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Résumé

Cette these est consacrée a ’étude de quelques modeles exactement solubles dans la
classe d’universalité KPZ. Le premier chapitre dresse un panorama des méthodes récentes
pour étudier ce type de systemes. On présente aussi les différents travaux qui constituent
cette these, sans rentrer dans les détails techniques, en insistant plutot sur 'interprétation
des résultats et les méthodes générales.

Ensuite viennent trois chapitres, correspondant a autant d’articles publiés ou soumis
pour publication. Le premier chapitre est une étude asymptotique du systeme de parti-
cules en interaction ¢-TASEP, perturbé par des particules lentes. On montre que le systéeme
obéit au méme type de théoreme limite que le TASEP, et on observe une transition de
phase appelée transition BBP. Le deuxieme chapitre, basé sur des travaux en collabora-
tion avec Ivan Corwin, introduit de nouveaux processus d’exclusion exactement solubles.
Nous vérifions notamment les prédictions de la classe d’universalité KPZ, et nous nous
intéressons aussi au comportement moins universel de la premiere particule. Le troisieme
chapitre correspond également a un travail en collaboration avec Ivan Corwin. Nous in-
troduisons une marche aléatoire en environnement aléatoire, qui a la particularité d’étre
exactement soluble. Nous montrons que les corrections au second ordre au principe de
grandes déviations vérifié par la marche sont distribuées selon la loi de Tracy-Widom. On
donne une interprétation probabiliste de ce théoreme limite, et on montre également que
le résultat se propage a température nulle.

Abstract

This thesis is about exactly solvable models in the KPZ universality class. The first
chapter provides an overview of the recent methods designed to study such systems. We
also present the different works which constitute this thesis, leaving aside the technical
details, but rather focusing on the interpretation of the results and the general methods
that we use.

The three next chapters each correspond to an article published or submitted for
publication. The first chapter is an asymptotic study of the ¢-TASEP interacting particle
system, when the system is perturbed by a few slower particles. We show that the system
obeys the same limit theorem as TASEP, and one observes the so-called BBP transition.
The second chapter, based on a work in collaboration with Ivan Corwin, introduces new
exactly solvable exclusion processes. We verify the predictions from KPZ scaling theory,
and we also study the less universal behaviour of the first particle. The third chapter
corresponds to a second work in collaboration with Ivan Corwin. We introduce a random
walk in random environment, which turns out to be exactly solvable. We prove that the
second order correction to the large deviation principle is Tracy-Widom distributed on a
cube root scale. We give a probabilistic interpretation of this limit theorem, and show
that the result also propagates at zero-temperature.
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AVANT-PROPOS

La loi des grands nombres et le théoreme central limite sont sans doute les deux
théoremes limites les plus importants de la théorie des probabilités. Ils décrivent tous
deux le comportement asymptotique d’une somme d’aléas indépendants. Cependant, de
nombreux phénomenes naturels sont le résultat d’aléas corrélés. Bien qu’il n’existe pas
d’analogue du théoréeme central limite pour les variables aléatoires fortement corrélées, on
peut délimiter certaines classes de modeles de systemes aléatoires qui semblent obéir a des
lois universelles. La classe d’universalité KPZ est 'une d’entre elles. Les premieres inves-
tigations viennent de la littérature physique, en particulier les travaux de Kardar, Parisi
et Zhang, en 1986, qui ont attiré beaucoup d’attention. La communauté mathématique
s’est emparée de ces sujets a partir des années 2000, lorsque Johansson a découvert que
les analogies entre la théorie des matrices aléatoires et la combinatoire des partitions
d’entiers étaient fructueuses dans 1’étude du TASEP. A priori, la classe d’universalité
KPZ englobe principalement des modeles d’interfaces aléatoires. Cependant, en utilisant
diverses bijections — notamment, de nombreux modeles de mécanique statistique sont ca-
noniquement associées & une fonction de hauteur — elle contient de nombreux systeémes
assez divers comme des polymeres dirigés, des équations aux dérivées partielles stochas-
tiques, des systemes de particules en interaction ou encore certains modeles de percolation
orientée. Une maniere de relier ces modeles divers, hormis en mettant en évidence un
modele d’interface sous-jacent, est de montrer que les uns sont des limites des autres.
Par exemple, certaines observables de systemes de particules en interaction convergent
vers la fonction de partition de modeéles de polymeres dirigés, et certains de modeles de
percolation orientée sont des limites “en température nulle” de polymeres dirigés.

Cette these est consacrée a I’étude mathématique de quelques modeles exactement
solubles de systemes de particules en interaction et de certaines de leurs limites. Tous
ces modeles appartiennent & la classe d’universalité KPZ. Mon premier travail, présenté
au Chapitre [2] est une analyse asymptotique du ¢-TASEP, un systeme de particules en
interaction introduit par Borodin et Corwin en 2011. On s’intéresse au comportement
d’un systeme perturbé par quelques particules plus lentes. Ce travail illustre les simili-
tudes bien connues entre I’étude des valeurs propres de matrices aléatoires et des systemes
désordonnés.

L’étude des modeles exactement solubles de particules en interaction a connu des
avancées spectaculaires ces dernieres années, d’abord avec les travaux de Tracy et Wi-
dom & partir de 2008 sur le processus d’exclusion simple asymétrique (ASEP), puis avec
I'introduction par Borodin et Corwin des processus de Macdonald. Dans un travail en col-
laboration avec Ivan Corwin présenté au Chapitre [3) nous introduisons une nouvelle classe
de systemes de particules en interaction sur le réseau Z, que nous appelons le processus
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d’exclusion g-Hahn asymétrique. Il s’agit plus précisément, comme ’ASEP, d’un proces-
sus d’exclusion partiellement asymmétrique, c’est a dire concretement que les particules
peuvent sauter a droite et a gauche. Dans un cas particulier, nous retrouvons un modele
introduit par Sasamoto et Wadati, qui 'avaient étudié via I’ansatz de Bethe, et noté des
similarités avec ’ASEP. Notre méthode nous permet de caractériser completement la loi
de la position des particules, et nous prouvons ainsi pour ce modele les prédictions d’uni-
versalité concernant les fluctuations du systeme autour de sa limite hydrodynamique. Par
ailleurs, Tracy et Widom avaient noté des leurs travaux de 2008 que l'universalité semble
étre mise en défaut lorsqu’on s’intéresse a la premiere particule dans 'ASEP. Le proces-
sus g-Hahn asymétrique est un autre modele exactement soluble de processus d’exclusion
partiellement asymétrique. Ainsi, outre la vérification des prédictions de la classe d’uni-
versalité KPZ, notre travail permet de s’intéresser au comportement non-universel de la
premiere particule.

Dans un deuxieme travail en collaboration avec Ivan Corwin, nous introduisons une
marche aléatoire en environnement aléatoire, ou les probabilités de sauter de +1 ou —1 sont
des variables aléatoires de loi Beta, indépendantes en chaque temps et en chaque site. Ce
modele est en quelque sorte une limite d’un systeme de particules en interaction introduit
récemment, et il est exactement soluble. Nous montrons que les grandes déviations de la
marche aléatoire doivent étre corrigées au second ordre par un terme aléatoire. Ce terme
aléatoire converge vers la loi de Tracy-Widom, dans 1’échelle ¢1/3 (t est le temps). Ce type
de théoreme limite est emblématique de la classe KPZ, ce qui laisse supposer que cette
classe s’étend aux marches aléatoires en environnement aléatoire. Un autre aspect que nous
étudions est la relation entre ces grandes déviations et le comportement du maximum de
N points terminaux de marches aléatoires indépendantes, corrélées par un environnent
commun. Ainsi, la loi de Tracy-Widom apparait une fois de plus comme une loi limite
pour les valeurs extrémes de suites de variables aléatoires corrélées. Dans notre modele,
la structure de covariance est particulierement simple, et quantitativement explicite. Nous
présentons ces travaux au Chapitre [4 ot nous étudions aussi la limite en température
nulle de ce modele de marche aléatoire, qui est un modele de percolation dirigée de premier
passage.



FOREWORD

The law of large numbers and the central limit theorem are certainly the two most
important limit theorems in probability theory. Both describe the asymptotic behaviour
of a sum of independent random variables. However, numerous natural phenomena result
from correlated random variables. Although there does not exist an analogue of the central
limit theorem for strongly correlated random variables, one can delineate certain classes
of models of random systems which seem to obey universal laws. Among these classes, the
KPZ universality class has been the subject of a lot of work. Early investigations into this
class came from the physics community, in particular the work of Kardar, Parisi and Zhang
in 1986, and interest has grown in the mathematics community from the 2000’s. A priori,
this class relates to random interface growth. However, via various mappings — many
models from statistical mechanics are characterized by a height function for instance — it
can be related to many systems such as directed polymers, stochastic partial differential
equations, directed percolation, interacting particle systems, traffic models, etc. Apart
from defining an underlying interface model, another way to connect the models in the
KPZ universlity class is to show that the ones are limits of the others. For example, certain
observables of interacting particle systems converge to the partition function of directed
polymer models, and certain models of directed percolation are “zero-temperature limits”
of directed polymers.

This thesis deals with the mathematical study of exactly solvable models of interacting
particle systems, and some of their limits. All belong to the KPZ universality class.
My first work, presented in Chapter [2| is an asymptotic analysis of the ¢-TASEP, an
interacting particle system introduced by Borodin and Corwin in 2011. One is interested
in the behaviour of a system perturbed by a few slower particles. This work illustrates the
well-known close relationship and similarities between the study of eigenvalues of random
matrices and disordered systems.

The study of exactly solvable interacting particle systems has made spectacular progress
during the last years, first with the works of Tracy and Widom from 2008 on the asym-
metric simple exclusion process (ASEP), and then with the introduction by Borodin and
Corwin of Macdonald processes. In a joint work with Ivan Corwin presented in Chapter
we introduce a new class of interacting particle systems on the integer lattice, that we
call the ¢-Hahn asymmetric exclusion process (¢-Hahn AEP). It is more precisely, like
ASEP, a partially asymmetric exclusion process, which means concretely that particles
may jump to the right and to the left. In a particular case, we recover a model introduced
by Sasamoto and Wadati, who had studied it via the Bethe ansatz, and noted similarities
with ASEP. Our method allows to fully determine the law of particle’s location, and we
can thus prove the predictions from KPZ scaling theory for this model. Moreover, Tracy
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and Widom have remarked already in their 2008 works that universality seems to break
down when one is interested in the asymptotic law of the first particle in the asymmetric
simple exclusion process. The ¢-Hahn AEP is another exactly solvable partially asymmet-
ric exclusion process. Thus, beyond the verification of KPZ universality predictions, our
work allows to look at the non-universal behaviour of the first particle.

In a second work in collaboration with Ivan Corwin, we introduce a random walk in
random environment on the integer lattice, where the probabilities of jumping by +1 or
—1 are given by random variables following the Beta distribution, independently at each
time and for each site. This model is in some sense a limit of an interaction particle
system recently introduced, and it is exactly solvable. We show that the large deviations
of the random walk endpoint are corrected at the second order by a random term. This
term converge to the Tracy-Widom distribution, in the scale ¢1/3 (t is the time). This
type of limit theorem is emblematic of the KPZ universality class, suggesting that this
class extends to random walks in random environment. Another aspect that we study is
the relationship between large deviations and the behaviour of the maximum of a large
number of random walk endpoints, correlated by a common environment. Thus, the
Tracy-Widom distribution appears again as a limit for the extreme values of a sequence
of correlated random variables. In our model, the covariance structure is particularly
simple and quantitatively explicit. We present these works in the Chapter 4] where we
also study the zero-temperature limit of the random walk, which is a directed first passage
percolation model.



CHAPTER 1

DEFINITIONS AND MAIN
RESULTS

This chapter presents the main results contained in this thesis manuscript with twofold
objectives:

1. We shall explain the motivations and place the results in their scientific context.

2. We try to focus on the intuitive meaning of the results and to identify the key
arguments leading to their proofs.

In order to satisfy the first aim, the first section is devoted to explaining what the KPZ
universality class is. In Section we provide an introduction to exclusion processes,
focusing on exactly solvable models. In Section [1.3] we move to another type of models,
random directed lattice paths. In this section, we provide a very short introduction to
random directed polymers and we explain how the exactly solvable models considered
are related to interacting particle systems. The Section is devoted to explaining the
origins of exact solvability. We briefly describe an underlying algebraic structure which
constitutes the theory of Macdonald processes, and explain the main methods used to
reveal exact solvability. We try to unify the diverse models introduced by showing that
they are characterized by very similar Fredholm determinantal formulas. In Section [1.5
we eventually present the limit theorems that we are able to prove, trying to focus on their
probabilistic meaning.

1.1 KPZ universality

All stochastic models studied in this thesis belong to the so-called KPZ
universality class. We provide here a short review about KPZ equation
and KPZ universality class.

In 1986, Kardar Parisi and Zhang [KPZ86], studied the time evolution of random
rough interfaces. They made scaling predictions, and claimed a form of universality. In
one spatial dimension, the default model for such systems is a stochastic partial differential
equation (the KPZ equation),

Oh = Dyrh + (8:h)* + W, (1.1)
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where h(z,t) is supposed to be a function RxR; — R describing the height of the interface,
and W is a space time white noise. As initial condition, one can consider for instance the
identically zero (flat) initial data. Without the non-linear term (9,h)*, Equation (1.1)
would be a stochastic heat equation. In this case, one knows that the roughness of the
noise propagates to the solution, which means that for a fixed time ¢ > 0 the function
x +— h(x,t) has Holder exponent 1/2—e. It is natural to expect the same regularity for the
solution of the KPZ equation. Consequently, we lack a canonical way of making sense of
the non-linear term (th)Q. The challenge raised by the ill-posedness of KPZ equation has
been recently solved by Martin Hairer [Hail3], and has led to the development of a theory
of regularity structures [Hail4] which provides general tools to handle non-linearities in
stochastic partial differential equations.

Although developing a rigorous framework for proving results such as existence and
uniqueness is a very important task for the mathematician, another interesting problem
is to describe quantitatively the solution. This is achieved by completely different tech-
niques. It was observed that the logarithm of the solution of a multiplicative stochastic
heat equation formally solves the KPZ equation. Thus Bertini and Giacomin [BG97] pro-
posed to define the solution of the KPZ equation as the logarithm of a stochastic heat
equation (SHE) with multiplicative noise. It happens that several discrete random systems
converge (in a sense to be precised) to this type of SHE. Thus, a way of understanding the
quantitative behaviour of the KPZ equation consists in studying related discrete systems.

Let us push this idea further. After all, the KPZ equation is not necessarily the
most illuminating model for studying the growth of interfaces. For instance, the study
of interacting particle systems such as the asymmetric simple exclusion process (ASEP),
besides giving insight about the law of the KPZ equation [ACQ11},[SS10], is interesting in
itself: ASEP is also a default model for out-of-equilibrium transport phenomena.

In this thesis, we study discrete models that belong to the KPZ universality class. What
does this mean 7 One expects that a random process belongs to the KPZ universality class
if it can be described by an interface (very often a height function), whose time evolution
satisfies the following:

1. there is a smoothing mechanism, meaning that deep holes and sharp peaks tend to
disappear, this corresponds to the Laplacian term 0,.h;

2. the growth is slope-dependent, such that the interfaces grows laterally, this corre-
sponds to the term (9,h)%;
3. the randomness is driven by a noise with short range correlations in space and time.

All systems in the KPZ universality class exhibit a lot of common features. For instance,
if the process is described by a height function h(x,t), we expect that for a fixed point z,
h(z,t) has random fluctuations on the scale t!/? (opposed to the v/Z scale for diffusions),
and spatial decorrelation occurs on the ¢2/3 scale. Moreover, the probability distributions
and processes involved in limit theorems do not depend on the specificities of the model
considered. It is delicate to make a very precise statement here, since limiting laws usually
depend on initial conditions and symmetry properties, but it is worth mentioning that most
limiting laws appeared previously in the study of fluctuations of extreme eigenvalues of
random matrices. We refer to Corwin’s review [Corl2] or Quastel’s lecture notes |Qual
for a more complete discussion. For certain subclasses of the KPZ universality class, one
is even able to make precise quantitative predictions, one case is treated in Section [1.5.1
Let us conclude this introductory discussion of KPZ universality by saying that, outside
a handful (perhaps with two hands in 2015) of exactly solvable models, universality claims
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Figure 1.1: Description of a general exclusion process. Arrows represent allowed transitions
for the nth particle.

are so far highly conjectural.

1.2 Integrable exclusion processes

This section provides an introduction to exclusion processes. We also
introduce some general notations in order to define the exactly solvable
exclusion processes studied in this thesis.

We consider interacting particle systems on Z, described by coordinates of particles

(xn (t))n€Z+ .

The word exclusion means that each site can be occupied by at most one particle, and we
assume that particles cannot overtake. Thus we can assume that

e < xp(t) < - < a(t) < 2o(t) = 400

We use for convenience a virtual particle indexed by 0 at 4+oco. It implies in particular
that there exists always a right-most particle. For the moment, we do not specify if jumps
occur at discrete times or in continuous time, nor if we deal with a finite or infinite number
of particles. In all examples considered, the dynamics are Markovian. When dealing with
infinitely many particles, the definition of such Markov processes can be an issue, and we
address this type of questions later (see Section . The simplest exclusion process is the
totally asymmetric exclusion process (TASEP). This process was introduced initially in the
study of protein synthesis [MGP68] to model the translation of ribosomes along a mRNA
strand. Each particle possesses a clock which rings after an exponentially distributed
random time of mean 1. When the clock rings, the particle jumps by one to the right,
provided the target site is empty. If the site is already occupied by a particle, then the
move is cancelled and one resets the clock.

The asymmetric simple exclusion process is an asymmetric variant. When the clock
rings, the particle jumps to the right with probability ¢ and to the left with probability
p. Hence, each particle performs a simple random walk on Z with the caveat that all
moves that would break the exclusion rule are cancelled. One can generalize the problem
by assuming that the random walks may not be simple random walks but have transition
kernel p(z,y). The mathematical study of exclusion processes began with Spitzer [Spi70].
The books of Liggett [Lig06], Lig99] are the classical reference and present many properties
of exclusion processes (well-definiteness, invariant measures, law of large numbers...).

In order to connect with the discussion from Section [1.1]about random interfaces, it is
enlightening to explain how one can associate a growth model to an exclusion process. The
mapping is initially due to Rost [Ros81]. We believe that Figure is self-explanatory.
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Figure 1.2: The border of the gray region constitutes the interface associated to the
configuration of particles. One sees that a move of a particle by +1 to the right (resp. to
the left) corresponds to adding (resp. removing) a box to the gray region.

1.2.1 General description

In the following, we describe exclusion processes in a slightly different way:

e Discrete time totally-asymmetric case with parallel update: If the nth
particle sits in position x,(¢) at time ¢, it can move to the site x,(t) + j, for
7 €{0,1,...,2p-1(t) — xn(t) — 1}. We assume that all jumps occur independently
and in parallel, which means that all particle locations are updated at the same
time, and hence the position of a particle at time ¢ 4+ 1 depends on the positions of
its neighbour at time ¢ but does not depend on their moves between times ¢ and
t + 1. The process is characterized by the probabilities of these events which we
denote as follows:

o(jlm) == P(mn(t +1) =x,(t) + jlxn-1(t) —x,(t) — 1 = m).

Note that there is not a canonical way to extend this definition in the partially
asymmetric case.
e Continuous time partially asymmetric case: The process is described by the

exponential rate of each possible transition. We denote by:

— ¢%(j|m) the rate of the transition when the particle sitting in z,(t) jumps to
the position x,(t) 4+ j, where m = xp—1(t) — z, — 1,

— ¢¥(j'|m’) the rate of the transition when the particle sitting in z,,(¢) jumps to
the position x,(t) — j/, where m’ = z,,(t) — xp41 — 1.

The problem of studying the long-time behaviour of such systems depends on the initial
condition that we consider. A priori, this initial condition can be random or deterministic,
and involving a finite or infinite number of particles. In this manuscript, we restrict to a
particular type of initial condition. We have already assumed that there exists a rightmost
particle. More precisely, we focus on the step initial condition for which particles are
initially packed on the negative integers:

Vn > 1,2,(0) = —n.

This initial condition is very far from equilibrium.
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Several other initial conditions are interesting. One can start from a stationary mea-
sure, or start from a state which is not stationary but quickly relaxes to the stationary
measure. Studying how the randomness of the initial condition propagates to the config-
uration of particles at time ¢ is also interesting. In the following, we do not treat these
questions. We are rather interested in understanding how the limit theorems depend on
the microscopic dynamics, i.e. the particular choice of the probabilities (resp. rates)
o (jlm) (resp. ¢(jm)).

1.2.2 The ¢-TASEP

The ¢-TASEP was introduced by Borodin and Corwin in the context of Macdonald
processes [BC14]. We refer to Section for the connection to Macdonald processes.
The ¢-TASEP is a continuous time Markov process described by the rates

o"(jlm) = (1 —¢™) 1=y and  ¢"(jlm) = 0.

rate 1 — ¢®*
® ®
— 00— —
Tar1(t) @) gap =2 Tn-1(t)

Figure 1.3: Ilustration of a possible move in the ¢-TASEP. The gap in front of the nth
particle is the quantity x,_;(t) — x,(t) — 1, that is the number of consecutive empty sites
up to the next particle on the right.

The ¢-TASEP is exactly solvable, as we will see in Section [1.4.1] even if one allows the
particles to have different speeds. More precisely, one can assume that the nth particle
jumps by one to the right with rate a,(1 — ¢9??). This observation is very important in
the chapter |2, where we study a ¢-TASEP with a finite number of slow particles (i.e. for
all but finitely many n, the speed a,, is smaller than 1, and a, = 1 for all other particles).
When ¢ equals zero, one recovers the TASEP. The parameter ¢ can be interpreted as a
repulsion strength between particles. When ¢ goes to 1, jump rates go to zero and the
process does not seem very interesting. However, if one simultaneously accelerates time by
a factor (1—q)?, one recovers after an appropriate renormalization (see [BC14, Chapter 5])
the O’Connell-Yor semi-discrete directed polymer introduced in [OY01]. Further scaling
limits lead to the continuum directed polymer, whose free energy solves the KPZ equation.

1.2.3 Introduction to g-analogues

This Section contains a superficial introduction to the theory of ¢-
analogues. It provides definitions that will be used in order to define
some integrable interacting particle systems and the ¢-Hahn probability
distribution. Moreover, the parallelism between the g-deformed world
and the classical world provides much intuition when it comes to taking
limits of (¢-deformed) interacting particle systems in Section

A g-analogue of a mathematical object is a generalization of this object depending on a
parameter g — a priori a complex number — such that one recovers the classical object when
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q tends to 1. It is preferable that the generalization preserve the main properties of the
initial object. Moreover, g-analogues should ideally be compatible between themselves.
For instance the g¢-derivative of the g-exponential function should be the g-exponential
function. Very often, g-analogues are discretizations of their corresponding classical object,
which explains their potential value in the study of random discrete processes.

Let us start with the g-analogues of elementary combinatorics. Given an integer n, the
g-integer [n], is

_ 1—q"
-1 n-1_- 1
[n]q +q+---+gq ¢
Quite naturally, one defines the g-factorial as
n .
1—¢
[n]g! = [nlgln —1]q...[1]g = H 1—-q¢
=1

Since we will make an extensive use of g¢-factorials, it is convenient to define the g-
Pochhammer symbol

n—1 o)
(a;q)n = H(l —agq')  and (a;9)0 = H(l —aq'),
1=0 =0
so that @a)
q;49)n
it =g

By analogy with the classical binomial coefficients, the g-binomial coefficients are

m _ [n],! (¢; On

k [ — Kkl (@ k(@ Qs

Let us mention a first interesting result:

Lemma 1.2.1 ([Sch53]). Consider an associative algebra over the complex numbersﬂ gen-
erated by two elements X andY such that Y X = qXY. Then one can always develop the
product (X +Y)" as a sum of monomials of the form X*Y"=*. One has the q-binomial
exTpansion

(X+Y)y =Y m xkyn-k,
k=0 q

A generalization of Lemma [[.2.1] presented in the next Section, is used several times
in this thesis in order to diagonalize Markov generators via Bethe ansatz.

Let us define a few other g-deformations. For convenience, fix hence forth that ¢ €
(0,1). We define the g-derivation of a function C — C by the formula

flaz) — f(z)

qr — T

dof(z) =

1. The scalar field has no importance in the lemma.
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In this way, the g-derivative of the monomial X" is, as we should expect, [n], X" 1. It
follows that if we define the g-exponential function as

[e8) .Tk
€q($) = Z W7
k=0 "4

then dgeq(x) = e4(z) as desired. Note that the above series is convergent when |z| <
1/(1 — q). For x in a compact set, the g-exponential function converges uniformly to the
exponential as ¢ goes to 1. For a complex number z with |z| < 1, the ¢g-binomial theorem
[AAR99, Theorem 10.2.1] implies that

o~ (G0 _k _ (a219)o
kZO(Q§Q)k (B (1:2)

Given the formula (1.2)) we have the product representation

1
) = T pm o

For a random variable X, the e,-Laplace transform of X is defined in [Hah49| as

1
Ee (CX)]:E[ ]
! ((1_Q)CX;Q)OO
Under certain conditionsE], the ¢g-Laplace transform of a positive random variable X is ana-
lytic over C\R4. This property proves very useful for converting combinatorial properties
encapsulated in formal generating series, into formulas amenable to asymptotic analysis.
An inversion formula of the eg,-Laplace transform is given in [BC14].

1.2.4 The ¢-Hahn TASEP and the ¢-Hahn distribution

The ¢-Hahn TASEP is introduced (although under another name) by Povolotsky in
[Pov13|] and is further studied by Corwin in [Corl4]. This is a discrete-time exclusion
process with parallel update, where particles jump only to the right. Before giving the
precise expression for the transition probabilities goR( jlm), let us explain the motivations.
In a short letter [EMZ04], Evans, Majumdar and Zia consider spatially homogeneous dis-
crete time zero-range processes on periodic domains. They address and solve the question
of characterizing the jump distributions for which invariant measures are product mea-
sures. This is important because the existence of invariant product measure is often the
first requirement for exact-solvability. Povolotsky [Pov13] further examined the most gen-
eral form of jump distributions allowing solvability by Bethe ansatz, and finds a family
depending on three real parameters ¢, p and v, that we introduce now.

Definition 1.2.2. Let ¢, u, v be three parameters such that ¢ € (0,1) and 0 <v < p < 1.
Let m be some positive integer. The ¢-Hahn distribution is a probability distribution on
the set {0,1,...,m} where the probability of drawing j is given by

Cquv(jlm) = Mj(V/U;Q)j(,u;q)m_j [m] |

(V5 @)m j

2. The conditions are quite strong. In the cases encountered later, X is of the form X = ¢Z where Z
is a random variable on positive integers, so that X is bounded.
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The weights ¢q ., (j|m) are introduced in the context of integrable particle systems by
Povolotsky [Pov13|] as an analogue of binomial Coeﬂicientsﬂ in an algebra satisfying the
quadratic homogeneous relation

YX =aXX + BXY +4YY.

More precisely, it is shown in [Pov13] Theorem 1] that if

_v(l—-9q) goa-v 1=
1—qv’ 1—qv’ 7 1—qv’
and
p=p+vl-p),
then

n
(pX + (1 - p)Y)n = Z (Pq,u,u(j’n)XkYnik'
k=0
This binomial formula is very useful in Chapters [land [l It allows to factor the action of
Markov transition kernels or generators (see more precisely Proposition in Section

and Section {4.3.1).

In light of the connection between the ¢g-Hahn distribution and a g-analogue of the
Pélya urn scheme (See [GO09, Section 4] and Section [3.2.2)), the g-Hahn distribution
should be seen as a g-analogue of the Beta-Binomial distribution. Moreover, one could
express the weights ¢g .., (j|m) in terms of ¢-Gamma functions (the canonical g-analogue
of the Gamma function), making the connection to the Beta binomial even more explicit.
This distribution enjoys a particular symmetry that we discuss in Section (we also
give basic properties such as a formula for the expectation of the g-Hahn distribution).

Digression 1.2.3. Let us briefly address the reason behind the name q-Hahn. The q-Hahn
orthogonal polynomials (Qn(x)), are orthogonal polynomials in the variable ¢~ and they

are defined by

n

n+1

—-n —T
4

, abg
N 34,4

— . L) — q
Q”($) = Qn($7avb7 Na Q) - 3¢2 aq,q~

where 3¢a is a basic hypergeometric series (see [GROJ|]). They satisfy an orthogonality
relation [GRO4, (7.2.22)] that we phrase in a probabilistic way. Set parameters p = bq,
v = abq® and let X a random variable following the q-Hahn distribution on {0,1,...,m}.
Then

E [Qn(X)Qn’(X)] = ]ln:n’ HQn”Qv
where we tautologically define the norm of q-Hahn polynomials by

1Qull” = E | (Qu())?]

Thus, q-Hahn orthogonal polynomials are orthogonal with respect to the q-Hahn distribu-
tionfl

3. The binomial formula was also derived in [Ros00].
4. The notational conventions that we use for the weight function and ||@n|| slightly differs from
[BCPS14] and from [VK93].
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Figure 1.4: Tllustration of the ¢-Hahn TASEP.
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Figure 1.5: Illustration of the asymmetric g-Hahn exclusion process.

It should not be surprising now that we define the transition probabilities in the totally
asymmetric g-Hahn exclusion process by

@(dlm) = g,uu(ilm).

1.2.5 The asymmetric ¢-Hahn exclusion process

The (continuous-time) asymmetric g-Hahn exclusion process (abbreviated g-Hahn AEP)
is introduced in [BC15al, in a work in collaboration with Ivan Corwin. The aim of this work
was to generalize the construction and the solvability of the ¢-Hahn TASEP to processes
where particles can jump both to the right and to the left. In the discrete-time setting,
the exact solvability does not perfectly extend to the partially asymmetric case. But we
can define a family of exactly solvable continuous time exclusion processes determined by
the rates

Ry p Y W Dm—g (6 9m
¢ (flm) = R Ule W @m (6 @m—j’
(ﬁL(j’m) — L(V;q)m—j (¢ Dm

e i@m (6 @Q)m—j

These rates are constructed as limits of g-Hahn probabilities as we explain in Chapter
Setting ¥ = 0 and asymmetry parameters L = 0 and R = 1, the rates of jumps have the
simple form

6" (jlm) = (1 = ™)Ly, 6" (i'Im') =0
matching those of ¢-TASEP. However, when L > 0, jumps on the left are long-range.
Hence our two-sided dynamics are different from those of the classical asymmetric simple
exclusion process, but rather generalize the PushASEP [BE0S].

1.2.6 Multi-particle asymmetric diffusion model

Setting v = ¢ in the rates of the asymmetric g-Hahn exclusion process, they no longer
depend on the distance to the neighbouring particles and have a particularly simple form.
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Figure 1.6: Rates of a few admissible jumps in the exclusion process corresponding to the
multi-particle asymmetric diffusion model (MADM exclusion process).

The MADM exclusion process is defined by the rates

R(ilm) R
¢) (j‘ ) [j]q—l’
L) — L

An example of some possible jumps is shown in Figure One of our motivations for
studying this model is that it has been known to be exactly solvable for a long time.
Indeed, Sasamoto and Wadati [SW98b] introduced a one-parametric family of zero-range
processes diagonalizable via Bethe ansatz, called the multi-particle asymmetric diffusion
model (MADM). Using a classical coupling between zero-range and exclusion processes
(see Section that maps the gaps between consecutive particles z; — x;41 — 1 in the
exclusion process with the population of the i*" site in the zero-range process, the MADM
corresponds to the ¢-Hahn AEP with R =¢/(14¢) and L = 1/(1+¢) (and v = ¢q). It was
later extended to arbitrary asymmetry parameters R, L > 0 [AKK99], and further studied
in [Leel2]. Until [BC15a], no formulas amenable to asymptotic analysis had been written
down for these systems.

1.3 Directed lattice paths

In this section, we introduce a few models of directed random lattice
paths: random walks in random environment and directed random poly-
mers. Although the subject seems different, we explain that the models
that we consider are actually limits of interacting particle systems, and
can be studied in a parallel way.

Directed random polymers have been introduced in [HH85] as a model for the interface
of the two-dimensional Ising model with random interactions. In general, we fix a lattice,
say Z, x 74 and we consider paths between the point (0,0) and a point (¢,2) for some
x € Z%. Let P; be the law of the nearest-neighbour random walk on Z¢ up to time ¢. It
defines naturally a measure on paths of Z x Z% between (0,0) and {t} x Z¢. For any such
path 7, we associate an energy

Ht(TF) = Zwe,

where the sum runs over all edges in 7, and the weights w, are random variables that
constitute the environment. A directed polymer is then a measure QQ; on paths given by

th (71') _ exp(—ﬂHt(ﬂ))
dpP; Zy ’
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where the normalisation constant Z; is called the partition function, and 3 is called the
inverse temperature. Usually, F; := log(Z;) is called the free energy, and many properties
of the dependency of the polymer paths on its environment are encoded in the analytical
properties of the function

The literature on random directed polymers is vast, and our definition is restrictive:
there exist models for which the paths does not necessarily jump to one of the nearest-
neighbours, the weights are not necessarily attached to the edges but sometimes to the
Verticeslﬂ7 and polymer paths do not even necessarily live on a lattice! Note also that
sometimes the parameter (3 is not present, but the temperature is implicitly defined in
terms of the parameters of the random variables we.

A nearest-neighbour directed random walk in random environment on Z, x Z<%, is a
random walk which performs steps of the formlﬂ (1,y) for some y € Z? with ||ly|| = 1.
For each edge e of the form (¢t,2) — (¢t + 1,z + y) (where [|y|| = 1), we assign a random
transition probability p.. More precisely, we consider a random walk (X;); such that if
Xi = x, then X; 11 = X;+e with probability p.. The random walk is well-defined provided
that from every point (¢,x) the outgoing probabilities sum to 1, i.e.

Zpezl

where the sum runs over all edges of the form (¢,z) — (¢t + 1,2 + y). It is interesting to
notice that if we consider a directed polymer with 8 = 1 and weights w, which can be
written

we = —log(pe),

then the polymer is a directed RWRE.
For general directed polymer models, it is customary to define the annealed free energy
by

A(B) = Jim  Toa(E[Z]),

where the expectation is taken over the environment. When the weights w, are i.i.d., A(5)
has a very simple expression. The weak disorder regime consists of § such that

lim e Pz, > 0,

t—o00
whereas the strong disorder regime is when the limit is zero. The strong disorder regime
can also be seen as a strict ordering between quenched and annealed free energies |[CSY04]

f(B) < AB)-

One can think of f(8) as the analogue of the large deviation rate function. Actually, it is
precisely a LDP rate function when the polymer is a directed RWRE. The randomness of
the environment appears in the free energy at the second order, and one conjectures that

Fy =tf(8) + XXy,

5. This is actually more common, but can be seen as a particular case of the situation where weights
are attached to edges.

6. the first coordinate, in Z4, is the direction of the walk. It will later be interpreted as the time
direction for random walks in space-time random environment.
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where X; weakly converges to a non-degenerate random variable, and y is called the
longitudinal fluctuation exponent. In all examples that we discuss below, X; converges to
the Tracy-Widom distribution (see Section. Another interesting — and related — aspect
of directed polymers is their localization properties. Conditionally on the environment,
the polymer path is (in strong disorder) subdiffusive, i.e. it concentrates in a region of size
o(v/t), but when averaging over the environment, one sees that the polymer will search
for rewards in the energy landscape at a much larger scale. In order to formalize this, one
assumes that their exists a transversal fluctuation exponent ¢ such that when we let the
environment vary, the endpoint of the polymer varies in a region of size t¢. For polymers
in 1 4+ 1 dimension, one expects under assumptions on the environment that y = 1/3,
¢ = 2/3, so that the fluctuation exponents should verify the relation

x =2¢—1.

This relation is called the KPZ relation, and it is conjectured to hold in any dimension
(So far, the only progress towards a proof of ths conjecture in a general setting deals only
with first passage percolation [Chal3| — which is a sort of zero-temperature limit — and
relies on strong assumptions).

Since we are unable to prove such results at positive temperature for general polymers,
it is interesting to better understand a few exactly solvable models for which we can find
the scaling exponents and much more.

The first example of an exactly-solvable polymer model is the semi-discrete O’Connell-
Yor polymer [OY0I]. It corresponds to a limit of polymer in Z2 where one would have
rescaled diffusively only one of the coordinates. A connection between this model and
Whittaker functions was pioneered in [OC12]. As Whittaker functions are a degeneration
of Macdonald functions, it was shown using general techniques developed for Macdonald
processes (see Section that the longitudinal fluctuation exponent is 1/3 and the law
of the rescaled free energy converges to the Tracy-Widom distribution [BC14, BCF14]. It
is important for our purpose to mention that this model is related to interacting particle
systems, in the sense that some observables of the ¢-TASEP converge, after an appropri-
ate scaling, to the partition function of the semi-discrete polymer. There exists also a
continuous limit of the semi-discrete polymer. In this model, polymer paths are Brown-
ian paths, and the weight of a path is the integral of a white noise along the path. Via
a Feynman-Kac representation, one can show that the partition function for this model
solves a heat equation with multiplicative noise, and hence the free energy solves the KPZ
equation

The first discovered exactly-solvable polymer model on a lattice is the log-gamma
polymer, introduced in [Sep12]. This is a discrete polymer model in which the weights are
attached to vertices and distributed as the logarithms of inverses of i.i.d. Gamma random
variables (so that the probability of a given path is proportional to a product of Gamma
weights along the path). For this model, the KPZ relation is satisfied [Sep12], and one
can prove as-well a Tracy-Widom limit theorem [COSZ14, BCR13].

A second exactly solvable model, which is related to the log-gamma polymer, is the
strict-weak lattice polymer, studied independently in [OO15] and [CSS15]. In [CSS15],

7. The polymer interpretation of the solution to the heat equation with multiplicative noise is explained
in [KS91l Section 5.2]. A rigorous mathematical analysis of the SHE with multiplicative noise, in relation
to KPZ equation, is done in [BC95|, while a mathematical construction of the directed polymer model is
done in [AKQ14].
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Xy

Figure 1.7: The graph of ¢t — X; for the Beta RWRE. It is evident on the figure that
X, := (t,X;) defined a directed random walk in a random environment in Z2.

it is shown that some observables of the discrete-time geometric ¢-TASEP converge to
the partition function of the polymer, and hence one obtains formulas for the Laplace
transform of Z; by taking limits of geometric ¢-TASEP Fredholm determinant formulas.

Since we know that there exists a generalization of the geometric g-TASEP, that is the
g-Hahn TASEP, it is natural to ask if one can define a new exactly solvable polymer model
by taking limits of g-Hahn TASEP observables. The answer is positive, and we describe
in the next sections the corresponding model and some limits, introduced in [BC15b].

1.3.1 Random walk in space-time i.i.d. Beta environment

Directed random walks in random environment can also be seen as random walks in
space-time random environment. Let (B ¢)zecz.tez . be a collection of independent random
variables following the Beta distribution, with parameters a and 3, i.e.

s—1L(a+B)
L(e)L'(B)

We call this collection of random variables the environment of the walk. In this envi-
ronment, we define the random walk in space-time Beta environment (abbreviated Beta-
RWRE) as a random walk (Xt) tezy in Z, starting from 0 and such that

e X;1 = X; + 1 with probability By, ; and

e X;1 = X; — 1 with probability 1 — Bx, ;.
We will denote P and E (resp. P and E) the measure and expectation related to the random
walk (resp. to the environment). The random walk (X;); in Z2, where X; := (t, X;) is a
directed random walk in random environment (see Figure [L.7).

The Beta-RWRE is closely related to the g-Hahn TASEP. Indeed, let (z,(t)) be the

particles location in the ¢-Hahn TASEP with parameters (g, fi, 7). We now fix two positive

P(Bop<r)= / 71— 2) dz.
0
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real parameters «, 8 > 0 and assume that

fi=q" v=q""’

Then, for any t € Z>p and n € Z~q, we have the weak convergence as ¢q goes to 1,
) —= P(X; >t —2n +2).

where P(X; > ¢t — 2n + 2) is the probability that X; > ¢ — 2n + 2. It is itself a random
variable depending on the environment.

1.3.2 Beta polymer

We now describe a quite particular directed polymer model in (Z )2, which is very
useful in the study of the Beta-RWRE. This is a generalisation of the strict-weak lattice
polymer described in [OO15, [CSS15].

A point-to-point Beta polymer is a measure Q) on lattice paths m between (0,0) and
(t,n). At each site (s, k) the path is allowed to

e jump horizontally to the right from (s, k) to (s + 1, k),

e or jump diagonally to the upright from (s, k) to (s + 1,k + 1).
An admissible path is shown in Figure Let B;; be independent random variables
distributed according to the Beta distribution with parameters « and g where a, 5 > 0.
The measure @, is defined by

Qu () = et

Z(t,n)
where the weights w, are defined by
Bi; ife=(i—1,7) — (4,7) (horizontal edge)
we = ¢ 1 if e=(i—1,i) = (¢,i+ 1) (boundary edge)

1-B;; ife=(i—1,j—1)— (i,5) with ¢ > j (up-right edge),

and Z(t,n) is a normalisation constant called the partition function,

Z(t,n) = Z Hwe.

m:(0,1)—(t,n)
The Beta polymer is also related to the g-Hahn TASEP, even more closely than the

Beta-RWRE. Consider (z,(t)) to be the particles locations in the ¢-Hahn TASEP with

parameters (q, fi, 7). Assume that
v

p=q", v=4g"

Then, for any fixed parameters v > p > 0 , we have the weak convergence of processes,

(q”"(t)> = (Z(t,n)> , when ¢ — 1.
n>0,t>0 n>0,t>0

Although the Beta polymer model was discovered through a limit of the g-Hahn TASEP,
it can be analyzed independently. All the steps leading to the exact solvability of the
g-Hahn TASEP can be perfomed in the ¢ — 1 limit. This was not the case for the limit
of the geometric ¢-TASEP. This is because in the case of the semi-discrete, log-gamma
and strict-weak directed polymers, the moments of the partition function grow too fast to
determine uniquely the distribution.
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Figure 1.8: The thick line represents a possible polymer path in the point-to-point Beta
polymer model.

Remark 1.3.1. The strict-weak lattice polymer is the limit (modulo a scaling of the
partition function by a power of v) of the Beta polymer, see Remark

1.3.3 Bernoulli-Exponential directed first passage percolation

Let us introduce the “zero-temperature” counterpart of the Beta RWRE. Let (E;) be a
family of independent exponential random variables indexed by the horizontal and vertical
edges e in the lattice Z2, such that E, is distributed according to the exponential law of
parameter a if e is a vertical edge and E, is distributed according to the Exponential law
of parameter b if e is a horizontal edge. Let (& ;) be a family of independent Bernoulli
random variables with parameter b/(a + b). For an edge e of the lattice Z2, we define the
passage time t. by

f & jEe if e is the vertical edge (¢,7) — (i,7 + 1), (1.3)
1 (1 = &,)E. if e is the horizontal edge (i,7) — (i +1,7). '

The first passage-time T'(n,m) in the Bernoulli-Exponential first passage percolation
model is given by

T(n,m) = min t
( ’ ) 7:(0,0)—=Dn,m ; @

where the minimum is taken over all up/right path 7 from (0, 0) to Dy, ,, which is the set
of points

Dn,m:{(i,n+m—i):0<¢<n}.

The percolation cluster C(t) is defined by

Ct) = {(n, m) : T(n,m) < t}.



CHAPTER 1. DEFINITIONS AND MAIN RESULTS

30

o

- .-

m ==

(0,0)

Figure 1.9: An admissible path for the Bernoulli-Exponential FPP model is shown on the

figure. T'(n,m) is the passage time between (0,0) and D), ,,, (thick gray line).
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It can be constructed in a dynamic way (see Section [1.3.3). At each time ¢, C(t) is the
union of points visited by (portions of) several directed up/right random walks in the
quarter plane Zi.

Remark 1.3.2. When b tends to infinity, E. tends to 0 for all vertical edges, and one
recovers the first passage percolation model introduced in [OC099], which is the zero
temperature limit of the strict-weak lattice polymer as explained in [OO15] [CSST15].

Why is the Bernoulli-Exponential first passage percolation model considered as the
zero-temperature limit of the Beta-RWRE 7 Let us set a. = €a and B, = eb. The parameter
€ plays the role of the temperature. Let X; a Beta-RWRE with parameters o, and (¢, and
T'(n,m) the first-passage time in the Bernoulli-Exponential FPP model with parameters
a,b. Then, for all n,m > 0, we have the weak convergence

—elog (P(Xn+m >m — n)) = T'(n,m),

as € goes to zero, where P(X,,1,,, > m — n) is the probability for the Beta-RWRE to be
above the site m — n at time n + m. Recall that P(X,4,, > m —n) is random since it
depends on the environment.

1.4 Exact solvability: origins and methods

In order to step back on the definitions given in the previous sections, it
is essential to introduce the reader to the theory of Macdonald processes.
However, since we do not use this theory so much, we explain in Section
another approach leading to similar results. We call this approach
the duality method. We then explain the outcome of these methods:
Fredholm determinantal formulas. Most of the concepts and methods
that we present in this section are introduced in [BC14l [BCS14], but have
a wider range of applicability than Macdonald processes and exclusion
processes.

1.4.1 Macdonald processes

In order to connect the study of ¢-TASEP with its algebraic origin, we give here an
impressionistic introduction to Macdonald processes. The reader is referred to the semi-
nal paper [BCI4], which introduces Macdonald processes and explain several applications.
Two surveys on Macdonald processes and so called “integrable probability” are also avail-
able: focuses slightly more on applications to members of the KPZ universality
class, whereas [BP14] make the inspirations from representation theory more explicit.

An interlacing triangular array is a sequence of integer partitions (A(i))izl n Where

each \() is an integer partition

AD = (A =20 > 20 > 0).

7

The sequence has to satisfy the interlacing condition:
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Macdonald processes are a family of measures supported on such interlacing triangular
arrays. The probability of a given triangular array is expressed in terms of Macdonald
symmetric functions, which have been introduced in [Mac95], and are usually denoted
P, and Q). The Macdonald functions are a family of symmetric functions in countably
many variables, indexed by (skew) integer partitions, such that the coefficient of each
monomial is a rational fraction in Q(q,t) where ¢,t € (0,1) are two parameters. When
q = t, Macdonald functions degenerate to Schur functions and the construction of Borodin
and Corwin specializes to the Schur process introduced in [Oko01l, [(OR03].

Macdonald functions satisfy a Cauchy identity: for two sequences of independent vari-
ables x1,x9,... and y1,y2, ...,

S P(0)Qa(y) = [ b Do
A

i (@Y @)oo

where the sum runs over all integer partitions. If one can choose the variables z1,xo, ...
and y1,y2,... so that each term P)(x)Qx(y) is non-negative, then the Cauchy identity
yields a very natural way of constructing a measure on integer partitions. It turns out that
one knows a very large familylﬂ of sequences of variables for which Py(z)Qx(y) > 0 for any
A. Since we are dealing with possibly infinitely many variables, it is not convenient to keep
these variables z and y. However, since the Macdonald functions form a basis of the space
of symmetric functions, choosing x1,x2,... corresponds to choosing a homomorphism
from the space of symmetric functions to C. This morphism is called a specialization. It
turns out that a large family of specializations sending the Macdonald functions to the
non-negative reals are described by a tuple («, 8,7), where a = (;);>1 and 8 = (8;)i>1
are sequences of non-negative reals such that > «; + 3; < oo and « is a non-negative real.

Macdonald processes are constructed so that the probability that the nth level is
an integer partition A is proportional to Py(ai,...,a,)@Qx(p), where a1, ..., a, are non-
negative parameters and @y (p) corresponds to applying the specialization p to @y, and p
is described as above by a tuple (a, 3,7). The probability of the entire triangular array
is given in terms of products of Macdonald functions, such that the process of n — A(™
is Markov in the space of integer partitions. Macdonald processes have the following
very nice property: Consider the measures on triangular arrays described by parameters
ai,as, ..., and a specialization («, 3,7). Then, there is a natural Markov process which

8. and conjecturally this family is the largest.
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acts on such measures and bring them to similar measure in which the specialization p has
evolved. The parameter v € R, can be interpreted as the time in the evolution. Likewise,
for a single row, there is a similar evolution that acts similarly. Moreover, there exist nice
interpretations of the evolution of the array. We will describe only one, in which we are
particularly interested.

When the parameters ¢, t of the Macdonald functions are such that ¢ = 0, the functions
degenerate to g-Whittaker functions, and we speak about g-Whittaker processes. In that
case, when a = 8 = 0, we have the equality in law

(), = (om0 o)

where
° ()\%n)) form the left diagonal coordinates of an interlacing triangular array
n>

distributed according to the Macdonald process with parameters aj,as,... and
specialization (« = 0,5 =0,7),

e z,(v) is the location of the nth particle at time ¢ = 7 in a ¢-TASEP started from
step initial condition, where the nth particle jumps to the right at rate

an(l _ qa:n_l(t)—a:n(t)—l)'

This is a slight generalization of the ¢-TASEP presented in Section since we
allow particle-dependent velocities a,.
This observation explains an algebraic motivation for the introduction of the ¢-TASEP.
As we have already mentioned, when ¢ = ¢t = 0, then the Macdonald process degenerates
to the Schur process. Actually, the ¢-TASEP is a marginal of the (time evolution acting
on) g-Whittaker process exactly in the same way as the TASEP is a marginal of the Schur
process.
There exists a family of operators on functions in n variables which are diagonalized by
Macdonald polynomials. By interpreting the eigenvalues as observables and encoding the
action of the Macdonald operators as contour integrals, [BCI4] provides exact formulas

for the moments of q . This is a first way of studylng the g-TASEP. Proposition 3.1.5 in

[BCT4] gives the following formula for the observable ¢* >, under the Macdonald process
with parameters aj,ag, ... and specialization («a, 3, 7).
(n) _ d
E[qk)‘n ] ZA — ZB H g qz]a ZJ’ (1‘4)
1< A<B<k A—qZB 9(25,p

where the contours are nested, i.e. the contour for z; contains all a;, and all gz; for 7 > j,
but no other singularity, and g(z, p) is an (explicit) analytic function of the variable z
which depends on the specialization p = («, 3,7).

For example, if we want to compute E [qk(x"(tH”)] , where the x,(t) are ¢-TASEP
locations, one can apply Equation and the corresponding function g is

n

9(z) = ¢ [[(2/ai; 9)oo

i=1

. . (n) . .
Since the random variables ¢*  are in between 0 and 1, the knowledge of their moments
identifies the distribution. Moreover, by taking a (¢-deformed) generating series of the
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moments of q)‘gln), one can compute the eg-Laplace transform (defined in Section @I},
which takes the form of a Fredholm determinant (this is explained in Section @ .

Theorem 3.2.11 in [BCI14] states that under a few technical assumptions that we do
not make precise here,

1

where C is a positively oriented contour around 1 and the operator K¢ is defined in terms
of its integral kernel
1 10040 S’LU, ds
Kewow) = 5= [ r(or(+ syt
2im J ioots g(w,p) ¢*w—w

where the function ¢(z, p) is the same as in and ¢ is a small enough positive real
number. The right-hand-side of is a Fredholm determinant. We discuss in more
detail why Fredholm determinants arise in Section Moreover, the formula holds
for any ¢ € C\ Ry. In Chapter 2, we perform an asymptotic analysis of this Fredholm
determinant, in the case corresponding to the ¢-TASEP, and we prove a limit theorem for
the positions of particles.

1.4.2 The duality method

Let us present another — and more probabilistic — way to recover the
nested contour integral moment formulas like ([1.4]). This approach relies
on the combination of two tools: Markov duality and the Bethe ansatz.

Let X = (f(t)) , & continuous-time Markov process on some state-space X, and Y =

(gj’(t)) , another Markov process on a possibly different space Y. We say that X and Y are
dual [EKQ9, 4.4] with respect to a function

H:XxY —R,
if for any initial conditions Z(0) and ¥(0),
ETO[H(&(t), 7(0)] = EMO[H(#(0), 5(1)],
where the superscript ¥ (resp. #(9)) is the initial condition for the process Z(t) (resp.
#(t)). If we denote by LX and LY the generator of the processes X and Y, then the

duality is equivalent to
LYH =L"H,

where L acts on the & variable and LY acts on the 4/ variable.
In the discrete-time setting, it is more common to speak about intertwining. A matrix
H :XxY — R intertwines two Markov transition kernels Py and Py if

PgH = H(Py)",

where T denotes the transpose. In words, it means in both cases that the action of the
generator (resp. transition kernel) of the process X on H is the same as that of the process
Y. There are two situations where a duality is clearly useful [JK14]:
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Figure 1.10: A general zero-range process.

e When one of the processes is very difficult to analyse, whereas the other one is
simple. In such cases, one cannot expect that the duality functional characterizes
much the complicated process, but it can produce useful results.

e When the functional H characterizes the system, for instance when the knowledge
of E*() [H(Z(t),7(0)] for any 7(0) determines uniquely the distribution of #(t).

Exclusion processes vs Zero-Range

One can generally build a coupling between exclusion processes on Z and zero-range
processes. We consider here zero-range processes on N sites, say {0,1,...,N — 1}, and N
might be infinite. Above each site, there is a certain number of particles that may move
to one of the neighbouring sites.

Let us describe informally the particle dynamics in the continuous time setting. The
family of processes that we describe is slightly more general that what one usually considers
as zero-range processes. Assume that g;(t) particles are above site i at time t. Then,

e j < g;(t) particles move together to the right to site i + 1 with exponential rate
T (jl9:(t)),
e and j' < g;(t) particles move to the left to site ¢ — 1 with rate Y% (j]g;(t)).
All sites are updated independently.

It happens that if (azn(t)) is a continuous-time exclusion process described as in Section

by rates ¢f*(j|m) and ¢%(j|m), then the dynamics of the gaps between particles, i.e.

gi(t) = xi_l(t) — :L‘Z(t) - 1,
have zero range dynamics, and the rates are the same as those of the exclusion process:

. TE(jlm) = ¢ (jlm),
Vis<m, § . Lis
TE(lm) = ¢ (jlm).
This coupling is exact for processes on the ring Z/NZ. In infinite volume with an infinite
number of particles one has to be careful with what happens on the boundaries, but

couplings can certainly be written down precisely.

Example: duality method for ¢-TASEP

We describe now a method to recover Macdonald moment formulas for ¢-TASEP by
exploiting a duality between the ¢-TASEP and its associated zero-range process. This
method was developed for the ¢-TASEP in [BCS14], and uses some ideas that were already
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present in [IS11]. The method works with a few steps. It is important to notice that the
same steps lead to the exact solvability of discrete time ¢-TASEP [BC13|, the ¢-Hahn
TASEP [Corl4] and the asymmetric g-Hahn TASEP [BC15a] (see also Chapter |3)).

1. Duality: Let us call ¢g-totally asymmetric zero-range process (¢-TAZRP) the zero
range process which is naturally associated to the ¢-TASEP. Define

N
H(Z,§) = [ ¢,
=0

with the conventionlﬂ that H = 0 if go > 0. By applying the generators of the
g-TASEP and the ¢-TAZRP to the function H, one readily sees that the ¢-TASEP
with N particles and the ¢-TAZRP on {0,1,... N} are dual with respect to H.

2. True evolution equation: For a given configuration of NV particles Z, we consider
the function

(g, t) = BT [H(Z(t), )],
where Z(t) is the vector of the first N particles of a ¢-TASEP at time ¢ started
from initial condition Z. We denote LITASEP and LITAZRP the generators of the
g-TASEP and the ¢-TAZRP. By Kolmogorov backward equation,
du

S — LATASEPRE ((7(t), 7))

Using the commutation between the generator and the semi-group of the g-TASEP,

du -
—~ _E7 LqTASE'PH 2(8). 1 .
= E (#(t), )]
Using the duality, and then the commutation between the generator and the semi-
group of the ¢-TAZRP, we arrive at

L du o razrPra S0\
Equation ((1.6)) is called the true evolution equation, it is a system of infinitely
many ODEs. In the case of ¢-TASEP, the solution is unique because the system of
equations is triangular. More generally, one has to restrict the class of functions u
considered in order to prove the uniqueness of the solution.

3. Bethe ansatz: First, one makes a change of variables and describe the ¢-TAZRP
configurations using ordered particles locations instead of the coordinates of §.
More precisely, instead of writing u(g,t), we write u(7,t) where

ﬁewk::{nl>n2>--->nk:ni€Z>0,1<i<k},

and the n;s are particle locations. The integer k is the number of particles, which
is conserved by ¢-TAZRP dynamics. Hence, the true evolution equation is an
equation for functions

f: Wk xRyg — R.

9. We recall that we still use the convention that there is a virtual particle at 9 = 400 in our description
of exclusion system.
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Using a variant of the Bethe ansatz, one is sometimes able to show that the solution
to the true evolution equation solves a simpler system of equation on a larger
functional space, provided some boundary condition is satisfied on the boundary of
the physically meaningful space. In the example of the ¢-TASEP, the larger space
is the space of functions

f:ZF x Rsg — R,

and the boundary condition must hold for 7 on the boundary of W* (i.e. when 7
have at least two coordinates equal). The simpler system of equations corresponds
to the dynamics of non-interacting particles, and hence is called free evolution equa-
tion. The solution to the free evolution equation 4+ boundary conditions coincide
with the solution of the true evolution equation on the small functional space (here
functions W* x R>o — R). This step is called an “ansatz” since it does not work in
general. It works only for the particular exactly solvable models that we consider.
In the examples of Chapters [3| and |4, the equivalence of true and free evolution
equations is proved using non-commutative binomial formulas, which are gener-
alizations of Lemma In this algebraic setting, one interprets the boundary
condition as a commutation relation.

4. Moment formulas: One can search solutions to the free evolution equation with
boundary conditions in the form of nested contour integral formulas as (1.4)). It
turns out that the boundary conditions can be checked easily on such formulas.
Once we have solved the sytem, we are able to write all the g-moments ]E[qu”(t)],
which determine the distribution of x,(t).

5. Fredholm determinant: Using the tools developed for Macdonald processes,
one is able to form the g-moment generating series and one gets a Fredholm deter-
minant formula for the e,-Laplace transform of the variable ¢*» (),

6. Conclusion: The e,-Laplace transform can be inverted to recover the distribution
of x,(t) [BC14, Proposition 3.1.1]. In practice, this step is often unnecessary.

1.4.3 Fredholm determinant formulas
Introduction to Fredholm determinants

All the models that we have defined previously admit closed formulas for the Laplace
transform — or its g-deformed counterpart — of meaningful observables, in terms of Fred-
holm determinants. As we explain in Section these formulas are convenient to prove
limit theorems towards the Tracy-Widom distribution. However, we do not need to use
any of the properties of the theory of Fredholm determinants. The only thing that we
need is an explicit expression, in the form of a Fredholm determinant. We provide here a
superficial introduction to Fredholm determinants, following [BC14, Definition 3.2.6], and
we only explain how to compute them numerically. We refer to the chapter 3 of [Sim79]
for a more complete introduction of Fredholm determinants.

Definition 1.4.1. Fix a Hilbert space L?(X, u), where X is a measure space and ju a
measure on X. In this manuscript, X is often a contour in the complex plane. When
X =T is a simple positively oriented smooth contour in C, we write only L?(I") and p is
implicitly understood to be the path measure along I' divided by 2.
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Let K be an integral operator, i.e. an operator acting on functions f € L2(X, ) by
_ / K(z, o) f(2')du(a).
X

The function K : X2 — C is called the kernel of K. The Fredholm determinant of I + K
is defined by

oo 1 " n
det(I + K)p2(x)y =1+ Z ] /X . /X det [K (x4, ;)] ;4 Hdu(mi).
n=1 =1

A sufficient condition for the above series to converge is that the operator K is trace-class.
In this manuscript, we manipulate kernels with explicit expressions, and we can always
check directly that the Fredholm determinant expansions are absolutely convergent.

From moment formulas to Fredholm determinants

A general scheme for going from nested contour integral moments formulas to Fredholm
determinant has been developed to study the g-Whittaker process in [BC14, Section 3.2.2].
It turns out that this method is fruitful beyond Maconald processes and can be applied
for other systems such as the g-Hahn TASEP, the ¢-Hahn asymmetric exclusion process,
and their scaling limits. It is natural to expect that Fredholm determinants arise in the
study of TASEP or directed last passage percolation with geometric weights, because these
processes can be seen as determinantal point processes. However, Fredholm determinant
can arise far beyond determinantal point processes. We describe here the case of exclusion
processes for which one can apply the duality method.

Assume that we have a moment formula for observables ¢*»®) | where x,(t) are particles
position of a system that we do not specify since the methods are general. If we get this
formula from the duality method explained in Section it will have the same form as
for the observables of the ¢-Whittaker process in Equation , i.e.

k(k 1)

ZA— 2 (gzj) dz;
E[q:cn(t)]: / / 11 A BngJ ]

— gz
\<A<B<k “A T 4*B

for some analytic function g (analytic outside finitely many singular points), where the
contour for z; contains a fixed set of singularities, and all gz; for i > j. In most cases we
deal with in this thesis, the fixed set of singularities in simply {1}.

The first step is to write this formula using the same contour for each variable. We
have

Aj

E [qun } ZC / /det <qu . _w]>w Hg))dwl -dwyy),s

5 9(gh
(1.7)

where the integration contour is a small circle around 1 (more generally a fixed set of
singularities) excluding all other singularities. The sum runs over integer partitions A
k where £(\) is the number of non-zero components, and C(\) is an explicit constant
depending on A that we do not specify here. This type of transformation is called the
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contour shift argument (see Proposition 7.4]) In order to prove this, one needs
t