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Chapitre

Introduction

Le pétrole est une roche liquide carbonée, ou huile minérale. L’exploitation de cette
énergie fossile a été, au 20éme siécle, 'un des piliers de 1’économie industrielle, car
le pétrole a fourni la quasi totalité des carburants liquides. En ce début de 21éme
siécle, la question d’une énergie de substitution ne semble pas encore résolue. Le
pétrole est le produit de I’histoire géologique d'une région, et particulierement de la
succession de trois conditions :

e [’accumulation de matiére organique, végétale essentiellement :

— sur notre planéte, il y a, en permanence, des organismes qui meurent.
Ces organismes (nous inclus) sont composés pour I'essentiel de carbone,
d’hydrogéne, d’azote et d’oxygéne et a leur mort, ces délicats assemblages
sont cassés - on parle de décomposition et l'essentiel est recyclé et réu-
tilisé rapidement par la biosphére. Cependant, une petite minorité de la
matiére morte sédimente, c’est-a-dire qu’elle s’accumule par gravité et est
enfouie au sein de la matiére minérale. Le processus de sédimentation est
un processus permanent au fond des océans et des lacs, qui produit certes
peu d’effets a ’échelle d’une vie humaine, mais est d’une importance cap-
itale a I'échelle des temps dits géologiques (quelques millions d’années a
quelques milliards d’années).

e Sa maturation en hydrocarbures :

— Au fur et & mesure que des couches de sédiments se déposent au-dessus de
cette strate riche en matiéres organiques, la roche-mére ou roche-source,
croit en température et en pression. Dans ces conditions, la matiére
organique se transforme en kérogéne, un extrait sec disséminé dans la
roche sous forme de petits grumeaux. Si la température devient suffisante
(le seuil est & au moins 50°C, généralement plus selon la nature de la roche
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et du kérogeéne), le kérogéne subit une décomposition d’origine thermique,
la pyrolyse.

— Dans un premier temps, cette décomposition expulse de I'eau et du COq
du kérogéne. Ensuite, les températures devenant croissantes avec le
temps, le kérogéne expulse des hydrocarbures liquides (c’est le fameux
pétrole, que I'on appelle encore huile) et du gaz naturel. On appelle cette
expulsion la migration primaire dans le jargon pétrolier.

e Son piégeage :

— Aprés avoir été expulsés de la roche mére, les hydrocarbures et le gaz (et
I'eau) entament alors ce que I'on appelle une migration secondaire : ils
suintent le long des couches perméables qui jouxtent les couches de roche
meére, en se dirigeant vers la surface sous 'effet de la pression des couches
de sédiment situées au-dessus, mais une minime quantité est piégée :
elle se retrouve dans une zone perméable (généralement du sable, des
carbonates ou des dolomites) qu’on appelle la roche-réservoir, et ne peut
s’échapper a cause d’'une couche imperméable au dessus d’elle (composée
d’argile, de schiste et de gypse) formant une structure-piége .

— Il existe plusieurs types de piéges. Les plus grands gisements sont en
général logés dans des piéges anticlinaux (tournant leur courbure vers le

bas).

Le pétrole et le gaz se trouvent donc dans les profondeurs du sous-sol, ot ils se
sont accumulés pendant des millions d’années. Pour y accéder, il n’existe qu’un seul
moyen : forer des puits jusqu’aux gisements, souvent a plusieurs kilométres sous
terre. Depuis la surface, on peut essayer de prévoir ol se trouvent les gisements et
émettre des hypothéses. Mais on n’est jamais sir qu'’ils existent tant qu’on ne les a
pas atteints avec un forage, tant que les hypothéses n’ont pas été vérifiées et le cotit
de leur vérification est élevé.

Aussi, la modélisation de bassins sédimentaires et de réservoir est de plus en plus
utilisée par les compagnies pétroliéres pour conduire leurs activités d’exploration afin
d’en réduire les risques et les cotits. La modélisation de bassins sédimentaires vise
a simuler, a des échelles de temps et d’espaces géologiques, la migration de 1’huile
et du gaz dans un bassin sédimentaire afin de prédire la localisation, la qualité et
la quantité d’huile piégée dans le réservoir. La modélisation de réservoir quant a
elle a pour but d’optimiser I’emplacement des puits et de prédire la production d’un
réservoir.

L’impact environnemental le plus préoccupant du pétrole est I’émission de dioxyde
de carbone résultant de sa combustion comme carburant. Pour limiter sa contri-
bution a l'acidification des milieux et aux modifications climatiques, le stockage
géologique du C'Os est envisagé comme une des formes possibles de séquestration

10
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du carbone alors que les foréts, tourbiéres et puits de carbone ne suffisent plus a
absorber les émissions humaines de C'O,. Dans ce contexte, la modélisation de
I'injection et du stockage du C'Oy a un réle important a jouer, notamment pour
I’étude des mécanismes d’écoulement, la caractérisation des sites et ’étude de la
sécurité a long terme du stockage.

Ces trois exemples (simulation de la migration des hydrocarbures, simulation de
leur production, simulation de I’enfouissement du C'Oy) illustrent le besoin de pou-
voir simuler des écoulements darcéens multiphasiques de fluides en milieux poreux
et hétérogeénes c’est a dire simuler I’écoulement de fluides (huile, gaz) dans des mi-
lieux poreux (bassins sédimentaires) ot se sont accumulées pendant des dizaines de
millions d’années des couches superposées de différentes roches (des sables, des car-
bonates ou des dolomites) tout en permettant de connaitre la qualité et la quantité
de fluides présents dans le bassin.

La précision de ces simulations dépend de la qualité des données, de la représen-
tation des phénomeénes physiques, de l'efficacité des algorithmes numériques. Une
simulation numérique efficace exige dés lors de concevoir des schémas de discrétisa-
tion précis et robustes qui devront étre adaptés aussi bien a la complexité du sys-
teme des équations qu’a a la complexité géologique des milieux poreux hétérogénes.
Pour cela, le maillage doit exactement décrire les caractéristiques stratigraphiques et
structurales complexes du bassin telles que les couches stratigraphiques hétérogénes,
les canaux, les érosions, et les failles. Il doit étre localement raffiné autour des
puits et étre adapté aux modéles de puits complexes tels que les puits déviés ou
multi-branches. Ceci exige I'utilisation de maillages complexes qui mélangent par
exemple des grilles hexaédriques structurées présentant des contrastes de dimension
(longueur, largeur, épaisseur) assez grands pour suivre la géométrie des couches avec
des maillages localement non structurés.

Un ingrédient principal du schéma de discrétisation est la discrétisation du flux
de diffusion intervenant dans la loi de Darcy qui régit les écoulements en milieux
poreux, donné par —KV P, ou K est le tenseur de perméabilité et VP,, « = w, 0, g
est le gradient de pression de la phase eau, huile ou gaz. Les directions principales du
champ de perméabilité suivent principalement celles des couches stratigraphiques,
en présence d’hétérogénéités habituellement fortes entre les couches. En outre, les
caractéristiques géologiques telles que les canaux, failles, ménent a des hétérogénéités
fortes du champ de perméabilités. Les caractéristiques géologiques a 1’échelle des
hétérogénéités les plus fines ou des fracturations sont prises en compte, suivant le
maillage utilisé pour la simulation des écoulements, par des tenseurs de perméabilités
pleins non alignés avec la direction de la grille, avec dans certains cas de grands
rapports d’anisotropie.

Pour toutes ces raisons, le schéma de discrétisation doit s’adapter a des mailla-
ges polyédriques généraux et a des tenseurs de perméabilités pleins présentant de
fortes hétérogénéités, de grand rapports d’anisotropie et non alignés avec les direc-

11
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tions du maillage. Dans ce contexte, ’approximation des flux de diffusion par le
schéma a deux points couramment utilisé dans la plupart des simulateurs commer-
ciaux conduit a de grandes erreurs numériques. De nombreuses méthodes existent
pour obtenir des approximations plus précises des flux de diffusion sur des mailles
polygonales et polyédriques et pour des milieux anisotropes hétérogénes, comme
la méthode des éléments finis mixtes hybrides (cf [55]), la méthode des différences
finies mimétiques(cf [26]), la méthode des volumes finis hybrides (cf [43]) et la méth-
ode des MPFA (Multi Point Flux Approximation) introduite au milieu des années
90 (cf [4,36]). Néanmoins, ces méthodes ne présentent pas toujours les propriétés
souhaitées de précision, de stabilité et d’efficacité en terme de temps calcul.

Les objectifs de notre travail se sont inscrits dans ces directions en recherchant
plus précisément des schémas numériques présentant les caractéristiques suivantes :

e linéarité des flux en fonction des inconnues,

e conservativité des flux, (c’est le principe de base des méthodes de volumes
finis)

e consistance des flux, (cette notion devra étre précisée)

e stabilité c’est a dire que la solution doit étre bornée pour une certaine norme
par la norme du terme source (dans le cadre défini dans [46], cela est obtenu
a partir de la notion de coercivité, qui permet d’assurer I'existence, I'unicité,
la stabilité de la solution et la convergence du schéma.

Pour un certain nombre de schémas présentés dans la littérature, il n’existe pas de
preuve mathématique de leur convergence. Dans le présent travail, nous étudierons
la convergence des schémas dans le cas des maillages généraux avec des hypothéses
habituelles de régularité de forme, et de champs de perméabilités hétérogénes anisotropes
discontinues ayant des valeurs propres uniformément bornées par au-dessus et en-
dessous.

Nous rechercherons également la vérification de propriétés additionnelles. Le
schéma de discrétisation devra fournir des solutions assez précises pour des coeffi-
cients de diffusion constants par maille méme dans le cas de grands sauts et de grilles
grossiéres fréquemment rencontrées dans les applications de 'industrie pétroliére.

Cette propriété est souvent satisfaite par I'utilisation additionnelle d’inconnues
intermédiaires a chaque face interne du maillage afin de capturer la singularité de
la solution a cet endroit. Ensuite, le stencil du flux traversant une face devra étre
compact : cela signifie que seules les proches cellules voisines et les faces de bords
voisines de la face en question devront intervenir dans 'approximation du flux. Cette
propriété permet des gains trés significatifs de temps calcul lors de la résolution,
sur des ordinateurs a architecture paralléle, des systémes linéaires résultant de la
discrétisation et de la linéarisation des écoulements darcéens multiphasiques.

12
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Les méthodes numériques présentées dans ce mémoire réalisent ainsi chacune un
certain nombre d’avancées dans ces directions. Nous avons développé chacune d’elle
pour répondre plus particuliérement a 'une de ces propriétés recherchées, dont la
prépondérance peut varier selon le contexte industriel. Pour les présenter nous avons

divisé le mémoire en cinq parties :

Présentation du probléme modéle, espaces discrets et cadre mathématique
nécessaires a l’analyse.

Des exemples de schémas non symétriques.
Des exemples de schémas symétriques.
Synthése et résultats numériques 2D, 3D.

Annexe

Plus précisément le contenu de ces parties est :

Dans la premiére partie, on expose le probléme modéle que 1’on va considérer,
on introduit une discrétisation du domaine, des espaces d’approximation, puis
un cadre mathématique pour I’analyse des schémas volumes finis inspiré de
celui introduit dans [42,43|. On tire alors une preuve de convergence pour tous
les schémas volumes finis, ce qui étend le résultat obtenu dans |45] aux schémas
non symeétriques, puis une estimation d’erreur est donnée. L’idée essentielle
introduite dans [26, 46] est de mimer le probléme continu [LJ] exprimé en
formulation faible afin d’obtenir la convergence des solutions discrétes
des schémas vers la solution faible du probléme sur maillages généraux,
pour des tenseurs de diffusion anisotrope, hétérogéne. Cette partie met en
lumiére les hypothéses nécessaires a la preuve de convergence, c’est a dire une
hypothése de stabilité et une hypothése de consistance du schéma. L.’hypothése
de consistance jusqu’ici reposait sur des fonctions tests appartenant a C2.
Cependant, il arrive que 'on ne puisse pas vérifier cette hypothése pour des
fonctions tests appartenant & C? méme pour des tenseurs de diffusion régulier
par morceaux, comme c’est le cas pour le schéma MPFA L introduit dans [6].
L’idée originale a été d’introduire comme espace des fonctions tests I’ensemble
des fonctions réguliéres par morceaux suivant les zones de régularité du tenseur
et de flux continus puis de montrer que I’hypothése de consistance peut étre
reformulée en considérant cet espace de fonctions tests. Cette idée nous a
permis alors d’obtenir la consistance du schéma L. Ces travaux font I'objet
d’un article en préparation.

Dans la deuxiéme partie, on fournit trois exemples de schémas non symétriques,
dont un original. Le premier est le schéma MPFA O introduit dans [1], souvent

13
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utilisé dans les codes industriels mais pour lequel il n’y avait pas de résultat de
convergence sur des maillages généraux polygonaux et polyédriques, et aucun
résultat de convergence prenant en compte des coefficients de diffusions dis-
continus qui sont essentiels dans les applications des compagnies pétroliéres.
L’avantage de ce schéma est d’étre un schéma centré aux mailles donnant
des flux au sens classique des schémas volumes finis avec en plus un stencil
compact. A partir du cadre mathématique introduit dans la premiére partie,
nous établissons la preuve de convergence du schéma MPFA O sur maillages
généraux pour des tenseurs de diffusion discontinus pouvant méme appartenir
a L sous I’hypothése de stabilité, ce qui constitue un résultat nouveau. Le
deuxiéme schéma est le schéma G tiré d’'une famille de schémas que nous avons
introduits et qui généralisent la méthode MPFA L introduite dans [6]. L’idée
est d’écrire le flux traversant une face comme une moyenne pondérée de flux
de type L. Un choix approprié des poids permet d’améliorer la stabilité de la
méthode. Le troisiéme schéma est Cell-Gradient method qui a montré sa ro-
bustesse sur les différents cas tests numériques, ce schéma a été congu dans le
but d’obtenir un stencil réduit par volume controle. La preuve de convergence
pour tous ces schémas est obtenue via le cadre mathématique. Dans cette
partie, on constate que I'inconvénient de ces schémas est que leur convergence
dépend de la condition de stabilité qui ne peut étre vérifiée que numérique-
ment. Ces travaux ont fait 'objet de trois articles, I'un publié [15] et les deux
autres soumis ( [10], [12, §3.2]).

Dans la troisiéme partie, on introduit une famille de schémas symétriques pour
laquelle la condition de stabilité est vérifiée uniquement sous des hypothéses de
régularité du maillage. A partir de cette famille, on a proposé deux schémas,
le premier est le schéma VFSYM qui a 'avantage par rapport au schéma
SUCCES de ne conduire qu’a des flux aux faces du maillage. Le second schéma
est le schéma DIOPTRE qui réunit toutes les caractéristiques souhaitées pour
un schéma volumes finis, mais dont la généralisation en 3D reste a étudier.
Ces travaux ont fait 'objet de deux articles publiés ( [13], [14]).

Dans la quatriéme partie, une synthése est faite et une comparaison numérique
en 2D et 3D est faite entre les différents schémas étudiés.

La cinquiéme partie constitue I'annexe de la thése. On donne deux autres ex-
emples de reconstruction de gradients discrets pour la définition du schéma
MPFA O, la preuve de densité de I'espace de fonctions tests dans HE ()
suivant les idées de [34] et nous proposons un cadre unifié d’analyse pour
de nombreuses méthodes non conformes, en particulier, les méthodes volume
fini (FV) et discontinu Galerkin (dg). Bien que les analogies entre ces deux
familles de méthodes de discrétisation ont souvent été mentionnées, I'analyse

14
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unifiée actuelle est, au meilleur de notre connaissance, nouvelle. Le travail sur
I’analyse unifiée a fait 'objet d’un article soumis [12].

15
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Chapitre 11

Reésultats généraux pour I’'étude des
schémas volumes finis

Un ingrédient principal des schémas de discrétisation pour la simulation des écoule-
ments des hydrocarbures en milieux poreux est la discrétisation du flux de diffusion
intervenant dans la loi de Darcy qui régit les écoulements en milieux poreux, typique-
ment donné par —KVPEP, ou K est le tenseur de perméabilité et VFP,, a = w,o0,g
est le gradient de pression de la phase eau, huile ou gaz. Comme évoqué dans
I'introduction, le tenseur de perméabilité est un tenseur hétérogéene, plein non aligné
avec la direction de la grille, avec dans certains cas de grands rapports d’anisotropie.
Pour obtenir des simulations précises, une bonne approximation des flux de diffusion
sur des maillages polygonaux et polyédriques est alors primordiale. Dans ce chapitre,
nous prouvons la convergence des schémas volumes finis pour des problémes de dif-
fusion hétérogénes et anisotropes. Les résultats nouveaux abordés dans ce chapitre,
ont été de fournir un cadre mathématique inspiré de celui introduit dans [42,43], une
preuve de convergence pour les schémas volumes finis sur maillages généraux avec
tenseurs de diffusion L°°, ce qui est essentiel dans de nombreuses applications et une
étude par estimation d’erreur pour des tenseurs dans W5H* et cela sans régularité
supplémentaire de la solution du probléme continu. Ces travaux font ’objet d’un
article en préparation.

e Dans la premiére partie de ce chapitre, nous introduirons le probléme modeéle
considéré ([LI]), caractérisant notre recherche d’une bonne approximation du
flux de diffusion.

e Dans la deuxiéme partie de ce chapitre, nous introduirons la discrétisation et
les espaces discrets nécessaires a la définition des schémas volumes finis.

17
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e Dans la troisiéme partie, nous ferons I'étude de la convergence des schémas
volumes finis a travers sa formulation variationnelle, puis une étude par esti-
mation d’erreur.

II.1 The continuous problem

The problem is to find an approximation of %, weak solution to the following equa-
tion:

—divAVa = f in Q, 1]
u=20 on 0,
under the following assumptions:
) is an open bounded connected polygonal subset of R?, d € N*, [11.2]
A is a measurable function from Q to My(R),
where M ;(R) denotes the set of d x d matrices,
[11.3]

such that for a.e. z € Q, A(z) is symmetric,
and the set of its eigenvalues is included in [a(z), f(x)]

x
where o, f € L>() are such that 0 < oy < a(z) < f(z) < ) for a.e. x € €,

and
feL*). 11.4]

Définition I1.1.1 (Weak solution) Under hypotheses ([LA)-(II4), @ is a weak
solution of ([L1) if

u € Hy(Q),

/ A(z)Vu(z) - Vo(z)de = / f(z)v(z)dz, Yve Hy(Q). [11.5]
Q Q
It is known that there exists a unique weak solution of ([L]).

In what follows, we shall provide the definition of a finite volume (FV) dis-
cretization of problem [[LT] as well as an analysis framework covering fairly general
(possibly nonconforming) polygonal meshes.

I11.2 Discretization for Finite volume scheme

Définition I1.2.1 (Admissible space discretization) Let Q) be an open bounded
subset of R?, with d € N*, and 0Q = Q\Q its boundary. An admissible finite volume
discretization of S0, denoted by D, is given by D = (T,E,P,V), where:

18
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- T is the set of control volumes which corresponds to a finite family of non
empty connected open disjoint subsets of Q0 such that Q) = Uger K (see figure

[[I3). For any K € T, let 0K = K \ K be the boundary of K and mg > 0
denote the measure of K.

o\ %Q

Figure I1.1: 7, the set of control volumes.

- &€ is a finite family of disjoint subsets of Q such that, for all 0 € £, o is a
non empty open subset of a hyperplane of R%, which has a measure m, > 0 for
the (d-1)-dimensional measure, for example in 2D, it is a set of segments (see

figure [[L2).

/N

Figure I1.2: £, a set of segments in 2D, polygons in 3D

19
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We assume that, for all K € T, there exists a subset Ex of £ such that 0K =
Useer 0 (see figure [[L3).

K/

Figure 11.3: Ex(resp Ex+) the set of edges of K € T (resp K’ € T).

Notice that the set UgerEx is included in & (see figure [[I]).

(a) € (b) Uker€k

Figure I1.4: UgerEx C E.

Usually, the set UgerEK is known as the edges of the mesh, for the sake of
simplicity, an element o € & is called edge.

The set of interior (resp. boundary) edges is denoted by En (Tesp. Eext), that
is Emp = {0 €& 0 & 0N} (resp. Eow = {0 € E; 0 C IN}).

For all K € T, we denote by Eny i, the set of edges inside the control volume
K which corresponds to the set {o € En\Ex, o C K} (in figure [T (a), Enx
is the set of blue edges).

We then denote by 1, the set of control volume sharing the edge o which
corresponds to the set {K € T,0 C K}. For all o € Ex, K € T, we assume
that either 1, has ezactly one element and then o € 92 (boundary edge) or T,
has exactly two elements and then o € &y (interior edge). For all o € €, we
denote by x, the barycentre of o.
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- P is a finite family of points of Q indexed by T, denoted by P = (x) ger Such
that v € K and K is strictly star-shaped with respect to xy (see figure[[L]).

,,,,,,,,,,,,,,,,,,,,,,,

Figure I1.5: ‘P, the centers of the mesh.

-V is a finite family of points (“the vertices of the mesh”) such that V C
Uker (Unycer, card(tie)>d (Nocry @) (see figure [LA).

o SRR .
I s |
I : ~ |
1 S b
|

1 ,.\ i | ~ 1
| N e | Nyl
| \ ® \ L
| \ ~ ) |
| N I

\\" \.\ i
* 7777777777 S |
I ! N I
| ! ol
| | L]
| LN |
| : ~ |
| |
| ! 1
| ! |
| ! |
| | Ny
®----—------ - - - -—------ *

Figure I1.6: V), the vertices of the mesh.

For all s € V, we denote by & the set {o € E|s € T} which is the set of edges
sharing the vertex s (see figure [L3-(a)).

For all s € V, we denote by T, the set {K € T |s € K} which is the set of
control volumes sharing the vertex s (see figure [L7(b)).

For all K € T, the set Vi stands for {s € V|s € K} which is the set of ver-
tices belonging to K (see figure [[L7}(c)), and for all o € £ the set V, stands
for {s € V|s € @}, which is the set of vertices sharing the edge o. (see figure

[[L7-(d)).

The following notations are used. For any point € R?, we write v = (x("))i:17.,,,d.
The size of the discretization is defined by:

hp = sup{diam(K), K € T}.
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Figure IL.7:
>\
Exr
Lqinl K 58 O_/ \
TK
.—
dKJ g
K

Figure I1.8: Other Notations
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Figure I1.9: Cone Ak, with vertex xx and basis o for d = 2.

For all K € T and o € £k, we denote by ng , the unit vector normal to o outward
to K.
Shape reqularity of the mesh:

Hypothesis 1 {D,}.cn is a family of meshes matching Definition [[L21 such that
(R1) For all K € T, there exists a family of non-negative real (dk »)resy e
such that,

int, K

Z mUdK,o S de. [116]

O'EgKugint,K

(R2) there exist 0 < 01 < +00 and 0 < g9 < +00 independent of n s.t.

dKO’ > 0 min mln(dK 2} dL 0’)
cetn, KeT, diam(K) = 7" octuim H={K,L} max(dg g, dr, o)

> 02 [11.7]

(R3) the number of faces sharing one node remains bounded as the mesh is
refined, i.e. , there exists o3 € N* such that

sup max card&, < 3.
neN s€Vn

In what follows, when referring to a generic element D,, of an admissible family
of discretizations {D,, },en, the subscript n will be dropped for easiness of reading if
no ambiguity arises. It is always assumed in the following that Hypotheses [0 hold.

Notations For all vectors z € R%, d € N*, the Euclidean norm will be denoted

by |x\ ' J/z-z; for all matrices A € R? x RY, d € N*, we shall denote by |A| the
def |Az|

norm induced by the vector scalar product, i.e. , |A| = sup,cps —— R

x
space of bounded linear operators from E to F' will be denoted by L(E; F). For all
K € T and for all ® € L'(K), we have set (®)x o my' [, ®(z)dx. Forallo € €

and for all ® € L'(¢), we have set (®), < m! [, ®(x) dz. For vectorial functions,
the notation has to be intended component wise.

The vector
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I11.3 Discrete functional framework

The following definition introduces the space of piecewise constant functions on each
cell K of the mesh that we need to describe our Finite Volume Schemes.

Définition I1.3.1 Let Q be an open bounded subset of R, with d € N*. Let
D = (T,E,P,V) be an admissible finite volume discretization of ) in the sense
of definition [LZA. We denote by Hy(Q) C L*(Q2) the set of all u € L*(Q) such
that, for all K € T, there exists some real value denoted by ux € R such that
u(x) = ug for a.e. v € K. We then define y,u € R for all o € £ by

Yot = 0, Vo € ey,
Vol = Uf, Yo € Eny, with T, = {K}.

Vol — U N Yolb — UL, =0, Vo € En, with T, = {KvL}‘
de dL,J

[11.8]

The space Hr(Q) is equipped with the following Euclidean structure. For (v,w) €
(H7(Q))?, we define the following inner product

owlr=Y Y %(%v ) (e — W) [11.9]

KeT o€k

For u € Hy(R2), we define

1/2
lullz = ([u, ul7)'?.

We define by Hp C RT x RE the set of all ((ug)rer, (Ug)see) such that u, = 0
for all 0 € Eoyt.
The space Hp is equipped with the following Euclidean structure, for (v,w) € (Hp)?,
we define the following inner product,

olp=3" Y (v, — vk)(w, — wi). [IL.10]

d
KeT o€k UEmer 7

For w € Hp, we define
lullp = ([u, ulp)"?.

For all w € Hp, we denote by Pru € Hz () the element defined by the values
(ur) ket

For any partition (F,F) of € and for a given family (11,),.7 of linear forms on
Hp such that for all u € Hp, Il u depends only (mihe values (ug)ger, we denote
by Hp r = {v € Hp such that v, = l,v for all o € F}.

Denoting by Cy(2) the set of continuous functions which vanish on 00, we define

the interpolation operator Pr : Co(2) — Hp.F, for all ¢ € Co(Q) by (Pro)x =
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p(zk), for all K € T, (Prp)s = p(25) for all 0 € F and (Pry), = Il,(Ppy) for
all 0 € F, where Ppp = {p(vk)} ket
Note that, thanks to (L), we have

Mg

(You — ug)? + Mo (Vo1 — uz)* = min ( Ho (g — ur)* + — (uy — uL)z) :

dK,o dL,o us €ER dK,cr dL,o‘

which implies
| Prullr < |lullp, Yu € Hp. [11.11]

I1.4 Finite volume scheme

A finite volume scheme is aimed to provide an approximation of the solution @ of the
system of equations ([(IT)) and an approximation of the fluxes [ AV# - ng, where
K €T and o € Ek. For this, thanks to Green’s formula applied to Equation ([L1])
on each cell K € 7, we obtain:

-y /(,AW'HK’”:/K]C' I11.12]

oeli

The flux fU AV - ng, is then approximated by a function Fg ,(u) depending on
cell unknowns and face unknowns v = ((ux)ker, (Us)oece) such that the following
discrete equation corresponding to ([L12)) holds,

ety Frolu) = [ic fforall K € T, 11.13]

In the spirit of the finite volume ideas, we may write the continuity for the discrete
flux for all interior faces.

Fro(u)+ Fp,(u) =0 for o € &y, such that 7, = {K, L}.

Fr o (u) =0 for o € &y, such that 7, = {K}. 1114}
For the boundary faces, we have the condition,
Uy, =0, for o € Eey. [I1.15]

There are now card(7 ) + card(£) unknowns and equations. In some situations,
it can be possible to express faces unknowns in terms of cell unknowns using the
flux continuity equation ([LI4) and then we can reduce the size of the linear system
to solve it. We will notice also that the assumptions yielding convergence of a finite
volume scheme under its hybrid form (where we have kept all the face unknowns) is
more restrictive than the one where we have succeeded to express the face unknowns
in terms of cell unknowns.
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In order to study the convergence of finite volume scheme, we consider a more

general discrete problem than ([L13)-([[L13).
Indeed, let ap be a bilinear form defined from Hp » x Hp, r to R and let us consider

the following variational formulation given by
Find u € Hp s.t. ap(u,v) = / f Prvdz, for all v € Hp. [IT.16]
Q

Then any finite volume scheme of type ([L13)-([LI3) can be written as a variational
formulation of type ([LIH), taking ap defined for all (u,v) € Hp r X Hp £ by,

ap(u,0) = > > Fo(u)(vs — vk). [11.17]

KeT o€k UEint, K

Hence, we now focus on the study of the convergence of the solution of the
variational formulation ([LI6).
I1.5 Convergence of Finite volume scheme

We introduce the two discrete gradients reconstructions Vp € L(Hp; [Hz(92)]9) and
Vp € L(Hp; [Hr(2)]?) s.t., for all K € 7 and all v € Hp £,

e 1
(Vpu)g def Vouig = — m, (v, — Vg )Nf 5. [IT.18]
oeli
~ def & 1
(Vpv)x = Vpujx = — Z My (Yo — Vi )N o [I1.19]
MK oefi

Equation [[LG together with Cauchy-Schwarz inequality yield

Vo[ 2@ < Vd|lvllp Yo € Hp. |11.20]

IVoulliz2iye < Vd||Prolr Yo € Hp. [11.21]
Owing to ([LA), the following result can be deduced from [43, §5|:

Lemma 1 (Discrete Sobolev embeddings) Let D be an element of a family of
discretizations matching Definition [[L21

Let g € [1,+00) if d = 2, and q € [1,2d/(d —2)] if d > 2. Then, there ezists a
constant Cy > 0, depending only on 2, q, 01 and o $.t.

||l a) < Cillullz  Vu € Hy(€2).
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Owing to Remark [LTT], the following lemma can be deduced from [[L20] and
the technique of proof of |43, Lemmata 5.6-5.7|:

Lemma 2 (Discrete Rellich theorem) Let {D,},en be a sequence of admissible
discretizations matching Definition [[LZ1 and s.t. hp, — 0 as n — oo, and let
{vn}nen be a sequence of Hp, 7, s.t. there exists C > 0 with ||v,|lp, < C for all
n € N. Then, there exist a subsequence of {v,}tnen and a function v € H}(Q) s.t.,
as n — oo, (i) Pr,u, — v in LYQ) for all ¢ € [1,2d/(d — 2)) (and weakly in
L2@=2(Q) if d > 2); (ii) {Vp, v nen and {Vp, Uy tnen weakly converges to Vo in
(L2 (@)

We also have the following result, proven in Appendix [BJ]

Lemma 3 (Density of a space of test-functions) Under the condition that there

exists a finite partition of € into open connected disjoint polygonal subsets,

Py def {Q}iz1 N, such that (s.t.) Ao, € [C?()]%? for alli =1... Nq, let Q be the

space of functions ¢ : Q) — R s.1.

(i) ( is continuous and piecewise regular) ¢ € Co(Q) and, for alli =1,..., Ng,
p € C*(),

(i1) (the tangential derivatives of ¢ are continuous through the interfaces of P)
foralli,j=1,..., Ng, for all vector t parallel to 02; N0SY;, (V(p)@yt = (V(p)m—j-t,
where (Vgo)m—i refers to the value of Vo on 0Q; computed from the values on €,

(11i) (the flux of Vi directed by An is continuous through the interfaces of Py)
foralli,j=1,... Ng s.t. 0Q;N08Q; has dimension d—1, (AV)q, -n;+ (AVy) g -
n; =0 on 0Q; NS, where n; is the outer normal to §);.

Then, Q is dense in H} ().

The assumptions yielding convergence of the finite volume schemes are gathered
in the following

Hypothesis 2 Let {D, }nen be a family of discretizations matching DefinitionIL21
We suppose that

(P1) ap, is uniformly coercive, i.e. , there is 0 < 3 < 400 independent of n
s.1.

Vv € Hp,, ap,(v,v)> 71””“2%?

(P2) ap, is consistent in the sense that for all ¢ € CZ(Q) (space of test-
functions), lim ep, () = 0, where we denote by
n—oo

ED(SO) = sup

vEHD,|lvllp=1

ap(Prp,v) — /QA(x)Vgo(x) -Vpu(x) dx|. [IT.22]
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Proposition 1 For ap, of type [[LIQ, owing to [[LA, Property (HA) holds for
strongly consistent numerical fluzes, i.e. fluzes s.t., for all ¢ € C3(Q), there exists
0 < Cy < +00 independent of n s.t. for all K € T,,

Vo € &k, |Fro(Pr,p) —m, < AVp >k ng,| < Comyhp,

11.23
Vo € gint,Ka |FK,U(PF7LS0)| < C2mUhD7L [ ]

PROOF. Let ¢ € CZ(Q) and u € Hp, such that |jul|p, =1,

ap, (Pr,p,u) — / A(x)Vo(x)-Vp,u(x) dr
[ AMx)Vo(z) de

mpg

= Q > {FK,U(PJE@)—IHU

'nK,o:| (ucr - ’LLK)
KeT, O’E(C/'K

+ 3 Y Fro(Pre)(u, —u) €T,

KeTn 0€&ing, ik

Using Cauchy-Schwarz inequality and thanks to V.31l [T8 we obtain that,

ne (DX

KeT, oelk

2

[ AMx)Vo(z) dz N

FK,U(P]:()O) — g ‘Ng o
Mg

dK,J
My

[NIES

Ao
YooY S FoPr)l | ullo,

ma
KeTy, 0€&int, K
< Cy(dm(Q)2 hp, ||lullp, = Co(dm(Q)) hp, .

Then, we deduce that,

€D, (90) = sup

vEHD,,,|v|D, =1

< Cy(dm(Q))F hp,,

ap(Pr,p,v) — /QA(x)Vgo(x) - Vp,v(x) dx

and therefore ep, () — 0 as n — oo, which concludes the proof.
U

Remark 1 Under the condition that there exists a finite partition of 0 into open
connected disjoint polygonal subsets, Py dof {Qi}iz1. N, such that (s.t.)

Ajg, € [C?(Q)]™¢ for alli =1...Nq, then thanks to the lemma[d, Hypothesis (PB)
can be relazed by considering test functions ¢ in the space Q instead of C3(S).

Indeed, the proof of Theorem [[LA1 uses only the reqularity for each K € T and the
density in H}(Q) of the test functions space.
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Proposition 2 (Asymptotic stability of the interpolator) Under Hypothesis
@ for all p € C3(Q),

1
1Prello < = (en(e) + oVl Vol aye)

where ep(p) is defined by ([L23).

PROOF.  Owing to [[LI9], for all v € Hp £, the following integration by parts
formula holds:

Z Z m, Ji A(S?HV@(?C) dx-nK,U(vJ — )

KET, otk K
=> / dx — Z Mo o (Ve — VK ) |11.24]
KeT, O'GEK
Z / z)dz(Vpu)g = / A(z)Vp(z)-Vpu(z)de.
KeT, Q

The above result together with (Pl) and ([L20) yield
11lPrellp < an(Pre, Pro)

_ (ap(Pfso,PfSD) —/QA(ZE)VSD(:”)'VDPW(@ dx)

+ [ Ma)Velo) - Vo Prpla) da
< en(@)l| Prollp + Goll Vol e | Vo Prol e
< (en(#) + BVl Vel ) | Prollo.

O

Lemma 4 (Uniform a priori estimate) Assume that Hypothesis[@holds. Then,
problem [[L18) is well-posed for each n € N in the sense that there exists one and only
one solution to problem [[LIG|, and the solutions u, € Hp, r, satisfy the following
uniform a priori estimate:

Gy
[un]lp, < 7—Hf||m [I1.25]

PROOF. The well-posedness follows from (Pll), which guarantees the non singu-

larity of the linear system corresponding to [[LI6]. Using (P{), Holder’s inequality,

Lemma [[ and [LTT], it is inferred that (with »/ o )

luallp, < ap,(n,un) = fo fPrude < || fllzr@l| Pruall o g
< Cillfllzr@ lunllo,
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Théoréme I1.5.1 (Convergence) Let {D,,}nen be a family of discretizations sat-
isfying Hypothesis@ and s.t. hp, — 0 as n — oco. Then, as n — oo, the sequence of
discrete solutions of problem [[LIQ|, say { Pz, un}nen, converges to the solution u of

ML) in LY(Q) for all ¢ € [1,2d/(d — 2)).

PROOF. Owing to the a priori estimate [[L23 together with Lemma Bl there is
u € H}(Q) s.t., up to a subsequence, (i) {Pr,u, }nen converges to @ in L($2) for all
q € [1,2d/(d—2)) (and weakly in L?*¥@=2(Q) if d > 2) and (ii) {Vp, un }nen Weakly
converges to Va in [L2(2)]¢. It only remains to prove that u = @. Let ¢ € C2(Q).

Owing to [[LZI] together with ([ITTI), (P),

IV, (un — Pr,¢ M2 e < dllun — anSOHDn < Zap, (up — Pr, 0, un — Pr,p)
- (T +13),

d
o
d

|11.26]

n

1ntegrab111ty assumptlon on f and the weak convergence of { Pz, u, }nen to win L9(2)
forallq<+001fd—2andforq—T1fd>2

Ty — /Qf(:c)(ﬂ— ¢)(x)dx as n — oc. [11.27]

We get that,
%A&Wmaz(%A&Wma—/Awww@v%%@dQ
Q

+/QA(:E)VQO(:E)-Vpnun(x) dx

© To1 +Tap.

Using Cauchy-Schwarz inequality as in the proof of Proposition Bl we have |T5 ;| <
e, (©)||un]|p,. Thanks to Lemma Bl ||u,||p, 7, is bounded uniformly with respect
to n. Thus, by property (P2), 7o, — 0 as n — oo. Also, using the weak conver-
gence of {Vp, ty }nen, we conclude that Ty — [, A(x)Ve(z)-Viu(z) dz as n — oco.
By Proposition B, || Pz, ¢||p, is uniformly bounded with respect to n; since Pg, ¢
obviously converges to ¢, it is then easy, using Lemma Bl to see that Vp, (P, )
weakly converges to V. Proceeding in a similar Way as for ap, (Pr,, u,), we can
thus prove that ap, (Pg, ¢, Pr,¢) — [ A( z)-V(z)dx as n — oo. Therefore,

T, — AA(x)V<p(x)~V(<p —u)(z)dzr as n — 0. [IT.28]

Plugging [[L27 and [[L2§ into the right hand side of [[L26] and using the weak
convergence of Vp_(u, — Pr,¢), we conclude that, for all ¢ € CZ(Q),

19 - 0)a0 <—(/f - >mwlfuwwmvw—mum0.
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We can apply this inequality to a sequence {¢y, }tmen € C3(€2) which tends to @ in
H} () and let m — oo; since @ solves problem [[LTT], we obtain

|V (u— U)||[2L2(Q)]d <

{ /Q fl@)(u(x) —u(x)) de - /Q A(@)Va(z)- V(@ — ) (z) dz

d
§é!
0,

i.e. , uw=T. Due to the uniqueness of the solution of [[LTJ], we deduce that the
entire sequence {u,},eny converges to @ in L9(Q2) for all ¢ € [1,2d/(d — 2)) (and
weakly in L?¥@=2(Q) if d > 2). Observe that the order in which the limits for
n — oo and m — oo are taken cannot be exchanged, the sequence {|| Pz, ¢||p, }men
being possibly unbounded. This concludes the proof.
O

In the chapters which follow, we will prove only the coercivity and
the consistency of the studied scheme and the convergence will derive,
thanks to Theorem [L.5.1l
In Theorem [LA2] we give an error estimate, this estimate is obtained thanks to the
following Lemma.

Lemma 5 Let us assume in addition that € is convexr, A = X\ I such that \ €
Wteo(Q) and there exists N\g > 0 such that for all x € Q, ||[VA|[1e@) < Ao, then

there exists a unique solution v € H?(Q) of the system of equations [[L23),

{—diV(AVU) =f inQ, I11.29]

v=20 on OS2,
moreover there exists a real C > 0 depending only on d, Q, ag and Ny such that,

[vllz2) < Cllfllz2 @)

PROOF. It is well known that there exists a unique solution v € H}(Q) of the
system of equations ([L29) and there exists a real C' > 0 depending only on d,
and aq such that,

ol < Cllif 2@, [11.30]

moreover div(AVv) € L?(Q2) with,
[div(AV V)| 20) < ([ fllz2(0)- [11.31]
Thanks to ([IL30) and ([[L3T), we deduce that div(AVv) — Vo - VA € L3(), with,
Jdiv(AVe) — Vo VAllzzo) < (1 + € )2
this implies that AAv € L%(Q), with,

IAAel|zzy < (1+C 3o}l 11.32]
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Then, we get that,
(14+C \o)

|Av][L20) < o

1f 1220 [11.33]
Thanks to ([I33) and the H?-regularity of solution of the Homogeneous Dirichlet
Problem (see [49], [48]) in convex domain, we obtain that v € H?*(Q2) and there
exists C'; > 0 depending only on d, €2, ay and Ay such that,

[vllz2) < Cillfllz2 @),

which concludes the proof.

U

Théoréme I1.5.2 [error estimate] Let D be an admissible discretization in the
sense of Definition (ILZ1), we assume that F = &, for all K € T, Enx = 0,
K is star-shaped with respect to all the points in a ball of radius adiam(K) and
A = My such that X € Wh=(Q) and there exists \g > 0 such that for all x € €,
VAl 2y < Xo- Let @ € H(Q) be the solution of (ILAD) and u € Hp r be the
solution of ([LIA)-([L17), then, there exists a real Co > 0 depending only on d, «,
03, Bo, Ao and aq such that,

_ dvd _
Vo0 = Val e < == (Ep(@) + Coll £l 12@yho) | I11.34]

where for all v € HL(Q),

dic.s ’
Ep(v) = (Z > rﬁ [Fio(vp) —my < AVV > '“K,oﬁ) [11.35]

KeT, o€k 4
Up ={<v>g, KeT,<v>,0€&} € Hp,

moreover if there exists a real C > 0 such that for all ¢ € C(Q),
Voelk, KT, [Fro(Prp)—my <AVp >k ng.| < Cloln2amehp,
B [I1.36]
then, there exists a real C3 > 0 depending only on d, o, o3, By, Ao and oy such that

HVDU - V?_LHL2(Q)d S C3Hf||L2(Q) hD. [1137]

PROOF. Thanks to Lemmall u € H?(Q) and there exists a real C} > 0 depending
only on d, €0, oy and A\g such that,

] 20) < Cill fllL2()- [11.38]
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Let ip ={<u>g, K €T, <t >,,0€&E} € Hp.

||Vpu - VﬂHLz(Q)d < ||Vp(u - UD)H Q) + ||VDUD - VUH L2(Q)]4

11.39
< Villu— pllo + Voo — Ve 39
Thanks to the coercivity property, we get that,
—unlld < -7 Sy
|u—uplp <y p(u — Up,u — Up) 111.40]

Za
d
S (M + 1),

where T} & Jo f(@)Pr(u—@)(z) dz and T, © ap(tp, ip — u).
Let us introduce vp = up — u € Hp. We decompose 15 into two terms Th; and T5s,
such that,

Ty = ap(tp,vp) — (vp) K Z/ ))/k - Nk, dx
KET cefi [1141]
Ty =Y (vp)k Y / (A@)Va(z)) k-0 da
KeT o€l V9

Since div(AVu) € L*(€Q), then the flux continuity holds, this implies that for all
KeT, o0€&xkN&w, 1T, ={K, L},

/()\(SL’)VT_L(SC))/K ‘ng, dr+ /()\(SL’)VT_L(SL’))/L ‘n,, dr =20

a a

Then, we insert (vp), and we can re-write Ty as follows,

Tgl = UD,UD Z Z ’UD K — ’UD )/()\(LL’)V@(QL’))/K ‘Ng o dx

KeT o€k

= 3 5 (Feolio) - [0 mi ) ()i (00

KeT ol
= To11 + oo,

where T211 = Z Z (Fro(tup) —m, < Mz)Vu(z) >k nge) ((vp)k—(vp),) and

KeT ol

T = > > (mo <Ma)Va(r) >k - /(A(SC)VE(?C))/K dx) ((vp) k= (vp)s) Nk o
KeT oelk g
Using the same arguments as in the Proposition [, we get

Ton| < Ep(w) [lvpllp. [11.42]
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1
2\ 2
) |vpl|p

[11.43]
and thanks to the Lemma 6.6 in [35], for all o € Ex, K € T, we deduce that there
exists C' > 0 depending only on d and « such that,

Using Cauchy-Schwarz inequality, we deduce,

Ty < <Z Z Modf o

KeT ol

_/K)\( \Va(z) dx—iLA(z)vu(z) dz

My Mg

. _ 2
|< AVE >k — < AV >,]° < Cdiam(K) \Y (A(x)ﬁg—(sc)) de.  [11.44]
Lj
For a.e x € Q, we get,
d 2 d _ 2
du(x ))‘ (x) du(x)
+ A(x)V
; ( Oz, ; 8% Ox;
du(x 4 _ou(x)|?
< 2|VA(z + 2|\ () ?
< 2VX( |Z FADFL VT,
< 2AolVﬂ(x)l2 + 2/60|V2ﬂ(fv)l2
< 2max(hg, B) (Vi) + [V2a(@)]?),
then, from ([L44)), we deduce that,
_ jam (K
|< AV >) — < AV >,|* < 2Cmax(>\§,6§)%()“a||§p(m. [11.45]

o

Using ([L43) and ([L43), we obtain,
T212 S vV 20@3 maX(Xo, 60)hp’|ﬂ“H2(Q) H’UDHD [1146]
Therefore, thanks to ([L22) and ([[LZ4) , we deduce,

T21 (Ep( ) 20@3 maX(Xo, /GO)HTLHHz(Q) th )HUDHD. [1147]
Since @ is solution to ([LJ), for all K € 7, we get that,

> / (\(@)Via(z))/k -0k, do = /K div(\(z)Vi(z)) dz

= /Kf(:c) dz

T22 == /{;f(LU)PT’UD [1148]

then, we can re-write Thy as follows,
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Gathering the results ([L40), ((L41) and ([L48), we obtain that,
_ d _ ~ _
HUD — UHD < fy—(ED(U) + 20@3 max()\o, 60)”’&“]{2(9) hD) [1149]
1
It remains to estimate the term ||Vptp — Vil[2(q)¢, we get that,

||Vpﬂp — Vﬂ||[2L2(Q)]d <2 Z mK|(VDﬂfD)K— < Vu >K |2

KeT

+22/ | < Vi >k —Vi(z)Pdz

KeT

1

:2ZmK —Zmo(<u>o—<u>K)nKo—<Vu>K

KeT MK Jcex
+22/|<W>K—vu( 2da

KeT

2

—2ZmK Zmo<u> ng,— < Vu >k

KeT O'GEK
+22/|<W>K—vu( 2da

KeT

since for all K € T, Z m,Nng, = 0, we get also that ZJESK m, < U >, Ng, =
oefi
> veey [ u(r)ng o dy(z) and thanks to Green’s formula, we get

Z/ r)ng dy(x /Vu ) dy(x

oeli
therefore we deduce that

[Voin - Vil ]d<22/\<vu>K _Vi(z)2ds.

KeT

Since for any K € 7, K is not convex, we can not conclude directly that there exists
a real () > 0 such that,

/K| < Vi >x —Vau(z)|*dz < Q diam(K)QHﬂHéZ(m. [I1.50]

Then, let yx € K a point of the ball for which K is star-shaped with respect to all
the points of this ball, using twice the Taylor formula with the integral form of the
remainder term, we deduce that there exists constants Q1 > 0, ()2 > 0 such that,

/K | < Vi >k —Va(yx)Pde < Qu diam(K)? a2 . 11.51]
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/K \Vi(yr) — Va(z)Pde < Qq diam(K)2Hﬂ||§{2(?). [I1.52]
Therefore, there exists a constant ()3 > 0 such that,
|Vpup — Vﬂ”[zL?(Q)}d < Qsho| |t m2(0)- [11.53]
Using ([[L49) and ([[L23), from ([L39), we deduce,
dv/d

§é!

Thanks to ([L38) and [[LS4), we infer that there exists a real Cy > 0 depending
only on d, «, 03, By, Ao and «q such that,

_ ad,
[Vou — Vi g2 < T(ED(U) + Col| fllz2(0) ho), [1L.55]

HVDU—VQHLz(Q)d < (ED(T_L) + (\/ 2C 03 maX(XO, 60) +Q3)||ﬂ||H2(Q) hp) [H.54]

which concludes the first part of the proof. Since C2° is dense in HZ((2), there exists
a sequence of functions of C2°, {¢,},>0 such that

lp — @l g2y — 0 as p — oo. [I1.56]
Thanks to Cauchy-Schwarz inequality, for all p > 0, we can deduce that,

Thanks to ([L36) and using the Proposition 0 with Cy = C||¢,| m2(0), we obtain
that,

En(gy) < Cllplli ) (dm(9))2hp 1
and thanks to ([L38), we get,

Ep(py) < C(Cill fllz2) + llp — @l m2(e)) (dm(Q)) 2 hp [11.59]

From ([LE3), using ([L31) and ([LE9), we deduce that there exists a real C3 > 0
depending only on d, «, p3, By, Ao and «q such that,

[11.58]

IVou — Vall sy < Ca(l iz + Bo(@ — ) + llop — ll @) ho.  [IL60]

Owing to ([LEG), we infer that Ep(u — ¢,) — 0 as p — oo, therefore, taking the
limit in ([LE0) as p — oo , we obtain,

||VDU — VﬂHLz(Q)d < Og”fHLQ(Q) hop, [1161]

which completes the proof.
O
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Chapitre 111

Les schémas volumes finis non
symétriques

Ce chapitre réunit les résultats présentés dans trois articles, I'un publié [15] et les
deux autres soumis ( [10], [12, §3.2|). II fournit d’abord une preuve originale de la
convergence des schémas multipoints présentés dans 1], |2|, |3] appelés (MPFA O)
et donne une généralisation de ces schémas pour des maillages quelconques. Cette
preuve repose sur les méthodes d’analyse communes & ce mémoire. Il présente en-
suite un schéma original dont l'intérét est de présenter un stencil compact au sens
de l'introduction et de satisfaire des propriétés de stabilité dans plusieurs situations
dans lesquelles le schéma MPFA O semble diverger. Ce schéma généralise le schéma
MPFA L introduit dans |6] et donne un cadre mathématique d’étude de la conver-
gence. Quant au troisiéme schéma que nous avons introduit, il a 'avantage d’étre
robuste vis a vis de I'hétérogénéité et I'anisotropie des tenseurs de diffusion, il a été
concu afin de garder un stencil limité par volume de controle, par exemple sur une
grille cartésienne en 2D, le stencil est de 13 et en 3D, il est de 19.

I1I.1 MPFA O scheme

The usual MultiPoint Flux Approximation (MPFA) O method is a cell centered
finite volume discretization of such second order elliptic equations described for
example in [1] and [60]. It is a widely used scheme in the oil industry for the
discretization of diffusion fluxes in multiphase Darcy porous media flow models (see
for example |30], |53|, and [58]).

Recent papers have studied the convergence of the MPFA O scheme but there
is yet no convergence result on general polygonal and polyhedral meshes, and none
taking into account discontinuous diffusion coefficients which are essential in oil
industry applications. In [61], [5], [54], the convergence of the scheme is obtained on
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quadrilateral meshes. The proofs are based on equivalences of the MPFA O scheme
to mixed finite element methods using specific quadrature rules. The convergence of
the scheme is obtained provided that a square d-dimensional matrix defined locally
for each cell and each vertex of the cell, depending both on the distortion of cell and
on the cell diffusion tensor, is uniformly positive definite. This analysis confirms the
numerical experiments showing that the coercivity and convergence of the scheme is
lost in the cases of strong distortion of the mesh and/or anisotropy of the diffusion
tensor.

In [59] a mimetic finite difference scheme is introduced which is equivalent to
the MPFA O scheme for simplicial and parallepipedic cells and a proper choice of
the continuity points. This scheme has also been independently introduced in [28§]
in two dimensions. The numerical analysis in |59| provides a convergence result
for such meshes with usual shape regularity assumptions and for smooth diffusion
coefficients. In such specific cases, the MPFA O scheme is known to be symmetric
and coercive whatever the diffusion tensor and the distortion of the mesh.

In this section, a discrete variational formulation is introduced using the frame-
work described in [43], [46]. It involves the definition of two piecewise constant
gradients and stability terms using residuals of the second gradient. The first gra-
dient has a weak convergence property and is fixed in the construction. The second
one is assumed to be consistent in the sense that it is exact on linear functions. For
usual meshes such that each vertex of any cell K is shared by exactly d faces of the
cell K, the stability terms are vanishing and our discrete variational formulation will
be shown to be equivalent to the usual MPFA O scheme. It will in addition provide
a generalization of the O scheme on more general polyhedral cells.

A sufficient local condition for the coercivity of the scheme is derived which will
yield existence, and uniqueness of the solution. Under this coercivity condition, and
a uniform stability assumption for the consistent gradient, the convergence of the
scheme including the case of L> diffusion coefficients can be proved.

In this section, we use the notations of chapter I. Hence we consider D an admissible
discretization in the sense of Definition ([L2ZT]).

Notations: In the following, for any vectors z,y € R, we will denote by x - y their
dot product 2% | z; y;, and by |z| the norm \/z - z. The notations Apay(M) and
Amin(M) will stand for the maximum and minimum eigenvalues of any given square
symmetric matrix M. For any matrix A, we denote by |A| its norm defined by

sup @ =/ Amax(AtA).

r€R4 |$|

II1.1.1 The Finite Volume Scheme
To define the finite volume scheme MPFA O,
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Hypothesis 3 we further assume that (see figures [IL1),

o Uiy = Uker€k,

for all K € T, s € Vi, the family of vectors (2, — T )oegrne., spans RY (see
figure [[IL2),

for all (s,8') € VxV, ENEy = 0, which means that there exists no edge
sharing at least two vertices of V (see figure [[IL3).

o F =0, which means that we use all the additional edge unknowns.

for all K € T, Engx = 0, which means that we have no “edge inside the cells”.

forallo € Ex, K € T, di, is the Euclidean distance from xx to o.

el

) T, the cells ) P, the centers

(c) &, the edges (d) V, the vertices

Figure II1.1: Discretization of the domain Q.
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Figure 111.2: (7, — T )oeg,ne, Spans R2

Figure I11.3: £, N &y = 0.

Parameters of the MPFA O finite volume scheme: The volume of each cell K € T
is distributed to the vertices of the cell according to the sub-volumes mj., s € Vg
defined by

mj, = é > myd,, |TIL.1]
c€EKNEs
and which satisfy my =) ), mj forall K € 7.

On each continuity point x,, the intermediate unknown u, is defined which will
be used together with the cell unknowns ug, K € 7 for the construction of the
finite volume scheme.

The usual MPFA O scheme introduced in [1],is a cell centered finite volume
scheme with main degrees of freedom the cell unknowns ux on each cell K of the
mesh 7. The construction of the scheme uses additional degrees of freedom u, for
each face 0. These unknowns will be locally eliminated as linear combinations of
the neighbouring cell unknowns using the flux continuity equations.

The usual MPFA O scheme is built under the assumption that each vertex s € V of
any cell K is shared by exactly d faces of the cell K, this means card(Ex N Es) = d.
More precisely, the construction of the usual MPFA O scheme is obtained as follows,

e For each vertex of the mesh s € V, for each control volume sharing this vertex,
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K € 7,, we introduce the polytope K, (polygon in 2D, polyhedron in 3D)
built from s, the center of K, zx and the centers of the edges of K sharing
S, (Ty)oeerne. (see figure [IL4). These polytopes are known as the subcells of
the control volume (cell).

Figure I11.4: The subcells around the vertex s and & the set of edges in blue.

For any K € 7,, s € V, we assume that the approximation u of the solution
of (L)) is linear in the polytope K, and continuous in z,, o € Ex N E,.

Then, for any K € 7;, s € V, setting ux = u(xg) and u, = u(x,), o €
Ex N Es (see figure MLH), we can express u(z) for all x € K, as follows,
u(r) = ug + g5 - (v — xx) with g3 € R%.

Since for any K € 75, s € V, the family of vectors B}, = (2, — Tk )oeepne, 1S a
basis of R?, there exists (9K .0)ocerne, a bi-orthogonal basis of By, defined by
Equations gx , - (25 — 2x) = 05 for all o,0" € Ex N Es.

Then, for any K € 7,, s € V, taking u in z,, 0 € Ex N &, we obtain
Equations u, —ux = g}, - (v, —xx) which imples that Z (Up —UK)IK o =
ceENEs

> gk (10 —2K)gK0 = Gic-

ceENEs

Moreover, we assume that the flux of u through the interior edges of the mesh
is continuous. Then, we deduce that for each vertex of the mesh s € V), the
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Figure I11.5: Piecewise linear function u built from cell and edge unknowns

flux of u through the interior edges sharing the vertex s, o € & N Ey 18
continuous, which means that /AKVu(x)/K-nK7U+/ALVu(x)/L-nL,0 =0,
with 7, = {K, L}. 0 0

Therefore, we can eliminate the edge unknowns (u,)see,, in terms of (ug)ker
using the flux continuity. Indeed, for any o € ENEiy, s € V with 7, = { K, L},
we get,

FK7O' = /AKVU(ZE)/K ‘N = mJAKg;{ ‘N o

ag,

s [11.2
Fr, = /ALVu(x)/L Ny, =msALg] - Np, [111.2]
}@CJ %_}QQJ ::07
and for any o € £, N Eqyi, we impose
Uy = 0. |1L.3]
It results that around each vertex s € V, the edge unknowns (u,)ses.ng,, can

be eliminated in terms of (uy)xe7, assuming the well-posedness of the linear

system (IIL2)-([L3)

Then, replacing the edge unknowns (u,),ece by their expression in terms of
(ug)ker to the formula of the flux [IL2 we deduce the cell unknowns (ug)ger
by solving the following linear system,

=Y Fo :/ f(z)dr, KeT. [111.4]

oefi
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In our approach the finite volume scheme will be derived in section [JILTT] from
a variational formulation defined on the space Hp spanned by the cell and face
unknowns and introduced below.

The definition of the finite volume scheme is based on a hybrid variational for-
mulation on the space Hp using the construction of two discrete gradients for each
cell K of the mesh and each vertex s of the cell. The first gradient defined by

(Vpu)e = 13 Z m, (Uy — Ug)NE o, [TTL.5]

K segpné,s

is built to have a weak convergence property using the Lemma B, once averaged for
each cell K over its vertices s € Vi with the weights mj.. The second gradient is

defined by

(Vpu)y = Z (U — UK) GK.0s [I11.6]

ceENEs

where the vectors gk, € R? are given for all o € Ex N E,. The gradient (Vpu)j is
built to be consistent in the sense that it is exact for linear functions. More precisely,
thanks to the Lemma (f), the vectors gx,, 0 € Ex N E; are assumed to satisfy the
consistency property ([IL7) defined within the following lemma.

Lemma 6 /consistency of the gradient| Under Hypothesis @), for all K € T, s €
Vi, there exists vectors gk ,, 0 € Ex N E such that for all vectors v € R we have

Z v (T — k) G0 = . [IIL.7]

ceENEs

PrROOF. Thanks to Hypothesis (@), for all K € 7, s € Vk, there exists Jx s C
Ex N & such that the family (2, — Tk )oe gy, 18 a basis of R<.

Let us denote by (Jx o)sec7,, the bi-orthogonal basis of the basis (75 — Tk )seg;
of RY. Tt is uniquely defined by Equations g o (2, — k) = 0,0 for all 0,0’ € Tk,
then we deduce that for all v € R,

Z 'U'(,TU—LUK) gK,Uzvv

O-EJK,S

which conclude the proof.
U
Let us now define the bilinear form ap on Hp X Hp by

ap(u,v) = Z Z (m}(vpu)ﬁ{-AK(ﬁpv)}

KeT seVg [1118]

my

Rico(1ic ()

K,o
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for all (u,v) € Hp x Hp, with

for all K € 7. In ([ILY), the residual functions Ry, are defined for all u € Hp,
O'Ggngs, s € Vg, KGT, by

RK,J(U) = Uy — UK — (V’Du);( ' (za - $K)> [IHQ]
and the parameters aj, are real values such that
o < ag < [IT1.10]

for all s € Vi, K € T with ug > 0 and 79 > 0. Note that instead of the scalar
parameter aj, we could have considered a more general positive definite matrix D3,
of size Card(Ex N &) such that ug I < D3 < 9 I. The subsequent analysis will
readily extends to this more general framework but we keep to the scalar term for
the sake of simplicity in the notations.

The discretization of ([[LZ) on D is defined by the following discrete hybrid
variational formulation: find up € Hp such that

ap(up,v) = / f(z)Prv(x)dx for all v € Hp. [IT1.11]
Q

For all u € Hp, let us introduce the following fluxes F ,(u) defined for all o €
ExNE&, s € Vg, KeT by

FKJ(U) = —moAK(VDu)% . IIK’U
s My mg 111.12
o [ 2 Ri) ~ gk Y Ry )y ) | T
K. o ccxnes O

in such a way that

ap(u,0) = > > Freo(u)(vx = v5), [111.13]

KeT oeék

for all (u,v) € Hp x Hp. Then, it is shown from ([ILI3) that the variational
formulation ([ILIJ)) is equivalent to the following hybrid finite volume scheme: find
up € Hp such that

Z Fr . (up) = / f(z)dz forall K € T,
K

o€€K

FKJ(UD) = _FL,o(uD> for all o € ginta T, = {K, L}

[111.14]
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From definition ([ILI2) of the fluxes Fi,(u), we can compute the coefficients
(T3) o0, 0 € Es N Ex such that

Fro(w)= > (Ti)ew(ux — up), [111.15]

o' €EsNEK

for all o0 € Ex NE; and u € Hp. It results that around each vertex s € V, the
face unknowns (u,)sce, can be eliminated in terms of the (ux)xer, assuming the
well-posedness of the linear system

{ FK,J(U'D) + FL,U(UD) =0 forall o c gs N gint with ,2; = {K> L}> [III 16]

Uy, = 0 forall o € E,N Euxt.

Then, the hybrid finite volume scheme reduces to the cell centered finite volume
scheme: find uy € H7(Q2) such that for all K € T

S Feslur) + S Flur) = /K F(@)da, 111.17]

0€ExNEint, To={K,L} 0€EKNEext

where the inner fluxes Fi ;(ur), 7, = {K,L}, 0 € &, and the boundary fluxes
F,(ur), 0 € Euy, are linear combinations of the cell unknowns (ur)y with M €
UsEVJ 7;

The well-posedness of the hybrid finite volume scheme ([ILT4), of the local linear
systems ([ILT6), and of the cell centered scheme ([ILTT) is shown in the next section
to result from the coercivity of the bilinear form ap which will hold assuming a local
coercivity assumption as stated in Proposition Bl

Equivalence with the usual MPFA O scheme

The MPFA O scheme described in the section OIL11] is defined for polygonal and
polyhedral meshes such that for all cells K and all vertices s of K, the cardinal of
Ex N Es denoted by qj, is equal to the space dimension d, and such that the set of
vectors (T, — T )oegrne, Spans R For such meshes, the MPFA O scheme from |[1]
or |60] is precisely defined by the hybrid finite volume formulation ([ILT4) using sub-
fluxes Fj; ,(u) given by —m,Ag(VE P 4u)5 - ng, where the gradient (V75 4u)j
is the gradient of the unique linear function defined by its d + 1 values ux at point
rx and u, at points z,, 0 € Ex N E,.

In such cases, the equivalence between our hybrid finite volume scheme ([IT14])
and the MPFA O scheme defined in [1] and [60] readily results from the following
lemma stating that (Vpu)j = (Vi "F4u)j., and that Ry (u) =0 for all u € Hp.

Lemma 7 Let D be an admissible discretization in the sense of Definition [[IL21,
and let K € T, s € Vi be such that qj; = d and such that the set of d wvectors
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(Ty — Tk )oeenne, spans RY. Let us consider a discrete gradient (Vpu)j, given by
([IL4) and satisfying the consistency hypothesis[@. Then, for allu € Hp, the discrete
gradient (Vpu)i is the gradient of the unique linear function defined by its d + 1
values ug at point v and u, at points x,, 0 € Ex N E, and the residuals Ry ,(u)
vanish for all o € Eg NE;.

PROOF. Let us denote by (Gk.»)oesine, the bi-orthogonal basis of the basis (z, —
T )oeerne, of R Tt is uniquely defined by Equations gxo - (Tgr — Tx) = g0
for all 0,0’ € Ex NE,. Setting v = gg, in [[ILD) shows that gk, = gk, for all
o € ExNE, and the gradient deg}mgs (uy—UK)GK o is the unique gradient satisfying
the consistency hypothesis @l Let u € Hp be given and let ¢ be the unique linear
function defined by its d+ 1 values ug at point xx and u, at points z,, 0 € EgNE;.
We have by definition Vy - (z, — rx) = u, — ug. Hence setting v = Vo in ([IL7)
it results that

V(,O = Z V(P : (xa - xK).gK,cr = Z (ucr - uK)@KCH

o€ExNEs oc€EKNEs

which proves the first part of the lemma. The second part results from the equation

for all v € Hp.
O

For cells such that ¢, > d, they are several ways to define a gradient (Vpu)$, =
(uy —uK) gr o satisfying the consistency hypothesis @ In such cases, the residuals
Rk - (u), 0 € ExNE;, satistying the relation ZUESKOSS Rk, (u) gk = 0forallu € Hp
do not a priori vanish since the family gx,, 0 € Ex N &, is not free. They play the
role of stabilization terms in the hybrid variational formulation ([ILI4) as shown in
the following example. For d = 3, let us consider two pyramids K and L sharing a
triangular face o, and let s € o denote the top of the two pyramids. We can build
two consistent gradients (Vpu)y and (Vpu)j such that g, = g7, = 0. Then, the
residuals Rk . (u) and Rk ,#(u) vanish except for o’ = ¢” = ¢. In this example, it
is clear that only the residual terms in ([ILT4) can ensure the well-posedness of the
system since the discrete gradients ([ILA) do not depend on wu,.

II1.1.2 Coercivity of the scheme

The well-posedness of the hybrid finite volume scheme ([ILI4)) and the cell cen-
tered finite volume scheme ([ILI) will be derived from the coercivity of the bilinear
form ap. This coercivity property depends on the finite volume discretization D, on
the diffusion tensor A, and on the parameters of the finite volume scheme. In the
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following, we shall make the stronger assumption that the coercivity holds locally
around each vertex s of the mesh. For a given discretization and diffusion tensor,
this assumption can be numerically checked by computing the eigenvalues of a small
linear system of size 2 x Card(7;) for each vertex s € V.

Let s be a given vertex in V, and let H}, be the subspace of
{u, e Ryug €R, K € T,,0 € Eg N ES}
such that u, = 0 for all o0 € €. The space Hps is endowed with the semi-norm

|u||ps=<z S e _uK>2>2.

KeTs 0e€€s msK

Let us also denote by aps the bilinear form defined by
aps(u,v) = Z IIlK VDU AK(VDU)

KeTs
+ok Y T Rro(u)Rie(v) 11118

occErngs I

= Z Z (Tw) o0 (Ugr — ug)(Uy — uK),

KeT; o,0/€ExNEs

for all u,v € Hps, where we have used definition ([ILIZ) of the coefficients (T} ),.07,
and the canonical injection from Hps to Hp to define the residual and the gradient
functions on Hps.

Let us now define the following local coercivity measurement

coernode(D, A) = min inf aps(u, u). [TT1.19]
s€V  {u€Hps | Jullps=1}

It will be used to check the coercivity of the bilinear form ap as stated in the
following proposition:

Proposition 3 Let D be an admissible discretization in the sense of Definition
L2, and let us assume that there exists Op > 0 such that coernode(D,A) > Op.
Then, the bilinear form ap 1s coercive in the sense that for all v € Hp we have

ap(u,u) > Op||ul|p. [I11.20]

PROOF. Using (ILIH) we have for any u € Hp

=33 > (TRewr (e — u) (ue — ux).

s€V KeTs o,0/€EKNEs
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Using definition ([ILT9), and the assumption coernode(D, A) > 6p, the following

estimate .
ap(u,u) > GDZ Z Z 7 (uy — ug)?,

d
s€V KeT, 0€nEs 150

is derived, which proves the lemma.

U

The following propositions state the well-posedness of the hybrid and cell centered
finite volume schemes under the local coercivity assumption.

II1.1.3 Consistency of the scheme

Hypothesis 4 Let D be an admissible discretization in the sense of Definition
L2 We always assume in the following that

e the local coercivity assumption coernode(D,A) > Op > 0 is satisfied, which
ensures that there exists a unique solution up € Hp to ([II.I).

o there exist 0 < 05 < +00 independent of the discretization D s.t.

min e > 0s5. [IT1.21]
cclgNEs, KeTs,5€V m;{|g;{7o'|

Lemma 8 [Consistency of the discrete gradients| Let D be an admissible discretiza-
tion in the sense of Definition[[L2, and let us assume that hypothesis[@ holds. Let
@ be a given function in CX (). Then, there exists M, depending only on ¢, such
that for all s € Vg, K € T,

_ d
(Vo Ppp)ic — Ve(zk)| < M, 010 diam(K’),

PROOF. Let K € T, s € Vi, ¢ € C°(Q2) be given. For all 0 € & N &k, let us set
€k = 0(Ts) — p(rr) — V(o) - (2, — 2K). Since ¢ € CX(Q), there exists a real
M, > 0 depending only on ¢ such that |e} | < M|z, — zx|*. From hypothesis B,
we have

(vDPDSO)i{ - VSD(CEK) = Z 6;(,0 9K,0)

0€ENEK

which ends the proof from the definitions of g5, mj and p;.

U

Lemma 9 [Consistency of the residual functions| Let D be an admissible discretiza-
tion in the sense of Definition [LZA, and let us assume that hypothesis[@ holds. Let
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¢ be a given function in C°(QY). Then, there exists a real C' > 0 depending only on
©, 01, 05 and 2, such that for all K € T, s € Vi, 0 € E,N Ek,

|Rk.-(Ppp)| < C (1 + i) diam(K)?.

0105

PROOF. Let K € 7, s € Vg and ¢ € C°(Q2) be given. For all o € & N Ek, let
us set €5, = 0(15) — p(rx) — V(o) - (15 — 7). Since ¢ € C(Q), there exists
a real M, > 0 already introduced in Lemma B and depending only on ¢ such that
ek ol < M olze — 2 |*. From the definition of the residual function we have

Rio(Ppg) = €ico — (VD Ppo)i — Vep(2x)) - (20 — 7).

We deduce from Lemma B, and the definition of p; that

|Ri.o(Ppe)|l < M, (1 - i) diam (K)?,

0105

which concludes the proof.
O

Lemma 10 [Consistency of the fluz functions| Let D be an admissible discretization
in the sense of Definition [L2A, and let us assume that hypothesis @ holds. Let
be a given function in C°()). Then, there exists a real C > 0 depending only on
©, 01, 05, Bo and d, such that for all K € T, s € Vi, 0 € E,NEk,

< C m,diam(K)

Freo(Pog) — 22 /K M) Vep(a)dz

PROOF. From the definition ([[ILT2) of the flux functions Fk ,, we deduce that,

m,
Fgo(Ppp) — - Az)Vo(z)dr - ng o |< [Fio(Ppp) — meAxVo(zk) Dkl
K
+ M, AxVo(xg) - nKU——AK/ Vo(z)dr - ng,
+ &AK/ Vo(z)dr - ng, — &/ A(z)Vo(x)dz - nKJ'
mpg K Mg Jg

[I11.22]

For the first term at the right hand side of the inequality ([IL22)), thanks to

Lemmata [ and @, we infer that there exists a real Cy > 0 depending only on ¢, o1,
05, 3o and d such that,

|FK,U(PD()0) - mUAKVSD(xK> : nK,cr| S C’0 mddiam(K)‘ [11123]
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For the last two terms at the right hand side of the inequality ([IL22)), thanks to
the regularity of p € C2°(2) and the assumption on A (see ([[L3)), we deduce that
there exists a real C, > 0 depending only on ¢ such that,

‘mUAKVQD(ZEK) nKJ——AK/ Vo(x)dr -ng | < CyB mydiam(K) [111.24]
and also
‘—AK Vo(a)d - ng, — % / A@)V(z)dz - ng.o| < C,B mydiam(K).
K JK

[111.25]

Gathering the results IT23HIT24 we conclude the proof from [IL22
0

I11.2 The G method

In the present section we introduce a family of FV methods generalizing the MPFA
L method of [6,7]. The idea is to write the flux through a face as the weighted
average of several L-type fluxes corresponding to different stencils. A proper choice
of the weights allows to enhance the coercivity of the method, thereby improving
robustness with respect to the skewdness of the mesh and to the anisotropy and het-
erogeneity of the permeability tensor. In this section, we assume that there exists a

finite partition of ) into open connected disjoint polygonal subsets,
P, {Q}iz1.ng such that (s.t.) Ajg, € [C*(Q;)]**? foralli = 1... Ng. Then thanks
to Lemma Bl and Remark [l we can use the space Q as the space of test functions

instead of CZ(12).

I11.2.1 The Finite Volume scheme

Hypothesis 5 Let {D, },en be a family of meshes matching Definition [L21 sat-
isfying hypothese ). We further suppose that
(i) there exists a non-negative constant g4 independent of n such that

diam (K )41
max max ———— < 4.
KeT, 0eli me

(1i) we assume that each o contains at least one vertex (this could be false in
dimension d = 3 if, for ezample, o is only a piece of a “true face” of a cell);

(iii) G is the finite family of face groups defined as follows (see figure [ILAIII):
GG CENE, KeT, s€V,, card(G) = d}.

For each G € G, we let T = {KeT, GNEk # 0}. We also arbitrarily select a
cell, which we denote by K¢, such that G C Ex,.
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(iv) F =10,
(v) for all K € T, Ene e =0,
(vi) for allo € Ex, K € T, dk, is the Buclidian distance from xk to o.

(¢) Te =13,4,6}

Figure I11.6: Different groups of edges, G € G and group of cells 7¢ in the 2D case

The groups of edges G € G are the red edges in the figure [IL6 and the cells of
T are represented by numbers in the figure [IL6

o1
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'y

Figure II1.7: Groups of a associated with a vertex s and a cell K € 7,

(a) d=2

Remark 2 In many cases, a given group G is contained in a unique Ex but, in some
cases (especially if the discretization has non-convex cells), there can be multiple
possible choices for Kg.

Construction of group gradients

The idea of construction of the G scheme is based on the L-technique introduced
in [6]. The L-technique allows to built a piecewise linear function on a connected
domain, obtained from d + 1 control volume and which takes into account the het-
erogeneous diffusion matrix. This d 4+ 1 control volume are such that there exists
a control volume K, among the d + 1 control volume, sharing a same vertex with
the other and having a common edge with each other control volume (see figure
[ITR). Then, this d+ 1 control volume can be deduced from a group of edges G € G
(see figure [ILH), in other word they are the elements of the set 7g. Therefore, for
a given group of edges G € C~}', The L-technique allows to built a piecewise linear
function, u from the values (ugx)xez, on the domain obtained from the set 7. The
linear function u, must verify the three following conditions :

e for all K € 7g, u(xg) = ug (— cell unknown)
e 1 is continuous on o € G.

e For any o € (G, the flux through the edge o is continuous, in other words
[ AkVu k() -ngo+ [ AxVu,p(x) -ng, =0, for which 7, = {K, L}.
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Figure 111.8: s a vertex, G = {0,0'}, 7 = {K,L, L'} and K¢ = K.

Since w is linear in each K € 75, we can write u under the form : for all z € K,
K € 71g,

u(r) = ug + (Vpu)% - (z — 2x)

where (Vpu)$ is a vector of RY. The two last conditions yields to the following
system of equations : for all o € G, with 7, = {K, L},

{uK + (Vou)f (v — 2xg) = ur + (Vou)f-(v — 1) Vo €o, [111.26]

AK(V’DU)?('HK,U + AL(V’DU)g'nL,a =0,

The system of equations ([IL26) corresponds to the system of equations [IL27, where
the Lemma [[] gives a solution to this system.

Thanks to the L-technique, from a set of cell unknowns {vg € R, K € T}, for
any group of edges G € QN, we can built the discrete gradient of RY, (Vpv)%, for
each cell, K € 75 of the group G (see figure [TL8 corresponding to [TLA (a)).

As, it is illustrated in the figure ([[ILA), a cell K € 7 can belong to several groups
of edges G’ € G. Therefore to write a flux Fr,(v), 0 € &k, K € T, we take all the
groups G sharing ¢ and such that K € 75, we make a convex combination of the
gradients, (Vpv)% and we use the result to built the flux, Fx ,(v).

Let us see now the details. Our idea is, for all v € H7(€2) which represents the
set of cell unknowns (vk)ger, all group G € 5, all 0 € GG and all K € 7., to build a
“group gradient” (va)f{’a € R? and use it to define the flux Fg ,(u); this gradient
could be understood as a piece of a full gradient of w on the pyramid Ag ., the full
gradient (and resulting flux) being obtained as a convex combination of these group
gradients corresponding to all the groups G containing o (see [[IL32]).
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First, for all o € &€, T, = {K, L}, we require that, if 7, = {K, L}, the values v,
vy, and the gradient reconstruction (Vpv)%7, (Vpv)$ yield the same value of v on
o, that is to say

vk 4+ (Vp0)57 - (. —zg) = vy + (V)57 - (z —21) Yz €o.

For boundary faces, we ask that the value obtained at x = z,, barycenter of ¢ be
zero. Second, we would like the resulting fluxes to be conservative, i.e. |

AK(VD’U)f(’U ‘NK o + AL(VDU)E;’U -ny, = 0.

)

These two sets of equations are not sufficient to define uniquely the group gradients
(and thus to estimate them, which is fundamental in the study of the numerical
method). We therefore add another constraint, giving a particular role to the cell
K¢ selected for the group G: we ask that (va)%g does not depend on ¢ € GG, and
we denote by (Vpv)%,, the common value of this group gradient for all o € G. The

discrete gradients are thus defined, as in [6,7|, by: For all G € Gandallo € GN Eint)
with 7, = {K¢g, L},

vk + (V)G (x — k) = vp + (Vpv)97-(x —x) Vr€o, 111.27]
Ao (Vov)§, Mo + A (Vpo) 7 mp . =0,
and for all 0 € G N Eex,
Uiy + (va)gc-(:)s(7 — Tr,) = 0. [TTT.28]

Lemma 11 The gradient reconstruction (Vpv)%,, defined by [IL2Q and [IL28)|
can be obtained solving a linear system of the form

AGfXG == B(;(U), [11129]

where the rows of Ag € R¥™? are built from the following family of vectors of R?

Apng,np
{#(IL—ZEKG) A DKoo AN, )
Lo TEGNEing

AKG Ng.oNKq o
d ('IU - xKG )
Kg,o EGNEext

and Ba(v) € RY is obtained from the family of vectors
Apnp.np, Ak o NKg o
e e I .
Lo EGCNEing Kg,o EGNEext
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PROOF. Let v e Hr(Q), G€ G, o€ GN&Ey with T, = {Kq, L}. Observe that,

if v (Vou)%, — (Vpv)77 # 0, the first equation of [IILZT is the equation of an

hyperplane of R? orthogonal to v; satisfying this equation for all x € ¢ is equivalent
to imposing that o is contained in this hyperplane, and thus that v and ng, , are
colinear (this is of course also true if v.= 0). As a consequence, taking y, € o,
the first equation in [[IL27| is equivalent to the following linear system (in which
A& € R is an additional unknown):

(VDU)IG(G - (VDU)%U = AoGnKG,Uv
Vke — VL + (V’DU)%U'%L — (VDU);G{G'l'KG = —AUGHKQJ'%-

Since (y, — 1) Nk,o = —dr,, solving for A\¢ we obtain

G _ _BroW
{AU - dL,o' ’

Rp.o
(VD'U)%V’U = (VDU)IG{G - CLl’L—“EU)nL,(ﬂ

with Ry, ,(v) o — vk, — (Vpo)§ (L — 2k,). Using these expressions, the sec-

ond equation of [[IL27| can be rewritten as

Arn o[ & Arn o N o
dL,o‘ dL,o‘
Finally, the linear system [IL27 [[IL2§)] is equivalent to:
s R .
(VDU)E;’U = (VD’U)?(G — %WHL’U, Vo € G N ginta 7:7 = {Kg, L},
L,o

[ALnL,a'nL,U

p (xp — xk,) + AgoDKgo + ALnL,O':| '(VDU)]G{G
L,o

o ALHL,J'HL,J

dL,U

?{G.(xa' - xKG

(UL_UKg>7 vaeGﬂgint7 %:{KGUL}?

AKGnKGHO"nKGﬂ' (V'D’U) ) _ AKGanvo"nKG,U(

—Vkg)s Vo € GN Euxt.

\ ng,o ng,o‘

[TT1.30]
The assert follows.
U
In order to construct the gradient, we therefore need to consider the set of groups
such that the matrix Ag is invertible, that is to say

def

G

We shall also need a symbol for the family of groups containing a give face o € £.

We thus let (see figure [TLJ)

{G € G| Ag is invertible}.

def

Voe&, G,={GeGloeG},
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LN
SASS

Figure II1.9: Groups of G, for d =2, 0 € &

and we assume throughout the rest of the present section that all the G, are non-
empty.

Remark 3 Figure [[IL10 shows two examples of groups respectively belonging and
not belonging to G (in the case where A is constant). Indeed, since Akg, = AL, the
terms AKG2 NKg, 0 and Apny, ., cancel out each other in each line of Ag, and, since
the cell L on the other side of o1 and o9 is the same, both lines of Ag, are colinear
to x — Tk, (this matriz is therefore singular). The non-convezity of cells can be a
cause to the singularity of some Ag (but this does not block the use of the G method
since, even in this case, the non-emptiness of all G, often holds).

Finally, we define in the following two lemmata the space playing the role of ®
in Hypothesis Pland state its density, and we establish the consistency on this space
of the group gradients (this will give (PR)).

Numerical fluxes

We choose {09} ,ce.ceg, a set of weights such that

Forallo € £, forall G € G,, 0< 6 <1land, forallo €&, Y 69 =1 [IL31]
GegGo

The numerical fluxes are then defined as follows: For all K € T, for all o € &k,

def

Fo(u) = Y 0SFE (), FE,(u) = moAg(Vou)e ng,. [111.32]

GegGo
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n
Kano Ngq, .09
. , L Kg,
Ngg, o
Ke, - Ngeq,,0
(a) G1 € G, (b) G2 ¢ Go

Figure II1.10: Face groups of G respectively belonging and not belonging to G, .

Remark 4 Notice that the subflures FE  are conservative
(second equation in [[IL2Q), and thus the whole fluzes Fik , themselves are also
conservative.

Specific methods are obtained from [[IL32] by defining a suitable criterion to
compute the family of weights {0%},c¢ ceg, -

Example 1 (MPFA L method) The MPFA L method can be obtained as follows:
For all 0 € &, let G € G, be the group satisfying the criterion proposed in [7] and
set 09 =1/card({s € V,;s € 0}) and 05 =0 for G # G € G,.

Example 2 The alternative choice used in the numerical examples of V.32 is
designed so as to enhance the coercivity of the method. For each group G € G,

define the space Hr, o {ug € R, K € 15} endowed with the semi-norm

def mao
fully, 3" Y T e )

KeTa oe€xnG 7

For all u, v € Hy, set az,(u,v) = Y er. Yoverne Fiio(W) (Vo0 — vk). For each
G € G define

def .
Yo = inf ar. (u,u)
{UEHTG, ”u”TG:l}

The computation of the parameter o requires to evaluate the eigenvalues of a local
matriz of R associated with the bilinear form az., and its cost is negligible. The
computation of the parameter vy is given in Section Appendiz.

I11.2.2 Coercivity of the scheme

Property (PII) is only conditionally verified by non symmetric methods. We propose
a computable criterion issued from the stronger assumption that coercivity holds
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locally around each vertex s € V. For a given discretization and diffusion tensor,
this assumption can be checked numerically by computing the eigenvalues of a small
linear system of size card€; < p3 for each vertex s € V.

Let s € V, and set Hr, o {ug € R, K € 7,}. The space Hr, is endowed with

the semi-norm ot o
ol 2SS P (k)
KeT, 0e€snEy K0

Denote by az, the bilinear form defined as follows: For all u, v € Hr,,

ar(u,0) = 3" 3T ST 0CFE (w) (v — vie).

GeG,GCEs KeTg oelxgNG

Lemma 12 Let there be a positive constant v3 such that

min inf ar,(v,v) > 3. I11.33
SeV {verz, ol =1) 7.(v,v) 27 [HIL33]

Then, for all u € Hr, ar(u,u) > v3lul%.

PROOF. Forallu € Hy and s € V, let u, (uk)Kker, € Hz,. Since any given group
G only belongs to one particular &, it is easy to see that ar(u,u) = > .\, ar, (us, u),
and thus that ar(u,u) > 3>,y [|us]|3.. The assert then follows from

> lusliz, = a7,
seV

which is straightforward since, for all K € 7 and for all o € &k, card({s € V|0 €
&) > 1.
U

I11.2.3 Consistency of the scheme

Hypothesis 6 Let D be an admissible discretization in the sense of [L21, we fur-
thermore suppose that there exists v, < +00 such that

Voe&, Y 091AG < . [111.34
Gego

Lemma 13 /Consistency of the group gradients| For all p € Q, there exists a real
Cs > 0 which only depends on o1, 02, A and ¢ such that, for all G € G, all 0 € G
and all K € 7,

[(Voor) 2 — Velzg)| < Cs (1+ [AGY) max diamK.
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PROOF. See Appendix
0

Lemma 14 [consistency of the fluzes| Let ¢ be a given function in Q. Then, there
exists a real C' > 0 depending only on , 01, V4, Bo and d, such that for all o € &k,
KeT,

< C m,diam(K)

Freo(Pog) — 22 /K M) Vepla)dz

PROOF. Forall 0 € &, K € T, [[IL37)], [IL3T), Lemma [[3 and [[IL34] yield

Fro(p7) — b A(:B)Vgo(:z)-manK,U

mk S |FK70(907') - AKVQO(zK)mUnK,U|

/ ~ V() mong,

< m,f Z 0 ’ Voo, )y’ — VSO(IK))
GeGs
o sup Ve(z) — Ve(zk)|
Te

< (C5v4 + Cs)m, Gohp,

where C3 = sup,cp, [¢"(7)].
U

I11.3 The Cell-Gradient method

Finite volume methods for diffusive problems on general polyhedral meshes have
known an impetuous development in recent years. Multi-point schemes have been
introduced in the middle of the 90s (see, e.g., [4,36]) to circumvent the mesh limita-
tions of the classical two-points method. The key idea is to relax mesh requirements
at the expense of a larger stencil while preserving second order convergence. A
simpler, cell based gradient reconstruction yielding a convergent method has been
proposed in [12, §3.2]. The resulting scheme, henceforth referred to as CG method,
has a more straightforward implementation but a slightly larger stencil.

II1.3.1 The Finite Volume scheme
Hypothesis 7 We further assume that

o forall K € T, & =0,

o F=10,
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o Forallo € Ex, K € T, there exists a group of d faces GX C Ex sharing a
same vertex with o such that A is invertible (cf definition below).

For all v € Hz (), defined from the cell values {vg } ke, we use the discrete gradient
(va)fg}’{ introduced in ((IIL27]), which can be expressed thanks to Lemma [[I], in

terms of the cell values {vk } xer by solving the local linear system Af(VDv)f; =
bl (v) such that AK € R b (v) € R?,

AL ny /-1 /

’ 1,0 L_s,0

{ - g - (.:CLU, - :'UKO') _'_ AKo'nKo-,O'/ + ALU/ nLU/,O',
K def

A lef dL,O'/ OJEGg-(ﬂgint
U {AKGHK(W,'HKJ’U, (93 — TK )}
g o
Ak, o o' €GE NEoxt
and
ALU/ nLU/,O', 'nLU/ ,0'/
d (ULG/ - 'UKU)
bK(U) éf L,O'/ cr’EfoﬂSint
o {Freteses )|
— UK,
dK, o' o' €GE NEort

where, for all o/ € GEX N &y, Ly is such that 7, = {K, L,}. The local gradient
(va)f{f allows to define the values 1%, for all v € Hy(Q), 0 € €k, K € T:

50 © v + (V)5 (2, — ). 11135

We introduce the discrete gradient reconstruction Vp € L(Hz(Q); [Hr(Q)]?) s.t.,
for all K € 7 and all v € H7 (Q),

(Vpv)x = Vpjx = — Z m, (I v — vk )ng,. [111.36]

O'ESK

Thanks to Lemma [[3 it can be shown to be consistent for functions belonging to
the space of test-functions, Q.
The discrete bilinear form reads, for all u, v € Hz (),

p(u,v) demKAKVDuVDv+ZaK Z

KeT KeT 0€EK

~ Ri.o(u)Ri o (v), [1I1.37]
dKO’

where we have set, for all v € Hr(Q), K € T and 0 € £k, Ry ,(v) = v — vy —
(Vpu)k- (s — xx). The discrete problem reads

Find v € H7 (Q) s.t. ap(u,v) = / fodx for all v € Hy (). [TT1.38]
K
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It can be shown from ([IL37) that the discrete variational formulation ([IL38])
is equivalent to a finite volume scheme.
The consistency of the scheme in the sense that for all ¢ € O,

ep(p) — 0 as hp — 0, [IT1.39]

derives from the consistency of the discrete gradient Vp. The consistency of the
gradient Vp is obtained thanks to Lemma and the following property: For all
w € RY,

Z MW« (Ty — T )N = MKW [TTT.40]

oefi

More details about the coercivity and the consistency of the scheme can be found
in |12, §3.2|
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Chapitre IV

Une famille de schémas volumes finis
symeétriques

Notre recherche est motivée en particulier par la simulation numérique de fluides
complexes en milieux poreux incluant des couplages avec des phénoménes thermo-
dynamiques et ou chimiques. Comme nous avons pu le constater dans le chapitre
I1, la convergence d’un schéma dépend d’une condition de coercivité. Le chapitre
ITT a montré que dans le cas de schémas non symétriques tels que le schéma MPFA
O et G, la condition de coercivité ne peut étre vérifiée que numériquement. Bien
que de nombreux schémas aient été proposés (cf [52|, chapter IIT), il n’existe pas
encore de schéma ultime, c’est a dire centré aux mailles avec un stencil compact, qui
respecterait les bornes physiques et donnerait de bonnes approximations méme sur
des maillages déformés non conformes avec de forts contrastes dans les perméabilités
(ou coefficient de diffusions). La nouvelle famille de schémas que nous introduisons,
a été concgue dans le cadre de cette recherche, et a les caractéristiques suivantes :

1. elle peut étre utilisée sur n’importe quel maillage polygonal avec tenseur de
diffusion hétérogéne, anisotrope,

2. elle fournit la solution exacte dans le cas ou f = 0, A est constante par
morceaux dans des sous domaines polygonaux, polyédriques et u affine dans
chacun de ces sous domaines

3. dans certains cas particuliers, elle donne le classique schéma & deux points,

4. elle est symétrique et coercive par rapport a une norme discréte adéquate, et
la preuve de la convergence en découle.

A partir de cette famille, on a créé un schéma dit Dioptre qui permet de répondre
aux caractéristiques recherchées avec en plus un stencil compact dans le cas de
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maillages pas trop déformés (en un sens incluant le tenseur de diffusion), par exemple
dans le cas de maillages quadrilatéraux pas trop déformés, il méne a un schéma neuf
points. Ce dernier a ses inconnues aux centres des mailles, répond & notre recherche
en combinant les avantages du schéma multi-points MPFA O et les schémas hybrides,
respecte les hétérogénéités de la matrice de diffusion, et présente des propriétés de
coercivité et de convergence. Un parameétre ajustable permet d’augmenter le poids
des flux & deux points dans le schéma, ce qui peut permettre d’améliorer la monotonie
du schéma. Le schéma est basé sur 'utilisation de points a 'interface entre milieux
de matrices de diffusion différentes, o la formule de la moyenne harmonique est
utilisable.

IV.1 The Finite Volume Scheme

Hypothesis 8 Let D be a discretization matching Definition L2 We further
suppose that

(H1) {0 €€k, K e T} C F.

(H2) for all K € T, there exists Sk, a finite family of non empty connex open
disjoint subset of K (the sub-cells of K) such that Uxes, K = K and for all k € Sk,
there exists €, a subset of Ene x U Ex such that Ok = U,ee, T (see figure [[V.T).

(H3) For all k € Sk, K € T, there ezists x,, € Kk such that k is strictly star-
shaped with respect to x,,.

(H4) We assume that there exists a real C' > 0 independent of the discretization
D such that for all o € F, for all ¢ € Q, |II,(Pry) — v(z,)| < C h2, we assume
also that for all K € T, 0 € F, 0 C K, there exists a family of real (Ty,1,) Lenyu{xy U

(Moot )orecinEn SUCh that g oL + E Too = 1 and for all v € Hp ,
LENKU{K} U,Egngcxt

II,v = E oI, VL.

LeNKU{K}

Additional notations : Under Hypothesis B for all o € &, k € Sk, K € T,
we denote n, , the unit vector normal to o outward to x and d,, the Euclidean
distance from z,, to 0. For all 0 € &y x UEK, we denote by Sk, = {l € Sk,0 € &},
then either Sk, has exactly one element and then o € £k or Sk, has exactly two
elements and then o € & k. Forall K € T, for all 0 € Ex with Sk, = {k}, we set
di o, = dy, and for all o € Eyyy x with Sk, = {k, 1}, we set di, = min(dy o, d1)-

We define the finite volume scheme which is based on a variational formulation
on the space Hp s using the discrete gradient for each sub-cell kK € Sk, K € T
defined by
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(a) Eint,x (b) Sk

Figure IV.1: &y are the subcells of K built from &y k.

Let us now define the bilinear form ap on Hp r X Hp # by

me

- Rn,o (u) Rn,o (U>>

O'Egn e

ap(u,v) = Z Z (m,.g(Vpu),.C A (Vpvu)e + ay Z

KeT keSk

V1]
for all (u, U) € Hp.r X Hp,r, with

for all K € 7. In (OCJJ), the residual functions R, , are defined for all u € Hp £,
forallo € &, k € Sk, K € T, by

R.o(u) =u, —ug — (Vpu), - (6 — k), [IV.2]
where the parameters «, are real such that
0<po<a,< [1V.3]

The subsequent analysis will readily extends to more general framework but we keep
to the scalar term for the sake of simplicity in the notations.

The discretization of ([LI) on D is defined by the following discrete variational
formulation: find up € Hp 7 such that

ap(up,v) = / f(z)Prv(z)dx for all v € Hp £ k. [TV 4]
0

Let us show that the variational formulation (V24)) is equivalent to a finite volume
scheme.
PROOF.
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Firstly, for all u € Hp r, we seek a family (G ,(t))sce, nvesk xer such that,
YD Groluw)(vs — vi) = ap(u,v) [1V.5]
KeT keSk o€y
for all v € Hp #. From the definitions of the bilinear form ap ([.TJ), we can deduce,

my

Gro(u) =Ag(Vpu), - myn, , + a”d Ry »(u)
. IIV.6|
_m_man/ia' (Z; ali HJ HO’ u)(IU’_IK)>~
o'e

We can re-write Equation ([V.3)) as follows,

=Y > Guo(uw)(vy — )

KeT 0e€k ,Sk,0={r}

Y (Guolw) + Go(w) (v, — vic). V7]

KGT Uegint,KvsK,O':{’iJ}

For all u € Hp #, we introduce the family (Gk ,(u))seexuen, . xer defined for all
K €T by,

Gk o(u) = Gyo(u) for all 0 € Ex with Sk, = {k}
Gro(u) = Gyo(u) + Gp(u) for all o € Epyy i with Sk, = {k, 1}

Then, we get from ([V.1),
ap(u,v) = > > Gra(w)(v, —vg). [1V.9]

KeT o€ UEint, i

[TV.8]

by splitting the set iy ik into Eing xk N F and Eine x N F, we deduce,

= Y G =)+ > > Grolu)(ILw — k).

KETUGEKU(gint,Kn]:) KeT O'ESim’Kﬂ?

Using hypothesis B we get that for all 0 € & x N F,. K eT, Il,v—vg =
Z 7o (VL — VK) — Z Too' Vi, then we deduce,

LeNk o' €€ NEext

=> > Grolu)(ve —vk)

KeT g€l U(Eint, kNF)

+3 Y Y enGrou) | (vp —vk) [1V.10]

KeT LeNk 0E€Eine, kNF

- Z VK Z Z WU,U/GK,U(U)

KeT o' €ExNEext O'Egint,Kn?
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For all L € N, K € T, we set,

é[{l,(u) = Z WU,LGK7O'(U)7

UGEim,Kﬂ?

and for all 0/ € Ex NEei, K € T, we set,

éK,O” (U) - Z To,o! GK,U(U)

oE&nt,Kﬂ?

then we get,

Z Z Z To.Gro(u) | (v —vK) = Z Z éK,L(U)(UL—UK)

KeT LeNg Uegint,Kﬂ? KeT LeNk
=3 Y (Gri(w) - Gro(u)vk.
KeT LeNk
1V.11]
and
Z VK Z Z WU,U’GK,U(U> = Z VK Z é[(ﬁf (U) [IVIQ]
KeT Ulegngext chEim,Kﬂ? KeT O'legKﬂgext

Since for all o € Euyt, v, = 0, we get also,

DY Grolwv, = Y (Grolu)+Gro(u))v, [1V.13]

KeT oeéi O'Egint,To':{K7L}

Using (OCI0)-(OCT3), we obtain that for all (u,v) € Hp s X Hp r

ap(u,v) I—ZUK Z Fre p(u) + Z Fr . (u) + Z Gk o(u)

KeT LeNk c€EK NEext 0€Ent, kNF

+ Z Z Gk o(u)v,

KeT o€&ing,kNF

+ Z (GK,U(U) + GL,O’ (U))'UU,
o€&€nt,To={K,L}
[TV.14]
where for all L € Ny, K € T,

Frp(u) = Grr(u) — Grr(u)+ Y Gro(u) [1V.15]
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and for all 0 € Ex N Eexs,
Fio(t) = Gr.o(u) + G o(u). [IV.16]

Then, thanks to ([V.I4l), we deduce that the variational formulation (V.4 is
equivalent to the following finite volume scheme : Find u € Hp z such that for all

KeT,
Z FK7L(U) FKo /f [IVl?]

LeNk UESKF‘IECXt

for all o € &y x N F,
Grol(u) =0, [IV.18]

and for all o € &, 7, = {K, L},

GKJ(U) + GLJ(U) = 0, [IVlg]
Notice that thanks to Equation ([V.I9), we get that for all o € &y, with 7, =
{K,L}, Fr(u)+ Fp k(u) =0, which concludes the proof.
]
IV.2 Coercivity of the scheme

The coercivity of the scheme is obtained under the mesh regularity assumption.

Proposition 4 [coercivity of the scheme| Let D be an admissible discretization in
the sense of Definition [[LZ1 we have the coercivity of the bilinear form ap in the
sense that there exists a real C' > 0 depending only on o1, o, a9 and d such that

ap(u,u) > Cllul3, [1V.20]
for all w € Hp r.

PROOF. From definition ([[LJ]) of the bilinear form ap, we have for all u € Hp,

= Z Z <m,i(V’Du) AK V’DU Z Oéﬁ HO’ )2) [IV21]

KeT keSk o€l

Using the following inequality

p(a —b)? min(p, A)a® — Ab?, for all (a,b, u, ) € (Ry)*,

1
> =
-2
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with g = ay, a = uy, —ug, b= (Vpu), - (r, — xx) and A = p, a positive real, for
any 0 € &, k € Sk, K € T. Then, we obtain for all p, > 0, Kk € Sg, K € T, the
lower bound,

(o ]‘ . g
Z aﬁdm—Rn,U(u)z > 92 min(p,, o) ;ﬂ (U — UK)2 — pu(Vpu), - Ax(Vpu)y,
o€Ek e oc& M9
[TV.22]
where the square matrix A, is defined by
m, ;
A, = 7 (to — ) (s — xK)", [IV.23]
Uegﬁ i
and satisfies the bound, thanks to Hypothesis ([L7),
dm,
A, < 258 IIV.24]
1
Let us choose p, such that,
P =sup{p € R, m, Ax — pA, > 0}. [IV.25]

Using the upper bound ([V.24)), we can prove that p, defined by ([V.23) satisfies
the lower bound )
01 Qo
K > )
Pr="4
for all Kk € Sk, K € 7. Using (O2T), (V.22), (V-23)), (V.26) we obtain the lower
bound

[1V.26]

1 2
ap(u,) > & min (uo, @7‘“) Jul, V.27

for all w € Hp, £, which concludes the proof.

U

IV.3 Consistency of the scheme

Lemma 15 [Consistency of the discrete gradients| Let D be an admissible dis-
cretization in the sense of Definition [[L21, and let us assume that Hypotheses [8

holds. Let ¢ be a given function in Q (definition of Q in Lemmald). Then, there
exists Cy > 0 depending only on o, 01 and d such that for all k € S, K € T,

|(V’DP]:Q0)H - VQO(ZL'K” S C() dlam(K)
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PrROOF. Let o € &, k € Sg, K € 7 and p € Q be given. For all 0 € £, N F,
let us set ex, = @(z,) — ¢(rx) — Vop(rk) - (zo — 2x) and for all o € EN\F,
exo = o (Pryp) — (k) — Vp(rk) - (5 — k). Thanks to the fourth property of
Hypotheses Bland since ¢ € Q, there exists a real M, > 0 depending only on ¢ such
that,

e 0| < Mylz, — xk|?

IVo(rk) = V()| < Mdiam(K)

Since, we have the following property, for all v € R?, for all kK € Sk, K € T,

Z v (Ty — Tg) My, , = M0, [IV.29]

0'68&

Then, thanks to (V.29) with v = Vp(xx), we get that,

[IV.28]

(VDP}'QO) VQO $K Z 6KU meynN O

K oe&y

Then, thanks to the first estimate (V28), ([L7) and since Z m,d,, = dm,, we

O’ng
obtain the bound,

d .
|(VDP]:Q0),i - VQO(ZL'K” < Mcp Q_ dlam(K), [IV?)O]
1
which concludes the proof.

U

Lemma 16 /Consistency of the residual functions| Let D be an admissible dis-
cretization in the sense of Definition [[L21, and let us assume that hypotheses [
holds. Let o be a given function in Q. Then, there exists C; > 0 depending only on
0, 01 and d such that for all k € Sk, K € T,

R, (Prp) < C; diam(K)?*,

PROOF. Forall o € &, NF, let us set e, = p(2,) — (k) — Vo(ak) - (2, — Tk)
and for all o0 € EN\F, ek =, (Pry) — p(rx) — Vo(2k) - (2, — k).
From the definition of the residual function we have

Ryo(Pro) = €k o — (VoPro)w — Vo(rk)) - (5 — 7K).

Thanks to (L28) and ([.30), we deduce that there exists M, depending only
on ¢ such that,

Rio(Prop) < lexol +1(VoPrp)s — Vo(rr)| |2, — 2K
M, (1 + d) diam(K)Q,
01

IN
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which concludes the proof.
O

Proposition 5 [Consistency of the flux functions| Let D be an admissible dis-
cretization in the sense of Definition [[L21, and let us assume that hypotheses [
holds. Let ¢ be a given function in Q. Then, there exists Cy > 0 depending only on
v, 01, Yo and d such that for aoll K € T,

A
Vo € Ek, 'GK’O-(P]-‘CP) —m, Jx (:El)ngo(a:) dI.nKﬁ
K

Vo € gint,Ka |GK7U(P‘7:Q0)| < C’Qmadiam(K)

< Com,diam(K)

[1V.31]

where Gk, is defined in ([IZ8)

PROOF. Forall K € T, 0 € Ek with Sk, = {k}, since Z myd,; »» = dm,, then
o€y

using ([L7), the lemmata (&) and (), from [\ 6), we deduce that,

Gro(Pre) —meAxV(zk) ngq| < (ﬁoco + (d+ 1)0%) m,diam(K). |IV.32]
1

Then, using (L.32)) and the same arguments as in the lemma (), we get that there
exists C, > 0 depending only on ¢ such that

A d
G (Pro) —m A AEVE@ AT
mg

S (/6000 + (d + 1)01? + Cspﬁo) mgdiam(K),
1

which concludes the first part of the proof. For all K € 7, 0 € &y i, with Sk, =
{k, 1}, using the same arguments as for (L.32)), from ([,H), we get,

Gro(Pre)l = |Gro(Pre) + Gro(Pre)|

S |GK,J(PF90) - mJAKVQO(IK) . nn,a|
+ |Gl,o(Pf(p) - moAKv(p(xK) ' nl,o‘

< 2 (5000 + (d+ 1)C&§) m,diam(K),
1
which completes the proof.
O

We will present now, two symmetric finite volume scheme built from the varia-
tional formulation [\
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IV.4 VFSYM

During our research, we have proposed a new family of finite volume discretiza-
tion schemes. These are based on the discrete variational formulation framework
introduced in Il The use of a sub-grid, Sk, for each cell K € 7 of the mesh
enables us to obtain fluxes only between cells sharing an edge as opposed to the cell
centered finite volume scheme [43| for which fluxes are also defined between cells
sharing only a vertex. The sub-grid, Sk of each cell K of the mesh is defined by
the set of cones obtained joining the face o € Ex to the cell center x (see figure
VD). For any o € &y x\F, K € T, the linear form II, is defined as follows, first,
we express T in terms of (2r)pen, U (T )oegpnss, and second, we use the same
coefficients obtained, to write, for any u € Hp 7, II,(Pru) in terms of (ur)reny-
The resulting finite volume schemes are cell centered, symmetric and coercive on
general polygonal and polyhedral meshes and anisotropic heterogeneous media and
can be proved to be convergent even for L> diffusion coefficients under usual shape
regularity assumptions. Using L type interpolation from [8], |7| for the definition of
the linear forms (Ily)gee,, \7, K € 7T as it is done in ([IL33), enable us to take into
account large jumps of the diffusion coefficients. Unfortunately, these properties on
difficult anisotropic problems are obtained at the expense of larger scheme and flux
stencils. For example, for a cartesian grid in 2D, the stencil by control volume is 21
and in 3D, 81.

K/

(a) Tn

Figure IV.2: k € Sk (the sub-cells of the cell K).

IV.5 A symmetric finite volume scheme with com-
pact stencil in R?

In this section, we propose a cell-centred symmetric scheme which combines the
advantages of MPFA (multi point flux approximation) schemes such as L or the O

scheme and of hybrid schemes: it may be used on general non conforming meshes,
it yields a 9-point stencil on two-dimensional quadrangular meshes, it takes into
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account the heterogeneous diffusion matrix, and it is coercive and convergent. The
scheme relies on the use of special points, called harmonic averaging points, located
at the interfaces of heterogeneity.

Hypothesis 9 We further assume that,
o Forall (s,8') €V xV, ENEy =10
o forall KeT, Le Nk, K and L are separated by a hyperplane.
o Usey&s = Ugerlk.

o Forall K €T, {xk} = Nyee

irlt,KU'

IV.5.1 Harmonic averaging points

Consider two domains K and L of R? with different diffusion matrices (or perme-
abilities) Ax and Ay, separated by a hyperplane interface o, and let xx € K and
x; € L. The harmonic averaging point between xyx and x is defined as the point
of o where one may compute the flux from xx and x; by the classical harmonic
averaging formula, for a certain class of regular functions. If Ax = Ay, then this
point is the intersection of the line & xa; with the hyperplane interface between the
two media.

Lemma 17 Let o be a hyperplane of R?, with d € N* and let K, L be the two open
half-spaces with the common boundary o. Let A € My(R) and A € My(R) be
two given symmetric definite positive matrices, let g be the unit vector normal
to o oriented from K to L, xx € K and &y € L be given and di , (resp d ) the
distance from xg (resp xp) to 0. We write xx = —dg Nk + Y with Yy, € o,

and xp, = dp ok + Y, with y;, € 0. Let y, € o (called the harmonic averaging
point) be defined by

ALdi oY + Akdr oYy dxodro
. = ’ : + — AL — D), V.33
Y Adi e+ Akdr & Adi - + )\KdL,o( K ) | ]
denoting by )\K = Nky, - AK'I’LKL, A(Ij( = (AK — )\KId)nKL, )\L = Nky - ALnKL and
7 = (Ap — A Ild)nkyp. Then the following harmonic averaging formula holds, for
all functions u defined on R?, affine in K and L, such that u is continuous on o,
and such that AxVuig - ngrp = ALVuL - ngr:

o )\LdKJU(iEL) + )\KdLJU(iBK)

— 1V.34
u(yo) Adi s + Akdr - | ]
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Let us sketch the proof of the lemma. We denote by G the gradient of u in K, with
GK = 9Nk, + GCIr(, G}'( N1 = 0 and by GL = grnir + Gch’ Gch "Nk = 0 the
gradient of w in L. The continuity property of u on o first leads to G}, = G] = g°
and then to

dgo9rx +drogr = u(xr) —u(xr) + (Y — Y1) - 97,

and the condition AxGg.nkr = ALGr.ngy can be written ggAx—gr AL = g%.(A] —
A% ). Expressing gx with respect to g7 and using u(y) = u(xx) + Gk - (y — k),
for all y € o, allows us to write that

Ap(u(xr) —w(@g) + (Y —y1) - 97) +dre97 - (AL — A%)
Adi o+ Akdr o

u(y) = uw(xk)+dre
+ (y—yg)-9°.

The point y, is then defined as the unique point y € o such that the preceding
expression no longer depends on g7, and the resulting expression for u(y,) follows.
For all v € Hp, K € T, L € Nk, we denote by vg j, the values,

- Ardrgur + Axdrotix [TV.35]
’ )\LdK,a + )\Kde

IV.5.2 Definition of the scheme

For all K € T, L € Nk, we denote by yk ; the harmonic averaging point given
by ((IN5J), by considering the two domains K and L and by zg; the centre
point of K N L. For all K € T, L € Nk, we denote by hi 1 the point yg 1 if
Yk, belongs to the interior of K N L else hik 1 = k. We require that for all
KeT,se Vg, o0¢€&NEk with 7, = {K, L}, that hx € 7. Forall K € T,
e = |z, hrc ], L € N}t U{]zk, 25[,0 € Ex N €} and the set of sub-cells
of K, Sk is deduce from the set &y x U Ex according to Hypothesis [§)-(H2) (see

figure [V.3)).

Remark 5 We said that a mesh is not too distorted if for all K € T, L € Nk, hk1,
is the harmonic averaging point given by (CIV.21).

For all K € T, 0 € & i such that o =]z, hg 1| with L € Nk,

e if hy r is the harmonic averaging point given by ([IN.5.J)), by considering the
two domains K and L, then ¢ # F and for all v € Hp #, ll,v = %(’UK + vk.L)

e clse 0 € F which means that we have a face unknown.
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Figure IV.3: & k@ the red edges, Ek: the black edges and k € Sk, K € 7.

Forall K € T, 0 € &y k such that o =|xk, x| with 0’ € Ex N Eex, then o # F
and for all v € Hp 7, [I,v = %UK
Thanks to Lemma [[] and the properties of elements which belong to Q, we can
deduce that there exists C' > 0 depending only on ¢, g1, 02, and A such that for all

0 € Q, 0€&EmrNF, KeT such that o =]k, hg | with L € Ny,
lp(hi,L) — (Pre)k,o| < C h. [1V.36]

Owing to ([.36), we get that for all o € F, there exists C' > 0 depending only on
©, 01, 02, and A such that for all ¢ € Q,

|o(26) = o (Pry)| < C . [TV.37]
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Chapitre V

Tests numériques 2D et 3D

Dans cette partie, nous avons consacré une rubrique traitant des tests numériques
a chacun des schémas étudiés dans ce mémoire. Pour chaque section de ce chapitre,
I'accent a été mis sur un schéma en particulier. Les tests numériques ont été menés
dans le but d’étudier la convergence des schémas et leur robustesse sur des cas tests
2D, 3D synthétisant les difficultés que 1'on peut rencontrer dans nos applications.
nous avons étudié le comportement des schémas vis a vis :

e de I’hétérogénéité, I'anisotropie des tenseurs de diffusion,

e de la résolution des systémes linéaires de fagon itérative car nos codes indus-
triels utilisent des solveurs itératifs,

e de la complexité des maillages rencontrés en modélisation de bassin, de réser-
voir et stockage du C'o2.

Les résultats obtenus en terme de de convergence L2 de la solution discréte, des
gradients ou des flux discrets (cv), de robustesse vis a vis , du maillage (mesh) de
I’hétérogénéité (het), de anisotropie (anis) des tenseurs de diffusion et de la résolu-
tion itérative des systémes linéaires (resit) sont résumés dans le tableau ci-dessous.

cv | mesh | resit | het | anis

O scheme | oui | non non oui | non
G scheme | oui | oui oui oui | oul
VFSYM oui | oui non oui | oul
CG method | oui | oul oui oui | oul
Dioptre oui | oui oui | oui
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V.1 Implémentation

Pour les tests numériques 2D, on a développé un code prototype C-++ se basant
sur les librairies boost traitant de I’algébre linéaire dense (www.boost.org) et de la
librairie Petsc (www.mecs.anl.gov/petsc) pour résoudre nos systémes linéaires. Au
sein de ce code, on a développé un langage qui permet une implémentation formelle
des schémas volumes finis sous sa formulation variationnelle. En ce qui concerne les
tests numériques 3D, on a développé un code sous Arcane qui est une plateforme
logicielle de développement pour des codes de simulation numérique a haute perfor-
mance, pour des architectures de machines paralléles & mémoire distribuée.

Afin de permettre une implémentation formelle des schémas volumes finis, nous
avons créé informatiquement une classe Expression composée d’un ensemble de cou-
ples d’objets définis par une valeur et un objet Inconnue. La classe Inconnue est
définie par un mot clé et un entier. Le mot clé peut prendre deux valeurs ua pour
préciser que c’est une inconnue de face et u pour préciser que c’est une inconnue de
maille. L’entier donne I'indice de I'inconnue de face ou de maille suivant la valeur
du mot clé. Pour la classe Expression, on a défini plusieurs méthodes, produit
d’un objet Expression par un réel, addition, soustraction de deux objets Expression,
addition, soustraction d’'un objet Expression et d’un objet Inconnue, le résultat
de ces méthodes donnant un nouvel objet Expression. On a aussi défini comme
méthode le produit de deux objets Expression. Le produit de deux expressions
A = (o, ai)1<i<m, B = (B},b;)1<j<n (a;, bj sont des objets Inconnue et «;, 3; sont
des réels) est une expression d’expressions. Pour 1 < j < n, en écrivant b; sous la
forme b; = (p;,1;), ont p; € {ua,u} et l; € N*, le produit A- B est alors 'expression
{(A%0;,b;) }1<j<n, ot les couples définissant celle-ci ont pour valeur, une expression,
A x 3; et pour objet Inconnue b;. Le produit des expressions A - B peut étre stocké
dans une matrice, ot chaque ligne correspond a une inconnue de face ou de maille,
ftj, de numeéro [; pour un j donné et cette ligne est égale & Ax 3; = {5}, @i }r<i<m.
ainsi les colonnes correspondent aux objets Inconnue a;. Prenons 'exemple d'un
schéma volumes finis utilisant les inconnues de faces. Le schéma volumes finis sous
formulation variationnelle est donné par :

Trouver v € Hp s.t. ap(u,v) = / f Prvdz, Pour tout v € Hp. [V.1]
Q

ou la forme bilinéaire ap est définie pour tout (u,v) € Hp X Hp par,

ap(u,v) = Z ZFK,U(u)(vJ—vK).

KeT o€k
Exprl  Expr2

Pour construire la matrice A provenant de la forme bilinéaire ap, on parcourt chaque
maille K' € 7, chaque face de la maille K, 0 € £k, on construit formellement I’objet
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Expression Exprl du flux Fg,(u) donné par la formule du schéma volumes finis
considéré et 'objet Expression Expr2 du terme v, — v, puis en faisant le produit
de ces deux objets, on obtient la contribution du terme Fg ,(u)(v, — vx) dans la
matrice A.

V.2 3D numerical tests

Cell-Gradient method

In this section, we propose a comparison of the MPFA O, L, G and Cell-Gradient
(referred as CG) methods on anisotropic heterogenous problems on challenging
three-dimensional grids. Moving from two- to three-dimensional polyhedral meshes
adds considerable difficulties. Indeed, all methods considered here can be proved
to converge under suitable assumptions on both the permeability tensor and the
mesh |10,12]. Such assumptions are more easily violated in three space dimensions.
The aim of the comparison is to numerically evaluate the limitations of each scheme
and to provide explications based on the theory developped in [10,12,15]. In order to
illustrate the problems under investigation, some preliminary results are provided.
To this purpose, the following indicators are used: nunkw, the number of unknowns;
erl?2, the L? error on the solution; erinf, the L™ error on the solution; erF12,
the L? error on the fluxes; nit, the number of (preconditioned) GMRes iterations
required to solve the linear system.

Test 1 The first test is run on a sequence of squeezed grids. Each of them is
obtained from a uniform hexahedral grid in a unit cube with step h by squeezing it
20 times along the z-axis and adding random perturbation in zy-plane of the order
of % A 2D slice of such a mesh is shown in Figure Il The following analytical
solution (with suitable right hand side) is used in the convergence study:

u(zx,y, z) = sin(mx)sin(mwy)sin(rz).

Some results are presented in Figure .21 While the Cell-Gradient schemes exhibit
second order convergence, the L. and G scheme also converge but to a lower order.
The convergence of the O scheme seems more problematic.

Figure V.1: Squeezed and randomly perturbed grid for Test 1
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Figure V.2: erl12 (left) and erinf for Test 1.

Test 2 The second test deals with a complex mixed mesh in the cube [—500; 500]3
containing hexahedral, tetrahedral and pyramidal elements (see FigurdV.3). The
analitical solution for the convergence study (with suitable right hand side) is

T s s
=sin ( —— in(-—— ' . V.2
u(@,y, z) = sin (100095) S (1000 ) s (10002> V2]
In the first series of tests we solve the isotropic problem with A = I. While a direct

solver is used to assess the convergence of the scheme, the preconditioned GMRes
method is used to estimate the solvability of the linear systems (see Figure V).

Figure V.3: Mixed grid for Tests 2 and 3.

1000 1000
¥ O method —+—
G method -
L method - X
100 100 CG method &

10 O method —+— \ S 10
G method - e
L method - \
1 CG method & 1
10000 100000 1e+06 10000 100000 1e+06
nunkw nunkw

Figure V.4: erl2 (left) and Niter (right) for Test 2
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Test 3 In the second series of tests on the mesh family depicted in Figure we
use again solution [.2] with suitable right hand side and

0
0

1
A=10
0 0.1

S = O

The results of Figure .3 show convergence failure for the G scheme. Also, for the
L. scheme the linear solver systematically fails to reach convergence.

1000 1

100

Kot
R :
10 ~
O method —+— 0O method =
G method - G method -
CG method % CG method %
1 0.01
10000 100000 1e+06 10000 100000 1e+06
nunkw nunkw

Figure V.5: erl2 (left) and erF12 (right) for Test 3.

V.3 2D Numerical tests

V.3.1 MPFA O

There are many papers investigating the numerical convergence properties of the
MPFA O scheme. For example, let us refer to [9] for quadrilateral grids in two
and three dimensions, and to [50] in two dimensions with discontinuous diffusion
coefficients.  Also in [13], the MPFA O scheme is compared on challenging two
dimensional anisotropic test cases with two unconditionally symmetric coercive finite
volume schemes which exhibit a more robust convergence but at the expense of a
much larger stencil.

Let us first discuss the coercivity condition ([A3]) on a few particular remarkable
cases. For all o € Ex NE; let us choose m, = #"(Vﬂ), rx the isobarycenter of the

vertices of the cell K and let x, be the center of gravity of the face 0. Then, for
parallelogram and parallelepiped cells, the matrix Bj, is equal to /. In such a case,
the MPFA O scheme is symmetric and our sufficient condition of coercivity ([A3)
is always satisfied. The same result holds for triangles with x, the barycenter with
weights 2/3 at point s and 1/3 at the second end point of the edge o. It holds again
for tetrahedrons with x, the barycenter with weights 1/2 at point s and 1/4 at the
two remaining end points of the face o.
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Let us now consider the case d = 2 with A = I, and let o, and o5 be the two edges
shared by a given vertex s of a given cell K. For ¢ = oy, 09, we assume that the
continuity point z, is the center of gravity z, of the edge o and that m, = |z, — s|.
Then, the condition Ay (B3 + (B3)!) > 20 is equivalent to |2y, — | 570, —
Tor x| < 2(1 — 0)m3,. For example, the trapezoidal mesh shown in Figure [f]

Figure V.6: Example of a trapezoidal mesh.

satisfies the coercivity condition ([AJ) if and only if 22 < (1 — 9)% which
exhibits the lack of robustness of the MPFA O scheme for distorted quadrangular
meshes.

Next, let us discuss the sharpness of the coercivity criteria on a two dimensional
example. We solve the anisotropic diffusion test case introduced in 28] on a family
of skewed quadrangular meshes of the domain Q = (0,1)? of size n, x n, with
n, = 20,40,80,160. The exact solution and the expression for the permeability

coefficient are given below:

1 dx? +y* (0 —1)ay

T i | (0-Day 2?+62 | V3]

u = sin(mz) sin(ry), K

We shall understand that Dirichlet boundary conditions are given on each boundary
edge 0 € &y by u(x,), and that the forcing term is equal to =V - (KVu). The
parameter ¢ is in fact the ratio between the minimum and the maximum eigenvalue
of K.

The continuity points z, are the center of gravity of the edge ¢ and m, = m, /2
for all s € V,, 0 € £, and the cell center is the isobarycenter of its four vertices.

The mesh n, = 20 is plotted in Figure V.1 as well as the convergence of the
MPFA O scheme for different values of §, where nunkw denotes the number of cells
n2. We note that the convergence seems to be broken for § = 0.001.

In Table 1] the sharpness of the two criteria of coercivity coercell(D, A), and
coernode(D, A) are assessed. For that purpose we also compute the smallest eigen-
value of the symmetric part of the cell centered scheme matrix denoted by
coerschurmesh (D, A), as well as coerschurnode(D, A), the non-zero smallest eigen-
value of the symmetric part of all the cell centered scheme submatrices around each
vertex s of the mesh.
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We note in Table ] that the positivity criteria coercell(D,A) > 0 and
coernode(D, A) > 0 are more restrictive than the positivity of the cell centered
scheme around each vertex coerschurnode(D,A) > 0 which is a sufficient condition
for the positivity of the cell centered finite volume scheme but not for the positivity
of the hybrid finite volume scheme. From Table[.Iland Figure .7, the convergence
of the MPFA O scheme seems to be more closely related to the coercivity of the
cell centered scheme. This is yet to be understood and goes beyond our framework
based on the coercivity of the hybrid formulation.

1

delta=1 ——
. delta=0.2 -
", deta=01 -ome
01 delta=0.01 =
delta= 0,005 ---=--
delta= 0.001 -

0.01

erl2

.

0.001

0.0001 ¢

1e-05
100

1000 10000 100000
nunkw

Figure V.7: Convergence of the L? error (erl2) for the MPFA O scheme.

| criterion /mesh | n, =10 | ng =40 | n, =80 | n, = 160 |
coercell(D,A) > 0 0.1 0.14 0.17 0.18
coernode(D,A) >0 0.06 0.09 0.09 0.11

coerschurnode(D,A) >0 | 0.012 0.014 0.016 0.02
coerschurmesh(D,A) > 0| 0.0055 | 0.0058 | 0.0068 0.014

Table V.1: Approximate smallest value of o for which the coercivity criterion is
positive for the different meshes and the various criteria.

V.3.2 Gscheme

The objective of this section is to assess the performance of the method described
in Example Bl of the section on challenging, diffusion problems combining mild
or strong anisotropy, heterogeneity and distorted or skewed meshes. For the sake of
completeness; a comparison is provided against (i) the method of [45, §2.2| refered
to as Success; (ii) the MPFA O method of [1| and (iii) the MPFA L method of |6,7],
also described in Example [ of the section In the first test case, we consider the
Dirichlet problem associated with the following exact solution featuring anisotropic
permeability:
u = sin(mzx)sin(mry), A = diag(0.1,1).

83



Chapitre V. Tests numériques 2D et 3D

In the second test case, we consider the Dirichlet problem associated with the fol-
lowing exact solution featuring heterogeneous anisotropic permeability:

B sin(brz) sin(cry) if © <4,
“= sin(brd) sin(cmy) + Wb% cos(brd) sin(cmy)(x — &)  otherwise
2

and

A= diag(ay,b,) if z <4,
| diag(as, by) otherwise,

where b = T17= c =19 a, =1, by =10, as = 5,bo = 1,0 = 0.5. Both tests
have been run on (i) a family of Corner Point Geometry basin meshes with erosion
(see Figure [V.8(a)|) and (ii) a family of randomly distorted quadrangular meshes of

(0,10) x (0,1) (see Figure [V.8(b)).

“iiii! 177
RN
NN
RN
QN
NN

(a) Basin mesh. The actual aspect ratiois 10:1 (b) Randomly perturbed quadrangular mesh
(z:y)

Figure V.8: Mesh families.

The following indicators have been considered: 12err, the L? error; ergrad,
the L? error on the gradient; nit, the number of preconditioned GMRes iterations;
nzmat, the number of nonzero matrix entries; umin, the mininum of the discrete
solution; umax, the maximum of the discrete solution. The number of degrees of
freedom is denoted by nunkw. Blown up methods with respect to one indicator
are not plotted to keep the scale readable. The linear systems have been solved
with a direct solver for the indicators 12err, umin, umax and ergrad, whereas the
GMRes algorithm from PETSc [18-20| with Hypre BoomerAMG preconditioner
(see www.lInl.gov/CASC/hypre]) has been used for nit. The stopping criterion
required the preconditioned residual norm to be smaller than 1077, As expected,
while sometimes displaying better accuracy, the Success scheme of [45, §2.2| has
much denser matrices.
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Figure V.9: Numerical results for test case 1 on the basin mesh family.
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Figure V.10: Numerical results for test case 1 on randomly perturbed mesh family

86



Chapitre V. Tests numériques 2D et 3D

10000

10000

1 .
x
X
0.1 g
0.01 L Scheme +
O Scheme - e
G Scheme %
Success -
0.001 !
10 100 1000
nunkw
(a) 12err
10000
L Scheme —+— x
O Scheme - A
1000 } G Scheme %
Success -
100
10
1
10 100 1000
nunkw
(c) nit
0 e
0.2 e s
-0.4
-0.6
-0.8
-1
1.2 / L Scheme ———
1.4 7 O Scheme -~
1.6 G Scheme -
v Success &
-1.8
10 100 1000

nunkw

(e) umin—-0.3013243

10000

10
L Scheme —+—
O Scheme -
G Scheme ;%
Success
1
G-
-
..
g
0.1
10 100 1000 10000
nunkw
(b) ergrad
100000
10000
1000 u L Scheme —+—
3/ O Scheme -
G Scheme -
Success -8
100 .
10 100 1000 10000
nunkw
(d) nzmat
2.4 <
Y L Scheme —+—
22 O Scheme —--— 1
2 G Scheme -
Success &
1.8
1.6 x
14 : -
1.2 b
Mo
1 ® e I
0.8
10 100 1000 10000
nunkw

(f) umax—1.114539

Figure V.11: Numerical results for test case 2 on the basin mesh family.
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V.3.3 VFSYM

The proposed method has been used to solve all the test cases described in |51]. The
method has proved robust with respect to the skewdness of the mesh as well as
with respect to the heterogeinity and anisotropy of the diffusion tensor. In a few
cases, violations of the discrete maximum principle are observed, whose magnitude
rapidly decreases when the mesh is refined. For the sake of simplicity, to calculate
the indicator sumflux, we do not use the fluxes which derive from the scheme, but
we use consistent fluxes, FI/{J, for all K € T and o € £k defined as follows

Fle(u) = (miK 3 ng(Vu)K(,)  m(o)A sy

oefi

This will explain the high values of sumflux in some tests.
The linear systems have been solved using PETSc (see www.mcs.anl.gov/petsc))
and Hypre (see www.11lnl.gov/CASC/hypre)).

e Test 1.1 Mild anisotropy, u(z,y) = 162(1 — z)y(1l — y), min = 0, max = 1,
regular triangular mesh, mesh1

i nunkw nnmat sumflux erl2 ratioerl2 ergrad  ratioergrad
1 56 816 —1.00e+00 1.51e—01 - 3.93e—01 -

2 224 3736 —3.37e—01 3.74e—02 2.01le4+00 1.87e—01  1.07e+00
3 896 15912 —1.47e—01 9.22e—03 2.02e+00 9.23e—02  1.02e4-00
4

5

3584 65608 —7.10e—02 2.28¢—03 2.0le+00 4.58¢—02  1.01e+00
14336 266376 —3.52e—02 5.68¢—04 2.01e+00 2.28¢e—02  1.00e4-00

ocvl2=2.01, ocvgradl2=1.00

i erflx0 erflx1 erfly( erflyl erflm
11]5.21e-02 5.21e—02 5.21e—02 5.21e—02 2.42¢—01
2 | 1.84e—02 1.84e—02 1.84e—02 1.84e—02 6.66e—02
3 | 8.54e—03 8.54e—03 8.54e—03 8.54e—03 1.82¢—02
4
5

4.27e—03 4.27e—03 4.27e—03 4.27e—03 4.94e—03
2.16e—03 2.16e—03 2.16e—03 2.16e—03 1.28e—03

i umin umax

1| 8.66e—02 1.03e+00
2 | 2.08¢e—02 1.01e+00
3 | 5.02e—03 1.00e+4-00
4

)

1.22e—03 1.00e+00
3.02e—04 1.00e+4-00
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e Test 1.1 Mild anisotropy, u(z,y) = 162(1 — z)y(1 — y), min = 0, max = 1,

skewed quadrangular mesh,, mesh4_1
i nunkw nnmat sumflux erl2 ratioerl2 ergrad  ratioergrad
4 1 1 289 5341  —8.78e—01 3.22e—02 - 1.22¢e—01 -
4 1 2| 1156 22800 —3.62e—01 5.37e—03 2.58¢+00 3.49e—02  1.80e+00
4 1 3| 2601 52397 —2.37e—01 2.48e—03 1.91e+00 1.48e—02 2.12e+00
4 1 4| 4624 94132 —1.78e—01 1.49e—03 1.76e+00 9.83e—03  1.42e+00
4 1 5| 7225 148005 —1.43e—01 1.01le—03 1.77e400 6.55e—03  1.82e+4-00
ocvl2—1.77, ocvgradl2—1.82
i erflx( erflx1 erfly( erflyl erflm
4 1 1|529—-02 4.84e—02 4.16e—02 5.62e—02 9.70e—02
4 1 2| 224e—02 2.08e—02 2.68e—02 1.54e—02 2.18e—02
4 1 3| 145e—02 1.36e—02 1.88e—02 1.00e—02 9.59e—03
4 1 411.09e—02 1.03e—02 1.43e—02 7.74e—03 5.52e—03
4 1 5| 872e—03 830e—03 1.16e—02 6.33e—03 3.45e—03
i umin umax
4 1 1| 214e—03 9.84e—01
4 1 2|647e—04 9.98e—01
4 1 3| 274e—04 1.00e—00
4 1 4] 1.49e—04 1.00e+00
4 1 5| 923e—05 1.00e+00

e Test 1.1 Mild anisotropy, u(z,y) = 162(1 — z)y(1l — y), min = 0, max = 1,

skewed quadrangular mesh,, mesh4_2
i nunkw nnmat sumflux erl2 ratioerl2 ergrad  ratioergrad
4 2 1| 1089 21437 —3.59¢—01 6.62¢—03 3.13e—02
4 2 2| 4356 88592 —1.83e—01 1.35e—03 2.29e+00 1.23e—02 1.34e+00
4 2 3| 9801 201485 —1.23e—01 6.56e—04 1.78¢400 4.88¢—03  2.28¢+400
4 2 4| 17424 360116 —9.23e—02 4.0le—04 1.71e+00 3.66e—03  1.00e+00
ocvl2=1.71, ocvgradl2=1.00
i erflx( erflx1 erfly( erflyl erflm
4 2 1| 244e—-02 2.46e—02 2.17e—02 1.37e—02 2.12e—02
4 2 2| 114e—-02 1.12e—02 1.27e—02 8.96e—03 4.92e—03
4 2 3| 757e—03 T7.40e—03 8.74e—03 6.34e—03 2.24e—03
4 2 4156803 5.57e—03 6.63e—03 4.86e—03 1.42e—03
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umin

umax

7.16e—04
1.61e—04
6.75e—05
3.67e—05

9.93e—01
9.99¢—-01
1.00e—00
1.00e—00

e Test 1.2 Mild anisotropy, u(z,y) = sin((1 — z)(1 — y)) + (1 — 2)3(1 — y)?,
min = 0, max = 1 4+ sin 1, regular triangular mesh, mesh1

i nunkw nnmat  sumflux erl2 ratioerl2 ergrad  ratioergrad
11 56 816 4.33e—01 3.78e—02 1.34e—-01
1 2 224 3736 1.63e—01 1.05e—02 1.84e4+00 6.88¢—02 9.57e—01
13 896 15912 6.65e—02 2.72e—03 1.95e400 3.45¢—02 9.97e—01
1 4] 3584 65608  2.92e—02 6.89e—04 1.98¢400 1.72¢—02  1.00e4-00
1 5| 14336 266376 1.36e—02 1.73e—04 1.99¢4+00 8.57e—03  1.00e+00
ocvl2=1.99, ocvgradl2=1.00
erflx0 erflx1 erfly( erflyl erflm
7.23e—02 1.37e—02 8.17¢—02 5.17¢e—02 1.11e—01
2.72e—02 1.94e—03 3.17e—02 1.75e—02 3.53e—02
1.10e—02 1.73e—04 1.32e—02 6.53e—03 9.94e—03
4.78e—03 4.66e—05 5.87e—03 2.69e—03 2.78¢—03
2.21e—03 4.63e—05 2.75e—03 1.20e—03 7.37e—04
i umin umax
1 1| 4.50e—03 1.37e+00
1 2| 1.17e—03 1.59¢4-00
1 3] 296e—-04 1.71e400
1 4| 7.42e—05 1.78e400
1 5| 1.86e—05 1.81e+00

e Test 1.2 Mild anisotropy, u(z,y) = sin((1 — z)(1 — y)) + (1 — 2)*(1 — y)?,
min = 0, max = 1 4+ sin 1, locally refined non-conforming rectangular mesh,
mesh3

i nunkw nnmat  sumflux erl2 ratioerl2 ergrad  ratioergrad
3.1 40 564 2.03e—01 6.21e—02 - 6.72e—02 -
3 2 160 2780  9.86e—02 1.45e—02 2.10e+00 2.69e—02  1.32e+00
3 3 640 12252 4.64e—02 3.40e—03 2.09e4+00 1.01le—02  1.42e+00
3 41 2560 51356  2.23e—02 8.20e—04 2.05e+00 3.67e—03  1.46e+400
3 5] 10240 210204 1.09e—02 2.0le—04 2.03e+00 1.31e—03  1.48e+00

ocvl2—2.03, ocvgradl2—1.48
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i erflx0 erflx1 erfly( erflyl erflm

1] 4.74e—02 2.36e—02 4.81e—03 8.98e—02 1.10e—01
21 1.99—-02 1.44e—02 2.16e—03 5.57e—02 3.46e—02
3| 877e—03 7.10e—03 2.26e—03 2.94e—02 9.70e—03
4 | 4.05e—03 3.51e—03 1.44e—03 1.51e—02 2.63e—03
5| 1.93e—03 1.75¢—03 7.95¢e—04 7.63e—03 7.07e—04

i umin umax

1] 1.63e—03 1.65e400
2 | 5.05e—04 1.75e+00
3| 1.35e—04 1.79e+00
4

5

3.42e—05 1.82e+400
8.59e—06 1.83e4-00

(a) mesh2_2 (b) mesh2_3

Figure V.12: Solution plots for test 3
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e Test 3 Oblique flow, min = 0, max = 1, uniform rectangular mesh, mesh?2

i nunkw nnmat sumflux fluxh0 fluxhl
2 1 16 180 —7.22e—16 —2.47e—01 2.47e—01
2 2 64 1012 —1.11le—16 —2.21e—01 2.21e—01
2 3 256 4692  —2.43e—15 —2.08¢—01 2.08¢—01
2 41 1024 20116  —3.51le—15 —2.01le—01 2.0le—01
2 5| 4096 83220 —4.49¢e—14 —1.97¢—01 1.97¢-01
2 6| 16384 338452 —3.05e—13 —1.95¢e—01 1.95e¢—01

i fluyh0 fluyhl umin umax
2 1| —1.86e—01 1.86e—01 —1.75e—01 1.17e+00
2 2| —1.33e—01 1.33e—01 —1.83e—01 1.18e+00
2 3| —1.18e—01 1.18e—01 —1.10e—02 1.01e+00
2 4] —1.08e—01 1.08e—01 —1.18e—02 1.01e+00
2 5| —1.03e—01 1.03e—01 7.51e—04  9.99e—01
2 6| —1.0le—01 1.0le—01 —1.00e—03 1.00e+00

i enerl ener2
2 1] 213e—01 2.86e—01
2 2] 239%9%—-01 2.62¢—01
2 3] 2.38e—01 2.50e—01
2 4] 242e—01 2.49e—01
2 5] 242e—01 2.45¢—01
2 6] 242¢e—01 2.44e—01

(a) meshb (b) mesh5_reg

Figure V.13: Solution plots for test 4
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e Test 4 Vertical fault, min = 0, max = 1, non-conforming rectangular
mesh, meshb
i nunkw nnmat  sumflux fluxh0 fluxh1
5 105 1719 2.54e400 —4.43e+01 4.63e+01
5 reg 400 7540  2.45e+00 —4.21e+01 4.44e+01
i fluyh0 fluyhl enerl ener2 umin umax
5 4.95e—01 1.55e—04 4.14e4+01 4.41e4+01 4.52¢—02 9.59¢—01
5 _reg | 1.71e—01 7.05e—04 4.14e4+01 4.21e+01 2.12e—02 9.81e—01

e Test 5 Heterogeneous rotating anisotropy, min = 0, max = 1 , uniform

rectangular mesh, mesh2

i nunkw nnmat sumflux erl2 ratioerl2 ergrad  ratioergrad
2 1 16 180 —4.19¢e—01 1.07e+01 2.28e+-00
2 2 64 1012 —1.27e—01 1.50e+00 2.83e+00 1.46e4+00 6.42e—01
2 3 256 4692  —1.05e—01 2.20e—01 2.77e4+00 7.15e—01  1.03e4-00
2 4] 1024 20116 —7.03e—02 3.99e—02 2.47e+00 3.20e—01  1.16e+00
2 5| 4096 83220 —3.55e—02 8.69e—03 2.20e+00 1.06e—01  1.59e+400
2 6] 16384 338452 —1.33e—02 2.05e—03 2.09e+00 2.99e—02  1.83e+00
ocvl2=2.09, ocvgradl2—=1.83
i erflx0 erflx1 erfly( erflyl erflm
2 1] 147e4+00 4.08¢e—02 1.47e+00 4.08e—02 1.03e+00
2 21 149e+00 7.18e—03 1.49¢e400 7.18¢—03 2.94e—01
2 3| 141e4+00 2.03e—02 1.41e+00 2.03e—02 8.84e—02
2 41 1.19e+00 1.65e—02 1.19e400 1.65e—02 2.42¢—02
2 5| 7.55e—01 8.58e—03 7.55e—01 8.58¢—03 6.29¢—03
2 6| 3.16e—01 2.91e—03 3.16e—01 2.91e—03 1.60e—03
i umin umax
2 1] —-1.92e4+01 5.38¢+00
2 2| —5.28e+00 1.34e+00
2 3| —1.39e+00 1.03e+400
2 4] —3.57e—01 1.00e+00
2 5] —9.06e—02 1.00e+00
2 6| —2.28e—02 1.00e+00
e Test 6 Oblique drain, min = —1.2, max = 0, Coarse mesh6 and Fine mesh7
oblique meshes
i | nunkw nnmat sumflux erl2 ergrad
C 210 3748 —4.48e—14 8.18e—16 8.93e—15
F 230 3976 2.10e—12  3.4le—11 3.65e—09
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i erflx0 erflx1 erfly( erflyl erflm
C | 1.0de—15 9.55e—15 2.9le—15 4.16e—16 4.36e—14
F | 440e—11 4.36e—11 2.05e—13 2.07e—13 5.65e—10

1 umin umax
C | —1.15e+00 —5.43e—02
F | —1.15e4+00 —5.43e—02

e Test 7 Oblique barrier, min = —5.575, max = 0.575, coarse mesh6 and fine
mesh7 oblique meshes

i | nunkw nnmat sumflux erl2
6 210 3748  5.98e¢—14 1.24e—15

i ergrad erflx0 erflx1 erfly( erflyl
6| 5.10e—14 6.93e—14 1.54e—14 2.33e—15 4.52e—14

1 erflm umin umax

6 | 1.04e—01 —5.54e+00 5.37e—01

e Test 8 Perturbed parallelograms, min = 0, perturbed parallelograms
mesh mesh8

i | nunkw nnmat umin umax
8 121 2077  —3.38¢ —02 1.12¢ —01

e Test 9 Anisotropy and wells, min = 0, Anisotropy and wells mesh9

i | nunkw nnmat umin umax
9 121 2037  —3.69¢ — 02 1.04e + 00

V.3.4 DIOPTRE

We tested the scheme for some of the cases described in the benchmark [44], in
particular those with anisotropy and heterogeneity such as tests cases 5 and 6 (geo-
logical barrier and drain), and, as expected, the results are exact since the solution
is piecewise affine in these cases. We have also run test case 5 (heterogeneous ro-
tating anisotropy). An order 2 of convergence is then observed on the L?-norm of
the unknown. The finest mesh that we used for this test has 640 x 640 grid blocks,
computed within a few minutes on a PC. A direct solver could be used, with num-
bering the unknowns by the classical domain decomposition strategy (this strategy
holds for 9-point stencils).

We also consider a test case with a mesh inspired form those used in geological
studies (see figure V.34). We take A =diag(0.1,1) and f such that the exact
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R§§5ssaan
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NN
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Figure V.14: Example of mesh

solution be given by u(z,y) = sin(rz) sin(7y).

2:

We get the following results when refining the mesh (mesh 1) depicted in Figure
mesh 5

mesh 1

mesh 2
302

mesh 3
1357
6

mesh 4
5363
10

21031
17
6.89 107°

62

3

2.66 1071

#T

1

3.07 1073

9.30 10~*

9.15 1073

# hybrid edges

95

L?-error
These results confirm the expected numerical convergence.



Chapitre V. Tests numériques 2D et 3D

96



Chapitre VI

Conclusion et Perspectives

Dans ce travail de thése, nous avons présenté plusieurs schémas volumes finis pour
le probléme de diffusion sur maillages généraux pour des tenseurs hétérogénes et
anisotropes. Au vu de nos applications traitant de I’écoulement de fluides (huile,
gaz) en milieux poreux hétérogénes, en simulation de réservoir, stockage du C'o2 et
bassin, les schémas de discrétisation devaient s’adapter a la complexité géologique
des milieux poreux (canaux, érosions, failles). La description précise de ces milieux
se traduit au niveau du maillage par des cellules qui peuvent présenter de grands con-
trastes de taille entre elles, des interfaces entre mailles pas nécessairement planes et
au niveau des caractéristiques géologiques par des tenseurs hétérogénes, anisotropes.
Il fallait donc des schémas de discrétisation pour le flux de pression, de tempéra-
ture qui soient précis, robustes et peu couteux en temps calculs. Nous avons alors
recherché des schémas volumes finis qui présentaient les caractéristiques suivantes :
linéarité des flux en fonction des inconnues, stencil compact des flux (pour obtenir
des gains en temps calculs), conservativité des flux (car on traite des problémes de
conservation de masse), consistance des flux (pour la précision du schéma), stabil-
ité au sens ou la forme bilinéaire dérivant du schéma volumes finis soit coercive
(qui est un critére de robustesse du schéma). Pour certains des schémas présentés
dans ce mémoire, la preuve de convergence a été donnée sous des hypothéses min-
imales : c’est & dire une hypothése de consistance des flux vérifiée par les schémas
volumes finis et une hypothése de stabilité liée a la coercivité du schéma, permet-
tant d’assurer 'existence et 'unicité de la solution du schéma et elle est essentielle
dans la preuve de convergence. Bien que les schémas symétriques présentés dans
ce mémoire satisfassent pratiquement & toutes ces propriétés sous uniquement des
hypothéses de régularité du maillage, une propriété importante mais qui leur fait
défaut en général est le stencil compact pour les flux, cela signifie que seules les
proches cellules voisines et les faces de bords voisines de la face en question inter-
viennent dans 'approximation du flux. En effet, les bonnes propriétés des schémas
symétriques présentés dans ce mémoire sont soit au prix d'un large stencil comme
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c’est le cas pour le schéma VFSYM, soit de sévéres restrictions sur le maillage, par
exemple sur des maillages triangulaires et tétraédriques, pour des points de conti-
nuité adéquates, le schéma MPFA O donne un schéma symétrique, consistant et
coercive, avec en plus un stencil compact (cf [V.3J) et pour des maillages pas trop
déformés au sens évoqué dans la remarque B ou les cellules sont séparées par des
plans, alors le schéma DIOPTRE qui est un schéma symétrique et coercive, donne
un schéma avec un stencil compact. Cependant, la propriété de stencil compact du
flux est trés importante pour obtenir des gains calculs significatifs lors de la réso-
lution sur ordinateurs a architectures paralléles. Notre choix s’est alors porté sur
des schémas non symétriques qui ont été intégrés dans nos codes industriels et ceux
prévus pour étre industrialisés. Ces schémas présentent des stencils compacts pour
les flux et satisfont a toutes les propriétés recherchées sous des hypothéses de régu-
larité du maillage sauf celle de stabilité que I’on ne peut obtenir sous des hypothéses
de régularité du maillage. Cette stabilité liée a la coercivité du schéma est souvent
perdue pour des tenseurs trés anisotropes. La convergence de ces schémas est alors
obtenue sous I’hypothése de coercivité que I’'on ne peut vérifier que numériquement.
Il en ressort que pour des maillages pas trop déformés ou pour des problémes avec
des tenseurs pas trop anisotropes comme c¢’est souvent le cas dans nos applications,
les schémas non symétriques étudiés dans cette thése sont alors adaptés. En ce qui
concerne les schémas symétriques, le schéma DIOPTRE écrit en 2D, semble étre le
mieux adapté, cependant, sa mise en ceuvre en 3D, reste une difficulté majeure. Les
résultats originaux apportés dans cette thése sont :

e l'introduction de nouveaux schémas

e l'introduction d’'un cadre mathématique pour l'analyse des schémas volumes
finis inspiré de celui introduit dans [42,43|,

e l'extension du résultat de convergence obtenu dans [45] aux schémas non
symeétriques,

e l'introduction d’un nouvel espace de fonctions tests dense dans H}, permettant
d’obtenir la vérification de I'hypothése de consistance qui serait impossible a
obtenir avec 'espace de fonctions tests usuel, C>° ou Cg,

e l'obtention d’une estimation d’erreur sans supposer une régularité supplémen-
taire de la solution du probléme continu.

Dans le tableau ci-dessous, nous avons fait une synthése des propriétés des différents
schémas que nous avons proposés lors de cette thése et qui figurent dans ce mémoire.
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2D | 3D | stencil compact | coercivité | symétrique
MPFA O généralisé | oui | oui ouli non non
G scheme oui | oui oui non non
VESYM oui | oui non oui oui
CG method oui | oui non non non
Dioptre oui | non oui oui oui

Les perspectives de ce travail seraient d’étudier les problémes liés a la monotonie
des schémas qui est une propriété recherchée dans les applications réservoirs car elle
conditionne le changement de phase au niveau des puits, de voir comment ces sché-
mas s’inscrivent dans un probléme diphasique afin d’obtenir un schéma convergent
pour ce probléme.
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Annexe A

Gradients discrets pour les schémas
MPFA O

Two examples of construction of the gradient (ITL6I)

From Lemma [ there is only one way to build a gradient ([ILA) satisfying the
consistency hypothesis [l when the cardinal ¢} of Ex NE, is equal to d. On the other
hand, when ¢j; > d there are many ways to build such gradient. Two examples are
given in the two subsections below.

A.1 First construction

For all K € 7 and s € Vi, let us define the square d-dimensional matrix B} by

Bj, = .~ Z m,ng., (2, — rx)" [A1]

The gradient ([ILG) is defined by B g5, = 2¢ng,, for all 0 € £, N Ek, ie.
) mK )

(Vowi = (Bi) ' (Vou)i, [A.2]

assuming that the matrix Bj, is non-singular. If ¢, is equal to the space dimension
d, and the set of vectors (z, — Tx)seepne, spans RY, the matrix B3, is non-singular
iff the set of vectors (ng,)seene, Spans also R?. For more general meshes, the
non-singularity of Bj. will be shown in subsection [A]] to result from a stronger
assumption ([A3]) ensuring also the coercivity of the scheme. Note however that if
the set of vectors (ng ,)sesine, does not span R¢, as it may be the case for non-
matching meshes, the matrix Bj, is singular and the present construction does not
apply. This case will be taken into account in the second example.
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Assuming that Bj. is non-singular, we can easily check that the consistency
hypothesis Bl is satisfied.
Coercivity of the finite volume scheme.

The main advantage of this construction is that a simple condition can be de-
rived which ensures the non-singularity of the matrices By, the coercivity condition
coernode(D, A) > 0p as well as an upper bound for the parameter g5 involved in
the stability of the gradient function Vpu.

This condition imposes the following non-negative lower bound

coercell(D, A) > 0p > 0, [A.3]

on the coercivity parameter defined by

s s\t
coercell(D, A) = p IjI_liIlv Amin (AKBK +2(AKBK) ) : [A.4]
€/l ,seVi

It can be easily computed for any given finite volume discretization D and diffusion
tensor A.

The condition ([(A3]) ensures that the matrices B, ([AJl) defining the discrete
gradients ([A2)) are non-singular for all s € Vi, K € T as stated in Lemma [[d To
prove this result, we first need to state the following lemma.

Lemma 18 Let A € My(R) such that Apin(A + A") > 0, then A is a non-singular
matriz and satisfies the estimate

8 1

AN < = — —
| < 3 Amin(A4 + A?)

PROOF. We readily have A # 0. Let us consider the following estimates

lrA — Id|2 = |[(rA— [d)t(rA — 1)) =1 — r(At +A) + 7“2AtA|,
< g —r(A A+ PP ATA| = |1 — r(A 4 A)| + AR

Amin(A + A")
4] A2
symmetric matrix I; — r(A" + A) are positive, and we have |I; — r(A" + A)| =

I — rA\min(A + A"). Hence, we have proved the estimate

Choosing in the following r = ensures that all the eigenvalues of the

. ) 2
rA—I;?<1-3 (—Amm(AjLA ))

41 Al
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It results that [rA — I, < 1. Then, setting rA = I; + (rA — I;) we can obtain that
rA is a non-singular matrix and that the following estimates hold

_ 1 1—|—|7’A—[d|
A7 < =
AL s T AT T TS AP
2

< -
= T |rA- I,

2 4|A| 2
< ("1
= 3\ Amm(A+AY )

which concludes the proof.
O

Lemma 19 Let D be an admissible discretization in the sense of Definition [[L27
such that there exists a real Op > 0 with coercell(D,A) > Op, then for all s € Vi,
K € T, the matriz B, is non-singular, and its norm satisfies the following estimate

46,

(Bi)™ < 55 5]

PROOF. Using the assumption
2 coercell(D, A) = Auin(Ax By + (AxBi)") > 2 0p >0

and Lemma [[§ we deduce that the matrix AxBj is non-singular as well as the
matrix Bj.. Still from Lemma [[§ we have the estimate

4
ABi) ™ < —
(ArcBi) | < 5
which concludes the proof from the bound |[Ax| < fp.
O
The following Lemmae B and B state respectively that the condition ([A3) pro-
vides an upper bound for the parameter o5 and that it ensures the coercivity condi-
tion coernode(D, A) > Op.

Lemma 20 Let D be an admissible discretization in the sense of Definition [[L27
such that there exists a real Op > 0 with coercell(D,A) > 6p. Then, we have the
following estimate -
m(o 30
max . (S) > D.
€€k NEs KeT,,seV mic|gie .| — 4 o

PROOF. The estimate derives from Lemma
O
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Proposition 6 [coercivity of the scheme| Let D be an ‘admissible discretization in
the sense of Definition[[LZ1 such that there exists a real 0p > 0 with coercell(D, A) >

Op. Then, setting bp = % min <,u0, ﬁ%) , we have the lower bound coernode(D, A) >

Op and hence the coercivity of the bilinear form ap
ap(u,u) > Opllul[p, |A.6]
for all uw € Hp.

PROOF. Let s be a given vertex of V. From definition ([ILIS) of the bilinear form
aps, we have for all u € Hps

— A B + (B A —
ape(u) = 3 (mﬂ(%uﬁ{- wBic + (B A 7y

KeTs |A.7]
+ o m(")R%,U<u>2>.

Using the following inequality

ila— b2 >

23 min(u, A\)a® — A\b?, for all (a,b, p, \) € (RL)*,

with u = a5, a =u, —ug, b = (Vpu)i - (v, — 2x) and X = p}, we obtain for all
p3 = 0 the lower bound

S m O- S
Oy E d( ) K,o(“)2 >
K,o
1 e o
5 min(pj, o) > (ue — uk)? = pi (Vpu)i - A% (Vpu)k,

cefxnEs T

where the square matrix Aj is defined by

s= 3 290 @, - ek, A9

and satisfies the bound

s dm}
[ A | < QQK |A.10]
1
Let us choose pj- such that
Ak Bj Ax B3t
p;{:sup{peR, mj, —& K+2( 1 Bic) —,oA}zO}. |A.11]
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Using the upper bound (AI{), and the local coercivity assumption ([(A3), [(Ad), we
can prove that pj defined by ([ATI)) satisfies the lower bound

A.12)

for all s € Vi, K € 7. Using (A7), (AR), (A1), (AT2) we obtain the lower
bound

1 30} 0
aps(u,u) > 3 min <,u0, Qéidp) w5, [A.13]

for all u € Hps which concludes the proof.
O

A.2 Second construction

This second finite volume scheme uses the construction of the gradient (Vpu)$ in-
troduced in [30] for d = 2 and 3. Compared with the previous approach, its main
advantage is to cover the case of non-matching or locally refined grids for which the
set of vectors (ng.,)segne, May not span Re.

For each o € &, let us denote by &% , the subset of & N &k of cardinality d
defined as follows for d = 2 and d = 3. For d = 2, let us set &, = & N Ex. For
d =3, let e; and ey be the two edges of the face o intersecting the vertex s, and o
and o9 be the two faces of £ N Ek sharing respectively the edge e; and e; with the
face 0. Then, we set & , = {0,01,02}.

For all K € 7 and s € Vg, the gradient (Vpu)j is defined by

Towie= Y 200 S ) g

My =
cEENEK oIEEs

where {g% , ., 0' € € .} is the biorthogonal basis of {(2}, — 7k), 0’ € &, } such
that
($§’ - zK) ’ g}g{,a,a” = 50’,0”

for all o/,0" € £ ,, assuming that the set of vectors (23, — vx), 0’ € &, is free.

Note that by construction, 20,65;( v (Ty — ) Gi por = v for any vector v € R%.

It results that the gradient (Vpu)j is consistent in the sense of hypothesis Bl

The upper bound of the parameter o5 is controlled in two dimensions by the
minimum angle between the two vectors (r, —rk), 0’ € EsNEK. In three dimensions
it is controlled by the minimum angles between a vector of {(z, — 2x),0" € £}
and the two remaining ones. These minimum angles should not tend to zero.
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From Lemma [ this second approach is equivalent to the MPFA O scheme
described in |1] and [60] as soon as ¢ is equal to the space dimension d for all cells
K and all vertices s of the cell K. It is always the case in two dimensions d = 2. If
in addition the set of vectors (nk ,)sesne, Spans R¢, then both the first and second
constructions are equivalent to the MPFA O scheme [1] and [60].

The coercivity condition coernode(D,A) > 6p has to be checked numerically.
The stronger but simpler condition coercell(D, A) > 6p can also be used when both
constructions match.
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Annexe B

Quelques lemmes techniques pour le
schéma Gscheme

B.1 Proof of Lemma

The proof is trivial if A € C(2) since, in this case, C2°(f2) is contained in Q. The
difficulty comes from the possible discontinuities of A through the interfaces of Py, in
which case item ([ of LemmaR]is not easy to obtain and might impose discontinuity
of Vi through these interfaces. The proof is made in several steps, following the
idea of [34]: we first eliminate the singularities (vertices if d = 2, vertices and edges
it d = 3, etc.) of the boundaries of the open sets {€2;}1<;<n,, by showing that we
only need approximate functions which vanish around these singularities; then we
reason on each );, approximating a given function by functions having the same
value on the boundary and vanishing derivatives in the direction An; gluing these
approximations together, we obtain a function in @ which is close to the initial given
function.

(i) Elimination of the singularities of {€2;}1<;<n,. First of all we notice that,

since C°(Q) is dense in Hi(€), the result of the lemma follows if we prove that
functions in Q approximate, in H}(Q), any ¢ € C°(Q).
Let S be the set of singularities of U299, (i.e. affine parts of dimension d — 2 or
less: the vertices in dimension d = 2, the vertices and edges if d = 3, etc.); it is
known that S has a 2-capacity equal to 0 and we can therefore find a sequence of
functions v, € C®(R%[0,1]) s.t. v, — 0 in H'(R") as n — oo and, for all n € N,
Yn = 1 on a neighborhood of S. If ¢ € C°(Q2) and v, = (1 — v,,)¢ € C°(Q2), then
Y, — 1 in H}(Q) and, for all n, 1, = 0 on a neighborhood of S. Hence, denoting
by C2%(€2) the set of functions in C2°(€2) which vanish on neighborhoods of S, the
proof of the lemma is complete if we can approximate, in Hj(Q), elements of C2%(€2)
by elements of Q.
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(ii) Reduction to a €;. Let ¢ € C%(92) and assume that, for all 1 < i < N,
there exists a sequence ! € C?(€);) which converges to 1 in H'(€);) as n — oo and
s.t., for all n € N, ¢!, = 1) and (AVgpiL)@-ni = 0 on 0€;. Define then ¢, : @ — R
as the function equal to ¢’ on ; for all i = 1,..., Ng; since ¢! = ¢/ = 1 on
00 N 09, oy, is well defined and continuous on €, it is C* on each Q;, it vanishes
on Jf2 (on which » = 0) and the tangential derivatives of ¢,, are continuous through
the interfaces of Po (for all t parallel to 9€; N 99, the values of (V) gt and
(Ven) iyt on 02; N 0K can be computed using only the values of oL =l =1
on 0€; N0, and are therefore equal). The continuity of ¢, accross the boundary
of €; for each i moreover ensures that Vi, has no singularity on these boundaries
and it is therefore simply the function equal to V¢!, on €; for all i; hence, ¢,, — 1
in H}(Q2). Finally, the fluxes AV¢,,-n are clearly continuous through the interfaces
of Py since they vanish on either side of each such interface 0€2; N 0€;.

To conclude the proof, it remains to find the convenient approximations {®' },>; of
¥ e C%(2) on Q.

(iii) Approximation on Q;. Let ¢ € C5%(Q) and let O be an open set containing
S s.t. 1 = 0 on a neighborhood of O. Let (F})1<<, be the faces of ; (i.e. the affine
parts of 0€2; of dimension d — 1); for all 1 <[ <r, we denote by n; the unit normal
to F} pointing inside €2; and we define the C? function f; : R x F; — R? by

VteR, Vy € Iy, filt,y) =y +tA(y)n. [B.1]

If (t,y) € RxFyand (t',y') € Rx Fares.t. fi(t,y) = fi(t',y') then, since (y—y')-n; =
0, one has tA(y)n;-n; = ' A(y')n;-n; and thus

y—y = tA(y)nn ( Ay - Al)m ) : [B.2]

A(y')nrnz A(y>nl'nl

Aly)ny
Aly)nymy

(which is well-defined since A(y)n;n; > o for all y), [B2| can happen with y #
y" only if |[t| > . Hence, f; is one-to-one on (—&,¢) x F;. We also notice that
A(y)n; is uniformly transverse to the hyperplane H; containing F; (this is again
A(y)n; - my > «p) and thus that, upon reducing ¢, the Jacobian matrix of f; at any
(t,y) € (—¢,e) x F} is invertible.

Let V; be an open neighborhood of W in F; s.t. dist(V,,S) > 0; the preceding
reasoning shows that f; is a C?-diffeomorphism from (—¢,e) x V, to fi((—¢,¢) x V),
an open set in R? containing in particular f;({0} x F}\O) = F}\O. Since A(y)n,
points inside §2; (one more time, A(y)n,-n; > 0) and dist(V;, S) > 0, upon reducing
again ¢ if needed, we also see that U of fi([0,€[xV)) is contained in Q; and is
a neighborhood of F,\O in Q; (see Figure [B1] for a representation of some sets
appearing in this proof). Moreover, for all z € U, if x = f(t,y) for (¢,y) € [0,e[xV,

Letting € > 0 be smaller than the inverse of the Lipschitz constant of y — [
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then dist(z, H;) = (z — y)-n; = tA(y)n;ny and thus 0 < ¢t < aiodist(:c,Hl). This
shows that

YV c Z/{l, if (t,y) = (leQE[XVL)_l(x) then |,’L' — y‘ S %dlst(fﬁ, Hl) [B3]
0

Let us define v; on U s.t.

Gi(filt,y) = P(y)  for all (t,y) € [0,e[x V. B.4]

1y belongs to C%(U;) and ¢, = ¢ on V; (because f;(0,y) = y); derivating [B4] with
respect to ¢, taking ¢ = 0 and using [B]| we also have

0= %wl(m, Y))i=o = VUi (y)-A(y)n, = Ay)Vi(y)ny,  forally € V. [B.5]

As 1) vanishes on a neighborhood of O, there exists a neighborhood A; of V;N O in
V, s.t. ¢ = 0 on Nj; [B4] then implies ¢, = 0 on f([0, e[xN;) which is, f; being a
diffeomorphism, a neighborhood in U of f;({0} x (V,NO)) =V, N O; to sum up,

Y = 0 on a neighborhood of ¥V, N O in Y. [B.6]

Lines ¢ € [0,e[— y + tA(y)ny

Figure B.1: Various sets appearing in the proof of Lemma

For 1 <1 < r, we take a sequence 7, € C®(R%[0,1]) s.t., for all n € N, 7/, =1 on
a neighborhood of F;\O and

7L =0on {z e R?, dist(xz, {,\O) > 1/n} and ||V%11||Loo(Rd) < Cin, |B.7]

with Ci3 not depending on n. If n is large, supp(1},)NQ; is a compact subset of U; and
’Viﬂﬁl can therefore be extended to €2; by 0 outside U; without loosing smoothness;
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we then define ¢, = > Vi + (1 =3 )¢ € C*(Q;). Since ¢y = ¢ on V),
and, for n large enough, vil vanishes on 0€); outside V;, we have ¢, = 1 on 0€); for
such n. Still considering large n, on a neighborhood of F}\O in Q; we have 7% = 1
and v¥ = 0 if k # [ and therefore, on such a neighborhood, ¢, = v; [B3| thus
shows that AV, -n =0 on Ul_ F;\O = 99,;\0; since all the 4.1, and 1 vanish on
a neighborhood of 9; N O in Q; (see [BH]), we obviously also have AV,-n = 0 on
092; N O, and thus on the whole boundary of €);. It remains to prove that ¢, — 1 in
H'(£;) as n — oo; in order to achieve this, we write o, — 1 = >_|_ 74 (¢ — ) and
use [BF, [B4] and the smoothness of ¢ to see that, if dist(z, F;\O) < 1/n, then
|t (x) — (x)| < Ciy/n with Cpy not depending on n or = (because z = fi(t,y) with
y € Vst |x —y| < Bo/(agn)); we infer from [B] that

C
I 1 = )220 < “meas(s2)/2
and

IV (24 (e — )| 2y < CrsCrameas(€; Nsupp(¥4)? + |V (1 — )| 22 (@unsupp(rt ) -

Since meas(€Q; Nsupp(7t)) — 0 as n — oo, this concludes the proof that ¢, — 1 in
H'(€).

Remark 6 The proof shows that A need not be C? on the whole of each Q;, only
on the affine parts of 0); (and the reader can check that the rest of the paper only
requires the C* regularity of A on each ;).

B.2 Proof of Lemma

Proposition 7 Let D be a generic element of a family of discretizations matching
Definition [[L2A satisfying hypothese @)-{). Let ¢ € Q, 0 € &y with T, = {K, L}
and y, € 0. Then Vp(rk) — Vo(xr) can be decomposed as follows:

Vo(rk) = Volar) = ek + Toto, [B.§]

where |t,| =1, to,ng, =0 and the reals p,, T, verify

|7,| < Cy5 [diamL + diam K], |B.9|
[y = _WK(:CL) + Tgtcr'(ycr - xL) + WK(ycr) - WL(yo)’ [BlO]
dL,U dL,U dL,J
with o
Wi (z) = ¢(x) — p(rk) = Vo(rk)-(x — rk) [B.11]

def
and 015 = max(\w”\Loo(K), ‘(p”|Loo(L))
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PROOF. The vector t, is obviously the normed orthogonal projection of Vp(xx) —
V(xp) on the hyperplane parallel to o, and the reals y,, 7, are given by the formula

e = (Vo(rk) = Vo(rr)) nke, 7o = (Ve(rk) — Vo(ar)) to.
Since

Wi (L) + Wik (yo) = Wilys) = —p(z1)
(

_|_

p(rx) + Vo(rg) (v — 2K)
— p(zk) = Vo(rk) (Yo — TK)
—p(Yo) +o(zr) + Veo(zr)-(vo — 1)
Vo(rk)-(xr — yo) + Ve(rr) (Yo — 21)
(Vo(zk) = Vo(zr))(2r — Ys),

we can use [BF and the fact that (rv; — y,) - ng, = dr, to re-write u, under the
form
WK(xL) tcr'(ycr - xL) WK(ycr) B WL(yo)
+ 75 + .
dL,o dL,o dL,o‘

The face o is completely contained either in one element of the partition Py or
in an interface of this partition; using then either the regularity of ¢ inside each
element of the partition or the continuity of its tangential derivatives through the
interfaces of Py, we can re-write 7, under the form

7o = (Vo(rx) = Veo(yo)) to + (Vo(ys) — Vip(zr)) to

and the proof is complete since ¢ is C? on K and L. O

Hoe = —

Proposition 8 (Flux “quasi-continuity”) Let D be a generic element of a family
of discretizations matching Definition [[L21, satisfying hypotheses [@)-) and ¢ €
Q. For all G € G, Vp(xk,) is the solution of a linear system of equations of the
form

AcYs = Ba(pr) + Calp),

where pr € Hr () is defined by the family {o(vk)}ker, Ac and Bg(pr) are the
matrices defined in Lemma 1l and the vector Cq(p) verifies

ICalp)] < Ch max diam(K) [B.12]

with Cy > 0 which only depends on o1, 02, A and ¢.

PROOF.  For a cell K, let Wx be the function defined by [BII]. Since ¢ is
C? regular on the closure of each element of Py and since each cell is completely
contained in one of these elements, there exists €16 > 0 only depending on ¢ s.t.,
for all K € T,

Wk (z)| < Cgdiam(K)? for all z € K. [B.13]
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For all o € &,y with 7, = {K, L} and y, € o, we apply Proposition [ to decompose
Vo(rk) — Ve(rr) (note that the Wy (xy) appearing in [BI0| is in general not of
order 2 with respect to the size of the mesh, since z;, ¢ K and ¢ is not regular
accross the boundary of some cells). Since ¢ € Q, we can also write

mig /(AVQD)W(:E)-nK,U dx + mia /(]\Vgo)z(a:)-nm7 dx =0 [B.14]

and, V¢ and A being C! on the closure of each control volume, we deduce from
[BI4| that the real (,(¢) = AxVo(xk) Nk, + ALVe(rL)nL, verifies

1¢o(9)| < Crr(diam(K) + diam(L)), [B.15]

where C17 > 0 depends only on ¢, A.

Let us now consider G € G, 0 € GN & and use these preliminary remarks with

K = K¢ and L s.t. 7, = {Kg, L}. By definition of {,(¢) and [BF],

(Apnpe + Axonioo) Vo(rk,) = Anp.Vo(rk,) — Anp V() + G(e)
- _ALnL,o"nL,o,U/o + 7—c7'~/\LIn’L,cr'tcr + CU(SO)

Equation [B.I0] and the definition of Wiy (z.) then show

(Apnpo + Axonigo) Vo(rke)
Ang,mr, Anp.nr,
= T (ay) — plakg)) — ——2 TV (k) (T — Tk)
de dL,a
ALnL,a'nL,o

dL (Tata'(ya - xL) + WKG (ya) - WL(?/G)) + 7_UALnL,U'tU

+CU(§0) -

and therefore

Anp.nr,
Lo The 5 B (xr, —fb"Kc)) Vo(rrg) =
L,o
ALnL,o'nL,a

dL,o‘

(ALnL,O' + Ax kg0 +

(p(xr) — o(TKs)) + o (@)

with CU(‘P) = Co(gp) - M(Tato'(yo - xL) + WKG (yo) - WL (yo)) _'_ALnL,U'tUTU'

dL,o'

If 0 € G N &, using the definition of W, (z,), we have

o AKGnKGp"anp'

A mi o MNKaqo
< < = Vgo(xKG)-(:cU - xKG) - (_(p(xKG» + CU(QP)
dKG7U dKG,O'
with ¢, (p) = —2KemKae Mgy ().

ch,o'
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We deduce that Vp(x g, ) is the solution of the linear system of equations

AcYs = Ba(pr) + Calp),

where Cg () is the vector of R? defined by {c,(¢)}seq. Thanks to (BI3), (BA) and
([B13), there exists Cjg > 0 which only depends on g1, g2, A and p s.t., forall o € G
with 7, = {K¢, L}, |c, ()| < Cig(diam(L) 4+ diam(K)). The proof is complete. [

We are now in a position to prove Lemma [[3 Let Wy the function defined by
[BIT] and recall that [BT3| holds. Since (Vppr)%,, is the solution of the linear
system [[IL29] with v = @7, we can deduce from Proposition B that Vo (zg,) —

(Vppr)%,, is the solution of the linear system AgZg = Cq(yp) where the vector
Ci(p) satisfies [BI2]. We obtain

Velane) — (Vopr)i,| < Cil 4G max diam(K). [B.16]

For all 0 € G N &y with 7, = {K¢g, L}, thanks to [[IL30] with v = @7, we have

- Rpo

(Vopr)f” = (Voer)§, — 2T,

where Ry, (¢7) = ¢(21) — o(2xs) — (Vpor)%, (€L — Zk,). Thanks to Proposition
[, we can deduce that

o R g
V(o) — (Vooer) 77 = Vo(rr,) + foNre — Tote — (VWPT)%G + % Lo
Ry, 5 — Wk (x
= VQO ZL'KG) (VDQO']’)?{G + L ((pT)dL KG( L> L,o
- (Tgto Yo = 1) - Wito (o) = WL(yU)) Np, — Toto
dL Red dL,O' ’
T — T
= Vilrwe) ~ (Voer)f, + (Volang) — (Vogr)f, ) ey
+ | 7o tU‘(yU — xL) + WKG (yd) — WL(yJ) Lo — Tata'
dLJ dL,a 7

Using then [BI0], [BI3] and [[L1], we can deduce that there exists a real Cg > 0
which only depends on o1, g2, A and ¢ s.t.

IV(zr) = (Voer)Z 7| < Cro(1 + [AGY) mmax diam(K),

and the proof is complete.
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B.3 Computation of the parameter v, (example )

The alternative choice used in the numerical examples of V.39 is designed so as

to enhance the coercivity of the method. For each group G € G, define the space

Hr, o {ug € R, K € 75} endowed with the semi-norm

def mo
ulf, ™ Y Y e — i)

KeTs o€k NG

For all u, v € Hy, set ar,(u,v) = Y ger. Yopesina Fiio(W)(Yov — vk ). For each
G € G define

def .
Yo = inf ar, (u,w)
{U‘EHTG7 ”u”TG:l}
The computation of the parameter v, requires to evaluate the eigenvalues of a local
matrix of R associated with the bilinear form az., and its cost is negligible.

Indeed, by conservativity of the subfluxes,

azg(u,u) = Z Z Flg,o(u)(Vau — Uk)

ceG KeT,
= Z Fgg,a(u)(u[/ - ch) + Z FEGJ(U)(’YUU — ch)
0€GNEint, To={Kcg,L} 0€GNEext, To={Kc}

. . A, o+dL o
Since for all o € &y with 7, = {K¢, L}, we have uy, —ug, = Kﬁ;{im(%u—ufgc),
feld

if we let d, = dg, o +dp o for all o € &y with 7T, = {K¢, L} and d, = dg,,, for all
0 € Eext, then we can deduce that

dy
a'TG(u’ u) = Z d— Fgg,a(u)(’%u - uKG)‘
oeG Ka.o

Now, by M2, Ff_ ,(u) depends linearly on {up — uxg}rezo\ (o) (and ug, if
0 € &), and it can therefore be written as

FR.ow) =) agy (Yot = ukg)

where {af’o,}a,gleGXG is a family of reals. We obtain that

dy dy
ary (u> u) = Z d d ) a’()G'70'/ (VU’U - UKG)(VUU - qu)~
(o,0") EGXG Ka,o PKg,o

We denote by X (u) the vector of size d defined by the family { Vdi"m" (Vou — uKG)}
G oeG

and by A% the matrix of size d defined by the family of reals {\/ %afd} .
ome ’ 0,0/eGXG
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Then, we can write az,(u,u) under the form
az (u,u) = (A“X%(u)) - X (u)

or again,
G G\t
aTG(u’ u) = (%XG(U)) . XG(u) [Bl?]

where (A9)! is the transpose matrix of A, From (BID), we deduce that 7, is the
smallest eigenvalue of the matrix ATHAD" Kecause the Euclidean norm of the vector

X%(u) is exactly equal to ||ul|z,. For a given ¢ > 0, let

{ge(ﬁ) =5 ifz <0,

ge(x) =z + ¢ otherwise,

and, for all G € G, define 3% = g.(72). The weights are defined as

G
0% = _
7 Y, B¢
Therefore, for a given G € G, the larger 75, the more the subfluxes {FE’U}Key& oE€ERNG

will contribute to the global fluxes {Fi ,}rer sesine. In the numerical tests of
gV 37 we have taken € = 0.1.

VG e G, Vo eG.
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Annexe C

Synthése entre méthode Galerkin
discontinu et volumes finis

Résumé

Dans ce chapitre, nous proposons un cadre unifié d’analyse regroupant un éven-
tail de méthodes de discrétisations non conformes pour des opérateurs de diffusion
hétérogenes anisotropiques sur maillages généraux. L’analyse repose sur deux outils
d’analyse discréte d’ espaces de fonctions polynémiaux par morceaux, a savoir une
inégalité discréte de Sobolev-Poincaré et un théoréme discret de Rellich.

Les conditions de convergence sont regroupées en sept hypothéses, chacune d’elle
caractérisant un ingrédient essentiel de I'analyse. On montre dans cette partie que
les schémas volumes finis aussi bien que les méthodes de Galerkin Discontinu les plus
communes s’inscrivent dans cet analyse. Un nouveau schéma volume fini centré est
également présenté.

Preliminary Several methods have been developed through the years to solve
the single phase Darcy equation, often of non-conforming type. A crucial ingredient
is a robust discretization of heterogeneous anisotropic diffusion operators. Indeed,
strong anisotropy and heterogeneity are usually present in problems of practical in-
terest, thus demanding an approach robust with respect to both. Moreover, even for
simple domains, the low regularity of the diffusion coefficient may affect the regular-
ity of the solution itself. It is thus important for a discretization method to ensure
convergence to minimal regularity solutions, i.e. solutions belonging to the natural
function spaces in which the weak formulation of the PDE is set. Furthermore, it
is often desirable to handle general nonconforming meshes, both because end-users
may have little or no control over the mesh and because local grid refinement could
be required.

In this work, we have proposed a unified analysis framework encompassing a
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wide range of non-conforming methods which respond to the above requirements.
In particular, both Finite Volume (FV) and discontinuous Galerkin (dG) methods
will be shown to fit in the framework. Although the analogies between these two
families of discretization methods have often been highlighted, the present unified
analysis is, to the best of our knowledge, new.

Finite Volume methods have been widely employed in industrial applications
because of simplicity of implementation, closeness to physical intuition and reduced
computational cost. In recent years, these methods have known an impetuous de-
velopment thanks to both empirical and theoretical works. In particular, the con-
vergence analysis of FV methods has been dealt with by Eymard, Gallouét, Herbin
and co-authors (see e.g. [42,45|), who have derived new discrete functional analy-
sis tools allowing to prove the convergence to minimum regularity solutions. The
discrete analysis framework above has been used for a variety of FV methods ap-
plied to linear or non-linear problems (see e.g. [15,47]). Within the framework of
Mimetic Finite Difference approximations, reduced-cost methods on general meshes
have also been developed. These methods rely on different discrete analysis tools
than the ones used here, and we refer to [24 26| for a unified analysis.

Discontinuous Galerkin methods were introduced over thirty years ago to ap-
proximate hyperbolic and elliptic PDEs (see e.g. [17, 38| for a historical perspec-
tive), and they have received extensive attention over the last decade. Up to now,
convergence analysis has relied on classical Finite Element tools, yielding asimp-
totical order estimates but requiring regularity assumptions on the exact solution
(see e.g. [17,33,38-40]). In a recent work [32|, Di Pietro and Ern have extended
the discrete analysis tools presented in |45] to piecewise polynomial function spaces
on general meshes. By means of such tools, the convergence analysis of dG dis-
cretization of both linear and non-linear problems can be performed in the spirit
of [45].

In this work we further extend the above results by proposing an abstract set of
properties ensuring the convergence of a discretization method to minimal regularity
solutions. The analysis framework proposed relies on the discrete functional analysis
results of |32, 45|, where the authors introduce discrete W1 norms which satisfy
discrete Sobolev inequalities and deduce a compactness result for bounded sequences
in such norms using the Kolmogorov criterion (see, e.g., [23, Theorem IV.25]). In
order to use the compactness results for sequences in piecewise polynomial spaces,
we shall assume that, whatever the vector space V}, in which the solution is sought,
a reconstruction operator on a suitable piecewise polynomial space is available. The
key ideas of the analysis can be summarized as follows:

(i) Vi, is equipped with a norm || - [|y;, which, for all v, € Vj, controls the
discrete H' norm of the piecewise polynomial reconstruction of v;,. As a consequence,
bounded sequences in the || - ||y, norm yield bounded sequences in the discrete H'
norm;
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(ii) an a priori estimate on the discrete solution is derived allowing to infer the
strong convergence of a subsequence of (reconstruction of) discrete solutions to a
function u € L?*();

(iii) the construction of a discrete gradient weakly converging to Vu in [L?(Q)]
allows to prove that the limit u actually belongs to H}(Q);

d

(iv) the convergence of the scheme is finally proved testing against a discrete

projection of a smooth function belonging to some convenient dense subspace, say
C>(Q).
Since the exact solution is unique, the convergence of the whole sequence of discrete
approximations is deduced. Moreover, stronger convergence results on the discrete
gradient can be derived using the dissipative structure of the problem for both
symmetric and non-symmetric schemes.

Besides providing a means to analyze existing methods and to develop new ones,
the above framework ensures the convergence of arbitrary compositions of compliant
methods. This can be particularly useful when one wishes to use a more accurate
but expensive methods on a selected region of the domain along with a less accurate
but faster method elsewhere.

This chapter is organized as follows. §CT] introduces the abstract framework,
including the assumptions on the mesh family as well as the properties required
to prove convergence of a method. The latter are grouped into seven Hypotheses,
each of them characterizing one salient ingredient of the analysis. The main result
is Theorem [C T2 §C3I show some examples of methods which fit in the abstract
analysis framework. In particular §TIL2 Tl presents a selection of dG methods robust
with respect to the heterogeneity and anisotropy of the diffusion tensor; 1129
deals with a new cell-centered finite volume method; §IIT.23 investigates a hybrid
FV method using both cell- and face-unknowns. For all the methods, a precise
definition possibly including further assumptions on the mesh family is followed by
the verification of Hypotheses

C.1 Abstract analysis framework

II1.1.1 Model problem and setting

Let Q C R, N> d > 1, be a bounded polygonal domain and consider the following
model problem:

{—V~(VVu) =f, inQ, 1]

u =0, on 0f),

where v € [L>(Q)]" is s.t. (such that), for a.e. (almost every) z € Q, v(x) is
symmetric and its spectrum {\;(z)}%, is sit. 0 <A < \(z) <A< oo. In weak
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formulation, problem [[CT] reads: Find u € H}(Q) s.t.

a(u,v) = (f,v)120), Yo € Hy(Q), |C.2]

where L(H}(Q) x H}(Q);R) 3 a(u,v) o (vVu, V) r2ye. The well-posedness of
problem [[C2] is classical.

Remark 7 The analysis can be easily extended to f € L"(Q) with r > % ifd >3
and r > 1 if d = 2; see [32] for the details in the case of dG methods. This
requires more general Sobolev inequalities than the one of Hypothesis [Z1, which are
proved in [32, 45]. Also, different boundary conditions can be handled with minor
modifications, but we have decided to stick to the homogeneous Dirichlet problem for

clarity of presentation.

The following definition characterizes an admissible mesh family:

Définition C.1.1 (Admissible mesh family) Let H be a countable set. The mesh
family {7y} ner, is said to be admissible if the following assumptions are satisfied for
all h € H:

(i) Ty is a finite family of non-empty connex (possibly non-convex) open disjoint
sets T forming a partition of 0 and whose boundaries are a finite union of parts of
hyperplanes. The d-dimensional Lebesque measure and the diameter of the generic
element T' € Tp, will be denoted by |T'| and hr respectively. The representative linear

dimension of the discretization will be defined as h o maxrer, hr;

(i1) each T € Ty is affine-equivalent to an element of a finite collection of refer-
ence elements;

(iii) there is a parameter Ny independent of h s.t., for all h € H, each T € Ty,
has at most Ny faces. For all elements T € Ty, let F}I' denote the set of faces of T.
A set F € Fl' of non-zero (d — 1)-dimensional Lebesque measure |F| is said to be a
face of T if F is part of a hyperplane and if either F' is located on the boundary of §2
(boundary face) or there is one and only one T' € Ty, s.t. F = FINFL (interface).
The diameter of the generic face F' € F;, will be denoted by hp;

(iv) there is a parameter g1 independent of h s.t., for all T € Ty,

> helFI < allT);

FeFrl

The set of boundary faces will be denoted by Fr, whereas the interfaces will be
collected into the set Fi. For every F = F' N F? we let up denote the outward
normal to Ty; for all T € 7;, and for all F € F, u will denote the outward normal
to T. For every F' € FI'NF}?, both pur and pk will denote the outward normal to Q.
Further assumptions on the mesh family may be required depending on the method
considered, and will be specified in the corresponding section.
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Remark 8 According to Definition [C 11, (i) the mesh elements are not supposed
to be convex, and the mesh may possibly be nonconforming; (ii) in three space di-
mensions, general hexahedra can be treated by decomposing non-plane faces in a fized
number of plane sub-faces.

Let 7, denote an element of an admissible mesh family and let S, denote a sub-
mesh of 7, depending on the method at hand. We introduce the space of piecewise
polynomial functions of total degree less than or equal to N> k& > 0,

PE(X) © {on € LX(Q); vnr € PE(T), VT € X}, X € {Th, Su}-

The symbols V}, and X, denote two vector spaces associated with 7, and S, re-
spectively. We assume that ¥, = [P>(S),)]¢ for a fixed N 3 ks > 0 depending
on the method considered. Also, in what follows, r} : V}, — P,lf"(’]?L) will denote a
reconstruction operator onto the piecewise polynomial space of degree ky depend-
ing on the method at hand (see Hypothesis [[M). In particular, for FV methods,
ky = ks, = 0 whereas ky > ks > 0, ky > 1 for dG methods.

The symbols < and 2 will be used in the present section for inequalities that hold
up to a positive parameter independent of the mesh size h but possibly depending
on the regularity parameters of the mesh family, on v, ki and ky. More detailed
expressions for these multiplicative constant will be given for each method in §C2

Hypothesis 10 (Piecewise polynomial reconstruction 7)) For a fited N >
ky > 0 depending on the actual discretization method, there is a reconstruction
operator r,‘{ 2V, — va(%) which maps every element v, € V), onto a piecewise
polynomial function r) vy, € P;f" (73,)-

We define the following bilinear form

L(Vi X Vi R) 3 ap(un, vn) E (G (un), G(vn)) 2y + dn(tn, vn), [C.3]

where G € L(Vy; ) and G € L(Vj,; %)) are linear gradient reconstructions whose
properties will be detailed in Hypotheses [ [3 and [[6 whereas j, € L(V},, x V};; R)
is a bilinear form meant to ensure the coercivity of a;. We focus on the following
family of approximations for problem [C2]: Find wu;, € V}, s.t.

an(up, vp) = (f, ) vn)r2), Vo € Vi |C.4]

I11.1.2 Discrete Rellich theorem

The piecewise polynomial space P;f" (71,), kv > 0, must be equipped with a discrete
H' norm || - ||1.2.4 s-t. the following hypothesis is satisfied:

121



Annexe C. Synthése entre méthode Galerkin discontinu et volumes finis

Hypothesis 11 (Compactness) Let {py}nen be a sequence in P,]f" (7)), kv >0,
bounded in the corresponding || - |12, norm. Then, the family {pn}ren is relatively
compact in L*(Q) (and also in L*(RY) taking pp, = 0 outside ).

Norms satisfying Hypothesis [1l will be defined in eqs. [C20] and [C26] below.

Lemma 21 (Discrete Sobolev-Poincaré inequality) Let {7}, }nen be a mesh fam-
ily compliant with Definition [CL1 and let us suppose that Hypothesis [ holds.
Then, for all p, € P,]fv, ky >0,

Ipnllz2@) S llpallizn: [C.5]

PrROOF.  For the sake of simplicity, let H = N and h, — 0 as n — oo. We
proceed by contradiction. Let us admit that, for all C' > 0, there is n € N and

Pha € Th, st |[Pnall2) > CllPh,ll1,2,0,- In particular, we can take C' = n and set

 def
P = Ph/lPn 1120, SO that

1Pk ll220) > 10 D128, = 1. |C.6]

As n increases, the L? norm of pj, increases, whereas its || - |12, norm remains
bounded. According to Hypothesis[, {ps, }nen is thus relatively compact in L*(€),
and we can extract a subsequence {py_, }neny Which converges to some p in L*(Q).
As a consequence, ||Pym)llz2@) — [|P||r2(@) as m — oo, which is in contradiction
with [C6]. O A direct proof of the Sobolev-Poincaré inequality on broken Sobolev
spaces has been given in [16,22, 45]; broken Sobolev embeddings have been derived
by Lasis and Siili [56,57] in the Hilbertian case; broken Sobolev embeddings in the
non-Hilbertian case have been recently presented in [32]

Hypothesis 12 (|| - ||y, norm) The vector space V}, is equipped with an inner prod-
uct norm || - ||y, s.t., for all vy, € V},

I vnllizn S lvallvis [C.7]
|G (vr)llir2e + [1Gor) 2@y S llvnllvi- [C.8]

Inequality [[C7 will be used to derive an estimate for the piecewise polynomial
reconstruction of the solution in terms of the discrete H' norm || - ||1.2,. This will, in
turn, ensure the boundedness of the sequence of the reconstructed discrete solutions
of [C4] on the mesh family {7}, } e, a key ingredient to infer a compactness result.
Inequality [C.§| states that bounded sequences in the || - ||y; norm yield bounded
sequences of gradient approximations in the L? norm.

Hypothesis 13 (Weak convergence of é) Let {vp }nen, be a sequence in Vj, s.t.
{rYontnen converges to v € L*(Q) in L*(RY) (prolonging r) vy to zero outside 1)
and {G(vy) }hew is bounded in the [L*(RY)]? norm. Then, for all ® € [C>°(RY))4,

lim é(vh)@:—/ vV-®.
]Rd

h—>0 Rd
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Disposing of a weakly converging gradient allows to prove the following result con-
cerning the regularity of the limit of a converging sequence in Vj:

Théoréme C.1.1 (Discrete Rellich theorem) Let {v,}nen be a sequence in Vj,
bounded in the || - ||y, norm. Then, (i) {r) vy }nen is relatively compact in L*(Q);
(i1) if 7} vy, — v in L*(Q) as h — 0, then v € H} ().

PROOF. Owing to the assumptions of the theorem together with [CT, there is
C e Ry s.t.
Iy vnllzn < llonllv, <€, VheH.

As a consequence, the sequence {7} vy, }rer is bounded in the || - |12, norm. Owing
to Hypothesis [l it is possible to extract a subsequence converging to some v in
L*(Q) and also in L*(R?) provided we prolong 7} vj, by zero outside Q. Moreover,
[C] yields, for all h € H,

G () |2y S llowllv, < C.

We thus conclude that there exists a 7 € [L2(€2)]% to which the sequence {G(vs) }nen
converges in [L?(Q2)]¢ and also in [L*(R9)]%. On the other hand, the sequence
{rY vy }nen satisfies the assumptions of Hypothesis [3, so that 7 = Vo, which con-
cludes the proof. [

I11.1.3 Estimate on the solution

Let ) : C%(Q) — V}, denote an interpolator onto V;, whose properties will be de-
tailed in Hypotheses [[4 and In what follows, 7r}” will be applied to functions of
C(€2), which is used as a pivot space.

Hypothesis 14 (Stabilization j,) The bilinear form j, is symmetric, positive
semidefinite and continuous with respect to the || - ||y, norm, i.e. |

Jn(un,vn) S lunllvillonllvi,  Y(un,vn) € [Va)*. [C.9]
Furthermore, the following consistency property holds:

lim i (), 0, my ) = 0, Vi € CZ(Q). |C.10]

The following Cauchy-Schwarz type inequality is an immediate consequence of Hy-
pothesis [

L s o) | S L (s )] [ Cons on)]) 2. [C.11]

Hypothesis 15 (Coercivity of a,) For all vy € Vi, an(vn,vs) 2 [Jually, -
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The coercivity of the bilinear form ay, is an essential ingredient of the analysis, since
it allows to obtain an estimate of the solution for use in the discrete Rellich Theorem
CT1

Lemma 22 (Well-posedness) Problem [CA| is well-posed. Furthermore, its so-
lution satisfies the following a priori estimates:

Iy unllizn S lunllv, S 1 1z20)- |C.12]

PROOF. (i) To prove the well-posedness we use the Lax-Milgram lemma. Using
[CJ] together with 9] we have, for all (up,vs) € [Vi]?,

an(un, vn) < Munllv, [[onllv, + lunllvillvallv, S llunllv, losllvi.

i.e. , the bilinear form a; is continuous in Vj,. Cauchy-Schwarz inequality together
with [CI and [C yield, for all v, € V},

(f, TX”h)L?(Q) < ||f||L2(Q)H7“XUh||L2(Q) S ||fHL2(Q)H7“XUh||1,2,h < Hf||L2(Q)||Uh||Vh-

We conclude using Hypothesis[[A (ii) If uy, is the null element of V},, the estimate is
trivially verified. If this is not the case, Hypothesis [[Q together with Cauchy-Schwarz

inequality, [CH| and [CT yield
i wnll 2 mllunllv, < lunlly;, S an(unun) S 1 Fllzzellunllzz@) S I F ez lunllv,

thus concluding the proof. [

II1.1.4 Convergence
Hypothesis 16 (Consistency) The following results hold:

Ty ellv, S 0y Vi € CZ(Q), C.13]
lim [(ry; 0 m ) = pllr2@ = 0, Vi € CZ(Q), |C.14]
lim [V — G(my, @) liz2@ye =0, Vo € CZ(Q), [C.15]

where o, > 0 is a parameter depending only on ¢ and on the mesh reqularity pa-
rameters.

The above assumptions ensure that we can consistently approximate smooth func-
tions and their gradients on the discrete spaces at hand. The consistency of G stated
in [CI3] allows to prove the following

Lemma 23 (Convergence of G) Let {7, }ren be a family of admissible meshes.
Let uy, denote the unique solution of the discrete problem [CA| on Tp,. Then, (i) there
exists uw € H} () and a subsequence {r) up}ner converging to w in L*(Q) as h — 0;
(ii) {G(up) }nen converges to Vu in [L*(Q)]%.
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PROOF. (i) Thanks to [CI2], the sequence {r} uy}ney is bounded in the || - [|194
norm. According to Theorem [CIJ] there is a subsequence of {r)us}nen (still
denoted with the same symbol) and an element @ € H}(Q) s.t. {r) us }nen converges

tow in L*(Q) as h — 0. (ii) Let ¢ € C° and set ¢y, o 7} . We have that
G (un) = Vil fpaqye <
||G(uh) = Gen) (e + 1G(#n) = Vollfzqye + Ve = Villfzqya

Let S;, i € {1...3} denote the terms in the right hand side. Thanks to Hypothesis
and to the linearity of a; we have that

St S an(un, un) — an(un, n) — an(on, un) + an(©n, ©n).

Owing to [CAl, an(un,un) = (f, 7} un)r2@) and an(un, on) = (f,7} on)r2@)- As a
consequerce,

}lLiIr(l)ah(uh,uh) = (f,u) 2.
Furthermore, using [CI4|, we conclude that

0< llffl?SUP |an(un, on) — (f, ©) 20| < 1iI;LlSélp 11|22 I en — @llr2@) = 0,

that is, gathering the above results,
Vo € C(9), lim [an(un, un) — an(un, on)] = (f, 0= ©)r2(0). |C.16]
To estimate the remaining terms, observe that

an(pns on) — an(on,un) = (VVp, Gl — Up)) 220
+ (W(Glpn) = V), Glon — uh))[LQ(Q)}d + Jn(#n, o — un).

Owing to Hypothesis [[3, the term in the first line tends to (vV, V(¢ — @) 12(q)
as h — 0. The term in the second line can be estimated as follows:

((Glpn) — V), Glon — un)) ey < MG len) — Vol @l Glen — un)llizz @
SG(en) = Volliz@ye (lonllv, + llunllv,)
SG(en) = Vollirz@ye (0 + |lunllv,)

where we have used Cauchy-Schwarz inequality followed by [C.§], [CI3| and [CI2].
Since ||up|ly, is bounded, the right hand side of the above inequality tends to zero

as h — 0. On the other hand, [CI], [CI3] and [CI2] yield
ljn(en, on — un)| < [Jn(en, SOh)]l/Z [in(Pn — un, on — up)]
< Unlens o))" (lonllvi, + llunllvi)
< Unlon, o))" (04 + lunllvi)

1/2
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which, owing to [CI0| and to the boundedness of ||uyl|v;, tends to zero as h — 0.
In conclusion,

Vo € CF(Q), L [an(pn, on) = anlen un)] = V@, V(g =) @pe- - [C.17]

Equations [CI6| and [[CI7 yield
Vo € C(Q), lim 5, = (Vp, V(e — )2 + (f, 0 — ) r2@)-

Using [CIH| we immediately conclude that, for all ¢ € C°(), limj_oSy = 0.
Gathering the above results, for all ¢ € C(Q),

liI}ILl Sup |G (un)=Val|F2 e S WV, V(p=10))120ya+(f, U=¢) 120+ Vo=Vl -
Let now {©, fmen be a sequence converging to u in H () (the existence of such a
sequence follows from the density of C°(€2) in H}(2)). Using the above bound, we
conclude that

0 < liminf ||G(up) — Vﬁ”sz(Q)}d < limsup |G (up) — VﬂH[QLz(QHd <0,
h—0 h—0

which proves the assert. [J

Remark 9 Observe that the passages to the limit for h — 0 and for m — oo cannot
be exchanged in the proof. Indeed, the estimates from which [CI4| and [CIT| are
obtained may depend on some norm of @ which does not remain bounded as m — oo,
e.g. the H? norm.

Théoréme C.1.2 (Convergence of the method) Let {7} ey be a family of ad-
missible meshes. Let uy, denote the unique solution of the discrete problem [CA] on

T Then, (i) the sequence {r) up}ner converges to the solution of [C2, say u, in
L*(Q) as h — 0; (ii) the sequence {G(up) }ner converges to Vu in [L*(Q)]%.

PROOF. Thanks to [CIZ], the sequence {up}nep is bounded in the || - ||y, norm.
Theorem states that we can extract a subsequence still denoted by {r} us bnen
which converges to an element u € HJ(Q2) in L?(Q2). Let us focus on the above sub-
sequence. According to Lemma B3 {G(up)}nen converges to Vau in [L*(Q)]4. In
order to prove the convergence of the method, we have to prove that u solves [[C2].

Let, now, ¢ € C°(Q2) and set @y, o 7} . We have that

an(un, on) = (VG(up), G(%))[Lz(m}d + Jn(tn; Pn)-

Using Hypothesis [[3 together with Lemma 23 we conclude that

Vo e CF,  lim(vG(un), G(on)) 2@y = WV Vo) e = alt, ¢).
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On the other hand, [CIJ]| together with [CT2] yield

(s on)| < Gn( s o) 2n(un, un)® < n(on, on) 2 llunllvi, S dnlens o) 211l 220,
which tends to 0 as h — 0 by virtue of [CI0]. Moreover,

(frnen)rze = (f, @)z + (fro — 11 on) 129,
and, using [CTI4l,

0 <limsup |(f, ¢ —ri'on)sxe| S limsup | fll @l = rienllizm) = 0.
so that, for all o € C(Q), (f, 7 on)r2@) — (f,¥)12() as h — 0. Thanks to the
above results, and since the uy, are solutions of the discrete problem [C4]|, we have
that

CL(’l’I, SO) = (f> QO)LZ(Q% \V/QO € CEO(Q)
Since C°(Q) is dense in H} (), @ = u for a.e. x € Q. Furthermore, problem
[C2] has a unique solution, and so the convergence property extends to the whole

sequence. The convergence of {G(up)}rery to Vu is an immediate consequence of
Lemma B3 together with the uniqueness of the limit. []

II1.1.5 Symmetric methods

In this section we show how the analysis can be simplified for symmetric methods.
The following theorem replaces Lemma B3 and Theorem [C.1.2k

Théoréme C.1.3 (Convergence of symmetric methods) Suppose that the bi-
linear form ay is symmetric, i.e. G =G and let {71 }ner be a family of admissible
meshes. Let uy, denote the unique solution of the discrete problem [CA| on T;,. Then,
(i) the sequence {r} up}ner converges to the solution of [C2, say u, in L*(Q) as
h — 0; (ii) the sequence {G(up) }ner converges to Vu in [L*(Q)]%.

PrROOF. Thanks to [CI2), the sequence {up}ney is bounded in the || - ||y, norm.
Theorem [CT Tl states that we can extract a subsequence still denoted by {r) us } nex
which converges to an element u € H}(Q2) in L?(Q). Let us focus on the above

sub-sequence. Owing to Hypothesis [3 G(u;) weakly converges to Vu in L. Let
p € C(Q) and set ¢y, o 7} . Observe that

an(un, on) = (VG (un), Vo) 2+ (VG (un), G(un) = Vo) L2 @yatin(un, ¢n) 5 +95+5s.

Owing to the weak convergence of G(uy), S1 — a(u, ) as h — 0. Using Cauchy-
Schwarz inequality together with [CII]| we obtain

|Sa] < NG (un)liz2@e |G (en) — Velliz@ya + Un(wn, wn)Y2Ln(en, on)]>.
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Thanks to [CF, [ and [CI2, both ||G (up)||z2(qye and [jn(us, up)]*/? are bounded
by || fllz2() up to a positive multiplicative constant. Equation [CTI3| together with

[CI0] then yield | S| — 0 as h — 0. Finally, S5 — 0 as h — 0 by virtue of [CI0].

In conclusion,

(f, )2 < (fron) 2 = an(un, on) — a(t, @),

i.e. ,u=ufor a.e. x € Q since C(Q) is dense in HJ (). The strong convergence
of {G(up) tren follows immediately. [J

IT1.1.6 Adjoint methods

Let
% def =~ .
ay(un, vn) = (VG (up), G(vn)) 2 + Jn(tn, vn).

In this section we investigate the convergence of the adjoint problem: Find u; € V},
s.t.
ay (un, vn) = (f, TX”h)L?(Q), Vo € V. [C.18]

Théoréme C.1.4 (Convergence of adjoint methods) Let {7, }nen be a family
of admissible meshes. Let uj denote the unique solution of the discrete problem
[CI8| on 7,. Then, the sequence {r) u} }newn converges to the solution of [C2, say
u, in L*() as h — 0.

PROOF. Since also a}, is coercive, the sequence {up}rep is bounded in the || - ||y,
norm. Theorem states that we can extract a subsequence still denoted by
{rY up}ner which converges to an element u € HJ () in L*(Q). We shall focus our

attention on the above sub-sequence. Let ¢ € C2°(Q2) and set ¢ o 7} . We have

aj (uh, on) = (VG (u), Vo) e+ G (uh), Gon) = Vo) wayatin(uh, on) S +5+Ss.

Using Hypothesis [3 it is clear that S; — a(u, ¢) as h — 0. For the second term,

using [CT2)] we have
|Ss| < MG (up) 2@l Glen) — Vel 2@y,

which, owing to [CI3], tends to zero as h — 0. Similarly, using [C.I0] together with
[C12], we can prove that |S5] — 0 as h — 0. We thus have

(f, )2 — (fron) 2 = an(uy, on) — a(t, @),

i.e. ,u=uforae x€Qsince C®(Q) is dense in H}(Q). This concludes the proof.
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C.2 Some examples

In this section we present some examples of conservative dG and F'V methods which
fit in the abstract framework above. Further examples which are not detailed here
include the popular O-method (see, e.g., [1,15]). Observe that the convergence
results holds also for arbitrary compositions of the methods below.

I11.2.1 Discontinuous Galerkin methods

In this section we shall present a number of dG methods which fit in the abstract
analysis framework above. The weighted averaging techniques introduced in [27] and
extended to dG methods in [33,41] will be used to ensure robust a priori estimates
with respect to anisotropy and heterogeneity of the diffusion tensor in a suitable
energy norm. The asimptotical convergence analysis can be performed following the
guidelines of [33] and it is out of the scope of the present work. For all F' € F,
and for all ¢ s.t. a (possibly two-valued) trace is defined on F', we introduce the
following jump operator:

[ & { £ —ome HF=F0 52 C.19)
o if F=FI'nF}.
The space P;f" (73,), kv > 1, will be equipped with the following norm:
def 1
1Pall} o = VDRl + Y EH[[ph]]H%Z(F)v Vpi € By (Th), |C.20]
FeFy,

where V;, denotes the broken gradient. The proof of Hypothesis [[1l can be found
in [32, §6|. The following assumption need be added to those listed in Definition
C. 1Tk

Hypothesis 17 Let H be a countable set and let {7} }ner denote a family of meshes
matching Definition [CT 7. We require that the ratio of the diameter hp, T € Ty, to
the diameter of the largest ball inscribed in T be bounded from above by a parameter
03 independent of h.

Remark 10 Hypothesis [I is not needed to prove Lemmata [IHZD for kv > 1, so
it 18 not listed in Definition [C_1 1l

For a given ki > 1 we let S, = 7, and set

def

Vi € P, s, P ()

We shall focus the piecewise constant case v € [PY(7;,)]*%. Let vjp = VpDrVy ' be
the diagonalizaton of v on T" € 7, i.e. , Dr is a diagonal matrix containing the
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eigenvalues of v. Denote with x the element of [PP(7,)]**? s.t. kyp = VTDflp/zVT_1
for all T' € 7,,. The tensor field x is symmetric, uniformly positive definite and s.t.
v = rk for a.e. z € Q. Let, moreover, k=1 € [P)(7,)]**¢ denote the inverse of x, i.e.
k™t =1 for a.e. x € Q.

Remark 11 The piecewise reqular case v € [C°(T;,)]4? requires only minor tech-
nical modifications in Lemma [24] below, which we omit for simplicity of exposition.

Since V}, is a piecewise polynomial space, the reconstruction operator r,‘{ can be

taken equal to the identity on Vj. For all F' € F), and for all ¢ s.t. a (possibly two-
valued) trace is defined on F, we define the following weighted average operator:
For a.e. z € F,

Lol def ) W2y +wipn,, it F = ‘7:;{1 A ‘7:;{2’
@ o if [ =FI'nrFp,

where
def A A def .
w = (w1,ws) = (m MT%) ;N = Ve, € {12}

Since V), = P}]f", we can take

def
lvrllv, = llvnllizn,

with || - ||1.2, defined as in [C20]. The following lifting operators will play a crucial
role in what follows: For all F' € F}, and for all p € L*(F), let N> [ > 0 and set

(e (9), e € (pur, rm o) wzgryes ¥ € [PH(TY |C.21

and define RL () o > rer, . (¢). For I = ky the subscript will be omitted. For
all v, € V},, the weakly converging gradient is defined as

é(vh) déf Vh’Uh — I{_lRH(Uh),
where V), denotes the broken gradient.

Remark 12 To prove the convergence of the method, it is sufficient to work with

the lifting operators r%. However, if the exact solution u turns out to be more
regular, optimal-order convergence rates can be established in the || - ||y, -norm when

working with the lifting operators rf,v_l or rf,‘/. The latter choice may be preferable

for implementation purposes, especially if non-hierarchical, e.g. nodal-based, basis
functions are used. For instance, if u belongs to the broken Sobolev space H*(T},),
the usual a priori error analysis techniques can be used to infer a bound of the form
|u—wunlly, < CLhE, with C, a positive parameter depending on the norm of the exact
solution u, on g;, 1 € {1...3}, on ky and on v.
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Table C.1: Consistent gradient choices for dG methods. Symmetric methods are
marked with a star.

Method | Ref. G(up)
SIPG* [16] Vyup, — K_lRﬁ(uh)
NIPG [62] Vyup + KJ_IR,{(uh)

IPG [31] Vnup,
BR* [21] Viun — H_lRR(Uh)
LDG* [29] Viun — Ii_lRR(uh)

Several choices are possible for the consistent gradient G as well as for the bilinear
form j,. Some of the most common methods are presented in Tables [CIHC.2l where
we have set

. . i — T T .
def {mln()\l,)\z), i F,r NF,2, s (1, U1 def (Ro([un])s Rel[on]))z2c0e-

)\min = .
o N VITHE U, if F' e f}?ﬁfg,

Remark 13 The original formulation of the methods proposed in [16, 21, 29, 31,
62/ has been modified using the averaging techniques introduced in [33]. Optimal
asymptotic order estimates which are also robust with respect to anisotropy and
heterogeneity can be obtained in the following norm:

def

def 1 1
lonllbe,, = 16Vaonllfzya + 1onl5,  onl7 = Z EH)‘m/in,F[[vh]]Hiz(F)'
FeFy,

The above norm is equivalent to ||-||v, since, for all v, € Vi, A\Y*|Jvnllv, < llvnllpa., < X1/2||Uh||vh-
The following result was proved in [32]:

Lemma 24 Assume that Hypothesis[IA holds. Then, for all F € Fy,, for all v, € Vy,
there is Crp > 0 depending on o;, 1 € {1...3}, on ky but not on h s.t.

77 (0 ) [Fr20ja < Cielonl3.
Furthermore, assume that there is a parameter o4 independent of h s.t.
hp|F| > o4|T|, VT € T,, VF € F}. |C.22]

Then, for all F € Fy, for all v, € Vy, there is cip > 0 depending on o;, 1 € {1...4},
on ky but not on h s.t.

CIP|Uh|2J S ||TF,/£(Uh)||[2L2(Q)]d- [023]
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Remark 14 Inequality [C23] is only needed to prove the coercivity of the BR
method (see Lemma[Z8 below), whereas it is not needed for the other methods listed
in Tables[CTHC A In what follows we shall therefore tacitly require [C22) only when
dealing with the BR method.

Lemma 25 (Proof of Hypothesis I2l) Let the assumptions of Lemma hold
true. Then, Hypothesis A holds for all the consistent gradients listed in Table [C 1l

PROOF. Property [[C is in fact verified with the equal sign. Let us prove [C8]
for G (the proof for the gradients listed in Table is similar and will be omitted).
For all v, € Vh,

=~ def
G (W) lFr2 e < 20 Vavallfzaaye + 5 Z 1R ([on])IFr2grye = Si+ Se.

- TETh

According to [C2T], for all F' € Fy, rp, is solely supported by the elements which
share . We thus have that R, ([vs])r = ZFEI}? 7rx([vn])r and, owing to Lemma

A

2Na QC’IpNa 2C1p NaA
S < 50 Irme(on)[F oy — | il < — ey

- Féfh
which yields [|G(vn)|[%2 g0 < 2 (1 + %) [onll%,- O

Remark 15 The L? projector m; onto the space PM(T,) enjoys the following prop-
erty:
Jim [lo = mplly, =0, Vo € CF(Q). [C.24]

Lemma 26 (Proof of Hypothesis 03l) Hypothesis[I3 holds.

PROOF. Let {v;}ren be a sequence in V, satisfying the assumptions of Hypothesis
The sequence {é(vh)}heH is bounded, and it converges (up to a subsequence)
to some 7 € [L?(2)]%. Tt only remains to prove that 7 = Vv for a.e. x € R% Let
P € [C=(RH)]?, v), € V}, and prolong vy, by zero outside . Observe that

(G(Uh), W;llq))[Lz(Rd)}d = —('Uh, Vh'ﬂ'}llcb)Lz(Rd) + Z ({{Uh}}w, ILLF'[[W}ILCI)]])Lz(F),
FeF]
where V- denotes the broken divergence operator. Owing to the regularity of ®,
[®] =0 for a.e. z € F, F € Fj,. The above identity then yields
|(vn, V@) 12(0) + (G (vn), Th®) 20

= |(on, Vi (= @) 2y = Y ({vn o p [@=mh 1) 2y < llonllv; [ @ =) @]l
FeF]

Passing to the limit and using [C24] and the boundedness of {vj, }ep in the || - ||y,
norm concludes the proof. []
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Table C.2: Consistent stabilization choices for dG methods. Symmetric methods
are marked with a star.

Method Jn(tn, vn)
)\min
SIPG* Z (nstpa N L Tun], [vn]) L2y — sn(un, vn)
F
FeFy, )\
NIPG Z (Mntpa n;Lln’F [un], [va]) L2ry + sn(un, vn)
F
FeF, >\
IPG Z (mpa r;;m’F [un], [vn]) 2
F
FeFy,
BR” Z (mBrTEk([un]), 7rs([vn])) 122 (ye — Sn(un; vn)
FeFy, )\
LDG* Z (Mpa r;m’p [un], [vn]) L2 (ry
F
FeFy,

Lemma 27 (Proof of Hypothesis [dl) Let the stabilization parameters satisfy

nsiec > NoCrp,  nniee > 0, mipe > NoCrip/2,  ner > N,  nupc > 0.

Then, Hypothesis[T7] holds for all the stabilizations of Table [C2

PROOF.  The continuity of the stabilizations of Table stems from a simple
application of Cauchy-Schwarz inequality. The IFP as well as the LDG stabilizations
are clearly positive. Proceeding as in the proof of Lemma B3, we have that

sn(vn,vn) < No > llres([oa]) I 2qe < CeNolonl3,
FeFy,

which yields the positivity of the SIPG, NIPG and BR stabilization. The term sy, is
introduced to reduce the stencil of the above methods to neighbouring elements.
immediately follows from the above remark provided the above assumptions on the
stabilization parameters are matched. In order to prove consistency, let o € C°(€2).
Since [¢] =0 for a.e. z € F, F' € F}, the continuity of jj, gives

gn(mae, mhe) S lenls = lon — ofF < Almie — ollt,

which, according to [C24], tends to zero as h — 0. O

Lemma 28 (Proof of Hypothesis @8l) Under the assumptions of LemmalZQ, Hy-
pothesis A holds true for all the methods of Tables [C 1 [CA
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PROOF. For the sake of brevity, the proof will be detailed for the BR and SIPG
methods only. For all v, € V},, Young inequality together with Lemma 24 yield

ap (vn, vn) = KV RonlFa e + 26V hon, Re(vn))snsr Y (rew([va]), res([va]))ize (e

FeFy,
€A
> 1+€||thh||[2m(9)]d + (e — (L+ ©)No) > rew([o) 120y
FeF,
> A 17,02 14 )N, 2
Z T IVnonllizaye + (mer — (1 + €)No)erp[vnl,

for all € > 0. Coercivity then holds for ngr > Ny. Similarly,

)\min
CL;SLIPG(Uh, Up) = ||thvh||[2L2(Q)]d + 2(KVhon, Ry(vn)) 4 ms1Pc Z ( - [vn], [[Uh]])H(F)

e
GA 2 )\min,F
> 1+ EHVhUhH[L?(Q)]d + (nstra — (1 + €) NaCrp) Z ( h [vil, [onl) 2y,
F
FeF,

yielding coercivity for ngipg > NgCrp. UJ
Finally, Hypothesis [IG] follows from [C27]

I11.2.2 A cell-based finite volume method

We consider hereafter a new finite volume method displaying all the ingredients
introduced in §CI1 Throughout the present and the following section, the following
assumption on the mesh need be added to those listed in Definition [C. 1.1l

Hypothesis 18 Let H be a countable set and let {7} } ey denote a family of meshes

matching Definition [C 1. Them
(i) there is a positive parameter gs independent of h € H s.t.

|vr — 2p|

<05, VEF€FLI VT €Ty [C.25]
dT,F

(i1) Py, is a family of points of 2 indezed by the elements of Ty, and P, = {xr}rer,
is s.t., for all T € Ty, xpv € T and T is star-shaped with respect to xr, i.e.
[xp,x] CT forall z € T;

(iii) there is gy > 0 s.t., for all F = F' N F2, (T, T2) € [Th)?,

where, for all T € Ty, and for all F € FI', we have set dr r o dist(xp, F') > 0.
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For all T € 7;, and for all F € F', we define

d, % dr g+ dp, p, if F=F"0F2

In the present and in the following section, the space PP(7;) will be equipped with
the the discrete H} norm:

def 1

Ipuln S Nl Vn € AT, C.20]
Fer, T

where the jump operator has been defined in [CI9]. The proof that Hypothesis [Tl

holds for the norm [[C26] can be found in [45, §5]. Let

def

Vi € PU(T), SE [PUT)

Since Vj, is a piecewise polynomial space, the reconstruction operator 7} can be
taken equal to the identity on V}. For all F' € F, and for all v, € V}, we define the
following trace operator v : V;, — P(F):

def

— < 1.

wT dT,F
F
dp

def w?vhm + w?’UMTQ, VF = .7:;{1 N .7:;{2,
VF(Uh) = T b )
O, VF - fh ﬁ fh’

For all T € Ty, for all F € Fl', let ZL : V}, — P°(F) denote a linear interpolation
operator s.t.

(ZF om))e — (ar)| < Cohpdrr, Vo € C2(Q), |C.27]

where 7r2 = 7y denotes the L? projection onto Vj,, x is the barycenter of F' and Cy
denotes a positive parameter depending on some (bounded) norm of .

Remark 16 A simple choice for the interpolator Tk is described hereafter. For the
sake of simplicity, letd = 2. For all F € FFNF) we set Thoy, = 0. Let F € .7:;{0 NF;,
To € Tp, and let Ty # Ty be two elements of T, \ {To} s.t. their barycenters are not
aligned with that of Ty (see Figure CIILZA for an example). Denote by {}icqo..a)
the barycentric coordinates of xp with respect to {xr, }icgo..ay. Then, for all v, € Vj,
we set

d

T def

IFOUhI E aivh|Ti-
i=0

While the above choice ensures the convergence of the method, it does not yield
strong consistency for piecewise linear exact solutions in the presence of heterogene-
ity.  Other choices are possible, but their description lies out of the scope of the
present paper. In particular, we refer to [11] for an alternative using the so called
L interpolation introduced in [6].
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Figure C.1: Barycentric interpolation for d = 2.

For all v, € Vh, the gradient reconstructions are defined as follows: For all T' € 7y,

Glo)r = \T| > 1F(vron — onr)i, Glon)r < |T\ > IFI(ZFon — vnr)itp-

Ferf Ferf

The space V}, will be equipped with the following norm:

def |F|
loally, = > Z IFUh — ).

TeT), Fe]—‘T

Remark 17 For all h € H we have

F
> | ||;|TF: . VT eT,. [C.28]

Ferl
Lemma 29 (Proof of Hypothesis M2) Hypothesis A holds.
PROOF. Let v, be a generic element of V},. Cauchy-Schwarz inequality gives

[on]® _ (onr, — Tivp)? N (v — Zpton)?
dp — dry,F dr, r ’
Inequality [C7] immediately follows. Cauchy-Schwarz inequality together with

[C2]] yield

VF € F' N F2.

Gy = 3 7| 3 1P WwFndiee|
TGTh FeFr
1 |F'|dr r
<3| 2 gl x 30 | S dlvnlian < dluilf
TeTy \Ferf T.F FeFT

[C.29]
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Similarly,
1 2
|Gy = 3 | Do 1FITEw ek
TeT, Ferl
< X gl x 3 S| < dll
TeT, \Ferl Ferl

Observing that ||vp||y, is bounded by assumption whereas the term in brackets tends
to 0 as h — 0 concludes the proof of [C§]. O

Lemma 30 (Proof of Hypothesis 03l) Hypothesis I3 holds.

PROOF. Let {v,}ren be a sequence in Vj, satisfying the assumptions of Hypothesis
T3 The sequence {G(vp)}nen is bounded, and it converges (up to a subsequence)
to some 7 € [L?(©2)]%. It only remains to prove that 7 = Vo for a.e. z € Q. Let

® € [C=(Q)] and prolong vy, by zero outside . Define &7 & J7 ®/|T| = m)®r for
all T € 7T;, and ®F o [ ®/|F| for all F € F,. Integration by parts yields

(G (vn), @) 2 e + (V-@, 7y vn) 20| = } > AFI(vrvn — onr) (@ — @)

TeT, FeFl

[NIES

<llonllv, | D Y IFldre(®f — %) |

TeT, FeFrl

which proves the assert. [J
Define the stabilization term as follows:

. e 1
j(un, vy) & Z NGVE Z d—(anF(uh),RT,F(Uh))Lz(F),

T,F
TeT, Ferl 7

where, for all v, € V}, we have set Ry p(vy) d:CfIIEth —vpir — G(op) - (zp — 27),
and, for all T € 7;,, 0 < n< nng <7 < oo denotes a positive stabilization param-
eter.

Lemma 31 (Proof of Hypothesis @dl) Hypothesis [T holds.

PROOF. The proposed stabilization term is clearly symmetric and positive semi-
definite. In order to prove the continuity, observe that, for all v, € V},

. 1 ||
n(on,vn) <2 nbve | D d—||IpTWh — vnrllFam + D o (Glon)(zr — or))?

TeT), Ferl ) FeFT )
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Let ST, ST the addends in brackets. Using [C28] together with Hypothesis [[§ and
Lemma B9 we have that

|F'ldr,
YoSi <oy Y = TG < dos||Glon)lIfpeye < dosllonll,

TGT]—L TETh Fef]’f |T|

whence jj(vn, v) < 27(1 + d®gs)||va [}, . Using the above result together with [CIT]
we have

n(uny o) < gn(un, un) 2 g (0n, va) 7 < 20(1 + d*os) ||uallv lvalvi.-

It only remains to proof the consistency of j,. In the rest of the proof, shall assume

that [CIH holds (a proof is given in Lemma B3 below). Let ¢ € C°(Q) and set

©n o 7. Observe that

\Ryp(vn)| < |Zhon — o(zp)| + [(Vo(ar) — Glen)-(xp — 21)| + colar — zp|?,

where ¢, denotes a positive parameter depending on a suitable (bounded) norm of
. Substituting in the expression of j;, and using Hypothesis [[§ we obtain

Jn(en, on) <

(Y e o+ 3 3 Evoten) - Glon? + 1Flosc s

7 drp FPr — P TF drp e\TT ©Ph O5Co N
TeT, Ferl TeT, Ferl

Let S;, @ € {1,2} denote the first two addends in brackets. Using [C27] together

with [C28] we have

F
si<0, 3 Y e < coala)

TeT, Ferl |T|

ie., S; — 0as h— 0. Using Hypothesis [§ and [C2§ we have

Fldrp|zp — 27|
5:< 3 ITI¥elar) ~ Glon)l 3 EErE o < 3 9o oy

TET, FerT T.F TET,

<242 Y (IVe(ar) = Volaya + 1V = Glen)lzrys )
TeET,

which, since [CIH holds, shows that Sy tends to zero as h — 0. This concludes the
proof. [

As the FV method proposed in this section is non-symmetric, it is conditionally
coercive. In what follows, we shall provide a computable criterion to check coercivity
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for a given mesh 7, and diffusion tensor v. For the sake of simplicity we shall refer
to the interpolator defined in Remark For a given T € 7, we introduce the
bilinear form a! defined as

ap (un, vi) = (VG(un) i, G(un))paerye + néve Z . (Br,p(un), Br,p(vn)) 2 (r).-
Ferl ™

Let 7,7 o {T" € T,,, 7' 0N FI' # 0} denote the set of elements sharing a face with T
and set m? & cardZ,!. For brevity of notation, we shall note 7," = {T}},<;<,,v with
T, sharing the internal face F, with T. Moreover, we define m? < cardF* N FP

and set {F;}m oy 1<icmT 1mF o FI' (O FP. Define the linear map X7 : V;, — R +m")

s.t., for all v, € V},,

def

X" (vn) = {{onr, — vnirhi<icm, {ZF, (Vh) = Vnr}m 4 1<icm? +mF
and recall that Z7 (v,) = 0 for m” +1 <4 <m” +m" (since I}, (v,) vanishes on
boundary faces). It is a simple matter to verify that for all T' € 7j,, there exists a
matrix AT € ROV +mxmm+m") g ¢ for all (up, vy) € [Vi]%,
ay, (un, vn) = (X7 (up)) ATXT (vp).

Notice also that, again because I}g(vh) =0 for m" +1<i<m”+ml, we can
write

T+m
Ith—vh‘T%— Z ﬁTXT (vn);, 1<i<m?+mr,
j=1
where the family of reals {87 }1<j<mtmr Veriﬁes Z;nT;rmF gl = 1. Let BT €
R +m)x(mT+m") he the matrix of elements 7 and define the norm || - ||z as
follows: For all z € R™ +m"
mT +mt
def |5
7= Y (B2 |C.30]

d
— 0T

The following result provides a computable local criterion expressed in term of
the local matrices { AT }rer, :

Lemma 32 (Proof of Hypothesis 08l) The bilinear form ay, is coercive if for all
T € Ty, the matriz AT is uniformly coercive for the norm ||-||r, i.e. if there is C > 0
independent of h s.t., for all z € R™ ™" 2t ATz > CO||z||3.

PROOF. For all v, € V},,

an(vn,vn) = Y af (wn,un) = > (X (wn)) ATX (wp) > C Y X (un) |7 = Cllunll3,,

TeT, TeT, TeT),

which concludes the proof. []
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Lemma 33 (Proof of Hypothesis 06) Hypothesis[IA holds.

PROOF. Estimates [CI3-[[CI4] classically hold for my = 7% (see, e.g., [37]). Let
now ¢ € C°(Q), set ¢, o i%¢ and observe that, for all T € 7p,,

F .
Glon) - Ve)r= 3 %@%h @i+ (Volér) — V)
FeFl
F R R e
fx %«o(m — (Er)E — Vplar) | ST 4 ST+ ST,
FeFr

where we have used the fact that, owing to assumption (iii) in Definition [CT.1]
ZFE}-}? ph = 0forall T € 7, to replace oy, with ¢(27) in S5 . Clearly, [|G(¢p) — V¢||[2L2(Q)]d <337 |
Estimate [C27 together with [C2§| yields, for all T' € 7p,,

F ILopp —
‘SlT| < Z | |dT,F| F¥h o(zr)| SC;tha

Ferl ‘T| dT’F

so that || ST |(z2(qye < CLIQ|Y2dhr. On the other hand, using classical estimates for
7y, we conclude that ||.S3[|(z2()e < Chrl|@||(g1(rye. Finally, thanks to the regularity
of ¢, there is C depending on ¢ and on the mesh regularity s.t. ||S3T||[2L2(T)]d < CI|T|h7,
ie., 1S3 lizegaye < C¥|Q|1/2h- The above estimates yield the desired result. OJ For
the sake of completeness, the order of convergence of the new F'V method presented
in this section has been numerically evaluated by solving the Dirichlet problem for
d = 2 with u = sin(7z) sin(7y) (Umin = 0, Umax = 1), f = —Awu and anisotropy ra-
tios of 1 and 1000 on a family of randomly perturbed quadrangular meshes of (0, 1)2.
The results are reported in Tables and and show second order con-
vergence as well as robustness with respect to anisotropy and mesh skewdness. The
following indicators are also listed: (i) nunkw, the number of unknowns; (ii) nnmat,
the number of nonzero matrix entries; (iii) erl2, the L? error; (iv) ocverl2, the
order of convergence for the L? error; (v) umin and umax, the minimum and maxi-
mum value of the discrete solution. A torough validation of the above method will
be the subject of a future work. An asimptotic a priori analysis can be performed
following the guidelines of [42], but it lies out of the scope of the present work.

I11.2.3 A hybrid finite volume method

The goal of this section is to show that the hybrid finite volume method proposed
in |43 fits in the frameword of §CI1 Hypothesis [} is assumed to hold and PY(7;,)
is again equipped with the norm defined in [C26]. To this purpose, for each T' € 7p,,
for all F € F we let K7 denote the cone defined by F and zr (see Figure TILZ3).
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Table C.3: Convergence results for the FV method of §LII1.2.2 with anisotropy ratio

of 1.
1/h nunkw nnmat erl?2 ocverl2 umin umax
16 255 3001  3.98¢ — 03 7.54e — 03 9.97¢ — 01
32 1023 12665 1.00e — 03 1.99e+4 00 1.02e —03 1.00e — 00
64 4095 51961 2.7le — 04 1.89¢+00 2.79¢ —04 1.00e + 00
128 | 16383 210425 6.58¢ — 05 2.04e+4+ 00 9.84e — 05 1.00e — 00

Table C.4: Convergence results for the FV method of T2 with anisotropy ratio
of 1000.

1/h | nunkw nnmat erl2 ocverl?2 umin umax

16 255 3001 2.82¢ — 01 - —2.93e —01 1.10e + 00
32 | 1023 12665 7.98e—02 1.82¢+00 —1.22¢—01 1.0le+ 00
64 | 4095 51961 2.00e —02 2.00e+00 —1.04e—01 1.00e+ 00
128 | 16383 210425 3.94e — 03 2.34e+00 —8.36e—03 1.00e —00

Figure C.2: A face based cone for d = 2.
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Throughout this section, xr will denote the barycenter of a face F' € Fj. Thanks
to Hypothesis [[8 the cones are well-defined and they satisfy

|Fldr,r
T

|Krp| = |C.31]

Define the spaces of hybrid unknowns:

Hy, & RETxw T — (e, {uf Yrer ), HiL < {on € Hy; of =0, VF € F}.

For all h € H, we let S, & {K7,r} e, rerr) and set

Vi € HY, %, PASH

The space V}, is equipped with the following norm:
def F
|Uh||2 e Z Z | | T)2.
TeTy, FEJ-'T

The gradient reconstructions are defined as follows: For all v, € V},

G(on)ikrr = G ikyr = Gr(vp) + Rrp(on)pf, VK7 € S,

where we have set

. . d1/2
Gr(vn) d:f 7] SRl —v) g, Rre(o) € - (vr, —vp = Gr(va)-(ar — 27)) .
Ferl ’

The reconstruction operator r) : V;, — PY(7;,) is defined as follows: For all v, € V},,
Yo, = pp € PY(T;) with ppr = vf, for all T € 7;. The interpolation operator onto
Vj, is defined as follows: For all ¢ € C®(Q), ©) o = ¢, € V), with o = p(ar) for
all T € T, b = p(xp). Observe that o, belongs to Vj, since ¢ vanishes on the
boundary of €.

Remark 18 For all T € T, and for all & € R?, the following relation holds:

> IF(up)i(xr — &); = 64T, |C.32]

Ferf

where the ith component of a vector quantity was denoted (-); and 6;; is the Kronecker
symbol.

Proposition 9 For all v, € V}, and for all oy, € [PY(7T1,)]4,

Z Z | K7 r|onrphRer(vn) = 0.

TeT, FeF]
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PRrROOF. Using the definition of the residual, we obtain

K K
> @y [ 3 Erelr upyr 5 G o - g

d
TET, FeFT T.F Ferr drp

Let S; and S, the addends in brackets. By definition, S; = |T'|d"'Gr(vy,). On the
other hand, [C3T]| together with [C32] yield

1 T
Sy = —— GT Uh Z ‘F| xF_xT) Ngz_%GT(Uh)’
FeFf

and the desired result follows. []
Lemma 34 (Proof of Hypothesis M2) Hypothesis A holds.

PROOF. The bound [C| can be proved as in Lemma In order to prove [C3],
observe that, owing to Proposition B

1G o) Frzgpe = D Y [KrrellGlon)?

TeTy FeF!
def
= > TIGr()l*+ Y D [KrpllRrp(on) = 81+ Ss.
TeT, TeTh FeFT

For the first term, using [C3T]| together with [C2]]| we have

d
= 3 | S e < 3 50 ST S o < .

TeTh FeFT TeTy FeFT FeFT
|C.33]
Substituting the expression of Ry r in the second term yields
sz 3% Ear e 3 Kl Grton P ) < o1k g
dTF di p - Vi
TeTy FeF]l TeTn FeF]l

which proves the assert. []
Lemma 35 (Proof of Hypothesis 03l) Hypothesis[I3 holds.

PROOF. Let {v;}ren be a sequence in V}, satisfying the assumptions of Hypothesis
T3 The sequence {G(vp)}nen is bounded, and it converges (up to a subsequence)
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to some 7 € [L?(2)]%. Tt only remains to prove that 7 = Vv for a.e. v € R% Let
P € [C2(RY)]4 and let @), = )/ ®. We have

(G(Uh), q))[LQ(Rd)]d = Z (GT(Uh L2 ]‘“LZ Z RTF Uh ,uF, (I)) [L2(Kr p))d o S1+5s.

TeTy, TeTy FeFl

Integrating by parts the second addend on the left hand side, simple algebraic ma-
nipulations yield

[(Gr(vn), @)1z + (V-@, 73 0n) 120y ‘Z > IFI (o — vl ) (@) — @)

TeT, FeF]

< lowllvi | Do D [Fldre(®; — 20|

TeT, Fer)

which proves that S; — —(v, V-®) 2gey as h — 0 since the sequence {vj}nen is
bounded in the ||-||y;, norm. Let us now consider the second term. Owing to the regu-
larity of @, there exists C'y > 0 only depending on ® s.t. | fKT,F (® — )| < Cp|Kr plh.

Using Proposition @ with o, = &, and [C33], Cauchy-Schwarz inequality yields

SQ Z Z RTF ’Uh /J,F,(I) (I)h LQKTF]d< Z Z |RTF Up, “ (I) (I)T

TeT, FeFf T€T, FeF] Kr.p
1 1
< V2Cah|* (Jloall, + d@§||GT<vh>||%m)]d)2 < VACsh|QE (1 + dgs)||vally,.

which proves that S — 0 as h — 0. [J

Since residual terms are incorporated in the gradient reconstruction, the above
method can be shown to be stable without further penalization. We thus take
Jn(up, vp) = 0, which trivially satisfies Hypothesis [4l

Let vy, € [PY(T;)]™ be s.t., for all T € Ty, vy = [ v/|T].

Lemma 36 (Proof of Hypothesis 05l) Hypothesis 1A holds.

PROOF.  Let v, € V4. Using Proposition @ with oy, s.t. opp = Gp(vy) for all
T €,

an(vn,vn) = > |TlnrGr(on)-Gr(on)+ D > |KrelvampipBre(on)? L 5145,

TeT, TeTy FeFT
Clearly, S; > >\||GT(vh)|| gya- Observe that, for € > 0 and for all (a,b) € R?,
(a—0)*> ta® — b’ Applylng the above inequality with a = v/ — o] and b =
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Gr(vp)-(xp — x7) yields:

2
T T
S22 bl —elV Y Y Kl Gl P
TeT, Ferl
€A €A
> Ll — e Y TG = 2ol — ARG s

TeT),

Coercivity thus holds for e < )\/(do2)). O

Remark 19 A coercivity constant independent of the anisotropy ratio A/ X could be
derived proceeding as in [45]. We have preferred this shorter proof for brevity of
presentation.

Lemma 37 (Proof of Hypothesis 06l) Hypothesis[IA holds.

PROOF. Let ¢ € C(Q) and set ¢y, o 7} . Observe that

A |KTF|d2 n)?

TeT, FeF]!

|93F |
<AVl e@e Y Y, Erpl———— < dod| V[ a2,
TET), FeF] 7.r

i.e. , [CI3 is verified with o, = (d|Q])"205]|V| (L. The proof of [CIF is
classical and will be omitted (see e.g. [37]). It has been proved in [45, Lemma 4.3]

that ||G(vn) — Vol jpe (e < Cph, where Cp, > 0 is a parameter depeding on ¢,
on d and on the mesh regularity parameters g;, i € {1...3,5}. As a consequence,
1G(vh) = Vollzz@ye < |QUY2|G(vn) — Vool ie(oye tends to zero as h — 0, which
concludes the proof. [J
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