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Stéphane Andrieux, Samuel Forest et Christian Frétigny pour avoir accepté de rap-
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Gaël Chevalier (encore), Yves Gaillard et Morvan Ouisse pour le regard critique porté

sur la présentation ;

Catherine Génin, bienveillant et indispensable relais dans l’organisation de la soute-

nance ;

Jean Paul Roger, Frédéric Kanoufi (encore) et Gilles Tessier, pour leur compagnon-

nage sur les pistes parfois farfelues de mon imagination ;

Anja Boisen, Zach Davis, Søren Dohn, Maria Tenje, Stefan Keller, Gabi Blagoi, Jan

Hales (et les autres...) pour leur confiance, leur efficacité et leur compréhension durant de
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This document gathers some of the ideas, developments and results for the period

2006-2014. It results from the extension of the research initiated with a PhD thesis de-

fended in December 2005. In order to provide tools to describe chemically-induced me-

chanical deformations, the PhD thesis proposed and implemented methods:

• To measure nanometric displacement fields at the micrometer scale;

• To identify heterogeneous surface loading fields and heterogeneous mechanical

properties fields, and to assess a model quality;

• To model strong surface couplings.

This initial work, which focused on the deformation of microcantilevers induced by

DNA hybridization, was supervised by François Hild (LMT-Cachan) and Jean Paul Roger

(LOP-ESPCI). It allowed for the identification of the main experimental and theoretical

barriers to be overcome in order to describe surface mechanical couplings. This work has

been extended:

• By focusing on reproducible and easily controllable surface modifications induced

by electrochemistry. This was initiated during a post-doc stay at MIC-DTU and

pursued by collaborating with Frédéric Kanoufi (PECSA-ESPCI).

• By developing processes to fabricate dedicated micromechanical structures (post-

doc stay at MIC-DTU, PhD work of Cécile Flammier, post-doc of Chang Wu).

• By developing imaging techniques providing simultaneously access to kinematic

and/or chemical fields. This analysis was part of the PhD work of Nicolas Garraud.

• By proposing two different ways of modeling surface couplings, namely, an asymp-

totic modeling (developed during a post-doc stay at MIC-DTU) and a second strain

gradient description of materials. The inverse problem resulting from the asymp-

totic description has been studied during the Ph.D work of Cécile Flammier.

Whatever the considered mechanical description, the in-situ mechanical characterization

at the microscale of the involved materials is a key point for the quantitative analysis of

surface couplings. A collaboration with Pascal Vairac and Patrick Delobelle (FEMTO-

ST) has thus been initiated in order to extend the capabilities and the robustness of the

scanning microdeformation microscope (SMM). This collaboration has initiated the de-

velopment of:

• an imaging technique providing access to surface rotation instead of surface dis-

placement. This is particularly desirable in order to access kinematic quantities

nearby a tip in contact with a specimen.

• an identification method based on the extension of the equilibrium gap method to

dynamic systems that has also been implemented to decouple elastic parameters

from multiple modes SMM.

Full-field measurements for the mechanics of micrometer-sized structures
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Both aspects have been first devised in collaboration with Søren Dohn at MIC-DTU, and

fully implemented as part of the PhD work of Thomas Travaillot.

All these contributions aim at building a quantitative description of surface couplings

from experimental data at the micrometer scale.

Full-field measurements for the mechanics of micrometer-sized structures
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Introduction

The development of micro- and nanotechnologies has first been envisioned as a scientific

and technological breakthrough by Drexler in 1981 [1]. Inspired by a lecture given by

Richard Feynman in 1959, he suggested that engineering at the molecular level would be

the next scientific and technological revolution.

Even though these utopian views were first received by skepticism, they quickly

turned out to be reachable with the first set-ups based on tunneling effect in 1982 [2]

and the synthesis of fullerenes by Smalley’s group [3]. The race for the control of single

molecules was just starting.

As often, the development of research activities was supported by the prevailing views

considering that most of the key challenges (western) societies had to face could benefit

from (or should not be taken up without) micro- and nano-technologies. The first decade

of the 2000s was that of all the promises, namely, iron nanoparticles were seen as the agent

for in-situ soil remediation [4], nanotechnologies were expected to play a key role in the

hydrogen based economy, to significantly improve solar power technology or to allow for

next generation batteries, so that it could have a profound impact on energy consumption

and hence greenhouse gas emissions [5]. Nanoparticle aerosols were also thought as a

tool to engineer the Earth’s albedo and thus to gain control over global climate changes

[6].

Simultaneously, scaling down the objects makes them of interest for scientists of sev-

eral (previously strictly separated) disciplines, thus blurring the borders between investi-

gation fields that were remaining distinct. This is illustrated with molecular electronics,

which originates from the possibility to manipulate very few molecules and to have access

to their electronic state. This yields new hybrid electronic devices using either new tran-

sistors or new physical ways to store information, such as triggering the oxidation state of

molecules (porphyrins for example) [7].

This reorganization of knowledge fields, usually referred to as “convergence” when

focusing on the distance between life and physical sciences, efficiently reactivated Prometheus

myth and attracted massive funding [8]. Besides groundbreaking innovations, this conver-

gence between biology and nanotechnology was thought to renew the engineering process

as well as the links between science and societies.

This last point is of particular importance. If the genetically-modified organisms

episode stressed the fact that shaping the future a new technology opens is a continu-

ous social construction, it also highlighted that scientists and funding organizations are

not the sole stakeholders. Many organizations (e.g., NGOs, groups of concerned citi-

Full-field measurements for the mechanics of micrometer-sized structures



2 Introduction

zens) claimed the right to be part of this shaping process, hence calling for a democratic

definition of research policies. The nanotechnology era has thus been seen as an oppor-

tunity (for sociologists) to observe in real-time this shaping process and (for anybody) to

experience an open, pacified, two-way interaction between “science” and societies [9].

Besides social engineering attempts intended to fake an “upstream” shaping of the

nanotechnology research agenda, it looks like the promise for a renewed connection be-

tween science and societies was vain so far. Several organizations (e.g., ETC group,

Friends of the Earth) are thus still struggling for a more open way to direct the research

effort and campaigning to raise awareness of the risks associated with the present re-

search priorities. As a consequence, shaping the research agenda or adapting regulations

keep on relying on a conflictual relationship between academic research and/or economic

needs, NGOs campaigning and scientists responsibility. This may be illustrated by the

widespread use of nanomaterials in food, initiatives such as the “is there nano in your

sweets?” campaign by As You Sow [10] and discussions among toxicologists to decide

whether nanomaterials should be considered as a new class of toxic chemicals under

REACH regulation (Registration Evaluation Authorization and Restriction of Chemicals)

[11].

This environment generates a rather controversial field, to which mechanical scientists

should be prepared. They actually would be mistaken to consider themselves as far from

the above-mentioned “convergence”, namely, the chemo-mechanical couplings initially

exploited to devise micromechanical sensors [12] may now be the key for the design

of homeostatic mechanical systems, and may thus play a crucial role in moving toward

synthetic biology [13].

As micromachined commercial products with mechanical features today exploit only

the integration capabilities microfabrication technologies allow (for mass-production of

reliable products), there is room for innovative products making the most of micrometer-

sized objects, which are very specific from the mechanical point of view for two reasons:

• Their surface/volume ratio is much larger than for the objects mechanical engineers

are used to deal with. The consequence is that strong surface couplings have been

evidenced, translating changes in the (electro-)chemical environment into mechan-

ical deformation.

• the geometric margins (compared to the dimensions) and the material homogeneity

resulting from the usual processing techniques are very poor.

As a consequence, studying the mechanical behavior of micrometer-sized objects requires

to overcome two main barriers:

• To identify material constitutive laws at the micrometer scale and to quantify the

role of the environment on the behavior;

• To model chemo-mechanical couplings when materials are heterogeneous and struc-

tures are poorly defined.

Full-field measurements for the mechanics of micrometer-sized structures
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Moving forward along these two lines requires the development of a dedicated instrumen-

tation and the use of identification techniques suited both to the available experimental

data and to the proposed mechanical descriptions. This document is therefore organized

as follows:

• The first chapter is devoted to the mechanical characterization techniques at the mi-

crometer scale. The full-field measurements techniques proposed within the last

few years are presented, and the various extensions of scanning microdeformation

microscopy toward a quantitative local characterization of anisotropic thin-film ma-

terials are detailed.

• The second chapter focuses on chemo-mechanical couplings. The various experi-

mental tools developed to measure and control these couplings are first described,

and the two proposed frameworks for modeling these surface couplings are detailed.

Perspectives of my research activities in the coming years are presented and an ap-

pendix finally gathers some technical details that may be useful to the interested reader.

Full-field measurements for the mechanics of micrometer-sized structures
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Chapter 1

Mechanical characterization at the

microscale

This first chapter is devoted to the mechanical

characterization techniques at the micrometer scale. As

vanishingly small tested volumes may be achieved either by

downsizing a fully loaded object or by locally loading larger

samples, an overview of the measurements methods proposed

for both approaches within the last few years is proposed. It is

shown that full-field measurements are desirable for both

approaches, and the various extensions of scanning

microdeformation microscopy towards a quantitative local

characterization of anisotropic thin-film materials are

introduced.
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Mechanical testing at the microscale 7

1 Mechanical testing at the microscale

This first section aims at presenting an overview of the mechanical characterization meth-

ods proposed in the last few years, focusing on the achievements permitted by the use of

full-field measurements and on the needs that still have to be fulfilled. The context is first

set by recalling the range of materials under scrutiny.

1.1 Target materials

The iconic material of micromechanical devices is indisputably silicon. Even though

most of the silicon metal production goes to alloying applications (with aluminum), the

last major shifts in the silicon world market result from the strong growth of silicon use

in solar cells [14]. The rapid development of this market motivated the extensive study

of the mechanical properties of (poly)silicon wafers [15, 16, 17, 18], as well as their de-

pendence to the material processing conditions [19, 20] and to the product manufacturing

parameters (see [21] for dicing, for instance).

The rest of the semiconductor industry only uses one fourth of the silicon used for

solar cells [14], but it is clear that the development of MEMS devices requires me-

chanical data that could not be inferred from traditional (macroscale) tests [22]. Be-

sides elastic properties, lifetime prediction requires fatigue data. If single-crystal silicon

[23] is also concerned, most of the effort has been put on polycrystalline silicon (also

referred to as polysilicon). Well-defined elaboration processes are commercially avail-

able for polysilicon, see for instance the “Multi-User MEMS ProcesS” (MUMPS) that

is ARPA-sponsored or “Sandia Ultra-planar Multi-level MEMS Technology” (SUMMiT)

[24]. These processes allowed for large scale studies so it became possible to tackle re-

producibility issues. The achieved reproducibility even allowed for studying the process-

material relationships [25] at an early development stage of MEMS technology. After a

time lapse necessary to establish good practices in fatigue testing of polysilicon [26], the

first scenarios explaining its fatigue behavior have been proposed [27]. It then became

clear that the environment plays a key role and that the surrounding relative humidity

controls the fatigue limit to a large extent, through the growth and cracking of an ox-

ide layer [28, 29, 30, 31]. The validity of these scenarios could then be assessed under

conditions similar to those experienced by commercially available devices [32, 33] or for

monocrystalline silicon [34, 35, 36, 37].

Besides values for the fatigue limit of silicon, its fracture strength is also a key design

parameter. A wide range of methods has been devised to estimate such values, with rather

contradictory results. The first results were obtained by using surface micromachined

cantilevers, which were loaded until fracture using a nanoindentation system [38, 39].

These results could later be compared to those obtained with a different loading device

[40]. The key role of the process on the fracture strength distribution of silicon has then

been evidenced [41, 42, 43] and confirmed for devices [44]. It highlights the fact that

one should first wonder about the flaw population to consider for a Weibull-like statistical

Full-field measurements for the mechanics of micrometer-sized structures
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analysis [45]. Depending on the process, the fracture strength may be driven by surface or

lateral-surface flaws instead of bulk defects. The same difficulty has been reported with

diamond-like carbon material [46]. In addition, one should mention that the ability of the

material to sustain shocks has also received some attention [47, 48, 49, 50], as well as

tribological properties [51, 52].

Even though it has been less studied, the mechanical properties of silicon nitride for

MEMS devices has been investigated [53, 54, 55]. Again, relationships between the elab-

oration process and the material properties have been evidenced [56, 57].

In addition to silicon and silicon-based materials, MEMS devices make an extensive

use of metals that in turn have been investigated, either for their wide use as conductive

materials or for their status of “well-known” materials. One thus finds numerous studies

of the mechanical properties (elasticity, strength) of aluminum [58], nickel [59], nickel-

cobalt alloys [60] or copper [61]. As for silicon, determining fatigue properties is crucial,

so that the fatigue behavior of nickel [62], gold [63] or copper [64] has been investigated.

Metal layers or devices are also rather easy to elaborate, so that they are used in basic

studies of size effects [65] or deformation mechanisms [66, 67, 68].

This very short overview of the involved materials should not be closed without men-

tioning the rapidly growing use of polymers as MEMS materials. The most promising

polymer for MEMS applications is probably SU-8. The SU-8 is a negative, epoxy-type,

near-UV photoresist based on EPON SU-8 epoxy resin (from Shell Chemical) that has

been originally developed and patented by IBM [69, 70]. This trend is cost-driven [71]

and requires a mechanical characterization effort [72]. This is also supported by pre-

liminary studies indicating rather heterogeneous properties for photosensitive polymers

[73].

1.2 Methods

When choosing or developing a mechanical testing procedure at the micrometer scale,

one has to strike a balance between various needs and constrains:

• As for many macroscopic tests, one may wish to establish a homogeneous stress in

the tested volume in order to facilitate the translation from global variables (force,

displacement) into local ones (stress, strain).

• The structure under scrutiny should easily obtainable, using reliable and repro-

ducible processes. This is of particular importance since:

– geometrical fluctuations may significantly jeopardize the above-mentioned

strain homogeneity in the tested volume;

– it has already been demonstrated that the process controls some of the material

properties.

Full-field measurements for the mechanics of micrometer-sized structures



Mechanical testing at the microscale 9

• The testing device should be easy to handle. The mechanical connections and the

associated margins on positions should not be such as the actual stress field may

deviate from the nominal stress field.

One should underline that if the first of these needs concerns materials irrespective of the

tested volume scale, the two latter ones are of particular importance for thin film materials

and small loaded volumes. Downsizing the sample amplifies the role of geometrical mar-

gins and makes the definition of precise and quantitative testing procedures a challenge.

Various solutions have emerged in groups from different communities, and their diversity

represents the possible combinations between the accessible manufacturing capabilities,

instrumentation, and the allowed complexity for the mechanical state.

A wide class of solutions involves micromachined cantilevers [74, 75]. They are eas-

ily obtained by surface micromachining and yield simple structures whose behavior is

described by closed-form equations, provided the thickness and mechanical properties

are homogeneous along the cantilever. They are often loaded using a nano-indentation

system, thus making use of a commercially available instrumentation for both the load-

ing and the measurement. Even for such a simple system, it has been shown that it is

crucial to carefully assess the underlying modeling and to compare results from different

methods [76, 77]. For communities less familiar with nano-indentation systems, adding

an actuation layer made of a material deposited under conditions that make it stressed

at room temperature on top of the cantilever to be tested is a smart alternative for load-

ing [78, 79]. Such an approach requires an accurate control over the initial stress, but

does not necessarily allow to overcome difficulties from uncertain boundary conditions

(clamping, interface between the materials). Another alternative is to make use of a sur-

face profilometer instead of a nano-indentation system. Exploiting a constant force mode,

the cantilever surface is scanned by a tip that acts both as an actuator and a sensor [80].

This interestingly yields a (low resolution) field information which allows to recover the

actual boundary conditions.

There is another solution requiring even less machining, which is rather popular among

the polymer and soft matter communities. The material to be tested is deposited on a soft

pre-stretched substrate, and the film topography is monitored after the pre-strain is re-

leased. The film then buckles and the shape and periodicity of the resulting wrinkles is

used to retrieve the elastic properties of the film [81, 82]. It is worth noting that the read-

out technique may be chosen to allow for quick batch measurements [83]. Even though

this is a testing procedure of limited interest for mechanics of materials, it is fairly easy

to implement and makes use of macroscopic devices.

An alternative family of approaches is based on the translation at the microscale of the

procedures proposed by the ASTM. The primary goal is thus to establish a homogeneous

stress state in the tested volume, regardless of the processing complexity and resulting

handling issues. This effort was initiated in the late nineties [84, 85, 86] and gave rise

to many developments. The interested reader will find several dedicated review papers
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[87, 88, 89, 90, 91]. Investigating the scale effects on the mechanical behavior of materials

however highlighted the difficulties coming from the above-mentioned trade-off between

simple processing and stress state [92]. The need for a tight control over environmental

effects as well as the roughness of the material specimen then became crucial challenges

to overcome even for a simple tensile testing [93, 94]. As for macro-scale testing, the

characterization of brittle materials requires a particular effort [77, 95, 96, 97].

It should be noted that the very last years have shown a much wider dissemination

of micromachining capabilities among the mechanics of materials community and of-

fered new trading possibilities so that wafer-scale mechanical characterization methods

have been devised [98, 99, 100]. Solutions fully integrating the actuation system to the

tested device have been proposed [101, 102, 103]. Along a similar line, discarding surface

micro-machining and using focused-ion beam (FIB) to shape testing structures resulted

in the development of micro-pillars (whose typical larger dimensions scale as few mi-

crometers) as structures dedicated to the study of elementary plastic processes [104]. The

micro-pillar is usually put in a compression state using a nano-indenter placed inside

the SEM chamber in which the micro-pillar has been fabricated. The available literature

mainly focuses on metals [105], but other materials featuring inelastic deformation mech-

anisms have been investigated [106]. The obtained results are however questionable since

the FIB shaping probably strongly alters the sample surface [107]. The pillar may also

be subjected to buckling, which is not easily detected from the sole force-displacement

curves retrieved from the nano-indentation system [108]. It should be noted that the fea-

sibility of a poorly spatially-resolved kinematic measurement using the SEM imaging

capabilities have been proposed [109]. Accepting a similar but more complex fabrica-

tion process allows the tensile testing of specimen of comparable sizes [110, 111, 112]

and yields results that stimulate the discussion about the deformation processes in metals

[113].

As seen from this rapid overview, the plethora of proposed characterization devices

results from the various balances one can achieve between stress-homogeneity, straight-

forward sample fabrication and handling ease. The main constrain driving the characteri-

zation method selection seems however to be the available fabrication techniques, whereas

the stress-state in the specimen is always kept (nominally) homogeneous or very simple.

The remainder of this introduction section is thus dedicated to review the development

of full-field kinematic measurements, since they potentially allow to release the need for

homogeneous stress states. The use of test specimen under heterogeneous stress states

may allow for the design of test structures more easily obtainable or using less restrictive

processes.

Many full-field kinematic measurement techniques have been made available to the

solid mechanics community during the second half of the twentieth century [114]. Even

though these techniques were already providing a large amount of mechanically redun-

dant data, their effective use in experimental mechanics was limited. The renewed in-

terest for full-field measurement techniques in the late twentieth century may be seen as
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a consequence of the availability of both affordable imaging devices and low-cost com-

puting capabilities. Among these techniques, digital image correlation (DIC) quickly

proved to be well suited to the environment found in an experimental mechanics labo-

ratory [115, 116, 117]. It makes use of incoherent illumination and only requires (for

plane displacement measurements) a single imaging device focused on the surface under

scrutiny [118]. As the complexity is thus pushed back at the numerical processing stage,

the easy access to large computing capabilities allowed by personal computers strength-

ened the interest for such technique [119]. As the determination of a displacement field

from a reference and deformed image is an ill-posed problem, its projection onto a user-

defined basis is sought [120]. Considering various sets of assumptions on displacement

continuity [121], material homogeneity and including various amount of a priori knowl-

edge on the displacement field to be measured yields a plethora of DIC implementations

[122]. These approaches can be classified into local or global implementations, depend-

ing on whether the displacement field on different subsets is obtained sequentially (local

DIC) or in a single step involving the full region of interest (global DIC). Global algo-

rithms are more resource demanding but allow one to tailor the displacement field basis to

the phenomena under scrutiny. As these techniques also involve a larger amount of pixels,

global implementations usually outperform local ones when comparing noise sensitivities

[123]. These imaging techniques are particularly appealing so that some effort has been

put on the assessment of the role of several parameters on the accuracy of the obtained

displacement fields [124, 125, 126, 127, 128].

As DIC is rather easy to implement, it is an interesting choice when dealing with thin

films or MEMS devices, since it provides non-contact kinematic measurements provided

that contrasted enough images of the surface under scrutiny are available. As most MEMS

devices are essentially planar structures, the measurement of a plane displacement field

may be sufficient so that the simpler configuration can be used. DIC has thus been quickly

used for small scale devices [129] and for a wide range of materials [58, 130, 131, 132].

As most of the algorithm performances are driven by the characteristics of the images

of the pattern attached to the surface, procedures and know-how have been developed

in order to produce patterned images [133]. It should also be noted that somehow de-

graded image processing methods, making use of gold lines [134] or dots [135] instead

of a random pattern have also been proposed. These imaging techniques translated from

the macroscale already contributed to the development of tension, compression [136] or

fatigue [137] testing at the microscale.

It is worth noting that DIC algorithms require images of a pattern whose displacement

translates the underlying surface movement, whatever the imaging technique or the origin

of the imaged contrast. Topography measurements obtained by confocal microscopy (via

global DIC) [138] or atomic force microscopy (AFM) have thus been successfully pro-

posed [139, 140] and applied to study the fracture of polysilicon [141, 142], to estimate

residual stresses [143] or to quantify the role of the latter on fracture toughness [144].

If DIC algorithms require contrasted images regardless of the imaging techniques, the

scanning nature of AFM induces very different errors and deviations compared to those
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encountered in CCD and CMOS imaging devices, so that specific discrepancies may be

observed after computing the displacement fields [145]. A very similar comment would

apply to images obtained using scanning electron microscopy (SEM) images. They can

be used as input for DIC algorithms to characterize thin film materials [146] or estimate

residual stresses [147]. To achieve the latter, the hole-drilling method is easily imple-

mented by exploiting a focused ion beam [148]. The strain fields nearby a crack-tip can

also be captured [149]. The quantitative determination of kinematic fields similarly re-

quires a careful analysis to assess and control how the imaging parameters control the

displacement determination quality [150, 151].

Sticking to optical techniques and dealing with micrometer-sized devices, out-of-

plane displacements are usually very small so that interferometric techniques may be

used with low coherence length illuminations [152]. The arrangements are usually much

more compact and thus much more stable than those at the macroscale, so that interfer-

ometric techniques are much more practical. For imaging through disturbed media, dif-

ferential (common-path) imaging interferometry may be implemented to yield extremely

stable imaging devices [153]. With interferometric techniques, the wavelength of the

light source acts as a ruler to measure the displacement, so that the spatial or temporal

resolution may limit the displacement resolution. This difficulty may be overcome by

combining an interferometric technique with a purely geometric one such as fringe pro-

jection whose sensitivity may be adjusted to the required dynamic range [154]. For struc-

tures requiring 3D displacement measurements, electronic speckle pattern interferometry

(ESPI) is an alternative, provided the surface is rough enough to generate a diffraction pat-

tern [155]. It should also be noted that thin films of optically transparent materials may

be monitored through the measurement of the stress-induced birefringence they feature

[156].

Alternatively, focusing on tiny objects allows for the use of other imaging mecha-

nisms. Full-field measurements may be obtained by using a correlation algorithm with

images obtained by techniques such as SEM or TEM [157]. It is also possible to take ad-

vantage of the mechanisms involved in forming such images. The scanning lines in a SEM

may for instance be used to interact with a grating deposited onto the sample to produce

moiré fringes that will be affected by the surface displacement [158]. Such a grating may

be e-beam-printed using a resist or FIB-printed [159]. Similarly, high-resolution TEM im-

ages obtained in a deformed and a reference area may be used to compute a displacement

field with respect to this reference state [160, 161]. The electron beam may also be split

to travel through different areas before interfering and thus producing a phase pattern that

may be interpreted as a displacement field [162, 163]. The stiffness of materials deposited

under conditions that make them stressed at room temperature may thus be obtained by

measuring the displacement of the underlying substrate [164]. The various TEM-based

techniques are compared in Ref.[165]. Electron backscattered diffraction (EBSD) is now

routinely used to characterize crystal orientations or grain boundaries [166]. The spread of

the crystal orientation inside a grain may be used to quantify its plastic deformation [167],

but measuring elastic strain fields in crystalline materials requires a much better angular
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resolution. The measurement relies on the analysis of the recorded EBSD patterns [168].

Different approaches are used to describe the pattern changes [169, 170], all leading to a

strain resolution in the 10−4 range [171]. Similar strain resolutions have been achieved

using confocal Raman microscopy [172]. As probing the Raman effect in strained mate-

rials is essentially measuring the intensity of the Raman peak in the backscattered light,

the main difficulty is to retrieve from the experimental set-up a sufficient amount of in-

formation to resolve the tensorial nature of strains. Several improvements have been

successively proposed by controlling the polarization state of the incident and scattered

light [173] and by using an off-axis illumination configuration [174]. The spatial resolu-

tion is also acceptable to allow for the elastic characterization of MEMS devices [175].

Interestingly, similar difficulties have arisen when trying to measure a full strain tensor

by X-ray (Laue) diffraction. Broadband “white” X-ray microbeams are now available in

few facilities and are used to illuminate crystalline samples. The local deviatoric part of

the strain tensor is deduced from the Laue pattern. Accessing the local hydrostatic strain

is slightly more challenging and requires the precise measurement of the spot energy ob-

tained under a monochromatic illumination. Combining these measurements under two

different illuminations is particularly difficult, so that very few studies have proposed to

measure a full strain tensor map. It should however be highlighted that a method avoiding

the need for switching between different illumination sources has been proposed [176],

thus allowing for full strain tensor mapping.

A wide range of techniques providing full-field kinematic measurements are thus

available. These techniques are thus a way release the need to establish an homoge-

neous strain state in a tested specimen. The two other main requirements (the testing

device should be easily obtainable and easy to handle) are then made easier to satisfy. As

mentioned in the introduction, one is particularly interested in probing chemo-mechanical

couplings at the microscale so that the chosen full-field measurement technique should al-

low for a wide range of environmental conditions. The next sections of this chapter are

thus devoted to the description of several contributions to the mechanical characterization

of materials making use of various optical imaging techniques.

2 Experimental developments

This section describes the experimental techniques developed in order to achieve a me-

chanical characterization of thin film materials at a very small scale. Dealing with es-

sentially planar structures, one may wish to focus on structures that mostly deform either

out-of-plane or in-plane. These options are not mutually exclusive, but the following sub-

sections detail distinct set-ups encoding out-of-plane or in-plane displacements separately.

The first subsection focuses on an imaging set-up that is tailored to measure surface

rotations instead of the surface out-of-plane displacements. This limits the differentia-

tions required to estimate an experimental deformation and it is shown to be of particular
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interest when dealing with small structures or probed volumes. The second subsection

describes a lithographic procedure to pattern surfaces that do not naturally produce con-

trasted images, thus making DIC applicable. It is also shown that the pattern may be

tailored to make the in-plane displacement field measurement easier under particular con-

strains.

2.1 Surface rotation measurement

This subsection describes a polarized light imaging interferometer to measure the rotation

field of reflecting surfaces [177]. This set-up is based on a home-made prism featuring a

birefringence gradient. The arrangement is presented before focusing on the home-made

prism and its manufacturing process. The dependence of the measured optical phase on

the rotation of the surface is derived, thus highlighting the key parameters driving the

sensitivity. The system capabilities are illustrated by imaging the rotation field at the

surface of a tip-loaded polymer specimen.

Many imaging interferometric systems can be utilized to measure a displacement field,

such as compensated interferometers described by Françon or Nomarski [178] employing

a Savart polariscope or a Wollaston prism, respectively [179]. It is worth noting that

the latter features a usually overlooked rotation sensitivity [153], and that such a rotation

sensitivity is of major interest when downsizing tested volumes or samples:

• Let us consider Boussinesq’s problem [180] as the prototype of very local charac-

terization. Applying a point load on an elastic half-space, the surface displacement

field w(r) scales as 1/r (with r: the in-plane distance between the loading point and

the point of interest) and is therefore very confined. The surface rotation θ(r) thus

scales as w(r)/r and may reach experimentally accessible values since r is very

small, even though the maximum displacement amplitude (under the tip) is kept

vanishingly small in order to probe a tiny volume. It would seem wise to measure

the rotation field instead of the out-of-plane displacement field.

• The same conclusion applies to vanishingly small structures such as microcan-

tilevers. Considering a clamped-free beam (of length L) with a constant curvature,

the maximum out-of-plane displacement scales as L2 while the rotation scales as

L. As a consequence, if L decreases, the out-of-plane displacement decreases faster

than the rotation. In the case of micro or even nano-system, it thus becomes inter-

esting to measure a rotation rather than a displacement.

Many interferometric [181, 182, 183, 184] or non interferometric [185] systems have

been devised in the past to allow for a pointwise angular measurement. For mechanical

engineering applications, imaging techniques such as deflectometry [186] are available to

provide rotation maps. At the macro-scale, this is already extremely useful since it avoids

one differentiation (which consists of applying a high-pass operator) in the data treatment,

compared to a displacement measurement.
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This subsection therefore describes a polarized-light imaging interferometer derived

from the one already proposed to measure out-of-plane displacement fields [153]. The

set-up is based on a home-made prism featuring a birefringence gradient. The device and

the interference pattern are described. The manufacturing process for the prism is then

detailed. The dependence of the measured optical phase on the rotation of the surface is

exhibited and the key parameters driving its rotation sensitivity are highlighted. An exam-

ple for the practical calibration of the set-up is given. Finally, an example with a micro-tip

pressing onto a polymer (PDMS) sample demonstrates the ability of the proposed set-up,

which is combined with a phase-stepping method, to catch localized phenomena. De-

tailed calculations describing the effect of the numerical aperture [187, 188, 190, 189] are

presented in Ref. [177].

2.1.1 Experimental set-up

A schematic view of the interferential microscopy imaging set-up is shown in FIG.1.1.

The device is based on a home-made prism, featuring an uniaxial birefringence gradient.

The light source is a spatially incoherent light-emitting diode (LED, λ = 627 nm), which

is used to illuminate a polarizing beam splitter. The polarizing beam splitter is mounted

so that the reflected beam is polarized at 45◦ of the gradient direction (y) of the birefrin-

gent prism. The prism splits the beam into two orthogonally polarized beams with a small

angle between each other. One of these beams is polarized orthogonally to the plane Π
defined by the optical axis of the system and the gradient direction of the prism (y), and

will be referred to as transverse electric (TE) beam. The other one is polarized in the

plane Π, and will be referred to as transverse magnetic (TM) beam. These beams are

focused on the sample by an objective lens. After reflection on the sample and recom-

bination by the birefringent prism, the beam goes through the polarization beam splitter,

which thus behaves as a polarizer orthogonal to the entrance one. The transmitted beam is

finally focused on a CCD array (DALSA 1M30, 1024 × 1024 pixels, 12 bits) that records

the interference pattern. As the set-up is illuminated using a light-emitting diode, the

interference pattern reads [153]

I = I0 +Acos(φ+π) (1.1)

where φ is the phase shift between the TM and TE polarization components.

2.1.2 Home-made birefringent prism

The key element in the imaging set-up is the birefringent prism. The (O1xy) plane corre-

sponds to the entrance surface of the prism. A heterogeneous stress state is frozen in the

material to induce a heterogeneous birefringence state. To set a uniaxial stress gradient of

the σxx component along y, it is necessary to induce a homogeneous bending moment in

the prism.

In practice, the prism is made out of PS-8A epoxy resin (Vishay Micro-Measurements).

A test sample is machined from the polymer plate and then heated up above its glass tran-
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Figure 1.1: Schematic view of the interferometric imaging set-up.

sition temperature (Tg ≃ 85 ◦C). It then undergoes an off-axis tensile test, described in

FIG.1.2. The test sample is finally cooled at room temperature when maintaining the

applied force to freeze the birefringence state in the prism. The prism is cut out of the

specimen gauge section. By tailoring the specimen geometry and loading, it is possible

to obtain a wide range of values for the birefringence gradient. Using beam theory, the

stress tensor σ in the prism reads

σ =




Gy 0 0

0 0 0

0 0 0




(x,y,z)

(1.2)

where G denotes the stress gradient. For the description of the prism, let us denote

Π0 the plane such as σxx(y) = 0. Let us describe the prism in the plane (O1yz) where O1

is the intersection between the y axis and the plane Π0. (O1yz) is assumed to be made

coincident with the plane Π.
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Figure 1.2: Arrangement used to establish a stress gradient in the sample.

Figure 1.3: Ray tracing in the prism.

The frozen uniaxial stress gradient results in a refractive index gradient in the prism.

Initially, the unstressed material has a refractive index n∗ = 1.5 for both TE and TM rays.

As a consequence of the arrangement described in FIG.1.2, TM rays are polarized in the

y-direction. As σyy is equal to 0 everywhere, the TM index is equal to n∗ for any entrance

point (nT M = n∗). TE rays are polarized in the x-direction so they experience refractive

indexes modified by σxx. As σxx linearly depends on y, the TE index varies linearly with

y. The TE refractive index thus reads

nT E = n∗+CbGy = n∗+ cT Ey (1.3)

where Cb is the photoelastic constant of the birefringent material. Using a 3 mm thick

polymer plate, a birefringence gradient cT E ∼ 0.1 m−1 is achieved with the chosen ma-

terial. FIG.1.3 shows (in the Π plane) the decomposition of an incident ray by the prism

into two emerging rays. Assuming that the surrounding refractive index equals 1, the

Snell-Descartes laws on the entrance interface of the prism read

sinθe = nTM sinθaT M
= nT E(ye)sinθaT E

(1.4)

where θe is the incidence angle, ye the entrance point, θaT E
and θaT M

the angles of the

refracted rays at the entrance interface. The Snell-Descartes laws for the exit interface of
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the prism read

nT M sinθbT M
= sinθoT M

= sinθe (1.5)

nT E(yoT E
)sinθbTE

= sinθoT E
(1.6)

where yoT E
is the exit point for the TE ray. θbT E

and θbT M
are the incidence angles at the

exit interface for TE and TM rays respectively. θoT E
and θoT M

are the emerging angles for

TE and TM rays respectively. The relationship between entrance and exit angles of the

prism for the TE ray is given by the eikonal equation and reads

θbT E
= θaT E

+ ε+o
(
θ3

aT E
,ε3
)

(1.7)

with:

ε =
cT Ee

nTE(ye)
≃ 3×10−4 rad (1.8)

It depends on the thickness of the prism (e = 3 mm), birefringence gradient and TE rays

refractive index at the entrance point. ε represents the deflection of the TE ray inside the

prism by the birefringence gradient. For the TM ray, the exit point yoT M
reads

yoT M
= ye + e tanθaT M

(1.9)

The relationship between entrance and exit points of the prism for the TE ray is also given

by the eikonal equation and reads

yoT E
= ye + e

(
θaT E

+
ε

2

)
+o
(
θ3

aT E
,ε3
)

(1.10)

The separation between TE and TM rays reads

θoT E
−θoT M

= cT Ee+o
(
θ3

e ,ε
3
)
∼ 10−4 rad (1.11)

It only depends on the thickness of the prism and the birefringence gradient. Further

developments will be made easier by defining the plane of apparent splitting (PAS, see

FIG.1.3). For an incident ray, it corresponds to the points where TE and TM rays appear

to split. The equation of the PAS reads

z = tan(θPAS)y− e

[
1− 1

2n∗

]
+o
(
θ2

e,ε
2,(cT Eye)

2
)

(1.12)

with:

θPAS =
ecT E +2θe

2n∗2
+o
(
θ2

e ,ε
2,(cTEye)

2
)

(1.13)

where θPAS is the angle between PAS and surface of the prism (see FIG.1.3). Taylor

expansion with respect to cT Eye is possible because cT Eye ≪ n∗ in the expression of ε
(see Eq. (1.8)).
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For the TM ray, the refractive index is constant, so that the optical length LT M reads

LT M = n∗
e

cosθaT M

=
n∗

2
e√

n∗2 − sin2 θe

(1.14)

The optical path length for the TM ray thus depends on the incidence angle (see FIG.1.3)

but does not depend on the entrance point. For the TE ray, the optical path length reads

LT E =

∫ 0

−e

nT E(yT E(z))

cos(θTE(z))
dz (1.15)

with:

yT E(z) = ye − z

(
θe

nT E(ye)
− εz

2e

)
+o
(
θ3

e ,ε
3
)

(1.16)

θT E(z) =
θe

nT E(ye)
− εz

e
+o
(
θ3

e ,ε
3
)

(1.17)

The optical path length for the TE ray finally reads

LT E = e

[
nT E(ye)

(
1+

ε2

6

)
+

cT Ee

6
ε+ εθe+

θ2
e

2nT E(ye)

]
+o
(
θ3

e ,ε
3
)

(1.18)

so that LT E depends on both the incidence angle θe and the entrance point ye.

2.1.3 Optical phase

Let us assume that the optical phase difference φ due to the path prism-objective-sample-

objective-prism can be decomposed as φ = φp+φo where φp denotes the part arising from

the birefringent prism and φo the contribution due to the object.

FIG.1.4 presents the full ray tracing for the two emerging rays of FIG.1.3. δPAS and

αPAS are the position and the rotation of the actual PAS with respect to the rear focal

plane of the objective lens, respectively. The point O2 is the intersection of the PAS with

the optical axis. It is the origin of the frame (O2Y Z). Z is made coincident with the

optical axis and Y lies in the Π plane. ∆ is the distance between O2 and O1 projected

onto Y (if ∆ = 0, O1 and O2 belong to the optical axis). γT E and γT M define the surface

orientation for the TE and TM rays, respectively. The two rays emerge from the PAS at

the point whose orthogonal projection on the Y axis is YPAS. Then, they travel through the

objective, are reflected by the sample and intersect the PAS at Y ′
PASTE

and Y ′
PASTM

Y ′
PASi

= −YPAS −2
f 2
o +Y 2

PASi

fo
γi −2

[
αPAS+

(
1+

1

n∗2

)
θe +n∗ε+

ecT E

2n∗2

]
δPAS

+o
(
α2

PAS,θ
2
e,θ

2
PAS,ε

2,γ2
i

)
(1.19)

where i stands for T E or T M.
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Figure 1.4: Ray tracing through the objective for the two emerging rays of FIG.1.3.

The position of Y ′
PASi

depends on the position of YPAS, on the objective focal length

fo, on the incidence angle θe, on PAS position (δPAS , αPAS) and on the corresponding

surface orientation (γi). As described in equation (1.18), the optical path length in the

prism for the TE ray depends on the entrance point. For the back TE path, this entrance

point (Y ′
PASTE

) depends on γT E , so that the back optical path length in the prism for TE

ray depends on γT E . Eq. (1.14) indicates that the optical path length in the prism for the

TM ray only depends on the incidence angle and does not depend on the entrance point.

As a consequence the optical path length in the prism for the TM ray is independent

of the TM orientation of the sample γT M . Finally, the total optical phase depends on

γT E . It demonstrates how the system is sensitive to the TE orientation of the sample and

insensitive to TM. The TM beam will thus act as a reference beam in the interferometer.

The total optical path length arising from the birefringent prism is the difference between

the optical path length for TE and TM rays

φp(γT E) =
2π

λ
{[LT Eforth

+LT Eback
(γTE)]− [LT Mforth

+LT Mback
]} (1.20)
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Using equations (1.14), (1.18) and (1.20) and first-order Taylor expansions with re-

spect to αPAS, θe, θPAS, ε and γT E , the difference between the optical path length for TE

and TM rays reads

φp = φγTE
+φθe

+φ∆ +φr (1.21)

with

φγTE
= −4π

λ
cT Ee

f 2
o +Y 2

e

fo

γT E +o
(
γ2

T E

)
(1.22)

φθe
= −2π

λ
cT Ee

[
2

(
1+

1

n∗2

)
δPAS+

e

n∗

]
θe +o

(
θ2

e ,θ
2
PAS

)
(1.23)

φ∆ = −4π

λ
cT Ee∆+o

(
θ2

PAS

)
(1.24)

φr = −2π

λ
cT Ee

[(
2αPAS+

cT Ee

n∗2

)
δPAS+

(
2n∗δPAS −

e

3

)
ε

]

+o
(
α2

PAS,θ
2
PAS,ε

2
)

(1.25)

where Ye denotes the entrance point on the prism (on Y axis). ∆ can be changed by

translating the prism so it will be used for phase modulation.

The rotation sensitivity
∂φ

∂γTE
depends on the thickness of the prism e and on the bire-

fringence gradient cT E . It also increases with the objective focal length fo and with the

prism entrance point Ye. Therefore equation (1.21) is only valid for a ray. For the full

beam, the rotation sensitivity depends on the objective numerical aperture [177]. In ad-

dition, expanding (1.21) up to the second order shows the rotation sensitivity dependence

on the incidence angle and on implementation defects is negligible. Finally, the lateral

shear d between TE and TM rays on the sample (see FIG.1.1) reads

d = focT Ee+o
(
θ2

e,θ
2
PAS,α

2
PAS,ε

2
)

(1.26)

It depends on the objective focal length fo as well as on the thickness of the prism and

birefringence gradient. d corresponds to the separation, in the Y -direction, between the

two reflected images of the sample due to the birefringence.

In addition to φp, there is also a phase contribution arising from the object. Let us

consider the case of a tilted and stepped sample (of height ∆Z = ZT E −ZT M), where TE

and TM rays are reflected at different heights. According to Fermat’s principle, tilting the

sample does not induce any additional phase difference in the objective-sample-objective

path. However, the step induces an additional phase φo that reads (assuming the ambient

refractive index of the medium is 1)

φo =−4π

λ
∆Z cosα (1.27)
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where α is the incidence angle on the sample. α spans the full range defined by the

objective entrance pupil, so that for the full beam φo, an integration over α has to be

considered [177].

2.1.4 Calibration and example

As the parameters driving the phase sensitivity to the topography depend on the numerical

aperture and thus on the illumination, a calibration procedure is desirable for practical

applications. This section presents the calibration of the set-up and an example to validate

both the system capabilities and its modeling.

The calibration consists of plotting interferograms obtained by tilting a planar sample.

A PDMS sample, charged with 50wt% of Co nano-particles, is tilted from δγ =−5◦ to 5◦

by 0.05◦ steps with respect to the (unknown) initial stage orientation γd . Intensity images

are acquired for each tilt value. This experiment gives one interferogram per pixel, which

are used to retrieve modeling parameters. For the calibration, the phase equation for one

ray [177] is recast:

φ(K,γd +δγ,Ψ,α) =−K[1+ sin2(α)][γd +δγ]+Ψ (1.28)

with

K =
4π

λ
cT Ee fo (1.29)

γd +δγ = γT E = γT M (1.30)

Ψ = φθe
+φ∆ +φr (1.31)

where Ψ represents the phase contribution which is independent of γT E , as the contribu-

tion (1.27) from the object vanishes in this configuration. Because of the dependence on

θe, Ψ reads

Ψ = ΨaY +Ψb (1.32)

with

ΨaY = φθe
Ψb = φ∆ +φr (1.33)

Let us denote NA the numerical aperture of the objective lens. Taking the full aperture

into account, equation (1.1) is modified by weighting and summing all useful rays of the

light beam (see [177]) and the intensity equation reads

I(K,γd +δγ,Ψ,γc,NA,m) = I0 +AF (γd +δγ,γc,NA,m,K,Ψ) (1.34)

where F is the weighted sum of the contributions of each ray (some light rays are lost

in the pupil of the objective, depending on the tilt), m a parameter used to describe the

pupil illumination. It is used in the apodization function Pm that corresponds to the light

distribution over the pupil (Pm(α) = [cos(α)]m). γc is used to account for negligible phe-

nomena not taken into consideration in the model, such as the distance between the pupil

Full-field measurements for the mechanics of micrometer-sized structures



Experimental developments 23

and the rear focal plane. It modifies the pseudo-period of the intensity with the tilt. For

the sake of generality γc is assumed to depend on Y

γc = γca
Y + γcb

(1.35)

The involved parameters thus fall into two categories. The first one contains global pa-

rameters, which have the same value for all pixels: K, γd , NA, m, Ψa, Ψb, γca
and γcb

. For

the sake of brevity, these global parameters set is denoted } in the following. The second

one contains the local parameters, which have a different value for each pixel: I0 and A.

Starting with a set of global parameters }, the first step of the identification procedure

consists of calculating F(},δγ) (as defined by Eq. 1.34) for all values of δγ. For each

pixel (i, j) the local residual is defined as

R2
0(}, I0(i, j),A(i, j)) = ∑

δγ

{Iexp(i, j,δγ)− [I0(i, j)+A(i, j)F(},δγ)]}2 (1.36)

The optimal values I0optimum
(i, j) and Aoptimum(i, j) are obtained as the minimizers of the

residual R2
0. Using more than 2 different δγ values, the stationarity condition yields an

overdetermined linear system for each pixel. The description quality is then locally as-

sessed through

R2
1(}, i, j) = min

I0(i, j),A(i, j)
R2

0(}, I0(i, j),A(i, j)) (1.37)

A global residual taking in consideration residuals R2
1 for every pixels and normalized

to the measured intensities is then defined:

R2
2(}) =

∑
i, j

R2
1(}, i, j)

∑
i, j

∑
δγ

[Iexp(i, j,δγ)]2
(1.38)

The set of parameters }optimum is retrieved as the minimizer of R2
2, using the conjugate

gradient algorithm. Let us define the final residual

R2
3 = min

}
R2

2(}) (1.39)

where }optimum, I0optimum
(i, j),Aoptimum(i, j) is then the set of fitted parameters. This cali-

bration has to be performed after each modification of the set-up.

The interferograms for three different pixels, along the Y -direction, are displayed in

FIG.1.6. The position of the interferogram center is controlled by Ψ. The attenuation

of the signal with absolute tilt (upper envelope) is driven by NA, m and γd . The pseudo-

period depends on NA, K and γc. The experimental, identified global and local parameter

values, all calculated on 160 pixels regularly distributed along the 2 lines of FIG.1.7 (80

regularly spaced pixels by line) are given in TAB.1.1, 1.2 and 1.3, respectively. The com-

parison between the fitted and the experimental values shows that the fitted value of NA
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Figure 1.5: Tilting sample interferograms for Y = 183 µm and for δγ ∈ [−5◦,5◦].

is the same as the experimental one within 2.4%. m vanishes so the light distribution over

the pupil is almost homogeneous. The retrieved value for K is lower than the estimated

one, it is thought to result (to a large extent) from cT E which is estimated with an uncer-

tainty of almost 10%. The identified initial stage misorientation γd is about 3.7◦ which is

a realistic value because the surfaces of the sample are not parallel. Finally, the residual

R2
3 is about 2.31×10−3 thereby proving the identification quality.

Table 1.1: Estimated parameters.
LED Objective lens

λ (nm) fo (mm) NA

627 20 0.45

Prism Rotation sensitivity

cTE (m−1) e (mm) K (rad.rad−1)

0.139 3 167

Table 1.2: Fitted global parameters.

NA m K (rad.rad−1)

0.439 2.78×10−4 147

γca
(rad.µm−1) γcb

(rad) γd (rad)

2.30×10−4 0.117 −6.45×10−2

Ψa (rad.µm−1) Ψb (rad) R2
3

−1.87×10−2 4.82 2.31×10−3
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Figure 1.6: Tilting sample interferograms for Y = {62.7,183,303}µm, δγ ∈ [−2◦,3◦].

Table 1.3: Fitted local parameters.
Interferogram X (µm) Y (µm) I0 (GL) A (GL) Ψ (rad) γc (rad)

(a) 42.5 62.7 672 234 3.65 0.132

(b) 42.5 183 695 251 1.40 0.160

(a) 42.5 303 620 224 −0.853 0.187

The ∆-sensitivity
(

s∆ = ∂φ
∂∆

)
will be used in the following for phase modulation and

has thus to be estimated. It is proposed to change ∆ from a known value δ∆ (δ∆= 0.5 mm)

and to reproduce the above-described calibration experiment. For this second calibration,

global parameters are set to the previously identified values }optimum, except the parameter

Ψb which is changed to Ψ′
b

Ψ′
b = φ∆+δ∆ +φr = Ψb +φδ∆ = Ψb + s∆δ∆ (1.40)

where Ψb is the homogeneous part of the γT E-independent contribution of the phase. The

calibration procedure is the same as above but the last minimization is performed with

respect to Ψ′
b instead of the full set p. For the actual set-up (experimental parameters

values are given in in TAB.1.1), one obtains

s∆th
=−4π

λ
cT Ee ≃−8.36×103 rad.m−1 (1.41)

s∆exp
=

Ψ′
b −Ψb

δ∆
≃−6.66×103 rad.m−1 (1.42)

The difference between the theoretical and the experimental values is, to a large extent,
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due to cT E as it is consistent with the error on K

Kth =
4π

λ
cT Ee fo ≃ 167 rad.rad−1 (1.43)

Kexp ≃ 147 rad.rad−1 (1.44)

Kth

|s∆th
| = fo = 20 mm (1.45)

Kexp

|s∆exp
| ≃ 22.1 mm (1.46)

The value of ∆-sensitivity can be compared with the parameter K. The identification

is consistent because the ratios (theoretical and experimental) between the 2 parameters

give the same value to within 10% error, thereby proving the slight discrepancy obtained

on K results from the product cT Ee. In addition, the value of the shear d (Eq. (1.26)) is

compared with the parameter K. d is obtained by measuring the separation between the 2

superimposed pictures on an intensity image. One obtains dexp ≃ 7.86 µm, which should

be compared to dth = cT Ee fo = 8.34 µm. Considering the ratios

Kth

dth

=
4π

λ
≃ 20.0 µm−1 (1.47)

Kexp

dexp

≃ 18.7 µm−1 (1.48)

The identification is consistent with a discrepancy in cT Ee because the ratios (theoretical

and experimental) between the 2 parameters give the same value with a 6.5% difference.

The goal is to measure the rotation field around a tip (of radius ∼ 10 µm) which presses

onto a sample. The validation experiment consists of pressing a tip onto the previously

described specimen.

The considered phase-stepping method makes use of 4 pictures obtained for ∆k =
[0,0.1,0.2,0.3] mm. Using equation (1.1) to approximate the intensity (a small range of

tilt is swept so interferograms remain similar to a sine curve), the measured intensities

read

Iexp(i, j,∆k) = I0(i, j)+A(i, j)cos[φ(i, j)+ s∆∆k] (1.49)

Eq. (1.49) therefore yields 4 equations per pixel for only 3 unknowns (I0(i, j), A(i, j)
and φ(i, j)), so that φ is obtained by solving it in a least-squares sense.

A phase map example is presented in FIG.1.7. It is obtained when pressing a tungsten

tip (of radius = 30 µm) onto an opaque sample made of PDMS, charged with 50wt%

of Co nano-particles (sample thickness ≃ 2.6 mm). The noise is estimated by making 2

identical phase maps and averaging the norm of their difference. The noise on phase φnoise

is estimated to be 8.9× 10−3 rad. The phase map is described in the (OT XTYT ) plane,

with OT the tip loading point. XT and YT are oriented as X and Y . Let us consider the

phase along the YT axis in 2 different parts of the phase map. The first one corresponds to
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Figure 1.7: Phase map obtained when pressing a tip onto a PDMS sample.

the zone far from the tip (dotted line in FIG.1.7) where the sample is not deformed. The

phase is linear with respect to YT (circles in FIG.1.8), as a result of the dependence on

the incidence angle (θe). It corresponds to the parameter Ψ presented in the calibration

subsection. The phase equation reads

φfar from the tip = φθe
+φ∆ +φr = ΨaY +Ψb = Ψ (1.50)

The theoretical phase far from the tip shown in FIG.1.8 is as obtained from the cal-

ibration, along the YT axis. The good agreement validates the proposed modeling. The

crosses in FIG.1.8 correspond to a zone (solid line in FIG.1.7) where the sample is de-

formed by the tip so the γT E-contribution of the optical phase is activated. The presence

of a phase deviation from the previous line in the vicinity of the tip, shows the presence

of the rotation field in the Y -direction. This phase map proves that the system allows

one to measure the rotation field of localized phenomena (here, a few tens of microm-

eter). Let us assume that the situation corresponds to the problem of Boussinesq [180].

In this case the displacement w scales as w(XT ,YT ) = −P/(πE∗r) (with r =
√

X2
T +Y 2

T :

the in-plane distance between the loading point and the point of interest, see FIG.1.7,

P the loading force onto the sample and E∗ = E/(1− ν2) the biaxial Young’s modu-

lus of the sample) and the rotation θ as θ(XT ,YT ) = P/(πE∗r2). The measured rotation

field scales as γT E(XT ,YT ) = PYT/(πE∗r3) and the contribution from the object scales as

∆Z(XT ,YT ,d) = w(XT ,YT )−w(XT ,YT −d), because the measurement is only made in the
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Figure 1.8: Phases along YT axis (see FIG.1.7). Solid lines: theoretical phases.

Y -direction. Finally, the phase equation reads

φtip = φθe
+φ∆ +φr +φγTE

+φo (1.51)

= ΨaY +Ψb +
∂φ

∂γT E

γT E(XT ,YT )+
∂φ

∂∆Z
∆Z(XT ,YT ,d) (1.52)

The solution of Boussinesq’s problem (solid line close to the tip in FIG.1.8) nicely fits

the measured phase, thereby demonstrating the ability of the set-up to catch a localized

phenomenon.

2.1.5 Optimal spectral domain

As detailed in Sect. 2.1.3, the described optical set-up is sensitive to both surface dis-

placements and surface rotations. As these two quantities are not independent, a criterion

has to be defined, for a given displacement field space, in order to make sure that the

set-up is used at its best.

Let us use an approach very similar to the one used to study the spatial resolution of

imaging devices, and consider the displacements family w(Y ) defined by

w(Y ) = w0(κ)sin

(
2π

κ
Y

)
(1.53)

where w0(κ) is the amplitude for the wavelength κ.

Let us define φγTERMS
as the RMS contribution of the surface rotation to the measured

phase

φγTERMS
= lim

Y0→+∞

√
1

2Y0

∫ Y=Y0

Y=−Y0

{
sγTE

∂w(Y )

∂Y

}2

dY (1.54)

Full-field measurements for the mechanics of micrometer-sized structures



Experimental developments 29

d/50 . . . d/3

0,373d

d/2 d 10d
0

0.1

0.5

1

κ (µm)

r R
M

S

Figure 1.9: rRMS as a function of the spatial wavelength κ.

and φ∆ZRMS
the RMS contribution of the surface displacement to the measured phase

φ∆ZRMS
= lim

Y0→+∞

√
1

2Y0

∫ Y=Y0

Y=−Y0

{s∆Z [w(Y )−w(Y −d)]}2 dY (1.55)

The ratio rRMS thus compares the two contributions

rRMS =
φ∆ZRMS

φγTERMS

(1.56)

where 2Y0 is the considered length along Y , sγT E
= ∂φ

∂γT E
and s∆Z = ∂φ

∂∆Z
are the phase

sensitivities to γT E and ∆Z, respectively (see equations. (1.22) and (1.27)). Assuming

that (see equation (1.26))

sγTE
s∆Z ≈

−4π
λ

cT Ee fo

−4π
λ

≈ d (1.57)

the ratio rRMS reads

rRMS =
κ

πd

∣∣∣∣sin

(
πd

κ

)∣∣∣∣ (1.58)

and is displayed as a function of the spatial wavelength κ in FIG.1.9.

It is clear from equation (1.58) that if d = Hκ with H an integer, then rRMS = 0 so

that the contribution from the displacement vanishes. The microscope thus only measures

surface rotations, with a very useful sensitivity compared to other common-path imaging

interferometers. For large κ values, rRMS tends to 1, the two contributions are compara-

ble so that a decoupling procedure has to be used to retrieve the underlying displacement

field. Conversely, rRMS tends to 0 for small wavelengths, making the proposed system

particularly interesting. Keeping rRMS ∈ [0;0.1] allows one to define this optimal wave-

length range as κ ∈ [0;0.373d]. This wavelength range thus depends on the shift d in
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the object plane, which can be tailored, for a given application, by choosing the adequate

prism (thickness e and index gradient cT E) and the optimum objective focal length fo.

2.1.6 Conclusion

The proposed set-up makes use of a birefringent prism whose fabrication procedure is

presented. It allows one to have access to the rotation field of reflecting surfaces, projected

onto a particular prism direction. It must be highlighted that the set-up is therefore well

suited to localized phenomena. This method is particularly useful for situations where

scale effects require the measurement of rotations instead of out-of-plane displacements.

The noise on the phase measurement is estimated to be ≃ 9×10−3 rad without any image

accumulation. As a consequence, it is thought to be useful to study the deformation of

locally loaded samples. A detailed modeling including aperture effects is proposed, and

a calibration procedure allows one to retrieve the parameters required by a quantitative

use of the obtained phase maps. The ability of the set-up to catch localized mechanical

phenomena is therefore demonstrated.

2.2 Surface patterning at the microscale

Whereas the set-up described in Sect. 2.1 is intended to map out-of-plane deformations,

in-plane displacement fields may be of particular interest so that the translation of the

patterning methods to reduced length scales has received some attention [133]. It should

however be highlighted that MEMS devices are usually obtained as the result of succes-

sive additive/subtractive lithographic processes. As a consequence, and contrary to the

macroscale for which random patterns are usually deposited, the lithographic nature of

the process requires the deposited pattern to be user-defined. This section is therefore

intended to show some of the key aspects of the measurement chain from the pattern

processing to the DIC algorithm. Controlling this full measurement chain may be ex-

ploited to pattern the surface so that it will exhibit an optimal image when observed with

the user-defined imaging device. The meaning of “optimal” in the previous sentence is

application-specific, and is to be clarified after recalling the principles of DIC measure-

ments and patterning methods.

2.2.1 DIC measurements

Let us consider that the displacement field U(x) is to be retrieved from two images of the

device surface f (x) (before loading) and h(x) (during loading)

h(x) = f (x+U(x)) (1.59)

U(x) reads

U(x) = U0(x)+u(x) (1.60)
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where U0(x) is the previously determined, maybe large, displacement field. Assuming

the amplitude of the displacement correction u(x) is small enough, Eq.(1.59) is rewritten:

h(x)≃ f (x+U0(x))+∇ f (x+U0(x)) ·u(x) (1.61)

From Eq.(1.61) it is concluded that the displacement measurement is possible if the pat-

tern gradient is nonzero along the displacement direction. A first rough attempt to opti-

mize the used pattern f (x) would then try to maximize the optical flow over the considered

area Ω for a user-specified displacement field Utest(x), thus maximizing the indicator

η2
f low( f (x+U0(x)),Utest) =

∫
Ω
(∇ f (x+U0(x)) ·Utest(x))

2dx (1.62)

This calls for three remarks:

• this calculation requires the user to define a specific displacement amplitude for

which the pattern will be optimal;

• the optimization indicator should be insensitive to the initial position of the pattern

in the field of view. This is easily achieved by considering the average

η2
RBM( f (x),Utest) =

〈
η2

f low( f (x+URBM(x)),Utest)
〉

(1.63)

over the rigid body motions URBM spanning one pixel range in both directions;

• f (x) results from the convolution of the pattern effectively deposited onto the sur-

face p(x) with the point-spread function of the imaging device, which has thus to

be known.

2.2.2 Lithographic patterning process

The pattern p(x) is typically to be obtained by locally depositing a metal layer to provide

a locally higher surface reflectivity. This may be achieved by e-beam lithography (which

is rather time-consuming) or by UV lithography. The latter is used for illustration purpose

in the following. Slanted sidewalls are easily obtained using negative resists thus allowing

for a lift-off deposition process. A positive resist can also be used for lift-off, provided

a solvent gradient has been established through the resist thickness. Below is a recipe

making use of such a positive resist and resulting from a rather crude optimization:

• Spin-coat a Ti-prime adhesion layer;

• Spin-coat S-1805 resist using 3000 rpm.s−1 and 4000 rpm.s−2;

• Soft bake for 1 min@ 80◦C, using a hot-plate;

• Soak in toluene for 90s;

• Soft bake for 10 min@ 90◦C, using the oven;
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• Expose @ 35mJ.cm−2;

• Develop in M26A for 45s.

The full production process should be considered. 1µm squares in the mask definition file

yields 1.2µm circular apertures in the mask (obtained using Heidelberg DWL200).

Figure 1.10: SEM image of 1.13µm gold spots obtained by lift-off with a positive resist.

FIG.1.10 shows an SEM image of gold spots obtained using such a mask with the

above detailed recipe for a lift-off with a 100 nm thick Cr/Au layer. The average measured

spots diameter is 1.13µm. This diameter compares to the lateral resolution of optical

microscopes in the visible range. This example thus illustrates the need to consider the

full fabrication process, from the mask definition to the imaging system, in case this makes

sense to optimize the deposited pattern.

2.2.3 Pattern optimization

As previously mentioned, MEMS devices differ from macroscopic mechanical devices

by their ability to chemically interact with their environment. These interactions should

not be altered by the deposited pattern, so that DIC measurements should be made for a

minimal surface coverage. A trial and error approach is used to generate the pattern to

be transferred. A master cell is first defined by computing the convolution of the elemen-

tary cell involved in building p(x), i.e., a 1.13µm in diameter disk, with the point-spread
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function corresponding to a diffraction-limited microscope, where the sample is illumi-

nated with an optimal, partially coherent, monochromatic light source. Master cells are

then randomly added to the mask definition, and guesses are kept so as to maximize the

indicator η2
RBM defined by Eq.(1.63) for instance. This may be achieved under various

constrains, and one usually restricts the covered area to a user-defined fraction of the to-

tal area in order to minimize the hindrance of interactions with the environment. This

thus defines the way patterns for DIC measurements are obtained in a microfabrication

context.

3 Extended scanning microdeformation microscopy

Going back to the trade-off described in Sect. 1.2, the tools presented in the previous

section are mainly intended to allow for displacement measurements on mechanical struc-

tures, which thus require some (maybe minimal) micro-sample manufacturing. One may

conversely wish to very locally probe a larger, easy-handled specimen. Studying the re-

lationships between deposition process parameters and material properties or controlling

those in-line (just out of the furnace for instance) requires the characterization method to

avoid any additional processing step.

Such approaches encompass acoustic microscopy [191], scanning probe microscopy

[192, 193] and nanoindentation [194, 195]. Considering an isotropic material described

by its Young’s modulus E and Poisson’s ratio ν, these techniques unfortunately only pro-

vide a combination of elastic parameters. Nanoindentation provides for example the mea-

surement of the ratio E/(1−ν2) (sometimes referred to as the indentation modulus), so

that two techniques providing two different combinations of elastic parameters are nec-

essary to determine both parameters. Bamber et al. [196, 197] for example combined

acoustic microscopy and nanoindentation to estimate E and ν. Hurley et al. [198] pro-

posed a method using atomic force microscope measurements obtained with flexural and

torsional modes of vibration of the cantilever.

This section therefore describes the ways the scanning microdeformation microscope

(SMM) [201, 202] has been extended to allow for a quantitative measurement of decou-

pled elastic constants of thin-film materials.

3.1 Scanning microdeformation microscope (SMM)

The scanning microdeformation microscope (SMM) [201, 202] is an AC-force contact

microscope. The sensor is classically a micromechanical resonator composed of a rect-

angular silicon beam with a small sharp sapphire tip (curvature radius of severals tens of

µm) at the end. The cantilever is glued onto a piezoelectric bimorph transducer at the

other end. The transducer excites the vibration of the tip-sample system. The tip remains

in contact with the sample and vibrates at several kHz with an amplitude in the nanometer
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Figure 1.11: Schematic view of the SMM setup.

range. Amplitude and phase of the vibrating cantilever are measured with a high sen-

sitivity heterodyne interferometer [203, 204] (FIG.1.11). The different components are

described hereafter.

This arrangement has first been used to detect contact stiffness contrasts [202] or to

measure the indentation modulus of the material under scrutiny by exploiting the first

resonance frequency [205], and the conditions defining the optimal resonator stiffness for

a given material to be probed have been derived [206].

3.1.1 Resonator

The resonator used herein is a 5.09 mm long silicon [100] cantilever beam with a trape-

zoidal cross-section. It is 125 µm thick, 431 µm in width on the tip side and 410 µm wide

on the other side. Cyanoacrylate glue is used to assemble it to a sapphire tip whose dimen-

sions are also measured by optical microscopy. The base cylinder is 398 µm in diameter

and 265 µm long. The total tip length is 707 µm with a tip radius equal to 15 µm. The

cantilever is also glued to a piezoelectric transducer (PSI-5H4E, Piezo System Inc) which

is 0.86 mm thick, 8 mm long and 4 mm wide. The latter is glued to the support with a

suspended length LPZT (see FIG.1.12), which may be adjusted to tailor the first resonance

frequency (typically a few kHz). It should be outlined that the overall resonator dimen-

sions are larger than those found in contact-resonance atomic force microscopy, so that its

geometry is much more controlled. It additionally results in a resonator stiffness which is

well suited to materials whose Young’s modulus ranges from few MPa to 10 GPa [206].
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Figure 1.12: Schematic view of the SMM resonator.

3.1.2 Static deflection measurement

The resonator has to be put in contact with the sample under scrutiny in order to probe

its mechanical properties. This is achieved in a controlled manner by using a laser diode,

whose light is shined on the cantilever apex. The reflected light impinges on a 4 quadrants

position-sensitive detector (PSD). The illumination is modulated at 10 kHz and the PSD

output is analyzed through a lock-in amplifier. The resulting signals are first used to make

sure the cantilever does not experience torsion when the tip is put in contact with the

sample. It is also used to precisely detect the contact altitude when the sample is moved

toward the resonator.

3.1.3 Vibration measurement

The vibration at the cantilever apex is measured using a heterodyne interferometer [203,

204] whose great stability arises from the use of a beam reflected on the mirror of the

laser cavity as a reference beam (see FIG.1.13).

A 3mW He-Ne laser (wavelength λL and frequency fL) is used to produce a linearly,

horizontally (in FIG.1.13) polarized beam that goes through a quarter-wave plate whose

fast axis is oriented at 0◦, so that the polarization is not modified. The beam then goes

through a half-wave plate which is oriented with an angle θH , so that the polarization is

now at an angle 2θH . The polarizing beam-splitter then divides the incident beam into

two orthogonally polarized beams. The transverse magnetic beam (TM) is directed to

the photodetector and acts as a reference beam. The transverse electric beam (TE) goes

through the Bragg cell and is reflected by the vibrating cantilever surface (frequency: fa).

Denoting fB = 81MHz the Bragg cell frequency, the TE electric field oscillates at fL+2 fB

after traveling back through the Bragg cell. The TE beam thus goes through the polarizing

beam-splitter and the plates. It is reflected back by the cavity mirror and, because of the

plates, impinges on the polarizing beam-splitter with a TM polarization. It is thus reflected

toward the photodetector, so that this probe beam may interfere with the reference beam

(photodetector bandwidth: 350MHz). θH is adjusted in order to balance the intensities of
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Figure 1.13: Schematic view of the heterodyne interferometer.

the reference and probe beams depending on the cantilever surface reflectivity. Denoting

u the cantilever vibration amplitude, a thorough calculation would show that the current i

at the photodetector reads

i(t) ∝ cos

[
4π fBt +

4π

λL

ucos(2π fat +φ)+φS

]
(1.64)

where φS denotes the static phase and φ the phase of the cantilever oscillation with respect

to the Bragg cell modulation. For a vanishing amplitude u, the current is linearized as

i(t) ∝ J0

(
4π

λL
u

)
cos [4π fBt +φS]

+J1

(
4π

λL
u

)
cos [2π(2 fB + fa)t +φS +φ]

−J1

(
4π

λL
u

)
cos [2π(2 fB − fa)t +φS +φ] (1.65)

where J0 and J1 are the first two Bessel functions of the first kind. At the vanishing

amplitude limit

J0

(
4π

λL
u

)
≃ 1;J1

(
4π

λL
u

)
≃ 2π

λL
u (1.66)

so that comparing the current at 2 fB with the current at 2 fB ± fa simultaneously yields

the photodetector sensitivity and the vibration amplitude. The interferometer is operated

herein at conditions leading to a noise level of about 3.10−4 Å.Hz−1/2.

3.2 Multiple mode SMM (MM-SMM)

Following a preliminary study [199], this section describes a method using the first flex-

ural modes of vibration of the cantilever in scanning microdeformation microscopy. The
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Figure 1.14: Model describing the SMM resonator.

experimental set-up is first presented together with its original mechanical description.

The calibration procedure and the identification procedure proposed to achieve robust and

quantitative measurements are then introduced. Experimental data have been acquired for

an epoxy photoresist (SU-8) thin film to demonstrate the method and the results are com-

pared to data available in the literature and to experimental data obtained on the same

sample by nano-indentation.

3.2.1 Mechanical modeling of the resonator

A schematic view of the chosen modeling is displayed in FIG.1.14. The sapphire tip (mass

mT and rotary inertia JT as calculated at the cantilever neutral fiber) is assumed to be rigid

and perfectly glued to the cantilever beam. The dynamic behavior of the piezoelectric

actuator is described through linear and rotational springs, whose spring constants are

KPT and KPR, respectively. The effect of the actuator moving mass is modeled through

the mass mPT and the rotary inertia JPR. When the resonator is brought into contact

with a sample to be tested, a (small) mass ∆m of tested material moves together with the

sapphire tip. The mechanical reaction of the tested sample is described through normal

and a tangential springs, whose spring constants are KN and KT , respectively.

The cantilever deflection w(x, t) is derived from

ECIC
∂4w

∂x4
+ρCAC

∂2w

∂t2
= 0 (1.67)

where EC is silicon’s “Young’s modulus” along the [100] direction, AC and IC are the

cross-sectional area and the rotary cross-sectional inertia, respectively, ρC the silicon mass
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density. Denoting LC the cantilever length and f the frequency, the displacement w(x, t)
reads

w(x, t) = w0

[
C1C+(x)+C2C−(x)+C3S+(x)+C4S−(x)

]
e jωt (1.68)

with

C+(x) = cos

(
µ

LC
x

)
+ cosh

(
µ

LC
x

)
; C−(x) = cos

(
µ

LC
x

)
− cosh

(
µ

LC
x

)
(1.69)

S+(x) = sin

(
µ

LC
x

)
+ sinh

(
µ

LC
x

)
; S−(x) = sin

(
µ

LC
x

)
− sinh

(
µ

LC
x

)
(1.70)

and

ω = 2π f =

√
µ4ECIC

ρCACL4
C

; µ =
4

√
4π2 f 2ρCACL4

C

ECIC
(1.71)

The constants C1 to C4 are obtained from the boundary conditions at x = 0

ECIC

(
∂2w

∂x2

)

x=0

= −KPR

(
∂w

∂x

)

x=0

− JPR

(
∂3w

∂t2∂x

)

x=0

(1.72)

ECIC

(
∂3w

∂x3

)

x=0

= KPT w(0, t)+mPT

(
∂2w

∂t2

)

x=0

(1.73)

and at x = L = LC − lT
2

ECIC

(
∂2w

∂x2

)

x=L

= −KT L2
T

(
∂w

∂x

)

x=L

−
(
JT +∆mL2

T

)( ∂3w

∂t2∂x

)

x=L

(1.74)

ECIC

(
∂3w

∂x3

)

x=L

= KNw(L, t)+(mT +∆m)

(
∂2w

∂t2

)

x=L

(1.75)

For the sake of brevity, the following parameters are introduced to describe the resonator

p0 =
ρCACL4

C

ECIC
; p1 =

mT

ρCACLC
; p2 = LC

√
mT

JT
; p3 = LT

√
6mT

JT
; p4 =

KPT

ρCACLC

p5 =
mPT

ρCACLC
; p6 =

JPR

ρCACL3
C

; p7 =
KPR

ρCACL3
C

; p8 =
L

LC
; p9 =

∆m

mT
(1.76)

and to describe the tested material

X =
KN

KC

; Z =
KT

2KN
(1.77)

where KC refers to the overall cantilever’s stiffness. Resonance occurs if the determinant

of


0 1 −Σ 0

θ 0 0 1

[C−(L)+βS−(L)] [C+(L)+βS+(L)] [S−(L)−βC+(L)] [S+(L)−βC−(L)]
[S+(L)−αC+(L)] [S−(L)−αC−(L)] − [C−(L)+αS+(L)] − [C+(L)+αS−(L)]



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vanishes, in which

α =
3X − p1(1− p9)µ

4

µ3
; β =

6XZp2
3 − p1µ4(6+ p9p2

3)

6µp2
2

(1.78)

θ =
p0 p4

µ3
− p5µ ; Σ =

p0 p7

µ
− p6µ3 (1.79)

The resonance condition may be written as a rather lengthy closed-form and will be de-

noted

R ( f , p0, p1, p2, p3, p4, p5, p6, p7, p8, p9,X ,Z) = 0 (1.80)

in the following. The detailed expression is given in the appendix.

3.2.2 Calibration procedure

As may be inferred from Eq.(1.80), retrieving the material parameters X and Z from res-

onance frequencies requires the 10 modeling parameters pi to be accurately known. If

some of them may be estimated using accurate geometrical measurements, it is partic-

ularly difficult to provide a good estimate for those describing the piezo-actuator. This

section therefore proposes a procedure to retrieve the actual values of the modeling pa-

rameters, which may be seen as an extension of the one proposed in Ref. [200].

The more straightforward way to include experimental data without introducing un-

certainties related to the tested material is to consider the free resonance frequencies,

obtained when the resonator is allowed to vibrate without any contact with the sample.

The corresponding resonance condition R f ree is obtained by setting X = 0 and p9 = 0 in

the resonance condition (1.80). It can be seen from detailed expression (112), that it only

involves the parameters p0, p1, p2, p4, p5, p6, p7 and p8. All the parameters except p3

are thus potentially identifiable using these additional data. Considering a set ffree of n f

free resonance frequencies, one can write a set of n f non-linear equations

R f ree (ffree, p0, p1, p2, p4, p5, p6, p7, p8) = 0 (1.81)

the equality being obtained if the modeling is able to describe the actual system and if

the measurements are not corrupted. Considering measured resonance frequencies f̃free

obtained from a resonator which is inaccurately described by the modeling detailed in

Sect. 3.2.1, the right-hand member

R f ree

(
f̃free, p0, p1, p2, p4, p5, p6, p7, p8

)
6= 0 (1.82)

is non-zero and one proposes to retrieve the modeling parameters by minimizing the L2-

norm of the left-hand member of Eq. (1.82), which is referred to as the residual in the

following. It is then worth noting that Eq.(1.82) is linear with respect to (p6, p7) or with

respect to (p4, p5) provided all the other parameters are fixed (see Eq.(112)). The mini-

mization procedure thus takes advantage of these properties (under the constrain that all

the parameters are positive) and is described in FIG.1.15.
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Figure 1.15: Minimization algorithm to retrieve the modeling parameters.
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Let us first define η2
f ree0

as the residual norm obtained after the minimization with

respect to p6, p7.

η2
f ree0

= min
p6,p7

∥∥R f ree

(
f̃free, p0, p1, p2, p4, p5, p6, p7, p8

)∥∥2

=
∥∥R f ree

(
f̃free, p0, p1, p2, p4, p5, p̃6, p̃7, p8

)∥∥2
(1.83)

Since R f ree is linear with respect to p6, p7 and assuming that more than 2 resonance

frequencies are available, the optimal values p̃6, p̃7 are obtained as the Moore-Penrose

pseudo-inverse, all the other values being fixed. The same procedure is then applied to

get the optimal values p̃4, p̃5, thus defining the new residual norm η2
f ree1

η2
f ree1

= min
p4,p5

∥∥R f ree

(
f̃free, p0, p1, p2, p4, p5, p̃6, p̃7, p8

)∥∥2

=
∥∥R f ree

(
f̃free, p0, p1, p2, p̃4, p̃5, p̃6, p̃7, p8

)∥∥2
(1.84)

by exploiting the linearity of R f ree. If one of these linear minimization steps is unsuc-

cessful (i.e., it yields a negative parameter value), the last available value is kept for the

corresponding linear parameter. Such a non-optimal choice has been found to sufficiently

penalize the cost function to constrain the linear parameters to be positive. η2
f ree1

is then

minimized with respect to p1, p2, p8 to define η2
f ree2

.

η2
f ree2

= min
p1,p2,p8

η2
f ree1

(
f̃free, p0, p1, p2, p̃4, p̃5, p̃6, p̃7, p8

)
(1.85)

=
∥∥R f ree

(
f̃free, p0, p̃1, p̃2, p̃4, p̃5, p̃6, p̃7, p̃8

)∥∥2
(1.86)

This non-linear minimization step makes use of a slightly modified version of the well-

known conjugate-gradient method [207]. The required derivatives are obtained as closed-

forms, and the one-dimensional minimization step is performed as a constrained mini-

mization (Golden-search method) in order to always keep the parameters inside the range

estimated from the uncertainties on the estimated parameters.In the case a minimizer

is obtained, the minimization with respect to p0 is performed using the Golden-search

method to yield η2
f ree3

η2
f ree3

= min
p0

η2
f ree2

(
f̃free, p0, p̃1, p̃2, p̃4, p̃5, p̃6, p̃7, p̃8

)
(1.87)

=
∥∥R f ree

(
f̃free, p̃0, p̃1, p̃2, p̃4, p̃5, p̃6, p̃7, p̃8

)∥∥2
(1.88)

which is an indicator of the identification quality. η2
f ree3

should be as low as possible, but

its value is however difficult to interpret. The final set of parameters correspond to a set

of computed frequencies f̄free so that we also define

qi =

(
f̄i, f ree − f̃i, f ree

)2

f̃ 2
i, f ree

(1.89)
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Figure 1.16: Measured amplitude spectrum for the resonator without contact.

Table 1.4: Extracted resonance frequencies without contact.

Modes 1 2 3 4 5 6

Frequencies (kHz) 5.41 38.8 49.6 108 190 274

the frequency error indicator for mode i and

Q =
1

l

l

∑
i=1

qi (1.90)

the global frequency error indicator.

FIG.1.16 displays the measured amplitude spectrum without contact. Six resonance

frequencies are to be seen, and it should be highlighted that the second and the third reso-

nance frequencies are rather close to each other. A fitting procedure in which the peaks are

approximated by Gaussian curves is used to extract the resonance frequencies which are

displayed in TAB.1.4. It has been found that the sensitivity to the initial parameter values

increases with the number of resonance frequencies involved in the identification proce-

dure. The procedure described in FIG.1.15 is thus first applied to the first three resonance

frequencies. The set of final values is then used as an initial guess for the minimization

using the first four resonance frequencies and so on, until a final set of parameters is ob-

tained when using the 6 resonance frequencies. The resulting parameter values as well

as their estimation (used to initiate the procedure) are displayed in TAB.1.5 together with

the uncertainties on these estimates, which are used to define the accessible parameter

range in the iterative minimization procedure (for the parameters p0, p1, p2, p8). The two

indicators are obtained as η2
f ree3

= 2.04× 1015 and Q = 1.04× 10−3, thereby proving

the good identification quality, the larger contribution to Q being q5 = 6.24×10−3. The

computed resonance frequencies nicely match the experimental ones, so that the identi-

fied parameter values in TAB.1.5 are to be used for the measurement of the mechanical
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Table 1.5: Estimated (with uncertainties) and identified parameters values.

Parameters p0 p1 p2 p8

Estimated 7.08×10−9 s2 ±31% 0.336±24% 15.2±16% 0.961±4%

Identified 5.76×10−9 s2 0.275 14.8 0.964

Parameters p4 p5 p6 p7

Identified 1.35×1012 s−2 0.607 0.960 9.55×1010 s−2

properties of the tested sample.

3.2.3 Elastic parameters measurement for isotropic materials

Most of the modeling parameters being set by using the above-described calibration pro-

cedure, this section is intended to detail the identification of the elastic material parameters

of the tested sample from the resonance frequencies measured when the tip is in contact

with the sample.

The procedure detailed in Sect. 3.2.2 allows one to identify the values for the parame-

ters p0, p1, p2, p4, p5, p6, p7 and p8. The identification of the mechanical properties of the

specimen thus requires the identification of the parameters p3 and p9 together with the

material parameters X and Z which are related, using Hertz’s relationships in the case of

a rigid tip, to the sample’s Young’s modulus ES and Poisson ratio νS through

X =

3

√
6(−F0)rT

(
ES

1−ν2
S

)2

KC
; Z =

1−νS

2−νS
(1.91)

where rT is the tip radius and F0 is the value of the static force applied to the sample [199].

As detailed in Sect. 3.1.2, the contact between the resonator and the sample to be tested is

controlled through the static deflection of the cantilever. The contact is first detected, and

the sample is then moved of the distance z toward the resonator using a servo-controlled

stage. It is therefore possible to get measurements at the same location on the sample for

different z values corresponding to different values of the indentation δt

δt =− z

1+ KN

KC

(1.92)

It should also be noted that the parameter p3 only describes the tip geometry and is thus

independent of the tested material. Depending on how much these remarks are consid-

ered as a priori known information, various identification procedures, corresponding to

different sets of assumptions, may be devised. This section is intended to detail the choice

leading to the most robust material parameter identification. It is however clear that it is

possible to relax the corresponding constrains if necessary. It is thus assumed hereafter

that n resonance frequencies have been measured at different locations (for instance A and
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B) of the same sample for m different sample displacements (zA1
, . . . ,zAm

and zB1
, . . . ,zBm

,

respectively).

It is first assumed that the mass of the sample moving together with the tip is small

compared to the tip mass, so that p9 ≪ 1. The resonance condition (87) is thus linearized

with respect to p9. It is also assumed that p9 linearly depends on the activated volume as

estimated by the contact radius a

p9 = p90
+ p9a

a3 (1.93)

the constant term in Eq.(1.93) being added to account for a possible error in the contact

detection. The contact radius is obtained

a =
3

√
3|F0|rT (1−ν2

S)

4ES
(1.94)

On the other hand, for given a resonator and material, the different X values corresponding

to different z levels are directly obtained by solving

X
√

1+XKC = 2

√(
ES

1−ν2
S

)2

rT z (1.95)

so that the linearized resonance conditions in contact now read, for any location on the

sample

RLC (fcontact, p̃0, p̃1, p̃2, p3, p̃4, p̃5, p̃6, p̃7, p̃8,p9,X,Z) = 0 (1.96)

fcontact has n×m components, p9 and X have m components whereas p3 and Z are scalar

values, all together yielding n×m resonance conditions per location on the sample. Us-

ing an approach very similar to that introduced in Sect. 3.2.2, considering the measured

contact resonance frequencies f̃contact with an estimate of the parameters p3,p9,X and Z

yields

RLC

(
f̃contact, p̃0, p̃1, p̃2, p3, p̃4, p̃5, p̃6, p̃7, p̃8,p9,X,Z

)
6= 0 (1.97)

so that it is suggested to retrieve p3, p9 and the material parameters as the minimizers of∥∥RLC

(
f̃contact, p̃0, p̃1, p̃2, p3, p̃4, p̃5, p̃6, p̃7, p̃8,p9,X,Z

)∥∥2
.

The parameter p3 is assumed to be identical for all measurements as it describes the tip

geometry. The minimization procedure should thus alternate between local minimization

steps (for parameters depending on the location) and global steps (for p3). The proposed

minimization algorithm is detailed in FIG.1.17. One first takes advantage of the linearized

structure of RLC with respect to p9. For each location, an initial set of parameters is used

to build the residual norm ‖RLC‖2, which is minimized assuming that m > 2 with respect

to p90
and p9a

(see Eq.(1.93)). At location A

η2
LC0

(A) = min
p90

,p9a

∥∥RLC

(
f̃contact, p̃0, p̃1, p̃2, p3, p̃4, p̃5, p̃6, p̃7, p̃8, p90

+ p9a
a3,X,Z

)∥∥2

=
∥∥RLC

(
f̃contact, p̃0, p̃1, p̃2, p3, p̃4, p̃5, p̃6, p̃7, p̃8, p̃90

(A)+ p̃9a
(A)a3,X,Z

)∥∥2
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Figure 1.17: Minimization algorithm to retrieve the material parameters.
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The optimal values ˜p90
(A) and p̃9a

(A) are easily obtained as the Moore-Penrose pseudo-

inverse, provided p̃9(A) and p̃9a
(A) are positive. After these parameters have been re-

trieved at any considered location, the global indicator η2
LC1

is defined as the sum of the

indicators η2
LC0

(P) over all the considered locations {P}

η2
LC2

= min
p3

η2
LC1

= min
p3

∑
P

η2
LC0

(P) (1.98)

RLC is linear with respect to p2
3 so that the optimal value p̃3

2 is obtained as the minimizer

of η2
LC1

. Again, its value is obtained as a Moore-Penrose pseudo-inverse, owing to the

linear structure of RLC, and is kept only if p̃3
2 > 0. The algorithm then goes local again

in order to retrieve the material parameters. The contribution η2
LC3

(P) of each location P

to the indicator η2
LC2

is then minimized with respect to the material parameter Z

η2
LC4

(P) = min
Z

η2
LC3

(P)

= min
Z

∥∥RLC

(
f̃contact, p̃0, p̃1, p̃2, p̃3, p̃4, p̃5, p̃6, p̃7, p̃8, p̃90

(A)+ p̃9a
(A)a3,X,Z

)∥∥2

=
∥∥RLC

(
f̃contact, p̃0, p̃1, p̃2, p̃3, p̃4, p̃5, p̃6, p̃7, p̃8, p̃90

(A)+ p̃9a
(A)a3,X, Z̃(P)

)∥∥2

Again, RLC is linear with respect to Z so that the optimal value Z̃(P) is easily obtained.

This optimal value is kept if it satisfies 1/3 ≤ Z̃(P) ≤ 1/2 (corresponding to 0 ≤ νS ≤
1/2). For a given location and provided the sample displacements z are known, it can be

seen from Eq.(1.95) that X only depends on the indentation modulus E∗
S . Its value is thus

retrieved as the minimizer of η2
LC4

(P)

η2
LC5

(P)

= min
E∗

S

∥∥RLC

(
f̃contact, p̃0, p̃1, p̃2, p̃3, p̃4, p̃5, p̃6, p̃7, p̃8, p̃90

(A)+ p̃9a
(A)a3,X(E∗

S ,z), Z̃(P)
)∥∥2

=
∥∥RLC

(
f̃contact, p̃0, p̃1, p̃2, p̃3, p̃4, p̃5, p̃6, p̃7, p̃8, p̃90

(A)+ p̃9a
(A)a3,X(Ẽ∗

S(P),z), Z̃(P)
)∥∥2

The above-described procedure thus yields the modeling parameter p3, and for all consid-

ered locations. The sample mass moving together with the tip as a function of the contact

force (through p90
and p9a

), the Poisson’s ratio νS deduced from Z̃ and the indentation

modulus Ẽ∗
S . It should be highlighted that it has been assumed that the material properties

are identical throughout the probed frequency range.

The tested sample is a 20µm thick film of SU-8 (an epoxy-based photoresist) spin-

coated on a silicon substrate and covered with 7nm of gold. Its behavior is expected to be

isotropic linear elastic without any time-dependence, so that the constitutive description

used in Sect. 3.2.3 is well suited. Two distinct data sets are to be used:

• n = 4 resonance frequencies have been measured for m = 2 sample displacements

at two different locations (A and B);
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Table 1.6: Measured resonance frequencies (resonator contacting the SU-8 sample).

Point A A B B C C C C

z, µm 0.5 0.75 0.5 0.75 0.1 0.189 0.307 0.42

mode 1, kHz 25.8 26.6 24.6 25.2 19.6 21.3 22.6 23.5
mode 2, kHz 45.0 45.7 43.5 44.1 42.8 43.7 44.4 44.8
mode 3, kHz 50.8 50.9 50.0 50.0 49.7 49.7 49.7 49.6
mode 4, kHz 113 114 113 113 110 110 109 109

Table 1.7: Identified parameters for the SU-8 sample.

Point A Point B Point C

p90
−3.21×10−3 −2.33×10−2 −2.0×10−3

p9a
3.76×1017 m−3 4.40×1017 m−3 4×0.1017 m−3

E∗
S 7.04 GPa 6.65 GPa 6.36 GPa

Z 0.381 0.369 0.370

ES 6.00 GPa 5.50 GPa 5.28 GPa

νS 0.384 0.416 0.413

• n = 4 resonance frequencies have been measured for m = 4 sample displacements

at a single location (C)

, and they are reported in TAB.1.6.

The procedure described in Sect. 3.2.3 is then independently applied to the two data

sets, using initial material parameter values obtained by few direct calculations. Again,

the identification quality is assessed by the value of the indicators defined by Eqs.(1.89)

and (1.90). For the first data set, the global values Q = 1.64−3 (for point A) and Q =
1.34×10−3 (for point B) prove the good identification quality. p3 identified value (p̃3 =
5.40) is very close to the estimated p3 = 5.41. Similar comments hold for the second data

set, for which the same p3 value is retrieved and Q = 1.29× 10−3. The corresponding

identified parameters values are reported in TAB.1.7, and the identified elastic parameters

are in good agreement with those obtained using different methods and reported in the

literature [208, 209, 210, 211]. It is also worth noting that the identified p9a
values are

all similar. TAB.1.8 displays the identified geometrical parameters. It can be seen that

the contact radius is small compared to the film thickness, thereby suggesting that the

SU-8 properties are actually probed without any perturbation from the silicon substrate.

It should be stressed that good practices require a trade-off regarding δt . On the one hand,

probing small volumes calls for small δt values, whereas it should be large compared to

the sample roughness in order to provide reliable values for the material parameters. The

probed volume is driven by the contact radius a, which is a few hundreds of nanometers,

thereby demonstrating the very local nature of the reported measurements. The identified

p9 values are also found to be small compared to 1, thus supporting the linearization
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Table 1.8: Identified contact parameters for the SU-8 sample.

Point A A B B C C C C

z, µm 0.5 0.75 0.5 0.75 0.1 0.189 0.307 0.42

a, nm 514 589 524 600 305 379 447 498

p9, 10−2 4.78 7.37 3.98 7.18 0.966 2.03 3.45 4.83

δt , nm −17.6 −23.1 −18.3 −24.0 −6.19 −9.57 −13.3 −16.5

4.5

5

5.5

6

6.5

7

0.25 0.3 0.35 0.4 0.45 0.5

ES

νS

: domain de ned by 

nano-indentation results

: MM-SMM results

Figure 1.18: Comparison of the MM-SMM and nano-indentation results.

which has been assumed in Sect. 3.2.3.

The identified material parameters are compared to nano-indentation results obtained

on the same sample (ultra-nanoindentation probe from CSM instruments) with compara-

ble mean contact pressure and displayed in FIG.1.18. Averaging 28 nano-indentation tests

performed on the same sample yields E∗
S = 6.71±0.32 GPa. This range thus defines an

elastic parameter domain in between the lower and upper lines displayed in FIG.1.18. The

elastic parameters obtained using the above-described procedure have also been reported

and fit into the domain defined by the nano-indentation results, thus illustrating the good

agreement between results and validating the proposed method.

The identification results may be furthermore post-processed to provide the contact

force values. Combining Eq.(1.92) with the F0(δt) relationship given by Hertz’s theory
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Figure 1.19: Identified F0 (for all locations) and z values as a function of δt (points).

yields

3

√√√√√
9F2

0

16rT

(
ES

1−ν2
S

)2
=

z

1+

3

√
6(−F0)rT

(
ES

1−ν2
S

)2

KC

(1.99)

which is numerically solved for F0. F0 is thus retrieved for all locations and z values, and

the results are reported in FIG.1.19. The retrieved contact force values match those pre-

dicted using Hertz’s theory and the indentation modulus obtained by ultra-nanoindentation,

thus supporting the assumption of a Hertzian contact. FIG.1.19 also illustrates the com-

plementarity of the two data sets, with measurements at point C yielding data for a very

low penetration. It should be outlined that including data over a large penetration range

allows one to probe the force-penetration law, and that the proposed method may be eas-

ily adapted to any other force-penetration law resulting from a more complex material

behavior (e.g., plasticity, viscosity) or more complex interactions (e.g., adhesion).

3.3 Towards a full-field SMM (FF-SMM)

The developments described in Sect. 2.1 and 3.2 allow one to imagine the combination of

these devices so as to provide additional redundant data to be used in order to extend the

range of behaviors that can be probed. Focusing on elasticity, it is believed that measuring

the surface rotation field in the vicinity of the SMM tip (see FIG.1.7) will be useful to

characterize isotropic or anisotropic materials.
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3.3.1 Isotropic materials

It should be noted that the closed-form expression for the rotation field in Boussinesq

theory scales as P
E∗

S
, so that this ratio is likely to be identifiable from the sole full-field

measurements. This quantity also appears in Eq.(1.99), so that the static component of

the rotation field may allow to make sure the modeling is accurate and to identify the tip

radius rT (see Eq. (1.99)).

3.3.2 Anisotropic materials

The above-mentioned perspective particularly holds for transversely isotropic materials

(i.e., vanishingly small-grained materials with a fiber texture) with the isotropy plane

parallel to the sample surface. A mismatch in P
E∗

S
in Eq. (1.99) and in the rotation field

interpreted through Boussinesq’s solution should probably be the primary indicator of a

discrepancy in the used set of assumptions.

For less “symmetrical” elasticity tensors, it is clear that the measured kinematic field

should at least provide an indication of the in-plane orientation of the elastic tensor, so

that the perspective is to be able to develop a “mechanical EBSD” apparatus, providing

maps of crystal orientations and elastic parameters.
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Chapter 2

Surface effects

It has already been mentioned in the first chapter that

micrometer-sized objects require a specific modeling effort

since their ability to interact with their environment increases

with their surface/volume ratio. The latter is much higher

than for usual objects, and it has been shown to induce new

drawbacks for engineers (fatigue of silicon for instance). This

second chapter is devoted to the new capabilities that can be

drawn from these chemo-mechanical surface couplings. The

context of the development of micromechanical sensors based

on these surface couplings is recalled and an overview of the

possible ways to model such surface effects is presented

together with the corresponding (experimental and/or

theoretical) challenges. Several experimental developments

addressing these challenges are described and two

particularly promising description frameworks are detailed,

together with approaches making use of multi-physical

full-field measurements to identify the involved parameters.
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1 Surface couplings: from the application back to the

theory

Since the emergence of integrated circuits at the end of the 1950s as a response to the

“tyranny of numbers”, miniaturization has been a concern for the electrical engineering

community, namely, being able to produce solid-state transistors was useless without the

possibility to connect them efficiently and reliably. The wires between transistors were all

soldered by hand, thus limiting both the increase in complexity and the reliability of the

final device. The groundbreaking idea was to integrate the circuitry to the semi-conductor

piece holding the transistors. It allowed the mass-production of reliable devices, and

has been the starting point for successive technologies, all described by the “integration-

level”, measured as the number of transistors per chip, they allow: small-scale integration

(early 60s), medium-scale integration (late 60s), large-scale integration (70s) and very-

large-scale integration (80s). The technology was at that time mature enough to allow for

other communities to benefit from the miniaturization possibilities. Non-electronic func-

tions thus started to be integrated to the chips, and restricting to mechanical applications,

this yielded devices such as pressure sensors, accelerometers, gyroscopes, microphones or

ink-jet printer cartridges that are now on the market. The motivation was then mainly the

same as for electronic devices, namely, integration (all the above-mentioned mechanical

devices are electrically read or driven), reliability and mass production.

It should thus be outlined that none of these products exploit any scaling effect on

the mechanical behavior of the used structures, and that issues related to the miniatur-

ization of the mechanical structures mostly arise with the (unexpectedly crucial) role of

the environment on the product reliability (see [33] for instance). It is however well es-

tablished that downsizing structures make their surface-over-volume ratio much larger

than for usual objects, so that their ability to interact with their environment is signifi-

cantly augmented. This chapter is thus devoted to mechanical devices that readily exploit

this scaling effect. This section thus focuses on micromechanical sensors that have been

devised in the last decades and on the way the observed effects challenge the available

modeling frameworks.

1.1 Micromechanical sensors

The early 80s have actually seen the emergence of an increasing interest in micromechan-

ical techniques for sensor technologies [212], the iconic device being a cantilever struc-

ture whose deformation is measured using the optical lever technique as for atomic force

microscopy (AFM) [213] (see Fig. 2.1). The rapid development of the latter provided a

sensing platform to be tailored in order to make the cantilever bend when the phenomenon

under scrutiny occurs. As AFM cantilevers are usually made of a silicon(-based) material

and are usually coated with a metallic layer in order to increase their reflectivity, they are

naturally subjected to the bimetallic effect. This property has thus been exploited to turn

an AFM set-up into a micro-calorimeter [214], a photothermal spectrometer [215] or a
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PSD

Figure 2.1: Schematic view of the iconic read-out principle.

radiation dosimeter [216]. A significant effort has then been put on the development of

infrared optical sensors much more efficient and cost-effective than the available bolome-

ters at that time [217, 218, 219]. Simultaneously, the versatility of the cantilever-sensor

platform was exploited to analyze minute amounts of materials locally deposited onto the

cantilever. The mass of the added material could be measured by monitoring the can-

tilever resonance frequency change, and as the surrounding temperature was swept, both

the heat flux on the cantilever and the volume change of the added material could be mon-

itored [220]. This pioneering work was somehow emblematic of both the promises and

the difficulties of the chemical analysis based on cantilever sensors:

• Monitoring both the dynamic and the static response of the cantilever yields com-

plementary data on the actual modification of the probed structure. Even though

many of the groups that will jump into the field afterward will focus on either the

dynamic or the static detection mode, this is the measurement of both static and

dynamic responses that makes the cantilever sensor quantitative.

• The difficulty is that phase transitions, absorption or adsorption are rather complex

phenomena. In the above-mentioned example, the triggered phase transition simul-

taneously generates a heat flux and a volume change, resulting in opposite contri-

butions to the cantilever bending. Monitoring the sole apex displacement would

have lead to a cruel misinterpretation (nicely circumvented by the authors), which

highlights the fact the cantilever static bending may originate from different and

convolved sources.

It is also worth mentioning that the resonance frequency change may also result from

both stiffness and mass changes, so that these contributions have in general to be clearly

identified and distinguished [221].
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It is therefore clear that a robust interpretation of the monitored (static and/or dy-

namic) response requires a clear understanding of the activated phenomena. Contrary to

the above-mentioned studies relying on well identified chemically or thermally induced

volume changes, Berger et al. [222, 223] had to attribute the effects they observed using

alkanethiols on gold to the “surface stress” generated by assembling a monolayer at the

gold surface. The quotes result here from the different definitions in use in the concerned

communities and from the controversy attached to this definition in some of these com-

munities. Even though this point is to be more specifically addressed in Sect.1.2, it should

already be made clear that this is the prototype of surface effects which do not reduce to

any volume change of a material layer and which therefore are under the scope of this

chapter.

These findings however demonstrated that micromechanical structures could be used

to detect another chemical signature, independent of the above-mentioned thermal ef-

fects and volume changes. Measuring and decoupling these different contributions would

allow the identification of chemical species, and the integration of a large number of mi-

cromechanical structures on a single chip would then make an “artificial nose” possible

[224, 225, 226]. The development of measurement systems able to address cantilever

arrays [227] actually allowed the use of multiple chemical sensors in parallel [228].

From that point, most of the efforts have been put on the extension of the applicability

range of the iconic cantilever sensor (one of its surfaces is chemically modified by the re-

action under scrutiny and its mean curvature is read-out using the optical lever technique)

[229]. This required to move from gas to liquid phase. The need for DNA sequenc-

ing tools without PCR amplification [230, 231, 232, 233] and the need for biochemical

tests requiring minute amounts of material [234] or minimal molecule labeling [235] have

been driving some of these efforts [236]. It is worth noting that for DNA hybridization

as for alkanethiols, it has been proven that the observed deformations arise neither from

bimetallic effect nor a cantilever volume change, so that it has been ascribed to a “sur-

face stress” whose origin has been some source of debate [237, 238] since DNA may be

seen as a highly charged polymer thus contributing to both the electrostatic and entropic

parts of the monolayer free energy. The counterpart is that DNA-modified surfaces make

cantilever sensors sensitive to a wide range of parameters, which in turn allows one to

monitor a wide range of effects [239, 240, 241, 242, 243, 244].

Homeland security [245, 246, 247] and biological applications also motivated the de-

velopment of dynamic sensors [248] with an improved mass sensitivity [249, 250] allow-

ing for the detection of mass changes corresponding to a single virus [251] and less [252].

Most of the biological applications however require liquid samples, which usually drasti-

cally damp these resonators and degrade their mass sensitivity [253]. An alternative is to

make the liquid flow inside the cantilever, which however makes the fabrication process

rather challenging [254, 255].

Pushing toward new applications for cantilever sensors requires to integrate the full

set-up, including the measurement device to read-out the cantilever curvature. Integrated
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alternatives to the optical lever technique include embedded piezoelectric transducers

[256] or piezoresistors [257, 258, 259, 260, 261] or waveguides [262]. Whatever the

read-out principle, considering static and/or dynamic modes allowed for the development

of devices able to monitor various pathogenic agents [263, 264, 265, 266, 267, 268]. De-

tecting the human immunodeficiency virus has also been challenged [269, 270] and some

efforts have been made to monitor some key human bodies functions using cantilever

sensors [271, 272, 273]. In the meantime, pharmaceutical research has been facing the

need for high-throughput affinity testing, and cantilever sensors take advantage of possi-

bly high integration levels to offer cost-effective perspectives [274, 275]. Recent results

have also shown the possibility to detect RNA mutations [276], and there is no doubt

that functionalizing cantilevers using aptamers [277, 278] may significantly enlarge the

applications spectrum.

1.2 Modeling surface effects

It may however be surprising to see how few of these potentialities have turned into prod-

ucts or devices usable outside of research labs. The first reason may be that even operated

under well controlled conditions, the above-described iconic set-up yields somehow con-

troversial results for key systems such as those intended to monitor DNA hybridization

[279]. Good practices required to avoid artifacts resulting from thermal drifts and re-

fractive index changes near the chemically modified surface of the cantilever did spread

rather lately [280, 281], so that it may be for now very difficult to draw conclusions of the

published controversial experimental material.

Another major difficulty arises from the fact that real-life measurements often requires

to probe trace amounts of a target chemical in a complex mixture which may contain

interfering species at much higher concentrations [282]. Even if the difference in affinity

of the modified cantilever surface is good for proof-of-concept experiments with limited

interfering species, relying on the sole surface modification do not seem sufficient to make

the sensor specific enough for a use without any pre-concentration or purification step.

In addition, the mechanical deflections to be measured are usually very low and es-

tablish very slowly (typically tens of nanometers in tens of minutes), so that enhancing

the mechanical deformation to be measured for a given target concentration has been

stimulating some developments. The first path is purely chemical and aims at optimiz-

ing the probe density at the cantilever surface [283, 284, 285, 286, 287]. The second

one evidenced that modifying the surface topography significantly affects the measured

deflection, thus suggesting that there is room on the mechanical side for optimization

[288, 289, 290].

This puts the focus on the need for a robust mechanical framework to describe the

chemo-mechanical coupling that should take into account the surface and some of its ge-

ometrical details. If this surely challenges solid mechanics (whose initial statement is

usually to consider an elementary volume), electrochemistry studies have early on been
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facing the need to describe electrocapillarity, understood as the dependence of the surface

quantity of a metallic domain to the surface electrical potential. It is worth noting that even

though the pioneers focused on mercury (which is liquid at room temperature) [291, 292],

similar effects have been observed for solids with an experimental arrangement strikingly

resembling the above-described iconic set-up [293, 294]. It is thus not surprising that

cantilever-based set-ups have quickly been used to investigate electrochemically-induced

mechanical effects [295]. The electrochemistry community then rapidly made metal-

coated cantilevers the platform to translate the early studies on mercury to solid electrodes

[296, 297, 298, 299]. The thermodynamic framework developed for liquid electrodes

however proved to yield some controversy, mainly as a result of the different deforma-

tion mechanisms [300, 301, 302, 303, 304]. Similar systems allowed to envision sensors

whose affinity toward a user-defined ion is driven by the surface electrical potential of

the microcantilever [305, 306, 307]. Electrochemistry clearly yields additional informa-

tion that is very useful for the identification of species, and this has been used for rather

different targets [308, 309, 310, 311], including molecules involved in biochemical pro-

cesses [312, 313, 314]. Besides sensor applications, the electro-elastic coupling may be

exploited for actuation purposes with dedicated functionalization [315]. Varying the po-

tential in the double-layer regime allows to reversibly move anions or cations close by the

surface, and the measured charge density and mechanical deflection have been shown to

indicate the surface accessibility to these ions, thus allowing to probe the structure of the

electrode surface [316, 317].

The electrochemical control of the active cantilever’s surface is thus extremely inter-

esting since it may benefit:

• from the previous discussions on the thermodynamic framework to describe the

electro-chemically induced mechanical effects;

• from the well established know-how relying on extensive and detailed studies of

the interphase structure for a wide range of systems. The implementation of these

surface functionnalizations is now well documented and a rather vast amount of

experimental data is available in the literature.

Cantilever devices featuring a metallic surface whose electric potential is user-controlled

are therefore good model systems for the study of chemo-mechanical couplings. They are

thus good candidates to study the transduction mechanisms, and a representative exam-

ple is provided by redox-terminated self-assembled monolayers. The oxidation/reduction

of the redox end-group is exploited to generate the microcantilever deformation, and it

has been shown with ferrocenylundecanethiolate monolayers that the measured defor-

mations seem to be driven by the correlation of the positions of the grafted molecules

instead of the sole mean grafting density [318, 319]. This stresses the need for detailed

field descriptions of the chemical species at the electrode surface under scrutiny. Again,

the electro-chemistry community developed early on such set-ups [320, 321], especially

when investigating microelectrodes [322]. It is worth noting that these set-ups make use
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of interferometric imaging techniques, the measured phase changes resulting from the

refractive index profiles and thus from the concentration profiles at the surface. Very sim-

ilar interferometric imaging techniques have interestingly been exploited to access the full

surface displacement field of microcantilevers, thus yielding much richer mechanical data

compared to the iconic, optical lever-based, set-up [323, 324, 325, 326, 327, 328]. Spa-

tially resolved mechanical data may also be retrieved by including scanning stages in the

iconic set-up [329, 330], and it should be noted that considering point-wise measurements,

the optical lever arrangement allows for the combination with an ellipsometer to simul-

taneously provide the deformation and the chemical state of the active cantilever surface

[331]. The twofold nature of the phase measured with the interferometric imaging set-ups

suggests that these chemical and mechanical contributions to the optical phase have to be

decoupled to yield unbiased fields [332]. These interferometric imaging techniques thus

potentially provide a huge amount of data, but the decoupling procedure relies on several

assumptions that are difficult to assess [332]. If there is clearly room for some improve-

ments here, it should be highlighted that these redundant kinematic measurements may be

expected to provide key information to those interested in building a robust mechanical

framework suited to these surface effects. It is clear that Stoney’s equation (relating the

cantilever bending to the tension in a deposited layer) [333] is well suited to single-point

measurements, since it relates a scalar tension to a scalar (measured) curvature under few

assumptions:

• shear stresses are not taken into account;

• the deposited layer is thin compared to the cantilever thickness;

• the layer material stiffness is similar to those of the cantilever.

This really simple relation approximates the cantilever deformation and may be enriched

when the considered system departs from the above assumptions [334, 335]. It should

however be noted that it is assumed that the curvature is measured far from the cantilever

ends (St-Venant’s principle) and that the layer undergoes a volume change. Dealing with

such transformations, shear-stresses may be taken into account and the stress and strain

fields may be computed [336, 337, 338, 339, 340, 341].

The proper description of surface effects is however much more challenging to con-

tinuum mechanics, and the barrier to overcome is twofold:

• Surface and volume local quantities (such as kinematic or associated variables) are

to be established in a way that allows the derivation of field equations;

• As several forms of energy are concerned in the coupled phenomena under scrutiny,

a suited framework must allow for a clear thermodynamic definition of the involved

mechanical parameters.

The surface science community as well as the electrochemistry community (following

the pioneering work by Grahame on liquid electrodes [291, 292]) have for instance been
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hosting debates on the proper thermodynamic definition of a “surface stress” [342, 343,

344, 345, 346, 347, 348, 302, 349, 350] but none of these works have established a clear

connection between the “surface stress” and the stress tensor in the underlying solid so

that no field equation on the “surface stress” could be derived. Moving in an opposite

direction (i.e. regardless to any thermodynamic consideration) consists for instance of

considering stresses in a cantilever as distributions with the “surface stress” being de-

scribed as a Dirac centered on the cantilever surface. The resulting kinematic fields are

then derived with a kinematic enrichment (compared to usual beam theories) to properly

account for boundary conditions [351].

In addition to this difficulty to describe surface (chemical) loadings in a solid mechan-

ics framework, one has to account for the reported increasing role of surfaces in elasticity

as the object size decreases [352, 353, 354]. Conversely, the frameworks developed to ac-

count for size-dependent elastic behaviors are sound starting points for the description of

surface effects. Gurtin and Murdoch proposed a general framework [355, 356] to account

for surface effects (including non-linearity), featuring a membrane with surface elasticity

parameters (i.e. Lamé parameters for surfaces, which are different from those describing

the bulk material) and a surface stress tensor. The latter has to satisfy an equilibrium

condition which results in field equations for the surface variables. This theory was ini-

tially developed for industrial products with modified surfaces (such as those resulting

from a shot-peening process for instance), and received a renewed interest with the avail-

ability of vanishingly small objects [357]. This framework however suffers from several

drawbacks:

• The surface elastic parameters may be negative, which makes their thermodynamic

definition questionable;

• It has been demonstrated by Steigmann and Ogden [358, 359] that the response

of a solid experiencing compressive surface stresses cannot be correctly obtained

from Gurtin-Murdoch theory, which does not account for the membrane flexural

stiffness.

An alternative route to describe size-dependent elasticity is to use higher-order elasticity

theories, that is to assume the local free energy density depends on the local strain as

well as on the local strain gradient [360, 361, 362]. As most of the experimental results

exhibiting size-dependent elasticity have been obtained with cantilever beams [363], beam

theories have been developed under both the Euler-Bernoulli [364, 365, 366, 367] and

Timoshenko [368, 369, 370] kinematic assumptions.

Several frameworks are thus available to describe surface effects and their increas-

ing role with the decreasing size of the objects under scrutiny. The goal is to be able

to describe surface, chemically-induced, mechanical loadings, that is a strong chemo-

mechanical coupling (a chemically-driven source term in the mechanical equilibrium

equations). Two classes of approaches may then be envisioned:
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• One may wish to separate the task of modeling the detail of the chemical (or elec-

trostatic, entropic, steric) interactions involved in the chemically-modified layer

(see [371, 372, 373, 374] for this particular point) from that of calculating the

response of a micro-fabricated structure to such a surface loading. Begley et al.

[375] proposed such a framework which resembles the one proposed by Gurtin

and Murdoch. The surface elastic parameters (which mimic an effective film stiff-

ness) and the initial surface stress are deduced from thermodynamic arguments and

these mechanical variables are used to describe the mechanical consequences of the

chemical surface modification. Such approach allows to compute the deformation

of the micro-fabricated structure under a chemical loading with a clear thermo-

dynamic definition of the involved parameters and taking the boundary conditions

into account [376]. Such framework thus tackles the above-mentioned weaknesses

of the Gurtin-Murdoch theory, except the one evidenced by Steigmann and Ogden

[358, 359].

• A family of alternative approaches consists of simultaneously simulating the de-

tails of the surface modification (at the molecular level) and the deformation of the

underlying material. In order to limit the computation costs, such approaches typ-

ically mix a continuum description of the structure with an atomistic description

of the surface layers undergoing a chemical transformation. The computation cost

usually restricts the simulation to a small portion of the structure under scrutiny

so that the boundary conditions are not taken into account. The spatial distribu-

tion of the chemical modifications is also often assumed to be homogeneous (see

[238, 377] for instance). The different mechanical descriptions one may use for the

structure material then differentiates one framework from another:

– Most of these frameworks use standard elasticity, and it has been shown that

the use of such a simple description yields two scaling regimes when the struc-

ture thickness is reduced [378];

– The Gurtin-Murdoch theory may be used for the structure itself, thus render-

ing the thickness-dependent elasticity when simulating physisorption [379] or

chemisorption [380, 381] phenomena.

The main difficulty with this set of approaches arises from their multiscale na-

ture. These approaches make use of the so-called Cauchy-Born localization rule

[382, 383] to translate at the atomistic scale the continuum deformation. The atoms

are assumed to undergo the same transformation than the continuum. It has however

been shown to yield inconsistent results since the atom positions should be allowed

to relax, thus yielding a heterogeneous strain field [384, 385]. This is particularly

true when dealing with material surfaces [386], which are known to undergo large

surface relaxations over very small distances (typically few atomic layers). Interest-

ingly, it has been proposed to use higher-order elasticity to overcome this difficulty

[384, 387], which was also mentioned above as a way to describe size-dependent

elasticity.
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It has been shown at a very early stage of the development of higher-order elasticity the-

ories that these could provide a continuum counterpart to lattice dynamics studies [388].

Using a strain gradient theory, Toupin has shown that the introduced hyper-stresses could

render the above-mentioned surface relaxation. This was however possible only in non-

centrosymmetric materials, and considering a symmetric material slab of a cubic material

was resulting in a non-symmetrical displacement field [388]. Soon later, Mindlin demon-

strated that additionally considering the second strain gradient allows to circumvent these

weaknesses [389]. Among the introduced material parameters, one is called cohesion

modulus and is shown to be analogous to the surface tension in liquids. This cohesion

modulus is thus a material property (contrary to the above-described extrinsic surface

stresses) and controls the surface relaxation. A surface chemical modification is thus ex-

pected to affect this material parameter, therefore resulting in a mechanical deformation.

Though particularly promising, using such a framework requires to have access to numeri-

cal values of the numerous material parameters. Besides lattice dynamics [390, 391, 392],

inelastic neutron scattering [393] and picosecond laser ultrasound measurements [394]

yield some higher-order elasticity parameters at a very high frequency (typically 1 THz),

thus making the meaning of these values for quasi-static applications questionable.

This highlights the need for experimental methods able to provide the material param-

eters involved in the above-mentioned frameworks, which meets the possibility to access

extremely rich data sets on micro-cantilever structures. The following of this chapter is

thus organized as follows: Sect. 2 describes experimental tools developed to provide both

a testing platform for chemo-mechanical couplings and full-field data necessary to re-

trieve the necessary modeling parameters. Sect. 3 then presents two distinct frameworks

together with the adequate identification procedure exploiting the full-field measurements

as obtained with the set-up described in Sect. 2.

2 Experimental developments

Building a modeling of chemo-mechanical couplings first requires a model system for

which the implementation of the coupling is easy and the required know-how is widespread.

Electrochemistry provides such a way to chemically control surfaces, and significant ef-

forts have already been put on the development of thermodynamically relevant frame-

works to describe the observed effects (see Sect. 1.2). The focus is on one-dimensional

mechanical systems for the sake of simplicity. Studying such chemo-mechanical cou-

plings additionally requires a set-up providing access to both kinematic and chemical

descriptions of the surface under scrutiny.

This section thus focuses on two specific experimental developments. Sect. 2.1 de-

scribes some micro-fabrication efforts to obtain arrays of cantilevers one surface of which

is electrically-controlled. Sect. 2.2 then describes a multiple-wavelength microscope in-

tended to simultaneously provide kinematic and chemical field data of surfaces under

scrutiny.
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2.1 Electrochemically-controlled cantilever sensors

This section details a new design and fabrication process of a multiple-thickness elec-

trochemical cantilever sensor as reported in [395]. Each cantilever can act not only as

a functionalized cantilever, but also as an independent working electrode (WE) for elec-

trochemical measurements. As mentioned in Sect.1.2, the way the chemically-induced

mechanical deformation scales with the cantilever thickness is expected to be discrim-

inant among modeling frameworks. It is thus desirable for modeling purposes to have

cantilevers featuring different thicknesses simultaneously available. The different thick-

nesses of the silicon nitride layer are achieved by successive masking and reactive ion

etching of partially overlapping openings at a low etch rate (few tens of nanometers per

minute). Small thickness gaps (< 30nm) are then successfully obtained. One advantage of

this fabrication process is that the thickness distribution of cantilevers can be altered and

broadened by combination of different RIE recipes or modification of the etching time.

In addition, the integration of the cantilever chip with a fluidic cell, a printed circuit board

(PCB) and a temperature-controlled plate to form a hybrid system is also addressed.

2.1.1 Configuration of the hybrid system

Figure 2.2: Overview of the full assembly.

The proposed hybrid system is depicted in Fig. 2.2, integrating a fluidic cell, the

cantilever chip, a printed circuit board (PCB), and a temperature-controlled plate. The

fluidic cell is designed to hold liquid and to set an electrochemical cell (3 electrodes

arrangement). It provides fluidic inlet and outlet, and includes two channels for inserting

a reference electrode (RE) and a counter electrode (CE). The cantilever chip includes four

identical cantilever arrays. Each cantilever array houses 20 cantilever beams featuring
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different thicknesses. Each cantilever is used as an independent working electrode (WE).

A home-made PCB is designed to electrically connect the cantilever chip by wire bonding.

A square hole (12.8mm×12.8mm) in the middle of the PCB allows the backside of the

cantilever chip to directly contact a temperature-controlled plate. A positioning reference

is used to achieve a reproducible positioning of the chip with respect to the temperature-

controlled plate.

2.1.2 Fluidic cell

The fluidic cell is designed by using a CAD software and fabricated using a 3D printer

(3D Systems ProJetT M SD 3500). The obtained poly-(methyl-methacrylate) (PMMA)

fluidic cell is shown in Fig. 2.2. It is 3.8 mm thick, 22 mm wide, and 22 mm long. A

0.5 mm-thick hexagon step around the cavity is designed to glue a pyrex cover-glass (10

mm diameter, 0.17 mm thick, not shown in Fig. 2.2). The whole fluidic chamber volume

is 37µL when using the cover glass. 8 holes are used to insert 4 rods for positioning the

fluidic cell with respect to the front side of the cantilever chip, and 4 screws are used to

tighten the full assembly.

2.1.3 Cantilever chip

The proposed chip features: a) a positioning reference on the backside, b) multiple can-

tilever thicknesses on the front side, c) an electrode layer, d) an electrical connection layer,

and e) an insulation layer. In the following, the fabrication process is described by using

two cross sections and by focusing on cantilever No. 9, shown in Fig. 2.3.

• In Fig. 2.3b, low-stress silicon nitride is first deposited onto both sides of a 4-inch,

500µm thick, silicon (100) wafer with by Low Pressure Chemical Vapor Deposition

(LPCVD) (NH3/SiH2Cll2:18/60 sccm, temperature: 820◦C, pressure: 200 mTorr,

time: 180 min). The final silicon nitride thickness is measured to be about 805 nm.

After baking the wafer for 10 min at 120◦C, the wafer is spin-coated with a 2.4µm

thick layer of SPR 220-3.0 positive photoresist. Then, the photoresist is exposed to

UV irradiation (365 nm, 300 mJ.cm−2) through a mask with the designed alignment

reference pattern. After developing the photoresist with the MF-26A developer

for 75 s, the exposed silicon nitride is reactive ion etched at a 26 nm/min etch

rate (Pressure: 60µbar, CHF3/C2F6: 10/5 sccm, DC bias: 245 V; RIE PLASSYS).

Afterwards, the photoresist is stripped.

• The cantilever beams (15µm wide and 80µm long) are similarly patterned on the

front side of the wafer by using double-side EVG 620 alignment system. The can-

tilever beams are then defined by reactive ion etching (RIE) of the exposed silicon

nitride layer (shown in Fig. 2.3c). The whole etching time (40 min) is divided into

two 20 min etching steps, with a 30 s oxygen surface cleaning process (20 sccm,

60µbar, 95 W, 410 V) in-between. The photoresist is then stripped.
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Figure 2.3: Overview of the process flow.

• To achieve different cantilever thicknesses, a single mask is specially designed and

successively used with different alignment marks. Using this mask referring to

alignment mark 1 (shown in Fig. 2.3d), some of the cantilever beams are firstly

covered by photoresist (SPR 220-3.0, 2.4µm thick). The photoresist pattern is used

as an etching mask in the RIE etching process with a low etch rate (10.8 nm/min,

15.8 nm/min, 20.1 nm/min, or 26.5 nm/min) for 1 min. Shifting the mask by re-

ferring to mark 2 (shown in Fig. 2.3e), partially overlapping openings are photo-

patterned and etched by another 1 min RIE step. In Fig. 2.3f, this step is repeated

twice by shifting the mask referring to mark 3 and mark 4, successively. By repeat-

ing the photo-patterning and etching of partially overlapping openings, different

thicknesses are thus achieved.

• As displayed in Fig. 2.3g, a Cr/Au (10 nm / 30 nm) electrode layer is deposited
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Table 2.1: Process parameters for reaction ion etching (RIE).

Recipe N. 1 N. 2 N. 3 N. 4

Pressure (µbar) 60 60 60 60

Power (W ) 40 40 40 45

CHF3 flow rate (sccm) 10 10 10 15

C2F6 flow rate (sccm) 5 5 5 5

DC bias voltage (V ) 230 238 245 253

Etch rate at center (nm/min) 10.8 15.8 20.1 26.5
Standard deviation (nm/min) 1.06 0.68 0.86 0.71

by electron beam evaporation (EVA 450, Alliance Concept), and then lifted-off in

selected areas by dissolving the underlying photoresist. In order to independently

bridge the electrode layer to electrode pads on borders of the chip, one electrical

connection layer is added. This connection layer (Cr/Au: 20 nm / 250 nm) is sput-

tered (MP 500, PLASSYS) and also shaped by lift-off process. A potassium hy-

droxide (KOH) solution (28% wt., 1 hour at 80◦C) is used to etch 60µm of silicon

on both sides of the wafer, thus releasing the cantilevers and defining the align-

ment reference. Finally, the electrical connections are insulated by spray coating

(AltaSpray 8) a 7µm thick SU-8 layer.

2.1.4 Experimental validation

The repeatability and stability of RIE The repeatability and stability of RIE is critical

to obtain well-defined thickness gaps. By using the RIE PLASSYS machine, we have

developed four recipes (shown in TAB.2.1). Keeping the same pressure and the same

gas flow rates, we can obtain four different etch rates by changing the DC bias voltage.

As shown in TAB.2.1, the scatter on the etch rates are low enough to allow for a precise

control of the thickness gaps.

The produced cantilever chip As seen in Fig. 2.4a, a produced chip (12.55mm×
12.55mm) includes four identical cantilever arrays. Each cantilever array houses 20 can-

tilever beams serving both as a functional cantilever and also as an independent WE.

These cantilevers are divided into 4 groups. Each group contains cantilevers having five

different thicknesses. In addition, there is a large opening on the backside, which is the

alignment reference for achieving a reproducible positioning of the chip with respect to

the temperature-controlled plate. Fig. 2.4b shows an SEM picture of one group of can-

tilevers with 5 different thicknesses of silicon nitride (t1, t2, t3, t4 or t5). Fig. 2.4c is an

SEM picture of a single cantilever. The cantilever is measured to be 14.7µm wide and

80.7µm long. These values are very close to our design (15µm wide and 80µm long). Fig.

2.4d is a cross-section of a 780 nm thick cantilever.

One can observe that a thin layer of Cr/Au is above the silicon nitride layer. To observe
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Figure 2.4: Views of the produced cantilever arrays.

the resulting diversity of silicon nitride thicknesses, focused ion beam (FIB) is used to cut

the tip of the cantilever. A Cr layer is firstly deposited to protect the top layer (∼ 120

nm, Fig. 2.5a). After using FIB tool (Helios NanoLab 600i), SEM pictures of the cross-

section can be obtained for each cantilever. Fig. 2.5b shows an example of the thickness

distribution obtained by using different RIE recipes. The thickness t5 is defined by the

LPCVD deposition process. RIE recipe No.4 is used for 1 min to get a 26 nm difference

between t4 and t5 and thus achieve t4. We similarly use Recipes No.3 and No.2 to obtain

t3, t2 and t1. The results are close to the target values. It should be highlighted that it is

also possible to get different thickness distributions by using the same RIE recipe with

different etching times.

Assembly of the hybrid system The hybrid system assembly is depicted in Fig. 2.6.

First, the cantilever chip is glued to the PCB. The electrical interconnection between gold

contact pads on the chip and copper connections on the PCB is established by wire bond-

ing (ball-wedge bonder) with an Au wire (50−60µm thick, 25µm diameter). Then, four

rods are used to mount the fluidic cell onto the PCB, and the fluidic cell is bonded to the

front face of the chip with SU-8 photoresist applied on its backside. The PMMA fluidic

cell holds two Teflon tubings, one platinum wire and one silver-silver chloride wire, used

for pouring solutions and for setting an electrochemical cell, respectively. Finally, the full

assembly is mounted on the temperature-controlled plate with screws (not shown).

2.2 Multiple wavelengths microscopy

In order to obtain spatially resolved data, it was proposed in [396] to use multiple wave-

lengths imaging reflection microscopy, which provides both local surface modifications
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Figure 2.5: Typical etching sequence.

and kinematic field measurements. A decoupling method is presented to distinguish

wavelength-dependent and -independent (i.e., kinematic) contributions to the collected

intensity. The method is exemplified by monitoring the electro-elastic coupling on a can-

tilever beam, allowing one to simultaneously obtain an electroreflectance mapping and a

field related to the local surface rotation of micrometer-sized structures.

Monitoring the differential reflectance of surfaces has already proven to provide ac-

cess to various observable thermodynamic variables describing surfaces. Differential re-

flectance changes detections have for instance been achieved to perform sensitive elec-

troreflectance [397] and thermoreflectance [398] measurements, providing access to elec-

trochemically induced effects at substrate-electrolyte interfaces and surface temperature

fields. This section thus describes a set-up simultaneously providing the surface deforma-

tion and surface differential reflectance.
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Figure 2.6: Assembly procedure.

Using a microscope, the reflected intensity fields are recorded for two different illu-

mination wavelengths. Decoupling the wavelength-independent and -dependent contribu-

tions to the measured relative intensity changes then yields the sought fields.

2.2.1 Set-up

To study coupled surface phenomena at the micrometer scale, deformable mechanical

microcantilevers are subjected to time dependent actuation. The objects under scrutiny

are observed with an objective lens and imaged on a CCD array (Dalsa 1M30, 12 bits,

1024 × 1024 pixels) using focusing optics (focal length 180 mm, see Fig. 2.7a). Re-

flected intensity changes arise either from surface reflectivity or from collection effi-

ciency changes. The former is usually wavelength-dependent (as with electro- or thermo-

reflectance) while the latter is wavelength-independent since it depends on the surface

orientation and on the numerical aperture of the objective lens, which is corrected for

chromatic aberrations (Fig. 2.7b). In order to distinguish the wavelength-dependent and

-independent contributions, the sample is illuminated with a green and a red light emit-

ting diode (LEDs) of different wavelengths, namely λG=505 nm and λR=625 nm. These

diodes are sequentially triggered by a 1.8s period signal, provided by a function generator

(Fig. 2.7c) and N sums of 10 images are acquired for each illumination wavelength. The

intensity Im collected by the pixel P reads

Im(P,λ, tn) = Ii(P,λ)R(P,λ, tn)ζ(θ(P), tn) (2.1)

where Ii(P,λ) is the intensity impinging on the surface conjugated with pixel P at wave-

length λ, R(P,λ, tn) the reflectivity of the surface, i.e., the ratio of the reflected and incident

intensities, depending on a local parameter X(P, tn) (such as electrical charge, tempera-

ture, etc.) at the time step tn. ζ(θ(P), tn) is the collection rate related to the local surface

orientation θ(P). The influence of X(P, tn) on the reflectivity is assumed to be small, so
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Figure 2.7: a: Experimental set-up with two sequentially triggered sources, b: Sensitivity

of the collected intensity to the surface orientation, c: Light sources timing.

that R is linearized

R(P,λ, tn) = R0(P,λ)[1+ r(λ)X(P, tn)] (2.2)

with r(λ) = 1
R0

∂R
∂X

the relative reflectance sensitivity to the controlled parameter X . The

geometrical effect ζ(θ(P), tn) is linearized in the case of small surface rotations about the

initial orientation θ0(P)

ζ(θ(P), tn) =

ε0(θ0(P)) [1+dθ0
(P)(θ(P, tn)−θ0(P))] (2.3)

with dθ0
(P) = 1

ζ0

∂ζ
∂θ

the local slope sensitivity. Finally, the measured intensity linearly de-

pends on the wavelength-independent and -dependent relative intensity changes Rwi(P, t)
and Rwd(λ,P, t), respectively

Im(P,λ, tn) =

Ia(P,λ) [1+Rwd(λ,P, tn)+Rwi(P, tn)] (2.4)

with

Ia(P,λ) = Ii(P,λ)R0(P,λ)ζ0(θ0(P))

Rwd(λ,P, tn) = r(λ)X(P, tn)

Rwi(P, tn) = dθ0
(P)(θ(P, tn)−θ0(P))

Full-field measurements for the mechanics of micrometer-sized structures



70 Surface effects

2.2.2 Decoupling procedure

For a given (P, tn), Eq.(2.4) is recast as a linear system

[
Im(λR)− Ia(λR)
Im(λG)− Ia(λG)

]
=

[
Ia(λR) Ia(λR)

k Ia(λG) Ia(λG)

][
Rwd(λR)

Rwi

]
(2.5)

where the ratio k = r(λG)/r(λR) is assumed to be different from 1. The scalar k and

the initial intensity fields Ia(P,λ) are obtained by pre-processing the data. Over the rigid

substrate Ωs, the local charge density X(P, tn) is assumed to be equal to the mean charge

density Xi(tn), so that at a given location, Isol
a (P,λ) is obtained as a minimizer (for a given

set {cq}) of the objective function η2(P,λ, Ia(P,λ),{cq})

η2(P,λ, Ia(P,λ),{cq}) =
N

∑
n=1

(
Im(P,λ, tn)− Ia(P,λ) f (Xi,{cq})

)2
(2.6)

with

f (Xi,{cq}) = 1+
Q

∑
q=1

cqX
q
i (tn) (2.7)

The coefficients {cq} are obtained as the minimizers of the sum κ2 over Ωs of the minimal

η2

κ2
R(λ,{cq}) = ∑

P∈Ωs

η2(P,λ, Isol
a (P,λ),{cq}) (2.8)

The ratios r(λ) are then obtained as the coefficient c1 identified when considering a large

area Ωs. Repeating this procedure over the cantilever surface Ωc (instead of Ωs) gathering

all the pixels at a given abscissa along the cantilever axis then yields Ia(P,λ) for these

points. Values of Q above 6 have been found to provide r values independent of Q.

Solving Eq. (2.5) then yields the relative intensity change contributions. The local slope

sensitivity field dθ0
(P) is obtained by a calibration procedure.

2.2.3 Example

The used mechanical structures are silica microcantilevers (70×20×0.77 µm3), covered

with a 20 nm titanium adhesion layer and a 50 nm gold layer. These devices are placed

in a cell and observed with an immersion objective lens (×20, Numerical Aperture 0.5).

We focus here on the electromechanical effects induced by charging the gold surface. The

cantilevers are immersed in a KCl electrolyte (10−2 mol.l−1), and the electrical potential

of their surface is controlled by an electrochemical workstation (CHI 660A) with respect

to an Ag/AgCl reference electrode [332]. A total area of A≃ 50 mm2 is in constant contact

with the electrolytic solution. The gold surface is cleaned by varying its potential Ug from
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0.1 to 0.8 V during three cycles at 12 mV.s−1. Reference images are acquired and the

potential is then swept between 0.1 to 0.46 V at 4 mV.s−1 while recording the electrode

charge A×Xi. N = 50 sums of 10 images are sequentially acquired for each wavelength

during the cycle.

The above-detailed pre-processing and decoupling procedure is applied to the recorded

images Im(P,λ, tn). The pre-processing yields r(λR) =−162 cm2C−1 and k = 2.03, which

is consistent with known results [399]. The calibration procedure exploits the bimaterial

effect and also provides dθ0
(P) ≃ 1 rad−1 everywhere along the cantilever, so that the

Rwi and Rwd(λR) fields are easily converted in a surface rotation (and thus surface dis-

placement) and local charge density fields respectively. The signal-to-noise ratio can be

improved by averaging Rwi and Rwd(λR) across the width of the beam. FIG.2.8 shows the

change of the averages R̃wi and R̃wd(λR) as functions of time (vertical axis) along the axis

of the beam (horizontal axis) which is anchored at x = 0.

Figure 2.8: Relative intensity changes R̃wd(λR) (top) and R̃wi (bottom) identified along

the substrate (x ≤ 0) and the beam (x ≥ 0) during the loading cycle (time along the vertical

axis). The cantilever is anchored at x = 0 (dashed line).

R̃wi does not vary on the substrate during the charging process, but increases up to

2× 10−3 since the cantilever bends. This agrees with a mechanical effect acting only

on deformable structures. Rwd(λR,P, tn) is related to the local charge density X(P, tn) and

R̃wd(λR), which is heterogeneous, decreases down to −4 × 10−3 on the substrate. In

order to prove the electrochemical origin of the observed phenomena, FIG.2.9 depicts the

changes of Rwi and Rwd averaged on the whole substrate and at the edge of the cantilever
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(30% of its surface) as functions of the electrode charge A× Xi(tn). Again, Rwi does

Figure 2.9: Averages of Rwi and Rwd on the substrate and at the end of the beam versus

the electrode charge A×Xi. The solid lines are linear fits to each data set. Calibrated

values of the surface charge density (triangles) and surface rotation (circles) can be read

on the right ordinate axis.

not significantly change on the substrate (FIG.2.9), which confirms its mechanical origin.

All other evolutions are quasi-linear functions of the electrode charge, showing that the

electrical charge density governs the mechanical effects and that the expansion (2.2) is

valid. The Rwd contribution is twice larger on the substrate than at the cantilever tip

(FIG.2.9), thereby proving that the charging process occurs heterogeneously along the

cantilever. The deviation of Rwd obtained from the reference images yields an estimate of

the standard deviation on the relative intensity changes: σRwd
≃ 10−2 for a single pixel,

which is reduced by spatial averaging to σ
R̃wd

≃ 10−4.

The technique described herein makes use of a standard reflection microscope with a

CCD array and two sources of different wavelengths. Multi-physical phenomena occur-

ring at their surface result in wavelength-dependent and -independent collected intensity

variations, so that a procedure is proposed to decouple these contributions from intensity

images at two different wavelengths. This method has been applied to microcantilevers

under electrochemical actuation by varying the electrical potential of a substrate-aqueous

electrolyte interface. The local charge density and rotation fields are obtained with a mea-

surement reproducibility within the 10−4 range, thereby providing a powerful and simple

way to study the multi-physical behavior of MEMS devices.
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3 Surface effects modeling

This section presents two distinct frameworks together with the adequate identification

procedure exploiting the full-field measurements provided by the multiple-wavelength

microscope described in Sect. 2.2. For both approaches, the focus is put on calculating the

response of a micro-fabricated structure subjected to a surface loading, without particular

attention to the involved interactions at the molecular scale.

3.1 Asymptotic analysis

This section recalls an approach initially proposed in Ref. [400] and resembling the one

proposed in Ref. [375]. The main difference is that instead of considering the Gurtin-

Murdoch framework, and focusing on cantilever sensors, the chemical environment effect

is represented by a mechanical layer, referred to as “the membrane” (bonded to the can-

tilever surface), whose thickness tends to zero. The mechanical parameters of this mem-

brane are set using thermodynamic arguments (Sect. 3.1.1) so that the membrane is said to

be a thermodynamic-equivalent layer (TEL). The solution for the interfacial shear-stress

field is obtained by using the asymptotic expansion method [401, 402, 403].

3.1.1 Definition of the accompanying mechanical modeling

This section describes the accompanying mechanical modeling intended to render the

chemical part of the system free energy and its dependence on the surface amount. Let us

consider a representative interface element whose size is:

• small enough to satisfy the definiteness of partial derivatives involved in continuum

mechanics;

• large enough to provide a representative description of the surface mechanical be-

havior.

These requirements are referred to as scale separation conditions in the following. For

polycrystalline thin films, a representative element should then include at least 100 grains.

Three phases are classically distinguished inside this interfacial element:

• a liquid phase, whose volume is V at pressure p. Several other state variables,

denoted by the set {nα
L}, represent the amount of species α in the liquid phase, and

thus describe its composition;

• the interphase, whose surface is Si and composition is described by the set
{

nα
S

}
;

• the solid phase, whose surface is Si, described by its stress field σ.

This system is assumed to be closed, in equilibrium with an external thermostat. The

system is described by its Gibbs’ free enthalpy G . If the scale separation conditions are

met, then the state variables set
{

T, p,
{

nα
L

V

}
,
{

nα
S

Si

}
,σ
}

describes the local interfacial
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state. In particular, the initial state corresponds to the sets
{

nα
L,0

}
and

{
nα

S,0

}
. As one

deals with a closed system, the conservation conditions lead to

dnα
L =−βα (2.9)

dnα
S = βα (2.10)

where βα is the processed quantity for species α by the reaction

αliquid

βα

GGGGGGAαinterphase

The system free enthalpy G reads

G = GL +GS +Gm = Gc +Gm (2.11)

where GL is the liquid phase contribution, GS is the interphase one and Gm arises from

the solid substrate. The first two terms are formally merged into Gc, which represents the

chemical part in G . Each free enthalpy contribution is expressed as a function of the state

variables:

• the liquid phase is assumed to be an ideal solution, so that considering a unit vol-

ume, GL reads

GL

(
p,T,

{
nα

L

V

})
= ∑

α

nα
L

V

[
µα

L,0(p,T )+RT log

(
nα

L

V

)]
(2.12)

where µα
L,0(p,T ) is the reference chemical potential at temperature T and pressure

p for species α, R the molar gas constant.

• For the sake of generality, the following form for an elementary interphase portion

is considered

GS

(
p,T,

{
nα

S

Si

})
= g

(
T,

{
nα

S

Si

})
+∑

α

[
nα

S

Si
µα

S,0(p,T )

]
(2.13)

where the function g
(

T,
{

nα
S

Si

})
has to be chosen to represent the evolution of the

adsorbate free enthalpy as a function of the surface concentration. For instance, a

non-interacting adsorbate would lead to choose an expression gni for g similar to

the one used in equation (2.12)

gni

(
T,

{
nα

S

Si

})
= RT ∑

α

nα
S

Si
log

(
nα

S

Si

)
(2.14)
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Setting Si = S0 +dS, the chemical part of the overall free enthalpy reads

Gc(Si) = ∑
α

[
nα

L,0 −βα

V

[
µα

L,0(p,T )+RT log

(
nα

L,0 −βα

V

)]

+
nα

S,0 +βα

S0 +dS
µα

S,0(p,T )

]
+g

(
T,

{
nα

S,0 +βα

S0 +dS

})
(2.15)

The chemical contribution to the free enthalpy depends on the available surface amount.

Considering small area variations

Gc(Si)≃ Gc(S0)+
1

S0
∑
α


−


(nα

S,0+βα)µα
S,0(p,T )+

∂g

∂
(

nα
S

Si

)


 dS

S0

+


(nα

S,0+βα)µα
S,0(p,T )+

∂g

∂
nα

S

Si

+
1

2S0

∂2g

∂
(

nα
S

Si

)2



(

dS

S0

)2


+o

(
dS

S0

)3

(2.16)

Finally, both Gc and Gm depend on the available surface area. To include this shared

dependence in the mechanical modeling of cantilevers, it is assumed that there is a ther-

modynamically equivalent layer (TEL) bonded to the surface under scrutiny, so that this

surface and the TEL are constrained to deform together.

Moreover, it is considered that the TEL is subjected to a free strain εL. This local free

strain value is identified by minimizing the free enthalpy assuming that no mechanical

constrain is acting on the TEL, that is by minimizing the chemical term Gc with respect

to the surface variation dS. Assuming that expansion (2.16) holds, εL satisfies

2× εL ×∑
α


(nα

S,0+βα)µα
S,0(p,T )+

∂g

∂
(

nα
S

Si

) +
1

2S0

∂2g

∂
(

nα
S

Si

)2




−∑
α


(nα

S,0 +βα)µα
S,0(p,T )+

∂g

∂
(

nα
S

Si

)


= 0 (2.17)

If one prescribes, by any external mean, the TEL strain to be εL + δε, its free enthalpy

variation reads

∆Gc =


(nα

S,0 +βα)µα
S,0(p,T )+

∂g

∂
(

nα
S

Si

) +
1

2S0

∂2g

∂
(

nα
S

Si

)2


(δε)2 (2.18)

By analogy with the strain energy of a membrane, one is able to represent chemical effects

by a bonded thermodynamically equivalent membrane, whose thickness is denoted by ev,
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Figure 2.10: Schematic view of the accompanying mechanical model.

whose Young’s modulus Ev reads

Ev =
2

evS0


(nα

S,0+βα)µα
S,0(p,T )+

∂g

∂
(

nα
S

Si

) +
1

2S0

∂2g

∂
(

nα
S

Si

)2


 (2.19)

and whose free-strain satisfies (2.17). Eqs (2.17) and (2.19) thus define, for a given mem-

brane thickness ev, an energetically equivalent mechanical modeling for the chemical ef-

fects. In addition to this energy equivalence, to account for the 2D nature of the phenom-

ena under scrutiny, it is assumed that the thermodynamically equivalent membrane thick-

ness is small compared with that of the considered substrate. Consequently, the chemical

effects are described by a thermodynamically equivalent membrane whose thickness is

small compared with the others, and which is constrained to deform together with the

substrate surface, thus defining an accompanying mechanical modeling.

3.1.2 Initial problem

The system is modeled as described in FIG.2.10. The parameters related to the beam

are denoted with the subscript c, whereas those related to the thin layer (the membrane)

are denoted with the subscript l. The behavior of both phases is assumed to be linear

elastic. The beam obeys an Euler-Bernoulli kinematics, has a Young’s modulus Ec, width

b, length L and thickness ec. This beam is then subjected to an axial free strain εL1(x). A

thin membrane (whose Young’s modulus is El , width b, length l < L and thickness el) is

constrained to deform together with beam along the interface Γ when subjected to a free

strain field εL2(x), (− l
2) < x < ( l

2) (one sets x = 0 at the center of the membrane area).

Denoting by σc the Cauchy stress tensor in the cantilever, the interactions between the

two beams are then represented by the scalar field τ(x) (shear-stress)

σcy = τ(x)x (2.20)

where x denotes the unit vector in the cantilever’s direction and y the outgoing normal to

its upper surface. The equilibrium conditions read

dNc

dx
+ τb = 0 (2.21)

dMc

dx
− τb

ec

2
= 0 (2.22)
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for the cantilever and
dNl

dx
− τb = 0 (2.23)

for the membrane, where Ni is the normal force in phase i and Mi the bending moment. It

should be noted that the proposed modeling is expected to somehow fail to represent the

mechanical effect induced by adsorbates subjected to strong in-plane interactions such as

electrostatic interactions, since this would require to take the adsorbate’s bending stiffness

into account. The tension and bending problems are assumed to be decoupled for the

cantilever, so that the constitutive law reads

Mc = EcIc
d2w

dx2
(2.24)

where EcIc is the bending stiffness for the cantilever in the middle of the cross-section

(homogeneous cantilever), w(x) the out-of-plane displacement field of the assembly. At

this point, it should be underlined that using a beam or membrane theory corresponds

to specific forms for the Cauchy stress tensor and displacement (strain) fields inside the

phases. According to St-Venant’s principle, the computed fields will then be correctly

predicted “far enough” from the loading application points, that is, in the described case,

“far enough” from the interface. As a consequence, to describe the displacement at the in-

terface, it is required to take into account the “local” contribution of the displacement field

(i.e., close to the interface) in addition to the long-range displacement field provided by

beam or membrane theories. A closed-form solution to this local contribution is obtained

using Kolossov-Muskhelishvili potentials [404] and expanding the shear-stress field onto

a Legendre polynomial basis [400].

For the sake of simplicity, let us consider uniform free strain fields

εLi(x) = εLi i ∈ {1,2} (2.25)

The plane displacement on the interface for both the cantilever and the membrane read

uc(x)−uc

(
− l

2

)
= εL1 ×

(
x+

l

2

)
+

∫ x

− l
2

Nc(ζ)

becEc

dζ

−ec

2

∫ x

− l
2

d2w

dζ2
(ζ)dζ+

∞

∑
k=0

τkvk(x) (2.26)

ul(x)−ul

(
− l

2

)
= εL2 ×

(
x+

l

2

)
+

∫ x

− l
2

Nl(ζ)

belEl

dζ

+
el

2

∫ x

− l
2

d2w

dζ2
(ζ)dζ (2.27)

The kinematic compatibility condition at the interface reads

uc(x)−uc

(
− l

2

)
= ul(x)−ul

(
− l

2

)
(2.28)
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and has to be satisfied ∀x,− l
2 < x < l

2 . Deriving equation (2.28) three times yields

−
(

1

ecEc

+
1

elEl

+
bec(ec + el)

4IcEc

)
dτ(x)

dx
+

∞

∑
k=0

τkv
′′′
k (x) = 0 (2.29)

so that from equation (2.29), it is proved that neglecting the local contribution to the inter-

face plane displacement leads one to prescribe
dτ(x)

dx
= 0. Consequently, the equilibrium

of the membrane would be satisfied if and only if the shear stress field vanishes. This

result underlines the fact that it is necessary to describe the mechanical fields close to the

interface in a much more detailed manner than classical phenomenological methods (see

for instance Ref. [346]).

3.1.3 Variational formulation and asymptotic analysis

The aim of this section is to provide a suitable formulation of the problem to be solved to

get the shear-stress field representing the environmental effect on the cantilever.

The shear-stress field is found as the minimizer of the complementary energy of the

overall structure. By assuming that there is no mechanical action on the membrane except

the interaction with the beam, the set V of statically admissible shear-stress fields reads

V =

{
φ ∈ L2

([
− l

2
,

l

2

])
,
∫ l

2

− l
2

φ(ζ)dζ = 0

}
(2.30)

Denoting by ξ the ratio between the thicknesses of the membrane and the beam

ξ =
el

ec
(2.31)

one defines the family of initial problems Pξ as finding the shear-stress field τs(x) mini-

mizing the complementary energy Iξ

Pξ :

{
τs(x) ∈ V
Iξ(τs)≤ Iξ(φ) ∀φ ∈ V

(2.32)

with

Iξ(φ) = ∆Θc(φ)+∆Θl,ξ(φ) (2.33)

where ∆Θc(φ) and ∆Θl,ξ(φ) are the complementary energies for the cantilever and mem-

brane, respectively, given by

∆Θc(φ) =
1

2

∫
Ωc

σ1,xx(φ)ε1,xx(φ)dV

−
∫

Γ
φ(ζ)

(
ul(ζ,z)−ul

(
− l

2
,z

))
dS+Edτ(φ) (2.34)

∆Θl,ξ(φ) =
1

2

∫
Ωl,ξ

σl,xx(φ)εl,xx(φ)dV

−
∫

Γ
φ(ζ)

(
uc(ζ,z)−uc

(
− l

2
,z

))
dS (2.35)
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where εi,xx is the linearized xx strain component in phase i (i = l or i = c) and Edτ(φ)
the strain energy in the localized deformation mode. It should be underlined that Iξ(φ)
(through the ∆Θl,ξ term) is defined over a domain that depends on ξ. Iξ(φ) is rewritten as

Iξ(φ) = aξ(φ,φ)−L(φ) (2.36)

where the quadratic (resp. linear) forms aξ and L read

aξ(φ,φ) =

(
ξ−1 1

2Elbec
+

1

2Ecbec
+

2

Ecbec

)∫ l
2

− l
2

N2
c (φ)dx

+

(
ξ−1 1

ecEl

+
1

ecEc

+
be2

c(1+ξ)

EcIc

)∫ l
2

− l
2

φ

∫ x

− l
2

Nc(φ)dζdx

+3Edτ(φ) (2.37)

L(φ) = b(εL2− εL1)
∫ l

2

− l
2

φ

(
x+

l

2

)
dx (2.38)

The coercivity condition on the quadratic form aξ is lost when ξ → 0. Consequently,

• from a practical point of view, the initial problem cannot be accurately solved by

standard (i.e., 3D) finite element formulations;

• from a theoretical point of view, formulation (2.32) falls out of the framework of

the Lax-Milgram theorem, meaning that existence and uniqueness of its solution

cannot be directly ensured.

Formulation (2.32) thus needs to be modified to get a reliable solution for the shear-stress

field. To transform Pξ into a new problem defined on a fixed domain [402, 403] (i.e.,

independent of ξ), one maps the domain

Ωl,ξ = {xΓ +ξyy,y ∈ [0,ec],xΓ ∈ Γ} (2.39)

onto

Ωl = {xΓ + ỹy, ỹ ∈ [0,ec],xΓ ∈ Γ} (2.40)

The displacement fields in both phases, as well as the interfacial shear-stress field remain

unscaled. It is then straightforward to check that if τs is a solution for (2.32), then τs,ξ is

a solution to problem P̂

P̂ :

{
τs,ξ(x) ∈ V

Îξ(τs,ξ)≤ Îξ(φ) ∀φ ∈ V
(2.41)

where Îξ reads

Îξ(φ) = âξ(φ,φ)−L(φ) (2.42)
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with the new quadratic form

âξ(φ,φ) =

(
ξ

1

Elbec

+
1

Ecbec

+
4e2

c

EcIc

)
1

2
aN(φ,φ)

+

(
ξ−1

ecEl

+
1

ecEc
+

(1+ξ)be2
c

EcIc

)
1

2
ad(φ,φ)+

3b

2
× 1

2
aτ(φ,φ) (2.43)

where

aN(τ,φ) =

∫ l
2

− l
2

Nc(τ)Nc(φ)dx (2.44)

1

2
ad(τ,φ) =

1

2

{∫ l
2

− l
2

τ

∫ x

− l
2

Nc(φ)dζdx+
∫ l

2

− l
2

φ

∫ x

− l
2

Nc(τ)dζdx

}
(2.45)

1

2
aτ(τ,φ) =

1

2

{∫ l
2

− l
2

φ(x)v(τ)(x)dx+
∫ l

2

− l
2

τ(x)v(φ)(x)dx

}
(2.46)

According to equation (2.19) it is assumed that the product ξEl tends to a finite value Kl

when ξ tends to 0

El = Klξ
−1 (2.47)

so that this new quadratic form âξ satisfies the Lax-Milgram conditions, and solving prob-

lem P̂ consists of finding the solution τs,ξ(x) ∈ V for the linear system

(
ξ2 1

Klbec
+

1

Ecbec
+

4e2
c

EcIc

)
aN(τs,ξ,φ)+

(
1

ecKl

+
1

ecEc
+

(1+ξ)be2
c

EcIc

)
ad(τs,ξ,φ)

+
3b

2
aτ(τs,ξ,φ)−L(φ) = 0 ∀φ ∈ V(2.48)

The solution τs,ξ is then sought as a formal asymptotic expansion [401]

τs,ξ =
0τ+ξ× 1τ+ξ2 × 2τ+ . . . (2.49)

Putting equation (2.49) into the stationarity conditions (2.48) leads to a separate linear

system for each ξ order. The leading term 0τ ∈ V is found to satisfy

a0(
0τ,φ)−L(φ) = 0 ∀φ ∈ V (2.50)

with

a0(τ,φ) =

(
1

Ecbec
+

4e2
c

EcIc

)
aN(τ,φ)

+

(
1

ecKl

+
1

ecEc
+

be2
c

EcIc

)
ad(τ,φ)+

3b

2
aτ(τ,φ) (2.51)
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A finite dimension space V has to be chosen (described by the orthogonal basis of Leg-

endre polynomials Pn,n ∈ {1, . . .N} in Ref.[400]) so that,

0τ(x) =
N

∑
k=1

0τkPk

(
2x

l

)
(2.52)

System (2.50) then yields a square linear system, which is solved to provide the shear-

stress field 0τ(x) along the interface Γ as its expansion (2.52) (see [400]). The surface

coupling is thus described by the mechanical parameters of the TEL: Kl and εL2.

3.1.4 Identification

These two parameters can be experimentally estimated using the multiple wavelength

reflection microscope described in Sect. 2.2, which provides a wavelength-dependent

reflectivity field Rwd(x) (related to the chemical surface modification) and a wavelength-

independent reflectivity field Rwi(x), which is related to the surface rotation dw
dx

where

w(x) denotes the out-of-plane cantilever displacement field and x is the cantilever beam

axis (the beam corresponds to − l
2
≤ x ≤ l

2
). Assuming that εL1 = 0 and that the TEL

eigenstrain is related to the wavelength-dependent reflectivity change field through

εl(x) = εL2 = FRwd(x) (2.53)

the in-plane displacement of the lower side of the TEL may be easily calculated. The

in-plane displacement of the upper side of the cantilever is derived from the out-of-plane

displacement w(x), so that the displacement continuity at the interface reads, at equilib-

rium

−tc

2

∫ x

− l
2

d2w

dx2
dη =

F

∫ x

− l
2

Rwd(η)dη+
tc

6

(
1+

Ec

Kl

)∫ x

− l
2

∫ η

− l
2

d3w

dx3
dτdη

for any x (pixels) along the beam. Ec denotes the cantilever Young’s modulus. Assuming

the cantilever is in equilibrium, the continuity condition is recast as

F

∫ x

− l
2

Rwd(η)dη+
tc

6

(
4+

Ec

Kl

)(
dw

dx
(x)− dw

dx

(
− l

2

))

−
(

tc

6

(
4+

Ec

Kl

)
− tc

2

)(
x+

l

2

)
d2w

dx2

(
− l

2

)
= 0 (2.54)

It should be highlighted that Eq.(2.54) can be written for any position x along the beam.

Dealing with full-field data, Eq.(2.54) is written for any pixel along the cantilever beam,

thus providing an over-determined linear system, whose main unknowns are the strain-

reflectivity coefficient F and the characteristic length tc
6

(
4+ Ec

Kl

)
. The other terms (Rwd ,
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dw
dx

) are obtained from the measured fields. It should be highlighted that the curvature

at the base d2w
dx2

(
− l

2

)
is rather difficult to measure since it requires a fairly rich kinematic

description. Instead of solving Eqs.(2.54) in a least-squares sense to get access to the TEL

stiffness parameter Kl , it is proposed to filter Eq.(2.54) by making use of an orthonormal

polynomial basis {Pn(x)}. Pn(x) is of order n and satisfies

∫ l
2

− l
2

Pn(x)Pm(x)dx = δmn (2.55)

where δmn stands for the Kronecker symbol. Let us denote

J(x) = F

∫ x

− l
2

Rwd(η)dη+
tc

6

(
4+

Ec

Kl

)(
dw

dx
(x)− dw

dx

(
− l

2

))
(2.56)

a0 =

∫ l
2

− l
2

J(x)P0(x)dx (2.57)

a1 =
∫ l

2

− l
2

J(x)P1(x)dx (2.58)

Filtering out the 0 and 1 order terms in Eq.(2.54) yields

J(x)−a0P0(x)−a1P1(x) = 0 (2.59)

for any x along the beam, so that the poorly measured term vanishes. The left-hand side

of Eq.2.59 is linear with respect to F and tc
6

(
4+ Ec

Kl

)
so that gathering all the equations

obtained for all the pixels yields an over-determined linear system featuring one equation

per pixel for only 2 unknowns. As one is looking for a non-trivial solution, the resulting

system is solved using a singular value decomposition to provide an estimate for the ratio

ra =
F

tc
6

(
4+ Ec

Kl

) (2.60)

The associated singular value should vanish, thus providing a quality estimator for the

solution. It should be highlighted that the situation with a homogeneous Rwd would make

ra disappear from the projected equation.

The above-described procedure is applied to reflectivity fields obtained using gold-

coated silicon-nitride cantilevers (80×15×0.75µm) placed in a 3-electrodes arrangement

with a KCl (5×10−3M) electrolyte. The gold layer is used as the working electrode. Ev-

ery cantilever is electrically addressed independently, and its potential is swept in the

double-layer regime (0.04V ≤V ≤ 0.4V vs Ag/AgCl) at 4mV/s after an electrochemical

cleaning. 160 images are recorded for each wavelength during three potential cycles, and

the obtained reflectivity change fields are presented in FIG.2.11. The cantilever base is at

the top of the figure, and the cantilever tip is at the bottom. The wavelength-dependent

field Rwd is averaged across the cantilever width and is displayed in FIG.2.11a. The Rwd
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Figure 2.11: Measured reflectivity changes measured when sweeping the potential: a)

wavelength-dependent (red) reflectivity change, b) wavelength-independent reflectivity

change.

field, which is assumed to translate the local chemical activity, is heterogeneous, thus

highlighting the need for full-field measurements. The Rwi field, which is assumed to rep-

resent the mechanical surface rotation, is plotted after width-averaging in FIG.2.11b and

denotes an upward (gold-side) bending of the cantilever when the potential is increased.

A slight strain accumulation can be noticed during the 3 potential cycles. The sensitivity

field is obtained from a calibration procedure to translate the Rwi field into a rotation field
dw
dx

. The Rwd and rotation fields are then used to identify the ra ratio, using the identifica-

tion procedure detailed above for each time step, independently. The identified ra ratio is

displayed in FIG.2.12. This ratio is found to be independent of the time step and is equal

to ra ≃ −7× 10−6µm−1. The larger deviations from this value occur for the first steps,

where a bubble travels near the cantilever base, as seen in FIG.2.11, and at the time steps

the sweeping direction changes, leading to sharp changes in the cantilever electrical state

so that the equilibrium condition can no longer be ensured. This tends to indicate that a

single reaction occurs at the cantilever surface, and that the chosen modeling is adequate

to describe the involved effects.

Considering that full-field set-ups are now available to investigate chemo-mechanical

couplings at the micrometer scale, a modeling based on an asymptotic analysis (and thus

resembling the Gurtin-Murdoch theory) as well as a suited identification procedure have

been proposed to describe chemo-mechanical couplings. It is demonstrated that parame-

ters (thermodynamically) describing the reaction occurring on a micro-cantilever surface

may be retrieved using fields obtained from the multiple-wavelength reflection micro-

scope described in Sect. 2.2. This first attempt also clearly shows that the traditional can-

tilever geometry with a homogeneous reaction is not the most adequate to yield reliable

parameters, thus highlighting the need to deal with heterogeneous chemical modifications.
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Figure 2.12: Identified ratio ra along the experiment.

3.2 Second strain-gradient elasticity

Besides Gurtin-Murdoch-like theories that explicitly consider the chemical effects as ex-

trinsic, it has been shown in Sect.1.2 that higher-order elasticity may also provide an

interesting framework. The second-strain gradient theory proposed by Mindlin [389] has

actually been shown to possibly render both size-dependent elasticity and the equivalent

of surface tension for solids as intrinsic material parameters.

This section derives an Euler-Bernoulli beam theory for isotropic elastic materials

based on a second strain gradient description [405]. As such a description has been

proved to allow for the definition of surface tension for solids, the equations satisfied

by a beam featuring a through-thickness cohesion modulus gradient are established in or-

der to describe the behavior of micro-cantilever sensors. Closed-form solutions are given

for chemical loadings. It is then shown that the involved material parameters may be iden-

tified from full-field measurements and that the shape of the displacement field resulting

from a chemical loading depends on the cantilever thickness as well as on the material pa-

rameters. This makes such a theory potentially able to explain some of the experimental

results found in the literature.

A linear theory of deformation of elastic beams in which the strain-energy density is a

function of strain and its first and second gradients is adopted, and this section is intended

to derive a tractable beam theory based on such a higher order material description. This
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contribution may therefore be seen as an extension of the recent propositions to describe

the behavior of tiny Euler-Bernoulli [363, 364, 365, 366, 367] or Timoshenko [368, 369,

370] beams. The basic assumptions regarding the beam behavior are first presented. The

virtual work principle [362] is then applied to yield the differential equations governing

the mechanical behavior of chemically-modified isotropic beams. These equations are

solved for cases of interest and an identification procedure based on the data provided by

the multiple-wavelength microscope described in Sect. 2.2 is proposed.

3.2.1 Basic assumptions

Considering a beam lying along the x direction and using the Euler-Bernoulli assumption,

the displacement d for a loading in the (x,y) plane reads

dx = u(x)− y
dv(x)

dx
; dy = v(x)

Following Mindlin [389], the free energy density is assumed to depend on the classical

infinitesimal strain ε1, as well as on the triadic ε2 = ∇∇d (symmetric in the first two

positions) and on ε3 = ∇∇∇d (symmetric in the first three positions). ε1 has therefore a

single non-vanishing component

εxx =−y
d2v

dx2
+

du

dx

The non-zero components of ε2 read

εxxx =−y
d3v

dx3
+

d2u

dx2
; εxxy =

d2v

dx2
=−εxyx =−εyxx

The components of ε3 read

εxxxx =−y
d4v

dx4
+

d3u

dx3
; εxxxy =

d3v

dx3
=−εyxxx =−εxyxx =−εxxyx

The elastic behavior is assumed to be isotropic and is modeled according to the consti-

tutive law derived by Mindlin [389]. The elastic behavior is thus described by five coef-

ficients an (found in Toupin’s theory describing surface effects for non-centrosymmetric

materials [388]), a cohesion modulus b0, seven coefficients bn and three coefficients cn in

addition to Lamé’s coefficients λ and µ. The ratios an/µ, b0/µ and cn/µ scale as a squared

length, and the other bn/µ as a length raised to the fourth power.

3.2.2 Virtual work principle for a beam featuring a through-thickness modulus of

cohesion gradient

Mindlin demonstrated that the cohesion modulus b0 contributes to the free energy density

through a term b0εii j j which is then linear with respect to the kinematic variables. It thus
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defines a surface energy (without any external loading), so that one will assume in the

following that all the material parameters are uniform in the cantilever beam, except the

cohesion modulus b0 which is considered to possibly depend on y in order to describe

the chemical modification of one cantilever side compared to the other. Considering a

virtual displacement field d⋆, the virtual change in the potential energy density W (d⋆)
reads [362]

W (d⋆) = τxxε⋆xx + τxxxε⋆xxx +2τyxxε⋆yxx + τxxyε⋆xxy + τxxxxε⋆xxxx

+3τyxxxε⋆yxxx + τxxxyε⋆xxxy

with

τxx = (λ+2µ)εxx +(c1 + c2 + c3)εxxxx

τxxx = 2(a1 +a2 +a3 +a4 +a5)εxxx

τyxx = (a1 +2a4 +a5)εyxx +
(a2

2
+a5

)
εxxy

τxxy = (a2 +2a5)εyxx +2(a3 +a4)εxxy

τxxxx = 2(b1 +b2 +b3 +b4 +b5 +b6 +b7)εxxxx

+
b3

2
(εxxyx + εxxxy)+(c1 + c2 + c3)εxx +b0(y)

τyxxx =
2

3
(2b2 +b3 +b5 +3b6 +2b7)εyxxx +

1

3
(b3 +2b4 +2b7)εxxxy

τxxxy = (b3 +2b4 +2b7)εyxxx +2(b5 +b6)εxxxy

Making use of the following substitutions

A = a1 +a2 +a3 +a4 +a5 = (λ+2µ) l2
A ≥ 0 (2.61)

B = b1 +b2 +b3 +b4 +b5 +b6 +b7 = (λ+2µ) l4
B ≥ 0 (2.62)

C = c1 + c2 + c3 = (λ+2µ) l2
C ≥ 0 (2.63)

Ã = a1 −a2 +a3 +3a4 −a5 = (λ+2µ) l2
Ã

(2.64)

B̃ = b2 −b4 +b5 +2b6 = (λ+2µ) l4
B̃

(2.65)
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and integrating W (d⋆) over a cross-section defined by − t
2 ≤ y ≤ t

2 and −h
2 ≤ z ≤ h

2 and

integrating the result by parts yields

h−1t−1
∫ L

0

∫ h
2

− h
2

∫ t
2

− t
2

W (d⋆)dydzdx =

−
∫ L

0

(
2B

d6u

dx6
+2(C−A)

d4u

dx4
+(λ+2µ)

d2u

dx2

)
u⋆(x)dx

+

[
u⋆(x)

(
2B

d5u

dx5
+2(C−A)

d3u

dx3
+(λ+2µ)

du

dx

)]L

0

−
[

du⋆(x)

dx

(
2B

d4u

dx4
+(C−2A)

d2u

dx2

)]L

0

+

[
d2u⋆(x)

dx2

(
2B

d3u

dx3
+C

du

dx
+ tb̄0

)]L

0

+
∫ L

0

(
Bt2

6

d8v

dx8
+

(
t2C−A

6
−4B̃

)
d6v

dx6
+

(
2Ã+(λ+2µ)

t2

12

)
d4v

dx4

)
v⋆(x)dx

−
[

v⋆(x)

(
Bt2

6

d7v

dx7
+

(
t2C−A

6
−4B̃

)
d5v

dx5
+

(
2Ã+(λ+2µ)

t2

12

)
d3v

dx3

)]L

0

+

[
dv⋆(x)

dx

(
Bt2

6

d6v

dx6
+

(
t2C−A

6
−4B̃

)
d4v

dx4
+

(
2Ã+(λ+2µ)

t2

12

)
d2v

dx2

)]L

0

−
[

d2v⋆(x)

dx2

(
Bt2

6

d5v

dx5
+

(
t2C−2A

12
−4B̃

)
d3v

dx3

)]L

0

+t

[
d3v⋆(x)

dx3

(
Bt

6

d4v

dx4
+

Ct

12

d2v

dx2
− b́0

)]L

0

(2.66)

where the through-thickness b0 distribution appears through its projections:
∫ t

2

− t
2

b0(y)dy = tb̄0 ;

∫ t
2

− t
2

b0(y)ydy = t2b́0

The chosen description calls for two remarks:

• Looking at Eq.(2.66) it should be highlighted that the chosen parametrization yields

decoupled bending and tension problems. It should however be kept in mind that

most of the cantilever sensor applications reported in the literature keep one side of

the cantilever unmodified, so that these situations should be described by a change

in both b̄0 and b́0. As cantilever sensors are commonly based on the detection of the

out-of-plane displacement, the tension problem will be discarded in the following.

• The chosen kinematic does not allow for the Poisson effect to develop. As a conse-

quence, the Lamé’s coefficients appear only through the combination

λ+2µ = E
1

1− 2ν2

1−ν
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where E and ν stand for Young’s modulus and Poisson’s ratio, respectively. In order

to approach the Poisson effect without mixing kinematic and static assumptions (as

for classical beam theories), it is proposed for the sake of simplicity to replace the

combination λ+ 2µ by the Young’s modulus E everywhere in the following, the

identity being obtained for ν = 0 [368]. Mixing kinematic and static assumptions

makes here the resulting description useless, especially if one wishes to get closed-

form solutions. Any enrichment should therefore be motivated by experimental

results.

3.2.3 Solutions for the bending problem of a cantilever beam

General solution For a cantilever beam clamped at x = 0, Eq. (2.66) (restricted to the

tension part) should be satisfied for any test field v⋆ [362] so that

v⋆(x) ∈ Vad , Vad =

{
v(x) ∈ H1 ([0,L])\v(0) = 0,

dv

dx
(0) = 0

}

The displacement field should therefore satisfy ∀x ∈ [0,L]

Bt2

6

d8v

dx8
+

(
t2C−A

6
−4B̃

)
d6v

dx6
+

(
2Ã+E

t2

12

)
d4v

dx4
= 0 (2.67)

Looking for solutions of the form

v(x) = exp

(
Γ

x

lB

)

and making use of the characteristic lengths defined by Eqs.(2.61-2.65) and setting τ= t2

6l2
B

the characteristic polynomial in Γ obtained from Eq.(2.67) reads

l2
BτΓ4 +

(
τ
(
l2
C − l2

A

)
−4

l4
B̃

l2
B

)
Γ2 +2l2

Ã
+

τl2
B

2
= 0 (2.68)

The general solution for Eq. (2.67) therefore reads

v(x) =
3

∑
i=0

qi

( x

L

)i

+
4

∑
j=1

γ j exp

(
Γ j

x

lB

)
=

3

∑
i=0

qi

( x

L

)i

+ z(x) (2.69)

where the four unknowns Γ j are the solutions of Eq. (2.68). The coefficients are to be

obtained from the boundary conditions (obtained from the known displacements and Eq.

(2.66)). The nature (real or complex) of the solutions Γ j is dictated by the sign of

∆ =
((

l2
C − l2

A

)2 −2l4
B

)
τ2 −8

(
l4
B̃

l−2
B

(
l2
C − l2

A

)
− l2

Ã
l2
B

)
τ+

16l8
B̃

l4
B
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and thus depends on the cantilever thickness. It should be highlighted that whatever the

material parameters, limτ→0 ∆ =
16l8

B̃

l4
B

> 0, so that the zero-thickness limit always corre-

sponds to real solutions for Γ2. The sign of ∆ for a non-vanishing thickness is discussed

in Sect. 3.2.4. One should keep in mind that for a given material, the shape of the general

solution may therefore depend on the cantilever thickness.

Pure chemical loading Let us now consider a cantilever beam (clamped at x = 0) under

the action of a heterogeneous chemical surface modification. Eq. (2.66) yields at x = L

l4
Bt2

6

d7v

dx7
+

(
t2 l2

C − l2
A

6
−4l4

B̃

)
d5v

dx5
+

(
2l2

Ã
+

t2

12

)
d3v

dx3
= 0

l4
Bt2

6

d6v

dx6
+

(
t2 l2

C − l2
A

6
−4l4

B̃

)
d4v

dx4
+

(
2l2

Ã
+

t2

12

)
d2v

dx2
= 0

l4
Bt2

6

d5v

dx5
+

(
t2 l2

C −2l2
A

12
−4l4

B̃

)
d3v

dx3
= 0

l4
Bt

6

d4v

dx4
+ t

l2
C

12

d2v

dx2
=

b́0

E

Using at x = 0

l4
Bt2

6

d5v

dx5
+

(
t2 l2

C −2l2
A

12
−4l4

B̃

)
d3v

dx3
= 0 ;

l4
Bt

6

d4v

dx4
+ t

l2
C

12

d2v

dx2
=

b́0

E

the displacement field reads

v(x) = q0 +q1
x

L
+

b́0

(
a1 sinh

(
Γ1L
2lB

)
cosh

(
Γ2

2x−L
2lB

)
−a2 sinh

(
Γ2L
2lB

)
cosh

(
Γ1

2x−L
2lB

))

tE
(

a1b2 sinh
(

Γ1L
2lB

)
cosh

(
Γ2L
2lB

)
+a2b1 sinh

(
Γ2L
2lB

)
cosh

(
Γ1L
2lB

)) (2.70)

where q0 and q1 result from the clamping condition at x = 0 and where

ai =
l4
Bt2

6

(
Γi

lB

)5

+

(
t2 l2

C −2l2
A

12
−4l4

B̃

)(
Γi

lB

)3

; bi =
l4
B

6

(
Γi

lB

)4

+
l2
C

12

(
Γi

lB

)2

The closed-form solution (2.70) for the out-of-plane displacement field induced by the

chemical modification of one cantilever side calls for several comments:

• It should first be highlighted that this solution, in its generality, may significantly

depart from the field resulting from Stoney’s assumptions (uniform curvature). Be-

sides the rigid-body motion, it may be decomposed into the sum of two hyperbolic

cosines with length scales depending on the higher-order elasticity constants. As

setting bn = cn = 0 yields a trivial solution (qi = 0, γi = 0), it is confirmed that a
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first strain gradient theory is not sufficient to describe surface effects for isotropic

materials. This pleads for the use of Mindlin’s description, similarly to the elastic

fluid described in Ref. [406].

• These higher-order elasticity constants necessarily reflect the length scales charac-

terizing the material under scrutiny, and are thus expected to strongly depend on

grain size or degree of crystallinity, or more generally, on the processing condi-

tions. The proposed framework therefore seems particularly suited to include the

observed dependence on surface morphology [288].

• The role of the cantilever thickness is much more complicated than it could be

anticipated from simple beam theories. Besides the t−1 scaling factor, the thickness

drives the shape of the displacement field through the solutions of the characteristic

polynomial (2.68), possibly switching the field from hyperbolic to oscillatory (for

imaginary solutions). One could easily imagine that such a situation experimentally

observed using the (single-point) optical lever technique could lead to some data

misinterpretation or ambiguity.

• Besides the thickness, the solution (2.70) highlights the role of the ratio lB/L , thus

indicating that the cantilever length could act as a filtering parameter in order to

control the amplitude of the component added to the displacement field.

3.2.4 Large thickness regime

As seen from Eq. (2.67), the solution for the chemically-induced bending problem is

driven by the cantilever thickness so that the induced displacement field has an oscilla-

tory component depending on the sign of ∆ (see Eq. (2.70)). Defining the characteristic

material lengths as

λ4 =
(
l2
C − l2

A

)2 −2l4
B (2.71)

λ2
Λ = l2

C − l2
A + l2

Ã

l4
B

l4
B̃

(2.72)

and the threshold thickness

t2
± = 24

l4
B̃

λ2
Λ

(2.73)

the discussion of the sign of ∆ is summarized by FIG.3.2.4.

It is worth noting that for a given characteristic material length, changing the can-

tilever thickness may be enough to switch between hyperbolic and oscillatory displace-

ment fields, thus demonstrating the rather complex role of the cantilever thickness. The

role of the cantilever thickness however simplifies when it becomes large enough to make

the t2 terms in Eq. (2.67) dominant. Discarding the terms arising from the tension prob-

lem and keeping the higher order terms in the bending problem, Eq. (2.66) may be rewrit-

ten for any chemical loading field and approximated by
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Figure 2.13: Sign of ∆ as a function of the material parameters and of the cantilever

thickness.

(Eh)−1t−3
∫ L

0

∫ h
2

− h
2

∫ t
2

− t
2

W (d⋆)dydzdx ≃

+
∫ L

0

(
l4
B

6

d8v

dx8
+

l2
C − l2

A

6

d6v

dx6
+

1

12

d4v

dx4
− d4

dx4

(
b́0

Et

))
v⋆(x)dx

+

[
v⋆(x)

(
− l4

B

6

d7v

dx7
− l2

C − l2
A

6

d5v

dx5
− 1

12

d3v

dx3
+

d3

dx3

(
b́0

Et

))]L

0

+

[
dv⋆(x)

dx

(
l4
B

6

d6v

dx6
+

l2
C − l2

A

6

d4v

dx4
+

1

12

d2v

dx2
− d2

dx2

(
b́0

Et

))]L

0

+

[
d2v⋆(x)

dx2

(
− l4

B

6

d5v

dx5
− l2

C −2l2
A

12

d3v

dx3
+

d

dx

(
b́0

Et

))]L

0

+

[
d3v⋆(x)

dx3

(
l4
B

6

d4v

dx4
+

l2
C

12

d2v

dx2
− b́0

Et

)]L

0

(2.74)

The displacement may then be obtained (under the large thickness assumption) by apply-

ing the procedure detailed in Sect. 3.2.3 and 3.2.3 starting from the approximate virtual

work Eq. (2.74). It is worth noting that under this assumption, the displacement field

is fully determined by l2
A,l4

B and l2
C, definitely making the number of driving parameters

reasonably low.

FIG.2.14 displays the displacement and rotation fields computed using l2
A = 10−3, l4

B =
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Figure 2.14: Displacement (left) and rotation (right) fields obtained using l2
A = 10−3,

l4
B = 10−6, l2

C = 3×10−3, L = 2 and a uniform chemical loading.

10−6, l2
C = 3×10−3, L = 2 and assuming a uniform chemical loading. If the displacement

field seems mainly polynomial, the rotation field shows this polynomial contribution is

“decorated” with an oscillating term with a rather short wavelength. This example thus

illustrates that an identification procedure targeting the material parameters involved in

the large thickness regime should probably rely on measured rotation fields instead of

displacement fields.

3.2.5 Identification

This section thus describes an identification procedure developed to retrieve the main ma-

terial parameters l2
A, l4

B and l2
C from the fields obtained with the set-up presented in Sect.

2.2. The measured wavelength-independent contribution Rwi(x) translates the surface ro-

tation dv
dx
(x) through a sensitivity field dθ(x) that is obtained by a suited calibration pro-

cedure. The measured wavelength-dependent contribution Rwd(x) describes the surface

chemical modification.

For the sake of generality, the Rwd field is expanded on a user-defined functional basis

〈Ψw(x)〉w=0,1,.... It is further assumed that it translates the intensity of the local chemical

modification, so that one assumes

b́0

Et
= α∑

w

γwΨw(x) (2.75)

where 〈γw〉w=0,1,... are the coefficients of the above-mentioned expansion. α is an optical

parameter describing the reflectivity change induced by the chemical modification under

scrutiny. This assumption is very similar to Eq. 2.53 and α (as well as F in Sect. 3.1.4)

are unknowns to be determined.
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One also assumes that the chosen functional basis is chosen such that

d4

dx4
Ψw(x) = 0 ∀w (2.76)

The loading b́0
Et

thus only affects the boundary conditions when calculating the chemically-

induced kinematic fields, so that the rotation field linearly depends on the projections

〈γw〉w=0,1,.... Turning to a pixel-valued rotation field dv
dx
(x), this may be formally written

as
dv

dx
(x) = αM (x, l2

A, l
4
B, l

2
C,L)γ (2.77)

where dv
dx
(x) is the rotation field recast as a vector, γ is a vector gathering the coefficients

〈γw〉w=0,1,... and M a matrix obtained from Eq. 2.74. Similarly, one defines the matrix T
so that

dθ(x)
dv

dx
(x) = αT (x, l2

A, l
4
B, l

2
C,L)γ (2.78)

and the matrix P gathering the pixel-valued components of the user-defined functional

basis Ψw(x). The pixel-valued measured fields Rwi(x) and Rwd(x) are also represented by

the vectors Rwi and Rwd, respectively.

It is then proposed to consider the cost-function η2
M

η2
M =

∫ (
Rwi(x)−dθ(x)

dv

dx
(x)

)2

dx+
∫ (

Rwd(x)−∑
w

γwΨw(x)

)2

dx

= η2
M

(
l2
A, l

4
B, l

2
C,L,α,γ

)
(2.79)

which is the sum of mechanical and chemical contributions. The contributions however

share the same metric (dictated by the reflectivity changes), and also share (under the

above described assumptions) a simple dependence to the coefficients 〈γw〉w=0,1,.... η2
M is

thus to be minimized to retrieve the material parameters as well as the projection γ and

the coefficient α.

The optimal vector γs is obtained by first computing by singular value decomposition

[207] the subspaces I⊥ and D⊥ orthogonal to Rwi and Rwd, respectively

I⊥t
Rwi = 0 (2.80)

D⊥t
Rwd = 0 (2.81)

The matrix Q is defined

Q = P tD⊥I⊥t
T (2.82)

It is easily verified that the optimal γs is collinear to the singular vector γQ associated with

the least singular value of Q +Q t . The scaling factor αQ such that

γs = αQγQ (2.83)
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Figure 2.15: Map of η2
l (l

2
A = 10−3, l4

B, l
2
C) obtained for the displacement fields of FIG.2.14

and assuming uniform chemical loadings (a single constant function in the functional

basis 〈Ψw(x)〉).

is easily obtained as a minimizer of the sole chemical contribution to η2
M

αQ =
Rwd

tP γQ

γQ
tP tP γQ

(2.84)

Similarly, the optimal scaling factor αs is subsequently obtained as the minimizer of the

sole mechanical contribution

αs =
Rwi

tT γs

γs
tT tT γs

(2.85)

The cost-function η2
M is thus minimized with respect to γ and α for a given set

{
l2
A, l

4
B, l

2
C

}
,

thus defining (discarding the dependance to the cantilever length L)

η2
l (l

2
A, l

4
B, l

2
C) = min

γ,α
η2

M(l2
A, l

4
B, l

2
C,γ,α)

= η2
M(l2

A, l
4
B, l

2
C,γs,αs) (2.86)

For a given user-defined basis, η2
l is thus a function of the sole material parameter under

scrutiny. FIG.2.15 displays the map η2
l (l

2
A = 10−3, l4

B, l
2
C) obtained for the displacement

fields of FIG.2.14 (100 pixels, l2
A = 10−3, l4

B = 10−6, l2
C = 3×10−3, L = 2 and assuming

a uniform chemical loading). The function η2
l has been obtained assuming that only

uniform chemical loadings are to be sought, so that 〈Ψw(x)〉= Ψ0 = 1. A single absolute

minimum is found as expected, even though local minima may exist further away from

the solution. It is thus thought that iteratively minimizing η2
l (l

2
A, l

4
B, l

2
C) from a reasonable

initial guess using standard algorithms such as the conjugate gradient method (including

the constrains 2.61-2.65) would yield the actual material parameters.
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Figure 2.16: Map of η2
l (l

2
A = 10−3, l4

B, l
2
C) obtained for the displacement fields of FIG.2.14

and assuming cubic chemical loadings.

Reproducing the same procedure when enlarging the user-defined functional basis so

that it describes polynomial chemical loadings up to the third order yields the map dis-

played in FIG.2.16. This adds a rather limited complexity to the cost-function landscape,

so that the material parameter identification should not be affected by the choice of the

user-defined functional basis.

Finally, it should be mentioned that these maps have also been drawn when corrupting

the measured fields with a gradually increasing, spatially uncorrelated, Gaussian noise.

For up to 30% noise levels, the maps obtained with or without noise are barely distin-

guishable, an almost constant value is simply added to the residual. This also supports

the idea that the involved material parameters should be identifiable using the set-up de-

scribed in Sect. 2.2 and the above-described identification procedure.

An Euler-Bernoulli beam theory for isotropic elastic materials based on a second strain

gradient description with a through-thickness cohesion modulus gradient has been de-

rived in this section. This is thought to accurately describe the mechanical behavior of

micro-cantilever sensors, and closed-form solutions are obtained for chemical loadings.

The proposed modeling involves 6 material parameters, and only 4 (Young’s modulus

included) when the cantilever thickness is large enough. The shape of the displacement

field resulting from a chemical loading is found to depart from the uniform curvature re-

sulting from Stoney’s assumptions, and depends on the cantilever thickness as well as on

the material parameters. Such a theory may then potentially contribute to explain some

of the controversial experimental results found in the literature (when dealing with amor-

phous or polymeric materials). These potentialities are to be experimentally confirmed

and thus require a robust experimental identification procedure. Such a procedure exploit-
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ing full-field measurements obtained with the set-up described in Sect. 2.2 is proposed

and validated on computer-generated data. The research effort is then oriented toward the

use of this set-up with cantilevers made of a homogeneous, isotropic material, in order

to test for the validity range of this second strain gradient description. Choosing such a

material, which should simultaneously

• allow the implementation of a suited calibration procedure for the measurement set-

up (of Sect. 2.2) when the cantilever is made of a single material and thus does not

feature any bimaterial effect (see Sect. 2.2.3);

• display surfaces which are easy to chemically modify;

is thus the next barrier to overcome.
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It is shown herein that full-field measurements provide the opportunity to circumvent

the difficulties arising when dealing with two experimental aspects of the mechanics of

micrometer-sized structures.

• The need to assess elastic parameters for the used materials has generated a plethora

of characterization methods as a result of the diversity of the possible options to

strike the balance between various needs and constrains:

– One has to access the local mechanical state in the structure under scrutiny;

– This testing structure should be easily reproducible, and this is a real challenge

with micrometer-sized structures (because of the geometrical fluctuations and

of the material properties);

– The testing device should be easy to handle.

By relaxing the need to establish a uniform stress/strain state in the tested volume,

full-field measurements allow the use of micrometer-sized structures (for which the

geometrical margins become comparable to their smallest dimension) to access the

mechanical properties of the involved materials. As these micrometer-sized struc-

tures are usually defined out of thin films and are thus essentially two-dimensional,

the kinematic hypothesis associated with plate or beam theories may be used to

estimate the displacement at any point of the structure from the displacement field

measured at their surface. It has been shown that reflective patterns may be de-

posited onto these films (Chap. 1, Sect.2.2) to allow for digital image correlation

for instance, and various systems (such as the one presented in Chap. 1, Sect. 2.1)

provide access to the out-of-plane deformation of the structures.

Alternatively, it is proposed to characterize thin film materials without involving

any micromachined structure. The Scanning Microdeformation Microscope has

been revisited to allow for a robust estimation of the decoupled elastic parameters

of isotropic materials (Chap. 1, Sect. 3.2). Efforts are now put to extend this

characterization method to anisotropic materials and should benefit from full-field

measurements near the tip (Chap. 1, Sect. 3.3).

• Downsizing mechanical structures significantly increases their surface/volume ra-

tio, so that micrometer-sized structures have also been shown to deform as a result
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of the (heterogeneous) chemical modification of their surface. This has been ex-

ploited to devise micromechanical sensors for a wide range of target molecules, but

the modeling effort has been somehow left behind. Describing surface effects in

the continuum mechanics framework is particularly challenging and two possible

approaches are described:

– The first one considers the surface as a volume whose thickness vanishes

and that is ascribed to deform together with the underlying body. A ther-

modynamic analysis is used to set the surface mechanical parameters, and an

asymptotic analysis is used to retrieve the body deformation.

– The second one is based on second-strain gradient elasticity, which has been

shown to feature a cohesion modulus defining a surface property. The cor-

responding Euler-Bernoulli beam theory is shown to involve only three ad-

ditional elastic parameters, so that the complexity remains modest enough to

allow their identification from experimental data.

For both approaches, it has been shown that full-field measurements obtained with

an innovative imaging set-up described in Chap. 2, Sect. 2.2 provide the mechani-

cal and chemical information required to identify the involved parameters, and the

described identification procedures yields a figure of merit of the chosen frame-

work.

These two examples thus illustrate the importance of accessing redundant mechanical data

when dealing with the mechanics of micrometer-sized structures. As already mentioned,

further developments for the elastic characterization of materials will focus on extending

the proposed approach to anisotropic materials. Considering the surface coupling phe-

nomena, the two proposed modeling frameworks allow to draw perspectives along two

lines:

• The choice among the exposed modeling frameworks should be based on a wide

range of experimental systems, ranging from model systems (cantilevers made of

a uniform isotropic material) to multi-layered systems (such as those proposed in

Chap. 2, Sect. 2.1). In should be highlighted that the two frameworks represent two

rather different options, namely, the surface effect is described either as extrinsic

for an asymptotic analysis or as a material parameter (intrinsic) in the second-strain

gradient theory. It is first to be noted that under the latter, identifying the mate-

rial parameters driving the structure response is identifying elastic parameters, thus

somehow merging the two main lines (elasticity and surface couplings) of the work

described herein. Second, choosing among these two frameworks will have major

consequences on the further developments of the field. Where the second-strain

gradient elasticity framework is shown to be the more adequate, it paves the way

to material optimization and to the extensive study of the relationships between the

processing conditions and the properties of the obtained multi-functional materials.
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• Regarding applications, it seems that the development of innovative cantilever sen-

sors has been rather limited the very last years, despite the significant effort made

to develop commercial set-ups. This approach may however be renewed in case

the above-mentioned modeling effort demonstrates that alternative kinematic quan-

tities should be measured to yield unambiguous data in sensing applications. Be-

sides these applications relying on the mechanical transduction of chemical stimuli,

it should be highlighted that the reverse coupling (i.e., chemical modifications in-

duced by a mechanical deformation) on similar systems has received very little

attention so far. There is thus a clear field for investigations there and the target

point could be the development of homeostatic systems such as the recently pro-

posed hydrogel-based systems [13]. The use of silicon-based materials or metals

exploiting the above-studied coupling phenomena (instead of the volume change of

hydrogels) would probably lead to a new family of homeostatic systems possibly

featuring much higher energy densities.
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The expression for condition (1.80) reads

R ( f , p0, p1, p2, p3, p4, p5, p6, p7, p8, p9,X ,Z) =
1

6µ( f , p0)4p2
2{

3p2
3X
[
6XZ− p1 p9µ( f , p0)

4 (2Z+1)
]

F1 ( f , p0, p4, p5, p6, p7, p8)

+p2
3µ( f , p0)

3
(

p1 p9µ( f , p0)
4 −6XZ

)
F2 ( f , p0, p1, p4, p5, p6, p7, p8)

+6µ( f , p0)
(
3X − p1 p9µ( f , p0)

4
)

F3 ( f , p0, p1, p2, p4, p5, p6, p7, p8)

+6µ( f , p0)
4F4 ( f , p0, p1, p2, p4, p5, p6, p7, p8)

}

+
p2

1 p2
9 p2

3µ( f , p0)
4

6p2
2

F1 ( f , p0, p4, p5, p6, p7, p8) = 0 (87)

where the functions Fi stand for

F1 ( f , p0, p4, p5, p6, p7, p8) =

θ( f , p0, p4, p5) [Σ( f , p0, p6, p7)T1 ( f , p0, p8)+T2 ( f , p0, p8)]

+Σ( f , p0, p6, p7)T3 ( f , p0, p8)+T4 ( f , p0, p8) (88)

F2 ( f , p0, p1, p4, p5, p6, p7, p8) =

θ( f , p0, p4, p5) [Σ( f , p0, p6, p7)T5 ( f , p0, p1, p8)+T6 ( f , p0, p1, p8)]

+Σ( f , p0, p6, p7)T7 ( f , p0, p1, p8)+T8 ( f , p0, p1, p8) (89)

F3 ( f , p0, p1, p2, p4, p5, p6, p7, p8) =

θ( f , p0, p4, p5) [Σ( f , p0, p6, p7)T9 ( f , p0, p1, p2, p8)+T10 ( f , p0, p1, p2, p8)]

+Σ( f , p0, p6, p7)T11 ( f , p0, p1, p2, p8)+T12 ( f , p0, p1, p2, p8) (90)

F4 ( f , p0, p1, p2, p4, p5, p6, p7, p8) =

θ( f , p0, p4, p5) [Σ( f , p0, p6, p7)T13 ( f , p0, p1, p2, p8)+T14 ( f , p0, p1, p2, p8)]

+Σ( f , p0, p6, p7)T15 ( f , p0, p1, p2, p8)+T16 ( f , p0, p1, p2, p8) (91)

and the Ti read

T1 ( f , p0, p8) = C− (L)C− (L)+S− (L)S+ (L) (92)

T2 ( f , p0, p8) = S+ (L)C− (L)−S− (L)C+ (L) (93)

T3 ( f , p0, p8) = C− (L)S− (L)−C+ (L)S+ (L) (94)

T4 ( f , p0, p8) = S− (L)S+ (L)+C+ (L)C+ (L) (95)
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where the functions defined by Eqs.(1.69-1.70) should be seen as functions of ( f , p0, p8)
if taken at x = L

T5 ( f , p0, p1, p8) = C− (L)U1 ( f , p0, p1, p8)−S+ (L)U2 ( f , p0, p1, p8) (96)

T6 ( f , p0, p1, p8) = −C− (L)U3 ( f , p0, p1, p8)+C+ (L)U2 ( f , p0, p1, p8) (97)

T7 ( f , p0, p1, p8) = S− (L)U1 ( f , p0, p1, p8)−S+ (L)U4 ( f , p0, p1, p8) (98)

T8 ( f , p0, p1, p8) = −S− (L)U3 ( f , p0, p1, p8)+C+ (L)U4 ( f , p0, p1, p8) (99)

with

U1 ( f , p0, p1, p8) = S− (L)+µ( f , p0) p1C− (L) (100)

U2 ( f , p0, p1, p8) = C+ (L)−µ( f , p0) p1S− (L) (101)

U3 ( f , p0, p1, p8) = C− (L)−µ( f , p0) p1S+ (L) (102)

U4 ( f , p0, p1, p8) = S+ (L)+µ( f , p0) p1C+ (L) (103)

T9 ( f , p0, p1, p2, p8) = S− (L)V1 ( f , p0, p1, p2, p8)

−C− (L)V2 ( f , p0, p1, p2, p8) (104)

T10 ( f , p0, p1, p2, p8) = S− (L)V3 ( f , p0, p1, p2, p8)

−S+ (L)V2 ( f , p0, p1, p2, p8) (105)

T11 ( f , p0, p1, p2, p8) = C− (L)V4 ( f , p0, p1, p2, p8)

−C+ (L)V1 ( f , p0, p1, p2, p8) (106)

T12 ( f , p0, p1, p2, p8) = S+ (L)V4 ( f , p0, p1, p2, p8)

−C+ (L)V3 ( f , p0, p1, p2, p8) (107)

with

V1 ( f , p0, p1, p2, p8) = p2
2C+ (L)− p1µ( f , p0)

3
S+ (L) (108)

V2 ( f , p0, p1, p2, p8) = p2
2S+ (L)+ p1µ( f , p0)

3
C− (L) (109)

V3 ( f , p0, p1, p2, p8) = p2
2S− (L)+ p1µ( f , p0)

3
C+ (L) (110)

V4 ( f , p0, p1, p2, p8) = p2
2C− (L)− p1µ( f , p0)

3
S− (L) (111)

The free resonance condition (i.e., when the resonator is not in contact) is obtained by

setting X = 0 and p9 = 0

R f ree( f , p0, p1, p2, p4, p5, p6, p7, p8) =

1

µ4( f , p0)p2
2

{
µ( f , p0)

[
p0p4 − p5µ4

]
T14( f , p0, p1, p2, p8)

+
[
p2

0 p4 p7 − p0 p4 p6µ( f , p0)
4 − p0 p5 p7µ( f , p0)

4 + p5 p6µ( f , p0)
8
]

T13( f , p0, p1, p2, p8)

+µ( f , p0)
3
[
p0 p7 −µ( f , p0)

4p6

]
T15( f , p0, p1, p2, p8)

+µ( f , p0)
4T16( f , p0, p1, p2, p8)

}
= 0 (112)
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AFM: Atomic Force Microscope

ASTM: American Society for Testing and Materials

DIC: Digital Image Correlation

EBSD: Electron BackScatter Diffraction

ESPI: Electronic Speckle Pattern Interferometry

FF-SMM: Full-Field Scanning Microdeformation Microscope

FIB: Focused Ion Beam

MEMS: Micro-Elctro-Mechanical Systems

MM-SMM: Multiple-Mode Scanning Microdeformation Microscope

PAS: Plane of Apparent Splitting

PDMS: Poly-DiMethylSiloxane

PSD: Position-Sensitive Detector

SEM: Scanning Electron Microscope

SMM: Scanning Microdeformation Microscope

TE: Transverse Electrical

TEL: Thermodynamically Equivalent Layer

TEM: Transmission Electron Microscope

TM: Transverse Magnetic
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[38] ERICSON F. and SCHWEITZ J.-Å. (1990) Micromechanical fracture strength of

silicon. J. Appl. Phys., 68(11), p. 5840-5844.

[39] WILSON C.J., ORMEGGI A. and NARBUTOVSKIH M. (1996). Fracture testing of

silicon microcantilever beams. J. Appl. Phys., 79(5), p. 2386-2393.

[40] GREEK S., ERICSON F., JOHANSSON S. and SCHWEITZ J.-Å. (1997). In situ
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GRÉDIAC M., HILD F., MISTOU S., MOLIMARD J., ORTEU J.-J., ROBERT

L., SURREL Y., VACHER P. and WATTRISSE B. (2009). Assessment of Digital

Image Correlation Measurement Errors: Methodology and Results. Experimental

Mechanics, 49(3), p. 353-370.

[128] AMIOT F., BORNERT M., DOUMALIN P., DUPRÉ J.-C., FAZZINI M., ORTEU J.-
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