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Abstract

This thesis concerns in some topics on calculus on metric measure spaces, in connec-
tion with optimal transport theory and curvature-dimension conditions. We study the
continuity equations on metric measure spaces, in the viewpoint of continuous function-
als on Sobolev spaces, and in the viewpoint of the duality with respect to absolutely
continuous curves in the Wasserstein space. We study the Sobolev spaces of warped
products of a real line and a metric measure space. We prove the ‘Pythagoras theorem’
for both cartesian products and warped products, and prove Sobolev-to-Lipschitz prop-
erty for warped products under a certain curvature-dimension condition. We also prove
the identification of p-weak gradients under curvature-dimension condition, without the
doubling condition or local Poincaré inequality. At last, using the non-smooth Bakry-
Emery theory on metric measure spaces, we obtain an improved Bochner inequality and

propose a definition of N-Ricci tensor.

Key words: metric measure space, curvature-dimension condition, optimal trans-

port, Sobolev space, Bakry—Emery theory, Ricci tensor.

Résumé

Cette these traite de plusieurs sujets d’analyse dans les espaces métriques mesurés,
en lien avec le transport optimal et des conditions de courbure-dimension. Nous con-
sidérons en particulier les équations de continuité dans ces espaces, du point de vue
de fonctionnelles continues sur les espaces de Sobolev, et du point de vue de la dualité
avec les courbes absolument continues dans ’espace de Wasserstein. Sous une condition
de courbure-dimension, mais sans condition de doublement de mesure ou d’inégalité de
Poincaré, nous montrons également I'identification des p-gradients faibles. Nous étudions
ensuite les espaces de Sobolev sur le produit tordu de I’ensemble des réels et d’un espace
métrique mesuré. En particulier, nous montrons la propriété Sobolev-a-Lipschitz sous
une certaine condition de courbure-dimension. Enfin, sous une telle condition et dans
le cadre d’une théorie non-lisse de Bakry—Emery, nous obtenons une inégalité améliorée

de Bochner et proposons une définition du N-tenseur de Ricci.

Mots-clés: espace métrique mesuré, condition de courbure-dimension, transport

optimal, espace de Sobolev, théorie de Bakry—Emery, tenseur de Ricci.
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X polish space

d metric

m measure

{7Vt a curve

P(X) probability measures

Pp(X) probability measures with p-moment
Wo 2-Wasserstein distance

LipX set of Lipschitz functions

Lip(f) Lipschitz constant of f

lip(f) local Lipschitz constant of f

SP(X,d, m) p-Sobolev class

WLP(X, d,m) Sobolev space
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RCD*(K,N) metric measure spaces with lower Ricci bound and upper dimension bound
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Résumé des Travaux

Dans une suite des travaux par Lott-Villani (voir [34, 35]) et Sturm (voir [40, 41]), la
théorie de ’espace métrique mesuré avec la courbure de Ricci minorée (ou condition de
courbure-dimension) a été construit. Plus récemment, les outils de calcul développés
par Ambrosio-Gigli-Savaré (voir [8, 9], [23, 24]) nous offre des outils pour I'étudier des
espaces métriques mesurés. Dans cette thése, mon premier objectif est d’étudier la
théorie des espaces de Sobolev dans les espaces métriques mesurés générals, le deuxieme
objectif est d’obtenir une meilleure compréhension de la structure différentielle des RCD

espaces.
L’équation de continuité

Dans l'article d’Otto ([37]) et Benamou-Brenier ([17]), ils prouvent que les courbes
absolument continues dans l'espace de Wasserstein peuvent étre caractérisés par les
équations de continuité. Dans Chapitre-2, nous étudions cette correspondance en cas de

non-lisse, en utilisant le transport optimal et la théorie de I'espace de Sobolev.

Tout d’abord, nous donnons une définition de ’équation de continuité dans les espaces

métriques mesurés généraux.

Définition 2.10. Soit (X,d,m) un espace métrique mesuré, {u}iepo,) C P2(X) une
courbe Wa-continue avec compression bornée, et {Li}co,1) une famille de fonctionelles

sur S*(X).
Nous disons que {p}+ résout I’équation de continuité

Ot = Ly, (1)
84!

x1
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i) Pour chaque f € S%*(X) lapplication t — Li(f) est mesurable et l’application
N :[0,1] — [0, 00] définie par

1 1
SN2 = Li(f) = I/ 2
Vi = esssup t(f) = 511l (2)

est L*(0,1) intégrable, i.e. pour toute f, %Nf > L(f) — %Hfﬂit, p.p. t et pour

toute N; satisfaisant cette propriété, on a Ny < Ny for p.p. t.

ii) Pour chaque f € L' N S*(X) Uapplication t — [ fdu est absolument continue et

d
— dus = Li(f),
& / fdpe = Li(f)
pour p.p. t € [0,1].
Notre résultat principal affirme que pour une courbe {y;}; avec compression bornée,
I’équation de continuité caractérise Ws-absolument continuité.
Théoréme 2.11. Soit {u:}: C P(X) une courbe Wa-continue avec compression bornée.
Alors les suivantes sont équivalentes.
i) {pt}e est Wa-absolument continue.
i) 1y a une famille de fonctionelles {Li }yepo1) sur S*(X) t.q. {p}e résout Uéquation

de continuité (1).

Enfin, on a

Nt = |ut’7 b-p- te [07 1]

L’espace de Sobolev sur le produit tordu

Dans Chapitre-3 nous étudions les espaces de Sobolev sur produits cartésiens ainsi que
des produits tordus de I’ensemble des réels et d’un espace métrique mesuré, qui sont

utiles de la construction de nouveaux espaces.

On définit BL(X,,) comme le sous-ensemble de L?(X,,,m,,) des fonctions f t.q.

i) pour m-p.p. x € X, on a @ e WE2(R, wnL1),
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ii) pour wmﬁl—p.p. teR,ona f(t) c W1’2(X),

iii)

DSl (t,2) = /wz2(OIDFOR () + [DF@P (1)

est L2(X,,m,) intégrable.

Ensuite, nous avons le théoreme suivant qui caractérise ’espace de Sobolev.

Théoréme Soit wq, wy les fonctions continues t.q. {wm = 0} C I est discret et

wn(t) <C inf |t —s], vVt € R.

s:wm(s)=0

Alors W12(X,,) = BL(Xy,) et pour chaque f € WH2(X,,) = BL(Xy,), on a

IDflx., = IDflw my — p.p..

En particulier, nous montrons la propriété Sobolev-a-Lipschitz sous une certaine condi-

tion de courbure-dimension.

Théoréeme 3.30. Soit (X,d, m) un espace de RCD(K,00) doublement, I C R un in-
tervalle fermé, wq,wm : I — R fonctions continues. Supposons que wy, est positif dans

Uintérieur du I.
Alors, le produit tordu (X, dy, My) a la propriété Sobolev-a-Lipschitz.
L’identification des p-gradients faibles

I est connu que |Df|,, le p-gradient faible de f € SP(X), peut étre définie par relax-
ation des constantes de Lipschitz locales. Comme p — || - ||z» est non-décroissante, par

définition nous savons que p — |Df|, est également non-décroissante.

Une question naturelle sur p-gradient faible est que si [Df|, dépend de p ou non. C’est
a dire: soit m € P(X), 1 < p1 < pa, peut-on dire que |Df|,, = |Dfl,, pour toute
f € WiP2(X,d,m)? En plus, si f € WPt et f,|Df|,, € LP2(X), peut-on dire que
Fewhe(X,d,m)?

En cas de variété riemannienne, il est connu que ces questions ont des réponses positives.

Mais dans les espaces métriques mesurés généraux, les réponses sont négatifs (voir [36]
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pour un contre-exemple et aussi voir [6] pour un contre-exemple proposé par Koskela).
Cependant, sous conditions de doublement et d’inégalité de Poincaré, |D f|, est vraiment

indépendant de p comme prouvé par Cheeger dans [20].

Notre résultat principal est le théoréme suivant. Sous condition de RCD(K, 00), mais
sans condition de doublement de mesure ou d’inégalité de Poincaré, nous montrons

également l'identification des p-gradients faibles.

Théoréme 4.9 (L’identification des p-gradients faibles) Soit p,q € (1,00) et f €
SP(X) t.q. IDf|p e LL (X). Alors f € S _(X) et

loc

IDflq = IDflp, m—p.p..

N-tenseur de Ricci

Soit M une variété riemannienne avec tenseur métriquee (-, -) : [T M]? — C°°(M). Nous

avons formule de Bochner:
To(f) = Ricci(V £, V) + |Hyl[fs, (3)

pour toute fonction lisee f, ol |H||us est la norme de Hilbert-Schmidt de la Hessienne

Hy := Vdf et 'opérateur I'y est définie par

La(f) = SL0(LN) DU LD, T(f9) = 5(L(fg) — fLg — gL)

ou L = A est 'opérateur de Laplace-Beltrami.

Soit M un RCD(K, 00) espace. Nous avons formule de Bochner qui est montré (définie)
par Gigli dans [23]:
Ts(f) = Ricei(V/, V) + [Hyllfzs m (4)

pour chaque f € TestF(M).

Donc, nous voulons savoir si nous pouvons définir/ montrer une formule similaire dans

les espaces métriques mesurés de condition de courbure-dimension RCD* (K, N).
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Tout d’abord, nous étudions la dimension d’'un RCD*(K, N) espace qui est considéré
comme la dimension de la (L*°-) module tangent L?(7T'M). Dans Chapitre-5 nous mon-

trons que les dimensions des RCD*(K, V) espaces sont majorée par N.

Proposition 5.12 Soit M = (X,d,m) un RCD*(K,N) espace, alors dimM < N. En
plus, si la dimension locale de la module tangent dans un ensemble Borel E est N, alors

trHy(z) = Af(z) m-p.p. © € E pour f € TestF.
Ensuite, nous obtenons une inégalité améliorée de Bochner.
Théoréme 5.13. Soit M = (X,d,m) un RCD*(K,N) espace métrique mesuré, ou

N >dim M. Alors, pour chaque f € TestF, on a

To(f) > (KIDfI>+ |Hyllfs + (ttHy — Af)*) m

1
N — dimloc
ot dimy,. est la dimension locale.

Définition 5.15 (Ricci tensor) On définit Ricciy comme une application [HE%TM)]2 >
Meas(M) tel que pour X,Y € TestV (M)

Ricciy(X,Y) = To(X,Y)— (VX)",(VY)?)ygm — Ry(X,Y)m.

ot
Pl Y)= A<Xéy> <%<X’ (ARY")) + (Y, (Ar X" ) m,
et
RyN(X,)Y) := N—;imloc(tr(VX)b — divX) (tr(VY)" — divY)  dimjec < N,
0 dimjee > N.

Comme un corollaire, nous pouvons écrire Théoréme 5.13 et Théoréme 3.6.7 de [23]

comme:

Théoréme 5.16 Soit M est RCD*(K, N), alors

Ricciy (X, X) > K|X|?m,
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et

(div.X)?

(X, X) > ( >

+ Ricciy (X, X)) m
pour chaque X € H}J’Z(TM). D’autre part, si M est RCD(K', 00), et

(1) dimM < N
(2) tr(VX)t =divX m — p.p. dans {dimy,. = N},VX € H}Lf(TM)

(3) Ricciy > K

pour certains K € R, N € [1,+00], alors M est RCD*(K,N).
Publications
Cette these reprend le contenu d’articles de journaux ou de prépublications suivants.

(1) N. Gigli and B.-X. Han, The continuity equation on metric measure spaces, Calc.

Var. Partial Differential Equations, (2014).

(2) N. Gigli and B.-X. Han, Independence on p of weak upper gradients on RCD spaces.
Prépublication, 2014.

(3) N. Gigli and B.-X. Han, Sobolev spaces on warped products. Prépublication, 2014.

(4) B.-X. Han, Ricci tensor on RCD*(K, N) spaces. Prépublication, 2015.



Chapter 1

Introduction

In a sequence of seminal papers by Lott-Villani (see [34, 35]) and Sturm (see [40, 41]),
the theory of metric measure spaces with synthetic lower Ricci curvature bounds (or
curvature-dimension condition) was constructed. Thereafter, the research on metric
measure space using optimal transport theory became more and more popular. More
recently, the calculus tools developed by Ambrosio-Gigli-Savaré (see [8, 9], [23, 24] )
offer us powerful analysis tools for the study of metric measure spaces. In this thesis,
my first goal is to study the theory of Sobolev spaces on general metric measure spaces,
the second goal is to obtain a better understanding of Sobolev calculus on the metric

measure spaces with Ricci curvature bounded from below.

From the work of Otto ([37]) and Benamou-Brenier ([17]), we know that absolutely
continuous curves in Wasserstein space can be described by continuity equations. In
Chapter-2, we study this correspondence in non-smooth case, using the vocabulary of
optimal transport and Sobolev space theory developed by Ambrosio-Gigli-Savaré in [8]
and [9)].

In Chapter-3 we study Sobolev space of cartesian products as well as warped products
of the real line and metric measure spaces, which are useful ways of constructing new
spaces. The ‘Pythagoras type’ formulas make it possible to compute the weak gradients
in such products. Furthermore, we prove the Sobolev-to-Lipschitz property in a relevant

class of spaces which includes the key cases of spheres and cones.

Considering the Sobolev space W1P(X) with p > 1 where X is R™ or more generally
a manifold, we know that the distributional derivative of any f € W1P(X) is well
defined and independent of p. However, this is not the general case for non-smooth
spaces. For example in [36] the authors construct an example showing that the p-weak

gradient |Df|, really depends on the choice of p, i.e. we may find a Sobolev function
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f e WhP(X) N Wh4(X) with |[Df|, # |Df|;- This phenomenon makes it reasonable
to ask what happens under additional assumptions on the space. From [20] we know
the identification for metric measure spaces which are doubling and supporting a local
Poincaré inequality. In particular the identification holds for CD(K,N) spaces. In
Chapter-4, Theorem 4.9, we extend the identification result to RCD(K, 00) spaces and

partially answer a question posed in [2] about the BV and W' spaces.

In the last chapter, as an application of the Sobolev theory, differential structure of
metric measure spaces and the Bakry—Emery theory on RCD(K, 00) metric measure
spaces, we study the dimension bound of RCD*(K, N) spaces. Furthermore, we prove
an improved Bochner inequality and give a definition of finite dimensional Ricci tensor

on non-smooth metric measure spaces.

1.1 Basic notions

Let (X,d) be a complete metric space. We denote the space of continuous curves on
X as C([0,1], X) and denote the space of absolutely continuous curves as AC([0, 1], X).
We denote the space of geodesics as Geo(X). For t € [0,1], the evaluation map e; :
C([0,1], X) +— X is given by

er(y) ==y, VyeC([o,1],X).

For t,s € [0, 1] the map restr{ from C([0, 1], X) to itself is given by

(reStrff)/)r = Vttr(s—t)s V,Y € C([Ov 1]7 X)

The length of v € AC([0, 1], X) is computed by fol |4¢| dt where || is the metric speed
of v. Let p > 1, the space of p-absolutely continuous curves is defined as the space of
v € AC([0, 1], X) such that fol |9¢|P dt < 400, and is denoted as ACP([0, 1], X).

In this thesis, we are not only interested in metric structures, but also in the inter-
action between metrics and measures. For the metric measure space (X,d,m), basic

assumptions used in this thesis are:

Assumption 1.1. The metric measure space (X,d, m) satisfies:

e (X,d) is a complete and separable geodesic metric space;
e m is a o-finite Borel measure with respect to d;

e m is finite on bounded sets;
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e suppm = X.

Moreover, for brevity we will not distinguish X, (X, d) or (X,d, m) when no ambiguities

exist. For example, we can write W12(X) instead of W12(X,d, m) (See next section).

Let P(X) be the space of probability measures and p € [1,00). We define P,(X) as its
subset consisting of measures with finite p-moment, i.e. p € Pp(X) if p € P(X) and
J dP(z, z0) dp(x) < oo for some zg € X. In optimal transport theory, we know P,(X)
equipped with the p-Wasserstein distance W, is a complete and separable geodesic space.
If Y is another metric space and f : X — Y a Borel map, we denote fyu € P(Y) as
the push-forward measure (or image measure) of y € P(X), which is also a probability
measure such that fyu(B) = u(f~(B)) for any Borel set B C Y.

We have a correspondence between geodesics (absolutely continuous curves) {p}: in
(Pp(X),W,) and probability measures P2(Geo(X)) (P,(AC([0,1], X)) respectively), i.e.
pe = (eg)ym with m € P(Geo(X)) ( P(ACP([0,1], X)) respectively. We call such 7 a lifting
of {pt}¢) such that m has the minimal energy [ fol |9¢|P dt dr (). More details can be
found in [33].

We use CD(K,00),CD(K,N),CD*(K,N) (RCD(K, o), RCD(K, N),RCD*(K,N)) to
denote the curvature-dimension conditions, where K means lower Ricci bound and N
means upper dimension bound (or N = oo for the dimension free case). In general, the
pair (K, N) should be seen as a unity, there makes no sense to understand them sepa-
rately. The letter R in the notion of RCD(K, c0), RCD(K, N) and RCD*(K, N) means
‘Riemannian like’ which are the metric measure spaces which are also infinitesimally
Hilbertian. All the precise definitions can be found in Chapter-3 or in the references [3],
[12] and [43].

1.2 Sobolev spaces and continuity equation

Let (X,d) be a metric space. For f : X — R, the local Lipschitz constant lip(f) : X —

[0, 00] is defined as

::mM

ip(f)() := lim =

if  is not isolated, and 0 otherwise. The Lipschitz constant is defined as

p(f)s=sup =gy
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If (X,d) is a geodesic metric space, we have Lip(f) = sup, lip(f)(z) for Lipschitz func-

tions.

Now we introduce the Sobolev space on metric measure spaces, the first definition of
Sobolev class is based on a relaxation procedure. We say that f € WP(X),p > 1 if we
can find a sequence of Lipschitz functions {f,} € LP(X) such that f,, — f in LP and
lip(fn) = G for some G € LP.

Another equivalent definition (see Theorem 7.4 in [6]) of the Sobolev space is as the
following. A Borel function f : X +— R belongs to the Sobolev class SP(X) if there
exists a function 0 < G € LP(X), called p-weak upper gradient such that

/f Y1) = f(v0)ldm(y // G(7s)|7s| dsdm(v),

for all g-test plans m. A g-test plans 7 is probability measure concentrated on P(AC?(([0, 1], X)),

% = 1 satisfying

1
/ / 54/ dre() dt < +oo,
0

and having bounded compression, i.e. there exists C' > 0 such that

(er)sm < Cm, ¥t € [0,1].

From [8], we know that there exists a minimal function G in the m-a.e. sense among all
the p-weak upper gradients of f. We denote such minimal function by [Df|, and call
it p-minimal weak upper gradient or p-weak gradient for simplicity. Then the Sobolev
space W1P(X,d, m) is defined as W'P(X,d, m) := SP(X,d, m) N LP(X,m) endowed with
the norm

1By = 11y + DS 1ol

It can be seen from the definition that the W' norm ||- ||y1» is a lower semi-continuous
functional on LP(X, m) with respect to L' convergence. This lower semi-continuity plays

an important role in some of our topics later.

It is known (see [20] and [8]) that W1P(X) is a Banach space. In general W'?(X) is not
a Hilbert space, For instance, in the case of Finsler manifolds, W2 (X) is a Hilbert space
if and only if X is a Riemannian manifold. We say that (X,d, m) is an infinitesimally

Hilbertian space if W2(X) is an Hilbert space.

In the followings of this section, we study the absolutely continuous curves in (P2(X), Wa)
using the Sobolev space W12(X). We will not assume that W12(X) is a Hilbert space

at this moment.

1
P

_l’_



Chapter 1. Introduction 5

From the article by Otto (see [37]), and the work of Benamou-Brenier (see [17]), we
know that absolutely continuous curves of measures {ji},c[p,1) W.r-t. the 2-Wasserstein

distance Wy on R? can be interpreted as solutions of the continuity equation
at/,bt +V- ('Utllt) = O, (11)

where the vector fields v; should be considered as the ‘velocity’ of the moving mass p

and, for curves with square-integrable speed, satisfy

1
/0 /]vt|2dut dt < oo. (1.2)

This intuition has been made rigorous by Ambrosio, Gigli and Savaré in [5], where it
has been used to develop a rigorous first order calculus on the space (P2(R%), Wy), with

particular focus on the study of gradient flows.

Heuristically speaking, the continuity equation describes the link existing between the
‘vertical derivative’ Oy and the ‘horizontal displacement’ v;. In this sense it provides
the crucial link between analysis made on the LP spaces, where the distance is measured
‘vertically’, and the one based on optimal transportation, where distances are measured
by ‘horizontal” displacement. This is indeed the heart of the crucial substitution made
by Otto in [37] who, to define the metric tensor g, on the space (P3(R%), Ws) at a
measure p = pL? considers a ‘vertical’ variation §p such that J ép dL? = 0, then looks
for solutions of

ép=-V-(Vop), (1.3)

and finally defines
9u(dp,0p) ::/V<p!2du- (1.4)

The substitution (1.3) is then another way of thinking at the continuity equation, while

the definition (1.4) corresponds to the integrability requirement (1.2).

On Euclidean spaces it often happens that the continuity equation can be written in the

form:

Orpe +V - (Vopgpig) = 0,

for some functions ¢y, i.e. the vector fields v; can be represented as gradients of functions.

In particular, we have two examples.

The first one is the heat flow, which can be seen as the gradient flow of the relative
entropy:
O + V- (V(=log(pr)) i) = 0,

where p; = pym.
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The second example is the geodesic in Wasserstein space:
Ope + V- (V) = 0,

with ¢y = —Q1-+(—¢°) for the geodesics, where ¢ is a Kantorovich with respect to the

pair (o, 1). This result can also be seen as a corollary of the famous Brenier’s theorem.

Then we want to know whether the above discussions have non-smooth counterparts.

We have the following questions to answer:

a) Is it possible to formulate the continuity equation on general metric measure spaces
(X,d,m)?

b) Do solutions of the continuity equation completely characterize absolutely contin-
uous curves {u:} C P(X) with square-integrable speed w.r.t. Wa and such that
pe < Cm for every t € [0,1] and some C > 07

¢) In which case can the continuity equation be written in gradient form, i.e. v; = Vi

for some Sobolev functions {¢¢}+?

To answer these questions, it is natural to consider the interaction between the Sobolev
space W1H2(X,d, m) and absolutely continuous curves. To explain the ideas and moti-
vations, we go back to the case when X = R, Let {u}; C P(R?) be an absolutely con-
tinuous curve. We define Tan,, = {Vp,p € C (Rd)}LQ(M). Now we let D C C°(R?)
be a countable set such that {Vy : ¢ € D} is dense in Tan,, for every ¢ € [0,1]. Then

one can show that (see [3]) there exists a set A € [0,1] of full Lebesgue measure such
that ¢t — [ pdp is differentiable at t € A for every ¢ € D and the metric derivative ||
exists. Then for each t € A we define the functional L; : {V¢: ¢ € D} — R as:

d
Vo Li(Vy) = dt/godut.
With some work (see [33]) and [3]) one can also check that
ILe(Vo)l < NIVl L2y |l

and therefore L; can be extended to a continuous linear functional on Tan,,. Thus by

the Riesz representation theorem there exists a vector field v; € Tan,, such that

Lt(VQO) = / <V(P, Ut> dlu’t7 VSO € -D7

and || L[|* = [|vel| < |-



Chapter 1. Introduction 7

Conversely, using the Kantorovich dual formula in optimal transport theory and a argu-

ment by Kuwada in [32], we can prove absolutely continuity from a continuity equation.
Following the ideas above, in Chapter-2 we answer the questions.

Answer to a): Functionals {L;}; can be defined in the same way as in R?, but we might
be not able to find a dense set D as above, therefore {L;}; should only be seen as a
family of functionals. At this point, let us recall that {u}cpo,1) € P2(X) has bounded
compression if p; < Cm Vt € [0, 1] for some C € R.

Definition 2.10 Let (X,d,m) be a metric measure space, {p}icpp,1) C P2(X) a Wa-
continuous curve with bounded compression, and { Lt }c(0,1) a family of maps from S?(X)

to R.

We say that {u}¢ solves the continuity equation
atut = Lt, (15)

provided:

i) for every f € S?(X) the map t — Li(f) is measurable and the map N : [0,1] —
[0, 00] defined by

1 1
~N7 == esssup Li(f) — | fII%, (1.6)
2 FeS2(X) 2

belongs to L?(0,1), i.e. for any f, %Nf > Li(f) — %Hfﬂit for a.e. t and for any
other Ny satisfying this property, we have: Ny < Ny for a.e. t.

i) for every f € L' N S*(X) the map t — [ fdu is absolutely continuous and the
identity
d
dt/f Ht t(f)a

holds for a.e. t.

Remark 1.2. It can be seen that ii) in the definition above means the functional L, is

continuous.

Our main result asserts that for curves {y}+ with bounded compression, the continuity

equation characterizes 2-absolute continuity.

Answer to b): Here we replace the correspondence between vector fields v; and absolutely

continuous curves {u;}¢ by Ly and {u} due to lack of Riesz representation theorem.

Theorem 2.11 Let {i}+ C P(X) be a Wa-continuous curve with bounded compression.

Then the followings are equivalent.
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i) {pt}e is Wa-absolutely continuous curve.

ii) There is a family of maps {Li}ejo,1) from S2(X) to R such that {j;}¢ solves the

continuity equation (1.5).

Finally, we have
Nt:|/:l,t|, a.e te [0,1]

It can be seen in the following way that this continuity equation, or the family of maps
{Lt}te[O,l] is nothing but the ‘optimal lift’ of the corresponding absolutely continuous

curve.

As we have mentioned in the last subsection, the absolutely continuous curves can be

characterized by probability measures on the space of curves as follows:

(Superposition principle, [33]) Let (X, d) be a complete and separable metric space,
and {f1t}sej0,1] € AC?(]0,1],P2). Then there exists a measure 7 € P(C([0,1], X)) con-
centrated on AC?([0, 1], X) such that:

(et)wr = U, Vt € [0, 1]

/ ldr(y) = luf  aet

Here, as we know the inequality

[P an) = ik, aet

holds for any 7 with (e;)sm = p, the superposition principle tells us that there exists a
plan 7 € P(AC([0,1], X)) whose ‘energy’ is minimal. Using the language of Definition
2.10 and Theorem 2.11 we know this superposition plan corresponds to the continuity

equation {L;}; with Ny = |fig].

Answer to c): In the general case, Df(Vg) may not be certainly defined. However, by
a variational procedure we have the functions D* f(Vg) : X ++ R which are m-a.e. well
defined by

. D(g+ef)]* —|Dgl?
Dt =1 ’
f(Vg) lim 5 ,

~ . ID(g+ef)* — Dg|?
D™ f(Vg) == 151%1 5 :
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It can be seen from the convexity of the map € — [D(g+ef)|? that D™ f(Vg) < Dt f(Vg).
In case (X,d,m) is a Riemannian manifold, the D" f(Vg) and D~ f(Vg) are coincide
and are equal to Df(Vg).

Therefore, we say that a continuity equation is in gradient form if it satisfies

d
/D_f(v%)d/vbt < dt/fdut < /D+f(Vgot)th, a.e. t
for suitable {p;}.

It can be seen (in R?) that the continuity equation can be written in a gradient form
with some vector fields Vi if and only if the equality Li(Ver) = [Vt 12l holds.
In non-smooth case, this corresponds to the following definition which is proposed by

De Giorgi as another type of gradient flow.

Definition 1.3 (Plans representing gradients). Let (X, d, m) be a metric measure space,

g € WH2(X) and 7 a test plan. We say that 7 represents the gradient of g if it is a test

plan and
lim wdﬂ(v) /IDg! (70) d(~ *hm // |5 ds ()
10 240t

Then we have:

Theorem 2.23 Let {u;} € ACP([0,1],P2(X) be a curve with bounded compression,
(t,x) — ¢¢(z) a Borel map such that ¢; € S*(X) for a.e. t € [0,1] and 7 a lifting of
{/.Lt}t. Then

i) Assume that (vestr})ym represents the gradient of (1—1t)¢; for a.e. t € [0,1]. Then
{1} solves the continuity equation (2.45).

ii) Assume that S?(X) is separable and that {u:}: solves the continuity equation
(2.45). Then (restr})ym represents the gradient of (1 —t)¢y for a.e. t € [0,1].

Remark 1.4. From the results in [1] we know that S?(X) is separable if (X,d,m) is

doubling and m finite on bounded sets (see also Proposition-2.4 for more details).

1.3 Sobolev space in warped products

The construction of new metric measure spaces from old ones is an important subject of
metric geometry. One useful method is to construct cartesian product or more generally

warped product space based on given ones.
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We know that some important geometry results are related to the curvature-dimension
of (warped) product spaces of an interval and metric measure spaces, for example cones
and spheres (see [31] for the proof of the maximal diameter theorem). To use the calculus
tools on metric measure spaces, it is useful to study the Sobolev space of the (warped)
product spaces of a real line and a metric measure space (X, d, m) first. In particular, we
want to know the relationship between the Sobolev spaces of (warped) product spaces

and the Sobolev spaces of (X,d, m).

We start from the case of the cartesian product space (or product space for abbreviation),
which is basic but important. Here, we recall that the product space of two metric
measure spaces (X,dx,mx) and (Y, dy,my) is defined as a metric measure space (X x
Y,d., m.), for the distance d. := dx x dy and the measure m, := mx X my. We know
that d. = dx x dy can be equivalently defined in the following two ways: The first one

is the ‘Pythagoras formula’

del(w1, 1), (72,90)) = /0% (1, 22) + 0 (91, 0),

for any pairs (z1,y1), (z2,y2) € X X Y.

The second one is to minimize the length of curves:
de(A, B) = inf{l[y] : 7y is an absolutely continuous curve from A to B},

where the [[v] is the length of v defined as

1
b = / VPO T B P dt,

where |[¥x| and |yy| represent the speed of the curves vx, vy respectively.

Now we switch to the study of Sobolev space on cartesian products. Inspired by the

case in R?%, we expect to prove the following ‘Pythagoras formula’:
IDf*(t,2) = IDf@R(t2) + IDFOF(t2),  ae (o) eRx X, (L7)

for f € W'2(R x X), where [Df®)|x(t,z) and |Df®)|g(t, ) represent the weak gradient
of f® := f(t,-) and f®) := f(-,2) at (t,x) € R x X respectively. In [9] the authors give
the affirmative answer provided (X,d, m) is a RCD(K, co) space.

In Chapter-3 we study the Sobolev spaces W12 of the cartesian products of the real line
and metric measure spaces. Unlike the work in [9], we will be able to prove that the
natural ‘Pythagoras type’ formula holds in full generality. The rigorous description is

as the following:
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Let (X,d, m) be a metric measure space. We put X, := R x X, m, := £! x m and
de((t,2), (s,9)) == \/|s — t|* + d?(z,y). We define the Beppo Levi space BL(X,):

Definition 1.5. The space BL(X,) C L?*(X,, m,.) is the space of functions f € L?(X., m,)
such that

i) f@® ¢ Wh(R) for m-a.e. z,
i) f® e Wh2(X) for Ll-ae. t,

iii) the function

Dfle(t,) == \/IDFOR(2) + DS (1)

belongs to L?(X.,m,).

Then we have the following result.

Theorem 3.18 We have W12(X,) = BL(X,.) as sets and for every f € Wl2(X,) =
BL(X.) the identity
Dflx. =IDfl. £ xm— ac,

holds.

Remark 1.6. It is proved in [9], the inequality
IDflx. > Dfle  £'xm— ae,

holds for all Sobolev functions, the opposite inequality holds under on the RCD(K, 00)

assumption of (X,d, m).

Our strategy to prove this theorem is as the following. Firstly we prove that a family of
Sobolev functions A are dense in energy in BL(X,), i.e. for any f € BL(X.) we can find
a sequence of functions {f,}, C A such that f, — f in L? and

[ Dt 2am > [Dfzam.

Next, we prove the equality |Df|x., = |[Df|. for f € A. At last, combining the lower

semi-continuity and the inequality in Remark 1.6 we prove the theorem.

Based on the results on cartesian products, we turn to warped product spaces, which is
a generalization of the cartesian products. Let wq, wy be continuous functions such that
{wq(t) = 0} C {wm(t) = 0}. One can construct the warped product (X, d, m,) in a
pure intrinsic way (see Definition 3.11). In the case when X is a Riemannian manifold

M™ equipped with a metric tensor g, the usual warped product with respect to the
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warping function w is a Riemannian manifold, with metric tensor d,,, = dt* + w?(t)g
and measure wy, = w"(t). In general, let X be general metric space. We can also
define a complete metric on it by the following procedure. More details can be found in
Chapter-3.

Let (X,d) be a complete geodesic space, and w be a continuous non negative function.
Let v = (yr,vx) : [0,1] = R x X be a curve where g and yx are absolutely continuous.
Then the w-length of v is defined in the following way:

luly] = h?lz \/|’YR(ti—1),’YR(ti)|2 + w2 (YR (ti—1))d% (vx (tiz1), vx (),
i—1

where 7 := {0 = tg,t1,...,t, = 1} is a partition of I = [0, 1] and the limit is taken with
respect to the refinement ordering of partitions. It can be proved that the definition

above is well posed, i.e. the limit exists. Furthermore, we have the formula

1
Loy = /O VIRRE® T w2 () x @) dr, (18)

where |[4r| and |yx| represent the speed of the curves g, yx respectively.

Then, we can define a pseudo-metric d,, on the space R x X as
dw(A, B) = inf{l,[y] : v is an absolutely continuous curve from A to B},

where A, B € R x X, and we define R x,, X as the quotient of R x X with respect to

the pseudo-metric d,,

Picking w as a constant in the formula (1.8), we can see the above definition for warped
products coincides with the definition for product spaces. This observation tells us that

we can use the results on cartesian products to study warped products.

Now, we turn to prove our main theorem for warped products, which extends the
Theorem-3.18. Our strategy is to ‘approximate’ a warped product by cartesian prod-
ucts. More precisely, as we can approximate the warping function by piecewise constant
functions, we expect to prove that the Sobolev space of the warped product can be
equally approximate by the Sobolev space of cartesian products. Using Lemma-3.22,

and the formula in Theorem-3.18, we can turn this observation into a rigorous proof.

We then consider the Beppo-Levi space BL(X,,) defined as follows:

Definition 1.7 (The space BL(X,)). As a set, BL(X,,) is the subset of L?(X,,m,)

made of those functions f such that:

i) for m-a.e. z € X we have @) e WE2(R, wa L),
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i) for wpLl-a.e. t € R we have f) € Wh2(X),

iii) the function

DSl (t,2) = /wz2(O)IDFOR (@) + [DF@ (1) (L9)
belongs to L?( Xy, my,).

On BL(X,,) we put the norm

I lstca) = /1 22k, + 1Dl k.,

We also define the ‘local’ Beppo-Levi space as

Definition 1.8 (The space BLo(Xy)). Let V' C BL(X,) be the space of functions f
which are identically 0 on Q x X C X, for some open set 2 C R containing {wn = 0}.

BLo(Xy) C BL(X,,) is defined as the closure of V' in BL(X,).
The goal of Chapter-3 is to compare the spaces BL(X,,) and W'?(X,,) and their respec-
tive notions of minimal weak upper gradients, namely |D f|,, and |D f|x,. Under the sole

continuity assumption of wg, wy and the compatibility condition {wq = 0} C {wm = 0}

we can prove (see Proposition 3.21 and Proposition 3.24) that
BLo(Xw) € WH2(X,,) € BL(X,,)
and (see Proposition 3.23) that for any f € WH2(X,,) C BL(X,,) the identity

|Df|Xw = ’Df|w

holds my-a.e., so that in particular the above inclusions are continuous. Without addi-
tional hypotheses it is unclear to us whether W2(X,,) = BL(X,,) (on the other hand,
it is easy to construct examples where BLy(X,) is strictly smaller than BL(X,,)). Still,
if we assume that

the set {wy = 0} C I is discrete (1.10)

and that wy, decays at least linearly near its zeros, i.e.

wn(t) <C  inf |t —s], vVt € R, (1.11)

s:wm(s)=0

for some constant C' € R, then we can prove - using capacity arguments - that

BLo(Xw) = BL(Xy).
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Hence that the three spaces considered are all equal. We remark that these two addi-
tional assumptions on wy, are satisfied in all the geometric applications we have in mind,
because typically one considers cone/spherical suspensions and in these cases wy has at

most two zeros and decays polynomially near them.

Then our main theorem is as the following.

Theorem 1.9. Let wq, wn be warping functions and assume that wy has the properties
(1.10) and (1.11). Then Wh2(X,,) = BL(X,) as sets and for every f € W1%(X,) =
BL(Xy,) the identity

IDf|x., = IDf|w my — a.e.

holds.

From [9] we know that RCD(K, c0) spaces have the Sobolev-to-Lipschitz property, i.e.
for any function f € W12 with |[Df| € L, there exists a Lipschitz function f such that
f = f ae. and Lip(f) = ess sup |[Df|. It is known in [7, 9] that the cartesian product
of RCD spaces is still RCD, therefore it has the Sobolev-to-Lipschitz property.

The Sobolev-to-Lipschitz property builds the connection between Sobolev space and the
metric structure. For example, it can be seen that the Sobolev-to-Lipschitz property

implies the following duality formula:

d(z,y) = max{f(z) — f(y) : IDf] < 1}.

This formula is required in the Bakry—Emery theory which we will discuss later. There-
fore we would like to know whether we can prove this property for some warped products

with less curvature-dimension assumptions.
In Chapter-3, we prove the following theorem:

Theorem 3.30 (Sobolev-to-Lipschitz property) Let (X, d, m) be a doubling RCD(K, c0)
space, I C R a closed, possibly unbounded interval and wq, wn : I — R a pair of warping

functions. Assume that wy, is strictly positive in the interior of 1.
Then the warped product (X, dy, my) has the Sobolev to Lipschitz property.
The proof is based on the following property which is satisfied by RCD (K, co) spaces:

Definition 3.28 We say that (X,d, m) is a ‘good’ space if for m x m-a.e. (z,y) € X x X

and any € > 0, there exists a family of Wa-absolutely continuous curves {Mt,e}te[o,l] m

1B, (@)

Po(X) with pe < Cam for some positive constant Ce, po. = By ™ and pie =

1B'r€ (y)
wEBoy ™ such that

lim l[{ﬂt7€}] = d(ﬂl‘, y)7 lim re = 0.
e—0 e—0
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Then, using the ideas and techniques from optimal transport theory, we prove that
doubling and ‘good’ spaces have the Sobolev-to-Lipschitz property. As a consequence,

we can prove the Theorem-3.30 above.

1.4 Independence on p of weak upper gradients

In Section-1.2, we introduce a way of constructing the Sobolev space on metric measure
spaces. It is known that the p-minimal weak upper gradient of a Sobolev function f,
which is denoted by |Df|, can be defined equivalently via relaxation of local Lipschitz
constants or duality with respect to test plans. Since the map p — || - ||z» is non-
decreasing, from the definition we know p — |Df|, is also non-decreasing. This property

can also be deduced from the observation that pi-test plans are always po-test plans for

p1 = p2.

A natural question about the p-weak gradient is whether |Df|, depends on p or not,
which means: say that m € P(X), 1 < p; < p2, can we say that |[Df|,, = [Df|,, for
any f € WhP2(X,d, m) ? Furthermore, if f € W11 and f, |Df|,, € LP?(X), can we say
that f € Whr2 ?

Let us recall the smooth case. We assume that M is a complete Riemannian manifold,
then we can use the Sobolev space using integration by part. The Sobolev space WP
can be defined in this way: f € LP is a Sobolev function if there exists a vector field
gs € LP(T'M) such that

/(V~v)de—/gf-vdV (1.12)
for any smooth vector fields v.

Another equivalent definition is that there exists a constant C such that

\ [ v)fdv} < Cllolzneran (1.13)

for any smooth vector fields v.

It is known that (1.12) and (1.13) are equivalent when 1 < p < oco. In the case of
p = 1: (1.12) is the definition of W' while (1.13) is the definition of the space of BV
functions. Moreover, assume f € WP for p > 1, we know f € WP for any 1 < p/ < p
and || fllwir = ([ |IDfP dV)% where |Df| is distributional derivative (or the density of

the bounded variation of f with respect to the volume measure dV).
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In general metric measure spaces, the answers to the above questions are negative (see
[36] for a counterexample and also see [6] for a counterexample proposed by Koskela).
However, if we assume that the metric measure space is doubling and satisfies a local-
Poincaré inequality, the weak gradient is really independent of p as proved by Cheeger
in [20]. It has been proved in [34, 35] that CD(K, N) spaces satisfy these assumptions.
In Chapter 4 we prove the identification of p weak gradients for RCD(K, c0) spaces, i.e.
CD(K, o0) spaces which are also infinitesimally Hilbertian. Our result does not depend
on finite dimension hypothesis but needs the linearity of the heat flow on RCD(K, 00)
space. Definition and properties of the heat flow can be found in Chapter-4, Section-
4.2.2.

Our idea is to prove the existence of a family of Sobolev functions A which is dense
in energy in W12 such that for any f € A, |Df|, = |Df|,, m-a.e., then use the lower
semicontinuity and monotonicity of |Df|, with respect to p to finish the proof. Here,
due to the regularity of the heat flow on RCD(K, co) space, we can choose this family
A as the bounded Lipschitz functions.

Let (X, d, m) be a RCD(K, co) metric measure space. For any bounded Lipchitz function
f, we know from [8, 9] that the heat flows H;(f) and H;(lip(f)) are well defined and
H,(f) is Lipschitz. By the result in [39] we know

lip(Hy(f)) < e *H,(lip(f)).

By definition and lower-semicontinuity we have the following proposition:

Proposition 4.6 Let (X,d,m) be a RCD(K, c0) space, p € (1,00), f € W'P(X) and
t > 0. Then Hy(f) € WYP(X) and

IDH, f[5 < e_pKth(|Df\£), m— a.e..

Then we can control the local Lipschitz constant of H,(f) by its weak gradient.

Proposition 4.7 Let (X,d,m) be a RCD(K, o) space, p € (1,00), f € WHP(X) such
that f,|Df|, € L>®(X) and t > 0. Then Hy(f) is Lipschitz and

lip(Hy(f)) < e &1 {/Ht(\Df|g), pointwise on X.
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As we know that the local Lipschitz constant is no less than the weak gradient, we
can prove the identification result for Lipschitz functions. This proposition extends the

result proved in [9] for 2-weak gradients.

Proposition 4.8 Let p,q € (1,00) and f € Lip X. Then

IDflg =IDflp,  m— ae.

Finally, we can use the monotonicity for weak gradients, i.e. |Df|,, < |Df|,, for any 1 <

p1 < p2, to prove the main theorem by a relaxation procedure and lower-semicontinuity:

Theorem 4.9 (Identification of weak upper gradients) Let p,q € (1,00) and
fe St (X) such that |Df|, € L{ (X). Then f € SL (X) and

loc

|Df’q - |Df‘p, m— a.e...

1.5 Bakry-Emery’s theory and Ricci tensor

Let M be a Riemannian manifold equipped with a metric tensor (-, -) : [TM]? = C*(M).

We have the Bochner formula
Ta(f) = Ricci(V £, V£) + [[Hy s, (1.14)

valid for any smooth function f, where ||[H||gs is the Hilbert-Schimidt norm of the
Hessian Hy := Vdf and the operator I'; is defined by

Da(f) = S L0 f) =T LS), DU )= S L) ~ LT
where I'(+,-) = (V-,V-), and L = A is the Laplace-Beltrami operator.

In particular, if the Ricci curvature of M is bounded from below by K, i.e. Ricci(v,v)(x) >
K|v|?(z) for any * € M and v € T, M, and the dimension is bounded from above by
N € [1, ], we have the Bochner inequality

Do) > (AF) + KT(f) (1.15)
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Conversely, it is not hard to show that the validity of (1.15) for any smooth function
f implies that the manifold has lower Ricci curvature bound K and upper dimension

bound N, or in short that it is a CD(K, N') manifold.

Being this characterization of the CD(K, N) condition only based on properties of L,
one can take (1.15) as definition of what it means for a diffusion operator L to satisfy
the CD(K, N) condition. This was the approach suggested by Bakry—Emery in [15], we

refer to [16] for an overview on the subject.

Following this line of thought, one can wonder whether in this framework one can recover
the definition of the Ricci curvature tensor and deduce from (1.15) that it is bounded

from below by K. From (1.14) we see that a natural definition is
Ricci(V £,V f) := Ta(f) — |[Hy| s, (1.16)

and it is clear that if Ricci > K, then (1.15) holds with N = oco. There are few things
that need to be understood in order to make definition (1.16) rigorous and complete in

the setting of diffusion operators:
1) If our only data is the diffusion operator L, how can we give a meaning to the
Hessian term in (1.16)7

2) Can we deduce that the Ricci curvature defined as in (1.16) is actually bounded
from below by K from the assumption (1.15)7

3) Can we include the upper bound on the dimension in the discussion? How the

presence of NV affects the definition of the Ricci curvature?

This last question has a well known answer: it turns out that the correct thing to do is

to define, for every N > 1, a sort of ‘/N-dimensional’ Ricci tensor as follows:

Lo (f) = [Hfllfs — w=pey (trHy — Lf)?, if N > n,
Ricciny(VF,Vf) == To(f) — |Hyll3g — oo(trHy — Lf)2, if N =n,
—00, if N <n,

(1.17)

where n is the dimension of the manifold (recall that on a weighted manifold in general
we have trHy # Af). It is then not hard to see that if Ricciy > K then indeed (1.15)
holds.

It is harder to understand how to go back and prove that Ricciy > K starting from

(1.15). A first step in this direction, which answers (1), is to notice that in the smooth
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setting the identity

2H;(Vg, Vh) = T(g,I'(f, 1)) + T(h,T'(f,9)) = T(f,T(g, 1))

for any smooth g¢,h characterizes the Hessian of f, so that the same identity can be
used to define the Hessian starting from a diffusion operator only. The question is then
whether one can prove any efficient bound on it starting from (1.15) only. The first
results in this direction where obtained by Bakry in [13] and [14], and only recently
Sturm [42] concluded the argument showing that (1.15) implies Ricciy > K. In Sturm’s

approach, the operator Ricciy is not defined as in (1.17), but rather as

2(x
Ricciy(Vf, V) (z) = . F(fi{lg)(x)zofg(g)(x) — (LQ)N() (1.18)

and it is part of his contribution the proof that this definition is equivalent to (1.17).

All this for smooth, albeit possibly abstract, structures. On the other hand, there is as
of now a quite well established theory of (non-smooth) metric measure spaces satisfying
a curvature-dimension condition: that of RCD*(K, N) spaces introduced by Ambrosio-
Gigli-Savaré (see [9] and [24]) as a refinement of the original intuitions of Lott-Sturm-
Villani ([35] and [40, 41]) and Bacher-Sturm ([12]). In this setting, there is a very natural
Laplacian and inequality (1.15) is known to be valid in the appropriate weak sense (see
[9] and [21]) and one can therefore wonder if even in this low-regularity situation one
can produce an effective notion of N-Ricci curvature. Part of the problem here is the a

priori lack of vocabulary, so that for instance it is unclear what a vector field should be.

In the recent paper [23], Gigli builds a differential structure on metric measure spaces
suitable to handle the objects we are discussing (see the preliminary section of Chapter-5
for some details). One of his results is to give a meaning to formula (1.16) on RCD(X, co)
spaces and to prove that the resulting Ricci curvature tensor, now measure-valued, is
bounded from below by K. Although giving comparable results, we remark that the
definitions used in [23] are different from those in [42]: it is indeed unclear how to give a
meaning to formula (1.18) in the non-smooth setting, so that in [23] the definition (1.16)
has been adopted.

Gigli worked solely in the RCD(K, oco) setting. The contribution of the current work is
to adapt Gigli’s tool and Sturm’s computations to give a complete description of the

N-Ricci curvature tensor on RCD*(K, N) spaces for N < oo.

Our main result is the fact that the N-Ricci curvature is bounded from below by K on
a RCD(K”, 00) space if and only if the space is RCD*(K, N).
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Now we introduce some notations and necessary backgrounds of non-smooth Bakry-
Emery theory. More details can be found in [7] (for RCD(K, oc) space) and [21] (for
RCD*(K, N) space) where the authors construct the non-smooth counterparts of the
Bakry—Emery theory, which builds the link between the Bakry—Emery theory and Lott-

Sturm-Villani’s theory based on optimal transport.

We shall denote by (Vf,Vg) the carré du champ associated to the canonical Dirichlet
form (or call it Cheeger energy) on a RCD(K, c0) space (X,d, m). We then define the
space D(A) C WH2(X) as the space of f € W12(X) such that there exists a measure p
satisfying

/h,u =— / (Vh,Vfym,Vh : X — R, Lipschitz with bounded support.

In this case the measure p is unique and we shall denote it by Af. If Af < m, we still
denote its density by Af.

We define the set TestF(X) C W12(X) of test functions as
TestF(X) := {f e D(A)NL>® : IDf| € L and Afec W?(X)}.
It is proved in [9], [23] that TestF(X) is dense in W12(X).
For f € TestF(X) we define the measure I'y(f)
1

To(f) = ZAIDSE ~ (f.Af) m,

and we define the Hessian of f € TestF(X) as
1

for every g, h € TestF(X).

The interest of this vocabulary is in the fact that, like in the case of smooth manifolds,
it can be used in the non-smooth context to characterize lower Ricci bounds. Indeed, as
proved in [7] and [21], on a RCD*(K, N) space, the following Bochner type inequality
(1.19) holds for every f € TestF(X).

To(f) > (KIDFP + (A7) m (1.19)

Conversely, if an infinitesimally Hilbertian space (X, d, m) satisfies the Sobolev-to-Lipschitz
property and the above inequality holds in the appropriate weak sense for sufficient many
f’s, then it is a RCD*(K, N) space.
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Inequality (1.19) has been improved in [23] in the case N = oo to incorporate the Hessian

of the functions:

To(f) > (KDfI* + |Hy|fg) m

for every f € TestF(X). See [23] for the definition of the Hilbert-Schmidt norm of the

Hessian.

In [42], under additional smoothness assumptions, the analysis has been pushed further
to incorporate informations coming from the finite dimensionality. It is then natural to
ask whether these results can be proved in the full generality of RCD*(K, N) spaces.
The difficulty of extending the result in [42] is the lack smooth tangent fields and smooth
tensors on a non-smooth metric measure space. In [23], Gigli defines the L*-module
L*(TM) as the non-smooth counterpart of the tangent bundle and defines the non-
smooth tensors in the viewpoint of L°°-module. In Chapter-5 we use these tools to
study the differential structure of RCD* (K, N) space. More details can be found in the
preliminary part of Chapter-5 (or see [23] for the relevant definitions).

First of all, we study the dimension of a RCD* (K, N) space which is understood as the
dimension of L2(T'M) as a L>(M)-module.

Proposition 5.12 Let M = (X,d,m) be a RCD*(K, N) metric measure space, then
dimM < N. Furthermore, if the local dimension dimi,. on a Borel set E is N, then

trH¢(z) = Af(z) m-a.e. x € E for f € TestF.

Notice that the equality trH; = A f does not hold even in smooth metric measure spaces
(for example, weighted Riemannian manifolds). In this case, the term m(trH F—
Af)? is not trivial and makes sense on a RCD*(K, N) space.

Then by a variational argument and change of variables formula in [39], we prove the

following theorem:

Theorem 5.13 Let M = (X,d, m) be a RCD*(K, N) metric measure space. Then

ao(f) = (KIDSP + [y s + (trHy — Af)?) m

1
N — dimyg,
holds for any f € TestF, where m(trﬂf — Af)Q) is taken 0 by definition on the
set {z : dimpe(z) = N}.

As an application of the theorem above, we can define the Ricci tensor Ricciy(V f, V)

as:
Riccin (Vf, V) = T2(f) — [Hy[fs m — Ry (f)
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where )
Ja— 2 1
N_n(x)(ter Af)?)m, if n <N,
Ry(f) =19 +oo(trH; — Af)?m if n= N,

It can be seen easily that the definition above fulfills all the requirement for Ricciy. In

particular, we can rewrite the inequality in Theorem 5.13 as:

Ty(f) = Ricein(Vf, V) + ([Hyllhs + (trHy — Af)?) m.

1
N — dimloc

Furthermore, using the vocabulary in [23] we can extend the results above and the
definition of the N-Ricci tensor to more general tangent fields, more details about
TestV (M), HEQ(TM) can be found in Chapter-5 or [23].

Definition 5.15 (Ricci tensor) We define Ricciy as a measure valued continuous
map on [[-111{’2(TZ\4)]2 such that for any X, Y € TestV (M) it holds

Ricciy(X,Y) = T(X,Y)— (VX)?, (VY))ygm — Ry(X,Y)m.

where
XY 1
r(x,y) = AT (L w4 Lo anxh) m
and
—  (tr(VX)? = divX) (tr(VY)? — divY)  dimye < N,
RN(X, Y) = N — dlmloc( ( ) )( ( ) ) foc
0 dimloc > N.

It can be seen that Ricciy is a well defined tensor, i.e. (X,Y) — Ricciy(X,Y) is a

symmetric TestF (M )-bilinear form. Then we prove the following theorem.

Theorem 5.16 Let M be a RCD*(K, N) space. Then
Ricciy (X, X) > K|X|?m,
and

- + Riceix (X, X)) m

holds for any X € H;I’Q(TM). Conversely, on a RCD(K', 00) space M, assume that



Chapter 1. Introduction

23

(1) dimM < N
(2) tr(VX)? = divX m — a.e. on {dimy. = N},¥X € Hy*(TM)

(3) Ricciy > K

for some K € R, N € [1,+00], then it is RCD*(K, N).






Chapter 2

The continuity equation on

metric measure spaces

Abstract

In this chapter, we show that it makes sense to write the continuity equation on a metric
measure space (X,d, m), and that absolutely continuous curves {j;}; w.r.t. the distance
Wy can be completely characterized as solutions of the continuity equation itself, pro-
vided we impose the condition p; < C'm for every t and some C > 0. We also show that

our frameworks are adaptable to several classical results.

Résumé

Dans ce chapitre, nous montrons qu'’il est possible d’écrire I’équation de continuité dans
un espace métrique mesuré (X, d, m), et que les courbes absolument continues {1 }+¢0,1]
par rapport a la distance Wa peut étre completement caractérisé comme solutions de
Iéquation de continuité lui-méme, sous la condition puy < C'm pour chaque t € [0,1] et
certains C' > 0. Nous montrons également que nos cadres sont adaptables a plusieurs

résultats classiques.

The results in this chapter are contained in [25].

2.1 Introduction

A crucial intuition of Otto [37], inspired by the work of Benamou-Brenier [17], has

been to realize that absolutely continuous curves of measures {u;}; w.r.t. the quadratic

25
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transportation distance Wy on R? can be interpreted as solutions of the continuity
equation

Oppit + V - (vgpie) = 0, (2.1)

where the vector fields v; should be considered as the ‘velocity’ of the moving mass p

and, for curves with square-integrable speed, satisfy

1
/0 /]vt\Qdut dt < oo. (2.2)

This intuition has been made rigorous by the first author, Ambrosio and Savaré in [5],
where it has been used to develop a solid first order calculus on the space (P2(R%), Wy),

with particular focus on the study of gradient flows.

Heuristically speaking, the continuity equation describes the link existing between the
‘vertical derivative’ Oyp; (think to it as variation of the densities, for instance) and the
‘horizontal displacement’ v;. In this sense it provides the crucial link between analysis
made on the LP spaces, where the distance is measured ‘vertically’, and the one based on
optimal transportation, where distances are measured by ‘horizontal’” displacement. This
is indeed the heart of the crucial substitution made by Otto in [37] who, to define the
metric tensor g, on the space (P2(R?), Ws) at a measure p = pL? considers a ‘vertical’

variation dp such that [dp dL4 = 0, then looks for solutions of
op ==V -(Vop), (2.3)

and finally defines
9u(9p, 5p) 12/!V<P!2dﬂ- (2.4)

The substitution (2.3) is then another way of thinking at the continuity equation, while

the definition (2.4) corresponds to the integrability requirement (2.2).

It is therefore not surprising that each time one wants to put in relation the geometry
of optimal transport with that of LP spaces some form of continuity equation must be
studied. In the context of analysis on non-smooth structures, this has been implicitly
done in [9, 28] to show that the gradient flow of the relative entropy on the space
(P2(X), W2) produces the same evolution of the gradient flow of the energy (sometime
called Cheeger energy or Dirichlet energy) in the space L?(X,m), where (X,d, m) is

some given metric measure space.

The purpose of this paper is to make these arguments more explicit and to show that:

i) It is possible to formulate the continuity equation on general metric measure spaces
(X7 d7 m)7
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ii) Solutions of the continuity equation completely characterize absolutely continuous
curves {u:} C P(X) with square-integrable speed w.r.t. Wa and such that pu; <
Cm for every t € [0, 1] and some C > 0.

In fact, the techniques we use can directly produce similar results for the distances W,
p € (1,00), and for curves whose speed is in L! rather then in some LP, p > 1. Yet, we

prefer not to discuss the full generality in order to concentrate on the main ideas.

Let us discuss how to formulate the continuity equation on a metric measure space where
no a priori smooth structure is available. Notice that in the smooth setting (2.1) has
to be understood in the sense of distributions. If we assume weak continuity of {fu}+,
this is equivalently formulated as the fact that that for every f € C®°(R?) the map
t + [ fdpe is absolutely continuous and the identity

(i/fdut—/df(vt)dﬂu

holds for a.e. ¢ € [0,1]. In other words, the vector fields v; only act on differential of
smooth functions and can therefore be thought of as linear functionals L; from the space
of differentials of smooth functions to R. Recalling (2.2), the norm || L¢|[7, of L; should
be defined as

1 . 1
SO = sup L) = [ 17 d,
feC(RY)

so that being {u}; 2-absolutely continuous is equivalent to require that ¢ +— ||L||y, €
L2(0,1).

Seeing the continuity equation in this way allows for a formulation of it in the abstract
context of metric measure spaces (X, d, m). Indeed, recall that there is a well established
notion of ‘space of functions having distributional differential in L?(X,m)’, which we will
denote by S?(X) = S?(X,d, m) and that for each function f € S?(X) it is well defined
the ‘modulus of the distributional differential |Df| € L?(X,m)’.

Then given a linear map L : S?(X) ~ R and yu such that u < Cm for some C' > 0 we

can define the norm | L[|}, as

1 *\2 - _1 2d
SULIE? = swp 207) =3 [ IDsan (25)

Hence given a curve {p;}; C P(X) such that p; < Cm for some C' > 0 and every t € [0, 1]
and a family {L;},e[0,1] of maps from S?(X) to R such that fol(HLtHZt)Q dt < oo, we can
say that the curve {yu:}+ C P(X) solves the continuity equation

Opit = Ly,
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provided:

i) for every f € S*(X) the map ¢t — [ fdu, is absolutely continuous,

ii) the identity
d
= [ fdu =1L 2.6
5 [ Fam= L. (26)

holds for a.e. t.

Then we show that such formulation of the continuity equation fully characterizes abso-
lutely continuous curves {u;}; with square-integrable speed on the space (P2(X), W),
provided we restrict the attention to curves such that p; < C'm for some C' > 0 and

every t € [0,1]. See Theorem 4.9.

Concerning the proof of this result, we remark that the implication from absolute con-
tinuity of {y}; to the ‘PDE’ (2.6) is quite easy to establish and follows essentially from
the definition of Sobolev functions. This is the easy implication even in the smooth con-
text whose proof carries over quite smoothly to the abstract setting, the major technical
difference being that we don’t know if in general the space S?(X) is separable or not, a
fact which causes some complications in the way we can really write down the equation
(2.6), see Definition 2.10.

The converse one is more difficult, as it amounts in proving that the differential identity
(2.6) is strong enough to guarantee absolute continuity of the curve. The method used
in the Euclidean context consists in regularizing the curve, apply the Cauchy-Lipschitz
theory to the approximating sequence to find a flow of the approximating vector fields
which can be used to transport ps to ps and finally in passing to the limit. By nature,
this approach cannot be used in non-smooth situations. Instead, we use a crucial idea
due to Kuwada which has already been applied to study the heat flow [8, 28]. It amounts

in passing to the dual formulation of the optimal transport problem by noticing that

1
§W%(M1aﬂo) :SUP/QWd,ul —/wd,uo, (2.7)

the sup being taken among all Lipschitz and bounded ¢ : X — R, where Q:p is the
evolution of ¢ via the Hopf-Lax formula. A general result obtained in [8] has been that

it holds ) 5
lip(@Qep)"(2) _

5 <0, (2.8)

d
&Qt‘ﬂ(x) +
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for every t except a countable number, where lip(f) is the local Lipschitz constant f.

Thus we can formally write

1 q
/Qupdm—/soduo:/ dt/Qt@Ddutdt
0

1 d 1
by (26) —/ d*QﬂOd,LH dt+/ Lt(Qt(p) dt,
0 t 0
1 i 2 1 1 1 1
by 29),8) < [ I quaee L L 2ae g [ 10Quek duatr
0 0 0

Using the fact that [Df| <lip(f) m-a.e. for every Lipschitz f we then conclude that

I .
J@eam = [edum =g [z

Here the right hand side does not depend on ¢, hence by (2.7) we deduce

1
W2(ur, p10) < /0 (ILlI5,)? dt,

which bounds Wy in terms of the L;’s only. Replacing 0,1 with general ¢,s € [0,1]
we deduce the desired absolute continuity. As presented here, the computation is only
formal, but a rigorous justification can be given, thus leading to the result. See the proof
of Theorem 4.9.

It is worth pointing out that Kuwada’s lemma works even if we don’t know any unique-
ness result for the initial value problem (2.6). That is we don’t know if given ug and a
family of operators L; from S?(X) to R the solution of (2.6) is unique or not, because
we “can’t follow the flow of the L;’s”. Yet, it is possible to deduce anyway that any

solution is absolutely continuous.

It is also worth to make some comments about the assumption p; < C'm. Notice that if
we don’t impose any condition on the y;’s, we could consider curves of the kind ¢ — d,,,

where v is a given Lipschitz curve. In the smooth setting we see that such curve solves
8155% +V- (’%5%) =0,

so that to write the continuity equation for such curve amounts to know the value
of v/ at least for a.e. t. In the non-smooth setting to do this would mean to know
who is the tangent space at v for a.e. t along a Lipschitz curve v, an information
which without any assumption on X seems quite too strong. Instead, the process of
considering only measures with bounded density has the effect of somehow ‘averaging
out the unsmoothness of the space’ and allows for the possibility of building a working

differential calculus, a point raised and heavily used in [22]. Here as application of the
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continuity equation to differential calculus we provide a Benamou-Brenier formula and

describe the derivative of %W%(, v) along an absolutely continuous curve.

We then study situations where the operators L; can be given somehow more explicitly.
Recall that on the Euclidean setting the optimal (in the sense of energy-minimizer) vector
fields v; appearing in (2.1) always belong to the L?(y)-closure of the set of gradients
of smooth functions and that is some case they are really gradient of functions, so that
(2.1) can be written as

Orpe +V - (Vo) = 0, (2.9)

for some given smooth {¢;}c[o,1], which means that for f smooth it holds

u / Fdp = / A (Vor) du.

To interpret the equation (2.9) in the abstract framework we need to understand the
duality relation between differentials and gradients of Sobolev functions on metric mea-
sure spaces. This has been done in [24], where for given f,g € S?(X) the two functions
D™ f(Vg) and DT f(Vg) have been introduced. If the space is a Riemannian manifold
or a Finsler one with norms strictly convex, then we have D~ f(Vg) = D™ (Vyg) a.e. for
every f, g, these being equal to the value of the differential of f applied to the gradient
of g obtained by standard means. In the general case we do not have such single-valued
duality, due to the fact that even in a flat normed situation the gradient of a function
is not uniquely defined should the norm be not strictly convex. Thus the best we can
do is to define D™ f(Vg) and D' f(Vg) as being, in a sense, the minimal and maximal
value of the differential of f applied to all the gradients of g.

Then we can interpret (2.9) in the non-smooth situation by requiring that for f € S?(X)
it holds

/ D (Vo) du < 3 / fdue < / D* (V) due,  ae t,

and it turns out that this way of writing the continuity equation, which requires two
inequalities rather than an equality, is still sufficient to grant absolute continuity of the

curve.

Notice that in the Euclidean setting, if the functions ¢; are smooth enough we can

construct the flow associated to V¢; by solving

%T(ﬂs,t, s) = V(T (x,t,5)),

T(z,t,t) ==z,
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so that the curves t — T'(z,t,s) are gradient flows of the evolving function ¢; and a
curve {u}; solves (2.6) if and only if p; = T'(-,¢,0)4p0 for every t € [0,1]. Interestingly
enough, this point of view can be made rigorous even in the setting of metric measure
spaces and a similar characterization of solutions of (2.6) can be given, see Theorem
2.23.

We conclude the paper by showing that the heat flows and the geodesics satisfy the same

sort of continuity equation the satisfy in the smooth case, namely

Oepe + V- (V(=log(pe))pe) =0,

for the heat flow, where y; = pym, and
O + V- (Vo) = 0,

with ¢y = —Q1-+(—¢°) for the geodesics, where ¢ is a Kantorovich potential inducing
the geodesic. Here the aim is not to prove new results, as these two examples were
already considered in the literature [8, 9, 22, 28|, but rather to show that they are
compatible with the theory we propose. We also discuss in which sense and under which
circumstances an heat flow and a geodesic can be considered not just as absolutely

continuous curves on (P2(X), Ws), but rather as C! curves.

2.2 Preliminaries

2.2.1 Metric spaces and optimal transport

We quickly recall here those basic fact about analysis in metric spaces and optimal

transport we are going to use in the following. Standard references are [5], [43] and [3].

Let (X,d) be a metric space. Given f : X — R the local Lipschitz constant lip(f) :
X — [0, 00] is defined as
— |f(y) — f(@)|

ip(f)(@) := lm =375

if x is not isolated and 0 otherwise. Recall that the Lipschitz constant of Lipschitz

function is defined as: 1) — f(@)|
. y _ 1:
Li =Ssup —————~

In particular, if (X,d) is a geodesic space, we have Lip(f) = sup, lip(f)(x).
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A curve 7 : [0,1] = X is said absolutely continuous provided there exists f € L(0,1)
such that

d(vs, ) < /tsf(r) dr, Vt,s € [0,1], t < s. (2.10)

For an absolutely continuous curve -~y it can be proved that the limit

lim d(Vegns Vt)
h—0 |h’

)

exists for a.e. ¢t and thus defines a function, called metric speed and denoted by |5/,
which is in L'(0,1) and is minimal, in the a.e. sense, among the class of L!-functions f
for which (2.10) holds.

If there exists f € L?(0,1) for which (2.10) holds, we say that the curve is 2-absolutely
continuous (2-a.c. in short). In the following we will often write fol |4¢|? dt for a curve
~ which a priori is only continuous: in this case the value of the integral is taken by

definition +oo if 7 is not absolutely continuous.

The space of continuous curves on [0, 1] with values in X will be denoted by C([0, 1], X)
and equipped with the sup distance. Notice that if (X, d) is complete and separable,
then C([0,1], X) is complete and separable as well. For ¢t € [0,1] we denote by e; :
C([0,1], X) — X the evaluation map defined by

e(y) == v, vy € C([0,1], X).
For t,s € [0, 1] the map restr{ from C([0, 1], X) to itself is given by

(reStrff)/)r = VYttr(s—t)s V,Y € C([Ov 1]7 X)

The set of Borel probability measures on X is denoted by P(X) and Py(X) C P(X) is
the space of probability measures with finite second moment. We equip P2(X) with the

quadratic transportation distance Wy defined by
W(p,v) = inf [ &(a,9) dy(a), (2.11)
the inf being taken among all v € P(X?) such that

Y = i,

7rﬁZ'y =
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Given ¢ : X — RU {—o0} not identically —oo the c-transform ¢°: X — RU {—o0} is
defined by
d*(z,y)
i ;
2

c —
©°(y) : nf

— ().
@ is said c-concave provided it is not identically —oco and ¢ = 3¢ for some 9 : X —
R U {—o0}. Equivalently, ¢ is c-concave if it is not identically —oco and ¢° = . Given

a c-concave function ¢, its c-superdifferential 9°p C X2 is defined as the set of (x,%)

such that
d*(z,y)
2 Y
and for x € X the set 0°(x) is the set of y’s such that (x,y) € 0. Notice that for

general (z,y) € X2 we have p(x) + ¢°(y) < @, thus y € 9°p(x) can be equivalently

o) +¢(y) =

formulated as ) )
d d
o(2) — o(z) < (;,y) 3 (;',y)7 Ve X

It turns out that for u,v € Po(X) the distance Wy (u, ) can be found as maximization

of the dual problem of the optimal transport (2.11):

1
§W§(,u, V) :sup/god;H—/(pch, (2.12)

the sup being taken among all c-concave functions . Notice that the integrals in the
right hand side are well posed because for ¢ c-concave and p,v € Py(X) we always
have max{¢p, 0} € L'(x) and max{¢® 0} € L'(v). The sup is always achieved and any
maximizing ¢ is called Kantorovich potential from p to v. For any Kantorovich potential
we have in particular ¢ € L'(u) and ¢¢ € L*(v). Equivalently, the sup in (2.12) can be
taken among all ¢ : X +— R Lipschitz and bounded.

We shall make frequently use of the following superposition principle, proved in [33] (see

also the original argument in the Euclidean framework [5]):

Proposition 2.1. Let {u:}: C P2(X) be a 2-a.c. curve w.r.t. Wo. Then there exists
m € P(C([0,1], X)) such that

(et)wr = Ut, Vit € [0, 1],

1 1
/O el dt = //0 al2 dt drr(),

and in particular w is concentrated on the set of 2-a.c. curves on X. For any such m we

also have

ul? = / Sl2dn(y),  ae te (0,1,

Any plan 7 associated to the curve {1} as in the above proposition will be called lifting
of {yut}s.
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2.2.2 Metric measure spaces and Sobolev functions

Spaces of interest for this paper are metric measure spaces (X, d, m) which will always

be assumed to satisfy:

e (X,d) is complete and separable,

e the measure m is a non-negative and non-zero Radon measure on X.

In this paper, for the abbreviation we will not distinguish X, (X,d) or (X,d, m) when

no ambiguities exist. For example, we write S?(X) instead of S?(X,d, m).

Given a curve {y}; C P(X) we shall say that it has bounded compression provided there
is C' > 0 such that gz < Cm for every t € [0,1]. Similarly, given 7 € P(C([0,1], X))
we shall say that it has bounded compression provided t — p; := (e)ym has bounded

compression.

We shall now recall the definition of Sobolev functions ‘having distributional differential
in L?(X,m)’. The definition we adopt comes from [24] which in turn is a reformulation
of the one proposed in [8]. For the proof that this approach produces the same concept

as the one discussed in [30] and its references, see [8].

Definition 2.2 (Test plans). Let (X, d, m) be a metric measure space and 7 € P(C([0, 1], X)).

We say that 7 is a test plan provided it has bounded compression and

1
// K dt dr() < +oo.
0

Definition 2.3 (The Sobolev class S?(X)). Let (X,d,m) be a metric measure space.
The Sobolev class S?(X) = S?(X,d, m) is the space of all Borel functions f : X — R
such that there exists a function G € L?(X,m), G > 0 such that:

1
/ i) — Flro)] dr(y) < / /0 G () el dt dr().

for every test plan . In this case, G is called a weak upper gradient of f.

It can be proved that for f € S?(X) there exists a minimal, in the m-a.e. sense, weak

upper gradient: we shall denote it by |Df|.

Basic calculus rules for |Df| are the following, all the expressions being intended m-a.e.:
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Locality For every f,g € S?(X) we have
IDf| =0, on f~YN), VN CR, Borel with L'(N) =0, (2.13)

IDf| = |Dgl, m—a.e. on {f = g}. (2.14)

Weak gradients and local Lipschitz constants. For any f : X — R locally Lipschitz it
holds

IDf| < lip(f). (2.15)

Vector space structure. S?(X) is a vector space and for every f,g € S?(X), a, 3 € R we

have
ID(af + Bg)| < |af[Df|+ |B][Dgl. (2.16)

Algebra structure. L>° N S?(X) is an algebra and for every f,g € L N S%(X) we have

ID(f9)| < |f1Dg| + 9l[Df]. (2.17)

Similarly, if f € S?(X) and g is Lipschitz and bounded, then fg € S?(X) and the bound
(2.17) holds.

Chain rule. Let f € S?(X) and ¢ : R — R Lipschitz. Then ¢ o f € S?(X) and

ID(wo f)l = l¢'| o fIDS], (2.18)

where || o f is defined arbitrarily at points where ¢ is not differentiable (observe that
the identity (2.13) ensures that on f~*(N) both |D(¢o f)| and |Df| are 0 m-a.e., N
being the negligible set of points of non-differentiability of ¢).

We equip S?(X) with the seminorm || f|[s2 := [[[Df|[|z2(x). In the following, we will
sometimes need to work with spaces (X,d,m) such that S?(X) is separable, we thus

recall the following general criterion:

Proposition 2.4. Let (X,d,m) be a metric measure space where m is locally bounded.
If the the Sobolev space WH2(X,d, m) defined as L? N S?(X) equipped with the norm
1f 122 == 1132 + | fl|32 is reflexive, then S*(X) is separable.

In particular, let (X,d,m) be a metric measure space satisfying one of the following

properties below:

i) (X,d) is doubling, i.e. there is N € N such that for any r > 0 any ball of radius

2r can be covered by N balls of radius r. And m is locally bounded.
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it) The seminorm | - ||g2 satisfies the parallelogram rule, and m gives finite mass to

bounded sets.

We know S%(X) is separable.

Proof. In [1] it has been proved that if W12(X) is reflexive, then it is separable.

Thus to conclude it is sufficient to show that if W12(X) is separable and m gives
finite mass to bounded sets (this being trivially true in the case (i)), then S%(X)
is separable as well. To this aim, let f € S?(X), consider the truncated functions
frn = min{n, max{—n, f}} and notice that thanks to (2.40) we have || f, — f|lsz — 0
as n — oo. Thus we can reduce to consider the case of f € L*® N S?(X). Let
B,, C X be bounded nondecreasing sequence of sets covering X, and for each n € N,
Xy @ X — [0,1] a 1-Lipschitz function with bounded support and identically 1 on B,,.
For f € L>® N S?%(X), by (2.17) we have fx, € L>® N S?(X) as well and furthermore
supp(X, f) is bounded. Given that m gives finite mass to bounded sets we deduce that
fXn € WH2(X), and the locality property (2.14) ensures that ||X,f — f|lsz2 — 0 as

n — 0.

At last, still in [1], it has been shown that if (X, d) is doubling, then W12(X) is reflexive.
On the other hand, if (ii) holds, then it is obvious that W12(X) is Hilbert, and hence
reflexive. Therefore S?(X) is separable if (i) or (i) holds. O

2.2.3 Hopf-Lax formula and Hamilton-Jacobi equation
Here we recall the main properties of the Hopf-Lax formula and its link with the
Hamilton-Jacobi equation in a metric setting. For a proof of these results see [8].

Definition 2.5 (Hopf-Lax formula). Given f : X — R a function and ¢ > 0 we define
Qif : X —» RU{—00} as

d*(z,y)

Qif(x) := ylg)f( fly) + 5

We also put Qo f := f.

Proposition 2.6 (Basic properties of the Hopf-Lax formula). Let f : X +— R be Lips-
chitz and bounded. Then the following hold.

i) For every t > 0 we have Lip(Q.f) < 2Lip(f).



Chapter 2. The continuity equation on melric measure spaces 37

ii) For every v € X the map [0,00) 3 t — Q.f () is continuous, locally semiconcave

on (0,00) and the inequality

<0

f— ?

d lip(Q¢f)*(x)
Q@)+ P

holds for every t € (0,00) with at most a countable number of exceptions.

iti) The map (0,00) x X 3 (t,x) — lip(Q+f)(x) is upper-semicontinuous.

2.3 The continuity equation 0;u; = L

2.3.1 Some definitions and conventions

Let p € P2(X) be such that ;1 < Cm for some C' > 0. We define the seminorm || - ||, on
S2(X) as

1913 = [ 1P dn.
Definition 2.7 (The cotangent space CoTan,(X)). For u € Po(X) with u < Cm for
some C' > 0 consider the quotient space S%(X)/ ~,, where f ~, g if || f — g||, = 0.

The cotangent space CoTan,,(X) is then defined as the completion of S?(X)/ ~, w.r.t.

its natural norm. The norm on CoTan,(X) will still be denoted by || - || ..

Given a linear map L : S?(X) + R and i as above, we denote by | L[]}, the quantity
given by

1

SULIE)? == sup  L(f) = SIIFII7-

20 fes(x) g

Linear operators L : S?(X) + R such that ||L||* < oo are in 1-1 correspondence with
elements of the dual of CoTan,(X). Abusing a bit the notation, we will often identify

such operators L with the induced linear mapping on CoTan,(X).

2.3.2 A localization argument

In this section {u;} C Pa(X) is a given Wa-continuous curve with bounded compression

and we consider a functional L : S?(X) + L'(0,1) satisfying the inequality

| thwar < \// szr\/[ 112, dr

with G € L%(0,1), for every f € S?(X) and t,s € [0,1], t < s. The question we address

is up to what extent we can deduce that for such L there are operators L; : S?(X) — R
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such that L(f)(t) = L(f) for Ll-a.e. t € [0,1]. We will see in a moment that this is
always the case in an appropriate sense, but to deal with the case of S?(X) non separable

we need to pay some attention to the set of Lebesgue points of L(f).

Thus for given g € L'(0,1) we shall denote by Leb(g) C (0,1) the set of ¢’s such that

the limit of
t+e
][ gs ds,
t—e

as ¢ | 0 exists and is finite. Clearly the set Leb(g) contains all the Lebesgue points
of any representative of g and in particular we have £!(Leb(g)) = 1. We shall denote
its value by g, so that g : Leb(g) — R is a well chosen representative of g everywhere
defined on Leb(g).

It is obvious that for ¢ € Leb(g), we have:

t+e1 t+eo
lim lgs — gr| dsdr = 0.
e1,240 t—e1 t—eo

We then have the following result.

Lemma 2.8. Let {u:}+ C P2(X) be a Wa-continuous curve of bounded compression and
L:S?(X) ~ LY(0,1) be a linear map such that for some G € L?(0,1) the inequality

/SL(f)(r) dr < \//SG%dr\//s Hf”;%r dr, Vi, s €[0,1], t <s, Vf e S*HX),
t t t

(2.19)

holds.

Then there exists a family {Lt},c(0,1) of maps from S2(X) to R such that for any f €
S2(X) we have

L)) = Ly(f), ae. teo,1], (2.20)
ILe ()] < Gl 1f e a.e. t €0,1]. (2.21)

Remark 2.9. As a direct consequence of (2.20), if {Et}te[o,l} ia another family of maps
satisfies the above, then for every f € S2(X) we have Li(f) = Li(f) for a.e. t € [0,1].
Thus L is unique as a map from S?(X) to L(0,1).

Proof. For f € S(X) consider the set Leb(L(f)) and for ¢t € (0,1) let V; C S?(X) be
the set of f’s in S?(X) such that ¢ € Leb(L(f)). The trivial inclusion

Leb(a1g1 + a2g2) D Leb(g1) N Leb(g2),
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valid for any g1,92 € L'(0,1) and a1,as € R and the linearity of L grant that V; is a

vector space for every t € (0,1).

The Ws-continuity of {y}; grants in particular continuity w.r.t. convergence in duality
with Cp(X) and the further assumption that p, < C'm for any ¢ € [0, 1] ensures continuity
w.r.t. convergence in duality with L'(X, m). Thus the map ¢ — [ |Df|* dy, is continuous
for any f € S?(X). Hence from inequality (2.19) we deduce that for any f € S?(X) it
holds

ZO0)] < /G I fle: ¥t € Leb(L(f)) N Leb(G2),

which we can rewrite as: for any ¢ € Leb(G?) it holds

IO < VNl VeV

In other words, for any ¢ € Leb(G?) the map V; 3 f — Li(f) := L(f)(t) is a well defined

linear map from V; to R with norm bounded by E%

By Hahn-Banach we can extend this map to a map from S? to R with norm bounded by
G(t). Noticing that by construction we have f € V; for a.e. t € [0, 1] for any f € S?, the
family of maps L; fulfill the thesis. To conclude notice that trivially it holds Gif = |Gy
for Ll-a.e. t. O

2.3.3 Main theorem
We start giving the definition of ‘distributional’ solutions of the continuity equation in
our setting:

Definition 2.10 (Solutions of 9y = L;). Let (X,d,m) be a metric measure space,
{me}e € P2(X) a Wa-continuous curve with bounded compression and {L; }4¢[o,1] a family
of maps from S%(X) to R.

We say that {u}: solves the continuity equation
8tﬂt = Lt, (222)

provided:

i) for every f € S?(X) the map t — L;(f) is measurable and the map N : [0, 1]
[0, 00] defined by

1 1
~N7 == esssup Li(f) — | fII%, (2.23)
2 FeS2(X) 2
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belongs to L(0,1), i.e. for any f, N? > Ly(f) — %Hf”it a.e. t and for any other
N; satisfying this property, we have: N; < N, for a.e. t.

ii) for every f € L' N S?(X) the map t — [ f du, is in absolutely continuous and the
identity q
— dus = L
5 [ Fam =L,

holds for a.e. t.
Our main result is that for curves of bounded compression, the continuity equation
characterizes 2-absolute continuity.
Theorem 2.11. Let {y:}+ C P(X) be a Wa-continuous curve with bounded compression.
Then the following are equivalent.
i) {uete is 2-absolutely continuous w.r.t. Wa.
ii) There is a family of maps {Li}iejo ) from S*(X) to R such that {p} solves the
continuity equation (2.22).
Finally, we have
Nt:|/:tt’, a.e. t e [0,1}

Remark 2.12. Tt is obvious that if {I:t}te[o,l} is another family of maps such that {u;},
solves dypiy = Ly, then for every f e L' N S?(X ) we have

Lt(f) = Lt(f), a.e. t e [O, 1],

thus {L;};e[0,1] is unique as a map from S?(X) to L'(0,1).

Proof. (i) = (ii) Let m be a lifting of {yu:}; and notice that = is a test plan. Hence for
f € L'NnS?(X) we have

'/fdus—/fdut

< / F(ve) — F)] dr(y) < / / IDA1(0)lAe | dr dr(7)

< \/ / s / \Dflzdurdr\/ / s [ il antyar.

Taking into account that [ [Df|?dp, < C [|Df|>dm for every ¢ € [0, 1], this shows that

(2.24)

t — [ fdu is absolutely continuous.
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Define L : S*(X) — L(0,1) by L(f)(t) := ; [ fdp: and notice that the bound (4.3)

gives
< \// /]Df‘zdurdr\// G2dr, Vt,s €[0,1], t <s,
t t

for Gy == |ju| = /[ |72 dm(v) € L?(0,1). Hence we can apply Lemma 2.8 and deduce
from (2.21) that for every f € S?(X) we have

| L

1 1. .
L) = SIFI2, < Sl ae te o)

By the definition (2.23), this latter bound is equivalent to Ny < |z| for a.e. t € [0, 1].

(ii) = (i) To get the result it is sufficient to prove that
S
W2 (g, ps) < |s — t|/ NZdr, Vt, s € 0,1], t < s.
t

We shall prove this bound for ¢ = 0 and s = 1 only, the general case following by a

simple rescaling argument. Recalling that
1 2 c
3 Walko, ) = Sup Ydpo+ [ ¢¥dp =sup [ Qiedur — [ ¢duo,
©

the sup being taken among all Lipschitz and bounded v, ¢, to get the claim it is sufficient
to prove that

1 1
/leﬁdm —/wduo < 2/0 N{ dt, (2.25)

for any Lipschitz and bounded ¢ : X — R. Fix such ¢ and notice that

n—1
/dem—/@duo—nlggo{Z/(QTso—deuT+/Q;wd<ui+nl —u;)}-
=0

(2.26)

Recalling point (i7) of Proposition 2.6 we have

n—1 n—1 i+ .

- 1 2 1 2
E /(Qmw—QisO)dui < g // _Mdtdﬂi =/ —Md#n(%ﬂ-
i=0 " " [—— i 2 X x[0,1] 2

n

where p, = Z?:—Ol pi x [,1‘[%7 ) The continuity of {u:}; easily yields that (uy)
converges to p = dp(x)®@dt in duality with C,(X x [0, 1]). Furthermore, the assumption
pe < Cm for every t € [0,1] yields p, < Cm x L' for every n € N and thus by the
Dunfort-Pettis theorem (see for instance Theorem 4.7.20 in [18]) we deduce that (i)
converges to p € P(X x [0,1]), dp := dp¢ ® dt, in duality with L*°(X x [0,1]). Being
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(t,x) — M bounded (point (7) of Proposition 2.6), we deduce that

/ / ' lp(Que)(@) g g (2.27)
0

&
]
—
©
+
S
|
©
5
£
IA

2

On the other hand we have

n—1 n—1 i+l
Z/Q;lcpd(uwnl —ps) :Z/ Ls(Qip)ds
i=0 i=0 7w
n—1 i+1 n-l i DQ, o
1 ) = [ DQiy
_22/i NSdS—I—Z/i / 5 dps ds
=0 n i=0"""n
1
<o [ Mare [ pee)ds
2 Jo Xx[0,1]
lip(Q ; ¢)*(x)
where f,(t,x) := # for t € [, 1) and du(t,z) == dp(z) ® dt. Recall that

by points (), (iii) of Proposition 2.6 we have that the f,,’s are equibounded and satisfy
lim,, fo(t, ) < f(t, ) := w, thus Fatou’s lemma gives

lim fn(t @) dp < / f(t, @) dp,

=20 Jx x[0,1] X x[0,1]

and therefore

n—1
. thp
nlgroloZ/QT@d(MT —ps) / NZdt + // dps dt (2.28)
i=0
The bounds (2.27) and (2.28) together with (2.26) give (2.25) and the thesis. O

If we know that S?(X) is separable, the result is slightly stronger, as a better description

of the operators {L;} is possible, as shown by the following statement.

Proposition 2.13. Let {p}: C Pa(X) be a 2-absolutely continuous curve w.r.t. Wa of
bounded compression. Assume furthermore that S*(X) is separable. Then there exists
a L'-negligible set N C [0,1] and, for every t € [0,1] \ N, a linear map L; : S*(X) — R
such that:

i) everyt € [0,1]\ N is a Lebesgue point of s — |jis|?, the metric speed |jis| exists at

s =t and we have |fi| = || L¢|,,
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i) for every f € L' N S*(X) the map t — [ fdu: is absolutely continuous, differen-
tiable at every t € [0,1] \ £ and its derivative is given by

G [ fam =L, e,

Proof. Let {fn}nen C S?(X) be a countable dense set and N C [0, 1] the set of ¢’s such
that either the metric speed |/i;| does not exist, or ¢ is not a Lebesgue point of s |/is]?
or for some n € N the map s — [ fdpus is not differentiable at ¢. Then by Theorem 4.9

we know that N is negligible.

For n € N and t € [0, 1] \ N, inequality (4.3) gives, after a division for |s — ¢| and a limit
s — t, the bound

d . .
o [ 1] < ely] [105, 20 < Cliahy| [ D12,

This means that the map S?(X) > f, — % | fn dpt can be uniquely extended to a linear
operator L; from S?(X) to R which satisfies 1 Lelly, < [Ful-

For f € L'NS?*(X) denote by I : [0,1] — R the function given by I(t) := [ fd(pus—po)-

Then the map f ~ Iy is clearly linear and satisfies

It |</\f% £(70)| dr(y / ID](7) %|dsd7r<><f||f||sz\// 5ef2 dr ().

Hence given that we have Iy, (t fo Li(fy)dt for every n € N and that {f,} is dense
in L' N S?(X) w.r.t. the (Seml)dlstance of S%(X), from the bound N; < |f| for L-a.e.
t, we deduce that Iy (t) fo Li(f)dt for every f € L' N S?*(X) and every ¢ € [0,1].

Along the same lines we have that

[Lp(s) — Ip(t ’</|f ¥s) — f(ve)| dm(y / IDf| () || dr dme () <

S\/C\s—tl // I%Pdrdﬂ(v)!!f!szz\/C\s—tl / arl2 dr £l 52
t t

| 2

and therefore for every ¢ € [0,1] Lebesgue point of s — |fs|* and such that || exists

we have () 1;(t)
1y(s
—_— 1 <
i [ =00 < Ve sl
Taking into account that, by construction, we have limg_,; W L(fy) for

every t € [0,1] \ N and the density of {f,}, we deduce that limg_,; % L(f) for
every f € L' N S?*(X) and t € [0,1] \ N .
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It remains to prove that ||L¢||% = |@| for t € [0,1] \N. From Theorem 4.9 we know that

[y
Ny = |fu| for £L1-a.e. t and to conclude use the separability of S?(X) to get

1 1 1 1
—(|Le|IF)? = L — = 2 = L — Z||fII?, = =N? et
2(H ;) ilelg t(fn) 2an||m }%gzzs(u)g ¢«(f) QHme 5V ae.t,

so that up to enlarging N we get the thesis. O

2.3.4 Some consequences in terms of differential calculus

As discussed in [37], see also [5], the continuity equation plays a key role in developing
a first order calculus on the space (P2(R%),W). In this section, we show that the
continuity equation plays a similar role on metric measure spaces, where no smooth
structure is a priori given. The only technical difference one needs to pay attention to

is the fact that only curves with bounded compression should be taken into account.

We start with the Benamou-Brenier formula. Recall that on R? and more generally

Riemannian/Finslerian manifolds, we have the identity

1
W2 (1o, 111) :inf/ /|vt|2dutdt, (2.29)
0

where the inf is taken among all 2-a.c. curves {u;}¢ joining o to w1 and the v’s are

such that the continuity equation
atMt + V- ('Utﬂt) = O, (230)

holds. We want to investigate the validity of this formula in the metric-measure context.
To this aim, notice that formula (2.29) expresses the fact that the distance Wa can be
realized as inf of length of curves, where this length is measured in an appropriate way.
Hence there is little hope to get an analogous of this formula on (X,d, m) unless we
require in advance that (X,d) is a length space. Furthermore, given that in the non-
smooth case we are confined to work with curves with bounded compression, we need
to enforce a length structure compatible with the measure m, thus we are led to the

following definition:

Definition 2.14 (Measured-length spaces). We say that (X,d, m) is measured-length
provided for any pug, 1 € Po(X) with bounded support and satisfying po, 1 < Cm
for some C' > 0 the distance Wy (po, 1) can be realized as inf of length of absolutely

continuous curves {;}¢ with bounded compression connecting pio to fq.
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On measured-length spaces we then have a natural analog of formula (2.29), which is in

fact a direct consequence of Theorem 4.9:

Proposition 2.15 (Benamou-Brenier formula on metric measure spaces). Let (X,d, m)
be a measured-length space and pg, 1 € Po(X) with bounded support and satisfying
o, 1 < Cm for some C' > 0.

Then we have

1
W2 (10, 1) = in /0 (L], dt,

the inf being taken among all 2-absolutely continuous curves {u}; with bounded com-
pression joining jo to p1 and the operators (L) are those associated to the curve via
Theorem 4.9.

Proof. By Theorem 4.9 we know that for a 2-absolutely continuous curve {u;}; with

bounded compression we have |f;| = || L¢||F, for a.e. ¢t € [0, 1], the operators {L;} being

[
those associated to the curve via Theorem 4.9 itself. The conclusion then follows directly

from the definition of measured-length space. O

We now discuss the formula for the derivative of ¢ — 2 W3(y, v), where {p:}¢ is a 2-a.c.

curve with bounded compression. Recall that on the Euclidean setting we have

d1

E§W%(Mt#) = /V% - vp dpug, a.e. t,

where ¢, is a Kantorovich potential from p; to v for every ¢ € [0, 1] and the vector fields
(vy) are such that the continuity equation (2.30) holds. Due to our interpretation of the
continuity equation in the metric measure setting, we are therefore lead to guess that in

the metric-measure setting we have
d1l, ,
aiwg(ut, v) = Li(¢r), a.e. t. (2.31)

As we shall see in a moment (Proposition 2.17) this is actually the case in quite high
generality, but before coming to the proof, we need to spend few words on how to
interpret the right hand side of (2.31) because in general we don’t have ¢; € S%(X) so
that a priory ¢, is outside the domain of definition of L;. This can in fact be easily
fixed by considering ¢; as element of CoTan,(X), as defined in Section 2.3.1. This is

the scope of the following lemma.

Lemma 2.16. Let (X,d,m) be a m.m.s. such that m gives finite mass to bounded sets
and ¢ a c-concave function such that 0°p(x)NB # 0 for every x € X and some bounded
set B C X. Define ¢, := min{n, ¢}.
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Then ¢, € S*(X) and (pn) is a Cauchy sequence w.r.t. the seminorm | - ||, — 0 for
every p € Pao(X) such that p < Cm for some C > 0.

Proof. We first claim that supp ¢¢ < oco. Indeed, if not there is a sequence (y,) C B
such that ¢°(y,) > n for every n € N. Hence for every x € X we would have

(d(z, B) + diam(B))2 —n=—00,

1
< inf d*(z, yp) — ©°(yp) < inf =
@(x)_;gN (z,yn) w(y)_;gm

contradicting the definition of c-concavity. Using the assumption we have

d*(z, B .
—¢°(y) > (2) —sup @’ (2.32)

d*(z,y)
= inf !
p(r) = inf —
This proves that ¢ is bounded from below and that it has bounded sublevels. Hence
the truncated functions ¢,, are constant outside a bounded set. Now let z,2’ € X and
y € 0% (x) N B. Then we have

2(p —d2(s T '
Pl ) < g, 1) (DAL )

p(z) — p(z') <

Inverting the roles of z,2’ we deduce that ¢ is Lipschitz on bounded sets and the

pointwise estimate
lip(¢)(x) < d(x, B) + diam(B), Vo e X. (2.33)

It follows that the ¢,’s are Lipschitz and, using the fact that m gives finite mass to
bounded sets, that ¢, € S?(X) for every n € N.

To conclude, notice that the bound (2.33) ensures that for any p € P2(X) we have
lip(p) € L?(p). Thus for p such that g < Cm for some C > 0 we have |Dy| < lip(y)
p-a.e. and thus |Dy| € L?(u) as well. Now observe that

lom =i = [ IDePd
{SOWL $n

and that the right hand side goes to 0 as n,m — oo, because by (2.32) we know that
Un{e =¢n}t = X. ]

Thanks to this lemma we can, and will, associate the Kantorovich potential ¢ as an

element of CoTan,,(X): it is the limit of the equivalence classes of the truncated functions

Pn-
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Recall that for pu, v € Po(X), there always exists a Kantorovich potential ¢ from p to v

such that )
d

o) = it LTEY ey wrex, (2.34)

yEsupp(v) 2

hence if v has bounded support, a potential satisfying the assumption of Lemma 2.16

above can always be found.

We can now state and prove the following result about the derivative of W3(-,v). It
is worth noticing that formula (2.35) below holds even for spaces which are not length

spaces.

Proposition 2.17 (Derivative of W3(-,v)). Let {j}; C P2(X) be a 2-a.c. curve with
bounded compression, v € Po(X) with bounded support and notice that t — %W%(,ut, v)
is absolutely continuous. Assume that S?(X) is separable and that m gives finite mass
to bounded sets. Then the for a.e. t € [0,1] the formula

d1

" 2W§(Mt, v) = Li(¢), (2.35)

holds, where @; is any Kantorovich potential from py to v fulfilling the assumptions of

Lemma 2.16.

Proof. Let N C [0,1] be the £!-negligible set given by Proposition 2.13. We shall prove
formula (2.35) for every ¢ € [0, 1]\ N such that JW3(p.,v) is differentiable at ¢. Fix such

t, let ¢; be as in the assumptions and notice that

1

§W§(uw) Z/wtduﬁ/@”d%

1

§W§(/’L57V) Z /Spt dlu’s—i_/gpcdya Vs € [07 1]7
and thus

W%(M& V) - W%(Mta V)
2

> /sﬁtd(ﬂs — ).

Recall that max{p;,0} € L(u) for every pu € Po(X) and that ¢, € L(py), so that the
integral in the right hand side makes sense. Put ¢, ; := min{n, max{—n,¢;}} so that
by Lemma 2.16 above we have ¢, € S?(X) for every n € N and ||¢nt — @mll, — 0 as
n,m — oo. For every n € N we know that % [ onit d“3|5:t = Li(¢nt) and by Lemma

2.16 we know that Li(pn:) = Li(p) as n — oo. To conclude it is sufficient to notice
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that for any lifting 7 of {u;}; we have the bound

‘/(@n,t - (Pm,t)dlu; : /;t

< g [ (ot = 0u00) = (ons = om0 dm )

1 s |
=4 /t ID(ent = m,)|(v) 3] dr dmr ()

SW \\D(son,t—som,auzrdr\/ [ rizarascy)
t t

and that the dominated convergence theorem ensures that f ||D(¢n — gpm,t)HfLT dr — 0

as n, m — oo. ]

2.4 The continuity equation Oy + V - (Vi) = 0

2.4.1 Preliminaries: duality between differentials and gradients

On Euclidean spaces it is often the case that the continuity equation (2.30) can be
written as

Orpre +V - (Vo) = 0, (2.36)

for some functions ¢¢, so that the vector fields v; can be represented as gradient of
functions. In some sense, the ‘optimal’ velocity vector fields (i.e. those minimizing the
L?(pg)-norm) can always be thought of as gradients, as they always belong to the closure
of the space of gradients of smooth functions w.r.t. the L?(u)-norm (i.e. they belong
to the cotangent space CoTan,, (RY)), see [5]. Yet, the process of taking completion in
general destroys the property of being the gradient of a smooth/Sobolev functions, so
that technically speaking general absolutely continuous curves solve (2.30) and only in

some cases one can write it as in (2.36).

It is then the scope of this part of the paper to investigate how one can give a meaning
to (2.36) in the non-smooth setting and which sort of information on the curve we
can obtain from such ‘PDE’. According to our interpretation of the continuity equation
given in Theorem 4.9, the problem reduces to understand in what sense we can write
Li(f) = [Df(V¢r)due, and thus ultimately to give a meaning to ‘the differential of a
function applied to the gradient of another function’. This has been the scope of [24],

we recall here the main definitions and properties.

Definition 2.18 (The objects D¥ f(Vg)). Let (X,d,m) be a m.m.s. and f,g € S?(X).
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The functions D* f(Vg) : X — R are m-a.e. well defined by

ID(g +¢f)|* — |Dg|?
m

+ R
D f(Vg) := lim o ,
_ .. |D(g+ef)? - Dg|?
D f(Vg) :=1lim 2 :

It is immediate to check that for ¢ < €9 we have

[D(g +e1f)P? — IDgl* _ [D(g + ) — [Dg|?
2e1 - 2e9

, m—a.e.,

so that the limits above can be replaced by inf.~¢ and sup,_ respectively.

Heuristically, we should think to DT f(Vg) (resp. D™ f(Vg)) as the maximal (resp.
minimal) value of the differential of f applied to all possible gradients of g, see [24] for

a discussion on this topic.

The basic algebraic calculus rules for D* f(Vg) are the following:

ID=(f1 — f2)(Vg)| < ID(f1 — f2)|[Dgl, (2.37)
D™ f(Vg) < D*f(Vg)

D (—f)(Vg) = D*f(V(~9)) = —D~ f(Vy), (2.38)

D¥g(Vg) = [Dg|*. (2.39)

We also have natural chain rules: given ¢ : R — R Lipschitz we have

DE(po f)(Vg) = ¢ o fDEEW ] f(vg),

+ / +signy’o (2'40)
DT f(Vpog) = ¢ o gD "I f(Vg),

where ¢’ o f (resp. ¢ o g) are defined arbitrarily at those x’s such that ¢ is not differ-

entiable at f(x) (resp. g(x)). In particular, DT f(V(ag)) = aD* f(Vg) for a > 0.

Notice that as a consequence of the above we have that for given g € S?(X) the map
S2(X) > f+— DT f(Vg) is m-a.e. convex, i.e.

D*((1 = N fi + Mf2)(Vg) < (1— ND*fi(Vg) + AD* fo(Vg),  m—ae, (241)

for every f1, fo € S?(X), and A € [0,1]. Similarly, f — D~ f(Vg) is m-a.e. concave.

Furthermore, it is easy to see that for ¢ € S?(X) and 7 test plan we have

=— [ 9(v) — g(70) 1/ 1 // 2
lgirg ; dr(y) < IDg|? (o) dr (v th([)lt |95/ dsm(7y). (2.42)
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We are therefore lead to the following definition:

Definition 2.19 (Plans representing gradients). Let (X,d,m) be a m.m.s. g € S?(X)
and 7w a test plan. We say that m represents the gradient of g provided it is a test plan

and we have

ti [ 2002900 4r) > 2 [ 1pgP2 ) an(o) + 5 T ¢ // s ds (). (2.43)

10 2tl0t

It is worth noticing that plans representing gradients exist in high generality (see [24]).

Differentiation along plans representing gradients is tightly linked to the object D* f(Vg)
defined above: this is the content of the following simple but crucial theorem proved in

[24] as a generalization of a result originally appeared in [9].

Theorem 2.20 (Horizontal and vertical derivatives). Let (X,d,m) be a m.m.s., f,g €
S2(X) and 7 a plan representing the gradient of g.

Then

/D f(Vg)d(eo)sm <hm/f ) dm ()

t10

<t [ f%%dm) < [D*(vg) dteo)en.

10

(2.44)

Proof. Write inequality (2.42) for the function g + ¢ f and subtract inequality (2.43) to
get,

lims/f ) = 100) 4 < L /\D g+ f)? = Dyl d(eo)ym

tl0

Divide by € > 0 (resp. € < 0), let € L 0 (resp. € 1 0) and use the dominate convergence

theorem to conclude. O

2.4.2 The result

We are now ready to define what it is a solution of the continuity equation (2.36) in a

metric measure context.

Definition 2.21 (Solutions of Oy + V - (Vi) = 0). Let {p}e € Pa(X) be a Wo-
continuous curve with bounded compression and {¢; };cp0,1] C S*(X) a given family. We

say that {u}¢ solves the continuity equation
3t,ut + V- (V(,ZS”LO = 0, (245)

provided:
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i) for every f € S?(X) the maps (¢,z) — D¥f(V¢,)(z) are L x m measurable and
the map N : [0,1] — [0, oc] given by

1 1
~NZ := esssup /D+f(v¢t)dut - =If12, (2.46)
2 fes2(X) 2

is in L2(0,1) where esssup has the same meaning as we mentioned before.
ii) for every f € L'NS?(X) the map t — [ f dp is absolutely continuous and satisfies

d

/D_f(V¢t) dpy < dt/fdut < /D+f(V¢t) d sy, a.e. t. (2.47)

We then have the following result, analogous to the implication (i) = (i) of Theorem
4.9. As already recalled, even in the smooth framework not all a.c. curves solve (2.36),

so the other implication is in general false.

Proposition 2.22. Let (X,d,m) be a m.m.s. and {p}+ C P2(X) a continuous curve

with bounded compression solving the continuity equation (2.45) for some given family

{p1}iepa) C S*(X).
Then {pt}e is 2-a.c. and we have || < N; for ae. t € [0, 1].

If furthermore S*(X) is separable, then Ny = |jit] = ||ptll,, for a.e. t.

Proof. We claim that for every f € S?(X) it holds

max{\ 045500 di

1 [ (w60 du

} <N fluNe  ae. t. (2.48)

To this aim, fix a representative of N, a function f € S2 (X) and notice that for every
A > 0, by definition of N and the second of (2.40) we have

A2 1 -
3 [ D F(T0n) dun < A1 + 5N (249)
for £Ll-a.e. t. Replacing f with —f and recalling that
- / D* [(Ver) dpuy = / D (=) (V) dpr < / D* (= £)(V ) d,

we deduce that (2.49) holds for every A € R. In particular, there is a £'-negligible set
N C [0,1] such that for every ¢t € [0,1] \ N the inequality (2.49) holds for every A € Q.
Given that all the terms in (2.49) are continuous in A, we deduce that (2.49) holds for
every t € [0,1] \ N and every A € R, which yields

D6 ] < U e
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Arguing analogously with D™ f(V¢;) in place of DT f(V¢;) we obtain (2.48).

Now define a linear operator L : S?(X) +— L'(0,1) as

L =5 [ am

and observe that for every ¢,s € [0,1], t < s, taking into account (2.47) and (2.48) we

bar

have

/ts |L(f)(r)|dr < /ts max{'/D+f(qur)d/,LT 7'/Df(V¢r)d,ur

< / HfHMNrdrs\/ / der\/ / 112, dr.
t t t

Hence we can apply first Lemma 2.8 (with G := N ) and then Theorem 4.9 to deduce
that {su}; is 2-a.c. with || < N; for a.e. ¢t € [0, 1].

If S?(X) is separable, then arguing exactly as in the proof of Proposition 2.13 and using
the convexity (resp. concavity) of f +— [D¥f(Vey)du (vesp. [+ [ D™ f(Veye)du)
expressed in (2.41) we deduce the existence of a £l-negligible set N C [0, 1] such that
for t € [0,1] \ N the conclusions (7), (i¢) of Proposition 2.13 hold and furthermore

/ D f(Vée) dpe < Lilf) < / DV (V) du  Vf € SA(X).

Choosing f := ¢; and recalling (2.39) we obtain

el = Le(er) < lellllLelly,, V€ 0,1\ N,

and hence [|¢¢[|y, < [|Lt]l,, = Nt = || for a.e. t. On the other hand, letting (f,) C
S2(X) be a countable dense set, by (2.37) we know that %NE = sup,, D f (Vo) —
%an”it for a.e. t and thus Ny < | ¢y]|,,, for a.e. t. O

The continuity equation (2.45) has very general relations with the concept of ‘plans

representing gradients’, as shown by the following result:

Theorem 2.23. Let {u}r C Po(X) be a 2-a.c. curve with bounded compression,
(t,x) = ¢(x) a Borel map such that ¢y € S*(X) for a.e. t € [0,1] and m a lifting
of {mt}e-

The following are true.

i) Assume that (vestr})ym represents the gradient of (1 —1t)¢; for a.e. t € [0,1]. Then
{1t} solves the continuity equation (2.45).
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ii) Assume that S?(X) is separable and that {u}: solves the continuity equation
(2.45). Then (restr})ym represents the gradient of (1 —t)¢y for a.e. t € [0,1].

Proof.
(i) Let A C (0,1) be the set of t’s such that (restr})ym represents the gradient of (1—1)¢,
so that by assumption we know that £!(A) = 1. Pick f € S?(X) and recall that by

Theorem 4.9 we know that

j‘t/fdut = Li(f), ae tel0,1]. (2.50)

Fix t € A such that (4.7) holds and notice that

(i/fdutzlhiﬁ)l/f(’)’wh)h— f(n) dr(y) = L%ﬁ%/wdﬂtw)’

so that recalling (2.44) and (2.40) we conclude.

(ii) With exactly the same approximation procedure used in the proof of Proposition
2.13, we see that there exists a Ll-negligible set N C [0,1] such that the thesis of
Proposition 2.13 is fulfilled and furthermore for every ¢ € [0,1] \ N we have

/D(ﬂV@ﬁMﬁEMUjg/iﬁﬂV@ﬁmh Vf e S%(X). (2.51)

Fix ¢t € [0,1] \ N and observe that by point (i) of Proposition 2.13 we have that

t+h
=1 s|% dr( 5|7 d 2.52
il =y r ([ rran = i [ Bl e

Now pick f := ¢; in (2.51) and recall the identity DT f(Vf) = |Df|?> m-a.e. valid for
every f € S?(X) to deduce

2 _ o Heth — He é¢(vh) ¢t(70)
[ 1961 s = o) = tim [ onal =t~ i [ m (7).

This last identity, (2.52) and the fact that [|L;||};, = [/«| ensure that 7; represents the
gradient of (1 —t)¢y, as claimed. O

2.5 Two important examples

We conclude the paper discussing two important examples of absolutely continuous
curves on Po(X): the heat flow and the geodesics. These examples already appeared in
the literature [8, 22, 28], we report them here only to show that they are consistent with

the concepts we introduced.
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We start with the heat flow. Recall that the map E : L*(X,m) ~ [0, 00| given by

1 2 i 2
gy | 3 [ orRam ity s,
+00,

otherwise,

is convex, lower semicontinuous and with dense domain. Being L?(X) an Hilbert space,
we then know by the classical theory of gradient flows in Hilbert spaces (see e.g. [5]
and references therein) that for any p € L?(X) there exists a unique continuous curve
[0,00) 2t~ py € L?(X) with fo = f which is locally absolutely continuous on (0, cc)
and that satisfies

d
apt € -0 E(p), a.e. t>0.

As in [8], we shall call any such gradient flow a heat flow. It is immediate to check that
defining D(A) := {p: 0~ E(p) # 0} and for p € D(A) the Laplacian Ap as the opposite
of the element of minimal norm in 9~ E(p), for any heat flow (p;) we have p; € D(A)
for any ¢ > 0 and

d
= Ap, a.e. t >0,

in accordance with the classical case. It is our aim now to check that, under reasonable

assumptions, putting p; := pym, the curve {u;}; solves

O + V- (V(=log py) ) = 0.
To this aim, recall that for any heat flow (p;) we have the weak maximum principle

po < C (resp. pg > c) m—a.e. = pr < C (resp. py > ¢) m—a.e. for any t > 0,
(2.53)
where ¢, C' € R and the estimate

| 180 e < B (2.54)

Furthermore, if m € P(X) then L?(X, m) C L'(X, m) and the mass preservation property
holds:

/pt dm = /po dm, vt > 0. (2.55)
See [8] for the simple proof of these facts.
We can now state our result concerning the heat flow as solution of the continuity
equation.

Proposition 2.24 (Heat flow). Let (X,d, m) be a metric measure space with m € Po(X)
and po a probability density such that ¢ < pg < C m-a.e. for some c,C > 0 (in particular
po € L2(X,m)) and E(po) < co. Let (p;) be the heat flow starting from from po.
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Then the curve [0,1] 3 t — p; := pym solves the continuity equation
Ope + V- (V(=log pr) ) = 0.

Proof. By (2.55) and (2.53) we know that p; is a probability density for every ¢ and
(2.53) again and the assumptions m € P(X) and pg < C'm ensure that y; € Po(X) for
every t € [0, 1] and that {y}+ has bounded compression. The Wa-continuity of ({pu}+ is
a simple consequence of the L2-continuity of (p;) and the bounds p; < C, m € Po(X).

Also, recalling the chain rule (2.18) and the maximum principle (2.53) we have

2 _ 2 _ ’DPt‘Z < 1 2
[log pell,;, = [ [D(log p)|” dpy = Tdm_ - |Dpt|* dm,

so that (2.54) ensures that fol [ log p¢]|2, < oo, which directly yields that point (i) of
Definition 2.21 is fulfilled.

It remains to prove that for every f € L' N S*(X) the map ¢ — [ fdus is absolutely

continuous and fulfills

[0 tospyane < 3 [ e < [ DAV logpn)) di

Taking into account the chain rule (2.40) the above can be written as

/D+f(V,0t dm < /fdut /D_f(th)dm. (2.56)

Pick f € L?* N S%(X) and notice that ¢t — [ fdu; = [ fpydm is continuous on [0, 1] and

locally absolutely continuous on (0, 1]. The inequality

d 1 1
G [ feam| < [1r1AmIam < S0 + S1AmIE:,

the bound (2.54) and the assumption E(pg) < oo ensure that the derivative of ¢t —
[ fprdm is in L'(0,1), so that this function is absolutely continuous on [0, 1].

The fact that —%pt € —07 E(p) for a.e. t grants that for ¢ € R we have

d

T efprdm = /Ef pedm < E(p: —ef) — E(f), a.e. t. (2.57)

Divide by € > 0 and let € | 0 to obtain

/fpt dm < lim Elpi—<f) =

cl0 £ 5¢0

D(p; — — |Dpy|?
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which is the second inequality in (3.7). The first one is obtained starting from (2.57),
dividing by € < 0 and letting € 1 0.

The general case of f € L' N S?(X) can now be obtained with a simple truncation

argument, we omit the details. O

We now turn to the study of geodesics. In the smooth Euclidean/Riemannian framework
a geodesic {y}; solves
O +V - (Vo) =0,

where ¢y := Q1-+(—¢°) and ¢ is a Kantorovich potential inducing {/u }+.

We want to show that the same holds on metric measure spaces, at least for geodesics
with bounded compressions. This will be achieved as a simple consequence of Theorem

2.23 and the following fact:

Theorem 2.25. Let (X,d,m) be a m.m.s., {ut}+ C Pa(X) a geodesic with bounded
compression and ¢ € S?(X) a Kantorovich potential from pg to 1. Then:

i) Any lifting © of {p}+ represents the gradient of —y.

ii) For any t € (0,1] the function (1 —t)Q1—+(—¢°) is a Kantorovich potential from
ft Lo fi1.

Point (i) of this theorem is a restatement of the metric Brenier theorem proved in [§],
while point (i7) is a general fact about optimal transport in metric spaces whose proof
can be found in [43] or [3].

In stating the continuity equation for geodesics we shall make use of the fact that for
w,v € Po(X) with bounded support, there always exists a Kantorovich potential from
w to v which is constant outside a bounded set: it is sufficient to pick any Kantorovich
potential satisfying (2.34) and proceed with a truncation argument. This procedure
ensures that if m gives finite mass to bounded sets, then these Kantorovich potentials

are in S?(X).
We then have the following result:

Proposition 2.26 (Geodesics). Let (X,d,m) be a m.m.s. with m giving finite mass
to bounded sets, {u}r C Pa(X) a geodesic with bounded compression such that o, p1
have bounded supports and ¢ a Kantorovich potential from pg to py it which is constant

outside a bounded set.
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Then
Oip + V- (V) = 0,

where ¢y := —Q1-_+(—¢°) for every t € [0,1].

Proof. The assumption that ¢ is constant outside a bounded set easily yields that ¢° is
Lipschitz and constant outside a bounded set and that for some B C X bounded, ¢, is
constant outside B for any t € [0,1]. Also, recalling point (¢) of Proposition 2.6 we get
that the ¢;’s are uniformly Lipschitz so that the assumption that m gives finite mass to
bounded sets yields that sup,c(g 1 [|4t]s2 < oo. In particular, the function N defined in

(2.46) is bounded and hence in L?(0,1), so that the statement makes sense.

Now let 7 be a lifting of {4}+ and notice that 7 is a test plan so that ¢ — [ fpy is
absolutely continuous. For ¢ € [0,1) the plan 7, := (restr} )y is a lifting of s — f1445(1-1)-

Thus by Theorem 2.25 above we deduce that m; represents the gradient of (1 — ).

The conclusion follows by point (i) of Theorem 2.23. O

In many circumstances, both heat flows and geodesics have regularity which go slightly

beyond that of absolute continuity. Let us propose the following definition:

Definition 2.27 (Weakly C! curves). Let {u;}¢+ C P2(X) be a 2-a.c. curve with bounded
compression. We say that {u;}; is weakly C! provided for any f € L' N S?(X) the map
t [ fdpueis CL.

In presence of weak C! regularity, the description of the operators L; in Theorem 4.9
can be simplified avoiding the use of the technical Lemma 2.8: it is sufficient to define
Ly : S%(X) — R by

L= [ fom S e s,

Let us now discuss some cases where the heat flow and the geodesics are weakly C'!. We

recall that (X,d,m) is said infinitesimally strictly convex provided
D f(Vg) =D*f(Vg), m— ae VfgeS(X).

We then have the following regularity result:

Proposition 2.28 (Weak C! regularity for the heat flow). With the same assumptions

of Proposition 2.2/, assume furthermore that (X, d, m) is infinitesimally strictly conve.

Then {u}¢ is weakly C*.
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Proof. We have already seen in the proof of Proposition 2.24 that for any p € D(A) =
D(0~FE) and v € =0~ E(p) C L?(X, m) we have

/Df(vp) dm < /fvdm < /D+f(Vp) dm.

Thus if (X, d, m) is infinitesimally strictly convex, the set 0~ E(p) contains at most one

element. The conclusion then follows from the weak-strong closure of 0~ F. O

We now turn to geodesics: we will discuss only the case of infinitesimally Hilbertian
spaces, although weak C! regularity is valid on more general circumstances (see [22]).

We recall that (X, d, m) is infinitesimally Hilbertian provided

If + gl + 11f = gllge = 20 f1% + 2llgll3, YS9 € S*(X),

and that on infinitesimally Hilbertian spaces we have
D™ f(Vg) =D*f(Vg) =D"g(Vf) =DTg(Vf), m— ae Vfge S X),

so that in particular infinitesimally Hilbertian spaces are infinitesimally strictly convex.

The common value of the above expressions will be denoted by Vf - Vg.
The proof of weak C! regularity is based on the following lemma, proved in [22]:

Lemma 2.29 (‘Weak-strong’ convergence). Let (X,d,m) be an infinitesimally Hilbert

space. Also:

i) Let {pn} C Pa(X) a sequence with uniformly bounded densities, such that letting
pn be the density of u, we have and p, — p m-a.e. for some probability density p.
Put pp = pm.

ii) Let {fn} C S?(X) be such that:

supneN/\Dfn\Qdm < 00,

and assume that f, — f m-a.e. for some Borel function f.

i) Let (gn) C S?(X) and g € S?>(X) such that g, — g m-a.e. as n — +oo and:

sup/ IDgn|* dm < oo,
neN

liH;O/IDganMn:/!Dg\Zdu-

n—

Then
lim /an-Vgndun:/Vf-ngu.

n—oo
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Proposition 2.30 (Weak C' regularity for geodesics). With the same assumptions of
Proposition 2.26 assume furthermore that (X, d, m) is infinitesimally Hilbertian and that
for the densities p; of ps we have that ps — p; in LY(X, m) as s — t.

Then {u}¢ is a weakly C* curve.

Proof. By Proposition 2.26, its proof and taking into account the assumption of in-

finitesimal Hilbertianity we know that for every ¢t € [0,1) and f € L' N S%(X) we have

lim ffdut+h - f fdpe

70 h = /Vf . Vd)t d,U,t. (258)

To conclude it is enough to show that the right hand side of the above expression is
continuous in ¢. Pick ¢t € [0,1) and let {¢,}, C [0,1] be a sequence converging to t. Up
to pass to a subsequence, not relabeled, and using the assumption of strong convergence
in L'(X, m) of p;, to p;, we can assume that p;, — p; m-a.e. as n — oo. The proof
of Proposition 2.26 grants that sup,, ||¢+,|ls2 < co and that by point (ii) of Proposition
2.6 we know that ¢, (x) — ¢¢(x) as n — oo for every x € X. Finally, it is obvious that
limy oo [ D2 dpr, = [|Df>dus (because weak convergence in duality with Cp(X)

plus uniform bound on the density grant weak convergence in duality with L!(X,m)).

Thus by Lemma 2.29 we deduce the desired continuity of the right hand side of (2.58)
for t € [0,1). Continuity at ¢t = 1 is obtained by considering the geodesic ¢t + 1. O

It is worth recalling that the assumptions of Proposition 2.30 are fulfilled on RCD(K, 00)
spaces when {p}¢ is a (in fact ‘the’) geodesic connecting two measures with bounded

support and bounded density (see [22]).






Chapter 3

Sobolev Spaces on Warped
Products

Abstract

In this chapter, we study the structure of Sobolev spaces on the cartesian/warped prod-
ucts of a given metric measure space and an interval. We prove the ‘Pythagoras theorem’
for both cartesian products and warped products, and prove Sobolev-to-Lipschitz prop-

erty for warped products under a certain curvature-dimension condition.

Résumé

Dans ce chapitre, nous étudions les espaces de Sobolev sur le produit tordu de I’ensemble
des réels et d’'un espace métrique mesuré. Nous montrons le ‘théoreme de Pythagore’
pour les produits cartésiens et des produits tordus, sans condition de courbure-dimension.
En suite, nous montrons la propriété Sobolev-a-Lipschitz sous une certaine condition de

courbure-dimension.

The results in this chapter are contained in [27].

3.1 Introduction

There is a well established definition of the space W2(X, d, m) of real valued Sobolev
functions defined on a metric measure space (X,d, m), see e.g. [41] for an overview of

the topic and [1] for more recent developments. A function f € W12(X,d, m) comes

61
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with a function |Df|x € L?(X,m), called minimal weak upper gradient, playing the role

of what the modulus of the distributional differential is in the smooth setting.

In this paper we are interested in the structure of the Sobolev spaces and the corre-
spoding minimal weak upper gradients under some basic geometric constructions. The
basic problem is the following. Let (X,dx, my) and (Y, dy,my) be two metric measure
spaces. We consider the space X xY endowed with the product measure m. := myx x my

and the product distance d. defined as

dg((x17y1)7 ($27y2)) = d?}((xlaxQ) + d%'(yhy?)a V$17$2 S X7 Y1,Y2 S Y.

Then one asks what is the relation between Sobolev functions on X x Y and those on
X,Y. Guided by the Euclidean case, one might conjecture that f € W2(X x Y) if and
only for my-a.e. x the function y — f(x,y) is in Wh2(Y), for my-a.e. y the function
x> f(x,y) is in W12(X) and the quantity

VIDFC ) () + Df (2, )R ()
is in L2(X x Y,m.). Then one expects the above quantity to coincide with |Df|xxy.

Curiously, this kind of problem has not been studied until recently and, despite the

innocent-looking statement, the full answer is not yet known.

The first result in this direction has been obtained in [9], where it has been proved that
the conjecture is true under the very restrictive assumption that the spaces considered
satisfy the, there introduced, RCD(K, co) condition for some K € R. Such restriction

was necessary to use some regularization property of the heat flow.

The curvature condition has been dropped in the more recent paper [10]. There the
authors prove that the above conjecture holds provided either both the base spaces
are doubling and support a weak local 1-2 Poincaré inequality, or on both the spaces
the integral of the local Lipschitz constant squared is a quadratic form on the space of

Lipschitz functions.

Our contribution to the topic is the proof that the above conjecture is always true,
provided one of the two spaces is R or a closed subinterval of R. Our strategy is new
and also allows to cover the case of warped product of a space and a closed interval,
thus permitting to consider basic geometric constructions like that of cone and spherical

subspension of a given space.

In fact, this line of research is motivated by the study of geometric properties of metric

measure spaces, typically having Ricci curvature bounded from below in the appropriate
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weak sense, via the study of Sobolev functions on them (see in particular [22] and [31]

for two examples where this project has been carried out).

In the last section of the paper we study the Sobolev-to-Lipschitz property (see Section
3.3.3 for the definition) of a warped product. Such notion, introduced in [22], is key to
deduce precise metric information from the study of Sobolev functions. It is therefore
interesting to ask whether warped products have this property. We will show that this
is the case under very general assumptions on the warping function, assuming that the
base space X is RCD(K, o0) and doubling.

3.2 Preliminaries

3.2.1 Metric measure spaces

Let (X,d) be a complete metric space. By a curve v we shall typically denote a a con-
tinuous map v : [0, 1] — X, although sometimes curves defined on different intervals will
be considered. The space of curves on [0, 1] with values in X is denoted by C(]0, 1], X).

The space C(][0, 1], X) equipped with the uniform norm is a complete metric space.

We define the length of v by
1Y) :=sup > d(y(ti-1),v(t:)
=1

where 7 := {0 = tg,t1,...,t, = 1} is a partition of [0,1]. The supreme here can be
changed to ‘lim’ and the limit is taken with respect to the refinement ordering of parti-

tions.

The space (X, d) is said to be a length space if for any z,y € X we have

d(z,y) = infI[7]
2!
where the infimum is taken among all v € C([0, 1], X') which connect z and y.

If the infimum is always a minimum, then the space is called geodesic space and we
call the minimizers pre-geodesics. A geodesic from z to y is any pre-geodesic which is
parameterized by constant speed. Equivalently, a geodesic from z to y is a curve -y such

that:
d</787r)/t) = ‘S - t‘d(’)/()?’yl)v Vtvs € [07 1]7 Y=, =Y.

The space of all geodesics on X will be denoted by Geo(X). It is a closed subset of
c([0,1], X).
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Given p € [1,+00] and a curve v, we say that v belongs to ACP([0, 1], X) if

t
d(vs,7t) S/ G(r)dr, Vit,s€][0,1], s<t

for some G € LP([0,1]). In particular, the case p = 1 corresponds to absolutely con-
tinuous curves, whose class is denoted by AC([0,1], X). It is known (see for instance
Theorem 1.1.2 of [5]) that for v € AC([0,1], X), there exists an a.e. minimal function
G satisfying this inequality, called the metric derivative which can be computed for a.e.

t€0,1] as
- - d(Vetns )
= lim —————~=
|’Yt| hg% ‘h|

It is known that (see for example [11], [19]) the length of a curve v € AC([0,1], X) can

Iy = / ] .

In particular, on a length space X we have

be computed as

1
d(z,y) = inf/ |9 | dt
7 Jo
where the infimum is taken among all v € AC([0, 1], X') which connect x and y.

Given f: X — R, the local Lipschitz constant lip(f) : X +— [0, oo] is defined as

e i )~ 10
lip(f)|(z) = lim d(z, y)

if z is not isolated, 0 otherwise, while the (global) Lipschitz constant is defined as

) o @) = S (@)

If (X,d) is a length space, we have Lip(f) = sup,, lip(f)(x).

We are not only interested in metric structure, but also in the interaction between metric
and measure. For the metric measure space (X,d, m), basic assumptions used in this

paper are:

Assumption 3.1. The metric measure spaces (X,d, m) satisfies:

e (X,d) is a complete and separable length space,
e m is a non-negative Borel measure with respect to d finite on bounded sets,

e suppm = X.
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Moreover, for brevity we will not distinguish X, (X, d) or (X, d, m) when no ambiguities

exist. For example, we write S?(X) instead of S?(X,dm) (see the next section).

3.2.2 Optimal transport and Sobolev functions

The set of Borel probability measures on (X, d) will be denoted by P(X). We also use
P2 (X) C P(X) to denote the set of measures with finite 2-moment, i.e. p € Po(X) if
p € P(X) and [d?(z,z0) du(x) < +oo for some (and thus every) zo € X.

For ¢ € [0, 1], the evaluation map e; : C([0,1], X) — X is given by

ei(7) 7=, vy € C([0,1], X).

Then we consider (P2(X), W), where we endow P2(X) with the 2-Wasserstein distance
W5 defined as:

Wi(v, 1) == ir;f/dQ(x,y) dm(z,y),

where the inf is taken among all plans 7 with marginal y and v, i.e. (II)ym = p and

(IIy)4m = v where (II;)ym means the measure push forward by the projection maps.

It is know that there exist an optimal transport plan 7 realizing the infimum in the

Kantorovich problem. We denote the set of optimal transport plans between p and v
by Opt(u,v).
Some other important properties of the distance Wy are the following.

Proposition 3.2 (Geodesics in the Wasserstein space, [3])). Let (X,d) be a metric space
and p,v € Po(X). Then the curve () is a constant speed geodesic connecting p and v,

i.e. it satisfies

WQ(/UJSHUJt) = ‘3 - t‘WQ(:uOle)v Vst e [07 1} (31)

and po = p, 1 = v, if and only if there exists a plan m € P2(Geo(X)) C P2(C([0, 1], X))
such that
pe = (e)ym YVt el[0,1); (eo)ym = p, (er)ym =v,

and (eg,e1)ym € Opt(po, u1). We denote the set of these measures in Po(Geo(X)) by
OptGeo(po, p1)-

In particular, if X is geodesic, the space (P2(X), Wa) is also a geodesic space.

Moreover, absolutely continuous curves in (P, Wy) are characterized by the following

theorem:
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Theorem 3.3 (Superposition principle, [33])). Let (X,d) be a complete and separa-
ble metric space, and (u;) € AC?([0,1],P2(X)). Then there exists a measure ™ €
P(C([0,1], X)) concentrated on AC?([0,1], X) such that:

)ﬁ’ﬂ' = Ut YVt € [0, 1]

€t
[k are) = JaP, et

Moreover, the minimum of the energy fol [ 1%|? dm(v) dt among all the plans 7’ satisfying
(er)ym’ = pt for every t € [0,1] is obtained by this plan .

Definition 3.4 (Test plan). Let (X, d, m) be a metric measure space and 7 € P(C([0, 1], X)).
We say that 7 has bounded compression provided there exists C' > 0 such that

(er)gm < Cm, Vt e [0,1].

Then we say that 7 is a test plan if it has bounded compression, is concentrated on

AC?(]0,1], X) and
1
/ /|"Yt|2d7r(’y) dt < +o0.
0

The notion of Sobolev function is given by duality with that of test plan:

Definition 3.5 (Sobolev class). Let (X,d,m) be a metric measure space. A Borel
function f : X — R belongs to the Sobolev class S*(X,d, m) (resp. S7.(X,d, m))
provided there exists a non-negative function G € L*(X, m) (resp. L7 (X, m)) such that

/|f v1) — f(y0)| dm(y // G(vs)|As| dsdm(y), V test plan 7.

In this case, G is called a 2-weak upper gradient of f, or simply weak upper gradient.

It is known, see e.g. [8], that there exists a minimal function G in the m-a.e. sense among
all the weak upper gradients of f. We denote such minimal function by |Df| or |Df|x
to emphasize which space we are considering and call it minimal weak upper gradient.
Notice that if f is Lipschitz, then |Df| < lip(f) m-a.e., because lip(f) is a weak upper
gradient of f.

It is known that the locality holds for |Df|, i.e. |Df| = |Dg| a.e. on the set {f = g},

moreover S7 (X, d, m) is a vector space and the inequality

ID(af + Bg)| < |af[Df| +|B][Dgl,  m— ae, (3-2)
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holds for every f,g € SZQOC(X, d,m) and «, 8 € R and the space SZQOC N LS (X,d,m) is an

loc

algebra, with the inequality

ID(f9)l < [fIIDgl + lg[[Dfl,  m— ae, (3-3)

being valid for any f,g € S? N LX

loc loc

(X,d, m).

Another basic - and easy to check - property of minimal weak upper gradients that we
shall frequently use is their semicontinuity in the following sense: if (f,) C S?(X,d, m)
is a sequence m-a.e. converging to some f and such that (|Df,|) is bounded in L?(X,m),
then f € S?(X,d, m) and

IDf| <G, m— a.e.,

for every L%-weak limit G of some subsequence of (|Df,|).

Then the Sobolev space W12(X,d, m) is defined as W1?(X,d,m) := S%(X,d,m) N

L?*(X,m) and is endowed with the norm

12 x.amy = 11220 my + DS Z2 o my-

Wh2(X) is always a Banach space, but in general it is not an Hilbert space. Following
[24], we say that (X,d, m) is an infinitesimally Hilbertian space if W12(X) is an Hilbert

space.
In [6, 8] the following result has been proved.

Proposition 3.6 (Density in energy of Lipschitz functions). Let (X,d,m) be a metric
measure space and f € WY2(X). Then there exists a sequence (f,) of Lipschitz functions

L?-converging to f such that the sequence (lip(f,)) L?-converges to |Df|.

3.2.3 Product spaces

In this subsection we recall the basic concepts and results about the Cartesian product
and the warped product of two spaces. Both metric and metric measure structures are

considered.

Given two metric measure spaces (X,dx, mx) and (Y,dy,my), we define their (Carte-

sian) product as:

Definition 3.7 (Cartesian product). We define the space (Y x X, d., m.) as the product

space Y x X equipped with the distance d. := dy X dx and the measure m, := my X myx.
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Here d. = dy x dx means:

Ael(1,91), (@2, 2)) = \/d-(g1,92) + 0% (1, 22),

for any pairs (y1,21), (y2,22) € Y x X.

There is a natural and simple to prove (see e.g. [22]) link between Sobolev functions on

the product depending on just one variable and Sobolev functions on the base spaces:

Proposition 3.8. Let (X,dx,myx) and (Y,dy,my) be two metric measure spaces, g €
L? (X) and define f € L2 (Y x X) as f(y,x) := g(z).

loc loc

Then f € S:.(Y x X) if and only if g € S .(X) and in this case the identity
IDflyxx(y, ) = [Dg|x (x),
holds for me-a.e. (y,x).

To define the warped product metric we need first to introduce the corresponding notion

of length:

Definition 3.9 (Warped length of curves). Let (X,dx) and (Y,dy) be two complete
and separable metric spaces and wq : Y — RT a continuous function. Let v = (7Y, %)

be a curve such that 4X,7Y are absolutely continuous. Then the wq-length of v is
defined as

o) = tim Y a3 (o) + w2 )a& (7,2,
=1

where 7 := {0 = to,t1,...,t, = 1} is a partition of I = [0, 1] and the limit is taken with

respect to the refinement ordering of partitions.

It is not hard to check that the limit exists and that the formula

1
bl = [P+ wdo) P
holds.

Then we can define the metric d,, using this length structure:

Definition 3.10 (Warped product of metric spaces). With the same assumptions of
Definition 3.9, we define a pseudo-metric d,, on the space Y x X by

duw(p, q) := inf{l,,[7] : v is an absolutely continuous curve from p to g},

for any p,q € Y x X.
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d,, induces an equivalent relation on Y x X: two points p,q are declared equivalent
provided dy(p,q) = 0. The completion of the quotient of ¥ x X via this equivalence
relation will be denoted by Y x,, X. Then d,, induces a distance on Y x,, X which we
shall continue to denote as d,,. Abusing a bit the notation, we shall also denote the
typical element of Y x,, X as (y,z) with y € Y and x € X (there is no abuse in doing
this if wq(y) > 0 and points in the completion not coming from points in Y x X will be
negligible w.r.t. the warped product of measures and the same holds for the set of (y, x)

such that wq(y) = 0, see below).

Notice that by definition (Y x,, X,d,) is a complete, separable and length space.

When considering the warped product of two metric measure spaces, we shall need to

fix two warping functions: one for the distance and another for the measure.

Definition 3.11 (Warped products of metric measure spaces). Let (X,dx,mx), (Y,dy,my)
be two metric measure spaces and wg, wy : Y — RT two functions. We say that wq, wn

are warping functions provided they are continuous and such that {wq = 0} C {wn = 0}.

In this case, the measure m,, is defined via the formula:

[ @t amaty o = [ ( [ runty) de(l‘)> gydmy(),  (34)

for any Borel non-negative functions f and g.
The warped product of (X,dx, mx), (Y, dy, my) via the functions wq, wy, is then defined

as (Y Xy X, dy, my).

It is immediate to verify that the assumption {wgq = 0} C {wy = 0} grants that formula

(3.4) truly defines a Borel measure on the space (Y x,, X, dy).

3.3 The result

3.3.1 Cartesian product

Throughtout this section (X,d, m) is a fixed complete, separable and length space and
I C R a closed, possibly unbounded, interval. We are interested in studying the Carte-

sian product (X, d., m.) of I, endowed with its Euclidean structure, and (X, d, m).

Given a function f : X, — R and z € X we denote by f® : I — R the function given
by f@)(t) := f(t,z). Similarly, for t € I we denote by f) : X — R the function given

by fO(x) := f(t, ).
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We start introducing the Beppo Levi space BL(X,):
Definition 3.12 (The space BL(X.)). The space BL(X.) C L?(X.,m,.) is the space of
functions f € L?(X.,m.) such that

i) f® ¢ Wh2(I) for m-a.e. ,

i) f® e Wh2(X) for Ll-ae. t

iii) the function

IDSle(t, @) = /DS (2) + [DF@2(0),

belongs to L?(X.,m,).
On BL(X.) we put the norm

1B = 112 x + IIDFlelZ20x,)-

The space BLjoc(X,) is the subset of L? (X., m.) of functions which are locally equal to

some function in BL(X,).

The main result of this section is the identification of the spaces W'?(X,) and BL(X,)
and of their corresponding weak gradients |Df|x, and |Df|.

One inclusion has been proved in [9]:

Proposition 3.13 (Proposition 6.18 of [9]). We have W12(X,) C BL(X,) and
/ IDf]Zdm, < / IDf[%, dm.,  VfeWh(X,). (3.5)
Xe Xe

To prove the other one it is useful to introduce the following classes of functions:

Definition 3.14 (The classes A and A). We define the space of functions A C Bl (X,)

as
A= {gl(:r) + h(t)g2(z) € BLipe(Xe) : g1,92 € WH3(X), h:I — R is Lipschitz }

and the space A C BLioe(Xc) as the set of functions f € Blj,.(X.) which are locally

equal to some function in A.

Notice that Proposition 3.8 and the calclulus rules (3.2), (3.3) ensure that

A C SE.(Xe). (3.6)
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We start with the following purely metric lemma:

Lemma 3.15. Let f : X. — R be of the form f(t,x) = g1(x) + h(t)g2(x) for Lipschitz
functions g1, go, h. Then

lip(f)?(t @) < lipx (f¥)%(x) + lip, (f)%(2)

for every (t,z) € X..

Proof. Let (t,z),(s,y) € X., and notice that

f(s,y) = f(t,z)|
= [g1(y) + h(s)g2(y) — g1(x) — h(t)g2(2)|
|h(s) = h()llg2(9)] + 91 (y) — g1(z) + h(t)(92(y) — 91 ()]
191(y) — g1(x) + h(t)(g2(y) — o (x))|d<

<
< [n(s) = ®)llg2 )]

s—t\ s =t + d(z,y) z,y)
[P(s) = R@®)2lg2(W)* | 191(y) — g1(2) + k() (g2(y) — g1(2))[?
\/ |8 —t]2 + a2(z, y) de((s, ), (¢, ).

Dividing by dc((s, y), (t,z)), letting (s,y) — (¢, x) and using the continuity of g» we get

the conclusion. O

The interest of functions in A is due to the next two results:

Proposition 3.16. Let f € A. Then

IDf|x. = |Dflc m. — a.e..

Proof. Notice that by (3.6) the statement makes sense. Moreover, due to the local
nature of the statement we can assume that f(¢,z) = gi(z) + h(t)g2(z) € A with h
having compact support. With this assumption we have that f € W12(X,) so that

keeping in mind Proposition 3.13, to conclude it is sufficient to prove that
D%, (t.2) < IDFORH) + IDfOK (@), me— ae (t2). (3.7)

To this aim, it is in turn sufficient to show that for any [a,b) C I and any Borel set

E C X we have
/ny|X (t,x) dt dm(z /|Df (t) + IDfO % (z) dt dm(z) (3.8)

with E = [a,b) x E. Indeed if this holds, taking into account that open sets in X, can

always written as disjoint countable union of sets of the form [a,b) x E, we deduce that
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(3.8) holds with F generic open set in X, so that using the fact that the integrand are
in L'(X.,m.) by exterior approximation we get that (3.8) holds for arbitrary Borel sets
E C X, and thus (3.7) and the conclusion.

Thus fix E C X Borel, let E := [a,b) x E and up to a simple scaling argument assume
also that [a,b) = [0,1).

For k,i € N, k > 0, we define fi; € WH3(X) as fi;(z) := g1(z) + h(%)g2(z) and
fr € BL(X,) as

fo(t,2) i= (kt — i) friv(x) + (i + 1 — kt) fri(z), for t € [£, 1]

Notice that fi — f in L*(X.,m;). By Proposition 3.6, for each (k,i) we can find a
sequence of Lipschitz functions f;, € Lip (X) converging to fi; in L?(X, m) such that

limy, 00 ip(frin) = (X, m).
Then we define Fj,,, € Lip(X,) as
Fin(t,z) = (kt — i) frivin(x) + (i + 1 — kt) frin(z), for t € [, 1]

By construction we have Fy , € fl, so that Lemma 3.15 gives
i (Fn)|* < lipx (Fi)[” + lipy (Fin) [, L0 xm — ace.,

moreover, since limy, o Fp, = f in L?(X.,m,.) for every k, the lower semicontinuity of

minimal weak upper gradients gives that

/ij@ dm,. < hrn lim [ lipy(Fxpn)?>dm, + lim lim [ lip;(Fy,)*dm.. (3.9)
E

Another direct consequence of the definition is that

lim lim lip;(F)(t) = [DF@[(t),  m.— ae. (t,2),

k—o0 n—00

which together with an application of the dominate convergence theorem grants that

lim lim [ lip (F")2(t) dme(t,z) = /\Df (t) dmg (¢, z). (3.10)

k—oon—o0 |

On the other hand, the continuity of h grants that R 3 ¢t — f) € W12(X) is continuous

so that also the map I 3¢ +— | g IDf () |?X dm is continuous. In particular, its integral on
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[0,1] and coincides with the limit of the Riemann sums:

/E|Df<t>| () dmo(t, ) = lim Z/ D fri|% dm
(3.11)

- 3 [ o am.
From the very definition of Fy, , we get that

lipx (F)? < ((kt — lipx (fiisin) + (i + 1 = kOlipy (frin))?
< (kt - i)hpx(fk,iﬂ,n)Q +(i4+1- kt)lipx(fk,m)Q,

on X for every t € [£, 7] and thus
/E‘ th (Fli,tr)L) ( )dmc t .73 / Z th fk,’L,TL - (th(fk 0 n) + th(fk,k,n)2> dm

1 . 2
S/nghp)((fk’l’n) dm

This inequality together with (3.11) give

lim Tim [ lipx (F)(x) dm(t, 2) < /|Df 12 dt dm,

k—oon—o0 | @
which together with (3.10) and (3.9) gives (3.8) and the conclusion. O

Proposition 3.17 (Deunsity in energy). For any function f € BL(X,.) there exists a
sequence (fn) C BL(X.) NAjoe converging to f in L*(X.,m.) such that |Df,|. — |Df].

in L?(X.,me.) as n — oo.

Proof. We shall give the proof for the case I = R, the argument for arbitrary I being

similar.

With a standard cut-off, truncation and diagonalization argument we can, and will,
assume that the given f € BL(X,) is bounded and with bounded support. Then for any
n € N and i € Z we define

(i+1)

ginta) =n [ fla,s)ds

n

and
hi,n(t) = Xn(t - *)7

n
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where x, : R +— R is given by:

0, if t< -1,
nt+1, if —Li<t<o,
Xa(t) = , " (3.12)
1-— nt, if 0 <t< )
: 1
0, lf n <t

Then we define the sequence (f,,) as:

Fu(t,2) = hin (t)gim (),
1€EZ
the sum being well defined because g; ,, is not zero only for a finite number of i’s and it

is immediate to check that f, € A.

We claim that f,, — f in L?(X,, m.) as n — oco. Integrating the inequality

2
(fn(t’ x))Q = <Z hi,n(t)gi,n($)>

€L
9 (i+1)/n )
< S hin () (gin(@)* < 3 hin(®)n / f2(s,2) ds,
i€Z i€Z vmn
on x and t we obtain [|fulz2(x,) < Ifllz2(x,), for every n € N. This means that the
linear operator T, from L?(X., m,.) into itself assigning f, to f is 1-Lipschitz for every

n € N. Since obviously f,, — f in L?(X,,m.) if f is Lipschitz with bounded support, the
uniform continuity of the 7},’s grant that f,, — f in L?(X.,m.) for every f € L?(X., m,).

Now, taking into account the L2-lower semicontinuity of the BL-norm, to conclude it is

sufficient to show that for every n € N we have

/ DO 3 () dm(t, z) < / DS 3 () dm(t, 2).
Xe RxX (3.13)

/ DF@R(#) dme(t, z) < / DS () dm(t, z).
Xc R

xX

Start noticing that the definition of the functions g;,, the convexity of minimal weak
upper gradients and their L?-lower semicontinuity yields that Gin € Wh2(X) for every

i,n with
(i+1)/n
/ IDginl% dm < n/ / IDf® %, dt dm. (3.14)
X X Ji/n

Then from the trivial identity

fO = (1 4i—nt)gin + (nt —i)git1n,
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valid for every n and a.e. t € [£, “t1] we know that fét) € Wh2(X) and
DFPR < (1 +i = nt)Dginlx + (nt = )|Dgir1nlx)*
< (L+i=nt)Dginlk + (nt = )|Dgiy1nl%,

for every n and a.e. t € [%, %] This yields the bound

/XCIDfﬁt)!x()dmctx Z/\ngrx ) dm(x)

€L

i+1)/n
by (3.14) <Z//+ DO 2 (z) dt dm(z) (3.15)

1€
= [ DA (o) dme(t, ),
which is the first in (3.13).

Similarly, for m-a.e. x € X the function f}{n) :R — R is £'-a.e. well defined and given
by

FO) = (140 — nt)gin(x) + (nt — i) gir1.0(x), L' — ae te [L EH],

n’> n

Arguing as before we get that fr(f) € WH2(R) for m-a.e. x and

(i+1)/n )2 (i+1)/n ) )
/ DFDR(#) dt = / 02 (gis1n() — gin () dt

i/n i/n

= n(gi_i_l’n(l') - gi,n(x»z

(i+2)/n (i+1)/n 2
=n? / f(t,x) dt—/ f(t,z)dt
(i+1)/n i/n

(i+1)/n 2
=n? (/ " f(‘””)(t+1/n)—f(“(t)dt>

i/n

(i4+1)/n  pt+1/n 2
/ / D@ (s) ds e

(i+1)/n  pt+1l/n
<n/ / IDF@(s) ds dt,

which yields
DO (1) dme(t, x) < / D@ (1) dm(t, 2),
X X

which is the second in (3.13) and the conclusion. O

We now have all the tools to prove the main result of this section:
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Theorem 3.18. The sets Wh2(X,) and BL(X,) coincide and for every f € W12(X,) =
BL(X.) the identity

IDf|x, = IDflc m. — a.e.,
holds.
Proof. Proposition 3.13 gives the inclusion W2?(X,) C BL(X,). Now pick f € BL(X,)
and find a sequence (f,) C BL(X.) N Aj as in Proposition 3.17. By Proposition 3.16

we know that
Dfnlx, = [Dfnle  m.— ae., VneN.

By construction, the right hand side converges to |Df|. in L?(X,., m.) as n — oo, and
since f, — f in L?(X.,m.), by the lower semicontinuity of weak upper gradients we

deduce that f € WhH2(X,) and
‘Df|Xp S |Df|67 me — a.e.,

which together with inequality (3.5) gives the thesis. O

3.3.2 Warped product

Throughtout this section wg, wy : I — RT are given warping functions as in Definition
3.11. We are interested in studying Sobolev functions on the warped product space
(X, dw, my), where X, := I x,, X.

Like in the Cartesian case, given f : X,, — R and t € I we shall denote by f®) : X - R
the function given by f®)(z) := f(t,z). Similarly f*)(t) := f(t,z) for z € X.

We then consider the Beppo-Levi space BL(X,,) defined as follows:

Definition 3.19 (The space BL(X,,)). As a set, BL(X,,) is the subset of L?(X,,,m,,)

made of those functions f such that:

i) for m-a.e. € X we have f® ¢ W'2(R, wnL'),
i) for wpLl-a.e. t € R we have f) € Wh2(X),

iii) the function

DSl (t,) = \/w2(OIDFOR () + [DF@ (1) (3.16)

belongs to L?( Xy, my,).
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On BL(X,,) we put the norm

I lsLccn) = IF 2, + 1Dl x,

It will be useful to introduce the following auxiliary space:

Definition 3.20 (The space BLo(Xy)). Let V' C BL(X,,) be the space of functions f
which are identically 0 on Q x X C X, for some open set 2 C R containing {wn = 0}.

BLo(Xw) C BL(Xy) is defined as the closure of V' in BL(X,,).

The goal of this section is to compare the spaces BL(X,) and W12(X,) and their
respective notions of minimal weak upper gradients, namely |Df|,, and |Df|x,. Under
the sole continuity assumption of wq,wn and the compatibility condition {wq = 0} C

{wm = 0} we can prove that
BLo(Xw) € WH2(X,,) € BL(X,,)
and that for any f € W2(X,,) C BL(X,) the identity

IDflx. = [Dflw

holds my-a.e., so that in particular the above inclusions are continuous. Without addi-
tional hypotheses it is unclear to us whether W12(X,,) = BL(X,,) (on the other hand,
it is easy to construct examples where BLo(X,,) is strictly smaller than BL(X,,)). Still,
if we assume that

the set {wy = 0} C I is discrete (3.17)

and that wy, decays at least linearly near its zeros, i.e.

wn(t) <C  inf |t —s], vVt € R, (3.18)
s:wm(s)=0
for some constant C' € R, then we can prove - using basically arguments about capacities
- that
BLo(Xw) = BL(Xy),

so that the three spaces considered are all equal. We remark that these two additional
assumptions on wy are satisfied in all the geometric applications we have in mind,
because typically one considers cone/spherical suspensions and in these cases wy, has at

most two zeros and decays polynomially near them.

We turn to the details. The following result is easily established:
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Proposition 3.21. Let wg, wy be warping functions. Then W12(X,,) C BL(Xy).

Proof. Pick f € WH2(X,,) and use Proposition 3.6 to find a sequence (f,,) of Lipschitz
functions on X, such that f,, — f and lip(f,) — |Df|x, in L?(X,). Up to pass to a fast
converging subsequence, not relabeled, we can further assume that for m-a.e. x € X,
we have f,gx) — f®) in L?(I,wnL1) and that for wyLl-a.e. t € I we have fT(Lt) — f® in
L*(X,m).

Observe that for every (¢,x) € X,, we have

. _ Tm [fn(8,y) — fult, o)]
p(f)lte) = o (), (L.2))

- |fn(s,2) — fu(t,x)|
s—t dy((s,2), (t, )

@)y _ gl®)
_ m|fn (5) n (t)|
s—t ys—t’

Y

= lipg (f") (1)

and therefore by Fatou’s lemma we deduce

/ lim / lip; (£E)2(t) d(wn L) (1) dm(z) < Tim [ lip(fa)2(t, 2) dmy (2, 2)
X I

n—o0 n—oo J X,

= / IDf[%,, dmy, < co.
Xw

Since fé‘r) — f@ in L2(I, wa L) for m-a.e. z € X, this last inequality together with the
lower semicontinuity of minimal weak upper gradients ensures that f @) ¢ w2 (I, wnLh)

for m-a.e. x € X and
/ DS () dmy (1, 2) < / D[, dm,. (3.19)
Xuw Xw

An analogous argument starting from the bound

m |fn(5ay) - fn(tvaj)‘
(s)—=(ta)  dw((s,y), (t, 7))
Fr |fn(tvy) - fn(tv$)|
= T 46 y), (b))

— - @1
Tim O w(t)hpz(fn )(x)

hp(fn)(tv SU) =

valid for every ¢ € I such that wq(t) > 0, grants that f) € WH2(X) for wpL'-a.e. t € T
(recall that {wq = 0} C {wn = 0}) and

/ DO (2) dmy (1, z) < / D/, dm,. (3.20)
Xuw

w
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The bounds (3.19) and (3.20) ensure that f € BL(X,,), so that the inclusion W2(X,,) C
BL(Xy) is proved. O

In order to prove that for f € W'2?(X,) C BL(X,) the minimal weak upper gradient
IDf|x, coincides with the ‘warped’ gradient |Df|,, defined in (3.16), we shall make use
of the following simple comparison argument, which will then allow us to reduce the

proof to the already known cartesian case.

Lemma 3.22. Let X be a set, di,ds two distances on it and mi, ms two measures.
Assume that (X,dy,my) and (X,d2, ma) are both metric measure spaces satisfying the
Assumptions 3.1, that for some C > 0 we have mg < Cmy and that for some L > 0 we
have d; < Lds.

Then denoting by S(X1), S(X2) the Sobolev classes relative to (X,d1, my) and (X, d2, ma)

respectively and by |Df|1,|Df|2 the associated minimal weak upper gradients, we have
S(X1) C S(X2)

and for every f € S(X1) the inequality
IDfl2 < LIDf1,

holds mo-a.e..

Proof. The assumptions ensure that the topology induced by ds is finer than the one
induced by dj, hence every d;-Borel function is also de-Borel. Then observe that the
assumption d; < Lds ensures that ds-absolutely continuous curves are also d;-absolutely
continuous, the dj-metric speed being bounded by L-times the do-metric speed. Then
considering also the assumption my < Cm; we see that (X, dg, mg) -test plans are also
(X, dy, my)-test plans, which, by definition, gives the inclusion S(X;) C S(Xz). The
inequality |[Df]e < L|Df|; mo-a.e. is then obtained by the mg-a.e. minimality of |D f|s
and the opposite inequality valid for the metric speeds. O

We can then prove the following result:

Proposition 3.23. Let wq,wn be warping functions and f € W12(X,) C BL(Xy).
Then
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Proof. Fix € > 0 and ¢y € R such that wn(tg) > 0 so that also wq(tp) > 0. Use the
continuity of wq to find 0 > 0 so that

wd(t)
wq(s)

‘ <l4e  Vis€ [to— 20, to + 20] (3.21)

and let X : R — [0, 1] be a Lipschitz function identically 1 on [to — d, to + ¢] with support
contained in [ty — 24, tg + 20].

We introduce the continuous functions wq, Wy : R — R as

wd(t0—25), if t <ty — 20,
wq(t) == wq(t), ift € [to — 26,10 + 25],
wq(to + 29), if t > tg + 26,

’U}m(to — 2(5), if t <tg— 2(5,
Win(t) == < wp(t), if t € [to — 26,to + 26],
wa(to + 26), if t > to + 20,

the corresponding product space (Xg,dg, mg) and consider the function f : X, — R
given by f(t,x) := X(t)f(t,x) which belongs to W12(X,,) and therefore, by what we
just proved, to BL(X,,). The locality property of minimal weak upper gradients ensure

that
|Df|Xw:|DﬂXw and |Df|w:|Df|w my, — a.e. on [tg — 0,t0 + ] x X.

Since f has support concentrated in the set of (¢, )’s with t € [tg — 26, tg + 26] and wq
is positive in such interval, we can think at f also as a real valued function X;. With

this identification in mind it is clear that
IDf|x, = |IDflx, and |Df|w =|Df|s my, — a.e. on [tg — 2, tg + 20] x X.

We now consider the cartesian product (X, d., m.) of (X,d, m) and R. Notice that the
sets Xz and X, both coincide with R x X and that by construction (recall also (3.21))
we have

wd(to)
1+¢

eme. < my < Cm, and de < dg < wq(to)(1+ €)de

for some ¢,C > 0. Hence by Lemma 3.22 we deduce that mg-a.e. it holds

1+¢
wq(to)

IDfle
wq(to)(1 +¢)

1+¢
wq(to)

IDf]x.,

m < |Df|X@ <

IDflx. and < IDflw < IDfle.
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Since by Theorem 3.18 we know that |Df|x, = |Df]|. mc-a.e., collecting what we proved
we deduce that
IDf|x

(te)? < IDffw < (14€)*|Df|x,

my-a.e. on [tg — d,tg + ] x X. By the arbitrariness of o such that wn(t9) > 0 and the
Lindelof property of {wy > 0} C R we deduce that the above inequality holds m,-a.e..
The conclusion then follows letting € | 0. O

We now turn to the general relation between BLo(X,,) and W12(X,,):

Proposition 3.24. Let wgq, wy be warping functions. Then BLo(X,) C WH2(Xy,).

Proof. Taking into account Proposition 3.23 it is sufficient to prove that V' C Wh2(X,,).
Notice that for arbitrary f € BL(X,,), considering the functions X, (t) :== 0V (n—|[t|) A1l
and defining f,(t,x) := X, (t) f(t,x), via a direct verification of the definitions we have
fn € BL(Xy), while inequality (3.3) and the dominate convergence theorem grant that
fn — f in BL(Xy). Therefore, using again Proposition 3.23 whcih ensures that BL-
convergence implies W 2-convergence, to conclude it is sufficient to show that any f € V'

with support contained in (IN[-T,T]) x X C X,, for some T' > 0 belongs to W12(X,,).

Thus fix such f € V, for r > 0 denote by , C R the r-neighborhood of {wy, = 0}
and find » € (0,1) such that f is my-a.e. zero on 9, X X. Then by continuity and
compactness and recalling that {wq = 0} C {wn = 0} we deduce that there are constants

0 < ¢ < (C < oo such that
c <wy(t), wn(t) <C, Vte IN[=T,T]\ Qs

We are now going to use a comparison argument similar to that used in the proof
of Proposition 3.23. Find two continuous functions w), wy agreeing with wg, wm on
[—T,T] \ © and such that ¢ < w/,w;, < C on the whole R and consider the warped
product (X, d,, mys) and the cartesian product (X.,d.,m.) of I and X. We then

have the equalities of sets:
BL(Xy) = BL(X.) = W2 (X,) = Wh2(X,),

the first and last coming from Lemma 3.22 and the properties of w)j, w, and the middle

one being given by Theorem 3.18.

By the construction of wj,w}, we see that f € BL(X,s) and thus, by what we just
proved, that f € W12(X,,). Then Proposition 3.6 grants that there exists a sequence
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(fn) of dys-Lipschitz functions converging to f in L?(X,,) with

sup/lip’(fn)2 dm,, < oo
neN

uniformly bounded in n, where by lip’ we denote the local Lipschitz constant computed
w.r.t. the distance d,s. Notice that up to replacing f, with (=C,) V f, A C,, for a

sufficiently large C),, we can, and will, assume that f, is bounded for every n € N.

Now find a Lipschitz function X : I — [0, 1] identically 0 on Q, U (I \ [-T — 1,7 + 1)),
identically 1 on I N[=T,T]\ Qo and put f,(t,z) := X(t)fn(t, z). By construction it is
immediate to check that the fn’s are still d,-Lipschitz, converging to f in L?(m,,) and
satisfying

sup/lip’(fn)2 dm,, < oo. (3.22)
neN

We now claim that the f,’s are d,-Lipschitz, converging to f in L2 (Xy) and such that

sup/lip(j?n)2 dm,, < oo, (3.23)
neN

from which the conclusion follows by the lower semicontinuity of weak upper gradients
and the bound lip(f,) < |Df|x, valid my-a.e.. Since all the functions f, and f are
concentrated on ([—7,T]\ €,) x X and on this set the measures m,, and m,, agree, we
clearly have L?(X,,)-convergence. Moreover, since wq and wq’ agree on ([T, T]\Q,)x X,
the topologies on ([-7,7]\ ©,) x X induced by d,, and d,, agree (with the product
topology, given that these functions are positive) and a direct use of the definition yields

du((s,), (t,7))

lim =1

(s,9) = (t,x) oy ((57 y)a (t7 l’))

. Y(tha) e ((ST,T]\ Q) x X.

In particular, we have lip(f,) = lip’(f,,) in ([T, T]\ Q) x X, so that (3.23) follows from
(3.22). Finally, recalling that a Borel function on [0, 1] whose local Lipschitz constant
is uniformly bounded by some constant L is in fact L-Lipschitz (as shown by a direct
covering argument) and using the fact that (X, d, ) is by definition a length space we

see that for every n € N it holds

Lip(fn) = S)l(lp lip(fn) = sup hp/(fn) = Lip,(fn) < o0,

w/

where Lip’(f,) denotes the d,s-Lipschitz constant. Hence f,, is d-Lipschitz for every
n € N and the proof is achieved. ]

Finally, we prove that if the set of zeros of wy, is discrete and wy, decays at least linearly
close to its zeros, then BLo(X,,) = BL(Xy):
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Proposition 3.25. Let wq, wn be warping functions and assume that wy has the prop-
erties (3.17) and (3.18).

Then BLo(X,) = BL(Xy).
Proof. A standard truncation argument shows that BLNL*°(X,,) is dense in BL(X,,), so

to conclude it is sufficient to show that for any f € BLNL>*(X,,) we can find a sequence

(fn) CV converging to it in BL(X,).

Thus pick f € BLN L®(Xy,), put D(t) := ming,,,s)=o |t — s and for n,m € N, n > 1

consider the cut-off functions

Q

S

&
Il

0V (m—d(z,z)) A1,
M(t) == 0V (1 ‘lolig();;))\) |

fin(t) =0V (n — |t|) A,

where Z € X is a chosen, fixed point, and define fy, (¢, ) = 0, ()70 (t)om () f (¢, z).
Since (t,z) +— 1y ()7, (t)om(x) is Lipschitz and bounded for every n,m, a direct check
of the definition of BL(X,,) shows that f,,, € BL(X,,) for every n, m and, since 7, is 0

on a neighborhood of {wy = 0}, we also have f,, ,, € V for every n,m.

Using the fact that the functions (¢, ) — 1, (t)7n(t)om (x) are uniformly bounded by 1
and pointwise converge to 1 as n,m — oo and the dominate convergece theorem we see

that fom — f in L?(X,) as n,m — oo.

Next, recalling (3.3) and using that o, is 1-Lipschitz we see that

D = f)|x (@) < [(O)(O)om (@) = 1 DOx (@) + £t 2)]L{ac 5)2m-1} (@)

for mw—a e. (t,z), so that the dominate convergence theorem again gives that [ |D(f ®) —

(t) x)dmy(t,x) — 0 as n,m — oo.
X

Similarly, we have

ID(F@ = £ <[ ()i (O)om (@) — L DFD 1) + [ £ 2) |1 5013 ()
+ £t @) [ gacz)<my (%) L <ny (600 (1)

for my-a.e. (¢, z) and again by dominate convergence we see that the first two terms in the

right hand side go to 0 in L?(X,,) as n,m — co. For the last term, we use the fact that

_1 g (E
f is bounded and our assumptions on wy. Observe indeed that |0, |(t) < DDlégilolg?()
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so that letting x1, ...,z x be the finite number of zeros of wy in [—n — 1,n + 1] we have

/!f(t, 2)[*1ga( 2 <m} (@) 14 1<} ()]0 * () dmy,

[—n,n])ND~1([n—1,1])

log(n)? D2(t)
| fllLeem(By, () / 1
<cC dt
log(n)? [~nnnD-1(fn-1,17) D(t)

£ ||z m( By (7)) o 1
<C dt
>

- log(n)? tilt—as|eln-1,1]} [t — il
| £l Leom(Bin(Z))
log(n) '

=2NC
Since the last term goes to 0 as n — oo for every m € N, we just proved that

; ; () _ p(=@) )2 —
i tim [ DO = ) dm(t.2) =0,

which is sufficient to conclude. O

3.3.3 Sobolev-to-Lipschitz property

We recall the following definition:

Definition 3.26 (Sobolev-to-Lipschitz property). We say that a metric measure space
(X,d, m) has Sobolev to Lipschitz property if for any function f € Wh2(X) with [Df|x €
L>®(X), we can find a function f such that f = f m-a.e. and Lip(f) = ess sup [Df|x.

Aim of this section is to study the Sobolev-to-Lipschitz property on warped products.

Metric measure spaces with the Sobolev-to-Lipschitz property are, in some sense, those
whose metric properties can be studied via Sobolev calculus. Only quite regular met-
ric measure structures possess this property (for instance, doubling& Poincaré are not
sufficient to ensure the Sobolev-to-Lipschitz property) and it is a non-trivial fact that
RCD(K, o0) spaces have such property (see [9] for the definition of RCD(K, 00) spaces
and the proof of the claim).

The fact that RCD(K, 0o) spaces have such property is tightly linked to the following

regularity result for geodesic interpolation in the space of probability measures:

Proposition 3.27. Let (X,d,m) be a RCD(K,00) space and po,p1 € Po(X) with
bounded support and such that o, p1 < Cm for some C' > 0. Then there exists only one
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geodesic (1) connecting o to p1 and such geodesic satisfies
e < C'm, vt € [0,1], (3.24)

for some C" > 0.

It was proved in [9] that the Cartesian product of two RCD(K,c0) spaces is still
RCD(K,00) and thus in particular it has the Sobolev-to-Lipschitz property. Here we
consider the warped product of an RCD(K, o0) space (X,d, m) and an interval I.

We observe that under the only assumption that wq, wy are warping functions we cannot
hope to prove that X, has the Sobolev-to-Lipschitz property. Indeed, if wy, is 0 on some
subinterval of I which disconnects I, then there are functions on X,, which are locally
constant on the support of m,, hence Sobolev with 0 weak upper gradient, without

being constant on X,,.

We shall therefore only consider the case where wy, is strictly positive in the interior
of I, a condition which is satisfied in the standard geometric constructions like that of

cone/spherical subspension.

We introduce the following auxiliary concept, which is a sort of length property which

takes into account the reference measure:

Definition 3.28 (Good space). We say that a metric measure space (X, d, m) is a good
space if for some Borel subset A C X of full m-measure and every x,y € A there exists
a family of Ws-absolutely continuous curves ¢ — p; € P2(X) indexed by a parameter

€ > 0 such that:

1B (a 1p, )
a) po,e = m(g;ii((x))) m and p1. = nﬂgrii((ygj))m for some re > 0 such that limg7r. = 0,

b) pte < Cem for every ¢ € [0, 1] and some constant Ce > 0,
c) lp. ) <d(x,y)+ err(e) for some err(e) > 0 such that lim¢gerr(e) = 0.

In what follows we shall say that a space (X,d, m) is m-a.e. locally doubling provided
for m-a.e. x € X there exist C, R > 0 such that

m(B2-(y)) < Cm(B,(y)),  Vy€ Bgr(z), r < R. (3.25)

We recall that on a doubling space m-a.e. point is a Lebesgue point of a given Lllo .
function. As the definition of Lebesgue point is local in nature, we see that the same

property holds in m-a.e. locally doubling spaces in the above sense.
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The concepts of good and m-a.e. locally doubling spaces are linked to the Sobolev-to-

Lipschitz property via the following simple result:

Proposition 3.29. Let (X,d,m) be a m-a.e. locally doubling and good space. Then it
has the Sobolev-to-Lipschitz property.

Proof. Let f € WH2(X) with ess sup |[Df| < oo and B C X the set of Lebesgue points
of f. Since (X,d,m) is m-a.e. locally doubling we know that m(X \ B) = 0. Let
A C X be the set given in the definition of good space and pick z,y € AN B. Then
we know that there exists a family of curves ¢t — p;. as in Definition 3.28. Up to
a reparametrization we can assume that such curves have constant speed, so that in
particular such speeds are in L?(0,1) and we can apply the superposition principle in
Theorem 3.3 to find plans 7 such that for every € > 0 we have (e;)y(me) =y, for every
t €[0,1] and [ |4|* dme(y) = |fit,e|? for a.e. t € [0,1]. These two facts together with the

bound p; . < Cem grant that 7 is a test plan. Therefore we have:

IN

1
/ 1F(r0) = Fln)] dme) /0 / D1 () Helde () i

IN

1
(ess sup|Df])/ /|7t|d7r6dt
0
1
< (ess sup|Df]) / /|’?t|2d7fedt
0
1
= (ess sup|Df]) / |frge]* dt
0

= (ess sup|Df|)[u. o],

where in the last step we used the fact that ¢ — p; . has constant speed.

Letting € go to 0 and using the fact that x,y are Lebesgue points we get

1£) ~ f@)| = i [ £~ [ £duo.
—tiy | [ £n) = Flow) dra(a)

< (ess sup|Df[)d(z,y).

This proves that the restriction of f to ANB is Lipschitz with Lipschitz constant bounded
by ess sup|Df]|. Since AN B has full m-measure, this concludes the proof. O

We now turn to the main result of the section:
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Theorem 3.30. Let (X,d, m) be a doubling RCD(K, c0) space, I C R a closed, possibly
unbounded interval and wg, wy : I — R a couple of warping functions. Assume that wy,

is strictly positive in the interior of I.

Then the warped product (X, dy, My) has the Sobolev to Lipschitz property.

Proof. Tt is trivial to check that the cartesian product of two doubling spaces is still
doubling. It follows that if (¢,2) € X, is such that wy(t) > 0, then property (3.25)
is satisfied for a sufficiently small R and some constant C. Since by definition of m,,
we know that my-a.e. (t,z) € X, is such that wy(t) > 0, we deduce that (X, d,, my)
is my,-a.e. locally doubling. Hence to conclude it is sufficient to show that it is a good

space. We shall divide the proof of this fact in two cases.

Step 1. We assume that wy, is strictly positive on the whole I.

Let (¢, o), (t1,71) € X, be with tg < t1, € > 0 and v = (7%, 7%) a curve joining (¢, zo)
to (t1,z1) with I, (v) < dw((to, 20), (t1,71)) + €. Then the curve 4® has image contained
inJ:=TIN[tog—lw(y) — €t + Lu(y) + €.

The function wy is strictly positive on J (because {wq = 0} C {wn = 0} = () and
continuous. Hence log(wq) is uniformly continuous on J and we can find § € (0,e A 1)

so that
wq (t)

wq(s)

2
‘ <l+e for every t,s € J with |t — s| <. (3.26)

Now let N be the integer part of % +1,1let 0 =ty < ... < ty = 1 be such that

[tiv1 — ti] < g for every i = 0,..., N — 1, and define the measures

. 1352/4(%1‘)
i =

) e Po( X, i=0,...,N.
T (B (e € P2 )

For every i =1,..., N — 1 consider the constant warping functions w; 4(t) := wq(¢;) and
Wi m(t) := ww(t;) and the corresponding warped product spaces, which we shall denote
as (Xj;,d;, m;), of X and R. These warped products are in fact cartesian products of
a rescaled version of X, which is an RCD(K’,c0) space for some K’ - see [40], and
R and therefore they are RCD(K’ 00). Consider pu;, p;+1 as measures on X; and let
[ti,tit1] D t — pi+ be the WQdi—geodesic connecting them and notice that p;; has support
in the strip [t; — /2, ti41 4+ 9/2] x X. Since wy, is bounded from above on J, we see that
i, fi+1 have density w.r.t. m; bounded from above. Therefore by (3.24) we deduce that

pig < Cimg, Vt € [ti, tig1], (3.27)

for some constant C;.
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The bound (3.26) easily yields that for (¢, ) # (s,y) € [ti —/2,tit1+ /2] x X we have

1 - dz ((t, z), (s,y))

L4+e ™ d2((t,2),(s,y)) slte

Then the analogous inequality is true for metric speeds, for Wa-distances between prob-
ability measure concentrated on [t; — §/2,t;+1 + §/2] x X and metric speeds of curves

of measures. Thus we have

tit1 tit1
lo(jus,) = / il dt < VITe / st
t; t;

=V 1+6W (:uzaul—l-l) (1+6)Wgw(uiaui+1)'

(3.28)

We then define the curve [0,1] 2 t — puy € P(Xy) as g = piy if t € [t;, ti41] which
is, by the above discussion, absolutely continuous. It clearly satisfies condition (a) in
Definition 3.28. Property (b) follows directly from (3.27) and the fact that wy, is bounded
from below on J. To prove that it has property (c), notice that by construction we have

W (14, pig1) < duw (Ve V1) + 02/2, therefore from (4.7) we deduce

N—-1 N-1
lw ,Uzt S Z 7t277t1+1) + 52/2)
=0 =0
9 N—-1
§(1+e)(5+1> +(1+e) Zzgdw Veis Veis1)

< 2e(1+¢€) + (14 €)lw(v)
< (1 + 6) (25 + dw((t()?x())? (tl?ajl))>’

which is our claim.

Step 2. We drop the positivity assumption of wy, on the extrema of I.

We define A C X, as the product of the interior of I and X. Notice that A has full
m,, measure. Let (I5)s=o be a family of bounded closed intervals such that I5 O Iy for
d < ¢’ whose union is the interior of I, pick (tg, ), (t1,71) € A and let §y > 0 so that
to, t1 € Iy,

For every 0 € (0,d9) consider the warped product of I5 and X via the warping functions
wq, Wy, which we shall denote by (Xjs,ds, ms). From the continuity of wq it is easy to
check that a curve with values in X is ds-absolutely continuous if and only if it is d,-
absolutely continuous and in this case the two metric speeds agree. Then the analogous
statement is valid for curves of probability measures and their Ws-speeds in the two

spaces.
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Now observe that the inequality d,, < ds is obvious and that given a curve ¢t —
(v&,7%%) € X, the curves t — (6 V 47,7{) € Xs have length converging to that of
the original curve as ¢ | 0. It follows that

%iinod(s((to,l'o), (tl, ZL‘1)) = dw((to, 1‘0), (tl,:L'l)).

The conclusion then follows by applying the previous step in the space Xg, passing to
the limit as § | 0 and using a diagonalization argument to produce the desired family of

curves of measures in X,,. ]






Chapter 4

Independence on p of weak upper

gradients on RCD spaces

Abstract

In this chapter, we study p-weak gradients on RCD(K, c0) metric measure spaces and
prove that they all coincide for p > 1. On proper spaces, our arguments also cover the
extremal situation of BV functions.

Résumé

Dans ce chapitre, nous étudions p-gradients faibles dans les espaces métriques mesurés.
Sous une condition de courbure-dimension RCD(K, 00), nous montrons l'identification
des p-gradients faibles. Dans les espaces propres, nos arguments couvrent également la

situation des fonctions & variation bornée.

The results in this chapter are contained in [26].

4.1 Introduction

There is a large literature concerning the definition of the Sobolev space WP(X,d, m)
of real valued functions defined on a metric measure space (X,d, m), we refer to [30]
and [6] for historical comments and a presentation of the various - mostly equivalent -

approaches.

The definition of space W1P(X,d, m) comes with the definition of an object playing
the role of the modulus of the distributional differential. More precisely, for f €

91
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WHP(X,d,m) it is well defined a non-negative function |Df|, € LP(X, m), called mini-
mal p-weak upper gradient, which, if (X,d, m) is a smooth space, coincides m-a.e. with

the modulus of the distributional differential of f.

A key difference between the smooth and non-smooth case is that in the latter the
minimal p-weak upper gradient may depend on p: say for simplicity that m(X) = 1,
then for p < ¢ € (1,00) and f € W19(X) one always has f € WP(X) but in general
only the inequality

Dfl, < Dfly, ™ ae. (4.1)

holds. The inequality above can be strict even on doubling spaces, see [36] for an example

and more details on the issue.

Worse than this, one might have
a function f € WhHP(X) with f,|Df|, € L%(X) such that f ¢ WhH(X), (4.2)

see [6] for an example proposed by Koskela.

To have a p-weak upper gradients independent on p is a regularity property of the metric
measure space in question. For instance, as a consequence of the analysis done in [20]
one has that on doubling space supporting a 1-1 weak local Poincaré inequality, equality

always holds in (4.1). In particular, this applies to CD(K, N) spaces with N < oc.

In this note we show that on RCD(K, c0) spaces not only (4.1) holds with equality,
but also that the situation in (4.2) never occurs. The argument is based on some
regularization properties of the heat flow proved in [39] and on the density in energy of

Lipschitz functions in Sobolev spaces established in [6].

At least in the case of proper RCD(K, 00) spaces, this identification extends to BV
functions. The problem in non-proper spaces is the lack of an approximation result of

BV functions with Lipschitz ones.

This result, beside its intrinsic usefulness in Sobolev calculus, has also the pleasant
conceptual effect of somehow relieving the definition of RCD(K, 00) spaces from the de-
pendence on the particular Sobolev exponent p = 2. Recall indeed that one of the equiv-
alent definitions of RCD(K, o) space is that of a CD(K, 0o) space such that W12(X)
is Hilbert or equivalently such that

ID(f + )5 + D(f — 9)3 = 2(IDf[3 + Dyg[3), m-ace.  Vf,geWH(X).

As a consequence of our result, a posteriori one could replace the minimal 2-weak upper

gradients with p-weak upper gradients in the above.
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4.2 Preliminaries

4.2.1 Sobolev classes

We assume the reader familiar with the basic concepts of analysis in metric measure
spaces and recall here the definition of Sobolev class SP(X). We fix a complete and
separable space (X, d, m) such that m is a non-negative Borel measure finite on bounded

sets.

Definition 4.1 (Test plans). Let 7 be a Borel probability measure on C([0, 1], X). We
say that 7 has bounded compression provided there exists C' = C(7) > 0 such that

(er)ym < Cm, vt € [0, 1],

where e; : C([0,1], X) — X is the evaluation map defined by e;(y) := 7 for every
v € C([0, 1], X).

For q € (1,00) we say that 7 is a g-test plan if it has bounded compression, is concen-

trated on AC%([0,1], X') and
1
/ /%\qdw(v) dt < +o0.
0

The notion of Sobolev function is then introduced by duality with test plans.

Definition 4.2 (Sobolev classes). Let p € (1,00). The space SP(X) is the space of all
Borel functions f : X +— R for which there exists a non-negative function G € LP(X)

such that for any g-test plan 7 the inequality

/If 71) = f(o)ldm(y // G(7s)|7s| dsdm(v)

holds, where 1% + % = 1. Any such G is called p-weak upper gradient.

It is immediate to see that for f € SP(X) there is a unique p-weak upper gradient of

minimal LP-norm: we shall call such G minimal p-weak upper gradient and denote it by
IDflp-

Basic important properties of minimal weak upper gradients are the locality, i.e.:

IDf|, = |Dglp, m-ae. on{f =g},  VfgeSP(X),
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and the lower semicontinuity, i.e.

(fn) C SP(X), f e SP(X) and
supy, [[[Df[pllzr < o0, = for any weak limit G of (|Df,|,) in LP(X)
fn— f m-ae. it holds [Df|, < G m-a.e.

The Sobolev space WP(X) is defined as WHP(X) := SP N LP(X) endowed with the

norm
LB oy 2= 11y + D20

By Lip X we denote the space of Lipschitz functions on X and for f € Lip X the local
Lipschitz constant lip(f) : X + [0,00) is defined as
— |f(y) — f(z)|

ip(f)(@) := lm =375

if = is not isolated, 0 otherwise.
In [6] the following approximation property has been proved:

Proposition 4.3 (Density in energy of Lipschitz functions). Let (X,d, m) be a complete
separable metric space with m being Borel non-negative and assigning finite mass to

bounded sets. Let p € (1,00) and f € WIP(X).

Then there exists a sequence (f,) C WY N Lip X of functions with bounded support
converging to f in LP(X) and such that lip(f,) — |Df|p in LP(X) as n — oo.

We conclude this introduction noticing that the locality property of p-weak upper gradi-
ents allows for a natural definition of the space of locally Sobolev functions. By L} (X)

we shall intend the space of Borel functions G : X +— R whose p-power is integrable on

every bounded set.

Definition 4.4 (The spaces S¥

loc

(X)). We say that f € S (X) provided for any Lip-
schitz function with bounded support X we have xf € SP(X). In this case we define
IDf|, € L¥ (X) as

loc
IDflp == [D(Xf)lp,  m-ae on{Xx=1},

for every X as before.

The role of the locality of the p-weak upper gradient is to ensure that the definition
of [Df], is well posed. Also, it is not hard to check that SP(X) C SP (X) and that a
function f € S (X) belongs to SP(X) if and only if [Df|, € LP(X).
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For p; < pa € (1,00) and q1 > g2 € (1,00) such that pi + % =1, the fact that the class

i

of g1-test plans is contained in the one of go-test plans grants that

sz

loc

(X)c s

loc

(X)  and  |Df|p, < |Dflp, meae.  VfeSR(X).  (4.3)

4.2.2 Heat flow on RCD(K, o) space

In order to keep this preliminary part as short as possible, we shall assume the reader
familiar with the definition of RCD(K, oo) spaces and focus only on those properties
they have which are relevant for our discussion. We refer to [9], [4] and [39] for the

throughout discussion.

From now on we shall assume that (X, d, m) is a RCD(K, co) space for some K € R and
that the support of m is the whole X. Recall that in particular we have m(B) < oo for
any bounded Borel set B C X.

In such space the 2-Energy functional E : L%(X) ~— [0, 0o] defined as

400, otherwise,

is a strongly local and regular Dirichlet form. We shall denote by (H;) the associated

linear semigroup. Then it can be seen that for every f € L?(X) and p € [1,00) we have

[He(Fllexy < N fllerxy,  VE2>0,

and thus (H¢) can, and will, be extended to a linear non-expanding semigroup on LP(X).

On the other hand, there exists a unique EVIg-gradient flow of the relative entropy
functional on (P2, Wy) which we shall denote by (H;) and provides a one parameter

semigroup of continuous linear operators on (P2, Wa), see [8, 9] and [4].

The non-trivial link between (H;) and (H;) is the fact that

for 1 € P(X) such that u = fm for some f € L*(X)
we have H; () = Hy(f)m for every ¢ > 0,

and from the fact that (H;) is self adjoint one can verify that for any p € [1,00) and
every t > 0 it holds

Ht(f)(x):/fdﬂ{t(ém), m— ae.z  VfeLP(X). (4.4)
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Moreover, for f € L*°(X) and ¢ > 0 the formula

(1) (o) = [ a(6.)
is well defined for any x € X producing a pointwise version of the heat flow for which

the L*> +— Lip regularization holds:

1

Lip Ht(f) < TK(t)

||f||L°°(X)7 Vit > 07 (45)

where Ly (t) == [) e*K°ds.

Th crucial regularization property of the heat flow that we shall use to identify p-weak

gradients is the following version of the Bakry—Emery contraction rate, proved in [? |:
lip(Hy(f)) < e X'H,(lip(f)) pointwise on X, (4.6)

valid for every Lipschitz function f with bounded support and every ¢ > 0.

We conclude recalling another useful regularity property of RCD(K, 0o) spaces, this one

concerning displacement interpolation of measures, see [38] for a proof:

Proposition 4.5. Let (X,d,m) be a RCD(K, 0c0) space and u,v two Borel probability

measures with bounded support and such that p,v < Cm for some C' > 0.
Then there exists a Borel probability measure © on C([0,1], X) such that (e;)ym < C'm

for every t € [0,1] for some C' > 0 and for which the inequality

Lipy < sup d(z,y),
ze€supp(u)
yEsupp(v)

holds for every v in the support of m.

4.3 Proof of the main result

The identification of p-weak gradients will come via a study of the regularization prop-

erties of the heat flow.

Proposition 4.6. Letp € (1,00), f € WYP(X) and t > 0. Then Hy(f) € WIP(X) and

IDH, |5 < e PM'H,(IDfE),  m— ae.

Proof. The fact that Hy(f) € LP(X) follows from the fact that f € LP(X). By Proposi-
tion 4.3 we can find a sequence (f,,) C W' NLip X converging to f in LP(X) and such
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that lip(f,) — |Df|, in LP(X). By the property (4.6) we know that
lip(Hy(f))P < e PEUH, (lip(fn)P), pointwise on X. (4.7)
The continuity in L'(X) of the heat flow grants that
By (lip(fu)P) — AL(DSE), i L1(X), (48)

so that in particular (4.7) grants that the sequence (lip(Hz(f,,))) is bounded in LP(X).
Therefore also (|[DH(f,)|,) is bounded in LP(X) and up to pass to a subsequence, not
relabeled, we can assume that it weakly converges to some G € LP(X). By (4.7) and
(4.8) we have G < Hy(|Df|h) m-a.e. while the lower semicontinuity of p-weak upper
gradients ensures that Hy(f) € SP(X) with |[Df|, < G m-a.e. and the thesis follows. [J

Proposition 4.7. Let p € (1,00), f € WYP(X) such that f,|Df|, € L>=(X) and t > 0.
Then Hy(f) is Lipschitz and

lip(He(f)) < e KU/ H,(IDSIB), pointwise on X.

Proof. The fact that ﬁt( f) is Lipschitz follows from (4.5). To prove the thesis, pick z,y €
X, r > 0, consider the measures i, := m(Br(x))_lm’Br(x), P = m(B”(y))_lm’Br(y)
and let 7 be given by Proposition 4.5. Then we know that (es)ym < C'm for some C' > 0
and every s € [0,1] and that |ys| < d(z,y) + 2r for m-a.e. v and a.e. s € [0,1]. In
particular, 7 is a ¢-test plan, where % —{—% = 1, and since H;(f) € WHP(X) we know that

[ Al = )] < [ 1) = Tl ) 0) dr()

1
< / /O IDEL(f) (o) 3] ds dr(7)

1
< (d(z.y) +2r) \/ / /0 IDEL(f) () ds dar ()

1
< (d(x,y) + 2r)e K (/ / / (D f2)(7) ds dn(7),

having used Proposition 4.6 in the last step. Noticing that d(z,vs) < d(z,y) + 3r for
m-a.e. v and every s € [0, 1] we deduce that

Bd(z,y)+3r

| [ s = o) < @) + 207 [ o F(DIR),
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and letting r | 0 and using the continuity of H;(f) we deduce that

d(z,y)+e

[He(f)(y) — He(f)] <6—Kt</ sup IL(IDfZ), Ve >o0.
B,

Letting y — z using the continuity of Hy(|Df[5) (which follows from the hypothesis
IDf|, € L>(X) and (4.5)) and the arbitrariness of € > 0 we conclude. O

Proposition 4.8. Let p,q € (1,00) and f € Lip X. Then

‘Df|q = |Df|p7 m-— a.e..

Proof. Assume p < g. Then we already know by (4.3) that |[Df|, < |Df|, m-a.e.. Notice
that by the locality property of the weak upper gradients it is not restrictive to assume
that f has bounded support, so that in particular f € L N W'P(X). Let t > 0 and
apply Proposition 4.7 to deduce that Hy(f) € Lip X with

lip(H,(f))? < e H,(DSE)? < e 'H,(Df|Z),  pointwise,

having used Jensen’s inequality and formula (4.4) in the last step and the fact that
IDf|3 € LY(X), which follows from the fact that f is Lipschitz bounded support. Since
IDH;(f)|, < lip(H;(f)) m-a.e., it follows that

[ r(plgam < ekt [ am, w0

and letting ¢ | 0 and using the lower semicontinuity of g-weak upper gradients we

conclude that
[ rgam < [ipsigam,

which is sufficient to get the thesis. O

Theorem 4.9 (Identification of weak upper gradients). Let p,q € (1,00) and f €
SP (X)) such that [Df|, € L (X). Then f € S (X) and

loc loc

IDflg=IDflp,  m— ae.

Proof. Assume that p < ¢ and notice that by (4.3) it is sufficient to prove that |Df|, >
IDf|, m-a.e.. Replacing if necessary f with max{min{f,n}, —n} and using the locality
property of weak upper gradients and the arbitrariness of n € N we can assume that
f € L*(X). Similarly, with a cut-off argument we reduce to the case in which f has
bounded support and thus in particular |Df|, € LP N LY(X).
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With these assumptions we have f € WHP(X) and thus for ¢+ > 0 Proposition 4.6 gives

IDH, f|, < e X' ¢/H(|DF[D). m— a.e..

Moreover, the fact that f is bounded grants, by (4.5), that H;(f) has a Lipschitz repre-
sentative I:It( f) and thus Proposition 4.8 gives

IDH, f|, < e KU¢/H,(IDFE), m— ae.

Using the assumption that |[Df|, € LY(X) and Jensen’s inequality in formula (4.4) we
deduce that |DH, f|§ < e~ 95'H,(|Df|3) m-a.e. and thus

/|DHtf\gdm < e‘th/Ht(|Df|g) dm,  Vvt>0.

Letting ¢ | 0 and using the lower semicontinuity of ¢g-weak upper gradients we conclude

that
[ sigam < [psigam.

which is sufficient to prove the thesis. O

Remark 4.10 (The case of BV functions). Recalling the notation and results of [2] about
BV functions and denoting by |Df| the total variation measure of f € BV(X), assume
for a moment that (X, d, m) is a proper (=bounded closed sets are compact) RCD(K, 00)

space. Then the very same arguments just used allow to prove that

D
if f € BV(X) is such that |Df| < m with d|d /1 e LY (X) for some p > 1,
m (4.9)
p diD /|
then f € § (X)and |Df|, = “qm e

To see why, notice that the fact that (X, d) is proper and the definition of BV (X)) ensures
that for f € BV(X) there is a sequence (f,,) of Lipschitz functions with bounded support
such that (f,) — f in L*(X) and lip(f,)m — |Df| weakly in duality with C.(X). Hence

arguing as for Proposition 4.6 one gets by approximation that
FEBV(X) = H(f)eBV(X) [DH(f)|<e ®'IG(Df).  (4.10)

Then, using the a priori estimates on the relative entropy of H;(u) in terms of the mass
of u (see [4]) one obtains that for a sequence of non-negative measures (p,) weakly
converging to some measure p in duality with Cy(X) and ¢ > 0, the sequence n +— g, :=
%&Ln) converges to g := %ﬂg’l)

the proof of Proposition 4.7 and (f,) C Lip X converging to f € BV(X) and so that

weakly in duality with L°°(X). Therefore, for m as in
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lip(fn)m — |D f| weakly in duality with C,(X), we can pass to the limit in the inequality

/ Ho(f) (1) — He(fu)(70)| dr(y // lip(He () () [3¢] dt d ()
<o Kt / / H, (lip(f)) () | d de (),

to deduce that

[ 1560 - B o)l dr) < / BB lw) () 501 at am(y).

In particular, arguing as in the proof of Proposition 4.7 we get that

feBVNL®X), Dflo<Cm =  lip(H(f)) < e—Kt:Ht(d“jn{“’). (4.11)

Then following the same lines of thought of Proposition 4.8 and Theorem 4.9 the claim
(4.9) follows.

Notice also that from (4.10) and with a truncation and mollification argument we deduce

that

for f € BV(X) with |IDf| < m there is a sequence (f,) C Lip X such that
fn — f and lip(f,) — dlDf' strongly in L'(X) as n — oc.

In particular, the three notions of space W1!(X) discussed in [2] all coincide.

All this if the space is proper. It is very natural to expect that the same results hold even
without this further assumption, but in the general case it seems necessary to define BV
functions taking limits of locally Lipschitz functions, rather than Lipschitz ones (see the
proof of Lemma 5.2 in [2]). The problem then consists in the fact that the property

(4.6) is not available for locally Lipschitz functions with local Lipschitz constant in L.
|



Chapter 5

Ricci tensor on RCD*(K, N) space

Abstract
In this chapter, we prove an improved Bochner inequality based on the curvature-
dimension condition and give a definition of N-dimensional Ricci tensor on metric mea-

sure spaces.

Résumé

Dans ce chapitre, sous une condition de courbure-dimension RCD(K,o0) et dans le
cadre d’une théorie non-lisse de Bakry—Emery, nous obtenons une inégalité améliorée de
Bochner et proposons une définition du N-tenseur de Ricci dans les espaces métriques

mesurés.

The results in this chapter are contained in [29].

5.1 Introduction

Let M be a Riemannian manifold equipped with a metric tensor (-, -) : [TM]? = C*(M).

We have the Bochner formula
Ta(f) = Ricci(V £, V£) + [[Hy s, (5.1)

valid for any smooth function f, where |H¢||ns is the Hilbert-Schimidt norm of the
Hessian Hy := Vdf and the operator I'; is defined by

Da(f) = S L0 f) =T LE), DU )= S L) ~ LT
101
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where I'(+,-) = (V-,V - ), and L = A is the Laplace-Beltrami operator.

In particular, if the Ricci curvature of M is bounded from below by K, i.e. Ricci(v,v)(x) >
K|v|*(z) for any * € M and v € T, M, and the dimension is bounded from above by
N € [1,00], we have the Bochner inequality

Da(f) > - (Af)? + KT(f). (52)

Conversely, it is not hard to show that the validity of (5.2) for any smooth function
f implies that the manifold has lower Ricci curvature bound K and upper dimension
bound N, or in short that it is a CD(K, N) manifold.

Being this characterization of the CD(K, N) condition only based on properties of L,
one can take (5.2) as definition of what it means for a diffusion operator L to satisfy
the CD(K, N) condition. This was the approach suggested by Bakry-Emery in [15], we

refer to [16] for an overview on the subject.

Following this line of thought, one can wonder whether in this framework one can recover
the definition of the Ricci curvature tensor and deduce from (5.2) that it is bounded

from below by K. From (5.1) we see that a natural definition is
Ricei(V £, V) = Ta(f) — || Hylfs. (5.3)

and it is clear that if Ricci > K, then (5.2) holds with N = co. There are few things
that need to be understood in order to make definition (5.3) rigorous and complete in

the setting of diffusion operators:
1) If our only data is the diffusion operator L, how can we give a meaning to the
Hessian term in (5.3)7

2) Can we deduce that the Ricci curvature defined as in (5.3) is actually bounded
from below by K from the assumption (5.2)?

3) Can we include the upper bound on the dimension in the discussion? How the

presence of IV affects the definition of the Ricci curvature?

This last question has a well known answer: it turns out that the correct thing to do is

to define, for every N > 1, a sort of ‘N-dimensional’ Ricci tensor as follows:

To(f) = 1Hylls = wongey (0T = LF)?, i N>,
Ricciy(Vf,Vf) == Ta(f) — |Hy|Ag — co(trHy — Lf)2, it N=n, (54)

—00, if N <n,
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where n is the dimension of the manifold (recall that on a weighted manifold in general
we have trHy # Af). It is then not hard to see that if Ricciy > K then indeed (5.2)
holds.

It is harder to understand how to go back and prove that Ricciy > K starting from
(5.2). A first step in this direction, which answers (1), is to notice that in the smooth

setting the identity

2H;(Vg, Vh) = T(g,I'(f, 1)) + T(h,T(f,9)) = T(f,T(g, 1))

for any smooth g¢,h characterizes the Hessian of f, so that the same identity can be
used to define the Hessian starting from a diffusion operator only. The question is then
whether one can prove any efficient bound on it starting from (5.2) only. The first results
in this direction where obtained by Bakry in [13] and [14], and only recently Sturm [42]
concluded the argument showing that (5.2) implies Ricciy > K. In Sturm’s approach,

the operator Ricciy is not defined as in (5.4), but rather as

Ricciy(Vf, V) (z) == inf Ta(g)(z) —

e 5.5
g T(f=g)(x)=0 N 55

and it is part of his contribution the proof that this definition is equivalent to (5.4).

All this for smooth, albeit possibly abstract, structures. On the other hand, there is as
of now a quite well established theory of (non-smooth) metric measure spaces satisfying
a curvature-dimension condition: that of RCD*(K, N) spaces introduced by Ambrosio-
Gigli-Savaré (see [9] and [24]) as a refinement of the original intuitions of Lott-Sturm-
Villani ([35] and [40, 41]) and Bacher-Sturm ([12]). In this setting, there is a very natural
Laplacian and inequality (5.2) is known to be valid in the appropriate weak sense (see
[9] and [21]) and one can therefore wonder if even in this low-regularity situation one
can produce an effective notion of N-Ricci curvature. Part of the problem here is the a

priori lack of vocabulary, so that for instance it is unclear what a vector field should be.

In the recent paper [23], Gigli builds a differential structure on metric measure spaces
suitable to handle the objects we are discussing (see the preliminary section for some
details). One of his results is to give a meaning to formula (5.3) on RCD(K, co) spaces
and to prove that the resulting Ricci curvature tensor, now measure-valued, is bounded
from below by K. Although giving comparable results, we remark that the definitions
used in [23] are different from those in [42]: it is indeed unclear how to give a meaning
to formula (5.5) in the non-smooth setting, so that in [23] the definition (5.3) has been
adopted.
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Gigli worked solely in the RCD(K, co) setting. The contribution of the current work is
to adapt Gigli’s tool and Sturm’s computations to give a complete description of the

N-Ricci curvature tensor on RCD*(K, N) spaces for N < co.

Our main result is the fact that the N-Ricci curvature is bounded from below by K on
a RCD(K’, 00) space if and only if the space is RCD*(K, N).

5.2 Preliminaries

Let M = (X,d,m) be a RCD(K, 0c0) metric measure space for some K € R (or for
simply, a RCD space). We denote the space of finite Borel measures on X by Meas(M ),

and equip it with the total variation norm || - ||Tv.

The Sobolev space W12(M) is defined as in [8], and the weak gradient of a function
f € WH2(M) is denoted by |Df|. It is part of the definition of RCD(K, co) space that
W2(M) is a Hilbert space, in which case (X,d, m) is called infinitesimally Hilbertian
space. In order to introduce the concepts of ‘tangent/cotangent vector field’ in non-

smooth setting, we will use the vocabulary of L*°-module.

Definition 5.1 (L?-normed L*-module). Let M = (X, d, m) be a metric measure space.

A L?-normed L* (M) module is a Banach space (B, |- ||8) equipped with a bilinear map

L®(M)xB ~ B,
(f,?)) = f”U

such that

(fg)-v = f-(g-v),

1-v = v

for every v € B and f,g € L>(M), where 1 € L*°(M) is the function identically equals
to 1 on X, and a ‘pointwise norm’ |-| : B — L?(M) which maps v € B to a non-negative

function in L?(M) such that

[v]lB [l z2

[f ol = Aflll, m—ae
for every f € L>°(M) and v € B.

Now we define the tangent and cotangent modules of M which are particular examples

of L?-normed module. We define the ‘Pre-Cotangent Module’ PCM as the set consisting
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the elements with the from {(A;, fi)}ien, where {A;}ien is a Borel partition of X, and
{fi}s are Sobolev functions such that >, fAi IDfi]? < oo.

We define an equivalence relation on PCM via

{(As, fi) tien ~ {(Bj,95)}jen if  |D(g; — fi)| =0, m—ae. on 4;NB;.

We denote the equivalence class of {(4;, fi)}ien by [(4i, fi)]- In particular, we call
[(X, f)] the differential of a Sobolev function f and denote it by df.

Then we define the following operations:

1) [(Ai, fi)] + [(Bi, 90)] == [(Ai 0 By, fi + g5)],
2) Multiplication by scalars: A\[(A;, fi)] := [(Ai, Afi)],
3) Multiplication by simple functions: (3_; AjX;)[(Ai, fi)] := [(Ai N Bj, A fi)],

4) Pointwise norm: |[(4;, fi)]] :== >, Xa,|Dfil,

where X 4 denote the characteristic function on the set A.

It can be seen that all the operations above are continuous on PCM/ ~ with respect to
the norm ||[(A4;, fi)]ll := 1/ [ |[(4:, fi)]|> m and the L>°(M)-norm on the space of simple
functions. Therefore we can extend them to the completion of (PCM/ ~, | - ||) and we
denote this completion by L?(T*M). As a consequence of our definition, we can see
that L*(T*M) is the || - || closure of {>";c; a;idf; : |I| < 00,a; € L®(M), f; € W2} (see
Proposition 2.2.5 in [23] for a proof). It can also be seen from the definition and the
infinitesimal Hilbertianity assumption on M that L?(T*M) is a Hilbert space equipped
with the inner product induced by || - ||. Moreover, (L?(T*M),|| - ||,|-|) is a L>normed

module according to the Definition 5.1, which we shall call cotangent module of M.

We then define the tangent module L?(T'M) as HOmLoo(M)(Lz(T*M), LY(M)), ie. T €
L*(T*M) if it is a continuous linear map from L?*(T*M) to L'(M) viewed as Banach

spaces satisfying the homogeneity:

T(fv) = fT(v), Yv e L*(T*M), fe L®(M).

It can be seen that L?(TM) has a natural L2normed L*(M)-module structure and
is isometric to L2(T*M) both as a module and as a Hilbert space. We denote the
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corresponding element of df in L2(T'M) by V f and call it the gradient of f (see also the
Riesz theorem for Hilbert modules in Chapter 1 of [23]). The natural pointwise norm
on L2(TM) (we also denote it by | - |) satisfies |V f| = |df| = |Df|. We can also prove
that {>°;c;aiVfi 1 |I| < 00,a; € L®(M), fi € W'?} is dense in L*(TM).

In other words, since we have a pointwise inner product (-,-) : [L2(T*M)])? — LY(M)
satisfying
1
(df,dg) = 7 (ID(f + 9)I* = [D(f = 9)I*)

for f,g € WH2(M). We can define the gradient Vg as the element in L?(TM) such
that Vg(df) = (df,dg), m-a.e. for every f € WH2(M). Therefore, L?>(T M) inherits a

pointwise inner product from L?(T*M) and we still use (-,-) to denote it.

Then we can define the Laplacian by duality (integration by part) as on a Riemannian

manifold.

Definition 5.2 (Measure valued Laplacian, [23, 24]). The space D(A) ¢ W12(M) is
the space of f € W12(M) such that there is a measure yu satisfying

/h,u =— / (Vh,Vfym,Vh : M — R, Lipschitz with bounded support.

In this case the measure p is unique and we shall denote it by Af. If Af < m, we
denote its density by Af.

We define TestF (M) C W12(M), the set of test functions by
TestF(M) := {f e D(A)NL>: |Df| € L™ and Afc W?(M)}.

It is known from [9] that TestF (M) is dense in W12(M) when M is RCD.

It is proved in [39] that (Vf,Vg) € D(A) ¢ WY2(M) for any f,g € TestF(M). There-

fore we can define the Hessian and I's operator as follows.

Let f € TestF(M). We define the Hessian Hy : {Vg : g € TestF(M)}? — L°(M) by
2H;(Vg,Vh) = (Vg,V(V[,Vh)) +(Vh,V(Vf,Vg)) = (Vf,V(Vyg,Vh))

for any g,h € TestF(M). It can be seen that Hy can be extended to a symmetric

L°°(M)-bilinear map on L?(T'M) and continuous with values in L°(M).

Let f,g € TestF(M). We define the measure I's(f, g) as

Ta(f,9) = 3A(VS, V) — 5 ((V£.VAg) + (V9. VA) m,
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and we put Iy(f) :=T'2(f, f).
Then we recall some results on the non-smooth Bakry—Emery theory.

Proposition 5.3 (Bakry-Emery condition, [7], [21]). Let M = (X,d,m) be a RCD
space. Then it is a RCD*(K, N) space with K € R and N € [1,00] if and only if

Do(f) > (KIDFP + () m

for any f € TestF(M).

Lemma 5.4 ([39]). Let M = (X,d,m) be a« RCD*(K,N) space, n € N, f1,....,fn €

TestF (M) and ® € C>®(R") be with ®(0) = 0. Put £ = (f1,..., fn), then ®(f) €
2

TestF(M). In particular, To(®(f)) > <K\D<I>(f)\2 + %) m.

Lemma 5.5 (Chain rules, [14], [39]). Let fi,..., fn € TestF(M) and ® € C*°(R"™) be

]
with ®(0) = 0. Put f = (f1,..., fn), then

ID®(f))?m = E ;0,(£)(Vf;, Vj)m

4,j=1

Ty(D(f)) = Zcbcb )Ta(fi, f)

+ 2 Z O, (£)Hy, (V fj, Vi) m
~

Y @i Pr(E)(V S V) (VY fi)m
4,5,k

and
n

AD(f) =Y (A + Z @, ;(£)(Vfi, Vfj)m

i=1 ij=1

At the end of this section, we discuss the dimension of M which is understood as the
dimension of L?(TM) as a L>®-module. Let A be a Borel set. We denote the subset of

L?(T M) consisting those v such that X acv = 0 by LQ(TM)’A.
Definition 5.6 (Local independence). Let A be a Borel set with positive measure. We

say that {v;}? C L?(TM) is independent on A if

mezo, m—a.e. on A
i

holds if and only if f; = 0 m-a.e. on A for each 1.

Definition 5.7 (Local span and generators). Let A be a Borel set in X and V :=
{vi}ier C L*(TM). The span of V on A, denoted by Span,(V), is the subset of
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L*(TM )| , with the following property: there exist a Borel decomposition {4} nen
of A and families of vectors {v;,}" C L*(TM) and functions {f;,}"% C L>°(M),
n=1,2, ..., such that
mn
X4,V = Z fi,nvi,n

i=1

for each n. We call the closure of Span 4 (V') the space generated by V on A.

We say that L?(T'M) is finitely generated if there is a finite family vy, ..., v, spanning
L*(TM) on X, and locally finitely generated if there is a partition {E;} of X such that
L*(TM )‘ . 1s finitely generated for every i € N.

Definition 5.8 (Local basis and dimension). We say that a finite set vy, ..., vy, is a basis
on Borel set A if it is independent on A and Span 4{vi, ..., vn} = LQ(TM)|A. If L2(TM)
has a basis of cardinality n on A, we say that it has dimension n on A, or that its local
dimension on A is n. If L?(T M) does not admit any local basis of finite cardinality on
any subset of A with positive measure, we say that L?(T'M) has infinite dimension on

A.

It can be proved (see Proposition 1.4.4 in [23] for example) that the definition of basis
and dimension are well posed. As a consequence of this definition, we can prove the
existence of a unique decomposition {Ey}nenufoo} Of X such that for each E, with
positive measure, n € NU {oo}, L?(T M) has dimension n on E,. Furthermore, thanks

to the infinitesimal Hilbertianity we have the following proposition.

Proposition 5.9 (Theorem 1.4.11, [23]). Let (X,d, m) be a RCD(K, 0c0) metric measure

space. Then there exists a unique decomposition {En}nenufoo) of X such that

e For anyn € N and any B C E,, with finite positive measure, L?>(TM) has a unit

orthogonal basis {e; ,}_, on B,

o For every subset B of Eo, with finite positive measure, there exists a unit orthogonal
set {€i.B}ienufoo} C LZ(TM)‘B which generates L2(TM)‘B,
where unit orthogonal of a countable set {v;}; C L*(TM) on B means (v;,vj) = &;;

m-a.e. on B.

Definition 5.10 (Global Dimension). We say that the dimension of L?(TM) is k if
k = sup{n : m(E,) > 0} where {E,},enu{oo} is the decomposition given in Proposition
5.9. We define the dimension of M as the dimension of L?(T'M) and denote it by dim M.
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5.3 Improved Bochner inequality

In this part, we will study the dimension of RCD*(K, N) metric measure spaces and

prove an improved Bochner inequality.
First of all, we have a lemma.

Lemma 5.11 (Lemma 3.3.6, [23]). Let p; = pim + pf, i = 1,2,3 be measures with

i L m. We assume that
Ny + 2\ + p3 > 0, VA eR.

Then we have

and

p2|? < p1p3, m— a.e.

Now we prove that N is an upper bound of the dimensions of RCD* (K, N) spaces.

Proposition 5.12. Let M = (X,d,m) be a RCD*(K, N) metric measure space. Then
dimM < N. Furthermore, if the local dimension on a Borel set E is N, we have
trHy(z) = Af(z) m-a.e. x € E for every f € TestF.

Proof. Let {Em}menufeoy be the partition of X given by Proposition 5.9. To prove
dimM < N, it is sufficient to prove that for any FE,, with positive measure, we have

m < N.

Then, let m € NU {oo} be such that m(E,,) > 0, and n < m a finite number. We define
the function ®(x,y, 21, ..., 2n) == May+x) —by+> ¢ (zi—c;)? = > 1 ¢ where A, b, ¢; € R.

Then we have

d,; = 0, ¢, =0, ®; j = 24;4, Doy = A
D, = Ay+ ) q)y:)\.%'—b, ‘1)122(21—02)

From Lemma 5.4 we know

raee) > (e + L5

for any f = (f, g, h1, ..., hy) where f, g, h1,..., hy, € TestF.
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Combining the chain rules (see Lemma 5.5), the inequality above becomes:
L
A\ byc) > (KB()\, b.c) + +-C (/\,b,c)) m, (5.6)
where
A\ b,c) = (A —b)2Ta(g) + (Mg + A)2To(f) + 24 — ¢;)Ta(hi, hj)

+ 2XMg+ D(Af = D)Ta(f,9) + > 4Ag + M) (hi — ¢)Ta(f, hs)

%

+ Z4(Af = b)(hi — ¢i)Ta(g, hi) + 8\ _(h; — ¢i)Hp, (Vf, Vg) m

%

+ 42 Ag + NH(Vhi, Vh;) m+4z Af — b)H,(Vhi, Vh;) m

+ 4)\(/\f b)H (Vf,Vg)m—l—4)\()\g+)\)Hf(Vf,Vg)m
+ 82 — ¢i)Hp, (Vhy, Vhy) m + 2X3Df|?|Dg[? m 4+ 2)\%[(V £, Vg)|* m

+ 4Z| (Vhi, Vhi)|*m +8X " (Vf,Vhi)(Vg, Vh;) m
BObe) = (Af —b2Dgl? + (Ag + VDS
+ 200g+ N —b)(Vf,Vg) +4 Z(Ag + M) (hi — ) (Vf, Vh)
+ 4D (A= b)(hi = e)(Vg, Vhi) + 43 (ki = i) (hy = ) (Vhi, Vhy)

C(Abc) = (Ag+NAf+Af=b)Ag+2D (hi —c;)Ah

+ 2MVf,Vg) +2>  [Dhyf*.

Let B be an arbitrary Borel set. From the inequality (5.6) we know
1
XBAOb,€) = (KXpBO\bc) + L XBC2(\,bc) ) m

Combining this observation and the linearity of A, B, C with respect to b, we can re-
place the constant b in (5.6) by an arbitrary simple function. Pick a sequence of simple
functions {by}, such that b, — Af in L>(M). Since I's(f,g) and H¢(Vg, Vh)m have
finite total variation for any f,g,h € TestF, we can see that A(A,by,,c), B(\, by, c)m
C?(\, by, c)m converge to A(\,Af,c), B(\,\f,c)m, C2(\, Af, c)m respectively with re-
spect to the total variation norm || - [[Ty. Therefore, we can replace b in (5.6) by Af.

For the same reason, we can replace ¢; by h;. Then we obtain the following inequality.

A > (KB (O + %(C’)Q(A)) m, (5.7)
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where
A'(N) = 4> (Ag+NHf(Vhi, Vi) m+ 22 Df*Dg|* m + 2X°[(V £, Vg) | m

+ 4 [(Vhi, VR)Pm 48X (Vf,Vh)(Vg, Vhi) m+ (Ag + A\)*Ta(f)
%, %
+ 4X(\g+ NH(Vf,Vg)
B'(\) = (Ag+A?Dff

C'(A) = (Ag+NAf+2MVf,Vg)+2) |Dhf>.

It can be seen that Hy(Vf,Vg) = $(V|Df|?, Vg). Therefore, all the terms in A’, B'm
and C’'m vary continuously w.r.t. || - ||7v as g varies in W12(M). Hence the inequality
(5.7) holds for any Lipschitz function g with bounded support. In particular, we can pick
g identically 1 on some bounded set Q C X, so that we have [Dg| = 0 and H¢(V f,Vg) =
0 m-a.e. on ). By the arbitrariness of ) we can replace g by 1 which is the function

identically equals to 1 on X. Then the inequality (5.7) becomes:

NTo(f) + (20D Hp(Vhi, Vi) + > [(Vhi, Vhj)[> = KX*[Df*)m
i 2]
2 (Af)z Af 2 (Zz ‘Dhi’2)2
A L DR R+ = i > 0.
</\ T )m_o
Let v2(f) m be the absolutely continuous part of I's(f). By Lemma 5.11 we have the

inequality

2
Af
> (Hf(th', Vh;) — W|Dhi‘2)

1

2 1212
< () - ks - B0 (ZJ (Vh, w2 - GOy,

In particular, since yo(f) — K|Df|> — (AAJ;)Z > 0 (by Proposition 5.3), we have

) Dhi 2\2
Z|<th,th>|2 2 (ZZ|]\T|), m — a.e..

2%
This inequality remains true if we replace Vh; by v := >, X4,V fi where f; are test
functions and Ay, are disjoint Borel sets. Therefore by density we can replace {Vh;}7

by any {e;,}" ; which is a unit orthogonal subset of L?(TM) whose existence is

| B
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guaranteed by Proposition 5.9 and the choice of m, n, E,, at the beginning of the proof.

Then we obtain

2: 2\2 2

- € n

n= E |<6i,ma€j,m>’2 > (Z|]<77m’) = N m—a.e.on F,,
0,3

which implies n < N on E,,. Since the finite integer n < m was chosen arbitrarily, we

deduce m < N. Furthermore, if Eny has positive measure, we obtain

N N Af
ZHf(G@N,ei’N) _ZW|6i’N|2 :0, m —a.e. on EN,
=1 i=1
where {e@N}f\Ll is a unit orthogonal basis on Epy. This is the same as to say that

trHy = Af, m-a.e. on F.

O]

According to this proposition, on RCD*(K, N) spaces, we can see that the pointwise
Hilbert-Schmidt norm ||T||us of a L°-bilinear map T : [L2(TM)]? — L°(M) is always
well defined by the following procedure. We denote dimy,. : M +— N as the local dimen-
sion which is defined as dimy,.(z) = n on E,, where {E;, },,enu(oo is the partition of X in
Proposition 5.9. Let T1, Ty : [L?(TM))? — L°(M) be symmetric bilinear maps, we define
(T, Ty)yg as a function such that (T, Ts)yg = Z” Ti(€in,€jn)T2(€in, €jn), Mm-a.e. on
E,,, where {E,},<n is the partition of X in Proposition 5.9 and {e;,};,n =1, ..., | N|
are the corresponding unit orthogonal basis. Clearly, this definition is well posed. In
particular, we define the Hilbert-Schmidt norm of 77 by \/m and denote it by
| T1||ms, and the trace of T} can be written in the way that tr7y = (77, Idqim,,. ) yg Where

Idgim,,, is the unique map satisfying Idgim,,. (€ dimo.s €j,dime.) = 0ij, M-a.e. on Fgim,, .-
In the following theorem, we prove an improved Bochner inequality.

Theorem 5.13. Let M = (X,d,m) be a RCD*(K, N) metric measure space. Then

ra(f) = (KIDS?+ |Hylfs + (trHy = Af)) m

1
N — dimy,,.

holds for any f € TestF, where m(ter — Af)2) is taken 0 by definition on the
set {z : dimpe(z) = N}.

Proof. We define the function ¢ as



Chapter 5. Ricci tensor on RCD*(K, N) space 113

N N
where ¢, ¢;, ¢; j = ¢;; are constants, Cp = %Zw cijeici + ¢ ;g 2. Then we have

Ppi=Poe = 0,  Pij=—cij—2chy
o, = 1, =) iy — o) —2c(yi — ).
J
Let f,h1,...,, hx be test functions. Using the chain rules we have

|D<I>(f7 h17 7hN)‘2 = ‘Df|2 + Z(hz - Ci)I’iv

To(®(f, b1, hiv)) = Ta(f) = 2 (cij + 206;5)He(Vhi, Vhj) m

.
— Z (Cm‘ + 20(5ij)(ck,l + 265kl)<Vhi, th> <Vhl, th> m+ Z(hz — Ci)JZ',
,5,k,l i
A(I)(f, hi,..., hN) = Af — Z(Ci’j + 265Z'j)<Vhi, Vh]> + Z(hl — Ci)Ki
2,7 7

where {I;, K;}; are some L!(M)-integrable terms and {J;}; are measures with finite

mass.

Then we apply Lemma 5.4 to the function ®(f, hy, ..., hx) to obtain the inequality

To(f) =2 (cij+ 2¢6:5)Hy(Vhi, Vi) m

i,J
— Z (Ci,j + 2C(5¢j)(0k,l + 205kl)<Vhi7 th><Vhl, th) m+ Z(hz - Ci)JZ' m
7j7k7 i

<.

(2

AV

l
K(\DfP + Z(hi - c,»)fi) m+

(A0 = S+ 268)(Vhs, Vhs) + 3 (hi = ) ) .

i’j

Using the same argument as in the proof of last Proposition, we can replace the constants
¢; by any simple function. Furthermore, by an approximation argument we can replace
the constant c,c;,c;; by arbitrary L? functions. Then pick ¢; = h;, the inequality

becomes
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To(f) =2 (cij + 2c6:)Hy(Vhi, Vhj) m

2]
— Y (i +2685) (kg + 260k)(Vhi, Vhg) (Vhy, Vi) m
©,5,k,l
2 1 2
> KD m+ (D) = Y (es +20)(Vhi, Vhy) ) m.

]

Now we restrict the inequality above on Borel set E,, n < N where {En}}fl{ is the
partition of X in Proposition 5.9. The inequality remains true if we replace Vh; by
v =Y ;. Xa, Vfr where fj are test functions and Ay are disjoint Borel subsets of E,.
Therefore by density we can replace {Vh;}{ by any {e;,}; which is a unit orthogonal

basis of L?(T M), . Doing this replacement on every E,, we obtain

|E,

dimloc diInloc
Lo (f) — (2 D (e + 268 H (i dimye €jdim.) + Y (cij +2¢i)(cij + 205@')) m
i,j=1 4,j=1
1 dimjec 2
> KDfm+ N(A(f) - 2 (ciq + 2c)) m.
1=

Pick
NtrHy — dimyjoe Af — (N — dimy)trC) .
:d N
= 2n(N — dimyc) on {x : ditmioc() 7 N},
0 on {z : dimje.(x) = N}.
in the inequality above, where C' = (c;;) is a symmetric dimj,c-matrix, ¢; ; are L?

functions. It can be seen (as in R™) that there is a one-to-one correspondance between
such matrix and symmetric bilinear maps from [L?(TM)]? to L?(M). For convenient,

we still use C' to denote the corresponding map of (¢; ;).

Then we obtain the inequality

Lo(f) > (KIDS = [Clfis +2(C,Hyys) m

b (HU0P + LA~ AN m
((NtrHy — dimioe Af)? + (dimige —N)?(trC)? + 2(dimjee —N) (trC) (NtrHy — dimioe Af)) "

Ndimloc(N — dimloc)

1
= (KIDfP+ (A NtrH; — dimyo, A 2)
( D+ (AN + N Qe (N — dimpg) Y 0y — dittioe Af)” ) m
trH trHy 1
- H I im Hy — I im 2 2)
(HC f dd locHHS + ” f dlmloc dd loc HHS + dimloc (trc) m
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where (-,-)yg is the inner product induced by the Hilbert-Schmidt norm and Idgip,,, is
the dimjo.-identity matrix. It can be seen from the Proposition 5.12 that this inequality

still makes sense if we accept % =0.

ter
dimjec

Then we pick C = Hy —

Idgim,,. in this inequality and finally obtain

1
Ndimyo. (N — dimy,)

o) > (KIDSP + (A7 +

trHy
dimye,

= (KIDS + |1y s +

(NtrH [ — dimpeA f)2) m

+ |H; - Iddim,,, [|frs m

1
m(ter — Af)2> m,

which is the thesis.

5.4 N-Ricci tensor

In this section, we use the improved version of Bochner inequality that we obtained in

the last section to give a definition of N-Ricci tensor.

We recall that the class of test vector fields TestV (M) C L2(TM) is defined as

TestV (M) := {Zgini :n €N, f;,g; € TestF(M),i =1,...,n}.
i=1

It can proved that TestV(M) is dense in L2(TM) when M is RCD.

Let X = ", g:Vfi € TestV(M) be a test vector field. We define VX € L*(TM) ®
L?(TM) by the following formula;

(VX,v1 @ vo) g 1= Z (Vgi,v1)(V fi,v2) + Zgini (vi,v2), Vou1,ve € TestV(M).

i i
It can be seen that this definition is well posed and that the completion of TestV (M)
with respect to the norm || - [|¢ := \/H . H%Q(TM) + [|IV - ||3g m can be identified with a
subspace of L?(T M), which is denoted by Héi2(TM ).

Let X € L}(TM). We say that X € D(div) if there exists a function g € L?(M) such

that
/hgm:—/<Vh,X>m

for any h € W12(M). We then denote such function which is clearly unique by divX.
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It is easy to see that div- is a linear operator on D(div), that TestV(M) C D(div) and
that the formula:

div(gVf) =(Vg,Vf) + gAf, [ g€ TestF(M)

holds.

It is unknown whether there is any inclusion relation between D(div) and HéJQ(TM ).
However, in [23] it has been introduced the space (H}LI’Z(T M), |-l H}{Z) which is contained
in both D(div) and H, é’z (T M), and will be useful for our purposes. In the smooth setting,
HEZ(TM ) would be the space of vector fields corresponding to L? 1-forms having both

exterior derivative and co-differential in L?(M).

The properties of HEQ(TM ) that we shall need are:

(a) TestV(M) is dense in Hy*(TM),
(b) H}IQ(TM ) is contained in H, é’Q(TM ) with continuous embedding,
(c) Hy*(TM) c D(div) and for any X,, — X in H;*(TM), we have divX, — divX

in L?(M).

Now, we can generalize the Proposition 5.12 in the following way. We denote the nat-
ural correspondences (dualities) between L*(T'M) and L?(T*M) by (-) and (-)* (same
notation for L2(TM) ® L*(TM) and L*(T*M) ® L*(T*M)). For example, (Vf)? = df,
(Hy)# = VVf for f € TestF(M).

Proposition 5.14. Let M = (X,d, m) be a RCD*(K, N) metric measure space, E C X
be a Borel set. Assume that the local dimension of M on E is N, then tr(VX)? = divX
m-a.e. x € E for any X € H}f(TM).

Proof. Thanks to the Proposition 5.12, it is sufficient to prove the equality
tr(VX)? =divX m—ae on E (5.8)

for any X € Hllf(TM ), under the assumption that trHy = Af m-a.e. on E for any
f € TestF(M).

First of all, as we know (VVf)? = Hy and div(Vf) = Af, the equality (5.8) holds for
every X of the form Vf for some f € TestF(M).

Secondly, for any X = > . g;Vf; € TestV, the assertion holds followings recalling the
identities V(gVf) = Vg@ Vf +gV(Vf) and div(gVf) = Vg - Vf + gdiv(V ).
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Finally, for any X € H}f(TM ), we can find a sequence {X;}; C TestV such that
X; = X in Hy*(TM). Therefore ((VX;)?, 1dgim, s — (VX)?, Idgimy,. e in L? be-
cause || - ”H11_12 convergence is stronger than the || - HHé2 convergence. Then tr(VXi)b =
(VX)?, Wiy, Vs — (VX)?, Tdgimy,, ) s = tr(VX)? in L2. Since X; — X in Hy*(T M)
implies div.X; — divX in L2, we conclude that divX = tr(VX)? m-a.e. on E. O

We shall now use the result of Theorem 5.13 to define the N-Ricci tensor.
We start defining T'a(-, ) : [TestV(M)]? — Meas(M) by

ro(xv) = A% (L amrt + Lo auxth) m

where X,Y € [TestV(M)])? and Ay is the Hodge Laplacian. It is proved in [23] that
To(Vf,Vf)=Ts(f) for f € TestF(M) and that T'(-, ) can be continuously extended to
[H}LI’?(TM )]2. Furthermore, it is known from Theorem 3.6.7 of [23] that Ricci(X,Y) :=
T2(X,Y) — (VX,VY)ygm is a symmetric TestF (M )-bilinear form on [H ;> (TM)]2.

We then define the measure valued map Ry on [H}LI’Q(TM ))? by

— (tr(VX)? — divX) (tr(VY)? — divY)  dimyee < N,
RN(X, Y) = N_dlmloc( ( ) )( ( ) ) :
0 dimjee > N.

From the continuity of div- and tr(V-)? on H}I’Q(TM), we deduce that (X,Y) — Ry(X,Y)m
is continuous on [HEQ(TM )]? with values in Meas(M). From the calculus rules devel-
oped in [23], it is easy to see that (X,Y) — Ry (X,Y)m is homogenous with respect to

the multiplication of test functions, i.e.

ARN(X,Y)m = Ry(AX,Y)m
for any A € TestF(M). Therefore we can define Ricciy(-,-) on [H}{’Q(T]W)]2 in the
following way:

Definition 5.15 (Ricci tensor). We define Ricciy as a measure valued map on [H 11{’2 (TM))?
such that for any X,Y € H}f (T'M) it holds

Ricciy(X,Y) = To(X,Y) - (VX)",(VY))ygm — Ry(X,Y)m.

Combining the discussions above and Proposition 5.12, we know Ricciy is a well defined
tensor, i.e. (X,Y) — Ricciy(X,Y) is a symmetric TestF (M )-bilinear form. Then, we
can prove the following theorem by combining our Theorem 5.13 and Theorem 3.6.7 of
[23].
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Theorem 5.16. Let M be a RCD*(K, N) space. Then
Ricciy (X, X) > K|X|?m,

and

((divX)2

+ Ricciy (X, X)) m (5.9)
holds for any X € H}q’Q(TM). Conversely, on a RCD(K', 00) space M, assume that

(1) dimM < N
(2) tr(VX)? =divX m — a.e. on {dimj,. = N},VX € H}f(TM)

(3) Ricciy > K
for some K € R, N € [1,400], then it is RCD*(K, N).

Proof. From the definition and Proposition 5.12, we know that Ricciy (X, X) > K|X[?m

means

Iy (X, X) > (K|X\2 + (VX2 + (tr(VX) — divX)2> m.  (5.10)

1
N — dimj,
Hence we need to prove (5.10) for any X € H;I’Q(TM).

First of all, notice that for X = V f, this is exactly the inequality in Theorem 5.13.
Hence (5.10) holds for any X = Vf, f € TestF(M).

Secondly, we need to prove (5.10) for any X € TestV(M). Let X = )", ¢;V f; be a test
vector field. From the homogeneity of Ry m and I'y(-,-) — (V-, V- ) g m which is proved
in [23] we know that Ricciy(-,-) is a symmetric TestF(M)-bilinear form. Therefore
Ricciy (X, X) = Zz}j gigjRiccin(V fi, V f;). Thus we need to prove the inequality

> gigiRiccin(VFi, V) > K> gigi(V fi, Vf;) m.
.3 2
Hence by an approximation argument, it is sufficient to prove this inequality for simple

. K; :
functions g; = Zk;:l ai,kiXEi,ki, 1.e.

D ik XE 0, RiCCN (VL V) 2 K Y ik aj,Xe, 05,4, (Vi V) m.
i7.j7ki’kj ’L:]:k’uk]
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Let E € X be a Borel set with positive measure such that E = N7(E;x, N Eij) where
I:={(i, ], ki, kj) : m(E N Ey g, N Ej ;) > 0. We then restrict the inequality above on £

Y Ricein(Vair,fi, Vaji fi) |z > K Y (Vairfi, Vaji f5)m|,
(3,5,ki ks ) ET (635K k5 ) €T

which is equivalent to
Riccin(VF,VF)|, > K|DF[>m

where F = Z(iyki)ﬂ(iyjakivkj)el a; i, fi- Clearly, this is true due to Theorem 5.13. Then
we can repeat this argument on all £ which is a decomposition of X and complete the

proof.

Next, it is sufficient to prove that (5.10) can be continuously extended to HIIJ’Q(T M). It
is proved in Theorem 3.6.7 of [23] that T's(X, X) — ||[VX||}gm vary continuously w.r.t.
| - lTv as X varies in H11{2(M) The term m(tr(VX)b — divX)%?m also varies
continuously in Meas(M) due to the property (b) and (c) of H}f (TM). Therefore we
know (5.10) holds for all X € Hy;*(TM).

Moreover, from the definition of Ricciy we can see that

<(dw]\?()2+RiCciN(X,X)>m = F2(X,X)—||(VX)b‘|HSm+((ih7Z\?Wm
B N—(ljlimloc(tr(VX)b —divX)’m
< Ta(X,X) - (tré;)i)cb)Q R
- N_clmnbc@r(vmb - divX)Q) m
< TIa(X, X)

which is the inequality (5.9).

Conversely, picking X = Vf, f € TestF in Ricciy(X,X) > K|X|?m, we have the

following inequality according to the definition

La(f) = (KDfP +[Hylls + (trHy — Af)?) m.

1
N — dimy,,
Then by Cauchy-Schwarz inequality we obtain

1
(KIDf* + E(ter)Z N dim,

(KIDSP + (A7) m

T2 (f) (trtHy — Af)*) m

Vv

v
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for any f € TestF(M). The conclusion follows Proposition 5.3. O
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