in sensitivity analysis. Thus, we choose variational sets for higher-order consider-
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ations of perturbation maps, since some advantages of this generalized differentiability were
shown in [7,/105,/106], e.g., almost no assumptions are required for variational sets to exist (to
be nonempty); direct calculating of these sets is simply a computation of a set limit; extentions
to higher orders are direct; they are bigger than corresponding sets of most derivatives (this
property is decisively advantageous in establishing necessary optimality conditions by separa-
tion techniques), etc. Moreover, Anh et al. established calculus rules for variational sets in [[7]

to ensure the applicability of variational sets.

1.3 Optimality conditions

Various problems encountered in the areas of engineering, sciences, management science,
economics and other fields are based on the fundamental idea of mathematical formulation.
Optimization is an essential tool for the formulation of many such problems expressed in the
form of minimization/maximization of a function under certain constraints like inequalities,
equalities, and/or abstract constraints. It is thus rightly considered a science of selecting the best
of the many possible decisions in a complex real-life environment.

All initial theories of optimization theory were developed with differentiability assumptions
of functions involved. Meanwhile, efforts were made to shed the differentiability hypothesis,
there by leading to the development of nonsmooth analysis as a subject in itself. This added a
new chapter to optimization theory, known as nonsmooth optimization. Optimality conditions
in nonsmooth problems have been attracting increasing efforts of mathematicians around the
world for half a century. For systematic expositions about this topic, including practical ap-
plications, see books [11] of Aubin and Frankowska, [29] of Clarke, [92] of Jahn, [129}/130] of
Mordukhovich, [[142] of Penot, [146] of Rockafellar and Wets, and [[149] of Schirotzek. A signi-
cant number of generalized derivatives have been introduced to replace the Fréchet and Géateaux
derivatives which do not exist for studying optimality conditions in nonsmooth optimization.

One can roughly separate the wide range of methods for nonsmooth problems into two
groups : the primal space and the dual space approaches. The primal space approach has been
more developed, since it exhibits a clear geometry, originated from the famous works of Fermat
and Lagrange. Most derivatives in this stream are based on kinds of tangency/linear approx-
imations. Among tangent cones, contingent cone plays special roles, both in direct uses as
derivatives/linear approximations and in combination with other ideas to provide kinds of gen-

eralized derivatives (contingent epiderivatives by Jahn and Rauh in [96], contingent variations
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by Frankowska and Quincampoix in [68], variational sets by Khanh et al. in [7,/105,106], gen-
eralized (adjacent) epiderivatives by Li et al. in [27,/166,168], etc).

Similarly as for generalized derivatives defined based on kinds of tangent cones, the radial
derivative was introduced by Taa in [[160]. Coupling the idea of tangency and epigraphs, like
other epiderivatives, radial epiderivatives were defined and applied to investigating optimality
conditions in [65-67]] by Flores-Bazan and in [102] by Kasimbeyli. To include more information
in optimality conditions, higher-order derivatives should be defined.

The discussion above motivates us to define a kind of higher-order radial derivatives and use

them to obtain higher-order optimality conditions for set-valued vector optimization.

1.4 Calculus rules and applications

The investigation of optimality conditions for nonsmooth optimization problems has im-
plied many kinds of generalized derivatives (introduced in above subsections). However, to the
best of our knowledge, there are few research on their calculus rules. We mention in more de-
tail some recent papers on generalized derivatives of set-valued maps and their calculus rules.
In [94], some calculus rules for contingent epiderivatives of set-valued maps were given by
Jahn and Khan. In [[116]], Li et al. obtained some calculus rules for intermediate derivative-like
multifunctions. Similar ideas had also been utilized for the calculus rules for contingent deriva-
tives of set-valued maps and for generalized derivatives of single-valued nonconvex functions
in [11, 164, 165]]. Anh et al. developed elements of calculus of higher-order variational sets for
set-valued mappings in [7].

In [[156], Studniarski introduced another way to get higher-order derivatives (do not de-
pend on lower orders) for extended-real-valued functions, known as Studniarski derivatives, and
obtained necessary and sufficient conditions for strict minimizers of order greater than 2 for
optimization problems with vector-valued maps as constraints and objectives. Recently, these
derivatives have been extended to set-valued maps and applied to optimality conditions for set-
valued optimization problems in [1,/117,/159]]. However, there are no results on their calculus
rules.

The analysis above motivates us to study on calculus rules of Studniarski derivatives and

their applications.



Chapter 2

Preliminaries

2.1 Some definitions in set theory

Definition 2.1.1. ([23,24]) Let S be a subset of a topological sapce X.
(i) A family .# of subsets of S is called a non-degenerate family on S if 0 & .%.

(i1) A non-degenerate family .% on S is called a semi-filter if

GODFe ¥ —=—=Gec%.

(iii) A semi-filter .% on S is called a filter if
Fy,F e % — FyNF, € .%.

The set of filters and the set of semi-filters on S are denoted by F(S) and SF(S), respectively.
If o7, % are two families, then 4 is called finer than o7 (denoted by o7 < A) if for each A € &7
there exists B € % such that B C A. We say that <7 and 4 are equivalent (&7 ~ %) if &/ < A
and & < of/. A subfamily £ of a non-degenerate family .% is said a base of .% (or % generates

F)if F < A. We say that o7 and B mesh (denoted by /#%) if ANB # 0 for every A € of
and B € 4.

The grill of a family .7 on S, denoted by .27*, is defined by
P ={ACS: ¥V ANF #0}.
Fedf

Therefore o/#2 is equivalent to .o/ C A" and to B C o*.

If .Z is a filter, then .# C .Z#*. In SF(S), the operation of grills is an involution, i.e., the
following equalities hold (see [S5]])

ot (Uet) =Nett) (o) =Uyet). @

5



§2. Preliminaries

Semi-filters, filters, and grills were thoroughly studied in [53]] by Dolecki.

Definition 2.1.2. ([18]) (1) A set S with a binary relation (<) satisfying three properties : reflex-
ity, antisymmetry, and transitivity is called an ordered set S (also called a poser).

(i1) Let S be a subset of a poset P. An element a € P is called an upper bound (or lower
bound) of S'if a > s (a < s, respectively) for all s € S.

(iii)) An upper bound a (lower bound, respectively) of a subset S is called the least upper
bound (or the greatest lower bound ) of S, denoted by sup S or \/ S (infS or A S, respectively) if
a < b (a > b, respectively) for all b be another upper bound (lower bound, respectively) of S.

Definition 2.1.3. ([|18,/82]) (i) A poset L is called a lattice if each couple of its elements has a
least upper bound or “join” denoted by x Vy, and a greatest lower bound or “meet” denoted by
XAY.

(i1) A lattice L is called complete if each of its subsets S has a greatest lower bound and a
least upper bound in L.

(iii) A complete lattice L is called completely distributive if

@V A fUD= AV fUe0l)

jeJ iEAj pe HJAj jeJ
je
® AV fGD= NV A fUe3U),
JEJ i€A; ocllA; jeJ

jeJ
for each non-empty family {A;}c; of non-empty sets and for each function f defined on

{(j,i) e J xI:i€ A;} with values in L, and ,-I;IJAj ={p e (Ujes4,) jzj ¢(j) € Aj}, where
(UjesA )/ denotes the set of functions from J into J jesAj-

(iv) A non-empty subset S of a lattice L is called a sublattice if for every pair of elements a, b
inSbothaAbandaVbareinS.

(v) A sublattice S of a complete lattice L is called closed if for every non-empty subset A of
Sboth A Aand\/ A arein L.

2.2 Some definitions in set-valued analysis

Let X, Y be vector spaces, C be anon-empty conein Y, and A CY. We denote sets of positive
integers, of real numbers, and of non-negative real numbers by N, R, and R, respectively. We

often use the following notations
coneA:={Aa: L >0,acA}, cone;A:={Aa: A >0,acA},

6



§2. Preliminaries

Cr={y" ey : (y,¢)>0,VeeC}, CT:={y ey : (y*,¢)>0,VeceC\{0}}.

A subset B of a cone C is called a base of C if and only if C = cone B and 0 ¢ clB.

For a set-valued map F : X — 2, F 4 C is called the profile map of F with respect to
C defined by (F +C)(x) := F(x) +C. The domain, graph, epigraph and hypograph of F are
denoted by domF, grF, epi F, and hypo F, respectively, and defined by

domF :={xeX:F(x)#0}, grF:={(x,y)eXxY:yeF(x)},

epiF :=gr(F+C), hypoF :=gr(F—C).

A subset M C X x Y can be considered as a set-valued map M from X into Y, called a relation
from X into Y. The image of a singleton {x} by Mx is denoted by Mx:={y € Y : (x,y) € M},
and of a subset S of X is denoted by MS := |J,cgMx. The preimage of a subset K of Y by M is
denoted by M~ 1K := {x: MxNK # 0}.

Definition 2.2.1. Let C be a convex cone, F : X — 2¥ and (xg,yo) € grF.

(i) F is called a convex map on a convex set S C X if, forall A € [0, 1] and x1,x; € S,
(1=A)F(x1)+AF(x2) CF((1—A4)x1 4+ Axp).
(ii) F is called a C-convex map on a convex set S if, for all A € [0, 1] and x1,x; € S,
(1=A)F(x1)+AF(x2) CF((1—A)x; +Axp)+C.

Definition 2.2.2. Let F : X — 2" and (xy,yo) € grF.

(i) F is called a lower semicontinuous map at (xg,yo) if for each V € 4 (yp) there is a
neighborhood U € .4 (xp) such that VN F(x) # 0 for eachx € U.

(i1) Suppose that X,Y are normed spaces. The map F' is called a m-th order locally pseudo-
Hélder calm map at xq for yg € F(xp) if 3A >0, 3U € A (xp), IV € A (y), Vx € U,

(F(x)NV) S {yo} +Allx—xo|["By,

where By stands for the closed unit ball in Y.
For m = 1, the word “Holder” is replaced by “Lipschitz”. If V =Y, then “locally pseudo-

Hoélder calm” becomes “locally Holder calm™.
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Example 2.2.3. (i) For F : R — R defined by F(x) = {y: —x* <y < x?} and (x0,yo) = (0,0),
F 1s the second order locally pseudo-Holder calm map at xg for yy.
(i1) Let F : R — R be defined by

0,1/x},  ifx#0,
F(x) = .
{0,(1/n)pen}, if x=0,
and (xo,y0) = (0,0). Then, for all m > 1, F is not m-th order locally pseudo-Holder calm at xp

for yy.

Observe that if F' is m-th order locally (pseudo-)Ho6lder calm at xq for yy, it is also n-th order
locally (pseudo-)Holder calm at xq for yg for all m > n. However, the converse may not hold.

The following example shows the case.
Example 2.2.4. Let F : R — R be defined by
x*sin(1/x), ifx#0,
F(x) =
0, ifx=0,

and (xg,y0) = (0,0). Obviously, F is second order locally Hélder calm xq for yg, but F is not

third order locally Holder calm at xq for yg.

In the rest of this section, we introduce some definitions in vector optimization. Let C C Y,

we consider the following relation <cinY, for y;,y; €7,
yi<cyz<=y—y €C.

Recall that a cone K in Y is called pointed if KN —K C 0.

Proposition 2.2.5. If C is a cone, then <c is
(1) reflexive if and only if 0 € C,
(1) antisymmetric if and only if C is pointed,

(ii1) transitive if and only if C is convex.

Proof. (i) Suppose that < is reflexive, then y <c y for all y € Y. This means 0 =y—y € C.
Conversely, since 0 € C,y—ye D forally € Y. Thus, y <¢ y.

(i1) Suppose that <¢ is antisymmetric. If C N —C is empty, we are done. Assume that
yeCN—C, then 0 <¢ vy, y <c 0. This implies y = 0. Conversely, let y;,y, € Y such that
v1 <cyz and y, <¢ yj. Then, y; —y; € CN—C. Since C is pointed, y, = yi.

8



§2. Preliminaries

(iii) Suppose that < is transitive. Let y;,y, € Cand A € (0, 1). Since C is cone, Ay; € C and
(1—=A)y, € C. It follows from Ay; € C that 0 <¢ Ay;. Similarly, —(—(1—=A)y2) =(1—-A)y, €C
means —(1 — A)y, <¢ 0. This implies —(1 — A )y, <¢ Ay;. Thus, Ay; + (1 — 1)y, € C.

Conversely, let y,y2,y3 € Y such that y; <¢ y; and y; <¢ y3. It means that y, —y; € C and
y3 —y2 € C. Since C is cone, %(yz —y1) € Cand %(yg —y7) € C. It follows from the convexity

of C that 5(y3 —y2) + 3(y2 = y1) = 3(y3 —y1) € C. Thus, y; <c ys.
O

A relation <¢ satisfying three properties in the proposition above is called an order (or order
structure) in Y. Proposition [2.2.5] gives us conditions for which a cone C generates an order in
Y.

We now recall some conditions on C, introduced in [28]] by Choquet, to ensure that (¥, <¢) is

a lattice. Recall that in R", a n-simplex is the convex hull of n+ 1 (affinely) independent points.

Proposition 2.2.6. ([28]) Suppose that C is a convex cone in R". Then (Y, <c) is a lattice if and

only if there exists a base of C which is a (n — 1)-simplex in R"~!.
Proof. Tt follows from Proposition 28.3 in [28]. ]

By the proposition above, (R?, <c) is a lattice if and only if C has a base which is a line
segment. In R?, the base of C must be triangle to ensure that (R3, <¢) is a lattice.
Let C be a convex cone in Y. A main concept in vector optimization is Pareto efficiency.

A CY, recall that ag is a Pareto efficient point of A with respect to C if
(A—ap)N(=C\I(C)) =0, (2.2)

where [(C) := CN —C. We denote the set of all Pareto efficient points of A by Miney;(c)A.
If, addtionally, C is closed and pointed, then (2.2) becomes (A —ap) N (—C\ {0}) =0 and is
denoted by ag € Minc, (o1 A.

Next, we are concerned also with the other concepts of efficiency as follows.

Definition 2.2.7. ([88[]) Let A CY.

(i) Supposing intC # @ ap € A is a weak efficient point of A with respect to C if (A —ap) N
—intC = 0.

(1) ag € A is a strong efficient point of A with respectto Cif A —ag C C.

lintC denotes the interior of C.



§2. Preliminaries

(iii) Supposing Ct¥ #£ 0, ag € A is a positive-proper efficient point of A with respect to C if
there exists ¢ € C* such that ¢(a) > ¢(ap) for all a € A.

(iv) ag € A 1s a Geoffrion-proper efficient point of A with respect to C if ag is a Pareto
efficient point of A and there exists a constant M > 0 such that, whenever there is A € C* with
norm one and A(ap —a) > 0 for some a € A, one can find u € C* with norm one such that
(A,ap—a) <M {u,a—ap).

(v) ag € A is a Henig-proper efficient point of A with respect to C if there exists a pointed
convex cone K with C\ {0} C intK such that (A —ap) N (—intK) = 0.

(vi) Supposing C has a convex base B, ag € A is a strong Henig-proper efficient point of A
with respect to C if there is € > 0 such that clcone(A — agp) N (—clcone (B+ €By)) = {O}E|

Note that Geoffrion originally defined the properness notion in (iv) for R” with the ordering
cone R’} . The above general definition of Geoffrion properness is taken from [[103].
To unify the notation of these above efficiency (with Pareto efficiency), we introduce the fol-

lowing definition. Let Q C Y be a nonempty cone, different from Y, unless otherwise specified.

Definition 2.2.8. ([88]]) We say that ag is a Q-efficient point of A if
(A—ag)N—Q=0.

We define the set of Q-efficient points by MingA.

Recall that a cone in Y is said to be a dilating cone (or a dilation) of C, or dilating C if it
contains C \ {0}. Let B be, as before, a convex base of C. Setting § := inf{||b|| : b € B} > 0, for
€ € (0,0), we associate to C a pointed convex cone C¢(B) := cone(B+ €By). For € > 0, we also
associate to C another cone C(g) :={y €Y :dc(y) < ed_c(y)}.

Any kind of efficiency in Definition [2.2.7|1s in fact a Q- efficient point with Q being appro-

priately chosen as follows.

Proposition 2.2.9. ([88]) (i) Supposing intC # 0, ag is a weak efficient point of A with respect
to C if and only if ag € Ming A with Q = intC.

(i1) ag is a strong efficient point of A with respect to C if and only if ay € MingA with
Q=Y \(-0C).

(iii) Supposing Ct' £ 0, ag is a positive-proper efficient point of A with respect to C if and
only if ay € MingA with Q = {y € Y : ¢(y) > 0} (denoted by Q = {¢ > 0}), ¢ being some

functional in CT,

2L et E be a set, then cl E denotes the closure of E.

10
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(1v) ag is a Geoffrion-proper efficient point of A with respect to C if and only if ap € Ming A
with Q = C(¢€) for some € > 0.

(v) ag is a Henig-proper efficient point of A with respect to C if and only if ag € Ming A with
Q being pointed open convex, and dilating C.

(vi) Supposing C has a convex base B, ay is a strong Henig-proper efficient point of A with
respect to C if and only if ay € Ming A with Q = intC¢(B), € satisfying 0 < € < 6.

The above proposition gives us a unified way to denote sets of efficient points by the follow-

ing table

Sets of Notations
C-efficiency Ming (0}
weak C-efficiency Minjy o
strong C-efficiency Miny (_¢)
positive-proper C-efficiency U Ming,-0y
peCH
Geoffrion-proper C-efficiency U Ming(e)
Henig-proper C-efficiency £>0MinQ
where Q is pointed open convex, and dilating C
strong Henig-proper C-efficiency Miniyc, ()
€ satisfying 0 < € < 8, where 8 := inf{||b|| : b € B}

For relations of the above properness concepts and also other kinds of efficiency see, e.g.,

11
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(87,88, 103|104, 125]]. Some of them are collected in the diagram below as examples, see [88]].

Geoffrion-proper C-efficiency

strong C-efficiency C-efficiency weak C-efficiency

positive-proper C-efficiency

Henig-proper C-efficiency
C has a compact convex base

strong Henig-proper C-efficiency

Let us observe that

Proposition 2.2.10. Suppose that Q is any cone given in Proposition Then
Q+CCO.

Proof. Tt is easy to prove the assertion, when Q = intC, Q=Y \ (-C),0={y €Y : ¢(y) >0}
for ¢ € C*, or Q is a pointed open convex cone dilating C.

Now let Q = C(¢) for some € >0, y € Q and ¢ € C. We show that y+c € Q. It is easy to
see that de(y+c¢) <dc(y) and d_c(y) <d_c(y+c). Because y € Q, we have d¢(y) < €d_c¢(y).
Thus, dc(y+c¢) < €d_c(y+c¢) and hence y+ ¢ € Q.

For Q = intC¢(B), it is easy to see that C C Q for any € satisfying 0 < € < 8. So, 0+ C C
0+0CO. O

12



Chapter 3

The theory of I'-limits

3.1 Introduction

I"-convergence were introduced by Ennio De Giorgi in a series of papers published be-
tween 1975 and 1985. In the same years, De Giorgi developed the theoretical framework of
I"-convergence and explored multifarious applications of this tool. We now give a brief on the
development of I'-convergence in this peroid.

In 1975, a formal definition of I'-convergence for a sequence of functions on a topological
vector space appeared in [48] by De Giorgi and Franzoni. It included the old notion of G-
convergence (introduced in [155] by Spagnolo for elliptic operators) as a particular case, and
provided a unified framework for the study of many asymptotic problems in the calculus of
variations.

In 1977, De Giorgi defined in [38]] the so called multiple I'-limits, i.e., ["-limits for functions
depending on more than one variable. These notions have been a starting point for applications
of I'-convergence to the study of asymptotic behaviour of saddle points in min-max problems
and of solutions to optimal control problems.

In 1981, De Giorgi formulated in [40,/41]] the theory of I'-limits in a very general abstract
setting and also explored a possibility of extending these notions to complete lattices. This
project was accomplished in [43]] by De Giorgi and Buttazzo in the same year. The paper also
contains some general guide-lines for the applications of I'-convergence to the study of limits of
solutions of ordinary and partial differential equations, including also optimal control problems.

Other applications of I'-convergence was considered in [[39,45] by De Giorgi et al. in 1981.
These papers deal with the asymptotic behaviour of the solutions to minimum problems for the

Dirichlet integral with unilateral obstacles. In [44], De Giorgi and Dal Maso gave an account

13



§3. The theory of I'-limits

of main results on I'-convergence and of its most significant applications to the calculus of
variations.

In 1983, De Giorgi proposed in [42] several notions of convergence for measures defined on
the space of lower semicontinuous functions, and formulated some problems whose solutions
would be useful to identify the most suitable notion of convergence for the study of I'-limits of
random functionals. This notion of convergence was pointed out and studied in detail by De
Giorgi et al. in [46,/47].

In 1983 in [82] Greco introduced limitoids and showed that all the I'-limits are special lim-
itoids. In a series of papers published between 1983 and 1985, he developed many applications
of this tool in the general theory of limits. The most important result regarding limitoids, pre-
sented in [82,84], is the representation theorem for which each relationship of limitoids becomes
a relationship of their supports in set theory. In 1984, by applying this theorem, Greco stated in
[83]] important results on sequential forms of De Giorgi’s I'-limits via a decomposition of their
supports in the setting of completely distributive lattice. These results simplify calculation of
complicated I'-limits. This enabled him to find many errors in the literature.

In this chapter, we first introduce definitions and some basic properties of I'-limits. Greco’s
results on sequential forms of I'-limits are also recalled. Finally, we give some applications of
I'-limits to derivatives and tangent cones.

Consider n sets Sy, ..., S, and a function f from S; x ... X S, into R. Given non-degenerate

families .27}, ...,.<7, on Sy, ..., Sy, respectively, and oy, ..., @, € {+,—}.
Definition 3.1.1. ([38]]) Let

D(™, . ) lim fi=ext” % .. ext”® ext™ ... ext™ f(x1,....Xn),
A€, A€ x1€EA, Xp€EA,

where ext™ = sup and ext™ = inf.

The expression above, called a I'-/imit of f, is a (possibly infinite) number. It is obvious that
D(™M, .. aX)lim f = —T(a] ", ..., o, *)lim(—f). (3.1)

Given topologies 7y, ..., T, on Sy, ...,S,, we write
Dz, o) m f) (x, .., x2) o= T(Ag (x1) ™, .oy A5, () ®) Tim £]T] (3.2)

Notice that F(’L’f“ ..., T%)lim f is a function from S} x ... x S, into R.

'If (X, 7) is a topological space, then .47 (x) stands for the set of all neighborhoods of x.

14
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Proposition 3.1.2. ([50]) (i) If o7, < %y, then
C(.., o, )limf <T(..., B ,...) lim f,

(..., . )limf>T(..,8,..)limf.

(ii) Suppose that <f;, i = 1,...,n, are filters. Then
C(..,o ,..)limf < F(...,,;z%,:“,...)limf,

D(eo A e ) imf ST T, ) lim £

It is a simple observation that “sup” and “inf” operations are examples of I'-limits:

infp f(x) =T(N.(B)") f, supg f(x) =T(Ni(B)")f,

where 1 stands for the discrete topology, N,(B) is the filter of all supersets of the set B. If B is

the whole space, we may also use the chaotic topology o.

3.2 I-limits in two variables

Let f: I x X — R defined by f(i,x) := fi(x), where {f;}ics is a family of functions from X
into R and filtered by a filter .# on I. Thus, results on I'-limits of § implies those on limits of

{fitier.

From Definition 3.1.1}, we get for x € X,

(O(Z1,17)limf) (x) = T(FT, A7(x)7)limf
= sup 1nf sup 1nf f(i,y)
vetz(x ) F icF Y

= sup 11msupg- 1nf fi(y),
UeNz(x)

= sup I(F7) 1nf fiy),
UeNz(x)

(O(ZF ;1) limf) (x) = T(F 7, A4(x)")limf
= sup sup inf inf f(i,y
UE/VT()FG?lerGU ( )

= sup liminfg 1nf fily),
UeAz(x)

= sup I(F7) 1nff,~( ),
Uetz(x) yeu

15
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(C(F ) limf)(x) = T(F*,H(x)*) limf

= inf  inf sup sup f(i,y
Uetz(x) FEZ jeF yeU (7)

— inf limsup sup fi(y),

UeMz(x) yeU
= inf T(ZF)sup fi(y),
g ( )yggf(Y)

(O(F:oH)limf)(x) = [(F, ()" limf

inf  sup inf sup f(i,y
Uei(x) Fez I€F yeu )
= inf llmlﬂfg sup fl(y);

UeA(x) yeU
= inf T'(%7)sup fi(y).
s ( )ygr;f(y)

Based on these limits above, we can show that some well-known limits are special cases of

I'"-limits as follows.

Remark 3.2.1. (i) If functions f;(x) are independent of x, i.e., for every i there exists a constant

a; € R such that f;(x) = a; for every x € X, then
(T(F*;77)lim§) (x) = (O(F;77) lim f) (x) = limsup 7 a;,

(D(ZF7;17)lim§) (x) = ([(:#;77)lim ) (x) = liminf 7 a;.
(i) If functions f;(x) are independent of i, i.e., there exists g : X — R such that f;(x) = g(x)
for every x € X, i € I, then

(C(Z 3 t9)1lim ) (x) = (D(F+; ) lim §) (x) = limsup g(y),

y—1X

(D(Z7;77)1lim§) (x) = (O(F";77)lim f) (x) = liminf g(y).

y—X
In [36], [(# ;77 )limfand ['(.Z ~; 7~ )limf are called, by Dal Maso, the T-upper limit and

the I'-lower limit of the family f; and are denoted by I'-limsup® f; and I'-lim gifnfr fi, respectively.

7
If there exists a function fj such that for all x € X,

(C(F o) lim f)(x) < fo(x) < (O(F 17 lim f)(x),

then we say that { f;} T-convergences to fy or fy is a I-limit of {f;}.
The following examples show that, in general, I'-convergence and pointwise convergence

are independent.

16
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Example 3.2.2. ([36]) Let X = R (with a usual topology v on R) and { f,, } be defined by
(i) fu(x) = sin(nx). Then, {f,} ['-converges to the constant function f = —1, whereas {f,}

does not converge pointwise in R.

520 e .
nxe” 2" if nis even,

(i1) fn(x) = 55
2nxe 2% if nis odd.

By calculating, { f,,} converges pointwise to 0, but { f,,} does not I"-converge since

e 12 ifx=0,
(D(#7;v7)lim f) (x) :{ .

ifx#0,
L
112 ifx=0,
O v )limf) =4 25 7
0, i x 0,

where f(n,x) := fu(x) and . := {L,} ;yen With I, ;== {n € N: n > m}.
We now compare the notion of I'-limits with some classical notions of convergence.

Definition 3.2.3. A family {f;};c; is said to be continuously convergent to a function g : X — R
if for every x € X and for every neighborhood V of g(x), there exist F € .% and U € _#;(x) such
that f;(y) € V for every i € F and for every y € U.

It follows immediately from the definitions that { f;} is continuously convergence to g if and
only if
O(F T tHlimf<g<IT(F ;7 )limj.
Definition 3.2.4. ([111]) Let {A;};c; be a family of subsets in (X, 7) filtered by .%.
(i) The K-upper limit of {A;}ics is defined by

Limsup% A; = ﬂ cle UAi'

Fes ieF

(ii) The K-lower limit of {A;}ic; is defined by

Liminf% A; = ﬂ Cl»L-UA,'.
Fezt  icF

(ii1) If there exists a subset A in X such that
Limsup% A; C A C Liminf% A;,
then we say that {A;} K-converges to A.

17
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It follows from the above definition that x € Limsup?: A; if and only if for every U € A7(x)
every F € .7, there is i € F such that U NA; # 0; due to the duality of filters and their grills, if
for every U € Az (x) there is H € #* such that U NA; # 0 for each i € H.

A point x € Liminf% A; if and only if for every U € .#;(x) and every H € .Z*, thereisi € H
such that U NA; # 0. Dually, if for every U € .#7(x) there is F € .# such that for each i € F,
UNA; #0.

When X is equipped with the discrete topology 1, the discussed limits become set-theoretical,

that is

Limsup'; A; = ﬂ U A;,
FeZicF

and

Liminfz4; = () JAi= | (A

He. Z#ieH FeZieF

Remark 3.2.5. It is generally admitted among those who study optimization, that modern defi-
nition of limits of sets by Painlevé and Kuratowski (see [[110.172,/173]]). However, Peano already
introduced them in 1887. Indeed, in [135]], Peano defined the lower limit of a family, indexed by
the reals, of a subsets A, of an affine Euclidean space A by

Liminfy ., Ay :={yeX:lim;_, ..d(y,A;)=0}.
In [137], he also defined the upper limits of {A; }
Limsupy _, ., Ay :={y € X : liminfy _,, .d(y,A;) =0}

that he also expresses as

Limsup, .., A) = ﬂ cl U Ag.
neN  k>n

In 1948, Kuratowski, by his work (see [[111]]), has definitely propagated the concept of limits
of variable sets and established the use of them in mathematics, that are called today upper and

lower Kuratowski limits.

Recall that, for every A C X, the characteristic function of A is defined by

1, ifxeA,
ZA()C) =
0, ifx¢A.

18
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Let Q C (S1,71) X ... X (Sy, 7). We define

N a 0n\ 13
Kooy = T o ) lim 1

Then G(7/", ..., 7%)Q is called G-limit of Q, see [38]].
The following proposition shows that K-limits of a family of subsets can be expressed in

terms of G-limits.
Proposition 3.2.6. ([36]) Let {A;}ic be a family of subsets of X. Then
G(Z;tt)A =Liminf% A;, G(F*;71)A = Limsup%A;,

where A is a relation from I into X, i.e. A C I x X, defined by A(i) := A;.
In particular, {A;} K-converges to A if and only if { xa,} T'-converges to xa.

Proof. We prove only the first equality, the other one being analogous. Since Xg(7—r+)a =
[(Z~;7%)lim x, takes only the values 0 and 1, it is enough to show that

(T(Z ;1) limga)(x) =1 <= x€ Liminf% A;. (3.3)

By (3.2), (T )lim x4)(x) = 1 if and only if

inf  sup inf sup ya(i,x') = 1.
Uet(x) Fez I€F yey

It means that for every U € 47(x) there is F € .% such that for each i € F, there is X' € U
satisfying x’ € A;, i.e., UNA; # 0. Thus, x € Liminf% A;. This prove (3.3) and concludes the
proof of the proposition. ]

The next result shows a connection between I'-convergence of functions and K-convergence

of their epigraphs or hypographs.
Proposition 3.2.7. ([36]) Let { f;}icr be a family of extended-real-valued functions, and let
f=0(F ;t)limf, fT:=T(F";t7)limf.
Then
epi(f~) = LimsupZ epi(f;), epi(f") = Liminf% epi(f;),
hypo(f~) = Liminf% hypo(f;), hypo(f") = LimsupZ hypo(f;).

In particular, {fi} T-converges to f if and only if {epi(f;)} (or {hypo(fi)}) K-convergences to
epi(f) ({hypo(f)}, respectively).
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Proof. By the similarity, we prove only the first equality. A point (x,¢) € X x R belongs to
epi(f ™) if and only if f~(x) <t. By the defininition of f~, this happens if and only if for every
€ >0, and for every U € .#7(x) we have

liminf# inf fi(y) <t+e¢,
yeU

and this is equivalent to say that for every € > 0,U € Az(x),F € .F there exists i € F such that
inlg fi(y) < t+ €. Since this inequality is equivalent to
ye

epi(fi)N(UX (t—e,t+¢€)) £0,

and the sets of the form U x (t — &,t + €), with U € Az(x) and € > 0, are a base for the
neighborhood systems of (x,7) in X x R, we have proved that (x,7) € epi(f~) if and only if
(x,1) € Limsup?; epi(f7). O

3.3 I'-limits valued in completely distributive lattices

This section presents some results related to I'-limits given by Greco in [82,83]. More
precisely, he defined functionals called limitoids and proved that I'-limits are special limitoids.
Then he proved representation theorem showing that for which each relationship of limitoids

corresponds a relationship in set theory.

3.3.1 Limitoids

Let S be a set with at least two elements and L be a complete lattice with the minimum

element Oy and the maximum element 1; (07 # 11).

Definition 3.3.1. ([82]) A function T : LS — L is said L-limitoid in S (or limitoid , in short) if
for every f,g € L® and for each complete homomorphism ¢ of Lin L,

Heg<f=T(g) <T(f)

(i) T(@og) = @(T(g)).

(iii) T(g) € (S) .
where WL is the smallest closed sublattice of L containing g(S), and L® denotes the set of

functions from S into L .
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We recall that a complete homomorphism @ : L — L' between two complete lattices is a

function verifying two equalities ¢(\/ A) =V @(A) and ¢(\ A) = A ¢(A) for each non-empty
subset A of L, see [82].

Simple examples of limitoids are limit inferior and limit superior. Let f be a function from
S into L and .7 be a non-degenerate family of subsets of S, the limit inferior and limit superior

of f along .o/ are defined, respectively,

liminf, f = \/ A f(x) (: sup inff(X)),

Ac.of xEA Acy ¥EA

limsup,, f = /\ \/ f(x) (: Aigésupf(x)) .

Acdl x€A x€A
The I'—limit introduced in Definition [3.1.1]is another example of the limitoid.
It is evident that the limit inferior, limit superior and I'-limit do not change if we use equiva-

lent families. Since &7 = o for each family <7, we have
liminf ., f = liminf 4 f, limsup f = limsup 4 f.
The following result characterises of a completely distributive lattice L.

Proposition 3.3.2. ([82]]) A complete lattice L is completely distributive if and only if

liminf ., f = limsup # f, (3.4)
for each non-degenerate family <7 of subsets of S and for each function f from S into L.

Proof. Tt follows from Proposition D.3 in [82]. ]

Definition 3.3.3. ([83]]) The support of a limitoid T in S, denoted by st(T), is the family of sets
defined by

st(T):={ACS:T(x5) =1L},

where }(ﬁ :S— Listo 1, on A and to Oz on S\ A.

A support of a limitoid 7 in S is a semi-filter, i.e., st(T) € SF(S). Recall that, SF(S) is a
completely distributive lattice with respect to inclusion, see [83]], with its operations /\ and \/ be

the intersection and the union of sets, respectively.
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The support of I'-limit in Definition is indicated with (=/*,...,&%). In [83], Greco
proved recursively that
(7 )™, ()~
(Ao O ) R (Ao 1) X

n

(Ao P ) e (A, TV X ),

n

where &7 X Z indicates the family generated by {A x B: A € o/,B € %}. Some special cases

are

(o=, B )~ o x B, (A, B~ ¥ x B,
(A, B) = (o x B)*, (o=, B) = (% x B),
(A B C )~ A X BXE, (o, BT C )~ (" x B) xE.

Then we get the following property

(N, ) = (L, )R (3.5)

n

3.3.2 Representation theorem

The representation theorem of Greco showed that each limitoid valued in a completely

distributive lattice is a limit inferior.

Theorem 3.3.4. ([82]) (The representation of limitoids) Let L be a completely distributive lattice
and T be a limitoid in S. Then, for each f € L5

T(f) = liminfg 7\ f, (3.6)
where st(T) is the support of T.

Proof. First, we check that for each f € LS,

liminfg7) f < T(f) < limsup 7)) f, (3.7)

where (st(T))*:={A CS:ANF # 0,VF € st(T)}. For each A € st(T), we put g := xi A
(Af(A)). Since L is completely distributive, the function @(x) :=x A (A f(A)) is a complete
homomorphism of L in L. So, from condition (ii) in Definition [3.3.1) and the definition of car-
riers, we get T(g) = A f(A). Since g < f, it follows from condition (i) in Definition that
AN f(A) < T(f). Therefore,

liminfyryf < T(f).
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On the other hand, let A € (st(T))* and g := xg\A V(V f(A)) . From the definition of (st(T))*,
we have (S\A) € st(T), so T(xSL\A) = 0r. Since the function ¢ defined by @ (x) :=xV (V f(A))
is a complete homomorphism of L in L, so T(g) = \/ f(A). Finally, since g > f, we obtain
V f(A) > T(f), which implies
T(f) < limsup gy(7)sf-

Thus, we have proved (3.7). (3.6) is obtained by Proposition [3.3.2] O
It follows from that
D(™, ..., X)) lim f = liminf o o f= sup inf  f(xq,.).

AE(%D‘17_“7%W)(xlr-wxn)eA
By virtue of (3.4) and (3.5)), we get

F(ﬂflftxl,,.,,%—an)limf: limil’lf(dal %an)#f: inf sup  f(X1, .0y Xn).
e A( o) (x1,... ) EA

The representation of limitoids allows us to describe the structure of lattice Lim(S,L) of
limitoids in S valued in L, where L is a completely distibutive lattice. The set Lim(S,L) of
limitoids in S valued in L is the complete lattice with respect to the order defined by T < T" if
and only if T(g) < T'(g) for each g € L®. In Lim(S, L), the limitoids \/;T;, A, T; are defined by
for each g € L5,

(V1) (8) =V, (@), (AT) @)=\, Tis).

Furthermore, the function st : Lim(S,L) — SF(S) is a complete homomorphism of Lim(S, L)

on SFF(S), see [82], since for each semi-filter <7 in S,

st </\iTi> = ﬂist(T,-), st (\/iTi) = UiSt(Ti)’ st(liminf,/) = /.

On the other hand, if L is completely distributive, then two limitoids in S with the same

supports are equal (by the representation of limitoids). Therefore

Theorem 3.3.5. ([82]) (The structure of lattice of limitoids) If L is a completely distributive lat-
tice, then the function that associates each limitoid in S to its support is a complete isomorphism,

i.e., a bijective complete homomorphism, from Lim(S,L) into SF(S).

The function liminf : SF(S) — Lim(S, L) that associates each semi-filter </ in S to the limit
inferior with respect to o7 is the inverse isomorphism. Therefore, for a completely distributive

lattice L, we have
liminfp ., f = /\ liminf, f, (3.8)
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liminfy o, f = \/ liminf;f, (3.9)

for each f € LS and {7 }; C SF(S).
These analyses above mean that with a completely distributive lattice L, each theorem in

Lim(S, L) becomes a theorem in set theory in SF(S), and vice versa.

3.4 Sequential forms of I -limits for extended-real-valued func-
tions

In this section, we extend Greco’s results to more general filters related to sequentiality, like
Fréchet, strongly Fréchet, and productively Fréchet filters.

Let .% be a filter on X. We recall that, see [53]]

e 7 is called a principal filter if there exists a nonempty subset A of X such that % = {B C
X : A C B}. The set of principal filters on X is denoted by Fo(X).

e .7 is called a sequential filter if there exists a sequence {x,}, in X such that the family
{{xn:n>m} :m € N} is abase of .. Then, we denote .# ~ {x, },. The set of sequential filters
on X is denoted by Fyeq(X).

e .7 is called a countably based filter if it admits a countable base. The set of countably
based filters on X is denoted by Iy (X).

Principal filters and sequential filters are special cases of countably based filters. If .7 =~
{Xn }n, then (see [83]])

liminf & f = lim inf f(x,), liminfzsf = limsup f(x,).
Nn— oo

n— oo

To facilitate for results in the sequel, we denote Seq(.% ) := {& € Fyeq(X) : & > F}.

Definition 3.4.1. ([62]) A topological space X is called

(i) Fréchet if whenever A C X, and x € clA, there exists a sequence {x,}, on A such that
x= lim x,.

n— oo

(ii) strongly Fréchet if for each a decreasing sequence {A, },, of subsets of X and x € ), cl(A,),
there exists a sequence {x, }, such that x, € A, and x = lim x,.

n— oo

(iii) first countable if for all x € X, .4 (x) is a countably based filter.

Definitions of Fréchet and strongly Fréchet spaces can be rephrased in terms of filters as
follows, see [52,/100]].
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e A space X is Fréchet if and only if for all x € X, .4"(x) is a Fréchet filter on X in the

following sense: a filter .# is Fréchet if
VY eFo(X) :9#F — 3 € Feq(X) : H > F VY, (3.10)

where # VY :={FNG:F €.%,G €%} is the supremum of .# and ¢.
e A space X is strongly Fréchet if and only if for all x € X, .47 (x) is a strongly Fréchet filter

on X in the following sense: a filter .7# is strongly Fréchet if
VY eF1(X): 9#F — 3 € Fyeq(X) : H > F VY. (3.11)

Based on definitions above, Jordan and Mynard introduced a productively Fréchet space by

using a new filter, called productively Fréchet filter, as follows

Definition 3.4.2. ([100]) A space X is productively Fréchet if and only if for all x € X, A4 (x) is

a productively Fréchet filter on X in the following sense: a filter .% is productively Fréchet if
VY eFpX): Y#F — I X cF\(X): H > F VY,
where Fgr(X) denotes the set of strongly Fréchet filters on X.
In [100], Jordan and Mynard showed that
first countable filter = productively Fréchet filter —> strongly Fréchet filter —> Fréchet filter,
i.e.,
first countable space = productively Fréchet space = strongly Fréchet space = Fréchet space.

Proposition 3.4.3. ([100]) A filter % is productively Fréchet if and only if % X 9 is a Fréchet
filter (equivalently a strongly Fréchet filter) for every strongly Fréchet filter 4.

Proof. It follows from Theorem 9 in [100]. O]
Remark 3.4.4. ([53]) (i) For every semi-filter .7, we have
H¢ "< H e .7, (3.12)

where H¢ denotes the complement of H. In fact, by definition, H € .% # whenever there is F € .Z

such that HNF = 0, equivalently F C H¢, that is, H € .% since .% is filter.
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(i) If .% is afilter on a set X, ¢ is a filter on a set Y, and /7 is a filter on X x Y, we denote
by 7 .F the filter on Y generated by the sets

HF ={y:3xeF,(x,y) €H},
for H € 7 and F € %, and by 7~ ¢ the filter on X generated by the sets
H G={x:3y€q,(x,y) €eH},
for H € ¢ and G € ¢. Notice that
S F X G) = (H FWYG — F#(H D).
We now recall some definitions introduced in [[83] by Greco as follows

Definition 3.4.5. ([83]) Let .4 be a sequential filter associated with a sequence {n},, and let
<, ..., be filters.

a 1/ . o Q _ 1 k
((/1/060’%’1 1""’% k)seq = ext™! .. exth ext “Oexta(’{(n,xn,...,xn)}n,
{X},}nGSeq(,szfl) {Xﬁ}nGSeq(g{k) meN n>m

where oy, oty ..., 0y are signs of +, — and ext™ = (), ext™ = .
From Definition the sequential form of the I'-limit is defined as follows

Definition 3.4.6. ([83]]) Let .4 be the sequential filter associated with a sequence {n},, 4, ...,
be filters in Sy, ..., Sk, respectively, and f: N x §; x ... x Sy — R. The sequential T'-limit is defined
by

Foeq( A%, /™ ™) limf = ext™ .. ext™ ext @ext® f(n,x,, xby,
{xi}n€Seq() {xk}neSeq(e) meN  nzm

where ext™ = inf,ext™ = sup, 0, a1, ..., 04 are signs of +, —.

The Ieq-limit is a limitoid and its support is the family (.4 %, 42%10‘1 sy %ak)seq.

3.4.1 Two variables

Proposition 3.4.7. Suppose that .7 is a Fréchet filter. Then

7= &= N & (3.13)
&€Seq(F) &€Seq(F)

Fgt= |J €= Y & (3.14)
&€Seq(F) &eSeq(F)
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Proof. Since (3.13) implies (3.14) (by (2.1))), we prove only (3.13). Let F € .% and an arbitrary
& € Seq(F). Since & > Z, there exists E € & such that E C F, so F € &. This implies
Fc (N & Thus, FC () &. Since & C &*, we get

&€Seq(F) &eSeq(F)

F< ) €< ) &

£€Seq(.F) &€Seq(F)

We now prove () &% C.Z. It follows from the definition of Fréchet filters that
&€Seq(.F)

VAe " —= 36 cSeq(F):Ac&. (3.15)

Suppose that H ¢ .%. This implies H® € #*. From (3.15), there is & € Seq(.#) such that

H°c &, ie,HZE . Thus, HEg [ & O
&eSeq(.F)

Proposition 3.4.8. Let %9 be filters.
(i) Suppose that ¥ is Fréchet. Then

Ftey )= U @ 9)= U (9 (3.16)
&€Seq(F) &€Seq(F)

(F-.9hH= (1 E"¥ghH= [\ & .97 (3.17)
&eSeq(F) &€Seq(F)

(i1) Suppose that .F is strongly Fréchet and ¢ is productively Fréchet (or vice versa). Then

(F 9= () (9 )= ] (19), (3.18)
&€Seq(F) &€Seq(F)

(Ft9hH= U @E9H= U E 9. (3.19)
&eSeq(F) &€Seq(F)

Proof. (i) Since (3.16) implies (3.17), we prove only (3.16). Because (£ ,9 )~ & x 9,
(7,97 )~ E¥xG and & C &, we get

U ¢ 9Hc U E9)

&€Seq(F) &eSeq(F)

It follows from (3.14) that
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Thus,
(Fr9)c U (¢ 9)c U @9
&€Seq(F) &€Seq(F)
LetAc | (&1,97),then thereexists & € Seq(-F) such that A € £ x ¢. It means that

&€Seq(F)
there exist A| € &% and Ay € ¢ such that A D A| x A,. Suppose that A & (F 1,97 )~ F¥x 9.

It follows from A, € ¢ that A ¢ .F*. By , we get A{ € .#. Because &
A{ € &, which contradicts to A} € &F.

(i) Similarly, we prove only (3.18). It follows from Proposition[3.4.3|that .# x ¢ is a Fréchet
filter. We can see that

F, we get

F XY
N &)x¥ (by GI3))

Q

(F7.97)

IN Il N 1N Il
DR DN DN D)
— /@3 TN —

HH

D) X
)

o

H

X

R

N

N (&xB)
&eSeq(F) BcSeq(4)
n <*
2€Seq(F x9)

F x4 (by G13)).

N

]

Remark 3.4.9. In [[100] Jordan and Mynard showed that if .% is not a strongly Fréchet filter (or
not a productively Fréchet filter), then there exists a countably based filter ¢ (a strongly Fréchet
filter ¢, respectively) such that .# x ¢ is not a Fréchet filter. On the other hand, by Proposition

343, (N (&7,97) is aFréchet filter. Thus
&eSeq(F)

(F9)# ) (&9

&eSeq(F)
Proposition 3.4.10. Ler & ~ {x, },.
(1) If 9 is strongly Fréchet filter, then

=9 = [ {Gwy)te, (€59 = U Gyl

{yn}nzg {}’n}nzg
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(i1) If ¢ is countably based filter, then

"97)= () Ayl (9= U {wy)h
{ntn>9 =9

Proof. (i) We prove only (&~,97) = N {(xn,yn) }n since this formula implies the other
{yn}n€Seq(9)
one by properties of grills. It follows from Proposition that & x ¢ is Fréchet filter. We can

see that

(6~97) ~ ExY
= Ex( N ) (by G13))

PBeSeq(9)
N (&xAB)
PBeSeq(4)
N (. N 2)x%) by 3.13))
PBeSeq(¥) 2€Seq(&)
N N (Zx%)
PBeSeq(9) 2€Seq(&)
N Z
Z€eSeq(ExY)

= &x9 (by 3.13)).

N 1IN

N

Because & ~ {x,},, we get

(7,97 )= n { (s ym) bn

{yn}nzg
(i)) We prove only (&—,97)= U {(xn,yn)}n- Let 4 =~ {G,},, where {G,}, is a de-

{)’n}nzg
creasing sequence of subsets, and A € (§~,91) ~ (6% x 4)*. In other words, for each n and

H e &,
(HXGn)ﬂA#®<:>AGnﬂH7§®, (3.20)

that is, AG, € & = & for each n. This means that for every n there is k, such that {x; : k >
k,} C AG,, hence there exists {y} : k > k,} C G, with

{ (e y%) k> kn} CA.
Using induction, we can get a strictly increasing sequence {k, }, with this property. Let
Yk ::yz it k, <k <kpyi.

Then {y;}r > ¢ and {(xt,yx)} C A for each k > k;.
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Conversely, let A€ |  {(xu,yn) }n, then there is D = {y; }; > ¢ such that (x;,y;) C A.
Dntn=9
We can check that (3.20) holds, then A € (&,9 ™).

Theorem 3.4.11. Let f : Nx X — R.
(1) If 9 is a strongly Fréchet filter on X, then

D(AN 7,97 ) =Tseq(N ", 97), T(NT,G") =Tseq(ANT,97).
(ii) If 9 is a countably based filter on X, then
DN, 97) =Tseq( N 7,97), T(NT,97) =Tgeq(ANT,97).

Proof. We check only for I'(A",97) = Teq(A,%7). The other cases are analogous. Let
& =N, from (3.4.10), we get

g = U Ay
{¥n}n€Seq(¥)
It follows from (3.6) and (3.9) that for all f: N x X — R,
F(</V+7g+)llmf = liminf(ﬂ/tgﬂf
= sup  liminf ) M f
() €Seq() {(nyn) 3

= sup  limsup f(n,x,)
{yn}€Seq(¥) n—tee

= Tyq( A+, 9)lim f.
0

The following example shows that the strongly Fréchetness of ¢ in Theorem [3.4.11{i) is

necessary.

Example 3.4.12. Let a sequential fan Sy := {U,cnyXn} U {Xw}, where X,, := {x,4 : k € N} and
X, N X, = 0 for all n # m, be equipped with a topology defined as follows
e each point x,, ; is isolated;

e a basic open neighborhood of x. in the form
Of(Xeo) 1= {Xea } U{xp i : k> f(n)},
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for each function f € NN, where NV := {f: N — N}.
First, we prove that Sy is not strongly Fréchet, i.e., there exists {A4,} be a decreasing se-
quence of subsets in Sy such that x.. € (), cl(A,), but there is no x,, € A, with xe = lim x,,.
n—oo

Setting A, := {X,,, : m > n}. It is easy to check that A, | C A, and x. € [, cl(A,). For each
n, choose any finite set F, of A, and denote F := |J,, F,. We define a function s € NN by

I+ max{k:x,x € F}, if FNX,#0,
h(n) :=

1, otherwise.

Then, Op(x) NF =0, i.e., X« & clF. Since F, is arbitrary for all n, there is no x, € A, with

Xoo = lIm x,.
n—-—oo

Let g : N x Sy — [0, 1] be defined by

1
, ifxeX,,
g(”,X) = \VVE "
1, otherwise.

By calculating, we get
(A7, N (%)) lim g = 0.

Let {x"} be a sequence converging to x.. If X" = x. for infinitely many m € N, we get
mliniw g(m,x™) = 1. We now consider X" # x., for all m € N. Then, there exists np € N such
that {x"} C (| X,. Indeed, if not, for all n € N, there exists m,, such that x" & [ Jj_; X;. This
implies that x™ € A, 1, where {A,} is the decreasing sequence of subsets defined above. By
the previous analysis, {x"}, does not converge to x., which is a contradiction. Thus, each
sequence {x"} (# {x.}) converging to x., is in type of {x, s : Ing € N, p € [1,n9],k — +oo}. By
calculating, we get

liminfg(m,x™) = liminfg(k,x, ) = 1.
This implies that
Coeq(A ™, M2(Xeo) ") lim g = 1.

Thus
L(A 7,2 (Xeo) ) lim g < Tgeq (A, A7 (X)) lim g.

3.4.2 Three variables

Proposition 3.4.13. Let 7,9 be filters.
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(1) If F is strongly Fréchet and 9 is productively Fréchet (or vice versa), then

9= N N A@ywh= N N {Gwh,

{xn}n2<g. {)’n}nzg {xn}nzy {yn}nzg

(i) If F is Fréchet and 9 is countably based, then

9= U N {@ywh= U N {@y)h

{xn}nzﬂ {Yn}nzg {xn}nzy {)’n}nzg

Proof. (i) It follows from Proposition that .# x ¢ is a Fréchet filter. We can see that

(F-,97) = N ({xn},,9 ) (by Proposition [3.4.8)

{xn}nzy
N {(xu,yn) }n (by Proposition [3.4.10)
{xn}nzdoz {Yn}nzg

NN A{Gwynh

{xn}nzy {_Yn}nzg
n «*
ZLeSeq(F x9)

F x ¥ (by (3.13)).

NNl

(i1) We can see that

(Ft,97) = U {xn},,9 ) (by Proposition [3.4.8)

{xn }n 29

= U N {(xn,yn) }n (by Proposition [3.4.10).

{xn}nzy {yn }n >¢
Besides,

(FH,97) = U  ({x},5,9 ) (by Proposition 3.4.8)

{xn }nzy

U N {(x,y0)}* (by Proposition 3.4.10).

{xn }nzﬁ\ {Yn }n >¢

Proposition 3.4.14. Let & ~ {x,},, and 9, are filters.
(1) Suppose that 94 is strongly Fréchet and F€ is productively Fréchet (or vice versa). Then

(éaigiaf%ﬂi): m m {(xna)’n,Zn)}n-

{yn}n Z% {Zn}n Z%

(i1) Suppose that 4 is countably based and F€ is strongly Fréchet. Then

(éai>g+af%ﬂi>: U m { (X0, Yn,20) Fn-

{}’n}n >¢ {Zn}n >
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(iii) Suppose that G, 7€ are countably based. Then

(éaJr,gi,e%ﬂi) = m m {(xnayn;Zn)}ﬁ'

{yn }n Zg {Zn}n 2%

(iv) Suppose that 94 is strongly Fréchet and ¢ is countably based. Then

@t )= U ) Gz
Dntn=>9 {zntn>t

Proof. We only prove (iii). The other ones are analogous. It follows from Proposition 3.4.3] that
& x 9 x F is a Fréchet filter. We have

(TG, A7) ~ E'xGXH
= (N {Gn,yn)}) x 2 (by Proposition[3.4.10)

{yn}nzg
C N ()t x )
{)/n}nzg
= N N {(xn,Yn,20) } (by Proposition[3.4.10)
{yn}nZ% {Zn}nzjf
C N A
PBeSeq(EXG xIH)
= ExG x A (by GTI))

E¥XG x .

N

Corollary 3.4.15. Let & ~ {x, }n, and 4,7 are filters.
(1) Suppose that 9 is strongly Fréchet and 7 is productively Fréchet (or vice versa). Then

&gt = U U Gzt
{yn}nzg {Zn}nzyf
(1) Suppose that 9 is countably based and F7 is strongly Fréchet. Then
(g—i—)g—’%—i-) = m U {(xnaynazn)}z'
{yn}nzg {Zn}nZ%
(iii) Suppose that G, 7€ are countably based. Then
(éa7>g+w%ﬂ+) = U U { (X0, Yn,20) Fn-
{yn}nzg {Zn}n2<%
(iv) Suppose that 4 is strongly Fréchet and ¢ is countably based. Then

(éaigiai%ﬂJr): ﬂ U { (X0, Yn,20) }n-

{Yn }n >9 {Zn}n >H
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Proof. It follows from Proposition [

Theorem 3.4.16. Let G, 5 be filters on XY, respectively, and f : N x X xY — R.
(1) Suppose that G is strongly Fréchet and € is productively Fréchet (or vice versa). Then

DA™, ) =Tseq(N ™, 9, 77),
D(AN TG A7) =Tgeq(N T, 9T, 507).

(i) Suppose that 94 is countably based and ¢ is strongly Fréchet. Then
D(N 7,97, 7)) =Teq(N ™, 9T, 7),
DN G~ A7) =Teg( N, 97, 7).

(iil) Suppose that 4,7 are countably based. Then
DN TG, ) =Tgeq(N T, 9™, 57),
DN ™G ") =Tgeq( N, 9T, 57).

(iv) Suppose that 94 is strongly Fréchet and ¢ is countably based. Then
DN, 97, 7) =Teg( N, 9F, 7).
(N "G, H) =Teq(N ™, 9 ,7).

Proof. Based on Proposition|3.4.14]and Corollary|3.4.15] the proof is similar to that of Theorem
B.411 O

3.4.3 More than three variables

Let T and T}, i € I, be R-limitoids in S, and st(T) = (;c; st(T;). It follows from (3.6) and

(3.8) that for all f: S — R,
T(f) = infic; T;(f). (3.21)

The following lemma give us a condition for which “inf” in (3.21)) can be attained.

Lemma 3.4.17. The following properties are equivalent
() foreach f:S— R,
T(f) = minie; Ti(f),
(ii) for each countably based filter .7,
(st(T)",F7) = ﬂie[ (st(T;)~,.% 7).
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Proof. Suppose that (ii) holds. By setting .% := {S}, we get st(T') = (;c; st(7;). This implies

T(f) = infie; T;(f).
Let 77 ~ {{r:r <r,}:n €N}, where {r,}, is a strictly decreasing sequence converging to
T(f) such that T(f) < r, for all n. It follows from (3.6)) that

T(f) =liminfgy f = sup inf f <ry,
Acst(T) X€A

thatis, {x € S: f(x) < r,} € st(T)* for all n, that s, (f 1 (#))# (st(T)) or else gr(f) € (st(T) x
). By (ii), there is i € I such that gr(f) € (st(T;) x 2#)*, equivalently for all n, T;(f) =
liminfgy7,) f < ry. Then,

T(f) < lim r, =T(f),

n— —4oo
which implies (i).
Conversely, suppose that (i) holds and .% =~ {F, : n € N}, where {F,}, is a decreasing se-

quence of subsets. We prove that

(st(r)~,.7 )" =1, (st(m)~,.7 )"

Let H € (st(T)~,.7 )" ~ (st(T) x .%)*. By Remark i), H € (st(T) x %)* if and only if
st(T)#(H-'.7), thatis, H~'F,, € (st(T))* for all n. Let
inf{l:xeH'F,}, if{i:xeH F}+#0,
fu(x) = _
1, otherwise.
Then if n > %, that is, r > %, and x € H™'F,, then fy(x) < r, so that H™'F, C {x: fy(x) <r}.

It follows from

T(fy) =liminfyr) f= sup inf f= inf supf
Aest(T) X€A Be(st(T))* xeB

that 7'(f) < r for each r > 0. By (i), there exists i € I such that 7;(fy) = 0, i.e., for each r > 0,

Tz(fH) = limil’lfst(Ti) JH = AGS::%)T) ;2}; fa<r

equivalently, {x: fu(x) < r} € st(T;)* for all r > 0. Therefore, if } < r < L. then

H F, C{x: fulx)<r} CH F,_y,

so that H~F,_| € st(T;)* for each n > 1, that is H € (st(T;) x .#)*.
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Proposition 3.4.18. Suppose that .7 is a strongly Fréchet filter, 4,7 are countably based
filters. Then

(F 9t )= [ (& .9"0). (3.22)
&€Seq(F)

However, there exist countably based filters % ,4 , 7 such that
(F—, 91,07+ ﬂ (ET,97,.47).
&eSeq(F)

Proof. It follows from Lemma|3.4.17|that (3.22]) will be proved if for each extended-real-valued

function f,

O(Z,9)limf= min_ [(&,97)lim f. (3.23)
&€Seq(F)
It follows from (3.17) that (% —,97)= (| (&,%"). This implies
£eSeq(F)

O(Z,9)limf= inf T(&,9")limf.
&€Seq(F)

Setting b := . inf( ) [(&~,%97)lim f. Let {&,}, be a sequence of sequential filters such that
£eSeq(F

&y > & for all n and b = inf,[(&,,97)lim f. Let {r,}, be a strictly decreasing sequence
converging to b and ['(&,,% ) lim f < r, for all n. By the definition of I'-limits, for all n,

inf I'(&, )sup f(x,y) < ry.
Ge¥ veG

It means that for every n, there exists G,, € ¢ such that

F(é"n_) sup f(x,y) <,
YEGy

that is,

{x: sup f(x,y) < rn} e &t

YEG,

Hence

{x: sup f(x,y) <rn} c .F*

Y€G,

Since .7 is a strongly Fréchet filter, there is a sequential &y ~ {x, }, > % such that

sup f(xn,y) < 7.
YEG,
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This implies

inf T'(&7) sup f(x,y) < ry.
Gngg yEGn

Thus, T'(&~, 9 )lim f<b= (| TI[(&,97")lim f, which implies (3.23).
&€Seq(F)
For the second part of (iii), we consider the following example. ]

Example 3.4.19. ([83]) Let # =% = ¢ = 4 (0), where .4"(0) is a filter of neighborhoods of
OonS=10,1],and g: [0,1] x [0, 1] — R be defined by

27™  if 3n,m € Nsuch thatx =27"(1-27"), 0 <y <27
g(x,y) =

1, otherwise.

Setting &, := {27"(1 —27™)},. It is evident that I'(&,/, .4 (0)*)lim g = 27™. By virtue of
(3.8) and Proposition [3.4.18(ii), we get
0= inf T(&T, A/ (0)N)limg=T(A4(0)", 4 (0)")limg.
nt | T(ES o (0) ) limg = DA (0) 4 (0))lim g
Recall that hypo(g) € (A47(0),4(0)*,.47(0)7) if and only if T(4#(0)~, A4 (0)")lim g >
0, see Lemma 3.4 in [83]. This implies hypo(g) & (.4 (0)~,. A4 (0)*,.4(0)7). Let & be an
sequential filter associated with a sequence {x,} C [0,1] converging to 0. If there exists m
such that {x,}, N {27"(1 —27™)}, is infinite, we have (&, 47(0)")lim g > 2™, otherwise,
[(&*, A4(0)T)lim g = 1. Then, hypo(g) € (&T,.47(0)*,.4(0)") for each sequential filter &
finer than .47(0). In conclusion, we demonstrate that hypo(g) & (-4 (0)~,.4#°(0)",.4(0)~) and

hypo(g)e N (&7, 47(0)%,47(0)7).
&> (0)

Proposition 3.4.20. Suppose that . is a strongly Fréchet filter, and 4, 7 are countably based
filters. Then

(32-7,%4:&%&7) = m U ﬂ { (s Yns20) } -

{un}nzg {yn}nzg {Zn}nZe%()
However, there exist countably based filters .7, , 7 such that

(F9t) = () U ) {mymz)th.

{un }n Zﬁ {}’n}n >¢ {Zn}n >H

Proof. It follows from Propositions [3.4.14(i1) and [3.4.18 U
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Proposition 3.4.21. Let & ~ {x,},, -F be a strongly Fréchet filter, 4,5 be countably based
filters. Then

(é"‘jﬁ_,g"',%_) = m U m {0, ttn, Y0, 20) -
{uﬂ}nzy {yn}nzg {Zn}nZ%
However, there exist countably based filters . 4, such that
(g+7‘gi7g+7%7) % ﬂ U m {(xnaunayl’hzn)}ﬁ-
{un}nzy{)’n}nzg{zn}nz%

Proof. Tt is implied from Propositions [3.4.10]and [3.4.20 ]

The results above define the possibility to express filters. They are mainstay for De Giorgi’s
[-limits, for example, if .%,9, .5, % are countably based filters then the following extensions
of previous results are not true in general

(%+vy_7g+a%_): U m U ﬂ {Wn, ttn, Y, 7n) I
{Wn}n >t {un}n >F {)’n}nzg {Zn}n >H

and

(%+,ﬁ_,g+,%_) = U ﬂ U m {(Wnaunaynazn)}ﬁ'

{Wn}n > {un}n >F {)’n}nzg {Zn}n >H
Theorem 3.4.22. Let . be a strongly Fréchet filter on X, and 4,7 be countably based filters
onY,Z, respectively. Then, for every f :NxX xY xZ — R,

(AN, F 95, A )Nimf =Tseq(N ~,.F, 97, )limf.

However, there exist countably based filters % ,9,.7 and an extended-real-valued function f

such that
DA77, 9%, A )Nimf # Dseq( N T, F 7,97, 7 )lim f.
Proof. It follows from Theorem [3.3.5] Proposition [3.4.21|with & = 4. []

Corollary 3.4.23. Let % be a strongly Fréchet filter on X, and 9, 7 be countably based filters
onY,Z, respectively. Then, for every f :NxX xY xZ — R,

DN, FH 9 A Nimf =Teq( AN 1,777,997, )limf.

However, there exist countably based filters % .4, and an extended-real-valued function f
such that
DN, FHG  ANimf # Dseq(N . F 9, )limf.
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Proof. It follows from Theorem (3.4.22 ]

From the theorem and corollary above, we see that for kK > 3, regardless of the sign o there

are countably based filters .71, ...,.%; and «, ..., 04 such that

DA% FO FE, . FENm # Toeg(N D, FH FE, .., FH)lim,

3.5 Applications

In this section, applications of I'-limits to generalized derivatives and tangency are given.

3.5.1 Generalized derivatives

It is generally admitted that definition of differentiability of functions in Euclidean spaces
was introduced in [[69]] by Fréchet in 1911. However, the definition of derivative at a point x of a
real-valued function defined on a subset of Euclidean space was already given in [[135] by Peano
in 1887 and generalized in 1908 in [[138] to function valued in Euclidean space.

Let A be a subset in R” and x be an accumulation point of A. A function f : A — R" is said
to be differentiable at x if there exists a linear map L : R”™ — R” such that

im f0) —fW) L —x) _
you [y — |

(3.24)

It should be stressed that Peano’s definition appeared in a rigorous modern form (3.24), that
is used nowadays in contrast to the standard language of mathematical definition in that epoch,
was usually informal and often vague. Even if, in giving this definition, Peano referred to the
concepts of Grassmann in [81]] and of Jacobi in [91], those however were more rudimentary. As
A is not the whole of Euclidean space, in general the linear operator L in is not unique; if
it is, it is called the derivative of f at x and is denoted by Df (x).

Df(x) is called nowadays the Fréchet derivative of f at x, although Fréchet gave its informal
(geometric) definition only in [69] in 1911. Fréchet was apparently unaware of Peano’s defini-
tion, because one month later, he published in [70] another note, acknowledging contributions
of some authors, such as Stolz, Pierpoint and Young, but not that of Peano.

In 1892, Peano introduced the strict differentiability of f at x, see [I136]], that is, if (3.24])) is

strengthened to
im SO f)-Ly—w)
YU—XYFU ||y —ull
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He also noticed that strict differentiability amounts to continuous differentiability. This defini-
tion is frequently referred to Leach in [114]], where it is called strong differentiability, and to
Bourbaki in [21]].

Not only recently, a prominent role that nonsmooth analysis plays in connection with op-
timization theory is widely recognized, especially since the latter has natural mechanisms that
generate nonsmoothness: duality theory, sensitivity and stability analysis, decomposition tech-
niques, etc. Therefore, theories of generalized differentiability have been started. One of its
important applications is the topic of optimality conditions for nonsmooth and nonconvex prob-
lems. References [19,/129,|130,/147] are recent books that contain systematic expositions and
references on generalized differentiation and their applications to optimization-related problem:s,
including optimality conditions. Also, [[89,/141] are also detailed treatments on the issues.

Although a whole spectrum of denitions of differentiability can be given in analytical and/or
geometrical ways, we can observe that using of kinds of directional derivatives is often a first step
for a differential construction; see e.g. [89,97,/147] for often-met notions of directional deriva-
tives. Therefore, applying directional derivatives is a simple way to deal with optimization-
related problems in general and optimality conditions in particular, see [[71}73-76,{157].

In this subsection, by using I'-limits, we introduce a unified notation of derivatives. Let
N:(0) := A4(0) N (0,+e0) be a filter on (0,+e0), T be a topology on X, and f : X — R.

Let ¥ be the supremum of 7 and of the coarsest topology in X for which f is continuous.

An unified notation of derivatives of f at xq is defined by

D(AZ(0)3 972, 7%) f(x0) (h) := (rw(o)al 0%, %) lim L <x+f“t> — /()

) (x0,h),

(3.25)
with a; € {+,—}, o, a3 € {+,—,*} where ap = * (or oz = *) means that x (u, respectively) is
fixed and equal to xg (h, respectively).

The formula (3.25]) can be abbreviated as follows

DL4:92:95) £(x0) (k) = T ((t — 01) ™, (x — x0)®, (u — h)®) lim f(x—l—tut) — /) .

By using (3.25)), we get the following definition.

Definition 3.5.1. Let f: (X,7) — R and xo € X.

(i) The upper directional derivative of f at xq in direction h € X is

D) F(xo)(h) = T((t — 0*) ) lim L0 “ht) —fbxo),
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(i1) The lower directional derivative of f at xq in direction & € X is

DI~ f(x0) ) = (¢ — 0°) ) tim L0 2S00,

(ii1) The upper tangent derivative of f at xq in direction i € X is

DI £x0) (1) = T (¢ — 0%) (e — ) i L0 =S 0)

(iv) The lower tangent derivative of f at xq in direction i € X is

f(xo -i-tu)—f(xo)‘

t

D) f(xo)(h) =T ((r — 0) 7, (u— k)~ ) lim

(v) The upper paratangent derivative of f at xq in direction & € X is

fl+ 1)~ £0)

D) f(xg) () =T (£ — 07)™, (x = x0) ™, (u — )" ) lim p

(vi) The lower paratangent derivative of f at xq in direction & € X is

flot )= £)
t

D f(xo)(h) =T ((t—07) ", (x = x0) ", (u— b)) lim

In short, the results above can be expressed as follows

Unifying terminology Notation Traditional terminology
upper directional derivative | D% f(xo)(h) upper Dini derivative
lower directional derivative | D(—**) f(xq)(h) lower Dini derivative

upper tangent derivative DT £(xo)(h) | upper Hadamard derivative
lower tangent derivative D7) f(xo)(h) | lower Hadamard derivative

h) paratangent derivative

lower paratangent derivative | D(——7) f Clarke derivative

)

)

upper paratangent derivative pH+.+) f(xo0)
(xo)

3.5.2 Tangent cones

In this subsection, we recall some well-known tangent cones in optimization theory and
express them in terms of I'-limits.

Recently, various types of tangent cones have been studied in the literature. Their definitions
depend on variants of the limiting process. The most known contribution to the investigation

of these concepts is due to Bouligand in 1932, see [20]. One can find a mention about other
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contributors in papers of Guareschi [85,86], Saks [148]], Severi [151,|152], Federer [63] and
Whitney [170]. We can say that, for tangent cones, main references are Bouligand in optimiza-
tion theory, Ferderer in geometric measure theory and calculus of variations, and Whitney in
differential geometry.

However, by [54]], we discover that tangent cones were already known by Peano at the end
of 19th century. Indeed, in 1887, Peano gave in [135] a metric definition of tangent straight line
and tangent plane, then reaches, in a natural way, a unifying notion as follows

tang(A,x) := x+ Liminf A (A — x).

},H{»oo

Later, in 1908, he introduced in [[138]] another types of tangent cone, namely

Tang(A,x) := x+ Limsup A (A — x).
}1,—>+oo

To distinguish two above notions, we shall call the first lower tangent cone and the second
upper tangent cone. As usual, after abstract investigation of a notion, Peano considered signif-
icant special cases and calculated the upper tangent cone in several basic figures (closed ball,
curves and surfaces parametrized in a regular way).

Let S be a subset of X. The homothety of S, see [50,139,/145], is the set-valued map from
(0,+00) x X into X defined by

H5(t,x) = ;(S—x). (3.26)

5 can be considered as a relation in (0,4e0) x X x X . If x¢ is fixed, (3.20) is called the
homothety of S at xo and is denoted by 75 .
Let 7,0 be topologies on X. Based on the above homothety, we now give a unified notation

of cones as follows
v e Ts(A(0)M:052,7%) (x0) <= (D(A(0)%: 62, 7%)lim x(s)) (x0,v) =1,  (3.27)

with 6 be a topology induced on S by 0, o, 03 € {+,—}, 0p € {+,—,*}, where o = * means
that x is fixed and equal to xo.

The formula (3.27)) can be abbreviated as follows
(01,00,063)

veTy (x0) <= T ((r = 07)™, (x — x0) ™, (1 — v)®) lim x(5) = 1.

By (3.27), we introduce the following definition.
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Definition 3.5.2. Let S C X and xp € clS.
(1) The upper tangent cone of S at xg is defined by

ve T (x) = T((r — 07)F, (u— v) ") lim x5, ) = 1
(i1) The lower tangent cone of S at xq is defined by
ve Ty (xg) <= T((t — 07) 7, (u—v)")lim g, ) =1

(ii1) The upper paratangent cone of S at x¢ is defined by

ve T () = T((1 = 01), (x = x0) (= v) ) lim ) = 1.

(iv) The lower paratangent cone of S at xq is defined by

Ve Té_’_’+)(x0) = F((l — ()"‘)_’ (x _UCO)_, (u N V)+)lim Xy = 1

Proposition 3.5.3. (i) v € TSH’*'”L) (xo) if and only if for every Q € Nz(v), t > 0, there aret’ <t
and V' € Q such that xo +t'Vv' € S.

(i) ve Ts(f’*’ﬂ(xo) if and only if for every Q € Nz (v) there is t > 0 such that for all t' <t
there is V' € Q satisfying xo+1t'V' € S.

(i) ve TS(+’+’+) (x0) if and only if for every Q € Nz (v), W € AN (x0), t > 0 there are V' € Q,
X eW, t' >0 such that X +tV € 8.

(ivyve TS(_’_’Jr)(xo) if and only if for every Q € Nz(v) there are W € g (x) and t >0
such that for allt' <t, X' € W there is V' € Q satisfying X' +1'V' € S.

Proof. By the similarity, we prove only (iv). It follows from (3.27)) that v € TS(_’_’JF) (x0) if and
only if (D(A4(0)7: 8¢, T")lim ¥ ) (x0,v) = 1. ie.,

inf sup  sup inf inf sup x p(t',2' V) =1.
QM (V) We gy (xg) 10 I'SEXEW yeg ()

It means that for every Q € .#7(v) there are W € A (x0) and ¢ > 0 such that for all /' <7, x' e W
there is v € Q satisfying x’' +1'V' € S. O

Remark 3.5.4. When X is a normed space. We get the sequential form of these tangent cones
as follows

(1) TS(JF’*’H (xo)={veX:3t,— 0", Iv, = v,xo+1,v, €S}

(ii) TS(_’*’H (x0) ={veEX:Vt, — 0" v, > v,xo+1,v, €S}
(i) 7
+)

() T

(x0)={veX:3t,—0",3x, €S:x, — x0,IVy — v, Xy +1,v, € S}.
(xo)={veX:Vt, — 0" Vx, €S:x, — x0,Ivy — v, Xy +1,v, € S}.
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These cones, also called the contingent cone, the adjacent cone, the paratangent cone, and
the Clarke cone, respectively, were thoroughly studied in [[11H13}/17,50560L61.77-79,161] in
detail.

These results above give us a unified way to denote cones as follows

Unifying terminology Notation | Traditional terminology
upper paratangent cone TS(JF’Jr ) (x0) paratangent cone
upper tangent cone TS(+’*’+) (x0) contingent cone
lower tangent cone TS(_’*’+) (x0) adjacent cone
lower paratangent cone TS(_’_’+> (x0) Clarke cone

The tangent cones above play an important role in the study of various mathematical prob-
lems, including optimization, viability theory, and control theory. Moreover, once one has a con-
cept of tangent cone, one can construct a corresponding derivative of a set-valued map. Some
of them are presented in the table below as examples, see book [11] of Aubin and Frankowska.
Let F : X — 2" and (xo,y0) € grF.

Definition

gr(DF 1) (xo,y0)) = g,(r;+ (x0,30)

Traditional terminology | Unifying notation

paratangent derivative | DF(H%) (xg,y0)

contingent derivative FH5H) (x0,y0) | gr(DFEH) (xg,y0)) = ng et (xo, y0)
adjacent derivative H(xo,v0) | gr(DF*H) (xp,v0)) = Tg(rF’ ’ (xo,yo)
circatangent derivative H(xo,v0) | gr(DF =) (xp,y0)) = Tg(rF"_’ )(xo, Y0)

Inspired by them, many kinds of generalized derivatives have been defined and applied to
optimization. Some of them, e.g., variational sets, radial sets, radial derivatives, and Studniarski
derivatives, will be introduced in Chapters ] [5] and [f] They can also be expressed in terms of

I'-limits.
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Chapter 4

Variational sets and applications to
sensitivity analysis for vector optimization
problems

4.1 Introduction

First-order derivatives (of various types, classical or generalized) of a map are used to ap-
proximate a given map to simplify a problem under consideration. To have better approxima-
tions, higher-order derivatives are applied. For generalized derivatives and their applications in
variational analysis, see books [19] of Bonnans and Shapiro, [[129}/130]] of Mordukhovich, [[147]]
of Rockafellar and Wets, and long papers [89] of Ioffe, and [[141] of Penot. Examining the ex-
isting optimality conditions, we can observe that the key argument is included in a separation
of suitable sets. To explain the idea, let us take the well-known scheme of Dubovitskii-Milyutin
in [58] for first-order optimality conditions in single-valued scalar optimization problems : the
intersection of the cone of decrease directions of the objective function and the cone of feasible
directions defined by constraints must be empty at a local minimizer. Here, the cone of decrease
directions is defined by a kind of derivatives. For other theories of optimality conditions, espe-
cially of higher-order conditions, we may have separations of sets, not cones. An important point
for a necessary optimality condition of this type is that the larger the separated sets, the stronger
the result. This was a motivation for Khanh and Tuan in [105,106] to propose variational sets re-
placing derivatives so that they are bigger than sets defined by known derivatives and can be used
in the mentioned separation. Some advantages of this generalized differentiability were shown
by Khanh et al. in [7,|105,|/106], e.g., almost no assumptions are required for variational sets

to exist; extentions to higher orders are direct; they are bigger than corresponding sets of most
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derivatives, which implies advantageous results in establishing necessary optimality conditions
by separation techniques, etc.

In this chapter, we will present our results, published in [3]], on variational sets in sensitivity
analysis. We study properties of perturbation maps, in terms of higher-order variational sets.
Regarding solutions of vector optimization, we restrict ourselves to basic notions of (Pareto)
efficient points and weak efficient points. Correspondingly, our concern is to deal with pertur-
bation maps and weak perturbation maps. We employ variational sets in both assumptions and
conclusions. We also show cases where our results can be employed but some existing results

cannot. Examples are provided to ensure the essentialness of each imposed assumption.

4.2 Variational sets of set-valued maps

In this section, we introduce the concept of variational sets of set-valued maps and establish

some results on the relationship between variational sets of F' and its profile map.

4.2.1 Definitions

Let X and Y be normed spaces, C be a pointed closed convex cone in Y. To approximate
multivalued map F : X — 2V at (xg,y0) € grF, we recall two types of higher-order variational

sets as follows.

Definition 4.2.1. ([105,/106]) Let vy, ...,v,,—1 €Y.

(i) The first, second, and higher-order variational sets of type 1 are the following

. 1
VI(F,xo,yo) := Limsup ;(F(x)—yo),

F
x—xg, t—0F

) 1
V3(F,x0,y0,v1) := Limsup t_z(F(x)_)’O_tVI)a

F
x—xgp, t—01

m—1

. 1
Vm(Fax()?yO)Vb”' ,mel) = lesup t_m(F(x) —Yo—tvi—---—1t mel),

F
x—xg, t—0F

F
where x — xg means that x € dom F and x — xj.

(i1) The first, second, and higher-order variational sets of type 2 are the following

W1<F7X07)’0) := Limsup COI’le+(F(X) _yO);

F
x—xg t—0F
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1
WZ(F7XOaYO7V1) = Limsup ;(COHC+(F(X) _yO) _Vl),

F
x—xp t—01

1
W"(F,x0,50,v1,++ ,Vm—1) := Limsup ——(cone (F(x) —yo) —vi —---—1""

1 mel)-

xixo t—0t
(ii1) If the upper limits in (i) are equal to the lower ones, then these limits are called the first,
second, and higher-order proto-variational sets of type 1 of F at (xq,y). Similar terminology is

defined for type 2.
By using equivalent formulations for the upper limit of a set-valued map (see [11]), i.e.,
Limsup F(x) ={y €Y : dx, € domF : x,, — x0,3y, € F(xn),yn — ¥},
F
X—X0

we easily obtain the following formulae of two types of variational sets.

Proposition 4.2.2. ([7]) (Equivalent formulations of V") V"(F, xq,y0,V1,"** ,Vm—1) IS equal to
all of the following sets

(i) {yeY: liminf 2d(Yo+1v1 + ...+ 1y + 1My, F (x)) = 0},
x—xg, t—07T

(i) {yeY:3t, — 0" I, gxo,EIr(t;l") = 0(2™), Y0,y +tovy + ... 27!

F(xn)},

Vm—1+tr'zny+r(t}'1n) €

1

(iii) {y €Y :3t, — 01,3, gxo,Elvn — WV, yo+t v+ ot Ve 1, € F(xp) },

) F o1 _
(iv) {er:Eltn—>0+,5|xn—>x0,5|yn6F(xn),nlggt—m(yn—yo—tnvl—...—t;l" lvm,l):y},

n

»w NN U (timw(x)—yo—m—...—tmlvm_1)+eBY),

e>0 a>0 O<t<o
B>0 [x—xgll<B

: 1 _
(vi) ﬂcl U W(F(X)—yo—tvl—...—tm lvm_l).
>0 0<r<a
B>0  x—xol<B

Proposition 4.2.3. ([7]) (Equivalent formulations of W) W™ (F,xo,y0,V1, ..., Vm—1) has the fol-

lowing equivalent expressions

(i) {yeY: liminf —ld(vi+..+1" 2,1+ 'y,cone; (F(x) —yo)) =0},

x—xg, t—01

47



§4. Variational sets and applications to sensitivity analysis for vector optimization problems

(i) {yeY:3r,— 07,3, L %o, (D =0t 1), Y, vy o A 2y (e €
cone. (F(xn) = yo)},
(i) {y €Y :3t, — 0", 3, LN X0, Ivn — VR,V A+ o 20 +t,’l"_1vn € cone (F(x,) —
yO)}a
tm—2

. F ) 1
(iv) {yeY:3t, —0",3x, = xo, 3y, € cone. (F(x,) —yo), lim =Vt V1) =

n—oo tl’l
¥}

1 —
™M NN U (G=(cone (F(x)=yo) —vi—... =" *vy_1) +€By),
e>00>0 O<t<a t
B>0 [x—xgl|<B

m—1

1
(vi) (el |J =—(cone(F(x)—yo)—vi—... — 1" 2, 0).
a>0 0<r<a
B>0  |x—xoll<B

Remark 4.2.4. For all m > 1, we have
(1) Vm(F7x07y07VI7"'7vm—l) C Wm(F7x07y07v17"'7vm—1)-
(11) Vm(F,XOaYO,O,---»O) = Vl(vaan())’ Wm(FaXan()?Ow"?O) = Wl(va03y0)~

(iii) If v; ¢ V(F,x0,y0) then V2(F,xg,y0,v1) = 0. If one of the conditions v; € V!(F,x, o),
oo V1 €V Y(F, x0,v0,V1, ..., Vu_2) is Violated, then V™(F,xg,y0, V1, ..., Vm_1) = 0. The

variational sets of type 2 have the same property.

(iv) Variational sets can be expressed in terms of I'-limits as follows

ye Vm(Fv)CanOavl?"'avm—l)

< inf inf inf sup sup sup % X y)=1
QN (y) WEN (x0,domF) 1>0 0y 4 W yeQ gr("iﬂFvy0‘rV1v-~~=Vm71)( X,Y)

= T(A(0)", A (xo,dom F) ", A () ") lim g, =1,

where A (xo,dom F) := A (xg) Ndom F, and L.y v, ,..v_; : (0,+00) x X — 2V is defined

by
LEyorwm x) = t/im(F(x') —yo—t'vi—...— "™ v, ).
y € W(F,X0,Y0, V1, s Vin—1)
<— inf inf inf sup sup sup Xgr(%yo,vlmvm,l)<t/’x,’yl) =1

Q€N (y) WeN (x0,domF) 1>0 gy 4 W yeQ

= T(A0)7, A (x0,dom F) T, A (y) ) iim Yoy ) =1
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where J5 0 v, vy 1 (0,400) X X — 2 is defined by
1

m

/m—1

%7)’O:V17~~7Vm71 (l‘/,x,) = (CODC+(F(X/) - YO) - tlvl T _t Vm_l)'

The inclusion in Remark 1) may be a strict inclusion or an equality as shown by the

following examples.
Example 4.2.5. Let X =R, Y =R? and, forn = 1,2, ...,
({(0,0)}, ifx=0,
{(=n,n)}, ifx:%,
b, ifx=In(1+1),
1,%)}, if x = sin (1),

, otherwise.

Then, for (xg,y0) = (0,(0,0)) € grF and v; = (1,0) € Y, one has
V(F,x0,y0) = {(»1,0) €Y :y1 > 0},
V3(F,x0,y0,v1) = {(y1,0) €Y : y1 € R},
W (F,x0,y0) = {(31,0) €Y :y1 > 0} U{(—y1,y1) €Y : 31 >0},

W2(F,x0,0,v1) = {(y1,52) €Y : 2 > 0}.

Example 4.2.6. Let X =R, ¥ =R? and, forn = 1,2, ...,

( {(0,0)}, ifx=0,

{(=n,n)}, ifx:%,

{G:0)}, ifx=mn(1+3),

0, otherwise.

\

Then, for (xo,y0) = (0,(0,0)) € grF and v; = (1,0) € Y, one has
VI(F,x0,50) = {(y1,0) € Y : y1 >0},

W (F,x0,50) = {(y1,0) €Y : 31 > 0YU{(~y1,y1) €Y :y; >0},

V2(F,x0,y0,v1) = W2(F,x0,y0,v1) = {(1,0) €Y : y; € R}.
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Remark 4.2.7. Recall that the higher-order contingent derivative of F at (xq,yo) (relative to

(u1,v1)s -+ » (—1,Vm_1)) is the map D™F (xo,y0,u1,V1, - s tm—1,Vm—1) : X — 2¥ (see [11])
defined by
. 1 -1 /
DmF<XO>)’O7”17V1,"‘ 7”m—17vm_1)(u) := Limsup _m(F(XO+tu] +o " o + 1" >_
' —u,t—07t
—yo—tvi = ="y, ).

We can say roughly that the contingent derivative is a directional variant of variational set
V™. Similarly, most of generalized derivatives (e.g., the (upper) Dini derivative, Hadamard
derivative, adjacent derivative, etc) are also based on directional rates, while for the variational

o F . .
sets we allow the flexibility x, — xo. That is why these sets are big
D™ F (x0,y0,u1,v1," s thm—1,Vim—1)X C V" (F,x0,y0,v1," "+, vm—1) € W™ (F,x0,Y0, V1, ,Vim—1)-

More comparisons between variational sets with well-known derivatives were stated in Propo-
sition 4.1 in [105] by Khanh and Tuan.

4.2.2 Relationships between variational sets of ' and those of its profile
map

The first simple result about a relation between variational sets of the two maps F' and its

profile map is as follows.

Proposition 4.2.8. (i) V" (F,x0,y0,v1, " ,Vm—1) +C C V" (F +C,x0,Y0,V1,"** ,Vin—1),
(11) Wm(F7an)’07V17"’ 7vm—1>+c g Wm(F+C;XO7YO,V17"' 7vm—1)-

Proof. By the similarity, we present only a proof for (ii). Lety € W™ (F,xq,y0,v1," " ,Vm—1) +C,
i.e., there exist v.€ W™ (F,x0,y0,V1, " ,Vm—1) and ¢ € C such that y = v+ c. Then, there are

t, — 0", x, LiR xo and v,, — v such that
Ba(vi 441" 20 1" (v, +¢)) € F(x,) +C —yo.

So,v+c € WF +C,x0,Y0,V1, " yVin—1)- O

The inclusions opposite to those in Proposition[4.2.§ may not hold as the following example

shows.
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Example 4.2.9. Let X =R, Y =R?, C =R, (x0,y0) = (0,(0,0)), and

{(0,0)},  ifx=0,
F(x)= { '
{(_17_1)}7 1f_x7£0,

Then, we have V!(F,xo,y0) = {(0,0)} and V!(F + C,x0,y0) = R?. Thus, V' (F 4 C,x0,y0) €
VI(F,x9,y0) +C. Let vi = (0,1) € VI(F +C,x0,y0). Then, V2(F + C,x0,y0,v1) # 0 and
V2(F,x9,y0,v1) = 0. Consequently,

V2<F+C»XO,YO7V1) Z VZ(F,XO,yO,VI)‘f’C-

For variational sets of type 2, one has W!(F,xo,yo) +C = R*> = W (F + C,x0,y0) and v €
WI(F +C,x0,y0). But, W?(F +C,xo,v0,v1) = R? and W?(F,xg,y0,v1) = 0. Hence, W?(F +
C,x0,y0,v1) € W2(F,x0,y0,v1) +C.

Proposition 4.2.10. Suppose C have a compact base. Then
(1) MinC\{O} Vm(F +C7x0;y0,v17' e 7vm—1) - Vm(F,x()?yO?V]a' e 7Vm—1)7
(11) MinC\{O} Wm(F+C7X0;YO,V1 )t 7vm—1) - Wm(Fax();yO?Vl?' e ,vm—l)-

Proof. We prove only (i). Let v € Minc\ (0} V™(F +C,x0,Y0,V1,"** ,Vm—1)- Then, there exist
t, — 0T, x, LR X0, yn € F(x,), and ¢, € C such that, for all n, v, := 1, (yn, + cn — Yo — thv1 —

o=t 1y, 1) — v. Then,
Yo —i—tnvl+---+t,’:’_1vm,1+t,’lnﬁ—cn € F(x,). 4.1)

We claim that ¢, /7' — 0 (for a subsequence). For a compact base Q of C, one has ¢, = &, b, for
some oy, > 0, b, € Q. If o, = 0 for infinitely many n € N, we are done. Hence, let o, > O for
all n, we may assume that b, — b € Q. Then, ¢, /t" = a,b, /t" — 0 if and only if @, /1" — 0.
Suppose that a,/f' does not converge to 0. Then, nothing is lost by assuming that a, /1" > €
for some € > 0. Let ¢, := (&t /oy, )cp. Then, ¢, — ¢, € —C and

Yo+ tavi 41" N 1 — G € F(x,) +C.

Since ¢, /1" — €b # 0, one has v, —t,, "¢, — v—¢€b, and hence v—eb € V" (F +C,X0,Y0,V1,** s Vin—1)-
Thus,
—&b e (Vm(F+C,any07v17”' 7Vm71) _V) N <_C\{0})7
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contradicting the efficiency of v. Therefore, ¢, /1! — 0. It follows from (4.1)) that

_ __c
Yo+ tavi+ -ty 4T (vn — t—;) € F(x,),
n
and v, —t,"c, — v. S0, v € V"(F,x0,Y0,V1,"** sVim—1)- O
For weak efficiency, we do not have a similar result, as indicated by the following example.

Example 4.2.11. Let X =R, ¥ = R2, C = R2, (x9,y0) = (0,(0,0)), and

( {(0,0)}, ifx=0,

(0,~1)}, ifx= %

L 0, otherwise.

Then, we have
V(F.x0,y0) = {(x,y) €Y :y = —x,x > 0},

W!(F,x0,50) = {(0,y) €Y : y <O}U{(x,y) €Y : y = —x,x > 0},
VI(F+C7x07y0) = W1<F+C7x07y0) =Ry xR.
Consequently, Minj,.c V! (F 4+ C,x0,y0) = Minjp.c W (F +C,x9,v0) = {0} x R. Therefore,
Miniyic V' (F +C,x0,y0) Z V' (F,x0,y0), Mininic W' (F 4 C,x0,0) € W' (F,x0,0).-
If intC # 0, for weak efficiency, we have the following analogous properties.

Proposition 4.2.12. Suppose C CintCU {0} be a closed convex cone with a compact base. Then
(1) Minintcvm(F+C7x07y07v17' o 7Vm71) - Vm<F»an)’O7V17 T 7VWL*1)7
(ll) MinintCWm(F+C7x07y07vla e JVm71> - Wm(F7x07y07V1,' o 7Vm71)-

Proof. We prove only (ii). Since C CintCU {0}, any v € Minj, . c W"(F —|—CA’,x0,y0, VI, Vin—1)

satisfies

v € W™(F +C,x0,50,V1, " s Vm—1) NMing, (o, W" (F +C,X0,Y0,V1, V1), (4.2)
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where Ming\{O}Wm(F +C,X0,Y0,V1, " - ,Vm—1) is the set of efficient points ome(F—f—é,xo,yo, Vi,
) ~ . F ~
-+, vyu—1) with respect to the cone C. Hence, there exist t,, — 0", x, — x0, vp — v, ¢y € C, and

h,, > 0 such that, for all n,

vi+--- +t}l"’2vm,1 +t,’l"’1vn
hy

—cp € F(x,) — yo. 4.3)

For a compact base Q of 6 there exist o, > 0 and ¢, € Q such that ¢, = o,q,. We may
assume that g, — g € Q We claim that h,a,/ t,’f‘l — 0" (for a subsequence). This is true if
a, = 0 for infinitely many n € N. Now, suppose to the contrary that o, > 0, and h,a, /¢!
does not converge to 0. Then, we may assume that h,q,/ t,’l”*1 > ¢ for some € > 0. Letc, :=
(et hy00,)cn € C. Then, we have ¢, — ¢, € C. By , we obtain

vi+--- +t,’,”_2vm_1 —H,’{’_lvn
hn

—Cp € F(Xn) —}—é\—yo.
As hyc, /t" 1 — £q # 0, this implies that v — &g € W"(F +6,x0,y0,v1, -+, Vm—1). Therefore,
—€q < (Wm(F ‘1‘6,3607)’07"1 st 7Vm—1) - V) N (_6\ {O})a

which contradicts 1} Hence, h,0,,/t"' — 0" and v, — 1, (m_l)hncn — v. It follows from
4.3) that v € W™ (F,x0,Y0,V1," " ,Vin—1)- O

To get the equalities in Proposition 4.2.8, we need the following new notions.

Definition 4.2.13. Let (xo,y0) € gtF, vi, -+ ,vu—1 € Y, and m € N. The m-th order singular
variational set of type 1 (type 2, respectively) of F at (xo,yp) is defined by

VU (F X0, ¥0,v1, -+ ,vm—1) = {y€Y: I, L %0, 3ty — 0,34, — 07,
S
n
(WU (F,x0,90,V1,++ Vme1) = {y€Y:Ix, L x0,3t, — 0+, 3N, — OF,
3y, € e (Flan) _yo)tm_—vll S e ),
n

Definition 4.2.14. LetACY.

(1) A 1s said to have the domination property if and only if A C Minc, (o} A +C.

(i) When intC # 0, we say that A has the weak domination property with respect to Cif and
only if A C Minj,cA + C, where C C intCU {0} is a closed convex cone.
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Proposition 4.2.15. Let C have a compact base.
(1) Let either of the following conditions hold:
(i) V"(F 4+ C,x0,Y0,V1," " ,Vm—1) has the domination property,
(i2) V=" (F,x0,y0,v1, - ,vm—1) N (=C) = {0}.
Then
V™(F 4+ C,x0,Y0,V1," "+ sVm—1) = V" (F,x0,Y0,V1,"** yVm—1) +C, (4.4)

MinC\{O} Vm(F +C7-x07y05v17' o avmfl) - MinC\{O} Vm(F,x07)’07V1; Tt 7Vm71)- (45)

(i1) Let either of the following two conditions hold:
(iiy) W"™(F 4+ C,x0,Y0,V1," " ,Vm—1) has the domination property,
(ii2) W) (F.x0, 0,15+ s vm—1) N (=C) = {0}
Then
W™(F +C,x0,50,v1,+ s vm—1) = W"(F,x0,50,v1,** ,vm—1) +C,

Ming\ (o W*(F +C,x0,y0,V1,"** ,Vm—1) = Ming\ oy W (F, X0,Y0,V1,"** , Vin—1)-

Proof. We prove only (i). First, we check (4.4). By Proposition 4.2.8(i), we need simply to
verify that

Vm(F+C7x07y07V17"' 7Vm71) g Vm(F7x07y0>V17'” avm71> +C.

If (iy) holds, then V" (F +C,x0,Y0, V1, "+ ,Vm—1) € Ming\ 10y V" (F +C, x0,y0,V1,"** ,Vm—1) +C.
Hence, (4.4)) is satisfied since we have (by Proposition 4.2.10)

MinC\{O} Vm(F+C7x07y07v17"' 7Vm71) +C g Vm(F7x07y07v17"' 7Vm71) +C

If (i) holds and v € V"(F +C,x0, Y0, V1, * ,Vm—1), then there exist £, — 0T, x,, LR x0, yn € F (xp),
and ¢, € C such that ¢, ™ (y,+cn—yo —tyvi — - - —t,’l””vm_l) — . If one has ng such that ¢, =0
for all n > ng, then v € V"(F,xp,y0,v1, - ,Vm—1)- If there is a subsequence, denoted again by
{cn} with ¢, # 0, we claim that {||c,||/7)'} be bounded. Indeed, otherwise we may assume that

llcall/t — oo and ¢, /||cp|| — € € C\ {0}. Setting

B e i P R
! o C el
we get
— Yo —tqvy — =ty — 1My

o'
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As )Ln - 0+’ this means —c¢ € Vw(m) (FJCOJO;Vl»' o 7Vm—1) N _C\ {0}7 Contradicting (i2). So,
{l|cal]/£™} is bounded and ||c, ||/t — a > 0. With vy, := |[c, ||~  (yn—yo —tavi — - =" 1 —

t"'v,), one has

_ Ccnllvn
)’0+an1+---+$;" 1Vm—1+t,T (Vn+ || n” n) :ynEF(xn)~

'

It easy to see that v, +1,™||cy|[V; — v —ac. Thus, v —ac € V"(F,x0,Y0,V1, " ,Vm—1) and (4.4)
is satisfied. (4.5) is implied directly from (4.4)). O

The following example shows that conditions in Proposition {.2.15] are essential.
Example 4.2.16. Let X =R, Y =R2, C=R3, xy = 0, yo = (0,0), and

{(0,0)}, ifx <0,
F(x) =
{(070)7 (_17 _1)}7 ifx > 0.
Then,
RZ, ifx<0,
F+C)(x) = .
( )(x) {O1,y2) i1 = =1L,y > —1}, ifx>0.
By calculating, we get V! (F,xo,v0) = {(0,0)} and V! (F +C, x0,yo) = R?. So the conclusions in
Proposition [4.2.15(i) does not hold. The reason is that both conditions in Proposition [4.2.15]i)
are not satisfied.
Obviously, V1(F +C,xg,yo) does not have the domination property. Next, we show that
1 1 1
V=W (F,x0,y0) N (—C) # {(0,0)}. Indeed, by chosing x, = — — x0, 1, = — — 0", A, = — — 0%
n n n
and y, = (—n, —n), it is easy to check that

F(x,)—
Yn € w and Ay, — (—1,—1).

n

Thus, (—1,—1) € V=(F, x0,y0) N (=C).
The following result for weak efficiency can be proved similarly as Proposition

Proposition 4.2.17. Let C CintCU {0} be a closed convex cone with a compact base.
(1) Impose either of the following two conditions:

(i) V"(F + 6, X0,Y0,V1," " sVm—1) has the weak domination property with respect to

o
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(12) Voo(m) (F,XOaYO;Vh' o 7Vm—1) N (_6) = {0}
Then

Minintcvm(F7x07y07V17"' 7Vm—1) - MinintCVm(F+Cax0;y07v17'" 7vm—1)-

(i) Let either of the following conditions hold:
(ii;) W™(F + C yX0,Y05 V1, sVm—1) has the weak domination property with respect
to C,
(i) W= (F,x0,y0,v1, ", vm—1) N (—C) = {0}.
Then

MinintCWm(F7x07y07vla"' 7vm—l) - MinintCWm(F+C7x03y07vl7' o 7vm—l)~

4.3 Variational sets of perturbation maps

In this section, we apply results of subsection [4.2.2] to set-valued optimization. Let U be a
normed space of perturbation parameters, ¥ be an objective (normed) space ordered by a pointed
closed convex cone C and F : U — 2. One aims at finding the set of efficient points or the set of
weak efficient points of F(u) for a given parameter value u. Hence, we define set-valued maps
G and S from U to Y by, foru € U,

G(u) := Minc\{o} F(u), S(u) := Minjpc F(u).

As it is well-known, G and S are called the perturbation map and weak perturbation map,
respectively. The purpose of this section is to investigate relationships between variational sets
of F and that of G and S, including relations between the set of efficient points or the set of weak
efficient points of these variational sets.

A map F is said to have the domination property around ug if and only if there exists a
neighborhood V of ug such that F(«) has the domination property for all u € V. The map F is
said to have the weak domination property around ug with respect to Cifand only if there exists
a neighborhood V of ug such that F(u) has the weak domination property with respect to C for

all u € V, where C C intCU {0} is a closed convex cone.
Remark 4.3.1. (i) Suppose yp € G(up) and F have the domination property around uy. Then
Vm(G+C7 Uuo,¥y0,VvV1," - ;Vm—l) = Vm(F +C; up,yo,VvVi, - 7vm—l)7

56



§4. Variational sets and applications to sensitivity analysis for vector optimization problems

Wm(G‘f’C,MOa)’OaVl;"' 7Vm—l) — Wm(F‘f’C,MOaYO;Vl,"' avm—l)'

(ii) Suppose yo € S(up) and F have the weak domination property around u( with respect to
C. Then
Vm(S+6, up,yo,vi, - - 7vm—1) = Vm(F +67 up,yo,vi, - 7Vm—l)7

Wm(S+67 up,y0,vV1, " 7Vm71) = Wm(F +67 up,y0,V1, " 7Vm71)-
The first result on efficiency is as follows.

Theorem 4.3.2. Let (ug,yo) € grG and vy,--- ,vy—1 €Y. Suppose F have the domination prop-
erty around ug and C have a compact base.
(1) Assume further either of the following two conditions:
(i) V" (F +C,ug,y0,v1,"** s Vm—1) has the domination property,
(i2) V=" (F,ug,y0,v1,++ ,vm—1) N (—C) = {0}.
Then

Ming\ oy V" (F, 40,Y0, V1, + ,Vm—1) = Ming\ g0y V" (G, 40,50, V1, + , Vin—1)-

(i1) Impose either of the following conditions:
(iiy)) W™(F 4+ C,ug,y0,V1,"** ,Vm—1) has the domination property,
(i) W= (F,ug, 0,1, ,vm—1) N (—C) = {0}.

Then

MinC\{O} Wm(F7 uo,yo,vi, - 7vm71) - MinC\{O} Wm(G7M07)’07V17 Tt 7Vm71)-

Proof. We prove only assertion (i). Remark [4.3.1(i) yields that V(G + C,u0, Y0, V1, ,Vm—1)
also has the domination property. Because either (i;) or (i2) holds, from Proposition we
get

Ming\ (o, V" (F,u0,Y0, V1, + ,Vm—1) = Ming\ g0y V" (F + C, 0,0, V1, , Vin—1)

= Ming\ 10y V"(G + C,u0,Y0,V1, "+ s Vm—1) = Ming\ joy V" (G, 40,50, Y1, * s Ym—1)-

The following example illustrates Theorem 4.3.2]
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Example 4.33. Let U =R, Y =R%, C=R2, yyp =0, yo = (0,0), and F(u) = {(y1,y2) €Y :
yi=1u,y2 > |y1|} foru € U. Then, G(u) = {(y1,y2) €Y : y1 =u, y2 = |y1|}. Letv; = (=1,1)

fori=1,---,m— 1. Direct calculations give
VI (Fu0,50, V1,7 svm=1) = W"(F,u0,0,v1,"" ,Vim—1)
{Ouy) €Y iy znly, ifm=1,
- { {O32) €Y iyi+y2 20}, ifm> 1.
V™(G,u0,y0,v1,7+ vm—1) = W™(G,u0,y0,v1,"* ,Vim—1)
{OGy2) eYiym=nly, ifm=1,
{ {(y1,y2) €Y :y1+y2 =0}, ifm> 1.
We can check that assumptions of Theorem are satisfied for all m. Direct checking
yields
Ming\ oy V" (F,40,Y0,V1,"** ,Vm—1) = Ming\ 03 V" (G,u0,¥0,V1," "+, Vin—1)
= Ming\ 10y W"(G,u0,¥0,V1," "+, Vim—1)
{O1,32) €Y :y1 <0, y2=[nf}, ifm=1,
{ {1,y2) €Y 1 y1+y2 =0}, ifm>1.
Similarly, by Remark {4.3.1(ii) and Proposition 4.2.17] we have the following for weak effi-

ciency.

Theorem 4.3.4. Let (ug,yo) € grS and vy,--- ,vy—1 €Y. Suppose F have the weak domination
property around uy with respect to C, where C C intCU {0} is a closed convex cone having a

compact base.
(1) Let either of the following two conditions hold:

(i) V"(F + c JUQ,Y0,V1 " ,Vm—1) has the weak domination property with respect
to C,

(12) Voo(m) (Fa uo,Yo,vi,- - 7vm—1) N (_6) = {O}

Minintcvm(Fau()?yOvvl:"' 7vm—1) = MinintCV’n(Sau()ay()?Vlv"' 7vm—l)~

(i1) Impose one of the following two conditions:
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(ii;) W™(F +6, Uo,Y0,V1,"* ,Vm—1) has the weak domination property with respect

(iia) W) (F,ug,y0,v1, -+ ,vm_1) N (—C) = {0}.

Minj.c W (F,u0,y0, V1, ,Vim—1) = Minjnec W (S,u0,50,v1, "+ ,Vin—1)-
Example 4.3.5. Let U =R, Y =R?, C=R3, up =0, yo = (0,0), and
{OLy2) €Y iyr=u, y2 > -y}, ifu<0,
F(u) =
{y1,2) €Y :0<y; <u, y, >0}, ifu>0.

Then,
S {()’1=)’2)€Y3)’1:M7 )’22—)’1}7 lthSO,
u)=

{1,2) €Y :0<y; <u, y, =0}, ifu>0.

Letv; = (1,0) fori=1,---,m— 1. Direct computations yield that
. RIU{(1,y2) €Y 131 <0, 32 > -y}, ifm=1,

4 (Fvu()?yO)Vla"' ,mel) =

RxR.,, ifm>1,

and
. {(1,32) €Y 131 <0, y2 > —y1}URy x{0}), ifm=1,
4 (57”00’07"1,"' 7vm—l) =
R x {0}, ifm>1.

For each of F' and S, variational sets of two types coincide for all m > 1. We can check that
assumptions of Theorem are fulfilled for all m (for an arbitrary closed convex cone C such
that C € int R2 U{(0,0)}). Direct verifying gives

MinintC Vm(F7 up,yo0,V1, "+, Vm—]) = MinintC Vm(S7 up,y0,V1, "+, Vm—])
= MinintCWm(S7 up,yo,vi, - 7Vm—1)
{01,y2) 1 v1 <0, y2==y1}URy x{0}), ifm=1,
R x {0}, ifm>1.
Note that the set of (Pareto) efficient points is much smaller than that of weak efficient points
{Oi) €Y iyi=u, yo=—y}, ifu<o,
Gu) =
{(0,0)}, ifu > 0.
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For v; = (1,0), i = 1,---,m — 1, we have V!(G,uo,y0) = W"(G,u0,y0) = {(y1,y2) € ¥ : y1 <
0, y2 = —y1}, and they are empty for m > 1. We can check that assumptions of Theorem [4.3.2]

are satisfied for m = 1 and
MinC\{O}Vl(F,uo,yO) = MinC\{O}Vl(G,uo,yo)
= Minc\ (o W' (G, u0,y0)
= {O1») €Y1y <0, y2=—y)}.

In the following case, Theorems [.3.2]and 4.3.4] can be used, but some recent existing results

cannot.
Example 4.3.6. LetU =R, Y =R?, C=R2, up =0, yo = (0,0), and

{(0,0)}, if u=0,

1 -1, -1 1 1
F = . . e
(u) {(O,O),(n3,n3),(n3,n3)}, 1fu-;f0rn€N,
0, otherwise.

Then, S(u) = G(u) = F(u). Forv; = (1,—1), v = (—1,1). Calculations give
VI(F,u0,y0) = W' (F,u0,50) = {(v1,52) €Y : y1+y2 =0},

V2(F,u0,y0,v1) = W2(F,u0,y0,v1) = {(y1,52) €Y : y1 +y2 =0},
V3(F,u0,y0,v1,v2) = W3 (F,u0,0,v1,v2) = {(y1,y2) €Y : y1 +y, = 0}.

We can check that assumptions of Theorems [4.3.2| and 4.3.4] are satisfied. Calculating the lower

Studniarski derivative of F at (ug,yo) (see [158] for the definition), we have d"F (ug,yo)(u) is
empty for all u € R. Hence, Theorems 4.1-4.3 and Corollaries 4.1-4.3 of [158] cannot be in use.
Since D?F (ug, yo,u1,v1)(u) = 0, for all u € R, Theorems 4.3, 4.7, and 4.10 of [[167] in terms

of second-order contingent derivatives cannot be applied either.

Proposition 4.3.7. Let (ug,yo) € grSand vy, -+ ,vyu—1 €Y. Suppose F have a proto-variational
set of order m of type 1 at (ug,yo). Then

Vm(SaMO,yO,Vlf" 7vm—l) - Minintcvm(F7u07y07v17"' 7vm—1>-
Proof. Lety € V"™(S,ug,v0,v1,"** ,Vm_1), i.€., there exist t, — 0, u, 3, ug, and y, — y such
that
Yo+t +--- +t;znyn € S(un) C F(un)v (4.6)
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so y € V"(F,up,¥0,V1, " ,Vm—1). Suppose y & Minyyc V™ (F,ug,y0,v1,"** ,Vm—1), i.€., there
exists some y' in V"(F,ug,y0,V1,-.., vm—1) such that y—y’ € intC. For the above sequences 1,
and uy, there exists y/, — y such that yo +#,v; + - - -+ 17y}, € F (uy), and y, — y}, € intC for large

n. Consequently,
(Y0 +tavi -+ 1y'vn) = (Yo +tavi - 131y,) = 13 (v — ¥y) € intC,

i.e., yo+tyvi 4 -+ + 10y, & Mininee F (u) = S(un), which contradicts to (#.6).

[
Unfortunately, the similar result is not true for W™, as indicated by the next example.
Example 4.3.8. LetU =R, Y =R? C=R2, and
{0} xR)URx {0 U{(x,y) €Y : x> +y* =1}, ifu=0,
Fu):{q), if u 0.
Then,
(o0, =1) x {0} U ({0} x (—oo, 1)) U{(x,y) : * +y* = Lx <0,y <O}, ifu=0,
S(u):{ 0, ifu#0.

The map F has a proto-variational set at (0, (—1,0)) and W!(F,0,(—1,0)) = (R, x R)U(R_ x

{0}). However, we have
Miniyc W (F,0,(—1,0)) = ({0} x R_)U(R_ x {0}),
W1(s,0,(=1,0)) = (R_x {0})U{(x,y) €Y : y < —x,x >0},
and hence W!(S,0,(—1,0)) € Minj,;c W!(F,0,(—1,0)).

Can we get a similar result when “G”’and “Minc\ (o} replacing “S”and “Minjyc” in Propo-

sition4.3.7? The following example gives a negative answer.
Example 4.3.9. LetU =R, Y =R?, C=R?, and

{(x,y) €Y x>0,y < —x}U{(x,y) €Y :y=—x}, ifu=0,
F(u):{
0, if 1 0.
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Then, G(u) = Ming, foy F () is defined by G(0) = {(x,y) €Y : y = —x,x <0} and G(u) = 0 for

any u # 0. We see that F' has the following proto-variational set
VI(F,0,(0,0)) = {(x,y) €Y : x>0,y < —x}U{(x,y) €Y : y = —x}.

Since Minc\{O}Vl(F,O, (0,0)) ={(x,y) €Y : y=—x,x <0} and V!(G,0,(0,0)) = {(x,y) €Y :
y = —x,x <0}, one has

Vl (Ga 07 (07 O)) % MinC\{O} Vl (Fa 0, (07 0))

Theorem 4.3.10. Let (ug,yo) € grS, vi,-- ,vm—1 €Y, and C be a closed convex cone contained
in intCU{0} and have a compact base. Suppose the following conditions be satisfied:
(1) either of the following holds
(i) V"(F + C JUO, Y0, V1, " ,Vm—1) has the weak domination property with respect
to C,
(i2) VU (F,ug,y0,v1, -+~ ,vm—1) N (—C) = {0},
(i1) F has the weak domination property around uy with respect to C
(iii) F has a proto-variational set of order m of type 1 at (ug,yo)-
Then

V™S, u0,Y0, V1, s Vin—1) = Minjnec V" (F,u0,Y0,V1, ", Vin—1)-
Proof. Obviously, by Proposition4.3.7, we need to prove only that
VS, u0,50,v1,* ,Vin—1) 2 Minjnec V™ (F, 40,50, V15 + , Vin—1)-
Propositions #.2.12] and Remark [4.3.1(iii) together imply that
Mininec V™ (F, 10, Y0, V15" s Vm—1) = Minincc V™ (F + C, g, Y0, V1, > Vin—1)

:Minintcvm(S+C7u07y07vla" : 7Vm—l) - Vm(SMO?)’OWh"' 7vm—1)'

4.4 Sensitivity analysis for vector optimization problems

In this section, we consider the following two constrained vector optimization problems,

where both the objective map and the constraint set depend on a perturbation parameter,
Ming (o1 F(x,u), subjecttox € X (u), 4.7)
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Minyy ¢ F(x,u), subjecttox € X (u). (4.8)

Here, as before, U, W,Y are normed spaces, C is a pointed closed convex ordering cone in Y,
F is a set-valued objective map from W x U to Y, and X is a set-valued map from U to W. We

define a set-valued map H from U to Y by
Hu):=FXu),u)={yeY:yeF(xu),xcX(u)}.

So, H(u) is the parameterized feasible set in the objective space. In problems and ,
we aim to obtain efficient points and weak efficient points of H(u), respectively. Solution sets
in Y of problems and are denoted by Minc g0 H («) and Minjyc H (u), respectively.
Like in Section4.3] we define

G(u) = MinC\{o}H(u), S(u) := Minjyc H(u).
We need the following new definition.

Definition 4.4.1. Let W,U,Y be normed spaces, F : W x U — 2¥, ((xo,up),y0) € grF, x € W,
and (w;,v;) e WxY fori=1,--- m—1.

(i) The m-th order upper (lower, respectively) variation of F at ((xo,uo),yo) with respect to
X is

Vz;n(Fu (XO[X],M0>7)’O7W1aV1,"‘ 7Wm717vm71) = {VGY : Eltn _)0+7E|hn_>0+7zlxn —>X,E|I/ln — up,

Iy — v, Vn,yo +hpvy + -+ +hz1_lvm—l +hZ1Vn € F(XO +tawp +- - +trrzn_1wm—1 +lrrznxn7”n)}

(Vg (F, (x0[x],10),¥0, W1, V1ces Win—1, Vin—1) := {vey ¥, — 0", Vx, — x,Vu, — ug, Iv, — v,Vn,

1 1

Yo+t 1 V1 vy € F(Xo+ w1+ o1 W1 1 X, U ) }).

(ii) F is said to have a m-th order proto variation of F at ((xo,uo),yo) if and only if, for all x,
qu(F7 (XO[X]MO),)’O,WI;VI )t 7Wm—17vm—1) - K?;(Fv (x()[x]au())ay();wbvlv' e 7Wm—1avm—l)-

We recall that a map M : X — 27 is said to be calm around xy € domM if and only if there

exist a neighborhood V of xg and L > 0 such that Vx € V,
M(X) - M(X()) —|—L‘ |X—X()HBy.

We now investigate connections of a proto variation of F and a variational set of X to the

corresponding variational set of H.
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Proposition 4.4.2. Let uy € U, xo € X(up), and yo € F(xo,up). If F has a m-th order proto
variation at ((xp,uo),yo), then
U qu<F; (xo[x],uo),yo,wl,vl )t 7Wm—17Vm—1> c Vm<H7u07y07v1 IR ,Vm_l)-

xGV’”(X,uO,xO,wl [ 7Wm*1)

4.9)
Moreover, if W is finite dimensional, X (u,y) == {x € R" : x € X(u),y € F(x,u)} is calm
around (g, yo), X (ug,y0) = {xo}, and Vq1 (X, (ug,y0[0]),x0) = {0}, then the inclusion opposite

to @.9) is valid.

Proof. Letx € V™(X,ug,xg,w1,- -+ ,wn—1) such that there exists v satisfying
veE qu(F7 (XO[X],M()),y(),W],Vl,' e 7Wm—17vm—1)‘
. ) X
Since x € V™ (X, ug,x9, W1, ,Wm_1), there exist t, — 0T, u,, — ug, x, = x such that, for all n,

X0 +tawy+ - —I—I,’l”_lwm_l +1"xn € X (up).

Then,
F(xo+tawi + -+ 1" w1 1", u,) C H(uy). (4.10)
Because v € qu(F, (xo[x],u0),y0,w1,V1, " ;Wm—1,Vm—1), With the above f,,, u,, x,, there exists
Vn € F (x0+tawy 4+ - 4+1" w1 +1"x,, up) such that £, (y, —yo —tavy — - — " v 1) — .
So, we have
YO EVL e (y"_yo_tnvl ;,,;”_tgi_lvm_l) =y €
n

€ F(xo+tywy+--- +t,’l"_1wm,1 + 1%, Up).
It follows from that v € V"(H,ug,y0,V1,"** ,Vim—1)-

Next, we prove the inclusion reverse to @.9). Let v € V™(H,ug,y0,v1,** ,Vm—1), i.€., there
exist t, — 0T, u, — ug, and v, A, ) such that Yo +tavi -t v+ My, € H(u,) for all
n. Then, there exists x,, € X (u,) such that yg +t,v +--- +" v, | + 1™, € F(x,,u,). Hence,
X, € Xv(un,yo +tv 4 +t,r,"_'vm_1 +1"vy,). The calmness of X yields M > 0 such that

Hxn _xOH < M’l(un7y0+tnvl +"'+t;’1n_1vm—l +tr’:1vn) - (u07y0)H‘

Then, x, — xo and hence (x, —xo — tywy —--- — " 'w,,_1) — 0. We claim that {t,™(x, —x0 —
taw) — - —t" 1w, 1)} is bounded. Indeed, we have
Xy — X ~ _
X0+ |[xn —xOHH = xp € X (tp, Yo +tovi 4+ W +1M,). (4.11)
n
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We may assume that a, := (x, —xo)/||x, — xo|| — a with norm one. Setting r/' := ||x,, — xp —
tawy — - — " Y, 1]|, we have " — 0 and
Yo+ tavit 1 Vi 1 v = Yo+ vy S e B | +r21erVn
n n n
In ztm_l ltm
m—2"n m—1"'n i
= Y0+ (r—w AR o e P r—mvn) =10+ 'ndn-
n n n

For hy, := ||x, —Xo||, (4.11) is written equivalently as xo + /i,y € X (ttn, yo+rngn). I £ /" — O,
theng, —0anda € Vq] (X, (ug,y0[0]), x0), which is impossible. Thus, {£, " (x, —xg — tywy — - - —

" w,._1)} is bounded and

1

- z‘mfl
[ (

Xp = —(Xp— X0 —taW1 — - — 1 Wi_1)

converges to some X € R". Since xo +t,wy +---+ 1" 'w,_| + "%, € X (u,), one has
yo+tvi+-- —l—t;,"_lvm_l +1)'vy € F(xo+t,wy + -+ +t,T_1wm_1 + 1%, up).

Therefore, X € V™ (X, ug, X0, w1, -+ ,Wm—1) and v € V)" (F, (xo[X],40), Y0, W1, V1, * s Wim—1,Vm—1)-
[

The following four examples ensure the essentialness of each assumption of Proposition

442

Example 4.4.3. (X (uo,y0) = {x0} is needed)
LetU=W=Y =R, F(x,u) ={x(x— 1)}, upo=0,x9 =1, y0 =0 € F(x9,up), and

{xew:0<x<1}, ifu=0,

X(u) = {xeWw:—u<x<1}, ifu:%,nEN,
0, otherwise.
Then,
( {1_@,”@}, ifue{O}U{%:neN},_TlSySQ
X(u.y) = {1_—@}, iqu{%:nEN},0<y§M(u+1),
L 0, otherwise,
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and 1
{)’EY¢T§)’§O}7 ifu=0,

_ ~1 !
H(u) = {yEYZTSySMO‘"'I)}’ ifu=—,neN,
n

0, otherwise.

The map X is clearly calm around (ug,yp) and we can obtain by direct calculations that

Vql(gv (uo,yo[O]),X()) = {0}7 Vl(Xvu()aXO) =—-Ry,

V, (F, (xo[x],u0),y0) = {x}, V' (H,ug,y0) = R.
So,

U v, (F (xolx],u0),y0) = —Ry.
XGVl (Xﬂl(),)C())

Thus, since )?(uo,yo) ={0,1} # {x0}, we have

V1<H7u07y0) g U Vql(F7 (XO[x]7u0)ay0)'
xeV (X ,ug,x0)

Example 4.4.4. (the calmness around (ug,yo) cannot be dropped)
LetU=W=Y =R, F(x,u) ={x(x— 1)}, uo=0,x0 =1, y0 =0 € F(x9,up), and

{xew:0<x<1}, ifu=0,

1
X(u) = {xeW:—u<x<1}, ifu=—-,neN,
n
0, otherwise.
Then,
( 1
{1}, ifue{0}U{-:neN}, y=0,
n
1—1+4y 14+4/1+4 1 —1
_ TR IV IR e 0l u{-neN}, - <y<0,
X(u,y) = 2 2 n 4
1—1+4 1
{%}, iqu{r—l:nGN},0<y<u(u+l),
L 0, otherwise,

and H(u) is as in Example with only “y < u(u+ 1)” replaced by the strict inequality.

Hence,
52(”05)’0) = {Xo}, Vql (5(: (u07y0[0])7x0) = {0}7
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V1<X,M0,X()) = _R-i-v Vql<F7 (XO[x]a“O)JO) = {x}7 Vl(Hvu()vyO) =R.

Consequently, because X is not calm around (ug, yo ), we really have

U Vql (Fa (XO[X]7MO)7yO) = _R-H
xeV(X,ug,xo)

Vi H w002 UV, (F (xolx],u0),0)-
x€V(X ug,xo)
Example 4.4.5. (V,(X, (u,0[0]),X0) = {0} is essential)
LetU=Y =R, W=R% X(u)={x€W :x; =u, xo =0}, F(x,u) = {x3(x; — 1)}, up = 0,
xo = (0,0), and yo = f(xo,uo) = 0. Then,
_ {(u,0)}, ifucR,y=u*(u—1),
X(u,y) =
0, otherwise,
and H(u) = {u?(u—1)}. Hence, X (ug,yo) = {xo} and X is calm around (uo, yo). Direct calcu-
lations give V! (X, ug,xp) = R x {0}, Vq1 (F, (xo[x],u0),y0) = {0}. Therefore,

U Vq1 (Fa (x()[x],MO)vyO) - {O}

x€VL(X ug,xo)

1 1 1
By taking t, = o U, = %, xXn = (un,0) € X(up), vp = % —1 — —1, we can check that
Y0+ tovn € H(uy). Thus, —1 € VI (H,ug,yo). Consequently,

V1<H7u07y0) g U Vql(F7 (XO[X]7u0)ay0>'
xGVl(X,uo,xo)

To see the cause, let t, = —, u, =

1.1
; s yn=—(=—1) =0, x, = (1,0) to have that xo + t,x, €
1 n'n
) €V} (X, (u0,y0[0]), x0)-

S| =

1
n
X (un,y0+1tyyn), and so (1,0

Example 4.4.6. (W needs be finite dimensional)
LetU =Y =R, and W = [}, the space of all real sequences x = (x');cy with ¥ ‘xi| < oo, Let
i=1

{0}, ifu=0,
X (1) — - ; . ; e : 1
() =9 {x=()en €W X =uifi=n; x =0ifi#£n}, ifu=-, neN,
n
0, otherwise,
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F(x,u) = {||x||(||x]| = 1)}, uo = 0, x0 =0 € X (up), and yo = 0 € F(xq,up). Then,

{0}, ifu=0,

. . . 1
X(w,y) =9 {()ien €W :x =uifi=n; ¥ =0ifi £n}, ifu=—-,neN,y=|u|(jul—1),
n
0, otherwise,

and
{0}, ifu=0,

H(u) =S {|u](jul - 1)}, ifu:%,nEN,

0, otherwise.

Hence, X is calm around (up,y0). We can compute directly that
X (uo,y0) = {xo}, V, (X, (0, 0[0]), x0) = {0},

V, (F, (xolx],u0),y0) = {—IIx|[}, V! (X, u0,x0) = {0}
Therefore,

U VIE (xolx],uo),y0) = {0}

x€VL(X ug,xo)

1 1 , . .
By taking t, = —, u, = —, X, = (x},)ien € X (up) satisfying x}, = u,, if i = n and x}, = 0 if i # n,
n n

1
and v, = — — 1 — —1, we can check that yo +1,v, € H(u,). Hence, —1 € V1(H, ug,yo). Thus,
n

V1<H7u07y0) g U Vql (F7 (-xO[x]vth)ayO)'
XGVI(X,M(),XQ)
Finally, invoking to Proposition [4.4.2] and results of Section 4.3] we easily establish rela-
tions between the set of efficient points and the set of weak efficient points of the mentioned

variational sets stated in the following theorems.

Theorem 4.4.7. Let (ug,yo) € grG, xo € X(uo), yo € F(x0,up), W be finite dimensional, and C
have a compact base. Suppose that
(i) H has the domination property around u,
(i1) either of the following two conditions holds:
(iiy) V"(H + C,ug,y0,V1,"** ,Vin—1) has the domination property,
(iiz) V=0 (H ,x0,y0, V1, ,vm—1) N (—C) = {0},
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(iii) F has a m-th order proto variation at ((xp,ugp), o),
(v) X is calm around (u0,Y0),
(v) X (uo,y0) = {xo} and V) (X, (0, y0[0]),x0) = {0}.

Then
MinC\{O} U V;/I(F; (XO[X];MO)7YO,W17V1>"' 7wm—1;vm—l> =
xEVm(X,uo,xo,w1,~-~ 7Wm71)
MinC\{O} Vm<G7x07y07V17 T 7Vm71)-
Proof. This follows from Theorem and Proposition4.4.2 O

Theorem 4.4.8. Let (ug,yo) € grS, xo € X(ug), yo € F(xo,ug), W be finite dimensional, and c
be a closed convex cone contained in intC U{0}, and have a compact base. Suppose that
(1) Y has the weak domination property around uy with respect to C
(i1) either of the following two conditions is satisfied.:
(ii)) V"(H +C JUO, Y05V, Vim—1) has the weak domination property with respect
to C,
(iin) V=0 (H, x0,0,v1, -+ ;vm_1) N (=C) = {0},
(iii) F has a m-th order proto variation at ((xp,up),o0),
(v) X is calm around ((u0,y0),%0),
(V) X (1o, y0) = {x0} and V} (X, (uo,y0[0]),x0) = {O}.

Then
Minintc U qu(F> (XO[X]MO)J’O;WI,VI,'” 7Wm717vm71) -
xevm(XaMOervW] " sWm—1 )
MinintC Vm(S,XOJO, Vi, Vm—l)-
Proof. Theorem [4.3.4(i) and Proposition §.4.2]together imply this theorem. O

Theorem 4.4.9. Let (uy,yo) € grS, the assumptions of Theorem be satisfied, and H have
a proto-variational set of order m of type 1 at (ug,yo). Then

Vm<S,”O,yO>V17' e 7vm—1) =

Minn.c U V" (F, (xo[x], 40), Y0, W1, V15, Win—1,Vim—1)
XEVm(X7MQ,X0,W| )ttt an—l)
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Proof. Applying Theorem and Proposition we are done. O

Remark 4.4.10. Though there have been several contributions to analysis of perturbation map
G and weak perturbation map S for unconstrained feasible map F (defined in Section {.3)), we
see only Tanino in [[162] dealing with this topic for a map F in a set-constrained smooth single-
valued problem. That paper was limited to first-order results in terms of gradients of . The
present section is the first attempt of higher-order considerations of F for a set-constrained nons-
mooth multivalued problem. The extension has been performed in several aspects. Furthermore,
we have extended successfully almost directly Theorem 4.1 of Tanino in [162]. However, a
drawback here is that the results are technically complicated. We hope that, excluding inevitable
complexity, e.g., with higher-order derivatives (at least because of long expressions) and a high
level of nonsmoothness, improvements can be obtained in future. In this section, we restrict our-
selves to making sure that the relatively complicated assumptions imposed in the results cannot

be avoided by showing (in examples) their essentialness.
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Chapter 5

Radial sets, radial derivatives and
applications to optimality conditions for
vector optimization problems

5.1 Introduction

On optimality conditions for nonsmooth problems, to meet the increasing diversity of prac-
tical situations, a broad spectrum of generalized derivatives has been developed to replace the
Fréchet and Giateaux derivatives. Each of them is suitable for several models, and none is univer-
sal. Note that the wide range of methods in nonsmooth optimization can be roughly separated
into the primal and the dual space approaches. Almost notions of generalized derivatives in the
primal space approach are based on corresponding tangency concepts and hence carry only lo-
cal information. In other words, such derivatives are local linear approximations of a considered
map.

Until now, only few concepts of such derivatives have been extended to orders greater than
two, which are naturally understood to be inevitable for higher-order optimality conditions, such
as contingent, adjacent and Clarke derivatives (see [26159,/67,180,(87,95,99,103, 115,118,119,
125], variational sets (see [7,|105,/106]]), etc. (The derivatives constructed in the dual space
approach are hardly extended to orders greater than two.) The radial derivative, introduced by
Taa in [[160], is in the first approach, but encompasses the idea of a conical hull, and hence
contains global information of a map as its conical hull, and is closed and can be used to obtain
optimality conditions for global solutions without convexity assumptions.

We recall that, for a subset S of a normed space X and xq € clS, the radial cone of S at xq is
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defined by Taa in [[160] as follows
Rg(x0) :={u € X : 3t, > 0,3u, — u,Yn,xo+t,u, € S}.

For F : X — 2Y, XY be normed spaces, (xo,yo) € grF and u € X, the first-order radial
derivative of F at (xp,yo) is defined in [160] by gr(DrF(x0,y0)) = Rerr(x0,¥0). A kind of
higher-order radial derivatives was proposed by Anh et al. in [8] as follows. The m-th order

outer radial derivative of F at (xo,yo) € grF is
DR F(x0,y0)(u) :={veY :3t,>0,3(up,va) — (u,v),Vn,yo+1t"v, € F(x0+tautn)}, (5.1)

the m-th order inner radial derivative of F at (xp,yo) € grF is

_?Q(m)F(XOJO)(u) = {V €Y : Yty > 0,3 (un,vn) — (u,v),Vn,yo +tr’znvn € F(xo +tnun)}'

Observe that the graph of the above higher-order radial derivatives is not a higher-order
tangent set of the graph of the map, because the rates of change of the points under consider-
ation in X and Y are different (#, and ¢,'). The graph of many other higher-order derivatives is
such a corresponding graph. For instance, for F : X — 2, (xo,y0) € grF and (u;,v;) € X x Y,

i=1,...,m—1, recall that the m-th order contingent derivative of F at (xp,yo) with respect to

(ul,vl),...,(um_l,vm_l) is
D"F (X0,Y0,U1,V1, ooy Um—1,Vm—1) (1) :={v €Y : I, — 0%, 3(un,vi) — (u,v),

Vn,yo+tv1 + ...+, vy € F(X0 +tquy + ... + 1 up) }.

Its graph is just the m-th order contingent set of the graph of F. In some sense, this property
has a better geometry and is more natural.

The discussion above motivates the aim of this chapter: to define another kind of higher-
order radial derivatives based on (higher-order) radial sets and use it to obtain higher-order
optimality conditions for set-valued vector optimization. It turns out that, in general this kind
of radial derivatives is incomparable with our previous definitions in [8]], but it provides a tool
for establishing new optimality conditions, which also sharpen or improve a number of the
existing results in the literature. Note further that the obtained optimality conditions have global
characters and do not need any convexity assumptions. The content of this chapter is also our

research published in [2,/4].
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5.2 Radial sets and radial derivatives

Definitions of higher-order radial sets and corresponding derivatives are introduced in this
section, followed by their properties and basic calculus rules like those for a sum or composition

of mappings.

5.2.1 Definitions and properties

Definition 5.2.1. Let X be a normed space, xo € S C X, and uy,...,u,,—1 € X withm > 1.

(i) The m-th order upper radial set of S at xo with respect to uy,...,u,,— is defined as
T;(m)(xo,ul,...,um,l) ={yeX: ,>0,Ty, — y,Vn,xo+ tu; + ... +t,’,l"_1um,1 +1'y, € S}.

(i1) The m-th order lower radial set of S at xo with respect to uy, ..., Uy—1 18

1

T;b(m)(x()?u])-.-,um—]) = {y EX . \V/tn > O,E')’n Hy7\v/n7-x0 +tl’lul +"'+t},’lni um_] +t},’lnyn e S}'

Definition 5.2.2. Let X,Y be normed spaces, F : X — 2¥, (xp,y0) € grF, and (u;,v;) € X x Y,
i=1,....m—1withm>1.
(i) The m-th order upper radial derivative of F at (xo,yo) with respect to (uy,vy) ...,

(Um—1,Vm—1) is the multimap D' F (X0, Y0, U1, V15, Um—1,Vm—1) : X — 2¥ whose graph is

m . prim)
grDRF(X(),y(),l/l],V],...,I/tm_],Vm_]) T Tng (x(),y(),l/l],V],...,Mm_],Vm_]).

(ii) The m-th order lower radial derivative of F at (xo,yo) with respect to (uy,vy), ...,

. . b(m) . Y o
m—1svVm— ) ) ) sy ¥m—1yVm— M
(Um—1,Vm—1) is the multimap D" F (X0, Y0, U1, V1, ---s Um—1,Vm—1) : X — 2* with

b h
et D" F (X0, Y0, U1, V1, s U1 Vin—1) 1= Tgr”(vm)(XOa)’Oaul;Vb---aum—lavm—l)-
We easily obtain the following formulae, for x € X,

DRF (x0,Y0,U1, V1o hn—1,Vim—1)(x) ={v €Y : 3, > 0,3x, — x,Iv, — v,Vn,

=yo+tavi + oo F " o 1" € F(yo 4+ tatty 4 oo+ 1" iy +17x,) )
D;(m)F(xo,yo,ul,vl, ey Um—1,Vm—1)(x) ={v €Y : Vt, > 0,3x, — x, v, — v,Vn,

Yo+t + o+ N M, € F(yo + tatty 4 oo A1 Ly +17x,) )
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Remark 5.2.3. (i) It follows that

DRF (X0,Y0,U1,V1, s Um—1,Vm—1)(X) C T;E;;(yOavlv---,vm—l)-
(i1) Radial sets are especial cases of I'-limits. Indeed,
(m) : !
y€Tg "™ (xo,u1,cytty—1) <= _inf SUP SUP Xgr(5. (t,y)=1
S m Qe/(y) >0 y’EQ gl‘( S, Oaulv“v"mfl)

<~ F(¢@+>JV(Y)+)hm%gr(ffé,xo,ul,. =1,

)

b(m) . . /
€Ty X0, ULy eey Up— <= inf inf su t,y)=1
y €Ty (xo,u, oy lt—1) o™ l>0y/€g Xet(H ey ) (1Y)

<= F(%_w/t/()’)—i_)hm%gr(%‘é,xo,ul,. ) = 1,

...,l]m71

where Z := {(0,+o0)} be a filter on (0, -+o0), and x4, 4, : (0,+00) — 2% is defined by

1 _
%,X(),ld],...,u,,,,l(t) = t_m(S_'xo _tul e _tm lum_l)'

(i11) Radial derivatives can be expressed in terms of I'-limits as follows

Y € DRF (X0,Y0,U1, V1, -y Um—1,Vm—1)(X)

!

inf inf sup sup sup x
QeN (y) WeN (x) t>g x’e‘]?V y’ez B (300 170 -3m1))

F(%+7</V(X)+, </V(y)+) lingr(j‘fj:’

(t,x',y) =1

!

=1,

(X0~YO)v(u1¢V1)a~~~,(um717vm71>)

b
yeE DR(”’)F(X(),yo,Mlavl R ...,um_l,vm_l)(x)

<~ inf inf inf sup sup Xer(A

t,x,y)=1
QGJV(y) WG/V(X) t>0 xXew yleQ XO’yO)’<”1’Vl)""’(”mflvvmfﬁ)( XY )

— - + TANT _
F(% ’(/I/(x> 7¢/V(y) )hmxgr(%,(xo,yo),(ul,vl),.“,(um_l,vm_l)) - 17
where . (xy,y0), (1101 et vm1) * (05 F00) X X — 2" is defined by
1
%:(XO:)’O):(MI7V1)7~-~7(umflvvm71)(t7'x/) = W(F(XO +tur 4 A" +1"x") — yo—

—tvy — ... —Z‘mflvmfl.

(iv) Definitions [5.2.1] [5.2.2] correspond to the following known definition of the contingent
objects

T§" (xo,u1,-.osttyy—1) :=={y € X : I, — 0,3y, — y,Vn,x0 +t,u; + ... —l—t,’f’_lum,l +1)'yn € S},
gr D" F (X0, Y0, U1, V1, ooy Um—15Vim—1) i= Tt p (X0, Y05 U1, V1 oo Uin—1,Vin—1)-
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Observe another fact, which makes the radial set and derivative different from the contingent
set and derivative, and hence also from other tangency notions and derivatives in variational

@) (x0,u) and T¢(xo,u) for simplicity.

analysis. Let us explain this difference only between TSr
It is known that if u & Ts(xo), then T (xo,u) = 0. But, the simple example with X = R?, § =
{Og2,e1}, xo = Op2, €1 = (1,0), e; = (0,1) shows that this is not valid for radial cones: u =
e1 —ex € T{(xp), butes € TSr(z) (xo,u), i.e., the last cone is nonempty.

(v) The objects defined in Definitions [5.2.1] [5.2.2] are called upper and lower radial sets
and derivatives, respectively. However, though being applied to establish necessary optimality
conditions similarly as the upper radial concept is, this lower radial object yields weaker results,
and it is not convenient for dealing with sufficient optimality conditions. Therefore, in this

chapter we develop only the upper radial concepts and thus omit the term “upper”.

In the following example, we compute a radial derivative and a contingent derivative in an

infinite dimensional case.

Example 5.2.4. Let X = R and Y = /2, the Hilbert space of the numerical sequences x = (x;);en
with )77 | xl-2 being convergent. By (¢;);cy We denote standard unit basis of /2. Consider F : X —
2¥ defined by

1 1

{—(—el+2en)}, ifx=-—,

n n

FOU=3 {y=00z €2 =003 252007}, ifx=n,
{0}, otherwise.

Itis easy to see that C:= {y = (y;)2; € [*:y1 >0,y > ¥ ,y?} is a closed, convex, and pointed

cone. For (xg,y0) = (0,0), we compute Tgrr(;)(xo, vo). If (u,v) € T;(Fl)(xo, ¥o0), by definition, there

exist t, > 0 and (uy,,v,) — (u,v) such that
thvn € F(tyuy). (5.2)

If tyu, & {1/n,n}, then from (5.2) a direct computation gives v = 0. Now assume that #,u, €
{1/n,n}. Consider the first case with #,u, = 1/n. From (5.2), one has

1
tyy = Z(_el +2e,). (5.3)

We have two subcases. If u = 0, then u, = 1/(nt,) — 0, and hence (5.3) implies that v, =

un(—ey +2e,) — 0, i.e., v=0. In the second subcase with u > 0, we claim that there is no v such
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that (u,v) € Tgrr(;)(xo? y0). Suppose there exists such a (u,v) (with u > 0). Then, from li the
sequence (nt,) ' (—e; +2e,) = u,(—ey + 2e,) converges. Hence, as u,e; — uey, the sequence
dy, :=2uye, 1s also convergent. Suppose that d, converges to d. By a direct computation, one
has

|12unen —d||* = 2u)* +||d||* +2 (2upen, —d) — 0.

Therefore, 4(u)? +||d||> = 0 (since {e, } converges weakly to 0, (e,,d) — 0), which is a contra-
diction.
Now consider the second case with #,u,, = n. From @]) we get t,v, € C. Thus, v € C since C is

a closed cone. It follows from u, = n/t, that u > 0. Consequently, we have proved that

To# (30,50) € ([0, +90) x C) U ((~<,0) x {0}).

We now show the reverse inclusion. Let (u,v) € ([0,400) x C) U ((—e0,0) x {0}). We prove
that there exist ¢, > 0, u,, — u, and v,, — v such that holds for all n. Indeed, depending on
u and v, such t,, u,, and v,, can be chosen as follows.

e For (0,v) such that v € C, we take t, = n®, u, = 1/n, v, = v.

e For (u,v) € (0,400) x C, we take t,, = n/u, uy, = u, v, = v.

e For (u,v) € (—o0,0) x {0}, we take t, = n/|u|, u, = u, v, = 0.

So,
Ty (50,30) = ([0, +00) x C) U ((~,0) x {0}).
Therefore,
C. ifu>0,
DgF (xo,y0) (1) =
{0}, ifu<O.

By a similar way, with simpler calculations, we get T\

arF (X0,¥0) = R x {0}, and hence for all
u € R, D'F(xo,y0)(u) = {0}

The next example highlights detailed differences between (5.I) and the radial derivative
introduced in Definition [5.2.2]1).

Example 5.2.5. Let X =Y = R and F(x) = {x*} and (xo,y0) = (0,0). Direct calculations yield
=1
DRF (x0,y0) (x) = DiF (x0.y0) (x) = Ry

Without any information, we have l_)IZQF (x0,y0)(x) = x>. Now let (u1,v;) = (0,0) be given, then
D%F (x0,Y0,u1,v1)(x) =R For another given direction (u1,v;) = (1,0), D3F (x0, Y0, u1,v1 ) (x) =
{1 +a’x*+2ax:a>0}.

76



§5. Radial sets, radial derivatives and applications to global optimality conditions for vector
optimization problems

Definition 5.2.6. Let F : X — 2Y, (xo,y0) € grF and (u;,v;) €X xY,i=1,....m—1 withm > 1.
G)If T;g’;; (YO, V1yeeesVin—1) = T;%(";) (Y0, V1, .-+ Vm—1), then this set is called a m-th order proto-
radial set of F(X) at yo with respect to vy, ..., V1.
(ii) If DFF (X0, Y0, U1, V15 ooy tm—1,Vm—1)(x) = {v €Y : Vt, > 0,Vx, = x,Iv, = v:iyo+t,v1 +
et M, € F (yo gty + o+ Yy +17x,), Y0}, for any x € dom DR F (xo, Y0, u1,
V1, .oy Um—1,Vm—1), then this derivative is called a m-th order radial semiderivative of F at (xo,yo)

with respect to (u1,v1), ..., (Um—1,Vin—1)-

Note that, following strictly Definition [5.2.2, we would define that DFF (xo,yo,u1,V1, ...,

Um—1,Vm—1) is a m-th order radial semiderivative if

m rb(m)
grDRF (x0,y0,u1,V1,oshm—1,Vimn—1) = Ty pp " (X0, Y0, U1, V1, e Um—1,Vin—1)-

But, this last condition is equivalent to
DRF (x0,Y0, U1, V1 eeosh—1,Vin—1)(x) = {v €Y : V1, > 0,3x,, — x, v, — v,\Vn,yo +t,v1 + ...

+tr’111_1Vm—1 "‘tyrlnvn S F(XO +tu +---+tlr1n_lum_1 _|_[:l”_xn)},

which is weaker than Definition [5.2.6(ii). (This weaker condition was used to define proto-
contingent derivatives in many papers in the literature.) Definition [5.2.6]is restrictive. However,

it may be satisfied as shown in the following.

Example 5.2.7. Let X =Y =R, F : X — 2¥ be defined by F(x) = {y €Y : y > x}, and (x¢,y0) =

(0,0). Then, direct calculations yield T;g()) (yo) = T;?g)) (yo) =R and
D}eF(xo,yo)(x) = {veyY: Vi, >0,Vx, —x, v, = v,\Vu,yo+1,v, € F(xo+tnxn)}

= {veY:v>ux}.

So, T;g()) (o) is a first-order proto-radial set of F(X) at yg, and DLF (xo,yo) is a first-order radial
semiderivative of F' at (xg,yo).

For examples of second-orders, with any v; € R, direct computations show that

r b
TFE?()) (yO,Vl) - TF(;Z)) (yO,V]) = R

Thus, T;g()) (y0,v1) is a second-order proto-radial set of F(X) at yo with respect to v; € R.
Passing to derivatives, let (u1,v;) = (1, 1). Direct computations indicate that both DF (xo, yo,

ur,v1)(x) and the set on the right-hand side of the equality in Definition ii) are equal to
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{veY :v>ux}. Thus, F has a second-order radial semiderivative at (xo,yo) with respect to

(1,1). However, for (u1,v;) = (0,—1), the derivatives are “worse”:

DRF (xo,y0,u1,v1)(x) = {v €Y : v >x}
and the other mentioned set is empty. So, F does not have a second-order radial semiderivative
at (xo,yo) with respect to (0,—1).

(m) (

Proposition 5.2.8. If S is convex, then so is TSr ’ X0y ULy ey U1 )-

Proof. 1f TSr b(m) (x0,u1,...,um—1) = O or is a singleton, the result holds trivially. Now assume that

there are vi,v) € TSrb(m) (x0,u1,...,um—1) and A € (0,1). It follows from the definition that, for

any t, > 0, there exist sequences v} and v2 such that v\ — v!, v2 — 2 and fori = 1,2,

X0+ tptty oA 1" Ly 1MV €S
From the convexity of S, we have
X0ttty + oo+ 1 (Avy + (1= AE) €5.
Thus, Avi+ (1—=2A)v, € TSrb(m) (x0, U1, ..., U—1) and the proof is complete. O
Proposition 5.2.9. If S is convex and uy,...,u,_1 € S, then

rb(m b(m
T, ") (X0, 141 = X0y eoey thmy 1 — X0) C TS( (X0, 41 = X0,y U1 —X0) =

m r(m)
= Tg" (x0,u1 — X0, -y Um—1—X0) = Tg" (X0, U1 — X0, -+, Upm—1 —X0)

Proof. From the definitions, we have

(m) (

rh(m b
T ) (50 t1 = X0y oy 1 —X0) C Tg™ (X0, U1 — X0, -+ Um—1 — X0)

and

tm

r S—xo—t(ug —x0) — . — " Nttyy_1 —
TS(m)(xo,m—xo,...,um—l—xo):cl(U X0 = (11 = o) (tr—1 xo)>.

>0

Since S is convex, Proposition 3.1 of [118]] says that the right side of the last equality is equal to

b(m) (

T3 (X0, U1 — X0, -y Um—1 —Xo) = T (X0, U1 — X0, ..., Um—1 — Xo) and we are done O

78



§5. Radial sets, radial derivatives and applications to global optimality conditions for vector
optimization problems

The inclusion in Proposition may be strict as for § = [0, 1] and xo = 0, since we have
77 (x0) = {0} and Ty (x0) = T (x0) = T4 (x0) = R

It is known (Corollary 3.1 of [118]) thatif S is convex and uy, ..., u,,—1 € S, then TSb(m) (x0,u; —
X0, -y Um—1 — X0) is convex. Therefore, Proposition implies the following.

Corollary 5.2.10. If S is convex and uy,...,u,_1 € S, then TSr(m) (X0, U1 — X0y -y Up—1 — X0) LS

convex.

Proposition 5.2.11. Let S = domF and (xg,yo) € grF. Then, for all x € S,
(i) F (x) — yo € DgF (x0,y0)(x — X0),
.. 1
(if) F (x) = yo C T{g) (v0).

Proof. Let x € S, y € F(x) —yg, then yo+y € F(x). Therefore, there exist t, = 1,y, =y and
X, = X —Xo, for all n, such that yo +1,,"y, € F (xo +1,x,) for all n. Hence, y € D}QF(xo,yo)(x —X0)-

(ii)) Let x € S, y € F(x) — yo, then yo +y € F(x). Therefore, there exist t, = 1,y, =y and
Xp = X — X0, Vn such that yo + 1"y, € F(xo +t,xn) C F(S). So, y € T;g (yo)- O

Note that these assertions say, in particular, that radial sets and derivatives possess global
properties without any (relaxed) convexity assumption. To make this clear, recall that F : X — 2
is termed pseudoconvex at (xo,yo) € grF if epiF — (x0,y0) C Tepir (¥0,0). Furthermore, if F
is pseudoconvex at (xo,yo), then, Vx € domF, F(x) —yo C V!(F,x0,y0) (see Proposition 2.1
of Khanh and Tuan in [105]). Roughly speaking, that is why, in the sufficient condition (see
Theorem[5.3.7), no convexity assumption is needed.

5.2.2 Sum rule and chain rule

Proposition 5.2.12. (Sum rule) Let F; : X — 2, xo € Q := domF; NdomF,, y; € Fi(xq) for
i=1,2.
(i) If either F\ () or F>(Q) has a m-th order proto-radial set at y with respectto vy 1,...,Vi m—1

or at yy with respect to v 1,...,V2 m—1, respectively, then
r(m) r(m)
TFI(Q)(Yb"lJv---7V17m71) + TFz(Q) (V2,v2,1,-3V2,m—1)

- T(;(TJF)Fz)(Q) V1 +Y2,v10 V215 Vim—1 V2 m-1)-
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(i) If either Fy or F» has a m-th order radial semiderivative at (xo,y) with respect to
(u1,v1,1)5 -5 (m—1,V1,m—1) or at (xo,y2) with respect to (u1,v21),...,(Um—1,V2,m—1), respec-

tively, then for any u € X,
DRF1(X0,Y1,U1, V1,15 s Um—1,V1m—1) () + DR Fa(X0, 2, U1, V2,1, s hm—1,V2,m—1) (1)

C DR(Fi +F)(x0,y1 +Y2,U1, V1,1 FV2,15 000 hn—1,VIm—1 + V2 m—1)(1).

(m)

Proof. (i) Letu; € T;, @)

that

(¥i,Vi1s---,Vim—1) for i =1,2. Then, there exist #, > 0 and u,l1 — uq such

yi+thvig+... —{—l‘,;n*lvl’m_l —I—t,Z”u; eF (Q)

Suppose that F>(€2) has a m-th order proto-radial set at y,. Then, with ¢, above, there exists

2

 — up such that

u

2+t +... _+_trrlnflv27m_1 —I—t;”u% € Fz(.Q).

Thus,

01 492) Hta (Vi +v2,1) + oo Vit FVvomat) i (uy +up) € (FL+ F)(Q).

Hence, u; +up € T(;(:Z)Fz)(ﬂ) (y1 +Y2,V1,1+ V21 Vim—1 +vzym,1).

(ii) If u does not belong to the intersection of dom D Fy (xo,y1,u1,V1.1,---, Um—1,V1 m—1) and
dom DR F>(X0,y1,U1,V2.1, s Um—1,V2,m—1), the conclusion is trivial. Suppose that u € dom DR F;
(x07yi7u17vi,17 sy umflavi,mfl) fori= 172 and let Vi € D;?F;'(-x()ayi; Uur,vil, "'7um717vi,m71)(u) for

i = 1,2. Then, there exist #, > 0 and (u,,v}) — (u,v1) such that

1

i+t + ... —{-I,T_ Vim—1 —|—l‘,r1nv,ll eF (XO +tu;+ ... —{—l,’ln_lum,1 —{—t,’l"un).

For v,, suppose that F> has a m-th order radial semiderivative at (xg,y), with f,,, u,, above, there

exists v2 — vy such that

t+tve+... —I—I,’ln_l\/27m_1 —H;l"v% € Fz(xO +tauy + ... —i—l‘:ln_lum_l —{—t,rl”u,,).

Thus,
1 4+32) Fta(vi +v21) e H 0 Vet + V2 mt) + 10 (Vp Vi)
S (F] —i—Fz)(X() +tu+ ... —l—t:ln*lum_] —|—t;l"un).
Hence, vi+v € D}?(F] —|—F2)(x0,y| +y2,u1, Vi1 V21, Um—1,V1m—1 +V27m_])<u). OJ
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The following example shows that the assumption about proto-radial sets in Proposition

cannot be dropped.
Example 5.2.13. Let X =Y =R, C =R, and F;,F> : X — 2Y be given by

1
{1}, ifx = il eN,
{0}, ifx=0,

1
{0}, ifx = el €N,

{1}, ifx=0.
It is easy to see that F| and F; have neither first order proto-radial set (of F;(Q) and F>(Q)) nor

first order radial semiderivative at (0,0) and (0,1), respectively. We have

T/ (0) =Ry, Tio (1) =R,

1
where Q := domF; =dom#F, = {O,—} , and
n) neN

DLF(0,0)(0) =R, DR (0,1)(0) =R_.

On the other hand,

1
{1}, ifx=-,neN,
(FL+F)(x) = n

{1}, ifx=0.

Direct calculations yield

T (1) = {0}, Dk(Fi +F2)(0,1)(0) = {0}.
Thus,
Ty O+ Ty (D) L Ty ) (1)
and
DgFi(0,0)(0) +DgF2(0,1)(0) Z Dg(Fi +F2)(0,1)(0).

Proposition 5.2.14. (Chainrule) Let G: X —2¥, F: Y — 27 withIm G C domF, (xo,yo) € grG,
(v0,20) € grF and (u1,vi,W1)s .oy (Uin—1,Vim—1,Wm—1) € X XY X Z. Suppose that F has a m-th
order radial semiderivative at (yy,z) with respect to (vi,w1), ..., Vim—1,Wm—1). Then
(i) DRF (y0,20,v1, w1, ---ymelawmfl)[T(r;((r)?%(yOaVla o Vm—1)] € T(;gzl()})(x)(zmwh---,Wmfl)a
(i) DRF (¥0,20, V1, W1, e, Vin—1, Wim—1) [DR G (X0, Y0, U1, V15 o, Um—1,Vin—1) (X)]

< T(ZET();)()()(Zle, "'7Wm—l)-
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Proof. (i) Letz € D}?F(yo,z(),vl,wl,...,vm_l,wm_l)[TGrE'g (Y0, V1,---,Vim—1)]- There exists
Ve T(;E';g (Y0, V1, ---sVm—1) such that z € DRF (y0,20,V1, W1, ..., Vm—1,Wm—1)(v). Hence, there exist

t, > 0 and v,, — v such that
yo-l-tnvl—I—...—I—t,’l"_lvm,l—i-t,’fvn € G(X).

Because F has a m-th order radial semiderivative of F at (yg,z9) with respect to (vi,w;),...,

(Vim—1,Wm—1), there exists z, — z such that
20+ Wi+ oo A" W 172 € Fyg+tyvy + oo +1" "y +1™,) CF(G(X)).

Thus, z € 7"(;(22)()()(@, W1y eeny Wm_1).

(ii) This follows from (i) and Remark [5.2.3(i). O

These rules will be applied in the sequel since they are simple (at least their formulations
are). However, being a proto-radial set or radial semiderivative is a restrictive condition. Hence,
we develop now another sum rule and another chain rule for possible better applications. For a
sum M + N of two multimaps M,N : X — 2¥, we express it as a composition as follows. Define
G:X —2XY and F : X xY — 2Y by, for the identity map 7 on X,

G=IxM and F(x,y) =y+N(x). (5.4)

Then, clearly M +N = F o G. So, we will apply a chain rule. The chain rule given in
Proposition though simple and relatively direct, is not suitable for dealing with this
composition F o G, since the intermediate space (Y there and X x Y here) is little involved. We
develop another chain rule as follows. Let general multimaps G : X — 2¥ and F : ¥ — 27 be
considered, where X,Y,Z be normed spaces. The so-called resultant multimap C : X x Z — 2¥
is defined by C(x,z) := G(x) NF~!(z). Then, domC = gr(F o G).

We can obtain a general chain rule suitable for dealing with a sum expressed as a composition

as above, and without assumption about radial semiderivatives, as follows.

Proposition 5.2.15. Let (xo,z0) € gr(F oG), yo € C(x0,20), and (uj,vi,w;) € X XY X Z.
(1) If, for all w € Z, one has

Tcr;gg (50, V1, -y V1) NDRF 1 (20,50, W1, V1, oo Win—1, Vin—1) (W)

C DRCx (20,0, W1,V1,"** s Wm—1,Vm—1)(W), (5.5)
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where Cx : Z — 2V is defined by Cx (z) := C(X,z), then

D%F(y()az()?vl7W1"'7vm717WM71)[T(;E§;();07V17"'7VH171)] C ]—'(F('Oé)( )(Z07W17"'7W}’I’I*1>'

(i) If, for all (u,w) € X X Z, one has
DRG(x0,Y0,t1,V15 ees Um—1,Vim—1) () NDEE (20,50, W1, V1 cvos Wi 1, Vin—1 ) (W)

- D?C((xO;ZO);)’O; (M],W]),V],..., (Mm_l,Wm_l),Vm_])(M,W), (56)
then

DRF (¥0,20,V1,W1--e, Vin—1, Wim—1) [DF G(X0, Y0, U1, V1, ooy tm—1,Vim—1) (1)]
C DR(F 0 G)(X0,20, U1, W1, .o, Up—1,Wm—1) (1).

Proof. By the similarity, we prove only (i). Let w € DFF (y0,20, V1, W1+, Vin—1, Wm— 1)[T %(yo, Vi,

o Vm—1)], i.e., thereex1stssomey€TE g(yo,vl, ,Vm—1) such thaty € DRF~ (zO,yo,wl,vl,...,
wm,l,vm,l)( ). Then, (5.3) ensures that y € DFCx(y0,20,W1,V1," " s Wm—1,Vm—1)(w). This

means the existence of z, > 0 and (y,,w,) — (y,w) such that, for all n € N,
vo + 11 + ... —{—t,’l"_lvm,l +1)'yn € C(X,z0 +t,w1 + ... —}—t,’,”_lwm,l +1'wy).

From the definition of the map C, we get zg + t,w1 + ... + " 1w, +1t"w, € (F o G)(X). So,

WET(F(O();)( )(Zo,wl,...,wm,l). O

We now show the essentialness of the assumption (5.6) in Proposition [5.2.15] (it is similar
for (5.5))) by the following.

Example 5.2.16. Let X =Y =Z =R, G: X — 2Y and F : Y — 27 be defined by

(1,2}, ifx=1, {0}, ify=1,
G(x)={ F(y)={

{0}, ifx=0, {1}, ify=0.
Then,
{0}, ifx=1, {0}, ifz=1,
<FoG><x>={ Fl(z ={
{1}, ifx=0 {1}, ifz=0

{1}, if (x,2) =(1,0),

C(x,2) =Gx)NFl(z) = {
{0}, if (x,z) = (0,1).
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Let (x0,20) = (0,1) and yop = 0 € C(xp,z0). Direct calculations give
DG (x0,y0)(1/2) = {1/2,1}, DRF (yo,20)(1) = {~1},

DyF (y0,20)(1/2) = {=1/2}, DR(F 0 G)(x0,20)(1/2) = {—1/2}.

So, the conclusion of Proposition [5.2.15[ii) does not hold. The reason is the violence of (5.6):
for (u,w) = (1/2,—1), DLF~1(z0,y0)(—1) = {1}, DKC((x0,20),Y0)(u,w) = 0, and hence

DiG(x0,y0)(u) N\DRF ! (20,y0) (W) Z DRC((x0,20),Y0) (u, w).

Now we apply the preceding composition rule to establish a sum rule for M,N : X — 2. For
this purpose, we use G : X — 2X*Y and F : X x Y — 2Y defined in . For (x,z7) € X XY, we
set H(x,z) := M(x) N (z— N(x)). Then, the resultant multimap C : X x ¥ — 2X*¥ agsociated to
these F and G is C(x,z) = {x} x H(x,z2).

Proposition 5.2.17. Let (xq,z9) € gr (M +N), yo € H(x0,z0) and (u;,vi,w;) EX XY X Y.
(1) If, for allw €Y, one has

TA;((};?) (Y05 V1 wovs Vin—1) N [w — T,\r,g';;(zo — Y0, WL eees Win1)]

C DRHx(20,Y0,V1 +W1,V1," s Vin—1 + Wi—1,Vm—1) (W), (5.7)

where Hy : Y — 2V is defined by Hx(y) := H(X,y), then

TA;((”;’?) (y07V17 "'7VI11*1) + T]\;EQ;(ZO —y(),Wl,---,Wmfl)

- T@(”EN)(X) (20, V1 +Wis Vi1 +Wp—1).
(i) If, for all (u,w) € X XY, one has
DM (x0,Y0,U1,V1, s U1, Vim—1) () N [W — DR N (X0,20 = Y0, U1, W1, +vs Un—1, Win—1) (1)

C DR H((x0,20),Y0, (1,1 +W1), V1, o5 (Uim—1,Vim—1+Wim—1),Vm—1) (1, W), (5.8)

then

DEM (x0,Y0,U1,V1, - hn—1,Vi—1) () +DEN (X0, 20 — Y0, U1, W1, ooy Upn—1, Win—1) (1)

gD%(M+N)(X0,Z0,M1,V1 +W17"'7um—17vm—l +Wm—l>(u)-
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Proof. By the similarity, we prove only (ii). Let w € DM (x0,y0,U1,V1,...;Um—1,Vm—1)(ut) +
DN (x0,20 — Y0, U1, W15 ooy Um—1,Wm—1) (1), 1.€., there exists y € DEM (xo,y0,U1,V1; .., Um—1,

Vm—1)(u) such that y € w — DN (x0,20 — Y0, U1, W1, -, Um—1,Wm—1)(u). Then, (5.8) ensures that
y € DFH ((x0,20),Y0, (41,1 +W1),V1, e (m—1,Vm—1+Wm—1),Vm—1)(u,w). This means the ex-

istence of 7, > 0 and (uy,yn, wn) — (u,y,w) such that
Y0 +tav1 A e A g 1y, €

H(xo+tattg + oo 1" Yty g 110,20 + 1 (v +W1) A+ oo (Vi F W) 27 W),

From the definition of H, we get
20+ (vi+wW) o A Vet A Wi 1) F Wi € (M 4+N) (X0 + tytty + . 1" Lty +1"uy).

So, w € DF(M +N)(x0,20,u1,V1 + Wi, .oy llm—1,Vim—1 +Wm—1)(1t). O

The following example shows that assumptions (5.7) and (5.8) cannot be dispensed and are
not difficult to check.

Example 5.2.18. Let X =Y = R and M,N : X — 2" be given by

1 1
{1}, ifx=—-,neN, {0}, ifx=—,neN,
n n

M(x) =

N(x) =
{0}, ifx =0, {1}, ifx=0.

Then,
{0}, if (x,2) = (0, 1),

H(x,2) =M()N (=N =2 {1}, if (x,2) = (11) neN,
0, otherwise,

) 1
(M4 N) () = {1},1fx:l;,n€N,

{1}, ifx = 0.

Choose xo =0, z0 = 1, yo = 0 € cl H(xp,z0) and u = w = 0. Then, one can easily show
r(1 r(1
TM(&)(yo) =Ry, TNEX)) (z0—y0) = R_, DgHx(z0,y0)(w) = {0},

DM (x0,y0)(u) = Ry, DpN(x0,20 — y0) (1) = R_, DpH ((x0,20),y0)(u,w) = {0}.
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Thus, and are violated:
r(1l r(1
170, (v0) N w — Tyt3), (20— y0)) € DkHx (20.50) ().
DM (x0,y0) () N [w — DN (x0, 20 — y0) ()] Z DRH ((x0,20),0) (1, w).
Direct computations show that conclusions of Proposition do not hold:
r(1 r(1 r(1
TM(()E) (o) + TN((X)) (z0—y0) € T(AEIJZN)(X) (20),
DM (x0,Y0) () + DN (x0,20 — y0) (u) & Dr(M +N)(x0,20) (1),

since T&IJZN)(X)(ZO) = {0} and Dj(M + N)(x0,20) (u) = {0}.

5.3 Optimality conditions

Let X, Y and Z be normed spaces, C C Y and D C Z be pointed closed convex cones, not the
entire space, S C X nonempty, and F : S — 2¥, G : § — 27. Our problem is

(P) Ming F (x), s.t. x € S, G(x) N —D # 0.

We denote A := {x € §: G(x) N —D # 0} (the feasible set).

In this section, both necessary and sufficient optimality conditions for the mentioned efficient
solutions of the problem (P) are established. As Q-efficiency (see Definition includes
many other kinds of solutions as particular cases (see Proposition[2.2.9), we first prove necessary

optimality conditions of this notion.

Proposition 5.3.1. Let (xo,y0) € grF be a Q-efficient solution of (P), (u;,vi,w;) € X x (=C) X
(=D),i=1,...m—1, and zo € G(x9) N —D. Suppose that the open cone Q satisfies Q+C C Q.
Then, the following separations hold

T/ 5)00:20, (V1,W1), oy (vt W 1)) (1 (—Q X —int D) =0, (5.9)

DR(F,G)+(x0,Y0,20, (U1,V1,W1), ey (Um—1,Vin—1,Wm—1))(X)N (=0 x —intD) = 0.  (5.10)
Proof. Suppose does not hold. Then, there exists (y,z) such that

(r,z) € T(;(Z))JF(S)(}’O,Zo, Vi, w1), e, (Vi—1,Wm—1)), (5.11)

(,2) € (—Q x —intD). (5.12)
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It follows from (5.11)) and the definition of m-th order radial sets that there exist sequences ¢, > 0,
X, €8, and (y,,z,) € (F,G)(x,) 4+ C x D such that

(ymzn) - (YO,ZO) _tn(vlawl) . _t;ln_l (Vm—lawm—l)

o'

From (5.12) and (5.13)), one has, for large n,

— (y,2). (5.13)

Yn— Y0 —tyvi — . — 1" W1 € =0, z, € —intD. (5.14)
As Vi, ...,vp—1 € —C, (5.14) implies that, for large n,
Yn—Yo € —0. (5.15)

Because z, € G(x,) + D, there exist Z, € G(x,) and d,, € D such that z, = 7, + d,,. implies
also that z, € G(x,) N (—D) for large n, and then x, € A. Because y, € F(x,)+ C, there exist
¥n € F(x,) and ¢, € C such that y, = y,, + ¢,,. Then, (5.15) implies that y,, — yo € —Q for large n.
Therefore, y, — yo € (F(A) —yo) N (—Q), which contradicts the Q-efficiency of (xo,yo). Thus,
holds. follows from (5.9) and the evident fact that

DﬁF(-x(byOvulavla"'aum—lavm—l)(X) - T;E;;(y()avla“'avm—l)'

Propositions [5.3.1] and [2.2.9| together yield the following result.

Theorem 5.3.2. Let (xo,y0) € grF, (uj,vi,w;) € X x (=C) x (=D), i=1,....m—1, and 79 €
G(x0) N —D. Then, and hold in each of the following cases

(i) (x0,y0) is a weak efficient solution of (P) and Q = intC,

(ii) (x0,y0) is a strong efficient solution of (P) and Q =Y \ —C,

(iii) (x0,y0) is a positive-proper efficient solution of (P) and Q = {y: ¢(y) > 0} for some
Sfunctional ¢ € cti

(iv) (x0,Y0) is a Geoffrion-proper efficient solution of (P) and Q = C(¢€) for € > 0,

(v) (x0,y0) is a Henig-proper efficient solution of (P) and Q = K for some pointed open
convex cone K dilating C,

(vi) (x0,y0) is a strong Henig-proper efficient solution of (P) and Q = intC¢(B) for € satis-
fring 0 < e < 6.

The next example illustrates Theorem [5.3.2(vi).
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Example5.3.3. LetX =Y =Z=R,5=X,C=D=R,,G(x)=R,and F(x) ={y €Y :y > |x|}.
Choose the base B = {1}. Then, d = 1 and C¢(B) = R for all € € (0,0). Let (xo,y0) = (0,0)
and zo = 0. It is easy to see that (xp,yo) is a strong Henig-proper efficient solution. For any

(vi,w1) € —(C x D), direct computations give

r(1 r(2
T(F('7();)+(5) (y07Z0) - R-i- X Rv ]w(]:("();)Jr(‘g) (y()?ZOvVlan) - ]R-i- X Ra

and hence

Tr(l)

Tr . (5)(0:20) N =int(Ce(B) x D) =0, T2 < (0,20, v1,w1) N —int(Ce(B) x D) = 0,

i.e., the necessary optimality condition of Theorem [5.3.2|vi) holds.

We now compare Theorem [5.3.2] with some known results. Because variational sets (see
Section[4.2)), played the role of generalized derivatives (see [105/[106]]), are bigger than the image
of X through most of kinds of generalized derivatives (see Remark 2.1 and Proposition 4.1 in
[105]), optimality conditions (obtained by separating sets as usual) in terms of these variational
sets are strong. So, we will compare our results with those using variational sets. However, in

general, these sets are incomparable with radial sets as follows

Example 5.3.4. Suppose that X =R, ¥ = R2, (x0,y0) = (0,(0,0)), and F : X — 2" be defined
by

F(x) =

{ {(0,0)}, if x=0,

{(1,0)},  otherwise.
Then,

W (F,x0,y0) = T;EQ)(xo,yo) ={(v1,y2) ER% 1y, =0}.

Letvi = (1,0). Then,
WZ(F,XOJO,VI) = {<)’1»)’2) € Rz 2= 0}7

2
T;EX)) (vo,v1) = {(y1,y2) ER*:y1 =y5+y2,y2 <0}
Hence, the latter may be more advantageous in cases as ensured by the following.

Example 5.3.5. Let X =Y =Z =R, S={0,1}, C=D =R, (xg,y0) = (0,0), G and F be
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{0}, if x=0,
Glx)=F(x)=< {-1}, ifx=1,
0, otherwise.

Choose the base B = {1}. Then, § =1 and C¢(B) = R for all € € (0,0). Let zo = 0. Let

us try to use optimality conditions given in [106] by Khanh and Tuan in terms of variational

sets to eliminate (xp,yo) as a candidate for a strong Henig-proper efficient solution. We can
compute directly that V! ((F, G),,x0,y0,20) = Ry x R. Let (vi,w1) € VI((F,G)+,x0,Y0,20) N
—bd(Ce(B) xD(20))s > (Vin—1,Wm—1) €V LY(F,G) 1,%0,¥0,20, V1, W1, s Vim—2, Wm_2) N —bd(Ce (B) x
D(zp)), for m > 2, where bd A means the boundary of A. It is easy to check that (vi,w;) =--- =
(Vim—1,Wm—1) = (0,0) and

V™ ((F,G) +,X0,Y0,20, V1, W1, »Vimn—1,Wm—1) = Ry X R.
Thus, for all m > 1, we get
V™ ((F,G)4,%0,50520, V1, W1, "+ Vm—1,Wm—1) N —int(Ce¢(B) x D(z9)) = 0.
For variational sets of type 2, by direct calculating we get
W' ((F,G)+,x0,0,20) = Ry x Ry,

Wl((F, G)+,X0,Y0,20) N —int(Ce(B) x D) = 0.

Let (Vlawl) € Wl((F7 G)+7XO>YO,ZO)ﬂ—bd(Cs(B) XD), (V27W2) € Wz((F7 G)+7XO,YO>ZO;V1,W1)
n-— bd(CS(B) X D(WI))’ Tty (vm—lawm—l) S Wm_l((Fa G)+7x07y07z()7v17w17 T 7Vm—27wm—2)m
—bd(Ce¢(B) x D(wy)), m > 3. We have (vi,w1) =+ = (vu—1,wm—1) = (0,0) and

Wm((F7 G)+7x07)’0aZ0;V17W17"' 7vm—lawm—l) = R—!— X R+'
Thus, for all m > 2, we get
W ((F,G)4,%0,Y0,20, V1, W1, s Vm—1,Wm—1) N —int(Ce(B) x D(wy)) = 0.

So, Theorems 3.4 and 3.5 of Khanh and Tuan in [[106] say nothing about (x,yo) being strong
Henig-proper efficient or not. By virtue of Remark 3.3 in [[106] and Proposition 2.2 in [106], we
can see that Theorems 4.1, 4.2, 5.1, and 5.2 of Li and Chen in [115]], Theorem 3.1, Proposition

3.1 of Gong et al. in [80] and Theorem 1 of Liu and Gong in [[119] cannot be in use to reject
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(x0,y0) either. On the other hand, since 7“(;(2)+( 5) (y0,20) = R X R, Theorem 5.3.2(vi) rejects the

candidate (xg,yp)-

Moreover, Theorem 3.2(i) of Khanh and Tuan in [105] says nothing about (xg,y) being
weak efficiency for (P). By Proposition 4.1 in [105], we can see that Theorem 7 of Jahn and
Rauh in [96], Theorem 5 of Chen and Jahn in [26]], Theorem 4.1 of Corley in [33]], Proposition
3.1 of Taa in [160], Theorem 2.7(a) of Jahn and Khan in [93], Theorem 2 of Crepsi et al. in
[34]], Theorem 4.1 of Crepsi et al. in [35]] and Theorem 3.1 of Jahn at al. in [95]] cannot be in
use to reject (xg,yp) either. On the other hand, by using Theorem [5.3.2(i), (xo,yo) is not a weak
efficiency for (P).

Finally we discuss sufficient conditions for the mentioned efficient solutions of problem (P).

Proposition 5.3.6. Let (xo,y0) € grF and xo € A, the feasible set. Suppose that there exists
20 € G(xo) N (—D) such that, for (u;,vi,w;) € X x (=C) x (=D), i=1,....m—1, and x € §,

either of the following separations holds
T4 15 ((00:20), (1, w1)s oo, (1, W 1)) N1 =(Q % Di(z0)) =0, (5.16)

D%(Fa G>+(XOaYO,Z07M17V17Wla "'7umflavmflawmfl)(-x_XO) N _(Q X D(ZO)> =0. (517)

Then, (xq,y0) is a Q-efficient solution of (P), for any non-empty open cone Q.

Proof. By the similarity, we prove only (5.16). Note that is required to be satisfied also for
vi=0€ —-Candw;=0€ —D,i=1,...,m— 1. Therefore, 7};52)45)()’0&0) N—(Q x D(z9)) = 0.
It follows from Proposition [5.2.11| that (y — yp,z —z0) € Tr(l))+(5) (v0,20) forall y € F(S), z €

(F,G
G(S). Then,

(F,G)(S) — (vo,20) N —(Q x D(z0)) = 0.

Suppose the existence of x € A and y € F(x) such that y —yg € —Q. Then, there exists z €
G(x) N —D such that (y,z) — (y0,20) € —(Q x D(z0)), a contradiction. O

From Propositions [5.3.6|and [2.2.9] we obtain immediately the following result.

Theorem 5.3.7. Let (xo,y0) € grF and xo € A. Suppose that there exists zo € G(xg) N (—D)
such that, for (u;,vi,w;) € X x (=C) x (=D), i =1,...m—1, and x € S, either of (5.16)) or
holds. Then, one has the following assertions

(1) (x0,¥0) is a weak efficient solution of (P) and Q = intC,
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(ii) (x0,y0) is a strong efficient solution of (P) and Q =Y \ —C,

(iii) (xo,y0) is a positive-proper efficient solution of (P) and Q = {y: ¢(y) > 0} for some
functional ¢ € C*,

(iv) (x0,y0) is a Geoffrion-proper efficient solution of (P) and Q = C(¢€) for € > 0,

(V) (x0,y0) is a Henig-proper efficient solution of (P) and Q = K for some pointed open
convex cone K dilating C,

(vi) (x0,y0) is a strong Henig-proper efficient solution of (P) and Q = intCg¢(B) for € satis-
fring 0 < e < 6.

In the following example, Theorems [5.3.7(vi) works, while several existing results do not.

Example 5.3.8. Let X =Y =Z=R,C=D=R,, G(x) = {0}, and

{0}, if x=0,
F(x) = 1 P
— ¢, fx=nneN,
n
0, otherwise.

Choose the base B = {1}. Then, § = 1 and C¢(B) = R for all € € (0,8). Let (xo,y0) = (0,0)
and zo = 0. It is easy to see that A = NU{0}. Then, T(;(,IC);)+(A) (v0,20) = Ry x Ry It follows
from Theorem Vi) that (xo,y0) is a strong Henig-proper efficient solution. It is easy to see
that domF = NU {0} is not convex and F is not pseudoconvex at (xg,yp). So, Theorem 3.6 of
Khanh and Tuan in [106]], Theorems 5.3, 5.4 of Li and Chen in [115]], and Theorem 2 of Liu and
Gong in [[119] cannot be applied.

Moreover, it is easy to see that (xo,yo) is also a weak efficient solution. But, Theorem 8 of
Jahn and Rauh in[96]], Theorem 6 of Chen and Jahn in [[26]] and Theorem 3.3 of Khanh and Tuan
in [105]] cannot be applied.

A natural question now arises: can we replace D by D(zp) in the necessary condition given
by Theorem [5.3.2] to obtain a smaller gap with the sufficient one expressed by Theorem

Unfortunately, a negative answer is supplied by the following example.

Example 5.3.9. SupposethatX:Y:Z=R,S:X,C=D:R+,andF:X—>2Y, G:X —2%

are given by
{y:yzxz}u ifxe[_lul]u
F(x) =

{_1}7 ifx%[_hl]a
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Gx)={zeZ:z=x*—1}.

We see that (xg,y9) = (0,0) is a weak efficient pair of (P). Take zo = —1 € G(xp) N (—D). We

r(1) _
have Tré). (s) (v0,20) = R x R and hence

T(rF(.,l(;)Jr(s) (¥0,20) N —int(C x D) = 0.

On the other hand, D(zp) = R. Thus,

T(Z§2)+(S) (v0,20) N —int(C x D(z9)) # 0.

5.4 Applications in some particular problems

In this section, we apply calculus rules to establish necessary conditions for some kinds of
efficient solutions of several particular optimization problems. We first prove a simple charac-

terization of this notion.

Proposition 5.4.1. Let X,Y and Q as before, F : X —2¥, (x0,y0) € g F and (u;,v;) € X x (—C),
i=1,....m—1. Suppose that the open cone Q satisfies Q+C C Q. Then, yq is a Q-efficient point
of F(X) if and only if one of the following separations holds

Té@)(ymvh--wvm—l) N(-Q) =0, (5.18)

DRF(x0,y0, (U1,V1); s (Um—1,Vm—1))(X) N (—=Q) = 0. (5.19)

Proof. 1t follows from Propositions[5.3.1/and [5.3.6]

Let F: X —2Y and G : X — 2X. Consider
(P1) Ming F(x') s.t. x€X and x' € G(x).

This problem can be restated as the unconstrained problem: Ming (F o G)(x). Recall that
(x0,y0) is called a Q-efficient solution if yg € (F o G)(xp) and ((F o G)(X) —yo) N (—Q) = 0.

Proposition 5.4.2. Assume for (P) that InG C domF, (xg,z0) € grG, (z0,y0) € grF, and
(1,v1,W1), ooy (Un—1,Vim—1,Wm—1) € X X X X (=C). Suppose that an open cone Q satisfies
Q+C C Q and (xg,y0) is a Q-efficient solution of (Py).
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(i) If either F. has a m-th order radial semiderivative at (zg,yo) with respect to (vi,wy), ...,
(Vin—1,Wm—1) or holds for F and G, then

D}?F+(ZOJO,‘117W17 ...7Vm71,Wm71)[TGrE;; (Z()uvlv"-uvmfl)] N (_Q> =0.

(ii) If either Fy has a m-th order radial semiderivative at (zo,yo) with respect to (vi,wy), ..,
(Vim—1,Wm—1) or (5.6) holds for F, and G, then

DRF4(20,Y0,V1s W1, - Vin—1,Wm—1) [DR G(%0,20, U1, V1, - ttm—1,Vm—1)(X)]| N (—Q) = 0.

Proof. We prove (i). By Proposition |5.4.1}, T(;(?();M(X) (Y0, W1y -ee, Win—1) N (—Q) = 0. Proposi-
tions [5.2.14{i) and [5.2.15|(i) say that

D%FJr(ZanO,VIanv---»Vm—l7Wm—1)[TGr((’;g(ZO>V1;---an—l)] C T&é':é)+(x)(yo,wl,---,Wm—l)-

]

From Propositions [5.4.2]and [2.2.9] we obtain immediately the following result for (Py).

Theorem 5.4.3. Assume for (P1) thatImG C domF, (xo,20) € grG, (z0,y0) € grF, and (uy,vi,wy)
oo (Um—1,Vm—1,Wm—1) € X X X x (—C). Then, assertions (i) and (ii) in Proposition[5.4.2] hold
in each of the following cases

(i) (x0,y0) is a weak efficient solution of (Py) and Q = intC,

(ii) (x0,y0) is a strong efficient solution of (P;) and Q =Y \ —C,

(iii) (x0,y0) is a positive-proper efficient solution of (Py) and Q = {y : ¢(y) > 0} for some
functional ¢ € C*,

(iv) (x0,Y0) is a Geoffrion-proper efficient solution of (Py) and Q = C(¢€) for € > 0,

(V) (x0,y0) is a Henig-proper efficient solution of (Py) and Q = K for some pointed open
convex cone K dilating C,

(vi) (x0,y0) is a strong Henig-proper efficient solution of (Py) and Q = intC¢(B) for € satis-
fring 0 < e < 6.

To compare with a result of Jahn and Khan in [94], we recall the definition of contingent
epiderivatives. For a multimap F between normed spaces X and Y, Y being partially ordered
by a pointed convex cone C and a point (x,y) € grF, a single-valued map EDF (x,y) : X — Y
satisfying epi(EDF (x,y)) = Tepir (x,y) = Tgrr, (x,y) is said to be the contingent epiderivative of
F at (x,y).

93



§5. Radial sets, radial derivatives and applications to global optimality conditions for vector
optimization problems

Example 5.44. Let X =Y =R, C =Ry, G(x) = {—|x|}, and F be defined by

R, ifx<0,
F(x)=
0, if x> 0.

Since G is single-valued we can try to make use of Proposition 5.2 of [94]]. By a direct compu-
tation we have Typir(G(0),0) = R?. So, the contingent epiderivative EDF (G(0),0)(h) does not
exist for any & € X. Hence, the necessary condition in the mentioned Proposition 5.2 says noth-
ing about the candidate point (0,0) for weak efficiency. However, F} has the first order radial
semiderivative at (G(0),0) and T3y, (G(0)) = R . Furthermore, D F (G(0),0)[Tgty)) (G(0))] =
R, which meets —intC, and hence Theorem i) above rejects this candidate.

Our sum rule can be applied directly to the following problem
(P,) Ming F(x)s.t. g(x) <0,

where X, Y are as for problem (Py), F: X —2Y and g: X — Y. Denote A := {x € X : g(x) <0}
(the feasible set). Define G : X — 2¥ by G(x) := {0} if x € A and G(x) := {g(x)} otherwise.

Consider the following unconstrained set-valued optimization problem, for arbitrary s > 0,
(P3) MinQ (F —l—SG) (x)

In the particular case, when Y = R and F is single-valued, (P3) is used to approximate (P,) in
penalty methods (see [[147]). We will apply our calculus rules for radial sets to get the following

necessary condition for a Q-minimal solution of (P3).

Proposition 5.4.5. Let yo € F(xp), xo € @ =domF NdomG, and (u1,vi1),..., (Um—1,Vim—1) €
X X (=C) for i = 1,2. Suppose that an open cone Q satisfies Q+C C Q and (xq,yo) is a O-
efficient solution of (P3). Then

(i) if either F; (Q) (or sG4(Q)) has a m-th order proto-radial set at yo with respect to v 1, ...,
Vi,m—1 (at O with respect to vy 1, ...,v2 1, respectively) or holds for F. and sG., then

(T;%)Z)()’o,vu, s VIm—1) +ST(r;(:21)(07V2,1/S, e Vam-1/5))N(=Q) = 0.

(ii) if either F.. (or sG1) has a m-th order radial semiderivative at (xo,yo) with respect to
(1,v1,1)5 -5 (Um—1,V1.m—1) (at (x0,0) with respect to (u1,v2.1),..., (Um—1,V2,m—1), respectively)
or (5.8) holds for F.. and sG, then, for any u € X,

(DRFL(x0,Y0,U1,V1 15 s Um—1,V1.m—1) (1) +SDF G4 (x0,0,u1,v2.1 /S, ..., m—1,v2,m—1/5) (1)) N

(-0)=0.
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Proof. We prove (i). It follows from Propositions [5.2.12i) and [5.2.17(i) that

T;ir(ng)))(ymvl,lv---»Vl,mfl) +]t:;(;’fgg)(oavlh~--7V2,m71) c

T(;(?SGMQ)()’O,WJ FV2 L5 V=1 V2 m-1)-

It is easy to see that

Ter(TzQ) (0, v;] yeees Vz’m_l) = STCr;(jzg) (O, VZ71/S, ...,vzm_l/s),

T;SE?Z) (Y0, V1,155 VIm—1) +ST£(I22) (0,v2,1/85..,v2m—1/5)

< Y}Zu(?sg)+(g) 30, Vi, 1+ V2,15, Vim—1 + V2m—1)-
By Proposition one gets
7" (yo,vi1+Vv v + )N(—0)=10
(F+5G) 4 (Q) Yo, V1,1 2,155 V1m—1 T V2 m—1 =V,
and hence the proof is complete. ]

From Propositions [5.4.5|and [2.2.9] we obtain immediately the following statement for (P3).

Theorem 5.4.6. Let yo € F(xp), xo € Q = domF NdomG, and (u1,vi1),..., m—1,Vim—1) €
X x (=C) for i = 1,2. Then, assertions (i) and (ii) in Proposition hold in each of the
followiing cases

(i) (x0,y0) is a weak efficient solution of (P3) and Q = intC,

(ii) (x0,y0) is a strong efficient solution of (P3) and Q =Y \ —C,

(iii) (x0,y0) is a positive-proper efficient solution of (P3) and Q = {y : ¢(y) > 0} for some
functional ¢ € cti

(iv) (x0,Y0) is a Geoffrion-proper efficient solution of (P3) and Q = C(¢€) for € > 0,

(V) (x0,¥0) is a Henig-proper efficient solution of (P3) and Q = K for some pointed open
convex cone K dilating C,

(vi) (x0,¥0) is a strong Henig-proper efficient solution of (P3) and Q = intC¢(B) for € satis-
fring 0 < € < 6.

The next example illustrates a case, Theorem|[5.4.6]is more advantageous than earlier existing

results.
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Example 5.4.7. Let X =Y =R, C =R, g(x) = x* —2x%, and F(x) = R_ for all x € X. Then,
S = [0,2] and G(x) = max{0,g(x)}. Furthermore, since Topir(0,0) = R* and Tipi(0,0) =
{(x,y) : y > 0}, the contingent epiderivative EDF (0,0)(h) does not exist for any 42 € X and
Proposition 5.1 of Jahn and Khan in [94] cannot be applied. But we have proto-radial sets

r(1) _ r(1) —
T, x) (0) =R and TG+(X)(O) =R;. So,

(TA(]&) (0)+ sTg(:()X) (0)) N (—intC) # 0.

By Theorem i), (x0,y0) is not a weak efficient solution of (P3). This fact can be checked
directly too.
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Chapter 6

Calculus rules and applications of
Studniarski derivatives to sensitivity and
implicit function theorems

6.1 Introduction

In set-valued analysis, one of the most popular and useful higher-order derivatives is the
contingent derivative introduced in [10] by Aubin in 1981. However, the set D™ F (xo, yo, u1,V1,
ceeyUp—1,Vm—1)(u) (its definition is given in Remark in Chapter E[) is non-empty only if
vi € DF(x0,50) (1), +..y Vin—1 € D" VF (x0,Y0,41,V1, s 2, Vm—2)(ttm_1). In applications,
even the need of having these m — 1 points may lead to inconvenience. In 1986, the follow-
ing modification was proposed in [156] by Studniarski, without the “intermediate” orders in

definition and hence without the need of these m — 1 points,
D"F (x0,v0)(x) :={v €Y : 3, — 07, 3(xn, V) — (x,v), V,y0 +10'vy € F(x0 +10%4) }-

We can write the following two equivalent formulations as follows

F(xo+1u') —yo

tm

D"F (x0,y0)(u) = Limsup
(t,u")—(0F,u)

)

and, by setting (X, yn) := (X0 + talln, Yo +10Vy), Yo =1,
D"F (x0,y0)(u) ={veY: 3y >0, 3(xy,yn) € gF : (Xn,yn) — (x0,¥0),

(% (xn = X0), %" (yn = ¥0)) — (u,v) }.
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This object is called, by several authors, the Studniarski derivative. In nonsmooth optimization,
it was applied in obtaining optimality conditions, e.g., in [97,199, 117,|124,/144,/156,|159] and in
discussing sensitivity analysis in [[158]] by Sun and Li.

The idea of omitting “intermediate” orders in defining higher-order derivatives was contin-
ued in [8,49]. Namely, several notions of higher-order derivatives were developed, combining
the idea of extending to higher-order the radial derivative proposed by Taa in [160] (for the
first-order) with this omitting. In that way, global (not local as with the above two derivatives)
higher-order optimality conditions were established for nonconvex optimization. (The main
technical change in the above definitions is replacing 3¢, — 0" by 3¢, > 0.) The possibility for
global consideration is good for optimality conditions, but for some other topics like sensitivity
analysis or implicit function theorems, this may be inconvenient.

Thus, in this chapter, we return to the Studniarski derivative. Namely, we are concerned with
two topics. First we develop calculus rules for this derivative, observing that these rules have
not been studied, but a kind of derivatives is significant only if it enjoys enough calculus rules.
Later, we use the Studniarski derivative just to the two mentioned topics of sensitivity analysis
and implicit function theorems to ensure that in this paper we can investigate what is difficult

for the derivatives considered in [8]]. The content of this chapter is also our results in [6].

6.2 The Studniarski derivative

Let X,Y be normed spaces, F : X — 2¥, (xo,y0) € gtF,u € X,and m > 1.

Definition 6.2.1. The m-th order Studniarski derivative of F at (xg,yo) is defined by

F(xo+1x") —yo

tm

D"F (xp,y0)(x) := Limsup
(t2") = (0% %)

Y

or, equivalently,
D"F (x0,y0)(x) = {v €Y : 3, — 0", 3(xn,vn) — (x,v), Vn,y0 +10'vy € F(x0 + tnxn) }-

The m-th order Studniarski derivative can be expressed as the I'-limit as follows

vED"F(xp,y0)(x) <  inf inf inf sup Sup SUp Xor( g (I, X V)=1
Q@/V(V) WG,/V(X) t>0 0<t'<t X eW v'€Q er( F‘(xO-yO))

= DA A @A) (L) = b

L(X0Y0
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where Zr (1) yo) & (0,+90) x X — 2" is defined by

1
L o) (11, X) 1= t,—m(F(xO +1'x") = y0).

If the upper limit in Definition [6.2.1|is a full limit, i.e., the upper limit coincides with the

lower limit for all u, then the map F is called to have a m-th order proto-Studniarski derivative

at (x0,y0)-

Example 6.2.2. et X =Y =Rand F,, : X — 2Y neN, be defined by, for all x € X, F,(x) =
{y €Y :y > x"}. By calculating, we can find the m-th order Studniarski derivatives of F, at
(x0,y0) = (0,0) as follows

If m = n, then for all u € X, D"Fy(xp,y0)(u) ={y €Y :y > u"}.

If m < n, then for all u € X, D"F,(x0,y0)(u) = Ry.

If m > n, then

R, ifn=2k—1(k=1,2,..)andu<0,
D"F,(x0,y0)(u) =<¢ Ry, if n=2k(k=1,2,..)andu=0,
0, otherwise.
In the following example, we compute the Studniarski derivative of a map into an infinite

dimensional case.

Example 6.2.3. Let X = R and Y = /2, the Hilbert space of the numerical sequences x = (x;);en
with 72, xl2 being convergent. By (e;);cy we denote standard unit basis of > Letf:X —Y be
defined by

1 1

—(—e1+2e,), ifx=-,
f@)=14 n n

0, otherwise

and (xo,y0) = (0,0). We find the higher-order Studniarski derivatives of f at (xq,yo). It follows
from Definition 2.1 that v € D™ f(xo, yo) (1) means the existence of #y — 07, uy — u, and vy — v

such that
Y0 —i—t,’ka € f(X0+lkuk). (6.1)

For all u € X, we can choose t; — 0%, u; — u such that tyu; # 1/k. So, forall u € X,

{0} € D" f(x0,y0) ().
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We now prove that, for each v € Y \ {0}, v & D" f(x0,y0)(u) for all u € X. Suppose, on the
contrary, there exist u € U and v € Y \ {0} such that v € D" f(xo,y0)(u), i.e., there are t; —
0", uy — u, vy — v such that holds. If tuy # 1/k for infinitely many k € N, we get a
contradiction easily. Hence, assume that fzu; = 1/k. Then (6.1)) becomes vy = W< —ey +2¢).
If 1/(k.t]") — oo, we get a contradiction to the convergence of the sequence (—e; +2¢;)/(k.1").

Suppose 1/(k.t]') — a > 0. As e /(k.t]") — aey, the sequence e;/(k.t") converges to some c,

i.e.,

2 2
Iee—elF =0
that is,
2 2 2 2 2 2
P = (= 2( 2 o — 0. 6.2
s =l = (g + el 2 e =) 62

Since (ey) converges to 0 with respect to the weak topology, then (e;, —c) — 0. From (6.2)), we
get4a® + ||c|[> = 0. If a= 0, then ¢ = v(+ 0) since (—e; +2¢;)/ (k.t") — v. If a > 0, then 4a* +
||c||* # 0. Therefore, we always have a contradiction. Thus, for all u € X, D™ f(xo,yo)(u) = {0}.

We now present a condition for a m-th order Studniarski derivative to be nonempty.

Proposition 6.2.4. Let dimY < +oo, (x,y0) € grF, and x¢ € int(domF). Suppose that
(i) F is lower semicontinuous at (xo,Yo),

(1) F is m-th order locally pseudo-Holder calm at xq for yy.
Then, D"F (xg,y0)(x) # 0 for all x € X.

Proof. For x = 0, this is trivial because we always have 0 € D" F(xg,y0)(0). By assumption (ii),
there exist A > 0, Uy € A4 (xp) and V € 4 (yp) such that Vx' € Uy,

(F({)NV) € {yo} +Al[¥ —xol "By

By assumption (i), with V above, there exists U, € .4 (xg) such that Vx € U, VN F(x) # 0.
It follows from xg € int(dom F) that there exists Us € .4 (xg) such that Us € domF. Setting
U=UNUNUs, we get U € A (xp). Let an arbitrary x € X \ {0} and #, — 0. Because
X0+t x — xo, we get xo +1t,x € U for large n. Hence, there exists y, € F(xo+1,x) NV such that

" lyn = yol| < A|x][™.

So, t, ™ (v, — yo) is a bounded sequence and hence has a convergent subsequence. By Definition
6.2.1} the limit of this subsequence is an element of the set D™ F (xq,yo)(x). O
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Example 6.2.5. (assumption (ii) is essential) Let F : R — 2R be defined by
({3}, ifo<x<l,
{x}, if x>1,

{—x}, if —1<x<0,

L {—x'3), ifx<—1.

Direct computations yield that D" F(0,0)(1) = 0 for all m > 1. Here, F is lower semicontinuous

at (0,0), but the m-th order locally pseudo-Holder calmness fails.

Example 6.2.6. (assumption (i) cannot be dropped) Let F : R — 2F be defined by
{1}, if x=0,
F(x) =
{y:y<x}, if x#0.

Then, assumption (ii) is satisfied at (0, 1). Direct calculations give that D"F(0,1)(1) = 0 for
all m > 1. The cause is that F is not lower semicontinuous at (0, 1), since F is mth-order
locally pseudo-Holder calm at O for 1. Indeed, pick A = 1,U ={x e R: —1/2 <x < 1/2},
V={yeR:1/2<y<3/2}. Then, F(x) ={y€R:y <x} C (—o0,1/2) forallx € U\ {0}.
Therefore, F(x) NV =0 forallx € U \ {0}, and

F(O)NV ={1} C {yo} +||x[|"By
forall m > 1.

A map F is said to have a strict Studniarski derivative at (xo,y) € grF if
D"'F (x0,y0)(u) = {v €Y :Vt, — 07, I(up,v,) — (u,v), V,yo +10'vy € F(x0+ taty)}.

Proposition 6.2.7. Let F : X — 2, (xo,y0) € grF, and F be a convex map and have a strict

Studniarski derivative at (xo,yo). Then, D"™F (xo,Yy0) is convex.

Proof. Let x' x> € X and y' € D™F(x0,y0)(x'), i = 1,2, i.e., for any t, — 0%, there exists
(xi,y1) — (x',y") such that, for all n, y!, € t,™(F (xo + t,x\) — o). Since F is convex, for all

A €]0,1],

A <F(x0 +tax}) —yo) -2 (F(xo+tnx,21) —yo) c F(A(xg+tux)) + (1= A) (x0 + 1,x2)) —o.

' ' '
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Therefore, | )
Ayl (1—Ap2e F(x0 + 1 (Ax, t,,gl —A)x3)) —Yo
Hence, Ay! + (1 —A)y? € D"'F (xg,y0)(Ax! + (1 — 1)x?). O

The next statement is a relation between the Studniarski derivative of F and that of the profile

map.
Proposition 6.2.8. Let F : X — 2Y, and (xy,yo) € grF. Then, for all x € X,

D" F (x0,y0)(x) +C € D"(F +C)(x0,y0)(x)- (6.3)
If dimY < 4o and F is m-th order locally Holder calm at xq for yo, then (6.3) becomes an
equality.
Proof. Let w € D™F (xo,y0)(x) + C, i.e., there exists v € D"F(xp,y0)(x) and ¢ € C such that
w = v+ c. We then have sequences t, — 0™, x, — x, and v,, — v such that, for all n,

Yo+t (v +c¢) € F(xo+tnxn) +1,'c C F(x0+tyxn) +C.

So, v+c € D™(F +C)(x0,y0)(x).
Letw € D™(F +C)(x0,y0)(x), i.e., there exist , — 0T, x,, — x, w, — w such that yo +"w, €
F (x0 + tpx,) 4+ C. Then, there exist y, € F(xo +,x,) and ¢, € C satisfying

Wp = tn_m(yn _yO) + tn_mcn- (6.4)

Because F is m-th order locally Holder calm at x for y, there exists A > 0 such that, for large
n,

Yn € F(XO +tnxn) C {y0}+lthanmBY-

So,
ty " |[yn = Yol| < A |xal[™.

Since dimY < oo, £, (y, —yo) (using a subsequence, if necessary) converges to some v and
v € D"F(x9,y0)(x). From (6.4), the sequence ¢, /1" converges to some ¢ € C and w =v+c.
Thus w € D™F (xg,y0)(x) +C. O
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6.3 Calculus rules

Proposition 6.3.1. (Sum rule) Let Fi,F> : X — 2¥, xg € domF, NdomF,, y; € F(x;) (i=1,2)
and u € X. Suppose either F\ or F, has a m-th order proto-Studniarski derivative at (xq,yy) or
(x0,y2), respectively. Then

D"Fy(x0,y1) () + D" Fa(x0,y2) (1) € D" (Fi + F2)(x0,y1 +y2) (). (6.5)

If, additionally, dimY < oo and either F| or F, is m-th order locally Holder calm at xq for y;
or yy, respectively, then ([6.5) becomes an equality.

Proof. Consider v € D" F;(xo,y;)(u). For v!, there exist t, — 0%, u, — u, and v} — v! such that,
for all n, y; %—t,’?v,l1 € Fy(xo+tnuy). For vy, supposing that F; has the m-th order proto-Studniarski
derivative at (xo,y>), with #,,, u, above, there exists v% — v? such that y, + t;l"v% € F(xo + tyuy).
Hence, y; +y2 + 1" (v} +12) € (Fy + B) (xo + tyun) and v! +v2 € D™(F + B) (x0,y1 +2) (u).
Letv € D™(F, + F>)(x0,y1 +Y2)(u), i.e., there exist 1, — 0", u, — u, and v,, — v such that

Y1 +y2+ty’znvn € (Fl —|—F2>()C0 +tnun) :FI(XO +tnun) +F2(X0 +tnun>-

This means that there exist yﬁl € Fi(xo+1tyuy,),i=1, 2, such that

va=1," (o — 1) +1, " (V2 — ¥2). (6.6)

Suppose Fj is m-th order locally Holder calm at x( for y, i.e., there exists L > 0 such that, for
large n,
yflz € Fi(xo +1y'un) C {y1} + L|[tnttn||" By .

Because dimY < +oo, £, (y} —y1) (using a subsequence, if necessary) converges to some v!

and hence v! € D"Fj(xg,y)(u). From , the sequence ¢, (y2 — y,) also converges to some
v2 such that v2 = v—v!, and v? € D™F,(x0,y2)(u). Thus, v € D™F\(x0,y1) (1) +D"Fa(x0,y2) (u).
U

Proposition 6.3.2. (Chain rule) Let F : X —2Y, G:Y — 27, (x0,y0) € gr'F, (o,20) € gt G, and
ImF C domG.
(i) Suppose G has a m-th order proto-Studniarski derivative at (yo,zo). Then, for all u € X,

D™ G(v9,20)(D'F (x0,v0) (1)) € D™ (G o F)(x0,20) (1) (6.7)
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If, additionally, dimY < 4o and F is locally Lipschitz calm at xq for yo, then (6.7) becomes an
equality.
(ii) Suppose G has a first-order proto-Studniarski derivative at (yo,zo). Then, for all u € X,

D'G(y0,20) (D" F (x0,y0) (1)) € D" (G o F)(x0,20) (1) (6.8)

If, additionally, dimY < +oo and F is m-th order locally Hélder calm at xq for yo, then ({6.8)

becomes an equality.

Proof. By the similarity, we prove only (i). Let w € DG (yo,z0)(D'F(x0,y0) (1)), i.e., there
exists v € D'F (x,y0) (u) such that w € D™ G(yg,70)(v). There existt, — 0T, u, — u, and v,, — v
such that yo + t,v, € F(xo + tyu,). With f,,v, above, we have w, — w such that zo +'w, €
G(yo + tavn). S0, 20 +1"w, € G(F (xg + taity)). Thus, w € D"(G o F)(xo,20) (u).

Letw € D"™(Go F)(x9,20)(u), i.e., there exists t, — 07, u,, — u, and w,, — w such that zo +
t"wy, € G(F (xo +t,uy)). Then, there exists y, € F(xo+t,uy,) such that zo +'w, € G(y,). Due
to the local Lipschitz calmness of F and the finiteness of dimY, the sequence v, :=t, ! (Yyn—Y0),
or a subsequence, converges to some v and v € D' Fi (xo,yo)(u). This implies that zg + £"w, €
G(yo +t,v,) and hence w € D"G(yo,20) (V). O

We next discuss calculus rules for the following operations.

Definition 6.3.3. (i) For F|,F, : X — 2Rk, R¥ being an Euclidean space, the product of F; and F;
is the set-valued map (F|, F>) : X — 2R defined by (F{, F>) (x) := {(y1,y2) : 1 € F1(x),y2 € F>(x)}.

(ii) For Fi,F> : X — 2R, the quotient of F| and F> is the set-valued map F; J/Fy: X — 2R
defined by (F1/F)(x) :={y1/y2 : y1 € F1(x),y2 € F>(x),y2 # 0} .

Proposition 6.3.4. (Product rule) Let F|,F, : X — ZRk, xp € dom FyNdom F, y; € Fy(xo) (i=1,2).
Suppose either F\ or F» has a m-th order proto-Studniarski derivative at (xo,y1) or (xo,y2),

respectively. Then, for all u € X,

(v2,D"Fy (x0,y1)(u)) + (y1,D" Fx(x0,y2) (u)) € D" ((F1,F2))(x0, (y1,¥2)) (u). (6.9)

If, additionally, F; are m-th order locally Holder calm at xg for y;, i = 1,2, then becomes

an equality.

Proof. Consider v € D"Fj(xo,y;)(u). There exist t, — 0%, u, — u, and v} — v! such that y; +

"} € Fi(xo+ tyuy,). Supposing F> has the m-th order proto-Studniarski derivative at (xo,y>),
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with #,, u, above, there exists v2 — v? such that y, + "2 € F>(xo + tyu,). We have

v,y +evey = 1,y2) + i (1, ve) + G2, + 0 (v va)),
and
<y1 —|—t,’1”v,11,y2 —|-IZ1V,%> S <F1,F2> (XQ +tnun).
This implies that <y1 , v2> + <y2, v'> € D"((F1,F))(xo, (y1,y2))(u).

Let v e D"((F1,F,))(x0, (y1,y2))(u), i.e., there exist , — 0", u, — u, and v, — v such that
(y1,y2) +t"v, € (F1,F) (xo + tyuy). Then, there exist yf1 € Fi(xo + tyuy,) such that (y1,y2) +
vy, = <y,ll,y%>. We have
nodn) = n=y1+ 31,5 = y2+y2) = n = y1.9% —y2) +n = y1.92) + (n = y2,01) + 1, 32) -

This implies that

1_ 2 _ 1_ 2_
= <y" myl,yz>+<y" myz,y1>+r,’;‘<y" 2 my2>. (6.10)

Because F; is m-th order locally Holder calm at xq for y;, there exists L; > O such that, for large

n,

Yn € Fi(xo+1;'un) S {yi} + Lil[taun|[" By
This implies that there are two subsequence (the subscripts of the second one are taken among
those of the first), denoted by the same notations 7, (y. — y;), converging to some v' € R* and

Vi€ D"F(xo,yi) (1), i=1,2. Thus, from (6.10), v € (D" Fy (xo,y1) (), y2) + (D" Fa(x0,y2) (1), 1) -
]

Proposition 6.3.5. (Quotient rule) Let F,F> : X — 2K, xo € domF; NdomF,, and y; € F;(xo)
(i=1,2) with y; # 0. Suppose either F| or F, has a m-th order proto-Studniarski derivative at
(x0,y1) or (x0,y2), respectively. Then, for all u € X,
1
y—z(yszFl (%0,y1) () = y1 D" Fa(x0,y2) () € D" ((Fi /F2)(x0,y1/y2) (u). (6.11)
2
If, in addition, F, is m-th order locally Holder calm at xg for y,, then becomes an equality.

Proof. Consider v € D"Fj(xo,y;)(u). There exist t, — 0%, u, — u, and v\ — v! such that y; +
"} € Fi(xo+ tyuy,). Supposing F> has the m-th order proto-Studniarski derivative at (xo,y2),

with #,, u, above, there exists v2 — v? such that y, + "2 € F(xo + t,u,). We have

i+l ooy, (yw,ll _)’IV;%)
L= 4" =" e (F/F)(xo+thuy,).
ya+tmv: oyt \ 33 Hemly, (Fi/F2) x0 + fut)
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This implies that y; > (y2v! —y1v?) € D" ((F/F2)(x0,y1/y2) (1)
Let v e D"(Fy /) (x0,(v1/y2))(u), i.e., there exist t, — 0", u,, — u, and v, — v such that
(y1/y2) +13'vn € (F1 /F2) (%0 +tatty). So, there exist y;, € Fy(xo +tyun) such that (y1 /y2) +1;'v, =

yh/va. We get 1 1 )
Yo _ Y1 20— y1) =1 (¥ —¥2)
2 owm Y3+ 202 —y2)

and hence | )
Y2V = 1)/t =1 (v —y2) /1

3y (57 —y2) /17
Because F» is m-th order locally Holder calm at xo for y;, (y2 — y2)/t™ converges to some
v with v2 € D"F>(x0,y,)(u). From , the sequence (y! —y;)/t" also converges to v!
such that v! € D" Fy (xo,y1)(u) and v = y5 2 (y2v! —y1v?). Thus, v € y52(y2D"Fy (x0,y1) (1) —
y1D"Fy(x0,y2) (u)). O

Corollary 6.3.6. (Reciprocal rule) Let F : X — 2R, yo € F(xo) with yo # 0. Then, for all u € X,

(6.12)

Vn =

— ¥ (D"F (x0,y0) () € D" (1/F)(x0,1/y0) (1). (6.13)

If, in addition, F is m-th order locally Holder calm at xo for yo, then (6.13) becomes an equallity.
In the rest of this section, we discuss other sum and chain rules, which may be more useful

in some cases (see, e.g., Section [6.4). Let X,Y,Z be normed spaces. To investigate the sum

M + N of multifunctions M,N : X — 2¥, we express M + N as a composition as follows. Define
F:X —2XYand G: X xY — 2" by, for I being the identity map on X and (x,y) € X x Y,

F=IxM and G(x,y) =y+N(x). (6.14)

Then, clearly M+N = GoF.
First, we develop a chain rule. Let general multimaps F : X — 2¥ and G : Y — 27 be consid-

ered. The so-called resultant set-valued map C : X x Z — 2V is defined by
C(x,2) :=F(x)NG ' (2).
Then, domC = gr(G o F). We need the following compactness properties.

Definition 6.3.7. Let H : X — 2¥ be a set-valued map.

(i) H is said to be compact, see [[140], at x € cl(dom H) if any sequence y, € H(x,) satisfying
X, — x has a convergent subsequence.

(ii) H is said to be closed at x if (c1H)(x) = H(x), where cl H is the closure map of H defined
by gr(clH) = cl(grH).
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Note that when H is compact at x, the image H(x) still may be not closed. Simply think
of H:R — 2R equal to (0,1) if x =0, and to {0} if x # 0. Then, H is compact at 0, but
H(0) = (0,1) is not closed.

We define other kinds of m-th order Studniarski derivatives of G o F with respect to variable

y as follows.

Definition 6.3.8. Let ((x,z),y) € grC.
(i) The m-th order y-Studniarski derivative of Go F at ((x,z),y) is defined as, for u € X,

D" (GoyF)(x,z)(u) :={weZ:3t, — 0", 3ty yn, wn) — (u,y,w),Vn,y, € C(x~+tyttn, z+10"wy) }.

(ii) For an integer k, the m-th order pseudo-Studniarski derivative of the map C at (x,z) with

respect to k is defined as, for (u,w) € X x Z,

1

DM C((x,2),y)uw) = {FEY: Iy — 07,3 (ttn, Yy W) — (5, W), ¥n,

y+ 155, € C(x 4 tyutn, z4+1"w,) }.

If k = m, the set in Definition i) is denoted shortly by D)'C((x,z),y)(u,w). One has a
relationship between D™ (G oy F)(x,z)(u) and D" (G o F)(x,z)(u) in the following statement.

Proposition 6.3.9. Let (x,z) € gr(GoF) and u € X.
(i) For y € C(x,z), one has

D"(GoyF)(x,z)(u) C D"(GoF)(x,z)(u).
(ii) If C is compact and closed at (x,z), then
U D"(GoyF)(x,2)(u) = D"(GoF)(x,z)(u).
yeC(x,2)

Proof. (i) This follows immediately from the definitions.

(i) “C” follows from (i). For “27, let w € D" (G o F)(x,z)(u), i.e., there exist sequences
tn — 07 and (uy,wy) — (u,w) such that z+"w, € (Go F)(x+ tyuy). So, there exists y, € ¥
with y, € C(x+ tyun,z+1'wy,). Since C is compact at (x,z), y, (or a subsequence) has a limit y.
Since (x + tylty, 2+ 1'Wn,¥n) — (x,2,), one has y € (c1C)(x,z). It follows from the closedness
of C at (x,z) that y € C(x,z).

O

The first chain rule for G o F using these Studniarski derivatives is
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Proposition 6.3.10. Let (x,z) € gr(GoF) andy € C(x,z). Suppose, for all (u,w) € X X Z,
D"F (x,5)(u) N (D'G(y,2)) ™" (w) € DC((x,2),5) (, ). (6.15)

Then

D'G(y,2)[D"F (x,y) (u)] € D" (G o, F)(x.2)(u).

Proof. Letv € D'G(y,z)[D™F(x,y)(u)], i.e., there exists y € D"F (x,y)(u) such thaty € (D'G(y,z)) "' (v).
Then, (6.15) ensures that y € D}/C((x,z),y)(u,v). This means the existence of #, — 0" and

(Un, Y, vn) — (u,¥,v) such that y + 4y, € C(x + tatty, 2+ 1;'vs). We have y, :=y+1/'y, €
C(x+tyuy,z+1)'vy). So, v € D™(Goy F)(x,z)(u) and we are done.

[
Proposition 6.3.11. Ler (x,z) € gr(GoF) and y € C(x,z). Suppose, for all (u,w) € X X Z,
D'F (x,) () N (D"G(3.2))~" (w) € D C((x.2).y) (u,w). (6.16)
Then
D"G(y,2)[D'F (x,3) ()] € D" (Goy F) (x,2) (1)
Proof. The proof is similar to that of Proposition [6.3.10] O

Note that, when m = 1, we have (D'G(y,z))~! = D'G~'(z,y), however this is not true for

m > 2 as shown in the following example.
Example 6.3.12. Let F : R — R be defined by F(x) = x*. Then,
_1 {_\/yv\/y}7 lf)’ZO»
F(y)= '
0, if y<O.

Direct computations yield that D' F(0,0)(u) = {0} for all u € R, which implies that (D' F(0,0))~'(0)
=R and (D'F(0,0))~!'(v) = 0 for v # 0. It is easy to check that D!F~1(0,0) coincides with
(D'F(0,0))~".

For m =2, D*F(0,0)(u) = {u?} for all u € R, which implies

{_ﬁ>ﬁ}7 if y>0,

(D*F(0,0))~'(v) = { ,
0, if y<O0.
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However,
R, if v=0,
D’F~10,0)(v) = {
0, if v#£0.

To get a chain rule for Studniarski derivatives in the form of equalities, we first prove the

inclusions reverse to those in Propositions [6.3.10{1), [6.3.11(i) under additional assumptions as

follows.

Proposition 6.3.13. Let y € C(x,z) and Y be finite dimensional.

@) If
D}C((x,2),y)(0,0) = {0}, (6.17)
then
D"™(G oy F)(x,z)(u) C D'G(y,2)[D"F (x,y)(u)].
(i) If
Dy ((x,2),)(0,0) = {0}, (6.18)
then

D"(GoyF)(x,2)(u) € D"G(y,2)[D'F (x,y) (u)].

Proof. By the similarity, we prove only (i). Let w € D" (G oy F)(x,z)(u), i.e., there exist £, — 0"
and (up,yn,wn) — (u,y,w) such that y, € C(x+ tyuy,z+t)'wy). If y, =y for infinitely many
k € N, one has 0 € D"F(x,y)(u), w € D' G(y,z)(0) and we are done. Thus, suppose y, # y for
all n and, for s, := ||y, — y||'/", the sequence v, := s, " (v, — y) or some subsequence has a limit

v of norm one. If ¢, /s, — 0, since

m
Sn n

tu Mw
S — ec(x+sn<ﬂ>,z+sz’<"—">),

one sees that v € D)JC((x,z),y)(0,0), contradicting 1| Consequently, ¢, s, has a bounded

subsequence and one may assume that ¢, Is, tends to ¢ € R, So,
Y1 (syva /') = Yn € C(x +tytty, 2+ 13" wn)

and then one gets ¢"v € D}}C((x,z),y) (u,w). It follows from the definition of D}}C((x,z),y)(u,w)
that ¢"v € D"F (x,y)(u) and w € D'G(y,2)(¢"v). O

Combining Propositions -[6.3.13] we arrive at the following chain rule.
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Proposition 6.3.14. Suppose Y is finite dimensional and (x,z) € gr(G o F) is such that C is
compact and closed at (x,z).
(i) Assume that holds for every y € C(x,z). Then

D"(GoF)(x,z)(u) C U D'G(y,2)[D™F (x,y)(u)]. (6.19)
yeC(x,7)

If, additionally, holds for every y € C(x,z), then is an equaliry.
(i) Assume that holds for every y € C(x,z). Then

D"(GoF)(x,z)(u) C U DmG(y,z)[DlF(x,y)(u)]. (6.20)
yeC(x,2)

If, additionally, holds for every y € C(x,z), then is an equality.

Now we apply the preceding chain rules to establish sum rules for M,N : X — 2. For this
purpose we use F : X — 2X>¥ and G: X x Y — 2¥ defined in (6.14). For (x,z) € X x Y, set

S(x,2) :=M(x) N (2= N(x)).
Then, the resultant map C : X x ¥ — 2X*¥ associated to these F and G is
C(x,z) = {x} x S(x,2).

Given ((x,z),y) € grS, the m-th order y-Studniarski derivative of M + N at (x,z) is defined
as, forue X,
D" (M+yN)(x,2)(u) :={w €Y : Tty — 0", Iy, yn, wn) — (4, y, W), Y1,y € S(x+tytty, z+1)' W) }.
Observe that
D" (M +yN)(x,z)(u) = D" (Goy F)(x,z)(u). (6.21)

One has a relationship between D"'(M +, N)(x,z)(u) and D" (M + N)(x,z)(u) as noted in the

next statement.

Proposition 6.3.15. Let (x,z) € grf(M +N) and y € S(x,z2).
(i) D"(M +yN)(x,2)(u) € D"(M +N)(x,2) (w).
(ii) If S is compact and closed at (x,z), then

U D"(M+,N)(x,2)(u) = D"(M+N)(x,2) (u).
yeS(x,2)
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Proof. (i) This is an immediate consequence of the definitions.

(ii) When S is compact and closed at (x,z), C is compact and closed at (x,z). Hence, the
equality in Proposition i1) holds. In view of (6.21)), this relation implies the required equal-
ity. []

For higher-order sum rules, we have
Proposition 6.3.16. Let (x,z) € gr(M+N) and y € S(x,z).
(i) Suppose, for all (u,v) € X XY,
D"M(x,y)(u) N [v—D"N(x,z—y)(u)] € D)yS((x,2),y)(u,v). (6.22)
Then
DM (x,y)(u) + D"N(x,z = y)(u) € D" (M +y N)(x,2) (u).
(i) If holds for all y € S(x,z), then

U (0"Mx3) () + DN (2= y) ) € D" (M +N)(x,) ).
y€S(x,2)
Proof. (i) Let w € D"M(x,y)(u) + D"N(x,z —y)(u), i.e., there exists y € D""M(x,y)(u) such
that y € w — D™N(x,z—y)(u). Hence, (6.22) ensures that y € D}}S((x,z),y)(u,w). Therefore,
there existt, — 0" and (u,,y,,wn) — (u,y,w) such that y +1"y, € S(x+ tyun,z+1"w,). Setting
yn =y +1'y,, we have y, € S(x +t,u,,z+1'w,). Consequently, w € D" (M +,N)(x,z)(u).
(ii) This follows from (i) and Proposition [6.3.15(i). ]

We can impose an additional condition to get equalities in the above sum rules as follows.
Proposition 6.3.17. Let Y be finite dimensional and (x,z) € gr(M + N).
(i) Suppose, fory € S(x,z),
DyyS((x,2),))(0,0) = {0} (6.23)

Then
D"(M 4, N)(x,2) () C D"M(x,y)(u) +D"N(x,z — y)(u).

(ii) If S is compact and closed at (x,z) and holds for every y € S(x,z), then one has

D"M+N)(x,2)(u) C | (D"M(x,y)(u)+D"N(x,z—y)(u)). (6.24)
yES(x,2)

If, additionally, holds for every y € S(x,z), then becomes an equality.
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Proof. (i) Letw € D™(M 4, N)(x,z)(u), i.e., there exist t, — 07 and (i, y, wy) — (u,y,w) such
that y, € S(x+ tyuy, z+1'wy). If y, =y for infinitely many k € N one has 0 € DM (x,y)(u) and
w € D"N(x,z—y)(u), and we are done. Thus, suppose y, # y for all n and, for s, := ||y, —y||'/",

the sequence v, := s, (v, —y) converges to v of norm one. If ,, /s, — 0, since

thld n'w
y+sivy =y, €S (x-l—sn(ﬂ),z-i-sff(’;—x)) ,

Sn n

one sees that v € D)S((x,2),y)(0,0), contradicting (6.23). Consequently, s,/t, has a bounded

subsequence and we may assume that s, /1, tends to ¢ € R.. So,

sm
v+ (I_ZLV”) =yp € S(x+tyun,z+ 1, wy)

n

and then ¢"v € D}'S((x,z),y)(u,w). It follows from the definition of D}S((x,z),y)(u,w) that
q"v € D"M(x,y)(u) and w— g™v € D"N(x,z—y)(u).
(ii) This follows from (i) and Propositions[6.3.15|and [6.3.16] O

Next, we define two other m-th order Studniarski derivatives, which are slight modifications
of those in the above definitions and suitable for applications to variational inequalities in Section
m Let P be also a normed space, F : P x X Y andN:PxX -2V LetS:PxX xY —2Y
be given by

-~

S(p,x,y) :== F(p,x)N(y—N(p,x)).

~

Definition 6.3.18. Given yy € S(p,x,y) and (u,v) € P x X, we define

D" (F +,,N)((p,x),y)(u,v) :={weY:3t, — 0", 3ty Vit Yy W) — (1, v, 0, W),

~

Yn € S(p+tnunax+t;TVnay+t;TWn)}7

and

DES((p,x,y),y0)(u,v,5) :=={w €Y : Ity — 0", 3(un, Vs S Wn) — (U, v, 8,w),

~

Yo +trTWn € S(P+tnun:x+lr’:1vn:y+tzisn)}'

Proposition 6.3.19. Let Y be finite dimensional and ((p,x),y) € gr(F +N).

~

(i) Suppose, for yo € S(p, x,y),

o~

Dy3((p.x,5),30))(0,0,0) = {0}, (6.25)
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Then

D™ (F +y, N)((p,x),)(u,v) € DyF((p,x),y0)(,v) + DyN((p,x),y = y0) (1, ).

(ii) If S is compact and closed at (p,x,y) and holds for every yg € §(p,x7y), then one has

DZ’(F—}—N)((p,x),y)(u,v) C U (DgF((p,x),yo)(u,v)+D$N((p,x),y—y0)(u,v)).

YoES(px.,y)

Proof. (i) Let w € D™ (F 4y, N)((p,x),y)(u,v), i.e., there exist t, — 0" and (un,vn,yn, Wn) —
(u,v,y0,w) such thaty, € §(p+tnun,x+t,Tvn,y+t,Twn). If y, = yo for infinitely many k € N, one
has 0 € DF((p,x),y0)(u,v) and w € DN((p,x),y — yo)(u,v), and we are done. Now suppose

1/m

yn # yo for all n and, for s, := ||y, — yo||'/"™, the sequence I, := s, (y, — yo) converges to [ of

norm one. If #, /s, — 0, since

- tnlt ' 'w
Yo+sSplh=yn €S (p‘i‘sn%,x“‘sn(n_n)vy_l'sg(ns—mn)) J

n n n

~

one sees that [ € D/S((p,x,y),0)(0,0,0), contradicting (6.25). Consequently, one may assume

that s, /t, tends to ¢ € R... So,

sm ~
yo+1 (t—,’;ln> =yn € S(p+tntty, X+ 1, vy, y+1,Wy)
n

~ ~

and thus g™l € D}S((p,x,y),y0)(u,v,w). By the definition of D}S((p,x,y),y0)(u,v,w), one has
qml S DgF((pax)ayO)(uvv) and W_qml S DgN«va)ay—YO)(”aV)-

(i1) We need to prove that, if Sis compact and closed at (p,x,y), then

Dy(F+N)((px),y)wv) = |J  D"(F+y,N)((p.x).y)(u,).

Y0ES(p,x.y)

The containment “2” follows from definitions. For “C”, let w € DY(F +N)((p,x),y)(u,v).
There exist , — 07 and (uy, vy, wy) — (u,v,w) such that y + 1w, € F(p + tyuy,x +1"v,) +
N(p + tyttn,x +1'v,). Then, one can find y, € F(p + t,un,x +1,'v,) such that y+'w, —y, €
N(p + tyun,x +t'vy). Therefore, y, € §(p + tytty, X + 1"V, y + 1'wy). Since S is compact at
(p,x,y), one may assume that y, converges to yo. As (p+ tyity, X + 11V, y +10'w,) — (p,x,y),

one has yg € (cl §) (p,x,y). It follows from the closedness of S that Yo € §(p,x,y). ]
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6.4 Applications

6.4.1 Studniarski derivatives of solution maps to inclusions

Let M : P x X — 27 be a set-valued map between normed spaces. Then, the map S defined by
S(p):={xeX:0cM(p,x)}, (6.26)
is said to be the solution map of the parametrized inclusion 0 € M(p,x).

Theorem 6.4.1. For a solution map S defined by andx € S(p), we have, for p € P,
D"S(p,x)(p) € {x€ X :0€ D;M((p,x),0)(p,x)}.

Proof. Let (p,x) € grD™S(p,X), i.e., there exist sequences p, — p, x, — x, and t,, — 0T such that
X+1'x, € S(p+typn). This implies that 0 is an element of the set M (P +1,,pn, X+ 1'x,). Hence,
for z, = 0, the inclusion 0+ 1"z, € M (P + tnpn,X +1;'x,) holds, i.e., 0 € DYM((p,X),0)(p,x).

O]

In parameterized optimization, we frequently meet M of the form
M(p,x) =F(p,x)+N(p,x), (6.27)

where F: PxX —2%and N : P x X — 2%, Letg:PxXxZHZZbedeﬁnedby

~

S(p,x,z) = F(p7x) N (Z_N<p7x))'

The following theorem gives an approximation of the m-th order Studniarski derivative of S
when M is defined by (6.27).

Theorem 6.4.2. For the solution map S(p) ={x€ X :0€ F(p,x)+N(p,x)} and % € S(p) with
Z being finite dimentional, suppose either of the following conditions hold

(i) S is compact and closed at (p,x,0) and D?g((]_),)_c,O),y)(0,0,0) = {0} for all y €
S(p.x.0);

(i1) there exists y € S (p,%,0) such that either F or N is m-th order locally Holder calm at
(p,X) fory or —y, respectively.

Then

D"S(p.x)(p) C{xex:0e |J (DFF((P.X),y)(p,x)+DyN((p,%),0~y)(p.x))}-

yeS(px,0)
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Proof. We first prove that

DyM((P,x),0)(p,x) € (DR F((p,X),y)(p,x) + DyN((P,%),0 = y)(p,x)).

yeS(p %,0)

If (i) holds, the above inclusion is followed by Proposition For the case (i1) and y €

S(p,x,0), we see that y € F(p,x) and —y € N(p,x). Let v € DYM((p,X),0)(p,x), i.e., there

existt, — 0%, (pp,x,) — (p,x), and v,, — v such that
0+1)'vyn € M(P+typn,X+1,%p) = F (P +typn, X+ 1)%n) + N(P+tupn, X +1,,'X).

Then, there exist y) € F(p +typn,X+1"x,) and y2 € N(p +t,pn, X +1"x,) such that

vy =t,"

m =)+, (a = (—)). (6.28)

Suppose F is m-th order locally Holder calm at at (p,x) for y. Then, there exists L > 0 such that

for large n,

Yn € F(P+tapn, X+ 131%0) € {Y} +LI|(tnpn, 17'5) || Bz.

Because dimZ < +oo, £,(y} —y), or a subsequence, converges to some v' € Z and so v' €
2

DYF((p,X),y) (p,x). From || the sequence 7. (y2 — (—y)) also converges to some v> such
that v> =v—v!, and v € DYN((p,X),—y)(p,x). Thus,

Ve DgF((l_?af_C)a)’)(Pﬂ) +DZ1N((]_?,X), —y)(P,X)-
Now applying Theorem [6.4.T| completes the proof. O

6.4.2 Implicit multifunction theorems

LetM:PxX — Zand S(p) :={x€ X :M(p,x) =0}, be the set of solutions to the parametrized
equation M(x, p) = 0. We impose the condition

3% € X such that M(0,x) = 0 and
(%)
M), is continuous in a neighborhood (U,V) € A7(0) x A (X),

where M, denotes the partial Fréchet derivative with respect to p. Let H =V NM (0, )7 ie.,

H(z) ={xeV:M(0,x) =z}
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Under the hypotheses of usual implicit function theorems for M € C!, S and H are single-valued

and smooth (with derivatives DS, DH), and there holds
DS(0) = —DH(0)M,(0,%) = —M,(0,%)~'M,(0,%).

Now we are interested in a similar formula of the m-th order Studniarski derivative D"'S(0,%)(.)

of the map S under the assumption (x). For (p,x) near (0,x), we consider the map
r(pvx) = M(pvx) - M(O,X) _MP(()?x)p'

By the mean-value theorem, one obtains

1
(px) = [ IMy(6p.2) — My(0,9)] 0.
0
where
o(p,x,0) :=[|M,(6p,x) — M,(0,%)||
can be estimated (uniformly for 0 < 6 < 1) by
a(p,x,0) <0(p,x) with0(p,x) — 0" asx — xand ||p|| — 0.

Due to ||r(p.x)|| < 0(p,x)||p|l, one easily sees that ||p||~[|r(p,x)|| — 0" asx — X and ||p|| —
0", and
r(p(t),x(t)) = 02(t) if x(t) — X and p(t) = tq+ 0, (t) with some q € P,
where 0y (t) means that M —0Tast—0".
For (p,x) near (0,X), we have
M(p,x) =0 if and only if M(0,x) = —M,(0,X)p —r(p,x),
1.€.,
x € S(p) if and only if x € H(—M,(0,X)p —r(p,x)).

Let[\7[:P><X—>Zbedeﬁnedby

~

M(p,x) :== —M,(0,%)(p) — r(p,x).

Then, x € S(p) if and only if x € H(M(p,x)). Set C(p,x) := M(p,x) "H~!(x). It is easy to see
that C(0,x) = {0}.
The following result is a slight modification of that in Proposition [6.3.13[ii).
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Lemma 6.4.3. Let Z be finite dimentional and either of the following conditions hold
(i) M is locally Lipschitz calm at (0,X) for O;
(ii) C is compact and closed at (0,x) and
1 _
Dy ™Me((0,%),0)(0,0) = {0} (6.29)
Then, x € D"S(0,%)(q) implies that x € D"H (0,X) [D?(I)ZVI((O,X),O) (q,x)].
Proof. Let x € D"S(0,%)(q), i.e., there exist t, — 07, g, — g, and x,, — x such that X +1"x, €
S(0+t,gy,). This implies that
X+1"x, € HM(0+ tygn, X+1"x,)). (6.30)

Then, there exists y, € M (0 + thqn, X + t'x,) such that X+ 1"x, € H(y,). Suppose (i) hold.
Because M is locally Lipschitz calm at (0,%) for 0, there exists L > 0 such that, for large n,

Vi € M(0+ tngn, X+1"x,) € {0} + L||(taqn, 2" %n) | | Bz

Since dimZ < +oo, v, := (t,,) " (v, — 0) converges to some v € Z. So, v € Dy(l)ﬁ((O,fc),O)(q,x).
It implies that X +¢7"x,, € H(0+1t,v,). Thus, x € D"H(0,%)(v).
If assumption (ii) holds, it follows from (6.30) that there exists

Yn € M(O 41y, X +1%,) NH L (T +17%,) = C(0+ 1, T+ 17"x,).

Since C is compact at (0,X), y, (or a subsequence) has a limit y. Since (0+#,gn, X+ "%, V) —
(0,X,y), ones has y € (c1C)(0,Xx). It follows from the closedness of C at (0,x) that y € C(0,x) =0.
If y; = O for infinitely many k € N, one has 0 € Dg(l)ﬂ(((),)_c) ,0)(g,w)andw € D™H(0,x)(0),

, the sequence v, := y, /s, has a limit v

and we are done. Thus, one may suppose, for s, := ||y,

of norm one. If ¢, /s, — 0, since

t t
O+s,vp=yp,€C (O+sn( nqn),%—f—szi("—%)) ,

Sn s

one sees that v € Dg(l)C ((0,%),0)(0,0), contradicting (6.29). Consequently, one may assume

that s, /1, converges to ¢ € R... So,

s
0-+1, (t—"vn) =y, € C(0+1t,gn, X +1)'xy)

n

and thus gv € DZZ(I)C((O,X),O) (g,x). 1t follows from the definition of DZ’(I)C((O,X),O) (g,x) that
qv e D3V H((0.3),0)(g.x) and x € D"H(1.2)(qv).
[
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Lemma 6.4.4. Let Z be finite dimentional, the asumptions of Lemma be satisfied and
D3 Va1 ((0,5%),0)(¢.0) N (D"H(0.%) "' (v) € D3 VC((0.9),0)(q,x). (631

Then, x € D"™S(0,%)(q) if and only if x € D"H(0,X) [Dg(l)]\/d\((O,)_cLO) (g,x)].

Proof. By Lemma [6.4.3] we need to prove that x € D"H(0,X) [D?(I)IVI((O,X),O)(q,x)] implies
x€D"S(0,%)(q). x € D"H(0,%)[DrV1((0,%),0)(g,x)] means the existence of v € D" 47((0,%),0)
(g,x) N (D™H(0,%))~!(x). Then, (6.31) ensures that v € Dg(l)C((O,X),O) (g,x). This means the

existence of 1, — 07 and (gy,Xn,vn) — (g,x,v) such that

0+1t,v, € C(0+t,gn, X+ 1, xp).

From the definition of the map C, we get 0+t,v,, € M (0+tnqn,X+1'x,) and X+ 1"'x, € H(O+
thVn), which imply that x+#"x, € H(]\7I(O+tnqn,x+t;l"xn)). Thus, we have X+1"x, € S(0+1,gn)
and x € D"'5(0,%)(q).

]
Theorem 6.4.5. Impose the assumptions of Lemma Then,
D7'$(0,7)(q) € D"H(0,5)~My (0,5)(q)]. 6.32)

If, additionally, (6.31) holds, then (6.32) becomes an equality.

Proof. By Lemmas|6.4.3|and|6.4.4, we need to prove that D?(I)ZVI((O,X),O) (g,x) =—Mp(0,%)(q).
Letv e Dg(l)ﬁ((O,f),O)(q,x). There exist t, — 0" and (g,,xn,vn) — (¢,x,v) such that

0+ vy = M(0 + tnGn, X+ 17x,) = —Mp(0,%) (0 + tngp) — (0 + tugn, T+ £7"x,).

Therefore,
Vn = _MP(Oa)_C)(Qn) —tn_]r(tnqn,i-l-t,rl”xn) - _MP(OJ_C)(Q)~

Thus, v = —M,(0,X)(g) and we are done. O
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In this thesis, we have presented results related to some topics of variational analysis. First,
we have stated definitions and basic properties of I'-limits. Then, several generalized results
on sequential forms of I'-limits have been given. We have also got important applications of
I"-limits to tangency and generalized differentiation theory. It turns out that most of generalized
derivatives can be expressed in terms of I'-limits. Finally, we have introduced some kinds of
generalized derivatives and their applications. In detail,

e We have discussed higher-order analysis for quantitative properties of perturbation maps
of nonsmooth vector optimization in terms of variational sets, a kind of generalized derivatives
which is suitable for a high level of nonsmoothness and relatively easy to compute. We have
established relations between variational sets of a perturbation map and weak perturbation map
or the efficiency/weak efficiency of these sets and the corresponding ones of the feasible-set map
to the objective space. These results have been applied to sensitivity analysis for set-constrained
vector optimization. As some results look complicated, we have tried to confirm the essential-
ness of each imposed assumption, as well as to illustrate advantages of our results by a number
of examples, which indicate also that computing variational sets is not a hard work.

e Realizing advantages in some aspects of radial sets and derivatives, we have aimed to
establish both necessary and sufficient higher-order conditions in terms of radial sets and deriva-
tives for various kinds of efficiency concepts in set-valued vector optimization. We have chosen
the Q-efficiency defined in [88]] to unify these concepts. Thus, we have first discussed optimality
conditions for Q-efficiency and then rephrase the results for the other kinds of solutions. Be-
sides, we have also discussed properties and basic calculus rules of radial sets and derivatives
like those for a sum or composition of maps. Furthermore, direct applications of these rules in
proving optimality conditions for some particular problems have been given.

e Some calculus rules for Studniarski derivatives have been given to ensure that it can be

used in practice. Most of the usual rules, from the sum and chain rules to various operations in
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analysis, have been investigated. It turns out that Studniarski derivatives possesses many fun-
damental and comprehensive calculus rules. Although this construction is not comparable with
objects in the dual approach like Mordukhovich’s coderivatives (see books [1294|130]] and papers
[89,90,(128]) in enjoying rich calculus, it may be better in dealing with higher-order properties.
We have paid attention also on relations between the established calculus rules and applications
of some rules to get others. As such applications we have provided a direct employment of sum
rules to establishing an explicit formula for the Studniarski derivative of the solution map to a
parametrized inclusion in terms of Studniarski derivatives of the data. Furthermore, chain rules

have been also used to get implicit multifunction theorems.
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Further works

1) Studying on stability theories with respect to solution sets under perturbations of the data
has been of great interest in variational convergence. Some papers presented the convergence of
solution sets and efficient sets of perturbed problems in general convergence spaces, by using
some kinds of convergence, such as adherence and persistence, see [51,56]. For vector prob-
lems, the notion of continuous convergence of the sequence of perturbed vector valued objective
functions has usually been used, see [51,56,/122,/146,|169,/171]. Extending this convergence,
in [132,/133]], by using I'-limits, Oppezzi and Rossi introduced the notion of I'-convergence
for sequences of vector valued functions and investigated stability results for convex vector opti-
mization problems. Some recent papers dealing with this convergence are [9,/112}|113}|120,123].
For possible developments of Chapter |3} we think that, by using I'-limits, ones can get stability
results to vector programming problem, where the objective function holds some conditions on
convexity as the inequality constraints, while the equality constraints are linear.

A well established practice to solve a vector optimization problem is through an associated
scalar optimization problem. There are various approaches, see [[121}|126,]127,/143]], to scalarize
a vector optimization and obtain a complete characterization for several types of solution sets
of the vector optimization in terms of solution sets of the scalarized problem. Thus, we can
establish the convergence of solution sets of scalarized problems by using I'-limits.

2) For possible developments of Chapter 4, we think that, besides going deeper in relations
for perturbation and weak perturbation maps in terms of variational sets for set-constrained
problems, one can consider the most important case of optimization problems with constraints
defined by inequalities and equalities. Furthermore, sensitivity analysis in terms of generalized
derivatives other than contingent ones and variational sets is a promising research direction. In
fact, first results of this kind have been obtained very recently by Diem et al. in [49]], using the
so-called contingent-radial derivatives. This generalized derivative is defined by a combination

of the ideas of contingent derivatives and radial ones (for the latter derivative see recent works
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Further works

of Anh and Khanh in [2,5])).

3) Note that separation theorems are a basic tool for proving optimality conditions and du-
ality statements. With the development of nonconvex optimization theory, there has come into
existence a need for nonconvex separation theorems, see [25]]. So, for possible developments
of Chapter 5] we can derive optimality conditions of several kinds of efficient solutions for set-
valued optimization problems by using a nonconvex separation function given by Certh and
Weidner in [25]]. Then, we can use these results to derive duality results for vector optimization
when the objectives and the constraints are nonconvex. Besides, motivated by [14,30,31], we

can obtain some calculations of higher-order radial sets in certain functional spaces.

122



Publications

1) N.L.H. Anh, P.Q. Khanh, and L.T. Tung, Variational sets : calculus and applications to
nonsmooth vector optimization, Nonlinear Anal. TMA 74 (2011), 2358 - 2379.

2) N.L.H. Anh, P.Q. Khanh, and L.T. Tung, Higher-order radial derivatives and optimality
conditions innonsmooth vector optimization, Nonlinear Anal. TMA 74 (2011), 7365 - 7379.

3)* N.L.H. Anh and P.Q. Khanh, Higher-order optimality conditions in set-valued optimiza-
tion using radial sets and radial derivatives, J. Global Optim. 56 (2013), 519 - 536.

4)* N.L.H. Anh and P.Q. Khanh, Variational sets of perturbation maps and applications to
sensitivity analysis for constrained vector optimization, J. Optim. Theory Appl. 158 (2013), 363
- 384.

5)* N.L.H. Anh and P.Q. Khanh, Higher-order optimality conditions for proper efficiency
in nonsmooth vector optimization using radial sets and radial derivatives, J. Global Optim.,
DOI10.1007/s10898-013-0077-7 (2013), Online First.

6) N.L.H. Anh, Higher-order optimality conditions in set-valued optimization using Stud-
niarski derivatives and applications to duality, Positivity, DOI10.1007/s11117-013-0254-4 (2013),
Online First.

7) N.L.H. Anh and P.Q. Khanh, Higher-order radial epiderivatives and optimality conditions
in nonsmooth vector optimization, submitted to Math. Meth. Oper. Res.

8)* N.L.H. Anh and P.Q. Khanh, Calculus and applications of Studniarski derivatives to

sensitivity and implicit function theorems, Control and Cybernetics, Accepted.

*: The contents of these papers are presented in the thesis.

123



Bibliography

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

[9]

(10]

(1]

(12]

[13]
[14]

[15]

[16]

N.L.H. Anh, Higher-order optimality conditions in set-valued optimization using Studniarski derivatives and
applications to duality, Positivity, DOI10.1007/s11117-013-0254-4 (2013), Online First. TE]

N.L.H. Anh and P.Q. Khanh, Higher-order optimality conditions in set-valued optimization using radial sets
and radial derivatives, J. Global Optim. 56 (2013), 519 — 536.

N.L.H. Anh and P.Q. Khanh, Variational sets of perturbation maps and applications to sensitivity analysis
for constrained vector optimization, J. Optim. Theory Appl. 158 (2013), 363-384.

N.L.H. Anh and P.Q. Khanh, Higher-order optimality conditions for proper efficiency in nonsmooth vector
optimization using radial sets and radial derivatives, J. Global Optim., DOI10.1007/s10898-013-0077-7

(2013), Online First.

N.L.H. Anh and P.Q. Khanh, Higher-order radial epiderivatives and optimality conditions in nonsmooth
vector optimization, submitted to Math. Meth. Oper. Res. [122]

N.L.H. Anh and P.Q. Khanh, Calculus and applications of Studniarski derivatives to sensitivity and implicit
function theorems, Control and Cybernetics, Accepted.

N.L.H. Anh, P.Q. Khanh, and L.T. Tung, Variational sets : calculus and applications to nonsmooth vector
optimization, Nonlinear Anal. TMA 74 (2011), 2358 —2379. 13| @

N.L.H. Anh, P.Q. Khanh, and L.T. Tung, Higher-order radial derivatives and optimality conditions innons-
mooth vector optimization, Nonlinear Anal. TMA 74 (2011), 7365 — 7379.

H. Attouch, Variational convergence for functions and operators, Pitman, Boston, 1984.

J.-PH. Aubin, Contingent derivatives of set-valued maps and existence of solutions to nonlinear inclu-
sions and differential inclusions, in “Advances in Mathematics, Supplementary studies ”, E. Nachbin (ed),
Pitagora, Bologna, (1981), 160 — 232.

J.-P. H. Aubin and H. Frankowska, Set-valued analysis, Birkhduser, Boston, 1990. [50]

A. Auslender and M. Teboulle, Asymptotic cones and functions in optimization and variational inequalities,
Springer-Verlag, New York, 2003.

M.S. Bazaraa and C.M. Shetty, Foundations of optimization, Springer-Verlag, Berlin, 1976. 144]

E.M. Bednarczuk, M. Pierre, E. Rouy, and J Sokolowski, Tangent sets in some functional spaces, Nonlinear
Anal. 42 (2000), 871 — 886.

E.M. Bednarczuk and W. Song, Contingent epiderivative and its applications to set-valued maps, Control
Cybern. 27 (1998), 375 — 386. 1[I]

G. Beer, R.T. Rockafellar, and R.J.-B. Wets, A characterization of epi-convergence in terms of convergence
of level sets, Proc. Am. Math. Soc. 116 (1992), 753 — 761.

T: cited on page

124



Bibliography

(17]

(18]
(19]

(20]
(21]

(22]

(23]
(24]
[25]

[26]

[27]

(28]

[29]
(30]
(31]

(32]

(33]

(34]

(35]

(36]

(37]
(38]
(39]

(40]

F. Bigolin and G.H. Greco, Geometric characterizations of CI1 manifolds in Euclidean spaces by tangent
cones, J. Math. Anal. Appl. 396 (2012), 145 — 163.

G. Birkhoff, Lattice theory, Am. Math. Soc. Coll. Publ., Providence, 1973. T@

J.E. Bonnans and A. Shapiro, Perturbation analysis of optimization problems, Springer, New York, 2000.

G. Bouligand, Introdution & la géométrie infinitésimale directe, Gauthier-Villars, Paris, 1932.

N. Bourbaki, Variétés Différentielles et Analytiques, Eléments de Mathématique 13, Fascicule de Résultats,
Hermann, Paris, 1967. 140

G. Buttazzo and G. Dal Maso, I'-convergence and optimal control problems, J. Optim. Theory Appl. 38
(1982), 385 — 407.

H. Cartan, Thorie des filtres, CR Acad. Paris 205 (1937), 595 — 598. 1[3]
H. Cartan, Filtres et ultrafiltres, CR Acad. Paris 205 (1937), 777 — 779. TE]

C. Certh and P. Weidner, Nonconvex separation theorems and some applications in vector optimization, J.
Optim. Theory Appl. 67 (1990), 297 — 320.

Y. Chen and J. Jahn, Optimality conditions for set-valued optimization problems, Math. Methods Oper. Res.

48 (1998), 187 — 200.

C.R. Chen, S.J. Li, and K.L. Teo, Higher order weak epiderivatives and applications to duality and optimality
conditions, Comp. Math. Appl. 57 (2009), 1389 — 1399. 1H]

G. Choquet, Lectures on Analysis. Vol. II: Representation Theory, W. A. Benjamin, New York-Amserdam,
1969. 19]

F.H. Clarke, Optimization and nonsmooth analysis, New York, Wiley, 1983.
R. Cominetti and J.-P. Penot, Tangent sets to unilateral sets, CRAS série I 321 (1995), 1631 — 1636.

R. Cominetti and J.-P. Penot, Tangent sets of order one and two to the positive cones of some functional
spaces, Appl. Math. Optim. 36 (1997), 291 — 312.

A. Contreras and P. Sternberg, Gamma-convergence and the emergence of vortices for GinzburgLandau on
thin shells and manifolds, Calculus of Variations and Partial Differential Equations 38 (2010), 243 —274.

W. Corley, Optimality conditions for maximization of set-valued functions, J. Optim. Theory Appl. 58
(1988), 1 - 10.

G. P. Crespi, L. Ginchev, and M. Rocca, First-order optimality conditions in set-valued optimization, Math.
Methods Oper. Res. 63 (2006), 87 — 106.

G. P. Crespi, I. Ginchev, and M. Rocca, First-order optimality conditions for constrained set-valued opti-
mization, Pac. J. Optim. 2 (2006), 225 — 239.

G. Dal Maso, An introduction to I'—convergence. Progress in Nonlinear Differential Equations and their
Application, Vol. 8, Birkhiuser, Boston, 1993. 1[16] 17} [19]

G. Dal Maso, Ennio De Giorgi and I'—convergence, Dis. Con. Dyn. Sys. 31 (2011), 1017 — 1021.
E. De Giorgi, I'—convergenza e G—convergenza, Boll. Un. Mat. Ital. 14 (1977), 213 — 220.

E. De Giorgi, I'—limiti di ostacoli, in “Recent Methods in Nonlinear Analysis and Applications, ” Proc.
SAFA IV (Napoli, 1980), A. Canfora, S. Rionero, C. Sbordone, and G. Trombetti (eds.), Liguori, Napoli,

(1981), 51 — 84.

E. De Giorgi, Generalized limits in calculus of variations, in “Topics in Functional Analysis ” (1980-81),
Quad. Sc. Norm. Sup. Pisa, Pisa, (1981), 117 — 148.

125



Bibliography

[41]

[42]

[43]

[44]

[45]

[46]

[47]

(48]

[49]

[50]

(51]
[52]

(53]

[54]

[55]

[56]

[57]

(58]

[59]

(60]

E. De Giorgi, Operatori elementari di limite ed applicazioni al Calcolo delle Variazioni, Atti del convegno
“Studio di problemi limite della Analisi Funzionale ” (Bressanone, 1981), Pitagora, Bologna, (1982), 101 —

116. T3]

E. De Giorgi, G—operators and I'—convergence, in “Proc. Internat. Congr. Math., Vol. 1,2 ” (Warsaw,
1983), PWN, Warsaw, (1984), 1175 - 1191.

E. De Giorgi and G. Buttazzo, Limiti generalizzati e loro applicazioni alle equazioni differenziali, Matem-
atiche 36 (1981), 53 — 64.

E. De Giorgi and G. Dal Maso, I'—convergence and the calculus of variations, in “Mathematical Theory of
Optimization ” (Genova, 1981), T. Zolezzi (eds.), Lecture Notes in Math., 979, Springer, Berlin, (1983), 121

- 143,

E. De Giorgi, G. Dal Maso, and P. Longo, I'—limiti di ostacoli, Atti Accad. Naz. Lincei Rend. CI. Sci. Fis.
Mat. Nat. 68 (1980), 481 — 487.

E. De Giorgi, G. Dal Maso, and L. Modical, Convergenza debole di misure su spazi di funzioni semicontinue,
Atti Accad. Naz. Lincei, Cl. Sci. Fis. Mat. Nat. 79 (1985), 98 — 106.

E. De Giorgi, G. Dal Maso, and L. Modical, Weak convergence of measures on spaces of semicontinuous
functions, Proc. of the Int. Workshop on Integral Functionals in the Calculus of Variations (Trieste, 1985),
Rend. Circ. Mat. Palermo 15 (1987), 59 — 100.

E. De Giorgi and T. Franzoni, Su un tipo di convergenza variazionale, Atti Accad. Naz. Lincei, Cl. Sci. Fis.
Mat. Nat. 58 (1975), 842 — 850.

H.T.H. Diem, P.Q. Khanh, and L.T. Tung, On higher-order sensitivity analysis in nonsmooth vector opti-
mization, J. Optim. Theory Appl., DOI10.1007/s10957-013-0424-3 (2013), Online First.

S. Dolecki, Tangency and differentiation : some applications of convergence theory, Ann. Mat. Pura Appl.

130 (1982), 223 — 255.
S. Dolecki, Convergence of minima in convergence spaces, Optimization 17 (1986), 553 — 572.

S. Dolecki, Active boundaries of upper semi-continuous and compactoid relations closed and inductively
perfect maps, Rostock Math. Coll. 54 (2000), 51 — 68.

S. Dolecki, An initiation into convergence theory, in Beyond topology (F. Mynardand, and E. Pearl, eds.),
Contemporary Mathematics Series A.M.S 486 (2009), 115 — 162. 1j6}

S. Dolecki and G.H. Greco, Towards historical roots of necessary conditions of optimality: Regula of Peano,
Control and Cybernetics 36 (2007), 491 — 518.

S. Dolecki, G.H. Greco, and A. Lechicki, Compactoid and compact filters, Pacific J. Math. 117 (1985), 69 —
98.

S. Dolecki and C. Malivert, Stability of efficient sets: continuity of mobile polarites, Nonlinear Anal. TMA
12 (1988), 1461 — 1486.

A.V. Dovzhenko, PI. Kogut, and R. Manzo, On the concept of I'—convergence for locally compact vector-
valued mappings, Far. East J. Appl. Math. 60 (2011), 1 —39.

A.J. Dubovitskii and A.A. Milyutin, Extremal problems with constraints, USSR Comp. Math. Math. Phys. §
(1965), 395 — 453. 1453]

M. Durea, Global and local optimality conditions in set-valued optimization problems, Int. J. Math. Math.
Sci. 11 (2005), 1693 — 1711.

K.H. Elser and J. Thierfelder, The general concept of cone aproximations in nondifferentiable optimization,
Lecture Notes in Econom. and Math. Systems 255 (1984), 170 — 189.

126



Bibliography

[61]

[62]
[63]
[64]

[65]

[66]

[67]

[68]

[69]
[70]
[71]

[72]

(73]

[74]

[75]

[76]

[77]

(78]

[79]

[80]

[81]
[82]
[83]

K.H. Elser and J. Thierfelder, Abstract cone aproximations and generalized differentiability in nonsmooth
optimization, Optimization 19 (1988), 315 — 341.

R. Engelking, General Topology, Warszawa, Poland, 1977.
H. Federer, Curvature measures, Trans. Amer. Math. Soc. 93 (1959), 418 — 491. 142

A.V. Fiacco, Introduction to sensitivity and stability analysis in nonlinear programming, Academic Press,
New York, 1983.

F. Flores-Bazan, Optimality conditions in non-convex set-valued optimization, Math. Meth. Oper. Res. 53
(2001), 403 — 417. 14|

F. Flores-Bazan, Radial epiderivatives and asymptotic function in nonconvex vector optimization, SIAM J.
Optim. 14 (2003), 284 — 305.

F. Flores-Bazan and B. Jimenez, Strict efficiency in set-valued optimization, SIAM J. Control Optim. 48

(2009), 881 — 908. 14} [71]

H. Frankowska and M. Quincampoix, Holder metric regularity of set-valued maps, Math. Prog. 132 (2012),
333 —354.

M. Fréchet, Sur la notion de différentielle, C.R.A.Sc. Paris 152 (1911), 845 — 847.
M. Fréchet, Sur la notion de différentielle, C.R.A.Sc. Paris 152 (1911), 1950 — 1951.

1. Ginchev, Higher-order optimality conditions in nonsmooth optimization, Optimization 51 (2002), 47 — 72.

1. Ginchev, Higher-order optimality conditions in nonsmooth vector optimization, in “Generalized Convex-
ity, Generalized Monotonicity, Optimality Conditions and Duality in Scalar and Vector Optimization ”, A.
Cambini, B.K. Dass, and L. Martein (eds.), J. Stat. Manag. Syst., 5 (2002), 321 — 339.

I. Ginchev and A. Guerraggio, Second order optimality conditions in nonsmooth unconstrained optimization,
Pliska Stud. Math. Bulg. 12 (1998), 39 - 50. 140]

L. Ginchev, A. Guerraggio, and M. Rocca, First order conditions for CO%! constrained vector optimization, in
“Variational Analysis and Applications ”, F. Giannessi, and A. Maugeri (eds.), Kluwer Academic, London
(2005), 427 — 450. 40|

I. Ginchev, A. Guerraggio, and M. Rocca, Second order conditions for C\'! constrained vector optimization,
Math. Program. Ser. B 104 (2005), 389 — 405.

L. Ginchev, A. Guerraggio, and M. Rocca, From scalar to vector optimization, Appl. Math. 51 (2006), 5 —
36. 40|

G. Giorgi, B. Jiménez, and V. Novo, An overview of second order tangent sets and their application to vector
optimization, Bol. Soc. Esp. Mat. Apl. (2010), 73 — 96.

G. Giorgi and A. Guerraggio, On the notion of tangent cone in mathematical programming, Optimization 25

(1992), 11 - 23.

G. Giorgi and A. Guerraggio, Characterizations, comparisons, algebraic and topological properties of tan-
gent cones, J. Stat. Manag. Sci. 5 (2002), 275 — 294. 144

X. H. Gong, H.B. Dong, and S.Y. Wang, Optimality conditions for proper efficient solutions of vector set-
valued optimization, J. Math. Anal. Appl. 284 (2003), 332 — 350.

H.G. Grassmann, Lehrbuch der Arithmetik fiir hohere Lehranstalten, Berlin, 1861.
G. H. Greco, Limitoidi e reticoli completi, Ann. Univ. Ferrara 29 (1983), 153 — 164. 1[I} [6]

G. H. Greco, Decomposizioni di semifiltri e I'—limiti sequenziali in reticoli completamente distributivi, Ann.

Mat. Pura Appl. 137 (1984), 61 — 81.

127



Bibliography

[84]

[85]

[86]

[87]

(88]

[89]

[90]

[91]

[92]
(93]

[94]

[95]

[96]

[97]

(98]

[99]

[100]

[101]
[102]
[103]

[104]

[105]

G. H. Greco, Operatori di tipo G su reticoli completi, Rend. Sem. Mat. Univ. Padova 72 (1984), 277 — 288.

G. Guareschi, Un concetto di derivazione delle funzioni di pin variabili reali pin ampio di quello della
derivazione parziale, Mem. Reale Accad. d’Italia 5 (1934), 173 — 207. 142

G. Guareschi, Sulla differenziabilita delle funzioni di una o pii variabili complesse, Mem. Accad. Sci. Torino
68 (1936), 169 — 186. 142

A. Guerraggio, E. Molho, and A. Zaffaroni, On the notion of proper efficiency in vector optimization, J.
Optim. Theory Appl. 82 (1994), 1 -21.

T.X.D. Ha, Optimality conditions for several types of efficient solutions of set-valued optimization prob-
lems, in “Nonlinear Analysis and Variational Problems ”, P. Pardalos, Th.M. Rassis and A.A. Khan (eds.),

Springer, Berlin (2009), 305 - 324. 1[9]

A. D. loffe, Metric regularity and subdifferential calculus, Russ. Math. Surv. 55 (2000), 501 — 558. 140} 43}
120

A. D. Ioffe and J.-P. Penot, Subdifferentials of performance functions and calculus od set-valued mappings,
Serdica Math. J. 22 (1996), 359 — 384.

C. Jacobi, De determinantibus functionalibus, Issue 78 of Ostwald’s Klassiker der exacten Wissenschaften,

1841.
J. Jahn, Vector Optimization - Theory, Applications, Extensions, Springer, Berlin, 2004.

J. Jahn and A.A. Khan, Generalized contingent epiderivatives in set valued optimization : optimality condi-
tions, Numer. Funct. Anal. Optim. 23 (2002), 807 — 831. 1[00]

J. Jahn and A.A. Khan, Some calculus rules for contingent epiderivatives, Optimization 52 (2003), 113 —
125. 141 03} 94} Pg|

J. Jahn, A.A. Khan, and P. Zeilinger, Second-order optimality conditions in set optimization, J. Optim.Theory
Appl. 125 (2005), 331 — 347.

J. Jahn and R. Rauh, Contingent epiderivatives and set-valued optimization, Math. Meth. Oper. Res. 46

(1997), 193 — 211. 1B} [P0, P1]

B. Jimenez, Strict minimality conditions in nondifferentiable multiobjective programming, J. Optim. Theory
Appl. 116 (2003), 99— 116. 140] 0]

B. Jimenez and V. Novo, First and second-order sufcient conditions for strict minimality in nonsmooth vector
optimization, J. Math. Anal. Appl. 284 (2003), 496 510. 140] O§|

B. Jimenez and V. Novo, Higher-order optimality conditions for strict local minima, Ann. Oper. Res. 157

(2008), 183-192.

F. Jordan and F. Mynard, Productively Fréchet spaces, Czechoslovak Math. J. 54 (2004), 981 990.
28]

A. Jourani, Tangency conditions for multivalued mappings, Set-valued analysis 4 (1996), 157 172.
R. Kasimbeyli, Radial epiderivatives and set-valued optimization, Optimization 58 (2009), 521- 534. 12 (]
P. Q. Khanh, Proper solutions of vector optimization problems, J. Optim. Theory Appl. 74 (1992), 105 —

130. 0,2 [7T]

P. Q. Khanh, Optimality conditions via norm scalarization in vector optimization, SIAM J. Control Optim.
31 (1993), 646 — 658.

P. Q. Khanh and N.D. Tuan, Variational sets of multivalued mappings and a unified study of optimality

conditions, J. Optim. Theory Appl. 139 (2008), 45 — 67. 121 Bl El B3] 6} 501 88100

128



Bibliography

[106] P. Q. Khanh and N.D. Tuan, Higher-order variational sets and higher-order optimality conditions for proper
efficiency in set-valued nonsmooth vector optimization., J. Optim. Theory Appl. 139 (2008), 243 —261.

Bl B} E5} Eel [711 381 [89] OT]

[107] H. Kuk, T. Tanino, and M. Tanaka, Sensitivity analysis in vector optimization, J. Optim. Theory Appl. 89
(1996), 713 — 730.

[108] H. Kuk, T. Tanino, and M. Tanaka, Sensitivity analysis in parametrized convex vector optimization, J. Math.
Anal. Appl. 202 (1996), 511 — 522.

[109] J. Klose, Sensitivity analysis using the tangent derivative, Numer. Funct. Anal. Optim. 13 (1992), 143 — 153.
[110] K. Kuratowski, Sur les décompositions semi-continues d’espaces métriques compacts, Fund. Math. 11
(1928), 167 — 185.

[111] K. Kuratowski, Topologie, Vol. 1, Panstwowe Wydawnictwo Naukowe, Warszawa, 1948,

[112] C. S. Lalitha and P. Chatterjee, Stability for properly quasi convex vector optimization problem, J. Optim.
Theory Appl. 155 (2012), 492 — 506.

[113] C.S. Lalitha and P. Chatterjee, Stability and scalarization of weak efficient, efficient and Henig proper effi-
cient sets using generalized quasiconvexities, J. Optim. Theory Appl. 155 (2012), 941 — 961.

[114] E. B. Leach, A note on inverse function theorems, Proc. Amer. Math. Soc. 12 (1961), 694 — 697.

[115] S.J. Li and C.R. Chen, Higher-order optimality conditions for Henig efficient solutions in set-valued opti-
mization, J. Math. Anal. Appl. 323 (2006), 1184 — 1200.

[116] S.J.Li, K.W. Meng, and J.-P. Penot, Calculus rules for derivatives of multimaps, Set-Valued Anal. 17 (2009),

21-39. 1@]

[117] SJ. Li, X.K. Sun, and S.K. Zhu, Higher-order optimality conditions for strict minimality in set-valued
optimization, J. Nonlinear and Covex Analysis. 13 (2012), 281 —291. 14}

[118] S.J. Li, K.L. Teo, and X.Q. Yang, Higher-order optimality conditions for set-valued optimization, J. Optim.
Theory Appl. 137 (2008), 533 — 553.

[119] W. Liu and X. Gong, Proper efficiency for set-valued vector optimization problems and vector variational
inequalities, Math. Meth. Oper. Res. 51 (2000), 443 — 457.

[120] R. Lépez, Variational convergence for vector-valued functions and its applications to convex multiobjective
optimization, Math. Meth. Oper. Res. 78 (2013), 1-34.

[121] D.T. Luc, Scalarization of vector optimization problems, J. Optim. Theory Appl. 55 (1987), 85 — 102.

[122] D.T. Luc, Theory of vector optimization. Lecture notes in Economics and Mathematical Systems, Springer,
Berlin, 1989.

[123] R.E. Lucchetti and E. Miglierina, Stability for convex vector optimization problems, Optimization 53 (2004),

517 - 528.

[124] D.V. Luu, Higher-order necessary and sufficient conditions for strict local Pareto minima in terms of Stud-
niarski’s derivatives, Optimization 57 (2008), 593 — 605.

[125] E.K. Makarov and N.N. Rachkovski, Unified representation of proper efficiency by means of dilating cones,
J. Optim. Theory Appl. 101 (1999), 141 — 165.

[126] E. Miglierina, Characterization of solutions of multiobjective optimization problem, Rend. Circ. Mat.
Palermo 50 (2001), 153 — 164.

[127] E. Miglierina and E. Molho, Scalarization and stability in vector optimization, J. Optim. Theory Appl. 114
(2002), 657 — 670.

129



Bibliography

[128] B.S. Mordukhovich, Generalized differential calculus for nonsmooth ans set-valued mappings, J. Math.
Anal. Appl. 183 (1994), 250 — 288.

[129] B.S. Mordukhovich, Variational analysis and generalized Differentiation, vol. I : Basic Theory, Springer,
Berlin, 2006. 4oL

[130] B.S. Mordukhovich, Variational analysis and generalized Differentiation, vol. Il : Applications, Springer,
Berlin, 2006. 4ol

[131] S. Miiller and M. Ortiz, On the I'-convergence of discrete dynamics and variational integrators, J. Nonlinear
Sci. 14 (2004), 279 - 296. 1[1]

[132] P. Oppezzi and A.M. Rossi, Existence and convergence of Pareto minima, J. Optim. Theory Appl. 128 (2006),
653 — 664.

[133] P. Oppezzi and A.M. Rossi, A convergence for vector valued functions, Optimization 57 (2008), 435 — 448.

[134] M. Pappalardo, Tangent cones and Dini derivatives, J. Optim. Theory Appl. 70 (1991), 97 — 107.
[135] G. Peano, Applicazioni Geometriche, Fratelli Bocca, Torino, 1887.

[136] G. Peano, Sur la définition de la dérivée, Mathesis 2 2 (1892), 12— 14.

[137] G. Peano, Formulaire Mathématique, Fratelli Bocca, Torino, 1903.

[138] G. Peano, Formulairo Mathematico, Fratelli Bocca, Torino, 1908.

[139] J.-P. Penot, The use of generalized subdifferential calculus in optimization theory, Methods of Operations
Res. 31 (1979), 495- 511.

[140] J.-P. Penot, Compact nets, filters and relation, J. Math. Anal. Appl. 93 (1983), 400- 417.

[141] J.-P. Penot, Are generalized derivatives useful for generalized convex function ?, in “Generalized Convexity,
Generalized Monotonicity : Recent Results ” , J. P. Crouzeix, J.E. Martinez-Legaz, and M. Volle (eds.),
Kluwer Academic, Dordrecht 27 (1998), 3 — 59. 140

[142] J.-P. Penot, Calculus without derivatives, Springer, New York, 2013.

[143] J.H. Qiu and Y. Hao, Scalarization of Henig properly efcient points in locally convex spaces, J. Optim.
Theory Appl. 147 (2010), 71 — 92.

[144] E.-D. Rahmo and M. Studniarski, Higher-order conditions for strict local Pareto minima in terms of gener-
alized lower and upper directional derivatives, J. Math. Anal. Appl. 393 (2012), 211 — 221.

[145] R.T. Rockafellar, Generalized directional derivatives and subgradients of nonconvex functions, Can. J. Math.
32 (1980), 257 — 280. 142

[146] R.T. Rockafellar and R.J.-B. Wets, Theory of vector optimization. Lecture notes in Economics and Mathe-
matical Systems, Springer, New York, 2009.

[147] R.T. Rockafellar and R.J.-B. Wets, Variational Analysis,3rdedn, Springer, Berlin, 20009. Z5)!
[148] S. Saks, Theory of the Integral, Hafner, New York, 1937.
[149] W. Schirotzek, Nonsmooth analysis, Springer, Berlin, 2007.

[150] B. Schmidt, S. Leyendecker, and M. Ortiz, I'-convergence of variational integrators for constrained systems,
J. Nonlinear Sci. 19 (2009), 153 — 177.

[151] F. Severi, Su alcune questioni di topologia infinitesimale, Ann. Soc. Polonaise 9 (1931), 97 - 108. 142
[152] F. Severi and B. Segre, Un paradosso topologico, Rend. Acc. Naz. Lincei 9 (1929), 1 — 35.

130



Index

[153] D.S. Shi, Contingent derivative of the perturbation map in multiobjective optimization, J. Optim. Theory
Appl. 70 (1991), 385 — 396.

[154] D.S. Shi, Sensitivity analysis in convex vector optimization, J. Optim. Theory Appl. 77 (1993), 145 — 159.

[155] S. Spagnolo, Sul limite delle soluzioni di problemi di Cauchy relativi all’equazione del calore, Ann. Scuola
Norm. Sup. Pisa 21 (1967), 657 — 699.

[156] M. Studniarski, Necessary and sufficient conditions for isolated local minima of nonsmooth functions, SIAM
J. Control Optim. 24 (1986), 1044 — 1049.

[157] M. Studniarski, Second order necessary conditions for optimality in nonsmooth nonlinear programming, J.
Math. Anal. Appl. 154 (1991), 303 — 317.

[158] X.K. Sun and S.J. Li, Lower Studniarski derivative of the perturbation map in parametrized vector optimiza-

tion, Optim. Lett. 5 (2011), 601 — 614.

[159] X.K. Sun and S.J. Li, Weak lower Studniarski derivative in set-valued optimization, Pac. J. Optim. 8 (2012),
307 - 320.

[160] A. Taa, Set-valued derivatives of multifunctions and optimality conditions, Num. Funct. Anal. Optim. 19

(1998), 121 — 140. 1@ [71}[72} o0l B3]

[161] T. Tanaka, Generalized quasiconvexities, cone saddle points, and minimax theorem for vector-valued func-
tions, J. Optim. Theory Appl. 81 (1994), 355 —377. 144

[162] T. Tanino, Sensitivity analysis in multiobjective optimization, J. Optim. Theory Appl. 56 (1988), 479 — 499.

[163] T. Tanino, Stability and sensitivity analysis in convex vector optimization, SIAM J. Control Optim. 26 (1988),
521 -536.

[164] D. Ward, Convex subcones of the contingent cone in nonsmooth calculus and optimization, Trans. Amer.

Math. Soc. 302 (1987), 661 — 682. 1H]

[165] D.E. Ward and J.M. Borwein, Nonsmooth calculus in finite dimensions, SIAM J. Control Optim. 25 (1987),
1312 - 1340. 1H4]

[166] Q.L. Wang and S.J. Li, Higher-order weakly generalized adjacent epiderivatives and applications to duality
of set-valued optimization, J. Inequal. Appl. 2009 (2009), 462637.

[167] Q.L. Wang and S.J. Li, Second-order contingent derivative of the perturbation map in multiobjective opti-
mization, Fixed Point Theory Appl. 2011 (2011), 857520.

[168] Q.L. Wang, S.J. Li, and K.L. Teo, Higher-order optimality conditions for weakly efcient solutions in non-
convex set-valued optimization, Optim. Lett. 4 (2010), 425-437.

[169] R.J.-B. Wets, Convergence of convex functions, variational inequalities, and convex optimization, in “Vari-
ational inequalities and complementarity problems ” , R. Cottle, F. Gianessi, and J.-L. Lions (eds.), Wiley,
Chichester, (1980), 256 — 268.

[170] H. Whitney, Complex Analytic Varieties, Addison-Wesley Publ.Co, Reading, 1972.

[171] T. Zolezzi, On the stability analysis in mathematical programming, Math. Prog. Studies 21 (1984), 227 —
242.

[172] L. Zoretti, Sur les fonctions analytiques uniformes qui possedent un ensemble parfait discontinu de points
singuliers, J. Math. Pures Appl. 1 (1905), 1 —51.

[173] L. Zoretti, Sur les ensembles de points, Encyclopédie des Sciences Mathématiques 1 (1912), 113 — 170.

131



Index

Base of
a non-degenerate family, [3]
a cone, [7]

Bound
greatest lower, [

least upper, []

Complete homomorphism, 20 21]

Cone
adjacent, 44|
Clarke, [44]
contingent, [44]
lower paratangent, @
paratangent, [44]
upper paratangent, @
upper tangent, [43]
dilating, [T0]
pointed, [§]
Contingent epiderivative, 03
Convergence
I.[16
continuous,

K,[7

Derivative
y-Studniarski,
Clarke, [4T]
lower Dini, 4]

lower directional, 4]
lower Hadamard, [41]
lower paratangent, @
lower tangent, 1]

paratangent, [41]
upper Dini, @]
upper directional, 40|
upper Hadamard, {1

upper paratangent, ]

upper tangent, 41
higher-order contingent, [50|

lower radial,
proto-Studniarski, 99
pseudo-Studniarski, [T07]
strict Studniarski, [TOT]
Studniarski, [9§]

upper radial, [73]

Domination property of a map, [56]

weak, 56|

Domination property of a set, [53]

weak, 53]

Efficient point

132

Q.[I0
positive-proper, [L0]
strong, 9]

weak, [9]



Index

Geoffrion-proper, [10]
Henig-proper, [I0]
Pareto, [9]

strong Henig-proper, [10]

Filter, [3]
Fréchet, 23]
countably based, [24]
principal, [24]
productively Fréchet, 23
sequential, [24]
strongly Fréchet, [23]
Finer, [3]
Function

characteristic, [I§]
Grill, §
Homothety, 42|
Involution, [3]

Lattice, [6]
complete, [0]
completely distributive, [6]
Limit
I,[14
[-lower, [16]
[-upper, [16]
G,[19
K-lower,
K-upper,
sequential I, 26]
inferior, [21]

superior, [21]

Limitoid, 20|
support of, 2]

Mesh, 3]
Non-degenerate family, 3]
Ordered set, [6]

Parametrized

equation, [TT3]
inclusion, [114]

Perturbation map, [56]

weak, [56]

Poset, [6]

Radial semiderivative,
Radial set

lower,

proto, [77]

upper,
Relation,

Semi-filter, [3]
Set of
filters, [3]
Pareto efficient points, [J]
semi-filters, [
Set-valued map, [7]
C-convex,[7]
profile, [7]

calm, [63|
closed, [106]
compact, [106]

convex, [7]

locally pseudo-Holder calm,

133



Index

lower semicontinuous,
Simplex, 9]
Space

first countable, 24]

Fréchet, [24]

vector, [6]

strongly Fréchet,
Sublattice, [6]

closed, [6]

Topology
chaotic, [13]
discrete,

Variation

lower, [63]
proto, [63]
upper, [63]
Variational set
of type 1,46
of type 2,[46]
proto,
singular, [53]

134



	Abstract
	Acknowledgements
	Preface
	Motivations
	-limits
	Sensitivity analysis
	Optimality conditions
	Calculus rules and applications

	Preliminaries
	Some definitions in set theory
	Some definitions in set-valued analysis

	The theory of -limits
	Introduction
	-limits in two variables
	-limits valued in completely distributive lattices
	Limitoids
	Representation theorem

	Sequential forms of -limits for extended-real-valued functions
	Two variables
	Three variables
	More than three variables

	Applications
	Generalized derivatives
	Tangent cones


	Variational sets and applications to sensitivity analysis for vector optimization problems 
	Introduction
	Variational sets of set-valued maps
	Definitions
	Relationships between variational sets of F and those of its profile map

	Variational sets of perturbation maps
	Sensitivity analysis for vector optimization problems

	Radial sets, radial derivatives and applications to optimality conditions for vector optimization problems
	Introduction
	Radial sets and radial derivatives
	Definitions and properties
	Sum rule and chain rule

	Optimality conditions
	Applications in some particular problems

	Calculus rules and applications of Studniarski derivatives to sensitivity and implicit function theorems
	Introduction
	The Studniarski derivative
	Calculus rules
	Applications
	Studniarski derivatives of solution maps to inclusions
	Implicit multifunction theorems


	Conclusions
	Further works
	Publications
	Bibliography
	Index

