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LE MODELE DE GINZBURG-LANDAU AVEC CHAMP MAGNETIQUE
VARIABLE

Résumé

La these de doctorat comporte trois parties rédigées en anglais. Les deux premieres parties cor-
respondent principalement a ’étude de 1’énergie de ’état fondamental. La derniére partie est

consacrée a ’analyse de 'effet de ‘pinning’ dans la supraconductivité.

Dans une premiere partie de cette these, nous considérons la fonctionnelle de Ginzburg
-Landau avec un champ magnétique variable appliqué dans un domaine borné et régulier de
dimension 2. Nous déterminons le comportement asymptotique du parametre d’ordre dans le
régime ou le parametre de Ginzburg-Landau et le champ magnétique sont grands et de méme
ordre. Comme conséquence, nous montrons que le parametre d’ordre est localisé asymptotique-
ment dans la region ou le profil du champ magnétique appliqué est petit.

Dans une autre partie, nous considérons la fonctionnelle de Ginzburg -Landau avec un
champ magnétique variable appliqué dans un domaine borné et régulier de dimension 2. Le
profil du champ magnétique appliqué varie régulierement et peut s’annuler exactement a l’ordre
1 le long d’une courbe. En supposant que la l'intensité du champ magnétique appliqué varie
entre deux échelles caractéristiques, et que le parametre de Ginzburg- Landau tend vers I'infini,
nous déterminons une formule asymptotique précise pour minimiser ’énergie et montrer que les
minimiseurs de 1’énergie ont des vortex. Nous mettons en évidence que la présence d’un champ
magnétique variable implique que la distribution de la vorticité dans 1’échantillon n’est pas uni-

forme.

Dans la derniere partie, nous étudions I’énergie de Ginzburg-Landau d’un supraconducteur
avec un champ magnétique variable et un terme de ”pinning” dans un domaine borné et régulier
de dimension 2. En supposant que le parametre de Ginzburg-Landau et I'intensité du champ
magnétique sont grands et de méme ordre, nous déterminons une formule asymptotique précise
pour I’énergie. De plus, nous discutons I’existence des solutions non-triviales et déterminons le

comportement asymptotique du troisieme champ critique de la supraconductivité.

Mots clés

Opérateur de Schrodinger magnétique, théorie spectrale, analyse semi-classique, fonctionnelle

de Ginzburg-Landau avec champ magnétique variable.
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THE GINZBURG-LANDAU MODEL WITH A VARIABLE MAGNETIC FIELD

Abstract

The PHD thesis (thése de doctorat) has three parts, the first and the second part correpond
mainly to study the groundstate energy, the last one being devoted to the analysis of the ‘pin-

ning’ effect in superconductivity.

In a first part of this thesis, we consider the Ginzburg-Landau functional with a variable
applied magnetic field in a bounded and smooth two dimensional domain. We determine an
accurate asymptotic formula for the minimizing energy when the Ginzburg-Landau parameter
and the magnetic field are large and of the same order. As a consequence, it is shown how bulk

superconductivity decreases in average as the applied magnetic field increases.

In another part, we consider the Ginzburg-Landau functional with a variable applied
magnetic field in a bounded and smooth two dimensional domain. The profile of the applied ma-
gnetic field varies smoothly and is allowed to vanish non-degenerately along a curve. Assuming
that the strength of the applied magnetic field varies between two characteristic scales, and that
the Ginzburg-Landau parameter tends to oo, we determine an accurate asymptotic formula for
the minimizing energy and show that the energy minimizers have vortices. The new aspect in the

presence of variable magnetic field is that the distribution of vortices in the sample is not uniform.

In the final part, we study the Ginzburg-Landau energy of a superconductor with a va-
riable magnetic field and a pinning term in a bounded and smooth two dimensional domain 2.
Supposing that the Ginzburg-Landau parameter and the intensity of magnetic field are large
and of the same order, we determine an accurate asymptotic formula for the minimizing energy.
Also, we discuss the existence of non-trivial solutions and prove an asymptotics of the third
critical field.

Keywords

Magnetic Schrodinger operator, spectral theory, semi-classical analysis, Ginzburg-Landau func-

tional with variable magnetic field, pinning effect, superconducting.
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Chapitre 1

Introduction Générale

1.1 Motivations et notations

1.1.1 Supraconducteurs et champs magnétiques

Dans les années 50, les physiciens Vitali Lazarevitch Ginzburg et Lev Davidovitch Landau ont
proposé la théorie éponyme de la supraconductivité.

La supraconductivité est un phénomene caractérisé par ’absence de résistance électrique
et P'expulsion du champ magnétique. Elle permettrait de transporter de ’électricité sans perte
d’énergie.

A tres basses températures, le matériau devient supraconducteur. Lorsqu’il est soumis a un
champ magnétique de faible intensité, le champ magnétique est repoussé, comme indique la

figure ci-dessous.

FI1GURE 1.1 — Champ magnétique repoussé par un superconducteur.

Dans un supraconducteur, deux effets différents permettent de faire léviter un aimant :
I’effet Meissner, et le piégeage des vortex. L’effet Meissner est la propriété de repousser un champ

magnétique appliqué en créant un contre champ opposé de méme intensité (c.f. Figure [1.5)),
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alors que le piégeage des vortex va maintenir 'aimant a ’endroit ou il se trouvait quand le
supraconducteur a été refroidi. Autrement dit, 'un repousse, et 'autre piege (sans attirer pour

autant). On observe 'un ou 'autre de ces effets selon la force de I'aimant.

1.1.2 Présentation du modele

L’analyse des problemes mathématiques liés a la théorie de superconductivité a été intensivement
développée depuis une quinzaine d’années. Apres une série de réductions, le modele 2D de
Ginzburg-Landau permet de décrire ’état de ’échantillon supraconducteur soumis a un champ
magnétique variable By au-dessous de la température critique T,. Plus précisément, on considere

la fonctionnelle
_ . 2 ’12 11232 2772 2
Ea By (Y, A) = (V —ikHA)Y|” + 5 (1—1|¥|")”| de+r"H |rot A—By|*dz. (1.1.1)
Q R2

Cette fonctionelle a suscité de nombreux travaux mathématiques, on peut citer, les travaux de
Helffer, Serfaty, Rubinstein, Fournais, Kachmar, Phillips, X.B. Pan, Sandier, H.Kwek...

Dans cette expression, 2 C R? est un ensemble ouvert, qui dans notre étude est toujours supposé
simplement connexe, borné et a bord régulier. On peut imaginer qu’il correspond par exemple
a la section horizontale d’un cylindre vertical infiniment long.

Il sera pratique de soustraire la constante %2|Q| de la fonctionnelle & i B,. Ceci change juste
I’énergie du point zéro et n’a aucune conséquence physique.

La fonction By (champ magnétique variable) est initialement définie sur R?. Lorsque le domaine
) est simplement connexe, on peut remplacer le domaine d’intégration de | rot A — By|? sur R?

par € (cf. [I4, Section 11.5]). Ainsi, nous considérons :

~

2
EetiBo (10, A) = / [|(v — ikHA)Y|* — &2[Y)* + “2|w|4] dx + H2H2/ |rot A — By|* dz .
Q Q
(1.1.2)

1.1.3 Notations
Pour la paire (1, A) € H*(Q;C) x H'(2;R?) de 'énergie EAH7H730 :

e La fonction ¢ : @ — C est appelée le ‘paramétre d’ordre’ en physique, sorte de ‘pseudo-
fonction d’onde’, qui décrit I’état local du matériau. Dans la théorie quantique (microsco-
pique) BCS de Bardeen, Cooper et Schrieffer, |1/|?> mesure la densité locale de paires de

Cooper d’électrons supraconducteurs. Dans la théorie phénoménologique :

1. Si [¢] # 0, alors le matériel est dans la phase purement supraconductrice.
2. Si 9| = 0, alors le matériel est dans la phase normale.
e Le champ magnétique induit dans le matériau est rot A (défini par rot A := 01 Ag — A1),

A : Q — R? étant le ‘potentiel-vecteur du champ magnétique’, qui est donc une fonction

a valeurs réelles.
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e By € C™(Q) est le profil du champ magnétique appliqué, variable et satisfait :

{ |Bo| + |VBo| >0 inQ 1.13)

VBy x#0 on I'N o,

ou,

[ ={zecQ: By(a)=0}.

|Bo| <€

r

FIGURE 1.2 — Représentation schématique d’un champ magnétique qui peut s’annuler sur des
courbes régulieres.

Dans cette fonctionnelle deux parametres réels interviennent :

e Le parametre k > 0 est une caractéristique du matériau et il est appelé le ‘paramétre de
Ginzburg-Landau’. Le matériau est dit du type I si x est suffisamment petit (/{ < %) et

il est dit du type II lorsque k est grand (/4; > %) Mathématiquement, cela conduit a

P’analyse des divers régimes asymptotiques K — 0 ou kK — +00. C’est ce dernier cas qui

sera analysé dans notre these. Il est aussi appelé limite de London.

e Le parametre H > 0 est U'intensité par rapport du champ magnétique variable appliqué

au champ magnétique de référence By.

L’hypothese dans (1.1.3]) implique que pour tout ensemble ouvert w relativement compact dans
Q I'ensemble I' N w est vide ou une union finie disjointe de courbes régulieres. Ici, la définition
de la fonctionnelle ((1.1.2)) est prise comme dans [I4]. Dans [13], la mise & I’échelle de l'intensité

du champ magnétique externe (notée h) est différente.
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1.1.4 Invariance de jauge et équations

La fonctionnelle SA,@ H,B, est invariante par changement de jauge :

1/)—>’L/J€i(b
A—-A+VD

ce qui signifie que pour n’importe quelle fonction ® € H?(Q,R), on a
Ent By (10, A) = En i B, (W'Y, A + VD).

Deux configurations équivalentes de jauge étant physiquement équivalentes, ceci nous conduit
a ne chercher la solution du probleme qu’a changement de jauge pres. Il est alors mieux de

restreindre la fonctionnelle & un sous-espace plus petit H! (2, C) x H}; (€2), avec
HL (Q)={A=(A,Ay) € H'(Q)? : divA=0inQ,A-v=00n90},

ou v est le vecteur normal extérieur de 9S). En général, nous considérerons la fonctionnelle

~

Ew,H,B, Sur cet espace.

Nous définissons ’énergie de ’état fondamental de Ginzburg-Landau comme 'infimum de

la fonctionnelle 5}7 H.Bp :

Eq(r, H) = inf {Ex 15, (0, A) : (¢, A) € H'(2C) x HY ()} (1.1.4)

Typiquement, €2 correspond au matériau supraconducteurﬂ c’est-a-dire au-dessous de sa
température critique, entouré par un matériau normal c’est-a-dire au-dessus de sa température
critique.

Puisque Q est bornée, 'existence de minimiseurs est assez classique. Ainsi I'infimum est effecti-
vement un minimum. La démonstration de I'existence de minimiseurs est rappelée par exemple
dans le livre de Fournais et Helffer [14, Section 11.2].

Soit F : Q — R? I'unique champ de vecteurs tel que,
divF =0 et curlF = By dans Q, v-F =0 sur 09. (1.1.5)

Si (1, A) € HY(Q,C) x HL (Q) est un point Critiqueﬂ de & u.B,, donc, (¢, A) est une solution

faible du systeme constitué des équations suivantes, que nous appelons ‘équations de Ginzburg-

'Mentionnons ici que le parametre de Ginzburg-Landau s ne dépend que du matériau supraconducteur dans
Q

2Nous disons que (¢, A) est un point critique de &, 5, si pour chaque (QZ, A) a support compact, nous avons :

d ~ .
@SK,H,BO(w + i), A+ tA)|4—0 = 0.
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Landau’ (c.f. [44] Section 3.2]),

—(V—iHHA)2¢=KL2(1— |w|2)w dans €2
1 _
i AR —-F)=— —1
V- rot(A — F) Y Im(¢) (V —ikHA)Y) dans (1.1.6)
v-(V—ikHA)Y =0 sur 0}
rot A =rotF sur  0f).

Dans les équations ci-dessus, le champ vecteur V-+rot A est défini par
V4 rot A = (=8, (rot A), 9y, (rot A)).

Le vecteur v désigne la normale unitaire en un point de 0f) pointant vers ’extérieur.

L’analyse du systeme , peut étre effectuée par des techniques d’équations aux dérivées
partielles.

Nous rappelons que ce systéme est non linéaire. H1(Q) est, (quand € est borné et régulier dans
R?) d’injection compacte dans LP(Q) pour tout p € [1,+00). De plus, on peut montrer que la
solution dans H'(£2, C) x HL, (€2) du systeme elliptique (1.1.6]) est en fait, quand (2 est réguliere,
dans C*(€, C) x C*°(Q,R?). (c.f. [14, Théoréme F.2.1]).

1.1.5 Les vortex

Quand l'intensité du champs magnétique H augmente progressivement tout en passant par des
valeurs critiques (voir Section [1.1.6]), le champ magnétique By ne sera plus repoussé. Autrement
dit, il traverse I’échantillon de part en part par le biais des vortex qui sont représentés par des

disques D qui peuvent étre vus comme ’ensemble {||? ~ 0}.

ALY, s
g 7 oo o /
i R /

FIGURE 1.3 — Représentation schématique d’un supraconducteur avec tourbillons (vortex).
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Pour permettre & ce champ magnétique (représenté en noir) de passer a travers le vortex,
le matériau développe des courants supraconducteurs (représentés en vert) :
i
2kH

j (V= inHAY DV — inHA))
qui circulent autour de ces disques, sous forme de tourbillon qui justifie le nom ‘vortex’. Autour

de ces disques, la phase ¢ de ¥ a un nombre d’enroulement non nul d = % /. 5D g—f d’éfinie sur

le bord du disque, appelé le degré du vortex, ou les vortex de degré 1 et —1 sont représentés.

+1 — —]l-—
B —_—
—_— -+

FIGURE 1.4 — Vortex de degré +1 et —1, les fleches représentent le courant.
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1.1.6 Les champs critiques

Pour un x donné, le comportement des minimiseurs et plus généralement des points critiques de
la fonctionnelle est déterminé en fonction de la valeur du champ magnétique H.

Quand le champ magnétique est constant, il y a trois valeurs principales du H ou champs
critiques He,, He, et He,, pour lesquelles des transitions de phase se produisent.

En dessous du premier champ critique H¢,, le supraconducteur est partout dans sa phase
supraconductrice || # 0 et le champ magnétique ne pénétre pas (cela s’appelle I'effet Meissner
ou état de Meissner (c.f. Figure . Mathématiquement, le champ magnétique induit rot A est
asymptotiquement tres petite.

A H¢,, un premier vortex apparait. Entre He, et He, les phases supraconductrices et
normales (sous la forme de tourbillons) coexistent dans I’échantillon, et le champ magnétique
pénetre a travers les vortex. C’est ce qu’on appelle I'état mixte (c.f. Figure .

A Hc,, quand k est grand, une deuxiéme transition de phase se produit. |¢| = 0 a
I'intérieur de 1’échantillon, c’est-a-dire que la supraconductivité dans la plus grande partie de
I’échantillon est perdue. Mathématiquement, le champ magnétique induit rot A et le profil du
champ magnétique appliqué By sont asymptotiquement égaux.

Entre Hc, et He,, la supraconductivité persiste pres de la frontiere, c’est ce qu’on appelle
la supraconductivité de surface, et apres Hc,, la supraconductivité est completement détruite

et |¢| = 0 dans tout I’échantillon. L’échantillon est alors complétement en phase normale.

ligne de champ T T 1\ ligne de champ
magnetique imposee magnétique imposée
par l'aimant par l'aimant

vortex
supraconducteur supraconducteur

(I
Iy

FIGURE 1.5 — Etat Meissner. FIGURE 1.6 — Etat mixte.

Nous allons donner maintenant le comportement asymptotique des trois champs critiques
dans des plusieurs cas :

Le cas du champ magnétique constant :

K K
=" et He o~ .
By, “ ™ 9, Bo

He,

Ici, ©¢ est une constante universelle telle que, Og € (1/2,1).

Le cas du champ magnétique variable qui ne s’annule pas :

K K
He, = ¢ Hp o~ — inf By > ©, inf By ) .
C T B, ™9, if By ¢ <,§29 0= 70 Ba 0)
zeQ) €0
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Dans le cas ou (inf zcq Bo < O¢ infepn Bo), le phénomene de la supraconductivité de surface

disparait. Ceci nous donne que les comportements asymptotiques de H¢, et Hc, sont égaux.

KR

©p inf By’
0 xg%ﬂ 0

He, = Hgy ~

Le cas du champ magnétique variable qui s’annule le long d’une courbe simple et

réguliere I :

I K2

Hew =3 e e AR 0@ IV Bo(@)
2 1 2
A min [V Bo(x) Jduin Ao(R+, 0(x))? [V Bo(2)]

avec

3 3
2 i B i R.,0 2|VB .
A min [VBo(z)] > min Ao(R+,0(x))2|VBo(2)]

Ici, Ag est introduite dans (4.1.31)), \g(R4, 0(z)) est le bas du spectre de 'opérateur qui est défini
dans (4.1.33) et 8(x) désigne l'angle entre |V By(z)| et le vecteur normal —v(z).
3 3
Dans 1 U A mi B in A(Ry,0(z))2|VB 1 ductivité d
ans le cas ol Aj xréﬁﬁlr'v o(x)] < L in o(R4,0(x))2|VBo(x)|, la supraconductivité de

surface disparait. Alors, nous ne distinguons pas entre Hc, et Hc,, de plus

I~€2

. 3 :
Jin Ao(R+, 6(2))2|VBo(2)]

He, = Hgy ~

Pour ce qui concerne le premier champ critique H¢,, nous ronvoyons a Sandier et Serfaty
[44].
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1.2 L’énergie de I’état fondamental de la fonctionnelle de Ginzburg-
Landau avec un champ magnétique appliqué variable dans

un domaine de R?

1.2.1 Probléme posé

Ici on prend k grand ce qui correspond a une hypothese que le matériau est fortement de type
II. Les propriétés supraconductrices sont décrites par les minimiseurs (¢, A) de la fonction-
nelle g,.@ H,B, définie en . On s’intéresse juste & déterminer le comportement asymptotique
du parametre d’ordre ¢ dans le régime ou le parametre de Ginzburg-Landau x et le champ

magnétique H sont grands et de méme ordre, i.e.
Ik >0, VK > Ko, Amin k < H < Apax K, (1.2.1)

oll Amin €t Amax sont des constantes strictement positives telle que Amin < Amax.

Comme conséquence, nous montrons que le parametre d’ordre 1) est localisé asymptotiquement
dans la region ot By < 4 lorsque H vérifie (1.2.1)).

1.2.2 Résultats principaux

Etant donné b > 0. Nous définissons I’énergie de Ginzburg-Landau dans un ensemble ouvert
D C R?,

Gyp(u) = /D <b|(V - Z'Ao)u\2 + %(1 - |u2)2> dx , Yu € HS(D) )

Ici,
1
Ao(z) = 5(—252,331), Vz = (x1,29) € R%.

Compte tenu de la définition de I’énergie de 1’état fondamental E; dans . Nous donnons
une estimation asymptotique de 1:3;, qui est valable quand H satisfait . Le comportement
de I’énergie E;(n, H) implique une fonction auxiliaire f qui est la limite de minimum de 1’énergie
de Ginzburg-Landau Gy g, avec Qr =] — R/2, R/2[x| — R/2, R/2],

inf Gb u
X . ueH(Qg) @n(v)

f() = Jim = (1.2.2)
La fonction f a les propriétés suivantes :
- Pour tous b > 1, f(b) = 1, et f0)=o.
- f:1]0,1] — [0, 3] est une fonction croissante, continue et concave.
_ f(b) = gln% (14 0(1)), lorsque b — 0. (1.2.3)
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La fonction f a été introduite par Sandier-Serfaty dans [45], puis analysée en [3} [I8]. Cette
fonction joue un role important dans la description de la distribution de la supraconductivité
dans la plupart des échantillons & deux et trois dimensions, voir [45], [3], 17, 18] et les articles
récents [9] 27].

Théoréme 1.2.1. Supposons que By vérifie (1.1.3) et H vérifie (1.2.1)). Alors, I’énergie de l’état

fondamental ]/E); satisfait,
Ey(k, H) = ,4;2/ {f (H \Bo(z)) - 1} dz + o(K?), (k — +00). (1.2.4)
0 K 2

Remarque 1.2.2. Plus précisément, quand k est grand, on peut montrer l’existence de C' > 0
et 1o € (1,2) tels que;

e - [ {7 (L o)) - 3} o

Notons que, le deuxieéme terme & droite dans (|1.2.4]) est petit par rapport au premier terme
~(H 1
/{2/ {f ( |Bo(:n)|> - 2} dz qui est donc le terme dominant.
Q KR
Le théoréme a été prouvé par E. Sandier et S. Serfaty (cf. [45, Théoréme 1.4]) lorsque

le champ magnétique By est constant (By = 1). Cependant, ces auteurs ne contrdlent pas

< CK™. (1.2.5)

le reste avec la méme précision dans [27]. Pour étre plus précis, Iénergie de 'état fonda-
~(H 1
mental dans le cas By = 1 qui était x2|Q)] { f () — }, devient maintenant l’intégrale
K

2
o [ (a(H 1 : L . e
K f — |Bo(x)| | — 3 dz. I’approche utilisée dans la preuve du Théoreme|l.2.1[est différente

de celle du [45] et elle s’inspire plutét de celle dans [I7] qui étudie le méme probleme lorsque
Q C R? et By constant.

L’énoncé du Théoreme [1.2.3| nous donne que ’énergie magnétique est petite, comparée a

celle du terme dominant qui est d’ordre supérieur a O(k™).

Théoréme 1.2.3 (Estimation de I’énergie magnétique.). Avec les notations et ’hypothéses du
Théoreme il existe deux constantes C > 0 et kg > 0, telles que, si kK > Ko, alors I’énergie
magnétique satisfait,

(HH)2/ |rot A — By|>dx < Cr™. (1.2.6)
Q

Dans notre démonstration, la valeur de 7y dépend des propriétés de By : nous trouvons

que 179 = g lorsque By ne s’annule pas en et que 79 = 1—85 dans le cas général.

Nous allons maintenant donner une version locale du Théoreme [1.2.1] Tout d’abord, si
(¢, A) € HY(Q;C) x HL (), nous introduisons la densité de 'énergie,

2
(4, A) = |(V = inHA)P — w2f* + lul.
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Nous introduisons aussi 1’énergie locale de 1) dans un domaine D C ) :
(v, A;D) :/ e(v,A)dx . (1.2.7)
D

De plus, nous definissons ’énergie locale de Ginzburg-Landau de (¢, A) dans un domaine D C 2
comme suit,

E(, A;D) = E (b, A; D) + (,@H)2/Q |rot A — By|* dz . (1.2.8)

Théoréme 1.2.4 (Estimation de l'énergie locale.). Supposons que D C ) soit un ensemble
ouvert. Alors, il existe une constante kg > 0 telle que, lorsque H vérifie (1.2.1) et (¢, A) un

mianimiseur de (1.1.2)), nous avons

E(p,A; D) = /<c2/

D

{f <1Z|Bo(x)\) - ;} dz + o). (1.2.9)

Dans le cas ou By = 1, Sandier et Serfaty (cf. [45]) ont donné un comportement asympto-
tique du (1, A; D) quand (1, A) est un minimiseur de ([1.1.2]).

Théoréme 1.2.5 (Sandier-Serfaty). Il existe une constante ko > 0 telle que, lorsque H vérifie

(1.2.1), nous avons

H 1

E(Y,A; D) = k?|D| {f </~;> — 2} +o(K?), (k — +00). (1.2.10)

Le théoreme suivant nous donne un comportement asymptotique du parametre d’ordre 1,

quand (¢, A) est un minimiseur global.

Théoréme 1.2.6 (Concentration du parametre d’ordre.). Avec les notations et hypothéses du
Théoréme |1.2.1. 1l existe deux constantes positives C, ko et une constante 71 € (—1,0) telles

que, si k > Ko, et D est un ouvert régulier tel que D C Q, alors,

1. Si(¢,A) € HY(Q;C) x HL (Q) est une solution de (1.1.6)), alors,

;/D|¢|4d:n < /D{f <I:|B0(:c)|> - ;}derCm”. (1.2.11)

2. Si (Y, A) € H'(Q;C) x HY (Q) est un minimiseur de (1.1.2)), alors,

/D|¢|4dx+2/p{f<1:|30(m)|>_;}dm

La valeur de 7 trouvée dépend des propriétés de By : nous trouvons que 71 = —% lorsque

< CK™. (1.2.12)

By ne s’annule pas en € et que 7, = —% dans le cas général.

Notons que f(-) € [0, %], ce qui implique

- [ Lo (Bipaton) -1} e 20
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Le théoreme a été prouvé par E. Sandier et S. Serfaty (cf. [45]) lorsque 2 C R? et By est

constant.

Théoréme 1.2.7 (Sandier-Serfaty). Supposons que Q C R?, By = 1, H vérifie (1.2.1)) et que

D est un ouvert réqulier tel que D C §). Alors,

1. Si(¢,A) € HY(Q;C) x HL (Q) est une solution de (1.1.6)), alors,

1 ~(H 1

/ [|*dx < {f <> }|D|+o(1), (k = +00). (1.2.13)

2 D K 2
2. Si (,A) € HY(Q;C) x HY (Q) est un minimiseur de (1.1.2)), alors,

4 - (H 1
|Y|* dx +2|D| < f — )3 <o(l), (k— +00). (1.2.14)
D

1.2.3 Meéthodes de démonstration.

Les techniques appliquées dans la démonstration sont étroitement liées a la définition de la
fonction f (voir ), qui est la densité d’énergie de I’état fondamental associé a un champ
appliqué constant b. Elle devient tres grande a 1’échelle naturelle du probleme, mais reste pe-
tite & D’échelle de Q et des variations de B. A Taide de cette fonction nous avons obtenu le
comportement asymptotique de I’énergie dans le régime ou H et x sont grands et de méme
ordre.

La preuve des résultats ci-dessus consiste a subdiviser le domaine {2 en carrés de coté
¢ en excluant ceux qui rencontrent |By| < €, et a approximer 1’énergie dans chaque carré en
approximant By par un By constant, carré dans lesquel on utilisera les bornes supérieures et
inférieurs triviales. Les valeurs de /¢ et € sont également & optimiser pour que ’erreur soit la plus
petite possible.

Dans lestimation du reste, nous nous référons aux estimations a priori des solutions des
équations de Ginzburg-Landau qui jouent un role essentiel dans le controle des erreurs
résultant des diverses approximations.

De plus, nous utilisons la version locale de I’énergie pour démontrer que I’énergie magnétique
est dans l’erreur, ce qui nous donne ’asymptotique de ’energie de I’état fondamental de Ginzburg-

Landau dans un sous-domaine.

1.2.4 Discussion des résultats principaux

SiT'#£ @ et H=>0bk, b>0, alors,

f<Z|BO(x)‘>_;7£0 enD:{er:I:\Bo(x)\<l} ’

et
D] #0.
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Par conséquent, pour x assez grand, nous obtenons le résultat suivant :

/ 1|t dz > ep dans L?(Q),
D

ol ep est une constante positive dépendant de D.

Ceci nous indique que la supraconductivité est localisée dans la région ou By < 7; contrairement
au cas lorsque le champ magnétique est constant.

Il y a donc une différence importante entre nos résultats et ceux pour le champ magnétique
constant. Quand le champ magnétique est d’intensité constante non nulle, (cf. [14]), il existe
une constante universelle ©g € (%, 1) telles que, si H = bk et b > O7!, alors 1) = 0 dans Q. De
plus, dans la méme situation, lorsque H = bx and 1 < b < O Lo est asymptotiquement petit
partout sauf dans un petit voisinage de 9 (cf. [48]). Notre résultat est dans le méme esprit
que dans [47], ou les auteurs ont établi que, sous I’hypothese , pour x assez grand, quand
H = bk? et b > by, alors ¢ = 0 in Q. (by est une constante).

1.3 Energie et vorticité pour un modele de Ginzburg-Landau

avec un champ magnétique variable

Nous allons déterminer une formule asymptotique précise pour le minimum de 1’énergie et mon-
trer que les minimiseurs de 1’énergie ont des vortex quand l'intensité du champ magnétique
appliqué H varie entre deux échelles caractéristiques, et que le parametre de Ginzburg-Landau

k tend vers I'infini, autrement dit, quand H satisfait,
C’minn% <H<Kk lorsque kK —» +00, (1.3.1)

ou Chin est une constante positive.

De plus, nous allons mettre en évidence que la présence d’un champ magnétique variable implique
que la distribution de la vorticité dans 1’échantillon n’est pas uniforme. Notons que, dans le
cas ol By est constant, Sandier et Serfaty ont prouvé que la distribution de la vorticité dans

I’échantillon est uniforme.

1.3.1 Enoncé des résultats

Théoréme 1.3.1. Supposons que By vérifie (1.1.3) et que H vérifie (1.3.1), alors, l’énergie de
’état fondamental dans (1.1.4)) admet le comportement asymptotique suivant lorsque k tend vers

By () H) = ;@2/9 {f <f|30(x)|> - ;} do+ o (kHIn 7o) (1.3.2)

Le deuxi¢me terme a droite dans (1.2.4]), qui peut s’écrire plus simplement o(kH In k)

~(H 1
quand (T.3.1)) satisfaite, est d’ordre inférieur & celui du premier terme 2 / { f </€|Bo(x)|> - 2} dx
Q

qui est le terme dominant.
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Sachant que f satisfait (1.2.2), nous pouvons réécrire (1.2.4) comme suit,
— 1 K
Eo(w,H) = = /(RHB x ln—l)dm} 1+ 0(1)). 1.3.3
ety =3 | [ (Bl n g (1+o(1) (133

Quand le champ magnétique est constant, ([1.3.3)) est prouvé par Sandier-Serfaty [46] sous la

condition :

1
n,:; < H<kK. (1.3.4)

Théoréme 1.3.2. Supposons que By = 1 et H vérifie (1.3.4), alors, ’énergie de ’état fonda-
mental dans (1.1.4)) satisfait

o~

B, (1, H) = % 0f (sHI 2 —1) (14 0(1)), (5 +00). (1.3.5)

La raison pour laquelle nous n’obtenons pas sous la condition ci-dessus est pro-
bablement technique. La méthode consiste a construire des tests de configurations avec une
condition au bord de Dirichlet. Nous ne pouvons pas construire des configurations périodiques
comme dans [46], parce que le champ magnétique By est variable.

L’approche utilisée dans la preuve du Théoreme est inspirée de celle dans [31] qui étudie
le méme probleme quand 2 C R3 et By est constante.

Rappelons que quand H vérifie , nous avons obtenu

— ~(H 1
Eg(H,H):mz/ {f <‘BO($)) —2} dx + o(kH) , (k — +00). (1.3.6)
Q KR
Si nous supposons qu’il existe des constantes positives Cpin €t Cpax avec H (k) satisfaisant
Conins? < H (k) < Chmaxki, (1.3.7)

alors (|1.3.6)) et (1.3.2)) deviennent

EAg(n,H)zﬁQ/Q{f <I:yBo(g;)|> —;} dx+o(nH <’1nij‘ +1>) . (1.3.8)

En particulier, ’hypothese faite sur H couvre la situation considérée dans ((1.2.1)).
Quand Pensemble I' = {z € Q, Bo(z) = 0} est une union finie de courbes régulieres et que

Iintensité de champ magnétique H satisfait
k< H< K. (1.3.9)

Helffer et Kachmar ont donné dans [27] le comportement asymptotique de I’énergie Eq(x, H)

suivant :

Théoréme 1.3.3. Supposons que By vérifie (1.1.3)) et H vérifie (1.3.9), alors,

— o 53
Ee(k,H) = I<&2/Qf <Z|Bo(:c)|> dx + ﬁo(l) , (k — +00). (1.3.10)
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Le théoreme suivant nous donne que 1’énergie magnétique est petite comparée avec le

terme dominant dans (|1.3.8]).
Théoréme 1.3.4 (Estimation de Iénergie magnétique.). Awvec les notations et l’hypothése du
Théoréme[1.3.1), I’énergie magnétique du minimiseur satisfait

(KJH)2/ |curl A — Byl*dz = o <I<;H In %) , lorsque k — +00. (1.3.11)
Q

Ce théoreéme a été prouvé par Helffer et Kachmar [27] quand H vérifie ((1.3.9).
Nous allons donner un développement asymptotique de I’énergie locale du minimiseur
E(, A; D) définie dans ((1.2.8) o D C 2 est un ensemble ouvert.

Théoréme 1.3.5. Supposons que By vérifie (1.1.3) et D un ouvert régulier tel que D C Q, nous

avons,

1. Si (¢, A) est un minimiseur de (1.1.2)) et H(k) vérifie (1.3.1), alors,

£, A, D) > 2 /

(H K
Df <H|Bo($)|> dxr+ o (/len E) ,  lorsque k — +00.  (1.3.12)

2. Si (¢, A) est un minimiseur de (1.1.2)) et H(k) satisfait
k< H <k lorsque K — 400, (1.3.13)

.o~ .,
ou C .. est une constante positive, alors,

~(H
E(,A, D) < K,Q/ f <|Bo(m)|> dr+ o (mHln ﬁ) , lorsque Kk — 4+00. (1.3.14)
D K H

Helffer et Kachmar ont étudié le méme probleme quand H vérifie (1.3.9]). Pour étre plus
3

précis, le reste sous la condition était %0(1), il devient maintenant xH In 7o (1).

Dans le théoreme suivant, pour des champs appliqués qui vérifient et pour des
configurations (¢, A) d’énergie minimale, on définit des vortex en s’inspirant des méthodes de
Sandier et Serfaty [46] qui nous aident & obtenir des informations sur la distribution de la

vorticité dans . Partant de la, on peut associer a (1, A) une mesure de vorticité

_ 2 idﬁ
'U%_KJH, - 1Ya; »
1=

ou les paires (a;,d;); sont les positions et les degrés des vortex de (i, A).

Théoréme 1.3.6. Avec les notations et I’hypothése du Théoréme |1.3.1. 1l existe m = m(k)
disques disjoints (Dj(a;,r;))ie, dans Q tels que, lorsque Kk — +00,

1Y < (eH)E (in )y b de (14 o1).

2. [¢| > % surU;0D;.
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8. Si d; = deg <|%|,6Di) désignet les degrés des vortex de ‘i sur 0D;, alors lorsque Kk —

Y
+00
_ﬁid»é — By(z) dx et | ]—ﬁi‘d-w — |Bo(z)| dz
MH_KH@.ZI 1Ya; 0 M _KJHiZI 11Y%a; 0 )

au sens de la convergence faibleﬂ ot dx est la mesure de Lebesque de R? restreint ¢ .

Le théoreme nous donne que si (1, A) est un minimiseur et By un champ magnétique
variable vérifie (1.1.3]), alors ¢ a des vortex qui sont distribués partout dans 2 mais avec une
densité non uniforme.

Mentionnons ici que dans [46], Sandier et Serfaty ont obtenu (lorsque H vérifie et By est

constant) que 1 a des vortex qui sont distribués uniformement dans 2.

1.3.2 Méthodes de démonstration.

Une premiere étape du travail est d’analyser 1’état fondamental avec conditions aux limites
de Neumann et avec conditions aux limites de Dirichlet. Nous démontrons 'existence d’une

constante positive C, telle que si R > 1et 0 < b < 1 alors :
1
ep(b,R) <en(b,R)+ CRb2.

De plus, a l'aide de la fonction f introduite en nous avons décrit le comportement
asymptotique du ep(b, R), ce qui nous permet (apres avoir subdiviser le domaine 2 en carrés de
taille £) en utilisant 1'inégalité ci dessus de minorer 1’énergie dans chaque carré. Nous utilisons
dans chaque carré des estimations qui nous permettent de montrer que le champ By peut étre
considéré comme constant.

Dans la majoration de I’énergie, la méthode consiste a construire dans chaque carré
des tests de configurations avec une condition aux limites de Dirichlet en utilisant le résultat de
Proposition qui contient la majoration de ’état fondamental ep.

Notons que dans les deux estimations (majoration et minoration), nous approximons ’énergie
en excluant les carrés qui rencontrent |By| < e.

Dans une autre partie nous montrons que 1’énergie magnétique est dans l'erreur en uti-
lisant les résultats sur ’énergie de ’état fondamental et nous déterminons une version locale
de I'énergie. Ceci nous donne I'asymptotique de I’énergie de 1’état fondamental dans un sous-
domaine.

Dans la derniere partie, nous nous inspirons des méthodes de Sandier et Serfaty sur la
distribution des vortex dans €. A nouvau nous resubdivisons chaque carré en M? carrés parmi
lesquels on distingue entre bons et mauvais carrés, ceci nécessitant une optimisation fine des
parametres. Pour les détails nous renvoyons le lecteur a la Section Nous démontrons que le

nombre des mauvais carrés sont relativement petits, comparé a celui des bons carrés. En utilisant

311, est faiblement convergente vers u c’est-a-dire :

p(f) — p(f), Ve Co(Q).
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le résultat de la Proposition qui a prouvé par Sandier et Serfaty, nous obtenons que les

minimiseurs ont des vortex qui sont distribués dans {2 avec une densité non uniforme.

1.4 Energie pour un modele de Ginzburg-Landau avec un champ

magnétique variable et un terme de “pinning”

Nous allons étudier un modele de Ginzburg-Landau avec un champ magnétique variable et
avec pinning. Le pinning traduit 'existence d’impuretés dans le matériau, il peut avoir des
conséquences importantes sur la localisation des vortex (sujet que nous n’abordons pas ici) et
aussi sur la température critique et I’apparition de la supraconductivité. Il est modélisé (selon la
littérature physique) par un terme de poids a(z) qui correspond a 'inhomogénéité du matériau.

L’énergie a étudier devient alors :

2
EwHoa,Bo (Y, A) = / <\(V —ikHA)Y|? + %(a(az, K) — ]¢2)2> dx + RQHQ/ |curl A — Bo|? dz,
Q Q
(1.4.1)
ott a(k, z) peut dépendre de I'échelle k. La fonction a(x, k) est réelle, définie sur Q x [kg, +00)

pour un certain kg > 0 et satisfait les hypotheses suivantes :

(H1)
Vi > ko, a(-, k)€ CHQ). (1.4.2)

(Hz)
sup |a(z, k)| < +o0. (1.4.3)

xGﬁ,mZno

(H3)

Vk > Ko, sup|Vgza(z, k)| <+oo. (1.4.4)
zeQ)

(Hy) 1l existe une constante positive C1, telle que,

D=

VK > Ko, L (MHa(z,k) >0}) <Ci k2, (1.4.5)

ou L est la longueur de d{a(x, k) > 0} dans Q. Pour les détails nous renvoyons le lecteur

a la section [4.3| (plus précisement & 1’équation [4.3.1)).

L’hypothése H3 nous donne un controle uniforme sur l'oscillation de a(-, k) qui sera précisé

ultérieurement par une hypothese sur
L(x) = sup |Va(z, 5)].
xX

Si (¢,A) € HY(Q,C) x HY () est un point critique de & pq.5,, donc, (1, A) est une solution

faible du systeme constistué des équations suivantes, que nous appelons ‘€quations de Ginzburg-
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Landau’,
—(V — inHA)?) = k2 (a(z, k) — [[?)) dans Q)
1 _
vl CF) = — —i
VErot(A —F) = — Im(y (V — ikHA)y) dans O (1.4.6)
v (V—ikHA)Y) =0 sur 0N
rot A =rotF sur  09).

La fonctionelle &, g.4,5, & un point critique du type (0, A) avec A € H. () tel que rot A = By.
Un point critique ayant cette forme est appelé un état normal (ou une solution triviale). Il est
donc naturel d’étudier si cet état normal est un minimiseur local de la fonctionnelle & 4 B, €n
présence d'un champ magnétique fort avec pinning. Le Hessien de &, g4 B, en un état normal

est donné par :
Hess (¢, B] = /Q ((V — ikHF)$|* — k% a(z,K)|¢|?) dz + (/<5H)2/Q |rot Bl*dx.  (1.4.7)
Nous sommes conduits alors a étudier la positivité de la forme quadratique
Qi 2 (1) = / ((V — ikHF)u|* — k*a(z,k)[u®) dz (v H'(Q)). (1.4.8)

Q

Q

En observant que Q. HF,—r2q

est semi-bornée inférieurement, i.e. qu’il existe une constante C'
telle que :

/ ((V —icHF)u* — k* a(z, k)|u|?) dz > —C|lu|?,
Q

nous considérons la réalisation auto-adjointe définie par le théoreme de Friedrichs. C’est I'opérateur

de Schrédinger magnétique P)?HF _ 2, de domaine D(PSHF C2g)
Plip g =—(V —irHF)?,
D(PSHE_H%) ={ue H*(Q);v- (V—irHA)u,, =0}.
Notons p1(k, H) le bas du spectre de l'opérateur P/?HF 2 A T’aide du principe du min-max,
p1(k, H) est défini par :
Qp _20(9)
(s, H) = inf (’W . (1.4.9)
peH (Q2
o He

Beaucoup d’articles sont consacrés a I’estimation de minimum de I’énergie de Ginzburg-Landau
avec pinning, la plupart de ces papiers ont étudiée I'influence du pinning sur la localisation des
vorticités. Dans le cas ou By = 0 dans , I'influence du pinning a été étudié par Lassoued et
Mironescu dans [37] et récemment par Michaél dans [39]. Le pinning (i.e. la fonction a) dans [37],
est une fonction indépendante de k, et est considéré dans [39] comme une fonction périodique

dépendant de k. La version magnétique de la fonctionnelle dans [37] a été étudiée dans [31], 33].

Dans [4], Aftalion, Sandier et Serfaty ont considéré une fonction a réguliere dépendant de

k qui satisfait :
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° L(/i) < kH.

e il existe une fonction a(x) continue, une constante positive ag et, pout tout x > 0, il existe
_1
deux fonctions o(k) = o ((ln ‘ln%‘) 2) et B(x,k) > 0 telles que,

B(mir(l ))B(x, k)=10, a(z,k) = a(x) + B(x, k), et 0<ap<a(zx)<l1.

Cette étude contient le cas quand a(z, k) = a(x) (f = 0), mais elle contient aussi des cas avec
des fonctions (-, k) dont l'oscillation en 2 peut croitre avec k.
La fonctionnelle &, 1 4 B, dans (1.4.6) est proche des modeles de Bose-Einstein (voir [1},2]).

1.4.1 Résultats principaux

Nous allons analyser comment le pinning apparalt dans 'asymptotique de I’énergie en présence
d’un champ magnétique externe, variable et fort.
Nous nous concentrons sur le régime « grand (i.e. Kk — +00) et nous étudions I’énergie de

I’état fondamental de Ginzburg-Landau comme suit :

Eqy(k, H,a, By) = inf {E i, (¥, A) : (1, A) € HH(Q;C) x Hy, ()} (1.4.10)

Pour étre plus précis nous donnons une estimation asymptotique de E;, qui est valable quand
H vérifie (1.2.1)). Le comportement de 1’énergie Evg fait intervenir la fonction f déja définie dans
[T2.2).

Théoréme 1.4.1. Supposons que les hypothéses (H1) — (Hy) sont satisfaites et que H vérifie

TZ), et
L(k) = O(/{%) lorsque kK — +00. (1.4.11)

L’énergie de ’état fondamental dans (1.4.10)) satisfait, lorsque k — +00,

. . 2
Eq(k, H,a,By) = /<;2/ a(z, k) f (H |BO($)|> o+ a(z, k) dz+o (K?) .
{alz,x)>0} K a(z, k) 2 J{a(er)<0}
(1.4.12)

Notons que quand 2N {a(z, k) > 0} = @, nous obtenons directement du ((1.4.1])

52
Sty A) > /Q 0, k) dx = En p1050 (0. F)

Par conséquent le minimiseur de & p.4,8, est I’état normal. En termes physiques, ce cas corres-
pond au cas ot nous sommes au dessus de la température critique.

Les hypotheses du Théoreme [1.4.1] couvrent le cas ou la fonction a est constante et égale
a1, qui a été étudié dans [5] (voir (1.2.4)) lorsque H vérifie (1.2.1)).

Le théoreme suivant nous donne une estimation de I’énergie magnétique.
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Théoréme 1.4.2 (Estimation de ’énergie magnétique). Avec les notations et les hypothéses du

Théoreme|1.4.1, nous avons

(IQH)2/ | curl A — Bo\2 dr = O(I€2) , lorsque kK — +00. (1.4.13)
Q

Nous introduisons I’énergie locale de (¢, A) dans un domaine D C ) :

:‘4,2

50(¢,A;a,1>):/1)|(v—mHA)¢|2dm+ 5 /D(a(:v,fi)—|¢|2)2dz‘. (1.4.14)

Le théoreme suivant, nous donne une estimation de I’énergie locale &y(v¢, A; a, D) et aussi

un comportement asymptotique de la norme L* dans D du parametre d’ordre v, quand (1), A)

est un minimiseur global.

Théoréme 1.4.3. Avec les notations et les hypothéses du Théoréme si (¥, A) est un
minimiseur de (1.4.1]) et D est un ensemble régulier tel que D C Q, alors, lorsque Kk — +00,

o Estimation de 1’énergie locale :

50(1/;,A;a,p):ﬁ2/ a(z. )’ A<HBO(:C)|> .
Dn{a(z,x)>0} Kk a(z, k)

Ii2

+ = a(z,k)?dz + o (k?) . (1.4.15)
2 Dn{a(z,k)<0}

e Concentration du parametre d’ordre :

La formule (|1.4.16)) indique que v est localisé asymptotiquement dans la région ou a > 0.
Quand a(z, k) = 1, le Théoreme a été prouvé dans [5].

Nous allons maintenant étudier le troisieme champ crtitique, i.e. le champ au-dessus duquel
I’état normal (0,F) est le seul point critique de la fonctionnelle dans (L.4.6). Nous définissons

les trois ensembles suivants :

NP(k)={H >0:&; fap, aun point critique non normal}, (1.4.17)
N (k) ={H > 0: & HaB, @ un minimiseur non normal} , (1.4.18)

et
N(k) ={H > 0: p1 (s, H) < 0}. (1.4.19)

Ici, p1(k, H) a été défini dans ((1.4.9)).

Nous renvoyons a [11, 32] 38|, 47] pour des contributions précédentes.
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Nous introduisons les champs critiques suivants (cf. e.g.[16} [35]) .

HE (k) = sup NP(x) HE (k) = inf (Ry \ NP (k)), (1.4.20)
Hey (k) = sup N (k), He, (k) = inf (Ry \ N (k)), (1.4.21)
Hed (k) = sup N°(k),  HIC(k) = inf (Ry \ N(k)). (1.4.22)

Au dessous du H,, les états normaux perdront leur stabilité, et au dessus du He,, état
normal est (aprés une transformation de jauge) le seul point critique de la fonctionnelle dans
(1.4.6).

Notre objectif est de determiner le comportement asymptotique de tous les champs cri-
tiques lorsque Kk — 400.

Il s’agit détudier des quantité spectrales liées a trois modeles qui dépendent de I' (I" étant

vide ou non). Nous introduisons

B0 = 51161{{,“(5)

ou u est la valeur propre de 'opérateur
N d 2
HVE = ) + (t+€)? dans L(R4),
avec la condition de Neumann au bord u/(0) = 0.

Théoréme 1.4.4. Supposons que By > 0 dans Q et que a € C1(Q) vérifie {a > 0} # 3. Alors,

lorsque k — +00, tous les champs critiques satisfont :

a(x) a(x) > 1
He, (k) = max <su ,sup ————— | k+ O(k?2 1.4.23
() vety [Bo()]” seor O0l Bo(@)] (+2)- ( )

Nous introduisons,
Ao = inf A(7), (1.4.24)
TER
ou \(7) est la valeur propre de 'opérateur autoadjoint :
& 1., 2 o2

M(r) = — 2 + - (t + 27) in L*(R). (1.4.25)

Nous considérons, pour tous € € (0,7) le bas du spectre )\(Ri, 0) de lopérateur

R3 . 3 2
Pplo0 With Agppg=— (2 cos ¢, —-sin 6 ) . (1.4.26)
Théoréme 1.4.5. Supposons que I' = {z : By(z) = 0} # &, que (1.1.3) est satisfaite et que
a € CY(Q) vérifie {a > 0} # @. Lorsque k — +00, les siz champs critiques dans ((1.4.20])-
(1.4.22) satisfont :

(x)2 ()
a(x a(x
Hey(k) =max | sup —5————, sup 5

2

2eTNQ )\g’VBo(x)’ zelNQ )\(Ra_,ﬂ(x)) |V By(x)|
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Ici, (x) désigne 'angle entre VBy(x) et le vecteur normal —v(z).

1.4.2 Méthodes de démonstration

Notre but principal est de déterminer des estimations de 1’énergie de 1’état fondamental en
présence d’un poids qui peut changer de signe et de donner une étude détaillée du troisieme
champ critique Heo, quand a ne dépend pas du parametre x, qui peut étre défini de plusieurs
fagons (voir —), mais qui correspond a la transition entre 1’état ou il y a supra-
conductivité de surface au bord du domaine, et I’état normal.

Dans l’estimation de 1’énergie, les techniques utilisées dans la démonstration sont inspirées
de celles de [5] et [6] (ou le cas a(x, k) = 1 a été traité). Au niveau technique, approche utilisée
dans les preuves est différente de celles de [5] [18], [44] puisque nous n’utilisons pas les estimations
elliptiques uniformes. Ces estimations sont utilisées fréquemment dans les articles sur la fonc-
tionnelle de Ginzburg-Landau (voir [14]) avec un pinning constant. Elles sont d’abord apparues
dans [35] et ont été étendues au régime complet dans [I5]. Plus précisement nous donnons une
généralisation de la formule , ot1 I'intégrand doit étre remplacer par a?(z, k) f (E%>

Kk a(x,k

2
@ ailleurs. De plus nous montrons que les vortex sont

dans la région ou a(z, k) > 0, et par
localisés dans la région ou le pinning a est positif.
L’étude asymptotique du troisieme champ critique Hc¢,, nous conduit lorsque le champ

magnétique appliqué By est constant a 'analyse spectrale de 'opérateur de Gennes :

d2
HVE = T +(t+£)? dans L*(R,),

avec conditions aux limites de Neumann «’(0) = 0.
Dans le cas ou le champ magnétique variable s’annule sur une courbe réguliere, nous sommes

conduit a faire I’analyse spectrale de I'opérateur de Montgomery :

? 1
t2 + 27)? dans L*(R),

M(T):—ﬁ‘Fz(

et de 'opérateur de Pan et Kwek :

—(V = iAuppo)? dans L*(R,),

ol
2 a2
Appo =— ?COSH,?SIHH et 0<b<m.

Nous proposons six définitions sur Hc,, selon qu’on se place du point de vue de I'unicité de ’état
normal comme point critiquede I'énergie & 1 .q,B,, du caractere minimisant de I’état normal, ou
de sa stabilité linéaire. (plus précisement voir (1.4.20)), (1.4.21) et (1.4.22))).

Nous montrons dans les Théorémes et que ces six définitions ont la méme valeur de
Hc, lorsque kK — +00.




Chapitre 2

The ground state energy of the two
dimensional GGinzburg-Landau

functional with variable magnetic

field

We consider the Ginzburg-Landau functional with a variable applied magnetic field in a bounded
and smooth two dimensional domain. We determine an accurate asymptotic formula for the
minimizing energy when the Ginzburg-Landau parameter and the magnetic field are large and
of the same order. As a consequence, it is shown how bulk superconductivity decreases in average

as the applied magnetic field increases.

2.1 Introduction

2.1.1 The functional and main results

We consider a bounded open simply connected set 2 C R? with smooth boundary. We suppose
that Q models a superconducting sample submitted to an applied external magnetic field. The

energy of the sample is given by the Ginzburg-Landau functional,

2
Eet(Y,A) = / [\(V—MHA)Q/)P — k22 + 2|1j}|4] dr + /{2H2/ |curl A — Bo|? dx .
Q

Q
(2.1.1)

Here k and H are two positive parameters; k (the Ginzburg-Landau constant) is a material
parameter and H measures the intensity of the applied magnetic field. The wave function (order
parameter) ¢ € H'(Q; C) describes the superconducting properties of the material. The induced
magnetic field is curl A, where the potential A € H} (Q), with H}, (Q) is the space defined in
below. Finally, By € C*°(€) is the intensity of the external variable magnetic field and
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satisfies :
|Bo| + |VBo| > 0in Q. (2.1.2)

The assumption in (2.1.2]) implies that for any open set w relatively compact in  the set
{x € w, Bp(x) = 0} will be either empty, or consists of a union of smooth curves. Let F :  — R?
be the unique vector field such that,

divF =0 and curlF =By in Q, v-F =0 on 0. (2.1.3)

The vector v is the unit interior normal vector of 9€). The construction of F is recalled in the

appendix. We define the space,
HL () ={A=(A1,A) € H'(Q)? : divA=0inQ,A-v=00n09Q}. (2.1.4)

Critical points (¢, A) € H(Q;C) x H} (Q) of &, i are weak solutions of the Ginzburg-Landau

equations,

—(V —ikHA)?) = k2(1 — [¢|}) in Q
1 _
IRvat - _ iy .
V- curl(A — F) I Im(¢ (V —ikHA)Y) in Q (2.1.5)
v-(V—ikHA)Y =0 on 0N
curl A = curl F on 0NQ.

Here, curl A = 0,, Ay — 9,, A1 and V* curl A = (9, (curl A), —0,, (curl A)). If div A = 0, then
V+tcurl A = AA. In this paper, we study the ground state energy defined as follows :

Eg(k, H) = inf {Ecn(¥, A) : (¥, A) € HY(Q;C) x H;, (Q)}. (2.1.6)

More precisely, we give an asymptotic estimate which is valid in the simultaneous limit x — oo
and H — oo in such a way that % remains asymptotically constant. The behavior of Eq(x, H)
involves an auxiliary function g : [0,00) — [—3,0] introduced in [45] whose definition will be

recalled in (2.2.5) below. The function g is increasing, continuous, ¢g(b) = 0 for all b > 1 and
9(0) = —3.

Theorem 2.1.1. Let 0 < Apin < Amax. Under Assumption (2.1.2)), there exist positive constants
C, ko and 19 € (1,2) such that if

R0 < R, Amin <

H
S Amax ’
K

then the ground state energy in (2.1.6)) satisfies,

Eg(ﬁ,H)—ﬁ/Qg(Z\BO(x)y) da| < Cw™ . (2.1.7)

Theorem was proved in [45] when the magnetic field is constant (By(z) = 1). However,

the estimate of the remainder is not explicitly given in [45].
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The approach used in the proof of Theorem is slightly different from the one in [45], and
is closer to that in [I7] which studies the same problem when Q C R? and By constant.

Corollary 2.1.2. Suppose that the assumptions of Theorem |2.1.1] are satisfied. Then the ma-

gnetic energy of the minimizer satisfies, for some positive constant C,

(,%H)Q/ |curl A — By|?dx < Ck™ . (2.1.8)
Q

Remark 2.1.3. The value of 79 depends on the properties of By : we find 79 = % when By does
not vanish in Q and 79 = 18—5 in the general case.

Theorem 2.1.4. Suppose the assumptions of Theorem [2.1.1] are satisfied. There exist positive
constants C, ko and a negative constant 11 € (—1,0) such that, if Kk > ko, and D is regular set
such that D C Q, then the following is true.

1. If (¥, A) € HY(Q;C) x Héiv(Q) is a solution of (2.1.5)), then,
1 H
/ | dr < —/ g <!Bo($)|> dx + Ck™ . (2.1.9)
2 D D K

2. If (¥, A) € H'(Q;C) x H},,(Q) is a minimizer of (2.1.1)), then,

H
‘/ |w|4dx+2/ g <|Bo(x)|> dx| < Or™. (2.1.10)
D D Kk
Remark 2.1.5. The value of 71 depends on the properties of By : we find m = —% when By does
not vanish in Q and 7 = —% in the general case.

2.1.2 Discussion of main result :

H
If {x € : Bo(x) = 0} # @ and H = bk, b > 0, then g<|Bo(x)|> # 0in D =
K

Q
{x €Q: —|By(z)| < 1}, and |D| # 0. Consequently, for x sufficiently large, the restriction
K

of ¢ on D is not zero in L?(£2). This is a significant difference between our result and the one for
constant magnetic field. When the magnetic field is a non-zero constant, then (see [14]), there is
a universal constant ©g € (%, 1) such that, if H = bk and b > @51, then ¢ = 0 in Q. Moreover,
in the same situation, when H = bx and 1 < b < Of ! then 1 is small every where except in a
thin tubular neighborhood of 99 (see [48]). Our result goes in the same spirit as in [47], where
the authors established under the Assumption that when H = bx? and b > by, then
¥ =01in Q. (by is a constant).

2.1.3 Notation.

Throughout the paper, we use the following notation :

e We write £ for the functional & g in (2.1.1]).
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e The letter C denotes a positive constant that is independent of the parameters x and H,

and whose value may change from a formula to another.

e If a(k) and b(k) are two positive functions, we write a(k) < b(k) if a(k)/b(k) — 0 as

K — OQ.

o If a(k) and b(k) are two functions with b(k) # 0, we write a(k) ~ b(k) if a(k)/b(k) — 1 as

K — 00.

e If a(k) and b(k) are two positive functions, we write a(k) ~ b(k) if there exist positive

constants c1, ¢o and kg such that c1b(k) < a(k) < cob(k) for all kK > K.
o If z € R, we let [x]+ = max(z,0).

e Given R > 0 and = = (z1,72) € R?, we denote by Qgr(x) = (-R/2 + z1,R/2 + 1) X
(—=R/2 4 x2, R/2 + x2) the square of side length R centered at x.

e We will use the standard Sobolev spaces W#*P. For integer values of s these are given by

W™P(Q) :={u € LP(Q) : D*u € LP(Q) for all |a| < n}.
e Finally we use the standard symbol H™(Q2) = W"Q(Q)

2.2 The limiting energy

2.2.1 Two-dimensional limiting energy

Given a constant b > 0 and an open set D C R?, we define the following Ginzburg-Landau

energy,
1
pp(u) = / <b|(V —iocAg)ul? — |u)® + 2|u|4> dz, Vu e HY(D). (2.2.1)
D

Here 0 € {—1,+1} and Ay is the canonical magnetic potential,

Aolz) = %(—xg,xl) Vo= (z,m) €RY, (2.2.2)
that satisfies :
curlAg =1 in R?.
We write Qr = Qr(0) and let
mo(b,R) = inf  Gyj (u). (2.2.3)

uEHG (QR;C)
Remark 2.2.1. As GJ},(u) = G, (@), it is immediate that,

inf  G7L (u) = inf  GIL (u). 2.2.4
weHY (Qri0) () weHY(QR:C) () (2.24)
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The main part of the next theorem was obtained by Sandier-Serfaty [45] and Aftalion-
Serfaty [3, Lemma 2.4]. However, the estimate in (2.2.7) is obtained by Fournais-Kachmar [18].

Theorem 2.2.2. Let mo(b, R) be as defined in (12.2.3).
1. For allb>1 and R > 0, we have my(b, R) = 0.

2. For any b € [0,00), there ezists a constant g(b) < 0 such that,

m[)(b, R) 1

g(b) = lim and ¢g(0) =—=. (2.2.5)

R—o00 ‘QR|

3. The function [0,4+00) 3 b+ g(b) is continuous, non-decreasing, concave and its range is

the interval [—1,0].

4. There exists a constant a € (0,3) such that,

1
vbelo1], aw—n2gmwﬂ§§w—1ﬁ. (2.2.6)
5. There exist constants C and Ry such that,
b, R C
YRRy, vhe 1], o)< T <y © (2.2.7)

2.3 A priori estimates

The aim of this section is to give a priori estimates for solutions of the Ginzburg-Landau equa-
tions ([2.1.5)). These estimates play an essential role in controlling the errors resulting from va-
rious approximations. The starting point is the following L°°-bound resulting from the maximum

principle. Actually, if (¢, A) € H(Q;C) x H} () is a solution of (2.1.5)), then

[l L) < 1. (2.3.1)

The set of estimates below is proved in [I5, Theorem 3.3 and Eq. 3.35] (see also [40] for an earlier

version).
Theorem 2.3.1. Let Q C R? be bounded and smooth and By € C*(Q).

1. For all p € (1,00) there exists Cp > 0 such that, if (¢,A) € HY(Q,C) x HL (Q) is a
solution of (2.1.5)), then

1+ kH + K2

lewrl(A = F)[wir@) < Cp—

11| oo () 1]l 2() - (2.3.2)

2. For all a € (0,1) there exists Co > 0 such that, if (¢,A) € HY(Q,C) x H} () is a
solution of (2.1.5)), then

1+ kH + K2
leurl(A = F)l co.am) < CaTHwHLw(m|Wl|L2(m : (2.3.3)
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3. For all p € [2,00) there exists C > 0 such that, if k >0, H > 0 and (¢, A) € H(Q,C) x
H} () is a solution of (2.1.5), then

I(V — ikHAY* Y|, < K[[9 ], (2.3.4)
IV —icHA)Y[2 < k[[¢]l2, (2.3.5)
[ curl(A — F)[lw1r(o) < fllqbllooll( —ikHA) |- (2.3.6)

Remark 2.3.2. :

1. Using the W¥P-regularity of the Curl-Div system [14, Appendix A, Proposition A.5.1], we
obtain from ({2.3.2)),

1+ rH + K?
1A = Fllw2r(e) < Cp—— ¥l 19l 20 - (2.3.7)

The estimate is true for any p € [2, 00).
2. Using the Sobolev embedding Theorem we get, for all a € (0,1)

1+ kH + K?
1A = Fllova@) < Ca—— ¥l 1¥llz20) - (2.3.8)

3. Combining (2.3.5) and ([2.3.6]) (with p = 2) yields

| curl(A — F)l|2(q) <*H¢HL°° o) llvllz2 ) - (2.3.9)

Theorem [2.3.1] is needed in order to obtain the improved a priori estimates of the next

theorem. Similar estimates are given in [40].

Theorem 2.3.3. Suppose that 0 < Amin < Amax- There exist constants kg > 1, C1 > 0 and for
any « € (0,1), Cy > 0 such that, if

K 2 Ko, Amin <

< Amax » (2.3.10)

= |z

and (Y, A) € HY(Q;C) x HL () is a solution of [2.1.5)), then

IV — inH Al o@) < CVRH ¥l 1o (2.3.11)

|A = Fll20 < o (| curl(A — F)| 20 + VifH||¢||Lz<m||¢||Lm(m) , (2.3.12)
1

|A — Fllong < Ca (n curl(A — F)| 20 + muwm(muwrmm) L (2313)

Proof.
Proof of (2.3.11) : See [14] Proposition 12.4.4].

Proof of (2.3.12) :
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Let a = A — F. Since diva = 0 and a-v = 0 on 052, we get by regularity of the curl-div system

( see Proposition [2.8.1)),
ol < Cllcurlalg g (2:314)

The second equation in (2.1.5)) reads as follows,

1 _
—Vtcurla = — (Y (V = inHA)Y).

The estimates in (2.3.11]) and (2.3.14) now give,
lall <C (H Lall + 7ﬁ1 = 191 2@l >
a 2 curia 2 2 e} .
H2(Q) = L2(Q) o L2(Q) L>(Q)

Proof of (2.3.13) :
This is a consequence of the Sobolev embedding of H?(2) into C%*(Q) for any o € (0,1) and

gz, 0

2.4 Energy estimates in small squares
If (¢, A) € HY(Q;C) x H} (), we introduce the energy density,

2
e, A) = |(V — icHAW = R[o + [l

We also introduce the local energy of (¢, A) in a domain D C Q :

So(u,A;D)—/De(z/J,A) dx . (2.4.1)

Furthermore, we define the Ginzburg-Landau energy of (1, A) in a domain D C  as follows,
E(Y, A; D) = & (v, A; D) + (KH)Q/ |curl(A — F)|? dz . (2.4.2)
Q

If D = Q, we sometimes omit the dependence on the domain and write & (¢, A) for E (v, A; Q).
We start with a lemma that will be useful in the proof of Proposition [2.4.2] below. Before we

start to state the lemma, we define for all (¢, zg) such that Q,(x¢) C Q,

Bo,wo) = sup | Bo(x)], (2.4.3)
z€Qq(z0)

where By is introduced in (2.1.2). Later zg will be chosen in a lattice of R2.

Lemma 2.4.1. For any o € (0,1). there exist positive constants C and kg such that if (2.3.10)
holds, 0 < § <1, 0< <1, and (¥,A) € HY(Q;C) x HL (Q) is a critical point of (2.1.1])
(i.e. a solution of (2.1.5)), then, for any square Qu(xg) relatively compact in Q N {|By| > 0},
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there exists ¢ € H'(Q), such that,

Eo(1h, A; Qu(wo)) = (1 — 6)En(e™ " 1h, 0y By, (o) Ao(x — 0), Qe(0))

— OR* (6712 + 6710 K% + ) / |2 dz, (2.4.4)
Qe(z0)

where oy denotes the sign of By in Qg(xo).
Proof.
Construction of ¢ :
Let ¢z, (z) = (A(zo) —F(x0)) - @, where F is the magnetic potential introduced in (2.1.3). Using
the estimate in (2.3.13)), we get for all x € Q(zp) and o € (0,1),
|A(z) = Vo, — F(2)] = [(A = F)(z) — (A = F)(z0)]|
< 1A = Fllgoe - o — o]

VA
< C—=¢ 4.
<Ot (2.4.5)

where

1
A= et (fewl(A = By + Wl )

Using the bound ||¢|lcc < 1 and the estimate in (2.3.9), we get
A< COkK?, (2.4.6)

which implies that
|A(z) — Vg, (z) —F(x)| < C T (2.4.7)

We estimate the energy Ey(v, A; Qy(xo)) from below. We will need the function g introduced
in Lemma and satisfiying

|F(.73) — UEEQg(xO)AO(LE - .CC()) — VCpo(.CC)| < C£2 in Qz(xo).

Let
u = e "oy, (2.4.8)

where ¢ = 0 + du-
Lower bound :

We start with estimating the kinetic energy from below as follows. For any ¢ € (0,1), we write

(V — ik HA)Y|?
- \ (v — ik H (00 By o) Ao(x — 70) + V(p))lﬂ —ikH <A — 01B gy (s Aol — m0) — w)w’
> (1= 0)|(V — inH (01Bg ) Aol — 0) + W)MQ

+ (1 =6 (sH)? (A = Vg, — F)) + (F — 04Bg, (o0)Ao(z — 0) — Vo)t

2

‘ 2
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Using the estimates in (2.4.7), (2.8.3) and the assumption in (2.3.10)), we get, for any a € (0,1)

_ 2
(V — ikHA)? > (1 - 5)’ (v — ik H (0B, (a0 Ao(@ — 0) + w))w]
2
— Cr? (5—%ea + 5—%£2H) 2. (2.4.9)
Remembering the defintion of u in (2.4.8)), then, we deduce the lower bound of &,

50(¢7A7Q£(330))
2
> / [(1 — OV = ikH(0¢Bg,(ny) Aoz — z0))ul? — K2 |ul? + H|u|4] dx
Qe(wo) 2
2
— COk? (5—%£2n+5—%£a) / |2 da
Qe(zo)

> (1= 0)E(u, 04BQ, (xe)Ao(z — 70); Qe(x0))

— Or? (07142 4+ 57107 4 6) / 2 dx.  (2.4.10)
Qe(wo)

This finishes the proof of Lemma [2.4.1 O

Proposition 2.4.2. For all « € (0,1), there exist positive constants C, €y and ko such that, if
(2:3:10) holds, k > ko, £ € (0,3), € € (0,€), *x%e > 1, (¢, A) € H(Q;C) x HL (Q) a critical
point of (2.1.1)), and Qe(xo) C QN {|Bo| > €}, then

1 H_
m50(¢7A§Q€(mO)) >g (KBQ£($0)> /{2 - C (g3,€2 _1_5204—1 + (KHE)_l +€€_1) 52 .

Here g(-) is the function introduced in (2.2.5)), and EQ@(xo) is introduced in (2.4.3)).

Proof.
Using the inequality ||1]|c0 < 1 and (2.4.4]) to obtain,

Eo(, A; Qu(x0)) > (1 = 8)E0(u, 0¢ B, (zg) Ao (T — 20); Qe(20))
— Ok (671 % + 67107 4+ 6) |Qo(z0)|,  (2.4.11)

where w is defined in (2.4.8)).

Let
H_ E—

Define the rescaled function,

v(z) = u (x + x0> , VazeQn. (2.4.13)
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Remember that o, denotes the sign of By in Q¢(z¢). The change of variable y = & (z — ) gives :

Eo(u, 0¢BQ,(we) Ao(z — 20 ,Qe(ﬂfo )

2 2 Y
-[ (‘ ( w[};Ao(y)) of — 2ol + 2]v[4> iy
K K
= (Vy —ioeAo)v]? — ——=———Iv[* + !’UI4> dy
Qr < HBQ,(ay) 2HB(x0)

1
S — b <|(vy —iogAg)v|® — |v]? + |v\4> dy
HBQ@(SEO) /QR 2

I o
= £ G 0,(0). (2.4.14)

We still need to estimate from below the reduced energy G7° 0p(v). Since v is not in H}(QRr),
we introduce a cut-off function yr € C2°(R?) such that

0<xr<1 inR®, suppxrCQr, xr=1 inQp1, and [Vxg|<M inR>.

(2.4.15)
The constant M is universal.
Let
UR = XRY - (2.4.16)
We have,

bQR

1
)= [ (BT el 1ol + glolt)
) 1
> [ (b5 = o)l ~ xanl?+ 5l + 0k = D)
G

0, (xrV) — / (I—X%)\U\Qda:—2/

Qr Qr

(V —iopAg)xrv, VXRU>‘ dy .

(2.4.17)

Having in mind (2.4.13)) and (2.4.8)), we get,

‘ (vy - iang(y))v(y)’ - %‘ (vz — ikHOBg, (g0 Ao(x — :ro))u(a:)’ .

Using the estimate in (2.3.11]), (2.4.7) and (2.8.3)) we get,

(9 —ioeo) Jo(w)| < 5| (Ve — inHOBg, ) (A + V) u(a)
e (A — 0¢Bg,(z0)A0(z — 20) — V)u(z)

Ct

< — (k+ wlY + K2) (2.4.18)
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From the definition of ug in (2.4.16) and yg in (2.4.15)) we get,

lv| < 1. (2.4.19)

Using ([2.4.19)), (2.4.18)) and the definition of y g in (2.4.15)), we get :

Cht
/ ‘((V —i0pAg)XRY, VXRU>’ dy < et (K + kil + /@262) / |V xr|dz
R R Qr\Qr-1

< Oy (ke + w0 4 K203 (2.4.20)
and

/Q (1= x3)oPde < [Qr\ Qror

<R. (2.4.21)

Inserting (2.4.20) and (2.4.21)) into (2.4.17)), we get,

Gy (V) = Gy (ur) — Co (K4 k0T + K20%)

> Gy (ur) — Oy (Kl + K76) .

There are two cases :
Case 1 : oy =+1, when By > 0, in Qy(xo).
Case 2 : o0y=—1, when By <0, in Qe(xo).

In Case 1, after recalling the definition of mg(b, R) introduced in (2.2.3]), where b is intro-
duced in (2.4.12) we get,

Gl o, (v) = mo(b, R) — Cy (K + K2() . (2.4.22)

We get by collecting the estimates in (2.4.11))-(2.4.22)) :

Lo, As Qo)) = 0 (b, B) — O (st 4 5207))

|Qe(z0)]
—C (67 R+ 070 + 6) K
(1-9)
> o2 mo(b, R) —r(k), (2.4.23)
where )
r(k) = Cs (5-%%4 R R GRS n2€3)> : (2.4.24)

Theorem tells us that mo(b, R) > R2g(b) for all b € [0,1] and R sufficiently large. Here
g(b) is introduced in (2.2.5)). Therefore, we get from ([2.4.23) the estimate,

R
|Qe(z0)]

a2
Eo(1, A; Qe(o)) > <(1b€?R> g(b) —r(k), (2.4.25)
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with b defined in (2.4.12). By choosing § = ¢ and using that Q¢(zo) C {|Bo| > €}, we get,
3.2 2a-1, L -1 2
r(k) = O (% 271 42 ((zﬁ) + e) K2 (2.4.26)

This implies that,

|Qe(z0)]

Similarly, in Case 2, according to Remark we get that,

1 H__
750(’¢,A;Qg($0)) Z g (,{BQZCTO)) ,{2 —C (f352 —|-€2a—1 + (EHE)_l +€€—1) I{Q.

Gy (0) = mo(b, R) = Co (sl + 12(%)

and the rest of the proof is as for Case 1. 0

2.5 Proof of Theorem 2.1.1]

2.5.1 Upper bound

Proposition 2.5.1. There exist positive constants C' and kg such that, if (2.3.10) holds, then
the ground state energy Eq(k, H) in (2.1.6)) satisfies,

Eq(k, H) < f<;2/ g (Z\Bo(a:)o dz + Cr's .
Q

Proof. Let £ = £(k) and € = ¢(k) be positive parameters such that k! < / < land k! < e < 1
as k — oo. For some 8 € (0,1), u € (0,1) to be determined later, we will choose

(=r", e=rH. (2.5.1)

Consider the lattice I'y := ¢Z x {7 and write for v € I'y, Q¢ = Q¢(7). For any v € I'; such that
Qe COAN{|Bo| > €} let

B.o= inf |Bofa)]. (2.5.2)
Let
L= {7+ @ecn{lBl>d},
N = CardZ,.,
and

Qe = int (Uyez, Qyye) -

It follows from ([2.1.2)) that :

N=[Q2+0l2)+0 ) asl—0and e — 0.
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Let

H /—
b= ;E’va s R=/ HHE’Y,Z y (253)

and ur be a minimizer of the functional in (2.2.1)), i.e.
‘ 1
mo(b,R) :/ (b\(V—on)uR\Q— \uR]2+2\uR]4> dx .
Qr
We will need the function ¢, introduced in Lemma which satisfies
|F(z) — O'%gE%ZAo(.I‘ —7) — Vo, ()] < C??, in Qe 5

where o, ¢ is the sign of By in Q.
We define the function,

. R
e—’“H%ﬂWUR(*(x - ’Y)) if € Qe C{Bo> e}
(F-m) iteeucib<—d-
0 if x € Q \ Qé,e

”U(;E) = e—ifngﬂayﬁ

Since up € H}(QR), then v € HY(Q). We compute the energy of the configuration (v, F). We
get,

2
E(w,F) = / <|(V —ikHF)|? — k?v|* + Z|v|4> dx
Q

= > & F;Qyy). (2.5.4)

VEZZ,E

We estimate the term &y (v, F; Q- ¢) from above and we write :

2
Eo(v,F;Q ) = / (V —icHF)v|? — %v]? + %\v!“ da

~,£
J

(V —ikH (0y4B., (Ao(x — ) + Vgoﬂx)))v

v,

. 2 K2
—ikH(F — 0y B, (Ag(z —7) — Vgay(:n)))v‘ — K2v)? + ?|U|4 dx

2 2
< /Q (1+ 5)’ <V —ikH (044B., (Ao(x — ) + Vg@(x)))v’ — K2 |v]* + %\v[‘%lx

€

+C(1+ 5_1)(I€H)2/ (F — 0, ¢B., jAo(z —7) — Vgpy(x)))vr dx

Q'y,é

< (140)E(e ™10, 04 1B, ¢ Ao(x —7); Q) + C(65% + 5 k1Y) / e
Q'y,(’.

(2.5.5)

Having in mind that upg is a minimizer of the functional in (2.2.1)), and using the estimate in
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B3 we st -
| Pz <10,
v,£

Remark [2.2.T] and a change of variables give us,

, K2 b,R

/ <\(v ikHoy (B, yAo(z — 7))e W02 — k2o + |v|4> v — Moo, )
Q'y,é 2 b

We insert this into (2.5.5)) to obtain,

mo(b, R) 2, 51, 4ydy 2

Eo(v, F;Q4,0) < (1 +5)T + C(0K™ 4+ 0~ K )02, (2.5.6)

We know from Theorem that mo(b, R) < g(b)R? + CR for all b € [0,1] and R sufficiently
large, where b introduced in (2.5.3)). We choose § = /¢ in ([2.5.6). That way we get,

H
Eo(v, F;Q0) < g (HB%O k2 +C <M +0+ /1263) ?k2. (2.5.7)

H
Summing ([2.5.7)) over 7 in Iy, we recognize the lower Riemann sum of x — g (\Bg (x)) By
K

monotonicity of g, g is Riemann-integrable and its integral is larger than any lower Riemann

(v, F) < (/m g (ZyBO@)y) dx) K24 C (N i H2e3) (2.5.8)

Notice that using the regularity of 92 and (2.1.2)), there exists C' > 0 such that :

sum. Thus :

1\ Q| = O (£]99] + Ce) , (2.5.9)

as € and £ tend to 0.
Thus, we get by using the properties of g in Theorem [2.2.2

/Qe,eg <Z|Bo(x)\> dr < /Qg (Z|Bo(x)|> d$+%|Q\Q€7E|.

This implies that,

H 1
E(v, F) S/{;g<f€|B0(CL‘)|> dx—l—C( g\[—|—€+e—|—/€2€3> K2 (2.5.10)
We choose in ([2.5.1])
1
8= Z and p = 3 (2.5.11)

With this choice, we infer from (2.5.10)),

(v, F) < /Qg <5|Bo(1‘)|> do + Cyrs | (2.5.12)
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and
Crle = kS > 1. (2.5.13)

This finishes the proof of Proposition [2.5.1 O

Remark 2.5.2. In the case when By does not vanish in 2, € disappears and {z € Q;|By(z)| >
0} = Q. Consequently, the Ginzburg-Lundau energy of (v, F) in (2.4.2)) satisfies :

E(w,F) < / g <H|Bo(:c)|> de +C <1 +€+i€2€3> K2
Q K Kl

We take the same choice of 8 as in (2.5.11)), then the ground state energy E,(x, H) in
(2.1.6) satisfies,
H
Eq(k,H) < /12/ g (]Bo(ac)|> dx + Cri .
[¢) K

2.5.2 Lower bound

We now establish a lower bound for the ground state energy Eq(x, H) in (2.1.6). The parameters
€ and ¢ have the same form as in ([2.5.1)).
Let

B,y = sup |Bo(x)l, (2.5.14)
er'y,Z

H_ —
bro = B¢, R={\/kHB, (2.5.15)

If (¢, A) is a minimizer of (2.1.1)), we have,

and

Eg(K'v H) = 50(¢7 A; Qf,e) + 50(¢7 A;Q \ Qé,e) + (HH)2 /Q | curl (A - F) |2 dz , (2516)

where, for any D C 0, the energy (v, A; D) is introduced in ([2.4.1)). Since the magnetic energy

term is positive, we may write,
Eq(k, H) > Eo(1, A; Q) + Eo(¥, A; Q\ Q) . (2.5.17)
Thus, we get by using ([2.3.1]), (2.3.11)), and (2.5.9) :

2
o, A\ | < [ (T~ iRHAWE + R+ 0l da

Q\Qé,e
HQ
<10 Ol (Cl ey + 216 e+ 5 Wl

< Co(l+ €)K?. (2.5.18)
To estimate & (1, A; ), we notice that,

Eo(th, Ai Q) = > &1, A;Qqp).

'YEZZ,e
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Using Proposition with o = 3 2 and with g = 3 3 and p =1L in [2.5.1), we get,

H_
Eo(, As Q) > > g <HBQZ(%)> Cr?— C(Cr® + 0271 + (tke) ™! + te ) K2
YELy,e

Z ( BQ@ 170)) 62701'%1785’

V€L,

and
Eo(th, A;Q\ Qp0) > —Cor s . (2.5.19)

As for the upper bound, we can use the monotonicity of ¢ and recognize that the sum above is

an upper Riemann sum of g. In that way, we get,

Eo(, A; Q) > /€2/ g <Z\Bg(x)\> dz — C1K5 .
QZ,E

Notice that €2y C 2 and that g <0, we deduce that,

Eo(, A; Q) > 52/ g (Z!Bo(:c)]) dx — C1ks . (2.5.20)
Q

Finally, putting (2.5.19) and (2.5.20) into (2.5.17)), we obtain

Ey(r, H) > F?/Qg (Z|Bo(x)|> dx — CK’s . (2.5.21)

Remark 2.5.3. When By does not vanish, the local energy in Q(z¢) in Proposition 2| be-

comes :

’Qé(lwo)’&)(w’ A;Qu(x0)) > g (i{BQe(mO k2 —C (€3f<c2 + 2l 4 (ﬁn)_l) k2.
Similarly, we choose o = % and ¢ = IQ_%, we get
Eo(1h, A;Q\ Qp) > ~Cant, (2.5.22)
and
A2 > 2 [ o (Dipu(oll) do - cunt. (25.23)

As a consequence of (2.5.22)) and (2.5.23)), (2.5.21)) becomes

By (k, H) > /-;2/99 <I:]Bo(x)|> dz — Ck1. (2.5.24)
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2.5.3 Proof of Corollary
If (¢, A) is a minimizer of (2.1.1)), we have,

E(p, A;Q) = & (U, A; Q) + (sz)2/ |curl(A — F)|* da.
Q
Theorem 2.1.1] tells us that

E(, A Q) < K2 /

H
g <|BO(1‘)|> dr + Ck™ .
Q K

This implies that

Eo(, A; Q) + (/@H)Q/Q |curl(A — F)|? dz < /iz/ﬂg <Z|Bo(:1;)|> de + C1K™.

Using (2.5.19), (2.5.20)), (2.5.22) and ([2.5.23)), we get

Eo(, A; Q) > K2 /

H
g <|Bo(x)|> dx — Car™ .
0 K

Putting (2.5.27)) into (2.5.26]), we get

CQmT0+ﬁ2/g(H|Bo(x)\> d:c+(/£H)2/ |curl(A — F)|? dz <
Q K Q

IQ2/ g <H|Bo(x)\> dx + C1r™.
Q K

By simplification, we obtain

(,%H)Z/ |curl(A — F)|?dz < C'k™.
Q

2.6 Local Energy Estimates

(2.5.25)

(2.5.26)

(2.5.27)

(2.5.28)

(2.5.29)

The object of this section is to give an estimates to the Ginzburg-Landau energy (2.4.2)) in the

open set D C Q.

2.6.1 Main statements

Theorem 2.6.1. There exist positive constants kg such that if (2.3.10)) s true and D C € is

an open set, then the local energy of the minimizer satisfies,
H
s (2 1o(o)l) do

For all (¢, z¢) such that Q¢(xo) C QN {|By| > €}, we define

= o(K?).

'E(w,A;D) — HZ/

D

EQZ(wo) = rengxo) | Bo(z)|,

(2.6.1)

(2.6.2)
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where By is introduced in ([2.1.2)).

Proposition 2.6.2. For all o € (0,1), there exist positive constants C, €y and kg such that if
(2.3.10) is true, k > kg, £ € (0,%), € € (0,60), PK% > 1, (,A) € H(Q;C) x H} (Q) is a

minimizer of (2.1.1)), and Q(xo) C QN {|Bo| > €}, then,

1 H N )
G B0 AsQuteo) € 0 (T By ) 12+ C (B4 771 (00 2

Here g(-) is the function introduced in (2.2.5) and &y is the functional in (2.4.1)).

Proof. As explained earlier in the proof of Lemma in , Wwe may suppose after per-

forming a gauge transformation that the magnetic potential A satisfies,

[A(z) = F(2)| < Oy V€ Qulxo). (2.6.3)

H —
b = ZEQZ(:EO), R = 6 KHEQZ(mO) y (264)

and ug € H}(Qg) be the minimizer of the functional GITCBR introduced in (2.2.1)). Let xr €
C>°(R?) be a cut-off function such that,

Let

0<xpr<1 inR? suppxrCQry1, xr=1 inQg,

and |Vxgr| < C for some universal constant C.

R ~ 1
Let nr(z) =1—xr (ﬁ(x - :Eo)> for all z € R? and £ = ¢ <1 + R)
This implies that,

nr(x) = in Qo) (2.6.5)
0<ngr(z) <1 in Qo) \ Qelo) (2.6.6)
nr(z) = in Q\ Qo). (2.6.7)

Consider the function w(x) defined as follows,

w(z) =nr(@)Y(z) in Q\Quzo),
and, if x € Qg(zo),

echpuR

( ) (:L“ — xo) if Qg(l‘o) C {BO > 6} NnQ

e ey | = (z — 20) if Qu(xg) C{Bp < —€}NK.

S|l s

Notice that by construction, w = 1 in Q\ Qz(wo). We will prove that, for any § € (0,1) and
ac(0,1),

£(w, AsQ) < E(, A2\ Qulo)) + (1 +8); mo(b, B) + ro(w)£2, (2.6.8)
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and for some constant C, ro(k) is given as follows,

ro(k) =C ((5 + 67 AR 5T 1 E/{{/E) K2 (2.6.9)
Proof of : With &y defined in , we write,
Eo(w, A;Q) =& + &2, (2.6.10)
where
&1 = Eo(w, A;Q\ Qu(x0)), &2 = Eo(w, A; Qe(x0)) - (2.6.11)

We estimate & and & from above. Starting with £; and using (2.6.7)), we get,
: 2 2 2, K 4
& :/ (V —icHA)NpY|” — k% |nrv|* + ?|7731/1] dx
\Qe(zo)
= o PRICT —SRHAVE & Dbl 4 2Rn(¥ — H AN, Ve
¢(T0

2
K
= KNIV + gyl d

where
2
. K
R A) = [ (0= 1) (7 = 1AV = 210P2) + [0 nal? + %5 Gk~ Dol
Q7(@0)\Qe(wo)
+ 2R(Nr(V — ikHA), T/JVUR>> dz .
Noticing that |Qz(z0) \ Qe(z0)| < ———t—— and using together with the estimates in

VHHE%(IO)
(2.3.1), (2.3.10), (2.3.11) and |Vngr| < C?, we get,

Ik
Al <C—. 2.6.1
R (¥, )LCﬁ (2.6.13)
Inserting (2.6.13]) in (2.6.12)), we get the following estimate,
Ik
& < & (Y, As QN Qe(x0)) +C (2.6.14)

7

We estimate the term &> in (2.6.11)). We will need the function ¢g introduced in Lemma
and satisfying |F(z) — 00 B, (44)A0(z — x0) — Vipo(2)] < C?? in Qy(xg), where oy denotes the
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sign of By. We start with the kinetic energy term and write for any § € (0,1) :

£ = /
Qe (z0)

(V — ikH(00Bg,(z0)A0(x — 20) + V@(m)))u}
- 2 o 2, K
- mH(A — (0¢Bg, (a0)Ao(z — 70) + V(p(ﬂﬁ)))‘ + (—H |w|* + ?|w\ > dx
; 2 g e KP4
< / ( )(1 + 5)‘ (V — ikH(00Bg,(z0)A0(® — ®0) + ch(az)))w’ — K*|lw|® + ?|w| dx
Qu(zo

2
+(1+ 51)(/<;H)2/ (A = Véz, —F)w+ (F — 00Bg, (5)A0(z — 20) — Vgoo(a:))w‘ dx .

Qe(z0)

(2.6.15)
Using the estimate in ([2.6.3) together with (2.3.10)) and (2.3.1]), we deduce the upper bound,
Ey < (1+6)E(e ey, 018, (we)A0(® — 0); Qe(20)) + C(O7M2> 1671 K2+ 6)K%0%, (2.6.16)

where a € (0, 1).
There are two cases :
Case 1 : If By > € in Qg(xp), then oy, = +1 and

e Heyp (5@ - wo)) in - Qe(zo)
nr(z)Y () in 2\ Qe(zo) -

w(z) =

The change of variable y =

(r — o) and (2.4.12)) gives us :

Eo(e_mH‘pw, Ogﬁ@e(xo)AO(x — 20); Qe(0))
B R R 2 o K g) ¢
= (| (T =0 ) ] el S

K
= |(Vy = iAo(y))url” — ———lurl” + \UR|4> dy
/QR ( ! HBg,(ay) 2HB,(ay)

. K
HﬁQz(xo Q

1
=7 Gl (ur), (2.6.17)

where GzrclgR is the functional from (|2.2.1]).
Case 2 : If By < —e in Qg(zp), then o, = —1 and

e Hegp (f(w - $0)) in - Qe(zo)
nr(x)p(w) in Q\ Q(zo) -

w(z) =
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Similarly, like in case 1, we have,

—1iK 1 _ . 1
Eo(e™"Mw, 04B g, (zy)Ao(z — 0); Qe(x0)) = 7 G0, (@r) = b Gl (ur)
In both cases we see that,
—ik 1 mo(b, R
Eole H“”w,agﬁQg(xO)Ao(m —29); Qe(x0)) = 3 GI}QR(uR) = (b) (2.6.18)
Inserting (2.6.18) into (2.6.16)), we get,
1
Ey < (14 5)5m0(b, R)+C(6 + 6 10 k2 + 67102 k202 . (2.6.19)

Inserting (2.6.14) and (2.6.19)) into (2.6.10)), we deduce that,

Eo(w, A) < E9(th, As O\ Q)+ (1+6) F (b, R)+ C(6-+6~104k2 + 67102052 4 (0rn/€) ) 242

’ (2.6.20)
This proves . Now, we show how (2.6.8]) proves Proposition By definition of the
minimizer (¢, A), we have,
E(,A) < E(w,A; Q).

Since E(1, A;Q) = E(Y, A;Q\ Qu(xo)) + Eo(¥, A; Q(x0)), the estimate gives us,

(1+49)

E0(th, As Qo) <

mo(b, R) + ro(k),

where 7¢(k) is defined in (2.6.9)).
Dividing both sides by |Q¢(x0)| = £2, we get,

1 (1+9) 142 1 “1p2a) .2
W&)(T/},A,Qe(m)) < 5 mo(b,R) +C <6+5 K%+ nve +07 1 > k2. (2.6.21)

The inequality in (2.2.7)) tell us that mg(b, R) < R2g(b) + CR for all b € [0,1] and R sufficiently
large. We substitute this into (2.6.21)) and we select 6 = ¢, so that

ro(k) = K20 ((g,@-ﬁ)—l + 32 _|_€2a—1) '
Using (2.4.12)) we get,

: 1+ 5)R2 Ch 2 -1 3 2 20—1
O < T CR
=9 <II_;’BQZ(330)> K+ C ((5"3\/@71 + 0362+ 520‘71) k2.

This establishes the result of Proposition [2.6.2 ]
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2.6.2 Proof of Theorem [2.6.1, upper bound

The parameters ¢ and € have the same form as in (2.5.1)) and we take the same choice of 5 and
p as in ([2.5.11)). Consider the lattice I'y := ¢Z x ¢Z and write, for v € Iy, Q¢ = Q¢(7). For any
v € T’y such that Qu(vy) C QN {|By| > €}, let :

Li (D) ={v : Qe C DN {|Bo| >e}}, N =CardZy (D),

and
Dé,e = int (UWEIZ,S(D)Qi’M> .

Notice that, by ,
N=|D¢?+0 el +0 ) asl—0and e — 0.
If (¢, A) is a minimizer of , we have,
E(Y, A; D) = Ey(, A; Dyo) + Eo(1, A; D\ Dy ) + (kH)? /Q |cwrl (A —F)[Pdz.  (2.6.22)
Using Corollary we may write,
EW,A;D) < E (Y, A;Dpe) + Eo(, A; D\ Dy) + Cr™ . (2.6.23)

Here 19 € (1,2). Notice that
D\ Dy = O (€0Dy | + ) (2.6.24)

We get by using (2.3.1]) and (2.3.11]) :

|E0(¢, A; D\ Dye)| < |D\ Dy

52
(Wl + Ry + S W)

< Co(l+ €)K?. (2.6.25)
To estimate & (v, A; Dy ), we notice that,

Eolth, AiDe) = Y o, A;Qqp) .

’YEZZ,E(D)

Using Proposition and the estimates in ([2.6.25|) with 5 = %, « % and u = %, we get,

H
& (Y, A; D) < Z g <HBQ2(:B0)> K2+ C (CPR* 4 2971 4 (b/e) ! + €) K% + C1K™
’YEIZ,E(D)

H
= K Z g </€BQ4(J:0)> 0+ Cor™,
’YGIZ,E(D)
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where
B = sup DBy(z).
Q=) = Quan)

H
Recognizing the lower Riemann sum of x — g <BO (ac)>, and using the monotonicity of g we
K

get :

Eo(, A; D) < /

H
g (Bo(x)> dx + Car™ . (2.6.26)
Dl,e K

Thus, we get by using (2.6.24) and the property of g in Theorem m

52/ g (HBg(x)> dz < f£2/ g <HBO(33)> dx + C3k™ .
Dé,e K D K

This finishes the proof of the upper bound.

2.6.3 Lower bound

We keep the same notation as in the derivation of the upper bound. We start with (2.6.22]) and
write,

(v, A; D) > E (v, A; Dyc) + Eo(th, A; D\ D). (2.6.27)

Similarly, as we did for the Lower bound we get,

E(1), A; D) > /

g (ZBo(x)> dx — CK™ . (2.6.28)

This finish the proof of Theorem [2.6.1

2.7 Proof of Theorem [2.1.4]

2.7.1 Proof of (2.1.9)
Let (¢, A) be a solution of (2.1.5) and 7 = 79 — 2. Then 1 satisfies,

—(V—ikHA?Y = x*(1 — [¢*)yY in Q. (2.7.1)

We multiply both sides of the equation in (2.7.1)) by 1) then we integrate over D. An integration

by parts gives us,

/D (I(V = ikHAWS — k2|6 + 2J|*) do — / v (V= ikHAYW Bdo(z) = 0. (2.7.2)

oD

Using the estimates (2.3.1)), (2.3.10) and (2.3.11]) , we get that the boundary term which is not
necessary 0 if D # Q above is O(k) . So, we rewrite (2.7.2)) as follows,

— ;ﬁ/ [t de = Eo(1b, A; D) + O(k) . (2.7.3)
D
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Using ([2.6.28]), we conclude that,

1 s H .
Z/D!w\ dx < —/Dg<,€Bo(m)> dx + CK™. (2.7.4)

2.7.2 Proof of (2.1.10)

If (4, A) is a minimizer of (2.1.1), then (2.7.3) is still true. We apply in this case Theorem [2.6.1]
to write an upper bound of &y(, A; D). Consequently, we deduce that,

1 H
3 /D ]w\4d$ > — /Dg (HBO(QU)> dx — CK™. (2.7.5)

Combining the upper bound in (2.7.5) with the lower bound in (2.7.4) finishes the proof of
Theorem 2.1.41

2.8 Useful gauge transformation

2.8.1 [P-regularity for the curl-div system

We consider the two dimensional case. We denote, for k € N, by Wflf(Q) the space
WEP(Q) = {A € WFP(Q),divA = 0and A - v = 0on 99},
Then we have the following L? regularity for the curl-div system.

Proposition 2.8.1. Let 1 < p < oo. If A € W(}i’f(ﬂ) satisfies curl A € WkP(Q), for some
k>0, then A € WitP(Q).

Proof. If A belongs to Wé{f(Q) and curl A € LP(12), then there exists 1 € W2P(Q) such that
A = (=04,,05,0), —Atp = curl A, with ¢» = 0 on 9. This is simply the Dirichlet L? problem
for the Laplacian (See [15], Section A.1). The result we need for proving the proposition is then
that if —A¢ is in addition in W*P(Q) then o € W*+2P(Q). This is simply an LP regularity
result for the Dirichlet problem for the Laplacian which is described in ([I5], Section F.4). O

2.8.2 Construction of ¢,,.
Lemma 2.8.2. If By € L?(Q), then there exists a unique F € H}. () such that,
curl F = By . (2.8.1)

Oy f

—O0z,

Proof. The proof is standard, see [25]. Let F =

] , where f € H?(Q) (N H(Q) is the

unique solution of
~Af=DB, inQ. (2.8.2)
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Then we deduce from the Dirichlet condition satisfied by f that 7-Vf =0 on 02 which is
equivalent to v - F =0 on 0§2. This finishes the proof of Lemma [2.8.2 O

We continue with a lemma that will be useful in estimating the Ginzburg-Landau func-

tional.

Lemma 2.8.3. There exists a positive constant C' such that, if ¢ € (0,1) and z¢ € Q are such

that Qu(zo) C K2, then for any To € Qu(wo), there exists a function pg € HY(Q) such that the

magnetic potential F satisfies,
[F(x) — Vipo(x) — Bo(@) Aolw — 20)| < O, (€ Qula)), (2.8.3)

where By is the function introduced in (2.1.2) and Agy is the magnetic potential introduced in
12.2.2).

Proof. We use Taylor formula near xg to order 2 and get :
F(z) = F(%) + M(z — %) + Ol — Zo[*), V€ Qu(xo) (2.8.4)

where
8F1‘ OF!
_ O 1T0 g
- oeea- | 8" g

87@1‘56 0756256

‘ zo

. . t .
We can write M as the sum of two matrices, M = M*® + M*®, where M® = % is symmetric

—_ Mt . . .
and M* = % is antisymmetric.

. OF? OF! N
Notice that curl F(xg) = 8—xl|% - 67.1@'% = By(xg). Consequently,
w_ | 0 —Bo2
Bo/2 0

Substitution into M gives as that,
M (z — z¢) = Voo(x) + Bo(xo)Ao(x — x0) ,

where Ag(z) = 2(—z2, 1) and the function ¢y is defined by

po(z) = % <<MJ;Mt> (z — x0), (x — x0)> .

Let po(x) = ¢o(x) + (F (o) + M(zo — o)) - . Substitution into (2.8.4)) gives as that,
F = By(zg)Ao(x — x0) + Vo (z) + O (|33 — %|2) .

Notice that, if z € Qg(z0), then |z — zg| < £4/2. This finishes the proof of Lemma [2.8.3 O
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Remark 2.8.4. We will apply this lemma by considering Zo such that By(Zo) = supg 2 (z0) Bo ()

or Bo(fﬁo) = iane(xo) Bo(w) .

z0)



Chapitre 3

Energy and vorticity of the
Ginzburg-Landau model with

variable magnetic field

We consider the Ginzburg-Landau functional with a variable applied magnetic field in a bounded
and smooth two dimensional domain. The applied magnetic field varies smoothly and is allowed
to vanish non-degenerately along a curve. Assuming that the strength of the applied magnetic
field varies between two characteristic scales, and the Ginzburg-Landau parameter tends to
+00, we determine an accurate asymptotic formula for the minimizing energy and show that the
energy minimizers have vortices. The new aspect in the presence of a variable magnetic field is

that the density of vortices in the sample is not uniform.

3.1 Introduction

We consider a bounded, open and simply connected set 2 C R? with smooth boundary. We
suppose that 2 models a superconducting sample subject to an applied external magnetic field.

The energy of the sample is given by the Ginzburg-Landau functional,

smﬂmAy:/<MV—MHAwF+“a1—wVF>¢m«%ﬂ/ﬁwﬂA—dem (3.1.1)
Q 2 Q

Here k and H are two positive parameters, to simplify we will consider that H = H (k). The
wave function (order parameter) 1 € H'(Q;C) and the magnetic potential A € H} (). The
space H}. (Q) is defined in below. Finally, the function By € C*°(Q) gives the intensity
of the external variable magnetic field. Let I' = {x € Q, By(z) = 0}, then, we assume that By

satisfies :

B VBy| >0 inQ
{’ ol + [V Bol m (3.1.2)

VB x 7 £ 0 on I'NAN.

The assumption in (3.1.2)) implies that for any open set w relatively compact in Q the

set I' N w will be either empty, or consists of a union of smooth curves. Here, the definition of
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the functional (3.1.1)) is taken as in [14]. In [I3], the scaling for the intensity of the external
magnetic field (denoted by h) is different. We choose the scaling from [I4] for convenience when

estimating the ground state energy of the functional.

Let F : © — R? be the unique vector field such that,
divF =0 and curlF =By in 2, v-F =0 on 0. (3.1.3)
The vector v is the unit interior normal vector of 9€2. We define the space,
HL (Q)={A=(A,A)) c H'(Q)? : divA=0inQ,A-v=00n00}. (3.1.4)

Critical points (¢, A) € H(Q;C) x HL. (Q) of &, i are weak solutions of the Ginzburg-Landau

equations,

—(V —ikHA)?) = k2(1 — [¢|*) in Q
1 _
vl _ _ - o .
V- curl(A — F) Y Im(¢yp (V —ikHA)Y) in Q (3.1.5)
v-(V—ikHA)Y =0 on 0N
curl A = curl F on 0f).

Here, curl A = 9;, Ay — 0;,A1 and V+ curl A = (0, (curl A), —0,, (curl A)).
For a solution (¢, A) of (3.1.5)), the function 1) describes the superconducting properties

of the material and (kH curl A) is the induced magnetic field. The number « is a parameter
describing the properties of the material, and the number H measures the variation of the

intensity of the applied magnetic field. We focus on the regime of large values of x, kK — +o0.

In this paper, we study the ground state energy defined as follows :
Eg(k, H) =inf {Ecn (¥, A) :+ (¥, A) € HY(Q;C) x H;, (Q)}. (3.1.6)
More precisely, we give an asymptotic estimate valid when H (k) satisfies :
Coninki3 < H(k) < K as Kk —» 400, (3.1.7)

where Chyy, is a positive constant.

The behavior of Eg(k, H) involves a function f : [0,1] — [0, 3] introduced in below.
The function f is the limit of a simplified Ginzburg-Landau type functional. It has been defined
by Sandier-Serfaty in [45], and then analyzed in [3, [I8]. This function plays an important role
in describing the distribution of superconductivity in the bulk of 2D and 3D samples, see [45],

[3, 17, [I8] and the recent papers [3} 27].

In Section we will state various properties of the function f. Note for the moment

that the function f is increasing, continuous and f (b) = %, for all b > 1.

Under the assumption that By(x) satisfies (3.1.2]) and that the function H = H (k) satisfies

Clli S H § CQK,, (3.1.8)
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where C7 and Cy are positive constants, we obtained E| in [5] that
2 I H
Ee(k,H) =" [ f|—|Bo(z)| ) dz+ o(kH) , as K — +00. (3.1.9)
0 K

In this paper, we generalize this result to the case when H (k) satisfies (3.1.7)).

Theorem 3.1.1. Under Assumptions (3.1.2)) and (3.1.7), the ground state energy in (3.1.6)

satisfies, as Kk — +00
9 ~(H K
Byl H) =w* | f (5 1B0(@) dac—}—o(/{Hlnﬁ). (3.1.10)

We will see in Remark that the second term in the right hand side of (3.1.10f), which
is actually more simply o(kH In k) when (3.1.7) is satisfied, is of lower order compared with the
leading term. Actually (see in Theorem , the function f satisfies

A b, 1
f(b):§1n5(1+§(b))a asb— 0,
with §(b) = o(1).

As a consequence of the behaviour of f above, (3.1.10) becomes

By (1, H) = %RH [/Q|Bo(x)|lnH‘Blz(x)’d:c (14 o(1)). (3.1.11)

When the magnetic field is constant (i.e By is a constant function), (3.1.11)) is proved in [46]

under the relaxed condition

1
"N e H< k. (3.1.12)
K

The reason why we do not obtain under the relaxed condition is probably
technical. The method is to construct test configurations with a Dirichlet boundary condition.
We can not construct periodic configurations as in [46] because the magnetic field By is variable.
The approach used in the proof of Theorem is close to that in [31] which studies the same
problem when © C R3 and By is constant.

Remark 3.1.2. Notice that when H (k) satisfies (3.1.8) we have

o(rH) = O(KH (‘mf) +1>) .

If we assume that there exist positive constants Chi, and C7 and H (k) satisfies

Conins? < H(r) < Oy, (3.1.13)

! After a change of notation
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then (3.1.9) and (3.1.10) can be rewritten in a unique statement :
~(H H
Ee(k,H) = ;12/ f <|Bo(a;)|> dr + o (nH <‘ ln—‘ + 1>> . (3.1.14)
Q Kk K

Remark 3.1.3. When the set I' = {x € Q, Bo(z) = 0} consists of a finite number of smooth
curves and the intensity of the magnetic field H satisfies K < H < O(x?), then the energy

Eg(k, H) in (3.1.1)) is estimated in [27].

Theorem admits the following corollary which is useful in the proof of Theorem [3.1.5
below. The content of Corollary gives us that the magnetic energy is small compared with

the leading term in (3.1.14)).

Corollary 3.1.4. Suppose that the assumptions of Theorem hold. Then, the magnetic

energy of the minimizer satisfies

(HH)Z/ |curl A — By|?dz = O(KHID i) , as Kk — +00. (3.1.15)
Q H
If (¢, A) € H'(;C) x H}, (), we introduce the energy density,
: 2 K 22
e, A) = [(V — i HAW" + o (1 = [9[7)".
We also introduce the local energy of (¢, A) in a domain D C Q :
Eo(, A; D) :/ e(, A)dx. (3.1.16)
D
Furthermore, we define the Ginzburg-Landau energy of (1, A) in a domain D C 2 as follows,
5@5A¢D)zé%@gA;D)+(mei/\muKAFﬂ2dx. (3.1.17)
Q

If D = Q, we sometimes omit the dependence on the domain and write (¢, A) for (v, A; Q).

The next theorem gives a local version of Theorem [3.1.1

Theorem 3.1.5. Under Assumption (3.1.2)), if (v, A) is a minimizer of (3.1.1) and D is reqular
set such that D C §, then the following is true.

1. If H(k) satisfies (3.1.7)), then,

E(Y,A,D) > ;{2/1)]3 <I:|B0(:n)|> dr + o (/{Hln %) , asS K — +00. (3.1.18)

2. If H(k) satisfies
Clk3<H<k  ask— 400, (3.1.19)

min
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1 g .
where C,,. is a positive constant, then

2
E(WY,A, D)<k / 7

f <H|Bo($)|> dr+ o (IiH In i) , as Kk —> +00. (3.1.20)
D K

As a consequence of the proof of Theorem 3.1.1] the methods used in [46] allow us to obtain
information regarding the distribution of vortices in 2. When the magnetic field is constant (i.e
By is a constant), it is proved in [46] that v has vortices whose density tends to be uniform.
In Section we will prove that, if (¢, A) is a minimizer of and By(z) is a variable
magnetic field, then, 1 has vortices that are distributed everywhere in €2 but with a non uniform
density.

The next theorem was proved by E. Sandier and S. Serfaty in [46] when the magnetic field
is constant (By(z) = 1).

Theorem 3.1.6. Suppose that Assumption (3.1.2) holds and that H (k) satisfies - Let
(¥, A) be a minimizer of ([3.1.1]). Then there exists m = m(x) disjoint dzsks (Di(ai,mi))iey in Q
such that, as Kk — 400,

1.y < (nH)% (m%)*% I

|B0(z)| dzx (1+ o(1)).

8. If d; = deg (W,@D ) s the winding number of % on 0D;, then as k — +00

2T
MH:I{H;M%HBO(@@ and | = Z|d |64, — | Bo(z)| dz

in the weak sense of measures EL where dx is the Lebesque measure on R? restricted to ).

The measure p describes the distribution of vortices see Fig[3.1] and it is called the vorticity
measure, the function o(1) is bounded independently of the choice of the minimizer (i, A).
Notation.

Throughout the paper, we use the following notation :

e If a(k) and b(k) are two positive functions, we write a(rk) < b(k) if a(k)/b(k) — 0 as

K — OQ.

e If a(k) and b(k) are two functions with b(k) # 0, we write a(k) ~ b(k) if a(k)/b(k) — 1 as

K — O0.

o If a(k) and b(k) are two positive functions, we write a(k) ~ b(k) if there exist positive

constants c1, ca and kg such that c1b(k) < a(k) < cob(k) for all kK > K.

21, converge weakly to p means that :

p(f) — p(f), Ve Co(Q).
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FIGURE 3.1 — Vortices.

e Given R > 0and x = (z1,72) € R, Qgr(z) = (—R/2+z1, R/2+21) X (—R/2+ 29, R/2+2)
denotes the square of side length R centered at x and we write Qr = Qr(0).

3.2 A reference problem

In this section, we will introduce the function f appearing in Theorem and recall its main
properties as proved previously in [45] and [3] [18]. In addition, we will give a new estimate on
f in Proposition below.

Consider two constants b € (0,1) and R > 0. If u € H'(Qg), we define the following

Ginzburg-Landau energy,

Fioutn) = [ (HV —ioAgu + 5 (1=1uP)* ) dr 521)

where o € {—1,+1} and

1
Ap(x) = 5(—302,3;1), Vo= (z1,12) € R%. (3.2.2)

Notice that the magnetic potential A satisfies :
curlAg =1 in R?.
We introduce the two ground state energies

en(b, R) = inf {F,jéR (w) 1 u € HY(Qp; (C)} (3.2.3)

ep(b, R) = inf {Fl:réR(u) tu € H&(QR;C)} : (3.2.4)

The minimization of the functional F;%R over ‘magnetic periodic’ functions appears naturally
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in the proof. Let us introduce the following space

Er = {u € HL.(R%C) : u(xy + R, z2) = 6iR%2u(331,x2), u(xy,ze + R) = e_iR%u(ﬁ,xQ)} ,
(3.2.5)
together with the ground state energy

ep(b, R) = inf {beéR (u):ue ER} . (3.2.6)

Since FbJ,réR is bounded from below, there exists for each ex (b, R) with # € {N, D, p}, a ground
state (minimizer). Note also that by comparison of the three domains of minimization it is clear
that

en(b,R) <ep(b,R) <ep(b,R). (3.2.7)

In the three cases, if u is such a ground state, u satisfies the Ginzburg-Landau equation
b(V —iAg)?u = (1 — |u*)u,
and it results from a standard application of the maximum principle that
lul < 1. (3.2.8)

As F;éR(u) = FijlR (@), it is also immediate that,

inf Ft! = inf F 7} . 3.2.9
weHN(QniC) () e (QriC)” ¥ e (3:2.9)

In the next theorem we will define the limiting function f , which describes the ground
state energy of both two and three dimensional superconductors subject to high magnetic fields
(see [18]).

Theorem 3.2.1. Let e, (b, R) be as introduced in (3.2.6)).

1. For any b € [0,00), there exists a constant f(b) > 0 such that

Y ep(b,R) . ep(b, R)
f0) = gl p|QR| gy Qr|

(3.2.10)

2. Forallb>1, f(b) = 3.

3. The function [0,00) > b +—> f(b) s continuous, non-decreasing and its range is the interval
[0,1/2].
4. Asb— 04, f(b) satisfies
b, 1

f(b) = 53 (1+50)), (3.2.11)

where the function § : (0,400) — (—o0, +00) satisfies

lim 3(b) — 0.
b—0
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5. There exist universal constants C' and Ry such that

A ep(b, R) C
> 1 S A A 2.12
vR2 R well |im - 2 <D (3212
6. There exist positive constants by, Ry and a function

err : (0,1) x (0, +00) — (0, 400), (3.2.13)

such that .
Ve >0,3n>0if [b] + =< then |err(b, R)| < €, (3.2.14)

and
eEN b, R 2

Wbe (0,by), VR € (Ro,+00), 5%2) > FB)1 —err(h,R)).  (3.2.15)

The limiting function f was defined in (3], [45], [31]). The estimate in (3.2.11) and (3.2.12)
are obtained by Fournais-Kachmar (see [I8, Theorem 2.1 and Proposition 2.8]) and by Kach-
mar (see [31, Theorem 2.4]) respectively. The lower bound in is a consequence of [31,
Theorem 2.1 and (2.9)].

The next proposition gives us a lower bound of the ground state energy ey (b, R) which is

needed it in the proof of Proposition [3.5.1

Proposition 3.2.2. There exists a positive constant C, such that if
R>1 and 0<b<1, (3.2.16)
then,

ex(b,R) < ep(b,R) — CRb? . (3.2.17)

Proof. Without loss of generality, we can suppose ¢ = +1. Let v € H'(Qr) be a minimizer of
the functional in (3.2.1)), i.e. such that :

en(b,R) = Fg’gR(u) = / (b(V —iAg)ul* + % (1- |u|2)2> dx . (3.2.18)

We introduce a cut-off function yr;, € C2°(R?) such that
0<xpp<1 inR? suppxrp C Qr, Xrp=1 m@Q, 1. (3.2.19)

In addition, the function x g} can be chosen such that for some universal constants C' and C’,

we have,

Vxrol <Cb"2  and  |Ayps|<C5™', VR>1 and Vbe (0,1). (3.2.20)
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Let urp(z) = Xrp(z)u(z). Then ugyp € H (Qr) and consequently
en(b, R) < Fl5 (urp)- (3.2.21)

We rewrite F;’réR (upyp) as follows,

. 1 9
Fiquluns) = /Q (b<V—on>xR,bu|2+2 (1= xrsul?) ) da
R

. 1
— /Q <b(V — ZAQ)XR’bU|2 + 5(1 — 2]u\2 + \XR,bU|4 + 2(\u|2 — |XR,bU|2))> dx
R

: 1 2
< [ (5 = ol + (1= P)) o+ (1= Prol?) 2 e
Qr QR\Qbe%

(3.2.22)

We estimate from above the term [(V — iAg)xrpul? dr as follows :
Qr

/Q |(V - iAo)XRJ)u’Z dr = <<V - iAo)XRbu, (V - iAo)XR7bu>

R
= <VXR,bU + xrp(V —iAg)u, Vxrpu + xrp(V — Z'Ao)u>
= <VXR,bU7 VXR,bu> + <XR,b(V —iAg)u, Xrp(V — iAo)u>

+ (Vxmpu, xns(V = iBo)u) + (xrs(V = iAo)u, Vxrpu )

An integration by parts yields,

(Vxrpu, Xrp(V —iAg)u) = —(VxRrpt, VXRpU)
— (XrRpAXRHU, u) — (XRp(V —iA0)u, Vxrpu), (3.2.23)

which implies that
/Q [(V — iAO)XR,bu|2 dr = <XR,b(V —1Ap)u, xrp(V — iAg)u> — <XR,bAXR,bU, u> . (3.2.24)
R
Putting (3.2.24) into (3.2.22)), we get

Ffo,(urp) < /

QRr

1 2
<beR,b(v —iAo)ul® + 3 (1 - |u|2> ) da

+ (1 Pl +0 [ AxalJuf? de
QR\Qbe% Qr\Q 1

(3.2.25)

By using the bound |u| < 1, (3.2.20) and the assumption on the support of xg in (3.2.19)), it
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is easy to check that,
1
FfS (urp) < FfG (u) + CRb2 .

Using (3.2.21)) and (3.2.18)), we get

en(b,R) < en(b,R) + CRb? .

O
Corollary 3.2.3. With f(b) introduced in (3.2.10)), it holds,
p _ . eN(bv R)
fby = lim G (3.2.26)

Proof. We have from (3.2.7)) and (3.2.17)) that, for any b € (0,1),

en(b, R) — CRbz < en(b,R) < ep(b, R).

Having in mind (3.2.10]), we divide all sides of this inequality by R? and then take the limit as
R — 400 . That gives us

O]

Proposition 3.2.4 (Fournais). There exists a positive constant C, such that if (3.2.16|) is
satisfied, then

ep(b,R) _ & Vb
DE{? ) < fo)+C4, (3.2.27)
ep(b, R A
Dgp) > f(b). (3.2.28)
Proof. We have already seen that
fb) = tim 2O (3.2.29)

R—+o00 R2 '

Let us first prove (3.2.28)). Let n € N* and R > 0. Let u € H}(Qg) be a minimizer of F;réR
(i.e. ep(b,R) = FI)%R(U)). We extend u to a function @ € H}(Qnr) by ‘magnetic periodicity’ as
follows

u(z1 + R, x2) = eiR%zu(:cl,xQ) , u(r1,z2+ R) = e_iR%lu(xl, x9).

Let J" = {j € Z,1 < j < n?}. Notice that, the square @, is formed exactly of n? squares

(Q R(x{))) jegn. We define in each Q R(mé) the following function

Uj = u‘ ..
QR(J%)

Observe that u; is a minimizer of F:é () in H}(Q R(mé)) and if we extend u; by 0 outside of
;& R\
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Q R(:Ué), keeping the same notation u; for this extension, we have, v = >, 7n uj. Using magnetic

translation invariance, it is easy to check that

anR Z FJrl (uj) = n’ep(b, R).
JjeI™

Consequently, we get
ep(b,nR) < nep(b,R).

We now divide both sides of this inequality by n?R? then we take the limit as n — oco. Having

in mind (3.2.10)), this gives (3.2.28)).

We prove (3.2.27]).

If n € N* and j = (j1, jo) € Z2, we denote by
Kj =1I; xIj,,

where
Ym € Z,

j 2m+1—n 1 2m—|—1—n+1
me 2 2’ 2 2/

For all R > 0, we set
Qrj={Rzx: z e K;}.

Let J" = {j = (j1,j2) € 22 10 < ji,ja < n— 1} and Qui = (= %%, 28) x (= %, %), Then
the family (@R,j) is a covering of Qng, formed exactly of n? squares. Let u = u,r € H(Qnr)
be a minimizer of of Fl:rénR ie. F;rén}? (u) = ep(b,nR). We have the obvious decomposition,

/Q (@) dw =) / (z)|* dz . (3.2.30)

iegn QRJ

Let x = XR,b%( xo) where Xp b is the cut-off function introduced in (3.2.19)). The function
u satisfies —b(V —iAg)?u = (1 — |u]2)u in Qnpr. It results from an integration by parts that

en(b,nR) = B (u) = —;/Q (Ju@)* = 1) dz. (3.2.31)

We may write,

/Q v - iAg)xul?dz = <(V —iAg)xu, (V — iAO)XU>
= (Vxu, Vxu) + (X (V = io)u, X (V — iAg)u)
+ 2<Vx u, X (V - iAO)u>

= <qu, Vx u> + <(v —iAg)(x*u), (V — iAO)u>_
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An integration by parts gives us

/ (V —iAg)xu|? dz = / IV x|?|ul? dz — <X2 u, (V — iA0)2u>. (3.2.32)
QR,j i

QRJ

Using (3.2.32)), we may express the energy FbJ“éR]_ (xu) as follows :

. 1
Fl:rég,j (xu) = /QR | (b|(V —iAg)xul® — |Xu|2) dz + 3 /QR | <|xu|4 + 1>d1‘
3J J

1
0w, (B(V — iAg) + 1)) + b / VXl dz 4 / Ol + 1)z
QR,; 2 QRr,;
sJ »J

Using the equation (b(V —iAg)? 4+ 1)u = |u|?u and the inequality x* < x?2, we get

1
Fige, 00 <0 [ (9xian = 5 [ (3t = 1)

¥ QR,j

1 1
< b/ IVx2|ul? dz + / (1 - X2) dx — / (|u\4 - 1)dx
R,j 2 JQr, 2 JQr,
sJ ] sJ

g—/ luf* = 1) dz + Cb2R.
()

Since each xu has support in a square of side length R, we get
1
FI;,FQR,]» (xu) >ep(b,R). (3.2.33)
We sum over the n? squares (Qr j)jes» (that cover Q,r), and get

nep(b, R) < —1/ (Jul* = 1) dz + Cb2 Rn?.
2 Qnr

Using ((3.2.31)), we obtain
n?ep(b, R) < ep(b,nR) + CnRb? .

Dividing by n?R?, we obtain

GD(b, R) < GD(b, nR)

S i)y +CR "7,

We take the limit n — +o00 and get (3.2.27)). O

3.3 Upper bound of the energy

The aim of this section is to give an upper bound on the ground state energy Eq(x, H) introduced
in .

In the sequel, for some choice of p € (0,1) to be determined later (see (3.3.11))), we consider
triples (¢, o, Zo) such that Q(zo) C {|Bo| > p} N Q and Ty € Q¢(xo). In this situation, we say

that this triple is p-admissible, that the pair (¢, z¢) is p-admissible and the corresponding square
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Qe(zp) is a p-admissiblle. Let
R=1/ %H|Bo(§0)| (3.3.1)

We introduce the function :

et $g 304 py ( (x — xo)) if z € Qu(xo) C{By > p} NN

(3.3.2)
(z —x0)) if x € Qe(wo) C {By < —p}NQ,

We 0,70 (z) =

=V =

6iK/H§0‘7;0 ,:ZO ER (

where ug € H} (1) is a minimizer of the functional in (3.2.1)) and ¢, z, is the function introduced
in [5, Lemma A.3] that satisfies

|F () — 00| Bo(Zo0)| Ao (2 — 20) = Vipuy 7 ()] < CF, (z € Qe(0)) , (3.3.3)

where By(zo) = curl F(Zg), A is the magnetic potential introduced in (3.2.2)) and oy is the sign
of Bo(z) in Q¢(xzo).

Proposition 3.3.1. Under Assumption (3.1.2)), there exist positive constants C and ko such
that if kK > ko, £ € (0,1), § € (0,1), p >0, £2kHp > 1, and (¢, 0,Z0) is a p-admissible triple,
then,

: 7 20 (H g A cp
mgo(we,xo,xo,ﬂ Qe(x0)) < (1 +0)"f ( - |Bo(xo)|> +C (KH +0 1 /@H) kH. (3.3.4)
Proof. Let
b= | Bol@o). (3.3.5)

We estimate E(wy g, 7, F, Qe(x0)) from above. We write for any 6 € (0,1)

50 (wf,xo,fo ) F7 Qé(x[)))
/{2

— / [[(V — i/-cHF)w&xO’gOF + ) (1-— |wg’x0’50\2)2 dx
Qe (z0)

<(1+4) /Q I o BoE) (e = 20) + 51t
(X0

K2 2,2
+?(1 - |wf,$0,550| ) dx

+ C(kH)?6 e |F — (04| Bo(Z0) | Ao (2 — 20) + Veouy 50 (2))Wemo 50| dit
AT

< (14 8)E0 (wewp 70> 02| Bo(Fo) | Ao(x — 20) + Vipu i (2), Qe(x0)) + C5 O (H)?.
(3.3.6)
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Using (3.2.9), the definition of wy 4, 7, and the change of variable y = %(m — xg), we obtain

Eo(We,z0 70 02| Bo(To)|Ao(z — 0) + Voz, 7 (%), Qelz0))

= /QR ‘ (?Vy - Z'];Ao(y)> ur(y) 2 + H; (1 - !uR(y)\2)2 f; dy
_ % Bl (up). (3.3.7)
Since ug € H}(QR) is a minimizer of F;QlR, then
Ff5 (ur) =ep(b,R). (3.3.8)
Proposition [3.2.4] tells us that %’53) < f(b) + C’\]/:f for all b €]0,1] and R > 1. This

assumption is satisfied because R > ¢v/kHp > 1 (see Remark |3.3.2)). Therefore, we get from
(3.3.7) and (3.3.8]) the estimate

_ F(b R
go(wg,xo’go, O'g‘B()(fL'O)‘AQ(.T — xo) + VSDJBO,EO (:L’), Qe(mo)) < RZfE)) + C% , (339)
with b defined in (3.3.5)).
We get by collecting the estimates in (3.3.6])-(3.3.7]) that,
N 2 /) | o B, o2
SO(w&SCo,SCO’ F,Q¢(x0)) < (1+0)R b + C NG + Co0 P (kH)”. (3.3.10)
Remembering the definition of R and b in (3.3.1)) and (3.3.5)) respectively, we get
o ot B Qe(20) < (1 )7 F (B0 ) + O (5 + 07 s )?)
|QZ($O)‘ 0,xo,Tosr * s > - 7 ,
which finishes the proof of Proposition [3.3.1 O
Remark 3.3.2. We select £,§ and p as follow :
— (kH)" %, p=(kH)3. (3.3.11)
and )
K\ "1
- (ln ﬁ) (3.3.12)

Under Assumption ([3.1.7]), this choice permits us to verify the assumptions in Proposition m

and to obtain error terms of order o (KH In %) We have indeed as kK — 400

=

K K

= 1
(kH1n £; H%ln% <1
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SURHPE 1
kH1n 4 (ln %)%

Theorem 3.3.3. Under Assumption (3.1.2)), if (3.1.7) holds, then, the ground state energy
Eg(r, H) in (3.1.6) satisfies

~(H
Eq(k, H) < nz/ f <|Bo(x)\> dr + o (/@Hln ﬁ) ,  as kK — +00. (3.3.13)
Q KR H

Proof. Let £ € (0,1), § and p be the parameters depending on x and chosen as in Remark
As we did in the previous paper [5, Proposition 5.1|, we consider the lattice 'y := ¢Z x ¢Z and
write, for v,5y € 'y,

Qe = Qu(y) and Wy zo 7, = Wey 7 -

For any v € I'; such that Q. is p-admissible square, let

B, ,= inf |Byg(x 3.3.14
Bo= inf |Bofa) (3:3.14)
and
Top = {7 Qve CQAN{|Bo| > p}}, N =card I, . (3.3.15)
Then as kK — 400, we have :
N =|Q 2+ 04+ 0(pt™?). (3.3.16)

Note that ([3.3.16)) results from both conditions in Assumption For all x € €2, we define,

s(x)= Y wes(), (3.3.17)

Y€Te,p

where wy , 5 has been extended by 0 outside of @, . Remember the functional &, 7 in (3.1.1]).
We compute the energy of the test configuration (s, F). Since curl F = B, we get,

gH,H(SaFvﬂ) = Z gO(wéqﬁaFaQy,ﬁ)' (3318)
’YEJE,p

Recall that for any 7 € Q.,¢, Bo(7) satisfies (3.3.3]). Then, we select 7 € Q. ¢ such that
[Bo(Y)| =B,

Using Proposition and noticing that |Q, ¢| = 22, we get for any 6 € (0,1)

> Eo(wen 7 F, Q) S K2(1+06) > f(ij%O 2 +r(k, H, L), (3.3.19)

YE€Te,p YE€ETLp
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where

r(k, H,0) = O (% + 5_1£4(/<H)2) . (3.3.20)

Having in mind Property (3) of the function f established in Theorem we recognize the

lower Riemann sum and notice that U,ez, /@~ ¢ C €2, then, we get by collecting (3.3.18))-(3.3.19)
that

(s, F, Q) < (1+ 5)52/Qf <Z\Bg(x)> dx +r(k,H,1). (3.3.21)

The choice of the parameters § in (3.3.12)) and ¢ in (3.3.11)) implies that all error terms are of
lower order compared to xH In ;.
O

Remark 3.3.4. The remainder term in (3.3.20) is small compared with the leading order term.
We have, for any pg > 0

~( H ~(H
@[ (HrBomr) iz [ ] <K’Bo($)|> da

~(H
> K2 f <RP0> 120 {|Bo| > po}|-

. o . . . pio
In view of (3.2.11]), for all positive constant C' there exists pg > 0 such that if H < Ck and &
is sufficiently small for some C > 0, then as Kk — +o0

~(H kH pg K
2 . > -
K /Qf ( - \Bg(x)]> dx > Oy 5 In o (1+0o(1)),

where Cs is a positive constant.
In particular, when (3.1.7)) is satisfied, we see that,

r(k,H,l) < /€2/

Q

F (e ) d. (3322

3.4 A priori estimates of minimizers

The aim of this section is to give a priori estimates on the solutions of the Ginzburg-Landau
equations . These estimates play an essential role in controlling the error resulting from
various approximations. The starting point is the following L*°-bound resulting from the maxi-
mum principle. If (¢, A) € H'(Q; C) x H};,(R?) is a solution of (3.1.5)), then

[l L) < 1. (3.4.1)

Next we prove an estimate on the induced magnetic potential.

Proposition 3.4.1. Suppose that the magnetic field H is a function of k and satisfies (3.1.7)).
Let o € (0,1). There exist positive constants kg and C such that, if kK > kg and (¥, A) is a
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manimizer of (3.1.1]), then

C . 2
1A=l < 5 ([ 7 (Zim) ar)
C : 3
1A~ Flenm < g ([ 7 (1B ) do)

in (3.1.3).

U

Here F is the magnetic potential introduce

Proof. The estimate in C%®*norm is a consequence of the continuous Sobolev embedding of
H?(Q) in C%(Q).
It is easy to show that

| curl(A — F)|| 12 < —HE (k,H)? (3.4.2)

and

[NIES

[(V =ik HA)Y| 1200y < Eg(k, H)2 . (3.4.3)

Notice that under Assumption (3.1.7)), it follows from Theorem and Remark that

Jeut(a ~ Bl < 77 ([ 7 (Z1Boco) dac)5 , (3.4.4)

107~ intt Ayl < o ([ F(Z1ae) da:)é . (3.4.5)

Let a = A — F. We will prove that

lellsoy < 57 ([ 7 (2150000 d:v)é .

Since diva = 0 and a - v = 0 on 0N, we get by regularity of the curl-div system see [14],
Appendix A.5]
lallg2iq) < C'll curlall g1 (q) - (3.4.6)

The second equation in (3.1.5)) reads as follows :
1 _
~Vteurla = —m(P(V —inHA)Y).

The estimates in (3.4.1]) and the bound in (3.4.6]), give us

lall g2 <C<\CUYIGHL2 +*H( —iHHA)wllm(Q))-

Inserting the estimates in (3.4.4) and (3.4.5)) into this upper bound finishes the proof of the

proposition. O
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3.5 Proof of Theorem [3.1.5 : Lower bound

In this section, we suppose that D is an open set with smooth boundary such that D C Q.
We will give a lower bound of the energy £(, A; D) introduced in (3.1.17), when (1, A) is a
minimizer of the functional in (3.1.1)).

Construction of a gauge transformation :

Let ¢go(x) = (A(zo) — F(20)) - x, where F is the magnetic potential introduced in (3.1.3) and
(¢, z0) a p-admissible pair. Choosing a € (0,1) and using the estimate of |A — F[[co.a(q) given
in Proposition we get for all z € Q(xo),

|A(z) = Vg, — F(z)| = [(A = F)(z) — (A = F)(z0)|
< [|A = F|co.a)|r — 20|
< Cat®, (3.5.1)

A= % </Qf <Z30(x)y> dxf . (3.5.2)

Using (3.2.11]), it is clear that, under condition (3.1.7))

where

1
A=0 ( In “) : (3.5.3)
as Kk —» +00.

Proposition 3.5.1. For all o € (0,1), there exist positive constants C' and kg such that if
k> ko, L€ (0,3),6€(0,1), p>0, ?cHp > 1, (¢, A) € H'(C) x HY, (Q) is a minimizer of
(3.1.1), and (¢, xzq, o) a p-admissible triple, then,

1

(H P . )
m50(¢7A;Q€($0)) > (1 — (5)/-;2f <H|BO(.’E0)|) - C (z +4 I(IQH)2£4+6 1/‘€2H2)\2€2 ) .

Proof. Let Tg € Q(xo). Recall the function ¢, 7, satisfiying (3.3.3). For all z € Q(x0), let
u(z) = e "oy (z), (3.5.4)

where ¢ = ¢ 7, + ¢z, and ¢z, is introduced in (3.5.1)).
Estimate of &) in Qu(x) :
As we did in [5, Lemma 4.1], we have, for any ¢ € (0,1) and o € (0,1)

Eo(, A; Qe(0)) = (1 = 6)E(u, 0¢|Bo(Zo)|Ao(z — 20); Qe(70))

— O (kH)? (¢4 + W?a)/ 1|2 dx. (3.5.5)
Qe(wo0)



3.5 Proof of Theorem (3.1.5|: Lower bound 67

Let

H
R = (\/ HH|B(](§0)| and b= ;‘Bg(ioﬂ . (3.5.6)

Define the function in Qg

u(fx+m) if 2€QpC {{By>p}nQ}

Vt,z0,70(2) = ' (3.5.7)
u(%x%—avo) if e QrC {{Bo<—p}NQ}.
Using (3.2.9), and the change of variable y = %(aj — x0), we get
£ (1,00 | Bo(0) Ao — 20); Qu(a0) = 7 Fyd (vran ) (35.8)
Here F;éR is introduced in . Since vy z, 7, € HY(Qr), we have
FfS (iwz) > en(b, R). (3.5.9)
By collecting — and the lower bound in (3.5.9), we get,
Fy'd (V0y50) > R2f(b) — CRbE . (3.5.10)
As a consequence, gives us
o(1t, 04| Bo(Fo) Aoz — 0); Qela)) = RAED o L. (3.5.11)

with b and R introduced in (3.5.6]).
Inserting (3.5.11)) into (3.5.5)) and using the bound of v in (3.4.1)), we get

f(b) R 1 s—1 2 (p4 2 p2a\ p2

Having in mind (3.5.6]), we get for any « € (0, 1)

Eo(1h, A; Qo(0)) > (1 — §)R?

Eo(th, A; Qu(0)) > ((1 — §)*f (5130@0)0 — O (5 + o7 mH) + 5%21{2%@2&)) e
(3.5.12)
This finishes the proof of Proposition [3.5.1 O

Remark 3.5.2. For any « € (0,1), we keep the same choice of ¢, p as in (3.3.11]) and choose 0 as
follows :

5= (1n %)_% . (3.5.13)

This choice and Assumption (3.1.7) permit us to have the assumptions of Proposition

satisfied and make the error terms in its statement of order o (HH In %) We have as kK — +00,

=

K K

= 1
(kH1n £; H%ln% <1
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S~ HkH)2 1
— = — <1,
kH In 77 (ln%) 4
5Lk H In SE g2 In €95
kH In i[ = Illig <1,
kH In 5 (ln %) 1 (kH)?

NI

(kH) p% = (K,H)TlQ > 1.

Remark 3.5.3. As a byproduct of the proof, we get also a useful estimate. Using the bound

|| <1, it results from (3.5.5) :

(1-9)
|Qe(o)

E0(th, 00| Bo )| Ac(z — 70) + Vo, Qel0)) < E(th, A, Qe(0))
|Qe(o)|

+ O (RH)? (0 + N20%%) . (3.5.14)

Using (3.5.3)) and choosing ¢, p as in (3.3.11]) and § as in (3.5.13]), we get a function 7 : (0, +00) —
(0, +00) satisfying tgrfrl 7(t) = 0 and

Eo(th, ¢ Bo(Fo)| Ao (z — z0) + Vo, Qe(0)) < Eo(h, A, Qu(x0)) + 2k H In % W(K), (3.5.15)

for any o in Qg(xo) .
The next theorem presents the lower bound of the local energy in the domain D such that

D C Q and we deduce the lower bound of the global energy by replacing D with .

Theorem 3.5.4. Under Assumption (3.1.2)), if H(r) satisfies (3.1.7), (v, A) € H'(Q,C) x
HL (Q) is a minimizer of (3.1.1) and D C Q2 is open, then,

~(H
S(z/J,A;D)zﬁQ/ f(\Bg(x)) d:x—i-o(/ﬁHlnﬁ) , ask — +00.
D K H

Proof. The proof is similar to the one of Theorem [3.3.3
Let

'Dg’p = int (U’YEIg)pQ’)’,E) (3516)
and

B,,= sup |By(x)], (3.5.17)

IEQ'}/,Z

where 7, , was introduced in (3.3.15]).
If (¢, A) is a minimizer of (3.1.1), we have

EW,A;D) =E (¢, A; D) + Eo(v, AsD\ Dyy) + (/‘GH)Q/ |curl A — Bo*dx,
Q

where &y(¢, A; D) is introduced in (3.1.16)).

Since the magnetic energy term and the energy in D\ Dy , are positive, we may write,

E(h, A;D) > E(¥, A; Dyp) . (3.5.18)
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To estimate & (1), A; Dy ), we notice that,

S0, A;Dyp) = Y Eo(th, A Q).

’YGIZ,p
Recall that for any 7 € Q¢ we have By(7) satisfies (3.3.3). Then, we select ¥ such that
|Bo(7)| = Boye -

Using (3.5.12)), similarly as we did in the upper bound we recognize the upper Riemann sum,
and get

Eo(th, AsDy,) > K2(1— 5)/ i <]:B0(x)|> dr— O (%4 5T RHPE 57 RN

Dy, ¢
(3.5.19)
Notice that using the regularity of 9D and (3.1.2)), there exists C' > 0 such that
Ve € (0,1),Vp € (0,1), |D\ Dy, <CL+p). (3.5.20)

We get by using property (3) of f in Theorem Assumption (3.1.7)) and for some choice of
p to be determined later

[ 7 (mon) = [ 7 (Fimown) ae- [ 7 (Fime) as

2/Df<f|30(x)|> da:fcgﬂ)\i)gﬂ. (3.5.21)

L,p

This implies that

Eg(k, H) > x%(1 — 5)/

i <Z!Bo(x)]> do — /(1 H,0) (3.5.22)
D

where
r'(k, H,£) = O (KHK +rkHp+ % + 67 (kH)20* + (571R2H2>\262a> .

Having in mind ({3.5.3]), then, the remainder term becomes

C
v (k,H,l) = O (/@Hﬁ +KkHp+ % + 6 Y kH)2* + 6 'kH1n 13:662&) .
The choice of the parameters § in (3.5.13) and p, £ in (3.3.11)) implies all error terms to be of

lower order compared with xH In 4. This finishes the proof of Theorem W O

Remark 3.5.5. Notice that & (v, A; D) > & (v, A;Dy,p). Using (3.5.19) and (3.5.21) with the
same choices of §, p and £ as in Remark we obtain

S, A;D) > I<J2/

D

f(Z\Bg(x)]) dz + o (FLHln %) . (3.5.23)
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Moreover, we can replace D by 2 and get

Eo(th, As Q) > & /

i f (IZIBo(w)I) dz + o (/-;H In %) . (3.5.24)

Proof of Corollary
Having in mind ((3.1.16|), we write

E(, A;Q) = & (Y, A; Q) + (;<;H)2/Q |curl A — Byl dz .

Using the estimate of £(¢, A; ) in Theorem we get, as kK —> 400

~(H
50(¢,A;Q)+(,<H)2/ lcurl A — By[2 dz < /@2/ i <|B0(x)|> dr+ o (wHIn 12) . (35.25)
o) o) K H
Remark 3.5.5 tells us that

Eo(, A; Q) > ,8/

Q

~( H K
f <K\Bo(x)\> dz + o(nHln ﬁ) .
Therefore, (3.5.25)) becomes

/12/Qf (Z!Bo(w)]) dx+ o (nHln %) + (f<aH)2/Q |curl A — By|? dx
< KQ/Qf <I:|B0(m)|> dr + o </{Hln %) . (3.5.26)

By simplification, we get (3.1.15)).

3.6 Proof of Theorem [3.1.5: upper bound

One aim of this section is to derive a sharp estimate of &y(¢, A;Q(x0)), when (¢, A) €
HY(Q;C) x HL () is a minimizer of (3.1.1).
1
The proof of the next proposition is similar to that in [5, Proposition 6.2], by replacing =
1
b2
by —.
'R
Proposition 3.6.1. For a € (0,1), there exist positive constants C and kg such that if k > ko,
¢ e (0, %), §€(0,1), p>0, PxHp > 1, (,A) € H(C) x HL () is a minimizer of (3.1.1),
and (£,x0,%9) a p-admissible triple, then,
1 K

(H B ) )
m&)(w’ A; Qe(x0)) < (1 + 5)“2f <K|Bo(x0)|> +C (Z + 0 WKk2H? 4+ 6 1/£2H2)\2(i 6)1;

where X is introduced in (3.5.2)).

Remark 3.6.2. Under Assumption (3.1.7)), with the choices of ¢, p in (3.3.11]) and ¢ in (3.5.13)),
we get that the error terms in (3.6.1)) are of order KH In f;
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Proposition 3.6.3. For any o € (0,1), there exist positive constants éa and Ko such that if

Kk > ko, H(k) satisfies (3.1.7)), £ is chosen as in (3.3.11)), 6 as in (3.5.13)), L2kHp > 1, (1, A) is
a minimizer of (3.1.1)), and (¢,x0,Zo) a p-admissible triple, then

Wé’o(iﬂ, 0| Bo(Z0)|Ao(z — 20) + V(©uy 50 + Do )s Qelzo)) — K2 f (Z'BO(%”) '

@

< CokH (1n %)Z . (3.6.2)
where Ay is the magnetic potential introduced in (3.2.2)), oy denotes the sign of By, ¢4, is defined
in (3.5.1) and g, 7, is the function satisfying (3.3.3)).

Proof.
Lower bound : We refer to (3.5.11)) and (3.5.6). We obtain

Wé’ow,ae\Bo(%”Ao(ﬂs — 20) + V(Pao.50 + Puo), Qe(0)) > K2 f <H|BZ@O)|> _ct

where C' is a positive constant.

If we select £ as in (3.3.11]), we get

1 _ ~ (H|Bo(T 1
mgo(qf)aUE’BO(CUO)‘AO(@“—m))‘|'v(80x0,50 + @), Qe(0)) > H2f (‘0(0”> —C(“5H)‘1‘ .
Assumption (3.1.7) permits to verify that the remainder (x°H )i = O(kH (In %)%)

Upper bound : Collecting (3.5.14) and (3.6.1)), we get for any o € (0,1), the existence of
C’ > 0 such that

Wé’o(w, 0| Bo(Zo)|Ao(z — 20) + V(g 50 + o )s Qul0)) < K2f <Z\Bo(5o)\>

e (% 462 H? 4 5*1E2H2A2£2a) . (3.6.5)
where A is introduced in ((3.5.2)).
Using (3.5.3)) and selecting £ as in (3.3.11]) and 0 as in (3.5.13]), we get the existence of a constant

C'y, such that

1 _ ~(H -
———E0(1, 04| Bo(F0)|Ao(z — 20) + V(Pag g, + Pao)s Qulw0)) < K2 f <\Bo($o)|)
|Qe(z0)] K
K\
+ CorH (m E) . (3.6.6)
This achieves the proof of the lemma. O

The next lemma will be useful in the proof of Theorem [3.1.5

Lemma 3.6.4. For any C1 > 0, there exist positive constants C' and ko such that if £ € (0,1),
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ko < K and (¢, A) € H'(Q;C) x H}, (Q) is a solution of (3.1.5), then

1
/ (V= inHAYW dz < Cr2 (1 + 3> , (3.6.7)
V@(F,Cl)

Kl2
where

Ve(T',Cq) = {x € Q:dist(x,I") < C14 and d(z,00) > CE} .
1

Proof. Using (3.4.5)) and the fact that the range of f is the interval [0,1/2], we get

(V= ikHA)Y| 120 < Ck. (3.6.8)

Hence the improvment given by the lemma is when %/{_2 <l<U{.
Let Cy > (7 and for £ small enough we define the following sets Dt} = V(I',C1) and
D7 = V,(I',Cy) . We can construct a cut-off function y, € C°() such that

C
0<x,<1inR?, suppy CD;CCQ, xe=1inD; and |Vye| < 7 in R?, (3.6.9)
where C' is a positive constant independent of £.
The minimizer v satisfies
k21— [p*) = —(V —ikHA)*p inQ. (3.6.10)

We multiply the above equation by X, it results from an integration by parts that

W2 / xe(l = [P de = / (V — inHAY (Vv —inHA)) T 9y da
D2 D2

4

:/ Xg|(v—if£HA)1/}’2d$+/ Vet (V — ikHA)p da .
2 D;

DZ
(3.6.11)
Using Holder inequality, we have
. Vxe ) (V —ikHA)p do| < |[(V = ikHA)Y| 20.02) 1V X ¥l L2(p2) - (3.6.12)
4
Notice that |DZ| < C’¢. Using (3.6.9) and the bound [|¢)]|oc < 1, we obtain
_1
196l ¥l 2oy < C3 (3.6.13)
Putting (3.6.8) and ([3.6.13)) into (3.6.12]), we get
— 1
/ Vxev(V —ikHA)Ypde| < Cre™ 2, (3.6.14)
D}
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and consequently

/ xe|(V — ik HA)Y|? do < 52/ xe(1 = [)|W|2de + Cre 2. (3.6.15)
2 ng

Dy

The lemma easily follows from the control of the area of D% and from observing that x, = 1 on
D} . O

Remark 3.6.5. We get a similar estimate by replacing in the lemma I" by the boundary 0D of a

regular open set D compactly contained in €.

End of the proof of Theorem |3.1.5
The proof of (3.1.18) is already obtained in Theorem Hence it remains only to give the

proof of (3.1.20)).

We keep the same notation as in (3.3.14)), (3.3.15) and (3.5.16). If (¢, A) is a minimizer of
(3.1.1), we start with (3.1.17)) and write,

E(Y,A;D) = E(v, A;Dyyp) + Eo(, A;D\ Dy ) + (EH)Q/ |curl (A —F)[*dz.  (3.6.16)
Q
To estimate & (1), A; Dy ), we notice that,

Eo(th, AsDyp) = Y Eo(t, A;Qy )

VEIZ,/J
Remark tells us that the error terms in (3.6.1)) are of order xH In f;. Therfore, using (3.6.1),
we get
K
Eo(th, A;Dyy) < K Y f( |Bo(¥ \) €2+0</<¢H1nﬁ) ., ask — +00.

YEZLy,p

We select 7 € Q¢(v) such that |By(y)| = B., 4, where B, , is defined in (3.3.14)). By monotonicity

of f , f is Riemann-integrable and its integral is larger than any lower Riemann sum. Thus

(H
Eo(1h, A;Dy,) < KJ2/ f (|Bo(x)|> dz + o (RH In 5) . ask— 4oo.  (3.6.17)
Dé,p K H

Moreover, recalling that f is a positive function and Dy, C D, (3.6.17) becomes
9 ~(H K
Eo(Y,A;Dyp) < K f{—|Bo(x)| ) dz+ o (nH In ﬁ) , as K —» +00. (3.6.18)
D K

For estimating £y(v, A;D \ Dy ), we use Lemma Remark [3.6.5) H and we keep the same
choice of £ and p as in (3.3.11)), which implies p <« €, we obtain that

/ (V — ikHA)2 dow < C(K2 0+ K 073). (3.6.19)
D\Dép
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Adding the second term in the energy leads to
Eo(h, A; D\ Dy,) < C(K2 L+ kL72). (3.6.20)
The second term in the right hand side is controlled by the first one if
3
kb2 > 1.

This is effectively satisfied with our choice of ¢ and the condition on H (k).
In order to obtain the term x2¢ in (3.6.20)) comparatively small with xH In 77> we need a stronger
condition than (3.1.7) on H (k). In fact, we have

K2l K3 i 1
ﬁHlnI’}:(HE’) Inf’

and thanks to (3.1.19)), as Kk — +o0,

<1 and %gc,
ni

where C' is a positive constant.
This implies that
K
K=o (mHln E) ,

and consequently
Eo(1h, A;D\Dy,p) = o (/-;Hln %) . (3.6.21)

Corollary tells us that, under Assumption (3.1.7]),

(HH)Q/ |curl A — Bo|?dx = o (KJH]H %) , as Kk — 400. (3.6.22)
Q

Therefore, by collecting (3.6.18]), (3.6.21]) and (3.6.22)) and inserting then into (3.6.16), we finish
the proof of (|3.1.20)).

3.7 Vortices
This section is devoted to the proof of Theorem We keep the choice of £ given in ((3.3.11]) :
1
(= (kH) %,
but we select p and « as follows :

p= <1n%>é , a= 1 (3.7.1)
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3.7.1 Energy in a p-admissible box

If (1, A) € HY(Q;C) x HY (9;R), we consider for all p-admissible pair (¢,z¢) the local energy
in Q¢(xo) :

/{/2
ol A Qulao)) = [ (17 = inEAYOP + 1= 02 e

Qe(wo)

3.7.2 Division of the square Q(z)

Let H = H(k) be a function satisfying (3.1.7)). For reasons that will become clear in Proposi-
tion [3.7.3) we need to divide Q(wo) into ' = M? disjoint open squares (Qg(ﬁ))jej such that

Qe(z0) = UjGJQg(R) )

with ,

M = [25 (kH)T (mﬁ) 8} : (3.7.2)

H
where for ¢ € R, [t] denotes the integer part of t.
The side length of theses squares is consequently
5) = £ 2 E(ei)—% (0 ) (3.7.3)
= — 8 2 -
= et () .

Let us introduced for all p-admissible triple (¢, xg,Zo) the functions b and R by

7
5 H
R(k, H, 7o) = 27+ (m%) " |Bo(@0)[2 and b(x, H, o) = —|Bo(o)) (3.7.4)
1
Notice that b(k, H, Zo) and Rl .79 are uniformly o(1) as Kk — 400, in the following sense :

For all € > 0 there exists ko9 > 0 such that Vk > ko, H satisfying (3.1.7)), p introduced in (3.7.1))
and any p-admissible triple (¢, zq, Zo)

1
bk, H, T _— .
|b(k, H,Zo)| + Rm H, 50) <e€

In fact, we have as Kk — +00

R(/i, H, 50) > 2_§ (ln %) p% >

Since By € C*°(Q), we have also

. _H-
0 < bk, H,To) < By < 1, (3.7.5)
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where
Bo = sup |Bo(x)] - (3.7.6)
€N
More precisely, let
b(k,H,) =b(k,H,%) and  R(k,H, )= R(x, H,T), (3.7.7)
where 8 = |By(Zo)].
We define the function :
K\~ s ~ -
h(k, H) = max (ln ﬁ) ¥, sup err(b(k, H,B), R(k,H,3)) | , (3.7.8)

EoZﬁZ(ln%)_%

where err(b, R) is defined in Proposition |3.2.13
Notice that h satisfies
h(k,H) = o(1), as K —> +00. (3.7.9)

Next, we will use a method introduced by E. Sandier and S. Serfaty in [46]. We distinguish
in the family indexed by J two types of squares respectively called the ‘nice squares’ (Qg(ﬁ))
which are indexed in J" and the ‘bad squares’ (Qg(ﬁ)) indexed in J°. The set J" is the set of
indices j € J such that

go(i/),o‘g‘Bg(io)‘Ao([L’ — x()) + V(,O, Qg(ﬂ)) < 5(5)2,%2]? <I;I|B0(fo)|) (1 + h(/ﬁ;, H)%) (3.7.10)

The set J° is the set of indices J € J such that

50(1/),05‘30(%0)‘A0(.%’ — .7}0) + V(,D, g(ﬂ)) > 5(/46)2H2f <f‘30(50)‘> (1 + h(/’i, H)%) (3.7.11)

Hence we have J = J" U J°. We denote by N9 the cardinal of J" and by N the cardinal of
Jb.

Lemma 3.7.1. There exist positive constants C and kg such that if kK > kg, then

h(k, H)?

N <o —22
1—h(k,H)2

N, (3.7.12)

where h is introduced in (3.7.8)).

Proof. Recall that Ay is the magnetic potential introduced in (3.2.2)), ¢4, is defined in (3.5.1])

and that, for T € Q¢(z0), g, 7, is the function satisfying (3.3.3).
Having in mind the definition of b and R in (3.7.4) and their properties, and using (3.2.15]), we
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get from (3.5.8) and (3.5.9)) the following inequality

Eo(, 00| Bo(To)|Ao(z — 0) + Vo, Qg(n)) eN(l;R)

v

R? .
> Tf(b) (1 —err(b,R)) , (3.7.13)
where ¢ = ¢z + ©u.7,, €N is introduced in (3.2.3)), b = b(x, H,zo) and R = R(k, H, Z).

As a consequence of (3.7.8)), (3.7.13)) becomes

50(1/%0@’30(50)‘;&0(37 — 330) + V‘,O, Qg(n)) Z /432(5(,‘@)2.]? <Z’Bo(fo)’) (1 — h(lﬁ:, H)) . (3.7.14)

Notice that
Qul@o)l = @ | = W™ + M) ()2, (3.7.15)

jeJ

Thus, we may write

> & (v, 0el Bo(@o)l Aolw — 20) + Vo, Q) = Eo(tr, el Bo(Fo) Ao(x — 20) + Vip, Qu())
JjeT
(3.7.16)
When (3.1.7)) is satisfied, we have uniformly

f2fin:(K,H)% (ln%) >1, as Kk — +00.

=

Hence the assumptions of Proposition are satisfied. Putting (3.7.16) into (3.6.2)), using
(3.7.1) and (3.7.15)), we get

Z [50 (¢,U£!Bo(5o)\Ao($ —x0) + Ve, Qf;(ﬂ)) — k28(r)*f <Z\Bo(fo)\>]
JjeJ
<CWN+N™M (k)2 kH (m Z)s . (3.7.17)

Using the monotonicity of f and remembering that (¢,x0,Z0) is a p-admissible triple, we get,
. (H - ~( H
F(Bimat@) = 7 (50) (3.7.18)
K K
Using (3.2.11]), (3.7.1]) and (3.7.5)), we obtain as kK — +00

K2 f (Zp) > kHp <ln ;p) <1 +5 <Z,0>> (3.7.19)
> kHp <ln % +1n ;) <1 +3 <I:p>> (3.7.20)

> kH (m Z)é (1+ 81 (k, H)) (3.7.21)
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1
where §1(k, H) = § (£ (In %)_5> is uniformly o(1) for H satisfying (3.1.7)).

K

Collecting (3.7.18])-(3.7.19)), we get for x sufficiently large
~(H - K\ 3 .
w2 f <K\Bg(ato)\> > kH (m E) 1+ s1(k, H))

kH K\ 3
SLLARATS
_Q(DH

_3
Multiplying both sides by (In+) * and using the definition of A in (.7.8), we get

K2 f <Z|Bo(:?0)|> h(k, H) > % (m Z) . (3.7.22)

Puting (3.7.22)) into (3.7.17]), we obtain

Z [50 (¢,0£\Bo(fo)\A0($ —x0) + Ve, Qg(/{)) — k26(k)*f <I:|Bo(550)|>]

JjET

<CNY 4+ N K2O(R)?f <Z|B0(§0)\> h(k,H). (3.7.23)

Using (3.7.11)), (3.7.14) and (3.7.23)), we may write

NG

N K26(k)? f <Z|B0(§50)|> h(r, H)
_ : S(H,
< Z [50 <¢,UE\BO($0)|A0(UC —x9) + Ve, Qfsm)) — K26(k)*f <ﬁ|Bo(x0)’>}
jege
< Z [50 <¢,U£\Bo(f0)|A0(iB —x0) + V%Qg(n)) — k25(k)*f (I:|Bo(fo)|>]
jeT
b Y Ra0RF (1Bl ) e 1)
JET™
< C (NP + NMK25(k)2f (Z\Bg(%o)|> h(k, H) + N"&25(k)? f <Z|Bo(fég)|> h(x, H).

~( H
We divide both sides by x25(x)2f <K|BO(§0)|> h(k, H)? to get (3.7.12). 0

Remark 3.7.2. Using (3.7.9) and (3.1.7]), we obtain uniformly

NP < N™, as Kk — +00. (3.7.24)

More precisely, we mean that N® = N e(k, H, £, To, o), with e(k, H, £, Zq, xo) is uniformly o(1)
for any k > ko, any p-admissible triple (¢, Zo, x¢), any H satisfying (3.1.7)).
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3.7.3 The results of Sandier-Serfaty.

Now we recall an important result of Sandier-Serfaty [46]. Define the energy of (u, A) € H(D;C)x
H} (D;R) in a domain D C R? as follows

2
Jp(u, A) = / (V —iA)ul* + %(1 — |ul?)? + | curl A — hex|* dx . (3.7.25)
D

The next proposition is essentially provedlﬂ in [46, Proposition 5.1].

Proposition 3.7.3. Let h : (0, +00) — (0,400) such that limy__, o, h(t) = 0, there exist two
functions s1, s2 : (0,+00) — (0, +00) satisfying

lim si(t) =0, lim so(t) =0. (3.7.26)

t—+o0 t—4o00

Assume that hex is a function of k and K is a square of side length v(k) such that

2

K K

|In k| < hex < K> and In —— < hexy(k)? < min [ hey, ( In —— , ask — 00.
Vv heX V heX

(3.7.27)
If (u, A) € CY(K;C) x CL(K;R?) verifies

Ji (1, A) < hexy(r)? In

(1+ h(r), (3.7.28)

then, there exist disjoint disks (D(ai,7;));~, such that :

1
1. ZTi < hex2
2. lu| > % on U;0D(a;,1;)
3. If d; = deg (ﬁ,@D(ai,ri)) , then, as k —> +00
m m
2 Y di > hexy(k)’(L—s1(k))  and 27 Y |di| < hexy(r)*(1+ s2(k)) . (3.7.29)
i=1 i=1
We will present a proof of Proposition [3.7.3]in Appendix A.
The next lemma will give us that 6(k), the side length of the square Qg(n), satisfies (]3.7.27)

and will be useful in Proposition [3.7.5

Lemma 3.7.4. Under the assumptions of the previous subsection we have

1 1 K
5(r)? = — ——1In —, as k — +00 3.7.30
5 = r oo, o ) wH Bo(o)] ™ HBolGo)l (3:7.30)
1 K 2
8(k)? = ea(k, L, z0, T, H — <ln — ) , as K — 400, 3.7.31
() = el oo ) ol \™ H [ Bo(Go)] (3:7.31)

where 1(k, £, xo, To, H) and e2(k, ¢, o, To, H) are uniformly o(1) as k — +00.

3We replaced ¢ by % We can indeed verify that only the upper bound of Jx (u, A) is needed with no additional
condition on f(e) and that the o(1) are actually uniformity under uniform assumptions. Note also that we do not
use in this proposition that (u, A) is a critical point of Jq.
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Proof.
Proof of (3.7.30). We know that for all p-admissible triple (¢, zq, Z¢)
1 K 1 k 31 K\ 3
—— In — < ln—gf—(ln—) ,
kH|Bo(Zo)|  H|Bo(zo)| ~ kHp Hp ™~ 2k H

Also, we know that

Proof of (3.7.31)). On the other hand, we have

1 K 2 1 K 2 1 K 2
__[1 V> () so— (mE),
KkH|Bo(Zo)| (nH|Bo(I0)|> ~ kHp, <HHBO> -~ kH (nH)

where C' is a positive constant and 3, is introduced in (3.7.6]).

It is clear that ;
1 K\ 2 71 K\ %
N F o (M Ly
() >t g () ~ ot

O]

We can prove the following result regarding the vortices of the minimizers in the ‘nice

squares’. We start with the admissible squares contained in Q N {By > 0}.

Proposition 3.7.5. Under Assumptions (3.1.2) and (3.1.7) there exists si, s2 : (0,+00) —

(0, +00) two functions satisfying (3.7.26|) and such that, for any (£, x0,To) such that Qg(n) C
QN{By > p} and xy € Qg(n) for which Qg(ﬁ) is a nice square, and any minimizer (Y, A) €
HY(Q,C) x HY (,R?) of (B11), there exist disjoint disks (D(a; ;7)) in Qg(n) such that

; ~ o1
o YZiriy < (RHBo(T0)) 2
° ‘1/1| > % on U; 8D(a,~,j,r,~7j) (3732)
o Ifd;; is the winding number of % restricted to 0D(a; j,7i ), then

m;
QWZdW- > §(k)*kHBo(Z0)(1 — s1(k)), as K — +00, (3.7.33)
i=1
and
m;
21 Y " |di 5| < 6(k)*kHBo(To)(1+ s2(k)),  as k — +00. (3.7.34)
i=1
Proof.

We will apply Proposition |3.7.3| with

K= Qf;(,w Y(K) = 0(K), hex = KHBy(Fo), u = e~ "%y and A(z) = xH Bo(Fo) Ao(z — m9)
(3.7.35)
where A is the magnetic potential introduced in (3.2.2)) and ¢ = ¢z, + ¥z, 7., With ¢z, defined

in (3:5.1) and ¢y, 7, in (3-3-3).
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Let us verify that the conditions of the proposition are satisfied for this choice.
First, we start by proving (3.7.28)). Since curl Ag = 1, then,

curl A = kH By(Zp) = hex ,

and consequently

lcurl A — hey|* dz = 0. (3.7.36)

J
5(k)

This implies that, for any j € J"

Ik (u, A) = /

= &o(¥, Bo(To) Ao(z — m0) + Vo, Q) - (3.7.37)

HQ
<\(V — ikH (Bo(To)Ao(z — z0) + V) ¥|* + o) (1- W‘z)2> dz

Since QfS(n) is a nice square, then,

Jic(u, A) < 8(k)? K2 f (Z Bo(fo)> (14 h(k, H)%) , as K — +00. (3.7.38)

As a consequence of (3.2.11]), (3.7.38) becomes

K ~
—(1+ h(k,H)), as Kk — 400, 3.7.39
Ty (L s 1) (3.7.39)

+3 (Z) +3 (5) h(k, H)? .

Notice that the function h(k, H) is uniformly o(1) as k — 400 and H satisfying (3.1.7).

Secondly we prove (3.7.27)). In fact, under Assumption (3.1.7), we can easly prove, uniformly as
K — +00,

Jr(u, A) < = 6(k)2kHBy(Tp) In

DN | =

where

h(k,H) = h(k,H)

N

|In k| < hex < K2,

min (hex, <1n\/’;§>2> - <ln \/%>2 .

Thanks to Lemma we get that (3.7.27) is satisfied and in this way we achieve the proof of
Proposition [3.7.5 O

and

In light of Lemma [3.7.1] we deduce from Proposition the distribution of vortices in

a p-admissible square Q.

Proposition 3.7.6. Suppose that Assumptions (3.1.2) and (3.1.7) are true. There exists two
functions sy, sa : (0;+00) — (0; +00) satisfying (3.7.26)) and the following is true. Let (¢, A) €
HY(Q,C) x HL (2, R?) be a minimizer of (3.1.1)) and (¢,x¢) such that Q,(x¢) C QN {By > p}.
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There exist a family of disjoint disks (indexed by K = Ky z,) (D(ak, Tk))kex in Qe(xo) such that

2
. Z "o < (kHDBo(To)) 2 ((5:;) (14 0(1)), as kK — 00 (3.7.40)
ke
o [Y[> % on Uy 0D(ag, k) (3.7.41)

o If dy, is the winding number of v restricted to OD(ag, ), then as Kk — +00

]

21 Y " dp > (*xH By(%) (1 — s1(k)) and 27y |di| < 2kH Bo(Fo) (1 + sa(k)). (3.7.42)
kel kel

Here, the function o(1) is bounded independently of the choice of Ty and the minimizer (¢, A).

Proof. Recall that Qy(x¢) is decomposed into N™ ‘nice squares’ (Q‘g(k))jejn and N? ‘bad squares’

(Qé(k))jejb : '
In every nice square Qé(ﬁ), Proposition[3.7.5(tells us that there exist disjoint disks (D(a;,j, ri’j))?;jl
such that (3.7.32), (3.7.33) and (3.7.34) hold. Let (D(ax,7x))rex = (D(ai;,7i;)); ; be the family
of disjoint disks in Uje gn Q‘g(ﬂ). Clearly

SRS N

kel JjeIJ™ i=1

This implies that

Z P < (KHBo(To)) 2N™ .

kek

Having in mind (3.7.15)) and (3.7.24]) , we have, as kK — 400,

This implies that

=

- o 0 \?
5 i < (sH B (M) (14 o(1).

where the function o(1) is bounded independently of the choice of .

Let dj, be the winding number of ﬁﬁ—' restricted to dD(ay,7y), then, for any k € K

Sd= Y Yo

kel JjeJm™ i=1
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Since from (3.7.33)), (3.7.34) and (3.7.43), we get, as kK — 400,

21y dp =21y Z dij > N"8(k)?kH By (o) (1 — 51(r))

ke JEIT™ i=1

> (*kHBy(Zo) (1 — 51(K)) , (3.7.44)

and
mj
o> |di =2 > Y |dij| < NT6(k)*kH Bo(Fo) (1 + s2(k))

kek jeEI™ i=1

< PkHBy(To) (14 s2(k)) (3.7.45)

This finishes the proof of Proposition [3.7.6 O

3.7.4 Proof of Theorem [3.1.6l

Let (¢, A) € HY(Q,C) x HL (9,R?) be a minimizer of (3.1.1) and I'y := ¢Z x (Z a lattice of
R2. For all v € T'y, we consider the family of squares Q;(vy) and ¥ € Q,(v). Consider an open set
S C QN {By > 0} such that the boundary of S is smooth. Let

Je={v; Qu(v) CSN{By>p}}, (3.7.46)
M = card J;, (3.7.47)
and
Sy = int (UVG JZQZ(V)) . (3.7.48)
Then, as K — 400, we have
M x 2 —|S|. (3.7.49)

Proof of :
Proposition m tells us that there exist disjoint disks (D(ayy, 7k~ ))kek,,, in each square Q(7)

with Qu(v) C€ QN {By > p} such that (3.7.40) and (3.7.42)) hold. We introduce the measure by

2T ~
pr = Z Z diy O, » (3.7.50)
YETe kEKZfY

where Jkﬂ is the winding number introduced before (3.7.42) and 55,6’7 is the unit Dirac mass at

akﬁ.

Having in mind (3.7.42]) we have for any (¢,~,7) such that Q,(v) C QN{By > p} and 7 € Qu(7)

Bo@)E(1 - 51(5) <~ 3" diy < Bo()E(1 + 5(k))
H
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Using (|3.7.49)), we obtain

S B@E | =250l < 21 3 S iy < [ 3 BB | + 25008 sa().

yeTe V€T k€K~ yeTe
(3.7.51)

Here, we have used the fact that Bo(7) < 3, to estimate the errors terms, where 3, is introduced

in (57.0).
Now it is time to determine .. 7 By (7)£?. We will do this in two steps :
Upper bound : Notice that till now 4 was an arbitrary point in Qy(7), but that our estimates

are independent of this choice. We now select ¥ € Q(7) such that Byo(y) = B, , with B, ,

satisfying (3.3.14)), and get
S BE= Y B

€T, €T,

We recognize in the right hand side above the lower Riemann sum of © — By(x) and we use
that Sy C S to obtain

S B2 < /S Bo(x)dz . (3.7.52)

YETe

Lower bound : We select ¥ € Q(v) such that By(y) = B, with B, satisfies (3.5.17).

Similarly to what we did in the upper bound above, we get

> By({)f* > / Bo(z) dz .

YET, St

Notice that using the regularity of 95 and , we have as Kk — 400

1S\ Se| = O(¢]9S]) . (3.7.53)
Therefore

By(z)dx = / By(z)dx — / By(z) dx
S, s S\S¢
> [ Bo(o)do = BulS \ i
> / By(x)dx — C 1,
S

where 3, is introduced in (3.7.6)) and C is a positive constant.
This implies that

Bo(3)* > | Bo(z)dx —C¢. (3.7.54)

The estimates in (3.7.52)) and (3.7.54]) allow us to deduce from (3.7.51)) that

U= 2B|S] s1(x) < in(S) — /S Bo(x) dz < +2B|S] s2(x) . (3.7.55)
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Consequently, as kK — 400
S) —» / Bo(x)dz, ¥SCQN{By>0}. (3.7.56)
S

In light of (3.7.56)), we can easily show that u, converge weakly to u = By(z) dz, which means
that :
pe(f) — n(f), Ve C(QN{By>0}).

Proof of : We will prove that the sum of the radii of the disks (D(ak,7k~))kek, ., ve7, 18
less than

(f<;H (14 0(1)).

_z
ln - /

s v/ Bo(z
In fact, remembering the choice of d(x) in (3.7.3), (3.7.49) and that Q,(y) C QN {By > 0}, we

have

D Tk =2 D T

veTr YETe keK
7
1 K\~1
< (kH)2 > ——(1+0(1). (3.7.57)
( ) Y€Te V
We select 7 € Qg(7y) such that
! inf !

Bo(3) 7€Qve /Bo(A)

and we recognize in the right hand side of (3.7.57)) the lower Riemann sum of z — #(), we
o(x
get
Zrk,y (kH) % ln— / z (14 o(1)).
~ET V Bolx

End of the proof of Theorem :In {By < 0} N Q, we apply Proposition with

K = QJ 50y Y Y(K) = 8(k), hex = —kHBo(Zg), u = €"™1%) and A(x) = —xH By(Zo) Ao(z — x0) .

(3.7.58)
So we get that, the convergence of mesure u,; in is still true when S C QN {By < 0}.
Similarly, we can control the convergence of |u|(S). Now we observe that the support of p,
does not meet { By = 0}. Hence 1,.(S) = pux(SN{Bo < 0}) + pux(SN{By > 0}) and we can apply
the previous arguments to S_ = SN {By < 0} and S; = SN {By > 0}.



86 Energy and vorticity of the Ginzburg-Landau model with variable magnetic field




Chapitre 4

Pinning with a variable magnetic
field of the two dimensional

Ginzburg-Landau model

We study the Ginzburg-Landau energy of a superconductor with a variable magnetic field and
a pinning term in a bounded smooth two dimensional domain 2. Supposing that the Ginzburg-
Landau parameter and the intensity of the magnetic field are large and of the same order, we
determine an accurate asymptotic formula for the minimizing energy. This asymptotic formula
displays the influence of the pinning term. Also, we discuss the existence of non-trivial solutions

and prove some asymptotics of the third critical field.

4.1 Introduction

We consider a bounded, open and simply connected set Q C R? with smooth boundary. We
suppose that €2 models an inhomogeneous superconducting sample submitted to an applied
external magnetic field. The energy of the sample is given by the so called pinned Ginzburg-

Landau functional,

(7 = i AP + 5 (alom) — 12 b w2022 [ curt A Bof
Q
(4.1.1)

Here x and H are two positive parameters such that x describes the properties of the material,

Ex it (10, A) = /

Q

and H measures the variation of the intensity of the applied magnetic field. The modulus [t|? of
the wave function (order parameter) 1 € H'(€; C) measures the density of the superconducting

electron Cooper pairs. The magnetic potential A belongs to H éiv(Q) where
HL (Q)={A=(A,A) c H'(Q)? : divA=0inQ,A-v=00n00}, (4.1.2)

with v being the unit interior normal vector of 0.

The function kH curl A gives the induced magnetic field.
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When ¢ = 0 and (¢, A) is a minimizer or a critical point of the functional, we call this
pair normal state. In our case it is easy to see normal minimizers (if any) are necessarily in
the form (0, A) with A in H} () such that curl A = By. This solution is unique and denoted
by F. A natural question will be to determine under which condition this normal solution is a
minimizer.

The function By € C*°(Q) is the intensity of the external magnetic field which is variable
in our problem. Let

I={zreQ:By(x)=0}. (4.1.3)

We assume that either I' is empty or that By satisfies :

B B 0 inQ
{ | Bo| + [V Bo| >0 in (4.1.4)

VByxn#0 on I'NoN.

The assumption in implies that for any open set w relatively compact in €2, ['Nw is either
empty, or consists of a union of smooth curves.

The energy & ma,B, considered here is slightly different from the classical Ginzburg-
Landau energy in the sense that there is a varying term denoted by a(z, k) penalizing the
variations of the order parameter v and called the pinning term. This term arises also naturally
in the microscopic derivation of the Ginzburg-Landau theory from BCS theory (see [21]) without

any a priori assumption on the sign of a.

Assumption 4.1.1. The function a(z, k) is real, defined on 0 x [ko,+00), and satisfies for

some kg > 0 the following assumptions :

(A1)
Yk > ko ,a(- k) € CHQ) . (4.1.5)

(A2)
sup |a(z, k)| < +o0. (4.1.6)

z€Q, K>kKo

(43)

VK > Ko, sup |Vza(z, k)| < +o00. (4.1.7)
z€Q

(A4) There exists a positive constant C1, such that,
VK > Ko, L (0{a(x,r) >0}) < C4 K2 , (4.1.8)

where L is the "length” of 0{a(x, k) > 0} in Q in a sense that will be explained in (4.3.1)).

L(k) = sup |\Vea(z, k)|, (4.1.9)

a= sup a(z,kK) (4.1.10)
z€Q, K>kKo
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and
a= inf a(x,k). (4.1.11)

x€Q, K>Ko

The assumption in (As) gives a uniform control for any « of the oscillation of a(.,x) which will
be made precise later by an assumption on L(x). Notice that the normal state (0, F) is a critical
point of the functional in . It is standard, starting from a minimizing sequence, to prove
the existence of minimizers in H'(Q; C) x H}; (£2) of the functional & p 4 B,. A minimizer (1, A)
of is a weak solution of the Ginzburg-Landau equations,

—(V —ikHAP*Y =k (a(z, k) — [$]?) ¢ in Q ()
1 _
—Vtcurl(A - F) = — (¥ (V—icHA)Y) in Q (D) (4.1.12)
v-(V—ikHA)Y =0 on 90 (c)
curl A = curl F on 002 (d).

Here, curl A = 9;, Ay — 0;,A1 and V+ curl A = (0, (curl A), —0,, (curl A)).

Let us introduce the magnetic Schrédinger operator in an open set Qin R?
PLy = —(V—id)? +V(), (4.1.13)

where A € H},, (Q) and V is a continuous function bounded from below.

The form domain of PXV is
V) = {ue L2(Q), (V-iduelI2Q), (V+C)iuel2(Q)},
and its operator domain is given by
D(PYy) = {ueV(), PlyueI’Q), v-(V—id)u=0on a0},

Then, (4.1.12), . reads
Py = —r* %,

with A =kHA, ¢ € D(PXV) and V = —k2a.

There are many papers on the Ginzburg-Landau functional with a pinning term, most of
them study the influence of the pinning term on the location of wvortices, i.e. the zeros of the
minimizing order parameter. For the functional without a magnetic field (i.e. By = 0 in ),
the influence of the pinning term is studied in [37] and more recently in [39] and the references
therein. The pinning term (i.e. the function a) in [37] is a step function independent of x ; more
complicated k-dependent periodic step functions are considered in [39]. The magnetic version of
the functional in [37] is studied in [311 [33].

In [4], Aftalion, Sandier and Serfaty considered a smooth and k-dependent pinning term

a satisfying :

(H1) L(k) < kKH.
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(H2) There exist a continuous function a(z), a positive constant ag and, for all x > 0, there
) and f(z, k) > 0 such that,

D=

exist two functions o(k) = o ((ln ‘ln%‘)f

B(mil(l ))ﬂ(a:, k)=0, a(z, k) = a(x) + B(z, k), and 0<ap<a(x)<L1.

The study contains the case when a(z, k) = a(z) (8 = 0) but also cases with a k- control of the
z-oscillation of 3(-, k) which could increase with k. In the scales of this paper, the results in [4]
linx| as Kk —» +00.

Extending the discussion, the functional in is close to models of Bose-Einstein

condensates (see e.g. [1l 2]).

are valid when the parameter H is of order

In this paper, we will analyze how the pinning term appears in the asymptotics of the
energy in the presence of a strong external variable magnetic field (see Theorem below).
Also, we discuss the influence of the pinning on the asymptotic expression of the third critical
field He, (see Theorems and [1.1.7)).

We focus on the regime of large values of k, K — 400 and we study the ground state

energy defined as follows,
Eg(k, H,a, By) = inf {Ex B, (¥, A) © (¥, A) € H'(Q;C) x Hg, (Q)}. (4.1.14)

More precisely, we give an asymptotic estimate which is valid in the simultaneous limit K — +o00
and H(k) — 400 with the constraint that @ remains asymptotically of uniform size, that
is satisfying

)\min < < Amax (’€ > K/O) s (4115)

where Amin, Amax are positive constants such that Apin < Amax.

The behavior of Ey(k, H,a, By) involves a function f : [0,400) — [0, 3] introduced in [6],
1

Theorem 2.1]. The function f is increasing, continuous and f (b) = 3, for all b > 1.

Theorem 4.1.2. Suppose that Assumption|.1.1] and (4.1.15) hold, and

L(k) = O(k?)  as k — +00. (4.1.16)

The ground state energy in (4.1.14) satisfies

a(w, k)2 f (H\Bo(x)) o

k a(x, k)

Eg(k, H,a, By) = /12/
{a(z,x)>0}
2

+ 5 a(z, k) dz + o (n2) , as Kk —» +oo. (4.1.17)
2 {a(z,x)<0}

When QN {a(z, k) > 0} = &, we obtain directly from (4.1.14))

H2
gﬁ’vHvavBO (w’ A) Z 2/ a’('r? K/)2 dl‘ = 557H7avBO (07 F) .
Q

Hence the minimizer of & g 4 B, is the normal state. In physical terms, this case corresponds to
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the case when we are above the critical temperature.

We will describe later cases when the remainder term in (4.1.17) is indeed small compared
with the leading order term (see Section .

The assumptions in Theorem [4.1.2] contain the case when the function a is constant and
equals 1, which was proved in [5] under Assumption .

Along the proof of Theorem we obtain an estimate of the ‘magnetic energy’ as

follows :

Corollary 4.1.3. Under the assumptions of Theorem [[.1.3, we have
(KVH)2/ |curl A — BO|2 dr = 0(/@2) , as Kk — +00. (4.1.18)
Q

If D is a domain in ©Q, we introduce the local energy in D of (¢, A) € HY(;C) x HL ()
by :
l

Sg(w,A;a,D):/D\(V—mHA)z/J]Qdm—i— d /D(a(m,/ﬁ)—]w]Q)zdx. (4.1.19)

The next theorem gives an estimate of the local energy & (v, A; a, D).

Theorem 4.1.4. Under the assumptions of Theorem if (¥, A) is a minimizer of (4.1.1))
and D is regular set such that D C Q, then

(Y, A;a,D) = ,@2/ alz, k)2 f (H |Bo(56)|> i
Dn{a(z,x)>0} K CL(LL‘7 /{)
2
+ a(z, k)’ de+o(k?),  ask— +oo. (4.1.20)

2 Jpnfa(e.x)<0}

Theorem will be useful in the proof of the next theorem which gives the asymptotic

behavior of the order parameter v, when (¢, A) is a global minimizer.

Theorem 4.1.5. Under the assumptions of Theorem[{.1.3, if (1, A) is a minimizer of (4.1.1)
and D is a reqular set such that D C 2, then

7 (4.1.21)

Formula indicates that v is asymptotically localized in the region where a > 0.
When a(z, k) = 1, Theorem was proved in [5].

The techniques that we are going to use here are inspired from those of [5] and [6] (where
the case a = 1 was treated). At a technical level, our proof is slightly different than the proofs
in [5, 18] [I3] since we do not use the uniform elliptic estimates. These important estimates are
frequently used in the papers about the Ginzburg-Landau functional (see [14]) with a constant
pinning term. They appeared first in [35] and were then extended to the full regime in [15].

Compared with other papers studying the pinned functional, one novelty here is that the
pinning term has no definite sign, another one being the consideration of a variable (and a

potentially vanishing) applied magnetic field.
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The rest of this paper is devoted to the study of third critical field, i.e. the field above
which the normal state (0,F) is the only critical point of the functional in (4.1.1]), in the case

when the pining term a is independent of x (i.e. a(x, k) = a(x)). We define the set :
NP(k) ={H > 0: & HaB, has a non-normal critical point} . (4.1.22)
Notice that the above set is bounded (see Theorem . We also introduce the two sets :
N(k) ={H > 0: & fa,B, has a non-normal minimizer} . (4.1.23)

Ny ={H >0: pi(rk,H) <0}. (4.1.24)

Here, u1(k, H) is the ground state energy of the semi-bounded quadratic form

QSHF7_,€2(1(¢) = /Q ((V — ikHF)$|* — % a(z, r)|¢|?) dz, (4.1.25)
ie. 0
p(s. H) = inf (W) . (4.1.26)
oo He

Note that pi(k, H) is the lowest eigenvalue of P;?HF _ 2, Here, we refer to [T}, (32, 138 [42] for
previous contributions.
We introduce the following critical fields (cf. e.g.[16], 35]) .

He (k) =sup NP(k),  HE (k) = inf (R \ NP(x)), (4.1.27)
Hey(k) =sup N (), H, (k) =inf (Ry \ N (K)), (4.1.28)
HES (k) = sup N'%(k),  HIS(k) = inf (Ry \ N(k)). (4.1.29)

Below H,, normal states will loose their stability and above Hc,, the normal state is (up
to a gauge transformation) the only critical point of the functional in (4.1.1)).

Our aim is to determine the asymptotics of all the critical fields as x — +o00. This
involves spectral quantities related to three models depending on I' being empty or not.

Let us introduce

where p is the lowest eigen value of the operator
N d 2 )
gV = o (€ I IRy,

subject to the Neumann boundary condition u/(0) = 0.

Theorem 4.1.6. Suppose that I = {x € Q : By(z) = 0} = @ and that a € CY(Q) satisfies
{a > 0} # @. Then, as k — +o0, all the six critical fields satisfy an asymptotic expansion in
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the form :
He, (k) = max <sup _a(@)_ sup a(z)

veb |Bo(@)]” aetn @0\30(36),) i+ O(k3). (4.1.30)

We introduce

Ao = 3611%)\(7') , (4.1.31)

where A\(7) is the lowest eigenvalue of the selfadjoint realization of the differential operator

2 1
t2+27)?  in L*(R). (4.1.32)

M(T):—@‘Fz(

We consider, for any 6 € (0,7) the bottom of the spectrum A(RZ,6) of the operator

R2 . $2 $2 )
Parpoo With Agppg = — <22 cos 0, 31 sin 0) . (4.1.33)

Theorem 4.1.7. Suppose that T' = {x : By(z) = 0} # &, that (4.1.4) holds and that a € C*(Q)
satisfies {a > 0} # @. As k — 400, the siz critical fields in (4.1.27))-(4.1.29) satisfy the

asymptotic expansion :

Hey(k) =max | sup —————, sup

a(sc)% a(x)
2€lNQ A2 |V By ()| " 2ernon )\(Rf_, 9(3:))% |V By(x)]

Here 0(z) denotes the angle between V By(x) and the inward normal vector —v(z).

Organization of the paper

The rest of the paper is split into eleven sections. Section [£.2] analyzes the model problem with
a constant magnetic field and a constant pinning term. Section establishes an upper bound
on the ground state energy. Section [£.4] contains useful estimates on minimizers. The estimates
in Section [.4] are used in Section [£.5] to establish a lower bound of the ground state energy
and to finish the proof of Theorem Corollary and Theorem In Section we
discuss the conclusion in Theorem by providing various examples of pinning terms obeying
Assumption Section 7 is devoted to the proof of Theorem Section generalizes a
theorem of Giorgi-Phillips concerning the breakdown of superconductivity under a large applied

magnetic field. Sections and are devoted to the proof of Theorem 4.1.6] The proof of
Theorem is the purpose of Sections and

Notation.

Throughout the paper, we use the following notation :

o If b1(k) and bo(k) are two positive functions on [kg, +00), we write bi(k) < ba(k) if
b1(k)/ba(k) — 0 as k — oc.

o If b1 (k) and bo(k) are two functions with ba(k) # 0, we write by (k) ~ ba(k)
if b1(k)/b2(k) = 1 as kK — 0.
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e If b1 (k) and ba(k) are two positive functions, we write by (k) = ba(k) if there exist positive

constants ¢1, co and kg such that c1ba(k) < b1 (k) < caba(k) for all kK > ko.

o Let ay(Zo,k) = [a(Zo,k)]+ and a_(Zo, k) = [a(To, k)]— where, for any = € R, [z]; =

max(z,0) and [z]_- = max(—=z,0).

e Given R > 0and x = (z1,72) € R, Qgr(z) = (—R/2+x1, R/2+21) X (—R/2+ 29, R/2+2)
denotes the square of side length R centered at x = (x1,x2) and we write Qr = Qr(0).

4.2 A reference problem

The reference problem is obtained by freezing the pinning term and the magnetic field. This
approximation will appear to be reasonable in squares avoiding the boundary and the zero set
I' of the magnetic field By.

4.2.1 A useful function

Consider R > 0, b > 0, ¢ € {—1,+1} and a € R. We define the following Ginzburg-Landau
energy with constant magnetic field on H'(Qpg) by

a . 1
U FbC”QR(u) = /Q (b|(V - z(Ao)u|2 + 3 (a — \u|2)2> dr , (4.2.1)
R
where .
Ap(x) = 5(*952#%1) , Vo = (x1,12) € R%. (4.2.2)

We have two cases according to the sign of « :
Case 1. a > 0:
We notice that

) 1~
Fyon(u) = &*Fy) (@), (4.2.3)
where .
~ u
b= — d U=—=. 4.2.4
o an u Ta ( )

We introduce the two ground state energies
en(b, R,a) = inf {F;é;(u) tu € HI(QR;C)} (4.2.5)
ep(b, R, a) = inf {Fl:“é’;(u) cu € HYQn; C)} . (4.2.6)
As F;é;(u) = Fbjé’;(ﬂ), it is immediate that,

inf £} % (u) = inf F, y%(u). (4.2.7)
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Using (4.2.5) and (4.2.6)), we get from (4.2.3)

N(b, R o) =a’ey (b R, 1) =a’ey <Z R) : (4.2.8)

and

ep(b,R,a) =a’ep (b R, 1) =a’ep (Z R) . (4.2.9)

1 . . . . e
As a consequence of (| and (4.2.4), uw is a minimizer of FZCQ if and only if u is a minimizer
YR

of FébR. In partlcular any minimizer of Fé’QR satisfies

| < Va. (4.2.10)
Recall from [18, Theorem 2.1] that,

f(b) = lim M.

Jim = (4.2.11)

The next proposition was proved in [6, Lemma 2.2, Proposition 2.4] in the case v = 1. It’s
present form can be deduced immediately from (4.2.8)).

Proposition 4.2.1. For all M > 0, there exist universal constants Cp; and Rp; such that
b

VR > Ry, Vb>0,Va >0 such that 0 < — < M, we have
e

1

~n(b, R, a) > ep (b, R, a) — Cyra®R (Z) ’ (4.2.12)
(b b, R, (b 2
o2f <a> < eD(RZO‘) <a’f <a> + CMO‘R‘[ (4.2.13)

Case 2. a <0 :
When a < 0, we write @« = —ayg, ap > 0 and (4.2.1) becomes

Flng( )—/QR (b|( —iCAp)ul® + L (a0+|u\ ) ) dx . (4.2.14)

It is clear that,
: [P , 2 2
Fys (u) > SOOR and  Fy5 (0) = SofR>.
As a consequence, we have

adR* < ep(b,R,a) < F&o

hop0) = R,

When a = 0, it is easy to show that
Fys () =0.
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Notice that the only minimizer of FngR isu = 0. Thus, for any o < 0, we obtain

eD(b}’zf’O‘) = %oﬂ. (4.2.15)

4.3 Upper bound of the energy

The aim of this section is to give an upper bound of the ground state energy Eq(x, H,a, By)
introduced in under Assumption . For this we cover 2 by (the closure of) disjoint
open squares (Q¢(7)), whose centers v belong to a square lattice I'y = ¢Z x (Z.

We will get an upper bound by matching together approximate minimizers, in each square
Q¢(7) contained in 2, obtained by freezing the pinning term and the magnetic field at a suitable
point 7. The size £ of the square will be chosen as a function of k. We start with estimates in a

given square Qy(xo) and will take later z¢g = 7.

About Assumption (A4y).
We first explain what was meant in Assumption (A4). By £(0{a > 0}) < Cyk2 we mean the
existence of Cy > 0 and kg such that :

VE > Ko, V0 < Cor™2 ,card{y € TyNQ with Qs(v)Nd{a >0} NQ#£0} < Chrzlt (4.3.1)

Using Assumption (4.1.9), for any zo € Q(xo) and k > kg, we observe that,
~ 14
la(z, k) — a(Zg, k)| < | sup|Vza(z, k)| ) |z — zo] < 7 L(k), Vo € Qu(xp) . (4.3.2)

Definition 4.3.1 (p-admissible). Let p € (0,1). We say that triple (¢,x0,%0) is p-admissible

if Qe(zo) C {|Bo|l > p} NQ and Ty € Qu(xo). In this case, we also say that the pair (¢,xo) is

p-admissible and the corresponding square Qg(xo) is p admissible.

We recall from [6, Section 3] the definition of the test function,

Toar (1) = e Hendoqp (R(x —x0)) if 2 € Qu(zo) C {Bo > p}NQ s
£,20,T0 (;c — -TO)) if x € Qe(xo) C {BO < _P} nQ, 3.

~ln slm

6iI€Hpr0 ) ZR (

where up € H}(Q) is a minimizer of Fb%’; satisfying by (4.2.10) |ugr| < 1 and ¢, 7, is the

function introduced in [5, Lemma A.3] that satisfies
IF(x) — Bo(Zo)Ao(r — 20) — Vory a7 ()] < C L2, Vo € Qo) . (4.3.4)

Here By = curl F and Ay is the magnetic potential introduced in (4.2.2]).
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Let us introduce the function :

We 20 70 (T) = Va4 (To, K) W gy 70 (T) Vo € Qu(Tp) - (4.3.5)

Using the bound |w 4, 3,| < 1, which is immediately deduced from the bound of |ug|, we get

from ([3.3),

[We,z0.70|° < a4 (Fo, k). (4.3.6)

Proposition 4.3.2. Under Assumptions (4.1.4)-(4.1.7)), there exist positive constants C and kg
such that if k > ko, £ € (0,1), § € (0,1), p > 0, PxHp > 1 and ({,x0,T0) is a p-admissible
triple, then,

Qe ot Qo)) < (102 oo (T ) + G-
+C <K1€ +6HPL(R)? + 5—%%4) k2. (4.3.7)
Proof.
Let .
R = {\/kH|By(Zo)| and b:'Z(xO)', (4.3.8)

First we estimate "‘2—2 er(xo)(a(:U, K) — Wz 7 |2)? dz from above. Using (4.3.2)), we get the exis-
tence of a constant C' > 0 such that for any § € (0,1) and any x > ko,

/62 2\ 2 /‘iz ~ 2\ 2
5 (a(x, K) — |We 50 7| ) dr < (1+ 5)? (a(mo, K) — |We 50 70| ) dx
Qe(zo) Qe(z0)
2
+ (1 +51)“/ (a(Zo, k) — a(x, k))? do
2 Qe (z0)
HQ ~ 2\2
< (1 + 5)? (CL(.%'(), H) - |w@,mo,50’ ) dx
Qe(z0)

+ O R L(R)2.
(4.3.9)

The estimate of er(wo) |(V—ik HF )wy 4 7, |* dz from above is the same as in [6, Proposition 3.1].
We have

/ |(V —ikHF )wy 4, 7, |2 dx
Qe (o)

< (1 + 5)/62 o) |(V — i/iH(Bo(fg)Ao(x — xo) + Vgozo,go)) wg,w0,50}2 dx
o(zo

+ CS R YO wp gy 7,17 (4.3.10)
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From (4.1.10)), by collecting (4.3.9), (4.3.10) and (4.3.6)), we find that,

Eo(We o350, F 0, Qe(o)) < (1+ 6)E0(wrmg,30> Bo(To)Ao(x — 20) + Vo, z0; a(To, k), Qe(x0))
+ C6 N (R OL(R)? + 110 0y (Fo, k) (4.3.11)

As we did in [6], we use the change of variable y = %(:U — ) and obtain

2

Eo(Wezo,70» Bo(@o)Ao(x — 20) + Vipu, 73 a(To, k), Qe(x0))
2 2
+ 2 (al@o, ) — ax (Fo, ) ln(y) )

Z/R [M(%,H)

Here, we denote by (; the sign of By(xg).
We distinguish between two cases :

Case 1 : When a(Zp, k) > 0, we get

(7 - 5 Aaln)) Tt

~ 2
. - a(Tg, Kk -
€0 (We,z,70> Bo(Fo) Ao(z — @0) + Ve, 7 (o, £), Qe(wo)) = ( Ob ) b a(Eou) 0 (TR) -

From (4.2.7) and (4.2.8), we obtain,

~ - 1 -
&o (w&xojo, Bo(l’o)Ao(.ﬁL‘ — .%'0) + V(pr@O; a(xg, H), Q@(.%'Q)) = EeD(b’ R, a(.ﬁlfo, /Q)) . (4.3.12)

As a consequence of the upper bound in (4.2.13), the ground state energy ep(b, R, a(Zo, k)) in
(4.3.12) is bounded for all b > 0 and R > 1 by :

ep(b, R, a(Zo, k) < a(%o,ﬂ)2R2f< b ) + Cya(Fo, k)2 RVD. (4.3.13)

a(Zo, k)

With the choice of R in (4.3.8)), we have effectively R > 1 which follows from the assumption
R>{¢/kHp > 1.

We get from (4.3.12) and (4.3.13)) the estimate

>

~ ~ - R? b
E0(We 20 70+ el Bo(To) |[Ao(z — 20) + Vou, 7; a(To, &), Qe(x0)) < a(@o,k)*—f | —=——
b (I(l‘o, ’%)

3

a(Zo, k)2 R

+C ,
M

(4.3.14)

with (b, R) defined in (4.3.8).
By collecting the estimates in (4.3.11))-(4.3.14]) we get,

R2

Eo(Wo.po 79, F3 a(T0, K), Qu(x0)) < (1 +8) a(To, k)* 3
3
2

~>

()

7 + O YK L(K)? + KY0T) . (4.3.15)

=

S]

+ Cum
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Here, we have used the fact that a(Zg,k) < sup a(z,k) =a.
z€Q, K>kKo
Case 2 : When a(Zg, k) < 0, we have,

52

Eo(wt s B, ). Queo) = . [ ot
£(Zo

From (4.3.2), we get the existence of a constant C' > 0 such that for any ¢ € (0, 1),

2
SO(MZ,:co,iov F; a(fo, li), Qg(xo)) < (1 + 5) % a(fo, 5)252 +C 571 K2£4L(l€)2 . (4.3.16)

The results of cases 1-2, we obtain,

G0l P50, ) Qulo) < (14006 s G (SR 4 Do (o, ] 2

3
2

+C (%a oI L(R)2 4 0 e a) 2, (4.3.17)
which finishes the proof of Proposition O

Application 4.3.3.

We select £, p, 6 and the constraint on L(k) as follows :

(=r 12, p= Ko , L(r) < Ckz. (4.3.18)
and
§= k12 (4.3.19)

Under Assumption (4.1.15)), this choice permits to verify the assumptions in Propositz'on

and to obtain error terms of order o(k?). We have indeed as k — oo

L 2
=RrR12 KK,

~| =

23

STUREP L(R)? < k12 < K2,
21

O kA = kT <« K2,

PkHp = K31 1.

Theorem 4.3.4. Under Assumptions (4.1.4)-(4.1.8)), if (4.1.15) holds and L(k) < Cmé, then,
the ground state energy Eg(x, H,a, By) in (4.1.14) satisfies

a(z, k) f <W> dx

ka(z, k)

Eq(k,H,a,By) < I€2/
{a(z,x)>0}

H,2

+ — a(z,k)*dz + o(k?), ask—00. (4.3.20)
2 Halam)<o}

Proof. Let £ € (0,1), 6 and p be chosen as in (4.3.18) and (4.3.19). We consider the lattice
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Iy := (Z x {Z and write, for v € Ty, Qy¢ = Q¢(7). In the next decomposition we keep the
p-admissible boxes Q/(7v) in 2 which in addition are either contained in {a > 0} or in {a < 0}.

Hence we introduce

I, = {7 Qe QN {[Bo| > psa>0}}, I, = {7 Qe CQN{By| >p;a<0}},

(4.3.21)
and
Nt = card IZp, N~ =card Z, . (4.3.22)
Under Assumption (4.1.8), we have,
T - _ -2 )01 )1 -2
NT+ N = Q=4+ O(k20 4+ 4 pl™7), as Kk — +00. (4.3.23)

In (4.3:23), k20~ appears when treating the boundary of the set {a(z,k) > 0} (using As-
sumption (A4) as explained in ), ¢—1 appears in the treatment of the boundary and p¢—2
appears when treating the neighborhood of T'.

In each p-admissible Qy(7), we consider some 7 (to be chosen later) such that (¢,7,7) be a
p-admissible triple. We consider w5 and extend it by 0 outside of @, ¢, keeping the same

notation for this extension. Then we define

s(z) = Z w4 5(T) . (4.3.24)

+ —
WEIZ’pUZ[’p

We compute the Ginzburg-Landau energy of the test configuration (s, F) in €2. Since curl F = By,

we get,

EK/yH7ayBO (37 F7 Q) = Z 50 (w€,7ﬁ7 F; a(:% /{)) Q’y,f) . (4325)

+ —
’YEI&/JUI&/)

Notice that for any ¥ € Q¢ , a(7, k) satisfies (4.3.2)) with x = v and 2o =7, and By(7) satisfies
([@.34). We recall that f is a continuous, non-decreasing function (see [6, Theorem 2.1]) and that
By and a(-, k) are in C'. Then, in each box @, we select ¥ € Q. such that

156\ (226

. ~ N2 F
rar)) ~ sen 0GOS CaE

;Y\EQ%E

o ) Gtvez,)

and

~ 2 . ~ 2 . _
a(¥, k)| = inf |a(7,k ifyeZ, ).
P = _inf eGP 7€ T;)

Using Proposition and noticing that |Q. | = ¢2, we get the existence of C' > 0 such that,
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for any § € (0,1)

S Eufunn Fiafr). @00 <048 3 il laGelt f (o)

vETS VT, veI;, TEQ.e Ka(y, k)
. [a(ﬁvﬁ)]Q— 2 K —1.2,2 2 —1,4p4\ 42
+ K2 (1+46 inf ————¢>+C (—+5 KA°L(K)? 40 ﬁﬂ)é.
( ) 2 FEQ 2 +Z Y ()
’YEZEW WGIE,pUZl,p
(4.3.26)

We recognize the lower Riemann sum of the function z — [a(z, k)]2 f <I:f(;g(:))) in (U7 ezt Qv.0)
) P

and the function z — [a(x, k)]? in (U"/GI[ Q) - Notice that {Uyez, ,Q~¢} C Q. Thanks to
P ’

Application using (4.3.23)) and the non negativity of f, we get by collecting (4.3.25))-({4.3.26))

that,

., (H|B 2
EnHa,B, (5, F,Q) < /4;2/ a(z, k)% f <|0(x)|> dx + Kv/ a(z,k)* de+C Kiz .
{a(z,k)>0} K CL($, 'L{) 2 {a(z,x)<0}
(4.3.27)
Since (¢, A) is a minimizer of the functional &, 4 B, in (4.1.1)), we get
Eg(’{a H7 a, BO) S gH,Hva»BO (5’ F7 Q) .
This finishes the proof of Theorem [4.3.4 O

4.4 A priori estimates of minimizers

The aim of this section is to give a priori estimates for the solutions of the Ginzburg-Landau
equations (4.1.12)). In the case when a(x, k) = 1 the starting point is an L> estimate of 1. This

estimate can be easly extended in the general case considered in this paper when (4.1.12)_ and

(4.1.12)), hold. Let us introduce :
a(k) =supa(z,k). (4.4.1)
z€Q

Proposition 4.4.1. Let k > 0; if (¢, A) is a critical point (see (4.1.12))), then,

|v(z)|* < max {@(k),0} , Yz e Q. (4.4.2)

Proof. We distinguish between two cases :
Case 1 :a(k) <0.
Multiplying the equation for ¢ in (#.1.12)), by ¢ and integrating over €2, we get

/ (V — inHAYY dz — HQ/(a(x,/ﬁ) P da. (4.4.3)
Q Q

Since (a(z, k) — [1]?) < —|1|?, we obtain that |1|> = 0 almost everywhere.
Case 2 : a(k) >0.
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We will show that ¢ € C°(Q). In fact, (¥, A) satisfies (4.1.12),, ¥ € LP(Q) for all 2 < p < +o0
and A € HL. () < LP(Q). Thus, ¢ € W29(Q) for all ¢ < 2. As a consequence of the continuous
Sobolev embedding of W3t™4(Q) into C7(Q) for any ¢ > 2, we obtain that 1) € C°(Q). Define

for any xk > 0 the following open set :

0, = {x e (@) > \/6(/4)} , (4.4.4)

and the following functions on €2

6=t D= wl-vaw), 6.

It is clear that

V[0l - Vaw)| | =10,V (6l - V) = 10, Vvl

Notice that € H'(Q), so applying [14, Proposition 3.1.2], we get the property that
\% [W\ — \/E(H)} e L?*(Q), which implies that [|1,/1| - \/a(n)} e H(Q).
+ +

We introduce an increasing cut-off function x € C*°(R) such that,

)0 for t < 1Va(k)
x(t) = { I fort> 34/a(), (4.4.5)
and define
5= x(lv) - (1.4.6)

Since X(WDWwI is smooth with bounded derivatives and ¢ € H'(f2), the chain rule gives that
¢ e H'(Q) . Furthermore,

(V — ikHAY) =10, 6 V]y| + W\ - \/a(H)L (V — ikHA) . (4.4.7)

Using (4.4.5) and (4.4.6), we get

Lo, (V —ikHA)) = 1o, (V — ikHA)([¥|9) = 1o {6 VIi)| + [Y[(V — ikHA)p}.  (4.4.8)
We have on €0 that |¢| = |$| = 1. Therefore
SV + Vo = 6V + 6V
= V¢|?
=0.

So, Re(lg, V¢) = 0. This implies by using (4.4.7) and ([4.4.8) that

Re {(V —inHA)S - (V —inHA) } = 1o, (V12 + ([0 = Va() ) 6|V — inHA)SP)
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Multiplying (4.1.12)_ by E and using (4.1.12)_, it results from an integration by parts over
that

0= e { [ (V= iRHADT = intT A + DIV - a)oda |
> Re{ [ (V=AY st A+ (0l ~ale) v do
> [ I+ (] =) 4115 — s A3
+ (114 Vam) (18] - Vaw) 1ol de.

Since the integrand is non-negative in €2y, we easily conclude that 2, has measure zero, and
consequently, we get that || € L>®(Q).
Since Q4 has measure zero and 1 € C°(€2), we get

lp(z)]> <a(k), Vze.

Corollary 4.4.2. Let k> 0; If (¢, A) € H'(Q;C) x H} (Q) is a critical point, we have,
lv(x)|? < max {a,0} , Vr € Q, (4.4.9)

where @ = sup,, a(k) was introduced in (4.1.10)).

The following estimates play an essential role in controlling the errors resulting from
various approximations (see Section [4.5)). These estimates are simpler than the delicate elliptic
estimates in [15] and [35].

Proposition 4.4.3. Suppose that (4.1.15) holds. Let § € (0,1). There ezist positive constants
ko and C such that, if K > ko and (¥, A) is a minimizer of (4.1.1)), then

| curl(A — )| 120 g% (4.4.10)

1A~ Fllye < & (4411)
C

A — FHcOB(Q i (4.4.12)

Here we recall that F is the magnetic potential defined by

curl F = By, F € H}, (). (4.4.13)
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Proof. Under Assumption (4.1.15)), Theorem yields

N|=

1
|| curl(A — F)”LQ(Q) < o Eq(k, H,a, By)

2
< L K> / a(z, k) f <H BO(w)’) do + = a(zr, k)* dx
kH {a(z,x)>0} K a(z, k) 2 J{a(er)<0}

N|=

(4.4.14)
Using (4.1.6) and the bound f(b) < %, we get,
| curl(A — F)| o) < 2 (4.4.15)
cu L2(Q) =7 . 4.
As in [0, Proposition 4.1], we prove that
C
[A = F|g2q) < T (4.4.16)

Now, the estimate in C%-norm is a consequence of the continuous Sobolev embedding of H?(£2)
in C%%(Q). O

4.5 Lower bounds for the global and local energies

In this section, we suppose that D is an open set with smooth boundary such that D C € (or

D = ). We will give a lower bound of the ground state energy Eq(x, H,a, By) introduced in

ELTI).

Proposition 4.5.1. Under Assumptions (4.1.4)-(4.1.7)), there exist for all B € (0,1) positive
constants C' and ko such that if K > kg, £ € (0, %), §€(0,1), p>0, PcHp > 1, (¢,A) is a
minimizer of ([A.1.1), h € CY(Q), ||hlleo < 1 and (¢,20,T0) is a p-admissible triple, then,

|Qe(z0)] K a4 (To, k) 2

—&8QAﬂM@Mw4¥¢+&M%+m@4+ﬁu@),@5n

L ey, Asa, Qulao)) > (1— 8 {a+(f07f€)2f (Hw) L@, fe)?}

where L(k) is introduced in (4.1.9).

Proof. We distinguish between two cases according to the sign of a(Zg, k).

We begin with the case when a(zg, x) < 0. We have,

2

Eo(hp, A 0, Qu(o)) = / (V — inHAYRY? do + /Q (el = ) e

Qe(zo0) 2
2

> a(x, k) dr — /12/ a(z, k) |hY|* de .
2 JQu(wo) (o

Using (4.3.2)), (4.4.9) and the assumptions on h, the simple decomposition a(z, k) = a(ZTg, k) +
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(a(z, k) — a(Zg, k)) yields for any § € (0,1)

H2 2 /632 - 2
5 a(z,k) dr > (1 — 6)? a(Zo, k)* dx
Qe (o) Qe(o)
2
+@=5 [ (alon) - alGo, ) da
2 Qe (o)
2
> (1-6) 5 a(@o, 1)*[Qe(wo)| = C6 W2 CL(R) [Qulao)|,  (45.2)

and

—HQ/ a(z, k) |hp|* de > —/{2/ a(To, k) |hp|* de — C L L(k) K2 |Qe(x0)|
Qe(zo) Qe(zo)

> —C U L(r) k*|Qe(x0)] - (4.5.3)

Collecting (4.5.2)) and (4.5.3)), we get,

1 .
———E&(h), Asa,Qe(z0)) > (1 —0) E a(To, k)? — OO R2PL(K)> — C' U L(K) K?.  (4.5.4)
Qe (o) 2
Now, we treat the case when a(Zo, k) > 0. Let ¢z,(z) = (A(xo) — F(z0)) - , where F
is the magnetic potential introduced in (4.4.13). Using the estimate of A — F|co.s(q) given

in Proposition we get for any 8 € (0,1) the existence of a constant C' such that for all

T e Qi(x0)7 o8
[A() ~ Véu, ~ F@) < C (4.5.5)

Let Zo € Qe(zo) and ¢ = g 5, + Gy With ¢, 5, satisfying (4.3.4]). We define the function in

Qﬁ(x())a ‘
u(z) = e " Hnap(z) . (4.5.6)

Similarly to (4.3.9)), we have, for any ¢ € (0, 1),

K2 K2

L (alas ) — o) de > (1 — 5)/ (a(o, k) — [h)? do — Co 2 L()?
2 Qe(zo0) 2 Qe (z0)

(4.5.7)

Using the same techniques as in [5, Lemma 4.1], we get, for any S € (0, 1),

/ (V —ikH A dx > (1-0) / (Vi H (Ce| Bo(F0) | Aol — x0) + Vip ) b ? de
Qe(xo) Qe(z0)

28
— 5 Y kH)? <£4+€2>/ |hp|?dz.  (4.5.8)
H Qe(z0)
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Thus, by collecting (E5.7) and [E58), using [@EL7), [@ELI) and A o) < 1, we get

Eo(hp, A; a(Zo, &), Qe(x0)) > (1 = 8)Eo(e™ "2 hap(x), (ol Bo (o) |Ao(x — 20); a(Fo, &), Qe(x0))
0?8
—05%%%mﬁ—q5mﬁﬁQwa>ﬁ.@5m
Let R and b be as in (4.3.8). Let us introduce the function v, ;, 7, in Qg as follows :

u(%$+$o) ifxeQrC{By>p}nNQ

(4.5.10)
U(%x—i—xo) ifx e Qr C{By < —p}NQ,

Ve 20,70 () =

where w is defined in (4.5.6)).
Similarly to (4.3.12]), we use the change of variable y = %(x — x0) and get

. - ~ 1 a(To,k
Eo(e™ P hup(x), G < H|Bo(0)  Ao(e — 20); a(Fo, x), Qela0)) = 7 Fygn ™ (Weznz0) s (45.11)

where F;ré’:@o’ﬁ)’ is introduced in (4.2.1)).
Since vy 4y 7, € H'(Qr) then, using (4.2.12)) and ([#.2.13)), we get

1 Fo.k 1 ~
ng-t-é,:(ﬂJO, )(Uﬁ,xo,fo) > geN (bv Raa(l‘O?’{))
1 - - s R
> = _ 5
> bGD(b,R,a($Q,I€)) CMCL(:L‘(),K)Q\/B
~ R? A< b ) ~ R
> a(Zo, k)2 — - —Cy—. 4.5.12
=@ @ m) ~ M o)

Inserting (4.5.12) into (4.5.11)), we get

2
go(e—mH@hw(x)’ CE KH|BO(%0)‘AO(33 — $0); a(fo, K)? Qf(ﬂfO)) > a(§07 H)Q%f <a(fﬁb>

0 K’)
~ R
—Cy—. (4.5.13
Having in mind (4.3.8)) and (4.5.13)), we get from (4.5.9),
1 ~ ~ : (H |Bo(zo)|
——&(h), A; > (1—0)K? 2f | =L
0?8 K
— O KA L(R)? — O 6 K2 H? (64 + H?> —Co (4.5.14)
The estimates in (4.5.4) and (4.5.14)) achieve the proof of Proposition [4.5.1] O

Application 4.5.2. We keep the same choice of £, p, L(k) and § as in (4.3.18), (4.3.19)) and

choose :

B="=. (4.5.15)
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This choice and Assumption (4.1.15)) permit to have the assumptions in Proposition satis-

fied and make the error terms in its statement of order o(x%). We have as Kk — 00,

21
5lkth = kT < K2,

5 1k20%8 — k3 < K2,

N

3

STIR2PL(R)? = kT2 < K2,

K 19 9
Z:Kﬂ? < K,

(L(k) K% = Kz < K2,

EQRHp:m% >1.

The next theorem presents a lower bound of the local energy in a relatively compact

smooth domain D in 2. We deduce the lower bound of the global energy by replacing D by €.

Theorem 4.5.3.
Under Assumptions (4.1.4)-(4.1.8)), if (4.1.15) holds, L(k) < C'r2 with C > 0, h € C1(Q),
Ih|leo <1, (¢, A) is a minimizer of (4.1.1) and D an open set in €2, then as Kk — +00,

E(h, A a, By, D) > E(hip, Asa, D) > 52/ a(z, k)2 f <H|BO($)|> dz
Dn{a(z,x)>0} Kk a(az, ’{)
2
+ o a(z,k)?dz + o (k?) . (4.5.16)

2 Jpnfa(e,x)<0}
Proof. The proof is similar to the one in Theorem and we keep the same notation. Let
+ . -~ — s -~
D&p = int (UVGIZ,;Q%Z> and D&p = int (U%IZPQ%O ,

where v € erp and v € I[p are introduced in (4.3.21]).
Thanks to Proposition [4.5.1] we can easily prove the existence of positive constant C such that
for any 6 € (0,1) and 8 € (0,1),

Eo(hp, Aja,D) > k*(1 —9) {/m Ma(a,%)>0} ala S (IZ f?g:(i))') &

1
+=

/ CL(IE,,‘Q)2d§E} _CT(H7£757P7L(R)76)7
2 Jp; nfa(er)<0}

where

(1,4, 6, p, L(K), B) = k*{ + K*p+ % + 0 R L(R)? + 07 M 4 0T 2P U L(K) K2 . (4.5.17)

Notice that using the regularity of 0D, (4.1.4)) and (4.1.8)) (see (4.3.1])), we get the existence of
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constants C7 > 0 and Cy > 0 such that,
W< ChkTE, Vpe(0,1),  [D\Df|+[D\DL|<Ci(k3l+p). (4.5.18)

P

This implies by using (4.1.7) and the upper bound f < %,

D n{a(z,x)>0} Kk a(z, k) D} M{a(w,r)>0} Kk a(z, k)

1
— 5D\ Dyl (45.19)

and

1 1 1
/ a(z, k) de > - / a(z, k) dr — ~a|D\ Dyl (4.5.20)
2 Jp-n{a(z,x)<0} 2 Jp, ,n{a(z,r)<0} 2 ’

where @ is introduced in (4.1.10).
Collecting (4.5.19) and (4.5.20)), using Assumptions (4.1.6)) and (4.5.18)), we find that,

ol K D)2 ) {/Dm{ (z,5)>0} ofern)’s <I:m> o

1

—I—/ a(z,k)?dx y — C#(k, 0,0, p, L(k),3), (4.5.21)
2 Jpn{a(e,x)<0}

where 7(k, ¢, 0, p, L(k), 3) satisfies (4.5.17]).
Under Assumption (4.1.15]), the choice of the parameters p, ¢, L(x) in (4.3.18)), ¢ in (4.3.19) and
B in ([4.5.15), implies that all error terms are of lower order compared to 2.

As a consequence of (4.1.15)), the inequality (4.5.21)) becomes as kK — +00

Eo(hp, Asa, D) > K2 / a(x,n)2f <H|Bo(%)|> dr + 1/ a(z,k)? dx
D{a(e,x)>0} K a(z, k) 2 JDn{a(ex)<0}

+ o(k%). (4.5.22)

Moreover, we know that
g(hwy Aa a, B07 D) > 50(h¢7 Aa a, D) .

This achieves the proof of Theorem [£.5.3] O

As we now show, Theorem permits to achieve the proof of two statements presented

in the introduction :

Proof of Corollary[{.1.3.
If (¢, A) is a minimizer of (4.1.1)), we have

Eg(k, H) = & (¥, A;a,Q) + (HH)z/ |curl (A — F)* dx, (4.5.23)
Q
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where &(¢, A;a, Q) is defined in (4.1.19)).
Using (4.1.17) and (4.5.22) (with D = ), then under Assumption (4.1.15)) as kK — +0o0

~( H|B 2
Eo(, Asa,Q) = /12/ a(z,k)? f (M(x)\) dx + H/ a(z, k)2 dz + o (/€2) .
{a(z,x)>0} K a(x, H) 2 {a(z,x)<0}
(4.5.24)
Putting (4.5.24) and (4.1.17) into (4.5.23]), we finish the proof of Corollary O]

Proof of Theorem [{.1.7)
Noticing that (4.5.22)) is valid when h =1 and D replaced by D=0 \ D for any open domain

D C Q with smooth boundary, then we get :

. e 2 2F EM
(W, A;a,D) > Kk {/Dcm{a(z,m)>0} a(x,r)“f < K a(w,n)) dx

1
+—

/ a(z,k)?dz y + o(k?). (4.5.25)
2 DN{a(x,x)<0}

We can decompose Ey(1, A;a, D) as follow :

Eo(¥, Asa, D) = & (¥, A;a,Q) — Eo(¢, Asa, DF).

Using (4.5.24) and (4.5.25)), we get

Eo(, Asa, D) < K? / a(z, k) f (H |B0(x)|> dx + 1/ a(z, k)? dx
D{a(e,x)>0} Kk a(z, k) 2 Jpnfa(z,x)<0}
+ o(k?). (4.5.26)

O]

4.6 Study of examples

In this section, we will describe situations where the remainder term in (4.1.17)) is indeed small

as Kk — +oo compared with the leading order term

E;‘(/-@,H, a, By) := K* / alz,k)? f (U]Bo(x)]> dx + 1/ a(z, k) dz |,
{a(z,x)>0} a(x”ﬁ:) 2 {a(z,x)<0}
(4.6.1)

where,

(4.6.2)

g =

H
=
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Note that 0 < Apin < 0 < Amax, S0 that o will be considered as an independent parameter in

[)\min ) Amax]-
We will also explore, case by case how one can verify Assumption (A4) as formulated precisely

in (T30,

Proposition 4.6.1. Suppose ([#.1.4) and (#.1.15) hold. Let a(z, k) = a(x) where a(z) € C1(Q)

s a function independent of k and satisfies,

{reQ:alx) >0} ##0,
or (4.6.3)
{reQ:alx) <0} #9.

There exist positive constants C and ko such that,

VK > Ko, EgL(/Q,H,a,BO)ZC'/iQ.

Proof. Since a(x, k) = a(x), the energy Eé‘ becomes :

L .2 2 7 U’Bo(fﬂ)’) } 2
E;(k,H,a,By) ==k (/a(x)>0} a(x)” f < Talo) dx + 5 /{a(x)<o} a(x) dm) .

Each term being positive, it is clear that the leading term is positive if {z € Q: a(z) < 0} # @.
If{z €Q:a(r) <0} =@ and {z € Q: a(x) > 0} # @, there exist pg > 0, ap > 0 and a disk
D(xg,m9) such that

D(zp,70) C {a(z) > ap} N{|Bo| > po}-

Using the monotonicity of f and the bound of a(z) in (4.1.6), we may write

/a(m)>0} )] <I: i()(gg)') o= /D(xo,roza(x)Z ! <U|lzo((;;)|> &

> 12l f (@a) : (4.6.4)

S

where @ is introduced in (4.1.10).

In particular, when (4.1.15)) is satisfied, there exists kg > 0 such that

VK > Ko, / a(:c)Qf (H |Bo($)|> dx > 777“(2) a%f ('Ojo)\min) . (4.6.5)
{a(z)>0} a

Kk a(x)

Proposition 4.6.2 (Verification of (A4)). Suppose that the function a satisfies (see Figl4.1)),

0 inQ
{ la| + |Val > in 2, (4.6.6)

Vaxi#0 onlNoQ,
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o

r

FIGURE 4.1 — Schematic representation of {2 with pinning term independent of x and with
variable magnetic field.

where T defined as follows :
F={zeQ:a(x)=0}. (4.6.7)

Then Assumption (Ay) is satisfied.

Proof. From , we observe that,
card {y € I, NQ with Q(y) N d{a > 0} # 0} = card {y € Ty N Q with Q¢(y) NT # 0} .
Let € € (0,1), we introduce the domain
D. = {z € Q: dist(x,T) < ¢}.

Now we give a rough upper bound for the area of D..

By assumption [ consists of a finite number of connected curves, which are either closed in €
or join two points of J€). Let us consider the first case, we denote by I'D such a curve. We
can parametrize this curve using the standard tubular coordinates (s,t), where s measures the
arc-length in '™ and ¢ measures the distance to I') (see [14, Appendix F] for the detailed

construction of these coordinates).

In the neighborhood of I'D, we choose one point v on r® corresponding to (0,0). Let
N € N and £ the length of I'D. We consider for i = 0,....,N, s; = %E (modulo £Z) and

Vi = (Si> O)'
Notice that, there exists a positive constant C' such that,

. C
| dist(vs, vit1)| = (1 + €)]si — si+1], <_N <eg < 0> -
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Thus,
Haz €O : dist (x,ﬁl)) < Jff}’ <3 ]Q%((si,o»( .

Coming back to our problem, we select N = [%} and we note that

£ <e<£,
N+1— — N

which implies that,

Hence we have shown that,

D
limsupﬁ <LC.

e—0 €

In a similar fashion, we prove that

D
lim inf D] > L.
e—0 €

and, as a consequence, we end up with the following conclusion :

tim 2l _ ¢ (4.6.8)

e—0 €

Coming back to Assumption (A4), we now observe that all the Q,(7) touching I' are inside

D /5, hence we get, by comparison of the area
Peard {y € T, NQ with Q,(y)NT £ 0} < C¢,
and consequently, there exist positive constants C, Co and kg such that
V> ko, V0 < Cor™ 2, card {y €Ty NQ with Qu(y)Nd{a >0} #0} <C 071,

which is a stronger form of (A4). O

4.6.1 The case with a xr-dependent oscillation.
4.6.1.1 Preliminaries

We start with two lemmas which are standard in homogenization theory (see |10, Section 16-17])

Lemma 4.6.3. Let D C R? be a bounded open set and o be a T'p, T, -periodic continuous function
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in R2 with I'r, 1, = ThZ x ToZ. There exists a positive constant My such that if M > My, then,

_ 1D

T T L
= M.
T ; /0 w(tl,tz)dtldtg + O( )

/D o(Mz)dx

Lemma 4.6.4. Let D C R? be a bounded open set and ¢ : R? x D — R? be a continuous
function satisfying :

pt+T,x)=o(t,x), VT eTZxTZ, (4.6.9)

and uniformly Lipschitz, i.e. with the property that there exist constants C' > 0 and €y, such
that,

lp(t,z) — p(t,T)| < Clz —Z|, VteR? Ve, 7eD, st.|z—7| <e. (4.6.10)
There exists a positive constant My such that if M > My, then,
/ 6(Mz, ) dz — / B(x) dz +OM™),
D D

where,
o) = :
T

T Ts
/O ; o((t1,t2), x) dtrdts . (4.6.11)

4.6.1.2 First example :

Proposition 4.6.5. Suppose that (4.1.4) and (4.1.15)) hold. Let a(x,k) = oz(/-{% x) where a(-) €
CY(Q2) is a Ty, 1,-periodic functia. Then the leading order term Eé; defined in (4.6.1)) satisfies,

Egl’(ﬁ,H,a,Bo):mz /S2¢+(:r)dx+/<a29|<b_+0(/€2), as Kk — +o0o.

Here,
- I 2 ¢ |Bo(z)
= ti,t ————— | dt1dt
¢4 (x) T1T2/0 /0 oy (t1,t2) f<aoz+(t1,t2)> 1dty
and
) Lo *dtyd
= _(t1,t tidts .
o T1T2/o /0 a—(t1,t2)” dt1dty
Proof.
We first estimate the second term in (4.6.1)). We apply Lemma with D =Q, M = K3

and ¢ = o2, we obtain,

o (o :
/ a_(z, k) dr = / o (ty,te)? dtydty + O(k™2),
Q Tz Jo Jo

'see Fig. [4.2
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and consequently,

2 2 2 |9 not 2 3
K a(z,k) de = K* —— a_(t1,t2)" dtrdta + O(k2).
a(x)<0} N1z Jo Jo

Now, we estimate the first term in (4.6.1). We first prove that f is a Lipschitz function in
[bo, 1] with by € (0, 1). We consider this restriction because when b — 04 (see [6l Theorem 2.1]),
f satisfies,

F(b) = gln %(1 +o(1)), (4.6.12)

and f is not a Lipschitz function at 0. We recall the definition of f

f(o)= lim_ ‘f'@g;,R) (Vb € [0,1]),

where

ep(b,R) = inf F! 5 (u) :== inf/ (by(v —iAg)ul? + % (1- \u|2)2> dz .
“ ’ Qr

u

From the definition, we can conclude that f is concave and hence locally Lipschitz in (0, 4+00)
(see [22] Theorem 2.35]). For completion we write below a proof making explicit the Lipschitz
constant. For b’ > 0, let uy g € H}(Qg) be a minimizer of F;,rlc’;l;l. Then for all b € (0,1), we
have,

ep(b, R) < Ffy  (uw r) < en(t/, R) + [[(V — iAo)uy gll72(g, b — V'] -

Now, we estimate ||(V — iAo)ubzyRH%Q(QR) from above. Coming back to the definition, we get the
existence of a positive constant C, such that for any b € [bg, 1] and for any b’ € [bg, 1],

. €D bl; R)
IV — iAoy all3a g < 2O
This implies that,
b R
en(b, B) < en(®, B) + 2Oy |

Dividing by R? and taking the limit as R — +o00, we obtain

Using the asymptotic behavior of f in (4.6.12)) as b’ — 0, we finally obtain the existence of C
such that

f(o) < f(o)) + © <1og !

b) 6 — b, Vb, b with 1> b > by and 1 > b’ > by.
0

Exchanging b and b’, we have proved the

Lemma 4.6.6. f is locally Lipschitz in (0,+00). More precisely, there exists C such that for
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any by > 0,

R 1
|f(b) — f(b")| <C <10g b0> |b —b'|, Vb,b" with1>b>by and1>1b" > by. (4.6.13)

In addition, we have

R R 1 1
|f(b) — f(b)] <2|b—b'|, Vb,b" with b > 3 and b’ > 5 (4.6.14)

To continue, we consider

R?x 0,3 (t,2) > d(t,) = a4 (0)* f <"’fi(<f>) ’) ,

where, Q, :== QN {|By| > p}.
The periodicity condition in (4.6.9) is clear. Let us verify the Lipschitz property. Let

bO _ )\min
7))

where, Apin is introduced in (4.1.15) and ag = sup a4 (t).

)

Let e >0, 7y ={tcR:ay(t) > e} and Z_ = {t € R: a4 (t) < €}, we distinguish between
two cases :
Case 1 : (a4 (t) > €). We observe that for (z,t) € Q, x Z,, we have

b < o Bo@] _ o 1Bo(a)|

ay(t) €

Thus, for any ¢t € Z, and for any z,2’ € ﬁp, we get

\w)? i <U’B°<$>’) a2 F <U’B°<w')’>] — a0 (1%f (6) — F (1)

g (t) oy (t)

1
<C (log > )|Bo(x)\ ~Bo(a)]|. (4.6.15)
p
Therefore, using also the Lipschitz property for « — [By(z)|, we get that Q, > x — ¢(t,x) is
uniformly Lipschitz for ¢t € 7.
Case 2 : (a4 (t) < €). We observe that for (z,t) € Q, x I_,

a|Bo(@)|  o|Bo(@)|

ay(t) €
We note that f(b) = £, Vb > 1 (see [I8, Theorem 2.1]). For this reason we choose

>\min

€= """,
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which implies that for (z,t) € Q, x Z_,

By g (B

s (t) ar(t)

Thus, for any ¢ € Z_ and for any z,2’ € Q,, we get

w2 (1B) e (oIBENY |

oy (1) oy (1)

=0. (4.6.16)

Hence we get that ©, 3  — ¢(t, x) is uniformly Lipschitz for t € Z_ .

Now, we apply Lemma with D = Q, and M = k3 and we obtain,

/ as(z, k)2 f (HBO(“’“Z&')) dx = /Q bx)de + O,(k77), (4.6.17)

Q, a+(a:,

where ¢ is introduced in (4.6.11]).

Coming back to the integral over €2, we get, for any p € (0, pg) and for any k > k¢ with py small

enough and k¢ large enough,

/ ar(z, k)2 f <U|Bo($)|> drx = / o(x) dx + O(p) + Op(/f%) . (4.6.18)
0 at(, k) Q

Here, we have used the fact that ¢ is a bounded function in Q. Let us show that the remainder
term s(k) in the right hand side in is 0o(1). The remainder term has the form s (x)+s2(k)
with s1(k) = O(p) and s2(k) = Op(/{%). Let us show that it is o(1). Given £ > 0, there exists
pe > 0 such that [si(x)| < §, for all K > kg. Then, p = p. being chosen, we can find k. > ko
such that, for any x > ke, [s2(x)] < §.

FIGURE 4.2 — Schematic representation of a domain with a k-dependent oscillation pinning and
with vanishing magnetic field along I'.



4.6 Study of examples 117

Proposition 4.6.7 (Verification of (Ay)). Suppose that the function o defined in Proposi-

tion satisfies
la| +|Va| >0 inR?. (4.6.19)

Then Assumption (Ay) is satisfied.
Proof. Using (4.6.19)), a change of variable y = k2 2 and v = K2 v yields,

card{v € Ty N Q with Qu(v) Nd{x € Q: a(x,k) >0} # 0}
= card {y € I, 0 Kk2Q with Qﬁ%é(q/') NT 0},
where,
I'={y e R?|a(y) = 0}.
Let € € (0,1), we introduce the domain

~ ~

Dey={ye M - Q:dist(y,I') <e}.

Thanks to (4.6.8]) and the periodicity assumption, we get the existence of positive constants C,
My and €y such that, for any e € (0,¢e9), M > M

|Depr] <CMe.

In the sequel, we choose M = k3 and € = M V2 0. We note that, there exist constants ¢ > 0
and kg > 0 such that,
VK > kg, Vﬁgcm_%, 0<e<eg.

We now observe that all the @ 1 Z('y) touching T are inside D TR hence we get, by com-
K K K

parison of the areas
K Pcard {4 € ry,n Kk2Q with Qﬁ%e(vl) N, #0} < CV2kt.
There exist positive constants C; and Cs, such that,
Yk > ko, V0 < Cor~ 2, card {y € Ty N Q with Qu(7) Nd{z € Q: a(z, k) >0} #£0} < Cy L.

O

4.6.1.3 Second example.

This example was considered by Aftalion, Sandier and Serfaty (see (Hz2)).

Proposition 4.6.8. Suppose that (4.1.4) and (4.1.15)) hold. Let a(x,k) = a(z) + B(z, k), where
B(z, k) is a nonnegative function and {a > 0} NQ # @, (see Fig. [{.3). There exist positive

constants T and ko such that,
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Proof. We can write,
%2/ a(z, k)2 f <H’Bo($)!> do > /{2/ a(z,k)? f <H’Bo($)’> de
{a(z,k)>0} K a(xﬂ%) {a(z)>0} K a(:c,/{)

> K2 /{a(z)>0} a(z)? f <ZW> dr.  (4.6.20)

Here we have used that f is increasing, the nonnegativity of 3 to get a(z, k) > a(x), Assumption
(Ag) to estimate f from below, and {a(z) > 0} C {a(x, x) > 0}.
Proceding like in (4.6.4]), there exist 7 > 0 and k¢ > 0 such that,

VK > Ko, 52/ a(z, k)2 f (H |BO(:E)|> dx > 1 k2. (4.6.21)
{a(z,r)>0} K (Z(ZE, H)

O]

o

/-

r

FIGURE 4.3 — Schematic representation of some domain with pinning term dependent of x and
with vanishing magnetic field along I'.

4.6.1.4 Third example :

This example is similar to the previous example, but here we suppose that

1

5(1‘, /i) = Oé(lﬁil') )
where a(-) is a T'ry 7,-periodic positive function in R2.
Proposition 4.6.9. Suppose that (4.1.4) and (4.1.15) hold. Let a(x, k) = a(x) +oz(f£%x), where

a(-) is a Ty 1, -periodic positive bounded function in R%, a(-) € C1(Q) and {a < 0} NQ = 2.
Then the leading order term EgL defined in (4.6.1)) satisfies,

EX(k,H,a, By) = K /Qqﬁ(a:) dr + o(k%), as k — +o0.
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Here,

L /n /T2 )+ alty, t2))? f<a(m> dtydts .

The proof of Proposition [£.6.9] is similar to that of Proposition

4.6.2 Upper bound of the main term.

It is easy to show that EL is less than Ck? for some C > 0. Indeed, using the bound of a

in and the bound f(b) < 1, we have,

n2/ a(z, k) f <H!BO($)|> de < COr? |
{a(z,x)>0} K CL(.’E,I{)

’QZ

— a(r,k)* de < Ok,
2 J{a(zr)<0}

and

4.7 Proof of Theorem [4.1.5|

The technique that will be used in this proof has been introduced by Helffer-Kachmar in [27]
for the case a(z, k) = 1. The proof is decomposed into three steps :
Step 1 : Case D =0).

Let (1, A) be a solution of (4.1.12)). Thanks to (4.4.3]), we have,

/\ iRHA xn/u k) — o)l da

/ 20 — (o dw—/ alw, k) — [B]?)2d

Having in mind the definition of & (v, A;a,2), we get,
K 2 4
T e = )l do = v, Asa, ). (4.7.1)

Using (4.5.24)), we get that as kK — +00

e I e

I€2

+ = a(z,k)? dz + o (K?) . (4.7.2)
2 Ja(ew)<0}

Notice that

/ a(x, k) de = / a(z, k) dx + / a(z, k) dx .
Q {a(z,x)<0} {a(z,x)>0}
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Therefore, dividing ([4.7.2)) by x?, we get

Step 2 : Upper bound.
Let D C 2 be a regular domain and, for ¢ € (0, 1),

Dy = {x € D : dist(x,0D) > {}. (4.7.4)
We introduce a cut-off function x, € C2°(R?) such that
: 2 . C . 2
0<x¢<1inR?, suppxyCD, x¢e=1inD; and [Vyy| < - in R, (4.7.5)

where C' is a positive constant. We multiply both sides of (4.1.12), by X? . It results from an
integration by parts that

/GW—MHme%w%ﬁWF+ﬁﬁwmdma/wmmwwm
D D
=0, (4.7.6)

Here, we have used the fact that |V x,|? = O(¢(72), |Dy| = O(¥) and the bound of v in ([4.4.9)).
We notice that X% < X% < 1. We add to both sides the term %2 fD a® dzx to obtain,

2 2
/ <|(V —ikHA)x|? + %GQ — K2a|xev|* + w2 |xe ¢|4> de < C0™t+ F;/ a? dx .
D D
This implies that
2
(v Asa,D) < %5 [ (@ < xdlultydo+ ot
D
Using (I75), we get
[l = [ st [0t
D D D
< / Xelo|de +C' e, (4.7.7)
D
and consequently,
K? 2 4 ~1
Eo(xet), Asa, D) < — | (o =) de+ C(71 +0). (4.7.8)
D

Using (4.5.22) with h = x, and taking the choice of ¢ defined in (4.3.18)), we get, as Kk — 400,

2 . 2
r / (a®—||Y) dx > Ii2/ a(z, k) f (H |Bo(x)|) de+ " a(z,k)? dx
2 Jp D{a(a,r)>0} K a(z, k) 2 Jpnfa(er)<o}

+o(k*) . (4.7.9)
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Notice that,

/ a(z, k) dr = / a(z, k) dx + / a(z, k) dz .
D Dn{a(z,x)<0} Dn{a(z,x)>0}

Therefore,

2 A 2
— K“/ |w|4 dr > 112/ a(x,/{)2f (H |BO(1')|) do — K“/ a(m,m)Q dr
2 Jp D{a(z,x)>0} Kk a(z, k) 2 Jpnfa(z,k)>0}

+o0(k*) . (4.7.10)

Dividing both sides by —%2, we obtain, as kK — +00,

/DW*dx < - /Dm{a(mm} a(z, k)? {2f (1;1 523%') — 1} dz+o0(1) . (4.7.11)

Remark 4.7.1. We can replace D by D° such that the estimate in ([£.7.11) is still true. That is :

/pc |t de < —/Dcﬂ{a(mbo}a(x,fﬁ)2 {2f (Ij 5;%3') - 1} dz+o(1) . (4.7.12)

Step 3 : Lower bound.

We can decompose [, |1[* dz as follows :

[witds = [ itar [ poltds

Thanks to Remark using the asymptotics in (4.7.3) obtained in Step 1 when D =  and
the upper bound in Step 2 , we get

/D [t dr < — /D oy Al {2f (I: ﬁif?)') - 1} dr+o(l).  (47.3)

4.8 Extension of the Giorgi-Phillips Theorem

In this section we extend a result of Giorgi-Phillips [23], in the two cases when the external
magnetic field By is variable (i.e. I' # @) and when the external magnetic field By is constant
(i.e. I' = @), with a pinning term. We recall that the normal solution (0, F) is a trivial solution
of the Ginzburg-Landau system . We will show that this solution is a global minimizer,
when k and H are sufficiently large. We first establish a priori estimates for a critical point
(1, A) of the G-L-functional.

4.8.1 Estimates of A and of ||[(V —ikHF)y||.

We need the following estimates on A and on ||(V — ikHF )| which are independent of the

assumption of I'.
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Theorem 4.8.1. There exist positive constants C1, Co and Cs such that, if (4.1.6) hold, k > 0,
H >0 and (¢, A) is a solution of (4.1.12)), then,

[(V —icHA) )| 12) < C1E (¥l 20 (4.8.1)

C
| curl(A = F)r2(q) < FQ 19l 2@ ¥l Laey » (4.8.2)
(V= icHF)Y||12(0) < Cs & [[¥ 22(0) - (4.8.3)

Proof. We first prove (4.8.1)). In the case when @ < 0 with @ introduced in (4.1.10)), we get

using (4.4.9) that ¢ = 0 and hence (4.8.1]) is proved.
In the case when @ > 0, thanks to (4.4.9), we have,

0<@—y|*)<a. (4.8.4)
We recall that if (¢, A) is a solution of (4.1.12) then, (see (4.4.3))

/ (V — ik HA)Y|? dz = /12/(a(x,f‘i) — [0 da .
Q Q

Using (4.1.6) and (4.8.4), we obtain (4.8.1)).
Now, we prove (4.8.2). We obtain from the equation in (4.1.12);, the following estimate (see

[14, Equation (11.9b)]) :

<H [ Jeul(A—F)Pdo < (V= iAW 20 (A = F)blogo)-
Using and applying Holder’s inequality, we get
RH/Q | curl(A — F)[?dz < Ok [[9]| 20 19l 1) A = Fll a0 -
We get by regularity of the curl-div system (see [14, A.7]),
A = F| 1) < Ol carl(A = F)||2(q), (4.8.5)

where C' is a positive constant.

By the Sobolev embedding theorem, we get,

A = F|l11) < Csob [|A — F|l g1(q)
< O curl(A — F)| r2(q - (4.8.6)

Consequently,
wH /Q | curl(A — F) [ de < 5 [[9]| 20y [ ¥ 1o | curl(A = F)|| 120y

which leads to (4.8.2)).
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Finally, we prove (4.8.3)). Using (4.8.2)) and (4.8.6)), Holder’s inequality gives,

1A = F)¢l220) < 1A~ Fl2aq) 19120

C/
< ﬁWH%Lﬂ(Q)WH%%Q) ; (4.8.7)
Using (4.8.1)), (4.8.7) and the bound of 9 above, Young’s inequality gives,

I(V = inHE)Y |72y < 21(V = ikHA)Y| 721 + 2 (RH)?||(A = F)¢ 720
< 20" K263 485)

O]

4.8.2 The case ' = @.

For ¢ € R, we consider the Neumann realization h™V¢ in L?(Ry) associated with the operator
& (t+6)?, e

2

BV = - (e, DOV = fue BAR,) (0) =0}, (4.8.9)

where,

B2 Ry) ={ue L*(Ry) : tPu'? € L*(Ry),Vp,q e N s.t. p+q < 2}.

M. Dauge and B. Helffer [12] (see also Fournais-Helffer [14, Proposition 4.2.2]) have proved that
the lowest eigenvalue p of hV:¢ admits a minimum Oy, which is attained at a unique point & < 0,

and satisfies :

@0 = inf (€) = (&) < 1. (4.8.10)
Moreover
Qp =& (4.8.11)
We introduce the notation :
inf |Bo(x)| = bo and inf |Bo(z)| = b - (4.8.12)
e €N

We denote by ™ (BF;Q) the lowest eigenvalue of the Schrodinger operator PK?F,O (see (4.1.13))

with Neumann condition in L2(Q) :

Q
pN (BF;Q) = inf w.

(4.8.13)
HY(Q 2
wGw é ) M’Hp(g)

In [14], it is proved that

Theorem 4.8.2. Suppose that Q C R? is an open bounded set with smooth boundary and ' = &.
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Then,
_ pN(BF,Q)
lim ————=

B oo B = min(bg, @0 b{)) . (4814)

In the next theorem, we give a simple proof of the result which says that (0,F) is the
unique minimizer of the functional when H is sufficiently large and when the magnetic field By

is constant with pinning term.

Theorem 4.8.3. Let Q C R? be a smooth, bounded, simply-connected open set and I' = @.

Then, there exist positive constants C' and ko, such that, if
H > Ck, K > Ko,

then (0,F) is the unique solution to (4.1.12)).

Proof. We assume that we have a non normal critical point (¢, A) for &, m 4 B,. This means
that (¢, A) € H'(Q) x H}, () is a solution of (4.1.12) and

/ lw2dx > 0. (4.8.15)
Q
Therefore, we get from (4.4.9) that,
lv(z)* <a Vz € Q,
where @ is introduced in (4.1.10).

Let
B=kH. (4.8.16)

Theorem tells us that,
I(V = iBF)Y[|72(q) < Ok 1972 -

Since 1) satisfies (4.8.15]), this implies by assumption that the lowest Neumann eigenvalue
uN (BF; Q) of PgRO in L?(Q) satisfies,

uN (BF;Q) < C k2. (4.8.17)

Thanks to Theorem we get the existence of a constant C' > 0, such that, if H > C &, then
(0, F) is the unique solution to (4.1.12)). O

4.8.3 The case I' # @.

We recall the definition of Ag in (4.1.31), the definition of I' in (4.1.3) and for any 6 € (0,7) we
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R2
recall that A(R?, ) is the bottom of the spectrum of the operator PA:pp ,.00 With

2 2
Aipp o = — (22 cos 0, % sin 9) .

Define

3
a1(Bp) = min {/\8 xIeI%‘lrrle |V By(x)], x&l%%QA(Ri, 9(3:))% |VBo(a:)|} . (4.8.18)

In [42], it is proved that

Theorem 4.8.4. Suppose that (4.1.4) holds and I" # &. Then

W

N(BF,Q
im B g (4.8.19)
3

B—+00 B

In the next theorem, we give a simple proof of the result which says that (0,F) is the
unique minimizer of the functional when H is sufficiently large and when By is variable. This
result was obtained in [23] for the case with constant magnetic field and with a constant pinning

term.

Theorem 4.8.5. Let  C R? be a smooth, bounded, simply-connected open set, the pinning

term a satisfying (4.1.6)), and the magnetic field By satisfying (4.1.4). Then, there exist positive
constants C' and kg, such that, if

Then (0,F) is the unique solution to (4.1.12)).

Proof. Similarly to the proof of Theorem |4.8.3] we assume that we have a non normal critical
point (¢, A) for & H.a,B,-
Therefore, we get from (4.8.3)) that,

pN(BF;Q) < Ck? (B=kH).

Thanks to Theorem we get a contradiction, if H > Ck? and C is sufficiently large. [

4.9 Asymptotics of p;(k, H) : the case with non vanishing ma-

gnetic field

The aim of this section is to give an estimate for the lowest eigenvalue pi(x, H) of the operator
PSHE_HQG (see (4.1.26)) in the case when I' = @ with a k-independent pinning (i.e. a(x,r) =
a(z)). Recall that the set I' is introduced in (4.1.3).

Without loss of generality we suppose that By > 0 in Q. Our results will be formulated
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by introducing :

Ay (By, a,0) = min {aljgsf) {0 By(x) — a(x)} ,xienafQ {©p o By(x) — a(m)}} , (4.9.1)

where o is a positive constant.
In the case when the pinning term is constant (i.e. a(z) = ap), (4.9.1) becomes as follows :

Ay (Byp,a,0) = o min {%gsf) {Bo(z)}, 00 a:lenafﬂ {Bo(x)}} —ag .

This case was treated by Pan and Kwek [34].
Let Q%F’_ga be the quadratic form of PgF’_g L e

an—% a(ﬁ)) = /

Q

<|(v — iBF)|? — Zja(m)w|2> dx . (4.9.2)

Proposition 4.9.1. Let Q C R? be an open bounded set with smooth boundary, I a closed
interval in (0,400) and I' = &. There exist positive constant C and By such that if o € I,
B> By, v € HY(Q)\ {0} and a € C1(Q), then,

Q%F,—g a(?,[)) B
WPy @

_ > = Ay(By,a,0) — CB1. (4.9.3)
101220

Proof. The proof is a consequence of the following inequality that we take from [14, Prop. 9.2.1],

Ve HY(Q), /Q|(v — iBF)Y|* dz > /Q (U(z) — CB¥*) |y dz,

where

U(a) = { BBy(z)  if dist(z,09) > B~3/8, (494

©oB By(z) if dist(z,dQ) < B~3/8

B > By, By and C are two constants independent of B.
Clearly, there exist two constants C’ > 0 and By > 0 such that, for all o € I, we have,

Uz) — §a($) > §A1(B(),CL,O‘) —O'B3*,
g

P =

Coming back to our initial parameters x and H, we obtain :

Theorem 4.9.2. Let Q C R? be an open bounded set with smooth boundary and I’ = @. Suppose
that ([.1.15) holds and a € C1(Q), then,

H
p1(r, H) > K2 Ay (Bo,a, ) —{—(9(&%), ask — +00.
K

Here, Ay is introduced in (4.9.1)).
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Proof. We apply Proposition with
H
B=rH, o=— and I = [Anin, \max-

K

Let us verify that the conditions of the proposition are satisfied for this choice.

It is trivial that o € I. Now, as K — +00, we have,
B=0ok?>— 4.

This implies that, as kK — 400,

N

H
p(r, H) > K% Ay <B0,a, ) + O(k2).

K

This finishes the proof of the theorem. O

4.9.1 Upper bound

Proposition 4.9.3 (Upper bound in the bulk). Suppose that @ C R? is an open bounded set
with smooth boundary 9, Amax > 0 and I' = @. For any xg € QQ, there exist positive constants
C and By such that, if o € (0, Amax|, B> By and a € C*(Q), then,

B
< =

1B.e < = {0 Bo(xo) — alxo)} + C B2 . (4.9.5)

g

Here,

0% 4. ()
= inf +
YeH! (2)\{0} ||T/’||L2(Q)

where Q%F s, s introduced in (4.9.2).

HUB,o s (496)

Proof. Thanks to (4.9.2)), we have,
. B
Q% s, = [ (V= iBPYu@)Pde—2 [ awlu(w) dr.
’ o 0 Q

The upper bound of the first term in the right hand side above is based on the construction of
Gaussian quasi-mode (see [I4], Subsection 2.4.2] for the case with constant pinning) centered at
xg € ),

o1(z) = eB% y ([)H_%(J:‘ - x0)> u ( BBy(xo) (xz — :Uo)) .
Here, x is a cut-off function equal to 1 in a neighborhood of 0 such that supp x € D(0,1), the
function ¢g satisfies and the function u defined as follows :

77_% |z
V2

We note that suppe; C Q for B large enough. As in [I4, (2.35)], we get the existence of a

u(x) =
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positive constant By such that, for any B > By,

fQ — iBF) 1 (z)|? da
fQ 1 () dx

< BBy(zo) + O(B2). (4.9.7)
To derive the upper bound for the second term, we use Taylor’s formula for the function a near
Zo,
la(z) —a(zg)| < C B2, (:): €D <x0,5’_%>> . (4.9.8)
Using (4.9.8)), since supp 1 C D (a:(),ZSH%)7 we get,
1
- [ a@ler@)P ds < ~ata) [ (@) do+ OB [ (@) da, (19.9)
Q Q Q

and consequently

2
d
_ Blaa@leil 2)| T B w08t (4.9.10)
o Jolei(x)?dx o
Collecting (4.9.7) and (4.9.10]), we finish the proof of Proposition O]

Remark 4.9.4. When

;rgz {0 Bo(z) —a(z)} < mlenan {©00 Bo(z) —a(x)} ,

we notice that, if the infimum of o By(x) — a(x) was attained on 0f2, (i.e. there exists xg € 02
such that inf,cq {0 Bo(z) — a(z)} = 0 Bo(zo) — a(xp)), we would have,

o By(xg) — a(zg) < ©g o By(xg) — a(zo) ,
which is impossible, since ©g < 1. Hence, we can choose zg € 2, such that,
o Bo(zo) — a(xo) = inf {o Bo(x) — a(x)} ,
zeQ
and we apply Proposition 4.9.3| with
H
B=rxH and o= —.

K

Thus, we get the existence of a positive constant kg such that, if,

k>ko and Kok ' < H < Amax K, (4.9.11)
then,
H
p1(k, H) < k? inf { By(z) — a(a:)} + O(k), ask — +00. (4.9.12)
e

Proposition 4.9.5 (Upper bound near the boundary). Suppose that @ C R? is an open bounded
set with a smooth boundary, Amax > 0 and T' = &. For any x¢ € 0Q and for any o € (0, Amax],
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we have,
pBo < §(O’ ©¢ Bo(z0) — al(wo)) + (’)(B%) , as B — +o00. (4.9.13)
o

Here, ©q is introduced in (4.8.10]).

Proof. We recall the definition of g, as follows :

) (fQ V —iBF)u(zx )|2dx B fQ )|2d:v>
HB,o = inf
T ueHY(Q)\{0} Jo lu(x)]? dx o g |u )| dx

The first term in the right hand side is studied by Helffer-Morame (see [29, Theorem 9.1] with

h=B"1and g, = “(1}32(’1)) or Fournais-Helffer (see [14, Section 9.2.1]). They proved for any

xo € 0N the existence of By such that for B > By one can construct a trial function @ such that,

Jo [(V — iBF)u(z)|* da
Jo lu(z)|? dx

The estimates of the second term in the right hand side are just as in (4.9.10) and this achieves
the proof of the proposition. d

< BOg By(zo) + O(B2),  as B — +oo.

Remark 4.9.6. 0f2 being compact, we can choose xg € 02, such that,
00O By(z9) — a(zg) = inf {0 O By(z) —a(z)},
€N
and we apply Proposition with

B=~kxkH and 0:5,

K
which implies under Assumption that,
p1(r, H) < K2 le%fﬂ { ©¢ Bo(x) — (3:)} + O(k), ask — +00. (4.9.14)
x

Remarks [4£.9.4] and [4.9.6] lead to the conclusion in :

Theorem 4.9.7. Let  C R? is an open bounded set with a smooth boundary and T' =
Suppose that (4.9.11)) hold and a € C1(Q), we have

H
p1(k, H) < k2 Ay <B0,a, /@) + O(k), ask — +o0o.

Here, Ay is introduced in (4.9.1)).

Notice that the conclusion in Theorem [4.9.7]is valid under the assumption xH > By with
By > 0 sufficiently large. Lemma below takes care of the regime where kH = O(1).

Lemma 4.9.8. Let Cyax > 0. Suppose that {a > 0} # 0. There exists a constant kg > 0 such
that, if
k>rg and 0< HL Cmaxl*i_l,
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then
pi(k,H) <0.

Remark 4.9.9. The conclusion in Lemma [4.9.8] is valid in both cases where I' = () and T" # 0.

Proof of Lemma[{.9-8
Let £ > 0. Choose o € € such that a(xg) > 0. We introduce a cut-off function x, € C°(R?)
satisfying :

0<x,<1inR?, suppyxsC B(zo,f), x¢=1in B (z0,£/2) and |Vyx| < (4.9.15)

¢
7
The min-max principle yields,

O (s, H) [1xel 720 S/QI(V—Z'%HF)XeFdx—%2/Qa(w)l><e(x)l2dﬂf-

Using the assumptions on y, and the fact that F € C°°(1), a trivial estimate is,

/](V—iﬁHF)X4|2 dx:/ \ng(x)|2dx+/£2H2/ IF x¢(z)|? dz
Q B(-TO»E) B(x()ve)

<C(1+ (kHE?). (4.9.16)
We write by Taylor’s formula applied to the function a near z,

— /42/ a(z)|xe(z)? de < —a(wo) K> 2 + C K> £3. (4.9.17)
Q

Collecting (4.9.16) and (4.9.17)), we obtain,

D (s, H)l|xel 320y < —alwo) 62+ C(52 6 + 1+ (v H0)?).
We select £ = k=2 and note that kH < Cinax- We find that,
M(l)(,g7 H)HXEH%Q(Q) < —a(xo) k + C(/ﬁ}% + 1+ C’glaxnfl) .
Since x¢ # 0 and a(zg) > 0, we deduce that, for x sufficiently large,

pV(k,H) <0.

4.10 Proof of Theorem 4.1.6

4.10.1 Analysis of H".

In this subsection we give a lower E)ound of the critical field H l(/oY?? (see (4.1.29))) and we give an
upper bound of the critical field H 55 in the case when the magnetic field By is constant with a



4.10 Proof of Theorem |4.1.6 131

pining term.

Proposition 4.10.1. Suppose that {a > 0} # & and T’ = &. There exist constants C > 0 and
ko > 0 such that if

a(x) a(x) 1
K > Ko, H < k max (sup , sup ) —Ck2, 4.10.1
29 Bo(2) zean ©o Bo() ( )
then,
pui(k, H) <O0.
Moreover,

a(a:) a(a:) ) 1 loc
K max |sup ———,sup ————— | —Ckrz < HSS.
(aceg Bo(l') :ve@%l @0 BO(ZL') =0

Proof. To apply the previous results, we take

a(z) a(z) >
Amar = Max | su , su +1.
<$68 BO(x> xe@% @0 BO('%')

We have two cases :

Case 1. If
a(x) a(z)

sup > SUp ———— .
20 Bo(z) = zea0 ©0 Bo(x)

a(x)
Bo(z)

then, there exists xg € © (the supremum of

eoaé?(x) > g{fa)), such that,

can not be attained on the boundary, since

sup a(r) _ a(xo)
2c Bo(z)  Bo(zo)

If (4.10.1) is satisfied for some C > 0, then,

— <
K BQ((L’())

that we can write in the form,
H
(2 Bote) — alan) ) < -2t
K

where M > 0 is a constant independent of C.

Suppose that kH > By where By is selected sufficiently large such that we can apply Re-
mark (Thanks to Lemma pi(k, H) < 0 when kH < Byp).

Remark tells us that there exist positive constants C7 and kg such that, for k > kg,

p(r, H) < K2 in?2 <HBO(:U) - a(x)) +Cik

e K

Njw

< K2 <1:Bo(l‘0) - a(x0)> +Ci kK (4.10.2)

<(Cy—CM)x?. (4.10.3)
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By choosing C' such that C M > C4, we get,
pi(k, H) <0.

Case 2. Here, we suppose that

su ﬂ > su a(m)
seot ©0 Bo(z) ~ 2eq Bo()

By compactness, there exists x(, € 9, such that,

- a(r)  a(xp)
:cea% ©0 By(x) ©0 Bo(x()

If (4.10.1) is satisfied for some C > 0, then,

K2 <Z@o By(xg) — a(:r6)> < COM'rs.

Thanks to Remark we get the existence of positive constants Cs and kg such that, for

RZ’QCU

By choosing C such that C M’ > Cs, we get,
pi(k, H) <0.

This finishes the proof of the proposition.

(4.10.4)

(4.10.5)

Proposition 4.10.2. Suppose that {a > 0} # &, Apax > 0 and I’ = &. There exist constants

C > 0 and ko > 0 such that if

a(x) a(x) 1
K> Kg, )\mXﬁZH>mmax<sup , sup >+C/<;2,
* 2eq Bo(z) zean Oo Bo(z)
then,
pi(k, H) > 0.
Moreover,

—7loc (1(-%) CL(.%) > 1
H, . <k max | sup , sup +Ck2.
@ <xeﬂ By(z)" zean ©o Bo(z)

(4.10.6)



4.10 Proof of Theorem [4.1.6 133

Proof. To apply the previous results, we take

A —lmax <Su a(z) su a(:z:)>
T2 zeg Bo(x)’xea% ©0Bo(z)/)

If (4.10.6) holds for some C > 0, then, for any x € €2, we have,

H
;Bo(x) —a(z) > Cr 2 , (4.10.7)
and, for any 2’ € 99, we have,
H
;@030(1") —a(z') > Cr2. (4.10.8)

Having in mind the definition of A; in (4.9.1), the estimates in (4.10.7) and in (4.10.8) give us

that for x large enough,
1

Ay <Bo,a, H> >Ckr 2.
K

Thanks to Theorem we get the existence of positive constants C’ and kg such that, for
K> Ko,

H
p(r, H) > K2 Ay <Bo,a, ) — (k2
K
(4.10.9)

To finish this proof, we choose C' > C'. O

As a consequence, we have proved Theorem |4.1.6| for H lcog and Fgg

4.10.2 Analysis of H,

In this subsection we give a lowelj)ound of the critical field H g; (see (4.1.27))) and we give an
upper bound of the critical field H CCI?B in the case when the magnetic field By is constant with
a pining term. We start with a proposition which measures the effect of the localization at the

boundary when H is sufficiently large.

Proposition 4.10.3. Suppose that I' = & and (4.10.6)) holds. There exists a positive constant
C, such that if (¢, A) is a solution of (4.1.12)), then the following estimate holds :

_3
1l 72) < CHT51¢l170q) - (4.10.10)

Proof.
The techniques that will be used in this proof are similar with the ones in [I8, Lemma 2.6]. If
H satisfies (4.10.6)) for some C > 0, then, for any = € 2, we have.

(NI

kH By(z) — k%a(z) > Ck (4.10.11)
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First, we let x € C*°(R) be a standard cut-off function such that

x=1 1in [1,00] and x=0 in]—o00,1/2]. (4.10.12)
Next, we define A\ = n_%, and y, as follows :
Xk(z) = x (W) , Vo € Q. (4.10.13)
Referring to , we have
(4.10.14)

/Q ((V — inH A xut? — [Vxu10]?) d = /Q e (ala) — [f2) ]2 de

We estimate [, |(V —icHA)xxt)|* dz from below. As in [27, Proposition 6.2], we can prove that,
AT iH Ay do > B [ curlF ol de = ] cul(A = F)z(o) ot o
Noticing that curl F = By(z) and || curl(A — F)|| 2(q) < §||¢||L2(Q), we have,
LI it Ay do = [ Bol) b o = e 1ol et o

Implementing a Cauchy-Schwarz inequality, we get

/Q (V —ikHA)xx|* do > k H /Q Bo(x) [t |* dz — ¢ [0l172(q) — 5% Xutll74(q) - (4.10.15)

Inserting (4.10.15)) into (4.10.14)), we obtain,
/ (= H Bo(z) — x*a(2)) xwt|” da SCQ/ \wIQdH/ !Vxﬁlﬂw\?dx—ﬁ/ (% = ) [ da.
Q Q Q Q

As a consequence of (4.10.11)), the inequality above becomes,
3
Cr /|xm<x)|2d:c < cQ/Q |¢|2d:c+/§2|vxis|2|¢|2d$—“2/g (i = xi) 19" da.

Notice that —x? [, (x2 — x3) [¢]|*dz < 0.

Decomposing the integral [ |¢|?dz = [ |x«0|? dz + / (1 — x%)[¥|* dz, using (#.10.11)) and
Q Q Q

choosing C such that C > 2¢?, we get,

1 3 _
20t [ et@P do < (&4 [ B 3 ?) [ 02 de
{zeQ: dist(x,I") <A}
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Recall that A = m_%, we observe that,

[ b @P do <41 By [ 6P dz,

{zeQ: dist(z,I') <A}

and consequently, we get,

[ 1@ e < (41 Bag +1) [ uf? de
{zeQ: dist(z,I") <A}

By choosing C' = max (2 2 4HX/H2<><>(R) + 1), we obtain,

_3
1911720y < CRT5 1911740 -

O

Theorem 4.10.4. Supose that I' = @ and {a > 0} # @. There exists C > 0 and ko such that,
if H satisfies

a(x) a(x) > 1
H> B qup =28 ) ok, 4.10.16
s (0 5 )+ R

then (0, F) is the unique solution to (4.1.12)).

Moreover,

HE < k max (sup a(2) , sup alz) ) +Ck?.
s 29 Bo(x) zean ©o Bo()

Proof. We first observe that it results from Giorgi-Phillips like Theorem that it remains
only to prove the theorem under the stronger Assumption (4.10.6]). Suppose now that (¢, A) is
a solution of (4.1.12)) with v # 0, we observe that,

0 < W |lI a0y = - /Q (I(V —isHAYW — wa(@)[y?) do =T . (4.10.17)

We can write,

2
-T>01- ﬁnl)/ (V — ik HF)Y|? dz — K> / a(z)|y|? dz — (<H) / (A — F)y|? dz
Q Q VTr=1 Jo
> (s, H) 91200y — VT (T = kR 30y — 2 (A = )R
Nar s
(4.10.18)
We reffer to (4.8.3) and (4.8.7]), we have,
=T > (s, H) [$ll720) = CVT 51011720 - (4.10.19)

Thanks to Proposition [4.10.3, using (4.10.17]), we get,

11

)72 < Cr™5 VT (4.10.20)
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As a consequence of (4.10.20)), (4.10.19) becomes,

— T 2 (s, H) 9]0 — C' 5 T (4.10.21)

Having in mind that ¢ # 0 and T > 0 (see (4.10.17)), we deduce for x sufficiently large
p1(k, H) < 0, which is in contradiction with Proposition [4.10.2] Therefore, we conclude that
1 = 0, which is what we needed to prove. O

Proposition 4.10.5. Supose that I' = @ and {a > 0} # &. There exists C > 0 and ko such
that, if H satisfies

a(x) a(z) ) 1
H< , —— | - Crk2, 4.10.22
= (:ilelg By(x) zseua% ©¢ Bo(z) " ( )

then there exists a solution (¥, A) of (4.1.12)) with [|¥| 120

Moreover,

a(x) a(z) ) 1 ep
K max | sup ,sup ————— | —Cr2 < H/ .
<zesz Bo(z) zeaq ©o Bo(w) s

Proof. We use (t1),, F), with t sufficiently small and v, an eigenfunction associated with p; (s, H),
as a test configuration for the functional (4.1.1)), i.e.

/Q(I(V—mHF)?/)*I — K% a(@)|¢ul?) de = p(k, H)l[Yu] T2

Proposition [4.10.1] tells us that there exists a constant C such that, under Assumption (4.10.22]),
ik, H) <0.

Therefore,

i (k, H) ::/Q(](V—MHF)z/J*] W2 a(@)|i]?) de < 0.
We can write,
2 _ _ 4k 4 o
Ex,H,a,Bo (i, F) =1 /Q ikHF) Y. — k% a(@)[u]?) da +t /|w*| dx + /
=2 (01 K, H) + 125 / |¢*|4da:> + & HaBy (0, F).

We choose t such that,
2
Cy(k, H) +t22/ [t dx < 0.
Q

Thus, we get
557H7a7B0 (t¢*7 F) < gKHH?aHBO (07 F) :

Hence a minimizer, which is a solution of (4.1.12)), will be non-trivial. ]
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4.10.3 End of the proof of Theorem |4.1.6

First, we will prove the following inclusion,
N°(g) c N(k).

We see that if H ¢ N(k), then (0,F) is a local minimizer of &, 4 5,- Thus, the Hessian of the
functional & p 4,8, at the normal state (0, F) should be positive.
For every (¢, A) € H'(Q) x Hl () we have,

EntlaBy(td, F+tA) =t QQHF?%QQ(QEH(,{H)? / |cur1A|2d4 +O®%).
Q

This implies that the Hessian of the functional & g 4 B, at the normal state (0, F) can be written

as follows :
Hess(o,p)[¢, Al = Qg _2q(0) + (kH)? / |curl A|? dz .
Q

Since Hess g ) [(Z, A] > 0, we get that py(kH) > 0, and consequently H ¢ N1°¢(x). Hence we
obtain the above inclusion.

On the other hand, if (¢, A) is a minimizer of the functional in with ¢ # 0, then (¢, A)
is a solution of , and we have the following inclusion,

N(r) CNP(k),

and consequently,

N(K) € N(k) C NP(k). (4.10.23)

Having in mind the definition of all the critical fields in (4.1.27)), (4.1.28]) and (4.1.29)), we deduce
that,

ch(n) < He, (k) < Fg(n) , (4.10.24)
Using (4.10.23)), we observe that,
RT\NP(k) Cc RT\ N (k) C RT \Nloc(ﬁ) i
From the definition of all the critical fields, we conclude that,
HE (k) < Hey(k) < HE (k). (4.10.25)
We note that H lé’g < Fgg and H Ccp < F? . Therefore, all the critical fields are contained in the
3 3

interval [H. lCo;:’ Fc(i}
By Proposition and Theorem we get the existence of positive constants C' and kg,
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such that for k > ko,

a() a(a) ) L e e
K max | su ,sup ————— | —Cr2 < HS < H
<xeg Bo(x)” sean O Bo(x) “ s

a(x) a(x) ) 1
< : +OR?. (4.10.26
= <21€18 By(x) xseua% ©0 By(x) " ( )

As a consequence, we have proved Theorem for the six critical fields.

Remark 4.10.6. As in [14], it would be interesting to show that all the critical fields coincide

when k is large enough.

4.11 Asymptotics of yy(k, H) : the case with vanishing magnetic
field

In this section we give an estimate for the lowest eigenvalue u(k, H) of the operator P,?HF k2
(see (4.1.26)) in the case when I' = @ with a k-independent pinning, i.e. a(k,z) = a(x). The

results in this section are valid under the assumption I" # (), where the set I' is introduced in

(4.1.3). Let

. H
B=kxkH and o=—. (4.11.1)
K
We observe that,
Q _ pQ
P/{HF,f.%Qa - PBF,—(%)% o

. After a change of notation,
a

We will give an estimate for the lowest eigenvalue pp 5 of P9

BF,—( 3

DIT
~—

we deduce an estimate for p;(k, H).

4.11.1 Lower bound

In the absence of a pinning term, that is when a = 1, Pan and Kwek [42] gave the lower bound
for the lowest eigenvalue p(BF) of PlglF,o when B — +o0. In this subsection, we determine a
lower bound for u; when x — +o00 and the pinning term is present.

We first recall the definition of Ao in (4.1.31), the definition of I' in and for any 0 € (0, 7)
we recall that )\(Ri, 0) is the bottom of the spectrum of the operator Pfi with

app,G’O7

2 2
Aapp o = — <x22 cos 0, % sin 9> .

We then define for any o > 0,

win

Ay (By,a,5) = min{ inf {)\0 (3 \VBO(QU)\)

zel'NQ2

~afa)

inf {A(Ri,e(x)) (8\VBo(x)\)§—a(x)}}. (4.11.2)

zel'NON
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Here, for z € I' N 9Q, 6(z) denotes the angle between VBy(z) and the inward normal vector
—v(x).

We start with a proposition that states a lower bound of 1 (x, H) in the case when I' # @.

Proposition 4.11.1. Let I be a closed interval in (0,00). There exist two positive constants

By > 0 and C > 0 such that if B> By, o € I, € H' () \ {0} and a € C(QQ), then,

o 2 (V) 2
BF.~(£)%a ><B>3 A (Bo.a.5) - CB 411.3
il > (5) (e ) —

Proof. Let £ = B~7/29. We define the following sets,
Dy = {x € Q:dist(z,T") < 2/}, Dy = {x € Q: dist(z,I") > ¢}.

Let h; be a partition of unity satisfying

2 2
Zh? =1, Z \Vh;|2 <072 = cBW? and supph; C D; (j € {1,2}).
j=1 j=1

There holds the following decomposition,

2
2 . (p)=0” ., (h Do (hay) — Vh;?|y|?d
O )8, W)= Ot () H Qg () ;/Q\ 216 da
> oM 5 (h) + QP2 ) (th)—CBW”/ |2 de. (4.11.4)
BF,—(£)3a BF,—(£)3a Q

We cover the curve I' by a family of disks
D(wj,¢) C {x € R? : dist(x,T) < 2} and D, C UD(wj,€) (wj el).
J
Consider a partition of unity satisfying
ZX? =1, Z \V)@-]Q <Ce? and supp x; C D(wj,?) .
J J

Moreover, we can add the property that :
either suppy; NI'N I =@, either w; € I'NON.

We may write,

bnd ?

Q) =300 (@ (o)=Y [ VPl e,
j 1

B~ : 5t

Sley
S—
—
DI
N

int ’

(4.11.5)

where ‘int’ is in reference to the j’s such that w; € 'N(2 and ‘bnd’ is in reference to the j’s such
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that w; € I' N 0.
For the last term on the right side of (4.11.5)), we get using the assumption on x; :

/|vxj\2|h1w2dx<cz—2/ \h1w|2dx:0814/29/ |hyop|? da . (4.11.6)
D1 Dy

Dy

We have to find a lower bound for Q! 9
5p—(£)Fa

each j such that w; € I' N 9Q. Thanks to [38], we have,

(h17) for each j such that w; € I' N Q and for

2
/Q (V — iBF)x; o do > B /Q (o IVBo())l)* = CBT) s dar
Using Taylor’s formula, we can write in every disk D(wj, £),
la(x) — a(w;)| < CL=CB 7/ <oB~ Y8, (4.11.7)

In that way, we get,

oM )
; BF,—(£)%

S0

int

> (?)3 (xeilggg {)\0 (a|VBO(g;)|)3 - a(:c)} - 05—1/18> Z/ Ijhiv2de.  (4.11.8)

o -
wnt

(xjh1v)

T

Wi I~}

()\0 (a |VBO(WJ-)1)5 — a(w;) — 081/18> / x;jhat) | dz

In a similar fashion, the analysis in [38] and (4.11.7)) yields,

ZQDl B2 (thlw)

pad BF—(8)

>§ <A(Ri,6(wj)) (6 |VBO(wj)|>§ — a(wj) - CBMS) /'thﬂ/}%mj

~alw) | -5 ) Y [P,

bnd

2
3

> <§>3< inf {A(Ri,e(x)) (a|v30(x)|)

zel'NON

(4.11.9)

We insert (4.11.8]), (4.11.9) and (4.11.6) into (4.11.5)) to obtain,
2

(h1y) > <§>3 (T\l(Bo,a,a) —06’1/18> /yhlw\Zda:. (4.11.10)

Now, we will bound [, |(V —iBF)hgt)|? dx from below. Let £1 < ¢, we cover D by a family
of disks
D(wj, £1) C {z € R? : dist(x,T) > £1} (w; €Q).
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Consider a partition of unity satisfying

ng =1, Z ‘VX]'|2 < CEIQ and supp x; C D(w 0).
J

There holds the decomposition formula,

SV = BBz =3 [ (V= iBE) o de = 3 [ (9P v ds
Q —~ Ja ~ Ja
J J
> Z/ ((V — iBF)x; hot|? d — 061_2/ \hotp|?de,  (4.11.11)
X [¢) Q
J

We observe that there exists a gauge function ¢; satisfying (see [5, Equation (A.3)]),
|F(2) — (Bo(w Ao (r — w)) + V)| <CH in D(wj, 0y) .

Using Cauchy-Schwarz inequality, we may write,

) 1 ) B,
/Q ((V —iBF)x; hotp|* dz > 2/9 |(V — iB Bo(w))Ag(z — w)))e P2y hoto|* da

—CB? z‘ll/g Ix;j hot| da .

We are reduced to the analysis of the Neumann realization of the Schrodinger operator with a
constant magnetic field equal to B By (wé) in our case.

Notice that by the assumption on hg, there exist constants M > 0 and By > 0 such that, for all
Js |Bo(w})| = M ¢ in the support of ha. Thus,

Vj, B|Bo(w})| > MBl=MB?/* > 1.
Moreover, the magnetic potentials Ag(z) and Ag(z — w}) are gauge equivalent since

Ag(z — wf) = Ag(x) — Ao(w)) = Ag(z) — V(Ag(w)) - 7).

Thanks to Theorem there exists a constant By such that, for any B > By, we write

by the min-max principle,

Z/\ — iBF)xj hot|? do > —————2—

05|Bo
/!x] o de = CB Y [ |y hatlda

int
M
( 9035—03254)2/ Ix; hot|? dz:

(M@OBZ—CBQE‘l)/\th/JFdx (4.11.12)
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Putting (4.11.12)) into (4.11.11]), we obtain
B\ 2/3
gb2 5 (hot) = /y — iBF)hoy)|? dx — <A> /a(:n)]hgw\zdx
g Q

BF,—(£)%a
2/3
> (MGOBe CB* ¢} - Oty >/|h2¢!2da:—<§> /a(@\hﬁl?d%
Q

(4.11.13)

We choose ¢; = B~" and - 55 < p < 29 We observe that,
B2t} =BY Y <« B2P =i, (72=B¥ < Bl, B« B2 =By

In this way, we infer from (4.11.13)), that there exists a constant ¢ > 0 such that, for B sufficiently
large,

2

EIP
QP- o (hat) ch”/g/ \hotp|? dz > (lf) Al(BO,a,a)/ \hot|? daz . (4.11.14)
BF,—(£)3a Q o Q
Collecting (4.11.4)), (4.11.10]) and (4.11.14]), we finish the proof of Proposition [4.11.1 O]

Theorem is valid under the assumption that,
< Amax (4.11.15)

where 0 < Xmm < Xmax < oo are constants independent of k and H.

Theorem 4.11.2. Let Q C R? is an open bounded set with a smooth boundary and I' # @.
Suppose that [£.11.15) hold and a € C*(Q2), we have

~ H
(o H) > 12 Ry (Bo, >+0< B), ask— oo,
Here, Kl is introduced in (4.11.2)).
Proof. We apply Proposition with
H - -
B=xH, o= el and I = [Amin, Amax] -

Let us verify that the conditions of the proposition are satisfied for this choice. Thanks to
(4.11.15)), ¢ € I. Now, as kK — +o0, we have,

B=6k>— 4+00.

This implies that, as kK — +00,

pn (w5, H) > w2 R, <Bo, g) +O(KT).
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This finish the proof of the theorem. O

4.11.2 Upper bound

The next theorem is a generalization of the results in [42] and [38] valid when the pinning

term a(k,z) = a(z) is independent of x and non-constant.

We denote by pp 5 the lowest eigenvalue of the operator P9 (5)2 ie.
BF,—(%)3a
QQ
. -5y
HBG = m
vem N0} Y1172

Proposition 4.11.3. Suppose that I' # & and Xmax > 0. There exist positive constants C and
By such that, for o € (O,Xmax], a € CY(Q) and B > By, we have,

2

KB.G < <lj> ’ (Kl(B()vaaa\-) - CB—%) : (41116)

a

Proof. Let zg € T'. In [42],38], a quasi-mode u(B, z¢; x) is constructed such that, supp u(B, zo; ) C
QN B(0,B71/18) and,

/ |(V — iBF)u(B, zo; z)|? dx
Q

VB> BO ’
/ (B, 20; 2) 2 dz
Q

where By and C' are constants independent of the point g and the parameter B, and

Atzo) Ao |V Bo(o) 3 if 20T NQ,
€T =
0 A(R2, 0(x0)) [V Bo(wo)|3  if 2 € TN OQ.

Using the smoothness of the function a(-), we get in the support of u(B, xo;-),
la(z) — a(xo)| < CBY/8.

Thus, we deduce that,

QiF (8)% (u(B, x0; ) ~
o <l|l= 53 A (z0) — alzg) + CB-1/18Y .
||“(Bvx0?')”%2(g) B <0> <U (o) — a(xo) )

Thanks to the min-max principle, we deduce that,

2
KB < <§> ’ (3%1&(360) —a(zo) + 0571/18) .
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Since this is true for all g € I', we deduce that,

2
3
1B < <ZA3> (Al(Bo,a,a) + CB*1/18> :
o
where A1 (By, a,d) is introduced in ({.11.2). O

Proposition permits to obtain :

Theorem 4.11.4. Let Xmax > 0. Suppose that T' # @ and a € CY(Q). There exist two constants
C1 > 0 and kg > 0 such that, if,

k>ky, and Kok '< H < /):maxlﬁ}Q (4.11.17)

then
2% H 1
p(k, H) < k“Ay | Bo,a, — | + C1k6 ask — 400.
K

Proof. To apply the results of Proposition [4.11.3] we take B = kH and ¢ = % We see for &
sufficiently large that o € (0, Xmax) and B large. O

Theorem is valid when kH > ko and ko is sufficiently large.

4.12 Proof of Theorem 4.1.7]

4.12.1 Analysis of H{".

In this subsection we will prove Theorem |4.1.7| for H. l&f and Flcovg We first recall some useful

results from [42] about the relation between the eigenvalues Ao and A(R%,6), introduced in

[ET31) and in (T133).
Theorem 4.12.1.
(i) A(R%,0) = Xo.
(i) If 0 < 6 <, then A(RZ,0) < Xo.

The next proposition gives the region where uj(k, H) < 0 that allows us to obtain an
information about H lé{f (see (4.1.29)) in the case when the magnetic field By is constant with a

pining term.

Proposition 4.12.2. Suppose that {a > 0} # @ and T’ # &. There exist constants C' > 0 and
ko > 0 such that if

K > Ko, H <max| sup —s————, sup

3
(@)} o) o
3 ’
2€0NQ A2 |y By(z)| €02 AMRZ,0(z))2|VBy(x)|
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then,
221 (’{a H) 0.
Moreover,
3 3
max [ sup % sup a(z)® K2 —Cke < Hl(?c
z€lN )\(%\VBO(QT)’ 2erna0 A(R%, H(x))%\VBg(x)] = =03

Proof. We have two cases :

Case 1. Here, we suppose that,

a(x)2
sup —5———— > sup .
Y] )\g IVBy(z)| #€rnon )\(Ra_, 0(x))z|VBy(x)|

3 3
2

Thanks to the assumption in (4.1.4), we have, for all z € I'N9Q, 0 < O(x) < m. Theorem |4.12.1
then tells us that,

3 a(z)2

. .
IVBo(x)|  AZ|VBy(z)]

a(x

YVeel'Nno,
AR, 0(x))

Wl | ~—

3 _
Thus, there exists zo € QNI such that (the supremum of % in I'N€) can not be attained
A [V Bo(2)|
on the boundary),

3
2

3
alx)2 alx
sup —3 @) E (o) )
2€rnQ N2 |VBo(z)| M|V Bo(zo)|

If (4.12.1) is satisfied for some C > 0, then,

3
E < 7(1(1'0)2 — C/gfé ,

K2 — |3
Ag |V Bo(zo)|

that we can write in the form,

K2 </\0 (g]VBg(xoﬂ) T a(xo)> <-CMks, (4.12.2)

where M > 0 is a constant independent of C.

Suppose that kH > By where By is selected sufficiently large such that we can apply
Theorem [4.11.4] (Thanks to Lemma w1(k, H) < 0 when kH < Bp).
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By Theorem [4.11.4] there exist positive constants C; and kg such that, for k > kg,

(v, H) < k% inf ()\0 <Z|VBO(Q;)|> s a(x)) +Ci K

zel'NQ
2

H 2
S Hz ()\0 (/#‘VBo(x(])’) ’ — a(xg)) + Cl /i%

11

<(C, —CM)Ks . (4.12.3)

By choosing C' such that C M > C, we get,

pui(k, H) <0.
Case 2. Here, we suppose that
3 3
sup a(x)gz 2> sup aa(& :
zerno9 AR, 0(2))2|VBo(2)]  zern@ A2 |V By(x)|

The assumption in (4.12.1)) and the upper bound in Theorem [4.11.4] give us, for all Kk > Ko,
kH > By and By a sufficiently large constant,

1k, H) < (Cy — C M) K
where M > 0 is a constant independent of C. By choosing C' such that C M > C1, we get,
ik, H) <0.

This finishes the proof of the proposition. O

The next proposition gives us a lower bound of Flg; (see (4.1.29). This is obtained by
localizing the region where 11 (x, H) > 0 holds.

Proposition 4.12.3. Suppose that {a > 0} # &, Amax > 0 and T' = @. There exist constants
C > 0 and ko > 0 such that if

K 2 Ko, Amax £ > H

N

2 11
k“+CkK6

3
a(x)z a(z)
> max sup —5—————, Sup 3
€0 A2 |V By (z)| €192 AR, 0(x))2|VBo(z)|
(4.12.4)
then,

pi(k, H) > 0.
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Moreover,

11
K2+ CKS .

a(m)% a(x)%
Flg;: <max | sup —5———, su 3
2€TN0 \2 |V By(z)| #€TNo0 )\(Ri,ﬁ(:c))ﬂVBo(:ﬂﬂ

Proof. Having in mind the definition of Kl in (4.11.2)), under the assumption in (4.12.4)), we get

for k large enough,

~ H
A <BO, a, 2) >CMks, (4.12.5)
K

where M > 0 is a constant independent of the constant C'.

Thanks to Theorem 4.11.2] we get the existence of positive constants C’ and kg such that,

for k > Ko,
11

pa(s, H) > (CM - C') ke

To finish the proof, we choose C' sufficiently large such that C M > C". O

4.12.2 Analysis of H¢,.

Proposition 4.12.4] below is an adaptation of an analogous result obtained in [27] for the func-
tional in (4.1.1)) with a constant pinning term. Proposition [4.12.4] is valid when T" # (). Proposi-
tion 4.12.4) says that, if (¢, A) is a critical point of the functional in (4.1.1) and H is of order

#x2, then |1)] is concentrated near the set I

Proposition 4.12.4. Let € > 0. There exist two positive constants C and kg such that, if
k>ko, H>er?, (4.12.6)
and (¢, A) is a solution of (£.1.12), then
1120 < €5~ 3110l 7500 (4.12.7)

Proof. Let A\ = k2 and Q) = {z € Q : dist(z,09) > X & dist(z,T') > A\}. We introduce a
function h € C2°(2) satisfying

0<h<1inQ, h=1inQx, supph CQyp,

and
|Vh| <

> Q

in Q,

where C is a positive constant.
Using (4.8.2), we can prove that (see the detailed proof in [27, Eq. (6.6)] when a is constant),

kH /Q [Bo(a)| |62 da — ¢ [0l] 2o 102 ) < /Q (V — inHA)hP da.
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Now, the Cauchy-Schwarz inequality yields,
ek |¥ll2@ s < CllITeq) + K21 1ag) -
which implies that
/ (k H |Bo(z)| — k*a(z)) |h)|? dz g/ |(V—z‘f<;HA)hz/;]2da;—/<52/ a(x) |hy|? da
Q Q Q
+ Yl Z2) + w10l )

We may use a localization formula as the one in (4.10.14) (but with x, = h) to write,

/ (k H|Bo(z)| — k% a(x)) \th\?dxg&/ ]1/1]2dm+/ |Vh]2|zp|2dx+ﬁ2/(h4—h2)|w|4dx
Q Q Q Q
2 Qd h 2 2d .
<C/Q|¢y :c+/Q|V||¢| v

Here, we have used the fact that h* < h? since 0 < h < 1.

By assumption (4.1.4), |VBy| does not vanish on I, hence

IBo(z)| > — -2 in {dist(z,T) > A}, (4.12.8)

1
M
for some constant M > 0.

Thus, by using (4.1.10) and (4.12.6)), we get,

(377 = a)/ (Wl do < ¢ /IwIZdu/ VA2 d .

Writing / 1| dx = / |hp|? da + / (1 — h?)|¢|? dz and using the assumption on h, we have,
Q Q Q

(% 3 _KQG_CQ)/Q|hw($)|2d$§ (¢ + Cr) /Q\QA ] da .

5 _ 5
For k large enough, 17 k2 — k2a—c?> 577 K2 and

/\hl/}(ﬂ:)]zdx§2MCﬁ§/ |2 da .
Q € O\Qy

Thanks to the assumption on the support of h, we get further,

2 M —% 2
[ wras< (Howian) [ pas,
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Recall that A = 5~ 2. The Cauchy Schwarz inequality yields,

/ wuwﬁmwﬂﬂ\ﬂn“2</ wﬁmﬁ gcnri(/Ww%m)Q.
Q\Q Q\Q2y Q

This finishes the proof of the proposition. O

Now, we can give an upper bound of the critical field F(g; in the case when I' # @ and

with a pining term.

Theorem 4.12.5. Supose that I' # @ and {a > 0} # @. There exists C > 0 and ko such that,
if H satisfies

3 3
H > max | sup 3@(&’ su a(x%f K+ Cr's , (4.12.9)
2eTN0 )\g |V Bo(z)| #€TN00 )\(]R%_, 0(x))2|VBy(z)]
then (0,F) is the unique solution to (4.1.12)).
Moreover,
3 3
FCCPB < max | sup %, sup a(a;l2 K2+ Cre .
2eTNQ AEIVBo(x)! z€lNOQ )\(]Ra_, 0(x))z|VBy(x)|

Proof. In light of the result in Theorem we may assume the extra condition that H <
Amaxk? for a sufficiently large constant Apmax.

We take the constant C' in (4.12.9)) as in Proposition [4.12.3] In that way, under the as-

sumption in (4.12.9)), we have
pi(k, H) <0. (4.12.10)

Suppose now that (¢, A) is a solution of (4.1.12)) with ¢ # 0. Similarly, as in the proof of
Theorem we have,

=T 2 i, ) 6l — OVT # [l a0y (11211)

o 2pld e ‘
where T =& \WHL4(9) is introduced in (4.10.17)).
To apply the result of Proposition [£.12.4] we take

3 3
a(z)? a(z)?
e=—_max | sup —4————, su a
2 zelNQ )\g|v30(x)| €N )\(Ri,9(:v))5|VBo(x)|
and get,
_1 _5
H@/}H%%Q) <Crk™1 “w“%‘l(Q) =CraVT. (4.12.12)

Putting (4.12.12)) into (4.12.11f), we obtain,

1
—T > (ks H) [¢ll720) — C'x75T.
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We conclude that, for k > k¢ and k¢ a sufficiently large constant, pi(k, H) < 0, which is in
contradiction with (4.12.10)). Therefore, we conclude that ¢ = 0. O

Following the argument given in Proposition we get :

Proposition 4.12.6. Supose that I' # @ and {a > 0} # &. There exists C > 0 and ko such
that, if k > ko and H satisfies

3 3
H <max | sup %7 sup a(x)32 K2~ Cr'o ) (4.12.13)
3

€0 A2 |V By(z)| *€To2 AR, 0(x))

then there exists a solution (¢, A) of (4.1.12)) with [[{)|12(q) # 0.

Moreover,

2 1 cp
max | sup —4————, su K" —=Crs < Hg, .

a(x)% a(x)
2€TN0 \2 |V By(z)| #€rNo0 )\(Ri,ﬁ(:c))%|VBo(x)|

End of the proof of Theorem 4.1.

All the critical fields are contained in the interval [H lgg,ﬁg’] (the proof of this statement is

exactly as the one given for (4.10.24]) and (4.10.25)).

By Proposition 4.12.2| and Theorem |4.12.5] we get the existence of positive constants C' and ko,
such that for k > ko,

3
max | sup %, sup a(:n)32 KE—Cro < ﬂlgg < ngs
zel'NQ )\g |V By(z)| *€rnon /\(Ri, 0(x))z|VBy(z)|
3 3
< max | sup ﬂ&, sup a(:z:l2 K2+ CKS . (4.12.14)
2eTN0 /\E\VBO(JU)\ z€lNOQ )\(Ri, 0(x))2|VBy(z)|

As a consequence, we have proved that the asymptotics in Theorem is valid for for the six
critical fields in (4.1.27)), (4.1.28) and (4.1.29)).




Annexe A

A Theorem a la Sandier-Serfaty

In this chapter, we present a detailed proof of Theorem that will imply the conclusion in
Proposition Theorem and its proof are given by Sandier-Serfaty in [46].

A.1 Statement of the Theorem

Let us consider two positive parameters he, and e. If K C R? is an open set and (u, A) €
H'(K,C) x H'(K,R?), then we define the energy Jx (u, A) as follows,

1

Ji(u, A) = 2/Q <|<v — i A)uf? + |h — hex? + 2%_2(1 - |u|2)2) da . (A.1.1)

In this chapter, we will use the notation that if a(e) and b(e) are two non-negative functions
of ¢, then a < b means that a(e) = d(¢)b(e) and d(e) — 0 as € — 0.
The aim of this chapter is to present a detailed proof of

Theorem A.1.1. Let f :]0,400[—]0, +o0[ be a function satisfying

lim f(t) =0. (A.1.2)

t—0

There exists two positive constants g and C' > 0, such that if

e <eog, |loge] K hex < 5% , (A.1.3)
L(e) <€ hex?* < min(hey, L()?)  with  L(e) = log 6\/1@ , (A.1.4)
K C R? is a square of side-length ¢,
and (u, A) € C1(K,C) x C1(Q,R?) satisfies,
Jr(u, A) < %heXEQL(E) (1 + f(e)%) , ase—0, (A.1.5)

then, there exist disjoint disks B, ..., By with the following properties :
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_1
o The sum of the radii of the disks B, ..., By is less than he® ;
o |u| > % on OB; ;
[

If dp, is the winding number of \%I restricted to 0B; then,

szkj ldp,| < hext? (1 + C'max <f(s)1/2,L(s)_1, bj?é_(;)» :
=1

and

k 1
L
21 Y dp, = hex!” <1 + (h (?2> 3) :
ex

i=1

Notice that, in Theorem the configuration (u,A) is not a critical point of the

functional Jg. Furthermore, under the assumptions on € and hey, it is clear that,

=0.

1
L(e) >3 and  lim log L(¢)

lim L(e) =00, lim (hex 12 o

e—04 e—04

The proof of Theorem will occupy the rest of this chapter.

A.2 Preliminaries

In this section, we collect some notions and theorems from [44, Chapter 4].

Notation.

We will use the following notation :

The letter C denotes a positive constant that is independent of the parameter ¢, and whose

value may change from a formula to another.

If B is a ball, r(B) denotes its radius and if B is a collection of balls, then r(B) is the sum
of the radii of the balls in the collection.

For A > 0 the ball AB is the ball with same center as B and radius multiplied by A. If B
is a collection of balls, then A\B = {AB : B € B}

H' denotes the 1-dimensional Hausdorff measure in R2.

Given £ > 0 and = = (x1,22) € R?, Qu(x) = (—€/2 + 21,£/2 4+ x1) X (—£/2 + 12,0/2 + 22)
denotes the square of side length ¢ centered at z and we write K = Qg(0).

For t € Ry and u € C1(K,C), we denote by

QY ={zre K| |ulx)| <t}, 1 =00 C{r e K ||u(z)=t}. (A.2.1)

Definition A.2.1.
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e [Radius of a compact set] :
Let w C R? be a compact set. We define the radius of w,

r(w) =inf{r(By) + ... + r(By)},

where the infimum is taken over all finite coverings of w by closed balls By, ..., B.

e Degree of S! valued functions :
Suppose that ¢ : 2 — R is a C' function, 1 = e'? and B C R? is a disk. The degree of 1
in B is defined by

, 1 0y
deg(e'?,0B) = — — i BCQ
dg = eg(e ) 2 Jop OT ' (A.2.2)

0 otherwise .

Here, T denote the unit tangent vector to 02 compatible with this orientation.
Remark A.2.2.
1. If w1 C we, then r(wy) < r(ws).
2. The infimum which defines the radius is not necessarily achieved.
3. The notion of the radius is a subadditive set-function, i.e. r(w; Uws) < r(w1) + r(w2).

4. As we shall see in Proposition below, there is a relation ship between r(w) and the

perimeter of w.
5. If Q C R? is an open and bounded set, then r(Q) = r(99).

Lemma A.2.3 (Merging). Assume By and By are closed balls in R™ such that By N By # &.
Then there exists a closed ball B such that r(B) = r(By) + r(Bz2) and B; U By C B.

Remark A.2.4. Lemma is useful in the following way. Suppose that r(w) < A. By definition

of inf and r(w), there exists a finite collection of closed balls (By)xez such that,

w C UBk and r(w) < ZT(Bk) <A.
k

Using Lemma we may construct a new collection of closed balls, (B});c 7 such that,
card(J) < card(Z),

and

w C UB{ and r(w) < Z’F(B;) <A.

To do this, we merge every two intersecting balls in the collection (By) into a single ball as in
Lemma[A-2.3] This process is repeated a finite number of times until one arrives to the collection
(B;)-

2
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Theorem A.2.5 (Ball growth). Let By be a finite collection of disjoint closed balls. There exists
a family {B(t)}ier, of collections of disjoint closed balls such that B(0) = By and

1. For every s >t >0,
J Bc U B.
BEB(t) BeB(s
2. There exists a finite set T C Ry such that if [to,t1] C Ry \ T, then B(t1) = e~ B(ty).
3. r(B(t)) = e'r(By) for everyt € R,.
Next, we recall a relationship between the notion of the radius and the perimeter :

Proposition A.2.6. Assume that w is compact in R?. It holds,
2r(w) < H' (Ow) . (A.2.3)

Lemma A.2.7. Assume Q is an open subset of R? and w a compact subset of Q. Assume
v:QN\w — SisCL If B, B are two finite collections of disjoint closed balls such that w C UpcpB

and UgepB C Upgen B, then
> ldsl = > ldsil.
BeB B'eB’
Here, the notion dp is introduced in Definition

A.3 Useful inequalities via the co-area formula

In the sequel, K is a square of side-length £ € (0,1), u: Q — C, A: Q — R? are C!, and for all
t >0,
W={reK : |u@)|>t}, w=00C{zeK : |ul@)|=t}.

Notice that for all t > 0, [u| > 0 in ;. We write u = |u|e’¥ and define for any ¢ > 0,
0(t) = / Ve — APdr. (A.3.1)
K\Q

Clearly 6 is a decreasing function, hence almost everywhere differentiable and

0'(t) <0 ae. (A.3.2)
Lemma A.3.1. It holds,
/ ) + 2tb(t) dt, (A.3.3)
where Y )
21—t
a(t) = N | | r() (A.3.4)
€
and

b(t)—l/ Vo — Al*dx + = /\h hex|? da . (A.3.5)
K\,
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Proof. Knowing that
(V —iA)ul* = |V]ul® + [ul*[Ve — A%

We can rewrite Jx (u, A) as follows :

1 1
/ [muu? + |ul} |V — AP + 5l - lu>2 4 |h — heXP] dz . (A.3.6)
K g

The simple inequality (a — b)? > 0 yields,

1 2011 — |ul?
Flull? + L1 = uf22 > (9] 2L
2e2 €

Notice that |u| =t in ~y;. Therefore, using the co-area formula, we find that,

2 2 +oo’1—t2 1
ywuu dz + % 2\1 lul?)2de > V2 b (7e) dt .

Applying Proposition with w = Q;, we have,
H () > 20(Q) > 27(7e) -

It follows that,

+oo _ 42
/]V\UHQdm—i—/ 22( u|?) dx>\f/ |1 al r(’yt)dt. (A.3.7)

Next, we write a lower bound of the integral of |u|?|Vy — A|?. We will use the co-area formula

two times two write,

A 2
/ ]u\QIVgo—A]Zdw:/ dt/ plYe— A,
K te(0,00) YNK ]V|u| ’
d[ /[t — AP?
Lo oA (L S a) o] o
te(0,00) dt vsNK ’ v’u‘ ‘
d
= / . — / Vo — AP de | dt
te(0,00) At \Jr\q,

= —/ 20/ (t) dt (A.3.8)
€(0,00)

where 6(t) is introduced in (A.3.1)).

Knowing that (0,1) C (0,00) and ¢’ < 0, we infer from (A.3.5)),

1
/ lu?| Ve — AP* de > —/ 20/ (t) dt .
K 0
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Now, an integrating by parts yields,

1 1
/|u]2|V<p—A|2dx2/ 2t9(t)dt:/ 2t / Vo — A?dz | dt. (A.3.9)
K 0 0 K\Q:

Putting (A.3.7) and (A.3.9) into (A.3.6)), we obtain,

2 [M|1-# !
JK(u,A)zf/ ||r(%)dt+/ t / V@—A\de—l—/ |h — hex|? dz| dt .
2 Jo € 0 K\, K

(A.3.10)
This finishes the proof of Lemma O

In the next lemma, Br denotes the ball of center 0 and radius R.

Lemma A.3.2. Let0 <r < R<1,v: Br\ B, — S! and A: B — R? be C'. Suppose that,
Ac HY(BgR), v=¢e% and ¢ H (Bg\B,).

It holds,

R—1r Rz—r2>

R
/ |Vgp—A|2dx+(R—r)/ |h — hex|> dx > 27|dpg,,| (log — — — Rex—————
BR\ET T 2 2

T

Here, h = curl A and d is the winding number of v restricted to the circle OBR, i.e.

~ 1 0
dpy = deg(e", 0BR) = o~ /aB 87(’:'
R

Remark A.3.3. For all r <t < R, let dp, be the winding number of v restricted to the circle
aBt, ie.
L

dp, = deg(ew, 0B;) = 5 5, 0T

Since |v| = 1 in Bg \ By, then, dp, remains constant, i.e.

Vr<t<R, dp, =dpg.

Proof of Lemma[A.3.9 Let

The obvious inequality |V — A| > ]g—f — A - 7| and the co-area formula yield, for all »r <t < R,

R 2
/ \W—A\?dxz/ (/ &p—A-TDdt.
Br\B» r OBt

2
%—A-T’ + [ b = hex|? da . (A.3.12)
aT B:

or
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Since, for all r <t < R, B; C Bpg, then we find,
R
E = Ve — A dm—i—(R—r)/ |h — hex | dz > / e(t)dt. (A.3.13)
BR\§7‘ Br r
Let A\ = / h dx. Stokes formula yields,
By
hdm:/ curl Adx = A-T.
B; By OBy
Now, by definition of dp,, we get,
27rdBt:/\t—/ (a(p—A-T>.
OB, 87’
Thanks to the Cauchy-Schwarz inequality, we write,
Oy 2
omdp, — M) < P A1)
(ﬂ-Bt t) _</83t or T>
o 2
< / % A / dl
oB, | OT B
2
<2t / a—(p —A-T|,
OBt (97
and
(N — t2hey)? < t? | |h — hex|* da.
By
Now, returning back to (A.3.12), we can bound e(t) from below as follows,
e(t) > i(znd — )2+ L(At — Tt hex)? (A.3.14)
Zy— t t s ex)” - -9.

We will minimize the right-hand side of ({A.3.14]) with respect to \;. Define

o) = ~(a =2 + 5o b,

where a, b, c and d are real numbers.

Clearly,
1 1 a b a®> b
2
frg —_ —_ — 2 —_ —_ —_— —_
g(x) x(c—i-d) x(c+d)+c+d,
(¢+3)
and it is easy to see that zyin = (f n 1) is the minimizer of g(x), i.e.,
cd

9(x) = g(Tmin) -
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We compute ¢(zmin) and obtain

) = e
e (@ B by @ B
et d\ 2 a2 d d
_—2ab+ a® _g_'_c—l-d b2 _E+c+d
Cc4+d c+d| ¢ c c+d| d d
(o — b)2
- c+d
This implies that
(a —b)?
> . A3.15
o) 2 (A.3.15)
We select
a =2ndp, , b= 7rt2hex, c=2nt and d=nt>.
By this choose, we get from (A.3.15)),
2 ox — 2 2
o(t) > (mt2h mdp,)
27t + T2
(27mdp,)? — 47%t2hex|d B, |
- 2mt (1+ %) '

Simplifying and using that, for all 0 <t <1, (1+ &)™ > (1—%)>0and —(14+5)"' > -1, we
obtain

27T(dBt)2
)z —5—

Since dp, € Z, then (dp,)? > |dp,|. We insert this into (A.3.16]) then we integrating between r
and R. In view of (A.3.13)) and (A.3.16|), we obtain,
R—r R? — 7‘2)

R
E > 2rldg | (log2 — ~ ey
> 2| Bt’<0gr 2 2

t

which finishes the proof of Lemma O

Define the function f :]0, +00[x[0, +00[—] — 00, +00] as follow :

R R-7r RQ—T2>

- log— — _hex
1) = (g’ — 3 .

Lemma A.3.4. The following properties are true :

(P1) : f(r,.) is increasing on }0, min {17 ﬁ}} .

(P2) : f(r,r) =0, and, for any r < R < min{1,2\/lhf}, f(r,R)>0.

(P3) : f(r,s)+ f(s,R) = f(r,R).
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(P4) : If (0 <r; < R;)i<i<k are 2k positive real numbers, (d;)1<i<k are integers, and
Vi7j7 %:7:a7 Ct>1,

then

k k k k
> ldil f(ri, Ri) > (Z |di|> f (Zn,ZRJ . (A.3.17)
=1 =1

=1 i=1

Proof. The proofs of (P1)-(P3) follow by a straightforward computation. We will prove (P4).
For all i, R; +r; > 0 and R; — r; > 0. Thus,

R} —r? = (R + 1) (R; — 1)

k k
< (Rj+r) | [ DR —r))
J=1 j=1
k k k k
= (2R | (2 Ri= 2
Jj=1 J=1 j=1 j=1
k 2 k 2
=\ 2B X
Jj=1 j=1
R, YR
and (we will use that « = — = 91;7)7
Ti )i
k k b k 2 . 2
flri,R;)) > 7w [loga — = ZRJ*ZTJ 7? ZRJ _ ZTJ
g=1 J=1 Jj=1 j=1
k k
>f Do D R
=1 =1
Multiplying the above inequality by |d;| and summing over i yields the result in (P4). O

A.4 Construction of vortex disks for S! valued functions

The next proposition establishes the existence of disjoint disks as in Theorem

Proposition A.4.1. Let V C R? be an open set and w C R? be a compact set. Assume that
: 1 4. 2 1 1
v:V\w—S, A:V—R beC andr(w)<2m.
Then, for any r(w) < o < 2\/1}17, there exists a family (B;) of disjoint disks of radii r;

such that

1. ZZ-T'Z‘ZU

2. wC UiEi
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3. Letting h = curl A and v = €', then,

Z (/ Vo — A\de—i-/ |curl A — hey|? d:c) > 2 (log
B;\w

7

) Z dp,|, (A.4.1)

where C is a positive constant and dp, is the winding number of v restricted to dB; if B; € V,

and zero otherwise.

Proof. By definition of r(w) and Remark there exists a finite collection of disjoint closed
disks B(0) = (B;(0));ez(0) such that,

r(w) < r(B(0)) < min(2r(w),o) .

Thanks to Theorem for all £ > 0, there exists a family of disks B(t) = (B(t))iez() such
that,
r(B(t) = ¢'r(B(0)).

Furthermore, there exists a finite set T such that, if [tg,t1] C R\ 7', then
B(t1) = " ""B(tg) .

Let us define t, > 0 by the relation,

Suppose that TN [0, t.] = {t1,t2, - ,t,} such that t; < --- < t,. We will treat the harder case
where this set is non-empty and 0 < t; < t,, = t4«. We let 5 = 0.

We have
U Bitto) |\ U Bi(0) | = U Bitte) |\| U Bilte-1)
1€Z(tx) 1€Z(0 k=1 1€Z(ty) 1€T(te—1)
Let us take

1
O0<e< — min (ty —tp_1).
212}3&(;6 k—1)

Now, we have the inclusion,

U U B(-au)|\| U Bi((l+e)tr)

i€T(tk—1) i€L(tk—1)
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In light of the obvious inclusion,
U Bt |\ | U B0 | c| U Bilta) | \w,
i€T(tx) i€Z(0) i€ (tx)

/ \V(p—A|2dw+/ |curl A — hey|? dz
UB‘(t*)\w U Bi(tx)

> / ]V@—A\QdfnjL/ |curl A — hey|? dx
Z Z ( Bi(tr)\Bi(tk-1) Bi(ty)

k=14€Z(ts—

> / Voo — AP d + /
I;zelg,; D ( Bi((1=e)tp)\Bi((1+e)tk—1)

Bi((1+e)tr—1)

we get,

|curl A — Ry |? dx) .
By Theorem

B((1 — e)ty) = et~ te1—elttte-OB(1 — &)ty _y).

We can apply Lemma to write a lower bound for every

|V<p—A|2d;L‘—|—/ |curl A — hey|? daz,

/Bi((1—6)tk)\Bi((l+€)tk_1) Bi((l—&—s)tk_l)

then we sum over ¢ and use Lemma to write,

Z (/ |V¢A|2dx+/ |cur1AheX|2dac)
ieZ(tp_) \7Bil(A=e)te\Bi((1+e)tr—1) Bi((14e)tr—1)

=2 ( Z de(tk)) x f(T(B((l —e)ty),r(B((1+ €)tk»_1)) , (A4.2)

1€L(tk—1)

where f is the function introduced in (A.3.17), and for all t > 0, dp, (4, ) is the degree of v = e'v
on OB;(t) if B;(t) C V and dp,(,) = 0 otherwise.

Thanks to Lemma, we have,

Z dB, (1) = Z ldB, () -

iEI(tk_ﬂ ’iEI(t*)

We insert this into (A.4.2) then sum over k € {1,--- ,n}. In that way, we get,

— Al dx cur — Nex 2dx
Zi: (/Bi(t*)\w ’vso A‘ ot /Bz(t*) ‘ A= e ‘ ! )
2 (Z \dp, 1. ) D (B = e)t),r(B((1 4 €)tg—1)) . (A.4.3)
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Notice that, by Theorem for all k € {1,--- ,n},
r(B((1 —e)ty) = e % r(B(ty) and r(B((1+ e)ty_1) = e*1r(B(tp_1).

Now, since the term on the left hand side of (A.4.3)) is independent of € > 0, we take the limit
as € — 04 and obtain that,

Z </ ]V@—A\de—i—/ |curl A — hey|? dx)
; Bi(t«)\w Bi(t«)

> (Z rdios*)\) S S (Bt r (Bl 1) . (Add)
i k=1
Now, we use Lemma [A.3.4] to write,
S F(r(Blt), 7Bt 1)) = £ (r(B(t),r(B(0)) .

k=1

Note that, by our choice of r(B(t.) = o and r(B(0) € [r(w),2r(w)], and the definition of the f,
we infer now from (A.4.4])

g </ ]V@—A\Qdaﬁ+/ |curl A — hey|? dm)
i Bi(t«)\w Bi(t«)
o
> . -
> 27 ( EZ dz(t*)\> (log ) C> ,

where C' is a constant. If the term (log r(”—w) — C’) < 0, then we have the obvious estimate,

Z / |V¢—A[2dm+/ lcurl A — hey|*dz | > 0= <10g g —C) )
i Bi(t«)\w B;(ts) r(w) n

7

In that way, we finish the proof of the proposition. ]

A.5 Proof of Theorem [A.1.1]

This section contains the lengthy proof of Theorem We will work under the assumptions
in Theorem [A-T.1]

We will split the proof into seven steps.

Step 1 : Locating the set of vortices.

Recall that (u, A) is a configuration satisfying . We will prove that there exists

t. € [1 — L(e)71,1], such that,
1

<S>
r(’ytg) 2\/@
where v, = 09, and Q. = {x € K : |u(x)| > t.}.

(A5.1)
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Having in mind the definition of a and b in (A.3.4) and (A.3.5)), thanks to (A.3.3), we find
that,

1
Jie(u, A) > / alt) + 2tb(t) dt
\f 1|1—t2

(e) dt
)
‘f/ e

Now, the assumption in (A.1.5) ensures that, for € € (0,g¢) and ¢y sufficiently small,

V2 ! 11— t2
— e dt .
2 G e

Using the mean value theorem, there exists ¢. € [%, 1] such that

hex €2 log

_ 11— 22| /1 11— 2 2 5 1
L(e = dt < —= hex £°1 :
(&) r(m)— e € rw)dt < =5 8 i

Using that |1 —¢2| > 2 if ¢t € [3,1], we get further,

rl) < =8 ch e?(lo ! )2 (A.5.2)
’Yts _3\/5 ex gg hex . .O.

With (A.1.3) and (A.1.4)), (A.5.2) becomes,

1 4
() <€ <log >
v hex
1

hex ‘

< (A.5.3)

Here, we have used the fact that z (log %)4 — 0asx — 04, and ev/hex — 0 as e — 0.

Therefore, for € small enough, we obtain,

r(ye.) < 1
TS hes

Step 2 : Construction of vortex disks.

We will apply Proposition with V=K, v= I%I and w = Q..

Thanks to (A.5.1), for € small enough, we observe that,

’I"( )<i
TS o e

Thus, we can take ¢ = —— in Proposition We find a finite collection of closed disks

2v/hex



164 A Theorem a la Sandier-Serfaty

(B;)iet, such that, every disk B; has radius r;,

1. 1 — —
’U|Zt8>§ an\U’iBiv ZZ:TZ:2 hexv thCL;JBi)
and,
12/ \V@—A\Qdaﬁ+1/ h— hex?dz > (Y |dg,| <1og1_c> .
2 JAa.. 2 /B, N - ' (e )V hex N

(A.5.4)
Step 3 : Upper bound on the total degree.

Since |u| > t. =1 — L(g)~! in every B; \ ., then,
1 2 1 2 -1
= Vo — APdz+ = | |h— hex|?do < (14 L(e) V) Jk (u, A) .
2 5 Y Bi\Qu. 2 B;
We insert this into (A.5.4) and use the upper bound in (A.1.5) to obtain,

o # — 1 21(e )1 £)1/2
(ZuB \) (1 S Ve c>+ < Shel’L(z)(1+2L(e) " +2f()"%).  (A55)

We write,

“log r(v.) '

1 1
——— =log
(Ve )V hex eV hex €
Thanks to the condition in (A.1.4)) and the estimate in (A.5.2), we have,

log

log 7’(1755) < ClogL(e).

We insert this into (A.5.5)

d lo —ClogL(e) — C
(ZIg\)(g@ g L(e) >+§

After simplification, we obtain,

hexl?L()(1 + 2L(e) ™" 4 2f()"/?) .

[N

21 ) " |dp;| < hext? <1 + C max (f(e)l/Q, L)Y, bié_()g))) . (A.5.6)

Step 4 : Refinement of the family of disks.

Recall that u = |u|e’¥ and the definition of the term b(t) in (A.3.5). We know that,

) > Z |dp, | <log o )1\/@ - 0)+ , (A.5.7)

We will extract from the collection (B;);ez a sub-collection (B;)¥_, such that, for every i, B; € K
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and

k 1
L
2 Y " dp, > hexl? <1 - fA)+ with A= (h (522> o (A.5.8)
i=1 ox

Notice that, proving ({A.5.8]) finishes the proof of Theorem We will prove (A.5.8)) in four
steps.
Step 4.1 : An auxiliary field.

Let A be a minimizer of the following problem :

1 1
Z(A) = min / Vo — A dz + / |curl A — hey |2 dx | . (A.5.9)
AeHY(KR?) \ 2 JK\Q,. 2 JKk
divA=0

Starting from a minimizing sequence, it is standard to prove the existence of a minimizer A. Let
h = curl A. We will prove that h satisfies,

—Vih=Vp—-A in K\ Q. (A.5.10)
h = cst in each connected component of €2;_ (A.5.11)
h = hex on 9K \ Q.. (A.5.12)

Let B € H!(K,R?) and divB = 0. Therefore, for all s, A+sB € H'(K,R?) and div(A + sB) = 0.
Let
i(s) =I(A + sB).

Since A is a minimizer of Z, then i has a minimum at s = 0 and 4 (0) = 0. By straightforward

computations, we find,

i(s) = Z(A + sB)

1 ~ 1 ~
:/ B |ch—(A+sB)|2dx+/ |curl(A + sB) — hex|? da,
2 Jk\a, 2 Jk

and

i'(s) = —/ ~ B(Vp - (A + sB)) d —l—/ curl B(curl(A + sB) — hey) da .
K\Qi. K

Therefore, ¢'(0) = 0 yields,

—/ B(w—ﬁ)dﬂ/ curl B(curl A — hey) dz = 0.
K\, K

Integrating by parts the second integral in the lLh.s. yields that h = curl A is a solution to
(A.5.10)-(A.5.12]).

Step 4.2 : Estimating the auxiliary field.

Here, we are going to prove that the auxiliary field & is close to h. Recall that |(V—iA)u|? =
IV|ul|2 4 |ul?|Ve — AJ?2, A is a minimizer of the problem (A.5.9) and |u| > t. =1 — L(¢)~! in
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K\ Q.. Now, (A.5.10) and (A.5.11)) yield,

1 1
Ji (u, A) > 2 <2/K\Q |V<p—A]2d3:—|—2/K|cur1A—heX|2dx>
te

1 . 1 [ -
> t? / |Vh2dm+/ |h — hey |2 dz | .
2 K\Q¢. 2 Jk

Using (A.1.5), we get,

/ \Vh|? da +/ \h — hex |2 da < 2 hexl” log ! (A.5.13)
K\, K . Tt eV hex o
Since h is constant in every connected component of £;_, then Vh =0 in ;. and consequently,
(A.5.13)) becomes,
. . 2 hex(? 1
Vhi*d +/ h— hex?dz < ——2—1 . A5.14
J i [ e < 25t (A5.14

Step 4.3 : The auxiliary field and the degree.

Here, we will explore a relationship between the degree of u/|u| and the auxiliary field h.

Let (w;); be the collection of connected components of Q. If w; € K, let d,,, = deg(e™?, dw;).
Now, suppose that w; € K. We have, using the definition of the degree, (A.5.10) and

Stokes formula,

2ndy,; = 890:/ A-T— 6]1:/ h— @, (A.5.15)
Ow; or Ow; Ow; on w Buw; on

where we have essentially used Stoke’s theorem and ({A.5.10)).
Since curl(Vy) = 0, then applying the operator curl on (A.5.10) yields,
—Ah = —curl(V*h) = curl(Vy) — curl A = —h. (A.5.16)
This gives that,

—~Ah+h=0, inK\Q,. (A.5.17)

Let K’ C K be an open subset of K such that 0K’ N ;. = (). Suppose that the boundary of K’
is piecewise smooth. We integrate (A.5.17) over K’ \ Q;_. Using Integration by Parts, we obtain,

A oh oh A
/ —Ah+ hdr = — — + +/ hdxr=0.
K\, oK’ On o0, On KN\,
Therefore,

oh / , / oh / oh
—_ R + h d"L' = — _— = — —_—. A.5.18
o' On  Jrna, o0, On 2 ) Jou; on ( )

{’i, w; CK'
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Here, we used the assumption that 0K’ N Q; = 0 to write,

oh oh
/(99t 871 B {LMZCK'} Aw; 871 '

Using (A.5.18)), (A.5.15)) and the assumption K’ N Q. = 0, we get

—/ ah+/ hdr = — 8h+/ izd;c+/ hda
ok On ! or’ On KN\Q:, K'N,

oh "
= L 2 L

{i,wiCK’
= ) 2nd,. (A.5.19)
{i,wZ-CK’}

{i,w; CK'}

Step 4.4 : A lower bound of the total degree.

For every 8 > 0, we introduce the following subset of the square K,
Kg={z e K : dist(z,0K) > 5} .

Notice that, for all 0 < 8 < £/2, K; occupies a square of side-length ¢ —24. Later, we will choose
a = a(e) € (0,1) such that

1 14
—<LaK - (e—=04). (A.5.20)
hex 4
Since « satisfies (A.5.20) and ), r; = 2\/%, then the (Lebesuge) measure of the set,

T ={8¢€(0,0]: 0Ksn| | B: = &}

satisfies,
7| >

To see this, notice that
T°Cm (U Bi> Jm (U Bi) ;
i i
where

m : (x1,22) = 21 and  mo : (w1, 22) > X2 .

(s ()

Consequently, we see that,

T < +

§4ZT‘¢<%.
%
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Now, consider the set

2

h Pex 02 1
T = BGT:/ g— 862 log
8[{5 n até vV hex
We claim that,
> 2
4

To see this, we write by the co-area formula,

/ \vh|2dx—/ (/ |vm?> ds.
K\Kq 0 dKg

Since 7" C T C [0, o] and |Vﬁ] = |0lAL/0n|, we get further,

. 8 hex 2 1 8 hex 2 1
Vh|*d >/ S | dg > (|T| — |T') —=— 1 .
/K\Ka | | v= T\T’ < at€2 °8 v/ hex) F2 (| | ’ |) atEQ o8 v/ hex

Now, using (A.5.14]), we get,

8 hex 2 1 2 hex £2 1
log < log

at€2 gV hex o t£2 gV hex .

Since |T'| > §, we deduce that |T"| > §.

(7] = 17")

Now, since |T”| > 0, then T" # () and there exists 5y € [0, ] such that

2

Oh| Shex 1
0Kg,N| |Bi=9 d — 1 . A5.21
" LzJ " /amo on ot e ( )
In particular, we have that
8[(50 N ﬁt =0 ,

and

Z dBi = Z dwi ;

BiCKﬁO i"’JiCK,B()

where (w;); are the connected components of 2.
We define the sub-collection of (B;)%_; to be (Bi)BicKg,)-

Now, we can apply (A.5.19) with K’ = Kz, and get,
\ oh
oy dBiz/ h/ —
K, 0Ky, ON

BiCK,@O
>/ hex—/ h— hex| — (A.5.22)
K[’U Kﬁo

[ o
0Kpg, on|
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Since the region Kpg, occupies a square of side length ¢ — 20, then,
|Kgol = (£=260)°  and  [9Kg,| = 4(£ =2 5o) .
Since [y € (0,a] and o < g, then,
(0 —a)? <|Kg,| <€ and  4(0—2a) < |0Kg,| < 4.

Now, we have the following simple inequalities,

/ hex 2 hex(g - Oé)2 )
Kﬂo

/ B — hex gz(/ ﬁ—hex\2>
Kg Kg,

0
2
1
<ot [
0K,

/ oh
6K60 on
The last two inequalities are obtained via Cauchy-Schwarz. Now, we put these inequalities into

A.5.22), use (A.5.14), (A5.21) and expand (£ — «)? to obtain,
( ) ( p

N[

and
oh
on

C s (hex L)\ 2
2md(t) > hex (£ — )% — ?eg ()

)

40 C [ L(e)
> (2 - = . 5.
> 07 hex (1 L (hexﬁa» (A.5.23)

Now, we choose

Under Assumption (A.1.4), we get, for € small enough,

a K g
4 )
and,
L(e) L(e) 1
L .
P e he 2 L)
Thus,
1 1
L(e)27s 1

o>

> .
V heX V hex
Therefore this choice of « respects (A.5.20)). Moreover, (A.5.23) becomes,

2 d(t) > 02 hey (1 — fA) ,

S
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