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“I1? What am I?” roared the President, and he rose slowly to an incredible height, like some
enormous wave about to arch above them and break. “You want to know what I am, do you?
Bull, you are a man of science. Grub in the roots of those trees and find out the truth about
them. Syme, you are a poet. Stare at those morning clouds. But I tell you this, that you will
have found out the truth of the last tree and the top-most cloud before the truth about me. You
will understand the sea, and I shall be still a riddle; you shall know what the stars are, and not
know what I am. Since the beginning of the world all men have hunted me like a wolf - kings
and sages, and poets and lawgivers, all the churches, and all the philosophies. But I have never
been caught yet, and the skies will fall in the time I turn to bay. I have given them a good run

for their money, and I will now.” (Sunday, ch.13)

G. K. Chesterton - The Man Who Was Thursday.

Science furthers ability, not knowledge. The wvalue of having for a time rigorously pursued a
rigorous science does not derive precisely from the results obtained from it: for in relation to the
ocean of things worth knowing these will be a mere vanishing droplet. But there will eventuate
an increase in energy, in reasoning capacity, in toughness of endurance; one will have learned
how to achieve an objective by the appropriate means. To this extent it is invaluable, with regard

to everything one will afterwards do, once to have been a man of science.

F. Nietzsche - Human, All Too Human.



Abstract

The dissertation deals with the problems of stabilization and control of nonlinear systems with de-
terministic model uncertainties. First, in the context of uncertain systems analysis, we introduce
and explain the basic concepts of robust stability and stabilizability. Then, we propose a method
of stabilization via state-feedback in presence of unmatched uncertainties in the dynamics. The
recursive backstepping approach allows to compensate the uncertain terms acting outside the
control span and to construct a robust control Lyapunov function, which is exploited in the
subsequent design of a compensator for the matched uncertainties. The obtained controller is
called recursive Lyapunov redesign. Next, we introduce the stabilization technique through “Im-
mersion & Invariance” (I&I) as a tool to improve the robustness of a given nonlinear controller
with respect to unmodeled dynamics. The recursive Lyapunov redesign is then applied to the
attitude stabilization of a spacecraft with flexible appendages and to the autopilot design of an
asymmetric air-to-air missile. Contextually, we develop a systematic method to rapidly evaluate
the aerodynamic perturbation terms exploiting the deterministic model of the uncertainty. The
effectiveness of the proposed controller is highlighted through several simulations in the second
case-study considered. In the final part of the work, the technique of 1&I is reformulated in the
digital setting in the case of a special class of systems in feedback form, for which constructive
continuous-time solutions exist, by means of backstepping and nonlinear domination arguments.
The sampled-data implementation is based on a multi-rate control solution, whose existence is
guaranteed for the class of systems considered. The digital controller guarantees, under sampling,
the properties of manifold attractivity and trajectory boundedness. The control law, computed
by finite approximation of a series expansion, is finally validated through numerical simulations
in two academic examples and in two case-studies, namely the cart-pendulum system and the

rigid spacecratft.

Keywords. Nonlinear control, robust control, robust control Lyapunov function, uncertainty
modeling, robust backstepping, Lyapunov redesign, recursive Lyapunov redesign, Immersion and
Invariance, nonlinear sampled data control, multi-rate control, missile autopilot design, attitude

stabilization, flexible spacecraft
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Introduction

Automatic control design of nonlinear systems affected by disturbances and model un-
certainties is a central topic of interest for the whole scientific community involved in
feedback control system analysis and synthesis. In the present work, we develop a proce-
dure to achieve practical asymptotic stabilization of nonlinear systems with matched and
unmatched uncertainties, mostly representing modeling errors in the parameters of the
system and time-varying disturbances. The core idea is to unify the existing results of
Lyapunov redesign and robust backstepping into a single stabilizing controller, which we
call recursive Lyapunov redesign. This tool merges the multi-step philosophy of robust
backstepping with the implicit control definition of Lyapunov redesign to counteract the
effects of both matched and unmatched uncertainties in system dynamics. The property
of stability which can be achieved is that of practical robust global asymptotic stability,
meaning that the closed-loop trajectories converge to an arbitrarily shrinkable com-
pact set surrounding the origin. Such an approach results particularly suited to design
control laws for aerospace systems, whose dynamics is usually highly nonlinear, with
time-varying uncertain parameters and disturbances. We apply the proposed technique
to two case studies, the attitude stabilization of a spacecraft with flexible appendages

and the autopilot design for an asymmetric tail-controlled air-to-air missile.

The construction of a nonlinear stabilizing controller working in the presence of system
uncertainties of various nature has captured the attention of control scientists since the
early Eighties, starting from linear systems with matched uncertainties [21, 41, 70], next
relaxing the matching conditions [8, 9] and finally approaching nonlinear systems [22]
and the application to chemical processes [64]. However, it was only in the early Nineties
that constructive solutions of robust controllers for nonlinear systems started to appear
in the literature, beginning with the work of Isidori and Astolfi [54], mainly devoted
to the problem of disturbance attenuation in the nonlinear H., setting. The robust
backstepping approach was first introduced in 1993 by Freeman and Kokotovié¢ [31]
and by Marino and Tomei [81], from different points of view. A similar construction,
however, was found one year before, in 1992, by Qu in [103]. In the following years,

the techniques became more and more refined and several important results on robust

1



Introduction 2

nonlinear stabilization were obtained [32, 59, 104, 105], also paving the way for the
publication of two fundamental books in the field, the first by Freeman and Kokotovié¢
[36] and the second by Qu [106]. Depending on applications, design constraints and
methodological improvements, the original core ideas have been progressively specialized
and detailed into different areas of interest, like robust adaptive nonlinear control [33,
56, 102, 107], output feedback stabilization and observer design [3, 11-13, 79, 80, 122],
saturated feedback problems [34, 123], inverse optimality results [35, 100] and so on.
New successful concepts were also developed struggling in making a nonlinear control
system robustly stable with respect to external disturbances, one and for all Input-
to-State Stability (ISS) [117], with all her friends and cousins, for instance integral
Input-to-State Stability (iISS) [2], set Input-to-State Stability [39], incremental stability
[1], incremental norm [38] and contraction theory [75]. We cannot keep from mentioning
sliding modes. The old idea of sliding surface and the corresponding sliding mode
control laws represent the simplest tools guaranteeing robust nonlinear stabilization
[128]. They have the advantage of ensuring a finite-time convergence on the surface
where the desired behavior of the system is enforced. However, the discontinuity of the
control laws obtained may cause serious implementation issues, one for all the problem
of “chattering”. A solution has been proposed with higher-order sliding modes, which
involve a dynamic extension of the system [10, 30]. Sliding mode control theory and its
applications have been explored high and low during the years, with modifications of
the original to improve robustness and embrace a broader class of uncertain systems.
Notable extensions of the theory lead to sliding-mode observer designs via the super-

twisting algorithm [29] and other applications to the measurements feedback case [71].

The basic ideas exploited in robust backstepping design to counteract the effect of the
unmatched uncertainties are those of recursion and virtual control. Moreover, this tech-
nique provides a systematic way of construction of a control Lyapunov functions for
systems in pure-feedback or strict-feedback form. These ideas were already introduced,
although in an embryonic form, in the work of Feuer and Morse [28]. Later, they were
developed simultaneously by Byrnes and Isidori [15], Kokotovié, Sontag and Sussmann
[63, 120] and further refined by Tsinias in the early Nineties [125]. In the Nineties,
these ideas were also deeply exploited in adaptive controller design and revealed them-
selves to be particularly suited in several application domains, as widely shown in [60]
and in the book by Krstic, Kanellakopoulos and Kokotovié [65]. In the following years,
the ideas of backstepping were extended to different system structures. The forwarding
technique was introduced to construct nonlinear stabilizer for systems in feedforward
form [55, 89, 111], while the interlacing technique to stabilize systems in interlaced form
[73, 112]. The reader should be warned with the fact that some of this ideas were al-

ready introduced, under slightly different forms, in the most cited book in the control
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literature by Alberto Isidori [52], and further developed in [53].

The design of robust controllers for nonlinear systems arouses the interest of the aerospace
community, since most of the physical systems in the aerospace domain present nonlinear
and uncertain dynamics. Let us consider, for instance, the problem of missile autopilot
design, which concerns highly nonlinear dynamics with uncertain, rapidly varying, pa-
rameters. Starting from the late Seventies the problem has been faced using classical and
Linear Quadratic regulators based upon dynamical models linearized around fixed oper-
ating points. These methods lead naturally to the design of several linear time-invariant
(LTT) point-regulators around equilibria defined on stationary conditions, usually involv-
ing Mach number, altitude and weight. The controller, resulting from the interpolation
of the fixed-point regulators, guarantees global stability only in the case of slowly varying
conditions on both the states and the parameters. This technique, named gain schedul-
ing, still represents the state-of-the-art in control system design for missile autopilots;
this is mostly due to the simplicity of implementation of gain-scheduled regulators, which
also ensure relatively good performance. Classical gain scheduling design are presented,
for instance, in [98] and [40]. In the Nineties, extensions of these techniques brought
several improvements, like guaranteed stability margins and performance levels ([113],
[99], [7], [109] and references therein). Robustness issues have also been addressed using
suitable extensions of Hy, techniques in [37] and [38]. The breakthrough of LPV (lin-
ear parameter-varying) and quasi-LPV approaches in the last two decades has guided
the research and the designers towards new, more systematic and rigorous methodolo-
gies. Main features of these new approaches are the sounder robustness/performance
criteria used and the simplified control synthesis process adopted. The price to pay,
especially for quasi-LPV controllers, is an increased level of conservatism due to the
non-uniqueness of LPV representations of a given nonlinear system. See, for instance,
[130], [121] and [23]. Most of these approaches, with the notable exception of quasi-
LPV designs, are still based on local linearizations of the dynamics around operating
points. Nevertheless, the introduction of new technologies (e.g. high maneuvrability
and stealth), together with the developments of nonlinear control methods, has pushed
towards new control design methods which take into account the intrinsic nonlinearity
of the dynamics. This led to a first generation of nonlinear autopilots based on the
inversion of the dynamics [110], on feedback linearization techniques [47], [42], [24], and
on sliding modes [124]. New solutions have been proposed in the last decades using the
more recent control methods: Lyapunov stabilization techniques [129], £; adaptive con-
trol [16], Immersion & Invariance control [69] and the state-dependent Riccati equation
approach [18]. The solutions so far proposed in the nonlinear and/or adaptive context
fail in presence of large unstructured uncertainties in the dynamics; moreover, the strict

requirements on the speed of response cannot often be fulfilled in presence of adaptation
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laws. Therefore robust nonlinear approaches based on the geometric theory, as in [49],
and others which make extensive use of Lyapunov direct criterion, as in [51] and [50],
have also been proposed, with good performances at high angle-of-attack. It should also
be pointed out that the solutions based on these methods have only been applied in sim-
ple single-input/single-output (SISO) cases, disregarding the dangerous couplings and
nonlinearities that arise between lateral and longitudinal dynamics when dealing with
Bank-To-Turn maneuvers. Furthermore, these controllers do not take into account Mag-
nus effect and cross-couplings between control channels due to the differential of pressure
acting on the tail fins. Notable exceptions are in the works of Jim Cloutier [19], [72] and
[96]. In this work we design a robust nonlinear autopilot for an asymmetric air-to-air
missile in order to counteract matched and unmatched uncertainties in a MIMO context.
Such aim is achieved using the recursive Lyapunov redesign approach introduced in this
dissertation, exploiting recursion and virtual control to reach the nested part of the dy-
namics. Since very little is known about the aerodynamic parameters, uncertainties are
mostly treated as unstructured, thus reducing the modeling effort and avoiding the need
of a linear parametrization as in adaptive approaches. Moreover, a systematic method
to evaluate the uncertain aerodynamic terms is proposed for the first time. Performance
is radically increased in both Bank-To-Turn and Skid-To-Turn maneuvers with respect
to the standard backstepping design, at the expense of an inevitable increase in control
effort during the transient response. Embracing the nonlinear behavior of the system,
the proposed controller is suitable to guarantee the fulfilment of both maneuvers, with

slight changes in its equations.

A similar discussion can be made about the design of robust nonlinear controllers for
flexible spacecraft. The fundamental advantage of the robust nonlinear control tech-
niques presented in this work relies in the fact that they exploit as much as possible
the knowledge of the model of the system. This modeling effort reflects itself on the
construction of a proper model of the uncertain terms, as it will be shown later in the
work. The attitude stabilization of spacecraft with flexible appendages has been widely
studied, but very few are the results employing robust nonlinear stabilizers [25, 48].
Furthermore, there is no evidence of results obtained employing robust backstepping or

Lyapunov redesign approaches, as done in the present work.

Uncertainty modeling represents a crucial point in robust nonlinear control design, so
that in the present work we establish a systematic procedure to evaluate complex aggre-
gates of uncertain terms using a deterministic representation of the uncertain parameters
through the A-operator and the deviation function. Several techniques of uncertainty
modeling were developed in different fields, from linear robust control theory [114, 132]
to the nonlinear counterparts [66]. Several kinds of models of uncertain environment

were developed, for instance, in the robotics field [27]. A wise exploitation of a good
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modeling effort in order to robustify preexisting control laws is one of the nice features
characterizing the Immersion & Invariance (1&I) stabilizing controllers. Such technique,
first introduced in [6], still represents a strong tool to define and solve stabilization
problems, opening new horizons in both the physical and mathematical sides of control
theory, as extensively shown in [5]. The basic ingredients of 1&1 stabilization are the con-
cepts of manifold invariance and immersion of a target system, representing a reduced
dynamics with desired properties, often a-priori known as a controlled sub-system of the
process to be stabilized. The method is particularly effective when applied to systems
with triangular structures, whereas Lyapunov techniques provide constructive solutions.
Moreover, it is specifically suited for adaptive controller design [74], also in the discrete-
time case [61],[131]. This nonlinear stabilization technique is robust in the sense that it
exploits an increased modeling effort in order to “add robustness” to a nominal control
law developed on the system disregarding higher-order dynamics. The I1&I controller
can thus be viewed as a robust version of a preexisting control law which neglects such
unmodeled dynamics. These higher-order dynamics are usually faster and in physical
systems they often correspond to actuator’s first or second-order dynamics, flexible mo-
tions and so on. In this work, a continuous-time solution of the 1&I stabilization problem
is found for a special class of systems in feedback form. Then, we propose its digital im-
plementation, namely when the control input is maintained constant over time intervals
of fixed length, called sampling periods. We obtain approximate sampled-data single
rate and multi-rate solutions [91] which follow the continuous-time closed-loop trajec-
tories to ensure manifold attractivity. Trajectory boundedness and manifold invariance
are preserved under sampling. The digital controllers are applied to two academic ex-
amples and two case-studies, the cart-pendulum system and the rigid spacecraft. Their
effectiveness is thus shown by several simulations in different scenarios at increasing
sampling periods. The performance improvement of the proposed controllers relies in a
remarkable increase of the Maximum Allowable Sampling Period (MASP) with respect
to the direct implementation with zero-order hold of the continuous-time solution, which

is emulated control (see [97]).

Three fundamental ingredients participate in characterizing a good recipe for robust
nonlinear control design: the notion of control Lyapunov function, the representation
of system uncertainty together with its, well defined, bounds, and the concept of gain
of a nonlinear system. The first is set up to find out whether a nonlinear system is
stabilizable or not; the second is strictly related to the robustness issue and yields the
concept of robust control Lyapunov function, while the third is instrumental in ensuring
what is commonly called the performance of a system. This work is devoted to develop
the theoretical instruments which come along with these three ingredients, with the final

aim of constructing a general purpose robust nonlinear stabilizer. The main contribution
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of the work lies in the construction of a robust nonlinear stabilizer capable of handling
matched uncertainties multiplying the control, using the technique called recursive Lya-
punov redesign. This feature has a certain impact on aerospace applications, especially
in the case of the tail-controlled air-to-air missile used as case study in this work. It
is also, at least to our knowledge, the first time that the technique of the recursive
Lyapunov redesign is employed to stabilize the attitude of a spacecraft with flexible ap-
pendages, exploiting the particularly control-friendly kinematic representation based on
the modified Cayley-Rodrigues parameters. Another contribution is the introduction of
a systematic method of evaluation of the uncertain terms, which is based on a particular
deterministic model of uncertainty. We show how to propagate easily complex groups of
uncertainties into system dynamics, reducing the computational effort in the expression
of the corresponding bounding functions. Furthermore, a partially novel contribution
lies in the construction of an I&I stabilizer for a particular class of feedback-systems,
for which constructive solutions exist. The design employs one step of backstepping and
nonlinear domination arguments to show the global asymptotic stability of the controlled

System.
The work is organized as follows.

Chapter 1 contains some recalls of the notions of stability and stabilizability of un-
certain time-varying nonlinear systems. We start with the definitions of semi-global
and practical stability, which are of sure interest in the context of applications, since the
properties introduced take into account that there are bounded set of feasible initial con-
ditions and that the steady-state error could also be “sufficiently small” and not exactly
zero. Then we introduce the important concepts of Input-to-State Stability (ISS) and
Control Lyapunov Function (CLF), which are related to the problems of disturbance
attenuation and nonlinear systems stabilizability. Next, we introduce the problem of
robust nonlinear stabilizability and the corresponding definitions of nonlinear uncertain
system and practical robust stabilizability. Finally, we introduce the concept of robust
control Lyapunov function (RCLF), which is the core-idea of the robust nonlinear control

design techniques presented later in the work.

In Chapter 2, the definition of uncertain nonlinear system introduced in Chapter 1
is refined and particularized using a suitable uncertainty representation. Moreover, we
specialize the class of systems considered into that of input-affine nonlinear uncertain
systems and we give examples of unstabilizable uncertain systems, highlighting the most
common sources of instability which uncertainty can bring. Next, we introduce the fun-
damental notion of matching conditions together with the corresponding relaxed version,
that of generalized matching conditions. Both these conditions set some constraints on

system structure which are strictly related to robust stabilizability. In the final part
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of the chapter, we propose a deterministic model of the uncertain terms exploiting the
concepts of A-operator and deviation function. Moreover, we establish some rules to
evaluate the complex uncertain terms and a systematic method to propagate them into

system dynamics.

In Chapter 3 we establish the main result of the work. We begin by recalling the
Lyapunov redesign technique and introducing a revisited version of it, exploiting suitable
differentiable sigmoid functions, which we call “robust control functions”, in order to
avoid the problem of chattering in the implementation phase. Next, we recall the robust
backstepping technique, and finally we present our main result, consisting of the fusion
of the two approaches, the technique called recursive Lyapunov redesign. This technique
allows to compensate also control-dependent uncertainties, which are common in certain
nonlinear aerospace dynamics, like missile dynamics. In the last part of the chapter, we
recall the stabilization technique of Immersion & Invariance as a tool of robustification of
nonlinear control laws with respect to higher-order dynamics. We propose a solution in
the case of a particular class of systems in feedback form using one step of backstepping

and a nonlinear domination argument.

In Chapter 4, the robust nonlinear control techniques introduced are applied to the
dynamics of a spacecraft with flexible appendages. First, the dynamic model is made
more effective by using the modified Cayley-Rodrigues parameters for a global and
non-redundant attitude representation. Then, stability of the kinematic-flexible sub-
system under a linear control law is demonstrated to simplify the subsequent recursive
Lyapunov redesign. Application of robust nonlinear control results in practical robust

uniform global asymptotic stability (P-RUGAS) of the closed loop system.

In Chapter 5 the recursive Lyapunov redesign technique is employed to design the
autopilot of an asymmetric air-to-air missile, in order for it to perform Skid-To-Turn
and Bank-To-Turn maneuvers. After a detailed derivation of the dynamical uncertain
model, the problem setting and the construction of a nominal backstepping controller,
we design compensators for the matched and unmatched uncertainties of the dynamics
using the techniques introduced above. P-RUGAS of the closed-loop system is then
shown and several simulations demonstrate the effectiveness of the proposed control law

in different scenarios.

In Chapter 6, we reformulate the 1&I stabilization solution found in Chapter 3 into
the sampled-data framework, i.e. when the control input is maintained constant over
intervals of fixed length, namely the sampling period. For the particular class of systems
considered, a digital multi-rate control solution does exist, and we propose an approx-
imate version for application purposes. The approximate sampled-data single rate and

multi-rate solutions found directly match the continuous-time closed-loop trajectories
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at the sampling instants to ensure manifold attractivity. Trajectory boundedness and
manifold invariance are preserved under sampling. The digital controllers are then ap-
plied to two academic examples and to the cart-pendulum system, with simulations
showing how the presence of the first-order corrector term enhances the performance
and ensures stability at sampling times higher than in the case of direct zero-order hold

implementation.

In Chapter 7 the problem of attitude stabilization of the rigid spacecraft, robustly
with respect to first-order actuator dynamics is considered. A continuous time control
solution is found using a two-step backstepping transformation and, subsequently, the
1&I approach is used to handle actuator dynamics as a dynamic extension of the system.
Stabilization is achieved via a nonlinear domination argument. The digital single-rate
version of the controller, tailored to the multiple input nature of the system, is then
proposed. Its effectiveness is shown by several simulations in two scenarios at increasing

sampling periods.



Chapter 1

Robust stability and
stabilizability of nonlinear

systems

In this chapter, we present and discuss some quite basic facts about the notions of sta-
bility and stabilizability of uncertain time-varying nonlinear systems. We start with
the definitions of semi-global and practical stability, which are of sure interest in the
context of applications, since the properties introduced take into account that there are
bounded set of feasible initial conditions and that the steady-state error could also be
“sufficiently small” and not exactly zero. Then we introduce the important concepts of
Input-to-State Stability (ISS) and Control Lyapunov Function (CLF), which are related
to the problems of disturbance attenuation and nonlinear systems stabilizability. Next,
we introduce the problem of robust nonlinear stabilizability and the corresponding def-
initions of nonlinear uncertain system and practical robust stabilizability. Finally, we
introduce the concept of robust control Lyapunov function (RCLF), which is the core-

idea of the robust nonlinear control design techniques presented later in the work.

1.1 Lyapunov stability of uncertain systems

As the technical definitions of system stability according to Lyapunov should be very
well known by the reader, we simply state it as the property of an equilibrium point, a
motion or a set of a system to react to perturbations in the initial conditions containing
or making vanish their effect on the solution with time. Let us just recall the concept of
domain (or, alternatively, basin) of attraction as the subset of the state space containing

all the initial states which lead to asymptotic convergence to a certain equilibrium point,

9
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also known as attractivity. These definitions [62] can be extended to the context of
uncertain nonlinear systems introducing the concept of practical stability. For, let us
start by introducing some useful stability and boundedness definitions for time-varying

nonlinear systems of the form

= f(t,x) (1.1)

where t € Rar represents the time, x € R" is the state and f : Rar x R™ — R" is assumed
to satisfy Carathéodory conditions and to be locally Lipschitz in x. More specifically,
for each compact set (Q of Rg x R™, we assume that there exists an integrable function
lg : Ry — Ry such that, for all (t,z) € Q and all (t,y) € Q,

1t 2) = f& o)l < lo(t) |z =yl (1.2)

The Carathéodory conditions plus the Lipschitz condition ensure both existence and
uniqueness of the solutions (1.1) [46]. Note that a large variety of physical systems can
be described by this equation, which is the starting point to understand stability and
stabilizability concepts of uncertain dynamical systems as well. Moreover, the study of
time-varying, or nonautonomous, nonlinear systems is useful to solve trajectory tracking
problems and, also, in the context of the stabilization of systems which do not satisfy
Brockett’s necessary condition [14]. These kind of systems are, in fact, not stabilizable
by means of a continuous time-invariant state feedback, making the class of time-varying
and/or discontinuous controllers eligible for feedback design. This fact is certainly rel-
evant in space systems applications, since underactuated spacecraft belong to the class

of systems depicted just above.

In the following, we state stability and boundedness definitions with respect to the origin
of (1.1), denoting with D a closed subset of R™ containing the origin and with B, the

ball of radius r centered in the origin.

Definition 1.1.0.1 (UB/UGB). The solutions of (1.1) are said to be uniformly bounded on
D if, for any non-negative constant r, there exists a non-negative c(r) such that, for all ¢y € Rg ,
the flow ¢ satisfies

20 € DN B, = |6t to, z0)|| < e, V> to. (1.3)

If D is R™, then the solutions are uniformly globally bounded. &

The concept of uniform stability is given according to the e-§ definition for time-varying

Systems.
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Definition 1.1.0.2 (US/UGS). The origin of (1.1) is said to be uniformly stable on D if the
solutions starting from it are uniformly bounded on D and, given any positive constant ¢, there

exists a positive d(€) such that, for all ¢, € R7, the solution of (1.1) satisfies
zol <6 = [¢(t,to,z0)[| <€, VE>to. (1.4)

If D is R™, then the origin is uniformly globally stable. &

Note that the difference between the two concepts of boundedness and stability mainly
relies in the intrinsic “locality” of the e-d definition 1.1.0.2. On the other hand, (1.1.0.1)
is of practical interest because it is not uniquely related to a given equilibrium point like,
for instance, the origin, while rather to an entire domain of initial conditions starting

from which the trajectories remain bounded.

When the characteristics of the boundedness property are ensured for every positive
€, arbitrarily small, irrespective of the initial conditions in a given set surrounding the

origin, we have the notion of attractivity of the origin.

Definition 1.1.0.3 (UA/UGA). The origin of (1.1) is said to be uniformly attractive on D if,
for all positive numbers r and e, there exists a positive time T'(r, €) such that, for all 2o € DN B,
and all ¢y € R, the solutions of (1.1) satisfy

[6(t, to, wo)|| <€, Vt>to+T. (1.5)

If D is R™, then the origin is uniformly globally attractive. &

Uniform stability plus uniform attractivity yields the property of uniform asymptotic

stability.

Definition 1.1.0.4 (UAS/UGAS). The origin of (1.1) is said to be uniformly asymptotically
stable on D if it is both uniformly stable and uniformly attractive on D. If D is R", then the
origin is uniformly globally asymptotically stable. &
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Remark 1.1.0.5 (Uniformity and robustness). As detailed in [68], the property of unifor-
mity guarantees a certain robustness towards external disturbances, since UAS of the origin of
& = f(t,x,0) ensures stability with respect to constantly acting disturbances d(t) of & = f(¢,z,d),
under the assumption of f locally Lipschitz in  uniformly in ¢. This concept, first introduced by
Malkin [78], is known as total stability and states that the solutions remain arbitrarily small at
all time if the initial state and the disturbance signal are sufficiently small. In some sense, total
stability is the progenitor of the concept of input-to-state stability which will be given in the
following. This robustness property, however, is strictly related to the uniformity assumption:
it is in fact possible to design an arbitrarily small input d(¢) such that a GAS (not uniformly)

system & = f(t,z,0) becomes unstable under it. &

In the presence of “large”, bounded but non-vanishing, disturbances, asymptotic sta-
bility cannot be ensured anymore. In this setting, convergence to, eventually large,
neighborhoods of the operating points should be established under the name of uniform

ultimate boundedness [62].

Definition 1.1.0.6 (UUB/GUUB). The solutions of (1.1) are said to be uniformly ultimately
bounded if there exist positive numbers g,, and ¢ such that, for every ¢ € (0, g,,), there exists a

positive time 7'(o) such that, for all 5 € B, and all ¢, € R}, they satisfy
lo(t, to, o)l < ¢, Vt>to+T. (1.6)

If the result holds for arbitrarily large o, then the solutions satisfy the global uniform ultimate

boundedness property. &

Further definitions of stability and boundedness can be given by refining the notation
and introducing new concepts. In the literature [43, 133], the concept of stability of a set
is proposed, under the assumption of forward completeness, to simplify the analysis of
the uncertain systems considered. However, when dealing with the synthesis of a control
system, this extension results particularly useful only in adaptive control design, there-
fore we leave further details to the reader and simply state the following instrumental

definition.
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Definition 1.1.0.7 (UAS/UGAS of a set). Assume that (1.1) is forward complete on D.
The set P is said to be uniformly asymptotically stable on D for the system if it is both uni-
formly stable and uniformly attractive on D. If D is R™, then the set P is uniformly globally
asymptotically stable. &

For brevity we choose not to state the definitions of uniform stability and attractivity
of a set, for which the reader is referred to [17], main source of the definitions given in

this section.

We should underline that the above definitions can be equivalently expressed in terms
of K and KL functions (see the Appendix, [45, 119]), paving the way to the Lyapunov
constructions instrumental in control design. We reserve the usage of these functions for

later considerations about stability and stabilizability of uncertain nonlinear systems.

1.1.1 Semiglobal and practical stability

These results can be extended to specialize the analysis on the transient behavior of the
system and to take into account different kinds of sets to which the trajectories may
converge. As a matter of fact, non-vanishing disturbances, parametric uncertainties and,
generally speaking, perturbations on the system result in steady-state errors, impeding
the exact convergence to the desired operating condition. Therefore, it makes sense to
consider a set of operating points to which the trajectories may converge. In particular,
we should investigate to what extent it is possible to reduce the dimension of the set
of convergence using the external action of a control input, irrespective of all the initial
conditions in a prescribed set, which should be on the other hand arbitrarily enlargeable.
To do this, it is necessary to move from the analysis point of view to that of systems
with inputs, and to consider explicitly the uncertainties into the state-space representa-
tion. The notions of practical and semi-global stability introduced in the following are

instrumental to this aim.

Let us define the parametrized nonlinear non-autonomous system

jf:f(%tvﬂ) (17)
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where z € R", t € R}, p € R™ is a tuning parameter and f : R" x RJ x R™ — R" is
locally Lipschitz in x and satisfies Carathéodory conditions for all x4 in the domain of

interest.

Definition 1.1.1.1 (SUAS). Let M C R™ be a set of tuning parameters. The system (1.7) is
said to be semi-globally uniformly asymptotically stable on M if, given any R > 0, there exists an
allowable tuning parameter ps(R) € M such that the origin is uniformly asymptotically stable
with Br as domain of attraction for the tuned system & = f(z,¢, us). O

Definition 1.1.1.2 (PUGAS). Let M C R™ be a set of tuning parameters. The system (1.7)
is said to be practically uniformly globally asymptotically stable on M if, given any ¢ > 0, there
exists an allowable tuning parameter pu,(g) € M such that the ball B, is uniformly globally
asymptotically stable for the tuned system & = f(z,t, up). &

Definition 1.1.1.3 (SPUAS). Let M C R™ be a set of tuning parameters. The system (1.7) is
said to be semi-globally practically uniformly asymptotically stable on M if, given any R > o > 0,
there exists an allowable tuning parameter ps,(0, R) € M such that the ball B, is uniformly

asymptotically stable with Br as domain of attraction for the tuned system & = f(z,t, isp). &

These definitions do have a practical relevance, also in aerospace applications. They take
into account the presence of design parameters p representing gains (or other tunable
variables) of a control law designed to ensure such properties to an uncertain nonlinear
system, for instance a missile or a spacecraft. Moreover, the allowed design parameters
belong to the set M, which in practical situations is bounded due to actuators limita-
tions. Thus, good performance in a robust nonlinear control system means achieving the
smallest o possible, guaranteeing the largest estimate of R through exploitation of the
allowable parameter set M. We stress that practical stability is more useful in applica-
tions than uniform ultimate boundedness, since the latter does not allow the possibility
of reducing the dimension of the ultimate bound at will and does not guarantee sta-

bility. Moreover, the semi-global feature is just in principle less strong than the global
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one, since in real applications the set of all the feasible initial conditions is usually a
bounded, closed, set surrounding the operating point of interest. In addition, note that

also the basin of attraction B can be made large at will using control parameters.

Juxtaposition between “ideal” stability and semi-global/practical stability also finds
reasons in the behavior of physical systems, usually perturbed by external disturbances
and whose state-space representation suffers from modeling errors, neglected dynamics
and other uncertainties. Non-vanishing perturbations usually yield practical stability
results, while neglecting high-order nonlinearities result in relaxing into semi-global the
properties. As a consequence, these two properties taken alone or combined together
give a measure of the robustness of a nonlinear, non-autonomous, system. Finally, we
should note that using the concepts of stability of sets, the origin is not required to be
an equilibrium point for the system considered anymore, as expressed by Def. 1.1.1.2
and 1.1.1.3. This is an appealing feature, because several practically stable systems do

not have an equilibrium at the origin [17].

1.1.2 Input-to-state stability

Another (quite new) relevant idea that fits into the framework of robust nonlinear stabi-
lization is that of input-to-state stability (ISS), introduced by Sontag in [117]. The notion
is more general than asymptotic stability, since it requires that the norm of the state
trajectory be bounded by a function of the norm of the external input plus an asymp-
totically vanishing term in the initial state. However, because the ISS notion results to
be in many cases too strong and restrictive, a weaker version has been introduced in
[2], that of integral input-to-state stability (iISS), which is even more general than the
classic ISS. Instead of establishing a connection between the state and the supremum of
the input, iISS takes into account an estimate of the energy that the input brings into
the system. Just like the ISS, iISS entails global asymptotic stability of the system with
zero input and guarantees a certain degree of robustness against external disturbances.
A big result in this direction is given by Sontag in [118]: if the energy furnished by the

input is finite, the asymptotic state behavior is not affected.

Let us consider, this time, autonomous systems with input of the form

T = f(x,u) (1.8)

where z € R" is the state, u is the locally measurable and essentially bounded (or, more
simply, piecewise continuous norm-limited) input signal and f : R™ x R? — R" is locally

Lipschitz. The definitions of ISS and iISS are given as follows.



Chapter 1. Robust stability and stabilizability of nonlinear systems 16

Definition 1.1.2.1 (ISS). The nonlinear system (1.8) is said to be input-to-state stable if there
exists a class KL function § and a class K, function v such that, for all zo € R™ and any

admissible input signal u(t), the solution satisfies

lo(t, zo, w)ll < Blllwoll, 1) +7 (lulle), V€ RS (1.9)

where by ||ul|, we identify sup,¢jo 4 (|[u(7)[]). The function v is called 1SS gain of (1.8). O

Definition 1.1.2.2 (iISS). The nonlinear system (1.8) is said to be integral input-to-state stable
if there exists a class ICL function 8 and class K functions v and g such that, for all o € R™

and any admissible input signal u(¢), the solution satisfies

16t 70, w)]) < B(lzo]l 1) +7 ( / u(IUII)dT> . VteR]. (1.10)

The function p is called iISS gain of (1.8). &

It is evident that these concepts are suitable to describe the robustness of a GAS nominal
system affected by disturbances or, more in general, by uncertainties. Namely, ISS
and iISS guarantee the global asymptotic stability property of a ball whose amplitude
depends on the amplitude (respectively, the energy) of the input signal. Nevertheless
these properties don’t require that, for a fixed input function w(¢), the dimension of
such a ball can be arbitrarily decreased by a proper choice of a design parameter. Thus,
ISS and iISS, still describing a very interesting feature of a nonlinear system, don’t own
the points of strength of practical and semi-global stability, “tactical” in view of control
design. Instead, in view of solving the particular problem of disturbance attenuation
(which is a sub-case of the robust stabilization problem in the nonlinear context), these
two properties will result powerful since they embed a notion of gain of a nonlinear

system.

1.2 Control Lyapunov Function

After having detailed the notions of stability in the nonlinear uncertain systems frame-

work, we need to establish the sufficient conditions under which such properties are
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guaranteed. The classic Lyapunov direct criterion [77] establishes that, given a non-
linear system, the existence of a smooth positive definite function with the property of
having a non-positive derivative along the solutions implies that the origin of the system
is stable. If such derivative happens to be negative, the origin is asymptotically stable.
If, in addition, the function, which is called Lyapunov function of the system, is radially
unbounded, then the origin is globally asymptotically stable. Furthermore, converse
Lyapunov theorems ensure that the existence of a Lyapunov function is also a neces-
sary condition for stability. The classic Lyapunov result for a nonlinear nonautonomous

system [44] is recalled in what follows.

Theorem 1.2.0.3 (Lyapunov direct criterion). The origin of (1.1) is uniformly globally
asymptotically stable if and only if there exists a C* class function V : R x R} — R{ and class
Koo functions a, @ and o such that, for all v € R™ and all t € R{

a(llz]]) < V(z,t) <a(|lz) (1.11)
OV oV
V= o-(@t)f(a,t) + - (1) < —a(lell) (1.12

We recall that the property of uniform asymptotic stability is desirable in terms of
robustness against perturbations and disturbances. Another powerful tool for stability

analysis is given by the following theorem due to LaSalle and Yoshizawa [65].

Theorem 1.2.0.4 (LaSalle-Yoshizawa). Let the origin be an equilibrium point of (1.1) and
suppose f is locally Lipschitz in x uniformly in t. Let V : R™ X Rar — Rar be a C1 function such
that, for all v € R™ and all t € R

W(llel) < Vi) < raz]) (1.13)
V= a1 t) < () <0 (1.14)

where 1 and vy are class Ko functions and v is a continuous function. Then, all the solutions

of (1.1) are globally uniformly bounded and satisfy

lim v(z(t)) = 0. (1.15)

t—o0

Moreover, if v(x) is positive definite, then the equilibrium x = 0 is globally uniformly asymptot-
ically stable. &
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This result is very useful when there is the need to establish convergence to a set defined
by v(x) = 0, as in most nonlinear adaptive control designs and in their robust versions.

We introduce the fundamental concept of invariant set for a given time-invariant system

i@ = f(z) (1.16)

which fulfills the forward completeness assumption.

Definition 1.2.0.5 (Invariance of a set). A set M is called an invariant set of (1.16) if any
solution z(t) that belongs to M at some time instant ¢; must belong to it for all future and past
time:

z(t1) e M= x(t) e M, VteR. (1.17)

A set Q is positively invariant if the above fact is only verified for all future time:

() € Q= a(t) € Q, V>t (1.18)

Convergence to a desired invariant set can be shown using the well-known results pro-

vided by LaSalle’s Invariance Principle and its corollary.

Theorem 1.2.0.6 (LaSalle). Let Q be a positively invariant set of (1.16) and V : Q@ — R{ be
a C function V(z) such that V(z) < 0, Yo € Q. Moreover, let E = {1: ceQV(z) = O}, and
let M the largest invariant set contained in E. Then, every bounded solution x(t) starting in 2

converges asymptotically to M. %

Corollary 1.2.0.7 (Asymptotic stability). Let x =0 be the only equilibrium point of (1.16)
and V : Q@ = Ry be a C, positive definite, radially unbounded function V (x) such that V(z) <
0Vx € R*. Let E = {x eR"|V(z) = 0}, and suppose that no solution other than the trivial
z(t) =0 can stay forever in E. Then the origin is globally asymptotically stable. &
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It is clear from these results that the convergence properties of a given nonlinear system
are stronger if the dimension of M is lower. In the ideal case of asymptotic stability, M

coincides with the origin of the considered system.

This work is about control design, therefore we need to introduce an extension of the
Lyapunov function concept, the control Lyapunov function (CLF), which helps us estab-
lish the stabilizability of a given nonlinear system. We consider again nonlinear systems
with input in the form of (1.8), satisfying f(0,0) = 0. Our aim is to design a feedback

control law u = a(x) in such a way that the equilibrium = = 0 of the closed-loop system

&= f(z,a(x)) (1.19)

is GAS. Exploiting Theorem 1.2.0.3, we may seek for a couple (V(z),a(z)) satisfying,

in a domain of interest D C R"”, the differential inequality

o (@)f( () < () (1.20)

with ~y(x) positive definite function. This is in general really hard to achieve. A stabiliz-
ing control law for (1.8) may exist but we may be unable to find proper V(x) and ~(z)
to satisfy (1.20). If a suitable choice for V(z) and ~(z) exists, then the system admits
a CLF, as detailed in the following definition.

Definition 1.2.0.8 (Control Lyapunov Function). A smooth, positive definite and radially
unbounded function V : R® — R{ is a control Lyapunov function (CLF) for (1.8) if, for all z # 0,

z}IelfU {Z‘;f(x,u)} <0, (1.21)

where U is a convex set of admissible values for the control variable . &

As aresult, a CLF is simply a candidate Lyapunov function whose derivative can be made
negative pointwise by a proper choice of u. It is then clear that, since f is continuous
by assumption, if there exists a continuous state feedback «(z) such that the origin of
(1.19) is a GAS equilibrium point, then by converse Lyapunov theorems [36] there must
exist a CLF for system (1.8). Moreover, if f is affine in the control variable, then the
existence of a CLF for (1.8) is also a sufficient condition for stabilizability via continuous

state feedback.

If the existence of a CLF implies the existence of an admissible stabilizing u for (1.8)

and, vice-versa, the global asymptotic stabilizability of the origin of (1.19), by converse
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theorems, implies the existence of a CLF, we can finally state that the existence of a

CLF is equivalent to the stabilizability of & = f(z,u) [4].

The CLF concept was introduced by Artstein [4] and Sontag [115] as generalization of
the Lyapunov design results by Jurdjevic and Quinn [57]. In the case of systems affine

in the control

b= f(2) + 9o (1.22)
with f(0) = 0, the inequality (1.20) takes the form

O Fw)+ O g@ale) = LV (@) + LV (@a(e) < —(0)  (123)

Suppose we know a V(z) CLF for (1.22), then one stabilizing control law «(x) of class
C® for all non-zero x is given by the universal construction known as Sontag’s formula
[116]

(e 4 D HVP@D + FTEREI oy i b
(0 ) )b() f b(x) # 0

0 if b(x) =

ag(z) = (1.24)

where a(z) = LV (z) and b(z) = (L,V (x))". The control law (1.24) renders V evaluated

along the closed-loop trajectories negative definite. Namely, for x # 0, we obtain

V =a(z) — p(z)bT (z)b(x) = —\/az(x) + (bT (2)b(x))2 — cob” (z)b(z) < O (1.25)

N GOEUACI) N
p(z) = P (@bl > PRI 20 g
o if b(zx)=0

We stress that ¢g > 0 is not a necessary requirement for a negative definite 1% since,
away from x = 0, a(z) and b(x) never vanish together due to (1.23) being satisfied only
if

ov oV
— = — 1.27
5, (@) =0= - f(z) <0, (1.27)

This results in the following expression for ~(z)

Y(@) = \Ja2() + (7 ()b(x))? > 0 (1.28)

for all non-zero x. Note that the stabilizing feedback a(x), defined on R, is such that
a(0) = 0 and is smooth on the open (and dense) subset R™\ {0} of R™. In addition,
a(z) is continuous at x = 0, i.e. it has the property of being an almost smooth function,

if and only if the corresponding CLF V() satisfies the so-called small control property.
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Definition 1.2.0.9 (Small control property). A control Lyapunov function V' (z) is said to
satisfy the small control property if, for each € > 0, there exists a d(¢) > 0 such that, if x # 0
satisfies 0 < ||z|| < J, then there is some w with ||u|| < e such that

ov

B (f(z) +g(x)u) = LV (x) + LV (x)u < 0. (1.29)

&

The small control property represents a mild assumption on V. In fact, let us consider

the open set
= = {z|b(xz) # 0 or a(z) < 0} (1.30)

complemented by Z¢ = R™\Z. Note that, inside =, the control law (1.24) is a smooth

function of z if a and b are smooth, because

a+ \/a%+ (bTh)?
bT'b

b (1.31)

seen as a function of a € R and b € R™ is analytic when b # 0 or a < 0. When V is
a CLF, the set = is the whole state space except for the origin, because of the strict
inequality (1.23). As a consequence, =€ is just the origin x = 0. If ¢ were to include
points other than the origin, which happens when «(z) is only positive semi-definite, the
continuity of the control law (1.24) would require the small control property to hold at
every point of Z¢. This is a quite restrictive assumption, and also the reason for which

the CLF concept is defined only with a strict inequality.

The idea of control Lyapunov function represents in some sense a breakthrough in non-
linear control design, but it still remains very difficult to find a CLF for a given nonlinear
system. It is sometimes harder to focus in finding the CLF than to design directly a
stabilizing controller. A way to construct recursively a control Lyapunov function and a
stabilizing control law is provided by the backstepping procedure [28, 125]. This method-
ology represents a powerful tool for the state-feedback stabilization of nonlinear systems

in feedback form, the following lower-triangular structure

zZ= f(zvé-l)
& = a1(é1,&)
& = az(&1,6,&3) (1.32)

én = an(£17§27 cee 7§n7u)'
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The control Lyapunov function obtained is non-quadratic in the state variables and the
control law is intrinsically robust, since the approach is based on an energetic descrip-
tion of the system and avoids wasteful cancellations, unlike feedback linearization. The
nonlinear backstepping methodology will be deeply analyzed, also in its robust exten-
sions. As a matter of fact, this approach has a remarkable impact on space systems

applications of nonlinear control, as will be highlighted in Chapter 3.

Another interesting tool for stabilization is that of forwarding [55, 89], which applies to

systems in feedforward form, the following upper-triangular structure

él = fl(fl) + w1<§17§27 s a€n7zvu)

52 = f2(£2) + ¢2(527 s 75%7 2, U)
' (1.33)
gnfl = fnfl(gnfl) + wnfl(énflafn’ Z,U)

’é = (Z(Z) + b(fﬂa Z)é‘n

én:u

where the subsystems §Z = fi(&) are globally stable with a Lyapunov function W (§),
ie. LyW(§) <0 for all &, the interconnection term (&, z) satisfy a not-higher-than-
linear growth condition in £ and Z = a(z) is GAS and locally exponentially stable with
a Lyapunov function U(z). A CLF for the following simplified version of the cascade
(1.33)

£=f(&)+(& 2)

(1.34)
zZ=a(z)

is of the form
V(E,2)=W()+U(z) +¥(, 2) (1.35)

where W (€) for £ = f(£) and U(z) for 2 = f(z) are known and the cross term ¥ must
be constructed to satisfy U= —Ly W, so that

V=L;W+L,U<0 (1.36)

In this kind of constructive design, however, a severe critical point relies in the evaluation

of the line integral

V(€ 2) = /Ooo LyW(E(t, €, 2), 2(, 2)) dt, (1.37)

along the solutions of £(£,&,z) and 2(t, z) of (1.34) starting from (£,z) at t = 0. In
many cases, numerical integration is required. To obtain closed-form solutions, f(-) and

a(-) should be linear in their arguments and the cross-term (€, z) = p(z) a polynomial
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function of z only. Nonlinear forwarding design usually leads to very complex control
laws, often without analytic solutions, which are easier to implement in many control
applications. Thus, it is not really suitable for real-time implementation, also due to

lack of robustness improvements, unlike backstepping.

Backstepping and forwarding are also useful tools in recursive feedback passivation of
nonlinear systems, as extensively shown in [111]. As a matter of fact, while the first
overcomes the relative degree zero or one requisite, the second bypasses the weak min-
imum phase condition. Both the designs fail in the presence of systems which do not
exhibit neither the feedback nor the feedforward forms. Nevertheless, their combined
application may lead to constructive designs for the extended class of interlaced systems

[73, 112], which covers a broad variety of physical systems.

1.3 Robust nonlinear stabilization

To formulate the problem of robust nonlinear stabilization, it is mandatory to define
properly the concept of nonlinear uncertain system, the notion of practical-robust uni-
form global asymptotic stability (P-RUGAS) and the core-idea of robust control Lya-
punov function (RCLF), first introduced by Freeman and Kokotovic in [36].

1.3.1 Nonlinear uncertain systems

Consider three finite-dimensional Euclidean spaces: the state space X, the control space
U and the uncertainty space W. Given a continuous function f : X x U x W x Rar — X,
the following system of differential equations depicts a very general representation of a

nonlinear and non-autonomous uncertain system:

= f(z,u,w,t) (1.38)

where x € X is the state vector, u € U is the control inputs vector, w € W is the
uncertainties vector, and ¢ € R(T is the independent (time) variable. Together with this
state-space representation, we consider the constraints given by the set of admissible
uncertainties, W, and that of admissible controls, U. Note that we could take into
account also an uncertain output equation and a measurements vector assuming values
in a certain set, but in this work we are interested in state-feedback problems, so we
will assume that the output coincides with the state: y = z. For the output-feedback

version of these results, the reader should refer to [36], which also provides part of the
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contents of this section. Let us characterize with precision the spaces above defined in

terms of their set-valued constraints.

We define uncertainty for (1.38) a function w : X x U x Ry — W such that w(-, -, t) is
continuous for each fixed ¢t € Ry and w(z,u, ) is locally L for each fixed (z,u) € X x U.
Given an uncertainty constraint W : X xU ><R[)F ~» W, we define an uncertainty w(z, u, t)
admissible when w(x,u,t) € W(z,u,t) for all (z,u,t) € X x U x Ry. This kind of rep-
resentation covers a broad class of admissible static uncertainties, including exogenous
and feedback disturbances and other plant and input perturbations. Moreover, this de-
scription is at the foundations of the guaranteed stability framework for robust nonlinear

control [21, 41, 70].

A control for (1.38) is a function u : X x Ry — U such that u(-,¢) is continuous for each
fixed t € Rg and u(z,-) is locally L for each fixed x € X. Given a control constraint
U:X xRj ~ U, we define a control u(z,t) admissible when u(z,t) € U(x,t) for all

(z,t) € X x RJ and it is jointly continuous in (,t).

The vector-field f, together with the two set-valued constraints U and W, constitute the
uncertain nonlinear dynamical system ¥ = (f,U, W). With the expression “solution”

to ¥ we mean a solution z(t) to the initial value problem:

&= f(x,u(x,t), w(x,u(z,t),t),t), x(to) = xo (1.39)

given an uncertainty vector w(z,u,t), a control u(x,t) and an initial condition (z, ty) €
X x Ra’ . The regularity assumptions guarantee that the right-hand side of (1.39) is
continuous in x and locally Lo in t, and it follows from classical existence theorems
that solutions of 3 always exist, at least locally in t, but need not be unique. Figure 1.1

shows the signal flow diagram of the system.

The system ¥ = (f, U, W) is time-invariant, or autonomous, when the mappings f, U
and W do not explicitly depend on time ¢. In this case, with slight abuse of notation,
we write f(z,u,w), U(x) and W(z,u). In the same way, we say that a control is time-
invariant when u(z,t) = u(z). Although we have included only static uncertainties and
controls in our formulation, we can accommodate fixed-order dynamics by redefining >

according to what is done in [36].

1.3.2 Practical-robust stability and stabilizability

Recall that in Section 1.1.1 we have introduced the notion of PUGAS for a nonlinear

non-autonomous parametrized system. We want to re-define and extend the notion to
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FIGURE 1.1: Nonlinear robust control paradigm.

the context of nonlinear uncertain systems with control input. With this in mind, we
examine the behavior of the set of solutions of 3 or, which is the same, of (1.38), for all
initial conditions and admissible uncertainties and try to determine which stabilization

property can be achieved with a suitable choice of the robust nonlinear control law u(z).

When every solution of (1.38) converges to a compact residual set Q@ C X containing
a desired operating point (for convenience, the origin 0 € X), we will say that these
solutions (or, equivalently, ) are robustly (uniformly globally asymptotically) stable

according to the following definition.

Definition 1.3.2.1 (RUGAS-Q). Given a control law and a compact set 2 C X, containing
the origin, the solutions of the nonlinear uncertain system X are robustly uniformly globally
asymptotically stable with respect to @ (RUGAS-Q) when there exists a class L function
such that for all admissible uncertainties and initial conditions (xg,%) € X X Rar, all solutions

x(t) exist for all ¢ > ¢y and satisfy

lz(t)la < B(|7ola,t — to) (1.40)

for all ¢ > ty. Moreover, the solutions of ¥ are RUGAS when they are RGUAS-{0}. &
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Note that the RUGAS- implies that the residual set 2 is (robustly) positively invari-
ant. In particular, RUGAS (the particular case with @ = {0}) implies that the origin is
a equilibrium point (in forward time) for every admissible uncertainty and initial con-
dition, which is clearly not necessary using the relaxed RUGAS-) property. The robust
stabilization problem for an uncertain nonlinear system ¥ which emerges from Definition
(1.3.2.1) is to construct an admissible control law such that the solutions of (1.38) are
RUGAS-) for some residual set 2. In particular, we seek for a practical version of such
property, since we would like to reduce the dimension of Q at will exploiting control
design parameters. With this in mind, and without loss of generality, let us consider the
extended system X, = (f,U, W, M), containing the set M C R™ of admissible tuning

control parameters. The corresponding state-space representation is then

T = f(x,u(p),w,t) (1.41)

with p € M vector of admissible design parameters. It is therefore possible to extend

Definition (1.3.2.1) in the following fashion.

Definition 1.3.2.2 (P-RUGAS). Let M C R™ be a set of tuning parameters. The uncertain
system (1.41) is said to be practically-robustly uniformly globally asymptotically stable on M
if, given any o(2) > 0, with B, biggest ball contained in the desired convergence set €2,
there exists an allowable vector of tuning parameters p,(0(€2)) € M such that the solutions of

&= f(z,u(pp(0(2))), w,t) are robustly uniformly globally asymptotically stable with respect to
Bo) (RUGAS-By(0)). ¢

According to how small we can make the set of convergence of the solutions by a suitable
choice of the control law tuning parameters, we define three types of robust stabilizability

as follows.

Definition 1.3.2.3 (Robust stabilizability). The system ¥ is robustly uniformly glob-
ally asymptotically stabilizable when there exists an admissible control and a compact set
Q C X, containing the origin, such that the solutions to ¥ are RUGAS-Q). This means that
the distance between the trajectories and the origin of the state space depends strictly on the
dimension of 2, and cannot made arbitrarily small. When 2 collapse to the origin, the sys-
tem stabilizability property is the simple RUGAS. The system X, is practically-robustly
uniformly globally asymptotically stabilizable when for every o(Q2) > 0 there exists an
admissible control and a compact set {2 C X, satisfying 0 € B,q) C €2, such that the solutions
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to ¥, are RUGAS-B ). This means that the distance between the trajectories and the origin
of the state space can be made arbitrarily small by an opportune choice of the control design

parameters p. %

Clearly RUGAS with respect to the origin implies practical robust (uniform global
asymptotic) stabilizability, which in turn implies robust (uniform global asymptotic)

stabilizability with respect to a fixed (irreducible in dimension) set €.

1.3.3 Robust Control Lyapunov Function

The existence of a Lyapunov function is the most significant necessary and sufficient
condition for the stability of a nonlinear system. The sufficiency was proved by Lyapunov
[76], and the necessity was established half a century later with the advent of the so-
called converse theorems [67]. Since Lyapunov theory deals with dynamical systems
without inputs, it has traditionally been applied only to closed-loop control systems,
that is, systems for which the input has been replaced by a state-feedback control law.
Starting from the early Sixties, some authors began exploiting Lyapunov functions for
feedback design by “making the Lyapunov derivative negative” with proper choice of the
control law [58, 82]. Such ideas have been progressively activated with the introduction
of the concept of control Lyapunov function, of which we have generously discussed in
Section 1.2. This idea can be extended to the class of uncertain nonlinear systems,
introduced in the previous sections, by defining the robust control Lyapunov function,
whose existence, as we are going to show, is a necessary and sufficient condition for
robust nonlinear stabilizability. Most of the contents of this section are rearranged from

[36].

Recall from Section 1.3.1 that an uncertain nonlinear system X consists of the triple
(f,U,W) with continuous generating function f and sets of admissible controls U and
disturbances W. Denote by V(X) the set of all C! functions V' : X x R — R satisfying,
for all (z,t) € X x R{, the inequality

a(f[zll) < V(z,t) < a(|=])) (1.42)

with a and @ Ko functions. The set V(X) is the set of all candidate Lyapunov functions
for testing the robust stability of a nonlinear uncertain system Y. This set V(X) is
contained in the broader set P(X) of functions which need not to be differentiable or

radially unbounded, that is, the set of all continuous functions « : X x Ra” — Rar such
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that there exist x1, x2 € K satisfying x1(||z|]) < a(z,t) < x2(||z|) for all (z,t) € XxR].
Given V € V(X) and an uncertain nonlinear system X, namely & = f(z, u, w,t), we define

the Lyapunov derivative along the motion LyV: X x U x W x ]R(J)r — R by the equation

LV w,t) = 2t + 2 ) (0,1 (1.43)

Clearly LV is continuous, and it follows from (1.42) that L¢V(0,-,-,-) = 0. Now we

are ready to give the definition of robust control Lyapunov function.

Definition 1.3.3.1 (Robust control Lyapunov function). A function V € V(X) is called
a robust control Lyapunov function (RCLF) for an uncertain nonlinear system 3 if there exists
¢y € RY and a, € P(X) such that

inf sup  (LfV(z,u,w,t) + ay(z,t)) <0 (1.44)
u€U(z,t) weW (z,u,t)

for all ¢t € Rg and all ¢ > ¢,. &

The RCLF extends the CLF in different directions. First, the definition takes into
account not only the control variable, but also the uncertainties, disturbances or generic
perturbations. Second, this notion can be easily extended to measurement feedback as
well. Last, but not least, the parameter ¢, potentially encompasses all three types of

stabilizability introduced in section 1.3.2, not just asymptotic stabilizability.

This definition particularizes to the special case of autonomous (or time-invariant) sys-

tems in the following fashion.

Definition 1.3.3.2 (Time-inviariant RCLF). A time invariant function V' € V(X) is called
a robust control Lyapunov function for an autonomous uncertain nonlinear system % if and only

if there exist ¢, € Rj and a time invariant function o, € P(X) such that

inf sup  (LyV(z,u,w)+ a,(x)) <0 (1.45)
welU(2) weW (z,u)

whenever V(z) > c¢,. &
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The inequality (1.45) can be interpreted as follows: for every fixed z there exists an
admissible value u for the control such that the Lyapunov derivative is negative for any
admissible value w of the uncertainty. This is a natural generalization of the control

Lyapunov function concept for systems with disturbance inputs.

Example 1.3.3.3 (feedback linearizable systems). Consider a feedback linearizable

system (g1 (§) nonsingular for all ) perturbed by a disturbance input w

£=HE+ L(go(&,w) + g1(&)u) (1.46)

Suppose that there is no control constraint, i.e. U(x) = U, and suppose that the
disturbance constraint is such that W(z,U) is bounded for every = € X. Let P be the

symmetric, positive definite, solution to the matrix Riccati equation
H'P+PH - PLL"P+1=0 (1.47)
The function V(z) = &% (z)P®(z) = ¢ P¢ with the selection a,(z) = 367¢ is such that

inf sup (L;V(x,u,w)+ ay(x))
uEW e W (,u)

—inf sup [5T<HTP - PH)E + 267 PL (go(6,w) + g1 (€)u) + 15%}
u€W yeW (z,u) 2
(1.48)

= inf sup [—1£T§ +£TpPL (LTpf +2g0(§, w) + 291(5)1‘)]
uell weW (z,u) 2

—36T¢ when ¢TPL=0
—00 when ¢TPL #0

Thus we deduce from Definition 1.45 that V' is RCLF for system (1.46) with ¢, = 0. With
this example, we would like to stress that V is also a CLF for the unperturbed version of
system (1.46), the one with w = 0. However, note that not every CLF become a RCLF
when uncertainties perturb a “nominal” dynamics. Generally speaking, this happens
only when the source of uncertainty is matched with the control input, i.e. when the
disturbance w enters the system through the same channel as the control u. Another
way to say this is that the disturbance is in the span of the control action. We will

return later on this point, crucial for robust stabilizability. &

1.3.3.1 RCLF in absence of disturbance input

The RCLF is a concept more general than that of CLF, since it takes into account
uncertainties, measurement feedback and non-constant control constraints. We are in-

terested in determining whether or not the RCLF and the CLF coincide. We consider



Chapter 1. Robust stability and stabilizability of nonlinear systems 30

an autonomous system Y with perfect state measurement, constant control constraint
(U(x) = U), and no uncertainties or disturbance inputs. Recall that a CLF V € V(X)
for & = f(x,u) satisfies

x#0= ;glf] LiV(z,u)<0 (1.49)

Clearly, every RCLF for ¥ is also a CLF: we want to find out whether or not every CLF

is also a RCLF in this restricted case.

Suppose V is a CLF with the additional property that the left-hand side of the inequality

is bounded away from zero for large z, i.e. for all ¢ > 0 there exists § > 0 such that

V(z)>ec= in[f]LfV(x,u) <=4 (1.50)
ue

Every CLF with this additional property is a RCLF according to the definition. As a
matter of fact, if (1.50) is true, then we can find a time-invariant function «, € P(X)
such that adding a,(z) to the left-hand side of (1.49) preserves the inequality. On the
other hand, if a given CLF does not satisfy such extra property, it is not a RCLF because
a suitable function «, does not exist. However, given a CLF not satisfying (1.50), it is
always possible to construct another CLF V satisfying it, and being therefore a RCLF,

see [36] fore more details.

1.3.3.2 RCLF implies robust stabilizability

In [36] several assumptions under which the existence of a robust control Lyapunov func-
tion for a system X implies its robust stabilizability, according to Definition 1.3.2.3, are
investigated. There are constraints to be imposed on control and uncertainty spaces U
and W, in terms of lower/upper semi-continuity and, in general, regularity. Another set
of conditions to be fulfilled concerns the structure of the vector field f, which determines
the dynamics of the system 3, and the structure of W. The first must be a map affine in
the control input, while the second should be independent of u, i.e. W(x,u,t) = W(z,t).
This second set of assumptions could be relaxed when the map f is jointly affine in u
and w: the condition on W changes in that it can be dependent on wu, in particular it
must be convex in u. Thus we can state the following sufficiency theorem, whose proof
is detailed in [36].

Theorem 1.3.3.4 (RCLF = robust stabilizability). Suppose a nonlinear uncertain sys-
tem ¥ satisfies some regularity assumptions on U and W, detailed in [36], plus the structural
conditions on f and W. If there exists a RCLF for ¥, then ¥ is robustly stabilizable. If,

furthermore, ¢, = 0, then ¥ is practically-robustly stabilizable. Moreover, if ¥ and V are
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time-invariant, then the robustly stabilizing admissible control can always be chosen to be time-

invariant. &

1.3.3.3 Small control property

Finally, defining a suitable small control property for nonlinear uncertain systems like
3, it is possible to relate the existence of a robust control Lyapunov function to the
robust asymptotic stabilizability of the system considered. Fore more details about the
extension of such a property to the framework of nonlinear uncertain systems, the reader
is again referred to [36]. Substantially, the existence of a robust control Lyapunov func-
tion V' which satisfies the small control property, together with all the other conditions
briefly presented above, implies robust asymptotic stabilizability of ¥. Also, if ¥ and V
are time-invariant, then the robustly stabilizing admissible control can always be chosen

to be time-invariant.

1.3.3.4 Robust stabilizability implies RCLF

The necessity theorem about robust control Lyapunov functions applies to systems of

the form
&= F(x,d) (1.51)

where F' is locally Lipschitz and d(t) is an Lo, exogenous input assuming values in a
nonempty compact convex subset D of a finite-dimensional Euclidean space. First, we

state the following converse theorem.

Theorem 1.3.3.5. Suppose there exists a class IKCL function [ such that, for every initial con-
dition (xo,tp) € X x R and every Lo exogenous input d(t) taking values in D, the solution x(t)
of (1.51) exists for all t > to and satisfies ||z(t)|| < B(||xoll,t — to) for all t > ty. Then, there
exist time-invariant functions V€ V(X) and o, € P(X) such that

sup (LpV (z,d) + ap(z)) <0 (1.52)
deD

for allx € X. &
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This converse theorem is useful in showing that, at least in the locally Lipschitz case,
the existence of a RCLF is necessary for robust stabilizability. At the same time, we
present the result for robust asymptotic stabilizability, showing the necessity of the small

control property. Again, for the proof the reader is referred to [36].

Theorem 1.3.3.6 (Robust stabilizability = RCLF). Let ¥ be a time-invariant uncer-
tain nonlinear system with generating function f locally Lipschitz. Let the disturbance admis-
sible space W be locally Lipschitz too, with nonempty compact convex values. If 3 is robustly
asymptotically stabilizable via locally Lipschitz time-invariant state-feedback, then there exists a

time-invariant RCLF for ¥ satisfying the small control property. &




Chapter 2

Structure of an uncertain

nonlinear system

Robust nonlinear control, as already stated, takes into account stabilization problems
of systems whose dynamics is not completely known. A really important role in this
framework is played by the representation used for the uncertain parts of the dynamics,
more briefly the uncertainty. In this section, we define with more details what does the

7

term “uncertainty” means in the present setting and how uncertainties can be classified.
The most important assumption needed in this context is the possibility to define a
deterministic model of the uncertainty, exploiting it in the subsequent robust nonlinear
design. In particular, only the knowledge of the bounds of these models will be required
to obtain the desired control law. Moreover, we refine the representation of nonlinear
uncertain system and illustrate some of its structural properties. We specialize the class
of systems considered into that of input-affine nonlinear uncertain systems and we give
examples of unstabilizable uncertain systems, highlighting the most common sources of
instability which uncertainty can bring. Next, we introduce the fundamental notion of
matching conditions together with the corresponding relaxed version, that of generalized
matching conditions. Both these conditions set some constraints on system structure
which are strictly related to robust stabilizability. In the final part of the chapter,
we propose a deterministic model of the uncertain terms exploiting the concepts of A-
operator and deviation function. As a result, we establish some rules to evaluate the

complex uncertain terms and a novel systematic method to propagate them into system

dynamics.

33
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2.1 Uncertainty representation

Uncertainty represents a part of a physical system that cannot be easily modeled or
precisely known. This means that the model of the system is only partially known. In
the sequel, we will assume that system dynamics can be divided in a nominal, perfectly
known, part and in an uncertain, only partially known, part. Uncertainty is not com-
pletely unknown, because the designer can count on the information about its bounds,
assumed to be known. Note that the use of a partially known model to describe a physi-
cal system not only reflects the reality, but also makes it possible for us to study the way
of designing controls that compensate for the unknowns and achieve better performance
in modern sophisticated systems, like those in the aerospace domain. Recall that the
approach described in this work is totally deterministic, and so are the models and the

uncertainties considered.

Typical uncertainties in deterministic models of physical systems include, but are not
limited to, constant or time-varying parameters of the system, unmodeled dynamics,
modeling errors, unknown inputs such as disturbances, measurement noise, environmen-
tal perturbations of various nature, sampling, quantization noise, etc. In this work we
are going to describe uncertainties as a “lumped”, thus extremely synthetic and practi-
cal, description of all the phenomena that are not depicted in the nominal system model.

Below, we follow in part the classification made by Z. Qu in [106].

There are different ways of classifying the uncertainties, for instance according to:

functional dependence and structure;

relationship to the control input;

size of the bounding functions;

continuity and other regularity assumptions;

location in system equations.

A first notable distinction to make is between dynamic (with memory) uncertainties and

static (memoryless) uncertainties.

1. Dynamic uncertainties, also called unmodeled dynamics, are quite difficult to
consider in control design, so they are usually neglected due to their high-frequency
response. Sometimes, their effect on system dynamics is studied using approxima-
tions or asymptotic methods like singular perturbations, center manifold theory

or more practical time-scales separation arguments. If neglected, these uncertain
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terms may lead to instability of the closed-loop system. They are due to a lack of
dynamic description of the model used for control design, often highly simplified
to make the design phase easier. A remarkable example of unmodeled dynamics
is the high-frequency actuator dynamics of an air-to-air missile, one of the case-
studies analyzed in the following. Also the equations of the flexible modes in a

spacecraft with appendages can be considered unmodeled dynamics.

2. Static uncertainties can be taken into account more easily in control design,
nonetheless they still represent a danger for stability. Usually, they are para-
metric uncertainties, modeling errors or disturbances. Typical examples of static
uncertainties, that may be time-varying, state, and control dependent, are the
aerodynamic forces and moments in the missile equations of motion. Another no-
table example is the parametric uncertainty in the inertia moments of a flexible

spacecraft, as in one of the application studies made in this work.

Another very important distinction emerges between unstructured and structured un-

certainties.

1. Unstructured uncertainties are those that are bounded by a function of the
state and time in some norm and can assume any arbitrary value or function within
the size of the given bounding function. There is no additional information upon

the uncertainty structure, only that of its bounding function.

2. Structured uncertainties are those for which some information in addition to
their bounding functions is available. This information is related to the functional

structure of the uncertainty itself.

Consider a deterministic time-domain uncertainty A(x,t), for instance a scalar function,
such that:
Az, 8)] < |lz| (2.1)

where x € R". Without any information about A(z,?) other than its bounding function
||z||, the uncertainty is said to be unstructured. This particular uncertainty A(z,t) is
also called sector-bounded as its bounding function is linear with respect to the norm
of the state. Uncertainty A(z,t) is said to be structured if its functional dependence
on the state and time can be described to some extent. The most common type of
structured uncertainties is the class of so-called parametrizable uncertainties, that is,
uncertainties that can be characterized through a certain, more or less defined, func-
tional expression. If the function is known except for a finite number of unknown,

possibly time-varying, parameters, the uncertainty is called linearly parametrizable. An
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example of linearly parametrizable uncertainty is A(z,t) = a” (t)z, where a(t), with
lla(t)]] < 1, is a vector of unknown time-varying or constant parameters. If otherwise,
for instance, A(z,t) = b” (x,t)x where ||b(x,t)|| < 1, the uncertainty is said to be non-
linearly parametrizable. It should be noted that several levels of information may be
obtained for uncertainties, particularly for structured ones. As an example, consider
again the structured uncertainty A(z,t) = b (z,t)z with ||b(z,t)| < 1. Once the non-
linear parametrization is given, we can continue to specify if the uncertain vector b(x, t)
is structured. For vector uncertainty b(x,t) to be structured, the expressions of its

uncertain elements are important. If

b(z,t) = c(z,t) (2.2)

L+ [
with [|c(x,t)|| < 2, the same question of being structured or not can be raised again
for the vector c(x,t). This process of exploring uncertainty information stops when
all physical understandings of the system are exhausted. At the end the uncertainties

should be either unstructured or linearly parametrized.

Given a bounding function, the unstructured uncertainties entailed by it constitute a set
of infinite elements. Obviously, structured uncertainties are special, deterministic, real-
izations of unstructured uncertainties bounded by the same bounding function. Hence,
treating structured uncertainty as unstructured inevitably enlarges the set of admissible
elements and in turn makes analysis and control design conservative. It will be shown
in some examples that the location of the uncertainties in system dynamics and their
nature may determine whether the uncertain system is stabilizable, and that exploiting
such structural information is a crucial point in control synthesis. Nevertheless, available
analysis techniques and control design procedures are not capable of taking into account
every piece of information known about uncertainties. As a result, uncertainties being
unstructured at a certain level are often much easier to be handled in analysis and con-
trol design than structured uncertainties. It is in these cases that a conservative result
may have to be concluded. There is clearly a compromise to deal with concerning the

complexity of the design and its conservatism.

Once defined in an accurate way the concept of uncertainty, we are now ready to present

the general problem of robust nonlinear control.

Definition 2.1.0.7 (Robust nonlinear control problem). The problem of controlling non-
linear uncertain systems, also referred to as the robust nonlinear control problem, is to

design a fixed (i.e. uncertainty independent) controller which guarantees design requirements in
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the presence of significant uncertainties bounded in size by either some constant or some well-
defined functions of the state and time. If it exists, such a stabilizing control is called robust
nonlinear control, and must be suited to achieve stability and a desired level of performance

for the closed-loop system. &

The adjective “robust” is used to reflect the fact that the specific property holds for all
possible uncertainties within their bounds (or bounding functions). The other two key
phrases in the above definition are “significant” and “bounded in size”. Insignificant
uncertainties need not be considered since all stable feedback control systems possess a
certain level of robustness against small perturbations. Moreover, the boundedness of
uncertainties is a compulsory requirement for the success of nonlinear robust control syn-
thesis. Note that, however, robust nonlinear control laws can be designed merely know-
ing the existence of some bounds or bounding functions of the uncertainties, without
requiring the knowledge of the bounds amplitude itself, but with compulsory limitations
on the performance of the control system. This happens to be the case, for instance, of
the famous redesign technique called nonlinear damping presented in [62]. Therefore,
the superiority of robust control and its difference from other design methodologies are
due to the fact that uncertainties are only required to be bounded. In fact, in compar-
ison, classical adaptive control and learning control can be used to handle only those
systems with linearly parametrized uncertainties. For systems with both unstructured
and parametrizable uncertainties, a combination of robust and adaptive control can have

success.

Basically, the design phase of robust nonlinear control consists of three steps:

e Study the nominal system (in which system uncertainties are assumed to be zero)

and design a stabilizing nominal control.
e Find a Lyapunov function for the uncertain system.

e Develop a robust controller through a Lyapunov argument in which enlargement

and size domination will be employed.

Robust control design is usually based on a nominal control design for the nominal
system, since the presence of uncertainties complicates the synthesis and because robust
control reduces to the nominal as the size of uncertainties becomes zero. There are
two additional reasons why a nominal design is required. First, stability analysis of

uncertain systems is always done with respect to the equilibrium point of the nominal
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system. Second, the Lyapunov function for the uncertain system, at least in solving the
easiest problems, can be chosen to be that of the nominal system. Nominal control design
and robust control design may be combined together to achieve stabilization. In some
cases, it is easier to neglect some known dynamics to develop a simpler nominal control
and treat them as uncertainties to handle in the following robust control synthesis. The
enlargement process consists in exploiting the knowledge of the bounds to develop the
Lyapunov derivative inequality, enlarging the uncertainties to their known maximum
possible sizes. This implies that a robust nonlinear control design is, in essence, a
worst-case design. Size domination, finally, means that the control law developed makes
the Lyapunov derivative satisfy the dissipation inequality by dominating in size all the
uncertain terms in it. For further conceptual considerations about the philosophy of

nonlinear robust control, the reader could refer to [106].

2.2 Input-affine nonlinear uncertain systems

The generic state-space representation of a nonautonomous uncertain nonlinear system
was already given as (1.38). However, it is very difficult to develop a robust nonlinear
controller for a system with such a highly-nonlinear structure. Therefore, we are going
to take into account for the rest of the work the input-affine version of (1.38), because
the control techniques that we will present need this structure to be properly applied.

More in detail, we consider systems of the form

& =a(x,w,t)+ Bz, w,t)u (2.3a)
= f(z,t) + Af(z,w,t) + Gz, t)u + AG(x,w, t)u (2.3b)

where z € X C R" is the state vector, u € U C RP is the control inputs vector, ¢ € Rar is
the time, and w € W C R® is the vector of time-varying uncertain variables. In (2.3a),
w is simply a lumped description of all the uncertainty of the system. The second
representation (2.3b) is a structured version of (2.3a). As a matter of fact, f and G
are the known, nominal, parts of a and B respectively, while Af and AG represent
their uncertain components. Thus, the representation (2.3b) emphasizes a structural

separation between the nominal dynamics and the uncertain one.

To guarantee existence and uniqueness of the solutions of (2.3), some regularity assump-
tions on system equations are needed. A nalf assumption could be restricting the vector
field a + Bu to be sufficiently smooth. However, this could be too restrictive and could
cause a lack in the representation power of (2.3). As a consequence, we employ the

following two assumptions [106], which are indeed less restrictive.
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Assumption 2.2.0.8. In the nonlinear uncertain system (2.3), the vector field a + Bu

is Carathéodory, and the uncertain vector w is Lebesgue measurable. &

Assumption 2.2.0.9. In the nonlinear uncertain system (2.3), the vector field a + Bu

is locally uniformly bounded. &

If we make the extra assumption of a state-dependent, time-varying, vector of uncer-

tainties w(x,t), we can further simplify (2.3a) and (2.3b) into:
= f(x,t) + Af(z,t) + Gz, t)u + AG(z, t)u (2.4)
which is the representation used throughout the rest of the work to construct a robust

nonlinear controller.

2.2.1 Examples of unstabilizable uncertain systems

Although it would be ideal if robust control could be designed to stabilize all uncertain
systems in the fully nonlinear form (1.38), the following examples show that this is too

hard to even conceive, since not all the uncertain systems are stabilizable [106].

Example 2.2.1.1 (Structural change). Consider the second-order system:

1 = x9 + A(w1, 22)

(2.5)
j]g =U
in which the uncertainty A(-,-) is bounded as follows
|A(21,29)| < 24 27 + 23 (2.6)

One can easily see that the system is not stabilizable since one possibility of additive
uncertainty within the given bounding function is —x9 4+ x1. Physically, the system
becomes unstabilizable since uncertainty can change its structure in a critical manner.
Note that, as a matter of fact, part of system dynamics becomes unstable and, also,
decoupled from the rest of the system and from the control input. As will be shown
later, such an uncertainty causing the loss of controllability belongs to the class of so-

called unmatched uncertainties. &

Example 2.2.1.2 (Unknown control direction). Consider the scalar system

t=x+ 1+ A(z))u (2.7)
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where uncertainty is bounded as |A(z)] < C for some C' > 1. The system is not
stabilizable since A(x) could be —1, and so the system is not subject to any control and
is simply unstable. The uncertain term may also be such that the whole sum 1+ A(z) is
uncertain because of C' > 1, and therefore any control introduced may have an adverse
effect on stability, since it may cause the state to grow out of bound more quickly. In
these cases, keeping the control input at zero is the best choice, and the system would

be unstabilizable if any control is needed. &

Example 2.2.1.3 (Unidirectional control). Consider the scalar system
i = Ax)x + u? (2.8)

where uncertainty is bounded as 0 < A(z) < 1. The system is not stabilizable since, no
matter what choice is made for u, the control action in & is always unidirectional (pos-
itive). In fact, any scalar uncertain system is not stabilizable if the designer cannot make
& be both positive and negative upon his choice through selecting in appropriate way u

(specifically, through choosing robust control to dominate all possible uncertainties). <

Although the dynamics of the above examples are quite simple, they furnish intuitive
explanations of what may lead uncertain systems to be unstabilizable. In particular, we

may distinguish two categories of issues:

1. Loss of controllability, due to either the combination of a broken input-output
chain and unstable dynamics, as in example 2.2.1.1, or the presence of both feed-

back and feedforward paths.

2. Unknown or unidirectional control contribution to the differential equations,

as in examples 2.2.1.2 and 2.2.1.3.

The ultimate objective of robust control theory and design of nonlinear uncertain systems

is twofold.

1. First, if necessary, determine the least requirements, called structural conditions,
on the system (2.3) such that it can be stabilized or, in general, controlled. This

is done in the two sections below.

2. Second, find procedures under which robust control w can be systematically de-
signed. The key issue in the design is the search for robust control Lyapunov func-
tions and their associated robust controllers, which may be different for achieving
different types and levels of performances. This is done in the final sections of this

part of the work.
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2.2.2 Matching conditions

To find a suitable robust control for (2.4), we need to analyze further the structure of the
representation in terms of the uncertainties. The main structural property characterizing
the uncertain terms in (2.4) is the matching condition, under which the dynamics assume
the form:

&= f(z,t) + Gz, t) [u + Az, u, t)] (2.9)

As before, the vector fields f and G represent the known functions of the nominal system
model, while A(z,u,t) is an unknown function which lumps together various structured
and unstructured uncertainties. Note that the uncertainty A(z,u,t) enters the system
in the same channel of the control input u. This property is recognized by the fact that

A(z,u,t) is multiplied by the same matrix function G as the control input.

Let us define more precisely the matching conditions for systems of the form (2.4) as

follows.

Definition 2.2.2.1 (Matching conditions). Consider an input-affine uncertain system of the

form

&= f(z,t) + Af(z,t) + Gz, t)u + AG(z, t)u (2.10)

with all the properties of (2.4). The above system is said to satisfy the matching conditions if

the uncertain terms can be factorized as follows:

Af(z,t) = Gz, ) Af (x,t)

(2.11)
AG(x,t) = G(x, t) AG' (x,t)
and if there exists a positive constant € such that
|AG (z,t)]| <1 —¢ (2.12)
The uncertainties satisfying the matching conditions are called matched uncertainties. &

According to Definition 2.2.2.1, the matched uncertainties act “along” the distribution
spanned by G(x,t), whereas unmatched uncertainties are off-the-distribution compo-
nents. Roughly speaking, matched uncertainties represent variations of the intensity in
the direction of the control action, while unmatched uncertainties act on directions on

which there is no apparent control authority.
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To illustrate the rationale for the inequality condition (2.12), let us rewrite system (2.4),

assuming satisfied conditions (2.12), as follows
= f(z,t) + G(z,1) [Af/(x,t) +(1+ AG"(J;,t))u] (2.13)

Recalling some basic notions about necessary conditions for output controllability, we
observe that if the bounds of the uncertain term multiplying the control are allowed to
be greater than unity:

|AG (z,1)]| > 1 (2.14)

then the control direction cannot be determined, thus any control input may cause the
system to grow unstable. Furthermore, if the uncertain term multiplying the control
input is such that:

|AG! (z,t)|| =1 (2.15)

then a singularity occurs when AG’(z,t) = —1. In such a case, with no control authority,

stabilization cannot be achieved.

It can be seen for instance from the above example 2.2.1.2, that if the unknown functions
were replaced by known bounding functions satisfying the matching conditions, then one
could easily choose a control law to cancel their effects and stabilize the system. This
is the basic idea of the robust control design methodology called Lyapunov redesign,

presented later in Section 3.1.

2.2.3 Generalized matching conditions

A step forward in nonlinear robust control design is made by taking into account systems
which do not satisfy the matching conditions, i.e. systems containing the so-called
unmatched uncertainties, which do not enter the system dynamics in the input channel
as the matched ones. For this category of systems, very frequent in applications, recent
investigations of the concept of robust control design have been directed toward the
discovery of robust stabilizing controllers. Important results can be found in [108]. These
results were formulated by considering the idea of a stability margin of the stabilized
nominal system. Qu and Dorsey demonstrated that uncertain systems with arbitrarily
large unmatched uncertainty can be stabilized if the nominal system can be stabilized
with an arbitrarily large convergence rate (i.e. arbitrarily large stability margin). Qu,
in [103], proposed a robust control design for a relaxed set of conditions referred to as
equivalently matched uncertainties (or EMUs). The main concept for the EMU based
design is to take advantage of the non-uniqueness of the Lyapunov function candidates,

and demonstrates a set of conditions on the unmatched uncertainties that allows them
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to be handled in the Lyapunov argument as if they were matched. These results were
still fairly restrictive in scope, and limited in practical applications. After some results
for linear systems, the concept of generalized matching condition (or GMCs) was finally
introduced in an important paper of Qu [104]. In this paper, it was also proposed
a systematic robust control design procedure to guarantee global stability under the
GMCs.

The definition of generalized matching conditions is somewhat very technical and lies
outside the purpose of this work. The only conceptual question is in describing the

general structure of an uncertain nonlinear system which meets the GMCs, as follows:

1 = fi(z1,t) + Afi(zr,wi, t) + g1(x1, x2, w1, t)

j:i == fi(xla cee ,.’L'i,t) + Afi('rla ey Tg, w’Lvt) + gi(xlv ey Ti41, w’Lvt) (216)

Tm = (@1, Ty t) + Afin(T1, - oo Ty Wiy B) + g (X1, -+« Ty Uy Wiy, T)

where col(x; ...x,,) is the state vector of the system, which is decomposed into state

sub-vectors x; € R™, ¢ =1,..., m. Clearly, one must have
n+ng+...+n,=n (2.17)

with n dimension of the state space. The vector u € R™»+1 contains the control inputs
of the subsystems. The variables w; = 1,...,m, represent the uncertain time-varying
parameters, and their domain is a prescribed compact set of RP¢. The conditions that
(2.16) should fulfill to satisfy GMCs are fully presented in [106], to which the reader
should refer for a deeper understanding. The reader should only be acknowledged that
these conditions impose constraints on the dimensions of the subsystems, in a lower
triangular form fashion, on the factorization of the g; vector fields (that should also be

Lipschitz functions) and, of course, on the boundedness of the uncertain terms, namely:
||Afi(:l?1,...,l‘i,wi,t)|| §pi(l‘1,...,fl)¢,t), v (ZEl,...,ZEi,wi,t) (2.18)

Note that p; are known continuous functions that are uniformly bounded w.r.t. t, and

locally uniformly bounded w.r.t. x.

Moving ahead to a more general structure of system, we should consider the generic
class of uncertain systems which do not satisfy matching conditions, nor the generalized

matching conditions. Qu and Kaloust addressed this problem in [59] and developed a
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generic procedure for robust nonlinear control design of these systems. In the follow-
ing, we will consider separately the problem of stabilization of a system which meets
the matching conditions, using the approach named Lyapunov redesign, and the (more
difficult) one of stabilizing a system satisfying just the generalized matching conditions,
using the so-called robust backstepping approach. The fusion of these two methods re-
sults in a novel approach, which we call recursive Lyapunov redesign, whose aim is the
stabilization of systems with a more general structure, in which the matched uncertain-

ties may be control-dependent.

2.3 Uncertainty modeling

The first step in robust controller design for nonlinear systems is to model the uncertainty
which affects the nominal equations in terms of deviations from the nominal values of
system parameters. In this part of the work, we propose a novel approach to rapidly

evaluate the deterministic model of such uncertainty.

First, we need to assume that system (2.4) may be simplified as follows
i = f(x)+ ft) + Af(z,t) + G(x)u + G(t)u + AG(z, t)u (2.19)
so that we can consider the time-varying terms as part of the uncertain terms, namely

Af(z.t) = f(t) + Af(a,1)

_ . (2.20)
AG(z,t) = G(t) + AG(z, 1)

Thus, disregarding the ~ for simplicity of notation, system (2.19) can be written in the
following form:
&= f(x)+ Af(z,t) + [G(z) + AG(z,t)] u. (2.21)

Note that f(x) and G(z) are completely known vector and matrix functions. As a

consequence, we can further define

fact(xvt) = fnom(x) + Af(x,t)
Gact(2,t) = Gpom(x) + AG(x, 1)

(2.22)

where clearly from(z) = f(x) and Gpom(z) = G(x) are the nominal values of the func-
tions, perfectly known, while with f,.t and Gt we denote the actual, true, values that
the vector function f and the matrix function G assume at time t. The gap between the
real and the nominal values is embedded into the uncertainty functions Af and AG,

which are time-varying, deterministic perturbations of the nominal values of system’s
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vector and matrix functions. The first thing to do to define these uncertainty functions
is to define the scalar A operator, which applies point-wisely to the nominal compo-
nents of system’s vectors and matrices giving, one by one, the components of the vector

uncertainty functions.

Definition 2.3.0.1. [A-operator and deviation function] The A-operator, when applied to
the nominal value of a function f depending on uncertain parameters, gives a measure of the
gap between that value and its actual one. The way the A operator perturbs a nominal value
really depends on the design purposes and on modeling necessities. The straightforward choice

we make is that of using what we call deviation function o(t), such that

Af = U(t)fnom (223)

where o(t) has the form
o(t) = ksin(wt)e?! (2.24)

Its amplitude k represents the amount of uncertainty which perturbs the nominal value of the
function to which o(t) is applied. We let it be a constant value, but in fact it could be allowed to
depend on time. The frequency w describes the speed of variation of the actual function’s value
around the nominal one. The constant p, less or equal than zero, defines if the perturbation is
transient or permanent: throughout the study we will put this equal to zero, considering only

persistent uncertainties. &

By definition, the A-operator acts on known values like the derivative operator acts on
constant values. When a parameter p or a function is considered known, its nominal

value coincides with the actual one, and the A operator gives zero as result, namely:

A(pnorn) =0 (2.25)

Nevertheless, its real purpose is acting as a perturbation operator when applied to an
unknown parameter. In this simple case it returns the product of the deviation function

with the nominal value of the parameter.
A(p) = Up(t) * Pnom = Ap (226)

When A is applied to a generic function f depending on an uncertain vector of param-

eters p, it takes the general form

A(f(vp)) :Af('apnom70p17'--,UpN) (227)
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with a different deviation function oy, for each parameter in p.

In the sequel, with in mind our case study, we characterize the structure of Af when
applied to functions with polynomial dependence on the uncertain parameters. These
functions depend also on known parameters a; and show an affine dependency on them.

We start by considering the case of a single uncertain parameter z:
f=a2"+a,12" 4+ a1z + ag (2.28)
The application of the A operator preserves the affinity:
A(f) = a, A" + a1 AT + -+ a1 A2) (2.29)

In a way similar to the derivative operator, A acts on the polynomial uncertain term z"

in this way:

A=Az 2---2) = (A2)" +r2" 1Az + MZT_Q(AZ)Q

2
r!

r—i 7 r—1

(2.30)

that means that it is distributed across the polynomial according to the rule of simple
combinations without repetitions. At each application of A we need to group i dis-
tinct elements into a subset, and the number of these subsets is given by the Newton
coefficient. This procedure is of direct derivation from the Leibniz rule for the differen-
tiation of a product, with the notable difference that multiple A-products are allowed,
since we are dealing with finite values and not infinitesimal ones. Keeping in mind that
Az = A(z) = o(t)z! and consequently grouping powers of z, we obtain:
r(r—1) o

A(Z")=0d"(t)z" +ro(t)z" + — 0 (t)z"
r!

% r r—1_r

(2.31)

Or in a more compact form, re-ordering and post-multiplying by 2":

A(2") = (Z Z,!(:iz_)!ai(t)> 2 (2.32)

i=1

'For simplicity, in the following we omit the subscript nom, since it is clearly the nominal value of the
parameter z the one we refer to when applying the deviation function.
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Applying repeatedly the same arguments on every power of z in f we obtain:

T

Af) = a (Z Mﬁ(ﬁ) o

=1

r—1
+ar_1 (Z Ma%t)) S 4ao(t)z

=1

(2.33)

Since we use simple combinations without repetitions, the whole calculus developed is
valid also for polynomial functions of r different parameters zi,zs,...,2.. Thus the

following proposition holds.

Proposition 2.3.0.2. Let fuom be the nominal value of a scalar function depending on known

terms ap,Qr_1,...,a1,aq and unknown terms whose nominal values are 21,22, ..., 2.
from=ar- (21 22 2z)+ar_1-(21 22 20—1)+ ... +a1-21 +ag (2.34)

The application of the A operator with the associated deviation function o(t) results in:

+ar—1 (Z il rr_ill_ ’L (t)> fr—l +... (235)

where f. =z - 29+ 2p, fro1 =21 22 20_1 and so on until f1 = z1. &

Proof. The A operator applies to the sets of r parameters z of f,. by constituting subsets

using simple combinations without repetitions, more in detail:
e 1-subset the first subset is only one and given by the simultaneous application of
A to all the r parameters, i.e. set; = Az1Azy -+ Az,

e r-subsets There are two subsets composed by r elements, the first given by the

application of A to the single elements, one-by-one, and the second given by the
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application of A to r — 1 groups of elements, both r times:

first r — subset :

Azi(zoz3 - 2zp) + Aza(z123 - 2p) + ...+ Azp (2122 2p21)

second 1 — subset : (2.36)
(Az1Azg - Azp1)zp + (Azy - - Azp9Azp)2zp 1

+ .o+ (AzAzz - Az )z

e Going on with the analysis, we find other two subsets composed by @

obtained through the application of A to 2 and r — 2 elements at once.

elements

e The iterative perturbation process goes on, using always simple combinations to
form the remaining couples of subsets, each of them formed by the same number

of elements given by the Newton coefficient.

The associative property of the deviation function allow for the simplification, so we

obtain:

A(fy) =0"(t)(z122- - 2r) +ro(t) (2122 - 2r)

+ D2z 4
+ ’L'!(’r'rii)!o-i(t)(2122 .- 'Zr) —+ ... +7"0'T_1(t)(2’12,’2 .. 'Z'r')

. 7! i
- <Z; ir—in” (t)> Jr

1=

(2.37)

This procedure clearly still holds for all the other terms of the polynomial, from f,._; to
f1- The linearity of the A operator then yields (2.35). O

In the following, we will need to evaluate the uncertain envelopes of quotients between

uncertain parameters. With this aim, it is possible to establish the following result.

Proposition 2.3.0.3. Let fuom be a function expressed by the quotient of two uncertain param-

eters, whose nominal values are z1 and zo, multiplied by a known value a

from =a- 2 (2.38)

22

The application of the A operator results in the following uncertain envelope:

(t) — o2(t)

— 91
Afnom - fnom 1 + O’2(t) (2.39)

where o1 and oo are the deviation functions associated to, respectively, z1 and zs. &
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Proof. By definition, we have:
1
1 = afnomZQ (240)

the linearity-in-the-known-terms of A yields:
1
A1z = a (AfnomA222 + AfnomZZ + fnomA222) (241)

With A; we underline that we are applying to the parameter z; the deviation function

0;(t). Grouping and rearranging equation (2.41) we obtain:

aliz) — fnomA2Z2
Aogzo + 29

A foom = (2.42)

Finally, substituting into the right member the expression of fon in terms of the other
parameters and using the deviation functions o and o3, we obtain:
Z1 Jl(t) — O'Q(t)

Afnom - CLZQ 0_2(t) 1

Jl(t) — O'Q(t)

oa(t) + 1 (243)

= fnom

which is exactly (2.39), q.e.d. O

We are going to massively use these results in missile autopilot design, where the complex
structure of the aerodynamics parameters requires simplified procedures to evaluate the

uncertain envelopes.



Chapter 3

Robust nonlinear control design

In this chapter we establish the main results of the work. We begin by recalling the
Lyapunov redesign technique and introducing a revisited version of it, exploiting suit-
able differentiable sigmoid functions, the robust control functions, in order to avoid the
problem of chattering in the implementation phase. Next, we recall the robust back-
stepping technique, and finally we present our main result, consisting of the fusion of
the two approaches, the technique called recursive Lyapunov redesign. This technique
allows to compensate also control-dependent uncertainties, which are common in certain
nonlinear aerospace dynamics, like tail-controlled missile dynamics. In the last part of
the chapter, we recall the stabilization technique of Immersion & Invariance as a tool
of robustification of nonlinear control laws with respect to higher-order dynamics. We
propose a solution in the case of a particular class of systems in feedback form using one

step of backstepping and a nonlinear domination argument.

3.1 Lyapunov redesign revisited

To handle matched uncertainties it is possible to use a classical technique presented
in [62], the Lyapunov redesign. This method is of sure effectiveness, but leads to a
discontinuous control law. We propose here a revisited version of this method that
yields a C'! (continuous with its first derivative) control law. The procedure applies to

systems which satisfy the matching condition, namely:
j;‘:f($,t)+G(.’E,t) [U+A(Iau7t)] (31)

where x € R™ and u € R™. Note that A is an unknown function lumping together various

structured and unstructured uncertainties and satisfying the matching condition, since

50
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it lies in the span of the control input. Suppose that the nominal system
&= fx,t) + Gz, t)(x, 1)

is stabilized by a known nominal! feedback control law (for instance, feedback lineariza-
tion or backstepping) u = ¥ (x,t). Such state feedback renders the nominal closed-loop
system

&= f(z,t) + Gz, t)(x, 1) (3.2)

uniformly globally asymptotically stable (UGAS). Suppose further that we know a Lya-
punov function for (3.2), i.e. a continuously differentiable function V' (z,t) that satisfies

the inequalities:

ar([lz])) < V(z,t) < ax(llz]) 53
ov. oV :
- 4 <
o S () + G, (2, 0)] < (2]
where a1, ag are class Ko functions, while ag is a class K function. Assume that, with

u = 1 (x,t) + v, the uncertain term satisfies the inequality:
JAG, (@, t) + 0,0 < plet) +Rollell,  0< ko<1 (3.4)

where p is a non-negative continuous function. The above inequality defines the bound-
ing function of the uncertain term A, and it is the only information we need to know
about it. The bounding function p represents a measure of the maximum size the uncer-
tainty may assume: we will not require it to be small, only to be known. We want to find
an expression for v such that, under the overall control v = ¥(x,t) + v, the uncertain

system (3.1) is UGAS. The uncertain closed-loop system under the feedback w is:
&= f(z,t) + Gz, t)Y(x,t) + G(z,t) [v+ Az, Y(z, t) + v, 1)]. (3.5)

We exploit the same Lyapunov function of the nominal system (from this re-use, the
name “re-design”) as a robust control Lyapunov function for the uncertain system. The
derivative along the motion takes the form (omitting for brevity the arguments of the

various functions):

.oV oV oV oV
V=T 0 (f e+ St ) < —as(lel) + QoG A). (36

'"Here and throughout the work we call “nominal” a control law which is designed using only the
perfectly known (nominal) parts of the dynamics.
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ov
Set w! = 8—G and rewrite the last inequality as:
x

V < —as(|lz])) + wlv + wTA. (3.7)

Note that, due to the matching conditions, the uncertain term A appears on the right-
hand side exactly at the same point where v appears. Consequently, it is possible to
choose v to cancel the (eventually destabilizing) effect of A on V. Exploiting inequality
(3.4), we obtain:

who +wl A < wlv + wl |A] < w”o + [lw]| [p(z, ) + ko [[o]l]. (3.8)

Taking

v=—n(z,t) (3.9)

]|

with 1 non-negative function, we obtain
who +wl A < —pllwl + p llw]| + kon [lw]] = =n(1 = ko) wl| + p[w]| . (3.10)

Choosing then

~—

n(z,t) > Pz 1

A1
~1—kg (3.11)

for all (z,t) € R™ x [0, 00) yields
wTo+wTA < —p ]|+ plw] =0. (3.12)

Hence under the nonlinear robust control (3.9), the derivative along the trajectories of

the uncertain closed-loop system (3.5) is negative definite, and so the feedback system
obtained is UGAS.

The control law (3.9) is clearly discontinuous in w = 0. This can bring serious im-
plementation issues, one for all the problem of chattering (see [62] for further details).

Notice that in the scalar case, (3.9) takes the simple form:
v=—n-(x,t)sign(w). (3.13)

Our revisited version of this control law is based on its approximation using a C' ap-
proximation of the signum function, so avoiding the problem of chattering. The function
employed is a sigmoid, dependent on a tracking error s, which we call robust control func-

tion, as stated by the following definition.
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Definition 3.1.0.4. [Robust (virtual) control function| A robust control function is a sig-
moid of the form

v(s, 04) = sign(s)(1 — e~y = sigm(s, o). (3.14)

Its structure emulates a discontinuous function, but it can also be used in a two-step recursive

procedure as virtual control input, since it has a continuous first derivative:

P _US|5|
55— 0s€ (3.12

Remark 3.1.0.5. The robust control function (3.14), which has the property of size-domination
of the uncertain terms, approximates better the signum function by increasing the value of the

sigmoid slope o5 (Fig. 3.1), namely:

lim sigm(s, o) = sign(s) (3.16)
O5—>00 <>
Sigmoidal function used in robust fictitious controls
1 T T
08— : —
0.6 —
04 —
= o2 g
P
L)
ool _
—
=
c
2 0.2~ —
7]
-0.4— -
-0.6[— —
— =5
—08— — 0=10
0=50
” i j i i i

FIGURE 3.1: Sigmoidal function represented for three different values of the slope.

Remark 3.1.0.6. Note that the second derivative of (3.14) with respect to s

—— = —o’sign(s)e" 7¢I (3.17)
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is not continuous anymore. This technical obstruction can be overcome for higher order systems,

by raising the sigmoidal function to odd powers. For instance:

sigmy (s, 05) = [sign(s)(1 —e~7=I*l) ’ (3.18)

is a continuous approximation of the signum function, which admits continuous first and second

derivatives with respect to s, hence it is suitable for a third-order system design. &

With this in mind, we can revisit the Lyapunov redesign control law as follows:
v = —n(z, t)sigm(w, o) = —n(z, t)sign(w)(1 — e, (3.19)

It must be underlined that, being (3.19) only an approximation of the discontinuous
stabilizing control law (3.13), the UGAS cannot be guaranteed anymore. However, due
to the fact that the approximation can be made arbitrarily precise by increasing the value
of o5, which indeed is a design parameter, we can conclude that a “practical” UGAS
can always be obtained using in a smart manner all the degrees of freedom of (3.19).
Therefore the residual regulation (or tracking) error in the steady-state can be made

arbitrarily small by increasing o, as will be shown in detail in the following sections.

3.2 Robust Backstepping

The recursive approach of backstepping can be used to construct a robust control Lya-
punov function for a nonlinear uncertain system which do not satisfy the matching
conditions. Such a modification of the nominal control law is called robust backstep-
ping and it was first introduced in [31]. The design procedure is based on the idea of
exploiting the virtual control input to compensate the unmatched uncertainties. For a
detailed discussion and explanation of the procedure in the general case, see [36]. Let
us illustrate the core-idea of robust backstepping design in the case of a simple second

order uncertain nonlinear system of the form

T1 = w9+ Az, t
1=o2+ Ao, ?) (3.20)
do = 1+ Ao(z, 1)
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Remark 3.2.0.7. System (3.20) is the feedback linearized version of the generic second order

system

i1 = fi(ar, o, t) + g1 (21, T2)u (3.21)

&g = folx1, x2,t) + go(z1, T2)u.

The uncertainties A (z,t) and As(x,t) represent the errors committed in the feedback cancella-
tion and inversion of the functions describing the system. Again, as done in 2.3, we assume that

the time-varying part of the drift functions can be embedded into the uncertain terms. &

Note that Afi(z,t) is an unmatched uncertainty. For system (3.20) to fulfill the gen-
eralized matching conditions, the uncertain terms should satisfy the following lower-

triangular inequalities

|A1(z,t)| < pr(z1)
|Az(2,t)| < pa(z1,22)

(3.22)

with p; and ps suitable bounding functions, allowed to grow faster than linear. For the

sake of simplicity, we assume p;1(0) = 0 and p2(0,0) = 0.

The procedure starts with the observation that A is not matched with w, but in fact
it is matched with xo. Thus we design a robust virtual control law ¢,(x1) to achieve

P-RUGAS of the x1 dynamics, using V = %x% as RCLF. The derivative along the motion
V =1 [pr(z1) + A1 (2, 8)] < 2100 (21) + |21]p1 (1) (3.23)

is made negative definite, for instance, by the choice
or(x1) = —x1 — sign(x1)p1(z1) (3.24)

Note that this choice is not practical in a recursive control design, since the derivative
of ¢, would not be defined in the origin. We propose, thus, a modified version using the

following choice for the robust virtual control function
or(x1) = —21 — sigm(x1,01)p1(x1) = —x1 — sign(xy) (1 - 6_01‘$1‘> p1(z1) (3.25)
With this choice, if 29 = ¢,(x1) we would obtain P-RUGAS of the x; dynamics, in fact

V < =22 + py(x)|z e < 2?2 4 py (o7 Do te ! (3.26)
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is negative whenever x1 > \/p1(oy 1)01_ le=1. This means that the z; solution converge
towards the set of radius {/p1(oy 1)01_ le=1  which can be made arbitrarily small by

increasing o1. In other words, we can conclude the P-RUGAS of the z; dynamics.

The backstepping procedure continues by defining the error ( = z2 — ¢,(x1) and the
corresponding RCLF for the whole system (3.20)

1 1 1
W=V + 3¢ =cai + 5 (22— 6r(a1))? (3.27)

which is non-quadratic in the state z. We compute the derivative along the motion,

obtaining
T ) aqsr
W=V+(z2—¢p(x1)) | u+ A2 — e (o + Ay)
! 5 (3.28)
< =22+ pi(o7 Do te ™ + (22 — ¢ (21)) (3:1 +u+ Ay — ax’” (z9 + A1)>
1

where, this time, u matches the composite uncertainty A,(x,t) = Aq(x,t)— gﬁ: (£)Aq(x,t),
for which a bounding function p, can be computed such that |A,| < p,(z). Choosing

then
99,

Soms = pol@)sigm(C,02) (329

u=— (2 — ¢p(r1)) — 21 —

yields
W < =i+ pi(o; oyt = ¢+ pioy te! (3.30)

with p,max the value of p, at ( = o5 ! Inequality (3.30) is equivalent to P-RUGAS of
the origin of (3.20), with residual set €2 defined by:

0= {(g;h ¢) eR?: \/aﬁ +¢2< \/pl(al_l)al_le_l + pglaXagle—l} : (3.31)

The results obtained can be extended to more general system structures, also in the case
of more than one control input [36, 86]. We may also assume a more general bounding
inequality for the unmatched uncertainty Aj, namely |Aj(z,t)| < p1(z) where p; is
allowed to depend also on x9. This modification leads to a slightly different Lyapunov

inequality in which the control input appears multiplied by the term <1 + gi;), since

the robust virtual control function ¢, is now a function of the full state, through the

bounding term p;, namely

Or(x1,29) = —21 — sigm(x1, 01)p1(x1, x2). (3.32)

We will discuss this modification with more detail later, when dealing with missile au-

topilot design.
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3.3 Recursive Lyapunov redesign

In this section we introduce a design method which combines robust backstepping and
Lyapunov redesign to deal with different kinds of uncertainties in the dynamics. We call
it recursive Lyapunov redesign, since it merges the recursion of backstepping with the
ability to deal with control-dependent uncertainties of Lyapunov redesign. Let us show

the core idea by extending system (3.20) in the following fashion:

1 = x9 + Al(l‘, t)
To = (1 + Ag(l‘,t)) u + AQ(IE,t)

(3.33)

where Ags(x,t) multiplies directly w and it is dangerous because it may alter control

direction. We need the following two assumptions before stating our result.

Assumption 3.3.0.8. We know a robust backstepping control law u, = ¥ (x) which

renders the system without As, namely

1= s+ Ay(z, 1)
j:Z - 1/1(53) + AQ(xat)

(3.34)

practically-robustly uniformly globally asymptotically stable. Such a control law ex-
ists, as shown in section 3.2, and depends on the bounding functions of A; and As.
Contextually, we know the corresponding robust control Lyapunov function W(z), as
determined in (3.27). &

Assumption 3.3.0.9. The uncertain term Ag, with the control law u = ¥ (z) + u,,

satisfies the inequality:
|As(z,t)(Y(x) + up)| < ps(x,t) + kolur|, 0<kyo<1 (3.35)

where p3 is a continuous and non-negative bounding function. &

Assumption 3.3.0.8 is essential for the design of the complete control law, while assump-
tion 3.3.0.9 is necessary for As not to alter control direction. In fact, inequality (3.35)

can be split in two as follows:

|As(2, t)(x)| < p3(a,t) (3.36)

where (3.37) ensures that control direction is not modified by the uncertain term. We

are now ready to establish our result in the following theorem.
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Theorem 3.3.0.10. Consider a system of the form (3.33), for which assumptions 3.3.0.8,
3.3.0.9 are satisfied. The control law

ur(x) = —n(z,t)sigm(w, o) (3.38)

with wT = g—z and n(z,t) non-negative function such that

t
ne,t) > 200 (3.39)
1— kg
renders the closed-loop system
T1 =29+ Aq(x,t
' 2 (1) (3.40)
iy = (14 As(z, 1) (¥ () + up(2)) + Aa(, 1)
practically-robustly uniformly globally asymptotically stable. &

Proof. From assumption 3.3.0.8 we know the RCLF W (z), hence we apply the Lyapunov

direct criterion on system (3.40), obtaining

W = Z—W (2 + Aq(z,t)) + g—W ((x) + Ag(x,t)) (3.41)
r1 €2
ZZ [ur(z) + As(z, 8) (Y (x) + ur(z))] (3.42)

Note that the first part of 1, namely (3.41), is bounded from above as in (3.30). For

the sake of simplicity, let us rename the residual term as follows

pr(oy Do te™ + pgy te™! = res(oy, 09) (3.43)

and simplify (3.41)-(3.42) into

W < —27 — (? +res(oy,09) + E)L/V

B ur(®) + Aa(z, 8)(¥(2) +ur(2))]. (3.44)
o

Using assumption 3.3.0.9, setting u,(z) as in (3.38) and w = g—g‘;, inequality (3.44) is

developed as follows

W < =22 — (% 4 res(o1, 02) + wu(z) + wps(x, ) + whou,(z)
< —22 — % 4 res(oy, 09) — wn(z, t)sigm(w, o,) + |w|ps(x,t) + wkon(z, t)sigm(w, o,
— 2 = (? + res(o1,02) — nlu] + 1resy (o) + [w]ps (@, £) + [wlkon + Koress (o)
(3.45)
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_16_1

- . Note that choosing n as in (3.39) reduces the expression to

where res,(0,) = o

W < —a?2 — (% 4 res(01, 09) + nres,(o,.) + konres, (o) (3.46)
< —a% — (% +res(o1, 09) + M res, (o) + kon™res, (o) .

max

where 7 is an opportune, constant, upper-bound. Inequality (3.46) is equivalent to

P-RUGAS of the origin of (3.40), with residual set €2, defined by:

Q, = {(ml, () e R?: \/x% +¢2 < y/res(oq, 02) + oy temlymax(1 + ko)} . (3.47)

which concludes the proof. O

In the following sections, we extend the proposed robust nonlinear stabilization proce-
dure of recursive Lyapunov redesign to more general system structures, not in lower-
triangular form and with more than one control input. First, we use it to stabilize the
attitude of a spacecraft with flexible appendages. Second, we develop a robust nonlinear
missile autopilot, simultaneously introducing a novel systematic calculus procedure for
the uncertain terms in aerodynamic forces and moments, which can be easily extended

to other mechanical systems.

3.4 Stabilization via Immersion & Invariance

The technique of Immersion & Invariance (I& I), first introduced in [6], is a tool for
the stabilization of nonlinear systems via state-feedback. The existence of a globally
asymptotically stable target dynamics into which the system to be controlled can be
“immersed” plus the invariance and attractivity of the corresponding manifold, together
with the boundedness of the trajectories of an extended system are sufficient conditions
for the GAS of a chosen equilibrium of the controlled system. The method is specifically
suitable for systems that admit a fast-slow dynamics decomposition, e.g. singularly
perturbed systems, systems in feedback form but also underactuated systems requiring
non-standard control solutions. I1&I can be regarded as a tool to robustify a given
nonlinear controller with respect to higher-order dynamics, exploiting at its best the
knowledge of such dynamics during the control design phase. Thus, this approach can

be considered, at least in part, “robust” nonlinear control.

Let us recall the continuous-time 1&I main result in the general case [5].
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Theorem 3.4.0.11. Consider the nonlinear system
&= f(x) + g(z)u (3.48)

with state x € R™, control input w € R™ and an equilibrium point x* € R™ to be stabilized.

Suppose that (3.48) satisfies the following four conditions.

Hlc (Target System) - There exist maps o(-) : RP — R? and w(-) : RP — R™ such that the sub-
system & = a(&) with state € € RP, p < n, has a (globally) asymptotically stable equilibrium
at & € R? and x* = 7(£*).

H2c¢ (Immersion condition) - For all £ € RP, there exist maps ¢(-) : R? = R™ and 7(-) : RP —

R™ such that
_ Orm

f(m(€)) + g(m(§)e(€) = €

(©a() (3.49)

H3c (Implicit manifold - M) - There exists a map ¢(-) : R™ — R"™P such that the identity
between sets {x € R"|¢(z) =0} = {z € R"|x = 7(§) for & € RP} holds.

Hjc (Manifold attractivity and trajectory boundedness) - There exists a map (-, -) : R**(=P)

R™ such that all the trajectories of the system, with initial condition zo = ¢(z0)

£ = 927(@) + gl (z, )] (3.50a)
b = (@) + ga(a, 2 (3.500)

are bounded and satisfy lim;_,o z(t) = 0.

Under these four conditions, x* is a (globally) asymptotically stable equilibrium of the closed-loop

system

&= f(x) + g(x)(x, o(x)) (3.51)

The following definition is straightforward.

Definition 3.4.0.12 (I&I Stabilizability). A nonlinear system of the form (3.48) is said to
be 161 stabilizable with target dynamics € = a(§), if it satisfies conditions Hlc to H4c of Theorem
3.4.0.11. ¢

Note that the target dynamics is the restriction of the closed-loop system to the manifold

M, implicitly defined in H3c. The control law u = ¢(x, z) is designed to steer to zero the
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off-the-manifold coordinate z and to guarantee the boundedness of system trajectories.
On the manifold, the control law is reduced to ¥ (w(£),0) = ¢(&), and it renders M
invariant according to H2c. The complete control law can thus be decomposed in two

parts:

u = b(@, 6(x)) = ¥(z,0) + ¥(, 6(x)) (3.52)

with 9 (m(£),0) = ¢(£) on the manifold and v (x,0) = 0. While (z,0) can be seen as a
nominal control law, designed on the model of the dynamics restricted on the manifold to
obtain a GAS target dynamics, the term 1&(:1:, ¢(x)) is a robustness-improving addendum
which takes into account the off-the-manifold behaviors. The overall control law provides

the I&I “robust” nonlinear stabilizer.

3.4.1 The class of systems under study

We consider the following special class of nonlinear system

&1 = fi(z1,22)
&y = fo(xa, x3) (3.53)

i’3=u

where 1 € RP, x3,u € R, x5 is a dynamic extension of the x; dynamics, and 21 = 0
is a GAS equilibrium point of #; = fi(z1,0). For simplicity, in the sequel we will
assume r9 € R, hence n — p = 2. We assume also f1(0,0) = 0 and f smooth function,
f2(0,0) = 0.

Remark 3.4.1.1. System (3.53) “extends” the class of pure-feedback systems of the form

iy = f(x1,22) (3.54)

igzu

with the same dimensions and properties, except that n—p = 1. As shown in [6], conditions Hle,
H2c and H3c are trivially satisfied by (3.54), with target dynamics a(z1) = f1(21,0) : R? — RP
and reduced control ¢(z1) = 0. The attractivity and boundedness condition can be verified using

a weak control Lyapunov function with a stabilizing feedback of the form
u=—k(x1,z2)T2 (3.55)

with k(-,+) > 0 for any (z1, z2). O
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Note that system (3.53) satisfies the first three conditions for I&I stabilization. Hlc is
trivially fulfilled with target dynamics £ = (&) = f1(€,0). The maps

1 =m(§) =¢

v2\ (o (3.56)
opoe

with 71 : RP — RP, mp : RP — R? and so 7 : R? — R", are such that the immersion
condition H2¢ holds with the choice ¢(§) = 0. The implicit manifold condition H3c is

verified, with the following choice for the off-the-manifold coordinates

b(z) = (“"”2> — my(ny (1)) = <2> . (3.57)
xs3 z3

3.4.2 Control design

In the following, we investigate under which conditions (3.53) satisfies the attractivity

and boundedness requirements of H4c.
Assumption 3.4.2.1. We assume that system (3.53) can be written in the form

i1 = f1(21,0) + g1(21, 22) 72

Ty = fo(x2,0) + go(x2, 23)x3 (3.58)
.’i‘3 =Uu
with g1 and g2 smooth functions of proper dimensions. &
Assumption 3.4.2.2. We assume that, for system (3.58), ga(z2,x3) = 1. &

Note that assumption 3.4.2.1 is always verified if the vector-fields of (3.53) are smooth,
while assumption 3.4.2.2 is only made to simplify the control design procedure. It can
be replaced by the weaker requirement that go(z2,2z3) # 0 for all (ze,z3) in a domain

of interest. We are now ready to state the following result.

Theorem 3.4.2.3. Consider system (3.53) and suppose it satisfies assumptions 3.4.2.1 and
3.4.2.2. Then, it fulfills condition Hjc of theorem 3.4.0.11, i.e. it is 1691 stabilizable, with the
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control law

0 ok
U=—1=Tg — (82 + ki(z1, 2) + 6:1:;“) (3 + fa(x2,0))
ok

8.1‘1
— ko (23 + fa(x2,0) + k1(x1, 22)22)

(f1(z1,0) + g1(x1, 2)T2) T2 (3.59)

for suitable choices of ki(x1,x2), ke > 0. &

Proof. Since assumptions 3.4.2.1 and 3.4.2.2 are satisfied, let the dynamics

1 = fi(x1,0) + g1(x1, x2) 22
Ty = fa(z2,0) + 3 (3.60)

T3 = u.

The subsystem (x2, x3) is stabilizable by means of backstepping, so it is possible to

construct a feedback

Up = b(xg,xg) = —Z9 — <§£z + k1> (C — klxg) — kol (361)

with virtual error ( = x3 — 233 = 23 + f2(x2,0) + k129, and gains ki, ks > 0 such that

&y = fo(x2,0) + 3 (3.62)
&g = b(x2, x3)

has a GAS equilibrium in ¢(z) = (z2, 23)7 = (0, 0)7, thus ensuring manifold attractiv-
ity. In closed-loop with the backstepping controller and written in { coordinates, system
(3.60) takes the form

t1 = fi(21,0) + g1(w1, 2) 22
To = —kixo + C (363)

(= —m3 — ko
Recall that 1 = fi(21,0) has a GAS equilibrium in the origin, so for the Lyapunov

converse theorems there exists a positive definite function V' (z1) such that

oV
aTclfl(fUl,O) <0 (3.64)
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for all ||z1]| > M > 0. With this in mind, let us up-augment the backstepping Lyapunov
candidate, obtaining

W =V(x)+ % (25 + ¢?] (3.65)

whose derivative along the trajectories

1% av
W = a7f1(x1, 0) + a7g1(x1,x2)x2 — klx% — kzcz
alv ) ! (3.66)
S I B
1

can be made negative definite by allowing ki to be a function of x; and z9, using a
nonlinear domination argument. Redesigning the classical backstepping control law wuy

to accomplish this goal results in the final expression for the 1&I stabilizer

0 ok
U=—T9 — <f2 + kl(:cl,xg) + it} xg) (C — kl(:l,‘l, l‘z)xz)
8902 8932 (3 67)
ok ’
e L (fi(21,0) + g1 (1, 22)w2) @2 — kol
1

which, written in terms of state variables, coincides with (3.59). This control law ensures

the negativity of (3.66), for all ||z1] > M, with the choice

2

-
ki(z1,z0) > H g1 (21, 22)|]* > 0. (3.68)

&El

Thus (3.59) ensures manifold attractivity and boundedness of the trajectories of (3.53),

i.e. condition H4c, which concludes the proof. O

Note that the continuous-time controller designed is zero when ¢(z) = 0. The same
result holds in the case of x9 having more than one dimension. Moreover, we focus on
the single-input case, but extensions to vector inputs are straightforward and based on

the multi-input version of backstepping design.



Chapter 4

Attitude stabilization of a flexible

spacecraft

In this section we study the problem of robust attitude stabilization of a spacecraft with
flexible appendages. The kinematic model is made more effective by using the modified
Cayley-Rodrigues parameters for a global and non-redundant attitude representation.
The parametric uncertainty in the coupling matrix of the flexible dynamics propagates
unto the rigid dynamics and its destabilizing effects are counteracted using recursive
Lyapunov redesign. Stability of the kinematic-flexible sub-system under a linear control
law is demonstrated to simplify the subsequent recursive Lyapunov redesign. Application
of robust nonlinear control results in practical robust uniform global asymptotic stability
(P-RUGAS) of the closed loop system.

4.1 Dynamic model

The kinematic model used is based on the modified Cayley-Rodrigues parameters, which
provide a global and non-redundant parametrization of the attitude of a rigid body [126].
In the following, we denote by S(-) the three-dimensional skew-symmetric matrix, which

for a generic vector r € R? takes the form

0 r3 —T9
Str)=1-r3 0 n (4.1)
9 —T1 0

65
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Defining p € R? the modified Cayley-Rodrigues parameters vector and w € R? the

angular velocity in a body-fixed frame, the kinematic equations take the form

p=H(p)w (4.2)

where the matrix-valued function H : R? — R3*3 denotes the kinematic jacobian matrix

of the modified Cayley-Rodrigues parameters, given by

1

T
H(p) =5 (I — S(p) + pp" - 1+2pp]_> (4.3)

where I denotes the 3 x 3 identity matrix. The matrix H(p) satisfies the following
identity [127]

1+p"p
p H(p)w = <4 plw (4.4)
for all p,w € R3.

The flexible appendages of the satellite may be, for instance, solar arrays or antennas,

as in the case of the Mars FExpress Orbiter, depicted in Fig. 4.1.

FIGURE 4.1: Artist’s impression of the lander Beagle2 leaving the orbiter Mars Express
(courtesy of ESA) (©.

The dynamical model of the spacecraft with flexible appendages is built employing the

extended Euler laws, as done in [25]. Using the conservation of angular momentum, it

is possible to write the coupled rigid and flexible equations as follows:
Ji + NTij = S(w) [Jw + NTp] +u

(4.5)
i+ Cn+ Kn= N
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where u € R3 is the control torques vector and 7, ¥ € RM are the elastic coordinates,
with ¢ = 7, in the case of M flexible modes. The matrix N € RM*3 is the coupling

matrix between the attitude and the flexible motions, C' € RM*M

is the damping matrix
and K € RM*M ig the stiffness matrix. The inertia matrix, evaluated along the principal

axes, is diagonal:

Jr 0 0
J=|o0o g, 0 (4.6)
0 0 J,
The angular velocity equation can be written as
W= Jg" [G+N"(Cy+ Kn— CNw) + ul (4.7)

where Jeq = J 4+ NTN is the equivalent inertia matrix and G = S(w) [Jeqw + NT9] is
the gyroscopic term. Hence we obtain the overall dynamical model as follows:
W= Jg" [S(w) (Jeqw + NT9) + N* (Cy + Kn — CNw) + u]

n=1v%-Nw (4.8)
Y =—(Cy + Kn) + CNw

The coupling matrix is assumed to be unknown, while we assume to have good estimates
of the values of C' and K. Following the results in [83], we decompose N into its nominal

and its deterministic, uncertain, part, as follows:
N =N, + AN (4.9)

The uncertain matrix AN is given by the element-wise Hadamard product, identified
by the symbol o, of a matrix v/N, whose elements are measures of the percentage of
uncertainty v € [0, Vmax), with a matrix W, whose elements are sinusoidal functions of
time at the different frequencies w;;, representing the speed of variation of the actual

values of the elements of N, n;;, around their nominal values.

Unii rni9 vnis sin wllt sin wlgt sin w13t

AN = | : co o : : : —vNoW (4.10)
YNyl Ynape  VNags sinwyit sinwpsot  sinwysst

The elements of the matrix W are indeed the deviation functions introduced in 2.3. For

the sake of simplicity, but without any loss of generality, we consider the real number v

fixed for all the elements of N. We assume to know upper and lower bounds for AN,



Chapter 4. Attitude stabilization of a flexible spacecraft 68

namely

JAN], = /Amax(ANTAN) < py (4.11)

pniyt  pniz2 pPni3
AN, < [ : . | =Rwn (4.12)

PN P2 PIUM3

where pn;; > vn;;. For consistency of notation in the following calculations, we use two
different kind of norms: the first is the classical induced £ norm and the second is an

element-wise norm suitable when dealing with Hadamard products.

4.2 Control design

System dynamics can be put in strict-feedback form in order to apply the backstepping

stabilizing procedure. First, let us define the nominal system matrices as follows:

F= < 0 IM) B= <_N> (4.13)
K —-C CN

with Ips identity matrix of dimension M, and
n -1 n
Falw,m,9) = (J2) 7 [Sw) (Jogw + Nyv) + Ny (Co + Kn—CNyw)] - (4.14)

where NV, is the nominal value of the decoupling matrix and Jg;, the nominal value of the
equivalent inertia matrix, namely Jg, = J +NTN,,. Next, we define the uncertain terms

in the dynamics propagating the uncertainty of the coupling matrix AN, obtaining:
Af(w,n,¥) = AT [S(w) (AJegw + ANTY) + ANT (Cp + Kn— CANw)]  (4.15)
where the uncertain term
AJey = ANTN, + N'AN + ANTAN (4.16)
is such that Joq = JQI + AJey. Note that the term

€q

By = ()™ [ 8] () (a.17)
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1. The

kinematic and the dynamics of the flexible spacecraft can thus be written as follows:

comes from the direct application of the matrix inversion lemma to (JZ] + AJeq) B

p=H(pw (4.18)
(77 —F (") +Buw (4.19)

(& (&
G = Falw,m, ) + Af(@,m,0) + [(J) 7+ A | u (4.20)

Note that the matrix B still contains unmatched model uncertainties, but we will
highlight them later in the design. System (4.18)-(4.19)-(4.20) satisfies the general-
ized matching conditions, thus it is possible to apply the recursive Lyapunov redesign
procedure as one step of robust multi-input backstepping to compensate the unmatched
uncertainties AN and Af plus compensation of the matched uncertainty AJeq. We

assume to know suitable bounding functions for the uncertain terms, namely

[Af(w,n, D) < prlw,n,9) (4.21)

- 1
|As| <55 0<p<s (4.22)

where ||-||; stands for the matrix induced £; norm.

4.2.1 Robust backstepping

Backstepping design is based on the observation that the kinematics and the flexible
dynamics (4.18)-(4.19) can be stabilized by the virtual control law

wq = —kp (4.23)

with & € R™. First note that, as a matter of fact, the drift term in equation (4.19) is
globally exponentially stable, since the flexible dynamics is inherently damped. Thus,

there exists a unique, symmetric and positive definite, solution P of the equation

T
0 I 0 I
P(_K _C> + (_K _C> P=-2Q (4.24)

for each fixed matrix ), symmetric and positive definite. Suppose we know a solution
of the Lyapunov equation (4.24) and let us exploit identity (4.4) to show that, under
the virtual control input (4.23), the kinematic equations are also GES. The closed-loop

kinematic sub-system under virtual control becomes

p=—kH(p)p (4.25)
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Consider now the Lyapunov function

V(p)=p"p (4.26)

Using (4.4), the derivative of V along the trajectories of (4.25) is given by

) 14 pT k
V = —2kpT H(p)p = —2k (:””) o< =3V (4.27)

which yields global exponential stability with rate of decay k/2. It is then straightforward
to show that, under the same virtual control law (4.23), the whole kinematic plus flexible

sub-system is GES. The “virtual” closed-loop system takes the form

b= —kH(p)p (4.28)
(Z) —F (Z) + (_Zg}\) p. (4.29)
Define & = col(n, 1) and consider the Lyapunov function
W =V(p) + €T PE. (4.30)
Evaluating the derivative of W along the trajectories of (4.28)-(4.29), we obtain

F¢+ N
—kCN ’

W = —kp"H(p)p+2¢TP

k T T T kN
<= 26T PFe + 26T P
S 5P P28 PRE+2E (kCN>p (4.31)
koo
S D . <p> < () [[eol(p, )]
2kPB  2Q 3

R
where O3zxon 1S a block of zeros of dimension 3 x 2M, with M number of flexible modes.

Clearly, the matrix R € RGF2M)x(B+2M) )54 a]] positive eigenvalues, hence global expo-

nential stability of the kinematic plus flexible dynamics is established.

Remark 4.2.1.1. Note that the linear control law (4.23) achieves GES of (4.18)-(4.19) irre-
spective of the uncertain decoupling matrix N, thus for all the possible unmatched uncertainties
acting on the kinematic-flexible subsystem. However, since (4.23) is just a virtual control law,

we will have to deal with such unmatched terms in the actual robust backstepping design.
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A graphical interpretation of this result can be given by looking at (4.28)-(4.29) as the
cascade of two GES systems, the first nonlinear and the second linear, as shown in Fig.
4.2.

GLOBALLY EXPONENTIALLY STABLE CASCADE

NONLINEAR GES LINEAR GES

=kttt 2 ()oY ()]

FIGURE 4.2: The nonlinear GES kinematic sub-system cascaded with the linear GES
flexible sub-system yields a nonlinear GES cascade.

Linearity of the “sink” flexible sub-system implies the absence of finite-escape times, thus
avoiding peaking during the transient and ensuring the GES of the cascade. Note that,
if the second subsystem was nonlinear, we should have invoked the stronger property of

input-to-state stability to ensure at least the GAS of the cascade.

The backstepping approach takes advantage of this result by introducing the error co-
ordinate
(=w-—wg=w+kp (4.32)

and defining accordingly the mixed state-error system
p=H(p)[¢ —Fkpl
1 U
.| =F +B[(—k 4.33
(1) =r (1) + o (139
¢ = falw,m¥) + Af(w,n.0) + (J2) "~ u+kH(p) [ — kol

At this first step of the overall design, we disregard the matched uncertainty AJeq.

Since we already know a Lyapunov function W for the (p,n, ) subsystem, we can build
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a robust control Lyapunov function for (4.33) as follows
L2
U =W(p&)+ LK (4:34)

Evaluating the derivative of (4.34) along the trajectories of (4.33) we can find the ro-
bust backstepping control law which renders U negative definite outside a compact set,
which can be made arbitrarily small by properly choosing some control parameters (P-
RUGAS). The derivative of U takes the form:

U =W (p,&) + T [ fulwm ) + Af(w,n, ) + (J2g) ™ w+ kH(p) (¢ = kp)
= p"H(p)¢ — kp" H(p)p+ 26" PF¢ + 26" PB( — 2k¢" PBp

¢ | falwrsm, ) + Af(w,m,0) + (i)~ u+ kH(p) (C = kp)|

kH(p) Osxom| (p
(.1 T
< (") 20 ] (5

T [Falo ) + Af(w,mw) + ()~ ut RH(p) (€ = k)]

(4.35)

) + pTH(p)¢ + 26T PB, ¢ + 26" PABC

where the local variable AB depends solely on AN, namely

—N, AN
B=B,+AB= + . (4.36)
CN, CAN

The presence of this unmatched uncertainty in inequality (4.35) has to be dealt with
robust backstepping design. We can define a bounding function for A B using an element-

wise upper-bound estimate, as done previously for AN in (4.12), as follows

bin b2 b3
IAB|, <pp | : : | =Rs (4.37)

bom1  bamv2  bams

The control law which solves this first stabilization step is now of straightforward eval-

uation:

Uy = — JQ] [fn(wa 77)1/}) + pf(wvnquz))Sigm(Ca Uf) + kiH(p) (C - kp)

. ., . (4.38)
+H"(p)p + 2BL P¢ + 2RE 0 B(¢, o) PE + k(]
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where k¢ € R is a design gain introduced to force the negativity of U, op,0; € RT are

the sigmoid slopes and the vector sigmoid functions take the form

sign(¢1)(1 — e_"le‘)

(
sigm({, 07) = | sign(¢a)(1 — eo71¢l) (4.39)
sign(C3)(1 — er1Gsl)
sign(¢1)(1 — ffslcl\) - sign(G)(1 - e—as\m)
(¢ op) = | sign(C)(1 — e o8l2l) .. sign((y)(1 — e~7E (@) (4.40)
sign(C3)(1 — e85l .. sign((y)(1 — e8I

Note that X(¢,05) € R3*?M is introduced for consistency purposes to compensate
the unmatched uncertainty AB. For this reason, we need to use the element-wise
(Hadamard) matrix product, identified by the symbol o, to bound from above the deriva-

tive of U using the control.

Under (4.38), (4.35) can be reduced to

U<— (/" &R @ — ke ISP

3
+2pp¢" BY o RESB(|Gi], 08) PE + py(w,n, 1) D _|Gile /14
i=1

(4.41)

where the matrix RESg(|¢;],05) € R¥*®M has for elements the approximation errors

made in using sigmoid functions instead of discontinuities, namely

Sign(Cl)e_UBKll e Sign((l)e_‘TBKl'
RESgB(|(i|,08) = | sign(G)e 58I ... sign(¢p)eo8l¢l | . (4.42)
Sign(gg)e_UBKSl . Sign(C3)€_UB|<3|

A further simplification of (4.41) leads to

U<— (/7 )R @ ~ k[l

+2ppress (|Gl o5 P£+pma"Z!C e i<l

(4.43)

ax

RQM

where Py s a upper-bound on py for all w € R3, (n,v) € and the row vector

res(|¢i|, o5) € R?M can be expressed as

reSB(|Ci|’ UB) = (Z?:l bli‘<i|€7UB|Q| Zz 1 sz’C’L‘e oBlGl ... Z?:l bQMZ‘KZ-’e*‘TBKi‘)
(4.44)
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It is easy to show that the terms |(;|e~8!¢! and |¢;le=77I%] attain a maximum at [¢;] =
Ugl and || = a;l, respectively. Moreover, since P is known and constant and & are
the flexible variables, bounded solutions of a linear damped system, it is again possible

to bound from above U as follows

N Py 2
U< <p £ ) R <§> ke lIC]l (4.45)

4 2pBreSmaX(O'B)P€max + pI}laX?)O‘;le_l

where
res™(gp) = (051671 2?21 by J51671 Z?:l by - gglefl Z?:l bQMi) (4.46)

Note that the non-negative terms in (4.45) can be shrunk by increasing the sigmoid slopes

op and oy. Let us rearrange the negative terms defining & = col(p, £, ), obtaining

. R

U<-—i" T + 2ppres™™ (o) PEM™ 4+ pfmax?)a;le_l

0 kel (4.47)
< —min {Amin(R), k¢ } ||Z 2 4 92ppres™ (o) Pemax  pmaxg 1=l
¢ P Py f
As a result, U is negative definite provided that
2pBresmax(0.B)P§max 4 p}naxgo_;le—l

T| > =0 4.48
Il \/ min min(R), ke} (o, 05) (4.48)

thus P-RUGAS of the full-state trajectories is established, since they converge to an

“arbitrarily shrinkable” compact set containing the origin.

4.2.2 Recursive Lyapunov redesign

As we have shown in the previous section, the robust backstepping design stabilizes
the flexible spacecraft dynamics by compensating the unmatched uncertainties. To deal
with the matched uncertainty AJeq, of which we know the bounding term py, it is
straightforward to use the recursive Lyapunov redesign introduced in section 3.3. The
robust backstepping control law (4.38) can be expressed as a function of the full-state

x = col(p, &, w), namely
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Moreover, we group system equations and matrices defining

H(p)p 033
F(z) = | F¢+ Bw G =1 Oamixs (4.50)
F(€w) ()

so that the full flexible-spacecraft dynamics can be expressed as
t=Fx)+G [AJequ + u} (4.51)

Recall that we know a robust control Lyapunov function for system (4.51) in the case
AJeq = 0, namely

U(p,&w) = p"p+E"PE+ |lw+ kp||*. (4.52)
Under the robust backstepping control law (4.49), U(x) satisfies inequality (4.45), so

that (4.51) is P-RUGAS with AJ., = 0. Moreover, the matched uncertainty AJ,, is
such that the inequality

. 1. -
|Adeqi@) + um)||| < pol@) + 5 lumlly, 055 <3 (4.53)

holds, with w,, recursive Lyapunov redesign control law to be determined and p,(x) >

| A egro)

are fulfilled, we can apply the recursive Lyapunov redesign procedure to system (4.51),

) is a suitable bounding function. Since assumptions 3.3.0.8 and 3.3.0.9

which in closed loop with v = ¢ (x) + uy, takes the form
i = [(@) + GU(@) + G |Adeg () + ) + | (4.54)

T
Set <2U> = w. The derivative of U along the trajectories of (4.54) takes the form
x

T
7= (52) () + Gota)) + whig (9(o) + ) +

ou

< (a)T (F(@) + Gob(@)) + wly | Adeg (6(a) + )| + wit

< —min {Awin(R), kc} |12 +resu(op, o7) + [wlly (or(2) + 57 llumlly) + wiem

(4.55)

where res,(op,0y) is the residual term in (4.45), namely
resy(op,0f) = 2ppres™*(op) P + p?«naXSU]Tle*l. (4.56)

Setting now
pr(z)

C1—ps

U, sigm(w, o) (4.57)
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and accordingly evaluating the induced 1-norms in (4.55), yields

U < — min {Ain(R), ke} |12 + resu(os,0;)

3
+ Il [Mw +3h (i’p_*(;j | 3er(@) Ze-mwzw)]

I
=1 (4.58)
sign(wy )e~o71w1l sign(wy)
x x
+w pr ~) sign(ws)e~o71w2l | — prl ~) sign(ws)
L—py 1—pg
sign(ws)e~771ws] sign(ws)
Simplifying and taking the maximum values of the residual terms, we obtain
~ pIpr” P
U < —min {Amin(R), k¢ } | 2] +resu(op, 07)+97 " ot —1+3 agle—l (4.59)
—pJ

so that the trajectories of the closed-loop system (4.54) converge to the compact set

Py L
- resy(op,0p) + 9 ’;) UJ le=t 4300 UJ e

0 =
(UB,Jf,UJ) min {)\mln( ),]{?C}

(4.60)

P-RUGAS of the origin of (4.54) can thus be concluded. As a result, the flexible space-
craft described by the equations (4.18)-(4.19)-(4.20) is robustly stabilized by the recur-

sive Lyapunov redesign control law u = w,,(2) + tm, (x), with u,(x) defined in (4.38) and
U () in (4.57).



Chapter 5

Missile autopilot design

In this chapter, the recursive Lyapunov redesign technique is employed to design the
autopilot of an asymmetric tail-controlled air-to-air missile, in order for it to perform
Skid-To-Turn and Bank-To-Turn maneuvers. After a detailed derivation of the dynami-
cal uncertain model, the problem setting and the construction of a nominal backstepping
controller, we design compensators for the matched and unmatched uncertainties of the
dynamics using the techniques introduced above. The recursive Lyapunov redesign can
handle the uncertainties in the dynamics of a non-minimum phase airframe, thus it is
particularly suited for missile autopilot design. P-RUGAS of the closed-loop system is
shown and several simulations demonstrate the effectiveness of the proposed control law

in different scenarios. The chapter follows the work presented in [86].

5.1 Dynamic model

The missile considered is a very generic, tail-controlled, air-to-air aerodynamic missile
in a non axially-symmetric configuration which allows both Skid-To-Turn and Bank-
To-Turn maneuvers. An example of such an airframe may be Meteor (Fig. 5.1), the
innovative active radar guided beyond-visual-range air-to-air missile (BVRAAM) pro-
duced by MBDA. While wings act as lifting surfaces, the four tail-fins are the control
surfaces which twist and steer the vehicle. The typical use of this kind of missile is that
of intercepting aircraft, anti-aircraft missiles and high-speed ballistic missiles in flight.
The hybrid maneuvering capabilities of the airframe do require an autopilot able to en-
sure tracking of different kind of signals on different dynamic behaviors, with slight or
even none change of the control laws. These requirements can be fulfilled by using the

recursive Lyapunov redesign approach.

The modeling process is based on some quite common assumptions.

T
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FIGURE 5.1: Meteor is an active radar guided beyond-visual-range air-to-air missile
(BVRAAM) being developed by MBDA missile systems. Meteor will offer a multi-shot
capability against long range manoeuvring targets in a heavy electronic countermea-
sures (ECM) environment with range in excess of 100km. The picture is taken from
defenseindustrydaily.com, all rights reserved (©).

e The considered dynamics is governed by rigid body mechanics, that means flexible

modes due to aeroelasticity are neglected.

e Reference position for aerodynamic data coincides with the center of mass (abbr.

c.o.m.), where all the sensors are mounted.

e Trustworthy measurements or estimates for the angle-of-attack, sideslip angle, an-
gular velocities and bank angle are available through high quality inertial mea-

surement units.

e Thrust force is assumed to be zero, or equivalently fully compensated by drag

force.

e As a consequence of the previous assumption, velocity is assumed to be slowly
varying (increasing) for the first half-window of simulation and constant during

the terminal phase. Wind velocity will be treated as a disturbance.

e Gravity is neglected since it acts on time-scales much longer than those of the

autopilot.
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e We also assume constant height of operation h, which determines certain known
thermodynamic characteristics of the local atmosphere, such as constant air density

p and speed of sound V.

Note that the presence of aeroelastic effects can be treated, as usual, in the frequency-
domain framework, taking care to give the appropriate open-loop attenuation near the
flex-mode frequencies (see, for instance, [94] and [95]). On the other hand, a reference
position shifted from the c.o.m. does not pose a problem, since it can be compensated
by introducing simple correction terms. Furthermore, while the angular velocities are
usually available for feedback, a and 5 angles need to be estimated somehow, since the
nonlinear control law developed is in the form of full state-feedback. Finally, last four
assumptions are quite usual in autopilot design. In supersonic and hypersonic regimes,
particularly in the terminal phases of the flight, it is not such an issue to consider zero-

gravity conditions and the missile operating in the so-called glide-phase, at zero thrust.

Starting from the Newton linear momentum and the Euler angular momentum laws eval-
uated along the missile body unit-axes (23, 95, 2)7 (body frame fixed on the c.o.m.),
introducing the inertia tensor and differentiating the equations using the Coriolis the-
orem, the 6-DOF equations of motion of a rigid body with slowly varying mass and
inertia are obtained. These six equations are used to represent missile dynamics in the
wind-axes reference frame, after a coordinate transformation [20]. Velocity V;,,(t) is as-
sumed to be slowly and linearly increasing in the first part of the simulation window,

according to the following Mach number variation:
M(t) € [2.5, 3.2] (5.1)

in such a way that Vy = 2.5V, and Vi = 3.2V;. The second half of the flight envelope is

therefore with constant velocity V.

A non axially-symmetric airframe is considered, with inertia matrix (determined con-

sidering the principal inertia axes coincident with the body axes):

I(t) = 0  I(t) 0 (5.2)

also slowly time-varying, in particular linearly decreasing in the first part of the flight

envelope due to propellant consumption. For instance, we consider this time profile for



Chapter 5. Missile autopilot design 80

the longitudinal inertia moment:

(Lo~ Iuy .
- (=) e+ Lo i <ty 653
Iy if t>t

A similar time evolution has been assigned to the slowly time-varying mass m(t). At
t = ty, when all the propellant has been consumed, the so-called glide-phase starts: the

velocity becomes constant and so the inertia matrix and the mass of the system.

The complete 6-DOF equations of motion are therefore:

p=p
Lpapt + Lopar + ——2 M, + —2%= 01
D= Lpapg + Laar + 7= M+ 7 Me
1
4 = Mypr+ ]\41,2]92 + M,21? + I—My + Chipa
y
I,
= N, Ny — M, +—"—M,+C,,
7 pqPq + Ngrqr + I -IZ + T2 + Cp2pf 5.4
& = — cos®(a) tan(B)p + ¢q — sin(a) cos(a) tan(B)r + Cmgpa+
2‘0}ﬁ F, + sin(«) cos(a) tan(f) g{.}fn F, — sin(a) cos(a )Qaﬁ v
B = cos?(B) tan(a)p 4 sin(B) cos(B) tan(a)q — r + CyrapfS+
g;ﬁ Fy + sin(B) cos(f) tan(a) TS;ZFZ — sin(8) COS(B)QQBV
with
LIy — Iy + I.) L(I, — 1) + IZ,
=71 " Y=L P (5:5)
L(I,— L) — I? LIy — I. — I)
L .= Yy xTz N .= Yy .
g LI —I2, 7 LI —I2, (5.6)
I, -1 1 I
My =" Mp=-=2 M.==2 (5.7)
’ 1 P 1 1y
and
Qup = /1 + tan?(a) + tan2(8) (5.8)

The overall velocity derivative w.r.t. time Vj, is thought as an additional input, because
a fixed velocity profile has been imposed. Actually, since it is not going to be taken into

account in control design, it will act as a disturbance. Aerodynamic forces and moments
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have the following expressions:

1
F, = §pv,,%sch
1
F, = §pv,,%SCNZ
1
M, = 5pVﬂ%Sd(q + Gp) (5.9)
1

M, = 5pV,iSd(Cm + Gy)

1
M, = 5pvn%Sd(cn +Gy)
They depend on the aerodynamic coefficients, which can be written this way:

CNy - aylﬁ + ay25‘5| + ay352 + ay4/83 + (bylﬁ + by252)5P+
(by36 + by462)5Y

Cny = az1a + azalal + a30° + a0’ + (b1 + b22a2)5p+

(boza + boga®)dy
d
Cr = %Clpp
(5.10)
Gp = Ls, (o, )R + Ls, (a)dp + Ls, (58)0y
d d
_ 2 e
Cm = Cma¢m(a) + Cmaﬁ O‘ﬁ + 2, Cmqq + 2, Cnpﬂ Bp
Gy = iy, 0p
o = Conon(B) + Cr 0284 -2 Cort -2 a
n = Lng®n Nag 20, Ny 2V, np, XD
GT - N5Y6Y
and:
Lsy(a, B) = di + doa® + d33?
Ls, (o) = dyc
L =d
oy (6) 50 (5'11)
Noy = Crs,

bn(B) = 18 + n2B|B| + n3B* + nafs®

dm(a) = mia + moaal + msa’® 4+ mya’

We would like to stress the presence, in the equations of motion, of the Magnus effect
aerodynamic terms: Cp1, Cma, Cpms and Cprg. These terms describe the fact that spin-
ning missiles deviate from a rectilinear trajectory in the direction given by the spin.
This is clearly going to be considered during control system design, since it is a nonlin-

ear coupling dangerous for stability which can be encountered during bank maneuvers.
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The same can be said about the nonlinear cross-couplings which arise between the three
control inputs in the expressions of (5.10). These couplings are produced by the differ-
ential of pressure acting on the wings and tail-fins, a phenomenon particularly relevant

in asymmetric airframes.

Finally, control allocation and actuator dynamics are introduced to make the dynamic
model even more realistic. Control inputs produced by the autopilot have to be trans-
formed in physical reference signals to the four actuated control surfaces placed on the
tail-fins of the missile. In missile dynamics, only the overall deflections produced by the
simultaneous combined deflection of the surfaces are considered, and the same is made
in autopilot design. These three overall deflections are the classical roll, pitch and yaw

ones around the three body axes, namely:

53 = Ul
5P = U9 (5.12)
5)/ = us

These deflections can be thought as commands to tail-fin dynamics, conceptually sep-
arated in an aileron dynamics, which produces as a final result the roll control torque,
an elevator dynamics, which is the cause of the pitch control torque, and a rudder dy-
namics, producing a yaw control torque. Due to this fact, control inputs generated by

the autopilot are often renamed:

d0r = d, (command to aileron dynamics)
dp = 0. (command to elevator dynamics) (5.13)

dy =6, (command to rudder dynamics)

The transformation between these overall control deflections elaborated by the autopilot
and the actual signals to the four wings (0y1, Ow2, Ows, (5w4)T is represented by the

control allocation matrix:

St 1 -1 0
5 1o —1] |™
w2 - -
S 1 -1 0
us
Sua 1 0 -1

Actuator dynamics on the four fins is an approximation of the fast dynamics of low level
control loops, whose aim is to produce torques on the actuators moving the fins in order
to follow the reference time-profile associated to d,,;. After a small time, these low level

control loops achieve their aim and produce the desired torques, giving as output the
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desired 9;:
1

= —— i 5.15
14 7s ( )

7

The time constant T is a measure of the speed of response of actuators. Between the
commands d,,; and the inputs §; there are also a saturation limit of £45 deg and a rate
limit of 500 deg per second. These inputs are therefore anti-transformed in overall input

torques to airframe dynamics by pseudo-inverting the control allocation matrix

Sn 111 a1,
4 4 4 4 52

spl=|-4 0o -1 0 5 (5.16)
5 o -1 o -i|7
Y 2 2] |5
4

Actuator dynamics and control transformation are not considered as part of the control
design process, therefore they are simply part of the overall simulation model, acting as

unmodeled dynamics of the system.

5.1.1 Modeling for nominal control

Equations of motion (5.4) can be rearranged to form the following nonlinear dynamical

system

i = fo(x,t) + gp(x)z + gi(z, 2, t)u

(5.17)
zZ= fz($7 Zat) + gz(wvt)u

The state variables are = (¢, a, )T and z = (p, ¢, r)T. Control inputs, represented

by the tail fins’ deflection angles, are u = (0r, dp, 6y)’. The vector-fields and matrices
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of the system have this structure:

0 1 0 0
fo@t) = | fa(z,t) | gu(@) = |&l(x) 1  xa(2)
fo(,t) &p(x) xplz) -1
0 0 0
go(@,t) = [0 gar(z,2,t) gao(z,2,1)

(5.18)
fp(z,2,t)
fo(w,2,t) = | fo(z,2,¢)
fr(z, 2,t)
gp1(z,1)  gpa(z,t)  gp3(x,t)
g:(z,t) = 0 gq(z, 1) 0

gr1 (JZ‘, t) gr2 (.’L’, t) grg(:c, t)

The functions f;, g;, & and x; are easily constructed by looking at the dynamics of
(5.4). System (5.17) well represents the complex nonlinear and time-varying behavior
of the missile in the simulation window considered. It involves highly nonlinear non-
stationary aerodynamic terms, mainly in the f; drift terms, highly coupled and nonlinear
differential kinematic terms as gl (z)z and, furthermore, the cross-couplings between the
control inputs, due to the different pressure acting on the wings and the tail-fins during
maneuvers, especially at high o and 5 angles. These couplings are going to be taken

into account directly in control system design, using a nonlinear MIMO approach.

For the nominal controller design, system equations are going to be simplified into

&= fo(zx) + g(z)z

(5.19)
2= fu(x,2) + g.(z)u

in which we have dropped the input influence on the second and third equations and we
have made the assumption of constant velocity, mass and inertia during the portion of

flight considered.

5.1.2 Modeling for robust control

The nonlinear dynamical model developed in the previous section is particularly suited
to design nonlinear control laws which are based on cancellations of nominal terms in
system equations. However, it is really difficult to obtain good estimates of aerody-

namic coefficients and Magnus effect terms, which are barely known. Even in the luckier
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situations the designer only knows their nominal, often incorrect, value. As a conse-
quence, nonlinear control laws are frequently failing in real applications. This issue led
the control systems research community to think about robust versions of the nonlinear

controllers already available for stabilization and tracking.

To model the very complex aerodynamic uncertain terms of missile dynamics, we need to
exploit the results introduced in Section 2.3 to rapidly evaluate the uncertain envelopes.
As an example of application of proposition 2.3.0.2, let us consider the calculus of the
uncertainty associated to the aerodynamic force Fy. We assume that the air density p
and the cross-sectional area S are perfectly known parameters. On the other hand we
group the perturbations deriving from time-variance and uncertainty into the velocity
Vi and the aero-coefficient Cl,, of which we only know the nominal values and the
maximum gap k between them and their actual values, according to the specific definition

of deviation function.

Example 5.1.2.1. Consider the nominal expression of the force along g
L oo
Fy = §meSCNy

and separate the known part %pS = ¢ from the uncertain part VT,%C'Ny7 which can be
seen as a cubic function of three parameters when written as V;,V;,,Cny. To calculate

the uncertain envelope of F, we use the A operator in the following fashion

A(F,) = AV VinOny) = cA(Vin Vi Cny)
= c(AV AV ACN, + Vi AV ACNy, + AV Vi AC N+ (5.20)
V2ZACN, + AV AV, Oy + AV, Vi Civy + Vi AV Oy

Keeping in mind that it is possible to decompose the single uncertainties in terms of the

deviation function o and assuming that it is the same for every function, we obtain:

A(Fy) = 0°F, + 20*F, + oFy + 0°F, + 20 F, (5.21)
= (0° +30% +30)F,

which can be generalized for a generic polynomial nominal function as shown in 2.3.0.2.

Clearly, in the case of a quadratic nominal function, we obtain:

A(V2) = A(ViuVin) = AV AV, + Vs AV, + AV Vi,

(5.22)
= 0%V + Vi + Vi = (02 +20) Vi

which also fits into 2.3.0.2. &
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Remark 5.1.2.2. The procedure can be extended to the case of multiple deviation functions.
Since we are limiting ourselves to the case of two different deviation functions for at most three
uncertain parameters in the same uncertain envelope, we show the results in this case, omitting

for brevity the time-dependence of o;’s.

e Two uncertain parameters as in the case of M., in which V,, is not squared and Cj,

is the other one. The computation of the uncertain envelope gives:

A(VmC’lp) e AleAQClp + OlpAlvm + VmAQClp

(5.23)
= (o102 + 01 + Uz)VmClp

where o1 embeds the variations of V;,, and o2 those of Cj, .

e Three uncertain parameters as in the previous case of F,. Easy calculations result in:

A(VECONy) = AVin AV AsCny + Vin A Vi Ao Oy,

+ A1V Vi Ao Chy + V2 AsCOny + A1V A1V, Oy (5.24)
+ A ViV Cny + Vin A1 Vi Cvy o
= (0iog + 20109 + 201 + 02 + 01)(V2Chy)

Looking at the equations of motions in (5.4) we find out that there are not only products
between uncertain parameters, but also quotients, as in the terms with V,,, at denomi-
nator in & and f right members. Therefore, to compute the uncertain envelopes of the

complete dynamics, we also need to use Proposition 2.3.0.3.

The results established in Section 2.3 yield a simple procedure to construct the uncertain
envelopes of system’s vectors and matrices by using the A-operator in an element-wise
fashion. Aerodynamic forces and moments are in fact given by products between some
parameters considered known (i.e. scarcely varying around their nominal values), as
S, d, p and the inertia moments, and others considered uncertain (i.e. with significant
variations around their nominal values), as V;,, (since it embeds all the flight conditions
between 2.5 and 3.2 Mach in a single value), Vi and all the aero-coefficients together with
the Magnus effect terms. The polynomial-in-the-state structure of most aerodynamic
coefficients and their consequent linearity-in-the-parameters implies that the application
of the A operator to each of them results simply in the product of the corresponding
deviation function with the nominal value of the coefficient, as implicitly taken for

granted in the calculations above:

A(CNy) = Uy(t)CNy A(CNZ) = O‘Z(t)CNZ (5.25)
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therefore, being oy the perturbation associated to V,, we have:

A(Fy) = (U‘Z/O'y +20y0y + 20y + 0y + U%)Fy (5.26)
A(F.) = (0%0. + 20v0, + 20y + 0, + 0p ) Fs

furthermore, paying attention to the power of V,,

A(M,) = %pspr(vmclp) + %deA(VT%Gp)

=ci(ovoy, +ov + 01,)VinCip

+ CQ(O’%/O'GP +20voq, +20v +0g, + U%/)(VW%GP)

A(My) = 3@ (GAVinCin,) + BpA(VinCr,y )

+ %de(qﬁm(a)A(VﬁLCma) T aB2AV2Cm,,) + 6P AVECrmg )

= c1((ovom, + ov + 0m,)VinCm,q + (Uvanpﬁ +ov+om,, )Van% Bp)

+ Cg(qf)m(a)(O'%/O'ma + 20y 0m, + 20y + o, + Ua)Vn%Cma

+ aﬁz(a‘z/amaﬁ +20v0m,, +20v + Om,, + a%/)VﬁLCmaB (5.27)
+0p(ovop +20vop + 20y +0p + 09V, C, )

A(M:) = {pSP(rAVinCa,) + apA(VnCh,, )

+ 508d(on(B)A(VECh,) + a*BANVECh,,) + Oy AVECh, )

= c1((ovon, + ov + 00, )VinCn, 7 + (ovon,, +ov + on, )VinCn, ap)
+ CQ(QZ)n(B)(U‘Q/JnB +20y0n, + 20y + Ony + U%/)V%Cnﬂ

+ a2ﬁ(a‘2/anaﬂ +20v0on,, +20v + 0n,, + U%)V,%Cnaﬂ

+ 5y(0"2/0y + 20voy + 20y +oy + J‘Q/)Vn%C’néy)

where ¢; = i pSd?, co = %pS’d and the various subscripts for o are needed to distinguish
between different deviation functions. Applying the results of Proposition 2.3.0.3 it is
possible to combine the envelopes found for F, and F, with those of V;,, and Vm, whose

deviation function is oy,. We obtain, ¢ =y, 2:

R < 7 )  VaA(F) — RA(Vi)
Vi, (Vi + A(Vi))
Vin O"Q/O'i + 20v0; + 20y + 0 + O"Q/)E — FiovV,,
- Vin(Vin + 0 Vi) (5.28)

Vi 1+oy Vi,
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Finally, the uncertainties of the Magnus terms are simply A(Cii) = 037iChi, for i =
1,... 4.

Organizing the uncertain envelopes found by splitting them into drift parts, identified by
the superscript , depending only on state variables and parameters, and control parts
linear in the control inputs it is straightforward to define the uncertain terms affecting

system’s vector and matrices in the following way:

Af,=0

o FP
Afa = paopzCrs + @ 2N (Z )
m Vin

EP '
+ Sacalp QQBA <v ) — 5aCaQagA (&)

Afs = pBonaCma + @ BA ( )

v
" _ (5.29)
Q FDP v,
+ sgcgla :LﬁA 7; — SgCgQiﬁA sz
I, 1,
Af, = 7AMD 7AMD
To LI, —I2, LI, —I2,
1
Afy= TAMy + paop1Cm
Y
Af, = LAMD IiAM + pBorraCina
LI, — 12, * I.I,— 12,
moreover, for ¢ = 1,2
Agai = (UVUai +oy + Uai)gai (530)
Aggi = (avag,- +oy + Uﬁi)gﬁi
and for j =1,2,3
Agpj = (J%/Upj + 20y 0y + 207 + opj + a%/)gpj
Ag, = (cbop + 20vop + 20y +op + 0)g, (5.31)

Agrj = (U\Q/Urj + 20vorj + 20y + 0rj + U%/)grj

Such uncertain envelopes can be divided in two groups: matched and unmatched uncer-

tainties. The distinction follows the core Definition 2.2.2.1 given in Section 2.2.

Once defined the uncertain terms it is possible to rearrange them into vectors and
matrices to compose a model suited for robust nonlinear control design. Splitting into

the two sub-systems and highlighting the Magnus effect’s terms in Af, and Afz with
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the purpose of gain more structure, we obtain:

0 0 0 0

Afpu=|AfL |+ | ACu3a 0 0]z
0 0 0

{0 ga1+AGgar ga2 + Agaz | Um (5.32)

0 g1 +Ags1 9gp2+ Ags
Afp Agpn Agpa Agps

af.=|af| ae=| 0 ag o
Af’” Agrl A91”2 Agr?)

Clearly Afyy = Afpu(x, z,ups,t), Af, = Af.(x,2,t) and Ag, = Ag,(x,t). We de-
note with uys an estimate for the upper-bound of control inputs vector, considered as
structured uncertainty when it acts on the first part of the dynamics causing the non-
minimum phase behavior of the airframe. The uncertain system then can be expressed

as

&= fo(2,1) + Afou(z, 2,unr,t) + ga(@)2
2= fo(z,z2,t) + Af.(x,2,t) + [g:(x, t) + Ag.(x,t)] u

(5.33)

Note that, disregarding the uncertain terms and the explicit time-dependence of system’s
equations, this model reduces to the nominal one (5.19).

The unmatched uncertainties A f, are those acting directly on f:

(5.34)

Afu($7z7uM7t) _ (Afxu(l',z,uM7t)>

Af,(x,z,t)

while the matched uncertainties Agy appear in the same channel of the control inputs

0 0
Agm(z,t) = (O Agz(x,t)> (5.35)

This system representation will be used to design robust control once defined the bound-
ing functions of the uncertain terms, which are of straightforward calculation using the
properties of the deviation functions introduced in Section 2.2. For instance, we can eval-
uate the bounds of the uncertainties on FyD and FP by simply replacing the deviation

functions with the corresponding gains kv, k, and k.

prp = (kirky + 2kvky + 2ky + ky + k)| F)| (5.36)
ppp = (kks + 2kvk, + 2ky + ks + k)| FP)| '
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The same can be done for the Magnus effect terms, for which we obtain, : =1,...,4:

PCrs = Konti| Cini (5.37)

Similar but much more complicated expressions, which we omit for brevity since their
calculation is also straightforward, can be found for AMP, AMyD and AMP | resulting

in bounding functions pyp, Pmp and pyp. Furthermore it is possible to define the

b .
bounding functions for the terms A (P‘}m) and A (%), for i =y, z, as:

Voo — Fily |V

PEP Vv, = Vo (Vin + kv | Vi) ( )
. 5.38
R L a B
PUntVor = 1Sk | Vi

After the derivation of these critical bounds, it is pretty simple to calculate the bounding
functions py, of all the uncertain envelopes introduced in (5.29), i = «, 3, p, ¢, 7. We give
just the example of calculus of py, , because the other ones are very similar to this.

Q
|Afal < pg. = [pakns|Cms| + WaﬂpFZD/Vm

(5.39)

Q
+sacat57n°;5 PED IV, — SaCaQiﬁPVm/vm
Finally, we can evaluate bounding functions for (5.30), i = 1,2, and (5.31), j = 1,2, 3:

|AGail < pga; = (kvkai + kv + kai)|gail

|Agsil < pgg, = (kvkgi + kv + kgi)lggil

|Agps| < pg,; = (ki ks + 2kvky; + 2ky + kpj + k)| gy, | (5.40)
1Agy| < pg, = (Kkp + 2kykp + 2ky + kp + k)| g4

Agr| < pgy = (ks + 2k ki + 2ky + krj + )| gr, |

Remark 5.1.2.3. The values of the gains k; are chosen to the extent of size-domination of
the particular uncertain terms considered. Together with the choice of the overall p; bounding
functions, they determine the level of robustness and associated conservatism of the closed-loop
system under the robust nonlinear control. For instance, choosing the k; gains exactly equal
to the deviation functions amplitudes guarantees the right compromise between robustness and
performance, since no extra-effort than that closely needed is put into uncertainty compensa-
tion. &
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Grouping the bounding functions into vectors and matrices we are finally able to write:

0 0 00
Pro(@2) = | pra | + | P 0 0] 2
Pfs pPCmaB 00
0 0 0
+ 10 ga1 +Pgar Ga2 + Pgas | UM (5.41)

0 981+ pPgsr  9p2+ Pyss

Pfp Pgpr  Pgp2 Pgps
pfz(l'az) = | Pfy pgz(l‘vz) = 0 Pgq 0
pfr pgrl pgr2 pgT‘3

Remark 5.1.2.4. The estimate uys is a vector formed by the absolute values of the nominal
control inputs that are evaluated before designing the robust control law. This choice results
in underestimating the effects of u on the z sub-dynamics and it is made exclusively to reduce

conservatism and complexity of the design. &

5.2 Control design

After having defined the problem and the control objectives, as first step, a nominal
control law disregarding the uncertainties is designed using a MIMO backstepping ap-
proach. The second step is the construction, on the shoulders of the nominal design, of a
robust control law which is able to counteract the effect of the unmatched uncertainties.
The third and final step consists in using a C?, revisited version of Lyapunov redesign

to compensate for the matched uncertainties.

5.2.1 Control objectives

Control objectives are twofold, since we would like to design a very general autopilot
capable of achieving both Skid-To-Turn and Bank-To-Turn maneuvers, independently
of the particular airframe on which it is applied and with slight changes in the equa-
tions when necessary. This can be done since the equations of motion introduced in
Chapter 5.1 and used for control purposes represent an hybrid airframe capable of both

movements, as already stressed.
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The problem of controlling the motion of a missile achieving maneuvers can be inter-
preted as the problem of achieving P-RUGAS of a nonlinear uncertain system using an
opportune control law. As a consequence, we are able now to formulate the two control

problems to be solved in terms of the two main maneuvers.

Skid-To-Turn maneuver

The autopilot has to rapidly steer the bank angle ¢ to a constant desired value (usually
zero or near zero) and so to bring to zero the roll-rate p for the purpose of inertially
decoupling the longitudinal from the lateral motion. This is not necessary since the
approach is nonlinear, but it is a common practice. We could also track a time-varying
motion in ¢, but this would not correspond to the typical STT maneuver we want to
make. Once the bank angle is regulated, rapidly changing time-profiles in o and 5 have
to be tracked to guarantee the pursuit of the desired vertical and lateral commanded
accelerations, respectively a, and a,, produced by the guidance system. Viewed in terms

of P-RUGAS, control objectives for the STT maneuver are:

P(t) = wep(pd) = wy(0)
at) = wal(ag(t)) (5.42)

B(t) = ws(Ba(t))

w; represent the limit sets of convergence of the state trajectories: according to Def.
1.3.2.2 they can be made arbitrarily small through an opportune choice of control design

parameters; we will show this peculiarity in the next sections.

Bank-To-Turn maneuver

The autopilot has to rapidly steer the sideslip angle 3 to a constant desired value (usually
zero or near zero) and so to bring to zero the yaw-rate r to prevent the air-breathing
engine typical of BTT missiles from flaming out. The first part of the maneuver, the
twisting, consists in reaching the desired value of ¢ corresponding to the direction of the
commanded acceleration in terms of a, and a.. Secondly, the missile has to gain the
desired angle of attack, given by the desired acceleration magnitude in that direction:
this is called the steering part of the maneuver. Viewed in terms of P-RUGAS, control

objectives for the STT maneuver are:

B(t) = wp(Ba) = wp(0)
p(t) = we(pa(t)) (5.43)
a(t) = walaa(t))
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5.2.2 Nominal control law

To apply backstepping we start from (5.19), which has a suitable structure, and define
the error variable e, = z4 — x, that incorporates the desired values of a, § and ¢
according to the selected maneuver. Suppose there exists a function ¢(z) such that the

error-subsystem

by =g — @ =iq— fo(r) — ga(z)p(x) (5.44)

is globally asymptotically stable (abbr. GAS) with a Lyapunov function V(e;). This

means that ov
V(es) = 9. (#d = fol@) = g (2) () < —w(]lexl]) (5.45)

where w(-) is a class K function (see [62]). Define the following change of coordinates

(=2—d(x) (5.46)

under which the system can be written in terms of the error { between the virtual control

input z and its desired value zg = ¢(x)

e =g — fo(x) — gu(x) (( + P(x))

. (5.47)
{= el )+ ge()u— O [ule) + gb(a) (C + 6(o))]

The obtained representation is mixed in e;, x, z and (. Define now the augmented
Lyapunov function
1
Wiea Q) = Vien) + 5¢7¢ (5.49)

which is a candidate Lyapunov function for the transformed system (5.47). The deriva-

tive along the motion

W(0.0) = o = Fole) — 920) € + 0(2)]

FCT | £ + g~ 22 () + g@) (C + 0(a)|

: v : (5.49)
< —w(flesl)) = 5-9a(2)¢
P £l 2)  gelau— 52 (1ula) + 020) (¢ + 6(0))

is made negative definite by the following choice of u:
L o0
- <ﬂ Foe )+ 22 (fule) + g2@) (¢ + b))
(5.50)

oV
- (8 o) —KcC]
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which yields:
W(z,¢) < —w(l|ea]l) — (" KcC (5.51)

A possible choice for ¢(x) is that of a dynamic cancellation with eigenvalue assignment

to the error dynamics:

$(z) = [g(2)] " (~ful®) + i + Kyep) (5.52)

With this choice, the simple quadratic-in-the-error Lyapunov function

1
Vieg) = 565% (5.53)

ensures GAS for the error dynamics. The closed loop system

g o K, _gi(l.) ex
<C> N (g;(:n)T ~K, > (C) (5.54)

is then GAS with Lyapunov function W(es, () = Sele, + 1¢7¢, such that W(e,, () <

—el Kyep — (T K¢¢ with the (nominal) control law (5.50).

Remark 5.2.2.1. The approach used is called backstepping since it is recursive and exploits
the concept of wirtual control (¢(x) in our case) to stabilize the inner part of the dynamics,
in some sense stepping back from the last subsystem up to the first. The recursion is given
by the change of coordinates, which can be extended to more complex systems that still have
a lower-triangular structure, called strict-feedback form. This change of coordinates allows for
the construction of a non-quadratic (in the original coordinates) Lyapunov function, making the

problem of finding a globally stabilizing control law for the whole system much easier. &

This first result only implies that the nominal system, with the uncertain terms kept
to zero, is GAS. To ensure P-RUGAS of the uncertain system we need to make the

backstepping robust against both matched and unmatched uncertainties.

5.2.3 Robust nonlinear control

The robustification of (5.50) is split up into two parts: the first is the construction of a
control law u, to counteract unmatched uncertainties and the second is the determina-

tion of another term w,, which can face the effects of matched uncertainties. Renaming
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(5.50) as uy, the overall robust nonlinear control law will have the form:

U = Up + Uy + U, (5.55)

Unmatched control

Unmatched control, otherwise known as robust backstepping, is built “on the shoulder”
of the nominal design, from which inherits recursion and virtual control concepts. In
order to compensate for the unmatched uncertain terms, we exploit the concept of robust
control function, introduced in Definition 3.1.0.4, which we adapt to the present context

with the following straightforward element-wise extension

Definition 5.2.3.1 (Element-wise robust control function). The robust control function
can be extended to a vector context by smartly using both matrix product and the element-wise
vector and matrix Hadamard product, denoted by the symbol “o”. For instance, if p, is a three-
dimensional vector of uncertain terms and so are the independent variables s and o4, we define

the element-wise robust control function as follows:

pu 0 V(s,05) = py osign(s)o (1 — eiaso‘s‘) = pu 0 sigm(s, o) (5.56)
where
T
1= (1 1 1)
T
sign(s) = (Sign(sl) sign(sz) sign(sg)) (5.57)

e osolsl — (efcrsl\sﬂ e~ Tsalszl 670'53|83|>

and, as a consequence:

sigm(s1) sign(sy) 1 — s ls1l
Sigm(& Us) = Sigm(SQ) = Sign(SQ) o 1 _ 6*0'52|52‘ (5.58)
sigm(s3) sign(ss) 1 — e~ Osslssl O

We consider this model for unmatched control design:

T = fo(x) + Afpulz, 2,u,t) + g;(x)z
2= fi(z,2) + Afs(x, 2,t) + g:(x)u

(5.59)

and prove the following result on trajectory tracking using robust backstepping in the

presence of unmatched uncertainties.
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Theorem 5.2.3.2. Given the system with unmatched uncertainties (5.59), the robust backstep-

ping control law :

u = Uy + Uy

o, .
= ggq(m7 Z)_l (eggi(x)),r - fzeq(xv Z) + 8¢jlf (xd + Kpe, + g;((E)C) (560)
—K ¢ — p§? o sigm(() + 8¢5£m)pfm o (1 — sigm(e;))
where 5 5
00(,2) = 0:(0) ~ rgula) = f - O fu) (5.61)

and pjfj is the bounding function of the equivalent uncertainty AfS4 = Af, — 8;; Af,(x), together

with the robust virtual control input:
-1 . .
Or(2,2) = [92(2)] " (= fal2) +da+ Koew — py,., (z, 2) 0 sigm(e,)) (5.62)
and robust control Lyapunov function (depending on ( = z — ¢, (x, 2)):
L r L.
Wr(ewa C) = 5673 €r + §C C (563)

renders the closed-loop system (5.59)-(5.60) P-RUGAS about the desired trajectory xq(t) =
(pa(t), aa(t), Ba(t))- &

Proof. The partial change of coordinates:

) = o 5.64
(c) (z—qbr(w) .

transforms system (5.59) into the following mixed representation:
= fo(x) + Afpu + gi(:z) ¢+ or(z,2))
é = fu(x,2) + Afz + g:(z)u
0,
P00 fu@) + Afo + h() (¢ 6 (. 2))]

Ox
[fz(xa Z) +Af. + gz(x)u]

(5.65)

06,
0z
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which, by substituting the expression of the robust fictitious control ¢,(z, z) (first step

of the procedure), can be simplified into:

i = g+ Ko+ gL )¢ + Afuu — pp,. (2,2) 0 sigm(ey)

C= filz, 2) + AfS1 + g2z, 2)u (5.66)
by
- or

[2q + Kyex + 9o ()¢ + Afou — pyo, (2, 2) 0 sigm(ey)]

In the second step, we close the loop by applying the actual control law (5.60) which,

keeping in mind that e, = x4 — z, yields:

€y = —Kpey — g;(l')( + Afou — Pfru © Sigm(em)

¢ = (gh(x)" + Af — o o sigm(()

0oy . 5.67
%% (A fuu p o sigmie.) 00

0Py .
+ 833 pfacu © (1 - Slgm(ew)) - KCC

We now apply Lyapunov direct criterion to show that (5.67) is P-RUGAS. The aug-

mented candidate Lyapunov function we choose is W,.(e;, () = ; ;F CT( Its

derivative along the trajectories of (5.67) is:

Wr(emg) = 6 ég + CTC

= —el Kye, — el gh(@)¢ + ] (Afxu 1., © sigmi(e,))

+ (7 (eLgb()" +¢T (Afer = pif o sigm(())
CTa(Z)T

o 8‘” £ 0 (1 sigm(es)) — (TR

= —€, Kmex - CTKCC + egAf:qu - (ex © Sign(ex))Tpfzu
+ (eq 0 sign(e,)) T py,, 0 el 4 (TAf1 — (¢ o sign(¢))T pf!

+ (Cosign(Q)Tpif o e ekl — T 38@ Afut T2 0@

(A fou — pf,, ©sigm(ey))
(5.68)

P fau

in which we have used commutativity and associativity of the Hadamard product. In
the following, we define in tensorial notation the vector given by the absolute values of

e; and ¢ components, which is clearly related to the £1 norm structure:

(em o sign(em))T = |€m’T = (‘e;m‘ ’6382’ ’6303’)

(5.69)
(osign()” = A7 = (1al 1cl )"
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Using this notation, the expression of the derivative along the motion is bounded from

above and therefore simplified to:

Wr(ex,¢) < —ef Kpea — (TE(C (5.70a)
+leal"ppon = leal"ppo, + 1T 05 = 1¢IT Y
+ leo|"ps,., 0 77N 4 [¢[T i 0 @77l

96 )

T T T 7"

— —TK,e, — (TR (5.70b)
el pp, 0 €7l ([Tt 0 €77eK (5:70c)

The differential inequality (5.70) obtained implies that P-RUGAS is ensured for the
closed-loop system, as stated in a simpler case in [85] and [84], since W, is nega-
tive outside a compact set €. In fact, each of the indefinite in sign terms in (5.70c)
is bounded and attains a maximum. Consider for instance the residual scalar term

lex|” (pf,, © e_""o'e"‘), which is the following three-variables function

_ 1 _ 2 _ 3
res(les) = [eblph, e 11 4 2|2 ool 4 |ed|ph eomsletl  (571)

The critical point for the function is found by zeroing the gradient

ph emomlel(l— gy lel))
AT = | Ph, eI (1 — oy, |€2)) (5.72)

obtaining;:

|€x|*:<1 L 1>T (5.73)

Oz, Ozy Ogg

Therefore the diagonal Hessian matrix diag(|e’| pécwo?e_””egv‘ - 2p§cmaxie_"zi|e§|) eval-

uated at |ez|*

—p}mazle_l 0 0
Hres|‘ez|* = 0 —p?cmamefl 0 (574)
0 0 —pi}zuaxge_l

is negative definite for all (x, z) in the domain of interest being the bounding functions
and the sigmoid slopes always greater than zero. As a consequence, |e,|* is a global

maximum point for the term res(|e;|). An identical result can be stated for the term
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; . i T
res(|¢]) = Z?:1|Cz|p§g’e_"ﬁi|§ |, whose maximum is attained at |¢|* = (i L i)

UCl UCQ 0—43
The maximum values are easily calculated:

maxres(|e;|) = e Z —pfm (5.75)

|e|

r?a|xres (I¢) =€t Z pch’ (5.76)

As a result, inequality (5.70b)-(5.70c) can be further simplified to

Wr(exa C) < *eng% - CTKCC
leaTpg, 0 & 4 [T 58 0 o7k

T (K, 0 . (1 o1,
S—(em C) (O Kg) <€C>+e 1(Z%me+zgple>

=1 =1

(5.77)

Grouping control gains in the diagonal matrix Kj, errors in the vector ey, sigmoid slopes

in the vector o, 1 and unmatched bounding functions into p, we obtain:

W, ez, C) = Wr(es) < —ef Kpep + € oy '+ py

) L (5.78)
< —Amin(K3) [les]|” + e 7o, - pu
which is negative definite provided that
el > -2 (5.79)
e — = w .
b )\mln(Kb)
Where the radius w defines the set (an hyper-sphere) in the error space
Q = {[les]| < w(oy ", Amin(Kp))} (5.80)

Let now S be the smallest level set of W containing the hyper-sphere of radius w. The
derivative of W along the trajectories is negative definite as long as the error does not
enter S, in symbols:

ep € S = Wi(e) <0 (5.81)

which is P-RUGAS or global uniform ultimate boundedness of the closed-loop trajecto-

ries. O]
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Remark 5.2.3.3. The dimension of the set €2, and so the dimension of S, can be reduced by
acting on the gains in K} and on the sigmoid slopes, as shown by the expression of the radius
(5.79). Otherwise, we can use the Hadamard product to derive an alternative version of (5.78)

in terms of the following elementwise inequalities, i = 1,2,3

P,
. —Jzu 5.82
lez,| > P (5.82)
€4
Py
, : 5.83
|G| > he o0 e (5.83)

which are chosen using a more conservative upper estimate than that of (5.79), but give more
degrees of freedom and flexibility to the design, since it is possible to individually set control

gains and sigmoid slopes for each error component. &

Matched control

Matched uncertainties are finally compensated using a revisited version of a classic
Lyapunov redesign technique (see [62] for the details). The model used for matched
control design is simply derived from (5.33), disregarding the time dependence in the

nominal part:

&= fo(x) + Afpu(z, 2,u,t) + gglg(x)z

(5.84)
2= f.(x,2) + Af.(x,2) + g.(x) [Ig + Ag;(x,t)} U
whereas, clearly by definition of matched uncertainty:
Agi(z,t) = g2 (2)Ags(z, 1) (5.85)

Lyapunov redesign is usually built on the shoulders of a control law and a Lyapunov
function which work for a system without uncertainties. Our extension is instead based
on the unmatched control law (5.60), «’, which is already a robust control law, and on
the associated robust control Lyapunov function W,.. We define the final control law as

the sum of the nominal plus unmatched law «' with the matched law wu,,
w=1u+up (5.86)

In addition to the assumption of Ag, being a matched uncertainty, we need a further
hypothesis which is strictly related to the already stated matching condition, in order

to avoid problems given by a possibly unknown control direction.
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Assumption 5.2.3.4. The following inequality holds for the matched uncertainty:

HAg’Z(x,t)uH = “Ag;(x,t) (u'(x,z) + um)H

(5.87)
<N AgL(z, ) (, 2)|| + [|AGL(, ) || lumll < prr (2, 2) + Ko [t

where, as intuition suggests, prr(z, z,t) > ||AgL(z,t)u/(z, 2)|| is the Lyapunov redesign
bounding function, and kg > ||Ag.(x,t)| is a scalar design parameter which takes values
in the interval [0, 1). &

Clearly assumption 5.2.3.4 can be satisfied only if [|Ag,(z,t)|| < 1 and easy calculations
show that this is the case if the bounding functions in p,,, taken for simplicity with a
single deviation function, are such that £ < —1 + ﬂ2) If this is true, the following

inequalities hold:

[Ag: (2, )| < [lg= " (@) |1Ag: (2, D)l < [|lgz" (@)]] llpg. (2)] (5.88)

and assumption 5.2.3.4 is fulfilled. The condition on K clearly limits the maximum
amount of matched uncertainty that can be compensated by u,,, whose standard ex-
pression is the following:

n(z, z,t)  w

Upy = ————— + —— 5.89
=k Tl (5.89)

where n(z, z,t) > pLr(z, z,t) in the domain of interest and

T 8Wr (g% (:U)

- g:(x)

This control law is discontinuous for w = 0, thus potentially bringing serious implemen-
tation problems like chattering. This issue is bypassed using once again the elementwise
sigmoid function, which has continuous first derivative. As a result, the complete robust

control law is

u=1u + U,
Oy

= 62"(2,2) " |(erg: (@) = 0w, 2) + - (Fa+ Kaeo + g5(2)C)

96, (5.90)
8(1 Pf.. © (1 —sigm(ey))

K¢~ i o sigm(Q) +

(@, 2t
Tk sigm(w)
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5.3 Simulation and results

Simulations are made in MATLAB-Simulink (Cenvironment. Two different maneuvers
have to be pursued by the missile in order to compare the two controllers (simple non-
linear backstepping and robust backstepping) performances in several scenarios with

different amounts of uncertainty.

The values of the parameters describing the airframe are listed in tab. 5.1

TABLE 5.1: Missile airframe parameters

Symbol Definition Value Unit
mo mass at g 185 Kg
I inertia moment at tg 0.73 Kg- m?

Iy, 1.0 inertia moments at % 205.7 Kg-m?
L0 inertia moment at g 0.42 Kg-m?
Iy inertia moment at ¢ 0.64 Kg-m?

Iy, Iy inertia moments at ¢y 180.73 | Kg-m?
I.¢ inertia moment at ¢ 0.38 Kg-m?
mpy mass at iy 137.5 Kg

l fuselage length 3.65 m

d fuselage diameter 0.178 m

S reference area 0.0249 m?
M Mach number [2.5, 3.2] -
Vs nominal speed of sound 285.4 m/s
P nominal air density 0.542 Kg/m3
T actuator dynamics time-constant ) ms

5.3.1 Skid-To-Turn maneuver

The first maneuver performed is the Skid-To-Turn, which requires less effort from the
controller, since it does not enhance the couplings and nonlinearities of the airframe
dynamics. Both controllers are tested in two scenarios, the first with the 30 % of
uncertainty and the second, harder to be dealt with, with the 60 % of deviation from

the nominal parameters’ values.

Nominal controller The nominal controller behaves good when dealing with low un-
certainty, ensuring a rapid convergence to the desired trajectories with small overshoots
and control effort. However, increasing the level of the perturbation results in too big
deviations from the reference signals and so in a dangerously peaking control signal. In
this second scenario the level of performance is clearly unsatisfactory and the nominal
autopilot is not able anymore to follow the acceleration commands produced by the
guidance system (Fig. 5.2, 5.3, 5.4, 5.5).
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Angle of Attack tracking response at two different levels of uncertainty: nominal controller

15 T T T T T T

a()

F1cURE 5.2: STT maneuver - Angle of Attack tracking response at two different levels
of uncertainty: nominal controller.

Angle of Sideslip tracking response at two different levels of uncertainty: nominal controller
1 T T T T T

F1cUre 5.3: STT maneuver - Angle of Sideslip tracking response at two different levels
of uncertainty: nominal controller.

Bank Angle regulation response at two different levels of uncertainty: nominal controller
05 T T T T T

-0.11

-0.2

FI1GURE 5.4: STT maneuver - Bank Angle regulation response at two different levels
of uncertainty: nominal controller.
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x10° Norm of the control inputs vector at two different levels of uncertainty: nominal controller
25 T T T T T

Tl

0.5

F1cURE 5.5: STT maneuver - Norm of the control inputs vector at two different levels
of uncertainty: nominal controller.

Robust controller The robust controller behaves good in both scenarios, with a level of
performance a bit poorer when uncertainty is at 60 %, nevertheless maintaining precision
and speed of response sufficient to achieve guidance objectives. In the 60 % scenario
it should be highlighted the very nervous transient in the control inputs, which is a
somewhat structural feature of the robust nonlinear approaches [32] (Fig. 5.6, 5.7, 5.8,
5.9).

Angle of Attack tracking response at two different levels of uncertainty: robust controller
0.8
T T T T T T

a()

08 1 1

FI1GURE 5.6: STT maneuver - Angle of Attack tracking response at two different levels
of uncertainty: robust controller.

Comparison A comparison between the two closed-loop behaviors shows the superiority
of the robust nonlinear approach in both scenarios, since it ensures higher tracking

precision at lower energy (propellant) consumption (Fig. 5.10, 5.11).
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Angle of Sideslip tracking response at two different levels of uncertainty: robust controller

BO

-0.8

FIGURE 5.7: STT maneuver - Angle of Sideslip tracking response at two different levels
of uncertainty: robust controller.

Bank Angle regulation response at two different levels of uncertainty: robust controller
045 T T T T T

0.4

FI1GURE 5.8: STT maneuver - Bank Angle regulation response at two different levels
of uncertainty: robust controller.

Norm of the control inputs vector at two different levels of uncertainty: robust controller
1200 T T T T T

30%

1000 —

800 : . . . -

lu®ll

FIGURE 5.9: STT maneuver - Norm of the control inputs vector at two different levels
of uncertainty: robust controller.
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Norm of the tracking error vector at low uncertainty: comparison between nominal and robust controllers
14 T T T T T T T T

12 nominal controller | |
robust controller

Ile, 0

0 0.2 0.4 0.6 0.8 1 12 14 16 18 2
t
X 10° Energy of the control inputs vector at low uncertainty: comparison between nominal and robust controllers
4 T T T T T T T T
nominal controller
3l robust controller 4
5
=
.
Sl B
=
o i
o i T T T T T T I i
0 02 04 06 08 1 12 14 16 18 2

F1cUre 5.10: STT maneuver - Norm of the tracking error vector and energy of the
control inputs vector at low uncertainty: comparison between nominal and robust con-
trollers

Norm of the tracking error vector at high uncertainty: comparison between nominal and robust controllers
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F1GURE 5.11: STT maneuver - Norm of the tracking error vector and energy of the
control inputs vector at high uncertainty: comparison between nominal and robust
controllers

5.3.2 Bank-To-Turn maneuver

The second maneuver performed is the Bank-To-Turn, which is the more stressful be-
cause it does increase the couplings and nonlinearities of the airframe dynamics. Again,
the two controllers are tested in two different scenarios, at low (30 %) and high (60 %)

levels of uncertainty.

Nominal controller During the Bank-To-Turn maneuver the system exhibits an even
more nonlinear and coupled behavior, thus increasing the destabilizing effect of uncertain
terms. The nominal controller cannot handle the guidance system requests in both
scenarios, because tracking of a is not possible anymore. Tracking of ¢ and regulation

of B can still be achieved, but this is clearly not sufficient for a successful implementation
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of the autopilot: the need for a robust version is therefore evident (Fig. 5.12, 5.13, 5.14,
5.15).

Angle of Attack tracking response at two different levels of uncertainty: nominal controller

14 T T T

a()

0 05 1 15

FIGURE 5.12: BTT maneuver - Angle of Attack tracking response at two different
levels of uncertainty: nominal controller.

Angle of Sideslip tracking response at two different levels of uncertainty: nominal controller
0.6
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F1cURE 5.13: BTT maneuver - Angle of Sideslip regulation response at two different
levels of uncertainty: nominal controller.

Robust controller Robust controller is a bit imprecise in the AoA tracking, while
its behavior is very good in both ¢ tracking and g regulation. Furthermore, the con-
trol inputs vector norm is of acceptable amplitude. As a consequence, such controller
should be able to follow any acceleration commands given by an external guidance loop,

overcoming in performance the nominal one (Fig. 5.16, 5.17, 5.18, 5.19).

Comparison As already stressed before, also in the case of a Bank-To-Turn maneuver
the robust version of backstepping is superior to the classic implementation, both in
terms of speed and accuracy of the response and even considering the energy exploited.
However, the overall performance is definitely worse than in the case of the STT maneu-
ver, especially in tracking of the AoA (Fig. 5.20, 5.21). This fact opens new questions

about the need of adaptive versions of the robust backstepping controller, in order to
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Bank Angle regulation response at two different levels of uncertainty: nominal controller
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FIGURE 5.14: BTT maneuver - Bank Angle tracking response at two different levels
of uncertainty: nominal controller.

x10° Norm of the control inputs vector at two different levels of uncertainty: nominal controller
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FIGURE 5.15: BTT maneuver - Norm of the control inputs vector at two different
levels of uncertainty: nominal controller.

Angle of Attack tracking response at two different levels of uncertainty: robust controller
14
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FIGURE 5.16: BTT maneuver - Angle of Attack tracking response at two different
levels of uncertainty: robust controller.
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Angle of Sideslip tracking response at two different levels of uncertainty: robust controller
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FIGURE 5.17: BTT maneuver - Angle of Sideslip regulation response at two different
levels of uncertainty: robust controller.

Bank Angle regulation response at two different levels of uncertainty: robust controller
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F1GURE 5.18: BTT maneuver - Bank Angle tracking response at two different levels
of uncertainty: robust controller.

Norm of the control inputs vector at two different levels of uncertainty: robust controller
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FIGURE 5.19: BTT maneuver - Norm of the control inputs vector at two different
levels of uncertainty: robust controller.
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maintain a better tracking along the whole reference trajectory even when uncertain

terms act in a more aggressive way (i.e. during agile BTT maneuvers).

Norm of the tracking error vector at low uncertainty: comparison between nominal and robust controllers
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FiGURE 5.20: BTT maneuver - Norm of the tracking error vector and energy of the
control inputs vector at low uncertainty: comparison between nominal and robust con-
trollers

Norm of the tracking error vector at high uncertainty: comparison between nominal and robust controllers

nominal

robust

lle, 01
°
g

|

Gx10' Energy of the control inputs vector at high uncertainty: comparison between nominal and robust controllers
T T

nominal

robust

0 05 1 15

FiGure 5.21: BTT maneuver - Norm of the tracking error vector and energy of the
control inputs vector at high uncertainty: comparison between nominal and robust
controllers



Chapter 6

Immersion and Invariance under

sampling

The chapter is devoted to the implementation of the Immersion & Invariance stabiliza-
tion technique under sampling, when, i.e., the control input is maintained constant over
intervals of fixed length, namely the sampling period. This approach is not robust in
the sense that it counteracts the effects of model uncertainties and disturbances, as the
recursive Lyapunov redesign does. More precisely, the 1&I technique adds robustness to
existing nonlinear controllers with respect to neglected dynamics, usually disregarded
because faster than the dominant dynamics or, in general, because considered less impor-
tant in control design. In several cases, such dynamics can critically affect the stability of
the closed-loop system, whereas the 1&1 approach is meant to preserve the desired prop-
erties exploiting, at least in part, the knowledge of the model of such dynamics. Often,
the presence of higher-order dynamics leads to time-scale separation designs, singular
perturbation and center manifold techniques to simplify the design. Such dynamics, for
instance associated to fast flexible motions or to actuator dynamics, usually neglected

at a first stage of the design, can be suitably handled in the I&I setting.

In this chapter, we reformulate in the sampled-data context the [&I stabilization paradigm
for a class of nonlinear systems in feedback form and we propose a constructive solution
based on the multi-rate control design philosophy. The main idea is to ensure, via a dig-
ital multi-rate construction, the matching of the closed-loop continuous-time evolution
of the function ¢(z), describing implicitly the manifold, with the same trajectory under
digital control, at the sampling instants. The asymptotic dependency from the sampling
period of the multi-rate equivalent model allows for computable approximate solutions.

The sampled data design, by reproducing the behavior of ¢ at the sampling instants,

111
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directly guarantees manifold attractivity. Boundedness of the trajectories and the prop-
erties of system immersion and manifold invariance are preserved under sampling [93]
[90] [87]. The performance improvement of the proposed controllers relies in a remark-
able increase of the Maximum Allowable Sampling Period (MASP) with respect to the
direct implementation through zero-order hold of the continuous-time solution, which is
emulated control. The effectiveness of the proposed control strategy is evaluated on two

academic examples and a case study, the cart-pendulum system.

6.1 Sampled-data I&I control design

We consider the problem of I& I stabilization of systems of the form (3.54)-(3.53) and we
propose sampled-data solutions in terms of single-rate and multi-rate controllers, which
we apply to two academic examples. Next, we apply the digital single-rate solution to

the cart-pendulum system.

Problem setting Assume that the control input u is maintained piecewise constant
on intervals of fixed length, which is the sampling period. We look for a possibly
sampling-dependent controller, which maintains the stability properties achieved by the
continuous-time control law under sampling. In particular, the digital controller should
verify the sampled-data versions of conditions Hlc-H4c of Theorem 3.4.0.11, achieving
manifold attractivity and keeping the boundedness of the trajectories under sampling. We
seek a sampled-data controller which, following the closed-loop continuous-time evolu-
tion of the function ¢(z), ensures attractivity of M and boundedness under sampling.
The closed-loop system under digital control should be globally asymptotically stable.
To begin with, let us briefly recall the sampled-data equivalent dynamics under single

and multi-rate sampling.

6.1.1 Sampled-data equivalent models

The single-rate sampled-data equivalent model is the discrete-time dynamics reproducing,
at the sampling instants, the solution of (3.54) when the control variable u(t) is kept
constant over time periods of length §, namely u(t + 7) = u(t) = ug for 0 <7 < 9, t =
k6, k > 0. It is described by the d-parametrized map F°(.,uy) (the pair u, F?) admitting

the Lie exponential series expansion:

Tpr1 = F‘S(xk,uk) = e‘s(f+“’“9)xk (6.1)
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On the other hand, the multi-rate sampled-data equivalent model of order m - MR™ -
reproduces, at the sampling instants, the continuous-time behavior of (3.53) when u(t)
is maintained constant at values u;, over intervals of length & = % for 7 € ((i —1)6,id).
Over each 6 = mé, it is described by the J-parametrized map (the pair ui,Fmg for

i=1,...m)

Th+1 = Fmé(xka ULk, " - 7umk) (62)

— S(ftug) o 4 6S(f+“mkg)xk

From the computational point of view, it is convenient to define the approximate versions
of these representations, namely the approximate single-rate (resp. multi-rate) sampled-
data model of degree v, with reference to truncations of the expansions (6.1) (resp. (6.2))

at finite order v in 4, i.e.

Fo(z,u) = FM(z u)+0() (6.3)
F™(z,u1, oy um) = F™M (2,0, . um) + O(6Y) (6.4)

Remark 6.1.1.1. With v = 1 (approximation in O(§?)), one recovers the well known Eu-
ler sampled-data dynamics zp+1 = x + 6f(zk) + durg(zk), preserving the structure of the

continuous-time system. &

6.1.2 Main result

The sampled-data control is designed employing a multi-rate strategy (see [92]) of order
n — p, which achieves manifold attractivity under sampling by matching the evolu-
tion of ¢(x), under continuous-time control (3.59), at the sampling instants. Since the
continuous-time assumptions are fulfilled, we expect ¢ to vanish asymptotically. Bound-
edness under sampling is ensured by matching between the sampled-data trajectory and
the continuous-time one. The behavior on the manifold is reduced to that of the target
system under sampling, yielding the global asymptotic stability of the digital control

system.
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Theorem 6.1.2.1. Consider the class of feedback systems (3.53) satisfying assumptions 3.4.2.1
and 3.4.2.2, with n —p = 2, with an equilibrium x* to be stabilized. There exists an order m = 2

multi-rate sampled-data control law of the form

ua1 = V3 (zk, (1))

s (6.5)
uaz = Py (zk, (1))
such that =* is a globally asymptotically stable equilibrium of the closed-loop dynamics
a1 = F2 (0, 0 (o, $a)), ¥ (i, d())) (6.6)
¢

Proof. Following assumptions Hlc to H4c of the continuous-time result, we can define

for (3.53) a sampled-data equivalent target system, with state £ € RP

Ekr1 = aa(&r) (6.7)

where ag4(&) = e3/1(€0)¢ has a globally asymptotically stable equilibrium at £* € RP and

x* =7(£*). Condition H2c can be reformulated as follows

FB(r(€), 0) = m(aa(&)) (6.8)

which, exploiting the properties of the exponential representation, yields that 7 is equal
to the identity function for the first p components, while it is necessarily equal to zero
for the remaining n — p components. Thus invariance under sampling is ensured. Keep
in mind that, for the class of systems at study, ¢(§) = 0. As a consequence, the implicit
manifold condition H3c is verified under sampling with the choice ¢;1(x) = xa, ¢2(x) =
x3. The existence of a multi-rate controller of the form (6.5) for (3.53) is ensured

provided the following rank condition [93] is fulfilled

rank|[g, ad g, adfcg, e ad’}g, ] >n—p. (6.9)

When applied to (3.53), condition (6.9) results verified if g—ﬁ # 0, which is true thanks to
the assumptions 3.4.2.1 and 3.4.2.2. Consider now the extended system under sampling
(Z =1, 2)

g1 = S(FOTPP (2 0 (y, 21)) (6.10)
Tpp1 = FOPP (g (2, 21)) (6.11)
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where z = ¢(x) = (zy_1,7,)T. Attractivity of M is ensured by matching the continuous-
time trajectories of ¢(z), which for the systems under study reduces to a simple input
to partial-state matching, achieved by the existing multi-rate solution according to the
results in [93]. As a consequence, limg_, zx = 0. Boundedness of the trajectories of
(6.10) is guaranteed by one-step consistency property plus forward completeness of the
vector fields of (3.53), hence the thesis. O

Remark 6.1.2.2. In general, with x5 of dimension ¢, the sampled-data I&I solution is given
by a multi-rate control law of order m = ¢ 4+ 1. The multi-rate controller is built to follow the

closed-loop continuous-time evolution of the function ¢(zx). O

In the following, we are going to develop an approximate version of the proposed digital

controller (6.5), leading to a computable control law.

6.1.3 Sampled-data approximate design

We derived the continuous-time 1&I stabilizing control law (3.59) for a special class of
systems in the case n — p > 1, establishing that a sampled-data multi-rate control logic
is well suited to solve the problem in a digital setting. Now we look for constructive,

approximate, solutions according to (6.3).

6.1.3.1 Single-rate solution

For the class of systems (3.54), with n — p = 1, the continuous-time solution (3.55),
namely y(z), yields a single-rate sampled-data controller uy designed to match at the

sampling instants the controlled xo dynamics. The matching condition is
€5f(.,u,1)x2 — eéf("7)¢|x1,x2 (6.12)

with f(z1,22,u) = fi(z1, xg)a%l + u%. In this case, since #3 = u, (6.12) is satisfied by

the single-rate sampled-data control law

2 7 )
ug = y(z) + %ﬁ(az) + ‘;ﬁ(x) +) - g ‘u@ (z) (6.13)
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According to (6.3), an approximate version of (6.13), truncated at the first term in
O(6?), can be given as follows:

0
Ug = Ugo + iudl. (6.14)

Note that the term ugy = y(2)|z, is the emulated controller, with z, = z(t = kJ) and

gy = Ue(2) ]y = 2(f + g7(x)) |y

In this particular case, the digital control can be directly expressed in terms of the

continuous-time control input as follows:

1 pUket1)s

= - ue(T)d T, (6.15)
0 Jks

Uq

which is exactly the average of the continuous control signal evaluated on the sampling

period.

6.1.3.2 Multi-rate solution

For systems in the form (3.53), the multi-rate solution is better suited as well as of
straightforward derivation. In the case n —p = 2, a multi-rate controller of order m = 2
can be designed to match the continuous-time controlled trajectories of ¢(x) = (w9, 23)7
at the sampling instants. Recall that the continuous-time solution (3.59) is of the form

Y(x1,¢(x)). The input to partial-state matching conditions in this case are given by

SUHuar9) o ST +uass) gy = HT+HID |

e (6.16)
FTHu1D) o ST+uad) yy — ST+ |

3 T1,2

where f = (fa(a,23), 0)7, g = (0, 1)*. As stated by Theorem 6.1.2.1, there exists a

multi-rate sampled-data control law of order 2, satisfying (6.16), of the form

Ugl = Uqgi0 + Z mudli over [0,0)
= (6.17)

Ugo = Ugoo + Z %'udgi over (S, (5]
= (14 1)!

The approximate control laws which solve the problem up to an error in O(8%) (in z3),
arresting the expansions (6.17) at ¢ = 2, are given by the following expressions for the

Ugy; terms

Ud10 = Ug20 = Y (21, 2)
10 (6.18)

Udi1 = gucl Uq21 = ?ucl
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o

where uc = ¢(x). Substituting (6.18) into (6.17) yields

wn =)+ 39@) e = () + 2 9() (619)

with 6 = 26. On the first sub-interval [0,8) the control applied is ug;, which switches
to uge in [0,9). The obtained multi-rate control law (6.19) renders the origin of (3.59)
GAS under sampling, if § is chosen small enough. The approximate single and multi-
rate controllers (6.14)-(6.19) overcome in performance the emulated control laws ugy =
Ud10 = Ug20, preserving stability for increasing values of § as shown in the two examples

below.

6.2 Example with single-rate control

The results can be illustrated through an academic example discussed in [6]

. 3
1= —T1+TiT2
(6.20)
Ii‘g = U
with z; and zo € R. In this particular case, z = ¢(z) = x2 and, on the manifold,
Ue = — (2 + x%) Z2|zo—0 = 0. Exploiting the arguments presented in [6], the continuous-

time stabilizing 1&I control law is found to be
ue=—(2+ acsf) x3. (6.21)

The computation of the sampled feedback is made according to the approximate sampled-

data controller (6.14) which, truncated at the first term in O(J), gives
_ 8 g le _ 1 8
ug = —(2 + 27)ws + 502 (216 — 8zox10 + 1227 + 4) (6.22)

We compare the target system and the continuous-time trajectories with those under
emulated control ugy and those under ug, for increasing values of the sampling period
0. In the first scenario, with § = 0.01 s, both controllers behaves very well and the
difference in performance is imperceptible. In the second scenario, with § = 0.2 s, the
state trajectories under ugy and ug track the target dynamics and the continuous time
evolution very well, with a slightly increased performance under uy (Fig. 6.1, 6.2, 6.3).

In the third scenario, with § = 0.8 s, the state trajectories convergence under ug is
still more than acceptable: boundedness and attractivity are preserved. However, as

expected, the behavior under uq4g is unstable as shown in Fig. 6.4, 6.5 and 6.6.
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FIGURE 6.1: z; evolutions and comparison with the target system when § = 0.2 s.
In black the target system, in red the continuous-time evolution, in blue the evolution
under ug and in green that under ugg.

0 05 1 15 2 25

FIGURE 6.2: x5 evolutions when § = 0.2 s. In red the continuous-time evolution, in
blue the evolution under ug and in green that under ugp.

FIGURE 6.3: u when § = 0.2 s. In red the continuous-time input, in blue uy and in
green uqq-
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FIGURE 6.4: x; evolutions and comparison with the target system when 6 = 0.8 s.
In black the target system, in red the continuous-time evolution, in blue the evolution
under ug and in green that under ugg.

FIGURE 6.5: x5 evolutions when § = 0.8 s. In red the continuous-time evolution, in

blue the evolution under ug and in green that under ugp.

FIGURE 6.6: v when 6 = 0.8 s. In red the continuous-time input, in blue
green uqq-

ug and in
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6.3 Example with multi-rate control

Let us consider the nonlinear system

1 =—x1+ x%m%
iy = x5 + 23 (6.23)
T3 =1u

which is a system of the form (3.58) with target dynamics £ = —¢, a() : R - R. In
this case p = 1, hence n — p = 2. Due to the lower-triangular structure of the system,
conditions H2c¢ and H3c hold with ¢(§) = 0 and z = ¢(z) = (2, 23)7. Manifold
attractivity and boundedness of the trajectories are achieved using simple nonlinear
domination arguments, thus applying (3.59) with the choice k1 = 2+ a:‘ll, ko > 0, results

in the control law:

u= x5 — (232 + 2+ 271) (z3 + 23)

(6.24)
— 4@3:‘% (—xl + x%x%) — ko (acg + :c% + 229 + xgxil)
which ensures lim,_,o, = 0 and boundedness of the trajectories choosing
i Lo 17, 2 4)2
W = 521 + 3 <x2 + (w3 + @3 + 239 + 2227) ) (6.25)

Remark 6.3.0.1. The Lyapunov function (6.25) represents a quite strong choice. In fact, it
is possible to relax the choice of V, using a weak Lyapunov function, with derivative negative
outside a compact set containing the origin, or even a semidefinite Lyapunov function: the
boundedness property required for z; is still maintained. Other issues, as reducing the dimensions
of the (ultimate) bound or the time of convergence, can be taken into account exploiting further

design parameters. &

The sampled-data design aims at following the closed-loop behavior of the two-dimensional
function ¢ = (22, x3)7 with a multi-rate controller of order two. The classical solutions

with m = n — p = 2 are truncated at the first order in ¢, so we apply (6.19) directly.
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Setting ko = 4, the expression of u.; takes the form

Uer = daizs + 2fa2 + a¥rs — 202825 — 83:‘;%% + 44z
— 161“;’173:133 + 2:13‘11@'%’ + 16x‘11:):% + 2z w013 (6.26)
+ 9xtay 4+ 162 w3 — 205 + 1205 — 4a3as

+ 4530% + 12x9x3 + 5dxo — 293:2)) + 27zx3.

Note that the multi-rate solution combines the emulation of the continuous controller
with its weighted derivative in closed-loop. Again, we compare the target system and
the continuous-time trajectories with those under emulated control ug19 — ugoo and those

under ug; — ugo, for increasing values of the sampling period §.

In the first scenario, with § = 0.05 s, both the emulated and the multi-rate solutions
behave well in steering to zero system trajectories (Fig. 6.7, 6.8). However, a nervous
transient behavior can be observed in the emulated case, especially in the control input

(Fig. 6.9). In the second scenario, with § = 0.1 s, it is clear from Fig. 6.10, 6.11 and

Ja0)

0 0.5 1 15 2 25 3 35 4 45 5

FIGURE 6.7: 1 evolutions and comparison with the target system when 6 = 0.05 s.
In black the target system, in red the continuous-time evolution, in blue the evolution
under multi-rate and in green that under ug10 — ugo0-

6.12 that the emulated controller cannot guarantee stability anymore, while the behavior

under multi-rate control is still more than acceptable.

Next, we propose the application of the single-rate digital controller to an underactuated
system with relative degree one, the cart-pendulum. Also in this case, the continuous-

time solution has been studied and proposed in [5].
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FIGURE 6.8: z9 and x3 evolutions when 6 = 0.05 s. In red the continuous-time
evolution, in blue the evolution under multi-rate and in green that under ug19 — %g20-
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FIGURE 6.9: u when § = 0.05 s. In red the continuous-time input, in blue the multi-rate
and in green the emulated.

%)

FIGURE 6.10: x; evolutions and comparison with the target system when 6 = 0.1 s.
In black the target system, in red the continuous-time evolution, in blue the evolution
under multi-rate and in green that under ug10 — ug20.
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FIGURE 6.11: x5 and x3 evolutions when = § = 0.1 s. In red the continuous-time
evolution, in blue the evolution under multi-rate and in green that under wg19 — uq20.
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FIGURE 6.12: u when 6 = 0.1 s. In red the continuous-time input, in blue the multi-
rate and in green the emulated.

6.4 The cart-pendulum system

Following [6], we develop a sampled-data controller for a classical example based on

an underactuated system with three state variables, the cart-pendulum. The partially-

linearized and normalized cart-pendulum system equations of motion are

(i:l = X9
&9 = sin(z1) — ucos(zy)

a’03:u

(6.27)

where (21, z2) € S' x R are the pendulum angle (w.r.t. the upright vertical) and its

velocity, x3 € R is the velocity of the cart and u € R is the control input. We want to

stabilize the pendulum in its upward position, with the cart stopped, corresponding to
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the equilibrium «* = 0. Usually, a smart target-system choice for this kind of systems is
the unactuated part of the mechanism to which has been assigned a desired dynamics,

in this case that of a fully actuated pendulum

& =6

(6.28)
Lo =-V'(&) — R(&1,&)6

with R(-) damping function, R(0,0) > 0, V(&) potential energy function, V/(0) = 0
and V"(0) > 0, and H(&1,&) = 3£3 + V(&) total energy function. A natural selection
of the mapping 7(-) is

&1
o= e (6.20)
m3(&1,£2)
The choice m3(x1,z2) = —k121 — %1‘2 with k1 > 0 and ko > 1 yields the following

continuous-time control law

1 ko
u(zr) = Ty 1 [7 <$3 + k1 + COS($1)$2>

22
+ kixo + ko tan(xq) < 24 1)]

cos(z1)

(6.30)

which, with v > 0, solves the problem of I&I stabilization of the origin of the cart-
pendulum system. For a detailed discussion of the continuous-time control design, see

[6] and the references therein.

Since the relative degree of (6.27), considering x; as output function, is one, the compu-
tation of the sampled feedback can be done according to (6.13), which for the first term
in O(62) gives

. . k1 + koxo sin(acl) 2 x%

u(x) = (g (—cos(xl)Q + ko tan(z1)” + 1) (cos(ml) + 1)

kox? sin(z1) tan(z1) gko 2koxo
cos(@1)2(ka — 1) ) T2 <k1 1 cos(@1) T tan(z1) cos(ar) (ks — 1)) (6:31)

x (sin(z1) — cos(z1)u(x)) + (kzg_ l)u(x)

Simulations are carried out to highlight the difference in performance between the em-
ulated controller, which is (6.30) evaluated at the sampling instants ¢ = kd, and the
digital controller with the first order corrector term defined in (6.31). Two scenarios are

considered: the first with sampling time 7' = 0.1 s and the second with T'= 0.3 s.

When the sampling time is sufficiently small, as in the case of T' = 0.1 s, both the
emulated and the first-order controllers behave well in reaching asymptotically the target

system evolution, as shown in Fig. 6.13, 6.14, 6.15. The continuous-time trajectories are
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well followed by both the controllers. However, note that the transient response shown
by the system controlled using the first-order correction term is smoother and shows
less overshoot than the emulated response. Similar observations can be made for the
control inputs transient responses in Fig. 6.16. The superiority of the controller with
correction term is mostly due to the predictive action of 1, which increases damping. In
the following figures we show in black the target system evolution, in red the continuous-
time one, in green the evolution under emulation of the continuous-time controller and
in blue the state trajectories of the system in closed-loop with the first order correction

controller.

FIGURE 6.13: Pendulum heading angle w.r.t. the vertical, comparison between con-
tinuous (red) and sampled-data controllers (emulated in green and first order in blue)
at T =01 s

Nalan

FIGURE 6.14: Pendulum angular velocity, comparison between continuous (red) and
sampled-data controllers (emulated in green and first order in blue) at T = 0.1 s

In the second scenario, the sampling time is increased at the value of T' = 0.3 s. This
seems to be a critical value for the system, since the emulated controller doesn’t work
anymore, while the first-order corrected controller is still able to follow the target system
behavior, as shown in Fig. 6.17, 6.18, 6.19, 6.20.
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FIGURE 6.15: Cart velocity trajectory, comparison between continuous (red) and
sampled-data controllers (emulated in green and first order in blue) at T = 0.1 s

FIGURE 6.16: Control input, comparison between continuous (red) and sampled-data
controllers (emulated in green and first order in blue) at T = 0.1 s

FIGURE 6.17: Pendulum heading angle w.r.t. the vertical, comparison between con-
tinuous (red) and sampled-data controllers (emulated in green and first order in blue)
at T =0.3 s
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FIGURE 6.18: Pendulum angular velocity, comparison between

continuous (red) and

sampled-data controllers (emulated in green and first order in blue) at T = 0.3 s
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FIGURE 6.19: Cart velocity trajectory, comparison between continuous (red) and
sampled-data controllers (emulated in green and first order in blue) at T = 0.3 s

FIGURE 6.20: Control input, comparison between continuous (red) and sampled-data
controllers (emulated in green and first order in blue) at T = 0.3 s



Chapter 7

Robust attitude stabilization via
digital 1&1

In this chapter, we face the problem of robust nonlinear attitude stabilization of a
rigid spacecraft. An Immersion and Invariance robust attitude stabilizer is proposed,
taking into account actuator dynamics in control design. The proposed continuous-
time controller is then implemented under sampling using an approximated single-rate
strategy to match, at the sampling instants, the zero-going evolution of the off-the-
manifold coordinates. The results illustrated in section 6.1 for the single-rate solution
are easily extended to the case of more than one control input. Simulations show the
effectiveness of the proposed controller. The chapter follows the paper [88] submitted
to the first MICNON conference and waiting for review.

7.1 Introduction

A nonlinear control strategy to stabilize the attitude of a rigid spacecraft robustly with
respect to actuators dynamics is proposed. The control law is applied under sampling
using a single-rate digital approach with first order corrector term, which overcomes in
performance the direct implementation through zero-order hold, as shown by simula-
tions. A robust attitude stabilizer is necessary for long range communications satellites,
especially when a high throughput is involved. The capability of the spacecraft to
maintain a fixed orientation despite external disturbances and modeling uncertainties
is crucial when dealing with satellite internet access at high data speeds [101]. In this
work we propose an &I solution for systems in strict-feedback form which is particu-
larly suited to counteract the degrading effect of unmodeled actuator dynamics on the

overall control systems. In fact, I&I can be regarded as a tool to robustify a given

128
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nonlinear controller with respect to higher-order dynamics, exploiting at its best the
knowledge of such dynamics during the control design phase. Thus, this approach can
be considered “robust” nonlinear control. The obtained continuous-time controller is
then implemented under sampling using a single-rate control strategy with truncation
of series expansions at the second order in the sampling period. Simulations at increasing
sampling times show the effectiveness of using a first order corrector term with respect
to the simpler implementation through zero-order hold device (emulated control [97]).
In particular, the maximum allowable sampling period (MASP) is increased, thus the

sampled-data controller shows robustness w.r.t. 4.

7.2 Spacecraft dynamic modeling

Consider a symmetric rigid spacecraft characterized by a diagonal inertia matrix J,

namely
Jy 0 0
J=10 J, 0
0 0 J,

The kinematic model used is based on the modified Cayley-Rodrigues parameters, which
provide a global and non-redundant parametrization of the attitude of a rigid body (]26]).
In the following, S(-) denotes the three-dimensional skew-symmetric matrix, which for

a generic vector 7 € R? takes the form

0 rs3 —T9
Str)=1-r3 0 n (7.1)
9 —T1 0

Defining p € R? the modified Cayley-Rodrigues parameters vector and w € R? the

angular velocity in a body-fixed frame, the kinematic equations take the form

p=H(p)w. (7.2)

The matrix-valued function H : R? — R3*3 denotes the kinematic jacobian matrix of

the modified Cayley-Rodrigues parameters, given by

H(p)= 5

<I —S(p) +pp" - 1+2pr1_> (7.3)
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where I denotes the 3 x 3 identity matrix. The matrix H(p) satisfies the following

identity ([127])

1+ pT
prﬂpﬂv==<lfp>pTw (7.4)
for all p,w € R3.

According to Euler’s law, the kinematic and dynamic equations can be written as

p=H(p)w (7.5)
w=J1S(w)Jw+ J tu. (7.6)

If first-order actuator dynamics with time-constants T; (¢ = 1, 2, 3) are considered, equa-

tions (7.5)-(7.6) are dynamically extended as follows

p=H(p)w (7.7)
w=J1S(w)Jw+ J 7 (7.8)
7= AT+ u. (7.9)

where 7 € R3 represents the torque generated by the actuators according to the refer-

1 1 1y - . . .
—T0 Ty —T—B) is a Hurwitz diagonal matrix whose

eigenvalues, all negative real, depend on the time constants of the actuators.

ence torque u € R® and A = diag(

7.3 Immersion and Invariance stabilization

7.3.1 Recalls

Let us recall the continuous-time I&I main result in the general case (the proof is detailed
in [5]).

Theorem 7.3.1.1. Consider the nonlinear system
&= f(z)+ g(x)u (7.10)

with state x € R™, control input v € R™ and an equilibrium point x* € R™ to be stabilized.

Suppose that (7.10) satisfies the following four conditions.

Hliec (Target System) - There exist maps a(-) : R? — R? and w(-) : R? — R"™ such that the sub-
system £ = a(&) with state € € RP, p < n, has a (globally) asymptotically stable equilibrium
at & € RP and z* = w(£*).
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H2c (Immersion condition) - For all & € RP, there exists a map c(-) : RP — R™ such that

O

f(m(€)) + g(m(§))e(€) = %

(©)a($) (7.11)

H3c (Implicit manifold - M) - There exists a map ¢(-) : R™ — R" P such that the identity
between sets {x € R"|¢(x) = 0} = {z € Rz = 7(§) for £ € RP} holds.

Hjc (Manifold attractivity and trajectory boundedness) - There exists a map (-, -) : Rx(n—p)

R™ such that all the trajectories of the system, with initial condition zo = ¢(xg)

2= 22110 + ()t 2) (T123)

&= f(z)+g(@)(z, 2) (7.12b)
are bounded and satisfy lim;_, o, z(t) = 0.

Under these four conditions, x* is a globally asymptotically stable equilibrium of the closed-loop

system

i = J(2) + g(a)p(z, 6(a)) (7.13)

The following definition is straightforward.

Definition 7.3.1.2 (I&I Stabilizability). A nonlinear system of the form (7.10) is said to be
161 stabilizable with target dynamics £ = a(§), if it satisfies conditions Hlc to H4c of Theorem
7.3.1.1. ¢

Note that the target dynamics is the restriction of the closed-loop system to the manifold
M., implicitly defined in H3c. The control law u = 9 (z, z) is designed to steer to zero the
off-the-manifold coordinate z and to guarantee the boundedness of system trajectories.
On the manifold, the control law is reduced to ¥ (7(£),0) = ¢(§), and it renders M
invariant according to H2c. The complete control law can thus be decomposed in two

parts:

u=1(z,¢(z)) = ¥(z,0) + P(z, ¢(z)) (7.14)

with ¢ (m(£),0) = ¢(€) on the manifold and ¢ (z, 0) = 0. Note that ¥ (z,0) can be seen as
a nominal control law, designed on the model of the dynamics restricted on the manifold
to obtain a GAS target dynamics. In this sense, the term 1;(1', ¢(x)) is a robustness-
improving addendum which takes into account the off-the-manifold behaviors generated,
for instance, by higher-order actuator dynamics. The overall control law provides the

I1&1 “robust” nonlinear stabilizer.
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7.3.2 The class of systems under study

In this work, we consider the problem of state-feedback stabilization of the following

class of systems in feedback form
(7.15)

where £ € RP, n € R" P, 4 € R™ (with m =n —p), x = col(&,n) and £ = 0 is a globally
asymptotically stable equilibrium of £ = f (&). Tt is also assumed that we know a radially
unbounded Lyapunov function V' (§) such that

ov

o€ (&) < —w(liEl) (7.16)

with w(-) K& function. Note that the existence of V is guaranteed by the converse
Lyapunov theorems, although in many cases its knowledge or construction could be
difficult to achieve. For systems like (7.15) constructive solutions of the I&I stabilization
problem do exist, as shown with more detail in [5]. In fact, the target dynamics condition

Hic is trivially satisfied by & = f (£). Moreover, the mappings

L [m <5>] _
m2(€)

are such that conditions H2c and H3c hold. Since the off-the-manifold component z = 5

£
0

] u=c(€) =0  &&n) =n (7.17)

is a partial-coordinate, condition H4c is verified if it is possible to find a control law

u = 1(&,n) such that the trajectories of the closed-loop system

£=f(&)+9(©n
n=1v(n)

(7.18)

are bounded and lim;_, 7(¢) = 0 (manifold attractivity). To this end, it is possible to
relax the assumption on V' to be a weak Lyapunov function, namely such that (7.16)
holds for all ||| > M > 0, for a proper, problem-dependent, choice of M (see [5] for

more details). With this in mind, we can state the following result.

Theorem 7.3.2.1. Consider system (7.18) with all the related properties and assumptions. The

system satisfies condition H4c, i.e. manifold attractivity and trajectory boundedness, with the
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following choice for the control law:
(&) = —(u(&) + kn)n
oV (7.19)
we) > |Geato] x>0 o
Proof. Substituting (7.19) into (7.18) yields
: N
§=1(&) +9n (7.20)
1= —(u(&) + kp)n.
Consider now the Lyapunov function
1
W(gn) = V(&) + 50" n (7.21)
The derivative of (7.21) along the trajectories of (7.20) takes the form
. ov ov
W=~ e . T, k T
o€ (&) + e ! 9(&)n — w(&)n"n—kgn' n
< —ullel) + | G )| 11 = (€ Il - by Il
(7.22)
< —ullel) + (|| Fgo(©| - 1)) 1l = b Il

< —w(l€]) = Ky lIn])*

which is negative definite for all ||€]| > M > 0 thanks to the proper choice of p(§) and

ky, thus condition H4c is verified, which concludes the proof.

7.3.3 Problem setting

O

Assume now that the control input u is maintained piecewise constant on intervals of

fixed length, namely the sampling period. We seek a possibly sampling-dependent con-

troller, which maintains the stability properties achieved by the continuous-time control

law under sampling. In particular, the digital controller should verify the sampled-data

versions of conditions Hlc-H4c of Theorem 3.4.0.11, achieving manifold attractivity and

keeping the boundedness of the trajectories under sampling.
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7.4 Sampled-data control design

We seek a sampled-data controller which, following the closed-loop continuous-time evo-
lution of the function ¢(§,n) = n, ensures attractivity of the manifold M and bound-
edness of the closed-loop trajectories under sampling. The closed-loop system under
digital control should be globally asymptotically stable. To begin with, let us briefly
recall the sampled-data equivalent dynamics under single-rate sampling. In order to
simplify the problem and to fit it to that of attitude stabilization of the rigid spacecraft,

the following two assumptions are straightforward.

Assumption 7.4.0.1. Consider system (7.15). With the aim of designing the sampled-
data controller, it is assumed that the dimension of the vector ¢ is equal to that of

and u, namely p = m, thus n = 2m. As a consequence, the matrix g(&) is squared,
g(xz) € Rmxm, &

Assumption 7.4.0.2. Consider system (7.15). For the sake of simplicity of the sampled-
data control design it is assumed that the matrix g(&) is diagonal and does not depend

on &, namely g(£) = G. Moreover, it is assumed that it is non-singular, i.e. det G # 0.{

Next, let us rewrite system (7.15) in the following form (i = 1,...,m):

i = fi(x) + uig (7.23)

where x; = col(&;,n;), u; is the i component of the control input, fi(x) = col(f;(€) +
Gin;,0), G; is the i*" row-i'" column element of G' and g = col(0,1). In this way, the
n-dimensional multi-input system is decomposed into m single-input systems, each of

dimension two.

The single-rate sampled-data equivalent model is the discrete-time dynamics reproducing,
at the sampling instants, the solution of (7.23) when the control variable u;(t) is kept
constant over time periods of length 0, namely u;(t + 7) = u;(t) = w, for 0 < 7 <
8, t = k§, k> 0. It is described by the d-parametrized map F?(.,u;;) (the pair u;, F?)

admitting the Lie exponential series expansion:
Tiger1) = F (i, win) = eOUituand) g, (7.24)

The sampled-data control is designed employing a single-rate strategy (see [92]), which
achieves manifold attractivity under sampling by matching the controlled continuous-
time evolution of ¢ = n at the sampling instants. Since the continuous-time conditions
are fulfilled by (7.19), ¢ will vanish asymptotically. A digital control law reproducing

the ¢ behavior is proposed to steer system trajectories on the manifold. The behavior on



Chapter 7. Robust attitude stabilization via 161 135

the manifold is reduced, by construction, to that of the target system under sampling,

yielding global asymptotic stability of the digital control system.

Theorem 7.4.0.3. Consider the class of feedback systems (7.15) satisfying assumptions 7.4.0.1
and 7.4.0.2 with an equilibrium x* to be stabilized. Moreover, consider the stabilizing continuous-
time control law (7.19), ¥(&,n) € R™. There exist sampled-data control laws of the form (i =
1,...,m)

wai = U] (k) (7.25)

such that x* is a globally asymptotically stable equilibrium of the closed-loop dynamics (i =
1,...,m)

Titor1) = FY (i, 0 (g 70)) (7.26)
&

Proof. Following assumptions Hlc to H4c of the continuous-time result, we can define

for (7.15) a sampled-data equivalent target system, with state £ € RP

k1 = fa(k) (7.27)
where f4(¢) = e3¢ has a globally asymptotically stable equilibrium at £* € R? and
x* = m(&*). Condition H2¢ can be reformulated as follows, for i = 1,...,m,

F(r(&),0) = 7(fa(é)) (7.28)

which, exploiting the properties of the exponential representation, yields that 7 is equal
to the identity function for the first p components, while it is necessarily equal to zero
for the remaining n — p = m components. Thus invariance under sampling is ensured.
Keep in mind that, for the class of systems at study, c¢({) = 0. As a consequence,
the implicit manifold condition H3c is verified under sampling with the choice ¢;(z) =
Tpi1, P2(T) = Tpya, ..., ¢n—p(x) = zp or, alternatively, ¢(z) = n. The existence of a
single-rate controller of the form (7.25) for (7.15) is ensured provided a controllability-
like condition [93] is fulfilled. For systems in strict-feedback form like (7.15) satisfying
assumption 7.4.0.1, such condition translates in requiring that det g(§) # 0, which is

automatically ensured by assumption 7.4.0.2, thus the sampled-data control law exists.

Consider now the extended system under sampling (i =1,...,m)

Zithr1) = S(F (i, V2 (s 1)) (7.29)
Ti(k+1) = Fi6($ikv¢z§(§ka k) (7.30)
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Attractivity of M is ensured by matching the continuous-time trajectories of ¢(z),
which for the systems at study reduces to a simple input-state matching, guaranteed
by the existing single-rate solution according to the results in [93]. As a consequence,
limy_, 0 2 = 0. Boundedness of the trajectories of (7.29) is guaranteed by one-step
consistency property plus forward completeness of the vector fields of (7.15), hence the
thesis. O

7.5 Attitude stabilization of the rigid spacecraft

We consider the dynamical model introduced in section 7.2 to design a robust nonlinear
control law in continuous-time using the result introduced in 7.3 and implementing it

under sampling using the result provided in 7.4.

7.5.1 Continuous-time control design

The basic idea of continuous-time control design lies in the exploitation of identity (7.4)
to show global exponential stability of the kinematic subsystem with a virtual feedback

linear in p, namely w = —kp, yielding the closed-loop kinematic subsystem

p=—kH(p)p (7.31)

With this aim, consider the Lyapunov function

Vip)=p"p. (7.32)

Using (7.4), the derivative of V' along the trajectories of (7.31) is given by

) 14 p7 k
V = —2kp"H(p)p = —2k <+4pp> o< -3V (7.33)

which yields global exponential stability with rate of decay k/2. With this in mind, in
the following it is shown how the dynamical model of the spacecraft (7.5)-(7.6)-(7.9)
can be cast into the form (7.15) using simple transformations. First, we perform the

classical backstepping transformation ¢ = w + kp, which transforms the dynamics into

p=—kH(p)p+ H(p)¢ (7.34)
(=J1SWw)Jw+ J Y —k2H(p)p + kH(p)C (7.35)
7= AT + u. (7.36)
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Now, it is possible to “virtually” stabilize sub-system (7.34)-(7.35) using the backstep-

ping control law

(o w) = T1(p,w) + T2(p,w)
Ti(p,w) = —J [S(w)Jw — k*H(p)p + kH (p)(] (7.37)

1
ma(pw) = =keC =5 (14" p) p.

As a consequence, the resulting target-dynamics when 7 = 73, in (p, ¢) coordinates takes

the following form

p=—kH(p)p+ H(p)C

_ | (7.38)
C=—kC =5 (L+0"0) p.

Since 73 is not the actual control law, because non-negligible actuator dynamics are

considered, we need to introduce the further change of coordinates
Z2=T—T (7.39)

under which the dynamics in (p,w) coordinates takes the form

5= H(p)w (7.40)
W=J'Sw)Jw+J i+ T (7.41)
2=AT 4+ u—Tp. (7.42)
Setting now u = — A7 + 73 + v, the representation reduces to a strict-feedback form like
(7.15), namely
) H 0
7 = (p)e 4|7 . (7.43)
w J 1S (w)Jw + Tt (p,w) J1
Z=wv (7.44)

where the drift term in (7.43) is exactly the GAS target dynamics.

Keeping in mind that in our case a proper Lyapunov function for the target dynamics

is known from backstepping design, namely

W(p,Q)=p"p+ %CTC (7.45)
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we can directly apply the result of theorem (7.3.2.1), obtaining the continuous-time

control law:

v=—(ulp,C) + k2)z

(7.46)
w(p, ¢) > |jeol(GrTy Y, oy G )| ke >0

which ensure global asymptotic stabilization of the attitude of the rigid spacecraft.

7.5.2 Sampled-data control design

Taking as output z, the vector relative degree of system (7.43)-(7.44) is equal to 3, thus it
is possible to design three digital single-rate control laws to bring z to zero, by matching
the continuous-time control law at the sampling instants. In particular, let us consider

the controlled sub-system:

w=JSw)Jw+ J n(p,w) + T Lz (7.47)
2=—u(p,Q)z —k,z (7.48)

for which assumption 7.4.0.1 and 7.4.0.2 are satisfied, since dim(w) = dim(z) and J~! €
R3%3 is squared, diagonal, constant and non-singular. We want to construct a digital
version of the linear part of the continuous-time controller, i.e. v; = —k,z, which is
exactly the component bringing to zero the off-the-manifold coordinate z = ¢. With

this aim, let us express (7.47)-(7.48) in the following way, for i = 1,2, 3:

wi filp,w, zi) 0
N Yl = Jilp, W, Zi iUl 7.49
<2i> (‘M(P, C)%‘) - (1) n=file )+ givi, (7.49)

filp,w, zi) = [J7'S(w)Jw + T 'my(p,w) + ']

where

‘ (7.50)

v, (2i) = —kzzi
The matching equations for the i-th component of the digital control law take the form

e(S(fi('v',-)‘i“Udigi)zi‘(p’w7Zi) _ e&(fi(~,.r)+wi (Zz')gi)@‘(p’w’%)_ (7.51)
The corresponding digital control laws, truncated at the first term in O(2), are, for
i1=1,2,3,

1)
Vgi = Udiy + ivdil (7.52)
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or, in more compact form, vg = v4o + (8/2) va1, with v = v;(2)|;, emulated controller,

and vg; = 01(2)|,, first order corrector term, for which we simply obtain:

Vd1 = (kgz + k‘z,u(p, C)Z) |(pk,§k,zk) (753)

7.5.3 Simulations

The performance of the proposed sampled-data controller (7.52)-(7.53) is tested through
numerical simulations in comparison with the emulated controller vgy at different sam-
pling periods. The rigid spacecraft introduced in section 7.2 is characterized by the

inertia moments listed below in Tab. 7.1 The following initial conditions in modified
TABLE 7.1: Inertia moments

Jz 30.08 kg-m?
Jy 30.12 kg - m?
Jy 29.89 kg-m?

Cayley-Rodrigues (CR) parameters, angular velocities and torques are considered:

(,01(0),02(0),,03(0)) = (4787 12)
(w1(0),w2(0),ws(0)) = (6,3,9) [rad/s]
(11(0),12(0),73(0)) = (10, 11, 8.5) [N . m]

In the first scenario, the emulated and first-order corrector controllers are tested when
the sampling period is T' = 0.2 s. Figures from 7.1 to 7.4 illustrate the results: even
if both controllers achieve asymptotic stabilization, the improved performances of the
proposed controller in the transients of 7(¢) and z(¢) are evident. Moreover, the result is
obtained with a control effort which is smaller even in comparison with the continuous-
time controller (Fig. 7.5). In all the figures below, the closed-loop continuous-time
trajectories are depicted in red, those under emulated control in green and those under
the improved controller in blue.  In the second scenario, the emulated and first-order
corrector controllers are tested when the sampling period is T'= 0.5 s. As shown in Fig.
7.6,7.7,7.8,7.9 and 7.10 the emulated controller cannot achieve stabilization, while the
proposed controller still behaves well, also in terms of control effort.

Note that the maximum allowable sampling time for the emulated controller is about

Tyvasp = 0.4 s, a sampling period at which the improved controller still works.
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FIGURE 7.1: T = 0.2 s Modified CR parameters trajectories p(t).
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FIGURE 7.2: T = 0.2 s Angular velocities trajectories w(t).

FIGURE 7.3: T = 0.2 s Torques trajectories 7(t).
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FIGURE 7.4: T = 0.2 s z(t) trajectories.
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FIGURE 7.5: T = 0.2 s Control inputs trajectories u(t).

FIGURE 7.6: T = 0.5 s Modified CR parameters trajectories p(t).
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o

FIGURE 7.7: T = 0.5 s Angular velocities trajectories w(t).

FIGURE 7.8: T = 0.5 s Torques trajectories 7(t).

FIGURE 7.9: T = 0.5 s z(t) trajectories.
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FIGURE 7.10: T = 0.5 s Control inputs trajectories u(t).

7.6 Concluding remarks

A robust nonlinear stabilizer for a rigid spacecraft has been developed taking into ac-
count actuator dynamics in control design. The proposed control law is a special case
of I&I stabilizer and it has been implemented under sampling using a single-rate con-
trol strategy with first-order corrector term. The effectiveness of the proposed control

solution is shown in several simulations at two different sampling periods.



Conclusions and perspectives

In this work, we have discussed the problem of robust stabilization of nonlinear systems
affected by uncertainties in the dynamics. After some recalls on stability and stabi-
lizability of nonlinear systems in the control Lyapunov function framework, we have
introduced the reader to the corresponding activated concepts in the context of un-
certain nonlinear systems, namely subject to modeling uncertainties and disturbances.
The digression culminates with the definition of robust nonlinear stabilizability via the
concept of robust control Lyapunov function and with the corresponding property of
practical-robust global asymptotic stability (P-RUGAS). The trajectories of the system
converge to a compact set containing the origin and such set can be made arbitrarily
small by properly setting some tuning parameters, an idea particularly useful and ex-
ploited in the related robust nonlinear controller design phase. The representation of
uncertain nonlinear system gains structure throughout the first two chapters: we start
with a generic nonlinear dynamics depending on a vector of uncertain inputs to arrive at
an input-affine representation in which the time-varying parts of the system are enclosed
in additive uncertain terms, describing modeling errors, disturbances and uncertain pa-
rameters. Next, we have classified the uncertainties according to their structure and
their influence on the dynamics and given examples of unstabilizable nonlinear uncer-
tain systems, introducing the critical concepts of matching conditions and generalized
matching conditions. Uncertainty is modeled using the concepts of A-operator and
deviation function, defined in the second chapter together with some novel systematic
rules of evaluation of complex aggregates of uncertain parameters, often emerging in
missiles and launchers aerodynamics. These rules are also massively helpful in shaping
the so-called uncertain envelopes, in order to define proper bounding functions for the
uncertain terms. Such functions overestimate, with as less conservatism as possible, the
size of the uncertain terms taking into account physical limits of variation of system
parameters, maximum size of modeling errors and external disturbances. With all this
in mind, we have proceeded to the construction of a differentiable version of the clas-
sic Lyapunov redesign controller, to counteract the unmatched uncertainties in system

dynamics, and then to the development of a robust backstepping control law. Unifying
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these two controllers, we have obtained the recursive Lyapunov redesign, a two-step
procedure which can handle both matched and unmatched uncertainties, ensuring P-
RUGAS of the closed-loop system. The core idea of the design are the robust (virtual)
control functions, i.e. sigmoid-like functions emulating a discontinuity, with the aim
of dominating in size the uncertain terms when bounding from above the Lyapunov
derivative along the trajectories of the closed-loop system. Adjusting the slopes of these
sigmoids, it is possible to reduce the size of set of convergence of the closed-loop trajec-
tories, recovering indeed the property of P-RUGAS. The proposed controller is applied
to the problem of attitude stabilization of a spacecraft with flexible appendages and
to design an autopilot for an air-to-air aerodynamic missile with non-minimum phase
characteristics. In the final part of the work we have translated in the digital context the
Immersion & Invariance stabilization technique recalled in Chapter 3. In particular, we
have developed a controller employing one step of backstepping plus a nonlinear domina-
tion argument for a special class of systems in feedback form, for which solutions of the
1&1 stabilization problem do exist and are constructive. The 1&I approach can be viewed
as a tool of robustification of a given nonlinear controller with respect to certain un-
modeled dynamics, e.g. higher-order dynamics which entails a fast-slow decomposition
of the system. Approximate single and multi-rate control strategies are then proposed,
assuming that the continuous-time control input is hold constant over intervals of fixed
length, the sampling periods. The sampled-data controllers aim at zeroing the off-the-
manifold coordinates, so ensuring manifold attractivity, while trajectory boundedness
and manifold invariance are preserved under sampling. Two academic examples show
how the sampled-data multi-rate controller with first order correction term overcomes
in performance the emulated continuous-time control law, allowing the implementation
at higher sampling periods. The single-rate controller shows its effectiveness in the cart-
pendulum system stabilization. In the final part of the work, its multi-input version has
been applied to the attitude stabilization of a rigid spacecraft, robustly with respect to

actuator dynamics.

Future works should take into account explicitly in control design the presence of ac-
tuator bandwidth and saturation limits, to understand to what extent it is possible to
robustly stabilize a given nonlinear system under such constraints. One possibility is to
search for “softer” solutions by shaping suitably the robust control Lyapunov function,
in order to obtain control laws with less overshoot in the transient. Hard constraints
may also be included in control design exploiting the nonlinear optimal control setting,
which however comes along with the Hamilton-Jacobi-Bellmann equation, difficult to
solve in the unconstrained disturbance attenuation framework of nonlinear Ho, con-
trol. To bypass this obstruction, it is convenient to find out whether a given robustly

stabilizing controller, with the associated RCLF, is inverse optimal with respect to a
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meaningful cost functional, which exists in general and whose construction depends on
the particular problem to be solved. Input-to-State Stability interpretations of this
class of problems have also to be put in light. The links between robust backstepping
design satisfying hard constraints, optimality and inverse optimality of such controller,
passivity and stability margins should also be investigated and contextualized. In the
sampled-data context, we should encompass the problem of a variable sampling time.
This can be viewed as an event-triggered system stabilization problem, in which state-
dependent triggering conditions yield a maximum allowable inter-event time, critical for
the performance of the whole control system. In fact, suitable choices for the triggering
criteria could reduce the control effort, avoiding wasteful interventions of the control
action, and even satisfy optimality conditions. Hybrid systems analysis tools could also
be helpful in this setting. Applications rely mostly in the domain of cyber-physical and
networked control systems, but the approach can be helpful, for instance, in shaping
shooting-time conditions for micro/nano satellites orbital controllers, whereas limited
actuator resources constitute a rigid constraint of the design. Other actuator-level con-
trol problems can be addressed, such as jet-engine compressor, propulsion engine and
thrust-vectoring for space launchers and power converters control. Robustness issues
may also be addressed, since stabilizability and stability margins depend upon the trig-
gering conditions and the related inter-event times through suitable thresholds on the

Lyapunov function.



Resumé

La these porte sur le développement des techniques non linéaires robustes de stabilisation et
commande des systemes avec perturbations de model. D’abord, on introduit les concepts de
base de stabilité et stabilisabilité robuste dans le contexte des systémes non linéaires. Ensuite,
on présente une méthodologie de stabilisation par retour d’état en présence d’incertitudes qui ne
sont pas dans I'image de la commande (“unmatched”). L’approche récursive du “backstepping”
permet de compenser les perturbations “unmatched” et de construire une fonction de Lyapunov
controlée robuste, utilisable pour le calcul ultérieur d’un compensateur des incertitudes dans
Iimage de la commande (“matched”). Le controleur obtenu est appelé “recursive Lyapunov
redesign”. Ensuite, on introduit la technique de stabilisation par “Immersion & Invariance” (1&1)
comme outil pour rendre un donné controleur non linéaire, robuste par rapport a dynamiques non
modelées. La premiere technique de controle non linéaire robuste proposée est appliquée au projet
d’un autopilote pour un missile air-air et au développement d’une loi de commande d’attitude
pour un satellite avec appendices flexibles. L’efficacité du “recursive Lyapunov redesign” est
mis en évidence dans le deux cas d’étude considérés. En parallele, on propose une méthode
systématique de calcul des termes incertains basée sur un modele déterministe d’incertitude. La
partie finale du travail de these est relative a la stabilisation des systémes sous échantillonnage.
En particulier, on reformule, dans le contexte digital, la technique d’Immersion et Invariance.
En premier lieu, on propose des solutions constructives en temps continu dans le cas d’une
classe spéciale des systemes en forme triangulaire “feedback form”, au moyen de backstepping
et d’arguments de domination non linéaire. L’implantation numérique est basée sur une loi
multi-échelles, dont 'existence est garantie pour la classe des systemes considérée. Le controleur
digital assure la propriété d’attractivité et des trajectoires bornées. La loi de commande, calculée
par approximation finie d’un développement asymptotique, est validée en simulation de deux
exemples académiques et deux systemes physiques, le pendule inversé sur un chariot et le satellite

rigide.

Mots-clés. Contréle non linéaire, contriole robuste, fonction de Lyapunov controlée robuste,
modelisation de lincertitude, backstepping robuste, “Lyapunov redesign”, “recursive Lyapunov
redesign”, “Immersion and Invariance”, contréle non linéaire sous échantillonnage, controle

multi-échelles, projet d’autopilote pour missile, stabilisation d’attitude, satellite flexible
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Appendix

Notation for the continuous-time control part.
Throughout the work, we employ a quite common notation, widespread in control theory
and applied mathematics literature. Here we introduce and explain the most commonly

used terms and symbols.

We denote the non-negative real numbers with the notation ]R(J)r and the positive real
numbers with RT. We denote by B, the closed ball in R™ of radius r centered at the
origin, i.e. B, :={z e R": |z| < r}.

A class K function is a continuous function «a(-) : [0,a) — [0,00), which is strictly
increasing and such that «(0) = 0. A class K function is a class K function with
a = oo and such that lim, , a(r) = co. A class £L function is a continuous function

B(+) : [0,a) x [0,00) — [0, 00) such that:

e for each fixed s, the function 3(r,s) belongs to class K;

e for each fixed r, the function §(r,s) is decreasing with respect to s and it is such

that B(r,s) = 0 for s — oo.

A function f : Ry x R™ — R™ satisfies the Carathéodory conditions if f(-,z) is mea-
surable for each fixed x € R", f(¢,-) is continuous for each fixed ¢ € RS’ and, for each
compact U of ]R(’]L x R™, there exists an integrable function my : ]Rar — RE{ such that
|f(t,z)] < my(t) for all (t,xz) € U.

A function f : R"™ — R"™ is said to be locally Lipschitz if, for any compact set @ € R",
there exists a constant lg € R such that |f(z) — f(y)| < lglz — y| for all (z,y) € U.
We say a function is locally Lo, when it is (essentially) bounded on a neighborhood of

every point.

The notation |-|o represents the euclidean point-to-set distance function, that is, |-|q :=
d(-, Q).
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A given dynamical system & = f(z) + g(z)u, with f and g locally Lipschitz functions,
is said to be forward complete if for every initial condition zg and every input signal u,

the corresponding solution is defined for all ¢ > 0.

Given a smooth vector field f and a scalar function V, L;V = %—‘;f(:n) is the Lie

derivative of the function V along f.

With the notation col(z1,z2,...x,) we denote the column vector whose elements are

the column vectors z1,xo,...Ty,.

With the expressions “GAS system” or “GES system” we mean that the origin of that
system is GAS or GES.

With ||-||, we denote the induced £ matrix norm, also called spectral norm, while when

not specified in the text the symbol ||| denotes the vector Euclidean norm, namely
for vinR™, ||lv|| ;== \/v? +vZ + ...+ vZ. The symbol |-||; denotes the vector £, norm,
namely for v € R", |jv|| := >"7"; v;.

Notation for the sampled-data control part.
All the functions, maps and vector fields are assumed smooth and the associated dy-

namics forward complete.

n
Given a vector field f, Ly denotes the associated Lie derivative operator, Ly = > fi(*) %,
i=1 ¢

L'L
es denotes the associated Lie series operator, ef := 1+ 3" .
i>1
For any smooth real valued function h, the following result holds efh(z) = e/h|, =
h(efz) where efz stands for e/ Ij|z with I; the identity function on R™ and (z) (or

equivalently |,) denotes the evaluation at a point x of a generic map.

i

The evaluation of a function at time ¢ = kd indicated by “|;—xs” is omitted, when it is

obvious from the context.

The notation O(6”) indicates that the absolute value of the approximation error in the

series expansions is bounded from above by a linear function of |§|P, for § small enough.
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And then dance if you wanna dance
Please brother take a chance

You know they’re gonna go

Which way they wanna go

All we know is that we don’t know
How it’s gonna be

Please brother let it be

Life on the other hand

Won’t make us understand

We’re all part of the Masterplan.



Magybe I just want to fly

I want to live, I don’t want to die
Maybe I just want to breath
Maybe I just don’t believe

Maybe you’re the same as me

We see things they’ll never see

You and I are gonna live forever.
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