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Existence et stabilité de solutions fortes en théorie
cinétique des gaz

Résumé. Cette these est centrée sur ’étude d’équations issues de la théorie cinétique
des gaz. Dans tous les problemes qui y sont explorés, une analyse des problemes linéaires
ou linéarisés associés est réalisée d’'un point de vue spectral et du point de vue des
semi-groupes. A cela s’ajoute une analyse de la stabilité non linéaire lorsque le modele
est non linéaire. Plus précisément, dans une premiere partie, nous nous intéressons
aux équations de Fokker-Planck fractionnaire et Boltzmann sans cut-off homogene
en espace et nous prouvons un retour vers I’équilibre des solutions de ces équations
avec un taux exponentiel dans des espaces de type L' & poids polynomial. Concernant
I’équation de Landau inhomogene en espace, nous développons une théorie de Cauchy de
solutions perturbatives dans des espaces de type L? avec différents poids (polynomiaux
ou exponentiels) et nous prouvons également la stabilité exponentielle de ces solutions.
Nous démontrons ensuite pour I’équation de Boltzmann inélastique inhomogéne avec
terme diffusif le méme type de résultat dans des espaces L' & poids polynomial dans un
régime de faible inélasticité. Pour finir, nous étudions dans un cadre général et uniforme
des modeles qui convergent vers I’équation de Fokker-Planck du point de vue de ’analyse
spectrale et des semi-groupes.

Mots-clés : théorie cinétique ; équation de Boltzmann ; collisions inélastiques ; équation
de Boltzmann sans cut-off ; équation de Landau ; potentiels durs; potentiels faiblement
mous ; équation de Fokker-Planck ; diffusion fractionnaire ; retour a 1’équilibre ; conver-
gence exponentielle ; trou spectral ; décroissance du semi-groupe ; hypodissipativité.

Existence and stability of strong solutions in kinetic theory

Abstract. The topic of this thesis is the study of models coming from kinetic theory.
In all the problems that are addressed, the associated linear or linearized problem is
analyzed from a spectral point of view and from the point of view of semigroups. To
that, we add the study of the nonlinear stability when the equation is nonlinear. More
precisely, to begin with, we treat the problem of trend to equilibrium for the fractional
Fokker-Planck and Boltzmann without cut-off equations, proving an exponential decay to
equilibrium in spaces of type L' with polynomial weights. Concerning the inhomogeneous
Landau equation, we develop a Cauchy theory of perturbative solutions in spaces of
type L? with various weights such as polynomial and exponential weights and we also
prove the exponential stability of these solutions. Then, we prove similar results for the
inhomogeneous inelastic diffusively driven Boltzmann equation in a small inelasticity
regime in L' spaces with polynomial weights. Finally, we study in the same and uniform
framework from the spectral analysis point of view with a semigroup approach several
Fokker-Planck equations which converge towards the classical one.

Keywords. kinetic theory ; Boltzmann equation ; inelastic collisions ; Boltzmann equa-
tion without cut-off; Landau equation; hard potentials; moderately soft potentials;
Fokker-Planck equation ; fractional diffusion ; trend to equilibrium ; exponential conver-
gence ; spectral gap ; semigroup decay ; hypodissipativity.
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Introduction générale

1 La théorie cinétique des gaz

L’objet de la théorie cinétique des gaz est de modéliser tout systéme formé d’un
grand nombre de particules tel qu'un gaz. Pour un tel systéme, plusieurs niveaux de
description sont envisageables. Une maniere de décrire ce systéme consiste en ’étude des
trajectoires de chaque particule, c’est la description microscopique. Une telle description
présente néanmoins des inconvénients, d’une part du fait du grand nombre de particules
considérées, et d’autre part car une telle description ne donne pas accés aux grandeurs
physiques intéressantes dites observables que sont la masse, la vitesse moyenne et la
température. Une autre fagon de procéder serait de décrire les grandeurs macroscopiques
de ce systeme (quantités évoquées précédemment que l'on peut effectivement mesurer),
c’est la description macroscopique. La théorie cinétique se situe précisément a un niveau
intermédiaire entre ces deux descriptions, microscopique et macroscopique que ’on
appelle la description mésoscopique. 11 s’agit d’une description statistique dont le but
est de décrire le comportement “typique” d’une particule, permettant ainsi de simplifier
I’étude détaillée des trajectoires de chaque particule tout en préservant les informations
physiques du systeme. Cette théorie fournit également un cadre a I’étude des mécanismes
de retour vers 1’équilibre, une des finalités étant de prédire le comportement en temps
long des systeémes étudiés. Ces différentes descriptions sont résumées dans le schéma
suivant :

Description microscopique
Description des trajectoires de chaque particule
Equations de Newton

Description mésoscopique
Description de 1’évolution de la densité de particules
Equations de Boltzmann, Landau, Fokker-Planck, Vlasov...

Description macroscopique
Description de I’évolution des observables (masse, vitesse, température)
Equations d’Euler, de Navier-Stokes




2 INTRODUCTION GENERALE

Dans cette these, nous nous plagons dans le cadre d’'une description mésoscopique,
c’est-a-dire que 'on considere que le systéme de particules décrit se rapproche d’un
continuum puisqu’il est constitué d’un tres grand nombre de particules. I’état du systeme
est alors décrit par une densité de particules f = f(¢,x,v) ou t € RT est le temps, z € Q
(o1  est un domaine de R?) la position et v € R3 la vitesse, f(t,z,v) dx dv représente
alors la quantité de particules dans I’élément de volume dz dv centré en (x,v) €  x R3.

Notons que dans certains cas, afin de simplifier I’étude, on ne prend pas en compte
la dépendance spatiale de la densité, c’est-a-dire que ’on consideére que la densité est
homogene en espace et ne dépend donc que du temps et de la vitesse f = f(¢,v) (en
général, ’étude du cas dit homogene en espace est ’étape préalable a I’étude complete
du probléme).

Pour les problemes inhomogenes en espace, plusieurs cadres d’études existent selon
le domaine Q considéré. On peut considérer le cas de l’espace tout entier Q = R?, le
cas du tore Q = T2 qui est un domaine borné sans bord ou le cas d’un ouvert convexe
régulier ) qui satisfait certaines propriétés au bord.

Comme annoncé précédemment, grace a cette description, nous avons acces aux
quantités macroscopiques observables que sont la masse locale p, la vitesse macroscopique
locale u et la température T' & I'instant ¢ € R et & la position x qui sont données par
les formules suivantes :

plt.a) = [ ftaoyde, pulta) = [ vfitao)de,

pT(t) =5 [ o= ult.a)? ft,z.0) do.

1.1 Evolution de la densité de particules

Le but est donc de décrire I’évolution de la densité de particules f. D’apres les lois
de Newton, en 'absence de force extérieure ou d’interaction entre les particules, ces
dernieres se déplacent en ligne droite a vitesse constante :

dzx dv

Todt’ dt
La densité f est alors solution de I’équation dite de transport libre :

8tf+’vaf:0

Si maintenant, d’autres facteurs interviennent, cette équation doit étre modifiée sous la
forme

Of +v-Vaf =Q(f) (2)

ou nous expliciterons Q(f) dans la suite selon le modele considéré.
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1.2

L’équation de Boltzmann

Parmi les équations de la théorie cinétique des gaz, 1’équation de Boltzmann joue
un role central, elle est utilisée pour modéliser un gaz raréfié hors équilibre. C’est en
effet la plus ancienne des équations cinétiques dérivée formellement par Boltzmann [19]
apres des travaux précurseurs de Maxwell [62]. De plus, il s’agit de la seule équation
pour laquelle il existe des théorémes rigoureux qui permettent de I’établir a partir de la
description microscopique. Pour dériver I’équation de Boltzmann, a partir d’'un systeme
de particules évoluant selon les lois de Newton, la bonne échelle est connue, c’est la limite
de Boltzmann-Grad [47]. Une dérivation rigoureuse a été établie par Lanford [61] pour
des temps courts. Revenons maintenant sur les hypotheses qui ont permis a Boltzmann
de dériver son équation.

1.

Les particules interagissent selon des collisions binaires, processus par lequel deux
particules qui sont treés proches I'une de 'autre voient leurs trajectoires respectives
modifiées fortement en un temps tres court. On suppose implicitement que le gaz
considéré est assez dilué pour que ’on puisse négliger les collisions faisant intervenir
plus de deux particules.

. Les collisions sont localisées en temps et en espace : elles se produisent dans des

échelles de temps et d’espace tres petites par rapport aux échelles typiques de
description.

Les collisions sont élastiques : il y a conservation de la quantité de mouvement et
de I'énergie au cours d’une collision. Si ’on note v et v, (respectivement v’ et v/,
les vitesses de deux particules avant (respectivement apres) collision, on a les lois
suivantes :

vt v =0+, o+ o = )P+ )R (3)

Nous obtenons donc (en dimension 3) quatre équations, les vitesses apres collision
v’ et v], peuvent donc étre paramétrées de la maniere suivante :

P N ;U= Uy U — vy

prng == 4
v2+20,02+20 (4)

oll o est un élément de la spheére unité S? (d’autres maniéres de paramétrer sont
envisageables, c’est la “représentation o” présentée ici que nous utiliserons).

Les collisions sont microréversibles : d’'un point de vue probabiliste, la probabilité
que les vitesses (v, v)) soient changées en (v,v,) au cours d’une collision est la
méme que celle que les vitesses (v, vy) soient changées en (v/,v)).

L’hypothese de chaos moléculaire de Boltzmann est satisfaite : les vitesses de deux
particules qui sont sur le point d’entrer en collision ne sont pas reliées.

Sous ces hypothéses, Boltzmann [19] montre que ’équation générale (2) devient

Of +v-Vof =QB(f, f)
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ou Qp(f, f) est un opérateur quadratique qui modélise les interactions entre particules
et est donné par

Qp(f, f)t,z,v) = /HWSQ B(v — vy, 0) (f'fi — ff) dvsdo. (5)

Nous utiliserons les notations standards suivantes : f = f(¢t,z,v), f/ = f(t,z,v),
f« = flt,x,v0), fi = f(t,z,v)). La fonction B est appelée le noyau de collision de
Boltzmann. Elle est positive, ne dépend que de la vitesse relative et du cosinus de I’angle
de déviation. Selon le type de collisions considéré, B peut étre explicité ou ne pas I'étre,
nous y reviendrons dans la présentation des modeles que nous étudions. Expliquons
succinctement la forme de 'opérateur (5). Formellement, on peut le découper en deux
parties, un terme de gain et un terme de perte :

Le terme de perte compte les collisions pendant lesquelles une particule de vitesse v
rencontre une particule de vitesse v,. Ce terme permet en quelque sorte de compter les
collisions pour lesquelles une particule va en général perdre la vitesse v. D’autre part,
lorsque deux particules de vitesses v’ et v}, entrent en collision, la particule de vitesse v’
va en général acquérir la vitesse v, ce qui va augmenter le nombre de particules ayant la
vitesse v, ceci est la signification du terme de gain.

Lois de conservation

Remarquons ici que les propriétés microscopiques conservatives (hypothese 3.) des
collisions se traduisent sur les grandeurs macroscopiques que sont la masse, la quantité
de mouvement et ’énergie. On peut prouver formellement une formulation faible de
l'opérateur de collision (en utilisant des changements de variables), si ¢ est une fonction
test,

1

=7 B(v —v4,0) ffe (¢ + ¢ — 0 = ¢s) dvdu. do,
2 Jr3xR3xS?2

/ Qu(f, f) p(v) dv
RS

de cette formulation, on déduit
L, @B f)ew)dv =0, pour ¢(v) =1,v1,vz,v3, o[, (6)

Dans le cas ot Q = T2 (cadre dans lequel nous nous placerons pour les équations
non homogenes en espace), en intégrant en z € T les lois de conservation locales (6),
nous obtenons la conservation de la masse globale, la quantité de mouvement globale et
I’énergie globale :

d

% /IR3 T3 f(t7x7v) (P(U) dxd’U e O pour SD(’U) — 1’,01’,1}2,,[}37 |'U‘2
X



1. LA THEORIE CINETIQUE DES GAZ 5

Les lois de conservation locales (6) sont également a la base du passage entre la
description mésoscopique et la description macroscopique. En effet, si f = f(t,z,v) est
solution de I’équation de Boltzmann, avec les notations (1), elles impliquent les relations
suivantes :

Op + divg(pu) = 0,
O(pu) + divy(pu @ u) + Vi (pT) = —divy /RS Ai(v—u) fdv,

O (,0 (;IuF + % T>) + div, <pu (;|u|2 + ZT» (7)
- —divx/ Ag(v—u) fdv— divz/ Ai(v—u)-u fdv,
R3 R3

ou
1 1
Ai(z) !:Z®Z—§12\2’ As(z) = 5(12\2—5)»2-

Les membres de gauche des égalités précédentes (7) correspondent avec ceux d’une
équation d’Euler compressible. En revanche, la partie droite des égalités (7) dépend
de la solution f de I’équation de Boltzmann et n’est en général pas déterminée par les
variables macroscopiques p, u et T. Néanmoins, dans certaines limites, il est possible
d’approximer les membres de droite par des fonctions de p, u et T'. Par exemple, dériver
I’équation d’Euler comme une limite asymptotique de I’équation de Boltzmann revient a
prouver que les membres de droite de (7) s’annulent dans cette limite. Il est également
possible de dériver ’équation de Navier-Stokes dans une autre limite asymptotique de
I’équation de Boltzmann.

Dissipation d’entropie

Toujours en utilisant des changements de variable, on peut donner une autre formu-
lation faible de 'opérateur de collision (5) :

/ Q(f, f)e(v) dv =
R3
1

3 L B ) (f 1) (o — ¢! = 6L dvdu do
4 JR3xR3xs2

Cette formulation ameéne a I'inégalité suivante :

D(f) =~ [ Qulf. 1) og(f)dv = 0. ®)

Venons en maintenant aux conséquences de l'inégalité (8). Nous introduisons la
fonctionnelle H de Boltzmann ou entropie :

H(f) = /Rg)mf log f da dv.
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On déduit alors le Théoréme H de Boltzmann :

d
CH() =~ [ D) <0 Q
T3
De plus, une distribution f vérifiant D(f)(¢t,2) = 0 est une maxwellienne et plus

précisément, est de la forme :

p(t, ) _lu@a)—v?
Vo e R3, t,x,v) = —————e 2T&a)  =: M(p,u,T)(v
f( ) ) (27['T(t7.'1}'))3/2 (IO’ Y )( )’
ol nous utilisons toujours les notations (1). On dit alors que f est un équilibre ther-
modynamique local. Pour déterminer les équilibres globaux, il faut alors chercher les

maxwelliennes M vérifiant
VzeT?, VoveR? v -V,M=0.

On trouve des maxwelliennes M dépendant uniquement de la variable v. De plus, si
la masse totale, la quantité de mouvement totale et I’énergie totale sont fixées, M est
définie de maniere unique.

1.3 Autres équations cinétiques

Nous présentons ici d’autres équations qui sont en quelque sorte des variantes de
I’équation de Boltzmann précédemment introduite, qui est, comme on ’a dit, pour des
raisons historiques et mathématiques, un modele central en théorie cinétique des gaz.

Diverses équations de Boltzmann

Tout d’abord, rappelons que selon le type de collisions considérées, la forme du noyau
de collision B est différente, ce qui conduit de fait a différents modeles. Les collisions
usuelles considérées sont les collisions de type spheres dures ou des collisions selon un
potentiel d’interaction. Dans ce dernier cas, soulignons le caractere non intégrable sur
la sphére du noyau de collision B. Cette non intégralité provient d’une singularité qui
apparait pour les petits angles de déviation c’est-a-dire pour les collisions dites rasantes.
Ceci induit des difficultés liées a I'impossibilité de découper 'opérateur de collision en
deux parties, terme de gain et terme de perte. Grad a alors introduit son hypothese
dite de troncature angulaire de Grad (voir [48]) ou de cut-off qui consiste a “couper” les
collisions rasantes afin de supprimer la singularité en 0 de la partie angulaire du noyau.
L’étude de I’équation sans hypothese simplificatrice a été abordée plus tardivement.

Une variante des équations de Boltzmann que 'on vient de mentionner est une
équation de Boltzmann dite inélastique. Cette équation est utilisée pour modéliser des
gaz granulaires. L’hypothese d’élasticité des équations est alors supprimée et on considere
qu’une perte d’énergie s’opere lors des collisions. Les lois physiques de la collision se
résument alors & la conservation de la quantité de mouvement : v + v, = v’ 4+ v,. Une
hypothese classique sur les interactions binaires entre les grains est celle de collisions de
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sphéres dures inélastiques, sans perte de vitesse relative tangentielle (selon la direction
de I'impact) et une perte de vitesse relative normale. Cette perte est représentée et
quantifiée par un coefficient dit de restitution qui intervient dans la forme 'opérateur de
collision noté ici @p,,. Si 'on note v et v, (resp. v’ et v}) les vitesses de deux particules
avant (resp. apres) la collision, les vitesses post collision sont données par

’ 14ey , 1+ey

v = 5 ((v—wvs)-N)N, Vv, =vs+

((v = ws) - 7)1,

ol e), est le coefficient de restitution, et 7 détermine I'impact de la direction. Ceci conduit
a une équation de la forme

O0f +v-Vaof =@, (f. f)

Si I’on considere cette équation, on voit apparaitre un phénomene de “gel”, les particules
ont tendance a acquérir la vitesse macroscopique locale, phénomeéne provoqué par la
dissipation d’énergie se produisant au moment des collisions. Au niveau macroscopique,
on voit apparaitre un phénomeéne de “clustering” et plusieurs équilibres sont alors créés
lorsque ’on considére le probléme non homogene en espace. Un autre modele a étudier
est

8tf+v'vxf:QBm(faf)+Avfa

ol 'on a ajouté un terme diffusif modélisant une excitation de type secousse ou chaleur
par exemple, le but étant d’empécher au maximum le phénomene de “clustering”. En
effet, ’ajout de ce terme induit une augmentation de la température. Cette équation
conserve la masse et la quantité de mouvement mais pas 1’énergie.

Equation de Landau

Parlons maintenant d’une autre équation qui est dérivée de 1’équation de Boltzmann,
I’équation de Landau. C’est un modele utilisé en physique des plasmas. Landau a établi
dans [59] par des arguments formels une asymptotique du noyau de Boltzmann dans le
régime de collisions rasantes dominantes. Il s’agit de rendre toutes les collisions rasantes,
plus précisément, en introduisant des opérateurs de collision ()p_ dont la partie angulaire
se concentre sur les collisions rasantes lorsque € — 0, on dérive ’équation de Landau de
I’équation de Boltzmann. On cite ici l'article d’Alexandre et Villani [2] dans lequel on
peut voir que 'approximation de Landau est désormais comprise mathématiquement
dans un cadre dit d’asymptotique des collisions rasantes. L’équation de Landau est
utilisée pour modéliser des plasmas et prend la forme

Wf+v-Vof =QL(f, [)

Les collisions ici sont représentées par ’opérateur quadratique Q7. Tout comme I’équation
de Boltzmann avec collisions élastiques, 1’équation de Landau conserve la masse, la
quantité de mouvement et I’énergie et il existe un équivalent du Théoreme H de
Boltzmann pour I’équation de Landau.
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Equations de Fokker-Planck

Parlons enfin d’une autre variante de I’équation de Boltzmann, 1’équation de Fokker-
Planck qui modélise un systéme de particules subissant un processus de diffusion et une
force extérieure dérivant d’'un potentiel. L’interaction entre ces deux processus est a la
base de bon nombre de ses propriétés. L’équation de Fokker-Planck cinétique classique
s’écrit sous la forme

Of +v-Vaof =A,f +divy(f V, V),

avec par exemple V = |v|2/2. Mentionnons également sa version homogene :
O f = Apf +divy(f V, V).

Contrairement aux modeles précédents, la seule quantité qui est conservée par cette
équation est la masse. D’autres versions de cette équation peuvent étre étudiées, notam-
ment en remplacgant le laplacien par un terme diffusif plus général. Une généralisation
intéressante est ’équation dans laquelle le laplacien est remplacé par un laplacien frac-
tionnaire. Outre son intérét propre, cette équation peut également étre vue comme une
caricature de ’équation linéarisée de Boltzmann sans troncature angulaire.

2 Problemes mathématiques associés

Les deux grands problémes qui sont abordés sur ces équations sont ’existence de
solutions a ces équations et la stabilité de ces derniéres. Nous présentons ici ces deux
axes :

— Probléme A : le probleme de I'existence de solutions;

— Probléme B : le probleme du comportement en temps grand des solutions.

A - Existence de solutions. Le probleme de Cauchy est la premiere étape de I’étude
mathématique d’équations cinétiques.

(A1) Le premier cadre qui a été considéré est le cadre des solutions homogénes, c’est-
a~dire lorsque 'on suppose que la densité de particules f ne dépend pas de
la position x. Nous n’entrerons pas ici dans les détails de cette théorie qui a
largement été étudiée, mentionnons tout de méme qu’elle a été introduite par
Carleman pour une équation de Boltzmann avec spheres dures dans [22, 21].

(A2) Nous y reviendrons ultérieurement mais il est important ici de souligner que le
théoréeme H de Boltzmann suggere que les solutions de ’équation convergent
en temps grand vers un équilibre. Il apparait donc naturel de s’intéresser a des
solutions qui sont proches de cet équilibre. Nous donnons ici quelques éléments de
ce qui est appelée la théorie des solutions perturbatives. Sa base est la linéarisation
de I’équation autour de I’équilibre et I’étude du probleme de I'existence d’un
trou spectral. L’étude de I'opérateur linéarisé remonte a Hilbert [54, 55], citons
également les travaux fondateurs de Carleman [21] et Grad [48, 49]. Ce cadre a
permis & Ukai [91] de construire les premieres solutions globales de ’équation
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de Boltzmann et de donner le premier résultat de convergence exponentielle
vers 1’équilibre. Il a également permis de donner les premieres justifications
rigoureuses des limites hydrodynamiques.

(A3) Un autre cadre a ’étude du probléeme de Cauchy est celui des solutions proches
du vide dans I'espace tout entier (2 = R3). Citons ici le premier travail de Illner
et Shinbrot [56] pour 1’équation de Boltzmann classique qui s’inscrit dans cette
théorie ainsi que celui de Alonso [4] pour des collisions inélastiques.

(A4) Enfin, il est important d’évoquer la théorie des solutions renormalisées et 1'article
fondateur qui lui est associé de DiPerna et Lions [39]. Il s’agit d’une théorie
qui a pu étre appliquée a de nombreuses équations mais néanmoins pas au cas
des collisions inélastiques du fait de la perte du Théoreme H et du manque
d’estimations de type entropie. Citons également le papier d’Alexandre et Villani
[3] dans lequel est prouvée l'existence de solutions renormalisées a la DiPerna-
Lions avec mesure de défaut pour le cas des équations de Boltzmann sans cut-off
et Landau.

B - Comportement en temps grand. Le retour vers 1’équilibre des solutions est une
caractéristique qu’avait annoncée Boltzmann pour son équation, permettant ainsi de
donner un cadre mathématique au second principe de la thermodynamique. Nous
rappelons qu’une partie du théoreme H de Boltzmann nous dit que ’entropie de
Boltzmann décroit avec le temps (9). Il nous dit également que tout équilibre, ¢’est-a-
dire toute distribution qui maximise I’entropie, est une distribution Maxwellienne.
Il est donc attendu qu’une solution converge vers 1’équilibre lorsque le temps ¢ tend
vers l'infini. Il s’agit donc de prouver cette convergence. Plusieurs techniques existent
pour traiter cette question.

(B1) Une maniére d’aborder le probleme est d’utiliser des méthodes d’entropie. 11 s’agit
d’obtenir des inégalités impliquant la dissipation d’entropie D(f) et 'entropie
relative H(f|u) := H(f)— H(p) (ot p désigne 1'équilibre de I’équation) du type :

D(f) = Ky H(f]m)*

Pour certaines équations, il peut étre naturel de considérer d’autres fonctionnelles
que la fonctionnelle H de Boltzmann, par exemple, on peut considérer des
entropies relatives de la forme

Jo (@) e (/)

7

avec ®(s) =sP —1—p(s—1), p € (1,2], ou encore ®(s) = s logs — s+ 1. L'étude
de Dentropie relative se fait alors grace a des inégalités de type Poincaré ou
Log-Sobolev.

Les inégalités obtenues sur ’entropie relative permettent d’obtenir des résultats

de convergence vers I’équilibre en utilisant des inégalités de Csiszar-Kullback-
Pinsker qui relient les normes LP usuelles et les entropies.
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(B2) Une deuxiéme technique est de linéariser [’équation étudiée (si elle n’est pas
linéaire), ensuite d’étudier les propriétés spectrales de I’équation linéarisée (ques-
tion de l'existence d’un trou spectral), puis de faire le lien, le cas échéant, entre
I’équation linéarisée et I’équation non linéaire. Si I’équation est non linéaire, ceci
donne une estimation de la vitesse de convergence dans un certain voisinage
de I’équilibre, voisinage dans lequel les termes linéaires sont dominants sur les
termes non linéaires de I’équation. Il peut donc étre utile de combiner cette
technique avec une autre pour savoir qu’a partir d’un certain temps, on sera
précisément dans le bon voisinage dans lequel on peut utiliser la décroissance de
la partie linéaire de I’équation.

Remarquons que ces techniques peuvent ne pas donner des taux explicites de conver-
gence, notamment quand ils sont combinés avec des arguments de compacité. La
méthode n’est alors pas constructive, ce qui implique que ’on n’obtienne pas d’infor-
mation sur la vitesse de convergence.

3 Cadre général de la these

Dans cette these, des modeles homogenes en espace (équations de Fokker-Planck,
de Boltzmann sans cut-off) et non homogenes (équations de Boltzmann inélastique, de
Landau) sont étudiés. Une constante dans les stratégies mises en oeuvre dans I’étude de
ces équations est la question de I'existence d’un trou spectral pour 'opérateur linéaire
ou linéarisé dans divers espaces. Essentiellement deux arguments sont employés pour
prouver 'existence de trous spectraux :

(C1) Elargissement de l’espace dans lequel on a un trou spectral : cette technique vaut
pour des opérateurs dont on sait déja qu’ils ont un trou spectral dans un “petit”
espace.

(C2) Argument perturbatif : cette technique est utilisée lorsque l'opérateur considéré est
vu comme une perturbation d’un opérateur limite dont on sait déja qu’il admet
un trou spectral.

De maniere générale, dans le traitement d’un probléme de Cauchy, les hypothéses
naturelles qui sont faites sur la donnée initiale sont que la donnée initiale doit étre de
masse finie, d’énergie finie, éventuellement ayant des moments d’ordre plus grand finis
ou encore d’entropie finie. Un cadre naturel dans lequel est développée une théorie de
Cauchy est donc un cadre de type L' & poids polynomial. La finalité pour des équations
qui sont déja linéaires est tout simplement d’affaiblir les hypotheéses nécessaires sur la
donnée initiale pour avoir des hypotheses plus réalistes physiquement. Dans le cas ou
I’on étudie I’équation linéarisée d’une équation non linéaire, il est intéressant d’obtenir
des résultats sur I'opérateur linéarisé dans des espaces de type L' a poids polynomial
pour pouvoir faire le lien entre les théories linéarisée et non linéaire.
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(C1) Elargissement de l’espace dans lequel 'opérateur linéaire a un trou
spectral

Tres souvent, des études sur ’existence d’un trou spectral ont déja été menées dans
un cadre Hilbert (typiquement un espace L? avec pour poids la racine de l'inverse de
I'équilibre Maxwellien) dans lequel 'opérateur linéaire ou linéarisé est auto-adjoint. Le
but est alors d’élargir I'espace dans lequel 'opérateur admet un trou spectral (stratégie
mise en oeuvre dans les articles [90], [89], [28] et [71]). Il s’agit d’une méthode qui a
été introduite par Mouhot dans [73] puis reprise et développée dans un cadre abstrait
par Gualdani, Mischler et Mouhot dans [51]. On considére un opérateur linéaire £ dont
on sait déja qu’il admet un trou spectral dans un “petit” espace E. L'opérateur £ doit
également pouvoir se décomposer en deux parties £ = A+ B avec A un opérateur borné,
B un opérateur dissipatif et, A et B doivent étre tels que le semi-groupe ASg(t) a des
propriétés régularisantes (typiquement, s’il est convolé un nombre assez important de fois,
il permet de passer du petit espace E a un plus grand espace £). Sous ces hypotheses,
lopérateur £ aura également un trou spectral dans &.

(C2) Obtention de I’existence d’un trou spectral par un argument perturbatif

Cette méthode est employée lorsque 'opérateur linéaire ou linéarisé qui est étudié
peut étre vu comme une perturbation d’un opérateur limite dont on sait déja qu’il a
un trou spectral. Sous I’hypothése que 'opérateur peut se décomposer d’une maniere
similaire a celle présentée au point précédent et en considérant de petites perturbations
de l'opérateur limite, on en déduit de nouvelles propriétés spectrales sur 'opérateur
perturbé.

On utilise cette méthode dans [88], ce qui nous donne de nouvelles propriétés spectrales
pour notre opérateur linéarisé. Dans ’article [71], cette technique nous permet de faire
le lien entre les propriétés spectrales de différentes équations et leurs équations limites
de maniére uniforme.

Etude des probléemes homogénes

Concernant 1’étude des modeles homogenes, le probléeme de Cauchy a souvent déja
été traité. Nous nous concentrons donc sur la problématique du comportement en
temps grand des solutions et également sur la vitesse du retour vers 1’équilibre. Pour ce
faire, comme annoncé précédemment, nous étudions systématiquement d’un point de
vue spectral 'opérateur, linéaire si I’équation est linéaire (équations de Fokker-Planck
[90, 71]), linéarisé autour de 1’équilibre associé a ’équation si I’équation est non linéaire
(équation de Boltzmann sans cut-off [89]). Plus précisément, ce qui nous intéresse est
Iexistence d’un trou spectral dans divers espaces, les plus larges possibles.

Pour ’équation de Fokker-Planck fractionnaire dans [90], grace a cette technique,
la classe des données initiales pour laquelle il y a un retour exponentiel vers I’équilibre
a été largement élargie. Pour 1’équation de Boltzmann sans cut-off dans [89], avec les
nouvelles estimations spectrales obtenues dans des espaces L', nous parvenons & faire
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le lien avec la théorie non linéaire et obtenir un retour exponentiel vers 1’équilibre des
solutions du probléme non linéaire. Enfin, dans [71], nous développons un cadre général
dans lequel peuvent étre traités les problemes de retour vers 1’équilibre pour différentes
équations de Fokker-Planck de maniére uniforme.

Etude des problémes non homogénes

Pour les modeles non homogenes tels que celui de ’équation de Boltzmann inélas-
tique [88] et celui de Landau [28], on traite conjointement le probléme de Cauchy et le
probleme du retour vers ’équilibre. L’étude des problémes linéaires ménent & de nou-
veaux résultats, on obtient I'existence d’un trou spectral dans de nouveaux espaces dans
lesquels on peut établir une théorie de Cauchy et un retour exponentiel vers 1’équilibre
des solutions construites.

Espaces fonctionnels

Nous introduisons ici des notations concernant les espaces fonctionnels qui seront le
cadre de notre étude, il s’agit de définir des espaces de Lebesgue et de Sobolev a poids.
Nous allons considérer des fonctions de deux variables h = h(x,v) avec z € T3 et v € R?
ou d'une seule variable h = h(v) avec v € R3. Soient m = m(v) une mesure de Borel
positive et et des réels 1 < p,q < oo. Lorsque h = h(v) ne dépend que de v, on définit
I’espace de Lebesgue a poids LP(m) comme ’espace associé a la norme

12l Loy := [lhm ][ -

On définit ensuite l'espace LPELZ(m) comme 'espace de Lebesgue associé a la norme,
pour h = h(x,v),

HhHL‘;L;{(m) = HHhHL;ﬂmHLg

1/p
::<A§nhmvnﬁgnwwpmj

_ /R </qr \h(x,v)\qu>p/qm(v)p dv

On définit également les espaces de Sobolev d’ordre supérieur pour ¢ € N, lorsque
h = h(v), WP (m) sera I’espace associé & la norme

1/p

4

Rl ey = > 1hml|Le.
j=0

Enfin, on définit I’espace Wf’pwg’q(m), pour £,n € N comme ’espace associé a la norme

T I— > 110202l m(v) |-
0<]a|<¢, 0<|B]<n, || +| B]<max(¢,n)
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Lorsque p = q et £ = n, cette définition se réduit a celle d’un espace de Sobolev a poids
usuelle Wfﬁ,’ (m) et nous noterons également H' = W42,

Nous en venons maintenant a la présentation détaillée des équations étudiées ainsi
que des principaux résultats prouvés dans cette these.

4 Présentation des modeéles étudiés

4.1 Equations cinétiques et collisions rasantes

Y

Cette partie de la these s’articule autour de ce qu’on appelle les “collisions rasantes’
c’est-a-dire les collisions entre particules pour lesquelles I’angle de déviation est proche
de 0. En effet, nous étudions une équation de Boltzmann sans troncature angulaire,
c’est-a-dire en tenant compte de 'effet des collisions rasantes. L’équation de Fokker-
Planck fractionnaire peut elle étre considérée comme un modele simplifié de I’équation
de Boltzmann sans cut-off linéarisée autour de ’équilibre. Quant & ’équation de Landau,
il s’agit de considérer I’équation de Boltzmann dans la limite des collisions rasantes,
c’est-a-dire rendre toutes les collisions rasantes.

Equation de Fokker-Planck fractionnaire

On se place ici dans un cadre homogene et la seule variable considérée est notée .
Pour a € (0,2), on considéere la généralisation suivante de 1’équation de Fokker-Planck :

Of =— (—A)Y2 f 4 divg(af) = Lf sur R (10)

avec donnée initiale fo > 0. L’opérateur —(—A)*/2 est un laplacien fractionnaire et est

défini de la maniére suivante sur I’espace de Schwartz S(R?) :

@)= )

d+a

(—2)* f(x) =

Re |z — g

ou par sa transformée de Fourier

o~

F((=0) 7 f)(©) ~ & F(©).

On peut élargir I'espace de fonctions sur lequel on définit le laplacien fractionnaire a

{f:Rd—>]R, /R“'f(x)'dx<oo}

+ |x‘d+o¢

qui contient (z)* pour k € (0, ).

Les équations impliquant le lapacien fractionnaire ont tout d’abord un intérét propre.
Ce type d’opérateur apparait dans de nombreuses branches de la physique mais également
en probabilités, le processus associé au laplacien fractionnaire et sa généralisation, les
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processus de Lévy ont des applications a la finance. Cette équation représente également
un intérét d’un point de vue technique car une partie de I’équation linéarisée de Boltzmann
sans cut-off se comporte comme de la diffusion fractionnaire. Etudier cette équation
constitue donc une premiere étape dans ’étude du modele plus complexe de I’équation
de Boltzmann sans cut-off qui est I’objet de la partie suivante.

Rappelons que si 'on considere ’équation de Fokker-Planck classique,
Oif = Af 4+ divy(zf) sur RY,

un laplacien apparait a la place du laplacien fractionnaire. Remarquons que si f est une
fonction Schwartz, alors Af lest également. Ici, lorsque a € (0,2), on voit apparaitre
une singularité en 0 de la transformée de Fourier de (—A)a/ 2f. ce qui induit un manque
de décroissance a 'infini de (—A)“/ 2 f qui n’est plus une fonction Schwartz mais qui, plus
précisément, décroit a I'infini en |2|~9=%. Ceci induit un certain nombre de difficultés
techniques dans la manipulation de certaines intégrales qui s’averent étre moins flexibles.

Il a déja été prouvé qu’il existe un unique équilibre de masse fixée pour ’équation (10),
nous noterons p 'unique équilibre de masse 1. De plus, on sait que cet équilibre est
une distribution continue positive qui décroit & Iinfini en |z|~¢~. Notons la différence,
ici encore, avec 1’équation de Fokker-Planck classique pour laquelle ’équilibre est une
gaussienne.

De plus, grace a des méthodes d’entropie, Gentil et Imbert ont prouvé dans [45] une
convergence exponentielle vers I’équilibre de la solution de cette équation. Ils prouvent
que si I'on considere une donnée initiale fy telle que || fo — 1 (fo)l| 2 (u=1/2) est finie alors

il existe une constante explicite \g > 0 telle que la solution f; associée a f; satisfait
VE20, |lfe = ulfolll 22y < e | fo — odll 2 (172 -

Le travail réalisé dans [90] consiste & prouver une convergence vers I’équilibre dans de
plus grands espaces du type L' ((z)*) avec k € (0, ), avec un taux exponentiel explicite
de convergence et des hypotheses minimales sur la donnée initiale, & savoir fo € L'({(x)¥).

Voici le théoréme principal démontré dans cet article :

Theorem 4.1. Soit k € (0,a). Pour toute donnée initiale fo € L'({z)¥), la solution f,
de l’équation (10) satisfait la propriété de décroissance suivante :

VE>0, |fe— ulfollp ey < Ce Il fo— nlfollp gy
ot (fo) = [ga fo et C, X > 0 sont des constantes explicites.

La stratégie utilisée pour démontrer ce résultat est celle présentée dans le point (C1)
de I'introduction avec les espaces E := L?(u~1/2) et £ := L' ((z)*) avec k € (0, ).



4. PRESENTATION DES MODELES ETUDIES 15

Equation de Boltzmann sans cut-off

Nous considérons ici des particules décrites par leur densité homogeéne en espace
f = f(t,v). Nous étudions ainsi I’équation de Boltzmann dite homogene en espace :

Of =Q(f, f) sur R’ (11)

L’opérateur de collision de Boltzmann @ est défini comme suit :

Q(g, f) = / B(v —vs,0) [¢,.f = g+ f] do dv..

R3xS2

Dans ce qui précede et ce qui suit, nous utilisons les notations f = f(v), g« = g(v«),
= f(v') et g, = g(v.,). Dans ces expressions, v, v, et v/, v} sont les vitesses d’une paire
de particules avant et apres la collision. Nous considérons ici des collisions élastiques
et nous rappelons que du fait des lois de conservation des collisions (3), les vitesses
post-collision peuvent s’écrire sous la forme (4) :

v+ v v —0 v+ v v —v
"= 2* | 2*|0, vl = 2*—’ 2*|0, oe S

Le noyau de collision de Boltzmann B(v — v, o) dépend uniquement de la norme de la
vitesse relative [v—wv,| et de angle de déviation 6 via cos§ = (k,0) ot k = (V—v4)/|v—04]
et (-, -) est le produit scalaire usuel sur R3. Par un argument de symétrie, on peut toujours
se ramener au cas ou B(v — vy, 0) a son support inclus dans (k,0) > 01ie 0<6 <m/2,
hypothese que nous faisons donc.

Dans ce travail, nous nous concentrons uniquement sur le cas ou B satisfait les
conditions qui suivent :

— il prend la forme suivante

B(v —vy,0) = ®(Jv — vs|) b(cos 0); (12)

— la fonction angulaire b est localement lisse, a une singularité non intégrable lorsque
6 — 0 et satisfait pour un certain ¢, > 0 et un certain s € (0,1/2) (singularité
angulaire modérée)

Ch . 1
Vo € (O,7T/2], m S SIHGb(COSG) S W’ (13)
— le facteur cinétique ® vérifie
D(|v —v]) =|v—vs]” avec € (0,1). (14)

La principale motivation physique provient de particules qui interagissent selon un
potentiel répulsif de la forme

o(r) =r~ PN pe (2, +00). (15)
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Les hypothéses qui sont faites sur B incluent le cas des potentiels de la forme (15)
avec p > 5. En effet, pour des potentiels répulsifs de cette forme, le noyau de collision
ne peut pas étre calculé explicitement mais Maxwell a montré dans [62] qu’il peut
étre calculé en fonction du potentiel ¢. Plus précisément, il satisfait les hypotheses
précédentes (12), (13) et (14) en dimension 3 (voir [30, 31, 93]) avec s := p%l € (0,1) et
v i= f}%‘;’ € (-3,1).

L’usage est d’appeler potentiels durs le cas p > 5 (pour lequel 0 < v < 1), molécules
Mazwelliennes le cas p = 5 (pour lequel v = 0) et potentiels mous le cas 2 < p < 5 (pour
lequel —3 < v < 0). On peut donc en déduire que les hypotheses faites sur B incluent le
cas des potentiels durs.

Nous supposons dans ce travail que la donnée initiale fj est de masse 1, de moment
nul et d’énergie 3, situation a laquelle on peut toujours se ramener. D’autre part, grace
aux propriétés de conservation de I’équation, une solution f; de I’équation sera, en tout
temps, de masse 1, de moment nul et d’énergie 3 :

1 1
Vit >0, / fitw) | vi | dv=10], i=1,2,3.
RS [o]? 3

Nous notons alors g I'unique équilibre de méme masse, moment et énergie que fy qui est
donné par : p(v) = (27)"3/2e=I*/2,

Le probleme de 'existence de solutions pour cette équation a déja été traité. On sait
que notre équation (11) admet des solutions qui sont conservatives et qui satisfont des
propriétés de régularité, tous les moments et les normes Sobolev & poids polynomiaux
sont produits instantanément. On appelle ce type de solutions “solutions lisses” et nous
renvoyons au Chapitre 2 pour la définition précise. Le probleme de Cauchy pour cette
équation a d’abord été étudié par Arkeryd dans [10]. L’existence de solutions est prouvée
pour des potentiels qui ne sont pas trop mous, en particulier pour les potentiels durs que
nous considérons. L unicité pour les potentiels durs peut étre prouvée sous des conditions
plus restrictives sur la donnée initiale (voir [37] et [43]).

L’objet de l'article [89] est I’étude du probléeme de retour vers I’équilibre des solutions
lisses de cette équation. Ce probléme a déja été abordé par Carlen et Carvalho dans
[23, 24] puis par Toscani et Villani dans [87]. Le meilleur taux de convergence obtenu
jusqu’a présent a été obtenu par Villani dans [94], il s’agit d’un taux polynomial. Plus
précisément, il montre que si f; est une solution qui satisfait certaines propriétés de
régularité de donnée initiale fy de masse, énergie et entropie finies, alors f; vérifie : pour
tout tg > 0 et tout € > 0, il existe Cy, . > 0 tel que

1
Vi>to, |fi—pllpr <Cpet =,

ou on rappelle que u est ’équilibre de I’équation.

Notre travail améliore ce résultat puisque nous prouvons une convergence exponen-
tielle vers I’équilibre :
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Theorem 4.2. On considére un noyau de collision B qui satisfait les conditions (12),
(13), (14) et fo une distribution positive de masse 1, de moment nul, d’énergie 3 et
d’entropie finie. Si fi est une solution “lisse” de l’équation (11) de donnée initiale fo,
alors

Vt>0, |fi—plp <Ce

o C' et A > 0 sont des constantes explicites.

La stratégie de la preuve est tres différente de celle de la preuve du taux polynomial
dans [94] dans la mesure ou cette derniére est purement non linéaire. La technique que
nous utilisons ici est la technique (B2) présentée dans le premiére partie de I'introduction.
Revenons en détails ici sur la maniere dont elle se décompose :

(a) Etude de I’équation linéarisée. On note £ l'opérateur linéarisé défini par

Lh = Q(:ua h) + Q(hnu)'

Il est déja connu que £ a un trou spectral dans ’espace L2(u_1/ 2) 78, 58], la
premiére estimation explicite ayant été obtenue par Baranger et Mouhot dans [15].
En utilisant la méme technique que celle utilisée pour ’équation de Fokker-Planck
fractionnaire, celle présentée au point (C1), nous élargissons l’espace dans lequel
nous avons une décroissance du semi-groupe. Plus précisément, nous obtenons une
telle décroissance dans des espaces L' & poids polynomiaux. Si k > 2 est fixé, il
existe des constantes explicites C' > 0 et A > 0 telles que pour tout h € L' ({v)¥),

vVt >0, HSE(t)h — HhHLl((v)k) < Ce_AtHh — HhHLl((v)k)v

ou Sr(t) est le semi-groupe associé a 'opérateur linéarisé £ et II est la projection
sur l'espace propre associé a la valeur propre 0.

(b) Retour au probléme non linéaire. La théorie de Cauchy pour cette équation
est justement développée dans un espace L! & poids polynomial. Nous sommes
donc en mesure de faire le lien entre les théories linéarisée et non linéaire. Nous
utilisons le résultat de décroissance polynomiale vers ’équilibre de Villani pour
savoir que notre solution atteindra tout voisinage de ’équilibre en un certain temps.
Ce qui nous intéresse est de savoir qu’a partir d’'un certain temps ¢, notre solution
sera dans un voisinage convenable de 1’équilibre dans lequel les termes linéaires de
I’équation domineront les termes non linéaires. Ainsi, & partir de ce temps tg, nous
pourrons utiliser le résultat de décroissance exponentielle vers 1’équilibre prouvé
pour le semi-groupe de 'opérateur linéarisé.

Equation de Landau

Nous nous intéressons dans cette partie a 1’équation de Landau inhomogene en
espace qui décrit I’évolution d’une densité de particules f = f(¢,x,v). Dans le tore T3,
I’équation est donnée par, pour f = f(t,z,v) > 0avect € RT, 2z € T3 et v € R? :

{(9tf+v-fo=Q(f,f)

fit=0 = fo- (16)
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L’opérateur de Landau () est un opérateur bilinéaire qui prend la forme

QUo. ) =0 [ ai(v=v.) 9.0, = f0,9.] do,

ou nous utilisons la convention de sommation pour les indices répétés, et les dérivées sont
des dérivées par rapport a la variable de vitesse v i.e 9; = 0,,. Nous utilisons également
les notations g« = g(v«), f = f(v), 9j9x = Ou,;9(vx), O f = Oy, f(v), etc.

La matrice a;; est symétrique définie positive et dépend du type d’interaction entre
les particules que 1’on considere. Elle est donnée par :

V;Vj

aij(v) = o] *? (%’ - Mg) ;v €[=3,1].

Comme pour I’équation de Boltzmann, nous utilisons le vocabulaire usuel suivant : on
parle de potentiels durs si v € (0, 1], de molécules Mazwelliennes si v = 0, de potentiels
faiblement mous si v € [—2,0), de potentiels mous si v € (—3,—2) et de potentiel
Coulombien si v = —3. Dans le travail présenté dans cette these, seuls les potentiels durs,
les molécules Maxwelliennes et les potentiels faiblement mous sont traités, c¢’est-a-dire
les cas v € [—2,1].

Dans I’étude que nous réalisons, nous supposons que la donnée initiale fy est de
masse 1, de moment nul et d’énergie 3, situation a laquelle on peut toujours se ramener.
D’autre part, grace aux propriétés de conservation de ’équation, une solution f de
I’équation sera, en tout temps, de masse 1, de moment nul et d’énergie 3 :

1 1
Vt>0, / fi(x,v) | v; | dedv=10], i=1,2,3.
T3 xR3 |U‘2 3

Nous notons ainsi p 'unique équilibre de méme masse, moment et énergie que fy qui est
donné par : u(v) := (277)_3/26_|”|2/2.

Le probleme de 'existence de solutions pour cette équation a déja été abordé,
pour des données initiales grandes, la notion de solutions renormalisées introduite par
DiPerna-Lions pour I’équation de Boltzmann a été étendue a ’équation de Landau par
Alexandre-Villani [3] ou ils construisent des solutions renormalisées globales avec mesure
de défaut. Puis, des solutions perturbatives ont été construites par Guo pour tous les cas
v € [—3, 1] dans des espaces de type H;f;\,]v(/flﬂ) ol p désigne 1’équilibre de I’équation
avec N > 8. Ce résultat a été amélioré pour v € [—2, 1] par Mouhot et Neumann dans
[76] ot ils prouvent le méme type de résultat dans H', (un~'/?) pour N > 4.

Le résultat que nous prouvons dans [28] améliore largement les résultats précédents
sur la théorie de Cauchy associée a I’équation de Landau dans la mesure ou 'espace
dans lequel nous travaillons est beaucoup moins restrictif. Tant au niveau du poids,
nous pouvons travailler avec des poids polynomiaux ou stretched exponentiels au lieu
de l'inverse de 1’équilibre Maxwellien ; qu’au niveau des hypotheses sur les dérivées, en
particulier, nous n’avons besoin d’aucune hypothese sur les dérivées en vitesse.
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De plus, nous étudions également le probleme du retour vers [’équilibre. Nous citons
ici les travaux de Guo et Strain [84, 85] qui prouvent un retour presque exponentiel vers
Iéquilibre pour les cas v € [-3,—2) , de Yu [103] et de Mouhot et Neumann [76] qui
prouvent un retour exponentiel vers ’équilibre pour les cas v € [—2,1] dans des espaces
de type Hgv(ufl/ 2) avec respectivement N > 8 et N > 1. Ici encore, le résultat que
nous obtenons dans [28] est meilleur puisque le retour exponentiel vers 1’équilibre est
prouvé dans des espaces plus larges.

Avant d’énoncer le résultat principal obtenu sur cette équation, nous apportons
quelques précisions sur les notations utilisées.

Nous désignerons par m un poids qui vérifie I'une des hypotheéses suivantes :

— pour les potentiels durs v € (0, 1] et molécules Maxwelliennes v = 0 :

1. poids polynomial : m = (v)* avec k > v+ 7+ 3/2,
2. poids stretched exponentiel : m = """ avec r >0 et s € (0,2),
3. poids exponentiel : m = e avec 1 € (0,1/2);

— pour les potentiels faiblement mous v € [—2,0) :

1. poids stretched exponentiel : m = ™" avec r > 0 et s € (—7,2),
2. poids exponentiel : m = e avec r € (0,1/2).

Nous utiliserons les notations ¢ = 0 quand m = (v)*, et ¢ = s quand m = e,
L’espace & := H2L2(m) est I'espace associé & la norme

HhHH3L2 (m) "= HhHL2L2(m +Va hHL2L2 (v)—(1=0/2))
+||Vih”Lng(m@)—z(l—o/z))+||VihHing(m@)—s(l—a/m)‘

On introduit aussi I'espace Hg*(m) associé a la norme anisotropique
120 Fs my = W T ey sy F 1PV ORI gy + 1T = Po) Vol o g 2172

ou P, désigne la projection sur la droite engendrée par v, et enfin I’espace &1 := ’Hng* (m)
associé a la norme

152 113 my = IR 2 13 oy + 1V T2 111 gy -1-e722)
+ HvihHLqu}’*(m<v>—2(1—o/2)) +HIVERIZ: 11 (e -s1-a/20)-

Theorem 4.3. Pour toute donnée initiale fy € £1 de masse 1, de moment nul, d’énergie 3

et assez proche de p dans Uespace &1, il existe une unique solution globale a l’équation
de Landau (16), f € L$°([0,00);E) N L([0,00); E1) qui satisfait de plus

V>0, [Ifi — plley < Ce | fo — nle,

ou C et A > 0 sont des constantes explicites.
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La stratégie de la preuve est différente des stratégies employées par Guo dans [52]
et Mouhot-Neumann dans [76]. Guo utilise pour sa part une stratégie purement non
linéaire, il utilise une méthode d’énergie et plus précisément, il obtient des estimations
d’énergie directement sur le probleme non linéaire. Mouhot et Neumann étudient eux
Iopérateur linéarisé pour commencer. L’opérateur linéarisé non homogene en espace
défini par

Lh := Q(h7 :u) + Q(:ua h) e vxh (17)

peut étre vu comme la somme de l'opérateur linéarisé homogeéne en espace et de
lopérateur de transport. Cela leur permet d’utiliser les propriétés de 1'opérateur linéarisé
homogéne pour étudier 'opérateur linéarisé non homogene. Notre stratégie est celle
présentée en (A2) et se décompose en deux étapes.

(a) Etude de I’équation linéarisée. Il s’agit d’étudier les propriétés spectrales de
Popérateur défini par (17). Il a déja été prouvé que £ admet un trou spectral dans
des espaces de type Hf:\’/v(u_l/ 2) pour N > 1 par Mouhot et Neumann pour les
cas v € [—2,1]. On peut donc envisager d’appliquer la stratégie (C1) qui consiste
a exhiber un découpage de L en deux parties qui vérifient certaines propriétés
de régularité et de dissipativité. Nous élargissons alors ’espace dans lequel nous
avons une décroissance exponentielle du semi-groupe. Nous obtenons en particulier
lexistence de constantes explicites C' > 0 et A > 0 telles que pour tout h € &y,

¥t >0, [Sc(t)h —1hlle, < Ce™|[h ke,

ou S (t) désigne le semi-groupe associé a L et II la projection sur l'espace propre
associé a la valeur propre 0 de L.

(b) Retour au probléme non linéaire. Nous obtenons tout d’abord des estimations
a priori sur les solutions de 1’équation non linéaire, estimations qui sont a la base
de la mise en place d’'un schéma itératif qui va nous permettre de construire une
solution a I’équation. Pour que ces estimations a priori nous permettent d’avoir
un schéma itératif stable et convergent, il faut que le gain qui provient de la
partie linéaire de I’équation compense la perte induite par le terme bilinéaire
de I’équation. Habituellement, des estimations naturelles sur le terme bilinéaire
suffisent mais dans notre cas, nous avons besoin d’estimations tres fines car le gain
que 'on obtient avec la partie linéaire de I’équation est anisotropique. Gréce a
ces estimations, nous sommes en mesure de prouver que, dans de bonnes normes,
la partie linéaire de 1’équation sera dominante sur la partie non linéaire, ce qui
nous permet d’utiliser la décroissance exponentielle du semi-groupe de I'opérateur
linéarisé obtenue précédemment.

4.2 Equation de Boltzmann avec collisions inélastiques

Equation de Boltzmann inélastique non homogéne en espace avec terme de
diffusion

Nous considérons dans cette partie des spheres dures décrites par leur densité
f = f(t,z,v). Nous nous plagons dans un cadre ou les particules entrent en collisions
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inélastiques dans le tore T3. La densité f satisfait 1’équation de Boltzmann inélastique
avec terme de diffusion suivante :

8tf:Qex(faf)"i_)"yAvf_v'vwf' (18)

Dans le cas d’un coefficient de restitution constant, ey(-) est constant égal a 1 — X et ~y
est égal a 1. L’équation étudiée dans ce cas est donc

hf = Qua(f, )+ AAuf —v- Vo f. (19)

Nous renvoyons au Chapitre 4 pour expliquer d’ou proviennent ces équations obtenues
apreés changement d’échelle.

Concernant l'interprétation physique de cette équation, le terme A\YA, f modélise
I'effet d’un bain de chaleur constant, I'opérateur quadratique ., modélise les collisions
entre particules, l'inélasticité des collisions est caractérisée par le coefficient dit de
restitution ey(-) := e(\-) avec e qui est soit constant soit qui satisfait les hypotheéses
suivantes :

— lapplication 7 — e(r) de Rt dans (0, 1] est décroissante et absolument continue;

— lapplication 7 — re(r) est strictement croissante sur RT ;

— il existe a,b > 0 et ¥ > v > 0 tels que

Vr>0, le(r)—14ar?| <brl.

Ces hypotheéses sont notamment vérifiées dans le cas de spheres dures viscoélastiques.

Définissons maintenant plus précisément ’opérateur de collision @)., . On note toujours
v et v, (respectivement v’ et v)) les vitesses de deux particules avant (respectivement
apres) la collision. Rappelons qu’au cours d’une collision inélastique, la quantité de
mouvement est préservée mais pas 1’énergie, on peut donc écrire les lois physiques des
collisions inélastiques comme suit :

v+ v =0+, (20)

ce qui donne trois équations puisque nous sommes en dimension 3. Les vitesses v’ et v/,
sont alors données par les formules suivantes

l+eyu—|ulo l+eyu—lulo
! !
v =0 — , Uy = Ux +
2 2 o 2 2
ou ¢ est un élément de la sphere S? et u := v — v, est la vitesse relative. Cette

représentation permet de donner une définition agréable de I'opérateur de collision sous
forme faible :

[L@ulonude= [ gw)f@) BE) = 6@)] o - o] dodo. do,
R3 R3XxR3xS?

pour toute fonction test ¢ = 1 (v) assez réguliere. Remarquons qu’il y a bien dissipation
d’énergie au cours de la collision :

1—17- 1—17-
WP+ PP = ol = foef? = —ful? = [ 1=ex | July| —5— | | <0 (D)
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On remarque alors facilement que 'opérateur )¢, conserve la masse et la quantité de
mouvement, mais pas 1'énergie grace a (20) et (21). Il en est de méme pour le laplacien
qui préserve la masse et la quantité de mouvement mais qui a tendance a augmenter la
température du gaz.

Nous considérons le cas ou la donnée initiale fo de I’équation est de masse 1 et de
moment nul, ce qui sera également le cas de toute solution au temps ¢ de donnée initiale
fo d’apres les propriétés de conservation de la masse et du moment de ’équation :

1 1
> = = .
Vit >0, A3XR3 fi(v) (Uz> dx dv (O) , 1=1,2,3

Précisons qu’il a déja été démontré par Mischler et Mouhot pour un coefficient d’inélas-
ticité constant et par Alonso et Lods pour le cas non constant dans [67, 8] que dans un
régime de faible inélasticité, I’équation

O0f = Qe,(f, ) + N Af

admet un unique équilibre de masse et moment fixés. Nous noterons G, I'unique équilibre
de ’équation de masse 1 et de moment nul pour \ assez proche de 0 (c¢’est-a-dire pour une
faible inélasticité). Insistons ici sur le fait que I’équilibre G a une décroissance en 'infini
de Vordre de e~ 1", Ces équilibres G ne décroissent donc pas assez vite en l'infini
pour appartenir a des espaces de type L2(e*|”‘2/ 2), espaces naturels pour étudier les
propriétés spectrales de 'opérateur linéarisé élastique. Une théorie pertrubative autour
du cas élastique n’est donc pas envisageable dans ce type d’espace. Mais grace a leur
théorie d’élargissement de I’espace de décroissance du semi-groupe, Gualdani, Mischler
et Mouhot [51] ont élargi ’espace de décroissance du semi-groupe de l'opérateur linéarisé,
permettant ainsi d’envisager une théorie perturbative autour de ’équation élastique.

L’objet de l'article [88] est 1’étude du probleme de 'existence de solutions pour les
équations (18) et (19) et du retour vers l’équilibre de ces solutions. Le probleme de
Cauchy pour ces équations n’a été que peu abordé, ce qui s’explique notamment par
le manque d’estimations de type entropie. Le théoréme prouvé dans ce travail est le
premier résultat d’existence de solutions perturbatives dans un “régime de collision”,
de plus, les deux cas des coefficients d’inélasticité constant et non constant sont traités.
En effet, le seul résultat de ce type qui a été prouvé est celui d’Alonso dans un “régime
proche du vide” [4].

Avant d’énoncer le résultat principal, il faut remarquer qu’il s’agit d’un résultat établi
dans un régime de faible inélasticité. Il s’agit d’un choix qui s’explique mathématiquement
mais aussi physiquement. Plus I'inélasticité est grande, plus il y a de liens créés entre
les particules au cours des collisions binaires, I’hypothése de chaos moléculaire de
Boltzmann suggere donc de se placer dans un cadre de faible inélasticité. De plus, le
champ d’application de cette hypothése est large incluant notamment le cas des spheres
dures viscoélastiques dont le coefficient de restitution est proche de 1 en moyenne.
D’un point de vue plus mathématique, cette hypothése de faible inélasticité permet de
considérer notre équation comme une petite perturbation autour de I’équation élastique,
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ce qui nous permet donc d’utiliser les résultats déja connus sur cette derniere. Enoncons
maintenant le principal résultat de [88] :

Theorem 4.4. Soit & = WtW2! ((v>eb<”>ﬁ> ot b >0, e (0,1) et s> 6. Pour A
assez petit, et pour toute donnée initiale fo € & de masse 1, de moment nul et assez
proche de 'équilibre Gy dans &, il existe une unique solution globale f € L (&) a
Iéquation (18) qui satisfait de plus

V>0, |fi = Gille, < Ce ™ lfo - Galls

ou C et a > 0 sont des constantes explicites.

Dans le cas d’un coefficient d’inélasticité constant, la conclusion du théoréme reste
vraie si l’on prend une donnée initiale fo € &y assez proche d’une distribution homogéne
en espace go = go(v) dans &.

La stratégie de la preuve est celle présentée au point (A2) que l'on détaille dans
notre cas plus précisément. Elle se décompose comme précédemment en deux temps.

(a) Etude de I’équation linéarisée. On utilise ici la méthode exposée au point
(C2). On note L Popérateur linéarisé défini par

Lok = Qe, (Ga, h) + Qe (h, Gy) + X Ayh — v - Vh.

Le point essentiel de cette étude est de se placer dans un régime de faible inélasticité
et de considérer 'opérateur linéarisé inélastique comme une perturbation de
lopérateur linéarisé élastique. Ceci, dans le but d’utiliser les connaissances sur
I'opérateur linéarisé élastique pour en déduire des propriétés sur 'opérateur linéarisé
inélastique. Grace aux récents développements sur les propriétés spectrales de
l'opérateur linéarisé élastique, nous sommes en mesure de prouver de nouvelles
estimations spectrales. Plus précisément, nous montrons que si A > 0 est assez
petit, il existe a;y, > 0 tel que pour tout h € & :

Vit >0, [|Sg,(t)h — TS, (hlle, < Ce™™||f —TIh]g,

ou Sg, (t) est le semi-groupe associé a I'opérateur linéarisé Ly et II est la projection
sur ’espace propre associé a la valeur propre 0.

(b) Retour au probléme non linéaire. En combinant ces nouvelles estimations
spectrales sur 'opérateur linéarisé avec des estimations sur le terme bilinéaire
de I’équation, nous construisons des solutions perturbatives autour de ’équilibre.
Nous avons exploité des estimations bilinéaires déja connues dans le cas homogene
en espace pour les étendre au cas non homogene. La construction de solutions se
fait grace a 'obtention d’estimations a priori puis de la mise en place d’'un schéma
itératif dont la convergence est prouvée grace aux estimations a priori, le point
essentiel étant que la perte dii au terme bilinéaire de I’équation est compensée par
le gain obtenu grace a la partie linéaire. La partie linéaire est donc dominante sur
la partie non linéaire, ce qui nous permet d’utiliser la décroissance exponentielle
obtenue sur le semi-groupe associé a 'opérateur linéarisé.
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4.3 Equations de Fokker-Planck

Analyse spectrale uniforme des équations de Fokker-Planck discrete, frac-
tionnaire et classique

Dans cette partie, nous nous intéressons a ’analyse spectrale des équations de
Fokker-Planck discrete, fractionnaire et classique du point de vue des semi-groupes. Nous
sommes dans un cadre homogene et la seule variable considérée est notée x. Ce sont
des modeles simples qui permettent de décrire I’évolution d’une densité de particules
f = f(t,z) soumise & de la diffusion et & un mécanisme de confinement qui s’écrivent
sous la forme

Of =Dof +dive(zf) = Acf. (22)

Le terme de diffusion peut étre soit discret :

D.f = é(ks*f—f)

pour un noyau k convenable (& symétrie radiale, positif, régulier et suffisamment décrois-
sant) et avec la notation usuelle k.(z) = 1/e%k(z/e), = € R 1l peut également étre un
terme de diffusion fractionnaire

fly) — f(x) = x(z—y)(y —2) - Vf(z)

D:(f)(z) :==ce 7 g dy,

Rd

avec € € (0,2), x € D(R?), 1p0,1) < x < 1p(0;2), et une constante de renormalisation
convenable c¢; > 0. Les deux familles d’équations sont reliées a 1’équation de Fokker-Planck
classique car & la limite € — 0, on retrouve I’équation de Fokker-Planck classique :

of = %Af—l—div(mf) =:Aof.

Les principales caractéristiques de ces équations sont les suivantes : la masse est
conservée par I’équation ainsi que la positivité et elles admettent un unique état d’équilibre
noté G, de masse 1 qui est exponentiellement stable, en particulier

F(t) —— G (23)
pour toute solution f associée a une donnée initiale masse nulle. Ces résultats peuvent
étre obtenus de différentes manieres, par exemple en utilisant des inégalités de type
Poincaré ou des inégalités de Sobolev logarithmiques, ou encore en utilisant la théorie
de Krein-Rutman sur les semi-groupes positifs.

Dans 'article [71], le travail qui est réalisé permet de traiter dans un méme cadre
toutes ces équations et également d’obtenir le fait que la convergence (23) est exponen-
tiellement rapide de maniére uniforme par rapport a € pour une large classe de données
initiales. Le résultat principal que nous obtenons peut s’écrire de la maniére suivante :
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Theorem 4.5. Pour tout gg € (0,2), il existe a <0 et C > 1 tels que pour tout f € X
et tout € € [0, o],

1S2. () f = Ge(Pllx < Ce™[Ifllx, V=0,

ol <f>:f1Rdf'

Selon le modele considéré, X peut étre un espace de Lebesgue a poids polynomial
LP({x)?) ou encore un espace de Sobolev & poids polynomial W*P((x)?).

D’une part, ce résultat généralise les résultats obtenus sur ’équation de Fokker-Planck
classique dans [51, 64] au cas discret et ’analyse qui est faite est réalisée de maniére
uniforme par rapport au parametre de “discrétisation”. D’autre part, ce résultat rend
uniforme par rapport au parametre de diffusion fractionnaire les résultats obtenus sur
I'équation de Fokker-Planck fractionnaire dans [90].

L’existence d’un trou spectral puis d’une décroissance exponentielle vers 1’équilibre
pour les équations (22) peut étre établie grace a la théorie de Krein-Rutman développée
dans [70]. Néanmoins, cette technique ne donne pas un trou spectral et un taux de
décroissance uniformes en €. Pour obtenir cette uniformité, nous utilisons principalement
les deux techniques présentées (C1) et (C2). Concernant 'utilisation de (C1), nous
I'utilisons pour le passage de Fokker-Planck fractionnaire a Fokker-Planck classique.
Il est déja connu que notre équation admet un trou spectral dans L?(Gz 1/ 2) qui est
uniforme en ¢. Nous prouvons ensuite que les propriétés vérifiées par le découpage de
Popérateur A. = A, 4+ B: sont uniformes en ¢, ce qui nous permet, d’obtenir un trou
spectral indépendant de £ dans L'((z)¥). L’utilisation de la technique (C2) repose sur
les connaissances que 'on a sur I’équation limite, I’équation de Fokker-Planck classique.
Ainsi, en prouvant que notre opérateur A, est une petite perturbation de ’opérateur
limite Ag, nous obtenons des informations sur le comportement de A, uniformément
en €.

5 Liste de travaux rassemblés dans la theése

Les chapitres de ce manuscrit sont composés des travaux suivants :
— Chapitre 1 : article [90], a paraitre dans Communication in Mathematical Sciences.
— Chapitre 2 : article [89], paru dans Journal of statistical physics.

— Chapitre 3 : article [28], écrit en collaboration avec Kleber Carrapatoso et Kung-
Chien Wu, prépublication.

Chapitre 4 : article [88], prépublication.

Chapitre 5 : article [71], écrit en collaboration avec Stéphane Mischler, en prépara-
tion.
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6 Perspectives

Les problemes qu’il semble naturel d’envisager apres cette thése sont présentés
briévement dans ce qui suit.

1. Estimations de convergence dans des limites singuliéres.

— Un premier probléme a étudier serait le traitement dans un cadre uniforme des
équations de Fokker-Planck discréte et fractionnaire, tout comme ce qu’il a été fait
dans [71] pour les équations de Fokker-Planck discrete et classique. Les difficultés
techniques sont plus importantes du fait du laplacien fractionnaire qui nous donnent
des contraintes fortes sur le poids de ’espace considéré pour pouvoir mener les
calculs.

— Il s’agirait également de généraliser les travaux effectués dans [71] dans plusieurs
directions : étudier le méme type d’équation que (22) avec un noyau k plus singulier,
typiquement en considérant k = 1/2(d; +0_1) en dimension 1 ; étudier le méme type
d’équation avec un confinement plus général que celui utilisé en incluant d’autres
forces ou un terme de confinement discret.

— Une autre possibilité qui s’inscrit dans la suite du travail [71] est de faire une
étude semblable pour I’équation de Fokker-Planck cinétique en utilisant des idées
développées dans [27] qui ont permis d’unifier d’'un point de vue spectral les
équations de Keller-Segel parabolique-parabolique et parabolique-elliptique.

— Enfin, le développement d’un cadre général pour l'analyse spectrale des semi-
groupes de diverses équations de Fokker-Planck dans [71] pourrait étre adapté a
des équations non linéaires. On peut s’attendre a pouvoir traiter dans un méme
cadre uniforme les équations de Landau, Boltzmann sans cut-off et Boltzmann avec
cut-off, ce qui permettrait d’obtenir une convergence exponentielle vers ’équilibre
Maxwellien de maniére uniforme pour ces équations.

2. Equation de Boltzmann sans cut-off homogéne en espace. L’étude réalisée
dans D'article [89] est faite dans un cadre de potentiels durs. Il serait naturel de
considérer le méme probléme dans le cas des potentiels faiblement mous, d’autant
que le probleme a été résolu pour I’équation de Landau avec potentiels faiblement
mous dans [26]. De plus, 1’étude de I’équation linéarisée a été uniquement réalisée
dans un cadre L', il serait intéressant de le généraliser & d’autre espaces LP, en vue
d’étudier notamment le probleme non homogene en espace.

3. Equation de Boltzmann sans cut-off non homogéne en espace. L’étude, d’une
part, de I’équation de Boltzmann sans cut-off dans un cadre homogene en espace [89]
et d’autre part, le développement d’une théorie de Cauchy pour ’équation de Landau
non homogene en espace [28] sont deux éléments solides pour envisager d’étudier le
probleme de Cauchy pour I’équation de Boltzmann sans cut-off non homogene en
espace. La stratégie d’approche serait similaire & celle utilisée pour I’équation de
Landau.

4. Limite hydrodynamique de I’équation de Boltzmann inélastique. Le déve-
loppement d’une théorie de Cauchy pour I’équation de Boltzmann inélastique avec
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terme diffusif dans [88] rend envisageable 1’étude des limites macroscopiques de
I’équation en se basant sur I’étude du probléme linéarisé qui a été réalisée.
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Chapitre 1

Fractional Fokker-Planck
equation

RESUME. Cette partie traite du comportement a long terme des solutions de 1’équation de
“Fokker-Planck fractionnaire” qui est de la forme 0, f = I[f]+div(zf) ot 'opérateur I est
un laplacien fractionnaire. Nous prouvons une décroissance exponentielle des solutions
vers 1’équilibre dans de nouveaux espaces. En effet, un tel résultat a déja été obtenu dans
un espace L? avec un poids prescrit par 1’équilibre dans [45]. Nous améliorons ce résultat
en obtenant une telle décroissance dans un espace L' & poids polynomial. Pour ce faire,
nous tirons parti du récent article [51] dans lequel une théorie abstraite d’élargissement
de l'espace fonctionnel de décroissance du semi-groupe est développée.

ABSTRACT. This part deals with the long time behavior of solutions to a “fractional
Fokker-Planck" equation of the form 0, f = I[f]+div(zf) where the operator I stands for
a fractional Laplacian. We prove an exponential in time convergence towards equilibrium
in new spaces. Indeed, such a result was already obtained in a L? space with a weight
prescribed by the equilibrium in [45]. We improve this result obtaining the convergence
in a L! space with a polynomial weight. To do that, we take advantage of the recent
paper [51] in which an abstract theory of enlargement of the functional space of the
semigroup decay is developed.
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1.1 Introduction

1.1.1 Model and main result

For « € (0,2), we consider the following generalization of the Fokker-Planck equation:

Of = — (=A)? f + div(zf), inRY (1.1)

with an initial data fy. In the sequel, we will use the shorthand notations
I[f] = = (=A)*?f and  Lf = I[f] + div(zf).

The operator (—A)O‘/ 2 is a fractional Laplacian, we first define it on the space of Schwartz
functions S (Rd) and we then extend the definition to others functions. We refer to
Section 1.2 for the exact definition and for properties.

We also define here weighted LP spaces in the following way: for some given Borel
weight function m > 0 on R?, let us define LP(m), 1 < p < 400, as the Lebesgue space
associated to the norm

12l Le(my = [[Rm] Lo
Finally, we introduce the notation (z) := (1 + |z|?)'/? for any z € R%.
Before going into the statement of our main result, we here mention that it is a

known fact that there exists a unique steady state of (1.1) of mass 1 and we denote it p
(see Subsection 1.4.1 for more details).

Theorem 1.1.6. Let us consider k € (0,«). For any a € (—min(\, k),0) (where
A > 0 will be defined in Corollary 1.4.16) and for any initial data fo € L*((x)¥), the
solution f(t) of the equation (1.1) satisfies the following decay:

V>0, [If(t) = ulfodllpr ey < Cae™ [ fo— mlfo)ll o)

where (fo) = [ga fo and for some constant C, > 0.

1.1.2 Known results

The main references to mention here are the papers [16] and [45]. In these two
papers, “Lévy-Fokker-Planck equations" (the fractional Laplacian is replaced by a Lévy
operator) are studied using the entropy production method. There is a proof of existence
and uniqueness of a nonnegative steady state of mass 1 of the associated stationary
equation. Then, in a weighted L? space with a weight prescribed by the equilibrium,
a convergence (with an exponential rate) of the solution of the full equation towards
equilibrium is obtained. Let us give more details about these results. We first introduce
the main tools used.

Consider a smooth convex function ® : RT — R and v positive of mass 1 and define
the ®-entropy: for any nonnegative function f,

Ent®(f) := qu)(f)udm—q) (/Rdfyd:n>.
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Jensen’s inequality gives that Entf( f) > 0. Let fy be an initial condition of a Lévy-
Fokker-Planck equation or of the classical Fokker-Planck equation:

oif = Af +div(zf), in R? (1.2)

Then, let us introduce the quantity Fg(fo)(t) := Entg (%) (where p denote the unique
steady state of the equation considered of mass 1) which is well-defined for any ¢ > 0.

In the case of the classical Fokker-Planck equation (1.2), by using functional inequal-
ities as Poincaré, logarithmic Sobolev or ®-entropy inequalities, one obtains exponential
decays to zero of Eg(fy). Then, the solution f of (1.2) converges towards the steady
state of mass 1 in the sense of ®-entropy. Methods to prove such results are usually
based on entropy/entropy-production tools. See [9, 12, 13, 32] for different methods and
applications.

In [16], Biler and Karch study Lévy-Fokker-Planck equations where the Lévy operators
are Fourier multipliers associated to symbols a(§) satisfying for some real number

Be(0,2]
a(é) a(é) a(§)

< hmsup— <oo and 0<inf-—%

€17 7 o [€1° €17
They prove that there exist C' > 0 and € > 0 such that

Epi22(fo)(t) < Ce™,

0< hm 1nf

which means that the solution converges towards equilibrium at an exponential rate in
L2(,u_1/ 2). They deduce a similar result in L? and finally, under some more restrictive
regularity and decay assumptions on fj, they prove that the exponential convergence
holds in L'.

In [45], taking advantage of the paper [16], Gentil and Imbert prove an exponential
decay of the ®-entropies for a class of convex functions ® and for a larger class of
operators which includes the fractional Laplacian.

In the present paper, we only consider the equation (1.1) but we are able to enlarge
the space where we have a decay towards equilibrium with minimal assumptions on fj.
If we compare our result to the one obtained in [16] for others operators defined above,
we have to underline the fact that the result of convergence of the solution towards
equilibrium in L! from [16] requires additional assumptions on fo (fo must have finite
moments of a large order), it is not the case in our main result where fj is only supposed
to belong to L'({z)*) with k < a.

1.1.3 Method of proof and outline of the paper

The main outcome of the present paper is a result of decay towards equilibrium
with an exponential rate of convergence in L'((z)¥) (with k& < «) for solutions of our
equation (1.1). To do that, we adopt the same strategy as the one adopted in [51] by
Gualdani, Mischler and Mouhot for the classical Fokker-Planck equation. Let us explain
in more details this strategy. It is based on the theory of enlargement of the functional
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space of the semigroup decay developed in [51]. It enables to get a spectral gap in a
larger space when we already have one in a smaller space. It applies to operators L
which can be splitted into two parts, £L = A + B with A bounded and B dissipative.
Moreover, if we denote €5 the semigroup associated to the operator B, the semigroup

AePt) is required to have some regularization properties. The fact that we can use
this theory for our operator is based on two facts:

— we know from [45] that our operator has a spectral gap in L?(u~'/2) where we

recall that p is the only steady state of mass 1 of (1.1),

— we are able to get a splitting satisfying the previous properties using computations

based on properties of the fractional Laplacian.

In section 1.2, we recall some technical tools about the fractional Laplacian that are
useful in order to get a splitting of the operator. In section 1.4, we state results from [45]
which are necessary to apply the abstract theorem of enlargement of spectral gap, which
is reminded in Section 1.3. Finally, in Section 1.5, we apply this theorem to obtain our
main result on the convergence towards equilibrium of the solution of (1.1) in L'({z)*)
with k£ < a.

Acknowledgements We would like to thank Stéphane Mischler and Robert Strain for
enlightened discussions and their help.

1.2 Preliminaries on the fractional Laplacian

In this section, we recall some elementary properties of the fractional Laplacian
that we will need through this paper. The usual reference for this kind of operators is
Landkof’s book [60].

1.2.1 Definition on S(Rd>

Let us consider « € (0,2). The fractional Laplacian (—A)O‘/ 2 is an operator defined
on S(RY) by:
a f r) — f Y
VieSMRY, (=A)?f(x) = Lﬂ(a) dy. (1.3)
R [z —y|

This definition has to be understood in the sense of principal value:

f@) = 1) |

(—=2)*" f(z) = lim it

e—0 |I*y‘25 |x_y|
Due to the singularity of the kernel, the right hand-side of (1.3) is not well defined

in general. However, when « € (0, 1), the integral is not really singular near . Indeed,
since f € § (]Rd), both f and V f are bounded. We hence deduce the following inequality:

f(z) = Fy)

|d+a

dy dy

do < VSl [ e [
B(w,) |z — y|*To? RN\B(x,1) |2 — y|*T

Re |z —y
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When «a € (0,2), we can also write the fractional Laplacian with a non principal
value integral. For any f € S(RY), we have

VSL’ERd, (—A)a/2f(l‘) :_% » f(x+y)+‘.fy(|'§+; y)—2f(x) dy (14)

and this integral is well defined.
We can extend the integral definition of the fractional Laplacian to the following set

of functions:
d
{f R% — R, / 1+|xd+ada:<oo}

In particular, we can define (—A)®/2(z)*¥ when k < a.

1.2.2 Fractional Laplacian and Fourier transform

Let us remind a well-known fact about the Fourier transform of the fractional
Laplacian of a Schwartz function.

Lemma 1.2.7. There exists C' > 0 such that for any f € S (}Rd), we have:

F((=A)"5) () = Clel” F(e).

If f is a Schwartz function, there is a singularity at 0 in the Fourier transform of
(—=A)*/2f. Tt implies a lack of decay at infinity for (—A)*/2f itself, (—A)*/2f is not a
Schwartz function. We can prove that (—A)®/2f decays at infinity as |z|~¢.

We now mention a very useful property of the fractional Laplacian which can be
seen as a sort of integration by parts.

Lemma 1.2.8. Let us consider f and g two Schwartz functions. Then, we have

L8 @) gy do= [ fa) (-8)g(@) da.

If k < «, we can also prove that

LR @) @) de = [ f@) (A7) do.
R R

1.2.3 Fractional Laplacian and fractional Sobolev spaces
Most of the time, fractional Sobolev spaces H* (Rd) are defined in the following
way: H° (Rd) = W2 (Rd) for s > 0 is the set of functions f € L? (Rd) such that

s/2 ~
{(1 + ||2) / f} is also in L? (Rd). We remind here an equivalent definition which is

going to be useful in what follows.
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Lemma 1.2.9. Let us consider s € (0,1). We have:
e (Rd) _ {f 12 (Rd) /(@) —{(y)! 12 (Rd " Rd)}'
o — g2

We also have the following fact:

o f@) = f)l”
(-2 /4f’;(w) :C/Rd /Rdmdydx

for some C' > 0.

1.3 Theorem of enlargement of the functional space of the
semigroup decay

1.3.1 Notations

For a given real number a € R, we define the half complex plane

Ag:={2€C, Rez>a}.

For some given Banach spaces (E, || - ||g) and (&, || - |¢) we denote by #(E,E) the
space of bounded linear operators from E to £ and we denote by || - || zze) or || - [[E—e
the associated norm operator. We write Z(E) = #(E, E) when E = £. We denote by
€ (F,E) the space of closed unbounded linear operators from F to £ with dense domain,
and ¢(E) = €(F,E) in the case E = €.

For a Banach space X and A € €(X) we denote by eM_ t > 0, its semigroup, by
D(A) its domain, by N(A) its null space and by R(A) its range. We also denote by
Y (A) its spectrum, so that for any z belonging to the resolvent set p(A) := C\X(A) the
operator A — z is invertible and the resolvent operator

Ra(z) == (A —2)7!

is well-defined, belongs to #(X) and has range equal to D(A). We recall that £ € 3(A)
is said to be an eigenvalue if N(A — &) # {0}. Moreover, an eigenvalue £ € ¥(A) is said
to be isolated if

LA N{ze€C, |z-¢& <r}={&} for somer > 0.

In the case when & is an isolated eigenvalue, we may define II ¢ € %(X) the associated

spectral projector by
1

My, = —— A—2z)td
A 2i7r/|z_§|T/( 2)dz
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with 0 < 7’ < r. Note that this definition is independent of the value of r’ as the
application C\ ¥(A) — #(X), z — Ra(z) is holomorphic. For any £ € X(A) isolated, it
is well-known (see [57] paragraph III-6.19) that H?\,g = IIA ¢, so that II ¢ is indeed a
projector.

When moreover the so-called “algebraic eigenspace" R(II5 ¢) is finite dimensional
we say that £ is a discrete eigenvalue, written as & € 34(A). In that case, Ry is a
meromorphic function on a neighborhood of £, with non-removable finite-order pole &.

Finally for any a € R such that
EA)NA={&, -, &)
where &1, ..., & are distinct discrete eigenvalues, we define without any risk of ambiguity
Hp g :=Hpe + ... Hpg,.

We shall also need the following definition on the convolution of semigroups. Consider
some Banach spaces X1, X2 and X3. For two given functions

Sie L' (RY;#(X1,Xz)) and Spe L' (R*; 5 (Xp, X)),
the convolution Sp xS € L' (RT; (X1, X3)) is defined by

t
Vi >0, 52*5’1(75):/ Sa(s) S (t — s) ds.
0

When S; = S5 and X; = Xo = X3, ™0 is defined recursively by S*Y = § and
SE0 = §C(E=1) for any ¢ > 2.

Let us now introduce the notion of hypodissipative operators (we refer to [51,
Subsection 2.3] for further details on this subject). If one consider a Banach space
(X, || - ||x) and some operator A € €(X), (A — a) is said to be hypodissipative on X if
there exists some norm ||| - || x on X equivalent to the initial norm || - || x such that

VfeD(A), JoeF(f) st Relp, (A—a)f) <0, (1.5)

where (-,-) is the duality bracket for the duality in X and X* and F(f) C X* is the
dual set of f defined by

F(f) = Fe () = {6 € X, (6. 1) = 11 = ol } -

We also mention that if A is a generator of a semigroup e, the fact that (A — a) is
hypodissipative on X is equivalent to the existence of a constant C' > 1 such that the

semigroup eM satisfies
Vt>0, [le™ [gx) < Ce™. (1.6)
Moreover, when ||| - ||| x is an Hilbert norm on X, we have F(f) = {f} and (1.5) writes
vfeD@), Re(f,(A-a)f)x <0
where ((+,-))x is the scalar product associated to || - || x. Finally, we notice that a dissi-

pative operator is nothing but an hypodissipative one satisfying the previous definition
with ||| - [|x = || - ||x or, equivalently, satisfying the semigroup estimate (1.6) with C = 1.
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1.3.2 The abstract theorem

Let us now present an enlargement of the functional space of a quantitative spectral
mapping theorem (in the sense of semigroup decay estimate). The aim is to enlarge the
space where the decay estimate on the semigroup holds. The version stated here comes
from [51, Theorem 2.13] and [51, Lemma 2.17].

Theorem 1.3.10. Let E, £ be two Banach spaces such that E C £ with dense and
continuous embedding, and consider L € € (E), L € €(E) with Ly = L and a € R. We
assume:

(1) L generates a semigroup ' and
E(L)NAs={&, -, &} C Za(L)
(with & # &k if k £k and {&1,...,&} =0 if k=0) and L — a is dissipative on
R(Id -1y 4).

(2) There exist A, B € €(E) such that L = A+ B (with corresponding restrictions A
and B on E) and some constants bp € N*, C > 1, b€ R and v € [0,1) so that

(i) B —a and B — a are hypodissipative respectively on E and &,
(ii) A€ B(E) and A€ B(E),
(iii) Ty, = (AeBt)(*EO) satisfies
bt
vt 20, [ Te®)llger <C 4
Then the following estimate on the semigroup holds:
k
oLt _ Z oLt Tee <Oy et
J=1 B(E)

Va' >a,Vt>0,

Remark 1.3.11. The assumption (2)-(iii) implies that for any a’ > a, there exist some
constructive constants n € N, Cy > 1 such that

Vt>0, | Ta(t)llsen) < Cue™™.

1.4 Semigroup decay in L?*(u'/?) where p is the steady
state

1.4.1 Preliminaries on steady states

We recall results obtained in [45] about existence of steady states. They prove such
a theorem for a more general equation than ours:

hf=T[f]+div(fVV) zeR¥ t>0
f(0,2) = fo(x)  zeR?
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where fy € Lt (Rd). The operator Z is a Lévy operator defined as:

Z[f](zx) = div(eV ) (z) —b- V[(x) + /Rd (f(z+2) = f(z) = V[f(x) - 2h(2)) v(dz)

where o is a symmetric semi-definite d x d matrix, b € R?, v denotes a nonnegative
singular measure on R that satisfies v ({0}) = 0, [pa min (1, |z[2) v(dz) < oo and his a

truncature function, h(z) = 1/(1 + |z|?) for example.

The fractional Laplacian corresponds to a particular Lévy operator. Indeed, with
o =0,b=0and v(dz) = |2|"** dz, we obtain the fractional Laplacian. In this
particular case, the proof of existence of steady states of (1.1) is easier, we hence give a
sketch of a proof of it (it is adapted from the proof of [45, Theorem 1]).

We suppose that p is an equilibrium of the equation (1.1). At least formally, we
have:

I'[p] + div(zp) = 0. (1.7)
We do the following computation in order to take the Fourier transform of (1.7)
d d
F(div(zp)) (&) = D F (9 (zjn)) (&) = D i &F (wjn) (€)
j=1 J=1
d
==Y &GO (&) =—¢-Va(g).
j=1

We deduce that an equilibrium p satisfies

E1* A ) +&-Va(E) =0,
which implies that fi(¢§) = Ce I"/* for some constant ¢ > 0 and thus
p=CF1 (e""a/o‘). The constant C' can be chosen so that [pa p = 1.

As announced in the introduction, we denote p the only steady state of (1.1) of
mass 1.

Remark 1.4.12. Let us make some comments about this steady state p.

1. It is a continuous positive distribution (cf [82] and [79, 86] for the positivity).

2. Concerning the behavior at infinity, in the case of the classical Fokker-Planck equa-
tion (1.2), the steady state is a Mazxwellian, it is hence a Schwartz function. In our
case, the steady state is not anymore a Schwartz function because its Fourier trans-
form has a singularity at 0. If we denote x1 a smooth function which is nonnegative,
supported on |x| < 2 and such that x1(x) =1 for |z| < 1, we can write the following
decomposition of ji:

A(E) = x1(6) (1 +ay [€]* + az [€]%* +...) + (1 — x1(£)) e K17/,

We see that the second part of the right-hand side is a Scwhartz function and the first
one induces a singularity at 0. We can hence prove that

() ~ 2|7 when |z| — oo.
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1.4.2 Decay properties in L?(u~/?)

We again use results obtained in [45]. We just use them in our particular case, the
fractional Laplacian.
For ® a convex function, we introduce Dg on (R*)” as:

Dg(a,b) = ®(a) — 2(b) — 2'(b)(a — D),

which is nonnegative on (R+)2.

We will not prove the next two lemmas which are going to enable us to prove the
decay towards equilibrium in L?(p~'/2). The first one is [45, Proposition 1] and the
second one is [45, Theorem 2] and comes from [32].

Lemma 1.4.13. Consider fy a nonnegative initial data for the equation (1.1) which
satisfies Entﬁ’ (%) < o0. Then, for any smooth convex function ® and for any t > 0,
the solution f(t) satisfies

dz

%Eq, (fo) (£) = —/ Do ult- ).t = 2) () da

Rd JRd
where u(t,x) = f(t,x)/p(x).
Lemma 1.4.14. Let us suppose that ® is a smooth convex function such that

(a,b) — Dg(a+ b,b) is convex on {a+b>0,b>0}. (1.8)

Then, for any smooth function v, we have:

Entf (v(t,-)) < K/Rd » Dg(v(t,x),v(t,z + z))’Z‘{ia p(z) dx

for some K > 0.

We can now state the main theorem ([45, Theorem 1]) of this section, its proof is a
direct consequence of the two previous lemmas and the Gronwall lemma.

Theorem 1.4.15. Consider ® a smooth convex function satisfying (1.8) and a nonneg-

ative initial data fo such that Entﬁ’ (%) < 00. Then, the estimate on the solution f(t)
holds:

Vt>0, Enty (‘?) < e K Ent? ({f) .

Corollary 1.4.16. Consider a nonnegative initial data fo such that || fo — g (fo)ll ;2 (u=1/2)
is finite. Then there exists A > 0 such that the solution f(t) satisfies

Yt >0, F(8) = n(fodll agmrvzy < € o = m(fodla(mrs2y -
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Proof. Theorem 1.4.15 applied with ®(s) = (s — (fy))? gives the result. O

Remark 1.4.17. Since || - ||;2(,-1/2) is an Hilbert norm, using the previous corollary,
we have for any f € L*(u=/?),

/dﬁ(f_ﬂ<f>) (f —pu(H)p "= /dﬁfflfl
- R
< =AM = w172y

In what follows, we denote i(z) := ()9~ We now give a corollary which gives a
decay property in the space L?(ji~'/?) i.e L? (<x>(d+o‘)/2).

Corollary 1.4.18. Consider a nonnegative initial data fo such that || fo — p (fo) HLQ(ﬁ,l/Z)
is finite. Then, there exists C > 0 such that:

17 () = 1 foll g2 /2y = Ce ™| fo—p {folll o172y

where X is defined in Corollary 1.4.16.

Proof. We use Remark 1.4.12 which implies that there exist two constants C, Cy > 0
such that Cy p < < Cs . As a consequence, we have the following series of inequalities:

1F () = 1 (fodl g2 sy < Cr IS0 = g {fod 2112y
<crlteM|fo-n ol 2 (172
<Gy Ot e | fo—p oll 2172y -

which concludes the proof. ]

1.5 Semigroup decay in L!({x)¥)

1.5.1 Splitting of the operator

We would like to get a splitting of our operator £ into two operators which satisfies
hypothesis of Theorem 1.3.10 with E = L?(z~"/?) and £ = L'((z)*) with k < a. In
what follows, we denote m(z) := (z)* k < a.

Lemma 1.5.19. Consider a € (—min(k,\),0) where A > 0 is defined in Corol-
lary 1.4.16. There exist two operators A and B which satisfy the following conditions:
(i) £L=A+5,
(ii) A e B(L*(Y?)) and A € B(L'(m)),
(iii) B — a is hypodissipative on L*(i='/?) and L'(m).
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Proof. We are going to estimate the integral [ Lfsign(f)m with f a Schwartz function.
The inequality obtained will also hold for any f € L'(m) because of the density of S(R9)
in L1(m). We split the integral into two parts:

/Rd Lfsign(f)m = /Rd I[f] sign(f)m—l—/Rd div(z f) sign(f)m

=:T1 + Ts.
As far as T is concerned, we introduce the function ®(s) := |s| on R? which is convex
and its derivative is ®'(s) = sign(s). We also introduce the notation K(z) := |z|~4~°.

Let us do the following computation:

@) = f@) K@~ y) dy sign(f (@)
= [ (W) = F@)® (@) + 0(f(2)) ~ 27 (w) Ko~ y) dy
+ [ @) - 2 @) Klx—y)dy
< [ 1710 = 111@) K@ =y dy = 1/} @),
where the last inequality comes from the convexity of ®. We hence deduce that

tos [ alflim= [ 1 m) = [ 1fm

because of Lemma 1.2.8.
Let us now deal with 7. Performing integrations by parts, we obtain:

ng/Rddiv(:vf)sign(f)m
:d/Rd ]f\m—k/Rdﬂansignfm

=d [ Aftm+ [ @ Vifim
=d [ Astm=d [ 1fim= [ 1fla-Tm
:/Rdyf\mgg'zm.

We now introduce ¥, 1 := I [m| /m — x - Vm/m. Let us study the behavior of 1y, 1
at infinity. First, x - Vm(z)/m(z) tends to k as |z| tends to infinity. Then, we prove
that I[m](x)/m(z) tends to 0 as |x| tends to infinity. We use both representations (1.3)
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and (1.4) to split I[m](x) into two parts:
Im](z) = % L (m(x+2) +m(x — z) —2m(z)) K(z)dz

b ) i) K - y)dy

=: I[m](x) + Ix[m](x).

Concerning I1[m], using a Taylor expansion, we obtain:

Im(z + z) + m(x — 2) = 2m(z)| < sup ID*m(z + 2)|oc |2
z|<1

< Cfx)P 212,

from which we deduce that

hfm(@) < C@) 2 [

z[<1

dz

Concerning I»[m], let us introduce the function 1 (s) := s*/2 on RT. Using the fact
that ¢ is k/2-Hélder continuous on RT because k/2 < 1, we obtain for any z, y € R%:

(1t 1a?) — 0+ )] < e~ o]

for some C' > 0. We deduce the following inequalities:
m(a) = m(y)| < Cllz| =yl (|z| + [y)*/?
< Oz —y["2(|2| + | — y| + )"
< C (Jz =y + |2 — y/F) .

Finally, we obtain the following estimate on Ia[m]:

dz dz
I <C W/ 7+/ _ ), 1.10
z[m](a:) = <’.’1§'| 251 ‘Z|d+a—k/2 51>1 |Z‘d+aik ( )

where we notice that the integrals are convergent because k < a.
Gathering (1.9) and (1.10), we deduce that I[m]/m tends to 0 at infinity. Finally,
we obtain:

/ Efsignfmg/ |flm 1 with  Hm 9y, 1(x) = —k <O0.
Rd Rd

|z|—o00

We introduce the smooth function xg (R > 0) which is nonnegative, supported on
|z] < 2R and such that ygr(xz) =1 for || < R. For any a > —min(\, k), we may find
M and R large enough so that

Ve €RY pi(x) — Mxgr(z) < a. (1.11)
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Indeed, if we choose R large enough such that for any |z| > R, ¢y 1(z) < a and
M := max|y|<p Ym,1(7) — a, we have (1.11).
We then introduce A := Mg and B := L — M xr. We finally obtain:

/(B—a)fsignfm:/ (L—Mxg—a) fsignfm
R4 R4

[, @i = Mxz=a) 1] m
0,

IN

IN

which implies that B — a is dissipative on L!(m).
Let us now check that B — a is hypodissipative on L?(fi~'/?), using Remark 1.4.17,
we obtain:

[Brrut= [ erfut =0 [ xusu!
R4 R4 R4
< A = 21y — M/Rd Xr [Pt (1.12)
= A By = (D) =M [ s
Using Cauchy-Schwarz inequality, we have:
(F?<Co [ F @),
R4

for some constant Cy > 0. We now use Remark 1.4.12. On the one hand, possibly
increasing the value of R, we can suppose that

o +A
>R = d+3 < a —1,
|z > R Vol
which implies that
e @5 < (a+ \) / £2ut (1.13)
lz|=R lz|>R

On the other hand, up to increase the value of M, we can suppose that

M

o] < B (@)% < 5u,

we deduce that

ACo £ ()5 < M/ 2l (1.14)
|z|<R |z|<R

Gathering (1.13) and (1.14), we can conclude that

M [Pt [t
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Going back to (1.12), we finally obtain
-1 2
LB Ft < alf g,

B—a is thus hypodissipative on L?(fi~'/2) because the norms || A p2G-1/2y and || [ 2172y
are equivalent.

We can now conclude. This splitting £ = A+ B fulfills conditions (i), (ii) and (iii) of
Lemma 1.5.19. Indeed, it is immediate to check assumption (ii) because A is a truncation
operator. ]

1.5.2 Regularization properties of (A eBt)(*n)

We are now going to show that there exists n &€ N such that (A eBt)(*n) has a
regularizing effect. In order to get such a result, we are going to use the negative term
in the computations done to get the dissipativity of B. Let us state a result which is
going to be useful to get an estimate on this negative term.

Lemma 1.5.20 (Fractional Nash inequality). Consider o € (0,2). There exists a
constant C' > 0 such that for any g € L'(R%) N H*/2(R%), we have:

4
/ lg(x)]* dz < C (/ lg(x)] dx) / / l9( )l dy dz o
Rd - R Re JRE |z — d+a '

Proof. We use the Plancherel formula to get the following equality for any R > 0:

[ ls@* dz = ( [ a©rde+ [ fg©r dé) .
Rd l€I<R l€|>R
The first part of the integral can be bounded as follows:
[ O ds < B[~ < R gl
lEI<R

As far as the second part is concerned, we use Lemma 1.2.9

[ 5OF de < o [ 1€ G de = 4 /R d /R e M)? s

We denote )
y))
o= ol evv=c [ [ D)

and the aim is to minimize the function ¢(R) := aRd+bR @ to get an optimal inequality.
We compute

¢'(R) =0 <= adR** — ab

Ro+1 -
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1
y ((ab) ) _ Cattapits,
ad

which concludes the proof. O

and

Let us now prove the following lemma which is the cornerstone of the proof of the

regularizing effect of (.A eBt)(*n). We introduce the following measure:
mo(x) := (z)k  with ko < min(k, a/2).

Let us notice that this assumption on kg allows us to define I[mb] for any p € [1,2] and
that my satisfies L?(i~1/2) € L9(myg) for any ¢ € [1,2].

Lemma 1.5.21. There are b,C > 0 such that for any p and q, 1 < p < q < 2, we have:

Cebt
< EyEay) 11l 2o () -

Lq(mo) tE g

vezo, [ ]

Proof. For p € [1,2], we denote

Iimg]  p=1 z-V(mp)

pmg p pmg

Ymg,p =

and we introduce b € R such that sup,e(y 2] ¥mg,qg < b
Let us prove that for any p € [1,2], we have:

Vi >0, HeBtfHLP(mo) < ethfHLp(mo)' (1'15)
We now do same kind of computations as in the proof of Lemma 1.5.19:
/d£f|f|p_lsignfmg = /dl[f] |f|p_lsignfmg+/ddiv(xf) |f|p_lsignfm€
R R R
=: T’l + TQ.

As far as T} is concerned, we introduce the function ®(z) := |z’ /p on R% which is
convex and its derivative is ®(z) = |z|P~!sign(x). Let us do the following computation:

(@) = 1(@) Ko = y) dy |77~ @) sign(f ()

= [ () = F@) ¥ (@) + 2(f(@) = W) Ko~ y)dy
+ [ @) = (@) Klx—y)dy

< [ 20500 = 1) Ko =) dy = T1FPa),
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where the last inequality comes from the convexity of ®. We hence deduce that

T 1 PP — L ? ITm p [ ]
o< [ nvimg = [ et = [ 17

Concerning fg, using an integration by part, we obtain:
~ p—1 a-V(m
T2=/ [d ( 0)] |fIPm
R4 p p m

Finally, the previous estimates imply that
[ BEIIP signf b < [ gy = Mxi) 1£P b <b [ 110wk
R? R R

using the definition of b. This implies the estimate (1.15).

In order to establish the gain of integrability estimate, we have to use the nonpositive
term in a sharper way, i.e. not merely the fact that it is nonpositive. It is enough to do
that in the simplest case when p = 2.

Let us consider a solution f; of the equation

Oufe =Bft, fo=1Ff¢€ LQ(m0)~

The previous computation involving the function ®(z) is simpler in the case p = 2 and
becomes:

1 f(x) — f)I?
| Brmi=—5 [ [ Wdym%wdwff?m% (Yo — MxR)

1 B 2
< _§/Rd /|m—y§1 ’f|(;:)_ yr;(i)’ dym3(z) d:L‘+b/f2 mé

Let us deal with the negative part of the last inequality.

fe(2) = LW
/Rd /Ix et |x |d+a dym§(x) dx

:/ / [fe(@) mo(@) = fily) mo(y) + £i(y) (moly) = mo@)” -
Rd J|z—y|<1 |J,‘

| fe(2) mo(x) — fily) mo(y)|®
/]Rd /|g; yl<1 |x — dta dy dx

imo(2) —mo(y)* s
— dx d
L /|| x_ywa 12y dy

2
/Rd /Rd | fi(x mo y?ﬁz) mo(y)| dy d

|ft ) mo(x) — ft(?/)mo(y)|2
2/]Rd /|:c y|>1 ‘ y’d+a dy d

|m0 o(y)| 2
dx d
/Rd /|:1c y|<1 y‘d—HX ft (y) Y
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We treat the first term using Lemma 1.5.20 with g = f; mg:

| fe(@ mo — fily) mo(y)|” 2 g\ -
/]Rd/]Rd y|d+o‘ dyde“ZC(/Rd\ft\ m0> (/Rd\ft’“’m)
(1.16)
We crudely bound the second term from above:
2
[ Mm@ Smowl e g,
d+a 0

Rd J|z—y|>1 | y|

(// Ift ) mo@P o g o] fuly) m d(ﬂz‘ddy> (1.17)

Re J|z—y|>1 — 9| R: Jjg—y[>1 |2z — y

<c [ 1
Rd

Finally, the third term is bounded using the fact that supg, 1) | Vmg|? < Cmj(y):

ol mo)l . o
Lol y|d+a do F2(y) dy

|fL’ —y*supp,1) [Vmol?
<C / / ) dz f{(y) dy
Rd J|z—y|<1

[z —y| (1.18)
1
C/ / ————dz fA(y) mi(y)d
> R J)2<1 |Z|d+a72 ft (y) O(y) Yy
< C/ 2m2.
Rd
Gathering (1.16), (1.17) et (1.18), we obtain:
/ / |ft d—l(—a)| dym3(z) da
Re J|z—y|<1 -y (1.19)

d+a

zc(/Rdmr?m%)d ([ simo) = ([ som).

for some constants C', C’ > 0. We introduce the following notations:
X(t) = Hft”%z(mo) and  Y(t) == [ fell 1 my) -
On the one hand, if Xy < (20’/C)d/a Y, because of estimate (1.15), we have:
Vi>0, X(t)/? < Cethé/2. We hence obtain
V>0, X@)V2<Cey.
On the other hand, we treat the case Xy > (20’/C)d/a YZ. By the previous step

(1.19), we end up with the differential inequality

d

X < —OY ()T EX@) T+ O X (). (1.20)
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We also have from estimate (1.15): Y (t) < C e Y(0) for any ¢ > 0. So, we obtain for
any t € [0,1], Y(¢) < CY(0) changing the value of C. Putting this together with (1.20),
we obtain:

2a o
Vit e [0,1], %X(t) <-0Y, *X(t)'Ta +C'X(2). (1.21)

Let us introduce 7 := sup {t €[0,1] : X(s)> (QC’/C)d/a YE, Vs € [O,t]}. For any
t €]0,7[, we have —1/2C X (t)'+e/d Y0_2a/d < —C"X(t). Then, using (1.21), we obtain:

1 —2a a
Vie (07), SX()<- 0¥, F X0,
which finally implies
1% C 2a 7%
Vte(0,7), X(t)< (d St t) . (1.22)
Moreover, because of estimate (1.15), we get:
1/2 b(t—7) 1/2 bt—r) (2C' e
Ve [rto0), X(H)Y2 <Ot X(r)2 < Ce (c) Yo (1.23)

Therefore, gathering inequalities (1.22) an (1.23), we obtain:
i L bt
Vt>0, X(t)2<Ct ey
As a conclusion, we have

vt>0, || f| < Ot 5 || F 11 (g -

L2(mo)

Bt

which means that the operator ! is continuous from L!(mg) into L?(my).

Let us now consider p and ¢, 1 < p < ¢ < 2, €8 is continuous from LP(my) into
L%(my) using Riesz-Thorin interpolation theorem. Moreover, if we denote Cyj the norm of
eBt . L%(mg) — Lb(myg), we get the following estimate:

2—-2 2/q—1 ~2/p—2
Cpq < 022 P CYll/q C112/p /e

and
032*2/1’ 0121/(171 0122/1’*2/‘1 — O M(2-2/p) bt(2/q=1) bt(2/p=2/q) 4—d/(2) (2/p—2/q)
C ebt
which yields the result. O

Using the same method as in [51], we can deduce the following corollary:
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Corollary 1.5.22. There exists a constant C such that for any p and ¢, 1 <p < g < 2,

we have:
tfofl ebt
Vi >0, |[[Te(t)fllLa(me) < C@ £ 1l 2o (mo)

talp gq

where {y = E [g (% - %)} + 1.

1.5.3 Proof of the main result

As a conclusion, we can now apply Theorem 1.3.10 with F = LQ(ﬁfl/ %) and € =
L'(m). Hypothesis (1) comes from Corollary 1.4.18. Hypothesis (2)-(i) and (2)-(ii) come
from Lemma 1.5.19. We can also prove that assumption (2)-(iii) is satisfied.

Indeed, we can check by an immediate computation that we have the following
estimate for any function f: || Af{lze@m) < C [ AfllLa(my). Moreover, we have that
LP(m) C LP(myp) with continuous embedding (because ky < k). Using these two last
facts and Corollary 1.5.22, we can deduce that for any p and ¢, 1 < p < g < 2, we have:

t@ofl ebt
Vt >0, [Te ) fllzaem) < C—— 1 llzem)- (1.24)

2 (5-37)
Moreover, we can show that || Af||;2;-1/2) < C|[Af|12(n)- Finally, using this last
estimate combined with (1.24) with p = 1, ¢ = 2 and denoting v := % - F (%), we

obtain:

ebt

HTKO(t)||L1(m)_>L2(ﬁ—1/2) < CtTv
with v € [0, 1), which implies that (2)-(iii) is fulfilled.
We can conclude that Theorem 1.1.6 holds.

Remark 1.5.23. To obtain a similar result as Theorem 1.1.6 in LP({x)*) with p € (1,2],
we need a very restrictive assumption: d(1 —1/p) < k < a.. Indeed, it implies that the
limit at infinity of V¥ p is negative, which allows us to get the dissipativity of B — a in
LP({(x)*) for any a > d (1 —1/p) — k. The rest of the proof can be done in the same way.



Chapitre 2

Exponential convergence to
equilibrium for the homogeneous
Boltzmann equation for hard
potentials without cut-off

RESUME. Dans cette partie, nous abordons le probléme du comportement en temps
long des solutions de 1’équation de Boltzmann homogene en espace. Les interactions
considérées sont les potentiels durs (non tronqués et non lissés), nous ne traitons donc
que des singularités angulaires modérées. Nous prouvons une convergence vers ’équilibre
exponentielle en temps, améliorant ainsi les résultats de Villani obtenus dans [94] ou
un retour polynomial vers 1’équilibre est prouvé. La base de la preuve est I’étude de
I’équation linéarisée pour laquelle nous prouvons une nouvelle estimation de trou spectral
dans un espace L' & poids polynomial, tirant parti de la théorie développée par Gualdani
et al. dans [51]. Nous obtenons notre résultat final en combinant cette nouvelle estimation
spectrale avec de nouvelles estimations bilinéaires sur ’opérateur de collision.

ABSTRACT. This part deals with the long time behavior of solutions to the spatially
homogeneous Boltzmann equation. The interactions considered are the so-called (non
cut-off and non mollified) hard potentials, we thus only deal with a moderate angular
singularity. We prove an exponential in time convergence towards the equilibrium,
improving results of Villani from [94] where a polynomial decay to equilibrium is proven.
The basis of the proof is the study of the linearized equation for which we prove a new
spectral gap estimate in a L' space with a polynomial weight by taking advantage of
the theory of enlargement of the functional space for the semigroup decay developed by
Gualdani et al. in [51]. We then get our final result by combining this new spectral gap
estimate with bilinear estimates on the collisional operator that we establish.
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2.1 Introduction

2.1.1 The model

In the present paper, we investigate the asymptotic behavior of solutions to the
spatially homogeneous Boltzmann equation without angular cut-off, that is, for long-
range interactions. Previous works have shown that these solutions converge towards
the Maxwellian equilibrium with a polynomial rate when time goes to infinity. Here, we
are interested in improving the rate of convergence and we show an exponential decay
to equilibrium.

We consider particles described by their space homogeneous distribution density
f = f(t,v). We hence study the so-called spatially homogeneous Boltzmann equation:

ouf(t,v) = Q(f, f)t,v), veR? t>0. (2.1)

The Boltzmann collision operator is defined as

Qo.f)i= [ B v.0) [0f — g.f] dodu..
R3xS§2
Here and below, we are using the shorthand notations f = f(v), g« = g(vs), f' = f(V)
and g, = g(v}). In this expression, v, v, and v/, v, are the velocities of a pair of particles
before and after collision. We make a choice of parametrization of the set of solutions to
the conservation of momentum and energy (physical law of elastic collisions):
V+ v = v + vi,
[0 + o[ = o7 + o,
so that the post-collisional velocities are given by:
, vt v |v— , vt v v —
v = g, Vy = - g,
2 2 2 2
The Boltzmann collision kernel B(v — vy, o) only depends on the relative velocity |v — v,
and on the deviation angle 6 through cosf = (k, o) where kK = (v —v,)/|v —v,| and (-, -)
is the usual scalar product in R3. By a symmetry argument, one can always reduce to
the case where B(v — vy, o) is supported on (k,0) > 0i.e 0 <0 < 7/2. So, without loss
of generality, we make this assumption.
In this paper, we shall be concerned with the case when the kernel B satisfies the

following conditions:
— it takes product form in its arguments as

oeS?

B(v —vy,0) = ®(Jv — vs|) b(cos 0); (2.2)

— the angular function b is locally smooth, and has a nonintegrable singularity for
0 — 0, it satisfies for some ¢;, > 0 and s € (0,1/2) (moderate angular singularity)

Cp 1

Vo e (0,7/2], FIESE < sinf b(cos ) < m; (2.3)
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— the kinetic factor ® satisfies
D(lv—wvi]) =|v—wve|? with ~€(0,1), (2.4)

this assumption could be relaxed to assuming only that ® satisfies (1) = Cg | - |7
for some Cgp > 0.
Our main physical motivation comes from particles interacting according to a repulsive
potential of the form

o(r) =r~ D pe (2, +00). (2.5)

The assumptions made on B throughout the paper include the case of potentials
of the form (2.5) with p > 5. Indeed, for repulsive potentials of the form (2.5), the
collision kernel cannot be computed explicitly but Maxwell [62] has shown that the
collision kernel can be computed in terms of the interaction potential ¢. More precisely,
it satisfies the previous conditions (2.2), (2.3) and (2.4) in dimension 3 (see [29, 31, 93])
with s := -1y € (0,1) and v := B} € (=3,1).

One traditionally calls hard potentials the case p > 5 (for which 0 < v < 1), Mazwell
molecules the case p =5 (for which v = 0) and soft potentials the case 2 < p < 5 (for
which —3 < v < 0). We can hence deduce that our assumptions made on B include the
case of hard potentials.

The equation (2.1) preserves mass, momentum and energy. Indeed, at least formally,
we have:

L QU.nEe@ds =0 for o) = 1ol

from which we deduce that a solution f; to the equation (2.1) is conservative, meaning
that

vVt >0, /R3 ft,v)p(v)dv = /R3 fo(v) p(v)dv  for o(v) =1,v, |v|>. (2.6)

We introduce the entropy H(f) = [gs f log(f) and the entropy production D(f).
Boltzmann’s H theorem asserts that
d
SH(f) = -D(f) <0 (27)
and states that any equilibrium (i.e any distribution which maximizes the entropy) is a
Maxwellian distribution . 7 for some p >0, u € R3 and T > 0:

_ |'U7u|2
f _ N pe 2T
/’[/ (’U) - IU/,O,U,T(U> - (27TT)3/2 9

where p, u and T are the mass, momentum and temperature of the gas:

1 1 )
p.—pf—/Rgf(v)dv, u.—uf—; RSf(v)vdv, T.—Tf—?)p/Rgf(v)|v—u| dv.
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Thanks to the conservation properties of the equation (2.6), the following equalities
hold:

Pf=Pfor up =g, Tp=T
where fy is the initial datum.
Moreover, a solution f; of the Boltzmann equation is expected to converge towards
the Maxwellian distribution g, 7 when £ — +o0.
In this paper, we only consider the case of an initial datum satisfying

Pfo = 1, Ufy = 0, Tfo = 1, (28)

one can always reduce to this situation (see [94]). We then denote u the Maxwellian
with same mass, momentum and energy of fo: p(v) = (2r)=3/2e~101*/2,

2.1.2 Function spaces and notations

We introduce some notations about weighted L spaces. For some given Borel weight
function m > 0 on R3, we define the Lebesgue weighted space LP(m), 1 < p < 400, as
the Lebesgue space associated to the norm

12l o my := Ilhm| Lo

We also define the weighted Sobolev space W9P(m), s € N, 1 < p < 400, as the Sobolev
space associated to the norm

1/p
Illwegmy = ( > aahuip(m)) .

la| <s

Throughout this paper, we will use the same notation C for positive constants that
may change from line to line. Moreover, the notation A ~ B will mean that there exist
two constants C7, Cy > 0 such that C1 A < B < (Cy A.

2.1.3 Main results and known results
Convergence to equilibrium

We first state our main result on exponential convergence to equilibrium.

Theorem 2.1.24. Consider a collision kernel B satisfying conditions (2.2), (2.8), (2.4)
and fo a nonnegative distribution with finite mass, energy and entropy:

fo20, [ B @+ o) do < oo, [ fo(w) log(fav)) do < oo

and satisfying (2.8). Then, if fi is a smooth solution (see Definition 2.1.25) to the
equation (2.1) with initial datum fo, there exists a constant C > 0 such that

Vi>0, |fi—plp <Ce?
where X > 0 is defined in Theorem 2.1.27.
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We improve a polynomial result of Villani [94] and generalize to our context similar
exponential results known for simplified models. Mouhot in [75] proved such a result
for the spatially homogeneous Boltzmann equation with hard potentials and Grad’s
cut-off. Carrapatoso in [25] recently proved exponential decay to equilibrium for the
homogeneous Landau equation with hard potentials which is the grazing collisions limit
of the model we study in the present paper. Let us also mention the paper of Gualdani
et al. [51] where an exponential decay to equilibrium is proved for the inhomogeneous
Boltzmann equation for hard spheres (see also [66, 70, 67] for related works).

It is a known fact that our equation (2.1) admits solutions which are conservative
and satisfy some suitable properties of regularity, we will call them smooth solutions.
We here precise the meaning of this term and give an overview of results on the Cauchy
theory of our equation.

Definition 2.1.25. Let fy be a nonnegative function defined on R with finite mass,
energy and entropy. We shall say that (t,v) — f(t,v) is a smooth solution to the
equation (2.1) if the following conditions are fulfilled:

- f>0, f €C(RT,LY);

— foranyt >0,

Lo ewydo= [ fo@)e@de for plv) =1, lof?

Ri R

and
[, 760 vos 50 vt [ D7) ds < [ fofe) oa(fole) do
R3 0 R3

where D(f) is the entropy production defined in (2.7);
— for any p € CH(RT, 2(R3)) and for any t >0,

: et /R3 folwol0e ot /Ot /Rg f(7,v) Opp(7,v) dvdr
* /0 R3 QUf, [)(m,v)p(r,v) dvdr

where the last integral is define through the following formula

1

=7 B(v—vy,0) [fuf = fu f] (ptpu—¢' =@ do dv. dv;
4 JR3xR3xS?

QU N e
— for any to > 0 and for any { € RT,
sup || f (¢, )| L1 quyey < 003 (2.9)
t>to
— for any to > 0 and for any N, £ € RT,

sup | f (&, ) v ey < 0. (2.10)
t>to
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Such a solution is known to exist. The problem of existence of solutions was first
studied by Arkeryd in [10] where existence of solutions is proven for not too soft
potentials, that is v > —1 (Goudon [46] and Villani [92] then improved this result
enlarging the class of v considered). We mention that uniqueness of solution for hard
potentials can be proved under some more restrictive conditions on the initial datum,
see the paper of Desvillettes and Mouhot [37] where fy is supposed to be regular
(fo € WH1((v)?)) and the paper of Fournier and Mouhot [43] where fy is supposed to
be localized ([gs foe®"l"dv < 0o for some a > 0) for hard potentials.

Concerning the moment production property, it was discovered by Elmroth [41] and
Desvillettes [36] and improved by Wennberg [100], which justifies our point (2.9) in the
definition of a smooth solution. We here point out the fact that this property is not
anymore true for Maxwell molecules or soft potentials. As a consequence, our method,
which relies partially on this property, works only for hard potentials.

Finally, we mention papers where regularization results are proven for “true" (that
is non mollified) physical potentials: [1] by Alexandre et al. and [33] by Chen and He
where the initial datum is supposed to have finite energy and entropy, [14] by Bally and
Fournier where only the 2D case is treated and [42] by Fournier under others conditions
on the initial datum. Theorem 1.4 from [33] explains our point (2.10).

We now recall previous results on convergence to equilibrium for solutions to equa-
tion (2.1). It was first studied by Carlen and Carvalho [23, 24] and then by Toscani and
Villani [87]. Up to now, the best rate of convergence in our case was obtained by Villani
in [94]:

Theorem 2.1.26. Let us consider fi a smooth solution to (2.1) with an initial datum
fo satisfying (2.8) with finite entropy. Then f; satisfies the following polynomial decay
to equilibrium: for any to > 0 and any € > 0, there exists Cy, . > 0 such that

_1
Vt>to, |Ifi —pllpr < Chet =,

This result comes from [94, Theorem 4.1] which states that if f is a function which
satisfies the following lowerbound

Vv eR?, f(v)> Koe MM with Ko, Ay >0, ¢ > 2 (2.11)
then for any € > 0, there exists an explicit constant K. > 0 such that
D(f) > K- H(f|u)'**. (2.12)

It is a result from Mouhot [73, Theorem 1.2] that the lowerbound (2.11) holds for
any smooth solution f; of our equation (2.1). Let us mention that lowerbounds of
solutions were first studied by Carleman [21] (for hard spheres) and then by Pulvirenti
and Wennberg [80] (for hard potentials with cut-off). Finally, Mouhot [73] extended
these results to the spatially inhomogeneous case without cut-off. We here state Theorem
1.2 from [73] that we use: for any ¢ty > 0 and for any exponent gy such that

log (2 + %)

> 2
1 log 2

)
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a smooth solution f; to (2.1) satisfies
Vt>ty, YveR f(t,v)> Ky e—Aolv]®

for some Ky, Ay > 0.

We can then deduce that the conclusion of Theorem 2.1.26 holds using the Csiszar-
Kullback-Pinsker inequality || f — p|;1 < 2H(f|p) combined with the result of Vil-
lani (2.12).

Let us here emphasize that the method of Villani to prove the polynomial convergence
towards equilibrium is purely nonlinear. Ours is based on the study of the linearized
equation.

The linearized equation

We introduce the linearized operator. Considering the linearization f = p+ h, we
obtain at first order the linearized equation around the equilibrium u

Oih = Lh = Q(u, h) + Q(h, ), (2.13)

for h = h(t,v), v € R3. The null space of the operator £ is the 5-dimensional space

N(L) = Span {u,uvl,uvz,uvs,u\v\2}. (2.14)

Our strategy is to combine the polynomial convergence to equilibrium and a spectral
gap estimate on the linearized operator to show that if the solution enters some stability
neighborhood of the equilibrium, then the convergence is exponential in time. Previous
results on spectral gap estimates hold only in L? (/fl/ 2) and the Cauchy theory for the
nonlinear Boltzmann equation is constructed in L!-spaces with polynomial weight. In
order to link the linear and the nonlinear theories, our approach consists in proving new
spectral gap estimates for the linearized operator £ in spaces of type L'((v)*). To do
that, we exhibit a convenient splitting of the linearized operator in such a way that we
may use the abstract theorem from [51] which allows us to enlarge the space of spectral
estimates of a given operator.

Here is the result we obtain on the linearized equation which provides a constructive
spectral gap estimate for £ in L'((v)*) and which is the cornerstone of the proof of
Theorem 2.1.24.

Theorem 2.1.27. Let k > 2 and a collision kernel B satisfying (2.2), (2.3) and
(2.4). Consider the linearized Boltzmann operator L defined in (2.13). Then, for any
positive A < min(Ao, \y) (where \g is the spectral gap of £ in L*(u~Y/?) defined in
Proposition 2.2.28 and \i, is a constant depending on k defined in Lemma 2.2.34), there
exists an explicit constant Cy > 0, such that for any h € L*((v)*), we have the following
estimate

Vit >0, ||S£(t)h—ﬂh||L1(<,U>k) < Oy G_AtHh—HhHLl((wk), (2.15)

where S¢(t) denotes the semigroup of L and 11 the projection onto N'(L).
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Let us briefly review the existing results concerning spectral gap estimates for L.
Pao [78] studied spectral properties of the linearized operator for hard potentials by
non-constructive and very technical means. This article was reviewed by Klaus [58].
Then, Baranger and Mouhot gave the first explicit estimate on this spectral gap in [15]
for hard potentials (y > 0). If we denote D the Dirichlet form associated to —L:

D(h) = /Rd (—=Lh)hp™t,

and N (£)* the orthogonal of N'(£) defined in (2.14) and IT the projection onto N(L),
the Dirichlet form D satisfies

VheN(L), D(h) =X [[hl72(,1/2), (2.16)

for some constructive constant Ao > 0. This result was then improved by Mouhot [74]
and later by Mouhot and Strain [77]. In the last paper, it was conjectured that a spectral
gap exists if and only if v + 2s > 0. This conjecture was finally proven by Gressman
and Strain in [50].

Another question would be to obtain similar results in other spaces: LP spaces with
1 < p £ 2 and a polynomial weight or LP spaces with 1 < p < 2 and a stretched
exponential weight. Our computations do not allow to conclude in those cases, more
precisely, we are not able to do the computations which allow to obtain the suitable
splitting of the linear operator in order to apply the theorem of enlargement of the space
of spectral estimates. As a consequence, we can not prove the existence of a spectral
gap on those spaces. However, we believe that such results may hold.

We here point out that the knowledge of a spectral gap estimate in L!({v)*) for the
fractional Fokker-Planck equation (see [90]) is consistent with our result. Indeed, the
behavior of the Boltzmann collision operator has been widely conjectured to be that of
a fractional diffusion (see [35, 46, 92]).

Acknowledgments. We thank Stéphane Mischler for fruitful discussions and his
encouragement.

2.2 The linearized equation

Here and below, we denote m(v) := (v)¥ with k& > 2. The aim of the present section
is to prove Theorem 2.1.27. To do that, we exhibit a splitting of the linearized operator
into two parts, one which is bounded and the second one which is dissipative. We can
then apply the abstract theorem of enlargement of the functional space of the semigroup
decay from Gualdani et al. [51] (see Subsection 2.2.4).
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2.2.1 Notations

We now introduce notations about spectral theory of unbounded operators. For a
given real number a € R, we define the half complex plane

Ag:={2€C, Rez>a}.

For some given Banach spaces (E, | - ||g) and (&, || - ||¢), we denote by B(E,E) the
space of bounded linear operators from FE to £ and we denote by || - || zze) or || - [[E—e
the associated norm operator. We write Z(E) = #A(E, E) when E = £. We denote by
€ (E, &) the space of closed unbounded linear operators from E to & with dense domain,
and ¢ (F) = ¢(E,E) in the case E = €£.

For a Banach space X and A € ' (X) we denote by Sx(t), t > 0, its semigroup,
by D(A) its domain, by N(A) its null space and by R(A) its range. We also denote by
Y (A) its spectrum, so that for any z belonging to the resolvent set p(A) := C\X(A) the
operator A — z is invertible and the resolvent operator

Ra(z) == (A —2)!

is well-defined, belongs to #(X) and has range equal to D(A). An eigenvalue £ € X(A)
is said to be isolated if

YA)N{zeC, |z-¢ <r}={¢} for some r > 0.

In the case when ¢ is an isolated eigenvalue, we may define Il ¢ € (X)) the associated

spectral projector by
1

— R d
57 /Z£:T, A(z)dz

with 0 < 7’ < r. Note that this definition is independent of the value of r’ as the
application C\ X(A) — #(X), z — Ra(z) is holomorphic. For any £ € X(A) isolated, it
is well-known (see [57] paragraph I11-6.19) that H%’g = IIp ¢, so that II ¢ is indeed a
projector.

HAf = —

When moreover the so-called “algebraic eigenspace” R(II ¢) is finite dimensional we
say that € is a discrete eigenvalue, written as £ € Xg(A).

2.2.2 Spectral gap in L?(u~'/?)

We here state a direct consequence of inequality (2.16) from [15], which gives us a
spectral gap estimate in L?(p~1/2).

Proposition 2.2.28. There is a constructive constant Ag > 0 such that

Vi>0, VhelL*(u %), |Ss(t)h— M| 2172y < €20 |h = TR 2,172y



60 CHAPITRE 2. BOLTZMANN EQUATION WITHOUT CUT-OFF

2.2.3 Splitting of the linearized operator

We first split the linearized operator £ defined in (2.13) into two parts, separating
the grazing collisions and the cut-off part, we define

b5 = ]lgg(; b and bg = 1925 b
for some § € (0,1) to be chosen later, it induces the following splitting of L:
Lh = Lsh + L5h

— / [ = k4 Bopd = hapt] bs(cos 0)|v — v.|" do do,
R3xS2

+ (Wb — pch + By’ — hap] b§(cosO)|v — v ] do dvs.
R3xS?

In the rest of the paper, we shall use the notations
Bs(v — vk, 0) :=bs(cosf) [v —v|” and Bf§(v — vs,0) := b§(cos ) |v — vi|”.

As far as the cut-off part is concerned, our strategy is similar as the one adopted
in [51] for hard-spheres. For any ¢ € (0, 1), we consider ©. € C* bounded by one, which
equals one on

{|v| <eland 2 <|v—v,] <e!and|cosf <1-— 25}
and whose support is included in
{]v| <2 lande <|v—uv] <2 and|cos f <1 —5}.
We then denote the truncated operator
Aso(h) = /IR3><S268 (W b+ W' R, — phy] b§(cos0)|v — v.|” do du,
and the corresponding remainder operator

B (h) = /R?)XSQQ O+ @ W — k] b5(cos O)|v — v do do.

We also introduce
vs(v) ::/ pix b5 (cos 0)|v — v, |7 do du,
R3 xS2

so that we have the following splitting: £§ = As. + Bg,g — Us.
Moreover, vy satisfies
vs(v) = Ks (u=| - |7)(v)
with

/2 —2s
Kj = / bs(cos ) do ~ / b(cos ) sinfdh ~ 52 — <7T> — 400
s? 5 2 50
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using the spherical coordinates to get the second equality and (2.3) to get the final one;
and

(o[- [7)(v) = ()7
We finally define
8578 = L5+ Bgﬁ —Us

so that £ = As. + Bs.

Dissipativity properties

Lemma 2.2.29. There exists a function pi(d) depending on k and tending to 0 as 6
tends to 0 such that for any h € L*((v)Ym), the following estimate holds:

Aéﬁdhﬁgn@)mdv§Q%Q)WMH«WWM. (2.17)

Proof. Let us first introduce a notation which is going to be useful in the sequel of the
proof:

/2 J
K§ = / bs(cos 0) sin®(9) df = / b(cos 0) sin?(0) df ~ 6172 6——0—> 0, (2.18)
0 0 -

where the last equality comes from (2.3). We here underline the fact that considering a
moderate singularity, meaning s € (0,1/2), is here needed to get the convergence of k;
to 0 as & goes to 0.

We split L; into two parts in the following way:

Lsh= [  [W.h' — psh] bs(cos8)v — v,|? do dv,
R3 xS?
+ (R p — by ] bs(cos8)|v — v, |7 do do,
R3xS?
=: Lih + L3h,

this splitting corresponds to the splitting of L5 as Qs(u, h) + Qs(h, 1) if Qs denotes the
collisional operator associated to the kernel By.

We first deal with £}. Let us recall that we have pu, = p/ . In the following
computation, we denote g := h p '

/ L}(h) sign(h) m dv
R3

= Bs(v — vy, 0) s [¢' — g] sign(g) mdo dv, dv
R3 xR3 xS2

= Bs(v — vy, 0) pps [ — g] [sign(g) — sign(g’)] mdo dv, dv
R3 xR3 xS2

+ / Bs(v — vy, 0) pips [g' — g] sign(g’) mdo dv, dv
R3xR3xS?

< / Bs(v — vy, 0) pps [ — g] sign(g') mdo dv. dv,
R3 xR3 xS2
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where we used that for any a, b € R, (a — b)(sign(a) — sign(b)) < 0 to get the last

inequality.

Remark 2.2.30. We here emphasize that this computation is particularly convenient in
the L' case since sign(h) = sign(g). In the LP case, it is trickier and for now, we are
not able to adapt it to get the wanted estimates.

We now use the classical pre-post collisional change of variables to pursue the

computation:
/ L}(h) sign(h) mdv < / Bs(v —ve,0) pp s [g — '] sign(g) m' do dv, dv
R3 R3XRR3 xS?
= Bs(v — vs,0) pps [9 — ¢] sign(g) (m' —m) do dv, dv
R3xR3 xS?

+ / Bs(v — vy, 0) pps [g — ¢'] sign(g) mdo dv, dv.
R3 xR3 xS2

= Bs(v = vy, 0) s [9 — ¢'] sign(g) (m' —m) do dv. dv
R3 xR3 xS2

—/ LL(h) sign(h) m dv.
RS

We hence deduce that
/ L}(h) sign(h) m dv
R3

<

<

1

T 2 JR3xR3xS?

Bs(v — vy, 0) s [g — ¢'] sign(g) (m' — m) do dv, dv

/ Bs(v — vy, 0) i s |g| |m” — m| do dv dv
R3 xR3x§?

Bs(v — vy, 0) ps |h] |m' — m| do dv, dv.

R3xR3xS2

We now estimate the difference |m’ — m/|:

with

Im' —m| < ( sup IVmI(Z)> o' = v,

z€B(v,|v—v])

1
[v) — v = |v —vi|/2 8in (0/2) < —=|v — v,| sind.

2v2

Then, we use the fact

sup V| (z) < k okl (<v>k72 + (v — v’>k*1>
z€B(v,|v'—v])

< k‘22(k_1) <<,U>k;—2 + <’U*>k_1>,

which implies that

[m’ = m| < Cg o —v.] sing ((v)F + (w1, (2.19)

for some constant C} > 0 depending on k.
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Remark 2.2.31. We here point out that this kind of estimate does not hold in the case
of a stretched exponential weight. Indeed, taking the gradient of a stretched exponential
function, there is mot anymore a gain in the degree as in the case of a polynomial
function.

We finally obtain

/ Lk(h) sign(h) m dv
R3

< Cy, bs(cos 0) sin 6 pu, |v — v, |V (<U>k_1 + <U*>k_1) |h| do dv, dv
R3 xR3 xS2

w/2 2m
< Ck/ bs(cos ) sin2(9)d0/ do
0 0 R3

< Cy ks / Ih] (v)" mdv,
R3

o el = (@) (0 [l do

X

(2.20)
where we used spherical coordinates to obtain the second inequality and (2.18) to obtain
the last one.

We now deal with E(%. We split it into two parts:

L3h = (R 1 — by ] bs(cos0)|v — v.|" do dv.
R3xS?
= / Bs(v — vy, 0) B, [y — p] do dv, + Bs(v — vy, 0) [hy — hy] dodvs p
R3 xS? R3xS2
= L3 h+ L5

Concerning [,3’2, we use the cancellation lemma [1, Lemma 1]. It implies that

L3*h = (S5 h)

with
Ss(z) =2 /Tr/2 sin 0 bs(cos 6) (W - \z|7) do
S o cost3(6/2)

/2 1 —cos™3(6/2)

— o |2|7 i

27 |z| /0 sin 0 bs(cos 0) o5 73(0,2) do

J 1 —cos™3(6/2)

pu— 2 ’y 1

2] /0 sin 6 b(cos 0) o T3 (02 do

1

gcwf sin 0 b(cos 0) 6% db
0

<COTE

_cost3
where the next-to-last inequality comes from the fact that %g,(g%/f) ~ VTJ“S 62

goes to 0. We hence deduce that for any 6 € (0,9), %:(2(%)2) < C 6? for some C > 0;

as 0
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and the last inequality comes from (2.3). We deduce that
2,2 .
o L7 (h) sign(h) mdv < /]R3 |Ss * h| m pdv

<o [ (P pmde
(2.21)
<05 /Rs(| ) || do

gcaHS/ | (0)" do.
R3

We now deal with E?l. To do that, we introduce the notation M := ,/u and write
that u/ —p = (M’ — M)(M' + M), which implies

£3"(h)sign(h)mdv < / Bs(v — vy, 0) [R[|M" = M| (M + M) mdo dv, dv

R3 R3 xR3xS2

</ Bs(v — vy, 0) |WL| [M' — M| M’ |m' — m|do dv, dv
R3XR3xS?

+ Bs(v — vy, 0) |hL| M — M| M'm/ do dv, dv
R3xR3xS?

+ Bs(v — vy, 0) |hL| [M" — M| M m do dv, dv.
R3XxR3 xS?

We now perform the pre-post collisional change of variables, which gives us:

/3 E?’lhsign(h) mdv < / Bs(v — vy, 0) |ha| [M' — M| M |m’ — m| do dv, dv
R R

3xR3xS2

—i—/ Bs(v — vy, 0) |hs| [M" — M| M m do dvy dv
R3XxR3 xS?

+/ Bs(v — vy, 0) |hi| [ M — M| M'm/ do dv, dv
R3xR3xS2

=L+ 1+ Is.

For the term I, we use the fact that M is bounded and the estimate (2.19) on
|m’ —m]:

n< ck/ b (cos ) sin @ | — [+ [ M (0¥ 4 (1)5) do du dv
R3xR3xS?

< Cy /@5/ || (v)7 mdv.
R3
(2.22)
The term I is treated using that M is Lipschitz continuous, we obtain:

I < Crs / B (o) do. (2.23)
R3
To treat I3, we first estimate the integral

/ Bs(v — vay0) | M — M| M'm do dv =: J(v,) = J.
R3 xS2
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Using the fact that M is Lipschitz continuous, we have
J<C bs(cos ) sin(0/2) |v — v [T M m/ do dv.
R3 xS2

Then, for each o, with v, still fixed, we perform the change of variables v — v’. This
change of variables is well-defined on the set {cos@ > 0}. Its Jacobian determinant is

(o)

dv’ 1
C :7(1—1_"{'0-): A )

dv 8

where k = (v—v,)/|v—v.| and &' = (V' —v,)/|[v" —v.|. We have K"-0 = cos(6/2) > 1//2.
The inverse transformation v" — 1, (v’) = v is then defined accordingly. Using the fact
that

cosf=k-0=2(K-0)>—1 and sin(h/2) = \/1—COS2 (0/2) = \/1— (k- o)

we obtain

JEC [ bR 0 = 1) 1= (70 a0) = 0 M) m() dvdo
<O [ B o = DT (o) — M) o }U)de’da
<C bs(205 - 0)2 — 1) /1 — (5 0)2 [t (v) — va] "+ M () m(v) (mla)z dv do.

H~021/\/§
We now use the fact that |¢,(v) — vi| = |v — vi|/(k - 0). We deduce that

~ 1
J< C/K'UZI/ﬂb(;Q(;{ 0P 1 (0Pl M) (o) g dvdo
<C bs(2(k-0)2 —1)\/1 = (k-0)2|v — v |7 M(v)m(v)dvdo

R3xS2

where we used the fact that x - o > 1/v/2 to bound from above 1/(k - ¢)Y+3. Using the
equalities
cos(20) =2(k-0)* =1 and sinf = /1 — (k-0)2,

we obtain
J<C bs(cos(20)) sin @ |v — v, "™ M m dv do
R3 xS?
< 0/2 bs(cos(20)) sin O do /3<U>7+1 M m dv (v,)7
s R

< Crs (v)7H

Using this last estimate, we can conclude that
I3 < Cks / |h| ()7 do. (2.24)
R3

Gathering estimates (2.20), (2.21), (2.22), (2.23) and (2.24), we can conclude that
(2.17) holds. O



66 CHAPITRE 2. BOLTZMANN EQUATION WITHOUT CUT-OFF

We now want to deal with the part nga — vs. To do that, we shall review a classical
tool in the Boltzmann theory, a version of the Povzner lemma (see [99, 17, 72, 18]). The
version stated here is a consequence of the proof of Lemma 2.2 from [72].

Lemma 2.2.32. For any k > 2,
Yo, v, € R3, /2 {(v@k + (V') — (v,)* — (v)k} bs(cos ) do
S
<G ()5 () + @) = Cp ol

for some constants Cy, C), > 0 depending on k.

Proof. If we adapt the proof of Lemma 2.2 from [72] taking ¢ = (-), we obtain
L [0+ 00 = @) = )] b(cost) dor
S
w/2
<0y ( | teos0)sin®(6) d9> (" () + ) (w)) = Chg o
0

with CJ s o T and Cj s > C}. > 0 for any § € (0,1). We then conclude using (2.3)
bl ﬁ k)
which implies that

/2 o\ 1-28
/ b5 (cos 0) sin®(0) do) ~ (2> e e
0

for any § € (0,1). O
We can now prove the following estimate on Bf_ — vs.

Lemma 2.2.33. For any k > 2, for any € € (0,1) and for 6 € (0,1) small enough, we

have the following estimate : for any h € L*({v)Ym),

s B§ . (h) sign(h) m dv — /R3 vs |hfmdv < (Aps(e) — M) ||h||L1(<v>'Ym) (2.25)
where A\, > 0 is a constant depending on k and Ay 5(€) is a constant depending on k and
& which tends to 0 as € goes to 0 when k and 0 are fixed.

Proof. We compute

185 hllLim) < / . (1=0¢) B§(v— v, 0) [ | W| + g || + pl | | mdo dvy dv.
R3 xR3xS?

We first bound from above the truncation function (1 — ©,):

185 Al gmy < [ B§(v = vay0) | (' 4+ ml, +m.) dor do. do
{| cos 0|€[1—¢,1]}

+/ Bg(v_v*aa)u*|h| (m,+m;+m*)dadv*dv
{lv—v«| <e}

+/ B§(v — vs,0) [M;‘h/’—i-,u/\h;’-i-u\h*] ] mdo dv, dv,
{lv] >e~lor |v—vs| >e—1}
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where the pre-post collisional change of variables has been used in the two first terms.
We obtain that ||B§ hl|p1(m) is bounded from above by

C < / Ty b(cos 0) da+K557> / 1 () B] ()7 do, do
{|cosfle[l—€,1]} R3 xR3

+ Xe1 B — v, @) [ WLIW| + [1,] + ] | mdo dv. do
R3 xR3 xS2

= Ji1+J
(2.26)
where x.-1 is the characteristic function of the set
{\/|v|2 +vef2 > e tor|v— v >t } .
The first term of the right hand side of (2.26) is easily controlled as
J1 < CpCse ||h||L1(<U>’ym). (2.27)

As far as the second term in (2.26) is concerned, we write
Jy = / Xe-1B§ (v — vi,0) [ wh|W| + @/ |hL) + plhy| | mdo dv, dv
R3xR3xS?

= oo g X1 B3 (0 = 0 0) [N |+ (R = pslh] = pl | | mdo vy dv

+K§/ Xe—1 M*’h‘ ’U —’U*Wmd'l)* dv
R3 xR3

—|—2K5/ Xe—1 ptlhs| |v —vie]? mdu, dv
R3xR3

=T+ 1o+ T;.

We notice that the characteristic function y.-1 is invariant under the usual pre-post
collisional change of variables as it only depends on the kinetic energy and momentum.
We hence bound the term 73 thanks to Lemma 2.2.32:

I < / Xe—1 fix [P [0 — 0.7 / (<U;>k + (W) — (w)F — (U)k> b$(cos 8) do dv, dv
R3xR3 S2
<Ch [ et palhl o= vl (@) (o) + )0 dv do
R3XxR3
_Cllc / Xe—1 ,u*|h| |'U—U*‘7|’U|kd’[)* dv
R3xR3
<O [ e mlbl o — e (05 o) + (o) () dodo
R3XxR3
+ O}, / Xe—1 fs| h] |0 — vi|7 dvy dv
R3xR3

— Cy 21 k2 / Xe—1 s |0 — va|7 (0)F dov, dv
R3xR3

=:T11 + T12 + T13.
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We treat together the terms 711, T12 and T3 using the following inequality:

Xe—1(0,05) < Lypyime-1/2) + Ljoujze-1/23 < 26(fv] + |vi]).
We obtain:
T+ T+ T3

<eC [ (ol foul el fo =7 (00 w0 + (0) (0)") dow do
R3xR3

+eCh [ (ol o) sl o = v v do (2.28)
R3xR3

+5K5/ (o] + [0a]) ela| |0 = va]¥ 2 o do
R3xR3

< e C Cs [|All L1 (wyrmy)-
Gathering (2.27) and (2.28), we conclude that
Ji+Tn+Tie+ T3 <CpCs (e + 67) HhHLl(<v)'ym) =: Ak75(€) ”hHL1(<U>'Ym)' (2.29)

We now put together the terms Ti3, 15 and the term coming from vy, their sum is
bounded from above by

—K;s (17X5—1)[1/*”U7U*|ﬂ{‘h|mdv*d'l}*c’/€2l_k/2/ Xe—1 |V — vi |7 |h|mdvdv.
3

R3xR3 R3 xR

Since K5 — 0o as 6 — 0, we can take ¢ small enough so that K5 > Cj, 21-k/2  we obtain
the following bound:

—Cp2!i Tt /Rﬁ)(u |- ) hlmdv < =X [[h]] L1 () rm)- (2.30)

Combining the bounds obtained in (2.29) and (2.30), we can conclude that (2.25)
holds, which concludes the proof. ]

We can now prove the dissipativity properties of Bs. = L5 + Bg,s — Us.

Lemma 2.2.34. Let us consider a € (—\i,0) where X\, is defined in Lemma 2.2.33.
For § > 0 and € > 0 small enough, Bs. — a 1is dissipative in LY(m), namely

Vt>0, (188, (Ot m)y—ri(m) < e

Proof. Gathering results coming from lemmas 2.2.29 and 2.2.33, we obtain
/]RB Bse(h)sign(h) mdv < /R3 (0(8) + Ak s(e) — Ag) |h| (v)? mdv

We first take § small enough so that ¢ (d) < (a+Ag)/2. We then chose € small enough so
that Ay 5(e) < (a+ Ag)/2. With this choice of § and ¢, we have the following inequality:

gok(d) + Ak’g(&“) — /\k S a.
It implies that

/RS Bs.o() sign(h) m dv < allhl| 1 (tey o).
which concludes the proof. O
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Regularization properties

We first state a regularity estimate on the truncated operator As. which comes
from [51, Lemma 4.16].

Lemma 2.2.35. The operator As. maps L'({v)) into L? functions with compact support.
In particular, we can deduce that As. € B (L2 (u_1/2)> and As. € B (L (m)).

We now study the regularization properties of T'(t) := As. Sp; . (1)

Lemma 2.2.36. Consider a € (—\,0). For a choice of 0, € such that the conclusion
of Lemma 2.2.34 holds, there exists a constant C > 0 such that

1T L2172y < C ™ 17l L1y

Proof. We here use Lemma 2.2.35. We introduce a constant R > 0 such that for any h
in L*((v)), supp (Ah) C B(0, R). We then compute

1/2
1T 2172y < © ( Lo R)(T(t)h)?@) < OS85 ()R] 22 (o

< C|1S8;.. ()Rl 1my < Ce™ ||| 11 (m)

where the last inequality comes from Lemma 2.2.34. O

2.2.4 Spectral gap in L'({v)*)
The abstract theorem

Let us now present an enlargement of the functional space of a quantitative spectral
mapping theorem (in the sense of semigroup decay estimate). The aim is to enlarge the
space where the decay estimate on the semigroup holds. The version stated here comes
from [51, Theorem 2.13].

Theorem 2.2.37. Let E, £ be two Banach spaces such that E C £ with dense and
continuous embedding, and consider L € € (E), L € €(E) with Ly = L and a € R. We
assume:

(1) L generates a semigroup Sr(t) and
S(L) N A, = {6} € Sull)

for some & € C and L — a is dissipative on R (Id —IIp¢).

(2) There exist A, B € €(E) such that L = A+ B (with corresponding restrictions A
and B on E) and a constant Cy > 0 so that

(i) B —a is dissipative on &,
(ii) Ae B(E) and A e B(E),
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(iii) T'(t) := ASp(t) satisfies
Vt>0, [[T(t)]pem < Cae™
Then the following estimate on the semigroup holds:
Va' >a,Vt>0, [ISe(t) = SLO)Teell e < Cpe®t

where Cyr > 0 is an explicit constant depending on the constants from the assumptions.

Proof of Theorem 2.1.27

The conclusion of Theorem 2.1.27 is a direct consequence of Theorem 2.2.37. Indeed,
denoting £ = L?*(u~/?) and £ = L'(m), assumption (1) is nothing but Proposi-
tion 2.2.28, assumption (2)-(i) comes from Lemma 2.2.34, (2)-(ii) from Lemma 2.2.35
and (2)-(iii) from Lemma 2.2.36. We can conclude that estimate (2.15) holds.

2.3 The nonlinear equation

We first establish bilinear estimates on the collisional operator and we then prove
our main result: Theorem 2.1.24.

2.3.1 The bilinear estimates

Proposition 2.3.38. Let B satisfying (2.2), (2.3) and (2.4). Then

1QA, W)z my < € (Il (toyramy Il my + Wl 2 oy WAl oy )
for some C' > 0.

Proof. We split Q(h,h) into two parts and we use the pre-post collisional change of
variables for the second one, we obtain

QU M)z = [ mdo

R3

/ B(v —ve,0) (W, — h)h+ (W — WKL) do do,
R3xS?

g/ / B(v — ve,0) (. — hy) do dv.| |h| m dv
R3 [JR3xS2

+/ B(v — vy, 0) |k — k| |h.] mdo dv, dv
R3xR3x$?

S/ / B(v — vy, 0) (h, — hy) do dv,| |h| m dv
R3 |/R3xS?

—I—/ B(v — vy, 0) |k — h| |he] m/do dv, dv
R3 xR3xS?

=T + Tb.
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We first deal with T3 using the cancellation lemma [1, Lemma 1]:
T :/ 1S h| || m dv
R3

with
S(z) =2 /W/2 in 0 b( 9)(W—| n) 0
z m | sinfb(cos ot
1 —cos?t3(6/2)
cos7t3(6/2)

/2
=27 |z|" / sin 0 b(cos 0) de
0

< Clz|.

We deduce that
Ty < Chll Lt (o 1P L1 () vm) -

We now treat the term 75 which is splitted into two parts:

T = / B(v —va,0) |W'm’ — hint| || do dv. do
R3xR3xS2

</ B(v — vy, 0) |h'm' — hm| |hs| do dv, dv
R3xR3x§?

+/ B(v — vi,0) |m' —m||h| |hs| do dv, dv
R3 xR3xS?
=:To1 + Ts.

Concerning 751, we have to estimate

/ b(cosB) v — v |Y |W'm' — hm|dvdo =: J(vi) = J.
R3 xS?

71

(2.31)

To do that, we use Taylor formula denoting v, := (1 — u)v + uv’ for any u € [0, 1], which

allows us to estimate |h'm’ — hm|:

|h'm/ — hm| =

/0 Y (hm) @) - (0 — o) du

1
< / IV (hm) (B)| [0 — vs| sin(6/2) du.
0
It implies the following inequality on J:

J<C b(cos B) sin(8) [v — v, " |V (hm)(T,)| dudo dv.
R3xS2x[0,1]

Moreover, if v # v,, we have the following equality:

1 _
[ n+ﬂa|vu_v*'
2 2

|U_U*’:}
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Using the fact that 0 < (k,0) < 1, one can show that for any u € [0, 1],
(1-3) <372
—— ) k+ = )
2 271 = 2
We can thus deduce that for any u € [0, 1], we have |v — v,| < C|v,, — v4| for some C' > 0,
which implies

1

J<C b(cos 0) sin(0) [T, — vi" Tt |[V(hm)(Ty)| dudo dv.
R3xS2x[0,1]

For u, v, and o fixed, we now perform the change of variables v — ©,. Its Jacobian

determinant is
2 3
U U u U 1
(1 2) (1 5 + 2(/1,0)) > (1 2) 23

since (k,0) > 0. Gathering all the previous estimates, we obtain

dvy,

dv

J< 0/2 b(cos 6) sin(8) do / o — w7 |V (hm)(v)] do.
S R
We thus obtain :

To1 < C Al Lryr+1y Blwrawyr+im)- (2.32)

Let us finally deal with Th2. We here use the inequality (2.19):

Ty <C B(v —v.,0) [l || ()51 + (wa)¥1) of = ] do o, dv
R3 xR3 xS2

< c/ b(cos 6) sin(6) da/ B el (@) 051 o — o7+ do, do
NG R3xR3
< CIhl 1 wyvm) 1Bl L1 1y

(2.33)
Inequalities (2.31), (2.32) and (2.33) together yield the result. O

We now recall a classical result from interpolation theory (see for example Lemma
B.1 from [66]).

Lemma 2.3.39. For any s, s*, q, ¢* € Z with s > s*, ¢ > ¢* and any 6 € (0,1), there
exists C > 0 such that for any h € W& 1((v)97"), we have

Bllwes gy < C RIS s ey 11 gors
with s**, ¢** € Z such that s = (1 — 0)s* + 0s™ and g = (1 — 0)¢* + 0g**.

It allows us to prove the following corollary which is going to be useful in the proof
of our main theorem.
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Corollary 2.3.40. Let B satisfying (2.2), (2.3) and (2.4). Then
3/2 1 2 3 2 1/2
1QUR, )2y < € (RIS ) WRIAT y2rimy + NGy NI gy ) -
Proof. On the one hand, using Lemma 2.3.39, we obtain:

A%

1 2
1l (oyrmy < I i

2'\/m
On the other hand, again using twice Lemma 2.3.39, we obtain
11 L (qoyry Il oyrermy < PG oyvineny

< CIhllpiomy IPllwar s,
3/2 1/2
< CnB2 R,

1(m) | WAL((v)dr+h+dy:

To conclude we use that for any ¢ € N, we can show using Holder inequality that

12l L2 (qwyey < C IRl L2((w)a+2)-

O
2.3.2 Proof of Theorem 2.1.24
Let fo = pu+ hg and consider the equation
Othy = Lhy + Q(hy, he),  h(t =0) = ho. (2.34)

Let us notice that for any ¢ > 0, we have IT h; = 0. Indeed, fy has same mass, momentum
and energy as u, it implies that [T hg = 0 and these quantities are conserved by the
equation.

We now state a nonlinear stability theorem which is the third key point (with
Theorems 2.1.26 and 2.1.27) in the proof of Theorem 2.1.24.

Theorem 2.3.41. Consider a solution hy to (2.34) such that
Vt >0, [htllgaguymersy < K
for some K > 0. There exists n > 0 such that if moreover
VE2 0, [[hellprwyzvm) <7
then there exists C > 0 (depending on K and n) such that
VE>0, [hellLim) < Ce ™ [[hollLim)

for any positive A < min(Xo, ) (see Theorem 2.1.27).
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Proof. We use Duhamel’s formula for the solution of (2.34):

t
he=Se(®) o+ [ Se(t = 5) Qhushy) ds.
0
We now estimate ||A¢[|11(,,,) thanks to Theorem 2.1.27 and Corollary 2.3.40:

1Pt 1 gmy < 6_”!\hollL1 (m)

1/4 1/2 3/4 5/4
+c/ D (sl Pty Vsl guyinsacsy F 1l Pty )1l Pt

||h0HL1(m +C/ A(t—s) (K1/2 1/4+773/4) ||h H5/4 ds.

We denote n' := C (K 12p1/4 4 B/ 4). We end up with a similar differential inequality as
in
[75, Lemma 4.5]. We can then conclude in the same way that

VE>0, |hllpiom < Ce M holl L m),
for some C’ > 0. O

To conclude the proof of Theorem 2.1.24, we consider 17 > 0 defined in Theorem 2.3.41.
Using Theorem 2.1.26, we can choose t; > 0 such that

Vt>ty,  [hellpimy = 1o —wllpigm <n
Thanks to the properties of a smooth solution, we also have
Vi >t |hellgaquymrrey < [ fell magysrenrey + |l gagoysrintey < K

for some K > 0. We can hence apply Theorem 2.3.41 to h; starting from ¢;. We finally
obtain
Vit |fe—pllpiem < Ce bl < C"e™,

for some C” > 0. The conclusion of Theorem 2.1.24 is hence established.



Chapter 3

Cauchy problem and exponential
stability for the inhomogeneous
Landau equation

RESUME. Ce travail traite de I’équation de Landau inhomogéne en espace dans le tore
dans les cas de potentiels durs, maxwellien et faiblement mous. Nous nous intéressons
tout d’abord a I’équation linéarisée pour laquelle nous prouvons des estimations de
décroissance exponentielle du semi-groupe associé grace a la théorie développée dans [51].
Nous revenons ensuite au probléme non linéaire pour lequel nous construisons des
solutions dans un régime proche de I’équilibre (grace aux estimations sur le semi-groupe
linéarisé) dans des espaces de type L? & poids polynomial ou exponentiel, élargissant
ainsi I'espace dans lequel un tel résultat avait été obtenu dans [52]. Pour finir, nous
prouvons une stabilité exponentielle pour une telle solution avec un taux aussi proche
que l'on veut du taux optimal donné par la décroissance du semi-groupe.

ABSTRACT. This work deals with the inhomogeneous Landau equation on the torus
in the cases of hard, maxwellian and moderately soft potentials. We first investigate
the linearized equation and we prove exponential decay estimates for the associated
semigroup using the theory developed in [51]. We then turn to the nonlinear equation
and we use the linearized semigroup decay in order to construct solutions in a close-
to-equilibrium setting in L? spaces with polynomial and exponential weights, we thus
largely widen the space in which such a result was obtained in [52]. Finally, we prove an
exponential stability for the solution constructed, with a rate as close as we want to the
optimal rate given by the semigroup decay.

75
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3.1 Introduction

3.1.1 The model

In this paper, we investigate the Cauchy theory associated to the spatially inhomoge-
neous Landau equation. This equation is a kinetic model in plasma physics that describes
the evolution of the density function F' = F(t,x,v) in the phase space of position and
velocities of the particles. In the torus, the equation is given by, for F' = F(t,z,v) > 0
with t € RT, 2 € T3 = R3/Z? (that we assume without loss of generality to have volume
one) and v € R3,

OF +v-V,F=Q(F,F
Fli—o = Fo
where the Landau operator () is a bilinear operator that takes the form
Q(G, F)(v) = 0, / aij (v — v,) [GO,F — FO,G,] do, (3.2)

and we use the convention of summation of repeated indices, and the derivatives are in
the velocity variable, i.e. 9; = 0,,. Hereafter we use the shorthand notations g. = g(v),
F = F(0), 8300 = 00, 9(v2), 5 = Doy f(0), et

The matrix a;; is symmetric semi-positive, depends on the interaction between
particles and is given by

ViV,
oi0) = bl (3= ). 3:3)
We define, see [92], in 3-dimension the following quantities

bl( ) = 8-aij(v) = -2 ’UW Vi,

| (3.4)
c(v) = 0jai5(v) = =2(y+3)|v]” or c¢=8ndy if v=-3.

We can rewrite the Landau operator (3.2) in the following way
Q(G,F) = (aij %o G) 0iF — (c%y G)F =V, - {(a*y 9)Vof — (b, 9)f}. (3.5)

We have the following classification: we call hard potentials if v € (0, 1], Maxwellian
molecules if v = 0, moderately soft potentials if v = [-2,0), very soft potentials if
v € (—3,—2) and Coulombian potential if v = —3. Hereafter we shall consider the cases
of hard potentials, Maxwellian molecules and moderately soft potentials, i.e. v € [—2,1].

The Landau equation conserves mass, momentum and energy. Indeed, at least
formally, for any test function ¢, we have

OF _ Ok, > (05 — 0jp«) dv dvy,

1
/R3 Q(F, F)pdv = §/R3><]R3 a;j(v — vy) FF, < 2 .

from which we deduce that for p(v) = 1,v, |v|?,

d
G L Fewdrav= [ [QEF) v VoFpl)drde=0. (36)
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Moreover, the Landau version of the Boltzmann H-theorem asserts that the entropy
H(F) ::/ F log F dz dv
T3 xR3

is non increasing. Indeed, at least formally, since a;; is nonnegative, we have the following
inequality for the entropy dissipation D(F):

d
D(F) := —%H(F)
1 OF OF\ (0;F O;F,
_ 1 gy Gl _ > 0.
3 Jus sz aij(v — vy FF < I . ) ( I F ) dvdv,dx >0

It is known that the global equilibria of (3.1) are global Maxwellian distributions
that are independent of time ¢ and position x. We shall always consider initial data Fj
verifying

/ Fydrdv=1, / Fovdxdv =0, / Fy|v|*dzdv = 3,
T3 xR3 T3 xR3 T3 xR3

therefore we consider the Maxwellian equilibrium
p(v) = (2m) 78/ 2e /2

with same mass, momentum and energy of the initial data.
We linearize the Landau equation around g with the perturbation

F=pu+f
The Landau equation (3.1) for f = f(¢,z,v) takes the form

{ Of =Af+Q(f, f)=Lf —v-Vof +Q(f,f)
fit=0 = fo = Fo — p,

where A = L — v - V, is the inhomogeneous linearized Landau operator and the homoge-
neous linearized Landau operator L is given by

Lf:=Qu, f)+Qf 1)

(3.7)

(3.8)
= (aij * ) O3 f — (e p)f + (ag; * f) Oijp — (c* fp.
Through the paper we introduce the following notation
@ij(v) = ajj % p,  bi(v) = by xp, &(v) =c*pu. (3.9)

The conservation laws (3.6) can then be rewritten as, for all ¢ > 0,

/]I‘3><R3 ft,z,v)p()dzdv =0 for o(v)=1,v, v/ (3.10)
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3.1.2 Notations

Through all the paper we shall consider function of two variables f = f(z,v)
with z € T? and v € R3. Let m = m(v) be a positive Borel weight function and
1 < p,q < o0o. We define the space LLLP(m) as the Lebesgue space associated to the
norm, for f = f(z,v),

HfHLgL{)’(m) = |H|f||L5(m)HLg = ||Hm fHij

1/q

- ( [ 17 M da:)
a/p 1/q
:</T%</R%yf(x,v)ypm(v)f’du> dx) .

We also define the high-order Sobolev spaces W4W.P(m), for n, £ € N:

Li

1 gy = > 10292 1l 2 25 my-
0<|a|<e,0<|B|<n, |af+|B|<max(€,n)

This definition reduces to the usual weighted Sobolev space Wfﬁj (m) when p = ¢ and
¢ = n, and we recall the shorthand notation H® = W¥%2. In the case of negative Sobolev
spaces we define the space H L(m) associated to the norm

HfHH*l m) Hme}Lr1
z,v( ) z,v

as well as H?H, 1(m), for n € N, associated with the norm

1/2
HfHHgH;l(m) = Z HaffHLgH;l(m) = Z (/3 Hmaff”?fv—l dar)

0<[Bl<n 0<[B|<n ””

We shall denote WP(m) = Wf:g (m) when considering spaces in the two variables (x,v).
Moreover, we denote WP = WP(T3) and its dual space is W, 7" when considering
only the z-variable. Similarly, WP (m) = W%P(R2;m) and its dual space is W, ¢ (m)
when considering only the v-variable.

Let X,Y be Banach spaces and consider a linear operator A : X — X. We shall
denote by Sy (t) = et the semigroup generated by A. Moreover we denote by %(X,Y)
the space of bounded linear operators from X to Y and by || - || 5(x y) its norm operator,
with the usual simplification Z(X) = (X, X).

For simplicity of notations, hereafter, we denote (v) = (1 + [v]?)1/?; a ~ b means

that there exist constants cq,ca > 0 such that ¢1b < a < cob; we abbreviate “ < C 7 to
“ <7 where C is a positive constant depending only on fixed number.
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3.1.3 Main and known results
Cauchy theory and convergence to equilibrium

We develop a Cauchy theory of perturbative solutions in “large” spaces for v € [—2, 1].
We also deal with the problem of convergence to equilibrium of the constructed solutions,
we prove an exponential convergence to eugqilibrium. Let us now state our assumptions
for the main result.

(HO) Assumptions for Theorem 3.1.42:
— Hard potentials v € (0,1] and Maxwellian molecules v = 0:

(i) Polynomial weight: m = (v)F with k > v+ 7+ 3/2.
(ii) Stretched exponential weight: m = e"*)° with 7 > 0 and s € (0,2).
(iii) Exponential weight: m = er? with r € (0,1/2).
— Moderately soft potentials v € [—2,0):
(i) Stretched exponential wieght: m = ") with r > 0, s € (=7, 2).

(ii) Ezponential weight: m = e™)* with r € (0,1/2).

Through the paper, we shall use the notation ¢ = 0 when m = (v)* and ¢ = s when
m = e’

We define the space H3L2(m) (for m a polynomial or exponential weight) associated
to the norm

1Rl13e 12 m) = IBll72 22 (my + I Vbl T2 12 (mwy-a-0r2))

3.11)
27112 3702 (
+ IVZhl 72 L2 m iy 20072y + IVZRIT2 12 0y -30-0/2)) -
Moreover, we define in an similar way H3H_ , (m) associated to
2 2 2
Wl 3 oy = WPl 22 13 oy + IV RN T2 11y gy -1 312

27112 37112
FIVZhlZ2 1 my—20-0r2) F V2RI L2 g1 gy -30-0/25
where hereafter we introduce the notation

1815y = D gy oy + NPl ooy + I = POV ohIZs sy
(3.13)
with P, the projection onto v, namely P,§ = (& - ﬁ)ﬁ

v v
Here are the main results on the fully nonlinear problem (3.7) that we prove in what
follows. For simplicity denote X := H3L2(m) and Y := H3H, (m) (see (3.11) and
(3.12)).
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Theorem 3.1.42. Consider assumption (HO) with some weight function m. We assume
that fo satisfies (3.10) and also that Fy = p+ fo > 0. There is a constant eg = eg(m) > 0
such that if || follx < €o, then there exists a unique global weak solution f to the Landau
equation (3.7), which satisfies, for some constant C' > 0,

11l oo (10,00):x) + 1 f 1 2(j0,00)5v) < Cléo-

Moreover, this solution verifies an exponential decay: for any 0 < Ao < Ay there exists
C > 0 such that
vt>0, [f@t)llx < Ce || follx,

where A1 > 0 is the optimal rate given by the semigroup decay of the associated linearized
operator in Theorem 3.2.45.

Let us comment our result and give an overview on the previous works on the Cauchy
theory for the inhomogeneous Landau equation. For general large data, we refer to the
papers of DiPerna-Lions [39] for global existence of the so-called renormalized solutions
in the case of the Boltzmann equation. This notion of solution have been extend to
the Landau equation by Alexandre-Villani [3] where they construct global renormalized
solutions with a defect measure. We also mention the work of Desvillettes-Villani [38] that
proves the convergence to equilibrium of a priori smooth solutions for both Boltzmann
and Landau equations for general initial data.

In a close-to-equilibrium framework, Guo in [52] has developed a theory of perturba-
tive solutions in a space with a weight prescribed by the equilibrium of type H:]c\,]v (,ufl/ Y,
for any N > 8, and for all cases v € [—3,1], using an energy method. Later, for
v € [—2, 1], Mouhot-Neumann [76] improve this result to Hﬁv(uflﬂ), for any N > 4.

Let us underline the fact that Theorem 3.1.42 largely improves previous results on
the Cauchy theory associated to the Landau equation in a perturbative setting. Indeed,
we considerably have enlarged the space in which the Cauchy theory has been developed
in two ways: the weight of our space is much less restrictive (it can be a polynomial or
stretched exponential weight instead of the inverse Maxwellian equilibrium) and we also
require less assumptions on the derivatives, in particular no derivatives in the velocity
variable.

Moreover, we also deal with the problem of the decay to equilibrium of the solutions
that we construct. This problem has been considered in several papers by Guo and
Strain in [84, 85] first for Coulombian interactions (7 = —3) for which they proved an
almost exponential decay and then, they have improved this result dealing with very soft
potentials (y € [~3, —2)) and proving a decay to equilibrium with a rate of type e "
with p € (0,1). In the case v € [—2,1], Yu [103] has proved an exponential decay in
Hgv(u_lﬂ), for any N > 8, and Mouhot-Neumann [76] in Hajs\{v(u_lm), for any N > 4.

We here emphasize that our strategy to prove Theorem 3.1.42 is completely different
from the one of Guo in [52]. Indeed, he uses an energy method and his strategy is purely
nonlinear, he directly derives energy estimates for the nonlinear problem while the first
step of our proof is the study of the linearized equation and more precisely the study of
its spectral properties. Then, we go back to the nonlinear problem combining the new
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spectral estimates obtained on the linearized equation with some bilinear estimates on
the collision operator. Thanks to this method, we are able to develop a Cauchy theory
in a space which is much larger than the one from the previous paper [52]. Moreover, we
obtain the convergence of solutions towards the equilibrium with an explicit exponential
rate.

Since the study of the linearized equation is the cornerstone of the proof of our main
result, we here present the result that we obtain on it and briefly remind previous results.

The linearized equation.

We remind the definition of the linearized operator at first order around the equilib-
rium:

Af=Qu, [)+Q(f, 1) —v-Vaf.

We study spectral properties of the linearized operator A in various weighted Sobolev
spaces WPWEP. Let us state our main result on the linearized operator (see Theorem
3.2.45 for a precise statement), which widely generalizes previous results since we are
able to deal with a more general class of spaces.

Theorem 3.1.43. Consider hypothesis (H1), (H2) or (H3) defined in Subsection 3.2.1
and a weight function m. Let £ be one of the admissible spaces defined in (3.19). Then,
there exists explicit constants \y > 0 and C > 0 such that

Vt>0, VfeE |Salt)f —Toflle <Ce M| f —ofle,

where Sy (t) is the semigroup associated to A and 1y the projector onto the null space of
A by (3.16).

We first make a brief review on known results on spectral gap properties of the
linearized operator in the homogeneous £ defined in (3.8). On the Hilbert space
L2(u=1/?), a simple computation gives that £ is self-adjoint and (Lh, h>L%(,u_1/2) <0,
which implies that the spectrum of £ on L2(u~!) is included in R™. Moreover, the
nullspace is given by

N(L) = Span{u, vi i, vap, vsp, [0}

We can now state the existing results on the spectral gap of £ on L? (u‘l/ 2). Summarising
results of Degond and Lemou [34], Guo [52], Baranger and Mouhot [15], Mouhot [74],
Mouhot and Strain [77] for all cases v € [—3, 1], we have: there is a constructive constant
Ao > 0 (spectral gap) such that

(=Lh,h) 212y = Xollbllggy o1y, VhEN(L)Y, (3.14)

where the anisotropic norm || - || ;1

(u1/2) 18 defined by

1l . 172y = I0) 2PV R T2 o172y + 1) T2 = P) VR T2 110

) DRI i,
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where P, denotes the projection onto the v-direction, more precisely P,g = (ﬁj—‘ . g) ﬁ
We also have from [52] the reverse inequality, which implies a spectral gap for £ in
L2(u=1/?) if and only if v +2 > 0.

Let us now mention the works which have studied spectral properties of the full
linearized operator A = £ — v - V,. Mouhot and Neumann [76] prove explicit coercivity
estimates for hard and moderately soft potentials (y € [-2,1]) in Hf;v(u_l/Q) for £ > 1,
using the known spectral estimate for £ in (3.14). It is worth mentioning that the third
author has obtained in [101] an exponential decay to equilibrium for the full linearized
equation in wa (,u_l/ 2) by a different method, and the decay rate depends on the size
of the domain. Let us summarize results that we will use in the remainder of the paper

in the following theorem.

Theorem 3.1.44 ([76]). Consider £y > 1 and E := Hf,?v(u_lﬂ). Then, there exists a
constructive constant Ao > 0 (spectral gap) such that A satisfies on E:

(i) the spectrum X(A) C {z € C: Rez < —Xg} U{0};
(ii) the null space N(A) is given by

N(A) = Span{ﬂv Ui, U204, V3L, "U’z:u}v (315)

and the projection Iy onto N(A) by

3
Hof:</ fdxdv>u+2(/ vifdxdv)vi,u
T3 xR3 iz \/T3xR3

o2 =3 (lo* = 3) .
+ (/TSXRB 13 fdx dv) TEL
(iii) A is the generator of a strongly continuous semigroup Sy (t) that satisfies
VE>0,VfEE, |Sa(t)f —of|e <e ™ |f —Tof|p.  (317)

To prove Theorem 3.1.43, our strategy follows the one initiated by Mouhot in [75]
for the homogeneous Boltzmann equation for hard potentials with cut-off. The latter
theory has then been developed and extend in an abstract setting by Gualdani, Mischler
and Mouhot [51], and Mischler and Mouhot [64]. They have applied it to Fokker-
Planck equations and the spatially inhomogeneous Boltzmann equation for hard spheres.
This strategy has also been used for the homogeneous Landau equation for hard and
moderately soft potentials by the first author in [25, 26] and by the second author for
the fractional Fokker-Planck equation and the homogeneous Boltzmann equation for
hard potentials without cut-off in [90, 89] (see also [70] for related works).

Let us describe in more details this strategy. We want to apply the abstract theorem
of enlargement of the space of semigorup decay from [51, 64] to our linearized operator
A. We shall deduce the spectral /semigroup estimates of Theorem 3.1.43 on “large spaces”
& using the already known spectral gap estimates for A on Hf;’v(,u_l/Q), for £ > 1,
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described in Theorem 3.1.44. Roughly speaking, to do that, we have to find a splitting
of A into two operators A = A + B which satisfy some properties. The first part 4 has
to be bounded, the second one B has to have some dissipativity properties, and also the
semigroup (LASp(t)) is required to have some regularization properties.

We end this introduction by describing the organization of the paper. In Section 3.2
we consider the linearized equation and prove a precise version of Theorem 3.1.43.
In Section 3.3 we come back to the nonlinear equation and prove our main result
Theorem 3.1.42.

Acknowledgements. The authors would like to thank Stéphane Mischler for his help
and his suggestions. The first author is supported by the Fondation Mathématique
Jacques Hadamard. The second author has been partially supported by the fellowship
I’Oréal-UNESCO For Women in Science. The third author is supported by the Ministry
of Science and Technology (Taiwan) under the grant 102-2115-M-017-004-MY?2 and
National Center for Theoretical Science.

3.2 The linearized equation

3.2.1 Functional spaces and main results on the linearized equation

Let us now make our assumptions on the different potentials v and weight functions
m = m(v):

(H1) Hard potentials v € (0, 1]. For p € [1, 00] we consider the following cases
(i) Polynomial weight: let m = (v)¥ with k& > v+ 2 + 3(1 — 1/p), and define the
abscissa A, p 1= o0.
(ii) Stretched exponential weight: let m = e"*)° with r > 0 and s € (0,2), and define

the abscissa Ay, p := 00.

(ili) Exzponential weight: let m = e™v)° with r € (0,1/2) and define the abscissa
Am,p = 0.

(H2) Maxwellian molecules 7 = 0. For p € [1, 00] we consider the following cases
(i) Polynomial weight: let m = (v)* with k >~y +2+3(1 —1/p) and k > v+ 4 +3/2
and define the abscissa A\, , := 2[k — (v +3)(1 — 1/p)].

(ii) Stretched exponential weight: let m = e”*)° with 7 > 0 and s € (0,2), and define
the abscissa Ay, p := 00.

(ili) Exzponential weight: let m = e™)° with r € (0,1/2) and define the abscissa

Am,p 1= 00.

(H3) Moderately soft potentials v € [—2,0). For p € [1, 00| we consider the following
cases
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(i) Stretched exponential weight for v € (—2,0): let m = "™° with r > 0, s € (0,2)
and s + v > 0, and define the abscissa A, := oo.
(ii) Ezponential weight for v € (—2,0): let m = ¢’ with r € (0,1/2) and define the
abscissa A, p 1= 00.
(iii) Ezponential weight for v = —2: let m = ¢"")* with r € (0,1/2), and define the
abscissa \p, p := 4r(1 — 2r).

Under these hypothesis, we shall use the following notation for the functional spaces:
E:=H2,u '), Lo>1, (3.18)

in which space we already know that the linearized operator A has a spectral gap
(Theorem 3.1.44), and also, under hypotheses (H1), (H2) or (H3),

L ,(m), Vpe[l,o0f;
£ = Wg’pr’p(m), Vpe[l,2],ne N, L eN; (3.19)
H'H;'(m), Vne{-1}UN;
and for each space we define the associated abscissa Ag = Ay, p.

The main result of this section, which is a precise version of Theorem 3.1.43, reads

Theorem 3.2.45. Consider hypothesis (H1), (H2) or (H3) with some weight m, and
let £ be one of the admissible spaces defined in (3.19).

Then, for any A < A¢ and any A\ < min{Ao, A}, where we recall that Ao > 0 is the
spectral gap of A on E (see (3.17)), there is a constructive constant C' > 0 such that the
operator A satisfies on &:

(i) E(A) C{z€C|Rez < =\ }U{0};
(i) the null-space N(A) is given by (3.15) and the projection Ily onto N(A) by (3.16);

(iii) A is the generator of a strongly continuous semigroup Sy (t) that verifies
Vt>0,VfeE, [Sat)f —Toflle < Ce M| f —Tof|e.

Remark 3.2.46. (1) Observe that:
- Cases (H1), (H2)-(ii)-(iii) or (H3)-(i)-(ii): we can recover the optimal estimate
A1 = Ao since A\ p = +o0.
~ Case (H2)-(i): in this case we have m = (v)*, and we can recover the optimal
estimate A\ = Ao if k > 0 is large enough such that Ay, p = 2k —6(1 —1/p) > Ao.
Otherwise, we obtain A\; < 2k —6(1 —1/p).
~ Case (H3)-(iii): in this case we have y = —2, m = ") and Amyp = 4r(1 —2r)
and the condition 0 < r < 1/2.
(2) This theorem also holds for other choices of space, namely for a space € that is
an interpolation space of two admissible spaces €1 and Ez in (3.19). We will use this on
Section 3.8 to study the nonlinear equation.

The proof of Theorem 3.2.45 uses the fact that the properties (i)-(ii)-(iii) with Ay = Ao
hold on the small space E (Theorem 3.1.44) and the strategy described in Section 3.1.3.
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3.2.2 Splitting of the linearized operator

We decompose the homogeneous linearized Landau operator £ defined in (3.8) as
L = Ay + By, where we define

Aof = (ag * [)Oiju— (c* flu, — Bof = (aij * )0 f — (¢ p)f. (3.20)

Consider a smooth positive function y € C2°(R3) such that 0 < x(v) < 1, x(v) =1 for
lv] <1 and x(v) =0 for [v| > 2. For any R > 1 we define xz(v) := x(R~'v) and in the
sequel we shall consider the function My g, for some constant M > 0.

Then, we make the final decomposition of the operator A as A = A+ B with

A=Ay + Mxg, B:=By—v-V;— Mxg, (3.21)

where M > 0 and R > 0 will be chosen later (see Lemma 3.2.50).

3.2.3 Preliminaries
We have the following results concerning the matrix a;;(v).

Lemma 3.2.47. The following properties hold:

(a) The matriz a(v) has a simple eigenvalue ¢1(v) > 0 associated with the eigenvector
v and a double eigenvalue l2(v) > 0 associated with the eigenspace v-. Moreover,
when |v| — +oo0 we have

(1(v) ~2(0)7  and  Ly(v) ~ (V)72
b) The function a;; is smooth, for any multi-index € N3
J
10755 (v)| < C(v)7 217

and
a;j(v)&i&; = 31(0)\13@5\2 + La(v)|(I - Pv)€’2
> co{ (v) | PuE* + (v)7F2[(1 - Pu)E},
for some constant cy > 0 and where P, is the projection on v: P,§; = ({ . l) &

(c) We have
a;;(v) = tr(a(v)) = l1(v) + 243(v) = 2/R3 lv — v 772 p(wy) do,

and

bz(v) = —61(1)) V;.
(d) If |v| > 1, we have
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Proof. We just give the proof of item (d) since (a) comes from [34, Propositions 2.3 and
2.4, Corollary 2.5], (b) is [52, Lemma 3] and (c) is evident. For item (d), the estimate of
10805 (v)| directly comes from (a) and [52, Lemma 2]. For ¢1(v), using (b) and (c),

Opbi(v) = 0y ( — €1 (v)vy)

and hence

[0ut1(v)lJo] < C(12(v)] + 10ubi(v)]) < Clv)7

note that |v| > 1, we thus have
|0ut1(v)] < Clo|™Hw)? < Co) .
The high order estimate is similar and hence we omit the details. O

The following elementary lemma will be useful in the sequel (see [25, Lemma 2.5]
and [26, Lemma 2.3]).
Lemma 3.2.48. Let Jo(v) := [ps |[v — w|“u(w) dw, for =3 < a < 3. Then it holds:
(a) If 2 < o < 3, then Ju(v) < |v|* + Ca\v]a/z + Cy, for some constant C, > 0.
(b) If 0 < a <2, then Jo(v) < |[v|* 4+ Cy, for some constant Cy, > 0.
(c) If =3 < a <0, then Ju(v) < C(v)® for some constant C > 0.

We define the function ¢, as

_ Oijm

o;m 0;m
Omp(v) = a;j(v) - .

+ (p — D)agj(v)

4 261-(1;)8? + (1 - 1) av), (3.22)

m o m 14

and also the function ¢,, ) given by

Pmp(v) = (2 - 1) dz‘j(v)ai;lm + (2 — 2) aij(v)aﬂaﬂ

p p m m

4 ]29 Bi(v)a;: + (; - 1) &),

(3.23)

and hereafter, in order to treat both weight functions at the same time, we recall the
notation: ¢ = 0 when m = (v)* and ¢ = s when m = """,
We prove the following result concerning ¢, , and @, -

Lemma 3.2.49. Consider (H1), (H2) or (H3), and let ¢, p and ¢ be defined
in (3.22) and (3.23) respectively. Then we have:
o Assume o € [0,2):

(1) For all positive X < A p and § € (0, \yp — X) we can choose M and R large
enough such that

IA

Pmp(v) — Mxr(v)

—\—§{w)rte,
A

— §(u)re.

IN

Pmp(v) = Mxr(v)
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(2) For all positive A < Ay p and § € (0, \p,, — X) we can choose M and R large
enough such that

Pmp(v) — MxRr(v) + MOjxr(v) < =X —6(v)77°.
Gmp(v) — Mxr(v) + MOjxr(v) < =X\ — §(v)77.

o Assume o = 2: The same conclusion as before holds for ¢, ,. Moreover, concern-
ing ©mp, the previous estimates also hold if we restrict r € (0,1/(2p)) in assump-
tions (H1)-(iii), (H2)-(iii), (H3)-(ii), and also modifying the value of the abscissa
Am,p = 4r(1 — 2rp) in (H3)-(iii).

Proof of Lemma 3.2.49. Step 1. Polynomial weight. Consider m = (v)* under hypothe-
sis (H1) or (H2). On the one hand, we have

8Z'm o ) -2 azm ajm 12 o —4
m kv (v) ™7, m m K vivj(v) ™7,
8ijm

" = 5@' k<v>_2 + k(/{ — 2)vivj <U>_4.

Hence, from definitions (3.4)-(3.9) and Lemma 3.2.47 we obtain

Oi;m

= (8i3ai5) k(v) "2 + (asvivg) k(k — 2)(v)
= ay k<v>72 + 01 (v) k(k — 2)|U‘2<1}>74,

aij
J m

where we recall that the eigenvalue ¢1(v) > 0 is defined in Lemma 3.2.47. Moreover,
arguing exactly as above we obtain

i = (@ijvivy) K> (v) ™" = €1 (v) K*|o]* (v) ™

and also, using the fact that b;(v) = —¢;(v)v; from Lemma 3.2.47,

b; a;;” = 01 (0)v; kv (0) "2 = —61.(0) o] (0) 2.

On the other hand, from item (c) of Lemma 3.2.47 and definitions (3.4)-(3.9) we obtain
that

a;i(v) = l1(v) + 202(v) and ¢&(v) = —2(y + 3)J4(v),
where J, is defined in Lemma 3.2.48. It follows that
Pmp(v) = 2kl2(0) (V) (V)72 + kb1 (V) (V) 2 + (k= 2) €1.(v) [o]*(v)

+ (= DI 0 o (o)™ = 2k 4(0) o (0) 2 +20+3) (1= ) T, (o),

(3.24)
Since £1(v) ~ 2(v)7, lo(v) ~ (v)72 and £1(v)|v|?> ~ 2f5(v) when |v] — 400 thanks
to Lemma 3.2.47, and also J,(v) ~ (v)” from Lemma 3.2.48 (since in this case we
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have 7 > 0), the dominant terms in (3.24) are the first, fifth and sixth ones, all of order
(v)7. Then we obtain

lim sup @y p(v) < =2k — (v +3)(1 = 1/p)] (v)7, (3.25)

|v| =400

and recall that k& > (v + 3)(1 —1/p). Doing the same kind of computations, we obtain
the same asymptotic for @, ;,

lim sup @ p(v) < =2[k — (v +3)(1 — 1/p)](v)". (3.26)

|v|—+o00

Step 2. Stretched exponential weight. We consider now m = exp(r(v)®) satisfying (H1),
(H2) or (H3). In this case we have

o, oym 0;
3T _ ',"S'Ui</v>s_2’ 3T jm — T282’UZ"U]' </U>28—47
m m m
Oijm rs(v)s_25" +rs(s — 2)v-v-<v>3_4 + r252v-v'<v>25_4
= ij (A L :
m

Then we obtain
Omp(v) = 2rs Eg(v)<v>872 +7rs Kl(v)(v)S*Q +rs(s —2) Zl(v)|v\2(v)3*4

T pr2s? 0 (0) |02 ()21 — 215 4 (0)[0]2(0)*2 + 2(y + 3) (1 - ]13) I.(0).

(3.27)
In the case 0 < s < 2, arguing as in step 1, the dominant terms in (3.27) when |v| — 400
are the first and fifth one, both of order (v)7*5. Then we obtain

lim sup @y, p(v) < —2rs(v)77, (3.28)

|v| =400
and recall that s +v > 0. In the same way we obtain

lim sup @y, p(v) < —2rs(v)?7. (3.29)

|v]—+o0

In the case s = 2, the dominant terms in (3.27) when |v| — 400 are the first, fourth
and fifth ones, all of order (v)Y*2. Hence we get

lim sup Q. p(v) < —4r(1 — 2pr)(v)7+2 (3.30)

|v|—+o0
However, a similar computation gives

lim sup P p(v) < —4r(1 — 2r)(v)7 T2 (3.31)

|v]—+o00

which is better than the asymptotic of ¢, . Thus we need the condition r < 1/2 for
@m,p (Which is better than the condition r < 1/(2p) for ¢, ).
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Step 3. Conclusion. Finally, thanks to the asymptotic behaviour in (3.25), (3.28) and
(3.30), for any A < A, , we can choose M and R large enough such that

Pmp(v) — MxR(v) < =X = d(v)"T
for some § > 0 small enough, which gives us point (1) of the lemma.

For the point (2) we use 9;xg(v) = R719;x(v/R) and write

C
Omp(v) = Mxr(v) + MOjxr(v) < omp(v) — Mxr(v) + fo 1r<pv|<2r =t ®(v).

We fix some A € (A, A p). First we choose R large enough such that, for all |v| > Ry,
we have
Omp(v) + 5{)TTT < =)

for some § > 0 small enough, which implies that, for any |v| > 2Ry,
O (v) + 00) " = g p(v) +6(v)7TT < -
Then we choose M > 0 large enough such that, for all |v| < Ry,
O(v) + ()77 = Py p(v) + ()7 = M, (v) < =X,
Finally, we choose R > R; large enough such that, for any R < |v| < 2R,

Cx

O (v) + 6 (v)77 < Omp(v) + S{(v)1t7 + M% <A+ M 2

S _)\7

and we easily observe that now for Ry < |v| < R we have
®(v) + 5()H7 = @ p(v) + 5)TT — Myxgp(v) < —A— M < =),

which concludes the proof for ¢,,,. Concerning @, p, in the same way, inequalities
(3.26), (3.29) and (3.31) yield the result. O

3.2.4 Hypodissipativity

In this subsection we prove hypodissipativity properties for the operator B on the
admissible spaces £ defined in (3.19).

Lemma 3.2.50. Consider hypothesis (H1), (H2) or (H3) and let p € [1,+00]|. Then,
for any X < A, p, we can choose M >0 and R > 0 large enough such that the operator
(B + A) is dissipative in L% ,(m), in the sense that

Vt>0, S8(0)zz,my < Ce ™.
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Proof of Lemma 3.2.50. Let us denote ®'(2) = |z[P~!sign(z) and consider the equation
Of=Bf=DBof —v-Vaf —Mxr/.
For all p € [1,4+00), we have
1d
Wy oy = [BHE )
From (3.5) and (3.20), last integral is equal to
[0, ) (£ym? - / ol0)f (@, 0)®'(H)mP

/v Vaf(z,v)® (f /MXR (2, 0)® (f)mP
=T+ 15+ 15+ Tj.

The term T3 vanishes thanks to its divergence structure and terms 75 and T} are easily
computed, giving

T = —/E(v)|f(33,v)|pmp and Ty = —/MXR(U)|f(xaU)|pmp-

Let us compute then the term 7T3. Using that 9;; f®'(f) = p~0;;(|f|P)—(p—1)0; f0; f| f|P~2
we obtain

7= [ a5 @)~ (o= 1) [ as(0)0iforf P,
Performing two integrations by parts on the first integral of T} it yields
Ll oy = [EN O == 1) [ay)0.00,f |17 e
+ [ {omal®) = Mxa)} |17

where ¢y, , is defined in (3.22). We can also get, by a similar computation,

JBHEym? = —(p=1) [ s 0)0um)0;(mg) | £17 2
+ [ {Pmalv) = Mxa()}F7 me.
Finally, thanks to Lemma 3.2.49, for any A < A, , we can choose M and R large

enough such that ., ,(v) — Mxg(v) < =X+ 8{v)717. It follows that the operator B+ A
is dissipative in L% ,(m), more precisely, for all f € L%  (m), we have

IS8 [z, m) < efAtHfHLg,u(m)‘ (3.32)
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Indeed we obtain
||f||Lp(m < —co(p—1) /{<v)”|13quJf‘"|2 + (W) = Py) Vo f P} P2 mP

M
ANy = S1H0) 5 £,
(3.33)

N Wy < o= 1) {01 BT ()P
+ ()2 - P,)V, (mf)\ FIFP2mp 2 (3.34)

= Moy = 0l {w ) fHLp (m)?

from which (3.32) follows for any p € [1,00). For p = oo, let g = mf, it is easy to check
that ¢ satisfies the equation

_ _ oim _
g +v-Vag = a;j(v)0ijg — 2aij(v)l?ajg + Pm,oo(v)g — MxR(v)g,
by the standard maximum principle argument (for example, see [102]), we have

1S5(8) Fll e, (m) < € M fll o,

This completes the proof of the lemma. O

’1‘1) )

Lemma 3.2.51. Consider hypothesis (H1), (H2) or (H3), £ € N and n € N*. Then,
for any A < A\p,1, we can choose M > 0 and R > 0 large enough such that the operator
B+ X is hypo-dissipative in W'WEL(m), in the sense that

V>0, (S5 papniwttgny) < Ce .
Proof of Lemma 3.2.51. Consider the equation
Of=Bf=DBof —v-Vaf —Mxrf.

Remind that Byf = Q(u, f) and remark that xz-derivatives commute with the operator
B, thus for any multi-index a, 8 € N3, we have

0305 (Bf) = 95(BoL f)

and

8380]0 = agQ(N’ f) = Z Ca1,o¢2Q(831:U’a 832f)

a1tas=a
and, writing v - V. f = v;0,, f,
9, Bf = BO; f
+ > Car,an { QO 11, 952 f) — (07 vi) 0, (052 f) — M (0" xr) (0,2 f) }

a1taz=a,jar|>1
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finally
030 Bf = B(0y ) f)
+ > Coar s Q05 1, 05208 f) — (0910;) D, (05208 f) — M (05" x ) (05205 f) }

artas=a,|ai|=1

+ > Carae{ QO 1, 05207 f) — M (97" xr) (05207 1) }-

a1tas=a,|lar|>2

We shall treat in full details the case £ = n = 1, the others £,n > 2 being treated in
the same way.

Case { =n =1 : Step 1. Derivatives in x. First, using the computation (3.33) for
p =1, we have

DNl = [ oma(v) = Mxa()} | flm. (3.35)

As explained before, the z-derivatives commute with the operator B, so for any multi-
index 3 € N? we get from (3.33) that

d
10223 oy = [ {oma(®) = Mxa(@)}o2 fm. (3.36)

Step 2. Derivatives in v. We now consider the derivatives in v. For any o € N? with
|a| = 1, we compute the evolution of v-derivatives:

010y f) = B(9y f) + Q0 . f) — (85vi) O, f — M(FXR)S-

From the previous equation we deduce that

d .
N1 sy = [ B + QO ) — @000 — M) f)sign (25 ) m
=T+ To + T3+ Ty + T5,

where

7i = [ B2 )sign(; f)m

T, — / (0%a35) i3 f sign (92 f) m

Ty =~ [(950) f sign(0g f)m

T = — / (0%0:)0, f sign (2 f)m = 0
T = — [ M@xn) S sign(@: ) m.

Again using the computation (3.33) of Lemma 3.2.50 for p = 1, we have

Ti = [{ma(o) = Mxa(@)}|o5 f|m.
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Concerning T5, we use the following fact on the derivative of xg:

(Y

| Oy xr(V)| = I ‘ Iy x (R)’ < I 1r<jv| <2R>

which implies that
C
T < M| 1agp <2r fllLy, o)

Performing integration by parts, we get
Tr+ T3 = —/836_Lij 0; f 0ymsign (0, f) + /83@ 0;m fsign(0, f) =: A+ B.

When m is a polynomial weight m = (v)*, we can easily estimate T, + T3, thanks to
another integration by parts, by

L+Ty= /{(53@ij) Digm + 2(95b;) ym} fsign(95 f) S W) fllrs om),

where we have used |0%a;;| < C(v)'*, [9%b; < (v)7, [9;m| < C(v)~'m and
|8”m| < C<v>_2m

We now investigate the case of (stretched) exponential weight m = "{")". First, we
can easily estimate the term B, since 9;m = Cv;j{v)° %m, as

B S0 Ly (m)-

For the other term, integrating by parts again (first with respect to the 05-derivative
then to the 0;-derivative), gives us

0ij 0; _
A= _/ {aij ALy ¥ m} |83‘f|m+/aij 0:(0%m) ; f sign (9 f),
m m
and we investigate the last term in the right-hand side. Recall that

ai&i€j = (1(0)|Pot* + L2(0)|(I — Py)EP?,
we decompose 0;f = P,0;f + (I — P,)0;f and similarly for 9;(0ym), then a tedious but
straightforward computation yields
/ aij 0:(90m) 9, f sign (92 f) / [rsty(0)(0)*~2 + rs(s — 21 (0)|o]2 (v)*~
+ 128201 (v) || (v) ™ 4}P80‘f51gn(8°‘f)
v / rsla(v) ()52 (I — P,)0% f sign(9%f) m

Recall that ¢, 1(v) = ai; 8lfnm + ijaij (see eq. (3.22)), hence we obtain

T+ A< / (m1 () — Mxr(v)} |0%F|m
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with 5
Y1 (v) = Bj%” + rsla(v) ()2 + 15ty () ()52

+ 1r5(s — 2)01 (v)|v]? (0)5 ™ + 12201 (v)|v]? (V)24
Thanks to the asymptotic behaviour of ¢;(v) and ¢3(v) in Lemma 3.2.47 and arguing as
in Lemma 3.2.49, we obtain first that

lim sup ¥y, 1 (v) < —rs(u)’* if 0 < s < 2;

|v]—+o0

lmsup ¢ 1(v) < —2r(1 —4r), if s=2;

|v]—+o0

(3.37)

and then for any positive A < A, 1 and 6 € (0, A\, 1 — A) we can choose M, R large
enough such that ¢, 1(v) — Mxg(v) < =X —§{v)777.

Putting together all the previous estimates of this step, and denoting ¢ (v) = @u,.1(v)
when m = (v)* and ¢ (v) = ¥y, 1(v) when m = "™’ we obtain

d (87 (on (63
02 Flzy oy < [{97(0) = Mxa()} 195 flm

u (3.38)
+ / {C<”>7+6_1 + CR1R<|’U|<2R} | f]m.
Step 3. Conclusion. Consider the standard norm on Wl,lf,} (m)
Il oy = 1A lLs o) + 1V Fllzy o) + 1V Fllzy )
Gathering the previous estimates (3.35), (3.36) and (3.38), we finally obtain
d < clyte 4 m S M
%”fﬂngg(m) > ‘Pm,l(v) + C(v) + R R<|v] <2R — ™ XR |flm

+ [{Pmalv) = Mxe}|Vaflm+ [{e7(0) = MxaH Vs |m.

Remark that, since o € [0, 2], the function ¢9,(v) := @1 (v) + C{v)7T 71 has the same
asymptotic behaviour of ¢, 1(v) (see eq. (3.25) and eq. (3.28)). Then, arguing as in
Lemma 3.2.49 (and (3.37)), for any positive A < A\p,1 and 0 € (0, A1 — A), one may
find M > 0 and R > 0 large enough such that

_ C o

pm 1 (v) + O+ M 2 1geg) <on = Mxr < =X = 0(0)7"7,

Pm1(v) = Mxp < =X = 0(v)""7,

¢7(v) = MxRr < =X —6()7".

This implies that

d
%HfHW;;q}(m) < _)‘HfHW;;vl(m) - 5HfHW;:3(m<v>v+a)a
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which concludes the proof in the case £ = 1.

Case ¢ > 2 : The higher order derivatives are treated in the same way, so we omit the
proof. O

Lemma 3.2.52. Consider hypothesis (H1), (H2) or (H3), £ € N and n € N*. Then,
for any A < Ap, 2, we can choose M >0 and R > 0 large enough such that the operator
B + X is hypo-dissipative in HYH'(m), in the sense that

Vt>0, (S5 smn memy) < Ce ™.

Proof of Lemma 3.2.52. Let us consider the equation 0y f = Bf = Bof — Mxgrf. Again
we treat the case £ = 1 in full details, the others ¢ > 2 being the same.

Case { =n = 1: Step 1. L? estimate. The wa(m) estimate is a special case of
Lemma 3.2.50, from which we have

1d
5 i1 7132 oy < =0 [LPIPTu P 4+ @3 = PV f2)m?

(3.39)
+ [{omalv) = Mxa(v)}f2m?

Step 2. x-derivatives. Recall that the x-derivatives commute with the equation, so for
any 3 € N3 we have

1d

S 02013 (o < =0 [{PIP @D + (o) F2U(T = P)V(021) 2} m?

(3.40)
+ [{Pmalv) = Mxa(v) 0212 m,

Step 3. v-derivatives. Let o € N3 with |a| = 1. We recall the equation satisfied by 9% f
0:0y f = B0, f) + Q9 w, f) — (95 vi) 0w, f — M(OyxR)[-

From last equation we deduce that

1d
5 108132 oy = (BN + QMO R, ) = (050) 00, f — M@ xw)} 05 f
=T+ T+ T3+ Ty + T5,
where

7 = [ Bog)opsm?

Ty = /(83@1]‘) Oy f 05 f m?
Ty — - [ (00 fop s m?
Ti= [(05v) 00, f 03 m*

Ty =~ [ M(@5xR)f 03 m.
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We have from Lemma 3.2.50

Ty < o [{@) IRV F)F + (0)7 (1 = PV, (05 1)}

- (3.41)
+ [{omalo) = Mxn()}05 112 m?.
The terms T3, T and T5 are easy to estimate: for any € > 0 we get
Iy < €H3z?‘fHQLg’U(m) + C(@Wﬁf“%gm(m)a (3.42)
c a £|(|2 ¢ 2
Ts < MpllLre) <2r 00 flI2 my + M plL Rl <2r fliZ2 () (3.43)
and using Lemma 3.2.47-(b),
i< C [t i)10p | m?
(3.44)

=1, -t
< CIW) T RS my + CIO) = FlT2 )

Let us now deal with the part T5. Performing integrations by parts, we have:

T, = [(@5a) 08 07 4 m?
= - [@hosrorrm® — [@5ay) 08 005 Hm® ~ [ (@5a,) 0,1 95 1 o

=: — (To1 + Taa + T13) .

We first deal with T5;. Using Lemma 3.2.47, we have

T <C [(0)710,1105 flm?

X X X
< Cl)2Vofliz my = CllW) 2 PoVuflZ2 my + Cl2 (I = Po)VoflZz -
(3.45)
As far as Thy is concerned, the integration by parts gives,

Ty = — [ 0311 = )m] a0, 0,08 — [ (L= x)m?as; 0,(08) 0,05 1)
- [ =0m*ay 0,0 0405031) ~ [@as) 0,5 0,05 1) xm®

= — (@21 + Thao + TQQS) + To9g.



3.2. THE LINEARIZED EQUATION 97

Let us estimate T222 + T223, using integration by parts,

Thoo + @23
= [ =2 [60) PV A(OR02 1) PuVof + o) (T = PVW(D5051) - (I = PV,
+ / (1= 0m?[4(0) PLV.031) - PLV.(051)

+6a(v) (I - v> W05 1) - (I = P)Vo(921)]

= T — [(O26(0) VL0 ) - PV (1= )
= [@20a0)) (I = PYVAOES) - (T = P)Tuf (1= 0m*
- [ - @] (1 - Paoszn =
- [ 100) = 6] (1 = P70z g (1 =y

=: —Tho1 4 Tao1 + ... + Thos .

(1—x)m?

This means Thy = Thog + Tha1 + ... + Thoy. In order to estimate Thy, we need to estimate

Too; for i =0,...,4 (lemma 3.2.47 plays an important role in those estimates). First of
all, we obtain

Tao <C [ @ Vuf 190051 i

< el ()2 V(05 Nz, my + CEN)2 Vol s my

For Tb91, we have

Too < C <U>7_1|vavf| |vav(63f)| m?
\

|v|>1

—1 -1
< 2y T PV PRy + CONW T PV 25

For T599, we have

Tyzo < C WY = P)Vof| (I = Py) V(05 )| m?

\v\>1
< ) F (L = PV F)IBs y + CONE T = PV

For T593, we obtain

Too3 < C ()77 + @)V f 1L = Po)Vo(5 ) m?

|U|>1

< ell{) T (I = P)VL @S NI oy + CENW Vo 22 -
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Finally, for Tho4,

Topa < C ()™ + @)DV (5 I = P) Vo f|m?

v[>1
< el ()2 Vo (05 )12, gmy + CEI(w) = (1 - Po)VoflZz ,m)
This completes the estimate of Thy that we write, gathering previous bounds, as
Tos < e[ (v)2 P,V (05 )1z, (my + €ll(0) 7 (I Po)Vu(05 Dz, (m)
CENWEPVuf 12, )+ CEN®) T (I = P)Vofllz2, m)
Concerning T3, we apply the same process as Tho: we first write
Ths = — /(33%') 0; f im* xg

_ / 9201(v) P,Vym? - PV, f (1 - X) 0% f

(3.46)

- [05ta(0) (1 = P)Vum® (1= PYVuf (1 =) 95

- [ 18 - ) (- Poogm2 5 - vy ot
v Vym?

- 160 — e (1 - Por s L (- ) 201
=:T530 + ... + Th34.

Note that (I — Pv)va2 = 0, one can easily get To39 = Togz = 0. Let us estimate the
other terms, by Lemma 3.2.47, we have

T30 < C/ )Y |V f] 105 f| x| m

< el|(v) 20;"f||L%m(m) + )2Vl 72 m)

also
T <C [ TP 0
v|>1
¥ +20—4 o

O PaVofl3s my + el @) T3 1132 my:

and
Tz < C o (7772 4+ () (I = PV f] |05 f| m?
v|>1

y420-2
CE)(w)F (I - P,)V, FIEs oy + @) 2 03 f 1122 )
Gathering previous inequalities we complete the estimate of Ta3
e
Tos < ell(v)2 07 flIZ2 oy +ell{v) 9y flizs ()
CEN) 2 PaVufl3s my + CEN @) F (I~ PIVuf IR

W+02

(3.47)
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Using the fact that 1+ (v)?+ (v)7+2972 < (v)779 and putting together (3.41) to (3.47)
we get,
S o 13y < (o 9) [ (OTIPTGE P + (21T~ PT(020) ) i
_ C N
+ / {‘sz(v) + &)+ Cw) T + Mﬁleng - MXR(U)} |05 fIP m?
+CE) [{@PIPVE + @20 = P)Vof)m?

~ C o
+ [{ewn + uGnguean ) 157w + COI 1,
(3.48)

Step 4. Conclusion in the case £ = n = 1. We now introduce the following norm on

HLH (m)
1%y = 113 oy + IS 122 oy + 2190 B2 oy

which is equivalent to the standard Hj ,(m)-norm for any > 0. Gathering estimates
(3.39), (3.40) and (3.48) of previous steps, we obtain

S M1 < (et 0 CE) [PPSR + @ 2T - PP
+/{w9n(v) +77M% 1Rr<|o|<2R — MXR('U)} £2m?

> / VIO + () (L = PVLOL1) )
I81=1

+ [ {h) = Mxe(@)} 19af P m?
tn-ate) 5 [{@PIRVAEPP + @ T - PV

laf=1

C
+77/ {wi(v) + ME lr<pv) <2r — MXR(U)} Vo fIP m?

where we have defined

Let us fix any A < A, 2. We first choose € > 0 small enough so that —cp + ¢ < 0 and
—Am,2 +€ < —A. Then we choose 77 > 0 small enough such that —co + 7 C(e) < 0 and
~Am.2 +nC(e) < —A. Hence the functions 1%, have the same asymptotic behaviour
than ¢, 2 (see (3.25), (3.28) and (3.30)). Then, using Lemma 3.2.49, for any A < A2
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and 0 € (0, A\, 2 — A), one may find M > 0 and R > 0 large enough such that

C
U (V) + M7 Lr<p<ar — Mxgr(v) < =X —=d(v)7*7,
Ur(v) = Mxg(v) < =X = 8()777,

C
U (v) + ME Lr<po| <2k — Mxr(v) < =X —8(v)77°.

This implies

Sy < MWy~ S o
- K{H<v>fpvvvfup(m) + 1) (I = PVl 22
= K{I{0)2 PV o(Va )l agmy + 110) 5 (1 = P)Vu(Va )20y |
— K{0)3 Vo (Vo) agmy + 10)F (I = P)Vo(Vu ) Bamy
and then

IS5l my < Ce™ M Fll 2, (m)-

This concludes the proof of the hypodissipativity of B+ A in H;’U (m).

Case ¢ > 2 : The higher order derivatives are treated in the same way, introducing the
(equivalent) norm on H?HY(m)

0 ey = 1 E2m )» 01 19508 £ 12 my:
1<]af+|B|<max(fn);]e| <& B|<n
and choosing n > 0 small enough as in the case £ = 1. O

Lemma 3.2.53. Consider hypothesis (H1), (H2) or (H3), £ € N and n € N*, and
p € [1,2]. Then, for any A < Ay p, we can choose M >0 and R > 0 large enough such
that the operator B + X\ is hypo-dissipative in Wg’pr’p(m), in the sense that

Vt>0, |Ss(t )Hﬂ < Ce ™,

Wi PWoP (m))

Proof. 1t is a consequence of Lemmas 3.2.51 and 3.2.52, together with the Riesz-Thorin
interpolation theorem. O

Lemma 3.2.54. Consider hypothesis (H1), (H2) or (H3). Then, for any A < Ap.2,
we can choose M and R large enough such that the operator B + A is hypo-dissipative in
HIH;Y(m), for any n € {1} UN, in the sense that

V20, IS8 pgrr st oy < Ce
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Proof. We consider the equation 9, f = Bf and split the proof into five steps.
Step 1. We first make the change of unknown h := fm and define the corresponding
operator By,h := m B(m~1h) which writes:
Bh = m (aij % 1)dij(m ™ h) — (c* p)h —v - Vyh — M xrh
= (m 0y (m ") (ay; * p) —cx pu— Mxg)h
+2m 0j(m~ 1Y) (ay; * p)dih — v - Vph + (aij * 1) 0;;h.

We hence define B}, the (formal) adjoint operator of B,,, by

0; om - 0; _
By = (P4 + 220 5y - Mxw) 642 (B + Ly ) 010 + v Va6 + 1,016

Consequently, we have the estimate

[0 = [ (a2 42,22 — i) o7

+/ <aij7jn+bi) ai(¢2)+/v'vx¢¢+/@ijaij¢¢

=11+ 1o+ T3+ 1}

Performing one integration by parts, we obtain

T = / <—aij al:nm + a;; Oim 8jm b 8 o C> (;52.

m m m

The term T3 gives no contribution thanks to its divergence structure in . And we deal
with T4 using that 6z]¢¢ = %813(¢2) - 61(b(9j¢, which implies

1
T, = —/aijai¢aj¢+ §/E¢2.
Finally, we obtain that
[ B0 == [@0i00,6+ [(#na—Mxn}o?
< —co [ {0 IPVOF + )2 = POV} + [{ma = M} 6

where we recall that @, 2 is defined in (3.23) and satisfies Lemma 3.2.49.

Thanks to Lemma 3.2.49, for any positive A < A, 2 and § € (0, Ay, 2 — A), we can
thus find M, R large enough such that @, 2(v) — Mxgr < —A—8§{v)7t7. We can conclude
that

[ By 6 < N6l — 6110 5 613
= o {Il{)2 PoVublFagmy + 10)F (1 = P)Vu@lFa(my } -
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Step 2. Since V, commute with the operator B}, we can immediately obtain that if ¢
is solution of

O = By, (3.49)

we have

R A P [ (@D 1PVAT20) + @)1 = P)VL(Vo0) )

+ [ (Brna®) = Mxa() V2P,

2dt

Step 3. Now, we introduce the notation ¢, := 0%¢ where a € N3 and |a| = 1. Let us
write the equation satisfied by ¢, when ¢ is a solution of (3.49), we have

Oipe = B ¢a+aa{ 8Z]m+2bam—MXR}¢+28 {awﬁm bi}(?igb

+ 83‘1) . Vx(ls + 83&1']' z‘j¢7

which implies that
s [16a2 = [Bri60) 00 +/63 {22 20,2 — M} 06
+ z/aa { LN }a,-wa + /(agvi)(am) Ba

+ / (05 aij)(055¢) Pa
=T+ T+ T3+ Ty + Ts.

Using the step 1 of the proof, we have:
Tl S _CO/ (<U>7‘Pfuvv¢a’2 + <’U>’y+2’(I - Pv)vv¢a’2) + /(@mﬂ(v) - MXR) ¢<2x
Concerning 15, we have
1 0ij 0
_ 7/03 {aij I L 9p, —m - MXR}33(¢2)
m
= —— /80“8“ {_‘ ” 2(_)]‘73] — MXR} ¢2
m

_ C
< / (C’ (v)1to=2 4 MRQlRSIUISW) ¢?,

where we have used the fact that a;; 6fnm

we have 9,
_ i1 — -2 -2
oy (aw - ) =0y (aij Cvj(v)? ) = Coy (viﬁl(v)@))a )
which is of order (v)777~2. We hence deduce that also in this case, we have

TS [(©) + @) Vel

~ C{v)7. Since 9;m = Cv;{v)? *m

+2p; %

m
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Then, for any € > 0, we have
1<z [ 6+ Cl) [ ool

Finally, using the same method as in the proof of Lemma 3.2.52 (for the term 7% in that
lemma), we obtain

T < ¢ [ (@) IPubal? + (02T = P)Vo6al?)
+CE) [ (VIR0 + @)1 = P)Vu0)

Step 4. We define the following norm on H*
l6l%, =1olZz, +1Vasliz, +nlVodllZz

which is equivalent to the standard H'-norm for any n > 0, and we compute its evolution
when ¢ is a solution of (3.49). Gathering estimates of previous steps it follows

S0l < (e +nCe) +10) [ (WVIRVubP + () (1 - PIV.6P)
+ [ (Smale) + Cnte™o2 + 5 M Lngican — Mxav)) 62
—co [ (0D IPVAT20) + )20 = P)Vo(Vo6) )
+ [ (Bmal®) +1C(E) = Mxa(v) V2P
(o +C) [ (0 IPVAVO)E + (0 F2UT = P)VA(Vo0) )
1 [ (Pma(v) + C2 = Mxa(v) V.9

We conclude as in Lemma 3.2.52: we first choose € > 0 small enough and then 1 > 0
small enough, so that

C
H¢H = / (@mz(v) + Cnp(u)" T2 4 UME 1r<jvj<2r — MXR(U)) ¢°

+ [ Bnav) = Mxa(w) 9.0

41 [ (Pma() + C2 = Mxa(v) Vol

2dt

We deduce that for any positive A < A, 2 and § € (0, A\p, 2 — ), one may find M and R
such that

e A 1 A
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Step 5. We have proved that for any A < A, 2,
1S5;, (DellE , < CeMI9llFy, Yo € Hyyo VE20.
The last inequality implies that for any h € H, Land any ¢ € H%’v,
(S8, (t)h, ¢) = (h, Sps, ()0) < 1]l -1 1S5;, (W)l ary, < Ce 1Al g1 l10] s, -
As a consequence, we obtain that
1S5, (D hll -1 < Ce [l -1
and coming back to the operator B,
||SB(t)fHH;,}J(m) < Ce_AtHfHH;,;(m)-
Finally, using the following embeddings for any n € N,
HyLy(m) C HH, (m) C Hy'Hy ™ (m),
we deduce that the conclusion of Lemma 3.2.54 holds by interpolation (with the results
from Lemma 3.2.52). O
3.2.5 Regularization

We now turn to the boundedness of A as well as regularization properties of ASg(t).
We recall the operator A defined in (3.21)

Af = Aof + Mxgrf = (aij * )0 — (c* f)u+ Mxrf,

for M and R large enough chosen before. Thanks to the smooth cut-off function
XR, for any ¢ € [1,400], p > g and any weight function m under the hypotheses
(H1)-(H2)-(H3), we easily obtain

IMxRSllLa, 12y S 12222 0m)-
Taking derivatives we get an analogous estimate, for any n,¢ € N,
IV lwpawen ey S 1wt gy

Arguing by duality we also have

”MXRJCHH;@H;l(H—lﬂ) S Hf”HgH;l(m)‘
Finally we obtain

B (18, (m), L2 ,(u™"/%)), ¥pe[1,00];

My € § 2 (WiPWEr(m), WRrWEr(u=/2)), ¥pe (1,2, n e N, £€N;  (3.50)
B (HpH; (m), HEH (57'/%)), Ve {~1}UN.

We know obtain the boundedness of A.
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Lemma 3.2.55. Consider (H1), (H2) or (H3) and a weight function m.
(i) For any p € [1,00], there holds

A€ 2 (L, (m), I, (n™)) .
(i) For any p € [1,2] , n € N* and ¢ € N, there holds
A€ B (WPWEP (m), WEPWEP (%))
(iii) For allm € {—1} UN, there holds
Ac B (HLH, (m), HUH, (n%).
In particular A € B(E) N AB(E) for any admissible space £ in (3.19).

Proof. Thanks to (3.50) we just need to consider the operator Ag. We write

Aof = (asj * f)Oijp — (c* fp

and split the proof into several steps.
Step 1. Since v € [~2,1] we have |a;;(v — v.)| < (v)7F2(v,)7+2] which implies
[(aij * [)(0)] S (W) fll L1 (wyr+2)- Therefore, for any p € [1, 0], we have

1(aij * )0l e 12y S I 2y (wyr+2),

from which we can also easily deduce

10505 (asj * FOgull o2y S D 105207 Fll L1 (oyr+2)-
a1 <a

Integrating in the x-variable, we finally get
||(aij * f)aijNHngPWf’P(Hflm) N ||f||W;vPWf’1(<v)w+2)‘

Step 2. Assume v € [0,1]. In that case we have |c(v — vy)| S (v)7(vs)” and the same
argument as above gives

Iex Dillwpowerunrzy S 1wz ewer oo

Step 3. Assume v € [-2,0). We decompose ¢ = cy + ¢ with ¢y = c1}5; and
c— = clj<;. For the non-singular term c; we easily get, for any p € [1, o0},

(et * Fellpe-r2y S NNl

whence

(e Datllwzrwen iz S Mo
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We now investigate the singular term c_. For any p € [1,3/|y]) we get

p
e s Dl v = e Py 5 [| [ 0= 0 Lo 70| 0/260)

S [ 1sar{ [1o= o o0

HfHLP y)?

where we have used that |y|p < 3 (so that the integral in v is bounded) and Lemma 3.3.59.
Taking derivatives and integrating in z it follows

[[(c— * f)#”wgvafm(u—l/z) S ”fHW;»PWf’P(@y/)a Vp e [1,3/]v).

Remark that by Holder’s inequality, for any ¢ € (3/(3 + ), 00] we have

(e OIS [ o= Lo |0

, 1/q
S ([ e a1l S 10
Vx

which implies
[(e—* Pullppg-1r2) S 1 Fllng, Vo € [1,00],

and similarly
Ie- % tlhwgowersn S I lhypoes Yo € [1,00]

Observe that in particular the operator T'f = (c_ * f)u is a bounded operator from
WrAWEL (m) — WA WE (= 1/2) and from W WE® (m) — WWE (u~1/2), thus
by interpolation also from W»PW5P(m) — WPWEP(~1/2) for any p € [1,00]. This
together with estimates of previous steps completes the proof of points (i) and (ii).
Step 4. We prove now (iii) by duality. We write the equality ||(a;; * f)u||H;11}(“_1/2) =
l|(asj * f):u’l/QHH;},’ hence we investigate SUPig,y <1 [((aij * f)p/?, ¢)|. We have for

any 6 > v+ 2+ 3/2,
[{(aij = P2, 9) = () f, (0)~aij + (1"?¢)})]

and
|(aij * 1 2@) ()] S VT2 12 [ Lo o) 1] 2
Therefore
(@) f, () ay * (1)} < 1(0)? £l g3 1(0) =" { s % (') H
with

1(0) " {aij * (2O HIn , S I60) " Hasg * (1 20)HZ2 , + 1Vo((0) ™) ai * (0! 29)}I1Fs
+ 110) " {aiy * (Vo' 20 + 1! 2Vud) Hia | + I1(0) ™ {aij * (1"*Vad) s,

—0
S I 20 Zs a2 gy ey 11, S 0N,
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and then
| (aij * f)IU/HH;}}(Mflm) N ||f||H;i(<u>9)'

For the term (¢ * f)u we argue in a similar way as in the previous step. O

We turn now to regularization properties of the semigroup Sg. We follow a technique
introduced by Hérau [53] for Fokker-Plank equations (see also [95, Section A.21] and
[64]).

Lemma 3.2.56. Consider hypothesis (H1), (H2) or (H3) and let my be some weight
function with v+ o > 0. Define

mo if v €10,1]; {mo if v € [0,1];
my = = )

W) Fmg  ifye[-2,0). W Mmy —if v € [-2,0).
Then there hold:

1. from L? to H* for ¢ > 1:

Vie (0,1, 1S5 ar2em),mt(me) < Ct 2
2. from L' to L?:
vie (0,1, S50l ma),r2emy < O

3. from L? to L™:

vie (0,1, [IS5(0)ler2ims),Lomy) < Ct°.

4. from H=! to L?:
Vte (0,1],  1SBMsr-1(m),r2(mey < Ct™2

Proof of Lemma 3.2.56. We consider the equation 0;f = Bf and split the proof into
four steps.

Step 1: from L? to H'. We only prove the case £ = 1, the other cases being treated in
the same way. Let us define

F(t, ) = 11 Z220my) + 1 IV F 1 220mg) + @28 (Vo Vol ) L2me) + @3 [V f 172 (mg)-

We now choose «;, i = 1,2,3 such that 0 < ag < as < a3 <1 and a% < 2ajas. Then,
there holds

2-7:(t7 f) > as t? Hvxme%Q(mo)’
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Moreover, denoting f; = Sg(t) f, we have

d

7F(t7ft) HftHLQ(ml) +a ”V ftHL2 (mo) + alt HV ftHL2 (mo)
d
+2C¥2t< :l?ft7 Uft>L2(m0) +042t dt < Lllftav ft>L2 (mo)

+ 303t [ Vafill72(mg) + ast® @”fot”m(mor

We need to compute

e f, Vo) = 3 [{0RB) @00) + 02 3(BF)}

|ar|=1
Let us denote f; := 05 f and f, := 95 f to simplify and recall that
8?(8]0) = &ijaijfz —Cfy —v-Vyfe — MXRfz,

and
Oy (Bf) = a;j0ij fv — cfy —v - Vafu — MXRfy
+ (Opaiy)0is f — (Oye)f — fo — M(OyxR) [

Using the same computation as in Lemma 3.2.52, we obtain
[ 102 (B) @20) + (@2) 03(BS)}y mi =Ty + T3 + o + T,

where

Ty i= 2 [y 0uf 03 fumi,
7y i= [{pma(v) = 2Mxn(0)} f fomi,

Ty = _/{(agai]) 077:10 + 99, } O;f famd — /{836+M(83‘><R)}ffx mg

= [1gel m}

and
T3 = — /(aﬁdij) 8lf 8]_]05,; m%
For the term 77, from the proof of Lemma 3.2.49 we get

'H-a

1T o —1,— T2 aa
T2 5 [0 el 1l md < e 10) ™5 gy + <47 1) ™5 98
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In a similar way, using |0%a;;| < C(v)?*!, [0%b;| < C(v)Y and |9;m?| < C(v)7~'m?, we
obtain for the second term

M o
7, 5 [y 19 falmd + {007+ T tncguican b1 1ol 08~ 10251y

M a
< st/ {<v>'y+a + ()77 + R1R<U|<2R} |05 f 17 mp

1 _ M

+e7 ¢ 1/{(1})7 1-1-1:51}!%<|u|<2R} |f1? mg
—1,— yto fe!

+e e ||<U> 2 vvf”%?(mo) - Ha:v f”%?(mo)

We now investigate Ty and, decomposing 0; f» = P,0; fo + (I — P,)0; f» and the same for
0; fv, we easily get

ol o 1+2 [}
To S et{[1{v) PoVo(03 F)l[F2(mgy + 1(0) 7% (I = Po) V(05 H)lIZ2(mo) )
—1,— X o rt2 fe
+elt 1{||<U>;vav(8v f)HZLQ(mO) + H<U>72 (I — P,)Vy(0; f)HQLQ(mO)}'

For the remainder term T3, arguing as in the proof of Lemma 3.2.52 (term 759 in that
lemma, see (3.46)) gives us

142

Ty < et{[[(v)2 PV o 02 )|F2(mg) + 10) 2 (T = Po)Vu(@5 ) 72(me)
1, 2 12
+ e THI0) PaVol [T2ng) + 100) % (I = P) VoS [2m)}-
Finally, putting together previous estimates we obtain
JATuBITos + VoV (B}
Tto 2
S {10} 2" Va fllE2mg) + 10)2 PV (Vo )l 2mg)
a2 _1,- Yto
+ )3 (I—Pv)Vv(vzf)”%2(mo)} Lo 1{||<U>72 Vo 172 (me)
ol a+2
+ H(U>3PNU(va)H%2(mo) + ”<U>72 (- Pv)Vv(va)H%%mo)}
1, 7 2
+ CeT I PV By + 10 = P)Vos P2}
+ Ce Tt 12 (mo) = 1V f 1 L20mo)-
Using Cauchy-Schwarz inequality, we also write the following
200t (Vo f, Vo f) 12 (mg) < 2 (8t2HvﬂCfH2L2(mo) + CE?lHVUfH%Q(mO)) '

Moreover, picking up estimates of Lemma 3.2.52, it follows that: for any 0 < A < A2
and 0 < 0 < Ay, 2 — A, there are M, R > 0 large enough such that,

JBn1mE < =eo{I0)F PoVufFa(y + 10) 5 (= P)Vud ()}

1to

= MFIZ2 gy = 01(0) = FlIZ2 ()
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also, for some g9 > 0 to be chosen later,

/ Vo(BAVof mg < —co{[(0)2 PoVu(Vof)B2mg) + 1(0)F (= P)Vu( Vo) 22(mo) }

yto

— MIVoflIZ2m) = 610) 2 Vo fillZ2(my)
o/ y+2

+ {102 PV f32mg) + 1(0)F (I = P)VulP2m) }

+ O 122y + C0 M IV 2z + CeotIVa 22

mo) mo)?

and finally

/ Ve BAVaf mi < —co{(0)F PyVo(Val)2gmg) + 10075 (I = POVo(Vaf)F 2o}

i
- )‘Hvfo%Q(mo) - 5H<U>W2 vxf“%%mo)'

We choose

€0 :&“2, ap = 85/2, Qg 1= 84, ag = 69/2.

Therefore, for any ¢ € [0, 1], we can gather previous estimates to obtain

d

%‘F(ta ft)

< (—eo+ 02 4 &% 1+ C) {I0)F PV fulliamyy + 1005 (1 = P)Vufil 3y}
2 42
+ t€5/2 <_CO + 051/2) {H('U)g vay(vyft)H%2(m0) + H<U>’Y2 (I - Pv)vv(vvft)||%2(m0)}
y 2
4 3£9/2 (_CO + 051/2) {H@)% PyVo(Va )l Z2(me) + ()= (I — Pv)vv(vxft)||%2(mo)}
ﬁ
— Ml Z20mg) = S (0) 2 FellF2my) + CHE? + )| FillF2me)
ato
— A2V filF2mgy — te%/% (8 = C2) [|(0) 2 Vo full32m)
— t? (Aeg/zt —Ce'? — b — 0% 4 54) ”fotH%?(mo)
yto
— t3€9/2 (5 _ 81/2) H</U>72 vxftH%Q(mo)
We then choose £ > 0 small enough such that the following conditions are fulfilled:
—co+ Ce'? + Ce? + Ce® < —K <0,
—cp + Ce'? < —K < 0,
A Ct(? + %) < —K <0,
§—Cet? < K <0,
Ce? 4%+ 0% — et < —K <.

We have then proved that, for any ¢ € [0, 1],

d ate
57 ) < —K'{HftH%z(ml) + Vo fil Z2(me) + tQHmeH%%mo)} = 3ll(v) =" el 32 ()
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which implies
CE|| Ve fill T2 (mgy < F(t: 1) < F(0, fo) = [ follZ2(my)-

We deduce

Vi€ (0,1], || VauSsOFlL2me) < C > 1| foll 2mn)s
and the proof of point (1) for £ = 1 is complete.
Step 2: from L' to L?. We define,

G(t, fr) = el F1ny) + 0tV F (2, o),
F(t. f) = il T2gny) + 1 1 Vo fellF o
+ o tY(V zft,vuft>L2(mO) + a3 756||Va:ft”%2(m0)7

for some N to be chosen later. Thanks to Hélder and Sobolev inequalities (in T3 x R3),
there holds

3/2 1/2
[0)g132 S Va9l 75 1(0) 99112,

which implies that
< 1/2 3/2
£ 1 20m) S I gy Vo (mo ) 2
< Ct™ 12 gy + Vo F ey + N0 2y (3:51)

_ rto
S Ct™ ) F 2 mgy + V0 P2y + 810D 57 F 2

where we have used in last line that (v)°~tmg < (v) = my. Arguing as in step 1, we
have

d ~ / 2 2 4 2 R
ar ) = K {Hft||L2(m1) + Vo fellz2(me) +1 Hv$f”L2(m0)} = 6|{v) 2 fillT2(my)-

Putting together previous estimates it follows

d e
79 fr) < — K| fell71 gy + 20NV TIF (8, )
— K'aot™ ([ ful22my) + [V Fill32mg) + E 1V 122 }

ato
— 5a0t™ [(0) = fillF2(my)
< —K||ft||%1(m2) + O‘ONtN_IHft”%Q(ml
—{—CO[()NtNJrlHV ftHL2 +Ca0NtN+5||vl‘ft”L2(mo)

- KlO‘OtN{Hfth(ml) + vaft”m(mo) + t4HVa:fHL2(mO)}

M
— 0aot™ ()= fellEamy)-
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Choose t. € (0,1) so that NtN*+1 < KtV then, for any ¢ € [0,t.],

d _ T+o
—G(t, f1) < =K ftl 71 (my) + Coot™ 1||ﬁs|!%2(ml)—504075N||<v>w2 FillZ2(myy

dt
— K//OéotN{Hvyft||%2(mO) + t4Hvfo%2(mo)}'

Thanks to (3.51), for any t € [0, t,], we get

d _ 1to
79 fo) < —(K — CeaotN 0| filF1 mg) — 0t™ (6 = CENI(W) 2 fill32(ny)
— aptN YK — C€)||Vx,vf”%2(m0)

Taking N = 16 and choosing € > 0 small enough then ag > 0 small enough, we get
4G(t, f;) <0 then

Ve [0,t],  CEOYfillRa(n,) < Gt £o) < GO, fo) = [ foll 71 my)-

This ends the proof of point (2), using the fact that the norm is propagated for t > t,.

Step 4: From L? to L>™. Arguing by duality as in Lemma 3.2.54, the proof follows as in
step 2.

Step 5: From H™' to L?. Using the duality approach as in Lemma 3.2.54, the proof
follows arguing as in step 1. O

Corollary 3.2.57. Consider hypothesis (H1), (H2) or (H3), and spaces £y, &1 of the
type E or £ defined in (3.18) and (3.19). Then for any N < X\ < A\, p, there exists
N € N such that

1(ASE) ™M ()| ze1,0) < Ce ™, Vit > 0.

Proof. 1t is a consequence of the hypodissipativity properties of B (Lemmas 3.2.50,
3.2.51, 3.2.52, 3.2.53 and 3.2.54), the boundedness of the operator A (Lemma 3.2.55),
and the regularization properties in Lemma 3.2.56, together with [64, Lemma 2.4] and
[51, Lemma 2.17]. O

3.2.6 Proof of Theorem 3.2.45

Thanks to the estimates proven in previous section, we can now turn to the proof of
Theorem 3.2.45.

Proof of Theorem 3.2.45. Let € be an admissible space defined in (3.19) and consider
¢y > 1 large enough such that E := Hﬁ?v defined in (3.18) satisfies £ C £. Recall that
in the small/reference space E we already have a spectral gap in Theorem 3.1.44.
Then the proof of Theorem 3.2.45 is a consequence of the hypo-dissipative properties of
B in Lemmas 3.2.50, 3.2.51, 3.2.52, 3.2.53, 3.2.54, the boundedness of A in Lemma 3.2.55
and the regularizing properties of (A * Sg)*¥)(¢) in Corollary 3.2.57, with which we
are able to apply the “extension theorem” from [51, Theorem 2.13] and [64, Theorem
1.1]. 0
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3.3 The nonlinear equation

This section is devoted to the proof of Theorem 3.1.42. We develop a perturbative
Cauchy theory for the (nonlinear) Landau equation using the estimates on the linearized
operator obtained in the previous section.

Hereafter we consider hypothesis (HO) and some weight function m.

3.3.1 Functional spaces
We recall the following definitions

2to 2 22
LBy = 100Y 2 F1F 2y + 14002 PoVu 32 gy + 1600 ™% (T = Po) Vo f 72y

and we also define the (stronger) norm

y+2 ¥ y+2
1Bty = 10 2y 10)E BT By + 1052 = POV S B
We define the space H, 1(m) by duality

Il my = sup {fh)r2gm)

”h”H% L(m) <1

Hence, we can define the space H3H, *l(m) associated to the norm

HfHHSH ”fHL2H l(m + ||V£Bf”L2H 1(m(v>—(1—a/2))
+ ||v2f||L2H < > 2(1— 0'/2)) + Hv?’fHLQH < )—3(1—0—/2))'

Observe that H3L2(m) and Hf’:HU* +(m) can be seen as interpolation spaces of some
admissible spaces € in (3.19). Therefore the exponential decay for the semigroup Sy (t) of
the linearized Landau equation in Theorem 3.2.45 also holds in H3 L2 (m) and H3 H,, } (m).

3.3.2 Dissipative norm for the linearized equation

We constuct now a norm for which the linearized semigroup Sy () is dissipative, with
a rate as close as we want to the optimal rate decay from Theorem 3.2.45, and also has
a stronger dissipativity property.
Proposition 3.3.58. Let X := H3L2(m) and Y := H3H, (m), and consider some
weight function m’ satisfying (H1)-(H2)-(H3) with m’ < m(v)~1=9/2) Define for
any n >0 and any A2 < \1 (where A1 > 0 is the optimal rate in Theorem 3.2.45) the
equivalent norm

038 22 (my = 1 F 1133 L2 +/0 ISA(T)EXT f 1343 12 (e 47 (3.52)

Then there is n > 0 small enough such that the solution Sx(t)f to the linearized equation
satisfies, for any t > 0 and some constant K >0,V f € X, Ilgf =0,

5 dthA( V5 L2imy < =22l SA®) M3z 220m) = KNSA@ 155 112 (m)-
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Proof. First we remark that the norm || - |[[43 12(m) i3 equivalent to the norm || - [|33 12 (1m)
defined in (3.11) for any n > 0 and any A2 < A;. Indeed, using Theorem 3.2.45 (that
also holds in H2L2(m)), we have

D15z L2 my < W 20y = 1115 £2m) +/0 ISA(T)ET FlI343 2 gy A
<l 133 22 m +/O C%e M7 112 1o oy dT < (04 O fl33 12 my

We now compute, denoting f; = Sa(t)f,

1d
thmftWHSL?(m) =n(Afe f)rzrzim) + 5 / 2 fillfs 12 ey AT =1 11 + L.

For I we write A = A+B. Arguing exactly as in Section 3.2, more precisely Lemma 3.2.55,
we first obtain that A € B(H2L2(m), H2L2(1~1/?)), whence

(Afe, fonaraomy < Cllfell g -

Moreover, repeating the estimates for the hypodissipativity of B in Lemmas 3.2.50 and
3.2.52 we easily get, for any Ao < A < A\p, 2 and some K > 0,

(Bf, Fusrzom) < =M r2im) = KN e, oy
therefore it follows
2 2 2
L < =Ml fiellaz L2 omy = 1K Fellaz b1y + 1€ el g 22 -
The second term is computed exactly
=g [ aISa+ 0 Bgrsn dr
-5 " 5w&v+wﬁ%pmwh—&4 184 (T Fill3s 2y d

= 1A Fl ] e [ ISAE)T Rl gy
— g [lleal” HIHILE(m) | g 2/ A ¢33 L2 (m)

1 T
oI By =22 [ IS8T ol g

where we have used the semigroup decay.
Gathering previous estimates and using that A > A2 we obtain

o0
L+ < =X {antH%{ng(m) +/0 ISA(T)e™T fillgs 12 ) dT}
1
- nKHftH’?-[%H%’*(m) + 00| fill s 12 (mry — §||ft||3{ng(mf)~

We complete the proof choosing n > 0 small enough. O
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3.3.3 Nonlinear estimates

We prove in this section some estimates for the nonlinear operator ). We will use
the following auxiliary results.

Lemma 3.3.59. Let -3 < a <0 and 6 > 3. Then
Aa(v) ::/ [0 — 0] (0,) "~ dv, < (0)°.
RS

Proof. Let |v| < 1/2, thus |v.| +1/2 <1+ |v — v,| and we get

Aa@) = [ ol 0= 0 dve S [ ol (0] don S ().

Consider now |v| > 1/2 and split the integral into two regions: |v — v,| > (v)/4 and
|v — vy < (v)/4. For the first region we obtain

[t ol 00 v S (007 [ () o S ()"
R3 * 1 R3

For the second region, |v| > 1/2 and |v — v,| < (v)/4 imply |vi| > |v|/4, hence

/I\%g 1‘U—U*|§% ‘U — 'U*’O‘ <’U*>_9 d’l)* S <ru>_6 /IR3 1|v_v*‘§% ’,U _ ,U*‘a d?}*

< <U>79+a+3 5 <U>a'

~

Lemma 3.3.60. There holds:
(i) For any 0 >~y +4+3/2

|(aij * f)(v) vivg| + [ * f)(v) vil + |(as; % 0] S )2 Fllzwe)-
(ii) For any 0' > (y+ 1)4 + 3/2 (where 2 := max{z,0})
(B % F)@)] S O gy
(iii) If v € [0,1], for any 6" >~ + 3/2
[CEFPICHISECILN Vi FPITSYS
() If v € [+2,0), for any p > 3= and 6" > 3(1 —1/p)
[(cx ) S W 1Nl Lo wyory-

In particular, when v € (—3/2,0) we can choose p =2 and 0" > 3/2; and when
v € [-2,—3/2] we can choose p =4 and 6" > 9/4.
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Proof. Recall that 0 is an eigenvalue of the matrix a;; so that a;;(v—v.)v; = a;;(v—"vs) Vs
and a;;(v — vs)viv; = a;5(V — V)VsU4j.  Using this we can easily obtain, for any
0>~y+4+3/2,

|(aij * f)(v) vivj| = |/v aij (v — v )vivj fu| = /U ij (V= Vi) VsV f
S [ @ e LS 0 g

S @O N F 1 p2 (o)

In a similar way we get

[(aij * £)(©) vil S )£l 2z wpe-1ys

and we easily have, since v € [-2,1],

[(asj % £) ()] S (02 fll 2 (gwpo-2)-

For the term (b* f), we recall that b;(z) = —2|z|7z; and we separate into two cases.
When v € [—1,1] we have, for any ¢/ > v+ 1+ 3/2,

G DEIS [ Jo=u AL [ @ e is

< O gy S @ 1z oy

When v € [-2, —1) we use Lemma 3.3.59 to obtain, for any 6’ > 3/2,

o OIS [ o= )™ )11

2 1 20" 1/2
S ([ o= PO )7 )l gy
LA T P,

Finally for the last term (c * f), recall that c(z) = —2(v 4 3)|z|" and separate into two
cases. When v € [0, 1] then, for any 6" > v+ 3/2,

(cxNIS [ w=vlIfl s [ @)Ll

VUx

S O oy S @2 e
3

When v € [-2,0) we use Lemma 3.3.59 to obtain, for any p > Ty and for any
0" >3(1—-1/p),

(e NEIS [ To=val @) @) |1

. (»=1)/p
S ([ o=l T ) )T gy

S @O Il g2 ey
thanks to |y|p/(p — 1) < 3. O
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We now prove nonlinear estimates for the Landau operator Q.

Lemma 3.3.61. Consider hypothesis (H1), (H2) or (H3).
(i) For any 60 >~ + 4+ 3/2, there holds

(QUf,9), P rzamy S W2 oy 9Nz . omy 12 22 (-
(ii) For any 0 >~ +4+3/2 and §' > 9/4, there holds
(Q(f,9), D) r2imy S Wz 9l mys v € (=3/2,1];
and if v € [-2,—-3/2],
(Q(f,9), 9 r2my S Iy 19017z oy + 1N ars oyory ol Z2 -
Proof. We write

(@U.9): Wiy = [ O3llas = F)og — (b = g} hom?
= —/(aij * £)9ig Ojhm? — /(aij * [)0;g 0ym* h

+ /(bj * f)g 9ihm? + /(bj * f)g hom®
=T +To + T3+ Ty.

Step 1. Point (i). We estimate each term separately.

Step 1.1. For the first term, since the estimate for |v| < 1 is evident, we only consider
the case |v| > 1. We decompose 0;9 = P,0;g + (I — P,)0;g and similarly for 0;h, where
we recall that P,0;9 = v;|v|72(v - V,g). We hence write

T, = /(aij * ) {P,0;g PyOjh + P,0ig (I — P,)0;jh + (I — P,)9;g P,0;h
+ (I — P,))3ig (I — P,)0;h} m?
=:T11 + T2 + 113 + Tha.
Therefore we have, using Lemma 3.3.60,

v-Vyug) (v-Vyh
Tnz/(aij*f)vivj( B ) BE )m2

S 1 ey [ (@210l 2 gl V| m?

S22y 10) 2 Vogll 2 omy 10)2 Vohll 2 (m)-

Moreover

Tyy = /(aij v flos %T;g) (I - P)o;h) m?

S I zqey [ @72l 199l (I = PV bl m?

5 w2
S22y 10) 2 Vogllnzony 10) = (1 = Po)Vohl| 12(m),
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and similarly

2 5
Tis < 12 oy 10) = (T = Po)Vugll 12 m) 1(0) 2 Vohll 12 (m)-

For the term 774 we obtain
Tis = [y U = P)oig) (L~ P)osh} m?

S lzzqey [ @V F2UT = PVogl (T = PV ohlm?

vtz 1t
Sl z2wyoy 1K0) 2 (1 = Po) Vgl Lz gm) [1(0) 2 (I = Po)Voh| L2 (m)-

Step 1.2. Let us investigate the second term Tb, and again we only consider |v| > 1.
Since 9;m? = Cv;j{v)?~2m?2, where we recall that o = 0 when m = (v)¥ and o = s when
m = e"")° the same argument as for T} gives us

1= [(ay + ) {(Podrg Om® + (1 = P)org o,m®} b
=: T + Tho.
Then we have
oo (V-V
Ty = C'/(aij * [viv(v)? 2 (|U|2vg) hm?
S I llzzqey [ @)720)72 ol gl B

yto—2

ﬁ
S ez 1{0) ™2 VugllLz om) (v) ™ Bl 2 (m)>

and we recall that v+ o — 2 < 7. For the other term we get
T = C [y« ugt) (T = P)ogy hm?
S I lzqpey [ @202 = P)Vog] ]

4o 2o
S za gy 10) 2 (1 = Po)Vogllnamy 10) 2 Bl 22 (m),

and recall that v+ o <~ + 2.
Step 1.3. For the term Ty,

Ty = C/(bj * [)v; ()72 g hm?
S lzzqey [ @7 0)7 gl bl m?

1t 1t
S ISz 116072 gll 2 my [10) 72 Bl 22 m)-

Remark that up to now we have obtained

Ty +To + Ty S FllLz ey 9y, my 101 E2 ()
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however in the estimate of the term T35 (see below) we will get a worst estimate (with
the norm HgHH%’**(m) instead of HgHH%’*(m)).
Step 1.4. We finally investigate the term T3 and we get

15 Sl 2o /<v>7+1 lg| |V uh| m?

12 o
S I L2 oy I[(v) 2 9ll L2 (m) H<v>gvvhHL%(m)
S Iz cwyoy N9l mr . om) H<U>%VuhHLg(m)-

We complete the proof of point (i) gathering previous estimates.

Step 2. Point (ii). Arguing as in Step 1, with h replaced by g, we already have
T+ T+ Ta Sl 2o HQH%;;*(m),
and we only estimate the term T3. Integrating by parts we get
T; :/(bj x [)gojgm? = —;/(c*f)g2 2 _ ;/(bj*f)aijgQ = I+1I.
The term I can be estimated exactly as Ty. For I, thanks to Lemma 3.3.60, we obtain

ISz 1) 2 gl iz 0my, iy € (=3/2,1];

and
X X .
LSz ey 10 2917y + 1F N pagyory 1002 gl T2 nys 17 € [2,-3/2];
ol X2
S Lz oy 10) 2 9172 0my + 11 quyery 16002 9112 oy
and that concludes the proof. ]

Lemma 3.3.62. Let assumption (HO) be in force.
(i) There holds
<Q(f,9)7 h>Hng(m) 5 ||f||Hng(m) ||9||H3H3,**(m) HhHHgH},’*(m)»

therefore

QU sty S 1 ez 22 Il .o
(i) There holds
(QUf,9), 9)r3r2(m) S I fll23 L2 (m) HgHigHg’*(m) if v € (=3/2,1],
and

(QUf,9), 9)r312(m) S I fll23 L2 (m) ||9H313H3,*(m)
1l ay oy 1913 20my  F 7 € [-2,-3/2).
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Proof. We only prove point (i7). Point (i) can be proven in the same manner, using the
estimate of Lemma 3.3.61-(¢) instead of Lemma 3.3.61-(¢i) as we shall do next.
We write

(Q(f,9), 9rzrzim) = QU 9), 9 r2r2my + D (O2Qf29):059) 12 12 (mwy-1810-0/2));

1<18|<3
and

BQf,9) =D CppQ05 f,00g).
B1+B2=0

Recall some inequalities that we shall use in the sequel:

1/2 1/2
lull poocn) S ullgramsys Nullzsay S IVullzery,  ullzsms) S IVull oy lull fors)-

Step 1. Using Lemma 3.3.61-(ii) we get

(Qf,9),9) r212(m) S /11‘3 £ 22 (o) HQH%IUI,*(m) if v € (=3/2,1],
S a2 L2 ()0 HQHQLgHg,*(m)y
and, similarly,

(Q(f,9),9) 1212(m)
SIF ez 0 19172 111, oy + 1 Wz yery 19122226y 1E 7 € [=2,-3/2].

Step 2. Case || = 1. From Lemma 3.3.61-(i7) it follows if v € (=3/2,1],
<Q(f7 859)7659>L%L%(m(v>*(1*0/2))
S [, Wz 1950y gy —r-erm)
<1 lm22200) 58 g -cr-ern-
and, similarly, if v € [-2,—-3/2],
(Q(f,079),079) 12 13m0y S Il m222000)9) IV o0l T2 112 _(mgoy-1-0721)
+”f”H§H1 )0') ”ng”mp (v)—(1=0/2))"
Moreover, thanks to Lemma 3.3.61-(i), we get
(Q71,9),0%9) -
xJ19)029) 1212 (m(v)—(1-0/2))
< / 192 12y N9zt o=y Vgl 13 muy—1-72)

S IVefllmzrzwyoy 19z . onwy-0-0r2) Vgl L2 51, m)-a-o/2))-
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Step 3. Case || = 2. When [2 = 3, Lemma 3.3.61-(¢4) yields if v € (—=3/2,1],

(Q(f,079) 979) 1212 (mv)-201-0/2) §/ 1122 (yo) IV 292 gy —200-0722)
S22y V29172 11 mgey—20-a/2y-
and, similarly, if v € [-2,—-3/2],
<Q(f,3§9)va£9>Lng( (v)—201-0/2)) S HfHH2L2 ||V gIILng L+ (m(v)—2(1=0/2))
+ ||f”H2H1 ((v)?") ||V 9”L2L2 m{v)—2(1=0/2))"
If |51] = |B2| = 1 then, thanks to Lemma 3.3.61-(i), we obtain
QO £,029),079) 12 12 (miw)-20-0/2))
S [, 19 flzqom 1959l

v**

= HV f||H2L2 ”ngHL2H1

U,k

mwy-20-0/2) | Vagll s muy-20-a/2))
(m(v)—2(—0/2)) ||Vig||L§Hv1,*(m<v>—2<1—v/2>)-
Finally when ; = 3, Lemma 3.3.61-(7) gives us
(Q(D71,9):959) 12 12 (m(v)-20-0/2)
S Ly 192z Vol oy -s0-279) 1729 2127
SUIVE ez 190 2 my—20-0/2) IV 290 22 112 (mwy—20-0/2)
SV ez 1915 - my-20-0 Vo9l a1 - mgey-21-o2)

HV 9||L2H1 L (m(v)—2(=0/2))

Step 4. Case || = 3. When [2 = 3, Lemma 3.3.61-(¢7) implies if v € (=3/2,1],

(Q(f,029),029) 1213 (m(wy-301-0/2) §/ 1122 (yo) IV 2921 gy -s01-0722)
S22y V21T 1 mgey-sa-a/2y-
and, similarly, if v € [-2,-3/2],
(Q(f, 359)7559>L3Lg( (v)=301=0/2)) S HfHH2L2 ||V gIILng (m(v)y—=3(1=0/2))
+ ||f”H2H1 ((v)? ||V 9”L2L2 m{v)—3(1=0/2))"
If |51] = 1 and |B2| = 2 then, thanks to Lemma 3.3.61-(7), we obtain
(Q(OF1,0729),059) 12 12 (m vy —301-0/2))
5/ IV Fll 2 y) V291 11 . gy 30272y V29l 12 gy -2-0/2)

SIVaflzea o) 1V29l 2z my-20-2/2) Va9l L2 12 o) -30-272))-

121
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If |51] = 2 and |B2| = 1 then, thanks to Lemma 3.3.61-(7), we obtain
(QOF £,0529),059) 12 12 (mv)-301-a/2)

S /T% V2SN L2 ()2) 1 Vgl . miy—-20-0/2) Vo9l i3 gy -20-0/2))

1/2
SV 2z 1Vagl 5 my-s1-erm)

120135 . mtey-s0-o720) V290 22113 om0/
Finally when ) = 3, Lemma 3.3.61-() gives us
(Q(D71,9):929) 12 L2 (m(vy-30-o/2)
</ , 19z Nl 507279 1729 5127

SIVEFllzz iz 9l m2 e mu-20-0/2) V29l L2 12 (muy—20-0/2 -

Step 5. Conclusion. We can conclude the proof gathering previous estimates and
remarking that, for any n = 0, 1, 2, there holds

yto

a+2
1{v) 2" V29l 22 L2 (mwy - +00-072)y = [[{0) 2 VEGIl 12 12 () -n1-0/2))

which implies

IVEgl L2 a1, (mew)-e+00-0/2y S NVEGI L2 11, (me)-n1-0/2))

and observing also that
£l sz wyoy S Iz L2 om)
and
I ze oy S W llag s omy iy € [=2,-3/2].

3.3.4 Proof of Theorem 3.1.42

We consider the Cauchy problem for the perturbation f = F — u. The equation
satisfied by f = f(t,z,v) is

{ Wf=Af+Q(f, f) (3.53)

Jii=0 = fo=Fo — p.

From the conservation laws (see (3.6) and (3.10)), for all ¢ > 0, IIpf; = 0 since

Iy fo = 0, more precisely [ fi(v)dzdv = [v;fi(v)dxdv = [ |v]*fi(v)dzdv = 0, and also
ITyQ(ft, ft) = 0 because I1yQ( fo, fo) = 0.

Consider some weight function m and assumption (HO). We split the proof of

Theorem 3.1.42 into three parts: Theorem 3.3.64, Theorem 3.3.65 and Theorem 3.3.66
below.
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Stability estimate

We start proving a stability estimate.

Proposition 3.3.63. A solution f = f; to (3.53) satisfies, at least formally, the following
differential inequality: for any Ao < A1 there holds

1d
5 I e 2 my < =22l F W3z 226my — (B = O F oz 2 0m) ) 1 138 11 oy
th T v( ) v T v,( )

for some constants K,C > 0.

Proof of Proposition 3.3.63. Recall the norm [|-[ly3 12 () is defined in Proposition 3.3.58.
Thanks to (3.53) we write

1 d oe T T
5%“|ft|Hg-[%L%(m) = n(ft; AMfe)nz L2(m) +/O (SA(T)ENT f1, SA(T)EMT A 1) g3 12 () AT

+n<ft7Q(ft7ft)>’H%L%(m)
+ /0 (SA(T)EMT f1, SA(T)ENTQ(fer fo)) a3 12 () AT

=1+ I+ I3+ I4.

For the linear part I; + I, we already have from Propposition 3.3.58 that, for any
)\2 < )\1,
L+ I < =Xl fill s 2 om) — KHftH?{gHg,*(my

Let us investigate the nonlinear part. For the term I, we use the fact that IIpf; = 0
and HoQ(ft, fr) = 0 for all ¢ > 0, together with Theorem 3.2.45 to get

| AT 1 SN DT QUi D) s 2y
< [ ISA D il oy IS8T Qs ) g3y I

= ||ftHH3H,},*(m/) ||Q(ft7ft)HHgH;i(m/) /OOO CPe 2RI gy
S ||ftHH§H5,*(m/) ||Q(ft,ft)HHgH;i(m/)~
From Lemma 3.3.62-(i) we have
QU Fllaz prz ey S W Fellrzzz ) Il fellagg . o)

Therefore, using that m’ < m<v>_(1_"/2) so that || f1|

1) S Il (my, we obtain
Iy S fiellwz L2 om) ||ft||3{3Hg,*(m) S felles 22 m) HftH?.[gHg’*(m)-
For the term I3, Lemma 3.3.62-(i7) gives us directly
Is S\ fellas 22 my el 101 oy + I el 3 22y 1 Fe a3 o)
S M Felloez 22y 1t s oy

We complete the proof gathering previous bounds. O
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Cauchy problem in the close-to-equilibrium setting

Consider (HO) and some weight m. We fix some weight function myg satisfying
(H1)-(H2)-(H3) such that mg < m(v)~(1=9/2) which is always possible. We will

~

construct solutions on L (H3 L2(m)) under a smallness assumption on the initial data
| foll2¢3 £2(m) < €o0- Introduce the notation to simplify

(x =i, ¥ =t o)
Xo=HILy(mo), Yo = HIH, . (mo), Zo:=HIH, . (mo)
and remark that || f|lz, < |If]lv-

Theorem 3.3.64. There is a constant ¢y = eo(m) > 0 such that, if || folllx < eo then
there exists a global weak solution f to (3.53) that satisfies, for some constant C > 0,

[ £l oo (j0,00):) + I f 1 22([0,00):7) < Ceo-
Moreover, if Fo = i+ fo > 0 then F(t) = p+ f(t) > 0.

Proof. For any integer n > 1 we define the iterative scheme

n __ n n—1 pn 0 _ 0
{8;,)“ =Af"+QU™L ) Vn>1., and {%f Af .
f|t:o:f0 f|t:0:f0

Firstly, the functions f" are well defined on X for all ¢ > 0 thanks to the semigroup
theory in Theorem 3.2.45 and the stability estimates proven below.

Step 1. Stability of the scheme. We prove by induction that
t
Vn>0,Yt>0, An(t) = IfF% + K/ IF71 dr < 26, (3.54)
0

if g > 0 is small enough. The case n = 0 easily follows from Proposition 3.3.58. Assume
that (3.54) holds for some n € N. Arguing as in Proposition 3.3.63 we obtain

d n n n n n n
I I+ KIS < G I + ClE i L%
< CIMl 1T + CUF I e 17y

Integrating from 0 to t it follows

t
A (t) = IIF7 1% +K/O £ dr
t
<l foll% +C (Sglglllff’lllx) /0 1T dr

co([ ek (iglg !Hff“Hx) ([ 155 @l ar)

< lfoll% + CAR() /2 Anga ()
< Ilfollk + CeoAni1(t),

1/2
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from which we conclude to (3.54) for n+ 1 if ¢y > 0 is small enough (so that Cey < 1/2).

Step 2. Convergence of the scheme. Now we can prove the convergence of the scheme in
Xo. Denote d® = f**+! — f" that satisfies

Od" = Ad" + Q(f",d") + Q(d" ', f"), Vn e N
8td0 - Ado + Q(foa fl)

We claim that for eg > 0 small enough, for any n € N it holds
t
VEZ 0020, Balt) = I8, + K [ |23 dr < (Ceo)™, (355)
0

for some constants C’ > 0 that does not depend on €. Let us prove the claim by induction.
We start with the case n = 0. Denote X := H2L2(m}) (where m}) < mg(v)~(1=7/2),
see (3.52)) then we compute

d t
G = A, &) x, + [ (Sh(r)eT A, Sy (1)), dr
+nlQf 1) d)x, + /O (A TQF°, £1), Sa(r)eTd)%, dr
=0+ Is + I3+ 14
Arguing as in Proposition 3.3.63 we get
L+ < -K|d|3,

and also
I S xo 1 vo 1 v

Now for the term I3 we get thanks to Lemma 3.3.62-(7)

Is S IOl 15 2o 1 ve < U172 1F Iy 1l -

Gathering previous estimates yields, for any ¢ > 0,

t t
lld? I, +K/O 42113, dr < C/O 12 0x0 {17 v + 12 v} 2y,
2

0 ! 12 2 ! 02 Y
< (suplistts ) ([ 1525 0r) ([ it ar)
>0 0 0

Bo(t) < Ce2Bo(t)'? = B(t) < Cel,

therefore we get

where we have used (3.54) for f° and f!, which concludes the proof of (3.55) for n = 0.
Assume now that (3.55) holds for some n € N and let us prove (3.55) for n + 1. We
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compute

SR = nAd ), + [ SN DTG, Sy ()T g dr
+n(Q(fHL d™), d ) x
+ [T SameTQUTL ), Sy (e g, dr
+0(Q(d", f*), d" ) x, + /OOO(SA(T)GA”Q(d", ™), Sa(r)e d )5, dr
=L+ 1+ I3+ 14+ Is + L.
Arguing as in Proposition 3.3.63 we have
L+ I < K|l d" %,

and
I3+ Lo S o 1S, + 1 e Ml lxo 1™ lve-

The term Ig can be estimated as I, and that gives us

Is S ™ llxo £ o 1™ va.

For the last term I5 we get using Lemma 3.3.62-(1)

Is < ld" xo 11F™ 1 2o 114" lve S W™ lxo 11F7 1y 14" Iy,

Putting together all the estimates, it follows
t t
Bnya(t) < C/O 77 Mo IS, dr + C/O £ e el a2y, dr

t
+C /0 N lxo 1 £2 1y 1 v, dr

t
< (supllz ) [,
>0 0

t 1/2 t 1/2
wo([Tugar) (st ) ( f 1)
0 >0 0
t 1/2 t 1/2
v (sptezt, ) ([ 1sziar) ([ v ar)
>0 0 0

Bui1(t) < CeoBpy1(t) + CeoBn(t)Y2 By ()2
< CegBni1(t) + Ceo(Cleg)" By ()2,

Hence it follows

where we have used (3.54) for f™ and f"*! and also the induction hypothesis. If ¢g > 0
is small enough so that Cey < 1/2, we then get

Bui1(t) < Ceo(C'e0)"Bny1 ()2 = Buyi(t) < C2e2(Cle)™™ < (Cleg) 2 +h).
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Therefore the sequence (f™), is a Cauchy sequence in the space L*°([0,00); Xo) =
L>(]0,00); H2L2(myg)), and its limit f satisfies (3.53). We then deduce that

| £1l o< ([0,00):) + 1 F 1l 22(0,00)7) < Ceo,

by passing to the limit n — oo in (3.54). Moreover, since Fy = u + fo > 0 we easily
obtain that F'(t) = u+ f(t) > 0 (see e.g. [52]). O

We can now address the problem of uniqueness and prove an a priori estimate on
the difference of two solutions.

Theorem 3.3.65. There is a constant €y = €g(m) > 0 such that, if || folllx < eo then
there exists a unique global weak solution f € L°°([0,00); X) N L?([0,00);Y) to (3.53).

Proof. Let f be the solution constructed in Theorem 3.3.64 that satisfies
£l oo (j0,00):%) T 1 22([0,00)5v) < Ceo-
Assume that there is another solution g with initial data gg = fy and such that
91l oo ([0,00);) + 1911 £2([0,00):7) < Ceéo-
The difference f — g satisfies
O(f—9) =M —9)+ Q9. [ —9)+Q(f — 9. /),
with fo = go. We then compute the (standard) L2L2(mg) norm of the difference f — g

1d
th”f 9HL2L2 (mo) = NS = 9), f — 9 1212(mo) T (QU9, [ — 9) [ — 9) 1212 (m0)

+ <Q(f -9 f)7 - g>L§L%(mo)
We write A = A + B so that we obtain
(Af = 9) f = Dr2120m0) < KN = 9l T2, mo) + CIF = 9l Z222(mo)-
Moreover, Lemma 3.3.61-(ii) gives

<Q(ga - g)v - g>L§L%(mo)

< C||9||H§Lg(mo) If = 9”%31{7}7*(%) + CHQHH%H},(mo) If— QH%ng(moy

whence, integrating in time,

t
/0 (Q(gr, fr —97), fr — gT>L2L2(m0) dr

< C sup H%\H?L? (mo) / If7 = gTHL?H%*mo
T€[0,t]

1/2 ¢
+C (/0 ”gT”?-I%H%(mO)) ( sup || fr = 971172 12 (1mo) +/0 If~ _gTH%EL%(mo)> :

T7€[0,t]
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Thanks to Lemma 3.3.61-(i) it follows

QU —9./). f =9 r212(m0) < CNF = 9ll202mo) 1 f 211 .. (mo) 1 — 9l L2213 (1m0

which integrating in time gives
t
| @ =90 £, 1 = 9)12120m0 7

t
<O( Sl[lg)ﬂ Ifr — 9r||Lng(m0))/0 HfTHH%Hg,**(mO) | fr — 97||L§H5,*(m0)
T7€|0,

t 1/2 t
<C 12 e sup | fr = grll72 2 (me) + [ I1fr = 97022001 (o) | -
0 T v,**( ) T ’U( ) 0 T v,*( )

T€[0,¢]

and observe that || fllz2gz2m1 ., o)) S I1f1l2(v) < Ceo. Therefore

t
1= 0300y + X [ 107 = 97z oy 7

¢ t

<C [ 1 = 90 B 130y 47+ Cco [ 1 = 973210y oy 07

t
+ Ceo ( sup || fr — 97'||%§L3(m0) +/ I fr — 97”%21{1 (mo)) )
T€[0,] 0 e

and when ¢g > 0 is small enough we conclude the proof of uniqueness by Gronwall’s
inequality. O
Convergence to equilibrium in the close-to-equilibrium setting

Theorem 3.3.66. Consider (HO) and some weight m. There is a positive constant
€1 < g so that, if ||| folllx < €1, then the unique global weak solution f to (3.53) (contructed
in Theorems 8.3.64 and 3.3.65) verifies an exponential decay: for any Ao < A1 there
exists C' > 0 such that

VE>0, |fillx < Ce 2 follx,

where we recall that Ay > 0 s the optimal rate given by the semigroup decay in Theo-
rem 3.2.45.

Proof. From Theorem 3.3.64 we have
t
sup || £ ()[I1% +/ IF (T} dr < Cef.
>0 0

Using Proposition 3.3.63 we get, if €; > 0 is small enough so that —K + Ce; < —K/2,
and for any Ay < Aq,
1d

S S < =l f 1% — (5 = Cen)llfIE

K
< =Xllfll% = S 115
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and then we deduce an exponential convergence

ve>0,  [If@®lx < e fifollx,

which implies
Vi>0,  [If®)]x < Ce | follx.
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Deuxieme partie

Equation de Boltzmann avec
collisions inélastiques
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Chapitre 4

Boltzmann equation for granular
media with thermal force in a
weakly inhomogeneous setting

RESUME. Nous considérons ici I’équation de Boltzmann non homogeéne en espace, inélas-
tique avec un terme diffusif dans plusieurs cas : le coefficient de restitution peut étre
soit constant soit dépendre de la vitesse d’impact (ce qui inclut en particulier le cas
des spheres dures viscoélastiques). Quand le parametre de diffusion est suffisamment
petit, nous prouvons un résultat d’existence globale de solutions dans un régime proche
de I’équilibre et aussi dans un régime faiblement homogene pour le cas d’un coefficient
d’inélasticité constant. C’est le tout premier résultat d’existence de solution dans une
régime de collisions inélastiques (c’est-a-dire en ne prenant pas en compte le résultat
d’existence de [4] établi dans un régime proche du vide). Nous étudions également le
comportement en temps grand de ces solutions et prouvons une convergence exponentielle
vers I’équilibre. La base de la preuve est ’étude de ’équation linéarisée pour laquelle nous
prouvons de nouvelles estimations spectrales grace a un argument perturbatif autour de
I’équation de Boltzmann pour des spheres dures élastiques non homogeéne en espace.

ABSTRACT. In this part, we consider the spatially inhomogeneous diffusively driven
inelastic Boltzmann equation in different cases: the restitution coefficient can be constant
or can depend on the impact velocity, including in particular the case of viscoelastic
hard-spheres. In the weak thermalization regime, i.e when the diffusion parameter
is sufficiently small, we prove existence of global solutions considering the close-to-
equilibrium regime and the weakly inhomogeneous regime only in the case of a constant
restitution coefficient. It is the very first existence theorem of global solution in an
inelastic “collision regime” (that is excluding [4] where an existence theorem is proven in
a near to the vacuum regime). We also study the long-time behavior of these solutions
and prove a convergence to equilibrium with an exponential rate. The basis of the proof
is the study of the linearized equation for which we prove new spectral gap estimates
developing a perturbative argument around the spatially inhomogeneous equation for
elastic hard spheres.
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4.1 Introduction

4.1.1 Model and main result

We investigate in the present paper the Cauchy theory associated to the spatially
inhomogeneous diffusively driven inelastic Boltzmann equation for hard spheres interac-
tions and constant or non-constant restitution coefficient. More precisely, we consider
hard-spheres particles described by their distribution density f = f(¢,x,v) > 0 under-
going inelastic collisions in the torus in dimension d = 3. The spatial coordinates are
x € T3 (3-dimensional flat torus) and the velocities are v € R3. The distribution f
satisfies the following equation:

8tf:Qex(faf)"i‘)\’yAvf_v'va:f- (4-1)

Let us point out that in the case of a constant restitution coefficient, e, (+) is constant
equal to 1 — X\ and ~ is equal to 1, the equation hence becomes:

Ohf =Qua(f, [) +AAf —v- Vo f. (4.2)

The term \7 A, f represents a constant heat bath which models particles uncorrelated
random accelerations between collisions. The quadratic collision operator ()., models
the interactions of hard-spheres by inelastic binary collisions where the inelasticity
is characterized by the so-called normal restitution coefficient ey(-) which can be, in
contrast with previous contributions on the subject, constant or non-constant. In the
non-constant case, this restitution coefficient quantifies the loss of relative normal velocity
of a pair of colliding particles after the collision with respect to the impact velocity.
Namely, if v and v, denote the velocities of two particles before collision, their respective
velocities v' and v/, after collision are such that

(W -n)=—(u-n)ex(u-n), (4.3)

where e)(:) := e(A -) and e := e(|u-n]|) is such that 0 < e < 1. The unitary vector
n € S? determines the impact direction, that is, 7 stands for the unit vector that points
from the v-particle center to the v,-particle center at the instant of impact. Here above,

u=v—vy, u=1v -,
denote respectively the relative velocity before and after collision. Assuming the granular
particles to be perfectly smooth hard-spheres of mass m = 1, the velocities after collision
v" and v/, are given, in virtue of (4.3) and the conservation of momentum, by

v=0- (u-n)n, v, =uv.+

14 ey

(u-7) 7. (4.4)

The main assumption on e(-) we shall need is listed in the following (see [4] for more
details).
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Assumptions 4.1.67.
1. The mapping r — e(r) from RT to (0,1] is absolutely continuous and non-
mcreasing.
2. The mapping v — re(r) is strictly increasing on RT.

3. There exist a,b > 0 and 5y > v > 0 such that
Vr>0, le(r)—1+ar?| <br).

The assumptions (1) and (2) are trivially satisfied in the constant case which is
enough to apply most of the results from [8]. The assumption (3) is crucial to do a fine
study of spectrum of the linearized operator close to 0 in the non-constant case (see step
4 of proof of Theorem 4.2.82). Let us also emphasize that the three assumptions are
met by the visco-elastic hard-spheres model which is the most physically relevant model
for applications (see [20] and Subsection 4.1.2). In the remaining part of the paper, we
suppose that the restitution coefficient e(-) is constant or satisfies Assumptions 4.1.67.

We here explain why studying such a rescaled equation is relevant in the case of weak
thermalization regime. The associated stationary equation before rescaling is given by

Qe(faf)+ﬂAvf_v'vxf:0 (45)

for some positive thermalization coefficient p > 0. We then introduce the rescaled
distribution gy(z,v) := A f(z, \v) if f is a solution of (4.5) of mass p. Using the
following equalities which hold for any x € T? and v € R3,

)‘2 Qe<f7 f)(xa /\’U) = Qe)\(g)\y g)x)(xa 7})7
A° (Avf)(xa )‘U) = Avg/\(xa U),
)‘3 (U : vacf)(x’ )‘v) =v- vng(SU, U)v

we obtain that g, satisfies

I

Qe,\ (g>\, g)\) + F Ang —v-Vggy =0. (46)
Let us notice that this scaling preserves mass and momentum and moreover, e (r) tends
to 1 as A goes to 0, the elastic restitution coefficient. We expect that formally, as A goes
to 0,

Qex(faf) = Ql(faf)
and thus that, as A goes to 0, the dissipation of energy vanishes. We see that if y > 0 is
fixed, then the second term of (4.6) becomes infinite in the limit A — 0. We thus have

to choose p := py such that uy A= tends to 0 as A goes to 0. Such as in [8], we can
compute a parameter py such that the energy

Eyi=— / gx(z,v) |v)? dz dv
T3 xR3
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is kept of order one in the limit A — 0, which gives u = uy = A\**7. Equation (4.6)
hence becomes

QSA (g)\, g)\) + A7 Aygy —v-Vzgy = 0.
This explains why we study the evolution equation (4.1).

In the sequel, it shall be more convenient to deal with a second, and equivalent,
parametrization of the post-collisional velocities. Fix v and v, with v # v, and let
@ = u/|u|. Performing in (4.4) the change of unknown o = 4 — 2 (4 - 1) 7 € S? provides
an alternative parametrization of the unit sphere S?. In this case, the impact velocity
reads |u - 7| = |u[\/ 1722 and the post-collisional velocities v’ and v} are then given by

1+6>\U*|U’0 1+6)\’UJ*‘U|(7

/ /

—v— = v, + . 4.
v v D) 9 y Uy (% 9 9 ( 7)

This representation allows us to give a precise definition of the Boltzmann collision
operator in weak form by

/R3 Qe (9, f) ¢ dv = /R3 /IR3/S29(U*)JC(U) (W) — ¥(v)] |v = v.| do dv, dv, (4.8)

for any v = 9 (v) a suitable regular test function. Here, the post-collisional velocities
v" and v), are defined by (4.7). Notice that

2
1—-u- -0 l1—-u- -0
)P+ [l = [vf? = ou]* = —[ul® — |t e (!u\ 2) . (49

The operator ), defined by (4.8) preserves mass and momentum, and since the
Laplacian also does so, the equation preserves mass and momentum. However, energy
is not preserved either by the collisional operator (which tends to cool down the gas
because of (4.9)) or by the diffusive operator (which warms it up).

The formula (4.8) suggests the natural splitting Q., = ;& — @, between gain and
loss parts. The loss part ), can easily be defined in strong form noticing that

@alo D)= [ [ [ o syl - vl dodv.dv = (1L(g). )
RS SQ
where (-, -) is the usual scalar product in L? and L is the convolution operator

L(g)(v) = 4r(] - [ * g)(v).

In particular, we can notice that L and (), are independent of the normal restitution
coefficient.

We also define the symmetrized (or polar form of the) bilinear collision operator @eA
by setting

[ @atgmwdo=3 [ [ [ 2g<v*>h<v>|v — ol [p(0) + 9(e))] dodv.dv (410)
—7/]1{3/]1{3/82 v ()]0 = v [(v) + ©(v.)] do dv, dv.
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In other words, @%(g, h) = (Qey (g, h) + Qey (h, 9))/2. The formula (4.10) also suggests
a splitting Qc, = Qj) — (¢, between gain and loss parts. We can notice that we have

08 (9,:h) = (Qd, (9, 1) + QL (h,9))/2 and @, (9,h) = (Qc, (9, h) + Qg (h, 9)) /2.

In the elastic case (A = 0), we can easily define the collision operator in strong form
using the pre-post collisional change of variables:

Qo N = [ [, 109 = F0)g(w)] fo = v do. do.

Our main result is the proof of existence of solutions for the non-linear problem (4.1)
as well as stability and relaxation to equilibrium for these solutions. This work stands
out from others because it is the first time that an existence result is obtained in the
spatially inhomogeneous case in an inelastic “collision regime”, in both cases of constant
and non-constant coefficient of inelasticity.

We know from [8] that there exists G\ = G(v) a space homogeneous solution of the
stationary equation

Q6A<f7f)+)‘fyAvf:0

with mass 1 and vanishing momentum. Moreover, G is unique for A close enough to 0.
We refer to Subsection 4.2.2 for more details.

Here is the main result that we obtain, a precise statement is given in Subsection 4.3.3
(Theorems 4.3.92 and 4.3.93).

Theorem 4.1.68. Consider the functional space Eg = W1 W21 ((v)eb@ﬁ) where b > 0,
B € (0,1) and s > 6. For X small enough, and for an initial datum f;, € & close enough
to the equilibrium Gy, there exists a unique global solution f € L§°(&y) to (4.1) which
furthermore satisfies

VE>0, |Ifi—Galles < Ce | fin — Galles

for some constructive constants C' and & > 0.

Moreover, in the case of a constant restitution coefficient, the conclusion of the
theorem also holds true taking an initial datum fi, € & close enough to a spatially
homogeneous distribution gin = gin(v).

4.1.2 Physical and mathematical motivation

For a detailed physical introduction to granular gases we refer to [20, 30]. As can be
seen from the references included in the latter, granular flows have become a subject of
physical research on their own in the last decades, and for certain regimes of dilute and
rapid flows, these studies are based on kinetic theory. By contrast, the mathematical
kinetic theory of granular gas is rather young and began in the late 1990 decade. We
refer to [68, 65] for some (short) mathematical introduction to this theory and a (non
exhaustive) list of references. As explained in these papers, granular gases are composed
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of grains of macroscopic size with contact collisional interactions, when one does not
consider other additional possible self-interaction mechanisms such as gravitation — for
cosmic clouds for instance — or electromagnetism — for “dusty plasmas” for instance —.
Therefore the natural assumption about the binary interaction between grains is that
of inelastic hard spheres, with no loss of “tangential relative velocity” (according to
the impact direction) and a loss in “normal relative velocity”. This loss is quantified
in some (normal) restitution coefficient. The latter is either assumed to be constant
as a first approximation or can be more intricate: for instance it is a function of the
modulus |v" — v| of the normal relative velocity in the case of “visco-elastic hard spheres”
(see [6], [7], [8] and [20]). In this paper, we consider both constant and non-constant
restitution coefficients.

We restrict to the case of a small diffusion parameter (weak thermalization regime),
which corresponds to small inelasticity. There are several motivations from mathematics
and physics for such a choice:

— the first reason is related to the regime of validity of kinetic theory: as explained
in [20, Chapter 6] for instance, the more inelasticity, the more correlations between
grains are created during the binary collisions, and therefore the molecular chaos
assumption, which is the core of the validity of Boltzmann’s theory, suggests weak
inelasticity to be the most effective;

— second, as emphasized in [20] again, the case of small inelasticity has been widely
considered in physics or mathematical physics since it allows to use expansions
around the elastic case, and since conversely it is an interesting question to
understand the connection of the inelastic case (dissipative at the microscopic
level) to the elastic case (“Hamiltonian” at the microscopic level);

— finally, this case of a small inelasticity is reasonable from the viewpoint of appli-
cations, since it applies to interstellar dust clouds in astrophysics, or sands and
dusts in earth-bound experiments, and more generally to visco-elastic hard spheres
whose restitution coefficient is not constant but close to 1 on the average.

Let us now describe the most physically relevant model, the one corresponding to
viscoelastic hard spheres for which the restitution coefficient has been derived in [83].
For this peculiar model, e(-) admits the following representation as an infinite expansion
series

[o.¢]
e(lu-a)) =1+ (- aplu-a"®, weR? Aes? (4.11)
k=1

where ap > 0 for any k¥ € N are parameters depending on the material viscosity. We can
see that in this case, e(-) satisfies Assumptions 4.1.67. More precisely, the assumption (3)
is satisfied with v = 1/5 and 77 = 2/5. In the case of a non-constant restitution coefficient,
this is the principal example of application of the results in the paper, though, as we
shall see, our results will cover more general cases.
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4.1.3 Function spaces

For some given Borel weight function m > 0 on R3, let us define LILP(m) with
1 < p,q < +o0, as the Lebesgue space associated to the norm

1Pl e e omy = IIRC, )l 2 m(v)ll g

We also consider the standard higher-order Sobolev generalizations W 9W32P(m) for
0,5 € N defined by the norm

1Pllwgawsrm) = > VsV Al 0)l g m(o)]lzg.

0<s'<s,0<0’<0, s'+0'<max(s,0)

This definition reduces to the usual weighted Sobolev space W;'P(m) when ¢ = p and
o = s, and we recall the shorthand notation H® = W$2,

4.1.4 Known results

Let us briefly review the existing results concerning inelastic hard spheres Boltzmann
models. We shall mention that most of them are established in an homogeneous
framework and that the major part of the investigation has been devoted to the particular
case of a constant restitution coefficient.

For the inhomogeneous inelastic Boltzmann equation, the literature is more scarce; in
this respect we mention the work [4] that treats the Cauchy problem in the case of near-
vacuum data. It is worthwhile mentioning that the scarcity of results regarding existence
of solutions for the inhomogeneous case is explained by the lack of entropy estimates
for the inelastic Boltzmann equation; thus, well-known theories like the DiPerna-Lions
renormalized solutions are no longer available. Let us now give an overview of papers
dealing with homogeneous equations.

We begin by papers considering constant restitution coefficient and dealing with
existence, uniqueness or properties of self-similar profiles (resp. stationary solutions) for
freely cooling (resp. driven by a thermal bath) inelastic hard spheres. In the paper [18],
existence of self-similar profiles or stationary solutions is assumed and a priori polynomial
and exponential moments bounds are shown. The paper [44] completes the previous
one showing existence of stationary solutions for inelastic hard spheres driven by a
thermal bath, and improving the estimates on their tails of [18] into pointwise ones.
The paper [65] shows, for freely cooling inelastic hard spheres, existence of self-similar
profile(s) as well as propagation of regularity and damping of singularities with time.
The paper [66] proves uniqueness of the stationary solution in the physical regime of
a small inelasticity and provides various results on the linear stability and nonlinear
stability of this stationary solution. Finally, the paper [67] gives similar answers as in [66]
adding a thermal bath term. We can also mention the paper [81] which investigates the
long-time behavior of the solutions for an “anomalous" gas. Existence and uniqueness of
blow up profiles for this model are studied, together with the trend to equilibrium and
the cooling law associated.



140 CHAPITRE 4. BOLTZMANN EQUATION FOR GRANULAR MEDIA

Let us now mention the papers dealing with inelastic hard spheres models with
more general restitution coefficient. The paper [68] provides a Cauchy theory for freely
cooling inelastic hard spheres with a broad family of collision kernels (including in
particular restitution coefficients possibly depending on the relative velocity and/or the
temperature), and studies whether the gas cools down in finite time or asymptotically,
depending on the collision kernel. The paper [6] shows the generalized Haff’s law yielding
the optimal algebraic cooling rate of the temperature of a granular gas described by the
homogeneous Boltzmann equation for inelastic interactions with non constant restitution
coefficient. The paper [7] improves the previous one giving two simpler proofs of the
Haff’s law. The paper [8] studies uniqueness and regularity of the steady states of
the diffusively driven Boltzmann equation in the physically relevant case where the
restitution coefficient depends on the impact velocity including, in particular, the case
of viscoelastic hard-spheres.

Our results are established in an inhomogeneous setting in a small inelasticity regime
(close to the elastic one). To obtain them, we use results on the linearized elastic equation.
We hence mention the results already obtained on the linearized elastic equation that
we use. We denote u := Gg the elastic equilibrium which is a Maxwellian distribution.

Let us underline the fact that most of the results on the linearized elastic operator
have been obtained in spaces with a Maxwellian weight prescribed by the equilibrium
(see [54, 55, 22, 48, 49, 15] for the homogeneous case and [91, 76| for the inhomogeneous
one). Some improvements have been made to weights later on. For the spatially
homogeneous case, in [10] a first extension of the decay estimate to L' with polynomial
weight was obtained by an intricate nonconstructive approach based on decomposition of
the solution and some dyadic decomposition of the velocity variable. This argument was
then extended to LP spaces in [97, 98]. In [75], another improvement was made, a spectral
gap estimate on the space homogeneous semigroup was extended to the space L. (m) for
a stretched exponential weight m, by constructive means, with optimal rate. We also
mention that in [11], some non-constructive decay estimates were obtained in a Sobolev
space in position combined with a polynomially weighted L°° space in velocity. Finally,
the theory of enlargement of spectral gap developed in [51] gives explicit spectral gap
estimates on the semigroup associated to the linearized non homogeneous operator Lg
in W2PW4(m) with polynomial or stretched exponential weight m.

4.1.5 Method of proof

The main outcome of this paper is a new Cauchy theory for the non-homogeneous
Boltzmann equation for inelastic hard spheres (4.1). We prove existence and stability of
solutions for this equation. In order to do so, we first establish the asymptotic stability
of the linearized equation by a perturbation argument which uses the spectral analysis
of the linearized elastic Boltzmann equation.

Let us explain in more details how we deal with the linearized problem, our method
is in the spirit of the one in [67]. However, our study largely improves the one done
in [67] in three aspects:
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— we are able to deal with the spatial dependency in the torus;

— we are able to deal with non-constant restitution coefficients;

— we are able to obtain a decay estimate on the semigroup using the localization of
the spectrum.

The perturbative argument around the elastic operator allows us to obtain results
on the localization of the spectrum of the inelastic operator. It is based on the following
facts:

— the inelastic operator can be written as the sum of a regularizing part and a
dissipative part (these operators are defined through an appropriate mollification-
truncation process, described later on);

— the inelastic operator is a small perturbation of the elastic one for a diffusion
parameter sufficiently small;

— we know that the spectrum of the elastic operator is well localized.

To prove the first two points, we get estimates on the difference between the elastic
and the inelastic collision operators which is small when taking A close enough to 0. We
establish these estimates in an inhomogeneous setting; this kind of estimates was only
known to hold in an homogeneous setting (see [66] for the case of a constant restitution
coefficient and [8] for the non-constant case).

About the third point, let us emphasize that equilibriums in the inelastic case do not
decrease enough to belong to spaces with Maxwellian weights. Therefore, a perturbative
theory close to the elastic equation is not possible in spaces of this type. But the results
obtained in [51] via the theory of enlargement of spectral gap allows us to apply a
perturbative theory. Indeed, estimates on the elastic collision operator are proved in
spaces of type WPW24(m) where m is a polynomial or stretched exponential weight.

Using these facts, we prove our main result on the linearized inelastic operator. Its
spectrum (L)) is well localized: there is a constructive constant o > 0 such that

E(Lx)N{zeC, Rez > —a} = {u, 0},

0 is a four-dimensional eigenvalue (due to the conservation of mass and momentum) and
ux € R, the “energy" eigenvalue, is a one-dimensional eigenvalue. We also obtain an
estimate on p) which is negative for A close enough to 0. The behavior of u) is linked
with the fact that the energy is not preserved by the operator. Let us finally emphasize
that we prove that these spectral properties imply the decay of the semigroup associated
with an exponential rate.

Let us now explain how we go back to the nonlinear problem. We construct pertur-
bative solutions close to the equilibrium or close to the spatially homogeneous case. To
do so, we use the two following points:

— we introduce a dissipative Banach norm for the fully linearized operator which

provides the key a priori estimate to get the “linearization trap";

— we prove bilinear estimates to control the nonlinear remainder in the equation.

As far as the close-to-equilibirum regime is concerned, the idea of the proof is to
gather these two points; we can then prove that taking a sufficiently small initial data,
the solution is trapped close to the equilibrium.
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To deal with the weakly inhomogeneous regime, we also prove a local in time stability.
We can then capture a general solution around the subset of spatially homogeneous
solutions and then the general solution is driven towards equilibrium thanks to the
relaxation estimates known for the spatially homogeneous solutions. Finally, we use the
previous case once the stability neighborhood is entered by the solution.

4.1.6 Outline of the paper

In Section 4.2, we introduce the splitting of the inelastic linearized Boltzmann
operator as the sum of a regularizing part and a dissipative part. We show that our
inelastic operator is a small perturbation of the elastic one. We also make a fine study
of spectrum close to 0, which allows us to prove existence of a spectral gap. We then
obtain a property of semigroup decay in WW2!({v)m) for a stretched exponential
weight m. This section ends by the introduction of a new norm which is dissipative for
the full linearized operator.

In Section 4.3, we go back to the nonlinear problem. We consider first the close-to-
equilibrium regime and we state our main theorem concerning the weakly inhomogeneous
regime.

Acknowledgments. We thank Stéphane Mischler for fruitful discussions and his
numerous comments and suggestions.

4.2 Properties of the linearized operator

4.2.1 Notations and definitions

For a given real number a € R, we define the half complex plane

Ag:={2z€C, Rez>a}.

For some given Banach spaces (E, | - ||g) and (&, || - ||¢), we denote by #(E,E) the
space of bounded linear operators from E to £ and we denote by || - || zze) or || - [[E—e
the associated operator norm. We write Z(E) = #(E, E) when E = £. We denote by
€ (F,E) the space of closed unbounded linear operators from F to £ with dense domain,
and €(E) = €(FE,E) in the case £ = €.

For a Banach space X and A € €(X) we denote by Sx(t) or e, ¢ > 0, its associated
semigroup when it exists, by D(A) its domain, by N(A) its null space and by R(A) its
range. We introduce the D(A)-norm defined as || f||pay = |fllx + [[Af][x for f € D(A).
More generally, for k € N, we define

k
IFllpary = D_IA fllx,  f € D(AR).

J=0
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We also denote by X (A) its spectrum, so that for any z belonging to the resolvent
set p(A) := C\X(A), the operator A — z is invertible and the resolvent operator

Ra(z) == (A—2)"!

is well-defined, belongs to Z(X) and has range equal to D(A). We recall that £ € ¥(A)
is said to be an eigenvalue if N(A — &) # {0}. Moreover an eigenvalue £ € X(A) is said
to be isolated if there exists r > 0 such that

NA)Nn{zeC [z =g <r} ={}

In the case when £ is an isolated eigenvalue we may define II € #(X) the associated

spectral projector by
1

Oy e = —— A—2)"tda
At m /|Z_§|7J< ?) &

with 0 < 7’ < r. Note that this definition is independent of the value of r’ as the
application C\ ¥(A) — #(X), z = Ra(z) is holomorphic. For any £ € X(A) isolated, it
is well-known (see [57, Paragraph II1-6.19]) that H?\,ﬁ =I5 ¢, so that II ¢ is indeed a
projector, and that the “associated projected semigroup"

1

SA’g(t) = —% /Z£:T/ eZtRA(Z) dz, t>0,

satisfies
vVt >0, SA’g(t) = HA,gsA(t) = SA(t)HA,f.

When moreover the so-called “algebraic eigenspace" R(II, ¢) is finite dimensional
we say that £ is a discrete eigenvalue, written as £ € 34(A). In that case, Ry is a
meromorphic function on a neighborhood of &, with non-removable finite-order pole &,
and there exists ag € N* such that

R(ITp¢) = N(A = §)* = N(A =€) for any o> ay.
On the other hand, for any £ € C we may also define the “classical algebraic eigenspace'
M(A=¢):= ali_)ngo N(A - &~

We have then M (A — &) # {0} if £ € X(A) is an eigenvalue and M (A — &) = R(IIp ¢) if
§ € X4(A).

Finally for any a € R such that
LA)N A ={&, . &)
where &1, ..., & are distinct discrete eigenvalues, we define without ambiguity

HA,a = HA7§1 + ... HA,fk'
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We shall need the following definition on the convolution of semigroup (corresponding
to composition at the level of the resolvent operators). If one considers some Banach
spaces X1, Xo, X3, for two given functions

S; € LYRy; B(X1,Xs)) and Sy € LY (R ; B(X2, X3)),
the convolution Sy * S; € L' (R, ; %(X1, X3)) is defined as

VE>0, (SoxSy)(t) = /Otsg(s) S (t — 5) ds.

When S; = Sy and X; = Xy = X3, S0 is defined recursively by SG1) = § and for
any £ > 2, St = § 4 §x(=1)),

One can immediately see that if S; satisfies ||S;(2)]z(x,,x,,,) < Cit™ %" for any
t > 0 and some a; € R, o; € N, C; € (0,00), then

041!042!
(Oél + oo + 1)'

a14as+1 emax(al ,az2)t

Vi >0, |[IS1*S2(t)lzx;,x) < C1C2

This implies that if S satisfies ||[S(t)||5x) < Ce®" for any t > 0 and some a € R,
C € (0,00), then

1
(n—1)!

n—1 eat

V>0, S0 < O

Let us now introduce the notion of hypodissipative operators. If one consider a Banach
space (X, | - ||x) and some operator A € €(X), (A — a) is said to be hypodissipative
on X if there exists some norm || - ||x on X equivalent to the initial norm || - || x such
that

VFEDM), 36€F(f) st Reld,(h—a)f) <0,

where (-,-) is the duality bracket for the duality in X and X* and F(f) C X* is the
dual set of f defined by

F(f) = Fyy (f) = {o € X%, (6, 1) = I FI% = el } -

One classically sees (cf [51]) that if X is a Banach space and A is the generator of a
semigroup Sy, for given constants a € R, M > 0 the following assertions are equivalent:

(a) A — a is hypodissipative;

(b) the semigroup satisfies the growth estimate [|Sy ()| zx) < M e, t > 0;

(c) there exists some norm ||| - || on X equivalent to the initial norm, and more
precisely satisfying

vieX, NfI<Nfl<MIfl,
such that p(A) DJa, oo and

VA>a, VfeDA), [I(A=X) = O=a)llfll

We refer to [51, Subsection 2.3] for further details on this subject.
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4.2.2 Preliminaries on the steady states

Let us first recall results about the stationary equation

Qex(f, [) + AT Ay f =0. (4.12)

The main references for this subsection are [67] for the constant case and [8] for the
non-constant case. We introduce the following notation: we shall say that a restitution
coefficient e(-) satisfying Assumptions 4.1.67 is belonging to the class E,, for some integer
m > 1if e(-) € C"(0,00) and

Vk=1,...,m, supre(k)(r) < 00,
r>0

where e(¥)(-) denotes the k-th order derivative of e(-).

Remark 4.2.69. For the physically relevant case of visco-elastic hard-spheres, the
restitution coefficient e(-) is given by (4.11) but admits also the following implicit
representation (see [20]):

Vr >0, e(r) +ar%eg(r) =1

for some a > 0. Then, it is possible to deduce from such representation that e(-) belongs
to the class E,, for any integer m > 1.

In [8, Theorem 4.5], the authors state that if e(-) belongs to the class E,, for some
integer m > 4, there exists AT € (0, 1] such that for any A € [0, A!), there exists a unique
solution in L} of (4.12) of mass 1 and vanishing momentum. We denote G\ this solution.

It is also proved in [8, Proposition 3.3] that there exist A > 0, M > 0 such that for
any A € (0, \T], G satisfies

- Gi(v) et W gy < M. (4.13)

Let us point out that in the case of a constant coefficient, these results were already

established. In [18, Theorem 1] and [44, Theorem 5.2 & Lemma 7.2], existence of

solutions and regularity estimates are proved. In [67, Section 2.1], it is proved that these

estimates are uniform in terms of the coefficient of inelasticity and in [67, Theorem 1.2],
uniqueness of steady states is proved for a sufficiently small coefficient of inelasticity.

We denote m(v) = eb<”>5, b>0and 5 € (0,1). We now state several lemmas on
steady states G which are straightforward consequences of results from [67] and [8].
We shall use them several times in what follows. First, we recall a result of interpolation
(see for example [66, Lemma B.1]) which is going to be very useful.

Lemma 4.2.70. Consider k, q € N. Then, there exists C > 0 such that for any
h e HY 0L (m"?) with k' = 8k +7(1 + 3/2)

) < Clhlye IRl iy

1Pyt uyam w1 2 iz Ry -
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Let us now prove estimate on Sobolev norm of G).

Lemma 4.2.71. Let k, g € N. We denote k' = 8k + 7(1 4 3/2). If e(-) belongs to the
space Eyr41, then there exists C > 0 such that

YA€ (0], IGAllykt (yyamy < C-

Proof. We deduce from (4.13) that there exists C' > 0 such that for any A € (0, Af],
IGAllzym) < C and [|GA]|L1 12y < C. We now use [8, Theorem 3.6], it gives us the
following:

VgeN, Vee[0,K], sup [[Gallge(ue) < oo
Ae(0,A1] v

Gathering the previous estimates and using Lemma 4.2.70, we obtain the result. Let
us mention that in the case of a constant coefficient, we can prove this result using [67,
Proposition 2.1]. O

Let us now give an estimate on the difference between G, and Gy, the elastic
equilibrium which is a Maxwelian distribution.

Lemma 4.2.72. Let k € N, g € N. We denote k' = 8k +7(1 4 3/2). If e(-) belongs to
the space By 1, then there exists a function e1(\) such that for any A € (0, Af]

HG)\ - GOHWf’l((v)qm) <& ()\) with 61()\) m 0.
Proof. Theorem 4.1 from [8] implies that
G — GOHHJ;’ 7;0—> 0.

Using this estimate with Lemma 4.2.70 and Lemma 4.2.71, it yields the result. We
here mention that in the case of a constant coefficient, we can conclude using [67,
Lemma 4.3]. O

4.2.3 The linearized operator and its splitting

Considering the linearization f = Gy + h, we obtain at first order the linearized
equation around the equilibrium Gy

Oih = Lah = Qc, (G, h) + Qe, (h, G) + XV Ayh — v+ Vh, (4.14)

for h = h(t,z,v), € T3, v € R3.
We define the operator Q, by

Qer () = Qey (Gr, h) + Qey (B, Go) = 2 Qe (h, Gy),

where Q., is defined in (4.10). Using the weak formulation, we have

[ @awdo= [ [ [ Ga@h(wlo = v [p(0) + () = 6(v) = ¥(w.)] dodv. do

for any test function 1.
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Decomposition of the linearized operator

Let us introduce the decomposition of the linearized operator £y. For any ¢ € (0, 1),
we consider ©5 = O5(v, vy, 0) € C* bounded by one, which equals one on

{\v\ <6 land 20 < |v—w,] <0 ' and|cosh| <1— 2(5}
and whose support is included in

{lo] < 267" and 6 < [v - v.| < 267" and | cos] < 1- 4}

We introduAce the following splitting of the linearized elastic collisional operator @1
defined as Q1(h) = Q1(Go, h) + Q1(h, Go):

Q1= Qs+ @fﬁ — L(Go)

with the truncated operator
@f;(h) - /RS/S2®5 [Go(V)h(v') + Go(v')h(v)) — Go(v)h(vs)] |v — vi| dvs do,

the corresponding remainder operator

01 = [ [ (1=89)[Go(eh(v)) + Go(v)h(ot) = Go(v)h(v.)] v = va dv. do

and
L(Gy) =4m (Go*|-]).

We can then write a decomposition for the full linearized operator Ly:

Lyh = Qey(h)

= QE,\(h)

Let us denote

— Q1(h) + Q1(h) + X\ Ayh — v - Vh
— Qu(h) + Q) + @ 5(h) — L(Go) h+ X Ayh — v - V.
Ash == Q7% (h)
and R R R
Bsh = Qey(h) — Q1(h) + QT 5(h) + X Ayh — v - Vb — L(Go) h.

Thanks to the truncation, we can use the so-called Carleman representation (see [93,
Chapter 1, Section 4.4]) and write the truncated operator .45 as an integral operator

As(h)(v) = /R ks(v,0.) (v, do, (4.15)

for some smooth kernel ks € C° (R? x R3).
We also introduce the collision frequency v := L(Gq) which satisfies v(v) ~ (v) i.e
there exist some constants v, v1 > 0 such that:

Vo eR3, 0< <) <v(v) <uv). (4.16)
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Spaces at stake
Let us consider the three Banach spaces
& = W IWt ((v)?m),
& = W Wit ({v)ym),
-y = WL (m)

for some s € N such that s/2 > 3 (this restriction is used in the proof of Lemma 4.3.91
to get a Sobolev embedding).

In the remaining part of the paper, we suppose that the following assumption on e(-)
holds:

Assumption 4.2.73. The coefficient of restitution e(-) belongs to Eit+,; where
kT =32+ 7(1+3/2).

It allows us to get uniform bounds on the £;-norms of Gy and uniform estimates
on the &-norms of the difference G\ — Gy for j = —1,0,1 (thanks to Lemmas 4.2.71
and 4.2.72).

The operator £y is bounded from &; to £j_1 for j = 0,1. The operators A, and
v -V, are clearly bounded from &; to £_1. As far as @eA is concerned, we are going to
use the result of interpolation Lemma 4.2.70.

Lemma 4.2.74. Let us consider k, ¢ € N. We denote k' = 8k+7(143/2). Ife(-) belongs
to the space By 11, then Qe, is bounded from WEIWEL((v)4Tim) to WSWEL((v)im).

Proof. As far as the case of a constant coefficient is concerned, Proposition 3.1 from [66]
gives us

1Qex (Wl zt (yamy < CIGA L1 (wya+ 1oy 1Bl L1 a1y < ClHAN L1 (uya1m),

where the last inequality comes from Lemma 4.2.71. Concerning the case of a non-
constant coefficient, we use both Lemma 4.2.71 and [5, Theorem 1] and we get:

1Qex )y (wyam) < CIGAN Ly @yarimy 1Pl iyt im) < ORI Ly ya+im)-

The x-derivatives commute with the operator @em therefore we can do the proof with
s = 0 without loss of generality. We first look at the case LLLL({(v)9m) before treating
the v-derivatives. Using Fubini theorem and the previous inequalities, we obtain

||Q6Ah||L1L1( am) < ClRl L1 L1 (ya+1m)-
We now treat the case LW ((v)9m). We use the property

aUQéi(fvg) - ét)\(aﬂfag) +Q£(f7avg) (417)
We then compute

yQer b = Qc, (0Gx, h) + Qey (G, Buh) 4 Qey (Buhy G) + Qey (h, DuG).
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Using Lemma 4.2.71, [66, Proposition 3.1] in the constant case and [5, Theorem 1] in the
non-constant case, the L!({(v)9m)-norm of each term can be bounded by
CHh”lel((v)qu)' Again using Fubini theorem, we deduce that

Hav@eAhHL,{Lg(@Wm) < CHhHLglcwjvl(@)qu)-

The higher-order terms are dealt with in a similar manner, which concludes the proof. [

Under the assumptions made on e(-), using the previous lemma, we can conclude
that Qc, is bounded from &; to £;_1 for j =0, 1.

4.2.4 Hypodissipativity of B, ; and boundedness of A;

Lemma 4.2.75. Let us consider s > 0, k > 0 and ¢ > 0. We denote k' = 8k+7(1+3/2).
If e(-) belongs to the space By, 1, then there exist Ao € (0, A1), § > 0 and ag > 0 such
that for any A € [0, Xo], Brs + ao is hypodissipative in WWEL((v)im).

Proof. Observe first that the z-derivatives commute with the operator B s, therefore
we can do the proof for s = 0 without loss of generality.

We consider a solution h; to the linear equation 0ihy = By 5(h:) with given initial
datum hg. We first look at the case LLLL({v)%m) before treating the v-derivatives. We
compute

d d
helzszsoem = [, [, el de @)m(o) do

_ / / Byhy sign(hy) da (v)Tm(v) dv
R3 JT3
:/ / Bas(he) sign(he) da (v)?m(v) dv
R3 JT3
- /3 /3(@& (ht) - @l(ht)) Sign(ht) dx <U>qm(v) dv
R3 JT
AFo* ; Im(v) dv
+ [ [ @it sign(he) de o) m(v)
+\7 /Rs /]rs Ayhysign(he) dz (v)Im(v) dv
_/ / v - Vghysign(hy) da (v)Tm(v) dv
R3 JT3
_/ / v hy sign(hy) dx (v)?m(v) dv
R3 JT3

=:I1(he) + I2(he) + I3(ht) + La(he) + I5(he).

We first deal with I; splitting the difference Qex — @1 into several parts and using
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that Q. = Q7:

Qesh = Quh = QL (h.GA) = Qf (h.G) + @ (h, G — Go)
+ Qz; (G/\a h‘) - Q—li_(G/\v h) + QT(G)\ - GOv h)
— Q1 (h,Gx — Go) — Q1 (Gx — Go, )
=2|Qf (h,Gx) = Qf (h,Gx) + Qf (h, Gy — Go) = Q7 (h, G — Go)| .
We now use a result given by [66, Proposition 3.1] which can be easily extended to
others weights of type (v)9m. We can treat together the terms Q7 (h,Gx — Gp) and
Q7 (h, Gy — Gy). Because of [66, Proposition 3.1], their L.({v)%m)-norm are bounded

from above by C'||Gx — Goll L1 (()yat1m) IRl L1 (wyat1m)- Then, using Lemma 4.2.72, we
obtain

1Q (7, G = Go) | Ly ((wyam) < Cex (WAl a((wya+im) (4.18)

with 1()) P 0. Concerning the term Q;;(ht,GA) — Qi (h4,Gy), we use [8, Theo-
—

rem 3.11] (we can use [66, Proposition 3.2] for the constant case) and Lemma 4.2.71. It
gives us that there exists A\; € (0, Af] such that for any A € (0, \;):

1Q, (. Ga) = @ (B, G|y (wpamy < CXTF Gallygn s gty IRl 2 oy 1)

< Cea(N) 1l 3 yorimy (4.19)

with e2(A) Sy 0. In [8] and [66], the results are only stated in the case ¢ = 0 but it is
—

easy to extend these results using the fact that (v/)? < C (v)7 (v,)?.
Gathering (4.18) and (4.19), we thus obtain

DEY B NG

with e(\) —— 0.
A—0

Qi(h)| da (w)im(v) dv < eIl Lyyorimy  (4:20)

As far as Iy is concerned, we first recall that [75, Proposition 2.1] establishes that
there holds

Vhe Ly((oym), 107z Lym) < AO)Ally(wym) with  A(5) 0 O

where however the definition of Oj is slightly different and only the case ¢ = 0 is treated.
But it is straightforward to extend the proof to the present situation. We hence have

m< [ ] QM| de @m) do < Ak, (@20)

with A(6) — 0.
6—0
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Concerning the term with the Laplacian, we write performing two integrations by
parts

/]133 /Ta Ayhysign(hy) (v)dmdvdx = — /1r3 /11@3 \Vyh\Q sign’ (h) (v)9m dv dx
— [, [, Tuh sign(n) - T((e)m(v)) dvda
< /T3 /RS Vulh| - Vi ((v)Im) dv dz

:/ 1] Ay ((0)0m) do de

:/ 1| <v>qmwdm.
R3 JT3 (v)Im

Since A, ({(v)?m)/({v)%m) is bounded in R3, we can write
I3(h) < C ARl L (yamy < C AV I Ly Ly (wyatim)- (4.22)

We notice that
Is(h) =0 (4.23)

because the term v - V,h has a divergence structure in x.
Finally, let us deal with I5. We use property (4.16), more precisely the fact that v(v)
is bounded below by vy (v):

Ts(h) = — /R 3 /T bl dz v (o) m(o) dv < —vo [hll sy ot (4.24)

Gathering (4.20), (4.21), (4.22), (4.23) and (4.24), we obtain that for any A € (0, A1)
L, [, Brshsien(h) da () m(v) dv < (A(3) + (0 + OX =) [kl ez 3 oo

We choose A\g € (0, A1] small enough so that for any A € [0, Ag], e(A) + CA\Y < 1. Then,
we choose § close enough to 0 in order to have

ap = — (A(5) + /\g{l&i\co} [e(A\) +CXN] — V0> > 0. (4.25)

We hence have
/ / By shsign(h) dz (v)im(v) dv < —ag [|hl 11 1 (yat1m)-
R3 TB xr v

In particular, we deduce that for any A € [0, Ao], Bx s + v is dissipative in LLLL((v)9m).

Let us now treat the v-derivatives. We are going to deal with the case LLW. ((v)4m),
the higher-order cases are similar. Thanks to (4.17), we compute the evolution of the
v-derivatives:

Db =0, (QF 7 (he) = vhe) + 0y ((Qey = Q1) (he) ) + XD, Dyhy = Dphy — v - VaDyh.
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Let us treat the first term:
0u (QT(h) = vh) = QT 7(9uh) = v Oph + R

with
Rh := Q1(h,0,Go) + Q1(0,Go, h) — (0yAs)(h) + As(Ouh).

Using the form (4.15) of the operator A5 and performing one integration by part, we
can show that

[(OuAs) ()l 21 L1 ((yam) + [As(DuP) | L1 L1 (wyam) < Cs 1Bl L1 L1 (wyam)-

Combining this inequality with estimates [67, Proposition 3.1] on the elastic bilinear
operator ()1 of, we obtain

IRA Ly L3 (yam) < Cs IRl L2 L3 (w)o+1m)

for some constant Cs > 0.
Let us now deal with the second term coming from the difference ., — Q1:

9 ((Qey = QUA) = (Qey — Q1)(h)
+2[QF, (h,0,Gy) — Qf (h, 0,G)]
+2|Qf (1, 9,(G — Go)) = Qr (1, 0,(Gr = Go))] -
Arguing as before, we obtain
1Q2, (h, 0uG) — Q7 (R, 0G| 11 £ ((wyam) < IR L1 L1 ((wya+1m)
and
QY (h, 85(Gx = Go)) = Q1 (7, Du(Gx — Go))l L L (wyam) < eI L1 Ly ((wya1m)

with e(\) — 0.
a—
All together, we deduce that

0¢tOvhy = By s0uhy + R (ht)
with
IR Ml Lr 1 (wyam) < Cs Il Lra(wyarimy + ) 1Al L2 23 (yarimy + Vbl L1 L1 (wyam)-
We now use the proof of the previous case to finally deduce the following estimate:

d
S Vel wyom) < = a0l Vohelloipa wyarimy + Cs Rl i s wyorim)
+ e 1Pl Ly (wyatim) + IVahll Lot )yam)s
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where «y is defined in (4.25).
Again using the proof of the previous case, we also have:
d
7 (HhtHLch%(@wm) + vahtHL;.Lg(@)qm))
< - (HhtHL}EL},((v)‘Z‘*‘lm) + IIVxhtHL;L%(@)qu)) :

We now introduce the norm

[Pl = (IRl 1 L1 (yam) + IVahll L1 Ly (wyam) + Vol L1 L1 (wyam)

for some 1 > 0 to be fixed later. We deduce

d
5 el < —ao (HhtHLch%(@)qu) + IVahtll L1 p1 (wyatim) + U!!VvhtHL;Lg(@)qu))
+n (Ca 1PNl 233 (ya+imy + €A 1Bl 2Ly wyatim) + IIVa:hHL;DL;(@)qu))

< (~ao +o(n)) (HhtHL;L%((qum) + [ Vahellpr oy (wyarim) + "7||vvht||L913L})(<v>q+1m))

with o(n) — 0. We choose 7 close enough to 0 so that oy := a9 — o(n) > 0. We thus
n—

obtain
d
Sl = —an (HhtHLch,g(@wﬂm) I Vahell L1 n1 (wyatim) + n!lvvhtlngLg(@mHm))
< —aq |+,
with a; > 0, which concludes the proof. ]

Let us clarify what implies the previous lemma giving the following result:

Lemma 4.2.76. Under the assumptions made on e(-), there exist Ao € (0, ], § > 0
and ap > 0 such that for any A € [0, Xo], B s + oo is hypodissipative in E;, j = —1,0,1.

The boundedness of Ay is treated in [51]. Let us recall Lemma 4.16 of [51].

Lemma 4.2.77. For any s € N, the operator As maps L((v)) into H? functions with
compact support, with explicit bounds (depending on §) on the L ({v)) — HE norm and
on the size of the support.

More precisely, there are two constants Cs 5 and Rs such that for any h € LL({v))
K :=supp Ash C B(0, Rs), || Ashl sy < CssllhllLwy)-

In particular, we deduce that As is in B(E;) for j = —1,0,1.
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4.2.5 Regularization properties of T,, := (./45 SBA,(S)(*”)
Let us consider A\ and ag provided by Lemma 4.2.76.

Lemma 4.2.78. Let X\ be in (0, \g). The time indexed family T, of operators satisfies
the following: for any o € (0,ap), there are some constructive constants Cs > 0 and
Rs such that for anyt >0

supp Ty, (t)h C K := B(0, Rs),

and
e—aét '
ITaOhllyetra gy < C—— Rl uymy 521 (4.26)
1T ()Rl 5172140, < c*e—%t|y;~buwg.;,5 (oymyr 520 (4.27)

Proof. We first consider hg € W37 ({(v)m), s € N. Using Lemma 4.2.77 and the fact that
the z-derivatives commute with both A5 and B) s and thus with 77 (¢), we get

HTl(t)h0||W;,1W5+l,1(K) = [|As SB)\,(S (t)ho”W;,1W5+1,1(K) <C HSB)\,é (t)hUHVV;:i(K)'
We then use that By s + ay is dissipative in W3l ({v)m) (Lemma 4.2.76) to obtain
||T1(t)h0\|W:,1st+1¢1(K) < Oe_aOtHhOHWi:i«wm)‘ (4.28)

Assume now hg € WWsH1((v)ym) and consider g, = P51 (02 hg), for any |3| < s,
which satisfies (using the fact that the z-derivatives commute with the semigroup)

Oigt +v - Vagi = Qe (G, gt) + Qe, (91, G) + N Avge — Asge.

Let us define D; := tV, + V,. D; commute with the free transport equation and the
Laplacian A,. Using these properties of commutativity and the property (4.17) of the
collision operator, we have

0¢(Digi) + v - Va(Dig) = Qey (VoG 9t) + Qey (9, VoG ) + Qey (G, Dige)
+ Qe, (Dtge, G)) + N Avgr — Di(Asgr).

With the notations of (4.15), we rewrite the last term as
Di(Asgr)(0) =Dy [ | Ks(v,0) ge(v.) do
:/ Voks(v,vi) ge(vs) doy —/ ks(v,vs) Vy, gt (vi) doy
R3 R3

+ [ ko(v,0.) (Digo)(v2) do
= Alg: + Alg; + As(Dygs),
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where .A% stands for the integral operator associated to the kernel V,ks and .A?; stands
for the integral operator associated to the kernel V,,_ks. All together, we may write

O(Drgt) = Bxs(Drgt) + Ls(gt)
with
Isf = Qer (VuGr, [) + Qey (£, VoGa) — Ajf — A3 f,
which satisfies
1Zs fll 22 (oym) < CslIF1 L1 ((0)2m)-
Then arguing as in the proof of Lemma 4.2.76, we obtain, for any «f € (0, ap) and
for n small enough

d "
G (et [ ] Dl +lgiDeim s dv) <o,
t R3 JT3

which implies

Vt >0, Degillrrwym) + 9ell orym) < n_le_agt||h0\|W;71Wv1»1(<v>m)- (4.29)
Then, we write
(9LT0O20) = [ ks(w,0) [(Duge) = Vo] (2, 02)do
= As(Digi) + Aigr,
Using (4.29), we hence get
IV T8 (07 h0) 110y < € (I1Degell Lt (twymy + 19¢ 2oy )
< Cnilei%tuhoHW;JWjJ((U)m)-
Together with estimate (4.28) and Lemma 4.2.77, for s > 0, we conclude that

Ce_a//t
HWQ}JWiH’l(K) < ; HhoHWs WAL (()m)

IT1(t) (9 ho)

which in turn implies (4.26).
Now interpolating the last inequality and (4.28), for s > 0, we have

Ceot
|7 (¢ )ho” 5+1/2 (k) < THhOHWQf’lW&’l((v)m)' (4.30)

Putting together (4.26) and (4.30), for s > 0, we obtain

ITaOhollyesviangy < [ 1T = T (hollyesvan e s

—OcO (t—s)
c/ T T Aol 49

—ao(t s) —aas
<o [T ds ) olhsgom

< OVte 5 Iholl e
which concludes the proof. O

m)’
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Let us now recall [51, Lemma 2.17] which yields an estimate on the norms
1Tl (e, 2,40 for j = —1,0.

Lemma 4.2.79. Let E, £ be two Banach space with E C £ dense with continuous
embedding, and consider L € £ and a € R. We assume that there exist some intermediate
spaces

E=&Ccéj1C...Cc&CéqE=E, J>2

such that, denoting Aj := Aje, and Bj := Bjg,
(i) (B;j — a) is hypodissipative and A; is bounded on &; for 1 < j < J;
(ii) there are some constants o € N*, C' > 1, K € R, v € [0,1) such that

eKt

Ve 20, | To®llse; 80 < O

for 1 <j < J—1, with the notation Ty := (.ASB)(*Z).
Then for any o' > a, there exist some constructive constants n € N, Cp > 1 such that

Vt>0, ||Tu(t)llsen < Coe™

Combining Lemmas 4.2.76 and 4.2.78, we can apply Lemma 4.2.79 and deduce the
following result:

Lemma 4.2.80. Let A be in (0, \g). For any oy € (0,ap), there exist some constructive
constants n € N and C% > 1 such that

!

Vit > 0, ||Tn(t)H%(5j,$j+1) < Ca{)e*aot’ ] = —1, 0.

4.2.6 Estimate on £, — L

Using estimates from the proof of Lemma 4.2.76, we can prove the following result:

Lemma 4.2.81. There exists a function 11 () such that n1(\) —>)\ - 0 and the difference
%
Ly — Ly satisfies
1£x = Lollze;e,) <m(A), 7=0,1.

Proof. We have R R
Ly—Lo=NAy+ Qe — Q1.

First, we have the following inequality:
| VA Ble,, < Nllhlle; 5= 0,1. (4.31)
Concerning the term @eA — @1, we have obtained in the proof of Lemma 4.2.76

1(Qex — QAN L1 (wym) < CeMIA L1 ((0y2m)
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with () W 0. Again arguing as in the proof of Lemma 4.2.76, we obtain
—>

”av(@ex - @l)hHLg((wm) < 05()‘)”]1”{/1/1}»1(@)27”)-
We obtain the higher-order derivatives in the same way and we can conclude that
1@y = Qu)hllgy < Ce(W)hlle,. (4.32)
Gathering (4.31) and (4.32), we deduce that
I(£x = Lo)hlley < mN)IAlle, -
Using the same method, we obtain:
I(£x = Lo)hlle_, < mA)|Rlle,-
O

In the remaining part of the paper, ¢ is fixed (given by Lemma 4.2.76), we hence
denote A = As and By = B) 5.

4.2.7 Semigroup spectral analysis of the linearized operator

In this section we shall state some results on the geometry of the spectrum of the
linearized diffusive inelastic collision operator for a small diffusion parameter.

Theorem 4.2.82. There exists \' € [0,1) such that for any X € [0, X], Ly satisfies the
following properties in &y:

(i) There exists uy € R such that (L)) N A_y = {ux,0} where « is given by
Theorem 4.2.83. Moreover, 0 is a four-dimensional eigenvalue and py is a one-
dimensional eigenvalue.

(i) p satisfies the following estimate

py = —CX 4+ o(\7) (4.33)
for some C > 0.
(iii) For any o/ € (0, min(c, ag)) \ {—ur} (where ag is provided by Lemma 4.2.76),
the semigroup gemerated by Ly has the following decay property
Vi 0, [ - ePTIp, o — L,y ey < Ce™t (434)
for some C > 0.

The proof is divided into several steps.
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Step 1 of the proof: the linearized elastic operator

We recall hypodissipativity results for the semigroup associated to the linearized
elastic Boltzmann equation which are proved in [51]. Among other things, the following
is proved in this paper (Theorem 4.2):

Theorem 4.2.83. There are constructive constants C' > 1, a > 0, such that the operator
Lo satisfies in &y and &1 :

S(Lo)NA_q ={0} and N(Lo) = Span{Gy,v1Go,v2Go,v3Go, |v|*Go}.

Moreover, Ly is the generator of a strongly continuous semigroup h(t) = Sz, (t)hin in E
and &1, solution to the initial value problem (4.14) with A = 0, which satisfies:

Vit Z 07 ||h(t) - H[,(),OhinH&; é Ce_atHhin - Hﬁo,OhinH&a 1= 07 1.

Step 2 of the proof: localization of spectrum of £

Lemma 4.2.84. Let us define Kx(z) for any z € Q:= A_, \ {0} (where « is given by
Theorem 4.2.83) by

Kx(2) = (=1)" (£x = Lo) Reo(2) (ARp,(2))"

Then, there exists na(\) with na(X) = 0 such that
%

VzeQyi=A o\ B0,m0N), [Kx(2)lze) < mn).

Moreover, there exists X' € (0, \g] (where Ao is given by Lemma 4.2.76) such that for
any X € [0, N], we have

(1) I+ Kx(z) is invertible for any z € Q)

(ii) L) — z is also invertible for any z € Q) and

VzeQy, Rey(z)=U(z) I+ Ky(z)™
where
Un(2) = R, (2) + o+ (1) R, (2) (AR, (2))" 7+ (=1)" Rey (AR, (2))"

We thus deduce that
L(Lx)NA_y C B(0,m2(N)).

Proof. Step 1. We first notice that (ARpg, (2))" € HB(&, 1), Rey(2) € HAB(E1) and
Ly — Ly € B(E1,E) for any z € Q because of Lemma 4.2.80, Theorem 4.2.83 and
Lemma 4.2.81. Moreover, there exist n € N and a constant Cy > 0 such that
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Rezo(2)llze) < Co/lz|™ for any 2 in Q. Indeed, we know from [57, paragraph 1.5.3]
that in &1, the following Laurent series

“+00

Reo(z)= Y 2FCk

k=—n

where Cj, are some bounded operators in Z(€; ), converges for z close to 0. We thus deduce

a1
the previous estimate on | Rz, (2)||lz(s,)- Let us finally define n2(\) := (COC,\ém()\)) i
where A is fixed in (0, Ao) and C, is given by Lemma 4.2.80. We deduce that

Co
Vee QK)o < md)—2—Cy = na(N).
z €, [[K\(2)]lzE) < m( )772()\)” N =12(A)

We then choose A € (0, Ag] such that for any A € (0, \'], n2(X) < 1. We hence obtain that
I + K)(z) is an invertible operator for any A € (0, \']. Let us now consider X € (0, \'].

Step 2. Un(2z) (I + Kx(2))~! is a right-inverse of Ly — z on Qy. For any z € Q,, we
compute

(Lx—2)Ur(z) = (Bx—z2+A{Rp,(2) + . + (—=1)" ' Rp, (2) (ARp,)" 1 (2)}
+ (—1)” (EA — Lo+ Ly — Z) 'Rgo (Z) (.ARBA)”(,Z)
= Id+ K)\(Z).

Because of the previous step, we deduce that for z € Qy, Uy(2) (I + Kx(2))7! is a
right-inverse of £y — z.

Step 3. There exists zg € Q) such that Ly — zy s invertible on ). Indeed, we write
Ly— 2= (.AT\’,B)\(Z()) + I) (B,\ — z())

where (ARpg, (20) + I) is invertible for Re 2z large enough because of Lemma 4.2.76. As
a consequence, £y — 2o is the product of two invertible operators, we hence obtain that
Ly — 7o is invertible.

Step 4. Ly — z is invertible close to zg. Since Ly — zp is invertible on ), we have
Rey (20) = Un(20) (I + Kx(20)) 1. Moreover, if | Rz, (20)|| < C for some C' > 0, then
Ly — z in invertible on the disc B(zp,1/C) with

+oo
Vz e B(z,1/C), Rpg,(2) =Re,(20) Z (z—20)"Re, (20)", (4.35)
n=0
and arguing as before, Rp,(2) = Ux(z)(I + Kx(2))™! on B(z,1/C) since

Ur(2) (I + Kx(2))!is a right inverse of £, — z for any z € (.

Step 5. Ly — z is invertible on €. For a given z; € )y, we consider a continuous path
I’ from 2y to z; included in 2, i.e. a continuous function I" : [0,1] — ) such that
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T'(0) = 2, T'(1) = 21. We know that (ARp,(2)) 1 <€ <n—1, Re,(2) (AR5, (2))"
and (I + K)(z))~! are locally uniformly bounded in %(&) on ), which implies

sup ||Un(2)(I + KA(Z))*ngg(go) =K < 0.
€T ([0,1])

Since (L) — 2p) is invertible we deduce that (L) — z) is invertible with R, (z) locally
bounded around zy with a bound K which is uniform along I' (and a similar series

expansion as in (4.35)). By a continuation argument we hence obtain that (£ — z) is
invertible in &y all along the path I with

Re, (z) =Ur(2)(I + Ky(2))"! and IRe, ()|l z(e) < K-

Hence we conclude that (£ — 21) is invertible with Rz, (21) = Un(21)(I + Kx(z1))"L. O

Step 3 of the proof: dimension of eigenspaces

Lemma 4.2.85. There exist a constant C > 0 and a function n3(\) such that

My, —allzE.e) < C, (4.36)
and

My, —a — Tz, —allzEy) < m3(N),  m3(N) " (4.37)

It implies that for A close enough to 0, we have
dimR(Ilz, —o) =dimR(Ilz, —o) = 5.
The following lemma from [57, paragraph 1.4.6] is going to be useful for the proof.
Lemma 4.2.86. Let X be a Banach space and P, @) be two projectors in B(X) such
that |P — Qllzx) < 1. Then the ranges of P and Q are isomorphic. In particular,

dim(R(P)) = dim(R(Q)).

Let us now prove Lemma 4.2.85.

Proof. Let T':= {z € C, |z| = n2(\)} which is included in © for A small enough. We set
N :=2n and we define

U =R, + .. + (D" T Rp, (ARp )N Fand U} = (-1)"Re, (ARp,)Y,
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Notice that Lemma 4.2.76 implies that 2z — Rp, (z) is holomorphic in B(0,7())) for A
small enough and consequently that [ UY(z)dz = 0. We can then compute:

{
e, —a = 7 FRLA(Z)dZ

= o [ T+ Rz
— 5 [T - K@) T+ Ka@) ) ds
i [ 1+ K ) e
= o [ KA 1+ K iz
HED" o [ Rey(2) (AR, (DY (14 Ka(2) 7 d

Since (ARpg, (2))"Y appears in the two parts of the expression of Iz, _,, we deduce that
(4.36) holds.
Concerning the estimate on Iz, _o — Ilz, _o, we begin by writing

Reo(2) = Risg(2) + oo+ (1) Risy (2) (AR, (2))V 1+ (=1)Y Ry (2) (AR, (2))Y

which implies that
i
ey —a = %/FR&)(Z)CZZ

= (_1)n2iﬂ_/FR£0(Z) (ARp, ()Y dz.

Finally, we deduce that

HLO,*O[ - Hﬁ)\,fa

= (1" 5 [ Rey(2) (AR, ()" — (ARg, ()" (1 + Kn(2) ) d2
1
"3

/Fug(z) K(2) (I + Ky (2) "} dz.

Since K)(z) appears in the second term, we deduce that it is bounded by 72(\).
Concerning the first term, we rewrite it as

(ARE,(2))*" — (ARp, (2))*" + (ARp, (2))""(I — (I + EKx(2) 7).
The second part of this expression is bounded by 72(\)/(1 —n2())) because of the bound

on the norm of K. The first part can be written as

2n

S (ARE (2))F A (R, (2) — Risy (2)) (AR, (2))27 7+,
k=0
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In addition, the bound on the norm of By — By given by Lemma 4.2.81 gives a bound on
the norm of Rp, (2) — Rp,(2) because

Rp,(2) = R, (2) = Ri, (2) (Bx — Bo) R, (2)-

Since for all k, 0 < k < 2n we have k > n or 2n — k — 1 > n, we can use Lemma, 4.2.80
and conclude that (ARp,(2))?" — (ARg, (2))?" is bounded by Cn;(A), which concludes
the proof of (4.37).

The last part of Lemma 4.2.85 is nothing but Lemma 4.2.86 because for A close

enough to 0, n3(\) < 1. O

We can now finish the proof of Theorem 4.2.82-(i). The previous lemma implies that
there exist &1, ...,&5 € C such that

E('C)\) NA_ o= {fl» 55}

Moreover, we know that 0 is a four-dimensional eigenvalue due to the conservation of
mass and momentum. Since the operator is real, we can deduce that there exists puy € R
such that

E(Lx) NA_q = {0, ur}.

Step 4 of the proof: fine study of spectrum close to 0

Concerning the case of a constant coefficient of inelasticity, we refer to [67, Section 5.2,
Step 2] for the proof of Theorem 4.2.82-(ii) (the first order expansion of py (4.33)). Let
us deal with the non-constant case.

We first denote ¢g the energy eigenfunction of the the elastic linearized operator
associated to 0 such that ||¢ol|11(()2) = 1. We also denote Ily the projection on R ¢
and 7yt the coordinate of Iy on R ¢g i.e Iy = (mow) ¢p. Finally, we denote ¢y the
unique eigenfunction associated to p such that [|¢x[[11(()2) =1 and mepy > 0.

By integrating in v the eigenvalue equation related to py

L dx = px O
against |v]?, we get

2/ @ex(G,\,@)\v]ZvarXV/ Ay by [02 dv = 1y E(6y). (4.38)
R3 R?’

We now compute the left-hand side of (4.38). By a classical computation which
uses (4.9), we have:

_ l1-u- -0
2/ Qey (G, 2 [v]? dv = */ / / ul?Gr.or ———— (1 — e\?) do dv, dv
R3 RrR3 JR3 Js2 4

and using polar coordinates

1—7-0 9 1-u-0 B ! 2 3
e O O
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Let us define )
Ye(r) := 4 r®/? / (1—e*(Vrz)) 22 dz,
0
we can compute e, (1) = A3 1. (A?r). We deduce that
~ 1
2/ Qey (G, d2) [0 dv = —— / / G, ox Ye(N|ul?) dv. do.
R3 A Jr3 JRr3

We also have

L Avonloldo=6 [ oxdo=6p(o).
R3 R3
Dividing (4.38) by A7, we hence obtain

1
— 355 L L, Gl do. do+ 6 p(6) =

XY pix E(@A)- (4.39)

We would like to make A tend to 0 in (4.39). To do that, we introduce the following
notations:

D)= [ [ faGUuP)dede with G02) = 15 6. 0%2),

and

)= [ foGUul)dds with G =

Let us now prove that Iy(Gy, ¢)) tends to Io(Go, ¢o) as A tends to 0. We state the
following lemma which is going to be useful. We do not prove it here because the proof
is the same as the one of [67, Lemma 5.17].

Lemma 4.2.87. Let k, ¢ € N. We have the following result:
I &x = @ollyyra

To prove that I\ (G, ¢») tends to In(Go, ¢o) as A tends to 0, let us write the following
inequality:
[ IX(Gx, #2) — 10(Go, ¢0)| < [IA(G, dx) — Lo(Gr, dA)| + [L0(Gr, d1) — Lo(Go, do)|
= Jy + J}.

— 0.
v)Im) N0

We first deal with Jf:

B=| [, [ (Gr.01 = Go.o0)alluP) dv. v

SC/ / |G, — Go,
R3 JR3

i C / / G, |6 — do| (@) (v.)3+7 dv, do
R3 JR3

< C(I1Gx = Golla oy Il Boll Ly quyy + IGA Ly (o) 63 = Bolla(y+n) )
< O (lIGx = Golluyquyss + léx = dollza (o) WO

B0 ()3 (0,3 du, dv
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because of Lemmas 4.2.72 and 4.2.87.
Let us now establish an estimate on J i:

Jl < /R 3 /R G G (1ul?) = Gol[uf?)| dv. dv =: D

We can rewrite the difference () (r2) — (o(r?) in the following way:

9 o T 11— €e2(Arz)
CA(r?) = Go(r") = ; (

—9 3+
2 (Arz)Y a) : dz,

which allows us to get an estimate on this difference using Assumption 4.1.67-(3). There
exists a constant C' > 0 such that

V)\ 6 (03 1]7 vr > O, |C)\(’["2) — CO(T2)| g C (7,,3-‘(‘2’\/ )\fy + T’3+’7+W )\7 + 7/‘3_"_W )\7_7) .

Denoting 7 := min(vy,7 — 7), we can deduce that

D,\g/ / G o N |ulPT 7 dv, dv
R3 JR3

<X ‘|G)\HL11)((1;)3+“/+7)H¢)\”L%((U>3+7+7)
<O

It yields the result: J )\1 — 0.

A—=0
We can now make A tend to 0 in (4.39). Using the previous result
I(Gx, dx) — 1o(Go, ¢o), the fact that the mass of ¢ is 0 and the convergences G\ — G
and ¢ — ¢o (Lemmas 4.2.72 and 4.2.87), we deduce that

%5(%) = —1Io(Go, ¢o) +o(1).
We finally conclude that there exists a constant C' > 0 such that

fix = —CAT + o(\).

Step 5 of the proof: semigroup decay

In order to get our semigroup decay, we are going to apply the following quantitative
spectral mapping theorem which comes from [77]. We give here a simpler version and
hence give the proof which is easier in this case.

Proposition 4.2.88. Consider a Banach space X and an operator A € €(X) so that
A = A+ B where A € B(X) and B — a is hypodissipative on X for some a € R. We
assume furthermore that there exists a family X;, 1 < j < m, m > 2 of intermediate
spaces such that

XnCDAH C X1 C..CXoC Xy =X,
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and a family of operators Aj, A;, Bj € €(X;) such that
AjZ.Aj-l-Bj, Aj:A|Xju .Aj:.A|Xj, BjZB‘Xj,

and that there holds
(i) (Bj —a) is hypodissipative on X;
(ii) A] € B(X;);
(iii) there ezists n € N s.t. Tp(t) := (ASp(t))"™ satisfies 1T ()| 2 (x, x,) < Ce™.
Then the following localization of the principal part of the spectrum
(1) there are some distinct complex numbers &1,...,&x € A4, k € N (with the
convention {&1,...6k} = 0 if k = 0) such that one has

B(A) N A = {1, &) C Xa(A).

implies the following quantitative growth estimate on the semigroup
(2) for any d’ € (a,00)\{Re&;,j =1,...,k}, there exists some constructive constant
Cy > 0 such that

S Ca/ ea’t
B(X)

k
tAITA ¢
_ Z e AL HA@

J=1

vt >0,

In particular, the following partial (but principal) spectral mapping theorem holds
Vt>0, Vd >a, D(MNA, =SONAat

Proof. We have the following representation formula (see for instance the proof of [51
Theorem 2.13]):

n+1

k
() f =D Sag,(t f+§j 1)/S5 * (ASE) O (1) f + 2(1) f,
j=1

for any f € D(A) and t > 0, where

Z(t)f:= lim (_1) /a o e RA(2) (ARp(2))" T2 f d=.

—iM
On the one hand, we know from (i) and (ii) that
VE=0,..n+1, [Spx(ASE) I (t)]zx) < Cue™’

On the other hand, because of (iii), we have

sup [|(AR5)"(2) ]| #(x,p(a2)) < Kar
z€a/+iR

and because of (1), since A generates a semigroup,

sup ||Ra(2) || z(x) < Ko
z€a'+iR
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Then, we are going to use the resolvent identity
Vz ¢ N(B), Rp(z) =z Rs(z)B—1I] (4.40)
to get an estimate on [[(ARB)?(2)ll zp(a2),x) if |2| > 1. Using twice (4.40), we obtain
VzeC |2l 21, [[(ARB)*(2)fllx < Ko l2l 2 flpsz)
and we notice that D(B%) = D(A?) because A is bounded. We finally obtain

1
Vel 2|21, [(ARs)*(2)fllx < Ko

= a7y |Z|2 ||f||D(A2)

Moreover, we also have
1
V2 C I <1 I(ARs) (fllx < Kbl e

All together, we deduce that

ea’t dy
Z(t)| 2 <Ky— | ——
120)ac0) < K [ 755

which yields the result. O

We can now prove the estimate on the semigroup decay (4.34). We apply Proposi-
tion 4.2.88 with a := max(—a, —ag) < 0. We have & C D(L£3) C & C €_1. Assumptions
(i), (ii) and (iii) are nothing but Lemmas 4.2.76, 4.2.77 and 4.2.80. And (1) is given by
the previous steps of the proof. We hence conclude that we have the decay result (4.34)
for any o/ € (0, min(c, ) \ {—pat}-

Remark 4.2.89. Thanks to the first order expansion of uy (4.33), we deduce that
wx < 0 for \ close enough to 0. As a consequence, for any ay € (0, —uy), we have

€53 — ATz, ol ey < Cem M. (4.41)

4.2.8 A dissipative Banach norm for the full linearized operator

Let us define a new norm on & by

+oo
Alllgo = nllhlle +/0 1Se,(T)hlley dr. 7 >0, (4.42)

which is well-defined if IIz, ph = 0 thanks to the estimate (4.41).

Proposition 4.2.90. There exist n > 0 and «y > 0 such that for any h;, € &,
Iz, ohin = 0, the solution h(t) := Sg, (t)hin to the initial value problem (4.14) satisfies:

d
vE20, —llihelle, < —oallhelles,

where £ = WW2((v)?m) and || - H‘Sg is defined as in (4.42).



4.3. THE NONLINEAR BOLTZMANN EQUATION 167

Proof. From the decay property of £y provided by (4.41), if Ilz, oh = 0, we have

1Se5(T)hllgy < Ce™ ¥ |[hllg,-

We thus deduce that the norms || - ||g, and ||| - |||, are equivalent for any n > 0.

Let us now compute the time derivative of the norm &, along h; where h; solves
the linear evolution problem (4.14). Observe that Iz, ohy = 0 due to the mass and
momentum conservation properties of the linearized equation. Since the z-derivatives
commute with the equation, we can set s = 0. We first treat the case LLLL((v)m). We
compute

d ) 9
g llhelle = 77/ (/ L (ht) sign(hy) diﬂ) (v)mdv +/ pillfttrlley dr =1y + I,
R3 T3 0 4

Concerning the first term, arguing as in the proof of Lemma 4.2.76, we have from the
dissipativity of By and the bounds on A

I <0 (Cllhelle, — Kllhall2)

for some constants C, K > 0.
The second term is computed exactly:

0 ® 0
I, = —||ht4r||g, dT = —||Pt4r||g, dT = —|| ||, -
2= [ el dr = [ S lhesl dr = —lhule

The combination of the two last equations yields the desired result by choosing 7 small
enough. The case of higher-order v-derivativeq is treated similarly as in Lemma 4.2.76.
O

4.3 The nonlinear Boltzmann equation
4.3.1 The bilinear estimates
Let us recall a bilinear estimate on the nonlinear term in equation (4.1).

Lemma 4.3.91. In the space £1 := WIWSL((v)9m) with s, 0 €N, s > 6 and g € N,
the collision operator () satisfies

1Qex (9, Flles < Clllgllgasliflles + lglleall fllea+r)
for some constant C > 0, where £971 is defined as £9.

The proof is similar to the one done in [51, Lemma 5.16]. We shall only mention the
main steps.
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Proof. Let us first consider the velocity aspect only of the norm with ¢ = 0. Concerning
the case of a constant coefficient of inelasticity, we use that the elastic collision operator
Q1 satisfies (cf [75])

1Q1(g: Hllymy < CUS Lyl gl i cwymy + 1 F 111 (ym) 191 L1 my)-

First, it can be straightforwardly adapted to the case L'({v)?m). Then, if v} and v}
denotes the post-collisional velocities in the inelastic case and in the elastic case with
obvious notations, using the fact that we both have

A7 < ol + Jouf?
and
[opl? < [0]? + [val?,
the same proof can be done in the inelastic case. We hence obtain that
1Qex (9, Ol L1 ((wyam) < C (Hf”L}, wyam) 191l L3 (wya+im) + ”f”L},((U)‘I*lm)||g||L}j((v)qm)) :

(4.43)
Then, from property (4.17) and inequality (4.43), we deduce that

1Qer (9 Dl oyamy < C (1wt (oyanmy 191w oy +

1wz oyt 19t gy

as well as similar results from the other estimates.
As a final step, we consider the x aspect of the norm. We use the Sobolev embedding

3/ 2’1(']1‘3) C L2°(T3) with continuous embedding since s > 6 and we conclude as
in [51]. O

4.3.2 The main results

Let us now give some results on the stability and relaxation to equilibrium for
solutions to the full non-linear problem. We consider first the close-to-equilibrium regime
(Theorem 4.3.92), and then the weakly inhomogeneous regime (Theorem 4.3.93).

Theorem 4.3.92 (Perturbative solutions close to equilibrium). Let us consider
A € [0,N] (where N is given by Theorem 4.2.82). There is some constructive con-
stant € > 0 such that for any initial data fi, € & satisfying

| fin — Gille, < e

and fin has the same global mass and momentum as the equilibrium G defined in
subsection 3.1, there exists a unique global solution f € L (&) to (4.1).
This solution furthermore satisfies that for any & € (0, —puy):

VE>0, |[Ife —Gille, < Ce™ || fin — Galle,

for some constructive constant C' > 0.
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For the following theorem, we only consider the case of a constant restitution
coefficient, namely e)(-) is constant equal to 1 — A\, Theorem 4.3.93 is thus a result on
equation (4.2).

Theorem 4.3.93 (Weakly inhomogeneous solutions). Let us consider \ in [0, \']. Con-
sider a spatially homogeneous distribution gi, = gin(v) € W21 <<v>5eb<”>6> with the same
global mass and momentum as G.
There is some constructive constant (g;,) > 0 such that for any initial data fi, € &
satisfying
| fin — ginlley < €(gin),

and fin, has the same mass and momentum as Gy and g;n, there exists a unique global
solution f € L°(&) to (4.1).
Moreover, this solution satisfies

V>0, |Ifi—gille, < Celgin)

and for any a € (0, —uy),
Vi2 0, [|fi— Ghlle, < Ce™

for some constructive constant C' > 0.

4.3.3 Proof of the main results
Proof of Theorem 4.3.92

The strategy is similar to the one from [51] and we will only mention the main ideas
of the proof. We begin by giving the key a priori estimate.

Lemma 4.3.94. With the notations of Theorem 4.3.92, in the space &y, a solution fi
to the Boltzmann equation formally writes f; = G\ + hy, g, ohy = 0, and h; satisfies
the estimate

d
Jpliellen < (Clinelle, — K17l e
for some constants C, K > 0 and with & = W'W21((v)?m).

Proof. We consider the case LLLL({(v)m), we will skip the proof of other cases which is
similar. We have

d
s nsoymy = Lo+ Iy
with
I ::n/ (/ Lhy sign(ht)dzn> (vymdv
R3 \JT3
+/ / (/ eTﬁA(ﬁAht)sign(eTﬁ*ht)d:v) (vymdvdr
0o Jrs \J13



170 CHAPITRE 4. BOLTZMANN EQUATION FOR GRANULAR MEDIA

and
I ::n/ (/ Qe, (he, he) sign(hy) dm) (vymdv
R3 \.JT3
+/ / </ e Qe, (ht, hy) sign(e™ hy) dm) (vymdv dr
0o Jrs \JT3
We already know from Proposition 4.2.90 that by choosing 1 small enough, we have

I < —K|lhellrny(wyzmy, K > 0.

For the second term, we have

L Sn/ 1Qex (he he) || L1 ((wym) dv+/ / €72 Qe (e, he)l| L1 ((wymy dv dT
R3 0 R3
<0 Qe (hes he) | L1 11 ((wym) +/0 €7 Qe (s Be) |l 11 11 ((wym) AT

We thus deduce

d
%mht’”LiL},((v)m) < Kbl 2 nr(wy2m) + N1Qex (hes he) l 21 11 ((wym)-

Now using the bilinear estimate coming from Lemma 4.3.91, the semigroup decay (4.41)
and the fact that Iz, 0Qe, (h¢, he) = 0, we obtain

Qe (ht, he) 1 23 (oym)y <1 Qe (Bt )| L1 L3 ((ym)
[ 1820 (0)Qe (o) 228 oy 0
< el e 2a coymy 1Pt L 23 (o)2m)
v ([T e ar) Ihscyom el sy

< C el 2r p wym) 1Pl 22 21 (0)2m)
< Clhellzr s ym) el 2L L3 () 2m) s
which concludes the proof. O
We shall now construct solutions by considering the following iterative scheme

athn+1 = £Ahn+1 + Qex (hn’ hn)v n =1,

with the initialization

O’ = LAR°, B, = hin
and we assume |[||hip|||g, < /2. The functions ™, n > 0 are well-defined in & thanks to
Theorem 4.2.82.

The proof is split into three steps.
Step 1. Stability of the scheme. Let us prove by induction the following control
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t
¥nz0, sup (I0flle, + K [ [102lley dr) < (4.44)
t>0 0

as soon as ¢ < K/(2C).
The initialization is deduced from Proposition 4.2.90 and the fact that ||y, ||s, < e/2:

t
sup (1l + K [ 1R dr ) < e
t>0 0

Let us now assume that (4.44) is satisfied for any 0 < n < N € N* and let us prove it
for n = N 4+ 1. A similar computation as in Lemma 4.3.94 yields

d
B4, + KRN gy dr < CllQey (0, 1)l
for some constants C, K > 0, which implies
t t
I8 ey + 5 [ 10N gy dr < il + [ 1o (B2 1Y)l dr
t
< lhinlles +C (m;g 2 |||go> ey ar

52

IA
| ™

+

IN
™
=] Q

as soon as ¢ < K/(2C).

Step 2. Convergence of the scheme. We denote d” := h"T! — h™ and s" := h"H1 + p»
for n > 0. They satisfy

¥n >0, 0d" =Lyd" + Qe (d", ™) + Qe (s",d")

and
Od® = £d" + Qe, (h°, 1),

Let us denote .
Aty = sup (ldplle, + K [ a2 dr)
0<r<t 0
We can prove by induction that

Vt>0, VYn>0, A"(t)<(Ce)"™?

for some constant C' > 0.

Hence for € small enough, the series },,~q A™(¢) is summable for any ¢t > 0 and the
sequence h" has the Cauchy property in L?B(EO), which proves the convergence of the
iterative scheme. The limit h as n goes to infinity satisfies the equation in the strong
sense in &j.
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Step 3. Rate of decay. We now consider the solution h constructed so far. From the first
step, we first deduce by letting n go to infinity in the stability estimate that

t
sup ([Ihelle, + K [ lhley dr) <.
t>0 0

Second, we can apply the a priori estimate from Lemma 4.3.94 to this solution h which
implies that
_Ky
Ihellle, < € 2" hinlle

under the appropriate smallness condition on e. Using the fact that ||h¢||g, converges to
zero as t — +00, we obtain

oo 2 K,
Il dr < 2l < O™ 5

We shall now perform a bootstrap argument in order to ensure that the solution h; enjoys
the same decay rate O(e~®*) as the linearized semigroup (Theorem 4.2.82). Assuming
that the solution is known to decay as

1helle, < Cemeo!
for some constant C' > 0, we can prove that it indeed decays
1helle, < CTe

with aq = min (g + K /4, «). It can be proved using Theorem 4.2.82 and Lemma 4.3.91.
Hence, in a finite number of steps, it proves the desired decay rate O(e*a/t).

Proof of Theorem 4.3.93

We split the proof into three steps. We will only deal with the case LLLL({(v)m).

Step 1. The spatially homogeneous evolution. We consider the spatially homogeneous
initial data g¢;,. From [67, Corollary 6.3], we know that it gives rise to a spatially
homogeneous solution g; € LL({v)m) which satisfies

gt — GAllLy((wym) — O

with explicit exponential rate and g; € L¥°(LL({(v)m)) N L (LE((v)?m)).

Step 2. Local in time stability estimate. The goal is to construct a solution f; close to
some spatially homogeneous solution g; which is uniformly bounded in LLLL({v)m). We
consider the difference d; := f; — g and we write its evolution equation:

8td +v- vxd = Qex (d7 d) + ij(ga d) + Q;\(dv g) - QQA (g7d) - Q(ZA (d7g) + AVA’Ud
— P(d) + N'Ad,
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where P(d) = Qey (d, d) + Q7 (9, ) + Q7. (d, 9) —~ Qz, (9, d) — Qz, (d, 9). We then estimate
the time evolution of the LLL.({(v)m) norm:

%HdtHL%L% / / (dy) + NTAydy) sign dy dz (v)ym dv
< ClQe, (de, dt)HLiL%«wm) + C QL (98, d) | Lr Ly ((wym) + C N1QL, (s ge) || 1L () m)
+ C1Qe, s ) aaom = [, [, Qe (gnsde) sign d da (v)m do

+ )\7/ / Ay|dy| dx (v)m dv.
R3 JT3
First, using the bilinear estimates of Lemma 4.3.91, we have
1Qex (ds D) 1Ly ((ym) < Clldll L1 L1 (wym) 14l L1 L3 ((0)2m)
and

1Q2 (ds DI L1 L1 ((wym) + 11Q (95 DI L1 L1 (wym) <19l 2 (wy2m) 1Al L1 L1 (0y2m)
+ Co llgll 22 pr (wym) 14l L1 23 () m)

for any 7 > 0 as small as wanted, and some corresponding 7-dependent constant Cj,.
Second, by trivial explicit computations we have

1Qc, (d, D Lrrrwym) < Clldll L wym) 19122 23 ((0)2m)-
Third, we have for some K > 0,
= [, [, Qe (o dsignds da (v)m dv < ~ K] 1313 gy

Fourth and last,

A /R /T Ald] dz (wym dv < Clld]| 1 13 oym) < C 1A L1 (10y2m)-

Gathering all these estimates, we finally obtain

d
gpldellcanswymy < (Clldell Ly oym) + A = K)lldell 1 23 y2m)
+ Cllgellrrr (wyzm)lldell 1 L1 ((wym)-
We then introduce an iterative scheme

a dn+1 Q€>\ (dn dn) + Qex (gv dn) + Qex( 7g)a n 2 07

and

atdo = Qe,\ (g’ do) + QEA (d07 g)
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with d) = dip, = fin — gin for all n > 0, just as the previous subsection. At each step, a
global solution d,, is constructed in LLLL((v)m) using the estimates above. We assume
that || dinllz1 21 ((0ym) < €/2. By passing to the limit in the a priori estimates, we deduce
that, as long as

Clldllpar(wym) < K — A7 (4.45)
we have .

€
Idell 3 23 ym) < 5 exp <C/O 97121 L1 (0)2m) dT) :

We then choose ¢ small enough so that Ce < K — X7, and then since
gt € L (LLLY((v)*m)), we can choose Ty = Ti(g) > 0 so that the smallness condi-
tion (4.45) is satisfied and

Vte[0,Th],  |delloiry(oym) < e

Observe that T () — +00. This completes the proof of stability.
e—

Step 8. The trapping mechanism. Consider ¢ the smallness constant of the stability
neighborhood in Theorem 4.3.92 in LLLL((v)m). Then from [67], we deduce that there
is some time T = T5(M) > 0 such that

0
Vt>To, g — Gaglloioy(wym) < 3

where G 4 is the equilibrium associated to g;,. We then choose e small enough such

that

1)
fin = ginllziryym) < € = 1Gxs = Gaglliirsym) < 3

where G f is the equilibrium associated to fin, Ti(e) > To(M) and

)

Wl >

I fry = 9 lLr 21 (wym) <

from the stability result.
We deduce that

1 fr, = Gaflleywym) S — 9l ey (wym) + 191 — GagllLr oy (wym)
+Grr—Gag
<94

Lz L ((v)m)

and we can therefore use the perturbative Theorem 4.3.92 for ¢ > T5 which concludes
the proof.

Remark 4.3.95. In the case of a non-constant coefficient of inelasticity, we can prove
such a result in a weakly inhomogeneous setting considering an homogeneous distribution
Jin = gin(v) which is close enough to the equilibrium. Indeed, using Theorem 4.3.92, we
obtain the existence of a solution of the equation (4.1) which converges to the equilibrium.
However, we can not conclude if we do not suppose that g, is close enough to G.



Troisieme partie

Equations de Fokker-Planck
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Chapitre 5

Uniform semigroup spectral
analysis of the discret, fractional
and classical Fokker-Planck
equations

RESUME. Dans cette partie, nous nous intéressons a l’analyse spectrale des équations
de Fokker-Planck discrete, fractionnaire et classique du point de vue des semi-groupes.
Les équations de Fokker-Planck discréte et fractionnaire convergent en un certain sens
vers I’équation de Fokker-Planck classique. Nous traitons donc dans un premier temps
les équations de Fokker-Planck discrete et classique dans un méme cadre, prouvant
des estimations spectrales uniformes grace a un argument perturbatif. Et dans un
second temps, nous réalisons une analyse similaire pour les équations de Fokker-Planck
fractionnaire et classique grace a un argument d’élargissement de I’espace dans lequel le
semi-groupe décroit.

ABSTRACT. In this part, we investigate the spectral analysis (from the point of view
of semigroups) of discrete, fractional and classical Fokker-Planck equations. Discrete
and fractional Fokker-Planck equations converge in some sense to the classical one. As a
consequence, we first deal with discrete and classical Fokker-Planck equations in a same
framework, proving uniform spectral estimates using a perturbation argument. Then,
we do a similar analysis for fractional and classical Fokker-Planck equations using an
enlargement of the space in which the semigroup decays.
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5.1 Introduction

In this paper, we investigate from a spectral analysis point of view some discret and
fractional Fokker-Planck equations. They are simple models for describing the time
evolution of a density function f = f(¢,z), t > 0, 2 € R, of particles undergoing both
diffusion and (harmonic) confinement mechanisms and write

Of =Aef =D f +div(zf). (5.1)

The diffusion term may be either a discret diffusion

D.(f) 1= (ke [ )

for a convenient (centered, nonnegative, smooth and decaying fast enough) kernel k,
with the usual notation k.(x) = k(z/e)/e?, € > 0. It can also be a fractional diffusion

fly) = f(x) = x(z—y)(y —2) - Vf(z) dy

D.(f)(z) == c- R |z — y|d+2—c ) (5.2)

with € € (0,2), x € D(R?), 150,1) < x < 1p(2), and a convenient renormalization
constant ¢. > 0. Both families of equations are related to the classical Fokker-Planck
equation, because in the limit € — 0, one may recover

Of =ANof = Af +div(zf).

The main features of these equations are (expected to be) the same: they are mass
preserving, positivity preserving, have a unique positive stationary state with unit mass
and that stationary state is exponentially stable, in particular

f(t) >0 as t— oo, (5.3)

for any solution associated to an initial datum fp with vanishing mass. Such results can
be obtained using different tools as the spectral analysis of self-adjoint operators, some
(generalization of) Poincaré inequalities or logarithmic Sobolev inequalities as well as
the Krein-Rutman theory for positive semigroup.

The aim of this paper is to initiate a kind of unified treatment of these equations and
more importantly to establish that the convergence (5.3) is exponentially fast uniformly
with respect to the diffusion term for a large class of initial data which are taken in
a fixed (large) weighted Lebesgue or weighted Sobolev space X. Our approach is a
semigroup approach in the spirit of the semigroup decomposition framework introduced
by Moubhot in [75] and developed subsequently in [66, 51, 90, 64]. A typical result we
are able to prove is the following.

Theorem 5.1.1 (rough version). There exist g € (0,2), a <0 and C > 1 such that:
184, (8)f = A, 0Sa. (1) fllx < Ce™ |If —Taofllx Vt20, Ve € [0, V€ X,

where X is (for instance) a L' weighted space, Sy, (t) = €M<t stands for the semigroup
associated to the generator A, and Il5_go for the projector onto the null space of A..
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Theorem 5.1.1 generalizes to the discrete diffusion Fokker-Planck equation similar
results obtained for the classical Fokker-Planck equation in [51, 64] and makes uniform
with respect to the fractional diffusion parameter the convergence results obtained for
the fractional diffusion equation in [90]. It is worth mentioning that there exists a huge
literature on the long-time behaviour for the Fokker-Planck equation as well as (to a
lesser extend) for the fractional Fokker-Planck equation. We refer to the references
quoted in [51, 64, 90] for details. There also probably exist many papers on the discrete
diffusion equation since it is strongly related to a standard random walk in R?, but we
were not able to find any precise reference in this PDE context.

Let us explain our method. First, we may associate a semigroup S)_ to the evolution
equation (5.1) in many Sobolev spaces, and that semigroup is mass preserving and
strongly positive. In other words, S, is a Markov semigroup and it is then expected
that there exists a unique positive and unit mass steady state G. to the equation (5.1).
Next, we are able to establish that the semigroup splits as

Sy, =S +82, S! ~e'Te T, finite dimensional, S2 = O(e™), a <0, (5.4)

in these many weighted Sobolev spaces. The above decomposition of the semigroup is
the main technical issue of the paper. It is obtained by introducing a convenient splitting

A=A +B. (5.5)

where B enjoys suitable dissipativity property and A, enjoys some suitable B.-power
regularity (by analogy with the B.-power compactness notion introduced by Voigt [96]).
It is worth emphasizing that we are able to exhibit such a splitting with uniform
(dissipativity, regularity) estimates with respect to the diffusion parameter € € [0, &¢] in
several weighted Sobolev spaces.

As a consequence of (5.4), we may indeed apply the Krein-Rutman theory developed
in [70, 63] and exhibit such a unique positive and unit mass steady state G.. Of course
for the classical and fractional Fokker-Planck equations the steady state is trivially given
through an explicit formula (the Krein-Rutman theory is useless in that cases). A next
direct consequence of the above spectral and semigroup decomposition (5.4) is that there
is a spectral gap in the spectral set ¥(A.) of the generator A, namely

Ae :=sup{Re € L(A:)\{0}} <0, (5.6)
and then that an exponential trend to equilibrium can be established, namely
1S (t) fo— Gellx < Cee™ | fo— Gellx Vt>0, Vee[0,e0], Va> A, (5.7)

for any unit mass initial datum fy € X.

Our next step consists in proving that the spectral gap (5.6) and the estimate (5.7)
are uniform with respect to €, more precisely, there exists \* < 0 such that A\; < \* for
any € € [0,e0] and C; can be chosen independent to € € [0, £¢].
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A first way to get such uniform bounds is just to have in at least one Hilbert space
E. C L'(RY) the estimate

Vi eD®Y, ()= [ fdi=0, (AL P <X,

and then (5.7) essentially follows from the fact that the splitting (5.5) is true with
operators which are uniformly bounded with respect to ¢ € [0,ep]. It is the strategy
we use in the case of the fractional diffusion and the work has already been made in
[90] except for the simple but fundamental observation that the fractional diffusion
operator is uniformly bounded (and converges to the classical diffusion operator) when
it is suitable (re)scaled.

A second way to get the desired uniform estimate is to use a perturbation argument.
Observing that
Ve € [0,60], A — Ao :O(E),

for a suitable operator norm, we are able to deduce that € — . is a continuous function
at 0, from which we readily conclude. We use here again that the considered model
converges to the classical Fokker-Planck equation. In other words, this model can be
seen as a (singular) perturbation to the limit equation and our analyze takes advantage
of such a property in order to capture the asymptotic behaviour of the related spectral
objects (spectrum, spectral projector, ...) in order to get the above uniform spectral
decomposition.

Let us present now some comments and possible extensions.

Motivations.  The main motivation of the present work is rather theoretical and
methodological. Spectral gap and semigroup estimates in large Lebesgue spaces have
been established both for Boltzmann like equations and Fokker-Planck like equations
in a series of recent papers [75, 66, 51, 70, 40, 27, 90, 64, 69]. The proofs are based
on a splitting of the generator method as here and previously explained, but the
appropriate splitting are rather different for the two kinds of models. The operator A,
is a multiplication (0-order) operator for a Fokker-Planck equation while it is an integral
(—1-order) operator for a Boltzmann equation. More importantly, the fundamental and
necessary regularizing effect is given by the action of the semigroup Sp. for the Fokker-
Planck equation while it is given by the action of the operator A, for the Boltzmann
equation. Our purpose is precisely to show that all these equations can be handled in
the same framework, by exhibiting a suitable and compatible splitting (5.5) which does
not blow up and such that the time indexed family of operators A.Sgz. (or some iterated
convolution products of that one) have a good regularizing property which is uniform in
the singular limit € — 0.

Probability interpretation. The discret and fractional Fokker-Planck equations are the
evolution equations satisfied by the law of the stochastic process which is solution to the
SDE

dX; = —Xydt — d.£7,
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where .ZF is the Levy (jump) process associated to k./e? or c./|z|9T27¢. For two

trajectories X; and Y; to the above SDE associated to some initial datum Xy and Yj,
and p € [1,2), we have
d| Xy — Y|P = —p| Xy — Y3|Pdt,

from which we deduce
E(| Xy —YP) < e_pté”(|X0 -Y”), Vt>0.

Denoting by f.(t) the law of X; and G. the law of the stable process Y;, we classically
deduce the Wasserstein distance estimate

W, (f-(t), Ge) < e " Wy(fo, Ge), Yt >0. (5.8)

Estimate (5.8) has to be compared with (5.7). While the proof of (5.8) is just straight-
forward, the proof of (5.7) is not. In particular, for p = 1, the Kantorovich-Rubinstein
Theorem says that (5.8) is equivalent to the estimate

Hfg(t) - GsH(Wl,OO(Rd))/ S e_t HfO - Gs”(wl,oo(]Rd))/, Vt Z 0. (59)

Estimates (5.8) and (5.9) have to be compared with (5.7). Proceeding in a similar way as
in [70, 64] it is likely that the spectral gap estimate (5.9) can be extended (by “shrinkage
of the space”) to a weighted Lebesgue space framework and then to get the estimate in
Theorem 5.1.1 for any a € (—1,0).

Trotter-Kato. From the Trotter-Kato formula
SA. — Say = Sa. * (Ac — Ao)Sa,
and the two observations
D(AY") € D(Ac) € D(Ao),  [IA: = Aollpag)rx = O(e),
we should deduce

1Sa. = Saollpaz)—x = O(e).

We believe that these arguments can be made rigorous and then that the same analysis
we have performed here should make possible to improve the above estimate into

sup 1S4 (1) = Sao (W)l zxy e~ = O(e).

From discrete to fractional Fokker-Planck equation. We are also convinced that an
analogous study can be carried out to handle in a uniform framework discrete fractional
Fokker-Planck equations, similarly (but in a more complicated way) as the discrete and
classical Fokker-Planck equations.

Singular kernel and other confinement term. We also believe that a similar analysis can
be handle with more singular kernels that the ones considered here, the typical example
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should be k(z) = (0_1+91)/2 in dimension d = 1, and for confinement term different from
the harmonic confinement considered here, including other forces or discrete confinement
term. In order to perform such an analysis one could use some trick developed in [70]
in order to handle the equal mitosis (which uses one more iteration of the convolution
product of the time indexed family of operators A.Sg. ).

Linearized and nonlinear equations. We also believe that a similar analysis can be
adapted to nonlinear equations. The typical example we have in mind is the Landau
grazing collision limit of the Boltzmann equation. One can then expect to get an
exponential trend of solutions to its associated Maxwellian equilibrium which is uniform
with respect to the considered model (Boltzmann equation with and without Grad’s
cutoff and Landau equation).

Kinetic like models. A more challenging issue would be to extend the uniform asymptotic
analysis to the Langevin SDE or the kinetic Fokker-Planck equation by using some idea
developed in [27] which make possible to connect (from a spectral analysis point of
view) the parabolic-parabolic Keller-Segel equation to the parabolic-elliptic Keller-Segel
equation. The next step should be to apply the theory to the Navier-Stokes diffusion
limit of the (in)elastic Boltzmann equation. These more technical problems will be
investigated in next works.

Let us end the introduction by describing the plan of the paper. In Section 5.2, we
deal with the discrete and classical Fokker-Planck equations in a uniform framework.
Section 5.3 is dedicated to the analysis of the fractional and classical Fokker-Planck
equations.

Acknowledgments. The research leading to this paper was (partially) funded by the
French “ANR blanche” project Stab: ANR-12-BS01-0019. The second author has been
partially supported by the fellowship ’Oréal-UNESCO For Women in Science.

5.2 From discrete to classical Fokker-Planck equation

For a (measurable) moment function m : R? — R, , we define the norms

k
1 Lomy = 1f mlloray, 1 Ryrm gy = ZO 10" oy F 2 1,

and the associated weighted Lebesgue and Sobolev spaces LP(m) and WkP(m), we
denote H*(m) = W*2(m) for k > 1. We also use the shorthand L? and WP for the
Lebesgue and Sobolev spaces LP(m) and WP (m) when m(z) = (z)7, (z) := (1+]z[?)1/2.
From now on, we fix a polynomial weight m(z) := (x)? with ¢ > d/2 + 5.
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In the sequel, we consider a kernel k& € W2!(R%) N Léq 3 satisfying the centered
condition

1 1
E(x) x de=10 1, (5.1)
Re rRx QId

as well as the positivity condition: there exist x,r > 0 such that
k 2 K 13(07,«). (52)

Let us notice that assumptions made on k imply

~

k(¢ <C 1_7]{;(5), Ve e R? (5.3)

€17

for some constant C' > 0.

We define k. (z) := 1/e%k(x/¢c), x € R? for € > 0, and we consider the discrete and
classical Fokker-Planck equations

{ Of = lhens f— 1) +diva(af) = Acf, €30 -

Orf =Anf + lez(.%'f) =: Aof.

The main result of the section reads as follows.

Theorem 5.2.1. Assume q > d/2+5 and consider a kernel k € W2 (R?) ﬁL%q+3 which
satisfies (5.1) and (5.2).

(1) For any € > 0, there exists a positive and unit mass normalized steady state
G. € Lé(Rd) to the discrete Fokker-Planck equation (5.4).

(2) There exist an explicit constant ag < 0 and a constant 9 > 0 such that for any
e € [0,e0], the semigroup Sp_(t) associated to the discrete Fokker-Planck equation (5.4)
satisfies : for any f € Lé and any a > agp,

I1Sa. (0)f = Ge{fllcy < Cae™|If = Ge(f)llpy, VE=0

for some explicit constant Cq > 0. In particular, the spectrum X(A:) of Ae satisfies the
separation property $(A:) N Agy = {0} in L.

The method of the proof consists in introducing a suitable splitting A, = A, + B, in
establishing some dissipativity and regularity properties on B; and A.Sp. and finally
to apply the Krein-Rutman theory revisisted in [70, 63] and the perturbation theory
developed in [66, 90, 63].
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5.2.1 Splitting of A, for ¢ >0

For a given radially symmetric function y € D(R?), Ip(0,1) < x < 1p(o,2), we define
Xr by xr(z) := x(z/R) for R > 0 and we denote x% := 1 — xg.

We define the splitting of A. for ¢ > 0 as follows.
Splitting of Ac for € > 0. We define

Aaf ::MXR(ke*f)
and

Befi= (= M) (ks £ = )+ Moy (ke £ = ) + div(af) = M xa .

for some constants M, R to be chosen later. One can notice that A, = A, + B..
Splitting of Ag. We define Ay f := M xrf and Bof := Aof —M xrf so that Ag = Ag+Bp.

5.2.2 Convergences A. — Ay and B. — B,.

Lemma 5.2.2. Consider s € N. The following convergences hold:
HAE — A(]H%(Hs(m)) m 0 and ”BE — BO”,%’(HS+3(m),HS(m)) E) 0.
Proof. Step 1. We first deal with 4. in the case s = 0:
lAeF = Aof gy = M xi (ke £ = Fmilge < Clhe x £~ fllzz — 0.
Concerning the first derivative, writing that

6:):(Asf_-/40f) :M(axXR) (ka*f_f)+MXR(ks*axf_axf)

and using that 0,x g is uniformly boounded as well as xgr, we obtain the result. We
omit the details of the proof for higher order derivatives.

Step 2. In order to prove the second part of the result, we are going to prove that
1Ae = Doll(ars+3(m). s (m)) —=57 0-
First, let us remark that (A. — Ag)f = 1/e?(ke * f — f) — Af. Using (5.1), we have
Acf(@) = Aof (@) = 5 [ hele = 9)(F) = F(@)) dy — Af(a).
We now write a Taylor development of f between x and y:

Fly) ~ F(@) = (y — ) - V() + 5 DFa)y— w9~ 2)

1
+;/0 (1_S)2D3f(x+8(y_x))(y_$7y—$,y—$)ds,
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the first involving the gradient of f will give no contribution using (5.1). Performing a
change of variables, we obtain:

Aaf(l‘) - Aof(l’)
e 1
= .. k(z) (;Dgf(x)(z, z) + 5/0 (1 —8)2D3f(x + sez)(2, 2, 2) ds) dz — Af(x).
Using that

2 - 282
D*f(z)(z,2) = Y _ =
i=1

+ Zzl i :E) (5.5)

2
J 0x;0x;

and (5.1), we deduce that the first term on the rlght—hand side of (5.5) will be canceled
by Af(x) and that the second one vanishes. It thus implies

€

Aef(@) — Aof(z) =

1

[ ) [ 8P DPfla 4522 (2,2, 2) ds
0

Consequently, using (5.1) and Jensen inequality

[Ae — Aol 22(m)

<Ce (/Rd (/Rd k(z)/ol(l —3)2D3f(w—|—sz)(z,z,z)dsdz>2m2(x)dx>

1/2
€ (/Rd /Rd k(z) |z /01 | D3 f(x + sez) | m?(z + sez) m?(sez) ds dz dm)

<Ce (/Rd |D3 f(x)Pm?(x) dac) 2 (/Rd k(z2) |23 m?(2) dz) v

< Cellfllasm) —0,
e—0

1/2

where we have used k € L%q 13 and this concludes the proof of the second part in the
case s = 0. Since the operator 0, commutes with A, — Ag, there is no need here to write
the proof for s > 0. O

5.2.3 Uniform boundedness of A,

Lemma 5.2.3. For any p € [1,00], s > 0 and any weight function m > 1, the operator
A. is bounded from WP into W*P(m) with a norm which does not depend on ¢.

Proof. For any f € LP(m), we have
A fllzem) < C'llke = flle < Cllkellza 1 fllze-

thanks to the Young inequality. We conclude that A, is bounded from LP into LP(m)
by observing that ||kz||z1 = ||k||,1 = 1. The proof for the case s > 0 is similar and it is
thus skipped. ]
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5.2.4 Uniform dissipativity properties of B,

Lemma 5.2.4. We suppose that ¢ > d/2. For any a > d/2 — q, there exist &g > 0,
M >0 and R > 0 such that for any € € [0,0], Be — a is dissipative in L*(m).

Proof. We consider a > d/2 — q. We are going to estimate the integral [ga (Bzf) fm?
for € > 0 which can be split into several pieces:

[ Engmt= (G -n) [ Gexs=pysm? e [ Mg s f =) £

+/ div(zf) f m? —/ M xr f*m?
R Rd

=T+ T+ T3+ Ty}
We choose M > 0 and R > 0 large enough so that

- 1/d
Vo eRY,  tp(z) — M xp(z) < 2+2<2—q>

where 1, is defined in (5.11) and is such that ¥y, T) d/2 —q. We then fix e > 0
xT|—
such that M < 1/(2¢1) and consider € € (0,&].
We first deal with 77 performing a classical computation and using that [pa ke = 1:

1= (5-00) [ kele =) (f) - @) f(a) m* () dy do
— 5 (M) [, G £@) kela ) m@) dy ds

t5(m-M) [ (PO - P@) ke -y dyds
< 1 (512 - M) /]Rded (mQ(y) — mQ(m)) ko(z —y) f2(z) dy dzx

-2
where we have performed a change of variables to get the last inequality. We then write
a Taylor development of m? between z and y:

m(y) — m?(2) = (y — 2) - Y (z) + 3 D'+ 0y — 1))y — ., )

for some 6 € (0,1). The term involving the gradient of m? will give no contribution
because of (5.1) and using that

|D*m(z +0(y — 2))(y — 2,y — 2)| < Cla —y* ()27 (x —y)* 72,
and that k € L%q, we obtain

T, <C ( - M) k@ =)l —y[* (@ —y)* 2 dy f*(2) ()2 da
<C (‘M> / k(2) 2% ()% QdZ/ Fa) (2)27 2 d (5.6)
<C [ fx) (@) da

]R
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We now treat the second term T5:

L= [ Mxi) ko~ y) f(@) fg) m*(a) dydo — [ MxG(@) £ @) m? (@) do
RexR .

< % M XCR(:U) kg(x - y) f2(1:) mQ(x) dy dz
R4 xRd
; dwRd XCR(CE) kg(x y) f2 (y) mQ(x) dy dx /ﬂzd XCR(x) f2 (:C) m2(x) T
R4 xR M d

=:To1 + Tog + Ths.

To estimate T, we use again the fact that [pa ke =1 to get

M
7&15544*/ﬂ X%jﬁ7n2. (57)
2 Jrd
Then, to estimate Tho, we first perform a change of variable:
M
Ty = — k(2) X7y +e2) m*(y + e2) dz f2(y) dy.
2 Jrixprd

Using the mean value theorem, we deduce that there exist 6,6 € (0,1) such that
sy +€2) = xR (W) + 2 - Vxi(y + 0e2), m?(y+ez) =m?(y) + ez - Vim?(y + 0'cz).

We then use the fact that |Vx%(yo)| < Cr where Cr > 0 is a constant which only
depends on R. It implies that

To<iy [ K () + el Ca) (m2) + e TPy +022) dz () dy

Then, because of (5.1) and the fact that |[Vm?(y + 0'cz)| < C (y)24~1(2)?¢"1 since
ke L%QH, we conclude that

M
ngﬁMC’R/{E/ f2m2—|——/ X%f2m2, ke — 0. (5.8)
R 2 Jrd e—0
Putting together (5.7), (5.8) and the contribution of the term Th3, it yields
T, < MCpr ;{E/ 2m?, k. — 0. (5.9)
R4 e—0
As far as T3 is concerned, we just perform an integration by parts:
T = / div(zf) f m?
R4
=d f2m2+/ x-Vffm?
Rd Rd
1
= d/ fPm? — f/ f2 div(zm?)
R4 2 JRd

2|2 (2)20-2
= [, P@)m’@) (;l _ 4l ) anf(i) ) de.

(5.10)
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The estimates (5.6), (5.9) and (5.10) together give

2 2q—2
/Rdu%’ef)fmzs/ f2m? <C<x>‘2+g—‘%+MCRHE—MxR>

7/ f2 wm+MCRHE MXR)7

where we have denoted

Y () = C (z) 72 + g - (J<L>\2 m d/2 —q. (5.11)

We recall that M > 0 and R > 0 are such that

—_

- d
Vi € R g(e) — Mxp(e) < 5 + (2 —q).

We now pick g9 < €1 small enough such that

a 1/d
M e < —— = =— .
Ve € (0,e0], Crke < 573 (2 q>

This implies that for any e € (0, e¢],
Ym — MxR = m + M Crc — M xg < a.

As a conclusion, we obtain that for any e € (0, ¢],

[, B=aysm? <0
Rd
for such a choice of M and R and we refer to [51, 64] for the proof in the case e = 0. [

Lemma 5.2.5. For any a > —q, there exist g > 0, M > 0 and R > 0 such that for
any € € [0,e0], B — a is dissipative in L'(m).

Proof. We estimate the integral

/Rd B f (signf)m
= <€12 - M) / (ke % f — f) (signf)m+/ M X (ke %2 f — f) (signf)m

[ avtan i [ vl
=T +To + T3+ Tj.

We omit the details of the proof which is very similar to the one of Lemma 5.2.4. We
have

Tlgc/ () ()42 da, ngMcRﬁg/ |flm and ng—/ flm Y™
R4 R4 R4 m
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This implies that

/Rdl’)’sf(signf)mS/Rd\f\m <C<x)_2—x‘zm+MCRme—MxR>

and we conclude as in the L? case. O

Lemma 5.2.6. Let s € N and ¢ > d/2+ s. For any a > d/2 — q+ s, there exist g > 0,
M >0 and R > 0 such that for any € € [0, 9], B: — a is hypodissipative in H*(m).

Proof. The case s = 0 is nothing but Lemma 5.2.4. We now deal with the case s = 1.
We consider f; a solution to

8tft = Bsft-

From the Lemma 5.2.4, we already know that

sy < [ 12 1 (B + M Crme = M) (5.12)
We now want to compute the evolution of the derivative of f;:
00z fr = B(0x fr) + M Ox(XR) (ke * ft — fi) + Oufr,
which in turn implies that
th”@ ft||L2(m = /Rd(axft)at(axft)mg
|01 B@ofym® + [ MO0 (ke x f) 0 fim?

— [ MO0 fioufom® + [ (0ufifm?
R4 R4
=Ty +T5 + T35+ Ty.

Concerning T7, using the proof of Lemma 5.2.4, we obtain
T < [ (©cfi* m? (M Croee = M x) (5.13)

Then, to deal with T5, we first notice that using Jensen inequality and (5.1), we have

e Wy = [, ([ e =) ryay) o)
<

< / ke — y)m?(x) da f2(y) dy
RIxR4
= k(z) m(y + 2) d= f2(y) dy

R4 xRd

<C k: dz/f2
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We thus obtain using that k € L%q:
ke * fll2omy < C Il 2(m)-

The term T5 is then treated using Cauchy-Schwarz inequality, Young inequality and the
fact that |0,(x%)| is bounded by a constant depending only on R:

Ty < M Cr ||ke * fell L2(m) 102 fill L2 (m)
< M Cr 1 fell 2 192 fell 2 (m) (5.14)
1
<MCgr BHftH%?(m) +MCr BHaxftH%?(m)
for any 5 > 0 as small as we want.

The term T3 is handled using an integration by parts and with the fact that [02(x%)|
is bounded with a constant which only depends on R:

M
Ti= 5 [ 006 f2m +—/ 0, 0p(m?) < M Cr |l full2y  (5.15)

Finally, we have
Ty = [0 fel| 72y (5.16)

Combining estimates (5.13), (5.14), (5.15) and (5.16), we deduce
00l < Crars [ f2m

2 dt (5.17)

+ [ (cfi*m? (dn + M e+ M CrB+1= M xr).

To conclude the proof in the case s = 1, we introduce the norm
17 my = 1 T2y + 2100 f T2y 1> 0.
Combining (5.12) and (5.17), we get
Sl y < [ 720 (G -+ M e +1Cass — M)

+77/Rd(azft)2m2 ($m + M Cre+MCrB+1-Mxg).

2dt

Using the same strategy as in the proof of Lemma 5.2.4, if a > d/2 — ¢ + 1, we can
choose M, R large enough and f3, g, n small enough such that we have on R?

Um + M Crbie +1Cryp—Mxr <a and ¢ +MCrkc+MCrB+1-Mxp<a

for any € € (0, 9], which implies that

5 gt my < @l fill sy
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To deal with the case s = 2, we have to write the evolution of 92 f;:
003 fi = B0} fr) + 2M Op(xR) (ke %2 Onfy = Oufi) + 203 fi + M 07 (xR) (ke f = f),
and then introduce the H?(m) norm defined by

Wz ry = 1 T2y + 7100 F 22y + 07 102 f N Z2ys 1> O

The higher order derivatives are treated with the same method. O

5.2.5 Uniform regularization properties of 4.5z ()

We introduce the notation

1

- 262 R4 xRd fla) - f(y))2 ke(x —y) dx dy.

I(f) :

Lemma 5.2.7. There exists a constant K > 0 such that for any € > 0, the following
estimate holds:

ke *2 [l 7 < K I(f)- (5.18)
Proof. First, performing a change of variable, one can notice that
VEER, E(€) = k(e£).
Using that [pq ke = 1, we have

1

L) =5 [, f@P kele—y)dwdy+ o [ 0P k(o - ) dudy
1

-5 [, @I ke =) dody
RIxR4

g2 o
—S ([ [ o).

As a consequence, using Plancherel formula, we get

rn= S ([P [ER) = [ fertHe g

Then, we again use Plancherel formula to obtain

ke 5z fI2n = 100(ke %0 )32 = [|F(Ou(ke %4 f))||32
= [ ke

We conclude to (5.18) by using (5.3). O
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We now introduce the following notation A := 1/(2K) > 0. Before going into the
proof of regularization lemmas, we recall a result from [63] which is going to be useful.

Lemma 5.2.8. Consider two Banach spaces X, Y, two constants ag, b € R, ag < b and
a function u: RT — B(X) + B(Y) such that

(1) ue=® € L'(0,00; B(X)NB(Y)) for any a > ag;

(2) ue " € L1(0,00; B(X,Y)).
Then, for any a > ag, there exists n € N such that ut*™e= e L'(0, 00; B(X,Y)), with

explicit constant uniquely depending on the two assumed bounds (1) and (2).

Lemma 5.2.9. Consider sy < so € N and ¢ > d/2+ so. Let M, R and €y so that the
conclusion of Lemma 5.2.6 holds in both spaces H*'(m) and H**(m). Then, for any
a € (max{d/2 — q + s2, —A},0), there exists £ € N such that for any e € (0,e0], we have
the following estimate

/0 I (AeS5) ™ ()| 1 () 2 (my € dlt < Ca

for some constant C, > 0.

Proof. We first give the proof for the case (s1,s2) = (0,1). We consider a € (max{d/2 —
q+1,-A}0), b e (max{d/2 —q+1,—A},a) and f; := Sp_(t)f, i.e. that satisfies

Oft =Befe, fo=1

From the proof of Lemma 5.2.6, for any ¢ € (0, g¢], we have

1d
1/1
) (52 - M) /uwRd (f(y) = F(2))? ke(z —y)m®(2) dy dz + all il 72,

1
ST /Rdw (f(y) = f(@))* ke(x — y) dy da + a | fell T2y
L(fe) + a |l fell 72 (my

where we have used that M < 1/(2¢2) for any € € (0, g¢]. Using Lemma 5.2.7, we obtain

d
%Hftﬂiz(m) < —2A|lke *a fell B + 20 | fel T2
< 2allke o fillFn + 20 | fill T2 -

2

Multiplying this inequality by e~2%, it implies that

d

o 1l Zamy €72) < 2alke =0 fill 3 e
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and thus, integrating in time
t
15 2y €720 = 20 [ e e Sl ds < 112
In particular, we obtain
t _ 1
/0 e e fllZpe 2 ds < = 3y V20, (5.19)
We now want to estimate
¢ 2 2 ! 2 2
1A (5) 7 3y 2 s = [ 1ALl g €2 s
t t
= /0 [ Ae fill 72y €2 ds + /0 102 (Acfe) 72(m) €2 ds
t t
< [ ALy 2 s [ 1M0L0cR) B 5 folfy €20 ds

t
+ /0 HMXR 890(’% *z fs)”%?(m) 672% ds
=11 + 1o+ Is.
Using dissipativity properties of B and boundedness of A, we get

<0 [ e s s < O sy

We deal with Is using the fact that M, (xgr) is compactly supported, Young inequality
and dissipativity properties of B.:

t t t
< C [ ks filfads <O [ 15lRads < C [ € ds 1 < C 11,
Finally, for I3, we use (5.19) to obtain
t
B < [ bt Sl €2 ds < C gy
Passing to the limit ¢ — oo, we obtain
| A9 1y €727 s < C 11 oy
Consequently, using Cauchy-Schwarz inequality, we have
0o 2 00 2
([ 1A (5 sy s ) = ([ 1At ()l g 2 s )

S/O II.AsSBE(s)fH%{l(m)e_2a5d3/0 e ds

< C | £11Z2(m)-
(5.20)
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To conclude the proof in the case (s1,s2) = (0,1), we use Lemma 5.2.8 with X = L?(m),
Y = H'(m) and u(t) = A. S5, (t). Lemmas 5.2.3 and 5.2.4-5.2.6 allow us to check that
assumptions (1) is satisfied and assumption (2) comes from (5.20).

Using the same strategy, we can easily obtain that

1 A9 1y 2 ds < C 1 sy
We can thus deduce that
| A8 0 1y 2

< /OOO /Ot | A:SB. (t — S)AESBE(S)fH%{Q(m) e~ 20(t=9) ¢=2as gt

< /Ooo /:o | A=SB. (t — s)AsSBe(s)inp(m) e~ 2at=5) gt ¢=205 g

< /0 - /0 " 1A, (8) S () f 2z gm €2 dt e~ ds

<cC /Ot 1A S (5) F 21y €2 ds

< C 1220
Reiterating the process, we can conclude the proof of the lemma. O

Lemma 5.2.10. Consider q > d/2 and M, R, ¢ so that the conclusions of Lemmas 5.2.4
and 5.2.5 hold. Then, for any a € (—q,0) there exists n € N such that the following
estimate holds for any e € (0,&¢]:

Vi >0, /0 1(ASB.) "™ ()| (11 (my.£2(myy €™ dt < Ca,
for some constant C, > 0.
Proof. We first introduce the formal dual operators of A, and B.:
* . 1
AZp :=kex (M xr¢), Bip:= ;2(/65 * ¢ — @) —x -V — ke x (M xRro).

We use the same computation as the one used to deal with T} is the proof of Lemma
5.2.4 and Cauchy-Schwarz inequality:

/Rd(B:(b) 0= _2%2 /RdXRd ke(x = y) (6(y) — d(x))* dy da
% /Igded(¢2(y) o ¢2($)) ke(z —y) dy dx

d
- /Rd &% + ||ke * (M xr &) 2 | 6ll 2.

_l’_
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We then notice that the second term equals 0 and we use Young inequality and the fact
that [|kc||,r = 1 to get

* 1 2
[ Boo< s [ ko= y) (@) - olx) dyda
d 2 1 M 2 1 2
+5 |6+ 3IM xr I + 1613
< —L(§)+C / 2.
Rd
We also have the following inequality:

Lord) < 5 [ hele =) 6% (xalw) - xale)* dyda
b [ ko= ) 0) (600) — 6()) P dydo
R xR4
< C|\var|oo/Rd ¢* + 21(¢).

If we denote ¢; := Sp:(t)$, we thus have

1d
5%”@“%2 < Ake* (xr 0|7 + bllell72, o> 0.
Multiplying this inequality by e, we obtain
d 2 bt 5 bt
= (Il e7) < =20 [1ke % (xr )G e ™, V20,
and integrating in time, we get
2 bt ¢ 2 b 2
ol e+ 20 [ e (o) B ¥ ds < Mol VEZ 0. (520
We now estimate
t t
A2 S (5) 0l e ds = [ 142 0l e s
t t
= [ ke s O )l e ds+ [ e (O x 0) [ ¢ ds.
Using Young inequality and (5.21), we conclude that

1A S (1) 6l e ds < C 0l

As in the proof of Lemma 5.2.9, we can obtain that for any s € N, there exists a constant
C > 0 such that for any € € (0, e¢],

[ A 850 @) e P <
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From this, we deduce that for any & € (0, gg],
o
| NS5 A O e e e <
0

Taking ¢ > d/2 and using the continuous Sobolev embedding L'(R?) ¢ H~¢(RY), we
obtain

L1843 e <

0

The integer ¢ is thus fixed such that £ > d/2. Then noticing that
(A5, ) D) = A (S5, A0 5 S5,

and using the fact that A. is compactly supported combined with Lemma 5.2.5, we get
/000 (A8 ) ) FIFa ) €72 at
= /OOO /Ot 1(S5.A) " (5) S5 (t = ) fIIF2 " dt
< [T NS AD IS g e St = ) sy e ds
< [ IS8 AN O g e s [T e 1

< CUAIT -

Consequently, using Cauchy-Schwarz inequality, we have

oo 2
([ 0S8 D gy 2 )
0
g/ H(“46585)(*(£+1))f||%2(m) e—2btdt/ o2t gy (5.22)
0 0
< C N2y

To conclude the proof, we use Lemma 5.2.8 with X = L!(m), Y = L?(m) and u is the
function u(t) := (A.Sp.) D) (). We are able to check that assumption (1) is satisfied
thanks to Lemmas 5.2.3 and 5.2.4-5.2.5. Assumption (2) is nothing but inequality (5.22).

O

5.2.6 Spectral analysis

Lemma 5.2.11. For any € > 0, A; satisfies Kato’s inequalities:

VieD(A), A-(0(f) =0 (f)(Acf), 0(s)=Is| or O(s)=s,.

It follows that for any € > 0, the semigroup associated to A is positive in the following
sense that if f € L*(m) and f >0, then for anyt >0, Sx_(t)f > 0.
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Proof. First, we have

signf () A () = 5 [ Koo~ 9) F(o) dysignf(@) + d f(z) sign (2
+ o Vf(a)signf (@)
< 5 [ kela =) @) dy + d1fI(2) + - 17 @) = Adl (),

which ends the proof of the Kato inequality in the case 6(s) = [s|. Using that
s+ = (s +1s|)/2, we obtain the result in the case 6(s) = s.

We consider f < 0 and denote f(t) := Sy_(t)f. We define §(s) = sy = (|s| + s)/2.
Using Kato’s inequality, we have 9,8(f;) < A:((ft), and then

o< [ B < [ Bn=0. vizo

from which we deduce f; < 0 for any t > 0. O
The operator —A. satisfies the following form of the strong maximum principle.

Lemma 5.2.12. Any nonnegative eigenfunction associated to the eigenvalue 0 is positive.
In other words, we have

feDA), Af=0, f>0, f#0 implies f>0.

Proof. We define

1 1
Cf=—kexf, Df=a-Vof+Af, Ai=d—
g 15

and the semigroup
Sp(t)g == g(e! x)eM
with generator D. Thanks to the Duhamel formula
t
Sa.(t) = 5p(t) +/ Sp(s)CSa(t — s)ds,
0

the eigenfunction f satisfies

;o= SAE(t)f:Sp(t)f+/OtSp(s)CSAg(t—s)fds

Vv

t
/ Sp(s)Cfds Vi> 0.
0

By assumption, there exists 2o € R? such that f # 0 on B(zg,r/2). As a consequence,
denoting p := || fl|1(B(ag,r/2)) > 0, We have

Kp
Cf > =) 1B(x0,r/2)s
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and then

t
kp A
=2 335/0 € 1p(e=s mget r/2) 45 2 K1lB(agr/a), K1 > 0.

[z

Using that lower bound, we obtain

RKRi—1
Cf=>0bq 612 1B(:)30,uir)7 and then f > Ri]-B(:vo,virﬁ
with i = 2, ug = 1, ko > 0, uz := 3/4. Repeating once more the argument, we get
the same lower estimate with ¢ = 3, us = 7/4, k3 > 0 and v3 = 3/2. By an induction
argument, we finally get f > 0 on R O

We are now able to prove Theorem 5.2.1.

Proof of part (1) in Theorem 5.2.1. Using Lemmas 5.2.3-5.2.5-5.2.6, 5.2.11, 5.2.12 and
the fact that A1 = 0, we can apply Krein-Rutman theorem which implies that for any
e > 0, there exists a unique G¢ > 0 such that ||G.||;1 =1, AcG: =0 and Il f = (f)G-
where (f) = [pa f. It also implies that if X = L'(m) or X = H*(m) for any s € N, for
any € > 0, there exists a. < 0 such that in X, there holds

E(As) N Aas = {0}

and
Vt>0, [[Sa.(t)f = (f)Gellx <e”|f = {f)Gellx, Va>a.. (5.23)

Proof of part (2) in Theorem 5.2.1. We now have to establish that estimate (5.23) can
be obtained uniformly in e € [0,£p]. In order to do so, we use a perturbation argument
in the same line as in [66, 88] to prove that our operator A has a spectral gap in H3(m)
which does not depend on e.

First, we introduce the following spaces:

X1 = H{(m) C Xo:= H¥(m) C X_1 := L*(m)

where m = (x)? with ¢ > d/2 + 5 so that the conclusion of Lemma 5.2.6 is satisfied in
the three spaces X;, 1 = —1,0, 1.
One can notice that we also have the following embedding

X, C HY(m) ¢ D(A.) = D(B.) € D(A.) C Xo.

We now summarize the necessary results to apply a perturbative argument (obtained
thanks to Lemmas 5.2.2, 5.2.3, 5.2.4, 5.2.6 and 5.2.9 and from [51, 64]).
There exist ag < 0 and g9 > 0 such that for any ¢ € [0, &¢]:

(i) For any i = —1,0,1, A, € #(X;) uniformly in e.
(ii) For any a > ap and £ > 0, there exists Cyp, > 0 such that

Vi=—1,0,1, Yt>0, ||Ss. *(AS5.)%#)x,5x, < Crae.
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(iii) For any a > ap, there exist n > 1 and C), , > 0 such that
o0
Vie =10, [ (ASE) O xoxi €l < Cr
0
(iv) There exists a function n(e) - 0 such that
E—
Vi=-1,0, HAs - AOHXZ'—>X1- < 77(5) and HB€ - BOHXi—>Xi—1 < 77(5)'

(v) £(Ao) N Ay, = {0} in spaces X;, i = —1,0,1, where 0 is a one dimensional

eigenvalue.

Using a perturbative argument, from the facts (i)—(v), we can deduce the following
proposition:

Proposition 5.2.13. There exist ag < 0 and g > 0 such that for any € € [0,2¢], the
following properties hold in Xo = H?>(m):

1. ¥(Ae) N Ay, = {0};

2. for any f € Xo and any a > aq,

182 (£).f = Ge(P)lxo < Cae™ If = Ge(f)llxo, Yt =0

for some explicit constant Cy > 0.

To end the proof of Theorem 5.2.1, we enlarge the space where the previous estimates
hold. To do that, we use an extension argument (see [51, 66]) and Lemmas 5.2.3,
5.2.5-5.2.6 and 5.2.9-5.2.10. Our “small space” is H3(m) and our “large” space is L!(m).

5.3 From fractional to classical Fokker-Planck equation

We introduce the polynomial weight m(x) := (z)? with 0 < ¢ < 2. In this part, we
denote o :=2 — ¢ € (0, 2] and we deal with the equations

{atf = —(=A)*2f +div(zf) = Ao—af =t Lof, o€ (0,2)

. (5.24)
O f =Af+ le(.%'f) =MNof =: Lof.

We here recall (see (5.2)) that for o € (0,2), the fractional Laplacian of Schwartz
function is defined using an integral formulation as follows:

(z) = fly) +x(x —y)(=z —y) - Vf(z) dy

VieSMRY, (=AY f(z):=cq — ,

R4 |z — y|

where y € D(R?) and I,1) < X < 1p(o,2)- Moreover, ¢, is a constant depending on «

which satisfies

Ca 2 yio1d
o =1, 1=1,...,a,
2 Jpz<i 2|4t
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which implies that ¢, ~ (2 — «).

We recall that the equation 0;f = L,f admits a unique equilibrium of mass 1
that we denote G (see [45] for example). Moreover, if @ < 2, one can prove that
Golz) = (z)~9 (see [90]) and for o = 2, we have Ga(z) = (27)~¥2e~17*/2. The main
result of this section reads:

Theorem 5.3.14. Assume ag € (0,2) and q < ag. There exists an explicit constant
ag < 0 such that for any « € [ag, 2], the semigroup S, (t) associated to the fractional

Fokker-Planck equation (5.24) satisfies: for any f € Lé, any a > ag and any o € [ap, 2],

1520 () ~ Galf) iy < Cac™|1f — Galf)ry

for some explicit constant Cy > 0. In particular, the spectrum X(Ly) of Lo satisfies the
separation property X(Lo) N Agy = {ao} in L1({x)?) for any a € |ap, 2].
5.3.1 Exponential decay in L*(G,'/?)

We recall a result from [45] which establishes an exponential decay to equilibrium
for the semigroup Sg,, (t).

Theorem 5.3.15. There exists a constant ag < 0 such that for any o € (0,2), we have
the following estimate:

||Sﬁa (t)f - <f>GaHL2(G;1/2) < eaOt ||f - <f>GOéHL2(G;1/2)a Vit >0.

Proof. The proof is immediate going back to the proof of the exponential decay in the

space L?(Go Y 2) from [45]. Indeed, we can notice that the rate of decrease can be made
uniform in a. O

5.3.2 Splitting of L,
We define A, := M xr and B, := Lo — A, for some M, R > 0 to be chosen later.

5.3.3 Uniform boundedness of A,

Lemma 5.3.16. Consider s € N and p > 1. The operator is uniformly bounded in «

from WP (w) to W5P with w=m orw = G2

Proof. The proof is immediate using that M yr and all its derivatives are compactly
supported. O

5.3.4 Uniform dissipativity properties of 5,

Lemma 5.3.17. For any a > —q, there exist M > 0 and R > 0 such that for any
a € [ap, 2], Ba — a is dissipative in L'(m).
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Proof. We just have to adapt the proof Lemma 5.1 from [90] taking into account the
constant c,. Indeed, we have

[ Capysiangin< [\l () _ 229y,

m m

We can then show that thanks to the rescaling constant cq, Io(m)/m goes to 0 at infinity
uniformly in « € [ap,2). As a consequence, if a > —g¢, since (z - Vm)/m goes to —q ate
infinity, one may choose M and R such that for any a € [ay, 2),
In(m) x-Vm
m m

7MXR§G*7 Oanv

which gives the result.

Lemma 5.3.18. For any a > ag where ag is defined in Theorem 5.3.15, By — a is
dissipative in L2(G51/2).

Proof. The proof also comes from the one of [90, Lemma 5.1]. O]

5.3.5 Uniform regularization properties of 4,5z, (t)

Lemma 5.3.19. There exist some constants b € R and C' > 0 such that for any
a € [ap, 2], the following estimate holds:

ebt

020, (185, (Ola e < C g
As a consequence, we can prove that for any a > max(—q,ag) and any « € [ap, 2],

Vt>0, ||(AaSg,) ™ Ol 1 (. 206272 < € (5.25)

Proof. We do not write the proof for the case a = 2 and refer to [51, 64].

Step 1. The key argument to prove this regularization property of Sg(t) is the Nash
inequality. For a € [a, 2), from the proof of [90, Lemma 5.3], we obtain that there exist
b >0 and C > 0 such that for any a € [ag, 2),

bt
V20, IS8, (0l < C s I,

Step 2. Then, using that A, is compactly supported, we can write

bt
A8, (01l 2y < C 185, (02 < € pfes 1l

Using the same method as in [51], we can first deduce that there exists £y € N, v € [0,1)
and K € R such that for any « € [ayg, 2],
[(AaSg, )0 < eit
o Ba) (t)f||L2(G;1/2) <C + ||f||L1(m)

We can then conclude that (5.25) holds using [51, Lemma 2.17] combined with Lem-
mas 5.3.17 and 5.3.16. O
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5.3.6 Spectral analysis

Before going into the proof of Theorem 5.3.14, let us notice that we can make
explicit the projection II, onto the null space N'(L,) through the following formula:
I, f = (f) Go. Moreover, since the mass is preserved by the equation 0;f = L, f, we
can deduce that II, (S, (t)f) = I f for any ¢ > 0.

Proof of Theorem 5.5.14. We can apply [51, Theorem 2.13] for each a € [, 2] because
combining Theorem 5.3.15 with Lemmas 5.3.16, 5.3.17, 5.3.18 and 5.3.19, we can check
the assumptions of the theorem are satisfied. This gives us the conclusion of the
theorem. O
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