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Chapitre 1Introdution françaiseLa lettre K désigne un orps algébriquement los. Dans toutes les setions de ettethèse, à l'exeption du hapitre 3 et du paragraphe 5.2, nous supposerons que Kest de aratéristique zéro.Cette thèse est divisée en deux parties indépendantes.Dans la première partie, nous onsidérons omme objet d'étude prinipal lalasse des monoïdes d'endomorphismes ainsi que elle des groupes d'automor-phismes d'une algèbre de dimension �nie.Dans la seonde partie, nous étudions la propriété de �exibilité pour les va-riétés algébriques a�nes. Comme appliation, nous dérivons de nouvelles lassesd'exemples de variétés algébriques ave un groupe d'automorphismes opérant in-�niment transitivement dans le lieu lisse.1.1 Partie I1.1.1 Monoïdes algébriques a�nes et algèbres de dimension�nieRappelons que tout groupe algébrique a�ne peut être réalisé omme un sous-groupe Zariski fermé du groupe linéaire GL(V ) où V est un espae vetoriel dedimension �nie. De façon analogue, tout monoïde a�ne est isomorphe à un sous-monoïde Zariski fermé du monoïde des endomorphismes d'un espae vetoriel dedimension �nie (voir [17, Theorem 3.8℄ ou aussi [3, Lemma 1.11℄).Soit A une algèbre de dimension �nie sur le orps K. Cela veut dire que A est unespae vetoriel de dimension �nie muni d'une appliation bilinéaire α : A×A → A.On notera qu'en général l'appliation α ne possède pas les propriétés d'assoiativitéou de ommutativité. Dans la suite, nous désignerons par vect(A) l'espae vetorielsous-jaent à l'algèbre A. Le groupe des automorphismes de A est noté AutA, 'est3



4 Chapitre 1. Introdution françaiseun sous-groupe fermé de GL(vect(A)). Ainsi, AutA est munie d'une struturenaturelle de groupe algébrique. De même, le monoïde EndA des endomorphismesde A est un monoïde algébrique.Une question naturelle est de savoir si la réiproque est vraie ; 'est-à-dire, est-e que tout groupe (resp. monoïde) algébrique a�ne est le groupe (resp. monoïde)des automorphismes (resp. endomorphismes) d'une algèbre de dimension �nie ?N.L. Godeev et V.L. Popov ont étudié e problème pour les groupes algébriquesa�nes. Comme onséquene de leurs travaux on obtient le résultat suivant.Théorème 1.1 ([8, Theorem 1℄). Soit K un orps algébriquement los. Consi-dérons G un groupe algébrique linéaire sur K. Alors il existe une algèbre A dedimension �nie sur K telle que le groupe algébrique AutA est isomorphe à G.Dans le hapitre 3, nous proposons d'étudier le as des monoïdes algébriquesa�nes, voir le théorème 3.1.1.1.2 Résolubilité des groupes d'automorphismesSoit S une algèbre assoiative ommutative de dimension �nie sur K. On rappelleque l'algèbre tangente du groupe algébrique AutS est l'algèbre de Lie DerS des
K-dérivations sur S (voir [13, Ch.1, �2.3, ex. 2℄). Notons Aut◦ S la omposanteonnexe de l'élément neutre (on érira omposante neutre, pour abréger) de AutS.Alors étudier la résolubilité de Aut◦ S en tant que groupe est équivalent à étudierla résolubilité de DerS en tant qu'algèbre de Lie.Une des motivations du problème de résolubilité des groupes d'automorphismesd'algèbres est la onjeture de S. Halperin énonée i-après.Conjeture 1.2 (Halperin, 1987). Soient f1, . . . , fn ∈ K[x1, . . . , xn]. Supposonsque la K-algèbre quotient S = K[x1, . . . , xn]/(f1, . . . , fn) soit de dimension �nieet non nulle, de sorte que la sous-variété V(f1, . . . , fn) de l'espae a�ne Kn soitd'intersetion omplète. Alors le groupe Aut◦ S est résoluble.Comme réponse partielle à ette onjeture, nous avons le résultat suivant dûà H. Kraft et C. Proesi.Théorème 1.3 (Kraft�Proesi, [11℄). Soient f1, . . . , fn ∈ K[x1, . . . , xn] des poly-n�mes homogènes. Supposons que

S = C[x1, . . . , xn]/(f1, . . . , fn) (1.1)soit de dimension �nie et non nulle. Alors le groupe Aut◦ S est résoluble.



1.1. Partie I 5Désignons par R l'algèbre des séries formelles K[[x1, . . . , xn]] à n variables etpar m l'idéal maximal (x1, . . . , xn) de R. Soit I un idéal ontenu dans m tel que
S = R/I est une algèbre loale de dimension �nie. L'idéal maximal de l'algèbre Sest alors m̄ = m/I. En 2009, M. Shulze a obtenu le ritère suivant.Théorème 1.4 (Shulze, [19℄). Soit S = R/I une algèbre loale de dimension�nie, où I ⊂ ml. Si l'inégalité

dim(I/mI) < n+ l − 1 (1.2)est véri�ée, alors l'algèbre des dérivations DerS est résoluble.Le prohain orollaire est une généralisation du théorème de Kraft-Proesi. Ene�et, les hypothèses de l'énoné 1.3 impliquent que l'algèbre S est loale.Corollaire 1.5 (Shulze, [19, Corollary 2℄). Si S = R/(f1, . . . , fn) est une algèbreloale provenant d'une intersetion omplète de f1, . . . , fn alors le groupe Aut◦ Sest résoluble.Dans la suite, nous étudions le as des hypersurfaes ayant une singularité iso-lée. Soit p ∈ K[x1, . . . , xn] un polyn�me tel que l'origine soit une singularité isoléede l'hypersurfae H ⊂ Kn d'équation p = 0. Dans la terminologie de G.R. Kempf[10℄, le jaobien J(p) du polyn�me p est le sous-espae vetoriel de K[x1, . . . , xn]engendré par ∂p

∂x1
, . . . , ∂p

∂xn
. L'idéal jaobien est l'idéal de K[x1, . . . , xn] engendrépar le jaobien de p. Le quotient A(H) = K[x1, . . . , xn]/(p, J(p)) est appelé algèbreloale (ou algèbre de modules) de l'hypersurfae H , 'est une algèbre loale de di-mension �nie sur K. En théorie des singularités, l'algèbre A(H) est aussi appeléel'algèbre de Tyurina.Il a été démontré par J. Mather et S. S.�T. Yau dans [12℄ que deux hyper-surfaes a�nes omplexes ayant une singularité isolée à l'origine sont loalementbiholomorphiquement équivalentes si et seulement si leurs algèbres de modulesrespetives sont isomorphes. Ainsi lorsque K = C, l'algèbre de modules permet delassi�er les singularités isolées d'hypersurfaes.A�n de déterminer les algèbres de modules parmi les algèbres loales de di-mension �nie, S.S.�T. Yau a introduit l'algèbre de Lie L(H) = DerA(H) appeléeparfois algèbre de Yau. Il a obtenu le résultat suivant.Théorème 1.6 (S.S.�T. Yau [24℄). L'algèbre de Yau L(H) d'une hypersurfaea�ne H ayant une singularité isolée à l'origine est résoluble.En général, deux algèbres de modules non isomorphes peuvent avoir des al-gèbres de Yau isomorphes. Cependant, lorsque les singularités sont simples saufpour les types A6 et D5, l'algèbre de Yau détermine l'algèbre de modules (voir [7,Theorem 3.1℄).



6 Chapitre 1. Introdution françaiseDans [19℄, on montre le théorème 1.6 à partir de l'assertion 1.4 et à partir d'unrésultat lassique de théorie des invariants dû à G. Kempf. Le résultat de Kempfest le suivant.Théorème 1.7 (Kempf, [10, Theorem 13℄). Soit G un groupe algébrique linéairesemi-simple omplexe. Considérons un G-module rationnel V de dimension nsur C. Fixons des fontions oordonnées x1, . . . , xn sur V de sorte que C[V ] =
C[x1, . . . , xn] est l'algèbre des polyn�mes à n variables. Choisissons un polyn�mehomogène p ∈ C[V ] de degré ≥ 3. Si le jaobien J(p) est une partie G-stablepour l'opération naturelle de G dans C[V ] alors il existe un polyn�me invarianthomogène q ∈ C[V ]G de degré d tel que J(p) = J(q).Dans le hapitre 4, nous introduisons la notion d'algèbre extrémale a�n dedéduire le théorème 1.6 du ritère Shulze d'une manière direte, omme expliquédans le paragraphe 4.3. Nous allons également présenter une preuve simpli�éedu ritère de Shulze et introduire un autre ritère de résolubilité. En�n, nousdémontrons la onjeture de Halperin en toute généralité.1.1.3 Résultats de la partie INotre premier résultat est un analogue pour les monoïdes a�nes algébriques duthéorème 1.1. En d'autres termes, nous montrons que tout monoïde algébriquea�neM peut être onstruit à partir du monoïde des endomorphismes d'une algèbre
A de dimension �nie. Cependant, il faut noter que deux di�érenes importantesapparaissent par rapport aux travaux de Gordeev et de Popov ([8℄), lorsque l'onpasse du ontexte des automorphismes de A à elui des endomorphismes. Toutd'abord, on ne peut pas s'attendre à e que l'algèbre A obtenue de M soit simple,ar le noyau de tout endomorphisme de A est un idéal de A. Par ailleurs, le monoïde
End(A) a toujours un élément absorbant z ∈ End(A) qui est l'endomorphisme nul,tandis qu'en généralM n'en possède pas. En résumé, nous avons le résultat suivant.Théorème 1.8. Soit K un orps algébriquement los. Pour tout monoïde algé-brique a�ne M dé�ni sur K, il existe une algèbre A de dimension �nie sur K telleque End(A) ∼= M ⊔ {z}, où le singleton {z} est une omposante irrédutible dumonoïde algébrique End(A).Dans la suite, nous exposons des résultats onernant le problème de résolubilitédes groupes d'automorphismes. Nous supposons que le orps K est algébriquementlos de aratéristique zéro. Dans la setion 4.2, nous donnons une démonstrationsimpli�ée du théorème 1.4. Le orollaire 1.10 i-après est un ritère de résolubilitépour des algébres qui ne sont pas loales, en général. Cela nous permet d'établirla onjeture 1.2 de Halperin.



1.1. Partie I 7Théorème 1.9. Soit S une algèbre de dimension �nie. Considérons m̄1, . . . , m̄sses idéaux maximaux, et �xons un entier k supérieur ou égal au maximum deslongueurs des haînes d'idéaux de S. En partiulier, on peut prendre k = dimS.Alors la omposante neutre Aut◦ S est résoluble si et seulement si pour tout i =
1, . . . , s, la omposante neutre Aut◦ Si du groupe des automorphismes de l'algèbreloale Si = S/m̄k

i est résoluble.Corollaire 1.10. Soit I ⊂ K[x1, . . . , xn] un idéal engendré par m éléments, et soit
l > 1 un entier satisfaisant les onditions suivantes :

• L'algèbre quotient S = K[x1, . . . , xn]/I est de dimension �nie.
• Pour tout idéal maximal m ⊂ K[x1, . . . , xn], soit I * m, soit I ⊂ ml.
• On a l'inégalité m < n + l − 1.Alors la omposante neutre Aut◦ S est résoluble.Dans la suite, nous introduisons et dérivons les algèbres extrémales. On noteraque es algèbres satisfont la ondition limite où le ritère de Shulze ne s'appliquepas.Dé�nition 1.11. On dit qu'une algèbre loale S de dimension �nie est extrémalesi on a l'égalité dim I/mI = l + n− 1.Théorème 1.12. Soit S une algèbre extrémale. Alors l'algèbre de Lie des dériva-tions DerS n'est pas résoluble si et seulement si S est de la forme S = S1 ⊗ S2,où

S1
∼= K[[x1, x2]]/(x

l
1, x

l−1
1 x2, . . . , x1x

l−1
2 , xl2) pour l ≥ 2, (1.3)

S2
∼= K[[x3, . . . , xn]]/(w2, . . . , wn−1), (1.4)et où wi ∈ ml ∩K[[x3, . . . , xn]] forment une suite régulière.La desription des algèbres extrémales ave une algèbre de Lie des dérivationsnon résoluble donnée dans le théorème 1.12 nous permet de déduire diretement lethéorème 1.6 à partir du ritère de Shulze d'une manière direte, omme expliquédans la setion 4.3.De plus, nous proposons un nouveau ritère de résolubilité pour les groupesd'automorphismes. Pour ela, introduisons la notion suivante.Dé�nition 1.13. Pour un idéal homogène I de l'algèbre graduéeR, nous désignonspar Ik sa k-ième pièe graduée. On dit qu'une algèbre loale S = R/I de dimension�nie est étroite si pour tout k ∈ Z>0, on a l'inégalité

dim Ik − dim(m̄I)k ≤ k. (1.5)Autrement dit, S est étroite s'il existe un sous-ensemble de générateurs homogènesde I tel que le nombre de générateurs de degré k ne dépasse pas k pour tout k ≥ 1.



8 Chapitre 1. Introdution françaiseRappelons que l'algèbre graduée assoiée à l'algèbre loale S est l'algèbre
grS = K⊕ (m̄/m̄2)⊕ (m̄2/m̄3)⊕ . . . ,i.e. (grS)i = m̄i/m̄i+1. Notre ritère de résolubilité est l'assertion suivante.Théorème 1.14. Soit S une algèbre loale de dimension �nie telle que grS estétroite. Alors l'algèbre de Lie des dérivations DerS est résoluble.Le ritère i-dessus est basé sur des arguments utilisés dans la démonstrationdu théorème 1.4. Ainsi, les théorèmes 1.4 et 1.14 donnent deux ritères di�érentsde résolubilité. Chaun d'entre eux est appliqué pour sa propre lasse d'algèbres.D'ailleurs, nous donnons une minoration de la dimension des groupes d'auto-morphismes.Théorème 1.15. Soit S une algèbre loale de dimension �nie dont son idéal maxi-mal est m̄. Alors
dimAutS ≥ dim(m̄/m̄2) · dimSocS.Finalement, nous donnons un exemple d'algèbre d'Artin dont le groupe d'au-tomorphismes est unipotent, voir 4.32.1.2 Partie II1.2.1 Préliminaires sur les variétés �exiblesRappelons quelques notions fondamentales introduites dans [30℄ et [29℄.Une opération d'un groupe G dans un ensemble A est dite m-transitive sil'opération induite de G dans l'ensemble des m-uplets d'éléments distints de Aest transitive. Une opération qui est m-transitive pour tout m ∈ Z>0 est ditein�niment transitive.Soit X une variété algébrique de dimension ≥ 2 dé�nie sur un orps algébri-quement los K. Considérons une opération algébrique Ga × X → X du groupeadditif Ga = (K,+) du orps de base K. Son image, disons L, de Ga dans legroupe des automorphismes AutX est un sous-groupe unipotent à 1-paramètre.Nous désignons par SAutX le sous-groupe de AutX engendré par tous les sous-groupes unipotents à 1-paramètre. Il est appelé le groupe des automorphismesspéiaux. Evidemment, SAutX est un sous-groupe distingué de AutX .Supposons maintenant que K est de aratéristique zéro. Une variété algébriquea�ne est dite �exible si l'espae tangent de X en tout point lisse est engendré parles veteurs tangents des orbites des sous-groupes unipotents à 1-paramètre. Lethéorème suivant explique l'importane de la notion de �exibilité.



1.2. Partie II 9Théorème 1.16 ([29, Theorem 0.1℄). Soit X une variété algébrique a�ne dedimension ≥ 2 dé�nie sur un orps algébriquement los de aratéristique zéro.Alors les assertions suivantes sont équivalentes.1. La variété X est �exible ;2. Le groupe SAutX opère transitivement dans le lieu lisse Xreg de X ;3. Le groupe SAutX opère in�niment transitivement dans le lieu lisse Xreg.Dans [30℄ on donne trois lasses d'exemples de variétés �exibles : les �nes af-�nes au-dessus des variétés de drapeaux, les variétés toriques a�nes non dégénéréesde dimension ≥ 2, et les suspensions de variétés �exibles.Dé�nition 1.17. Soit Y une variété algébrique. Désignons par K[Y ] = Γ(Y,OY )l'algèbre des fontions régulières sur Y . Une dérivation D sur K[Y ] est dite loale-ment nilpotente si pour tout f ∈ K[Y ] , il existe n ∈ N tel que Dn(f) = 0.Pour une variété a�ne Y dé�nie sur un orps de aratéristique zéro, il existeune orrespondane bijetive bien onnue entre l'ensemble des dérivations loale-ment nilpotentes (on érira DLN, omme abréviation) sur K[Y ] et l'ensemble desopérations de Ga dans Y . En e�et, une opération algébrique Ga × Y → Y munit
K[Y ] d'une struture de Ga�algèbre rationnelle, et le générateur in�nitésimal deette opération est une DLN D sur K[Y ]. Réiproquement, étant donnée une DLN
D sur K[Y ], le sous-groupe à 1-paramètre {exp(tD) | t ∈ K} est un sous-groupeunipotent à 1-paramètre de Aut Y , voir [43℄.Si nous permettons que Y soit quasi-a�ne ou que le orps de base K soit dearatéristique quelonque, alors la orrespondane entre DLN et opérations dugroupe additif ne peut pas être établie en général omme dans le as usuel i-dessus. Dans le as des variétés quasi-a�nes, un analogue du théorème 5.1 estdonné dans [41, Theorem 1.11℄. Tandis que pour le as où K est de aratéristiquequelonque, la notion de �exibilité reste à être developpée.Pourtant, l'équivalene entre transitivité et transitivité in�nie est vraie pour lesvariétés quasi-a�nes dé�nies sur un orps algébriquement los. La démonstrationest donnée dans la setion 5.2. Elle est basée sur la preuve originelle du théorème 5.1dans [29℄ et sur une preuve pour les variétés quasi-a�nes en aratéristique zérodans [31℄.1.2.2 Préliminaires sur les torseurs universelsLes torseurs universels ont été introduits par Colliot�Thélène et Sansu dans leontexte de la géométrie arithmétique pour étudier les points rationnels des variétésalgébriques, voir [37℄, [38℄, [65℄. Dans es dernières années, ils étaient utilisés pour



10 Chapitre 1. Introdution françaiseavoir des résultats positifs sur la onjeture de Manin portant sur la distribution despoints rationnels des variétés algébriques. Cette approhe a un impat importantdans la géométrie torique. Pour des généralisations et des relations ave l'anneautotal de oordonnées, voir [47℄, [33℄, [34℄, [46℄, [28℄.SoitX une variété lisse dont les fontions inversibles sont onstantes. Supposonsque le groupe des lasses Cl(X) est un réseau de rang r, i.e., Cl(X) est un groupeabélien libre à r générateurs. Désignons par WDiv(X) le groupe des diviseurs deWeil sur X et �xons un sous-groupe K ⊂ WDiv(X) tel que l'appliation anonique
c : K → Cl(X) envoyant D sur sa lasse [D] est un isomorphisme. Nous dé�nissonsle faiseau d'algèbres assoié à K omme étant

R :=
⊕

D∈K

OX(D),où la multipliation provient de la multipliation des setions homogènes dans leorps K(X) des fontions rationnelles. Le faiseauR est un faiseau quasi-ohérentd'algèbres K-graduées normales sur OX . À isomorphisme près, il ne dépend pas duhoix du sous-groupe K ⊂ WDiv(X), voir [28, Constrution I.4.1.1℄. Par ailleurs,le faiseau R est loalement de type �ni, et le spetre relatif X̂ = SpecX R est unevariété quasi-a�ne, voir [28, Corollary I.3.4.6℄.L'anneau total de oordonnées de X est l'algèbre des setions globales
R(X) :=

⊕

[D]∈Cl(X)

Γ(X,OX(D)).Nous avons Γ(X̂,O) ∼= R(X). L'anneau R(X) est fatoriel et seulement les élé-ments onstants non nuls de R(X) sont inversibles, voir [28, Proposition I.4.1.5℄.Puisque le faiseau R est K-gradué, la variété X̂ est munie d'une opération d'untore algébrique H de dimension r = rangCl(X). L'appliation q : X̂ → X estappelée le torseur universel de la variété X . D'après [28, Remark I.3.2.7℄, le mor-phisme q : X̂ → X est un �bré H-prinipal loalement trivial. En partiulier, letore H opère librement dans X̂ .Supposons que l'anneau total de oordonnées R(X) est de type �ni. Alorsnous pouvons onsidérer l'espae total des oordonnées X := Spec R(X). C'estune H-variété a�ne fatorielle. Par [28, Constrution I.6.3.1℄, il existe une immer-sion ouverte H-équivariante X̂ →֒ X telle que le omplémentaire X − X̂ est deodimension ≥ 2.1.2.3 Résultats de la partie IITout d'abord, nous déduisons le théorème suivant.



1.2. Partie II 11Théorème 1.18. Soient K un orps algébriquement los et Y une variété algé-brique quasi-a�ne irrédutible de dimension ≥ 2 et dé�nie sur K. L'opération de
SAut Y dans Yreg est transitive si et seulement si elle est in�niment transitive.Dans le théorème 1.18 nous permettons que le orps de base K soit de araté-ristique quelonque, mais i-après nous supposons que K est algébriquement losde aratéristique zéro. Nous onstruisons de nouvelles lasses de variétés �exiblessur K. Nous débutons par l'étude des �nes a�nes au-dessus de variétés proje-tives, notamment eux des surfaes de del Pezzo. Dans le but de donner un ritèrede �exibilité des �nes a�nes, nous introduisons les dé�nitions suivantes.Dé�nition 1.19 ([53, De�nition 0.2℄). On dit qu'un ouvert U d'une variété Y estun ylindre si U ∼= Z × A1, où Z est une variété lisse. Étant donné un diviseur
H ⊂ Y , nous disons qu'un ylindre U est H-polaire si U = Y − suppD, pour undiviseur e�etif D ∈ |dH|, où d > 0.Dé�nition 1.20. On dit qu'un sous-ensemble W ⊂ Y est stable par rapport auylindre U = Z × A1 si W ∩ U = π−1

1 (π1(W )), où π1 : U → Z est la premièreprojetion du produit diret. En d'autres termes, toute A1-�bre du ylindre estontenue dans W ou ne renontre pas W .Dé�nition 1.21. On dit qu'une variété Y est reouverte transversalement par desylindres Ui, i = 1, . . . , r, si Y =
⋃
Ui et s'il n'existe pas de sous-ensemble nonvide W stable par rapport à tous les Ui.Dans es termes, nous obtenons le ritère suivant de �exibilité, basé sur unritère d'existene d'une opération de Ga donné dans [53℄.Théorème 1.22. Soient Y une variété normale projetive et H un diviseur trèsample sur Y . Considérons le �ne a�ne X = AffConeH Y ⊂ An+1 orrespondantau plongement Y →֒ Pn donné par la polarisation de Y par H. S'il existe unreouvrement tranversal de Yreg par des ylindres H-polaires, alors le �ne a�ne

X est �exible.Rappelons que toute surfae de del Pezzo lisse de degré d ∈ {1, . . . , 9} à l'ex-eption de P1 × P1 peut être obtenue par élatement de 9− d points dans le planprojetif P2 en position générale. Nous nous intéressons prinipalement à leur im-mersions antianoniques. Notons que les �nes a�nes antianoniques au-dessusdes surfaes de del Pezzo de degré ≥ 6 sont toriques, et par onséquent �exiblesd'après [30℄. Pour les surfaes de del Pezzo de degré 4 et 5 nous obtenons lesrésultats suivants.Théorème 1.23. Soit H un diviseur très ample sur une surfae de del Pezzo Yde degré 5. Alors le �ne a�ne AffConeH Y est �exible.



12 Chapitre 1. Introdution françaiseThéorème 1.24. Soit Y une surfae de del Pezzo de degré 4. Il existe un �neouvert C dans l'espae de Neron�Severi N1
Q(Y ) tel que pour tout diviseur très ample

H ∈ C, le �ne a�ne AffConeH Y est �exible. De plus, C ontient le diviseurantianonique H = −KY .En e qui onerne les surfaes de del Pezzo de degré ≤ 3, la non-existened'une opération du groupe additif dans les �nes a�nes pluri-antianoniques a étéétablie, voir [36, Theorem 1.1℄ pour le as de degré 3 et [54, Corollary 1.8℄ pourles as de degré ≤ 2. Ainsi, ela répond aux problèmes posés dans [42℄ et [51℄.Passons maintenant aux torseurs universaux de variétés A-reouvertes. Nousmontrons que l'opération du groupe des automorphismes spéiaux dans un teltorseur est in�niment transitive.Dé�nition 1.25. Une variété algébrique irrédutible X est dite A-reouverte s'ilexiste un reouvrement ouvert X = U1∪ . . .∪Ur, où haque arte Ui est isomorpheà l'espae a�ne An.Un hoix d'un tel reouvrement ave des isomorphismes Ui
∼= An est appelé un

A-atlas de X . Une sous-variété Z d'une variété A-reouverte est dite linéaire, sielle est linéaire en haque arte, i.e. Z ∩Ui est un sous-espae linéaire de Ui
∼= An.Toute variété A-reouverte est rationnelle, lisse et par le lemme 7.1, le groupeabélien Pic(X) = Cl(X) est un réseau.Donnons des exemples de variétés A-reouvertes.(1) Toute variété torique omplète lisse X est A-reouverte.(2) Toute variété omplète rationnelle lisse munie d'une opération d'un tore algé-brique de omplexité un est A-reouverte.(3) Soit G un groupe algébrique linéaire semi-simple et P un sous-groupe para-bolique de G. Alors la variété de drapeaux G/P est A-reouverte. En e�et,un sous-groupe unipotent maximal N de G opère dans G/P ave une orbiteouverte U isomorphe à l'espae a�ne. Puisque G opère transitivement dans

G/P , nous obtenons le reouvrement désiré.(4) Plus généralement, toute variété sphérique lisse omplète est A-reouverte,voir [35, Corollary 1.5℄.(5) Il est onnu que les solides de Fano P3, Q, V5 et un élément de la famille
V22 sont A-reouverts. D'après [44℄, il n'existe pas d'autres solides de Fano
A-reouverts qui ont nombre de Piard égal à 1. En partiulier, les solides deFano V12, V16, V18 et V4 de la lassi�ation de Iskovskikh [50℄ sont rationnelsmais pas A-reouverts.



1.2. Partie II 13(6) Le produit de variétés A-reouvertes est à nouveau A-reouvert.(7) Plus généralement, puisque tout �bré vetoriel sur An peut être trivialisé, toutespae total de �brés vetoriels sur les variétés A-reouvertes est A-reouvert.La même hose est vraie pour leurs �brés projetifs.(8) Si une variétéX est A-reouverte et siX ′ est un élatement deX dont le entreest un point, ou plus généralement, est un sous-espae linéaire de odimensionau moins 2, alors X ′ est à nouveau A-reouverte.(9) En partiulier, toutes les surfaes rationnelles projetives lisses sont obtenuespar une suite d'elatements de P2, ou de P1×P1, ou des surfaes de Hirzebruh
Fn ; elles sont don A-reouvertes.(10) L'exemple (8) peut être généralisé omme suit. Considérons l'élatement de Xentré en un sous-espae linéaire Z. Les transformées strites de sous-variétéslinéaires de odimension au moins 2, qui ou bien ontiennent Z, ou bien nele renontrent pas, sont enore linéaires (pour un hoix approprié de A-atlas).Ainsi, nous pouvons itérer ette proédure.Le théorème suivant donne un moyen d'assoier une variété �exible à une va-riété A-reouverte.Théorème 1.26. Soit X une variété algébrique A-reouverte de dimension aumoins 2, et soit q : X̂ → X le torseur universel de X. Alors le groupe SAut(X̂)opère dans la variété quasi-a�ne X̂ de manière in�niment transitive.Corollaire 1.27. Soit X une variété algébrique A-reouverte de dimension aumoins 2. Supposons que l'anneau total de oordonnées R(X) est de type �ni. Alorsl'espae total des oordonnées X := Spec R(X) est une variété a�ne fatorielle,le groupe SAut(X) opère dans X ave une orbite ouverte O, et l'opération de

SAut(X) dans O est in�niment transitive.
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Chapter 2IntrodutionWe assume K to be an algebraially losed �eld of zero harateristi, exept forChapter 3 and Setion 5.2, where an arbitrary harateristi is allowed.In the �rst part of the thesis we onsider endomorphism monoids and automor-phism groups of �nite-dimensional algebras. In the seond part we study �exibilityof a�ne varieties and desribe numerous families of �exible varieties.2.1 Part I2.1.1 Preliminaries on monoids of endomorphismsIt is well known that every a�ne algebrai group is isomorphi to a Zariski losedsubgroup of the general linear group GL(V ) of a �nite-dimensional vetor spae V .Similarly, every a�ne algebrai monoid is isomorphi to a Zariski losed submonoidof the monoid L(V ) of all endomorphisms of a �nite-dimensional vetor spae V ,e.g. see [17, Theorem 3.8℄ or [3, Lemma 1.11℄.Let A be a �nite-dimensional algebra over the �eld K, i.e. a �nite-dimensionalvetor spae A with a bilinear map α : A×A→ A. Note that the assoiativity orommutativity of the map α is not assumed. It is onvenient to denote by vect(A)the underlying vetor spae of the algebra A. The automorphism group AutA ofthe algebra A is a losed subgroup of the group GL(vect(A)), whene it is an a�nealgebrai group. Similarly, the endomorphism monoid EndA is an a�ne algebraimonoid.A natural question arises whether the onverse is true, that is whether anya�ne algebrai group or monoid may be represented in this way. N.L. Gordeevand V.L. Popov onsidered this problem over an arbitrary �eld with su�ientlymany elements. In the partiular ase of an algebraially losed �eld of arbitraryharateristi, the result of N.L. Gordeev and V.L. Popov is as follows.15



16 Chapter 2. IntrodutionTheorem 2.1 ([8, Theorem 1℄). Let K be an arbitrary algebraially losed �eld.Then for any linear algebrai group G over K there is a �nite dimensional simplealgebra A over K suh that G is isomorphi to AutA.In Chapter 3 we onsider the ase of a�ne algebrai monoids. Our result isstated in Theorem 3.1.2.1.2 Preliminaries on solvability of automorphism groupsLet S be a �nite-dimensional (ommutative and assoiative) algebra over an alge-braially losed �eld K of harateristi zero. The automorphism group AutS isan a�ne algebrai group with tangent algebra being the Lie algebra of derivations
DerS; see [13, Ch.1, �2.3, ex. 2℄. Thus, the solvability of the identity omponent
Aut◦ S is equivalent to the solvability of the Lie algebra DerS.Let us start with the following onjeture proposed by S. Halperin.Consider a �nite olletion of polynomials f1, . . . , fn ∈ K[x1, . . . , xn]. As-sume that the quotient S = K[x1, . . . , xn]/(f1, . . . , fn) is non-trivial and �nite-dimensional. In this ase S is a omplete intersetion and f1, . . . , fn ∈ K[x1, . . . , xn]is a regular sequene.Conjeture 2.2 (Halperin, 1987). Suppose that a �nite-dimensional algebra S =
C[x1, . . . , xn]/(f1, . . . , fn) is a omplete intersetion. Then the identity omponent
Aut◦ S of the automorphism group of S is solvable.In the ase of homogeneous polynomials, this onjeture was proved by H. Kraftand C. Proesi.Theorem 2.3 (Kraft�Proesi, [11℄). Let f1, . . . , fn ∈ K[x1, . . . , xn] be homoge-neous polynomials suh that the algebra

S = C[x1, . . . , xn]/(f1, . . . , fn) (2.1)is �nite-dimensional. Then the identity omponent Aut◦ S is solvable.We denote by R the algebra of formal power series K[[x1, . . . , xn]] and by mthe maximal ideal (x1, . . . , xn) ⊳ R. Let I ⊂ m be suh that S = R/I is a�nite-dimensional (or Artin) loal algebra with the maximal ideal m̄ = m/I. In2009, M. Shulze obtained the following riterion, whih has several appliationsdisussed below.Theorem 2.4 (Shulze, [19℄). Let S = R/I be a �nite-dimensional loal algebra,where I ⊂ ml. If the inequality
dim(I/mI) < n+ l − 1 (2.2)holds, then the algebra of derivations DerS is solvable.



2.1. Part I 17Note that the algebra S as in Theorem 2.3 is loal. Thus, the following orollaryof Theorem 2.4 is a generalization of Theorem 2.3.Corollary 2.5 (Shulze, [19, Corollary 2℄). Given a loal omplete intersetion
S = R/(f1, . . . , fn), the group Aut◦ S is solvable.Let us now turn to the ase of isolated hypersurfae singularities (or IHS, forshort). Let p ∈ K[x1, . . . , xn] be suh that the hypersurfae {p = 0} ⊂ Kn hasan isolated singularity H = ({p = 0}, 0) at the origin. In the terminology ofG.R. Kempf [10℄ the subspae J(p) = SpanK

(
∂p

∂x1
, . . . , ∂p

∂xn

)
⊂ K[x1, . . . , xn] isalled the Jaobian of p. It generates an ideal (J(p)) alled the Jaobian ideal of

p. The quotient A(H) = K[[x1, . . . , xn]]/(p, J(p)) is alled the loal algebra or themoduli algebra of the IHS H . In singularity theory, A(H) is also known under thename of Tyurina algebra. This algebra is loal and �nite-dimensional.It has been proven by J. Mather and S. S.�T. Yau in [12℄ that two IHS are loallybiholomorphially equivalent if and only if their moduli algebras are isomorphi.Thus, the �nite-dimensional loal algebra A(H) de�nes the IHS H up to analytiisomorphism. In order to determine as to when a �nite-dimensional loal algebrais a moduli algebra of some IHS, S.S.�T. Yau [23℄ introdued a Lie algebra ofderivations L(H) = DerA(H) alled sometimes a Yau algebra. He obtained thefollowing result.Theorem 2.6 (S.S.�T. Yau [24℄). The algebra L(H) of an IHS H is solvable.Note that generally the Yau algebra does not uniquely determine its modulialgebra. But for simple singularities this property holds with the only exeption,the pair A6 and D5; see [7, Theorem 3.1℄.In [19℄ M. Shulze dedues Theorem 2.6 from his riterion. He uses the followingresult of G. Kempf, asking whether one ould avoid using this result.Theorem 2.7 (Kempf, [10, Theorem 13℄). Let p ∈ C[x1, . . . , xn] be a homogeneouspolynomial of degree d ≥ 3. Assume that the spae Cn is endowed with a linear a-tion of a semisimple group G. If the Jaobian J(p) ⊂ C[x1, . . . , xn] is G-invariantthen there exists a homogeneous G-invariant polynomial q of degree d suh that
J(p) = J(q).In Chapter 4 we introdue the onept of extremal algebras. In these termswe dedue Theorem 2.6 from Shulze's riterion diretly, i.e. without applyingKempf's Theorem 2.7, as explained in Setion 4.3. We also suggest a simpli�edproof of Shulze's riterion and propose yet another solvability riterion. We �nishChapter 4 with a proof of Conjeture 2.2. So, we generalize Shulze's result to notneessarily loal omplete intersetions.



18 Chapter 2. Introdution2.1.3 Results of Part IOur �rst result is an analogue of Theorem 2.1 by Gordeev and Popov for a�nealgebrai monoids, i.e. the realization of an arbitrary a�ne algebrai monoid
M as the endomorphisms' monoid of some �nite-dimensional algebra A. In ourase two di�erenes our with respet to the setting of Theorem 2.1. First, weannot expet the onstruted algebra A to be simple, sine the kernel of anyendomorphism is an ideal of A. Seond, the monoid End(A) always ontains azero z ∈ End(A), where z(a) = 0 for any a ∈ A, while M may not. Under theseirumstanes we obtain the following result.Theorem 2.8. Let K an algebraially losed �eld. For any a�ne algebrai monoid
M over K there exists a �nite-dimensional algebra A over K suh that End(A) ∼=
M ⊔{z}, where a singleton {z} is an irreduible omponent of the algebrai monoid
End(A).Let us return to the problem of solvability of the automorphism groups. Thebase �eld K is assumed to be algebraially losed of harateristi zero. In Se-tion 4.2 we provide a simpli�ed proof of Shulze's Theorem 2.4. In Corollary 1.10we obtain a more general solvability riterion for not neessarily loal algebras.This allows us to establish Halperin's Conjeture 2.2 in full generality.Theorem 2.9. Let S be a �nite-dimensional algebra with maximal ideals m̄1, . . . , m̄sand k be an integer at least equal to the maximal length of desending hains ofideals in S. In partiular, one may take k = dimS. Then the identity omponent
Aut◦ S is solvable if and only if the identity omponent Aut◦ Si of the loal algebra
Si = S/m̄k

i is solvable for any i = 1, . . . , s.Corollary 2.10. Let an ideal I ⊂ K[x1, . . . , xn] with m generators and an integer
l > 1 satisfy the following onditions:

• The quotient algebra S = K[x1, . . . , xn]/I is �nite-dimensional,
• For any maximal ideal m ⊂ K[x1, . . . , xn], either I * m or I ⊂ ml,
• The inequality m < n + l − 1 holds.Then the identity omponent Aut◦ S is solvable.Further, we introdue and desribe extremal algebras. These algebras are onthe border line with respet to validity of Shulze's riterion.De�nition 2.11. We say that the �nite-dimensional loal algebra S is an extremalalgebra if the equality dim I/mI = l + n− 1 holds.



2.1. Part I 19Theorem 2.12. Let S be an extremal algebra. Then the algebra of derivations
DerS is non-solvable if and only if S is of the form S = S1 ⊗ S2, where

S1
∼= K[[x1, x2]]/(x

l
1, x

l−1
1 x2, . . . , x1x

l−1
2 , xl2) for some l ≥ 2, (2.3)

S2
∼= K[[x3, . . . , xn]]/(w2, . . . , wn−1), (2.4)and where w2, . . . , wn−1 ∈ ml ∩K[[x3, . . . , xn]] form a regular sequene.The desription of the extremal algebras with a non-solvable algebra of deriva-tions given in Theorem 2.12 allows us to dedue diretly Theorem 2.6 fromShulze's riterion, as explained in Setion 4.3.In addition, we suggest a new solvability riterion for the automorphism groups.To this end, let us introdue the following notion.De�nition 2.13. For a graded ideal I let us denote by Ik its kth graded ompo-nent. We say that a graded loal �nite-dimensional algebra S = R/I is narrow ifthe inequality

dim Ik − dim(m̄I)k ≤ k (2.5)holds for all k = 1, 2 . . .. In other words, S is narrow if there exists a set ofhomogeneous generators of I suh that the number of generators of degree k doesnot exeed k for every k ≥ 1.Reall that the assoiated graded algebra of the loal algebra S is the algebra
grS = K⊕ (m̄/m̄2)⊕ (m̄2/m̄3)⊕ . . . ,i.e. (grS)i = m̄i/m̄i+1. Our solvability riterion is as follows.Theorem 2.14. Suppose that the assoiated graded algebra grS of a loal �nite-dimensional algebra S is narrow. Then the algebra of derivations DerS is solvable.This riterion is based upon a tehnique exploited in the proof Theorem 2.4.Thus, Theorem 2.4 and Theorem 2.14 give two di�erent solvability riteria. Eahof them is applied to its own lass of algebras.Besides, we give the following lower bound for the dimension of the automor-phism group.Theorem 2.15. Let S be a loal �nite-dimensional algebra with the maximal ideal

m̄. Then
dimAutS ≥ dim(m̄/m̄2) · dimSocS.Finally, we provide an example of an Artin algebra with a unipotent automor-phism group, see 4.32.



20 Chapter 2. Introdution2.2 Part II2.2.1 Preliminaries on �exible varietiesReall some useful notions introdued in [29℄ and [30℄.An ation of a group G on a set A is said to be m-transitive if for every two
m-tuples of pairwise distint points (a1, . . . , am) and (a′1, . . . , a

′
m) in A there exists

g ∈ G suh that g · ai = a′i for i = 1, . . . , m. An ation whih is m-transitive forall m ∈ Z>0 is alled in�nitely transitive.Let X be an algebrai variety of dimension≥ 2 over an algebraially losed �eld
K. Consider a regular ation Ga ×X → X of the additive group Ga = (K,+) ofthe ground �eld K. The image, say, L of Ga in the automorphism group AutX is aone-parameter unipotent subgroup. We let SAutX denote the subgroup of AutXgenerated by all its one-parameter unipotent subgroups. It is alled a speialautomorphism group. Evidently, SAutX is a normal subgroup of AutX .Now assume that K is of harateristi zero. An a�ne algebrai variety Xis alled �exible if the tangent spae of X at any smooth point is spanned bythe tangent vetors to the orbits of one-parameter unipotent group ations. Thefollowing theorem explains the signi�ane of the �exibility onept.Theorem 2.16 ([29, Theorem 0.1℄). Let X be an a�ne algebrai variety of di-mension ≥ 2 over an algebraially losed �eld of harateristi zero. Then thefollowing onditions are equivalent.1. The variety X is �exible;2. the group SAutX ats transitively on the smooth lous Xreg of X;3. the group SAutX ats in�nitely transitively on Xreg.The following three lasses of examples of �exible varieties are desribed in[30℄: a�ne ones over �ag varieties, non-degenerate tori varieties of dimension
≥ 2, and suspensions over �exible varieties. .De�nition 2.17. Let Y be algebrai variety, and let K[Y ] = Γ(Y,OY ) denotethe algebra of regular funtions on Y . A derivation D on K[Y ] is alled loallynilpotent, if for any f ∈ K[Y ] there exists n ∈ N suh that Dn(f) = 0.For an a�ne variety Y over a �eld of harateristi zero there exists a anonialone-to-one orrespondene between loally nilpotent derivations (or LHD's, forshort) on K[Y ] and Ga-ations on Y . Indeed, a regular ation Ga×Y → Y de�nesa struture of a rational Ga-algebra on K[Y ], and the in�nitesimal generator ofthis ation is a loally nilpotent derivation D on K[Y ]. Conversely, given a loally



2.2. Part II 21nilpotent derivation D on K[Y ], the one-parameter group {exp(tD) | t ∈ K} is aone-parameter unipotent algebrai subgroup of Aut Y , see [43℄.If we allow Y to be quasia�ne or the ground �eld to be of positive harateristi,then the one-to-one orrespondene between LND's and Ga-ations fails to exist.In the ase of quasi-a�ne varieties the analogue of Theorem 5.1 is obtained in [41,Theorem 1.11℄. In the ase of a �eld K of positive harateristi, the notion of�exibility is yet to be developed.Nevertheless, the equivalene of transitivity and in�nite transitivity does holdfor quasia�ne varieties over an algebraially losed �eld of arbitrary harateristi.The proof is provided in Setion 5.2. It is based on the original proof of Theorem 5.1in [29℄ and on a proof for quasia�ne varieties in haratesti zero in [31℄.2.2.2 Preliminaries on universal torsorsUniversal torsors were introdued by Colliot-Thélène and Sansu in the frameworkof arithmeti geometry to investigate rational points on algebrai varieties, see [37℄,[38℄, [65℄. In the last years they were used to obtain positive results on Manin'sConjeture on the distribution of rational points in algebrai varieties. Anothersoure of interest is Cox's paper [39℄, where an expliit desription of the universaltorsor over a tori variety is given. This approah had an essential impat in torigeometry. For generalizations and relations to Cox rings, see [47℄, [33℄, [34℄, [46℄,[28℄.Let X be a smooth variety with only onstant invertible funtions. Assumethat the divisor lass group Cl(X) is a lattie of rank r, i.e. a free abelian groupwith r generators. Denote by WDiv(X) the group of Weil divisors on X and �xa subgroup K ⊂ WDiv(X) suh that the anonial map c : K → Cl(X) sending
D ∈ K to its lass [D] ∈ Cl(X) is an isomorphism. We de�ne the Cox sheafassoiated to K to be

R :=
⊕

D∈K

OX(D),where the multipliation is done via multiplying homogeneous setions in the �eldof rational funtions K(X). The sheafR is a quasioherent sheaf of normal integral
K-graded OX-algebras. Up to an isomorphism, it does not depend on the hoieof the subgroup K ⊂ WDiv(X), see [28, Constrution I.4.1.1℄. Moreover, the sheaf
R is loally of �nite type, and the relative spetrum X̂ = SpecX R is a quasia�nevariety, see [28, Corollary I.3.4.6℄.The Cox ring of X is the algebra of global setions

R(X) :=
⊕

[D]∈Cl(X)

Γ(X,OX(D)).



22 Chapter 2. IntrodutionWe have Γ(X̂,O) ∼= R(X), and the ring R(X) is a unique fatorization domainwith only onstant invertible elements, see [28, Proposition I.4.1.5℄. Sine the sheaf
R is K-graded, the variety X̂ arries a natural ation of an algebrai torus H ofrank r = rankCl(X). The projetion q : X̂ → X is alled the universal torsorover the variety X . By [28, Remark I.3.2.7℄, the morphism q : X̂ → X is a loallytrivial H-prinipal bundle. In partiular, the torus H ats on X̂ freely.Assume that the Cox ring R(X) is �nitely generated. Then we may onsiderthe total oordinate spae X := Spec R(X). This is a fatorial a�ne H-variety.By [28, Constrution I.6.3.1℄, there is a natural open H-equivariant embedding
X̂ →֒ X suh that the omplement X \ X̂ is of odimension at least two.2.2.3 Results of Part IIFirst, we obtain the following result, see also Theorem 5.7.Theorem 2.18. Let K be an arbitrary algebraially losed �eld and let Y be anirreduible quasia�ne algebrai variety of dimension ≥ 2 de�ned over K. Thenthe ation of SAut Y on Yreg is transitive if and only if it is in�nitely transitive.In Theorem 2.18 we allow the ground �eld K to be of arbitrary haraterisi,but hereafter we assume K to be an algebraially losed �eld of harateristi zero.We onstrut new lasses of �exible varieties over K. We start with a�ne onesover projetive varieties, espeially over del Pezzo surfaes. In order to provide a�exibility riterion for a�ne ones, we use the following de�nitions.De�nition 2.19 ([53, De�nition 0.2℄). We say that an open subset U of a variety
Y is a ylinder if U ∼= Z × A1, where Z is a smooth variety. Given a divisor
H ⊂ Y , we say that a ylinder U is H-polar if U = Y \ suppD for some e�etivedivisor D ∈ |dH|, where d > 0.De�nition 2.20. We all a subset W ⊂ Y invariant with respet to a ylinder
U = Z×A1 ifW ∩U = π−1

1 (π1(W )), where π1 : U → Z is the �rst projetion of thediret produt. In other words, every A1-�ber of the ylinder is either ontainedin W or does not meet W .De�nition 2.21. We say that a variety Y is transversally overed by ylinders
Ui, i = 1, . . . , s, if Y =

⋃
Ui and there is no proper subset W ⊂ Y invariant withrespet to all the Ui.In these terms, we obtain the following riterion of �exibility, based on a rite-rion of existene of a Ga-ation from [53℄.



2.2. Part II 23Theorem 2.22. Let Y be a normal projetive variety and H be a very ampledivisor on Y . Consider the a�ne one X = AffConeH Y ⊂ An+1 orresponding tothe embedding Y →֒ Pn provided by the polarization of Y by H. If there exists atransversal overing of Yreg by H-polar ylinders, then the a�ne one X is �exible.Reall that any smooth del Pezzo surfae of degree d ∈ {1, . . . , 9} exept P1×P1an be obtained by blowing up the projetive plane P2 in 9 − d points in generalposition. We are primarily interested in their antianonial embeddings. Notethat the antianonial a�ne ones over del Pezzo surfaes of degree ≥ 6 are tori,thereby they are �exible by [30℄. For del Pezzo surfaes of degree 4 and 5 we obtainthe following results.Theorem 2.23. Let H be an arbitrary very ample divisor on a del Pezzo surfae
Y of degree 5. Then the orresponding a�ne one AffConeH Y is �exible.Theorem 2.24. Let Y be a del Pezzo surfae of degree 4. There is an open one Cin the Neron�Severi spae N1

Q(Y ) suh that for any very ample divisor H ∈ C thea�ne one AffConeH Y is �exible. Moreover, C ontains the antianonial divisor
H = −KY .As for del Pezzo surfaes of degree ≤ 3, it is proven the non-existene of Ga-ations on the pluriantianonial a�ne ones, see [36, Theorem 1.1℄ for the aseof degree 3 and [54, Corollary 1.8℄ for the ase of degree ≤ 2. This answers theorresponding problems posed in [42℄ and [51℄.Let us turn to the universal torsors over A-overed varieties. We prove that theation of the speial automorphism group on suh a torsor is in�nitely transitive.De�nition 2.25. An irreduible algebrai variety X is said to be A-overed ifthere is an open overing X = U1 ∪ . . .∪Ur, where every hart Ui is isomorphi toan a�ne spae An.A hoie of suh a overing together with isomorphisms Ui

∼= An is alled an
A-atlas of X . A subvariety Z of an A-overed variety X is alled linear withrespet to an A-atlas, if it is linear in all harts, i.e. Z ∩ Ui is a linear subspae in
Ui

∼= An. Any A-overed variety is rational, smooth, and by Lemma 7.1 the group
Pic(X) = Cl(X) is �nitely generated and free.Let us give examples of A-overed varieties.(1) Every smooth omplete tori variety X is A-overed.(2) Every smooth rational omplete variety with a torus ation of omplexity oneis A-overed.



24 Chapter 2. Introdution(3) Let G be a semisimple algebrai group and let P be a paraboli subgroup of
G. Then the �ag variety G/P is A-overed. Indeed, a maximal unipotentsubgroup N of G ats on G/P with an open orbit U isomorphi to an a�nespae. Sine G ats on G/P transitively, we obtain the desired overing.(4) More generally, every omplete smooth spherial variety is A-overed, see [35,Corollary 1.5℄.(5) The Fano threefolds P3, Q, V5 and an element of the family V22 are known tobe A-overed. Moreover, there are no other types of A-overed Fano threefoldsof Piard number 1 by [44℄. In partiular, the Fano threefolds V12, V16, V18and V4 from Iskovskikh's lassi�ation [50℄ are rational but not A-overed.(6) The produt of two A-overed varieties is again A-overed.(7) More generally, sine every vetor bundle over An an be trivialized, the totalspaes of vetor bundles over A-overed varieties are A-overed. The sameholds for their projetivizations.(8) If a variety X is A-overed and X ′ is a blow up of X with enter at a pointor, more generally, at a linear subvariety of odimension at least 2, then X ′ isagain A-overed.(9) In partiular, all smooth projetive rational surfaes are obtained either from
P2, P1×P1 or from the Hirzebruh surfaes Fn by a sequene of blow ups, andso they are A-overed.(10) Example (8) an be generalized as follows. Let a linear subvariety Z be theenter of a blow up. The strit transforms of linear subvarieties of odimensionat least 2, whih either ontain Z or do not meet it, are linear again (with thehoie of an appropriate A-atlas). Hene, we may iterate this proedure.The following theorem provides a way to assoiate a �exible quasi-a�ne varietyto any A-overed variety.Theorem 2.26. Let X be an A-overed algebrai variety of dimension at least 2and q : X̂ → X be the universal torsor over X. Then the group SAut(X̂) ats onthe quasia�ne variety X̂ in�nitely transitively.Corollary 2.27. Let X be an A-overed algebrai variety of dimension at least 2.Assume that the Cox ring R(X) is �nitely generated. Then the total oordinatespae X := Spec R(X) is a fatorial a�ne variety, the group SAut(X) ats on Xwith an open orbit O, and the ation of SAut(X) on O is in�nitely transitive.
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Chapter 3Monoids of endomorphisms
3.1 IntrodutionIn this hapter we assume K to be an algebraially losed �eld of arbitrary har-ateristi. Reall that an a�ne algebrai semigroup is an a�ne variety M over Kwith an assoiative produt µ : M ×M → M , whih is a morphism of algebraivarieties. Denote an element µ(a, b) by ab. A semigroup is alled a monoid if itontains an identity element e ∈ M suh that em = me = m for any m ∈ M . Anelement 0 ∈M is alled zero if 0m = m0 = 0 for any m ∈M . Obviously, a monoidannot ontain more than one zero. It is well known that every a�ne algebraimonoid is isomorphi to a Zariski losed submonoid of the monoid L(V ) of alllinear operators on some �nite-dimensional vetor spae V , e.g. see [17, Theorem3.8℄ or [3, Lemma 1.11℄. A systemati aount of the theory of a�ne algebraimonoids is given in [16℄ and [17℄. A lassi�ation of irreduible a�ne monoids,whose unit group is redutive, is obtained in [18℄ and [20℄.Let A be a �nite-dimensional algebra over the �eld K, i.e. a �nite-dimensionalvetor spae A with a bilinear map α : A×A→ A. Note that the assoiativity orommutativity of the map α is not assumed. It is onvenient to denote by vect(A)the underlying vetor spae of an algebra A. By an ideal of an algebra A we meana two-sided ideal. An algebra A is alled simple if it does not ontain proper ideals.The set of all endomorphisms of A,

End(A) := {φ ∈ L(vect(A)) | α(φ(a), φ(b)) = φ(α(a, b)) for a, b ∈ A},is a monoid with respet to omposition. It is easy to hek that this monoid isZariski losed in L(vect(A)), therefore it is an a�ne algebrai monoid.It is shown in [8℄ that any a�ne algebrai group an be realized as the groupof automorphisms of some �nite-dimensional simple algebra. In this hapter wepropose a similar realization of an arbitrary a�ne algebrai monoid M as the27



28 Chapter 3. Monoids of endomorphismsendomorphisms' monoid of a �nite-dimensional algebra A. In this ase two dif-ferenes our. First, we annot assume that A is simple, sine the kernel of anyendomorphism is an ideal of A. Seond, the monoid End(A) always ontains a zero
z ∈ End(A), z(a) = 0 for any a ∈ A, whileM may not. Under these irumstaneswe obtain the following result.Theorem 3.1. For any a�ne algebrai monoid M over K there exists a �nite-dimensional algebra A over K suh that End(A) ∼= M ⊔{z}, where a singleton {z}is an irreduible omponent of the algebrai monoid End(A).In partiular, if M is an a�ne algebrai group, then there exists an algebra Asuh that Aut(A) ∼=M (see [8℄).Example 3.2. Let us onsider the monoid M = L(V ) for a �nite-dimensionalspae V . Then we may take the algebra A onstruted in the following way. First,let e be a left identity of A and

vect(A) := 〈e〉 ⊕ V,where 〈X〉 stands for the linear span of a set X . Next, for any v, w ∈ V de�ne theirprodut by v · w = 0, v · e = λv, where λ is a �xed onstant in K \ {0, 1}. Takinginto aount the equalities e · v = v and e · e = e, we obtain the multipliationtable of A.Note that any endomorphism sends e to e or 0, sine these two are the onlyidempotents of A. In this way, the reader will easily prove that End(A) ∼= L(V )⊔
{z}, where z is as in Theorem 3.1.Example 3.3. Assume charK 6= 2. Consider a two-dimensional spae V over Kwith a basis {v1, v2} and the exterior algebra Λ(V ) with a basis {1, v1, v2, v1 ∧ v2}.Let us take a monoid M ⊂ L(vect(Λ(V ))),

M :=








1 0 0 0
0 b11 b12 0
0 b21 b22 0
0 c1 c2 d




∣∣∣∣∣∣∣∣
d = det

(
b11 b12
b21 b22

)
, bij , ci ∈ K




.One an show that M ats on Λ(V ) by endomorphisms. Moreover, End(Λ(V )) =

M ⊔ {z}. More generally, a similar equation holds for the exterior algebra of anarbitrary spae.The proof of Theorem 3.1 is done of two steps. First, for every �nite-dimensional spae U and its subspae S we onstrut a �nite-dimensional algebra
A suh that End(A) is isomorphi to L(U)S ⊔ {z}, where L(U)S is the normalizerof some vetor subspae S of a speial L(U)-module. Seond, an arbitrary a�nealgebrai monoid M is represented as L(U)S for appropriate U and S.



3.2. Some speial algebras 293.2 Some speial algebrasIn this setion we de�ne and study some �nite-dimensional algebras that will beuseful later on.3.2.1 Algebra A(V, S)Let V be a nonzero �nite-dimensional vetor spae. Denote by T(V ) the tensoralgebra of V and by T(V )+ its maximal homogeneous ideal
T(V )+ :=

⊕
i≥1V

⊗i, (3.1)endowed with the natural L(V )-struture,
g · ti := g⊗i(ti), g ∈ L(V ), ti ∈ V ⊗i. (3.2)Thus, L(V ) ats on T(V )+ faithfully by endomorphisms. Therefore we may identify

L(V ) with the orresponding submonoid of End(T(V )+).Fix an integer r > 1. For an arbitrary subspae S ⊂ V ⊗r we de�ne
I(S) := S ⊕ (

⊕
i>rV

⊗i). (3.3)It is an ideal of T(V )+. De�ne A(V, S) as the quotient algebra modulo this ideal,
A(V, S) := T(V )+/I(S). (3.4)Then

vect(A(V, S)) = (
⊕r−1

i=1V
⊗i)⊕ (V ⊗r/S). (3.5)We may onsider L(V )S := {φ ∈ L(V ) | φ(S) ⊂ S} ⊂ L(V ).Proposition 3.4. L(V )S = {σ ∈ End(A(V, S)) | σ(V ) ⊂ V }.Proof. By de�nition, the elements of A(V, S) are the equivalene lasses x+ I(S),

x ∈ T(V )+. Let us show the inlusion �⊃�. Consider σ ∈ End(A(V, S)) suh that
σ(V ) ⊂ V . The σ-ation oinides with the ation of σ̃ := σ|V ∈ L(V ) on A(V, S)by virtue of (3.2), sine the algebra A(V, S) is generated by V . The σ-ationpreserves zero of A(V, S), hene σ̃(I(S)) ⊂ I(S) and σ ∈ L(V )S.Now we turn to the inverse inlusion. For arbitrary subsets X, Y ⊂ T(V ) de�ne

X ⊗ Y := {x⊗ y | x ∈ X, y ∈ Y } ⊂ T(V ).Let σ ∈ L(V )S. Then
σ((x+ I(S))⊗ (y + I(S))) ⊂ σ(x⊗ y) + I(S) = σ(x)⊗ σ(y) + I(S)by de�nition of the L(V )-ation on T(V )+. Hene σ ∈ End(A(V, S)).



30 Chapter 3. Monoids of endomorphisms3.2.2 Algebra D(P, U, S, γ)Lemma 3.5. Let A be an algebra with a left identity e ∈ A suh that vect(A) =
〈e〉 ⊕ A1 ⊕ · · · ⊕ Ar, where Ai is the eigenspae with an eigenvalue αi 6= 0, 1 forthe operator of right multipliation of A by e. Assume that 0 and e are the onlyidempotents in A. Then1. e is the unique left identity in A;2. if σ ∈ End(A), then either σ(e) = e and σ(Ai) ⊂ Ai for any i, or σ = z.Proof. (i) The left identity is a nonzero idempotent. Hene it is unique.(ii) Sine the image of an idempotent is an idempotent, σ(e) = 0 or σ(e) = e.If σ(e) = 0, then σ(a) = σ(ea) = σ(e)σ(a) = 0, i.e. σ = z. Now assume that
σ(e) = e. Then σ(Ai) is the eigenspae with an eigenvalue αi 6= 0, 1 for theoperator of right multipliation by e. Hene σ(Ai) ⊂ Ai.Let P be a two-dimensional vetor spae with a basis {p1, p2}, U be a nonzero�nite-dimensional spae, and

V := P ⊕ U. (3.6)We �x an integer r > 1 and also(i) a subspae S ⊂ V ⊗r;(ii) a sequene γ = (γ1, . . . , γ6) ∈ (K \ {0, 1})6, where γi 6= γj for i 6= j.De�ne an algebra extension D(P, U, S, γ) ⊃ A(V, S) in the following way. Let
b, c, d, e ∈ D(P, U, S, γ) be suh that

vect(D(P, U, S, γ)) = 〈e〉 ⊕ 〈b〉 ⊕ 〈c〉 ⊕ 〈d〉 ⊕ vect(A(V, S)) (3.7)and the following onditions hold:(D1) e is the left identity of D(P, U, S, γ);(D2) 〈b〉, 〈c〉, 〈d〉 as well as P, U ⊂ V = V ⊗1 ⊂ A(V, S) and (
⊕r−1

i=2V
⊗i) ⊕

(V ⊗r/S) ⊂ A(V, S) are the eigenspaes with the eigenvalues γ1, . . . , γ6 re-spetively of the operator of right multipliation by e;(D3) The multipliation table for b, c, d is
b · b := 0, b · c := c + γbcb, b · d := 0,
c · b := −c, c · c := b, c · d := e,
d · b := p1, d · c := d, d · d := p2,

(3.8)where γbc = γ2−γ1
γ2−γ3

;



3.2. Some speial algebras 31(D4) 〈b, c, d〉 · A(V, S) = A(V, S) · 〈b, c, d〉 = 0.De�ne the ation of g ∈ L(V )S on vect(D(P, U, S, γ)) as follows: g|〈b〉 = g|〈c〉 =
g|〈d〉 = g|〈e〉 = id, g|V is the natural L(V )-ation on V , and on the other summandsof A(V, S) it is de�ned by (3.2). By Proposition 3.4 we may identify L(V )S withthe orresponding submonoid of L(vect(D(P, U, S, γ))). Further, we may onsideran embedding L(U) →֒ L(V ), h 7→ id |P ⊕h. Thus, L(U)S ⊂ L(V )S, and we obtain
L(U)S-ation on vect(D(P, U, S, γ)).Proposition 3.6. We have

End(D(P, U, S, γ)) = L(U)S ⊔ {z},where {z} is an (isolated) omponent of the monoid End(D(P, U, S, γ)).Proof. First of all, we show that 0 and e are the only idempotents of D(P, U, S, γ).Indeed, let ε = λee+ λbb+ λcc+ λdd+ a, where a ∈ A(V, S). Then
ε2 = (λ2e + λcλd)e+ (λbλe(1 + γ1) + λ2c + λbλcγbc)b+

+ λcλe(1 + γ2)c+ ((1 + γ3)λdλe + λdλc)d+ a′ =

= λ1e+ λ2d+ λ3c+ λ4b+ a, where a, a′ ∈ A(V, S). (3.9)Hene
λe = λ2e + λcλd, (3.10)

λb = λbλe(1 + γ1) + λ2c + λbλcγbc, (3.11)
λc = λcλe(1 + γ2), (3.12)

λd = λdλe(1 + γ3) + λcλd. (3.13)Assume λc 6= 0. By (3.12)
1 + γ2 6= 0, λe =

1

1 + γ2
and λcλd = λe − λ2e 6= 0,so λd 6= 0. Hene equation (3.13) implies

λc = 1− λe(1 + γ3) =
γ2 − γ3
1 + γ2. Finally, by (3.11) we have

λ2c = λb(1− λe(1 + γ1)− λcγbc) = λb(
γ2 − γ1
1 + γ2

−
γ2 − γ3
1 + γ2

·
γ2 − γ1
γ2 − γ3

) = 0.



32 Chapter 3. Monoids of endomorphismsFrom this ontradition we dedue λc = 0.Moreover, λe = 0 or λe = 1 by (3.10). If λe = 0, then λb = λd = 0, ε = a ∈
A(V, S) and ε = 0, sine zero is the only idempotent of A(V, S). Now assume
λe = 1. From equations (3.11) and (3.13) aordingly follow λb = 0 and λd = 0.Thus, ε = e+ a, a ∈ A(V, S).Let a = aP + aU + aΣ, where aP ∈ P, aU ∈ U, aΣ ∈ (

⊕r−1
i=2V

⊗i) ⊕ (V ⊗r/S).Then
ε2 = e+ (1 + γ4)aP + (1 + γ5)aU + a′Σ = e+ aP + aU + aΣ, (3.14)where a′Σ ∈ (

⊕r−1
i=2V

⊗i)⊕ (V ⊗r/S). Hene aU = aP = 0. Assume aΣ 6= 0, then wemay write aΣ = ak + . . . + ar, ak 6= 0, where ai ∈ V ⊗i for i < r and ar ∈ V ⊗r/S.This way,
(e+ ak + . . .+ ar)

2 = e+ (1 + γ6)ak + a′′ = e+ ak + . . .+ ar, (3.15)where a′′ ∈ (
⊕r−1

i=k+1V
⊗i)⊕ (V ⊗r/S) for k < r and a′′ = 0 for k = r. This implies

ak = 0, whih is a ontradition. Hene aΣ = 0 and ε = e.Thus, D(P, U, S, γ) ontains no idempotent di�erent from 0 and e. Let σ ∈
End(D(P, U, S, γ)) \ {z}. By Lemma 3.5 σ(e) = e and 〈b〉, 〈c〉, 〈d〉, P , U , A(V, S)are σ-invariant. Let σ(b) = δbb, σ(c) = δcc, σ(d) = δdd. The equations cd =
e, dc = d, cb = −c imply δcδd = 1, δcδd = δd, δbδc = δc. One may hek that
δb = δc = δd = 1. Finally, the equations db = p1, dd = p2 imply σ|P = idP .Sine V and A(V, S) are σ-invariant, σ|A(V,S) ∈ L(V )S by Proposition 3.4.Taking into aount that σ|P = idP and σ(U) ⊂ U , we obtain σ ∈ L(U)S.3.3 A�ne monoids as the normalizers of linearsubspaesProposition 3.7. Let M be an a�ne algebrai monoid. There is a �nite-dimensional vetor spae U and an integer r > 1 suh that the following holds.Let P be a two-dimensional vetor spae with a trivial L(U)-ation. Then the
L(U)-module (P ⊕ U)⊗r ontains a linear subspae S suh that L(U)S ∼=M .Proof. Sine there exists a losed embeddingM →֒ L(U) for some �nite-dimensionalspae U , we may suppose M ⊂ L(U). Consider the ation of L(U) on itself by leftmultipliation. In addition, we onsider the regular representation of L(U) on thealgebra K[L(U)],

(g · f)(u) := f(ug), g, u ∈ L(U), f ∈ K[L(U)]. (3.16)



3.3. Affine monoids as the normalizers of linear subspaes 33Denote d := dimU . Note that the L(U)-modules K[L(U)] and Sym(U⊕d) areisomorphi. To prove this, it su�es to assoiate a linear funtion on L(U) to everyvetor (u1, . . . , ud) ∈ U⊕d, sine K[L(U)] = Sym(L(U)∗). Identify U with Kd, L(U)with Matd×d(K). Let A be in L(U), B be a matrix with olumns u1, . . . , ud. Let
lu1,...,ud

(A) := trAB. Then (g · lu1,...,ud
)(A) = trAgB = lgu1,...,gud

(A), i.e. we havean L(U)-equivariant isomorphism.By de�nition of symmetri algebra �x a natural epimorphism
ξ : T(U⊕d) → Sym(U⊕d) ∼= K[L(U)]. (3.17)There is a �nite-dimensional subspae W ⊂ K[L(U)] suh that

L(U)W =M. (3.18)Let us all a linear span of a set {L(U) · f} an L(U)-spread of f . In order to provethis, one may show that an L(U)-spread of an arbitrary funtion f ∈ K[L(U)]is �nite-dimensional. Indeed, sine the L(U)-ation is a morphism, (g · f)(u) =
f(ug) ∈ K[L(U) × L(U)] = K[L(U)] ⊗ K[L(U)], where u, g ∈ L(U), and there arefuntions Fj, Hj ∈ K[L(U)] suh that

(g · f)(u) =

n∑

j=1

Fj(u)Hj(g). (3.19)Therefore, the L(U)-spread of the funtion f is ontained in the �nite-dimensionalsubspae 〈F1, . . . , Fn〉.Let I(M) = (f1, . . . , ft) ⊳ K[L(U)] be the ideal of funtions vanishing on M .Summing the L(U)-spreads of the funtions fi we obtain a �nite-dimensional L(U)-invariant subspae V ⊂ K[L(U)]. De�ne W = I(M) ∩ V . First, it ontains
f1, . . . , ft. Seond, it is M-invariant, sine the ideal I(M) is M-invariant. Obvi-ously, g ∈ M implies g ·W ⊂ W . On the other hand, suppose that g ·W ⊂ W ,where g ∈ L(U). Then fi(g) = (g · fi)(E) = 0 for i = 1, . . . , t, where E is theidentity of L(U) and is automatially ontained in M . Therefore, g ∈ M . Thisproves (3.18).Furthermore, sine the spaeW is �nite-dimensional, there is an integer h ∈ Z+suh that

W ⊂ ξ(
⊕

i≤h(U
⊕d)⊗i). (3.20)De�ne W ′ := ξ−1(W ) ∩ (

⊕
i≤h(U

⊕d)⊗i). The L(U)-equivariane of ξ implies
L(U)W ′ = L(U)W . (3.21)Fix a basis {p1, p2} of the spae P . There exists an embedding of L(U)-modules

ι : T(U⊕d) →֒ T(〈p1〉 ⊕ U). (3.22)



34 Chapter 3. Monoids of endomorphismsIndeed, let Ui be the ith summand of U⊕d. Consider an arbitrary basis {fij | j =
1, . . . , d} of Ui and de�ne an embedding as follows,

ι(fi1j1 ⊗ . . .⊗ fitjt) := p⊗i1
1 ⊗ f ′

i1j1
⊗ . . .⊗ p⊗it

1 ⊗ f ′
itjt
, (3.23)where f ′

ij is the image of fij under the identity isomorphism Ui → U . It is easyto hek that the embedding ι : T(U⊕d) →֒ T(〈p1〉 ⊕ U) de�ned on the basis of
T(U⊕d)+ by formula (3.23) and sending 1 to 1 is as required.Now we may onsider a spae W ′′ := ι(W ′),

L(U)W ′′ = L(U)W ′ . (3.24)Sine W ′′ is �nite-dimensional, there exists an integer b ∈ N suh that
W ′′ ⊂

⊕
i≤b(〈p1〉 ⊕ U)⊗i. (3.25)Take r ≥ b suh that r > 1 and onsider a linear mapping

ιr :
⊕

i≤b(〈p1〉 ⊕ U)⊗i → (P ⊕ U)⊗r, fi 7→ p
⊗(r−i)
2 ⊗ fi, fi ∈ (〈p1〉 ⊕ U)⊗i. (3.26)Obviously, ιr is an embedding of L(U)-modules. De�ne S = ιr(W

′′). Then
L(U)S = L(U)W ′′ . (3.27)Now the laim follows from equations (3.18), (3.21), (3.24), and (3.27).Proof of Theorem 3.1Let M be an arbitrary a�ne algebrai monoid, U, b, r, P, S be as in Proposition3.7. Fix a set γ ∈ (K \ {0, 1})6 suh that γi 6= γj for i 6= j, and onsider thealgebra D(P, U, S, γ). It follows from Proposition 3.7 and Proposition 3.6 that

End(D(P, U, S, γ)) ∼=M ⊔ {z}. This ends the proof.



Chapter 4Solvability of automorphism groups
4.1 IntrodutionIn this hapter the �eld K is assumed to be algebraially losed of harateristizero. We denote by R the algebra of formal power series K[[x1, . . . , xn]] and by
m the maximal ideal (x1, . . . , xn) ⊳ R. Let I ⊂ m be suh that S = R/I is a�nite-dimensional (or Artin) loal algebra with the maximal ideal m̄ = m/I.Consider the automorphism group AutS. This is an a�ne algebrai group withtangent algebra being the Lie algebra of derivations DerS; see [13, Ch.1, �2.3, ex.2℄. Thus the solvability of the onneted omponent of identity Aut◦ S (or theidentity omponent for short) is equivalent to the solvability of the Lie algebra
DerS.In 2009 M. Shulze obtained the following riterion, whih has several applia-tions disussed below.Theorem 4.1 (Shulze, [19℄). Let S = R/I be a �nite-dimensional loal algebra,where I ⊂ ml. If the inequality

dim(I/mI) < n+ l − 1 (4.1)holds, then the algebra of derivations DerS is solvable.Hereafter we provide a generalization of that riterion to a non-loal ase, seeCorollary 4.26, as well as establishing a new riterion based on similar tehniques,see Theorem 4.12. These two riteria work for di�erent types of algebras.In order to mention some appliations of Shulze's riterion, let us onsidera regular sequene f1, . . . , fn ∈ K[x1, . . . , xn]
1. Equivalently, the quotient S =

K[x1, . . . , xn]/(f1, . . . , fn) is non-trivial and �nite-dimensional and is alled a globalomplete intersetion.1i.e. for all i the image of fi in the quotient K[x1, . . . , xn]/(f1, . . . , fi−1) is not a zero divisor.35



36 Chapter 4. Solvability of automorphism groupsConjeture 4.2 (Halperin, 19872). Suppose that a �nite-dimensional algebra Sis a global omplete intersetion. Then the identity omponent Aut◦ S of the au-tomorphism group of S is solvable.Just a few months later H. Kraft and C. Proesi proved the onjeture in thease of homogeneous polynomials.Theorem 4.3 (Kraft�Proesi, [11℄). Assuming K = C, let f1, . . . , fn ∈ K[x1, . . . , xn]be homogeneous polynomials, and the algebra
S = K[x1, . . . , xn]/(f1, . . . , fn) (4.2)be �nite-dimensional. Then the identity omponent Aut◦ S is solvable.Note that in terms of Proposition 4.3 the sequene f1, . . . , fn is regular. Inthis ase the algebra S is loal. Thus, the following generalization of Theorem 4.3turns out to be a diret onsequene of Shulze's Theorem 4.1.Corollary 4.4 (Shulze, [19, Corollary 2℄). Given a loal omplete intersetion

S = R/(f1, . . . , fn), the group Aut◦ S is solvable.Proof. We may assume that fi ∈ m2. Then dim(I/mI) = n and so we an apply(4.1).In Setion 4.4 we introdue a riterion for the solvability of the algebra ofderivations DerS for a non-loal �nite-dimensional algebra S, see Theorem 4.25.This allows us to dedue the global ase of Conjeture 4.2 from the loal one, andso to �nish the proof.Let us onsider now isolated hypersurfae singularities (or IHS, for short). Let
p ∈ K[x1, . . . , xn] be suh that the hypersurfae {p = 0} ⊂ Kn has an isolatedsingularity H = ({p = 0}, 0) at the origin. Let J(p) =

〈
∂p

∂x1

, . . . , ∂p

∂xn

〉
K
be theJaobian of p. So, the ideal (J(p)) is the Jaobian ideal of p. The quotient

A(H) = K[[x1, . . . , xn]]/(p, J(p)) is alled a loal algebra or a moduli algebra of theIHS H . It is also known as Tyurina algebra in singularity theory.Sine the formal power series ring is loal, the algebra A(H) is loal as well.There is an analogue of the Hilbert Nullstellensatz for the germs of analyti fun-tions (alled Rükert Nullstellensatz, see [9, Theorem 3.4.4℄, [1, 30.12℄, [21℄), whihholds for formal power series as well, sine there is a purely algebrai proof. Henethe radial√(p, J(p)) oinides with the maximal ideal m. Thus the ideal (p, J(p))ontains some power of the maximal ideal or, equivalently, the algebra A(H) is�nite-dimensional. Conversely, if the algebra A(H) is �nite-dimensional then the2This onjeture was proposed by S. Halperin at the onferene in honor of J.�L. Koszul.



4.1. Introdution 37singularity H is isolated. Indeed, the �nite dimensionality of A is equivalent to aninlusion mr ⊂ I for some r, or √(p, J(p)) = m. This implies V(p, J(p)) = 0, and
H is the only singularity in some neighbourhood of zero.It has been proven by J. Mather and S. S.�T. Yau in [12℄ that two IHS arebiholomorphially equivalent if and only if their moduli algebras are isomorphi.Thus, the �nite-dimensional loal algebra A(H) de�nes the IHS H up to analytiisomorphism.In order to determine as to when a �nite-dimensional loal algebra is a modulialgebra of some IHS, S.S.�T. Yau [23℄ introdued a Lie algebra of derivations
L(H) = DerA(H) alled sometimes a Yau algebra. He obtained the followingresult.Theorem 4.5 (S.S.�T. Yau [24℄). The algebra L(H) of an IHS H is solvable.Note that generally the Yau algebra does not uniquely determine its modulialgebra. But for simple singularities this property holds with only one exeption.Their lassi�ation is well known and onsists of two in�nite series Ak, Dk andthree exeptional singularities E6, E7, E8; e.g. see [2, Chapter 2℄. A. Elashvili andG. Khimshiashvili proved the following fat.Theorem 4.6 (Elashvili�Khimshiashvili, [7, Theorem 3.1℄). Let H1 and H2 be twosimple IHS, exept the pair A6 and D5. Then L(H1) ∼= L(H2) if and only if H1and H2 are analytially isomorphi.Remark 4.7. Assume that the polynomial p is quasi-homogeneous, i.e.

p(λk1x1, . . . , λ
knxn) = λkp(x1, . . . , xn) for some �xed k, k1, . . . , kn ∈ N. (4.3)Then p ∈ J(p) and the moduli algebra K[[x1, . . . , xn]]/(p, J(p)) is a omplete in-tersetion. Under this assumption Theorem 4.5 is a partiular ase of Corollary4.4.In [19℄ M. Shulze dedues Theorem 4.5 from his riterion. In order to proveit he uses the following deep result of G. Kempf.Theorem 4.8 (Kempf, [10, Theorem 13℄). Let p be a homogeneous polynomial ofdegree d ≥ 3 de�ned as a regular funtion on the spae Cn endowed with a linearation of a semisimple group G. If the Jaobian J(p) is a G-invariant subspaethen there exists a G-invariant polynomial q suh that J(p) = J(q).De�nition 4.9. We say that the �nite-dimensional loal algebra S is an extremalalgebra if the equality dim I/mI = l + n− 1 holds.The spei�ation of the extremal algebras with a non-solvable algebra of deriva-tions allows to dedue Theorem 4.5 from Shulze's riterion in a diret way, asexplained in Setion 4.3.



38 Chapter 4. Solvability of automorphism groupsDe�nition 4.10. For a graded ideal J let us denote by Jk its kth graded ompo-nent. We say that a graded loal �nite-dimensional algebra S = R/I is narrow ifthe inequality
dim Ik − dim(mI)k ≤ k (4.4)holds for all k = 1, 2 . . .. In other words, there exists a set of homogeneous gener-ators of I suh that the number of generators of degree k is not greater than k foreah k.Remark 4.11. Let I ⊃ mr. Then the algebra S = R/I is narrow if the inequality(4.4) holds for all k ≤ r. Indeed, Ik = (mI)k for k > r.Reall that the assoiated graded algebra of the loal algebra S is the algebra

grS = K⊕ (m̄/m̄2)⊕ (m̄2/m̄3)⊕ . . ., i.e. (grS)i = m̄i/m̄i+1. Our solvability riterion is as follows.Theorem 4.12. Suppose that the assoiated graded algebra grS of a loal �nite-dimensional algebra S is narrow. Then the algebra of derivations DerS is solvable.The proof is given in the next setion. In the last setion we give a lowerbound for the dimension of the automorphism group and obtain an algebra witha unipotent automorphism group.Let us mention a related result on the solvability of the group of equivariantautomorphisms. Consider a onneted a�ne algebrai group G and an irreduiblea�ne G-variety X . Assume that the number of G-orbits on X is �nite and Xontains a G-�xed point. Then the identity omponent Aut◦GX of the group of
G-equivariant automorphisms of the variety X is solvable; see [4, Theorem 1℄.4.2 Solvability riteriaIn this setion we provide a simpli�ed proof of Theorem 4.1 and introdue a newsolvability riterion.If I ⊃ mr

⊳ K[x1, . . . , xn] for some r then R/Ĩ ∼= K[x1, . . . , xn]/I, where Ĩ isthe ideal in the algebra of formal power series generated by I. Therefore it makesno di�erene whether the loal algebra is obtained by fatorizing the algebra ofpolynomials or the algebra of formal power series.Proposition 4.13. Suppose that the ideal I ⊳ R is represented in the form I =
W ⊕mI. Then the ideal (W ) generated by the subspae W oinides with I.



4.2. Solvability riteria 39Proof. Consider the fatorization mapping ϕ : R→ R/(W ). The quotient algebrais a loal algebra with maximal ideal ϕ(m). The deomposition I = W ⊕ mIimplies ϕ(I) = ϕ(mI). Sine the ring R is Noetherian, the ideals I and ϕ(I) are�nitely generated. Then by Nakayama's Lemma (see [5, Proposition 2.6℄) we have
ϕ(I) = 0, i.e. (W ) = I.Corollary 4.14. The minimal number of generators of the ideal I is equal to
dimW = dim(I/mI).Note that Proposition 4.13 does not hold for the algebra of polynomials. Forexample take an ideal I = m2

⊳K[x] and deompose it as follows,
m2 = 〈x2 − x3〉 ⊕m3. (4.5)It is easy to see that the ideal (x2 − x3) does not oinide with m2.Below we follow the ideas of [19℄.As always we suppose that S = R/I, where ml ⊃ I ⊳ R = K[[x1, . . . , xn]]for l ≥ 2. Assume that the algebra DerS is not solvable. Hene it ontainsan sl2-triple {e, f, h} with relations [e, f ] = h, [h, f ] = −2f , [h, e] = 2e. Notethat the automorphisms of S preserve the maximal ideal m̄ ⊳ S as it is unique,and all powers of m̄ as well. Therefore the ideals m̄ and m̄2 are sl2-submodules.Sine the representations of sl2 are ompletely reduible, the ideal m̄ ontains an

sl2-submodule V suh that
m̄ = V ⊕ m̄2. (4.6)Denote by ϕ : R → S the fatorization by the ideal I. Sine ϕ(m2) = m̄2 thereexists a subspae V ⊂ m suh that m = V ⊕m2 and ϕ : V ∼

→ V . Thus, aordingto Proposition 4.13 the subspae V generates the ideal m as an algebra. Hene itgenerates also the algebra R. So up to a hange of oordinates we may assumethat V = 〈x1, . . . , xn〉 and V = 〈x̄1, . . . , x̄n〉, where x̄i = ϕ(xi).We may introdue an sl2-representation on V by the given isomorphism andextend it to R. Note that the fatorization map ϕ is a homomorphism of sl2-modules. Therefore the ideal I⊳R is an invariant subspae of the sl2-representationon R.Given a weight vetor z, i.e. an eigenvetor of the operator h ∈ sl2, denoteits weight by wt(z) ∈ Z. We may suppose that x1, . . . , xn are the weight vetorsof the sl2-module V , and x1, . . . , xk, k ≤ n, are the highest weight vetors withweights ni = wt(xi), where n1 ≥ · · · ≥ nk ≥ 0,
∑

(ni + 1) = n. Denote
Vhigh := 〈x1, . . . , xk〉, Vrest := 〈xk+1, . . . , xn〉.The ideal mI ⊂ R is sl2-invariant by the Leibniz rule, hene I ontains theomplementary sl2-submodule W suh that I = W ⊕ mI. By Corollary 4.14 itsbasis is a minimal set generating I.



40 Chapter 4. Solvability of automorphism groupsSimilarly to V = Vhigh ⊕ Vrest onsider the deomposition
W =Whigh ⊕Wrest (4.7)into the subspae Whigh = 〈w1, . . . , ws〉, where wi are the highest weight vetorsof W , and the subspae Wrest of the remaining weight vetors of W . Notie that

Wrest ⊂ Im f ⊂ (xk+1, . . . , xn) sine Im f is spanned by the weight vetors whihare not of highest weight.Let ϕi : R → R/Ji be the fatorization by the ideal Ji = (xi+1, . . . , xn), i =
1 . . . , k. Sine Ji ⊃ (xk+1, . . . , xn) ⊃ Wrest the equality Wi := ϕi(W ) = ϕi(Whigh)holds. Note that dimWi ≥ i, beause K[[x1, . . . , xi]]/(Wi) ∼= R/(Ji,Wi) ∼=
S/(x̄i+1, . . . , x̄n) is �nite-dimensional. In partiular, s ≥ k.By indution we an reorder the highest weight vetors w1, . . . , ws ∈ Whigh sothat ϕi(w1), . . . , ϕi(wi) beome linearly independent inWi for all i. Then wt(wi) ≥
lni sine wi ontains the monomials in variables x̄1, . . . , x̄i of degree at least l and
wt(xj) = nj ≥ ni for j ≤ i.Proof of Theorem 4.1. The above disussion implies that the subspae V ontainsa non-trivial sl2-submodule and that n1 > 0. We have

dim I/mI = dimW ≥
k∑

i=1

(lni + 1) = (n1 − 1)l + l + 1 +
k∑

i=2

(lni + 1) ≥

(n1 − 1) + l + 1 +
k∑

i=2

(ni + 1) =
k∑

i=1

(ni + 1) + l − 1 = n+ l − 1, (4.8)as required.Proposition 4.15. There exists a natural mapping ϕ : AutS → Aut(grS) with aunipotent kernel.Proof. The ideals m̄i are invariant under AutS for all i, sine they are powers ofthe unique maximal ideal. Therefore AutS ats naturally on m̄i/m̄i+1 for all i,hene it ats on grS. We obtain a natural map ϕ : AutS → Aut(grS).Choose a basis of S whih is onsistent with the hain of subspaes 0 ⊂ m̄r ⊂
. . . ⊂ m̄ ⊂ S. Consider an arbitrary operator g ∈ kerϕ. Then g(z) ∈ z + m̄i+1for any z ∈ m̄i, and g is represented by a unitriangular matrix in the hosen basis.Hene kerϕ is unipotent.Corollary 4.16. If the identity omponent Aut◦(grS) is solvable then the identityomponent Aut◦ S is solvable as well.Theorem 4.17. The algebra of derivations DerS of a narrow algebra S is solvable.



4.2. Solvability riteria 41Proof. Let DerS be non-solvable. Then the disussion above is appliable. Con-sider a simple sl2-submodule F = sl2 · w1 ⊂ I. It has zero intersetion with theideal mI. Let k be the largest integer suh that F ⊂ mk. Then F has zero inter-setion with mk+1 as well and the highest weight of F is equal to kn1 ≥ k. Afterfatorization by mk+1 this implies that dim Ik ≥ dim(mI)k+dimF > dim(mI)k+k,and thus the algebra S is not narrow.Proof of Theorem 4.12. The desired statement is a diret onsequene of Theorem4.17 and Corollary 4.16.Remark 4.18. In fat, Proposition 4.15 is not neessary for the proof of Theorem4.12, but makes it more lear.Example 4.19. The algebras
A =K[x, y]/(x2, y3, xy2), (4.9)
B =K[x, y, z]/(x3, x2y, x2z, y4, z4) (4.10)are extremal and Shulze's riterion does not apply, but their algebras of deriva-tions are solvable due to Theorem 4.12. Atually, the omplete automorphismgroups of A and B are solvable as well. For example, we obtain by a diret om-putation

AutA =

{
x̄ 7→ c1x̄+ a2x̄ȳ + a3ȳ

2,

ȳ 7→ c2ȳ + a4x̄+ a5x̄ȳ + a6ȳ
2

∣∣∣∣∣ ai ∈ K, ci ∈ K×

}
.Example 4.20. On the ontrary, for the algebra

A = K[x1, . . . , xn]/(x
l
1, x

l
2, . . . , x

l
n), where l < n, (4.11)Shulze's riterion holds but the riterion of Theorem 4.12 does not. Note thatfor n ≥ 5 the group AutA is non-solvable, sine it ontains the subgroup ofpermutations of the oordinates.We therefore see that these two riteria have distint areas of appliation.Remark 4.21. We should note that by passing to the assoiated graded algebra grSthe left-hand side of (4.1) may inrease in general. Indeed, onsider the ideal Î⊳Rof the lowest homogeneous omponents of all elements in I. Then grS = R/Î.One an hek that codimR(I) = codimR(Î) and codimR(mI) ≤ codimR(mÎ). Thisimplies dim I/mI ≤ dim Î/mÎ. The inequality is strit, if we take for example

I = (x2 − y3, x3)⊳K[[x, y]].



42 Chapter 4. Solvability of automorphism groups4.3 Extremal algebras and Yau's theoremReall that by an extremal algebra we mean a �nite-dimensional algebra satisfyingthe equality dim I/mI = l + n− 1 as in the setting of Theorem 4.1.Theorem 4.22. An extremal algebra S has a non-solvable algebra of derivations
DerS if and only if it is of the form S = S1 ⊗ S2, where

S1
∼= K[[x1, x2]]/(x

l
1, x

l−1
1 x2, . . . , x1x

l−1
2 , xl2) for some l ≥ 2, (4.12)

S2
∼= K[[x3, . . . , xn]]/(w2, . . . , wn−1), (4.13)and wi ∈ ml ∩K[[x3, . . . , xn]] form a regular sequene.Proof. Suppose that S = S1 ⊗ S2 as above. Then the group GL(〈x1, x2〉) may beembedded into AutS1, hene the subalgebra S1 arries a natural sl2-representationstruture. We suppose this representation is trivial on S2.Conversely, let the algebra of derivations DerS of the loal algebra S = R/Ibe non-solvable. Reall the disussion in Setion 4.2. Then S is extremal if andonly if the hain of inequalities (4.8) are all equalities. The �rst equality holdsif and only if W ontains exatly k simple sl2-submodules, and their weights are

ln1, . . . , lnk. The seond equality holds if and only if n1 = 1, n2 = . . . = nk = 0.Under these irumstanes k = n− 1, and the simple sl2-submodules of V are
〈x̄1, x̄2〉, 〈x̄3〉, . . . , 〈x̄n〉. Then Whigh = 〈w1, . . . , wn−1〉, where wt(w1) = l, wt(wi) =
0 for i = 2, . . . , n− 1. We have

S = R/(w1, f · w1, . . . , f
l · w1, w2, . . . , wn−1). (4.14)Note that the algebra sl2 annihilates the series w2, . . . , wn−1, hene they do notdepend on x1 and x2 and belong toK[[x3, . . . , xn]]∩m

l. Sine w1 is the highest vetorof weight l it is of the form xl1g, where g ∈ K[[x3, . . . , xn]]. Then fk ·w1 = xl−k
1 xk2g.Using the fat that xr1 ∈ I the equality

xr1 = p0x
l
1g + p1x

l−1
1 x2g + · · ·+ plx

l
2g + q2w2 + · · ·+ qn−1wn−1 (4.15)holds for some pi, qj ∈ R. Letting x2 = x1, from (4.15) we obtain

xr1 = (p̃0 + · · ·+ p̃l)x
l
1g + q̃2w2 + · · ·+ q̃n−1wn−1, (4.16)where p̃i = pi(x1, x1, x3, . . . , xn), q̃j = qj(x1, x1, x3, . . . , xn). Clearly, the series q̃jand p̃ =

∑l
i=0 p̃i may be assumed being homogeneous in x1. Then p̃ = xr−l

1 p̂,
q̃j = xr1q̂j , where p̂, q̂j ∈ K[[x3, . . . , xn]]. But this implies

xl1 = p̂xl1g + xl1q̂2w2 + · · ·+ xl1q̂n−1wn−1. (4.17)



4.3. Extremal algebras and Yau's theorem 43Thus we may replae in (4.14) the sl2-submodule 〈xl1, xl−1
1 x2, . . . , x1x

l−1
2 , xl2〉 bythe sl2-submodule 〈w1, f · w1, . . . , f

l · w1〉.Finally, the algebra S deomposes into the tensor produt S1 ⊗ S2, where Siare as required.Now let us introdue the following well-known tehnial lemma for power series,see e.g. [2, Setion 11.1℄. For an arbitrary power series g denote by g(k) its kthhomogeneous omponent.Lemma 4.23. Suppose p ∈ m2\m3 ⊂ R. Then up to an analytial hange of oor-dinates we have p = x21+· · ·+x2k+q(xk+1, . . . , xn), where q ∈ m3∩K[[xk+1, . . . , xn]].Proof. The homogeneous omponent p(2) is a quadrati form, hene it is of theform x21 + · · · + x2k up to a linear hange of oordinates. Consider the followingdeomposition:
p = a0 + a1x1 + a2x

2
1 + . . . , (4.18)where ai ∈ K[[x2, . . . , xn]] and a2 is invertible.Now onsider a hange of oordinates ϕ : x1 7→ x1 + g, x2 7→ x2, . . . , xn 7→ xn,where g ∈ m ∩K[[x2, . . . , xn]]. Thus,

ϕ(p) = ã0 + ã1x1 + ã2x
2
1 + . . . (4.19)for some ãi ∈ K[[x2, . . . , xn]]. In this ase

ã1 = a1 + 2ga2 + 3g2a3 + . . . = a2

(
a1
a2

+ 2g + 3g2
a3
a2

+ . . .

)
. (4.20)Sine a1 ∈ m, we an hoose g suh that ã1 = 0. Indeed, let us break up the seriesin parentheses on the right hand side of (4.20) into homogeneous omponentsof the form 2g(k) + Pk, where Pk depends only on the �rst k − 1 homogeneousomponents of g. Thus, by indution, all the homogeneous omponents of theseries g are uniquely determined. Note that ã2 = a2 + 3a3g + 6a4g
2 + . . . is stillinvertible.Therefore we may suppose that a1 = 0. Consider a substitution x1 7→ x1bwhere b2 = a−1

2 (other oordinates are untouhed). It is easily seen that therequired series b exists and is atually a hange of oordinates, sine b is invertible.Thus we may suppose as well that a2 = 1.Finally, onsider a hange of oordinates x1 7→ x1+ b2x
2
1+ b3x

3
1+ . . .. Similarlyto the hoie of g, we may �nd bi suh that p 7→ a0 + x21. By indution on n wemay assume that a0(x2, . . . , xn) is of the required form. Then p is of the requiredform too.



44 Chapter 4. Solvability of automorphism groupsProof of Theorem 4.5. Aording to Yau's remark in [24℄ we may assume p ∈ m3.Indeed, let p ∈ m2\m3. By Lemma 4.23 we have p = x21+ . . .+x
2
k+q(xk+1, . . . , xn)up to the a hange of oordinates. Sine ∂p

∂xi
= 2xi for i = 1, . . . , k, the equality

K[[x1, . . . , xn]]/(p, J(p)) ∼= K[[xk+1, . . . , xn]]/(q, J(q)) holds, and we may replae pby a series q ∈ m3 ∩K[[xk+1, . . . , xn]].If p ∈ m3 then I = (p, J(p)) ⊂ m2 and l ≥ 2. We must show that the Yaualgebra DerS of the moduli algebra S = K[[x1, . . . , xn]]/I is solvable. Suppose theontrary.Note that dim(I/mI) ≤ n + 1 ≤ n + l − 1. Hene the moduli algebra eithersatis�es the inequality of Shulze's riterion and DerS is solvable, or it is extremaland l = 2. In the latter ase we may apply Theorem 4.22 and so S = S1 ⊗ S2,where S1 = K[[x1, x2]]/(x
2
1, x1x2, x

2
2) and S2 = K[[x3, . . . , xn]]/(w2, . . . , wn−1).It is easily seen that the homogeneous omponent p(3) has a form p1(x1, x2) +

p2(x3, . . . , xn). Indeed, otherwise J(p) would ontain a series with a term of theform xixj , where i ∈ {1, 2}, j ∈ {3, . . . , n}, and hene
〈x21, x1x2, x

2
2〉 ⊂ (p, J(p)) ∩ (K[x1, x2])2 ⊂

〈
∂p1
∂x1

,
∂p1
∂x2

〉
, (4.21)a ontradition.4.4 The global ase and Halperin's onjetureLet S = K[x1, . . . , xn]/I be a �nite-dimensional algebra, not neessarily loal.Suppose that it ontains s maximal ideals m̄1, . . . , m̄s. Then there exists an integer

k ∈ N suh that ∏s
i=1 m̄

k
i = 0. Sine the ideals m̄k

i are oprime we have ⋂s
i=1 m̄

k
i =∏s

i=1 m̄
k
i . Finally, by [5, Theorem 8.7℄ the algebra S an be deomposed into adiret produt of loal subalgebras as follows,

S ∼=

s∏

i=1

S/m̄k
i . (4.22)In addition, any deomposition of S into the loal subalgebras is of the form (4.22),i.e. they are uniquely determined up to isomorphism.On the other hand, there is a unique maximal deomposition of the identity

1 = e1 + . . .+ et (4.23)into a sum of orthogonal idempotents, i.e. eiei = ei for all i and eiej = 0 for i 6= j,see e.g. [6, Setion II.5℄. Then we have the deomposition
S =

t⊕

i=1

eiS, (4.24)



4.4. The global ase and Halperin's onjeture 45where the subalgebras eiS are indeomposable and hene loal. This means that
Si = eiS ∼= S/m̄k

i (4.25)up to permutation of indexes, and t = s. Thus, we have a uniquely determineddeomposition (4.24) of S into loal subalgebras.Proposition 4.24. Aut◦ S = Aut◦ S1 × . . .× Aut◦ Ss.Proof. Sine the deomposition (4.23) is unique, the primary idempotents ei inthis deomposition are preserved by Aut◦ S as well as the subalgebras Si. Sine
SiSj = 0 for i 6= j, the required statement holds.Denote by mi = (x1 − a1i, . . . , xn − ani), i = 1 . . . s, the maximal ideals in
K[x1, . . . , xn] orresponding to m̄1, . . . , m̄s⊳S. Then⋂s

i=1m
k
i ⊂ I. Let us introduethe orresponding algebras of formal power series Ri = K[[x1 − a1i, . . . , xn − ani]].The ideal (mj)⊳Ri oinides with Ri unless i = j. In the latter ase (m̄i)⊳Ri is themaximal ideal whih we denote by m̃i. Therefore the inlusion m̃k

i =
⋂s

i=1

(
mk

i

)
⊂

(I)⊳ Ri holds, and
Si

∼= S/m̄k
i
∼= K[x1, . . . , xn]/(I,m

k
i )

∼= Ri/(I). (4.26)Taking into aount Proposition 4.24, we obtain the following solvability riterion.Theorem 4.25. The identity omponent Aut◦ S of the �nite-dimensional algebra
S = K[x1, . . . , xn]/I with maximal ideals m̄1, . . . , m̄s is solvable if and only if theidentity omponent Aut◦ Si of the loal algebra Si = Ri/(I) is solvable for any
i = 1, . . . , s.We an now prove Halperin's onjeture.Proof of Conjeture 4.2. Suppose S = K[x1, . . . , xn]/(f1, . . . , fn). Sine the loalsubalgebra Si = Ri/(f1, . . . , fn) is a loal omplete intersetion, the group Aut◦ Siis solvable by Corollary 4.4 for eah i. Then by Theorem 4.25 the group Aut◦ S issolvable as well.Theorem 4.25 allows us to dedue the following globalization of Shulze's ri-terion.Corollary 4.26. Suppose we have an ideal I ⊂ K[x1, . . . , xn] with m generatorsand an integer l > 1 suh that the following holds:

• The quotient algebra S = K[x1, . . . , xn]/I is �nite-dimensional,
• For any maximal ideal m ⊂ K[x1, . . . , xn] there holds either I * m or I ⊂ ml,



46 Chapter 4. Solvability of automorphism groups
• The inequality m < n + l − 1 holds.Then the identity omponent Aut◦ S is solvable.Proof. Let as before m1, . . . ,ms⊳K[x1, . . . , xn] be the only ideals ontaining I. ByCorollary 4.14, dim(I/miI) ≤ m < n+l−1 and Shulze's riterion is appliable forthe algebras Ri/(I), i = 1, . . . , s. Therefore Aut◦ S is solvable by Theorem 4.25.4.5 Automorphism subgroups and dimension boundsAs usual we assume the ideal I ⊳ R ontains ml, where l ≥ 2, and the algebra

S = R/I is �nite-dimensional and loal with the maximal ideal m̄ = (x̄1, . . . , x̄n).Reall that the sum of all minimal ideals of a �nite-dimensional algebra S isalled the sole SocS. It is invariant under endomorphisms of S. The annihilatorof an arbitrary subset X ⊂ S is the ideal AnnX = {z ∈ S | zX = 0}.Lemma 4.27. SocS = Ann m̄.Proof. Consider an arbitrary minimal ideal J ⊂ SocS. Obviously, m̄J ⊂ J . But
m̄J 6= J by Nakayama's Lemma. Thus, m̄J = 0 and SocS ⊂ Ann m̄.Suppose z ∈ Ann m̄. Then zS = {z(c + w) | c ∈ K, w ∈ m̄} = {cz | c ∈ K},so the prinipal ideal (z) is one-dimensional and minimal. This implies Ann m̄ ⊂
SocS.Assuming that S is graded, Y.-J. Xu and S. S.-T. Yau found a bound for thedimension of the group AutS as follows (see [22, Proposition 2.3℄):

dimAutS ≥ dimS − dimSocS. (4.27)In Theorem 4.30 we introdue a lower bound without this assumption.De�nition 4.28. Let us all the lower sole of the algebra S the ideal LSocS =
SocS ∩ m̄2. We may hoose a subspae USocS ⊂ SocS suh that

SocS = USocS ⊕ LSocS, (4.28)and all it an upper sole. Note that the hoie of the upper sole is not anonial.However, up to a hange of oordinates we may suppose USocS ⊂ 〈x̄1, . . . , x̄n〉.Proposition 4.29. The automorphism group of a �nite-dimensional loal algebra
S ontains a unipotent subgroup U ⊂ AutS with

dimU = dim(LSocS)·dim(m̄/m̄2)+dim(USocS)·(dim(m̄/m̄2)−dim(USocS)).(4.29)



4.5. Automorphism subgroups and dimension bounds 47Proof. Suppose that USocS = 〈x̄1, . . . , x̄s〉. Consider the unipotent subgroup oflinear transformations
U = {u : x̄1 7→ x̄1 + F1, . . . , x̄n 7→ x̄n + Fn |

F1, . . . , Fs ∈ LSocS, Fs+1, . . . , Fn ∈ SocS} ⊂ GL(S), (4.30)ating trivially on the subspae 〈1〉 ⊕ m̄2. It is easily seen that
u(x̄i)u(x̄j) = (x̄i + Fi)(x̄j + Fj) = x̄ix̄j = u(x̄ix̄j) for i, j ∈ {1, . . . , n}, u ∈ U.(4.31)Hene

u(a)u(b) = ab = u(ab) for a, b ∈ m̄, u ∈ U. (4.32)Therefore the U-ation is onsistent with the multipliation in S, so U ⊂ AutS.Finally,
dimU = s · dim(LSocS) + (n− s) · dim(SocS) =

n · dim(LSocS) + (n− s) · dim(USocS). (4.33)Theorem 4.30. dimAutS ≥ dim(m̄/m̄2) · dimSocS.Proof. Consider the subgroup G = GL(USocS) ⊂ AutS. Along with the sub-group U from Proposition 4.29 it generates a subgroup GU ⊂ AutS. To prove theinequality
dimGU ≥ dimG+ dimU (4.34)it su�es to look at the tangent algebras of G and U . Indeed, it is easy to see thatthey have zero intersetion, and hene

dimGU = dim(LieGU) ≥ dim(LieG) + dim(LieU) =

dimG+ dimU = (dim(USocS))2 + dim(LSocS) · dim(m̄/m̄2)+

dim(USocS) · (dim(m̄/m̄2)− dim(USocS)) = dim(SocS) · dim(m̄/m̄2). (4.35)Corollary 4.31. The group AutS is in�nite if S 6= K.Clearly, the automorphism group almost always ontains a rather big unipotentsubgroup. A natural question arises if the whole automorphism group may beunipotent. Consider the following example.



48 Chapter 4. Solvability of automorphism groupsExample 4.32. We laim that the group AutS of the following loal algebra
S = K[x, y]/I, I = (y5, (x+ y)6, x5 − x3y3, x4y), (4.36)is unipotent. Indeed, the Gröbner basis of the ideal I with respet to the homo-geneous lexiographi order with x ≺ y is

{x6, y5, x3y3 − x5, 3x2y4 + 4x5, x4y}. (4.37)Clearly, m7 ⊂ I. Let x̄, ȳ be the images of x, y respetively under fatorizationby I. The basis of the algebra S is as follows:
1 x̄ x̄2 x̄3 x̄4 (x̄5)
ȳ x̄ȳ x̄2ȳ x̄3ȳ

ȳ2 x̄ȳ2 x̄2ȳ2 x̄3ȳ2

ȳ3 x̄ȳ3 x̄2ȳ3 (x̄3ȳ3)

ȳ4 x̄ȳ4 (x̄2ȳ4),where −3
4
x̄2ȳ4 = x̄3ȳ3 = x̄5.Consider an arbitrary automorphism ϕ ∈ AutS, with

ϕ(x̄) = a11x̄+ a12ȳ + h1(x̄, ȳ), h1 ∈ m2, (4.38)
ϕ(ȳ) = a21x̄+ a22ȳ + h2(x̄, ȳ), h2 ∈ m2. (4.39)Note that ȳ is the only linear polynomial whose 5th power is zero. Then ϕ(ȳ5) = 0implies a21 = 0. On the other hand, x̄ is the only linear polynomial whose 5thdegree is non-zero and belongs to m̄6. Therefore,

ϕ(x̄) = a11x̄+ h1(x̄, ȳ), h1 ∈ m2, (4.40)
ϕ(ȳ) = a22ȳ + h2(x̄, ȳ), h2 ∈ m2, (4.41)where a11, a22 6= 0 as ϕ is invertible. Notie that ϕ((x̄ + ȳ)6) = 0 if and only if

a11 = a22 = c. Finally, ϕ(x3y3 − x5) = c6x3y3 − c5x5 = 0. This implies that c = 1.Hene for an arbitrary element z ∈ m̄i the inlusion (AutS) · z ⊂ z + m̄i+1holds. Thus, the group AutS is unipotent.



Part IIIn�nite transitivity and �exibility ofa�ne varieties
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Chapter 5General fats
5.1 IntrodutionIn this part we work over an algebraially losed �eld of harateristi zero, exeptfor Setion 5.2, where the harateristi might be arbitrary. Reall some usefulnotions introdued in [29℄ and [30℄.An ation of a group G on a set A is said to be m-transitive if for every twotuples of pairwise distint points (a1, . . . , am) and (a′1, . . . , a

′
m) in A there exists

g ∈ G suh that g · ai = a′i for i = 1, . . . , m. An ation whih is m-transitive forall m ∈ Z>0 is alled in�nitely transitive.Let Y be an algebrai variety of dimension ≥ 2. Consider a regular ation
Ga × Y → Y of the additive group Ga = (K,+) of the ground �eld on Y . Theimage, say, L ofGa in the automorphism group Aut Y is a one-parameter unipotentsubgroup. We let SAut(Y ) denote the subgroup of Aut(Y ) generated by all itsone-parameter unipotent subgroups. It is alled a speial automorphism group.Evidently, SAut(Y ) is a normal subgroup of Aut(Y ).An a�ne algebrai variety X is alled �exible if the tangent spae of X at anysmooth point is spanned by the tangent vetors to the orbits of one-parameterunipotent group ations. This notion was introdued in [30℄ and further developedin [29℄. The following theorem explains the signi�ane of the �exibility onept.Theorem 5.1 ([29, Theorem 0.1℄). Let X be an a�ne algebrai variety of dimen-sion ≥ 2. Then the following onditions are equivalent.1. The variety X is �exible;2. the group SAutX ats transitively on the smooth lous Xreg of X;3. the group SAutX ats in�nitely transitively on Xreg.51



52 Chapter 5. General fatsThe �rst examples of �exible varieties are desribed in [30℄, namely the follow-ing three lasses: a�ne ones over �ag varieties, non-degenerate tori varieties ofdimension ≥ 2, and suspensions over �exible varieties.De�nition 5.2. A derivation D on the algebra of regular funtions K[Y ] =
Γ(Y,OY ) of an algebrai variety Y is alled loally nilpotent, if for any f ∈ K[Y ]there exists n ∈ N suh that Dn(f) = 0.For an a�ne variety Y over a �eld of harateristi zero there exists a anoni-al one-to-one orrespondene between loally nilpotent derivations (or LNDs, forshort) on K[Y ] and Ga-ations on Y . Indeed, a regular ation Ga×Y → Y de�nesa struture of a rational Ga-algebra on K[Y ], and the in�nitesimal generator ofthis ation is a loally nilpotent derivation D on K[Y ]. Conversely, for a loallynilpotent derivation D on K[Y ] the one-parameter group {exp(tD) | t ∈ K} is analgebrai subgroup of Aut Y , see [43℄.If we allow Y to be quasia�ne or the ground �eld to be of positive harateristi,then this orrespondene fails to exist. For a quasia�ne variety Y any Ga-ationorresponds to an LND, but not every LND indues a Ga-ation. To see this, wemay take Y = A2 \ {0} with the algebra of regular funtions K[Y ] = K[x, y] and aderivation D = ∂

∂x
. The Ga-ation {exp(tD)} = {x 7→ x+ t, y 7→ y} on K[Y ] doesnot preserve the maximal ideal of the origin.If the �eld is of harateristi p > 0, the situation is even worse. For example,if we onsider a non-trivial Ga-ation {x 7→ x + tp, y 7→ y | t ∈ K} on Y = A2,then the orresponding LND is zero. Moreover, the exponential map from LNDsto Ga-ations does not exist. Finally, it is not known whether the equivalene ofnotions of �exibility and transitivity as in Theorem 5.1 holds, but the followingexample provides a hint on a possible obstrution.Example 5.3. Consider the following two Ga-ations on the a�ne plane Y = A2:
h1 : Ga × Y → Y, (t, x, y) 7→ (x+ t, y); (5.1)
h2 : Ga × Y → Y, (t, x, y) 7→ (x+ t, y + tp). (5.2)They ommute, so the onjugations are trivial. They are transitive on Y , yet ateah point q ∈ Y the tangent vetors of their orbits oinide and span only aone-dimensional subspae. The same holds if we take all replias of h1 and h2 andobtain a saturated subgroup of Aut Y , see Setion 5.2 for the de�nitions.Nevertheless, the equivalene of transitivity and in�nite transitivity does holdfor quasia�ne varieties over a losed �eld of arbitrary harateristi. The proof isprovided in Setion 5.2. It is based on the original proof of Theorem 5.1 and a prooffor quasia�ne varieties in haratesti zero in [31℄. We should also mention [41,Theorem 1.11℄, whih is a generalization of Theorem 5.1 for quasia�ne varieties.Let us introdue some fats about the kernel of an LND.



5.1. Introdution 53Lemma 5.4 ([57, Lemma 1.7℄). Let A be a �nitely generated normal domain overa �eld of harateristi 0. If D and D′ are two LNDs on A, then the followinghold:(i) KerD is a normal subdomain of odimension one.(ii) KerD is fatorially losed i.e., ab ∈ KerD \ {0} ⇒ a, b ∈ KerD.(iii) If a ∈ A is invertible, then a ∈ KerD.(iv) If KerD = KerD′, then there exist f, f ′ ∈ KerD suh that f ′D = fD′.(v) For a ∈ A, Da ∈ (a) ⇒ Da = 0.(vi) If a ∈ KerD, then aD is again a LND.If D is an LND assigned to a Ga-ation H on a quasia�ne variety Y and
f ∈ KerD, then the derivation fD is loally nilpotent and it orresponds to a
Ga-ation on Y with the same orbits on Y \ div(f). This new ation �xes eahpoint of the divisor div(f). The one-parameter subgroup of SAut(Y ) de�ned by
fD is alled a replia of the subgroup generated by D. Note that we an de�nereplias without using LNDs. Indeed, let H be de�ned by a morphism

h : Ga × Y → Y, (t, y) 7→ h(t, y).De�ne the replia fH w.r.t. an H-invariant funtion f by the morphism
hf : Ga × Y → Y, (t, y) 7→ h(f(y)t, y).This de�nition is onurrent with the previous in harateristi zero and preservesthe same onditions on orbits in positive harateristi.We should note that the in�nite transitivity of SAut Y on Yreg implies that

SAut Y is of in�nite dimension (and so, is not ontained in any algebrai subset).This an be easily seen if we onsider the family of all replias of a Ga-ationon Y orresponding to an LND D. Indeed, sine KerD ⊂ K[Y ] is of odimensionone and dimY ≥ 2, this family indues an in�nite-dimensional subgroup in Aut Y .The other trivial observation is that the one-dimensional orbits of replias oinide,hene they are determined by KerD. The elements of the kernel are exatly theinvariant funtions for any Ga-ation in the onsidered family.It is often of great interest to know if the group SAut Y ats with an open orbiton a variety Y , whih is a weaker ondition than in Theorem 5.1. In this ase thefollowing invariant has proved to be useful. The sub�eld of rational funtionsannihilated by all loally nilpotent derivations
FML(Y ) =

⋂

δ∈LND(Y )

Quot (ker δ) ⊂ K(Y )



54 Chapter 5. General fatsis alled a �eld Makar�Limanov invariant. The invariant is said to be trivial if itequals K.Proposition 5.5 ([29, Proposition 5.1℄). The �eld Makar�Limanov invariant
FML(Y ) is trivial if and only if the group SAut Y ats on Y with an open or-bit.5.2 Transitivity and in�nite transitivity of speialautomorphismsIn this setion we allow the algebraially losed �eld K to be of arbitrary har-ateristi. We say that a subgroup G of Aut(Y ) is algebraially generated if it isgenerated as an abstrat group by a family G of onneted algebrai1 subgroupsof Aut(Y ).Proposition 5.6. [29, Proposition 1.5℄ Let G ⊂ AutY be a subgroup algebraiallygenerated by a family G of onneted algebrai subgroups ating e�etively on Y .Then there are (not neessarily distint) subgroups H1, . . . , Hs ∈ G suh that

G.x = (H1 ·H2 · . . . ·Hs) · x ∀x ∈ X. (5.3)A sequene H = (H1, . . . , Hs) satisfying ondition (5.3) of Proposition 5.6 isalled omplete.Let us say that a subgroup G ⊂ SAut(Y ) is saturated if it is generated byone-parameter unipotent subgroups and there is a omplete sequene (H1, . . . , Hs)of one-parameter unipotent subgroups in G suh that G ontains all replias of
H1, . . . , Hs. In partiular, G = SAut(X) is a saturated subgroup.Theorem 5.7. Let Y be an irreduible quasia�ne algebrai variety of dimension
≥ 2 and let G ⊂ SAut(Y ) be a saturated subgroup, whih ats with an open orbit
O ⊂ Y . Then G ats on O in�nitely transitively.Corollary 5.8. Let Y be an irreduible quasia�ne algebrai variety of dimension
≥ 2. Then the ation of SAut Y on Yreg is transitive if and only if it is in�nitelytransitive.Remark 5.9. Let H be a one-parameter unipotent subgroup of G. Aording to[62, Theorem 3.3℄, the �eld of rational invariants K(Y )H is the �eld of frations ofthe algebra K[Y ]H of regular invariants. Hene, by Rosenliht's Theorem (see [62,Proposition 3.4℄), regular invariants separate orbits on an H-invariant open densesubset U(H) in Y . Furthermore, U(H) an be hosen to be ontained in O andonsisting of 1-dimensional H-orbits.1not neessarily a�ne.



5.2. Transitivity and infinite transitivity of speial automorphisms55For the remaining part of this setion we �x the following notation. Let
H1, . . . , Hs be a omplete sequene of one-parameter unipotent subgroups in G.We hoose subsets U(H1), . . . , U(Hs) ⊂ O as in Remark 5.9 and let

V =
s⋂

k=1

U(Hk) .In partiular, V is open and dense in O. We say that a set of points x1, . . . , xm in
Y is regular, if x1, . . . , xm ∈ V and Hk · xi 6= Hk · xj for all i, j = 1, . . . , m, i 6= j,and all k = 1, . . . , s.Remark 5.10. For any Hk, any 1-dimensional Hk-orbits O1, . . . , Or interseting Vand any p = 1, . . . , s we may hoose a replia Hk,p suh that all Oq but Op arepointwise Hk,p-�xed. To this end, we �nd Hk-invariant funtions fk,p,p′ suh that
fk,p,p′|Op

= 1, fk,p,p′|Op′
= 0. Then we take the replias

Hk,p = (
∏

p′ 6=p

fk,p,p′)Hk.Lemma 5.11. For every subset x1, . . . , xm ∈ O there exists an element g ∈ Gsuh that the set g · x1, . . . , g · xm is regular.Proof. For any xi there holds V ⊂ O = H1 · · ·Hs·xi. The ondition h1 · · ·hs ·x ∈ Vis open and nonempty, hene we obtain an open subset W ⊂ H1 × . . .×Hs suhthat h1 · · ·hs · xi ∈ V for any (h1, . . . , hs) ∈ W and any xi.So we may suppose that x1, . . . , xm ∈ V . Let N be the number of triples (i, j, k)suh that i 6= j and Hk ·xi = Hk ·xj . If N = 0, then the lemma is proved. Assumethat N ≥ 1 and �x suh a triple (i, j, k).There exists l suh that Hk · xi has at most �nite intersetion with Hl-orbits;otherwise Hk · xi is invariant with respet to all H1, . . . , Hs, a ontradition withthe ondition dimO ≥ 2.We laim that there is a one-parameter subgroup H in G suh that
Hk · (h · xi) 6= Hk · (h · xj) for all but �nitely many elements h ∈ H. (5.4)Sine this ondition is determined by a �nite set of Hk-invariant funtions,either it holds or Hk · (h · xi) = Hk · (h · xj) for all h ∈ H .Assume that Hl · xi 6= Hl · xj . By Remark 5.10 there exists a replia H ′

l suhthat H ′
l · xi = xi, but H ′

l · xj = Hl · xj . We take H = H ′
l , and ondition (5.4) isful�lled.Assume now the ontrary. Let ψl : K ∼= Hl be the homomorphism of additivegroups. Then there exists c ∈ K suh that ψl(c) · xi = xj . There also existsan Hk-invariant funtion f ∈ K[Y ], whih restrition to Hl · xi is a non-onstant



56 Chapter 5. General fatspolynomial p(t) = f(ψl(t) · xi). If Hk · (ψl(t) · xi) = Hk · (ψl(t) · xj) for a general
t ∈ K, then

p(t) = f(ψl(t) · xi) = f(ψl(t) · xj) = f(ψl(t+ a) · xi) = p(t+ a) (5.5)for a general t ∈ K, whih is impossible. Therefore, we may take H = Hl in orderto ful�ll ondition (5.4).Finally, the following onditions are open and nonempty on H :(C1) h · x1, . . . , h · xm ∈ V ;(C2) if Hp · xi′ 6= Hp · xj′ for some p and i′ 6= j′, then Hp · (h · xi′) 6= Hp · (h · xj′).Hene there exists h ∈ H satisfying (C1), (C2), and ondition (5.4). Weonlude that for the set (h · x1, . . . , h · xm) the value of N is smaller, and proeedby indution.Lemma 5.12. Let x1, . . . , xm be a regular set and G(x1, . . . , xm−1) be the in-tersetion of the stabilizers of the points x1, . . . , xm−1 in G. Then the orbit
G(x1, . . . , xm−1) · xm ontains an open subset in O.Proof. We laim that there is a nonempty open subset U ⊂ H1 × . . . × Hs suhthat for every (h1, . . . , hs) ∈ U we have

h1 . . . hs · xm = g · xm for some g ∈ G(x1, . . . , xm−1).Indeed, let Z be the union of orbits Hk · xi, k = 1, . . . , s, i = 1, . . . , m − 1. Theset V \ Z is open and ontains xm. Let U be the set of all (h1, . . . , hs) suh that
hr . . . hs · xm ∈ V \ Z for any r = 1, . . . , s. Then U is open and nonempty. Let usshow that for any (h1, . . . , hs) ∈ U and any r = 1, . . . , s the point hr . . . hs ·xm is inthe orbit G(x1, . . . , xm−1) ·xm. Assume that hr+1 . . . hs ·xm ∈ G(x1, . . . , xm−1) ·xm.By Remark 5.10, there is a replia H ′

r of the subgroup Hr whih �xes x1, . . . , xm−1and suh that the orbits
Hr · (hr+1 . . . hs · xm) and H ′

r · (hr+1 . . . hs · xm)oinide. Then H ′
r is ontained in G(x1, . . . , xm−1) and the point hrhr+1 . . . hs ·xmis in the orbit G(x1, . . . , xm−1) · xm for any hr ∈ Hr. The laim is proved.Now the image of the dominant morphism

U → O, (h1, . . . , hs) 7→ h1 . . . hs · xmontains an open subset in O.



5.2. Transitivity and infinite transitivity of speial automorphisms57Proof of Theorem 5.7. Let (x1, . . . , xm) and (y1, . . . , ym) be two sets of pairwisedistint points in O. We have to show that there is an element g ∈ G suh that
g · x1 = y1, . . . , g · xm = ym.We argue by indution onm. Ifm = 1, then the laim is obvious. Ifm > 1, thenby indutive hypothesis there exists g′ ∈ G suh that g′ · x1 = y1, . . . , g

′ · xm−1 =
ym−1. If g′ · xm = ym, the assertion is proved. Assume that g′ · xm 6= ym. ByLemma 5.11, there exists g′′ ∈ G suh that the set

g′′ · y1, . . . , g
′′ · ym−1, g

′′ · ym, g
′′g′ · xmis regular. Lemma 5.12 implies that the orbits

G(g′′ · y1, . . . , g
′′ · ym−1) · (g

′′ · ym) and G(g′′ · y1, . . . , g
′′ · ym−1) · (g

′′g′ · xm)interset, so there is g′′′ ∈ G(g′′ · y1, . . . , g
′′ · ym−1) suh that g′′′g′′g′xm = g′′ym.Then the element g = (g′′)−1g′′′g′′g′ is as desired.
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Chapter 6A�ne ones and del Pezzo surfaesIn this hapter we study �exibility of a�ne ones over projetive varieties, speif-ially over del Pezzo surfaes. We are primarily interested in their antianonialembeddings. Note that a�ne ones over del Pezzo surfaes of degree ≥ 6 are tori,thereby they are �exible by [30℄.We develop the ases of del Pezzo surfaes of degree 4 and 5. In ase of degree5 we prove �exibility of a�ne ones orresponding to polarizations de�ned byarbitrary very ample divisors, whereas for degree 4 we prove �exibility only forertain very ample divisors, the antianonial one inluded.As for del Pezzo surfaes of degree ≤ 3, it is proven the non-existene ofany Ga-ations on the a�ne ones over pluriantianonial embeddings, see [36,Theorem 1.1℄ for the ase of degree 3 and [54, Corollary 1.8℄ for the ase of degree
≤ 2. This answers the orresponding problem posed in [42℄ and [51℄.In the proof we use a onstrution from [51℄, whih allows to assoiate a regular
Ga-ation on an a�ne one over a projetive variety Y to every open ylindrialsubset of Y of some spei� form. In Theorem 6.7 we provide a riterion of�exibility of an a�ne one over a projetive variety in terms of a transversal overby suh ylinders. We apply it to del Pezzo surfaes.6.1 Flexibility of a�ne onesIt is observed in [51℄ that open ylindri subsets on a projetive variety X giverise to one-parameter unipotent subgroups in the automorphism group of an a�neone over X . This idea is developed further in [52℄ and in this hapter.Let Y be a projetive variety and H be a very ample divisor on Y . A po-larization of Y by H provides an embedding Y →֒ Pn. Consider an a�ne one
X = AffConeH Y ⊂ An+1 orresponding to this embedding. In this hapter weestablish a riterion of �exibility for a�ne ones over a�ne varieties and apply it59



60 Chapter 6. Affine ones and del Pezzo surfaesto del Pezzo surfaes of degree 4 and 5.There is a natural homothety ation of the multipliative group Gm = Gm(K)on X . It de�nes a grading on the algebra K[X ].De�nition 6.1 ([51, De�nitions 3.5, 3.7℄). We say that an open subset U of avariety Y is a ylinder if U ∼= Z×A1, where Z is a smooth variety with PicZ = 0.Given a divisor H ⊂ Y , we say that a ylinder U is H-polar if U = Y \ suppD forsome e�etive divisor D ∈ |dH|, where d > 0.De�nition 6.2. We all a subset W ⊂ Y invariant with respet to a ylinder
U = Z × A1 if W ∩ U = π−1

1 (π1(W )), where π1 : U → Z is the �rst projetionof the diret produt. In other words, every A1-�ber of the ylinder is eitherontained in W or does not meet W .De�nition 6.3. We say that a variety Y is transversally overed by ylinders Ui,
i = 1, . . . , s, if Y =

⋃
Ui and there is no proper subset W ⊂ Y invariant withrespet to all the Ui.The following theorem gives a riterion of �exibility for the a�ne one over aprojetive embedding Y →֒ Pn orresponding to the polarization by H .Lemma 6.4. Let X ⊂ An+1 be the a�ne one over a normal projetive variety Y ⊂

Pn of degree > 1. Let GAutX be an algebraially generated subgroup ommutingwith the natural Gm-ation on X by homotheties. Assume that there is an orbit
Gx0 ⊂ X, whose image under the projetion X \ {0} → Y oinides with theregular lous Yreg ⊂ Y . Then Gx = Xreg.Proof. First of all, note that the one X is not a linear subspae, hene the vertexof X is singular.Sine the natural Gm-ation on X by homotheties normalizes the ation G : X ,it sends G-orbits to G-orbits. So,

Xreg =
⋃

λ∈Gm

λGx0 =
⋃

λ∈Gm

Gλx0.Thus, Xreg is a union of G-orbits losed in Xreg. For any of these G-orbits itsprojetion oinides with Yreg.Let us show that Gx0 is open and hene oinides with Xreg. Assume theontrary. Then dimGx0 = dimY and the stabilizer S ⊂ Gm of the orbit Gx0 is�nite. Moreover, sine the ation S on Gx0 is free, for any point x′ ∈ Gx0 theintersetion Gx0∩Gmx
′ is an S-orbit onsisting of |S| distint points. The blow upofX at the origin is the total spae of a linear bundleOY (−1) on Y . It has a naturalompletion � a P1-bundle X̂ → Y . For a general point x′ ∈ Gx0 the intersetion



6.1. Flexibility of affine ones 61
Gx0 ∩ Gmx′, where Z denotes the losure of Z ⊂ Xreg in X̂, oinides with theorbit Sx′. So, the intersetion index Gx0 ·Gmx′ equals |S|. Sine the intersetionindex is onstant, for any point x′ ∈ Gx0 we have Gx0 ∩Gmx′ = Sx′ ⊂ Xreg.Let D be the union of a zero setion and an in�nity setion of the P1-bundle
X̂ → Y . Then X̂ \ D ∼= X \ {0}. Sine Sx′ ⊂ Xreg for any x′ ∈ Gx0, theintersetion D∩Gx0 is ontained in the preimage of Ysing. On the other hand, it isan intersetion of two divisors, hene is of odimension one in D. So, it is empty.Therefore, a quasi-a�ne variety X̂ \D ontains a projetive one Gx0. A on-tradition. So, the group G ats on Xreg transitively.Proposition 6.5 ([51, Proposition 3.1.5(b)℄). If a projetive variety Y possessesan H-polar ylinder U , then the a�ne one X = AffConeH Y admits an e�etive
Ga-ation.In order to desribe the latter Ga-ation we provide a straightforward proof fora slightly restrited version of this proposition.Lemma 6.6. Let Y be an irreduible projetive variety embedded into Pn, and Ube a omplement to a hyperplane setion L endowed with a Ga-ation φ : Ga×U →
U . Then the a�ne one X = AffCone Y ⊂ An+1 has a homogeneous Ga-ation
φ̂ : Ga ×X → X suh that

• φ(Ga × {π(x)}) = π(φ̂(Ga × {x})) for any x ∈ π−1(U).
• φ̂ is the identity on X \ π−1(U).In other words, a natural projetion π : X \ π−1(L) → U sends any φ̂-orbit onto

φ-orbit so that the preimage of any φ-orbit is a one-parameter family of φ̂-orbit.Proof. Let Y be de�ned by a homogeneous ideal I ⊂ K[x0, . . . , xn] whih does notontain x0, K[X ] = K[x0, . . . , xn]/I, and U = {x0 6= 0} ⊂ Y .There exists a natural embedding ρ : U →֒ X , ρ(U) = {x0 = 1} ⊂ X. Onthe other hand, π : X \ {x0 = 0} → U is a trivial C∗-bundle. Therefore, we mayextend the Ga-ation φ on U to a Ga-ation φ̃ on X \ {x0 = 0} generated by ahomogeneous LND δ̃.There exists d ∈ N suh that xd0δ̃(xi) ∈ K[X ] for i = 1, . . . , n. Sine x0 ∈ ker δ̃,a homogeneous derivation δ̂ = xd+1
0 δ̃ on X is loally nilpotent. The orresponding

Ga-ation φ̂ is homogeneous, oinides with φ on U ∼= {x0 = 1} ⊂ X , and isidential on {x0 = 0} ⊂ X.Theorem 6.7. Let Y be a normal projetive variety and H be a very ample divisoron Y . If there exists a transversal overing of Yreg by H-polar ylinders, then thea�ne one X = AffConeH Y is �exible.



62 Chapter 6. Affine ones and del Pezzo surfaesProof. The statement is obvious for X = An+1. Thus, we may suppose that thevertex of the one is a singular point.By [51, Proposition 3.1.5℄ to an H-polar ylinder U on Y there orresponds a
Ga-ation on X . Note from the expliit onstrution in [51, Proposition 3.1.5℄ thatthe projetion π : X \ {0} → Y sends the Ga-orbits on X to �bers of the ylinder
U . The set of �xed points on X \ {0} is the preimage of Y \ U . Moreover, theorresponding Ga-ations are homogeneous.Let G ⊂ SAutX be the subgroup spanned by these ations. Consider an orbit
Gx of a smooth point x ∈ Xreg. The image π(Gx) ⊂ Yreg is invariant w.r.t. allovering ylinders. The transversality ondition implies that π(Gx) = Yreg. Sinethe group G is generated by homogeneous ations, the natural Gm-ation on X byhomotheties normalizes the ation G on X and sends G-orbits to G-orbits. Thus,
Xreg is a union of G-orbits suh that the projetion to Y of eah of these orbitsoinides with Yreg. Finally, by Lemma 6.4 Gx = Xreg.6.2 Del Pezzo surfae of degree 5Reall that all del Pezzo surfaes of degree 5 are isomorphi. Indeed, any suha surfae an be obtained by blowing up the projetive plane P2 in four points
P1, . . . , P4, no three of whih are ollinear [58, Theorem IV.2.5℄. However, theautomorphism group of the projetive plane ats transitively on suh 4-tuples ofpoints.Theorem 6.8. Let H be an arbitrary very ample divisor on the del Pezzo surfae
Y of degree 5. Then the orresponding a�ne one AffConeH Y is �exible.The proof proeeds in several steps, see Setions 6.2.1 and 6.2.2. We let Eidenote the exeptional divisor (i.e. the (−1)-urve on Y ), whih is the preimageof the blown up point Pi. Let e0 be the divisor lass of a line, whih ontainsnone of the points Pi, and let ei (i = 1, . . . , 4) be a divisor lass of Ei. Theselasses generate the Piard group Pic Y = 〈e0, . . . , e4〉Z ∼= Z5. The intersetionindex de�nes a symmetri bilinear form on the Piard group suh that the basis
{e0, . . . , e4} is orthogonal, e20 = 1, and e2i = −1. Exeptional divisor lasses are eiand e0 − ei − ej for distint i, j 6= 0.By Kleiman's ampleness riterion [55, Theorem 1.4.9℄ the losure of the ampleone Ample Y is dual to the one of e�etive divisors NE(Y ). In ase of a delPezzo surfae the one NE(Y ) is generated by the (-1)-urves [40, Theorem 8.2.19℄.Therefore, the ample one is de�ned by inequalities

x0 > 0, xi <0, i = 1, . . . , 4, (6.1)
x0 + xi + xj >0, 0 6= i 6= j 6= 0, (6.2)



6.2. Del Pezzo surfae of degree 5 63where (x0, . . . , x4) ∈ PicY . It has the following ten extremal rays
e0, e0 − ej , 2e0 −

∑

i 6=0

ei, 2e0 −
∑

i 6=0,j

ei, j = 1, . . . , 4. (6.3)Five of them orrespond to ontrations Y → P2 de�ned by 4-tuples of (-1)-urves orthogonal to the hosen ray. Any other ray de�nes a penil of quadris on
Y . More preisely, the orthogonal omplement to the ray ontains three pairs ofinterseting (-1)-urves whih de�ne the degenerate �bers of the penil. Herewith,the lass of the penil member belongs to the hosen ray.6.2.1 CylindersWe have �xed above a blowing down ϕ : Y → P2 of four pairwise disjoint (−1)-urves E1, . . . , E4. Let lij ⊂ P2 be the line passing through the points Pi and
Pj . Consider the open subset U1 = ϕ−1(P2 \ (l12 ∪ l34)) ⊂ Y . This is a ylinderde�ned by a penil of lines passing through the base point Bs(U1) = l12 ∩ l34. Wehave U1

∼= A1
∗ × A1, where A1

∗ = A1 \ {0}. Similarly let U2 = ϕ−1(P2 \ (l13 ∪ l24))and U3 = ϕ−1(P2 \ (l14 ∪ l23)), see �g. 6.1. Furthermore, onsider the blowingsdown of other 4-tuples of non-interseting (−1)-urves on Y . There are �ve ofthem as shown on �g. 6.2. For every blowing down we de�ne three ylinders in asimilar way. Note that these ylinders are in one-to-one orrespondene with theintersetion points of the (-1)-urves, and the automorphism group Aut Y ∼= S5ats transitively on them.
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E3

E4

l13
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l24

l14
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E1

E2

E3

E4

l13

l12

l34

l24

l14
l23

U3Figure 6.1Cylinders on the inidene graph of (−1)-urves on the del Pezzo surfae of degree 5. The grayand the blak verties orrespond to (−1)-urves forming the omplement to a ylinder. Thedashed edges orrespond to (−1)-urve intersetions ontained in the ylinder. The double edgeorresponds to the base point of the ylinder.Thus we have the ylinders U1, U2, . . . , U15 as shown on Figures 6.1 and 6.2. It iseasy to hek that every intersetion of (−1)-urves is ontained in some ylinder,
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U1, U2, U3 U4, U5, U6 U7, U8, U9 U10, U11, U12 U13, U14, U15Figure 6.2Blak verties orrespond to 4-tuples of (−1)-urves. Every blowing down de�nes three ylinderssimilarly as on �g. 6.1.hene ⋃

Ui = Y . We laim that there is no proper subset W ⊂ Y invariant withrespet to all 15 ylinders. Assume that there exists suh a subset W . Let us �xan arbitrary point of W . It is ontained in a �ber S of some ylinder, hene Wontains S. Without loss of generality S is a �ber of U1. Then a line l = ϕ(S) ⊂ P2passes through the base point Bs(U1). Sine the points Bs(U1),Bs(U2), and Bs(U3)do not lie on the same line, one of them does not belong to l. Suppose Bs(U2) /∈ l.Then the �ber S intersets all but �nite number of �bers of the ylinder U2, andWontains them. So, W is dense in Y . The omplement Y \W is also invariant withrespet to all ylinders, and by the same reason it is dense in Y , a ontradition.6.2.2 Flexible polarizationsIn this subsetion we show that for any ample divisorH on Y all the 15 ylinders Uiare H-polar. Consider the set of e�etive divisors {∑i αiEi+β1l12+β3l34 | αi, βi >
0} whose support is the omplement to U1. The image of this set in the Piardgroup is an open one C, whose extremal rays are e1, e2, e3, e4, e0 − e1 − e2, and
e0 − e3 − e4. It is easy to hek that the primitive vetors of the ample one (6.3)an be expressed as linear ombinations with non-negative rational oe�ients ofthe primitive vetors of the one C. Therefore the ylinder U1 is H-polar for anyample divisor H . By means of automorphisms from Aut Y we may translate U1 toany other ylinder Ui. Hene the ylinders Ui are H-polar for any ample divisor
H . Using Theorem 6.7 we obtain the assertion. Now Theorem 6.8 is proved.6.3 Del Pezzo surfaes of degree 4Every del Pezzo surfae of degree 4 an be obtained by blowing up a projetiveplane P2 in �ve points, where no three are ollinear. The moduli spae of suhsurfaes is two-dimensional.By Ei we denote the (−1)-urve whih is the preimage of the blown up point
Pi. As before, let e0 be the divisor lass of a line whih does not ontain the blownup points, and ei (i = 1, . . . , 5) be the divisor lass of Ei. A set {e0, . . . , e5} forms



6.3. Del Pezzo surfaes of degree 4 65an orthogonal basis of the Piard group PicY ∼= Z6, and e20 = 1, e2i = −1. Thelasses of (−1)-urves are ei, e0 − ei − ej , 2e0 −
∑

k 6=0 ek for any pair of distintindies i, j 6= 0. The ample one is de�ned by inequalities
x0 > 0, xi <0 i = 1, . . . , 5, (6.4)

x0 + xi + xj >0, 0 6= i 6= j 6= 0, (6.5)
2x0 + x1 + . . .+ x5 >0, (6.6)where (x0, . . . , x5) ∈ PicY . Its extremal rays are

e0, e0 − ej , 2e0 −
∑

k 6=0,i

ek, 2e0 −
∑

k 6=0,i,j

ek, and 3e0 −
∑

k 6=0

ek − ei (6.7)for any pair of distint indies i, j ∈ {1, . . . , 5}. Similarly to the ase of a del Pezzosurfae of degree 5, sixteen of the extremal rays orrespond to di�erent blowdowns
Y → P2, and the ten remaining rays orrespond to di�erent penils of quadris on
Y .6.3.1 CylindersLet us �x some (−1)-urve C1 and onsider the blowing down σ1 : Y → P2 of�ve (−1)-urves F1, . . . , F5 that meet C1, see �g. 6.3. This blowing down is wellde�ned sine the ontrated divisors do not interset. The image σ1(C1) is a smoothquadri c passing through the blown down points Q1, . . . , Q5. Take an arbitraryline l ⊂ P2 whih is tangent to c at a point di�erent from Q1, . . . , Q5. A quadripenil in P2 generated by divisors c and 2l determines a ylinder U ∼= A1

∗×A1 ⊂ Ywhose omplement is the omplete preimage of the support of the divisor c+2l on
P2. Denote by UC1

the family of all suh ylinders in Y for all suh tangents l. Notethat Y \
⋃

U∈UC1

U is a union of C1 and the exeptional divisors Fi (i = 1, . . . , 5).Apply this onstrution to the (−1)-urves C2, . . . , C5, whih form a 5-yle alongwith C1 on the inidene graph as shown on �g. 6.3. Overall we obtain �ve ylinderfamilies UC1
, . . . ,UC5

. It is easily seen that their union overs Y .Let W be a proper subset of Y invariant with respet to the ylinders of allfamilies, and let w ∈ W be an arbitrary point. We may suppose that w belongsto a ylinder of the family UC1
. Then the image σ1(W ) ⊂ P2 is invariant withrespet to the ylinder family {σ1(U) | U ∈ UC1

}. Note that every ylinder of thisfamily is a omplement to the quadri c and its tangent line. It is well known thatgiven a quadri and two points outside it we an �nd a quadri passing throughthese two points and tangent to the given quadri. Therefore, for almost everypoint x ∈ P2 \ c there exists a �ber of some ylinder whih ontains x and σ1(w).Namely, x must not lie on the tangent line to c passing through σ1(w) as well as



66 Chapter 6. Affine ones and del Pezzo surfaeson the quadris whih are tangent to c at blown down points and ontain σ1(w).Thus W is dense in Y . Similarly, Y \W is dense in Y , a ontradition. Finally,the families UC1
, . . . ,UC5

form a transversal over of Y .
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C3 C4

C5

Figure 6.3The inidene graph of (−1)-urves on a del Pezzo surfae of degree 4. On the left the grayvertex orresponds to the quadri preimage C1 and blak verties orrespond to the ontrated
(−1)-urves. The dashed edges orrespond to (−1)-urve intersetions ontained in the ylindersof a family. Four other families orresponding to C2, . . . , C5 are obtained symmetrially by thegraph rotations.6.3.2 Flexible polarizationsAmple divisorsH suh that ylinders of the family UCi

are H-polar, are exatly theample divisors in the set Ample Y ∩{α1F1+ . . .+α5F5+α6Ci+α7σ
−1
i (l) | αj > 0}in PicY . This set is an open one whih we denote by Ample(Ci, Y ). It does notdepend on a hoie of a tangent line l sine it does not ontain blown up pointsby de�nition. Then the set of the divisors H suh that ylinders in ⋃

i UCi
are H-polar is an open one ⋂

iAmple(Ci, Y ). A omputation shows that it has exatly72 extremal rays, whih an be expressed as
e0, 9e0 − 5ei1 − ei2 − 2ei3 − 4ei4 − 3ei5,

4e0 − 2ei1 − 2ei2 − ei3 − ei4 − ei5 , 9e0 − 4ei1 − 4ei2 − 4ei3 − 2ei4 − 2ei5,

5e0 − 2ei1 − 2ei2 − ei3 − 3ei4 − ei5 , 11e0 − 6ei1 − 2ei2 − 2ei3 − 4ei4 − 4ei5,

5e0 − 2ei1 − 2ei2 − 2ei3 − 2ei4 , 11e0 − 6ei1 − 4ei2 − 4ei3 − 2ei4 − 2ei5,

5e0 − 2ei1 − 2ei2 − 2ei3 − 2ei4 − 2ei5 , 11e0 − 6ei1 − 2ei2 − 4ei3 − 4ei4 − 4ei5,

6e0 − 2ei1 − 2ei2 − 3ei3 − ei4 − 3ei5 , 11e0 − 6ei1 − 4ei2 − 4ei3 − 4ei4 − 2ei5,

7e0 − 4ei1 − 2ei2 − 2ei3 − 2ei4 − 2ei5 , 15e0 − 8ei1 − 2ei2 − 4ei3 − 6ei4 − 6ei5,

9e0 − 5ei1 − 3ei2 − 4ei3 − 2ei4 − 1ei5 , 15e0 − 8ei1 − 6ei2 − 6ei3 − 4ei4 − 2ei5,



6.3. Del Pezzo surfaes of degree 4 67where the tuple (i1, . . . , i5) runs over all yli permutations of (1, 2, 3, 4, 5).It is easily seen that the antianonial divisor (−KY ) is ontained in⋂i Ample(Ci, Y ).Similarly to Theorem 6.8 we obtain the following result.Theorem 6.9. Let Y be a del Pezzo surfae of degree 4, and H be a very ampledivisor in the open one ⋂5
i=1Ample(Ci, Y ). Then the a�ne one AffConeH Y is�exible. In partiular, this holds for the antianonial divisor H = −KY .We have identi�ed a subone of the ample one suh that the very ampledivisors ontained in this subone de�ne a �exible a�ne one. However, thissubone is stritly ontained in the ample one. For example, the ample divisorlass 8e0−2e1−4e2−e3−e4−3e5 lies outside of that subone. Thus the �exibilityproblem remains open for the a�ne ones over the del Pezzo surfaes of degree 4polarized by an arbitrary very ample divisor.
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Chapter 7Torsors and A-overed varietiesIn this hapter we present a joint work with Ivan Arzhantsev and Hendrik Suess[31℄.7.1 IntrodutionUniversal torsors were introdued by Colliot-Thélène and Sansu in the frameworkof arithmeti geometry to investigate rational points on algebrai varieties, see [37℄,[38℄, [65℄. In the last years they were used to obtain positive results on Manin'sConjeture. Another soure of interest is Cox's paper [39℄, where an expliit de-sription of the universal torsor over a tori variety is given. This approah had anessential impat in tori geometry. For generalizations and relations to Cox rings,see [47℄, [33℄, [34℄, [46℄, [28℄.Let X be a smooth algebrai variety. Assume that the divisor lass group
Cl(X) is a lattie of rank r. The universal torsor q : X̂ → X is a loally trivial
H-prinipal bundle with ertain harateristi properties, where H is an algebraitorus of dimension r, see [65, Setion 1℄; here X̂ is a smooth quasia�ne algebraivariety.The aim of this hapter is to show that under ertain restritions on X the au-tomorphism group Aut(X̂) ats on X̂ in�nitely transitively. We use a onstrutionof [51℄ to show that open ylindri subsets on X de�ne one-parameter unipotentsubgroups Li in Aut(X̂). It turns out that the subgroup generated by Li ats on
X̂ transitively.This hapter is organized as follows. In Setion 7.2 we reall basi de�nitionsand fats on Cox rings and universal torsors. In Setion 7.3 we reall some de�-nitions from Setion 6.1 and show that if X is a smooth algebrai variety with afree �nitely generated divisor lass group Cl(X), whih is transversally overed byylinders, then the group SAut(X̂) ats on the universal torsor X̂ transitively.69



70 Chapter 7. Torsors and A-overed varietiesAs a partiular ase, in Setion 7.4 we study A-overed varieties, i.e. varietiesovered by open subsets isomorphi to the a�ne spae of the same dimension.Clearly, any A-overed variety is smooth and rational. We list wide lasses of
A-overed varieties inluding smooth omplete tori or, more generally, spherialvarieties, smooth rational projetive surfaes, and some Fano threefolds. It isshown that the ondition to be A-overed is preserved under passing to vetorbundles and their projetivizations as well as to the blow up in a linear subvariety.In Setion 7.5 we summarize our results on universal torsors and in�nite tran-sitivity. Theorem 7.14 laims that if X is an A-overed algebrai variety of di-mension at least 2, then SAut(X̂) ats on the universal torsor X̂ in�nitely tran-sitively. If the Cox ring R(X) is �nitely generated, then the total oordinatespae X := Spec R(X) is a fatorial a�ne variety, the group SAut(X) ats on
X with an open orbit O, and the ation of SAut(X) on O is in�nitely transitive,see Theorem 5.7. In partiular, the Makar-Limanov invariant of X is trivial, seeCorollary 7.16.We work over an algebraially losed �eld K of harateristi zero.7.2 Preliminaries on Cox rings and universal tor-sorsLet X be a normal algebrai variety with free �nitely generated divisor lass group
Cl(X). Denote by WDiv(X) the group of Weil divisors on X and �x a subgroup
K ⊂ WDiv(X) suh that the anonial map c : K → Cl(X) sending D ∈ K to itslass [D] ∈ Cl(X) is an isomorphism. We de�ne the Cox sheaf assoiated to K tobe

R :=
⊕

[D]∈Cl(X)

R[D], R[D] := OX(D),where D ∈ K represents [D] ∈ Cl(X) and the multipliation in R is de�ned bymultiplying homogeneous setions in the �eld of rational funtions K(X). Thesheaf R is a quasioherent sheaf of normal integral K-graded OX -algebras and, upto isomorphy, it does not depend on the hoie of the subgroup K ⊂ WDiv(X),see [28, Constrution I.4.1.1℄. The Cox ring of X is the algebra of global setions
R(X) :=

⊕

[D]∈Cl(X)

R[D](X), R[D](X) := Γ(X,OX(D)).Let us assume that X is a smooth variety with only onstant invertible fun-tions. Then the sheaf R is loally of �nite type, and the relative spetrum SpecX Ris a quasia�ne variety X̂ , see [28, Corollary I.3.4.6℄. We have Γ(X̂,O) ∼= R(X),and the ring R(X) is a unique fatorization domain with only onstant invertible



7.3. Cylinders and Ga-ations 71elements, see [28, Proposition I.4.1.5℄. Sine the sheaf R is K-graded, the variety
X̂ arries a natural ation of the torus H := Spec K[K]. The projetion q : X̂ → Xis alled the universal torsor over the variety X . By [28, Remark I.3.2.7℄, the mor-phism q : X̂ → X is a loally trivial H-prinipal bundle. In partiular, the torus
H ats on X̂ freely.Lemma 7.1. Let X be a normal variety. Assume that there is an open subset Uon X whih is isomorphi to the a�ne spae An. Then any invertible funtion on
X is onstant and the group Cl(X) is freely generated by lasses [D1], . . . , [Dk] ofthe prime divisors suh that

X \ U = D1 ∪ . . . ∪Dk.Proof. The restrition of an invertible funtion to U is onstant, so the funtionis onstant. Sine U is fatorial, any Weil divisor on X is linearly equivalent to adivisor whose support does not interset U . This shows that the group Cl(X) isgenerated by [D1], . . . , [Dk].Assume that a1D1 + . . . + akDk = div(f) for some f ∈ K(X). Then f is aregular invertible funtion on U and thus f is a onstant. This shows that thelasses [D1], . . . , [Dk] generate the group Cl(X) freely.The Cox ring R(X) and the relative spetrum q : X̂ → X an be de�ned andstudied under weaker assumptions on the variety X , see [28, Chapter I℄. But in thishapter we are interested in smooth varieties with free �nitely generated divisorlass group.Assume that the Cox ring R(X) is �nitely generated. Then we may onsiderthe total oordinate spae X := Spec R(X). This is a fatorial a�ne H-variety.By [28, Constrution I.6.3.1℄, there is a natural open H-equivariant embedding
X̂ →֒ X suh that the omplement X \ X̂ is of odimension at least two.7.3 Cylinders and Ga-ationsThe following de�nition is taken from [51℄, see also [52℄.De�nition 7.2. Let X be an algebrai variety and U be an open subset of X .We say that U is a ylinder if U ∼= Z ×A1, where Z is an irreduible a�ne varietywith Cl(Z) = 0.Proposition 7.3. Let X be a smooth algebrai variety with a free �nitely generateddivisor lass group Cl(X), q : X̂ → X be the universal torsor, and U ∼= Z × A1 bea ylinder in X. Then there is an ation Ga × X̂ → X̂ suh that



72 Chapter 7. Torsors and A-overed varieties(i) the set of Ga-�xed points is X̂ \ q−1(U);(ii) for any point y ∈ q−1(U) we have q(L · y) = {z}×A1 for some z ∈ Z, where
L is the image of Ga in Aut(X̂).Proof. Sine Cl(U) ∼= Cl(Z) = 0, we have an isomorphism q−1(U) ∼= Z × A1 ×Hompatible with the projetion q, see [28, Remark I.3.2.7℄. Thus the subset q−1(U)admits a Ga-ation

a · (z, t, h) = (z, t+ a, h), z ∈ Z, t ∈ A1, h ∈ H,with property (ii). Denote by D the loally nilpotent derivation on Γ(U,O) orre-sponding to this ation.Our aim is to extend the ation to X̂ . Sine the open subset q−1(U) is a�ne, itsomplement X̂ \ q−1(U) is a divisor ∆ in X̂ . We an �nd a funtion f ∈ Γ(X̂,O)suh that ∆ = div(f). In partiular,
Γ(q−1(U),O) = Γ(X̂,O)[1/f ].Sine f has no zero on any Ga-orbit on q−1(U), it is onstant along orbits, and flies in KerD.Lemma 7.4. Let Y be an irreduible quasia�ne variety,
Y =

s⋃

i=1

Ygi, gi ∈ Γ(Y,O),be an open overing by priniple a�ne subsets, and let
Γ(Ygi,O) = K[ci1, . . . , ciri][1/gi]for some cij ∈ Γ(Y,O). Consider a �nitely generated subalgebra C in Γ(Y,O)ontaining all the funtions gi and cij. Then the natural morphism Y → Spec Cis an open embedding.Proof. Notie that Γ(Ygi,O) = Γ(Y,O)[1/gi] = C[1/gi]. This shows that themorphism Y → Spec C indues isomorphisms Ygi ∼= (Spec C)gi.Let Y = X̂ and X̂ →֒ Spec C be an a�ne embedding as in Lemma 7.4 with

f ∈ C. A �nite generating set of the algebra C is ontained in a �nite dimensional
D-invariant subspae W of Γ(q−1(U),O). Replaing D with fmD we may assumethat W is ontained in Γ(X̂,O). We enlarge C and assume that it is generated by
W . Then C is an (fmD)-invariant �nitely generated subalgebra in Γ(X̂,O) andwe have an open embedding X̂ →֒ Spec C =: X̃ .



7.4. A-overed varieties 73Replaing fmD with D′ := fm+1D, we obtain a loally nilpotent derivation D′on C suh that D′(C) is ontained in fC. The orresponding Ga-ation on X̃ �xesall points on div(f) and has the same orbits on q−1(U). Hene the subset X̂ ⊂ X̃is Ga-invariant and the restrition of the ation to X̃ has the desired properties.The proof of Proposition 7.3 is ompleted.Remark 7.5. Under the assumption that the algebra Γ(X̃,O) is �nitely generatedthe proof of Proposition 7.3 is muh simpler.The following de�nitions appeared in [61℄.De�nition 7.6. Let X be a variety and U ∼= Z×A1 be a ylinder in X . A subset
W of X is said to be U-invariant if W ∩ U = p−1

1 (p1(W ∩ U)), where p1 : U → Zis the projetion to the �rst fator. In other words, every A1-�ber of the ylinderis either ontained in W or does not meet W .De�nition 7.7. We say that a variety X is transversally overed by ylinders Ui,
i = 1, . . . , s, if X =

⋃s

i=1 Ui and there is no proper subset W ⊂ X invariant underall Ui.Proposition 7.8. Let X be a smooth algebrai variety with a free �nitely generateddivisor lass group Cl(X) and q : X̂ → X be the universal torsor. Assume that X istransversally overed by ylinders. Then the group SAut(X̂) ats on X̂ transitively.Proof. Consider a Ga-ation on X̂ assoiated with the ylinder Ui as in Propo-sition 7.3. Let Li be the orresponding Ga-subgroup in SAut(X̂) and G be thesubgroup of SAut(X̂) generated by all the Li. By onstrution, the subgroups Liand thus the group G ommute with the torus H .Let S be a G-orbit on X̂ . By Proposition 7.3, the projetion q(S) is invariantunder all the ylinders Ui, and thus q(S) oinides withX . Let HS be the stabilizerof the subset S in H . Then the map H × S → X̂, (h, x) 7→ hx, is surjetive andits image is isomorphi to (H/HS)× S. Sine H/HS is a torus and the variety X̂has only onstant invertible funtions, we onlude that HS = H and thus S = X̂ .This shows that G, and hene SAut(X̂), ats on X̂ transitively.Remark 7.9. By Theorem 5.7 the ation of SAut(X̂) on X̂ in Proposition 7.8 isin�nitely transitive.7.4 A-overed varietiesThe a�ne spae An admits n oordinate ylinder strutures An−1 × A1, and theovering of An by these ylinders is transversal. This elementary observation mo-tivates the following de�nition.



74 Chapter 7. Torsors and A-overed varietiesDe�nition 7.10. An irreduible algebrai variety X is said to be A-overed ifthere is an open overing X = U1 ∪ . . .∪Ur, where every hart Ui is isomorphi tothe a�ne spae An.A hoie of suh a overing together with isomorphisms Ui
∼= An is alled an

A-atlas of X . A subvariety Z of an A-overed variety X is alled linear withrespet to an A-atlas, if it is linear in all harts, i.e. Z ∩Ui is a linear subspae in
Ui

∼= An. Any A-overed variety is rational, smooth, and by Lemma 7.1 the group
Pic(X) = Cl(X) is �nitely generated and free.Clearly, the projetive spae Pn is A-overed. This fat an be generalized inseveral ways.(1) Every smooth omplete tori variety X is A-overed.(2) Every smooth rational omplete variety with a torus ation of omplexity oneis A-overed; see [31, Theorem 5℄.(3) Let G be a semisimple algebrai group and let P be a paraboli subgroup of

G. Then the �ag variety G/P is A-overed. Indeed, a maximal unipotentsubgroup N of G ats on G/P with an open orbit U isomorphi to an a�nespae. Sine G ats on G/P transitively, we obtain the desired overing.Remark 7.11. Consider an A-atlas of G/P generated from U by G-ations.Then any irreduible subvariety Z linear in U is linear w.r.t. to the A-atlas.(4) More generally, every omplete smooth spherial variety is A-overed, see [35,Corollary 1.5℄.(5) The Fano threefolds P3, Q, V5 and an element of the family V22 are known tobe A-overed. Moreover, there are no other types of A-overed Fano threefoldsof Piard number 1 by [44℄. In partiular, the Fano threefolds V12, V16, V18and V4 from Iskovskikh's lassi�ation [50℄ are rational but not A-overed.(6) The produt of two A-overed varieties is again A-overed.(7) More generally, every vetor bundle over An trivializes, and so the total spaesof vetor bundles over A-overed varieties are A-overed. The same holds fortheir projetivizations.(8) If a variety X is A-overed and X ′ is a blow up of X at some point p ∈ X ,then X ′ is A-overed.



7.4. A-overed varieties 75(9) In partiular, all smooth projetive rational surfaes are obtained either from
P2, P1 × P1 or from the Hirzebruh surfaes Fn by a sequene of blow ups ofpoints, and so they are A-overed. 1(10) We may generalize the blow up example as follows. The blow up of X ina linear subvariety Z is A-overed. Moreover, the strit transforms of linearsubvarieties, whih either ontain Z or do not interset with it, are linearagain (with the hoie of an appropriate A-atlas). Hene, we may iterate thisproedure.Proof of (10). We onsider a hart U of the A-overing of X . We may assumethat we blow up An = U in the linear subspae given by x1 = . . . = xk = 0.By de�nition, the blow up X ′ is given in the produt An × Pk−1 by equations

xizj = xjzi, where 1 ≤ i, j ≤ k. If the homogeneous oordinate zj equals 1 forsome j = 1, . . . , k, then xi = xjzi, and we are in the open hart Vj with independentoordinates xj, xs with s > k, and zi, i 6= j. So the variety X ′ is overed by ksuh harts.Let L be a linear subspae in U ontaining [x1 = . . . = xk = 0] and givenby linear equations fi(x1, . . . , xk) = 0. The strit transform of L is given in Vjby the equations fi(z1, . . . , zj−1, 1, zj+1, . . . , zk) = 0. After a hange of variables
xj 7→ xj − 1 these equations beome linear.Finally, if a linear subvariety Z ′ does not meet the linear subvariety Z, then Z ′does not interset harts of our atlas that interset Z, and the assertion follows.Example 7.12. Consider a smooth quadri threefold Q. Choose two points and aoni passing through them. Then these are linear subvarieties of Q with respetto an appropriate atlas. Hene, the iterated blow up in the points, �rst, and thenin the strit transform of the oni is A-overed.We may use the above observations to take a loser look at Fano threefolds.Proposition 7.13. In the lassi�ation of Iskovskikh [50℄ and Mori-Mukai [59℄we have the following (possibly non-omplete) list of A-overed Fano threefolds:(a) P3, Q, V5, (at least) one element V ′

22 of the family V22;(b) 2.33-2.36, 3.26-3.31, 4.9-4.11, 5.2, 5.3;() 2.29, 2.30, 2.31, 2.32, 3.8, 3.18-3.23, 3.24, 4.4, 4.7, 4.8, (at least) one elementof the families 2.24, 3.8 and 3.10 respetively;1This property of smooth rational surfaes was used in [51, Proposition 3.3℄ in order to provethe existene of an a�ne one with a Ga-ation.



76 Chapter 7. Torsors and A-overed varieties(d) 5.3-5.8;(e) (at least) one element of the family 2.26.Proof. The list in (a) is the same as that in (5). The list in (b) onsists exatlyof the tori Fano threefolds. The varieties in () admit a 2-torus ation. Thisan be seen more or less diretly from the desription given in [59℄. For some ofthem we get alternative proofs of the A-overedness by (3), (7) and (10). Thevarieties in (d) are produts of del Pezzo surfaes (whih are rational) and P1. Thevariety in (e) is obtained from V5 by blow up in a linear subvariety, as explainedin (10).7.5 Main resultsThe following theorem summarizes our results on universal torsors and in�nitetransitivity.Theorem 7.14. Let X be an A-overed algebrai variety of dimension at least
2 and q : X̂ → X be the universal torsor. Then the group SAut(X̂) ats on thequasia�ne variety X̂ in�nitely transitively.Proof. If X is overed by m open harts isomorphi to An, and every hart isequipped with n transversal ylinder strutures, then the overing of X by these
mn ylinders is transversal. By Proposition 7.8, the group SAut(X̂) ats on X̂transitively. Theorem 5.7 yields that the ation is in�nitely transitive.Theorem 7.14 provides many examples of quasia�ne varieties with rih sym-metries. In partiular, if X is a del Pezzo surfae, a desription of the universaltorsor q : X̂ → X may be found in [32℄, [63℄, [64℄. It follows from Theorem 7.14that the group SAut(X̂) ats on X̂ in�nitely transitively.Let X be the blow up of nine points in general position on P2. By [60℄, theCox ring R(X) is not �nitely generated, and thus X̂ is a quasia�ne variety with anon-�nitely generated algebra of regular funtions Γ(X̂,O). Theorem 7.14 worksin this ase as well.Theorem 7.15. Let X be an A-overed algebrai variety of dimension at least 2.Assume that the Cox ring R(X) is �nitely generated. Then the total oordinatespae X := Spec R(X) is a fatorial a�ne variety, the group SAut(X) ats on Xwith an open orbit O, and the ation of SAut(X) on O is in�nitely transitive.Proof. Lemma 7.1 shows that the group Cl(X) is �nitely generated and free, henethe ring R(X) is a unique fatorization domain, see [28, Proposition I.4.1.5℄. Sine

Γ(X,O) = R(X) ∼= Γ(X̂,O),



7.5. Main results 77any Ga-ation on X̂ extends to X. We onlude that X̂ is ontained in one
SAut(X)-orbit O on X , the ation of SAut(X) on O is in�nitely transitive, andby [29, Proposition 1.3℄ the orbit O is open in X.Reall from [43℄ that the Makar-Limanov invariant ML(Y ) of an a�ne variety
Y is the intersetion of the kernels of all loally nilpotent derivations on Γ(Y,O).In other words ML(Y ) is the subalgebra of all SAut(Y )-invariants in Γ(Y,O).Similarly to as in [56℄ the �eld Makar-Limanov invariant FML(Y ) is the sub�eldof K(Y ) whih onsists of all rational SAut(Y )-invariants. If the �eld Makar-Limanov invariant is trivial, that is, if FML(Y ) = K, then so is ML(Y ), but theonverse is not true in general.Corollary 7.16. Under the assumptions of Theorem 7.15 the �eld Makar-Limanovinvariant FML(X) is trivial.Proof. By Theorem 7.15, the group SAut(X) ats on X with an open orbit. Thelaim follows from Proposition 5.5.
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