
HAL Id: tel-01148264
https://theses.hal.science/tel-01148264

Submitted on 4 May 2015

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Schémas volumes finis multipoints pour grilles non
orthogonales

Léo Agélas

To cite this version:
Léo Agélas. Schémas volumes finis multipoints pour grilles non orthogonales. Mathématiques générales
[math.GM]. Université Paris-Est, 2009. Français. �NNT : 2009PEST1048�. �tel-01148264�

https://theses.hal.science/tel-01148264
https://hal.archives-ouvertes.fr


UNIVERSITÉ PARIS-EST
THÈSEpour obtenir le grade deDOCTEUR DE L'UNIVERSITÉ PARIS-ESTDis
ipline : MATHÉMATIQUESprésentée et soutenue publiquement parLéo AGÉLASle 22 Dé
embre 2009

S
hémas volumes �nis multipoints pour grilles nonorthogonales
devant le jury 
omposé de:M. Robert EYMARD, Dire
teur de thèse,M. François DUBOIS, Rapporteur,Mme. Lauren
e HALPERN, Rapporteur,M. Alexandre ERN, Examinateur,M. Pas
al OMNES, Examinateur,M. Roland MASSON, Examinateur,



2



Remer
iementsJe souhaite remer
ier en premier lieu mon dire
teur de thèse, Robert Eymard(Université Paris Est). Mer
i de m'avoir fait dé
ouvrir 
e monde de re
her
heoù s'entremêlent les dé�s, l'intuition, la 
réativité et l'esprit de 
on
ision. Mer
id'avoir en
adré mon travail et d'avoir toujours su sus
iter en moi 
e goût pour lare
her
he ave
 ses idées originales et ses remarques pertinentes. Je lui suis égalementre
onnaissant pour sa disponibilié, ses qualités pédagogiques et s
ienti�ques. J'aibeau
oup appris à ses 
�tés et je l'en remer
ie.Je remer
ie mon responsable s
ienti�que de thèse IFP, Roland Masson pourm'avoir proposé 
e sujet de thèse aussi passionnant, de m'avoir laissé une grandeliberté dans mes re
her
hes et d'avoir suivi mes travaux ave
 beau
oup d'intérêt. Jele remer
ie pour tout le temps qu'il m'a 
onsa
ré et également d'avoir a

epté d'êtremembre de mon jury.Je voudrais remer
ier les rapporteurs de 
ette thèse, Lauren
e Halpern (Univer-sité Paris 13) et François Dubois ( CNAM) pour l'intérêt qu'ils ont porté à montravail et parti
ulièrement Lauren
e Halpern pour ses suggestions et remarques ausujet de mon mémoire.Je remer
ie Alexandre Ern (ENPC, CERMICS ) pour avoir a

epté la présiden
ede mon jury et Pas
al Omnes (CEA ) à la fois pour sa parti
ipation au jury et aussipour ses remarques pertinentes sur mon mémoire.Je remer
ie Jean Bra
 (IFP), Thibaut Mouton (à l'époque thésard IFP) pourleur aide dans l'élaboration de maillages 3D pour l'étude des s
hémas volumes �nis.J'adresse également mes remer
iements à Ivan Kapyrin (à l'époque post-do
 IFP)pour son aide pré
ieuse dans l'étude des s
hémas volumes �nis sur des 
as tests 3D.Je remer
ie Sylvie Pégaz (IFP) et Abdallah Bénali (IFP) pour leur aide et leurs
onseils.Je remer
ie Daniele Di Pietro (IFP) ave
 qui j'ai souvent eu l'o

asion de dis
uterdes s
hémas volumes �nis, 
onfronter mes idées.Je remer
ie également Jérome Droniou pour ses 
onseils et notre fru
tueuse 
ol-laboration.Mes remer
iements les plus a�e
tueux vont à mes frères et soeurs pour leursoutien, à ma mère qui m'a tant donné et m'a donné la possibilité de faire desétudes supérieures, à ma �lle mon petit rayon de soleil et à ma femme qui au 
ours3



de 
es trois longues années d'études a été d'un grand soutien, d'une grande patien
eet d'une grande aide, sans lesquels je ne serai pas arrivé à bout de 
e projet.

4



Table des matières
I Introdu
tion 9II Résultats généraux pour l'étude des s
hémas volumes �nis 17II.1 The 
ontinuous problem . . . . . . . . . . . . . . . . . . . . . . . . . 18II.2 Dis
retization for Finite volume s
heme . . . . . . . . . . . . . . . . 18II.3 Dis
rete fun
tional framework . . . . . . . . . . . . . . . . . . . . . . 24II.4 Finite volume s
heme . . . . . . . . . . . . . . . . . . . . . . . . . . 25II.5 Convergen
e of Finite volume s
heme . . . . . . . . . . . . . . . . . . 26IIILes s
hémas volumes �nis non symétriques 37III.1 MPFA O s
heme . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37III.1.1 The Finite Volume S
heme . . . . . . . . . . . . . . . . . . . 38III.1.2 Coer
ivity of the s
heme . . . . . . . . . . . . . . . . . . . . 46III.1.3 Consisten
y of the s
heme . . . . . . . . . . . . . . . . . . . 48III.2 The G method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50III.2.1 The Finite Volume s
heme . . . . . . . . . . . . . . . . . . . 50III.2.2 Coer
ivity of the s
heme . . . . . . . . . . . . . . . . . . . . 57III.2.3 Consisten
y of the s
heme . . . . . . . . . . . . . . . . . . . 58III.3 The Cell-Gradient method . . . . . . . . . . . . . . . . . . . . . . . . 59III.3.1 The Finite Volume s
heme . . . . . . . . . . . . . . . . . . . 59IVUne famille de s
hémas volumes �nis symétriques 63IV.1 The Finite Volume S
heme . . . . . . . . . . . . . . . . . . . . . . . 64IV.2 Coer
ivity of the s
heme . . . . . . . . . . . . . . . . . . . . . . . . . 68IV.3 Consisten
y of the s
heme . . . . . . . . . . . . . . . . . . . . . . . . 69IV.4 VFSYM . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72IV.5 A symmetri
 �nite volume s
heme with 
ompa
t sten
il in R2 . . . . 72IV.5.1 Harmoni
 averaging points . . . . . . . . . . . . . . . . . . . 73IV.5.2 De�nition of the s
heme . . . . . . . . . . . . . . . . . . . . 745



Table des matièresV Tests numériques 2D et 3D 77V.1 Implémentation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78V.2 3D numeri
al tests . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79V.3 2D Numeri
al tests . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81V.3.1 MPFA O . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81V.3.2 Gs
heme . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83V.3.3 VFSYM . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88V.3.4 DIOPTRE . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94VICon
lusion et Perspe
tives 97A Gradients dis
rets pour les s
hémas MPFA O 101A.1 First 
onstru
tion . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101A.2 Se
ond 
onstru
tion . . . . . . . . . . . . . . . . . . . . . . . . . . . 105B Quelques lemmes te
hniques pour le s
héma Gs
heme 107B.1 Proof of Lemma 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107B.2 Proof of Lemma 13 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110B.3 Computation of the parameter γ2, (example 2) . . . . . . . . . . . . 114C Synthèse entre méthode Galerkin dis
ontinu et volumes �nis 117C.1 Abstra
t analysis framework . . . . . . . . . . . . . . . . . . . . . . . 119III.1.1 Model problem and setting . . . . . . . . . . . . . . . . . . . 119III.1.2 Dis
rete Relli
h theorem . . . . . . . . . . . . . . . . . . . . 121III.1.3 Estimate on the solution . . . . . . . . . . . . . . . . . . . . 123III.1.4 Convergen
e . . . . . . . . . . . . . . . . . . . . . . . . . . . 124III.1.5 Symmetri
 methods . . . . . . . . . . . . . . . . . . . . . . . 127III.1.6 Adjoint methods . . . . . . . . . . . . . . . . . . . . . . . . 128C.2 Some examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129III.2.1 Dis
ontinuous Galerkin methods . . . . . . . . . . . . . . . . 129III.2.2 A 
ell-based �nite volume method . . . . . . . . . . . . . . . 134III.2.3 A hybrid �nite volume method . . . . . . . . . . . . . . . . 140

6



Table des �gures
II.1 T , the set of 
ontrol volumes. . . . . . . . . . . . . . . . . . . . . . 19II.2 E , a set of segments in 2D, polygons in 3D . . . . . . . . . . . . . . 19II.3 EK(resp EK ′) the set of edges of K ∈ T (resp K ′ ∈ T ). . . . . . . . 20II.4 ∪K∈T EK ⊂ E . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20II.5 P, the 
enters of the mesh. . . . . . . . . . . . . . . . . . . . . . . . 21II.6 V, the verti
es of the mesh. . . . . . . . . . . . . . . . . . . . . . . . 21II.7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22II.8 Other Notations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22II.9 Cone △K,σ with vertex xK and basis σ for d = 2. . . . . . . . . . . . 23III.1 Dis
retization of the domain Ω. . . . . . . . . . . . . . . . . . . . . 39III.2 (xσ − xK)σ∈EK∩Es spans R2. . . . . . . . . . . . . . . . . . . . . . . . 40III.3 Es ∩ Es′ = ∅. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40III.4 The sub
ells around the vertex s and Es the set of edges in blue. . . 41III.5 Pie
ewise linear fun
tion u built from 
ell and edge unknowns . . . 42III.6 Di�erent groups of edges, G ∈ G̃ and group of 
ells TG in the 2D 
ase 51III.7 Groups of G̃ asso
iated with a vertex s and a 
ell K ∈ Ts . . . . . . 52III.8 s a vertex, G = {σ, σ′}, TG = {K,L, L′} and KG = K. . . . . . . . . 53III.9 Groups of Gσ for d = 2, σ ∈ Eint . . . . . . . . . . . . . . . . . . . . 56III.10 Fa
e groups of G̃ respe
tively belonging and not belonging to Gσ. . . 57IV.1 SK are the sub
ells of K built from Eint,K . . . . . . . . . . . . . . . 65IV.2 κ ∈ SK (the sub-
ells of the 
ell K). . . . . . . . . . . . . . . . . . . 72IV.3 Eint,K : the red edges, EK : the bla
k edges and κ ∈ SK , K ∈ T . . . . 75V.1 Squeezed and randomly perturbed grid for Test 1 . . . . . . . . . . 79V.2 erl2 (left) and erinf for Test 1. . . . . . . . . . . . . . . . . . . . . 80V.3 Mixed grid for Tests 2 and 3. . . . . . . . . . . . . . . . . . . . . . . 80V.4 erl2 (left) and Niter (right) for Test 2 . . . . . . . . . . . . . . . . 80V.5 erl2 (left) and erFl2 (right) for Test 3. . . . . . . . . . . . . . . . . 81V.6 Example of a trapezoidal mesh. . . . . . . . . . . . . . . . . . . . . 82V.7 Convergen
e of the L2 error (erl2) for the MPFA O s
heme. . . . . . 837



Table des �guresV.8 Mesh families. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84V.9 Numeri
al results for test 
ase 1 on the basin mesh family. . . . . . 85V.10 Numeri
al results for test 
ase 1 on randomly perturbed mesh family 86V.11 Numeri
al results for test 
ase 2 on the basin mesh family. . . . . . 87V.12 Solution plots for test 3 . . . . . . . . . . . . . . . . . . . . . . . . . 91V.13 Solution plots for test 4 . . . . . . . . . . . . . . . . . . . . . . . . . 92V.14 Example of mesh . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95B.1 Various sets appearing in the proof of Lemma 3. . . . . . . . . . . . 109C.1 Bary
entri
 interpolation for d = 2. . . . . . . . . . . . . . . . . . . 136C.2 A fa
e based 
one for d = 2. . . . . . . . . . . . . . . . . . . . . . . 141

8



Chapitre IIntrodu
tion
Le pétrole est une ro
he liquide 
arbonée, ou huile minérale. L'exploitation de 
etteénergie fossile a été, au 20ème siè
le, l'un des piliers de l'é
onomie industrielle, 
arle pétrole a fourni la quasi totalité des 
arburants liquides. En 
e début de 21èmesiè
le, la question d'une énergie de substitution ne semble pas en
ore résolue. Lepétrole est le produit de l'histoire géologique d'une région, et parti
ulièrement de lasu

ession de trois 
onditions :
• L'a

umulation de matière organique, végétale essentiellement :� sur notre planète, il y a, en permanen
e, des organismes qui meurent.Ces organismes (nous in
lus) sont 
omposés pour l'essentiel de 
arbone,d'hydrogène, d'azote et d'oxygène et à leur mort, 
es déli
ats assemblagessont 
assés - on parle de dé
omposition et l'essentiel est re
y
lé et réu-tilisé rapidement par la biosphère. Cependant, une petite minorité de lamatière morte sédimente, 
'est-à-dire qu'elle s'a

umule par gravité et estenfouie au sein de la matière minérale. Le pro
essus de sédimentation estun pro
essus permanent au fond des o
éans et des la
s, qui produit 
ertespeu d'e�ets à l'é
helle d'une vie humaine, mais est d'une importan
e 
ap-itale à l'é
helle des temps dits géologiques (quelques millions d'années àquelques milliards d'années).
• Sa maturation en hydro
arbures :� Au fur et à mesure que des 
ou
hes de sédiments se déposent au-dessus de
ette strate ri
he en matières organiques, la ro
he-mère ou ro
he-sour
e,
roît en température et en pression. Dans 
es 
onditions, la matièreorganique se transforme en kérogène, un extrait se
 disséminé dans laro
he sous forme de petits grumeaux. Si la température devient su�sante(le seuil est à au moins 50◦C, généralement plus selon la nature de la ro
he9



Chapitre I. Introdu
tionet du kérogène), le kérogène subit une dé
omposition d'origine thermique,la pyrolyse.� Dans un premier temps, 
ette dé
omposition expulse de l'eau et du CO2du kérogène. Ensuite, les températures devenant 
roissantes ave
 letemps, le kérogène expulse des hydro
arbures liquides (
'est le fameuxpétrole, que l'on appelle en
ore huile) et du gaz naturel. On appelle 
etteexpulsion la migration primaire dans le jargon pétrolier.
• Son piégeage :� Après avoir été expulsés de la ro
he mère, les hydro
arbures et le gaz (etl'eau) entament alors 
e que l'on appelle une migration se
ondaire : ilssuintent le long des 
ou
hes perméables qui jouxtent les 
ou
hes de ro
hemère, en se dirigeant vers la surfa
e sous l'e�et de la pression des 
ou
hesde sédiment situées au-dessus, mais une minime quantité est piégée :elle se retrouve dans une zone perméable (généralement du sable, des
arbonates ou des dolomites) qu'on appelle la ro
he-réservoir, et ne peuts'é
happer à 
ause d'une 
ou
he imperméable au dessus d'elle (
omposéed'argile, de s
histe et de gypse) formant une stru
ture-piège .� Il existe plusieurs types de pièges. Les plus grands gisements sont engénéral logés dans des pièges anti
linaux (tournant leur 
ourbure vers lebas).Le pétrole et le gaz se trouvent don
 dans les profondeurs du sous-sol, où ils sesont a

umulés pendant des millions d'années. Pour y a

éder, il n'existe qu'un seulmoyen : forer des puits jusqu'aux gisements, souvent à plusieurs kilomètres sousterre. Depuis la surfa
e, on peut essayer de prévoir où se trouvent les gisements etémettre des hypothèses. Mais on n'est jamais sûr qu'ils existent tant qu'on ne les apas atteints ave
 un forage, tant que les hypothèses n'ont pas été véri�ées et le 
oûtde leur véri�
ation est élevé.Aussi, la modélisation de bassins sédimentaires et de réservoir est de plus en plusutilisée par les 
ompagnies pétrolières pour 
onduire leurs a
tivités d'exploration a�nd'en réduire les risques et les 
oûts. La modélisation de bassins sédimentaires viseà simuler, à des é
helles de temps et d'espa
es géologiques, la migration de l'huileet du gaz dans un bassin sédimentaire a�n de prédire la lo
alisation, la qualité etla quantité d'huile piégée dans le réservoir. La modélisation de réservoir quant àelle a pour but d'optimiser l'empla
ement des puits et de prédire la produ
tion d'unréservoir.L'impa
t environnemental le plus préo

upant du pétrole est l'émission de dioxydede 
arbone résultant de sa 
ombustion 
omme 
arburant. Pour limiter sa 
ontri-bution à l'a
idi�
ation des milieux et aux modi�
ations 
limatiques, le sto
kagegéologique du CO2 est envisagé 
omme une des formes possibles de séquestration10



Chapitre I. Introdu
tiondu 
arbone alors que les forêts, tourbières et puits de 
arbone ne su�sent plus àabsorber les émissions humaines de CO2. Dans 
e 
ontexte, la modélisation del'inje
tion et du sto
kage du CO2 a un r�le important à jouer, notamment pourl'étude des mé
anismes d'é
oulement, la 
ara
térisation des sites et l'étude de lasé
urité à long terme du sto
kage.Ces trois exemples (simulation de la migration des hydro
arbures, simulation deleur produ
tion, simulation de l'enfouissement du CO2) illustrent le besoin de pou-voir simuler des é
oulements dar
éens multiphasiques de �uides en milieux poreuxet hétérogènes 
'est à dire simuler l'é
oulement de �uides (huile, gaz) dans des mi-lieux poreux (bassins sédimentaires) où se sont a

umulées pendant des dizaines demillions d'années des 
ou
hes superposées de di�érentes ro
hes (des sables, des 
ar-bonates ou des dolomites) tout en permettant de 
onnaître la qualité et la quantitéde �uides présents dans le bassin.La pré
ision de 
es simulations dépend de la qualité des données, de la représen-tation des phénomènes physiques, de l'e�
a
ité des algorithmes numériques. Unesimulation numérique e�
a
e exige dès lors de 
on
evoir des s
hémas de dis
rétisa-tion pré
is et robustes qui devront être adaptés aussi bien à la 
omplexité du sys-tème des équations qu'à à la 
omplexité géologique des milieux poreux hétérogènes.Pour 
ela, le maillage doit exa
tement dé
rire les 
ara
téristiques stratigraphiques etstru
turales 
omplexes du bassin telles que les 
ou
hes stratigraphiques hétérogènes,les 
anaux, les érosions, et les failles. Il doit être lo
alement ra�né autour despuits et être adapté aux modèles de puits 
omplexes tels que les puits déviés oumulti-bran
hes. Ce
i exige l'utilisation de maillages 
omplexes qui mélangent parexemple des grilles hexaédriques stru
turées présentant des 
ontrastes de dimension(longueur, largeur, épaisseur) assez grands pour suivre la géométrie des 
ou
hes ave
des maillages lo
alement non stru
turés.Un ingrédient prin
ipal du s
héma de dis
rétisation est la dis
rétisation du �uxde di�usion intervenant dans la loi de Dar
y qui régit les é
oulements en milieuxporeux, donné par −K∇Pα où K est le tenseur de perméabilité et ∇Pα, α = w, o, gest le gradient de pression de la phase eau, huile ou gaz. Les dire
tions prin
ipales du
hamp de perméabilité suivent prin
ipalement 
elles des 
ou
hes stratigraphiques,en présen
e d'hétérogénéités habituellement fortes entre les 
ou
hes. En outre, les
ara
téristiques géologiques telles que les 
anaux, failles, mènent à des hétérogénéitésfortes du 
hamp de perméabilités. Les 
ara
téristiques géologiques à l'é
helle deshétérogénéités les plus �nes ou des fra
turations sont prises en 
ompte, suivant lemaillage utilisé pour la simulation des é
oulements, par des tenseurs de perméabilitéspleins non alignés ave
 la dire
tion de la grille, ave
 dans 
ertains 
as de grandsrapports d'anisotropie.Pour toutes 
es raisons, le s
héma de dis
rétisation doit s'adapter à des mailla-ges polyédriques généraux et à des tenseurs de perméabilités pleins présentant defortes hétérogénéités, de grand rapports d'anisotropie et non alignés ave
 les dire
-11



Chapitre I. Introdu
tiontions du maillage. Dans 
e 
ontexte, l'approximation des �ux de di�usion par les
héma à deux points 
ouramment utilisé dans la plupart des simulateurs 
ommer-
iaux 
onduit à de grandes erreurs numériques. De nombreuses méthodes existentpour obtenir des approximations plus pré
ises des �ux de di�usion sur des maillespolygonales et polyédriques et pour des milieux anisotropes hétérogènes, 
ommela méthode des éléments �nis mixtes hybrides (
f [55℄), la méthode des di�éren
es�nies mimétiques(
f [26℄), la méthode des volumes �nis hybrides (
f [43℄) et la méth-ode des MPFA (Multi Point Flux Approximation) introduite au milieu des années90 (
f [4, 36℄). Néanmoins, 
es méthodes ne présentent pas toujours les propriétéssouhaitées de pré
ision, de stabilité et d'e�
a
ité en terme de temps 
al
ul.Les obje
tifs de notre travail se sont ins
rits dans 
es dire
tions en re
her
hantplus pré
isément des s
hémas numériques présentant les 
ara
téristiques suivantes :
• linéarité des �ux en fon
tion des in
onnues,
• 
onservativité des �ux, (
'est le prin
ipe de base des méthodes de volumes�nis)
• 
onsistan
e des �ux, (
ette notion devra être pré
isée)
• stabilité 
'est à dire que la solution doit être bornée pour une 
ertaine normepar la norme du terme sour
e (dans le 
adre dé�ni dans [46℄, 
ela est obtenuà partir de la notion de 
oer
ivité, qui permet d'assurer l'existen
e, l'uni
ité,la stabilité de la solution et la 
onvergen
e du s
héma.Pour un 
ertain nombre de s
hémas présentés dans la littérature, il n'existe pas depreuve mathématique de leur 
onvergen
e. Dans le présent travail, nous étudieronsla 
onvergen
e des s
hémas dans le 
as des maillages généraux ave
 des hypothèseshabituelles de régularité de forme, et de 
hamps de perméabilités hétérogènes anisotropesdis
ontinues ayant des valeurs propres uniformément bornées par au-dessus et en-dessous.Nous re
her
herons également la véri�
ation de propriétés additionnelles. Les
héma de dis
rétisation devra fournir des solutions assez pré
ises pour des 
oe�-
ients de di�usion 
onstants par maille même dans le 
as de grands sauts et de grillesgrossières fréquemment ren
ontrées dans les appli
ations de l'industrie pétrolière.Cette propriété est souvent satisfaite par l'utilisation additionnelle d'in
onnuesintermédiaires à 
haque fa
e interne du maillage a�n de 
apturer la singularité dela solution à 
et endroit. Ensuite, le sten
il du �ux traversant une fa
e devra être
ompa
t : 
ela signi�e que seules les pro
hes 
ellules voisines et les fa
es de bordsvoisines de la fa
e en question devront intervenir dans l'approximation du �ux. Cettepropriété permet des gains très signi�
atifs de temps 
al
ul lors de la résolution,sur des ordinateurs à ar
hite
ture parallèle, des systèmes linéaires résultant de ladis
rétisation et de la linéarisation des é
oulements dar
éens multiphasiques.12



Chapitre I. Introdu
tionLes méthodes numériques présentées dans 
e mémoire réalisent ainsi 
ha
une un
ertain nombre d'avan
ées dans 
es dire
tions. Nous avons développé 
ha
une d'ellepour répondre plus parti
ulièrement à l'une de 
es propriétés re
her
hées, dont laprépondéran
e peut varier selon le 
ontexte industriel. Pour les présenter nous avonsdivisé le mémoire en 
inq parties :
• Présentation du problème modèle, espa
es dis
rets et 
adre mathématiquené
essaires à l'analyse.
• Des exemples de s
hémas non symétriques.
• Des exemples de s
hémas symétriques.
• Synthèse et résultats numériques 2D, 3D.
• AnnexePlus pré
isément le 
ontenu de 
es parties est :
• Dans la première partie, on expose le problème modèle que l'on va 
onsidérer,on introduit une dis
rétisation du domaine, des espa
es d'approximation, puisun 
adre mathématique pour l'analyse des s
hémas volumes �nis inspiré de
elui introduit dans [42,43℄. On tire alors une preuve de 
onvergen
e pour tousles s
hémas volumes �nis, 
e qui étend le résultat obtenu dans [45℄ aux s
hémasnon symétriques, puis une estimation d'erreur est donnée. L'idée essentielleintroduite dans [26, 46℄ est de mimer le problème 
ontinu II.1 exprimé enformulation faible II.5 a�n d'obtenir la 
onvergen
e des solutions dis
rètesdes s
hémas vers la solution faible du problème II.5 sur maillages généraux,pour des tenseurs de di�usion anisotrope, hétérogène. Cette partie met enlumière les hypothèses né
essaires à la preuve de 
onvergen
e, 
'est à dire unehypothèse de stabilité et une hypothèse de 
onsistan
e du s
héma. L'hypothèsede 
onsistan
e jusqu'i
i reposait sur des fon
tions tests appartenant à C2.Cependant, il arrive que l'on ne puisse pas véri�er 
ette hypothèse pour desfon
tions tests appartenant à C2 même pour des tenseurs de di�usion régulierpar mor
eaux, 
omme 
'est le 
as pour le s
héma MPFA L introduit dans [6℄.L'idée originale a été d'introduire 
omme espa
e des fon
tions tests l'ensembledes fon
tions régulières par mor
eaux suivant les zones de régularité du tenseuret de �ux 
ontinus puis de montrer que l'hypothèse de 
onsistan
e peut êtrereformulée en 
onsidérant 
et espa
e de fon
tions tests. Cette idée nous apermis alors d'obtenir la 
onsistan
e du s
héma L. Ces travaux font l'objetd'un arti
le en préparation.
• Dans la deuxième partie, on fournit trois exemples de s
hémas non symétriques,dont un original. Le premier est le s
héma MPFA O introduit dans [1℄, souvent13



Chapitre I. Introdu
tionutilisé dans les 
odes industriels mais pour lequel il n'y avait pas de résultat de
onvergen
e sur des maillages généraux polygonaux et polyédriques, et au
unrésultat de 
onvergen
e prenant en 
ompte des 
oe�
ients de di�usions dis-
ontinus qui sont essentiels dans les appli
ations des 
ompagnies pétrolières.L'avantage de 
e s
héma est d'être un s
héma 
entré aux mailles donnantdes �ux au sens 
lassique des s
hémas volumes �nis ave
 en plus un sten
il
ompa
t. A partir du 
adre mathématique introduit dans la première partie,nous établissons la preuve de 
onvergen
e du s
héma MPFA O sur maillagesgénéraux pour des tenseurs de di�usion dis
ontinus pouvant même appartenirà L∞ sous l'hypothèse de stabilité, 
e qui 
onstitue un résultat nouveau. Ledeuxième s
héma est le s
héma G tiré d'une famille de s
hémas que nous avonsintroduits et qui généralisent la méthode MPFA L introduite dans [6℄. L'idéeest d'é
rire le �ux traversant une fa
e 
omme une moyenne pondérée de �uxde type L. Un 
hoix approprié des poids permet d'améliorer la stabilité de laméthode. Le troisième s
héma est Cell-Gradient method qui a montré sa ro-bustesse sur les di�érents 
as tests numériques, 
e s
héma a été 
onçu dans lebut d'obtenir un sten
il réduit par volume 
ontr�le. La preuve de 
onvergen
epour tous 
es s
hémas est obtenue via le 
adre mathématique. Dans 
ettepartie, on 
onstate que l'in
onvénient de 
es s
hémas est que leur 
onvergen
edépend de la 
ondition de stabilité qui ne peut être véri�ée que numérique-ment. Ces travaux ont fait l'objet de trois arti
les, l'un publié [15℄ et les deuxautres soumis ( [10℄, [12, �3.2℄).
• Dans la troisième partie, on introduit une famille de s
hémas symétriques pourlaquelle la 
ondition de stabilité est véri�ée uniquement sous des hypothèses derégularité du maillage. A partir de 
ette famille, on a proposé deux s
hémas,le premier est le s
héma VFSYM qui a l'avantage par rapport au s
hémaSUCCES de ne 
onduire qu'à des �ux aux fa
es du maillage. Le se
ond s
hémaest le s
héma DIOPTRE qui réunit toutes les 
ara
téristiques souhaitées pourun s
héma volumes �nis, mais dont la généralisation en 3D reste à étudier.Ces travaux ont fait l'objet de deux arti
les publiés ( [13℄, [14℄).
• Dans la quatrième partie, une synthèse est faite et une 
omparaison numériqueen 2D et 3D est faite entre les di�érents s
hémas étudiés.
• La 
inquième partie 
onstitue l'annexe de la thèse. On donne deux autres ex-emples de re
onstru
tion de gradients dis
rets pour la dé�nition du s
hémaMPFA O, la preuve de densité de l'espa
e de fon
tions tests dans H1

0 (Ω)suivant les idées de [34℄ et nous proposons un 
adre uni�é d'analyse pourde nombreuses méthodes non 
onformes, en parti
ulier, les méthodes volume�ni (FV) et dis
ontinu Galerkin (dg). Bien que les analogies entre 
es deuxfamilles de méthodes de dis
rétisation ont souvent été mentionnées, l'analyse14



Chapitre I. Introdu
tionuni�ée a
tuelle est, au meilleur de notre 
onnaissan
e, nouvelle. Le travail surl'analyse uni�ée a fait l'objet d'un arti
le soumis [12℄.

15
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Chapitre IIRésultats généraux pour l'étude dess
hémas volumes �nis
Un ingrédient prin
ipal des s
hémas de dis
rétisation pour la simulation des é
oule-ments des hydro
arbures en milieux poreux est la dis
rétisation du �ux de di�usionintervenant dans la loi de Dar
y qui régit les é
oulements en milieux poreux, typique-ment donné par −K∇Pα où K est le tenseur de perméabilité et ∇Pα, α = w, o, gest le gradient de pression de la phase eau, huile ou gaz. Comme évoqué dansl'introdu
tion, le tenseur de perméabilité est un tenseur hétérogène, plein non alignéave
 la dire
tion de la grille, ave
 dans 
ertains 
as de grands rapports d'anisotropie.Pour obtenir des simulations pré
ises, une bonne approximation des �ux de di�usionsur des maillages polygonaux et polyédriques est alors primordiale. Dans 
e 
hapitre,nous prouvons la 
onvergen
e des s
hémas volumes �nis pour des problèmes de dif-fusion hétérogènes et anisotropes. Les résultats nouveaux abordés dans 
e 
hapitre,ont été de fournir un 
adre mathématique inspiré de 
elui introduit dans [42,43℄, unepreuve de 
onvergen
e pour les s
hémas volumes �nis sur maillages généraux ave
tenseurs de di�usion L∞, 
e qui est essentiel dans de nombreuses appli
ations et uneétude par estimation d'erreur pour des tenseurs dans W 1,∞ et 
ela sans régularitésupplémentaire de la solution du problème 
ontinu. Ces travaux font l'objet d'unarti
le en préparation.
• Dans la première partie de 
e 
hapitre, nous introduirons le problème modèle
onsidéré (II.1), 
ara
térisant notre re
her
he d'une bonne approximation du�ux de di�usion.
• Dans la deuxième partie de 
e 
hapitre, nous introduirons la dis
rétisation etles espa
es dis
rets né
essaires à la dé�nition des s
hémas volumes �nis.17



Chapitre II. Résultats généraux pour l'étude des s
hémas volumes �nis
• Dans la troisième partie, nous ferons l'étude de la 
onvergen
e des s
hémasvolumes �nis à travers sa formulation variationnelle, puis une étude par esti-mation d'erreur.II.1 The 
ontinuous problemThe problem is to �nd an approximation of ū, weak solution to the following equa-tion: {

−divΛ∇ū = f in Ω,

u = 0 on ∂Ω, [II.1℄under the following assumptions:
Ω is an open bounded 
onne
ted polygonal subset of R

d, d ∈ N
⋆, [II.2℄

Λ is a measurable fun
tion from Ω toMd(R),whereMd(R) denotes the set of d× d matri
es,su
h that for a.e. x ∈ Ω,Λ(x) is symmetri
,and the set of its eigenvalues is in
luded in [α(x), β(x)]

[II.3℄where α, β ∈ L∞(Ω) are su
h that 0 < α0 ≤ α(x) ≤ β(x) ≤ β0 for a.e. x ∈ Ω,and
f ∈ L2(Ω). [II.4℄Dé�nition II.1.1 (Weak solution) Under hypotheses (II.2)-(II.4), ū is a weaksolution of (II.1) if





ū ∈ H1
0 (Ω),∫

Ω

Λ(x)∇ū(x) · ∇v(x)dx =

∫

Ω

f(x)v(x)dx, ∀v ∈ H1
0 (Ω).

[II.5℄It is known that there exists a unique weak solution of (II.1).In what follows, we shall provide the de�nition of a �nite volume (FV) dis-
retization of problem [II.1℄ as well as an analysis framework 
overing fairly general(possibly non
onforming) polygonal meshes.II.2 Dis
retization for Finite volume s
hemeDé�nition II.2.1 (Admissible spa
e dis
retization) Let Ω be an open boundedsubset of Rd, with d ∈ N⋆, and ∂Ω = Ω\Ω its boundary. An admissible �nite volumedis
retization of Ω, denoted by D, is given by D = (T , E ,P,V), where:18



Chapitre II. Résultats généraux pour l'étude des s
hémas volumes �nis- T is the set of 
ontrol volumes whi
h 
orresponds to a �nite family of nonempty 
onne
ted open disjoint subsets of Ω su
h that Ω = ∪K∈TK (see �gureII.1). For any K ∈ T , let ∂K = K \ K be the boundary of K and mK > 0denote the measure of K.

Figure II.1: T , the set of 
ontrol volumes.- E is a �nite family of disjoint subsets of Ω su
h that, for all σ ∈ E , σ is anon empty open subset of a hyperplane of Rd, whi
h has a measure mσ > 0 forthe (d-1)-dimensional measure, for example in 2D, it is a set of segments (see�gure II.2).
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Figure II.2: E , a set of segments in 2D, polygons in 3D
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Chapitre II. Résultats généraux pour l'étude des s
hémas volumes �nisWe assume that, for all K ∈ T , there exists a subset EK of E su
h that ∂K =
∪σ∈EK

σ (see �gure II.3).
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PSfrag repla
ements K
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Figure II.3: EK(resp EK ′) the set of edges of K ∈ T (resp K ′ ∈ T ).Noti
e that the set ∪K∈T EK is in
luded in E (see �gure II.4).
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PSfrag repla
ements K(b) ∪K∈T EKFigure II.4: ∪K∈T EK ⊂ E .Usually, the set ∪K∈T EK is known as the edges of the mesh, for the sake ofsimpli
ity, an element σ ∈ E is 
alled edge.The set of interior (resp. boundary) edges is denoted by Eint (resp. Eext), thatis Eint = {σ ∈ E ; σ 6⊂ ∂Ω} (resp. Eext = {σ ∈ E ; σ ⊂ ∂Ω}).For all K ∈ T , we denote by Eint,K, the set of edges inside the 
ontrol volume

K whi
h 
orresponds to the set {σ ∈ Eint\EK , σ ⊂ K} (in �gure II.4-(a), Eint,Kis the set of blue edges).We then denote by Tσ the set of 
ontrol volume sharing the edge σ whi
h
orresponds to the set {K ∈ T , σ ⊂ K}. For all σ ∈ EK, K ∈ T , we assumethat either Tσ has exa
tly one element and then σ ∈ ∂Ω (boundary edge) or Tσhas exa
tly two elements and then σ ∈ Eint (interior edge). For all σ ∈ E , wedenote by xσ the bary
entre of σ. 20



Chapitre II. Résultats généraux pour l'étude des s
hémas volumes �nis- P is a �nite family of points of Ω indexed by T , denoted by P = (xK)K∈T su
hthat xK ∈ K and K is stri
tly star-shaped with respe
t to xK (see �gure II.5).

Figure II.5: P, the 
enters of the mesh.- V is a �nite family of points (�the verti
es of the mesh�) su
h that V ⊂
∪K∈T

(
∪HK⊂EK , card(HK )≥d (∩σ∈HK

σ)
) (see �gure II.6).

Figure II.6: V, the verti
es of the mesh.For all s ∈ V, we denote by Es the set {σ ∈ E | s ∈ σ} whi
h is the set of edgessharing the vertex s (see �gure II.7-(a)).For all s ∈ V, we denote by Ts the set {K ∈ T | s ∈ K} whi
h is the set of
ontrol volumes sharing the vertex s (see �gure II.7-(b)).For all K ∈ T , the set VK stands for {s ∈ V | s ∈ K} whi
h is the set of ver-ti
es belonging to K (see �gure II.7-(
)), and for all σ ∈ E the set Vσ standsfor {s ∈ V | s ∈ σ}, whi
h is the set of verti
es sharing the edge σ. (see �gureII.7-(d)).The following notations are used. For any point x ∈ Rd, we write x = (x(i))i=1,...,d.The size of the dis
retization is de�ned by:
hD = sup{diam(K), K ∈ T }.21



Chapitre II. Résultats généraux pour l'étude des s
hémas volumes �nis
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Chapitre II. Résultats généraux pour l'étude des s
hémas volumes �nisPSfrag repla
ements
K

σ
△K,σ

xK

Figure II.9: Cone △K,σ with vertex xK and basis σ for d = 2.For all K ∈ T and σ ∈ EK , we denote by nK,σ the unit ve
tor normal to σ outwardto K.Shape regularity of the mesh:Hypothesis 1 {Dn}n∈N is a family of meshes mat
hing De�nition II.2.1 su
h that(R1) For all K ∈ Tn, there exists a family of non-negative real (dK,σ)σ∈EK∪Eint,Ksu
h that, ∑

σ∈EK∪Eint,K

mσdK,σ ≤ dmK . [II.6℄(R2) there exist 0 < ̺1 < +∞ and 0 < ̺2 < +∞ independent of n s.t.
min

σ∈EK , K∈Tn

dK,σ

diam(K)
≥ ̺1, min

σ∈En,int, Tσ={K,L}

min(dK,σ, dL,σ)

max(dK,σ, dL,σ)
≥ ̺2. [II.7℄(R3) the number of fa
es sharing one node remains bounded as the mesh isre�ned, i.e. , there exists ̺3 ∈ N∗ su
h that

sup
n∈N

max
s∈Vn

cardEs ≤ ̺3.(R4) lim
n→+∞

hDn = 0.In what follows, when referring to a generi
 element Dn of an admissible familyof dis
retizations {Dn}n∈N, the subs
ript n will be dropped for easiness of reading ifno ambiguity arises. It is always assumed in the following that Hypotheses 1 hold.Notations: For all ve
tors x ∈ Rd, d ∈ N∗, the Eu
lidean norm will be denotedby |x| def
=
√
x·x; for all matri
es A ∈ Rd × Rd, d ∈ N∗, we shall denote by |A| thenorm indu
ed by the ve
tor s
alar produ
t, i.e. , |A| def

= supx∈Rd

|Ax|
|x| . The ve
torspa
e of bounded linear operators from E to F will be denoted by L(E;F ). For all

K ∈ T and for all Φ ∈ L1(K), we have set 〈Φ〉K def
= m−1

K

∫
K

Φ(x) dx. For all σ ∈ Eand for all Φ ∈ L1(σ), we have set 〈Φ〉σ def
= m−1

σ

∫
σ
Φ(x) dx. For ve
torial fun
tions,the notation has to be intended 
omponent-wise.23



Chapitre II. Résultats généraux pour l'étude des s
hémas volumes �nisII.3 Dis
rete fun
tional frameworkThe following de�nition introdu
es the spa
e of pie
ewise 
onstant fun
tions on ea
h
ell K of the mesh that we need to des
ribe our Finite Volume S
hemes.Dé�nition II.3.1 Let Ω be an open bounded subset of Rd, with d ∈ N⋆. Let
D = (T , E ,P,V) be an admissible �nite volume dis
retization of Ω in the senseof de�nition II.2.1. We denote by HT (Ω) ⊂ L2(Ω) the set of all u ∈ L2(Ω) su
hthat, for all K ∈ T , there exists some real value denoted by uK ∈ R su
h that
u(x) = uK for a.e. x ∈ K. We then de�ne γσu ∈ R for all σ ∈ E by

γσu = 0, ∀σ ∈ Eext,
γσu = uK , ∀σ ∈ Eint, with Tσ = {K}.
γσu− uK

dK,σ

+
γσu− uL

dL,σ

= 0, ∀σ ∈ Eint, with Tσ = {K,L}.
[II.8℄The spa
e HT (Ω) is equipped with the following Eu
lidean stru
ture. For (v, w) ∈

(HT (Ω))2, we de�ne the following inner produ
t
[v, w]T =

∑

K∈T

∑

σ∈EK

mσ

dK,σ
(γσv − vK)(γσw − wK). [II.9℄For u ∈ HT (Ω), we de�ne

‖u‖T = ([u, u]T )1/2 .We de�ne by HD ⊂ RT × RE the set of all ((uK)K∈T , (uσ)σ∈E) su
h that uσ = 0for all σ ∈ Eext.The spa
e HD is equipped with the following Eu
lidean stru
ture, for (v, w) ∈ (HD)2,we de�ne the following inner produ
t,
[v, w]D =

∑

K∈T

∑

σ∈EK∪Eint,K

mσ

dK,σ
(vσ − vK)(wσ − wK). [II.10℄For u ∈ HD, we de�ne

‖u‖D = ([u, u]D)1/2 .For all u ∈ HD, we denote by PT u ∈ HT (Ω) the element de�ned by the values
(uK)K∈T .For any partition (F ,F) of E and for a given family (Πσ)σ∈F of linear forms on
HD su
h that for all u ∈ HD, Πσu depends only on the values (uK)K∈T , we denoteby HD,F = {v ∈ HD su
h that vσ = Πσv for all σ ∈ F}.Denoting by C0(Ω) the set of 
ontinuous fun
tions whi
h vanish on ∂Ω, we de�nethe interpolation operator PF : C0(Ω) → HD,F , for all ϕ ∈ C0(Ω) by (PFϕ)K =24



Chapitre II. Résultats généraux pour l'étude des s
hémas volumes �nis
ϕ(xK), for all K ∈ T , (PFϕ)σ = ϕ(xσ) for all σ ∈ F and (PFϕ)σ = Πσ(PDϕ) forall σ ∈ F , where PDϕ = {ϕ(xK)}K∈T .Note that, thanks to (II.8), we have

mσ

dK,σ

(γσu− uK)2 +
mσ

dL,σ

(γσu− uL)2 = min
uσ∈R

(
mσ

dK,σ

(uσ − uK)2 +
mσ

dL,σ

(uσ − uL)2

)
,whi
h implies

‖PT u‖T ≤ ‖u‖D, ∀u ∈ HD. [II.11℄II.4 Finite volume s
hemeA �nite volume s
heme is aimed to provide an approximation of the solution ū of thesystem of equations (II.1) and an approximation of the �uxes ∫
σ
Λ∇ū · nK,σ where

K ∈ T and σ ∈ EK . For this, thanks to Green's formula applied to Equation (II.1)on ea
h 
ell K ∈ T , we obtain:
−
∑

σ∈EK

∫

σ

Λ∇ū · nK,σ =

∫

K

f. [II.12℄The �ux ∫
σ
Λ∇ū · nK,σ is then approximated by a fun
tion FK,σ(u) depending on
ell unknowns and fa
e unknowns u = ((uK)K∈T , (uσ)σ∈E) su
h that the followingdis
rete equation 
orresponding to (II.12) holds,

−∑σ∈EK
FK,σ(u) =

∫
K
f for all K ∈ T , [II.13℄In the spirit of the �nite volume ideas, we may write the 
ontinuity for the dis
rete�ux for all interior fa
es.

FK,σ(u) + FL,σ(u) = 0 for σ ∈ Eint, su
h that Tσ = {K,L}.
FK,σ(u) = 0 for σ ∈ Eint, su
h that Tσ = {K}. [II.14℄For the boundary fa
es, we have the 
ondition,

uσ = 0, for σ ∈ Eext. [II.15℄There are now card(T ) + card(E) unknowns and equations. In some situations,it 
an be possible to express fa
es unknowns in terms of 
ell unknowns using the�ux 
ontinuity equation (II.14) and then we 
an redu
e the size of the linear systemto solve it. We will noti
e also that the assumptions yielding 
onvergen
e of a �nitevolume s
heme under its hybrid form (where we have kept all the fa
e unknowns) ismore restri
tive than the one where we have su

eeded to express the fa
e unknownsin terms of 
ell unknowns. 25



Chapitre II. Résultats généraux pour l'étude des s
hémas volumes �nisIn order to study the 
onvergen
e of �nite volume s
heme, we 
onsider a moregeneral dis
rete problem than (II.13)-(II.15).Indeed, let aD be a bilinear form de�ned from HD,F ×HD,F to R and let us 
onsiderthe following variational formulation given byFind u ∈ HD s.t. aD(u, v) =

∫

Ω

f PT v dx, for all v ∈ HD. [II.16℄Then any �nite volume s
heme of type (II.13)-(II.15) 
an be written as a variationalformulation of type (II.16), taking aD de�ned for all (u, v) ∈ HD,F ×HD,F by,
aD(u, v) =

∑

K∈T

∑

σ∈EK∪Eint,K

FK,σ(u)(vσ − vK). [II.17℄Hen
e, we now fo
us on the study of the 
onvergen
e of the solution of thevariational formulation (II.16).II.5 Convergen
e of Finite volume s
hemeWe introdu
e the two dis
rete gradients re
onstru
tions ∇D ∈ L(HD; [HT (Ω)]d) and
∇̃D ∈ L(HD; [HT (Ω)]d) s.t., for all K ∈ T and all v ∈ HD,F ,

(∇Dv)K
def
= ∇Dv|K =

1

mK

∑

σ∈EK

mσ(vσ − vK)nK,σ. [II.18℄
(∇̃Dv)K

def
= ∇̃Dv|K =

1

mK

∑

σ∈EK

mσ(γσv − vK)nK,σ. [II.19℄Equation [II.6℄ together with Cau
hy-S
hwarz inequality yield
‖∇Dv‖[L2(Ω)]d ≤

√
d‖v‖D ∀v ∈ HD. [II.20℄

‖∇̃Dv‖[L2(Ω)]d ≤
√
d‖PT v‖T ∀v ∈ HD. [II.21℄Owing to (II.6), the following result 
an be dedu
ed from [43, �5℄:Lemma 1 (Dis
rete Sobolev embeddings) Let D be an element of a family ofdis
retizations mat
hing De�nition II.2.1.Let q ∈ [1,+∞) if d = 2, and q ∈ [1, 2d/(d− 2)] if d > 2. Then, there exists a
onstant C1 > 0, depending only on Ω, q, ̺1 and ̺2 s.t.

‖u‖Lq(Ω) ≤ C1‖u‖T ∀u ∈ HT (Ω).26



Chapitre II. Résultats généraux pour l'étude des s
hémas volumes �nisOwing to Remark II.11, the following lemma 
an be dedu
ed from [II.20℄ andthe te
hnique of proof of [43, Lemmata 5.6�5.7℄:Lemma 2 (Dis
rete Relli
h theorem) Let {Dn}n∈N be a sequen
e of admissibledis
retizations mat
hing De�nition II.2.1 and s.t. hDn → 0 as n → ∞, and let
{vn}n∈N be a sequen
e of HDn,Fn s.t. there exists C > 0 with ‖vn‖Dn ≤ C for all
n ∈ N. Then, there exist a subsequen
e of {vn}n∈N and a fun
tion v̄ ∈ H1

0 (Ω) s.t.,as n → ∞, (i) PTnvn → v̄ in Lq(Ω) for all q ∈ [1, 2d/(d − 2)) (and weakly in
L2d/(d−2)(Ω) if d > 2); (ii) {∇̃Dnvn}n∈N and {∇Dnvn}n∈N weakly 
onverges to ∇v̄ in
[L2(Ω)]d.We also have the following result, proven in Appendix B.1Lemma 3 (Density of a spa
e of test-fun
tions) Under the 
ondition that thereexists a �nite partition of Ω into open 
onne
ted disjoint polygonal subsets,
PΩ

def
= {Ωi}i=1...NΩ

su
h that (s.t.) Λ|Ωi
∈ [C2(Ωi)]

d×d for all i = 1 . . . NΩ, let Q be thespa
e of fun
tions ϕ : Ω→ R s.t.(i) (ϕ is 
ontinuous and pie
ewise regular) ϕ ∈ C0(Ω) and, for all i = 1, . . . , NΩ,
ϕ ∈ C2(Ωi),(ii) ( the tangential derivatives of ϕ are 
ontinuous through the interfa
es of PΩ)for all i, j = 1, . . . , NΩ, for all ve
tor t parallel to ∂Ωi∩∂Ωj , (∇ϕ)|Ωi

·t = (∇ϕ)|Ωj
·t,where (∇ϕ)|Ωi

refers to the value of ∇ϕ on ∂Ωi 
omputed from the values on Ωi,(iii) ( the �ux of ∇ϕ dire
ted by Λn is 
ontinuous through the interfa
es of PΩ)for all i, j = 1, . . . , NΩ s.t. ∂Ωi∩∂Ωj has dimension d−1, (Λ∇ϕ)|Ωi
·ni +(Λ∇ϕ)|Ωj

·
nj = 0 on ∂Ωi ∩ ∂Ωj , where ni is the outer normal to Ωi.Then, Q is dense in H1

0 (Ω).The assumptions yielding 
onvergen
e of the �nite volume s
hemes are gatheredin the followingHypothesis 2 Let {Dn}n∈N be a family of dis
retizations mat
hing De�nition II.2.1.We suppose that(P1) aDn is uniformly 
oer
ive, i.e. , there is 0 < γ1 < +∞ independent of ns.t.
∀v ∈ HDn , aDn(v, v) ≥ γ1‖v‖2Dn

;(P2) aDn is 
onsistent in the sense that for all ϕ ∈ C2
0 (Ω) (spa
e of test-fun
tions), lim

n→∞
ǫDn(ϕ) = 0, where we denote by

ǫD(ϕ) = sup
v∈HD ,‖v‖D=1

∣∣∣∣aD(PFϕ, v)−
∫

Ω

Λ(x)∇ϕ(x) · ∇Dv(x) dx

∣∣∣∣ . [II.22℄27



Chapitre II. Résultats généraux pour l'étude des s
hémas volumes �nisProposition 1 For aDn of type [II.17℄, owing to [II.6℄, Property (P2) holds forstrongly 
onsistent numeri
al �uxes, i.e. �uxes s.t., for all ϕ ∈ C2
0 (Ω), there exists

0 < C2 < +∞ independent of n s.t. for all K ∈ Tn,
∀σ ∈ EK , |FK,σ(PFnϕ)−mσ < Λ∇ϕ >K ·nK,σ| ≤ C2mσhDn

∀σ ∈ Eint,K , |FK,σ(PFnϕ)| ≤ C2mσhDn

[II.23℄Proof. Let ϕ ∈ C2
0(Ω) and u ∈ HDn su
h that ‖u‖Dn = 1,

aDn(PFnϕ, u)−
∫

Ω

Λ(x)∇ϕ(x)·∇Dnu(x) dx

=
∑

K∈Tn

∑

σ∈EK

[
FK,σ(PFϕ)−mσ

∫
K

Λ(x)∇ϕ(x) dx

mK
·nK,σ

]
(uσ − uK)

+
∑

K∈Tn

∑

σ∈Eint,K

FK,σ(PFϕ)(uσ − uK)
def
= T1.Using Cau
hy-S
hwarz inequality and thanks to IV.31, II.6, we obtain that,

|T1| ≤
(
∑

K∈Tn

∑

σ∈EK

dK,σ

mσ

∣∣∣∣FK,σ(PFϕ)−mσ

∫
K

Λ(x)∇ϕ(x) dx

mK
·nK,σ

∣∣∣∣
2

+

∑

K∈Tn

∑

σ∈Eint,K

dK,σ

mσ

|FK,σ(PFϕ)|2



1
2

‖u‖Dn

≤ C2(dm(Ω))
1
2 hDn ‖u‖Dn = C2(dm(Ω))

1
2 hDn.Then, we dedu
e that,

ǫDn(ϕ) = sup
v∈HDn ,‖v‖Dn=1

∣∣∣∣aD(PFnϕ, v)−
∫

Ω

Λ(x)∇ϕ(x) · ∇Dnv(x) dx

∣∣∣∣

≤ C2(dm(Ω))
1
2 hDn ,and therefore ǫDn(ϕ)→ 0 as n→∞, whi
h 
on
ludes the proof.

�Remark 1 Under the 
ondition that there exists a �nite partition of Ω into open
onne
ted disjoint polygonal subsets, PΩ
def
= {Ωi}i=1...NΩ

su
h that (s.t.)
Λ|Ωi
∈ [C2(Ωi)]

d×d for all i = 1 . . .NΩ, then thanks to the lemma 3, Hypothesis (P2)
an be relaxed by 
onsidering test fun
tions ϕ in the spa
e Q instead of C2
0 (Ω).Indeed, the proof of Theorem II.5.1 uses only the regularity for ea
h K ∈ T and thedensity in H1

0 (Ω) of the test fun
tions spa
e.28



Chapitre II. Résultats généraux pour l'étude des s
hémas volumes �nisProposition 2 (Asymptoti
 stability of the interpolator) Under Hypothesis2, for all ϕ ∈ C2
0(Ω),
‖PFϕ‖D ≤

1

γ1

(
ǫD(ϕ) + β0

√
d‖∇ϕ‖L2(Ω)d

)
,where ǫD(ϕ) is de�ned by (II.22).Proof. Owing to [II.19℄, for all v ∈ HD,F , the following integration by partsformula holds:

∑

K∈Tn

∑

σ∈EK

mσ

∫
K

Λ(x)∇ϕ(x) dx

mK

·nK,σ(vσ − vK)

=
∑

K∈Tn

∫

K

Λ(x)∇ϕ(x) dx· 1

mK

∑

σ∈EK

mσnK,σ(vσ − vK)

=
∑

K∈Tn

∫

K

Λ(x)∇ϕ(x) dx·(∇Dv)K =

∫

Ω

Λ(x)∇ϕ(x)·∇Dv(x) dx.

[II.24℄
The above result together with (P1) and (II.20) yield

γ1‖PFϕ‖2D ≤ aD(PFϕ, PFϕ)

=

(
aD(PFϕ, PFϕ)−

∫

Ω

Λ(x)∇ϕ(x) · ∇DPFϕ(x) dx

)

+

∫

Ω

Λ(x)∇ϕ(x) · ∇DPFϕ(x) dx

≤ ǫD(ϕ)‖PFϕ‖D + β0‖∇ϕ‖L2(Ω)d‖∇DPFϕ‖[L2(Ω)]d

≤
(
ǫD(ϕ) + β0

√
d‖∇ϕ‖L2(Ω)d

)
‖PFϕ‖D.

�Lemma 4 (Uniform a priori estimate) Assume that Hypothesis 2 holds. Then,problem [II.16℄ is well-posed for ea
h n ∈ N in the sense that there exists one and onlyone solution to problem [II.16℄, and the solutions un ∈ HDn,Fn satisfy the followinguniform a priori estimate:
‖un‖Dn ≤

C1

γ1
‖f‖Lr(Ω). [II.25℄Proof. The well-posedness follows from (P1), whi
h guarantees the non singu-larity of the linear system 
orresponding to [II.16℄. Using (P1), Hölder's inequality,Lemma 1 and II.11, it is inferred that (with r′ def

= r
r−1

)
γ1‖un‖2Dn

≤ aDn(un, un) =
∫
Ω
fPTnu dx ≤ ‖f‖Lr(Ω)‖PTnun‖Lr′(Ω)

≤ C1‖f‖Lr(Ω)‖un‖Dn.

� 29



Chapitre II. Résultats généraux pour l'étude des s
hémas volumes �nisThéorème II.5.1 (Convergen
e) Let {Dn}n∈N be a family of dis
retizations sat-isfying Hypothesis 2 and s.t. hDn → 0 as n→∞. Then, as n→∞, the sequen
e ofdis
rete solutions of problem [II.16℄, say {PTnun}n∈N, 
onverges to the solution u of[II.1.1℄ in Lq(Ω) for all q ∈ [1, 2d/(d− 2)).Proof. Owing to the a priori estimate [II.25℄ together with Lemma 2, there is
ũ ∈ H1

0 (Ω) s.t., up to a subsequen
e, (i) {PTnun}n∈N 
onverges to ũ in Lq(Ω) for all
q ∈ [1, 2d/(d−2)) (and weakly in L2d/(d−2)(Ω) if d > 2) and (ii) {∇̃Dnun}n∈N weakly
onverges to ∇ũ in [L2(Ω)]d. It only remains to prove that ũ = ū. Let ϕ ∈ C2

0 (Ω).Owing to [II.21℄ together with (II.11), (P1),
‖∇̃Dn(un − PFnϕ)‖2[L2(Ω)]d ≤ d‖un − PFnϕ‖2Dn

≤ d
γ1
aDn(un − PFnϕ, un − PFnϕ)

= d
γ1

(T1 + T2) , [II.26℄where T1
def
=
∫
Ω
f(x)PTn(un − PFnϕ)(x) dx and T2

def
= aDn(PFnϕ, PFnϕ− un). By theintegrability assumption on f and the weak 
onvergen
e of {PTnun}n∈N to ũ in Lq(Ω)for all q < +∞ if d = 2 and for q = 2d

d−2
if d > 2,

T1 →
∫

Ω

f(x)(ũ− ϕ)(x) dx as n→∞. [II.27℄We get that,
aDn(PFnϕ, un) =

(
aDn(PFnϕ, un)−

∫

Ω

Λ(x)∇ϕ(x)·∇Dnun(x) dx

)

+

∫

Ω

Λ(x)∇ϕ(x)·∇Dnun(x) dx

def
= T2,1 + T2,2.Using Cau
hy-S
hwarz inequality as in the proof of Proposition 2, we have |T2,1| ≤

ǫDn(ϕ)‖un‖Dn. Thanks to Lemma 4, ‖un‖Dn,Fn is bounded uniformly with respe
tto n. Thus, by property (P2), T2,1 → 0 as n → ∞. Also, using the weak 
onver-gen
e of {∇Dnun}n∈N, we 
on
lude that T2,2 →
∫
Ω

Λ(x)∇ϕ(x)·∇ũ(x) dx as n→∞.By Proposition 2, ‖PFnϕ‖Dn is uniformly bounded with respe
t to n; sin
e PFnϕobviously 
onverges to ϕ, it is then easy, using Lemma 2, to see that ∇Dn(PFnϕ)weakly 
onverges to ∇ϕ. Pro
eeding in a similar way as for aDn(PFnϕ, un), we 
anthus prove that aDn(PFnϕ, PFnϕ)→
∫
Ω

Λ(x)∇ϕ(x)·∇ϕ(x) dx as n→∞. Therefore,
T2 →

∫

Ω

Λ(x)∇ϕ(x)·∇(ϕ− ũ)(x) dx as n→∞. [II.28℄Plugging [II.27℄ and [II.28℄ into the right hand side of [II.26℄ and using the weak
onvergen
e of ∇̃Dn(un − PFnϕ), we 
on
lude that, for all ϕ ∈ C2
0(Ω),

‖∇(ũ− ϕ)‖2[L2(Ω)]d ≤
d

γ1

(∫

Ω

f(x)(ũ− ϕ)(x) dx+

∫

Ω

Λ(x)∇ϕ(x)·∇(ϕ− ũ)(x) dx

)
.30



Chapitre II. Résultats généraux pour l'étude des s
hémas volumes �nisWe 
an apply this inequality to a sequen
e {ϕm}m∈N ∈ C2
0(Ω) whi
h tends to u in

H1
0 (Ω) and let m→∞; sin
e u solves problem [II.1.1℄, we obtain
‖∇(ũ− u)‖2[L2(Ω)]d ≤

d

γ1

[∫

Ω

f(x)(ũ(x)− u(x)) dx−
∫

Ω

Λ(x)∇u(x)·∇(ũ− u)(x) dx

]

= 0,i.e. , ũ = u. Due to the uniqueness of the solution of [II.1.1℄, we dedu
e that theentire sequen
e {un}n∈N 
onverges to u in Lq(Ω) for all q ∈ [1, 2d/(d − 2)) (andweakly in L2d/(d−2)(Ω) if d > 2). Observe that the order in whi
h the limits for
n→∞ and m→∞ are taken 
annot be ex
hanged, the sequen
e {‖PFmϕ‖Dn}m∈Nbeing possibly unbounded. This 
on
ludes the proof.
� In the 
hapters whi
h follow, we will prove only the 
oer
ivity andthe 
onsisten
y of the studied s
heme and the 
onvergen
e will derive,thanks to Theorem II.5.1.In Theorem II.5.2, we give an error estimate, this estimate is obtained thanks to thefollowing Lemma.Lemma 5 Let us assume in addition that Ω is 
onvex, Λ = λ Id su
h that λ ∈
W 1,∞(Ω) and there exists λ0 ≥ 0 su
h that for all x ∈ Ω, ‖∇λ‖L∞(Ω) ≤ λ0, thenthere exists a unique solution v ∈ H2(Ω) of the system of equations (II.29),

{
−div(Λ∇v) = f in Ω,

v = 0 on ∂Ω, [II.29℄moreover there exists a real C > 0 depending only on d, Ω, α0 and λ0 su
h that,
‖v‖H2(Ω) ≤ C‖f‖L2(Ω).Proof. It is well known that there exists a unique solution v ∈ H1

0 (Ω) of thesystem of equations (II.29) and there exists a real C > 0 depending only on d, Ωand α0 su
h that,
‖v‖H1(Ω) ≤ C‖f‖L2(Ω), [II.30℄moreover div(λ∇v) ∈ L2(Ω) with,

‖div(λ∇v)‖L2(Ω) ≤ ‖f‖L2(Ω). [II.31℄Thanks to (II.30) and (II.31), we dedu
e that div(λ∇v)−∇v · ∇λ ∈ L2(Ω), with,
‖div(λ∇v)−∇v · ∇λ‖L2(Ω) ≤ (1 + C λ0)‖f‖L2(Ω)this implies that λ∆v ∈ L2(Ω), with,

‖λ∆v‖L2(Ω) ≤ (1 + C λ0)‖f‖L2(Ω). [II.32℄31



Chapitre II. Résultats généraux pour l'étude des s
hémas volumes �nisThen, we get that,
‖∆v‖L2(Ω) ≤

(1 + C λ0)

α0
‖f‖L2(Ω). [II.33℄Thanks to (II.33) and the H2-regularity of solution of the Homogeneous Diri
hletProblem (see [49℄, [48℄) in 
onvex domain, we obtain that v ∈ H2(Ω) and thereexists C1 > 0 depending only on d, Ω, α0 and λ0 su
h that,

‖v‖H2(Ω) ≤ C1‖f‖L2(Ω),whi
h 
on
ludes the proof.
�Théorème II.5.2 [error estimate℄ Let D be an admissible dis
retization in thesense of De�nition (II.2.1), we assume that F = E , for all K ∈ T , Eint,K = ∅,

K is star-shaped with respe
t to all the points in a ball of radius αdiam(K) and
Λ = λId su
h that λ ∈ W 1,∞(Ω) and there exists λ0 ≥ 0 su
h that for all x ∈ Ω,
‖∇λ‖L∞(Ω) ≤ λ0. Let ū ∈ H1

0 (Ω) be the solution of (II.1) and u ∈ HD,F be thesolution of (II.16)-(II.17), then, there exists a real C0 > 0 depending only on d, α,
̺3, β0, λ0 and α0 su
h that,

‖∇Du−∇ū‖L2(Ω)d ≤ d
√
d

γ1

(
ED(ū) + C0‖f‖L2(Ω)hD

)
, [II.34℄where for all v ∈ H1

0 (Ω),
ED(v) =

(
∑

K∈Tn

∑

σ∈EK

dK,σ

mσ

|FK,σ(vD)−mσ < Λ∇v > ·nK,σ|2
) 1

2

vD = {< v >K , K ∈ T , < v >σ, σ ∈ E} ∈ HD,

[II.35℄moreover if there exists a real C > 0 su
h that for all ϕ ∈ C∞
c (Ω),

∀σ ∈ EK , K ∈ T , |FK,σ(PFϕ)−mσ < Λ∇ϕ >K ·nK,σ| ≤ C‖ϕ‖H2(Ω)mσhD,[II.36℄then, there exists a real C3 > 0 depending only on d, α, ̺3, β0, λ0 and α0 su
h that
‖∇Du−∇ū‖L2(Ω)d ≤ C3‖f‖L2(Ω) hD. [II.37℄Proof. Thanks to Lemma 5, ū ∈ H2(Ω) and there exists a real C1 > 0 dependingonly on d, Ω, α0 and λ0 su
h that,

‖ū‖H2(Ω) ≤ C1‖f‖L2(Ω). [II.38℄32



Chapitre II. Résultats généraux pour l'étude des s
hémas volumes �nisLet ūD = {< ū >K , K ∈ T , < ū >σ, σ ∈ E} ∈ HD.
‖∇Du−∇ū‖L2(Ω)d ≤ ‖∇D(u− ūD)‖[L2(Ω)]d + ‖∇DūD −∇ū‖[L2(Ω)]d

≤
√
d‖u− ūD‖D + ‖∇DūD −∇ū‖[L2(Ω)]d .

[II.39℄Thanks to the 
oer
ivity property, we get that,
‖u− ūD‖2D ≤ d

γ1
aD(u− ūD, u− ūD)

= d
γ1

(T1 + T2) ,
[II.40℄where T1

def
=
∫
Ω
f(x)PT (u− ū)(x) dx and T2

def
= aD(ūD, ūD − u).Let us introdu
e vD = ūD − u ∈ HD. We de
ompose T2 into two terms T21 and T22,su
h that,

T21 = aD(ūD, vD)−
∑

K∈T
(vD)K

∑

σ∈EK

∫

σ

(λ(x)∇ū(x))/K · nK,σ dx

T22 =
∑

K∈T
(vD)K

∑

σ∈EK

∫

σ

(λ(x)∇ū(x))/K · nK,σ dx
[II.41℄Sin
e div(λ∇ū) ∈ L2(Ω), then the �ux 
ontinuity holds, this implies that for all

K ∈ T , σ ∈ EK ∩ Eint, Tσ = {K,L},
∫

σ

(λ(x)∇ū(x))/K · nK,σ dx+

∫

σ

(λ(x)∇ū(x))/L · nL,σ dx = 0Then, we insert (vD)σ and we 
an re-write T21 as follows,
T21 = aD(ūD, vD)−

∑

K∈T

∑

σ∈EK

((vD)K − (vD)σ)

∫

σ

(λ(x)∇ū(x))/K · nK,σ dx

=
∑

K∈T

∑

σ∈EK

(
FK,σ(ūD)−

∫

σ

(λ(x)∇ū(x))/K · nK,σ dx

)
((vD)K − (vD)σ)

= T211 + T212,where T211
def
=
∑

K∈T

∑

σ∈EK

(FK,σ(ūD)−mσ < λ(x)∇ū(x) >K ·nK,σ) ((vD)K−(vD)σ) and
T212

def
=
∑

K∈T

∑

σ∈EK

(
mσ <λ(x)∇ū(x)>K −

∫

σ

(λ(x)∇ū(x))/K dx

)
((vD)K−(vD)σ)·nK,σ.Using the same arguments as in the Proposition 1, we get

|T211| ≤ ED(ū) ‖vD‖D. [II.42℄33



Chapitre II. Résultats généraux pour l'étude des s
hémas volumes �nisUsing Cau
hy-S
hwarz inequality, we dedu
e,
T212 ≤

(
∑

K∈T

∑

σ∈EK

mσdK,σ

∣∣∣∣
1

mK

∫

K

λ(x)∇ū(x) dx− 1

mσ

∫

σ

λ(x)∇ū(x) dx

∣∣∣∣
2
) 1

2

‖vD‖D[II.43℄and thanks to the Lemma 6.6 in [35℄, for all σ ∈ EK , K ∈ T , we dedu
e that thereexists C > 0 depending only on d and α su
h that,
|< λ∇ū >K − < λ∇ū >σ|2 ≤

Cdiam(K)

mσ

∫

K

d∑

j=1

∣∣∣∣∇
(
λ(x)

∂ū(x)

∂xj

)∣∣∣∣
2

dx. [II.44℄For a.e x ∈ Ω, we get,
d∑

j=1

∣∣∣∣∇
(
λ(x)

∂ū(x)

∂xj

)∣∣∣∣
2

=

d∑

j=1

∣∣∣∣∇λ(x)
∂ū(x)

∂xj
+ λ(x)∇∂ū(x)

∂xj

∣∣∣∣
2

≤ 2|∇λ(x)|2
d∑

j=1

∣∣∣∣
∂ū(x)

∂xj

∣∣∣∣
2

+ 2|λ(x)|2
d∑

j=1

∣∣∣∣∇
∂ū(x)

∂xj

∣∣∣∣
2

≤ 2λ
2

0|∇ū(x)|2 + 2β2
0 |∇2ū(x)|2

≤ 2 max(λ
2

0, β
2
0)(|∇ū(x)|2 + |∇2ū(x)|2),then, from (II.44), we dedu
e that,

|< λ∇ū >K − < λ∇ū >σ|2 ≤ 2Cmax(λ
2

0, β
2
0)

diam(K)

mσ

‖ū‖2H2(K). [II.45℄Using (II.43) and (II.45), we obtain,
T212 ≤

√
2C̺3 max(λ0, β0)hD‖ū‖H2(Ω) ‖vD‖D [II.46℄Therefore, thanks to (II.42) and (II.46) , we dedu
e,

T21 ≤ (ED(ū) +
√

2C̺3 max(λ0, β0)‖ū‖H2(Ω) hD )‖vD‖D. [II.47℄Sin
e ū is solution to (II.1), for all K ∈ T , we get that,
∑

σ∈EK

∫

σ

(λ(x)∇ū(x))/K · nK,σ dx =

∫

K

div(λ(x)∇ū(x)) dx

=

∫

K

f(x) dx.then, we 
an re-write T22 as follows,
T22 =

∫

Ω

f(x)PT vD [II.48℄34



Chapitre II. Résultats généraux pour l'étude des s
hémas volumes �nisGathering the results (II.40), (II.47) and (II.48), we obtain that,
‖ūD − u‖D ≤

d

γ1
(ED(ū) +

√
2C̺3 max(λ0, β0)‖ū‖H2(Ω) hD). [II.49℄It remains to estimate the term ‖∇DūD −∇ū‖[L2(Ω)]d , we get that,

‖∇DūD −∇ū‖2[L2(Ω)]d ≤ 2
∑

K∈T
mK |(∇DūD)K− < ∇ū >K |2

+2
∑

K∈T

∫

K

| < ∇ū >K −∇ū(x)|2dx

= 2
∑

K∈T
mK

∣∣∣∣∣
1

mK

∑

σ∈EK

mσ(< ū >σ − < ū >K)nK,σ− < ∇ū >K

∣∣∣∣∣

2

+2
∑

K∈T

∫

K

| < ∇ū >K −∇ū(x)|2dx

= 2
∑

K∈T
mK

∣∣∣∣∣
1

mK

∑

σ∈EK

mσ < ū >σ nK,σ− < ∇ū >K

∣∣∣∣∣

2

+2
∑

K∈T

∫

K

| < ∇ū >K −∇ū(x)|2dxsin
e for all K ∈ T , ∑
σ∈EK

mσnK,σ = 0, we get also that ∑σ∈EK
mσ < ū >σ nK,σ =

∑
σ∈EK

∫
σ
ū(x)nK,σ dγ(x) and thanks to Green's formula, we get

∑

σ∈EK

∫

σ

ū(x)nK,σdγ(x) =

∫

K

∇ū(x) dγ(x),therefore we dedu
e that
‖∇DūD −∇ū‖2[L2(Ω)]d ≤ 2

∑

K∈T

∫

K

| < ∇ū >K −∇ū(x)|2dx.Sin
e for any K ∈ T , K is not 
onvex, we 
an not 
on
lude dire
tly that there existsa real Q > 0 su
h that,
∫

K

| < ∇ū >K −∇ū(x)|2dx ≤ Q diam(K)2‖ū‖2
H2(K)

. [II.50℄Then, let yK ∈ K a point of the ball for whi
h K is star-shaped with respe
t to allthe points of this ball, using twi
e the Taylor formula with the integral form of theremainder term, we dedu
e that there exists 
onstants Q1 > 0, Q2 > 0 su
h that,
∫

K

| < ∇ū >K −∇ū(yK)|2dx ≤ Q1 diam(K)2‖ū‖2
H2(K)

, [II.51℄35



Chapitre II. Résultats généraux pour l'étude des s
hémas volumes �nis
∫

K

|∇ū(yK)−∇ū(x)|2dx ≤ Q2 diam(K)2‖ū‖2
H2(K)

. [II.52℄Therefore, there exists a 
onstant Q3 > 0 su
h that,
‖∇DūD −∇ū‖2[L2(Ω)]d ≤ Q3hD‖ū‖H2(Ω). [II.53℄Using (II.49) and (II.53), from (II.39), we dedu
e,

‖∇Du−∇ū‖L2(Ω)d ≤ d
√
d

γ1
(ED(ū)+(

√
2C̺3 max(λ0, β0)+Q3)‖ū‖H2(Ω) hD). [II.54℄Thanks to (II.38) and (II.54), we infer that there exists a real C0 > 0 dependingonly on d, α, ̺3, β0, λ0 and α0 su
h that,

‖∇Du−∇ū‖L2(Ω)d ≤ d
√
d

γ1
(ED(ū) + C0‖f‖L2(Ω) hD), [II.55℄whi
h 
on
ludes the �rst part of the proof. Sin
e C∞

c is dense in H2
0 (Ω), there existsa sequen
e of fun
tions of C∞

c , {ϕp}p≥0 su
h that
‖ϕp − ū‖H2(Ω) → 0 as p→∞. [II.56℄Thanks to Cau
hy-S
hwarz inequality, for all p ≥ 0, we 
an dedu
e that,
ED(ū) ≤ ED(ū− ϕp) + ED(ϕp) [II.57℄Thanks to (II.36) and using the Proposition 1 with C2 = C‖ϕp‖H2(Ω), we obtainthat,

ED(ϕp) ≤ C‖ϕp‖H2(Ω)(dm(Ω))
1
2hD

≤ C(‖ū‖H2(Ω) + ‖ϕp − ū‖H2(Ω))(dm(Ω))
1
2hD

[II.58℄and thanks to (II.38), we get,
ED(ϕp) ≤ C(C1‖f‖L2(Ω) + ‖ϕp − ū‖H2(Ω))(dm(Ω))

1
2hD [II.59℄From (II.55), using (II.57) and (II.59), we dedu
e that there exists a real C3 > 0depending only on d, α, ̺3, β0, λ0 and α0 su
h that,

‖∇Du−∇ū‖L2(Ω)d ≤ C3(‖f‖L2(Ω) + ED(ū− ϕp) + ‖ϕp − ū‖H2(Ω)) hD. [II.60℄Owing to (II.56), we infer that ED(ū − ϕp) → 0 as p → ∞, therefore, taking thelimit in (II.60) as p→∞ , we obtain,
‖∇Du−∇ū‖L2(Ω)d ≤ C3‖f‖L2(Ω) hD, [II.61℄whi
h 
ompletes the proof.

� 36



Chapitre IIILes s
hémas volumes �nis nonsymétriques
Ce 
hapitre réunit les résultats présentés dans trois arti
les, l'un publié [15℄ et lesdeux autres soumis ( [10℄, [12, �3.2℄). Il fournit d'abord une preuve originale de la
onvergen
e des s
hémas multipoints présentés dans [1℄, [2℄, [3℄ appelés (MPFA O)et donne une généralisation de 
es s
hémas pour des maillages quel
onques. Cettepreuve repose sur les méthodes d'analyse 
ommunes à 
e mémoire. Il présente en-suite un s
héma original dont l'intérêt est de présenter un sten
il 
ompa
t au sensde l'introdu
tion et de satisfaire des propriétés de stabilité dans plusieurs situationsdans lesquelles le s
héma MPFA O semble diverger. Ce s
héma généralise le s
hémaMPFA L introduit dans [6℄ et donne un 
adre mathématique d'étude de la 
onver-gen
e. Quant au troisième s
héma que nous avons introduit, il a l'avantage d'êtrerobuste vis à vis de l'hétérogénéité et l'anisotropie des tenseurs de di�usion, il a été
onçu a�n de garder un sten
il limité par volume de 
ontr�le, par exemple sur unegrille 
artésienne en 2D, le sten
il est de 13 et en 3D, il est de 19.III.1 MPFA O s
hemeThe usual MultiPoint Flux Approximation (MPFA) O method is a 
ell 
entered�nite volume dis
retization of su
h se
ond order ellipti
 equations des
ribed forexample in [1℄ and [60℄. It is a widely used s
heme in the oil industry for thedis
retization of di�usion �uxes in multiphase Dar
y porous media �ow models (seefor example [30℄, [53℄, and [58℄).Re
ent papers have studied the 
onvergen
e of the MPFA O s
heme but thereis yet no 
onvergen
e result on general polygonal and polyhedral meshes, and nonetaking into a

ount dis
ontinuous di�usion 
oe�
ients whi
h are essential in oilindustry appli
ations. In [61℄, [5℄, [54℄, the 
onvergen
e of the s
heme is obtained on37



Chapitre III. Les s
hémas volumes �nis non symétriquesquadrilateral meshes. The proofs are based on equivalen
es of the MPFA O s
hemeto mixed �nite element methods using spe
i�
 quadrature rules. The 
onvergen
e ofthe s
heme is obtained provided that a square d-dimensional matrix de�ned lo
allyfor ea
h 
ell and ea
h vertex of the 
ell, depending both on the distortion of 
ell andon the 
ell di�usion tensor, is uniformly positive de�nite. This analysis 
on�rms thenumeri
al experiments showing that the 
oer
ivity and 
onvergen
e of the s
heme islost in the 
ases of strong distortion of the mesh and/or anisotropy of the di�usiontensor.In [59℄ a mimeti
 �nite di�eren
e s
heme is introdu
ed whi
h is equivalent tothe MPFA O s
heme for simpli
ial and parallepipedi
 
ells and a proper 
hoi
e ofthe 
ontinuity points. This s
heme has also been independently introdu
ed in [28℄in two dimensions. The numeri
al analysis in [59℄ provides a 
onvergen
e resultfor su
h meshes with usual shape regularity assumptions and for smooth di�usion
oe�
ients. In su
h spe
i�
 
ases, the MPFA O s
heme is known to be symmetri
and 
oer
ive whatever the di�usion tensor and the distortion of the mesh.In this se
tion, a dis
rete variational formulation is introdu
ed using the frame-work des
ribed in [43℄, [46℄. It involves the de�nition of two pie
ewise 
onstantgradients and stability terms using residuals of the se
ond gradient. The �rst gra-dient has a weak 
onvergen
e property and is �xed in the 
onstru
tion. The se
ondone is assumed to be 
onsistent in the sense that it is exa
t on linear fun
tions. Forusual meshes su
h that ea
h vertex of any 
ell K is shared by exa
tly d fa
es of the
ell K, the stability terms are vanishing and our dis
rete variational formulation willbe shown to be equivalent to the usual MPFA O s
heme. It will in addition providea generalization of the O s
heme on more general polyhedral 
ells.A su�
ient lo
al 
ondition for the 
oer
ivity of the s
heme is derived whi
h willyield existen
e, and uniqueness of the solution. Under this 
oer
ivity 
ondition, anda uniform stability assumption for the 
onsistent gradient, the 
onvergen
e of thes
heme in
luding the 
ase of L∞ di�usion 
oe�
ients 
an be proved.In this se
tion, we use the notations of 
hapter I. Hen
e we 
onsider D an admissibledis
retization in the sense of De�nition (II.2.1).Notations: In the following, for any ve
tors x, y ∈ Rd, we will denote by x · y theirdot produ
t ∑d
i=1 xi yi, and by |x| the norm √x · x. The notations λmax(M) and

λmin(M) will stand for the maximum and minimum eigenvalues of any given squaresymmetri
 matrix M . For any matrix A, we denote by |A| its norm de�ned by
sup
x∈Rd

|Ax|
|x| =

√
λmax(AtA).III.1.1 The Finite Volume S
hemeTo de�ne the �nite volume s
heme MPFA O,38



Chapitre III. Les s
hémas volumes �nis non symétriquesHypothesis 3 we further assume that (see �gures III.1),
• ∪s∈VEs = ∪K∈T EK,
• for all K ∈ T , s ∈ VK, the family of ve
tors (xσ − xK)σ∈EK∩Es spans Rd (see�gure III.2),
• for all (s, s′) ∈ V × V, Es ∩ Es′ = ∅, whi
h means that there exists no edgesharing at least two verti
es of V (see �gure III.3).
• F = ∅, whi
h means that we use all the additional edge unknowns.
• for all K ∈ T , Eint,K = ∅, whi
h means that we have no �edge inside the 
ells�.
• for all σ ∈ EK, K ∈ T , dK,σ is the Eu
lidean distan
e from xK to σ.
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hémas volumes �nis non symétriques
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Figure III.2: (xσ − xK)σ∈EK∩Es spans R2.

��

��

��

��

��

�� ��

��

��

��

��

��

��

��

��
��
��
��

��

��
��
��
��

��

��

��

��
��
��
��

��

��
��
��
��PSfrag repla
ements s' s

Figure III.3: Es ∩ Es′ = ∅.Parameters of the MPFA O �nite volume s
heme: The volume of ea
h 
ellK ∈ Tis distributed to the verti
es of the 
ell a

ording to the sub-volumes ms
K , s ∈ VKde�ned by

ms
K =

1

d

∑

σ∈EK∩Es

mσdK,σ, [III.1℄and whi
h satisfy mK =
∑

s∈VK
ms

K for all K ∈ T .On ea
h 
ontinuity point xσ, the intermediate unknown uσ is de�ned whi
h willbe used together with the 
ell unknowns uK , K ∈ T for the 
onstru
tion of the�nite volume s
heme.The usual MPFA O s
heme introdu
ed in [1℄,is a 
ell 
entered �nite volumes
heme with main degrees of freedom the 
ell unknowns uK on ea
h 
ell K of themesh T . The 
onstru
tion of the s
heme uses additional degrees of freedom uσ forea
h fa
e σ. These unknowns will be lo
ally eliminated as linear 
ombinations ofthe neighbouring 
ell unknowns using the �ux 
ontinuity equations.The usual MPFA O s
heme is built under the assumption that ea
h vertex s ∈ V ofany 
ell K is shared by exa
tly d fa
es of the 
ell K, this means card(EK ∩ Es) = d.More pre
isely, the 
onstru
tion of the usual MPFA O s
heme is obtained as follows,
• For ea
h vertex of the mesh s ∈ V, for ea
h 
ontrol volume sharing this vertex,40



Chapitre III. Les s
hémas volumes �nis non symétriques
K ∈ Ts, we introdu
e the polytope Ks (polygon in 2D, polyhedron in 3D)built from s, the 
enter of K, xK and the 
enters of the edges of K sharing
s, (xσ)σ∈EK∩Es (see �gure III.4). These polytopes are known as the sub
ells ofthe 
ontrol volume (
ell).
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Figure III.4: The sub
ells around the vertex s and Es the set of edges in blue.
• For any K ∈ Ts, s ∈ V, we assume that the approximation u of the solutionof (II.1) is linear in the polytope Ks and 
ontinuous in xσ, σ ∈ EK ∩ Es.
• Then, for any K ∈ Ts, s ∈ V, setting uK = u(xK) and uσ = u(xσ), σ ∈
EK ∩ Es (see �gure III.5), we 
an express u(x) for all x ∈ Ks as follows,
u(x) = uK + gs

K · (x− xK) with gs
K ∈ Rd.

• Sin
e for any K ∈ Ts, s ∈ V, the family of ve
tors Bs
K = (xσ − xK)σ∈EK∩Es is abasis of Rd, there exists (gK,σ)σ∈EK∩Es a bi-orthogonal basis of Bs

K de�ned byEquations gK,σ · (xσ′ − xK) = δσ,σ′ for all σ, σ′ ∈ EK ∩ Es.
• Then, for any K ∈ Ts, s ∈ V, taking u in xσ, σ ∈ EK ∩ Es, we obtainEquations uσ−uK = gs

K · (xσ−xK) whi
h imples that ∑

σ∈EK∩Es

(uσ−uK)gK,σ =

∑

σ∈EK∩Es

gs
K · (xσ − xK)gK,σ = gs

K .
• Moreover, we assume that the �ux of u through the interior edges of the meshis 
ontinuous. Then, we dedu
e that for ea
h vertex of the mesh s ∈ V, the41
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Figure III.5: Pie
ewise linear fun
tion u built from 
ell and edge unknowns�ux of u through the interior edges sharing the vertex s, σ ∈ Es ∩ Eint is
ontinuous, whi
h means that ∫
σ

ΛK∇u(x)/K ·nK,σ +

∫

σ

ΛL∇u(x)/L ·nL,σ = 0,with Tσ = {K,L}.
• Therefore, we 
an eliminate the edge unknowns (uσ)σ∈Eint

in terms of (uK)K∈Tusing the �ux 
ontinuity. Indeed, for any σ ∈ Es∩Eint, s ∈ V with Tσ = {K,L},we get,
FK,σ =

∫

σ

ΛK∇u(x)/K · nK,σ = mσΛKg
s
K · nK,σ

FL,σ =

∫

σ

ΛL∇u(x)/L · nL,σ = mσΛLg
s
L · nL,σ

FK,σ +FL,σ = 0,

[III.2℄and for any σ ∈ Es ∩ Eext, we impose
uσ = 0. [III.3℄

• It results that around ea
h vertex s ∈ V, the edge unknowns (uσ)σ∈Es∩Eint

anbe eliminated in terms of (uK)K∈Ts assuming the well-posedness of the linearsystem (III.2)-(III.3)

• Then, repla
ing the edge unknowns (uσ)σ∈E by their expression in terms of
(uK)K∈T to the formula of the �ux III.2, we dedu
e the 
ell unknowns (uK)K∈Tby solving the following linear system,

−
∑

σ∈EK

FK,σ =

∫

K

f(x) dx, K ∈ T . [III.4℄42



Chapitre III. Les s
hémas volumes �nis non symétriquesIn our approa
h the �nite volume s
heme will be derived in se
tion III.1.1 froma variational formulation de�ned on the spa
e HD spanned by the 
ell and fa
eunknowns and introdu
ed below.The de�nition of the �nite volume s
heme is based on a hybrid variational for-mulation on the spa
e HD using the 
onstru
tion of two dis
rete gradients for ea
h
ell K of the mesh and ea
h vertex s of the 
ell. The �rst gradient de�ned by
(∇̃Du)

s
K =

1

ms
K

∑

σ∈EK∩Es

mσ(uσ − uK)nK,σ, [III.5℄is built to have a weak 
onvergen
e property using the Lemma 2, on
e averaged forea
h 
ell K over its verti
es s ∈ VK with the weights ms
K . The se
ond gradient isde�ned by

(∇Du)
s
K =

∑

σ∈EK∩Es

(uσ − uK) gK,σ, [III.6℄where the ve
tors gK,σ ∈ Rd are given for all σ ∈ EK ∩ Es. The gradient (∇Du)s
K isbuilt to be 
onsistent in the sense that it is exa
t for linear fun
tions. More pre
isely,thanks to the Lemma (6), the ve
tors gK,σ, σ ∈ EK ∩ Es are assumed to satisfy the
onsisten
y property (III.7) de�ned within the following lemma.Lemma 6 [
onsisten
y of the gradient℄ Under Hypothesis (3), for all K ∈ T , s ∈

VK, there exists ve
tors gK,σ, σ ∈ EK ∩ Es su
h that for all ve
tors v ∈ Rd we have
∑

σ∈EK∩Es

v · (xσ − xK) gK,σ = v. [III.7℄Proof. Thanks to Hypothesis (3), for all K ∈ T , s ∈ VK , there exists JK,s ⊂
EK ∩ Es su
h that the family (xσ − xK)σ∈JK,s

is a basis of Rd.Let us denote by (ḡK,σ)σ∈JK,s
the bi-orthogonal basis of the basis (xσ−xK)σ∈JK,sof R

d. It is uniquely de�ned by Equations ḡK,σ ·(xσ′−xK) = δσ,σ′ for all σ, σ′ ∈ JK,s,then we dedu
e that for all v ∈ Rd,
∑

σ∈JK,s

v · (xσ − xK) ḡK,σ = v,whi
h 
on
lude the proof.
� Let us now de�ne the bilinear form aD on HD ×HD by

aD(u, v) =
∑

K∈T

∑

s∈VK

(
ms

K(∇Du)
s
K · ΛK(∇̃Dv)

s
K

+ αs
K

∑

σ∈EK∩Es

mσ

dK,σ
RK,σ(u)RK,σ(v)

) [III.8℄
43
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hémas volumes �nis non symétriquesfor all (u, v) ∈ HD ×HD, with
ΛK =

1

mK

∫

K

Λ(x)dx,for all K ∈ T . In (III.8), the residual fun
tions RK,σ are de�ned for all u ∈ HD,
σ ∈ EK ∩ Es, s ∈ VK , K ∈ T , by

RK,σ(u) = uσ − uK − (∇Du)
s
K · (xσ − xK), [III.9℄and the parameters αs

K are real values su
h that
µ0 ≤ αs

K ≤ γ0 [III.10℄for all s ∈ VK , K ∈ T with µ0 > 0 and γ0 > 0. Note that instead of the s
alarparameter αs
K , we 
ould have 
onsidered a more general positive de�nite matrix Ds

Kof size Card(EK ∩ Es) su
h that µ0 I ≤ Ds
K ≤ γ0 I. The subsequent analysis willreadily extends to this more general framework but we keep to the s
alar term forthe sake of simpli
ity in the notations.The dis
retization of (II.5) on D is de�ned by the following dis
rete hybridvariational formulation: �nd uD ∈ HD su
h that

aD(uD, v) =

∫

Ω

f(x)PT v(x)dx for all v ∈ HD. [III.11℄For all u ∈ HD, let us introdu
e the following �uxes FK,σ(u) de�ned for all σ ∈
EK ∩ Es, s ∈ VK , K ∈ T by

FK,σ(u) = −mσΛK(∇Du)s
K · nK,σ

−αs
K


 mσ

dK,σ

RK,σ(u)− gK,σ ·
∑

σ
′∈EK∩Es

mσ′

dK,σ′

RK,σ′ (u)(xσ′ − xK)


 ,

[III.12℄in su
h a way that
aD(u, v) =

∑

K∈T

∑

σ∈EK

FK,σ(u)(vK − vσ), [III.13℄for all (u, v) ∈ HD × HD. Then, it is shown from (III.13) that the variationalformulation (III.11) is equivalent to the following hybrid �nite volume s
heme: �nd
uD ∈ HD su
h that






∑

σ∈EK

FK,σ(uD) =

∫

K

f(x)dx for all K ∈ T ,
FK,σ(uD) = −FL,σ(uD) for all σ ∈ Eint, Tσ = {K,L}.

[III.14℄44
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hémas volumes �nis non symétriquesFrom de�nition (III.12) of the �uxes FK,σ(u), we 
an 
ompute the 
oe�
ients
(T s

K)σ,σ′ , σ′ ∈ Es ∩ EK su
h that
FK,σ(u) =

∑

σ′∈Es∩EK

(T s
K)σ,σ′(uK − uσ′), [III.15℄for all σ ∈ EK ∩ Es and u ∈ HD. It results that around ea
h vertex s ∈ V, thefa
e unknowns (uσ)σ∈Es 
an be eliminated in terms of the (uK)K∈Ts assuming thewell-posedness of the linear system

{
FK,σ(uD) + FL,σ(uD) = 0 for all σ ∈ Es ∩ Eint with Tσ = {K,L},

uσ = 0 for all σ ∈ Es ∩ Eext.
[III.16℄Then, the hybrid �nite volume s
heme redu
es to the 
ell 
entered �nite volumes
heme: �nd uT ∈ HT (Ω) su
h that for all K ∈ T

∑

σ∈EK∩Eint,Tσ={K,L}
FK,L(uT ) +

∑

σ∈EK∩Eext

Fσ(uT ) =

∫

K

f(x)dx, [III.17℄where the inner �uxes FK,L(uT ), Tσ = {K,L}, σ ∈ Eint, and the boundary �uxes
Fσ(uT ), σ ∈ Eext, are linear 
ombinations of the 
ell unknowns (uT )M with M ∈⋃

s∈Vσ
Ts.The well-posedness of the hybrid �nite volume s
heme (III.14), of the lo
al linearsystems (III.16), and of the 
ell 
entered s
heme (III.17) is shown in the next se
tionto result from the 
oer
ivity of the bilinear form aD whi
h will hold assuming a lo
al
oer
ivity assumption as stated in Proposition 3.Equivalen
e with the usual MPFA O s
hemeThe MPFA O s
heme des
ribed in the se
tion III.1.1 is de�ned for polygonal andpolyhedral meshes su
h that for all 
ells K and all verti
es s of K, the 
ardinal of

EK ∩ Es denoted by qs
K is equal to the spa
e dimension d, and su
h that the set ofve
tors (xσ − xK)σ∈EK∩Es spans Rd. For su
h meshes, the MPFA O s
heme from [1℄or [60℄ is pre
isely de�ned by the hybrid �nite volume formulation (III.14) using sub-�uxes F s

K,σ(u) given by −mσΛK(∇MPFA
D u)s

K · nK,σ where the gradient (∇MPFA
D u)s

Kis the gradient of the unique linear fun
tion de�ned by its d+ 1 values uK at point
xK and uσ at points xσ, σ ∈ EK ∩ Es.In su
h 
ases, the equivalen
e between our hybrid �nite volume s
heme (III.14)and the MPFA O s
heme de�ned in [1℄ and [60℄ readily results from the followinglemma stating that (∇Du)s

K = (∇MPFA
D u)s

K , and that Rs
K,σ(u) = 0 for all u ∈ HD.Lemma 7 Let D be an admissible dis
retization in the sense of De�nition II.2.1,and let K ∈ T , s ∈ VK be su
h that qs

K = d and su
h that the set of d ve
tors45



Chapitre III. Les s
hémas volumes �nis non symétriques
(xσ − xK)σ∈EK∩Es spans Rd. Let us 
onsider a dis
rete gradient (∇Du)s

K given by(III.6) and satisfying the 
onsisten
y hypothesis 6. Then, for all u ∈ HD, the dis
retegradient (∇Du)s
K is the gradient of the unique linear fun
tion de�ned by its d + 1values uK at point xK and uσ at points xσ, σ ∈ EK ∩ Es, and the residuals RK,σ(u)vanish for all σ ∈ EK ∩ Es.Proof. Let us denote by (ḡK,σ)σ∈EK∩Es the bi-orthogonal basis of the basis (xσ −

xK)σ∈EK∩Es of Rd. It is uniquely de�ned by Equations ḡK,σ · (xσ′ − xK) = δσ,σ′for all σ, σ′ ∈ EK ∩ Es. Setting v = ḡK,σ in (III.7) shows that gK,σ = ḡK,σ for all
σ ∈ EK∩Es and the gradient∑σ∈EK∩Es

(uσ−uK)ḡK,σ is the unique gradient satisfyingthe 
onsisten
y hypothesis 6. Let u ∈ HD be given and let ϕ be the unique linearfun
tion de�ned by its d+1 values uK at point xK and uσ at points xσ, σ ∈ EK ∩Es.We have by de�nition ∇ϕ · (xσ − xK) = uσ − uK . Hen
e setting v = ∇ϕ in (III.7)it results that
∇ϕ =

∑

σ∈EK∩Es

∇ϕ · (xσ − xK)ḡK,σ =
∑

σ∈EK∩Es

(uσ − uK)ḡK,σ,whi
h proves the �rst part of the lemma. The se
ond part results from the equation
∑

σ∈EK∩Es

RK,σ(u) ḡK,σ = 0,for all u ∈ HD.
� For 
ells su
h that qs

K > d, they are several ways to de�ne a gradient (∇Du)s
K =

(uσ − uK) gK,σ satisfying the 
onsisten
y hypothesis 6. In su
h 
ases, the residuals
RK,σ(u), σ ∈ EK∩Es satisfying the relation∑σ∈EK∩Es

RK,σ(u) gK,σ = 0 for all u ∈ HDdo not a priori vanish sin
e the family gK,σ, σ ∈ EK ∩ Es is not free. They play therole of stabilization terms in the hybrid variational formulation (III.14) as shown inthe following example. For d = 3, let us 
onsider two pyramids K and L sharing atriangular fa
e σ, and let s ∈ σ denote the top of the two pyramids. We 
an buildtwo 
onsistent gradients (∇Du)s
K and (∇Du)s

L su
h that gK,σ = gL,σ = 0. Then, theresiduals RK,σ′(u) and RK,σ′′(u) vanish ex
ept for σ′ = σ′′ = σ. In this example, itis 
lear that only the residual terms in (III.14) 
an ensure the well-posedness of thesystem sin
e the dis
rete gradients (III.6) do not depend on uσ.III.1.2 Coer
ivity of the s
hemeThe well-posedness of the hybrid �nite volume s
heme (III.14) and the 
ell 
en-tered �nite volume s
heme (III.17) will be derived from the 
oer
ivity of the bilinearform aD. This 
oer
ivity property depends on the �nite volume dis
retization D, onthe di�usion tensor Λ, and on the parameters of the �nite volume s
heme. In the46
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hémas volumes �nis non symétriquesfollowing, we shall make the stronger assumption that the 
oer
ivity holds lo
allyaround ea
h vertex s of the mesh. For a given dis
retization and di�usion tensor,this assumption 
an be numeri
ally 
he
ked by 
omputing the eigenvalues of a smalllinear system of size 2× Card(Ts) for ea
h vertex s ∈ V.Let s be a given vertex in V, and let Hs
D be the subspa
e of

{uσ ∈ R, uK ∈ R, K ∈ Ts, σ ∈ EK ∩ Es}su
h that uσ = 0 for all σ ∈ Eext. The spa
e HDs is endowed with the semi-norm
‖u‖Ds =

(
∑

K∈Ts

∑

σ∈Es∩EK

mσ

dK,σ
(uσ − uK)2

)2

.Let us also denote by aDs the bilinear form de�ned by
aDs(u, v) =

∑

K∈Ts

ms
K(∇Du)

s
K · ΛK(∇̃Dv)

s
K

+αs
K

∑

σ∈EK∩Es

mσ

dK,σ
RK,σ(u)RK,σ(v)

=
∑

K∈Ts

∑

σ,σ′∈EK∩Es

(T s
K)σ,σ′(uσ′ − uK)(uσ − uK),

[III.18℄
for all u, v ∈ HDs, where we have used de�nition (III.15) of the 
oe�
ients (T s

K)σ,σ′ ,and the 
anoni
al inje
tion from HDs to HD to de�ne the residual and the gradientfun
tions on HDs.Let us now de�ne the following lo
al 
oer
ivity measurement
oernode(D,Λ) = min
s∈V

inf
{u∈HDs | ‖u‖Ds=1}

aDs(u, u). [III.19℄It will be used to 
he
k the 
oer
ivity of the bilinear form aD as stated in thefollowing proposition:Proposition 3 Let D be an admissible dis
retization in the sense of De�nitionII.2.1, and let us assume that there exists θD > 0 su
h that 
oernode(D,Λ) ≥ θD.Then, the bilinear form aD is 
oer
ive in the sense that for all u ∈ HD we have
aD(u, u) ≥ θD‖u‖2D. [III.20℄Proof. Using (III.15) we have for any u ∈ HD

aD(u, u) =
∑

s∈V

∑

K∈Ts

∑

σ,σ′∈EK∩Es

(T s
K)σ,σ′(uσ′ − uK)(uσ − uK).47



Chapitre III. Les s
hémas volumes �nis non symétriquesUsing de�nition (III.19), and the assumption 
oernode(D,Λ) ≥ θD, the followingestimate
aD(u, u) ≥ θD

∑

s∈V

∑

K∈Ts

∑

σ∈EK∩Es

mσ

dK,σ

(uσ − uK)2,is derived, whi
h proves the lemma.
�The following propositions state the well-posedness of the hybrid and 
ell 
entered�nite volume s
hemes under the lo
al 
oer
ivity assumption.III.1.3 Consisten
y of the s
hemeHypothesis 4 Let D be an admissible dis
retization in the sense of De�nitionII.2.1. We always assume in the following that
• the lo
al 
oer
ivity assumption 
oernode(D,Λ) ≥ θD > 0 is satis�ed, whi
hensures that there exists a unique solution uD ∈ HD to (III.14).
• there exist 0 < ̺5 < +∞ independent of the dis
retization D s.t.

min
σ∈EK∩Es,K∈Ts,s∈V

mσ

ms
K |gs

K,σ|
≥ ̺5. [III.21℄Lemma 8 [Consisten
y of the dis
rete gradients℄ Let D be an admissible dis
retiza-tion in the sense of De�nition II.2.1, and let us assume that hypothesis 6 holds. Let

ϕ be a given fun
tion in C∞
c (Ω). Then, there exists Mϕ depending only on ϕ, su
hthat for all s ∈ VK, K ∈ T ,

|(∇DPDϕ)s
K −∇ϕ(xK)| ≤Mϕ

d

̺1̺5

diam(K),Proof. Let K ∈ T , s ∈ VK , ϕ ∈ C∞
c (Ω) be given. For all σ ∈ Es ∩ EK, let us set

ǫsK,σ = ϕ(xσ)− ϕ(xK)−∇ϕ(xK) · (xσ − xK). Sin
e ϕ ∈ C∞
c (Ω), there exists a real

Mϕ > 0 depending only on ϕ su
h that |ǫsK,σ| ≤ Mϕ|xσ − xK |2. From hypothesis 6,we have
(∇DPDϕ)s

K −∇ϕ(xK) =
∑

σ∈Es∩EK

ǫsK,σ gK,σ,whi
h ends the proof from the de�nitions of ̺5, ms
K and ̺1.

�Lemma 9 [Consisten
y of the residual fun
tions℄ Let D be an admissible dis
retiza-tion in the sense of De�nition II.2.1, and let us assume that hypothesis 6 holds. Let48
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hémas volumes �nis non symétriques
ϕ be a given fun
tion in C∞

c (Ω). Then, there exists a real C > 0 depending only on
ϕ, ̺1, ̺5 and Ω, su
h that for all K ∈ T , s ∈ VK, σ ∈ Es ∩ EK,

|RK,σ(PDϕ)| ≤ C

(
1 +

d

̺1̺5

)
diam(K)2.Proof. Let K ∈ T , s ∈ VK and ϕ ∈ C∞

c (Ω) be given. For all σ ∈ Es ∩ EK, letus set ǫsK,σ = ϕ(xσ)− ϕ(xK)−∇ϕ(xK) · (xσ − xK). Sin
e ϕ ∈ C∞
c (Ω), there existsa real Mϕ > 0 already introdu
ed in Lemma 8 and depending only on ϕ su
h that

|ǫsK,σ| ≤Mϕ|xσ − xK |2. From the de�nition of the residual fun
tion we have
RK,σ(PDϕ) = ǫsK,σ −

(
(∇DPDϕ)s

K −∇ϕ(xK)
)
· (xσ − xK).We dedu
e from Lemma 8, and the de�nition of ̺1 that

|RK,σ(PDϕ)| ≤Mϕ

(
1 +

d

̺1̺5

)
diam(K)2,whi
h 
on
ludes the proof.

�Lemma 10 [Consisten
y of the �ux fun
tions℄ Let D be an admissible dis
retizationin the sense of De�nition II.2.1, and let us assume that hypothesis 6 holds. Let ϕbe a given fun
tion in C∞
c (Ω). Then, there exists a real C > 0 depending only on

ϕ, ̺1, ̺5, β0 and d, su
h that for all K ∈ T , s ∈ VK , σ ∈ Es ∩ EK,
∣∣∣∣FK,σ(PDϕ)− mσ

mK

∫

K

Λ(x)∇ϕ(x)dx

∣∣∣∣ ≤ C mσdiam(K)Proof. From the de�nition (III.12) of the �ux fun
tions FK,σ, we dedu
e that,
∣∣∣∣FK,σ(PDϕ)− mσ

mK

∫

K

Λ(x)∇ϕ(x)dx · nK,σ

∣∣∣∣≤ |FK,σ(PDϕ)−mσΛK∇ϕ(xK) · nK,σ|

+

∣∣∣∣mσΛK∇ϕ(xK) · nK,σ −
mσ

mK
ΛK

∫

K

∇ϕ(x)dx · nK,σ

∣∣∣∣

+

∣∣∣∣
mσ

mK
ΛK

∫

K

∇ϕ(x)dx · nK,σ −
mσ

mK

∫

K

Λ(x)∇ϕ(x)dx · nK,σ

∣∣∣∣[III.22℄For the �rst term at the right hand side of the inequality (III.22), thanks toLemmata 8 and 9, we infer that there exists a real C0 > 0 depending only on ϕ, ̺1,
̺5, β0 and d su
h that,

|FK,σ(PDϕ)−mσΛK∇ϕ(xK) · nK,σ| ≤ C0 mσdiam(K). [III.23℄49
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hémas volumes �nis non symétriquesFor the last two terms at the right hand side of the inequality (III.22), thanks tothe regularity of ϕ ∈ C∞
c (Ω) and the assumption on Λ (see (II.3)), we dedu
e thatthere exists a real Cϕ > 0 depending only on ϕ su
h that,

∣∣∣∣mσΛK∇ϕ(xK) · nK,σ −
mσ

mK
ΛK

∫

K

∇ϕ(x)dx · nK,σ

∣∣∣∣ ≤ Cϕβ0 mσdiam(K) [III.24℄and also∣∣∣∣
mσ

mK
ΛK

∫

K

∇ϕ(x)dx · nK,σ −
mσ

mK

∫

K

Λ(x)∇ϕ(x)dx · nK,σ

∣∣∣∣ ≤ Cϕβ0 mσdiam(K).[III.25℄Gathering the results III.23-III.25, we 
on
lude the proof from III.22.
�III.2 The G methodIn the present se
tion we introdu
e a family of FV methods generalizing the MPFAL method of [6, 7℄. The idea is to write the �ux through a fa
e as the weightedaverage of several L-type �uxes 
orresponding to di�erent sten
ils. A proper 
hoi
eof the weights allows to enhan
e the 
oer
ivity of the method, thereby improvingrobustness with respe
t to the skewdness of the mesh and to the anisotropy and het-erogeneity of the permeability tensor. In this se
tion, we assume that there exists a�nite partition of Ω into open 
onne
ted disjoint polygonal subsets,
PΩ

def
= {Ωi}i=1...NΩ

su
h that (s.t.) Λ|Ωi
∈ [C2(Ωi)]

d×d for all i = 1 . . .NΩ. Then thanksto Lemma 3 and Remark 1, we 
an use the spa
e Q as the spa
e of test fun
tionsinstead of C2
0 (Ω).III.2.1 The Finite Volume s
hemeHypothesis 5 Let {Dn}n∈N be a family of meshes mat
hing De�nition II.2.1 sat-isfying hypothese (1). We further suppose that(i) there exists a non-negative 
onstant ̺4 independent of n su
h that

max
K∈Tn

max
σ∈EK

diam(K)d−1

mσ

≤ ̺4.(ii) we assume that ea
h σ 
ontains at least one vertex (this 
ould be false indimension d = 3 if, for example, σ is only a pie
e of a �true fa
e� of a 
ell);(iii) G̃ is the �nite family of fa
e groups de�ned as follows (see �gure III.6-III.7):
G̃ def

= {G ⊂ EK ∩ Es, K ∈ Ts, s ∈ Vn, card(G) = d}.For ea
h G ∈ G̃, we let TG = {K ∈ T , G ∩ EK 6= ∅}. We also arbitrarily sele
t a
ell, whi
h we denote by KG, su
h that G ⊂ EKG
.50



Chapitre III. Les s
hémas volumes �nis non symétriques(iv) F = ∅,(v) for all K ∈ T , Eint,K = ∅,(vi) for all σ ∈ EK, K ∈ T , dK,σ is the Eu
lidian distan
e from xK to σ.PSfrag repla
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(d) TG = {3, 4, 5}Figure III.6: Di�erent groups of edges, G ∈ G̃ and group of 
ells TG in the 2D 
aseThe groups of edges G ∈ G̃ are the red edges in the �gure III.6 and the 
ells of
TG are represented by numbers in the �gure III.6.
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ements
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PSfrag repla
ements ss
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(b) d = 3Figure III.7: Groups of G̃ asso
iated with a vertex s and a 
ell K ∈ TsRemark 2 In many 
ases, a given group G is 
ontained in a unique EK but, in some
ases (espe
ially if the dis
retization has non-
onvex 
ells), there 
an be multiplepossible 
hoi
es for KG.Constru
tion of group gradientsThe idea of 
onstru
tion of the G s
heme is based on the L-te
hnique introdu
edin [6℄. The L-te
hnique allows to built a pie
ewise linear fun
tion on a 
onne
teddomain, obtained from d+ 1 
ontrol volume and whi
h takes into a

ount the het-erogeneous di�usion matrix. This d + 1 
ontrol volume are su
h that there existsa 
ontrol volume K, among the d + 1 
ontrol volume, sharing a same vertex withthe other and having a 
ommon edge with ea
h other 
ontrol volume (see �gureIII.8). Then, this d+1 
ontrol volume 
an be dedu
ed from a group of edges G ∈ G̃(see �gure III.8), in other word they are the elements of the set TG. Therefore, fora given group of edges G ∈ G̃, The L-te
hnique allows to built a pie
ewise linearfun
tion, u from the values (uK)K∈TG
on the domain obtained from the set TG. Thelinear fun
tion u, must verify the three following 
onditions :

• for all K ∈ TG, u(xK) = uK (= 
ell unknown)
• u is 
ontinuous on σ ∈ G.
• For any σ ∈ G, the �ux through the edge σ is 
ontinuous, in other words∫

σ
ΛK∇u/K(x) · nK,σ +

∫
σ
ΛK∇u/L(x) · nL,σ = 0, for whi
h Tσ = {K,L}.52
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PSfrag repla
ements

K

L
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σ′

σ s

Figure III.8: s a vertex, G = {σ, σ′}, TG = {K,L, L′} and KG = K.Sin
e u is linear in ea
h K ∈ TG, we 
an write u under the form : for all x ∈ K,
K ∈ TG,

u(x) = uK + (∇Du)
G
K · (x− xK)where (∇Du)G

K is a ve
tor of Rd. The two last 
onditions yields to the followingsystem of equations : for all σ ∈ G, with Tσ = {K,L},
{
uK + (∇Du)G

K ·(x− xKG
) = uL + (∇Du)G

L ·(x− xL) ∀x ∈ σ,
ΛK(∇Du)

G
K ·nK,σ + ΛL(∇Du)

G
L ·nL,σ = 0,

[III.26℄The system of equations (III.26) 
orresponds to the system of equations III.27, wherethe Lemma 11 gives a solution to this system.Thanks to the L-te
hnique, from a set of 
ell unknowns {vK ∈ R, K ∈ T }, forany group of edges G ∈ G̃, we 
an built the dis
rete gradient of R
d, (∇Dv)

G
K , forea
h 
ell, K ∈ TG of the group G (see �gure III.8 
orresponding to III.6-(a)).As, it is illustrated in the �gure (III.6), a 
ell K ∈ T 
an belong to several groupsof edges G′ ∈ G̃. Therefore to write a �ux FK,σ(v), σ ∈ EK , K ∈ T , we take all thegroups G sharing σ and su
h that K ∈ TG, we make a 
onvex 
ombination of thegradients, (∇Dv)G

K and we use the result to built the �ux, FK,σ(v).Let us see now the details. Our idea is, for all v ∈ HT (Ω) whi
h represents theset of 
ell unknowns (vK)K∈T , all group G ∈ G̃, all σ ∈ G and all K ∈ Tσ, to build a�group gradient� (∇Dv)
G,σ
K ∈ Rd and use it to de�ne the �ux FK,σ(u); this gradient
ould be understood as a pie
e of a full gradient of u on the pyramid △K,σ, the fullgradient (and resulting �ux) being obtained as a 
onvex 
ombination of these groupgradients 
orresponding to all the groups G 
ontaining σ (see [III.32℄).53



Chapitre III. Les s
hémas volumes �nis non symétriquesFirst, for all σ ∈ E , Tσ = {K,L}, we require that, if Tσ = {K,L}, the values vK ,
vL and the gradient re
onstru
tion (∇Dv)

G,σ
K , (∇Dv)

G,σ
L yield the same value of v on

σ, that is to say
vK + (∇Dv)

G,σ
K · (x− xK) = vL + (∇Dv)

G,σ
L · (x− xL) ∀x ∈ σ.For boundary fa
es, we ask that the value obtained at x = xσ, bary
enter of σ bezero. Se
ond, we would like the resulting �uxes to be 
onservative, i.e. ,

ΛK(∇Dv)
G,σ
K · nK,σ + ΛL(∇Dv)

G,σ
L · nL,σ = 0.These two sets of equations are not su�
ient to de�ne uniquely the group gradients(and thus to estimate them, whi
h is fundamental in the study of the numeri
almethod). We therefore add another 
onstraint, giving a parti
ular role to the 
ell

KG sele
ted for the group G: we ask that (∇Dv)
G,σ
KG

does not depend on σ ∈ G, andwe denote by (∇Dv)G
KG

the 
ommon value of this group gradient for all σ ∈ G. Thedis
rete gradients are thus de�ned, as in [6,7℄, by: For allG ∈ G̃ and all σ ∈ G ∩ Eint,with Tσ = {KG, L},
{
vKG

+ (∇Dv)G
KG
·(x− xKG

) = vL + (∇Dv)
G,σ
L ·(x− xL) ∀x ∈ σ,

ΛKG
(∇Dv)G

KG
·nKG,σ + ΛL(∇Dv)

G,σ
L ·nL,σ = 0,

[III.27℄and for all σ ∈ G ∩ Eext,
vKG

+ (∇Dv)
G
KG
·(xσ − xKG

) = 0. [III.28℄Lemma 11 The gradient re
onstru
tion (∇Dv)
G
KG

de�ned by [III.27℄ and [III.28℄
an be obtained solving a linear system of the form
AGXG = BG(v), [III.29℄where the rows of AG ∈ Rd×d are built from the following family of ve
tors of Rd

({
ΛLnL,σ·nL,σ

dL,σ

(xL−xKG
) +ΛKG

nKG,σ +ΛLnL,σ

}

σ∈G∩Eint

,

{
ΛKG

nKG,σ·nKG,σ

dKG,σ

(xσ−xKG
)

}

σ∈G∩Eext

)and BG(v) ∈ Rd is obtained from the family of ve
tors
({

ΛLnL,σ·nL,σ

dL,σ
(vL − vKG

)

}

σ∈G∩Eint

,

{
ΛKG

nKG,σ·nKG,σ

dKG,σ
(−vKG

)

}

σ∈G∩Eext

)
.54



Chapitre III. Les s
hémas volumes �nis non symétriquesProof. Let v ∈ HT (Ω), G ∈ G, σ ∈ G ∩ Eint with Tσ = {KG, L}. Observe that,if v
def
= (∇Dv)G

KG
− (∇Dv)

G,σ
L 6= 0, the �rst equation of [III.27℄ is the equation of anhyperplane of Rd orthogonal to v; satisfying this equation for all x ∈ σ is equivalentto imposing that σ is 
ontained in this hyperplane, and thus that v and nKG,σ are
olinear (this is of 
ourse also true if v = 0). As a 
onsequen
e, taking yσ ∈ σ,the �rst equation in [III.27℄ is equivalent to the following linear system (in whi
h

λG
σ ∈ R is an additional unknown):

{
(∇Dv)G

KG
− (∇Dv)

G,σ
L = λG

σ nKG,σ,

vKG
− vL + (∇Dv)

G,σ
L ·xL − (∇Dv)G

KG
·xKG

= −λG
σ nKG,σ·yσ.Sin
e (yσ − xL)·nKG,σ = −dL,σ, solving for λG

σ we obtain
{
λG

σ = −RL,σ(v)

dL,σ
,

(∇Dv)
G,σ
L = (∇Dv)

G
KG
− RL,σ(v)

dL,σ
nL,σ,with RL,σ(v)

def
= vL − vKG

− (∇Dv)
G
KG
·(xL − xKG

). Using these expressions, the se
-ond equation of [III.27℄ 
an be rewritten as
[
ΛKG

nKG,σ + ΛLnL,σ +
ΛLnL,σ·nL,σ

dL,σ

(xL − xKG
)

]
·(∇Dv)

G
KG

=
ΛLnL,σ·nL,σ

dL,σ

(vL−vKG
).Finally, the linear system [III.27℄�[III.28℄ is equivalent to:






(∇Dv)
G,σ
L = (∇Dv)G

KG
− RL,σ(v)

dL,σ
nL,σ , ∀σ ∈ G ∩ Eint , Tσ = {KG, L},

[
ΛLnL,σ·nL,σ

dL,σ
(xL − xKG

) + ΛKG
nKG,σ + ΛLnL,σ

]
·(∇Dv)

G
KG

=
ΛLnL,σ·nL,σ

dL,σ

(vL − vKG
) , ∀σ ∈ G ∩ Eint , Tσ = {KG, L},

ΛKG
nKG,σ·nKG,σ

dKG,σ
(∇Dv)G

KG
·(xσ − xKG

) =
ΛKG

nKG,σ·nKG,σ

dKG,σ
(−vKG

), ∀σ ∈ G ∩ Eext.[III.30℄The assert follows.
�In order to 
onstru
t the gradient, we therefore need to 
onsider the set of groupssu
h that the matrix AG is invertible, that is to say

G def
= {G ∈ G̃ |AG is invertible}.We shall also need a symbol for the family of groups 
ontaining a give fa
e σ ∈ E .We thus let (see �gure III.9)

∀σ ∈ E , Gσ
def
= {G ∈ G | σ ∈ G},55
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PSfrag repla
ements σ σ

σσ

Figure III.9: Groups of Gσ for d = 2, σ ∈ Eintand we assume throughout the rest of the present se
tion that all the Gσ are non-empty.Remark 3 Figure III.10 shows two examples of groups respe
tively belonging andnot belonging to G (in the 
ase where Λ is 
onstant). Indeed, sin
e ΛKG2
= ΛL, theterms ΛKG2

nKG2
,σi

and ΛLnL,σi

an
el out ea
h other in ea
h line of AG2 and, sin
ethe 
ell L on the other side of σ1 and σ2 is the same, both lines of AG2 are 
olinearto xL− xKG2

(this matrix is therefore singular). The non-
onvexity of 
ells 
an be a
ause to the singularity of some AG (but this does not blo
k the use of the G methodsin
e, even in this 
ase, the non-emptiness of all Gσ often holds).Finally, we de�ne in the following two lemmata the spa
e playing the role of Din Hypothesis 2 and state its density, and we establish the 
onsisten
y on this spa
eof the group gradients (this will give (P2)).Numeri
al �uxesWe 
hoose {θG
σ }σ∈E,G∈Gσ a set of weights su
h thatFor all σ ∈ E , for all G ∈ Gσ, 0 ≤ θG

σ ≤ 1 and, for all σ ∈ E , ∑
G∈Gσ

θG
σ = 1. [III.31℄The numeri
al �uxes are then de�ned as follows: For all K ∈ T , for all σ ∈ EK ,

FK,σ(u)
def
=
∑

G∈Gσ

θG
σ F

G
K,σ(u), FG

K,σ(u)
def
= mσΛK(∇Du)

G,σ
K ·nK,σ. [III.32℄56
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PSfrag repla
ements

KG1

nKG1
,σ1

nKG1
,σ2

(a) G1 ∈ Gσ

PSfrag repla
ements KG2L

nKG2
,σ1

nKG2
,σ2

(b) G2 /∈ GσFigure III.10: Fa
e groups of G̃ respe
tively belonging and not belonging to Gσ.Remark 4 Noti
e that the sub�uxes FG
K,σ are 
onservative(se
ond equation in [III.27℄), and thus the whole �uxes FK,σ themselves are also
onservative.Spe
i�
 methods are obtained from [III.32℄ by de�ning a suitable 
riterion to
ompute the family of weights {θG

σ }σ∈E,G∈Gσ .Example 1 (MPFA L method) The MPFA L method 
an be obtained as follows:For all σ ∈ E , let G̃ ∈ Gσ be the group satisfying the 
riterion proposed in [7℄ andset θ eG
σ = 1/card({s ∈ V, s ∈ σ}) and θG

σ = 0 for G̃ 6= G ∈ Gσ.Example 2 The alternative 
hoi
e used in the numeri
al examples of � V.3.2 isdesigned so as to enhan
e the 
oer
ivity of the method. For ea
h group G ∈ G,de�ne the spa
e HTG

def
= {uK ∈ R, K ∈ TG} endowed with the semi-norm
‖u‖2TG

def
=
∑

K∈TG

∑

σ∈EK∩G

mσ

dK,σ

(γσu− uK)2.For all u, v ∈ HTG
set aTG

(u, v) =
∑

K∈TG

∑
σ∈EK∩G F

G
K,σ(u)(γσv − vK). For ea
h

G ∈ G de�ne
γ2

def
= inf

{u∈HTG
, ‖u‖TG

=1}
aTG

(u, u)The 
omputation of the parameter γ2 requires to evaluate the eigenvalues of a lo
almatrix of Rd×d asso
iated with the bilinear form aTG
, and its 
ost is negligible. The
omputation of the parameter γ2 is given in Se
tion Appendix.III.2.2 Coer
ivity of the s
hemeProperty (P1) is only 
onditionally veri�ed by non symmetri
 methods. We proposea 
omputable 
riterion issued from the stronger assumption that 
oer
ivity holds57



Chapitre III. Les s
hémas volumes �nis non symétriqueslo
ally around ea
h vertex s ∈ V. For a given dis
retization and di�usion tensor,this assumption 
an be 
he
ked numeri
ally by 
omputing the eigenvalues of a smalllinear system of size cardEs ≤ ̺3 for ea
h vertex s ∈ V.Let s ∈ V, and set HTs

def
= {uK ∈ R, K ∈ Ts}. The spa
e HTs is endowed withthe semi-norm

‖u‖2Ts

def
=
∑

K∈Ts

∑

σ∈Es∩EK

mσ

dK,σ

(γσu− uK)2.Denote by aTs the bilinear form de�ned as follows: For all u, v ∈ HTs ,
aTs(u, v)

def
=

∑

G∈G,G⊂Es

∑

K∈TG

∑

σ∈EK∩G

θG
σ F

G
K,σ(u)(γσv − vK).Lemma 12 Let there be a positive 
onstant γ3 su
h that

min
s∈V

inf
{v∈HTs | ‖v‖Ts =1}

aTs(v, v) ≥ γ3. [III.33℄Then, for all u ∈ HT , aT (u, u) ≥ γ3‖u‖2T .Proof. For all u ∈ HT and s ∈ V, let us
def
= (uK)K∈Ts ∈ HTs . Sin
e any given group

G only belongs to one parti
ular Es, it is easy to see that aT (u, u) =
∑

s∈V aTs(us, us),and thus that aT (u, u) ≥ γ3

∑
s∈V ||us||2Ts

. The assert then follows from
∑

s∈V
‖us‖2Ts

≥ ‖u‖2T ,whi
h is straightforward sin
e, for all K ∈ T and for all σ ∈ EK , card({s ∈ V | σ ∈
Es}) ≥ 1.
�III.2.3 Consisten
y of the s
hemeHypothesis 6 Let D be an admissible dis
retization in the sense of II.2.1, we fur-thermore suppose that there exists γ4 < +∞ su
h that

∀σ ∈ E ,
∑

G∈Gσ

θG
σ |A−1

G | ≤ γ4. [III.34℄Lemma 13 [Consisten
y of the group gradients℄ For all ϕ ∈ Q, there exists a real
C5 > 0 whi
h only depends on ̺1, ̺2, Λ and ϕ su
h that, for all G ∈ G, all σ ∈ Gand all K ∈ Tσ,

|(∇DϕT )G,σ
K −∇ϕ(xK)| ≤ C5 (1 + |A−1

G |) max
K∈TG

diamK.58



Chapitre III. Les s
hémas volumes �nis non symétriquesProof. See Appendix B.2.
�Lemma 14 [
onsisten
y of the �uxes℄ Let ϕ be a given fun
tion in Q. Then, thereexists a real C > 0 depending only on ϕ, ̺1, γ4, β0 and d, su
h that for all σ ∈ EK,
K ∈ T ,

∣∣∣∣FK,σ(PDϕ)− mσ

mK

∫

K

Λ(x)∇ϕ(x)dx

∣∣∣∣ ≤ C mσdiam(K)Proof. For all σ ∈ EK , K ∈ T , [III.32℄, [III.31℄, Lemma 13 and [III.34℄ yield
∣∣∣∣FK,σ(ϕT )− 1

mK

∫

K

Λ(x)∇ϕ(x)·mσnK,σ

∣∣∣∣ ≤ |FK,σ(ϕT )− ΛK∇ϕ(xK)mσnK,σ|

+

∣∣∣∣
1

mK

∫

K

Λ(x)(∇ϕ(x)−∇ϕ(xK))·mσnK,σ

∣∣∣∣

≤ mσβ0

∑

G∈Gσ

θG
σ

∣∣∣(∇DϕTn)G,σ
K −∇ϕ(xK)

∣∣∣

+mσβ0 sup
x∈K
|∇ϕ(x)−∇ϕ(xK)|

≤ (C5γ4 + C3)mσβ0hD,where C3 = supx∈PΩ
|ϕ′′(x)|.

�III.3 The Cell-Gradient methodFinite volume methods for di�usive problems on general polyhedral meshes haveknown an impetuous development in re
ent years. Multi-point s
hemes have beenintrodu
ed in the middle of the 90s (see, e.g., [4,36℄) to 
ir
umvent the mesh limita-tions of the 
lassi
al two-points method. The key idea is to relax mesh requirementsat the expense of a larger sten
il while preserving se
ond order 
onvergen
e. Asimpler, 
ell based gradient re
onstru
tion yielding a 
onvergent method has beenproposed in [12, �3.2℄. The resulting s
heme, hen
eforth referred to as CG method,has a more straightforward implementation but a slightly larger sten
il.III.3.1 The Finite Volume s
hemeHypothesis 7 We further assume that
• for all K ∈ T , Eint,K = ∅,
• F = ∅, 59
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• For all σ ∈ EK, K ∈ T , there exists a group of d fa
es GK

σ ⊂ EK sharing asame vertex with σ su
h that AK
σ is invertible (
f de�nition below).For all v ∈ HT (Ω), de�ned from the 
ell values {vK}K∈T , we use the dis
rete gradient

(∇Dv)
GK

σ
K introdu
ed in ( III.2.1), whi
h 
an be expressed thanks to Lemma 11, interms of the 
ell values {vK}K∈T by solving the lo
al linear system A

K
σ (∇Dv)

GK
σ

K =
b

K
σ (v) su
h that A

K
σ ∈ R

d×d, bK
σ (v) ∈ R

d,
A

K
σ

def
=




{
ΛLσ′

nLσ′ ,σ′ ·nLσ′ ,σ′

dL,σ′

(xLσ′
− xKσ) + ΛKσnKσ,σ′ + ΛLσ′

nLσ′ ,σ′

}

σ′∈GK
σ ∩Eint{

ΛKσnKσ ,σ′ ·nKσ ,σ′

dKσ,σ′

(xσ − xKσ)

}

σ′∈GK
σ ∩Eext


and

b
K
σ (v)

def
=




{
ΛLσ′

nLσ′ ,σ′ ·nLσ′ ,σ′

dL,σ′

(vLσ′
− vKσ)

}

σ′∈GK
σ ∩Eint{

ΛKσnKσ,σ′ ·nKσ,σ′

dKσ,σ′

(−vKσ)

}

σ′∈GK
σ ∩Eext


where, for all σ′ ∈ GK

σ ∩ Eint, Lσ′ is su
h that Tσ′ = {K,Lσ′}. The lo
al gradient
(∇Dv)

GK
σ

K allows to de�ne the values ΠK
σ v, for all v ∈ HT (Ω), σ ∈ EK , K ∈ T :

ΠK
σ v

def
= vK + (∇Dv)

GK
σ

K ·(xσ − xK). [III.35℄We introdu
e the dis
rete gradient re
onstru
tion ∇D ∈ L(HT (Ω); [HT (Ω)]d) s.t.,for all K ∈ T and all v ∈ HT (Ω),
(∇Dv)K

def
= ∇Dv|K =

1

mK

∑

σ∈EK

mσ(ΠK
σ v − vK)nK,σ. [III.36℄Thanks to Lemma 13, it 
an be shown to be 
onsistent for fun
tions belonging tothe spa
e of test-fun
tions, Q.The dis
rete bilinear form reads, for all u, v ∈ HT (Ω),

aD(u, v)
def
=
∑

K∈T
mKΛK∇Du·∇̃Dv +

∑

K∈T
αK

∑

σ∈EK

mσ

dK,σ
RK,σ(u)RK,σ(v), [III.37℄where we have set, for all v ∈ HT (Ω), K ∈ T and σ ∈ EK , RK,σ(v)

def
= ΠK

σ v − vK −
(∇Dv)K ·(xσ − xK). The dis
rete problem readsFind u ∈ HT (Ω) s.t. aD(u, v) =

∫

K

fv dx for all v ∈ HT (Ω). [III.38℄60



Chapitre III. Les s
hémas volumes �nis non symétriquesIt 
an be shown from (III.37) that the dis
rete variational formulation (III.38)is equivalent to a �nite volume s
heme.The 
onsisten
y of the s
heme in the sense that for all ϕ ∈ Q,
ǫD(ϕ)→ 0 as hD → 0, [III.39℄derives from the 
onsisten
y of the dis
rete gradient ∇D. The 
onsisten
y of thegradient ∇D is obtained thanks to Lemma 13 and the following property: For all

w ∈ Rd, ∑

σ∈EK

mσw · (xσ − xK)nK,σ = mKw [III.40℄More details about the 
oer
ivity and the 
onsisten
y of the s
heme 
an be foundin [12, �3.2℄
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Chapitre IVUne famille de s
hémas volumes �nissymétriques
Notre re
her
he est motivée en parti
ulier par la simulation numérique de �uides
omplexes en milieux poreux in
luant des 
ouplages ave
 des phénomènes thermo-dynamiques et ou 
himiques. Comme nous avons pu le 
onstater dans le 
hapitreII, la 
onvergen
e d'un s
héma dépend d'une 
ondition de 
oer
ivité. Le 
hapitreIII a montré que dans le 
as de s
hémas non symétriques tels que le s
héma MPFAO et G, la 
ondition de 
oer
ivité ne peut être véri�ée que numériquement. Bienque de nombreux s
hémas aient été proposés (
f [52℄, 
hapter III), il n'existe pasen
ore de s
héma ultime, 
'est à dire 
entré aux mailles ave
 un sten
il 
ompa
t, quirespe
terait les bornes physiques et donnerait de bonnes approximations même surdes maillages déformés non 
onformes ave
 de forts 
ontrastes dans les perméabilités(ou 
oe�
ient de di�usions). La nouvelle famille de s
hémas que nous introduisons,a été 
onçue dans le 
adre de 
ette re
her
he, et a les 
ara
téristiques suivantes :1. elle peut être utilisée sur n'importe quel maillage polygonal ave
 tenseur dedi�usion hétérogène, anisotrope,2. elle fournit la solution exa
te dans le 
as où f = 0, Λ est 
onstante parmor
eaux dans des sous domaines polygonaux, polyédriques et u a�ne dans
ha
un de 
es sous domaines3. dans 
ertains 
as parti
uliers, elle donne le 
lassique s
héma à deux points,4. elle est symétrique et 
oer
ive par rapport à une norme dis
rète adéquate, etla preuve de la 
onvergen
e en dé
oule.A partir de 
ette famille, on a 
réé un s
héma dit Dioptre qui permet de répondreaux 
ara
téristiques re
her
hées ave
 en plus un sten
il 
ompa
t dans le 
as de63



Chapitre IV. Une famille de s
hémas volumes �nis symétriquesmaillages pas trop déformés (en un sens in
luant le tenseur de di�usion), par exempledans le 
as de maillages quadrilatéraux pas trop déformés, il mène à un s
héma neufpoints. Ce dernier a ses in
onnues aux 
entres des mailles, répond à notre re
her
heen 
ombinant les avantages du s
héma multi-points MPFA O et les s
hémas hybrides,respe
te les hétérogénéités de la matri
e de di�usion, et présente des propriétés de
oer
ivité et de 
onvergen
e. Un paramètre ajustable permet d'augmenter le poidsdes �ux à deux points dans le s
héma, 
e qui peut permettre d'améliorer la monotoniedu s
héma. Le s
héma est basé sur l'utilisation de points à l'interfa
e entre milieuxde matri
es de di�usion di�érentes, où la formule de la moyenne harmonique estutilisable.IV.1 The Finite Volume S
hemeHypothesis 8 Let D be a dis
retization mat
hing De�nition II.2.1. We furthersuppose that(H1) {σ ∈ EK , K ∈ T } ⊂ F .(H2) for all K ∈ T , there exists SK, a �nite family of non empty 
onnex opendisjoint subset of K (the sub-
ells of K) su
h that ∪κ∈SK
κ = K and for all κ ∈ SK ,there exists Eκ a subset of Eint,K ∪ EK su
h that ∂κ = ∪σ∈Eκσ (see �gure IV.1).(H3) For all κ ∈ SK , K ∈ T , there exists xκ ∈ κ su
h that κ is stri
tly star-shaped with respe
t to xκ.(H4) We assume that there exists a real C > 0 independent of the dis
retization

D su
h that for all σ ∈ F , for all ϕ ∈ Q, |Πσ(PFϕ) − ϕ(xσ)| ≤ C h2
D, we assumealso that for all K ∈ T , σ ∈ F , σ ⊂ K, there exists a family of real (πσ,L)L∈NK∪{K}∪

(πσ,σ′)σ′∈EK∩Eext su
h that ∑

L∈NK∪{K}
πσ,L +

∑

σ′∈EK∩Eext

πσ,σ′ = 1 and for all v ∈ HD,F ,
Πσv =

∑

L∈NK∪{K}
πσ,L vL.Additional notations : Under Hypothesis 8, for all σ ∈ Eκ, κ ∈ SK , K ∈ T ,we denote nκ,σ the unit ve
tor normal to σ outward to κ and dκ,σ the Eu
lideandistan
e from xκ to σ. For all σ ∈ Eint,K∪EK , we denote by SK,σ = {l ∈ SK , σ ∈ El},then either SK,σ has exa
tly one element and then σ ∈ EK or SK,σ has exa
tly twoelements and then σ ∈ Eint,K . For all K ∈ T , for all σ ∈ EK with SK,σ = {κ}, we set

dK,σ = dκ,σ and for all σ ∈ Eint,K with SK,σ = {κ, l}, we set dK,σ = min(dκ,σ, dl,σ).We de�ne the �nite volume s
heme whi
h is based on a variational formulationon the spa
e HD,F using the dis
rete gradient for ea
h sub-
ell κ ∈ SK , K ∈ Tde�ned by 64
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ells of K built from Eint,K .Let us now de�ne the bilinear form aD on HD,F ×HD,F by
aD(u, v) =

∑

K∈T

∑

κ∈SK

(
mκ(∇Du)κ · ΛK(∇Dv)κ + ακ

∑

σ∈Eκ

mσ

dκ,σ

Rκ,σ(u)Rκ,σ(v)

)[IV.1℄for all (u, v) ∈ HD,F ×HD,F , with
ΛK =

1

mK

∫

K

Λ(x)dx,for all K ∈ T . In (IV.1), the residual fun
tions Rκ,σ are de�ned for all u ∈ HD,F ,for all σ ∈ Eκ, κ ∈ SK , K ∈ T , by
Rκ,σ(u) = uσ − uK − (∇Du)κ · (xσ − xK), [IV.2℄where the parameters ακ are real su
h that

0 < µ0 ≤ ακ ≤ γ0 [IV.3℄The subsequent analysis will readily extends to more general framework but we keepto the s
alar term for the sake of simpli
ity in the notations.The dis
retization of (II.5) on D is de�ned by the following dis
rete variationalformulation: �nd uD ∈ HD,F ,K su
h that
aD(uD, v) =

∫

Ω

f(x)PT v(x)dx for all v ∈ HD,F ,K. [IV.4℄Let us show that the variational formulation (IV.4) is equivalent to a �nite volumes
heme.Proof. 65



Chapitre IV. Une famille de s
hémas volumes �nis symétriquesFirstly, for all u ∈ HD,F , we seek a family (Gκ,σ(u))σ∈Eκ,κ∈SK ,K∈T su
h that,
∑

K∈T

∑

κ∈SK

∑

σ∈Eκ

Gκ,σ(u)(vσ − vK) = aD(u, v) [IV.5℄for all v ∈ HD,F . From the de�nitions of the bilinear form aD (IV.1), we 
an dedu
e,
Gκ,σ(u) = ΛK(∇Du)κ ·mσnκ,σ + ακ

mσ

dκ,σ
Rκ,σ(u)

− 1

mκ
mσnκ,σ ·

(
∑

σ′∈Eκ

ακ
mσ′

dκ,σ′

Rκ,σ′(u)(xσ′ − xK)

)
.

[IV.6℄We 
an re-write Equation (IV.5) as follows,
aD(u, v) =

∑

K∈T

∑

σ∈EK ,SK,σ={κ}
Gκ,σ(u)(vσ − vK)

+
∑

K∈T

∑

σ∈Eint,K ,SK,σ={κ,l}
(Gκ,σ(u) +Gl,σ(u))(vσ − vK). [IV.7℄For all u ∈ HD,F , we introdu
e the family (GK,σ(u))σ∈EK∪Eint,K ,K∈T de�ned for all

K ∈ T by,
GK,σ(u) = Gκ,σ(u) for all σ ∈ EK with SK,σ = {κ}
GK,σ(u) = Gκ,σ(u) +Gl,σ(u) for all σ ∈ Eint,K with SK,σ = {κ, l}. [IV.8℄Then, we get from (IV.7),

aD(u, v) =
∑

K∈T

∑

σ∈EK∪Eint,K

GK,σ(u)(vσ − vK). [IV.9℄by splitting the set Eint,K into Eint,K ∩ F and Eint,K ∩ F , we dedu
e,
aD(u, v)=

∑

K∈T

∑

σ∈EK∪(Eint,K∩F)

Gκ,σ(u)(vσ − vK) +
∑

K∈T

∑

σ∈Eint,K∩F

GK,σ(u)(Πσv − vK).Using hypothesis 8, we get that for all σ ∈ Eint,K ∩ F , K ∈ T , Πσv − vK =∑

L∈NK

πσ,L(vL − vK)−
∑

σ′∈EK∩Eext

πσ,σ′vK , then we dedu
e,
aD(u, v) =

∑

K∈T

∑

σ∈EK∪(Eint,K∩F)

GK,σ(u)(vσ − vK)

+
∑

K∈T

∑

L∈NK




∑

σ∈Eint,K∩F

πσ,LGK,σ(u)



 (vL − vK)

−
∑

K∈T
vK

∑

σ′∈EK∩Eext




∑

σ∈Eint,K∩F

πσ,σ′GK,σ(u)


 .

[IV.10℄
66



Chapitre IV. Une famille de s
hémas volumes �nis symétriquesFor all L ∈ NK , K ∈ T , we set,
G̃K,L(u) =

∑

σ∈Eint,K∩F

πσ,LGK,σ(u),and for all σ′ ∈ EK ∩ Eext, K ∈ T , we set,
G̃K,σ′(u) =

∑

σ∈Eint,K∩F

πσ,σ′GK,σ(u)then we get,
∑

K∈T

∑

L∈NK




∑

σ∈Eint,K∩F

πσ,LGK,σ(u)


 (vL − vK) =

∑

K∈T

∑

L∈NK

G̃K,L(u)(vL − vK)

=
∑

K∈T

∑

L∈NK

(G̃L,K(u)− G̃K,L(u))vK .[IV.11℄and
∑

K∈T
vK

∑

σ′∈EK∩Eext




∑

σ∈Eint,K∩F

πσ,σ′GK,σ(u)



 =
∑

K∈T
vK

∑

σ′∈EK∩Eext

G̃K,σ′(u). [IV.12℄Sin
e for all σ ∈ Eext, vσ = 0, we get also,
∑

K∈T

∑

σ∈EK

GK,σ(u)vσ =
∑

σ∈Eint,Tσ={K,L}
(GK,σ(u) +GL,σ(u))vσ [IV.13℄Using (IV.10)-(IV.13), we obtain that for all (u, v) ∈ HD,F ×HD,F

aD(u, v) = −
∑

K∈T
vK




∑

L∈NK

FK,L(u) +
∑

σ∈EK∩Eext

FK,σ(u) +
∑

σ∈Eint,K∩F
GK,σ(u)





+
∑

K∈T

∑

σ∈Eint,K∩F
GK,σ(u)vσ

+
∑

σ∈Eint,Tσ={K,L}
(GK,σ(u) +GL,σ(u))vσ, [IV.14℄where for all L ∈ NK , K ∈ T ,

FK,L(u) = G̃K,L(u)− G̃L,K(u) +
∑

σ∈EK∩EL

GK,σ(u) [IV.15℄67



Chapitre IV. Une famille de s
hémas volumes �nis symétriquesand for all σ ∈ EK ∩ Eext,
FK,σ(u) = GK,σ(u) + G̃K,σ(u). [IV.16℄Then, thanks to (IV.14), we dedu
e that the variational formulation (IV.4) isequivalent to the following �nite volume s
heme : Find u ∈ HD,F su
h that for all

K ∈ T ,
∑

L∈NK

FK,L(u) +
∑

σ∈EK∩Eext

FK,σ(u) =

∫

K

f(x) dx, [IV.17℄for all σ ∈ Eint,K ∩ F ,
GK,σ(u) = 0, [IV.18℄and for all σ ∈ Eint, Tσ = {K,L},

GK,σ(u) +GL,σ(u) = 0, [IV.19℄Noti
e that thanks to Equation (IV.19), we get that for all σ ∈ Eint, with Tσ =
{K,L}, FK,L(u) + FL,K(u) = 0 , whi
h 
on
ludes the proof.
�IV.2 Coer
ivity of the s
hemeThe 
oer
ivity of the s
heme is obtained under the mesh regularity assumption.Proposition 4 [
oer
ivity of the s
heme℄ Let D be an admissible dis
retization inthe sense of De�nition II.2.1 we have the 
oer
ivity of the bilinear form aD in thesense that there exists a real C > 0 depending only on ̺1, µ0, α0 and d su
h that

aD(u, u) ≥ C‖u‖2D, [IV.20℄for all u ∈ HD,F .Proof. From de�nition (IV.1) of the bilinear form aD, we have for all u ∈ HD,
aD(u, u) =

∑

K∈T

∑

κ∈SK

(
mκ(∇Du)κ · ΛK(∇Du)κ +

∑

σ∈Eκ

ακ
mσ

dκ,σ

Rκ,σ(u)2

) [IV.21℄Using the following inequality
µ(a− b)2 ≥ 1

2
min(µ, λ)a2 − λb2, for all (a, b, µ, λ) ∈ (R+)4,68



Chapitre IV. Une famille de s
hémas volumes �nis symétriqueswith µ = ακ, a = uσ − uK , b = (∇Du)κ · (xσ − xK) and λ = ρκ a positive real, forany σ ∈ Eκ, κ ∈ SK , K ∈ T . Then, we obtain for all ρκ ≥ 0, κ ∈ SK , K ∈ T , thelower bound,
∑

σ∈Eκ

ακ
mσ

dκ,σ

Rκ,σ(u)
2 ≥ 1

2
min(ρκ, ακ)

∑

σ∈Eκ

mσ

dκ,σ

(uσ − uK)2 − ρκ(∇Du)κ · Aκ(∇Du)κ,[IV.22℄where the square matrix Aκ is de�ned by
Aκ =

∑

σ∈Eκ

mσ

dκ,σ

(xσ − xK)(xσ − xK)t, [IV.23℄and satis�es the bound, thanks to Hypothesis (II.7),
|Aκ| ≤

dmκ

̺2
1

. [IV.24℄Let us 
hoose ρκ su
h that,
ρκ = sup {ρ ∈ R, mκ ΛK − ρAκ ≥ 0} . [IV.25℄Using the upper bound (IV.24), we 
an prove that ρκ de�ned by (IV.25) satis�esthe lower bound

ρκ ≥
̺2

1 α0

d
, [IV.26℄for all κ ∈ SK , K ∈ T . Using (IV.21), (IV.22), (IV.25), (IV.26) we obtain the lowerbound

aD(u, u) ≥ 1

2
min

(
µ0,

̺2
1 α0

d

)
‖u‖2D, [IV.27℄for all u ∈ HD,F , whi
h 
on
ludes the proof.

�IV.3 Consisten
y of the s
hemeLemma 15 [Consisten
y of the dis
rete gradients℄ Let D be an admissible dis-
retization in the sense of De�nition II.2.1, and let us assume that Hypotheses 8holds. Let ϕ be a given fun
tion in Q (de�nition of Q in Lemma 3). Then, thereexists C0 > 0 depending only on ϕ, ̺1 and d su
h that for all κ ∈ SK , K ∈ T ,
|(∇DPFϕ)κ −∇ϕ(xK)| ≤ C0 diam(K).69



Chapitre IV. Une famille de s
hémas volumes �nis symétriquesProof. Let σ ∈ Eκ, κ ∈ SK , K ∈ T and ϕ ∈ Q be given. For all σ ∈ Eκ ∩ F ,let us set ǫK,σ = ϕ(xσ) − ϕ(xK) − ∇ϕ(xK) · (xσ − xK) and for all σ ∈ Eκ\F ,
ǫK,σ = Πσ(PFϕ)− ϕ(xK)−∇ϕ(xK) · (xσ − xK). Thanks to the fourth property ofHypotheses 8 and sin
e ϕ ∈ Q, there exists a realMϕ > 0 depending only on ϕ su
hthat,

|ǫK,σ| ≤Mϕ|xσ − xK |2
|∇ϕ(xK)−∇ϕ(xκ)| ≤Mϕdiam(K)

[IV.28℄Sin
e, we have the following property, for all v ∈ R
d, for all κ ∈ SK , K ∈ T ,

∑

σ∈Eκ

v · (xσ − xK) mσnκ,σ = mκv. [IV.29℄Then, thanks to (IV.29) with v = ∇ϕ(xK), we get that,
(∇DPFϕ)κ −∇ϕ(xK) =

1

mκ

∑

σ∈Eκ

ǫK,σ mσnκ,σ.Then, thanks to the �rst estimate (IV.28), (II.7) and sin
e ∑
σ∈Eκ

mσdκ,σ = dmκ, weobtain the bound,
|(∇DPFϕ)κ −∇ϕ(xK)| ≤Mϕ

d

̺1

diam(K), [IV.30℄whi
h 
on
ludes the proof.
�Lemma 16 [Consisten
y of the residual fun
tions℄ Let D be an admissible dis-
retization in the sense of De�nition II.2.1, and let us assume that hypotheses 8holds. Let ϕ be a given fun
tion in Q. Then, there exists C1 > 0 depending only on
ϕ, ̺1 and d su
h that for all κ ∈ SK, K ∈ T ,

Rκ,σ(PFϕ) ≤ C1 diam(K)2.Proof. For all σ ∈ Eκ ∩F , let us set ǫK,σ = ϕ(xσ)− ϕ(xK)−∇ϕ(xK) · (xσ − xK)and for all σ ∈ Eκ\F , ǫK,σ = Πσ(PFϕ)− ϕ(xK)−∇ϕ(xK) · (xσ − xK).From the de�nition of the residual fun
tion we have
Rκ,σ(PFϕ) = ǫK,σ − ((∇DPFϕ)κ −∇ϕ(xK)) · (xσ − xK).Thanks to (IV.28) and (IV.30), we dedu
e that there exists Mϕ depending onlyon ϕ su
h that,
Rκ,σ(PFϕ) ≤ |ǫK,σ|+ |(∇DPFϕ)κ −∇ϕ(xK)| |xσ − xK |

≤ Mϕ

(
1 +

d

̺1

)
diam(K)2,70



Chapitre IV. Une famille de s
hémas volumes �nis symétriqueswhi
h 
on
ludes the proof.
�Proposition 5 [Consisten
y of the �ux fun
tions℄ Let D be an admissible dis-
retization in the sense of De�nition II.2.1, and let us assume that hypotheses 8holds. Let ϕ be a given fun
tion in Q. Then, there exists C2 > 0 depending only on
ϕ, ̺1, γ0 and d su
h that for all K ∈ T ,
∀σ ∈ EK ,

∣∣∣∣GK,σ(PFϕ)−mσ

∫
K

Λ(x)∇ϕ(x) dx

mK

·nK,σ

∣∣∣∣ ≤ C2mσdiam(K)

∀σ ∈ Eint,K , |GK,σ(PFϕ)| ≤ C2mσdiam(K)
[IV.31℄where GK,σ is de�ned in (IV.8)Proof. For all K ∈ T , σ ∈ EK with SK,σ = {κ}, sin
e ∑

σ′∈σκ

mσ′dκ,σ′ = dmκ, thenusing (II.7), the lemmata (15) and (16), from (IV.6), we dedu
e that,
|GK,σ(PFϕ)−mσΛK∇ϕ(xK) ·nK,σ| ≤

(
β0C0 + (d+ 1)C1

γ0

̺2
1

)
mσdiam(K). [IV.32℄Then, using (IV.32) and the same arguments as in the lemma (10), we get that thereexists Cϕ > 0 depending only on ϕ su
h that

∣∣∣∣GK,σ(PFϕ)−mσ

∫
K

Λ(x)∇ϕ(x) dx

mK
·nK,σ

∣∣∣∣

≤
(
β0C0 + (d+ 1)C1

γ0

̺2
1

+ Cϕβ0

)
mσdiam(K),whi
h 
on
ludes the �rst part of the proof. For all K ∈ T , σ ∈ Eint,K , with SK,σ =

{κ, l}, using the same arguments as for (IV.32), from (IV.6), we get,
|GK,σ(PFϕ)| = |Gκ,σ(PFϕ) +Gl,σ(PFϕ)|

≤ |Gκ,σ(PFϕ)−mσΛK∇ϕ(xK) · nκ,σ|
+ |Gl,σ(PFϕ)−mσΛK∇ϕ(xK) · nl,σ|

≤ 2

(
β0C0 + (d+ 1)C1

γ0

̺2
1

)
mσdiam(K),whi
h 
ompletes the proof.

� We will present now, two symmetri
 �nite volume s
heme built from the varia-tional formulation IV.4. 71



Chapitre IV. Une famille de s
hémas volumes �nis symétriquesIV.4 VFSYMDuring our resear
h, we have proposed a new family of �nite volume dis
retiza-tion s
hemes. These are based on the dis
rete variational formulation frameworkintrodu
ed in IV.1. The use of a sub-grid, SK , for ea
h 
ell K ∈ T of the meshenables us to obtain �uxes only between 
ells sharing an edge as opposed to the 
ell
entered �nite volume s
heme [43℄ for whi
h �uxes are also de�ned between 
ellssharing only a vertex. The sub-grid, SK of ea
h 
ell K of the mesh is de�ned bythe set of 
ones obtained joining the fa
e σ ∈ EK to the 
ell 
enter xK (see �gureIV.2). For any σ ∈ Eint,K\F , K ∈ T , the linear form Πσ is de�ned as follows, �rst,we express xK in terms of (xL)L∈NK
∪ (xσ)σ∈EK∩Eext and se
ond, we use the same
oe�
ients obtained, to write, for any u ∈ HD,F , Πσ(PFu) in terms of (uL)L∈NK

.The resulting �nite volume s
hemes are 
ell 
entered, symmetri
 and 
oer
ive ongeneral polygonal and polyhedral meshes and anisotropi
 heterogeneous media and
an be proved to be 
onvergent even for L∞ di�usion 
oe�
ients under usual shaperegularity assumptions. Using L type interpolation from [8℄, [7℄ for the de�nition ofthe linear forms (Πσ)σ∈Eint,K\F , K ∈ T as it is done in (III.35), enable us to take intoa

ount large jumps of the di�usion 
oe�
ients. Unfortunately, these properties ondi�
ult anisotropi
 problems are obtained at the expense of larger s
heme and �uxsten
ils. For example, for a 
artesian grid in 2D, the sten
il by 
ontrol volume is 21and in 3D, 81.PSfrag repla
ements
K

K ′

κ

σ (a) ThFigure IV.2: κ ∈ SK (the sub-
ells of the 
ell K).IV.5 A symmetri
 �nite volume s
heme with 
om-pa
t sten
il in R
2In this se
tion, we propose a 
ell-
entred symmetri
 s
heme whi
h 
ombines theadvantages of MPFA (multi point �ux approximation) s
hemes su
h as L or the Os
heme and of hybrid s
hemes: it may be used on general non 
onforming meshes,it yields a 9-point sten
il on two-dimensional quadrangular meshes, it takes into72



Chapitre IV. Une famille de s
hémas volumes �nis symétriquesa

ount the heterogeneous di�usion matrix, and it is 
oer
ive and 
onvergent. Thes
heme relies on the use of spe
ial points, 
alled harmoni
 averaging points, lo
atedat the interfa
es of heterogeneity.Hypothesis 9 We further assume that,
• For all (s, s′) ∈ V × V, Es ∩ Es′ = ∅.
• For all K ∈ T , L ∈ NK, K and L are separated by a hyperplane.
• ∪s∈VEs = ∪K∈T EK.
• For all K ∈ T , {xK} = ∩σ∈Eint,K

σ.IV.5.1 Harmoni
 averaging pointsConsider two domains K and L of R2 with di�erent di�usion matri
es (or perme-abilities) ΛK and ΛL, separated by a hyperplane interfa
e σ, and let xK ∈ K and
xL ∈ L. The harmoni
 averaging point between xK and xL is de�ned as the pointof σ where one may 
ompute the �ux from xK and xL by the 
lassi
al harmoni
averaging formula, for a 
ertain 
lass of regular fun
tions. If ΛK = ΛL, then thispoint is the interse
tion of the line xKxL with the hyperplane interfa
e between thetwo media.Lemma 17 Let σ be a hyperplane of Rd, with d ∈ N⋆ and let K, L be the two openhalf-spa
es with the 
ommon boundary σ. Let ΛK ∈ Md(R) and ΛL ∈ Md(R) betwo given symmetri
 de�nite positive matri
es, let nKL be the unit ve
tor normalto σ oriented from K to L, xK ∈ K and xL ∈ L be given and dK,σ (resp dL,σ) thedistan
e from xK (resp xL) to σ. We write xK = −dK,σnKL + yK with yK ∈ σ,and xL = dL,σnKL + yL, with yL ∈ σ. Let yσ ∈ σ (
alled the harmoni
 averagingpoint) be de�ned by

yσ =
λLdK,σyL + λKdL,σyK

λLdK,σ + λKdL,σ
+

dK,σdL,σ

λLdK,σ + λKdL,σ
(λσ

K − λσ
L), [IV.33℄denoting by λK = nKL · ΛKnKL, λσ

K = (ΛK − λKId)nKL, λL = nKL · ΛLnKL and
λσ

L = (ΛL − λLId)nKL. Then the following harmoni
 averaging formula holds, forall fun
tions u de�ned on Rd, a�ne in K and L, su
h that u is 
ontinuous on σ,and su
h that ΛK∇u|K · nKL = ΛL∇u|L · nKL:
u(yσ) =

λLdK,σu(xL) + λKdL,σu(xK)

λLdK,σ + λKdL,σ
. [IV.34℄73



Chapitre IV. Une famille de s
hémas volumes �nis symétriquesLet us sket
h the proof of the lemma. We denote by GK the gradient of u in K, with
GK = gKnKL + Gσ

K , Gσ
K · nKL = 0 and by GL = gLnKL + Gσ

L, Gσ
L · nKL = 0 thegradient of u in L. The 
ontinuity property of u on σ �rst leads to Gσ

K = Gσ
L = gσand then to

dK,σgK + dL,σgL = u(xL)− u(xK) + (yK − yL) · gσ,and the 
ondition ΛKGK .nKL = ΛLGL.nKL 
an be written gKλK−gLλL = gσ.(λσ
L−

λσ
K). Expressing gK with respe
t to gσ and using u(y) = u(xK) + GK · (y − xK),for all y ∈ σ, allows us to write that
u(y) = u(xK) + dK,σ

λL(u(xL)− u(xK) + (yK − yL) · gσ) + dL,σg
σ · (λσ

L − λσ
K)

λLdK,σ + λKdL,σ

+ (y − yK) · gσ.The point yσ is then de�ned as the unique point y ∈ σ su
h that the pre
edingexpression no longer depends on gσ, and the resulting expression for u(yσ) follows.For all v ∈ HD, K ∈ T , L ∈ NK , we denote by vK,L the values,
vK,L =

λLdK,σuL + λKdL,σuK

λLdK,σ + λKdL,σ
. [IV.35℄IV.5.2 De�nition of the s
hemeFor all K ∈ T , L ∈ NK , we denote by yK,L the harmoni
 averaging point givenby ( IV.5.1), by 
onsidering the two domains K and L and by xK,L the 
entrepoint of K ∩ L. For all K ∈ T , L ∈ NK , we denote by hK,L the point yK,L if

yK,L belongs to the interior of K ∩ L else hK,L = xK,L. We require that for all
K ∈ T , s ∈ VK , σ ∈ Es ∩ EK with Tσ = {K,L}, that hK,L ∈ σ. For all K ∈ T ,
Eint,K = {]xK , hK,L[, L ∈ NK} ∪ {]xK , xσ[, σ ∈ EK ∩ Eext} and the set of sub-
ellsof K, SK is dedu
e from the set Eint,K ∪ EK a

ording to Hypothesis (8)-(H2) (see�gure IV.3).Remark 5 We said that a mesh is not too distorted if for all K ∈ T , L ∈ NK, hK,Lis the harmoni
 averaging point given by ( IV.5.1).For all K ∈ T , σ ∈ Eint,K su
h that σ =]xK , hK,L[ with L ∈ NK ,
• if hK,L is the harmoni
 averaging point given by ( IV.5.1), by 
onsidering thetwo domains K and L, then σ 6= F and for all v ∈ HD,F , Πσv = 1

2
(vK + vK,L)

• else σ ∈ F whi
h means that we have a fa
e unknown.74



Chapitre IV. Une famille de s
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Figure IV.3: Eint,K : the red edges, EK : the bla
k edges and κ ∈ SK , K ∈ T .For all K ∈ T , σ ∈ Eint,K su
h that σ =]xK , xσ′ [ with σ′ ∈ EK ∩Eext, then σ 6= Fand for all v ∈ HD,F , Πσv = 1
2
vKThanks to Lemma 17 and the properties of elements whi
h belong to Q, we 
andedu
e that there exists C > 0 depending only on ϕ, ̺1, ̺2, and Λ su
h that for all

ϕ ∈ Q, σ ∈ Eint,K ∩ F , K ∈ T su
h that σ =]xK , hK,L[ with L ∈ NK ,
|ϕ(hK,L)− (PFϕ)K,L| ≤ C h2

D. [IV.36℄Owing to (IV.36), we get that for all σ ∈ F , there exists C > 0 depending only on
ϕ, ̺1, ̺2, and Λ su
h that for all ϕ ∈ Q,

|ϕ(xσ)−Πσ(PFϕ)| ≤ C h2
D. [IV.37℄
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Chapitre VTests numériques 2D et 3D
Dans 
ette partie, nous avons 
onsa
ré une rubrique traitant des tests numériquesà 
ha
un des s
hémas étudiés dans 
e mémoire. Pour 
haque se
tion de 
e 
hapitre,l'a

ent a été mis sur un s
héma en parti
ulier. Les tests numériques ont été menésdans le but d'étudier la 
onvergen
e des s
hémas et leur robustesse sur des 
as tests2D, 3D synthétisant les di�
ultés que l'on peut ren
ontrer dans nos appli
ations.nous avons étudié le 
omportement des s
hémas vis à vis :
• de l'hétérogénéité, l'anisotropie des tenseurs de di�usion,
• de la résolution des systèmes linéaires de façon itérative 
ar nos 
odes indus-triels utilisent des solveurs itératifs,
• de la 
omplexité des maillages ren
ontrés en modélisation de bassin, de réser-voir et sto
kage du Co2.Les résultats obtenus en terme de de 
onvergen
e L2 de la solution dis
rète, desgradients ou des �ux dis
rets (
v), de robustesse vis à vis , du maillage (mesh) del'hétérogénéité (het), de l'anisotropie (anis) des tenseurs de di�usion et de la résolu-tion itérative des systèmes linéaires (resit) sont résumés dans le tableau 
i-dessous.
v mesh resit het anisO s
heme oui non non oui nonG s
heme oui oui oui oui ouiVFSYM oui oui non oui ouiCG method oui oui oui oui ouiDioptre oui oui � oui oui

77



Chapitre V. Tests numériques 2D et 3DV.1 ImplémentationPour les tests numériques 2D, on a développé un 
ode prototype C++ se basantsur les librairies boost traitant de l'algèbre linéaire dense (www.boost.org) et de lalibrairie Pets
 (www.m
s.anl.gov/pets
) pour résoudre nos systèmes linéaires. Ausein de 
e 
ode, on a développé un langage qui permet une implémentation formelledes s
hémas volumes �nis sous sa formulation variationnelle. En 
e qui 
on
erne lestests numériques 3D, on a développé un 
ode sous Ar
ane qui est une plateformelogi
ielle de développement pour des 
odes de simulation numérique à haute perfor-man
e, pour des ar
hite
tures de ma
hines parallèles à mémoire distribuée.A�n de permettre une implémentation formelle des s
hémas volumes �nis, nousavons 
réé informatiquement une 
lasse Expression 
omposée d'un ensemble de 
ou-ples d'objets dé�nis par une valeur et un objet Inconnue. La 
lasse In
onnue estdé�nie par un mot 
lé et un entier. Le mot 
lé peut prendre deux valeurs ua pourpré
iser que 
'est une in
onnue de fa
e et u pour pré
iser que 
'est une in
onnue demaille. L'entier donne l'indi
e de l'in
onnue de fa
e ou de maille suivant la valeurdu mot 
lé. Pour la 
lasse Expression, on a dé�ni plusieurs méthodes, produitd'un objet Expression par un réel, addition, soustra
tion de deux objets Expression,addition, soustra
tion d'un objet Expression et d'un objet In
onnue, le résultatde 
es méthodes donnant un nouvel objet Expression. On a aussi dé�ni 
ommeméthode le produit de deux objets Expression. Le produit de deux expressions
A = (αi, ai)1≤i≤m, B = (βj , bj)1≤j≤n (ai, bj sont des objets In
onnue et αi, βj sontdes réels) est une expression d'expressions. Pour 1 ≤ j ≤ n, en é
rivant bj sous laforme bj = (µj, lj), où µj ∈ {ua, u} et lj ∈ N∗, le produit A ·B est alors l'expression
{(A∗βj, bj)}1≤j≤n, où les 
ouples dé�nissant 
elle-
i ont pour valeur, une expression,
A ∗ βj et pour objet In
onnue bj . Le produit des expressions A ·B peut être sto
kédans une matri
e, où 
haque ligne 
orrespond à une in
onnue de fa
e ou de maille,
µj, de numéro lj pour un j donné et 
ette ligne est égale à A ∗ βj = {αiβj, ai}1≤i≤m,ainsi les 
olonnes 
orrespondent aux objets In
onnue ai. Prenons l'exemple d'uns
héma volumes �nis utilisant les in
onnues de fa
es. Le s
héma volumes �nis sousformulation variationnelle est donné par :Trouver u ∈ HD s.t. aD(u, v) =

∫

Ω

f PT v dx, Pour tout v ∈ HD. [V.1℄où la forme bilinéaire aD est dé�nie pour tout (u, v) ∈ HD ×HD par,
aD(u, v) =

∑

K∈T

∑

σ∈EK

FK,σ(u)︸ ︷︷ ︸ (vσ − vK)︸ ︷︷ ︸ .

Expr1 Expr2Pour 
onstruire la matri
eA provenant de la forme bilinéaire aD, on par
ourt 
haquemailleK ∈ T , 
haque fa
e de la mailleK, σ ∈ EK , on 
onstruit formellement l'objet78



Chapitre V. Tests numériques 2D et 3DExpression Expr1 du �ux FK,σ(u) donné par la formule du s
héma volumes �nis
onsidéré et l'objet Expression Expr2 du terme vσ − vK , puis en faisant le produitde 
es deux objets, on obtient la 
ontribution du terme FK,σ(u)(vσ − vK) dans lamatri
e A.V.2 3D numeri
al testsCell-Gradient methodIn this se
tion, we propose a 
omparison of the MPFA O, L, G and Cell-Gradient(referred as CG) methods on anisotropi
 heterogenous problems on 
hallengingthree-dimensional grids. Moving from two- to three-dimensional polyhedral meshesadds 
onsiderable di�
ulties. Indeed, all methods 
onsidered here 
an be provedto 
onverge under suitable assumptions on both the permeability tensor and themesh [10,12℄. Su
h assumptions are more easily violated in three spa
e dimensions.The aim of the 
omparison is to numeri
ally evaluate the limitations of ea
h s
hemeand to provide expli
ations based on the theory developped in [10,12,15℄. In order toillustrate the problems under investigation, some preliminary results are provided.To this purpose, the following indi
ators are used: nunkw, the number of unknowns;erl2, the L2 error on the solution; erinf, the L∞ error on the solution; erFl2,the L2 error on the �uxes; nit, the number of (pre
onditioned) GMRes iterationsrequired to solve the linear system.Test 1 The �rst test is run on a sequen
e of squeezed grids. Ea
h of them isobtained from a uniform hexahedral grid in a unit 
ube with step h by squeezing it20 times along the z-axis and adding random perturbation in xy-plane of the orderof h
2.5
. A 2D sli
e of su
h a mesh is shown in Figure V.1. The following analyti
alsolution (with suitable right hand side) is used in the 
onvergen
e study:

u(x, y, z) = sin(πx)sin(πy)sin(πz).Some results are presented in Figure V.2. While the Cell-Gradient s
hemes exhibitse
ond order 
onvergen
e, the L and G s
heme also 
onverge but to a lower order.The 
onvergen
e of the O s
heme seems more problemati
.
Figure V.1: Squeezed and randomly perturbed grid for Test 1
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Chapitre V. Tests numériques 2D et 3D
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CG methodFigure V.2: erl2 (left) and erinf for Test 1.Test 2 The se
ond test deals with a 
omplex mixed mesh in the 
ube [−500; 500]3
ontaining hexahedral, tetrahedral and pyramidal elements (see FigureV.3). Theanaliti
al solution for the 
onvergen
e study (with suitable right hand side) is
u(x, y, z) = sin

( π

1000
x
)

sin
( π

1000
y
)
sin
( π

1000
z
)
. [V.2℄In the �rst series of tests we solve the isotropi
 problem with Λ = I. While a dire
tsolver is used to assess the 
onvergen
e of the s
heme, the pre
onditioned GMResmethod is used to estimate the solvability of the linear systems (see Figure V.4).

Figure V.3: Mixed grid for Tests 2 and 3.
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Figure V.4: erl2 (left) and Niter (right) for Test 280



Chapitre V. Tests numériques 2D et 3DTest 3 In the se
ond series of tests on the mesh family depi
ted in Figure V.3 weuse again solution [V.2℄ with suitable right hand side and
Λ =




1 0 0
0 1 0
0 0 0.1


 .The results of Figure V.5 show 
onvergen
e failure for the G s
heme. Also, for theL s
heme the linear solver systemati
ally fails to rea
h 
onvergen
e.
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G method

CG methodFigure V.5: erl2 (left) and erFl2 (right) for Test 3.V.3 2D Numeri
al testsV.3.1 MPFA OThere are many papers investigating the numeri
al 
onvergen
e properties of theMPFA O s
heme. For example, let us refer to [9℄ for quadrilateral grids in twoand three dimensions, and to [50℄ in two dimensions with dis
ontinuous di�usion
oe�
ients. Also in [13℄, the MPFA O s
heme is 
ompared on 
hallenging twodimensional anisotropi
 test 
ases with two un
onditionally symmetri
 
oer
ive �nitevolume s
hemes whi
h exhibit a more robust 
onvergen
e but at the expense of amu
h larger sten
il.Let us �rst dis
uss the 
oer
ivity 
ondition (A.3) on a few parti
ular remarkable
ases. For all σ ∈ EK ∩ Es let us 
hoose mσ = mσCard(Vσ)
, xK the isobary
enter of theverti
es of the 
ell K and let xσ be the 
enter of gravity of the fa
e σ. Then, forparallelogram and parallelepiped 
ells, the matrix Bs

K is equal to I. In su
h a 
ase,the MPFA O s
heme is symmetri
 and our su�
ient 
ondition of 
oer
ivity (A.3)is always satis�ed. The same result holds for triangles with xσ the bary
enter withweights 2/3 at point s and 1/3 at the se
ond end point of the edge σ. It holds againfor tetrahedrons with xσ the bary
enter with weights 1/2 at point s and 1/4 at thetwo remaining end points of the fa
e σ. 81



Chapitre V. Tests numériques 2D et 3DLet us now 
onsider the 
ase d = 2 with Λ = I, and let σ1 and σ2 be the two edgesshared by a given vertex s of a given 
ell K. For σ = σ1, σ2, we assume that the
ontinuity point xσ is the 
enter of gravity xσ of the edge σ and that mσ = |xσ − s|.Then, the 
ondition λmin(B
s
K + (Bs

K)t) ≥ 2θ is equivalent to |xσ1 − xσ2 | |−−→sxσ1 −−−−→xσ2xK | ≤ 2(1 − θ)ms
K . For example, the trapezoidal mesh shown in Figure V.6

s
σx

xK

a

h
b >aFigure V.6: Example of a trapezoidal mesh.satis�es the 
oer
ivity 
ondition (A.3) if and only if b−a

h
≤ (1 − θ) 3a+b

(b2+h2)1/2 whi
hexhibits the la
k of robustness of the MPFA O s
heme for distorted quadrangularmeshes.Next, let us dis
uss the sharpness of the 
oer
ivity 
riteria on a two dimensionalexample. We solve the anisotropi
 di�usion test 
ase introdu
ed in [28℄ on a familyof skewed quadrangular meshes of the domain Ω = (0, 1)2 of size nx × nx with
nx = 20, 40, 80, 160. The exa
t solution and the expression for the permeability
oe�
ient are given below:

u = sin(πx) sin(πy), K =
1

x2 + y2

[
δx2 + y2 (δ − 1)xy
(δ − 1)xy x2 + δy2

]
. [V.3℄We shall understand that Diri
hlet boundary 
onditions are given on ea
h boundaryedge σ ∈ Eint by u(xσ), and that the for
ing term is equal to −∇ · (K∇u). Theparameter δ is in fa
t the ratio between the minimum and the maximum eigenvalueof K.The 
ontinuity points xσ are the 
enter of gravity of the edge σ and mσ = mσ/2for all s ∈ Vσ, σ ∈ E , and the 
ell 
enter is the isobary
enter of its four verti
es.The mesh nx = 20 is plotted in Figure V.7 as well as the 
onvergen
e of theMPFA O s
heme for di�erent values of δ, where nunkw denotes the number of 
ells

n2
x. We note that the 
onvergen
e seems to be broken for δ = 0.001.In Table V.1 the sharpness of the two 
riteria of 
oer
ivity 
oer
ell(D,Λ), and
oernode(D,Λ) are assessed. For that purpose we also 
ompute the smallest eigen-value of the symmetri
 part of the 
ell 
entered s
heme matrix denoted by
oers
hurmesh(D,Λ), as well as 
oers
hurnode(D,Λ), the non-zero smallest eigen-value of the symmetri
 part of all the 
ell 
entered s
heme submatri
es around ea
hvertex s of the mesh. 82



Chapitre V. Tests numériques 2D et 3DWe note in Table V.1 that the positivity 
riteria 
oer
ell(D,Λ) ≥ 0 and
oernode(D,Λ) ≥ 0 are more restri
tive than the positivity of the 
ell 
entereds
heme around ea
h vertex 
oers
hurnode(D,Λ) ≥ 0 whi
h is a su�
ient 
onditionfor the positivity of the 
ell 
entered �nite volume s
heme but not for the positivityof the hybrid �nite volume s
heme. From Table V.1 and Figure V.7, the 
onvergen
eof the MPFA O s
heme seems to be more 
losely related to the 
oer
ivity of the
ell 
entered s
heme. This is yet to be understood and goes beyond our frameworkbased on the 
oer
ivity of the hybrid formulation.
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Figure V.7: Convergen
e of the L2 error (erl2) for the MPFA O s
heme.
riterion/mesh nx = 10 nx = 40 nx = 80 nx = 160
oer
ell(D,Λ) ≥ 0 0.1 0.14 0.17 0.18
oernode(D,Λ) ≥ 0 0.06 0.09 0.09 0.11
oers
hurnode(D,Λ) ≥ 0 0.012 0.014 0.016 0.02
oers
hurmesh(D,Λ) ≥ 0 0.0055 0.0058 0.0068 0.014Table V.1: Approximate smallest value of δ for whi
h the 
oer
ivity 
riterion ispositive for the di�erent meshes and the various 
riteria.V.3.2 Gs
hemeThe obje
tive of this se
tion is to assess the performan
e of the method des
ribedin Example 2 of the se
tion III.2 on 
hallenging, di�usion problems 
ombining mildor strong anisotropy, heterogeneity and distorted or skewed meshes. For the sake of
ompleteness, a 
omparison is provided against (i) the method of [45, �2.2℄ referedto as Su

ess; (ii) the MPFA O method of [1℄ and (iii) the MPFA L method of [6,7℄,also des
ribed in Example 1 of the se
tion III.2. In the �rst test 
ase, we 
onsider theDiri
hlet problem asso
iated with the following exa
t solution featuring anisotropi
permeability:
ū = sin(πx) sin(πy), Λ = diag(0.1, 1).83



Chapitre V. Tests numériques 2D et 3DIn the se
ond test 
ase, we 
onsider the Diri
hlet problem asso
iated with the fol-lowing exa
t solution featuring heterogeneous anisotropi
 permeability:
ū =





sin(bπx) sin(cπy) if x ≤ δ,

sin(bπδ) sin(cπy) + πb
a1

a2
cos(bπδ) sin(cπy)(x− δ) otherwiseand

Λ =

{
diag(a1, b1) if x ≤ δ,

diag(a2, b2) otherwise,where b = 1
1.7
, c = 1.9, a1 = 1, b1 = 10, a2 = 5, b2 = 1, δ = 0.5. Both testshave been run on (i) a family of Corner Point Geometry basin meshes with erosion(see Figure V.8(a)) and (ii) a family of randomly distorted quadrangular meshes of

(0, 10)× (0, 1) (see Figure V.8(b)).

(a) Basin mesh. The a
tual aspe
t ratio is 10:1(x:y) (b) Randomly perturbed quadrangular meshFigure V.8: Mesh families.The following indi
ators have been 
onsidered: l2err, the L2 error; ergrad,the L2 error on the gradient; nit, the number of pre
onditioned GMRes iterations;nzmat, the number of nonzero matrix entries; umin, the mininum of the dis
retesolution; umax, the maximum of the dis
rete solution. The number of degrees offreedom is denoted by nunkw. Blown up methods with respe
t to one indi
atorare not plotted to keep the s
ale readable. The linear systems have been solvedwith a dire
t solver for the indi
ators l2err, umin, umax and ergrad, whereas theGMRes algorithm from PETS
 [18�20℄ with Hypre BoomerAMG pre
onditioner(see www.llnl.gov/CASC/hypre) has been used for nit. The stopping 
riterionrequired the pre
onditioned residual norm to be smaller than 10−7. As expe
ted,while sometimes displaying better a

ura
y, the Su

ess s
heme of [45, �2.2℄ hasmu
h denser matri
es. 84
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al results for test 
ase 1 on the basin mesh family.
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Chapitre V. Tests numériques 2D et 3DV.3.3 VFSYMThe proposed method has been used to solve all the test 
ases des
ribed in [51℄. Themethod has proved robust with respe
t to the skewdness of the mesh as well aswith respe
t to the heterogeinity and anisotropy of the di�usion tensor. In a few
ases, violations of the dis
rete maximum prin
iple are observed, whose magnituderapidly de
reases when the mesh is re�ned. For the sake of simpli
ity, to 
al
ulatethe indi
ator sum�ux, we do not use the �uxes whi
h derive from the s
heme, butwe use 
onsistent �uxes, F ′

K,σ, for all K ∈ T and σ ∈ EK de�ned as follows
F

′

K,σ(u) =

(
1

mK

∑

σ∈EK

mKσ(∇u)Kσ

)
·m(σ)ΛKnK,σThis will explain the high values of sum�ux in some tests.The linear systems have been solved using PETS
 (see www.m
s.anl.gov/pets
)and Hypre (see www.llnl.gov/CASC/hypre).

• Test 1.1 Mild anisotropy, u(x, y) = 16x(1 − x)y(1 − y), min = 0, max = 1,regular triangular mesh, mesh1i nunkw nnmat sum�ux erl2 ratioerl2 ergrad ratioergrad1_1 56 816 −1.00e+00 1.51e−01 � 3.93e−01 �1_2 224 3736 −3.37e−01 3.74e−02 2.01e+00 1.87e−01 1.07e+001_3 896 15912 −1.47e−01 9.22e−03 2.02e+00 9.23e−02 1.02e+001_4 3584 65608 −7.10e−02 2.28e−03 2.01e+00 4.58e−02 1.01e+001_5 14336 266376 −3.52e−02 5.68e−04 2.01e+00 2.28e−02 1.00e+00o
vl2=2.01, o
vgradl2=1.00i er�x0 er�x1 er�y0 er�y1 er�m1_1 5.21e−02 5.21e−02 5.21e−02 5.21e−02 2.42e−011_2 1.84e−02 1.84e−02 1.84e−02 1.84e−02 6.66e−021_3 8.54e−03 8.54e−03 8.54e−03 8.54e−03 1.82e−021_4 4.27e−03 4.27e−03 4.27e−03 4.27e−03 4.94e−031_5 2.16e−03 2.16e−03 2.16e−03 2.16e−03 1.28e−03i umin umax1_1 8.66e−02 1.03e+001_2 2.08e−02 1.01e+001_3 5.02e−03 1.00e+001_4 1.22e−03 1.00e+001_5 3.02e−04 1.00e+0088

http://www.mcs.anl.gov/petsc
http://www.llnl.gov/CASC/hypre


Chapitre V. Tests numériques 2D et 3D
• Test 1.1 Mild anisotropy, u(x, y) = 16x(1 − x)y(1 − y), min = 0, max = 1,skewed quadrangular mesh,, mesh4_1i nunkw nnmat sum�ux erl2 ratioerl2 ergrad ratioergrad4_1_1 289 5341 −8.78e−01 3.22e−02 � 1.22e−01 �4_1_2 1156 22800 −3.62e−01 5.37e−03 2.58e+00 3.49e−02 1.80e+004_1_3 2601 52397 −2.37e−01 2.48e−03 1.91e+00 1.48e−02 2.12e+004_1_4 4624 94132 −1.78e−01 1.49e−03 1.76e+00 9.83e−03 1.42e+004_1_5 7225 148005 −1.43e−01 1.01e−03 1.77e+00 6.55e−03 1.82e+00o
vl2=1.77, o
vgradl2=1.82i er�x0 er�x1 er�y0 er�y1 er�m4_1_1 5.29e−02 4.84e−02 4.16e−02 5.62e−02 9.70e−024_1_2 2.24e−02 2.08e−02 2.68e−02 1.54e−02 2.18e−024_1_3 1.45e−02 1.36e−02 1.88e−02 1.00e−02 9.59e−034_1_4 1.09e−02 1.03e−02 1.43e−02 7.74e−03 5.52e−034_1_5 8.72e−03 8.30e−03 1.16e−02 6.33e−03 3.45e−03i umin umax4_1_1 2.14e−03 9.84e−014_1_2 6.47e−04 9.98e−014_1_3 2.74e−04 1.00e−004_1_4 1.49e−04 1.00e+004_1_5 9.23e−05 1.00e+00

• Test 1.1 Mild anisotropy, u(x, y) = 16x(1 − x)y(1 − y), min = 0, max = 1,skewed quadrangular mesh,, mesh4_2i nunkw nnmat sum�ux erl2 ratioerl2 ergrad ratioergrad4_2_1 1089 21437 −3.59e−01 6.62e−03 � 3.13e−02 �4_2_2 4356 88592 −1.83e−01 1.35e−03 2.29e+00 1.23e−02 1.34e+004_2_3 9801 201485 −1.23e−01 6.56e−04 1.78e+00 4.88e−03 2.28e+004_2_4 17424 360116 −9.23e−02 4.01e−04 1.71e+00 3.66e−03 1.00e+00o
vl2=1.71, o
vgradl2=1.00i er�x0 er�x1 er�y0 er�y1 er�m4_2_1 2.44e−02 2.46e−02 2.17e−02 1.37e−02 2.12e−024_2_2 1.14e−02 1.12e−02 1.27e−02 8.96e−03 4.92e−034_2_3 7.57e−03 7.40e−03 8.74e−03 6.34e−03 2.24e−034_2_4 5.68e−03 5.57e−03 6.63e−03 4.86e−03 1.42e−0389



Chapitre V. Tests numériques 2D et 3Di umin umax4_2_1 7.16e−04 9.93e−014_2_2 1.61e−04 9.99e−014_2_3 6.75e−05 1.00e−004_2_4 3.67e−05 1.00e−00

• Test 1.2 Mild anisotropy, u(x, y) = sin((1 − x)(1 − y)) + (1 − x)3(1 − y)2,
min = 0, max = 1 + sin 1, regular triangular mesh, mesh1i nunkw nnmat sum�ux erl2 ratioerl2 ergrad ratioergrad1_1 56 816 4.33e−01 3.78e−02 � 1.34e−01 �1_2 224 3736 1.63e−01 1.05e−02 1.84e+00 6.88e−02 9.57e−011_3 896 15912 6.65e−02 2.72e−03 1.95e+00 3.45e−02 9.97e−011_4 3584 65608 2.92e−02 6.89e−04 1.98e+00 1.72e−02 1.00e+001_5 14336 266376 1.36e−02 1.73e−04 1.99e+00 8.57e−03 1.00e+00o
vl2=1.99, o
vgradl2=1.00i er�x0 er�x1 er�y0 er�y1 er�m1_1 7.23e−02 1.37e−02 8.17e−02 5.17e−02 1.11e−011_2 2.72e−02 1.94e−03 3.17e−02 1.75e−02 3.53e−021_3 1.10e−02 1.73e−04 1.32e−02 6.53e−03 9.94e−031_4 4.78e−03 4.66e−05 5.87e−03 2.69e−03 2.78e−031_5 2.21e−03 4.63e−05 2.75e−03 1.20e−03 7.37e−04i umin umax1_1 4.50e−03 1.37e+001_2 1.17e−03 1.59e+001_3 2.96e−04 1.71e+001_4 7.42e−05 1.78e+001_5 1.86e−05 1.81e+00

• Test 1.2 Mild anisotropy, u(x, y) = sin((1 − x)(1 − y)) + (1 − x)3(1 − y)2,
min = 0, max = 1 + sin 1, lo
ally re�ned non-
onforming re
tangular mesh,mesh3i nunkw nnmat sum�ux erl2 ratioerl2 ergrad ratioergrad3_1 40 564 2.03e−01 6.21e−02 � 6.72e−02 �3_2 160 2780 9.86e−02 1.45e−02 2.10e+00 2.69e−02 1.32e+003_3 640 12252 4.64e−02 3.40e−03 2.09e+00 1.01e−02 1.42e+003_4 2560 51356 2.23e−02 8.20e−04 2.05e+00 3.67e−03 1.46e+003_5 10240 210204 1.09e−02 2.01e−04 2.03e+00 1.31e−03 1.48e+00o
vl2=2.03, o
vgradl2=1.48 90



Chapitre V. Tests numériques 2D et 3Di er�x0 er�x1 er�y0 er�y1 er�m3_1 4.74e−02 2.36e−02 4.81e−03 8.98e−02 1.10e−013_2 1.99e−02 1.44e−02 2.16e−03 5.57e−02 3.46e−023_3 8.77e−03 7.10e−03 2.26e−03 2.94e−02 9.70e−033_4 4.05e−03 3.51e−03 1.44e−03 1.51e−02 2.63e−033_5 1.93e−03 1.75e−03 7.95e−04 7.63e−03 7.07e−04i umin umax3_1 1.63e−03 1.65e+003_2 5.05e−04 1.75e+003_3 1.35e−04 1.79e+003_4 3.42e−05 1.82e+003_5 8.59e−06 1.83e+00

(a) mesh2_2 (b) mesh2_3

(
) mesh2_4Figure V.12: Solution plots for test 3
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Chapitre V. Tests numériques 2D et 3D
• Test 3 Oblique �ow, min = 0, max = 1, uniform re
tangular mesh, mesh2i nunkw nnmat sum�ux �uxh0 �uxh12_1 16 180 −7.22e−16 −2.47e−01 2.47e−012_2 64 1012 −1.11e−16 −2.21e−01 2.21e−012_3 256 4692 −2.43e−15 −2.08e−01 2.08e−012_4 1024 20116 −3.51e−15 −2.01e−01 2.01e−012_5 4096 83220 −4.49e−14 −1.97e−01 1.97e−012_6 16384 338452 −3.05e−13 −1.95e−01 1.95e−01i �uyh0 �uyh1 umin umax2_1 −1.86e−01 1.86e−01 −1.75e−01 1.17e+002_2 −1.33e−01 1.33e−01 −1.83e−01 1.18e+002_3 −1.18e−01 1.18e−01 −1.10e−02 1.01e+002_4 −1.08e−01 1.08e−01 −1.18e−02 1.01e+002_5 −1.03e−01 1.03e−01 7.51e−04 9.99e−012_6 −1.01e−01 1.01e−01 −1.00e−03 1.00e+00i ener1 ener22_1 2.13e−01 2.86e−012_2 2.39e−01 2.62e−012_3 2.38e−01 2.50e−012_4 2.42e−01 2.49e−012_5 2.42e−01 2.45e−012_6 2.42e−01 2.44e−01

(a) mesh5 (b) mesh5_regFigure V.13: Solution plots for test 4
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Chapitre V. Tests numériques 2D et 3D
• Test 4 Verti
al fault, min = 0, max = 1, non-
onforming re
tangularmesh, mesh5 i nunkw nnmat sum�ux �uxh0 �uxh15 105 1719 2.54e+00 −4.43e+01 4.63e+015_reg 400 7540 2.45e+00 −4.21e+01 4.44e+01i �uyh0 �uyh1 ener1 ener2 umin umax5 4.95e−01 1.55e−04 4.14e+01 4.41e+01 4.52e−02 9.59e−015_reg 1.71e−01 7.05e−04 4.14e+01 4.21e+01 2.12e−02 9.81e−01

• Test 5 Heterogeneous rotating anisotropy, min = 0, max = 1 , uniformre
tangular mesh, mesh2i nunkw nnmat sum�ux erl2 ratioerl2 ergrad ratioergrad2_1 16 180 −4.19e−01 1.07e+01 � 2.28e+00 �2_2 64 1012 −1.27e−01 1.50e+00 2.83e+00 1.46e+00 6.42e−012_3 256 4692 −1.05e−01 2.20e−01 2.77e+00 7.15e−01 1.03e+002_4 1024 20116 −7.03e−02 3.99e−02 2.47e+00 3.20e−01 1.16e+002_5 4096 83220 −3.55e−02 8.69e−03 2.20e+00 1.06e−01 1.59e+002_6 16384 338452 −1.33e−02 2.05e−03 2.09e+00 2.99e−02 1.83e+00o
vl2=2.09, o
vgradl2=1.83i er�x0 er�x1 er�y0 er�y1 er�m2_1 1.47e+00 4.08e−02 1.47e+00 4.08e−02 1.03e+002_2 1.49e+00 7.18e−03 1.49e+00 7.18e−03 2.94e−012_3 1.41e+00 2.03e−02 1.41e+00 2.03e−02 8.84e−022_4 1.19e+00 1.65e−02 1.19e+00 1.65e−02 2.42e−022_5 7.55e−01 8.58e−03 7.55e−01 8.58e−03 6.29e−032_6 3.16e−01 2.91e−03 3.16e−01 2.91e−03 1.60e−03i umin umax2_1 −1.92e+01 5.38e+002_2 −5.28e+00 1.34e+002_3 −1.39e+00 1.03e+002_4 −3.57e−01 1.00e+002_5 −9.06e−02 1.00e+002_6 −2.28e−02 1.00e+00

• Test 6 Oblique drain, min = −1.2, max = 0, Coarse mesh6 and Fine mesh7oblique meshesi nunkw nnmat sum�ux erl2 ergradC 210 3748 −4.48e−14 8.18e−16 8.93e−15F 230 3976 2.10e−12 3.41e−11 3.65e−0993



Chapitre V. Tests numériques 2D et 3Di er�x0 er�x1 er�y0 er�y1 er�mC 1.04e−15 9.55e−15 2.91e−15 4.16e−16 4.36e−14F 4.40e−11 4.36e−11 2.05e−13 2.07e−13 5.65e−10i umin umaxC −1.15e+00 −5.43e−02F −1.15e+00 −5.43e−02

• Test 7 Oblique barrier, min = −5.575, max = 0.575, 
oarse mesh6 and �nemesh7 oblique meshesi nunkw nnmat sum�ux erl26 210 3748 5.98e−14 1.24e−15i ergrad er�x0 er�x1 er�y0 er�y16 5.10e−14 6.93e−14 1.54e−14 2.33e−15 4.52e−14i er�m umin umax6 1.04e−01 −5.54e+00 5.37e−01

• Test 8 Perturbed parallelograms, min = 0, perturbed parallelogramsmesh mesh8 i nunkw nnmat umin umax8 121 2077 −3.38e − 02 1.12e − 01

• Test 9 Anisotropy and wells, min = 0, Anisotropy and wells mesh9i nunkw nnmat umin umax9 121 2037 −3.69e − 02 1.04e + 00V.3.4 DIOPTREWe tested the s
heme for some of the 
ases des
ribed in the ben
hmark [44℄, inparti
ular those with anisotropy and heterogeneity su
h as tests 
ases 5 and 6 (geo-logi
al barrier and drain), and, as expe
ted, the results are exa
t sin
e the solutionis pie
ewise a�ne in these 
ases. We have also run test 
ase 5 (heterogeneous ro-tating anisotropy). An order 2 of 
onvergen
e is then observed on the L2-norm ofthe unknown. The �nest mesh that we used for this test has 640× 640 grid blo
ks,
omputed within a few minutes on a PC. A dire
t solver 
ould be used, with num-bering the unknowns by the 
lassi
al domain de
omposition strategy (this strategyholds for 9-point sten
ils).We also 
onsider a test 
ase with a mesh inspired form those used in geologi
alstudies (see �gure V.3.4). We take Λ =diag(0.1, 1) and f su
h that the exa
t94



Chapitre V. Tests numériques 2D et 3D

Figure V.14: Example of meshsolution be given by u(x, y) = sin(πx) sin(πy).We get the following results when re�ning the mesh (mesh 1) depi
ted in Figure2: mesh 1 mesh 2 mesh 3 mesh 4 mesh 5
#T 62 302 1357 5363 21031

# hybrid edges 1 3 6 10 17
L2-error 9.15 10−3 3.07 10−3 9.30 10−4 2.66 10−4 6.89 10−5These results 
on�rm the expe
ted numeri
al 
onvergen
e.
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Chapitre VICon
lusion et Perspe
tives
Dans 
e travail de thèse, nous avons présenté plusieurs s
hémas volumes �nis pourle problème de di�usion sur maillages généraux pour des tenseurs hétérogènes etanisotropes. Au vu de nos appli
ations traitant de l'é
oulement de �uides (huile,gaz) en milieux poreux hétérogènes, en simulation de réservoir, sto
kage du Co2 etbassin, les s
hémas de dis
rétisation devaient s'adapter à la 
omplexité géologiquedes milieux poreux (
anaux, érosions, failles). La des
ription pré
ise de 
es milieuxse traduit au niveau du maillage par des 
ellules qui peuvent présenter de grands 
on-trastes de taille entre elles, des interfa
es entre mailles pas né
essairement planes etau niveau des 
ara
téristiques géologiques par des tenseurs hétérogènes, anisotropes.Il fallait don
 des s
hémas de dis
rétisation pour le �ux de pression, de tempéra-ture qui soient pré
is, robustes et peu 
outeux en temps 
al
uls. Nous avons alorsre
her
hé des s
hémas volumes �nis qui présentaient les 
ara
téristiques suivantes :linéarité des �ux en fon
tion des in
onnues, sten
il 
ompa
t des �ux (pour obtenirdes gains en temps 
al
uls), 
onservativité des �ux (
ar on traite des problèmes de
onservation de masse), 
onsistan
e des �ux (pour la pré
ision du s
héma), stabil-ité au sens où la forme bilinéaire dérivant du s
héma volumes �nis soit 
oer
ive(qui est un 
ritère de robustesse du s
héma). Pour 
ertains des s
hémas présentésdans 
e mémoire, la preuve de 
onvergen
e a été donnée sous des hypothèses min-imales : 
'est à dire une hypothèse de 
onsistan
e des �ux véri�ée par les s
hémasvolumes �nis et une hypothèse de stabilité liée à la 
oer
ivité du s
héma, permet-tant d'assurer l'existen
e et l'uni
ité de la solution du s
héma et elle est essentielledans la preuve de 
onvergen
e. Bien que les s
hémas symétriques présentés dans
e mémoire satisfassent pratiquement à toutes 
es propriétés sous uniquement deshypothèses de régularité du maillage, une propriété importante mais qui leur faitdéfaut en général est le sten
il 
ompa
t pour les �ux, 
ela signi�e que seules lespro
hes 
ellules voisines et les fa
es de bords voisines de la fa
e en question inter-viennent dans l'approximation du �ux. En e�et, les bonnes propriétés des s
hémassymétriques présentés dans 
e mémoire sont soit au prix d'un large sten
il 
omme97
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'est le 
as pour le s
héma VFSYM, soit de sévères restri
tions sur le maillage, parexemple sur des maillages triangulaires et tétraédriques, pour des points de 
onti-nuité adéquates, le s
héma MPFA O donne un s
héma symétrique, 
onsistant et
oer
ive, ave
 en plus un sten
il 
ompa
t (
f V.3.1) et pour des maillages pas tropdéformés au sens évoqué dans la remarque 5 où les 
ellules sont séparées par desplans, alors le s
héma DIOPTRE qui est un s
héma symétrique et 
oer
ive, donneun s
héma ave
 un sten
il 
ompa
t. Cependant, la propriété de sten
il 
ompa
t du�ux est très importante pour obtenir des gains 
al
uls signi�
atifs lors de la réso-lution sur ordinateurs à ar
hite
tures parallèles. Notre 
hoix s'est alors porté surdes s
hémas non symétriques qui ont été intégrés dans nos 
odes industriels et 
euxprévus pour être industrialisés. Ces s
hémas présentent des sten
ils 
ompa
ts pourles �ux et satisfont à toutes les propriétés re
her
hées sous des hypothèses de régu-larité du maillage sauf 
elle de stabilité que l'on ne peut obtenir sous des hypothèsesde régularité du maillage. Cette stabilité liée à la 
oer
ivité du s
héma est souventperdue pour des tenseurs très anisotropes. La 
onvergen
e de 
es s
hémas est alorsobtenue sous l'hypothèse de 
oer
ivité que l'on ne peut véri�er que numériquement.Il en ressort que pour des maillages pas trop déformés ou pour des problèmes ave
des tenseurs pas trop anisotropes 
omme 
'est souvent le 
as dans nos appli
ations,les s
hémas non symétriques étudiés dans 
ette thèse sont alors adaptés. En 
e qui
on
erne les s
hémas symétriques, le s
héma DIOPTRE é
rit en 2D, semble être lemieux adapté, 
ependant, sa mise en ÷uvre en 3D, reste une di�
ulté majeure. Lesrésultats originaux apportés dans 
ette thèse sont :
• l'introdu
tion de nouveaux s
hémas
• l'introdu
tion d'un 
adre mathématique pour l'analyse des s
hémas volumes�nis inspiré de 
elui introduit dans [42, 43℄,
• l'extension du résultat de 
onvergen
e obtenu dans [45℄ aux s
hémas nonsymétriques,
• l'introdu
tion d'un nouvel espa
e de fon
tions tests dense dans H1

0 , permettantd'obtenir la véri�
ation de l'hypothèse de 
onsistan
e qui serait impossible àobtenir ave
 l'espa
e de fon
tions tests usuel, C∞
c ou C2

0 ,
• l'obtention d'une estimation d'erreur sans supposer une régularité supplémen-taire de la solution du problème 
ontinu.Dans le tableau 
i-dessous, nous avons fait une synthèse des propriétés des di�érentss
hémas que nous avons proposés lors de 
ette thèse et qui �gurent dans 
e mémoire.98



Chapitre VI. Con
lusion et Perspe
tives2D 3D sten
il 
ompa
t 
oer
ivité symétriqueMPFA O généralisé oui oui oui non nonG s
heme oui oui oui non nonVFSYM oui oui non oui ouiCG method oui oui non non nonDioptre oui non oui oui ouiLes perspe
tives de 
e travail seraient d'étudier les problèmes liés à la monotoniedes s
hémas qui est une propriété re
her
hée dans les appli
ations réservoirs 
ar elle
onditionne le 
hangement de phase au niveau des puits, de voir 
omment 
es s
hé-mas s'ins
rivent dans un problème diphasique a�n d'obtenir un s
héma 
onvergentpour 
e problème.
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Annexe AGradients dis
rets pour les s
hémasMPFA O
Two examples of 
onstru
tion of the gradient (III.6)From Lemma 7, there is only one way to build a gradient (III.6) satisfying the
onsisten
y hypothesis 6 when the 
ardinal qs

K of EK ∩Es is equal to d. On the otherhand, when qs
K > d there are many ways to build su
h gradient. Two examples aregiven in the two subse
tions below.A.1 First 
onstru
tionFor all K ∈ T and s ∈ VK , let us de�ne the square d-dimensional matrix Bs

K by
Bs

K =
1

ms
K

∑

σ∈EK∩Es

mσnK,σ(xσ − xK)t. [A.1℄The gradient (III.6) is de�ned by Bs
Kg

s
K,σ = mσ

ms
K
nK,σ, for all σ ∈ Es ∩ EK , i.e.

(∇Du)
s
K = (Bs

K)−1(∇̃Du)
s
K , [A.2℄assuming that the matrix Bs

K is non-singular. If qs
K is equal to the spa
e dimension

d, and the set of ve
tors (xσ − xK)σ∈EK∩Es spans Rd, the matrix Bs
K is non-singulari� the set of ve
tors (nK,σ)σ∈EK∩Es spans also Rd. For more general meshes, thenon-singularity of Bs

K will be shown in subse
tion A.1 to result from a strongerassumption (A.3) ensuring also the 
oer
ivity of the s
heme. Note however that ifthe set of ve
tors (nK,σ)σ∈EK∩Es does not span Rd, as it may be the 
ase for non-mat
hing meshes, the matrix Bs
K is singular and the present 
onstru
tion does notapply. This 
ase will be taken into a

ount in the se
ond example.101



Annexe A. Gradients dis
rets pour les s
hémas MPFA OAssuming that Bs
K is non-singular, we 
an easily 
he
k that the 
onsisten
yhypothesis 6 is satis�ed.Coer
ivity of the �nite volume s
heme.The main advantage of this 
onstru
tion is that a simple 
ondition 
an be de-rived whi
h ensures the non-singularity of the matri
es Bs

K , the 
oer
ivity 
ondition
oernode(D,Λ) ≥ θD as well as an upper bound for the parameter ̺5 involved inthe stability of the gradient fun
tion ∇Du.This 
ondition imposes the following non-negative lower bound
oer
ell(D,Λ) ≥ θ̄D > 0, [A.3℄on the 
oer
ivity parameter de�ned by
oer
ell(D,Λ) = min
K∈T ,s∈VK

λmin

(
ΛKB

s
K + (ΛKB

s
K)t

2

)
. [A.4℄It 
an be easily 
omputed for any given �nite volume dis
retization D and di�usiontensor Λ.The 
ondition (A.3) ensures that the matri
es Bs

K (A.1) de�ning the dis
retegradients (A.2) are non-singular for all s ∈ VK , K ∈ T as stated in Lemma 19. Toprove this result, we �rst need to state the following lemma.Lemma 18 Let A ∈ Md(R) su
h that λmin(A + At) > 0, then A is a non-singularmatrix and satis�es the estimate
|A−1| ≤ 8

3

1

λmin(A+ At)Proof. We readily have A 6= 0. Let us 
onsider the following estimates
|rA− Id|2 = |(rA− Id)t(rA− Id)| = |(Id − r(At + A)) + r2AtA|,

≤ |Id − r(At + A)|+ |r2AtA| = |Id − r(At + A)|+ r2|A|2.Choosing in the following r =
λmin(A+ At)

4|A|2 ensures that all the eigenvalues of thesymmetri
 matrix Id − r(At + A) are positive, and we have |Id − r(At + A)| =
1− rλmin(A+ At). Hen
e, we have proved the estimate

|rA− Id|2 ≤ 1− 3

(
λmin(A + At)

4|A|

)2

.102



Annexe A. Gradients dis
rets pour les s
hémas MPFA OIt results that |rA− Id| < 1. Then, setting rA = Id + (rA− Id) we 
an obtain that
rA is a non-singular matrix and that the following estimates hold

|(rA)−1| ≤ 1

1− |rA− Id|
=

1 + |rA− Id|
1− |rA− Id|2

≤ 2

1− |rA− Id|2

≤ 2

3

(
4|A|

λmin(A+ At)

)2

,whi
h 
on
ludes the proof.
�Lemma 19 Let D be an admissible dis
retization in the sense of De�nition II.2.1su
h that there exists a real θ̄D > 0 with 
oer
ell(D,Λ) ≥ θ̄D, then for all s ∈ VK,
K ∈ T , the matrix Bs

K is non-singular, and its norm satis�es the following estimate
|(Bs

K)−1| ≤ 4β0

3θ̄D
. [A.5℄Proof. Using the assumption

2 
oer
ell(D,Λ) = λmin(ΛKB
s
K + (ΛKB

s
K)t) ≥ 2 θ̄D > 0and Lemma 18, we dedu
e that the matrix ΛKB

s
K is non-singular as well as thematrix Bs

K . Still from Lemma 18, we have the estimate
|(ΛKB

s
K)−1| ≤ 4

3θ̄D
,whi
h 
on
ludes the proof from the bound |ΛK| ≤ β0.

� The following Lemmae 20 and 6 state respe
tively that the 
ondition (A.3) pro-vides an upper bound for the parameter ̺5 and that it ensures the 
oer
ivity 
ondi-tion 
oernode(D,Λ) ≥ θD.Lemma 20 Let D be an admissible dis
retization in the sense of De�nition II.2.1su
h that there exists a real θ̄D > 0 with 
oer
ell(D,Λ) ≥ θ̄D. Then, we have thefollowing estimate
max

σ∈EK∩Es,K∈Ts,s∈V
m(σ)

ms
K |gs

K,σ|
≥ 3 θ̄D

4 β0

.Proof. The estimate derives from Lemma 19.
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Annexe A. Gradients dis
rets pour les s
hémas MPFA OProposition 6 [
oer
ivity of the s
heme℄ Let D be an admissible dis
retization inthe sense of De�nition II.2.1 su
h that there exists a real θ̄D > 0 with 
oer
ell(D,Λ) ≥
θ̄D. Then, setting θD = 1

2
min

(
µ0,

̺2
1 θ̄DCardFa
e(D)

), we have the lower bound 
oernode(D,Λ) ≥
θD and hen
e the 
oer
ivity of the bilinear form aD

aD(u, u) ≥ θD‖u‖2D, [A.6℄for all u ∈ HD.Proof. Let s be a given vertex of V. From de�nition (III.18) of the bilinear form
aDs, we have for all u ∈ HDs

aDs(u, u) =
∑

K∈Ts

(
ms

K(∇Du)
s
K ·

ΛKB
s
K + (Bs

K)tΛK

2
(∇Du)

s
K

+ αs
K

∑

σ∈EK∩Es

m(σ)

dK,σ
Rs

K,σ(u)
2

)
.

[A.7℄Using the following inequality
µ(a− b)2 ≥ 1

2
min(µ, λ)a2 − λb2, for all (a, b, µ, λ) ∈ (R+)4,with µ = αs

K , a = uσ − uK , b = (∇Du)s
K · (xσ − xK) and λ = ρs

K , we obtain for all
ρs

K ≥ 0 the lower bound
αs

K

∑

σ∈EK∩Es

m(σ)

dK,σ

Rs
K,σ(u)

2 ≥

1

2
min(ρs

K , α
s
K)

∑

σ∈EK∩Es

m(σ)

dK,σ

(uσ − uK)2 − ρs
K(∇Du)

s
K ·As

K(∇Du)
s
K,

[A.8℄where the square matrix As
K is de�ned by

As
K =

∑

σ∈EK∩Es

m(σ)

dK,σ

(xσ − xK)(xσ − xK)t, [A.9℄and satis�es the bound
|As

K | ≤
dms

K

̺2
1

. [A.10℄Let us 
hoose ρs
K su
h that

ρs
K = sup

{
ρ ∈ R, ms

K

ΛKB
s
K + (ΛKB

s
K)t

2
− ρAs

K ≥ 0

}
. [A.11℄104



Annexe A. Gradients dis
rets pour les s
hémas MPFA OUsing the upper bound (A.10), and the lo
al 
oer
ivity assumption (A.3), (A.4), we
an prove that ρs
K de�ned by (A.11) satis�es the lower bound

ρs
K ≥

3

4

̺2
1 θ̄D
d

, [A.12℄for all s ∈ VK , K ∈ T . Using (A.7), (A.8), (A.11), (A.12) we obtain the lowerbound
aDs(u, u) ≥ 1

2
min

(
µ0,

3̺2
1 θ̄D
4d

)
‖u‖2D, [A.13℄for all u ∈ HDs whi
h 
on
ludes the proof.

�A.2 Se
ond 
onstru
tionThis se
ond �nite volume s
heme uses the 
onstru
tion of the gradient (∇Du)
s
K in-trodu
ed in [30℄ for d = 2 and 3. Compared with the previous approa
h, its mainadvantage is to 
over the 
ase of non-mat
hing or lo
ally re�ned grids for whi
h theset of ve
tors (nK,σ)σ∈EK∩Es may not span Rd.For ea
h σ ∈ E , let us denote by Es

K,σ the subset of Es ∩ EK of 
ardinality dde�ned as follows for d = 2 and d = 3. For d = 2, let us set Es
K,σ = Es ∩ EK . For

d = 3, let e1 and e2 be the two edges of the fa
e σ interse
ting the vertex s, and σ1and σ2 be the two fa
es of Es ∩ EK sharing respe
tively the edge e1 and e2 with thefa
e σ. Then, we set Es
K,σ = {σ, σ1, σ2}.For all K ∈ T and s ∈ VK , the gradient (∇Du)s

K is de�ned by
(∇Du)

s
K =

∑

σ∈Es∩EK

mσ dK,σ

d ms
K

∑

σ′∈Es
K,σ

(uσ′ − uK) gs
K,σ,σ′,where {gs

K,σ,σ′, σ′ ∈ Es
K,σ} is the biorthogonal basis of {(xs

σ′ − xK), σ′ ∈ Es
K,σ} su
hthat

(xs
σ′ − xK) · gs

K,σ,σ′′ = δσ′,σ′′for all σ′, σ′′ ∈ Es
K,σ, assuming that the set of ve
tors (xs

σ′ − xK), σ′ ∈ Es
K,σ is free.Note that by 
onstru
tion,∑σ′∈Es

K,σ
v · (xσ′ − xK) gs

K,σ,σ′ = v for any ve
tor v ∈ Rd.It results that the gradient (∇Du)
s
K is 
onsistent in the sense of hypothesis 6.The upper bound of the parameter ̺5 is 
ontrolled in two dimensions by theminimum angle between the two ve
tors (xσ′−xK), σ′ ∈ Es∩EK . In three dimensionsit is 
ontrolled by the minimum angles between a ve
tor of {(xσ′ − xK), σ′ ∈ Es

K,σ}and the two remaining ones. These minimum angles should not tend to zero.105



Annexe A. Gradients dis
rets pour les s
hémas MPFA OFrom Lemma 7, this se
ond approa
h is equivalent to the MPFA O s
hemedes
ribed in [1℄ and [60℄ as soon as qs
K is equal to the spa
e dimension d for all 
ells

K and all verti
es s of the 
ell K. It is always the 
ase in two dimensions d = 2. Ifin addition the set of ve
tors (nK,σ)σ∈EK∩Es spans Rd, then both the �rst and se
ond
onstru
tions are equivalent to the MPFA O s
heme [1℄ and [60℄.The 
oer
ivity 
ondition 
oernode(D,Λ) ≥ θD has to be 
he
ked numeri
ally.The stronger but simpler 
ondition 
oer
ell(D,Λ) ≥ θ̄D 
an also be used when both
onstru
tions mat
h.
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Annexe BQuelques lemmes te
hniques pour les
héma Gs
heme
B.1 Proof of Lemma 3The proof is trivial if Λ ∈ C(Ω) sin
e, in this 
ase, C∞

c (Ω) is 
ontained in Q. Thedi�
ulty 
omes from the possible dis
ontinuities of Λ through the interfa
es of PΩ, inwhi
h 
ase item (iii) of Lemma 3 is not easy to obtain and might impose dis
ontinuityof ∇ϕ through these interfa
es. The proof is made in several steps, following theidea of [34℄: we �rst eliminate the singularities (verti
es if d = 2, verti
es and edgesif d = 3, et
.) of the boundaries of the open sets {Ωi}1≤i≤NΩ
by showing that weonly need approximate fun
tions whi
h vanish around these singularities; then wereason on ea
h Ωi, approximating a given fun
tion by fun
tions having the samevalue on the boundary and vanishing derivatives in the dire
tion Λn; gluing theseapproximations together, we obtain a fun
tion inQ whi
h is 
lose to the initial givenfun
tion.(i) Elimination of the singularities of {Ωi}1≤i≤NΩ

. First of all we noti
e that,sin
e C∞
c (Ω) is dense in H1

0 (Ω), the result of the lemma follows if we prove thatfun
tions in Q approximate, in H1
0 (Ω), any ψ ∈ C∞

c (Ω).Let S be the set of singularities of ∪NΩ
i=1∂Ωi (i.e. a�ne parts of dimension d − 2 orless: the verti
es in dimension d = 2, the verti
es and edges if d = 3, et
.); it isknown that S has a 2-
apa
ity equal to 0 and we 
an therefore �nd a sequen
e offun
tions γn ∈ C∞

c (Rd; [0, 1]) s.t. γn → 0 in H1(Rn) as n → ∞ and, for all n ∈ N,
γn ≡ 1 on a neighborhood of S. If ψ ∈ C∞

c (Ω) and ψn = (1− γn)ψ ∈ C∞
c (Ω), then

ψn → ψ in H1
0 (Ω) and, for all n, ψn ≡ 0 on a neighborhood of S. Hen
e, denotingby C∞

c,S(Ω) the set of fun
tions in C∞
c (Ω) whi
h vanish on neighborhoods of S, theproof of the lemma is 
omplete if we 
an approximate, in H1

0 (Ω), elements of C∞
c,S(Ω)by elements of Q. 107



Annexe B. Quelques lemmes te
hniques pour le s
héma Gs
heme(ii) Redu
tion to a Ωi. Let ψ ∈ C∞
c,S(Ω) and assume that, for all 1 ≤ i ≤ NΩ,there exists a sequen
e ϕi

n ∈ C2(Ωi) whi
h 
onverges to ψ in H1(Ωi) as n→∞ ands.t., for all n ∈ N, ϕi
n = ψ and (Λ∇ϕi

n)|Ωi
·ni = 0 on ∂Ωi. De�ne then ϕn : Ω → Ras the fun
tion equal to ϕi

n on Ωi for all i = 1, . . . , NΩ; sin
e ϕi
n = ϕj

n = ψ on
∂Ωi ∩ ∂Ωj , ϕn is well de�ned and 
ontinuous on Ω, it is C2 on ea
h Ωi, it vanisheson ∂Ω (on whi
h ψ = 0) and the tangential derivatives of ϕn are 
ontinuous throughthe interfa
es of PΩ (for all t parallel to ∂Ωi ∩ ∂Ωj , the values of (∇ϕn)|Ωi

·t and
(∇ϕn)|Ωj

·t on ∂Ωi ∩ ∂Ωj 
an be 
omputed using only the values of ϕi
n = ϕj

n = ψon ∂Ωi ∩ ∂Ωj , and are therefore equal). The 
ontinuity of ϕn a

ross the boundaryof Ωi for ea
h i moreover ensures that ∇ϕn has no singularity on these boundariesand it is therefore simply the fun
tion equal to ∇ϕi
n on Ωi for all i; hen
e, ϕn → ψin H1

0 (Ω). Finally, the �uxes Λ∇ϕn·n are 
learly 
ontinuous through the interfa
esof PΩ sin
e they vanish on either side of ea
h su
h interfa
e ∂Ωi ∩ ∂Ωj .To 
on
lude the proof, it remains to �nd the 
onvenient approximations {ϕi
n}n≥1 of

ψ ∈ C∞
c,S(Ω) on Ωi.(iii) Approximation on Ωi. Let ψ ∈ C∞

c,S(Ω) and let O be an open set 
ontaining
S s.t. ψ ≡ 0 on a neighborhood of O. Let (Fl)1≤l≤r be the fa
es of Ωi (i.e. the a�neparts of ∂Ωi of dimension d− 1); for all 1 ≤ l ≤ r, we denote by nl the unit normalto Fl pointing inside Ωi and we de�ne the C2 fun
tion fl : R× Fl → Rd by

∀t ∈ R , ∀y ∈ Fl , fl(t, y) = y + tΛ(y)nl. [B.1℄If (t, y) ∈ R×Fl and (t′, y′) ∈ R×Fl are s.t. fl(t, y) = fl(t
′, y′) then, sin
e (y−y′)·nl =

0, one has tΛ(y)nl·nl = t′Λ(y′)nl·nl and thus
y − y′ = tΛ(y)nl·nl

(
Λ(y′)nl

Λ(y′)nl·nl
− Λ(y)nl

Λ(y)nl·nl

)
. [B.2℄Letting ε > 0 be smaller than the inverse of the Lips
hitz 
onstant of y → β0

Λ(y)nl

Λ(y)nl·nl(whi
h is well-de�ned sin
e Λ(y)nl·nl > α0 for all y), [B.2℄ 
an happen with y 6=
y′ only if |t| ≥ ε. Hen
e, fl is one-to-one on (−ε, ε) × Fl. We also noti
e that
Λ(y)nl is uniformly transverse to the hyperplane Hl 
ontaining Fl (this is again
Λ(y)nl · nl ≥ α0) and thus that, upon redu
ing ε, the Ja
obian matrix of fl at any
(t, y) ∈ (−ε, ε)× Fl is invertible.Let Vl be an open neighborhood of Fl\O in Fl s.t. dist(Vl, S) > 0; the pre
edingreasoning shows that fl is a C2-di�eomorphism from (−ε, ε)×Vl to fl((−ε, ε)×Vl),an open set in Rd 
ontaining in parti
ular fl({0} × Fl\O) = Fl\O. Sin
e Λ(y)nlpoints inside Ωi (one more time, Λ(y)nl·nl > 0) and dist(Vl, S) > 0, upon redu
ingagain ε if needed, we also see that Ul

def
= fl([0, ε[×Vl) is 
ontained in Ωi and isa neighborhood of Fl\O in Ωi (see Figure B.1 for a representation of some setsappearing in this proof). Moreover, for all x ∈ Ul, if x = fl(t, y) for (t, y) ∈ [0, ε[×Vl108



Annexe B. Quelques lemmes te
hniques pour le s
héma Gs
hemethen dist(x,Hl) = (x − y)·nl = tΛ(y)nl·nl and thus 0 ≤ t ≤ 1
α0

dist(x,Hl). Thisshows that
∀x ∈ Ul , if (t, y) = (fl|[0,ε[×Vl

)−1(x) then |x− y| ≤ β0

α0

dist(x,Hl). [B.3℄Let us de�ne ψl on Ul s.t.
ψl(fl(t, y)) = ψ(y) for all (t, y) ∈ [0, ε[×Vl. [B.4℄

ψl belongs to C2(Ul) and ψl = ψ on Vl (be
ause fl(0, y) = y); derivating [B.4℄ withrespe
t to t, taking t = 0 and using [B.1℄ we also have
0 =

d

dt
(ψl(fl(t, y)))|t=0 = ∇ψl(y)·Λ(y)nl = Λ(y)∇ψl(y)·nl for all y ∈ Vl. [B.5℄As ψ vanishes on a neighborhood of O, there exists a neighborhood Nl of Vl ∩O in

Vl s.t. ψ = 0 on Nl; [B.4℄ then implies ψl = 0 on fl([0, ε[×Nl) whi
h is, fl being adi�eomorphism, a neighborhood in Ul of fl({0} × (Vl ∩ O)) = Vl ∩ O; to sum up,
ψl = 0 on a neighborhood of Vl ∩O in Ul. [B.6℄

Fl

supp(γl
n) ∩ Ωi

Ωi

O

Lines t ∈ [0, ε[→ y + tΛ(y)nl

Ul

Vl

Figure B.1: Various sets appearing in the proof of Lemma 3.For 1 ≤ l ≤ r, we take a sequen
e γl
n ∈ C∞

c (Rd; [0, 1]) s.t., for all n ∈ N, γl
n ≡ 1 ona neighborhood of Fl\O and

γl
n ≡ 0 on {x ∈ R

d , dist(x, Fl\O) ≥ 1/n} and ||∇γl
n||L∞(Rd) ≤ C13n, [B.7℄with C13 not depending on n. If n is large, supp(γl

n)∩Ωi is a 
ompa
t subset of Ul and
γl

nψl 
an therefore be extended to Ωi by 0 outside Ul without loosing smoothness;109



Annexe B. Quelques lemmes te
hniques pour le s
héma Gs
hemewe then de�ne ϕn =
∑r

l=1 γ
l
nψl + (1 −∑r

l=1 γ
l
n)ψ ∈ C2(Ωi). Sin
e ψl = ψ on Vland, for n large enough, γl

n vanishes on ∂Ωi outside Vl, we have ϕn = ψ on ∂Ωi forsu
h n. Still 
onsidering large n, on a neighborhood of Fl\O in Ωi we have γl
n = 1and γk

n = 0 if k 6= l and therefore, on su
h a neighborhood, ϕn = ψl; [B.5℄ thusshows that Λ∇ϕn·n = 0 on ∪r
l=1Fl\O = ∂Ωi\O; sin
e all the γl

nψl and ψ vanish ona neighborhood of ∂Ωi ∩O in Ωi (see [B.6℄), we obviously also have Λ∇ϕn·n = 0 on
∂Ωi∩O, and thus on the whole boundary of Ωi. It remains to prove that ϕn → ψ in
H1(Ωi) as n→∞; in order to a
hieve this, we write ϕn− ψ =

∑r
l=1 γ

l
n(ψl −ψ) anduse [B.3℄, [B.4℄ and the smoothness of ψ to see that, if dist(x, Fl\O) ≤ 1/n, then

|ψl(x)−ψ(x)| ≤ C14/n with C14 not depending on n or x (be
ause x = fl(t, y) with
y ∈ Vl s.t. |x− y| ≤ β0/(α0n)); we infer from [B.7℄ that

||γl
n(ψl − ψ)||L2(Ωi) ≤

C14

n
meas(Ωi)

1/2and
||∇(γl

n(ψl−ψ))||L2(Ωi) ≤ C13C14meas(Ωi ∩ supp(γl
n))

1/2 + ||∇(ψl−ψ)||L2(Ωi∩supp(γl
n)).Sin
e meas(Ωi ∩ supp(γl

n))→ 0 as n→∞, this 
on
ludes the proof that ϕn → ψ in
H1(Ωi).Remark 6 The proof shows that Λ need not be C2 on the whole of ea
h Ωi, onlyon the a�ne parts of ∂Ωi (and the reader 
an 
he
k that the rest of the paper onlyrequires the C1 regularity of Λ on ea
h Ωi).B.2 Proof of Lemma 13Proposition 7 Let D be a generi
 element of a family of dis
retizations mat
hingDe�nition II.2.1 satisfying hypothese (5)-(1). Let ϕ ∈ Q, σ ∈ Eint with Tσ = {K,L}and yσ ∈ σ. Then ∇ϕ(xK)−∇ϕ(xL) 
an be de
omposed as follows:

∇ϕ(xK)−∇ϕ(xL) = µσnK,σ + τσtσ, [B.8℄where |tσ| = 1, tσ·nK,σ = 0 and the reals µσ, τσ verify
|τσ| ≤ C15 [diamL+ diamK] , [B.9℄

µσ = −WK(xL)

dL,σ
+ τσ

tσ·(yσ − xL)

dL,σ
+
WK(yσ)−WL(yσ)

dL,σ
, [B.10℄with

WK(x)
def
= ϕ(x)− ϕ(xK)−∇ϕ(xK)·(x− xK) [B.11℄and C15

def
= max(|ϕ′′|L∞(K), |ϕ′′|L∞(L)) 110



Annexe B. Quelques lemmes te
hniques pour le s
héma Gs
hemeProof. The ve
tor tσ is obviously the normed orthogonal proje
tion of ∇ϕ(xK)−
∇ϕ(xL) on the hyperplane parallel to σ, and the reals µσ, τσ are given by the formulæ

µσ = (∇ϕ(xK)−∇ϕ(xL))·nK,σ, τσ = (∇ϕ(xK)−∇ϕ(xL))·tσ.Sin
e
−WK(xL) +WK(yσ)−WL(yσ) = −ϕ(xL) + ϕ(xK) +∇ϕ(xK)·(xL − xK)

+ϕ(yσ)− ϕ(xK)−∇ϕ(xK)·(yσ − xK)

−ϕ(yσ) + ϕ(xL) +∇ϕ(xL)·(yσ − xL)

= ∇ϕ(xK)·(xL − yσ) +∇ϕ(xL)·(yσ − xL)

= (∇ϕ(xK)−∇ϕ(xL))·(xL − yσ),we 
an use [B.8℄ and the fa
t that (xL − yσ) · nK,σ = dL,σ to re-write µσ under theform
µσ = −WK(xL)

dL,σ

+ τσ
tσ·(yσ − xL)

dL,σ

+
WK(yσ)−WL(yσ)

dL,σ

.The fa
e σ is 
ompletely 
ontained either in one element of the partition PΩ orin an interfa
e of this partition; using then either the regularity of ϕ inside ea
helement of the partition or the 
ontinuity of its tangential derivatives through theinterfa
es of PΩ, we 
an re-write τσ under the form
τσ = (∇ϕ(xK)−∇ϕ(yσ))·tσ + (∇ϕ(yσ)−∇ϕ(xL))·tσand the proof is 
omplete sin
e ϕ is C2 on K and L. �Proposition 8 (Flux �quasi-
ontinuity�) Let D be a generi
 element of a familyof dis
retizations mat
hing De�nition II.2.1, satisfying hypotheses (5)-(1) and ϕ ∈

Q. For all G ∈ G, ∇ϕ(xKG
) is the solution of a linear system of equations of theform
AGYG = BG(ϕT ) + CG(ϕ),where ϕT ∈ HT (Ω) is de�ned by the family {ϕ(xK)}K∈T , AG and BG(ϕT ) are thematri
es de�ned in Lemma 11 and the ve
tor CG(ϕ) veri�es
|CG(ϕ)| ≤ C1 max

K∈TG

diam(K) [B.12℄with C1 > 0 whi
h only depends on ̺1, ̺2, Λ and ϕ.Proof. For a 
ell K, let WK be the fun
tion de�ned by [B.11℄. Sin
e ϕ is
C2 regular on the 
losure of ea
h element of PΩ and sin
e ea
h 
ell is 
ompletely
ontained in one of these elements, there exists C16 > 0 only depending on ϕ s.t.,for all K ∈ T ,

|WK(x)| ≤ C16diam(K)2 for all x ∈ K. [B.13℄111



Annexe B. Quelques lemmes te
hniques pour le s
héma Gs
hemeFor all σ ∈ Eint with Tσ = {K,L} and yσ ∈ σ, we apply Proposition 7 to de
ompose
∇ϕ(xK) − ∇ϕ(xL) (note that the WK(xL) appearing in [B.10℄ is in general not oforder 2 with respe
t to the size of the mesh, sin
e xL 6∈ K and ϕ is not regulara

ross the boundary of some 
ells). Sin
e ϕ ∈ Q, we 
an also write

1

mσ

∫

σ

(Λ∇ϕ)|K(x)·nK,σ dx+
1

mσ

∫

σ

(Λ∇ϕ)|L(x)·nL,σ dx = 0 [B.14℄and, ∇ϕ and Λ being C1 on the 
losure of ea
h 
ontrol volume, we dedu
e from[B.14℄ that the real ζσ(ϕ) = ΛK∇ϕ(xK)·nK,σ + ΛL∇ϕ(xL)·nL,σ veri�es
|ζσ(ϕ)| ≤ C17(diam(K) + diam(L)), [B.15℄where C17 > 0 depends only on ϕ,Λ.Let us now 
onsider G ∈ G, σ ∈ G∩Eint and use these preliminary remarks with

K = KG and L s.t. Tσ = {KG, L}. By de�nition of ζσ(ϕ) and [B.8℄,
(ΛLnL,σ + ΛKG

nKG,σ)·∇ϕ(xKG
) = ΛLnL,σ·∇ϕ(xKG

)− ΛLnL,σ·∇ϕ(xL) + ζσ(ϕ)

= −ΛLnL,σ·nL,σµσ + τσΛLnL,σ·tσ + ζσ(ϕ).Equation [B.10℄ and the de�nition of WKG
(xL) then show

(ΛLnL,σ + ΛKG
nKG,σ)·∇ϕ(xKG

)

=
ΛLnL,σ·nL,σ

dL,σ

(ϕ(xL)− ϕ(xKG
))− ΛLnL,σ·nL,σ

dL,σ

∇ϕ(xKG
)·(xL − xKG

)

+ζσ(ϕ)− ΛLnL,σ·nL,σ

dL,σ
(τσtσ·(yσ − xL) +WKG

(yσ)−WL(yσ)) + τσΛLnL,σ·tσand therefore
(

ΛLnL,σ + ΛKG
nKG,σ +

ΛLnL,σ·nL,σ

dL,σ
(xL − xKG

)

)
·∇ϕ(xKG

) =

ΛLnL,σ·nL,σ

dL,σ
(ϕ(xL)− ϕ(xKG

)) + cσ(ϕ)with cσ(ϕ) = ζσ(ϕ)− ΛLnL,σ ·nL,σ

dL,σ
(τσtσ·(yσ−xL)+WKG

(yσ)−WL(yσ))+ΛLnL,σ·tστσ.If σ ∈ G ∩ Eext, using the de�nition of WKG
(xσ), we have

ΛKG
nKG,σ·nKG,σ

dKG,σ

∇ϕ(xKG
)·(xσ − xKG

) =
ΛKG

nKG,σ·nKG,σ

dKG,σ

(−ϕ(xKG
)) + cσ(ϕ)with cσ(ϕ) = −ΛKG

nKG,σ·nKG,σ

dKG,σ
WKG

(xσ).112



Annexe B. Quelques lemmes te
hniques pour le s
héma Gs
hemeWe dedu
e that ∇ϕ(xKG
) is the solution of the linear system of equations
AGYG = BG(ϕT ) + CG(ϕ),where CG(ϕ) is the ve
tor of Rd de�ned by {cσ(ϕ)}σ∈G. Thanks to (B.15), (B.9) and(B.13), there exists C18 > 0 whi
h only depends on ̺1, ̺2, Λ and ϕ s.t., for all σ ∈ Gwith Tσ = {KG, L}, |cσ(ϕ)| ≤ C18(diam(L)+diam(KG)). The proof is 
omplete. �We are now in a position to prove Lemma 13. Let WK the fun
tion de�ned by[B.11℄ and re
all that [B.13℄ holds. Sin
e (∇DϕT )G

KG
is the solution of the linearsystem [III.29℄ with v = ϕT , we 
an dedu
e from Proposition 8 that ∇ϕ(xKG

) −
(∇DϕT )G

KG
is the solution of the linear system AGZG = CG(ϕ) where the ve
tor

CG(ϕ) satis�es [B.12℄. We obtain
|∇ϕ(xKG

)− (∇DϕT )G
KG
| ≤ C1|A−1

G | max
K∈TG

diam(K). [B.16℄For all σ ∈ G ∩ Eint with Tσ = {KG, L}, thanks to [III.30℄ with v = ϕT , we have
(∇DϕT )G,σ

L = (∇DϕT )G
KG
− RL,σ(ϕT )

dL,σ

nL,σ,where RL,σ(ϕT ) = ϕ(xL)−ϕ(xKG
)− (∇DϕT )G

KG
·(xL−xKG

). Thanks to Proposition7, we 
an dedu
e that
∇ϕ(xL)− (∇DϕT )G,σ

L = ∇ϕ(xKG
) + µσnL,σ − τσtσ − (∇DϕT )G

KG
+
RL,σ(ϕT )

dL,σ
nL,σ

= ∇ϕ(xKG
)− (∇DϕT )G

KG
+
RL,σ(ϕT )−WKG

(xL)

dL,σ

nL,σ

+

(
τσ

tσ·(yσ − xL)

dL,σ

+
WKG

(yσ)−WL(yσ)

dL,σ

)
nL,σ − τσtσ

= ∇ϕ(xKG
)− (∇DϕT )G

KG
+ (∇ϕ(xKG

)− (∇DϕT )G
KG

)·(xL − xKG
)

dL,σ
nL,σ

+

(
τσ

tσ·(yσ − xL)

dL,σ
+
WKG

(yσ)−WL(yσ)

dL,σ

)
nL,σ − τσtσ.Using then [B.16℄, [B.13℄ and [II.7℄, we 
an dedu
e that there exists a real C19 > 0whi
h only depends on ̺1, ̺2, Λ and ϕ s.t.

|∇ϕ(xL)− (∇DϕT )G,σ
L | ≤ C19(1 + |A−1

G |) max
K∈TG

diam(K),and the proof is 
omplete. 113



Annexe B. Quelques lemmes te
hniques pour le s
héma Gs
hemeB.3 Computation of the parameter γ2, (example 2)The alternative 
hoi
e used in the numeri
al examples of � V.3.2 is designed so asto enhan
e the 
oer
ivity of the method. For ea
h group G ∈ G, de�ne the spa
e
HTG

def
= {uK ∈ R, K ∈ TG} endowed with the semi-norm

‖u‖2TG

def
=
∑

K∈TG

∑

σ∈EK∩G

mσ

dK,σ
(γσu− uK)2.For all u, v ∈ HTG

set aTG
(u, v) =

∑
K∈TG

∑
σ∈EK∩G F

G
K,σ(u)(γσv − vK). For ea
h

G ∈ G de�ne
γ2

def
= inf

{u∈HTG
, ‖u‖TG

=1}
aTG

(u, u)The 
omputation of the parameter γ2 requires to evaluate the eigenvalues of a lo
almatrix of Rd×d asso
iated with the bilinear form aTG
, and its 
ost is negligible.Indeed, by 
onservativity of the sub�uxes,

aTG
(u, u) =

∑

σ∈G

∑

K∈Tσ

FG
K,σ(u)(γσu− uK)

=
∑

σ∈G∩Eint,Tσ={KG,L}
FG

KG,σ(u)(uL − uKG
) +

∑

σ∈G∩Eext ,Tσ={KG}
FG

KG,σ(u)(γσu− uKG
)Sin
e for all σ ∈ Eint with Tσ = {KG, L}, we have uL−uKG

=
dKG,σ+dL,σ

dKG,σ
(γσu−uKG

),if we let dσ = dKG,σ + dL,σ for all σ ∈ Eint with Tσ = {KG, L} and dσ = dKG,σ for all
σ ∈ Eext, then we 
an dedu
e that

aTG
(u, u) =

∑

σ∈G

dσ

dKG,σ

FG
KG,σ(u)(γσu− uKG

).Now, by [III.29℄, FG
KG,σ(u) depends linearly on {uL − uKG

}L∈TG\{KG} (and uKG
if

σ ∈ Eext), and it 
an therefore be written as
FG

KG,σ(u) =
∑

σ′∈G

aG
σ,σ′

dσ′

dKG,σ′

(γσ′u− uKG
)where {aG

σ,σ′}σ,σ′∈G×G is a family of reals. We obtain that
aTG

(u, u) =
∑

(σ,σ′) ∈G×G

dσ

dKG,σ

dσ′

dKG,σ′

aG
σ,σ′(γσ′u− uKG

)(γσu− uKG
).We denote byXG(u) the ve
tor of size d de�ned by the family{√

dσmσ
dKG,σ

(γσu− uKG
)
}

σ∈Gand by AG the matrix of size d de�ned by the family of reals {√ dσdσ′

mσmσ′ a
G
σ,σ′

}

σ,σ′∈G×G

.114



Annexe B. Quelques lemmes te
hniques pour le s
héma Gs
hemeThen, we 
an write aTG
(u, u) under the form
aTG

(u, u) = (AGXG(u)) ·XG(u)or again,
aTG

(u, u) =

(
AG + (AG)t

2
XG(u)

)
·XG(u) [B.17℄where (AG)t is the transpose matrix of AG. From (B.17), we dedu
e that γ2 is thesmallest eigenvalue of the matrix AG+(AG)t

2
be
ause the Eu
lidean norm of the ve
tor

XG(u) is exa
tly equal to ‖u‖TG
. For a given ǫ > 0, let

{
gǫ(x) = ǫ2

ǫ−x
if x < 0,

gǫ(x) = x+ ǫ otherwise,and, for all G ∈ G, de�ne βG = gǫ(γ2). The weights are de�ned as
θG

σ =
βG

∑
G′∈Gσ

βG′
∀G ∈ G, ∀σ ∈ G.Therefore, for a givenG ∈ G, the larger γ2, the more the sub�uxes {FG

K,σ}K∈TG, σ∈EK∩Gwill 
ontribute to the global �uxes {FK,σ}K∈T , σ∈EK∩G. In the numeri
al tests of� V.3.2 we have taken ǫ = 0.1.
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Annexe CSynthèse entre méthode Galerkindis
ontinu et volumes �nis
RésuméDans 
e 
hapitre, nous proposons un 
adre uni�é d'analyse regroupant un éven-tail de méthodes de dis
rétisations non 
onformes pour des opérateurs de di�usionhétérogènes anisotropiques sur maillages généraux. L'analyse repose sur deux outilsd'analyse dis
rète d' espa
es de fon
tions polyn�miaux par mor
eaux, à savoir uneinégalité dis
rète de Sobolev-Poin
aré et un théorème dis
ret de Relli
h.Les 
onditions de 
onvergen
e sont regroupées en sept hypothèses, 
ha
une d'elle
ara
térisant un ingrédient essentiel de l'analyse. On montre dans 
ette partie queles s
hémas volumes �nis aussi bien que les méthodes de Galerkin Dis
ontinu les plus
ommunes s'ins
rivent dans 
et analyse. Un nouveau s
héma volume �ni 
entré estégalement présenté.Preliminary Several methods have been developed through the years to solvethe single phase Dar
y equation, often of non-
onforming type. A 
ru
ial ingredientis a robust dis
retization of heterogeneous anisotropi
 di�usion operators. Indeed,strong anisotropy and heterogeneity are usually present in problems of pra
ti
al in-terest, thus demanding an approa
h robust with respe
t to both. Moreover, even forsimple domains, the low regularity of the di�usion 
oe�
ient may a�e
t the regular-ity of the solution itself. It is thus important for a dis
retization method to ensure
onvergen
e to minimal regularity solutions, i.e. solutions belonging to the naturalfun
tion spa
es in whi
h the weak formulation of the PDE is set. Furthermore, itis often desirable to handle general non
onforming meshes, both be
ause end-usersmay have little or no 
ontrol over the mesh and be
ause lo
al grid re�nement 
ouldbe required.In this work, we have proposed a uni�ed analysis framework en
ompassing a117



Annexe C. Synthèse entre méthode Galerkin dis
ontinu et volumes �niswide range of non-
onforming methods whi
h respond to the above requirements.In parti
ular, both Finite Volume (FV) and dis
ontinuous Galerkin (dG) methodswill be shown to �t in the framework. Although the analogies between these twofamilies of dis
retization methods have often been highlighted, the present uni�edanalysis is, to the best of our knowledge, new.Finite Volume methods have been widely employed in industrial appli
ationsbe
ause of simpli
ity of implementation, 
loseness to physi
al intuition and redu
ed
omputational 
ost. In re
ent years, these methods have known an impetuous de-velopment thanks to both empiri
al and theoreti
al works. In parti
ular, the 
on-vergen
e analysis of FV methods has been dealt with by Eymard, Gallouët, Herbinand 
o-authors (see e.g. [42, 45℄), who have derived new dis
rete fun
tional analy-sis tools allowing to prove the 
onvergen
e to minimum regularity solutions. Thedis
rete analysis framework above has been used for a variety of FV methods ap-plied to linear or non-linear problems (see e.g. [15, 47℄). Within the framework ofMimeti
 Finite Di�eren
e approximations, redu
ed-
ost methods on general mesheshave also been developed. These methods rely on di�erent dis
rete analysis toolsthan the ones used here, and we refer to [24�26℄ for a uni�ed analysis.Dis
ontinuous Galerkin methods were introdu
ed over thirty years ago to ap-proximate hyperboli
 and ellipti
 PDEs (see e.g. [17, 38℄ for a histori
al perspe
-tive), and they have re
eived extensive attention over the last de
ade. Up to now,
onvergen
e analysis has relied on 
lassi
al Finite Element tools, yielding asimp-toti
al order estimates but requiring regularity assumptions on the exa
t solution(see e.g. [17, 33, 38�40℄). In a re
ent work [32℄, Di Pietro and Ern have extendedthe dis
rete analysis tools presented in [45℄ to pie
ewise polynomial fun
tion spa
eson general meshes. By means of su
h tools, the 
onvergen
e analysis of dG dis-
retization of both linear and non-linear problems 
an be performed in the spiritof [45℄.In this work we further extend the above results by proposing an abstra
t set ofproperties ensuring the 
onvergen
e of a dis
retization method to minimal regularitysolutions. The analysis framework proposed relies on the dis
rete fun
tional analysisresults of [32, 45℄, where the authors introdu
e dis
rete W 1,p norms whi
h satisfydis
rete Sobolev inequalities and dedu
e a 
ompa
tness result for bounded sequen
esin su
h norms using the Kolmogorov 
riterion (see, e.g., [23, Theorem IV.25℄). Inorder to use the 
ompa
tness results for sequen
es in pie
ewise polynomial spa
es,we shall assume that, whatever the ve
tor spa
e Vh in whi
h the solution is sought,a re
onstru
tion operator on a suitable pie
ewise polynomial spa
e is available. Thekey ideas of the analysis 
an be summarized as follows:(i) Vh, is equipped with a norm ‖ · ‖Vh
whi
h, for all vh ∈ Vh, 
ontrols thedis
reteH1 norm of the pie
ewise polynomial re
onstru
tion of vh. As a 
onsequen
e,bounded sequen
es in the ‖ · ‖Vh

norm yield bounded sequen
es in the dis
rete H1norm; 118



Annexe C. Synthèse entre méthode Galerkin dis
ontinu et volumes �nis(ii) an a priori estimate on the dis
rete solution is derived allowing to infer thestrong 
onvergen
e of a subsequen
e of (re
onstru
tion of) dis
rete solutions to afun
tion u ∈ L2(Ω);(iii) the 
onstru
tion of a dis
rete gradient weakly 
onverging to ∇u in [L2(Ω)]dallows to prove that the limit u a
tually belongs to H1
0 (Ω);(iv) the 
onvergen
e of the s
heme is �nally proved testing against a dis
reteproje
tion of a smooth fun
tion belonging to some 
onvenient dense subspa
e, say

C∞
c (Ω).Sin
e the exa
t solution is unique, the 
onvergen
e of the whole sequen
e of dis
reteapproximations is dedu
ed. Moreover, stronger 
onvergen
e results on the dis
retegradient 
an be derived using the dissipative stru
ture of the problem for bothsymmetri
 and non-symmetri
 s
hemes.Besides providing a means to analyze existing methods and to develop new ones,the above framework ensures the 
onvergen
e of arbitrary 
ompositions of 
ompliantmethods. This 
an be parti
ularly useful when one wishes to use a more a

uratebut expensive methods on a sele
ted region of the domain along with a less a

uratebut faster method elsewhere.This 
hapter is organized as follows. �C.1 introdu
es the abstra
t framework,in
luding the assumptions on the mesh family as well as the properties requiredto prove 
onvergen
e of a method. The latter are grouped into seven Hypotheses,ea
h of them 
hara
terizing one salient ingredient of the analysis. The main resultis Theorem C.1.2. �C.2 show some examples of methods whi
h �t in the abstra
tanalysis framework. In parti
ular � III.2.1 presents a sele
tion of dG methods robustwith respe
t to the heterogeneity and anisotropy of the di�usion tensor; � III.2.2deals with a new 
ell-
entered �nite volume method; � III.2.3 investigates a hybridFV method using both 
ell- and fa
e-unknowns. For all the methods, a pre
isede�nition possibly in
luding further assumptions on the mesh family is followed bythe veri�
ation of Hypotheses 10-16.C.1 Abstra
t analysis frameworkIII.1.1 Model problem and settingLet Ω ⊂ Rd, N ∋ d ≥ 1, be a bounded polygonal domain and 
onsider the followingmodel problem: {

−∇·(ν∇u) = f, in Ω,

u = 0, on ∂Ω, [C.1℄where ν ∈ [L∞(Ω)]d×d is s.t. (su
h that), for a.e. (almost every) x ∈ Ω, ν(x) issymmetri
 and its spe
trum {λi(x)}di=1 is s.t. 0 < λ ≤ λi(x) ≤ λ <∞. In weak119



Annexe C. Synthèse entre méthode Galerkin dis
ontinu et volumes �nisformulation, problem [C.1℄ reads: Find u ∈ H1
0 (Ω) s.t.

a(u, v) = (f, v)L2(Ω), ∀v ∈ H1
0 (Ω), [C.2℄where L(H1

0 (Ω)×H1
0 (Ω); R) ∋ a(u, v) def

= (ν∇u,∇v)[L2(Ω)]d. The well-posedness ofproblem [C.2℄ is 
lassi
al.Remark 7 The analysis 
an be easily extended to f ∈ Lr(Ω) with r ≥ 2d
d+2

if d ≥ 3and r > 1 if d = 2; see [32℄ for the details in the 
ase of dG methods. Thisrequires more general Sobolev inequalities than the one of Hypothesis 21, whi
h areproved in [32, 45℄. Also, di�erent boundary 
onditions 
an be handled with minormodi�
ations, but we have de
ided to sti
k to the homogeneous Diri
hlet problem for
larity of presentation.The following de�nition 
hara
terizes an admissible mesh family:Dé�nition C.1.1 (Admissible mesh family) LetH be a 
ountable set. The meshfamily {Th}h∈H, is said to be admissible if the following assumptions are satis�ed forall h ∈ H:(i) Th is a �nite family of non-empty 
onnex (possibly non-
onvex) open disjointsets T forming a partition of Ω and whose boundaries are a �nite union of parts ofhyperplanes. The d-dimensional Lebesgue measure and the diameter of the generi
element T ∈ Th will be denoted by |T | and hT respe
tively. The representative lineardimension of the dis
retization will be de�ned as h def
= maxT∈Th

hT ;(ii) ea
h T ∈ Th is a�ne-equivalent to an element of a �nite 
olle
tion of refer-en
e elements;(iii) there is a parameter N∂ independent of h s.t., for all h ∈ H, ea
h T ∈ Thhas at most N∂ fa
es. For all elements T ∈ Th, let FT
h denote the set of fa
es of T .A set F ∈ FT

h of non-zero (d− 1)-dimensional Lebesgue measure |F | is said to be afa
e of T if F is part of a hyperplane and if either F is lo
ated on the boundary of Ω(boundary fa
e) or there is one and only one T ′ ∈ Th s.t. F = FT
h ∩FT ′

h (interfa
e).The diameter of the generi
 fa
e F ∈ Fh will be denoted by hF ;(iv) there is a parameter ̺1 independent of h s.t., for all T ∈ Th,
∑

F∈FT
h

hF |F | ≤ ̺1|T |;The set of boundary fa
es will be denoted by F b
h, whereas the interfa
es will be
olle
ted into the set F i

h. For every F = FT1
h ∩ FT2

h we let µF denote the outwardnormal to T1; for all T ∈ Th and for all F ∈ FT
h , µT

F will denote the outward normalto T . For every F ∈ FT
h ∩F b

h, both µF and µT
F will denote the outward normal to Ω.Further assumptions on the mesh family may be required depending on the method
onsidered, and will be spe
i�ed in the 
orresponding se
tion.120



Annexe C. Synthèse entre méthode Galerkin dis
ontinu et volumes �nisRemark 8 A

ording to De�nition C.1.1, (i) the mesh elements are not supposedto be 
onvex, and the mesh may possibly be non
onforming; (ii) in three spa
e di-mensions, general hexahedra 
an be treated by de
omposing non-plane fa
es in a �xednumber of plane sub-fa
es.Let Th denote an element of an admissible mesh family and let Sh denote a sub-mesh of Th depending on the method at hand. We introdu
e the spa
e of pie
ewisepolynomial fun
tions of total degree less than or equal to N ∋ k ≥ 0,
P k

h (Xh)
def
= {vh ∈ L2(Ω); vh|T ∈ P

k(T ), ∀T ∈ Xh}, Xh ∈ {Th,Sh}.The symbols Vh and Σh denote two ve
tor spa
es asso
iated with Th and Sh re-spe
tively. We assume that Σh = [P kΣ
h (Sh)]

d for a �xed N ∋ kΣ ≥ 0 dependingon the method 
onsidered. Also, in what follows, rV
h : Vh → P kV

h (Th) will denote are
onstru
tion operator onto the pie
ewise polynomial spa
e of degree kV depend-ing on the method at hand (see Hypothesis 10). In parti
ular, for FV methods,
kV = kΣ = 0 whereas kV ≥ kΣ ≥ 0, kV ≥ 1 for dG methods.The symbols . and & will be used in the present se
tion for inequalities that holdup to a positive parameter independent of the mesh size h but possibly dependingon the regularity parameters of the mesh family, on ν, kV and kΣ. More detailedexpressions for these multipli
ative 
onstant will be given for ea
h method in �C.2.Hypothesis 10 (Pie
ewise polynomial re
onstru
tion rV

h ) For a �xed N ∋
kV ≥ 0 depending on the a
tual dis
retization method, there is a re
onstru
tionoperator rV

h : Vh → P kV
h (Th) whi
h maps every element vh ∈ Vh onto a pie
ewisepolynomial fun
tion rV
h vh ∈ P kV

h (Th).We de�ne the following bilinear form
L(Vh × Vh; R) ∋ ah(uh, vh)

def
= (νG(uh), G̃(vh))[L2(Ω)]d + jh(uh, vh), [C.3℄where G ∈ L(Vh; Σh) and G̃ ∈ L(Vh; Σh) are linear gradient re
onstru
tions whoseproperties will be detailed in Hypotheses 12, 13 and 16, whereas jh ∈ L(Vh× Vh; R)is a bilinear form meant to ensure the 
oer
ivity of ah. We fo
us on the followingfamily of approximations for problem [C.2℄: Find uh ∈ Vh s.t.

ah(uh, vh) = (f, rV
h vh)L2(Ω), ∀vh ∈ Vh. [C.4℄III.1.2 Dis
rete Relli
h theoremThe pie
ewise polynomial spa
e P kV

h (Th), kV ≥ 0, must be equipped with a dis
rete
H1 norm ‖ · ‖1,2,h s.t. the following hypothesis is satis�ed:121



Annexe C. Synthèse entre méthode Galerkin dis
ontinu et volumes �nisHypothesis 11 (Compa
tness) Let {ph}h∈H be a sequen
e in P kV
h (Th), kV ≥ 0,bounded in the 
orresponding ‖ · ‖1,2,h norm. Then, the family {ph}h∈H is relatively
ompa
t in L2(Ω) (and also in L2(Rd) taking ph = 0 outside Ω).Norms satisfying Hypothesis 11 will be de�ned in eqs. [C.20℄ and [C.26℄ below.Lemma 21 (Dis
rete Sobolev-Poin
aré inequality) Let {Th}h∈H be a mesh fam-ily 
ompliant with De�nition C.1.1 and let us suppose that Hypothesis 11 holds.Then, for all ph ∈ P kV

h , kV ≥ 0,
‖ph‖L2(Ω) . ‖ph‖1,2,h. [C.5℄Proof. For the sake of simpli
ity, let H = N and hn → 0 as n → ∞. Wepro
eed by 
ontradi
tion. Let us admit that, for all C > 0, there is n ∈ N and

phn ∈ Thn s.t. ‖phn‖L2(Ω) > C‖phn‖1,2,hn. In parti
ular, we 
an take C = n and set
p̃hn

def
= phn/‖phn‖1,2,h, so that

‖p̃hn‖L2(Ω) > n, ‖p̃hn‖1,2,hn = 1. [C.6℄As n in
reases, the L2 norm of p̃hn in
reases, whereas its ‖ · ‖1,2,h norm remainsbounded. A

ording to Hypothesis 11, {p̃hn}n∈N is thus relatively 
ompa
t in L2(Ω),and we 
an extra
t a subsequen
e {p̃hϕ(n)
}n∈N whi
h 
onverges to some p in L2(Ω).As a 
onsequen
e, ‖p̃ϕ(n)‖L2(Ω) → ‖p‖L2(Ω) as n → ∞, whi
h is in 
ontradi
tionwith [C.6℄. � A dire
t proof of the Sobolev-Poin
aré inequality on broken Sobolevspa
es has been given in [16, 22, 45℄; broken Sobolev embeddings have been derivedby Lasis and Süli [56, 57℄ in the Hilbertian 
ase; broken Sobolev embeddings in thenon-Hilbertian 
ase have been re
ently presented in [32℄Hypothesis 12 (‖ · ‖Vh

norm) The ve
tor spa
e Vh is equipped with an inner prod-u
t norm ‖ · ‖Vh
s.t., for all vh ∈ Vh,

‖rV
h vh‖1,2,h . ‖vh‖Vh

, [C.7℄
‖G(vh)‖[L2(Ω)]d + ‖G̃(vh)‖[L2(Ω)]d . ‖vh‖Vh

. [C.8℄Inequality [C.7℄ will be used to derive an estimate for the pie
ewise polynomialre
onstru
tion of the solution in terms of the dis
rete H1 norm ‖·‖1,2,h. This will, inturn, ensure the boundedness of the sequen
e of the re
onstru
ted dis
rete solutionsof [C.4℄ on the mesh family {Th}h∈H, a key ingredient to infer a 
ompa
tness result.Inequality [C.8℄ states that bounded sequen
es in the ‖ · ‖Vh
norm yield boundedsequen
es of gradient approximations in the L2 norm.Hypothesis 13 (Weak 
onvergen
e of G̃) Let {vh}h∈H, be a sequen
e in Vh s.t.

{rV
h vh}h∈H 
onverges to v ∈ L2(Ω) in L2(Rd) (prolonging rV

h vh to zero outside Ω)and {G̃(vh)}h∈H is bounded in the [L2(Rd)]d norm. Then, for all Φ ∈ [C∞
c (Rd)]d,

lim
h→0

∫

Rd

G̃(vh)·Φ = −
∫

Rd

v∇·Φ.122



Annexe C. Synthèse entre méthode Galerkin dis
ontinu et volumes �nisDisposing of a weakly 
onverging gradient allows to prove the following result 
on-
erning the regularity of the limit of a 
onverging sequen
e in Vh:Théorème C.1.1 (Dis
rete Relli
h theorem) Let {vh}h∈H be a sequen
e in Vhbounded in the ‖ · ‖Vh
norm. Then, (i) {rV

h vh}h∈H is relatively 
ompa
t in L2(Ω);(ii) if rV
h vh → v in L2(Ω) as h→ 0, then v ∈ H1

0(Ω).Proof. Owing to the assumptions of the theorem together with [C.7℄, there is
C ∈ R+ s.t.

‖rV
h vh‖1,2,h ≤ ‖vh‖Vh

≤ C, ∀h ∈ H.As a 
onsequen
e, the sequen
e {rV
h vh}h∈H is bounded in the ‖ · ‖1,2,h norm. Owingto Hypothesis 11, it is possible to extra
t a subsequen
e 
onverging to some v in

L2(Ω) and also in L2(Rd) provided we prolong rV
h vh by zero outside Ω. Moreover,[C.8℄ yields, for all h ∈ H,

‖G̃(vh)‖[L2(Ω)]d . ‖vh‖Vh
≤ C.We thus 
on
lude that there exists a τ ∈ [L2(Ω)]d to whi
h the sequen
e {G̃(vh)}h∈H
onverges in [L2(Ω)]d and also in [L2(Rd)]d. On the other hand, the sequen
e

{rV
h vh}h∈H satis�es the assumptions of Hypothesis 13, so that τ = ∇v, whi
h 
on-
ludes the proof. �III.1.3 Estimate on the solutionLet πV

h : C0(Ω)→ Vh denote an interpolator onto Vh whose properties will be de-tailed in Hypotheses 14 and 16. In what follows, πV
h will be applied to fun
tions of

C∞
c (Ω), whi
h is used as a pivot spa
e.Hypothesis 14 (Stabilization jh) The bilinear form jh is symmetri
, positivesemide�nite and 
ontinuous with respe
t to the ‖ · ‖Vh

norm, i.e. ,
jh(uh, vh) . ‖uh‖Vh

‖vh‖Vh
, ∀(uh, vh) ∈ [Vh]

2. [C.9℄Furthermore, the following 
onsisten
y property holds:
lim
h→0

jh(π
V
h ϕ, π

V
h ϕ) = 0, ∀ϕ ∈ C∞

c (Ω). [C.10℄The following Cau
hy-S
hwarz type inequality is an immediate 
onsequen
e of Hy-pothesis 14:
|jh(uh, vh)| . [jh(uh, uh)]

1/2 [jh(vh, vh)]
1/2 . [C.11℄Hypothesis 15 (Coer
ivity of ah) For all vh ∈ Vh, ah(vh, vh) & ‖vh‖2Vh

.123



Annexe C. Synthèse entre méthode Galerkin dis
ontinu et volumes �nisThe 
oer
ivity of the bilinear form ah is an essential ingredient of the analysis, sin
eit allows to obtain an estimate of the solution for use in the dis
rete Relli
h TheoremC.1.1.Lemma 22 (Well-posedness) Problem [C.4℄ is well-posed. Furthermore, its so-lution satis�es the following a priori estimates:
‖rV

h uh‖1,2,h . ‖uh‖Vh
. ‖f‖L2(Ω). [C.12℄Proof. (i) To prove the well-posedness we use the Lax-Milgram lemma. Using[C.8℄ together with [C.9℄ we have, for all (uh, vh) ∈ [Vh]

2,
ah(uh, vh) . λ‖uh‖Vh

‖vh‖Vh
+ ‖uh‖Vh

‖vh‖Vh
. ‖uh‖Vh

‖vh‖Vh
,i.e. , the bilinear form ah is 
ontinuous in Vh. Cau
hy-S
hwarz inequality togetherwith [C.5℄ and [C.7℄ yield, for all vh ∈ Vh,

(f, rV
h vh)L2(Ω) ≤ ‖f‖L2(Ω)‖rV

h vh‖L2(Ω) . ‖f‖L2(Ω)‖rV
h vh‖1,2,h ≤ ‖f‖L2(Ω)‖vh‖Vh

.We 
on
lude using Hypothesis 15. (ii) If uh is the null element of Vh, the estimate istrivially veri�ed. If this is not the 
ase, Hypothesis 15 together with Cau
hy-S
hwarzinequality, [C.5℄ and [C.7℄ yield
‖rV

h uh‖1,2,h‖uh‖Vh
≤ ‖uh‖2Vh

. ah(uh, uh) . ‖f‖L2(Ω)‖uh‖L2(Ω) . ‖f‖L2(Ω)‖uh‖Vh
,thus 
on
luding the proof. �III.1.4 Convergen
eHypothesis 16 (Consisten
y) The following results hold:

‖πV
h ϕ‖Vh

. σϕ, ∀ϕ ∈ C∞
c (Ω), [C.13℄

lim
h→0
‖(rV

h ◦ πV
h )ϕ− ϕ‖L2(Ω) = 0, ∀ϕ ∈ C∞

c (Ω), [C.14℄
lim
h→0
‖∇ϕ−G(πV

h ϕ)‖[L2(Ω)]d = 0, ∀ϕ ∈ C∞
c (Ω), [C.15℄where σϕ > 0 is a parameter depending only on ϕ and on the mesh regularity pa-rameters.The above assumptions ensure that we 
an 
onsistently approximate smooth fun
-tions and their gradients on the dis
rete spa
es at hand. The 
onsisten
y of G statedin [C.15℄ allows to prove the followingLemma 23 (Convergen
e of G) Let {Th}h∈H be a family of admissible meshes.Let uh denote the unique solution of the dis
rete problem [C.4℄ on Th. Then, (i) thereexists ũ ∈ H1

0 (Ω) and a subsequen
e {rV
h uh}h∈H 
onverging to ũ in L2(Ω) as h→ 0;(ii) {G(uh)}h∈H 
onverges to ∇ũ in [L2(Ω)]d.124



Annexe C. Synthèse entre méthode Galerkin dis
ontinu et volumes �nisProof. (i) Thanks to [C.12℄, the sequen
e {rV
h uh}h∈H is bounded in the ‖ · ‖1,2,hnorm. A

ording to Theorem C.1.1, there is a subsequen
e of {rV

h uh}h∈H (stilldenoted with the same symbol) and an element ũ ∈ H1
0 (Ω) s.t. {rV

h uh}h∈H 
onvergesto ũ in L2(Ω) as h→ 0. (ii) Let ϕ ∈ C∞
c and set ϕh

def
= πV

h ϕ. We have that
‖G(uh)−∇ũ‖2[L2(Ω)]d ≤

3
[
‖G(uh)−G(ϕh)‖2[L2(Ω)]d + ‖G(ϕh)−∇ϕ‖2[L2(Ω)]d + ‖∇ϕ−∇ũ‖2[L2(Ω)]d

]
.Let Si, i ∈ {1 . . . 3} denote the terms in the right hand side. Thanks to Hypothesis15 and to the linearity of ah we have that

S1 . ah(uh, uh)− ah(uh, ϕh)− ah(ϕh, uh) + ah(ϕh, ϕh).Owing to [C.4℄, ah(uh, uh) = (f, rV
h uh)L2(Ω) and ah(uh, ϕh) = (f, rV

h ϕh)L2(Ω). As a
onsequen
e,
lim
h→0

ah(uh, uh) = (f, ũ)L2(Ω).Furthermore, using [C.14℄, we 
on
lude that
0 ≤ lim sup

h→0

∣∣ah(uh, ϕh)− (f, ϕ)L2(Ω)

∣∣ ≤ lim sup
h→0

‖f‖L2(Ω)‖rV
h ϕh − ϕ‖L2(Ω) = 0,that is, gathering the above results,

∀ϕ ∈ C∞
c (Ω), lim

h→0
[ah(uh, uh)− ah(uh, ϕh)] = (f, ũ− ϕ)L2(Ω). [C.16℄To estimate the remaining terms, observe that

ah(ϕh, ϕh)− ah(ϕh, uh) = (ν∇ϕ, G̃(ϕh − uh))[L2(Ω)]d

+ (ν(G(ϕh)−∇ϕ), G̃(ϕh − uh))[L2(Ω)]d + jh(ϕh, ϕh − uh).Owing to Hypothesis 13, the term in the �rst line tends to (ν∇ϕ,∇(ϕ− ũ))[L2(Ω)]das h→ 0. The term in the se
ond line 
an be estimated as follows:
∣∣∣(ν(G(ϕh)−∇ϕ), G̃(ϕh − uh))[L2(Ω)]d

∣∣∣ ≤ λ‖G(ϕh)−∇ϕ‖[L2(Ω)]d‖G̃(ϕh − uh)‖[L2(Ω)]d

. ‖G(ϕh)−∇ϕ‖[L2(Ω)]d (‖ϕh‖Vh
+ ‖uh‖Vh

)

. ‖G(ϕh)−∇ϕ‖[L2(Ω)]d (σϕ + ‖uh‖Vh
) ,where we have used Cau
hy-S
hwarz inequality followed by [C.8℄, [C.13℄ and [C.12℄.Sin
e ‖uh‖Vh

is bounded, the right hand side of the above inequality tends to zeroas h→ 0. On the other hand, [C.11℄, [C.13℄ and [C.12℄ yield
|jh(ϕh, ϕh − uh)| ≤ [jh(ϕh, ϕh)]

1/2 [jh(ϕh − uh, ϕh − uh)]
1/2

. [jh(ϕh, ϕh)]
1/2 (‖ϕh‖Vh

+ ‖uh‖Vh
)

. [jh(ϕh, ϕh)]
1/2 (σϕ + ‖uh‖Vh

) ,125



Annexe C. Synthèse entre méthode Galerkin dis
ontinu et volumes �niswhi
h, owing to [C.10℄ and to the boundedness of ‖uh‖Vh
, tends to zero as h → 0.In 
on
lusion,

∀ϕ ∈ C∞
c (Ω), lim

h→0
[ah(ϕh, ϕh)− ah(ϕh, uh)] = (ν∇ϕ,∇(ϕ− ũ))[L2(Ω)]d . [C.17℄Equations [C.16℄ and [C.17℄ yield

∀ϕ ∈ C∞
c (Ω), lim

h→0
S1 = (ν∇ϕ,∇(ϕ− ũ))[L2(Ω)]d + (f, ũ− ϕ)L2(Ω).Using [C.15℄ we immediately 
on
lude that, for all ϕ ∈ C∞

c (Ω), limh→0 S2 = 0.Gathering the above results, for all ϕ ∈ C∞
c (Ω),

lim sup
h→0

‖G(uh)−∇ũ‖2[L2(Ω)]d . (ν∇ϕ,∇(ϕ−ũ))[L2(Ω)]d+(f, ũ−ϕ)L2(Ω)+‖∇ϕ−∇ũ‖2[L2(Ω)]d .Let now {ϕm}m∈N be a sequen
e 
onverging to ũ in H1
0 (Ω) (the existen
e of su
h asequen
e follows from the density of C∞

c (Ω) in H1
0 (Ω)). Using the above bound, we
on
lude that

0 ≤ lim inf
h→0

‖G(uh)−∇ũ‖2[L2(Ω)]d ≤ lim sup
h→0

‖G(uh)−∇ũ‖2[L2(Ω)]d ≤ 0,whi
h proves the assert. �Remark 9 Observe that the passages to the limit for h→ 0 and for m→∞ 
annotbe ex
hanged in the proof. Indeed, the estimates from whi
h [C.14℄ and [C.15℄ areobtained may depend on some norm of ϕ whi
h does not remain bounded as m→∞,e.g. the H2 norm.Théorème C.1.2 (Convergen
e of the method) Let {Th}h∈H be a family of ad-missible meshes. Let uh denote the unique solution of the dis
rete problem [C.4℄ on
Th. Then, (i) the sequen
e {rV

h uh}h∈H 
onverges to the solution of [C.2℄, say u, in
L2(Ω) as h→ 0; (ii) the sequen
e {G(uh)}h∈H 
onverges to ∇u in [L2(Ω)]d.Proof. Thanks to [C.12℄, the sequen
e {uh}h∈H is bounded in the ‖ · ‖Vh

norm.Theorem C.1.1 states that we 
an extra
t a subsequen
e still denoted by {rV
h uh}h∈Hwhi
h 
onverges to an element ũ ∈ H1

0 (Ω) in L2(Ω). Let us fo
us on the above sub-sequen
e. A

ording to Lemma 23, {G(uh)}h∈H 
onverges to ∇ũ in [L2(Ω)]d. Inorder to prove the 
onvergen
e of the method, we have to prove that ũ solves [C.2℄.Let, now, ϕ ∈ C∞
c (Ω) and set ϕh

def
= πV

h ϕ. We have that
ah(uh, ϕh) = (νG(uh), G̃(ϕh))[L2(Ω)]d + jh(uh, ϕh).Using Hypothesis 13 together with Lemma 23 we 
on
lude that

∀ϕ ∈ C∞
c , lim

h→0
(νG(uh), G̃(ϕh))[L2(Ω)]d = (ν∇ũ,∇ϕ)[L2(Ω)]d = a(ũ, ϕ).126



Annexe C. Synthèse entre méthode Galerkin dis
ontinu et volumes �nisOn the other hand, [C.11℄ together with [C.12℄ yield
|jh(uh, ϕh)| ≤ jh(ϕh, ϕh)

1/2jh(uh, uh)
1/2 ≤ jh(ϕh, ϕh)

1/2‖uh‖Vh
. jh(ϕh, ϕh)

1/2‖f‖L2(Ω),whi
h tends to 0 as h→ 0 by virtue of [C.10℄. Moreover,
(f, rV

h ϕh)L2(Ω) = (f, ϕ)L2(Ω) + (f, ϕ− rV
h ϕh)L2(Ω),and, using [C.14℄,

0 ≤ lim sup
h→0

∣∣(f, ϕ− rV
h ϕh)L2(Ω)

∣∣ . lim sup
h→0

‖f‖L2(Ω)‖ϕ− rV
h ϕh‖L2(Ω) = 0,so that, for all ϕ ∈ C∞

c (Ω), (f, rV
h ϕh)L2(Ω) → (f, ϕ)L2(Ω) as h → 0. Thanks to theabove results, and sin
e the uh are solutions of the dis
rete problem [C.4℄, we havethat

a(ũ, ϕ) = (f, ϕ)L2(Ω), ∀ϕ ∈ C∞
c (Ω).Sin
e C∞

c (Ω) is dense in H1
0 (Ω), ũ = u for a.e. x ∈ Ω. Furthermore, problem[C.2℄ has a unique solution, and so the 
onvergen
e property extends to the wholesequen
e. The 
onvergen
e of {G(uh)}h∈H to ∇u is an immediate 
onsequen
e ofLemma 23 together with the uniqueness of the limit. �III.1.5 Symmetri
 methodsIn this se
tion we show how the analysis 
an be simpli�ed for symmetri
 methods.The following theorem repla
es Lemma 23 and Theorem C.1.2:Théorème C.1.3 (Convergen
e of symmetri
 methods) Suppose that the bi-linear form ah is symmetri
, i.e. G̃ = G and let {Th}h∈H be a family of admissiblemeshes. Let uh denote the unique solution of the dis
rete problem [C.4℄ on Th. Then,(i) the sequen
e {rV

h uh}h∈H 
onverges to the solution of [C.2℄, say u, in L2(Ω) as
h→ 0; (ii) the sequen
e {G(uh)}h∈H 
onverges to ∇u in [L2(Ω)]d.Proof. Thanks to [C.12℄, the sequen
e {uh}h∈H is bounded in the ‖ · ‖Vh

norm.Theorem C.1.1 states that we 
an extra
t a subsequen
e still denoted by {rV
h uh}h∈Hwhi
h 
onverges to an element ũ ∈ H1

0 (Ω) in L2(Ω). Let us fo
us on the abovesub-sequen
e. Owing to Hypothesis 13, G̃(uh) weakly 
onverges to ∇ũ in L2. Let
ϕ ∈ C∞

c (Ω) and set ϕh
def
= πV

h ϕ. Observe that
ah(uh, ϕh) = (νG(uh),∇ϕ)[L2(Ω)]d+(νG(uh), G(uh)−∇ϕ)[L2(Ω)]d+jh(uh, ϕh)

def
= S1+S2+S3.Owing to the weak 
onvergen
e of G(uh), S1 → a(ũ, ϕ) as h → 0. Using Cau
hy-S
hwarz inequality together with [C.11℄ we obtain

|S2| ≤ λ‖G(uh)‖[L2(Ω)]d‖G(ϕh)−∇ϕ‖[L2(Ω)]d + [jh(uh, uh)]
1/2[jh(ϕh, ϕh)]

1/2.127



Annexe C. Synthèse entre méthode Galerkin dis
ontinu et volumes �nisThanks to [C.8℄, [C.9℄ and [C.12℄, both ‖G(uh)‖[L2(Ω)]d and [jh(uh, uh)]
1/2 are boundedby ‖f‖L2(Ω) up to a positive multipli
ative 
onstant. Equation [C.15℄ together with[C.10℄ then yield |S2| → 0 as h → 0. Finally, S3 → 0 as h→ 0 by virtue of [C.10℄.In 
on
lusion,

(f, ϕ)L2(Ω) ← (f, ϕh)L2(Ω) = ah(uh, ϕh)→ a(ũ, ϕ),i.e. , ũ = u for a.e. x ∈ Ω sin
e C∞
c (Ω) is dense in H1

0 (Ω). The strong 
onvergen
eof {G(uh)}h∈H follows immediately. �III.1.6 Adjoint methodsLet
a∗h(uh, vh)

def
= (νG̃(uh), G(vh))[L2(Ω)]d + jh(uh, vh).In this se
tion we investigate the 
onvergen
e of the adjoint problem: Find uh ∈ Vhs.t.

a∗h(uh, vh) = (f, rV
h vh)L2(Ω), ∀vh ∈ Vh. [C.18℄Théorème C.1.4 (Convergen
e of adjoint methods) Let {Th}h∈H be a familyof admissible meshes. Let u∗h denote the unique solution of the dis
rete problem[C.18℄ on Th. Then, the sequen
e {rV

h u
∗
h}h∈H 
onverges to the solution of [C.2℄, say

u, in L2(Ω) as h→ 0.Proof. Sin
e also a∗h is 
oer
ive, the sequen
e {uh}h∈H is bounded in the ‖ · ‖Vhnorm. Theorem C.1.1 states that we 
an extra
t a subsequen
e still denoted by
{rV

h uh}h∈H whi
h 
onverges to an element ũ ∈ H1
0 (Ω) in L2(Ω). We shall fo
us ourattention on the above sub-sequen
e. Let ϕ ∈ C∞

c (Ω) and set ϕ def
= πV

h ϕ. We have
a∗h(u

∗
h, ϕh) = (νG̃(u∗h),∇ϕ)[L2(Ω)]d+(νG̃(u∗h), G(ϕh)−∇ϕ)[L2(Ω)]d+jh(u

∗
h, ϕh)

def
= S1+S2+S3.Using Hypothesis 13 it is 
lear that S1 → a(ũ, ϕ) as h → 0. For the se
ond term,using [C.12℄ we have

|S2| ≤ λ‖G̃(u∗h)‖[L2(Ω)]d‖G(ϕh)−∇ϕ‖[L2(Ω)]d,whi
h, owing to [C.15℄, tends to zero as h→ 0. Similarly, using [C.10℄ together with[C.12℄, we 
an prove that |S3| → 0 as h→ 0. We thus have
(f, ϕ)L2(Ω) ← (f, ϕh)L2(Ω) = ah(u

∗
h, ϕh)→ a(ũ, ϕ),i.e. , ũ = u for a.e. x ∈ Ω sin
e C∞

c (Ω) is dense in H1
0 (Ω). This 
on
ludes the proof.
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Annexe C. Synthèse entre méthode Galerkin dis
ontinu et volumes �nisC.2 Some examplesIn this se
tion we present some examples of 
onservative dG and FV methods whi
h�t in the abstra
t framework above. Further examples whi
h are not detailed herein
lude the popular O-method (see, e.g., [1, 15℄). Observe that the 
onvergen
eresults holds also for arbitrary 
ompositions of the methods below.III.2.1 Dis
ontinuous Galerkin methodsIn this se
tion we shall present a number of dG methods whi
h �t in the abstra
tanalysis framework above. The weighted averaging te
hniques introdu
ed in [27℄ andextended to dG methods in [33,41℄ will be used to ensure robust a priori estimateswith respe
t to anisotropy and heterogeneity of the di�usion tensor in a suitableenergy norm. The asimptoti
al 
onvergen
e analysis 
an be performed following theguidelines of [33℄ and it is out of the s
ope of the present work. For all F ∈ Fhand for all ϕ s.t. a (possibly two-valued) tra
e is de�ned on F , we introdu
e thefollowing jump operator:
[[ϕ]]

def
=

{
ϕ|T1
− ϕ|T2

, if F = FT1
h ∩ FT2

h ,

ϕ|T , if F = FT
h ∩ F b

h.
[C.19℄The spa
e P kV

h (Th), kV ≥ 1, will be equipped with the following norm:
‖ph‖21,2,h

def
= ‖∇hph‖2[L2(Ω)]d +

∑

F∈Fh

1

hF
‖[[ph]]‖2L2(F ), ∀ph ∈ P kV

h (Th), [C.20℄where ∇h denotes the broken gradient. The proof of Hypothesis 11 
an be foundin [32, �6℄. The following assumption need be added to those listed in De�nitionC.1.1:Hypothesis 17 Let H be a 
ountable set and let {Th}h∈H denote a family of meshesmat
hing De�nition C.1.1. We require that the ratio of the diameter hT , T ∈ Th, tothe diameter of the largest ball ins
ribed in T be bounded from above by a parameter
̺3 independent of h.Remark 10 Hypothesis 17 is not needed to prove Lemmata 11�21 for kV ≥ 1, soit is not listed in De�nition C.1.1.For a given kV ≥ 1 we let Sh = Th and set

Vh
def
= P kV

h (Th), Σh
def
= [P kV

h (Th)]
d.We shall fo
us the pie
ewise 
onstant 
ase ν ∈ [P 0

h (Th)]
d×d. Let ν|T = VTDTV

−1
T bethe diagonalizaton of ν on T ∈ Th, i.e. , DT is a diagonal matrix 
ontaining the129



Annexe C. Synthèse entre méthode Galerkin dis
ontinu et volumes �niseigenvalues of ν. Denote with κ the element of [P 0
h (Th)]

d×d s.t. κ|T = VTD
1/2
T V −1

Tfor all T ∈ Th. The tensor �eld κ is symmetri
, uniformly positive de�nite and s.t.
ν = κκ for a.e. x ∈ Ω. Let, moreover, κ−1 ∈ [P 0

h (Th)]
d×d denote the inverse of κ, i.e.

κκ−1 = I for a.e. x ∈ Ω.Remark 11 The pie
ewise regular 
ase ν ∈ [C∞
c (Th)]

d×d requires only minor te
h-ni
al modi�
ations in Lemma 24 below, whi
h we omit for simpli
ity of exposition.Sin
e Vh is a pie
ewise polynomial spa
e, the re
onstru
tion operator rV
h 
an betaken equal to the identity on Vh. For all F ∈ Fh and for all ϕ s.t. a (possibly two-valued) tra
e is de�ned on F , we de�ne the following weighted average operator:For a.e. x ∈ F ,

{{ϕ}}ω def
=

{
ω2ϕ|T1 + ω1ϕ|T2 , if F = FT1

h ∩ FT2

h ,

ϕ|T , if F = FT
h ∩ F b

h,where
ω = (ω1, ω2)

def
=
(

λ1

λ1+λ2
, λ2

λ1+λ2

)
, λi

def
=
√
ν|Ti

µF ·µF , i ∈ {1, 2}.Sin
e Vh = P kV

h , we 
an take
‖vh‖Vh

def
= ‖vh‖1,2,h,with ‖ · ‖1,2,h de�ned as in [C.20℄. The following lifting operators will play a 
ru
ialrole in what follows: For all F ∈ Fh and for all ϕ ∈ L2(F ), let N ∋ l > 0 and set

(rl
F,κ(ϕ), τh)Ω

def
= (ϕµF , {{κτh}}ω)[L2(F )]d, ∀τh ∈ [P l

h(Th)]
d, [C.21℄and de�ne Rl

κ(ϕ)
def
=
∑

F∈Fh
rl
F,κ(ϕ). For l = kV the subs
ript will be omitted. Forall vh ∈ Vh, the weakly 
onverging gradient is de�ned as

G̃(vh)
def
= ∇hvh − κ−1Rκ(vh),where ∇h denotes the broken gradient.Remark 12 To prove the 
onvergen
e of the method, it is su�
ient to work withthe lifting operators r0

F . However, if the exa
t solution u turns out to be moreregular, optimal-order 
onvergen
e rates 
an be established in the ‖ · ‖Vh
-norm whenworking with the lifting operators rkV −1

F or rkV
F . The latter 
hoi
e may be preferablefor implementation purposes, espe
ially if non-hierar
hi
al, e.g. nodal-based, basisfun
tions are used. For instan
e, if u belongs to the broken Sobolev spa
e Hk+1(Th),the usual a priori error analysis te
hniques 
an be used to infer a bound of the form

‖u−uh‖Vh
≤ Cuh

k, with Cu a positive parameter depending on the norm of the exa
tsolution u, on ̺i, i ∈ {1 . . . 3}, on kV and on ν.130



Annexe C. Synthèse entre méthode Galerkin dis
ontinu et volumes �nisTable C.1: Consistent gradient 
hoi
es for dG methods. Symmetri
 methods aremarked with a star. Method Ref. G(uh)SIPG∗ [16℄ ∇huh − κ−1Rκ(uh)NIPG [62℄ ∇huh + κ−1Rκ(uh)IPG [31℄ ∇huhBR∗ [21℄ ∇huh − κ−1Rκ(uh)LDG∗ [29℄ ∇huh − κ−1Rκ(uh)Several 
hoi
es are possible for the 
onsistent gradientG as well as for the bilinearform jh. Some of the most 
ommon methods are presented in Tables C.1�C.2, wherewe have set
λmin,F

def
=

{
min(λ1, λ2), if F = FT1

h ∩ FT2
h ,

√
ν|TµF ·µF , if F ∈ FT

h ∩ F b
h, sh(uh, vh)

def
= (Rκ([[uh]]), Rκ([[vh]]))[L2(Ω)]d .Remark 13 The original formulation of the methods proposed in [16, 21, 29, 31,62℄ has been modi�ed using the averaging te
hniques introdu
ed in [33℄. Optimalasymptoti
 order estimates whi
h are also robust with respe
t to anisotropy andheterogeneity 
an be obtained in the following norm:

‖vh‖2DG,ν
def
= ‖κ∇hvh‖2[L2(Ω)]d + |vh|2J , |vh|2J

def
=
∑

F∈Fh

1

hF
‖λ1/2

min,F [[vh]]‖2L2(F ).The above norm is equivalent to ‖·‖Vh
sin
e, for all vh ∈ Vh, λ1/2‖vh‖Vh

≤ ‖vh‖DG,ν ≤ λ
1/2‖vh‖Vh

.The following result was proved in [32℄:Lemma 24 Assume that Hypothesis 17 holds. Then, for all F ∈ Fh, for all vh ∈ Vh,there is CIP > 0 depending on ̺i, i ∈ {1 . . . 3}, on kV but not on h s.t.
‖rF,κ(vh)‖2[L2(Ω)]d ≤ CIP|vh|2J .Furthermore, assume that there is a parameter ̺4 independent of h s.t.

hF |F | ≥ ̺4|T |, ∀T ∈ Th, ∀F ∈ FT
h . [C.22℄Then, for all F ∈ Fh, for all vh ∈ Vh, there is cIP > 0 depending on ̺i, i ∈ {1 . . . 4},on kV but not on h s.t.

cIP|vh|2J ≤ ‖rF,κ(vh)‖2[L2(Ω)]d. [C.23℄131



Annexe C. Synthèse entre méthode Galerkin dis
ontinu et volumes �nisRemark 14 Inequality [C.23℄ is only needed to prove the 
oer
ivity of the BRmethod (see Lemma 28 below), whereas it is not needed for the other methods listedin Tables C.1�C.2. In what follows we shall therefore ta
itly require [C.22℄ only whendealing with the BR method.Lemma 25 (Proof of Hypothesis 12) Let the assumptions of Lemma 24 holdtrue. Then, Hypothesis 12 holds for all the 
onsistent gradients listed in Table C.1.Proof. Property [C.7℄ is in fa
t veri�ed with the equal sign. Let us prove [C.8℄for G̃ (the proof for the gradients listed in Table C.1 is similar and will be omitted).For all vh ∈ Vh,
‖G̃(vh)‖2[L2(Ω)]d ≤ 2‖∇hvh‖2[L2(Ω)]d +

2

λ

∑

T∈Th

‖Rκ([[vh]])‖2[L2(T )]d
def
= S1 + S2.A

ording to [C.21℄, for all F ∈ Fh, rF,κ is solely supported by the elements whi
hshare F . We thus have that Rκ([[vh]])|T =

∑
F∈FT

h
rF,κ([[vh]])|T and, owing to Lemma24,

S2 ≤
2N∂

λ

∑

F∈Fh

‖rF,κ(vh)‖2[L2(Ω)]d ≤
2CIPN∂

λ
|vh|2J ≤

2CIPN∂λ

λ
‖vh‖2Vh

,whi
h yields ‖G̃(vh)‖2[L2(Ω)]d ≤ 2
(
1 + 2CIPN∂λ

λ

)
‖vh‖2Vh

. �Remark 15 The L2 proje
tor π1
h onto the spa
e P 1

h (Th) enjoys the following prop-erty:
lim

h→∞
‖ϕ− π1

hϕ‖Vh
= 0, ∀ϕ ∈ C∞

c (Ω). [C.24℄Lemma 26 (Proof of Hypothesis 13) Hypothesis 13 holds.Proof. Let {vh}h∈H be a sequen
e in Vh satisfying the assumptions of Hypothesis13. The sequen
e {G̃(vh)}h∈H is bounded, and it 
onverges (up to a subsequen
e)to some τ ∈ [L2(Ω)]d. It only remains to prove that τ = ∇v for a.e. x ∈ Rd. Let
Φ ∈ [C∞

c (Rd)]d, vh ∈ Vh and prolong vh by zero outside Ω. Observe that
(G̃(vh), π

1
hΦ)[L2(Rd)]d = −(vh,∇h·π1

hΦ)L2(Rd) +
∑

F∈F i
h

({{vh}}ω, µF ·[[π1
hΦ]])L2(F ),where ∇h· denotes the broken divergen
e operator. Owing to the regularity of Φ,

[[Φ]] = 0 for a.e. x ∈ F , F ∈ Fh. The above identity then yields
|(vh,∇·Φ)L2(Ω) + (G̃(vh), π

1
hΦ)[L2(Ω)]d |

= |(vh,∇h·(Φ−π1
hΦ))L2(Ω)−

∑

F∈F i
h

({{vh}}ω, µF ·[[Φ−π1
hΦ]])L2(Ω)| ≤ ‖vh‖Vh

‖Φ−π1
hΦ‖Vh

.Passing to the limit and using [C.24℄ and the boundedness of {vh}h∈H in the ‖ · ‖Vhnorm 
on
ludes the proof. � 132



Annexe C. Synthèse entre méthode Galerkin dis
ontinu et volumes �nisTable C.2: Consistent stabilization 
hoi
es for dG methods. Symmetri
 methodsare marked with a star.Method jh(uh, vh)SIPG∗
∑

F∈Fh

(ηSIPG
λmin,F

hF

[[uh]], [[vh]])L2(F ) − sh(uh, vh)NIPG ∑

F∈Fh

(ηNIPG
λmin,F

hF

[[uh]], [[vh]])L2(F ) + sh(uh, vh)IPG ∑

F∈Fh

(ηIPG
λmin,F

hF

[[uh]], [[vh]])L2(F )BR∗
∑

F∈Fh

(ηBRrF,κ([[uh]]), rF,κ([[vh]]))[L2(F )]d − sh(uh, vh)LDG∗
∑

F∈Fh

(ηLPG
λmin,F

hF

[[uh]], [[vh]])L2(F )

Lemma 27 (Proof of Hypothesis 14) Let the stabilization parameters satisfy
ηSIPG > N∂CIP, ηNIPG > 0, ηIPG > N∂CIP/2, ηBR > N∂, ηLDG > 0.Then, Hypothesis 14 holds for all the stabilizations of Table C.2.Proof. The 
ontinuity of the stabilizations of Table C.2 stems from a simpleappli
ation of Cau
hy-S
hwarz inequality. The IFP as well as the LDG stabilizationsare 
learly positive. Pro
eeding as in the proof of Lemma 25, we have that

sh(vh, vh) ≤ N∂

∑

F∈Fh

‖rF,κ([[vh]])‖2[L2(Ω)]d ≤ CIPN∂|vh|2J ,whi
h yields the positivity of the SIPG, NIPG and BR stabilization. The term sh isintrodu
ed to redu
e the sten
il of the above methods to neighbouring elements. C.2immediately follows from the above remark provided the above assumptions on thestabilization parameters are mat
hed. In order to prove 
onsisten
y, let ϕ ∈ C∞
c (Ω).Sin
e [[ϕ]] = 0 for a.e. x ∈ F , F ∈ Fh, the 
ontinuity of jh gives

jh(π
1
hϕ, π

1
hϕ) . |ϕh|2J = |ϕh − ϕ|2J ≤ λ‖π1

hϕ− ϕ‖2Vh
,whi
h, a

ording to [C.24℄, tends to zero as h→ 0. �Lemma 28 (Proof of Hypothesis 15) Under the assumptions of Lemma 27, Hy-pothesis 15 holds true for all the methods of Tables C.1�C.2.133



Annexe C. Synthèse entre méthode Galerkin dis
ontinu et volumes �nisProof. For the sake of brevity, the proof will be detailed for the BR and SIPGmethods only. For all vh ∈ Vh, Young inequality together with Lemma 24 yield
aBR

h (vh, vh) = ‖κ∇hvh‖2[L2(Ω)]d + 2(κ∇hvh, Rκ(vh))+ηBR

∑

F∈Fh

(rF,κ([[vh]]), rF,κ([[vh]]))[L2(Ω)]d

≥ ǫλ

1 + ǫ
‖∇hvh‖2[L2(Ω)]d + (ηBR − (1 + ǫ)N∂)

∑

F∈Fh

‖rF,κ([[vh]])‖2[L2(Ω)]d

≥ ǫλ

1 + ǫ
‖∇hvh‖2[L2(Ω)]d + (ηBR − (1 + ǫ)N∂)cIP|vh|2J ,for all ǫ > 0. Coer
ivity then holds for ηBR > N∂. Similarly,

aSIPG
h (vh, vh) = ‖κ∇hvh‖2[L2(Ω)]d + 2(κ∇hvh, Rκ(vh))+ηSIPG

∑

F∈Fh

(
λmin,F

hF

[[vh]], [[vh]])L2(F )

≥ ǫλ

1 + ǫ
‖∇hvh‖2[L2(Ω)]d + (ηSIPG − (1 + ǫ)N∂CIP)

∑

F∈Fh

(
λmin,F

hF
[[vh]], [[vh]])L2(F ),yielding 
oer
ivity for ηSIPG > N∂CIP. �Finally, Hypothesis [16℄ follows from [C.24℄III.2.2 A 
ell-based �nite volume methodWe 
onsider hereafter a new �nite volume method displaying all the ingredientsintrodu
ed in �C.1. Throughout the present and the following se
tion, the followingassumption on the mesh need be added to those listed in De�nition C.1.1:Hypothesis 18 Let H be a 
ountable set and let {Th}h∈H denote a family of meshesmat
hing De�nition C.1.1. Them(i) there is a positive parameter ̺5 independent of h ∈ H s.t.

|xT − xF |
dT,F

≤ ̺5, ∀F ∈ FT
h , ∀T ∈ Th; [C.25℄(ii) Ph is a family of points of Ω indexed by the elements of Th and Ph = {xT}T∈This s.t., for all T ∈ Th, xT ∈ T and T is star-shaped with respe
t to xT , i.e. ,

[xT , x] ⊂ T for all x ∈ T ;(iii) there is ̺2 > 0 s.t., for all F = FT1

h ∩ FT2

h , (T1, T2) ∈ [Th]
2,

̺2 ≤
dT1,F

dT2,F

≤ 1

̺2

,where, for all T ∈ Th and for all F ∈ FT
h , we have set dT,F

def
= dist(xT , F ) > 0.134



Annexe C. Synthèse entre méthode Galerkin dis
ontinu et volumes �nisFor all T ∈ Th and for all F ∈ FT
h , we de�ne

dF
def
=

{
dT1,F + dT2,F , if F = FT1

h ∩ FT2

h ,

dT,F , if F = FT
h ∩ F b

h.In the present and in the following se
tion, the spa
e P 0
h (Th) will be equipped withthe the dis
rete H1

0 norm:
‖ph‖21,2,h

def
=
∑

F∈Fh

1

dF
‖[[ph]]‖2L2(F ), ∀ph ∈ P 0

h (Th), [C.26℄where the jump operator has been de�ned in [C.19℄. The proof that Hypothesis 11holds for the norm [C.26℄ 
an be found in [45, �5℄. Let
Vh

def
= P 0

h(Th), Σ
def
= [P 0

h (Th)]
d.Sin
e Vh is a pie
ewise polynomial spa
e, the re
onstru
tion operator rV

h 
an betaken equal to the identity on Vh. For all F ∈ Fh and for all vh ∈ Vh we de�ne thefollowing tra
e operator γF : Vh → P0(F ):
γF (vh)

def
=

{
ωT2

F vh|T1
+ ωT1

F vh|T2
, ∀F = FT1

h ∩ FT2
h ,

0, ∀F = FT
h ∩ F b

h,
, ωT

F
def
=
dT,F

dF
≤ 1.For all T ∈ Th, for all F ∈ FT

h , let IT
F : Vh → P0(F ) denote a linear interpolationoperator s.t.

|(IT
F ◦ π0

h)ϕ− ϕ(xF )| ≤ CϕhFdT,F , ∀ϕ ∈ C∞
c (Ω), [C.27℄where π0

h ≡ πV denotes the L2 proje
tion onto Vh, xF is the bary
enter of F and Cϕdenotes a positive parameter depending on some (bounded) norm of ϕ.Remark 16 A simple 
hoi
e for the interpolator IT
F is des
ribed hereafter. For thesake of simpli
ity, let d = 2. For all F ∈ FT

h ∩F b
h we set IT

F vh = 0. Let F ∈ FT0
h ∩F i

h,
T0 ∈ Th, and let T1 6= T2 be two elements of Th \ {T0} s.t. their bary
enters are notaligned with that of T0 (see Figure III.2.2 for an example). Denote by {αi}i∈{0...d}the bary
entri
 
oordinates of xF with respe
t to {xTi

}i∈{0...d}. Then, for all vh ∈ Vh,we set
IT0

F vh
def
=

d∑

i=0

αivh|Ti
.While the above 
hoi
e ensures the 
onvergen
e of the method, it does not yieldstrong 
onsisten
y for pie
ewise linear exa
t solutions in the presen
e of heterogene-ity. Other 
hoi
es are possible, but their des
ription lies out of the s
ope of thepresent paper. In parti
ular, we refer to [11℄ for an alternative using the so 
alledL interpolation introdu
ed in [6℄. 135
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ontinu et volumes �nis
PSfrag repla
ements

T0

T1

T2

F
xF

vh|T0

vh|T1

vh|T2Figure C.1: Bary
entri
 interpolation for d = 2.For all vh ∈ Vh, the gradient re
onstru
tions are de�ned as follows: For all T ∈ Th,
G̃(vh)|T

def
=

1

|T |
∑

F∈FT
h

|F |(γFvh − vh|T )µT
F , G(vh)|T

def
=

1

|T |
∑

F∈FT
h

|F |(IT
F vh − vh|T )µT

F .The spa
e Vh will be equipped with the following norm:
‖vh‖2Vh

def
=
∑

T∈Th

∑

F∈FT
h

|F |
dT,F

(IT
F vh − vh|T )2.Remark 17 For all h ∈ H we have

∑

F∈FT
h

|F |dT,F

|T | = d, ∀T ∈ Th. [C.28℄Lemma 29 (Proof of Hypothesis 12) Hypothesis 12 holds.Proof. Let vh be a generi
 element of Vh. Cau
hy-S
hwarz inequality gives
[[vh]]

2

dF

≤ (vh|T1
− IT1

F vh)
2

dT1,F

+
(vh|T2

− IT2
F vh)

2

dT2,F

, ∀F ∈ FT1
h ∩ FT2

h .Inequality [C.7℄ immediately follows. Cau
hy-S
hwarz inequality together with[C.28℄ yield
‖G̃(vh)‖2[L2(Ω)]d =

∑

T∈Th

1

|T |
∣∣∣
∑

F∈FT
h

|F |ωT
F [[vh]]µF

∣∣∣
2

≤
∑

T∈Th



∑

F∈FT
h

1

dT,F

‖[[vh]]‖2L2(F ) ×
∑

F∈FT
h

|F |dT,F

|T |


 ≤ d‖vh‖21,2,h ≤ d‖vh‖2Vh

.[C.29℄136



Annexe C. Synthèse entre méthode Galerkin dis
ontinu et volumes �nisSimilarly,
‖G(vh)‖2[L2(Ω)]d =

∑

T∈Th

1

|T |
∣∣∣
∑

F∈FT
h

|F |(IT
Fuh − uh|T )µT

F

∣∣∣
2

≤
∑

T∈Th



∑

F∈FT
h

1

dT,F

‖IT
F uh − uh|T‖2L2(F ) ×

∑

F∈FT
h

|F |dT,F

|T |


 ≤ d‖vh‖2Vh

.Observing that ‖vh‖Vh
is bounded by assumption whereas the term in bra
kets tendsto 0 as h→ 0 
on
ludes the proof of [C.8℄. �Lemma 30 (Proof of Hypothesis 13) Hypothesis 13 holds.Proof. Let {vh}h∈H be a sequen
e in Vh satisfying the assumptions of Hypothesis13. The sequen
e {G̃(vh)}h∈H is bounded, and it 
onverges (up to a subsequen
e)to some τ ∈ [L2(Ω)]d. It only remains to prove that τ = ∇v for a.e. x ∈ Ω. Let

Φ ∈ [C∞
c (Ω)]d and prolong vh by zero outside Ω. De�ne ΦT

h
def
=
∫

T
Φ/|T | = π0

hΦ|T forall T ∈ Th and ΦF
h

def
=
∫

F
Φ/|F | for all F ∈ Fh. Integration by parts yields

|(G̃(vh),Φ)[L2(Ω)]d + (∇·Φ, rV
h vh)L2(Ω)| =

∣∣∣
∑

T∈Th

∑

F∈FT
h

|F |(γFvh − vh|T )(ΦF
h − ΦT

h )·µT
F

∣∣∣

≤ ‖vh‖Vh



∑

T∈Th

∑

F∈FT
h

|F |dT,F (ΦF
h − ΦT

h )2




1
2

,whi
h proves the assert. �De�ne the stabilization term as follows:
j(uh, vh)

def
=
∑

T∈Th

ηT
CVF

∑

F∈FT
h

1

dT,F

(RT,F (uh), RT,F (vh))L2(F ),where, for all vh ∈ Vh, we have set RT,F (vh)
def
= IT

F vh − vh|T −G(vh)|T ·(xF − xT ),and, for all T ∈ Th, 0 < η ≤ ηT
CVF < η ≤ ∞ denotes a positive stabilization param-eter.Lemma 31 (Proof of Hypothesis 14) Hypothesis 14 holds.Proof. The proposed stabilization term is 
learly symmetri
 and positive semi-de�nite. In order to prove the 
ontinuity, observe that, for all vh ∈ Vh,

jh(vh, vh) ≤ 2
∑

T∈Th

ηT
CVF



∑

F∈FT
h

1

dT,F
‖IT

F vh − vh|T‖2L2(F ) +
∑

F∈FT
h

|F |
dT,F

(G(vh)·(xF − xT ))2


 .137



Annexe C. Synthèse entre méthode Galerkin dis
ontinu et volumes �nisLet ST
1 , ST

2 the addends in bra
kets. Using [C.28℄ together with Hypothesis 18 andLemma 29 we have that
∑

T∈Th

ST
2 ≤ ̺5

∑

T∈Th

∑

F∈FT
h

|F |dT,F

|T | |T ||G(vh)|2 ≤ d̺5‖G(vh)‖2[L2(Ω)]d ≤ d2̺5‖vh‖2Vh
,when
e jh(vh, vh) ≤ 2η(1 + d2̺5)‖vh‖2Vh

. Using the above result together with [C.11℄we have
jh(uh, vh) ≤ jh(uh, uh)

1/2jh(vh, vh)
1/2 ≤ 2η(1 + d2̺5)‖uh‖Vh

‖vh‖Vh
.It only remains to proof the 
onsisten
y of jh. In the rest of the proof, shall assumethat [C.15℄ holds (a proof is given in Lemma 33 below). Let ϕ ∈ C∞

c (Ω) and set
ϕh

def
= π0

hϕ. Observe that
|RT,F (vh)| ≤ |IT

Fϕh − ϕ(xF )|+ |(∇ϕ(xT )−G(ϕh))·(xF − xT )|+ cϕ|xT − xF |2,where cϕ denotes a positive parameter depending on a suitable (bounded) norm of
ϕ. Substituting in the expression of jh and using Hypothesis 18 we obtain
jh(ϕh, ϕh) ≤

4η




∑

T∈Th

∑

F∈FT
h

|F |
dT,F

|II
Fϕh − ϕ(xF )|2 +

∑

T∈Th

∑

F∈FT
h

|F |
dT,F

|∇ϕ(xT )−G(ϕh)|2 + |F |̺5cϕh
3
T



 .Let Si, i ∈ {1, 2} denote the �rst two addends in bra
kets. Using [C.27℄ togetherwith [C.28℄ we have
S1 ≤ Cϕ

∑

T∈Th

|T |
∑

F∈FT
h

|F |dT,F

|T | h2
F ≤ Cϕh

2d|Ω|,i.e., S1 → 0 as h→ 0. Using Hypothesis 18 and [C.28℄ we have
S2 ≤

∑

T∈Th

|T ||∇ϕ(xT )−G(ϕh)|2
∑

F∈FT
h

|F |dT,F

|T |
|xF − xT |2

d2
T,F

≤ d̺2
5

∑

T∈Th

‖∇ϕ(xT )‖2[L2(T )]d

≤ 2d̺2
5

∑

T∈Th

(
‖∇ϕ(xT )−∇ϕ‖2[L2(T )]d + ‖∇ϕ−G(ϕh)‖2[L2(T )]d

)
,whi
h, sin
e [C.15℄ holds, shows that S2 tends to zero as h→ 0. This 
on
ludes theproof. �As the FV method proposed in this se
tion is non-symmetri
, it is 
onditionally
oer
ive. In what follows, we shall provide a 
omputable 
riterion to 
he
k 
oer
ivity138



Annexe C. Synthèse entre méthode Galerkin dis
ontinu et volumes �nisfor a given mesh Th and di�usion tensor ν. For the sake of simpli
ity we shall referto the interpolator de�ned in Remark 16. For a given T ∈ Th we introdu
e thebilinear form aT
h de�ned as

aT
h (uh, vh) = (νG(uh)|T , G̃(uh))[L2(T )]dx+ ηT

CVF

∑

F∈FT
h

1

dT,F
(RT,F (uh), RT,F (vh))L2(F ).Let T T

h
def
= {T ′ ∈ Th,FT

′

h ∩ FT
h 6= ∅} denote the set of elements sharing a fa
e with Tand set mT def

= cardT T
h . For brevity of notation, we shall note T T

h = {Ti}1≤i≤mT with
Ti sharing the internal fa
e Fi with T . Moreover, we de�ne mF def

= cardFTi
h ∩ F b

hand set {Fi}mT +1≤i≤mT +mF
def
= FT

h ∩ F b
h. De�ne the linear map XT : Vh 7→ R(mT +mF )s.t., for all vh ∈ Vh,

XT (vh)
def
= {{vh|Ti

− vh|T}1≤i≤mT , {IT
Fi

(vh)− vh|T}mT +1≤i≤mT +mF },and re
all that IT
Fi

(vh) = 0 for mT + 1 ≤ i ≤ mT +mF (sin
e IT
Fi

(vh) vanishes onboundary fa
es). It is a simple matter to verify that for all T ∈ Th, there exists amatrix AT
h ∈ R(mT +mF )×(mT +mF ) s.t., for all (uh, vh) ∈ [Vh]

2,
aT

h (uh, vh) = (XT (uh))
tATXT (vh).Noti
e also that, again be
ause IT

Fi
(vh) = 0 for mT + 1 ≤ i ≤ mT +mF , we 
anwrite

IT
Fi
vh = vh|T +

mT +mF∑

j=1

βT
ijX

T (vh)j , 1 ≤ i ≤ mT +mF ,where the family of reals {βT
ij}1≤j≤mT +mF veri�es ∑mT +mF

j=1 βT
i,j = 1. Let BT ∈

R(mT +mF )×(mT +mF ) be the matrix of elements βT
ij and de�ne the norm ‖ · ‖T asfollows: For all x ∈ RmT +mF ,

‖x‖2T
def
=

mT +mF∑

i=1

|Fi|
dT,Fi

(BTx)2
i . [C.30℄The following result provides a 
omputable lo
al 
riterion expressed in term ofthe lo
al matri
es {AT}T∈Th

:Lemma 32 (Proof of Hypothesis 15) The bilinear form ah is 
oer
ive if for all
T ∈ Th, the matrix AT is uniformly 
oer
ive for the norm ‖·‖T , i.e. if there is C > 0independent of h s.t., for all x ∈ RmT +mF , xtATx ≥ C‖x‖2T .Proof. For all vh ∈ Vh,
ah(vh, vh) =

∑

T∈Th

aT
h (uh, uh) =

∑

T∈Th

(XT (uh))
tATXT (uh) ≥ C

∑

T∈Th

‖XT (uh)‖2T = C‖uh‖2Vh
,whi
h 
on
ludes the proof. � 139



Annexe C. Synthèse entre méthode Galerkin dis
ontinu et volumes �nisLemma 33 (Proof of Hypothesis 16) Hypothesis 16 holds.Proof. Estimates [C.13℄�[C.14℄ 
lassi
ally hold for πV = π0
h (see, e.g., [37℄). Letnow ϕ ∈ C∞

c (Ω), set ϕh
def
= i0hϕ and observe that, for all T ∈ Th,

(G(ϕh)−∇ϕ)|T =
∑

F∈FT
h

|F |
|T | (I

T
Fϕh − ϕ(xF ))µT

F + (∇ϕ(x̂T )−∇ϕ)

+




∑

F∈FT
h

|F |
|T | (ϕ(xF )− ϕ(x̂T ))µT

F −∇ϕ(x̂T )



 def
= ST

1 + ST
2 + ST

3 ,where we have used the fa
t that, owing to assumption (iii) in De�nition C.1.1,∑
F∈FT

h
µT

F = 0 for all T ∈ Th to repla
e ϕh|T with ϕ(x̂T ) in ST
3 . Clearly, ‖G(ϕh)−∇ϕ‖2[L2(Ω)]d ≤ 3

∑3
i=1 ‖S .Estimate [C.27℄ together with [C.28℄ yields, for all T ∈ Th,

|ST
1 | ≤

∑

F∈FT
h

|F |dT,F

|T |
|IT

Fϕh − ϕ(xF )|
dT,F

≤ C ′
ϕdhT ,so that ‖ST

1 ‖[L2(Ω)]d ≤ C ′
ϕ|Ω|1/2dhT . On the other hand, using 
lassi
al estimates for

π0
h, we 
on
lude that ‖ST

2 ‖[L2(Ω)]d ≤ ChT‖ϕ‖[H1(T )]d . Finally, thanks to the regularityof ϕ, there is C ′′
ϕ depending on ϕ and on the mesh regularity s.t. ‖ST

3 ‖2[L2(T )]d
≤ C ′′

ϕ|T |h2
T ,i.e. , ‖ST

3 ‖[L2(Ω)]d ≤ C ′′
ϕ|Ω|1/2h. The above estimates yield the desired result. � Forthe sake of 
ompleteness, the order of 
onvergen
e of the new FV method presentedin this se
tion has been numeri
ally evaluated by solving the Diri
hlet problem for

d = 2 with u = sin(πx) sin(πy) (umin = 0, umax = 1), f = −△u and anisotropy ra-tios of 1 and 1000 on a family of randomly perturbed quadrangular meshes of (0, 1)2.The results are reported in Tables III.2.2 and III.2.2 and show se
ond order 
on-vergen
e as well as robustness with respe
t to anisotropy and mesh skewdness. Thefollowing indi
ators are also listed: (i) nunkw, the number of unknowns; (ii) nnmat,the number of nonzero matrix entries; (iii) erl2, the L2 error; (iv) o
verl2, theorder of 
onvergen
e for the L2 error; (v) umin and umax, the minimum and maxi-mum value of the dis
rete solution. A torough validation of the above method willbe the subje
t of a future work. An asimptoti
 a priori analysis 
an be performedfollowing the guidelines of [42℄, but it lies out of the s
ope of the present work.III.2.3 A hybrid �nite volume methodThe goal of this se
tion is to show that the hybrid �nite volume method proposedin [43℄ �ts in the frameword of �C.1. Hypothesis 18 is assumed to hold and P 0
h (Th)is again equipped with the norm de�ned in [C.26℄. To this purpose, for ea
h T ∈ Th,for all F ∈ FT

h we letKT,F denote the 
one de�ned by F and xT (see Figure III.2.3).140
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Table C.3: Convergen
e results for the FV method of � III.2.2 with anisotropy ratioof 1.

1/h nunkw nnmat erl2 o
verl2 umin umax16 255 3001 3.98e− 03 � 7.54e− 03 9.97e− 0132 1023 12665 1.00e− 03 1.99e+ 00 1.02e− 03 1.00e− 0064 4095 51961 2.71e− 04 1.89e+ 00 2.79e− 04 1.00e+ 00128 16383 210425 6.58e− 05 2.04e+ 00 9.84e− 05 1.00e− 00

Table C.4: Convergen
e results for the FV method of � III.2.2 with anisotropy ratioof 1000.
1/h nunkw nnmat erl2 o
verl2 umin umax16 255 3001 2.82e− 01 � −2.93e− 01 1.10e+ 0032 1023 12665 7.98e− 02 1.82e+ 00 −1.22e− 01 1.01e+ 0064 4095 51961 2.00e− 02 2.00e+ 00 −1.04e− 01 1.00e+ 00128 16383 210425 3.94e− 03 2.34e+ 00 −8.36e− 03 1.00e− 00

PSfrag repla
ements
T

F
KT,F

xT

Figure C.2: A fa
e based 
one for d = 2.
141



Annexe C. Synthèse entre méthode Galerkin dis
ontinu et volumes �nisThroughout this se
tion, xF will denote the bary
enter of a fa
e F ∈ Fh. Thanksto Hypothesis 18, the 
ones are well-de�ned and they satisfy
|KT,F | =

|F |dT,F

d
. [C.31℄De�ne the spa
es of hybrid unknowns:

Hh
def
= R

cardTh×cardFh = {{uT
h}T∈Th

, {uF
h }F∈Fh

}, H0
h

def
= {vh ∈ Hh; v

F
h = 0, ∀F ∈ F b

h}.For all h ∈ H, we let Sh
def
= {KT,F}(T∈Th,F∈FT

h ) and set
Vh

def
= H0

h, Σh
def
= [P 0

h (Sh)]
d.The spa
e Vh is equipped with the following norm:

‖vh‖2Vh

def
=
∑

T∈Th

∑

F∈FT
h

|F |
dT,F

(vF
h − vT

h )2.The gradient re
onstru
tions are de�ned as follows: For all vh ∈ Vh,
G(vh)|KT,F

= G̃(vh)|KT,F
= GT (vh) +RT,F (vh)µ

T
F , ∀KT,F ∈ Sh,where we have set

GT (vh)
def
=

1

|T |
∑

F∈FT
h

|F |(vF
h−vT

h )µT
F , RT,F (vh)

def
=

d1/2

dT,F

(
vF

h − vT
h −GT (vh)·(xF − xT )

)
.The re
onstru
tion operator rV

h : Vh → P 0
h (Th) is de�ned as follows: For all vh ∈ Vh,

rV
h vh = ph ∈ P 0

h (Th) with ph|T = vT
h , for all T ∈ Th. The interpolation operator onto

Vh is de�ned as follows: For all ϕ ∈ C∞
c (Ω), πV

h ϕ = ϕh ∈ Vh with ϕT
h = ϕ(xT ) forall T ∈ Th, ϕF

h = ϕ(xF ). Observe that ϕh belongs to Vh sin
e ϕ vanishes on theboundary of Ω.Remark 18 For all T ∈ Th and for all x̂ ∈ Rd, the following relation holds:
∑

F∈FT
h

|F |(µT
F )i(xF − x̂)j = δij |T |, [C.32℄where the ith 
omponent of a ve
tor quantity was denoted (·)i and δij is the Krone
kersymbol.Proposition 9 For all vh ∈ Vh and for all σh ∈ [P 0

h (Th)]
d,

∑

T∈Th

∑

F∈FT
h

|KT,F |σh|T ·µT
FRT,F (vh) = 0.
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Annexe C. Synthèse entre méthode Galerkin dis
ontinu et volumes �nisProof. Using the de�nition of the residual, we obtain
∑

T∈Th

d1/2σh|T ·



∑

F∈FT
h

|KT,F |
dT,F

(vF
h − vT

h )µT
F −

∑

F∈FT
h

|KT,F |
dT,F

GT (vh)·(xF − xT )µT
F


 .Let S1 and S2 the addends in bra
kets. By de�nition, S1 = |T |d−1GT (vh). On theother hand, [C.31℄ together with [C.32℄ yield

S2 = −1

d
(GT (vh))i

∑

F∈FT
h

|F |(xF − xT )iµ
T
F = −|T |

d
GT (vh),and the desired result follows. �Lemma 34 (Proof of Hypothesis 12) Hypothesis 12 holds.Proof. The bound [C.7℄ 
an be proved as in Lemma 29. In order to prove [C.8℄,observe that, owing to Proposition 9,

‖G(vh)‖2[L2(Ω)]d =
∑

T∈Th

∑

F∈FT
h

|KT,F ||G(vh)|2

=
∑

T∈Th

|T ||GT (vh)|2 +
∑

T∈Th

∑

F∈FT
h

|KT,F ||RT,F (vh)|2 def
= S1 + S2.For the �rst term, using [C.31℄ together with [C.28℄ we have

S1 =
∑

T∈Th

1

|T |
∣∣∣
∑

F∈FT
h

|F |(vF
h−vT

h )µT
F

∣∣∣
2

≤
∑

T∈Th

∑

F∈FT
h

|F |dT,F

|T | ×
∑

F∈FT
h

|F |
dT,F

(vF
h−vT

h )2 ≤ d‖vh‖2Vh
.[C.33℄Substituting the expression of RT,F in the se
ond term yields

S2 ≤ 2



∑

T∈Th

∑

F∈FT
h

|F |
dT,F

(vF
h − vT

h )2 +
∑

T∈Th

∑

F∈FT
h

|KT,F ||GT (vh)|2
|xF − xT |2

d2
T,F


 ≤ 2(1+̺5d)‖vh‖2Vh

,whi
h proves the assert. �Lemma 35 (Proof of Hypothesis 13) Hypothesis 13 holds.Proof. Let {vh}h∈H be a sequen
e in Vh satisfying the assumptions of Hypothesis13. The sequen
e {G̃(vh)}h∈H is bounded, and it 
onverges (up to a subsequen
e)143



Annexe C. Synthèse entre méthode Galerkin dis
ontinu et volumes �nisto some τ ∈ [L2(Ω)]d. It only remains to prove that τ = ∇v for a.e. x ∈ Rd. Let
Φ ∈ [C∞

c (Rd)]d and let Φh = πV
h Φ. We have

(G̃(vh),Φ)[L2(Rd)]d =
∑

T∈Th

(GT (vh),Φ)[L2(T )]d+
∑

T∈Th

∑

F∈FT
h

(RT,F (vh)µ
T
F ,Φ)[L2(KT,F )]d

def
= S1+S2.Integrating by parts the se
ond addend on the left hand side, simple algebrai
 ma-nipulations yield

|(GT (vh),Φ)[L2(Ω)]d + (∇·Φ, rV
h vh)L2(Ω)| =

∣∣∣
∑

T∈Th

∑

F∈FT
h

|F |(vF
h − vT

h )(ΦF
h − ΦT

h )·µT
F

∣∣∣

≤ ‖vh‖Vh




∑

T∈Th

∑

F∈FT
h

|F |dT,F (ΦF
h − ΦT

h )2





1
2

,whi
h proves that S1 → −(v,∇·Φ)L2(Rd) as h → 0 sin
e the sequen
e {vh}h∈H isbounded in the ‖·‖Vh
norm. Let us now 
onsider the se
ond term. Owing to the regu-larity ofΦ, there exists CΦ > 0 only depending on Φ s.t. | ∫

KT,F
(Φ− ΦT

h )| ≤ CΦ|KT,F |h.Using Proposition 9 with σh = Φh and [C.33℄, Cau
hy-S
hwarz inequality yields
S2 =

∑

T∈Th

∑

F∈FT
h

(RT,F (vh)µ
T
F ,Φ− Φh)[L2(KT,F )]d ≤

∑

T∈Th

∑

F∈FT
h

|RT,F (vh)|
∣∣∣
∫

KT,F

(Φ− ΦT
h )
∣∣∣

≤
√

2CΦh|Ω|
1
2

(
‖vh‖2Vh

+ d̺2
5‖GT (vh)‖2[L2(Ω)]d

) 1
2 ≤
√

2CΦh|Ω|
1
2 (1 + d̺5)‖vh‖Vh

,whi
h proves that S2 → 0 as h→ 0. �Sin
e residual terms are in
orporated in the gradient re
onstru
tion, the abovemethod 
an be shown to be stable without further penalization. We thus take
jh(uh, vh) = 0, whi
h trivially satis�es Hypothesis 14.Let νh ∈ [P 0

h (Th)]
d×d be s.t., for all T ∈ Th, νh|T =

∫
T
ν/|T |.Lemma 36 (Proof of Hypothesis 15) Hypothesis 15 holds.Proof. Let vh ∈ Vh. Using Proposition 9 with σh s.t. σh|T = GT (vh) for all

T ∈ Th,
ah(vh, vh) =

∑

T∈Th

|T |νh|TGT (vh)·GT (vh)+
∑

T∈Th

∑

F∈FT
h

|KT,F |νh|Tµ
T
F ·µT

FRT,F (vh)
2 def

= S1+S2.Clearly, S1 ≥ λ‖GT (vh)‖2[L2(Ω)]d
. Observe that, for ǫ > 0 and for all (a, b) ∈ R2,

(a− b)2 ≥ ǫ
1+ǫ

a2 − ǫb2. Applying the above inequality with a = vF
h − vT

h and b =144
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GT (vh)·(xF − xT ) yields:
S2 ≥

ǫλ

1 + ǫ
‖vh‖2Vh

− ǫdλ
∑

T∈Th

∑

F∈FT
h

|KT,F ||GT (vh)|2
|xF − xT |2

d2
T,F

≥ ǫλ

1 + ǫ
‖vh‖2Vh

− ǫd̺2
5λ
∑

T∈Th

|T ||GT (vh)|2 =
ǫλ

1 + ǫ
‖vh‖2Vh

− ǫd̺2
5λ‖GT (vh)‖2[L2(Ω)]d .Coer
ivity thus holds for ǫ ≤ λ/(d̺2

5λ). �Remark 19 A 
oer
ivity 
onstant independent of the anisotropy ratio λ/λ 
ould bederived pro
eeding as in [45℄. We have preferred this shorter proof for brevity ofpresentation.Lemma 37 (Proof of Hypothesis 16) Hypothesis 16 holds.Proof. Let ϕ ∈ C∞
c (Ω) and set ϕh

def
= πV

h ϕ. Observe that
‖ϕh‖2Vh

=
∑

T∈Th

∑

F∈FT
h

|KT,F |
d

d2
T,F

(ϕF
h − ϕT

h )2

≤ d‖∇ϕ‖2[L∞(Ω)]d

∑

T∈Th

∑

F∈FT
h

|KT,F |
|xF − xT |2

d2
T,F

≤ d̺2
5‖∇ϕ‖2[L∞(Ω)]d |Ω|,i.e. , [C.13℄ is veri�ed with σϕ = (d|Ω|)1/2̺5‖∇ϕ‖[L∞(Ω)]d. The proof of [C.14℄ is
lassi
al and will be omitted (see e.g. [37℄). It has been proved in [45, Lemma 4.3℄that ‖G(vh)−∇ϕ‖[L∞(Ω)]d ≤ Cϕh, where Cϕ > 0 is a parameter depeding on ϕ,on d and on the mesh regularity parameters ̺i, i ∈ {1 . . . 3, 5}. As a 
onsequen
e,

‖G(vh)−∇ϕ‖[L2(Ω)]d ≤ |Ω|1/2‖G(vh)−∇ϕ‖[L∞(Ω)]d tends to zero as h → 0, whi
h
on
ludes the proof. �
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