N

N
N

HAL

open science

Représentations typiques pour GL_ n(F)
Santosh Vrn Nadimpalli

» To cite this version:

Santosh Vrn Nadimpalli. Représentations typiques pour GL_ n(F). General Mathematics [math.GM].
Université Paris Sud - Paris XI; Universiteit Leiden (Leyde, Pays-Bas), 2015. English. NNT:

2015PA112090 . tel-01178517

HAL Id: tel-01178517
https://theses.hal.science/tel-01178517
Submitted on 20 Jul 2015

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://theses.hal.science/tel-01178517
https://hal.archives-ouvertes.fr

UNIVERSITE

PARIS
SUD ) )

MATHEMAnQéJSEs Universiteit Leiden
ORSAY

THESE DE DOCTORAT

Présentée pour obtenir

LE GRADE DE DOCTEUR EN SCIENCES
DE L'UNIVERSITE PARIS-SUD

Préparée a I'Ecole Doctorale de Mathématiques
de la région Paris-Sud (ED 142)

Cotutelle par Mathematisch Instituut,
Université de Leiden (Pays-Bas)

Spécialité : Mathématiques
par

Santosh NADIMPALLI

Typical representations for GL,(F)

Soutenue le 16 Juin 2015 devant la Commission d’examen :

Mme. Corinne BLONDEL Université Paris Diderot - Paris 7 Rapporteur

M. Bas EDIXHOVEN Universiteit Leiden Directeur de thése
M. David HELM Imperial College, London Rapporteur (excusé)
M. Guy HENNIART Université Paris-Sud Directeur de thése
M. Hendrik LENSTRA Universiteit Leiden Examinateur

M. Peter STEVENHAGEN  Universiteit Leiden Examinateur

M. Shaun STEVENS University of East Anglia Examinateur



Thése préparée au
‘ /b/-}/L Département de Mathématiques d’Orsay
L Laboratoire de Mathématiques (UMR 8628), Bat. 425

Université Paris-Sud
MATHEMATIQUES
Gk 91405 Orsay CEDEX




Contents

Résumé des résultats
1 Introduction i v
1.1 Motivation . . . . . . . ... .. I

1.2 Knownresults. . . . . . ... ... . L 20

1.3 Results of thisthesis . . . . . ... ... ... ... ....... 21

2 Preliminaries 35
2.1 Basicnotation . . .. ... .. ... L L oo 35)
2.2 Bernstein decomposition and typical representations . . . . . . 30l

3 Level zero inertial classes M43l
3.1 Proof of the main theorem . . . . . . ... .. ... ....... Bl
3.1.1 Thecase wheren, =1 ... .. ... ... .. ......

3.1.2 Thecase wheren, >1 ... ... .. ........... 1538

3.1.3 Condition (1) of lemma|3.0.15[. . . . . . ... ... ... 61

3.1.4 Condition (2) of lemma|3.0.15[. . . . . . ... ... ... [62]

4 Principal series components [65]
4.1 Construction of compact open subgroups H,, . . . .. .. ... 66l
4.2 Preliminaries for main theorem . . . . .. ... ... ...... (2
4.3 Main theorem . . . . . . . . . ... 4

5 The inertial class with Levi-subgroup of type (n,1) [79]
5.1 Bushnell-Kutzko semi-simple type . . . . ... ... ... ... ird]
5.2 Preliminaries. . . . . . . .. ... B3l
53 Mainresult . . . . .. .o 89

6 The inertial class with Levi-subgroup of the type (2,2) 97
6.1 Preliminary elimination of atypical representations . . . . . . . 0T
6.2 Homogenous inertial classes . . . . . . ... ... ... ..... 107
6.2.1 The complete classification when F is unramified . . . . [I0§]

6.2.2 The complete classification when F is ramified . . . . . 116l

6.3 Completely distinct inertial classes . . . . . . .. .. ... ... [126]
Acknowledgements 135
Abstract @37
Samenvatting 138l
Résumé 139



Curriculum Vitae



Résumé des résultats

Soit F' un corps local commutatif a corps résiduel fini kr. Dans cette these
nous étudions, pour n > 2, la restriction d’une représentation lisse irréductible
de GL,,(F) & un sous-groupe compact maximal K. En particulier, nous nous
intéressons aux représentations irréductibles lisses (appelées représentations
K-typiques) de K qui déterminent le support inertiel de la représentation lisse
irréductible donnée. Dans le contexte de la correspondance de Langlands lo-
cale, ces représentations ont eu des applications arithmétiques importantes.
Dans cette thése, nous essayons de réaliser, dans de nombreux cas, la classifi-
cation de ces représentations lisses irréductibles de K pour un support inertiel
donné s.

Motivation

Correspondance de Langlands locale pour GL,

Nous fixons une cloture algébrique séparable F' de F. Soit F“" la sous-
extension maximale non-ramifiée dans . Nous avons une application canon-
ique

Gal(F/F) — Gal(F""/F).
Le groupe Gal(F“"/F’) est canoniquement isomorphe au groupe de Galois du
corps résiduel kpun de F*" sur krp. Comme kpun est la cloture algébrique du
corps fini kr nous obtenons 'application

Gal(F/F) — Gal(kpun /kp) ~ Z. (1)

Soit ¢ le cardinal du corps résiduel kr. On note par ®p l'automorphisme
de kpun qui envoie un élément = & x9. Soit Wp le groupe constitué par
les éléments de Gal(F/F) qui induisent une puissance entiére de ®p par
I’application . Le groupe Wy est appelé le groupe de Weil de F'. Le groupe
W devient un groupe localement compact en déclarant les sous-groupes ou-
verts de Gal(F/F"") (avec sa topologie profinie) sous-groupes ouverts de W.
Ainsi nous obtenons une suite exacte de groupes topologiques

0 — Gal(F/F"") — Wp — &% — 0
ott % est muni de la topologie discréte.
La théorie des corps de classes locaux nous donne un isomorphisme

topologique
W ~ F*

ol Wlﬂlb est le quotient de W par 'adhérence du groupe dérivé de Wg. Cela
nous donne une bijection entre les caractéres continus de Wy et ceux de



F*. La correspondance de Langlands locale établit un analogue en dimension
supérieure de la correspondance entre les caractéres obtenus par la théorie du
corps de classes local. Une telle correspondance peut étre formulée en termes
de certain objets algébriques appelés représentations de Weil-Deligne. Pour
commencer, nous introduisons une norme |||| sur le groupe de Weil Wg. Soit
x un élément de Wy, d’image ®% par la application , alors ||z|| = ¢~". Une
représentation de Weil-Deligne de dimension n est un triplet (r, V, N) ou V
est un espace vectoriel complexe de dimension n, r est un homomorphisme de
Wr dans GL(V') dont le noyau est ouvert, N est un élément de End¢(V) qui
satisfait
r(z)Nr(z)™" = [|z||N.

pour tout x € Wg. Nous disons qu'un triplet (r,V, N) est Frobenius semi-
simple si la représentation (r, V') est semi-simple. La correspondance de Lang-
lands locale (voir [LRS93| pour le cas ou la caractéristique de F' est non nulle
et [HTO1] et [Hen00] pour le cas o la caractéristique de F' est égal a zéro)
est une correspondance naturelle entre 'ensemble des classes isomorphismes
de représentation Weil-Deligne de dimension n, Frobenius semi-simples, et
I’ensemble des classes d’isomorphisme de représentations irréductibles com-
plexes lisses de GL,,(F'). (Une représentation (m,V) est dite lisse si et seule-
ment si pour tout v € V' le stabilisateur de v est ouvert dans GL, (F') pour la
topologie induite & partir de F).

Soit B,, 'ensemble des couples (M, o) ou M est un sous-groupe de Levi
d’un sous-groupe parabolique de GL,,(F') et o une représentation irréductible
cuspidale de M. Nous rappelons que 1’équivalence inertielle est une re-
lation d’équivalence sur lensemble B,, définie par (My,01) ~ (Ma,02) si et
seulement s’il existe un élément g € G et un caractére non ramifié y de Mo tel
que My = gMag~" et 0] ~ 0o ® x. Nous utilisons la notation [M, o] pour la
classe d’équivalence contenant le couple (M, o). Les classes d’équivalence sont
également appelées classes inertielles. Chaque représentation irréductible
lisse intervient dans une représentation induite parabolique iGL”(F)(a) ol o

p p q P
est une représentation irréductible cuspidale d’un sous-groupe de Levi M de
P. Le couple (M,o) est bien déterminé a GL,(F)-conjugaison prés (voir
[BZ77|[Theorem 2.5 Theorem 2.9(a)(i)]). La classe [M, o] est appelé le sup-
port inertiel de 7.

Etant donné deux triples (r1, Vi, Ny) et (ro, Va, Na), il se trouve que les
restrictions de 71 et ro au groupe Gal(F/F"") sont isomorphes si et seule-
ment si les représentations lisses w1 et 7 associées par la correspondance de
Langlands locale pour (r1, Vi, N1) et (rq, Vo, No) respectivement ont le méme
support inertiel. Dans plusieurs applications arithmétiques (par exemple voir
[BM02] et [EGI14]) on cherche a associer & un support inertiel donné, disons
s, une représentation lisse irréductible 7 de GL,,(OF) qui a la propriété que si
HomGLn(oF)(T, m) # 0 alors le support inertiel de 7 est s. Une telle représen-
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tation est appelée GL, (Op)-représentation typique.

Théorie des types

Soit G le groupe de F-points d’un groupe réductif algébrique. Il a été montré
par Bernstein que la catégorie des représentations lisses M(G) admet une
décomposition

M@ = [ M@

seB(G)

ot M(Q) est la sous-catégorie pleine composée des représentations lisses telles
que tous leurs sous-quotients irréductibles ont support inertiel s. La théorie des
types développée initialement par Bushnell-Kutzko (voir [BK98] pour une dis-
cussion générale sur les représentations lisses et la théorie des types) donne une
construction de couples (Js, As) ol Js est un sous-groupe ouvert compact de G
et \; est une représentation irréductible lisse de J; telle que Hom (A5, 7) # 0
si et seulement si 7 € M (G) pour toutes les représentations lisses irréductibles
7 de G. Un tel couple (Js, \s) est appelé un type pour s. Un tel type (Js, As)
donne une équivalence naturelle de catégories entre M(G) et la catégorie des
modules sur 'algeébre de Hecke sphérique H(Js, As).

Soit K un sous-groupe compact maximal de G et s une classe inertielle
de G. Soit (Js, As) un type pour s telle que J; C K. Soit I' une sous-
représentation irréductible de

indi (As)- (2)

Soit 7 une représentation lisse irréductible de G telle que resg m contient I'.
Alors res s, m contient A, par réciprocité de Frobenius. Donc le support inertiel
de 7 est s. Cela montre que les sous-représentations irréductibles de sont,
K-typiques. Comme ’existence de types n’est pas connue dans tous les cas,
les questions naturelles suivantes se posent:

1. Est-ce qu’une représentation K-typique existe?

2. Pour une classe inertielle s, est-ce que les représentations K-typiques
sont en nombre fini?

3. Comment classifier les représentations K-typiques?

Pour G = GL,(F) des types (Js,As) ont été explicitement construits par
Bushnell-Kutzko dans les articles [BK93| et [BK99]. Pour GL,,(F), nous choi-
sissons “le type de Bushnell-Kutzko” (Js, As) tel que Js C GL,,(OF) pour tout
s € B,,. Dans cette thése, nous donnons des réponses aux questions ci-dessus
pour G = GL,(F) en termes de la théorie des types. Pour #kr > 3 nous
montrons dans de nombreux cas que les sous-représentations irréductibles de

wd§r 00



sont précisément les représentations typiques pour la classe inertielle s. En ce
sens, nous classifions les représentations typiques pour la classe s. Notons que
les types construits par Bushnell-Kutzko ne sont pas toujours uniques, méme a
conjugaison prés. Nous utilisons la terminologie “le type de Bushnell-Kutzko”
pour le couple (Js, As), le type pour s = [M, o] construit par la procédure in-
ductive dans article [BK99] apres la fixation d’un type pour la classe inertielle
[M, o] de M.

1l existe différentes méthodes de construction de types (J, ) pour une classe
inertielle donnée s (en ce sens que le couple (J, A) a la propriété Hom (A, 7) # 0
si et seulement si le support inertiel de 7 est s pour toute représentation lisse
irréductible 7 de GG). Pour une telle construction et K un sous-groupe compact
maximal contenant J, les sous-représentations irréductibles de

ind% (X

sont des représentations K-typiques pour s. La théorie des représentations
typiques, au moins pour le cas de GL,, vise & donner une approche uniforme.
Il pourrait étre intéressant de prouver au moins la finitude du nombre des
représentations K-typiques dans le cas général.

Résultats connus

Le cas de GLy(F') est traité par Henniart dans annexe a l'article [BM02].
Il a complétement classifié les représentations typiques pour toutes les classes
inertielles. Henniart prédit que ses résultats peuvent étre étendus & GL,,(F).
Paskunas a classé les représentations typiques pour les classes inertielles
[GL,,(F), o]. Nous décrivons maintenant les résultats d’'Henniart et de Pasku-
nas. Nous remarquons que J; peut étre conjugué a un sous-groupe de GL,, (OF).
Nous supposerons que J; est un sous-groupe de GL,(OF).

Théoréme 0.0.1 (Henniart). Soit s une classe inertielle pour GLy(F). Soit
(Js, As) le type de Bushnell-Kutzko pour la classe inertielle s. Si #kp > 2 et
s = [GLa(F'), 0] alors les représentations typiques de s sont les
sous-représentations irréductibles de

ind5 ) (A,).

Soit T le tore maximal de GLo(F') constitué des matrices diagonales et soit
s = [T, x| une classe inertielle pour GLy(F'). Nous identifions T a F* x F*
et le caractére x a x((a,b)) = x1(a)x2(b) pour deux caractéres y; et xo de
F>*. Soit B un sous-groupe de Borel contenant 7. Soit B(m) le groupe
des matrices de GLy(Op) qui, sous la réduction mod P se trouvent dans le
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groupe B(Op /PB%). Soit N le niveau de x1x5 . Sixi1xy " # id, et si #kp = 2,
Henniart a montré que

. GL2(Op .. 1GL2(Op
ind5 27 () et ind5 208 (x)

sont typiques pour la classe inertielle s. Le type de Bushnell-Kutzko pour la
classe inertielle s = [T, x] est donné par (B(NN),x). Donc, cela montre que
dans le cas présent il y a en effet des représentations supplémentaires autres
que les sous-représentations irréductibles de qui sont typiques pour s. Pour
toutes les autres classes inertielles [T, x] Henniart montre que les représenta-
tions typiques sont des sous-représentations de (2)).

Pour la classe inertielle s = [GL,,(F), o] il découle facilement que
ind5 € (x,)

est une représentation irréductible et Paskunas dans l'article [Pas05] a montré
le théoréme suivant.

Théoréme 0.0.2 (Paskunas). Pour tout entier n > 1 et pour toute classe
inertielle s = [GL,,(F), 0] il existe une seule représentation typique pour s.

Résultats de cette thése

Dans cette thése, nous nous intéressons a la classification des représentations
typiques pour les classes inertielles [M, o] ot M est un sous-groupe de Levi
propre de GL,,(F) et n > 3. Alors nous choisissons le type de Bushnell-
Kutzko (Js, As) est conjugué de sorte que J; C GL,(Op). Nous donnons une
description détaillée des résultats de chaque chapitre.

Reésultats du chapitre 2

Si 7 est une représentation typique pour une classe inertielle s alors nous
montrons que 7 est un sous-représentation d’une représentation irréductible
lisse notée m € M (G) de GL,(F). Nous choisissons un représentant (M, o)
de s tel que M est le sous-groupe de Levi composé de matrices diagonales par
blocs et o naturellement une représentation supercuspidale de M. Maintenant,
la représentation 7 est une sous-représentation de

-GL,,
zPL () (c®x)

ou P est un sous-groupe parabolique contenant M comme sous-groupe de Lévi
et igL"(F) est I'induction parabolique et x est un caractére non ramifié de M.
Ainsi, pour la classification des représentations typiques, il faut trouver les
représentations typiques qui apparaissent dans la représentation

GLn (F . 1GL,(O
resGL, (0m)1ip ( )(0)} o~ mdeG(LnF()OF)(J). (3)

9



Maintenant, nous identifions M au produit
GL,, (F) x GLy,(F) x ...GL,, (F)

pour une partition ordonnée (ni,ns,...,n,.) de n et o au produit tensoriel
01Xy W - Ko, ou o; est une représentation cuspidale de GL,,, (F). Soit 7;
la représentation typique unique dans o;. Il a été montré par Will Conley que
la représentation

GL, (O r
1ndeG(L F()OF)(X _1Ti)

admet un complément X dans (3) tel que les GL,,(Op)-sous-représentations
irréductibles de X sont non—typiques pour la classe inertielle s.

Maintenant, toutes les représentations typiques pour s sont des GL, (OF)
sous-représentations irréductibles de

GL,, (O
indGoel 7 ) (R 7).

Cette représentation est toujours une représentation de dimension infinie. La
premiére idée est de construire des sous-groupes compacts ouverts H,, pour
m > 1 tels que Hy,41 C Hpp,

ﬂmlem =PnN GLn(OF)

et que XI_, 7; se prolonge & une représentation de H;. Avec quelques conditions
supplementalres, nous montrons que

GLA (O GLn (O ”
mdeG(L F()Op) _1Ti) U ind; ( r) (XI_y 7).
m>1

Pour tout support inertiel nous définissons les H,, dans chaque chapitre et
nous analysons les représentations

1ndG'L (Op)(ﬁr 17i)-

En plus de cela, nous montrons plusieurs lemmes qui sont fréquemment utilisés
dans I’ensemble de cette thése.

Résultats du chapitre 3

Ce chapitre concerne les classes inertielles, dites classes inertielles de niveau
zéro,

.
[M:HGLTM( ), M0
i=1
ou chaque o; contient un vecteur non nul fixé par le sous-groupe de congru-
ence principal de niveau un. Le type de Bushnell-Kutzko pour o; est donné par

10



(GL,,,(OF), ;) ou 7; est obtenu par inflation d’une représentation cuspidale
de GL,, (kr) pour tous ¢ < r. Maintenant, choisissons P le groupe de matrices
diagonales supérieures par blocs contenant M comme un sous-groupe de Levi.
Pour un entier m > 1 nous désignons par P(m) le groupe de matrices dans
GL,(OF) qui, par réduction mod-B’ appartiennent au groupe P(Op /PBF).
Maintenant, la représentation X/_;7; peut étre vue comme une représentation
de P(1) par inflation. La suite des groupes H,,, que nous avons annoncée dans

la sous-section précédente, est donnée par les P(m).

Pour simplifier la notation, nous noterons V,,, la représentation

. 1GL, (O
mdP(mg 7 i=1Ti)-

Par récurrence sur l'entier positif m, nous montrons le théoréme suivant.

Théoréme 0.0.3. Les GL,,(Op)-sous-représentations irréductibles de Vi, / V1
ne sont pas typiques pour la classe inertielle s = [M, o].

Nous construisons en fait un complément de V; dans V,,.

Nous notons que le type de Bushnell-Kutzko pour la classe inertielle s
est donnée par le couple (P(1),X!_,7;). Du théoréme ci-dessus, nous pouvons
conclure que le théoréme ci-dessus classe complétement les représentations typ-
iques dans ce cas. Gréce a notre analyse, nous gagnons quelques informations
supplémentaires. Nous concluons le résultat dans le théoréme suivant.

Théoréme 0.0.4. Soit s = [M, o] une classe inertielle de niveau zéro. Soit T’
une représentation typique pour la classe inertielle s. La représenaentation I’
est une sous-représentation irréductible de Vi et

dim¢ Homgy,, (0,)(I', V1) = dimc Homgy,, (0, (T, igL"(F) (0)).

Résultats du chapitre 4

Soit T, le tore maximal composé des matrices diagonales inversibles dans
GL,, (F). Pour #kr > 3 nous déterminons les représentations typiques pour
les classes inertielles s = [T},, x]. Nous allons montrer que les représentations
typiques apparaissent comme des sous-représentations de

ind5 @ ().
Premiérement, notre but est de définir les groupes H,,, tel que H,,11 C H,, et
Nm>1Hm = B, (OF) ou B, est le sous-groupe de Borel composé de matrices
triangulaires supérieures inversibles. Nous notons que le type de Bushnell-
Kutzko (Js, As) dans ce cas, a la propriété J; N B,, = B, (Or). Nous pouvons
donc choisir H; = Js et les autres groupes doivent étre définies plus précisé-
ment. Nous esquissons les détails.
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Nous identifions T;, au groupe x}_; F'* et le caractére x & X, x; oil x; est
un caractére lisse de F*. On note [(y) l'entier k£ > 0 minimal tel que 1 + 3%,
est contenu dans le noyau de x. Soit J, (m) I’ensemble constitué de matrices

Ixix; H)+m—1 ) .
(ai;) ot a;5 € ‘B;X X5 )t pour tout i > j, a; € Of et a;; € Op pour
tout i < j. Nous allons montrer que JX(m) est en effet un sous-groupe ouvert
compact et nous établissons également que

1. J, = Jy (1)
2. ﬁlejx(m) = Bn(OF)
3. Le caractére x de T'(OF) s’étend & un caractére de J, (1).

Par conséquent, nous définissons H,,, = J,(m) pour tout m > 1. Cela montre
que

GL, . 1 GLn (O
reSGL, (Or) 235 ) (x) ~ U lndJXL(nE) F)(X)
m>1

On note V,,(x) la représentation

. 1GL,(OF)
ind; ) (x)-
En utilisant une réccurence sur les entiers n > 0 et m > 0, nous montrons le
théoréme suivant.

Théoréme 0.0.5. Les GL,(OF) sous-représentations irréductibles de
Vin(X)/Vi(x) ne sont pas typiques pour les classes inertielles de s = [T, x].

Résultats du chapitre 5

Dans ce chapitre, nous nous intéressons & la classification des représentations
typiques pour les classes inertielles s = [GL,,(F) x GL1(F'),0 X x]|. Dans ce
chapitre et le suivant, nous allons utiliser les techniques de [BK93] comme
des chaines de réseaux, ordres héréditaires, suites de réseaux, [-extensions
etc. avec des références précises. Soit P un sous-groupe parabolique composé
des matrices triangulaires supérieures par blocs de type (n,1). On note M le
sous-groupe de Levi de P constitué de matrices diagonales par blocs. Nous
rappelons que P(m) a le sens habituel. On note 7 la représentation typique
unique, apparaissant dans la représentation cuspidale o. Nous pouvons ainsi
supposer que x est trivial.

Les représentations typiques se produisent comme des sous-représentations
de la représentation

Vi = ind gt 97 (7 ®id).

pour un entier m > N (N sera défini explicitement plus tard). Pour des raisons

qui seront expliquées plus tard, nous définissons un sous-groupe compact ou-
vert P°(m) de P(m) tel que P°(m)NM = J° x OF, P°(m)NU = P(m)NU,
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P°(m)NU = P(m)NU et AX id se prolonge & une représentation de P°(m).
Nous montrons également que

lndGL("Jr)l(OF) (ARid) ~ de(Ln;l(OF) (r ®id).
Par récurrence sur m, m > N, nous montrons que les GL,1(Op) sous-
représentations de V;,,/V; sont non typiques.

Le type de Bushnell-Kutzko J; est assez pres de PY°(N )_, dans le sens que
PY(N)NP = JsNPetdeplus U(wN) Cc PP(N)NU C J;NU C U(wN 1 OF).
En utilisant la décomposition de indl‘];;)( N) (id), nous prouvons le théoréme suiv-
ant.

Théoréme 0.0.6. Soit I' une représentation typique de la classe inertielle
s = [GL,(F) x GL1(F),oc X x] et #kp > 2. La représentation I' est unique et
se plonge avec multiplicité un dans

Sl (5= ).

Résultats du chapitre 6

Dans ce chapitre, nous allons classifier les représentations typiques pour cer-
taines classes inertielles

s = [GLQ(F) X GLQ(F)7O'1 gO'Q].

Soit P le sous-groupe parabolique composé de matrices triangulaires supérieures
par blocs de type (2,2). Soit M le sous-groupe de Levi de P et soit U le
radical unipotent de P. On note P le sous-groupe parabolique opposé de
P par rapport & M. Soit U le radical unipotent de P. Soient (JY, \;) e
(J9, A2) les types de Bushnell-Kutzko pour les classes inertielles [GLo(F), 01]
et [GLa(F'), 02] respectivement. Les groupes P(m) auront le sens habituel pour
m > 1. Nous définissons aussi un groupe P°(m) pour m > N oit N sera défini
explicitement dans le texte principal du chapitre 6. Les groupes P°(m) ont
leur décomposition d’Iwahori par rapport & P et M; P°(m)NU = P(m)NU,
P'(m)NU =P(m)NU et P'(m)N M = JY x J9; et

ind 2O (7 1) ~ indGe 0™ (A1 B Ag)

pour tous m > N.

Par des méthodes similaires & celles des chapitres 2, 3, 4, 5 nous allons ré-
duire le probléme de la classification des représentations typiques de s & trouver
des représentations typiques se produisant en tant que sous-représentations de

ind i) (A B ). (4)
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Il se trouve que le type de Bushnell-Kutzko pour s n’est pas de la forme
(P°(N +1), A1 ¥ \2) pour presque tous les cas. Cela signifie que nous ne pou-
vons pas conclure directement que les représentations typiques pour la classe
inertielle s sont précisément les sous-représentations de .

Nous prévoyons (au moins lorsque #kp > 2) que les représentations typ-
iques doivent se produire en tant que sous-représentations des

ind‘(]iL4 (©r) (M K A).

Nous avons comparé les dimensions de la représentation ci-dessus avec celle
de et avons observé qu’elles sont en effet différentes et cela nous a donné
la premiére heuristique pour s’attendre a ce qu’il y a des sous-représentations
irréductibles non typiques qui se produisent dans . Nous avons essayé et
méme réussi dans de nombreux cas a classer les représentations typiques ap-
paraissant dans . Nous allonons expliquer le résultat principal aprés avoir
rappelé quelques aspects de la construction par Bushnell-Kutzko d’un type
semi-simple pour s.

Soit [, n1, 0, f1] et [Az, na, 0, B2] deux strates simples définissant les types
de Bushnell-Kutzko (J?, A1) et (J2, A2) respectivement. On note e; et ey les
indices de ramification des ordres héréditaires 21y et 25 respectivement. On
note ¢; le facteur irréductible du polynome caractéristique associé aux strates
simples [2;,n;,0, ;] pour i € {1,2} (voir [BK93|[Section 2.3]). Nous avons
deux cas.

1. n1/61 ?é TL2/€2; ﬂ1/61 = 77@/62 but d)l ?é ¢)2.
2. n1/er =nz/ez and ¢y = @9

Les représentations oq et oo sont appelés complétement distinctes si elles
satisfont a la condition (1). Sinon, elles sont dites avoir une approximation
commune. Le cas d’approximation commune peut étre divisé en 2 cas. Le
premier est appelé cas homogéne, approximation commune au niveau zéro.
Le cas homogeéne dans notre situation actuelle (a la fois o1 et oo sont des
représentations de GLy(F)) signifie que 2y = 2y := A, ny = ny = n et
B1 = B2 := . Et le caractére simple définissant ’extension 3, k, est isomorphe
pour o1 and os. Le deuxiéme cas est celui d’une approximation commune au
niveau [ > 0. En raison du manque de temps, nous ne traitons pas le cas ot o
et o9 ont approximation commune au niveau [ > 0. Notre théoréme principal
est le suivant.

Théoréme 0.0.7. Soit #kr > 3 et s la classe inertielle
[G‘LQ(F) X GLQ(F), o1 X 0'2}

ot 01 et oo sont complétement distinctes ou homogénes. Les représentations
typiques pour la classe inertielle s sont précisément les sous-représentations

14



irréductibles de
ind§SL4(OF) ()\5 ) .

Nous allons d’abord examiner la classification des représentations typiques
pour le cas homogéne. Nous esquissons la preuve en détail.

Le type de Bushnell-Kutzko, (Js, \s), pour la classe inertielle s = [M, o1 K
2], avec chaque o; contenant le type (J°, \;) (qui est défini par les strates
simples [, n,0, 5]) est donnée par A; = Ay K Ay et

Ty = J° Op + Py "
T\ PBe Py J

pour e = [n/2] et E = F[f]. Une observation importante est que Js N U #
U(OpF). Cela nous donne le probléme principal. Pour attaquer cette situation,
nous essayons d’abord de modifier les représentations induites (4) au niveau
des sous-groupes & proximité de PO(N + 1) et de J,. Nous allons expliquer
cela dans le cas non ramifié (e(E|F) = 1) ou les notations sont déja définies.

La premiére étape consiste a scinder la représentation

. PO(t+1
p1 = 1ndP°En+1))()‘S)'

L’idée est de remplacer le groupe P°(n + 1) par le groupe J, et de voir

I’entrelacement entre p; et

P2 = indif)(wl)()\s).

Mais nous ne pouvons pas faire cela pour la raison trés simple que P°(t) ne
contient pas le groupe J,. Alors nous utilisons un petit groupe J. tel que J.
est contenu dans le groupe P%(t). Le seul changement entre J! et J; est leur
intersection avec le groupe unipotent inférieur. Ce groupe J. a la propriété
que P%(n+1)J. = P°(t) et la représentation
pa i=indj, ' (A)

est irréductible. Nous sommes en bonne situation pour la décomposition de
Mackey, I’espace des opérateurs d’entrelacement entre p; et p3 est de dimen-
sion un et tout opérateur d’entrelacement non nul est surjectif en raison de
lirréductibilité de ps3. Le reste de la preuve consiste & montrer que le noyau
de cet opérateur d’entrelacement non trivial a des sous-représentations irré-

ductibles qui apparaissent également dans p; pour certaines représentations
A1 and As.

L’opérateur d’entrelacement non trivial I entre p; et ps est donné par
I'intégrale suivante:

u~ € P(s,t)NU

(7)) = / Jup)du.
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Si f est une fonction dans le noyau de I alors nous avons
/ flu ut(u) " uT)dum =0
u—€ PO(t)nU

pour tout ut € PO(t). Soient u~ et u™ représentés dans des matrices par blocs

comme
_ (id o0 L (id Ut
“ = o- oaa) " T \o i

respectivement. L’équation intégrale peut étre écrite comme
/ ~ ¢(5U+,U+5)(1 +U7)f(u")du™ =0. (5)
u—€ PO(t)nU

Nous notons tout d’abord que le groupe des caractéres du groupe
POt 4+ 1)/PO(n+ 1) = (POt +1) N 0)/(P°(n + 1) N 0) = 5 /8t

est isomorphe a P, " /‘Bit. Le noyau de I est engendré par les caractéres
qui ne sont pas dans l'image de [5,:]. Nous allons utiliser le fait dans le
lemme [6.2.3] pour montrer & l'aide des applications de co-restriction que les
sous-représentations irréductibles de

GL4 (O
in dpo(t() F)(W)a

ot W est une sous-représentation de ker(I), sont non typiques.

Maintenant, il nous reste & comprendre les sous-représentations typiques
de

indG (7 (1), (6)

Puisque A, est une représentation de .J, en utilisant les techniques des chapitres
précédents, nous pouvons montrer que la représentation

1ndGL4(OF) (As).

admet un complément I' dans la représentation @ tel que toutes les sous-
représentations irréductibles de I' ne sont pas typiques.

Maintenant, nous traitons le cas ol oy et o9 sont complétement distinctes.
Une modification délicate de la représentation

ind 3oy (A BA)

donne la classification dans le cas ol o1 et oo sont complétement distinctes.
Nous utilisons des techniques similaires a celles développées pour traiter le cas
homogéne. Ceci est la raison pour laquelle nous choisissons de mettre cette
situation plutdt simple a la fin.
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Chapter 1

Introduction

Let F' be a non-discrete non-Archimedean locally compact field. This thesis
is concerned with the study of the restriction of an irreducible smooth rep-
resentation of GL,,(F') to a maximal compact subgroup K where n > 2.
In particular we are interested in those irreducible representations (called K-
typical representations) of K which determine the inertial support of the
given irreducible smooth representation. In the context of local Langlands
correspondence, such representations have seen significant arithmetic applica-
tions. In this thesis we try and achieve in many cases the classification of such
irreducible smooth representations of K for a given inertial support s.

1.1 Motivation

Local Langlands Correspondence

Let F be a separable algebraic closure of F. Let F*" be the maximal unram-
ified sub-extension of F'. We have the canonical quotient map

Gal(F/F) — Gal(F""/F).

The group Gal(F*“"/F) is canonically isomorphic to the Galois group of the
residue field kpun of F"™ over kp. Since kpun is the algebraic closure of the
finite field kr we get the map

Gal(F/F) — Gal(kpun /kp) ~ Z. (1.1)

Let g be the cardinality of the residue field kr. We denote by ® i the automor-
phism of kpun which sends an element x to z¢. Let Wy be the group consisting
of those elements of Gal(F/F) which map to a power of ®x under the map
(1.1). The group Wp is called the Weil group of F. The group Wg can be
made a locally compact group by declaring the open subgroups of Gal(F/F"™)
(under its pro-finite topology) as open subgroups of Wr. Hence we obtain an
exact sequence of topological groups

0 — Gal(F/F"") — Wp — &% — 0

where ®Z is given discrete topology.

Local class field theory gives us a canonical topological isomorphism

web ~ FX,
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where W2 is the quotient of W by the closure of the derived group of Wpg.
This gives us a one-to-one correspondence between the set of continuous char-
acters of Wg and F'*. The local Langlands correspondence establishes a higher
dimensional analogue of the correspondence between the characters obtained
via local class field theory. Such a correspondence can be stated with a certain
algebraic object called Weil-Deligne representation. To begin with we intro-
duce a norm ||| on the Weil group Wr. Let  be an element of Wr and the
image of x under the map (1.1) be ®% then |[z| = ¢”". An n-dimensional
Weil Deligne representation is a triple (r,V, N) where V is an n-dimensional
complex vector space, r is a homomorphism of Wg into GL(V) with open
kernel, N € End¢(V) such that

r(@)Nr(z)™! = |||V

for all x € Wr. We call the triple (r, V, N) Frobenius semi-simple if the repre-
sentation (r, V') is semi-simple. The local Langlands conjecture (see [LRS93]|
for the case where characteristic of F is greater than zero and [HT0I] and
[Hen00|] for the case where characteristic of F' is zero) is a natural corre-
spondence between the set of isomorphism classes of n-dimensional Frobenius
semi-simple Weil-Deligne representations and the set of isomorphism classes
of irreducible smooth complex representations of GL,(F) (A representation
(m,V) is called smooth if and only if the stabiliser of a vector v € V' contains
an open subgroup of GL,, (F) for the topology induced from F).

Let B,, be the set of pairs (M, o) where M is a Levi-subgroup of a parabolic
subgroup of GL,,(F) and o is a supercuspidal representation of M. We re-
call that inertial equivalence is an equivalence relation on the set B,, de-
fined by setting (Mi,01) ~ (Maz,02) if and only if there exists an element
g € G and an unramified character y of My such that M; = gM,g~' and
af ~ 03®x. We use the notation [M, o] for the equivalence class containing the
pair (M, o) the equivalence classes are also called as inertial classes. Every
irreducible smooth representation 7 of GL,, (F) occurs as a sub-representation
of a parabolically induced representation igL"(F) (o) where o is a supercuspidal
representation of a Levi-subgroup M of P. The pair (M, o) is well determined
upto GL,,(F)-conjugacy (see [BZ77|[Theorem 2.5 Theorem 2.9(a)(i)]). The
class [M, o] is called the inertial support of 7. ( Inertial equivalence is de-
fined for any reductive group G over F' but we need it only for GL,, (F) in this
thesis).

Given two triples (r1, V1, N1) and (72, Va, N2), it turns out that the re-
strictions of 71 and 75 to the group Gal(F/F“") are isomorphic if and only
if the smooth representations 7 and my associated by the local Langlands
correspondence to (r1, V1, N1) and (rq, Va, Na) respectively have the same in-
ertial support. In several arithmetic applications (see [BM02] and [EG14] for
instance ) it is desirable to associate with a given inertial support say s an
irreducible smooth representation 7 of GL, (Or) which has the property that
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Homgr,, (0,)(7,7) # 0 implies that the inertial support of 7 is s and such
a representation is called a GL,, (Op)-typical representation or typical
representation. We bring to the attention of the reader that we can expect
at best an implication in one direction. One can produce easy examples for
s such that there exists no irreducible smooth representation 75 of GL,,(OF)
such that Homqr,, (0,)(7s,7) # 0 if and only if the inertial support of 7 is s.

Theory of Types

Let G be the group of F-rational points of an algebraic reductive group (exam-
ples being GL,,(F'), SL,, (F') and SO(V, ¢) for some finite dimensional quadratic
space (V,q) over F, etc). It was shown by Bernstein that the category of
smooth representations M (G) admits a decomposition

M@ = [ M@
seB(G)

where M, (G) is the full sub-category consisting of smooth representations
with all their irreducible sub-quotients having inertial support s. The theory of
types developed initially by Bushnell-Kutzko (see [BK98]| for a general discus-
sion on smooth representations via types) gives a construction of pairs (Js, As)
where J; is a compact open subgroup of G and A; is a smooth irreducible
representation of J, such that Hom, (As, ) # 0 if and only if 7 € M (G) for
all irreducible smooth representations 7 of G and such a pair (Js, As) is called
a type for s. Such a type (Js, As) gives a natural equivalence of categories
M (G) and the category of modules over the spherical Hecke algebra H(Js, As).

Let K be a maximal compact subgroup of G and s be an inertial class
of G. If we know the existence of a type (Js, As) such that J, C K then by
Frobenius reciprocity any irreducible sub-representation of

ind’ (A) (1.2)

if contained in a smooth irreducible representation 7 of G then m contains the
representation s on restriction to the group Js and hence the inertial support
of 7 is s. This shows that irreducible sub-representations of are K-typical
representations. As types are not known to exist in every case the following
natural questions appear :

1. Does there exist a K-typical representation?

2. For a given inertial class s is the cardinality of K-typical representations
finite?

3. What are all typical representations?

19



For G = GL,,(F) types (Js, As) are explicitly constructed by Bushnell-Kutzko
in the articles [BK93] and [BK99]. For GL,,(F) we may and do choose “the
Bushnell-Kutzko type” (Js, As) such that J; C GL,(Op) for all s € B,,. In this
thesis we will see that the above questions for G = GL, (F) can be answered
in terms of and by the use of theory of types. For #kr > 3 we show in many
cases that the irreducible sub-representations of

ind 597 (\)

are precisely the typical representations for the component s. In this sense we
classify typical representations for the component s. We bring to attention of
the reader that the types constructed by Bushnell-Kutzko may not be unique
even up to conjugation. We use the terminology “the Bushnell-Kutzko type”
for the pair (Js, As) a type for s = [M, o] constructed by the inductive pro-
cedure in the article [BK99] after fixing a type for the inertial class [M, o] of M.

There can be various constructions of types (J, A) for a given component s
(in the sense that the pair (J, A) has the property Hom ;(\, 7) # 0 if and only
if the inertial support of 7 is s for any irreducible smooth representation 7 of
G). For any such construction and K a maximal contact subgroup containing
J, the irreducible sub-representations of

ind’ (\)

are a K-typical representation. Hence the theory of typical representation,
at least for the case of GL,, aims to give a uniform approach. It could be
interesting to prove at least the finiteness of typical representations in general
case.

1.2 Known results

The case of GLy(F) is treated by Henniart in the appendix to the article
[BMO02]. He completely classified typical representations for all possible iner-
tial classes. Henniart predicted that his results can be extended to GL, (F)
by similar techniques he used at least in those cases where the underlying
Levi-subgroup of the inertial class s is GL,(F"). Paskunas has classified the
typical representations for the inertial classes [GL,(F),0]. We now describe
the results of Henniart and Paskunas. Before going any further we note that
Js can be conjugated to a subgroup of GL,(Op) and we assume that indeed
Js is a subgroup of GL,,(OFp).

Theorem 1.2.1 (Henniart). Let s be an inertial class for GLa(F). Let (Js, As)
be the Bushnell-Kutzko type for the inertial class s. If #kp > 2 or s =
[GLo(F), 0] then the typical representations for s occur as sub-representations
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il’l(:l(jSL2 (©r) ()\5 ) .

Let T be the maximal torus of GLy(F') consisting of diagonal matrices and
s = [T, x] be an inertial class for GLo(F'). Let us identify T with F* x F* and
the character x be x((a,b)) = x1(a)x2(b) for two characters x; and yo of F*.
Let B be a Borel subgroup containing T. Let B(m) be the group of matrices
of GLy(Op) which under the mod P reduction lie in the group B(Or /PBR).
If X1X2—1 # id, N is the level of Xle_l and #kr = 2 then Henniart showed

that

. 1GL2(O
mdB(;[() F)( )

and

. GLy(O

lndB(Ji/(JrlF))( )
are typical for the inertial class s. The Bushnell-Kutzko type for the inertial
class s = [T, x] is given by (B(N), x). So this shows that in the present case
there are indeed additional representations other than those irreducible sub-
representations of (|1.2)) which are typical for s. For all other inertial classes
[T, x| the typical representations are shown to be sub-representations of (|1.2)).

For the inertial class s = [GL,(F'), 0] it follows easily that
ind5 O (x,)

is an irreducible representation and Paskunas in the article [Pas05] showed
that

Theorem 1.2.2 (Paskunas). For any positive integer n > 1 and for any
inertial class s = [GL,,(F), o] there exists a unique typical representation.

1.3 Results of this thesis

In this thesis we are interested in the classification of typical representations
for the inertial classes [M, o] where M is a proper Levi-subgroup of GL,,(F')
and n > 3. Here we assume the Bushnell- Kutzko type (Js, As) is conjugated
such that J; C GL,,(Op). We give a detailed description of the results from
each chapter. Our goal is to describe the results and method of proof briefly.

Results of Chapter 2

If 7 is a typical representation for an inertial class s then we show that 7 occurs
in a smooth irreducible representation say m € M (G) of GL,,(F'). We choose
a representative (M, o) for s such that M is the Levi-subgroup consisting of
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block diagonal matrices and o naturally a supercuspidal representation of M.
Now the representation 7 occurs in some representation

.GL,,
ZPL (F)(U®X)

where P is any parabolic subgroup containing M as a Levi-subgroup and
igL”(F) denotes the parabolic induction and x is an unramified character of
M. Hence for the classification of typical representations we have to look for
the typical representations occurring in the representation

.GL, (F . GL,(O
resar, (o) {ip " (0)} = indpre (@), (1.3)

Now we identify M with the product GL,, (F) X GL,,(F) x ...GLy,, . (F)
for some ordered partition (n1,ng3,...,n,) of n and o as a tensor product
01 R o9 K- Ko, where o; is a cuspidal representation of GL,,,(F). Let 7
be the unique typical representation occurring in ;. It was observed by Will
Conley that the representation

. 1GL,(O
ind POG(LnF()Op) (Ri_,7)
admits a complement in (1.3]) whose GL,,(Op)-irreducible sub-representations

are non-typical for the component s. We extend Conley’s result, to be used for
proofs by induction on n. But for sake of brevity we cannot go into details here.

Now any typical representation occurs among the GL,, (Op)-irreducible
sub-representations of

. 1GLn(Op)
1ndeGLnF(OF)(®f:1n).
This representation is still an infinite dimensional representation. The first
idea is to construct compact open subgroups groups H,, for m > 1 such that
Hp41 C Hyy, Nip>1Hp, = PNGL, (OF) and KI_; 7; extends to a representation
of Hi. With some additional conditions we show that

. GL, (O r . GL, (O r
1ndeG(Lw229F)(®i:17i) ~ U ind;” ( F)(gizln).
m>1

Now depending on the inertial support we have to define H,, in each chapter
and analyse the representations

ind g (RE_ 7).

In addition to this we show several technical lemmas which are frequently
used in the entire thesis.
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Results of Chapter 3

This chapter concerns those components (called level zero inertial classes)

[M = H GLy, (F), Wiy 0i]

i=1

where each ¢; contains a non-zero vector fixed by the principal congruence
subgroup of level one. In other words the Bushnell-Kutzko type for o; is given
by (GL,,(Or),7;) where 7; is obtained by inflating a cuspidal representation
of GL,,, (kr) for all i < r. Now choose P to be the group of block upper diag-
onal matrices containing M as a Levi-subgroup. For a positive integer m we
denote by P(m) the group of matrices in GL,,(Op) which under the mod-PB%
reduction lie inside the group P(Or /PBF). Now the representation XJ_,7;
extends to a representation of P(1) by inflation. The sequence of groups H,,
we described in the earlier sub-section are given by P(m).

To simplify the notation we denote by V,,, the representation

. GL,(OF) (rar
lndP(mg 7 i=1Ti)-

Using induction on the positive integer m we show the theorem

Theorem 1.3.1. The GL,,(Op)-irreducible sub-representations of Vi, /V1 are
not typical for the inertial class s = [M,o].

We actually construct a complement of V; in V,,.

We note that the Bushnell-Kutzko type for the inertial class s is given by
the pair (P(1),X!_,7;), from which we can conclude that the above theorem
completely classifies the typical representations in this case. Through our
analysis we gain some additional information. We conclude the result in the
following theorem.

Theorem 1.3.2. Let s = [M, o] be a level zero inertial class. Let T be a typical
representation for the inertial class s. The representation I' is an irreducible
sub-representation of Vi and

dimc Homgy,, (0, (T, V1) = dim¢ Homgy,, (0, (T, igL"(F) (0)).

We now sketch the proof of the above theorems. The essential features
of the proof are captured in two cases, the first case: M is isomorphic to
GL,, (F) x GL,,(F) and the the second case is: M is the diagonal torus of
GL,,(F).

To begin with lets consider the case n; = no = 1. In this case Henniart
in the article [BM02]|[Appendix| uses Casselman’s description (see [Cas73|) of
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the complete decomposition of the restriction of a smooth representation to
the maximal compact subgroup GL2(Op). Casselman shows that two smooth
representations with the same central character have isomorphic restriction to
GLy(OpF) except for a finite part. He effectively controls this finite part as
well. It turns out in most of the cases (at least in the principal series case)
that this finite part is

ind € ().

The rest of the restriction depends only on the conductor and the central char-
acter. Henniart manages to produce two smooth representations with same
central character and conductor but changing the inertial support. This gives
the result. Although additional work has to be carried out when #kp = 2.

Let ny +ng > 2. When n > 3 we do not in general know the complete
decomposition into irreducible summands of the restriction of an irreducible
smooth representations to the maximal compact subgroup GL,,(OF). In prac-
tice we found that such result is not required for our purpose. We already
reduced to check for typical representations occurring in the representations

lndG%ngop) (Tl |X| 7'2)

for m > 1. Notice that we have

. GL,(O GL o P(m .
indg (98 (1 B ) ~ ind B O {ind ), (d) © (n R7)}. (1.4
By Frobenius reciprocity we know that id occurs with multiplicity one in the
representation

1nd1€g:nn+1)('d)

By means of Clifford theory we achieve the following decomposition,

t
mdP(m +1)(1d) ~ide P indgm) (U;)

Jj=1

where Z; is a compact open subgroup which is “small enough”. We will come
back to What we mean by “small enough". Now let us return to[1.4, We have

GLn (@} GLn @) . GLn (@)
1ndP(m(+1§ (M ®mp) ~ mdP(mg F)(Tl X 1) ®1§9< dej ( F){Uj ® (1 X7)}.
<g<t

For some fixed j we wish to compare the terms indCZ}f"(op){Uj ® (11 K 7)}
for various 71 and 7. It is exactly in this context that we refer to Z; being
“small enough". We have shown that for every irreducible sub-representation
§ of resz, (71 M 75) we can find an irreducible representation 7; X 73 such that

1. 7{ ® 74 is the inflation of a non-cuspidal representation of M (k).
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2. £ occurs in the representation resyz, (17 X 73).

This is enough to show that the irreducible sub-representations of
ind5 U @ (n K1)}

are non-typical. By means of induction on the positive integer m we prove the
theorem.

The above attempt does not work if both 7, and 75 are characters. The
reason is that M (kr) has no non-cuspidal representations in this case. For the
case of principal series case i.e. s = [T, x| (T is the maximal torus consisting
of invertible diagonal matrices of dimension n > 2) we use slightly different
techniques. We assume that we know the result for n—1 and show that typical
representations occur only in

Wi = indig 2097 {(ind 27 (B2 () B X}

where R is a parabolic subgroup of the type (n — 1,1) and B,_; is the
Borel subgroup consisting of upper triangular matrices. We now use induction
on m as done earlier to show that the typical representations occur as sub-
representations of Wj. The induction step is achieved by comparing the terms

indg) P {U; @ (indg 7177 (875 () B xa) - (1.5)
The mod P reduction of the group Z; N N (N is the Levi-subgroup of R

consisting of block diagonal matrices of size (n — 1,1)) is contained in the
following subgroup

A B 0
0 d 0 |A c GLn,Q(k‘F);B S Mnfgxl(k‘p);d c k’;
0 0 d

We will further decompose the representation by first decomposing the
restriction of the representation

lndGL" (11()017)(&71 1(Xz))

to the group

A B
P(n_271)(]€p) = {(O d) |A S GLn_Q(kF);B S Mn_gxl(k}:‘);d S k;} .
We then compare the terms
. 1CGL, (O
1nde ( F){U]‘ @ (7p B xn)}
where 7, is the inflation of an irreducible representation of

GLp—1(k n—
resp, ., (ke {indy " 1(,§F§>(& Iy}

We combine these ideas to complete the proof of theorem [3.0.9
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Results of Chapter 4

Let T,, be the maximal torus, consisting of invertible diagonal matrices in
GL,(F). For #kpr > 3 we classify the typical representations for the com-
ponents s = [T),, x]. We will show that the typical representations occur as
sub-representations of

ind§ (@) ().

s

First our goal is to define the groups H,, such that H,,; C H,, and
m777,2117[m = Bn(OF)

where B, is the Borel subgroup consisting of invertible upper triangular ma-
trices. We note that the Bushnell-Kutzko type (Js, As) in this case has the
property that J;N B, = B, (Op). We can hence choose H; = J; and the other
groups need to be defined more carefully. We sketch the details.

We identify T}, with the group x}~,F* and the character x with X, x;
where y; is a character of F'*. We denote by [(x) the least positive integer
k such that 1 + P% is contained in the kernel of x. Let .J,(m) be the set

.. . xix: H+m—1 . .
consisting of matrices (a;;) where a;; € m;x Xg ) for all ¢ > j, a;; € O;

and a;; € Op for all i < j. We will show that J, (m) is indeed a compact open
subgroup and we also establish the following

1. J, = J,(1)
2. Nm>1dy(m) = B, (OF)
3. The character x of T(Or) extends to a character of J,(1).

Hence we define H,,, = J,(m) for m > 1. This shows that

.GL,, . GL, (O
resar, (00 ine 00 = | ind5T (x0)

m>1
We denote by V;,,(x) the representation
indGL"(OF)(X).

Jx(m)

By using induction on the positive integers n and m we show the following
theorem:

Theorem 1.3.3. The GL,(Op)-irreducible sub-representations of Vi, (x)/Vi(x)
are not typical for the component s = [T, x].

From the induction hypothesis on the positive n we can show that the
typical representations occur in the following sub-representation of V,,:

. GL,(O
deX(lfm)F)( ).
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The group J, (1, m) contains Jy (m) and N>y, Jy (1, m) is of the form

A B
{(0 >|A6Jg?_11Xi(1);BeMn1X1((’)F);ce(9§}.

Cc

Now as seen earlier we decompose the representation

. J(1,m .
1ndjxgl}m)+1) (id)

as follows I () T ()
ind¥ iy (id) = id @ P wdyx""(w))
1<j<p
and show that resz,z, (x) = resz;,nr,(x’) for some character x’ such that
[T,x'] # [T,x] and Jy(1) = Jyv(1). This shows that the irreducible sub-
representations of
indg}n(om (Uj X X)

are not typical. This proves the main result by induction on m. We bring to
the attention of the reader that the decomposition of the group

. 1Jdyx(m) .

ind7* (id)
is much more involved than the decomposition of the corresponding representa-
tion obtained by replacing J, (m) and J, (m+1) by J,(1,m) and J, (1,m+1)
respectively. This is the reason why we adapt to do induction on both the
variables n and m.

Review of chapter 5

In this chapter we are interested in classification of typical representations for
the inertial classes s = [GL,(F) x GL1(F),0 W x]. In this chapter and the
next we will use the apparatus of [BK93]| like lattice chains, hereditary orders,
stata, simple characters, S-extensions etc with precise references. Let P be a
parabolic subgroup consisting of block upper triangular matrices of the type
(n,1). We denote by M the Levi-subgroup of P consisting of block diagonal
matrices. We recall that P(m) has the usual meaning. We denote by 7 the
unique typical representation occurring in the cuspidal representation o. We
can as well assume that y is trivial.

Typical representations occur as sub-representations of the representation

. 1GL, 41 (O .
Vi = 1ndP(m;1( F)(’T Xid).

for some positive integer m > N (N will be explicitly defined later). Let
[2,1,0, 8] be a simple stratum defining the Bushnell-Kutzko type (J°, \) for
the component [GL, (F), o]. The representation 7 is isomorphic to

ind?g-mﬂ(@F)()\)_
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As we did in the previous situations we will need the decomposition of the
representation

. 1P(m) .

indp, %) (id).
The above representation is decomposed in chapter 3 as

0
indp) ) (id) = id & P indy, ™ (U;).

J
Now recall that the groups Z; N M might be smaller than M(OFp). Now
resz: M (7 ®id) would involve complicated Mackey decompositions and more-

over the structure of (JOx Or™)*N(J° x Or*) can be complicated for a given
u € GL,(Or)xOp*. To overcome this problem we define a compact open sub-
group P°(m) of P(m) such that P°(m)NM = J°x O}, P°(m)NU = P(m)NU,
P°(m)NU = P(m)NU and AKX id extends to a representation of P°(m). We
also show that

indpe (1 O (AR id) ~ ind g9 (7 ®id).

Now we show that

indpo(m () ~ide @ mdy, " (U;)
1<j<p

where Z; N M contained a priori in J° x O is “small enough” in this group.

To explain the meaning of “small enough” we need to recall certain aspects
of the type (J% A). Let B be the algebra Endpps) (2 ® F). Let B be the
order Endp (% ® F) N 2A. The group J° has a normal subgroup J* such
that JO/J' ~ U°(B)/U*(B). The group U(B)/U"(B) ~ GL, (kpis)). The
representation A is isomorphic to k® X where X is a cuspidal representation of
J°/J' and & is a certain representation called B-extension. We refer to Z;NM
as “small enough” in the sense that Z; N (U°(B) x OF) satisfies the important
property: when n’ > 1 for every irreducible sub-representation £ of

resz qwo(m)xox) (K @A)
there exists a non-cuspidal representation A’ of J°/J! such that & occurs in
res; nwo(m)x o) (F @A)
With this we conclude that any irreducible sub-representation I' of
indz "+ O (AR id) (1.6)
occurs as an irreducible representations of
GLn11(OF)

ind z, (7' Kid)
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(7' may depend on T") where we show that irreducible sub-representations of 7/
occur in the restriction to GL,, (Op) of an irreducible non-cuspidal representa-
tion of GL, (F'). For showing that 7/ occurs in the restriction to GL,,41(OF) of
an irreducible non-cuspidal representation we use the novel feature of simple
characters and their compatibility with change of rings () due to Bushnell-
Kutzko (see [BK93|[Section 3.6, Proposition 8.3.5]). This shows that irre-
ducible sub-representations of [[.0] are not typical representations. Hence by
using induction on integer m, m > N, we can show that GL,1(OF) sub-
representations of V,,,/V; are non-typical.

The Bushnell-Kutzko type J, is almost close enough to P°(N). In the
sense that PO(N)N P = J, N P and moreover

U(wy) c PP NYNU Cc J,NU cU(wVN 1 Op).

We decompose the representation
ind s, (id) = id & @ ind}; (U))
J

for “small enough” groups Z; and show that irreducible sub-representations of

indgjLnH(OF){Uj ® (AXid)}

are not typical representations. This gives the result:
Theorem 1.3.4. Let I' be a typical representation for the inertial class
s = |GL,(F) x GL1(F), 0 X x]

and #kp > 2. The representation I' is unique and occurs with a multiplicity
one in the representation

S (5= ).

We show that typical representations should occur as sub-representations
of

indiL"’“(OF)(/\ X x).

We know from the Bushnell-Kutzko theory that the above representation is
irreducible. This gives our uniqueness of typical representation. The multi-
plicity one result is not known to the author without the results of this thesis.
We note that typical representations for the inertial classes of GL3(F') where
#kp > 3 are precisely the sub-representations of

ind 5 (A,).
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Review of chapter 6

In this chapter we will classify typical representations for certain inertial classes
s = [GLQ(F) X GLQ(F),O’l X 0'2].

Let P be the parabolic subgroup consisting of block upper triangular matrices
of the type (2,2). Let M be the Levi-subgroup of P and U be the unipotent
radical of P. We denote by P the opposite parabolic subgroup of P with
respect to M. Let U be the unipotent radical of P. Let (JY, A1) and (J3, A\2) be
Bushnell-Kutzko’s types for the inertial classes [GLo(F'), 01] and [GLa(F), 03]
respectively. The groups P(m) will have the usual meaning for m > 1. We
also define a group PY(m) for m > N where N will be defined explicitly in
the main text of the chapter 6. The groups P°(m) has Iwahori decomposition
with respect to P and M; P'(m)NU = P(m)NU, P°(m)NU = P(m)NU
and P°(m)N M = JY x J9; and

. GL4(O . GL4(O
1ndp(;l() F)(ﬁ X 7o) ~ 1ndpof7;)p)()\1 X A2)

for all m > N.

By methods similar to those of chapters 2,3,4,5 we will reduce the problem
of classifying typical representations for s to finding typical representations
occurring as sub-representations of

. 1GL4(Or

ind5/A) (A B As). (1.7)
It turns out that the Bushnell-Kutzko type for s is not of the form
(P°(N +1),\; ® \y) for almost all cases. This means that we cannot directly

conclude that typical representations for the inertial class s are precisely the
sub-representations of ([1.7)).

We expect (at least when #kp > 2) that typical representations must occur
as sub-representation of
ind 5O (A ).

We compared the dimensions of the above representation with that of
and observed that they are indeed different and this gave us the first heuristic
to expect that there are non-typical irreducible sub-representations occurring
in . We tried and indeed succeed in many cases to classify typical rep-
resentations occurring in . This is the a new feature we show in this
chapter. We can explain the main result by first recalling some aspects of the
construction of Bushnell-Kutzko (semi-simple) type for s.

Let [2;,n;,0,0;] be a simple strata defining the Bushnell-Kutzko type

(J?,)\i) for i € 1,2. We denote by e; and es the ramification indices of
the orders %A and 25 respectively. We denote by ¢; the irreducible factor of
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the characteristic polynomial associated to the simple stratas [2;, n;, 0, 8;] for
i € {1,2} (see [BK93|[Section 2.3]). We have broadly two cases.

1. ni/er # na/ez; nifer = nafex but @1 # hs.
2. n1/61 = TL2/62 and ¢1 = gbg

The representations o7 and g are called completely distinct if they satisfy
condition (1). Otherwise they are said to have common approximation.
The case of common approximation can be divided into 2 cases. The first is
called homogeneous case i.e common approximation to level zero. The homo-
geneous case in our present situation (i.e both oy and o9 are representations
of GLy(F')) means that 2 = 25 := 2, n; = ng :=n and f; = P2 := 4. And
the simple character defining the 8 extension « is also the same for oy and 0.
The second case is common approximation to level [ > 0. Due to lack of time
we do not treat the case where o; and o9 admit common approximation to
level [ > 0. Our main theorem is:

Theorem 1.3.5. Let #kpr > 3 and s be the inertial class
[GLQ(F) X GLQ(F), g1 X O’Q]

where o1 and oo are completely distinct or homogenous. The typical represen-
tations for the inertial class s are precisely the irreducible sub-representations

of

ind 5 (A,).

We will first consider the classification of typical representations for the
homogeneous case. We sketch the proof in some detail:

The Bushnell-Kutzko’s type (Js, As) for the inertial class s = [M, o1 X 03]
with each o; containing type (J°, \;) (which is defined by the simple strata
2, n,0,8]) is given by A; = A\ K Ay and

I JO O+
T\ e+ g g

for t = [n/2] and E = F[f]. One important observation is that J; N U #
U(Op). This gives us the main problem. To tackle this situation we first try
to modify the induced representation at the level of subgroups close to
the P°(n + 1) and J;. We will explain this in the unramified (e(E|F) = 1)
case since most of notations are already defined.

The first step is to split the representation

. POt
p1 = 1ndPDE;—:11))()\s).
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The idea is to replace the group P°(n + 1) with the group J, and see the
intertwining between p; and

p2 = indiO D (A,).

But we cannot do this for the very basic reason that P%(t) does not contain
the group J;. Now we use a smaller group J. such that J/ is contained in the
group P°(t). The only change between the J. and J, is their intersection with
the lower unipotent group. This group J/ has the property that P%(n+1)J. =
P(t) and the induction

p3 = indzo(t)()\s)

is irreducible. We are in good situation since by Mackey decomposition the
space of intertwining operators between p; and ps are one dimensional and
any non-zero intertwining operator is surjective from the irreducibility of ps.
The rest of the proof is showing that the kernel of this non-trivial intertwining
operator has irreducible sub-representations which also occur in p; for some
suitably modified A\; and Ao. The proof of this will now include the action of
the group U(OF). Which so far acts trivially on such inductions.

The non-trivial intertwining operator I between p; and ps is given by the
following integral:

10w = [ F )
u— € P(s,t)NU
If a function f is in the kernel of I then we have

/ flu ut(u)u)du” =0
u—€ PO(t)NU

nu

for all u™ € P°(t). Let u~ and u™ be represented in 2 x 2 block matrices as

_ (i o0 . (id U*
“ =\ )" T\o id

respectively. The above integral-equation can be written as

/ pgur—v+p)(L+UT)f(u)du™ = 0. (1.8)
u—€ PO(t)nU

We first note that the group of characters of the group
Pt +1)/P(n+1) = (P'(t+1)N0)/(P°(n+1) N T) = Py /Py

is isomorphic to Py "/ &Bit. The kernel of I is spanned by the characters which
are not in the image of [3,] (the commutator bracket with 8 on Py /By')-
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Let W be a sub-representation of ker(I). We will use the fact in lemma
show that irreducible sub-representations of

ind s (577 (W)

are non-typical with the help of co-restriction map.

Now we are left to understand the representation
ind§ € (x,).

The group J. is contained in Js; and by familiar transitivity and pull-back
push-forward technique we write

ind 5 (A,) ~ ind§H 7 {ind’; (id) © (\) > ind§ () @ T

and we show that irreducible sub-representations of I" are non-typical. Which
shows that typical representations are precisely the irreducible
sub-representations of the first summand in the above decomposition.

We point out that the proof of the facts about the kernel of the intertwin-
ing operator we introduced earlier depends on the exact-sequence machinery
of Bushnell-Kutzko. The surjectivity of the operator also follows from the cal-
culation of the sets 9t(2, 8). For the ramified case (e(E|F) > 1) we will meet
a situation to calculate M(2A, 8) when E = F[3] does not normalize the order
2. This requires some attention otherwise we can use the Bushnell-Kutzko
machinery to complete the classification.

Now we have to treat the case where o7 and oy are completely distinct. A
careful modification for the representation

ind 3o o) (A BA)

gives the theorem in the case where o1 and o3 are completely distinct. We
will use techniques similar to those developed to treat the homogenous case.
This is the reason we choose to put this rather simpler situation at the end.
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Chapter 2

Preliminaries

The following notation will be used in all chapters of this thesis.

2.1 Basic notation

Let F' be a non-Archimedean local field with ring of integers Op, maximal
ideal P and a finite residue field kp. We denote by G the F-rational points
of an algebraic reductive group and by P a F-rational parabolic subgroup of
G. All our representations are on vector spaces over C. Let o be a smooth
representation of a Levi-subgroup M of P. We denote by ig(a) the normalized
parabolically-induced representation.

Let H be a closed subgroup of G and (7,V) be a smooth representation
of H, we denote by ind%(7) the space of functions f : G — V such that
f(hg) = 7(h)f(g) and there exists a compact open subgroup Ky of G such
that f(gk) = f(g) for all ¢ € G and k € K;. The group G acts on these
functions by right multiplication i.e (¢'f)(g) = f(gg') for all g,¢' € G and
f € ind% (7). We denote by c-ind% () the sub-space of ind% (7) consisting of
functions f such that sup(f) C HXy where Xy is a compact set. This is the
compactly induced representation.

Let H; and Hs be two subgroups such that Hy, C Hy, o be a representa-
tion of Hy we denote by resp, (o) the restriction of o to Ha. We use X and ®
for the tensor product of representations of two different groups and the same
group respectively. If Hs is a subgroup of a group Hy, 7 is a representation of
Hy and h € H; then we denote by 7" the representation of hH,h ™! given by
h' +— 7(h=th'R) for all b’ € hHyh 1.

After recalling some general definitions we will restrict ourself to the case
G = GL,(F) and we will use the following notation: Let I = (n1,n2,n3,...,n;)
be an ordered partition of a positive integer n. Let P; be the group of invertible
block upper triangular matrices of the type (ni,ns,...,n,). We denote by M;
and U the group of block diagonal matrices of the type I and the unipotent
radical of Py respectively. We call P; and M| the standard parabolic subgroup
and standard Levi-subgroup of type I respectively. We denote by K, (m) the
principal congruence subgroup of GL,(OF) of level m.
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2.2 Bernstein decomposition and typical repre-
sentations

Let B(G) be the set of pairs (M,o) where M is a Levi-subgroup of a F-
parabolic subgroup P of G and o is an irreducible supercuspidal representation
of M. We define an equivalence relation on B(G) by setting

(My,01) ~ (Mz,02)

if and only if there exists an element g € G and an unramified character y of
My such that M; = gMsg~! and o ~ 03 ® x. We denote by Bg the set of
such equivalence classes called inertial classes or Bernstein components.
Any irreducible smooth representation m of G occurs as a sub-representation
of a parabolic induction ig(o) where o is an irreducible supercuspidal rep-
resentation of a Levi-subgroup M of P. The pair (M, o) is well determined
up to G-conjugation. We call the class s = [M, o] the inertial support of
m. Let M(G) be the category of all smooth representations of G. For an
inertial class s = [M, o] we denote by M (G) the full sub-category consisting
of smooth representations all of whose irreducible sub-quotients appear in the
composition series of i% (o ® x) where y is an unramified character of M. It is
shown by Bernstein (see [Renl0][VI.7.2, Theorem]) that the category M(G)
decomposes as a direct product of M,(G) in particular every smooth repre-
sentation can be written as a direct sum of objects in the categories M (G).
We denote by Ag(s) the set of isomorphism classes of simple objects in the
category M(G). If G = GL,(F) we use the notation A, (s) for Ag(s) and
Bn for BGL,,L(F)-

Given an irreducible smooth representation p of a maximal compact sub-
group K of G the compact induction 7 := c-ind%(p) is a finitely generated
smooth representation of G and hence there exists an irreducible G-quotient
of m. By Frobenius reciprocity [BHOG, Proposition 2.5] we get that p occurs
in a smooth irreducible representation of G. For a given inertial class, we are
interested in the representations p of K which only occur in irreducible smooth
representations with inertial support s.

Definition 2.2.1. Let s be an inertial class for G. An irreducible smooth
representation T of a maximal compact subgroup K of G is called K-typical
representation for s if for any irreducible smooth representation © of G,
Hompg (7,7) # 0 implies that m € Ag(s).

In this thesis we will confine ourself to the case where G = GL,(F),
K = GL,(Op) and n > 2 and in this case we call a K-typical representa-
tion for s a typical representation for s. An irreducible representation 7 of
GL,,(Op) is called atypical if T occurs in two smooth representations 7; from
M, (GL,(F)) and 7y from My (GL,(F)) such that s # s'.
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For any component s € B,,, the existence of a typical representation can
be deduced from the theory of types developed by Bushnell and Kutzko in the
articles [BK99] and [BK93|. Bushnell and Kutzko constructed a pair (Js, As)
where Js is a compact open subgroup of GL,(F) and )\, is an irreducible
representation of J;. Let 7 be an irreducible smooth representation of GL,, (F').
The pair (Js, As) satisfies the condition

Homy, (m,Xs) #0 & 7w € A,(s).

In the case of GL,(F), the group Js can be arranged to be a subgroup of
GL,(Op) by conjugating with an element of GL, (F) and hence we assume
that J; C GL,,(OF). It follows from Frobenius reciprocity that any irreducible
sub-representation of

ind 59 (\) (2.1)

is a typical representation. The irreducible sub-representations of (2.1)) are
classified by Schneider and Zink in [SZ99| Section 6, Tk » functor].

For s = [GL,(F'), o], Paskunas in the article [Pas05|[Theorem 8.1] showed
that up to isomorphism there exists a unique typical representation for s. More
precisely,

Theorem 2.2.2 (Paskunas). Let n be a positive integer greater than one and
o be an irreducible supercuspidal representation of GL,,(F). Let (Js, \s) be a
Bushnell-Kutzko type for the component s = |GL,,(F), o] with J; C GL,(OF).
The representation

ind "9 (),

is the unique typical representation for the component [GL,, (F'), o] and occurs
with multiplicity one in o ® x for all unramified characters x of GL,(F).

We will consider the classification of typical representations for components
[M, o] where M is a Levi-subgroup of a proper parabolic subgroup of GL,, (F).

Let s = [M,o] be an inertial class of GL,(F). We will choose a rep-
resentative for s. Let P be a parabolic subgroup with M a its Levi-factor.
There exists a ¢ € GL,,(F) such that gPg~! = P; for some ordered partition
I = (n1,n2,...,n,) of n. The groups gMg~! and M; are two Levi-factors
of P; hence we get an u € Rad Pr such that ugM (ug)~! = M;. This shows
that there exists an element ¢’ € GL,,(F) such that ¢'Mg'~! = M;. Let J
be a permutation of the ordered partition (n1,ns,...,n,). We can choose a
9" € GL,(F) such that M; and M are conjugate, the two pairs (M, o) and
(My, 09,9”) are inertially equivalent. In certain cases it is convenient to choose
a particular permutation. For example in the proof of the main theorem of

chapter 3 we choose J = (nf,nj,...n;) such that n; < n’ for all i < j. We

denote by o; and o; the representations 09" and 099" respectively and hence
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S = [M[,J]] = [MJ,O'J}.

Let 7 be a typical representation for the component s. The representation 7
occurs as a GL,, (Op) sub-representation of a GL,, (F)-irreducible smooth rep-
resentation 7 (see the reasoning given in the paragraph above Definition [2.2.1]).

. .. . GL, (F
From the above paragraph 7 occurs in the composition series of ip, (o1)
where o is a supercuspidal representation of M;. Hence to classify typical
representations we fix a pair (My,07) ~ (M,0) and examine the GL,,(Op)-

irreducible sub-representations of

reSGLn(op)(igIL"(F) (o1)),

looking for possible typical representations for s.

By the Iwasawa decomposition GL,, (F') = GL,,(OF)Pr we get that

.GL, (F .. 1GL,(O
rescr, (o) (igy " (01)) = indin 00 (o).

We write o7 as K]_,0; where o; is a supercuspidal representation of GLy, (F)
for 1 <14 <r. We denote by 7; the unique typical representation for the com-
ponent [GL,, (F),0y] for 1 < i < r and let 7; be the M;(Op)-representation
X!_,7;. Will Conley observed in his thesis that the representation

. 1GL,(OF)
mdeGLF(op) (71)

(Or)
Py mGLF((’)F)
are atypical for s. We prove a mild generalization which will be used later in

proofs by induction.

admits a complement in ind$ (o1) whose irreducible sub-representations

Let t; = [M;, \;] be a Bernstein component of GL,,, (F') for 1 <14 < r. Let
o; be a smooth representation from My, (GLy,, (F')). We suppose
IeSGL, (Op) 0i = 71»0@7'} for 1 <4 < r such that irreducible sub-representations
of 7} are atypical. We denote by ¢ the Bernstein component

[MlXMQX---XMT,)\1|X|)\2®-”|Z|)\T}

of GL,(F). The component t is independent of the choice of representatives
(M;, \i). Let 79 =X/, 70 and o7 = KI_, (o).

Proposition 2.2.3. The representation

GLn(Or) 70
lndPIHGL:(Op)( )

admits a complement in zP "(F)(

atypical fort.

or) with all its irreducible sub-representations
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Proof. Any GL,,(Op)-irreducible sub-representation of igIL"(F) (o1) occurs as

a sub-representation of

. GL,(Op
lndeﬂéLizoF)(&;:l’W) (2.2)

where v; is a GLy,, (Op)-irreducible sub-representation of ;. If v; occurs in 7}

for some ¢ = N with N < r then there exists a component t/y € By such that
. - GLy  (F

ty = [My, Ny] # ty and yx occurs in the restriction resqr,, (0, ipy, n i )()\3\,).

Hence the representation (2.2]) occurs as a GL,,(Op)-sub-representation of

. .GL, GLn  (F -GLp,.
i i o0 B =i ) B =T 00)

The inertial support ¢’ of the above representation is
[My X oo X My x oo x M, MR- RN R KA.

We may assume that M; is a standard Levi-subgroup for 1 <4 < r. Now

’

p p
[My =[] GLi, (F), An = B_, 5] # [Mpy = [ QL (F), Xy = RE_, (]
J=1 j=1

implies that there exists a cuspidal component [GL,,, (F), ;] occurring in the
multi-set

{[GLml (F)a Cl]v [GLm2 (F)v <2}7 L) [Gme (F)7 Cp]}
which has a different multiplicity in
{[GLm’l (F)7 C{]a [G’Lm’2 (F)a <£L EER) [Gme/ (F)a g;/;’]}

Adding cuspidal components with the same multiplicity to the above two multi-
sets cannot make the multiplicities of the component [GLy(F), ;] the same.
This shows that ¢’ # ¢ and hence the desired complement is the direct sum of
the representations as in such that v; occur in 7} for some i € {1,2,...,r}.

O

Lemma 2.2.4. Lett; = [GLy,(F),0;] be a Bernstein component for GLy, (F')
and 1; be a typical representation for t;. The representation

. GL,(Or)
indp Tt (00 (71)

. . .GL,(F . . .
admits a complement in ip, ( )(01) whose irreducible sub-representations are

atypical.

Proof. We use the uniqueness of typical representations for supercuspidal rep-
resentations (see [Pas05]) to decompose resgr,, (o,) 0 as 7; @ 7, such that
irreducible sub-representations of 7 are atypical. The lemma follows as a
consequence of proposition [2.2.3 O]
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Given a component s = [My, o1] of GL,(F) the above lemma shows that
typical representations only occur as sub-representations of
.. 1GL,, (OF)
ind g er (00 (71)
The above representation is still an infinite dimensional representation of the

compact group GL,,(Or). We write the above representation as an increasing
union of finite dimensional representations.

Let {H;};>1 be a decreasing sequence of compact open subgroups of the
maximal compact subgroup GL,(Op). Let U; be the unipotent radical of
the opposite parabolic subgroup P; of P; with respect to the Levi-subgroup
M;. We assume that H; satisfies Iwahori decomposition with respect to the
parabolic subgroup P; and Levi-subgroup M for all ¢ > 1 i.e. the product
map

(HiﬂU]) X (HimM]) X (HiﬂUI) — H;

is a homeomorphism for any ordering of the factors on the left hand side
and that (),»; H; = GL,(Or) N Pr. Let 7 be a finite dimensional smooth
representation of the group M;(Op). We assume that 7 extends to a repre-
sentation of H; for all 4 > 1 such that H; N U; and H; N U are contained in

the kernel of 7. By definition the representation indg{f"‘(op ) (1) is contained in

. GL.(OF)
lndGL,L(Oi)mPI (7).

Lemma 2.2.5. The union of the representations

indj 9" (1)

i

for all i > 1 is equal to the representation

. GL,(OF)
deLn(O;)mPI (7).

Proof. Let W be the underlying space for the representations 7. Any element
f on in the space

. 1GL,(OF)
indgp" (Oi)mPI (1)

is a function f : GL,(Op) — W such that
1. f(pk) =7(p)f(k) for all p € GL,,(Or) N Pr and k € GL,,(OFr),

2. There exists a positive integer m (depending on f) such that f(gk) =
f(g) for all k € K,,(m) and g € GL,,(OF).

Now there exists a positive integer i such that H; N U C K, (m). For such
a choice of ¢ and h € H; write h = h™h™ where h™ € GL,(Or) NP, h~ €
H; NU and we can do so by Iwahori decomposition of H;. We observe that
f(hk) = f(h"hTk) = f(htk(hTk)"*h=(hTk)) = f(hTk) = 7(hT) f(k) (since
(h*k)"'h~(h*k) € K, (m)). Hence f € indf" (97 (1), O
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We shall need the following technical lemma for frequent reference. Let
P be any parabolic subgroup of GL,,(F) with a Levi-subgroup M and U be
the unipotent radical of P. Let J; and Js be two compact open sub-groups of
GL,,(OF) such that J; contains Jo. Suppose J; and Jo both satisfy Iwahori
decomposition with respect to the Levi-subgroup M, J1; NU = Jo, N U and
JiNU = J,NU. Let X is an irreducible smooth representation of J, which
admits an Iwahori decomposition i.e. Jo MU and Jo N U are contained in the
kernel of .

Lemma 2.2.6. The representation ind:g (A) is the extension of the represen-

tation indig%()\) such that J, N U and J, NU are contained in the kernel of
the extension.

Proof. From Iwahori decomposition we get that (J; N M)Jo = J; and Mackey
decomposition we get that

res s, M indi (\) ~ indig% (N).
We now verify that J; N U and J; N U act trivially on indﬁ()\). Observe that
res s, np indﬁ (N\) ~ indigg (N).

Since the double coset representatives for

JiNnP
JoNP

can be chosen from MNJ; the group J;NU acts trivially on indi (A\). Similarly
J1 N U acts trivially on indiﬁ (M\). This concludes the lemma. O

Lemma 2.2.7. Let G be the F-rational points of an algebraic reductive group
and x be a character of G. Let T be a K-typical representation for the compo-
nent s = [M,o]. The representation T ® x is a typical representation for the
component [M,c ® x].

Proof. Let Homg (7 ® x,7) # 0 for some irreducible smooth representation m
of G. We now have Hom (7,7 ® x~!) # 0. This implies that 7 ® x~! occurs
in the composition series of

i%(o®n)

for some parabolic subgroup P containing M is a Levi-factor and n an un-
ramified character of M. Now m occurs in the composition series for the
representation

Gloex®n)

hence 7 ® x is a K-typical representation for the component [M,oc ® x]. O
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We now sketch the general strategy to classify typical representations. We
choose the sequence {H; | i > 1} depending on certain class of components s
and then we will construct a representation say U;(7;) such that

U(ry) @ indg" O (7) = ind O ()

for i > 2. We will show by induction on the integer i that the irreducible
sub-representations of U;(77) are atypical for s. This shows that typical rep-
resentations occur as sub-representations of

indj" O (7y). (2.3)

It is indeed possible that all irreducible sub-representations of are typ-
ical for s. This will be the case for many Bernstein components for example
level-zero (to be defined in the next chapter), principal series components and
s = [GL,—1(F) x GL1(F),0 K x| for n > 2. The choice of H;, construction
of U;(r7) and showing irreducible sub-representations of U;(77) are atypical
representations for various classes of components will occupy the next three
chapters.
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Chapter 3

Level zero inertial classes

Definition 3.0.8. Let I = (ny,na,...,n,) be an ordered partition of n. An
inertial class s = [My,XI_,0;] is called a level-zero inertial class if for ev-
ery o; there exists an irreducible representation 7; of GLy,(OF) such that
T; 1s the inflation of an irreducible cuspidal representation of GL,,(kr) and

HomGLni(OF)(Tiﬂ Ui) # 0.

We fix a level-zero inertial class s = [M, o] with the pairs (GLy,(OF), ;)
as in the above definition. The pair (GL,,,(Op), 7;) is the Bushnell-Kutzko
type for the inertial class [GL,,(F'),0;]. Let m be a positive integer and
Pr(m) be the inverse image of Pr(Op/PB%) under the mod-P7 reduction map

Tm : GL,(OF) = GL, (O /B%).

The representation X!_,7; of M;(kr) extends to a representation of Pr(kr)
by inflation via the quotient map

P[(k’p) — P](kp)/U[(kF) ~ M](kp).

The representation X7_;7; of Pr(kr) extends to a representation of Pr(1) by
inflation via the map 7;. We note that Pr(1)NU; and P;(1)NUr are contained
in the kernel of this extension. The pair (Pr(1),77) is the Bushnell-Kutzko
type for the component s (see [BK99][Section 8.3.1]). The irreducible sub-
representations of

1nd1GDL(1)OF)(TI)

are thus typical for s.

We note that the groups P;(m) satisfy Iwahori decomposition with respect
to Pr and M;. The M;(Op) representation 7; extends to a representation of
Pr(m) such that P;(m) N U and P;(m) N U; are contained in the kernel of
the extension. This shows that the sequence of groups {P;(m) | m > 1} and
77 satisfy the hypothesis for the groups {H,, |m > 1} and 7 in lemma [2.2.5]
hence we have the isomorphism

GL, (O ) GL»(OF)
U indp 70 "(rr) ~indp, ﬁGLF(Op)( 1)-
m>1

We recall that the lemma[2.2.4]shows that typical representations for the com-
ponent s can only occur in the above representation.
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Using Frobenius reciprocity we get that the representation 7; occurs in

1nd?§"2)( 7) with multiplicity one. Let m > 1 and UY (17) be the Pr(1)-

stable complement of the representation 7; in ind%’ P ( )(7'1) Let Uy, (77) be the
representation

GL,, (Of
ind 5, 37 (U, (1))

We note that

n o n O
ind5 S (71) @ Up (1) ~ ind )7 (71)

We will show that irreducible sub-representations of U,,(77) are atypical.

Theorem 3.0.9 (Main). Let m > 1. The GL, (Op)-irreducible subrepresen-
tations of Up,(11) are atypical.

The classification of typical representations for the inertial class s is given
by the following corollary.

Corollary 3.0.10. The irreducible sub-representations of 1ndG'L gOF)(T[) are

precisely the typical representations for the level-zero mertml class [My,o7].
Moreover if ' is a typical representation then

GL,(OF) (1))

dime Homgy, (0, (T, indj, ) = dim¢ Homgr, (o, (T, ig " (o7)).

Proof. Given a typical representation I' for the inertial class s, the theorem
shows that T' is a sub-representation of indg}(’igofw)(
ity formula follows from and the above theorem. Conversely if T' is

a sub-representation of indg}&go‘w )(7'1) then by Frobenius reciprocity we get

that Homp, (1)(77,I') # 0. If I' is contained as a GL,(Op)-irreducible sub-
representation in an irreducible smooth representation = of GL,,(F') then the
restriction of 7 to Pr(1) contains the representation 7;. The pair (Pr(1),77) is
the Bushnell-Kutzko type for the inertial class s = [M7, o] hence the inertial
support of w is s. Hence I' is a typical representation and this proves the
corollary. O

77) and the multiplic-

We will need a few lemmas before the proof of this theorem. Let
I = (n1,na,...,n,) be the ordered partition of the positive integer n as fixed at
the beginning of this chapter. Until the beginning of the section we
assume that r > 1. We denote by I’ the ordered partition (ni,na,...,ny—1)
of n —n,. Let m be a positive integer and P;(1,m) be the following set

A
{( mcy D) |A€PI’( );BaCtEMnTX(nnr)<OF);D€GLnr(0F)}'
Note that P;(1,1) = Pr(1).
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Lemma 3.0.11. The set Pr(1,m) is a subgroup of Pr(1).

Proof. The group GL,,(OF) acts on the set of lattices of F™ contained in the
lattice Op™. If r —1 = 1 the set Pr(1,m) is the GL,(Op)-stabilizer of the
lattice (Op)™ @ (wh Op)™2. In the case r — 1 > 1 the set P;(1,m) is the
GL,, (OF)-stabilizer of lattices Ly, for 1 < k <7 — 1 defined as:

Ly,=(0p)"® - ®(O0p)"* ' ®(wp Op)"® - ®(wp Op)"" 1@ (wpr Op)"".

This shows that Pr(1,m) is a subgroup and is contained in P;(1) from the
definition. O

The structure of the representation

. Pr(l,m .
lndegl,ml-l)(ld)

will be used in the proof of the main theorem. Using Clifford theory we decom-
pose the above representation. Let K7(m) be the group K, (m)U(,—p, 5,)(OF).

Lemma 3.0.12. The group K;(m) is a normal subgroup of Pr(1,m) and
Kr(m)N Pr(1,m+ 1) is a normal subgroup of Ky(m).

Proof. The groups K;(m) and Pr(1,m) satisfy Iwahori decomposition with

respect t0 Un—n, n,)s Un—n,n,) a0d M(n_pn, n,y. We also note that
Kj(m) N U(n—nr,nr) = PI(L m) n U(n—nT,nT)

and
Kl(m) N U(n—nr,nr) = PI(17 m) N U(n_"7‘7”7‘)'

Hence Pr(1,m)NUq—n, n,) and Pr(1,m) ﬂU(n—m,m) normalize Kj(m). Since
Ki(m) is a product of the group K, (m) and U(,,_,,y(OF) the group
Pr(1,m)N M,—p, n,) normalizes the group K;(m). This shows the first part.

Notice that K7(m)NU(y—n, n,) is equal to K;(m)NPr(1,m+1)NUp—p, n,)
and K7(m) N Mg,—p, 5, is equal to Ky(m) N Pr(1,m+1)"M,_y, ) hence
it is enough to check that Kj(m) N U, _p, n,) normalizes the group Kj(m) N
Pr(1,m +1). Since K;(m)N Pr(1,m + 1) N U(—p, n,) is abelian and is con-
tained in K;(m) N Uy—n, n,) hence we need to check that u™j(u~)~! and
u~ut(u”)~! are contained in K;(m)N Pr(1,m+ 1) for all u~, j and u™ in

K; (m) N U(nfn,.,n,.)’
Ki(m) 0 Pr(L,m +1) 0 Mg, ) and
Ki(m) 0 P10+ 1) V0l m) = Upn ) (O)
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respectively.

Let u™, u™ and j be three elements from U,,_,,, .. (OF), KI(m)ﬂU(n,nmnT)
and Kj(m)N Pr(1,m+1)N Mg,_p, ) respectively. We write them in their

block form as:
1,_ B
+ _ n—n,
<= (5 1)

where B € M(nfn,ﬂ)an(OF)v

e (o, O
S \wpC 1,

where C' € M,, y(n—n,)(OF) and

(] 0
T=\o g/

We observe that = j(u™)"! = j{i 'u"j(u™)~'} and the commutator
{77 j(u™)"1} in its block form is as follows:

(riepit aper w)
We note that Jo € K, (m) and J; € K,,_,, (m) hence J, H(@wpCJ —wpC)
belongs to w?‘HM(n,nr)an((’)F). This shows that
{77 (™)™} € Ki(m) N Pr(m+1)
Now the element (u~)ut(u~)~! is of the form

lp—n, —wpBC B (3.1)
—w2mCBC 1, +wiCB)/" ’

Since 2m > m + 1 the matrix in (3.1)) is contained in the group Kji(m) N
P](L m + 1) O]

We now observe that K;(m)P;(1,m + 1) = P;(1,m). From Mackey de-
composition we get that

. . 1Pr(1,m) s 1\ o i K1 (m) .
TeSK(m) lnde(l,m—&-l)(ld) = lndKj(m)ﬂPI(l,m—&-l)(ld)'

Hence the above restriction decomposes into a direct sum of representations
of the group
Ki(m)
Ki(m)nPr(1,m+1)
The inclusion map of K7(m) N Ug,—p, n,) in K;(m) induces the natural ho-
momorphism

oo, KI (m) N U(nfn,,.,n,,.) . K] (m)
D P m A )N Unmy  Kr(m) O Pr(1,m+ 1)

(3.2)
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Lemma 3.0.13. The map 0; is an My —n, n,) N Pr(1,m) equivariant isomor-
phism.

Proof. The map is clearly injective and surjectivity follows from the Iwahori
decomposition of K(m) with respect to the Levi-subgroup M;. The inclusion
of Kr(m)NU(,—p, n,) in K7(m)isan My, n, NPr(1,m) equivariant map. [

Let u~ be an element of the group K;(m)nN U(n—m,m) and its block form
be given by
(1(n—nr,nT) 0 )
ve1,,)

The map u™ — wp U~ induces an isomorphism between the groups
Ki(m)NUg—n, n,) and My, y(n—n,)(OF). Let U~ be the image of U~ in the

mod-Br reduction of M, (n—pn,)(Or). The map u~ — w," U~ induces an
isomorphism of the quotient with the group of matrices M,, »(n—n,)(kr).
The group M,y n,)(Or) = GLyp_pn, (Or) x GLy, (OF) acts on the group
M, » (n—n,)(kr) through its mod-Br reduction GL,,_p, (kr) x GLy, (kr), the
action is given by (g1, g2)U = ggUgf1 for all g1 in GLy,—p, (kF), g2 in GL,,, (kr)
and U in M,y (n—n,)(kr). Themap u™ +— w," U~ ishence a M(,,_p, n,)(OF)-
equivariant map between the quotient and M,, y(n—n,)(kr). Moreover
the action of M(;,_p, »,)(OF) factors through its quotient M, ,, (kr).

In general the group G := GL,,,(F,) x GL,,(F,) acts on the set of matrices
My ym (Fy) by setting (g1, g2)U = g2Ugy . We also have a G action on the set
of matrices M, xn(Fq) by setting (g1,92)V = g1 Vgy 't

Lemma 3.0.14. There exists a G-equivariant isomorphism between the groups

—

My xn(Fy) and My sm (Fy).

Proof. Let 1 be a non-trivial character of the additive group F,. We define
a pairing B between M,,xn(F,) and M, xm(Fy) by defining B(V,U) = ¢ o
tr(VU). The pairing is non-degenerate and hence we obtain a map T between
Mpxn(Fy) and My, (F,) defined by the equation

T(V)U) =4y otr(VU).
The map T is G equivariant since
(91,9)T(V)(U) = 9 ote(Vgy ' Ugr) = ¢ o tr(g1Vgy 'U) = T((91,92)V) (V).
O

The above lemma gives a M, _p, »,) N Pr(1, m) equivariant map between

the groups M, X(T_:)(kp) and M,y yxn, (kr). Hence we get an

M(nfnr,nr) N PI(L m)
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equivariant isomorphism say 6; between the group of characters of

Ky(m)
K[(m) n P[(l,m + 1)

and the group of matrices M, _p, )xn, (kF).
Since the group K;(m) is a normal subgroup of P;(1,m), we have an action
of this group P;(1,m) on the set of characters of the abelian group

K[(m)
K](TI’L) ﬂPI(l,m+ ].)

If 7 is one such character we denote by Z(n) the Pr(1, m)-stabilizer of this
character n. Clifford theory now gives the decomposition

Pr(1,m) . Pr(1, )
mdpj1$+1 @deI(nk)m Uni)

where {n;} is a set of representatives for the orbits under the action of Pr(1,m)
and U,, is some irreducible representation of the group Z(n;). We also note
that Z(id) = P;(1,m) and the identity character occurs with multiplicity one
(which follows from Frobenius reciprocity) and hence

P(1 . . . Pr(1,
lndpiglzl_l)(ld) ~ide P mdzf(;k)m)(Unk). (3.3)
Nk #id

Observe that

Z(T’k) = (Z(Wk) N M(n—nr,nr))KI(m)'

Since we have a M(,_p, 5,) N Pr(1,m) equivariant map between the group of
characters of (3.2) and M,y )xn, (kr), note that

Z(k) " Mn—n,n) = ZMy_, rynPr(1,m)(4)

for some matrix A in M,y \xn, (kr). The group M, _p, ,.) N Pr(1,m) acts
on the group of matrices M, _,, n,)(kr) through its mod-Br reduction. The
mod-PBr reduction of the group Pr(1,m) N M,y n) is equal to the group
Pp(kp) x GL,, (kr). In the next lemma we will bound the mod B reduction
of the group Z(n,)N M for the proof of the main theorem . Let O 4 be an orbit
for the action of Pp/(kp) x GLy, (kr) on the set of matrices M,_,, yxn, (kF).
Let p; be the j' projection of the group M;(kp) = [[;_; GLy, (k).

Lemma 3.0.15. Let O4 be an orbit consisting of non-zero matrices in

M(nfnr)xnr (kF)

We can choose a representative A such that the Py (k) x GLy,, (kp)-stabilizer
of A,
Z P, (kp)xGLn, (kr) (A)

satisfies one of the following conditions.
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1. There exists a positive integer j, j < r such that the image of

Pi 2Py (kp)xCLy, (kp) (A) N M (kp) = GLy, (kr)
is contained in a proper parabolic subgroup of GLy; (kr).

2. There exists an i with 1 < i < r — 1 such that p;(g) = pr(g) for all
9 € Zp,, (kp)xGL,, (kp)(A) N M1 (kF).

Proof. Let A = [Uy,Us,...,Ui—1)]"" be the block form (Uy is a matrix of size
ny x ng for 1 <k <r —1) of a representative m for an orbit O,, consisting of
non-zero matrices. If ((Ai;), B) € Zp,, (kp)xGL,, (kp)(A) then we have

(Aij)[U1,Usy oo, Upp—1)]¥" = [U1, Usy oor, U 1)) " B (3.4)

Since (A4;;) € Pr(kp), we have A;; =0 for all i > j. Let I’ < r—1 be the least
non-negative integer such that U,_1_; (A4;; matrix of size n; X n;) is non-zero
and such an [’ exists since m # 0. From we get that AUt = U}"B
where | = r — 1 —1’. There exist matrices P € GL,, (kr) and @ € GL,, (k)
such that PU}Q is a matrix of the form

1, 0
o -
where ¢ is the rank of the matrix U/". Now we may change the representative
Ato A" =[Uj,UL, ..., Ul]" by the action of the element

diag(1,,,...,P,..., 1, _,,Q7Y)

in Pp(kp) x GL,,, (kp) such that U/' is the matrix (3.5). If ¢ = n; = n, then
condition (2) is satisfied. Consider the maps T} : k' — kpr and Ty : km — ki
given by

(a1,az,...,an,) — (a1, as,...,a,,)U"

and
tr

(ai,az,...,an,) — U (ar,az,...,a5,,)
respectively. If ¢ = n; = n, does not hold then either of 77 or 75 has a non-
trivial proper kernel (since U; # 0). If 77 has a non-trivial proper kernel then
Ay preserves this kernel and hence belongs to a proper parabolic subgroup of
GL,,. (kr). If T has a non-trivial proper kernel then B preserves this kernel
and hence belongs to a proper parabolic subgroup of GL,, (kr). Hence if
t = n; = n, does not hold true then condition (1) is satisfied. O

The following lemma is due to Paskunas but we give a mild modification
for our applications (see [Pas05l Proposition 6.8]).
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Lemma 3.0.16. Let m > 1, o be any irreducible representation of the group
GL,(Fq) and H be a subgroup contained in a proper parabolic subgroup of
GL,,(F,). For every irreducible representation v of H contained in resy(o),
there exists an irreducible non-cuspidal representation o’ of GL,, (F,) such that
Homp (v, 0") # 0.

Proof. Let P be a proper parabolic subgroup of GL,,(F,) containing H and U
be the unipotent radical of an opposite parabolic subgroup of P. We observe
that U N H = id. Now if the lemma is false, we have indgL’"(FQ)('y) ~ PreACk
such that oy is a cuspidal representation. Using Mackey decomposition we get
that

1 s AGL (R 1A
Homg (id, ind ( )('y)) = @ Homgn g (id, v*).
ueU\ GLy, (Fq)/H

If UNH = id then Hom g7 (id, ) is non-zero and by the above decomposition
1 s 2GL (R,
Homg (id, ind ¢ )(7)) # 0.

This shows that Homgy (id, o)) # 0 for some k € A and this is a contradiction
to our assumption. O

Lemma 3.0.17. Let m > 2, H be the diagonal subgroup of GLp,(Fy) X
GL,,(F,) and 01 Xoq be an irreducible representation of GLy, (Fy) X GLy, (Fy).
For every irreducible representation v occurring in resy o1 X oo there exists
an irreducible non-cuspidal representation i W o4 of GL,,(Fy) x GL,,(F,)
containing -y.

Proof. Let U and U be the subgroups of lower unipotent and upper unipo-
tent matrices of GL,,(Fy). Consider the unipotent subgroup V := U x U of
GL,,(F;) x GL,,(F,). Suppose the lemma is false then

. 1GLy (Fg) X GLy, (Fy
ind (Fq)x ( )('y):@kerf&Jlg

such that of and o} are cuspidal representations for all k € A. We observe
that V' N H = id and by Mackey decomposition we have

Homy (id, indgLm (Fa)xGLom (Fo) (7)) #0.

Now by our assumption we have Homy (id, of X 0§) # 0 for some k € A and
hence a contradiction. O

The following lemma is similar to proposition 2.2.3] The lemma is just a
modified version of the proposition for our present use.

Lemma 3.0.18. Let T be a GL,,—,,, (OF)-irreducible sub-representation of

ind Gl (©r) )(m){Um(TI’) X 7.}

Pin—npny
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If the irreducible sub-representations of Uy, (11/) are atypical for the component
s = [Myp,or], then the representation T is atypical for the component s =
[M], 0’]] .

Proof. Let p be an irreducible sub-representation of U,, (7). If p is not typical
then, there exists another Bernstein component [M, Aj] of GL,_, (F') such
that

(M, op] # [My, AJ]
and p is contained in

resGL, . (Or) ng(n m)(F)(/\J)
where J = (n},nb,...,n.,_;) and Ay = X;;l)\i. The representation
e 107
is contained in
1ndG<I:L"(2ﬁ3T)ﬁGL (Op){p X7} (3.6)

The representation (3.6)) is contained in the representation
L, (F) GLn—n,. (F
resGr,, (0r) ZP(W (M M){ )()\J) Xo.}.

Since [My, o] # [My, A;] there exist an inertial class [GL,(F), o] occur-
ring in the multi-set

{[GLTH (F)> 01]7 [GLTLZ (F)7 02]’ R [GLnr—l (F)’ 0’7‘—1}}

with a multiplicity not equal to its multiplicity in the multi-set
{[GLn’l (F)> >‘1]’ [GLn’Q (F)7 )‘2]a ) [GLn;,il (F)7 )\r’—l]}'

Hence the classes [M;,o0;] and [Mj x GL,, (F), Ay Xo,] represent two distinct
Bernstein components for the group GL,, (F). O

3.1 Proof of the main theorem

Proof of theorem[3.0.9. We prove the theorem by using induction on the posi-
tive integer n, the rank of GL,,(F'). The theorem is true for n = 1 since U,,(77)
is zero. We assume that the theorem is true for all positive integers less than
n+1. We will show the theorem for the positive integer n+1. Let s = [M7, o]
be a level-zero inertial class. We assume that the partition I = (nq,no,...,n,)
of n 4 1 satisfies the hypothesis n; <nj forall 1 <7 < j <r. If r =1 we have

U, (1) = 0 and the theorem holds by default. We now assume that » > 1 and
let I’ = (nl,ng, . ,n,,_l).

We now break the proof into two cases. The first case is n,, = 1 and the
second case is n, > 1.
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3.1.1 The case where n, =1

In this case n; = 1 for 1 < i < r and P; = B, where B,, is the Borel subgroup
of GL,,. We denote by T,, and U,, the maximal torus and the unipotent radical
respectively. We also use the notation B, (m) for the subgroup P;(m) and x7,
for 77 since I = (1,1,...,1) is a tuple of length n. The proof is by induction
on the integer n, the rank of T;,. The statement is immediate for n = 1 and for
n = 2 we refer to [BM02, A.2.4] for a proof (We will require the proof for later
use and we will recall it at that stage). So we prove the theorem for n > 3.
Suppose the theorem is true for some positive integer n > 2. The rest of this
subsection is to prove the main theorem for n + 1. By definition of Up,(x1, )
we have

GL, Op . GL,, OF
ind 09 (1,0 ) 2 Ui,y @ indig 07 ()

We have the isomorphism

GLn41(OF . GLn1 (OF GL, (O
indp +:r(1ﬂ(1)F)(X1n+1) = mdP(n;tfn)F){ ind ('r(n,)F)( 1) W Xnt1)}-

We also have the decomposition

- GLn 1 (O GL, (O
lndP(n :tfn)p){ ndB (é)F)(XIn) X Xnt1}

GLn41(O GLn41(O QL (O
mdP( S(;)F){Um( ) B Xn} ®indp +(fn)p){ indp (1() ") (x1,) B Xnt1}-

By induction hypothesis and lemma m irreducible sub-representations of

GLp41(O
indp f)l( U (x1,) B X1}
are atypical representations. We now consider the irreducible factors of the
representation

GLp41(O GL, (O
indp, tl(fn)p){ ndg e 7 (xr,) B xn 41} (3.7)

We use induction on the integer m to show that the representation
GLn o GL,
ind i3 T Hind 51 Ocr,) B X1}

GLn11(O
~ mdBnJ(ll() D xri)

has a complement say Ui, (Xrnt+1) in the representation whose irre-
ducible sub-representations are all atypical representations. This shows that
irreducible sub-representations of U, (x1,,,) are atypical. To reduce the nota-
tions we denote by P(m) the subgroup P, 1y(m). Applying the decomposition
to the parabolic subgroup P, 1) we get that

mdpgm)ﬂ)(ld) =id® mdzén))(Un)
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where 7 (in the present situation we just have one orbit consisting of non-
trivial characters) is any non-trivial character of the group K,41(m)U, 1(OF)
which is trivial on

Kn41(m)U,1(0Op) N P(m+ 1) and K,,41(m) is the principal congruence sub-
group of level m. We have shown a M N P(m) equivariant map between the
group of characters of

Kp11(m)Uy 1(OF)
Kpi1(m)Up1(Op)NP(m+1)

and M, «1(kr). We choose 1 to be the character corresponding to the matrix
[1,0...,0].
For the above choice of a non-trivial character we have

GLy41(0 GL, (O
lndP(mj-ll) i indp - (1() 2 (x1,) B Xnt1}

de%n;l(OF){ ndGL( ()OF)( ) B Xna}

ingCGLln+1(0 GL, (O
® indy (5 O {U, @ res g, ind 5 17 (x,) B -

Since the representation indg:&()o ") (x1,)®xnt1 is a level-zero representation,

. GL, (O
ves (ot A, 157 Ocr,) B X1}

is isomorphic to the inflation of the representation

. GL, (k
resm{mdgn(;fﬁ)(xfn) X Xnt1}

where Z(n) N My 1) is the mod-B r reduction of the group Z(n) VM, 1). The
group Z(n) N My 1) is contained in the following subgroup

A B 0
0 d 0]|AcGLy1(kr),B € Mgy _1yx1(kr) andd € ky ». (3.8)
0 0 d

Let Mirg be the following group

{(8‘ B) |A € GLi—1(kp), B € Mix—1yx1(kr), }

Now we have to understand the restriction

GL, (kr)
TeSP.,_11) 1ndB (kr) (xr1,)

which is reduced to understanding the restriction

. .GLn(k
reSMir, lndgn(;fF)F)(in)‘
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We use the theory of derivatives (originally for GL,,(F') due to Bernstein and
Zelevinsky (see [BZ76])) to describe this restriction in a way sufficient for our
application. We refer to [Zel81, Chapter 3, §13] for details of these construc-
tions.

In the case of finite fields from Clifford theory one can define four exact
functors and we recall the formalism here. The precise definitions are not
required for our purpose except for one functor ¥* which will be recalled
latter:

ot v
M(Miry—1) ——— M(Miry,) ;':Jr M(GLg-1(kF))
o )4

The key results we use from Zelevinsky are summarised below (see [Zel81)
Chapter 3, §13]).

Theorem 3.1.1 (Zelevinsky). The functors U and ®~ are left adjoint to
U~ and ®T respectively. The compositions ®~®T and U~V are naturally
equivalent to identity. Moreover ®T U~ and ®~ U™ are zero. The diagram

0—=®Td" —id = T T¥™ -0
obtained from these properties is exact.

Using this theorem and following Bernstein-Zelevinsky one can define a
filtration Fil on a finite dimensional representation 7 of Mir,,, for all n > 1.
The filtration F'il is given by

0C7,C...C13CToCT1 =T

where 7, = (@)= 1(®7)F 1 and 74 /711 = ()P 1UFU (O )k 1(7) for all
k > 1. The representation 7(*) := ¥~ (®~)*~1(7) for all k > 0 of GL,,_x(kr)
is called the k*"-derivative of 7 and by convention 7(?) := 7.

Let R,, be the Grothendieck group of GL,,(kr) for alln > 1 and set Ry = Z.
Zelevinsky defined a ring structure on the group R = ®,>0R, by setting
parabolic induction as the product rule. Recall that the ring R has a Z-linear
map D defined by setting D(m) = 3, < (7|mir, )*) for all 7 in R,. It follows
from [Zel81, Chapter 3, §13| that B

D(indg*(n 8- 8 7)) = [] D)
i=1

where the product on the right hand side is in the ring R. The map D is
hence an endomorphism of the ring R. If 7 is a supercuspidal representation
of GL,,(kr) then by Gelfand-Kazhdan theory it follows that 7(®) = 1, 7(®) = 7
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and all other derivatives are zero (see [Zel81, Chapter 3, §13]). Let 1z € Ry
be the identity element of R.
In our present situation we have

n n

D(indgf&()oﬂ(xh)) =TI P0) = []0x + 1r)-

i=1 i=1

Let X,,_j be the term of degree (n — k) in the expansion of the above
product (it is a representation of GL,_j(kr) in the Grothendieck group R,,_j.
Since the coefficients of the above expansion are positive X,,_ is actually a
representation and not just a virtual representation.) Then we have

n

TeSMir, indgi’&fjf)(mn) ~ P @) e (X, ).
E>1

Observe that P(,_q 1) = Mir(,_1) kj (here kj is the centre of GL,(kr))
and Mir(, 1) Nkj = id. The representation

pi= (@)U (X,

extends to a representation of P, 1y by setting p(a) = x(a) for all a € kj;
where x is the central character of the representation

. GLn(kr) fron
1ndBn(kF’; (X1 x4)-

Since the central character will play some role, we denote the extended repre-

sentation by
ext{ (@) 10T (X, 1)}

By inflation we extend the P, 1)(kr) X kj-representation
eat{(®F)" U (Xnp)} K xnt

to a representation of Z(n) N M, 1y. We continue to use the notation
et {(®T) U (X ) } B Xt

for the extended representation. We now have

QL1 (O . 1GL,11(OF
lndp%mill() F)(Xln) Zlndp%m-;—l( F)(an)@

- . GL, O _
P indy (3 O et {(@F)1UH (X, )} B xn g}

k>1

We will show that any irreducible sub-representation of

ind(y (77O (ext{(@F)F U (X, )} B Xng1)}
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is atypical for the component [T}, x7,]-

We first consider the case when k& > 2. The representation X,,_j is a direct
sum of the representations:

QL (k
ind; " ké‘k(F’;)( Xiy Bxia, B Bxa ).

The above term also occurs in the expansion
H 1r +xi;)(1r +A)

where ) is a cuspidal representation of GLy(kr). To shorten the notation
we use the symbol x for the multiplication in the ring R. We get that the

representation
(@)t (X2 X, )

occurs in the representation
n—k A
reSMir, 1 (Xj=1 Xn; X A).

Since the mod-Br reduction of the group Z(n) N M, 1) is contained in the

subgroup of the form (3.8)), even if the central characters of x_1x; and

x5z “F(x;) x X are different we may change y,11 to X/, 41 such that the repre-

sentation
res z(mynn e 1) €Tt (BT T (2 X))} B Xt
occurs in the representation
reSZ(n)ﬂM<n,1)(X?;f(Xj) X A) DX

Hence an irreducible sub-representation of

1ndG(Lu)+1(of {(ext{(®T) U (X,,_1)} K xnt1) @ Uy} (3.9)

occurs as a sub-representation of

.. 1GL, (@]
ind O L (g B Xy B+ B Xy, BAR N 41)} © Uy} (3.10)

The above representation occurs as a sub-representation of

GL,4+1(OF)
1ndP(1 1* . };)OGLn+1(OF‘){X”1 X xny M- Boxp, AR 1} (3.11)

Hence the sub-representation of (3.9) are not typical representations.
Now we are left with the term

md(z}?nﬁ“ O (ext [T+ (X—1)} B xns1) © Uy} (3.12)
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We might as well repeat the same strategy as for k > 2 and now A is one
dimensional but the representations g[) and x;lill X; may not have distinct
inertial support. In order to tackle the terms of the above representation we
use a different technique. We now recall the definition of the representation
Uy, the functor U and some facts due to Casselman regarding the restric-
tion of an irreducible smooth representation to the maximal compact subgroup

GL2(Op).

The representation U,, is a character on the group Z(n). From (3.8) any
element of the group Z(n) is of the form

A B X
wrC  d oy (3.13)
wopX @y e

where A € GL,,—1(Op); (X')', X", B,C" € M(;,_1)x1(OF); e,d € OF; y,y €
Op and d = e(Pr). The character U, is given by

A B X’
wrC  d oy | = n(wFy).
wpX oy e

The functor
Ut M(Gkal(kF)) — M(erk)

is the inflation functor via the quotient map of Miry modulo the unipotent
radical of Miry.

Let (7, V) be an irreducible smooth representation of GL2(F). We denote
by ¢(n) and w, the conductor and central character of the representation
7 respectively. Let V¥~ be the space of all vectors fixed by the principal
congruence subgroup of level N for all N > 1. For all ¢ > ¢(w,) we define the
representation U;(x) as the complement of the representation indgié(_of))(x)

in indgi(zi()oﬂ(x). For i = c(w,) we set

Uy(@x) = indjj 2\ (w, ®id).

It follows from [Cas73, Proposition 1] that the representation U;(w;,) is an
irreducible representation of GL2(Op). From the result [Cas73, Proposition
2] we get that ¢(m) > ¢(w,). By [Cas73, Theorem 1| we have

TeSQL,(Op) Va = yem=-1) g @ Ui(wr). (3.14)
i>c(m)

We now describe the representation U;(w,) in our language. Let x be a non-
trivial character of the group Ko(m)U(; 1)(OF) trivial modulo
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Ky(m)U(1,1)(OFp) N Ba(m + 1). Let Z(k) be a By(m) stabilizer of . Any
element of the group Z(k) is of the form (for an appropriate choice of a non-

trivial character )
a b
wre d

where a,d € OF; b € Op, ¢ € PP and d = a modulo Pp. We define a
character U, by setting

a b

(& 5) =t

. GL2(OF .
Un (@) ~ ind5 39 (U, © ( Rid)).

Now let us resume the proof in the general case n > 2 the representation

We then have

indg?;;ﬁl)(OF){(eIt{‘I/Jr(Xn_l)} X Yni1) ® Uy}

is contained in the representation

GL n (O : )
dp<,fj;§<m§ (X1 B Un(X)) (3.15)
where y is given by [[;_, x; of OF. This representation, by the theorem of
Casselman (see the decomposition |3.14]) is contained in the representation

. 1GL(11)(OF) /

lndp(n—1,2)mGL(n+1)(OF)(Xn71 Xo)

where o is a supercuspidal representation of level-zero with central character
X (see the remark below for the existence) and X/ _; is the (n — 1) derivative

of the representation

ngn(F) (XIW )

Hence irreducible sub-representations of (3.12) are atypical. This completes
the proof that irreducible sub-representations of

. GL,+1(O GL, (OF
de(n)+1 N, @ LeSZ(mNnM,, 1){1ndBL(1() ? (x1,) B Xn11}}

are atypical. From the decomposition

3 G n O G n O
mdPI{ trll) F){mdBL(l() 7 (x1,) B xns1}

GL,4+1(O GL, (O
~indp Y ( F){lndB ) ") (x1,) X Xnt1}

GLn41(0 GL, (O
Z(n)+1( F){U ® €S 7 ()M, 1) DA 1() ?(x1,) B Xns1}}-

@ ind
we get the theorem for the case where n, = 1.

58



Remark 3.1.2. The existence of the cuspidal representation of GLa(kp) with
a given central character can be deduced from the explicit formula for such
representations, we refer to [BHO6, Theorem section 6.4]. To be precise we
begin with a quadratic extension k of kg and 6 a character of k™ such that
09 # 0 where ¢ = #kp. These characters are called regular characters and
for any regular character one can define a supercuspidal representation g
and conversely all supercuspidal representations are of the form mwy for some
reqular character 8. The central character of mg is given by res; < (9). Now to
get a supercuspidal representation with a central character x we begin with a
character x on kj., there are #kp + 1 possible extensions to k™. The set of
characters 0 such that 07 = 0 has cardinality #kpr — 1. Hence there exists at
least one supercuspidal representation with a given central character x. This
shows that irreducible sub-representations of are not typical and this
completes the proof of the theorem in this case.

3.1.2 The case where n, > 1

By transitivity of induction we have

ind% E))( 7) =~ mdP(lm){md ’))( 1)}

We note that Pr(1,m) N Up—n,+1n,) s equal to Pr(m) N Up_pn, 41,n,) and
Pr(1,m) NUg—n, 41,0, 1 equal to Pr(m) N Ugy—p,+1,n,) hence lemma
gives the isomorphism

ind (1) {indpy (3 ()} = indp () {(nd 72 () (7)) B 7))

Splitting the representation mdP’ EW)L)(T]/) as 7 @ UL, (11/) we get that

P, P/ P,
indp! () {(ind 7 ) (7)) B7)} o ind ) (U () Br @ indpr () ().

From Frobenius reciprocity the representation 77 occurs in ind? g)m)( 1) with

multiplicity one. Let U(1 my(71) be the complement of 77 in ind”, El)m)( 7).
With this we conclude that

ind IEW)L)( Tr) ind%(i)m){UO (i) X7} @ U(1 m) (7—]) & 77

By definition U, (17) = deL( gop)(UO (77)) which shows that

U (7r) ~ ind G 28O {UD, () B 7} @ ind G O (U0 (7).

We observe that Pr(1,m) N Up—n, 1,n,) = P(n_nr+17nr)(m) N Un—n,+1,n,)
and Pr(1,m) N Um—n,+1,n,) = Po—n,+1,n,) (M) N Un—n, +1,n,) hence lemma
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applied to the groups Jo = Pr(1,m) and J; = Py,_p, 41,n,)(m) and
= U? (11/) X 7, gives us the isomorphism

GLp4+1(O . 1GLn41(O
in dPI(ler() F){Ugb(ﬂ/) X7}~ mdP(nler(ﬂiL)r)(M){Um (1) X7}

With this we are in a place to use the induction hypothesis through the iso-
morphism

U (17) ~ indg(i“tll(ﬁi S om LU () Br}eindg o O (UG, (7). (3.16)

By induction hypothesis GL,,_,, +1(OF)-irreducible sub-representations of
U, (11/) are atypical for the component [My/, o). Now lemma [3.0.18) and the

equation (3.16]) reduce the proof of the theorem to showing that irreducible

GLn+1(OF)(UO

sub-representations of ind (1" ) a, m)( 77)) are atypical representations.

Proposition 3.1.3. The irreducible sub-representations of

GL, O
ind3 31O UG (7))

are atypical for m > 1.

Proof. We observe that

. Pr(1 1 P, lm
indf (DL () = ind 2D find 0 ()

and the decomposition (3.3)) gives us the isomorphism

Pr( . Pr(1 . Pr(1 . Pr(1,m

ind ,; 1)m+1)(n) = 1ndegl?m)(7'1) @ @ mdpjgl?m){(mdzl(;k) )(Unk) ® 717}
Nk #id
which gives the equality
Pr(1 Pi(1,
U(Ol,m-i-l)(TI) U(l m) (1) @ ind I(l)m) dzl(;k)m)(Unk)) ® 71}
Nk #id

If we show that the irreducible sub-representations of

GLp41(0O Pr(1
ind( O (ind 1 (U,,) @ 1}
(for ng # id) are atypical for [My,o7] then induction on the positive integer
m completes the proof of the proposition in this case. To begin with we note
that

GLpi1(O Pr(1,m)
in dPI(lJr;L() F){ ndzl(q(n) (Un,) @71}

GLy11(OF) (2 Pr(1,m
mdPI(lJrnll() r {ndzl(;k) )(Unk ® 1€Sz(n, )M, TI) -
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The representation 7; is a level zero representation. Hence resz(y,)na; 71 is
isomorphic to the inflation of the representation res o Sty Tl where Z(n,) N M
is mod-Pr reduction of Z(ng) N M;. Let A = 0;(n;) where 65 is the map
defined in the paragraph just after lemma [3.0.14] The mod-Br reduction
Z(mk) N My is contained in Zp, (kp)xGL, (kp)(A)- If g is a nontrivial charac-
ter then A # 0 and we can apply lemma [3.0.15] For convenience we break the
proof of this proposition into subsections considering different possibilities in

lemma B.0.15

3.1.3 Condition (1) of lemma |3.0.15

We first assume that A satisfies the condition (1) in lemma(3.0.15] There exists
at least one n; with 1 < j < r such that the image of the projection

Dj 2 2Py (kp)xGLn, (k) (A) 0 M7 — GL,, (kF)

is contained in a proper parabolic subgroup of GL,, (kr). Here p; is the
projection onto the j-th factor of M;. In particular n; is greater than 1. Let
be an irreducible sub-representation of the restriction resy 7; where H is the
image of M; N Z(n) under the projection p;. It follows from lemma
that there exists an irreducible non-cuspidal representatlon 7' of GL, (kp)
such that 7; 2 7" and ~ is contained in resy 7’. Let 7/ (as a representatlon of
GLy,,, (OF) obtained by inflation) be a sub-representation of

n; (OF)
I'=1 J(l) F(K‘])

where J = (m1,ma,...,m;) is an ordered partition of the positive integer n;
and each of k; for 1 <[ <t is a cuspidal representation of GL,,, (k). Define
a representation 7} (a first modification of 7;) of Z(n) N M by setting

7'11 =N Ky XK.
The representation

ind g7 #1097 find 0 (U, @ 7)) (3.17)

is contained in the representation

GL,+1(O Pr(1,m
indpy 57 {ind 1L (U, @ ves 7y, e, 7E))

where 77 (the second modification) is the representation
t=nlnR Ry KTR7 R R
Observe that

GL,, (@) Pr(1,m) GL,, (@) Pr(1,m
ind, (“() F){ndzf(;) Uy, ®T])}~1nd (“( F{ dzl(fm )(U"Ik)®7_12}
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(OF) Pr(1,m)
(om0

|G (©r) (7?) which in turn is contained in the rep-

of the representation ind; Pr(1m+1)
2

Py ﬂé?F%OF)(TI)' We denote by I; the refinement of the or-

dered partition I obtained by replacing n; with the ordered partition J =
(mq1,ma,...,ms). We define xy, a representation of My, (OF) by setting

The representation md (Uy,,) ® 73} is a sub-representation

resentation ind

R

=N KW Re R XX

1

By setting these notations we now note that

GL,(OF) 2 .. 1GL,(OF)
lndPIﬂGLF(OF)(TI) C lndPI ﬂGLF (OF)(KIl)

Since I; is a proper partition of I the Bushnell-Kutzko types (Pr(1),77) and
(Pr,(1), Ky, ) represent two distinct inertial classes.

3.1.4 Condition (2) of lemma |3.0.15

Let A = 07(ny) satisfy the condition (2) in the lemma/|3.0.15 In this case there
exists a j with 1 < j < r such that the mod B reduction of Z(n;) N My is
contained in the subgroup of the form

{(Al,...,Aj,...7AT)| A; GGLnl(kF)VZ€{1,2,,7"} and Aj :Ar}

Note that n; = n, and we assumed that n, > 1. Consider the representation
7; X7, of GLy; (kr) X GLyp, (kr) and H = {(A, A) |A € GLy,, (kr)}. For every
irreducible sub- representation y of resy (7; X 7,) using lemma we obtain
an irreducible non-cuspidal representation le X 7} such that v is contained in
resg (7} ) 7}). Now define a representation 77 by setting

i=nlnpR K K- K7

We note here that 7} may not be independent of v in the sense that that

(le, 7}) depends on the irreducible sub-representation 7 of resg (7, X 7). Any

irreducible sub-representation I' of

S 80 a0 (U @ vz, 7))

occurs as a sub-representation of some

lnngJ(71+r;,)OF){ dP1(1 m)(U ® TeSz(n,)NM; T})} (3.18)

The representation in (3.18)) is contained as a sub-representation of

. GL,41(Or) 1
indp, "1, o (71)- (3.19)
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. . .GLn, (O . .GLn, (O
Let le and 7.} be sub-representations of ind P, (’ig F)(n J,) and ind sz (T1§ ) F(n Js)

respectively. Let I; be the partition of the positive integer n obtained by re-
placing n; and n, by the partitions J; and J in (n1,n2...,n4,...,n,). We
denote by 77, the representation

Tpy Moo Wy, Wy, M7, K- Kky,
of My, (Op). The representation (3.19) is contained in the representation

. 1GL,41(OF)
1ndPI1 NGLo1(Or) (1,)-

The Bushnell-Kutzko types (Pr(1),77) and (Pr, (1), 77,) represent two distinct
inertial classes since I is a proper refinement of I (see lemma [3.0.17)). O

This completes the proof of the proposition and also the proof of the the-
orem. [
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Chapter 4

Principal series components

We denote by B,, the Borel subgroup of GL,, (F’) consisting of upper triangular
matrices. Let T}, and U,, be the maximal torus and the unipotent radical of
B,, respectively. In this chapter we will classify typical representations for
the components s = [T},, x] where x is a character of T;,. Let 7 be a typical
representation for the component s. The GL, (Op)-representation 7 occurs in
a GL,, (F)-irreducible smooth representation 7. Let B be a Borel subgroup,
T the maximal torus of B and x’ be a character of T. If (T, x’) and (T}, x)
are inertially equivalent then the representation 7w occurs as a sub-quotient

of igL"(F) (x"") where x” is obtained from ' by twisting with an unramified
character of T. Now to classify typical representations it is enough to say

which GL,,(Op)-irreducible sub-representations of igL”(F) (x') are typical for

the component [T),,x]. Let o be a permutation of the set {1,2,...,n} and
x = W™ x; be a given characer of T,, = [[;-, F*. We denote by x° the
character X}'_; X (;) of T),. We observe that the pairs (T},, o (x)) and (T}, x) are
inertially equivalent. We will use a convenient permutation ¢ which satisfies
the condition in the following lemma. For a character x of F* we denote by
I(x) the level of x, i.e. the least positive integer m such that 14+ Pr™ is
contained in the kernel of .

Lemma 4.0.4. Given any sequence of characters x; = x; of Of, there exists
a permutation {y; |1 <i < n} of {z; |1 <i < n} such that

Wyiyp ") = max{l(ysy; "), ;v )}

foralll1<i<j<k<n.

Proof. For any ultrametric space (X, d) and given any n points z1, 2, 23, ..., Zn
in X we may choose a permutation y1, ya, . . ., yp, of the sequence {z;|1 < i < n}
such that

d(Yi, yx) = max{d(yi, y;), d(y;, )}

for all ¢ < j < k. Now apply this fact to the space X consisting of characters
of OF and the distance function d(x1, x2) is defined as the level I(xixy ) if
X1 # X2 and 0 otherwise. We point out that this ordering is not unique in
general. We refer to [How73|[lemma 1] for a proof of these results. O

Remark 4.0.5. We note that the condition l(y;y; ') > max{l(yiyj*l), Uy ')}
is equivalent to an equality since we always have

Wyiyy, ') < max{l(yiy; ), Uy;u, )}
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Given a principal series component [T}, x] we choose the representative
(T}, x%) where o is a permutation such that

()Xo () = o ()Xo (7)) L Xo ()Xo (1))}
UXo(i)X ( )) > max{l(Xq ()X ( )) LXo(j)X ( ))}

From now on we assume that the pair (7,,X? ,y;) satisfies the con-
dition

Hxixg ') = max{i(xix; ) L0GxE )} (4.1)
foralli <j<k.

4.1 Construction of compact open subgroups H,,

Let A = (ai;) be a lower nilpotent matrix of size n x n such that a;; is non-
negative for ¢ > j and
ak; = max{a;;, ax; (4.2)

for all 4,5 and k such that 1 <i < j < k < n. We denote by J(A) the set of
n x n matrices (my,) such that m,, € Op for p < g and m,, € P* for p > q.
As a consequence of the condition ax; = max{a;;, ax;} we get two important
inequalities

A1 > Qg 2+ 2 Qi1 (4.3)

and
aj+15 < 5425 <00 S any (4.4)

The first is a consequence of a;;—1 = max{agk_1, a;r} for k < i and the second
is a consequence of aji1; = max{agt1k,ar;} for j < k.

Lemma 4.1.1. The set J(A) is an order in M,(OF)

Proof. The set J(A) is an additive group. We now check that the set J(A) is
closed under multiplication. Let (m;;) and (m};) be two matrices from J(A). If
i > j then the ix j term in the product matrix (m;;)(m;;) can be split into three
terms: t; 1= mﬂm'lj +m12m'2j 4 ~+mijm;i, ty = mij+1m;+1k+~ . ~+m”m§j
and t3 := miiHmQHj 4+ 4 mmm%j. The valuation of the term mikmﬁgj is
greater or equal to a;; for k < j. This shows that valuation of ¢; is greater or
equal to min{a;i1, a2, ...,a;;} and min{a,i,...,a;;} > a;;. The valuation of
the term mikm;j is greater or equal to a;; +a; for all j < k < i and a1, + ar;
is greater or equal to a;;. This shows that the valuation of ¢, is greater or
equal to a;;. Finally the valuation of m;pmy; is greater or equal to ay; for
k > i. The valuation of the term t3 is greater or equal to min{aiﬂj, o ,an]-}
and min{a;1;,...,an;} > a;j. Hence the additive group J(A) is closed under
multiplication. Since J(A) is an O lattice in M,,(F) we get that J(A) is an
order in M,,(OFp). O

We denote by J(A) the set of invertible elements of J(A). The following
are a few examples of J(A).
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1. If A = 0 then the group J(A) is GL,(OF).

2. It A = (ai;) with a;; = 1 for ¢ > j, then J(A) is the Iwahori subgroup
with respect to the standard Borel subgroup B,,.

3. Let s = [Tp,, K, x;] be an inertial class satisfying the condition [4.1] and
A, be the lower nilpotent matrix (a;;) where a;; = l(x,-xj_l) for i > j.

The examples (2) and (3) satisfy Iwahori decomposition with respect to the
standard Borel subgroup B;,,. The next lemma concerns the Iwahori decom-
position of J(A) in general.

Let A = (a;;) be a lower nilpotent matrix such that ax; = max{a;,a;;} for
1 <i<j<k<n. We define an ordered partition I of n by induction on the
set of positive integers m < n. I; := (1) now if we know I, = (n1,na,...,n;)
for some m < n — 1 then I,,,1 is the partition (n1,ne,...,n., 1) if aypy1m # 0
and (n1,n2,...,n. + 1) if ayp1m = 0. We denote by I(.A) the partition I,,.

Lemma 4.1.2. The group J(A) satisfies Twahori decomposition with respect
to the parabolic subgroup Pray and the standard Levi-subgroup My 4). We
have J(A)N M[(A) = MI(A)(OF), J(A)N U](A) = UI(A)(OF)-

Proof. We use induction on the positive integer n. If n =1 then J(A) is O}
and the lemma is vacuously true. We assume that the lemma is true for all
positive integers less than n. Let I(A) be the ordered partition (n1,na,...n,).
If r =1 then the lemma is true by default. We suppose r > 1. We will show
below that every element j € J(A) can be written as a product w;j; with
up € J(A)N U(nhn,m) and j1 € J(A) N Py, n—n,)- Now ji can be written
as joui where uj € Upn, nny)(OF) and js € M, n—ny) N J(A). Now ja
can be written as jsuj where j3 € J(A) N M) and uj € Ur4)(Op). The
group J(A) N M, n—n,) is equal to GL,,, (Or) x J(A’) where the nilpotent
matrix A" = (aj;) is given by a}; = @itn,j+n,. By induction hypothesis J(.A")
satisfies Iwahori decomposition with respect to the standard parabolic sub-
group Py and its Levi-subgroup My 4y and I(A’) = (ng,n3,...,n,). Let
gz = (49, 43) where j§ € GL,, (Or) and ji € J(A"). Now ji = uj jsuj where
uy € Upay NJ(A), ui € Upary NJ(A') and jy € Myary N J(A'). Hence
§ = wiug (49, 7a)ugug (with a slight abuse of notation the elements u; and
u;r are considered as elements of U 1(4) and Uy 4y respectively and (39, 44) is
an element of J(A) N M4y = GLp, (OF) x (J(A") N Mya))).

We now prove that j € J(A) can be written as a product uij; with
uy € J(A) N Uy n—ny) and j1 € J(A) N Py n—ny)- Let j = (jpg). Let C} be
the i'"-column of the first diagonal block (of size n; x n;) on the diagonal. If
every entry of C} has positive valuation then, we claim that the all the entries
of the i*" column C; have positive valuation. Suppose the k*" entry j; of C; is
an unit for some k > n;. This shows that az; the kit*-entry of A is zero. Now
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the inequality gives ay; > agp, and this implies that ag,, = 0. Now note
that agn, > an,+1n, from the inequality . This shows that @y, 415, is zero
which gives a contradiction from the definition of 7(.A). We now deduce that
jki is not invertible. This shows the claim. Since j is invertible we conclude
that at least one entry of C} is an unit. Let E;j(c) = I,, + e;j(c) where e;;(c)
is the matrix with its ¢j entry c and all other entries 0. The left multiplication
of F;;(c) results in the row operation R; + cR;. Since at least one entry of
C’i1 is an unit we assume that its ¢"-entry is an unit. We can perform row
operations R, + cR, for all p > n; to make the pth-entry trivial. We also note
that the elementary matrix corresponding to this row operation also belongs
to the group J(A) (note that ¢ <mny < p). This completes the task of making
j as the product uyj;.

The uniqueness of the Iwahori decomposition is standard. The proof is in-
cluded for the completeness. If u] jiuf = uy joud then (uy )~ ui jruf (uf) =t =
j2. Let uy = (uy) 'uy and ui = uf(uj)~!. We then have uz jiui = jo.

The equality can be rewritten as

uz ujy = (aud iy )7
The right hand side of the above equality is an upper block matrix with identity
on diagonal blocks and the left hand side is lower block matrix. This shows
that right hand side is identity matrix. Similar reasoning shows that u; and
ug' are both identity matrices and j; = jo. This proves the uniqueness of the

Iwahori decomposition. O

Let s = [T}, x| be an inertial equivalence class. Let m be a positive integer
and A, (m) be the lower nilpotent matrix (af}) where a} = l(xixjfl) +m—1.
As shown earlier the representative (T, x = X" ;x;) can be chosen such that

a;, = max{a;j,a;,}

for all ¢ < j < k. We denote by J,(m) the group J(A,(m)). Note that
Jy(m') C Jy(m) for all m" > m. In our situation we have I(A,(m)) is
(1,1,...,1) since none of aj},, are zero and hence by lemma Jy (m)
satisfies Iwahori decomposition with respect to B,,.

Lemma 4.1.3. The character x = W', x; of T(OF) extends to a character
of Jy (1) such that J, (1) N U, and J(1) N U, are contained in the kernel of
the extension.

Proof. Let m = (m;;) be an element of J, (1). We define x(m) = [T\, xi(mi;)-
We verify that x is a character of the group J, (1). This is very computational
in nature. We sketch the proof here and for complete details see [Roc98
Section 3, Lemma 3.1, Lemma 3.2 | or [How73, Pg 278-279]. The idea is to
get an open normal subgroup U of J, (1) such that J,(1)/U is isomorphic to
T(Or)/T, where T, is an open subgroup of T'(Op) which is contained in the
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kernel of x. The subgroup U is generated by J, (1) N U, and J, (1) N U, =
U,(Op). One shows that U satisfies Iwahori decomposition with respect to
the Borel subgroup B,, and UNT, is given by [, cq @V (1 —|—‘J3;£Xa )) where ¢
is the set of roots of GL,, with respect to T}, and o stands for the dual root.
We observe that U N7, is contained in the kernel of x. O

We apply lemma to the sequence of groups H,, = J,(m) for m > 1
and 7 = x to get the isomorphism
.GL,, (F) indGL"(OF)

resar, (o) ip," () = |J ind; 5.7 ().
m>1

We denote by A, (1, m) the lower nilpotent matrix (a;;) where a;; = l(Xixj_l)
for j < i< m, an; = Z(anj_l) + m — 1. Given a lower nilpotent matrix
A = (ai;) such that ap; = max{ax;,a;;} we associated a compact subgroup
J(A). The condition ay; = max{a;,aj;} is a sufficient condition to define
the group J(A) in a similar recipe and this condition can be verified easily.
The matrix A, (1, m) need not satisfy this condition but we can still associate
the group J(A,(1,m)) to the matrix A, (1, m). We will prove this in the next
lemma.

Lemma 4.1.4. Let J(A,(1,m)) be the set consisting of matrices (m;j) such
that m;; € P37 for all i, j. The set J(A,(1,m)) is an order in M, (OF).

Proof. The set J(A,(1,m)) is clearly an additive group and is open. We have
to verify that J (A (1,m)) is closed under multiplication. Let (m;;) and (m};)
be two elements of the set J (A, (1,m)). We suppose i > j. The ij"-term of
the product (m;;)(m;;) is the sum of the terms:

L ’ ’ ’
b1 = mimy; + migmy; + -+ -+ migmy,,

to 1= mij+1m}+1k 4+ 4 miim;’j
and

t3 1= mii+1m;+1j —+ -4 mmmil]
The valuation of the term ¢, is greater or equal to the minimum value among
the valuation of mikmjgj for 1 < k < j and the valuation of mikm;j is given
by a;x. If i < n then a; = Z(Xixgl) and a;; < ag for all B < j < 4
This shows that ¢; has valuation at least a;;. If ¢ = n then the values of
Uity = Qi = l(xnx,;l) +m—-1> Z(Xixj_l) +m—1=aq foral k <j<n We
conclude that in every possibility the valuation of ¢; is greater or equal to a;;.

Consider the term t5. The valuation of t5 is at least the minimum among
the valuation of mikm;j for j < k < 4. The valuation of mikm;j is given by
i, +ag; for j <k <i. Ifi<nay= l(Xixgl) and ay; = l(xkxjfl). From
our assumption on the arrangement of characters x; for 1 < i < n, we get
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that l(Xixj_l) = max{l(xixgl),l(xkxj_l)}. At the same time ¢ < n implies
a;; = l(XZ-X;l). This shows that the valuation of the term is mikmjcj given by
aik + ay; is at least a;;. Consider the case ¢ = n and api, = l(xnx,zl) +m—1.
Now ay; = l(xkxjfl) and an; = Z(anjfl)—i—m—l. From the equalityl(xixjfl) =
max{l(xix; ), l(X;gX;l)} we deduce that

Hxixe ) +10ax; ) > 1ax; )

and adding m — 1 on both sides we get a;; > a;r + ar;. We conclude that the
valuation of the term t; is at least a;;.

The valuation of the term mikm;j fori < k < nis given by ax; = l(xkxj_l)
which is greater or equal to a;; and a,; = l(xnxj_l) +m—1 2> a;; and we
conclude that the valuation of ¢3 is at least a;;. This shows that the valuation

of t1 +to + t3 is at least a;; which proves our result.
O

Let J, (1,m) be the group of units of J (A, (1, m). We will need the struc-
ture of the representation

. Jy (1,m .
deiEl,mil) (id)

for the proof of our main theorem. We follow the strategy already established
in the previous chapter. Let K, (1,m) be the set of matrices (m;;) such that
m;; € Pr for i < j <n and my, € O for i <n, my; € 1 +Pp for i <n and
my; € Pp® for ¢ > j and (a;;) is the matrix A, (1, m).

Lemma 4.1.5. The set K, (1,m) is a normal subgroup of J,(1,m).

Proof. We first check that K, (1, m) is closed under matrix multiplication. Let
(mi;) and (mj;) be two matrices from the set K, (1,m). Let i < j < n the
ijt" term is the sum of

t1 = mamh; + migmy; + -+ mmy;,

ty = Mg 1M1 + MiipaMi o) + -+ migm);
and
t3 = mij+1m;+1j + e+ mmm;j.
The valuation of mﬁgj is positive for 1 < k <4 hence t; has positive valua-
tion. The valuation of myy is positive for i < k < j and hence ¢, is positive.
The valuation of m}, ; is positive for j < k < n hence valuation of ¢ is positive.
This shows that ij*"-term of the matrix product has positive valuation. The
rest of the verifications on congruence conditions are verified in lemma [£.1.4]
The existence of inverse for an element in K, (1,m) follows from Gaussian
elimination.
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Now we establish the normality of K, (1, m). The group K, (1, m) satisfies
Iwahori decomposition with respect to the subgroups P,,_1,1) and M,_1 1).
We also note that K, (1,m) N Ug_1,1) is equal to Jy(1,m) N Ur—1,1) and
K, (1,m) N Ugp—1,1) is equal to Jy(1,m) N Uq,—1,1y. To check the normality
of K\ (1,m) we have to check that J,(1,m) N M,_;1) normalizes K,(1,m).
This is equivalent to checking that K, (1,m) N M(,_1 ) is a normal subgroup
of JX(l,m) n M(n—l,l)'

We note that Jy (1,m) N M,_q,1) = Jy (1) x Of where ' = @?:_llxi. Let
p1 be the projection of J, (1,m) N M,,_1 1) onto J,/(1) and m; be the reduction
mod P map. Note that K, (1,m) N Mg,_1,1) is the kernel of 7 o p;. O

From the above lemma the group K, (1, m) is a normal subgroup of J, (1, m).
We also note that J, (1,m) N U(n,l_rl) is contained in K, (1,m). From this we
conclude that J, (1, m) = K, (1,m)J,(1,m + 1). From the Mackey decompo-
sition we get that

. 1Jdx(1,m) s\ i 18X (1m) .
TeSK. (1,m) 1ndJX(1)m+1)(1d) ~ 1ndKX(1,m)ﬂJX(17m+l)(1d).

From the definition of K, (1, m) we get that K, (1, m)NJ, (1, m+1) = K, (1, m+

1) and
(1,m)

G () ~ indgx () (id). (4.5)

ind”x
TeSK, (1,m) N4 5 Ky (1,m+1)
Lemma 4.1.6. The group K, (1,m + 1) is a normal subgroup of K, (1,m).

Proof. Since the groups K, (1, m) satisfy Iwahori decomposition,

K\ (1,m)NUg,—1,1y is equal to Ky (1,m~+1)NUg,—1 1y and K, (1,m)NM,_1 1)
is equal to K, (1,m + 1) N M,y 1y. We have to check that u”j(u”)~! and
w”ut(u™)"! belong to K, (1,m+ 1) for all u=, j and u™ in

KX(Lm) n U(n_171)7

Kx(l,m) N M(n—Ll) and

KX(l,m) N U(nflyl).
respectively.

We first consider the case u~j(u~)~!. We can rewrite uj(u~)"! as

{5 uj(um) 7} Since j € Ky (1,m) N M,_11) = Ky (1L, m+1) N M,_1,1,
it is enough to show that j~'u~j(u~)~! belongs to the group K, (1,m + 1).
Let j and u™ be written in their block matrix form as follows.

(7 0\ _ (1, 0©
J=\o 454) " T\u- 1

u”j(u~)~! in its block form is given by

Ln1 0
gt U1
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Let U™ = [u1,u2,...,up—1] and Ji = (ji;). The k" entry of the matrix
U~J; is the sum of ¢ = wyjix + ugjor + -+ + Up—1Jk—1k, t2 = Upjrr and
t3 = Ups1fks1k +  + Un—1n—1%- Let [(xxx, ') > 1 then valuation of wuj
for t < k is at least [(x¢x;!) +m — 1+ 1 which is at least [(xxX;,, ') + m this
shows that valuation of the term ¢; is at least [(xxX,, ) +m —1. The valuation
of ugay, for k < tis at least I(xs x5 !) +10xexs ) +m—1 > l(xpxyt) +m — 1.

This shows that t1 + t5 +t3 = to = ugjrx = ue mod %Fl(XkX;1)+m. We note
that jl_lug = usy hence the matrix

1, 0
jitutn U1
is contained in K, (1,m+1)N [7(”_1’1)

Let us consider the conjugation u~u™(u~)~!. We write u™ in the block

form as
1, Ut
0 1

The conjugated matrix u~ut(u~)~?! is given by
lpoy —UTU™ U+
~U-U*tU~- U-ut+1)°

Let 1, 1 —UTU~ = (ui;). The valuation of w;; for i > j is greater or equal to
l(xnxj_l) and l(anj_l) is greater or equal to l(xixj_l). From this we conclude
that u=u™(u™)"t € K, (1,m +1). O

4.2 Preliminaries for main theorem

The inclusion map of K, (1,m) N U, in K,(1,m) induces an isomorphism of
the quotient K, (1,m)/K,(1,m + 1) with the abelian quotient

KX(l’ m) n U(nfl’l)
Kx(l, m + ].) N U(n—l,l) '

(4.6)

Ky (1,m)
Ky (1,m+1)
k < p. The group J,(1,m) acts on these characters and let Z(n;) be the
Jy (1, m)-stabilizer of the character n. From Clifford theory we get that

Hence the representation ind (id) splits into characters n with 1 <

. Jy (1,m) . . Jy(1,m
lnsz:(l,m+1)(ld) ~ @ 1ndZ>E7(7nk))(Un%) (4.7)

Ny,

where 7,, is a representative for an orbit under the action of J, (1,m) and
Uy.., is an irreducible representation of the group Z(n,,). Since

JX(l,m) = (JX(I, m) M M(nfl,l))Kx(la m)
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we get that Z(nr) = (Z(nk) N M(5—1,1)) Ky (1,m).

The final step in our preliminaries is to understand the mod 3 reduction
of the group
Z(nk) N Mn—1,1
for some non-trivial character 7. The group J,(1,m) N M,_11) is equal to
Jy (1) x OF acts on the quotient

KX(Lm) ﬂU(n_M)
KX(I,m + 1) N U(n—l,l)

(4.8)

by conjugation. Let j and u™ be two elements from J, (1,m) M,y 1) (which
is Jy (1) x OF for ¥ = X' xi) and K, (1,m) N U respectively. We write the
elements j and u~ written in their block diagonal form as

J 0 1, 0
(0 5) = (0 0)

respectively. The map u™ — w;(m_l)U ~ induces an isomorphism between the
group and M (,—1)(kr). The group Jy (1) x O acts through its mod
B pp reduction-B, 1 (kr) x kj; on the set of matrices M (,—1)(kr) by setting
(b,x)(A) = xAb ! forall b € B,_1(kp),x € kit and A € My (,—1)(kr). Hence
the map v~ — w;(m_l)U’ gives an J, (1) x Op*-equivariant map between
My (n—1)(kr) and the group . We also have a M(;,,_1,1)(kr)-equivariant
map between the group of characters of M (,,—1)(kr) and M, _1)x1(kFr) (see
lemma. Hence we obtain a J, (1) x Op ™ equivariant map between the
group of characters of the quotient and the group M, _1)x1(kr) where
Jy(1) acts through its mod Pr reduction-B(,_1)(kp) x kj and the action
is (b,z)A = bAz~! (see lemma . Hence the group Z(nx) N M(,—11)
for non-trivial . is equal to Zp ) K (A) for some non-zero matrix A in

M—1yx1(kF) .
Let p be the projection of B,_1(kr) x kj. onto the diagonal torus
Tnfl(k/’F> X k;‘ = Tn(kF)y

let p; be the i projection of T, (k) onto k. The centralizer ZBn,,l(kp)xké (A)

of a non-zero matrix A = [u1,ug, ..., u,_1]" satisfies the following property:
there exists j < n such that p;(p(t)) = pa(p(t)) for all t € Zp 4y px(m)
n— F

(see lemma|3.0.15). This shows that for any non-trivial character 7, , Z(1y, )N
T, satisfies the property that

pj(t) = pu(t)
mod Pr.
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The character x = X' ;x; of J, (1) occurs with multiplicity one in the
representation

Jy (1)
1ndJ Em)(X)

We denote by U? (x) the complement of x in indjzgirz)(x). We denote by
U, (x) the representation

md OF U ()}

4.3 Main theorem

Theorem 4.3.1. Let #kp > 3. The irreducible sub-representations of Up,(x)
are atypical for the component s.

Proof. We prove the theorem by using induction on the positive integers n and
m. For n = 1 the representation U,, () is trivial and the theorem is vacuously
true. Let n be a positive integer greater than one. We assume that the theorem
is proved for all positive integers less than n. We will use the induction hypoth-
esis to show the theorem for n. We note that J, (1,m) and K, (1,m) satisfy
Iwahori decomposition with respect to the parabolic subgroup F,_1,) and
standard Levi-subgroup M, 11y, Jy(1,m) N Up—11) = K (1,m) N Ugy—1,1y
and Jy(1,m) NUg—1,1) = Ky (1,m) N Ugp—1,1). Now lemma shows that

J (1 m)ﬂJW(n 1)
lnd] (m)ﬁM(n 1)
is given by

(x) extends to a representation of J, (1, m) and this extension
T (1,
deXEmT) (x)-
If we denote by x’ the character X]'";'x; of [/, ! F* then we have

T (1)

J"(l’m)mM("*”( ) == ind ) () B X

n
A mnme, (X

We also have 1)
indJ;(m) (X/) X xn =~ UB@(X/) X xn @ X

Combining the above isomorphisms we get that

mdS’L(WE?F)(X) deL (OF {U2 (x &Xn}@md?(l(gﬂ (x)- (4.9)

We will use the induction hypothesis to show that GL,,(Op)-irreducible
sub-representations of

ind O 109, () B xn} (4.10)

are atypical representations. By induction hypothesis any GL,,_1 (O )-irreducible
sub-representation of U,,(x’) occurs as sub-representation of some

GLn F
ig (o)
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where [T,_1, x'] and [M], o] are two distinct inertial classes. We now get that
irreducible sub-representations of occur as sub-representations of

.GLn (F
ip, ( )(a®xn)

where I’ is obtained from I by adding 1 at the end of the ordered partition
ITofn—1. IfI# (1,1,...,1) then the Levi sub-groups M; and T,, are not
conjugate and hence the mertlal classes [M,0 X x,,] and [T}, x] are distinct
inertial classes and this proves our claim in this case. Now let M; = T,,_1
and o = E" ", 0; be the tensor factorization of T;,_;. Since the components
[Th-1,X'] and [T,—1,0] are distinct we get a character x; occurring with non-
zero multiplicity in the multi-set {x1, x2,. .-, Xn—1} but with a different mul-
tiplicity in the multi-set {o1,09,...,0,-1}. Adding the character x, to both
multi-sets above keeps the multiplicities of the character x; distinct and this
shows that [T;,, x] and [T},,0 X x,,] are different inertial classes.

This shows that any typical representation must occur as a sub-representation

of L (On)
inq Gl
ind; (1 my” (X)-
The character x occurs with multiplicity one in the representation ind XE )m) (x)-
We denote by U1,m( ) the complement of the character y in ind’ XEl)m) (x). We
denote by Ui ,,»(x) the representation

GL, (O
ind "0, 00

We first note that
U (x) = ind G WU, () 8 xn} @ Urn (1)

We already showed that the first summand on the right-hand side of the above
equation has all its irreducible sub-representations atypical. We now show
that irreducible sub-representations of Uy, (x) are atypical and this proves
the main theorem.

We first note that

1ndJ (. m+1)( ) ~ ind X(l m){lndJ a m+1)(1d) ® x}-

Using the decomposition [1.7] we get that

I (1 T (1)
dexgl)m-s-l)(X) = @md oo { ny, © X}

Ny,

Recall that 7,, is a representative for the orbit under the action of the group
Jy(1,m) on the characters 7, of K, (1,m) which are trivial on K, (1,m + 1)
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and Z(ny, ) is the J, (1, m)-stabilizer of the character n,,. There is exactly
one orbit consisting of the id character and hence

At At
1nd E) () = 1ndJX§1?m)(x) @ 1ndz(;) {Un.., ®x}- (4.11)
"Mk#id

Consider the representation

(
de(n : ){ @ X}

for some representative nnk # id. Now recall that Z(n,,) N T, is a subgroup
of T,,(Op) = [, Or™ and there exists a positive integer j < n such that
p;j(t) = pp(t) mod Pp for all t € Z(n,,). Let xk be a character of F* such
that x is ramified and 1 + Px is contained in the kernel of k. Let x" be the
character

X1 8 x2 B xR Bkt

We observe that resz(,, )(X) = resz(,, )(x"*) and hence

. 1Jdx (1) (1 “
de(; ){ my, @ X} de(n : ){ e, © X"} (4.12)

From the above paragraph we get that

J
0 ir (0 = UL, 00 @ indyy) ({0, ®x)-

Ny, 7#id

and from the above identity we conclude that

Utms1(X) = Unm(x) @ ind5 40, @x- (4.13)
77nk7£1d

From the equation (4.12) we get that

1dCLn(08) (1 L+ 1GL.(Op) .
Sy )b {U . ®X}—de(n U g, ® X }.

If we choose k such that the components [T,,, x] and [T}, x*] are two distinct
inertial classes then we can conclude that irreducible sub-representations of

GL,L(O )
z(,,n )F { My, ®X}

are atypical and hence using the identity (4.13]) recursively we get that ir-
reducible sub-representations of Uy ,,(x) are atypical representations for all
positive integers m.

To prove the theorem we have to justify that we can choose a character
k as in the previous paragraph. Now for any character x non-trivial on Op*

(such a character exists since #kp > 2) and trivial on 1+ Bp, the equality
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of the inertial classes [T}, x] and [T}, x"] implies the equality of multiplicities
of x; in the multi-sets {x1, x2,---»Xn} and {X1,X2s- -+ XjFs---s Xnt *}. The
equality of multiplicities implies x;X;, I = k. Now if #kr > 3 we have at least
two non-trivial tame characters and hence we can choose xk distinct from a
possibly tame character x;x;, .

O

The pair (Jy (1), x) is the Bushnell-Kutzko type for the component s (see
[BK99, Section 8]). Hence from the above theorem we deduce that irreducible
sub-representations of

. 1GL,(Op
ind; (©Or )(X)

are precisely the typical representations for the component s = [T}, x| and
#kpr > 3. Moreover we have

Corollary 4.3.2. Let #krp > 3. Let T be a typical representation for the
component s = [T, x] then

dime Homgr,, (0, (7 g (x)) = dime Homey,, o, (7, ind§ 97 (x)
Remark 4.3.3. When #kp = 2 andn = 2 Henniart showed in [BM0O2][A.2.6,

A.2.7] that the Bushnell-Kutzko type for the component s = [Tz, x1 X x2l,
X1X2—1 2 id has two typical representations one given by

. GL2(O

ind§; 357 ()
and the other representation turns out to be the (it can be shown a priori that
there is a unique complement (see [Cas73[[Proposition 1(b)])) complement of
ind(j)?(2l()oF)(X) in ind?jé()oﬂ(x). But for #kr > 2 and n > 3 we expect that

typical representations are precisely the irreducible sub-representations of

. 1GL,(O
1ndJX(1§ F>(x).

For #kp = 2 and n > 2 a typical representation may not be contained in the
above representation as shown by Henniart for the case of GLa(F).

(s
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Chapter 5

The inertial class with Levi-subgroup of
type (n,1)

Let V and V; be two F-vector spaces of dimensions n > 1 and 1 respectively.
Let P be the parabolic subgroup of GL(V @ V;) fixing the flag V C V & V.
We denote by M its Levi-subgroup fixing the decomposition V & V; and hence
we have M = GL(V') x GL(V4). In this chapter we are interested in the clas-
sification of typical representations for the component [M, o X x] where o is a
cuspidal representation of GL(V') and  is a character of GL(V;). Let (J°,\)
be a maximal simple (Bushnell-Kutzko’s) type contained in the representation
o. We recall certain important features of this type for our purpose.

5.1 Bushnell-Kutzko semi-simple type

We denote by A the algebra Endg (V). Let [2,1,0, 5] be a simple strata in
A defining the maximal simple type (J° \). We denote by B the algebra of
endomorphisms commuting with £ = F[8]. Let 8 = 20N B. We denote by ‘B
and ® the radicals of 2 and B respectively. Given any hereditary order 2, we
define the filtration U*(2) by setting

U'(A) =1, + P

for all i > 1 and U°(2l) is the set of units of 2. The type (J°, \) is called
maximal if B is a maximal hereditary order in B. The group J° contains
U°(B). There is a normal subgroup J! such that J! N U%(B) = U(B) and

u'(B) _J°
UL(B)  JU

The group UY(B)/U'(*B) is a general linear group of a vector space over a
finite field. The representation X is an irreducible representation which is is
given by a tensor product k ® p where x is a representation of J°, called
B-extension (see [BK93| Chapter 5, Definition 5.2.1]) and p is a cuspidal rep-
resentation of UY(B) /U (B) (considered as a representation of J° through the
quotient J°/J1). We refer to [BK93, Chapter 5| for complete details of these
constructions. For the precise definition and description see [BK93| chapter 5,
Definition 5.5.10].

We fix the following conventions. Let e and f be the ramification index
and inertial index of E. We fix a lattice chain £ defining the order B. Let
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2 be the hereditary order defined by the lattice chain £. We fix a Og-basis
(w1, wa, ... wy/cr) for the lattice chain £ and then a Op-basis for Opw; for
1 <i<ef. (see [BK93, Chapter 1, 1.1.7]). We can now extract a F-basis
(v1,v2,...v,11) for the vector space V @ V; where V] is a one dimensional

vector space over F'. In this basis we write all our endomorphisms as matrices
of M, 1(F). This also provides J° C GL,(OFp).

Let I be the ordered partition (n,1) of n + 1. We are interested in the
classification of typical representations for the component [M;,o K x]. From
the lemma [2.277) it is enough to classify the typical representations for the
component s = [My, o Xid].

To classify typical representations for the component s = [Mr, o X id] it is
enough to examine which GL,,11(Op)-irreducible sub-representations of

GLng: (F .
TeSGL, .1 (Or) Ip, +1( )(a®1d)

are typical for the component [M, o X id]. Let 7 be the unique typical repre-
sentation contained in the representation o. It follows from lemma that
the representation

. 1GL.11(OF) .
mdegLan(Op) (r Kid)

has a complement in

.GL,, F
reSGL7L+1(OF) ZP] +1( )(U & X)

whose irreducible sub-representations are atypical.

Now we have to look for typical representations occurring in the represen-
tation

. GLn1(OF) .
1ndeéLn:(op) (r Xid).

For this purpose we will define the groups H,, for m > Ny for some positive
integer No, Nyu>ny Hm = Pr(Or), Hy, has Iwahori decomposition with respect
to Pr and its Levi-subgroup M7 and 7 X id admits an extension to Hpy, with
Hpy, N Ur and H N, NUr in the kernel of this extension. The construction of
H,, would give us

;o 1GLn41(OF) N . 1GLn11(OF) .
indp, 041 0, (T Rd) ~ U indg " (7 Mid).
m2>Ng

Before we start this construction it is instructive to first examine the Bushnell-
Kutzko semi-simple type for the component [M;, o K id].

Let us recall some standard material required from [BK99|]. First let us
begin with lattice sequences. A lattice sequence is a function A from Z to the

set of Op-lattices in a F-vector space V such that A(n+1) C A(n) forn € Z
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and there exists an e(A) € Z such that A(n + e(A)) = Pr A(n) for all n € Z.
A lattice chain is a lattice sequence with the strict inclusion between A(n + 1)
and A(n) for all n € Z. One extends the function A to the set of real numbers
by setting
A(r) = A(=[=r])

for all r € R and [z] is the greatest integer less than or equal to z. Given two
lattice sequences A; and A, in the vector spaces Vi and V5 over F', Bushnell
and Kutzko defined the direct sum say A of A; and A,, a lattice sequence, in
the vector space V1 @ V. Let e = lem(e(Aq), e(Az)) Then

Aler) = Aq(err) @ Alear).

Given a lattice sequence A in a vector space V one can define a filtration
{a(A) | » € R} on the algebra Endr (V') given by the equation

ar(A) = {z € Endp (V)| zA(@) CA(i+7) Vi€ Z}.

We also define u,.(A) for » > 0 and r € Z to be 1+ a,(A) and ug(A) is the
group of units in the order ag(A).

Let (Js, As) be the Bushnell-Kutzko type for the component
[GL,(F) x GLy(F), 0 Kid].

The group Js satisfies Iwahori decomposition with respect to the parabolic
subgroup P and the Levi-subgroup M;. Let us recall that we have the stratum
[2,1,0, 3] defining the simple type (J° \) for the inertial class [GL,,(F),a].
The order 2 is defined by a lattice chain A; with values in sub-lattices of O%.
We denote by As the lattice chain defined by Ay(i) = B¢ for all i € Z. Then

we have
L JsNUgy = uo(Ar & Az) N U1y,
2. J,NM is JO x OF.
3. Js N U1y = wip1(Mr @ Ag) N Uy 1.

4. The restriction of As to Js N M is isomorphic to A X id, the groups
JsNUp, 1y and Jg N Un,1) are contained in the kernel of A,.

We refer to [BK99][Section 8, paragraph 8.3.1] for the construction of the above
Bushnell-Kutzko’s type.

Now we make an explicit calculation of the terms u;11(A; @ Ag) N U(n,l)
and up(A1 @ A2) N Uy, 1. Note that the periodicity of the direct sum Ay @& A
is the least common multiple of the periodicity of the two lattice sequences Ay
and A;. We hence deduce that the periodicity of the lattice sequence A is e
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where e is the period of the lattice chain A;. Let ¢ be an integer such that
0 <t<e—1and Ly be the free O module OT}/E. The lattice chain A; is
given by :

AMA)=Lo®Lo® - -®Ly) @ (wrpLo @wrpLo® -+ ® wrLo)

where the L is repeated e — t times and wgLg is repeated t times in the first
and second direct summand respectively. Hence the lattice chain A is given by

A(0) = A1(0) © A2(0) = (Lo ® Lo @ - -+ @ Lo) ® OF
and
A(t) = Ay (t)DA2(t/e) = (LoD Lo®- - O Lo)D(wr Lo®wr Lo®- - -®wr Lo) PPF -

for 0 < t < e— 1. We observe that the lattice sequence A is a lattice
chain and the units of the hereditary order ag(A) corresponding to A, in
the notation of chapter 3, are given by P;(1) where J = (n/e,n/e,...(e —
1 times)...,n/e,n/e+1).

We note that uo(A) U1y = Ugn,1)(OF). Let 0, 1) be the lower nilpotent
matrices of the type (n,1) i.e the Lie-algebra of Uy, 1). We have the identity

U1 (A) VU 1y = 1+ (a1 (A) N A, 1))

Let I +1 = el’ +r where 0 < r < e. Then from the observation that A is a
lattice chain of periodicity e we deduce that

a1 (A) N, 1) = w%(ar(A) N,1))-

Finally it remains to calculate the group a,(A) N1, 1). We note that a,(A) N
N, 1) is the following set

{& € My 1 (F) Nty | 2A(GE) C AGi+7) Vi€ Z}.

For r > 1 the matrix A = [My, My, ..., M,,0] in fi¢, 1y (M; is a matrix of
type 1 x n/e for 1 <i < e) belongs to the set a,(A) N7, ) if and only if the
following conditions are satisfied.

1. M; € @4 Miy.(OF) for i <r —1 and
2. M; € wFM1><e(OF) for i >r —1.

If r =0 and e > 1 then we know that M; € wpMiyp/.(OF) for 1 <i<e—1
and M. € Miype(OF). If r = 0 and e = 1 then we have A € M1,(OF).
This completes the description of the Bushnell-Kutzko semi-simple type.
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5.2 Preliminaries.

Let m be a positive integer and Pr(m) be the inverse image of the group
Pr(Op /PBr™) under the mod-PBr™ reduction of GL;,11(OF). There exists a
positive integer N; such that the principal congruence sub-group of level Ny
is contained in the kernel of the representation 7. The representation 7 Xid of
M (Op /Br™) now extends to a representation of P;(m) by inflation for all
m > N;. We note that P;(m)NU; and Pr(m)NU; are both contained in the
kernel of this extension. Now applying lemma to the sequence of groups
Pr(m) and 7 Kid for m > N; we get that

- 1GL,+1(OF) N .. 1GL,,4+1(OF) .
lndeﬂéin_*_Fl‘ (OF) (T X ld) — U lndPI (7:;) F (7' X ld)
m>Ny+1

This concludes that the typical representations occur as sub-representations
of

. 1GL,41(Op) .

lndPI(”'I)l (r Kid)
for some positive integer m > Ny + 1.

For making Mackey decompositions easier and other reasons, it is conve-
nient to work with a smaller subgroup PP (m) of P;(m). We now modify the
representation

ind 49 (7 ®id).

We recall that K, (p) is the principal congruence subgroup of level p of GL,,(OF).
The group J° contains the group U241 (2A) (UW/A+1(A) ¢ H® ¢ J° ). The
representation \ restricted to the group U/2+1(2) is a direct sum of the same
character 15 which is trivial on the group U'*1(2). We also recall the notation
that [ +1 = el’ +r where 0 < r < e— 1. We note that U'*1(A) = 1,, —&—w%‘ﬁg‘.
If r = 0 then K, (1) C By. If r > 1 then from the formulas [BK93][2.5.2] we
get that K, (2) C By for 0 < r < e. This shows that the representation X is
trivial on K,,(Ns) where N is given by:

Notation 5.1. From now we fit Ny = [(I+1)/e]+ 1 if r =0 and e > 1, if
r=0ande=1then Ny=1+1and Ny =[l+1)/e]+2 ifr > 1.

Let 7 be the projection map
P](OF) — M](OF)

For m > Ny we denote by PY(m) the group K,1(m)r~'(J° x OF). Since
Knp1(m) N Pp € 7 1(J° x OF) the group PP(m) satisfies Iwahori decom-
position with respect to the subgroup P; and its Levi-subgroup M i.e we

have
PP (m) = (P (m) N Ur) (P} (m) 0 Mp)(Pp(m) N Ur)
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where P{(m) N Uy is Ur(Op), PP(m) N My is J° x OF and (P{(m)NUy) is
K,+1(m) N Ur. We observe that A X id extends to a representation of P%(m)
for all m > N,. Now the representation 7Xid of GL,, (Or) x O is isomorphic
to

{ind5 ()} Rid

Applying lemma m to the groups J; = P;(m) and Jo = PY(m) and A =
AXid we get that

. 1GL,(O . . GL,(O :
mdPI(WE) F)(T Xid) ~ mdP}]("(L) F)(A X id)

for all m > N,. Hence we have

: 1GLn1(OF . . 1GLn11(Op .
ind} i 9o, (PRI = [ indpy @7 (A1),
m>Ng

Now a typical representation occurs as a sub-representation of

. 1GLr 41 (O .
indpy (O (A Rid)

for some m > N,.

As we did in the previous chapters we first have to understand the repre-

sentation .

.. 1P/ (m) .

mdpé(mﬂ) (id)
for m > Ng. The strategy is fairly standard by now. We will first consider
a convenient normal subgroup K;(m) of Pr(m) such that P?(m) is equal to
Ki(m)P?(m + 1) and K;(m) N P’(m + 1) = K;(m + 1) for m > N,. For
m > N, we define Kr(m) to be the group K, 41 (m)7 = (K,(Ns) x (1+Bx)).
This group does satisfy the above two properties.

Lemma 5.2.1. The group K;(m) is a normal subgroup of P?(m) and K;(m+
1) is a normal subgroup of Ki(m) for all m > Nj.

Proof. By definition of the groups K;(m) we have K;(m)NU; = P?(m)NU;
and K;(m)NU; = P?(m)NU;. To show the normality of K;(m) in Pr(m) we
have to verify that P?(m) N M normalize the group K;(m). But P?(m) N M;
normalizes the group K;(m)NU; = U;(Op) and K;(m)NU; = Ur(wp OF).
The group K;(m)NM; is a normal subgroup of M;(Op) and hence P?(m)NM;
normalizes Kj(m) N M;. This shows the first part of the lemma.

Since K;(m) N Py = K;(m + 1) N Py, we have to check that K;(m) N Uy
normalizes the group K;(m +1). We note that Uy is abelian hence we have to
check that the conjugations = j(u~)~! and u~u" (u~)~! belong to the group
Kr(m+1) for allu™ € K;(m)NUz, j € Ki(m+1)NM; = Kr(m) N M; and
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ut € Ki(m+1)NUr = Ur(OF). Let us begin with the element u™j(u™)"1.
We have v~ j(u™)" = j{j tu"j(u")"t}. Let

(A0 o _(1a O
T=\o 5 “\v- 1

be the block diagonal form of j and v™; J; € K,(Ny),j1 € 1 4+ PBp""* and
U~ € @B Miyn(Op). The element j7'u~j(u™)~! is of the form

1, 0
gt U1

We note that the matrix jflU_ J1 — U~ belongs to w?“Man((’)F). This
shows that j=tu=j(u~)"t € K;(m + 1) NU;. Hence we get that

w i) )T € Ki(m 4 1),

We now consider the conjugation u~u™(u™)~!. We write u™ in its block

matrix form as
1, Ut
0 1

where Ut € M, «1(OFr). Now the conjugation u~u*(u~)~! in the block ma-
trix from is as follows

1, —UYU~ U+
-Uu-vtu- U Ut+1)°

Since U=UTU™ € @™ My, (OF), we conclude that u~u™ (u™)" € K;(m+

1). This ends the proof of this lemma. O

We use Mackey decomposition to the double coset decomposition PP (m) =
Ki(m)P?(m + 1) to get that

. PY(m . . 1 Kr(m .
TeS K, (m) mdP}Ele)(ld) ~ 1ndK;Em)+1)(ld)'

It follows from Iwahori decomposition that the inclusion of K;(m) N U; in
K;(m) induces an isomorphism between K;(m)/K;(m + 1) and the abelian
group B

Ki(m)NU;

Ki(m+1)nU;

Ki(m)
K[(Tn—‘rl)
acters ny, for 1 < k < p where 7 is trivial on K;(m + 1). The group P?(m)

Hence the representation ind (id) decomposes as a direct sum of char-
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acts on these characters and let 7, be the set of representatives for the or-
bits under this action. We also denote by Z(n) the P?(m)-stabilizer of the
character n. Now Clifford theory gives us the isomorphism

. PY(m . . P%m
lndpégmll) (id) = @ mdzl(énk)) (Unnk) (5.1)

Mny,

where 7,,, is a representative for the action of PP (m) on the set of characters
nk and Uy, is an irreducible representation of Z(1y, ).

Now we have to bound the group Z(n). We note that P?(m) is equal to
(Pf(m) N M;)K(m) and hence Z(n) = (Z(n) N M;)K;(m). To bound the
group Z(n) we can only need to control Z(n) N M;. Let u~ € K;(m)N Iy and

(e %)

be the block form of u~ where U~ is a matrix in @@ Mix,(Op). The map
u” — wp U™ induces an M;(Op)-equivariant isomorphism between M ., (kr)
and the quotient
Ky (m) N U]
Kim+1)NnU;

We also have an M;(Op)-equivariant isomorphism between M, «1(kr) and
Misn(kr) (see lemma|3.0.14). We note that PP (m) N M; = J° x OF.

Let n be a non-trivial character of Kj(m) which is trivial on Kj(m +
1). We will now bound the subgroup Z(n) N (U°(B) x OF) for n # id and
this will be enough for our purpose. Since we have a M;(Op)-equivariant
isomorphism between the group of characters on the quotient Kr(m)/Ky(m+
1) with M, x1(kr), we can as well study the group Z(A4) N (U°(B) x OF)
where Z(A) is the M;(Op)-stabilizer of a non-zero matrix A € My x1(kr).
The action of the group M;(Op) factorizes through K, (1) x (1 + PBp) from
which we conclude that (1, +©¢) x (14+Br) is contained in the kernel of the
action of M;(Op). This reduces our situation to the following setting. The
group GL,, (kr) X kj. acts on M, 1 by setting

(g1,92)A = g1 Agy "

where g1 € GL,,(kr), g2 € kj and A € M, x1(kr). If we fix a Op-basis as in
the previous paragraph then a kp-basis for the vector space

(Op/wrOp)"* = (O /Bg)"/ !
we get the inclusion
GLy/ef (O /BE®) = U°(B)/U(B) — GL,(kp).
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We are interested in the mod B g reduction of the first projection of

ZGLn/ef(oE /BEe)xk} (A)
for some non-zero matrix A in M,,«1(kr) (recall that A = k®p where p is a cus-
pidal representation of GL,, /.;(kg) = U%(B)/U'(B) ). We put ng =n/ef.

Let wg be a uniformizer of Og. Let N be the operator on the kg-vector
space V := (Og/PB%)™ given by

N(v) = wg.v.

Since O /B = kg ke D ke@e2®- - ®kpwg® ', we obtain a decompo-
sitionof V=V, ® Vo ®---®V, such that N restricted to V; is an isomorphism
onto V41 for i < e and N acts trivially on V.. The mod B g-reduction of V is
the projection onto the first factor Vi. Any kg[N]-linear map T is determined
by its restriction to the space V;. Given a map T € Homy, (V1,V) we obtain
an extension T’ € Endy,,n1(V) by setting

T(v) = NCDT(N~0=Dy)

for allv € V; and 1 < i < e. The map T +— T gives us an isomorphism of
vector spaces
HomkE (Vl, V) >~ EndkE[N] (V, V) (52)

We may write V = V; & NV. This shows that the mod P g reduction map say
7 is given by sending T to p; o T|V1 where p; is the projection onto the first
factor of the direct sum Vi @ Vo @ --- @ V... Now Endy, (V1) is a subspace of

Homg,, (V1, V) and mod B g reduction of Endy,, (V1) (the image of Endg,, (V1)
under the map 7'+ T) is identity on Endg, (V1). Hence Auty, (V) is the

—_~—

semi-direct product Auty, (V1) ker(mg).

Now we have the embedding of GL,,(Og/B%) in GL,,(kr) by considering
V as a kp-vector space. Let P be a parabolic subgroup fixing the flag F* =
EB;ZIVZ- and M be its Levi-subgroup fixing the decomposition V1 @ Vo & --- @

V.. Now Auty, (V) diagonally embeds in M and ker(wg) is a subgroup of
the radical of P. The group GL,(kr) % kj acts on M,1(kp) by the map
(91,92)A + g1Agy " where g; € GL,,(kr), g2 € kj and A € My, (kr). We
now have the action of GL,,(Og /%) x ki on M, «1(kr) by restriction from
GL, (kp) X k. We are interested in

(me X Ad){Zay,, (0 /m5) s (A}

for some A € M, «1(kr)\{0}. We first look at Zpypx (A). Let (A;j) be an
element of P in its block form. Let (A1, As,...,Ae)" be the block form of
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A where A; is a block of size 1 x ng. If k is the largest positive integer
such that Ay # 0 and A, = 0 then we get that Ap,Ara™' = A, for all
((Aij),a) € Zka;(A)- Hence {Agi | ((4s5),a) € Zpyx (A)} is contained in
a proper parabolic subgroup of Autg,.(Vy). We now conclude that

(TE X id){ZGLnO(OE/‘B‘;E)xk; (A)}

is a subgroup of H x kj where H is a subgroup of Auty, (V1) whose image
under the inclusion map Auty, (Vi) — Auty, (V1) is contained in a proper
kp-parabolic subgroup of Auty, (V7).

We recall the following proposition due to Paskunas (see [Pas05), Definition
6.2, lemma 6.5, Proposition 6.8]).

Proposition 5.2.2. Let V be a kg-vector space with (finite) dimension greater
than one. Let p be a cuspidal representation of Auty, (V). Let H be a subgroup
of Auty, (V) such that the image of H under the inclusion map Auty, (V) —
Auty,. (V) is contained in a proper parabolic subgroup of Auty, (V). For ev-
ery H-irreducible sub-representation & of resy(p) there exists an irreducible
representation p' of Auty (V) such that p' % p and Hompg (&, p') # 0.

Going back to Z(n) N (U°(B) x OF), for ng > 1, we get that for every
irreducible sub-representation & of

resz (o) <o) (8 @ p) B1d)
there exists an irreducible representation p’ of U%(8)/U'(B) such that

Hom ;o) w03 (65 (£ @ p') Kid) # 0.

For the case ng = 1 and #kpr > 2, we have to look at
(mg X id){ZOE/m%X kX (A)} (5.3)

for some nonzero matrix A € M, x1(kr). We notice that the group is
of the form {(a,a)la € kx} if kg = kp. Let kg be a proper extension of
kp. If (a,b) be an element of the centralizer then aArb™t = Ay (Ay
is defined in the previous paragraph). This shows that a lies in a proper
parabolic subgroup of GLy(kr). This shows that the group is of the
form {(a,b) |a € F*,b € kj} where F is a proper sub-field of kg. In the first
case we consider a non-trivial character n of U%(B)/U" (B) = k. We observe
that

TESZ 0, o (4) A Rn~t) ~ TSZ o (4) (AXid)
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and moreover [M, o Xid] and [M, o’ Kn~!] are two distinct inertial classes for
any cuspidal representation o’ containing (J°, A ® 7).

In the second case where kg is a proper extension of kg, we consider a
non-trivial character 7 of kj, which is trivial on F*. We note that

resZJOXo; (a)(An Mid) ~ resZJOXO; (4)(AKid)

and moreover [M,o Kid] and [M, o’ Kid] are two distinct inertial classes for
any cuspidal representation ¢’ containing (J°, A @ 7).
With this we finish our preliminaries.

5.3 Main result

In this section we will prove the main result of this chapter. By Frobenius

0
reciprocity we get that AXid occurs with multiplicity one in indllz{)gz;)()\ Xid)
I

for all m > N,. We denote by UY (A X id) the complement of A X id in

ind;)ggz;)(/\ X id). We use the notation U,,(A K id) for the representation
I

. 1GLpy1(O .
ind e |7 U (A Bid) )
Theorem 5.3.1. Let #kp > 2. The GLy,4+1(OF)-irreducible sub-representations
of Un(AXid) are atypical for the component [GL,(F) x F*, 0 Xid] for all
m > Ng.

Proof. We prove the theorem by induction on the positive integer m > N;. For
m = N, the representation U,, (AKid) is trivial hence the theorem is vacuously
true. We suppose the theorem is true for some positive integer m > Ny we
will show the same for m 4+ 1. We first note that

PP (m)

indSh 1 (OF) () ®id) ~ indGL"“(OF){indpp(mH)

PY(m-+1) PY(m) (id) ® (AKid)}.

From the decomposition (5.1)) we get that

. GL, Opr . . GL.,, OF .
ind g r O Rid) ~ @mdz(n:)( H(ARid) @ Uy, }.

Ny,

Since there is a unique orbit of characters 7 consisting of the identity we get
that

ind {7+ 0P (Rid) ~ ind Gyt O ORid)e @ indG O {(ARid) U, ).

PP (m+1) PP (m) Z(Mny,)
Mng #id
(5.4)
Let I" be an irreducible sub-representation of
. 1GLn41(0 .
1ndZ(n:)( HOARid) @ U,, }. (5.5)
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We have two cases ng = 1 and ng > 1. If ng = 1 we have seen that we can
find a non-trivial character n of kj = U°(B)/U*(B) such that

de?n“)(OF){(A Rid) © Uy, } =~ de<L”+l>(OF){(M7 Ry )eU,, }

or

GLn41(OF)

. . GL, (@]
indg VO ARIi) © U, }_de(n“( HnRid) @ Uy, }.

Hence in this case the irreducible sub-representations of

GLn+1(OF)

ind ;" " {(A®id) ® Uy, }

are atypical representations.

Now consider the case ng > 1. In this case there exists an irreducible
representation & of p1 (Z(n)N(U%(B) x OF)) such that I is a sub-representation
of

mdg(L;ﬂ(op){((g ® k) Rid) @ Uy, }. (5.6)

Now proposition 2| gives us an irreducible representation p’ % p of U°(B)
obtained by inflation of an irreducible representation of U%(B)/U* (%) such
that £ is contained in p’. Now the representation is a sub-representation of

Gl O (@ @) 8 T, )

The above representation is contained in

mdﬁ&(‘;jg”(p’ X k) Xid).

The above representation by lemma is isomorphic to the representation

GL,1+1 (O .
ind} 29 (7 ®id) (5.7)

where 7/ is
ind%“"(op)(p' X k).

We will show that irreducible sub-representations of (5.7]) are atypical for
the component
[GLy11(F), 0 Xid].

Any irreducible sub-representation of (5.7) occurs as a sub-representation
of

. 1GLn41(O .
1ndPIL(nf)1( F)(’}/‘Zld)

where «y is an irreducible sub-representation of 7. Now « is contained in an
irreducible smooth representation say = of GL,,(F"). By Frobenius reciprocity
this is possible only if the representation p’ ® x of J is contained in 7. We
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have two possible situations either p’ is cuspidal or otherwise. If p’ is cuspidal
then we can say that 7 is a supercuspidal representation such that m % ¢ hence
the representation

. 2GLn1 (O )
1ndPI(”ﬁ_(1) ") (v Xid)

occurs in
. :GLyp 41 (F) .
TeSGL, 1 (OF) Ip, (r Xid)

at the same time [GL,,(F) x F*, 7 Xid] # [GL,,(F) x F*, o Xid]. This shows
that irreducible sub-representations of are atypical representations.

If p’ is not cuspidal the representation p’ X & is still irreducible [BK93],
Chapter 5, Proposition 5.3.2(3)]. If (J° p' X k) is contained in a smooth
irreducible representation 7 then 7 also contains a simple-type (JY, p1 X k1)
which is not maximal [BK93l Chapter 8, 8.3.5] (we also refer to the article
[BH13, Lemma 2, Proposition 1] for quick reference). From this we conclude
that 7 is not a cuspidal representation hence (5.7]) is contained in a

GLny1(F)
T€SGL, 41 (0x) tp, (o)

where J is a strict refinement of the partition I. Hence we get that the
irreducible sub-representations of (5.7 are atypical representations. O

The above theorem shows that typical representations occur as
sub-representations of

. QL1 (OF) .
mdP?(]:;j) (AR id).

The above representation may still contain atypical representations. We will
indeed show that this is the case and complete the classification.

The first observation is that the (the semi-simple type after fixing J°)
Bushnell-Kutzko type J; for s = [M;,o X id] is contains the group P°(Ny).
Hence we will try to decompose the representation

ind?,

T (i): (5.8)

We also note that PO(N,)NP; = J;NPr. Let [+1 =el’ +7r where 0 < r < e.
If e = 1 then J; = P?(N,) hence we have nothing to analyse further the theo-
rem [5.3.1] completes the classification of typical representations. From now we
assume that e > 1. We will first verify that the group U;(Op) acts trivially

on the representation (|5.8)).

Let u™ and u~ be two matrices from J, N Ur = U;(Or) and J, N U;
respectively. Let u™ and u~ in block form be written as

Lo UY 2 (1a O
o 1) \y- 1)
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The block form of the conjugation v~ u*(u~)~! is given by

1, -UTU~ Ut
—-U-U*tU~ U-ut+1)"

Now U~ € ai+1(A) Ny = wgﬂ(ar(A) Nnr). If r > 1 the valuation of each
entry of a matrix in a,(A) N1y is at least one. This shows that the valuation
of each entry in U—UTU™ is at least I’ + 2 this shows that the conjugation
u”ut(u™)7! lies in the group P°(N;). If r = 0 and I’ = 0 we are in the case
where o is a level-zero cuspidal representation and in this case J; = P?(Ny).
If » = 0 and I’ > 0 then valuation of each entry in U~-UTU~ has valuation
2l' > I’ + 1 and hence u~u™(u~)~! € P?(Ny). Hence the group U;(OF) acts
trivially on the representation .

From the Iwahori decomposition of the group J; we get that J; is equal to
(Js N Pr)P?(N;). Hence we get that
(id) ~ ind%0Pr _ (id).

reS.]SmPI ind P}J(NS)I'WPI

g
PP(Ns)
Note that J;NP; is a semi-direct product of the groups (J;NM;) and (J,NUf).
Let ny, for 1 < k <t (we mean counting them with their multiplicity, but in
our case the multiplicity is one) be all the characters of the group Js N Uy
which are trivial on the group P?(Ny) N Ur. The group J5 N Pr acts on these
characters and let {nx,} be a set of representatives for the orbits under this
action. We denote by Z(n,) the J, N Py stabiliser of the character 7y,. Now
Clifford theory gives the decomposition

. 1J.NP SN . 1J.NP
mdPIOQNf; 1o, (i) = P indy Qk;) (Un,)

Nkp
where Uy, is an irreducible representation of Z (nk,). We note that the char-
acter id occurs with a multiplicity one in the list of characters 7.

The representation Unkp is the isotypic component of the character 7y, in

the representation )

. 1JNP .

mde(NIs)mPI (id).
which naturally has the action of Z(nx,). Now if K is the kernel of the
representation (5.8) then K N Z(ny,) acts trivially on U,, . Hence we can
extend the representation Uy, to the group Z(nk,)Ks such that K, acts
trivially on the entered representation. Now consider the representation

— indZs

Note that K, N Py is contained in the group Z(n,) N P; and moreover Ur(OF)
is contained in K hence J, = (Js N Pr)Z(n,) K, hence from Mackey decom-
position we have

DA i 1JsNP; w1 3JsNPr
res; np, lndZ(UkP)Ks Up,, =~ lndZ(nkp)Ksﬁ(JsﬂPI)(U"kp) ~ de(nkp)(Uﬂkp)'
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We hence have

mdPO(N) @md Zlm, yie, Ul (5.9)

Nkyp

Now using the decomposition (5.9) we get the decomposition

GL, O GL,+1(O
in dpo(;)( " (ARid) ~ @mdz(n;’l)Kp){UW ® (A\Rid)}.

Nkp

Note that the character id occurs with multiplicity one among the charac-
ters 1 and the fact that Z(id)Ks = (Js N Pr)Ks = J, implies the following
isomorphism

indﬁi?L&;:)(OF)(A&d) ~ ind§ O ORid)e P indg(ﬁ;jlﬂ?”{Unk ®(ARid)}.
Nk, #id

(5.10)

Lemma 5.3.2. Let #krp > 2 and Mk, be a non-trivial character. The irre-
ducible sub-representations of

. GL,+1(O
mdz(nk“)K NU,,, ® (AKid)}

are atypical.

Proof. We observe that Z(nx,) = (Z(n,) N Mp)(Js N Up). This shows that
we have to bound the group Z(nmy,) N My for ny, # id. Recall that n; for
1 < k <t are the characters on the quotient group

(JsNU7)

GCOALI) (5.1)

Now let ™ be a matrix from the group J, N U;. In the block form the matrix

u~ is of the form
1, O
U- 1

where U™ = [My, Ms, ..., M.], M; is a matrix of size (1 xn/e). Let 6 = Ny—1
then the map ¢

[My, My, ..., M, — [@hM, @S M,,... w%M,

identifies the quotient With the subspace of My, (kr). We have a M;(OF)
equivariant map from group of characters of Mix,,(kr) and M, «1(kr) more-
over M[(Op) acts through the quotient M;(kp) (see lemma[3.0.14). The map
® commutes with the action of M; N Jg since ® is none other than conju-
gation by an element from the Z(M;) (The centre of M;). Now the group
(U(B) x OF) C Js N My acts on a non-zero matrix A in the space M, x1(kr)
through the quotient by (1,, + ©¢) x (1 + Pr). Now recall that we denote by
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7 by mod B reduction map. We have seen that (The paragraph above the
proposition [5.2.2))

(me X 1A ZcL, (0, /pe) iz (A}
is a subgroup of H x kj where H is a subgroup of GL,,/.(kg) whose image
under the inclusion map GL,,/c.f(kg) — GLn(kp) is contained in a proper

kp-parabolic subgroup of GL, (kr). From the result of Paskunas we get
that for every irreducible representation & of

resz () LUk, ® (K ® p) Mid)}

we can find an irreducible representation p’ % p such that & occurs in the
representation
resz(ny,) {Uk, ® (£ ® p)Xid)}.

Hence irreducible sub-representations of

. GL,, OF .
mdz(n;l)(K:){Unkp ® (AKid)}

occur as a sub-representation of

.. 1GL,4+1(O )
de(nk:l)(KSF){Unkp ® (k@ p")Kid)}.

Now the above representation occurs as a sub-representation of

GLp41(OF)

mrivn (s @ p) Bid} > ind 97 (' ®id)}

ind Pr(Ns)

where 7’ is given by
ind5 "7 (k ® p' Kid).

Any irreducible representation vy of 7/ occurs in an irreducible smooth rep-
resentation 7 of GL,(F). If p’ is cuspidal then k ® p’ is contained in the
representation v and hence is contained in 7 which gives that =« is cuspidal
but it is not isomorphic to an unramified twist of o. Now if p’ is not cuspidal
7 is not cuspidal. Hence in every case 7 is not inertially equivalent to o. This
shows that irreducible sub-representations of

. GLpi1 (O .
mdPIL(AZl)( F)(’}/‘Zld)

are atypical. This shows the lemma. O

Theorem 5.3.3. Let I" be a typical representation for the component
s=[Mr,oc X y]

then I' is isomorphic to the representation

indiLnﬂ(OF) ()\S)
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where (Js, \s) is the Bushnell-Kutzko semi-simple type for the component s. If
P is a parabolic subgroup containing M as a Levi-factor then T' occurs with a
multiplicity one in the representation

resar, o) ip (@ B X).

p . . GL,y1(Op) . . . . .

roof. The representation ind; (As) is irreducible since the intertwin-
ing of this representation is bounded by the group W, where W is the set of
representatives for Ng(s)/My. We can see that in our case Wy is trivial. We
refer to [BK9§|[Lemma 11.5] for these results. Hence the uniqueness of the
typical representation. The multiplicity follows from the results
and 532 O
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Chapter 6

The inertial class with Levi-subgroup of
the type (2,2)

6.1 Preliminary elimination of atypical repre-
sentations

We denote by I the partition (2,2). Let o1 and o2 be two cuspidal representa-
tions of GLy(F'). We denote by P, M and U the standard parabolic subgroup,
the standard Levi-subgroup and the unipotent radical of P corresponding to
the partition I. We denote by P and U the opposite parabolic subgroup of
P with respect to the Levi-subgroup M and unipotent radical of P. In this
chapter we are interested in the classification of typical representations for the
inertial class [M, 01 X o3]. We denote by 7 the canonical quotient map

w: P(Op) — M(Op)

For any positive integer r we denote by P(r) the inverse image of P(Op /B%)
under the mod-P% reduction of GL4(OF). Let 71 and 72 be GL2(Op)-typical
representations occurring in o1 and og respectively. From the lemma we
get that the representation

. GL4(O
mde4G(L4F()OF) (11 ¥7)

has a complement say I" in

TeSGL, (OF) i(;L“(F) (01 R oyg)

such that GL4(Op)-irreducible sub-representations of I" are atypical.

Let [21,n1,0,81] and [As, ng,0, B3] be two simple strata defining simple
types (J1,A1) and (J2, A2) contained in o7 and o9 respectively. We may and
do assume that 2; and 2, are defined by lattice chains £; and Ls such that
L£1(0) = L2(0) = Op @ Op. We deduce that 2; and 2y are contained in
M5(OF).

The representation ); restricted to Ui/ 2]+1(Qli) is isomorphic to a direct
sum &P g, (for the definition of 13 we refer to [BK93|[1.1.6]) and hence \;
is trivial on U™ T1(R;) for i € {1,2}. If e(2;) = 2 then

Es([(ni +1)/2] +1) € U™ HH() € Ka([(n +1)/2]).

97



Notation 6.1. We denote by Ny, the positive integer [(n; +1)/2] if e; = 2
and n; if e; = 1. Let N be the positive integer max{Ny,, Ny, }.

The representation 71 X 7o contains M N K4(N + 1) in its kernel. We
extend the representation 7 K 7o of M(Op /PBr") to a representation of P(r)
for » > N + 1 via the inflation map

Ty - P(’I“) — P(OF/(I}FT) — M(OF/(BFT).

Note that P(r)NU and P(r) NU are contained in the kernel of this extension.
The groups P(r) for r > N + 1 and 7 = 7y X 7, satisfy the hypothesis for the
lemma 2.5 hence we obtain

indga‘éap()oﬂ(ﬁ X 1) = U indg%;l)(op)(q—l X 79).
r>N+1

Hence to classify typical representations we need to examine the typical
representations occurring as irreducible sub-representations of

indg(Lf)(op) (Tl |Z| 7'2)
for all r > N 4+ 1. As we did in the previous chapter, it is convenient to work
with a smaller subgroup PY(r). Let 7 be a positive integer greater than N then
PO(r) = K4(r)n=t(J; x J2) (We consider J; x Jy as a subgroup of M (Op)).
The group P°(r) satisfies Iwahori decomposition with respect to P and M.
Observe that P°(r)NU = P(r)NU and P°(r)NU = P(r) N U and since
r > N + 1 we get that P°(r) N M = J? x J9. Now we apply lemma for
J1 = P(r) and Jy = P°(r) and A = A\; ¥ Ay and obtain an isomorphism

. GL4(O . 1GL4(O
1ndP(;‘)( F)(Tl X 7o) ~ 1ndpoa() F)(/\l X A2).

We will need the decomposition of the representation

. PO .
1ndPOE:)H)(1d)
for the proof of the theorem [6.1.2l We will prove the theorem by induction
on r and the decomposition of the above representation is crucial. Let r be a
positive integer greater than or equal to N + 1. Let K;(r) be the group

Ky(r)ym Y (Ko(N 4+ 1) x Ky(N +1)).

We note that K;(r)P°(r +1) = P°(r). It follows from Mackey decomposition
that

. PO(r . . T .
reS g, (r) lndPOErll)(ld) o mdgigrl_l)(ld).
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Lemma 6.1.1. The group K;(r) is a normal subgroup of P?(r) and Kr(r+1)
is a normal subgroup of Ky(r).

Proof. By definition of the groups K;(r) we have K;(r)NU = P°(r)NU and
Ki(r)nU = P°(r)NU. To show the normality of K;(r) in P°(r) it is enough
to verify that P°(r) N M normalizes the group K;(r). P°(r) N M normalizes
the group K;(r)NU = U(Or) and K;(r)NU = U(P%). The group K;(r)NM
is a normal subgroup of P°(r)NM and hence P°(r)N M normalizes K(r)NM.
This shows the first part of the lemma.

Since K7(r)NP = K;(r+1)NP, we have to check that K(r)NU normalizes
the group K;(r 4+ 1). We note that U is abelian hence we have to check that
the conjugations u~j(u~)"! and u~u*(u~)~! belong to the group K;(r + 1)
for all u= € K;(r)NUr, j € Ki(r +1)NM; = Ki(r) N My and u~ €
Ki(r+1)NU; = Ur(Op). Let us begin with the element u~j(u~)~!. We have
uj(um) = i ju) ). Let

(] 0 (1, 0
J=\o 1) Y T\u- 1

be the block diagonal form of j and u™; J; € Ka(N +1),J3 € K3(N +1) and
U~ € whMayo(Op). The element j7'u~j(u™)~! is of the form

1y 0
LWL U 1

We note that the matrix JflU_Jl — U~ belongs to w}“ngg(Op). This
shows that j7'u=j(u™)"! € K;(r + 1) N U;. Hence the element v~ j(u~)~
which can be rewritten as j{j 'u"j(u~)"!'} belongs to K;(r + 1).

We now consider the conjugation u~u*(u~)~!. We write u™ in its block

matrix form as
1, Ut
0 1o

where UT € May2(OF). Now the conjugation u~u® (u~)~! in its block matrix

from is as follows
1o —UTU~ Ut
—-U-Utu- U-Ut+1y)°

Since U=U U™ € @w? Mayx2(Op) and 2r > r+1, we conclude that u~u® (u=) 71
belongs to K(r + 1). This ends the proof of this lemma. O

From the above lemma and Iwahori decomposition for the group Kj (r)
we get that the inclusion K;(r) N U in K;(r) induces an isomorphism of the
quotient Ky(r)/Ki(r + 1) with

(Ki(r)n0)/(Kr(r+1)N0). (6.1)
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Ki(r)
Kr(r+1

which are trivial on K7(r + 1). We denote these characters by n for 1 <
k <t. The group P°(r) acts on these characters and let Z(n;) be the P°(r)-
stabilizer of the character n,. We note that the trivial character id occurs with
multiplicity one. From Clifford theory we get that

")
mdPO(m) =ido P mdzwg (Un,) (6.2)
"]'nk;éld

The representation ind )(id) splits as a direct sum of characters of K;(r)

where 7, is a representative for the P°(r)-orbit and U,, is an irreducible
representation of Z(n,, ). Note that Z(n,, ) = (Z(n,,) N M)KI( ).

The next step is to bound the group _Z(nnk) N M for some 7,, # id. Let
u~ be an element of the group K;(r) N U;. We represent the element v~ in

its block form as
1, O
U~ 15)°

The map u~ + wy U~ gives us an isomorphism of K;(r) N U with My(OF).
Further the map u~ +— @, U~ (we denote by U the class of U € M>(Op)
in the quotient M2(Op)/wrM2(OF)) gives an isomorphism of the quotient
(Kr(r)nU;) /(K1 (r+1)NU;) with Mays(kp). This is M (Op)-equivariant. We
also have an M (Op)-equivariant isomorphism between the character group of
Mayo(kp) and Mayo(kr) (see3.0.14)). We finally obtain an M (Op)-equivariant

isomorphism

Ki(r)/Kr(r +1) ~ Myyo(kp). (6.3)
Note that the group M (Op) acts through its quotient M (kp).

In order to calculate Z(n,, )N M for some 7, # id, we can as well calculate
Zj,xJ,(m) for some non-zero matrix m in My(kp). It will be useful to first
recall the Zps () (m) for m # 0. We have the following possibilities

L. If mis a full rank matrix then Zy(x,.)(m) = {(g,mgm™") |g € GLy(kr)}.

2. If m is not a full rank matrix then Zy;(x,)(m) = {(91, g2) [gam = mg1 }.
Since m is non-zero and has a kernel, we can see that g; fixes the kernel
hence the first projection of Zy;,.)(m) is contained in a proper parabolic
subgroup of GLa(kr). The conclusion in this case is symmetric for the
second projection as well.

We denote by A\s the representation )\1 X\ of Ji X J3. The representation

As occurs with multiplicity one in 1nd E]\gﬂ)()\s). We denote by UY(\,) the

complement of Ag in 1nd EJ\;H)()\S). Let U,()\s) be the representation

.. G O
ind o\ (U2 ().
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Theorem 6.1.2. Let #kpr > 3. The GL4(Op)-irreducible sub-representations
of Ur(Xs) are atypical for allT > N + 1.

Proof. We prove this theorem by induction on the integer » > N + 1. The
theorem is vacuously true for r = N + 1 since U,.(As) = 0. We suppose that
the theorem is true for some positive integer r we will prove the same holds
for 7 + 1. We first note that

. P°(N+1 . A PO(N+1). . P° .
mdPOET:l))()\S) ~ 1ndPDET)+ ){mdpog:zﬂ)(ld) ® As}-

Now using the decomposition [6.2] we get that

. P°(N+1 . JPY(N+1 . PO(N+1
1ndP0§T_H))()\S) ~ 1ndPOET) )()\S) @ 1ndZ(7(]nk) )()\s ® Uy, )-
7]nk7éid

From the definition of U2(\s) we get that

. P°(N+1
Ul (A) 2 UPO) @ @D indy M\ @ Uy, ). (6.4)
nn,ﬁfid

Now applying the induction functor to the maximal compact subgroup GL4(OF)
we have

Urii(Xs) 2 U, (M) @ €D ind‘;(L;jSF)(AS@U,,%). (6.5)
"7nk7£id

Let 1, # id. We will show that the irreducible sub-representations of

. 1GL,(O
de(%Fk)F)(As ® Uy, ) (6.6)
are atypical for the component [M, o1 X 02]. We choose to treat this case by
case depending on the different classes of supercuspidal representations o; and
g9.

Case 1: We will first consider the case where both o7 and o9 are twists
of level-zero cuspidal representations. From our assumptions \; ~ x; @ A,
where x; is a character of F* and A} is the inflation of a cuspidal represen-
tation of GLa(kp) for ¢ € {1,2}. Let m be the non-zero matrix associated
to the non-trivial character n,,. We observe that Z(n,,) N M is equal to
ZGLy(0F)xGLy(0r) (m). Hence mod Br reduction of Z(n,, ) N M satisfies one
of the properties listed in . We know from the results of chapter three

(see3.0.16} 13.0.17) that any irreducible sub-representation of
resz(y,, ) (X1A1 B X2X3)

occur in
resz(y, ) (X1A7 B x2A3)
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where A/XI\] is the inflation of a non-cuspidal representation of M (kr). Hence
we deduce that the irreducible sub-representations of

. GL,(OF)
de(nnk)F (As®@Uy,,)

occurs in the representation

. 1GLy(O

ind5 (200N BxaXy) @ Uy, }
which occurs in the representation

. GL4(O
ind Pm‘;}(L;()OF) (X! B xa\).
Since AY ® A\J is the inflation of a non-cuspidal representation of M (kr), the
above representation occurs in
GL4(F
TeSGL, (Op) I pr 4( )(71')

where P’ is a parabolic subgroup contained properly in P. This shows that
the irreducible sub-representations of are atypical.

Case 2: Let (J1, A1) be defined by a simple strata [2, nq,0, 51] such that
[Eh = F[p1] : F] > 1 and (J2, A2) be such that J; = GL2(Op) and Ag is
X ® Ay where x is a character of GLo(F) and ) is the inflation of a cuspidal
representation of GLa(kp). Let m be the matrix in Mayo(kr) associated to
the non-trivial character 7,, in the isomorphism . We first consider the
easier case when m is a non-zero matrix with rank one. We note that the
second projection of Zys(;,)(m) is contained in a proper parabolic subgroup
say B of GLa(kr). Hence by lemmawe get that for any irreducible sub-
representation & of resg A, there exists a GLg(kp)-irreducible non-cuspidal
representation A3 such that £ occurs as a sub-representation of resg A3 and
AL % As. This shows that any irreducible sub-representation of

. GL.(OF)
de(nnk)F (As @ U, )

is contained in oL (o
indZ(’r]nn(k)F)(<A1 IX' X)\é) ® U”]nk )

for some irreducible representation A; of GLa(Op) obtained by inflating an
irreducible representation A3 of GLao(kp). Hence for every irreducible sub-
representation say 7y of

. .GL4(Or)
de(;nk)F (As ®Uy,,)

there exists A; (obtained by inflating an irreducible non-cuspidal representa-
tion of GLa(kr)) such that « occurs as sub-representation of

ind 175 (A ).
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The above representation is contained in

. 1GL4(Or
1nde4G(L4F()OF)(01 X o5)

where % is an irreducible smooth representation of GLy(F') which contains the
type (GL2(Op), xA5). Since Aj is the inflation of a non-cuspidal representation
of GLz(kr), ob is not a cuspidal representation hence the irreducible sub-
representations of

. ,GL.(OF)
1ndZ(nnk)F (As XU, )

are atypical.

This paragraph concerns the case where m is a matrix of full rank. We
begin with the observation that Z(n,, )M = Zj, «j,(1n, ). Let [E1 = F[B1] :
F] > 1. The group J; contains a normal subgroup J{ such that J, = Op J{
and J;/J{ ~ O /U'(E;) and J} is a pro-p subgroup (see [BK93, Chapter 3,
3.1.14]). Now we have to understand Zogl J}XGLQ(OF)(m)' The action of the

group (O, J) x GLy(OF) factors through its quotient
(U°(B1)J{ Ka(1)/K2(1)) x GLa(kr).
We now have two different possibilities: e; = 1 and e; = 2.

If €1 = 1 then we have U()(El)JllKQ(l)/KQ(l) = U()(El)/Uel (El) = kgl
where kg, is a quadratic extension of kp. Now it is clear that

Zyo(By) /U (B1)xGLy (k) (M) N ({id} x U) = {id}

where U is the unipotent radical of any Borel subgroup of GLa(kp).

If e; = 2 the group U%(E1)J{ K2(1)/K2(1) is ki X where X is a p-group.
Now the second projection of Zk;XXGL2(kF)(m) is contained in the product of
the center kj and a p-group. Hence we conclude that the mod B p-reduction
of the image of the second projection of Zj, «j,(m) is contained in a Borel
subgroup say B of GLy(kr). If B is the opposite Borel subgroup then its its
unipotent radical U satisfies the property that

Zix X xGLa (k) (M) N ({1d} x U) = {id}.

Let H be a subgroup of GLa(kr) such that H NU = {id} and o be a cuspidal
representation of GLy(kr). For any irreducible sub-representation & of resy (o)
we can find an irreducible non-cuspidal representation ¢’ of GLa (k) such that
Homp (€,0') # 0 and ¢’ % o. This is because Mackey decomposition shows
that

Homy (ind5"2 %7 (), id) # 0
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and hence indgLZ(kF )(5) cannot be a sum of cuspidal representations. This

shows that for any irreducible sub-representation ~y of

.. 1GL,(OF
1ndZ(nn§k)f>(,\s ® Uy, )

there exists an irreducible representation A3 of GL2(Op) obtained by inflating
a non-cuspidal representation of GLy(kp) such that v occurs in

. 1GL, (O
mdz(nn(k)”{()\l X XxAs) KUy, ).
The above representation occurs in the representation

ind%@ffiﬁ)){(/\l X xA3) WUy, )

and we have

. 1GL4(O . 1GL4(O
ind5t 7 {0 R xAs) KUy, ) Cindplal i, (o1 B of)
the representation o4 is an irreducible smooth representation containing the
type (GL2(Op), xA3). hence v is not typical representation. This shows that
irreducible sub-representations of are atypical.

Case 3: We now consider the case where both (Ji, A1) and (Ja, A2) are
defined by simple strata [20,n1,0, 31] and [2(3, ns, 0, 32] respectively such that
[E; = F[B;] : F] > 1 where i € {1,2}. We have to look at the stabilizer
Z(mn,) N M = Zj x5,(m). We consider the possibilities (e1,e2) = (1,1);
(e1,e2) = (2,1) and (eq, e3) = (2,2), the other case is similar.

Case 3.1: Here e; = 1 and e; = 1, J{ x J3 is contained in the group
K5(1) x K3(1). The group J; x Jo acts through its mod-PB reduction hence
it acts through its quotient k‘gl X k;z. We are reduced to bound the group
Zkél XK, (m). Let m be a matrix of rank one and (a,b) € Zkél XK, (m). Now

am = mb and let v be a vector in k% which is contained in the kernel of m.
Now mb(v) = 0 implies that b(v) is in the kernel of m. This shows that b has
eigen-values in kp hence we must have b € kj, similarly a € k5 and am = mb
implies that @ = b (since at least one of the entries of m is non-zero). If m is
a matrix of full rank then a = mbm ™! implies that a € mk’gsmx N k;l. Now
mkg,m~1 N kg, is a sub-field of kg, and there are two possibilities: either
mkg,m "t Nkg, is a proper sub-field or mkg,m~! = kg,. The first one would
imply that a,b € kj and a = b. We conclude that Zkgl XK, (m) has the form

{(a,a) |a € kp}

or there exist a field isomorphism 6 of kg, onto kg, such that
Zyx iy, (m) ={(a,0(a)) |a € kg, }.
1 2
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In every possibility the mod P reduction of Z 195 59 (m) is a subgroup
of {(e,0(e) | e € ki} for some #. Let x; = (Ao x2)~! and x2 be two non-
trivial characters of .J; and Jo which are trivial on Ji and JJ respectively. Let
o} and o be two supercuspidal representations containing Bushnell-Kutzko
types (J1,A] = A\ @ x1) and (J2, Ny = A2 ® x2) respectively. If (M,o01 X
o2) and (M,o] X o)) are inertially equivalent for all x2 then we must have
intertwining between (J1, A1) and (J2, A2 ® x2) (because (J1, A1) and (J1, \1 ®
X1) cannot intertwine see [BK93, Chapter 5, Theorem 5.5.2(3)]) for any non-
trivial character x2 of J9/Ji. Now we use the intertwining implies conjugacy
theorem [BK93, Chapter 6, 6.2.4] to get a g € GLy(F) such that Jo = gJ1g~*
and A\ ~ X2 ® x2. Since conjugacy is an equivalence relation we get that
(J2, A2 ® x2) are all conjugate for all non-trivial characters xz of Jo/J3. There
exist two distinct non-trivial characters of kgg (since the cardinality of kég is
at least 3) hence we get a contradiction to the assumption that (M, oy X o3)
and (M, o} K o) are inertially equivalent. Moreover by definition we have

vesz, . m) (M B A) 2 resz, o m) (A BAS).
With this observation we have

. GL, (O . JGLn, (O
ind 597 (0 B ) BT, ) = ind5 (T (N RGBT, ).

Hence the irreducible sub-representations of

. ,GL.(OF)
1ndZ(nnk)F (A X Unnk)

are atypical.

Case 3.2: Let us consider the case where e; = 1 and e3 = 2. The group
J1 x Jz now acts via the quotient ky x U%(Ey).J3 Ko(1)/K5(1). Let m be the
matrix associated to the character n,,. If m has rank one then every element
of the first projection of Zkgl ><Uo(Ez)JZ}KZ(l)/Kz(1)(m) is contained in kj. If m
is a full rank matrix then for all (a,b) € Zkf;l XUO(EQ)J%KQ(D/KZ(1)(m) we have
a =mbm~1. Note that U°(Es).J3 K2(1)/K2(1) is a product kX where X is a
p-group. This shows that the first projection is contained in k. In each case
the first projection of Zk;“l ><U°(E2)J21K2(1)/K2(1)(m) is contained in kj. Let x
be a character of k‘gl which is trivial on k. Such a character exists since
the cardinality of kgl /ky is ¢ +1 > 3. Let of be a cuspidal representation
of GLa(F') containing the type (J1, A\ ® x). We note that o1 and o9 are not
inertial twist of each other (see [BK93, Chapter 5, Theorem 5.5.2(3)]). Hence
(M, 01X o9) and (M, o] Koy) are not inertially equivalent. Moreover we have

resz, . (m)(A1 B Ag) = reSZJliQ(m)(/\ll X \o).
With this observation we have

. GL, (O . GL, (O
indg( T (0 B 22) BU,,, ) = indgr T (N B 0) BU,,).
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Hence the irreducible sub-representations of

GL, (O
indg )F)()\ RU,, )

are atypical for s = [M, 01 K o3].

Case 3.3: We are left with the case where e; = 2 and ey = 2. The group
(J1 x Jo) acts through its quotient

U°(E1)J1 K2(1)/Ka(1) x U%(Ea)Jy Ka(1)/Ka(1).

We write this quotient as kxX; x k3 Xs where X; and X, are two p-groups.
The group X; x X5 is a p-group and there is a decreasing filtration of Ms(kr)
by sub-spaces F* such that X; x Xy acts trivially on F¢/F*! and N;F = 0.
Let k be the largest positive integer such that m € F*. Let m be the image
of m in F*/FRH1If (awy,bxs) € Zk;th;)Q(m) then (axy,bxs) fixes the

element m. The group kj x kj acts on Ma(kp) by the character ¢ given by
¥(m) = bma~!. The group ki x kj has cardinality relatively prime to p.
Hence we get that the action of kj x kj on F¥/Fk+1 decomposes as a direct
sum of isomorphic copies of 1. From this we conclude that a = b.

Let 7 be a non-trivial character of the group J; /J{ = kj. Let o} and o} be
two cuspidal representations containing the Bushnell-Kutzko types (J1, A1 ®7)
and (J1,\; ® n~1). If the pairs (M, o1 K o2) and (M, o} X o)) are inertially
equivalent for every n then we have (J1, A1) and (J2, Ao @7~ 1) must intertwine
and hence they should be G-conjugate which implies that (J, Ao @n~1) are all
G conjugate. Now by our assumption that #kp > 3, we can find two distinct
non-trivial characters of kj which is a contradiction by [BK93, Chapter 5,
Theorem 5.5.2(3)]. Hence there is a non-trivial character n of J?/Ji such that
[M, 01 K os] and [M, 0] K of] are distinct inertial classes and

resz, . 5, (m) (A K A2) 2resz, o ) (Ain K Ao~ h).
With this observation we have
indg " (OF)(()\l R \s) B Uy, ) =~ indf (" (OF)(()\ln R an 1) KU, ).
Hence the irreducible sub-representations of

mdg?n"(om()\ X U%k)

are atypical.
Now by using induction on the positive integer r we prove that U,.(As) does
not contain any atypical representations. O
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The previous theorem reduces the problem of classifying typical representa-
tions for the component s = [M, o1 K as] to classifying typical representations
occurring in the representation

ind(Zo (T (As) (6.7)
where A, is a J; x Jy representation isomorphic to Ay X As. The representa-
tion may still contain atypical representations. To examine this we need
the Bushnell-Kutzko semi-simple type (Js, As) for the component s. To write
explicitly the structure of the semi-simple type (Js, As) we need to recall the
characteristic polynomial associated to the strata [2,n,0,3]. For any given
strata [2,n,0,8] in Ma(F'), define g to be ged(n,e). The element wg/gﬂe/g
lies in the ring 2A. Since we assume that our hereditary order 2 is defined by
a lattice chain £ such that £(0) = Op ® Op, the element w;ﬂ/gﬂe/g belongs
to (the maximal hereditary order containing ) Ms(Op). The characteristic

polynomial associated to the class w?,/ 93¢/9 in My(kp) will be called the char-
acteristic polynomial associated to the strata [2(,n, 0, 3].

Let [y, n1,0, 81] and [z, n2, 0, B2] be two simple strata defining the max-
imal simple types (JY, A1) and (J9, \2) respectively. In our situation the char-
acteristic polynomials associated to the above strata are powers of irreducible
polynomials ¢ and ¢o respectively (see [BK93|[2.3.11]). The underlying com-
pact group J of the semi-simple type depends on the data nj/e;,na/es and
¢1 and ¢o. We have two possibilities:

L. ni/e; # na/eg or ny/e; = nafex but ¢ # o
2. ny/er =na/ez and ¢1 = ¢a.

In the first case 01 and o5 are said to be completely distinct. In the second case
o1 and o9 are said to have common approximation. We will classify typical
representations in two important cases: the first case when o7 and o2 have a
common approximation of level zero, they are also called homogenous inertial
classes and the second case where o1 and o9 are completely distinct.

6.2 Homogenous inertial classes

In this section we assume that #kr > 3. So far we have shown that
typical representations occur as sub-representations of

indR/A) (A B As).

This may not (although we believe that this is never the complete classification
when o7 and oy have common approximation) be the complete classification
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in the case where o1 and oy admit common approximation. In this section we
treat the case where ni/e; = na/es and ¢1 = ¢2; and o1 and oy have level-zero
common approximation. This means that the simple characters of o1 and o4
intertwine and hence they are conjugate. We may as well assume that 2(; is
equal to 2As, ny is equal to ng, 51 is equal to B3. We henceforth assume that oy
and oy contain the simple strata [2, n,0,a]. Moreover the simple characters
defining o7 and o9 are the same. We denote by E = Fla] and [E : F] > 1.
We refer to [BK99|[Section 4.3] for further details.

Let o1 and o9 be two supercuspidal representations of GLy(F') containing
the simple stratum [, n,0,a]. Let (J° A1) and (J°, A\2) be Bushnell-Kutzko
type,s associated to [2(,n,0,a], contained in oy and o9 respectively. We also
define a non-negative integer ¢ = [n/2]. After twisting by a character x of
GL4(F) we may assume that o is minimal in the sense [BK93|[1.4.14]. The
group Js in the Bushnell-Kutzko type (Js, As) for the component s = [M, o1 X

o9] is given by
JO 30
5:31 JO .

We refer to [BK99][Section 7.2] for this construction. We also refer to the
article [Blo06][Corollaire 1] for an exposition. It follows from the minimality
of 8 that

O =Pp+ Py and I° =0 + P
We refer to [BK93]|Definition 3.1.7] for the definition of the lattices ' and
39, From the above description the group J, is of the form

g J Op + Py '
s — ng +§Bg‘+1 JO '

The representation A; X Xy of J? x JO extends to a representation of Js such
that J; N U and J, N U are contained in the kernel of the extension. We de-
note by As the extension of Ay K Ay. The pair (Js, As) is the Bushnell-Kutzko
semi-simple type for the component s.

6.2.1 The complete classification when F is unramified

We first understand the case when E is an unramified extension of F. In
particular 2 = M3(Op).
Recall that the compact groups P°(n + 1) and P°(t + 1) represented in

block form are as follows:
JO A
;13:;)1+1 JO

JO A
glf”rl) Jo
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respectively. We also define an auxiliary subgroup J.:

( JO O + m&t>
t+1 Jo .
2A

0
Lemma 6.2.1. The representation ind;

tation of PO(t +1).

(tH)(AS) is an irreducible represen-

Proof. The double coset representatives for J.\P°(t + 1)/J. can be chosen
from U(OF) = P°(t+1)NU. Let u™ be a coset representative represented in

the block diagonal form as
L (id U
v (0 id) '

Suppose T is a non-zero operator in the space
.
Hom ;,  7/yu+ (A, AY ).

The operator T satisfies the relation

id 0\ . (id+UC  -UCU
T(<c id) v) = ( C —CU + id) ().
Further we take C' in ‘]3;["1. Now we get that
Yo (Id+UC))o (—CU +id) = 1.
Hence we have ¢(qpy_ya)(1 + C) = 1. This shows us that U belongs to
M_4 (v, A) which is equal to Op + PB4~ * (See [BK9I3, Remark page 42]). Since
J.NU is equal to O + q}[Qin-‘rl)/ﬂ’ u™ is equivalent to id. This shows the

lemma with Mackey criterion. O

We observe that P°(t+1) can be decomposed as (J%)PY(n+1) and Mackey
decomposition applied to this decomposition shows that the space of intertwin-
ing operators

0 0
Hom pop41) (ind po () (A), indy, “FV (1))

has dimension 1. Now we need to find the complement of the representation

Ty 1= iIldiO(tH)()\s) inm = mdizgﬂﬂ))()\s).

Let f be an element of the representation 71. Let I(f) be a function defined
by the equation

1(f)(p) = / f(up)du

u—€ PO(t+1)nU

for all p € PO(t +1).
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Lemma 6.2.2. The operator I is a non-zero intertwining operator between mwy
and my.

Proof. Let p € P°(t + 1) and ut € J, NU. It is enough to show that
I(f)(utp) = Xs(uDI(f)(p) = I(f)(p). Let u~ and u' be represented in
2 x 2 block matrices as

u = ].2 0 qui ]-2 U+
S \U~ 1, )7 o 0 15

respectively. Now observe that

/ futpn = | Flumut (@) p)du”
u—€ PO(t+1)NU u—€ PO(t+1)nU
(6.8)
The above integral can be written as
/ ot a1+ U7 f(up)du (6.9)
u~€ PO(t+1)NU

Since Ut € Op + Ph " we get that aUT — Uta € Py since valuation of
with respect to the filtration P&, k € Z, is —n. This shows that I(f) € mo.
To see that I is non-zero we can take a function f € m; which is constant on
PO(t+1)NU and observe that I(f)(14) # 0. O

Notation 6.2. For an element u™ € U the 2 x 2 block matrixz form is always

denoted by
1, UT
0 13/

Similarly, for any element u™ € U the 2x2 block matriz form is always denoted

by
1, 0
U~ 15)°

We note that I is surjective and ker(I) is the complement of 71 in my. If
f is in the kernel of I then the above integral vanishes for all U+ € 2. Hence
the representation ker I is contained in the space S(«a) given by

{f € m| ~ 1/1(OLU+,U+Q)(1 +U ) f(u)du” =0V UtedAs.
u~ € PO(t+1)NU
(6.10)

Lemma 6.2.3. Let W be an irreducible sub-representation of ker(I). Then
GL4(OF)

irreducible sub-representations of indPO(t+1)

(W) are atypical representations.
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Proof. We first define a subgroup

oo (1B 2A
t = tg{+1 1+‘]3§1+1 .

of P°(t +1). Now H; is a normal subgroup of P°(t + 1) and P°(t + 1) =
H,P°(n + 1). Mackey decomposition gives us

resy, indllzzgf:;ll)) (As)

~ ind 2t
~ lndPO(nJrl)ﬂHt (respo(nt1)nH, As)

=~ indgé(n_i_l)m]{t ((¢o¢ X ¢a)dim )\s)'

The character v, is defined in [BK93|[1.1.6]. We first describe the irreducible
sub-representations of indgzﬂpo(nﬂ) (o K 1y).

The group Hy N M acts by the character ¢, X 1, on the representation

indgy’ [ po i) (Y B tha). Note that (Hy N U)P°(n 4 1) = POt 4 1) and by

Mackey decomposition we have
. .H . 1H.NU .
res Ao 1ndHZmP0(n+1) (tha Mhy) = 1ndpé?n+1)mﬁ(1d).

Hence the restriction splits as distinct characters of (H,NU)/(P°(n+1)NT).
The map u~ — U~ gives us the isomorphism

(H,NO)/(P°(n+1)nU) ~ Py /Pat.

The group of characters of ‘I?tglﬂ /’I}gﬂ is identified in the standard (as in
[BK93][1.1.6]) way with the group Py" /By’

We can choose a basis {fy|V € By"/By'} for the space of functions

indgé(mn[zﬂ)nif(id) such that

<£ 1%) Jv =vv(U)fv

where ;- is the character of Py /Pa'" corresponding to U~ € Py /By

Let ex be the characteristic function for the coset X + ‘Bgﬂ. The function

fv can be written as

fv = > tv(Xex.

Xepytt/patt
Let u™ € H, NU. We first observe that
utex = Ya(14+ U X)ho(l — XU )ex = o+ (1 + X)ex.
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Now

ut fy
= Z Yy (X)uTex
Xepyt/patt
= > Vv (X))o (1 + Xex = fvija,ut)-
Xepy /eyt
Any irreducible sub-representation W of indgzm PO(n+1) (o K 1y,) contains

a character 1)y for some V' € P" /‘I}it Now consider the space spanned by
the set

{fV?fV+[a,U+]| VUt S Ql}

By the observation on the action of the element u*, we get that the span is
stable under the action of H; N U and by construction it is stable under the
action of H; N U. Moreover the group H; N M acts by a character ¢, X 1),,.
Hence W = < fv, fuija,u+][V UT € A >. Let us denote the representation
W by W (V) where V' is a coset representative for 5"/ img([cr, ]) This de-
scription will be sufficient for our present purpose.

Now we return to the proof of the lemma [6.2.3] The subgroup H; is a
normal subgroup of P%(t + 1). Using Clifford theory we can write ker(I) as a
direct sum of irreducible sub-representations:

e~

L PYt41)
.= lndZPO(t+1)(W(V)){W(V)}

—_—~—

for some V' € Py " and W (V) is an irreducible representation of Zpo 1) (W (V)).

—_~—

(The representation W (V') is the isotopic component of W (V') in the repre-
sentation inngOPO(n+1)(¢a X ¢,). But we do not make use of this.). Let
sg/r be a tame co-restriction of A with respect to £ (see [BK93|[Definition
1.3.3]). Suppose sp, (V) belongs to PB5" for such a V then V = [a, U] (since
the kernel of the map induced by sg/r on Py" /‘Bit is given by the image
of [a, -] see [BK93|[corollary1.4.10]) and hence a contradiction to the identity
. This shows s/ #(V') does not belong to " for all V' such that W (V)
is contained in I'.

Note that (Zp41))(W(V)))(P°(t+1) N P) is equal to P°(t + 1). Mackey
decomposition shows that

—_~—

i . PO(t+1) PP+ 1)NP
TeSpo(t4+1)nP lndzpo(Hl)(W(V)){W(V)} = lndeo(Hl)(W(V))ﬁP W(V).

It follows from Frobenius reciprocity that Hompo(,41)(I', As) # 0. In par-
ticular Hompo(,41)np (I, As) # 0. We note that P%°(n 4+ 1) N P is equal to
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PO(t+1)N P and as a consequence Hompo(¢+1)np (L, As) # 0. Again applying
Frobenius reciprocity we note that

—_~—

HomZPo(tJrl)(W(V))QP(W(V)v )\5) 75 0

We will construct in the next paragraph another typical representation Ay
such that s’ # s and

resZPO(t“)(W(V))mp()\s) ~ I'eSZPO(tJrl)(W(V))mp()\S/). (611)

The group P°(n + 1) N U acts trivially on T and on .. The condition
now shows that
Hompo(y,41) (T, Asr)
is non-zero. Which shows that the representation I' occurs in the representa-
tion .
indllzo E::_ll)) (As7)-

GLy (O[«)

PO(41) (T") is atypical for the component s.

Hence the representation ind

Now we give the construction of Ay satisfying equation (6.11). We first
bound the group Zpo 1) (W(V)) N M. The elements of Zpo41)(W(V))NM
act on the characters vy such that

0
(01 j2> Vv =9 vt = Yvilau
for some U™ € 2. We now get that
Vgt + By =V A [0 U]+ 9y (6.12)

Recall that V' € g, valuation of o with respect to the filtration ‘Bgl, keZ,is
—n and UT € 2. Applying a tame co-restriction sg/r on both sides of (6.12)

and taking j; and j» in O we get that

Jiser(V)ias t +B5' =ser(V) + 85"

The above equation implies that j; = jo modulo Bg.

The representation s is A\; X Ao where (J?, )\;) are typical representations
of o; for i € {1,2}. Now J°/J! is isomorphic to kj. Since #kg > 3 we can
choose a nontrivial character n of kj; such that the multi-set of types {A1, A2}
and {\1n, \an~ '} are distinct. Let Ay = A1 X Aon~L. The pair (Jg, \,) is a
type for the component s’ = [GL2(F) X GLy(F), 0] K5 where o} and o are
supercuspidal representations containing (J°, An) and (J°, Ap~!) respectively.
Moreover we observe that s’ # s and

reSZPO(t+1)(W(V))mP()\S) = reSZPO(t,Jrl)(W(V))ﬂP()\S/)’
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From the above lemma typical representations for the component s occur
as sub-representations of
ind 5O (x,).

s

Since J; contains the group J. we have
1ndGL4 OF){lndJ, (id) ® As} ~ 1ndGL4(OF)()\S).

Frobenius reciprocity implies that ind”’: (id) contains id with multiplicity one.
Let €(s) be the complement of id in ind”; (id).

Lemma 6.2.4. Irreducible sub-representations of
ind 5O {e(s) @ A}

are not typical representations.

Proof. The subset Pp NPy is an ideal in Op and Pp NPLT = P We
first define a sequence of subgroups of Js as follows:

0 n—t
H = (‘/131 —imt“ OETJE;BQ )VlSiStJrl.

We note that that H; = J; and Hy 1 = J.. Now
. GL4(OF . GL4 (O GL4 (O
ind (97 () = ind§i O (A,) @ ind (O (e(5) @ A,

Where ¢;(s) is the complement of id in the representation indgziﬂ)(id). If

- dGL4(Or)< As) admits a complement of 1ndGL4(0F )()\S) containing only atyp-

ical representations then we show the same for i+ 1. For this we verify that
irreducible sub-representations of deL“(OF)( i(s) ® A\s) are atypical for the
component s. Hence by induction we show the above lemma. Consider the

representation
H;
ind ", +1)( id).

The group H; N U acts trivially on this representation. To see this let u™ be
an element of H; N U. We can choose coset representatives u~ for H;/H ;1)
from H; NU. Let u™ and u™ represented in their block form be

1, U* 1o 0
0 1 U™ 1y
respectively. Moreover we may assume that U~ € B%. We observe that

(u™)"tutu~ is of the form

1o —UTU~ U+
~U-UtU~ 1,+UU™"
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and this is clearly in the group H;y1). Hence uT acts trivially on indgzi+1> (id).

Define S(i) = H; N P where P is the opposite group of P with respect to
the Levi-subgroup M. Observe that

res Ao indgzm) (id) = @,
where n; are distinct characters of (H; N U)/(H;+1) N U). Now the group
S(i) N M acts on these characters and splits them into two different orbits id
and the rest of the characters. Applying Clifford theory we have
. 1H; SN - . 1S(
ress(;) indg (id) =ide de(sL()w o Un)

where 7 is a nontrivial character of (H; N U)/(H;+1) N U) and Uy, is an irre-
ducible representation of the group Zg(;y(n). This decomposition extends to a
representation of H;.

For all U~ € %, the element

_ (1, 0
(0t 1)

is contained in the group H; NU. Now the map U~ + u~ gives us an isomor-
phism A 4 . i
Po/Be " ~ (H;NU)/(Higa N 0).

The above isomorphism is O x OF (considered as a subgroup of M) equiv-

ariant.
ji 0
0 J2

be an element in Zg(;)(n) N M and ji, j2 belong to OF. Since 7 is non-trivial
we have j; = jo modulo Bg. As in the previous lemma we can construct
another component s’ such that s’ # s and

Let

TeSZ5ay(n) (As) = TeSZ5ay(m) (As')-

This shows us that the irreducible sub-representations of

ind%&Z(op)(indg(si(?i>(n)(Un) ® As) =~ indg{fz(op)(ei(s) ® As)

are not typical representations. Hence we show the lemma. O

With this discussion we conclude that all typical representations for the
component s occur as sub-representations of

ind 5 (A,).
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6.2.2 The complete classification when F is ramified

Although ideas in this section are essentially inspired from previous section,
we have to do additional work at various instances to finish the complete clas-
sification of typical representations when e(2) = 2.

Let 91 and J be two hereditary orders corresponding to the lattice chains
L1(1) = Pr' OoPr' and Lo(2i) = Pr' OPr', La(2i + 1) = Pr' @ Pp' T re-
spectively. Let [J,2n — 1,0, a] be a simple strata contained in o7 and 2. We
have v3(e) = —(2n — 1) (the valuation given by the filtration B, k € Z) and
from the inclusions

(n 1) m (2n—2) m:@n—l) Cmin
J

we get that vop(a) = —n. Let sp/p be a tame co-restriction map. Now

SE/F(mfm) = SE/F(W?W) = w2Ei+TOE

where 7 is given by sg/p(9) = P%. Hence we have a sequence

m [Oé, ] qgitn SE/F ;BEQTL-FT‘
I N R—
Og +‘B9ﬁ mgn—l) q352(71—1)44

(6.13)
Lemma 6.2.5. The sequence is exact.

Proof. The composition of the maps

m e ] P! @R oM
Pon DUSERY Pon

is given by a map m — [wha,m| from My(kp) to Ma(kr). Here @™« is

n 3 2n 2 __ an 2 __ 4n—2 2
the class of wha in M/Por. We have wi'a® = wi"a® = wp(wy" “a®) and

‘31” ?a? € 3. This shows that the wha is a nontrivial nilpotent matrix. The
dimension of the commutator of a nontrivial nilpotent element is 2. Now Op
is in the kernel and we observe that O /wrOF is a 2 dimensional vector space
over kp. This shows that kernel is exactly O + Bon. Since the image of [«, ]
in the sequence is of dimension 2 we get that img[a, | = ker sg,p. This

concludes the proof of the lemma. O

The proof of the above lemma shows that 0t = {u € M | [, u] € Py, (n=ly —
Og + Pon. We denote by Hy, Hy the groups

(JO zm) and (JO sm>
s B S
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Note that these groups are P°(n + 1) and P°(n) defined in the previous sec-
tion. We note that the group J° x J° (considered as a subgroup of M(OF))
normalizes the group

U(OE'F%EDI):{(IOQ i) |B€OE+q3m}

hence we have the semi-direct product (J° x JO)U(Og +Pox). Now we define
Hj to be the subgroup Ky(n)(J° x JO)U(Og + Pax). The group Hj in the
block form is as follows :

J°  Op + P
Bon J° '

Lemma 6.2.6. The representation As of H3 N M extends to a representation
of Hs such that H3NU and H3NU are contained in the kernel of the extended
representation.

Proof. The representation A\, extends to a representation of

Hy - ( JO Op +q3sm>

n+1 0
on J

since res; | gyn i1 As = id. Now Hs = H4(H3NU). Let

1, B
+_ (12
v _<0 12>

be an element of (H,NU) = (H; NU) and
e 1o 0
“\C 1,
be an element of H3 NU. We observe that w-utu= """ is of the form
1, — BC B
—CBC CB+1y)°
The above element belongs to the group Hj and

As(w utuT ) = (14 C0) = 1.

Hence the representation A, extends to a representation of Hs such that H3NU
is contained in the kernel of the extension. O

By Mackey decomposition we get that

dimg Homp, (ind 72 (), ind 12 (As)) = 1.
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Let m and 7o be the representations indgf (As) and indgz()\s) respectively.
Let I be an operator from the space m; to the space of functions on H; given
by

1= [ fauhde
H{NU
Lemma 6.2.7. The operator I is a non-trivial intertwining operator from my
to mo.

Lemma 6.2.8. The representation indgg (Xs) is an irreducible representation
Of HQ .

Lemma 6.2.9. The irreducible sub-representations of ind(};'[];“(op)(ker(f)) are
not typical representations.

We prove lemmas [6.2.7], [6.2.8] and [6.2.9] in an axiomatic way as the same
argument is used in various contexts. Let us first recall some definitions (see
[BK93][1.1.4]). Let ¢ be an additive character of F which is trivial on Pp
but not on Op and A be the set of matrices Ma(F). We denote by 14 the
character « — v (tr(x)). For a given subset S C A, we denote by S* the set

{reA|Ya(zs)=0V se S}

Let (Hy, Ho, Hs, \s) be a tuple consisting of three groups H; for 1 <14 < 3 and
As a representation of a common subgroup of H; for 1 < i < 3. We assume
that the tuple satisfies the following conditions

_ J(] ml
1. Hl — (m2 J0>.

OLER
2. H2 — (ml J()).

JO N,
o = (1)

4. JYis the group J? for the simple strata [2,n,0, a] and ), is a representa-
tion A1 XAy of JOx JO such that (JY A1) and (J9, \2) are Bushnell-Kutzko
types for some supercuspidal representations o1 and o9 respectively.

5. The lattices B; and 91; for 7 in {1, 2} satisfy the inclusion relations Py C

P1, P1P1 C Po, N2 € Ny and P19M1P; C Po. The map ¢, sending
x to tr(ax) is a character of the quotient B1 /P2 where « is in P5. A,
extends to a representation of H; and Hj.

6. A1 and \o are representations of J° such that the restriction to 1 + By
is a multiple of the character of the form = — 9, (1 + )
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7. We have an exact sequence
ENEL N mi — 8(‘1%)
ple B s(B7)

such that the first arrow is given by [, ] and the second by s the tame
co-restriction with respect to the field Fla]/F.

=0 (6.14)

It follows from Mackey decomposition that up to scalars there exists a unique
non-trivial intertwining operator between the representations m = indgf (As)

and 7y = indgf5 (As)- Let f be a function in the space 71. Let I be the operator
from 71 to the space of functions on H; given by

1(f)(h) = /H St

for all h € H;.

Lemma 6.2.10. The operator I is a non-trivial intertwining operator between
the space m and ms.

Proof. The proof is a repetition of the proof of Let h € Hy and u™ €
H3;NU. Tt is enough to show that I(f)(uth) = Xs(ut)I(f)(h) = I(f)(h). Let
u~ and uT be represented in 2 x 2 block matrices as

u = ].2 0 qu _ ]-2 U+
S \U~ 15/’ ~\0 1o

/ fwuTp)du” :/ flumut(w™) " p)du (6.15)
u—€ H;NU

u—€ HiNU

respectively.

Using the axiom 6 the above integral can be written as
/ ) ¢(QU+,U+O¢)(1 +U7)f(u"p)du~. (6.16)
u—€ HNnU

Since Ut € 9, and by the exact sequence in axiom (7) we get that aU T —Ut«
belongs to 1. This shows that I(f) € mo. To see that I is a non-zero operator
we can take a function f € m; which is a non-zero constant on H; N U and
observe that I(f)(14) # 0. O

Lemma 6.2.11. The representation wo is an irreducible representation of Hs.
Any irreducible sub-representation in the kernel of this intertwining operator
I also occurs as a sub-representation of

1ndgf ()\177 X )\277_1)

for any tame character n of Oj.
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Proof. Except for few changes the proof is a repetition of lemma[6.2.3] We first
prove that s is irreducible. The double coset representatives for Hs\Hy/Hs
can be chosen from Ho NU. Let uT be a coset representative. We write ut in

block diagonal form as
ot — id U
T\0 id)

Suppose T' be a non-zero operator in the space
+
Hom g1,y (s A2 )-

The operator T satisfies the relation

id 0\, (d+UC —UCU
T(<c id)”)_( C 0U+id>T(“)'

where C' € ;. Now we get that
Yo (iId+UC) o (-CU +id) = 1.

Hence we have ¢(qu_ya)(1 +C) =1 for all C € ;. The first arrow of the
exact sequence shows that U € 91, and hence u™ belongs the double
coset represented by id. By Mackey irreducibility criteria s is irreducible. For
the second part let f be a function in ker(I) then we have

1= [ et <o

for all u™ in Hy NU. We write ' and «~ in their block diagonal form as
id Ut
0 id
id U™
0 id

respectively. We observe that u~utu="" is of the form

1L,-UtU~ U+t
-U-Utu- U U +1y)°

and

The above matrix is an element of H;. We now have

/ fuuT)du
HoNU
~1

:/ CAs(wTutuT ) fuT)du”
Han

- / Valls — UTUYba (13 + U=U+) F(U=)dU~.
U—ePy

120



This shows that ker(I) consists of functions which satisfy the identity
/ "/}(aUJr—UJra)(l + U_)f(U_)dU_ =0
U—ePr

for all UT € 91;. We denote by H' the group

(12 + %4 M >
P1 Lo+ )
We have H'H; = Hs hence by Mackey decomposition we get that
resp indgf()\s) = indgimH,()\s).
Let resgrnn As be (0o K 1),)"™. Now we get that

indglﬁH,()\S) = (indglﬁH/ (/lpa IE ’L/}a))n'
The representation
indff g (Vo X 1ha)

can be realised as space of functions on the abelian group

%

_ ~ 1
H, NnH Bo (6 7)

If e,,- is the characteristic function for the coset representative u—, the element
u™ acts by the constant ¢¥,p+_y+o(U7) on e,-. The element j = diag(yj1, j2)
of H' N M acts by sending ey— to

Vq (jljg)ejlu_j2—1 = Ya(J172)eu— (see . The space of functions on the
group are spanned by the characters on the abelian quotient .
The set of characters of the group can be identified with the standard
isomorphism

BB
Br B

sending U to 1y. The action of the element u™ on vy is given by

v = Yy (a,ut-
Let W(V') be a space spanned by the functions of the form vy (4 ¢+ for all
U™T € M;. This space is stable for the action of H’ and is irreducible. Hence
we have )
indjr, n (As) = >, ww))"
Veps/img(le, 1)
Now the group Hs acts on the set of representations W (V') of H' and we get

that
indf? (\s) ~ @P(Ind F2y vy, (W (V)"
Vi
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where V;|1 < i <[ is the representatives for the action of Ha, Z(W(V})) is the

—_~—

stabilizer of the group W (V;) and W (V;) is the isotopic component of W (V;).

Let s/ be a tame co-restriction on A with respect to £ (see [BK93|[1.3.3])
If sp, (Vi) = 0 then by the exact sequence (6.14) we get that V; = [o, U] for
some U™ € 91, /Ny. This shows that the representation

I = indggy, ., (W(V3))

contains a function ¥y, y+. Hence the above representation is not contained
in the space ker(I). Hence the kernel consists of representations W (V') with
spp(V) # 0 Now Z(W(V)) = {(J° x J°) N Z(W(V))}H'. Note that J° =
OFJ and (05 x O5)N{(J°x J°)NZ(W(V))} is contained in the group of the
form {(a,b) | a,b € OF;a =bmod Pr}. Let n be a character of J/J ~ k.
We observe that

resz(w (V) A KAy >~ TeSz(w (V) A X /\27771
Now we note that (Z(W(V)) N P)H; = Hs and H; N P = Hy N P. From
Frobenius reciprocity we get that Hom,np(T', As) # 0. We have

Homp,~p (T, As)

= Homzw vy)np(W(V), Asr)

—_~—

= Homzwvy)np(W(V), Xs).

and Hom gy (vy)np(W(V), As) is equal to Homp,np (T, As) which shows that
Hompg, (', A\s/) is non-zero. O

Proof of lemma[6.2-§ and [6.2.-9. We apply lemma [6.2.11] for the tuple
(Hl, HQ; H37 )\s)

defined at the beginning of this subsection with (J° A1) and (J°, A\2) being
the Bushnell-Kutzko types for the representations o1 and o9 respectively. The
exact sequence is provided by . The irreducible sub-representations of
ker(I) also occur in the representation

ind 2 (A1 B Aan™1).

for any tame character n of O. If #kp > 3 then we can choose a character
n of ki = kj such that the multi-sets of types {A1, A2} and {\1n, Aan~'}
are distinct. If of and o} are two supercuspidal representations containing
(J9 A1m) and (J9, Aan~1) respectively then s’ = [M, o} Kob] and s = [M, 01 X
o9] are different inertial classes and hence the irreducible sub-representations
of indg?(op)(ker(l')) occur as sub-representations of inng;“(OF)()\m& Aon1)
and hence are atypical. O
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Now typical representations occur as sub-representations of indgi“(op ) (As)
or rather the complement of this representation in the parabolic induction

’L'gL4(F) (O‘l X 0‘2)

contains only atypical representations for the component s.
Lemma 6.2.12. The group O + B3 is equal to O + Pox.

Proof. Since the group group ‘Box is contained in Py, O + Py is a subset of
Of +Bom. We will now show that Py C O +Baon. We recall that the groups
L5 and Pon are given by

(‘BF OF) and (‘BF ‘J3F>
Br Pr Br Pr

respectively. Let IT be the matrix of the form
0 1

OFrlIl 4+ Pox ="B3. (6.18)

Since the element IT normalizes the hereditary order J, we have Il = wgj for
some j € U(J). Now multiplying j~* on both sides of the equation (6.18]) we
get that wpOF + P = Py. This shows the lemma. O

We note that

Hence the group Hj is of the following form.
< JO Op+ ‘333>
n JO .
m

Let a,b be integers such that a +b = 2n, a > n and b > 0. We denote by
H(a,b) the set consisting of the matrices

A B n a
{(C D)A,D60E+‘133; B€0E+‘B%;C€ms}'

Lemma 6.2.13. The set H(a,b) is an order.

Proof. Let hy and hs be two matrices from the set H(a, b) we write hy and ho

in its block form as
A1 By Ay By
Cl D1 02 D2

The product of hihs has the 1 x 1 entry A;As + B1C5 Since a + b = 2n
we can see that B1Cy € O + &Bg + fpg: since we assumed a > n we have
B, Cy € B and hence A1As + B1Cy € O +9P5. The 1 X 2 term is contained
in (Op +B5)(Or + %) and this product set is contained in (O +q3%) The
2 x 1 term of the product is easily seen to be contained in P4. The 2 x 2 term
is similar to 1 x 1. O]
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We denote by H(a,b) the group of units of H(a,b). In the block form the
group H(a,b) is as follows:

JY O+ m%
P )
Lemma 6.2.14. The representation \s of H(a,b) N M extends to a represen-

tation of H(a,b) such that H(a,b) N U and H(a,b) N U are contained in the
kernel of the extension.

Proof. The proof is similar to that of We note that H(a,b) is equal
to H(2n,b)(H (a,b) NU). The representation A, extends to a representation
of H(2n,b) since resiq qp2n(Xs) = id. Let ut and u~ be two elements of

H(a,b) NU and H(a,b) N U respectively and we take them in the block form
as in lemma m We observe that /\s(u‘u+u__1) = Y[q,p)(id+C). Now
B € OF + %% hence [0, B] € ‘)33(%71)% and hence 1, p(id+C) = 1 for
all C € Pg. This shows that A\,(u " utu~ _j) = 1. Hence the representation
As extends to H(a,b) such that H(a,b) N U is in the kernel of the extended
representation. O

Since P, C ‘13%”_1 we get that Hy C H(2n — 1,1). The induction

indgs(%_l’l)()\s) has a unique complement of the representation Ay (here Ag

is considered as a representation of H(2n — 1,1)). Let U(3,2n — 1) be the

complement of )\, in indgfn*l’l)()\s).

Lemma 6.2.15. The irreducible sub-representations of

.. 1GL4(OF
indjr3( %% (U(3,2n — 1))

are not typical representations.

Proof. The proof is similar to the proof of We denote by H' the group
d+P5 O +PB;
P id+pY
We observe that H' is a normal subgroup of H(2n—1,1) and H'H3 = H(2n —
1,1). Using Mackey decomposition we get that
resy indgiznfl’l)(id) ~ ®Y_ym;

where 7; are characters of H' which are trivial on H' N Hs. The quotient is
given by 543?_1/‘}3”%. Now the group H(2n — 1,1) acts on these characters
n; and let Z(n) be the H(2n — 1,1) stabilizer of . Note that Z(n) = (Of x
O4)H(2n — 1,1). From Clifford theory we get that

indgé%_l’l) (id) ~ Bien indg(f:;_l’l) (Un,)
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where A is a set of representatives for the action of H(2n — 1,1) on the char-
acters n; for 1 < j <p and U,, is an irreducible representation of Z(n;). The
action of O, x O on the quotient ‘Bg"*l/%gn factors through Us(FE) and if
is non-trivial character, from the arguments of Case 3.3 in theorem [6.1.2| we
get that modulo P g reduction of the group Z(n) is of the form {(e,¢) | e € k3 }.
This shows that for #kr > 3 we can choose a character 1 of kj such that the
multi-sets {A\17, Aan~1} and {\;, A2} are distinct. Moreover

. H(2n—-1,1

indy U, © (A B )}

. H(2n—1,1 _
~ indy (1 U, @ (an B Aan™)}

for any 1 # id. This shows that irreducible sub-representations of

.. 1GL4(O
indf 3\ (U(3,2n — 1))

are atypical representations. O

The above lemma shows that typical representations can only occur as sub-
representations of indgl(g‘ffq)l)()\s). We suppose that typical representations

occur as sub-representations of indIC:,I(“;L (b()? ") (As) for some positive integer b such

that 1 < b < n — 1 then we show that typical representations occur as sub-

representation of indg%;‘gpb) +1)(’\5)' By Mackey decomposition we note that

. . H(a—1,b . H(a—1,b
dimc Hom(lndHE%b) )(As),lndHEa_Lbl_l)()\s)) =1.

Let I(a,b) be the non-trivial intertwining operator between ind(*~ 1) (As)

H(a,b)
. H(a—1,b
and 1ndHEa71’bll) (As)-

Lemma 6.2.16. The representation indgggj’zll)()\s) 15 irreducible.

Lemma 6.2.17. The irreducible sub-representations ofindfll(“;‘gfb)) (ker(I(a,b)))
are not-typical representations.

Proof of lemma[6.2.10 and [6.2.17. We apply the formalism developed in lemma,
for the tuple (H(a,b),H(a — 1,b),H(a — 1,0+ 1), As). We have 9y =
Or + ‘43% and My = Op + ‘43?1. In the language of Bushnell-Kutzko 9%; =
N 2ny41(6,3) and Ny = N2, 1542(6,J). We note that P; = ‘Bﬁ_a =
‘133_2"+b+1 and P; = ‘1352”"’6"'2. The exact sequence is given by [BK93|
corollary 1.4.10] which says that the sequence

Ne(8,3) ] Py ser ph
Myet1(8,3) bt A
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is exact for all k > ko(8,J) and in our context ko(S,J) = —2n+ 1 and k =
—2n 4+ b+ 1. The irreducible sub-representations of ker(I(a,b)) also occur in

the representation
H(a—1,b)

indyy o & Ay ™).
for any tame character n of Of. If #kp > 3 then we can choose a charac-
ter n of k5 = kj such that the multi-sets types {A\1, A2} and {A1n, Aan~'}
are distinct. If of and o) are two supercuspidal representations containing
(J9 A1m) and (J9, Aan~1) respectively then s’ = [M, o} Kob] and s = [M, 01 X
03] are different inertial classes and hence the irreducible sub-representations

of indf 47" CLAON) (1 e

Aon~1) and hence are atypical. O

(ker(I(a,b))) occur as sub-representations of ind

This brings us to the final step of this section from the lemma [6.2.17] we
conclude that typical representations occur as sub-representations of
. GL4(Or)
1ndH(;fLan71)()\s).
From lemmal[6.2.4 we get that typical representations occur as sub-representations

of indiL“(oF)()\s) where (Jg, As) is the Bushnell-Kutzko type for the compo-
nent s.

6.3 Completely distinct inertial classes

In this section we assume that #kpr > 3 We fix Bushnell-Kutzko types
(JP, A1) and (J9, \2) contained in the supercuspidal representations oy and oo
respectively. Let [21,n1,0, 51] and [23, ng, 0, B2] be two simple strata defining
the types (J?, A1) and (J9, A2) respectively. Let e; = e(;| Op) for i € {1,2}.
In this section we consider the case where o1 and oo are completely distinct.
We will always assume that n;/e; > na/ea. We denote by A; the lattice
sequence A;(r) = L;(—[—r]) for all » € R where L, is the lattice chain defining
the hereditary order 2; and moreover we assume that £,(0) = Op ® O for
ie{1,2}.

Let U and U be the unipotent radicals of P and the opposite parabolic sub-
group of P with respect to M respectively. We denote by e the least common
multiple of e(A;) and e(As) respectively. Let [ be the positive integer such
that /e = max{ni/e1,nz/ea}. Let A be the direct sum of lattice sequences
A1 and As. The Bushnell-Kutzko type J, satisfies the Iwahori decomposition
with respect to the parabolic subgroup P and the Levi-subgroup M. The pair
(Js, As) is characterised by the following properties

1. J,NU =wuo(A)NU,
2. J,NU =wu1(A)NU,
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3. J,NM=J% % JY.

4. The restriction of the representation As to the subgroup J; N M is iso-
morphic to A\ KAy and J,NU and J, N U are contained in the kernel of
As-

We refer to [BK99][Section 8, paragraph 8.3.1] for the construction of the pair
(Js, As). We will explicitly compute uo(A)NU and w41 (A)NU in the following
possibilities e = e3 =1;e1 =1,e0 =2; 1 =2,e0 =1; and eg = 2,69 = 2.

We first consider the case e; = e; = 1. In this case
AO)=0r®O0r®0r®0Op

and A(i + 1) = wpA(i). Hence ug(A) is GL4(Or) and w41 (A) is the prin-
cipal congruence subgroup of level I + 1 inside GL4(Op). This shows that
up(A) NU= U(Op) and u;11(A) N U = U(EL). Moreover N = [ Hence we
observe that in this case Js = PY(N + 1). Hence the theorem completes
classification of typical representations in the case where e; = es = 1 and oy
and oo are completely distinct.

We will now consider the case e; = 1, e = 2. In this situation
A0)=O0r®O0r ®O0p ®OF
A1) = Ay (1/2) @ Ao(1) = PBr OPr © Or ©Pr

and A(i+2) = wpA(i). Let n and n be the upper and lower nilpotent matrices
of the type (2,2) i.e the Lie algebras of U and U respectively. Now u;(A)NU =
1+ (ai(A)Nn) and u;(A)NU = 1+ (a;(A) N7i) ((a;(A) is defined in the section
. ‘We note that ag N n is the set

{z € My(F)Nn | zA®i) C A(i)Vi € Z}

In our case it is given by the set

0 0 Pr OF
0 0 PBr Or
0 0 O 0
00 O 0

Similarly the groups ao(A) N1 and a1 (A) N1 are given by

0 0 0 0 0 0 0 0
0 0 0 0 Lo o 00
O Op 0 0 ¢ O O 0 0
Op Op 0 0 Pr Br 0 0

respectively. Let [+1 = 2+ with r € {0, 1} then a; 11 (A)N& = wh (a,(A)NR).
We recall that N = max{n, [(n2+1)/2]} and /2 = max{ni,na/2} = ny since
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we assume that ny > no/2. Since n; is a positive integer, nq > no/2 if and
only if ny > [(n2 4+ 1)/2]. In this case N = n;. Hence we deduce that 2N = 1.
From this we get that a;41(A) N7t = @ (a1(A) Nn). The first observation is
that the dimensions of the representations

indot\ 5 (A B A2) and  ind GO (O B )

are the same and moreover the intertwining of the second representation from
the lemma [BK98]|[{lemma 11.5] is bounded by the cardinality of Ngr,,(r)(s)/M.
Since the representations o; and o, are not inertially equivalent we get that
the cardinality of Nqr,(r)(s)/M is one. Hence the representation

ind 5" (A K )

is irreducible. Now at least one typical representation must be contained in
igL“(F)(al X o3) and lemma theorem gives the inclusion of the
above representation in

indzo (N2 (M B g)

Hence we have the isomorphism

indiL4((9F)(/\1 X )\2) ~ 1ndgg(415,ﬁ’71))(/\1 X )\2) (619)

Let us consider the case where e; = 2 and ez = 1. In this case A(i + 2) =
wrA(i) and

A(O) Or®0r®0r & 0Op,
A(D) =AM (1) ®A2(1/2) = Or ©PBr ©Pr & Pr -

The group ag(A) Nn is given by

0 0 O OF
0 0 O OF
0 0 O 0
0 0 0 0

The group ag(A) N1 and a1(A) N1 is given by

0 0 0 0 0 0O 0 O
0 0O 0 0 and 0 0 0 O
Br Or 0 0 Br PBr 0 0
Br Or 0 0 PBr Pr 0 0

In this situation n1/2 > ny and hence [/2 = max{ni/2,n2} = ny1/2. Now
consider the positive integer N = max{[(n1 + 1)/2],n2}. Since n1/2 > no and
[(n1+1)/2] > n1/2 we get that N = [(n1+1)/2]. Here we can use the fact that
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ny is odd and we have a;41(A) N = w%nlﬂ)/Q(a()(A) N) = o (ag(A) N 7).
Observe that PO(N + 1) C J,.

The representation g occurs with multiplicity one in the representation
ind}];O(NH)()\S). We denote by U$(\s) the unique complement of A in the

representation ind?; PO(N +1)( s). We denote by Un(As) the representation

ind 5O (U3 ().
Lemma 6.3.1. The irreducible sub-representations of Un(\s) are atypical.

Proof. The proof of this lemma is similar to[5.3.2} The first step is to split the
representation

N
ind o v qy (

id).
To begin with we will show that the group U(Op) acts trivially on the above
representation. Let ut be an element of U(Ofp) and u~ be an element of

JsNU. We denote ut and v~ in their respective block form as

b U\ (1 0
0 1,/ @ U- 1,)°

Now the conjugation u~u*(u~)~! is of the form

LL,-UTU~ U+
U-UtU- 1,4UU"

We observe that U-U U~ € w¥+1My(Op). This shows that the conjugation
u”ut(u™) 7! lies in the group P°(N+1). Hence the group U(OF) acts trivially
on

ind oy 41, (id)- (6.20)

From the Iwahori decomposition of the group J; we get that .J; is equal to
(Js N P)P°(N + 1). Hence we get that

1eS.7.nPy indl‘];”(f7\/+1)(id) dé“?ll\pfﬂ Ap(id).

Note that J, N P is a semi-direct product of the groups (Js N M) and (JsNU).
Let n for 1 < k < t (we mean counting them with their multiplicity, but
in our case the multiplicity is one) be all the characters of the group Js N U
which are trivial on the group P°(N +1)NU. The group J, N P acts on these
characters and let {7y, } be a set of representatives for the orbits under this
action. We denote by Z(n,) the J; N P stabiliser of the character n,. Now
Clifford theory gives the decomposition

J.NP 7, mP
dPO(N+1)mP @ ind| Un,)

Nkp
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where Uy, is an irreducible representation of Z(nk,). We note that the char-
acter id occurs with a multiplicity one in the list of characters 7.

The representation Unkp is the isotypic component of the character ny, in

the representation

. 1JsNP :

1ndPO(N+1)mP(1d)'
which naturally has the action of Z(ny,). Now if K is the kernel of the repre-
sentation (6.20) then KN Z(ng,) acts trivially on Uy, . Hence we can extend
the representation Umcp to the group Z(m,) K such that K acts trivially on
the extended representation. Now consider the representation

o,
T = de(nkp)Ks Umcp-

Note that KN P is contained in the group Z(nx,) N P and moreover U(Op) is
contained in K hence J, = (J; N P)Z(nx,)K,. Using Mackey decomposition
we have

ne ~ indZ:"P (Uns, )-

RN S ~ i
resj.np de(nkp)KS Un, = lndZ(nkp)KSﬂ(JsﬂP)(U”kp) Z(nky)

We hence obtain

- Y o (TN iy e
1ndP0(N+1)(1d) ~ @de(nkp)Ks Uns, - (6.21)

Nkp

Now using the decomposition (6.21]) we get that the decomposition

ind 7oy (A B ) = @ ind5 2 T2 (U, © (A B A2)).

Nkp

Note that the character id occurs with multiplicity one among the charac-
ters ng and the fact that Z(id)Ks = (Js N Pr)Ks = Js implies the following
isomorphism

ind gy (ABA2) ~ ind 97 (\RA)e indg(L;:S;()S {Up,, @(MEA2)}.
Nk, #1d

(6.22)
Let T be an irreducible sub-representations of

.. 1GL4(O
ind3(+ () (U, © (n B )}

From the reasoning given in Case 3.2 of theorem for #krp > 3, we
can find two types (J?,\}) and (J, \,) such that [M, oy K os] # [M, o1 K o]
where ¢ and o are two supercuspidal representations containing (J{, \]) and
(J9, \y) respectively,

resz(nkp)()\l > )‘2) =~ reSZ(nkp)()\ll X )\/2)

This shows that the representation I' is not a typical representation. O
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Now we look at our last possibility e; = ea = 2. In this case A(i +2) =
wpA(@), A(0) = O0r®O0r @O0pr®Op and A(1) = Op ®Pr ®Or &Pr. The
group ag(A) Nn is given by

0 0 Op Op
0 0 Br Or
00 0 0
00 0 0

The groups ag(A) N1 and a;(A) N are given by the groups

0 0 00 0 0 00
0 0 00 P
Or Op 0 0 ™% |Br 0r 0 0
Br Op 0 0 Br Pr 0 0

respectively. We have [/2 = max{n,/2,n2/2} = n;/2 and hence l = n;. At the
same time N = max{[(n1+1)/2], [(na+1)/2]} = [(n1 +1)/2]. We use the fact
that n; is odd and get that a;1(A)Nn = wg”H)/Q (ag(A)Ni) = @ (ag(A)Nh).

Let H; be the group

JY wpMs(OF)
@ Mz(OF) J3 '

The group H; is contained in the group P°(N).

Lemma 6.3.2. The representation A5 of JY x JY extends to a representation
of Hy such that HyNU and HyNU are contained in the kernel of this extension.

Proof. The representation A, = A\; X\, extends to the on the group P°(N +1)
such that PO(N +1)NU and P°(N +1)NU are contained in the kernel of the
extension. Hence the representation Ay extends to the group Hy N P°(N + 1).
We note that H; = (P°(N)NU)(Hy; N P°(N + 1)). Let u~ be an element
of P°(N)NU. To prove the lemma it is enough to verify that (u=) lutu~
belongs to Hy N PO(N + 1) and As((u™) " tutu™) =1 for all u~ € Hy NU and
u™ € H; NU respectively.

We write ©~ and T in the block form as
1, 0 1, UT
<U‘ 12> and (o 1y

respectively and U~ € wih Ma(Or) and U € wpM2(Op). The conjugation
(™) tutu~ in the block form is given by

1, —UTU~ U+
—U~UtU- U Ut+1y)"
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Since U"UTU~ € wi ™ My(Op) we get that the above matrix belongs to
Hy N PY(N +1). The element 15 + U~U" and 1, — UTU~ are contained in
the kernel of Ay and \; respectively. Hence A\((u™) tutu™) = 1. O

From the observation P°(N) = PY(N + 1)H; we get that

0 0
dimg Hompo () (indpo( 'y ) (As), ind gy, M () = 1.

0
Lemma 6.3.3. The representation indgl(N)(/\s) s an irreducible representa-
tion of P°(N).

Proof. We prove the lemma by showing that the support of the intertwining
of the representation considered in the lemma is contained in the double coset
containing identity. The double coset representatives for H;\P°(N)/H; can
be chosen from the group P°(N)NU. Let ut be an element from the group
PY°(N)NU. Let the following matrix be the block from of u*:

1y UT
0 1

where Ut € M3(Op). Let T be a non-zero operator in the space

+

Hom gy yut (As, (X))

Now T must satisfy the relation

id 0\ . (idtUtC  —UtcUt
T((C id) ”)< c —CU++1d)T(”)'
PO

for all v € indy; "’ (As) and C € wi My(OF). This implies that the character
Yg,u+—u+p,(1 4+ C) = 1. Since characteristic polynomials of 3; and (o are
relatively prime we get that Ut € wpMs(OF) (see [BK99[lemma 4 p.72]).
Hence the intertwining is supported only on the double coset containing iden-
tity. This shows the lemma. O

We note that indgzgzl_l)()\s) and indZ?(N)()\s) are of the same dimension.

The above lemma together with the transitivity of induction we get that
. 1GL4(Ox . 1GL4(OF
1ndP(I;(4]E,+Fl))()\S) ~ 1ndHI;4( F)()\S).

Let Hs be the group

J? ‘13%

(Note that 2A; is a hereditary order defined by the lattice sequence A; with
periodicity 2 and A1(0) = O @ O and A1(1) = Op & Pr.) We observe that
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H, C Hy and moreover HiNU = HoNU and H N M = HyN M. We will
also need another group Hs given by

Jl SBQH

()

The representation Ay of Hz3 N M = JY x JY extends to a representation of
Hj3 such that )\, extends to a representation of Hsz such that Hz3 N U and
H3; N U are contained in the kernel of the extension the proof is similar to
[6-3:2] the only important fact is that kernels of Ay and Ay contain the group
U?N(2A1). Since wi My(Op) C ‘BQN ', we get that Hy C Hs. From this
we also get that the representation A\g of Ho N M extends to a representation
of Hy such that HoNU and HyNU are contained in the kernel of this extension.

It is by now a standard practice (see lemma l to decompose indgz+1 (id)

as a direct sum
id® @ md ”1

where the mod P reduction of Z]l- N M is contained in the M (kp) stabiliser
of a non-zero matrix A in Maya(kp) for ¢ € {1,2}. From the arguments in
the Case 3.3 of theorem [6.1.2] for #kr > 3, we can find two types (J{, \})
and (J9,\}) such that [M, o1 X 03] # [M, 01 X 03] where o} and o} are two
supercuspidal representations containing (J?, \j) and (J9, \}) respectively,

resz: (A1 X Ag) ~ resZ;;()\’l &KINS).
This shows that irreducible sub-representations of
WS, )
are atypical for #kp > 3 and i € {1,2}.

GL4(OF)(>\S) GL4(OF)()\S)

Now observe that the dimensions of ind and ind
are the same. Note that the type (Js, As) occurs in the smooth representation
igL“(F) (01 K o3). This shows that at least one irreducible sub-representation
of

ind5 () (6.23)

must be contained in 4 PL4( )(01 Xos). The representation 1’ is irreducible
and typical. From our results so far typical representations for s = [M, 01 X

GL4(0F)()\ )

o9] must occur as sub-representations of ind s). Hence we have an

isomorphism
indiL“(O‘”)()\ )~ mdGL4 O*)(/\é).

This concludes the classification of typical representations in this case.
The results of this chapter can be collected in the following theorem.
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Theorem 6.3.4. Let s = [M, 01X o] be an inertial class such that o1 and o9
are either completely distinct or homogenous. Let #kp > 3. If T is a typical
representation for the component s then I' is a sub-representation of

ind |77 ()

where (Jg, As) is the Bushnell-Kutzko semi-simple type for s and moreover

dim(c HomGL4(OF) (F, ind?sL4(OF) (/\S)) = dim(c HomGL4(OF) (F, i1G3L4(F) (0'1 |ZO'2))

where P is any parabolic subgroup containing M as its Levi-subgroup.
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Abstract

In this thesis we classify typical representations for certain non-cuspidal Bern-
stein components of GL,, over a non-Archimedean local field. Following the
work of Henniart in the case of GLs and Paskunas for the cuspidal Bernstein
components, we classify typical representations for Bernstein components of
level-zero for GL,, for n > 3, principal series components, components with
Levi subgroup of the form (n,1) for n > 1 and certain components with Levi
subgroup of the form (2,2).

Each of the above component is treated in a separate chapter. The clas-
sification uses the theory of types developed by Bushnell and Kutzko in a
significant way. We will give the classification in terms of Bushnell-Kutzko
types for a given inertial class.
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Samenvatting

In deze scriptie classificeren wij typische representaties voor bepaalde niet-
cuspidale Bernstein componenten van GL,, over een niet Archemedisch lokaal
lichaam. Gebruik makend van het werk van Henniart in het geval van GL,
voor de cuspidale Bernstein componenten, classificeren wij representaties voor
Bernstein componenten van niveau nul voor GL,, voor n > 3, voor principal
series components, voor componenten met Levi ondergroep van de vorm (n, 1)
met n > 1 en sommige componenten met Levi ondergroep van de vorm (2,2).

Alle bovenstaande componenten worden in hun eigen hoofdstuk behandeld.
De classificatie berust zwaar op de theorie van typen ontwikkeld door Bushnell
en Kutzko en deze zal ook gegeven worden in de termen van de Bushnell-
Kutzko typen behorend bij een gegeven inertie klasse.



Résumé

Dans cette thése, nous classifions les représentations typiques pour certaines
composantes de Bernstein de GL,, sur un corps localement compact non Archimé-
dien. Suite aux travaux de Henniart dans le cas de GL2 et de Paskunas pour
les composantes de Bernstein cuspidales, nous classifions les représentations
typiques pour les composants de Bernstein de niveau zéro pour n > 3, les
composantes de séries principales, les composantes dont le sous-groupe de Levi
est de forme (n,1) pour n > 1 et certaines composantes dont le sous-groupe
de Levi est de la forme (2, 2).

Chacune des composantes ci-dessus est traitée dans un chapitre distinct. La
classication utilise d’une maniére significative la théorie des types développée
par Bushnell-Kutzko, et elle est établie en termes de tels types.
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