
HAL Id: tel-01199739
https://theses.hal.science/tel-01199739

Submitted on 16 Sep 2015

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Static analysis of embedded multithreaded programs
Jean-Loup Carré

To cite this version:
Jean-Loup Carré. Static analysis of embedded multithreaded programs. Computer science. École
normale supérieure de Cachan - ENS Cachan, 2010. English. �NNT : 2010DENS0018�. �tel-01199739�

https://theses.hal.science/tel-01199739
https://hal.archives-ouvertes.fr


P❤❞ ❚❤❡s✐s ✐♥ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡

❙t❛t✐❝ ❆♥❛❧②s✐s ♦❢ ❊♠❜❡❞❞❡❞ ▼✉❧t✐t❤r❡❛❞❡❞ Pr♦❣r❛♠s

❏❡❛♥✲▲♦✉♣ ❈❛rré

▼❛✐ ✷✵✶✵



✷

❏✉r②

❼ Pr♦❢✳ ❍❆▲❇❲❆❈❍❙ ◆✐❝♦❧❛s ✭♣r❡s✐❞❡♥t✮

❼ Pr♦❢✳ ❙❊■❉▲ ❍❡❧♠✉t ✭r❡✈✐❡✇❡r✮

❼ ❘❡✈✐❡✇❡r ✿ Pr♦❢✳ ❇❖❯❆❏❏❆◆■ ❆❤♠❡❞ ✭r❡✈✐❡✇❡r✮

❼ ❉r✳ ❏❊❆◆◆❊❚ ❇❡rtr❛♥❞

❼ ❉r✳ ❑❯◆❈❆❑ ❱✐❦t♦r

❼ ❉r✳ ❍❨▼❆◆❙ ❈❤❛r❧❡s

❼ Pr✳ ●❖❯❇❆❯▲❚✲▲❆❘❘❊❈◗ ❏❡❛♥ ✭P❤❞ ❆❞✈✐s♦r✮



❚❛❜❧❡ ♦❢ ❈♦♥t❡♥ts

■ ■♥tr♦❞✉❝t✐♦♥ ✾

✶ ■♥tr♦❞✉❝t✐♦♥ ✶✶

✶✳✶ ▼✉❧t✐t❤r❡❛❞✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶
✶✳✷ Pr♦❣r❛♠ ❱❡r✐✜❝❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸

✷ ▼❛t❤❡♠❛t✐❝❛❧ ❇❛s✐s ✶✼

✷✳✶ ❈❧❛ss✐❝❛❧ ◆♦t❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼
✷✳✶✳✶ ▲♦❣✐❝❛❧ ❙②♠❜♦❧s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼
✷✳✶✳✷ ❙❡ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼
✷✳✶✳✸ ❋✉♥❝t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✷✳✷ ❇✐♥❛r② ❘❡❧❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾
✷✳✸ ❖r❞❡r✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵

✷✳✸✳✶ ❇♦✉♥❞s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷
✷✳✸✳✷ ▲❛tt✐❝❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸
✷✳✸✳✸ ❈♦♥str✉❝t✐♦♥ ♦❢ ▲❛tt✐❝❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻

✷✳✹ ❲♦r❞s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻
✷✳✹✳✶ ❋■❋❖ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✸ ❆❜str❛❝t ■♥t❡r♣r❡t❛t✐♦♥ ✷✾

✸✳✶ ❇❛s✐❝ Pr✐♥❝✐♣❧❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾
✸✳✷ ●❛❧♦✐s ❈♦♥♥❡❝t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵
✸✳✸ ❲✐❞❡♥✐♥❣ ❛♥❞ ◆❛rr♦✇✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸
✸✳✹ ❘❡❞✉❝❡❞ Pr♦❞✉❝t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻
✸✳✺ ❈♦♥❞✐t✐♦♥❛❧ ❙♦✉♥❞♥❡ss✴❇❧♦❝❦✐♥❣ s❡♠❛♥t✐❝s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

✸



✹ ❚❆❇▲❊ ❖❋ ❈❖◆❚❊◆❚❙

✹ ❊①✐st✐♥❣ ❛♥❛❧②s❡s ✹✸

✹✳✶ ■♥tr♦❞✉❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✹✳✷ ❈♦♥tr♦❧ ❋❧♦✇ ●r❛♣❤ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✹✳✸ ▲♦❝❛t✐♦♥ ❙❡t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

✹✳✹ ❘✳ ❘✉❣✐♥❛ ❛♥❞ ▼✳ ❈✳ ❘✐♥❛r❞ ❆♥❛❧②s✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼

✹✳✹✳✶ P♦✐♥ts✲t♦ ●r❛♣❤ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼

✹✳✹✳✷ ●❡♥✴❑✐❧❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼

✹✳✹✳✸ ▼✉❧t✐t❤r❡❛❞✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼

✹✳✺ ❚❤r❡❛❞✲▼♦❞✉❧❛r ▼♦❞❡❧✲❈❤❡❝❦✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

✹✳✺✳✶ ▼♦❞❡❧ ❈❤❡❝❦✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

✹✳✺✳✷ ❆❜str❛❝t ■♥t❡r♣r❡t❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

✹✳✺✳✸ ▼✉t❡①❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶

✹✳✻ P✉r❡ ●❡♥✴❑✐❧❧ ❆♥❛❧②s❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸

✹✳✼ ❉❛t❛✲r❛❝❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✹

✹✳✼✳✶ ❚②♣❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✺

✹✳✼✳✷ ❚❤❡ ●♦❜❧✐♥t ❚♦♦❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✺

✹✳✼✳✸ ❘❡❡♥tr❛♥t ▼♦♥✐t♦rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻

✺ ❙❡♠❛♥t✐❝s ❍✐❡r❛r❝❤② ✺✾

■■ ❈♦♥❝r❡t❡ ▼♦❞❡❧s ✻✶

✻ ▲❛♥❣✉❛❣❡ ✻✸

✼ ❖♣❡r❛t✐♦♥❛❧ ❙❡♠❛♥t✐❝s ✻✼

✼✳✶ ■♥tr♦❞✉❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✼

✼✳✷ ❉❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❙②st❡♠✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✼

✼✳✷✳✶ Pr♦❣r❛♠ ❡①❡❝✉t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✵

✼✳✸ ❉❡s❝❡♥❞❛♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✷

✼✳✹ Pr♦♣❡rt✐❡s ♦❢ t❤❡ ❧❛♥❣✉❛❣❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✺

✼✳✹✳✶ ▲❛❜❡❧s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✺

✼✳✺ ❈♦♥❝❧✉s✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✻

✽ ■♥t❡r❧❡❛✈✐♥❣ ❙❡♠❛♥t✐❝s ✼✾

✽✳✶ ▼❛♣s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✾

✽✳✷ ●❡♥✴❑✐❧❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✶

✽✳✷✳✶ P✉r❡ ●❡♥✴❑✐❧❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✶

✽✳✷✳✷ P♦✐♥ts✲t♦ ●r❛♣❤ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✷

✽✳✷✳✸ ●❡♥❡r❛❧ ●❡♥✴❑✐❧❧ ❆♥❛❧②s✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✷



❚❆❇▲❊ ❖❋ ❈❖◆❚❊◆❚❙ ✺

✾ ❲❡❛❦ ▼❡♠♦r② ▼♦❞❡❧ ✽✸

✾✳✶ ■♥tr♦❞✉❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✸
✾✳✷ ❚❙❖ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✹

✾✳✷✳✶ ❊①❛♠♣❧❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✻
✾✳✸ P❙❖ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✼

■■■ ❋r♦♠ ❙✐♥❣❧❡✲t❤r❡❛❞❡❞ t♦ ▼✉❧t✐t❤r❡❛❞❡❞✿ ❈♦r❡ ▼♦❞❡❧ ✽✾

✶✵ ■♥t❡r♠❡❞✐❛t❡ ❙❡♠❛♥t✐❝s ✾✶

✶✵✳✶ ❇❛s✐❝ ❈♦♥❝❡♣ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✶
✶✵✳✷ ❉❡✜♥✐t✐♦♥ ♦❢ t❤❡ ●✲❝♦❧❧❡❝t✐♥❣ ❙❡♠❛♥t✐❝s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✹
✶✵✳✸ Pr♦♣❡rt✐❡s ♦❢ t❤❡ ●✲❝♦❧❧❡❝t✐♥❣ ❙❡♠❛♥t✐❝s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✵

✶✶ ❖✈❡r❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ■♥t❡r♠❡❞✐❛t❡ ❙❡♠❛♥t✐❝s ✶✵✺

✶✶✳✶ ❇❛s✐❝ ❙t❛t❡♠❡♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✻
✶✶✳✷ ❈♦♠♣♦s✐t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✽
✶✶✳✸ ✐❢ ❙t❛t❡♠❡♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✸
✶✶✳✹ ❲❤✐❧❡ ❧♦♦♣s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✻
✶✶✳✺ ❚❤r❡❛❞ ❈r❡❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✵

✶✷ ❉❡♥♦t❛t✐♦♥❛❧ ■♥t❡r♠❡❞✐❛t❡ ❙❡♠❛♥t✐❝s ✶✷✼

✶✷✳✶ ❉❡✜♥✐t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✼
✶✷✳✷ ❈♦♥♥❡❝t✐♦♥ ❇❡t✇❡❡♥ ❙❡♠❛♥t✐❝s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✽

✶✷✳✷✳✶ ❙♦✉♥❞♥❡ss ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✽
✶✷✳✷✳✷ ❈♦♠♣❧❡t❡♥❡ss ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✾
✶✷✳✷✳✸ ❈♦♥❝❧✉s✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✶

■❱ ❆❜str❛❝t ❙❡♠❛♥t✐❝s ✶✸✸

✶✸ ●❡♥❡r✐❝ ❆❜str❛❝t✐♦♥ ❢♦r ■♥t❡r❧❡❛✈✐♥❣ ❙❡♠❛♥t✐❝s ✶✸✺

✶✸✳✶ ❆❜str❛❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✺
✶✸✳✷ ❙❡♠❛♥t✐❝s ♦❢ ❈♦♠♠❛♥❞s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✽

✶✹ ❆❜str❛❝t ❉♦♠❛✐♥s ❢♦r ❙❡q✉❡♥t✐❛❧ ❈♦♥s✐st❡♥❝② ✶✹✸

✶✹✳✶ ▼❛♣s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✸
✶✹✳✶✳✶ ▼❛✐♥ ❆❜str❛❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✸
✶✹✳✶✳✷ ❊rr♦rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✺
✶✹✳✶✳✸ ❊①❛♠♣❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✺

✶✹✳✷ ❈❛rt❡s✐❛♥ ❆❜str❛❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✺
✶✹✳✸ ●❡♥✴❑✐❧❧ ❆♥❛❧②s❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✼

✶✺ ❆❜str❛❝t✐♦♥ ❢♦r ❲❡❛❦ ▼❡♠♦r② ▼♦❞❡❧s ✶✹✾



✻ ❚❆❇▲❊ ❖❋ ❈❖◆❚❊◆❚❙

✶✻ ❆❜str❛❝t ❉♦♠❛✐♥s ❢♦r ❲❡❛❦ ▼❡♠♦r② ▼♦❞❡❧s ✶✺✸

✶✻✳✶ ▼❛♣s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✸
✶✻✳✷ Pr♦t❡❝t❡❞ ❱❛r✐❛❜❧❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✹

✶✻✳✷✳✶ ▲❛tt✐❝❡ ♦❢ ❆❜str❛❝t ❙t❛t❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✹
✶✻✳✷✳✷ ▲❛tt✐❝❡ ♦❢ ❆❜str❛❝t ❚r❛♥s✐t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✺
✶✻✳✷✳✸ ❘❡❞✉❝❡❞ Pr♦❞✉❝t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✻

✶✻✳✸ ❙❡t ♦❢ ▲♦❝❦s ❛♥❞ ❆❝q✉✐s✐t✐♦♥ ❍✐st♦r✐❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✽
✶✻✳✸✳✶ ▲❛tt✐❝❡ ♦❢ ❆❜str❛❝t ❙t❛t❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✽
✶✻✳✸✳✷ ▲❛tt✐❝❡ ♦❢ ❆❜str❛❝t ❚r❛♥s✐t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✽
✶✻✳✸✳✸ ❆♥t✐✲❈❤❛✐♥s ♦❢ ❆❝q✉✐s✐t✐♦♥ ❍✐st♦r✐❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✾

✶✼ ▲❛♥❣✉❛❣❡ ❊①t❡♥s✐♦♥s ✶✻✶

✶✼✳✶ ❈♦♥❞✐t✐♦♥s ❛♥❞ ❆❝t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✶
✶✼✳✷ P❛r ❈♦♥str✉❝t♦r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✷

✶✼✳✷✳✶ ❈♦♥❝r❡t❡ ❙❡♠❛♥t✐❝s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✷
✶✼✳✷✳✷ ■♥t❡r♠❡❞✐❛t❡ ❉❡♥♦t❛t✐♦♥❛❧ ❙❡♠❛♥t✐❝s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✹
✶✼✳✷✳✸ ❆❜str❛❝t ❙❡♠❛♥t✐❝s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✻

✶✼✳✸ ❋✉♥❝t✐♦♥ ❈❛❧❧s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✼
✶✼✳✸✳✶ ❊①❛♠♣❧❡s ♦❢ ❆❜str❛❝t ❉♦♠❛✐♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✾
✶✼✳✸✳✷ ❆❝q✉✐s✐t✐♦♥ ❍✐st♦r✐❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✾
✶✼✳✸✳✸ P❛rt✐❛❧ ❋✉♥❝t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✷

✶✼✳✹ ❈♦♥❝❧✉s✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✷

❱ ❆ ❈♦♠♣❧❡t❡ ❙t❛t✐❝ ❆♥❛❧②③❡r✿ ▼❚✲P❡♥❥✐❧✐ ✶✼✸

✶✽ ■♠♣❧❡♠❡♥t❛t✐♦♥ ✶✼✺

✶✽✳✶ P❡♥❥✐❧✐✿ ❚❤❡ ❊❆❉❙ ❚♦♦❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✺
✶✽✳✷ Pr❛❝t✐❝❛❧ ❘❡s✉❧ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✻
✶✽✳✸ ❈♦♠♣❧❡①✐t② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✽

✶✽✳✸✳✶ ❈♦♠♣❧❡①✐t② ♦❢ ❖♣❡r❛t✐♦♥s ♦♥ ❑ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✾
✶✽✳✸✳✷ ❈♦♠♣❧❡①✐t② ♦❢ ❲✐❞❡♥✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✾

❱■ ❈♦♥❝❧✉s✐♦♥ ✶✽✶

✶✾ ❈♦♥❝❧✉s✐♦♥ ✶✽✸

✶✾✳✶ ❈♦♥❝❧✉s✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✸
✶✾✳✷ P❡rs♣❡❝t✐✈❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✹

✷✵ ■♥❞❡① ✶✽✺

✷✶ ▲✐st ♦❢ ❋✐❣✉r❡s ✶✽✾
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❈❍❆P❚❊❘ 1

■♥tr♦❞✉❝t✐♦♥

✶✳✶ ▼✉❧t✐t❤r❡❛❞✐♥❣

❚❤❡ ♠❛✐♥ ❢❡❛t✉r❡ ♦❢ ♠✉❧t✐t❤r❡❛❞✐♥❣ ✐s t♦ ❛❧❧♦✇ s❡✈❡r❛❧ t❤r❡❛❞s t♦ ❜❡ ❡①❡❝✉t❡❞ ❝♦♥❝✉r✲
r❡♥t❧②✳ ❚❤✐s ❡♥❛❜❧❡s t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ♥❡✇ ❢❡❛t✉r❡s ❛♥❞ ✐♠♣r♦✈❡❞ s♣❡❡❞✳ ❚❤✐s ✐s ✇❤②
♠✉❧t✐t❤r❡❛❞✐♥❣ ✐s ❢r❡q✉❡♥t❧② ✉s❡❞ ✐♥ ♣r❛❝t✐❝❡✱ ❡✈❡♥ ✐♥ ❡♠❜❡❞❞❡❞ s♦❢t✇❛r❡✳

■♥ s❡q✉❡♥t✐❛❧ ♣r♦❣r❛♠s✱ s♦♠❡ r✉♥✲t✐♠❡ ❡rr♦rs ♠❛② ❤❛♣♣❡♥✱ ❡✳❣✳ ❛rr❛② ♦✈❡r✢♦✇s ✭❛t✲
t❡♠♣t t♦ ❛❝❝❡ss ✐♥ ❛♥ ❛rr❛② ♦✉ts✐❞❡ ♦❢ ✐ts r❛♥❣❡✮✱ ✐♥t❡❣❡r ♦✈❡r✢♦✇s ✭❝♦♠♣✉t❡s ❛♥ ✐♥t❡❣❡r
❣r❡❛t❡r t❤❛t ■◆❚❴▼❆❳✮✱ ✐♥✈❛❧✐❞ ♣♦✐♥t❡r ❞❡r❡❢❡r❡♥❝❡s✱ ♥♦t❛❜❧②✳ ❚❤❡s❡ ❜✉❣s ❝❛♥ ❛❧s♦ ❤❛♣♣❡♥
✐♥ ♠✉❧t✐t❤r❡❛❞❡❞ ♣r♦❣r❛♠s✳ ❲♦rs❡ t❤❛♥ t❤❛t✱ t❤❡② ❛r❡ ❤❛r❞❡r t♦ ❞❡t❡❝t ❞✉❡ t♦ ♣♦ss✐❜❧❡
✐♥t❡r❢❡r❡♥❝❡s ❜❡t✇❡❡♥ t❤r❡❛❞s✳

■♥ ❛❞❞✐t✐♦♥ t♦ t❤✐s✱ ♠✉❧t✐t❤r❡❛❞✐♥❣ ❝♦♠❡s ✇✐t❤ ♥❡✇ ❦✐♥❞s ♦❢ ❜✉❣s✱ ❡✳❣✱ ❞❛t❛✲r❛❝❡s ♦r
❞❡❛❞❧♦❝❦s✳ ❆ ❞❛t❛✲r❛❝❡ ♦❝❝✉rs ✇❤❡♥ t✇♦ ❞✐✛❡r❡♥t t❤r❡❛❞s ❛tt❡♠♣t t♦ ❛❝❝❡ss t❤❡ s❛♠❡
✈❛r✐❛❜❧❡ ❛t t❤❡ s❛♠❡ t✐♠❡ ❛♥❞ ❛t ❧❡❛st ♦♥❡ ♦❢ t❤❡s❡ ❛❝❝❡ss❡s ✐s ❛ ✏✇r✐t❡✑✳ ❉❛t❛✲r❛❝❡ ♠❛②
❧❡❛❞ t♦ ❛♥ ✉♥s♣❡❝✐✜❡❞ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♣r♦❣r❛♠✱ ❡✳❣✳✱ ✐♥ ❈ ♥♦r♠ ❬■❙❖✾✾❪✳

❆ ❧❛r❣❡ ✈❛r✐❡t② ♦❢ ♣❛r❛❧❧❡❧ ❡①❡❝✉t✐♦♥ ♠♦❞❡❧s ❡①✐sts✱ s♦♠❡ ❡❛s✐❡r t❤❛♥ ♦t❤❡rs t♦ ❛♥❛✲
❧②③❡✳ ❚❤❡ s✐♠♣❧❡st ❦✐♥❞ ♦❢ ♣❛r❛❧❧❡❧✐s♠s ❤❛s ❜❡❡♥ ✇❡❧❧ st✉❞✐❡❞ ❬❋◗✵✸✱ ▼P❘✵✻❜✱ ▼P❘✵✻❛✱
▼P❘✵✼❪✿ t❤r❡❛❞s ❡①✐st ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ ♣r♦❣r❛♠✱ ❛♥❞ ♥♦ ♥❡✇
t❤r❡❛❞ ✐s ❡✈❡♥ ❝r❡❛t❡❞✳

✶✶



✶✷ ❈❍❆P❚❊❘ ✶✳ ■◆❚❘❖❉❯❈❚■❖◆

❚✐♠❡ ❝♦❞❡✶ ❝♦❞❡✷

❋✐❣✉r❡ ✶✳✶✿ par④④ ❝♦❞❡✶ ⑥④ ❝♦❞❡✷ ⑥⑥

❚✐♠❡ ♣❛r❡♥t ❝♦❞❡1

❋✐❣✉r❡ ✶✳✷✿ create④❝♦❞❡✶⑥

❆ ♠♦r❡ ❣❡♥❡r❛❧ ❦✐♥❞ ♦❢ ♣❛r❛❧❧❡❧✐s♠s ✐s t❤r❡❛❞ ❝r❡❛t✐♦♥ ✉s✐♥❣ ❛ par st❛t❡♠❡♥t✳ ❚❤❡ par

st❛t❡♠❡♥t ❬❑❙❱✾✻✱ ❘❘✾✾✱ ❘❘✵✸✱ ❙❙✵✵❪ ❡①❡❝✉t❡s ✐♥ ♣❛r❛❧❧❡❧ t✇♦ ♣✐❡❝❡s ♦❢ ❝♦❞❡✿ par♣f1, f2q
❡①❡❝✉t❡s f1 ❛♥❞ f2 ✐♥ ♣❛r❛❧❧❡❧ ❛♥❞ t❤❡♥ r❡t✉r♥s✳ ❚❤✐s ❦✐♥❞ ♦❢ ♣❛r❛❧❧❡❧✐s♠s ✐s ✉s❡❞ ✐♥ s♦♠❡
❆P■ ❬❇♦❛✵✽❪✳ ■t ✐s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✶✳✶ ✿ t❤❡ ❡①❡❝✉t✐♦♥ ❜❡❣✐♥s ❛t t❤❡ t♦♣ ♦❢ t❤❡ ✜❣✉r❡✱
t❤❡ ♠❛✐♥ t❤r❡❛❞ s♣❛✇♥s t✇♦ t❤r❡❛❞s ❛♥❞ ✇❛✐ts ✉♥t✐❧ t❤❡✐r t❡r♠✐♥❛t✐♦♥✳ ❯s✐♥❣ t❤❡ par

st❛t❡♠❡♥t✱ ✇❡ ❝❛♥ ❡♥❝♦❞❡ ❛ ♣r♦❣r❛♠ ✇❤❡r❡ ❛❧❧ t❤r❡❛❞s ❛r❡ ❝r❡❛t❡❞ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣✿ ❡✳❣✳✱
❛ ♣r♦❣r❛♠ ✇❤❡r❡ t✇♦ t❤r❡❛❞s ❡①❡❝✉t❡ ✐♥ ♣❛r❛❧❧❡❧ f1 ❛♥❞ f2 ❝❛♥ ❜❡ ♠♦❞❡❧❡❞ ❜② par♣f1, f2q✳

❚❤❡ create st❛t❡♠❡♥t ❤❛s ❜❡❡♥ ❧❡ss st✉❞✐❡❞ ❬▲▼❖✵✽✱ ●❇❈�✵✼✱ ❇▼❖❚✵✺❪✱ ❜✉t ✐s ♠♦r❡
✉s❡❞ ✐♥ ♣r❛❝t✐❝❡✳ ❊✳❣✳✱ ✐t ✐s ✉s❡❞ ✐♥ ❏❛✈❛ ❬●❏❙❇✵✺❪✱ ✐♥ P❖❙■❳ ❬■❚✵✹❪ ❛♥❞ ✐♥ ❈✐❧❦❬❢❈❙✾✽❪✳
❚❤❡ create ❝♦♥str✉❝t♦r s♣❛✇♥s ❛ ♥❡✇ t❤r❡❛❞ ❛♥❞ ✐♠♠❡❞✐❛t❡❧② r❡t✉r♥s✳ ❚❤❡ ❋✐❣✉r❡ ✶✳✷
s❤♦✇s ❛♥ ❡①❡❝✉t✐♦♥ ♦❢ create st❛t❡♠❡♥ts✳ ❚❤❡ create st❛t❡♠❡♥t ✐s ❦♥♦✇♥ ❬▲▼❖✵✽❪ t♦ ❜❡
♠♦r❡ ❝♦♠♣❧❡① t♦ ❛♥❛❧②③❡ t❤❛♥ par ✳ ❋✉rt❤❡r♠♦r❡✱ ❛s ❡①♣❧❛✐♥❡❞ ❜② ❆✳ ❇♦✉❛❥❥❛♥✐✱ ▼✳ ▼ü❧❧❡r✲
❖❧♠✱ ❛♥❞ ❚✳ ❚♦✉✐❧✐ ❬❇▼❖❚✵✺❪✱ ♣❛r❛❧❧❡❧ ❝❛❧❧s ❝❛♥♥♦t ❛❞❡q✉❛t❡❧② ♠♦❞❡❧ ❛ ❝♦♠♠❛♥❞ t❤❛t
s♣❛✇♥s ❛♥♦t❤❡r t❤r❡❛❞ ❛♥❞ ✐♠♠❡❞✐❛t❡❧② r❡t✉r♥s✳

❉❡✜♥✐♥❣ ❛ s❡♠❛♥t✐❝s ❢♦r ♠✉❧t✐t❤r❡❛❞❡❞ ♣r♦❣r❛♠s ✐s ♥♦t s♦ ❡❛s②✳ ❲❤❛t ✐s t❤❡ ♠❡❛♥✐♥❣
♦❢ par♣x ✏ 1, x ✏ xq ❄ ▼✉❧t✐t❤r❡❛❞❡❞ ♣r♦❣r❛♠s s❤♦✉❧❞ ✐❞❡❛❧❧② ❜❡ ❡①❡❝✉t❡❞ ✇✐t❤ s❡q✉❡♥t✐❛❧
❝♦♥s✐st❡♥❝②✱ ✐✳❡✳✱ ❛♥② r✉♥ ✇♦✉❧❞ ❜❡ ❛♥ ✐♥t❡r❧❡❛✈✐♥❣ ♦❢ s❡q✉❡♥t✐❛❧ r✉♥s✳ ■♥ t❤❡ ♥❛♠❡ ♦❢
s✐♠♣❧✐❝✐t②✱ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ❛♥❛❧②s❡s ❬❋◗✵✸✱ ▼P❘✵✻❜✱ ▼P❘✵✻❛✱ ▼P❘✵✼✱ ❑❙❱✾✻✱ ▲▼❖✵✽✱



✶✳✷✳ P❘❖●❘❆▼ ❱❊❘■❋■❈❆❚■❖◆ ✶✸

❘❘✾✾✱ ❘❘✵✸✱ ❙❙✵✵❪ ❛ss✉♠❡ s❡q✉❡♥t✐❛❧ ❝♦♥s✐st❡♥❝②✳
◆❡✈❡rt❤❡❧❡ss✱ ❛s ▲❛♠♣♦rt s❛✐❞ ❬▲❛♠✼✾❪ ✿ ✏❋♦r s♦♠❡ ❛♣♣❧✐❝❛t✐♦♥s✱ ❛❝❤✐❡✈✐♥❣ s❡q✉❡♥t✐❛❧

❝♦♥s✐st❡♥❝② ♠❛② ♥♦t ❜❡ ✇♦rt❤ t❤❡ ♣r✐❝❡ ♦❢ s❧♦✇✐♥❣ ❞♦✇♥ t❤❡ ♣r♦❝❡ss♦rs✳✑ ▼❡♠♦r② ♠♦❞❡❧s
✇✐t❤♦✉t s❡q✉❡♥t✐❛❧ ❝♦♥s✐st❡♥❝②✱ ❛✳❦✳❛✳ ✇❡❛❦ ♠❡♠♦r② ♠♦❞❡❧s✱ ❛❧❧♦✇ ❢♦r s♣❡❡❞ ✐♥❝r❡❛s❡s ✐♥ t✇♦
✇❛②s✿ ✜rst✱ ❛s ✐♥ ▲❛♠♣♦rt✬s q✉♦t❡✱ ❜② ❧✐❢t✐♥❣ t❤❡ ❝♦♥str❛✐♥ts t❤❛t ♠✉❧t✐✲♣r♦❝❡ss♦rs s❤♦✉❧❞
❡♥s✉r❡ s❡q✉❡♥t✐❛❧ ❝♦♥s✐st❡♥❝②✱ ❛♥❞ s❡❝♦♥❞✱ ❜② ❛❧❧♦✇✐♥❣ ❝♦♠♣✐❧❡rs t♦ ❛♣♣❧② ♠♦r❡ ❛❣❣r❡ss✐✈❡
♦♣t✐♠✐③❛t✐♦♥s✱ ❡✳❣✳✱ ❜② r❡♦r❞❡r✐♥❣ ✐♥str✉❝t✐♦♥s ❛s ❡①♣❧✐❝✐t❧② ♠❛♥❞❛t❡❞ ✐♥ ❏❛✈❛ ❬●❏❙❇✵✺❪✱
❛♥❞ ❞♦♥❡ ✐♥ ♣r❛❝t✐❝❡ ✐♥ ❛♥② r❡❛s♦♥❛❜❧❡ ❈ ❝♦♠♣✐❧❡r✳

■♥ ❛ ✇❡❛❦ ♠❡♠♦r② ♠♦❞❡❧✱ ❡❛❝❤ t❤r❡❛❞ ❤❛s ❛ t❡♠♣♦r❛r② ✈✐❡✇ ♦❢ t❤❡ ♠❡♠♦r②✳ ❚❤❡ s❤❛r❡❞
♠❡♠♦r② ❛♥❞ t❤❡ t❡♠♣♦r❛r② ✈✐❡✇ ♦❢ ❛ t❤r❡❛❞ ❛r❡ ♥♦t ♥❡❝❡ss❛r✐❧② ❝♦♥s✐st❡♥t ✇✐t❤ ❡❛❝❤ ♦t❤❡r✿
t✇♦ t❤r❡❛❞s t❤❛t r❡❛❞ t❤❡ s❛♠❡ ✈❛r✐❛❜❧❡ s✐♠✉❧t❛♥❡♦✉s❧② ♠❛② ♦❜t❛✐♥ ❞✐✛❡r❡♥t ✈❛❧✉❡s✳

❚♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ ✐♥ ♠♦st st❛♥❞❛r❞ t❤r❡❛❞ ♠♦❞❡❧s✱ ❡✳❣✳✱ P♦s✐① ❬■❚✵✹❪ ♦r ❖♣❡♥▼P
❬❇♦❛✵✽❪✱ t❤❡ ♠❡♠♦r② ♠♦❞❡❧ ✐s ♥♦t s♣❡❝✐✜❡❞ ❛❝❝✉r❛t❡❧②✳ ■♥ ♣r❛❝t✐❝❡✱ t❤❡✐r ✇❡❛❦ ♠❡♠♦r②
♠♦❞❡❧ ✐s ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ ♣r♦❝❡ss♦r✬s ♠❡♠♦r② ♠♦❞❡❧ ❛♥❞ t❤❡ ♥❡❡❞ t♦ ❛❧❧♦✇ ❢♦r s♣❡❝✐✜❝
❢❛♠✐❧✐❡s ♦❢ ♦♣t✐♠✐③❛t✐♦♥s✳

✶✳✷ Pr♦❣r❛♠ ❱❡r✐✜❝❛t✐♦♥

❲❡ ❞♦ ♥♦t r❡❝❛❧❧ ❤❡r❡ t❤❡ ✇❡❧❧✲❦♥♦✇♥ ❞❡✜♥✐t✐♦♥ ♦❢ ❚✉r✐♥❣ ♠❛❝❤✐♥❡s✳ ■♥t✉✐t✐✈❡❧②✱ ❛ ❚✉r✐♥❣
♠❛❝❤✐♥❡ ✐s ❛♥ ❛❜str❛❝t ❝♦♠♣✉t❡r✱ ✇❤✐❝❤ ❝❛♥ ✉s❡ ❛♥ ❛r❜✐tr❛r② ❧❛r❣❡ ❛♠♦✉♥t ♦❢ ♠❡♠♦r②✶

❛♥❞ ❝❛♥ r✉♥ ❢♦r ❛♥ ❛r❜✐tr❛r② ❧♦♥❣ ❛♠♦✉♥t ♦❢ t✐♠❡✳
❆ s❡t X ✐s ❞❡❝✐❞❛❜❧❡✱ ✐❢ t❤❡r❡ ❡①✐sts ❛ ❚✉r✐♥❣ ♠❛❝❤✐♥❡ t❤❛t✱ ❣✐✈❡♥ ❛♥ ❡♥tr②✱ ❛♥s✇❡rs✷

✇❤❡t❤❡r t❤✐s ❡♥tr② ✐s ✐♥ X ♦r ♥♦t✳
❲❡ r❡❝❛❧❧ t❤❡ ✇❡❧❧✲❦♥♦✇♥ ❘✐❝❡ ❚❤❡♦r❡♠✿

❚❤❡♦r❡♠ ✶✳✶ ✭❘✐❝❡ ❚❤❡♦r❡♠✮✳ ●✐✈❡♥ ❛ ♥♦♥✲❝♦♥st❛♥t ♣r❡❞✐❝❛t❡ P ✿

tM ⑤ M ✐s ❛ ❚✉r✐♥❣ ♠❛❝❤✐♥❡ ❫ P ♣L♣Mqq✉ ✐s ✉♥❞❡❝✐❞❛❜❧❡✳

✇❤❡r❡ L♣Mq ✐s t❤❡ ❧❛♥❣✉❛❣❡ r❡❝♦❣♥✐③❡❞ ❜② t❤❡ ❚✉r✐♥❣ ♠❛❝❤✐♥❡ M ✳

❚❤❡ ❘✐❝❡ t❤❡♦r❡♠ ♠❡❛♥s t❤❛t ✐t ✐s ✐♠♣♦ss✐❜❧❡ t♦ ❞❡❝✐❞❡ ✐❢ t❤❡ ❧❛♥❣✉❛❣❡ r❡❝♦❣♥✐③❡❞ ❜②
❛ ❚✉r✐♥❣ ♠❛❝❤✐♥❡ s❛t✐s✜❡s ❛ ♥♦♥✲tr✐✈✐❛❧ ♣r❡❞✐❝❛t❡✸✳

▼♦st ✉s❡❞ ♣r♦❣r❛♠♠✐♥❣ ❧❛♥❣✉❛❣❡s ❛r❡ ❚✉r✐♥❣ ♣♦✇❡r❢✉❧✱ ✐✳❡✳✱ ❛❧❧ ❢✉♥❝t✐♦♥s ❝♦♠♣✉t❛❜❧❡
❜② ❛ ❚✉r✐♥❣ ♠❛❝❤✐♥❡ ♠❛② ❜❡ ✇r✐tt❡♥ ✐♥ t❤❡s❡ ❧❛♥❣✉❛❣❡s✹✳ ▼♦r❡♦✈❡r✱ t❤❡s❡ ❧❛♥❣✉❛❣❡s ❝❛♥
s✐♠✉❧❛t❡ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ ❛ ❚✉r✐♥❣ ♠❛❝❤✐♥❡✺✳ ❚❤❡r❡❢♦r❡✱ ♠♦st ✐♥t❡r❡st✐♥❣ ♣r♦♣❡rt✐❡s ❛r❡
✉♥❞❡❝✐❞❛❜❧❡✳

✶◆♦ ✏❖✉t ♦❢ ♠❡♠♦r②✑ ✇✐❧❧ st♦♣ ❛ ❚✉r✐♥❣ ♠❛❝❤✐♥❡✳
✷■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s ❚✉r✐♥❣ ♠❛❝❤✐♥❡ ❛❧✇❛②s t❡r♠✐♥❛t❡s✳
✸❖❜✈✐♦✉❧s②✱ t❤❡ ♣r♦❜❧❡♠ ✐s ❞❡❝✐❞❛❜❧❡ ✐❢ P ♣Xq ✏ true ❢♦r ❛❧❧ X✳ ❙②♠♠❡tr✐❝❛❧❧②✱ t❤❡ ♣r♦❜❧❡♠ ✐s ❞❡❝✐❞❛❜❧❡

✐❢ P ♣Xq ✏ false ❢♦r ❛❧❧ X✳
✹◆♦t✐❝❡ t❤❛t✱ ✐♥ ♣r❛❝t✐❝❡✱ ❛ ❝♦♠♣✉t❡r ❤❛✈❡ ❛ ✜♥✐t❡ ♠❡♠♦r②✳ ❚❤❡r❡❢♦r❡✱ ✐t ♠❛② r❛✐s❡ ❛♥ ✏❖✉t ♦❢ ♠❡♠♦r②✑

✇❤❡♥ ✐t ❝♦♠♣✉t❡s s♦♠❡ ❝♦♠♣❧❡① ❚✉r✐♥❣✲❝♦♠♣✉t❛❜❧❡ ❢✉♥❝t✐♦♥s✳
✺✏❚♦ ❜❡ ❛❜❧❡ t♦ s✐♠✉❧❛t❡ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ ❛ ❚✉r✐♥❣ ♠❛❝❤✐♥❡✑ ✐s ❛ str♦♥❣❡r ♣r♦♣❡rt② t❤❛♥ ✏t♦ ❜❡ ❚✉r✐♥❣✲

♣♦✇❡r❢✉❧ ✑✱ s✐♥❝❡ ✇❡ ❝❛♥ ❞❡✜♥❡ ❛ ❚✉r✐♥❣✲♣♦✇❡r❢✉❧ ♠❛❝❤✐♥❡ t❤❛t ✐s ♥♦t ❛❜❧❡ t♦ s✐♠✉❧❛t❡ ❛♥ ❛r❜✐tr❛r② ❚✉r✐♥❣
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✶ ✐ ♥ t ✈ ❬ ✸ ❪ ❀
✷
✸ ✐ ♥ t ❢ ✭ ✈♦✐❞ ✮ ④
✹ ✐ ♥ t ✐ ❀
✺
✻ ✳ ✳ ✳
✼ ✳ ✳ ✳
✽ ✳ ✳ ✳
✾

✶✵ r❡ t✉r♥ ✐ ❀
✶✶ ⑥
✶✷
✶✸ ✐ ♥ t ♠❛✐♥ ✭ ✈♦✐❞ ✮
✶✹ ④
✶✺ ✐ ♥ t ✐ ❂ ❢ ✭ ✮ ❀
✶✻ ✈ ❬ ✐ ❪❂✺❀
✶✼ ✳ ✳ ✳
✶✽ ⑥

❋✐❣✉r❡ ✶✳✸✿ Pr❡s❡♥❝❡ ♦❢ ❛♥ ❆rr❛② ❖✈❡r✢♦✇ ✐s ❯♥❞❡❝✐❞❛❜❧❡

❋♦r ✐♥st❛♥❝❡✱ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠✿

❊◆❚❘❨✿ ❆ ♣r♦❣r❛♠ P
◗❯❊❙❚■❖◆✿ ■s t❤❡ ♣r♦❣r❛♠ P ❢r❡❡ ♦❢ ❛rr❛② ♦✈❡r✢♦✇s ❄

❉❡t❡❝t✐♥❣ ❛rr❛② ♦✈❡r✢♦✇s ❤❛s t✇♦ ♠❛✐♥ ✐♥t❡r❡sts✿

❼ ❋♦r ❝♦♠♣✐❧❡rs✱ ✐t ❛❧❧♦✇s t❤❡♠ ♥♦t t♦ ❝❤❡❝❦ ❞✉r✐♥❣ t❤❡ ❡①❡❝✉t✐♦♥✱ ❛♥❞ t❤❡r❡❢♦r❡ ❛❧❧♦✇s
❝♦♠♣✐❧❡rs t♦ ❡♥❤❛♥❝❡ ❡①❡❝✉t✐♦♥ s♣❡❡❞ s✐❣♥✐✜❝❛♥t❧②✳

❼ ■t ❛❧❧♦✇s ♦♥❡ t♦ ♣r♦✈❡ t❤❡ ❛❜s❡♥❝❡ ♦❢ ✉♥✇❛♥t❡❞ ❛rr❛② ♦✈❡r✢♦✇s ❞✉r✐♥❣ r✉♥t✐♠❡✳ ❆♥
❛rr❛② ♦✈❡r✢♦✇ ❛t r✉♥✲t✐♠❡ ♠❛② ❝♦rr✉♣t s✐❧❡♥t❧② ❝♦rr✉♣t t❤❡ ♠❡♠♦r② ❛♥❞ ❧❡❛❞ t♦
✉♥✇❛♥t❡❞ r❡s✉❧ts✳

❆♥ ❛rr❛② ♦✈❡r✢♦✇ ♦❝❝✉rs ✇❤❡♥ t❤❡ ♣r♦❣r❛♠ ❛tt❡♠♣ts t♦ ❛❝❝❡ss ❛♥ ❛rr❛② ♦✉t ♦❢ ✐ts
r❛♥❣❡✳ ❊✳❣✳✱ ✐♥ ❋✐❣✉r❡ ✶✳✸✱ ✐❢ t❤❡ ❢✉♥❝t✐♦♥ ❢ r❡t✉r♥s ❛ ✈❛❧✉❡ t❤❛t ✐s ♥♦t ✐♥ r0, 2s✱ ❛♥ ❛rr❛②

♠❛❝❤✐♥❡✳ ▲❡t ✉s ❞❡✜♥❡ t❤❡ n✲s♠❛❧❧ ✇♦r❞ ♠❛❝❤✐♥❡s✳ ❙✉❝❤ ❛ ♠❛❝❤✐♥❡ ✐s ❛ ♣❛✐r ♣X,Mq ✇❤❡r❡ X ✐s ❛ ✜♥✐t❡
s❡t ♦❢ ✇♦r❞s ❛♥❞ M ❛ ❚✉r✐♥❣ ♠❛❝❤✐♥❡✳ ❲❤❡♥ ✇❡ ❧❛✉♥❝❤ ❛ n✲s♠❛❧❧ ✇♦r❞ ♠❛❝❤✐♥❡ T ✏ ♣X,Mq ♦♥ ❛ ✇♦r❞
w✱ ✐❢ w ✐s ❧❡♥❣t❤ s♠❛❧❧❡r ♦r ❡q✉❛❧ t❤❛♥ n✱ t❤❡♥✱ T ❛❝❝❡♣ts w ✐❢ ❛♥❞ ♦♥❧② ✐❢ w ∈ X✱ ❡❧s❡✱ T ❧❛✉♥❝❤❡s t❤❡
❚✉r✐♥❣ ♠❛❝❤✐♥❡ M ♦♥ w✱ ❛♥❞ r❡❝♦❣♥✐③❡s w ✐❢ ❛♥❞ ♦♥❧② ✐❢ M r❡❝♦❣♥✐③❡s w✳
❖❜✈✐♦✉s❧②✱ n✲s♠❛❧❧ ✇♦r❞ ♠❛❝❤✐♥❡s ❛r❡ ❚✉r✐♥❣ ♣♦✇❡r❢✉❧✳ ◆❡✈❡rt❤❡❧❡ss✱ ❘✐❝❡ t❤❡♦r❡♠ ✐s ❢❛❧s❡ ❢♦r n✲s♠❛❧❧

✇♦r❞ ♠❛❝❤✐♥❡s✱ s✐♥❝❡ ❣✐✈❡♥ ❛ n✲s♠❛❧❧ ✇♦r❞ ♠❛❝❤✐♥❡ T ✱ t❤❡ ♣r♦❜❧❡♠ ✏❉♦❡s T r❡❝♦❣♥✐③❡ t❤❡ ❡♠♣t② ✇♦r❞ ❄ ✑
✐s ❞❡❝✐❞❛❜❧❡✳
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♦✈❡r✢♦✇ ♦❝❝✉rs ❛t ❧✐♥❡ ✶✻✱ ❜❡❝❛✉s❡ t❤❡ ❛rr❛② ✈ ♦♥❧② ❤❛s t❤r❡❡ ❝❡❧❧s ✿ ✈❬✵❪✱ ✈❬✶❪ ❛♥❞ ✈❬✷❪✳
❆tt❡♠♣t✐♥❣ t♦ ❛❝❝❡ss ✈❬✹✷❪ ❝❛✉s❡s ❛♥ ❛rr❛② ♦✈❡r✢♦✇✳

❙✐♥❝❡ t❤❡ ❢✉♥❝t✐♦♥ ❢ ♠❛② s✐♠✉❧❛t❡ ❛ ❚✉r✐♥❣ ♠❛❝❤✐♥❡ M ♦♥ ❛ r❛♥❞♦♠ ❡♥tr② ❛♥❞ r❡t✉r♥
✵ ✐❢ t❤❡ ✇♦r❞ ✐s r❡❥❡❝t❡❞ ❜② M ❛♥❞ 42 ♦t❤❡r✇✐s❡✱ t❤❡r❡❢♦r❡✱ ❞❡❝✐❞✐♥❣ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❛rr❛②
♦✈❡r✢♦✇ ❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❞❡❝✐❞✐♥❣ ✐❢ t❤❡ ❧❛♥❣✉❛❣❡ ♦❢ ❛ ❚✉r✐♥❣ ♠❛❝❤✐♥❡
❝♦♥t❛✐♥s ❛♥ ✐♥t❡❣❡r t❤❛t ✐s ♥♦t ✐♥ t❤❡ ❛rr❛② ❜♦✉♥❞s✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❘✐❝❡ ❚❤❡♦r❡♠
✭❚❤❡♦r❡♠ ✶✳✶✮✱ t❤❡ ♣r♦❜❧❡♠ t♦ ❦♥♦✇ ✇❤❡t❤❡r t❤❡ ❧❛♥❣✉❛❣❡ ♦❢ ❛ ❚✉r✐♥❣ ♠❛❝❤✐♥❡ ✐s ❛ s✉❜s❡t
♦❢ t0, . . . , n✉ ✐s ✉♥❞❡❝✐❞❛❜❧❡✳ ❍❡♥❝❡✱ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❞❡t❡❝t✐♥❣ ❛rr❛② ♦✈❡r✢♦✇s ✐s ✉♥❞❡❝✐❞❛❜❧❡✳

❉✉❡ t♦ ❘✐❝❡ ❚❤❡♦r❡♠ ✭❚❤❡♦r❡♠ ✶✳✶✮✱ ❛❧❧ ✐♥t❡r❡st✐♥❣ s❛❢❡t② ♣r♦♣❡rt✐❡s ❛r❡ ✉♥❞❡❝✐❞❛❜❧❡✱
❡✳❣✳✱ t♦ ❞❡t❡❝t ❛rr❛② ♦✈❡r✢♦✇s✱ ✐♥t❡❣❡r ♦✈❡r✢♦✇s✱ ❞✐✈✐s✐♦♥s ❜② ③❡r♦ ♦r ❞❛t❛✲r❛❝❡s✳

❲❡ ♠❛② ❝♦♥s✐❞❡r t❤❛t✱ ✏✐♥ ❛ ❝♦♠♣✉t❡r✱ ❡✈❡r②t❤✐♥❣ ✐s ✜♥✐t❡✱ t❤❡r❡❢♦r❡ ❡✈❡r②t❤✐♥❣ ✐s
❞❡❝✐❞❛❜❧❡✑ ❬❍②♠✵✻❪✳ ■♥❞❡❡❞✱ ❛ ❝♦♠♣✉t❡r ❤❛s ❛ ✜♥✐t❡ ♠❡♠♦r②✱ ❛ ✜♥✐t❡ ❤❛r❞ ❞✐s❦✱ ❡t❝✳
❍❡♥❝❡ ❛ ❝♦♠♣✉t❡r ✐s ❛ ✜♥✐t❡ ♠❛❝❤✐♥❡✳ ◆❡✈❡rt❤❡❧❡ss✱ ❛ ❜❛s✐❝ ♣r♦❣r❛♠✱ t❤❛t ✉s❡s ✹ ▼❜②t❡s
✭✏ 8✂4✂220 ❜✐ts✮ ♦❢ ♠❡♠♦r② ✇✐❧❧ ❧❡❛❞ t♦ ❛ ❧❛r❣❡ ♥✉♠❜❡r c ♦❢ ❝♦♥✜❣✉r❛t✐♦♥s✿ c ✏ 28✂4✂2

20
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✱ ✐✳❡✱ ❛ ♦♥❡ ❢♦❧❧♦✇❡❞ ❜② ♦♥❡ ♠✐❧❧✐♦♥ ③❡r♦❡s✳
■t ✐s ♣❤②s✐❝❛❧❧② ✐♠♣♦ss✐❜❧❡ t♦ ❡①♣❧♦r❡ t❤❡ ✇❤♦❧❡ st❛t❡ s♣❛❝❡✳ ■♠❛❣✐♥❡ ❛ ♠♦❞❡r♥ ❝♦♠♣✉t❡r

♦❢ 4GHz t❤❛t ❝♦♠♣✉t❡s ❛ ♥❡✇ st❛t❡ ✐♥ ♦♥❧② ♦♥❡ ❝❧♦❝❦ ❝②❝❧❡✳ ■❢ t❤✐s ❝♦♠♣✉t❡r st❛rt❡❞
❞✉r✐♥❣ t❤❡ ❇✐❣ ❇❛♥❣ ✭✶✹ ❜✐❧❧✐♦♥s ②❡❛rs ❛❣♦✮✱ ✐t ✇♦✉❧❞ ❤❛✈❡ ❡①♣❧♦r❡❞ ♦♥❧② 1027 st❛t❡s✳ ❙♣❛❝❡
❝♦♠♣❧❡①✐t② ✐s ✇♦rs❡✿ t❤❡ ♥✉♠❜❡r ♦❢ ♣♦ss✐❜❧❡ ❝♦♥✜❣✉r❛t✐♦♥s✱ c✱ ✐s ❧❛r❣❡r t❤❛♥ t❤❡ ♥✉♠❜❡r ♦❢
❛t♦♠s ✐♥ t❤❡ ❯♥✐✈❡rs❡ ✭✔ 1080✮✳ ❖❜✈✐♦✉s❧②✱ ❛♥❛❧②s❡s ❬❋◗✵✸✱ ▼P❘✵✻❜✱ ▼P❘✵✻❛✱ ▼P❘✵✼❪
t❤❛t ❛r❡ ♣♦❧②♥♦♠✐❛❧ ✐♥ t✐♠❡ ✭♦r ✇♦rs❡✱ ✐♥ s♣❛❝❡✮ ✐♥ t❤❡ s✐③❡ ♦❢ t❤❡ st❛t❡ s♣❛❝❡ ✇✐❧❧ ♥♦t s❝❛❧❡
✉♣✳

❍❡♥❝❡✱ ✇❡ ♥❡❡❞ ❛♥♦t❤❡r ❛♣♣r♦❛❝❤✳ ■♥st❡❛❞ ♦❢ ❝❤❡❝❦✐♥❣ ❡①❛❝t❧② ✇❤❡t❤❡r t❤❡r❡ ✐s ❛♥
❛rr❛② ♦✈❡r✢♦✇✱ ✇❡ ❝❛♥ ✐♥st❡❛❞ ❞❡s✐❣♥ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥✳ ❚❤✐s ❛♣♣r♦①✐♠❛t✐♦♥ s❤♦✉❧❞ ❜❡
❝♦♠♣✉t❛❜❧❡ ✇✐t❤ ❛ ❧♦✇ ❝♦♠♣❧❡①✐t②✳

❼ ❯♥❞❡r✲❛♣♣r♦①✐♠❛t✐♦♥s ❛❧❧♦✇ ♦♥❡ t♦ ✜♥❞ ❡rr♦rs✱ ❛♥❞✱ t❤❡♥✱ t♦ ❡♥❤❛♥❝❡ ❝♦❞❡ q✉❛❧✐t②✳

❼ ❖✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥s ❛❧❧♦✇ ♦♥❡ t♦ ♣r♦✈❡ t❤❛t s♦♠❡ ❡rr♦rs ✇✐❧❧ ♥❡✈❡r ❤❛♣♣❡♥✳

■♥ ❛♥ ✉♥❞❡r✲❛♣♣r♦①✐♠❛t✐♦♥✱ ✇❡ ❤❛✈❡ ❢❛❧s❡ ♥❡❣❛t✐✈❡s✿ t❤❡ ❛♥❛❧②s✐s ♠❛② ❢❛✐❧ t♦ ❞❡t❡❝t ❛♥
❡rr♦r t❤❛♥ ❝❛♥ ❤❛♣♣❡♥ ✐♥ ♣r❛❝t✐❝❡✳ ■♥ ❛♥ ♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥✱ ✇❡ ❤❛✈❡ ❢❛❧s❡ ♣♦s✐t✐✈❡s✿ t❤❡
❛♥❛❧②s✐s ♠❛② ♣r❡t❡♥❞ t❤❛t s♦♠❡ ❜✉❣s ♠❛② ❤❛♣♣❡♥ ❛❧t❤♦✉❣❤ t❤❡ ♣r♦❣r❛♠ ✐s ❝♦rr❡❝t✳

■♥ t❤✐s t❤❡s✐s✱ ✇❡ ❢♦❝✉s ♦♥ ♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥s✿ ♦✉r ❛✐♠ ✐s t♦ ♣r♦✈❡ ❛✉t♦♠❛t✐❝❛❧❧② t❤❛t
s♦♠❡ ❡♠❜❡❞❞❡❞ ♣r♦❣r❛♠s ❞♦ ♥♦t ♠❛❦❡ ❡rr♦rs ❛t r✉♥✲t✐♠❡✳
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▼❛t❤❡♠❛t✐❝❛❧ ❇❛s✐s

✷✳✶ ❈❧❛ss✐❝❛❧ ◆♦t❛t✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ r❡❝❛❧❧ ❝❧❛ss✐❝❛❧ ♥♦t❛t✐♦♥s✳ ❚❤❡s❡ ♥♦t❛t✐♦♥s ❛r❡ ♥❡❡❞❡❞ t♦ ✉♥❞❡rst❛♥❞ t❤❡
♦t❤❡r ❝❤❛♣t❡rs✳

✷✳✶✳✶ ▲♦❣✐❝❛❧ ❙②♠❜♦❧s

❲❡ ✉s❡ t❤❡ ❝❧❛ss✐❝❛❧ ♥♦t❛t✐♦♥s ❢♦r ❧♦❣✐❝❛❧ s②♠❜♦❧s✿

❼ ❫ r❡♣r❡s❡♥ts ❝♦♥❥✉♥❝t✐♦♥ ✏❛♥❞✑✳

❼ ❴ r❡♣r❡s❡♥ts ❞✐s❥✉♥❝t✐♦♥ ✏♦r✑✳

❼ ô r❡♣r❡s❡♥ts ❡q✉✐✈❛❧❡♥❝❡✳

❼ ñ ✐s ✐♠♣❧✐❝❛t✐♦♥✳ Añ B ♠❡❛♥s ✏✐❢ A t❤❡♥ B✑✳

✷✳✶✳✷ ❙❡ts

❲❡ ❛ss✉♠❡ t❤❡ s❡t t❤❡♦r②✱ ❛♥❞ r❡❝❛❧❧ ❤❡r❡ s♦♠❡ ❝❧❛ss✐❝❛❧ ♥♦t❛t✐♦♥s t❤❛t ❛r❡ ✉s❡❞ ✐♥ t❤✐s
t❤❡s✐s✿

✶✼
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❼ ❚❤❡ ❡♠♣t② s❡t ✐s ✇r✐tt❡♥ ∅✳

❼ tx ⑤ φ♣xq✉ r❡♣r❡s❡♥ts t❤❡ s❡t ♦❢ ❛❧❧ ❡❧❡♠❡♥ts x s✉❝❤ t❤❛t φ♣xq ❤♦❧❞s ✭✐❢ s✉❝❤ ❛ s❡t
❡①✐sts✮✳

❼ ❚❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ t✇♦ s❡ts X ❛♥❞ Y ✐s ✇r✐tt❡♥ X ❸ Y ♦r Y ❹ X✳ ❋♦r♠❛❧❧②✿

X ❸ Y
❞❡❢

ô ❅x ∈ X, x ∈ Y.

❼ ❚❤❡ s❡t ♦❢ s✉❜s❡ts ♦❢ X ✐s ✇r✐tt❡♥ P♣Xq✳ ❋♦r♠❛❧❧②✿

P♣Xq ✏ tY ⑤ Y ❸ X✉.

❼ ❚❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t✇♦ s❡ts ✐s ✇r✐tt❡♥ ∩✳ ❋♦r♠❛❧❧②✿

X ∩ Y ✏ tx ⑤ x ∈ X ❫ y ∈ Y ✉.

❼ ❚❤❡ ✉♥✐♦♥ ✐s ✇r✐tt❡♥ ∪✳ ❲❤❡♥ t❤❡ t✇♦ s❡ts ❛r❡ ❞✐s❥♦✐♥t✻✱ ✇❡ ♠❛② str❡ss t❤✐s ❜② ✉s✐♥❣
❩ ✐♥st❡❛❞ ♦❢ ∪✳

❼ ❚❤❡ ❈❛rt❡s✐❛♥ ♣r♦❞✉❝t ❜❡t✇❡❡♥ ❛ s❡t X ❛♥❞ ❛ s❡t Y ✐s ✇r✐tt❡♥ X ✂ Y ✳

❼ ❚❤❡ s❡t ♦❢ ❢✉♥❝t✐♦♥s ❢r♦♠ I t♦ X ✐s ✇r✐tt❡♥ XI ✳ ❚♦ s❛② t❤❛t t❤❡ ❢✉♥❝t✐♦♥ f ✐s ✐♥ XI ✱
✇❡ ✇✐❧❧ ✇r✐t❡ f : I Ñ X✳

✷✳✶✳✸ ❋✉♥❝t✐♦♥s

❲❡ ✉s❡ t❤❡ ❧❛♠❜❞❛ ♥♦t❛t✐♦♥ t♦ ❞❡✜♥❡ ❢✉♥❝t✐♦♥s✿ λx.f♣xq ✐s t❤❡ ❢✉♥❝t✐♦♥ t❤❛t ♠❛♣s x t♦
f♣xq✳

❚❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ t✇♦ ❢✉♥❝t✐♦♥s f ❛♥❞ g ✐s ✇r✐tt❡♥✿ g ✆ f ✳ ❋♦r♠❛❧❧②✿

g ✆ f ❞❡❢✏ λx.g♣f♣xqq.

❲❡ ❝❛♥ t❤❡♥ ❞❡✜♥❡ ❜② ✐♥❞✉❝t✐♦♥ t❤❡ ✐t❡r❛t✐♦♥ ♦❢ ❛ ❢✉♥❝t✐♦♥✿

f 0 ❞❡❢✏ id
❞❡❢✏ λx.x

fn ❞❡❢✏ fn ✆ f ❞❡❢✏ f ✆ fn

●✐✈❡♥ ❛ ♣❛rt✐❛❧ ❢✉♥❝t✐♦♥ f ✱ ✇❡ ✇r✐t❡ Dom♣fq t❤❡ ❞♦♠❛✐♥ ♦❢ f ✳
❊✳❣✱ t♦ ❞❡✜♥❡ ❛ss✐❣♥♠❡♥t✱ ✇❡ ♥❡❡❞ t♦ ♠♦❞✐❢② ❛ ❢✉♥❝t✐♦♥ ♦♥ ♦♥❧② ♦♥❡ ❡❧❡♠❡♥t✳ ❚♦ t❤✐s

❛✐♠✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥✳ ●✐✈❡♥ ❛ ♣❛rt✐❛❧ ❢✉♥❝t✐♦♥ f ✱ ❧❡t f rx0 ÞÑ vs ❜❡ t❤❡
♣❛rt✐❛❧ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ❜②

f♣xq ❞❡❢✏

✩✬✫
✬✪
v ✐❢ x ✏ x0

f♣xq ✐❢ x ∈ Dom♣fq ❫ x ✘ x0

✉♥❞❡✜♥❡❞ ♦t❤❡r✇✐s❡.

✻❳ ❛♥❞ ❨ ❛r❡ ❞✐s❥♦✐♥t ✐❢ ❛♥❞ ♦♥❧② ✐❢ X ∩ Y ✏ ∅
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❚♦ ❤❛♥❞❧❡ ✜①♣♦✐♥ts✱ ✇❡ ♥❡❡❞ t❤❡ ❝♦♥❝❡♣t ♦❢ st❛t✐♦♥❛r② s❡q✉❡♥❝❡✳ ❆ s❡q✉❡♥❝❡ s1, s2, . . .

✐s st❛t✐♦♥❛r② ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐sts N ∈ N s✉❝❤ t❤❛t ❅n ➙ N, sn ✏ sN ✳ ❚❤✐s ♠❡❛♥s
t❤❛t t❤❡ s❡q✉❡♥❝❡ s1, s2, . . . r❡❛❝❤❡s ✐ts ❧✐♠✐t ❛❢t❡r ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ st❡♣s✳

✷✳✷ ❇✐♥❛r② ❘❡❧❛t✐♦♥s

❆ ❜✐♥❛r② r❡❧❛t✐♦♥ R ♦♥ ❛ s❡t Σ ✐s ❛ s❡t ♦❢ ♣❛✐rs ♦❢ ❡❧❡♠❡♥ts ♦❢ Σ✿ R ❸ Σ✂ Σ✳

◆♦t❛t✐♦♥s✳ ❋♦r ❛ ❜✐♥❛r② r❡❧❛t✐♦♥ R✱ t❤❡r❡ ❡①✐sts t❤r❡❡ ✇❡❧❧✲❦♥♦✇♥ ❛♥❞ ❡q✉✐✈❛❧❡♥t ♥♦t❛t✐♦♥s✿

❼ xRy✱

❼ R♣x, yq ✭Pr❡❞✐❝❛t❡ ◆♦t❛t✐♦♥✮✱

❼ ♣x, yq ∈ R ✭❙❡t ◆♦t❛t✐♦♥✮✳

❘❡❧❛t✐♦♥s ❛r❡✱ ✐♥ s♦♠❡ ✇❛②✱ s✐♠✐❧❛r t♦ ❢✉♥❝t✐♦♥s✳ ❆ r❡❧❛t✐♦♥ ♦♥ ❛ s❡t Σ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞
t♦ ❛ s✉❜s❡t ♦❢ Σ✿

❉❡✜♥✐t✐♦♥ ✷✳✶✳ R①S② ✏ ts✶ ⑤ ❉s ∈ S : ♣s, s✶q ∈ R✉ ❜❡ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ R ♦♥ S✳

❚❤✐s ❞❡✜♥✐t✐♦♥ ♠❡❛♥s t❤❛t ❛ r❡❧❛t✐♦♥ R ♦♥ Σ ✐♥❞✉❝❡ ❛ ❝❛♥♦♥✐❝❛❧ ❢✉♥❝t✐♦♥ fR : P♣Xq Ñ
P♣Xq s✉❝❤ t❤❛t✿

fR♣Sq
❞❡❢✏ R①S②.

◆♦t✐❝❡ t❤❛t ❡❛❝❤ r❡❧❛t✐♦♥ R ❞❡✜♥❡s ❛ ✉♥✐q✉❡ ❢✉♥❝t✐♦♥ ♦♥ P♣Σq✱ ❛♥❞✱ r❡✈❡rs❡❧②✱ t✇♦ ❞✐st✐♥❝t
r❡❧❛t✐♦♥s ❞❡✜♥❡ t♦ ❞✐st✐♥❝t ❢✉♥❝t✐♦♥s✳ ❚❤❡s❡ ❢✉♥❝t✐♦♥s ♠❛② ❜❡ ❝♦♠♣♦s❡❞✿

❉❡✜♥✐t✐♦♥ ✷✳✷✳ ●✐✈❡♥ t✇♦ ❜✐♥❛r② r❡❧❛t✐♦♥s R ❛♥❞ R✶ ♦♥ ❛ s❡t Σ✱ R;R✶ ✏ t♣s, s✷q ⑤ ❉s✶ ∈
Σ : ♣s, s✶q ∈ R ❫ ♣s✶, s✷q ∈ R✶✉ ✐s t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ R ❛♥❞ R✶✳

❚❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ R ❛♥❞ R✶ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡✐r ❢✉♥❝t✐♦♥s✿

fR;R✶ ✏ fR✶ ✆ fR.

❆s ❢♦r ❢✉♥❝t✐♦♥✱ ❛ r❡❧❛t✐♦♥ ♠❛② ❜❡ ✐t❡r❛t❡❞✱ ❣✐✈❡♥ ❛ r❡❧❛t✐♦♥ R ♦♥ ❛ s❡t Σ ✇❡ ❞❡✜♥❡✿

R0 ❞❡❢✏ t♣s, sq ⑤ s ∈ Σ✉
Rk�1 ❞❡❢✏ R;Rk

❚❤❡r❡ ✐s ❛ s✐♠♣❧❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ ❢✉♥❝t✐♦♥ ✐t❡r❛t✐♦♥s ❛♥❞ r❡❧❛t✐♦♥ ✐t❡r❛t✐♦♥s✿

fRk ✏ fk
R.

◆♦✇✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ❝♦♥❝❡♣t s♣❡❝✐✜❝ t♦ r❡❧❛t✐♦♥s✱ t❤❡ r❡✢❡①✐✈❡✲tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡✿
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❉❡✜♥✐t✐♦♥ ✷✳✸✳ ●✐✈❡♥ ❛ r❡❧❛t✐♦♥ R ♦♥ Σ✱ ❧❡t R✍ ✏
➈

k∈N R
k ✇❤❡r❡ R0 ✏ t♣s, sq ⑤ s ∈ Σ✉

❛♥❞ Rk�1 ✏ R;Rk✳ R✍ ✐s ❝❛❧❧❡❞ t❤❡ r❡✢❡①✐✈❡✲tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡ ♦❢ R✳

❖♥ ❢✉♥❝t✐♦♥s✱ t❤❡ r❡✢❡①✐✈❡✲tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡ ❝♦rr❡s♣♦♥❞s t♦✿

fR✍ ✏ λS.
↕
n∈N

fn♣Sq.

◆♦✇✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❝♦♥❝❡♣t ♦❢ r❡str✐❝t✐♦♥✳ ❚❤❡r❡ ❛❧s♦ ❡①✐sts ❛ ❝♦♥❝❡♣t ♦❢ r❡str✐❝t✐♦♥
♦♥ ❢✉♥❝t✐♦♥s✱ ❜✉t ✇❡ ✇✐❧❧ ♥♦t ✉s❡ ✐t✳ ◆♦t✐❝❡ t❤❛t ❛ r❡str✐❝t✐♦♥ ♦❢ R ❤❛s ♥♦ ❧✐♥❦ ✇✐t❤ ❛♥②
r❡str✐❝t✐♦♥ ♦❢ fR✳

❉❡✜♥✐t✐♦♥ ✷✳✹✳ ●✐✈❡♥ ❛ ❜✐♥❛r② r❡❧❛t✐♦♥ R ♦♥ ❛ s❡t Σ ❛♥❞ S ❸ Σ✱ ❧❡t R⑤S ✏ t♣s, s✶q ∈ R ⑤
s ∈ S✉ ❜❡ t❤❡ r❡str✐❝t✐♦♥ ♦❢ R t♦ S✳

❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♥❝❡♣t ♦♥ ❢✉♥❝t✐♦♥ ✐s✿

fR⑤S
♣Xq ✏ R①X ∩ S②.

✷✳✸ ❖r❞❡r✐♥❣

■♥ t❤✐s s✉❜s❡❝t✐♦♥ ✇❡ ✇✐❧❧ st✉❞② ❜✐♥❛r② r❡❧❛t✐♦♥s t❤❛t ❤❛✈❡ s♦♠❡ ✐♥t❡r❡st✐♥❣ ♣r♦♣❡rt✐❡s✱ ❡✳❣✳✱
t❤❛t ♠❛② ❜❡ ✉s❡❞ t♦ ♦r❞❡r ❛ s❡t✳

❉❡✜♥✐t✐♦♥ ✷✳✺✳ ❆ ❜✐♥❛r② r❡❧❛t✐♦♥ R ♦♥ ❛ s❡t Σ ✐s ❛ ♣r❡✲♦r❞❡r✐♥❣ ✐❢ ❛♥❞ ♦♥❧② ✐❢✿

✭❘❡✢❡①✐✈✐t②✮ ❅x, xRx✱

✭❚r❛♥s✐t✐✈✐t②✮ ❅x❅y, ❅z, xRy ❫ yRz ñ xRz✳

❉❡✜♥✐t✐♦♥ ✷✳✻✳ ❆ ❜✐♥❛r② r❡❧❛t✐♦♥ R ♦♥ ❛ s❡t Σ ✐s ❛♥ ♦r❞❡r✐♥❣ ✐❢ ❛♥❞ ♦♥❧② ✐❢✿

✭Pr❡✲♦r❞❡r✐♥❣✮ R ✐s ❛ ♣r❡✲♦r❞❡r✐♥❣✱

✭❆♥t✐s②♠♠❡tr②✮ ❅x, ❅y, xRy ❫ yRxô x ✏ y✳

❆♥ ♦r❞❡r✐♥❣ ↕ ♦♥ Σ ✐s t♦t❛❧ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❅x, y ∈ Σ, x ↕ y ❴ y ↕ x✳ ❆ ❣r❡❛t ♠❛❥♦r✐t②
♦❢ ♦r❞❡r✐♥❣s ✉s❡❞ ✐♥ t❤✐s t❤❡s✐s ❛r❡ ♣❛rt✐❛❧✱ ✐✳❡✳✱ ♥♦t t♦t❛❧✳

❉❡✜♥✐t✐♦♥ ✷✳✼✳ ❆ ❜✐♥❛r② r❡❧❛t✐♦♥ R ♦♥ ❛ s❡t Σ ✐s ❛ str✐❝t ♦r❞❡r✐♥❣ ✐❢ ❛♥❞ ♦♥❧② ✐❢✿

✭❆♥t✐✲❘❡✢❡①✐✈✐t②✮ ❅x,✥♣xRxq✱

✭❚r❛♥s✐t✐✈✐t②✮ ❅x❅y, ❅z, xRy ❫ yRz ñ xRz✳

❖r❞❡r✐♥❣s ❛r❡ ♦❢t❡♥ ✇r✐tt❡♥ ↕ ❛♥❞ str✐❝t ♦r❞❡r✐♥❣s ➔✳ ❚❤❡r❡ ❡①✐sts ❛ ❧✐♥❦ ❜❡t✇❡❡♥
♦r❞❡r✐♥❣s ❛♥❞ str✐❝t ♦r❞❡r✐♥❣s✿
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❼ ■❢ ↕ ✐s ❛♥ ♦r❞❡r✐♥❣✱ t❤❡♥ t❤❡ r❡❧❛t✐♦♥ ➔ ❞❡✜♥❡❞ ❜② x ➔ y
❞❡❢

ô x ↕ y❫ x ✘ y ✐s ❛ str✐❝t
♦r❞❡r✐♥❣✳

❼ ■❢ ➔ ✐s ❛ str✐❝t ♦r❞❡r✐♥❣✱ t❤❡♥ t❤❡ r❡❧❛t✐♦♥ ↕ ❞❡✜♥❡❞ ❜② x ↕ y
❞❡❢

ô x ➔ y❴ x ✏ y ✐s ❛♥
♦r❞❡r✐♥❣✳

❉❡✜♥✐t✐♦♥ ✷✳✽✳ ●✐✈❡♥ ❛♥ ♦r❞❡r✐♥❣ ↕✱ ✇❡ ❞❡✜♥❡ t❤❡ r❡✈❡rs❡ ♦r❞❡r✐♥❣ ➙ ❜②✿

a ➙ b
❞❡❢

ô b ↕ a.

❲❤❡♥❡✈❡r ❛♥ ♦r❞❡r✐♥❣ ✐s ✇r✐tt❡♥ ↕ ✇❡ ✇✐❧❧ ✇r✐t❡ ➙ ❢♦r t❤❡ r❡✈❡rs❡ ♦r❞❡r✐♥❣✳

❊①❛♠♣❧❡s✳ ▲❡t ✉s ❣✐✈❡ s♦♠❡ ❡①❛♠♣❧❡s ♦❢ ❜✐♥❛r② r❡❧❛t✐♦♥s✿

❼ ❚❤❡ r❡❧❛t✐♦♥ Σ✂ Σ ✐s ❛ ♣r❡♦r❞❡r✐♥❣ ♦♥ Σ ❜✉t ✐s ♥♦t ❛♥ ♦r❞❡r✐♥❣✳

❼ ❚❤❡ r❡❧❛t✐♦♥ ✏❡q✉❛❧✑ ✭✐✳❡✱ t❤❡ r❡❧❛t✐♦♥ t♣x, xq ⑤ x ∈ Σ✉✮ ✐s ❛♥ ♦r❞❡r✐♥❣ ♦♥ Σ✳

❼ ❚❤❡ r❡✢❡①✐✈❡✲tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡ R✍ ♦❢ ❛ ❜✐♥❛r② r❡❧❛t✐♦♥ R ✐s ❛ ♣r❡✲♦r❞❡r✐♥❣✳

❼ ❚❤❡ ✐♥❝❧✉s✐♦♥ ❸ ♦♥ t❤❡ s❡t P♣Σq ✐s ❛♥ ♦r❞❡r✐♥❣✳

❆♥ ♦r❞❡r❡❞ s❡t ✭❛❧s♦ ❝❛❧❧❡❞ ♣♦s❡t✼✮ ♣Σ,↕q ✐s ❛ ♣❛✐r ❝♦♠♣♦s❡❞ ♦❢ ❛ s❡t Σ ❛♥❞ ❛♥ ♦r❞❡r✐♥❣
↕ ♦♥ Σ✳ ❚❤❡ r❡✈❡rs❡❞ ♦r❞❡r❡❞ s❡t ♦❢ ♣Σ,↕q ✐s ♣Σ,➙q✳

❉❡✜♥✐t✐♦♥ ✷✳✾ ✭Pr♦❞✉❝t ❖r❞❡r✐♥❣✮✳ ■❢ ↕1 ❛♥❞ ↕2 ❛r❡ t✇♦ ♦r❞❡r✐♥❣s ♦♥ Σ1 ❛♥❞ Σ2 r❡s♣❡❝✲
t✐✈❡❧②✳ ❚❤❡ ♣r♦❞✉❝t ♦r❞❡r✐♥❣ ↕1,2 ♦♥ Σ1 ✂ Σ2 ✐s ❞❡✜♥❡❞ ❜②✿

♣x, yq ↕1,2 ♣x
✶, y✶q

❞❡❢

ô x ↕1 x
✶ ❫ y ↕2 y

✶

❈❧❛✐♠ ✷✳✷✳ ❚❤❡ ♣r♦❞✉❝t ♦r❞❡r✐♥❣ ✐s ❛♥ ♦r❞❡r✐♥❣✳

❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ♣r♦❞✉❝t ♦r❞❡r✐♥❣ ✐s ❣✐✈❡♥ ♦♥❧② ❢♦r ❛ ♣r♦❞✉❝t ♦❢ t✇♦ s❡ts✳ ■t ✐s str❛✐❣❤t✲
❢♦r✇❛r❞ t♦ ❣❡♥❡r❛❧✐③❡ t❤✐s ❞❡✜♥✐t✐♦♥ t♦ ❛ ♣r♦❞✉❝t ♦❢ ❛♥ ❛r❜✐tr❛r② ♥✉♠❜❡r ♦❢ s❡ts✳ ❚❤❡
♣♦✐♥t✇✐s❡ ♦r❞❡r✐♥❣ ✭❞❡✜♥❡❞ ❜❡❧♦✇✮ ✐s ❛ ♣r♦❞✉❝t ♦r❞❡r✐♥❣ ♦♥ ❛ ♣♦t❡♥t✐❛❧❧② ✐♥✜♥✐t❡ ♣r♦❞✉❝t✿

❉❡✜♥✐t✐♦♥ ✷✳✶✵ ✭P♦✐♥t✇✐s❡ ❖r❞❡r✐♥❣✮✳ ●✐✈❡♥ ❛♥ ♦r❞❡r❡❞ s❡t ♣Σ,↕q ❛♥❞ ❛♥ ❛r❜✐tr❛r② s❡t
Y ✱ ✇❡ ❞❡✜♥❡ ❛s ❢♦❧❧♦✇ t❤❡ ♣♦✐♥t✇✐s❡ ♦r❞❡r✐♥❣ ↕ΣX ♦♥ t❤❡ s❡t ΣX ✿

f ↕ΣX g
❞❡❢

ô ❅x, f♣xq ↕ g♣xq.

❈❧❛✐♠ ✷✳✸✳ ❚❤❡ ♣♦✐♥t✇✐s❡ ♦r❞❡r✐♥❣ ✐s ❛♥ ♦r❞❡r✐♥❣✳

▲❡t ✉s ❞❡✜♥❡ t✇♦ ✐♥t❡r❡st✐♥❣ ♣r♦♣❡rt✐❡s ❢♦r ❢✉♥❝t✐♦♥s ✐♥ ❛ ♣♦s❡t✿

✼P♦s❡t ♠❡❛♥s ✏♣❛rt✐❛❧❧② ♦r❞❡r❡❞ s❡t✑✳



✷✷ ❈❍❆P❚❊❘ ✷✳ ▼❆❚❍❊▼❆❚■❈❆▲ ❇❆❙■❙

❉❡✜♥✐t✐♦♥ ✷✳✶✶✳ ❆ ❢✉♥❝t✐♦♥ f ♦♥ ❛ ♣♦s❡t ♣Σ,↕q ✐s ♠♦♥♦t♦♥❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢✿

❅x, y ∈ Σ, x ↕ y ñ f♣xq ↕ f♣yq

❲❡ ✇r✐t❡ ▼♦♥♣Xq t❤❡ s❡t ♦❢ ♠♦♥♦t♦♥❡ ❢✉♥❝t✐♦♥s ❢r♦♠ X t♦ X✳

❘❡❝❛❧❧ t❤❛t✱ ❢♦r ❛ r❡❧❛t✐♦♥ R✱ ✇❡ ❤❛✈❡ ❞❡✜♥❡❞ t❤❡ r❡✢❡①✐✈❡✲tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡ R✍✳ ❲❡
❞❡✜♥❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♥❝❡♣t✱ ❝❛❧❧❡❞ ω✲✐t❡r❛t✐♦♥✱ ❢♦r ❢✉♥❝t✐♦♥s✿

f Òω♣Xq ❞❡❢✏
↕
n∈N

fn♣Xq

✳

❉❡✜♥✐t✐♦♥ ✷✳✶✷✳ ❆ ❢✉♥❝t✐♦♥ f ♦♥ ❛ ♣♦s❡t ♣Σ,↕q ✐s r❡❞✉❝t✐✈❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢✿

❅x ∈ Σ, f♣xq ↕ x

✷✳✸✳✶ ❇♦✉♥❞s

❉❡✜♥✐t✐♦♥ ✷✳✶✸✳ ●✐✈❡♥ ❛ s✉❜s❡t X ♦❢ ❛ ♣♦s❡t ♣Σ,↕q✱ ❛ ❧♦✇❡r ❜♦✉♥❞ ♦❢ X ✐s ❛♥ ❡❧❡♠❡♥t
b ∈ Σ s✉❝❤ t❤❛t✿

❅x ∈ X, b ↕ x

❉❡✜♥✐t✐♦♥ ✷✳✶✹✳ ●✐✈❡♥ ❛ s✉❜s❡t X ♦❢ ❛ ♣♦s❡t ♣Σ,↕q✱ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦❢ X ✐s ❛ ❧♦✇❡r
❜♦✉♥❞ ♦❢ X ✐♥ t❤❡ r❡✈❡rs❡❞ ♦r❞❡r❡❞ s❡t ♣Σ,➙q✳

❉❡✜♥✐t✐♦♥ ✷✳✶✺✳ ❚❤❡ ❧❡❛st ❡❧❡♠❡♥t ♦❢ ❛ s✉❜s❡t X ♦❢ ❛ ♣♦s❡t ♣Σ,↕q ✐s ❛ ❧♦✇❡r ❜♦✉♥❞ b ♦❢
X s✉❝❤ t❤❛t b ∈ X✳

❙②♠♠❡tr✐❝❛❧❧②✱ ✇❡ ❞❡✜♥❡ ❛ ❣r❡❛t❡st ❡❧❡♠❡♥t✿

❉❡✜♥✐t✐♦♥ ✷✳✶✻✳ ❚❤❡ ❣r❡❛t❡st ❡❧❡♠❡♥t ♦❢ ❛ s✉❜s❡t X ♦❢ ❛ ♣♦s❡t ♣Σ,↕q ✐s ❛ ❧❡❛st ❡❧❡♠❡♥t
❢♦r t❤❡ r❡✈❡rs❡ ♦r❞❡r❡❞ s❡t ♣Σ,➙q✳

❉❡✜♥✐t✐♦♥ ✷✳✶✼✳ ❚❤❡ ❣r❡❛t❡st ❧♦✇❡r ❜♦✉♥❞ ✭❣❧❜✮ ♦❢ ❛ s✉❜s❡t X ♦❢ ❛ ♣♦s❡t ♣Σ,↕q ✐s✱ ✐❢ ✐t
❡①✐sts✱ t❤❡ ♦♥❡ ❣r❡❛t❡st ❡❧❡♠❡♥t ♦❢ t❤❡ s❡t ty ∈ Σ⑤❅x ∈ X, x ↕ y✉ ♦❢ t❤❡ ❧♦✇❡r ❜♦✉♥❞s ♦❢ X

❉❡✜♥✐t✐♦♥ ✷✳✶✽✳ ❚❤❡ ❧❡❛st ✉♣♣❡r ❜♦✉♥❞ ✭❧✉♣✮ ♦❢ ❛ s✉❜s❡t X ♦❢ ❛ ♣♦s❡t ♣Σ,↕q ✐s✱ ✐❢ ✐t
❡①✐sts✱ t❤❡ ❣r❡❛t❡st ✉♣♣❡r ❜♦✉♥❞ ♦❢ X ❢♦r t❤❡ r❡✈❡rs❡ ♦r❞❡r✐♥❣✳

❋♦r ❝♦♥✈❡♥✐❡♥❝❡✱ ✐♥ ❛♥② ♣♦s❡t ♣Σ,↕q✱ ✇❡ ✇r✐t❡ x1 ⊓ x2 t❤❡ ❣r❡❛t❡st ❧♦✇❡r ❜♦✉♥❞ ♦❢ t❤❡
s❡t tx1, x2✉ ✐❢ ✐t ❡①✐sts✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ✇r✐t❡

d
i∈I xi t❤❡ ❣r❡❛t❡st ❧♦✇❡r ❜♦✉♥❞ ♦❢ t❤❡ s❡t

txi ⑤ i ∈ I✉✳ ❙②♠♠❡tr✐❝❛❧❧②✱ ✇❡ ✇r✐t❡ x1 ⊔ x2 t❤❡ ❧❡❛st ✉♣♣❡r ❜♦✉♥❞ ♦❢ t❤❡ s❡t tx1, x2✉ ❛♥❞➋
i∈I xi t❤❡ ❧❡❛st ✉♣♣❡r ❜♦✉♥❞ ♦❢ t❤❡ s❡t txi ⑤ i ∈ I✉✳



✷✳✸✳ ❖❘❉❊❘■◆● ✷✸

❑

❏

x v

u y z

❋✐❣✉r❡ ✷✳✶✿ ❊①❛♠♣❧❡ ♦❢ ▲❛tt✐❝❡

✷✳✸✳✷ ▲❛tt✐❝❡s

✷✳✸✳✷✳❛ ❉❡✜♥✐t✐♦♥ ❛♥❞ ❊①❛♠♣❧❡s

❉❡✜♥✐t✐♦♥ ✷✳✶✾✳ ❆ ❧❛tt✐❝❡ L ✐s ❛ ♣♦s❡t s✉❝❤ t❤❛t ❢♦r ❛❧❧ x ❛♥❞ y ✐♥ L✿

❼ x ❛♥❞ y ❤❛✈❡ ❛ ❣r❡❛t❡st ❧♦✇❡r ❜♦✉♥❞✱

❼ x ❛♥❞ y ❤❛✈❡ ❛ ❧❡❛st ✉♣♣❡r ❜♦✉♥❞

▲❛tt✐❝❡s ❛r✐s❡ ❢r❡q✉❡♥t❧② ✐♥ ♣r❛❝t✐❝❡✳ ▲❡t ✉s ❣✐✈❡ s♦♠❡ ❡①❛♠♣❧❡s✿

❼ ❚❤❡ ♠♦st ❝✉rr❡♥t ❡①❛♠♣❧❡ ♦❢ ❧❛tt✐❝❡s ✐s t❤❡ s❡t ♦❢ s✉❜s❡ts P♣Xq ♦❢ ❛ s❡t X ❢♦r t❤❡
✐♥❝❧✉s✐♦♥ ❸ ♦r❞❡r✐♥❣✳

❼ ❚❤❡ s❡t R ♦❢ r❡❛❧s ✐s ❛ ❧❛tt✐❝❡ ✇✐t❤♦✉t ❣r❡❛t❡st ❡❧❡♠❡♥t✳

❼ ❚❤❡ s❡t R̄ ✏ R ∪ t✁✽,�✽✉ ✐s ❛ ❧❛tt✐❝❡✳

❼ ❚❤❡ s❡t Z̄ ✏ Z ∪ t✁✽,�✽✉ ✐s ❛ ❧❛tt✐❝❡✳

❼ ❚❤❡ s❡t I ✏ tx ∈ R ⑤ 0 ↕ 1✉ ♦❢ r❡❛❧ ♥✉♠❜❡rs ❜❡t✇❡❡♥ ✵ ❛♥❞ ✶ ✐s ❛ ❧❛tt✐❝❡✳

❼ ❋✐❣✉r❡ ✷✳✶ ❣✐✈❡s ❛♥ ❡①❛♠♣❧❡ ♦❢ ❧❛tt✐❝❡✳
❈♦♥s✐❞❡r t❤❡ r❡❧❛t✐♦♥ Ñ✿

➒ ❑ Ñ x✱

➒ v Ñ y✱

➒ ❡t❝✳
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❑

❏

. . . . . .

❋✐❣✉r❡ ✷✳✷✿ ❆ ❋❧❛t ▲❛tt✐❝❡

■t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ❝❤❡❝❦✽ t❤❛t ↕ ✐s ❛♥ ♦r❞❡r✐♥❣ ♦♥ t❤❡ s❡t L ✏ t❑, x, y, z, u, v,❏✉✳
♣L,↕q ✐s ❛ ✜♥✐t❡ ❧❛tt✐❝❡✳ ❚❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦❢ y ❛♥❞ z ✐s✿ y ⊓ z ✏ v

❼ ❚❤❡ ❧❛tt✐❝❡ Ranges ♦❢ ✐♥t❡❣❡r r❛♥❣❡s ❬❈❈✵✹✱ ❈❈✼✼❪ ✐s ❛ s✉❜❧❛tt✐❝❡ ♦❢ P♣Zq✳ ■t ✐s t❤❡
s❡t ♦❢ ✐♥t❡r✈❛❧s ♦❢ Z ❛♥❞ ✐s ❢♦r♠❛❧❧② ❞❡✜♥❡❞ ❜②✿

Ranges
❞❡❢✏ tX ❸ Z ⑤ ❅a, b ∈ X, ❅x ∈ Z, a ↕ x ↕ b ñ x ∈ X✉

✏ tX ⑤ ❉a, b ∈ Z̄ : X ✏ tx ∈ Z ⑤ a ↕ x ↕ b✉✉.

❲❡ ✇r✐t❡ ra, bs t❤❡ ✐♥t❡r✈❛❧ ♦❢ ✐♥t❡❣❡rs✾ ❜❡t✇❡❡♥ a ❛♥❞ b❀ ❢♦r♠❛❧❧②✿ ra, bs ❞❡❢✏ tx ∈ Z ⑤
a ↕ x ↕ b✉✳ ❍❡♥❝❡✱ ✇❡ ❤❛✈❡ ❛ s✐♠♣❧❡r ❞❡✜♥✐t✐♦♥ ♦❢ Ranges✿

Ranges
❞❡❢✏ tra, bs ⑤ a, b ∈ Z̄✉.

❼ ❆♥♦t❤❡r ❝❧❛ss✐❝❛❧ ❧❛tt✐❝❡ ✐s t❤❡ ✢❛t ❧❛tt✐❝❡ ♦♥ X✳ ❚❤✐s ❧❛tt✐❝❡ ✐s t❤❡ s❡t Σ ✏ X❩t❑✉❩
t❏✉ ♦r❞❡r❡❞ ❜② t❤❡ ♦r❞❡r✐♥❣ R ❞❡✜♥❡❞ ❜②✿

R ✏ ♣t❑✉ ✂ Σq ∪ ♣Σ✂ t❏✉q ∪ t♣❑,❏q✉.

❋✐❣✉r❡ ✷✳✷ r❡♣r❡s❡♥ts s✉❝❤ ❛ ❧❛tt✐❝❡ ✇✐t❤ t❤❡ s❛♠❡ ❝♦♥✈❡♥t✐♦♥s t❤❛♥ ❋✐❣✉r❡ ✷✳✶✳

✷✳✸✳✷✳❜ ▼❛✐♥ Pr♦♣❡rt✐❡s

✽❚❤❡ r❡✢❡①✐✈❡✲tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡ ♦❢ ❛ r❡❧❛t✐♦♥ ✐s ❛❧✇❛②s ❛ ♣r❡♦r❞❡r✐♥❣✱ ❜✉t ✐t ♠❛② ♥♦t ❜❡ ❛♥ ♦r❞❡r✐♥❣✳
❊✳❣✳✱ t❤❡ r❡✢❡①✐✈❡✲tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡ ♦❢ Σ ✂ Σ ✐s Σ ✂ Σ ❛♥❞ ✐s ♥♦t ❛♥ ♦r❞❡r✐♥❣✱ s✐♥❝❡ t❤❡ ✏❛♥t✐s②♠♠❡tr②✑
♣r♦♣❡rt② ♦❢ ❉❡✜♥✐t✐♦♥ ✷✳✻ ✐s ♥♦t s❛t✐s✜❡❞✳

✾◆♦t✐❝❡ t❤❛t✱ ✐♥ ♦✉r ❞❡✜♥✐t✐♦♥✱ r0,�✽s ✏ tn ∈ Z ⑤ 0 ↕ n ➔ �✽✉ ✏ N ✘ N ∪ t�✽✉✳
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❉❡✜♥✐t✐♦♥ ✷✳✷✵✳ ❆ ❜♦✉♥❞❡❞ ❧❛tt✐❝❡ ✐s ❛ ❧❛tt✐❝❡ ✇✐t❤ ❛ ❣r❡❛t❡st ❡❧❡♠❡♥t ❛♥❞ ❛ s♠❛❧❧❡st
❡❧❡♠❡♥t✳

■♥ t❤❡ ♥❛♠❡ ♦❢ s✐♠♣❧✐❝✐t②✱ ✇❤❡♥ ✐t ✐s ❝❧❡❛r ❞✉❡ t♦ t❤❡ ❝♦♥t❡①t✱ ✇❡ ✇r✐t❡ ❑ ❢♦r t❤❡ s♠❛❧❧❡st
❡❧❡♠❡♥t ✭❜♦tt♦♠✮ ♦❢ ❛ ❜♦✉♥❞❡❞ ❧❛tt✐❝❡ ❛♥❞ ❏ ❢♦r t❤❡ ❣r❡❛t❡st ❡❧❡♠❡♥t ✭t♦♣✮ ♦❢ ❛ ❜♦✉♥❞❡❞
❧❛tt✐❝❡✳ ◆♦t✐❝❡ t❤❛t s♦♠❡ ❛✉t❤♦rs ❬●❍❑�✾✽✱ ●❍❑�✵✸❪ ❝❛❧❧ ❧❛tt✐❝❡s ✇❤❛t ✇❡ ❝❛❧❧ ❜♦✉♥❞❡❞
❧❛tt✐❝❡s✳

▲❡t ✉s ❣✐✈❡s s♦♠❡ ❡①❛♠♣❧❡s✿

❼ R ✐s ❛ ❧❛tt✐❝❡ ❜✉t ♥♦t ❛ ❜♦✉♥❞❡❞ ❧❛tt✐❝❡

❼ Ranges✱ t❤❡ ✐♥t❡r✈❛❧ I ♦❢ r❡❛❧ ♥✉♠❜❡rs ❜❡t✇❡❡♥ ✵ ❛♥❞ ✶✱ ❛♥❞ t❤❡ ❧❛tt✐❝❡ ♦❢ ❋✐❣✉r❡
✷✳✶ ❛r❡ ❜♦✉♥❞❡❞ ❧❛tt✐❝❡s✳

❉❡✜♥✐t✐♦♥ ✷✳✷✶✳ ❆ ❝♦♠♣❧❡t❡ ❧❛tt✐❝❡ L ✐s ❛ ❧❛tt✐❝❡ s✉❝❤ t❤❛t ❢♦r ❛♥② s✉❜s❡t X ❸ L✱ X ❤❛s
❛ ❧❡❛st ✉♣♣❡r ❜♦✉♥❞ ❛♥❞ ❛ ❣r❡❛t❡st ❧♦✇❡r ❜♦✉♥❞✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❛❧❧ ❝♦♠♣❧❡t❡ ❧❛tt✐❝❡s ❛r❡ ❜♦✉♥❞❡❞ ❧❛tt✐❝❡s❀ ❛♥❞ ❛❧❧ ✜♥✐t❡ ♥♦♥✲❡♠♣t②
❧❛tt✐❝❡s ❛r❡ ❝♦♠♣❧❡t❡ ❧❛tt✐❝❡s✳ ❋♦r ✐♥st❛♥❝❡✱ Ranges ❛♥❞ P♣Σq ❛r❡ ❝♦♠♣❧❡t❡ ❧❛tt✐❝❡s✳

❉❡✜♥✐t✐♦♥ ✷✳✷✷✳ ❆ ❞✐str✐❜✉t✐✈❡ ❧❛tt✐❝❡ ✐s ❛ ❧❛tt✐❝❡ ❢♦r ✇❤✐❝❤ t❤❡ ♦♣❡r❛t✐♦♥s ♦❢ ❥♦✐♥ ❛♥❞
♠❡❡t ❞✐str✐❜✉t❡ ♦✈❡r ❡❛❝❤ ♦t❤❡r✳ ❋♦r♠❛❧❧②✿

❅x❅y❅z, x ⊔ ♣y ⊓ zq ✏ ♣x ⊔ yq ⊓ ♣x ⊔ zq ❫ x ⊓ ♣y ⊔ zq ✏ ♣x ⊓ yq ⊔ ♣x ⊓ zq.

❆❧❧ ❧❛tt✐❝❡s ❛r❡ ♥♦t ❞✐str✐❜✉t✐✈❡✱ ❡✳❣✱ t❤❡ ❧❛tt✐❝❡ ♦❢ ❋✐❣✉r❡ ✷✳✶ ✐s ♥♦t ❞✐str✐❜✉t✐✈❡ s✐♥❝❡
x ⊔ ♣y ⊓ zq ✏ u ❛♥❞ ♣x ⊔ yq ⊓ ♣x ⊔ zq ✏ ❏✳

❉❡✜♥✐t✐♦♥ ✷✳✷✸✳ ❆ ❝♦♠♣❧❡♠❡♥t❡❞ ❧❛tt✐❝❡ ✐s ❛ ❜♦✉♥❞❡❞ ❧❛tt✐❝❡ L s✉❝❤ t❤❛t ❡❛❝❤ ❡❧❡♠❡♥t
x ∈ L ❤❛s ❛ ❝♦♠♣❧❡♠❡♥t✱ ✐✳❡✳✿

❅x ∈ L, ❉y ∈ L : x ⊓ y ✏ ❑❫ x ⊔ y ✏ ❏.

◆♦t✐❝❡ t❤❛t✱ ✐♥ ❛ ❞✐str✐❜✉t❡❞ ❛♥❞ ❝♦♠♣❧❡♠❡♥t❡❞ ❧❛tt✐❝❡✱ ❡❛❝❤ ❡❧❡♠❡♥t ❤❛s ❛ ✉♥✐q✉❡
❝♦♠♣❧❡♠❡♥t✳

❉❡✜♥✐t✐♦♥ ✷✳✷✹✳ ❚❤❡ ❤❡✐❣❤t ♦❢ ❛ ❧❛tt✐❝❡ ♣Σ,↕q ✐s t❤❡ ❧❛r❣❡st n ∈ N s✉❝❤ t❤❛t t❤❡r❡ ❡①✐sts
❛ s❡q✉❡♥❝❡ x0 ∈ Σ✱ ✳ ✳ ✳ ✱ xn ∈ Σ s✉❝❤ t❤❛t ❢♦r ❡✈❡r② k ∈ t0, . . . , n✉✱ xk ➔ xk�1✳

■❢ ♥♦ s✉❝❤ n ❡①✐sts✶✵✱ t❤❡♥ ✇❡ s❛② t❤❛t t❤❡ ❧❛tt✐❝❡ ❤❛s ✐♥✜♥✐t❡ ❤❡✐❣❤t✳

■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ❤❡✐❣❤t ♦❢ ❛ ❧❛tt✐❝❡✱ ✐s t❤❡ ❧❡♥❣t❤ ✭♠✐♥✉s ✶✮ ♦❢ t❤❡ ❣r❡❛t❡st str✐❝t❧②
✐♥❝r❡❛s✐♥❣ ❝❤❛✐♥✳ ❋♦r ✐♥st❛♥❝❡✱ ❛ ✢❛t ❧❛tt✐❝❡ ❤❛s ❤❡✐❣❤t ✷✱ t❤❡ ❧❛tt✐❝❡ ♦❢ ❋✐❣✉r❡ ✷✳✶ ❤❛s
❤❡✐❣❤t ✸✱ ❛♥❞ t❤❡ ❧❛tt✐❝❡ Ranges ❤❛s ✐♥✜♥✐t❡ ❤❡✐❣❤t✳

✶✵❲❡ s❤♦✉❧❞ ❤❛✈❡ ❞❡✜♥❡❞ t❤❡ ❤❡✐❣❤t ❛s ❛♥ ♦r❞✐♥❛❧ ♦r ❛ ❝❛r❞✐♥❛❧✳ ■♥ t❤✐s ❝❛s❡✱ ❛ ❧❛tt✐❝❡ ❤❛s ❛♥ ✐♥✜♥✐t❡
❤❡✐❣❤t ✇❤❡♥❡✈❡r ✐ts ❤❡✐❣❤t ✐s ❛♥ ✐♥✜♥✐t❡ ♦r❞✐♥❛❧ ♦r ❝❛r❞✐♥❛❧✳
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✷✳✸✳✸ ❈♦♥str✉❝t✐♦♥ ♦❢ ▲❛tt✐❝❡s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❣✐✈❡ s♦♠❡ ✇❛②s t♦ ❝♦♥str✉❝t ♥❡✇ ❧❛tt✐❝❡s✳ ●✐✈❡♥ t✇♦ ❧❛tt✐❝❡s ♣L1,↕1q✱
♣L2,↕2q ✇❡ ❝❛♥ ❞❡✜♥❡ t❤❡✐r ♣r♦❞✉❝t✿

❉❡✜♥✐t✐♦♥ ✷✳✷✺✳ ❚❤❡ ❈❛rt❡s✐❛♥ ♣r♦❞✉❝t ♦❢ t✇♦ ❧❛tt✐❝❡s ♣L1,↕1q ❛♥❞ ♣L2,↕2q ✐s t❤❡ s❡t
L1 ✂ L2 ♦r❞❡r❡❞ ❜② t❤❡ ♣r♦❞✉❝t ♦r❞❡r✐♥❣✳

■♥ ❛ s✐♠✐❧❛r ✇❛②✱ ✇❡ ❝❛♥ ❝♦♥str✉❝t ❛ ❧❛tt✐❝❡ ♦❢ ❢✉♥❝t✐♦♥s ❢r♦♠ ❛ s❡t X✳ ❚❤✐s ❧❛tt✐❝❡ ♠❛②
❜❡ s❡❡♥ ❛s t❤❡ ♣r♦❞✉❝t ♦❢ card♣Xq t✐♠❡s t❤❡ s❛♠❡ ❧❛tt✐❝❡✿

❉❡✜♥✐t✐♦♥ ✷✳✷✻✳ ●✐✈❡♥ ❛ ❧❛tt✐❝❡ ♣L,↕q ❛♥❞ ❛♥ ❛r❜✐tr❛r② s❡t X✱ t❤❡ ❧❛tt✐❝❡ ♦❢ ❢✉♥❝t✐♦♥s
❢r♦♠ X t♦ L ✐s t❤❡ s❡t LX ♦r❞❡r❡❞ ❜② t❤❡ ♣♦✐♥t✇✐s❡ ♦r❞❡r✐♥❣✳

❖❜✈✐♦✉s❧②✱ t❤❡② ❛r❡ ❧❛tt✐❝❡s✿

❈❧❛✐♠ ✷✳✹✳ ❚❤❡ ❈❛rt❡s✐❛♥ ♣r♦❞✉❝t ♦❢ t✇♦ ❧❛tt✐❝❡s ✐s ❛ ❧❛tt✐❝❡✳
❚❤❡ ❧❛tt✐❝❡ ♦❢ ❢✉♥❝t✐♦♥s ❢r♦♠ ❛ s❡t X t♦ ❛ ❧❛tt✐❝❡ L ✐s ❛ ❧❛tt✐❝❡✳

❆♥♦t❤❡r ✇❛② t♦ ❝♦♥str✉❝t ❧❛tt✐❝❡s ✐s t♦ ❝♦♥s✐❞❡r t❤❡ s❡t ♦❢ s✉❜s❡ts P♣Xq ♦❢ s♦♠❡ s❡t X✳
❍❡r❡ ✇❡ ❝♦♥s✐❞❡r ❛ s✉❜❧❛tt✐❝❡ ♦❢ t❤❡ s❡t ♦❢ s✉❜s❡ts ♦❢ ❛ ♣♦s❡t✿

❉❡✜♥✐t✐♦♥ ✷✳✷✼✳ ❆ s✉❜s❡t X ♦❢ ❛♥ ♣♦s❡t L,↕ ✐s ✉♣♣❡r✲❝❧♦s❡❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢

❅x ∈ x, ❅y ∈ L, x ↕ y Ñ y ∈ X.

❚❤❡ s❡t ♦❢ ✉♣♣❡r ❝❧♦s❡❞ s✉❜s❡t ♦❢ L ✐s ✇r✐tt❡♥ PÒ♣Lq✳

❈❧❛✐♠ ✷✳✺✳ ■❢ L,↕ ✐s ❛ ♣♦s❡t✱ PÒ♣Lq ✐s ❛ ❝♦♠♣❧❡t❡ ❧❛tt✐❝❡ ❢♦r t❤❡ ✐♥❝❧✉s✐♦♥ ♦r❞❡r✐♥❣✳

◆♦t✐❝❡ t❤❛t✱ ❣✐✈❡♥ ❛ ✜♥✐t❡ ❧❛tt✐❝❡ L,↕✱ ❛♥② ❡❧❡♠❡♥t X ♦❢ PÒ♣Lq ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛
s❡q✉❡♥❝❡ s1, . . . , sn ♦❢ ❡❧❡♠❡♥ts ♦❢ L s✉❝❤ t❤❛t X ✏

➈
k∈t1,...,n✉tx ∈ L ⑤ sn ↕ x✉✳ ❚❤❡r❡ ❡①✐st

s❡✈❡r❛❧ s❡q✉❡♥❝❡s t❤❛t ❣✐✈❡s t❤❡ s❛♠❡ s❡t✳ ▲❡t ✉s ❝♦♥s✐❞❡r ❛♥t✐❝❤❛✐♥s✿

❉❡✜♥✐t✐♦♥ ✷✳✷✽✳ ❆♥ ❛♥t✐❝❤❛✐♥ ✐s ❛ s❡t X s✉❝❤ t❤❛t ❅x, y ∈ X, x ✘ y ñ ✥♣x ↕ yq❫✥♣y ↕
xq✳

❆♥ ❛♥t✐❝❤❛✐♥ ✐s ❛ s❡t s✉❝❤ t❤❛t t✇♦ ❞✐st✐♥❝t ❡❧❡♠❡♥ts ❛r❡ ✉♥❝♦♠♣❛r❛❜❧❡✳ ●✐✈❡♥ ❛ ✜♥✐t❡
❧❛tt✐❝❡ L,↕✱ ❡❛❝❤ ❡❧❡♠❡♥t ♦❢ PÒ♣Lq ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❜② ❛ ✜♥✐t❡ ❛♥t✐❝❤❛✐♥✳ ❚❤✐s ❛♥t✐❝❤❛✐♥
✐s ✉♥✐q✉❡✱ ✐✳❡✳✱ t✇♦ ❞✐st✐♥❝t ❛♥t✐❝❤❛✐♥s r❡♣r❡s❡♥ts t✇♦ ❞✐st✐♥❝t s✉❜s❡ts ♦❢ L✳

✷✳✹ ❲♦r❞s

●✐✈❡♥ ❛♥ ❛❧♣❤❛❜❡t Σ✱ t❤❡ ❡❧❡♠❡♥ts ♦❢ Σ ❛r❡ ❝❛❧❧❡❞ ❧❡tt❡rs✱ ❛♥❞ ❛ ✇♦r❞ ✐s ❛ ✜♥✐t❡ s❡q✉❡♥❝❡
♦❢ ❧❡tt❡rs✳ ❊✳❣✳✱ aaabab ✐s ❛ ✇♦r❞ ♦♥ t❤❡ ❛❧♣❤❛❜❡t ta, b✉✳ ❲❡ ✇r✐t❡ w ✏ a1 . . . an t♦ s❛② t❤❛t
w ✐s t❤❡ ✜♥✐t❡ s❡q✉❡♥❝❡ ♦❢ ❧❡tt❡rs a1✱ ✳ ✳ ✳ ✱ an✳



✷✳✹✳ ❲❖❘❉❙ ✷✼

❞❛t❛6 ❞❛t❛5 ❞❛t❛4 ❞❛t❛3 ❞❛t❛2 ❞❛t❛1

t❛✐❧ ❤❡❛❞

❋✐❣✉r❡ ✷✳✸✿ ❊①❛♠♣❧❡ ♦❢ ❋■❋❖

❚❤❡ ❝♦♥❝❛t❡♥❛t✐♦♥ ♦❢ t✇♦ ✇♦r❞s u ✏ a1 . . . an ❛♥❞ v ✏ b1 . . . bm ✐s u☎v ❞❡❢✏ a1 . . . anb1 . . . bm✳
❚❤❡ ❡♠♣t② ✇♦r❞✱ ✐✳❡✳✱ t❤❡ ✇♦r❞ ✇✐t❤ ③❡r♦ ❧❡tt❡rs✱ ✐s ✇r✐tt❡♥ ǫ✳

❆ ✇♦r❞ u ✏ a1 . . . an ✐s ❛ s✉❜✇♦r❞ ♦❢ ❛ ✇♦r❞ v ✐❢ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ w1✱ ✳ ✳ ✳ ✱ wn�1

s✉❝❤ t❤❛t v ✏ w1 ☎ a1 ☎ w2 ☎ . . . ☎ an ☎ wn�1✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❛ ✇♦r❞ u ✐s ❛ s✉❜✇♦r❞ ♦❢ v ✐s ✇❡
❝❛♥ r❡❛❝❤ u ❜② ❡r❛s✐♥❣ ❧❡tt❡rs ✐♥ v✳ ❊✳❣✳✱ aa ❛♥❞ bb ❛r❡ s✉❜✇♦r❞s ♦❢ baab ❜✉t aba ✐s ♥♦t ❛
s✉❜✇♦r❞ ♦❢ baab✳

❆ ✇♦r❞ u ✐s ❛ ♣r❡✜① ♦❢ ❛ ✇♦r❞ v ✐❢ t❤❡r❡ ❡①✐sts ❛ ✇♦r❞ w s✉❝❤ t❤❛t u ☎ w ✏ v✳ ❚❤❡

r❡❧❛t✐♦♥ ↕♣r❡✜① ✐s ❞❡✜♥❡❞ ❜② u ↕♣r❡✜① v
❞❡❢

ô ❉w : u ☎ w ✏ v✳
❚❤❡ ❝♦♥❝❛t❡♥❛t✐♦♥ ❜② ❛♥ ✐♥✈❡rs❡ ✇♦r❞ ✐s ❞❡✜♥❡❞ ❜② ✿ u✁1 ☎ ♣u ☎vq ✏ v✳ u✁1w ✐s ✉♥❞❡✜♥❡❞

✐❢ u ✐s ♥♦t ❛ ♣r❡✜① ♦❢ w✳

❈❧❛✐♠ ✷✳✻✳ ❚❤❡ r❡❧❛t✐♦♥ ↕♣r❡✜① ✐s ❛♥ ♦r❞❡r✐♥❣ ♦♥ ✇♦r❞s✳

❚❤✐s r❡❧❛t✐♦♥ ✐s ❛ t♦t❛❧ ♦r❞❡r✐♥❣ ♦♥ s♦♠❡ s❡t ♦❢ ✇♦r❞s✿

❈❧❛✐♠ ✷✳✼✳ ●✐✈❡♥ ❛ ✇♦r❞ w✱ t❤❡ r❡❧❛t✐♦♥ ↕♣r❡✜① ✐s ❛ t♦t❛❧ ♦r❞❡r✐♥❣ ♦♥ t❤❡ s❡t ♦❢ ♣r❡✜①❡s
♦❢ w✳

✷✳✹✳✶ ❋■❋❖

❋✐rst✲✐♥ ✜rst✲♦✉t q✉❡✉❡s ✭❋■❋❖✮ ❛r❡ ❛♥ ❛❜str❛❝t ❞❛t❛ str✉❝t✉r❡✳ ■♥ ❛ ❋■❋❖✱ ✇❡ ❝❛♥ ❛❞❞
s♦♠❡ ❡❧❡♠❡♥ts✳ ❚❤❡ ✜rst ❡❧❡♠❡♥t ♣✉s❤❡❞ ♦♥ ❛ ❋■❋❖ ✇✐❧❧ ❜❡ t❤❡ ✜rst ❡❧❡♠❡♥t t❤❛t ✇✐❧❧
❜❡ ❡①tr❛❝t❡❞✳ ❋✐❣✉r❡ ✷✳✸ ❣✐✈❡s ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛ ❋■❋❖ ❝♦♥t❛✐♥✐♥❣ ❞❛t❛1✱ ✳ ✳ ✳ ✱ ❞❛t❛6✳ ■❢ ✇❡
✇❛♥t t♦ ❛❞❞ ❞❛t❛7✱ ✐t ✇✐❧❧ ❜❡ ❛❞❞❡❞ t♦ t❤❡ t❛✐❧✱ ❛❢t❡r ❞❛t❛6✳ ❚❤❡ ✜rst ❡❧❡♠❡♥t t❤❛t ✇✐❧❧ ❜❡
❡①tr❛❝t❡❞ ❢r♦♠ t❤❡ ❋■❋❖ ✐s ❞❛t❛1✳

❋♦r♠❛❧❧②✱ ✇❡ ♠♦❞❡❧ ❋■❋❖ ❛s ✇♦r❞s✿ ❆ ❋■❋❖ ♦♥ t❤❡ ❛❧♣❤❛❜❡t Σ ✐s r❡♣r❡s❡♥t❡❞ ❜② ❛
✇♦r❞ ♦♥ Σ✳ ▲❡t FIFOΣ ❜❡ t❤❡ s❡t ♦❢ ❋■❋❖s ♦♥ t❤❡ ❛❧♣❤❛❜❡t Σ✳

❲❡ ❞❡✜♥❡ ♦♥ ✇♦r❞s t❤❡ st❛♥❞❛r❞ ❋■❋❖ ♦♣❡r❛t✐♦♥s✿

❼ fst : FIFOΣ Ñ Σ

❼ deq : FIFOΣ Ñ FIFOΣ

❼ enq : Σ✂ FIFOΣ Ñ FIFOΣ

❚❤❡ ♣❛rt✐❛❧ ❢✉♥❝t✐♦♥ fst r❡❛❞s t❤❡ ✜rst ❡❧❡♠❡♥t ♦❢ t❤❡ ❋■❋❖❀ t❤❡ ♣❛rt✐❛❧ ❢✉♥❝t✐♦♥ deq

❞✐s❝❛r❞s t❤❡ ✜rst ❡❧❡♠❡♥t ♦❢ t❤❡ ❋■❋❖✱ ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥ enq ❛❞❞s ❛♥ ❡❧❡♠❡♥t ❛t t❤❡ ❡♥❞
♦❢ ❛ ❋■❋❖ ❛♥❞ ǫ ✐s t❤❡ ❡♠♣t② ❋■❋❖✳



✷✽ ❈❍❆P❚❊❘ ✷✳ ▼❆❚❍❊▼❆❚■❈❆▲ ❇❆❙■❙

❋♦r♠❛❧❧②✱ ❢♦r ❛♥② ❧❡tt❡r a ❛♥❞ ❛♥② ✇♦r❞ u✿

fst♣u ☎ aq ❞❡❢✏ a

deq♣u ☎ aq ❞❡❢✏ u

enq♣a, uq ❞❡❢✏ a ☎ u

■♥ ❋✐❣✉r❡ ✷✳✸✱ t❤❡ ❢✉♥❝t✐♦♥ fst ✇✐❧❧ r❡t✉r♥ ❞❛t❛1✱ ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥ deq ✇✐❧❧ ❡r❛s❡ ❞❛t❛1✳
❋■❋❖ ✇✐❧❧ ❜❡ ✉s❡❞ ✐♥ ❈❤❛♣t❡r ✾ t♦ ❞❡✜♥❡ ❜✉✛❡rs✳
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❆❜str❛❝t ■♥t❡r♣r❡t❛t✐♦♥

✸✳✶ ❇❛s✐❝ Pr✐♥❝✐♣❧❡s

❆ s❡♠❛♥t✐❝s ✈☎✇ : Pr♦❣r❛♠s Ñ S ❛ss♦❝✐❛t❡s t♦ ❡❛❝❤ ♣r♦❣r❛♠ ❛ ✈❛❧✉❡✱ ✐♥ ❛ s❡t S✳

❋♦r ✐♥st❛♥❝❡✱ ❛ s❡♠❛♥t✐❝s ❝❛♥ ❛ss♦❝✐❛t❡ t♦ ❡❛❝❤ ♣r♦❣r❛♠ ❛ tr❛♥s✐t✐♦♥ s②st❡♠✳ ❚❤❡
tr❛♥s✐t✐♦♥ s②st❡♠ r❡♣r❡s❡♥ts t❤❡ ♣♦ss✐❜❧❡ ❜❡❤❛✈✐♦rs ♦❢ t❤❡ ♣r♦❣r❛♠ ❞✉r✐♥❣ ❛♥ ❡①❡❝✉t✐♦♥✳
❚❤✐s ❦✐♥❞ ♦❢ s❡♠❛♥t✐❝s ✐s ❝❛❧❧❡❞ s♠❛❧❧✲st❡♣ s❡♠❛♥t✐❝s✱ ❜❡❝❛✉s❡ ✐t ❞❡s❝r✐❜❡s ❡❛❝❤ st❡♣ ♦❢ t❤❡
❡①❡❝✉t✐♦♥ ♦❢ ❛ ♣r♦❣r❛♠✳ ■♥ P❛rt ■■ ✇❡ ❣✐✈❡ ❛ s✉❝❤ s❡♠❛♥t✐❝s ❢♦r ♦✉r ♣r♦❣r❛♠s✳

❆ s❡♠❛♥t✐❝s ♠❛② ❜❡ ❤❛r❞ t♦ ❝♦♠♣✉t❡✱ ♦r ❡✈❡♥ ♠❛② ❜❡ ✉♥r❡♣r❡s❡♥t❛❜❧❡ ♦r ✉♥❝♦♠♣✉t❛❜❧❡✳
❚♦ st✉❞② t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ❛ s❡♠❛♥t✐❝s ✈☎✇✱ ❛♥ ❛♣♣r♦❛❝❤ t♦ ❛❜str❛❝t ✐♥t❡r♣r❡t❛t✐♦♥ ❬❈♦✉✾✻❪
✐s t♦ ❣✐✈❡ ❛♥ ❛❧t❡r♥❛t✐✈❡ s❡♠❛♥t✐❝s L☎M t♦ ♣r♦❣r❛♠s✳ ●✐✈❡♥ ❛♥ ❛❜str❛❝t ❞♦♠❛✐♥ S ✱ ❛♥
❛❜str❛❝t s❡♠❛♥t✐❝s L☎M : Pr♦❣r❛♠s Ñ S ♠❛♣s ♣r♦❣r❛♠s t♦ S ✳ Pr♦❣r❛♠s t❤❡♥ ❤❛✈❡ t✇♦
s❡♠❛♥t✐❝s✱ ❛ s❡♠❛♥t✐❝s ✈☎✇✱ ❝❛❧❧❡❞ ❝♦♥❝r❡t❡ s❡♠❛♥t✐❝s ❛♥❞ ❛♥ ❛❜str❛❝t s❡♠❛♥t✐❝s L☎M✳

❆♥ ❛❜str❛❝t s❡♠❛♥t✐❝s ♠❛② ❜❡ ❛♥②t❤✐♥❣✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡ ♠❛✐♥ ✐♥t❡r❡st ♦❢ ❛♥ ❛❜str❛❝t
s❡♠❛♥t✐❝s ✐s ✐ts ❧✐♥❦ ✇✐t❤ t❤❡ ❝♦♥❝r❡t❡ s❡♠❛♥t✐❝s✳ ❚❤✐s ✐s ♠♦❞❡❧❡❞ ❜② ❛ s♦✉♥❞♥❡ss ♣r♦♣❡rt②
σ t❤❛t ✐s ❤♦❧❞ ❢♦r ❛❧❧ ♣r♦❣r❛♠s✳ ❋♦r♠❛❧❧②✱ ✇❡ ✇❛♥t✿

❅p ∈ Programs, σ♣✈p✇, LpMq.

✷✾
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❋✐❣✉r❡ ✸✳✶✿ ❖✈❡r❛♣♣r♦①✐♠❛t✐♦♥

✸✳✷ ●❛❧♦✐s ❈♦♥♥❡❝t✐♦♥s

❍❡r❡✱ ✇❡ ✉s❡ ❛❜str❛❝t ✐♥t❡r♣r❡t❛t✐♦♥ t♦ ♦✈❡r❛♣♣r♦①✐♠❛t❡ ❬❈❈✵✹❪ t❤❡ ♣♦ss✐❜❧❡ ❜❡❤❛✈✐♦rs ♦❢
❛ ♣r♦❣r❛♠✳ ❚❤❡ ❛❜str❛❝t s❡♠❛♥t✐❝s L☎M ✇✐❧❧ ♦✈❡r❛♣♣r♦①✐♠❛t❡ ✭✐♥ s♦♠❡ s❡♥s❡✮ t❤❡ ❝♦♥❝r❡t❡
s❡♠❛♥t✐❝s ✈☎✇✳ ❚♦ ❢♦r♠❛❧❧② ❞❡✜♥❡ ✏♦✈❡r❛♣♣r♦①✐♠❛t❡✑✱ ✇❡ ✉s❡ ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥s✿

❉❡✜♥✐t✐♦♥ ✸✳✶✳ ❆ ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥ ❬●❍❑�✵✸✱ ❈❈✾✶✱ ❈❈✵✹❪ ❜❡t✇❡❡♥ ❛ ♣♦s❡t X ❛♥❞ ❛
♣♦s❡t Y ✐s ❛ ♣❛✐r ♦❢ ♠♦♥♦t♦♥❡ ❢✉♥❝t✐♦♥s α : X Ñ Y ❛♥❞ γ : Y Ñ X s✉❝❤ t❤❛t✿

❅x ∈ X, ❅y ∈ Y, α♣xq ↕ y ô x ↕ γ♣yq.

❉❡✜♥✐t✐♦♥ ✸✳✷✳ ❆ ❞♦♠❛✐♥ ♦♥ ❛ ❝♦♥❝r❡t❡ ❝♦♠♣❧❡t❡ ❧❛tt✐❝❡ D ✐s ❛ t✉♣❧❡ ♣D , α, γq ✇❤❡r❡ D

✐s ❛♥ ❛❜str❛❝t ❧❛tt✐❝❡✱ ❛♥❞ α, γ ✐s ❛ ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ D ❛♥❞ D ✳

❚❤❡ ❢✉♥❝t✐♦♥ α✱ ❝❛❧❧❡❞ ❛❜str❛❝t✐♦♥ ❢✉♥❝t✐♦♥✱ ❧♦s❡ ✐♥❢♦r♠❛t✐♦♥✳ ■t ♦✈❡r❛♣♣r♦①✐♠❛t❡s ❛
❝♦♠♣❧❡① ❝♦♥❝r❡t❡ ♦❜❥❡❝t ❜② ❛ s✐♠♣❧❡r ❛❜str❛❝t ♦♥❡✳ ■♥ ❋✐❣✉r❡ ✸✳✶✱ t❤❡ ❣r❡❡♥ ♦❜❥❡❝t✱ ❛t t❤❡
❧❡❢t✱ ❝❛♥ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ❜② t❤❡ r❡❝t❛♥❣❧❡ ✭❛t t❤❡ r✐❣❤t✮✳ ❚❤❡ ❢✉♥❝t✐♦♥ α ✐s ❝❛❧❧❡❞ t❤❡
❛❜str❛❝t✐♦♥ ❢✉♥❝t✐♦♥ ❛♥❞ γ ✐s t❤❡ ❝♦♥❝r❡t✐③❛t✐♦♥ ❢✉♥❝t✐♦♥✳

❲❡ ✉s❡ ❛ ♣❛rt✐❝✉❧❛r ✐♥st❛♥❝❡ ♦❢ ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥s✳ ▲❡t ✉s ❝♦♥s✐❞❡r t✇♦ ❧❛tt✐❝❡s D

❛♥❞ D ✳ ❆ ❝♦♥❝r❡t❡ s❡♠❛♥t✐❝s ✈☎✇ : Programs Ñ ♣D Ñ Dq ❛ss♦❝✐❛t❡s t♦ ❡❛❝❤ ♣r♦❣r❛♠✱ ❛
♠♦♥♦t♦♥❡ ❢✉♥❝t✐♦♥ ✭❝❛❧❧❡❞ ✏tr❛♥s❢❡r ❢✉♥❝t✐♦♥✑✮ ❢r♦♠ t❤❡ ❝♦♥❝r❡t❡ ❧❛tt✐❝❡ t♦ ✐ts❡❧❢✳ ❙✐♠✐❧❛r❧②✱
t❤❡ ❛❜str❛❝t s❡♠❛♥t✐❝s ✈☎✇ : Programs Ñ ♣D Ñ Dq ❛ss♦❝✐❛t❡s t♦ ❡❛❝❤ ♣r♦❣r❛♠ ❛ ♠♦♥♦t♦♥❡
❢✉♥❝t✐♦♥ ❢r♦♠ t❤❡ ❛❜str❛❝t ❧❛tt✐❝❡ t♦ ✐ts❡❧❢✳ ❚❤❡ s♦✉♥❞♥❡ss ♣r♦♣❡rt② ✐s✿

❅p ∈ Programs, ❅X ∈ D, α ✆ ✈p✇ ✆ γ♣Xq ↕ LpM♣Xq.

❚❤✐s ♠❡❛♥s t❤❛t t❤❡ ❛❜str❛❝t s❡♠❛♥t✐❝s ✐s ❛♥ ❛❜str❛❝t✐♦♥ ♦❢ t❤❡ ❝♦♥❝r❡t❡ s❡♠❛♥t✐❝s✳
❋♦r♠❛❧❧②✿
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❉❡✜♥✐t✐♦♥ ✸✳✸✳ ●✐✈❡♥ ❛ ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥ α, γ✳ ❆ ♠♦♥♦t♦♥❡ ❢✉♥❝t✐♦♥ f ✼ ✐s ❛♥ ❛❜str❛❝t✐♦♥
♦❢ ❛ ♠♦♥♦t♦♥❡ ❢✉♥❝t✐♦♥ f ✻ ✐❢ ❛♥❞ ♦♥❧② ✐❢ α ✆ f ✻ ✆ γ ↕ f ✼✳

❚❤❡r❡ ❡①✐sts s❡✈❡r❛❧ ❡q✉✐✈❛❧❡♥t ❞❡✜♥✐t✐♦♥s ♦❢ ❛❜str❛❝t✐♦♥s✿

❈❧❛✐♠ ✸✳✶✳ ●✐✈❡♥ ❛ ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥ α, γ ❜❡t✇❡❡♥ D ❛♥❞ D ❛♥❞ t✇♦ ♠♦♥♦t♦♥❡ ❢✉♥❝t✐♦♥s
f ✻ : D Ñ D ❛♥❞ f ✼ : D Ñ D ✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✶✳ f ✼ ✐s ❛♥ ❛❜str❛❝t✐♦♥ ♦❢ f ✻✱

✷✳ α ✆ f ✻ ✆ γ ↕ f ✼✱

✸✳ f ✻ ✆ γ ↕ γ ✆ f ✼✱

✹✳ α ✆ f ✻ ↕ f ✼ ✆ α✱

✺✳ f ✻ ↕ γ ✆ f ✼ ✆ α✳

Pr♦♦❢✳ ❚❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ P♦✐♥ts ✶ ❛♥❞ ✷ ✐s ❣✐✈❡♥ ❜② ❉❡✜♥✐t✐♦♥ ✸✳✸✳
❉❡✜♥✐t✐♦♥ ✸✳✶ ❣✐✈❡s t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ P♦✐♥ts ✸ ❛♥❞ ✷ ❛♥❞ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥

P♦✐♥ts ✹ ❛♥❞ ✺✳
■❢ ❅Y ∈ D , f ✻ ✆ γ♣Y q ↕ γ ✆ f ✼♣Y q✱ t❤❡♥ ❅X ∈ D, f ✻ ✆ γ♣α♣Xqq ↕ γ ✆ f ✼♣α♣Xqq✱ t❤❡♥✱

❜❡❝❛✉s❡ ❅X ∈ D, X ↕ γ ✆ α♣Xq✱ ❅X ∈ D, f ✻♣Xq ↕ γ ✆ f ✼ ✆ α♣Xq✳ ❚❤❡ r❡✈❡rs❡ ✐♥❝❧✉s✐♦♥ ✐s
♣r♦✈❡♥ s✐♠✐❧❛r❧② ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t ❅Y ∈ D , α ✆ γ♣Y q ↕ Y ✳

❲❡ ❣✐✈❡ ❛s ❡①❛♠♣❧❡ ❛ ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥ αRanges, γRanges ❜❡t✇❡❡♥ P♣Zq ❛♥❞ Ranges✿

αRanges♣Xq ❞❡❢✏ r❣❧❜♣Xq, ❧✉♣♣Xqs,

γRanges♣Xq ❞❡❢✏ X.

❚❤✐s ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥ ❛❧❧♦✇s ✉s t♦ ❛❜str❛❝t t❤❡ ✈❛❧✉❡ ♦❢ ♦♥❡ ✐♥t❡❣❡r ✈❛r✐❛❜❧❡✳ ▲❡t ✉s ❣✐✈❡
❛ s❡❝♦♥❞ ❡①❛♠♣❧❡✱ ✇❤✐❝❤ ❛❧❧♦✇s ✉s t♦ r❡♣r❡s❡♥t s❡✈❡r❛❧ ✈❛r✐❛❜❧❡s✳ ▲❡t Var ❜❡ t❤❡ s❡t ♦❢
✈❛r✐❛❜❧❡s✱ t❤❡ ❝♦♥❝r❡t❡ ❧❛tt✐❝❡ ✐s P♣ZVar q ❛♥❞ t❤❡ ❛❜str❛❝t ❧❛tt✐❝❡ ✐s RangesVar ✱ ♦r❞❡r❡❞ ❜②
t❤❡ ♣♦✐♥t✇✐s❡ ♦r❞❡r✐♥❣✶✶✳ ❚❤❡ ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥ ✐s t❤❡♥✿

α♣σq ❞❡❢✏ αRanges ✆ σ,

γ♣σ✼q ❞❡❢✏ tσ ∈ Z
Var ⑤ ❅x ∈ Var , σ♣xq ∈ γRanges ✆ σ

✼♣xq✉.

❖✉r s❡♠❛♥t✐❝s ✇✐❧❧ ❜❡ ❞❡✜♥❡❞ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ ♣r♦❣r❛♠s✳ ❚②♣✐❝❛❧❧②✱ ❛ s❡♠❛♥t✐❝s ✐s
❞❡✜♥❡❞ ✉s✐♥❣ ❢✉♥❝t✐♦♥ ❝♦♠♣♦s✐t✐♦♥ ✭❡✳❣✱ ❢♦r s❡q✉❡♥❝❡s✮✱ ω✲✐t❡r❛t✐♦♥s ✭❡✳❣✳✱ ❢♦r while ❧♦♦♣s✮✱
✉♥✐♦♥ ❡t❝✳

❋♦r ✐♥st❛♥❝❡✱ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ♣r♦❣r❛♠✶✷ ♦❢ ❋✐❣✉r❡ ✸✳✷✳ ❲❡ ✉s❡ ❢♦r t❤✐s ❡①❛♠♣❧❡ t❤❡
❝♦♥❝r❡t❡ ❧❛tt✐❝❡ D ✏ P♣Zq ✭❛ s❡t X ∈ D r❡♣r❡s❡♥ts ❛❧❧ ♣♦ss✐❜❧❡ ✈❛❧✉❡s ♦❢ i✮ ❛♥❞ t❤❡ ❛❜str❛❝t
❧❛tt✐❝❡ Ranges✳ ❚❤❡ tr❛♥s❢❡r ❢✉♥❝t✐♦♥ ✈i :✏ 1✇ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ✏✐ ✿❂ ✶ ❀✑ st❛t❡♠❡♥t ✐s✿

✶✶❚❤✐s ♦r❞❡r✐♥❣ ✐s ❞❡✜♥❡❞ ✐♥ ❉❡✜♥✐t✐♦♥ ✷✳✶✵✳
✶✷❚❤✐s ♣r♦❣r❛♠ ✇❛s ❣✐✈❡♥ ❛s ❛♥ ❡①❛♠♣❧❡ ❜② P✳ ❈♦✉s♦t ❛♥❞ ❘✳ ❈♦✉s♦t ❬❈❈✾✷❪✳
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✶ ✐ ✿❂ ✶ ❀
✷ ✇❤✐ ❧ ❡ ✭✐ ↕ ✶✵✵✮
✸ ④ ✐ ✿❂✐✰✶❀ ⑥ ❀

❋✐❣✉r❡ ✸✳✷✿ Pr♦❣r❛♠ ❊①❛♠♣❧❡

λX.ti✉✳ ❚❤❡ ❢✉♥❝t✐♦♥ tr❛♥s❢❡r ✈i :✏ i� 1✇ ✐s ❞❡✜♥❡❞ ❜② ✈i :✏ i� 1✇♣Xq ✏ tn� 1 ⑤ n ∈ X✉✳
❚❤❡ tr❛♥s❢❡r ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❣✉❛r❞ ✏✐↕ ✶✵✵✑ ✐s ✈i ↕ 100✇♣Xq ✏ X ∩ r✁✽, 100s✳ ❚❤❡ tr❛♥s❢❡r
❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✇❤✐❧❡ ❧♦♦♣ ✐s t❤❡♥ ❞❡✜♥❡❞ ✉s✐♥❣ ❝♦♠♣♦s✐t✐♦♥ ❛♥❞ ω✲✐t❡r❛t✐♦♥✿

✈while♣i ↕ 100qti :✏ i� 1✉✇ ✏ ✈i → 100✇ ✆ ♣✈i :✏ i� 1✇ ✆ ✈i ↕ 100✇qÒω.

❋♦rt✉♥❛t❡❧②✱ ❛❜str❛❝t✐♦♥s ❝❛♥ ❜❡ ❝♦♠♣♦s❡❞✱ ✐t❡r❛t❡❞✱ ❡t❝✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✳ ▲❡t α, γ ❜❡ ❛ ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t✇♦ ❝♦♠♣❧❡t❡ ❧❛tt✐❝❡s D ❛♥❞
D ✳ ▲❡t ✉s ❝♦♥s✐❞❡r t✇♦ ♠♦♥♦t♦♥❡ ❢✉♥❝t✐♦♥s f ✻ : D Ñ D✱ g✻ : D Ñ D ❛♥❞ t❤❡✐r r❡s♣❡❝t✐✈❡
❛❜str❛❝t✐♦♥s f ✻ : D Ñ D ✱ g✼ :: D Ñ D ✳

❼ g✼ ✆ f ✼ ✐s ❛♥ ❛❜str❛❝t✐♦♥ ♦❢ g✻ ✆ f ✻✳

❼ ♣f ✼qÒω ✐s ❛♥ ❛❜str❛❝t✐♦♥ ♦❢ ♣f ✻qÒω

❼ λx.f ✼♣xq ⊔ g✼♣xq ✐s ❛♥ ❛❜str❛❝t✐♦♥ ♦❢ λx.f ✻♣xq ⊔ g✻♣xq✳

❍❡♥❝❡✱ ✐♥ t❤❡ ❡①❛♠♣❧❡ ♦❢ ❋✐❣✉r❡ ✸✳✷✱ ✇❡ ♦♥❧② ♥❡❡❞ t♦ ❣✐✈❡ ❛♥ ❛❜str❛❝t✐♦♥ ♦❢ ❜❛s✐❝
st❛t❡♠❡♥ts✳ ❚❤❡ ❛❜str❛❝t s❡♠❛♥t✐❝s ♦❢ t❤❡ while ❧♦♦♣ ♠❛② ❜❡ ❞❡✜♥❡❞ ❜②✿

Lwhile♣i ↕ 100qti :✏ i� 1✉M ✏ Li → 100M ✆ ♣Li :✏ i� 1M ✆ Li ↕ 100MqÒω.

●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥s s❛t✐s❢② ♣r♦♣❡rt✐❡s t❤❛t s✐♠♣❧✐❢② t❤❡✐r ❞❡✜♥✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✸✳✷✳ ▲❡t α, γ ❜❡ ❛ ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t✇♦ ❝♦♠♣❧❡t❡ ❧❛tt✐❝❡s D ❛♥❞ D ✳
❚❤❡r❡❢♦r❡✿

✶✳ ❅F ∈ DI , α♣
➋

i∈I F ♣iqq ✏
➋

i∈I α♣F ♣iqq✱

✷✳ ❅G ∈ D I , γ♣
d

i∈I G♣iqq ✏
d

i∈I γ♣G♣iqq✱

✸✳ ❅X ∈ D, α♣Xq ✏
d

Y ∈D❫X↕γ♣Y q Y ✱

✹✳ ❅Y ∈ D , γ♣Y q ✏
➋

X∈D❫α♣Xq↕Y X✳

P♦✐♥t ✶ ❛❧❧♦✇s ✉s t♦ s✐♠♣❧✐❢② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛♥ ❛❜str❛❝t✐♦♥ ❢✉♥❝t✐♦♥✳ ▲❡t ✉s ❝♦♥s✐❞❡r
❛ s✉❜s❡t S ♦❢ D t❤❛t ❣❡♥❡r❛t❡s D✱ ✐✳❡✳✱ s✉❝❤ t❤❛t✿ ❅X ∈ D, ❉S ✶ ❸ S : X ✏

➋
X ✶∈S✶ X

✶✳
❚❤❡ ✈❛❧✉❡s ♦❢ α ♦♥ ❡❧❡♠❡♥ts ♦❢ S ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡ α✳ ❍❡♥❝❡✱ t♦ ❞❡✜♥❡ α✱ ✇❡ ♠❛② ❣✐✈❡
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t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ α ♦♥❧② ♦♥ S✳ ❋♦r ✐♥st❛♥❝❡✱ ✐❢ D ✏ P♣Σq✱ t❤❡♥✱ ✇❡ ♠❛② ❞❡✜♥❡ α ♦♥❧② ♦♥
s✐♥❣❧❡t♦♥s✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ αRanges ✐s t❤❡♥ s✐♠♣❧✐✜❡❞✿

α♣tx✉q ❞❡❢✏ tx✉.

■♥❞❡❡❞✱ ✐❢ α♣tx✉q ❞❡❢✏ tx✉✱ t❤❡r❡❢♦r❡✱ α♣Xq ✏
➋

x∈X α♣tx✉q ✏
➋

x∈Xtx✉✳ ◆♦t✐❝❡ t❤❛t ⊔ ♦♥
Ranges ✐s ❞✐st✐♥❝t ❢r♦♠ t❤❡ ✉♥✐♦♥ ∪✱ s✐♥❝❡ t0✉⊔ t2✉ ✏ t0, 1, 2✉ ❛♥❞ t0✉⊔ t2✉ ✏ t0, 2✉. ■❢ X
✐s ✜♥✐t❡ ♥♦♥✲❡♠♣t②✱ α♣Xq ✏ t❣❧❜♣Xq✉⊔t❧✉❜♣Xq✉⊔

➋
x∈Xtx✉ ✏ r❣❧❜♣Xq, ❧✉♣♣Xqs⊔

➋
x∈Xtx✉✳

❙✐♥❝❡ Ranges ❛r❡ ♦r❞❡r❡❞ ❜② ✐♥❝❧✉s✐♦♥✱ α♣Xq ✏ r❣❧❜♣Xq, ❧✉❜♣Xqs✳ ❚❤❡ ❝❛s❡ ✇❤❡r❡ X ✐s
✐♥✜♥✐t❡ ✐s s✐♠✐❧❛r✳ ❚❤❡ ❝❛s❡ X ✏ ∅ ✐s tr✐✈✐❛❧✿ α♣∅q ✏ ∅ ✏ r�✽,✁✽s ✏ r❣❧❜♣∅q, ❧✉❜♣∅qs✳

❚❤❡ P♦✐♥ts ✸ ❛♥❞ ✹ ♠❡❛♥ t❤❛t t❤❡ ❛❜str❛❝t✐♦♥ ❢✉♥❝t✐♦♥ ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡s t❤❡ ❝♦♥✲
❝r❡t✐③❛t✐♦♥ ❢✉♥❝t✐♦♥ ❛♥❞ r❡❝✐♣r♦❝❛❧❧②✳ ❍❡♥❝❡✱ t♦ ❞❡✜♥❡ ❛ ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥ α, γ ✇❡ ❥✉st ❤❛✈❡
t♦ ❣✐✈❡ α ♦r t♦ ❞❡✜♥❡ γ✳ ❋✐♥❛❧❧②✱ t❤❡ ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥ αRanges, γRanges ♠❛② ❜❡ ❞❡✜♥❡❞ ❜②

t❤❡ s✐♠♣❧❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥✿ α♣tx✉q ❞❡❢✏ tx✉.

❉❡✜♥✐t✐♦♥ ✸✳✹✳ Pr♦❞✉❝t ♦❢ ❞♦♠❛✐♥s✳ ❲❡ ❝♦♥s✐❞❡r t✇♦ ❝♦♥❝r❡t❡ ❧❛tt✐❝❡s D1 ❛♥❞ D2 ❛♥❞ t✇♦
❛❜str❛❝t ❧❛tt✐❝❡s D1✱ D2✳ ▲❡t ✉s ❛ss✉♠❡ t✇♦ ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥s α1, γ1 ❛♥❞ α2, γ2 ❢r♦♠ D1
t♦ D1 ❛♥❞ ❢r♦♠ D2 t♦ D2 r❡s♣❡❝t✐✈❡❧②✳

❚❤❡ s❡♣❛r❛t❡ ♣r♦❞✉❝t ♦❢ ❞♦♠❛✐♥s ✐s t❤❡ ❞♦♠❛✐♥ D1⑤2, α1⑤2, γ1⑤2 ✇❤❡r❡✿

❼ D1⑤2 ✐s t❤❡ ❈❛rt❡s✐❛♥ ♣r♦❞✉❝t ♦❢ D1 ❛♥❞ D2✱ ♦r❞❡r❡❞ ❜② t❤❡ ♣r♦❞✉❝t ♦r❞❡r✐♥❣✳

❼ α1⑤2, γ1⑤2 ✐s ❛ ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ D1 ✂ D2 ✭♦r❞❡r❡❞ ❜② t❤❡ ♣r♦❞✉❝t ♦r❞❡r✐♥❣✮
❛♥❞ D1⑤2 ❞❡✜♥❡❞ ❜②✿

α1⑤2♣x1, x2q ✏ ♣α1♣x1q, α2♣x2qq ✭✸✳✶✮

γ1⑤2♣y1, y2q ✏ ♣γ1♣x1q, γ2♣y2qq ✭✸✳✷✮

✭✸✳✸✮

✸✳✸ ❲✐❞❡♥✐♥❣ ❛♥❞ ◆❛rr♦✇✐♥❣

❆s s❡❡♥ ❜❡❢♦r❡✱ ✐❢ f ✼ ✐s ❛♥ ❛❜str❛❝t✐♦♥ ♦❢ f ✻✱ t❤❡♥ ♣f ✼qÒω ✐s ❛♥ ❛❜str❛❝t✐♦♥ ♦❢ ♣f ✻qÒω✳ ◆❡✈✲
❡rt❤❡❧❡ss✱ ❡✈❡♥ t❤♦✉❣❤ f ✼ ✐s ❝♦♠♣✉t❛❜❧❡✱ ♣f ✼qÒω ♠❛② ❜❡ ✉♥❝♦♠♣✉t❛❜❧❡ ♦r ♠❛② ❜❡ ❤❛r❞ t♦
❝♦♠♣✉t❡✳ ■♥ t❤❡ ❡①❛♠♣❧❡ ♦❢ ❋✐❣✉r❡ ✸✳✷✱ ❝♦♠♣✉t✐♥❣ ♣Li :✏ i � 1M ✆ Li ↕ 100MqÒω♣t1✉q ♥❡❡❞
✶✵✵ ✐t❡r❛t✐♦♥s✦ ❲❡ ♥❡❡❞ ❛ ♥❡✇ ♠❡t❤♦❞ t♦ ✜♥❞ ❛♥ ❡❛s✐❧② ❝♦♠♣✉t❛❜❧❡ ❛❜str❛❝t✐♦♥ ♦❢ ♣f ✻qÒω✳

P✳ ❈♦✉s♦t ❛♥❞ ❘✳ ❈♦✉s♦t ✐♥tr♦❞✉❝❡ t❤❡ ❝♦♥❝❡♣t ♦❢ ✇✐❞❡♥✐♥❣ ❬❈❈✾✷✱ ❈❈✾✶❪✳

❉❡✜♥✐t✐♦♥ ✸✳✺✳ ❆ s✐♠♣❧❡ ✇✐❞❡♥✐♥❣ ♦♣❡r❛t♦r ♦♥ ❛♥ ❛❜str❛❝t ❧❛tt✐❝❡ D ✐s ❛ ❜✐♥❛r② ♦♣❡r❛t♦r
▽ : D ✂D Ñ D s✉❝❤ t❤❛t✿

✶✳ ❅x, y ∈ D , x ⊔ y ↕ x▽y✳

✷✳ ❋♦r ❡✈❡r② ✐♥✜♥✐t❡ ✐♥❝r❡❛s✐♥❣ ❝❤❛✐♥ x1✱ x2✱ ✳ ✳ ✳ ✱ t❤❡ s❡q✉❡♥❝❡ yn ✐♥❞✉❝t✐✈❡❧② ❞❡✜♥❡❞ ❜②
y0 ✏ x0 ❛♥❞ yn � 1 ✏ yn▽xn�1 ✐s st❛t✐♦♥❛r②✳



✸✹ ❈❍❆P❚❊❘ ✸✳ ❆❇❙❚❘❆❈❚ ■◆❚❊❘P❘❊❚❆❚■❖◆

❚❤❡ ✜rst ♣♦✐♥t ♠❡❛♥s t❤❛t t❤❡ ✇✐❞❡♥✐♥❣ ♦♣❡r❛t♦r ♦✈❡r❛♣♣r♦①✐♠❛t❡s t❤❡ ❧❡❛st ✉♣♣❡r
❜♦✉♥❞✳ ❚❤❡ s❡❝♦♥❞ ♣♦✐♥t ❡♥s✉r❡s t❡r♠✐♥❛t✐♦♥ ✇❤❡♥ ❝♦♠♣✉t✐♥❣ ✐♥❞✉❝t✐✈❡❧② y ✭yn ✐s ❛♥
♦✈❡r❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ xn✮✳ ◆♦t✐❝❡ t❤❛t✱ ♦♥ ❛ ❧❛tt✐❝❡ ♦❢ ✜♥✐t❡ ❤❡✐❣❤t✱ t❤❡ ❧❡❛st ✉♣♣❡r ❜♦✉♥❞
⊔ ✐s ❛ ✇✐❞❡♥✐♥❣✳

▲❡t ✉s ❣✐✈❡ ❛♥ ❡①❛♠♣❧❡✳ ❲❡ ❞❡✜♥❡ t❤❡ ✇✐❞❡♥✐♥❣ ♦♣❡r❛t♦r ▽Ranges ❜②✿

❼ ∅▽RangesX ✏ X

❼ X▽
Ranges∅ ✏ X

❼ ra, bs▽Rangesra✶, b✶s ❞❡❢✏ rc, ds ✇❤❡r❡ a ↕ b✱ a✶ ↕ b✶✱

c
❞❡❢✏

★
a ✐❢ a ↕ a✶

✁✽ ♦t❤❡r✇✐s❡
❛♥❞ d

❞❡❢✏

★
b ✐❢ b ➙ b✶

�✽ ♦t❤❡r✇✐s❡

◆♦t✐❝❡ t❤❛t t❤❡ ▽ ♦♣❡r❛t♦r ♦✈❡r❛♣♣r♦①✐♠❛t❡ ⊔ t❤❛t ✐s ❝♦♠♠✉t❛t✐✈❡✱ ❜✉t✱ ▽ ♠❛② ♥♦t ❜❡
❝♦♠♠✉t❛t✐✈❡✳ ❋♦r ✐♥st❛♥❝❡✱ r0, 1s▽Rangesr0, 2s ✏ r0,�✽s ❛♥❞ r0, 2s▽Rangesr0, 1s ✏ r0, 2s✳

❆ ✇✐❞❡♥✐♥❣ ♦♣❡r❛t♦r ❛❧❧♦✇s ✉s t♦ ❝♦♠♣✉t❡ ❛♥ ♦✈❡r❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ♣f ✻qÒω✳ ■♥❞❡❡❞✱
❣✐✈❡♥ ❛♥ ❛❜str❛❝t ❢✉♥❝t✐♦♥ f ✼✱ ❧❡t✿

♣f ✼qÒ▽ ✏
➋

n∈N♣♣f
✼q▽qn ✏ ♣♣f ✼q▽qÒω

✇❤❡r❡ ♣f ✼q▽ ✏ λX.X▽f ✼♣Xq.

❇② ❝♦♥str✉❝t✐♦♥✱ ♣f ✼qÒω ↕ ♣f ✼qÒ▽✳ ■❢ f ✼ ✐s ❛♥ ❛❜str❛❝t✐♦♥ ♦❢ f ✻✱ t❤❡♥✱ ❛❝❝♦r❞✐♥❣ t♦ Pr♦♣♦s✐✲
t✐♦♥ ✸✳✶✱ ♣f ✼qÒω ✐s ❛♥ ❛❜str❛❝t✐♦♥ ♦❢ ♣f ✻qÒω ❛♥❞ t❤❡r❡❢♦r❡ ♣f ✼qÒ▽ ✐s ❛♥ ❛❜str❛❝t✐♦♥ ♦❢ ♣f ✻qÒω✳

❋♦r ✐♥st❛♥❝❡✱ ♣Li :✏ i � 1M ✆ Li ↕ 100MqÒ▽Ranges

✐s ❛♥ ❛❜str❛❝t✐♦♥ ♦❢ ♣✈i :✏ i � 1✇ ✆ ✈i ↕
100✇qÒω✳

❉❡✜♥✐t✐♦♥ ✸✳✻✳ ❆ ❣❡♥❡r❛❧ ✇✐❞❡♥✐♥❣ ♦♣❡r❛t♦r ♦♥ ❛♥ ❛❜str❛❝t ❧❛tt✐❝❡ D ✐s ❛ s❡q✉❡♥❝❡ ♦❢
❜✐♥❛r② ♦♣❡r❛t♦rs ▽n : D ✂D Ñ D s✉❝❤ t❤❛t✿

✶✳ ❅n ∈ N, ❅x, y ∈ D , x ⊔ y ↕ x▽ny✳

✷✳ ❋♦r ❡✈❡r② ✐♥✜♥✐t❡ ✐♥❝r❡❛s✐♥❣ ❝❤❛✐♥ x1✱ x2✱ ✳ ✳ ✳ ✱ t❤❡ s❡q✉❡♥❝❡ yn ✐♥❞✉❝t✐✈❡❧② ❞❡✜♥❡❞ ❜②
y0 ✏ x0 ❛♥❞ yn � 1 ✏ yn▽nxn�1 ✐s st❛t✐♦♥❛r②✳

❆s ❢♦r s✐♠♣❧❡ ✇✐❞❡♥✐♥❣ ♦♣❡r❛t♦rs✱ ❣❡♥❡r❛❧ ✇✐❞❡♥✐♥❣ ♦♣❡r❛t♦rs ♦✈❡r❛♣♣r♦①✐♠❛t❡ t❤❡ ❧❡❛st
✉♣♣❡r ❜♦✉♥❞✳ ❚❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡ ✐s ✐♥ t❤❡ ✐♥✜♥✐t❡ ❝❤❛✐♥ ❝♦♥❞✐t✐♦♥✳ P♦✐♥t ✷ ❛❧❧♦✇s ✉s t♦
❝❤❛♥❣❡ t❤❡ ♦✈❡r❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❧❡st ✉♣♣❡r ❜♦✉♥❞ ❞✉r✐♥❣ t❤❡ ✜①♣♦✐♥t ❝♦♠♣✉t❛t✐♦♥✳ ❆s
❢♦r s✐♠♣❧❡ ✇✐❞❡♥✐♥❣s✱ ✇❡ ❞❡✜♥❡ ❛♥ ♦✈❡r❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ω✲✐t❡r❛t✐♦♥✿ ♣f ✼qÒ▽ ✏

➋
n∈N f

✼
n

✇❤❡r❡ f
✼
0 ✏ f ✼ ❛♥❞ f

✼
n�1 ✏ λX.f ✼

n♣Xq▽nf
✼ ✆ f ✼

n♣Xq✳
❊✳❣✳✱ ♦♥ Ranges ✇❡ ♠❛② ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇✐❞❡♥✐♥❣ ♦♣❡r❛t♦r✿

❼ ▽0 ✏ ▽1 ✏ ▽2 ✏ ⊔✱

❼ ❋♦r n ➙ 3✱ ▽n ✏ ▽
Ranges✳
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✶ ✐ ✿❂ ✶ ❀
✷ ✇❤✐ ❧ ❡ ✭✐ ↕ ✸✮
✸ ④ ✐ ✿❂✐✰✶❀ ⑥ ❀

❋✐❣✉r❡ ✸✳✸✿ Pr♦❣r❛♠ ❊①❛♠♣❧❡

■♥ ♣r❛❝t✐❝❡✱ t❤✐s ✇✐❞❡♥✐♥❣ ♦♣❡r❛t♦r ✏✉♥r♦❧❧s✑ t❤r❡❡ t✐♠❡s ❛ while ❧♦♦♣✳ ❍❡♥❝❡✱ ✉s✐♥❣ t❤✐s
✇✐❞❡♥✐♥❣✿ ♣Li :✏ i� 1M ✆ Li ↕ 100MqÒ▽ ✏ ♣Li :✏ i� 1M ✆ Li ↕ 100MqÒ▽Ranges

✆ ♣Li :✏ i� 1M ✆ Li ↕
100Mq3.

❚❤✐s ✇✐❞❡♥✐♥❣ ✐s ♥♦t ✈❡r② ♣r❡❝✐s❡✱ ❜❡❝❛✉s❡ ♣Li :✏ i � 1M ✆ Li ↕ 100MqÒ▽t1✉ ✏ r1,�✽s✳
◆❡✈❡rt❤❡❧❡ss t❤✐s ✇✐❞❡♥✐♥❣ ✐s ♠♦r❡ ♣r❡❝✐s❡ t❤❛♥ ▽

Ranges✿ ❝♦♥s✐❞❡r t❤❡ ♣r♦❣r❛♠ ♦❢ ❋✐❣✉r❡
✸✳✸✳ ❲✐t❤ t❤✐s ❣❡♥❡r❛❧ ✇✐❞❡♥✐♥❣ ♦♣❡r❛t♦r ✿ ♣Li :✏ i � 1M ✆ Li ↕ 3MqÒ▽t1✉ ✏ r1, 3s✱ ❜✉t ✇✐t❤
▽

Ranges✿ ♣Li :✏ i� 1M ✆ Li ↕ 3MqÒ▽Ranges

t1✉ ✏ r1,�✽s✳
❚♦ ❡♥❤❛♥❝❡ ♣r❡❝✐s✐♦♥✱ P✳ ❈♦✉s♦t ❛♥❞ ❘✳ ❈♦✉s♦t ✐♥tr♦❞✉❝❡ ♥❛rr♦✇✐♥❣ ♦♣❡r❛t♦rs✿

❉❡✜♥✐t✐♦♥ ✸✳✼✳ ❆ s✐♠♣❧❡ ♥❛rr♦✇✐♥❣ ♦♣❡r❛t♦r ♦♥ ❛♥ ❛❜str❛❝t ❧❛tt✐❝❡ D ✐s ❛ ❜✐♥❛r② ♦♣❡r❛t♦r
∆ : D ✂D Ñ D s✉❝❤ t❤❛t✿

✶✳ ❅x, y ∈ D , y ↕ xñ y ↕ x∆y ↕ x✳

✷✳ ❋♦r ❡❛❝❤ ✐♥✜♥✐t❡ ❞❡❝r❡❛s✐♥❣ ❝❤❛✐♥ x1✱ x2✱ ✳ ✳ ✳ ✱ t❤❡ s❡q✉❡♥❝❡ yn ✐♥❞✉❝t✐✈❡❧② ❞❡✜♥❡❞ ❜②
y0 ✏ x0 ❛♥❞ yn � 1 ✏ yn∆xn�1 ✐s st❛t✐♦♥❛r②✳

❆ ♥❛rr♦✇✐♥❣ ♦♣❡r❛t♦r ✐s ✉s❡❞ ❛❢t❡r ❛ ✇✐❞❡♥✐♥❣✳ ■t ❛❧❧♦✇s t♦ ❡♥❤❛♥❝❡ ♣r❡❝✐s✐♦♥✳ ❲❡
❞❡✜♥❡ ♣f ✼qÓ∆ ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s ♣f ✼qÒ▽✿

♣f ✼qÓ∆ ✏
d

n∈N♣♣f
✼q∆qn

✇❤❡r❡ ♣f ✼q∆ ✏ λX.X∆f ✼♣Xq.

◆♦t✐❝❡ t❤❛t ♣♣f ✼qÒ▽qÓ∆ ✐s st✐❧❧ ❛♥ ❛❜str❛❝t✐♦♥ ♦❢ ♣f ✻qÒω✳ ◆❡✈❡rt❤❡❧❡ss✱ ♣♣f ✼qÒ▽qÓ∆ ✐s ❛ ♠♦r❡
♣r❡❝✐s❡ ❛❜str❛❝t✐♦♥ t❤❛♥ ♣f ✼qÒ▽✱ ✐♥ t❤❡ s❡♥s❡ t❤❛t ♣♣f ✼qÒ▽qÓ∆ ↕ ♣f ✼qÒ▽✳

◆♦t✐❝❡ t❤❛t ♦♥ ❛ ❧❛tt✐❝❡ ✇✐t❤♦✉t ❛♥② ✐♥✜♥✐t❡ ❞❡❝r❡❛s✐♥❣ ❝❤❛✐♥✱ t❤❡ ❣r❡❛t❡st ❧♦✇❡r ❜♦✉♥❞
⊓ ✐s ❛ ♥❛rr♦✇✐♥❣✳

▲❡t ✉s r❡❝❛❧❧ t❤❡ ❈♦✉s♦t ❛♥❞ ❈♦✉s♦t ❬❈❈✾✷✱ ❈❈✼✼❪ ♥❛rr♦✇✐♥❣ ♦♥ Ranges✿

❼ ∅∆RangesX ✏ ∅

❼ X∆Ranges∅ ✏ ∅

❼ ra, bs▽Rangesra✶, b✶s ❞❡❢✏ rc, ds ✇❤❡r❡ a ↕ b✱ a✶ ↕ b✶✱

c
❞❡❢✏

★
a ✐❢ ✁✽ ➔ a

a✶ ♦t❤❡r✇✐s❡
❛♥❞ d

❞❡❢✏

★
b ✐❢ b ➔ �✽

b✶ ♦t❤❡r✇✐s❡
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❑

❏

0 ✥0

❋✐❣✉r❡ ✸✳✹✿ ❚❤❡ ▲❛tt✐❝❡ NotZero✳

❯s✐♥❣ t❤✐s ♥❛rr♦✇✐♥❣✱ ✇❡ ♦❜t❛✐♥ ✇✐t❤ t❤❡ ❡①❛♠♣❧❡ ♦❢ ❋✐❣✉r❡ ✸✳✷✿

♣♣Li :✏ i� 1M ✆ Li ↕ 100MqÒ▽Ranges

qÓ∆
Ranges

t1✉ ✏ r1, 100s.

❆s ❢♦r ✇✐❞❡♥✐♥❣✱ ♥❛rr♦✇✐♥❣ ❝❛♥ ❝❤❛♥❣❡ ❞✉r✐♥❣ ❛ ✜①♣♦✐♥t ❝♦♠♣✉t❛t✐♦♥✿

❉❡✜♥✐t✐♦♥ ✸✳✽✳ ❆ ❣❡♥❡r❛❧ ✇✐❞❡♥✐♥❣ ♦♣❡r❛t♦r ♦♥ ❛♥ ❛❜str❛❝t ❧❛tt✐❝❡ D ✐s ❛ s❡q✉❡♥❝❡ ♦❢
❜✐♥❛r② ♦♣❡r❛t♦rs ▽n : D ✂D Ñ D s✉❝❤ t❤❛t✿

✶✳ ❅n ∈ N, ❅x, y ∈ D , y ↕ xñ y ↕ x∆ny ↕ x✳

✷✳ ❋♦r ❡❛❝❤ ✐♥✜♥✐t❡ ❞❡❝r❡❛s✐♥❣ ❝❤❛✐♥ x1✱ x2✱ ✳ ✳ ✳ ✱ t❤❡ s❡q✉❡♥❝❡ yn ✐♥❞✉❝t✐✈❡❧② ❞❡✜♥❡❞ ❜②
y0 ✏ x0 ❛♥❞ yn � 1 ✏ yn∆nxn�1 ✐s st❛t✐♦♥❛r②✳

❍❡♥❝❡✱ ✇❡ ❝❛♥ ✉s❡ ❛s ♥❛rr♦✇✐♥❣✿

❼ ∆0 ✏ ⊓✱

❼ ❋♦r n ➙ 1✱ ∆n ✏ ∆Ranges✳

✸✳✹ ❘❡❞✉❝❡❞ Pr♦❞✉❝t

▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❊✉❝❧✐❞❡s ❛❧❣♦r✐t❤♠ ✭❙❡❡ ❋✐❣✉r❡ ✸✳✻✮✳ ❚❤✐s ❛❧❣♦r✐t❤♠ ❝♦♠♣✉t❡s t❤❡
❣r❡❛t❡st ❝♦♠♠♦♥ ❞✐✈✐s♦r ❜❡t✇❡❡♥ t✇♦ ✐♥t❡❣❡rs ❛ ❛♥❞ ❜✳ ❚❤✐s ❛❧❣♦r✐t❤♠ ✉s❡s t❤❡ ♠♦❞✉❧♦
♦♣❡r❛t♦r ✏✪✑ t❤❛t ✉s❡s ❛ ❞✐✈✐s✐♦♥✳ ❚❤❡♥✱ ❛ ❞✐✈✐s✐♦♥ ❜② ✵ ♠❛② ♦❝❝✉r✱ ✐❢ ❛t ❧✐♥❡ ✻✱ t❤❡ ✈❛❧✉❡
♦❢ ❜ ✐s ③❡r♦✳ ❚❤❡ ❞♦♠❛✐♥ ♦❢ r❛♥❣❡s ✇✐❧❧ ♥♦t ❜❡ s✉✣❝✐❡♥t t♦ ♣r♦✈❡ t❤✐s ♣✐❡❝❡ ♦❢ ❝♦❞❡✳

❙✐♥❝❡ αRanges♣Zr t0✉q ✏ r✁✽,�✽sq✱ t❤❡ ❝♦♥❞✐t✐♦♥ ✏❜ ✘ ✵✑ ❛t ❧✐♥❡ ✹ ♦❢ ❋✐❣✉r❡ ✸✳✻ ❞♦❡s
♥♦t ❣✐✈❡s ✉s ❛♥② ✐♥❢♦r♠❛t✐♦♥✿ t❤❡ ❞♦♠❛✐♥ Ranges ❧♦s❡s ❛❧❧ ♣r❡❝✐s✐♦♥✳ ❆❢t❡r t❤✐s ❝♦♥❞✐t✐♦♥✱
t❤❡ r❡❛❧ ✈❛❧✉❡ ♦❢ ❜ ✐s ♥♦t ③❡r♦✱ ❜✉t t❤❡ ❛❜str❛❝t ✈❛❧✉❡ ♦❢ ❜ ✐s st✐❧❧ t❤❡ r❛♥❣❡ r✁✽,�✽s✳
❍❡♥❝❡✱ ❢♦r t❤❡ ❞♦♠❛✐♥ Ranges✱ t❤❡ ✈❛❧✉❡ ♦❢ ❜ ♠❛② ❜❡ ③❡r♦ ❛t ❧✐♥❡s ✺ t♦ ✾✳ ❚❤❡r❡❢♦r❡✱ ❛t
❧✐♥❡ ✻✱ ❢♦r t❤❡ ❞♦♠❛✐♥ Ranges ❛ ❞✐✈✐s✐♦♥ ❜② ③❡r♦ ♠❛② ♦❝❝✉r✳ ❚❤✐s ✐s ❛ ❢❛❧s❡ ♣♦s✐t✐✈❡✱ s✐♥❝❡
t❤❡ r❡❛❧ ✈❛❧✉❡ ♦❢ ❜ ❝❛♥♥♦t ❜❡ ✵ ❛t ❧✐♥❡ ✻✳



✸✳✹✳ ❘❊❉❯❈❊❉ P❘❖❉❯❈❚ ✸✼

D1✂D1

α1 ✂ α2

γ1 ✂ γ2

D1✂D1

✭❛✮ ❙❡♣❛r❛t❡❞ Pr♦❞✲
✉❝t

D

α1 ✂ α2

γ1 ⊓ γ2

D1✂D1

✭❜✮ ❙✐♠♣❧❡ Pr♦❞✉❝t

D

α1 ✂ α2

γ1 ⊓ γ2

D1✂D1

❤❦❦❦❦❦❦❦❦❦❦❦❦✐❦❦❦❦❦❦❦❦❦❦❦❦❥ρ

D1✂2

✭❝✮ ❘❡❞✉❝❡❞ Pr♦❞✉❝t

❋✐❣✉r❡ ✸✳✺✿ Pr♦❞✉❝ts

❚❤❡ ❛❜s❡♥❝❡ ♦❢ ❞✐✈✐s✐♦♥ ❜② ③❡r♦ ♠❛② ❜❡ ♣r♦✈❡❞ ❜② t❤❡ ❞♦♠❛✐♥ NotZero ✏ t❑, 0,✥0,❏✉
✇❤♦s❡ ♦r❞❡r✐♥❣ ✐s ❣✐✈❡♥ ❜② ❋✐❣✉r❡ ✸✳✹✳ ❚❤❡ ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ P♣Zq ❛♥❞ NotZero

✐s✶✸✿

γ✥0♣❑q
❞❡❢✏ ∅

γ✥0♣0q
❞❡❢✏ t0✉

γ✥0♣✥0q
❞❡❢✏ Z r t0✉

γ✥0♣❏q
❞❡❢✏ Z.

❯s✐♥❣ t❤❡ ❞♦♠❛✐♥ NotZero✱ t❤❡ ❣✉❛r❞ ✏❜ ✘ ✵✑ ❛t ❧✐♥❡ ❢♦✉r ✐♠♣❧✐❡s t❤❛t t❤❡ ❛❜str❛❝t
✈❛❧✉❡ ♦❢ ❜ ✐s ✥0 ❛t ❧✐♥❡s ✻✱ ✼ ❛♥❞ ✽✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♠♦❞✉❧♦ ♦♣❡r❛t✐♦♥ ❛t ❧✐♥❡ ✻ ✐s ❝♦rr❡❝t✳

■♥ t❤❡ s❛♠❡ ♣r♦❣r❛♠✱ ✇❡ ♠❛② ✜♥❞ ❜♦t❤✿

❼ ❢✉♥❝t✐♦♥s ❧✐❦❡ ❡✉❝❧✐❞❡ ♦❢ ❋✐❣ ✸✳✻ t❤❛t ♥❡❡❞ t❤❡ ❞♦♠❛✐♥ NotZero✱

❼ ❛♥❞ ❛rr❛② ❛❝❝❡ss ✭❡✳❣✳✱ ❋✐❣✉r❡ ✶✳✸✮ t❤❛t ♥❡❡❞ t❤❡ ❞♦♠❛✐♥ ♦❢ r❛♥❣❡s✳

■♥ t❤✐s ❝❛s❡✱ ✇❡ ♥❡❡❞ ❜♦t❤ ❞♦♠❛✐♥s✿ ✇❡ ✉s❡ t❤❡ ♣r♦❞✉❝t ❞♦♠❛✐♥ ❬❈❈✼✾✱ ❚❤❡♦r❡♠ ✶✵✳✶✳✵✳✶❪✳

❉❡✜♥✐t✐♦♥ ✸✳✾✳ ●✐✈❡♥ ❛ ❝♦♥❝r❡t❡ ❝♦♠♣❧❡t❡ ❧❛tt✐❝❡ D✱ t✇♦ ❛❜str❛❝t ❧❛tt✐❝❡s D1 ❛♥❞ D2 ❛♥❞
t✇♦ ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥s α1, γ1 ❛♥❞ α2, γ2 ❢r♦♠ D t♦ D1 ❛♥❞ D2 r❡s♣❡❝t✐✈❡❧②✱ ✇❡ ❞❡✜♥❡ t❤❡

✶✸❘❡❝❛❧❧ ❙❡❝t✐♦♥ ✸✳✷✳ ■♥ t❤✐s ❙❡❝t✐♦♥✱ ✇❡ s❤♦✇ t❤❛t ❛ ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥ ✐s ✉♥✐q✉❡❧② ❞❡✜♥❡❞ ❜② ✐ts
❝♦♥❝r❡t✐③❛t✐♦♥ ❢✉♥❝t✐♦♥✳



✸✽ ❈❍❆P❚❊❘ ✸✳ ❆❇❙❚❘❆❈❚ ■◆❚❊❘P❘❊❚❆❚■❖◆

✶ ✐ ♥ t ❡✉❝❧✐❞❡ ✭ ✐ ♥ t ❛ ✱ ✐ ♥ t ❜ ✮
✷ ④
✸ ✐ ♥ t r ❀
✹ ✇❤✐ ❧ ❡ ✭❜ ✘ ✵✮
✺ ④
✻ r ✿❂ ❛ ✪ ❜ ❀
✼ ❛ ✿❂ ❜ ❀
✽ ❜ ✿❂ r ❀
✾ ⑥
✶✵ r❡ t✉r♥ ❛ ❀
✶✶ ⑥

❋✐❣✉r❡ ✸✳✻✿ ❊✉❝❧✐❞❡s ❆❧❣♦r✐t❤♠

s✐♠♣❧❡ ♣r♦❞✉❝t ❞♦♠❛✐♥ ♣D1,2, α1,2, γ1,2q ✿

D1,2
❞❡❢✏ D1 ✂D2

α1,2♣Xq
❞❡❢✏ ♣α1♣Xq, α2♣Xqq

γ1,2♣Y1, Y2q
❞❡❢✏ γ1♣Y1q ⊓ γ2♣Y2q

❚❤✐s s✐♠♣❧❡ ♣r♦❞✉❝t ✐s ♥♦t t♦t❛❧❧② s❛t✐s❢❛❝t♦r②✱ s✐♥❝❡ γ1,2 ♠❛② ♥♦t ❜❡ ✐♥❥❡❝t✐✈❡✱ ❛♥❞ α1,2

♠❛② ♥♦t ❜❡ s✉r❥❡❝t✐✈❡✳ ❚❤✐s ♠❡❛♥s t❤❛t t✇♦ ❞✐st✐♥❝t ❛❜str❛❝t ❡❧❡♠❡♥ts ♠❛② r❡♣r❡s❡♥t t❤❡
s❛♠❡ ❝♦♥❝r❡t❡ ❡❧❡♠❡♥t✳ ❋♦r ✐♥st❛♥❝❡✱ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ♣r♦❞✉❝t ❜❡t✇❡❡♥ t❤❡ ❞♦♠❛✐♥ ♦❢
r❛♥❣❡s Ranges ❛♥❞ t❤❡ ❞♦♠❛✐♥ NotZero✳ ❚❤❡ ❡♠♣t② s❡t ∅ ✐s r❡♣r❡s❡♥t❡❞✱ ✐♥ t❤❡ ❛❜str❛❝t✱
❜② ♣∅,❑q ❛♥❞ ❜② ♣r0, 0s,✥0q✱ ✐✳❡✳✿

γ1,2♣∅,❑q ✏ γ1,2♣r0, 0s,✥0q ✏ ∅.

❚❤❡ ❢✉♥❝t✐♦♥ α1,2 ✐s ♥♦t ✐♥❥❡❝t✐✈❡✱ s✐♥❝❡ t❤❡r❡ ❡①✐sts ♥♦ s❡t X ❸ Z s✉❝❤ t❤❛t α1,2♣Xq ✏
♣r0, 0s,✥0q✳ ❚❤❡ s❡t ♦❢ ❛❜str❛❝t ❡❧❡♠❡♥ts r❡♣r❡s❡♥t✐♥❣ ∅ ✭✐✳❡✳✱ t❤❡ ♣r❡✐♠❛❣❡ ♦❢ ∅ ✉♥❞❡r f ✱
❢♦r♠❛❧❧② tY ∈ D1,2 ⑤ γ1,2♣Y q ✏ ∅✉✮ ✐s✿

t♣∅, Y q ⑤ Y ∈ D2✉ ∪ t♣Y,❑q ⑤ Y ∈ D1✉ ∪ t♣r0, 0s,✥0q✉ ∪ t♣ra, bs, 0q ⑤ b ➔ 0❴ a → 0✉.

◆♦t✐❝❡ t❤❛t✱ t❤❡ ❜♦tt♦♠ ❡❧❡♠❡♥t ♦❢ D1,2 r❡♣r❡s❡♥ts t❤❡ s❛♠❡ ❝♦♥❝r❡t❡ s❡t t❤❛♥ ❛ t✉♣❧❡
♣y1, y2q ∈ D1 ✂ D2 ✇❤❡r❡ y1 ♦r y2 ✐s t❤❡ ❜♦tt♦♠ ❡❧❡♠❡♥t ♦❢ ✐ts ❧❛tt✐❝❡✳ ❇✉t✱ t❤✐s ✐s ♥♦t
t❤❡ ✉♥✐q✉❡ ❝❛s❡✱ s✐♥❝❡ ♣r0, 0s,✥0q r❡♣r❡s❡♥ts ∅✱ ❜✉t ♥❡✐t❤❡r r0, 0s✱ ♥❡✐t❤❡r ✥0 ✐s t❤❡ ❜♦tt♦♠
❡❧❡♠❡♥t ♦❢ ✐ts ❧❛tt✐❝❡✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ ❧♦s❡ ♣r❡❝✐s✐♦♥ ✇❤❡♥ ✇❡ ❛♥❛❧②③❡ ❛ ♣r♦❣r❛♠ ✇✐t❤ ❛ ♣r♦❞✉❝t ❞♦♠❛✐♥✳
❈♦♥s✐❞❡r t❤❡ ♣r♦❣r❛♠ ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✸✳✼✳ ❈♦♥s✐❞❡r t❤❛t t❤❡ st❛t❡♠❡♥ts r❡♣r❡s❡♥t❡❞ ❜②
✏✳ ✳ ✳ ✑ ❞♦ ♥♦t ♠♦❞✐❢② t❤❡ ✈❛❧✉❡ ♦❢ ❜✳ ❆t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ♣r♦❣r❛♠✱ ✇❡ ❝♦♥s✐❞❡r t❤❛t
t❤❡ ✈❛❧✉❡ ♦❢ ❜ ✐s ✉♥❦♥♦✇♥✱ ✐✳❡✳✱ t❤❡ ❛❜str❛❝t ✈❛❧✉❡ ♦❢ ❜ ✐s ♣r✁✽,�✽s,❏q✳ ❆t ❧✐♥❡ ✶✱ ❛❢t❡r
❛♣♣❧②✐♥❣ t❤❡ ❣✉❛r❞ ✏❜ ✘ ✵✑✱ t❤❡ ❛❜str❛❝t ✈❛❧✉❡ ♦❢ ❜ ✐s ♣r✁✽,�✽s,✥0q✳ ❚❤❡ ❛❜str❛❝t
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✶ ✐ ❢ ✭❜ ✘ ✵✮
✷ ④ ✳ ✳ ✳
✸ ✐ ❢ ✭❜ ➙ ✵✮
✹ ④ ✳ ✳ ✳
✺ ✐ ❢ ✭❜ ↕ ✵✮
✻ ④❉❡❛❞ ❈♦❞❡⑥
✼ ⑥
✽ ⑥

❋✐❣✉r❡ ✸✳✼✿ ❚❤❡ ◆❛✐✈❡ Pr♦❞✉❝t ❋❛✐❧s

❞♦♠❛✐♥ ♦❢ r❛♥❣❡s ❦♥♦✇s ♥♦t❤✐♥❣ ❛❜♦✉t ❜✱ ❜✉t t❤❡ ❞♦♠❛✐♥ NotZero ❞❡t❡❝ts t❤❛t t❤❡ ✈❛❧✉❡
♦❢ ❜ ✐s ♥♦t ③❡r♦✳ ❆t ❧✐♥❡ ✸✱ t❤❡ ❛❜str❛❝t ✈❛❧✉❡ ♦❢ ❜ ✐s ♣r0,�✽s,✥0q ❛♥❞ ❛t ❧✐♥❡ ✺✱ t❤❡
❛❜str❛❝t ✈❛❧✉❡ ♦❢ ❜ ✐s ♣r0, 0s,✥0q✳ ◆❡✈❡rt❤❡❧❡ss✱ ✐♥ r❡❛❧✐t②✱ ❧✐♥❡ ✻ ✐s ❞❡❛❞ ❝♦❞❡✱ ✐✳❡✳✱ ❝♦❞❡
t❤❛t ✐s ♥❡✈❡r ❡①❡❝✉t❡❞✳ ❚❤❡r❡❢♦r❡✱ ♥♦ r✉♥✲t✐♠❡ ❡rr♦r ❝❛♥ ♦❝❝✉r ❞✉❡ t♦ ❧✐♥❡ ✻✳ ❚❤❡ ❞♦♠❛✐♥
Ranges ✂ NotZero ❞♦❡s ♥♦t ❞❡t❡❝t t❤❛t ✐s ❞❡❛❞ ❝♦❞❡✱ s✐♥❝❡ t❤❡ ❛❜str❛❝t ✈❛❧✉❡ ✐s ♥♦t
❜♦tt♦♠ ✭❑✮ ❛t ❧✐♥❡ ✻✳

❲❡ ♥❡❡❞ ❛ ♠❡t❤♦❞ t♦ r❡❞✉❝❡ t❤❡ ❛❜str❛❝t ❞♦♠❛✐♥ D1 ✂ D2✱ ❛ ♠❡t❤♦❞ t❤❛t ❛❧❧♦✇s
s♦♠❡ ❦✐♥❞ ♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❞♦♠❛✐♥s✳ ■t ✐s st❛♥❞❛r❞ t♦ ✉s❡ t❤❡ r❡❞✉❝❡❞
♣r♦❞✉❝t ❬❈♦✉✵✺✱ ❈❈✼✾✱ ❈❋❘�✾✼✱ ❈▼❇�✾✺✱ ●❚✵✻❪✱ ❣❡tt✐♥❣ ❛ ♠♦r❡ ♣r❡❝✐s❡ ❞♦♠❛✐♥ t❤❛♥
❜♦t❤ ❞♦♠❛✐♥s s❡♣❛r❛t❡❧②✳

❘❡❝❛❧❧ t❤❛t t❤❡ ♠❛✐♥ ♣r♦❜❧❡♠ ✐s t❤❛t t❤❡r❡ ❡①✐sts ✐♥ t❤❡ ♣r♦❞✉❝t ❞♦♠❛✐♥ D1,2 t✇♦
❡❧❡♠❡♥ts t❤❛t ❤❛✈❡ t❤❡ s❛♠❡ ❝♦♥❝r❡t✐③❛t✐♦♥✱ ✐✳❡✳✱ t❤❡r❡ ❡①✐sts y1 ❛♥❞ y2 s✉❝❤ t❤❛t γ1,2♣y1q ✏
γ1,2♣y2q✳ ❲❡ ✐♥tr♦❞✉❝❡ ❛ ❧♦✇❡r ❝❧♦s✉r❡ ♦♣❡r❛t♦r ρ✿

❉❡✜♥✐t✐♦♥ ✸✳✶✵✳ ❆ ❧♦✇❡r ❝❧♦s✉r❡ ♦♣❡r❛t♦r ρ ✐s ❛ r❡❞✉❝t✐✈❡✶✹ ❛♥❞ ♠♦♥♦t♦♥❡ ❢✉♥❝t✐♦♥ s✉❝❤
t❤❛t ρ ✆ ρ ✏ ρ✳

❲❡ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧♦✇❡r ❝❧♦s✉r❡ ♦♣❡r❛t♦r✿

ρ1,2♣yq ✏
↔

x∈D1,2❫γ1,2♣xq✏γ1,2♣yq

x.

❇② ❝♦♥str✉❝t✐♦♥✱ ✐❢ γ♣y1q ✏ γ♣y2q✱ t❤❡♥ ρ♣y1q ✏ ρ♣y2q✳ ❚❤✐s ❛❧❧♦✇s ✉s t♦ ❞❡✜♥❡ ❛ ❞♦♠❛✐♥
✐♥ ✇❤✐❝❤ t❤❡ ❝♦♥❝r❡t✐③❛t✐♦♥ ❢✉♥❝t✐♦♥ ✇✐❧❧ ❜❡ ✐♥❥❡❝t✐✈❡✳ ◆♦t✐❝✐♥❣ t❤❛t ρ1,2 ✏ α1,2 ✆ γ1,2✱ ✇❡
❞❡✜♥❡ t❤❡ r❡❞✉❝❡❞ ♣r♦❞✉❝t✿

❉❡✜♥✐t✐♦♥ ✸✳✶✶✳ ●✐✈❡♥ ❛ ❝♦♥❝r❡t❡ ❝♦♠♣❧❡t❡ ❧❛tt✐❝❡ D✱ t✇♦ ❛❜str❛❝t ❧❛tt✐❝❡s D1 ❛♥❞ D2

❛♥❞ t✇♦ ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥s α1, γ1 ❛♥❞ α2, γ2 ❢r♦♠ D t♦ D1 ❛♥❞ D2 r❡s♣❡❝t✐✈❡❧②✱ ✇❡ ❞❡✜♥❡
t❤❡ ❢♦❧❧♦✇✐♥❣ ❧♦✇❡r ❝❧♦s✉r❡ ♦♣❡r❛t♦r✿

ρ1,2
❞❡❢✏ α1,2 ✆ γ1,2

✶✹❙❡❡ ❉❡✜♥✐t✐♦♥ ✷✳✶✷✳



✹✵ ❈❍❆P❚❊❘ ✸✳ ❆❇❙❚❘❆❈❚ ■◆❚❊❘P❘❊❚❆❚■❖◆

❚❤✐s ♦♣❡r❛t♦r ✐s ✉s❡❞ t♦ ❞❡✜♥❡ t❤❡ r❡❞✉❝❡❞ ♣r♦❞✉❝t ❞♦♠❛✐♥ ♣D1✂2, α1✂2, γ1✂2q✿

D1✂2
❞❡❢✏ ρ♣D1,2q

α1✂2♣Xq ❞❡❢✏ ρ ✆ α1,2

γ1✂2♣Y1, Y2q
❞❡❢✏ γ1,2♣Y1, Y2q

✇❤❡r❡ D1,2, α1,2, γ1,2 ✐s t❤❡ ♣r♦❞✉❝t ❞♦♠❛✐♥✱ ❛♥❞ ρ♣D1,2q
❞❡❢✏ tρ♣xq ⑤ x ∈ D1,2✉✳

❚❤❡ ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥ α1,2, γ1,2 ❣✐✈❡s ❛ ♥❛t✉r❛❧ ❧♦✇❡r ❝❧♦s✉r❡ ♦♣❡r❛t♦r✿

ρ1,2
❞❡❢✏ α1,2 ✆ γ1, 2

❋✐❣✉r❡ ✸✳✺ s✉♠♠❛r✐③❡s t❤❡ ❞✐✛❡r❡♥t ❦✐♥❞s ♦❢ ♣r♦❞✉❝t ❞❡✜♥❡❞ ♦♥ ❞♦♠❛✐♥s✳ ❋✐❣✉r❡ ✸✳✺❛
r❡♣r❡s❡♥ts t❤❡ s❡♣❛r❛t❡ ♣r♦❞✉❝t ✭❘❡❝❛❧❧ ❉❡✜♥✐t✐♦♥ ✸✳✹✮✱ ❛♥❞ ✐s ❝♦♥str✉❝t❡❞ ♦♥ t❤❡ ♣r♦❞✉❝t
♦❢ t✇♦ ❝♦♥❝r❡t❡ ❧❛tt✐❝❡s✳ ❋✐❣✉r❡ ✸✳✺❜ r❡♣r❡s❡♥ts t❤❡ s✐♠♣❧❡ ♣r♦❞✉❝t✿ t✇♦ ❞♦♠❛✐♥s ❛❜str❛❝t
t❤❡ s❛♠❡ ❝♦♥❝r❡t❡ ❧❛tt✐❝❡✳ ❋✐❣✉r❡ ✸✳✺❝ r❡♣r❡s❡♥ts t❤❡ r❡❞✉❝❡❞ ♣r♦❞✉❝t✳

◆♦t✐❝❡ t❤❛t t❤❡ ✇❡ ❝❛♥ s✐♠✐❧❛r❧② ❞❡✜♥❡ ❛ ❝❧♦s✉r❡ ♦♣❡r❛t♦r ρ ✏ α ✆ γ ❢♦r t❤❡ s❡♣❛r❛t❡
♣r♦❞✉❝ts✳ ■♥ t❤✐s ❝❛s❡✿

ρ♣x, yq ✏

★
♣x, yq ✐❢ x ✘ ❑❫ y ✘ ❑

❑ ✐❢ x ✏ ❑❴ y ✏ ❑

◆♦t✐❝❡ t❤❛t✱ ✐♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✱ t❤❡ r❡❞✉❝❡❞ ♣r♦❞✉❝t ♠✉st ❜❡ ✐♠♣❧❡♠❡♥t❡❞ ❢r♦♠ s❝r❛t❝❤✱
✐t ✐s ♥♦t ♣♦ss✐❜❧❡ t♦ ❛✉t♦♠❛t✐❝❛❧❧② ❣❡♥❡r❛t❡ ❛♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❢♦r t❤❡ r❡❞✉❝❡❞ ♣r♦❞✉❝t
❣✐✈❡♥ ❛♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t✇♦ ❛r❜✐tr❛r② ❞♦♠❛✐♥s✳ ●✉❧✇❛♥✐ ❛♥❞ ❚✐✇❛r✐ ❬●❚✵✻❪ ❝♦♥str✉❝t
❛ ❢♦✉rt❤ ❦✐♥❞ ♦❢ ♣r♦❞✉❝t ✿ t❤❡ ❧♦❣✐❝❛❧ ♣r♦❞✉❝t✳ ❚❤✐s ♣r♦❞✉❝t ❝❛♥ ❜❡✱ ✉♥❞❡r s♦♠❡ ❤②♣♦t❤❡s❡s✱
❝♦♥str✉❝t❡❞ ❛✉t♦♠❛t✐❝❛❧❧②✳

✸✳✺ ❈♦♥❞✐t✐♦♥❛❧ ❙♦✉♥❞♥❡ss✴❇❧♦❝❦✐♥❣ s❡♠❛♥t✐❝s

❆♥♦t❤❡r ✇❛② t♦ ❝♦♠❜✐♥❡ ❛♥❛❧②s❡s ✐s ❝♦♥❞✐t✐♦♥❛❧ s♦✉♥❞♥❡ss ✐♥tr♦❞✉❝❡❞ ❜② ❈♦♥✇❛② ❡t ❛❧✳
❬❈❉◆❇✵✽❪✳ ❆ ♣r♦❣r❛♠ ✐s ♠♦❞❡❧❡❞ ❜② ❛ tr❛♥s✐t✐♦♥ s②st❡♠✱ ❛♥❞ ✇❡ ✇❛♥t t♦ ❝❤❡❝❦ ❛ s❛❢❡t②
♣r♦♣❡rt②✳ ❚❤❡ s❡♠❛♥t✐❝s ✈program✇ ♦❢ ❛ ♣r♦❣r❛♠ ✐s t❤❡ s❡t ♦❢ st❛t❡s r❡❛❝❤❛❜❧❡ ❜② t❤✐s
tr❛♥s✐t✐♦♥ s②st❡♠✳

❚❤❡ ♠❛✐♥ ✐❞❡❛ ✐s t♦ ✐♥tr♦❞✉❝❡ ❛ ♥❡✇ s❡♠❛♥t✐❝s✱ ❝❛❧❧❡❞ ❜❧♦❝❦✐♥❣ s❡♠❛♥t✐❝s✳ ❚❤❡ tr❛♥s✐t✐♦♥
s②st❡♠ ✐s r❡str✐❝t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ❛ ♣r❡❞✐❝❛t❡ θ✿ ✿ ♥♦ tr❛♥s✐t✐♦♥ ❝❛♥ ❜❡ ✜r❡❞ ❢r♦♠ ❛ st❛t❡
t❤❛t s❛t✐s✜❡s θ✳ ❍❡♥❝❡✱ ❛ st❛t❡ t❤❛t s❛t✐s✜❡s θ ♠❛② ❜❡ r❡❛❝❤❛❜❧❡✱ ❜✉t ♥♦ st❛t❡ ✐s r❡❛❝❤❛❜❧❡
❢r♦♠ ❛ st❛t❡ s❛t✐s❢②✐♥❣ θ✳ ❚❤❡ θ✲❜❧♦❝❦✐♥❣ s❡♠❛♥t✐❝s ✈program✇θ ♦❢ ❛ ♣r♦❣r❛♠ ✐s t❤❡ s❡t
♦❢ st❛t❡s r❡❛❝❤❛❜❧❡ ✉s✐♥❣ t❤❡ r❡str✐❝t❡❞ tr❛♥s✐t✐♦♥ s②st❡♠✳ ■✳❡✳✱ ✈program✇θ ❛r❡ t❤❡ s❡t ♦❢
st❛t❡s t❤❛t ❛r❡ r❡❛❝❤❛❜❧❡ ✇✐t❤♦✉t ❣♦✐♥❣ t❤r♦✉❣❤ ❛ st❛t❡ t❤❛t s❛t✐s✜❡s θ✳

▲❡t ✉s ❣✐✈❡ ❛ ♣r❛❝t✐❝❛❧ ❡①❛♠♣❧❡✳ ❘❡❝❛❧❧ ❋✐❣✉r❡ ✶✳✸✳ ❆t ❧✐♥❡ ✶✻✱ ❛♥ ❛rr❛② ♦✈❡r✢♦✇ ♠❛②
♦❝❝✉r✳ ❆♥ ❛rr❛② ♦✈❡r✢♦✇ ♠❛② ✉♣❞❛t❡ ❛♥② ✈❛r✐❛❜❧❡ ♦❢ t❤❡ ♣r♦❣r❛♠✳ ❈♦♥s✐❞❡r ❛ ✈❛r✐❛❜❧❡ x
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✐ θ1

θ2

e1

θ3

r

e2

❋✐❣✉r❡ ✸✳✽✿ ❊①❛♠♣❧❡ ♦❢ ❇❧♦❝❦✐♥❣ ❙❡♠❛♥t✐❝s

t❤❛t ❛♣♣❡❛rs s♦♠❡✇❤❡r❡ ✐♥ t❤❡ ♣r♦❣r❛♠✳ ❍❡♥❝❡✱ ❛❢t❡r ❧✐♥❡ ✶✻✱ x ♠❛② ❤❛✈❡ ❜❡❡♥ ✉♣❞❛t❡❞ t♦
✺✳ ❲✐t❤♦✉t ❛ ❜❧♦❝❦✐♥❣ s❡♠❛♥t✐❝s✱ ✇❡ ❤❛✈❡ t♦ ✉♣❞❛t❡ t❤❡ ❛❜str❛❝t ✈❛❧✉❡ ♦❢ x ❛♥❞ t♦ r❡s✉♠❡
t❤❡ ❛♥❛❧②s✐s ✇✐t❤ t❤✐s ♥❡✇ ✈❛❧✉❡✳

❍❡r❡✱ ✇❡ ❝❛♥ ✉s❡ t❤❡ ♣r❡❞✐❝❛t❡ θ
❞❡❢

ô ✏◆♦ ❛rr❛② ♦✈❡r✢♦✇ ♦❝❝✉rs✑✳ ❍❡♥❝❡✱ ❛t ❧✐♥❡ ✶✻✱ t❤❡
❛♥❛❧②s✐s r❛✐s❡s ❛♥ ❛❧❛r♠✱ ♥♦t✐❢②✐♥❣ t❤❛t ❛♥ ❛rr❛② ♦✈❡r✢♦✇ ♠❛② ♦❝❝✉r✳ ❍❡♥❝❡✱ t❤❡ ❛♥❛❧②s✐s
❛ss✉♠❡s t❤❛t t❤✐s ❛rr❛② ♦✈❡r✢♦✇ ❤❛s ♥♦t ♦❝❝✉rr❡❞✱ ❛♥❞ r❡s✉♠❡s t❤❡ ❛♥❛❧②s✐s ♦❢ t❤✐s ♣r♦❣r❛♠
✉s✐♥❣ t❤✐s ❤②♣♦t❤❡s✐s✳

❲❡ ❣✐✈❡ ❛♥ ❡①❛♠♣❧❡ ✐♥ ❋✐❣✉r❡ ✸✳✽✳ ❊❛❝❤ ❝✐r❝❧❡ r❡♣r❡s❡♥ts ❛ r❡❛❝❤❛❜❧❡ st❛t❡✳ ❚❤❡ st❛t❡s
θ1✱ θ2 ❛♥❞ θ3 ❛r❡ t❤❡ ♦♥❧② st❛t❡s t❤❛t s❛t✐s✜❡s θ✳ ❚❤❡r❡❢♦r❡✱ t❤❡ θ✲❜❧♦❝❦✐♥❣ s❡♠❛♥t✐❝s
❡①❝❧✉❞❡s t❤❡ st❛t❡s θ2✱ e1 ❛♥❞ e2 s✐♥❝❡ t❤❡s❡ st❛t❡s ❛r❡ ♦♥❧② r❡❛❝❤❛❜❧❡ t❤r♦✉❣❤ ❛ st❛t❡ t❤❛t
s❛t✐s❢② θ✳ ◆♦t✐❝❡ t❤❛t t❤❡ st❛t❡ r ✐s st✐❧❧ r❡❛❝❤❛❜❧❡✱ s✐♥❝❡ t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ ❢r♦♠ t❤❡
✐♥✐t✐❛❧ st❛t❡ i t♦ r ✇✐t❤♦✉t ❛♥② st❛t❡ s❛t✐s❢②✐♥❣ θ✳ ❚❤❡ st❛t❡s θ1 ❛♥❞ θ2 ❛r❡ r❡❛❝❤❛❜❧❡ ✐♥ t❤❡
θ✲r❡str✐❝t❡❞ s❡♠❛♥t✐❝s✱ ❜✉t ♥♦t t❤❡ st❛t❡ θ3✱ s✐♥❝❡ θ3 ✐s r❡❛❝❤❛❜❧❡ ♦♥❧② t❤r♦✉❣❤ t❤❡ st❛t❡ θ2✳
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❈❍❆P❚❊❘ 4

❊①✐st✐♥❣ ❛♥❛❧②s❡s

✹✳✶ ■♥tr♦❞✉❝t✐♦♥

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❞❡❛❧t ✇✐t❤ s♦♠❡ ❡①✐st✐♥❣ ❛♥❛❧②s❡s ❢♦r ♠✉❧t✐t❤r❡❛❞❡❞ ♣r♦❣r❛♠s✳ ❋✐rst✱
✐♥ ❙❡❝t✐♦♥ ✹✳✷ ✇❡ r❡❝❛❧❧ ✇❤❛t ❛r❡ ❝♦♥tr♦❧❧ ✢♦✇ ❣r❛♣❤s✳ ❚❤❡② ❛r❡ ♣r♦❣r❛♠ r❡♣r❡s❡♥t❛t✐♦♥
✉s❡❞ ❜② ♠♦st st❛t✐❝ ❛♥❛❧②s❡s✱ ✐♥❝❧✉❞✐♥❣ ❛♥❛❧②s❡s ♦❢ ♠✉❧t✐t❤r❡❛❞❡❞ ♣r♦❣r❛♠s✳

■♥ ❙❡❝t✐♦♥ ✹✳✸✱ ✇❡ r❡❝❛❧❧ ✇❤❛t ❛r❡ ❧♦❝❛t✐♦♥s s❡ts✳ ❚❤❡s❡ ❧♦❝❛t✐♦♥s s❡ts ❛r❡ ✉s❡❞ ❜② ❘✳
❘✉❣✐♥❛ ❛♥❞ ▼✳ ❈✳ ❘✐♥❛r❞ ❛♥❛❧②s✐s ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✹✳

■♥ ❙❡❝t✐♦♥ ✹✳✺✱ ✇❡ ❞❡❛❧t ✇✐t❤ t❤r❡❛❞ ♠♦❞✉❧❛r ♠♦❞❡❧ ❝❤❡❝❦✐♥❣✳ ▼❛❧❦✐s ❡t ❛❧✳ s❤♦✇ t❤❛t
t❤✐s ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ✐s ❛ ❦✐♥❞ ♦❢ ❛❜str❛❝t✐♦♥✳

■♥ ❙❡❝t✐♦♥ ✹✳✻ ✇❡ ❞❡❛❧t ✇✐t❤ ♠✉❧t✐t❤r❡❛❞❡❞ ●❡♥✴❑✐❧❧ ❛♥❛❧②s✐s✳ ❲❡ ✇❛♥t t♦ ❣❡♥❡r❛❧✐③❡
s✉❝❤ ❛♥ ❛♥❛❧②s✐s ✭❙❡❡ ❙❡❝t✐♦♥ ✶✹✳✸ ❛♥❞ ❙❡❝t✐♦♥ ✶✼✳✸✳✶✳❛✮✳

❊✈❡♥ ✐❢ ♦✉r ♠❛✐♥ ✐♥t❡r❡st ✐s ❛rr❛②✲♦✈❡r✢♦✇s✱ ✐♥✈❛❧✐❞ ♣♦✐♥t❡r ❞❡r❡❢❡r❡♥❝❡ ❛♥❞ ◆❯▲▲
♣♦✐♥t❡r ❞❡r❡❢❡r❡♥❝❡✱ ✇❡ r❡❝❛❧❧ ✐♥ ❙❡❝t✐♦♥ ✹✳✼ s♦♠❡ ❞❛t❛✲r❛❝❡ ❛♥❛❧②s✐s✳

✹✳✷ ❈♦♥tr♦❧ ❋❧♦✇ ●r❛♣❤

❆ ♣r♦❣r❛♠ ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❜② ❛ ❣r❛♠♠❛r ♦r ❜② ❛ ❈♦♥tr♦❧ ❋❧♦✇ ●r❛♣❤✳ ❆ ❝♦♥tr♦❧ ✢♦✇
❣r❛♣❤ ✐s ❛ ❣r❛♣❤ ✇❤♦s❡ ❡❞❣❡s ❛r❡ ❧❛❜❡❧❡❞ ❜② ♣r♦❣r❛♠ ✐♥str✉❝t✐♦♥s ♦r ❜② ❣✉❛r❞s✳ ❚❤❡ ♥♦❞❡s

✹✸
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✵

✶

❜ ✘ ✵

✷

r ✿❂ ❛ ✪ ❜

✸

❛✿❂❜

✹

❜ ✿❂ r
✺

❜ ❂ ✵

❋✐❣✉r❡ ✹✳✶✿ ❈♦♥tr♦❧ ❋❧♦✇ ♦❢ ❊✉❝❧✐❞❡s Pr♦❣r❛♠

✵

✶

❜ ✘ ✵

r ✿❂ ❛ ✪ ❜

❛✿❂❜

❜ ✿❂ r

✹ ✺

❜ ❂ ✵

❋✐❣✉r❡ ✹✳✷✿ ❙✐♠♣❧✐✜❡❞ ❈♦♥tr♦❧ ❋❧♦✇ ♦❢ ❊✉❝❧✐❞❡s Pr♦❣r❛♠

♦❢ t❤❡ ❝♦♥tr♦❧ ✢♦✇ ❣r❛♣❤ ❛r❡ t❤❡ ❝♦♥tr♦❧ ♣♦✐♥ts✳

❋♦r ✐♥st❛♥❝❡✱ ❋✐❣✉r❡ ✹✳✶ ❣✐✈❡s t❤❡ ❝♦♥tr♦❧ ✢♦✇ ♦❢ t❤❡ ❊✉❝❧✐❞❡s ❛❧❣♦r✐t❤♠ ♦❢ ❋✐❣✉r❡ ✸✳✻✳
◆♦t✐❝❡ t❤❛t✱ ✐❢ t❤❡ ♣r♦❣r❛♠ ✐s s✐♥❣❧❡✲t❤r❡❛❞❡❞✱ t❤❡ ❝♦♥tr♦❧ ✢♦✇ ❣r❛♣❤ ♠❛② ❜❡ s✐♠♣❧✐✜❡❞
✭❙❡❡ ❋✐❣✉r❡ ✹✳✷✮✱ s✐♥❝❡ ❛❢t❡r ❣♦✐♥❣ ✐♥ ❝♦♥tr♦❧ ♣♦✐♥t ✷✱ ✇❡ ❛❧✇❛②s ❣♦ ✐♥ ❝♦♥tr♦❧ ♣♦✐♥t ✸ ❛♥❞
t❤❡♥ t♦ ❝♦♥tr♦❧ ♣♦✐♥t ✹✳ ■♥ t❤❡ ♠✉❧t✐t❤r❡❛❞❡❞ ❝♦♥t❡①t✱ t❤✐s ✐s ♥♦t tr✉❡ ❛♥②♠♦r❡✳ ❆❝t✉❛❧❧②✱
✇❤❡♥ ❛ t❤r❡❛❞ ❡①❡❝✉t❡s t❤❡ ❊✉❝❧✐❞❡s ❛❧❣♦r✐t❤♠✱ ❛♥♦t❤❡r t❤r❡❛❞ ♠❛② ♠♦❞✐❢② t❤❡ ✈❛r✐❛❜❧❡s
❛ ♦r ❜✳ ❋♦r ✐♥st❛♥❝❡✱ ✇❤❡♥ ♦✉r t❤r❡❛❞ ✐s ❛t ❝♦♥tr♦❧ ♣♦✐♥t ✷ t❤❡ ✈❛❧✉❡ ♦❢ ❜ ♠❛② ❜❡ ✉♣❞❛t❡❞
❜② ❛♥♦t❤❡r t❤r❡❛❞✳ ❍❡♥❝❡✱ t❤❡r❡ ✐s ❛ ❢✉♥❞❛♠❡♥t❛❧ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❝♦♥tr♦❧ ✢♦✇
❣r❛♣❤s ♦❢ ❋✐❣✉r❡ ✸✳✻ ❛♥❞ ♦❢ ❋✐❣✉r❡ ✹✳✷✳
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✹✳✸ ▲♦❝❛t✐♦♥ ❙❡t

■♥ ❛ ♣r♦❣r❛♠✱ ❛ ✈❛r✐❛❜❧❡ ❞❡♥♦t❡s ❛ ♠❡♠♦r② ❧♦❝❛t✐♦♥✳ ❚❤❡ ♣r♦❣r❛♠ ❝❛♥ ❛❝❝❡ss t❤❡ ♠❡♠♦r②
❧♦❝❛t✐♦♥ ♦❢ t❤❡ ✈❛r✐❛❜❧❡✱ ❡✳❣✱ x ✏ 3 ❛ss✐❣♥s ✈❛❧✉❡ ✸ t♦ t❤❡ ♠❡♠♦r② ❧♦❝❛t✐♦♥ ♦❢ x✳ ❆♥
✐♥str✉❝t✐♦♥ ♦❢ t❤❡ ♣r♦❣r❛♠ ♠❛② ❛❧s♦ ❛❝❝❡ss t❤❡ ♠❡♠♦r② ❧♦❝❛t✐♦♥ ♦❢ ❛ ✈❛r✐❛❜❧❡ ♣❧✉s ❛♥
♦✛s❡t✱ ❡✳❣✱ tris ✏ 3 ❛ss✐❣♥s t❤❡ ✈❛❧✉❡ 3 t❤❡ t❤✐r❞ s❧♦t ♦❢ t❤❡ ❛rr❛② t✳ ❋✉rt❤❡r♠♦r❡✱ ❛ ❞②♥❛♠✐❝
♠❡♠♦r② ❛❧❧♦❝❛t✐♦♥ ❝❛♥ ❝r❡❛t❡ ❛ ♥❡✇ ♠❡♠♦r② ❜❧♦❝❦✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❛❝❝❡ss❡❞ t❤r♦✉❣❤ ♣♦✐♥t❡rs✳

❚❤❡ ♠❡♠♦r② ♦❢ ❛ ❈ ♣r♦❣r❛♠ ❝❛♥ ❜❡ ❞✐✈✐❞❡❞ ✐♥t♦ ❜❧♦❝❦s ♦❢ ❝♦♥t✐♥✉♦✉s st♦r❛❣❡✳ ❚❤❡
r❡❧❛t✐✈❡ ♣♦s✐t✐♦♥ ♦❢ ❜❧♦❝❦s ✐s ✉♥❞❡✜♥❡❞✳ ❊❛❝❤ ♠❡♠♦r② ❛❞❞r❡ss ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❜② ❛
♣❛✐r ➔ name, offset →✳ ❚❤❡ name r❡♣r❡s❡♥ts t❤❡ ♥❛♠❡ ♦❢ t❤❡ ❜❧♦❝❦✱ ✐✳❡✱ t❤❡ ♥❛♠❡ ♦❢ t❤❡
✈❛r✐❛❜❧❡✱ ♦r ❛ ❢r❡s❤ ♥❛♠❡ ❢♦r ❞②♥❛♠✐❝❛❧❧② ❛❧❧♦❝❛t❡❞ ❜❧♦❝❦s✳ ▲❡t ✉s ❝❛❧❧ Locations t❤❡ s❡t
♦❢ ♠❡♠♦r② ❧♦❝❛t✐♦♥s✳

❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❈ ♥♦r♠ ❬■❙❖✾✾❪✱ ❛rr❛② ♦✈❡r✢♦✇s ❧❡❛❞ t♦ ❛♥ ✉♥s♣❡❝✐✜❡❞ r❡s✉❧t✳ ❆
♣♦✐♥t❡r t❤❛t ♣♦✐♥ts t♦ t❤❡ nt❤ s❧♦t ♦❢ ❛♥ ❛rr❛② t❤❛t ❤❛sm ➔ n s❧♦ts ✐s ✐♥✈❛❧✐❞✳ ❚❤❡r❡❢♦r❡✱ t✇♦
❞✐st✐♥❝t ♣❛✐rs ➔ name, offset → r❡♣r❡s❡♥t ❞✐st✐♥❝t ♠❡♠♦r② ❛❞❞r❡ss❡s ✭♦r ✐♥✈❛❧✐❞ ❛❞❞r❡ss❡s✮✳

■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s ♠❡❛♥s✿

❼ ■t ✐s ✐♠♣♦ss✐❜❧❡ t♦ ✉s❡ ❛♥ ❛rr❛② ♦✈❡r✢♦✇ ♦♥ ❛♥ ❛rr❛② t t♦ ✇r✐t❡ ✐♥t♦ ❛♥♦t❤❡r ♠❡♠♦r②
❜❧♦❝❦

❼ ❆ ♣♦✐♥t❡r t♦ ❛ ❞❡❛❧❧♦❝❛t❡❞ ♠❡♠♦r② ❜❧♦❝❦ ✇✐❧❧ ♥❡✈❡r ♣♦✐♥t t♦ ❛ ♥❡✇ ❛❧❧♦❝❛t❡❞ ♠❡♠♦r②
❜❧♦❝❦

❼ ❆ ♣♦✐♥t❡r t♦ ❛ ❧♦❝❛❧ ✈❛r✐❛❜❧❡ x ✇✐❧❧ ♥❡✈❡r ♣♦✐♥t t♦ ❛♥♦t❤❡r ❧♦❝❛❧ ✈❛r✐❛❜❧❡ ✇❤❡♥ t❤✐s
❧♦❝❛❧ ✈❛r✐❛❜❧❡ ✐s st❛t✐❝❛❧❧② ❞❡❛❧❧♦❝❛t❡❞

❖♥ s♦♠❡ ❝♦♠♣✉t❡rs✶✺✱ t❤❡ ❈ ♣r♦❣r❛♠ ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✹✳✸ ✇✐❧❧ ❛♥s✇❡r✿ x ✏ 0; y ✏ 5✳
❆❝t✉❛❧❧②✱ t❤❡ s❡♠❛♥t✐❝s ♦❢ t❤✐s ♣r♦❣r❛♠ ✐s ✉♥❞❡✜♥❡❞✱ s✐♥❝❡ vr✁1s r❡♣r❡s❡♥ts ❛♥ ✐♥✈❛❧✐❞
❛❞❞r❡ss✳ ❚♦ ❤❛♥❞❧❡ t❤✐s ❦✐♥❞ ♦❢ ♣r♦❣r❛♠s✱ ✇❡ ✉s❡ ❛ ❜❧♦❝❦✐♥❣ s❡♠❛♥t✐❝s ✭s❡❡ ❙❡❝t✐♦♥ ✸✳✺✮✳
❚❤✐s ♠❡❛♥s t❤❛t ✇❡ ❝♦♥s✐❞❡r t❤❛t t❤❡ ♣r♦❣r❛♠ st♦♣s ✇✐t❤ ❛♥ ❡rr♦r ✇❤❡♥ ✐t ❛tt❡♠♣ts t♦ ❞♦
t❤❡ st❛t❡♠❡♥t ♦❢ ❧✐♥❡ ✶✵✿ ✈r✁1s ✏ 5✳

❲✐❧s♦♥ ❛♥❞ ▲❛♠ ❬❲▲✾✺❪ ✐♥tr♦❞✉❝❡ ❧♦❝❛t✐♦♥ s❡ts t♦ r❡♣r❡s❡♥t t❤❡ ♠❡♠♦r② ❛❞❞r❡ss t♦
✇❤✐❝❤ ❛ ♣♦✐♥t❡r ♠❛② ❧❡❣❛❧❧② ♣♦✐♥ts✳

❆ ❧♦❝❛t✐♦♥ s❡t ✐s ❛ t✉♣❧❡ ➔ name, offset , stride →✳ ❚❤❡ name ✐s t❤❡ ♥❛♠❡ ♦❢ t❤❡
♠❡♠♦r② ❜❧♦❝❦✱ ❡✳❣✱ ❛ ✈❛r✐❛❜❧❡ ♥❛♠❡✱ ❛♥❞ offset ❛♥❞ stride ❛r❡ ✐♥t❡❣❡rs✳ ❆ t✉♣❧❡ ➔
♥❛♠❡, ♦✛s❡t, str✐❞❡ → r❡♣r❡s❡♥ts ❛❧❧ ❧♦❝❛t✐♦♥s ♦✛s❡t � i ✂ stride ✇✐t❤✐♥ t❤❡ ❜❧♦❝❦ name✳
▲❡t LocationSets ❜❡ t❤❡ s❡t ♦❢ ❧♦❝❛t✐♦♥ s❡ts✳

❆ ✈❛r✐❛❜❧❡ v ✐s r❡♣r❡s❡♥t❡❞ ❜② ➔ v, 0, 0 →✳ ❚❤❡ ✜❡❧❞ f ✐♥ ❛ str✉❝t✉r❡ s ✐s r❡♣r❡s❡♥t❡❞ ❜②
➔ s, of , 0 → ✇❤❡r❡ of ✐s t❤❡ ♦✛s❡t ♦❢ t❤❡ ✜❡❧❞ f ✐♥ t❤❡ str✉❝t✉r❡ s✳ ❆♥ ❛rr❛② t ✐s r❡♣r❡s❡♥t❡❞
❜② ➔ t, 0, size → ✇❤❡r❡ size ✐s t❤❡ s✐③❡ ♦❢ ❛♥ ❡❧❡♠❡♥t ♦❢ t❤❡ ❛rr❛②✳

❆♥ ❛❝❝❡ss t♦ t❤❡ ✜❡❧❞ f ♦❢ t❤❡ ❡❧❡♠❡♥t ♦❢ ❛♥ ❛rr❛② t ✐s r❡♣r❡s❡♥t❡❞ ❜② ➔ s, of , 0 → ✇❤❡r❡
of ✐s t❤❡ ♦✛s❡t ♦❢ t❤❡ ✜❡❧❞ f ✐♥ ❛♥ ❡❧❡♠❡♥t ♦❢ t❤❡ ❛rr❛② t✳

✶✺❊✳❣✳✱ ♦♥ ♠② ❧❛♣t♦♣✱ ✉s✐♥❣ ❣❝❝✳
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✶ ★✐♥❝ ❧✉❞❡ ❁s t❞ ✐ ♦ ✳ ❤❃
✷
✸ ✐ ♥ t ①❂✵❀
✹ ✐ ♥ t ✈ ❬ ✸ ❪ ❀
✺ ✐ ♥ t ②❂✵❀
✻
✼
✽ ✐ ♥ t ♠❛✐♥ ✭ ✈♦✐❞ ✮
✾ ④
✶✵ ✈ ❬ ✲✶ ❪❂✺❀
✶✶ ♣r✐♥t❢ ✭✧①❂✪❞❀②❂✪❞❭♥✧ ✱① ✱ ② ✮ ❀
✶✷ r❡ t✉r♥ ✵ ❀
✶✸ ⑥

❋✐❣✉r❡ ✹✳✸✿ ❆rr❛② ❖✈❡r✢♦✇

❊❛❝❤ ❞②♥❛♠✐❝❛❧❧② ❛❧❧♦❝❛t❡❞ ♠❡♠♦r② s✐t❡ s ❤❛s ❛ ✈❛r✐❛❜❧❡ ♥❛♠❡✳ ➔ s, 0, i → r❡♣r❡s❡♥ts
❛♥② ❛rr❛② ♦❢ ❡❧❡♠❡♥ts ♦❢ s✐③❡ i ❛❧❧♦❝❛t❡❞ ✐♥ t❤❡ s✐t❡ s✳

❚❤❡ ❧♦❝❛t✐♦♥ s❡ts ❛r❡ s♦♠❡ ❦✐♥❞ ♦❢ ❛❜str❛❝t✐♦♥✳ ❲❡ ❝♦♥s✐❞❡r t❤❛t t❤❡ ♥❛♠❡ ♦❢ ♠❡♠♦r②
❜❧♦❝❦ ❛❧❧♦❝❛t❡❞ ✐♥ ❛ s✐t❡ s ✐s s#id ✇❤❡r❡ # ✐s ❛ s❡♣❛r❛t♦r ❛♥❞ id ❛♥ ❛r❜✐tr❛r② ✐❞❡♥t✐✜❡r✳
❲❡ ❛❧s♦ ❝♦♥s✐❞❡r ❛ ♣r❡❞✐❝❛t❡ heap t❤❛t✱ ❣✐✈❡♥ ❛ ♥❛♠❡✱ ❞❡❝✐❞❡s ✇❤❡t❤❡r ✐t ✐s t❤❡ ♥❛♠❡
♦❢ ❛ ❞②♥❛♠✐❝❛❧❧② ❛❧❧♦❝❛t❡❞ ❜❧♦❝❦ ♦r ♥♦t✳ ❚❤✐s ❛❧❧♦✇s ✉s t♦ r❡❝♦❣♥✐③❡ t❤❡ ♠❡♠♦r② ❜❧♦❝❦s
❛❧❧♦❝❛t❡❞ ✐♥ ❛ ❣✐✈❡♥ s✐t❡✳

❚❤❡ ❧♦❝❛t✐♦♥ s❡ts ❛r❡ t❤❡♥ ❛♥ ❛❜str❛❝t✐♦♥ ♦❢ ❧♦❝❛t✐♦♥s✳ ❚❤❡ ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥
P♣Locationsq ❛♥❞ LocationSets ✐s ❣✐✈❡♥ ❜②✿

γ♣➔ name, offset , stride →q ❞❡❢✏

✩✬✫
✬✪
t➔ name, offset � istride →⑤ i ∈ N✉ ✐❢ ✥heap♣nameq

t➔ name#id , offset � istride →⑤ i ∈ N❫

id ❛♥ ❛r❜✐tr❛r② ✐❞❡♥t✐✜❡r✉
✐❢ heap♣nameq

◆♦t✐❝❡ t❤❛t ❛ ❧♦❝❛t✐♦♥ s❡t ♠❛② r❡♣r❡s❡♥t ♦♥❡ ♦r s❡✈❡r❛❧ ♠❡♠♦r② ❧♦❝❛t✐♦♥s✳ ❆ ❧♦❝❛t✐♦♥
s❡t ➔ name, offset , stride → r❡♣r❡s❡♥ts ❛ s✐♥❣❧❡ ❧♦❝❛t✐♦♥ ✐❢ ❛♥❞ ♦♥❧② ✐❢ name ✐s ♥♦t t❤❡ ♥❛♠❡
♦❢ ❛ s✐t❡ ♦❢ ❞②♥❛♠✐❝ ❛❧❧♦❝❛t✐♦♥✱ ❛♥❞ stride ✏ 0✳ ❲❡ ❞❡✜♥❡ t❤❡ ♣r❡❞✐❝❛t❡ unique ❜②✿

unique ➔ name, offset , stride →
❞❡❢

ô ✥heap♣nameq ❫ stride ✏ 0.
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✹✳✹ ❘✳ ❘✉❣✐♥❛ ❛♥❞ ▼✳ ❈✳ ❘✐♥❛r❞ ❆♥❛❧②s✐s

✹✳✹✳✶ P♦✐♥ts✲t♦ ●r❛♣❤

❘✳ ❘✉❣✐♥❛ ❛♥❞ ▼✳ ❈✳ ❘✐♥❛r❞ ❬❘❘✾✾✱ ❘❘✵✸❪ ✐♥tr♦❞✉❝❡ ❛ ✢♦✇✲s❡♥s✐t✐✈❡ ❛♥❞ ❝♦♥t❡①t✲s❡♥s✐t✐✈❡
♣♦✐♥t❡r ❛♥❛❧②s✐s ❢♦r ♠✉❧t✐t❤r❡❛❞❡❞ ♣r♦❣r❛♠s✳ ❚❤❡ ❛♥❛❧②s✐s ♦❢ ❘✳ ❘✉❣✐♥❛ ❛♥❞ ▼✳ ❈✳ ❘✐♥❛r❞
✉s❡s ❧♦❝❛t✐♦♥ s❡ts✳ ❚❤❡② ❞♦ ♥♦t ❝❤❡❝❦ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❛rr❛② ♦✈❡r✢♦✇s ♦r ✐♥✈❛❧✐❞ ♣♦✐♥t❡r
❞❡r❡❢❡r❡♥❝❡s ❛♥❞ ❛ss✉♠❡ t❤❡ ♣r♦❣r❛♠s t❤❡② ❛♥❛❧②③❡ ❛r❡ ❢r❡❡ ♦❢ t❤❡s❡ ❜✉❣s✳ ❚❤❡② ❛❞❞ ❛
s♣❡❝✐❛❧ ❧♦❝❛t✐♦♥ s❡t ❝❛❧❧❡❞ unk t♦ r❡♣r❡s❡♥t t❤❡ ✉♥❦♥♦✇♥ ♠❡♠♦r② ❧♦❝❛t✐♦♥✳

❚❤❡✐r ❛❧❣♦r✐t❤♠ ❝♦♠♣✉t❡s ❛ ♣♦✐♥ts✲t♦ ❣r❛♣❤ ❢♦r ❡❛❝❤ ♣r♦❣r❛♠ ♣♦✐♥t✳ ❆ ♣♦✐♥ts✲t♦ ❣r❛♣❤
G ❸ LocationSets✂ LocationSets ✐s ❛ s❡t ♦❢ ❡❞❣❡s ♣x, yq✳ ❆♥ ❡❞❣❡ ♣x, yq ♠❡❛♥s t❤❛t x
♠❛② ♣♦✐♥t t♦ y✳ ❋✉rt❤❡r♠♦r❡✱ x ♠✉st ♣♦✐♥t t♦ s♦♠❡ z s✉❝❤ t❤❛t ♣x, zq ✐s ✐♥ t❤❡ ♣♦✐♥ts✲t♦
❣r❛♣❤✳

▲❡t Point✲to❴Graphs
❞❡❢✏ LocationSets ✂ LocationSets ❜❡ t❤❡ s❡t ♦❢ ♣♦✐♥ts✲t♦

❣r❛♣❤s✳ ●✐✈❡♥ ❛ ♣♦✐♥ts✲t♦ ❣r❛♣❤ σ✱ t❤❡② ✐♥tr♦❞✉❝❡ t❤❡ ❢✉♥❝t✐♦♥ derefσ♣xq t❤❛t ♠❛♣s
x t♦ t❤❡ s❡t ♦❢ ✈❛r✐❛❜❧❡s y s✉❝❤ t❤❛t x ♠❛② ♣♦✐♥t t♦ y✿

derefσ♣xq ✏ ty ⑤ ♣x, yq ∈ σ✉.

◆♦t✐❝❡ t❤❛t✱ ❡❛❝❤ ❧♦❝❛t✐♦♥ x ♠✉st ♣♦✐♥t t♦ s♦♠❡ y s✉❝❤ t❤❛t y ∈ derefσ♣yq✳ ❚❤❡ ❢✉♥❝t✐♦♥
deref ♥❛t✉r❛❧❧② ❡①t❡♥❞s t♦ s❡ts ♦❢ ✈❛r✐❛❜❧❡s✿

derefσ♣Xq ✏
↕
x∈X

derefσ♣xq.

▲❡t ✉s ❣✐✈❡ ❛♥ ❡①❛♠♣❧❡✿ G ✏ t♣x, unkq, ♣x, yq, ♣y, xq✉✳ ■♥ t❤✐s ❡①❛♠♣❧❡✱ y ♠✉st ♣♦✐♥t t♦
x✱ ❜✉t x ♠❛② ♣♦✐♥t t♦ y ♦r t♦ ❛♥②✇❤❡r❡✳

❚❤❡ s❡t ♦❢ ♣♦✐♥ts✲t♦ ❣r❛♣❤s ✐s ❛ ❧❛tt✐❝❡ ❢♦r t❤❡ ✐♥❝❧✉s✐♦♥ ♦r❞❡r✐♥❣✳

✹✳✹✳✷ ●❡♥✴❑✐❧❧

▼♦r❡ ❢♦r♠❛❧❧②✱ ❣✐✈❡♥ ❛ ♣♦✐♥ts✲t♦ ❣r❛♣❤ σ✱ ❡❛❝❤ ❛ss✐❣♥♠❡♥t assign ❞❡t❡r♠✐♥❡s ❛ s❡t gen♣tr♣assign, σq
❛ s❡t kill♣tr♣assign, σq ❛♥❞ ❛ ❜♦♦❧❡❛♥ ✢❛❣ strong♣tr♣assign, σq✳ ❋✐❣✉r❡ ✹✳✹ r❡♣r❡s❡♥ts ❘✳
❘✉❣✐♥❛ ❛♥❞ ▼✳ ❈✳ ❘✐♥❛r❞✬s s❡ts gen♣tr ❛♥❞ kill♣tr ❛♥❞ t❤❡ strong♣tr ✢❛❣ ❬❘❘✾✾✱ ❘❘✵✸❪✳
❚❤❡ strong♣assign, σq ✢❛❣ ✐s tr✉❡ ✐❢ t❤❡ ❛ss✐❣♥♠❡♥t assign ❛ss✐❣♥s ❛ ♥❡✇ ✈❛❧✉❡ t♦ ❛ ❧♦❝❛t✐♦♥
s❡t t❤❛t r❡♣r❡s❡♥ts ❛ ✉♥✐q✉❡ ♠❡♠♦r② ❛❞❞r❡ss✳ ❊✳❣✳✱ ✐♥ t❤❡ ❝❛s❡ tris ✏ &x t❤❡ ❜♦♦❧❡❛♥
✢❛❣ strong♣tr ✐s false✱ ❜❡❝❛✉s❡ t ✐s ❛♥ ❛rr❛②✱ ❛♥❞ t❤❡ ❧♦❝❛t✐♦♥ s❡t ➔ t, 0, size → r❡♣r❡s❡♥ts
s❡✈❡r❛❧ ♠❡♠♦r② ❧♦❝❛t✐♦♥s✳

✹✳✹✳✸ ▼✉❧t✐t❤r❡❛❞✐♥❣

❚❤❡ ♣❛r❛❧❧❡❧ ♠♦❞❡❧ ❝♦♥s✐❞❡r❡❞ ❜② ❘✳ ❘✉❣✐♥❛ ❛♥❞ ▼✳ ❈✳ ❘✐♥❛r❞ ✐s ❜❛s❡❞ ♦♥ par ❝♦♥str✉❝t♦r❀
partstmt1 ⑤ stmt2✉ ❡①❡❝✉t❡s ✐♥ ♣❛r❛❧❧❡❧ t❤❡ st❛t❡♠❡♥ts stmt1 ❛♥❞ stmt2✳ Pr♦❣r❛♠s ❛r❡
♠♦❞❡❧❡❞ ❜② ♣❛r❛❧❧❡❧ ✢♦✇ ❣r❛♣❤s✳ ❆ ♣❛r❛❧❧❡❧ ✢♦✇ ❣r❛♣❤ ✐s ❛ ✢♦✇ ❣r❛♣❤ ❣❡♥❡r❛t❡❞ ❜② ❛
♣r♦❣r❛♠ ✉s✐♥❣ t❤❡ par ❝♦♥str✉❝t♦r✳ ❆ ♣❛r❛❧❧❡❧ ✢♦✇ ❣r❛♣❤ ❤❛s t✇♦ ❦✐♥❞s ♦❢ ✈❡rt✐❝❡s✿
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❈❛s❡s ❉❡✜♥✐t✐♦♥s

x :✏ y

gen♣tr♣x :✏ &y, σq ❞❡❢✏ tx✉ ✂ derefσ♣yq
kill♣tr♣x :✏ &y, σq ❞❡❢✏ tx✉ ✂ derefσ♣xq
strong♣tr♣x :✏ &y, σq ❞❡❢✏ unique♣xq

x :✏ &y

gen♣tr♣x :✏ &y, σq ❞❡❢✏ t♣x, yq✉
kill♣tr♣x :✏ &y, σq ❞❡❢✏ tx✉ ✂ derefσ♣xq
strong♣tr♣x :✏ &y, σq ❞❡❢✏ unique♣xq

✝x :✏ y

gen♣tr♣✝x :✏ y, σq ❞❡❢✏ derefσ♣xq ✂ ty✉
kill♣tr♣✝x :✏ y, σq ❞❡❢✏ derefσ♣xq ✂ ♣derefσ♣derefσ♣xqqq

strong♣tr♣✝x :✏ y, σq ❞❡❢✏

✩✬✫
✬✪
true

✐❢ derefσ♣xq ✐s ❛ s✐♥❣❧❡t♦♥ ④③⑥

s✉❝❤ t❤❛t unique♣zq

false ❡❧s❡

x ✏ ✝y
gen♣tr♣x ✏ ✝y, σq ✏ tx✉ ✂ derefσ♣derefσ♣yqq
kill♣tr♣x ✏ ✝y, σq ✏ tx✉ ✂ derefσ♣xq
strong♣tr♣x ✏ ✝y, σq ✏ unique♣xq

❋✐❣✉r❡ ✹✳✹✿ ●❡♥ ❛♥❞ ❦✐❧❧ s❡ts ❢♦r P♦✐♥t✲t♦ ●r❛♣❤s

❼ ❙t❛t❡♠❡♥t ❱❡rt✐❝❡s t❤❛t r❡♣r❡s❡♥t ❛ ♣♦✐♥t❡r ❛ss✐❣♥♠❡♥t ✿ x ✏ y✱ x ✏ &y✱ x ✏ ✝y ♦r
✝x ✏ y✳

❼ P❛r❜❡❣✐♥✴♣❛r❡♥❞ ❛♥❞ ❜❡❣✐♥✴❡♥❞ ✈❡rt✐❝❡s t❤❛t ♠♦❞❡❧ t❤❡ par st❛t❡♠❡♥t✳ ❚❤❡② ❝♦♠❡
✐♥ ❝♦rr❡s♣♦♥❞✐♥❣ ♣❛✐rs✳ P❛r❜❡❣✐♥✴P❛r❡♥❞ ✈❡rt✐❝❡s r❡♣r❡s❡♥t t❤❡ ❜❡❣✐♥♥✐♥❣ ❛♥❞ t❤❡
❡♥❞ ♦❢ ❛ par st❛t❡♠❡♥t✱ ❛♥❞ ❜❡❣✐♥✴❡♥❞ ✈❡rt✐❝❡s r❡♣r❡s❡♥t t❤❡ ❜❡❣✐♥♥✐♥❣ ❛♥❞ t❤❡ ❡♥❞
♦❢ ❛ t❤r❡❛❞ ✭❝r❡❛t❡❞ ❜② ❛ par st❛t❡♠❡♥t✮✳

❆❧❧ ❝♦♥❞✐t✐♦♥s ✭❡✳❣✳✱ ❢♦r if ❛♥❞ while st❛t❡♠❡♥ts✮ ❛r❡ ♥♦♥✲❞❡t❡r♠✐♥✐st✐❝✱ ✐✳❡✳✱ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡
❜♦♦❧❡❛♥ ❡①♣r❡ss✐♦♥ t❡st❡❞ ✐s ❞✐sr❡❣❛r❞❡❞✳ ❘✳ ❘✉❣✐♥❛ ❛♥❞ ▼✳ ❈✳ ❘✐♥❛r❞ ✉s❡ ❛ s❡q✉❡♥t✐❛❧❧②
❝♦♥s✐st❡♥t s❡♠❛♥t✐❝s✱ ✐✳❡✱ ❛♥ ❡①❡❝✉t✐♦♥ ♦❢ par♣stmt1, stmt2q ✐s ❛♥ ✐♥t❡r❧❡❛✈✐♥❣ ♦❢ ❡①❡❝✉t✐♦♥s
♦❢ stmt1 ❛♥❞ stmt2✳

❚❤❡ par ❝♦♥str✉❝t♦r ❝❛♥ ❤❛♥❞❧❡ s♦♠❡ ❦✐♥❞s ♦❢ ♠✉❧t✐t❤r❡❛❞❡❞ ♣r♦❣r❛♠s ✭❡✳❣✳✱ ❖♣❡♥▼P
♣r♦❣r❛♠s ❬❇♦❛✵✽❪✮✳ ◆❡✈❡rt❤❡❧❡ss✱ ❛s ❡①♣❧❛✐♥❡❞ ❜② ❆✳ ❇♦✉❛❥❥❛♥✐✱ ▼✳ ▼ü❧❧❡r✲❖❧♠✱ ❛♥❞ ❚✳
❚♦✉✐❧✐ ❬❇▼❖❚✵✺❪✱ ♣❛r❛❧❧❡❧ ❝❛❧❧s ❝❛♥♥♦t ❛❞❡q✉❛t❡❧② ♠♦❞❡❧ ❛ ❝♦♠♠❛♥❞ t❤❛t s♣❛✇♥s ❛♥♦t❤❡r
t❤r❡❛❞ ❛♥❞ ✐♠♠❡❞✐❛t❡❧② r❡t✉r♥s✱ ❡✳❣✱ ✐♥ ❏❛✈❛ ❬●❏❙❇✵✺❪ ♦r ✐♥ ❈ ❬❇♦❛✵✽❪✳ ❲❡ ✇✐❧❧ ❡①♣❧❛✐♥ ✐♥
P❛rt ■■■ ❤♦✇ t♦ ❤❛♥❞❧❡ s✉❝❤ ❝♦♠♠❛♥❞s✳

❘✳ ❘✉❣✐♥❛ ❛♥❞ ▼✳ ❈✳ ❘✐♥❛r❞ ❬❘❘✾✾✱ ❘❘✵✸❪ ✉s❡ ❛ s❡♠❛♥t✐❝s t❤❛t ❞❡r✐✈❡s t✉♣❧❡s ❝♦♥t❛✐♥✲
✐♥❣ ♣♦✐♥ts✲t♦ ❣r❛♣❤s ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ❝✉rr❡♥t st❛t❡s✱ tr❛♥s✐t✐♦♥s ♦❢ t❤❡ ❝✉rr❡♥t t❤r❡❛❞✱
❛♥❞ ✐♥t❡r❢❡r❡♥❝❡s ❢r♦♠ ♦t❤❡r t❤r❡❛❞s✳ ❚❤❡② ❞❡✜♥❡ t❤❡ MTI✱ t❤❡ ♠✉❧t✐t❤r❡❛❞❡❞ ♣♦✐♥ts✲t♦
✐♥❢♦r♠❛t✐♦♥✳

❆ ♠✉❧t✐t❤r❡❛❞❡❞ ♣♦✐♥ts✲t♦ ✐♥❢♦r♠❛t✐♦♥ ✐s ❛ t✉♣❧❡✿
①C, I, E② ∈ Point✲to❴Graphs✂Point✲to❴Graphs✂Point✲to❴Graphs✳
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❼ C r❡♣r❡s❡♥ts t❤❡ ♣♦✐♥ts✲t♦ ❣r❛♣❤ ❛t ❛ ❝♦♥tr♦❧ ♣♦✐♥t ♦❢ t❤❡ ♣r♦❣r❛♠✱

❼ I r❡♣r❡s❡♥ts ❡❞❣❡s t❤❛t ♠❛② ❜❡ ❝r❡❛t❡❞ ❜② ♦t❤❡r t❤r❡❛❞s✱

❼ E r❡♣r❡s❡♥ts ❡❞❣❡s t❤❛t ♠❛② ❜❡ ❝r❡❛t❡❞ ❜② t❤❡ ❝✉rr❡♥t t❤r❡❛❞✳

❚❤❡ s❡t ♦❢ MTI ✐s ❛ ❧❛tt✐❝❡ ❢♦r t❤❡ ♣r♦❞✉❝t ♦r❞❡r✐♥❣✳

❚❤❡ ✐❞❡❛ ♦❢ ❘✳ ❘✉❣✐♥❛ ❛♥❞ ▼✳ ❈✳ ❘✐♥❛r❞ ✐s t♦ ❛ss♦❝✐❛t❡ t♦ ❡❛❝❤ ❝♦♥tr♦❧ ♣♦✐♥t ♦❢ ❛
♣r♦❣r❛♠ ❛♥ MTI✳

❚❤❡② ❞❡✜♥❡ t❤❡ s❡♠❛♥t✐❝s ♦❢ ❜❛s✐❝ st❛t❡♠❡♥ts ❛s ❢♦❧❧♦✇✿

LassignM①C, I, E② ✏ ①C ✶, I, E ∪ gen②

✇❤❡r❡ C ✶ ✏

★
♣C r kill♣tr♣assign, Cqq ∪ gen♣tr♣assign, Cq ✐❢ strong♣tr♣assign, Cqq

C ∪ gen♣tr♣assign, Cq ♦t❤❡r✇✐s❡

❚❤❡② ❤❛♥❞❧❡ t❤❡ par ❝♦♥str✉❝t♦r✱ ✐ts s❡♠❛♥t✐❝s ✐s ❣✐✈❡♥ ❛s ❛ ✜①♣♦✐♥t ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣
❡q✉❛t✐♦♥s✿

①C ✶, I ✶, E ✶② ✏ Lpar♣stmt1, stmt2qM①C, I, E②

✇❤❡r❡✿

C ✶ ✏ C ✶
1 ∩ C ✶

2

E ✶ ✏ E ✶
1 ∪ E ✶

2

I ✶ ✏ I

C1 ✏ C ∪ E2

C2 ✏ C ∪ E1

I1 ✏ I ∪ E2

I2 ✏ I ∪ E1

❛♥❞✿

①C ✶
1, I1, E

✶
1② ✏ Lstmt1M①C1, I1, ∅②

①C ✶
2, I1, E

✶
2② ✏ Lstmt1M①C2, I2, ∅②

◆♦t✐❝❡ t❤❛t t❤❡ s❡♠❛♥t✐❝s ♦❢ ❛ st❛t❡♠❡♥t ♥❡✈❡r ❝❤❛♥❣❡s t❤❡ I✲❝♦♠♣♦♥❡♥t✳ ❘✳ ❘✉❣✐♥❛
❛♥❞ ▼✳ ❈✳ ❘✐♥❛r❞ ❝♦♠♣✉t❡ t❤❡ ✜①♣♦✐♥t ♦♥ t❤❡ ✇❤♦❧❡ P❛r❛❧❧❡❧ ❋❧♦✇ ●r❛♣❤✳

❘✳ ❘✉❣✐♥❛ ❛♥❞ ▼✳ ❈✳ ❘✐♥❛r❞ ❛❧s♦ ❞❡s❝r✐❜❡s ❤♦✇ t❤❡✐r ✇♦r❦ ❡①t❡♥❞s t♦ par ✇✐t❤ ❛♥
❛r❜✐tr❛r② ♥✉♠❜❡r ♦❢ t❤r❡❛❞s✱ ✉s✐♥❣ ❛ parfor♣bodyq ❝♦♥str✉❝t♦r t❤❛t ❡①❡❝✉t❡s body ✐♥ ♣❛r❛❧❧❡❧
❛♥ ✉♥❜♦✉♥❞❡❞ ♥✉♠❜❡r ♦❢ t✐♠❡s✳
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✹✳✺ ❚❤r❡❛❞✲▼♦❞✉❧❛r ▼♦❞❡❧✲❈❤❡❝❦✐♥❣

✹✳✺✳✶ ▼♦❞❡❧ ❈❤❡❝❦✐♥❣

❋❧❛♥❛❣❛♥ ❛♥❞ ◗❛❞❡❡r ❬❋◗✵✸❪ ✉s❡ ❛ ♠♦❞❡❧✲❝❤❡❝❦✐♥❣ ❛♣♣r♦❛❝❤ t♦ ✈❡r✐❢② ♠✉❧t✐✲t❤r❡❛❞❡❞ ♣r♦✲
❣r❛♠s✳ ❚❤❡✐r ♠❛✐♥ ✐❞❡❛ ✐s t♦ ✉s❡ t❤r❡❛❞✲♠♦❞✉❧❛r r❡❛s♦♥✐♥❣✳

❚❤❡② s❡♣❛r❛t❡ t❤❡ ❣❧♦❜❛❧ ❛♥❞ t❤❡ ❧♦❝❛❧ ♣❛rt✳ ❆ ●❧♦❜❛❧ st♦r❡ ❝♦♥t❛✐♥s ❛❧❧ ✈❛r✐❛❜❧❡s t❤❛t
❛r❡ s❤❛r❡❞ ❜❡t✇❡❡♥ t❤r❡❛❞s✳ ❆ ▲♦❝❛❧ st♦r❡ ❝♦♥t❛✐♥s t❤❡ ♣r♦❣r❛♠ ❝♦✉♥t❡r ❛♥❞ ❛❧❧ ✈❛r✐❛❜❧❡s
s♣❡❝✐✜❝ t♦ ❛ t❤r❡❛❞✳ ▲❡t GlobalStore ❛♥❞ LocalStore ❜❡ t❤❡ s❡ts ♦❢ ❣❧♦❜❛❧ st♦r❡s ❛♥❞ ❧♦❝❛❧
st♦r❡s r❡s♣❡❝t✐✈❡❧②✳

❚❤❡ ♥✉♠❜❡r ♦❢ t❤r❡❛❞s ✐s ✜①❡❞ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ♣r♦❣r❛♠✳ ❚❤❡ s❡t ♦❢ t❤r❡❛❞
✐❞❡♥t✐✜❡rs ✐s t❤❡♥ ✜♥✐t❡✿ Ids ✏ t1, . . . , n✉✳

❊❛❝❤ t❤r❡❛❞ ♥❡❡❞s ❛ ❧♦❝❛❧ st♦r❡✳ ❍❡♥❝❡✱ t❤❡② ❞❡✜♥❡ LocalStores ✱ t❤❡ s❡t ♦❢ ♠❛♣♣✐♥❣s
❢r♦♠ Ids t♦ LocalStore✳ ❆ st❛t❡ st ∈ States ✐s t❤❡♥ ❛ ♣❛✐r ♦❢ GlobalStore ✂ LocalStores ✳

❚❤❡ ❜❡❤❛✈✐♦rs ♦❢ t❤r❡❛❞s ❛r❡ ♠♦❞❡❧❡❞ ❜② ❛ tr❛♥s✐t✐♦♥ r❡❧❛t✐♦♥ T ❸ Ids✂♣GlobalStore✂
LocalStoreq ✂ ♣GlobalStore ✂ LocalStoreq✳

❋❧❛♥❛❣❛♥ ❛♥❞ ◗❛❞❡❡r ❡①♣❧❛✐♥ t❤✐s r❡❧❛t✐♦♥✿ ✏❚❤❡ r❡❧❛t✐♦♥ T ♣t, g, l, g, lq ❤♦❧❞s ✐❢ t❤❡
t❤r❡❛❞ t ❝❛♥ t❛❦❡ ❛ st❡♣ ❢r♦♠ ❛ st❛t❡ ✇✐t❤ ❣❧♦❜❛❧ st♦r❡ g ❛♥❞ ✇❤❡r❡ t❤r❡❛❞ t ❤❛s ❧♦❝❛❧ st♦r❡
l✱ ②✐❡❧❞✐♥❣ ❛ ♥❡✇ st❛t❡ ✇✐t❤ ❣❧♦❜❛❧ ❛♥❞ ❧♦❝❛❧ st♦r❡s g ❛♥❞ l ✱ r❡s♣❡❝t✐✈❡❧②✳✑

■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s ♠❡❛♥s t❤❛t ❛♥② ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ s②st❡♠ ✐s ❛♥ ✐♥t❡r❧❡❛✈✐♥❣ ♦❢ ❡①❡✲
❝✉t✐♦♥s ♦❢ t❤❡ t❤r❡❛❞s✳ ❋✉rt❤❡r♠♦r❡✱ ✐❢ ❛ t❤r❡❛❞ ✉♣❞❛t❡s t❤❡ s❤❛r❡❞ ♠❡♠♦r② ✭t❤❡ ❣❧♦❜❛❧
st♦r❡✮ t❤❡♥✱ t❤✐s ✉♣❞❛t❡ ✐s ✐♥st❛♥t❛♥❡♦✉s❧② ✈✐s✐❜❧❡ ❢♦r t❤❡ ♦t❤❡r t❤r❡❛❞s✳ ❍❡♥❝❡✱ ❋❧❛♥❛❣❛♥
❛♥❞ ◗❛❞❡❡r str♦♥❣❧② r❡❧② ♦♥ s❡q✉❡♥t✐❛❧ ❝♦♥s✐st❡♥❝②✳

❚❤❡ ♥❛✐✈❡ ♠♦❞❡❧✲❝❤❡❝❦✐♥❣ ❛♣♣r♦❛❝❤ ✇✐❧❧ ❡①♣❧♦r❡ ❛❧❧ st❛t❡s ❛♥❞ ❤❛s s♣❛❝❡ ❝♦♠♣❧❡①✐t②
O♣GLnq✳ ❚❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ ❋❧❛♥❛❣❛♥ ❛♥❞ ◗❛❞❡❡r ✐s t♦ r❡❛❝❤ ❛ ♣♦❧②♥♦♠✐❛❧ ❝♦♠♣❧❡①✐t② ✐♥ n✱
G ❛♥❞ L ❛♥❞ ♥♦ ♠♦r❡ ❡①♣♦♥❡♥t✐❛❧ ✐♥ n✳ ◆❡✈❡rt❤❡❧❡ss G ❛♥❞ L✱ ❛r❡ st✐❧❧ ❡①♣♦♥❡♥t✐❛❧ ✐♥ t❤❡
♥✉♠❜❡r ♦❢ ✈❛r✐❛❜❧❡s✳

❚♦ t❤✐s ❛✐♠✱ ❋❧❛♥❛❣❛♥ ❛♥❞ ◗❛❞❡❡r s❡♣❛r❛t❡ t❤❡ ❧♦❝❛❧ ❛♥❞ ❣❧♦❜❛❧ ♣❛rts ✐♥ t❤❡✐r ❛♥❛❧②s✐s✳
■♥st❡❛❞ ♦❢ ❝♦♠♣✉t✐♥❣ T ✱ t❤❡② ❝♦♠♣✉t❡ t✇♦ r❡❧❛t✐♦♥s✿

❼ R ❸ Ids✂GlobalStore ✂ LocalStore

❼ G ❸ Ids✂GlobalStore ✂GlobalStore

❚❤❡ r❡❧❛t✐♦♥ R♣t, g, lq ❤♦❧❞s ✇❤❡♥ t❤❡ s②st❡♠ ❝❛♥ r❡❛❝❤ s♦♠❡ st❛t❡ ♣g, lsq s✉❝❤ t❤❛t
ls♣tq ✏ l✳ ❚❤❡ r❡❧❛t✐♦♥ G♣t, g1, g2q ❤♦❧❞ ✇❤❡♥ ❢♦r s♦♠❡ ❧♦❝❛❧ st♦r❡s l1 ❛♥❞ l2 t❤❡ r❡❧❛t✐♦♥
T ♣t, ♣g1, l1q, ♣g2, l2qq✳

❚❤❡ ✐❞❡❛ ♦❢ ❋❧❛♥❛❣❛♥ ❛♥❞ ◗❛❞❡❡r ✐s t♦ ❝♦♠♣✉t❡ R ❛♥❞ G ✐♥st❡❛❞ ♦❢ ❛❧❧ r❡❛❝❤❛❜❧❡ st❛t❡s✳

✹✳✺✳✷ ❆❜str❛❝t ■♥t❡r♣r❡t❛t✐♦♥

❲❡ ❡❛s✐❧② ♥♦t✐❝❡ t❤❛t R ❛♥❞ G ❢♦r❣❡t ✐♥❢♦r♠❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s❡♠❛♥t✐❝s ♦❢ t❤❡
s②st❡♠✳ ❆❝t✉❛❧❧②✱ t❤❡② ❛r❡ ❛❜str❛❝t✐♦♥s✳ ▼❛❧❦✐s ❡t ❛❧✳ ❬▼P❘✵✻❜✱ ▼P❘✵✻❛❪ s❤♦✇ t❤❛t
❋❧❛♥❛❣❛♥ ❛♥❞ ◗❛❞❡❡r ❛♥❛❧②s✐s ✐s ❛ ❝❛rt❡s✐❛♥ ❛❜str❛❝t✐♦♥✳ ▼❛❧❦✐s ❡t ❛❧✳ ❬▼P❘✵✻❜✱ ▼P❘✵✻❛❪
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✶ ✐ ♥ t ① ❂ ✶ ❀
✷ ♠✉t❡① ♠① ❀
✸
✹ ✈♦✐❞ ♣ ✭ ✮ ④
✺ ❧♦❝❦ ✭♠① ✮ ❀
✻ ① ❂ ✵ ❀
✼ ① ❂ ① ✰ ✶ ❀
✽ ❛ss❡rt ① ❃ ✵ ❀
✾ ✉♥❧♦❝❦ ✭♠① ✮ ❀
✶✵ ⑥

❋✐❣✉r❡ ✹✳✺✿ ❋❧❛♥❛❣❛♥ ❛♥❞ ◗❛❞❡❡r ❊①❛♠♣❧❡

❣✐✈❡ t❤❡ ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥ ✐♥ t❤❡ ❝❛s❡ ♦❢ t✇♦ t❤r❡❛❞s✱ ❚❤❡ ❝♦♥❝r❡t❡ ❧❛tt✐❝❡ ✐s P♣Statesq ✏
P♣GlobalStore✂LocalStoreIdsq✱ t❤❡ s❡t ♦❢ st❛t❡s✳ ❆♥❞ t❤❡ ❛❜str❛❝t ❧❛tt✐❝❡ ✐s P♣GlobalStore✂
LocalStoreqIds✳ ❚❤✐s ❡①♣❧❛✐♥s ✇❤② t❤❡ ❋❧❛♥❛❣❛♥ ❛♥❞ ◗❛❞❡❡r ❛❧❣♦r✐t❤♠ ✐s ♣♦❧②♥♦♠✐❛❧ ✐♥
card♣Idsq ❛♥❞ ♥♦t ❡①♣♦♥❡♥t✐❛❧ ✐♥ card♣Idsq✳ ■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ Ids ✏ t1, 2✉✱ t❤❡ ❝❛rt❡s✐❛♥
●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥ α❝❛rt, γ❝❛rt ❜❡t✇❡❡♥ t❤❡ ❝♦♥❝r❡t❡ ❧❛tt✐❝❡ P♣Statesq ❛♥❞ t❤❡ ❛❜str❛❝t ❧❛tt✐❝❡
P♣GlobalStore ✂ LocalStoreq ✂ P♣GlobalStore ✂ LocalStoreq ✐s ❞❡✜♥❡❞ ❜②✿

α❝❛rt♣Sq ✏
�
t♣g, l1q ⑤ ❉l2 : ♣g, l1, l2q ∈ S✉, t♣g, l2q ⑤ ❉l1 : ♣g, l1, l2q ∈ S✉

✟
γ❝❛rt♣T1, T2q ✏ t♣g, l1, l2q ⑤ ♣g, l1q ∈ T1 ❫ ♣g, l2q ∈ T2✉

■♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✱ t❤❡ ❝❛rt❡s✐❛♥ ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥ α❝❛rt, γ❝❛rt ❜❡t✇❡❡♥ t❤❡ ❝♦♥❝r❡t❡ ❛♥❞
t❤❡ ❛❜str❛❝t ❧❛tt✐❝❡ ✐s ❞❡✜♥❡❞ ❜②✿

α❝❛rt♣Sq ✏ λi.t♣g, ls♣iqq ⑤ ♣g, lsq ∈ S✉

γ❝❛rt♣T q ✏ t♣g, lsq ⑤ ❅i, ♣g, ls♣iqq ∈ T ♣iq✉

▼❛❧❦✐s ❡t ❛❧✳ s❤♦✇ ❬▼P❘✵✻❜✱ Pr♦♣♦s✐t✐♦♥ ✷❪ t❤❛t α❝❛rt, γ❝❛rt ✐s ❛ ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥✱ ❛♥❞
t❤❛t ❬▼P❘✵✻❜✱ ❚❤❡♦r❡♠ ✸❪ t❤❡ ❋❧❛♥❛❣❛♥ ❛♥❞ ◗❛❞❡❡r ❛❧❣♦r✐t❤♠ ❝♦♠♣✉t❡s t❤❡ ❛❜str❛❝t
s❡♠❛♥t✐❝s ❞❡r✐✈❡❞ ❜② α❝❛rt, γ❝❛rt✳ ❋✉rt❤❡r♠♦r❡ ❬▼P❘✵✻❜✱ ❚❤❡♦r❡♠ ✺❪ ♣r♦✈❡ t❤❛t t❤❡ ✜♥❛❧
r❡s✉❧ts ♦❢ t❤❡ ❋❧❛♥❛❣❛♥ ❛♥❞ ◗❛❞❡❡r ❛❧❣♦r✐t❤♠ ✐s ❡①❛❝t❧② t❤❡ ❛❜str❛❝t✐♦♥ ✭✇✐t❤♦✉t ♦t❤❡r
❧♦ss ♦❢ ♣r❡❝✐s✐♦♥✮ ♦❢ t❤❡ ❝♦♥❝r❡t❡ s❡♠❛♥t✐❝s✳

▼❛❧❦✐s ❡t ❛❧✳ ✐♠♣r♦✈❡ t❤❡ ♣r❡❝✐s✐♦♥ ✉s✐♥❣ ❤✉♠❛♥ s♣❡❝✐✜❡❞ ❬▼P❘✵✼❪ ✏❡①❝❡♣t✐♦♥ s❡ts✑✳
❚❤❡② ❝♦♠♣♦s❡ t❤❡✐r ❈❛rt❡s✐❛♥ ❛❜str❛❝t✐♦♥ α❝❛rt, γ❝❛rt ✇✐t❤ ❛♥♦t❤❡r ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥✳ ❚❤✐s
♥❡✇ ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥ ❛❧❧♦✇s t❤❡♠ t♦ ❝♦rr❡❧❛t❡ t❤❡ ❧♦❝❛❧ st♦r❡s ♦❢ ❞✐st✐♥❝t t❤r❡❛❞✱ t❤❡r❡❢♦r❡
t❤❡ ♣r❡❝✐s✐♦♥ ✐s ❡♥❤❛♥❝❡❞✳ ❚❤✐s ❞❡✜♥❡t❡❧② r❡sts ♦♥ s❡q✉❡♥t✐❛❧ ❝♦♥s✐st❡♥❝②✳

✹✳✺✳✸ ▼✉t❡①❡s

❋❧❛♥❛❣❛♥ ❛♥❞ ◗❛❞❡❡r ❬❋◗✵✸❪ ❣✐✈❡ t✇♦ ✇❛②s t♦ ♠♦❞❡❧ ♠✉t❡①❡s✿
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✶ ✐ ♥ t ① ❂ ✶ ❀
✷ ♠✉t❡① ♠① ❀
✸ ✐ ♥ t ② ❂ ✶ ❀
✹ ♠✉t❡① ♠② ❀
✺
✻ ✈♦✐❞ ♣ ✭ ✮ ④
✼ ✐ ❢ ✭ r♥❞ ✭ ✮ ✮ ④
✽ ❧♦❝❦ ✭♠① ✮ ❀
✾ ① ❂ ✵ ❀
✶✵ ① ❂ ① ✰ ✶ ❀
✶✶ ✉♥❧♦❝❦ ✭♠① ✮ ❀
✶✷ ⑥
✶✸ ❡ ❧ s ❡
✶✹ ④
✶✺ ❧♦❝❦ ✭♠② ✮ ❀
✶✻ ② ❂ ✵ ❀
✶✼ ② ❂ ① ✰ ✶ ❀
✶✽ ✉♥❧♦❝❦ ✭♠② ✮ ❀
✶✾ ⑥
✷✵ ⑥

❋✐❣✉r❡ ✹✳✻✿ ▼♦❞✐✜❡❞ ❋❧❛♥❛❣❛♥ ❛♥❞ ◗❛❞❡❡r ❊①❛♠♣❧❡

❼ ❋✐rst✱ ❛ ♠✉t❡① ✐s ❛ ❜♦♦❧❡❛♥ ✈❛r✐❛❜❧❡ ✿ ✇❤❡♥ ✐t ✐s ❢r❡❡✱ ✐ts ✈❛❧✉❡ ✐s tr✉❡✱ ❛♥❞ ✇❤❡♥ ✐t ✐s
❧♦❝❦❡❞ ✐ts ✈❛❧✉❡ ✐s ❢❛❧s❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s ♠❡❛♥s t❤❛t ❛ t❤r❡❛❞ ❝❛♥ ✉♥❧♦❝❦ ❛ ♠✉t❡①
❧♦❝❦❡❞ ❜② ❛♥♦t❤❡r t❤r❡❛❞✳

❼ ❙❡❝♦♥❞✱ ❛ ♠✉t❡① ✐s ❛ss♦❝✐❛t❡❞ t♦ t❤❡ t❤r❡❛❞ t❤❛t ♦✇♥s ✐t✱ ♦r t❤❡ s♣❡❝✐❛❧ ✈❛❧✉❡ none✳
❚❤❡ ✈❛❧✉❡ ♦❢ ❛ ♠✉t❡① ✐s none ✇❤❡♥❡✈❡r ✐t ✐s ❢r❡❡✳

❙✐♥❝❡✱ ❛❝❝♦r❞✐♥❣ t♦ P♦s✐① ◆♦r♠ ❬■❚✵✹❪✱ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♣r♦❣r❛♠ ✐s ✉♥❞❡✜♥❡❞ ✇❤❡♥
❛ t❤r❡❛❞ ❛tt❡♠♣ts t♦ ✉♥❧♦❝❦ ❛ ♠✉t❡① ♦✇♥❡❞ ❜② ❛♥♦t❤❡r t❤r❡❛❞✱ t❤❡s❡ t✇♦ ❜❡❤❛✈✐♦rs ❛r❡
❛❝❝❡♣t❛❜❧❡✳ ❚❤❡② ❛r❡ ❜♦t❤ ✐♥ ❢❛❝t ♦❜s❡r✈❡❞ ✐♥ ♣r❛❝t✐❝❡✳

❋❧❛♥❛❣❛♥ ❛♥❞ ◗❛❞❡❡r ❣✐✈❡ ❛ s✐♠♣❧❡ ❡①❛♠♣❧❡ ♦❢ ♣r♦❣r❛♠ ✇✐t❤ ♠✉t❡①❡s✿ n t❤r❡❛❞s ❡①✲
❡❝✉t❡ t❤❡ ❢✉♥❝t✐♦♥ ♣ ♦❢ ❋✐❣✉r❡ ✹✳✺✳ ■♥ t❤✐s ❡①❛♠♣❧❡✱ ❛ ✈❛r✐❛❜❧❡ ① ✐s ♣r♦t❡❝t❡❞ ❜② ❛ ♠✉t❡①
♠①✳ ❚❤❡r❡❢♦r❡✱ t❤❡r❡ ✐s ♥♦ ❞❛t❛ r❛❝❡✳

❚♦ ♣r♦✈❡ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❞❛t❛✲r❛❝❡ ♦♥ t❤❡ ✈❛r✐❛❜❧❡ x✱ ❋❧❛♥❛❣❛♥ ❛♥❞ ◗❛❞❡❡r ❤❛✈❡ t♦ ✉s❡
t❤❡ s❡❝♦♥❞ ♠♦❞❡❧ ♦❢ ♠✉t❡①❡s✳ ❚❤❡r❡❢♦r❡✱ ❛ ♠✉t❡① ♠❛② ❤❛✈❡ n � 1 ❞✐st✐♥❝t ✈❛❧✉❡s ✇❤❡r❡
n ✐s t❤❡ ♥✉♠❜❡r ♦❢ t❤r❡❛❞s✳ ❍❡♥❝❡✱ ❛❞❞✐♥❣ ❛ ♠✉t❡① t♦ t❤❡ ❣❧♦❜❛❧ st♦r❡ ✐♥❝r❡❛s❡s G ❜② ❛
❢❛❝t♦r n✳ ❚❤❡ ❝♦st ♦❢ t❤❡ ❛♥❛❧②s✐s ♦❢ t❤✐s ❡①❛♠♣❧❡✱ ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ t❤r❡❛❞s✱ ✐s t❤❡♥ O♣n2q✳
❚❤❡ ❝♦st ♦❢ t❤❡ ❛♥❛❧②s✐s ♦❢ ❛♥ ❡①❛♠♣❧❡ ✇✐t❤ t✇♦ ♠✉t❡①❡s ✭❊✳❣✳ ❛s ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✹✳✻✮ ✇✐❧❧
❜❡ O♣n3q ❛♥❞ s♦ ♦♥✳ ❋✐♥❛❧❧②✱ G ➙ ncard♣Locksq ✇❤❡r❡ Locks ✐s t❤❡ s❡t ♦❢ ❛❧❧ ♠✉t❡①❡s✳
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✹✳✻ P✉r❡ ●❡♥✴❑✐❧❧ ❆♥❛❧②s❡s

●❡♥✴❦✐❧❧ ❛♥❛❧②s❡s ❛r❡ ❛ ❢❛♠✐❧② ♦❢ ❛❜str❛❝t✐♦♥s✳
❆ ♣✉r❡ ❣❡♥✴❦✐❧❧ ❛♥❛❧②s✐s ♦♥ s❡ts ✐s ♣❛r❛♠❡tr✐③❡❞ ❜② ❛ ❧❛tt✐❝❡ V ✏ P♣Xq ♦❢ s✉❜s❡ts ♦❢

s♦♠❡ s❡t X✳ ❊❛❝❤ ❜❛s✐❝ st❛t❡♠❡♥t stmt ♦❢ ❛ ♣r♦❣r❛♠ ✐s ❛❜str❛❝t❡❞ ✉s✐♥❣ t✇♦ ❡❧❡♠❡♥ts ♦❢
V gen♣stmtq ❛♥❞ kill♣stmtq✳ ■♥ s✉❝❤ ❛♥ ❛♥❛❧②s✐s✱ ❛❜str❛❝t st♦r❡s ❛r❡ ❡❧❡♠❡♥ts ♦❢ V ❛♥❞
t❤❡ ❡✛❡❝t ♦❢ t❤❡ st❛t❡♠❡♥t stmt ✐s ❛❜str❛❝t❡❞ ❜② t❤❡ ❢✉♥❝t✐♦♥

λE.♣E r kill♣stmtqq ∪ gen♣stmtq.

❚❤❡ ❡❧❡♠❡♥ts ♦❢ kill♣stmtq ❛r❡ ✇✐t❤❞r❛✇♥✱ ❛♥❞ ❡❧❡♠❡♥ts ✐♥ gen♣stmtq ❛r❡ ❛❞❞❡❞ t♦ t❤❡
❛❜str❛❝t st♦r❡✳

●❡♥✴❦✐❧❧ ❛♥❛❧②③❡s ❛r❡ ❣❡♥❡r❛❧✐③❛❜❧❡ t♦ ❤❛♥❞❧❡ ❛ ❧❛tt✐❝❡ ✐♥st❡❛❞ ♦❢ ❛ s❡t ♦❢ s✉❜s❡ts✳ ❆
♣✉r❡ ❣❡♥✴❦✐❧❧ ❛♥❛❧②s✐s ✉s❡ ❛ ❧❛tt✐❝❡ V ✳ ❊❛❝❤ ❜❛s✐❝ st❛t❡♠❡♥t stmt ✐s ♠❛♣♣❡❞ t♦ t✇♦ s❡ts✿
gen♣stmtq ❛♥❞ keep♣stmtq✳ ❚❤❡ ❡✛❡❝t ♦❢ ❛ t❤❡ st❛t❡♠❡♥t stmt ✐s ❛❜str❛❝t❡❞ ❜② ❛ ❢✉♥❝t✐♦♥
λE.♣E ⊓ keep♣stmtqq ⊔ gen♣stmtq✳ ❚❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡ ✐s t❤❡ ✉s❡ ♦❢ ❛ s❡t keep ✐♥st❡❛❞
♦❢ kill✳ ■♥ t❤❡ ❧❛tt✐❝❡ ♦❢ s✉❜s❡ts ♦❢ X✱ t❤❡s❡s ❞❡✜♥✐t✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t ❛❝❝♦r❞✐♥❣ t♦
t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❧❛✐♠ ✭❈❧❛✐♠ ✹✳✶✮✳ ▼♦r❡ ❣❡♥❡r❛❧❧②✱ t❤❡s❡ ❛♣♣r♦❛❝❤❡s ❛r❡ ❡q✉✐✈❛❧❡♥t ✐♥ ❛
❝♦♠♣❧❡♠❡♥t❡❞ ❧❛tt✐❝❡✳ ❇✉t ✐♥ ❛ ♥♦♥✲❝♦♠♣❧❡♠❡♥t❡❞ ❧❛tt✐❝❡✱ ✇❡ ❞♦ ♥♦t ❤❛✈❡ t❤❡ ♦♣❡r❛t✐♦♥
r ♥❡❡❞❡❞ ❢♦r kill❀ t❤✐s ✐s ✇❤② ✇❡ ✉s❡ keep ✐♥st❡❛❞ ♦❢ kill ✳

❈❧❛✐♠ ✹✳✶✳

λE.♣E r kill♣stmtqq ∪ gen♣stmtq ✏ λE.♣E ∩ keep♣stmtqq ∪ gen♣stmtq

✇❤❡r❡ keep♣stmtq ✐s t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② ♦❢ kill♣stmtq ✐♥ X✳

P✉r❡ ●❡♥✴❦✐❧❧ ❛♥❛❧②③❡s ❡♥❝♦♠♣❛ss s❡✈❡r❛❧ ❦✐♥❞s ♦❢ ❛♥❛❧②③❡s✱ ❡✳❣✳✿

✶✳ ❜✐t✈❡❝t♦r ❛♥❛❧②s✐s✱ ❡✳❣✱ ❬❑❙❱✾✻❪✱

✷✳ str♦♥❣ ❝♦♣② ❝♦♥st❛♥t ♣r♦♣❛❣❛t✐♦♥

✸✳ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ ❧✐✈❡ ✈❛r✐❛❜❧❡s✱

✹✳ ❛✈❛✐❧❛❜❧❡ ❡①♣r❡ss✐♦♥s

✺✳ ❛♥❞ ♣♦t❡♥t✐❛❧❧② ✉♥✐♥✐t✐❛❧✐③❡❞ ✈❛r✐❛❜❧❡s

❋♦r ❜✐t✈❡❝t♦r ❛♥❛❧②s✐s✱ ✇❡ ♠❛② ✉s❡ t❤❡ ❧❛tt✐❝❡ t0, 1✉n ✇✐t❤ t❤❡ ♣♦✐♥t✇✐s❡ ♦r❞❡r✐♥❣ ❛♥❞ ✵❁✶✳
❚❤❡ ♠❛✐♥ ❛❞✈❛♥t❛❣❡ ♦❢ ♣✉r❡ ❣❡♥✴❦✐❧❧ ❛♥❛❧②s❡s ✐s t❤❛t kill ♦r keep ❛♥❞ gen s❡ts ❞♦ ♥♦t

❞❡♣❡♥❞ ♦♥ t❤❡ ❝♦♥t❡①t✳ ◆♦t✐❝❡ t❤❛t t❤❡ ❘✳ ❘✉❣✐♥❛ ❛♥❞ ▼✳ ❈✳ ❘✐♥❛r❞ ❣❡♥✴❦✐❧❧ ❛♥❛❧②s✐s ✭❙❡❡
❙❡❝t✐♦♥ ✹✳✹✳✷✮ ✐s ♥♦t ❛ ♣✉r❡ ❣❡♥✴❦✐❧❧ ❛♥❛❧②s✐s ❣✐✈❡♥ t❤❛t gen♣tr ❛♥❞ kill♣tr ❞❡♣❡♥❞ ♥♦t ♦♥❧②
♦♥ t❤❡ st❛t❡♠❡♥t✱ ❜✉t ❛❧s♦ ♦❢ t❤❡ ❝✉rr❡♥t ❛❜str❛❝t st♦r❡✳ ■♥ ❙❡❝t✐♦♥ ✽✳✷✳✸ ✇❡ ❣✐✈❡ ❛ ❣❡♥❡r❛❧
❞❡✜♥✐t✐♦♥ ♦❢ ❣❡♥✴❦✐❧❧ ❛♥❛❧②s❡s t❤❛t ❡♥❝♦♠♣❛ss❡s ♣✉r❡ ❣❡♥✴❦✐❧❧ ❛♥❛❧②s❡s ❛♥❞ ❘✳ ❘✉❣✐♥❛ ❛♥❞
▼✳ ❈✳ ❘✐♥❛r❞ ❛♥❛❧②s✐s✳
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❍✳ ❙❡✐❞❧ ❛♥❞ ❇✳ ❙t❡✛❡♥ ❬❙❙✵✵❪ ✉s❡ t❤❡ ❛❞✈❛♥t❛❣❡ ❛✛♦r❞❡❞ ❜② ♣✉r❡ ❣❡♥✴❦✐❧❧ ❛♥❛❧②s❡s✳
❚❤❡② ✉s❡ t❤❡ ❧❛tt✐❝❡ F ♦❢ ❢✉♥❝t✐♦♥s V Ñ V ♦❢ t❤❡ ❢♦r♠ λE.♣E ⊓ keep♣stmtqq ⊔ gen♣stmtq✳
❚❤❡ ✐❞❡❛ ✐s t♦ ❛❜str❛❝t t❤❡ ❡✛❡❝t ♦❢ s❡✈❡r❛❧ ❜❛s✐❝ st❛t❡♠❡♥ts ❜② ♦♥❡ ❡❧❡♠❡♥t ♦❢ t❤❡ ❧❛tt✐❝❡
F✱ t❤✐s ✐s ♣♦ss✐❜❧❡ ❞✉❡ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❧❛✐♠✿

❈❧❛✐♠ ✹✳✷✳ ▲❡t V ❜❡ ❛ ❞✐str✐❜✉t✐✈❡ ❧❛tt✐❝❡✳ ❊❛❝❤ ❢✉♥❝t✐♦♥ ♦❢ F ✐s ♠♦♥♦t♦♥❡ ❛♥❞ F ✐s st❛❜❧❡
❜② ❝♦♠♣♦s✐t✐♦♥✶✻✳

Pr♦♦❢✳ ●✐✈❡♥ f ✏ λx.♣x ⊓ a1q ⊔ b1 ❛♥❞ g ✏ λx.♣x ⊓ a2q ⊔ b2✱ g ✆ f ✏ λx.♣x ⊓ ♣a1 ⊓ a2qq ⊔
♣♣b1 ⊓ a2q ⊔ b2q.

❍✳ ❙❡✐❞❧ ❛♥❞ ❇✳ ❙t❡✛❡♥ ❬❙❙✵✵❪ ❣✐✈❡ ❛♥ ✐♥t❡r✲♣r♦❝❡❞✉r❛❧ ❛♥❛❧②s✐s ❢♦r t❤❡ ♣r✐♠✐t✐✈❡ par ❛♥❞
P✳ ▲❛♠♠✐❝❤ ❛♥❞ ▼✳ ▼ü❧❧❡r✲❖❧♠ ❬▲▼❖✵✽❪ ❣❡♥❡r❛❧✐③❡ t❤✐s ❛♣♣r♦❛❝❤ t♦ t❤❡ create ♣r✐♠✐t✐✈❡✱
✇❤✐❝❤ s♣❛✇♥s ❛ ♥❡✇ t❤r❡❛❞ ❛♥❞ ✐♠♠❡❞✐❛t❡❧② r❡t✉r♥s✳ Pr♦❣r❛♠s ❛r❡ r❡♣r❡s❡♥t❡❞ ❜② ❛ ♣❛r✲
❛❧❧❡❧ ✢♦✇ ❣r❛♣❤✱ ❧✐❦❡ ❬❘❘✾✾✱ ❘❘✵✸❪✱ ❛♥❞ if st❛t❡♠❡♥ts ❛r❡ ❛❜str❛❝t❡❞ ❛s ♥♦♥✲❞❡t❡r♠✐♥✐st✐❝
❝❤♦✐❝❡s✳ ❚❤❡ s❡♠❛♥t✐❝s ✐s ❛♥ ✐♥t❡r❧❡❛✈✐♥❣ s❡♠❛♥t✐❝s✳ ❚❤❡② ❛ss✉♠❡ t❤❛t t❤❡ ❤❡✐❣❤t✶✼ ♦❢ t❤❡
❞♦♠❛✐♥ F ✐s ✜♥✐t❡✱ ❜✉t t❤✐s ✐s ♥♦t ❛ tr✉❡ r❡str✐❝t✐♦♥✱ s✐♥❝❡ ✇✐❞❡♥✐♥❣ ❛♥❞ ♥❛rr♦✇✐♥❣ ❬❈❈✾✷❪
✭❙❡❡ s❡❝t✐♦♥ ✸✳✸✮ ❛❧❧♦✇ t♦ ❜②♣❛ss t❤✐s ❧✐♠✐t❛t✐♦♥✳

✹✳✼ ❉❛t❛✲r❛❝❡s

❆ ❉❛t❛✲r❛❝❡ ✐s ❛ r✉♥✲t✐♠❡ ❡rr♦r t❤❛t ♠❛② ♦❝❝✉r ❞✉❡ t♦ ♠✉❧t✐t❤r❡❛❞✐♥❣✳ ❘❡❝❛❧❧✐♥❣ ❙❡❝t✐♦♥
✶✳✶✱ ❛ ❞❛t❛✲r❛❝❡ ♦❝❝✉rs ✇❤❡♥ ❛ t❤r❡❛❞ ✇r✐t❡ ✐♥t♦ ❛ ♠❡♠♦r② ❧♦❝❛t✐♦♥✱ ❛♥❞ ❛♥♦t❤❡r t❤r❡❛❞
❛❝❝❡ss❡s ✭❢♦r r❡❛❞✐♥❣ ♦r ✇r✐t✐♥❣✮ t❤❡ s❛♠❡ ❧♦❝❛t✐♦♥✳

❚♦ ❛✈♦✐❞ ❞❛t❛✲r❛❝❡s✱ s❡✈❡r❛❧ ♠✉❧t✐t❤r❡❛❞❡❞ ❧✐❜r❛r✐❡s ❬■❚✵✹✱ ❇✉t✵✻✱ ❇❛r✶✵✱ ❇♦❛✵✽❪ ❣✐✈❡
❧♦❝❦s✴♠✉t❡①❡s t♦ t❤❡ ♣r♦❣r❛♠♠❡r✳ ❚❤❡ t✇♦ ❜❛s✐❝ ❛♥❞ st❛♥❞❛r❞ ❢✉♥❝t✐♦♥s ♦♥ ♠✉t❡①❡s ❛r❡
lock ❛♥❞ unlock ✳ ❆ ❧♦❝❦✴♠✉t❡① ♠❛② ❜❡ ❢r❡❡ ♦r ♦✇♥❡❞ ❜② ❛ t❤r❡❛❞✳ ❲❤❡♥❡✈❡r ❛ t❤r❡❛❞
❝❛❧❧s t❤❡ ♣r✐♠✐t✐✈❡ lock♣µq✱ ✐t tr✐❡s t♦ ❛❝q✉✐r❡ t❤❡ ♠✉t❡① µ✳ ■❢ µ ✐s ❢r❡❡✱ t❤❡♥ t❤❡ t❤r❡❛❞
❛❝q✉✐r❡s ✐t✱ ❡❧s❡✱ t❤❡ t❤r❡❛❞ ✇❛✐ts ✉♥t✐❧ t❤❡ ♠✉t❡① ❜❡❝♦♠❡s ❢r❡❡✳ ❲❤❡♥❡✈❡r ❛ t❤r❡❛❞ ❝❛❧❧s
t❤❡ ❢✉♥❝t✐♦♥ unlock♣µq✱ ✐t r❡❧❡❛s❡s t❤❡ ♠✉t❡①✱ ✐✳❡✳✱ t❤❡ ♠✉t❡① ❜❡❝♦♠❡s ❢r❡❡✳ ◆♦t✐❝❡ t❤❛t ❛
t❤r❡❛❞ ✐s ❛❧❧♦✇❡❞ t♦ r❡❧❡❛s❡❞ ❛ ♠✉t❡① ♦♥❧② ✐❢ ✐t ♦✇♥s ✐t✱ ❡❧s❡✱ t❤❡ ❜❡❤❛✈✐♦r ✐s ✉♥s♣❡❝✐✜❡❞✳
▲♦❝❦s ❝❛♥ ❜❡ ✉s❡❞ t♦ ✏♣r♦t❡❝t✑ ❛ ✈❛r✐❛❜❧❡✳ ❊✳❣✱ ✐♥ ❋❧❛♥❛❣❛♥ ❛♥❞ ◗❛❞❡❡r✬s ❡①❛♠♣❧❡ ✭❙❡❡
❋✐❣✉r❡ ✹✳✺✮✱ t❤❡ ✈❛r✐❛❜❧❡ ① ✐s ♣r♦t❡❝t❡❞ ❜② t❤❡ ♠✉t❡① ♠①✳ ❆ t❤r❡❛❞ ♠❛② ✇r✐t❡ ✐♥t♦ ① ✐❢ ❛♥❞
♦♥❧② ✐❢ ✐t ♦✇♥s t❤❡ ♠✉t❡① ♠①✳ ❙✐♥❝❡ t❤❡ ♠✉t❡① ♠① ❝❛♥♥♦t ❜❡ ♦✇♥❡❞ ❜② t✇♦ t❤r❡❛❞s ❛t t❤❡
s❛♠❡ t✐♠❡✱ t✇♦ ❞✐st✐♥❝t t❤r❡❛❞s ❝❛♥♥♦t ❛❝❝❡ss t♦ t❤❡ ✈❛r✐❛❜❧❡ ① ❛t t❤❡ s❛♠❡ t✐♠❡✳

❆ ❣♦♦❞ ♣r♦❣r❛♠♠✐♥❣ ♣r❛❝t✐❝❡ ✐s t♦ ✉s❡ ♥❡st❡❞ ❧♦❝❦s✿ ❧♦❝❦s ❛r❡ r❡❧❡❛s❡❞ ✐♥ t❤❡ s❛♠❡
♦r❞❡r t❤❛♥ t❤❡② ❤❛✈❡ ❜❡❡♥ ❛❝q✉✐r❡❞✳ ❙♦♠❡ ❧❛♥❣✉❛❣❡s✱ ❧✐❦❡ ❏❛✈❛ ❬●❏❙❇✵✺❪ ♦r ❱✐s✉❛❧ ❇❛s✐❝
❬❱✐❝✵✼❪ s②♥t❛❝t✐❝❛❧❧② ❡♥❢♦r❝❡ t❤❡ ✉s❡ ♦❢ ♥❡st❡❞ ❧♦❝❦s✳ ❚❤❡s❡ ❧❛♥❣✉❛❣❡s ♣r♦✈✐❞❡ ❛ ❝♦♥str✉❝t♦r
sync♣µqtstmt✉ t❤❛t ❡①❡❝✉t❡s t❤❡ st❛t❡♠❡♥t stmt ✉♥❞❡r t❤❡ ♣r♦t❡❝t✐♦♥ ♦❢ t❤❡ ❧♦❝❦ µ✳ ■♥ ♦t❤❡r
✇♦r❞s sync♣µqtstmt✉ ❧♦❝❦s t❤❡ ♠✉t❡① µ✱ ❡①❡❝✉t❡s stmt ❛♥❞ t❤❡♥ r❡❧❡❛s❡s µ✳

✶✻■✳❡✳✱ ✐❢ f ∈ F ❛♥❞ g ∈ F t❤❡♥ g ✆ f ∈ F✳
✶✼❘❡❝❛❧❧ ❉❡✜♥✐t✐♦♥ ✷✳✷✹



✹✳✼✳ ❉❆❚❆✲❘❆❈❊❙ ✺✺

Protected Variable

Thread 2Thread 1

Thread 3

❋✐❣✉r❡ ✹✳✼✿ ▼✉t❡①❡s Pr♦t❡❝t ❱❛r✐❛❜❧❡s

✹✳✼✳✶ ❚②♣❡s

❚❤❡ ▲♦❝❦s♠✐t❤ t♦♦❧ ❬P❋❍✵✻❪ ✉s❡s ❛ t②♣✐♥❣ ♠❡t❤♦❞ t♦ ♣r♦✈❡ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❞❛t❛✲r❛❝❡s✳
❚❤❡✐r ❛♥❛❧②s✐s ✐s ❜❛s❡❞ ♦♥ t❤❡ ❢❛❝t t❤❛t ♠✉t❡①❡s ❛r❡ ❝♦♠♠♦♥❧② ✉s❡❞ t♦ ♣r♦t❡❝t ✈❛r✐❛❜❧❡s✳

❆ ✈❛r✐❛❜❧❡ v ✐s ♣r♦t❡❝t❡❞ ❜② ❛ ♠✉t❡① µ ✐❢ ❡✈❡r② t❤r❡❛❞ ❧♦❝❦s µ ❜❡❢♦r❡ ❛❝❝❡ss✐♥❣ t♦ v✳ ■♥
❋✐❣✉r❡ ✹✳✼✱ ❚❤r❡❛❞ ✶ ❛♥❞ ❚❤r❡❛❞ ✷ ❛❝❝❡ss t❤❡ ♣r♦t❡❝t❡❞ ✈❛r✐❛❜❧❡ ❛❢t❡r ❧♦❝❦✐♥❣ t❤❡ ♠✉t❡①✳
◆❡✈❡rt❤❡❧❡ss✱ ❚❤r❡❛❞ ✸ ♠❛② ❛❝❝❡ss t❤❡ ✈❛r✐❛❜❧❡ ✇✐t❤♦✉t ♦✇♥✐♥❣ t❤❡ ❧♦❝❦✱ ❤❡♥❝❡✱ ❛ ❞❛t❛✲r❛❝❡
♠❛② ♦❝❝✉rs✳ ❍❡♥❝❡✱ ✇❡ ❤❛✈❡ t♦ ❝❤❡❝❦ t❤❛t ✇❤❡♥❡✈❡r ❛ t❤r❡❛❞ ❛❝❝❡ss❡s t♦ ❛ ✈❛r✐❛❜❧❡✱ t❤✐s
t❤r❡❛❞ ♦✇♥s t❤❡ ♠✉t❡① t❤❛t ♣r♦t❡❝t t❤✐s ✈❛r✐❛❜❧❡✳

❚❤❡ ♠❛✐♥ ✐❞❡❛ ♦❢ ▲♦❝❦s♠✐t❤ t♦♦❧ ✐s t♦ ✐♥❢❡r t❤❡ ❧✐♥❦ ❜❡t✇❡❡♥ ❛ ✈❛r✐❛❜❧❡ ❛♥❞ t❤❡ ♠✉t❡①
t❤❛t ♣r♦t❡❝ts ✐t✳ ■❢ t❤❡ ▲♦❝❦s♠✐t❤ t♦♦❧ ❣✉❡ss❡s t❤❡ r✐❣❤t r❡❧❛t✐♦♥✱ t❤❡♥ ✐t ♣r♦♣❛❣❛t❡s ✐t✱
✉s✐♥❣ t②♣❡ ✐♥❢❡r❡♥❝❡✳ ■❢ ❛❧❧ ✈❛r✐❛❜❧❡s ❛r❡ ♣r♦t❡❝t❡❞ ❜② ❛ ♠✉t❡①✱ t❤❡♥ t❤❡ t♦♦❧ ✐s s✉r❡ t❤❛t
♥♦ ❞❛t❛✲r❛❝❡ ♠❛② ♦❝❝✉r✳

✹✳✼✳✷ ❚❤❡ ●♦❜❧✐♥t ❚♦♦❧

❚❤❡ ●♦❜❧✐♥t t♦♦❧ ❬❱❱✵✼❪ ✐s ❜❛s❡❞ ♦♥ t❤❡♦r❡t✐❝❛❧ ✇♦r❦s ❞♦♥❡ ❜② ❙❡✐❞❧ ❡t ❛❧✳ ❬❱▼♦✵✸❪✳
❇❛s❡❞ ♦♥ ❛❜str❛❝t ✐♥t❡r♣r❡t❛t✐♦♥✱ t❤✐s t♦♦❧ ♦✈❡r❛♣♣r♦①✐♠❛t❡s ❛❧❧ ♣♦ss✐❜❧❡ ❜❡❤❛✈✐♦rs ♦❢ t❤❡
♣r♦❣r❛♠ ❛♥❞ ✐t ✐s s♣❡❝✐❛❧✐③❡❞ ✐♥ ❞❡t❡❝t✐♥❣ ❞❛t❛✲r❛❝❡s✳ ●♦❜❧✐♥t ❛♥❛❧②③❡s ❡❛❝❤ t❤r❡❛❞ ✐♥ t✉r♥✱
❛♥❞ ❝♦♠♣✉t❡s ❛ ❣❧♦❜❛❧ ✜①♣♦✐♥t✿ ✐t ❝♦♥s✐❞❡rs t❤❛t ❛♥② t❤r❡❛❞ ♠❛② ✐♥t❡r❢❡r❡ ✇✐t❤ ❛♥② ♦t❤❡r
t❤r❡❛❞ ❛t ❛♥② t✐♠❡✳

❚♦ ❡♥❤❛♥❝❡ ♣r❡❝✐s✐♦♥✱ t❤❡ ●♦❜❧✐♥t t♦♦❧ ❞✐st✐♥❣✉✐s❤❡s ❛♥ ✐♥✐t✐❛❧✐③❛t✐♦♥ ♣❤❛s❡✱ ✇❤❡r❡ ♦♥❧②
t❤❡ ♠❛✐♥ t❤r❡❛❞ ✐s ❡①❡❝✉t❡❞✱ ❛♥❞ ❛ s❡❝♦♥❞ ♣❤❛s❡✱ ✐t ✇❤✐❝❤ ❛❧❧ t❤r❡❛❞s ♠❛② ✐♥t❡r❢❡r❡✳

▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ♣r♦❣r❛♠ ❡①❡❝✉t✐♦♥ r❡♣r❡s❡♥t❡❞ ♦♥ ❋✐❣✉r❡ ✹✳✽✳ ❚❤❡ ♣r♦❣r❛♠ ✐s
❡①❡❝✉t❡❞ ❢r♦♠ t❤❡ t♦♣ ♦❢ t❤❡ ✜❣✉r❡ t♦ t❤❡ ❜♦tt♦♠ ♦❢ t❤❡ ✜❣✉r❡❀ ♠♦r❡♦✈❡r✱ ❤♦r✐③♦♥t❛❧ ❧✐♥❡s
r❡♣r❡s❡♥t t❤r❡❛❞ ❝r❡❛t✐♦♥✳ ❚❤❡ ●♦❜❧✐♥t ❚♦♦❧ ❝♦♥s✐❞❡rs t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ t❤r❡❛❞ ♠❛✐♥
❛❧♦♥❡✱ ❛♥❞ t❤❡♥✱ ✐t ❝♦♥s✐❞❡rs t❤❛t ❛❧❧ t❤r❡❛❞s ♠❛② ✐♥t❡r❢❡r❡✳ ❋♦r ✐♥st❛♥❝❡✱ ❧♦♦❦ ❛t t❤❡
❜✉❧❧❡t ♦♥ t❤r❡❛❞ j2✳ ❲❤❡♥ j2 ✐s ✐♥ t❤❡ ❜✉❧❧❡t✱ t❤r❡❛❞ j6 ❤❛s ♥♦t ②❡t ❜❡❡♥ ❝r❡❛t❡❞✳ ❇✉t
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❚✐♠❡

♠❛✐♥

j2

j1

j5

j3
j4

j6

❋✐❣✉r❡ ✹✳✽✿ ❆ Pr♦❣r❛♠ ❊①❡❝✉t✐♦♥

✶ ✈♦✐❞ ❢ ✭ ✐ ♥ t ❜ ✮ ④
✷ s②♥❝ ✭µ✮④ ✐ ❢ ✭❜❂❂✶✮ ④❣ ✭ ✮⑥ ❡ ❧ s ❡ ❤ ✭ ✮ ❀ ⑥
✸ ⑥
✹
✺ ✈♦✐❞ ❣ ✭ ✮ ④ s②♥❝ ✭µ✮④✳ ✳ ✳ ⑥ ⑥
✻
✼ ✈♦✐❞ ❤ ✭ ✮ ④✳ ✳ ✳ ⑥

❋✐❣✉r❡ ✹✳✾✿ ❘❡❡♥tr❛♥t ▼♦♥✐t♦rs

t❤❡ ●♦❜❧✐♥t t♦♦❧ ❝♦♥s✐❞❡rs t❤❛t t❤❡ ❛❝t✐♦♥ ♦❢ t❤❡ t❤r❡❛❞ j2 ❛t t❤❡ ❜✉❧❧❡t ♠❛② ✐♥t❡r❢❡r❡ ✇✐t❤
t❤r❡❛❞ j6✿ t❤✐s ✐s ❛ s❛❢❡ ♦✈❡r❛♣♣r♦①✐♠❛t✐♦♥✱ ❜✉t t❤✐s ❛♣♣r♦①✐♠❛t✐♦♥ ❧♦s❡s ♣r❡❝✐s✐♦♥✳ ❖✉r
❛♥❛❧②s✐s ✐♠♣r♦✈❡s t❤❡ ●♦❜❧✐♥t ♠❡t❤♦❞✱ ❜② ✐♥tr♦❞✉❝✐♥❣ ❛♥ ♣r❡✲♦r❞❡r✐♥❣ ❒after t❤❛t ✇✐❧❧ t❡❧❧
t❤❡ ❛♥❛❧②s✐s t❤❛t t❤❡ ❛❝t✐♦♥s ♦❢ j2 ❞♦♥❡ ❜❡❢♦r❡ t❤❡ ❝r❡❛t✐♦♥ ♦❢ j6 ❝❛♥♥♦t ✐♥t❡r❛❝t ✇✐t❤ j6✳

◆♦t✐❝❡ t❤❛t ●♦❜❧✐♥t ✐s ♦♥❡ ♦❢ t❤❡ r❛r❡ ❛♥❛❧②s✐s t♦♦❧ t❤❛t ✐s ❛❜❧❡ t♦ ❤❛♥❞❧❡ ❣✉❛r❞s✳ ▼♦st
♦t❤❡r ❛♥❛❧②s❡s ❛❜str❛❝t ✐❢ st❛t❡♠❡♥ts ❜② ♥♦♥✲❞❡t❡r♠✐♥✐st✐❝ ❝❤♦✐❝❡s✳

✹✳✼✳✸ ❘❡❡♥tr❛♥t ▼♦♥✐t♦rs

P✳ ▲❛♠♠✐❝❤ ❛♥❞ ▼✳ ▼ü❧❧❡r✲❖❧♠ ❬▲▼❖✵✽❪ ❛♥❛❧②③❡ ♣r♦❣r❛♠s ✇✐t❤ r❡❡♥tr❛♥t ♠♦♥✐t♦rs✳ ▼♦♥✲
✐t♦rs ❛r❡ ❧♦❝❦s t❤❛t ❛r❡ ✉s❡❞ ✐♥ ❛ str✉❝t✉r❡❞ ✇❛②✳ ■t ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✉s❡ ♦❢ ❛ ♣r✐♠✐t✐✈❡
sync♣µqtstmt✉✱ ❛s ❡①♣❧❛✐♥❡❞ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤✐s s❡❝t✐♦♥✳

❚❤❡ ♠♦♥✐t♦rs st✉❞✐❡❞ ❜② P✳ ▲❛♠♠✐❝❤ ❛♥❞ ▼✳ ▼ü❧❧❡r✲❖❧♠ ❛r❡ r❡❡♥tr❛♥t✳ ❚❤✐s ♠❡❛♥s
t❤❛t t❤❡ s❛♠❡ t❤r❡❛❞ ❝❛♥ ❧♦❝❦ t❤❡ s❛♠❡ ♠♦♥✐t♦r s❡✈❡r❛❧ t✐♠❡s✳ ❊✳❣✳✱ ✐♥ ❋✐❣✉r❡ ✹✳✾✱ t❤❡
❢✉♥❝t✐♦♥ ❢ ❝❛❧❧s ❣ ♦r ❤ ❞❡♣❡♥❞✐♥❣ ♦❢ t❤❡ ✈❛❧✉❡ ♦❢ ✐ts ❛r❣✉♠❡♥t✳ ❲✐t❤ ♥♦♥✲r❡❡♥tr❛♥t ♠♦♥✐t♦rs✱
t❤❡r❡ ✇✐❧❧ ❜❡ ❛ ❞❡❛❞❧♦❝❦ ✇❤❡♥ ❢ ❝❛❧❧ ❣✱ ❜❡❝❛✉s❡ t❤❡ t❤r❡❛❞ t❤❛t ❡①❡❝✉t❡s ❢ st✐❧❧ ♦✇♥s t❤❡
♠♦♥✐t♦r µ✳ ❲✐t❤ r❡❡♥tr❛♥t ♠♦♥✐t♦rs✱ t❤❡ t❤r❡❛❞ ✇✐❧❧ ♦✇♥ t❤❡ ♠♦♥✐t♦r µ ❛ s❡❝♦♥❞ t✐♠❡✳

P✳ ▲❛♠♠✐❝❤ ❛♥❞ ▼✳ ▼ü❧❧❡r✲❖❧♠ ♠♦❞❡❧ ♣r♦❣r❛♠s ❜ ❝♦♥tr♦❧✲✢♦✇ ❣r❛♣❤s✳ ❚❤❡② ❛❜str❛❝t
❛❧❧ ❣✉❛r❞s ❜② ♥♦♥✲❞❡t❡r♠✐♥✐st✐❝ ❝❤♦✐❝❡s ❛♥❞ t❤❡② ✐❣♥♦r❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ ❞❛t❛✳ ❍❡♥❝❡✱ t❤❡②
♥❡❡❞ ❛♥♦t❤❡r ❞❡✜♥✐t✐♦♥ ♦❢ ❞❛t❛✲r❛❝❡s✳ ❚❤❡ ✉s❡r s♣❡❝✐✜❡s t✇♦ s❡ts ♦❢ ♥♦❞❡s ♦❢ t❤❡ ❝♦♥tr♦❧✲



✹✳✼✳ ❉❆❚❆✲❘❆❈❊❙ ✺✼

✶ ✈♦✐❞ ❢ ✭ ✐ ♥ t ❜ ✮ ④
✷ s②♥❝ ✭µ1 ✮④
✸ s②♥❝ ✭µ2 ✮④ ✳ ✳ ✳ ⑥ ❀
✹ U ❀
✺ ⑥
✻ ⑥
✼
✽ ✈♦✐❞ ❣ ✭ ✐ ♥ t ❜ ✮ ④
✾ s②♥❝ ✭µ2 ✮④
✶✵ s②♥❝ ✭µ1 ✮④ ✳ ✳ ✳ ⑥
✶✶ V ❀
✶✷ ⑥
✶✸ ⑥

❋✐❣✉r❡ ✹✳✶✵✿ ◆♦ ❉❛t❛✲❘❛❝❡ ❜✉t ❛ ❉❡❛❞❧♦❝❦

✢♦✇ ❣r❛♣❤ U ❛♥❞ V ✳ ❆ ❞❛t❛✲r❛❝❡ ♦❝❝✉rs ✐♥ t❤❡✐r ♠♦❞❡❧ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❛t t❤❡ s❛♠❡ t✐♠❡ ❛
t❤r❡❛❞ r❡❛❝❤❡s ❛ ❝♦♥tr♦❧ ♣♦✐♥t ✐♥ U ❛♥❞ ❛ ❞✐st✐♥❝t t❤r❡❛❞ r❡❛❝❤❡s ❛ ❝♦♥tr♦❧ ♣♦✐♥t ✐♥ V ✳

❚♦ ❞❡t❡❝ts ❞❛t❛✲r❛❝❡s P✳ ▲❛♠♠✐❝❤ ❛♥❞ ▼✳ ▼ü❧❧❡r✲❖❧♠ ✉s❡ ❛❝q✉✐s✐t✐♦♥ ❤✐st♦r✐❡s ✐♥tr♦✲
❞✉❝❡❞ ❜② ❑❛❤❧♦♥ ❡t ❛❧✳ ❬❑■●✵✺❪✳ ❆♥ ❛❝q✉✐s✐t✐♦♥ ❤✐st♦r② ✐s ❛ ❢✉♥❝t✐♦♥ ❢r♦♠ t❤❡ s❡t ♦❢
♠♦♥✐t♦rs Locks t♦ t❤❡ s❡t P♣Locksq✳ ■♥t✉✐t✐✈❡❧②✱ ❛♥ ❛❝q✉✐s✐t✐♦♥ ❤✐st♦r② h ♠❛♣s ❡❛❝❤
♠♦♥✐t♦r µ t♦ t❤❡ s❡t ♦❢ ♠♦♥✐t♦rs t❤❛t ✇✐❧❧ ❜❡ ❛❝q✉✐r❡❞ ❛ t✐♠❡ ✇❤❡r❡ µ ✐s ❤❡❧❞✳

❚✇♦ ❛❝q✉✐s✐t✐♦♥ ❤✐st♦r✐❡s h1 ❛♥❞ h2 ♠❛② ❜❡ ✐♥t❡r❧❡❛✈❡❞ ✐❢ ❞✉r✐♥❣ ❛♥ ❡①❡❝✉t✐♦♥✱ ❛ t❤r❡❛❞
♠❛② ❤❛✈❡ t❤❡ ❛❝q✉✐s✐t✐♦♥ ❤✐st♦r② h1 ❛♥❞ ❛♥♦t❤❡r ❛♥ ❛❝q✉✐s✐t✐♦♥ ❤✐st♦r② h2✳ P✳ ▲❛♠♠✐❝❤
❛♥❞ ▼✳ ▼ü❧❧❡r✲❖❧♠ ❞❡t❡❝t ✐❢ t✇♦ ❞✐st✐♥❝t t❤r❡❛❞s ❝❛♥ r❡❛❝❤ U ❛♥❞ V ✇✐t❤ ✐♥t❡r❧❡❛✈❛❜❧❡
❛❝q✉✐s✐t✐♦♥ ❤✐st♦r✐❡s✳ ❋♦r♠❛❧❧②✱ t❤❡② ✐♥tr♦❞✉❝❡ ❛ ♣r❡❞✐❝❛t❡ h1 ❜ h2 t❤❛t ♠❡❛♥s t❤❛t h1 ❛♥❞
h2 ♠❛② ❜❡ ✐♥t❡r❧❡❛✈❡❞✿

h1 ❜ h2

❞❡❢

ô ❊µ1, µ2 : µ1 ∈ h1♣µ2q ❫ µ2 ∈ h2♣µ1q.

❆❝q✉✐s✐t✐♦♥ ❤✐st♦r✐❡s ❛❧❧♦✇ ♦♥❡ t♦ ❞❡t❡❝t s♦♠❡ s♣✉r✐♦✉s ❛❧❛r♠s✳ ❋♦r ✐♥st❛♥❝❡ ❝♦♥s✐❞❡r
❋✐❣✉r❡ ✹✳✶✵✳ ❈♦♥s✐❞❡r t❤❛t ❛ ✜rst t❤r❡❛❞ ❡①❡❝✉t❡s ❢ ❛♥❞ ❛ s❡❝♦♥❞ t❤r❡❛❞ ❡①❡❝✉t❡s ❣✳ ❚❤❡
❢✉♥❝t✐♦♥ ❢ ❧♦❝❦s t❤❡ ♠♦♥✐t♦r µ1✱ ❧♦❝❦s t❤❡ ♠♦♥✐t♦r µ2✱ r❡❧❡❛s❡s t❤❡ ♠♦♥✐t♦r µ2 ❛♥❞ t❤❡♥
❣♦❡s t♦ ❛ ❝♦♥tr♦❧ st❛t❡ U ✳ ❚❤❡ ❢✉♥❝t✐♦♥ ❢ ❧♦❝❦s t❤❡ ♠♦♥✐t♦rs ✐♥ t❤❡ r❡✈❡rs❡ ♦r❞❡r✿ ✜rst ✐t
❧♦❝❦s t❤❡ ♠♦♥✐t♦r µ2✱ ❛♥❞ s❡❝♦♥❞✱ ✐t ❧♦❝❦s t❤❡ ♠♦♥✐t♦r µ1 ❛♥❞ r❡❧❡❛s❡s ✐t✳ ❆❢t❡r✱ ✐t ❣♦❡s t♦
❛ ❝♦♥tr♦❧ ♣♦✐♥t ✐♥ V ✳

◆♦ ❞❛t❛✲r❛❝❡ ❝❛♥ ♦❝❝✉r✱ ✐♥st❡❛❞ ❛ ❞❡❛❞❧♦❝❦ ❝❛♥ ♦❝❝✉r✳ ◆❡✈❡rt❤❡❧❡ss✱ t♦♦❧s ❧✐❦❡ ▲♦❝❦✲
s♠✐t❤ ❬P❋❍✵✻❪ ✇✐❧❧ ❞❡t❡❝t ❛ ♣♦ss✐❜❧❡ ❞❛t❛✲r❛❝❡✱ s✐♥❝❡ t❤❡ ❝♦♥tr♦❧ ♣♦✐♥ts U ❛♥❞ V ❛r❡ ♥♦t
♣r♦t❡❝t❡❞ ❜② t❤❡ s❛♠❡ ❧♦❝❦ ✭U ✐s ♣r♦t❡❝t❡❞ ❜② µ1 ❛♥❞ V ❜② µ2✮✳ P✳ ▲❛♠♠✐❝❤ ❛♥❞ ▼✳
▼ü❧❧❡r✲❖❧♠✬s ❛♥❛❧②s✐s ❞❡t❡❝ts t❤❛t ♥♦ ❞❛t❛ r❛❝❡ ❝❛♥ ♦❝❝✉r✱ ❞✉❡ t♦ ❛❝q✉✐s✐t✐♦♥ ❤✐st♦r✐❡s✳
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❙❡♠❛♥t✐❝s ❍✐❡r❛r❝❤②

■♥ t❤✐s t❤❡s✐s ✇❡ ✉s❡ s❡✈❡r❛❧ s❡♠❛♥t✐❝s✳ ■♥ P❛rt ■■✱ ✇❡ ❞❡✜♥❡ ❛ ❝♦♥❝r❡t❡ s❡♠❛♥t✐❝s t♦
♠♦❞❡❧s t❤❡ ❜❡❤❛✈✐♦r ♦❢ r❡❛❧ ♣r♦❣r❛♠s✳ ■♥ P❛rt ■■■ ✇❡ ❞❡✜♥❡ t✇♦ ✐♥t❡r♠❡❞✐❛t❡s s❡♠❛♥t✐❝s✳
❚❤❡s❡ s❡♠❛♥t✐❝s ❛r❡ ✉s❡❞ ✐♥ P❛rt ■❱ t♦ ♣r♦✈❡ t❤❡ s♦✉♥❞♥❡ss ♦❢ ❛♥ ❛❜str❛❝t s❡♠❛♥t✐❝s✳ ❚❤✐s
❛❜str❛❝t s❡♠❛♥t✐❝s ❣✐✈❡s ❛♥ ❡✣❝✐❡♥t ❛❧❣♦r✐t❤♠ t♦ ❝❤❡❝❦ ♠✉❧t✐t❤r❡❛❞❡❞ ♣r♦❣r❛♠s✳

✺✾



✻✵

❖♣❡r❛t✐♦♥❛❧

❙❡♠❛♥t✐❝s

■♥t❡r♠❡❞✐❛t❡

❙❡♠❛♥t✐❝s

❉❡♥♦t❛t✐♦♥❛❧

■♥t❡r♠❡❞✐❛t❡

❙❡♠❛♥t✐❝s

❆❜str❛❝t

❙❡♠❛♥t✐❝s

▼♦❞❡❧s t❤❡ ❜❡❤❛✈✐♦r ♦❢ ❛ ♠✉❧t✐t❤r❡❛❞❡❞ ♣r♦❣r❛♠

■s ❛♥ ❛❧❣♦r✐t❤♠

❋✐❣✉r❡ ✺✳✶✿ ❙❡♠❛♥t✐❝s ❍✐❡r❛r❝❤②



P❛rt ■■

❈♦♥❝r❡t❡ ▼♦❞❡❧s

✻✶
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▲❛♥❣✉❛❣❡

❚❤❡ s②♥t❛① ♦❢ ♦✉r ❧❛♥❣✉❛❣❡ ✐s ❣✐✈❡♥ ✐♥ ❋✐❣✳ ✻✳✶✳ ❙t❛t❡♠❡♥ts ✭stmt✮ ❛r❡ ❧❛❜❡❧❡❞❀ ✇❡ ❞❡♥♦t❡
❜② Labels t❤❡ s❡t ♦❢ ❧❛❜❡❧s✳ ▲❛❜❡❧s r❡♣r❡s❡♥t t❤❡ ❝♦♥tr♦❧ ✢♦✇✿ t❤❡ st❛t❡♠❡♥t ℓstmt , ℓ✶

❜❡❣✐♥s ❛t ❧❛❜❡❧ ℓ ❛♥❞ t❡r♠✐♥❛t❡s ❛t ❧❛❜❡❧ ℓ✶✱ ❡✳❣✳✱ ✐♥ ❋✐❣✳ ✻✳✷❛✱ ❛ t❤r❡❛❞ ❛t ❧❛❜❡❧ ℓ2 ✇✐❧❧
❡①❡❝✉t❡ t❤❡ ❛ss✐❣♥♠❡♥t p :✏ &y ❛♥❞ ❣♦ t♦ ❧❛❜❡❧ ℓ3✳ ■t ✐s ❛ss✉♠❡❞ t❤❛t ✐♥ ❛ ❣✐✈❡♥ ❝♦♠♠❛♥❞
♦r st❛t❡♠❡♥t ❡❛❝❤ ❧❛❜❡❧ ❛♣♣❡❛rs ♦♥❧② ♦♥❝❡✳ ❋✉rt❤❡r♠♦r❡✱ t♦ r❡♣r❡s❡♥t t❤❡ ❡♥❞ ♦❢ t❤❡
❡①❡❝✉t✐♦♥✱ ✇❡ ❛ss✉♠❡ ❛ s♣❡❝✐❛❧ ❧❛❜❡❧ ℓ✽ ✇❤✐❝❤ ❞♦❡s ♥♦t ❛♣♣❡❛r ✐♥ ❛ ❝♦♠♠❛♥❞✱ ❜✉t ♠❛②
❛♣♣❡❛r ❛s t❤❡ r❡t✉r♥ ❧❛❜❡❧ ♦❢ ❛ st❛t❡♠❡♥t✳ ■♥t✉✐t✐✈❡❧②✱ t❤✐s ❧❛❜❡❧ r❡♣r❡s❡♥ts t❤❡ t❡r♠✐♥❛t✐♦♥
♦❢ ❛ t❤r❡❛❞✿ ❛ t❤r❡❛❞ ✐♥ t❤✐s ❧❛❜❡❧ ✇✐❧❧ ♥♦t ❜❡ ❛❜❧❡ t♦ ❡①❡❝✉t❡ ❛♥② st❛t❡♠❡♥t✳

◆♦t✐❝❡ t❤❛t s❡q✉❡♥❝❡s cmd1; cmd2 ❛r❡ ♥♦t ❧❛❜❡❧❡❞✳ ■♥❞❡❡❞✱ t❤❡ ❧❛❜❡❧ ♦❢ ❛ s❡q✉❡♥❝❡ ✐s
✐♠♣❧✐❝✐t❧② t❤❡ ❧❛❜❡❧ ♦❢ t❤❡ ✜rst ❝♦♠♠❛♥❞✱ cmd1✳❲❡ ✇r✐t❡ ℓcmd ✇❤❡♥ t❤❡ ❧❛❜❡❧ ♦❢ cmd ✐s
ℓ ❛♥❞ ✇❡ ✇r✐t❡ ℓstmt , ℓ✶ t❤❡ st❛t❡♠❡♥t stmt ❧❛❜❡❧❡❞ ❜② ℓ ❛♥❞ ℓ✶✳ ❆ ♣r♦❣r❛♠ ✐s r❡♣r❡s❡♥t❡❞
❜② ❛ st❛t❡♠❡♥t ♦❢ t❤❡ ❢♦r♠ ℓcmd , ℓ✽✳ ❖t❤❡r st❛t❡♠❡♥ts r❡♣r❡s❡♥t ❛ ♣❛rt✐❛❧ ❡①❡❝✉t✐♦♥ ♦❢ ❛
♣r♦❣r❛♠✳

❚❤❡ actions r❡♣r❡s❡♥t st♦r❡ ♠♦❞✐✜❝❛t✐♦♥s✳ ❲❡ ❝❛❧❧ ❜❛s✐❝ st❛t❡♠❡♥ts t❤❡ st❛t❡♠❡♥ts ♦❢
t❤❡ ❢♦r♠ ℓaction, ℓ✶ ♦r ℓ1guard♣condq, ℓ2 ♦r ℓ1spawn♣ℓ3q, ℓ2✳

❚❤❡ st❛t❡♠❡♥ts spawn ❛♥❞ guard ✇✐❧❧ ❜❡ ✉s❡❢✉❧ ✐♥ ❞❡❝♦♠♣♦s✐♥❣ t❤❡ st❡♣s t❛❦❡♥ ✐♥
❡①❡❝✉t✐♥❣ create✱ while ❛♥❞ if st❛t❡♠❡♥t✳ ❚♦ ♠❛❦❡ ♦✉r ♣r❡s❡♥t❛t✐♦♥ s✐♠♣❧❡r✱ ✇❡ ❝♦♥s✐❞❡r
❛❧❧ ♦✉r ✈❛r✐❛❜❧❡s t♦ ❜❡ ❣❧♦❜❛❧✳ ❚❤❡ ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ ❧♦❝❛❧ ✈❛r✐❛❜❧❡s ✐s ❛♥ ♦rt❤♦❣♦♥❛❧ ❝♦♥❝❡r♥✱
❛♥❞ ✐♥❞✉❝❡s ♥♦ ❛❞❞✐t✐♦♥❛❧ ❝♦♠♣❧❡①✐t②✳ ◆❡✈❡rt❤❡❧❡ss✱ ❧♦❝❛❧ ✈❛r✐❛❜❧❡s ❤❛✈❡ ❜❡❡♥ ✐♠♣❧❡♠❡♥t❡❞

✻✸
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stmt ::✏ st❛t❡♠❡♥t
cmd , ℓ✶ ❝♦♠♠❛♥❞

⑤ ℓguard♣condq, ℓ✶ ❣✉❛r❞
⑤ ℓspawn♣ℓ✷q, ℓ✶ ♥❡✇ t❤r❡❛❞

cmd ::✏ ❝♦♠♠❛♥❞
ℓaction ♠♦❞✐❢② st♦r❡

⑤ cmd1; cmd2 s❡q✉❡♥❝❡
⑤ if ♣condqthentcmd1✉elsetcmd2✉ ✐❢
⑤ ℓwhile♣condqtcmd✉ ✇❤✐❧❡
⑤ ℓcreate♣cmdq ♥❡✇ t❤r❡❛❞

action ::✏ ❜❛s✐❝ ❛❝t✐♦♥
lv :✏ e ❛ss✐❣♥♠❡♥t

⑤ lock♣µq ❧♦❝❦ ❛ ♠✉t❡①
⑤ unlock♣µq ✉♥❧♦❝❦ ❛ ♠✉t❡①

lv ::✏ ❧❡❢t ✈❛❧✉❡
x ✈❛r✐❛❜❧❡

⑤ ✝e ♣♦✐♥t❡r ❞❡r❡❢
e ::✏ ❡①♣r❡ss✐♦♥

c ❝♦♥st❛♥t
⑤ lv ❧❡❢t ✈❛❧✉❡
⑤ o♣e1, e2q ♦♣❡r❛t♦r
⑤ &x ❛❞❞r❡ss

cond ::✏ ❝♦♥❞✐t✐♦♥
x ✈❛r✐❛❜❧❡

⑤ ✥cond ♥❡❣❛t✐♦♥

❋✐❣✉r❡ ✻✳✶✿ ❙②♥t❛①

✭❙❡❡ ❙❡❝t✐♦♥ ✶✽✳✷✮ ❛s ❛ st❛❝❦✳
▲❡t Labs♣ℓcmd , ℓ✽q ❜❡ t❤❡ s❡t ♦❢ ❧❛❜❡❧s ♦❢ t❤❡ st❛t❡♠❡♥t ℓcmd , ℓ✽✳
❲❡ ❛❧s♦ ❞❡✜♥❡ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ ❝♦♠♠❛♥❞s✱ t❤❡ s❡t ♦❢ ❧❛❜❡❧s ♦❢ s✉❜t❤r❡❛❞s Labschild♣☎q

❜②✿

Labschild♣
ℓ1create♣ℓ2cmdq, ℓ3q

❞❡❢✏ Labs♣ℓ2cmd , ℓ✽q

Labschild♣
ℓ1cmd1,

ℓ2cmd2, ℓ3q
❞❡❢✏ Labschild♣

ℓ1cmd1, ℓ2q ∪ Labschild♣
ℓ2cmd2, ℓ3q

Labschild

✂
ℓ1 if ♣condqthentℓ2cmd1✉

elsetℓ3cmd2✉, ℓ4

✡
❞❡❢✏ Labschild♣

ℓ2cmd1, ℓ4q ∪ Labschild♣
ℓ3cmd2, ℓ4q

Labschild♣
ℓ1while♣condqtℓ2cmd✉, ℓ3q

❞❡❢✏ Labschild♣
ℓ2cmd1, ℓ1q

Labschild♣
ℓ1basic, ℓ2q

❞❡❢✏ ∅ ✐❢ ℓ1basic, ℓ2 ✐s ❛ ❜❛s✐❝ ❝♦♠♠❛♥❞✳

❚❤✐s ❧❛♥❣✉❛❣❡ ❝♦♥t❛✐♥s ❛❧❧ ♣r✐♠✐t✐✈❡s t❤❛t ❛r❡ ❞✐✣❝✉❧t t♦ ❛♥❛❧②③❡✳ ❲❡ ❞❡❛❧t ✇✐t❤ s♦♠❡
❡①t❡♥s✐♦♥s ♦❢ t❤✐s ❧❛♥❣✉❛❣❡ ✐♥ ❈❤❛♣t❡r ✶✼



✻✺

ℓ1p :✏ &x; ℓ2p :✏ &y;
ℓ3create♣ℓ4 ✍ p :✏ 2q;
ℓ5x :✏ 3, ℓ✽

✭❛✮ P♦✐♥t❡rs

ℓ6create♣ℓ7y :✏ y � zq;
ℓ8z :✏ 3, ℓ✽

✭❜✮ ■♥t❡r❢❡r❡♥❝❡ ♦♥ z

ℓ9x :✏ 0; ℓ10y :✏ 0;
ℓ11create♣ℓ12x ✏ x� yq;
ℓ13y :✏ 3, ℓ✽

✭❝✮ ℓ9example2, ℓ✽

ℓ14y :✏ 0; ℓ15z :✏ 0;
ℓ16create♣ℓ17y :✏ 3q;
ℓ18y :✏ 1; ℓ19z :✏ y, ℓ✽

✭❞✮ ℓ14example4, ℓ✽

❋✐❣✉r❡ ✻✳✷✿ Pr♦❣r❛♠ ❊①❛♠♣❧❡s
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❖♣❡r❛t✐♦♥❛❧ ❙❡♠❛♥t✐❝s

✼✳✶ ■♥tr♦❞✉❝t✐♦♥

❆♥ ♦♣❡r❛t✐♦♥❛❧ s❡♠❛♥t✐❝s ❞❡s❝r✐❜❡s ❤♦✇ ❛ ♣r♦❣r❛♠ ✐s ❡①❡❝✉t❡❞✳ ❆♥ ❡①❡❝✉t✐♦♥ ♦❢ ❛ ♣r♦❣r❛♠
✐s ❛ s❡q✉❡♥❝❡ ♦❢ tr❛♥s✐t✐♦♥✳

❙❡✈❡r❛❧ ♦♣❡r❛t✐♦♥❛❧ s❡♠❛♥t✐❝s ❛r❡ ❣✐✈❡♥ ❤❡r❡✳ ❚❤❡② ❛ss✉♠❡ ❛ s❡t Var ♦❢ ✈❛r✐❛❜❧❡s ❛♥❞
❛ s❡t V ♦❢ ✈❛❧✉❡s✳ ❙♦♠❡ ✈❛r✐❛❜❧❡ ❛r❡ ♠✉t❡①❡s ♦r ❧♦❝❦s✳ ❲❡ ❝❛❧❧ Locks t❤❡ s❡t ♦❢ ❧♦❝❦s ❛♥❞
❛ss✉♠❡ t❤❛t Locks ❸ V ✳

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❞❡✜♥❡ ❛ ❣❡♥❡r✐❝ ♦♣❡r❛t✐♦♥❛❧ s❡♠❛♥t✐❝s✳ ■♥ ❈❤❛♣t❡r ✽ ❛♥❞ ❈❤❛♣t❡r
✾✱ ✇❡ ✇✐❧❧ ✐♥st❛♥t✐❛t❡ t❤✐s s❡♠❛♥t✐❝s✳

✼✳✷ ❉❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❙②st❡♠✳

❚♦ ❣✐✈❡ s❡♠❛♥t✐❝s t♦ t❤r❡❛❞s✱ ✇❡ ✉s❡ ❛ s❡t Ids ♦❢ t❤r❡❛❞ ✐❞❡♥t✐✜❡rs✳ ❉✉r✐♥❣ ♣r♦❣r❛♠
❡①❡❝✉t✐♦♥✱ ❡❛❝❤ t❤r❡❛❞ ✐s r❡♣r❡s❡♥t❡❞ ❜② ❛ ❞✐st✐♥❝t ✐❞❡♥t✐✜❡r✳ ❲❡ ❛ss✉♠❡ ❛ ❞✐st✐♥❣✉✐s❤❡❞
✐❞❡♥t✐✜❡r ♠❛✐♥ ∈ Ids✱ ❛♥❞ t❛❦❡ ✐t t♦ ❞❡♥♦t❡ t❤❡ ✐♥✐t✐❛❧ t❤r❡❛❞✳

❲❤❡♥ ❛ ♣r♦❣r❛♠ ✐s ❡①❡❝✉t❡❞✱ t❤r❡❛❞s ❣♦ ❢r♦♠ ❛ ❧❛❜❡❧ t♦ ❛♥♦t❤❡r ♦♥❡ ✐♥❞❡♣❡♥❞❡♥t❧②✳ ❆
❝♦♥tr♦❧ ♣♦✐♥t ✐s ❛ ♣❛rt✐❛❧ ❢✉♥❝t✐♦♥ P t❤❛t ♠❛♣s t❤r❡❛❞ ✐❞❡♥t✐✜❡rs t♦ ❧❛❜❡❧s✱ ❛♥❞ s✉❝❤ t❤❛t

✻✼
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lockable♣i, µ, σq ❫ σ✶ ✏ elem lock♣µq♣i, σq
ℓ1 lock♣µq, ℓ2 ✩i ♣ℓ1, σq Ñ ♣ℓ2, σ✶q

❧♦❝❦
unlockable♣i, µ, σq ❫ σ✶ ✏ elemunlock♣i, µq

ℓ1unlock♣µq, ℓ2 ✩i ♣ℓ1, σq Ñ ♣ℓ2, σq
✉♥❧♦❝❦

σ✶ ✏ elem lv:✏e♣i, σq
ℓ1lv :✏ e, ℓ2 ✩i ♣ℓ1, σq Ñ ♣ℓ2, σ✶q

❛ss✐❣♥
bool♣i, σ, condq ✏ true

ℓ1guard♣condq, ℓ2 ✩i ♣ℓ1, σq Ñ ♣ℓ2, σq
❣✉❛r❞

ℓ1guard♣condq, ℓ2 ✩i t
ℓ1while♣condqtℓ2cmd✉, ℓ3 ✩i t

✇❤✐❧❡ ❡♥tr②
ℓ1guard♣✥condq, ℓ3 ✩i t

ℓ1while♣condqtℓ2cmd✉, ℓ3 ✩i t
✇❤✐❧❡ ❡①✐t

ℓ1guard♣condq, ℓ2 ✩i t
ℓ1 if ♣condqthentℓ2cmd1✉elsetℓ3cmd2✉, ℓ4 ✩i t

t❤❡♥

ℓ1guard♣✥condq, ℓ3 ✩i t
ℓ1 if ♣condqthentℓ2cmd1✉elsetℓ3cmd2✉, ℓ4 ✩i t

❡❧s❡

❋✐❣✉r❡ ✼✳✶✿ ▲♦❝❛❧ ❙❡♠❛♥t✐❝s ❘✉❧❡s

P ♣♠❛✐♥q ✐s ❞❡✜♥❡❞✳ ❆ ❝♦♥tr♦❧ ♣♦✐♥t ❛ss♦❝✐❛t❡s ❡❛❝❤ t❤r❡❛❞ ✇✐t❤ ✐ts ❝✉rr❡♥t ❧❛❜❡❧✳ ❚❤❡
❞♦♠❛✐♥ Dom♣P q ♦❢ P ✐s t❤❡ s❡t ♦❢ ❝r❡❛t❡❞ t❤r❡❛❞s✳ ▲❡t P ❜❡ t❤❡ s❡t ♦❢ ❝♦♥tr♦❧ ♣♦✐♥ts✳

❋✉rt❤❡r♠♦r❡✱ t❤r❡❛❞s ♠❛② ❝r❡❛t❡ ♦t❤❡r t❤r❡❛❞s ❛t ❛♥② t✐♠❡✳ ❆ ❣❡♥❡❛❧♦❣② ♦❢ t❤r❡❛❞s ✐s
❛ ✜♥✐t❡ s❡q✉❡♥❝❡✶ ♦❢ t✉♣❧❡s ♣i, ℓ, jq ∈ Ids ✂ Labels ✂ Ids s✉❝❤ t❤❛t t❤❡ tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡
➔g ♦❢ t❤❡ ❜✐♥❛r② r❡❧❛t✐♦♥ i Ðg j ✐❢ ❛♥❞ ♦♥❧② ✐❢ ♣i, ℓ, jq ∈ g ✐s ❛ str✐❝t ♦r❞❡r✐♥❣ ❛♥❞ ♠❛✐♥

✐s ❛ ♠✐♥✐♠❛❧ ❡❧❡♠❡♥t ❢♦r t❤✐s ♦r❞❡r✐♥❣✳ ■♥t✉✐t✐✈❡❧②✱ i ➔g j ♠❡❛♥s t❤❛t t❤❡ t❤r❡❛❞ i ✐s ❛♥
❛♥❝❡st♦r ♦❢ j✳ ❲❡ ❝❛❧❧ ➝g t❤❡ r❡✢❡①✐✈❡ ❝❧♦s✉r❡ ♦❢ ➔g✳ ❆ ❣❡♥❡❛❧♦❣② g ✐s ✇❡❧❧ ❢♦r♠❡❞✱ ✐❢ ❡❛❝❤
t❤r❡❛❞ j ✐s ❝r❡❛t❡❞ ♦♥❧② ♦♥❝❡✱ ❛♥❞ ❛ t❤r❡❛❞ j ♥❡✈❡r ❝r❡❛t❡s ❛♥♦t❤❡r t❤r❡❛❞ i1 ❜❡❢♦r❡ ❤❛✈✐♥❣
❜❡❡♥ ❝r❡❛t❡❞✳ ❋♦r♠❛❧❧② g ✐s ✇❡❧❧ ❢♦r♠❡❞ ✐❢ ❢♦r ❛❧❧ t❤r❡❛❞s ✐❞❡♥t✐✜❡rs i1✱ i2✱ j✱ ❢♦r ❛❧❧ ❧❛❜❡❧s
ℓ✱ ℓ✶✱ ♥❡✐t❤❡r ♣i1, ℓ, jq ☎ ♣i2, ℓ✶, jq ♥♦r ♣j, ℓ, i1q ☎ ♣i2, ℓ✶, jq ✐s ❛ s✉❜✇♦r❞ ♦❢ g✳

❲❡ ❧❡❛✈❡ t❤❡ ♣r❡❝✐s❡ s❡♠❛♥t✐❝s ♦❢ st♦r❡s ✉♥❞❡✜♥❡❞ ❢♦r ♥♦✇✱ ❛♥❞ ♦♥❧② r❡q✉✐r❡ ❢♦✉r ♣r✐♠✲
✐t✐✈❡s✿

❼ elemaction : Ids✂ StoresÑ Stores✱

❼ bool : Ids✂ StoresÑ ttrue, false✉✱

❼ lockable : Ids✂ Locks✂ StoresÑ ttrue, false✉

❼ ❛♥❞ unlockable : Ids✂ Locks✂ StoresÑ ttrue, false✉✳

❲❡ ❛❧s♦ ❛ss✉♠❡ ❛ s❡t ♦❢ ✐♥✐t✐❛❧ st♦r❡s StoresInit✱ ❡✳❣✳✱ ❛❧❧ st♦r❡s✱ ♦r ❛ st♦r❡ t❤❛t ♠❛♣s ❛❧❧
✈❛r✐❛❜❧❡s t♦ ✵ ❛s r❡q✉✐r❡❞ ❢♦r ❣❧♦❜❛❧ ✈❛r✐❛❜❧❡s ❜② t❤❡ ❈ ♥♦r♠ ❬■❙❖✾✾✱ ❙❡❝t✐♦♥ ✻✳✼✳✾ ✐t❡♠
✶✵❪✳

■♥t✉✐t✐✈❡❧②✱ elemaction♣i, σq r❡t✉r♥s t❤❡ st♦r❡ ❛❢t❡r i ❡①❡❝✉t❡s t❤❡ ❜❛s✐❝ ♦♣❡r❛t✐♦♥ action

✭s❡❡ ❋✐❣✳ ✻✳✶✮ ♦♥ t❤❡ st♦r❡ σ✳ ❚❤❡ ❢✉♥❝t✐♦♥ bool♣i, σ, condq ❝❤❡❝❦s ✐❢ t❤❡ ❝♦♥❞✐t✐♦♥ cond ✐s
tr✉❡ ✐♥ t❤❡ ❝♦♥t❡①t σ ✇❤❡♥ t❤❡ ❝✉rr❡♥t t❤r❡❛❞✷ ✐s i✳ ❆ ♠✉t❡① ♠❛② ❜❡ ❧♦❝❦❡❞ ♦r ✉♥❧♦❝❦❡❞

✶■✳❡✳✱ ❛ ✇♦r❞✱ s❡❡ ❈❤❛♣t❡r ✷✳
✷❚♦ ❦♥♦✇ ✇❤✐❝❤ ✐s t❤❡ ❝✉rr❡♥t t❤r❡❛❞ ✇✐❧❧ ❜❡ ❛♥ ✐♠♣♦rt❛♥t ♣♦✐♥t ❢♦r ✇❡❛❦ ♠❡♠♦r② ♠♦❞❡❧s✳ ❙❡❡ ❈❤❛♣t❡r

✾
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P ♣iq ✏ ℓ ℓ1stmt , ℓ2 ✩i ♣ℓ, σq Ñ ♣ℓ✶, σ✶q
ℓ1stmt , ℓ2 ✱ ♣i, P, σ, gq Ñ ♣i, P ri ÞÑ ℓ✶s, σ✶, gq

♣❛r❛❧❧❡❧

P ♣iq ✏ ℓ1 j ✐s ❢r❡s❤ ✐♥ ♣i, P, σ, gq P ✶ ✏ P ri ÞÑ ℓ3srj ÞÑ ℓ2s spawnable♣i, σq
ℓ1spawn♣ℓ2q, ℓ3 ✱ ♣i, P, σ, gq Ñ ♣i, P ✶, σ, g ☎ ♣i, ℓ2, jqq

s♣❛✇♥

ℓ2cmd1, ℓ4 ✱ τ
ℓ1 if ♣condqthentℓ2cmd1✉elsetℓ3cmd2✉, ℓ4 ✱ τ

t❤❡♥ ❜♦❞②

ℓ3cmd2, ℓ4 ✱ τ
ℓ1 if ♣condqthentℓ2cmd1✉elsetℓ3cmd2✉, ℓ4 ✱ τ

❡❧s❡ ❜♦❞②

ℓ1spawn♣ℓ2q, ℓ3 ✱ τ
ℓ1create♣ℓ2cmdq, ℓ3 ✱ τ

❝r❡❛t❡
ℓ2cmd , ℓ1 ✱ τ

ℓ1while♣condqtℓ2cmd✉, ℓ3 ✱ τ
✇❤✐❧❡ ❜♦❞②

ℓ1cmd1, ℓ2 ✱ τ
ℓ1cmd1;

ℓ2cmd2, ℓ3 ✱ τ
s❡q✉❡♥❝❡ ✶

ℓ2cmd2, ℓ3 ✱ τ
ℓ1cmd1;

ℓ2cmd2, ℓ3 ✱ τ
s❡q✉❡♥❝❡ ✷

ℓ2cmd , ℓ✽ ✱ τ
ℓ1create♣ℓ2cmdq, ℓ3 ✱ τ

❝❤✐❧❞
τ ∈ System
ℓstmt , ℓ✶ ✱ τ

s②st❡♠

❋✐❣✉r❡ ✼✳✷✿ ●❧♦❜❛❧ ❙❡♠❛♥t✐❝s ❘✉❧❡s

♦♥❧② ✉♥❞❡r s♦♠❡ ❛ss✉♠♣t✐♦♥s✱ ❡✳❣✱ ❛ ❧♦❝❦ ♠❛② ❜❡ ❛❝q✉✐r❡❞ ♦♥❧② ✐t ✐t ✐s ❢r❡❡✳ ❚❤❡ ♣r❡❞✐❝❛t❡s
lockable ❛♥❞ unlockable ♠♦❞❡❧ t❤❡s❡ ❝♦♥❞✐t✐♦♥s✳

❙✐♠✐❧❛r❧②✱ ❛ t❤r❡❛❞ ❝❛♥♥♦t ♥❡❝❡ss❛r② s♣❛✇♥ ❛♥♦t❤❡r t❤r❡❛❞ ❛t ❛♥② t✐♠❡✳ ❚❤❡♥ ✇❡
✐♥tr♦❞✉❝❡ t❤❡ ♣r❡❞✐❝❛t❡ spawnable : Ids✂ Stores Ñ ttrue, false✉✳

❆ t✉♣❧❡ ♣i, P, σ, gq ∈ Ids✂ P✂ Stores✂Genealogies ✐s ❛ st❛t❡ ✐❢✿

✭❛✮ i ∈ Dom♣P q✱

✭❜✮ Dom♣P q ✐s t❤❡ ❞✐s❥♦✐♥t ✉♥✐♦♥ ❜❡t✇❡❡♥ t♠❛✐♥✉ ❛♥❞ t❤❡ s❡t ♦❢ t❤r❡❛❞s ❝r❡❛t❡❞ ✐♥ g✱

✭❝✮ ❛♥❞ h ✐s ❛ ✇❡❧❧ ❢♦r♠❡❞ ❣❡♥❡❛❧♦❣②✳

▲❡t States ❜❡ t❤❡ s❡t ♦❢ st❛t❡s✳ ❆ st❛t❡ ✐s ❛ t✉♣❧❡ ♣i, P, σ, gq ✇❤❡r❡✿

❼ i ✐s t❤❡ ❝✉rr❡♥t❧② r✉♥♥✐♥❣ t❤r❡❛❞✱

❼ P ❞❡s❝r✐❜❡s ✇❤❡r❡ ❡❛❝❤ t❤r❡❛❞ ✐s ✐♥ t❤❡ ❝♦♥tr♦❧ ✢♦✇✱

❼ σ ✐s t❤❡ ❝✉rr❡♥t st♦r❡

❼ ❛♥❞ g ✐s t❤❡ ❣❡♥❡❛❧♦❣② ♦❢ t❤r❡❛❞ ❝r❡❛t✐♦♥s✳

Dom♣P q ✐s t❤❡ s❡t ♦❢ ❡①✐st✐♥❣ t❤r❡❛❞s✳ ❚❤❡ ❝♦♥str❛✐♥t ✭❛✮ ♠❡❛♥s t❤❛t t❤❡ ❝✉rr❡♥t t❤r❡❛❞
❡①✐sts✱ t❤❡ ❝♦♥str❛✐♥t ✭❜✮ ♠❡❛♥s t❤❛t t❤❡ ♦♥❧② t❤r❡❛❞s t❤❛t ❡①✐st ❛r❡ t❤❡ ✐♥✐t✐❛❧ t❤r❡❛❞s ❛♥❞
t❤❡ t❤r❡❛❞ ❝r❡❛t❡❞ ✐♥ t❤❡ ♣❛st✳

●✐✈❡♥ ❛ ♣r♦❣r❛♠ ℓ0cmd , ℓ✽ t❤❡ s❡t Init ♦❢ ✐♥✐t✐❛❧ st❛t❡s ✐s t❤❡ s❡t ♦❢ t✉♣❧❡s ♣♠❛✐♥ , P0, σ, ǫq
✇❤❡r❡✿
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❼ Dom♣P0q ✏ t♠❛✐♥✉✱ P0♣♠❛✐♥q ✏ ℓ0✱

❼ σ ✐s ❛♥ ✐♥✐t✐❛❧ st♦r❡ ✭✐✳❡✳✱ σ ∈ StoresInit ✮

❼ ❛♥❞ ǫ ✐s t❤❡ ❡♠♣t② ❣❡♥❡❛❧♦❣②✳

❆ tr❛♥s✐t✐♦♥ ✐s ❛ ♣❛✐r ♦❢ st❛t❡s τ ✏
�
♣i, P, σ, gq, ♣i✶, P ✶, σ✶, g ☎ g✶q

✟
s✉❝❤ t❤❛t✿

✭❛✮ ❢♦r ❡✈❡r② j ∈ Dom♣P qr ti✉, P ♣jq ✏ P ✶♣jq

✭❜✮ ❚❤❡ s❡t ♦❢ ❧❡tt❡rs ♦❢ g✶ ✐s ❡①❛❝t❡❧② t♣i, P ✶♣jq, jq ⑤ j ∈ Dom♣P ✶qr Dom♣P q✉

❲❡ ❞❡♥♦t❡ ❜② Transitions t❤❡ s❡t ♦❢ ❛❧❧ tr❛♥s✐t✐♦♥s✳ ❚❤❡ ♣♦✐♥t ✭❛✮ ♠❡❛♥s t❤❛t ❛ tr❛♥s✐t✐♦♥
♠❛② ❝❤❛♥❣❡ t❤❡ ❧❛❜❡❧ ♦❢ t❤❡ ❝✉rr❡♥t t❤r❡❛❞✱ ❜✉t ❝❛♥♥♦t ❝❤❛♥❣❡ t❤❡ ❧❛❜❡❧ ♦❢ ❛♥② ♦t❤❡r
t❤r❡❛❞✳ ❚❤❡ ♣♦✐♥t ✭❜✮ ♠❡❛♥s t❤❛t ❛❧❧ ♥❡✇ t❤r❡❛❞s ❛r❡ ❛❞❞❡❞ t♦ t❤❡ ❣❡♥❡❛❧♦❣②✳ ◆♦t✐❝❡ t❤❛t✱
✇❤✐❧❡ ✇❡ ✇✐❧❧ ✉s❡ ❛ create st❛t❡♠❡♥t t❤❛t ❝r❡❛t❡ ♦♥❧② ♦♥❡ t❤r❡❛❞✱ ❢♦r ❛❧❧ tr❛♥s✐t✐♦♥ ❡✐t❤❡r
g✶ ✏ ǫ ♦r g✶ ✏ ♣i, P ✶♣jq, jq ❢♦r s♦♠❡ j ∈ Ids✳ ❲❤❡♥ ✇❡ ✇✐❧❧ ✉s❡ par st❛t❡♠❡♥ts ✭❙❡❡ ❙❡❝t✐♦♥
✶✼✳✷✮✱ ✇❡ ✇✐❧❧ ✉s❡ tr❛♥s✐t✐♦♥s t❤❛t ♠❛② s♣❛✇♥ s❡✈❡r❛❧ t❤r❡❛❞s ❛t t❤❡ s❛♠❡ t✐♠❡✳

◆♦t✐❝❡ t❤❛t✱ t❤❡ ❣❡♥❡❛❧♦❣② ✐♥❝r❡❛s❡ ✇❤❡♥ tr❛♥s✐t✐♦♥s ❛r❡ ❛♣♣❧✐❡❞✳ ❋♦r♠❛❧❧②✿

❈❧❛✐♠ ✼✳✶✳ ▲❡t s ✏ ♣i, P, σ, gq ❛♥❞ s✶ ✏ ♣i✶, P ✶, σ✶, g✶q ❜❡ t✇♦ st❛t❡s✳
■❢ ♣s, s✶q ∈ Transitions✍ ô g ↕♣r❡✜① g

✶✳

✼✳✷✳✶ Pr♦❣r❛♠ ❡①❡❝✉t✐♦♥

❲❡ ✉s❡ ❛ s♠❛❧❧ st❡♣ s❡♠❛♥t✐❝s✿ ❡❛❝❤ st❛t❡♠❡♥t ❣✐✈❡s r✐s❡ t♦ ❛♥ ✐♥✜♥✐t❡ tr❛♥s✐t✐♦♥ s②st❡♠
♦✈❡r st❛t❡s ✇❤❡r❡ ❡❞❣❡s s1 Ñ s2 ❝♦rr❡s♣♦♥❞ t♦ ❡❧❡♠❡♥t❛r② ❝♦♠♣✉t❛t✐♦♥ st❡♣s ❢r♦♠ st❛t❡
s1 t♦ s2✳ ❲❡ ❞❡✜♥❡ t❤❡ ❥✉❞❣♠❡♥t ℓ1stmt , ℓ2 ✱ s1 Ñ s2 t♦ st❛t❡ t❤❛t s1 Ñ s2 ✐s ♦♥❡ ♦❢ t❤❡s❡
❣❧♦❜❛❧ ❝♦♠♣✉t❛t✐♦♥ st❡♣s t❤❛t ❛r✐s❡ ✇❤❡♥ cmd ✐s ❡①❡❝✉t❡❞✳

❚♦ s✐♠♣❧✐❢② t❤❡ s❡♠❛♥t✐❝ r✉❧❡s✱ ✇❡ ✉s❡ ❛♥ ❛✉①✐❧✐❛r② ❥✉❞❣♠❡♥t ℓ1stmt , ℓ2 ✩i ♣ℓ, σq Ñ
♣ℓ✶, σ✶q t♦ ❞❡s❝r✐❜❡ ❡✈♦❧✉t✐♦♥s t❤❛t ❛r❡ ❧♦❝❛❧ t♦ ❛ ❣✐✈❡♥ t❤r❡❛❞ i✳ ❆ ❧♦❝❛❧ st❛t❡ ♣ℓ, σq ∈

Labels✂Stores ✐s ❛ ♣❛✐r✳ ❚❤❡ ❧❛❜❡❧ r❡♣r❡s❡♥ts t❤❡ ♣r♦❣r❛♠ ♣♦✐♥t❡r ♦❢ t❤❡ ❝✉rr❡♥t t❤r❡❛❞✱
❛♥❞ t❤❡ st♦r❡ σ r❡♣r❡s❡♥ts t❤❡ ❝✉rr❡♥t st♦r❡✳ ❚❤❡ ❥✉❞❣♠❡♥t ℓ1stmt , ℓ2 ✩i ♣ℓ, σq Ñ ♣ℓ✶, σ✶q
♠❡❛♥s t❤❛t t❤❡ t❤r❡❛❞ i ❝❛♥ ✜r❡ ❛ ❧♦❝❛❧ tr❛♥s✐t✐♦♥✱ ❛♥❞ ❣♦ ❢r♦♠ ℓ t♦ ℓ✶✱ ♠♦❞✐❢②✐♥❣ t❤❡ st♦r❡
σ ✐♥t♦ σ✶✳

❏✉❞❣♠❡♥ts ❛r❡ ❞❡r✐✈❡❞ ✉s✐♥❣ t❤❡ r✉❧❡s ♦❢ ❋✐❣✳ ✼✳✶ ❛♥❞ ❋✐❣✳ ✼✳✷✳
❚❤❡ r✉❧❡s ✏❧♦❝❦✑ ❛♥❞ ✏✉♥❧♦❝❦✑ ❝❤❡❝❦ ✐s t❤❡ ♠✉t❡① ✐s ❧♦❝❦❛❜❧❡ ✭r❡s♣❡❝t✐✈❡❧② ✉♥❧♦❝❦❛❜❧❡✮✱

❛♥❞ ✉♣❞❛t❡ t❤❡ st♦r❡ ✐❢ t❤❡ ❝♦♥❞✐t✐♦♥ ✐s s❛t✐s✜❡❞✳ ❚❤❡ r✉❧❡ ✏❛ss✐❣♥✑ ❝❤❛♥❣❡s t❤❡ ✈❛❧✉❡ ♦❢ ❛
✈❛r✐❛❜❧❡✳ ❚❤❡ r✉❧❡ ✏❣✉❛r❞✑ ❛❧❧♦✇s t♦ ✜r❡ ❛ tr❛♥s✐t✐♦♥ ♦♥❧② ✐❢ t❤❡ ❝♦♥❞✐t✐♦♥ ✐s tr✉❡✳

❚❤❡ r✉❧❡s ✏✇❤✐❧❡ ❡♥tr②✑ ❛♥❞ ✏✇❤✐❧❡ ❡①✐t✑ ❣✐✈❡ t❤❡ ❣✉❛r❞ ♥❡❝❡ss❛r② t♦ ❡♥t❡r ♦r t♦ ❡①✐t
t❤❡ ✇❤✐❧❡ ❧♦♦♣✳ ❘✉❧❡s ✏t❤❡♥✑ ❛♥❞ ✏❡❧s❡✑ r❡s♣❡❝t✐✈❡❧② ❣✐✈❡ t❤❡ tr❛♥s✐t✐♦♥s t♦ ❡♥t❡r ✐♥t♦ t❤❡
✏t❤❡♥✑ ✭r❡s♣❡❝t✐✈❡❧② t❤❡ ✏❡❧s❡✑✮ ❜r❛♥❝❤ ♦❢ t❤❡ if st❛t❡♠❡♥t✳

❚❤❡ r✉❧❡ ✏♣❛r❛❧❧❡❧✑ tr❛♥s❢♦r♠ ❛ ❧♦❝❛❧ tr❛♥s✐t✐♦♥ ✐♥t♦ ❛ ❣❧♦❜❛❧ ♦♥❡✳ ❚❤❡ ❧❛❜❡❧ ♦❢ t❤❡
❝✉rr❡♥t t❤r❡❛❞ ❛♥❞ t❤❡ st♦r❡ ❛r❡ ✉♣❞❛t❡❞✳

■♥ t❤❡ r✉❧❡ ✏s♣❛✇♥✑✱ t❤❡ ❡①♣r❡ss✐♦♥ ✏j ✐s ❢r❡s❤ ✐♥ ♣i, P, σ, gq✑ ♠❡❛♥s t❤❛t i ✘ j ❛♥❞ P ♣jq
✐s ♥♦t ❞❡✜♥❡❞✱ ✐✳❡✳✱ t❤r❡❛❞ j ❞♦❡s ♥♦t ❡①✐sts ②❡t✳ ❚❤❡ tr❛♥s✐t✐♦♥s ❣❡♥❡r❛t❡❞ ❜② t❤✐s r✉❧❡ ❞♦❡s



✼✳✷✳ ❉❊❙❈❘■P❚■❖◆ ❖❋ ❚❍❊ ❙❨❙❚❊▼✳ ✼✶

◆❛♠❡ ❚❤r❡❛❞s ❈♦♥tr♦❧ ♣♦✐♥t ❙t♦r❡ ●❡♥❡❛❧♦❣②
s1 ♠❛✐♥ ℓ1 σ0 ǫ

s2 ♠❛✐♥ ℓ2 σ0 ǫ

s3 ♠❛✐♥ ℓ1 σ0 ♣♠❛✐♥ , ℓ2, iq
i ℓ3

s4 ♠❛✐♥ ℓ1 σ0 ♣♠❛✐♥ , ℓ2, iq
i ℓ3

s5 ♠❛✐♥ ℓ1 σ1
❞❡❢✏ elemx✏1♣σ0q ♣♠❛✐♥ , ℓ2, iq

i ℓ✽
s6 ♠❛✐♥ ℓ1 σ1 ♣♠❛✐♥ , ℓ2, iq

i ℓ✽
s7 ♠❛✐♥ ℓ2 σ1 ♣♠❛✐♥ , ℓ2, iq

i ℓ✽
s8 ♠❛✐♥ ℓ1 σ1 ♣♠❛✐♥ , ℓ2, iq ☎ ♣♠❛✐♥ , ℓ2, jq

i ℓ✽
j ℓ3

s9 ♠❛✐♥ ℓ1 σ1 ♣♠❛✐♥ , ℓ2, iq ☎ ♣♠❛✐♥ , ℓ2, jq
i ℓ✽
j ℓ3

❋✐❣✉r❡ ✼✳✸✿ ❊①❛♠♣❧❡ ♦❢ Pr♦❣r❛♠ ❊①❡❝✉t✐♦♥



✼✷ ❈❍❆P❚❊❘ ✼✳ ❖P❊❘❆❚■❖◆❆▲ ❙❊▼❆◆❚■❈❙

ℓ1while♣trueq
tℓ2create♣ℓ3x :✏ x� 1q✉, ℓ✽

❋✐❣✉r❡ ✼✳✹✿ ❚❤r❡❛❞ ❈r❡❛t✐♦♥ ✐♥ ❛ ❲❤✐❧❡ ▲♦♦♣

♥♦t ❝❤❛♥❣❡ t❤❡ st♦r❡ ❜✉t ❝r❡❛t❡s ❛ ♥❡✇ t❤r❡❛❞ ❛♥❞ t❤❡r❡❢♦r❡ ✉♣❞❛t❡s t❤❡ ❝♦♥tr♦❧ ♣♦✐♥t ❛♥❞
t❤❡ ❣❡♥❡❛❧♦❣②✳

❚❤❡ r✉❧❡s ✏t❤❡♥ ❜♦❞②✑✱ ✏❡❧s❡ ❜♦❞②✑✱ ✏✇❤✐❧❡ ❜♦❞②✑✱ ✏s❡q✉❡♥❝❡ ✶✑ ❛♥❞ ✏s❡q✉❡♥❝❡ ✷✑ s❛② t❤❛t
❛ st❛t❡♠❡♥t ❣❡♥❡r❛t❡s ❛❧❧ tr❛♥s✐t✐♦♥s ❣❡♥❡r❛t❡❞ ❜② ✐ts s✉❜st❛t❡♠❡♥ts✳ ❚❤❡ r✉❧❡ ✏❝r❡❛t❡✑ s❛②
t❤❛t t❤❡ st❛t❡♠❡♥t create s♣❛✇♥s ❛ t❤r❡❛❞✳

❋♦r t❤❡ r✉❧❡ ✏s②st❡♠✑ ✇❡ ❞❡✜♥❡ t❤❡ s❡t ♦❢ s❝❤❡❞✉❧❡ tr❛♥s✐t✐♦♥s ❜②✿
Schedule

❞❡❢✏ t♣♣i, P, σ, gq, ♣j, P, σ, gqq ⑤ j ✘ i✉✳
❋✉rt❤❡r♠♦r❡✱ ✇❡ ❛ss✉♠❡ ❛ s❡t ♦❢ tr❛♥s✐t✐♦♥s System s✉❝❤ t❤❛t✿

❅♣♣i, P, σ, gq, ♣i✶, P ✶, σ✶, g✶qq ∈ System, P ✏ P ✶ ❫ g ✏ g✶ ❛♥❞ Schedule ❸ System.

❚❤❡ s❡t System ❝♦♥t❛✐♥s ❛❧❧ tr❛♥s✐t✐♦♥s ❝♦♠♠♦♥ t♦ ❛❧❧ ♣r♦❣r❛♠s✱ ❡✳❣✳✱ tr❛♥s✐t✐♦♥s t❤❛t
s✇✐t❝❤ t❤❡ ❝✉rr❡♥t t❤r❡❛❞✳

❚❤❡ s❡t ♦❢ tr❛♥s✐t✐♦♥s ❣❡♥❡r❛t❡❞ ❜② st❛t❡♠❡♥t ℓstmt , ℓ✶ ✐s Tr ℓstmt ,ℓ✶ ✏ t♣s, s✶q ⑤ ℓstmt , ℓ✶ ✱
s Ñ s✶✉. ❋✉rt❤❡r♠♦r❡✱ ❧❡t Tr ✲

ℓstmt ,ℓ✶ ✏ Tr ℓstmt ,ℓ✶ r System ❜❡ t❤❡ s❡t ♦❢ tr❛♥s✐t✐♦♥s s♣❡❝✐✜❝ t♦

t❤❡ st❛t❡♠❡♥t ℓstmt , ℓ✶✳
❋✐❣✉r❡ ✼✳✸ ❣✐✈❡s t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ♦♥❡ ♣♦ss✐❜❧❡ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ ♣r♦❣r❛♠ ♦❢ ❋✐❣✳ ✼✳✹✳ ❚❤❡

✜rst ❝♦❧✉♠ ❣✐✈❡s t❤❡ ♥❛♠❡ ♦❢ t❤❡ st❛t❡s✳ ❚❤❡ s❡❝♦♥❞ ❝♦❧✉♠♥ ✐♥❞✐❝❛t❡s ❝r❡❛t❡❞ t❤r❡❛❞s✱
t❤❡ ❝✉rr❡♥t t❤r❡❛❞ ✐s ✉♥❞❡r❧✐♥❡❞✳ ❚❤❡ t❤✐r❞ ❝♦❧✉♠♥ ❣✐✈❡s t❤❡ ❧❛❜❡❧ ♦❢ ❡❛❝❤ t❤r❡❛❞✱ ✐✳❡✳✱ t❤❡
❝♦♥tr♦❧ ♣♦✐♥t P ✳ ❚❤❡ ❢♦✉rt❤ ❝♦❧✉♠♥ ❣✐✈❡s t❤❡ st♦r❡ ❛♥❞ t❤❡ ❧❛st ❝♦❧✉♠♥ ❣✐✈❡s t❤❡ ❣❡♥❡❛❧♦❣②✳

❍❡♥❝❡✱ ✐♥ ❋✐❣✉r❡ ✼✳✸✿

❼ s0 ✏ ♣♠❛✐♥ , P1, σ0, ǫq ✇❤❡r❡ P1♣♠❛✐♥q ✏ ℓ1

❼ s9 ✏ ♣j, P9, σ1, ♣♠❛✐♥ , ℓ2, iq ☎ ♣♠❛✐♥ , ℓ2, jqq ✇❤❡r❡ P9♣♠❛✐♥q ✏ ℓ1✱ P9♣iq ✏ ℓ✽ ❛♥❞
P9♣jq ✏ ℓ3

❚❤❡ st♦r❡ σ0 ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❛♥ ✐♥✐t✐❛❧ st♦r❡✱ ✐✳❡✳✱ σ0 ∈ StoresInit✳ ■♥ t❤❛t ✜❣✉r❡✱ ♣s1, s2q✱
♣s5, s6q ❛♥❞ ♣s8, s9q ❛r❡ ✐♥ System✱ ❜✉t ♣s1, s2q ❘ System✳

✼✳✸ ❉❡s❝❡♥❞❛♥ts

❋✐❣✉r❡ ✼✳✻ ✐❧❧✉str❛t❡s t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ ❛ ✇❤♦❧❡ ♣r♦❣r❛♠✳ ❊❛❝❤ ✈❡rt✐❝❛❧ ❧✐♥❡ r❡♣r❡s❡♥ts t❤❡
❡①❡❝✉t✐♦♥ ♦❢ ❛ t❤r❡❛❞ ❢r♦♠ t♦♣ t♦ ❜♦tt♦♠✱ ❛♥❞ ❡❛❝❤ ❤♦r✐③♦♥t❛❧ ❧✐♥❡ r❡♣r❡s❡♥ts t❤❡ ❝r❡❛t✐♦♥
♦❢ ❛ t❤r❡❛❞✳ ❆t t❤❡ ❜❡❣✐♥♥✐♥❣ ✭t♦♣ ♦❢ t❤❡ ✜❣✉r❡✮✱ t❤❡r❡ ✐s ♦♥❧② t❤❡ t❤r❡❛❞ ♠❛✐♥ ✏ j0✳

❉✉r✐♥❣ ❡①❡❝✉t✐♦♥✱ ❡❛❝❤ t❤r❡❛❞ ♠❛② ❡①❡❝✉t❡ tr❛♥s✐t✐♦♥s✳ ❆t st❛t❡ s0✱ thread♣s0q ❞❡♥♦t❡s
t❤❡ ❝✉rr❡♥t❧② r✉♥♥✐♥❣ t❤r❡❛❞ ✭♦r ❝✉rr❡♥t t❤r❡❛❞✮✱ s❡❡ ❋✐❣✳ ✼✳✺✳ ❖♥ ❋✐❣✳ ✼✳✻✱ t❤❡ ❝✉rr❡♥t
t❤r❡❛❞ ♦❢ s0 ✐s j0 ❛♥❞ t❤❡ ❝✉rr❡♥t t❤r❡❛❞ ♦❢ s ✐s j2✳



✼✳✸✳ ❉❊❙❈❊◆❉❆◆❚❙ ✼✸

❋♦r ❛♥② s❡t ♦❢ st❛t❡s S✱ ❧❡t S ✏ Statesr S ❜❡ t❤❡ ❝♦♠♣❧❡♠❡♥t ♦❢ S✳
thread♣i, P, σ, gq ❞❡❢✏ i

label♣i, P, σ, gq ❞❡❢✏ P ♣iq
descg♣iq ✏ tj ⑤ i ➝g j✉
descg♣Xq ✏

➈
i∈X descg♣iq

❋✐❣✉r❡ ✼✳✺✿ ❆✉①✐❧✐❛r② ❞❡✜♥✐t✐♦♥s

❚✐♠❡

j0

s0

j2

j1

j5

j3

j4

s

j6

❋✐❣✉r❡ ✼✳✻✿ ❆ t❤r❡❛❞ ❊①❡❝✉t✐♦♥

❉✉r✐♥❣ t❤❡ ♣r♦❣r❛♠ ❡①❡❝✉t✐♦♥ ❣✐✈❡♥ ✐♥ ❋✐❣✳ ✼✳✻✱ j0 ❝r❡❛t❡s j1✳ ❲❡ s❛② t❤❛t j1 ✐s ❛
❝❤✐❧❞ ♦❢ j0 ❛♥❞ j0 ✐s t❤❡ ♣❛r❡♥t ♦❢ j1✳ ❋✉rt❤❡r♠♦r❡✱ j1 ❝r❡❛t❡s j3✳ ❲❡ t❤❡♥ ✐♥tr♦❞✉❝❡ t❤❡
❝♦♥❝❡♣t ♦❢ ❞❡s❝❡♥❞❛♥t ✿ t❤❡ t❤r❡❛❞ j3 ✐s ❛ ❞❡s❝❡♥❞❛♥t ♦❢ j0 ❜❡❝❛✉s❡ ✐t ❤❛s ❜❡❡♥ ❝r❡❛t❡❞
❜② j1 ✇❤✐❝❤ ❤❛s ❜❡❡♥ ❝r❡❛t❡❞ ❜② j0✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❞❡s❝❡♥❞❛♥ts ❞❡♣❡♥❞ ♦♥ ❣❡♥❡❛❧♦❣✐❡s✳
❈♦♥s✐❞❡r t❤❡ st❛t❡ s0 ✏ ♣j0, P0, σ0, g0q ✇✐t❤ g0 ✏ r♣j0, ℓ1, j1qs✿ t❤❡ s❡t ♦❢ ❞❡s❝❡♥❞❛♥ts ♦❢
j0 ❢r♦♠ g0 ✭✇r✐tt❡♥ descg0♣tj0✉q✱ s❡❡ ❋✐❣✳ ✼✳✺✮ ✐s ❥✉st tj0, j1✉✳ ❚❤❡ s❡t ♦❢ ❞❡s❝❡♥❞❛♥ts ♦❢ ❛
❣✐✈❡♥ t❤r❡❛❞ ✐♥❝r❡❛s❡s ❞✉r✐♥❣ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ ♣r♦❣r❛♠✳ ■♥ ❋✐❣✳ ✼✳✻✱ t❤❡ ❣❡♥❡❛❧♦❣② ♦❢
s ✐s ♦❢ t❤❡ ❢♦r♠ g0 ☎ g ❢♦r s♦♠❡ g✱ ❤❡r❡ g ✏ r♣j0, ℓ2, j2q, ♣j1, ℓ3, j3q, ♣j2, ℓ4, j4qs✳ ❲❤❡♥ t❤❡
❡①❡❝✉t✐♦♥ ♦❢ t❤❡ ♣r♦❣r❛♠ r❡❛❝❤❡s t❤❡ st❛t❡ s✱ t❤❡ s❡t ♦❢ ❞❡s❝❡♥❞❛♥ts ♦❢ j0 ❢r♦♠ g0 ☎ g ✐s
descg0☎g♣j0q ✏ tj0, j1, j2, j3, j4✉✳

■♥ ❛ ❣❡♥❡❛❧♦❣②✱ t❤❡r❡ ❛r❡ t✇♦ ✐♠♣♦rt❛♥t ♣✐❡❝❡s ♦❢ ✐♥❢♦r♠❛t✐♦♥✳ ❋✐rst✱ t❤❡r❡ ✐s ❛ tr❡❡
str✉❝t✉r❡✿ ❛ t❤r❡❛❞ ❝r❡❛t❡s ❝❤✐❧❞r❡♥ t❤❛t ♠❛② ❝r❡❛t❡ ❝❤✐❧❞r❡♥ ❛♥❞ s♦ ♦♥✳✳✳ ❙❡❝♦♥❞✱ t❤❡r❡ ✐s
❛ ❣❧♦❜❛❧ t✐♠❡✱ ❡✳❣✳✱ ✐♥ g✱ t❤❡ t❤r❡❛❞ j2 ❤❛s ❜❡❡♥ ❝r❡❛t❡❞ ❜❡❢♦r❡ t❤❡ t❤r❡❛❞ j3✳

▲❡♠♠❛ ✼✳✷✳ ■❢ g ☎ g✶ ✐s ❛ ✇❡❧❧ ❢♦r♠❡❞ ❣❡♥❡❛❧♦❣② t❤❡r❡❢♦r❡ descg☎g✶♣Xq ✏ descg✶♣descg♣Xqq✳

Pr♦♦❢✳ ▲❡t j ∈ descg☎g✶ ✳ ❚❤❡r❡❢♦r❡✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ ➔g✱ t❤❡r❡ ❡①✐sts i0✱ ✳ ✳ ✳ ✱ in s✉❝❤ t❤❛t✿

❼ ❋♦r ❛❧❧ k ∈ t0, . . . , n✁ 1✉✱ ik Ðg☎g✶ ik�1

❼ ❛♥❞ in ✏ j✳

◆♦t✐❝❡ t❤❛t✱ ❜② ❞❡✜♥✐t✐♦♥✱ ik Ðg☎g✶ ik�1 ✐s ❡q✉✐✈❛❧❡♥t t♦ ik Ðg ik�1 ♦r ik Ðg✶ ik�1✳

❼ ❋✐rst ❝❛s❡✿ ❢♦r ❛❧❧ k✱ ik Ðg ik�1✳ ❚❤❡r❡❢♦r❡ j ∈ descg♣Xq ❸ descg✶♣descg♣Xqq✳
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❼ ❙❡❝♦♥❞ ❝❛s❡✿ t❤❡r❡ ❡①✐sts k s✉❝❤ t❤❛t ik Ðg ik�1✳ ▲❡t k0 t❤❡ s♠❛❧❧❡st s✉❝❤ k✳ ❇②
❞❡✜♥✐t✐♦♥✱ t❤❡r❡ ❡①✐sts ℓ0 s✉❝❤ t❤❛t ♣ik0 , ℓ0, ik0�1q ∈ g✶✳

❇② ♠✐♥✐♠❛❧✐t② ♦❢ k0✱ ik0 ∈ descg♣Xq✳

▲❡t k → k0✳ ❆ss✉♠❡ ❜② ❝♦♥tr❛❞✐❝t✐♦♥ t❤❛t ik Ðg ik�1✳ ❚❤❡r❡❢♦r❡✱ t❤❡r❡ ❡①✐sts ℓ s✉❝❤
t❤❛t ♣ik0 , ℓ0, ik0�1q ∈ g✳ ❍❡♥❝❡ ♣ik0 , ℓ0, ik0�1q ☎ ♣ik0 , ℓ0, ik0�1q ✐s ❛ s✉❜✇♦r❞ ♦❢ g ☎ g✶ ❛♥❞
t❤❡r❡❢♦r❡ g ☎ g✶ ✐s ♥♦t ✇❡❡❧ ❢♦r♠❡❞✳ ❍❡♥❝❡ ❢♦r ❛❧❧ k → k0✱ ik Ðg✶ ik�1✳

❲❡ ❝♦♥❝❧✉❞❡ t❤❛t j ∈ descg✶♣ik0q ❸ descg✶♣descg♣Xqq

❉✉r✐♥❣ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ ❛ ♣r♦❣r❛♠✱ ❡❛❝❤ t❤r❡❛❞ ♠❛② ♦♥❧② ❜❡ ❝r❡❛t❡❞ ♦♥❝❡✿

▲❡♠♠❛ ✼✳✸ ✭❯♥✐q✉❡ P❛r❡♥t✮✳ ▲❡t g ❛ ✇❡❧❧ ❢♦r♠❡❞ ❣❡♥❡❛❧♦❣②✳
■❢ i1 Ðg j ❛♥❞ i2 Ðg j t❤❡♥ i1 ✏ i2✳

Pr♦♦❢✳ ❇❡❝❛✉s❡ i1 Ðg j✱ t❤❡r❡ ❡①✐sts ℓ s✉❝❤ t❤❛t ♣i1, ℓ, jq✳ ❇❡❝❛✉s❡ i2 Ðg j✱ t❤❡r❡ ❡①✐sts ℓ
s✉❝❤ t❤❛t ♣i2, ℓ, jq✳

❚❤❡ ❣❡♥❡❛❧♦❣② g ✐s ✇❡❧❧ ❢♦r♠❡❞✳ ❍❡♥❝❡✱ ♥❡✐t❤❡r ♣i1, ℓ, jq ☎ ♣i2, ℓ✶, jq ♥♦r ♣i2, ℓ✶, jq ☎ ♣i1, ℓ, jq
✐s ❛ s✉❜✇♦r❞ ♦❢ g✳

❲❡ ❝♦♥❝❧✉❞❡ t❤❛t♣i1, ℓ, jq ✏ ♣i2, ℓ✶, jq ❛♥❞ t❤❡♥ i1 ✏ i2✳

▲❡♠♠❛ ✼✳✹✳ ▲❡t g ☎ g✶ ❛ ✇❡❧❧ ❢♦r♠❡❞ ❣❡♥❡❛❧♦❣② ❛♥❞ i✱ j ✇❤✐❝❤ ❛r❡ ♥♦t ❝r❡❛t❡❞ ✐♥ g✶✳
❚❤❡r❡❢♦r❡✱ ❡✐t❤❡r descg✶♣jq ❸ descg☎g✶♣iq ♦r descg✶♣jq ∩ descg☎g✶♣iq ✏ ∅✳

Pr♦♦❢✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ descg✶♣jq∩descg☎g✶♣iq ✘ ∅✳ ▲❡t i✶ ∈ descg✶♣jq∩descg☎g✶♣iq✳
❚❤❡r❡❢♦r❡✱ t❤❡r❡ ❡①✐sts t♦ s❡q✉❡♥❝❡s ♦❢ t❤r❡❛❞s ✐❞❡♥t✐✜❡rs i1✱ ✳ ✳ ✳ ✱ in ❛♥❞ j1✱ ✳ ✳ ✳ ✱ jm s✉❝❤

t❤❛t

❼ in ✏ i

❼ ❋♦r ❛❧❧ k ∈ t0, . . . , n✁ 1✉✱ ik�1 Ðg☎g✶ ik

❼ i1 ✏ i✶

❼ j1 ✏ j

❼ ❋♦r ❛❧❧ k ∈ t0, . . . ,m✁ 1✉✱ jk�1 Ðg✶ jk

❼ j1 ✏ i✶

●✐✈❡♥ t❤❛t g✶ ✐s ❛ s✉❜✇♦r❞ ♦❢ g ☎g✶✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ❢♦r ❛❧❧ k ∈ t0, . . . ,m✁1✉✱ jk Ðg☎g✶ jk�1✳
❲❡ ❛♣♣❧② ❜② ✐♥❞✉❝t✐♦♥ t❤❡ ▲❡♠♠❛ ✼✳✸ ❛♥❞ st❛t❡ t❤❛t ❢♦r ❛❧❧ k ∈ t1, . . . ,♠✐♥♣n,mq✉✱ ik ✏ jk✳

❼ ❋✐rst ❝❛s❡✿ n ➔ m✳ ❚❤❡r❡❢♦r❡ jn�1 Ðg✶ i✳ ❚❤✐s ✐s ✐♥ ❝♦♥tr❛❞✐❝t✐♦♥ ✇✐t❤ t❤❡ ❢❛❝t t❤❛t
i ❤❛✈❡ ♥♦t ❜❡❡♥ ❝r❡❛t❡❞ ✐♥ g✶✳
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❼ ❙❡❝♦♥❞ ❝❛s❡✿ m → n✳ ❚❤❡r❡❢♦r❡ im�1 Ðg☎g✶ j✳ ❇❡❝❛✉s❡ j ❤❛✈❡ ♥♦t ❜❡❡♥ ❝r❡❛t❡❞ ✐♥ g✶✱
t❤❡r❡❢♦r❡ im�1 Ðg j✳

❆ss✉♠❡ ❜② ❝♦♥tr❛❞✐❝t✐♦♥ t❤❛t✱ ❢♦r s♦♠❡ k → n✱ ik�1 Ðg✶ ik✳ ▲❡t k0 t❤❡ s♠❛❧❧❡st
s✉❝❤ k✳ ❚❤❡r❡❢♦r❡✱ t❤❡r❡ ❡①✐sts ℓ✶ s✉❝❤ t❤❛t ♣ik�1, ℓ

✶, ikq ∈ g✶ ❛♥❞ t❤❡r❡ ❡①✐sts ℓ✷ s✉❝❤
t❤❛t ♣ik, ℓ✶, ik✁1q ∈ g ✳ ❍❡♥❝❡ ♣ik, ℓ✷, ik✁✁q ☎ ♣ik�1, ℓ

✶, ikq ✐s ❛ s✉❜✇♦r❞ ♦❢ g ☎ g✶❀ t❤✐s ✐s
✐♠♣♦ss✐❜❧❡ ❜❡❝❛✉s❡ g ☎ g✶ ✐s ✇❡❧❧ ❢♦r♠❡❞✳

❚❤❡r❡❢♦r❡✱ ❢♦r ❡✈❡r② k → n✱ ik�1 Ðg ik✳ ❍❡♥❝❡ j ∈ descg♣iq✳ ❚❤❡r❡❢♦r❡ descg✶♣jq ❸
descg✶♣descg♣iqq✳

❼ ❚❤✐r❞ ❝❛s❡✿ n ✏ m✳ ❚❤❡r❡❢♦r❡ i ✏ j ❛♥❞ descg✶♣jq ✏ descg✶♣iq ❸ desc♣descg✶♣iqq ❜②
▲❡♠♠❛ ✼✳✷✳

❲❡ ❛❧s♦ ♥❡❡❞ t♦ ❝♦♥s✐❞❡r s✉❜✲❣❡♥❡❛❧♦❣✐❡s s✉❝❤ ❛s g✳ ■♥ t❤✐s ♣❛rt✐❛❧ ❣❡♥❡❛❧♦❣②✱ j1 ❤❛s
♥♦t ❜❡❡♥ ❝r❡❛t❡❞ ❜② j0✳ ❍❡♥❝❡ descg♣tj0✉q ✏ tj0, j2, j4✉✳ ◆♦t✐❝❡ t❤❛t j3 ❘ descg♣tj0✉q ❡✈❡♥
t❤♦✉❣❤ t❤❡ ❝r❡❛t✐♦♥ ♦❢ j3 ✐s ✐♥ t❤❡ ❣❡♥❡❛❧♦❣② g✳

❲❡ s❛② t❤❛t ❛ s❡t ♦❢ tr❛♥s✐t✐♦♥s T ✐s ❝♦♥s❡r✈❛t✐✈❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❢♦r ❛❧❧ tr❛♥s✐t✐♦♥s✿
♣♣i, P, σ, gq, ♣i✶, P ✶, σ✶, g✶qq ∈ T, g ✏ g✶✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ❡①❤✐❜✐ts s♦♠❡ ❝♦♥s❡r✈❛t✐✈❡
s❡ts✿

▲❡♠♠❛ ✼✳✺✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ s❡ts ♦❢ tr❛♥s✐t✐♦♥s ❛r❡ ❝♦♥s❡r✈❛t✐✈❡✿

❼ System

❼ Schedule

❼ Tr ℓ1basic,ℓ2
✇❤❡r❡ ℓ1basic, ℓ2 ✐s ❛♥ ❛r❜✐tr❛r② ❜❛s✐❝ st❛t❡♠❡♥t✳

✼✳✹ Pr♦♣❡rt✐❡s ♦❢ t❤❡ ❧❛♥❣✉❛❣❡

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❣✐✈❡ s♦♠❡ ✉s❡❢✉❧ ♣r♦♣❡rt✐❡s ♦♥ t❤❡ tr❛♥s✐t✐♦♥s ❣❡♥❡r❛t❡❞ ❜② t❤❡ st❛t❡✲
♠❡♥ts ♦❢ ♦✉r ❧❛♥❣✉❛❣❡✳

✼✳✹✳✶ ▲❛❜❡❧s

❆ tr❛♥s✐t✐♦♥ ❣❡♥❡r❛t❡❞ ❜② ❛ ❜❛s✐❝ st❛t❡♠❡♥t ❣♦ ❢r♦♠ t❤❡ ✐♥✐t✐❛❧ ❧❛❜❡❧ ♦❢ t❤❡ st❛t❡♠❡♥t t♦
t❤❡ ✜♥❛❧ ❧❛❜❡❧✳ ❚❤✐s ✐s ♥♦t tr✉❡ ❢♦r ♥♦♥✲❜❛s✐❝ st❛t❡♠❡♥ts ✭❡✳❣✳✱ ❝♦♠♣♦s✐t✐♦♥✮✳ ❋♦r♠❛❧❧②✿

▲❡♠♠❛ ✼✳✻✳ ▲❡t ℓ1basic, ℓ2 ❜❡ ❛ ❜❛s✐❝ st❛t❡♠❡♥t✳
■❢ ♣s, s✶q ✏ ♣♣i, P, σ, gq, ♣i✶, P ✶, σ✶, g✶qq ∈ Tr ✲

ℓ1basic,ℓ2
t❤❡♥

✶✳ label♣sq ✏ ℓ1
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✷✳ label♣s✶q ✏ ℓ2

✸✳ thread♣sq ✏ thread♣s✶q

✹✳ s ❛♥❞ s✶ ❤❛s t❤❡ s❛♠❡ ❣❡♥❡❛❧♦❣②✳

Pr♦♦❢✳ ❚❤✐s ❧❡♠♠❛ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ r✉❧❡s ♦❢ ❋✐❣✳ ✼✳✶ ❛♥❞ r✉❧❡ ✏♣❛r❛❧❧❡❧✑ ♦❢ ❋✐❣✳ ✼✳✷✳

❆ st❛t❡♠❡♥t ❣❡♥❡r❛t❡s ♦♥❧② tr❛♥s✐t✐♦♥s ❢r♦♠ ✐ts ❧❛❜❡❧s ❛♥❞ t♦ ✐ts ❧❛❜❡❧s✱ ❡✳❣✳✱ t❤❡ st❛t❡✲
♠❡♥t ♦❢ ❋✐❣✉r❡ ✻✳✷❛ ❣❡♥❡r❛t❡s tr❛♥s✐t✐♦♥s ❢r♦♠ t❤❡ ❧❛❜❡❧ ℓ2✱ t❤✐s ✐s ❢♦r♠❛❧✐③❡❞ ❜② t❤❡ ❢♦❧✲
❧♦✇✐♥❣ ❧❡♠♠❛✿

▲❡♠♠❛ ✼✳✼✳ ■❢ ♣s, s✶q ∈ Tr ✲
ℓstmt ,ℓ✶ t❤❡♥✿

✶✳ label♣sq ∈ Labs♣ℓstmt , ℓ✶qr tℓ✶✉

✷✳ label♣s✶q ∈ Labs♣ℓstmt , ℓ✶q ∪ tℓ✽✉

✸✳ thread♣sq ✏ thread♣s✶q

Pr♦♦❢✳ ❚❤✐s ❧❡♠♠❛ ✐s tr✉❡ ❢♦r ❜❛s✐❝ st❛t❡♠❡♥t ❛❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✼✳✻✳ ❲❡ ❝♦♥❝❧✉❞❡ ❜②
✐♥❞✉❝t✐♦♥✳

❚❤❡ ❝♦♥tr❛♣♦s✐t✐✈❡ ❣✐✈❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✿

▲❡♠♠❛ ✼✳✽✳ ■❢ label♣sq ❘ Labs♣ℓstmt , ℓ✶qr tℓ✶✉ t❤❡♥ ❢♦r ❛❧❧ st❛t❡ s✶✱ ♣s, s✶q ❘ Tr ✲
ℓstmt ,ℓ✶

❲❤❡♥❡✈❡r ❛ st❛t❡♠❡♥t ℓstmt , ℓ✶ ❣❡♥❡r❛t❡s ❛ tr❛♥s✐t✐♦♥ t❤❛t ❝r❡❛t❡s ❛ ♥❡✇ t❤r❡❛❞ j✱ t❤✐s
♥❡✇ t❤r❡❛❞ j ✐s ✐♥ ❛ ❧❛❜❡❧ ♦❢ Labschild♣ℓstmt , ℓ✶q✳ ❋♦r♠❛❧❧②✿

▲❡♠♠❛ ✼✳✾✳ ■❢ ♣s, s✶q ✏ ♣♣i, P, σ, gq, ♣i✶, P ✶, σ✶, g ☎ g✶qq ∈ Tr ℓstmt ,ℓ✶ ❛♥❞ i ➔g✶ j t❤❡♥ P ✶♣jq ∈
Labschild♣ℓstmt , ℓ✶q ❸ Labs♣ℓstmt , ℓ✶q✳

▲❡♠♠❛ ✼✳✶✵✳ ■❢ ♣s, s✶q ∈ Tr ✲
ℓstmt ,ℓ✶ ❛♥❞ label♣sq ∈ Labschild♣ℓstmt , ℓ✶q t❤❡♥ label♣s✶q ∈

Labschild♣ℓstmt , ℓ✶q✳
❋✉rt❤❡r♠♦r❡ ℓ ❘ Labschild♣ℓstmt , ℓ✶q ❛♥❞ ℓ✶ ❘ Labschild♣ℓstmt , ℓ✶q✳

✼✳✺ ❈♦♥❝❧✉s✐♦♥

❲❡ ❞❡✜♥❡ ❛♥ ♦♣❡r❛t✐♦♥❛❧ s❡♠❛♥t✐❝s✱ ❛ss✉♠✐♥❣ ♦♥❧② t❤❡ ❢♦❧❧♦✇✐♥❣ s❡ts ❛♥❞ ❢✉♥❝t✐♦♥s✿

❼ Stores

❼ StoresInit

❼ elemaction : Ids✂ Stores Ñ Stores
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❼ bool♣σ, condq : Stores✂Conditions Ñ ttrue, false✉

✇❤❡r❡ Conditions ✐s t❤❡ s❡t ♦❢ ❝♦♥❞✐t✐♦♥s ❣❡♥❡r❛t❡❞ ❜② t❤❡ r✉❧❡s ♦❢ ❋✐❣✉r❡ ✻✳✶✳

❼ lockable : Ids✂ Locks✂ Stores Ñ ttrue, false✉

❼ unlockable : Ids✂ Locks✂ Stores Ñ ttrue, false✉

❼ spawnable : Ids✂ Stores Ñ ttrue, false✉

❼ System

❍❡♥❝❡✱ ✇❡ ❝❛♥ ✐♥st❛♥t✐❛t❡ ❛♥ ♦♣❡r❛t✐♦♥❛❧ s❡♠❛♥t✐❝s✱ ❣✐✈✐♥❣ ♦♥❧② t❤❡s❡ s❡ts ❛♥❞ ❢✉♥❝t✐♦♥s✳
■♥ ❈❤❛♣t❡r ✽ ❛♥❞ ❈❤❛♣t❡r ✾ ✇❡ ❣✐✈❡ t❤r❡❡ ❞✐✛❡r❡♥t ✐♥st❛♥t✐❛t✐♦♥s✳
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■♥t❡r❧❡❛✈✐♥❣ ❙❡♠❛♥t✐❝s

■♥ t❤✐s s❡♠❛♥t✐❝s✱ t❤r❡❛❞s ❡①❡❝✉t❡ t❤❡✐r ❝♦❞❡ ✇✐t❤ r❡s♣❡❝t t♦ s❡q✉❡♥t✐❛❧ ❝♦♥s✐st❡♥❝②✳ ❚❤❡
♣r✐♥❝✐♣❧❡ ❤❛s ❜❡❡♥ s✉♠♠❛r✐③❡❞ ❜② ▲❛♠♣♦rt ❬▲❛♠✼✾❪✿ ✧✳✳✳ t❤❡ r❡s✉❧t ♦❢ ❛♥② ❡①❡❝✉t✐♦♥ ✐s t❤❡
s❛♠❡ ❛s ✐❢ t❤❡ ♦♣❡r❛t✐♦♥s ♦❢ ❛❧❧ t❤❡ ♣r♦❝❡ss♦rs ✇❡r❡ ❡①❡❝✉t❡❞ ✐♥ s♦♠❡ s❡q✉❡♥t✐❛❧ ♦r❞❡r✱ ❛♥❞
t❤❡ ♦♣❡r❛t✐♦♥s ♦❢ ❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧ ♣r♦❝❡ss♦r ❛♣♣❡❛r ✐♥ t❤✐s s❡q✉❡♥❝❡ ✐♥ t❤❡ ♦r❞❡r s♣❡❝✐✜❡❞ ❜②
✐ts ♣r♦❣r❛♠✳✧

❆ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ♠✉❧t✐t❤r❡❛❞ ❛♥❛❧②s❡s ✉s❡s s❡q✉❡♥t✐❛❧ ❝♦♥s✐st❡♥❝② ❬▲▼❖✵✼✱ ▼P❘✵✼✱
❋◗✵✸❪✳

■♥ t❤✐s s❡♠❛♥t✐❝s System ✏ Schedule ✏ tτ ∈ Transitions ⑤✱❙❈ τ✉ ✭❙❡❡ ❋✐❣✉r❡ ✽✳✷✮✳
❙❡q✉❡♥t✐❛❧ ❝♦♥s✐st❡♥❝② ✐s ✉s❡❞ ✇✐t❤ s❡✈❡r❛❧ ❦✐♥❞s ♦❢ st♦r❡✳ ■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❞❡s❝r✐❜❡ t✇♦
❦✐♥❞s ♦❢ st♦r❡s ✿ ▼❛♣s ❛♥❞ ●❡♥✴❑✐❧❧ st♦r❡s✳

✽✳✶ ▼❛♣s

❈♦♥❝r❡t❡ st♦r❡s ❛r❡ ♠❛♣s ❢r♦♠ t❤❡ s❡t ♦❢ ✈❛r✐❛❜❧❡s Var t♦ t❤❡ s❡t V ♦❢ ❝♦♥❝r❡t❡ ✈❛❧✉❡s✳
StoresInit ✏ Stores ♦r StoresInit ✏ λx.0✳
❚♦ ❞❡✜♥❡ elem lv:✏e ✇❡ ♥❡❡❞ t♦ ❡✈❛❧✉❛t❡ ❛ ❧❡❢t ✈❛❧✉❡ ❛♥❞ ❛♥ ❡①♣r❡ss✐♦♥✳ ❲❡ ❛ss✉♠❡ ❛

❢✉♥❝t✐♦♥ addrσ♣lvq t❤❛t✱ ❣✐✈❡♥ ❛ ❧❡❢t ✈❛❧✉❡✱ r❡t✉r♥s t❤❡ ♥❛♠❡ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✈❛r✐❛❜❧❡✳
❊✳❣✱ addrσ♣xq ✏ x✱ addrσ♣✝xq ✏ y ✐❢ σ♣xq ✏ &y✳ ❲❡ ❛❧s♦ ❛ss✉♠❡ t❤❡ ❝❧❛ss✐❝❛❧ ❢✉♥❝t✐♦♥

✼✾



✽✵ ❈❍❆P❚❊❘ ✽✳ ■◆❚❊❘▲❊❆❱■◆● ❙❊▼❆◆❚■❈❙

◆❛♠❡ ❚❤r❡❛❞s ❈♦♥tr♦❧ ♣♦✐♥t ❙t♦r❡ ●❡♥❡❛❧♦❣②
s1 ♠❛✐♥ ℓ1 x ✏ 0 ǫ

s2 ♠❛✐♥ ℓ2 x ✏ 0 ǫ

s3 ♠❛✐♥ ℓ1 x ✏ 0 ♣♠❛✐♥ , ℓ2, iq
i ℓ3

s4 ♠❛✐♥ ℓ1 x ✏ 0 ♣♠❛✐♥ , ℓ2, iq
i ℓ3

s5 ♠❛✐♥ ℓ1 x ✏ 1 ♣♠❛✐♥ , ℓ2, iq
i ℓ✽

s6 ♠❛✐♥ ℓ1 x ✏ 1 ♣♠❛✐♥ , ℓ2, iq
i ℓ✽

s7 ♠❛✐♥ ℓ2 x ✏ 1 ♣♠❛✐♥ , ℓ2, iq
i ℓ✽

s8 ♠❛✐♥ ℓ1 x ✏ 1 ♣♠❛✐♥ , ℓ2, iq ☎ ♣♠❛✐♥ , ℓ2, jq
i ℓ✽
j ℓ3

s9 ♠❛✐♥ ℓ1 x ✏ 1 ♣♠❛✐♥ , ℓ2, iq ☎ ♣♠❛✐♥ , ℓ2, jq
i ℓ✽
j ℓ3

❋✐❣✉r❡ ✽✳✶✿ ■♥t❡r❧❡❛✈✐♥❣ ❙❡♠❛♥t✐❝s ❊①❛♠♣❧❡

P ♣jq ✐s ❞❡✜♥❡❞ i ✘ j

✱❙❈ ♣i, P, σ, gq Ñ ♣j, P, σ, gq
s❝❤❡❞✉❧❡

❋✐❣✉r❡ ✽✳✷✿ ❙②st❡♠ ❚r❛♥s✐t✐♦♥s ❢♦r ■♥t❡r❧❡❛✈✐♥❣ ❙❡♠❛♥t✐❝s
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valσ♣eq t❤❛t ❣✐✈❡s t❤❡ ✈❛❧✉❡ ♦❢ ❛♥ ❡①♣r❡ss✐♦♥✳ ❊✳❣✳✱ valσ♣2q ✏ 2✱ valσ♣xq ✏ σ♣xq✱ valσ♣x�
yq ✏ σ♣xq � σ♣yq✱✳ ✳ ✳ ❋✐♥❛❧❧②✿

elem lv:✏e ✏ σraddrσ♣lvq ÞÑ valσ♣eqs.

❚❤❡ ❜♦♦❧❡❛♥ ❡✈❛❧✉❛t✐♦♥ ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇✿

bool♣σ, xq ✏

★
true ✐❢ σ♣xq ✘ 0

false ✐❢ σ♣xq ✏ 0

❚❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ♠✉t❡① ✈❛r✐❛❜❧❡ µ ✐s t❤❡ ✐❞❡♥t✐✜❡r ♦❢ t❤❡ t❤r❡❛❞ t❤❛t ♦✇♥s ✐t✱ ♦r t❤❡
s♣❡❝✐❛❧ s②♠❜♦❧ none✳ ❚❤❡ s♣❡❝✐❛❧ s②♠❜♦❧ none ♠❡❛♥s t❤❛t t❤❡ ♠✉t❡① ✐s ❢r❡❡✳ ❋♦r♠❛❧❧②✿

elem lock♣µq♣i, σqq ✏ σrµ ÞÑ is

elemunlock♣µq♣i, σq ✏ σrµ ÞÑ nones

lockable♣i, µ, σq ✏

★
true ✐❢ σ♣µq ✏ none

false ✐❢ σ♣µq ✘ none

unlockable♣i, µ, σq ✏

★
true ✐❢ σ♣µq ✏ i

false ✐❢ σ♣µq ✘ i

❚❤r❡❛❞s ❝❛♥ s♣❛✇♥ ❛♥♦t❤❡r t❤r❡❛❞ ❛t ❛♥② t✐♠❡✱ ❤❡♥❝❡ spawnable♣i, σq ✏ true ❢♦r ❛❧❧ i
❛♥❞ σ✳

❚❤❡ ❋✐❣✉r❡ ✽✳✶ ❣✐✈❡s ❛♥ ❡①❛♠♣❧❡ ♦❢ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ ♣r♦❣r❛♠ ♦❢ ❋✐❣✉r❡ ✼✳✹✳ ❚❤✐s ✐s t❤❡
s❛♠❡ ❡①❛♠♣❧❡ t❤❛♥ ❋✐❣✉r❡ ✼✳✸✱ ✐♥st❛♥❝❡❞ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛♥ ✐♥t❡r❧❡❛✈✐♥❣ s❡♠❛♥t✐❝s✳

✽✳✷ ●❡♥✴❑✐❧❧

■♥ ❙❡❝t✐♦♥ ✹✳✹✳✷ ❛♥❞ ❙❡❝t✐♦♥ ✹✳✻✱ ✇❡ ❤❛✈❡ ❞✐s❝✉ss❡❞ ●❡♥✴❑✐❧❧ ❛♥❛❧②s❡s✳ ❍❡r❡✱ ✇❡ ❛❞❛♣t
●❡♥✴❑✐❧❧ ❛♥❛❧②s❡s t♦ ♦✉r ❝♦♥❝r❡t❡ ♠♦❞❡❧✳

✽✳✷✳✶ P✉r❡ ●❡♥✴❑✐❧❧

■♥ s✉❝❤ ❛♥❛❧②s❡s ❬❙❙✵✵✱ ▲▼❖✵✼❪✱ st♦r❡s ❛r❡ ✈❛❧✉❡s ✐♥ ❛ ❧❛tt✐❝❡ V ✱ ❡✳❣✳✱ V ✐s ❛ s❡t ♦❢ ✉♥✐♥✐✲
t✐❛❧✐③❡❞ ✈❛r✐❛❜❧❡✱ ✐✳❡✳✱ Stores ✏ V ✳

❊❛❝❤ ❣❡♥✴❦✐❧❧ ❛♥❛❧②s✐s ❣✐✈❡s✱ ❢♦r ❡❛❝❤ ❛❝t✐♦♥✱ t✇♦ s❡ts✿

❼ gen♣actionq

❼ kill♣actionq ✭✐❢ t❤❡ ❧❛tt✐❝❡ V ✐s ❛ ❝♦♠♣❧❡♠❡♥t❡❞ ❧❛tt✐❝❡✮ ♦r keep♣actionq ✭✐❢ V ✐s ♥♦t
❛ ❝♦♠♣❧❡♠❡♥t❡❞ ❧❛tt✐❝❡✮✳
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❚❤❡ ❢✉♥❝t✐♦♥ elem ✐s ❞❡✜♥❡❞ ❜②✿

elemaction♣σq ✏ ♣σ r kill♣actionqq ⊔ gen♣actionq.

♦r ❜②✿
elemaction♣σq ✏ ♣σ ⊓ keep♣actionqq ⊔ gen♣actionq.

✽✳✷✳✷ P♦✐♥ts✲t♦ ●r❛♣❤

❘✉❣✐♥❛ ❛♥❞ ❘✐♥❛r❞ ❬❘❘✾✾✱ ❘❘✵✸❪ ♣r❡s❡♥t ❛ ♣♦✐♥t❡r ❛♥❛❧②s✐s ❢♦r ♣❛r❛❧❧❡❧ ♣r♦❣r❛♠s✳ ❚❤❡
❝♦♥❝r❡t❡ st♦r❡s s ∈ Stores ❛r❡ ♣♦✐♥ts✲t♦ ❣r❛♣❤s ✭❙❡❡ ❙❡❝t✐♦♥ ✹✳✹✳✶✮✳

❚❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ ❢✉♥❝t✐♦♥s elem lv:✏e ✐s ✐♠♣❧✐❝✐t❧② ❣✐✈❡♥ ✐♥ ❋✐❣✳ ✸ ❛♥❞ ❋✐❣✳ ✹ ♦❢ t❤❡✐r
♣❛♣❡r ❬❘❘✾✾❪✳ ▼♦r❡ ❢♦r♠❛❧❧②✱ ❣✐✈❡♥ ❛ ❝♦♥❝r❡t❡ st♦r❡ σ ❡❛❝❤ ❛ss✐❣♥♠❡♥t lv :✏ e ❞❡t❡r♠✐♥❡s
❛ s❡t gen♣tr♣lv :✏ e, σq ❛ s❡t kill♣tr♣lv :✏ e, σq ❛♥❞ ❛ ❜♦♦❧❡❛♥ ✢❛❣ strong♣lv :✏ e, σq✳
❋✐❣✉r❡ ✹✳✹ r❡♣r❡s❡♥ts ❘✉❣✐♥❛ ❛♥❞ ❘✐♥❛r❞✬s s❡ts gen♣tr ❛♥❞ kill♣tr ❬❘❘✾✾✱ ❘❘✵✸❪✳

●✐✈❡♥ t❤❡s❡ s❡ts ❛♥❞ t❤✐s ✢❛❣✱ t❤❡ ♣r✐♠✐t✐✈❡ elem lv:✏e ✐s ❞❡✜♥❡❞ ❜②✿

elem lv:✏e♣Xq ✏

★
♣σ r kill♣tr♣lv :✏ e, σq ∪ gen♣tr♣lv :✏ e, σq ✐❢ strong♣lv :✏ e, σq

σ ∪ gen♣tr♣lv :✏ e, σq ✐❢ ♥♦t strong♣lv :✏ e, σq

✽✳✷✳✸ ●❡♥❡r❛❧ ●❡♥✴❑✐❧❧ ❆♥❛❧②s✐s

❆s ❢♦r ❙❡❝t✐♦♥ ✽✳✷✳✶✱ V ✐s ❛ ❧❛tt✐❝❡ ❛♥❞ Stores ✏ V ❛♥❞ ❡❛❝❤ ❣❡♥✴❦✐❧❧ ❛♥❛❧②s✐s ❣✐✈❡s✱ ❢♦r
❡❛❝❤ ❛❝t✐♦♥ ❛♥❞ ❢♦r ❡❛❝❤ st♦r❡ σ✱ t✇♦ s❡ts✿ gen♣action, σq ❛♥❞ keep♣action, σq✳ ❲❡ ❛ss✉♠❡
t❤❛t gen ❛♥❞ keep ❛r❡ ♠♦♥♦t♦♥✐❝✸ ✐♥ σ✳

❚❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡ ✇✐t❤ ❙❡❝t✐♦♥ ✽✳✷✳✶ ✐s t❤❛t ❣❡♥ ❛♥❞ ❦✐❧❧ s❡ts ♠❛② ❞❡♣❡♥❞ ♦♥ t❤❡
❝✉rr❡♥t st♦r❡ ✭❡✳❣✱ str♦♥❣ ✢❛❣ ♦❢ ❙❡❝t✐♦♥ ✽✳✷✳✷✮✳

elemaction♣σq ✏ ♣σ r kill♣action, σqq ∪ gen♣action, σq

❚❤❡ ❛♥❛❧②s✐s ♦❢ ❘✉❣✐♥❛ ❛♥❞ ❘✐♥❛rt ✐s ❛ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ ●❡♥✴❑✐❧❧ ❛♥❛❧②s✐s ✇❤❡r❡✿

kill♣lv :✏ e, σq ✏

★
kill♣tr♣lv :✏ e, σq ✐❢ strong♣lv :✏ e, σq

∅ ♦t❤❡r✇✐s❡

✸❆♥ ❛♥❛❧②s✐s t❤❛t ✉s❡ t❤❡ s❡t kill♣action, σq ♥❡❡❞ t❤❛t kill ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ σ✳
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❲❡❛❦ ▼❡♠♦r② ▼♦❞❡❧

✾✳✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡r❡ ❡①✐sts s❡✈❡r❛❧ ❦✐♥❞s ♦❢ ✇❡❛❦ ♠❡♠♦r② ♠♦❞❡❧s✳ ■♥ ❛ ✇❡❛❦ ♠❡♠♦r② ♠♦❞❡❧✱ ❡❛❝❤ t❤r❡❛❞
❛s ✐ts ♦✇♥ ✈✐❡✇ ♦❢ t❤❡ ♠❡♠♦r②✱ ❜✉t t✇♦ ❞✐st✐♥❝t t❤r❡❛❞s ♠❛② ❤❛✈❡ t✇♦ ❞✐st✐♥❝t ✈✐❡✇s ❛t
t❤❡ s❛♠❡ t✐♠❡✳ ❆s ❡①♣❧❛✐♥❡❞ ✐♥ ✐♥tr♦❞✉❝t✐♦♥✱ ✇❡❛❦ ♠❡♠♦r② ♠♦❞❡❧s ❛r❡ ✉s❡❞ ✐♥ ♣r❛❝t✐❝❡✱
t♦ ❛❧❧♦✇s ❝♦♠♣✐❧❡rs ❢♦r ♦♣t✐♠✐s❛t✐♦♥s ❛♥❞ t♦ ❡♥❤❛♥❝❡ ♣r♦❝❡ss♦r s♣❡❡❞✳

◆❡✈❡rt❤❡❧❡ss✱ ▼✳ ❋✳ ❆t✐❣ ❛♥❞ ❆✳ ❇♦✉❛❥❥❛♥✐ ❬❆❇❇▼✶✵❪ r❡❝❛❧❧ t❤❛t✱ ✐♥ ♠♦st ❧❛♥❣✉❛❣❡s✱ ❢♦r
❞❛t❛✲r❛❝❡ ❢r❡❡ ♣r♦❣r❛♠s✱ t❤❡r❡ ✐s ♥♦ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ str♦♥❣ ❛♥❞ ✇❡❛❦ ♠❡♠♦r② ♠♦❞❡❧s✿
t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ ❛ ❞❛t❛✲r❛❝❡ ❢r❡❡ ♣r♦❣r❛♠ p ✐♥ ❛ ✇❡❛❦ ♠❡♠♦r② ♠♦❞❡❧ ✐s ❛❧✇❛②s ❡q✉✐✈❛❧❡♥t
t♦ s❡q✉❡♥t✐❛❧❧② ❝♦♥s✐st❡♥t ❡①❡❝✉t✐♦♥ ♦❢ p✳

❚❤✐s ✐s ♥♦t tr✉❡ ✐♥ ❛❧❧ ❧❛♥❣✉❛❣❡s✱ ❡✳❣✱ t❤❡ ❧❛♥❣✉❛❣❡ ❈★ ❬■❙❖✵✻✱ ❙❡❝t✐♦♥ ✶✼✳✹✳✸❪ ❛❧❧♦✇s
♣r♦❣r❛♠♠❡rs t♦ ❛❝❝❡ss s✐♠✉❧t❛♥❡♦✉s❧② t♦ s❡✈❡r❛❧ ✏✈♦❧❛t✐❧❡✑ ✈❛r✐❛❜❧❡s✱ ❛♥❞ t❤❡ s❡♠❛♥t✐❝s ♦❢
t❤✐s ❛❝❝❡ss❡s ✐s ❛ ✇❡❛❦ ♠❡♠♦r② ♠♦❞❡❧✳

▼♦r❡♦✈❡r✱ ✐♥ ♣r❛❝t✐❝❡✱ ❞✉❡ t♦ ❤✉♠❛♥ ❡rr♦rs ♦r ✐♥ t❤❡ ♥❛♠❡ ♦❢ ❡✣❝✐❡♥❝②✱ ❛ ❧❛r❣❡ ♥✉♠❜❡r
♦❢ ♣r♦❣r❛♠s ❛r❡ ♥♦t ❞❛t❛✲r❛❝❡ ❢r❡❡✳ ▼✐❝r♦s♦❢t ❣✉✐❞❡❧✐♥❡s ❢♦r ✳◆❊❚ ❬▼✐❝✶✵❪ ❛❞✈✐s❡ t♦ ❦❡❡♣
s♦♠❡ ❞❛t❛✲r❛❝❡s ✿ ✏❙♦♠❡t✐♠❡s t❤❡ ❛❧❣♦r✐t❤♠ ❝❛♥ ❜❡ ❛❞❥✉st❡❞ t♦ t♦❧❡r❛t❡ r❛❝❡ ❝♦♥❞✐t✐♦♥s
r❛t❤❡r t❤❛♥ ❡❧✐♠✐♥❛t❡ t❤❡♠✳✑

❍❡r❡✱ ✇❡ ❢♦❝✉s ♦♥ t✇♦ ✇❡❛❦ ♠❡♠♦r② ♠♦❞❡❧s ✿ ❚❙❖ ❛♥❞ P❙❖✳

✽✸
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✾✳✷ ❚❙❖

❚❙❖ ✐s ❛ s✉✐t❛❜❧❡ ♠♦❞❡❧ ♦❢ t❤❡ ❜❡❤❛✈✐♦r ♦❢ ♠♦❞❡r♥ ■♥t❡❧ ♣r♦❝❡ss♦rs ❬❖❙❙✵✾❪✳ ❚❙❖ ✐s t❤❡
✏✇r✐t❡ t♦ r❡❛❞✑ r❡❧❛①❛t✐♦♥✱ ✐✳❡✳✱ ✇❤❡♥ r❡❛❞✐♥❣ ❛ ✈❛❧✉❡ ❢r♦♠ ♠❡♠♦r②✱ ❛ t❤r❡❛❞ ♠❛② ♣r❡t❡♥❞
t♦ ✐❣♥♦r❡ s♦♠❡ ♣❛st ✇r✐t❡s ❢r♦♠ ♦t❤❡r t❤r❡❛❞s✳ ❆♥ ❛❞❡q✉❛t❡ s❡♠❛♥t✐❝s ❢♦r ❚❙❖ ✐s ❆t✐❣ ❡t
❛❧✳✬s ♦♣❡r❛t✐♦♥❛❧ ♠♦❞❡❧ ❬❆❇❇▼✶✵❪✳

❚❤r❡❛❞s s❤❛r❡ ❛ ♠❡♠♦r②✱ ❜✉t ❞♦ ♥♦t ✇r✐t❡ ✐♥st❛♥t❛♥❡♦✉s❧② ✐♥ ✐t✳ ❊❛❝❤ t❤r❡❛❞ ❤❛s
❛ ✇r✐t❡ ❜✉✛❡r✳ ■♥st❡❛❞ ♦❢ ✇r✐t✐♥❣ ✐♥t♦ ❛ ✈❛r✐❛❜❧❡✱ ❛ t❤r❡❛❞ ✇r✐t❡s ✐♥t♦ ✐ts ✇r✐t❡ ❜✉✛❡r✱
♠♦❞✐❢②✐♥❣ ✐ts ♦✇♥ ✈✐❡✇ ♦❢ t❤❡ ♠❡♠♦r②✱ ❜✉t ❧❡❛✈✐♥❣ t❤❡ s❤❛r❡❞ ♠❡♠♦r② ✉♥t♦✉❝❤❡❞✳ ❆t ❛♥②
t✐♠❡✱ s♦♠❡ ♦❢ t❤❡ ✇r✐t❡s ♠❛② ❜❡ ❞❡q✉❡✉❡❞ ❢r♦♠ t❤❡ ✇r✐t❡ ❜✉✛❡r ❛♥❞ t❤❡ s❤❛r❡❞ ♠❡♠♦r②
✐s ✉♣❞❛t❡❞ ❛❝❝♦r❞✐♥❣❧②✳

❲❡ ❛ss✉♠❡ ❛ s❡t Memories ♦❢ ♠❡♠♦r✐❡s ❛♥❞ ❛ s❡t WriteOp ♦❢ ✇r✐t❡ ♦♣❡r❛t✐♦♥ ❛♥❞ ❛
❢✉♥❝t✐♦♥ update✲memory : WriteOp✂Memories Ñ Memories t❤❛t ✉♣❞❛t❡s ❛ ♠❡♠♦r②
❛❝❝♦r❞✐♥❣ t♦ ❛ ✇r✐t❡ ♦♣❡r❛t✐♦♥✳

❆ ✇r✐t❡ ❜✉✛❡r w ✐s ❛ ❋■❋❖ q✉❡✉❡ ♦❢ ✇r✐t❡ ♦♣❡r❛t✐♦♥s✳ ❚❤❡ s❡t ♦❢ ❜✉✛❡r ✐s ❞❡✜♥❡ ❛s
❢♦❧❧♦✇✿ Buffers

❞❡❢✏ FIFOWriteOp✳
❆ st♦r❡ ✐s ❛ ♣❛✐r ♣m, bq ✇❤❡r❡ m ∈ Memories ✐s ❛ ♠❡♠♦r② ❛♥❞ b : Ids Ñ Buffers

✐s ❛ ♠❛♣ ❢r♦♠ t❤r❡❛❞s ✐❞❡♥t✐✜❡rs t♦ ❜✉✛❡rs✳ ▲❡t memory✲action t❤❡ ♣❛rt✐❛❧ ❢✉♥❝t✐♦♥ t❤❛t
✉♣❞❛t❡s t❤❡ s❤❛r❡❞ ♠❡♠♦r② ✇✐t❤ ❛ ✇r✐t❡ ❜✉✛❡r✳ ●✐✈❡♥ ❛ st♦r❡ σ ✏ ♣m, bq ❛♥❞ ❛ t❤r❡❛❞ i

s✉❝❤ t❤❛t b♣iq ✐s ♥♦t ❛♥ ❡♠♣t② ❋■❋❖✱ memory✲action♣i, σq ❡①tr❛❝ts t❤❡ ✜rst ✇r✐t❡ ♦♣❡r❛t✐♦♥
♣x, vq ♦❢ t❤❡ ❜✉✛❡r b♣iq ❛♥❞ ❛♣♣❧✐❡s ✐t t♦ t❤❡ ♠❡♠♦r②✱ ❢♦r♠❛❧❧②✿

memory✲action♣i, ♣m, bqq ✏ ♣update✲memory♣op,mq, bri ÞÑ wsq
✇❤❡r❡ op ✏ fst♣b♣iqq ❛♥❞ w ✏ deq♣b♣iqq.

❲❤❡♥❡✈❡r ❛ ♣r♦❝❡ss r❡❛❞s ❛ ✈❛r✐❛❜❧❡ x ✐t ❞♦❡s ❛s t❤♦✉❣❤ ✐t r❡❛❞s t❤❡ ♠❡♠♦r② ❛❢t❡r ❛❧❧
♣❡♥❞✐♥❣ ✉♣❞❛t❡s ❤❛✈❡ ❜❡❡♥ ❡✛❡❝t❡❞ ❜② ✐ts ❜✉✛❡r✳ ●✐✈❡♥ ❛ st♦r❡ σ ✏ ♣m, bq t❤❡ ✈✐❡✇ ♦❢ t❤❡
t❤r❡❛❞ i ✐s m ♠♦❞✐✜❡❞ ❜② b♣iq✱ t❤❡ ✇r✐t❡ ❜✉✛❡r ♦❢ i✳ ❚❤✐s ✈✐❡✇ ✐s ✇r✐tt❡♥ view♣i, σq✳ ◆♦t✐❝❡
t❤❛t view♣i, σq ∈ Memories✳

❋♦r♠❛❧❧②✱ ❣✐✈❡♥ ❛ st♦r❡ σ ✏ ♣m, bq✱ view♣i, σq ✐s ❞❡✜♥❡❞ ❜② ✐♥❞✉❝t✐♦♥✿

view♣i, σq ✏

★
m ✐❢ b♣iq ✏ ǫ✱ ✐✳❡✳✱ b♣iq ✐s ❛♥ ❡♠♣t② ❋■❋❖

view♣i,memory✲action♣i, σqq ♦t❤❡r✇✐s❡.

❊①♣r❡ss✐♦♥s e ❛r❡ ❛❧✇❛②s ❡✈❛❧✉❛t❡❞ ✐♥ s✉❝❤ ❛ ✈✐❡✇✳ ❲❡ ❧❡❛✈❡ t❤❡ ❢♦r♠❛❧ ❞❡✜♥✐t✐♦♥ ♦❢
❡✈❛❧✉❛t✐♦♥ ❛s ❛♥ ❡①❡r❝✐s❡✳ ❲❡ ❙❤❛❧❧ ♦♥❧② ♥❡❡❞ ✐t t❤r♦✉❣❤ t✇♦ ♣r✐♠✐t✐✈❡s elem lv:✏e♣i,mq✱
bool♣m, condq✳

●✐✈❡♥ ❛ t❤r❡❛❞ i ❛♥❞ ❛ ✈✐❡✇ m✱ elem lv:✏e♣i,mq ❡✈❛❧✉❛t❡s lv ❛♥❞ e ✐♥ t❤❡ ✈✐❡✇ m ❛♥❞
r❡t✉r♥s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✇r✐t❡ ♦♣❡r❛t✐♦♥✳ ❊✳❣✱ elemx✏3 r❡t✉r♥s t❤❡ ✇r✐t❡ ♦♣❡r❛t✐♦♥ ♣x, 3q
t❤❛t ♣✉ts t❤❡ ✈❛❧✉❡ ✸ ✐♥ x✳ ❚❤❡ ❢✉♥❝t✐♦♥ bool♣m, condq ❡✈❛❧✉❛t❡s t❤❡ ❝♦♥❞✐t✐♦♥ cond ✐♥ t❤❡
✈✐❡✇ m✱ r❡t✉r♥✐♥❣ true ♦r false✳

❲❡ ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥ elemaction♣i, σq✱ ❛s r❡q✉✐r❡❞ ❢♦r ♦✉r s❡♠❛♥t✐❝s✱ ❙❡❡ ❙❡❝t✐♦♥ ✼✳✺✳
❲❤❡♥ ❛ t❤r❡❛❞ i ♠❛❦❡s ❛♥ ❛ss✐❣♥♠❡♥t lv :✏ e ♦♥ ❛ st♦r❡ σ ✏ ♣m, bq✱ t❤❡ t❤r❡❛❞ ❡✈❛❧✉❛t❡s



✾✳✷✳ ❚❙❖ ✽✺

◆❛♠❡ ❚❤r❡❛❞s ❈♦♥tr♦❧ ♣♦✐♥t ❇✉✛❡rs ▼❡♠♦r② ●❡♥❡❛❧♦❣②
s1 ♠❛✐♥ ℓ1 ∅ x ✏ 0 ǫ

s2 ♠❛✐♥ ℓ2 ∅ x ✏ 0 ǫ

s3 ♠❛✐♥ ℓ1 ∅ x ✏ 0 ♣♠❛✐♥ , ℓ2, iq
i ℓ3 ∅

s4 ♠❛✐♥ ℓ1 ∅ x ✏ 0 ♣♠❛✐♥ , ℓ2, iq
i ℓ3 ∅

s5 ♠❛✐♥ ℓ1 ∅ x ✏ 0 ♣♠❛✐♥ , ℓ2, iq
i ℓ✽ ♣x, 1q

s6 ♠❛✐♥ ℓ1 ∅ x ✏ 0 ♣♠❛✐♥ , ℓ2, iq
i ℓ✽ ♣x, 1q

s7 ♠❛✐♥ ℓ2 ∅ x ✏ 0 ♣♠❛✐♥ , ℓ2, iq
i ℓ✽ ♣x, 1q

s8 ♠❛✐♥ ℓ1 ∅ x ✏ 0 ♣♠❛✐♥ , ℓ2, iq ☎ ♣♠❛✐♥ , ℓ2, jq
i ℓ✽ ♣x, 1q
j ℓ3 ∅

s9 ♠❛✐♥ ℓ1 ∅ x ✏ 0 ♣♠❛✐♥ , ℓ2, iq ☎ ♣♠❛✐♥ , ℓ2, jq
i ℓ✽ ♣x, 1q
j ℓ3 ∅

❋✐❣✉r❡ ✾✳✶✿ ❚❙❖ ❊①❛♠♣❧❡

lv ❛♥❞ e ❢r♦♠ ✐ts ✈✐❡✇ ♦❢ t❤❡ ♠❡♠♦r②❀ ❝♦♠♣✉t❡s t❤❡ ✇r✐t❡ ♦♣❡r❛t✐♦♥ ❛♥❞ t❤❡♥ ❛❞❞s ✐t t♦
t❤❡ ✇r✐t❡ ❜✉✛❡r✳ ❋♦r♠❛❧❧②✱ ❣✐✈❡♥ ❛ t❤r❡❛❞ i ❛♥❞ ❛ st♦r❡ σ ✏ ♣m, bq✿

elem lv:✏x♣i, σq
❞❡❢✏ ♣m, bri ÞÑ enq♣op, b♣iqqsq

✇❤❡r❡ op ✏ elem lv:✏e♣i, view♣i, σqq.

▲♦❝❦s ❛♥❞ ✉♥❧♦❝❦s ❞♦ ♥♦t ✉s❡ ✇r✐t❡ ❜✉✛❡rs✱ ❜✉t ❛❧t❡r ♠❡♠♦r②✳ ❲❡ ❛ss✉♠❡ t✇♦ ❢✉♥❝t✐♦♥s
lock : Ids✂Locks✂Memories Ñ Memories ❛♥❞ unlock : Ids✂Locks✂Memories Ñ
Memories✳ ■♥t✉✐t✐✈❡❧② lock♣i, µ,mq ❧♦❝❦s t❤❡ ♠✉t❡① µ ❢♦r t❤❡ t❤r❡❛❞ i ✐♥ t❤❡ ♠❡♠✲
♦r② m✳ ❋♦r♠❛❧❧②✿ elem lock♣µq♣i, ♣m, bqq ✏ ♣lock♣i, µ,mq, bq ❛♥❞ elemunlock♣µq♣i, ♣m, bqq ✏
♣unlock♣i, µ,mq, bq✳

❲❡ ❛ss✉♠❡ ❛ s❡t ♦❢ ✐♥✐t✐❛❧ ♠❡♠♦r✐❡s MemsInit✱ ❡✳❣✳✱ MemsInit ✏ Memories ♦r
MemsInit ✏ tλx.0✉✳ ❆♥ ✐♥✐t✐❛❧ st♦r❡ σ ✭σ ∈ StoresInit✮ ✐s ❛ ♣❛✐r ♣m, bq s✉❝❤ t❤❛t
m ∈ MemsInit ❛♥❞ b ♠❛♣s ❛❧❧ t❤r❡❛❞s t♦ t❤❡ ❡♠♣t② ❋■❋❖✳

❚❤❡ s❡t System ✐s t❤❡ ❞❡✜♥❡❞ ❜② t❤❡ r✉❧❡s ♦❢ ❋✐❣✳ ✾✳✷ ✿ System
❞❡❢✏ tτ ⑤✱❚❙❖ τ✉✳ ❚❤❡ r✉❧❡

✏s❝❤❡❞✉❧❡✑ s✇✐t❝❤❡s ❝✉rr❡♥t t❤r❡❛❞s ❛♥❞ t❤❡ r✉❧❡ ✏♠❡♠♦r②✑ ❡①❡❝✉t❡s s♦♠❡ ♣❡♥❞✐♥❣ ✇r✐t❡
♦♣❡r❛t✐♦♥✱ ❝❛♥ ❜❡ tr✐❣❣❡r❡❞ ❛t ❛♥② t✐♠❡✳

❋✐❣✳ ✾✳✶ ❣✐✈❡s t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ♦♥❡ ♣♦ss✐❜❧❡ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ ♣r♦❣r❛♠ ♦❢ ❋✐❣✳ ✼✳✹✳ ❚❤✐s
✐s t❤❡ s❛♠❡ ❡①❛♠♣❧❡ ❛s ❋✐❣✉r❡s ✼✳✸ ❛♥❞ ✽✳✶✱ ❜✉t ✐♥ t❤❡ ❚❙❖ ▼♦❞❡❧✳



✽✻ ❈❍❆P❚❊❘ ✾✳ ❲❊❆❑ ▼❊▼❖❘❨ ▼❖❉❊▲

P ♣jq ✐s ❞❡✜♥❡❞ i ✘ j

✱❚❙❖ ♣i, P, σ, gq Ñ ♣j, P, σ, gq
s❝❤❡❞✉❧❡

σ ✏ ♣m, bq ❫ b♣iq ✘ ǫ

✱❚❙❖ ♣i, P, σ, gq Ñ ♣i, P,memory✲action♣i, σq, gq
♠❡♠♦r②

❋✐❣✉r❡ ✾✳✷✿ ❙②st❡♠ ❚r❛♥s✐t✐♦♥s ❢♦r ❚❙❖

❈♦♥❝❧✉s✐♦♥

❚♦ ❞❡✜♥❡ ❛♥ ♦♣❡r❛t✐♦♥❛❧ s❡♠❛♥t✐❝s ❢♦r ❚❙❖✱ ✇❡ ❛ss✉♠❡❞✿

❼ ❆ s❡t Memories ♦❢ ♠❡♠♦r✐❡s

❼ ❆ s❡t WriteOp ♦❢ ✇r✐t❡ ♦♣❡r❛t✐♦♥s

❼ ❆ ❢✉♥❝t✐♦♥ update✲memoryWriteOp ✂ Memories Ñ Memories t❤❛t ✉♣❞❛t❡s ❛
♠❡♠♦r② ❛❝❝♦r❞✐♥❣ t♦ ❛ ✇r✐t❡ ♦♣❡r❛t✐♦♥

❼ ❆ s❡t MemsInit ♦❢ ✐♥✐t✐❛❧ ♠❡♠♦r✐❡s

❼ ❚✇♦ ❢✉♥❝t✐♦♥s lock : Ids ✂ Locks ✂Memories Ñ Memories ❛♥❞ unlock : Ids ✂
Locks✂MemoriesÑMemories✳

❼ ❚❤❡ t✇♦ ♣r❡❞✐❝❛t❡s lockable ❛♥❞ unlockable✳

✾✳✷✳✶ ❊①❛♠♣❧❡s

✾✳✷✳✶✳❛ ▼❛♣s ❆ ♠❡♠♦r② ♠❛♣s ✈❛r✐❛❜❧❡s Var t♦ ✈❛❧✉❡s ✐♥ V ✳
❆ ✇r✐t❡ ♦♣❡r❛t✐♦♥ ✐s ❛ ♣❛✐r ✿ WriteOp ✏ Var ✂ V ✳ ❙✉❝❤ ❛ ♣❛✐r ♣x, vq ∈ WriteOp

♠❡❛♥s t❤❛t t❤❡ ✈❛❧✉❡ v ✐s ✇r✐tt❡♥ ✐♥t♦ t❤❡ ✈❛r✐❛❜❧❡ x✳
❚❤❡ ♠❡♠♦r② ✐s ✉♣❞❛t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿

update✲memory♣♣x, vq,mq ✏ ♣mrx ÞÑ vs, bri ÞÑ wsq

❚❤❡ s❡t ♦❢ ✐♥✐t✐❛❧ ♠❡♠♦r✐❡s ✐s t❤❡ s❡t ♦❢ ❛❧❧ ♠❡♠♦r✐❡s Memories ✭♦r✱ ❛s s❡❡♥ ✐♥ ❙❡❝t✐♦♥
✽✳✶✱ ✐t ♠❛② ❜❡ t❤❡ s✐♥❣❧❡t♦♥ tλx.0✉✱ ❛❝❝♦r❞✐♥❣ t♦ ❈✲♥♦r♠✮✳

❚❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ♠✉t❡① ✈❛r✐❛❜❧❡ µ ✐s t❤❡ ✐❞❡♥t✐✜❡r ♦❢ t❤❡ t❤r❡❛❞ t❤❛t ♦✇♥s ✐t✱ ♦r t❤❡
s♣❡❝✐❛❧ s②♠❜♦❧ none✳

❚❤❡ ♠✉t❡①❡s ❛r❡ ❧♦❝❦❡❞ ❛♥❞ ✉♥❧♦❝❦❡❞ ✐♥st❛♥t❛♥❡♦✉s❧② ✐♥ t❤❡ s❤❛r❡❞ ♠❡♠♦r②✱ ✇✐t❤♦✉t
✉s✐♥❣ ✇r✐t❡ ❜✉✛❡rs✿

lock♣i, µ,mq ✏ mrµ ÞÑ is

unlock♣i, µ,mq ✏ ♣mrµ ÞÑ nones, bq

❆ t❤r❡❛❞ i ❝❛♥ ♦♥❧② ❧♦❝❦ ❛ ♠✉t❡① µ ✐♥ ❛ st♦r❡ ♣m, bq ✐❢ µ ✐s ❧♦❝❦❛❜❧❡✿

lockable♣i, µ, ♣m, bqqq
❞❡❢

ô m♣µq ✏ none❫ b♣iq ✏ ǫ



✾✳✸✳ P❙❖ ✽✼

❚❤✐s ♠❡❛♥s t❤❛t ❛ ♠✉t❡① ✐s ❧♦❝❦❛❜❧❡ ♦♥❧② ✐❢ ✐t ✐s ❢r❡❡ ✿ t✇♦ ❞✐st✐♥❝t t❤r❡❛❞s ❝❛♥ ♥♦t ♦✇♥
t❤❡ s❛♠❡ ♠✉t❡①✳

❙✐♠✐❧❛r❧② i ❝❛♥ ✉♥❧♦❝❦ µ ✐❢ ❛♥❞ ♦♥❧② ✐❢ unlockable♣i, µ, ♣m, bqq ❤♦❧❞s✱ ✐✳❡✳✿

unlockable♣i, µ, ♣m, bqqq
❞❡❢
ô m♣µq ✏ i❫ b♣iq ✏ ǫ

❚♦ ✉♥❧♦❝❦ ❛ ♠✉t❡①✱ ❛ t❤r❡❛❞ ♠✉st ♦✇♥ ✐t✱ ❛♥❞ ♠✉st ❤❛✈❡ ❛♥ ❡♠♣t② ❜✉✛❡r✿ ❛ ✇r✐t❡ ♦♣❡r❛t✐♦♥
❣❡♥❡r❛t❡❞ ✇❤❡♥ t❤❡ t❤r❡❛❞ ♦✇♥ t❤❡ ♠✉t❡① ❝❛♥ ♥♦t ✉♣❞❛t❡ t❤❡ ♠❡♠♦r② ✇❤❡♥ t❤❡ t❤r❡❛❞
❞♦❡s ♥♦t ♦✇♥ ❛♥② ♠♦r❡ t❤❡ ♠✉t❡①✳

❇❡❢♦r❡ t♦ s♣❛✇♥ ❛ ♥❡✇ t❤r❡❛❞✱ ❛ t❤r❡❛❞ ❤❛✈❡ t♦ s②♥❝❤r♦♥✐③❡ ✐ts ✈✐❡✇ ♦❢ t❤❡ ♠❡♠♦r②
✇✐t❤ t❤❡ s❤❛r❡❞ ♠❡♠♦r②✳ ❍❡♥❝❡✱ ❛t ❝r❡❛t✐♦♥✱ ❛ t❤r❡❛❞ ❛♥❞ ✐ts ♥❡✇ ❝❤✐❧❞ ❤❛✈❡ t❤❡ s❛♠❡
✈✐❡✇ ♦❢ t❤❡ ♠❡♠♦r②✱ ❡✳❣✳✱ ✐♥ ❋✐❣✉r❡ ✻✳✷❛✱ t❤❡ t❤r❡❛❞ ❝r❡❛t❡❞ ✐♥ ℓ4 ✈✐❡✇ &y ❛s ✈❛❧✉❡ ♦❢ p

❛♥❞ ♥♦t &x✳ ❋♦r♠❛❧❧②✱ spawnable♣i, ♣m, bqq
❞❡❢

ô b♣iq ✏ ǫ.

✾✳✷✳✶✳❜ ●❡♥✴❑✐❧❧ ❙✐♠✐❧❛r❧② t♦ ❙❡❝t✐♦♥ ✽✳✷✱ t❤❡ s❡t ♦❢ ✈❛❧✉❡s ✐s ❧❛ ❧❛tt✐❝❡ ❛♥❞ ❛ ♠❡♠♦r②
✐s ❛♥ ❡❧❡♠❡♥t ♦❢ t❤✐s ❧❛tt✐❝❡✿ Memories ✏ V ✳

❆ ✇r✐t❡ ♦♣❡r❛t✐♦♥ ✐s ❛ ♣❛✐r ✿ WriteOp ✏ V ✂ V ✳ ❙✉❝❤ ❛ ♣❛✐r ♣gen, keepq ∈ WriteOp

♠❡❛♥s ✐♥t✉✐t✐✈❡❧② t❤❛t t❤❡ ✈❛❧✉❡s ♦❢ gen ❛r❡ ❣❡♥❡r❛t❡❞✱ ❛♥❞ t❤❡ ✈❛❧✉❡s t❤❛t ❛r❡ ♥♦t ✐♥ keep

❛r❡ ❦✐❧❧❡❞✳
❚❤❡ ♠❡♠♦r② ✐s ✉♣❞❛t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿

update✲memory♣♣gen, keepq,mq ✏ ♣m ⊓ keepq ⊔ gen.

✾✳✸ P❙❖

❚❤❡ P❙❖ ✭P❛rt✐❛❧ ❙t♦r❡ ❖r❞❡r✐♥❣✮ ♠♦❞❡❧ ✐s s✐♠✐❧❛r t♦ t❤❡ ❚❙❖ ♠♦❞❡❧✳ ■♥ t❤❡ P❙❖ ♠♦❞❡❧✱
❛ st♦r❡ ✐s ❛ ♣❛✐r ♣m, bq ✇❤❡r❡ m ∈ Memories ✐s ❛ ♠❡♠♦r② ❛♥❞ b : Ids ✂ Var Ñ Buffers

✐s ❛ ♠❛♣ ❢r♦♠ t❤r❡❛❞s ✐❞❡♥t✐✜❡rs ❛♥❞ ✈❛r✐❛❜❧❡s t♦ ❜✉✛❡rs✳
❈♦♠♣❛r❡❞ t♦ ❚❙❖ ♠♦❞❡❧✱ t❤❡ ❢✉♥❝t✐♦♥ memory✲action ❤❛✈❡ ❛♥ ❡①tr❛ ❛r❣✉♠❡♥t✳

memory✲action♣i, x, ♣m, bqq ✏ ♣update✲memory♣op,mq, bri ÞÑ wsq
✇❤❡r❡ op ✏ fst♣b♣i, xqq ❛♥❞ w ✏ deq♣b♣i, xqq.

❚❤❡ s❡t System ✐s ❞❡✜♥❡❞ ❜② System ✏ tτ ⑤✱P❙❖ τ✉✱ ✇❤❡r❡ ✱P❙❖ ✐s ❞❡✜♥❡❞ ❜② t❤❡ r✉❧❡s
♦❢ ❋✐❣✉r❡ ✾✳✸✳



✽✽

P ♣jq ✐s ❞❡✜♥❡❞ i ✘ j

✱P❙❖ ♣i, P, σ, gq Ñ ♣j, P, σ, gq
s❝❤❡❞✉❧❡

σ ✏ ♣m, bq ❫ b♣iq ✘ ǫ

✱P❙❖ ♣i, P, σ, gq Ñ ♣i, P,memory✲action♣i, x, σq, gq
♠❡♠♦r②

❋✐❣✉r❡ ✾✳✸✿ ❙②st❡♠ ❚r❛♥s✐t✐♦♥s ❢♦r P❙❖



P❛rt ■■■

❋r♦♠ ❙✐♥❣❧❡✲t❤r❡❛❞❡❞ t♦

▼✉❧t✐t❤r❡❛❞❡❞✿ ❈♦r❡ ▼♦❞❡❧

✽✾
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■♥t❡r♠❡❞✐❛t❡ ❙❡♠❛♥t✐❝s

✶✵✳✶ ❇❛s✐❝ ❈♦♥❝❡♣ts

❚♦ ♣r❡♣❛r❡ t❤❡ ❣r♦✉♥❞s ❢♦r ❛❜str❛❝t✐♦♥✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛♥ ✐♥t❡r♠❡❞✐❛t❡ s❡♠❛♥t✐❝s✱ ❝❛❧❧❡❞
●✲❝♦❧❧❡❝t✐♥❣ s❡♠❛♥t✐❝s✱ ✇❤✐❝❤ ❛ss♦❝✐❛t❡s ❛ ❢✉♥❝t✐♦♥ ♦♥ ❝♦♥✜❣✉r❛t✐♦♥s ✇✐t❤ ❡❛❝❤ st❛t❡♠❡♥t✳
❚❤❡ ❛✐♠ ♦❢ t❤✐s s❡♠❛♥t✐❝s ✐s t♦ ❛ss♦❝✐❛t❡ ✇✐t❤ ❡❛❝❤ st❛t❡♠❡♥t ❛ tr❛♥s❢❡r ❢✉♥❝t✐♦♥ t❤❛t ✇✐❧❧
❜❡ ❛❜str❛❝t❡❞ ✭s❡❡ ❙❡❝t✐♦♥ ✶✸✮ ❛s ❛♥ ❛❜str❛❝t tr❛♥s❢❡r ❢✉♥❝t✐♦♥✳

❆ ❝♦♥❝r❡t❡ ❝♦♥✜❣✉r❛t✐♦♥ ✐s ❛ t✉♣❧❡ Q ✏ ①S, G, A② ✿

✶✳ S ✐s t❤❡ ❝✉rr❡♥t st❛t❡ ♦❢ t❤❡ s②st❡♠ ❞✉r✐♥❣ ❛♥ ❡①❡❝✉t✐♦♥✱

✷✳ G✱ ❢♦r ❣✉❛r❛♥t❡❡✱ r❡♣r❡s❡♥ts ✇❤❛t t❤❡ ❝✉rr❡♥t t❤r❡❛❞ ❛♥❞ ✐ts ❞❡s❝❡♥❞❛♥ts ❝❛♥ ❞♦

✸✳ ❛♥❞ A✱ ❢♦r ❛ss✉♠❡✱ r❡♣r❡s❡♥ts ✇❤❛t t❤❡ ♦t❤❡r t❤r❡❛❞s ❝❛♥ ❞♦✳

❋♦r♠❛❧❧②✱ S ✐s ❛ s❡t ♦❢ st❛t❡s✱ ❛♥❞ G ❛♥❞ A ❛r❡ s❡ts ♦❢ tr❛♥s✐t✐♦♥s ❝♦♥t❛✐♥✐♥❣ System✳
❚❤❡ s❡t ♦❢ ❝♦♥❝r❡t❡ ❝♦♥✜❣✉r❛t✐♦♥s ✐s ❛ ❝♦♠♣❧❡t❡ ❧❛tt✐❝❡ ❢♦r t❤❡ ♦r❞❡r✐♥❣ ①S1, G1, A1② ↕
①S2, G2, A2② ô S1 ❸ S2 ❫ G1 ❸ G2 ❫ A1 ❸ A2✳ ▲❡t C✲Configurations t❤❡ s❡t ♦❢ ❝♦♥❝r❡t❡
❝♦♥✜❣✉r❛t✐♦♥s✳

❉✉r✐♥❣ ❛♥ ❡①❡❝✉t✐♦♥✱ ❛❢t❡r ❤❛✈✐♥❣ ❡♥❝♦✉♥t❡r❡❞ ❛ st❛t❡ s0 ✏ ♣j0, P0, σ0, g0q ✇❡ ❞✐st✐♥❣✉✐s❤
t✇♦ ❦✐♥❞s ♦❢ ❞❡s❝❡♥❞❛♥ts ♦❢ j0✿

✾✶
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✌

✌

j0

s0

s1

j2

j1

j5

j3

j4

✌
s

j6

❋✐❣✉r❡ ✶✵✳✶✿ after

✭✐✮ t❤♦s❡ ✇❤✐❝❤ ❛❧r❡❛❞② ❡①✐st ✐♥ st❛t❡ s0 ✭❡①❝❡♣t j0 ✐ts❡❧❢✮ ❛♥❞ t❤❡✐r ❞❡s❝❡♥❞❛♥ts✱

✭✐✐✮ j0 ❛♥❞ ✐ts ♦t❤❡r ❞❡s❝❡♥❞❛♥ts✳

❊❛❝❤ t❤r❡❛❞ ♦❢ ❦✐♥❞ ✭✐✮ ❤❛s ❜❡❡♥ ❝r❡❛t❡❞ ❜② ❛ st❛t❡♠❡♥t ❡①❡❝✉t❡❞ ❜② j0✳ ❲❡ ❝❛❧❧ after♣s0q
t❤❡ st❛t❡s ❢r♦♠ ✇❤✐❝❤ ❛ t❤r❡❛❞ ♦❢ ❦✐♥❞ ✭✐✐✮ ❝❛♥ ❡①❡❝✉t❡ ❛ tr❛♥s✐t✐♦♥✳ ❋♦r♠❛❧② after ✐s
❞❡✜♥❡❞ ❜②✿

❉❡✜♥✐t✐♦♥ ✶✵✳✶✳ ❲❡ ❞❡✜♥❡ t❤❡ s❡t after♣sq ♦❢ st❛t❡s ❛❢t❡r s✿

after♣i, P, σ, gq ❞❡❢✏ t♣j, P ✶, σ✶, g ☎ g✶q ∈ States⑤j ∈ descg✶♣iq✉

✏ t♣j, P ✶, σ✶, g ☎ g✶q ∈ States⑤i ➝g✶ j✉

❲❡ ❛❧s♦ ❞❡✜♥❡ t❤❡ r❡❧❛t✐♦♥ ❒after ❜②✿

s ❒after s
✶ ❞❡❢

ô s✶ ∈ after♣sq.

■♥ ❋✐❣✳ ✶✵✳✶✱ t❤❡ t❤✐❝❦ ❧✐♥❡s ❞❡s❝r✐❜❡ ❛❧❧ t❤❡ st❛t❡s ❡♥❝♦✉♥t❡r❡❞ ✇❤✐❧❡ ❡①❡❝✉t✐♥❣ t❤❡
♣r♦❣r❛♠ t❤❛t ❢❛❧❧ ✐♥t♦ after♣s0q✳ ■♥ t❤✐s ✜❣✉r❡✱ s1, s ∈ after♣s0q✳

▲❡♠♠❛ ✶✵✳✶✳ ❚❤❡ r❡❧❛t✐♦♥ ❒after ✐s ❛ ♣r❡✲♦r❞❡r✐♥❣ ♦♥ States✳

Pr♦♦❢✳ ▲❡t s0✱ s1✱ ❛♥❞ s2 s✉❝❤ t❤❛t s0 ❒after s1 ❛♥❞ s1 ❒after s2✳
▲❡t ♣i0, P0, σ0, g0q ✏ s0 ❛♥❞ ♣i1, P1, σ1, g1q ✏ s1✳ ❇② ❈❧❛✐♠ ✼✳✶✱ ✇❡ ❝❛♥ ❞❡✜♥❡ g✶1 ✏ g✁1

0 ☎g1✳
❇❡❝❛✉s❡ i0 ➝g✶

1
i0✱ i0 ∈ descg✶

1
♣i0q✳

●✐✈❡♥ t❤❛t s0 ❒after s1✱ ✇❡ st❛t❡ t❤❛t s1 ∈ after♣s0q✳ ▲❡t s2 ✏ ♣i2, P2, σ2, g2q ∈ after♣s1q✳
❚❤❡r❡❢♦r❡✱ t❤❡r❡ ❡①✐sts g✶2 s✉❝❤ t❤❛t g2 ✏ g1 ☎ g✶2 ✏ g0 ☎ g✶1 ☎ g

✶
2 ❛♥❞ i2 ∈ descg✶

2
♣i1q✳ ❇❡❝❛✉s❡

s1 ∈ after♣s0q✱ ❜② ❞❡✜♥✐t✐♦♥✱ i1 ∈ descg✶
2
♣i0q✳ ❚❤❡r❡❢♦r❡ i1 ∈ descg✶

2
♣i1q ∩ descg✶

1
☎g✶

2
♣i0q✳

❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✼✳✹✱ descg✶
2
♣i1q ❸ descg✶

1
☎g✶

2
♣i0q✳ ❍❡♥❝❡ i2 ∈ descg✶

1
☎g✶

2
♣i0q ❛♥❞ t❤❡r❡❢♦r❡

s2 ∈ after♣s0q✳
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❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✐s ❛ ❝♦r♦❧❧❛r②✿

▲❡♠♠❛ ✶✵✳✷✳ ■❢ s1 ∈ after♣s0q t❤❡♥ after♣s1q ❸ after♣s0q

❆❧❧ st❛t❡s ❛r❡ ❛❢t❡r ❛❧❧ ✐♥✐t✐❛❧ st❛t❡s✳

▲❡♠♠❛ ✶✵✳✸✳ ❋♦r ❛❧❧ P ∈ P ❛♥❞ σ ∈ Stores✱ ❛♥❞ s ∈ States✿

♣♠❛✐♥, P, σ, ǫq ❒after s.

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✿

▲❡♠♠❛ ✶✵✳✹✳ ■❢ Init ✐s t❤❡ s❡t ♦❢ ✐♥✐t✐❛❧ st❛t❡s ♦❢ ❛ ♣r♦❣r❛♠ ❛♥❞ s ∈ Init ✱ t❤❡♥ after♣sq ✏
States✳

■❢ ❛♥ ❡①❡❝✉t✐♦♥ ♦❢ ❛ ♣r♦❣r❛♠ ❣♦ ❢r♦♠ ❛ st❛t❡ s0 t♦ ❛ st❛t❡ s1 ✇✐t❤ t❤❡ s❛♠❡ ❝✉rr❡♥t
t❤r❡❛❞✱ t❤❡r❡❢♦r❡ s1 ✐s ❛❢t❡r s0✿

▲❡♠♠❛ ✶✵✳✺✳ ▲❡t ♣s0, s1q ∈ Transitions✍.

■❢ thread♣s0q ✏ thread♣s1q t❤❡♥ s1 ∈ after♣s0q✳

Pr♦♦❢✳ ▲❡t ♣i0, P0, σ0, g0q ✏ s0 ❛♥❞ ♣i1, P1, σ1, g1q ✏ s1✳ ❇② ❈❧❛✐♠ ✼✳✶✱ ✇❡ ❝❛♥ ❞❡✜♥❡ g✶
1 ✏

g✁1
0 ☎ g1✱ ✐✳❡✳✱ g✶

1 ✐s s✉❝❤ t❤❛t g1 ✏ g0 ☎ g✶
1✳ ❇❡❝❛✉s❡ i0 ➝g✶

1
i0✱ i0 ∈ descg✶

1
♣i0q✳ ❚❤❡r❡❢♦r❡✱ ✐❢

thread♣sq ✏ thread♣s✶q✱ ✐✳❡✳✱ i1 ✏ i0✱ t❤❡♥ s1 ∈ after♣s0q ✭❇② ❞❡✜♥✐t✐♦♥ ♦❢ after✮✳

❲❤❡♥ ❛ s❝❤❡❞✉❧❡ tr❛♥s✐t✐♦♥ ✐s ❡①❡❝✉t❡❞✱ t❤❡ ❝✉rr❡♥t t❤r❡❛❞ ❝❤❛♥❣❡s✳ ❚❤❡ ❢✉t✉r❡ ❞❡✲
s❝❡♥❞❛♥ts ♦❢ t❤❡ ♣❛st ❝✉rr❡♥t t❤r❡❛❞ ❛♥❞ t❤❡ ♥❡✇ ❝✉rr❡♥t t❤r❡❛❞ ❛r❡ ♥♦t t❤❡ s❛♠❡s✳ ❚❤✐s
✐s ❢♦r♠❛❧✐③❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✿

▲❡♠♠❛ ✶✵✳✻✳ ■❢ ♣s1, s2q ∈ Schedule t❤❡♥ after♣s1q ∩ after♣s2q ✏ ∅✳

Pr♦♦❢✳ ▲❡t ♣i1, P1, σ1, g1q ✏ s1 ❛♥❞ i2 ✏ thread♣s2q✳ ❚❤❡r❡❢♦r❡ ♣i2, P1, σ1, g1q ✏ s2✳ ▲❡t
s ✏ ♣i, P, σ, gq ∈ after♣s1q ∩ after♣s2q✳

❇② ❞❡✜♥✐t✐♦♥ ♦❢ after ✱ t❤❡r❡ ❡①✐sts g✶ s✉❝❤ t❤❛t g ✏ g1☎g✶✱ i ∈ descg✶♣i1q ❛♥❞ i ∈ descg✶♣i2q✳
❋✉rt❤❡r♠♦r❡ i1 ❛♥❞ i2 ❛r❡ ✐♥ Dom♣P1q✳ ❚❤❡r❡❢♦r❡ i1 ❛♥❞ i2 ❛r❡ ❡✐t❤❡r ❝r❡❛t❡❞ ✐♥ g1✱ ♦r ❛r❡
♠❛✐♥ ✳ ❍❡♥❝❡✱ i1 ❛♥❞ i2 ❝❛♥♥♦t ❜❡ ❝r❡❛t❡❞ ✐♥ g✶✳ ❚❤❡r❡❢♦r❡✱ i2 ❘ descg✶♣i1q ❛♥❞ t❤❡r❡❢♦r❡
descg✶♣i2q ❸ descǫ☎g✶♣i1q✳ ❯s✐♥❣ ▲❡♠♠❛ ✼✳✹ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t descg✶♣i1q ∩ descg✶♣i2q ✏ ∅✳
❚❤✐s ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ✇✐t❤ i ∈ descg✶♣i1q ❛♥❞ i ∈ descg✶♣i2q✳

❉✉r✐♥❣ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ ❛ s❡t ♦❢ tr❛♥s✐t✐♦♥s T t❤❛t ❞♦ ♥♦t ❝r❡❛t❡ t❤r❡❛❞✱ t❤❡ s❡t ♦❢
❞❡s❝❡♥❞❛♥ts ❞♦❡s ♥♦t ✐♥❝r❡❛s❡✿

▲❡♠♠❛ ✶✵✳✼✳ ▲❡t T ❛ ❝♦♥s❡r✈❛t✐✈❡✶ s❡t ♦❢ tr❛♥s✐t✐♦♥s✳
▲❡t s ✏ ♣i, P, σ, gq ❛♥❞ s ✏ ♣i✶, P ✶, σ✶, g ☎ g✶q ❜❡ t✇♦ st❛t❡s✳

■❢ ♣s, s✶q ∈ ♣A⑤after♣s0q
∪ T q✍ t❤❡♥ descg✶♣iq ✏ ti✉✳

✶❚❤✐s ❝♦♥❝❡♣t ✐s ❞❡✜♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✼✳✸✳
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Pr♦♦❢✳ ▲❡t s0, . . . , sn ❛ s❡q✉❡♥❝❡ ♦❢ st❛t❡s s✉❝❤ t❤❛t s0 ✏ s✱ ❢♦r ❛❧❧ k ∈ t0, . . . , n ✁ 1✉✱
♣sk, sk�1q ∈ A⑤after♣s0q ∪ T ✱ ❛♥❞ sn ✏ s✶✳

❋♦r ❛❧❧ k✱ ❧❡t ♣ik, Pk, σk, gkq ✏ sk✳ ❆❝❝♦r❞✐♥❣ t♦ ❈❧❛✐♠ ✼✳✶✱ ✇❡ ❝❛♥ ❞❡✜♥❡✱ ❢♦r ❛❧❧ k ➙ 1✱
g✶k ✏ g✁1

k✁1 ☎ gk✳ ❚❤❡r❡❢♦r❡ gn ✏ g0 ☎ g✶1 ☎ . . . ☎ g
✶
n ❛♥❞ g✶ ✏ g✶1 ☎ . . . ☎ g

✶
n✳

❆ss✉♠❡ ❜② ❝♦♥tr❛❞✐❝t✐♦♥ t❤❛t t❤❡r❡ ❡①✐sts ❛ t❤r❡❛❞ j s✉❝❤ t❤❛t i Ðg✶ j✳ ❚❤❡r❡❢♦r❡✱
t❤❡r❡ ❡①✐sts ❛ ❧❛❜❡❧ ℓ ❛♥❞ ❛♥ ✐♥t❡❣❡r k ↕ 1 s✉❝❤ t❤❛t ♣i, ℓ, jq ∈ g✶k✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢
tr❛♥s✐t✐♦♥s✱ ik ✏ i ✏ i0✳ ❚❤❡r❡❢♦r❡✱ ❛❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✶✵✳✺✱ sk�1 ∈ after♣s0q✳ ●✐✈❡♥
t❤❛t ♣sk✁1, skq ∈ A⑤after♣s0q ∪ T ✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ♣sk✁1, skq ∈ T ✳ ❇❡❝❛✉s❡ T ✐s ❝♦♥s❡r✈❛t✐✈❡✱

gk✁1 ✏ gk ❛♥❞ t❤❡♥ g✶k ✏ g✁1
k✁1 ☎ gk ✏ ǫ✳ ❚❤❡r❡❢♦r❡ ♣i0, ℓ, jq ❘ g✶k✳

❚❤❡s❡ ❧❡♠♠❛s ❤❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦♥ after ✿

▲❡♠♠❛ ✶✵✳✽✳ ▲❡t T ❛ ❝♦♥s❡r✈❛t✐✈❡ s❡t ♦❢ tr❛♥s✐t✐♦♥s✳
■❢ ♣s0, s1q ∈ ♣A⑤after♣s0q ∪ T q✍ ❛♥❞ s1 ∈ after♣s0q t❤❡♥ thread♣s1q ✏ thread♣s0q✳

Pr♦♦❢✳ ▲❡t ♣i0, P0, σ0, g0q ✏ s0 ❛♥❞ ♣i1, P1, σ, g0 ☎ g1q ✏ s1✳ ❇② ▲❡♠♠❛ ✶✵✳✼ descg1♣i0q ✏ ti0✉
❛♥❞ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ after ✱ i1 ∈ descg1♣i0q✳

▲❡♠♠❛ ✶✵✳✾✳ ▲❡t T1 ❛ ❝♦♥s❡r✈❛t✐✈❡ s❡t ♦❢ tr❛♥s✐t✐♦♥s✳
▲❡t s0, s1, s t❤r❡❡ st❛t❡s s✉❝❤ t❤❛t✿

❼ ♣s0, s1q ∈ T ✍
1 ✱

❼ thread♣s0q ✏ thread♣s1q✱

❼ ❛♥❞ ♣s1, sq ∈ Transitions✍✳

■❢ s ∈ after♣s0q t❤❡♥ s ∈ after♣s1q✳

Pr♦♦❢✳ ❆❝❝♦r❞✐♥❣ t♦ ❈❧❛✐♠ ✼✳✶✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥s ❛r❡ ❝♦rr❡❝t✿
♣i0, P0, σ0, g0q

❞❡❢✏ s0✱ ♣i1, P1, σ, g0 ☎ g1q
❞❡❢✏ s1 ❛♥❞ ♣i, P, σ, g0 ☎ g1 ☎ gq

❞❡❢✏ s✳
❇② ▲❡♠♠❛ ✶✵✳✼ descg1♣i0q ✏ ti0✉ ❛♥❞ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ after ✱ i1 ∈ descg1ti0✉✳ ❆❝❝♦r❞✐♥❣

t♦ ▲❡♠♠❛ ✼✳✷✱ descg1☎g♣i0q ✏ descg♣descg1♣i0qq ✏ descg♣i0q✳
❇❡❝❛✉s❡ s ∈ after♣s0q✱ idescg1☎g♣ti0✉q✱ t❤❡r❡❢♦r❡ i ∈ descg♣i0q✳ ❍❡♥❝❡ s ∈ after♣s1q✳

✶✵✳✷ ❉❡✜♥✐t✐♦♥ ♦❢ t❤❡ ●✲❝♦❧❧❡❝t✐♥❣ ❙❡♠❛♥t✐❝s

❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ●✲❝♦❧❧❡❝t✐♥❣ s❡♠❛♥t✐❝s ✈ℓstmt , ℓ✶✇ ♦❢ ❛ st❛t❡♠❡♥t ℓstmt , ℓ✶ r❡q✉✐r❡s s♦♠❡
✐♥t❡r♠❡❞✐❛t❡ r❡❧❛t✐♦♥s ❛♥❞ s❡ts✳ ❚❤❡ ❢♦r♠❛❧ ❞❡✜♥✐t✐♦♥ ✐s ❣✐✈❡♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥✿

❉❡✜♥✐t✐♦♥ ✶✵✳✷✳

✈ℓstmt , ℓ✶✇①S, G, A② ❞❡❢✏ ①S✶, G ∪ Self ∪ Par ∪ Sub, A ∪ Par ∪ Sub②✥✞✞ℓstmt , ℓ✶
✞✞✭①S, G, A② ❞❡❢✏ rReach, Ext, Self, Par, Subs
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j0

✌s0

✌s1
j5

✭❛✮ Reach

j0

✌s0

✌s1

j1

j5

j3

✭❜✮ Reach

j0

✌s0

✌s1

j2

j1

j5

j3
j4

✭❝✮ Par

j0

✌s0

✌s1

j2

j1

j5

j3
j4

j6

✭❞✮ Sub

❋✐❣✉r❡ ✶✵✳✷✿ ●✲❝♦❧❧❡❝t✐♥❣ ❙❡♠❛♥t✐❝s

✇❤❡r❡✿

Reach ✏

✧
♣s0, s1q

✞✞✞✞ ♣s0, s1q ∈
✏
♣G⑤after♣s0q ∩ Tr ℓstmt ,ℓ✶q ∪ A⑤after♣s0q

✘✍
❫thread♣s0q ✏ thread♣s1q ❫ label♣s0q ✏ ℓ

✯
S✶ ✏ ts1⑤s1 ∈ Reach①S② ❫ label♣s1q ✏ ℓ✶✉

Self ✏ t♣s, s✶q ∈ Tr ℓstmt ,ℓ✶ ⑤s ∈ Reach①S②✉

Par ✏ t♣s, s✶q ∈ Tr ℓstmt ,ℓ✶ ⑤❉s0 ∈ S : ♣s0, sq ∈ Reach; Schedule ❫ s ∈ after♣s0q✉

Ext♣s0, s1q ✏
✏
♣G⑤after♣s0q ∩ Tr ℓstmt ,ℓ✶q ∪ A⑤after♣s0q

∪ G⑤after♣s1q

✘✍
Sub ✏

✧
♣s, s✶q ∈ Tr ℓstmt ,ℓ✶

✞✞✞✞ ❉s0, s1 ∈ S✂ S✶ : ♣s0, s1q ∈ Reach❫
♣s1, sq ∈ Ext♣s0, s1q ❫ s ∈ after♣s0qr after♣s1q

✯

▲❡t ✉s r❡❛❞ t♦❣❡t❤❡r✱ ♦♥ s♦♠❡ s♣❡❝✐❛❧ ❝❛s❡s s❤♦✇♥ ✐♥ ❋✐❣✳ ✶✵✳✷✳ ❚❤✐s ✇✐❧❧ ❡①♣❧❛✐♥ t❤❡
r❛t❤❡r ✐♥t✐♠✐❞❛t✐♥❣ ♦❢ ❉❡✜♥✐t✐♦♥ ✶✵✳✷ st❡♣ ❜② st❡♣✱ ✐♥tr♦❞✉❝✐♥❣ t❤❡ ♥❡❝❡ss❛r② ❝♦♠♣❧✐❝❛t✐♦♥s
❛s t❤❡② ❝♦♠❡ ❛❧♦♥❣✳

❚❤❡ st❛t❡♠❡♥t ✐s ❡①❡❝✉t❡❞ ❜❡t✇❡❡♥ st❛t❡s s0 ✏ ♣j0, P, σ, gq ❛♥❞ s1 ✏ ♣j0, P ✶, σ✶, g ☎ g✶q✳
❋✐❣✉r❡ ✶✵✳✷✭❛✮ ❞❡s❝r✐❜❡s t❤❡ s✐♥❣❧❡✲t❤r❡❛❞ ❝❛s❡✿ t❤❡r❡ ✐s ♥♦ t❤r❡❛❞ ✐♥t❡r❛❝t✐♦♥ ❞✉r✐♥❣

t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ ℓstmt , ℓ✶✳ ❚❤❡ t❤r❡❛❞ j5 ✐s s♣❛✇♥❡❞ ❛❢t❡r t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ st❛t❡♠❡♥t✳
❊✳❣✳✱ ✐♥ ❋✐❣✳ ✻✳✷❛✱ ℓ1p :✏ &x; ℓ2p :✏ &y, ℓ3✳

■♥ t❤✐s s✐♠♣❧❡ ❝❛s❡✱ ❛ st❛t❡ s ✐s r❡❛❝❤❛❜❧❡ ❢r♦♠ s0 ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ ❢r♦♠
s0 t♦ s ✉s✐♥❣ ♦♥❧② tr❛♥s✐t✐♦♥s ❞♦♥❡ ❜② t❤❡ ✉♥✐q✉❡ t❤r❡❛❞ ✭t❤❡s❡ tr❛♥s✐t✐♦♥s s❤♦✉❧❞ ❜❡ ✐♥
t❤❡ ❣✉❛r❛♥t❡❡ G✮ ❛♥❞ t❤❛t ❛r❡ ❣❡♥❡r❛t❡❞ ❜② t❤❡ st❛t❡♠❡♥t✳ S✶ r❡♣r❡s❡♥ts t❤❡ ✜♥❛❧ st❛t❡s
r❡❛❝❤❛❜❧❡ ❢r♦♠ S✳ ❋✐♥❛❧❧②✱ ✐♥ t❤✐s ❝❛s❡✿

Reach ✏ t♣s0, s1q ∈
✏
G ∩ Tr ℓstmt ,ℓ✶

✘✍
⑤label♣s0q ✏ ℓ✉

S✶ ✏ ts1 ⑤ s1 ∈ Reach♣Sq ❫ label♣s1q ✏ ℓ✶✉

Self ✏ t♣s, s✶q ∈ Tr ℓstmt ,ℓ✶ ⑤ s ∈ Reach♣Sq✉

✈ℓstmt , ℓ✶✇①S, G, System② ✏ ①S✶, G ∪ Self, System②

Par ✏ Sub ✏ ∅
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❋✐❣✉r❡ ✶✵✳✷✭❜✮ ✐s ♠♦r❡ ❝♦♠♣❧❡①✿ j0 ✐♥t❡r❢❡r❡s ✇✐t❤ t❤r❡❛❞s j1 ❛♥❞ j3✳ ❚❤❡s❡ ✐♥t❡r❢❡r❡♥❝❡s
❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ✐♥ A✳ ❙♦♠❡ st❛t❡s ❝❛♥ ❜❡ r❡❛❝❤❡❞ ♦♥❧② ✇✐t❤ s✉❝❤ ✐♥t❡r❢❡r❡♥❝❡ tr❛♥s✐t✐♦♥s✳
❊✳❣✱ ❝♦♥s✐❞❡r t❤❡ st❛t❡♠❡♥t ℓ

18y :✏ 1; ℓ19z :✏ y, ℓ✽ ✐♥ ❋✐❣✳ ✻✳✷❞✿ ❛t t❤❡ ❡♥❞ ♦❢ t❤✐s st❛t❡♠❡♥t✱
t❤❡ ✈❛❧✉❡ ♦❢ z ♠❛② ❜❡ 3✱ ❜❡❝❛✉s❡ t❤❡ st❛t❡♠❡♥t ℓ

17y :✏ 3, ℓ✽ ♠❛② ❜❡ ❡①❡❝✉t❡❞ ✇❤❡♥ t❤❡
t❤r❡❛❞ ♠❛✐♥ ✐s ❛t ❧❛❜❡❧ ℓ19✳ ❚❤❡r❡❢♦r❡✱ t♦ ❛✈♦✐❞ ♠✐ss✐♥❣ s♦♠❡ r❡❛❝❤❛❜❧❡ st❛t❡s✱ tr❛♥s✐t✐♦♥s
♦❢ A ❛r❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Reach✳ ■♥ ❋✐❣✳ ✶✵✳✷✭❜✮✱ t❤❡ st❛t❡♠❡♥t
ℓstmt , ℓ✶ ✐s ❡①❡❝✉t❡❞ ❜② ❞❡s❝❡♥❞❛♥ts ♦❢ j0 ♦❢ ❦✐♥❞ ✭✐✐✮ ✭✐✳❡✳✱ after♣s0q✮✱ ❛♥❞ t❤❡ ✐♥t❡r❢❡r❡♥❝❡s
❝♦♠❡ ❢r♦♠ j1 ❛♥❞ j3 ✇❤✐❝❤ ❛r❡ ❞❡s❝❡♥❞❛♥ts ♦❢ ❦✐♥❞ ✭✐✮ ✭✐✳❡✳✱ ✐♥ after♣s0q✮✳ ❋✐♥❛❧❧②✱ ✇❡ ✜♥❞
t❤❡ ❝♦♠♣❧❡t❡ ❢♦r♠✉❧❛ ♦❢ ❉❡✜♥✐t✐♦♥ ✶✵✳✷✿

Reach ✏

✧
♣s0, s1q

✞✞✞✞ ♣s0, s1q ∈
✏
♣G⑤after♣s0q ∩ Tr ℓstmt ,ℓ✶q ∪ A⑤after♣s0q

✘✍
❫thread♣s0q ✏ thread♣s1q ❫ label♣s0q ✏ ℓ

✯
.

■♥ ❋✐❣✳ ✶✵✳✷✭❝✮✱ ✇❤❡♥ j0 ❡①❡❝✉t❡s t❤❡ st❛t❡♠❡♥t ℓstmt , ℓ✶ ✐t ❝r❡❛t❡s s✉❜t❤r❡❛❞s ✭j2 ❛♥❞
j4✮ ✇❤✐❝❤ ❡①❡❝✉t❡ tr❛♥s✐t✐♦♥s ✐♥ ♣❛r❛❧❧❡❧ ♦❢ t❤❡ st❛t❡♠❡♥t✳ ❚❤❡ ❣✉❛r❛♥t❡❡ G ✐s ♥♦t s✉♣✲
♣♦s❡❞ t♦ ❝♦♥t❛✐♥ ♦♥❧② tr❛♥s✐t✐♦♥s ❡①❡❝✉t❡❞ ❜② t❤❡ ❝✉rr❡♥t t❤r❡❛❞ ❜✉t ❛❧s♦ t❤❡s❡ tr❛♥s✐t✐♦♥s✳
❚❤❡s❡ tr❛♥s✐t✐♦♥s✱ r❡♣r❡s❡♥t❡❞ ❜② t❤✐❝❦ ❧✐♥❡s ✐♥ ❋✐❣✳ ✶✵✳✷✭❝✮✱ ❛r❡ ❝♦❧❧❡❝t❡❞ ✐♥t♦ t❤❡ s❡t Par✳
❈♦♥s✐❞❡r s✉❝❤ ❛ tr❛♥s✐t✐♦♥✱ ✐t ✐s ❡①❡❝✉t❡❞ ✐♥ ♣❛r❛❧❧❡❧ ♦❢ t❤❡ st❛t❡♠❡♥t✱ ✐✳❡✳✱ ❢r♦♠ ❛ st❛t❡ ♦❢
System ✆Reach♣ts0✉q✳ ❋✉rt❤❡r♠♦r❡✱ t❤✐s tr❛♥s✐t✐♦♥ ❝❛♠❡ ❢r♦♠ t❤❡ st❛t❡♠❡♥t✱ ❛♥❞ ♥♦t ❢r♦♠
❛♥ ❡❛r❧✐❡r t❤r❡❛❞✱ ❤❡♥❝❡ ❢r♦♠ after♣s0q✳

Par ✏ t♣s, s✶q ∈ Tr ℓstmt ,ℓ✶ ⑤ ❉s0 ∈ S : ♣s0, sq ∈ System ✆ Reach❫ s ∈ after♣s0q✉.

❚❤❡ t❤r❡❛❞s ❝r❡❛t❡❞ ❜② j0 ✇❤❡♥ ✐t ❡①❡❝✉t❡s t❤❡ st❛t❡♠❡♥t ℓstmt , ℓ✶ ♠❛② s✉r✈✐✈❡ ✇❤❡♥
t❤✐s st❛t❡♠❡♥t r❡t✉r♥s ✐♥ s1✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✶✵✳✷✭❞✮✳ ❙✉❝❤ ❛ t❤r❡❛❞ i ✭❤❡r❡✱ i ✐s j4 ♦r j5 ♦r
j6✮ ❝❛♥ ❡①❡❝✉t❡ tr❛♥s✐t✐♦♥s t❤❛t ❛r❡ ♥♦t ✐♥ Par✳ Sub ❝♦❧❧❡❝ts t❤❡s❡ tr❛♥s✐t✐♦♥s✳ ❚❤❡ ❝r❡❛t✐♦♥
♦❢ i r❡s✉❧ts ♦❢ ❛ create st❛t❡♠❡♥t ❡①❡❝✉t❡❞ ❜❡t✇❡❡♥ s0 ❛♥❞ s1✳ ❍❡♥❝❡✱ s✉❝❤ ❛ tr❛♥s✐t✐♦♥
♣s, s✶q ✐s ❡①❡❝✉t❡❞ ❢r♦♠ ❛ st❛t❡ ✐♥ after♣s0qr after♣s1q✳ ❚❤❡ ♣❛t❤ ❢r♦♠ s1 t♦ s ✐s ❝♦♠♣r✐s❡❞
♦❢ tr❛♥s✐t✐♦♥s ✐♥ ♣G⑤after♣s0q ∩ Tr ℓstmt ,ℓ✶q ∪ A⑤after♣s0q ✭s✐♠✐❧❛r❧② t♦ Reach✮ ❛♥❞ ♦❢ tr❛♥s✐t✐♦♥s ♦❢
j0 ♦r j5 ✉♥❞❡r t❤❡ ❞♦tt❡❞ ❧✐♥❡✱ ✐✳❡✳✱ tr❛♥s✐t✐♦♥s ✐♥ G⑤after♣s1q✳

❋✐❣✉r❡ ✶✵✳✸ ❣✐✈❡s t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❛ ♣r♦❣r❛♠ ❡①❡❝✉t✐♦♥✳ ❚❤✐s ❡①❡❝✉t✐♦♥ ❜❡❣✐♥s ❛s ❋✐❣✉r❡
✾✳✶✳ ▲❡t ℓ1stmt , ℓ✽ ❜❡ t❤❡ st❛t❡♠❡♥t ♦❢ ❋✐❣✉r❡ ✼✳✹✳

❲❡ ❝♦♥s✐❞❡r✿

❼ rReach1, Ext1, Self1, Par1, Sub1s ✏
✥✞✞ℓ1stmt , ℓ✽

✞✞✭①ts1✉, System, System②✱

❼ ①S1, G1, A1② ✏ ✈ℓ1stmt , ℓ✽✇①ts1✉, System, System②✱

❆♣♣❧②✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥s✱ ✇❡ st❛t❡ t❤❛t✿

❼ Reach1 ✏ t♣s, sq ⑤ label♣sq ✏ ℓ1✉✱

❼ S1 ✏ ∅✱

❼ Self1 ✏ t♣s1, s2q✉ ∪ System✱
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◆❛♠❡ ❚❤r❡❛❞s ❈♦♥tr♦❧ ♣♦✐♥t ❇✉✛❡rs ▼❡♠♦r② ●❡♥❡❛❧♦❣②
s1 ♠❛✐♥ ℓ1 ∅ x ✏ 0 ǫ

s2 ♠❛✐♥ ℓ2 ∅ x ✏ 0 ǫ

s3 ♠❛✐♥ ℓ1 ∅ x ✏ 0 ♣♠❛✐♥ , ℓ2, iq
i ℓ3 ∅

s4 ♠❛✐♥ ℓ1 ∅ x ✏ 0 ♣♠❛✐♥ , ℓ2, iq
i ℓ3 ∅

s5 ♠❛✐♥ ℓ1 ∅ x ✏ 0 ♣♠❛✐♥ , ℓ2, iq
i ℓ✽ ♣x, 1q

s6 ♠❛✐♥ ℓ1 ∅ x ✏ 0 ♣♠❛✐♥ , ℓ2, iq
i ℓ✽ ♣x, 1q

s7 ♠❛✐♥ ℓ2 ∅ x ✏ 0 ♣♠❛✐♥ , ℓ2, iq
i ℓ✽ ♣x, 1q

s8 ♠❛✐♥ ℓ1 ∅ x ✏ 0 ♣♠❛✐♥ , ℓ2, iq ☎ ♣♠❛✐♥ , ℓ2, jq
i ℓ✽ ♣x, 1q
j ℓ3 ∅

s9 ♠❛✐♥ ℓ1 ∅ x ✏ 0 ♣♠❛✐♥ , ℓ2, iq ☎ ♣♠❛✐♥ , ℓ2, jq
i ℓ✽ ♣x, 1q
j ℓ3 ∅

s8 ♠❛✐♥ ℓ1 ∅ x ✏ 0 ♣♠❛✐♥ , ℓ2, iq ☎ ♣♠❛✐♥ , ℓ2, jq
i ℓ✽ ♣x, 1q
j ℓ3 ∅

s10 ♠❛✐♥ ℓ2 ∅ x ✏ 0 ♣♠❛✐♥ , ℓ2, iq ☎ ♣♠❛✐♥ , ℓ2, jq
i ℓ✽ ♣x, 1q
j ℓ3 ∅

s11 ♠❛✐♥ ℓ2 ∅ x ✏ 0 ♣♠❛✐♥ , ℓ2, iq ☎ ♣♠❛✐♥ , ℓ2, jq
i ℓ✽ ♣x, 1q
j ℓ3 ∅

s12 ♠❛✐♥ ℓ2 ∅ x ✏ 0 ♣♠❛✐♥ , ℓ2, iq ☎ ♣♠❛✐♥ , ℓ2, jq
i ℓ✽ ♣x, 1q
j ℓ✽ ♣x, 1q

❋✐❣✉r❡ ✶✵✳✸✿ ❊①❛♠♣❧❡ ♦❢ ❊①❡❝✉t✐♦♥
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❼ Par ✏ System✱

❼ Sub ✏ ∅✱

❼ G1 ✏ t♣s1, s2q✉ ∪ System✱

❼ ❛♥❞ A1 ✏ System

❙✐♥❝❡ t❤❡ G✲❝♦♠♣♦♥❡♥t ♦❢ ①ts1✉, System, System② ✐s System✱ ✇❡ ❝♦❧❧❡❝t ♦♥❧② ❛ ❢❡✇ ♥✉♠❜❡r
♦❢ tr❛♥s✐t✐♦♥s ✐♥ Self1✱ Par1 ❛♥❞ Sub1✳ ◆♦t✐❝❡ t❤❛t ✇❡ ❝♦❧❧❡❝t t❤❡ tr❛♥s✐t✐♦♥ ♣s1, s2q ✐♥
Self1✳

◆♦✇✱ ❧❡t ✉s ❝♦♥s✐❞❡r✿

❼ rReach2, Ext2, Self2, Par2, Sub2s ✏
✥✞✞ℓ1stmt , ℓ✽

✞✞✭①ts1✉, G1, System②✱

❼ ①S2, G2, A2② ✏ ✈ℓ1stmt , ℓ✽✇①ts1✉, G2, System②✱

◆♦t✐❝❡ t❤❛t✿

❼ Reach2 ✏ t♣s1, s2q✉ ∪ Reach1✱

❼ S2 ✏ ∅✱

❼ Self2 ✏ t♣s1, s2q, ♣s2, s3q✉ ∪ System✱

❼ ❛♥❞ G2 ✏ t♣s1, s2q✉ ∪ System✳

❋✐❣✉r❡ ✶✵✳✹ ❣✐✈❡s ❛♥ ❛❧t❡r♥❛t✐✈❡ ❡①❡❝✉t✐♦♥✳ ❚❤✐s ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ ♣r♦❣r❛♠ ♦❢ ❋✐❣✉r❡ ✼✳✹
❜❡❣✐♥s ✇✐t❤ t❤❡ s❛♠❡ st❛t❡s s1✱ s2 ❛♥❞ s3✳ ◆❡✈❡rt❤❡❧❡ss✱ ✇❤❡♥ ✐♥ s3✱ ✐♥st❡❛❞ ♦❢ ❣♦✐♥❣ t♦ s4✱
✐♥ ❋✐❣✉r❡ ✶✵✳✹✱ t❤❡ s②st❡♠ ❣♦❡s t♦ s✶4✱ s

✶
5 ❛♥❞ s✶6✳ ❆❢t❡r s✶6 t❤❡ s②st❡♠ ❣♦❡s ❜❛❝❦ t♦ t❤❡ ✜rst

❡①❡❝✉t✐♦♥ ♦❢ ❋✐❣✉r❡ ✾✳✶✳ ■t ❣♦ t♦ st❛t❡ s7✳
◆♦✇ ✇❡ ❝♦♥s✐❞❡r✿

❼ rReach3, Ext3, Self3, Par3, Sub3s ✏
✥✞✞ℓ2create♣ℓ3x :✏ x�1q, ℓ1

✞✞✭①ts2✉,Transitions, System②✳

❼ ①S3, G3, A3② ✏ ✈ℓ2create♣ℓ3x :✏ x� 1q, ℓ1✇①ts2✉,Transitions, System②

◆♦t✐❝❡ t❤❛t✿

❼ ♣s2, s3q ∈ Reach3

❼ s3 ∈ S3

❼ ♣s3, s✶4q ∈ Ext3♣s2, s3q

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ♣s4, s5q ∈ Par✱ ❜✉t ♣s✶5, s
✶
6q ❘ Par✳ ❆❝t✉❛❧❧②✱ ♣s✶5, s

✶
6q ∈ Sub✳
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◆❛♠❡ ❚❤r❡❛❞s ❈♦♥tr♦❧ ♣♦✐♥t ❇✉✛❡rs ▼❡♠♦r② ●❡♥❡❛❧♦❣②
s1 ♠❛✐♥ ℓ1 ∅ x ✏ 0 ǫ

s2 ♠❛✐♥ ℓ2 ∅ x ✏ 0 ǫ

s3 ♠❛✐♥ ℓ1 ∅ x ✏ 0 ♣♠❛✐♥ , ℓ2, iq
i ℓ3 ∅

s✶4 ♠❛✐♥ ℓ2 ∅ x ✏ 0 ♣♠❛✐♥ , ℓ2, iq
i ℓ3 ∅

s✶5 ♠❛✐♥ ℓ2 ∅ x ✏ 0 ♣♠❛✐♥ , ℓ2, iq
i ℓ3 ∅

s✶6 ♠❛✐♥ ℓ2 ∅ x ✏ 0 ♣♠❛✐♥ , ℓ2, iq
i ℓ✽ ♣x, 1q

s7 ♠❛✐♥ ℓ2 ∅ x ✏ 0 ♣♠❛✐♥ , ℓ2, iq
i ℓ✽ ♣x, 1q

s8 ♠❛✐♥ ℓ1 ∅ x ✏ 0 ♣♠❛✐♥ , ℓ2, iq ☎ ♣♠❛✐♥ , ℓ2, jq
i ℓ✽ ♣x, 1q
j ℓ3 ∅

s9 ♠❛✐♥ ℓ1 ∅ x ✏ 0 ♣♠❛✐♥ , ℓ2, iq ☎ ♣♠❛✐♥ , ℓ2, jq
i ℓ✽ ♣x, 1q
j ℓ3 ∅

❋✐❣✉r❡ ✶✵✳✹✿ ❆❧t❡r♥❛t✐✈❡ ❊①❡❝✉t✐♦♥
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✐♥t❡r❢❡r❡A♣Sq
❞❡❢✏

✧
s✶
✞✞✞✞❉s ∈ S :

♣s, s✶q ∈ ♣A⑤after♣sq ∪ Systemq✍

❫thread♣sq ✏ thread♣s✶q

✯

♣♦st♣ℓq ❞❡❢✏

✧
s✶
✞✞✞✞ ❉s ✏ ♣i, P, σ, g ☎ ♣i, ℓ, jqq ∈ States :

s✶ ∈ after♣sq

✯

s❝❤❡❞✉❧❡✲❝❤✐❧❞♣Sq ❞❡❢✏

✧
♣j, P, σ, g✶q

✞✞✞✞❉i, g :
♣i, P, σ, g✶q ∈ S

❫g✶ ✏ g ☎ ♣i, ℓ, jq

✯
✐♥✐t✲❝❤✐❧❞ℓ♣①S, G, A②q

❞❡❢✏ ①✐♥t❡r❢❡r❡A∪♣G⑤♣♦st♣ℓqq ✆ s❝❤❡❞✉❧❡✲❝❤✐❧❞♣Sq,
System, A ∪ ♣G⑤♣♦st♣ℓqq②

❝♦♠❜✐♥❡①S,G,A②♣G✶q
❞❡❢✏ ①✐♥t❡r❢❡r❡A∪G✶♣Sq, G ∪ G✶, A ∪ G✶②

❡①❡❝✉t❡✲t❤r❡❛❞f,S,A♣Gq
❞❡❢✏ G✶ ✇✐t❤ ①S✶, G✶, A✶② ✏ f①S, G, A②

❣✉❛r❛♥t❡❡f①S, G, A②
❞❡❢✏ ❡①❡❝✉t❡✲t❤r❡❛❞

Òω
f,S,A♣Gq

❋✐❣✉r❡ ✶✵✳✺✿ ❇❛s✐❝ s❡♠❛♥t✐❝ ❢✉♥❝t✐♦♥s

✶✵✳✸ Pr♦♣❡rt✐❡s ♦❢ t❤❡ ●✲❝♦❧❧❡❝t✐♥❣ ❙❡♠❛♥t✐❝s

❚♦ ♣r❡♣❛r❡ ❢♦r ♦✉r st❛t✐❝ ❛♥❛❧②s✐s ✇❡ ♣r♦✈✐❞❡ ❛ ❝♦♠♣♦s✐t✐♦♥❛❧ ❛♥❛❧②s✐s ♦❢ t❤❡ ●✲❝♦❧❧❡❝t✐♥❣
s❡♠❛♥t✐❝s ✐♥ ❚❤❡♦r❡♠ ✶✷✳✶ ❜❡❧♦✇✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ s❡t ♦❢ ❤❡❧♣❡r ❢✉♥❝t✐♦♥s✱ s❡❡
❋✐❣✳ ✶✵✳✺✳

❚❤❡ ❢✉♥❝t✐♦♥ ✐♥t❡r❢❡r❡A♣Sq r❡t✉r♥s st❛t❡s t❤❛t ❛r❡ r❡❛❝❤❛❜❧❡ ❢r♦♠ S ❜② ❛♣♣❧②✐♥❣ ✐♥✲
t❡r❢❡r❡♥❝❡s ✐♥ A✳ ◆♦t✐❝❡ t❤❛t t❤❡s❡ ✐♥t❡r❢❡r❡♥❝❡s ❞♦ ♥♦t ❝❤❛♥❣❡ t❤❡ ❧❛❜❡❧ ♦❢ t❤❡ ❝✉rr❡♥t
t❤r❡❛❞✿

▲❡♠♠❛ ✶✵✳✶✵✳ ▲❡t s ✏ ♣i, P, σ, gq ❛♥❞ s✶ ✏ ♣i✶, P ✶, σ✶, g✶q✳ ■❢ ♣s, s✶q ∈ ♣A⑤after♣sq ∪ Systemq✍

t❤❡♥ P ♣iq ✏ P ✶♣iq✱ ✐✳❡✳✱ label♣sq ✏ P ✶♣thread♣sqq✳
■❢ ❢✉rt❤❡r♠♦r❡ thread♣sq ✏ thread♣s✶q t❤❡♥ label♣sq ✏ label♣s✶q✳

Pr♦♦❢✳ ❚❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ ♦❢ st❛t❡s s0✱ ✳ ✳ ✳ ✱ sn s✉❝❤ t❤❛t s0 ✏ s ❛♥❞ sn ✏ s✶ ❛♥❞ ❢♦r
❛❧❧ k ∈ t0, . . . , n✁ 1✉✱ ♣sk, sk�1q ∈ A⑤after♣sq ∪ System✳

▲❡t ♣ik, Pk, σk, gkq ✏ sk✳ ▲❡t ✉s ♣r♦✈❡ ❜② ✐♥❞✉❝t✐♦♥ t❤❛t Pk♣iq ✏ P ♣iq✳ ■❢ ♣sk, sk�1q ∈
System ❛♥❞ Pk♣iq ✏ P ♣iq t❤❡♥ Pk�1♣iq ✏ P ♣iq✳ ■❢ ♣sk, sk�1q ∈ A⑤after♣sq ❛♥❞ Pk♣iq ✏ P ♣iq
t❤❡♥ sk ❘ after♣skq ❛♥❞ t❤❡♥ ik ✘ i ❛♥❞ t❤❡♥ Pk�1♣iq ✏ Pk♣iq ✏ P ♣iq✳

❚❤❡ ❢✉♥❝t✐♦♥ ♣♦st♣ℓq ❝♦♠♣✉t❡s t❤❡ s❡t ♦❢ st❛t❡s t❤❛t ♠❛② ❜❡ r❡❛❝❤❡❞ ❛❢t❡r ❤❛✈✐♥❣
❝r❡❛t❡❞ ❛ t❤r❡❛❞ ❛t ❧❛❜❡❧ ℓ❀ s❝❤❡❞✉❧❡✲❝❤✐❧❞ ❛♣♣❧✐❡s ❛ s❝❤❡❞✉❧❡ tr❛♥s✐t✐♦♥ t♦ t❤❡ ❧❛st ❝❤✐❧❞
♦❢ t❤❡ ❝✉rr❡♥t t❤r❡❛❞✳ ❚❤❡ ❢✉♥❝t✐♦♥ ✐♥✐t✲❝❤✐❧❞ℓ ❝♦♠♣✉t❡s ❛ ❝♦♥✜❣✉r❛t✐♦♥ ❢♦r t❤❡ ❧❛st
❝❤✐❧❞ ❝r❡❛t❡❞ ❛t ℓ✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ✐♥t❡r❢❡r❡♥❝❡s ✇✐t❤ ✐ts ♣❛r❡♥t ✉s✐♥❣ ♣♦st♣ℓq❀ ♥♦t✐❝❡
t❤❛t ✇❡ ♥❡❡❞ ❤❡r❡ t❤❡ ❣❡♥❡❛❧♦❣✐❡s t♦ ❞❡✜♥❡ ♣♦st♣ℓq ❛♥❞ t❤❡♥ t♦ ❤❛✈❡ ❚❤❡♦r❡♠ ✶✷✳✶✳ ❚❤❡
❢♦❧❧♦✇✐♥❣ ▲❡♠♠❛ s❤♦✇s t❤❡ ❧✐♥❦ ❜❡t✇❡❡♥ ✐♥t❡r❢❡r❡ ❛♥❞ ♣♦st♣q✿ t❤❡ ❢✉♥❝t✐♦♥ ✐♥t❡r❢❡r❡

❞♦❡s ♥♦t ❛❧❧♦✇ t♦ ❡♥t❡r ✐♥t♦ ❛ ♥❡✇ s❡t ♣♦st♣ℓq✳

▲❡♠♠❛ ✶✵✳✶✶✳ ■❢ s✶ ∈ ✐♥t❡r❢❡r❡A♣ts0✉q ∩ ♣♦st♣ℓq t❤❡♥ s0 ∈ ♣♦st♣ℓq
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Pr♦♦❢✳ ▲❡t ♣i0, P0, σ0, g0q ✏ s0 ❛♥❞ ♣i0, P ✶, σ✶, g0 ☎ g✶q ✏ s✶✳
s✶ ∈ ♣♦st♣ℓq✳ ❚❤❡r❡❢♦r❡✱ t❤❡r❡ ❡①✐sts s ✏ ♣i, P, σ, g ☎ ♣i, ℓ, jqq s✉❝❤ t❤❛t s✶ ∈ after♣sq✳
❍❡♥❝❡✱ ❜♦t❤ g ☎ ♣i, ℓ, jq ❛♥❞ g0 ❛r❡ ♣r❡✜①❡s ♦❢ g0 ☎ g✶✳ ❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✷✳✼✱ t✇♦ ❝❛s❡s

♠❛② ♦❝❝✉r✿

❼ ❋✐rst ❝❛s❡✿ g ☎ ♣i, ℓ, jq ↕♣r❡✜① g0✳ ❚❤❡r❡❢♦r❡✱ t❤❡r❡ ❡①✐sts ❛ ❣❡♥❡❛❧♦❣② g1 s✉❝❤ t❤❛t✿
g ☎ ♣i, ℓ, jq ☎ g1 ✏ g0✳

❇❡❝❛✉s❡ s✶ ∈ after♣sq✱ i0 ∈ descg1☎g✶♣iq✳ ❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✼✳✷ i0 ∈ descg✶♣desc♣g1qq
❇② ❞❡✜♥✐t✐♦♥ ♦❢ desc✱ t❤❡r❡ ❡①✐sts j0 ∈ desc♣g1q s✉❝❤ t❤❛t i0 ∈ descg✶♣j0q✳ ❚❤❡♥✱
❛❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✼✳✹ descg✶♣j0q ❸ descg1☎g✶ ✳ ❍❡♥❝❡ j0 ➝g1☎g✶ i0 ❛♥❞ i0 ➝g1☎g✶ j0✳
❚❤❡♥ i0 ✏ j0✳ ❍❡♥❝❡✱ s0 ∈ after♣sq ❛♥❞ t❤❡r❡❢♦r❡ s0 ∈ ♣♦st♣ℓq✳

❼ ❙❡❝♦♥❞ ❝❛s❡✿ g0 ↕♣r❡✜① g ☎ ♣i, ℓ, jq✳

▲❡t s✶0 ✏ ♣i0, P, σ, g ☎ ♣i, ℓ, jqq✳ ❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✼✳✶✱ ♣s✶0, s
✶q ∈ Transitions✍✳

❍❡♥❝❡✱ ❛❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✶✵✳✺✱ s✶ ∈ after♣s0q✳

◆❡✈❡rt❤❡❧❡ss✱ ♣s, s0q ∈ Schedule✱ ❛♥❞✱ ❛❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✶✵✳✻ after♣sq∩after♣s0q ✏
∅✳ ❇✉t s✶ ∈ after♣sq ∩ after♣s0q✳ ❚❤✐s ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

❚❤❡ ❢✉♥❝t✐♦♥ ❡①❡❝✉t❡✲t❤r❡❛❞ ❝♦♠♣✉t❡s ❛ ♣❛rt ♦❢ t❤❡ ❣✉❛r❛♥t❡❡ ✭❛♥ ✉♥❞❡r✲❛♣♣r♦①✐♠❛t✐♦♥✮✱
❣✐✈❡♥ t❤❡ s❡♠❛♥t✐❝s ♦❢ ❛ ❝♦♠♠❛♥❞ r❡♣r❡s❡♥t❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ f ❢r♦♠ ❝♦♥✜❣✉r❛t✐♦♥ t♦ ❝♦♥✲
✜❣✉r❛t✐♦♥✳ ❆♥❞ ❣✉❛r❛♥t❡❡ ✐t❡r❛t❡s ❡①❡❝✉t❡✲t❤r❡❛❞ t♦ ❝♦♠♣✉t❡ t❤❡ ✇❤♦❧❡ ❣✉❛r❛♥t❡❡✱ ❛s
s❤♦✇♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✿

Pr♦♣♦s✐t✐♦♥ ✶✵✳✶ ✭❙♦✉♥❞♥❡ss ♦❢ ❣✉❛r❛♥t❡❡✮✳ ▲❡t ①S, G, A② ❛ ❝♦♥❝r❡t❡ ❝♦♥✜❣✉r❛t✐♦♥✱ ℓstmt , ℓ✶

❛ st❛t❡♠❡♥t ❛♥❞ G✽ ✏ ❣✉❛r❛♥t❡❡✈ℓstmt ,ℓ✶✇①S, G, A②✳ ▲❡t s0 ∈ S ❛♥❞ s ∈ after♣s0q s✉❝❤ t❤❛t
♣s, s✶q ∈ Tr ℓstmt ,ℓ✶✳

■❢ ♣s0, sq ∈
✏
♣Tr ℓstmt ,ℓ✶q⑤after♣s0q ∪ A⑤after♣s0q

✘✍
t❤❡♥ ♣s, s✶q ∈ G✽

Pr♦♦❢✳ ▲❡t ①Sk, Gk, Ak② ✏ ❡①❡❝✉t❡✲t❤r❡❛❞k✈ℓstmt ,ℓ✶✇,S,A♣Gq

❛♥❞ rReachk, Extk, Selfk, Park, Subks ✏
✥✞✞ℓstmt , ℓ✶

✞✞✭①S, Gk, A②
❛♥❞ T ✏ Tr ℓstmt ,ℓ✶

▲❡t s0, . . . , sn�1 ❛ ♣❛t❤ s✉❝❤ t❤❛t sn ✏ s✱ sn�1 ✏ s✶ ❛♥❞ ❢♦r ❛❧❧ k✱ ♣sk, sk�1q ∈
✏
T⑤after♣s0q∪

A⑤after♣s0q

✘✍
✳ ▲❡t m ❛♥ ❛r❜✐tr❛r② ✐♥t❡❣❡r✳ ❚❤❡♥✱ ❧❡t k0 t❤❡ s♠❛❧❧❡st k ✭✐❢ ✐t ❡①✐sts✮ s✉❝❤ t❤❛t

♣sk, sk�1q ∈ T⑤after♣s0q r Gm✳ ❚❤❡♥✱ ❜② ❞❡✜♥✐t✐♦♥✱ ♣sk0 , sk0�1q ∈ Selfm ∪ Parm ❸ Gm�1 ❸
G✽✳

❚❤✐s ♣r♦♣♦s✐t✐♦♥ s❤♦✇s ❤♦✇ t❤❡ ●✲❝♦❧❧❡❝t✐♥❣ s❡♠❛♥t✐❝s ✐s ✉s❡❞ t♦ ♦✈❡r❛♣♣r♦①✐♠❛t❡ t❤❡
♦♣❡r❛t✐♦♥❛❧ s❡♠❛♥t✐❝s✳

❉✉r✐♥❣ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ ❛ st❛t❡♠❡♥t ℓstmt , ℓ✶✱ s♦♠❡ ✐♥t❡r❢❡r❡♥❝❡ tr❛♥s✐t✐♦♥s ♠❛② ❜❡ ✜r❡❞
❛t ❛♥② t✐♠❡✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡ ❧❛❜❡❧s ♦❢ t❤❡ t❤r❡❛❞✭s✮ ❡①❡❝✉t✐♥❣ t❤❡ st❛t❡♠❡♥t ❛r❡ st✐❧❧ ✐♥
❛ ❧❛❜❡❧ ♦❢ t❤❡ st❛t❡♠❡♥t✿
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▲❡♠♠❛ ✶✵✳✶✷✳ ■❢ ♣s0, sq ∈ ♣Tr ℓstmt ,ℓ✶ ∪ A⑤after♣s0qq
✝✱ label♣s0q ∈ Labs♣ℓstmt , ℓ✶q ❛♥❞ s ∈

after♣s0q t❤❡♥ label♣sq ∈ Labs♣ℓstmt , ℓ✶q✳
❋✉t❤❡r♠♦r❡✱ ✐❢ label♣sq ✏ ℓ✶ ♦r label♣sq ✏ ℓ t❤❡♥ thread♣s0q ✏ thread♣sq✳

Pr♦♦❢✳ ❚❤❡r❡ ❡①✐sts ❛ ♣❛t❤ s1, . . . , sn s✉❝❤ t❤❛t sn ✏ s ❛♥❞ ❢♦r ❛❧❧ k ∈ t0, . . . , n ✁ 1✉✱
♣sk, sk✁1q ∈ Tr ℓstmt ,ℓ✶∪A⑤after♣s0q✳ ▲❡t ♣i0, P0, σ0, g0q ✏ s0 ❛♥❞ ❢♦r k ➙ 1✱ ❧❡t ♣ik, Pk, σk, g0☎gkq ✏
sk✳

▲❡t ✉s ♣r♦✈❡ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ k t❤❛t Pk♣iq ∈ Labs♣ℓstmt , ℓ✶q ❛♥❞ ❢♦r ❛❧❧ j ∈ descgk♣ti0✉qr
ti0✉✱ Pk♣jq ∈ Labschild♣ℓstmt , ℓ✶q✳

▲❡t ✉s ❛ss✉♠❡ t❤❛t k s❛t✐s✜❡s t❤❡ ✐♥❞✉❝t✐♦♥ ♣r♦♣❡rt②✱ ❛♥❞ ❧❡t ✉s s❤♦✇ t❤❛t k�1 s❛t✐✜❡s
t❤❡ ✐♥❞✉❝t✐♦♥ ♣r♦♣❡rt②✳

■♥ t❤❡ ❝❛s❡ ♣sk, sk�1q ∈ A⑤after♣s0q✱ ik ❘ descgk♣ti0✉q ❛♥❞ t❤❡♥ ❢♦r ❛❧❧ j ✏ descgk♣ti0✉q ✏
descgk�1

♣ti0✉q✱ Pk♣jq ✏ Pk�1♣jq✳
■♥ t❤❡ ❝❛s❡ ♣sk, sk�1q ∈ Tr ℓstmt ,ℓ✶ ❛♥❞ ik ✏ i0✱ ❜② ▲❡♠♠❛ ✼✳✼✱ Pk�1♣ikq ∈ Labs♣ℓstmt , ℓ✶q✳

❋✉rt❤❡r♠♦r❡✱ ✐❢ j ∈ descgk♣ti0✉q t❤❡♥ Pk♣jq ✏ Pk�1♣jq✳ ■❢ j ∈ descgk�1
♣ti0✉qr descgk♣ti0✉q✱

t❤❡♥ j ∈ Dom♣Pk�1qr Dom♣Pkq ❛♥❞ ❜② ▲❡♠♠❛ ✼✳✾✱ Pk�1♣jq ∈ Labschild♣ℓstmt , ℓ✶q✳
■♥ t❤❡ ❝❛s❡♣sk, sk�1q ∈ Tr ℓstmt ,ℓ✶ ❛♥❞ ik ✏ i0✱ ✇❡ ❝♦♥❝❧✉❞❡ s✐♠✐❧❛r❧② ❜② ▲❡♠♠❛ ✼✳✶✵✳ ■❢

s ∈ after♣s0q✱ t❤❡♥ in ∈ descgn♣ti0✉q ❛♥❞ t❤❡r❡❢♦r❡ label♣sq ∈ Labs♣ℓstmt , ℓ✶q✳
■❢ label♣sq ✏ ℓ✶ ♦r label♣sq ✏ ℓ✱ t❤❡♥✱ ❜❡❝❛✉s❡ ❜② ▲❡♠♠❛ ✼✳✶✵✱ ℓ ❛♥❞ ℓ✶ ❛r❡ ♥♦t ✐♥

Labschild♣ℓstmt , ℓ✶q✱ ✇❡ ❤❛✈❡ thread♣s0q ✏ thread♣sq✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ s✉♠♠❛r✐③❡s t❤❡ ❝♦♥s❡q✉❡♥❝❡s ♦♥ Reach ♦❢ ▲❡♠♠❛s ✶✵✳✷✱ ✶✵✳✺ ❛♥❞
✶✵✳✶✷✿

▲❡♠♠❛ ✶✵✳✶✸✳ ▲❡t rReach, Ext, Self, Par, Subs ✏
✥✞✞ℓstmt , ℓ✶

✞✞✭①S, G, A②✳
■❢ ♣s0, sq ∈ Reach t❤❡r❡❢♦r❡ s ∈ after♣s0q✱ after♣sq ❸ after♣s0q ❛♥❞ label♣sq ∈ Labs♣ℓstmt , ℓ✶q✳

Pr♦♦❢✳ ♣s0, sq ∈ Reach✳ ❚❤❡r❡❢♦r❡✱ ❜② ❞❡✜♥✐t✐♦♥✱ thread♣s0q ✏ thread♣sq✳ ❍❡♥❝❡✱ ❛❝❝♦r❞✐♥❣
t♦ ▲❡♠♠❛ ✶✵✳✺✱ s ∈ after♣s0q✳ ❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✶✵✳✷✱ after♣sq ❸ after♣s0q✳

●✐✈❡♥ t❤❛t ♣s0, sq ∈ Reach✱ ✇❡ st❛t❡ t❤❛t ♣s0, sq ∈
✏
♣G⑤after♣s0q ∩ Tr ℓstmt ,ℓ✶q ∪ A⑤after♣s0q

✘✍
✳

❍❡♥❝❡✱ ❛❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✶✵✳✶✷✱ label♣sq ∈ Labs♣ℓstmt , ℓ✶q✳

❆❢t❡r ❛ st❛t❡♠❡♥t r❡t✉r♥s✱ s♦♠❡ s✉❜t❤r❡❛❞s ❝r❡❛t❡❞ ❞✉r✐♥❣ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ st❛t❡✲
♠❡♥t ♠❛② ❝♦♥t✐♥✉❡ t♦ ❜❡ ❡①❡❝✉t❡❞✳ ❲❡ ✐♥tr♦❞✉❝❡ ❛ ❝♦♥❝❡♣t ♦❢ ❝♦❤❡r❡♥❝❡✿

❉❡✜♥✐t✐♦♥ ✶✵✳✸✳ ❆ s❡t T ♦❢ tr❛♥s✐t✐♦♥s ✐s ❝♦❤❡r❡♥t ✇✐t❤ ℓstmt , ℓ✶ ❛♥❞ t❤❡ st❛t❡s s0 ❛♥❞ s1
✐❢ ❛♥❞ ♦♥❧② ✐❢✿

❅♣s, s✶q ∈ T, s ∈ after♣s0q ∩ after♣s1q ❫ label♣sq ∈ Labs♣ℓstmt , ℓ✶q ñ ♣s, s✶q ∈ Tr ℓstmt , ℓ✶.

❘❡❝❛❧❧ ❋✐❣✉r❡ ✶✵✳✷❞✳ ❆ s❡t ♦❢ tr❛♥s✐t✐♦♥ ❝♦❤❡r❡♥t ✇✐t❤ ℓstmt , ℓ✶ ❛♥❞ t❤❡ st❛t❡s s0 ❛♥❞ s1
♦❢ ✶✵✳✷❞ ♠❛② ❝♦♥t❛✐♥ t✇♦ ❦✐♥❞s ♦❢ tr❛♥s✐t✐♦♥s✿

❼ ❚r❛♥s✐t✐♦♥s ♣s, s✶q ❞♦♥❡ ❜② j5✱ j6 ❛♥❞ j4✳ ❚❤❡s❡ tr❛♥s✐t✐♦♥s ❛r❡ ✐♥ Tr ℓstmt ,ℓ✶ ✭✐♥ ❜♦❧❞ ✐♥
❋✐❣✉r❡ ✶✵✳✷❞✮✱ ♦r ❛r❡ tr❛♥s✐t✐♦♥s ♦❢ ❛♥♦t❤❡r st❛t❡♠❡♥t ✭✐✳❡✳✱ label♣sq ❘ Labs♣ℓstmt , ℓ✶q✮✳
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❼ ❚r❛♥s✐t✐♦♥ ❞♦♥❡ ❜② ♦t❤❡r t❤r❡❛❞s✳

❚❤❡ ❋♦❧❧♦✇✐♥❣ ▲❡♠♠❛ ❡♥s✉r❡s ✉s t❤❛t ❛♥② tr❛♥s✐t✐♦♥ ❡①❡❝✉t❡❞ ❜② ❛ t❤r❡❛❞ ❝r❡❛t❡❞
❞✉r✐♥❣ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ ℓstmt , ℓ✶ ✭✐✳❡✳✱ ❜❡t✇❡❡♥ s0 ❛♥❞ s1✮ ✐s ❛ tr❛♥s✐t✐♦♥ ❣❡♥❡r❛t❡❞ ❜② t❤❡
st❛t❡♠❡♥t ℓstmt , ℓ✶✳

▲❡♠♠❛ ✶✵✳✶✹✳ ▲❡t T ❛ s❡t ♦❢ tr❛♥s✐t✐♦♥s ❝♦❤❡r❡♥t ✇✐t❤ stmt ✱ s0 ❛♥❞ s1✳ ❋♦r ❛❧❧ s ✏
♣i, P, σ, gq ∈ States✱ ✐❢ ♣s1, sq ∈ T ✍✱ t❤❡r❡❢♦r❡ ❅j ∈ descg♣i0q r descg✁1

1
☎g♣i0q✱ P ♣jq ∈

Labschild♣ℓstmt , ℓ✶q✳

Pr♦♦❢✳ ▲❡t i0 ✏ thread♣s0q✳
▲❡t ✉s ♣r♦✈❡ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ n ∈ N t❤❛t ❢♦r ❛❧❧ n✱ ❢♦r ❛❧❧ s ✏ ♣i ∈, P ∈, σ ∈, g ∈qStates✱

✐❢ ♣s1, sq ∈ T n✱ t❤❡r❡❢♦r❡ ❅j ∈ descg♣i0qr descg✁1

1
☎g♣i0q✱ P ♣iq ∈ Labschild♣ℓstmt , ℓ✶q✳

▲❡t s s✉❝❤ t❤❛t ♣s1, sq ∈ T n�1✳ ❚❤❡r❡❢♦r❡✱ t❤❡r❡ ❡①✐sts s2 s✉❝❤ t❤❛t ♣s1, s2q ∈ T n ❛♥❞
♣s2, sq ∈ T ✳

▲❡t s2 ✏ ♣i2, P2, σ2, g2q✳ ▲❡t j ∈ descg♣i0qr descg✁1

1
☎g♣i0q✳

❚❤❡r❡ ❛r❡ s❡✈❡r❛❧ ❝❛s❡s✿

❼ ❋✐rst ❝❛s❡✿ j ∈ descg2♣i0q✳ ❚❤❡r❡❢♦r❡✱ ❜② ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s✱ P2♣jq ∈ Labschild♣ℓstmt , ℓ✶q✳
❚❤❡r❡ ✐s t✇♦ ❝❛s❡s✳

➒ ❋✐rst ❝❛s❡ j ✏ i2✳ ❇❡❝❛✉s❡ j ∈ descg♣i0q✱ s2 ∈ after♣s0q✳ ❇❡❝❛✉s❡ j ∈

descg✁1

1
☎g♣i0q✱ s2 ❘ after♣s0q✳ ❍❡♥❝❡✱ ❜❡❝❛✉s❡ T ✐s ❝♦❤❡r❡♥t✱ ♣s2, sq ∈ Tr ℓstmt , ℓ✶✳

❚❤❡r❡❢♦r❡✱ ❜② ▲❡♠♠❛ ✼✳✾✱ j ∈ Labschild♣ℓstmt , ℓ✶q✳

➒ ❙❡❝♦♥❞ ❝❛s❡ j ✘ i2✱ ❤❡♥❝❡✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ tr❛♥s✐t✐♦♥s✱ P2♣jq ✏
P ♣jq✳ ❚❤❡r❡❢♦r❡ P ♣jq ∈ Labschild♣ℓstmt , ℓ✶q✳

❼ ❙❡❝♦♥❞ ❝❛s❡✿ j ∈❘ descg2♣i0q✳ ❚❤❡r❡❢♦r❡✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ tr❛♥s✐t✐♦♥s✱ ♣i2, P2♣i2q, jq ∈
g✁1
2 ☎ h✳ ❚❤❡r❡❢♦r❡✱ ❛❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✼✳✹✱ descg✁1

2
☎g♣i2q ❸ descg♣i0q ❛♥❞ t❤❡r❡✲

❢♦r❡ i2 ∈ descg♣i0q✳ ❋✉rt❤❡r♠♦r❡✱ ❜❡❝❛✉s❡ j ∈ descg✁1

2
☎g♣i2q ❛♥❞ j ❘ descg✁1

1
☎g♣i0q✱

t❤❡r❡❢♦r❡✱ ❛❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✼✳✹✱ descg✁1

2
☎g♣i2q ∩ descg✁1

1
☎g♣i0q ✏ ∅ ❛♥❞ t❤❡r❡❢♦r❡

i2 ❘ descg✁1

1
☎g♣i0q✳

❍❡♥❝❡✱ ❜② ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s✱ P2♣i2q ∈ Labschild♣ℓ, stmt , ℓ✶q✳ ❆♥❞ t❤❡r❡❢♦r❡✱ ❜②
▲❡♠♠❛ ✼✳✾✱ P ♣jq ∈ Labschild♣ℓ, stmt , ℓ✶q✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ✐s ❢✉♥❞❛♠❡♥t❛❧ t♦ ♣r♦✈❡ t❤❡ ♠❛✐♥ ♣r♦♣❡rt✐❡s ♦❢ Ext♣,✮ ❛♥❞
Sub✳

Pr♦♣♦s✐t✐♦♥ ✶✵✳✷✳ ▲❡t ℓstmt , ℓ✶ ❛ st❛t❡♠❡♥t✱
rReach, Ext, Self, Par, Subs ✏

✥✞✞ℓstmt , ℓ✶
✞✞✭①S, G, A②✳ ▲❡t ♣s0, s1q ∈ Reach ❛♥❞ T ❛ s❡t ♦❢

tr❛♥s✐t✐♦♥s ❝♦❤❡r❡♥t ✇✐t❤ stmt ✱ s0 ❛♥❞ s1✳
▲❡t s✶ ❛♥❞ s✷ s✉❝❤ t❤❛t ♣s1, s✶q ∈ T ✍ ❛♥❞ ♣s✶, s✷q ∈ T ✳ ❚❤❡r❡❢♦r❡✱ ✐❢ s✶ ∈ after♣s0q t❤❡♥

❡✐t❤❡r s✶ ∈ after♣s1q ♦r ♣s✶, s✷q ∈ Tr ℓstmt ,ℓ✶✳
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Pr♦♦❢✳ ▲❡t ♣i0, P0, σ0, g0q ✏ s0 ❛♥❞ ♣i✶, P ✶, σ✶, g✶q ✏ s✶✳
❊✐t❤❡r s✶ ∈ after♣s1q ♦r s✶ ❘ after♣s1q✳

❼ ❋✐rst ❝❛s❡✿ s✶ ∈ after♣s1q✱ ✇❡ ❤❛✈❡ ♥♦t❤✐♥❣ t♦ ♣r♦✈❡✳

❼ ❙❡❝♦♥❞ ❝❛s❡✿ s✶ ❘ after♣s1q✳ ❚❤❡r❡❢♦r❡ i✶ ∈ descg0☎g✶♣i0q r descg✶♣i0q✱ ❛♥❞ ❜② ▲❡♠♠❛
✶✵✳✶✹ label♣s✶q ∈ Labschild♣ℓstmt , ℓ✶q✳ ❍❡♥❝❡✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ T ✱ ♣s✶, s✷q ∈ Tr ℓstmt ,ℓ✶ ✳

❚❤❡ ●✲❝♦❧❧❡❝t✐♥❣ s❡♠❛♥t✐❝s ✐s ❛ s♦✉♥❞ ♦✈❡r❛♣♣r♦①✐♠❛t✐♦♥ ♦♥ t❤❡ ♦♣❡r❛t✐♦♥❛❧ s❡♠❛♥t✐❝s✳
■♥ ♦t❤❡r ✇♦r❞s✿

❚❤❡♦r❡♠ ✶✵✳✶ ✭❙♦✉♥❞♥❡ss✮✳ ❈♦♥s✐❞❡r ❛ ♣r♦❣r❛♠ ℓcmd , ℓ✽ ❛♥❞ ✐ts s❡t ♦❢ ✐♥✐t✐❛❧ st❛t❡s
Init ✳ ▲❡t✿

①S✶, G✶, A✶② ❞❡❢✏ ✈ℓcmd , ℓ✽✇①Init , G✽, System②

✇✐t❤ G✽ ✏ ❣✉❛r❛♥t❡❡✈ℓcmd ,ℓ✽✇①Init , System, System②
❚❤❡♥✿

S✶ ✏ t♣♠❛✐♥, P, σ, gq ∈ Tr ✍ℓcmd ,ℓ✽
①Init② ⑤ P ♣♠❛✐♥q ✏ ℓ✽✉

G✶ ✏ G✽ ✏ t♣s, s✶q ∈ Tr ℓcmd ,ℓ✽ ⑤ s ∈ Tr ✍ℓcmd ,ℓ✽
①Init②✉ ∪ System

A✶ ✏ t♣s, s✶q ∈ Tr ℓcmd ,ℓ✽ ⑤ s ∈ Tr ✍ℓcmd ,ℓ✽
①Init② ❫ thread♣sq ✘ ♠❛✐♥✉

∪System

Pr♦♦❢✳ ▲❡t rReach, Ext, Self, Par, Subs ✏
✥✞✞ℓcmd , ℓ✽

✞✞✭①Init , G✽, System②✳
❲❡ ♦♥❧② ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t Reach ✏ ts ∈ Tr ✍ℓcmd ,ℓ✽

①Init② ⑤ thread♣sq ✏ ♠❛✐♥✉✳ ❲❡
❝♦♥❝❧✉❞❡ ✉s✐♥❣ ❉❡✜♥✐t✐♦♥ ✶✵✳✷✳

▲❡t s1 ∈ ts ∈ Tr ✍ℓcmd ,ℓ✽
①Init② ⑤ thread♣sq ✏ ♠❛✐♥✉✳

❚❤❡r❡ ❡①✐sts s0 ∈ Init s✉❝❤ t❤❛t ♣s0, sq ∈ Tr ✍ℓcmd ,ℓ✽
❇② ♣r♦♣♦s✐t✐♦♥ ✶✵✳✶✱ ♣s0, sq ∈

G✽ ∩ Tr ✍ℓcmd ,ℓ✽

❇② ▲❡♠♠❛ ✶✵✳✹✱ ♣s0, sq ∈ ♣G✽⑤after♣s0q ∩ Tr ✍ℓcmd ,ℓ✽
q ∪ System ⑤after♣s0q

✳ ❍❡♥❝❡ ♣s0, sq✳
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❖✈❡r❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡

■♥t❡r♠❡❞✐❛t❡ ❙❡♠❛♥t✐❝s

❚♦ ❡❛s❡ ❛❜str❛❝t✐♦♥✱ ✇❡ ♦✈❡r❛♣♣r♦①✐♠❛t❡ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ s❡♠❛♥t✐❝s ❜② ❛ ❞❡♥♦t❛t✐♦♥❛❧
s❡♠❛♥t✐❝s✳ ■♥ t❤✐s ❈❤❛♣t❡r✱ ❡❛❝❤ s❡❝t✐♦♥ ❣✐✈❡ ❛ ✇❛② t♦ ♦✈❡r❛♣♣r♦①✐♠❛t❡ ♦♥❡ st❛t❡♠❡♥t✳
❚❤❡s❡ ♦✈❡r❛♣♣r♦①✐♠❛t✐♦♥s ✇✐❧❧ ❜❡ ✉s❡❞ t♦ ❞❡✜♥❡ ❛ ❞❡♥♦t❛t✐♦♥❛❧ s❡♠❛♥t✐❝s ✐♥ ❈❤❛♣t❡r ✶✷✳

❚❤❡ Pr♦♣♦s✐t✐♦♥ ✶✶✳✶ ♦❢ ❙❡❝t✐♦♥ ✶✶✳✶ ❛❧❧♦✇s t♦ ♦✈❡r❛♣♣r♦①✐♠❛t❡ ❜❛s✐❝ st❛t❡♠❡♥ts✳ ❚❤❡
♣r♦♣♦s✐t✐♦♥ ✶✶✳✷ ♦❢ ❙❡❝t✐♦♥ ✶✶✳✷ ❛❧❧♦✇s t♦ ♦✈❡r❛♣♣r♦①✐♠❛t❡ t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ t✇♦ st❛t❡✲
♠❡♥ts✳ ◆♦t✐❝❡ t❤❛t t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ st❛t❡♠❡♥ts ❝❛♥ ❜❡ ♦✈❡r❛♣♣r♦①✐♠❛t❡❞ ❜② t❤❡ ❝♦♠✲
♣♦s✐t✐♦♥ ♦❢ t❤❡✐r s❡♠❛♥t✐❝s✳ ❚❤✐s ✐s ♥♦t tr✐✈✐❛❧✱ s✐♥❝❡ ✇❤❡♥ ❛ st❛t❡♠❡♥t ℓ1cmd1;

ℓ2cmd2, ℓ3
✐s ❡①❡❝✉t❡❞✱ t❤❡ ❝♦♠♠❛♥❞ ℓ1cmd1 ♠❛② s♣❛✇♥ s♦♠❡ t❤r❡❛❞s t❤❛t ✇✐❧❧ ✐♥t❡r❢❡r❡ ✇✐t❤ t❤❡
❡①❡❝✉t✐♦♥ ♦❢ t❤❡ ❝♦♠♠❛♥❞ ℓ2cmd2✳

❚❤❡ ♣r♦♣♦s✐t✐♦♥ ✶✶✳✸ ♦❢ ❙❡❝t✐♦♥ ✶✶✳✸ ❛❧❧♦✇s t♦ ♦✈❡r❛♣♣r♦①✐♠❛t❡ if st❛t❡♠❡♥ts✳ ❚❤❡
♣r♦♦❢ ♦❢ t❤✐s ♣r♦♣♦s✐t✐♦♥ ✐s s✐♠✐❧❛r t♦ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✶✳✷✱ s✐♥❝❡ ❛ ✐❢ st❛t❡♠❡♥t
❧♦♦❦ ❧✐❦❡ ❛ ❝♦♠♣♦s✐t✐♦♥ ❜❡t✇❡❡♥ ❛ ❣✉❛r❞ ❛♥❞ ❛ ❝♦♠♠❛♥❞✳

❚❤❡ ♣r♦♣♦s✐t✐♦♥ ✶✶✳✹ ♦❢ ❙❡❝t✐♦♥ ✶✶✳✹ ❛❧❧♦✇s t♦ ♦✈❡r❛♣♣r♦①✐♠❛t❡ t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ t✇♦
st❛t❡♠❡♥ts✳ ◆♦t✐❝❡ t❤❛t ❛ ✇❤✐❧❡ ❧♦♦♣ ♠❛② ❝r❡❛t❡ ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢ t❤r❡❛❞s✳ ❆♥❞ ❛
t❤r❡❛❞ ❝r❡❛t❡❞ ✐♥ t❤❡ kt❤ ✐t❡r❛t✐♦♥ ♠❛② ✐♥t❡r❢❡r❡ ✇✐t❤ t❤❡ k� 1t❤ ✐t❡r❛t✐♦♥ ♦❢ t❤❡ ❧♦♦♣✱ ❜✉t
♥♦t ✇✐t❤ t❤❡ k ✁ 1t❤ ✐t❡r❛t✐♦♥✳

❋✐♥❛❧❧②✱ t❤❡ Pr♦♣♦s✐t✐♦♥ ✶✶✳✺ ♦❢ ❙❡❝t✐♦♥ ✶✶✳✺ ❛❧❧♦✇s t♦ ♦✈❡r❛♣♣r♦①✐♠❛t❡ t❤r❡❛❞ ❝r❡❛t✐♦♥✳

✶✵✺
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✶✶✳✶ ❇❛s✐❝ ❙t❛t❡♠❡♥ts

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❡①❤✐❜✐t ❛♥ ♦✈❡r❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ s❡♠❛♥t✐❝s ♦❢ ❜❛s✐❝ st❛t❡♠❡♥ts✳ ❚❤✐s
♦✈❡r❛♣♣r♦①✐♠❛t✐♦♥ ✐s ❣✐✈❡♥ ❜② Pr♦♣♦s✐t✐♦♥ ✶✶✳✶

❆♥ ❡①❡❝✉t✐♦♥ ♣❛t❤ ♦❢ ❛ ❜❛s✐❝ st❛t❡♠❡♥t ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥ ✐♥t❡r❢❡r❡♥❝❡s✱ t❤❡♥ ♦♥❡
tr❛♥s✐t✐♦♥ ♦❢ t❤❡ ❜❛s✐❝ st❛t❡♠❡♥t✱ ❛♥❞ t❤❡♥✱ s♦♠❡ ♦t❤❡r ✐♥t❡r❢❡r❡♥❝❡s✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛
s❤♦✇s t❤✐s✳ ❚❤✐s ❧❡♠♠❛ ✇✐❧❧ ❛❧❧♦✇ ✉s t♦ ♣r♦✈❡ Pr♦♣♦s✐t✐♦♥ ✶✶✳✶✳

▲❡♠♠❛ ✶✶✳✶✳ ▲❡t ℓ1basic, ℓ2 ❜❡ ❛ ❜❛s✐❝ st❛t❡♠❡♥t✱
❛♥❞ rReach, Ext, Self, Par, Subs ✏

✥✞✞ℓ1basic, ℓ2✞✞✭①S, G, A②✳ ▲❡t ♣s0, sq ∈ Reach t❤❡♥✿

❼ ❡✐t❤❡r s ∈ ✐♥t❡r❢❡r❡A♣ts0✉q ❛♥❞ label♣sq ✏ ℓ1✱

❼ ♦r s ∈ ✐♥t❡r❢❡r❡A♣Tr ✲
ℓ1basic,ℓ2

①✐♥t❡r❢❡r❡A♣ts0✉q②q
❛♥❞ label♣sq ✏ ℓ2

Pr♦♦❢✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ Reach ✭❙❡❡ ❉❡✜♥✐t✐♦♥ ✶✵✳✷✮✱ t❤❡r❡ ❡①✐sts s1, . . . , sn s✉❝❤ t❤❛t sn ✏ s

❛♥❞ ❢♦r ❛❧❧ k ↕ 0✱ ♣sk, sk�1q ∈ ♣G⑤after♣s0q ∩ Tr ℓ1basic,ℓ2
q ∪ A⑤after♣s0q✳

❊✐t❤❡r t❤❡r❡ ❡①✐sts k s✉❝❤ t❤❛t ♣sk, sk�1q ∈ G⑤after♣s0q ∩ Tr ℓ1basic,ℓ2
q ♦r t❤❡r❡ ❞♦ ♥♦t ❡①✐st

s✉❝❤ ❛ k✳

❼ ❋✐rst ❝❛s❡✱ t❤❡r❡ ❞♦ ♥♦t ❡①✐st s✉❝❤ ❛ k✳ ❚❤❡r❡❢♦r❡ ♣s0, sq ∈ ♣A⑤after♣s0q ∪ Systemq✍✳
❇② ❞❡✜♥✐t✐♦♥ ♦❢ Reach ✭❙❡❡ ❉❡✜♥✐t✐♦♥ ✶✵✳✷✮✱ thread♣s0q ✏ thread♣sq✳ ❚❤❡r❡❢♦r❡ s ∈

✐♥t❡r❢❡r❡A♣ts0✉q✳ ❇② ▲❡♠♠❛ ✶✵✳✶✵✱ label♣s0q ✏ label♣sq✱ ❤❡♥❝❡✱ label♣sq ✏ ℓ1✳

❼ ❙❡❝♦♥❞ ❝❛s❡✱ t❤❡r❡ ❡①✐sts s✉❝❤ ❛ k✳ ▲❡t k0 ❜❡ t❤❡ s♠❛❧❧❡st s✉❝❤ k✳ ❍❡♥❝❡✱ ❜② ❞❡✜✲
♥✐t✐♦♥✱ sk0 ∈ after♣s0q ❛♥❞ ♣s0, skq ∈ ♣A⑤after♣s0q ∪ Systemq✍✳ ❍❡♥❝❡✱ ❜② ▲❡♠♠❛ ✶✵✳✽✱

thread♣s0q ✏ thread♣sk0q✳ ❚❤❡r❡❢♦r❡ sk0 ∈ ✐♥t❡r❢❡r❡A♣Sq✳

❋✉rt❤❡r♠♦r❡✱ ❜② ▲❡♠♠❛ ✼✳✻✱ label♣sk0�1q ✏ ℓ2✳

❊✐t❤❡r t❤❡r❡ ❡①✐sts k ➙ k0 � 1 s✉❝❤ t❤❛t ♣sk, sk�1q ∈ G⑤after♣s0q ∩ Tr ℓ1basic,ℓ2
q ♦r t❤❡r❡

❞♦❡s ♥♦t ❡①✐st s✉❝❤ ❛ k✳

➒ ❋✐rst ❝❛s❡✱ t❤❡r❡ ❞♦❡s ♥♦t ❡①✐st s✉❝❤ ❛ k✳ ❚❤❡r❡❢♦r❡ ♣sk0�1, sq ∈ ♣A⑤after♣s0q ∪
Systemq✍✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ Reach ✭❙❡❡ ❉❡✜♥✐t✐♦♥ ✶✵✳✷✮✱ thread♣s1q ✏ thread♣sq✳
❚❤❡r❡❢♦r❡ s ∈ ✐♥t❡r❢❡r❡A♣tsk0�1✉q✳ ❇② ▲❡♠♠❛ ✶✵✳✶✵✱ label♣s0q ✏ label♣sq✱
❤❡♥❝❡✱ label♣sq ✏ ℓ2✳

➒ ❙❡❝♦♥❞ ❝❛s❡✱ t❤❡r❡ ❡①✐sts s✉❝❤ ❛ k✳ ▲❡t k1 ❜❡ t❤❡ s♠❛❧❧❡st s✉❝❤ k✳ ❇② ❞❡✜♥✐t✐♦♥
♦❢ k1✱ ♣sk0�1, sk1q ∈ ♣A⑤after♣s0q ∪ Systemq✍✳ ❇② ▲❡♠♠❛ ✶✵✳✶✵✱ label♣sk0 � 1q ✏
label♣sk1q✱ t❤❡r❡❢♦r❡ label♣sk0 � 1q ✏ ℓ2✳ ❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✼✳✻✱ t❤✐s ✐s ❛
❝♦♥tr❛❞✐❝t✐♦♥✳

●✐✈❡♥ ❛ ❜❛s✐❝ st❛t❡♠❡♥t ℓ1basic, ℓ2 ❛♥❞ rReach, Ext, Self, Par, Subs ✏
✥✞✞ℓ1basic, ℓ2✞✞✭①S, G, A②✱

✇❡ ❝❧❛✐♠ t❤❛t✿
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❈❧❛✐♠ ✶✶✳✷✳ Par ✏ ∅✳

❈❧❛✐♠ ✶✶✳✸✳ Sub ✏ ∅✳

❈❧❛✐♠ ✶✶✳✹✳ Self ❸ t♣s, s✶q ∈ Tr ℓ1basic,ℓ2
⑤ s ∈ ✐♥t❡r❢❡r❡A♣Sq✉ ∪ System✳

❈❧❛✐♠ ✶✶✳✺✳ S✶ ❸ ✐♥t❡r❢❡r❡A
�

Tr ✲
ℓ1basic,ℓ2

①✐♥t❡r❢❡r❡A♣Sq②
✟
✳

❈❧❛✐♠s ✶✶✳✷ ❛♥❞ ✶✶✳✸ s❛② t❤❛t ✇❤❡♥ ❛ ❜❛s✐❝ st❛t❡♠❡♥t ✐s ❡①❡❝✉t❡❞✱ ♦♥❧② ♦♥❡ t❤r❡❛❞
✐s ❡①❡❝✉t❡❞✳ ◆♦t✐❝❡ t❤❛t spawn ❝r❡❛t❡s ❛ s✉❜t❤r❡❛❞✱ ❜✉t ❞♦❡s ♥♦t ❡①❡❝✉t❡ ✐t✳ ❚❤❡ ❈❧❛✐♠
✶✶✳✹ ❝❤❛r❛❝t❡r✐③❡s t❤❡ tr❛♥s✐t✐♦♥s ❞♦♥❡ ❜② t❤❡ ❝✉rr❡♥t t❤r❡❛❞✳ ❚❤❡ ❈❧❛✐♠ ✶✶✳✺ ❣✐✈❡s ❛♥
♦✈❡r❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ S✶✱ t❤❡ s❡t ♦❢ st❛t❡s r❡❛❝❤❡❞ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ ❛ ❜❛s✐❝
st❛t❡♠❡♥t✳

❲❡ ♣r♦✈❡ t❤❡s❡ ❝❧❛✐♠s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✳

♣r♦♦❢ ♦❢ ❈❧❛✐♠ ✶✶✳✷✳ ▲❡t ♣s, s✶q ∈ Par✳ ❆❝❝♦r❞✐♥❣ t♦ ❉❡✜♥✐t✐♦♥ ✶✵✳✷✱ t❤❡r❡ ❡①✐sts s0 ∈ S

s✉❝❤ t❤❛t ♣s0, sq ∈ Reach; Schedule ❛♥❞ s ∈ after♣s0q✳ ❚❤❡r❡❢♦r❡ t❤❡r❡ ❡①✐sts s1 s✉❝❤ t❤❛t
♣s0, s1q ∈ Reach ❛♥❞ ♣s1, sq ∈ Schedule✳

❇② ❉❡✜♥✐t✐♦♥ ✶✵✳✷✱ thread♣s0q ✏ thread♣s1q✳
●✐✈❡♥ t❤❛t Tr ℓ1basic,ℓ2

✐s ❝♦♥s❡r✈❛t✐✈❡ ❜② ▲❡♠♠❛ ✼✳✺✱ ❛❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✶✵✳✽ thread♣s0q ✏
thread♣sq✳

❇② ❞❡✜♥✐t✐♦♥ ♦❢ Schedule✱ thread♣s1q ✘ thread♣sq✳
❚❤❡r❡ ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✱ t❤❡r❡❢♦r❡ Par ✏ ∅✳

♣r♦♦❢ ♦❢ ❈❧❛✐♠ ✶✶✳✸✳ ▲❡t ♣s, s✶q ∈ Sub✳ ❇② ❞❡✜♥✐t✐♦♥✱ t❤❡r❡ ❡①✐sts s0 ∈ S ❛♥❞ s1 s✉❝❤ t❤❛t
♣s0, s1q ∈ Reach✱ ♣s1, sq ∈ Ext♣s0, s1q ❛♥❞ s ∈ after♣s0qr after♣s1q✳

■♥ ♣❛rt✐❝✉❧❛r ♣s1, sq ∈ r♣A∪Gq⑤after♣s1q∪Tr ℓ1basic,ℓ2
s✍✳ ❍❡♥❝❡✱ ❜② ▲❡♠♠❛ ✶✵✳✽✱ thread♣s1q ✏

thread♣sq✳
❇② ❞❡✜♥✐t✐♦♥ ♦❢ Reach✱ thread♣s1q ✏ thread♣s0q ❛♥❞ t❤❡♥ ❛❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✶✵✳✺✱

s ∈ after♣s0q✳
❚❤✐s ✐s ❝♦♥tr❛❞✐❝t♦r② ✇✐t❤ ❉❡✜♥✐t✐♦♥ ✶✵✳✷ t❤❛t ✐♠♣❧✐❡s s ∈ after♣s0qr after♣s1q✳ ❍❡♥❝❡

Sub ✏ ∅✳

♣r♦♦❢ ♦❢ ❈❧❛✐♠ ✶✶✳✹✳ ▲❡t ♣s, s✶q ∈ Self r System✳ ❚❤❡♥ ♣s, s✶q ∈ Tr ✲
ℓ1basic,ℓ2

❛♥❞ s ∈

Reach①S②✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐sts s0 ∈ S s✉❝❤ t❤❛t ♣s0, sq ∈ Reach✳ ❇❡❝❛✉s❡ ♣s, s✶q ∈

Tr ✲
ℓ1basic,ℓ2

✱ ❜② ▲❡♠♠❛ ✼✳✻✱ label♣sq ✏ ℓ1 ✘ ℓ2✳ ❇② ▲❡♠♠❛ ✶✶✳✶✱ s ∈ ✐♥t❡r❢❡r❡A♣ts0✉q ❸
✐♥t❡r❢❡r❡A♣Sq✳

♣r♦♦❢ ♦❢ ❈❧❛✐♠ ✶✶✳✺✳ ▲❡t s ∈ S✶✳ ❚❤❡r❡❢♦r❡✱ label♣sq ✏ ℓ2 ❛♥❞ t❤❡r❡ ❡①✐sts s0 ∈ S s✉❝❤ t❤❛t
♣s0, sq ∈ Reach✳

❇❡❝❛✉s❡ label♣sq ✏ ℓ2 ✘ ℓ1✱ ❛❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✶✶✳✶✿
s ∈ ✐♥t❡r❢❡r❡A♣Tr ✲

ℓ1basic,ℓ2
①✐♥t❡r❢❡r❡A♣ts0✉q②q ❸ ✐♥t❡r❢❡r❡A♣Tr ✲

ℓ1basic,ℓ2
①✐♥t❡r❢❡r❡A♣Sq②q

❚❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥t ❣✐✈❡s ❛♥ ♦✈❡r❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ s❡♠❛♥t✐❝s ♦❢ ❜❛s✐❝ st❛t❡✲
♠❡♥ts✳
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Pr♦♣♦s✐t✐♦♥ ✶✶✳✶ ✭❇❛s✐❝ st❛t❡♠❡♥ts✮✳ ▲❡t ℓ1basic, ℓ2 ❜❡ ❛ ❜❛s✐❝ st❛t❡♠❡♥t✱ t❤❡♥✿

✈ℓ1basic, ℓ2✇①S, G, A② ↕ ①S✷, G ∪ G♥❡✇, A②

✇❤❡r❡ S✷ ✏ ✐♥t❡r❢❡r❡A
�

Tr ✲ℓ1basic,ℓ2①✐♥t❡r❢❡r❡A♣Sq②
✟

❛♥❞ G♥❡✇ ✏ t♣s, s✶q ∈ Tr ℓ1basic,ℓ2
⑤ s ∈ ✐♥t❡r❢❡r❡A♣Sq✉

Pr♦♦❢✳ ❚❤✐s ♣r♦♣♦s✐t✐♦♥ ✐s ❛ str❛✐❣❤t❢♦r✇❛r❞ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❈❧❛✐♠s ✶✶✳✷✱ ✶✶✳✸✱ ✶✶✳✹ ❛♥❞
✶✶✳✺✳

✶✶✳✷ ❈♦♠♣♦s✐t✐♦♥

▲❡♠♠❛ ✶✶✳✻✳ Tr ℓ1cmd1;
ℓ2cmd2,ℓ3

✏ Tr ℓ1cmd1,ℓ2
∪ Tr ℓ2cmd2,ℓ3

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r ❛♥ ✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ✿ Q0 ✏ ①S0, G0, A0② ❛♥❞ ❛ s❡✲
q✉❡♥❝❡ ℓ1cmd1;

ℓ2cmd2, ℓ3✳ ❲❡ ✇r✐t❡ Tr 1 ✏ Tr ℓ1cmd1,ℓ2
❛♥❞ Tr 2 ✏ Tr ℓ2cmd2,ℓ3

❛♥❞ Tr ✏
Tr ℓ1cmd1;

ℓ2cmd2,ℓ3

❉❡✜♥❡✿
Q✶ ✏ ①S✶, G✶, A✶② ✏ ✈ℓ1cmd1;

ℓ2cmd2, ℓ3✇♣Q0q
K ✏ rReach, Ext, Self, Par, Subs ✏

✥✞✞ℓ1cmd1;
ℓ2cmd2, ℓ3

✞✞✭♣Q0q
Q1 ✏ ①S1, G1, A1② ✏ ✈ℓ1cmd1, ℓ2✇♣Q0q
K1 ✏ rReach1, Ext1, Self1, Par1, Sub1s ✏

✥✞✞ℓ1cmd1, ℓ2
✞✞✭♣Q0q

Q2 ✏ ①S2, G2, A2② ✏ ✈ℓ2cmd2, ℓ3✇♣Q1q
K2 ✏ rReach2, Ext2, Self2, Par2, Sub2s ✏

✥✞✞ℓ2cmd2, ℓ3
✞✞✭♣Q1q

▲❡♠♠❛ ✶✶✳✼✳ ■❢ ♣s, s✶q ∈ Tr ❛♥❞ label♣sq ∈ Labs♣ℓ1cmd1, ℓ2qr tℓ2✉ t❤❡♥ ♣s, s✶q ∈ Tr 1✳
■❢ ♣s, s✶q ∈ Tr ❛♥❞ label♣sq ∈ Labs♣ℓ2cmd2, ℓ3q t❤❡♥ ♣s, s✶q ∈ Tr 2✳

Pr♦♦❢✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ label♣sq ∈ Labs♣ℓ1cmd1, ℓ2q r tℓ2✉✳ ❍❡♥❝❡ ❜❡❝❛✉s❡ ❧❛❜❡❧s
♦❢ t❤❡ ❝♦♠♠❛♥❞ ℓ1cmd1;

ℓ2cmd2, ℓ3 ❛r❡ ♣❛✐r✇✐s❡ ❞✐st✐♥❝t✱ label♣sq ❘ Labs♣ℓ2cmd3, ℓ3q✳ ❇②
▲❡♠♠❛ ✼✳✽✱ ♣s, s✶q ❘ Tr 2✳ ❍❡♥❝❡✱ ❜② ▲❡♠♠❛ ✶✶✳✻✱ ♣s, s✶q ∈ Tr 1

❚❤❡ ❝❛s❡ label♣sq ∈ Labs♣ℓ2cmd2, ℓ3q ✐s s✐♠✐❧❛r ✿
❇❡❝❛✉s❡ ❧❛❜❡❧s ♦❢ t❤❡ ❝♦♠♠❛♥❞ ℓ1cmd1;

ℓ2cmd2, ℓ3 ❛r❡ ♣❛✐r✇✐s❡ ❞✐st✐♥❝t✱ label♣sq ❘ Labs♣ℓ1cmd2, ℓ2q✳
❇② ▲❡♠♠❛ ✼✳✽✱ ♣s, s✶q ❘ Tr 1✳ ❍❡♥❝❡✱ ❜② ▲❡♠♠❛ ✶✶✳✻✱ ♣s, s✶q ∈ Tr 2✳

▲❡♠♠❛ ✶✶✳✽✳ ❯s✐♥❣ t❤❡ ❛❜♦✈❡ ♥♦t❛t✐♦♥s✱ ❢♦r ❡✈❡r② ♣s0, sq ∈ Reach s✉❝❤ t❤❛t s0 ∈ S0✱

✭❛✮ ❡✐t❤❡r ♣s0, sq ∈ Reach1 ❛♥❞ label♣sq ✘ ℓ2

✭❜✮ ♦r t❤❡r❡ ❡①✐sts s1 ∈ S1 s✉❝❤ t❤❛t ♣s0, s1q ∈ Reach1✱ ♣s1, sq ∈ Reach2 ❛♥❞ ♣s1, sq ∈

Ext2♣s0, s1q✳

Pr♦♦❢✳ ▲❡t ♣s0, sq ∈ Reach✳ ❍❡♥❝❡ t❤❡r❡ ❡①✐sts s1, . . . , sn s✉❝❤ s ✏ sn ❛♥❞ t❤❛t ❢♦r ❛❧❧ k ↕ 0✱
♣sk, sk�1q ∈ ♣G0⑤after♣s0q ∩ Tr q ∪ A0⑤after♣s0q ❛♥❞ thread♣s0q ✏ thread♣snq✳

❊✐t❤❡r t❤❡r❡ ❡①✐sts k s✉❝❤ t❤❛t ♣sk, sk�1q ∈ ♣G0⑤after♣s0q ∩ Tr 2q r System✱ ♦r t❤❡r❡ ❞♦❡s
♥♦t ❡①✐sts ❛ s✉❝❤ k✳
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❼ ■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ ♥♦ s✉❝❤ k ❡①✐sts✱ ♣s0, sq ∈ Reach1✳

❊✐t❤❡r label♣sq ✘ ℓ2✱ ♦r label♣sq ✘ ℓ2✳

➒ ■❢ label♣sq ✘ ℓ2✱ t❤❡♥ ✇❡ ❛r❡ ✐♥ t❤❡ ❝❛s❡ ✭❛✮ ♦❢ t❤❡ ❧❡♠♠❛

➒ ■❢ label♣sq ✘ ℓ2✱ t❤❡r❡❢♦r❡✱ ♣s, sq ∈ Reach2 ❛♥❞ t❤❡r❡❢♦r❡ s ∈ S1✳ ◆♦t✐❝❡ t❤❛t
♣s, sq ∈ Ext1♣s0, sq✳ ❲❡ ❛r❡ ✐♥ t❤❡ ❝❛s❡ ✭❜✮ ♦❢ t❤❡ ❧❡♠♠❛✳

❼ ■❢ s✉❝❤ ❛ k ❡①✐sts✱ ❧❡t k0 t❤❡ s♠❛❧❧❡st s✉❝❤ k✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ k0✱ ❛♥❞ ❜② ▲❡♠♠❛ ✶✶✳✻
♣s0, sk0q ∈ rTr 1∪A0⑤after♣s0qs

✍ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ Reach✱ label♣s0q ✏ ℓ1 ∈ Labs♣ℓ1cmd1, ℓ2q✳
❇❡❝❛✉s❡ ♣sk0 , sk0�1q ∈ G0⑤after♣s0q✱ t❤❡♥ sk0 ∈ after♣s0q✳ s♦✱ ❛❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✶✵✳✶✷✱
label♣sk0q ∈ Labs♣ℓ1cmd1, ℓ2q✳ ●✐✈❡♥ t❤❛t ♣sk0 , sk0�1q ∈ Tr 2 r System✱ ❛❝❝♦r❞✐♥❣
t♦ ▲❡♠♠❛ ✼✳✽✱ label♣sk0q ∈ Labs♣ℓ2cmd2, ℓ3q✳ ❍❡♥❝❡ label♣sk0q ∈ Labs♣ℓ2cmd2, ℓ3q ∩
Labs♣ℓ1cmd1, ℓ2q✳ ❇❡❝❛✉s❡ t❤❡ ❧❛❜❡❧s ♦❢ ℓ1cmd1;

ℓ2cmd2, ℓ3 ❛r❡ ♣❛✐r✇✐s❡ ❞✐st✐♥❝t✱ label♣sk0q ✏
ℓ2✳ ❯s✐♥❣ ▲❡♠♠❛ ✶✵✳✶✷✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t thread♣s0q ✏ thread♣s1q✳ ❍❡♥❝❡ ♣s, sk0q ∈
Reach1✳

▲❡t ✉s s❤♦✇ t❤❛t ♣sk0 , snq ∈ Reach2✳ ❙✐♥❝❡ ♣s0, snq ∈ Reach ❛♥❞ thread♣sk0q ✏
thread♣s0q ❛♥❞ label♣sk0q ✏ ℓ2✱ ✇❡ ❥✉st ❤❛✈❡ t♦ s❤♦✇ t❤❛t ♣sk0 , snq ∈ r♣G1⑤after♣s1q ∩
Tr q ∪ A1⑤after♣s1qs

✍✳

❋♦r ❛❧❧ k ➙ 0✱ ♣sk, sk�1q ∈ ♣G0⑤after♣s0q ∩ Tr q ∪ A0⑤after♣s0q✳ ❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✶✶✳✻✿

❋♦r ❛❧❧ k ➙ k0✱ ♣sk, sk�1q ∈ ♣G0⑤after♣s0q ∩ Tr 1q ∪ ♣G0⑤after♣s0q ∩ Tr 2q ∪ A0⑤after♣s0q✳

❲❡ ✇❛♥t t♦ ♣r♦✈❡✱ ❢♦r ❛❧❧ k ➙ k0✱ t✇♦ t❤✐♥❣s✿

✭✐✮ ■❢ ♣sk, sk�1q ∈ ♣G0⑤after♣s0q ∩ Tr 2qr System t❤❡♥ sk ∈ after♣s1q

✭✐✐✮ ■❢ ♣sk, sk�1q ∈ G0⑤after♣s0q ∩ Tr 1 t❤❡♥ ♣sk, sk�1q ∈ Sub1 ❸ A1

❊✐t❤❡r t❤❡r❡ ❡①✐sts ❛ k t❤❛t ❞♦❡s ♥♦t s❛t✐s❢② ✭✐✮ ❛♥❞ ✭✐✐✮✱ ♦r t❤❡r❡ ❞♦ ♥♦t ❡①✐st s✉❝❤ ❛
k✳

➒ ❋✐rst ❝❛s❡✱ t❤❡r❡ ❞♦❡s ♥♦t ❡①✐sts s✉❝❤ ❛ k✳ ❇② ❞❡✜♥✐t✐♦♥ sk0 ∈ after♣s0q✱ ❤❡♥❝❡✱ ❛❝✲
❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✶✵✳✷✱ after♣sk0q ❸ after♣s0q ❛♥❞ t❤❡♥ A0⑤after♣s0q ❸ A0⑤after♣sk0 q

✳

❚❤❡r❡❢♦r❡ ♣sk0 , snq ∈ Reach2 ❛♥❞ ♣sk0 , snq ∈ Ext1♣s0, sk0q✳

❙✐♥❝❡ label♣sk0q ✏ ℓ2✱ sk0 ∈ S1✳

➒ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡r❡ ❡①✐sts s✉❝❤ ❛ k✳ ▲❡t k1 t❤❡ s♠❛❧❧❡st s✉❝❤ k✳

❋♦r ❛❧❧ k ∈ tk0, . . . , k1 ✁ 1✉✱ ❣✐✈❡♥ t❤❛t ❢♦r ❛❧❧ k ➙ k0✱ ♣sk, sk�1q ∈ ♣G0⑤after♣s0q ∩
Tr 1q ∪ ♣G0⑤after♣s0q ∩ Tr 2q ∪ A0⑤after♣s0q t❤❡r❡ ❛r❡ t❤r❡❡ ❝❛s❡s✿

␐ ♣sk, sk�1q ∈ A⑤after♣s0q✱ ❛♥❞ t❤❡♥ sk ∈ after♣s0q✳

␐ ♣sk, sk�1q ∈ ♣G0⑤after♣s0q ∩ Tr 1q ❛♥❞ t❤❡♥ ♣sk, sk�1q ∈ Tr 1✳

␐ ♣sk, sk�1q ∈ G0⑤after♣s0q ∩ Tr 2 ❛♥❞ t❤❡♥✱ ❜② ✭✐✮✱ sk ∈ after♣s1q✳
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❍❡♥❝❡ ♣sk0 , sk1q ∈ Ext1♣s0, sk0q ❛♥❞ t❤❡♥ ✐❢ ♣sk1 , sk1�1q ∈ Tr 1 t❤❡♥ ♣sk1 , sk1�1q ∈
Sub1✳ ❍❡♥❝❡ k1 s❛t✐s✜❡s ✭✐✐✮✳

❲❡ ❛♣♣❧② t❤❡ ♣r♦♣♦s✐t✐♦♥ ✶✵✳✷ ✇✐t❤ t❤❡ st❛t❡♠❡♥t ℓ1stmt , ℓ2 ❛♥❞ T ✏ t♣sk, sk�1q ⑤
k0 ↕ k ➔ k1✉✳ ❚❤❡r❡❢♦r❡✱ ✐❢ ♣sk1 , sk1�1q ∈ ♣G0⑤after♣s0q ∩ Tr 2q r System✱ t❤❡♥
♣sk1 , sk1�1q ❘ Tr 1 ❛♥❞ sk1 ∈ after♣s0q✳ ❍❡♥❝❡ k1 s❛t✐s✜❡s ✭✐✮✳

❚❤✐s ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ✇✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ k1✱ t❤❡♥ k1 ❝❛♥♥♦t ❡①✐st ❛♥❞ t❤✐s
❝❛s❡ ✐s ♥♦t ♣♦ss✐❜❧❡✳

▲❡♠♠❛ ✶✶✳✾✳ ❯s✐♥❣ t❤❡ ❛❜♦✈❡ ♥♦t❛t✐♦♥s✱ ❢♦r ❡✈❡r② ♣s0, sq ∈ Reach s✉❝❤ t❤❛t s0 ∈ S0 ❛♥❞
s✶ ∈ S✶✱ t❤❡r❡ ❡①✐sts s1 ∈ S1 s✉❝❤ t❤❛t ♣s0, s1q ∈ Reach1✱ ♣s1, sq ∈ Reach2 ❛♥❞ ♣s1, sq ∈

Ext1♣s0, s1q✳

Pr♦♦❢✳ ■❢ ♣s0, sq ∈ Reach1✱ t❤❡♥✱ ❛❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✶✵✳✶✸✱ label♣sq ∈ Labs♣ℓ1cmd1, ℓ2q✳ ■♥
t❤✐s ❝❛s❡ label♣sq ✘ ℓ3✳ ❚❤✐s ✐s ♥♦t ♣♦ss✐❜❧❡ ❜❡❝❛✉s❡ s ∈ S✶✳

❚❤❡r❡❢♦r❡✱ ❛❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✶✶✳✽ t❤❡r❡ ❡①✐sts s1 ∈ S1 s✉❝❤ t❤❛t ♣s0, s1q ∈ Reach1✱
♣s1, sq ∈ Reach2 ❛♥❞ ♣s1, sq ∈ Ext1♣s0, s1q

▲❡♠♠❛ ✶✶✳✶✵✳ ❯s✐♥❣ t❤❡ ♥♦t❛t✐♦♥s ♦❢ t❤✐s s❡❝t✐♦♥✱ ❧❡t s0 ∈ S0, s1 ∈ S1, s2 ∈ S2, s ∈ States

s✉❝❤ t❤❛t ♣s0, s1q ∈ Reach1✱ ♣s1, s2q ∈ Reach2 ∩ Ext1♣s0, s1q ❛♥❞ ♣s2, sq ∈ Ext♣s0, s2q✳
❚❤❡r❡❢♦r❡ ♣s1, sq ∈ Ext1♣s0, s1q✳

Pr♦♦❢✳ ❘❡❝❛❧❧ t❤❛t✿
Ext♣s0, s2q ✏

✏
♣G0⑤after♣s0q ∩ Tr q ∪ A0⑤after♣s0q ∪ G0⑤after♣s2q

✘✍
Ext1♣s0, s1q ✏

✏
♣G0⑤after♣s0q ∩ Tr 1q ∪ A0⑤after♣s0q ∪ G0⑤after♣s1q

✘✍
❲❡ ❞♦ ❛ ♣r♦♦❢ s✐♠✐❧❛r t♦ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✶✶✳✽✳
▲❡t s✶0, . . . , s

✶
n ❛ s❡q✉❡♥❝❡ ♦❢ st❛t❡s s✉❝❤ t❤❛t s2 ✏ s✶0 ❛♥❞ s ✏ s✶n ❛♥❞ ❢♦r ❛❧❧ k✱ ♣s✶k, s

✶
k�1q ∈

♣G0⑤after♣s0q ∩ Tr q ∪ A0⑤after♣s0q ∪ G0⑤after♣s2q✳

●✐✈❡♥ ▲❡♠♠❛ ✶✶✳✻✱ ✇❡ ❥✉st ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t ❢♦r ❛❧❧ k✱ ✐❢ ♣sk, sk�1q ∈ G0⑤after♣s0q ∩ Tr 2
t❤❡♥ ♣sk, sk�1q ∈ G0⑤after♣s1q✳ ❍❡♥❝❡✱ ✇❡ ❥✉st ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t ❢♦r ❛❧❧ k✱ ✐❢ ♣sk, sk�1q ∈

G0⑤after♣s0q ∩ Tr 2 t❤❡♥ sk ∈ after♣s1q✳
❊✐t❤❡r t❤❡r❡ ❡①✐sts ❛ k t❤❛t ♣sk, sk�1q ∈ G0⑤after♣s0q ∩ Tr 2 ❛♥❞ sk ❘ after♣s1q ♦r t❤❡r❡ ❞♦

♥♦t ❡①✐st s✉❝❤ ❛ k✳

❼ ❋✐rst ❝❛s❡✱ t❤❡r❡ ❞♦❡s ♥♦t ❡①✐sts ❛ s✉❝❤ k✳

❼ ❙❡❝♦♥❞ ❝❛s❡ t❤❡r❡ ❡①✐sts s✉❝❤ ❛ k✳ ▲❡t k1 t❤❡ s♠❛❧❧❡st s✉❝❤ k✳

❇② ❞❡✜♥✐t✐♦♥ ♦❢ k1✱ ♣s2, s✶k1q ∈ Ext1♣s0, s1,✮✳ ●✐✈❡♥ t❤❛t ♣s1, s2q ∈ Ext1♣s0, s1,✮✱ ❤❡♥❝❡
♣s1, s✶k1q ∈ Ext1♣s0, s1,✮✳

❲❡ ❛♣♣❧② t❤❡ ♣r♦♣♦s✐t✐♦♥ ✶✵✳✷ ✇✐t❤ t❤❡ st❛t❡♠❡♥t ℓ1stmt , ℓ2 ❛♥❞ T ✏ t♣s✶k, s
✶
k�1q ⑤ 0 ↕

k ➔ k1✉✳ ❚❤❡r❡❢♦r❡✱ ✐❢ ♣s✶k1 , s
✶
k1�1q ∈ ♣G0⑤after♣s0q∩Tr 2qrSystem✱ t❤❡♥ ♣s✶k1 , s

✶
k1�1q ❘ Tr 1

❛♥❞ s✶k1 ∈ after♣s1q✳

❚❤✐s ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ✇✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ k1✱ t❤❡♥ k1 ❝❛♥♥♦t ❡①✐st ❛♥❞ t❤✐s ❝❛s❡
✐s ♥♦t ♣♦ss✐❜❧❡✳
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▲❡♠♠❛ ✶✶✳✶✶✳ ❯s✐♥❣ t❤❡ ♥♦t❛t✐♦♥s ♦❢ t❤✐s s❡❝t✐♦♥✱ ❧❡t s0 ∈ S0, s1 ∈ S1, s2 ∈ S2, s s✉❝❤
t❤❛t ♣s0, s1q ∈ Reach1✱ ♣s1, s2q ∈ Reach2 ∩ Ext1♣s0, s1q ❛♥❞ ♣s2, sq ∈ Ext♣s0, s2q✳ ❚❤❡r❡❢♦r❡
♣s2, sq ∈ Ext2♣s1, s2q✳

Pr♦♦❢✳ ❘❡❝❛❧❧ t❤❛t

❼ Ext♣s0, s2q ✏
✏
♣G0⑤after♣s0q ∩ Tr q ∪ A0⑤after♣s0q ∪ G0⑤after♣s2q

✘✍
❼ Ext2♣s1, s2q ✏

✏
♣G1⑤after♣s1q ∩ Tr 2q ∪ A1⑤after♣s1q ∪ G1⑤after♣s2q

✘✍
▲❡t s✶0, . . . , s

✶
n ❛ s❡q✉❡♥❝❡ ♦❢ st❛t❡s s✉❝❤ t❤❛t s2 ✏ s✶0 ❛♥❞ s ✏ s✶n ❛♥❞ ❢♦r ❛❧❧ k✱ ♣s

✶
k, s

✶
k�1q ∈

♣G0⑤after♣s0q∩Tr q∪A0⑤after♣s0q∪G0⑤after♣s2q✳ ▲❡t ✉s ♣r♦✈❡ t❤❛t ❢♦r ❛❧❧ k✱ ♣s
✶
k, s

✶
k�1q ∈ ♣G1⑤after♣s1q∩

Tr 2q ∪ A1⑤after♣s1q ∪ G1⑤after♣s2q✳

▲❡t k0 ∈ t0, . . . , n✉✳

❼ ❋✐rst ❝❛s❡ ♣s✶k0 , s
✶
k0�1q ∈ G0⑤after♣s0q ∩ Tr 1✳ ❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✶✶✳✶✵✱ ♣s1, sq ∈

Ext1♣s0, s1q✳ ❊✐t❤❡r s✶k0 ∈ after♣s1q ♦r s✶k0 ❘ after♣s1q✳

➒ ❋✐rst ❝❛s❡ s✶k0 ∈ after♣s1q✳ ❲❡ ❛♣♣❧② Pr♦♣♦s✐t✐♦♥ ✶✵✳✷✱ ✇✐t❤ t❤❡ st❛t❡♠❡♥t
ℓ2cmd2, ℓ3 t❤❡♥ ❡✐t❤❡r ♣s✶k0 , s

✶
k0�1q ∈ Tr 2 ♦r s

✶
k0

∈ after♣s2q ∪ after♣s1q✳

␐ ❋✐rst ❝❛s❡✱ ♣s✶k0 , s
✶
k0�1q ∈ Tr 2✱ t❤❡r❡❢♦r❡ ♣s✶k0 , s

✶
k0�1q ∈ Tr 2 ∩ Tr 1 ✏ System ✭❜②

▲❡♠♠❛ ✼✳✼✮

␐ ❙❡❝♦♥❞ ❝❛s❡✱ s✶k0 ∈ after♣s2q✱ t❤❡r❡❢♦r❡ ♣s✶k0 , s
✶
k0�1q ∈ G1⑤after♣s2q✳

➒ ❙❡❝♦♥❞ ❝❛s❡✿ s✶k0 ❘ after♣s1q✱ t❤❡r❡❢♦r❡ s✶k0 ∈ after♣s0q r after♣s1q✳ ❆❝❝♦r❞✐♥❣
t♦ ▲❡♠♠❛ ✶✶✳✶✵✱ ♣s1, s✶k0q ∈ Ext1♣s0, s1q ❛♥❞ t❤❡r❡❢♦r❡ ♣s✶k0 , s

✶
k0�1q ∈ Sub1 ❸ A1✱

t❤❡r❡❢♦r❡ ♣s✶k0 , s
✶
k0�1q ∈ A1⑤after♣s1q✳

❼ ❙❡❝♦♥❞ ❝❛s❡ ♣s✶k0 , s
✶
k0�1q ∈ A0⑤after♣s0q✳ ❍❡♥❝❡ sk0 ∈ afters0✳ ❇② ▲❡♠♠❛ ✶✵✳✷✱ after♣s0q ❸

after♣s1q✳ ❋✉rt❤❡r♠♦r❡✱ ❜② ❉❡✜♥✐t✐♦♥ ✶✵✳✷ A0 ❸ A1✳ ❍❡♥❝❡ ♣s✶k0 , s
✶
k0�1q ∈ A1⑤after♣s1q

❼ ❚❤✐r❞ ❝❛s❡✿ ♣s✶k0 , s
✶
k0�1q ∈ G0⑤after♣s2q✳ ❆❝❝♦r❞✐♥❣ t♦ ❉❡✜♥✐t✐♦♥ ✶✵✳✷ G0 ❸ G1✳ ❍❡♥❝❡

♣s✶k0 , s
✶
k0�1q ∈ G1⑤after♣s2q✳

❚♦ ♣r♦✈❡ t❤❡ Pr♦♣♦s✐t✐♦♥ ✶✶✳✷✱ ✇❡ ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t Q2 ➙ Q✶✳ ❲❡ ❝❧❛✐♠ t❤❛t

✭❛✮ S✶ ❸ S2✱

✭❜✮ Self✶ ❸ Self1 ∪ Self2✱

✭❝✮ Par✶ ❸ Par1 ∪ Par2 ∪ Sub1✱

✭❞✮ Sub✶ ❸ Sub1 ∪ Sub2✳
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❯s✐♥❣ t❤❡s❡ ❝❧❛✐♠s ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ s❡♠❛♥t✐❝s ✈☎✇✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t Q2 ➙ Q✶✳
◆♦✇✱ ✇❡ ♣r♦✈❡ t❤❡s❡ ❝❧❛✐♠s✿

❈❧❛✐♠ ✶✶✳✶✷✳ ❯s✐♥❣ t❤❡ ♥♦t❛t✐♦♥s ♦❢ t❤✐s s❡❝t✐♦♥✱ S✶ ❸ S2✳

Pr♦♦❢✳ ▲❡t s ∈ S✶✱ s♦ t❤❡r❡ ❡①✐sts s0 ∈ S s✉❝❤ t❤❛t ♣s0, sq ∈ Reach✶ ❛♥❞ label♣sq ✏ ℓ3✳
❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✶✶✳✾ t❤❡r❡ ❡①✐sts s1 ∈ S1 s✉❝❤ t❤❛t ♣s1, sq ∈ Reach2✳ ❚❤❡r❡❢♦r❡
s ∈ S2✳

❈❧❛✐♠ ✶✶✳✶✸✳ ❯s✐♥❣ t❤❡ ♥♦t❛t✐♦♥s ♦❢ t❤✐s s❡❝t✐♦♥✱ Self✶ ❸ Self1 ∪ Self2✳

Pr♦♦❢✳ ▲❡t ♣s, s✶q ∈ Self✶✳ ❙♦ ♣s, s✶q ∈ Tr ✱ ❛♥❞ t❤❡r❡ ❡①✐sts s0 ∈ S s✉❝❤ t❤❛t ♣s0, sq ∈ Reach✶✳
❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✶✶✳✽ ❡✐t❤❡r ♣s0, sq ∈ Reach1 ❛♥❞ label♣sq ✘ ℓ2✱ ♦r t❤❡r❡ ❡①✐sts

s1 ∈ S1 s✉❝❤ t❤❛t ♣s0, s1q ∈ Reach1 ❛♥❞ ♣s1, sq ∈ Reach2✳

❼ ■♥ t❤❡ ✜rst ❝❛s❡✱ ❛❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✶✵✳✶✸✱ label♣sq ∈ Labs♣ℓ1cmd1, ℓ2q✳ ❙✐♥❝❡
label♣sq ✘ ℓ2 ❛♥❞ ❜② ▲❡♠♠❛ ✶✶✳✼✱ ♣s, s✶q ∈ Tr 1✳ ❍❡♥❝❡✱ ❜② ❞❡✜♥✐t✐♦♥✱ ♣s, s✶q ∈ Self1

❼ ■♥ t❤❡ s❡❝♦♥❞ ❝❛s❡✱ ❜② ▲❡♠♠❛ ✶✵✳✶✷✱ label♣s✶q ∈ Labs♣ℓ2cmd2, ℓ3q✳ ❙✐♥❝❡ ♣s, s✶q ∈ Tr ✱
❜② ▲❡♠♠❛ ✶✶✳✼ ♣s, s✶q ∈ Tr 2✳ ●✐✈❡♥ t❤❛t s ∈ Reach①S1② ❛♥❞ ♣s, s✶q ∈ Tr 2✱ ✇❡ ❝♦♥❝❧✉❞❡
t❤❛t ♣s, s✶q ∈ Self2✳

❈❧❛✐♠ ✶✶✳✶✹✳ ❯s✐♥❣ t❤❡ ♥♦t❛t✐♦♥s ♦❢ t❤✐s s❡❝t✐♦♥ Par✶ ❸ Par1 ∪ Par2 ∪ Sub1✳

Pr♦♦❢✳ ▲❡t ♣s, s✶q ∈ Par✶✳ ❚❤❡r❡❢♦r❡✱ ♣s, s✶q ∈ Tr ❛♥❞ t❤❡r❡ ❡①✐sts s0 ∈ S0 ❛♥❞ s2 s✉❝❤ t❤❛t
♣s0, s2q ∈ Reach✶✱ ♣s2, sq ∈ Schedule ❛♥❞ s ∈ after♣s0q✳ ❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✶✶✳✽ t❤❡r❡ ❛r❡
t✇♦ ❝❛s❡s✿

❼ ❋✐rst ❝❛s❡✿ ♣s0, s2q ∈ Reach1 ❛♥❞ label♣s2q ✘ ℓ2✳ ❚❤❡♥✱ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t System ❸
Tr 1✱ ♣s0, sq ∈ ♣Tr 1 ∪ A0⑤after♣s0qq

✍✳ ❇❡❝❛✉s❡ s ∈ after♣s0q✱ ❜② ▲❡♠♠❛ ✶✵✳✶✷✱ label♣sq ∈
Labs♣ℓ1cmd1, ℓ2qr tℓ2✉✳ ❍❡♥❝❡✱ ❛❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✶✶✳✼✱ ♣s, s✶q ∈ Tr 1✳ ❲❡ ❝♦♥❝❧✉❞❡
t❤❛t ♣s, s✶q ∈ Par1✳

❼ ❙❡❝♦♥❞ ❝❛s❡✿ ❚❤❡r❡ ❡①✐sts s1 ∈ S1 s✉❝❤ t❤❛t ♣s0, s1q ∈ Reach1✱ ♣s1, s2q ∈ Reach2 ❛♥❞
♣s1, s2q ∈ Ext1♣s0, s1q✳ ❍❡♥❝❡ ♣s1, sq ∈ Ext1♣s0, s1q; Schedule ✏ Ext1♣s0, s1q✳

❊✐t❤❡r s ∈ after♣s1q ♦r s ❘ after♣s1q✳

➒ ■❢ s ∈ after♣s1q✱ t❤❡♥✱ ❜❡❝❛✉s❡ ♣s1, sq ∈ Reach2; Schedule✱ ❜② ▲❡♠♠❛ ✶✵✳✶✷✱
label♣sq ∈ Labs♣ℓ2cmd2, ℓ3q✳ ❙♦✱ ✐♥ t❤✐s ❝❛s❡✱ ❜② ▲❡♠♠❛ ✶✶✳✼✱ ♣s, s✶q ∈ Tr 2 ❛♥❞
t❤❡♥ ♣s, s✶q ∈ Par2✳

➒ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ s ❘ after♣s1q✳ ●✐✈❡♥ t❤❛t ♣s0, s1q ∈ Reach✱ ♣s1, sq ∈

Ext1♣s1, s2q✱ s♦ ❜② Pr♦♣♦s✐t✐♦♥ ✶✵✳✷✱ ♣s, s✶q ∈ Tr 1✳ ❍❡♥❝❡✱ ♣s, s✶q ∈ Sub1✳
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❈❧❛✐♠ ✶✶✳✶✺✳ ❯s✐♥❣ t❤❡ ♥♦t❛t✐♦♥s ♦❢ t❤✐s s❡❝t✐♦♥ Sub✶ ❸ Sub1 ∪ Sub2✳

Pr♦♦❢✳ ▲❡t ♣s, s✶q ∈ Sub✶✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐sts s0 ❛♥❞ s2 s✉❝❤ t❤❛t ♣s0, s2q ∈ Reach✶ ❛♥❞
♣s2, sq ∈ Ext♣s0, s2q✳ ❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✶✶✳✾✱ t❤❡r❡ ❡①✐sts s1 ∈ S1 s✉❝❤ t❤❛t ♣s0, s1q ∈
Reach1 ❛♥❞ ♣s1, s2q ∈ Reach2 ❛♥❞ ♣s1, s2q ∈ Ext1♣s0, s1q✳

❇② ▲❡♠♠❛ ✶✶✳✶✵ ❛♥❞ ▲❡♠♠❛ ✶✶✳✶✶✱ ♣s1, sq ∈ Ext1♣s0, s1q ❛♥❞ ♣s2, sq ∈ Ext2♣s1, s2q✳
❊✐t❤❡r s ❘ after♣s1q ♦r s ∈ after♣s1q✳

❼ ❋✐rst ❝❛s❡✿ s ❘ after♣s1q✳ ❇❡❝❛✉s❡ s ∈ after♣s0q✱ t❤❡♥ s ∈ after♣s0q r after♣s1q✳
❋✉rt❤❡r♠♦r❡✱ ❣✐✈❡♥ t❤❛t ♣s0, s1q ∈ Reach1 ❛♥❞ ♣s1, sq ∈ Reach2✱ ❜② Pr♦♣♦s✐t✐♦♥ ✶✵✳✷✱
♣s, s✶q ∈ Tr 1✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t ♣s, s✶q ∈ Sub1✳

❼ ❙❡❝♦♥❞ ❝❛s❡✿ s ∈ after♣s1q✳ ❇❡❝❛✉s❡ s ∈ after♣s0qrafter♣s2q✱ s ∈ after♣s1qrafter♣s2q✳
❇② ▲❡♠♠❛ ✶✵✳✶✷✱ label♣sq ∈ Labs♣ℓ2cmd2, ℓ2q✳ ❍❡♥❝❡✱ ❜② ▲❡♠♠❛ ✶✶✳✼✱ ♣s, s✶q ∈ Tr 2
❛♥❞ t❤❡r❡❢♦r❡✱ ♣s, s✶q ∈ Sub2✳

Pr♦♣♦s✐t✐♦♥ ✶✶✳✷✳ ❋♦r ❡❛❝❤ ❝♦♥❝r❡t❡ ❝♦♥✜❣✉r❛t✐♦♥ Q✿
✈ℓ1cmd1;

ℓ2cmd2, ℓ3✇♣Qq ↕ ✈ℓ2cmd2, ℓ3✇ ✆ ✈ℓ1cmd1, ℓ2✇♣Qq✳

Pr♦♦❢✳ ❚❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❉❡✜♥✐t✐♦♥ ✶✵✳✷ ❛♥❞ ♦❢ ❈❧❛✐♠s ✶✶✳✶✷✱ ✶✶✳✶✸✱ ✶✶✳✶✹ ❛♥❞
✶✶✳✶✺✳

✶✶✳✸ if st❛t❡♠❡♥ts

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r ❛ ❝♦♠♠❛♥❞ ℓ1 if ♣condqthentℓ2cmd1✉elsetℓ3cmd2✉, ℓ4 ❛♥❞ ❛♥ ✐♥✐✲
t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥ Q0 ✏ ①S0, G0, A0②

▲❡t ①S✶, G✶, A✶② ✏ ✈ℓ1 if ♣condqthentℓ2cmd✉elsetℓ3cmd✉, ℓ4✇①S, G, A②✳
▲❡t rReach✶, Ext✶, Self✶, Par✶, Sub✶s ✏

✥✞✞ℓ1 if ♣condqthentℓ2cmd✉elsetℓ3cmd✉, ℓ4
✞✞✭①S, G, A②✳

▲❡t ①S�, G�, A�② ✏ ✈ℓ1guardcond , ℓ2✇①S, G, A②✳
▲❡t rReach�, Ext�, Self�, Par�, Sub�s ✏

✥✞✞ℓ1guardcond , ℓ2✞✞✭①S, G, A②✳
▲❡t ①S1, G1, A1② ✏ ✈ℓ2cmd1, ℓ4✇①S�, G�, A�②✳
▲❡t rReach1, Ext1, Self1, Par1, Sub1s ✏

✥✞✞ℓ2cmd1, ℓ4
✞✞✭①S�, G�, A�②✳

▲❡t ①S✥, G✥, A✥② ✏ ✈ℓ1guard✥cond , ℓ3✇①S, G, A②✳
▲❡t rReach✥, Ext✥, Self✥, Par✥, Sub✥s ✏

✥✞✞ℓ1guard✥cond , ℓ3✞✞✭①S, G, A②✳
▲❡t ①S2, G2, A2② ✏ ✈ℓ3cmd2, ℓ4✇①S✥, G✥, A✥②✳
▲❡t rReach2, Ext2, Self2, Par2, Sub2s ✏

✥✞✞ℓ3cmd2, ℓ4
✞✞✭①S✥, G✥, A✥②✳

▲❡t Tr ✏ Tr ℓ1 if ♣condqthentℓ2cmd1✉elsetℓ3cmd2✉,ℓ4 ✳
▲❡t Tr� ✏ Tr ℓ1 if ♣condqthentℓ2cmd✉elsetℓ3cmd✉,ℓ4 ✳
▲❡t Tr✥ ✏ Tr ℓ1 if ♣condqthentℓ2cmd1✉elsetℓ3cmd2✉,ℓ4 ✳
▲❡t Tr 1 ✏ Tr ℓ2cmd1,ℓ4

✳
▲❡t Tr 2 ✏ Tr ℓ3cmd2,ℓ4

✳
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▲❡♠♠❛ ✶✶✳✶✻✳ Tr ℓ1 if ♣condqthentℓ2cmd✉elsetℓ3cmd✉,ℓ4 ✏ Tr ℓ1guardcond ,ℓ2
∪Tr ℓ2cmd1,ℓ4

∪Tr ℓ1guard✥cond ,ℓ3∪

Tr ℓ3cmd1,ℓ4
✳

▲❡♠♠❛ ✶✶✳✶✼✳ ■❢ ♣s0, sq ∈ Reach ❛♥❞ s0 ∈ S0✱ t❤❡♥✱ ♦♥❡ ♦❢ t❤❡ t❤r❡❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s
❤♦❧❞✿

✶✳ s ∈ ✐♥t❡r❢❡r❡A0♣ts0✉q✱

✷✳ ♦r t❤❡r❡ ❡①✐sts s1 ∈ S� s✉❝❤ t❤❛t ♣s1, sq ∈ Reach1 ∩ Ext�♣s0, s1q

✸✳ ♦r t❤❡r❡ ❡①✐sts s1 ∈ S✥ s✉❝❤ t❤❛t ♣s1, sq ∈ Reach2 ∩ Ext✥♣s0, s1q

Pr♦♦❢✳ ❚❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ ♦❢ st❛t❡s s✶0, . . . , s✶n s✉❝❤ t❤❛t s✶0 ✏ s0 ❛♥❞ s✶n ✏ s ❢♦r ❛❧❧ k✱
♣s✶k, s

✶
k�1q ∈ ♣G0⑤after♣s0q ∩ Tr q ∪ A0⑤after♣s0q✳

❊✐t❤❡r t❤❡r❡ ❡①✐sts ❛ k s✉❝❤ t❤❛t ♣s✶k, s
✶
k�1q ∈ ♣G0⑤after♣s0q ∩ Tr qr System ❡✐t❤❡r s✉❝❤ ❛ k

❞♦❡s ♥♦t ❡①✐sts✳

❼ ❋✐rst ❝❛s❡✿ t❤❡r❡ ❞♦❡s ♥♦t ❡①✐sts s✉❝❤ ❛ k✳ ❍❡♥❝❡ s ∈ ✐♥t❡r❢❡r❡A0♣ts0✉q✳

❼ ❙❡❝♦♥❞ ❝❛s❡✿ t❤❡r❡ ✐s s✉❝❤ ❛ k✿ ❧❡t k0 t❤❡ s♠❛❧❧❡st s✉❝❤ k✳

❇❡❝❛✉s❡ ♣s✶k0 , s
✶
k0�1

q ∈ G0⑤after♣s0q ∩ Tr ✱ s✶k0 ∈ after♣s0q✳ ❇② ▲❡♠♠❛ ✶✵✳✽✱ thread♣s0q ✏
thread♣s✶k0q✳ ❇② ▲❡♠♠❛ ✶✵✳✶✵✱ label♣s0q ✏ label♣s✶0q ✏ ℓ1✳ ❚❤❡r❡❢♦r❡✱ ❞✉❡ t♦ ▲❡♠♠❛s
✼✳✼ ❛♥❞ ✶✶✳✶✻✱ ♣s✶k0 , s

✶
k0�1

q ∈ Tr ℓ1guardcond ,ℓ2
∪ Tr ℓ1guard✥cond ,ℓ3 ✳

❊✐t❤❡r ♣s✶k0 , s
✶
k0�1

q ∈ Tr ℓ1guardcond ,ℓ2
♦r ♣s✶k0 , s

✶
k0�1

q ∈ Tr ℓ1guard✥cond ,ℓ3 ✳

➒ ■♥ t❤❡ ✜rst ❝❛s❡✱ ♣s✶k0 , s
✶
k0�1

q ∈ Tr ℓ1guard♣condq,ℓ2 ✳ ❇② ▲❡♠♠❛ ✼✳✻✱ thread♣s✶k0q ✏
thread♣s✶k0�1q ❛♥❞ label♣s✶k0�1q ✏ ℓ2✳ ❚❤❡r❡❢♦r❡✱ ♣s0, s✶k0�1q ∈ Reach� ❛♥❞ s✶k0�1 ∈

S�✳

▲❡t ✉s ♣r♦✈❡✱ t❤❛t ❅k ∈ tk0 � 1, . . . , n✉✱ ♣s✶k, s
✶
k�1q ∈ ♣G0⑤after♣sk0�1q ∩ Tr ℓ2cmd ,ℓ4

q ∪
A0⑤after♣s0q✳

❆ss✉♠❡ ❜② ❝♦♥tr❛❞✐❝t✐♦♥ t❤❛t t❤❡r❡ ❡①✐sts ❛ k s✉❝❤ t❤❛t ♣s✶k, s
✶
k�1q ❘ ♣G0⑤after♣sk0�1q∩

Tr ℓ2cmd ,ℓ4
q ∪ A0⑤after♣s0q✳ ▲❡t k1 t❤❡ s♠❛❧❧❡st s✉❝❤ k✳ ❚❤❡r❡❢♦r❡ ♣s✶k1 , s

✶
k1�1

q ∈

G0⑤after♣s0q ∩ Tr ✳ ❍❡♥❝❡ s✶k1 ∈ after♣s0q✳ ❇② ♠✐♥✐♠❛❧✐t② ♦❢ k1✱ ✇❡ ❝❛♥ ❛♣♣❧②
Pr♦♣♦s✐t✐♦♥ ✶✵✳✷✳ ❍❡♥❝❡✱ ❡✐t❤❡r s✶k1 ∈ after♣s✶k0�1q ♦r ♣s

✶
k1
, s✶k1�1q ∈ Tr�✳

␐ ❋✐rst ❝❛s❡ sk1 ∈ after♣sk0q✳ ❚❤❡r❡❢♦r❡ ♣sk1 , sk1�1q ∈ G0⑤after♣sk0 q
∩ Tr ✳ ❚❤✐s ✐s

✐♥ ❝♦♥tr❛❞✐❝t✐♦♥ ✇✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ k1✳ ❚❤✐s ❝❛s❡ ✐s ♥♦t ♣♦ss✐❜❧❡✳

␐ ❙❡❝♦♥❞ ❝❛s❡ ♣s✶k1 , s
✶
k1�1

q ∈ Tr� ❛♥❞ ♣sk1 ∈ after♣s0q r after♣s1q✳ ❍❡♥❝❡
♣s✶k1 , s

✶
k1�1

q✳ ❇② ♠✐♥✐♠❛❧✐t② ♦❢ k1✱ ♣sk0�1, sk1q ∈ Ext�♣s0, sk0�1q✳ ❍❡♥❝❡
♣sk0�1, sk1q ∈ Sub�✳ ◆❡✈❡rt❤❡❧❡ss✱ ❛❝❝♦r❞✐♥❣ t♦ ❈❧❛✐♠ ✶✶✳✸✱ Sub� ✏ ∅✳
❚❤❡r❡ ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✱ t❤✐s ❝❛s❡ ✐s ♥♦t ♣♦ss✐❜❧❡✳

●✐✈❡♥ t❤❛t G1 ⑩ G0 ❛♥❞ A1 ⑩ A0 ❛♥❞✱ ❣✐✈❡♥ t❤❛t s✶k0 ∈ after♣s0q✱ ❜② ▲❡♠♠❛ ✶✵✳✷
after♣s✶k0�1q ❸ after♣s0q✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ♣sk0�1, sq ∈ Reach1 ∩ Ext�♣s0, sk0�1q✳

➒ ■♥ t❤❡ s❡❝♦♥❞ ❝❛s❡✱ ♣s✶k0 , s
✶
k0�1

q ∈ Tr ℓ1guard♣✥condq,ℓ3 ✳ ❚❤❡ ♣r♦♦❢ ✐s s✐♠✐❧❛r t♦ t❤❡
✜rst ❝❛s❡✳ ❲❡ ❛r❡ ✐♥ t❤❡ ❝❛s❡ ✸✳ ♦❢ t❤❡ ❧❡♠♠❛✳
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❈❧❛✐♠ ✶✶✳✶✽✳ S✶ ❸ S1 ∪ S2

Pr♦♦❢✳ ▲❡t s ∈ S✶✳ ❚❤❡r❡❢♦r❡ t❤❡r❡ ❡①✐sts s0 ∈ S0 s✉❝❤ t❤❛t ♣s0, sq ∈ Reach ❛♥❞ label♣sq ✏
ℓ4 ✘ ℓ1✳ ❍❡♥❝❡✱ ❞✉❡ t♦ ▲❡♠♠❛ ✶✵✳✶✵✱ s ❘ ✐♥t❡r❢❡r❡A0ts0✉✳

❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✶✶✳✶✼✱ t❤❡r❡ ❡①✐sts s1 s✉❝❤ t❤❛t ❡✐t❤❡r ✭✶✮ s1 ∈ S� ❛♥❞ ♣s1, sq ∈
Reach1 ∩ Ext�♣s0, s1q✱ ✭✷✮ ♦r✱ s1 ∈ S✥ ❛♥❞ ♣s1, sq ∈ Reach2 ∩ Ext✥♣s0, s1q✳

■♥ t❤❡ ✜rst ❝❛s❡✱ ❜② ❞❡✜♥✐t✐♦♥✱ s ∈ S1 ❛♥❞ ✐♥ t❤❡ s❡❝♦♥❞ ❝❛s❡ s ∈ S2

❈❧❛✐♠ ✶✶✳✶✾✳ Self ❸ Self� ∪ Self1 ∪ Self✥ ∪ Self2✳

Pr♦♦❢✳ ▲❡t ♣s, s✶q ∈ Self✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐sts s0 ∈ S0 s✉❝❤ t❤❛t ♣s0, sq ∈ Reach✳
❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✶✶✳✶✼✱ t❤❡r❡ ✐s t❤r❡❡ ❝❛s❡s✿

❼ ❋✐rst ❝❛s❡ s ∈ ✐♥t❡r❢❡r❡A0♣ts0✉q✳ ❇② ▲❡♠♠❛ ✶✵✳✶✵✱ label♣sq ✏ ℓ1✳ ❍❡♥❝❡✱ ❜② ▲❡♠♠❛s
✼✳✼ ❛♥❞ ✶✶✳✶✻✱ ♣s, s✶q ∈ Tr ℓ1guardcond ,ℓ2

∪Tr ℓ1guard✥cond ,ℓ3 ✳ ❍❡♥❝❡✱ ♣s, s
✶q ∈ Self�∪Self✥✳

❼ ❙❡❝♦♥❞ ❝❛s❡ t❤❡r❡ ❡①✐sts s1 s✉❝❤ t❤❛t s1 ∈ S� ❛♥❞ ♣s1, sq ∈ Reach1 ∩ Ext�♣s0, s1q✳
❍❡♥❝❡✱ ❜② ▲❡♠♠❛s ✼✳✼ ❛♥❞ ✶✶✳✶✻✱ ♣s1, skq ∈ Tr ℓ2cmd1,ℓ4

❛♥❞ t❤❡r❡❢♦r❡ ♣s, s✶q ∈ Self1✳

❼ ❚❤✐r❞ ❝❛s❡ t❤❡r❡ ❡①✐sts s1 s✉❝❤ t❤❛t s1 ∈ S✥ ❛♥❞ ♣s1, sq ∈ Reach2 ∩ Ext✥♣s0, s1q✳
❍❡♥❝❡✱ ❜② ▲❡♠♠❛s ✼✳✼ ❛♥❞ ✶✶✳✶✻✱ ♣s1, skq ∈ Tr ℓ3cmd2,ℓ4

❛♥❞ t❤❡r❡❢♦r❡ ♣s, s✶q ∈ Self2✳

❈❧❛✐♠ ✶✶✳✷✵✳ Par ❸ Par1 ∪ Par2✳

Pr♦♦❢✳ ▲❡t ♣s, s✶q ∈ Par✳ ❚❤❡r❡❢♦r❡✱ t❤❡r❡ ❡①✐sts s0 ∈ S0 ❛♥❞ s2 s✉❝❤ t❤❛t ♣s0, s2q ∈ Reach

❛♥❞ ♣s2, sq ∈ System ❛♥❞ s ∈ after♣s0q✳ ◆♦t✐❝❡ t❤❛t thread♣s0q ✏ thread♣s2q ✘ thread♣sq✳
❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✶✶✳✶✼✱ t❤❡r❡ ✐s t❤r❡❡ ❝❛s❡s✿

❼ ❋✐rst ❝❛s❡✱ s2 ∈ ✐♥t❡r❢❡r❡A0♣ts0✉q✳ ❍❡♥❝❡✱ ❞✉❡ t♦ ▲❡♠❛ ✶✵✳✽✱ thread♣sq ✏ thread♣s0q✳
❚❤✐s ✐s ❝♦♥tr❛❞✐❝t♦r②✳

❼ ❙❡❝♦♥❞ ❝❛s❡✿ t❤❡r❡ ❡①✐sts s1 s✉❝❤ t❤❛t s1 ∈ S� ❛♥❞ ♣s1, sq ∈ Reach1 ∩ Ext�♣s0, s1q✳
❇② ▲❡♠♠❛ ✶✵✳✶✷✱ label♣sq ∈ Labs♣ℓ2cmd1, ℓ4q ❛♥❞ t❤❡r❡❢♦r❡✱ ❜② ▲❡♠♠❛s ✶✶✳✶✻ ❛♥❞
✼✳✼✱ ♣s, s✶q ∈ Tr ℓ2cmd1,ℓ4

✳ ❍❡♥❝❡✱ ♣s, s✶q ∈ Par1✳

❼ ❚❤✐r❞ ❝❛s❡✿ t❤❡r❡ ❡①✐sts s1 s✉❝❤ t❤❛t s1 ∈ S✁ ❛♥❞ ♣s1, sq ∈ Reach1 ∩ Ext✁♣s0, s1q✳ ❇②
▲❡♠♠❛ ✶✵✳✶✷✱ label♣sq ∈ Labs♣ℓ3cmd2, ℓ4q ❛♥❞ t❤❡r❡❢♦r❡✱ ❜② ▲❡♠♠❛s ✶✶✳✶✻ ❛♥❞ ✼✳✼✱
♣s, s✶q ∈ Tr ℓ3cmd2,ℓ4

✳ ❍❡♥❝❡✱ ♣s, s✶q ∈ Par2✳

❈❧❛✐♠ ✶✶✳✷✶✳ Sub ❸ Sub1 ∪ Sub2✳
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Pr♦♦❢✳ ▲❡t ♣s, s✶q ∈ Sub✳ ❚❤❡r❡❢♦r❡✱ t❤❡r❡ ❡①✐sts s0 ∈ S0 ❛♥❞ s2 ∈ S✶ s✉❝❤ t❤❛t ♣s0, s2q ∈
Reach ❛♥❞ ♣s2, sq ∈ Ext♣s0, s2q ❛♥❞ s ∈ after♣s0q r after♣s2q✳ ◆♦t✐❝❡ t❤❛t thread♣s0q ✏
thread♣s2q ✘ thread♣sq✳

❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✶✶✳✶✼ t❤❡r❡ ❛r❡ t❤r❡❡ ❝❛s❡s✿

❼ ❋✐rst ❝❛s❡✿ s2 ∈ ✐♥t❡r❢❡r❡♣ts0✉q✳ ❍❡♥❝❡✱ ❞✉❡ t♦ ▲❡♠♠❛ ✶✵✳✶✵✱ label♣s2q ✏ ℓ1✳ ❚❤✐s
✐s ❝♦♥tr❛❞✐❝t♦r② ✇✐t❤ s2 ∈ S✶✳

❼ ❙❡❝♦♥❞ ❝❛s❡✿ t❤❡r❡ ❡①✐sts s1 s✉❝❤ t❤❛t ❡✐t❤❡r s1 ∈ S� ❛♥❞ ♣s1, sq ∈ Reach1 ∩

Ext�♣s0, s1q✳ ❇② ▲❡♠♠❛ ✶✵✳✾✱ s ∈ after♣s1q✳ ❇② ▲❡♠♠❛ ✶✵✳✶✷✱ label♣sq ∈ Labs♣ℓ2cmd1, ℓ4q✳
❇❡❝❛✉s❡ s ❘ after♣s2q✱ ❜② Pr♦♣♦s✐t✐♦♥ ✶✵✳✷✱ ♣s, s✶q ∈ Tr ℓ1cmd1,ℓ2

✳ ❍❡♥❝❡✱ ♣s, s✶q ∈ Sub1✳

❼ ❚❤✐r❞ ❝❛s❡✿ t❤❡r❡ ❡①✐sts s1 s✉❝❤ t❤❛t ❡✐t❤❡r s1 ∈ S✁ ❛♥❞ ♣s1, sq ∈ Reach2∩Ext✁♣s0, s1q✳
❚❤✐s ❝❛s❡ ✐s ✈❡r② s✐♠✐❧❛r t♦ t❤❡ s❡❝♦♥❞ ❝❛s❡✿

❇② ▲❡♠♠❛ ✶✵✳✾✱ s ∈ after♣s1q✳ ❇② ▲❡♠♠❛ ✶✵✳✶✷✱ label♣sq ∈ Labs♣ℓ3cmd2, ℓ4q✳ ❇❡✲
❝❛✉s❡ s ❘ after♣s2q✱ ❜② Pr♦♣♦s✐t✐♦♥ ✶✵✳✷✱ ♣s, s✶q ∈ Tr ℓ1cmd1,ℓ2

✳ ❍❡♥❝❡✱ ♣s, s✶q ∈ Sub1

Pr♦♣♦s✐t✐♦♥ ✶✶✳✸✳ ❋♦r ❛❧❧ ❝♦♥❝r❡t❡ ❝♦♥✜❣✉r❛t✐♦♥ Q✿

✈ℓ1 if ♣♣condqthentℓ2cmd1✉elsetℓ4cmd2✉, ℓ3✇♣Qq ↕
✈ℓ2cmd1, ℓ3✇ ✆ ✈ℓ1guard♣condq, ℓ2✇♣Qq
⊔✈ℓ4cmd2, ℓ3✇ ✆ ✈ℓ1guard♣✥condq, ℓ4✇♣Qq

✶✶✳✹ ❲❤✐❧❡ ❧♦♦♣s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r ❛ ❝♦♠♠❛♥❞ ℓ1while♣condqtℓ2cmd✉, ℓ3 ❛♥❞ ❛♥ ✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥
Q0 ✏ ①S0, G0, A0②✳
▲❡t Q✶ ✏ ①S✶, G✶, A✶② ✏ ✈ℓ1while♣condqtℓ2cmd✉, ℓ3✇Q0✳
▲❡t Qω ✏ ①Sω, Gω, Aω② ✏ ❧♦♦♣Òω♣Q0q✳
▲❡t Q✷ ✏ ①S✷, G✷, A✷② ✏ ✈ℓ1while♣condqtℓ2cmd✉, ℓ3✇Qω✳
▲❡t K ✏ rReach, Ext, Self, Par, Subs ✏

✥✞✞ℓ1while♣condqtℓ2cmd✉, ℓ3
✞✞✭Qω✳

▲❡t Q� ✏ ①S�, G�, A�② ✏ ✈ℓ1guard♣condq, ℓ2✇♣Qωq✳
▲❡t K� ✏ rReach�, Ext�, Self�, Par�, Sub�s ✏

✥✞✞ℓ1guard♣condq, ℓ2✞✞✭♣Qωq✳
▲❡t Kcmd ✏ rReachcmd , Extcmd , Selfcmd , Parcmd , Subcmd s ✏

✥✞✞ℓ2cmd , ℓ1
✞✞✭♣Q�q✳

▲❡t Q✥ ✏ ①S✥, G✥, A✥② ✏ ✈ℓ1guard♣✥condq, ℓ3✇Qω✳
▲❡t K✥ ✏ rReach✥, Ext✥, Self✥, Par✥, Sub✥s ✏

✥✞✞ℓ1guard♣✥condq, ℓ3✞✞✭Qω✳
▲❡t Tr ✏ Tr ℓ1while♣condqtℓ2cmd✉,ℓ3 ✳

▲❡♠♠❛ ✶✶✳✷✷✳

Tr ℓ1while♣condqtℓ2cmd✉,ℓ3 ✏ Tr ℓ1guard♣✥condq,ℓ3 ∪ Tr ℓ1guard♣condq,ℓ2 ∪ Tr ℓ2cmd ,ℓ1

◆♦t✐❝❡ t❤❛t✱ ❜② ❞❡✜♥✐t✐♦♥✱ Q0 ↕ Qω
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▲❡♠♠❛ ✶✶✳✷✸✳ ❲❡ ✉s❡ t❤❡ ❛❜♦✈❡ ♥♦t❛t✐♦♥s✳ ▲❡t s0, s1, . . . , sn, . . . , sm ❛ s❡q✉❡♥❝❡ ♦❢ st❛t❡s
s✉❝❤ t❤❛t ❢♦r ❛❧❧ k ∈ t0, . . . ,m✁ 1✉✱ ♣sk, sk�1q ∈ ♣Gω ⑤after♣s0q ∩ Tr q ∪ Aω ⑤after♣s0q✳

■❢ ♣s0, smq ∈ Reachω✱ ♣s0, snq ∈ Reachω ❛♥❞ sn ∈ Sω t❤❡♥ ❢♦r ❛❧❧ k ➙ n✱ ♣sk, sk�1q ∈

♣Gω ⑤after♣snq ∩ Tr q ∪ Aω ⑤after♣snq✳

Pr♦♦❢✳ ❋♦r ❛❧❧ k✱ ♣sk, sk�1q ∈ ♣Gω ⑤after♣snq ∩ Tr q ∪ ♣Gω ⑤after♣s0qrafter♣snq ∩ Tr q ∪ Aω ⑤after♣s0q✳

▲❡t k0 ➙ n s✉❝❤ t❤❛t ♣sk0 , sk0�1q ∈ ♣Gω ⑤after♣s0qrafter♣snq ∩ Tr q✳ ◆♦t✐❝❡ t❤❛t ♣sn, sk0q ∈

Extω♣s0, snq ❛♥❞ sk0 ∈ after♣s0q r after♣snq✳ ❍❡♥❝❡✱ ♣sk0 , sk0�1q ∈ Subω ❸ Aω✳ ❚❤❡r❡❢♦r❡
♣sk0 , sk0�1q ∈ Aω ⑤after♣s1q✳

■♥ ❛❞❞✐t✐♦♥ t♦ t❤✐s✱ ❛❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✶✵✳✶✸✱ after♣snq ❸ after♣s0q✱ s♦✱ ❢♦r ❛❧❧ k ➙ n✱
♣sk, sk�1q ∈ ♣Gω ⑤after♣snq ∩ Tr q ∪ Aω ⑤after♣snq✳

▲❡♠♠❛ ✶✶✳✷✹✳ ❯s✐♥❣ t❤❡ ♥♦t❛t✐♦♥s ♦❢ t❤✐s s❡❝t✐♦♥✱ ❣✐✈❡♥ s0 ∈ Sω ❛♥❞ s ∈ States✱ ✐❢
♣s0, sq ∈ Reach✱ t❤❡r❡❢♦r❡ t❤❡r❡ ❡①✐sts s✶0 ∈ Sω s✉❝❤ t❤❛t ♣s0, s✶0q ∈ Reach ❛♥❞

✶✳ ❡✐t❤❡r ♣s✶0, sq ∈ Reach✥✱

✷✳ ♦r t❤❡r❡ ❡①✐sts s✶1 ∈ S� s✉❝❤ t❤❛t ♣s✶0, s
✶
1q ∈ Reach� ❛♥❞ ♣s✶1, sq ∈ Reachcmd ❛♥❞

label♣sq ✘ ℓ1✳

Pr♦♦❢✳ ❚❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ s0, . . . , sn s✉❝❤ t❤❛t ❢♦r ❛❧❧ k ∈ t0, . . . , n ✁ 1✉✱ ♣sk, sk�1q ∈
♣Gω ⑤after♣s0q ∩ Tr q ∪ Aω ⑤after♣s0q ❛♥❞ sn ✏ s✳

▲❡t k0 t❤❡ ❜✐❣❣❡st k s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s ❤♦❧❞✿

✭✶✮ sk ∈ Sω✱

✭✷✮ ❢♦r ❛❧❧ k✶ ∈ tk, . . . , n✁ 1✉✱ ♣sk✶ , sk✶�1q ∈ ♣Gω ⑤after♣sk0 q ∩ Tr q ∪ Aω ⑤after♣sk0 q
✱

❙✉❝❤ ❛ k ❡①✐sts ❜❡❝❛✉s❡ ✵ s❛t✐s❢② ♣r♦♣❡rt✐❡s ✭✶✮ ❛♥❞ ✭✷✮✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ s❡q✉❡♥❝❡
s0, . . . , sn✱ ♣s0, s✶k0q ∈ Reach✳

❊✐t❤❡r t❤❡r❡ ❡①✐sts k ∈ tk0, . . . , n✁1✉ s✉❝❤ t❤❛t ♣sk, sk�1q ∈ Gω ⑤after♣s0q∩Tr ℓ1while♣condqtℓ2cmd✉,ℓ3r

System ♦r s✉❝❤ ❛ k ❞♦❡s ♥♦t ❡①✐st✳

❼ ❋✐rst ❝❛s❡✱ s✉❝❤ ❛ k ❞♦❡s ♥♦t ❡①✐st✳ ❚❤❡r❡❢♦r❡ ❢♦r ❛❧❧ k ∈ tk0, . . . , n✁ 1✉✱ ♣sk, sk�1q ∈
System ∪ Aω ⑤after♣s0q✳ ❍❡♥❝❡ ♣s0, sq ∈ Reach� ∩ Reach✥ ❸ Reach✥✳

❼ ❙❡❝♦♥❞ ❝❛s❡ ✿ s✉❝❤ ❛ k ❡①✐sts✳ ▲❡t k1 t❤❡ s♠❛❧❧❡st s✉❝❤ k✳

❚❤❡r❡❢♦r❡ ♣sk1 , sk1�1q ∈ Gω ⑤after♣sk0 q
✱ s♦✱ sk1 ∈ after♣s0q✳ ❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✶✵✳✽✱

thread♣sk0q ✏ thread♣sk1q✳ ❇② ▲❡♠♠❛ ✶✵✳✶✵✱ label♣sk0q ✏ label♣sk1q✳ ❇✉t label♣sk0q ✏
ℓ1✱ t❤❡r❡❢♦r❡✱ ❜② ▲❡♠♠❛ ✼✳✽✱ ♣sk1 , sk1�1q ❘ Tr ℓ2cmd ,ℓ1

✳ ❚❤❡r❡❢♦r❡✱ ❜② ▲❡♠♠❛ ✶✶✳✷✷✱
❡✐t❤❡r ♣sk1 , sk1�1q ∈ Tr ℓ1guard♣✥condq,ℓ3 ♦r ♣sk1 , sk1�1q ∈ Tr ℓ1guard♣condq,ℓ2 ✳

➒ ❋✐rst ❝❛s❡✿ ♣sk1 , sk1�1q ∈ Tr ℓ1guard♣✥condq,ℓ3 ✳ ❇② ▲❡♠♠❛ ✼✳✻✱ label♣sk1�1q ✏ ℓ3✳

❊✐t❤❡r t❤❡r❡ ❡①✐sts k ➙ k0 s✉❝❤ t❤❛t ♣sk, sk�1q ❘ Aω ⑤after♣s0q ∪ System ♦r ♥♦t✳
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␐ ❋✐rst ❝❛s❡✿ s✉❝❤ ❛ k ❡①✐sts✳ ▲❡t k2 ❜❡ t❤❡ s♠❛❧❧❡st s✉❝❤ k✳
❇② ♠✐♥✐♠❛❧✐t② ♦❢ k2✱ ♣sk1 , sk2q ∈ rAω ⑤after♣s0q ∪ Systems✍✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢

k2✱ ♣sk2 , sk2�1q ∈ Gω ⑤after♣s0q ∩ Tr ✳ ❚❤❡r❡❢♦r❡ sk2 ∈ after♣sk0q✱ t❤❡♥ ❜②
▲❡♠♠❛ ✶✵✳✽✱ thread♣sk2q ✏ thread♣sk1�1q✳ ❇② ▲❡♠♠❛ ✶✵✳✶✵✱ label♣skq ✏
label♣sk1�1q ✏ ℓ3✳ ❙♦✱ ❜② ▲❡♠♠❛ ✼✳✽✱ ♣sk2 , sk�1q ∈ System✳ ❚❤✐s ✐s ❝♦♥tr❛✲
❞✐❝t♦r② ✇✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ k2✳

␐ ❙❡❝♦♥❞ ❝❛s❡✿ ❢♦r ❛❧❧ k → k1✱ ♣sk, sk�1q ∈ Aω ⑤after♣sk0 q
∪ System✳ ❍❡♥❝❡

♣sk0 , sq ∈ rAω ⑤after♣sk0 q
∪ Systems✍ ❛♥❞ t❤❡♥ ♣sk0 , sq ∈ Reach✥✳

➒ ❙❡❝♦♥❞ ❝❛s❡✿ ♣sk1 , sk1�1q ∈ Tr ℓ1guard♣condq,ℓ2 ✳

❚❤❡r❡❢♦r❡✱ ❜② ▲❡♠♠❛ ✼✳✻✱ sk1�1 ∈ S�✳ ❊✐t❤❡r t❤❡r❡ ❡①✐sts k3 → k1 s✉❝❤ t❤❛t
♣sk3 , sk3�1q ∈ G⑤after♣sk0 q ∩ ♣Tr ℓ1guard♣✥condq,ℓ3 ∪ Tr ℓ1guard♣condq,ℓ3q ♦r t❤❡r❡ ❞♦❡s ♥♦t
❡①✐st s✉❝❤ ❛ k3✳

␐ ❋✐rst ❝❛s❡✿ s✉❝❤ ❛ k3 ❡①✐sts✱ t❤❡r❡❢♦r❡✱ ❜② ▲❡♠♠❛ ✼✳✻✱ label♣sk3q ✏ ℓ1✳
❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✶✵✳✶✷✱ thread♣sq ✏ thread♣sk0q✳ ❍❡♥❝❡✱ ♣sk0 , sk3q ∈

Reachω✳
❙♦✱ ❜② ▲❡♠♠❛ ✶✶✳✷✸✱ ❢♦r ❛❧❧ k ∈ tk2, . . . , n ✁ 1✉✱ ♣sk, sk�1q ∈ ♣Gω ⑤after♣sk2 q ∩
Tr q∪Aω ⑤after♣sk2 q

✳ ❚❤✐s ✐s ❝♦♥tr❛❞✐❝t♦r② ✇✐t❤ t❤❡ ♠❛①✐♠❛❧✐t② ♦❢ k0✳ ❚❤❡r❡❢♦r❡

k2 ❞♦❡s ♥♦t ❡①✐st✳

␐ ❙❡❝♦♥❞ ❝❛s❡✿ ❢♦r ❛❧❧ k → k1✱ ♣sk, sk�1q ∈ ♣Gω ⑤after♣sk0 q∩Tr ℓ2cmd ,ℓ1
q∪Aω ⑤after♣sk0 q

✳

❆❝❝♦r❞✐♥❣ t♦ ♣r♦♣♦s✐t✐♦♥ ✶✵✳✷✱ ❢♦r ❛❧❧ k → k1✱ ♣sk, sk�1q ∈ ♣Gω ⑤after♣sk2 q ∩
Tr ℓ2cmd ,ℓ1

q ∪ Aω ⑤after♣sk0 q
✳ ❚❤❡r❡❢♦r❡✱ ♣sk1 , sq ∈ Reachω

❆ss✉♠❡ ❜② ❝♦♥tr❛❞✐❝t✐♦♥ t❤❛t label♣sq ✏ ℓ1✳ ❚❤❡r❡❢♦r❡✱ ❛❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✶✵✳✶✷
thread♣sq ✏ thread♣sk1q ❛♥❞ t❤❡♥ s ∈ Sω✳ ❚❤✐s ✐s ❝♦♥tr❛❞✐❝t♦r② ✇✐t❤ t❤❡ ♠❛①✐♠❛❧✐t②
♦❢ k0✳

❲❡ ❝❤♦♦s❡ s✶0
❞❡❢✏ sk0 ✱ s

✶
1

❞❡❢✏ sk1

▲❡♠♠❛ ✶✶✳✷✺✳ ❯s✐♥❣ t❤❡ ♥♦t❛t✐♦♥s ♦❢ t❤✐s s❡❝t✐♦♥✱ ✐❢ s ∈ Reach①S0②✱ t❤❡♥✱ t❤❡r❡ ❡①✐sts
s0 ∈ Sω s✉❝❤ t❤❛t✿

✶✳ ❡✐t❤❡r ♣s0, sq ∈ Reach✥✱

✷✳ ♦r t❤❡r❡ ❡①✐sts s✶1 ∈ S� s✉❝❤ t❤❛t ♣s0, s✶1q ∈ Reach� ❛♥❞ ♣s✶1, sq ∈ Reachcmd ❛♥❞
label♣sq ✘ ℓ1✳

Pr♦♦❢✳ ◆♦t✐❝❡ t❤❛t S0 ❸ Sω✳ ■t ✐s ❛ str❛✐❣❤t❢♦r✇❛r❞ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛ ✶✶✳✷✹✳

❈❧❛✐♠ ✶✶✳✷✻✳ ❯s✐♥❣ t❤❡ ♥♦t❛t✐♦♥ ♦❢ t❤✐s s❡❝t✐♦♥ S✶ ❸ S✥✳

Pr♦♦❢✳ ▲❡t s ∈ S✶✱ t❤❡r❡❢♦r❡✱ s ∈ Reach①S0②✳ ❋✉rt❤❡r♠♦r❡✱ label♣sq ✏ ℓ3✳ ❍❡♥❝❡✱ ❛❝❝♦r❞✐♥❣
t♦ ▲❡♠♠❛ ✶✵✳✶✸✱ ❢♦r ❛❧❧ s1 ∈ States✱ ♣s1, sq ❘ Reachω✳ ❚❤❡r❡❢♦r❡✱ ❛❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛
✶✶✳✷✺✱ t❤❡r❡ ❡①✐sts s0 ∈ Sω s✉❝❤ t❤❛t ♣s0, sq ∈ Reach✥✳ ❍❡♥❝❡ s ∈ S✥✳
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❈❧❛✐♠ ✶✶✳✷✼✳ Self ❸ Self✥ ∪ Self� ∪ Selfcmd

Pr♦♦❢✳ ▲❡t ♣s, s✶q ∈ Self✳ ❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✶✶✳✷✷✱ ♣s, s✶q ∈ Tr ℓ1guard♣✥condq,ℓ3∪Tr ℓ1guard♣condq,ℓ2∪

Tr ℓ2cmd ,ℓ1
✳

❼ ❋✐rst ❝❛s❡✿ ♣s, s✶q ∈ Tr ℓ1guard♣✥condq,ℓ3 ∪ Tr ℓ1guard♣condq,ℓ2 ✳ ❉✉❡ t♦ ▲❡♠♠❛ ✼✳✻✱ label♣sq ✏
ℓ1 ❍❡♥❝❡✱ ❛❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✶✶✳✷✺✱ ❡✐t❤❡r ♣s0, sq ∈ Reach✥ ♦r label♣sq ✘ ℓ1✳ ❚❤❡r❡✲
❢♦r❡ ♣s0, sq ∈ Reach✥✳

❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✶✶✳✶✱ ❡✐t❤❡r label♣sq ✏ ℓ2 ✘ ℓ1 ✭❝♦♥tr❛❞✐❝t✐♦♥✮ ♦r s ∈ ✐♥t❡r❢❡r❡A0♣S0q ❸
Reach✥①Sω② ∩ Reach�①Sω②✳ ❚❤❡r❡❢♦r❡ ❡✐t❤❡r ♣s, s✶q ∈ Self✥ ♦r ♣s, s✶q ∈ Self�✳

❼ ❙❡❝♦♥❞ ❝❛s❡✿ ♣s, s✶q ∈ Tr ℓ2cmd ,ℓ1
✳ ❚❤❡r❡❢♦r❡✱ ❛❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✼✳✼✱ label♣sq ∈

Labs♣ℓ2cmd , ℓ1qrtℓ1✉✳ ■❢ s✷ ∈ Reach✥①Sω②✱ t❤❡♥✱ ❜② ▲❡♠♠❛ ✶✶✳✶✱ label♣s✷q ∈ tℓ1, ℓ3✉✳
❍❡♥❝❡✱ s ❘ Reach✥①Sω②✳ ❙♦✱ ❜② ▲❡♠♠❛ ✶✶✳✷✺✱ t❤❡r❡ ❡①✐sts s ∈ S0 ❛♥❞ s1 ∈ S�
s✉❝❤ t❤❛t ♣s0, s1q ∈ Reach� ❛♥❞ ♣s1, sq ∈ Reachcmd ✳ ❆❝❝♦r❞✐♥❣ t♦ Pr♦♣♦s✐t✐♦♥ ✶✵✳✷✱
♣s, s✶q ∈ after♣s1q ❛♥❞ t❤❡r❡❢♦r❡ ♣s, s✶q ∈ Selfcmd ✳

❈❧❛✐♠ ✶✶✳✷✽✳ Par ❸ Parcmd

Pr♦♦❢✳ ▲❡t ♣s, s✶q ∈ Par✳ ❚❤❡r❡ ❡①✐sts s0 ∈ S0 ❛♥❞ s2 s✉❝❤ t❤❛t ♣s0, s2q ∈ Reachω ❛♥❞
♣s2, sq ∈ Schedule ❛♥❞ s ∈ after♣s0q✳ ❇② ▲❡♠♠❛ ✶✶✳✶✱ ❡✐t❤❡r ♣s0, s2q ∈ Reach✥ ♦r t❤❡r❡
❡①✐sts s1 ∈ S� s✉❝❤ t❤❛t ♣s0, s1q ∈ Reach� ❛♥❞ ♣s1, s2q ∈ Reachcmd ❛♥❞ label♣s2q ✘ ℓ1✳

❼ ■♥ t❤❡ ✜rst ❝❛s❡✱ ❜❡❝❛✉s❡ s ∈ after♣s0q ❛♥❞ Tr✥ ✐s ❝♦♥s❡r✈❛t✐✈❡ ✭❙❡❡ ▲❡♠♠❛ ✼✳✺✮✱ ❜②
▲❡♠♠❛ ✶✵✳✽✱ thread♣sq ✏ thread♣s0q✳ ❇✉t✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ Schedule ❛♥❞ Reach✥✱
thread♣s2q ✘ thread♣sq ❛♥❞ thread♣s0q ✏ thread♣s2q✳ ❚❤✐s ✐s ❝♦♥tr❛❞✐❝t♦r②✳

❼ ■♥ t❤❡ s❡❝♦♥❞ ❝❛s❡✱ ❜② Pr♦♣♦s✐t✐♦♥ ✶✵✳✷✱ s ∈ after♣s1q✳ ❇❡❝❛✉s❡ thread♣sq ✘ thread♣s0q ✏
thread♣s2q✱ ❜② ▲❡♠♠❛ ✶✵✳✶✷✱ label♣sq ∈ Labs♣ℓ2cmd , ℓ1qrtℓ2✉✳ ❚❤❡r❡❢♦r❡✱ ❜② ▲❡♠♠❛s
✶✶✳✷✷ ❛♥❞ ✼✳✻✱ ♣s, s✶q ∈ Tr ℓ2cmd ,ℓ1

✳ ❍❡♥❝❡ ♣s, s✶q ∈ Parcmd

❈❧❛✐♠ ✶✶✳✷✾✳ Sub ❸ Sub✥

Pr♦♦❢✳ ▲❡t ♣s, s✶q ∈ Sub✳ ❚❤❡r❡❢♦r❡✱ t❤❡r❡ ❡①✐sts s0 ∈ Sω ❛♥❞ s1 ∈ S✶ s✉❝❤ t❤❛t ♣s0, s1q ∈
Reach ❛♥❞ ♣s1, sq ∈ Ext♣s0, s1q✳

◆♦t✐❝❡ t❤❛t label♣s1q ✏ ℓ3✱ t❤❡r❡❢♦r❡✱ ❛❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✶✵✳✶✸✱ s1 ❘ Reach�; Reachcmd①Sω②✳
❍❡♥❝❡✱ ❜② ▲❡♠♠❛ ✶✶✳✷✹✱ t❤❡r❡ ❡①✐sts s✶0 ∈ Sω s✉❝❤ t❤❛t ♣s0, s✶0q ∈ Reach ❛♥❞ ♣s✶0, s1q ∈

Reach✥✳
♣s1, sq ∈ Ext♣s0, s1q ❸ r♣Gω ⑤after♣s0q ∩ Tr q ∪ Aω ⑤after♣s0q ∪ Gω ⑤after♣s1qs

✍✳

❍❡♥❝❡✿ ♣s1, sq ∈ r♣Gω ⑤after♣s0qrafter♣s✶
0
q ∩ Tr q ∪ ♣Gω ⑤after♣s✶

0
q ∩ Tr q ∪ Aω ⑤after♣s0q ∪ Gω ⑤after♣s1qs

✍✳
❆❝❝♦r❞✐♥❣ t♦ ❉❡✜♥✐t✐♦♥ ✶✵✳✷✿
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♣s1, sq ∈ r♣Subω ⑤after♣s0qrafter♣s✶
0
qq ∪ ♣Gω ⑤after♣s✶

0
q ∩ Tr q ∪ Aω ⑤after♣s0q ∪ Gω ⑤after♣s1qs

✍

❚❤❡r❡❢♦r❡✿ ♣s1, sq ∈ r♣Subω ⑤after♣s✶
0
qq ∪ ♣Gω ⑤after♣s✶0q ∩ Tr q ∪ Aω ⑤after♣s0q ∪ Gω ⑤after♣s1qs

✍✳

❇❡❝❛✉s❡✱ ❜② ▲❡♠♠❛ ✶✵✳✶✸✱ after♣s✶0q ❸ after♣s0q✳ ❍❡♥❝❡✿ Aω ⑤after♣s0q ❸ Aω ⑤after♣s✶
0
q✳

❚❤❡r❡❢♦r❡✿ ♣s1, sq ∈ r♣Subω ⑤after♣s✶
0
qq ∪ ♣Gω ⑤after♣s✶0q ∩ Tr q ∪ Aω ⑤after♣s✶

0
q ∪ Gω ⑤after♣s1qs

✍✳

❇❡❝❛✉s❡ Subω ❸ Aω✱ ♣s1, sq ∈ r♣Gω ⑤after♣s✶
0
q ∩ Tr q ∪ Aω ⑤after♣s✶

0
q ∪ Gω ⑤after♣s1qs

✍✳

❚❤✐s ♠❡❛♥s t❤❛t ♣s1, sq ∈ Extω♣s✶0, s1q✳
❚❤❡r❡❢♦r❡✿
♣s1, sq ∈ r♣Gω ⑤after♣s✶

0
qrafter♣s1q ∩ Tr q ∪ ♣Gω ⑤after♣s1q ∩ Tr q ∪ Aω ⑤after♣s✶

0
q ∪ Gω ⑤after♣s1qs

✍

❇② Pr♦♣♦s✐t✐♦♥ ✶✵✳✷✱ ♣s1, sq ∈ ♣Gω ⑤after♣s0q∩Tr ℓ1guard♣✥condq,ℓ2q∪♣Gω ⑤after♣s1q∩TrrTr ℓ1guard♣✥condq,ℓ2q∪
Aω ⑤after♣s0q ∪ Gω ⑤after♣s1q ✏ Ext✥♣s1, s2q✳

Pr♦♣♦s✐t✐♦♥ ✶✶✳✹✳ ✈ℓ1while♣condqtℓ2cmd✉, ℓ3✇♣Qq ↕ ✈ℓ1guard♣✥condq, ℓ3✇ ✆ ❧♦♦♣Òω♣Qq
✇✐t❤ ❧♦♦♣♣Q✶q ✏

�
✈ℓ2cmd , ℓ1✇ ✆ ✈⑤ℓ1guard♣condq, ℓ2⑤✇♣Q✶q

✟
⊔ Q✶

Pr♦♦❢✳ ■t ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❈❧❛✐♠s ✶✶✳✷✻✱ ✶✶✳✷✼✱ ✶✶✳✷✽ ❛♥❞ ✶✶✳✷✾✳

✶✶✳✺ ❚❤r❡❛❞ ❈r❡❛t✐♦♥

▲❡t Q0 ✏ ①S0, G0, A0② ❛ ❝♦♥✜❣✉r❛t✐♦♥✳
▲❡t Q✶ ✏ ①S✶, G✶, A✶② ✏ ✈ℓ1create♣ℓ2cmdq, ℓ3✇♣Q0q
▲❡t K ✏ rReach, Ext, Self, Par, Subs ✏

✥✞✞ℓ1create♣ℓ2cmdq, ℓ3
✞✞✭♣Q0q

▲❡t Q1 ✏ ①S1, G1, A1② ✏ ✈ℓ1spawn♣ℓ2q, ℓ3✇♣Q0q
▲❡t K1 ✏ rReach1, Ext1, Self1, Par1, Sub1s ✏

✥✞✞ℓ1spawn♣ℓ2q, ℓ3✞✞✭♣Q0q
▲❡t Q2 ✏ ①S2, G2, A2② ✏ ✐♥✐t✲❝❤✐❧❞ℓ2♣Q1q
▲❡t G✽ ✏ guaranteeℓ2cmd ,ℓ✽

♣Q2q

▲❡t K3 ✏ rReach3, Ext3, Self3, Par3, Sub3s ✏
✥✞✞ℓ2cmd , ℓ✽

✞✞✭①S2, G✽, A2②
▲❡t Q3 ✏ ①S3, G3, A3② ✏ ❝♦♠❜✐♥❡Q0♣G✽q
▲❡t Tr ✏ Tr ℓ1create♣ℓ2cmdq,ℓ3

▲❡♠♠❛ ✶✶✳✸✵✳ Tr ℓ1create♣ℓ2cmdq,ℓ3 ✏ Tr ℓ1 spawn♣ℓ2q,ℓ3 ∪ Tr ℓ2cmd ,ℓ✽

❲❤❡♥ ❛ t❤r❡❛❞ i0 ❡①❡❝✉t❡s ℓ1create♣ℓ2cmdq, ℓ2✱ ✐t ❝r❡❛t❡s s♦♠❡ t❤r❡❛❞ i ✭❙❡❡ ❋✐❣✉r❡
✶✶✳✶✮✳ ❚❤❡ ♠❛✐♥ ✐❞❡❛ ✐s t❤❛t t❤r❡❡ ❦✐♥❞s ♦❢ tr❛♥s✐t✐♦♥s ♠❛② ✐♥t❡r❢❡r❡ ✇✐t❤ i✳

❼ ❚r❛♥s✐t✐♦♥s t❤❛t ♠❛② ❜❡ ✜r❡❞ ❜② s♦♠❡ ♦❢ i0 t❤❛t ❤❛✈❡ ❜❡❡♥ ❝r❡❛t❡❞ ❜❡❢♦r❡ i ✭❡✳❣✳✱ t1✮✱
♦r ❜② ❛ ❞❡s❝❡♥❞❛♥t ♦❢ s✉❝❤ ❛ t❤r❡❛❞ ✭❡✳❣✳✱ t6✮✳ ❚❤❡s❡ tr❛♥s✐t✐♦♥s ❛r❡ r❡♣r❡s❡♥t❡❞ ✐♥
❣r❡❡♥ ♦♥ t❤❡ ✜❣✉r❡✱ ❛♥❞ ❝♦❧❧❡❝t❡❞ ✐♥ A0✳

❼ ❚r❛♥s✐t✐♦♥s ✜r❡❞ ❜② i0 ❛❢t❡r ❤❛✈✐♥❣ ❝r❡❛t❡❞ i✱ ♦r tr❛♥s✐t✐♦♥s ✜r❡❞ ❜② s♦♠❡ ❞❡s❝❡♥❞❛♥t
♦❢ i0 ❝r❡❛t❡❞ ❛❢t❡r i✳ ❚❤❡s❡ tr❛♥s✐t✐♦♥s ✭✐♥ ❜❧✉❡ ♦♥ t❤❡ ✜❣✉r❡✮ ❛r❡ ❝♦❧❧❡❝t❡❞ ✐♥ G⑤♣♦st♣ℓ2q✳
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i0

i
t1

t6

t2

t4

t7

t3

t5

A0

G0|post(ℓ2)
ℓ2cmd , ℓ∞

❋✐❣✉r❡ ✶✶✳✶✿ ❚❤r❡❛❞ ❈r❡❛t✐♦♥
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i0

i
t1

t6

t2

t4

t7

t3

t5

A0

G0|post(ℓ2)

ℓ2cmd , ℓ∞

❋✐❣✉r❡ ✶✶✳✷✿ ❚❤r❡❛❞ ❈r❡❛t✐♦♥
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❼ ❚r❛♥s✐t✐♦♥s ♦❢ ❞❡s❝❡♥❞❛♥ts ♦❢ i✳ ❚❤❡s❡ tr❛♥s✐t✐♦♥s ❛r❡ r❡♣r❡s❡♥t❡❞ ✐♥ ♦r❛♥❣❡✳ ❆❧❧
t❤❡s❡ tr❛♥s✐t✐♦♥s ❛r❡ ❣❡♥❡r❛t❡❞ ❜② t❤❡ st❛t❡♠❡♥t ℓ2cmd , ℓ✽✳

❋✐❣✉r❡ ✶✶✳✷ ✐s ❛ s❡❝♦♥❞ ❡①❛♠♣❧❡✳ ❚❤❡ t❤r❡❛❞ i ❝r❡❛t❡s t❤❡ t❤r❡❛❞ t3

▲❡♠♠❛ ✶✶✳✸✶✳ ▲❡t s0✱ s1✱ s2 ❛♥❞ s ❜❡ ❢♦✉r st❛t❡s s✉❝❤ t❤❛t ♣s0, s1q ∈ Reach1✱ s2 ∈

s❝❤❡❞✉❧❡✲❝❤✐❧❞ts1✉✱ label♣s1q ✏ ℓ3✱ ♣s2, sq ∈ Transitions✍ ❛♥❞ s ∈ after♣s0q✳
❚❤❡r❡❢♦r❡✱ s ∈ after♣s1q ∪ after♣s2q✳

Pr♦♦❢✳ ❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✶✶✳✶✱ t❤❡r❡ ❡①✐sts s✶0 ❛♥❞ s✶1 s✉❝❤ t❤❛t✱ s✶0 ∈ ✐♥t❡r❢❡r❡A0ts0✉✱
♣s✶0, s

✶
1q ∈ Tr ✲

ℓ1 spawn♣ℓ2q,ℓ3
✱ ❛♥❞ s1 ∈ ✐♥t❡r❢❡r❡A0ts

✶
1✉✳

❇② ▲❡♠♠❛s ✶✵✳✽ ❛♥❞ ✼✳✼✱ thread♣s0q ✏ thread♣s✶0q ✏ thread♣s✶1q ✏ thread♣s1q✳
▲❡t i0 ✏ thread♣s0q ❛♥❞ i ✏ thread♣sq✳
▲❡t g0✱ g

✶
0✱ j✱ g1 ❛♥❞ g s✉❝❤ t❤❛t✱ r❡s♣❡❝t✐✈❡❧②✱ t❤❡ ❣❡♥❡❛❧♦❣② ♦❢ s0✱ s

✶
0✱ s

✷
0✱ s1✱ s2✱ s ✐s g0✱

g0 ☎ g✶0✱ g0 ☎ g
✶
0 ☎ ♣i0, ℓ2, jq✱ g0 ☎ g

✶
0 ☎ ♣i0, ℓ2, jq ☎ g1✱ g0 ☎ g

✶
0 ☎ ♣i0, ℓ2, jq ☎ g1✱ g0 ☎ g

✶
0 ☎ ♣i0, ℓ2, jq ☎ g1 ☎ g✳

◆♦t✐❝❡ t❤❛t s1 ❛♥❞ s2 ❤❛✈❡ t❤❡ s❛♠❡ ❣❡♥❡❛❧♦❣②✳
❇❡❝❛✉s❡ ♣s0, s✶0q ∈ rA0⑤after♣s0q ∪ Systems✝✱ ❜② ▲❡♠♠❛ ✶✵✳✼✱ descg✶

0
♣i0q ✏ ti0✉✳

❇❡❝❛✉s❡ ♣s✷1, s1q ∈ rA0⑤after♣s0q∪Systems✝✱ ❜② ▲❡♠♠❛ ✶✵✳✼✱ desc♣i0,ℓ2,jq☎g1♣i0q ✏ desc♣i0,ℓ2,jqti0✉ ✏
ti0, j✉✳

❇② ▲❡♠♠❛ ✼✳✷✱ descg✶
0
☎♣i0,ℓ2,jq☎g1☎g♣i0q ✏ descgrdesc♣i0,ℓ2,jq☎g1♣descg✶

0
ti0✉qs ✏ descgti0, j✉ ❇②

▲❡♠♠❛ ✼✳✷✱ descg✶
0
☎♣i0,ℓ2,jq☎g1☎g♣i0q ✏ descg♣ti0✉q ∪ descg♣tj✉q✳

❇❡❝❛✉s❡ s ∈ after♣s0q✱ i ∈ descg✶
0
☎♣i0,ℓ2,jq☎g2☎g♣i0q✳ ❚❤❡r❡❢♦r❡ ❡✐t❤❡r i ∈ descg♣i0q ♦r

i ∈ descg♣jq✳ ■❢ i ∈ descg♣i0q t❤❡♥ s ∈ after♣s1q✳ ■❢ i ∈ descg♣jq t❤❡♥ s ∈ after♣s2q✳

▲❡♠♠❛ ✶✶✳✸✷✳ ■❢ ♣s0, sq ∈ Reach t❤❡♥✿

❼ ❡✐t❤❡r s ∈ ✐♥t❡r❢❡r❡A0♣s0q ❛♥❞ label♣sq ✏ ℓ1

❼ ♦r t❤❡r❡ ❡①✐sts s1, s2, s3 s✉❝❤ t❤❛t ♣s0, s1q ∈ Reach1✱ ♣s1, s2q ∈ Schedule✱ ♣s2, s3q ∈

Reach3∩Ext1♣s0, s1q✱ ♣s3, sq ∈ Schedule ❛♥❞ s2 ∈ s❝❤❡❞✉❧❡✲❝❤✐❧❞ts1✉✳ ❋✉rt❤❡r♠♦r❡
label♣s1q ✏ label♣sq ✏ ℓ3 ❛♥❞ s ∈ ✐♥t❡r❢❡r❡G0⑤♣♦st♣ℓ2q∪A0

ts1✉✳

Pr♦♦❢✳ ♣s0, sq ∈ Reach✱ t❤❡r❡❢♦r❡✱ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ s✶0, s
✶
n s✉❝❤ t❤❛t s✶0 ✏ s0✱ s

✶
n ✏ s

❛♥❞ ❢♦r ❡✈❡r② k ∈ t0, . . . , n✁ 1✉, ♣sk, sk�1q ∈ r♣G0⑤after♣s0q ∩ Tr q ∪ A0⑤after♣s0qs
✍✳

❚✇♦ ❝❛s❡s ♠❛② ♦❝❝✉r✿

❼ ❋✐rst ❝❛s❡ ❢♦r ❡✈❡r② k ∈ t0, . . . , n ✁ 1✉✱ ♣s✶k, s
✶
k�1q ∈ rA0⑤after♣s0q ∪ System✳ ❚❤❡r❡❢♦r❡

s ∈ ✐♥t❡r❢❡r❡A0♣s0q ❛♥❞ ❜② ▲❡♠♠❛ ✶✵✳✶✵✱ label♣sq ✏ ℓ1✳

❼ ❙❡❝♦♥❞ ❝❛s❡✿ t❤❡r❡ ❡①✐sts k ∈ t0, . . . , n✁1✉ s✉❝❤ t❤❛t ♣s✶k, s
✶
k�1q ❘ rA0⑤after♣s0q∪System✳

▲❡t k0 t❤❡ s♠❛❧❧❡st s✉❝❤ k✳

♣s✶k0 , s
✶
k0�1q ∈ ♣G0⑤after♣s0q ∩ Tr q✳ ❚❤❡r❡❢♦r❡ sk0 ∈ after♣s0q✳ ❉✉❡ t♦ ▲❡♠♠❛ ✶✵✳✽

thread♣s✶0q ✏ thread♣s0q✳

▲❡t s1 ✏ s✶k0�1✳ ❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✼✳✻✱ thread♣s1q ✏ thread♣s✶k0q ✏ thread♣s0q ❛♥❞
label♣s1q ✏ ℓ3✳ ❚❤❡r❡❢♦r❡ ♣s0, s1q ∈ Reach1✳
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❇② ❞❡✜♥✐t✐♦♥ ♦❢ s❝❤❡❞✉❧❡✲❝❤✐❧❞✱ s❝❤❡❞✉❧❡✲❝❤✐❧❞ts1✉ ✐s ❛ s✐♥❣❧❡t♦♥✳ ❤❡♥❝❡✱ ❧❡t s2
s✉❝❤ t❤❛t

ts2✉ ✏ s❝❤❡❞✉❧❡✲❝❤✐❧❞ts1✉.

❚❤❡r❡❢♦r❡✱ ♣s2, s1q ∈ Schedule✳ ▲❡t ♣i, P, σ, gq ✏ s ❛♥❞ s3 ✏ ♣thread♣s1q, P, σ, gq✳
❚❤❡r❡❢♦r❡✱ ♣s, s3q ∈ Schedule ❛♥❞

♣s3, sq ∈ Schedule.

❊✐t❤❡r t❤❡r❡ ❡①✐sts k ∈ tk0, n✁1✉ s✉❝❤ t❤❛t ♣sk, sk�1q ∈ ♣G0⑤after♣s0q∩TrrqSystem ❛♥❞
sk ❘ after♣s2q ♦r ♥♦t✳

➒ ❋✐rst ❝❛s❡✿ s✉❝❤ ❛ k ❡①✐sts✳ ▲❡t k1 t❤❡ s♠❛❧❧❡st s✉❝❤ ❛ k✳ ❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛
✶✶✳✸✶✱ sk1 ∈ after♣s1q✳ ❚❤❡r❡❢♦r❡✱ ❜② ▲❡♠♠❛ ✶✵✳✽✱ thread♣sq ✏ thread♣s1q ❛♥❞
❜② ▲❡♠♠❛ ✶✵✳✶✵✱ label♣sq ✏ label♣s1q ✏ ℓ3✳ ❚❤✐s ✐s ❝♦♥tr❛❞✐❝t♦r② ✇✐t❤ ▲❡♠♠❛
✼✳✼ ✇❤✐❝❤ ✐♠♣❧✐❡s label♣sq ✘ ℓ3✳

➒ ❙❡❝♦♥❞ ❝❛s❡✿ t❤❡r❡ ❞♦❡s ♥♦t ❡①✐sts s✉❝❤ ❛ k✳ ❍❡♥❝❡✿ ♣s2, s3q ∈ Schedule; r♣G0⑤after♣s2q∩
Tr q ∪ A0⑤after♣s0qs

✍; Schedule ✏ r♣G0⑤after♣s2q ∩ Tr q ∪ A0⑤after♣s0qs
✍✳ ❍❡♥❝❡✿

♣s2, s3q ∈ Ext1♣s0, s1q.

❋✉rt❤❡r♠♦r❡ ❜② ▲❡♠♠❛ ✶✵✳✷✱ after♣s2q ❸ after♣s0q✳ ❍❡♥❝❡ ♣s2, s3q ∈ r♣G0⑤after♣s2q∩
Tr q ∪ A0⑤after♣s2qs

✍✳ ❚❤❡r❡❢♦r❡✱ ❜② Pr♦♣♦s✐t✐♦♥ ✶✵✳✶✿

♣s2, s3q ∈ Reach3.

●✐✈❡♥ t❤❛t✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ ♣♦st♣ℓ2q✱ after♣s2q ❸ ♣♦st♣ℓ2q✿

s ∈ ✐♥t❡r❢❡r❡G0⑤♣♦st♣ℓ2q∪A0
ts1✉.

❈❧❛✐♠ ✶✶✳✸✸✳ S✶ ❸ ✐♥t❡r❢❡r❡G0∪A0♣S1q✳

Pr♦♦❢✳ ▲❡t s ∈ S✶✳ ❚❤❡r❡❢♦r❡ t❤❡r❡ ❡①✐sts s0 ∈ S0 s✉❝❤ t❤❛t ♣s0, sq ∈ Reach ❛♥❞ label♣sq ✏
ℓ3 ✘ ℓ1✳ ❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✶✶✳✸✷ t❤❡r❡ ❡①✐sts s1 s✉❝❤ t❤❛t ♣s0, s1q ∈ Reach1✱ label♣s1q ✏
ℓ3 ❛♥❞ s ∈ ✐♥t❡r❢❡r❡G0∪A0ts1✉✳ ❚❤❡r❡❢♦r❡ s1 ∈ S1 ❛♥❞ s ∈ ✐♥t❡r❢❡r❡G0∪A0♣S1q✳

❈❧❛✐♠ ✶✶✳✸✹✳ Self ❸ Self1✳

Pr♦♦❢✳ ▲❡t ♣s, s✶q ∈ Self✳ ❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✼✳✼✱ label♣sq ✘ ℓ3✳ ❚❤❡r❡ ❡①✐sts s0 ∈ S0
s✉❝❤ t❤❛t ♣s0, sq ∈ Reach✳ ❚❤❡r❡❢♦r❡✱ ❛❝❝♦r❞✐♥❣ t♦ ❧❡♠♠❛ ✶✶✳✸✷✱ s ∈ ✐♥t❡r❢❡r❡A0ts0✉✳
❚❤❡r❡❢♦r❡ ♣s0, sq ∈ Reach1 ❛♥❞✱ ❜② ▲❡♠♠❛ ✶✵✳✶✵✱ label♣sq ✏ ℓ1✳ ❉✉❡ t♦ ▲❡♠♠❛s ✼✳✽ ❛♥❞
✶✶✳✸✵✱ ♣s, s✶q ∈ Tr ℓ1 spawn♣ℓ2q,ℓ3 ✳ ❍❡♥❝❡ ♣s, s

✶q ∈ Self1✳

❈❧❛✐♠ ✶✶✳✸✺✳ Par ❸ Self3 ∪ Par3✳
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Pr♦♦❢✳ ▲❡t ♣s, s✶q ∈ Par✳ ❚❤❡r❡❢♦r❡✱ t❤❡r❡ ❡①✐sts s0 ∈ S0 s✉❝❤ t❤❛t ♣s0, sq ∈ Reach; Schedule

❛♥❞ s ∈ after♣s0q✳ ◆♦t✐❝❡ t❤❛t ❜② ❞❡✜♥✐t✐♦♥ ♦❢ Schedule✱ thread♣s0q ✘ thread♣sq✳
❆ss✉♠❡ ❜② ❝♦♥tr❛❞✐❝t✐♦♥✱ t❤❛t s ∈ Schedule①✐♥t❡r❢❡r❡A0ts0✉②✳ ❉✉❡ t♦ ▲❡♠♠❛ ✶✵✳✽✱

thread♣s0q ✏ thread♣sq✳ ❚❤✐s ✐s ❝♦♥tr❛❞✐❝t♦r②✳
❍❡♥❝❡✱ ❜② ▲❡♠♠❛ ✶✶✳✸✷✱ t❤❡r❡ ❡①✐sts s1, s2, s3 s✉❝❤ t❤❛t ♣s0, s1q ∈ Reach1✱ ♣s1, s2q ∈

Schedule✱ ♣s2, s3q ∈ Reach3✱ ♣s3, sq ∈ Schedule✱ s2 ∈ s❝❤❡❞✉❧❡✲❝❤✐❧❞ts1✉✱ ❛♥❞ label♣s1q ✏
label♣sq ✏ ℓ3✳

❍❡♥❝❡✱ s1 ∈ S1✱ s2 ∈ S2✳
❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✶✵✳✻ after♣s1q∩after♣s2q ✏ ∅✳ ●✐✈❡♥ t❤❛t ♣s2, sq ∈ Reach; Schedule; Schedule✱

♣s2, sq ∈ ♣G0 ∪ A0q✍⑤after♣s1q✳ ❍❡♥❝❡✱ ❞✉ t♦ ▲❡♠♠❛ ✶✶✳✷✸✱ s ∈ after♣s2q✳

■❢ thread♣sq ✏ thread♣s2q✱ t❤❡♥ ♣s2, sq ∈ Reach3 ❛♥❞ ♣s, s✶q ∈ Self3✳ ■❢ thread♣sq ✘
thread♣s2q✱ t❤❡♥ ♣s, s✶q ∈ Par3✳

❈❧❛✐♠ ✶✶✳✸✻✳ Sub ❸ Self3 ∪ Par3✳

Pr♦♦❢✳ ▲❡t ♣s, s✶q ∈ Sub✳ ❚❤❡r❡ ❡①✐sts s0, s4 s✉❝❤ t❤❛t ♣s0, s4q ∈ Reach ❛♥❞ ♣s4, sq ∈

Ext♣s0, s4q ❛♥❞ s4 ∈ S✶✳ ❇② ▲❡♠♠❛ ✶✶✳✸✷✱ t❤❡r❡ ❡①✐sts s1, s2, s3 s✉❝❤ t❤❛t ♣s0, s1q ∈ Reach1✱
s2 ∈ s❝❤❡❞✉❧❡✲❝❤✐❧❞A♣ts1✉q✱ ♣s2, s3q ∈ Reach3 ∩ Ext1♣s0, s1q ❛♥❞ ♣s3, s4q ∈ Schedule✳

❋✉rt❤❡r♠♦r❡✱ s ∈ after♣s0q r after♣s4q✳ ❉✉❡ t♦ ▲❡♠♠❛ ✶✶✳✸✶✱ ❡✐t❤❡r s ∈ after♣s1q r
after♣s4q ♦r s ∈ after♣s2qr after♣s4q✳

❆ss✉♠❡ ❜② ❝♦♥tr❛❞✐❝t✐♦♥ t❤❛t s ∈ after♣s1qr after♣s4q✳ ❚❤❡r❡❢♦r❡ ♣s, s✶q ∈ Sub1✳ ❇✉t✱
❜② ❈❧❛✐♠ ✶✶✳✸✱ Sub1 ✏ ∅✳ ❚❤❡r❡❢♦r❡ s ∈ after♣s2qr after♣s4q✳

▲❡t ♣i, P, σ, gq ✏ s ❛♥❞ s5 ✏ ♣thread♣s2q, P5, σ5, g5q✳
●✐✈❡♥ t❤❛t ♣s4, sq ∈ Ext♣s0, s4q✱ ♣s4, sq ∈ r♣G0⑤after♣s0q ∩ Tr q ∪ A2⑤after♣s0qs

✝ ❛♥❞ ❜② ▲❡♠♠❛

✶✶✳✸✶✱ ♣s4, sq ∈ r♣G0⑤after♣s1q∪after♣s2q ∩ Tr q ∪ A2⑤after♣s0qs
✝✳

❇② ❞❡✜♥✐t✐♦♥ ♦❢ ♣♦st✱ after♣s1q ❸ ♣♦st♣ℓ2q✳ ❋✉rt❤❡r♠♦r❡ ❜② ▲❡♠♠❛ ✶✵✳✻✱ after♣s1q ∩
after♣s2q ✏ ∅✳ ❚❤❡r❡❢♦r❡ after♣s1q ❸ ♣♦st♣ℓ2q r after♣s2q✳ ❍❡♥❝❡✱ ♣s4, sq ∈ r♣G0⑤after♣s2q ∩
Tr q ∪ A2⑤after♣s0q ∪ G0⑤♣♦st♣ℓ2qrafter♣s2qs

✝✳ ❇② ▲❡♠♠❛ ✶✵✳✷✱ after♣s2q ❸ after♣sq✱ t❤❡r❡❢♦r❡

♣s4, sq ∈ r♣G0⑤after♣s2q ∩ Tr q ∪ ♣A2 ∪ G0⑤♣♦st♣ℓ2qq⑤after♣s0qs
✝✳ ❇② Pr♦♣♦s✐t✐♦♥ ✶✵✳✶✱ ♣s4, sq ∈

r♣G✽⑤after♣s2q ∩ Tr q ∪ ♣A2 ∪ G0⑤♣♦st♣ℓ2qq⑤after♣s0qs
✝✳

▲❡t ♣i, P, σ, gq ✏ s ❛♥❞ s5 ✏ ♣thread♣s2q, P, σ, gq✳ ❚❤❡r❡❢♦r❡✱ ♣s2, s5q ∈ Reach3✳
■❢ i ✏ thread♣s2q✱ t❤❡♥ s5 ✏ s ❛♥❞ ♣s, s✶q ∈ Self3✳ ■❢ i ✘ thread♣s2q✱ t❤❡♥ ♣s5, sq ∈

Schedule ❛♥❞ ♣s, s✶q ∈ Par3✳

Pr♦♣♦s✐t✐♦♥ ✶✶✳✺✳ ✈ℓ1create♣ℓ2cmdq, ℓ3✇♣Qq ↕ ❝♦♠❜✐♥❡Q✶✆❣✉❛r❛♥t❡❡✈ℓ2cmd ,ℓ✽✇✆✐♥✐t✲❝❤✐❧❞ℓ2♣Q
✶q

✇✐t❤ Q✶ ✏ ✈ℓ1spawn♣ℓ2q, ℓ3✇♣Qq
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❉❡♥♦t❛t✐♦♥❛❧ ■♥t❡r♠❡❞✐❛t❡ ❙❡♠❛♥t✐❝s

✶✷✳✶ ❉❡✜♥✐t✐♦♥

❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ❞❡♥♦t❛t✐♦♥❛❧ ✐♥t❡r♠❡❞✐❛t❡ s❡♠❛♥t✐❝s ✈⑤ ☎ ⑤✇✿

❉❡✜♥✐t✐♦♥ ✶✷✳✶ ✭❇❛s✐❝ st❛t❡♠❡♥ts✮✳ ▲❡t ℓ1basic, ℓ2 ❜❡ ❛ ❜❛s✐❝ st❛t❡♠❡♥t✱ t❤❡♥✿

✈⑤ℓ1basic, ℓ2⑤✇①S, G, A②
❞❡❢✏ ①S✷, G ∪ G♥❡✇, A②

✇❤❡r❡ S✷ ✏ ✐♥t❡r❢❡r❡A
�

Tr ✲ℓ1basic,ℓ2①✐♥t❡r❢❡r❡A♣Sq②
✟

❛♥❞ G♥❡✇ ✏ t♣s, s✶q ∈ Tr ℓ1basic,ℓ2
⑤ s ∈ ✐♥t❡r❢❡r❡A♣Sq✉.

❉❡✜♥✐t✐♦♥ ✶✷✳✷✳ ❋♦r ❡❛❝❤ ❝♦♥❝r❡t❡ ❝♦♥✜❣✉r❛t✐♦♥ Q✿

✶✳ ✈⑤ℓ1cmd1;
ℓ2cmd2, ℓ3⑤✇♣Qq

❞❡❢✏ ✈⑤ℓ2cmd2, ℓ3⑤✇ ✆ ✈⑤ℓ1cmd1, ℓ2⑤✇♣Qq

✷✳ ✈⑤ℓ1 if ♣♣condqthentℓ2cmd1✉elsetℓ4cmd2✉, ℓ3⑤✇♣Qq
❞❡❢✏

✈⑤ℓ2cmd1, ℓ3⑤✇ ✆ ✈⑤ℓ1guard♣condq, ℓ2⑤✇♣Qq ⊔ ✈⑤ℓ4cmd2, ℓ3⑤✇ ✆ ✈⑤ℓ1guard♣✥condq, ℓ4⑤✇♣Qq

✸✳ ✈⑤ℓ1while♣condqtℓ2cmd✉, ℓ3⑤✇♣Qq
❞❡❢✏ ✈⑤ℓ1guard♣✥condq, ℓ3⑤✇ ✆ ❧♦♦♣Òω♣Qq

✇✐t❤ ❧♦♦♣♣Q✶q ✏
�
✈⑤ℓ2cmd , ℓ1⑤✇ ✆ ✈⑤ℓ1guard♣condq, ℓ2⑤✇♣Q✶q

✟
⊔ Q✶

✹✳ ✈⑤ℓ1create♣ℓ2cmdq, ℓ3⑤✇♣Qq
❞❡❢✏ ❝♦♠❜✐♥❡Q✶ ✆ ❣✉❛r❛♥t❡❡✈⑤ℓ2cmd ,ℓ✽⑤✇ ✆ ✐♥✐t✲❝❤✐❧❞ℓ2♣Q

✶q
✇✐t❤ Q✶ ✏ ✈⑤ℓ1spawn♣ℓ2q, ℓ3⑤✇♣Qq

✶✷✼
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❲❤✐❧❡ ♣♦✐♥ts ✶ ❛♥❞ ✸ ❛r❡ ❛s ❡①♣❡❝t❡❞✱ t❤❡ s❡♠❛♥t✐❝s ♦❢ ℓ1create♣ℓ2cmdq, ℓ3 ✭♣♦✐♥t ✹✮
❝♦♠♣✉t❡s ✐♥t❡r❢❡r❡♥❝❡s ✇❤✐❝❤ ✇✐❧❧ ❛r✐s❡ ❢r♦♠ ❡①❡❝✉t✐♥❣ t❤❡ ❝❤✐❧❞ ❛♥❞ ✐ts ❞❡s❝❡♥❞❛♥ts ✇✐t❤
❣✉❛r❛♥t❡❡ ❛♥❞ t❤❡♥ ❝♦♠❜✐♥❡s t❤✐s r❡s✉❧t ✇✐t❤ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t❤❡ ❝✉rr❡♥t t❤r❡❛❞✳

❚❤❡ ♥❡①t t❤❡♦r❡♠ s❤♦✇s ❤♦✇ t❤❡ ●✲❝♦❧❧❡❝t✐♥❣ s❡♠❛♥t✐❝s ✐s ♦✈❡r✲❛♣♣r♦①✐♠❛t❡❞ ❜② ♦✉r
✐♥t❡r♠❡❞✐❛t❡ ❞❡♥♦t❛t✐♦♥❛❧ s❡♠❛♥t✐❝s✱ ❛♥❞ ✐s t❤❡ ❦❡② ♣♦✐♥t ✐♥ ❞❡✜♥✐♥❣ t❤❡ ❛❜str❛❝t s❡♠❛♥✲
t✐❝s✳

❚❤❡♦r❡♠ ✶✷✳✶ ✭❙♦✉♥❞♥❡ss✮✳ ❋♦r ❡❛❝❤ ❝♦♥❝r❡t❡ ❝♦♥✜❣✉r❛t✐♦♥ Q ❛♥❞ ❡❛❝❤ st❛t❡♠❡♥t ℓstmt , ℓ✶✿
✈ℓstmt , ℓ✶✇♣Qq ↕ ✈⑤ℓstmt , ℓ✶⑤✇♣Qq✳

Pr♦♦❢✳ ❚❤✐s t❤❡♦r❡♠ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥s ✶✵✳✶✱ ✶✶✳✶✱ ✶✶✳✷✱ ✶✶✳✸✱ ✶✶✳✹ ❛♥❞ ✶✶✳✺✳

❋r♦♠ t❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢ ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥s✱ ❝♦♥s✐❞❡r t❤❡ ❧❛tt✐❝❡ ♦❢ ❝♦♥❝r❡t❡ ❝♦♥✜❣✉✲
r❛t✐♦♥s C✲Configurations✱ ❛♥❞ t❤❡ ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥ α✐❞, γ✐❞ ❢r♦♠ C✲Configurations t♦
C✲Configurations ❞❡✜♥❡❞ ❜② α✐❞ ✏ γ✐❞ ✏ λQ.Q✳ ❋♦r ❛❧❧ st❛t❡♠❡♥ts ℓstmt , ℓ✶ ❚❤❡ s❡♠❛♥t✐❝s
✈⑤ℓstmt , ℓ✶⑤✇ ✐s ❛♥ ❛❜str❛❝t✐♦♥✷ ♦❢ ✈ℓstmt , ℓ✶✇ ❢♦r t❤✐s ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥✳

❚❤❡ ♠❛✐♥ ❛❞✈❛♥t❛❣❡s ♦❢ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ❞❡♥♦t❛t✐♦♥❛❧ s❡♠❛♥t✐❝s✱ ❝♦♠♣❛r✐♥❣ ✇✐t❤ t❤❡
●✲❝♦❧❧❡❝t✐♥❣ s❡♠❛♥t✐❝s ❛r❡✿

❼ ❚❤❡ ✐♥t❡r♠❡❞✐❛t❡ ❞❡♥♦t❛t✐♦♥❛❧ s❡♠❛♥t✐❝s ✐s ❞❡✜♥❡❞ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ st❛t❡♠❡♥ts✳

❼ ❚❤❡r❡ ❡①✐st ❛ ♣s❡✉❞♦✲❛❧❣♦r✐t❤♠ t❤❛t ❝♦♠♣✉t❡s t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ❞❡♥♦t❛t✐♦♥❛❧ s❡♠❛♥✲
t✐❝s ❜② ✐♥❞✉❝t✐♦♥ ♦♥ st❛t❡♠❡♥ts✳ ❚❤✐s ♣s❡✉❞♦✲❛❧❣♦r✐t❤♠ ❛♣♣❧✐❡s t❤❡ ✐♥❞✉❝t✐✈❡ ❞❡✜♥✐✲
t✐♦♥✳ ❚❤✐s ✐s ♥♦t ❛ tr✉❡ ❛❧❣♦r✐t❤♠ s✐♥❝❡ s♦♠❡ ✜①♣♦✐♥t ❝♦♠♣✉t❛t✐♦♥s ♥❡❡❞ ❛♥ ✐♥✜♥✐t❡
t✐♠❡✳

❚❤❡ ❛❜str❛❝t s❡♠❛♥t✐❝s ✭❙❡❡ P❛rt ■❱✮ ✇✐❧❧ ♦✈❡r❛♣♣r♦①✐♠❛t❡ t❤✐s s❡♠❛♥t✐❝s ❛♥❞ ❜❡ ❝♦♠✲
♣✉t❛❜❧❡✳

✶✷✳✷ ❈♦♥♥❡❝t✐♦♥ ❇❡t✇❡❡♥ t❤❡ ❉❡♥♦t❛t✐♦♥❛❧ ■♥t❡r♠❡❞✐✲

❛t❡ ❙❡♠❛♥t✐❝s ❛♥❞ t❤❡ ❖♣❡r❛t✐♦♥❛❧ ❙❡♠❛♥t✐❝s

✶✷✳✷✳✶ ❙♦✉♥❞♥❡ss

❘❡❝❛❧❧ t❤❛t Tr ✍
ℓcmd ,ℓ✽

♣Initq ✐s t❤❡ s❡t ♦❢ st❛t❡s t❤❛t ♦❝❝✉r ♦♥ ♣❛t❤s st❛rt✐♥❣ ❢r♦♠ Init ✳ S✶

r❡♣r❡s❡♥ts ❛❧❧ ✜♥❛❧ st❛t❡s r❡❛❝❤❛❜❧❡ ❜② t❤❡ ✇❤♦❧❡ ♣r♦❣r❛♠ ❢r♦♠ ❛♥ ✐♥✐t✐❛❧ st❛t❡✳ G✶ r❡♣r❡s❡♥ts
❛❧❧ tr❛♥s✐t✐♦♥s t❤❛t ♠❛② ❜❡ ❞♦♥❡ ❞✉r✐♥❣ ❛♥② ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ ♣r♦❣r❛♠ ❛♥❞ A✶ r❡♣r❡s❡♥ts
tr❛♥s✐t✐♦♥s ♦❢ ❝❤✐❧❞r❡♥ ♦❢ ♠❛✐♥ ✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ st❛t❡s t❤❛t t❤❡ ❞❡♥♦t❛t✐♦♥❛❧ s❡♠❛♥t✐❝s ✐s ❛♥ ♦✈❡r❛♣♣r♦①✐♠❛✲
t✐♦♥ ♦❢ t❤❡ ♦♣❡r❛t✐♦♥❛❧ s❡♠❛♥t✐❝s✳

✷❚❤❡ ❝♦♥❝❡♣t ♦❢ ❛❜str❛❝t✐♦♥ ✐s ❞❡✜♥❡❞ ❜② ❉❡✜♥✐t✐♦♥ ✸✳✸
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Pr♦♣♦s✐t✐♦♥ ✶✷✳✶ ✭❙♦✉♥❞♥❡ss✮✳ ❈♦♥s✐❞❡r ❛ ♣r♦❣r❛♠ ℓcmd , ℓ✽ ❛♥❞ ✐ts s❡t ♦❢ ✐♥✐t✐❛❧ st❛t❡s
Init ✳ ▲❡t✿

①S✶, G✶, A✶② ❞❡❢✏ ✈⑤ℓcmd , ℓ✽⑤✇①Init , G✽, System②
✇✐t❤ G✽ ✏ ❣✉❛r❛♥t❡❡✈⑤ℓcmd ,ℓ✽⑤✇①Init , System, System②

❚❤❡♥✿
S✶ ❹ t♣♠❛✐♥, P, σ, gq ∈ Tr ✍ℓcmd ,ℓ✽

①Init② ⑤ P ♣♠❛✐♥q ✏ ℓ✽✉

G✶ ✏ G✽ ❹ t♣s, s✶q ∈ Tr ℓcmd ,ℓ✽ ⑤ s ∈ Tr ✍ℓcmd ,ℓ✽
①Init②✉ ∪ System

A✶ ❹ t♣s, s✶q ∈ Tr ℓcmd ,ℓ✽ ⑤ s ∈ Tr ✍ℓcmd ,ℓ✽
①Init② ❫ thread♣sq ✘ ♠❛✐♥✉

∪System

Pr♦♦❢✳ ❚❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠ ✶✵✳✶ ❛♥❞ ❚❤❡♦r❡♠ ✶✷✳✶✳

✶✷✳✷✳✷ ❈♦♠♣❧❡t❡♥❡ss

❙✐♥❝❡ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ❞❡♥♦t❛t✐♦♥❛❧ s❡♠❛♥t✐❝s ✐s ❛♥ ♦✈❡r❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ●✲❝♦❧❧❡❝t✐♥❣
s❡♠❛♥t✐❝s ✇❡ ♠❛② ✇♦♥❞❡r ✐❢ ✇❡ ❧♦s❡ ♣r❡❝✐s✐♦♥✳ ❖❜✈✐♦✉s❧②✱ t❤❡ t✇♦ s❡♠❛♥t✐❝s ❛r❡ ♥♦t ❡q✉❛❧✳
▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ♣r♦❣r❛♠ x :✏ 1✿
▲❡t ①S✶, G✶, A✶② ✏ ✈x :✏ 1✇①Init , System, System② ❛♥❞ ①S✷, G✷, A✷② ✏ ✈⑤x :✏ 1⑤✇①Init , System, System②✳
■t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ❝❤❡❝❦ t❤❛t S✶ ✏ ∅ ❛♥❞ S✷ ✘ ∅✳ ◆❡✈❡rt❤❡❧❡ss✱ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t ✇❤❡♥
✇❡ ❝♦♠♣✉t❡ t❤❡ ❣✉❛r❛♥t❡❡ ♦❢ t❤❡ ✇❤♦❧❡ s❡♠❛♥t✐❝s ♦❢ ❛ ♣r♦❣r❛♠✱ t❤❡ t✇♦ s❡♠❛♥t✐❝s ❝♦✐♥❝✐❞❡✳

❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ❝♦♥❝❡♣t ♦❢ ✏❝♦♥s✐st❡♥t✑✳ ❆ ❝♦♥s✐st❡♥t ❝♦♥✜❣✉r❛t✐♦♥ ✐s ❛ ❝♦♥✜❣✉r❛t✐♦♥
✇✐t❤♦✉t ✉♥r❡❛❝❤❛❜❧❡ st❛t❡s ♦r tr❛♥s✐t✐♦♥s✳ ❋♦r♠❛❧❧②✿

❉❡✜♥✐t✐♦♥ ✶✷✳✸✳ ❆ ❝♦♥❝r❡t❡ ❝♦♥✜❣✉r❛t✐♦♥ ①S, G, A② ✐s ❝♦♥s✐st❡♥t ✇✐t❤ ❛ st❛t❡♠❡♥t ℓstmt , ℓ✶

✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ t❤r❡❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s ❤♦❧❞✿

✭❛✮ S ❸ Tr ✍ℓstmt ,ℓ✶①Init②

✭❜✮ G ❸ t♣s, s✶q ∈ Tr ℓstmt ,ℓ✶ ⑤ s ∈ Tr ✍ℓstmt ,ℓ✶①Init②✉ ∪ System

✭❝✮ A ❸ t♣s, s✶q ∈ Tr ℓstmt ,ℓ✶ ⑤ s ∈ Tr ✍ℓcmd ,ℓ✶①Init②✉ ∪ System

❖❜✈✐♦✉s❧②✱ ❝♦♥s✐st❡♥❝❡ ✐s ❛♥ ✐♥✈❛r✐❛♥t✿

▲❡♠♠❛ ✶✷✳✶✳ ❲❡ ❝♦♥s✐❞❡r ❛ ❝♦♥❝r❡t❡ ❝♦♥✜❣✉r❛t✐♦♥ Q ❛♥❞ t✇♦ st❛t❡♠❡♥ts ℓstmt , ℓ✶ ❛♥❞
ℓ1stmt1, ℓ2 s✉❝❤ t❤❛t✿ Tr ℓ1stmt1,ℓ2

❸ Tr ℓstmt ,ℓ✶✳
■❢ Q ✐s ❝♦♥s✐st❡♥t ✇✐t❤ ℓstmt , ℓ✶ t❤❡♥ ✈⑤ℓ1stmt1, ℓ2⑤✇♣Qq ✐s ❛❧s♦ ❝♦♥s✐st❡♥t ✇✐t❤ ℓstmt , ℓ✶✳

Pr♦♦❢✳ ❲❡ ♠❛❦❡ ❛ ♣r♦♦❢ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ st❛t❡♠❡♥ts✳ ❚❤❡ ❧❡♠♠❛ ✐s tr✐✈✐❛❧ ❢♦r ❜❛s✐❝ st❛t❡✲
♠❡♥ts✱ ❛♥❞ ✐♥❞✉❝t✐♦♥ ✐s str❛✐❣❤t❢♦r✇❛r❞✸✳

❲❡ ♥♦t✐❝❡ t❤❛t t❤❡ s❡♠❛♥t✐❝s ❝♦♥str❛✐♥ts S✶✿

▲❡♠♠❛ ✶✷✳✷✳ ▲❡t ①S✶, G✶, A✶② ✏ ✈ℓstmt , ℓ✶✇①S, G, A②✳ ❚❤❡r❡❢♦r❡ ❢♦r ❛❧❧ ♣i✶, P ✶, σ✶, g✶q ∈ S✶✱
P ✶♣i✶q ✏ ℓ✶ ❛♥❞ t❤❡r❡ ❡①✐sts s ∈ S s✉❝❤ t❤❛t i ✏ thread♣sq✳

✸❲❡ ❥✉st ♥❡❡❞ t♦ ❝♦♥s✐❞❡r ❡❛❝❤ ❝❛s❡✳
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Pr♦♦❢✳ ❆s ❢♦r ♣r❡✈✐♦✉s ❧❡♠♠❛✱ t❤❡ ♣r♦♦❢ ✐s ❞♦♥❡ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ st❛t❡♠❡♥ts✳

❲❤❡♥ ✇❡ ❝♦♠♣✉t❡ ✐♥❞✉❝t✐✈❡❧② t❤❡ s❡♠❛♥t✐❝s ♦❢ ❛ ♣r♦❣r❛♠✱ ✇❡ ✇✐❧❧ ❡♥❝♦✉♥t❡r t✇♦ ❦✐♥❞s
♦❢ ❝♦♥✜❣✉r❛t✐♦♥s✿

✭❛✮ ❝♦♥✜❣✉r❛t✐♦♥s t❤❛t r❡♣r❡s❡♥t ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ ♠❛✐♥ t❤r❡❛❞✳

✭❜✮ ❝♦♥✜❣✉r❛t✐♦♥s t❤❛t r❡♣r❡s❡♥t t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ s♦♠❡ ♦t❤❡r t❤r❡❛❞s✳

❚❤❡ ❝♦♥✜❣✉r❛t✐♦♥s ♦❢ ❦✐♥❞ ✭❛✮ ❛r❡ ❝❛❧❧❡❞ ✏♣r✐♥❝✐♣❛❧✑ ❛♥❞ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥s ♦❢ ❦✐♥❞ ✭❜✮ ❛r❡
❝❛❧❧❡❞ ✏s❡❝♦♥❞❛r②✑✳ ❋♦r♠❛❧❧②✿

❉❡✜♥✐t✐♦♥ ✶✷✳✹✳ ❆ ❝♦♥❝r❡t❡ ❝♦♥✜❣✉r❛t✐♦♥ ✐s ♣r✐♥❝✐♣❛❧ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣
♣r♦♣❡rt✐❡s ❤♦❧❞✿

✭❛✮ ❅s ∈ S, thread♣sq ✏ ♠❛✐♥ ✳

✭❜✮ ❅♣s, s✶q ∈ A, thread♣sq ✘ ♠❛✐♥

❉❡✜♥✐t✐♦♥ ✶✷✳✺✳ ❆ ❝♦♥✜❣✉r❛t✐♦♥ ✐s s❡❝♦♥❞❛r② ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s
❤♦❧❞✿

✭❛✮ ❅s ∈ S, thread♣sq ✘ ♠❛✐♥ ✳

✭❜✮ ❅♣s, s✶q ∈ G, thread♣sq ✘ ♠❛✐♥

❙❡❝♦♥❞❛r② ❝♦♥✜❣✉r❛t✐♦♥s r❡♠❛✐♥ s❡❝♦♥❞❛r②✿

▲❡♠♠❛ ✶✷✳✸✳ ■❢ ❛ ❝♦♥✜❣✉r❛t✐♦♥ Q ✐s s❡❝♦♥❞❛r②✱ t❤❡r❡❢♦r❡✱ ❢♦r ❛❧❧ st❛t❡♠❡♥ts ℓstmt , ℓ✶✱ t❤❡
❝♦♥✜❣✉r❛t✐♦♥ ✈⑤ℓstmt , ℓ✶⑤✇Q ✐s s❡❝♦♥❞❛r②✳

Pr♦♦❢✳ ❇② ✐♥❞✉❝t✐♦♥ ♦♥ st❛t❡♠❡♥ts✱ ✉s✐♥❣ ▲❡♠♠❛ ✶✷✳✷✳

❚❤❡ ❢✉♥❝t✐♦♥ ✐♥✐t✲❝❤✐❧❞ℓ tr❛♥s❢♦r♠s ❛ ♣r✐♥❝✐♣❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ✐♥t♦ ❛ s❡❝♦♥❞❛r② ❝♦♥✲
✜❣✉r❛t✐♦♥✿ ✐✳❡✱ ✐❢ ✇❡ ✇❡r❡ ❡①❡❝✉t✐♥❣ t❤❡ ♠❛✐♥ t❤r❡❛❞✱ t❤❡r❡❢♦r❡✱ ❛❢t❡r ✐♥✐t✲❝❤✐❧❞ℓ ✇❡
❡①❡❝✉t❡ s♦♠❡ ❞❡s❝❡♥❞❛♥t✭s✮ ♦❢ t❤❡ ♠❛✐♥ t❤r❡❛❞✳ ❋♦r♠❛❧❧②✿

▲❡♠♠❛ ✶✷✳✹✳ ■❢ Q ✐s ❛ ♣r✐♥❝✐♣❛❧ ❝♦♥✜❣✉r❛t✐♦♥ t❤❡r❡❢♦r❡ ✐♥✐t✲❝❤✐❧❞ℓ♣Qq ✐s ❛♥ s❡❝♦♥❞❛r②
❝♦♥✜❣✉r❛t✐♦♥✳

Pr♦♦❢✳ ❚❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ✐♥✐t✲❝❤✐❧❞ℓ✳

❆ ♣r✐♥❝✐♣❛❧ ❝♦♥✜❣✉r❛t✐♦♥ r❡♠❛✐♥s ♣r✐♥❝✐♣❛❧✳ ◆♦t✐❝❡ t❤❛t✱ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ▲❡♠♠❛✱
✇❡ ♥❡❡❞ t♦ ❞❡❛❧ ✇✐t❤ ❙❡❝♦♥❞❛r② ❝♦♥✜❣✉r❛t✐♦♥s✳

▲❡♠♠❛ ✶✷✳✺✳ ■❢ ❛ ❝♦♥✜❣✉r❛t✐♦♥ Q ✐s ♣r✐♥❝✐♣❛❧✱ t❤❡r❡❢♦r❡✱ ❢♦r ❛❧❧ st❛t❡♠❡♥ts ℓstmt , ℓ✶✱ t❤❡
❝♦♥✜❣✉r❛t✐♦♥ ✈⑤ℓstmt , ℓ✶⑤✇Q ✐s ♣r✐♥❝✐♣❛❧✳



✶✸✶

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s ❞♦♥❡ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ st❛t❡♠❡♥ts✳ ❆❧❧ ❝❛s❡s ❡①❝❡♣t create ❛r❡ str❛✐❣❤t✲
❢♦r✇❛r❞✳

❘❡❝❛❧❧ t❤❛t ✈⑤ℓ1create♣ℓ2cmdq, ℓ3⑤✇♣Qq ✏ ❝♦♠❜✐♥❡Q✶✆❣✉❛r❛♥t❡❡✈⑤ℓ2cmd ,ℓ✽⑤✇✆✐♥✐t✲❝❤✐❧❞ℓ2♣Q
✶q

✇✐t❤ Q✶ ✏ ✈⑤ℓ1spawn♣ℓ2q, ℓ3⑤✇♣Qq
❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✶✷✳✹✱ ✐♥✐t✲❝❤✐❧❞ℓ2♣Q

✶q ✐s s❡❝♦♥❞❛r②✱ t❤❡r❡❢♦r❡✱ ❜② ▲❡♠♠❛ ✶✷✳✸✱ ❢♦r
❛❧❧ ♣s, s✶q ∈ G✷, thread♣sq ✘ ♠❛✐♥ ✇❤❡r❡ ①S✷, G✷, A✷② ✏ ❣✉❛r❛♥t❡❡✈⑤ℓ2cmd ,ℓ✽⑤✇✆✐♥✐t✲❝❤✐❧❞ℓ2♣Q

✶q✳
❍❡♥❝❡ ✇❡ ❝♦♥❝❧✉❞❡✳

◆♦✇✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ❞❡♥♦t❛t✐♦♥❛❧ ✐♥t❡r♠❡❞✐❛t❡ s❡♠❛♥t✐❝s ✐s ❜❡tt❡r t❤❛♥ ♦♥❧②
s♦✉♥❞✱ ✐t ✐s ❛❧s♦ ❝♦♠♣❧❡t❡✿

Pr♦♣♦s✐t✐♦♥ ✶✷✳✷ ✭❈♦♠♣❧❡t❡♥❡ss✮✳ ❈♦♥s✐❞❡r ❛ ♣r♦❣r❛♠ ℓcmd , ℓ✽ ❛♥❞ ✐ts s❡t ♦❢ ✐♥✐t✐❛❧
st❛t❡s Init ✳ ▲❡t✿

①S✶, G✶, A✶② ❞❡❢✏ ✈⑤ℓcmd , ℓ✽⑤✇①Init , G✽, System②

✇✐t❤ G✽ ✏ ❣✉❛r❛♥t❡❡✈⑤ℓcmd ,ℓ✽⑤✇①Init , System, System②
❚❤❡♥✿

S✶ ❸ t♣♠❛✐♥, P, σ, gq ∈ Tr ✍ℓcmd ,ℓ✽
①Init② ⑤ P ♣♠❛✐♥q ✏ ℓ✽✉

G✶ ✏ G✽ ❸ t♣s, s✶q ∈ Tr ℓcmd ,ℓ✽ ⑤ s ∈ Tr ✍ℓcmd ,ℓ✽
①Init②✉ ∪ System

A✶ ❸ t♣s, s✶q ∈ Tr ℓcmd ,ℓ✽ ⑤ s ∈ Tr ✍ℓcmd ,ℓ✽
①Init② ❫ thread♣sq ✘ ♠❛✐♥✉

∪System

Pr♦♦❢✳ ▲❡♠♠❛ ✶✷✳✶ ♣r♦✈❡s t❤❛t G✶ ❸ t♣s, s✶q ∈ Tr ℓcmd ,ℓ✽ ⑤ s ∈ Tr ✍ℓcmd ,ℓ✽
①Init②✉∪System ❛♥❞

A✶ ❸ t♣s, s✶q ∈ Tr ℓcmd ,ℓ✽ ⑤ s ∈ Tr ✍ℓcmd ,ℓ✽
①Init②✉ ∪ System✳

▲❡♠♠❛ ✶✷✳✺ ♣❡r♠✐ts t♦ ❝♦♥❝❧✉❞❡ t❤❛t A✶ ❸ t♣s, s✶q ∈ Tr ℓcmd ,ℓ✽ ⑤ s ∈ Tr ✍ℓcmd ,ℓ✽
①Init② ❫

thread♣sq ✘ ♠❛✐♥✉ ∪ System✳
▲❡♠♠❛ ✶✷✳✶ ♣r♦✈❡s t❤❛t S✶ ❸ Tr ✍ℓcmd ,ℓ✽

①Init②✳ ❆♥❞✱ ✇✐t❤ ▲❡♠♠❛ ✶✷✳✷ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t✿
S✶ ❸ t♣♠❛✐♥ , P, σ, gq ∈ Tr ✍ℓcmd ,ℓ✽

①Init② ⑤ P ♣♠❛✐♥q ✏ ℓ✽✉✳

✶✷✳✷✳✸ ❈♦♥❝❧✉s✐♦♥

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ s✉♠♠❛r✐③❡s t❤❡ t✇♦ ♣r❡✈✐♦✉s ♣r♦♣♦s✐t✐♦♥s✿

❚❤❡♦r❡♠ ✶✷✳✷ ✭❈♦♥♥❡❝t✐♦♥ ✇✐t❤ t❤❡ ♦♣❡r❛t✐♦♥❛❧ s❡♠❛♥t✐❝s✮✳ ❈♦♥s✐❞❡r ❛ ♣r♦❣r❛♠ ℓcmd , ℓ✽
❛♥❞ ✐ts s❡t ♦❢ ✐♥✐t✐❛❧ st❛t❡s Init ✳ ▲❡t✿

①S✶, G✶, A✶② ❞❡❢✏ ✈⑤ℓcmd , ℓ✽⑤✇①Init , G✽, System②

✇✐t❤ G✽ ✏ ❣✉❛r❛♥t❡❡✈⑤ℓcmd ,ℓ✽⑤✇①Init , System, System②
❚❤❡♥✿

S✶ ✏ t♣♠❛✐♥, P, σ, gq ∈ Tr ✍ℓcmd ,ℓ✽
①Init② ⑤ P ♣♠❛✐♥q ✏ ℓ✽✉

G✶ ✏ G✽ ✏ t♣s, s✶q ∈ Tr ℓcmd ,ℓ✽ ⑤ s ∈ Tr ✍ℓcmd ,ℓ✽
①Init②✉ ∪ System

A✶ ✏ t♣s, s✶q ∈ Tr ℓcmd ,ℓ✽ ⑤ s ∈ Tr ✍ℓcmd ,ℓ✽
①Init② ❫ thread♣sq ✘ ♠❛✐♥✉

∪System



✶✸✷
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✶✸✸
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●❡♥❡r✐❝ ❆❜str❛❝t✐♦♥ ❢♦r ■♥t❡r❧❡❛✈✐♥❣

❙❡♠❛♥t✐❝s

✶✸✳✶ ❆❜str❛❝t✐♦♥

❲❡ ✉s❡ t❤❡ ❛❜str❛❝t ✐♥t❡r♣r❡t❛t✐♦♥ ♠❡t❤♦❞♦❧♦❣②✳ ❖✉r ❝♦♥❝r❡t❡ ❧❛tt✐❝❡s ❛r❡ t❤❡ ♣♦✇❡rs❡ts
P♣Statesq ❛♥❞ P♣Transitionsq ♦r❞❡r❡❞ ❜② ✐♥❝❧✉s✐♦♥✳ ❘❡♠❡♠❜❡r✱ ♦✉r ❣♦❛❧ ✐s t♦ ❛❞❛♣t
❛♥② ❣✐✈❡♥ s✐♥❣❧❡✲t❤r❡❛❞ ❛♥❛❧②s✐s ✐♥ ❛ ♠✉❧t✐t❤r❡❛❞❡❞ s❡tt✐♥❣✳ ❆❝❝♦r❞✐♥❣❧②✱ ✇❡ ❛r❡ ❣✐✈❡♥ ❛♥
❛❜str❛❝t ❝♦♠♣❧❡t❡ ❧❛tt✐❝❡ D ♦❢ ❛❜str❛❝t st❛t❡s ❛♥❞ ❛♥ ❛❜str❛❝t ❝♦♠♣❧❡t❡ ❧❛tt✐❝❡ R ♦❢ ❛❜str❛❝t
tr❛♥s✐t✐♦♥s✳ ❚❤❡s❡ ❝♦♥❝r❡t❡ ❛♥❞ ❛❜str❛❝t ❧❛tt✐❝❡s ❛r❡ ❧✐♥❦❡❞ ❜② t✇♦ ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥s✱
r❡s♣❡❝t✐✈❡❧② αD, γD ❛♥❞ αR, γR✿ ❲❡ ❝♦♥s✐❞❡r ❢♦✉r ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥s ❞❡s❝r✐❜❡❞ ✐♥ ❋✐❣✳ ✶✸✳✷
❛♥❞ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ t✇♦ ✜rst ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥s ❛r❡ ❣✐✈❡♥✱ ❛♥❞ ❜✉✐❧❞ t❤❡ ♦t❤❡r t✇♦ ♦♥❡
❢r♦♠ t❤❡♠✳ ❲❡ ❛ss✉♠❡ t❤❛t ❛❜str❛❝t✐♦♥s ♦❢ st❛t❡s ❛♥❞ tr❛♥s✐t✐♦♥s ❞❡♣❡♥❞ ♦♥❧② ♦♥ st♦r❡s
❛♥❞ ❝✉rr❡♥t t❤r❡❛❞s ❛♥❞ t❤❛t ❛❧❧ t❤❡ tr❛♥s✐t✐♦♥s t❤❛t ❧❡❛✈❡ t❤❡ st♦r❡ ❛♥❞ t❤❡ ❝✉rr❡♥t t❤r❡❛❞
✉♥❝❤❛♥❣❡❞ ❛r❡ ✐♥ γR♣❑q✳ ❚❤✐s ❛ss✉♠♣t✐♦♥ ❛❧❧♦✇s ✉s t♦ ❛❜str❛❝t guard ❛♥❞ spawn ❛s t❤❡
❧❡❛st ❛❜str❛❝t tr❛♥s✐t✐♦♥ ❑✳

❲❡ ❛❧s♦ ❛ss✉♠❡ ✇❡ ❛r❡ ❣✐✈❡♥ t❤❡ ❛❜str❛❝t ♦♣❡r❛t♦rs ♦❢ ❋✐❣✉r❡ ✶✸✳✶✱ ✇❤✐❝❤ ❛r❡ ❝♦rr❡❝t
❛❜str❛❝t✐♦♥s✶ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♥❝r❡t❡ ❢✉♥❝t✐♦♥s✳ ❚❤❡ ❧❛❜❡❧s ℓ ❛♥❞ ℓ✶ ❛r❡ ✐♠♣❧✐❝✐t❡❧②

✶❆❝❝♦r❞✐♥❣ t♦ ❞❡✜♥✐t✐♦♥ ✸✳✸✳

✶✸✺



✶✸✻ ❈❍❆P❚❊❘ ✶✸✳ ●❊◆❊❘■❈ ❆❇❙❚❘❆❈❚■❖◆ ❋❖❘ ■◆❚❊❘▲❊❆❱■◆● ❙❊▼❆◆❚■❈❙

❈♦♥❝r❡t❡ ❢✉♥❝t✐♦♥ ❆❜str❛❝t ❢✉♥❝t✐♦♥
λS.Tr ✲ℓaction,ℓ✶①S② elemaction : D Ñ D

λS.♣Tr ✲ℓaction,ℓ✶q⑤S elem✲inter action : D Ñ R

λS.Tr ✲ℓguard♣condq,ℓ✶①S② enforce
cond

: D Ñ D

λA, S.✐♥t❡r❢❡r❡A♣Sq inter : R ✂ D Ñ D

s❝❤❡❞✉❧❡✲❝❤✐❧❞ℓ schedule✲child : D Ñ D

λS.α❊r♣Tr ✲ℓaction,ℓ✶q⑤Ss error action : D Ñ P♣Errorsq
λS.α❊r♣Tr ✲ℓguard♣condq,ℓ✶q⑤Ss error cond : D Ñ P♣Errorsq

❋✐❣✉r❡ ✶✸✳✶✿ ●✐✈❡♥ ❆❜str❛❝t✐♦♥s

✉♥✐✈❡rs❛❧❧② q✉❛♥t✐✜❡❞✱ ❡✳❣✳✱ elemaction ✐s ❛♥ ❛❜str❛❝t✐♦♥ ♦❢ λS.Tr ✲ℓaction,ℓ✶①S② ❢♦r ❛❧❧ ❧❛❜❡❧s ℓ ❛♥❞
ℓ✶✳

❚❤❡ ❢✉♥❝t✐♦♥ elem ℓaction,ℓ✶ ❛❜str❛❝ts t❤❡ ❢❛❝t t♦ ✜r❡ ❡①❛❝t❧② ♦♥❡ tr❛♥s✐t✐♦♥ s♣❡❝✐✜❝ t♦ t❤❡
st❛t❡♠❡♥t ℓaction, ℓ✶✳ ◆♦t✐❝❡ t❤❛t✱ elem ℓaction,ℓ✶ ✐s t❤❡ ❛❜str❛❝t✐♦♥ ♦❢ t❤❡ ❝❛♥♦♥✐❝❛❧✷ ❢✉♥❝✲
t✐♦♥ fTr ✲

ℓaction,ℓ✶
❛ss♦❝✐❛t❡❞ t♦ Tr ✲ℓaction,ℓ✶ ✳ ❚❤❡ ❢✉♥❝t✐♦♥ elem✲inter ℓaction,ℓ✶♣Cq ❛❜str❛❝t t❤❡ ❢❛❝t

t♦ ❝♦❧❧❡❝t ❛❧❧ tr❛♥s✐t✐♦♥s ❣❡♥❡r❛t❡❞ ❜② t❤❡ st❛t❡♠❡♥t ℓaction, ℓ✶ t❤❛t ♠❛② ❜❡ ✜r❡❞ ❢r♦♠ ❛
st❛t❡ ♦❢ γD♣Cq✳ ❋✉♥❝t✐♦♥s enforceℓcond ,ℓ✶

❛♥❞ enforce✲inter ℓcond ,ℓ✶
❞♦ t❤❡ s❛♠❡ t❤✐♥❣ ❢♦r guard

st❛t❡♠❡♥ts✳
❚♦ ❤❛♥❞❧❡ ❡rr♦rs✱ ✇❡ ❛ss✉♠❡ ❛ ❢✉♥❝t✐♦♥ error : Transitions Ñ P♣Errorsq ❢r♦♠ t❤❡

s❡t ♦❢ tr❛♥s✐t✐♦♥s Transitions t♦ s♦♠❡ s❡t ♦❢ ❡rr♦rs Errors✳ ❚❤❡ s❡t ♦❢ ❡rr♦rs r❡♣r❡s❡♥ts
♣♦ss✐❜❧❡s r✉♥✲t✐♠❡ ❡rr♦rs✱ ❡✳❣✳✿

Errors ✏ tarray✲overflow,division✲by✲zero,NULL✲pointer✲dereference✉.

❚❤❡ ❢✉♥❝t✐♦♥ error♣τq ❛ss♦❝✐❛t❡s t♦ ❡❛❝❤ tr❛♥s✐t✐♦♥ τ ✱ t❤❡ s❡t ♦❢ ❡rr♦rs t❤❛t tr❛♥s✐t✐♦♥ ♠❛②
♠❛❦❡✳ ❚❤✐s ❣✐✈❡s ✉s ❛ ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥ α❊, γ❊ ❢r♦♠ t❤❡ ❧❛tt✐❝❡ P♣Transitionsq ♦❢ s❡t ♦❢
tr❛♥s✐t✐♦♥s t♦ t❤❡ ❧❛tt✐❝❡ ♦❢ s❡t ♦❢ ❡rr♦rs P♣Errorsq✿

α❊♣Gq
❞❡❢✏
↕
τ∈G

error♣τq

γ❊♣Eq ❞❡❢✏ tτ ⑤ error♣τq ❸ E✉.

❚❤❡ ❢✉♥❝t✐♦♥ error action : D Ñ P♣Errorsq ❛❜str❛❝ts t❤❡ ♣♦ss✐❜❧❡ ❡rr♦r tr❛♥s✐t✐♦♥s t❤❛t ♠❛②
❜❡ ✜r❡❞ ✇❤❡♥ ❛♣♣❧②✐♥❣ ❛ ❛❝t✐♦♥ action ❢r♦♠ ❛ s❡t ♦❢ st❛t❡s S✳ ❋♦r ✐♥st❛♥❝❡✱ r❡❝❛❧❧ t❤❡
❊✉❝❧✐❞❡s ❛❧❣♦r✐t❤♠ ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✸✳✻✳ ❆t ❧✐♥❡ ✻✱ t❤❡② ♠❛② ❜❡ ❛ ❞✐✈✐s✐♦♥ ❜② ③❡r♦✱ error r✿❂❛✪❜
r❡t✉r♥s division✲by✲zero ✐s t❤❡ ✈❛❧✉❡ ♦❢ ❜ ♠❛② ❜❡ ③❡r♦✳ ❲❡ ❛ss✉♠❡ t❤❛t tr❛♥s✐t✐♦♥s t❤❛t
❛r❡ ♥♦t ❣❡♥❡r❛t❡❞ ❜② ❛ st❛t❡♠❡♥t ♦❢ t❤❡ ❢♦r♠ ℓaction, ℓ✶ ♦r ℓguard♣condq, ℓ✶ ❝❛♥♥♦t ❣❡♥❡r❛t❡s
❡rr♦rs✱ ❡✳❣✳✱ spawn st❛t❡♠❡♥ts ❞♦❡s ♥♦t ♠❛❦❡ ❡rr♦rs✳

❙✐♥❝❡ t❤❡ ♥✉♠❜❡r ♦❢ t❤r❡❛❞ ❞✉r✐♥❣ ❛♥ ❡①❡❝✉t✐♦♥ ♠❛② ❜❡ ✐♥✜♥✐t❡ ✭❊✳❣✳✱ s❡❡ ♣r♦❣r❛♠ ♦❢
❋✐❣✉r❡ ✼✳✹✮ ✇❡ ♥❡❡❞ t♦ ❛❜str❛❝t t❤r❡❛❞s✳ ❆ t❤r❡❛❞ ✇✐❧❧ ❜❡ ❛❜str❛❝t❡❞ ❜② t❤❡ ❧❛❜❡❧ ✇❤❡r❡

✷❘❡❝❛❧❧ t❤❛t✱ ✐♥ ❙❡❝t✐♦♥ ✷✳✷ ✇❡ ❛ss♦❝✐❛t❡ t♦ ❡❛❝❤ ❜✐♥❛r② r❡❧❛t✐♦♥ R ❛ ❝❛♥♦♥✐❝❛❧ ❢✉♥❝t✐♦♥ fR ❞❡✲

✜♥❡❞ ❜②✿ fR♣Sq
❞❡❢
✏ R①S②.
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◆❛♠❡
❈♦♥❝r❡t❡
❊❧❡♠❡♥ts

❆❜str❛❝t
❊❧❡♠❡♥ts

❉❡✜♥✐t✐♦♥s

γD, αD S ∈ P♣Statesq C ∈ D

γR, αR A ∈ P♣Transitionsq I ∈ R

γ▲, α▲ S ∈ P♣Statesq L ∈ P♣Lq
α▲♣Sq ✏ tℓ ∈ L ⑤ S ∩ ♣♦st♣ℓq ✘ ∅✉
γ▲♣Lq ✏ States

γ▲♣Lq ✏
➇

ℓ∈LrL ♣♦st♣ℓq

γ❑, α❑ G ∈ P♣Transitionsq K ∈ RL

α❑♣Gq ✏ λℓ.αR♣G⑤♣♦st♣ℓqq
γ❑♣K q ✏ t♣s, s✶q ∈ Transitions ⑤ ❅ℓ ∈ L,

∈ ♣♦st♣ℓq ñ ♣s, s✶q ∈ γR♣K ♣ℓqq✉

❋✐❣✉r❡ ✶✸✳✷✿ ●❛❧♦✐s ❈♦♥♥❡❝t✐♦♥s

✐t ❤❛✈❡ ❜❡❡♥ ❝r❡❛t❡❞✳ ❊✳❣✳✱ ✐♥ ❋✐❣✉r❡ ✼✳✸✱ t❤❡ t❤r❡❛❞s i ❛♥❞ j ✇✐❧❧ ❜❡ ❛❜str❛❝t❡❞ ❜② t❤❡
s❛♠❡ ❧❛❜❡❧ ℓ2✳ ❚❤❡ s❡t ♦❢ ❛❜str❛❝t t❤r❡❛❞s ✐s t❤❡♥ t❤❡ s❡t ♦❢ ❧❛❜❡❧s L ❸ Labels ✐♥ ✇❤✐❝❤
❛ t❤r❡❛❞ ♠❛② ❜❡ ❝r❡❛t❡❞✳ ❲❡ ❞❡✜♥❡ ❛ ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ P♣Statesq ❛♥❞ P♣Lq✿
α▲♣Sq ✏ tℓ ∈ L ⑤ S ∩ ♣♦st♣ℓq ✘ ∅✉ ❛♥❞ γ▲♣Lq ✏

➇
ℓ∈LrL ♣♦st♣ℓq ✭❜② ❝♦♥✈❡♥t✐♦♥✱ t❤✐s s❡t

✐s States ✇❤❡♥ L ✏ L✮✳ ❚❤❡ s❡t α▲♣Sq r❡♣r❡s❡♥ts t❤❡ s❡t ♦❢ ❧❛❜❡❧s t❤❛t ♠❛② ❤❛✈❡ ❜❡❡♥
❡♥❝♦✉♥t❡r❡❞ ❜❡❢♦r❡ r❡❛❝❤✐♥❣ t❤✐s ♣♦✐♥t ♦❢ t❤❡ ♣r♦❣r❛♠✳

◆♦t❡ t❤❛t ✇❡ ❤❛✈❡ t✇♦ ❞✐st✐♥❝t ✇❛②s ♦❢ ❛❜str❛❝t✐♥❣ st❛t❡s ♣i, P, σ, gq✱ ❡✐t❤❡r ❜② ✉s✐♥❣
αD✱ ♦r ❜② ✉s✐♥❣ α▲ ✇❤✐❝❤ ♦♥❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ❣❡♥❡❛❧♦❣② g ❛♥❞ t❤❡ ❝✉rr❡♥t t❤r❡❛❞ i✳ ❚❤❡
❧❛tt❡r ✐s s♣❡❝✐✜❝ t♦ t❤❡ ♠✉❧t✐t❤r❡❛❞❡❞ ❝❛s❡✱ ❛♥❞ ✐s ✉s❡❞ t♦ ✐♥❢❡r ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ♣♦ss✐❜❧❡
✐♥t❡r❢❡r❡♥❝❡s✳ ❘❡❝❛❧❧ ❙❡❝t✐♦♥ ✹✳✼✳✷✿ ■♥ ❋✐❣✉r❡ ✹✳✽✱ ✇❤❡♥ t❤❡ t❤r❡❛❞ j2 r❡❛❝❤❡s t❤❡ ❜✉❧❧❡t✱ ✐t
❝❛♥ ✜r❡ tr❛♥s✐t✐♦♥s✳ ❙✉❝❤ ❛ tr❛♥s✐t✐♦♥ ♣s, s✶q ❝❛♥♥♦t ✐♥t❡r❢❡r❡ ✇✐t❤ j6✳ ❚❤❡ ❛❜str❛❝t✐♦♥ α▲

❞❡t❡❝ts t❤✐s ♣♦✐♥t✱ s✐♥❝❡ ℓ6 ❘ α▲♣sq✱ ✇❤❡r❡ ℓ6 ✐s t❤❡ ❧❛❜❡❧ ✐♥ ✇❤✐❝❤ j6 ❤❛s ❜❡❡♥ ❝r❡❛t❡❞✳
❲❡ ❛❧s♦ ♥❡❡❞ t♦ ❛❜str❛❝t t❤❡ G ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ●✲❝♦❧❧❡❝t✐♥❣ s❡♠❛♥t✐❝s✱ ❛♥❞ ♠♦st

✐♠♣♦rt❛♥t❧② G⑤♣♦st♣ℓq ❛s ✉s❡❞ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ✐♥✐t✲❝❤✐❧❞ ✭❋✐❣✳ ✶✵✳✺✮✱ ✐ts❡❧❢ r❡q✉✐r❡❞ ✐♥
t❤❡ s❡♠❛♥t✐❝s ♦❢ create ✭❉❡❢✳ ✶✷✳✷✱ ✐t❡♠ ✹✮✳ ◆♦t✐❝❡ t❤❛t ♣♦st♣q ✐s ❝❛❧❧❡❞ ♦♥❧② ♦♥ ❧❛❜❡❧s ♦❢
L ❛♥❞ ♥❡✈❡r ♦♥ ❧❛❜❡❧s ♦❢ Labels r L✳ ❚❤❡ ♣✉r♣♦s❡ ♦❢ α❑ ✐s t♦ ❛❜str❛❝t ♣r❡❝✐s❡❧② G⑤♣♦st♣ℓq✿
❢♦r ❡❛❝❤ G ∈ P♣Tr q✱ K ✏ α❑♣Gq ∈ RL ♠❛♣s ❡❛❝❤ ❧❛❜❡❧ ℓ t♦ t❤❡ ❛❜str❛❝t ✐♥t❡r❢❡r❡♥❝❡ ✭✐♥ R✮
♦♥ t❤r❡❛❞s ❝r❡❛t❡❞ ❛t ℓ ❛♥❞ t❤❡✐r ❞❡s❝❡♥❞❛♥ts✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ✇❡ ❛ss✉♠❡ ❛♥ ❡①tr❛ ❡❧❡♠❡♥t
ℓ✍ ∈ Labels✱ ♥❡✈❡r ✉s❡❞ ✐♥ st❛t❡♠❡♥ts✱ ❛♥❞ ❡①t❡♥❞ ♣♦st♣q s♦ t❤❛t ♣♦st♣ℓ✍q ✏ States✳
❚❤✐s tr✐❝❦ ❛❧❧♦✇s ✉s t♦ r❡♣r❡s❡♥t ❛♥ ❛❜str❛❝t✐♦♥ ♦❢ G ✐ts❡❧❢ ❛s K ♣ℓ✍q✳

❉❡✜♥✐t✐♦♥ ✶✸✳✶✳ ❆❜str❛❝t ❝♦♥✜❣✉r❛t✐♦♥s ❛r❡ t✉♣❧❡s ①C ,L,K , I ,E② ∈ D ✂ P♣Labelsq ✂
RLabels✂R✂P♣Errorsq ❛♥❞ C ✐s s❛t✉r❛t❡❞ ✇✐t❤ r❡s♣❡❝t t♦ ✐♥t❡r❢❡r❡♥❝❡s✱ ✐✳❡✳✱ inter I ♣Cq ✏ C

❛♥❞ ℓ✍ ∈ L✳ ❚❤❡ ♠❡❛♥✐♥❣ ♦❢ ❡❛❝❤ ❝♦♠♣♦♥❡♥t ♦❢ ❛♥ ❛❜str❛❝t ❝♦♥✜❣✉r❛t✐♦♥ ✐s ❣✐✈❡♥ ❜② t❤❡
●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥ α❝❢❣, γ❝❢❣✿

α❝❢❣①S, G, A②
❞❡❢✏ ①interαR♣Aq♣αD♣Sqq, α▲♣Sq, α❑♣Gq, αR♣Aq, α❊♣Gq②

γ❝❢❣①C ,L,K , I ,E② ❞❡❢✏ ①γD♣Cq ∩ γ▲♣Lq, γ❑♣K q ∩ γ❊♣Eq, γR♣I q②

❲❡ ❝❛❧❧ A✲Configurations t❤❡ s❡t ♦❢ ❛❜str❛❝t ❝♦♥✜❣✉r❛t✐♦♥s✳
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■♥ ♦t❤❡r ✇♦r❞s✿

❼ C ❛❜str❛❝ts t❤❡ ♣♦ss✐❜❧❡ ❝✉rr❡♥t st♦r❡s ♦❢ S

❼ L ❛❜str❛❝ts t❤❡ t❤r❡❛❞s ❡♥❝♦✉♥t❡r❡❞ s♦ ❢❛r ✐♥ t❤❡ ❡①❡❝✉t✐♦♥✳

❼ K ♣ℓq ❛❜str❛❝ts ♣♦ss✐❜❧❡ ✐♥t❡r❢❡r❡♥❝❡s ✇✐t❤ ❛ t❤r❡❛❞ ❝r❡❛t❡❞ ✐♥ ℓ✳

❼ I ✐s ❛♥ ❛❜str❛❝t✐♦♥ ♦❢ ✐♥t❡r❢❡r❡♥❝❡s A✳

❼ E ❝♦❧❧❡❝ts ❛❧❧ ❡rr♦rs t❤❛t ♠❛② ♦❝❝✉r ❞✉r✐♥❣ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ ♣r♦❣r❛♠✳

✶✸✳✷ ❙❡♠❛♥t✐❝s ♦❢ ❈♦♠♠❛♥❞s

❚❤❡ ❛❜str❛❝t s❡♠❛♥t✐❝s ✐s t❤❡♥ ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ❝♦♥❝r❡t❡✳ ❋✐❣✳ ✶✸✳✸ ❣✐✈❡s t❤❡ ❛❜str❛❝t
❝♦✉♥t❡r♣❛rt ♦❢ t❤❡ ❢✉♥❝t✐♦♥s ♦❢ ❋✐❣✳ ✶✵✳✺✳ ❚♦ ❡♥s✉r❡ t❡r♠✐♥❛t✐♦♥ ✇❡ ✉s❡ ❛ ✇✐❞❡♥✐♥❣✸ ♦♣❡r❛t♦r
▽ ✭❙❡❡ P✳ ❈♦✉s♦t ❛♥❞ ❘✳ ❈♦✉s♦t ♣❛♣❡rs ❬❈❈✾✷✱ ❈❈✾✶❪ ❛♥❞ ❙❡❝t✐♦♥ ✸✳✸✮✱ ✐✳❡✳✱ ✇❡ ❛♣♣r♦①✐♠❛t❡
✜①♣♦✐♥ts f Òω ❜② f Ò▽✳

❉❡✜♥✐t✐♦♥✳ ✶✸✳✷ ❣✐✈❡s t❤❡ ❛❜str❛❝t s❡♠❛♥t✐❝s✱ ❞❡r✐✈❡❞ ❢r♦♠ ❉❡✜♥✐t✐♦♥s ✶✷✳✶ ❛♥❞ ✶✷✳✷✳
❖✉r ✜♥❛❧ ❛❧❣♦r✐t❤♠ ✐s t♦ ❝♦♠♣✉t❡ r❡❝✉rs✐✈❡❧② guarantee

Lℓcmd ,ℓ✽M
❛♣♣❧✐❡❞ t♦ t❤❡ ✐♥✐t✐❛❧ ❝♦♥✜❣✲

✉r❛t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✶✸✳✷✳ ❋♦r ❛♥② ❛❜str❛❝t ❝♦♥✜❣✉r❛t✐♦♥ Q ✿

Lℓaction, ℓ✶MQ
❞❡❢✏ basicaction♣Q q

Lℓ1cmd1;
ℓ2cmd2MQ

❞❡❢✏ Lℓ2cmd2M ✆ Lℓ1cmd1M♣Q q

Lℓ1while♣condqtℓ2cmd✉MQ
❞❡❢✏ guard

✥cond
✆ loopÒ▽♣Q q

✇✐t❤ loop♣Q ✶q ❞❡❢✏
�
Lℓ2cmd , ℓ1M ✆ guard

cond
Q ✶

✟
⊔ Q ✶

Lℓ1create♣ℓ2cmdqMQ
❞❡❢✏ combineQ ✶ ✆ guarantee

Lℓ2cmdM
✆ child ✲spawn

ℓ2
♣Q q

✇✐t❤ Q ✶ ❞❡❢✏ spawn
ℓ2
♣Q q

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ❡♥s✉r❡s ✉s t❤❛t elem✲inter action ❣✐✈❡s ✉s ❛♥ ❛❜str❛❝t✐♦♥ ♦❢ t❤❡ s❡t ♦❢
tr❛♥s✐t✐♦♥ G♥❡✇ ✐♥tr♦❞✉❝❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✶✶✳✶ ❛♥❞ ✐♥ ❉❡✜♥✐t✐♦♥ ✶✷✳✶✳

▲❡♠♠❛ ✶✸✳✶✳ ▲❡t✿

❼ ①S✶, G✶, A✶② ✏ ✈⑤action⑤✇♣γ❝❢❣①C ,L,K , I ,E②q

❼ ①C ✶,L ✶,K ✶, I ✶,E ✶② ✏ basicaction①C ,L,K , I ,E②

✸❲❡ ❝❛♥ ❛❧s♦ ✉s❡ ❛ ♥❛rr♦✇✐♥❣ ♦♣❡r❛t♦r✳ ❲❡ ❞♦ ♥♦t ❣✐✈❡ t❤❡ ❞❡t❛✐❧s ♦♥ ♥❛rr♦✇✐♥❣ ❤❡r❡✱ t❤✐s ✐s ❛♥
♦rt❤♦❣♦♥❛❧ ♣r♦❜❧❡♠✳
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basicaction①C ,L,K , I ,E② ❞❡❢✏ ①inter I ✆ elemaction♣Cq,L,K ⊔ K♥❡✇, I ,E ∪ error ♣Cq②

✇✐t❤ K♥❡✇
❞❡❢✏ λℓ.

★
elem✲inter action♣Cq ✐❢ ℓ ∈ L

❑ ✐❢ ℓ ❘ L

guard
cond

①C ,L,K , I ,E② ❞❡❢✏ ①inter I ✆ enforce
cond

♣Cq,L,K , I ,E ∪ error cond♣Cq②

spawn
ℓ
①C ,L,K , I ,E② ❞❡❢✏ ①C ,L ∪ tℓ✉,K , I ,E②

child ✲spawn
ℓ
①C ,L,K , I ,E② ❞❡❢✏ ①inter I⊔K ♣ℓq♣Cq,L, λℓ.❑, I ⊔ K ♣ℓq, ∅②

combine①C ,L,K ,I ,E②♣K
✶,E ✶q ❞❡❢✏ ①inter I⊔K ✶♣ℓ✍q♣Cq,L,K ⊔ K ✶, I ⊔ K ✶♣ℓ✍q,E ∪ E ✶②

execute✲thread f ✼,C ,L,I ♣K ,Eq ❞❡❢✏ ♣K ✶,E ✶q

✇✐t❤ ①C ✶,L ✶,K ✶, I ✶,E ✶② ❞❡❢✏ f ✼♣①C ,L,K , I ,E②q

guarantee
f ✼♣①C ,L,K , I ,E②q ❞❡❢✏ execute✲thread

Ò▽
f ✼,C ,L,I

♣K ,Eq

❋✐❣✉r❡ ✶✸✳✸✿ ❇❛s✐❝ ❆❜str❛❝t ❙❡♠❛♥t✐❝ ❋✉♥❝t✐♦♥s

❼ G♥❡✇ ✏ t♣s, s✶q ∈ Tr ℓ1action,ℓ2
⑤ s ∈ ✐♥t❡r❢❡r❡A♣Sq✉✳

❚❤❡r❡❢♦r❡✿

αR♣G♥❡✇q ↕ elem✲inter action♣Cq

α❊♣G♥❡✇q ↕ error action♣Cq

Pr♦♦❢✳ ❙✐♥❝❡ ❛❜str❛❝t ❝♦♥✜❣✉r❛t✐♦♥s ❛r❡ s❛t✉r❛t❡❞ ✇✐t❤ r❡s♣❡❝t t♦ ✐♥t❡r❢❡r❡♥❝❡s ✭❙❡❡ ❉❡✜✲
♥✐t✐♦♥ ✶✸✳✶✮✱ ✐♥t❡r❢❡r❡A♣γD♣Cqq ✏ γD♣Cq✳
❚❤❡r❡❢♦r❡ G♥❡✇ ❸ t♣s, s✶q ∈ Tr ℓ1basic,ℓ2

⑤ s ∈ γD♣Cq✉✳
❍❡♥❝❡ αR♣G♥❡✇q ↕ elem✲inter ℓlv:✏e,ℓ✶♣Cq ❛♥❞ αR♣Eq ↕ error action♣Cq✳

❘❡❝❛❧❧ t❤❛t✱ ❣✐✈❡♥ ❛ s❡t ♦❢ tr❛♥s✐t✐♦♥s G ✇❡ ♥❡❡❞ t♦ ❛❜str❛❝t ♣r❡❝✐s❡❧② t❤❡ s✉❜s❡t G⑤♣♦st♣ℓq✳
❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ s❤♦✇s t❤❡ ❧✐♥❦ ❜❡t✇❡❡♥ α▲ ❛♥❞ G⑤♣♦st♣ℓq✳

▲❡♠♠❛ ✶✸✳✷✳ ●✐✈❡♥ ❛ s❡t ♦❢ tr❛♥s✐t✐♦♥s G✿

G⑤♣♦st♣ℓq ✏ ∅ ô ℓ ❘ α▲♣ts ⑤ ❉s
✶ : ♣s, s✶q ∈ G✉q

Pr♦♦❢✳ ▲❡t S ✏ ts ⑤ ❉s✶ : ♣s, s✶q ∈ G✉✳ ❆❝❝♦r❞✐♥❣ t♦ ❉❡✜♥✐t✐♦♥ ✷✳✹✱ G⑤♣♦st♣ℓq ✏ ∅ ✐s ❡q✉✐✈❛❧❡♥t
t♦ ♣♦st♣ℓq ∩ S ✏ ∅✳ ❚❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ ℓ ❘ α▲♣Sq✳

❚❤❡ ❢✉♥❝t✐♦♥ inter ❛❜str❛❝ts ✐♥t❡r❢❡r❡ ❢♦r t❤❡ ❛❜str❛❝t ❧❛tt✐❝❡ R✳ ❆s s❤♦✇♥❡❞ ❜② t❤❡
❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✱ t❤❡ ✐❞❡♥t✐t② ❢✉♥❝t✐♦♥ id : P♣Lq Ñ P♣Lq ✐s ❛♥ ❛❜str❛❝t✐♦♥ ♦❢ ✐♥t❡r❢❡r❡
❢♦r t❤❡ ❛❜str❛❝t ❧❛tt✐❝❡ P♣Lq✳

▲❡♠♠❛ ✶✸✳✸✳ α▲♣Sq ✏ α▲♣✐♥t❡r❢❡r❡A♣Sqq✳
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Pr♦♦❢✳ ❚❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛ ✶✵✳✶✶✳

❚❤❡ basicℓaction,ℓ✶ ❢✉♥❝t✐♦♥ ✉♣❞❛t❡s K ❜② ❛❞❞✐♥❣ t❤❡ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤❡ st♦r❡ t♦ ❛❧❧
❧❛❜❡❧s ❡♥❝♦✉♥t❡r❡❞ s♦ ❢❛r ✭t❤♦s❡ ✇❤✐❝❤ ❛r❡ ✐♥ L✮✳ ■t ❞♦❡s ♥♦t ❝❤❛♥❣❡ L ❜❡❝❛✉s❡ ♥♦ t❤r❡❛❞
✐s ❝r❡❛t❡❞✳ ◆♦t✐❝❡ t❤❛t ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ♥♦♥✲r❡❧❛t✐♦♥❛❧ st♦r❡✱ ✇❡ ❝❛♥ s✐♠♣❧✐❢② ❢✉♥❝t✐♦♥ basic

✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t inter I ✆ elemx:✏e♣Cq ✏ C rx ÞÑ valC ♣eq⊔I ♣xqs✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ♣r♦✈❡s
t❤❛t t❤✐s ❢✉♥❝t✐♦♥ ✐s ❛ ❝♦rr❡❝t ❛❜str❛❝t✐♦♥ ♦❢ t❤❡ s❡♠❛♥t✐❝s ♦❢ ℓaction, ℓ✶✳

Pr♦♣♦s✐t✐♦♥ ✶✸✳✶✳ ❋♦r ❛❧❧ ❧❛❜❡❧s ℓ ❛♥❞ ℓ✶✱ basicaction ✐s ❛♥ ❛❜str❛❝t✐♦♥ ♦❢ ✈⑤ℓaction, ℓ✶⑤✇✳

Pr♦♦❢✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❛t ①S, G, A② ✏ ♣γ❝❢❣①C ,L,K , I ,E②q✱ ❛♥❞ ①S✶, G✶, A✶② ✏ ✈⑤ℓaction, ℓ✶⑤✇①S, G, A②
❛♥❞ ①C ✶,L ✶,K ✶, I ✶,E ✶② ✏ basicaction①C ,L,K , I ,E②✳

❼ ▲❡t ✉s ♣r♦✈❡ t❤❛t αD♣S✶q ↕ C ✶✳

❇② ❉❡✜♥✐t✐♦♥ ✶✷✳✶✱ S✶ ✏ ✐♥t❡r❢❡r❡A
�

Tr ✲ℓaction,ℓ✶①✐♥t❡r❢❡r❡A♣Sq②
✟
✳ ❚❤❡r❡❢♦r❡✱ ❜② ❞❡❢✲

✐♥✐t✐♦♥✱ α♣S ✶q ↕ inter I ✆ elemaction ✆ inter I ♣Cq✳ ❇✉t ❛❜str❛❝t ❝♦♥✜❣✉r❛t✐♦♥s ❛r❡ s❛t✉✲
r❛t❡❞ ✇✐t❤ r❡s♣❡❝t t♦ ✐♥t❡r❢❡r❡♥❝❡s✱ t❤❡r❡❢♦r❡✿ α♣S ✶q ↕ inter I ✆ elemaction♣Cq✳ ❍❡♥❝❡
αD♣S✶q ↕ C ✶✳

❼ ▲❡t ✉s ♣r♦✈❡ t❤❛t α▲♣S✶q ↕ L ✶ ✏ L✳ ❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✶✸✳✸✱ α▲♣S✶q ✏ α▲♣✐♥t❡r❢❡r❡A♣Sqq✳
❙✐♥❝❡ tr❛♥s✐t✐♦♥s ♦❢ Tr ✲ℓaction,ℓ✶ ❞♦❡s ♥♦t ♠♦❞✐❢② t❤❡ ❝✉rr❡♥t t❤r❡❛❞ ♦r t❤❡ ❣❡♥❡❛❧♦❣② ✭❙❡❡
▲❡♠♠❛ ✼✳✻✮✱ α▲♣Tr ✲ℓaction,ℓ✶①✐♥t❡r❢❡r❡A♣Sq② ✏ α▲♣✐♥t❡r❢❡r❡A♣Sq✳ ❆♥❞ ✇❡ ❝♦♥❝❧✉❞❡
✉s✐♥❣ ❛ s❡❝♦♥❞ t✐♠❡ ▲❡♠♠❛ ✶✸✳✸

❼ ▲❡t ✉s ♣r♦✈❡ t❤❛t α❑♣G✶q ↕ K ✳

❆❝❝♦r❞✐♥❣ t♦ ❉❡✜♥✐t✐♦♥ ✶✷✳✶✱ G✶ ✏ G ∪ G♥❡✇ ✇✐t❤ G♥❡✇ ✏ t♣s, s✶q ∈ Tr ℓ1basic,ℓ2
⑤ s ∈

✐♥t❡r❢❡r❡A♣Sq✉✳ ❇② ▲❡♠♠❛ ✶✸✳✶✱ αR♣G♥❡✇q ↕ elem✲inter ℓlv:✏e,ℓ✶♣Cq✳

α❑♣G♥❡✇q ✏ λℓ.αR♣G♥❡✇⑤♣♦st♣ℓqq ↕ λℓ.

★
❑ ✐❢ G♥❡✇⑤♣♦st♣ℓq ✏ ∅

αR♣G♥❡✇q ♦t❤❡r✇✐s❡

◆♦t✐❝❡ t❤❛t✱ ❞✉❡ t♦ ▲❡♠♠❛ ✶✸✳✷✿

G♥❡✇⑤♣♦st♣ℓq ✏ ∅ ô ℓ ❘ α▲♣✐♥t❡r❢❡r❡A♣Sqq.

❉✉❡ t♦ ▲❡♠♠❛ ✶✸✳✸✿
G♥❡✇⑤♣♦st♣ℓq ✏ ∅ ô ℓ ❘ α▲♣Sq.

❚❤❡r❡❢♦r❡

α❑♣G♥❡✇q ↕ λℓ.

★
❑ ✐❢ ℓ ❘ α▲♣Sq.

αR♣G♥❡✇q ♦t❤❡r✇✐s❡

❼ ▲❡t ✉s ♣r♦✈❡ t❤❛t αR♣A✶q ↕ I ✶✳ ❚❤✐s ✐s ♦❜✈✐♦✉s s✐♥❝❡ A ✏ A✶ ❛♥❞ I ✏ I ✶ ❛♥❞ αR♣Aq ↕ I ✳
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▲❡t ✉s ♣r♦✈❡ t❤❛t α❊♣G✶q ↕ E ✶✳ ❚❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛ ✶✸✳✶✳

❚❤❡ ❣✉❛r❞s ❛r❡ ❛❜str❛❝t❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛②✿

Pr♦♣♦s✐t✐♦♥ ✶✸✳✷✳ ❋♦r ❛❧❧ ❧❛❜❡❧s ℓ ❛♥❞ ℓ✶✱ guard ℓcond ,ℓ✶
✐s ❛♥ ❛❜str❛❝t✐♦♥ ♦❢ ✈⑤ℓguard♣condq, ℓ✶⑤✇✳

Pr♦♦❢✳ ❙❛♠❡ ❛s Pr♦♣♦s✐t✐♦♥ ✶✸✳✶✱ ✉s✐♥❣ t❤❡ ❢❛❝ts t❤❛t✱ ❜② ❤②♣♦t❤❡s✐s ♦♥ t❤❡ ❛❜str❛❝t ❧❛tt✐❝❡
♦❢ tr❛♥s✐t✐♦♥s R✿ αR♣Tr ℓguard♣condq,ℓ✶q ✏ ❑

Pr♦♣♦s✐t✐♦♥ ✶✸✳✸✳ spawn
ℓ2

✐s ❛♥ ❛❜str❛❝t✐♦♥ ♦❢ ✈⑤ℓ1spawn♣ℓ2q, ℓ3⑤✇

Pr♦♦❢✳ ▲❡t ①S, G, A② ✏ ♣γ❝❢❣①C ,L,K , I ,E②q✱ ❛♥❞ ①S✶, G✶, A✶② ✏ ✈⑤ℓ1spawn♣ℓ2q, ℓ3⑤✇①S, G, A② ❛♥❞
①C ✶,L ✶,K ✶, I ✶,E ✶② ✏ spawn

ℓ2
①C ,L,K , I ,E②✳

❼ ▲❡t ✉s ♣r♦✈❡ t❤❛t αD♣S✶q ↕ C ✶ ✏ C ✳

❇② ❉❡✜♥✐t✐♦♥ ✶✷✳✶✱ S✶ ✏ ✐♥t❡r❢❡r❡A
�

Tr ✲ℓ1 spawn♣ℓ2q,ℓ3①✐♥t❡r❢❡r❡A♣Sq②
✟
✳ ❋✉rt❤❡r♠♦r❡✱

Tr ✲ℓ1 spawn♣ℓ2q,ℓ3 ❞♦❡s ♥♦t ♠♦❞✐❢② t❤❡ ❝✉rr❡♥t t❤r❡❛❞ ❛♥❞ ❞♦❡s ♥♦t ♠♦❞✐❢② t❤❡ st♦r❡✳

❚❤❡r❡❢♦r❡✱ ❜② ❞❡✜♥✐t✐♦♥✱ α♣S ✶q ↕ inter I ✆ inter I ♣Cq ✏ C ✳

❼ ▲❡t ✉s ♣r♦✈❡ t❤❛t α▲♣S✶q ↕ L ✶ ✏ L✳ ❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✶✸✳✸✱ α▲♣S✶q ✏ α▲♣✐♥t❡r❢❡r❡A♣Sqq✳
α▲♣Tr ✲ℓcreate,ℓ✶①✐♥t❡r❢❡r❡A♣Sq② ✏ α▲♣✐♥t❡r❢❡r❡A♣Sq ∪ tℓ2✉✳ ❆♥❞ ✇❡ ❝♦♥❝❧✉❞❡ ✉s✐♥❣ ❛
s❡❝♦♥❞ t✐♠❡ ▲❡♠♠❛ ✶✸✳✸

❼ ▲❡t ✉s ♣r♦✈❡ t❤❛t α❑♣G✶q ↕ K ✶✳ ❙❛♠❡ ♣r♦♦❢ ❛s ❢♦r Pr♦♣♦s✐t✐♦♥ ✶✸✳✶✱ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t
tr❛♥s✐t✐♦♥s ❣❡♥❡r❛t❡❞ ❜② t❤❡ st❛t❡♠❡♥t ℓ1spawn♣ℓ2q, ℓ3 ❤❛✈❡ ♥♦ ❡✛❡❝t ♦♥ t❤❡ ❝✉rr❡♥t
t❤r❡❛❞ ♥♦r t❤❡ st♦r❡✳

❼ ❲❡ ♣r♦✈❡ t❤❛t αR♣A✶q ↕ I ✶ ❛♥❞ α❊♣G✶q ↕ E ✶ ✐♥ t❤❡ s❛♠❡ ✇❛② t❤❛♥ ❢♦r Pr♦♣♦s✐t✐♦♥
✶✸✳✶✳

❚❤❡ ❢✉♥❝t✐♦♥s ♦❢ ❋✐❣✳ ✶✸✳✸ ❛❜str❛❝t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ●✲❝♦❧❧❡❝t✐♥❣
s❡♠❛♥t✐❝s ✭❙❡❡ ❋✐❣✳ ✶✵✳✺✮✳

Pr♦♣♦s✐t✐♦♥ ✶✸✳✹✳ ❚❤❡ ❛❜str❛❝t ❢✉♥❝t✐♦♥s child ✲spawn
ℓ2
✱ combine ❛♥❞ guarantee

Lℓcmd ,ℓ✶M
❛r❡

❛❜str❛❝t✐♦♥s ♦❢ t❤❡ ❝♦♥❝r❡t❡ ❢✉♥❝t✐♦♥s ✐♥✐t✲❝❤✐❧❞ℓ1✆✈
ℓ1spawn♣ℓ2q, ℓ3✇✱ ❝♦♠❜✐♥❡ ❛♥❞ ❣✉❛r❛♥t❡❡✈ℓcmd ,ℓ✽✇

r❡s♣❡❝t✐✈❡❧②✳

Pr♦♦❢✳ ❚❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳

❚❤❡ ❛❜str❛❝t s❡♠❛♥t✐❝s ✐s ❞❡✜♥❡❞ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ s②♥t❛①✱ s❡❡ ❋✐❣✳ ✶✸✳✷✿

❚❤❡♦r❡♠ ✶✸✳✶ ✭❙♦✉♥❞♥❡ss✮✳ Lcmd , ℓM ✐s ❛♥ ❛❜str❛❝t✐♦♥ ♦❢ ✈cmd , ℓ✇✳

Pr♦♦❢✳ ❚❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥s ✸✳✶✱ ✶✸✳✶✱ ✶✸✳✷✱ ✶✸✳✸ ❛♥❞ ✶✸✳✹✳
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❆❜str❛❝t ❉♦♠❛✐♥s ❢♦r ❙❡q✉❡♥t✐❛❧

❈♦♥s✐st❡♥❝②

❲❡ s❤♦✇ s♦♠❡ ❝♦♥❝r❡t❡ ❛♥❞ ❛❜str❛❝t st♦r❡s t❤❛t ❝❛♥ ❜❡ ✉s❡❞ ✐♥ ♣r❛❝t✐❝❡✳ ❋♦r ❡❛❝❤ ❞♦♠❛✐♥✱
✇❡ ❣✐✈❡ t❤❡ ❛❜str❛❝t ❧❛tt✐❝❡s D ❛♥❞ R✱ t❤❡ ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥s ♦❢ ❋✐❣✉r❡ ✶✸✳✷ ❛♥❞ t❤❡
❛❜str❛❝t ❢✉♥❝t✐♦♥s ♦❢ ❋✐❣✉r❡ ✶✸✳✶✳

✶✹✳✶ ▼❛♣s

✶✹✳✶✳✶ ▼❛✐♥ ❆❜str❛❝t✐♦♥

❈♦♥❝r❡t❡ st♦r❡s ❛r❡ ❞❡s❝r✐❜❡❞ ✐♥ ❈❤❛♣t❡r ✽✳✶✳ ❚❤❡② ❛r❡ ♠❛♣s ❢r♦♠ t❤❡ s❡t ♦❢ ✈❛r✐❛❜❧❡s Var

t♦ s♦♠❡ s❡t V ♦❢ ❝♦♥❝r❡t❡ ✈❛❧✉❡s✳

❆❜str❛❝t st♦r❡s ❛r❡ ♠❛♣s ❢r♦♠ Var t♦ s♦♠❡ ❝♦♠♣❧❡t❡ ❧❛tt✐❝❡ V ✼ ♦❢ ❛❜str❛❝t ✈❛❧✉❡s✱ ❡✳❣✳✱
NotZero ✭s❡❡ s❡❝t✐♦♥ ✸✳✹✮✱ Ranges ❬❈❈✵✹❪ ✭❙❡❡ ❙❡❝t✐♦♥ ✸✳✷✮✱ ♦r str✐♥❣ ❧❡♥❣t❤s ❬❆●❍✵✻❪✳
❆❜str❛❝t st♦r❡s ❛r❡ ♦r❞❡r❡❞ ❜② t❤❡ ♣♦✐♥t✇✐s❡ ♦r❞❡r✐♥❣ ✭r❡❝❛❧❧ ❉❡✜♥✐t✐♦♥ ✷✳✶✵✮✳ ❆ss✉♠✐♥❣
❛ ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥ αV , γV ❜❡t✇❡❡♥ V ❛♥❞ V ✼✱ ✇❡ ❞❡✜♥❡ ❛ ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥ α♠❛♣, γ♠❛♣

✶✹✸
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❜❡t✇❡❡♥ s❡t ♦❢ ❝♦♥❝r❡t❡ st♦r❡s ❛♥❞ ❛❜str❛❝t st♦r❡s✿

α♠❛♣♣tσ✉q
❞❡❢✏ λx.αV ♣σ♣xqq

γ♠❛♣♣σ
✼q ❞❡❢✏ tσ ⑤ ❅x, σ♣xq ∈ γV ♣σ

✼♣xqq✉.

❇♦t❤ ❛❜str❛❝t st❛t❡s ❛♥❞ ❛❜str❛❝t tr❛♥s✐t✐♦♥s ❛r❡ ❡♥❝♦❞❡❞ ❛s ❛❜str❛❝t st♦r❡s✱ ✐✳❡✳✱ D ✏
R ✏ ♣V ✼qVar ✳ ❆s r❡q✉✐r❡❞✱ ❛❜str❛❝t st❛t❡s ❞❡♣❡♥❞s ♦♥❧② ♦❢ st♦r❡s ❛♥❞ ❝✉rr❡♥t t❤r❡❛❞s✳
❆❝t✉❛❧❧②✱ t❤❡② ❞❡♣❡♥❞ ♦♥❧② ♦❢ st♦r❡s✳

αD♣t♣i, P, σ, gq✉q
❞❡❢✏ α♠❛♣♣σq

γD♣σ
✼q ❞❡❢✏ t♣i, P, σ, gq ⑤ σ ∈ γ♠❛♣♣σ

✼q✉.

❚❤❡ ❛❜str❛❝t✐♦♥ ♦❢ tr❛♥s✐t✐♦♥s r❡♠❡♠❜❡rs ♦♥❧② ✐♥❢♦r♠❛t✐♦♥ ♦♥ ♠♦❞✐✜❡❞ ✈❛r✐❛❜❧❡✿ ✐t
r❡❝❛❧❧s t❤❡ ♣♦ss✐❜❧❡ ♥❡✇ ✈❛❧✉❡s ♦❢ ❛ ✇r✐tt❡♥ ✈❛r✐❛❜❧❡✳

αR♣t♣♣i, P, σ, gq, ♣i
✶, P ✶, σ✶, g✶qq✉q ❞❡❢✏ λx.

★
αV ♣σ✶♣xqq ✐❢ σ✶♣xq ✘ σ♣xq

❑ ♦t❤❡r✇✐s❡

γR♣σ
✼q ❞❡❢✏ t♣♣i, P, σ, gq, ♣i✶, P ✶, σ✶, g✶qq ⑤ ❅x ∈ Var , σ✶♣xq ✏ σ♣xq ❴ σ✶♣xq ∈ γ♠❛♣♣σ

✼q✉.

❲❡ ❣✐✈❡ ❢♦r t❤❡s❡ ❞♦♠❛✐♥s t❤❡ ♣r✐♠✐t✐✈❡s ♦❢ ❋✐❣✳ ✶✸✳✶✳ ▲❡t valC ♣eq ❛♥❞ addr C ♣lvq ❜❡ t❤❡
❛❜str❛❝t ✈❛❧✉❡ ♦❢ t❤❡ ❡①♣r❡ss✐♦♥ e ❛♥❞ t❤❡ s❡t ♦❢ ✈❛r✐❛❜❧❡s t❤❛t ♠❛② ❜❡ r❡♣r❡s❡♥t❡❞ ❜② lv✱
r❡s♣❡❝t✐✈❡❧②✱ ✐♥ t❤❡ ❝♦♥t❡①t C ❀ ❛♥❞ ❧❡t true✼ ❛♥❞ false✼ ❜❡ t❤❡ ❛❜str❛❝t✐♦♥s ♦❢ true ❛♥❞ false

r❡s♣❡❝t✐✈❡❧②✳

elemx:✏e♣Cq
❞❡❢✏ C rx ÞÑ valC ♣eqs

elem lv:✏e♣Cq
❞❡❢✏

➜
x∈addrC ♣lvq

elemx:✏e♣Cq

elem✲inter lv:✏e♣Cq
❞❡❢✏ λx.

★
valC ♣eq ✐❢ x ∈ addr C ♣lvq

bot ♦t❤❡r✇✐s❡

inter I ♣Cq
❞❡❢✏ I ⊔ C

enforce
x
♣Cq ❞❡❢✏

★
C rx ÞÑ C♣xq ⊓ true✼s ✐❢ C♣xq ⊓ true✼ ✘ ❑

❑ ♦t❤❡r✇✐s❡

enforce
✥x
♣Cq ❞❡❢✏

★
C rx ÞÑ C♣xq ⊓ false✼s ✐❢ C♣xq ⊓ false✼ ✘ ❑

❑ ♦t❤❡r✇✐s❡

schedule✲child ♣Cq ❞❡❢✏ elem lock♣µq♣Cq
❞❡❢✏ elemunlock♣µq♣Cq

❞❡❢✏ C

elem✲inter lock♣µq♣Cq
❞❡❢✏ elem✲inter unlock♣µq♣Cq

❞❡❢✏ ❑
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ℓ4y :✏ 0; ℓ5z :✏ 0;
ℓ6create♣ℓ7y :✏ y � zq;
ℓ8z :✏ 3, ℓ✽

❋✐❣✉r❡ ✶✹✳✶✿ ❊①❛♠♣❧❡

❚❤❡ ❢✉♥❝t✐♦♥ elem ♣q ✉♣❞❛t❡s t❤❡ ❛❜str❛❝t ✈❛❧✉❡ ♦❢ t❤❡ ♠♦❞✐✜❡❞ ✈❛r✐❛❜❧❡✳
◆♦t✐❝❡ t❤❛t t❤✐s ❛❜str❛❝t✐♦♥ ✐s ❛ s❡♣❛r❛t❡ ♣r♦❞✉❝t ✭❙❡❡ ❉❡✜♥✐t✐♦♥ ✸✳✹✮ ♦❢ card♣Var q t✐♠❡s

t❤❡ ❝♦♥❝r❡t❡ ❧❛tt✐❝❡ Var ✳ ❚❤❡ ❛❜str❛❝t✐♦♥s ♦❢ ❣✉❛r❞s t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t✱ ✐♥ ❛ s❡♣❛r❛t❡
♣r♦❞✉❝t✱ ♣y,❑q✱ ♣❑, yq ❛♥❞ ♣❑,❑q ❤❛✈❡ t❤❡ s❛♠❡ ❝♦♥❝r❡t✐③❛t✐♦♥✳ ❚❤❡ ❛❜str❛❝t✐♦♥ ♦❢ ❣✉❛r❞
t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t t❤✐s ♣♦✐♥t✳ ■❢ x⊓ false✼ ✐s ❡♠♣t②✱ t❤✐s ♠❡❛♥s t❤❛t✱ ✐♥ t❤❡ ❝♦♥❝r❡t❡ ✇♦r❧❞✱
t❤❡ s②st❡♠ ❝❛♥♥♦t ♣❛ss t❤❡ ❣✉❛r❞✳ ❚❤❡r❡❢♦r❡✱ ❛❢t❡r t❤❡ ❣✉❛r❞✱ t❤❡ ❝♦♥❝r❡t❡ ✈❛❧✉❡ ✐s ∅✳

■♥ t❤✐s ❛❜str❛❝t✐♦♥✱ ✇❡ ❞♦ ♥♦t t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❧♦❝❦s✳ ❇✉t ❛ s✐♠♣❧❡ ♣r♦❞✉❝t ♦r
❡✈❡♥ ❛ r❡❞✉❝❡❞ ♣r♦❞✉❝t ✇✐t❤ ❛ ❞♦♠❛✐♥ ❢♦r ❧♦❝❦s ✇✐❧❧ ❛❧❧♦✇ ✉s t♦ t❛❦❡ ❧♦❝❦s ✐♥t♦ ❛❝❝♦✉♥t✳

✶✹✳✶✳✷ ❊rr♦rs

❊rr♦rs ✇✐❧❧ ❞❡♣❡♥❞ ♦♥ ✇❤❛t ✇❡ ✇❛♥t t♦ ❞❡t❡❝ts✳ ❲❡ ❣✐✈❡ ❤❡r❡ ❛ s✐♠♣❧❡ ❡①❛♠♣❧❡✱ ✇✐t❤

Errors ✏ tdivision✲by✲zero✉.

●✐✈❡♥ ❛♥ ❛ss✐❣♥♠❡♥t assign ❡q✉❛❧ t♦ lv0 :✏ e0✱ ✇❡ ✇r✐t❡ e➳assign t♦ s❛② t❤❛t e ✐s ❛
s✉❜❡①♣r❡ss✐♦♥ ♦❢ e0 ♦r ♦❢ lv0✳ ❚❤❡ ❢✉♥❝t✐♦♥ error ✐s ❞❡✜♥❡❞ ❜② ✭❛❧❧ ❢r❡❡ ✈❛r✐❛❜❧❡s ❛r❡ ✐♠♣❧✐❝✐t❧②
❡①✐st❡♥t✐❛❧❧② q✉❛♥t✐✜❡❞✮✿

error a♣Cq ✏ tdivision✲by✲zero✉
❞❡❢

ô e1%e2➳a ❴ e1④e2➳a ❫ valC ♣e2q ✏ rl, us ❫ l ↕ 0 ↕ u

✶✹✳✶✳✸ ❊①❛♠♣❧❡

❈♦♥s✐❞❡r t❤❡ ♣r♦❣r❛♠ ♦❢ ❋✐❣✳ ✶✹✳✶ ❛♥❞ t❤❡ ❛❜str❛❝t st♦r❡ Ranges ♦❢ r❛♥❣❡s ❬❈❈✵✹❪✳ ❲❡
❛♣♣❧② ♦✉r ❛❧❣♦r✐t❤♠ t♦ t❤✐s ❡①❛♠♣❧❡✱ ❣✐✈✐♥❣ ❛ r✉♥✲t❤r♦✉❣❤ ✭❙❡❡ ❋✐❣✉r❡ ✶✹✳✷✮✳

❖✉r ❛❧❣♦r✐t❤♠ ❝♦♠♣✉t❡s execute✲thread ✭❧✐♥❡ ✶ t♦ ✼✮✳ ❚❤❡ ✜①♣♦✐♥t ✐s ♥♦t r❡❛❝❤❡❞✱ s♦ ✇❡
❝♦♠♣✉t❡ execute✲thread ❛ s❡❝♦♥❞ t✐♠❡ ✭❧✐♥❡ ✽ t♦ ✶✹✮✳ ❚❤❡♥✱ t❤❡ ✜①♣♦✐♥t ✐s r❡❛❝❤❡❞✱ ❛s ❛
t❤✐r❞ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ execute✲thread ✇✐❧❧ ❝♦♥✜r♠ ✭♥♦t s❤♦✇♥✮✳

❲❡ ❞♦ ♥♦t ❣✐✈❡ E ✐♥ t❤✐s ❡①❛♠♣❧❡ s✐♥❝❡ E ✏ ∅ ❢♦r ❛❧❧ ❧✐♥❡s✳

✶✹✳✷ ❈❛rt❡s✐❛♥ ❆❜str❛❝t✐♦♥

■♥ ❈❛rt❡s✐❛♥ ❛❜str❛❝t✐♦♥ ❬▼P❘✵✻❜✱ ▼P❘✵✻❛❪ ✭❙❡❡ ✹✳✺✳✷✮✱ st♦r❡s ❛r❡ ♠❛♣s✳ ◆❡✈❡rt❤❡❧❡ss✱
t❤❡ s❡t ♦❢ ✈❛r✐❛❜❧❡ Var ✐s ❞✐✈✐❞❡❞ ✐♥t♦ t✇♦ ♣❛rts✿ s❤❛r❡❞ ✈❛r✐❛❜❧❡s Var s❤❛r❡❞ ❛♥❞ ♣r✐✈❛t❡
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Line C L K I

1 ■♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥
y ✏ ?

z ✏ ?
tℓ✍✉ ❑ ❑

2 Lℓ4y :✏ 0, ℓ5M
y ✏ 0

z ✏ ?
tℓ✍✉ ℓ✍ ÞÑ y ✏ 0 ❑

3 Lℓ5z :✏ 0, ℓ6M
y ✏ 0

z ✏ 0
tℓ✍✉ ℓ✍ ÞÑ y ✏ 0, z ✏ 0 ❑

4 child ✲spawn
ℓ7

y ✏ 0

z ✏ 0
tℓ✍✉ ❑ ❑

5 Lℓ7y :✏ y � z, ℓ✽M y ✏ 0

z ✏ 0
tℓ✍✉ ℓ✍ ÞÑ y ✏ 0 ❑

6 combinespawn
ℓ7
♣☎q

y ✏ 0

z ✏ 0
tℓ✍, ℓ7✉ ℓ✍ ÞÑ y ✏ 0, z ✏ 0 y ✏ 0

7 Lℓ8z :✏ 3, ℓ✽M y ✏ 0

z ✏ 3
tℓ✍, ℓ7✉

ℓ✍ ÞÑ

✧
y ✏ 0

z ✏ r0, 3s
ℓ7 ÞÑ z ✏ 3

y ✏ 0

8 ■♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥
y ✏ ?

z ✏ ?
tℓ✍✉

ℓ✍ ÞÑ

✧
y ✏ 0

z ✏ r0, 3s
ℓ7 ÞÑ z ✏ 3

❑

9 Lℓ4y :✏ 0, ℓ5M
y ✏ 0

z ✏ ?
tℓ✍✉

ℓ✍ ÞÑ

✧
y ✏ 0

z ✏ r0, 3s
ℓ7 ÞÑ z ✏ 3

❑

10 Lℓ5z :✏ 0, ℓ6M
y ✏ 0

z ✏ 0
tℓ✍✉

ℓ✍ ÞÑ

✧
y ✏ 0

z ✏ r0, 3s
ℓ7 ÞÑ z ✏ 3

❑

11 child ✲spawn
ℓ7

y ✏ 0

z ✏ r0, 3s
tℓ✍✉ ❑ z ✏ 3

12 Lℓ7y :✏ y � z, ℓ✽M y ✏ r0, 3s
z ✏ r0, 3s

tℓ✍✉ ℓ✍ ÞÑ y ✏ r0, 3s z ✏ 3

13 combinespawn
ℓ7
♣☎q

y ✏ r0, 3s
z ✏ 0

tℓ✍, ℓ7✉
ℓ✍ ÞÑ

✧
y ✏ r0, 3s
z ✏ r0, 3s

ℓ7 ÞÑ z ✏ 3

y ✏ r0, 3s

14 Lℓ8z :✏ 3, ℓ✽M y ✏ r0, 3s
z ✏ 3

tℓ✍, ℓ7✉
ℓ✍ ÞÑ

✧
y ✏ r0, 3s
z ✏ r0, 3s

ℓ7 ÞÑ z ✏ 3

y ✏ r0, 3s

❋✐❣✉r❡ ✶✹✳✷✿ ❆❜str❛❝t ❊①❛♠♣❧❡
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✈❛r✐❛❜❧❡s Var ♣r✐✈❛t❡✳ ❡❛❝❤ t❤r❡❛❞ ❤❛s ✐ts ♦✇♥ ❝♦♣② ♦❢ t❤❡ ♣r✐✈❛t❡ ✈❛r✐❛❜❧❡s ❛s ✐♥ ❖♣❡♥▼P
♠♦❞❡❧ ❬❇♦❛✵✽❪✳

❚❤❡ s❡t GlobalStore ✐s t❤❡ s❡t ♦❢ ♠❛♣s ❢r♦♠ Var s❤❛r❡❞ t♦ t❤❡ s❡t ♦❢ ❝♦♥❝r❡t❡ ✈❛❧✉❡s V

❛♥❞ Localstore ✐s t❤❡ s❡t ♦❢ ♠❛♣s ❢r♦♠ Var s❤❛r❡❞ t♦ t❤❡ s❡t ♦❢ ❝♦♥❝r❡t❡ ✈❛❧✉❡s✳ ❋✐♥❛❧❧②✱ t❤❡
s❡t ♦❢ st♦r❡s ✐s ❞❡✜♥❡❞ ❜②✿

Stores ✏ GlobalStore ✂ LocalstoreIds.

■♥ t❤✐s ❝♦♥❝r❡t❡ ♠♦❞❡❧✱ ❛ t❤r❡❛❞ ♠❛② ♦♥❧② r❡❛❞s t❤❡ s❤❛r❡❞ ✈❛r✐❛❜❧❡ ❛♥❞ ✐ts ♦✇♥ ♣r✐✈❛t❡
✈❛r✐❛❜❧❡s✳

❚❤❡ ❛❜str❛❝t ❧❛tt✐❝❡s D ❛♥❞ R ❛r❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇✐♥❣✿

D
❞❡❢✏ P♣GlobalStore ✂ Localstoreq

R
❞❡❢✏ P♣GlobalStore ✂GlobalStoreq

❚♦ ❞❡✜♥❡ ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥s✱ ✇❡ ❥✉st ♥❡❡❞ t♦ ❞❡✜♥❡ t❤❡ ❛❜str❛❝t✐♦♥ ❢✉♥❝t✐♦♥ ♦♥ s✐♥✲
❣❧❡t♦♥s ✭❛s s❤♦✇♥ ✐♥ ✸✳✷✮✳ ❖♥ st❛t❡s✱ αD ❢♦r❣❡t ❛❧❧ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ♣r✐✈❛t❡ ✈❛r✐❛❜❧❡s ♦❢
♦t❤❡r t❤r❡❛❞s✳ ■t ❦❡❡♣s ✐♥❢♦r♠❛t✐♦♥ ♦♥❧② ♦♥ ❣❧♦❜❛❧ ✈❛r✐❛❜❧❡s ❛♥❞ ♦♥ ♣r✐✈❛t❡ ✈❛r✐❛❜❧❡s ♦❢ t❤❡
❝✉rr❡♥t t❤r❡❛❞✿

αD♣t♣i, P, ♣❣❧♦❜s, lsq, gq✉q
❞❡❢✏ ♣❣❧♦❜s, ls♣iqq

❚❤❡ ❛❜str❛❝t tr❛♥s✐t✐♦♥s ❦❡❡♣ ✐♥❢♦r♠❛t✐♦♥ ♦♥ ❤♦✇ t❤❡ ❣❧♦❜❛❧ ✈❛r✐❛❜❧❡s ❛r❡ ♠♦❞✐✜❡❞✳
❚❤❡ ❧✐♥❦ ❜❡t✇❡❡♥ ❧♦❝❛❧ ❛♥❞ ❣❧♦❜❛❧ ✈❛r✐❛❜❧❡s ✐s ❧♦st✿

αR♣t
�
♣i, P, ♣❣❧♦❜s, lsq, gq, ♣i✶, P ✶, ♣❣❧♦❜s✶, ls ✶q, g✶q

✟
✉q ❞❡❢✏ ♣❣❧♦❜s, ❣❧♦❜s✶q.

elemaction♣Cq
❞❡❢✏ αD

�
Tr ✲ℓaction,ℓ✶①γD♣Cq②

✟
elem✲inter action♣Cq

❞❡❢✏ αR♣♣Tr ✲ℓaction,ℓ✶q⑤γD♣Cqq

schedule✲child ♣Cq ❞❡❢✏ t♣glob, lq ⑤ ❉glob2, l2 : ♣glob, l2q ∈ C ❫ ♣glob2, lq ∈ StoresInit✉

✶✹✳✸ ●❡♥✴❑✐❧❧ ❆♥❛❧②s❡s

■♥ s✉❝❤ ❛♥❛❧②s❡s ❬❙❙✵✵❪ t❤❡ s❡t ♦❢ st♦r❡s ✐s ❛ ❝♦♠♣❧❡t❡ ❧❛tt✐❝❡✱ ❡✳❣✳✱ s❡ts ♦❢ ✐♥✐t✐❛❧✐③❡❞ ✈❛r✐✲
❛❜❧❡s✱ s❡ts ♦❢ ❡❞❣❡s ♦❢ ❛ ♣♦✐♥t✲t♦ ❣r❛♣❤ ✭❙❡❡ ❙❡❝t✐♦♥ ✽✳✷ ❛♥❞ ❙❡❝t✐♦♥ ✹✳✻✮✳ ❆s ❢♦r ♠❛♣s✱ t❤❡
❛❜str❛❝t st❛t❡s ❛♥❞ ❛❜str❛❝t tr❛♥s✐t✐♦♥s ❛r❡ t❤❡ s❛♠❡✿ D ✏ R ✏ StoresV ✳

❊❛❝❤ ❣❡♥✴❦✐❧❧ ❛♥❛❧②s✐s ❣✐✈❡s✱ ❢♦r ❡❛❝❤ ❜❛s✐❝ ❛❝t✐♦♥✱ t✇♦ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❧❛tt✐❝❡ Stores✿
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❼ gen♣action, σq

❼ ❛♥❞ keep♣action, σq✳

❚❤❡s❡ s❡ts ♠❛② t❛❦❡ t❤❡ ❝✉rr❡♥t st♦r❡ σ ✐♥t♦ ❛❝❝♦✉♥t ✭❡✳❣✳ ❘✉❣✐♥❛ ❛♥❞ ❘✐♥❛r❞✬s ✏str♦♥❣
✢❛❣✑ ❬❘❘✾✾✱ ❘❘✵✸❪✮❀ gen✳ ❚❤❡ ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥s ❛r❡ ❞❡✜♥❡❞ ❜②✿

αD♣t♣i, P, σ, gq✉q
❞❡❢✏ tσ✉

α♣t♣♣i1, P1, σ1, g1q, ♣i2, P2, σ2, g2qq✉q
❞❡❢✏

↔
σ:σ2↕σ1⊔σ

σ

γR♣σ
✼q ❞❡❢✏

✥�
♣i1, P1, σ1, g1q, ♣i2, P2, σ2, g2q

✟
⑤ σ2 ↕ σ1 ⊔ σ✼

✭

elemaction♣Cq
❞❡❢✏ ♣C ⊓ keep♣action, σqq ∪ gen♣action, σq

elem✲inter action♣Cq
❞❡❢✏ gen♣action, σq

inter I ♣Cq
❞❡❢✏ I ⊔ C

enforce
x
♣Cq ❞❡❢✏ C

◆♦t✐❝❡ t❤❛t✱ ❛s ✐t ✐s st❛♥❞❛r❞ ✐♥ ●❡♥✴❑✐❧❧ ❛♥❛❧②s❡s ❬❙❙✵✵✱ ▲▼❖✵✼❪✱ t❤❡s❡ ❞♦♠❛✐♥s ♠♦❞❡❧
if st❛t❡♠❡♥ts ❜② ♥♦♥✲❞❡t❡r♠✐♥✐st✐❝ ❝❤♦✐❝❡s✳
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❆❜str❛❝t✐♦♥ ❢♦r ❲❡❛❦ ▼❡♠♦r②

▼♦❞❡❧s

❲❡ ❞❡✜♥❡ ❛❜str❛❝t✐♦♥s ❢♦r ✇❡❛❦ ♠❡♠♦r② ♠♦❞❡❧s✳ ❚❤❡s❡ ❛❜str❛❝t✐♦♥s ❛r❡ s✐♠✐❧❛r t♦ t❤♦s❡
❣✐✈❡♥ ❢♦r ✐♥t❡r❧❡❛✈✐♥❣ s❡♠❛♥t✐❝s✳ ❚❤✐s ❝❤❛♣t❡r ❣✐✈❡s ♦♥❧② t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❛❜str❛❝t✐♦♥
❢♦r ✇❡❛❦ ♠❡♠♦r② ♠♦❞❡❧s ❛♥❞ ❛❜str❛❝t✐♦♥s ♦❢ ❈❤❛♣t❡r ✶✸✳ ◆♦t✐❝❡ t❤❛t ♦✉r ♠♦❞❡❧ ✐s ❞❡s✐❣♥❡❞
t♦ ❤❛♥❞❧❡ ❜♦t❤ str♦♥❣ ❛♥❞ ✇❡❛❦ ♠❡♠♦r② ♠♦❞❡❧s✱ t❤✐s ✐s ✇❤② t❤✐s ❝❤❛♣❡r ✐s ❜r✐❡❢✿ ♦♥❧② ❢❡✇
♠♦❞✐✜❝❛t✐♦♥s ❛r❡ ♥❡❡❞❡❞ t♦ ❤❛♥❞❧❡ ❚❙❖ ❛♥❞ P❙❖ ♠♦❞❡❧s✳

❲❡ ❛❧s♦ ❛ss✉♠❡ ❛♥ ❛❜str❛❝t ❧❛tt✐❝❡ ♦❢ st❛t❡s D ❛♥❞ ❛♥ ❛❜str❛❝t ❧❛tt✐❝❡ ♦❢ tr❛♥s✐t✐♦♥s R✳

■♥ ✇❡❛❦ ♠❡♠♦r② ♠♦❞❡❧s✱ ✇❡ ❤❛✈❡ ✇r✐t❡ ♦♣❡r❛t✐♦♥s✳ t❤❡s❡ ♦♣❡r❛t✐♦♥s ♠❛② ❜❡ ♣r♦t❡❝t❡❞
❜② ❛ ❧♦❝❦✿

❉❡✜♥✐t✐♦♥ ✶✺✳✶✳ ❆ ❧♦❝❦ ♣r♦t❡❝ts ❛ ✇r✐t❡ ♦♣❡r❛t✐♦♥ op ✐❢ ✐t ✐s ❤❡❧❞ ✇❤❡♥ op ✐s ✐♥ t❤❡ ❜✉✛❡r✳
ProtWrite ✏ P♣WriteOp✂P♣Locksqq ✐s t❤❡ s❡t ♦❢ ✇r✐t❡ ♦♣❡r❛t✐♦♥s ♣r♦t❡❝t❡❞ ❜② ❧♦❝❦s✳

●✐✈❡♥ t❤❡ ❛❜str❛❝t ❧❛tt✐❝❡s D ❢♦r st❛t❡s ❛♥❞ R ❢♦r tr❛♥s✐t✐♦♥s ✇❡ ❝♦♥s✐❞❡r s✐① ●❛❧♦✐s
❝♦♥♥❡❝t✐♦♥s ❞❡s❝r✐❜❡❞ ✐♥ ❋✐❣✳ ✶✺✳✶✳ ◆♦t✐❝❡ t❤❛t t❤✐s ✐s t❤❡ s❛♠❡ ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥s ❛s ❢♦r
✐♥t❡r❧❡❛✈✐♥❣ s❡♠❛♥t✐❝s ✭❘❡❝❛❧❧ ❋✐❣✉r❡ ✶✸✳✷✮ ♣❧✉s t✇♦ ♥❡✇ ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥s α♦♣, γ♦♣ ❛♥❞
α❜✉❢, γ❜✉❢✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ t❤r❡❡ ✜rst ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥s ❛r❡ ❣✐✈❡♥✳ ❲❡ r❡q✉✐r❡ αR ❛♥❞

✶✹✾
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◆❛♠❡
❈♦♥❝r❡t❡
❊❧❡♠❡♥ts

❆❜str❛❝t
❊❧❡♠❡♥ts

❉❡✜♥✐t✐♦♥s

γD, αD S ∈ P♣Statesq C ∈ D

γR, αR A ∈ P♣Transitionsq I ∈ R

γ♦♣, α♦♣ ProtWrite I ∈ R

γ❜✉❢✱ α❜✉❢ P♣Statesq I ∈ R α❜✉❢♣ts✉q ✏➋
j✘i

➋
op∈b♣jq α♦♣t♣op, mutex♣j, sqq✉ ✇❤❡r❡

s ✏ ♣i, P, ♣m, bq, gq

γ▲, α▲ S ∈ P♣Statesq L ∈ P♣Lq
α▲♣Sq ✏ tℓ ∈ L ⑤ S ∩ ♣♦st♣ℓq ✘ ∅✉
γ▲♣Lq ✏ States

γ▲♣Lq ✏
➇

ℓ∈LrL ♣♦st♣ℓq

γ❑, α❑ G ∈ P♣Transitionsq K ∈ RL

α❑♣Gq ✏ λℓ.αR♣G⑤♣♦st♣ℓqq
γ❑♣K q ✏ t♣s, s✶q ∈ Transitions ⑤ ❅ℓ ∈ L,

∈ ♣♦st♣ℓq ñ ♣s, s✶q ∈ γR♣K ♣ℓqq✉

❋✐❣✉r❡ ✶✺✳✶✿ ●❛❧♦✐s ❈♦♥♥❡❝t✐♦♥s ❢♦r ❲❡❛❦ ♠❡♠♦r② ▼♦❞❡❧s

α♦♣ ✭❢r♦♠ ✇❤✐❝❤ α❜✉❢ ✐s ❞❡✜♥❡❞✮ t♦ ❜❡ ❝♦♠♣❛t✐❜❧❡ ✐♥ t❤❡ s❡♥s❡ t❤❛t✿

α❜✉❢♣✐♥t❡r❢❡r❡A♣Sqq ↕ αR♣Aq ⊔ α❜✉❢♣Sq.

❚❤✐s r❡q✉✐r❡♠❡♥t st❛t❡s t❤❛t ❛♣♣❧②✐♥❣ ✐♥t❡r❢❡r❡♥❝❡s ✐♥ A t♦ S ✐♥ t❤❡ ❛❜str❛❝t ❝❛♥ ❜❡ ❝♦♠✲
♣✉t❡❞ ❜② ❝♦♠❜✐♥✐♥❣ t❤❡ ❡✛❡❝t ♦❢ ✐♥t❡r❢❡r❡♥❝❡s ✭αR✮ ✇✐t❤ ❡✛❡❝ts t❤❛t ❛r❡ ♣❡♥❞✐♥❣ ❢r♦♠
❜✉✛❡rs ✐♥ ❝✉rr❡♥t st❛t❡s ✭α❜✉❢♣Sq✮✳ ❚❤❡ r❡q✉✐r❡♠❡♥t ✇✐❧❧ ❜❡ s❛t✐s✜❡❞ ✐♥ ❛❧❧ ❡①❛♠♣❧❡s✳

❋♦r ❜✉✛❡r ❛❜str❛❝t✐♦♥ α❜✉❢ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ s❡t ♦❢ ❧♦❝❦s ♦✇♥❡❞ ❜② ❛ t❤r❡❛❞ j ✐♥ ❛ st❛t❡
s ✏ ♣i, P, ♣m, bq, gq ✿

mutex♣j, sq ❞❡❢✏ tµ ∈ Locks ⑤ m♣µq ✏ j✉.

■♥t✉✐t✐✈❡❧② α❜✉❢♣ts✉q r❡♣r❡s❡♥ts ❤♦✇ t❤❡ t❤r❡❛❞ ❜✉✛❡rs ♦t❤❡r t❤❛♥ t❤❡ ❝✉rr❡♥t t❤r❡❛❞ ❝❛♥
♠♦❞✐❢② t❤❡ ♠❡♠♦r② ♠❡❛♥✐♥❣ ❜♦t❤ ❧♦❝❦s ❛♥❞ ♣❡♥❞✐♥❣ ✇r✐t❡s✳

❚❤❡ s❡t ♦❢ ❛❜str❛❝t ❝♦♥✜❣✉r❛t✐♦♥s ✐s t❤❡ s❛♠❡ ❛s ❢♦r t❤❡ ✐♥t❡r❧❡❛✈✐♥❣ s❡♠❛♥t✐❝s✱ ❞❡✜♥❡❞
✐♥ ❞❡✜♥✐t✐♦♥ ✶✸✳✶✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡ ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥ ✐s ♥♦t t❤❡ s❛♠❡✿

❉❡✜♥✐t✐♦♥ ✶✺✳✷✳ ❆❜str❛❝t ❝♦♥✜❣✉r❛t✐♦♥s ❛r❡ t✉♣❧❡s ①C ,L,K , I ,E② ∈ D ✂ P♣Labelsq ✂
RLabels✂R✂P♣Errorsq ❛♥❞ C ✐s s❛t✉r❛t❡❞ ✇✐t❤ r❡s♣❡❝t t♦ ✐♥t❡r❢❡r❡♥❝❡s✱ ✐✳❡✳✱ inter I ♣Cq ✏ C

❛♥❞ ℓ✍ ∈ L✳ ❚❤❡ ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ ❝♦♥❝r❡t❡✹ ❛♥❞ ❛❜str❛❝t ❝♦♥✜❣✉r❛t✐♦♥s ✐s✿

α❝❢❣①S, G, A②
❞❡❢✏ ①interαR♣Aq♣αD♣Sqq, α▲♣Sq, α❑♣Gq, αR♣Aq ⊔ α❜✉❢♣Sq, α❊♣Gq②

γ❝❢❣①C ,L,K , I ,E② ❞❡❢✏ ①γD♣Cq ∩ γ▲♣Lq ∩ γ❜✉❢♣I q, γ❑♣K q ∩ γ❊♣Eq, γR♣I q②

❋♦r ✇❡❛❦ ♠❡♠♦r② ♠♦❞❡❧s✱ ✇❡ ♥❡❡❞ t❤❡ ♣r✐♠✐t✐✈❡s ♦❢ ❋✐❣✳ ✶✺✳✷✳ ◆♦t✐❝❡ t❤❛t t❤❡s❡
♣r✐♠✐t✐✈❡s ❛r❡ t❤❡ s❛♠❡ ❛s t❤♦s❡ ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✶✸✳✶ ✐♥ ❙❡❝t✐♦♥ ✶✹✳✶✱ ❡①❝❡♣t ❢♦r error ✳ ❙✐♥❝❡

✹❘❡❝❛❧❧ ❞❡✜♥✐t✐♦♥ ✶✷✳✸✳



✶✺✶

❈♦♥❝r❡t❡ ❢✉♥❝t✐♦♥ ❆❜str❛❝t ❢✉♥❝t✐♦♥
λS.Tr ✲ℓaction,ℓ✶①S② elemaction : D Ñ D

λS.♣Tr ✲ℓaction,ℓ✶q⑤S elem✲inter action : D Ñ R

λS.Tr ✲ℓguard♣condq,ℓ✶①S② enforce
cond

: D Ñ D

λA, S.✐♥t❡r❢❡r❡A♣Sq inter : R ✂ D Ñ D

s❝❤❡❞✉❧❡✲❝❤✐❧❞ℓ schedule✲child : D Ñ D

λS.α❊r♣Tr ✲ℓaction,ℓ✶q⑤Ss error action : D ✂ R Ñ P♣Errorsq
λS.α❊r♣Tr ✲ℓaction,ℓ✶q⑤Ss error cond : D ✂ R Ñ P♣Errorsq

❋✐❣✉r❡ ✶✺✳✷✿ ●✐✈❡♥ ❆❜str❛❝t✐♦♥s ❋♦r ❲❡❛❦ ▼❡♠♦r② ▼♦❞❡❧s

basicaction①C ,L,K , I ,E② ❞❡❢✏ ①inter I ✆ elemaction♣Cq,L,K ⊔ K♥❡✇, I ,E ∪ error ♣C , I q②

✇✐t❤ K♥❡✇
❞❡❢✏ λℓ.

★
elem✲inter action♣Cq ✐❢ ℓ ∈ L

❑ ✐❢ ℓ ❘ L

guard
cond

①C ,L,K , I ,E② ❞❡❢✏ ①inter I ✆ enforce
cond

♣Cq,L,K , I ,E ∪ error cond♣C , I q②

❋✐❣✉r❡ ✶✺✳✸✿ ❇❛s✐❝ ❆❜str❛❝t ❙❡♠❛♥t✐❝ ❋✉♥❝t✐♦♥s ❢♦r ❲❡❛❦ ♠❡♠♦r② ▼♦❞❡❧s

error ❛❜str❛❝ts st❛t❡s✱ ✐♥ t❤❡ s❡q✉❡♥t✐❛❧ ❝♦♥s✐st❡♥t ♠♦❞❡❧✱ t❤✐s ❢✉♥❝t✐♦♥ t❛❦❡s ❛s ❛r❣✉♠❡♥t
❛♥ ❛❜str❛❝t st❛t❡ ✐♥ D ✳ ❇✉t✱ ✐♥ t❤❡ ✇❡❛❦ ♠❡♠♦r② ♠♦❞❡❧ ❛❜str❛❝t✐♦♥s✱ st❛t❡s ❛r❡ ❛❜str❛❝t❡❞
✇✐t❤ αD ❛♥❞ ✇✐t❤ α❜✉❢✱ ❤❡♥❝❡✱ error ❝❛♥ t❛❦❡ ❛♥ ❡①tr❛ ❛r❣✉♠❡♥t✿ ❛ s❡t ♦❢ st❛t❡s ❛❜str❛❝t❡❞
✇✐t❤ α❜✉❢✳ ❋✉rt❤❡r♠♦r❡✱ αD ♠❛② ❢♦r❣❡t ✭❊✳❣✳✱ ▼❛♣s ✐♥ ❙❡❝t✐♦♥ ✶✻✳✶✮ ❛❧❧ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t
❜✉✛❡rs✱ ❛♥❞ ❦❡❡♣ ♦♥❧② ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ✈✐❡✇ ♦❢ t❤❡ ♠❡♠♦r② ❜② t❤❡ ❝✉rr❡♥t t❤r❡❛❞✳ ❲✐t❤
✐ts ♥❡✇ ❛r❣✉♠❡♥t✱ t❤❡ ❢✉♥❝t✐♦♥ error ♠❛② ❞❡t❡❝t ❛♥ ❡rr♦r t❤❛t ❞❡♣❡♥❞s ♦♥ ❜✉✛❡rs ❛♥❞ ♥♦t
♦♥❧② ♦♥ t❤❡ ✈✐❡✇ ✭❊✳❣✳ ❙❡❝t✐♦♥ ✶✻✳✷✳✷✮✳

❚♦ ❞❡✜♥❡ t❤❡ ❛❜str❛❝t s❡♠❛♥t✐❝s✱ ✇❡ ✉s❡ ❢✉♥❝t✐♦♥s ♦❢ ❋✐❣✉r❡ ✶✸✳✸✳ ❇✉t✱ ✐♥ t❤❡ ❝❛s❡ ♦❢
❛ ✇❡❛❦ ♠❡♠♦r② ♠♦❞❡❧✱ ✇❡ ♠✉st ❞♦ s♦♠❡ ♠♦❞✐✜❝❛t✐♦♥s✿ ✇❡ ❣✐✈❡ t✇♦ ❛r❣✉♠❡♥ts t♦ t❤❡
❢✉♥❝t✐♦♥ error ✳ ❚❤❡ ❋✐❣✉r❡ ✶✺✳✸ ❣✐✈❡s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ s❡q✉❡♥t✐❛❧ ❝♦♥s✐st❡♥❝②
❝❛s❡ ❛♥❞ t❤❡ ❝❛s❡ ♦❢ ✇❡❛❦ ♠❡♠♦r② ♠♦❞❡❧s✳ ❚❤❡ ❛❜str❛❝t s❡♠❛♥t✐❝s ✐s t❤❡♥ ❞❡✜♥❡❞ ❛s ✐♥
s❡q✉❡♥t✐❛❧ ❝♦♥s✐st❡♥❝② ❝❛s❡✱ s❡❡ ❉❡✜♥✐t✐♦♥ ✶✸✳✷✳
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❆❜str❛❝t ❉♦♠❛✐♥s ❢♦r ❲❡❛❦ ▼❡♠♦r②

▼♦❞❡❧s

❆s ❢♦r s❡q✉❡♥t✐❛❧ ❝♦♥s✐st❡♥❝②✱ ✇❡ ❣✐✈❡ s♦♠❡ ❡①❛♠♣❧❡s ♦❢ ❞♦♠❛✐♥s ❢♦r ✇❡❛❦ ♠❡♠♦r② ♠♦❞❡❧s✳
❍❡r❡ ✇❡ ❣✐✈❡ s♦♠❡ ❞♦♠❛✐♥s ❢♦r ❚❙❖ ✭r❡❝❛❧❧ ❙❡❝t✐♦♥ ✾✳✷✮✱ ❜✉t t❤✐s ❞♦♠❛✐♥ ❝❛♥ ❜❡ ❛❞❛♣t❡❞
❢♦r t❤❡ P❙❖ ♠♦❞❡❧ ✭s❡❡ ❙❡❝t✐♦♥ ✾✳✸✮✳

✶✻✳✶ ▼❛♣s

❚❤❡ ❝♦♥❝r❡t❡ st♦r❡s ❛r❡ t❤♦s❡ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✾✳✷✳✶✳❛✳ ❚❤❡② ❛r❡ ❛ ♣❛✐r ♣m, bq ✇❤❡r❡ m
✐s ❛ ♠❛♣ ❢r♦♠ ✈❛r✐❛❜❧❡s t♦ ✈❛❧✉❡s ❛♥❞ b ❛ ❢✉♥❝t✐♦♥ t❤❛t ♠❛♣s t❤r❡❛❞s t♦ t❤❡✐r ✇r✐t❡ ❜✉✛❡rs✳

❆❜str❛❝t ♠❡♠♦r✐❡s ❛r❡ ♠❛♣s ❢r♦♠ Var t♦ s♦♠❡ ❝♦♠♣❧❡t❡ ❧❛tt✐❝❡ V ✼ ♦❢ ❛❜str❛❝t ✈❛❧✉❡s✳
❆s ✐♥ ❙❡❝t✐♦♥ ✶✹✳✶✱ ✇❡ ❛ss✉♠❡ ❛ ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥ αV , γV ❜❡t✇❡❡♥ V ❛♥❞ V ✼✱ ✇❡ r❡✉s❡ t❤❡
●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥ α♠❛♣, γ♠❛♣ ❣✐✈❡♥ ✐♥ ❙❡❝t✐♦♥ ✶✹✳✶✳ ❜❡t✇❡❡♥ s❡t ♦❢ ❝♦♥❝r❡t❡ ♠❡♠♦r✐❡s ❛♥❞
❛❜str❛❝t ♠❡♠♦r✐❡s✳

❇♦t❤ ❛❜str❛❝t st❛t❡s ❛♥❞ ❛❜str❛❝t tr❛♥s✐t✐♦♥s ❛r❡ ❡♥❝♦❞❡❞ ❛s ❛❜str❛❝t ♠❡♠♦r✐❡s✱ ✐✳❡✳✱
D ✏ R ✏ ♣V ✼qVar ✳ ❆❜str❛❝t st❛t❡s ♦♥❧② ❦❡❡♣ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ✈✐❡✇ ♦❢ t❤❡ ❝✉rr❡♥t

✶✺✸
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t❤r❡❛❞✱ ✐❣♥♦r✐♥❣ t❤❡ s❤❛r❡❞ ♠❡♠♦r②✿

αD♣t♣i, P, σ, gq✉q
❞❡❢✏ α♠❛♣♣view♣i, σqq

γD♣σ
✼q ❞❡❢✏ t♣i, P, σ, gq ⑤ view♣i, σq ∈ γ♠❛♣♣σ

✼q✉.

◆♦t✐❝❡ t❤❛t ✇❡ ❞♦ ♥♦t ❦❡❡♣ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ s❤❛r❡❞ ♠❡♠♦r②✱ ❜✉t ♦♥❧② ♦♥ t❤❡ ✈✐❡✇ ♦❢ ❡❛❝❤
t❤r❡❛❞✳ ❚❤❡ ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥ α❜✉❢ ✇✐❧❧ r❡❝♦✈❡r ✐♥❢♦r♠❛t✐♦♥ ❢r♦♠ ❜✉✛❡rs✱ ✇❤✐❝❤ ❝❛♥♥♦t ❜❡
❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ ✈✐❡✇ ♦♥❧②✳

❚♦ ❞❡✜♥❡ αR✱ ✐♥tr♦❞✉❝❡ t❤❡ ❢✉♥❝t✐♦♥ new ✲write : Tr Ñ P♣WriteOp✂P♣Locksqq✱ t❤❛t✱
❣✐✈❡♥ ❛ tr❛♥s✐t✐♦♥ τ r❡t✉r♥s t❤❡ s❡t ♦❢ ♥❡✇ ♣r♦t❡❝t❡❞ ✇r✐t❡s ✐♥ t❤❡ ❜✉✛❡r ♦❢ t❤❡ ❝✉rr❡♥t
t❤r❡❛❞ ✭❛ s✐♥❣❧❡t♦♥ ♦r t❤❡ ❡♠♣t② s❡t✮✿

new ✲write♣τq ❞❡❢✏

★
t
�
op, mutex♣i, s1q

✟
✉ ✐❢ b✶♣iq ✏ enq♣op, b♣iqq

∅ ♦t❤❡r✇✐s❡

✇❤❡r❡ τ ✏ ♣s1, s2q ✏
�
♣i, P, ♣m, bq, gq, ♣i✶, P ✶, ♣m✶, b✶q, g✶q

✟
.

❚♦ ❛❜str❛❝t tr❛♥s✐t✐♦♥s ❛♥❞ ✇r✐t❡ ❜✉✛❡rs✱ ✇❡ ❛❜str❛❝t t❤❡ ✇r✐tt❡♥ ✈❛r✐❛❜❧❡s ❛♥❞ t❤❡✐r
♥❡✇ ✈❛❧✉❡s✿

γ♦♣♣I q ✏ t♣♣x, vq,Mq⑤v ∈ γV ♣I ♣xqq ❫M ❸ Locks✉

αR♣tτ✉q ✏ α♦♣♣new ✲write♣τqq.

◆♦t✐❝❡ t❤❛t α♦♣, γ♦♣ ❞♦ ♥♦t ❦❡❡♣ ✐♥❢♦r♠❛t✐♦♥ ♦♥ ❧♦❝❦s✳ ❚♦ ❤❛♥❞❧❡ ❧♦❝❦s✱ ✇❡ ♥❡❡❞ ❛♥♦t❤❡r
❞♦♠❛✐♥✳

✶✻✳✷ Pr♦t❡❝t❡❞ ❱❛r✐❛❜❧❡s

❚❤✐s ❛❜str❛❝t✐♦♥ ✐♥❢❡rs ✇❤✐❝❤ ❧♦❝❦ ♣r♦t❡❝ts ✇❤✐❝❤ ✈❛r✐❛❜❧❡✳ ❆♥ ❡rr♦r ✐s r❛✐s❡❞ ✇❤❡♥ t✇♦
❞✐✛❡r❡♥t t❤r❡❛❞s ❛❝❝❡ss t❤❡ s❛♠❡ ✈❛r✐❛❜❧❡ ✭♦♥❡ ✐s ❛ ✇r✐t❡✮ ❜✉t ✇✐t❤ ❞✐s❥♦✐♥ts s❡ts ♦❢ ❧♦❝❦s✳

✶✻✳✷✳✶ ▲❛tt✐❝❡ ♦❢ ❆❜str❛❝t ❙t❛t❡s

❲❡ ❞❡✜♥❡ ❛♥ ❛❜str❛❝t ❝♦♠♣❧❡t❡ ❧❛tt✐❝❡ ❢♦r ❧♦❝❦s✿ SetLocksÓ ✏ P♣Locksq✳ ❆♥ ❛❜str❛❝t
st❛t❡ r❡♣r❡s❡♥ts ❧♦❝❦s t❤❛t ♠✉st ❜❡ ❤❡❧❞ ❛t s♦♠❡ ♣♦✐♥t✱ ✇❡ ♦r❞❡r t❤❡ ❧❛tt✐❝❡ D ✏ SetLocksÓ

❜② t❤❡ r❡✈❡rs❡ ✐♥❝❧✉s✐♦♥ ♦r❞❡r✐♥❣✱ ✐✳❡✳✱ C1 ↕ C2 ô C1 ❹ C2✳ ❍❡♥❝❡ C1 ⊔ C2 ✏ C1 ∩ C2✳ ❚❤❡
●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥ ✇✐t❤ ❝♦♥❝r❡t❡ st❛t❡s ✐s ❢♦r♠❛❧❧② ❞❡✜♥❡❞ ❜②✿

αD♣Sq ✏
➜
s∈S

mutex♣thread♣sq, sq.

❋✉♥❝t✐♦♥s ♦❢ ❋✐❣✳ ✶✸✳✶ ❛r❡ ❣✐✈❡♥ ❤❡r❡✿
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elem lv:✏e♣Cq
❞❡❢✏ C

enforce♣Cq ❞❡❢✏ C

elem lock♣µq♣Cq
❞❡❢✏ C ∪ tµ✉

schedule✲child ♣Cq ❞❡❢✏ ∅

elemunlock♣µq♣Cq
❞❡❢✏ C r tµ✉

◆♦t✐❝❡ t❤❛t elem lv:✏e ❛♥❞ enforce ❞♦ ♥♦t❤✐♥❣✳ ❚❤✐s ❞♦♠❛✐♥ ❞♦❡s ♥♦t ❤❛♥❞❧❡ ✇r✐t❡s ♦r ❣✉❛r❞s✳

✶✻✳✷✳✷ ▲❛tt✐❝❡ ♦❢ ❆❜str❛❝t ❚r❛♥s✐t✐♦♥s

❲❡ ❞❡✜♥❡ t❤❡ ❞♦♠❛✐♥ ProtVars ✏ R ♦❢ ♣r♦t❡❝t❡❞ ✈❛r✐❛❜❧❡s ❢♦r tr❛♥s✐t✐♦♥s✳ ■♥ t❤✐s ❞♦♠❛✐♥✱
❡❛❝❤ ✈❛r✐❛❜❧❡ ✐♥ Var ✐s ❛❜str❛❝t❡❞ ❜② t❤❡ s❡t ♦❢ ❧♦❝❦s t❤❛t ❛r❡ ❤❡❧❞ ✇❤❡♥ t❤❛t ✈❛r✐❛❜❧❡ ✐s
❛❝❝❡ss❡❞✱ ✐✳❡✳✱ t❤❡ ❧♦❝❦s t❤❛t ♣r♦t❡❝t t❤❡ ✈❛r✐❛❜❧❡✳ ❋♦r♠❛❧❧②✿ R ✏ SetLocksVar ✳ ❚❤❡ ●❛❧♦✐s
❝♦♥♥❡❝t✐♦♥ ✐s ❞❡✜♥❡❞ ❜②✿

αR♣tτ✉q
❞❡❢✏ α♦♣♣new ✲write♣τqq

γ♦♣♣I q
❞❡❢✏ t♣♣x, vq, I ♣xqq ⑤ v ∈ V✉.

❲❡ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥s✿

inter I ♣Cq
❞❡❢✏ C

elem✲inter x:✏e♣Cq
❞❡❢✏ λy.

★
C ✐❢ y ✏ x

❑ ✐❢ y ✘ x

elem✲inter lock♣µq♣Cq
❞❡❢✏ ❑

elem✲inter unlock♣µq♣Cq
❞❡❢✏ ❑

❆ ❞❛t❛r❛❝❡ ♦❝❝✉rs ✇❤❡♥✱ ❛t t❤❡ s❛♠❡ t✐♠❡✱ ❛ t❤r❡❛❞ ✇r✐t❡ ❛ ✈❛r✐❛❜❧❡ ❛♥❞ ❛♥♦t❤❡r t❤r❡❛❞
✇❛♥ts t♦ r❡❛❞ ♦r ✇r✐t❡ t❤❡ s❛♠❡ ✈❛r✐❛❜❧❡✳ ■♥ ♦✉r ♠♦❞❡❧✱ ❛ ❞❛t❛r❛❝❡ ♦❝❝✉rs ✇❤❡♥✱ ✐♥ s♦♠❡
st♦r❡ ♣m, bq✱ ❛ t❤r❡❛❞ ❛tt❡♠♣ts t♦ ❛❝❝❡ss ✭✐♥ r❡❛❞ ♦r ✇r✐t❡✮ t♦ ❛ ✈❛r✐❛❜❧❡ x ❡✈❡♥ t❤♦✉❣❤ x ✐s
t❤❡ ✇r✐t❡ ❜✉✛❡r ♦❢ ❛♥♦t❤❡r t❤r❡❛❞✳ ❍❡♥❝❡✱ t♦ ❝❤❡❝❦ ❞❛t❛r❛❝❡s✱ ✇❡ ❥✉st ❤❛✈❡ t♦ ❝❤❡❝❦ ❞✉r✐♥❣
❛♥ ❛ss✐❣♥♠❡♥t ✐❢ ❛ ✈❛r✐❛❜❧❡ ❛❝❝❡ss❡❞ ❜② t❤❡ ❛ss✐❣♥♠❡♥t ✐s ✇r✐tt❡♥ ✐♥ I ✳

▲❡t accessS♣lv :✏ eq t❤❡ s❡t ♦❢ ✈❛r✐❛❜❧❡s ❛❝❝❡ss❡❞ ❜② t❤❡ ❛ss✐❣♥♠❡♥t lv :✏ e ✐♥ ❛
❝♦♥t❡①t S✳ ❊✳❣✳✱ t❤❡ st❛t❡♠❡♥t x :✏ y ❛❝❝❡ss❡s t♦ t❤❡ ✈❛r✐❛❜❧❡s x ❛♥❞ y ✐♥ ❛♥② ❝♦♥t❡①t✳ ❚❤❡
st❛t❡♠❡♥t ✝x :✏ y ❛❝❝❡ss❡s t♦ x✱ t♦ y ❛♥❞ t♦ ❛ t❤✐r❞ ✈❛r✐❛❜❧❡❀ t❤✐s t❤✐r❞ ✈❛r✐❛❜❧❡ ❞❡♣❡♥❞s
♦❢ t❤❡ ✈❛❧✉❡ ♦❢ x✳ ■❢ t❤❡ ✈❛❧✉❡ ♦❢ x ✐s &z✱ t❤❡♥ t❤✐s st❛t❡♠❡♥t ❛❝❝❡ss❡s t♦ x✱ y ❛♥❞ z✳ ▲❡t
accessC ♣lv :✏ eq ❛♥ ❛❜str❛❝t✐♦♥ ♦❢ accessS♣lv :✏ eq✳ ■♥ ❛ s✐♠✐❧❛r ✇❛② ✇❡ ❞❡✜♥❡ accessC ♣condq✳

■❢ ♥❡✐t❤❡r lv ♥♦r e ✉s❡ ♣♦✐♥t❡rs✱ t❤❡♥ access♣lv :✏ eq ✐s t❤❡ s❡t ♦❢ ❛❧❧ ✈❛r✐❛❜❧❡s t❤❛t ❛♣♣❡❛r
✐♥ lv ♦r ✐♥ e✳ ■❢ t❤❡r❡ ✐s ❛ ♣♦✐♥t❡r ❞❡r❡❢❡r❡♥❝❡✱ t❤✐s ❞♦♠❛✐♥ ❞♦❡s ♥♦t ❦♥♦✇ ✇❤✐❝❤ ✈❛r✐❛❜❧❡
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ℓ9p :✏ &x; ℓ10p :✏ &y;
ℓ11create♣ℓ12 ✍ p :✏ ✍p� 2q;
ℓ13y :✏ 3, ℓ✽

❋✐❣✉r❡ ✶✻✳✶✿ ❉❛t❛✲r❛❝❡ ♦♥ ②

✐s ❛❝❝❡ss❡❞✱ ❛♥❞ t❤❡r❡❢♦r❡✱ ❛ s♦✉♥❞ ❛♣♣r♦①✐♠❛t✐♦♥ ✇✐❧❧ ❜❡ t❤❛t t❤❡ st❛t❡♠❡♥t lv :✏ e ♠❛②
❛❝❝❡ss t♦ ❛♥② ✈❛r✐❛❜❧❡✳ ❚❤✐s ✐s ♥♦t ♣r❡❝✐s❡✳ ■t ✐s st❛♥❞❛r❞ t❤❛t ✇❡ ❝♦♠❜✐♥❡ t✇♦ ❞♦♠❛✐♥s
❜② ❝♦♠♣✉t✐♥❣ t❤❡✐r r❡❞✉❝❡❞ ♣r♦❞✉❝t ❬❈♦✉✵✺✱ ❈❈✼✾✱ ❈❋❘�✾✼✱ ❈▼❇�✾✺✱ ●❚✵✻❪✱ ❣❡tt✐♥❣ ❛
♠♦r❡ ♣r❡❝✐s❡ ❞♦♠❛✐♥ t❤❛♥ ❜♦t❤ ❞♦♠❛✐♥s s❡♣❛r❛t❡❧②✳ ❍❡♥❝❡✱ ✇❡ ❝❛♥ ❝♦♠♣✉t❡ t❤❡ r❡❞✉❝❡❞
♣r♦❞✉❝t ♦❢ t❤✐s ❞♦♠❛✐♥ ✇✐t❤ ❛ ❞♦♠❛✐♥ t❤❛t ❤❛♥❞❧❡ ♣♦✐♥t❡rs✱ ❡✳❣✳✱ ♠❛♣s ❞♦♠❛✐♥s ♦❢ ❙❡❝t✐♦♥
✶✻✳✶✳

❋✐♥❛❧❧②✱ t❤❡ ❡rr♦rs ❛r❡ ❞❡✜♥❡❞ ❜②✿

error lv:✏e♣C , I q ✏

★
∅ ✐❢ C ∩

➇
y∈accessC ♣lv:✏eq I ♣yq ✘ ∅

tdata✲race✉ ✐❢ C ∩
➇

y∈accessC ♣lv:✏eq I ♣yq ✏ ∅

❋♦r ❣✉❛r❞s✱ ✇❡ ❤❛✈❡ ❛ s✐♠✐❧❛r ❞❡✜♥✐t✐♦♥✿

error cond♣C , I q ✏

★
∅ ✐❢ C ∩

➇
y∈accessC ♣condq

I ♣yq ✘ ∅

tdata✲race✉ ✐❢ C ∩
➇

y∈accessC ♣condq
I ♣yq ✏ ∅

❲❤❡♥ t❤❡ ❝✉rr❡♥t t❤r❡❛❞ ❛tt❡♠♣ts t♦ ❛❝❝❡ss ❛ ✈❛r✐❛❜❧❡ x✱ ✐t ❤♦❧❞s t❤❡ s❡t C ♦❢ ♠✉t❡①❡s✳
❲❤❡♥ ❛♥♦t❤❡r t❤r❡❛❞ ✇r✐t❡s ✐♥ x✱ ❤♦❧❞✐♥❣ t❤❡ s❡t I ♣xq ♦❢ ♠✉t❡①❡s✳ ❆ ❞❛t❛ r❛❝❡ ♦❝❝✉rs
✇❤❡♥ t❤❡ t✇♦ s❡ts ❛r❡ ❞✐s❥♦✐♥ts✳

✶✻✳✷✳✸ ❘❡❞✉❝❡❞ Pr♦❞✉❝t

❚❤❡ ♠❛✐♥ ❞r❛✇❜❛❝❦ ♦❢ t❤✐s ❞♦♠❛✐♥ ✐s t❤❛t ✇❡ ♥❡❡❞ t♦ ♦✈❡r❛♣♣r♦①✐♠❛t❡ access✳ ■❢ ❛ ♣♦✐♥t❡r
✐s ✉s❡❞ ✐♥ ❛♥ ❛ss✐❣♥♠❡♥t ✭❡✳❣✳✱ ✐♥ t❤❡ ❛ss✐❣♥♠❡♥t ℓ2 ✍ p :✏ 2 ✐♥ ❋✐❣✳ ✻✳✷❛✮✱ t❤❡♥ access ❝❛♥♥♦t
❜❡ ♣r❡❝✐s❡✳ ❚❤✐s ❞♦♠❛✐♥ ❦♥♦✇s ♥♦t❤✐♥❣ ❛❜♦✉t ♣♦✐♥t❡rs✱ t❤❡ s❡t ♦❢ ✈❛r✐❛❜❧❡s ❛❝❝❡ss❡❞ ❜②
ℓ2 ✍ p :✏ 2 ✐♥ ♦✈❡r❛♣♣r♦①✐♠❛t❡❞ ❜② t❤❡ s❡t ♦❢ ❛❧❧ ✈❛r✐❛❜❧❡s✿ access ℓ2✍p:✏2♣Cq ✏ Var .

❚♦ ❡♥❤❛♥❝❡ ♣r❡❝✐s✐♦♥✱ ✇❡ ♠❛② ✉s❡ t❤❡ r❡❞✉❝❡❞ ♣r♦❞✉❝t ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✹ ✇✐t❤ ❛
❞♦♠❛✐♥ ♦❢ ♠❛♣s✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ❞♦♠❛✐♥s ♦❢ ♠❛♣s ✇❤❡r❡ ✈❛❧✉❡s ❛r❡ ❛❞❞r❡ss❡s ♦❢ ❢✉♥❝t✐♦♥s✳

❍❡♥❝❡✱ ✐♥ ❋✐❣✳ ✻✳✷❛ t❤❡ r❡❞✉❝❡❞ ♣r♦❞✉❝t ❞❡t❡❝ts t❤❛t✱ ✇❤❡♥ ℓ2 ✍ p :✏ 2 ✐s ❡①❡❝✉t❡❞✱ p
♣♦✐♥ts t♦ y ❛♥❞ ♥♦t t♦ x✱ ❤❡♥❝❡✱ t❤❡r❡ ✐s ♥♦ ❞❛t❛r❛❝❡✳

❋✐❣✉r❡ ✶✻✳✷ ❣✐✈❡s ❛♥ ❡①❛♠♣❧❡ ♦❢ t❤❡ ❛♥❛❧②s✐s✳ ❚❤❡ ❝♦❧✉♠♥s C ✱ L ❛♥❞ K ❣✐✈❡ t❤❡ ✐♥✲
❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ❞♦♠❛✐♥ ♦❢ ♠❛♣s ✭✈❛❧✉❡s ❛r❡ r❛♥❣❡s ♦r ❛❞❞r❡ss❡s ♦❢ ✈❛r✐❛❜❧❡s✮✳ ❚❤❡ ❧❛st
❝♦❧✉♠♥ ❣✐✈❡s t❤❡ ❡rr♦rs ❞❡t❡❝t❡❞ ❜② t❤❡ ❞♦♠❛✐♥ ♦❢ ♣r♦t❡❝t❡❞ ✈❛r✐❛❜❧❡s✳

❖♥ t❤❡ ♣r♦❣r❛♠ ✶✻✳✶✱ t❤❡ ❛♥❛❧②s✐s ✇✐❧❧ ❞❡t❡❝t t❤❛t t❤❡r❡ ✐s ❛ ❞❛t❛✲r❛❝❡ ♦♥ y✳
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C L K I ❉❛t❛✲r❛❝❡

1
■♥✐t✐❛❧
❈♦♥✜❣✉r❛t✐♦♥

y ✏ 0

p ✏ ◆❯▲▲
tℓ✍✉ ❑ ❑ ◆♦

2 Lℓ9p :✏ &x, ℓ10M
y ✏ 0

p ✏ &x
tℓ✍✉ ℓ✍ ÞÑ p ✏ &x ❑ ◆♦

3 Lℓ10p :✏ &y, ℓ11M
y ✏ 0

p ✏ &y
tℓ✍✉ ℓ✍ ÞÑ p ✏ t&x,&y✉ ❑ ◆♦

4 child ✲spawn
ℓ12

y ✏ 0

p ✏ &y
tℓ✍✉ ❑ ❑ ◆♦

5
Lℓ12 ✍ p :✏
✍ p� 2, ℓ✽M

y ✏ 2

p ✏ &y
tℓ✍✉ ℓ✍ ÞÑ y ✏ 2 ❑ ◆♦

6 combinespawn
ℓ12

♣☎q
y ✏ r0, 2s
p ✏ &y

tℓ✍, ℓ12✉ ℓ✍ ÞÑ y ✏ 2, p ✏ t&x,&y✉ y ✏ 2 ◆♦

7 Lℓ13y :✏ 3, ℓ✽M y ✏ r0, 3s
p ✏ &y

tℓ✍, ℓ12✉
ℓ✍ ÞÑ

✧
y ✏ r2, 3s
p ✏ t&x,&y✉

ℓ11 ÞÑ y ✏ 3

y ✏ 2 ❨❡s

8
■♥✐t✐❛❧
❈♦♥✜❣✉r❛t✐♦♥

y ✏ 0

p ✏ ◆❯▲▲
tℓ✍✉

ℓ✍ ÞÑ

✧
y ✏ r2, 3s
p ✏ t&x,&y✉

ℓ11 ÞÑ y ✏ 3

❑ ◆♦

9
Lℓ9p :✏ &x;
ℓ10p :✏ &y, ℓ11M

y ✏ 0

p ✏ &y
tℓ✍✉

ℓ✍ ÞÑ

✧
y ✏ r2, 3s
p ✏ t&x,&y✉

ℓ11 ÞÑ y ✏ 3

❑ ◆♦

10 child ✲spawn
ℓ11

y ✏ 0

p ✏ &y
tℓ✍✉ ❑ y ✏ 3 ◆♦

11
Lℓ12 ✍ p :✏
✍ p� 2, ℓ✽M

y ✏ r2, 3s
p ✏ &y

tℓ✍✉ ℓ✍ ÞÑ y ✏ 2 ❑ ❨❡s

❋✐❣✉r❡ ✶✻✳✷✿ ❊①❛♠♣❧❡ ♦❢ ❉❛t❛✲❘❛❝❡ ❉❡t❡❝t✐♦♥
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✶✻✳✸ ❙❡t ♦❢ ▲♦❝❦s ❛♥❞ ❆❝q✉✐s✐t✐♦♥ ❍✐st♦r✐❡s

✶✻✳✸✳✶ ▲❛tt✐❝❡ ♦❢ ❆❜str❛❝t ❙t❛t❡s

❲❡ ❞❡✜♥❡ ❛♥ ❛❜str❛❝t ❝♦♠♣❧❡t❡ ❧❛tt✐❝❡ ❢♦r ❧♦❝❦s✿ SetLocksÒ ✏ P♣Locksq ❛s ✐♥ ❙❡❝t✐♦♥
✶✻✳✷✳✶✳ ◆❡✈❡rt❤❡❧❡ss✱ ✇❡ ✉s❡ t❤✐s ❧❛tt✐❝❡ t♦ r❡♣r❡s❡♥t ❧♦❝❦s t❤❛t ♠❛② ❜❡ ❤❡❧❞ ❛t s♦♠❡ ♣♦✐♥t✱
✇❡ ♦r❞❡r t❤❡ ❧❛tt✐❝❡ D ✏ SetLocksÒ ❜② t❤❡ ✐♥❝❧✉s✐♦♥ ♦r❞❡r✐♥❣ ✭❛♥❞ ♥♦t✺ ❜② t❤❡ r❡✈❡rs❡
✐♥❝❧✉s✐♦♥ ♦r❞❡r✐♥❣✮✱ ✐✳❡✳✱ C1 ↕ C2 ô C1 ❸ C2✳ ❍❡♥❝❡ C1 ⊔ C2 ✏ C1 ∪ C2✳

❚❤❡ ❢✉♥❝t✐♦♥s ♦♥ ❛❜str❛❝t st❛t❡s ❛r❡ t❤❡ s❛♠❡ ❛s s❡❝t✐♦♥ ✶✻✳✷✳✶✿

elem lv:✏e♣Cq
❞❡❢✏ C

enforce♣Cq ❞❡❢✏ C

elem lock♣µq♣Cq
❞❡❢✏ C ∪ tµ✉

schedule✲child ♣Cq ❞❡❢✏ ∅

elemunlock♣µq♣Cq
❞❡❢✏ C r tµ✉

✶✻✳✸✳✷ ▲❛tt✐❝❡ ♦❢ ❆❜str❛❝t ❚r❛♥s✐t✐♦♥s

❲❡ ❝♦♥s✐❞❡r t❤❡ ❝♦♠♣❧❡t❡ ❧❛tt✐❝❡ H ✏ P♣LocksqLocks ♦❢ ❛❝q✉✐s✐t✐♦♥ ❤✐st♦r✐❡s ❬❑■●✵✺✱
▲▼❖✵✽❪ ♦r❞❡r❡❞ ❜② t❤❡ ♣♦✐♥t✇✐s❡ ♦r❞❡r✐♥❣✳ ❆♥ ❛❝q✉✐s✐t✐♦♥ ❤✐st♦r② ♠❛♣s ❛ ♠✉t❡① µ t♦ t❤❡
s❡t ♦❢ ♠✉t❡①❡s t❤❛t ♠❛② ❜❡ ❛❝q✉✐r❡❞ ❛❢t❡r µ ✐s ❛❝q✉✐r❡❞✳

▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ♦♣❡r❛t♦r ρ ❞❡✜♥❡❞ ❜②✿ ρ♣hq ✏ λµ0.h♣µ0q ∪
➈

µ∈h♣µ0q
h♣µq✳ ❲❡

❝♦♥s✐❞❡r t❤❡ ❞♦♠❛✐♥ Hρ ✏ th ∈ H ⑤ ρ♣hq ✏ h✉✳ Hρ ✐s ❛ ❝♦♠♣❧❡t❡ ❧❛tt✐❝❡ ❢♦r t❤❡ ♣♦✐♥t✇✐s❡
♦r❞❡r✐♥❣✳ ❲❡ ✉s❡ t❤✐s ❧❛tt✐❝❡ ❛s t❤❡ ❧❛tt✐❝❡ ♦❢ ❛❜str❛❝t tr❛♥s✐t✐♦♥s✿ R ✏ Hρ✳

αR♣t♣s1, s2q✉q
❞❡❢✏ λµ.

★
M1 rM2 ✐❢ µ ∈ M1

∅ ♦t❤❡r✇✐s❡

✇❤❡r❡ M1 ✏ mutex♣thread♣s1q, s1q
❛♥❞ M2 ✏ mutex♣thread♣s2q, s2q

elem✲inter lock♣µ0q♣Cq
❞❡❢✏ λµ.

★
µ0 ✐❢ µ ∈ C

∅ ♦t❤❡r✇✐s❡.

elem✲inter unlock♣µ0q
❞❡❢✏ ❑

❆ ❞❡❛❞❧♦❝❦ ♦❝❝✉rs ✇❤❡♥ s❡✈❡r❛❧ t❤r❡❛❞s i1, . . . , in ❛tt❡♠♣t t♦ ❛❝q✉✐r❡ ❛ ❧♦❝❦ ♦✇♥❡❞ ❜②
t❤❡ ♥❡①t t❤r❡❛❞✿ i1 ❛tt❡♠♣ts t♦ ❧♦❝❦ µ1 ♦✇♥❡❞ ❜② i2✱ i2 ❛tt❡♠♣ts t♦ ❧♦❝❦ µ2 ♦✇♥❡❞ ❜② i3✱✳ ✳ ✳ ✱

✺❚❤❡ ♦♥❧② ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ SetLocks
Ò ❛♥❞ SetLocks

Ó ✐s t❤❡ ♦r❞❡r✐♥❣✳
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in ❛tt❡♠♣ts t♦ ❧♦❝❦ µn ♦✇♥❡❞ ❜② i1✳ ❚♦ ❞❡t❡❝t ❞❡❛❞❧♦❝❦s✱ ❛t ❡❛❝❤ ❛❝t✐♦♥ lock♣µq ✇❡ ❝❤❡❝❦
✇❤❡t❤❡r t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ ♦❢ ❧♦❝❦s µ2, . . . , µn s✉❝❤ t❤❛t ❢♦r ❡✈❡r② k✱ µk ∈ h♣µk�1q ❛♥❞
µn ∈ C ✳ ❚❤✐s ✐s ❡❛s② s✐♥❝❡ ρ♣hq ✏ h ❢♦r ❛❧❧ h ∈ R✿

error lockµ0
♣C , I q ❞❡❢✏

✩✬✫
✬✪
tDeadlock✉ ✐❢ ❉µ ∈ C : µ ∈ I♣µ0q

tAuto✲Deadlock✉ ✐❢ µ0 ∈ C

∅ ♦t❤❡r✇✐s❡.

❚❤❡ ✐♥t✉✐t✐♦♥ ✐s t❤❛t ❞♦♠❛✐♥ ❝❤❡❝❦s ✐❢ t❤❡ ♠✉t❡①❡s ❛r❡ ❧♦❝❦❡❞ ✐♥ t❤❡ s❛♠❡ ♦r❞❡r ✐♥ ❛❧❧
t❤r❡❛❞s✳ ■❢ ❛ t❤r❡❛❞ ❧♦❝❦s ❛ ♠✉t❡① µ1 ❛♥❞ ❛❢t❡r ❛ ♠✉t❡① µ2 ❛♥❞ ❛♥♦t❤❡r t❤r❡❛❞ ❧♦❝❦s µ2

❛♥❞ ❛❢t❡r µ1✱ t❤❡r❡❢♦r❡ ✇❡ ❞❡t❡❝t ❛ ❞❡❛❞❧♦❝❦✳

❚❤❡ ❡rr♦r Auto✲Deadlock ♦❝❝✉rs ✇❤❡♥ ❛ t❤r❡❛❞ ❛tt❡♠♣ts t♦ ❧♦❝❦ ❛ ♠✉t❡① ✐t ♦✇♥s✳

✶✻✳✸✳✸ ❆♥t✐✲❈❤❛✐♥s ♦❢ ❆❝q✉✐s✐t✐♦♥ ❍✐st♦r✐❡s

❲❡ ✐♥tr♦❞✉❝❡ ❛♥ ❛❜str❛❝t ❞♦♠❛✐♥ ❜❛s❡❞ ♦♥ ❛❝q✉✐s✐t✐♦♥ ❤✐st♦r✐❡s H ✏ P♣LocksqLocks✳ H ✐s
♦r❞❡r❡❞ ❜② t❤❡ ♣♦✐♥t✇✐s❡ ♦r❞❡r✐♥❣✳ ❲❡ ✉s❡ t❤❡ ❧❛tt✐❝❡ ♦❢ ✉♣♣❡r✲❝❧♦s❡❞ s❡ts✻ ♦❢ ❛❝q✉✐s✐t✐♦♥s
❤✐st♦r✐❡s✿ PÒ♣Hq ✏ tX ∈ H ⑤ ❅x ∈ X❅y ∈ H, x ↕ y ñ y ∈ X✉. ❘❡❝❛❧❧✻ t❤❛t ❛♥ ❡❧❡♠❡♥t ♦❢
PÒ♣Hq ♠❛② ❜❡ r❡♣r❡s❡♥t❡❞ ❜② ❛ ✜♥✐t❡ ❛♥t✐❝❤❛✐♥ ♦❢ ❛❝q✉✐s✐t✐♦♥ ❤✐st♦r✐❡s✳

❚❤✐s ❞♦♠❛✐♥ r❡✉s❡ P✳ ▲❛♠♠✐❝❤ ❛♥❞ ▼✳ ▼ü❧❡r✲❖❧♠✬s ✐❞❡❛s ❬▲▼❖✵✽❪ t♦ ❞❡t❡❝t ♣r❡❝✐s❡❧②
❞❛t❛ r❛❝❡s✳ ❆s ✐♥ P✳ ▲❛♠♠✐❝❤ ❛♥❞ ▼✳ ▼ü❧❡r✲❖❧♠ ❛♥❛❧②s✐s ❬▲▼❖✵✽❪ ✭❙❡❡ ❙❡❝t✐♦♥ ✹✳✼✳✸✮✱ ✇❡

❛ss✉♠❡ ❛ s❡t A
❞❡❢✏ tU, V ✉ ❛♥❞ ❛ ❢✉♥❝t✐♦♥ critic ❢r♦♠ ❛ss✐❣♥♠❡♥ts t♦ P♣AqrA ✏ t∅, tU✉, tV ✉✉✳

❚❤❡ ❛❜str❛❝t ❧❛tt✐❝❡ ❢♦r st❛t❡s ✐s D ✏ PÒ♣Hq✳ ❚❤❡ ❛❜str❛❝t ❧❛tt✐❝❡ ❢♦r tr❛♥s✐t✐♦♥s
R ✏ PÒ♣H ✂ tU, V ✉q✳ ◆♦t✐❝❡ t❤❛t t❤❡s❡ s❡ts ♠❛② ❜❡ r❡♣r❡s❡♥t❡❞ ❜② ❛♥t✐✲❝❤❛✐♥s ✭❙❡❡
❙❡❝t✐♦♥ ✷✳✸✳✸✮✳ ❲❡ ❞♦ ♥♦t ♥❡❡❞ t♦ r❡♣r❡s❡♥t ❛❧❧ ❡❧❡♠❡♥ts ♦❢ t❤❡s❡ s❡ts✳

❲❡ ✐♥tr♦❞✉❝❡ ❛ ❢✉♥❝t✐♦♥ h✲acquire : H✂ Locks Ñ H✱ t❤❛t✱ ❣✐✈❡♥ ❛♥ ❛❝q✉✐s✐t✐♦♥ ❤✐st♦r②
h✱ ❛❝q✉✐r❡s ❛ ♥❡✇ ♠✉t❡①✳ ❲❡ ❡♥❝♦❞❡ ✐♥ ❛❝q✉✐s✐t✐♦♥ ❤✐st♦r✐❡s t❤❡ ❢❛❝t t❤❛t ❛ ♠✉t❡① ✐s ♦✇♥❡❞✱
✐✳❡✳✱ µ ∈ h♣µq ♠❡❛♥s t❤❛t t❤❡ ♠✉t❡① µ ✐s ♦✇♥❡❞ ❜② t❤❡ ❝✉rr❡♥t t❤r❡❛❞ ❛♥❞ h♣µq ✏ ∅ ♠❡❛♥s
t❤❛t t❤❡ ♠✉t❡① µ ✐s ❢r❡❡ ♦r ♦✇♥❡❞ ❜② ❛♥♦t❤❡r t❤r❡❛❞✳

h✲acquire♣h, µ0q
❞❡❢✏ λµ.

✩✬✫
✬✪
h♣µq ∪ µ0 ✐❢ µ ∈ h♣µq

tµ0✉ ✐❢ µ ✏ µ0

h♣µq ♦t❤❡r✇✐s❡.

❘❡❝❛❧❧ t❤❛t ❜ ✐s ❛ ♣r❡❞✐❝❛t❡ t❤❛t t❡❧❧s ✉s ✐❢ t✇♦ ❛❝q✉✐s✐t✐♦♥ ❤✐st♦r✐❡s ♠❛② ❜❡ ✐♥t❡r❧❡❛✈❡❞✱
❙❡❡ ❙❡❝t✐♦♥ ✹✳✼✳✸✳

✻❙❡❡ ❙❡❝t✐♦♥ ✷✳✸✳✸✳



✶✻✵ ❈❍❆P❚❊❘ ✶✻✳ ❆❇❙❚❘❆❈❚ ❉❖▼❆■◆❙ ❋❖❘ ❲❊❆❑ ▼❊▼❖❘❨ ▼❖❉❊▲❙

❍❡♥❝❡ ✇❡ ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥s ♦❢ ❋✐❣✉r❡ ✶✺✳✷ ❢♦r t❤✐s ❞♦♠❛✐♥✿

elem lv:✏e♣Cq
❞❡❢✏ C

elem✲inter lv:✏e♣Cq
❞❡❢✏ λx.

✩✬✫
✬✪

C ✂ tU✉ ✐❢ critic♣lv :✏ eq ✏ U

C ✂ tV ✉ ✐❢ critic♣lv :✏ eq ✏ V

❑ ✐❢ critic♣lv :✏ eq ✏ ∅

inter I ♣Cq
❞❡❢✏ C

enforce
x
♣Cq ❞❡❢✏ C

schedule✲child ♣Cq ❞❡❢✏ ❑

elem lock♣µq♣Cq
❞❡❢✏ th✲acquire♣h, µq ⑤ h ∈ C ❫ h♣µq ✏ ∅✉

elemunlock♣µq♣Cq
❞❡❢✏ thrµ ÞÑ ∅s ⑤ h ∈ C ❫ µ ∈ h♣µq✉

elem✲inter lock♣µq♣Cq
❞❡❢✏ ❑

elem✲inter unlock♣µq♣Cq
❞❡❢✏ ❑

error lv:✏e♣C , I q ❞❡❢✏

✩✬✫
✬✪
Data✲race ✐❢ ❉hC ∈ C❉♣hI , V q ∈ I : hC ❜ hI

Data✲race ✐❢ ❉hC ∈ C❉♣hI , V q ∈ I : hC ❜ hI

❑ ✐❢ critic♣lv :✏ eq ✏ ∅
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▲❛♥❣✉❛❣❡ ❊①t❡♥s✐♦♥s

■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ❞✐s❝✉ss s♦♠❡ ❧❛♥❣✉❛❣❡ ❡①t❡♥s✐♦♥s✱ ❡✳❣✳✱ t❤❡ par ❝♦♥str✉❝t♦r t❤❛t ✐s ✉s❡❞
✐♥ s❡✈❡r❛❧ ♦t❤❡r ❛♥❛❧②s❡s ❬❑❙❱✾✻✱ ❘❘✾✾✱ ❘❘✵✸✱ ❙❙✵✵❪✳

✶✼✳✶ ❈♦♥❞✐t✐♦♥s ❛♥❞ ❆❝t✐♦♥s

❲✐t❤ ♦✉r s❡♠❛♥t✐❝s✱ ✐t ✐s ❡❛s② t♦ ❛❞❞ ♥❡✇ ❦✐♥❞s ♦❢ ❝♦♥❞✐t✐♦♥s ♦r ❛❝t✐♦♥s✳ ❋♦r ✐♥st❛♥❝❡✱
❋✐❣✉r❡ ✶✼✳✶ ❣✐✈❡s s♦♠❡ ♣♦ss✐❜❧❡ ❡①t❡♥s✐♦♥s✳

❚❤❡ skip ✐s tr✐✈✐❛❧✱ ❛♥❞ ✐s ❛❜str❛❝t❡❞ ❜② t❤❡ ✐❞❡♥t✐t② ❢✉♥❝t✐♦♥✿ Lℓ1skip, ℓ2M♣Q q ✏ Q ✳
◆♦♥❞❡t❡r♠✐♥✐st✐❝ ❝❤♦✐❝❡s ✐s ❡❛s② t♦ ❤❛♥❞❧❡ ✐♥ ♦✉r ❝♦♥❝r❡t❡ ♠♦❞❡❧✼✿

❅σ, bool♣σ, undet♣ qq ✏ true ❫ bool♣σ,✥undet♣ qq ✏ true.

❯♥❞❡t❡r♠✐♥✐st✐❝ ❝❤♦✐❝❡s ❛❧❧♦✇ t♦ ♠♦❞❡❧✿

❼ r❛♥❞♦♠ ❢✉♥❝t✐♦♥s

❼ ❡①t❡r♥❛❧ ❞❡✈✐❝❡s t❤❛t ♠❡❛s✉r❡ s♦♠❡ ♣❤②s✐❝❛❧ q✉❛♥t✐t②

✼❘❡❝❛❧❧ ❈❤❛♣t❡r ✼✳

✶✻✶
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cond ::✏ ❝♦♥❞✐t✐♦♥

⑤
✳✳✳

✳✳✳
⑤ undet♣ q ◆♦♥✲❞❡t❡r♠✐♥✐st✐❝ ❝❤♦✐❝❡

⑤
✳✳✳

✳✳✳
action ::✏ ❜❛s✐❝ ❛❝t✐♦♥

⑤
✳✳✳

✳✳✳
⑤ x :✏ pthread❴lock♣µq ▲♦❝❦ t❤❛t ♠❛② ❢❛✐❧
⑤ skip ❞♦ ♥♦t❤✐♥❣
⑤ copy♣lv1, lv2q ❈♦♣②

⑤
✳✳✳

✳✳✳

❋✐❣✉r❡ ✶✼✳✶✿ ❙②♥t❛① ❢♦r ✏P❛r✑ ❈♦♥str✉❝t♦r

❼ ❞❛t❛ ❢r♦♠ ❛♥ ✉s❡r ♦r ❢r♦♠ ❛♥ ✉♥❦♥♦✇♥ ♦t❤❡r ♣r♦❣r❛♠

❼ ❝♦♠♣❧❡① ❣✉❛r❞s

❚❤❡ s❡♠❛♥t✐❝s ♦❢ ❣✉❛r❞s ✇✐t❤ ♥♦♥✲❞❡t❡r♠✐♥✐st✐❝ ❝❤♦✐❝❡s ✐s✿

Lℓ1guard♣undet♣ qq, ℓ2M ❞❡❢✏ Lℓ1guard♣undet♣ qq, ℓ2M ❞❡❢✏ Lℓ1skip, ℓ2M.

❚❤❡ copy ❛❧❧♦✇s t♦ ♠♦❞❡❧ ❝♦♣② ♦❢ ♠❡♠♦r② r❡❣✐♦♥s✳
❯♥t✐❧ ♥♦✇✱ ✇❡ ❛ss✉♠❡ t❤❛t ❛ ❧♦❝❦ ♦♣❡r❛t✐♦♥ ♥❡✈❡r ❢❛✐❧s✳ ◆❡✈❡rt❤❡❧❡ss✱ ✐♥ r❡❛❧ ♠✉❧t✐✲

t❤r❡❛❞❡❞ ❧✐❜r❛r✐❡s✱ ❛s r❡❝❛❧❧❡❞ ❜② ❱✳ ❱♦❥❞❛♥✐ ❛♥❞ ❱✳ ❱❡♥❡ ❬❱❱✵✼❪✱ ✐t ✐s ❛ ❝♦♠♠♦♥ ♣r❛❝t✐❝❡
✇❤❡♥ ✉s✐♥❣ Pt❤r❡❛❞ ▲✐❜r❛r② t♦ t❡st ✇❤❡t❤❡r t❤❡ ❧♦❝❦ ♦♣❡r❛t✐♦♥ s✉❝❝❡❡❞❡❞ ♦r ♥♦t✳ ❱✳
❱♦❥❞❛♥✐ ❛♥❞ ❱✳ ❱❡♥❡ ❣✐✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡✿

✶ st❛t✉s ❂ ♣t❤r❡❛❞❴♠✉t❡①t❴❧♦❝❦ ✭♠ ✮ ❀
✷ ✐ ❢ ✭ st❛t✉s ✦❂ ✵✮
✸ ❡rr❴❛❜♦rt ✭ st❛t✉s ✱ ✧▲♦❝❦ ♠✉t❡①✧ ✮ ❀

❚❤❡ s❡♠❛♥t✐❝s ♦❢ x :✏ pthread❴lock♣µq t❤❡♥ ❤❛s t♦ ❝♦♥s✐❞❡r t✇♦ ❝❛s❡s✿ t❤❡ ❝❛s❡ ✇❤❡r❡
t❤❡ ♠✉t❡① ✐s ❧♦❝❦❡❞✱ ❛♥❞ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ♠✉t❡① ✐s ♥♦t ❧♦❝❦❡❞✳ ■❢ t❤❡ ❧♦❝❦ ♦♣❡r❛t✐♦♥
s✉❝❝❡❡❞s✱ t❤❡ ✈❛❧✉❡ ♦❢ x ✐s ✵✱ ✐❢ t❤❡ ❧♦❝❦ ♦♣❡r❛t✐♦♥ ❢❛✐❧s✱ t❤❡ ✈❛❧✉❡ ♦❢ x ✐s ❊❘❘❖❘✳

Lx :✏ pthread❴lock♣µqM♣Q q ✏ Lx ✏ 0M ✆ Llock♣µqM♣Q q ⊔ Lx ✏ ❊❘❘❖❘M♣Q q.

✶✼✳✷ P❛r ❈♦♥str✉❝t♦r

✶✼✳✷✳✶ ❈♦♥❝r❡t❡ ❙❡♠❛♥t✐❝s

❚❤❡ par ❝♦♥str✉❝t♦r ✐s ❛ ❞✐✛❡r❡♥t ❦✐♥❞ ♦❢ ♣❛r❛❧❧❡❧✐s♠✳



✶✼✳✷✳ P❆❘ ❈❖◆❙❚❘❯❈❚❖❘ ✶✻✸

stmt ::✏ st❛t❡♠❡♥t

⑤
✳✳✳

✳✳✳
⑤ ℓjointℓ1, ℓ2, . . . , ℓn✉, ℓ✶ ❥♦✐♥

⑤
✳✳✳

✳✳✳
cmd ::✏ ❝♦♠♠❛♥❞

⑤
✳✳✳

✳✳✳
⑤ ℓ0par ℓ

✶
0tℓ1cmd1 ⑤ ℓ2cmd2✉ ❜✐♥❛r② ♣❛r❛❧❧❡❧✐s♠

⑤ ℓ0par
ℓ✶
0
n tℓ1cmd1 ⑤ ℓ2cmd2 ⑤ . . . ⑤ ℓncmdn✉ n✲❛r② ♣❛r❛❧❧❡❧✐s♠

⑤ ℓ0parfortℓcmd✉ ♣❛r❛❧❧❡❧ ❧♦♦♣

⑤
✳✳✳

✳✳✳

❋✐❣✉r❡ ✶✼✳✷✿ ❙②♥t❛① ❢♦r ✏P❛r✑ ❈♦♥str✉❝t♦r

❖✉r ❧❛♥❣✉❛❣❡ ❞❡s❝r✐❜❡❞ ✐♥ ❈❤❛♣t❡r ✻ ✭❙❡❡ ❋✐❣✉r❡ ✻✳✶✮ ❞♦❡s ♥♦t ❤❛♥❞❧❡ t❤❡ ❝♦♥str✉❝t♦r
par ✳ ■t ✐s ✇❤② ✇❡ ❡①t❡♥❞ ♦✉r ❧❛♥❣✉❛❣❡ t♦ ❤❛♥❞❧❡ create ❛♥❞ par ❛t t❤❡ s❛♠❡ t✐♠❡✳ ❋✐❣✉r❡
✶✼✳✷ ❡①♣❧❛✐♥s ❤♦✇ t♦ ❡①t❡♥❞ t❤❡ ❣r❛♠♠❛r ♦❢ ❋✐❣✉r❡ ✻✳✶ t♦ ❛❞❞ t✇♦ ♥❡✇ ❝♦♥str✉❝t♦rs✳ ❚❤❡
❝❧❛ss✐❝❛❧ par st❛t❡♠❡♥t❬❑❙❱✾✻✱ ❘❘✾✾✱ ❘❘✵✸✱ ❙❙✵✵❪ ❛♥❞ t❤❡ parfor ❝♦♥str✉❝t♦r ❞❡s❝r✐❜❡❞ ❜②
❘✳ ❘✉❣✐♥❛ ❛♥❞ ▼✳ ❘✐♥❛r❞ ❬❘❘✾✾✱ ❘❘✵✸❪✳ ❲❡ ❛❧s♦ ❛❞❞ ❛♥ ✐♥t❡r♠❡❞✐❛t❡ st❛t❡♠❡♥t✱ ✉s❡❢✉❧❧
t♦ ❞❡✜♥❡ t❤❡ s❡♠❛♥t✐❝s ♦❢ par ✳

❚❤❡ ❝♦♠♠❛♥❞ ℓ0par ℓ
✶
0tℓ1cmd1 ⑤ ℓ2cmd2✉ ❡①❡❝✉t❡s t❤❡ st❛t❡♠❡♥ts ℓ1cmd1, ℓ✽ ❛♥❞ ℓ2cmd2, ℓ✽

✐♥ ♣❛r❛❧❧❡❧✳❚❤✐s ❝♦♠♠❛♥❞ ✐s ❣❡♥❡r❛❧✐③❡❞ ❜② parn t❤❛t ❡①❡❝✉t❡s n st❛t❡♠❡♥ts ✐♥ ♣❛r❛❧❧❡❧✳
❚❤❡ st❛t❡♠❡♥t ℓ0parfor ℓ

✶
0tℓcmd✉ ❧❛✉♥❝❤❡s ❛♥ ❛r❜✐tr❛r② ♥✉♠❜❡r ♦❢ t✐♠❡s t❤❡ s❛♠❡ st❛t❡♠❡♥t

ℓcmd , ℓ✽✳ ◆♦t✐❝❡ t❤❛t t❤❡s❡ ❝♦♠♠❛♥❞s ❤❛✈❡ t✇♦ ❧❛❜❡❧s ℓ0 ❛♥❞ ℓ✶0✳ ❚❤❡ ❧❛❜❡❧ ℓ0 ✐s ❛s ❢♦r
♦t❤❡r ❝♦♠♠❛♥❞s✿ ✐t ✐s t❤❡ ❧❛❜❡❧ ♦❢ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❝♦♠♠❛♥❞✳ ❚❤❡ s❡❝♦♥❞ ❧❛❜❡❧ ℓ✶0
r❡♣r❡s❡♥ts ❛ ❧❛❜❡❧ ✐♥ ✇❤✐❝❤ ❛ t❤r❡❛❞ ✇✐❧❧ ✇❛✐t ✐ts ❞❡s❝❡♥❞❛♥ts✳

❲❡ ❤❛✈❡ t♦ ❞❡✜♥❡ t❤❡ ❝♦♥❝r❡t❡ r✉❧❡s ✭❧✐❦❡ r✉❧❡s ♦❢ ❋✐❣✉r❡ ✼✳✷✮ t♦ st❛t❡ t❤❡ ♣r❡❝✐s❡
s❡♠❛♥t✐❝s ♦❢ par st❛t❡♠❡♥ts✳ ❚❤❡s❡ r✉❧❡s ❛r❡ ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✶✼✳✸ ❢♦r t❤❡ ❜✐♥❛r② par

♦♣❡r❛t♦r✳
❚❤❡ r✉❧❡ ✏♣❛r s♣❛✇♥✑ ❡①♣❧❛✐♥s ❤♦✇ t❤❡ ❜✐♥❛r② par st❛t❡♠❡♥t s♣❛✇♥s t✇♦ t❤r❡❛❞s ❛t t❤❡

s❛♠❡ t✐♠❡✳ ❚❤❡ ❧❛❜❡❧ ℓ? ✐s ❛♥ ✐♥t❡r♠❡❞✐❛t❡ ❧❛❜❡❧ ♥❡❡❞❡❞ ❢♦r t❤❡ ❞❡✜♥✐t✐♦♥✳
❆t t❤❡ ❡♥❞ ♦❢ ❛ par st❛t❡♠❡♥t✱ ❛❧❧ t❤r❡❛❞s ❝r❡❛t❡❞ ❜② t❤✐s st❛t❡♠❡♥t ✇✐❧❧ ❥♦✐♥✳ ◆♦t✐❝❡

t❤❛t ❛ s❡t ✐s ❥♦✐♥❛❜❧❡ ♦♥❧② ✉♥❞❡r s♦♠❡ ❝♦♥❞✐t✐♦♥s✳ ■t ✐s ✇❤② ✇❡ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ t❤❡ ♣r❡❞✐❝❛t❡
joinable✳ ■♥ ❛ s❡q✉❡♥t✐❛❧❧② ❝♦♥s✐st❡♥t ♠♦❞❡❧✱ ❛ t❤r❡❛❞ ✐s ❥♦✐♥❛❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ❤❛s ❡♥❞❡❞
✐ts ❡①❡❝✉t✐♦♥✿

joinable♣j, P, σq
❞❡❢

ô P ♣jq ✏ ℓ✽.

■♥ ❛ ✇❡❛❦ ♠❡♠♦r② ♠♦❞❡❧ ✭❚❙❖ ♦r P❙❖✮✱ ✇❡ ♥❡❡❞ ❛♥ ❡①tr❛ ❝♦♥❞✐t✐♦♥✿ t❤❡ t❤r❡❛❞ ❜✉✛❡r
✐s ❡♠♣t②✱ ✐✳❡✳✱ ❛❧❧ ✇r✐t❡s ❞♦♥❡ ❜② t❤❡ t❤r❡❛❞ j ❤❛✈❡ ❜❡❡♥ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ✐♥ t❤❡ ❣❧♦❜❛❧
♠❡♠♦r②✳ ❋♦r♠❛❧❧②✱ ✐♥ t❤❡ ❚❙❖ ♠♦❞❡❧✿

joinable♣j, P, ♣m, bqq
❞❡❢

ô P ♣jq ✏ ℓ✽ ❫ b♣jq ✏ ǫ.



✶✻✹ ❈❍❆P❚❊❘ ✶✼✳ ▲❆◆●❯❆●❊ ❊❳❚❊◆❙■❖◆❙

ℓ0spawn♣ℓ1q, ℓ? ✱ s0 Ñ s1
ℓ?spawn♣ℓ2q, ℓ✶0 ✱ s1 Ñ s2

ℓ0par ℓ
✶
0tℓ1cmd1 ⑤ ℓ2cmd2✉, ℓ✶ ✱ s0 Ñ s2

♣❛r s♣❛✇♥

❅j, ♣i, ℓ1, jq ∈ g ❴ ♣i, ℓ2, jq ∈ g ñ joinable♣j, P, σq
ℓ0 jointℓ1, ℓ2✉, ℓ✶ ✱ ♣i, P, σ, gq Ñ ♣i, P ri ÞÑ ℓ✶s, σ, gq

❜✐♥❛r② ❥♦✐♥

ℓ✶
0 jointℓ1, ℓ2✉, ℓ✶ ✱ τ

ℓ0par ℓ
✶
0tℓ1cmd1 ⑤ ℓ2cmd2✉, ℓ✶ ✱ τ

♣❛r ❥♦✐♥

ℓ1cmd1, ℓ✽ ✱ τ
ℓ0par ℓ

✶
0tℓ1cmd1, ℓ

✶
1 ⑤

ℓ2cmd2, ℓ
✶
2✉, ℓ

✶ ✱ τ
♣❛r ❜♦❞② ✶

ℓ2cmd2, ℓ✽ ✱ τ
ℓ0par ℓ

✶
0tℓ1cmd1 ⑤ ℓ2cmd2✉, ℓ✶ ✱ τ

♣❛r ❜♦❞② ✷

❋✐❣✉r❡ ✶✼✳✸✿ ❘✉❧❡s ❢♦r t❤❡ ❇✐♥❛r② ✏P❛r✑ ❈♦♥str✉❝t♦r

❘✉❧❡s ✏♣❛r ❜♦❞②✑ ♠❡❛♥s t❤❛t ❛ par st❛t❡♠❡♥t ❣❡♥❡r❛t❡s ❛❧❧ tr❛♥s✐t✐♦♥s ❣❡♥❡r❛t❡❞ ❜② ✐ts
s✉❜st❛t❡♠❡♥ts✳ ❚❤❡s❡ r✉❧❡s ❛r❡ s✐♠✐❧❛r t♦ ✏✇❤✐❧❡ ❜♦❞②✑ ❛♥❞ ✏t❤❡♥ ❜♦❞②✑ ♦❢ ❋✐❣✉r❡ ✼✳✷✳

❚❤❡ ❝♦♥str✉❝t♦r parn ❣❡♥❡r❛❧✐③❡❞ t❤❡ ❝♦♥str✉❝t♦r par ✳ ■ts r✉❧❡s ❛r❡ ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✶✼✳✹✳
❚❤❡ st❛t❡♠❡♥t ℓ0parfortℓcmd✉, ℓ2 ❛❧❧♦✇s ❛ t❤r❡❛❞ t♦ s♣❛✇♥ ❛♥ ❛r❜✐tr❛r② ♥✉♠❜❡r ♦❢ t❤r❡❛❞✱

♦❜❧✐❣❛t❡s ✐t t♦ ✇❛✐t ❢♦r t❤❡✐r t❡r♠✐♥❛t✐♦♥✱ ❛♥❞ t❤❡♥ t❤❡ st❛t❡♠❡♥t r❡t✉r♥s✳ ❚❤❡ r✉❧❡s ❢♦r
t❤✐s st❛t❡♠❡♥t ❛r❡ ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✶✼✳✺✳ ❆ t❤r❡❛❞ t❤❛t ❡①❡❝✉t❡s t❤✐s st❛t❡♠❡♥t ✐s ❛t ❧❛❜❡❧
ℓ0✳ ❆❝❝♦r❞✐♥❣ t♦ r✉❧❡ ✏♣❛r❢♦r s♣❛✇♥✑✱ ✐t ♠❛② s♣❛✇♥ ❛ t❤r❡❛❞ st❛②✐♥❣ ❛t t❤❡ ❧❛❜❡❧ ℓ0✳ ❋♦r
s✐♠♣❧✐❝✐t②✱ ✇❡ ♠♦❞❡❧ t❤✐s ♣❛r t❤❡ st❛t❡♠❡♥t ℓ0spawn♣ℓ1q, ℓ0 ✭◆♦t✐❝❡ t❤❛t t❤❡ ❧❛❜❡❧ ℓ0 ❛♣♣❡❛rs
t✇✐❝❡✮✳ ◆♦♥❞❡t❡r♠✐♥✐s❝❛❧❧②✱ t❤❡ t❤r❡❛❞ ♠❛② ❞❡❝✐❞❡ t♦ ❣♦ t♦ ❧❛❜❡❧ ℓ2✱ t❤✐s ✐s t❤❡ r✉❧❡ ✏♣❛r❢♦r
❥♦✐♥✑✳

◆♦t✐❝❡ t❤❛t✱ ✇✐t❤ t❤✐s ❡①t❡♥s✐♦♥✱ ✇✐♥ ♦✉r ❧❛♥❣✉❛❣❡✱ ❛ ♣r♦❣r❛♠ ♠❛② ✉s❡ ❜♦t❤ par ❛♥❞
create ❝♦♥str✉❝t♦rs✳

✶✼✳✷✳✷ ■♥t❡r♠❡❞✐❛t❡ ❉❡♥♦t❛t✐♦♥❛❧ ❙❡♠❛♥t✐❝s

❆s ❢♦r ♦t❤❡r ❝♦♥str✉❝t♦rs✱ ✇❡ ❣✐✈❡ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ❞❡♥♦t❛t✐♦♥❛❧ s❡♠❛♥t✐❝s ❢♦r par st❛t❡✲
♠❡♥ts✳ ❋♦r create st❛t❡♠❡♥ts ✇❡ ✉s❡ ❛♥ ✐♥t❡r♠❡❞✐❛t❡ ❢✉♥❝t✐♦♥ s❝❤❡❞✉❧❡✲❝❤✐❧❞ ✭❙❡❡ ❋✐❣✉r❡
✶✵✳✺✮✳ ❚❤✐s ❢✉♥❝t✐♦♥ ♠❛❦❡s ❛ s❝❤❡❞✉❧❡ tr❛♥s✐t✐♦♥ t♦ t❤❡ ❧❛st s♣❛✇♥❡❞ ❝❤✐❧❞✳ ◆❡✈❡rt❤❡❧❡ss✱
par ✭❛♥❞ parn ❛♥❞ parfor✮ s♣❛✇♥s s❡✈❡r❛❧ t❤r❡❛❞s✳ ❍❡♥❝❡✱ ✇❡ ♥❡❡❞ ❛♥ ✐♥t❡r♠❡❞✐❛t❡ ❢✉♥❝t✐♦♥
s❝❤❡❞✉❧❡✲❝❤✐❧❞r❡♥L✿

s❝❤❡❞✉❧❡✲❝❤✐❧❞r❡♥L♣Sq
❞❡❢✏

✧
♣j, P, σ, gq

✞✞✞✞❉i ∈ Ids❉ℓ ∈ L :
♣i, P, σ, gq ∈ S

❫♣i, ℓ, jq ∈ g

✯
.

●✐✈❡♥ ❛ s❡t ♦❢ ❧❛❜❡❧s L ❸ L✱ t❤❡ ❢✉♥❝t✐♦♥ s❝❤❡❞✉❧❡✲❝❤✐❧❞r❡♥L ✜r❡ ❛ s❝❤❡❞✉❧❡ tr❛♥s✐t✐♦♥
t♦ ❛❧❧ t❤r❡❛❞s ❝r❡❛t❡❞ ❜② t❤❡ ❝✉rr❡♥t t❤r❡❛❞ ✐♥ ❛♥② ❧❛❜❡❧ ♦❢ L✳



✶✼✳✷✳ P❆❘ ❈❖◆❙❚❘❯❈❚❖❘ ✶✻✺

ℓ0spawn♣ℓ1q, ℓ?0 ✱ s0 Ñ s1
✳✳✳

ℓ?kspawn♣ℓk�1q, ℓ?k � 1 ✱ sk Ñ sk�1

✳✳✳
ℓ?n✁1spawn♣ℓnq, ℓ✶0 ✱ sn✁1 Ñ sn

ℓ0par ℓ
✶
0tℓ1cmd1 ⑤ ℓ2cmd2✉, ℓ✶ ✱ s0 Ñ sn

♥✲♣❛r s♣❛✇♥

❅j, ❉ℓ ∈ tℓ1, . . . , ℓn✉♣i, ℓ, jq ∈ g ñ joinable♣j, P, σq
ℓ0 jointℓ1, . . . , ℓn✉, ℓ✶ ✱ ♣i, P, σ, gq Ñ ♣i, P ri ÞÑ ℓ✶s, σ, gq

❣❡♥❡r❛❧ ❥♦✐♥

ℓ✶
0 jointℓ1, . . . , ℓn✉, ℓ✶ ✱ τ

ℓ0par ℓ
✶
0tℓ1cmd1 ⑤ . . . ⑤ ℓncmdn✉, ℓ✶ ✱ τ

♣❛r ❥♦✐♥

❉k : ℓkcmdk, ℓ✽ ✱ τ
ℓ0par ℓ

✶
0tℓ1cmd1 ⑤ . . . ⑤ ℓncmdn✉, ℓ✶ ✱ τ

♣❛r ❜♦❞② ✶

❋✐❣✉r❡ ✶✼✳✹✿ ❘✉❧❡s ❢♦r t❤❡ n✲❛r② ✏P❛r✑ ❈♦♥str✉❝t♦r

ℓ0spawn♣ℓ1q, ℓ0 ✱ τ
ℓ0parfortℓ1cmd✉, ℓ2 ✱ τ

♣❛r❢♦r s♣❛✇♥

ℓ0 jointℓ1✉, ℓ2 ✱ τ
ℓ0partℓ1cmd✉, ℓ2 ✱ τ

♣❛r❢♦r ❥♦✐♥

ℓ1cmd1, ℓ✽ ✱ τ
ℓ0partℓ1cmd1, ℓ

✶
1 ⑤

ℓ2cmd2, ℓ
✶
2✉, ℓ

✶ ✱ τ
♣❛r❢♦r ❜♦❞②

❋✐❣✉r❡ ✶✼✳✺✿ ❘✉❧❡s ❢♦r t❤❡✏P❛r❢♦r✑ ❈♦♥str✉❝t♦r
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■♥ ❛❞❞✐t✐♦♥ t♦ t❤✐s✱ t❤❡ t❤r❡❛❞s ❝r❡❛t❡❞ ❜② ❛ st❛t❡♠❡♥t par ✇✐❧❧ ❥♦✐♥ ❛t t❤❡✐r t❡r♠✐♥❛t✐♦♥✳
❍❡♥❝❡ ✇❡ ♥❡❡❞ ❛♥ ❡①tr❛ ❢✉♥❝t✐♦♥✱ t❤❛t ♠❛❦❡s ❛ s❝❤❡❞✉❧❡ tr❛♥s✐t✐♦♥ t♦ t❤❡ ❢❛t❤❡r t❤r❡❛❞ ❛t
t❡r♠✐♥❛t✐♦♥✿

❥♦✐♥L♣Sq
❞❡❢✏

✧
♣i, P, σ, gq

✞✞✞✞❅i ∈ Ids❅ℓ ∈ L :

✒
♣j, P, σ, gq ∈ S

❫♣i, ℓ, jq ∈ g

✚
ñ P ♣jq ✏ ℓ✽

✯
.

❚❤❡ ✐♥t❡r♠❡❞✐❛t❡ ❞❡♥♦t❛t✐♦♥❛❧ s❡♠❛♥t✐❝s ♦❢ par ✲❧✐❦❡ st❛t❡♠❡♥ts ✐s t❤❡♥ ❞❡✜♥❡❞ ❜②✿

✈⑤ℓ0par ℓ
✶
0tℓ1stmt1 ⑤

ℓ2stmt2✉⑤✇♣Qq
❞❡❢✏ ①❥♦✐♥tℓ1,ℓ2✉♣S1 ∩ S2q, G ∪ G1 ∪ G2, A②

✇❤❡r❡ ①S, G, A② ✏ ✈⑤ℓ?spawn♣ℓ2q, ℓ
✶
0⑤✇ ✆ ✈⑤

ℓ0spawn♣ℓ1q, ℓ?⑤✇♣Qq

❛♥❞ S0 ✏ s❝❤❡❞✉❧❡✲❝❤✐❧❞r❡♥tℓ1,ℓ2✉♣Sq

❛♥❞ ①S1, G1, A1② ✏ ✈⑤ℓ1stmt1, ℓ✽⑤✇①✐♥t❡r❢❡r❡A2♣S1q, G1, A ∪ G2②

❛♥❞ ①S2, G2, A2② ✏ ✈⑤ℓ2stmt2, ℓ✽⑤✇①✐♥t❡r❢❡r❡A1♣S2q, G2, A ∪ G1②

◆♦t✐❝❡ t❤❛t ①S1, G1, A1② ❛♥❞ ①S2, G2, A2② ❛r❡ ❞❡✜♥❡❞ ❜② ❛ ✜①♣♦✐♥t✳ ❚❤✐s ✜①♣♦✐♥t ✐s t❤❡
❡q✉✐✈❛❧❡♥t ♦❢ ❣✉❛r❛♥t❡❡ ❢♦r ❝r❡❛t❡ st❛t❡♠❡♥ts✳

❚❤✐s ❞❡✜♥✐t✐♦♥ str❛✐❣❤t❢♦r✇❛r❞❧② ❣❡♥❡r❛❧✐③❡ t♦ parn✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❞❡✜♥❡ t❤❡ s❡♠❛♥✲
t✐❝s ♦❢ parfor ✿

✈⑤ℓ0parfortℓcmd✉⑤✇♣Qq ❞❡❢✏ ①❥♦✐♥tℓ✉♣S1 ∩ S2q, G ∪ G1 ∪ G2, A②

✇❤❡r❡ ①S, G, A② ✏ ✈⑤ℓ0spawn♣ℓ1q, ℓ0⑤✇
Òω♣Qq

❛♥❞ S0 ✏ s❝❤❡❞✉❧❡✲❝❤✐❧❞r❡♥tℓ1✉♣Sq

❛♥❞ ①S✶, G✶, A✶② ✏ ✈⑤ℓ1stmt1, ℓ✽⑤✇①✐♥t❡r❢❡r❡A✶♣S✶q, G✶, A ∪ G✶②

✶✼✳✷✳✸ ❆❜str❛❝t ❙❡♠❛♥t✐❝s

ℓ0par ℓ
✶0tℓ1cmd1⑤

ℓ2cmd2✉♣Q q ❞❡❢✏ exe✲childrenÒ▽♣Q q

✇❤❡r❡ exe✲children♣Q q ❞❡❢✏ ①C1 ⊓ C2,L1 ⊔ L2,K1 ⊔ K2, I1 ⊔ I2,E1 ⊔ E2②

①C1,L1,K1, I1,E1②
❞❡❢✏ Lℓ1cmd1, ℓ✽M ✆ child ✲spawn

ℓ1
✆ spawn

ℓ2
♣Q q

①C2,L2,K2, I2,E2②
❞❡❢✏ Lℓ2cmd2, ℓ✽M ✆ child ✲spawn

ℓ2
✆ spawn

ℓ1
♣Q q

❋✐❣✉r❡ ✶✼✳✻✿ ❆❜str❛❝t ❙❡♠❛♥t✐❝s ♦❢ ✏P❛r✑ ❙t❛t❡♠❡♥ts

❍❡♥❝❡✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❛❜str❛❝t s❡♠❛♥t✐❝s ❢♦r par st❛t❡♠❡♥ts✳ ❚❤✐s ❛❜str❛❝t s❡♠❛♥t✐❝s
✐s ❞❡s❝r✐❜❡❞ ❜② ❋✐❣✉r❡ ✶✼✳✻✳ ❚❤✐s ❞❡✜♥✐t✐♦♥ ♠❛② ❜❡ str❛✐❣❤t❢♦r✇❛r❞❧② ❣❡♥❡r❛❧✐③❡❞ t♦ parn✳
❚❤❡ ❝❛s❡ ♦❢ t❤❡ st❛t❡♠❡♥t parfor ✐s ❡✈❡♥ s✐♠♣❧❡r✿

ℓ0parfortℓcmd✉♣Q q ❞❡❢✏
�
Lℓ1cmd1, ℓ✽M ✆ child ✲spawn

ℓ
✆ spawn

ℓ

✟Ò▽
♣Q q

◆♦t✐❝❡ t❤❛t✱ ✇✐t❤ t❤✐s s❡♠❛♥t✐❝ ❡①t❡♥s✐♦♥✱ ✇❡ ♠❛② ❛♥❛❧②③❡ ♣r♦❣r❛♠s ✇✐t❤ ❜♦t❤ create

❛♥❞ par st❛t❡♠❡♥ts✳
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cmd ::✏ ❝♦♠♠❛♥❞

⑤
✳✳✳

✳✳✳
⑤ ℓcall♣fq ❋✉♥❝t✐♦♥ ❈❛❧❧

⑤
✳✳✳

✳✳✳

❋✐❣✉r❡ ✶✼✳✼✿ ❙②♥t❛① ❢♦r ✏❈❛❧❧✑ ❈♦♥str✉❝t♦r

✶✼✳✸ ❋✉♥❝t✐♦♥ ❈❛❧❧s

❯♥t✐❧ ♥♦✇✱ ✇❡ ♦♥❧② ❞❡❛❧t ✇✐t❤ ✐♥tr❛♣r♦❝❡❞✉r❛❧ ❛♥❛❧②s✐s✳ ❤❡♥❝❡✱ t♦ ❛♥❛❧②③❡ ❛ ❢✉♥❝t✐♦♥✱ ✇❡
♥❡❡❞ t♦ ❛♥❛❧②③❡ t❤❡ ❜♦❞② ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ❡❛❝❤ t✐♠❡ t❤❡ ❢✉♥❝t✐♦♥ ✐s ❝❛❧❧❡❞✳ ❲❡ ❡①t❡♥❞ t❤❡
s②♥t❛① ♦❢ ♦✉r ❧❛♥❣✉❛❣❡ ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✻✳✶ ✇✐t❤ t❤❡ ♥❡✇ ❝♦♥str✉❝t♦r call ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡
✶✼✳✼✳ ■♥ ❈❤❛♣t❡r ✻ ♣r♦❣r❛♠s ✇❡r❡ st❛t❡♠❡♥ts ♦❢ t❤❡ ❢♦r♠ ℓcmd , ℓ✽✳ ◆♦✇ ♣r♦❣r❛♠s ❛r❡ ❛
♣❛✐r ✇✐t❤ ❛ st❛t❡♠❡♥t ♦❢ t❤❡ ❢♦r♠ ℓcmd , ℓ✽ ❛♥❞ ❛ ❧✐st ♣f1, ℓ1cmd1, ℓ

✶
1q, . . . , ♣fn,

ℓncmdn, ℓ
✶
nq

♦❢ ❞❡❝❧❛r❛t✐♦♥ ❢✉♥❝t✐♦♥s✳ ❚❤❡ ❛❜str❛❝t s❡♠❛♥t✐❝s L☎M ❝❛♥ tr✐✈✐❛❧❧② ❜❡ ❡①t❡♥❞❡❞ t♦ ❤❛♥❞❧❡
❢✉♥❝t✐♦♥ ❝❛❧❧s✿ Lℓcall♣fq, ℓ✶M ✏ Lℓ1body , ℓ✶1M❀ ✇❡ ❝❛❧❧ L☎M0 t❤✐s ❡①t❡♥s✐♦♥ ♦❢ L☎M✳ ◆❡✈❡rt❤❡❧❡ss✱
❝♦♠♣✉t✐♥❣ t❤❡ s❡♠❛♥t✐❝s ♦❢ t❤❡ ❜♦❞② ♦❢ ❛ ❢✉♥❝t✐♦♥ ❡❛❝❤ t✐♠❡ t❤✐s ❢✉♥❝t✐♦♥ ✐s ❝❛❧❧❡❞ ♠❛②
❜❡ ❝♦st❧②✳

❲❡ ❞❡✜♥❡ ❛♥♦t❤❡r ❝♦♥❝r❡t❡ s❡♠❛♥t✐❝s ❢♦r ♣r♦❣r❛♠s✱ ❜❛s❡❞ ♦♥ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ❞❡♥♦t❛✲
t✐♦♥❛❧ s❡♠❛♥t✐❝s✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❝♦♥❝r❡t❡ ❧❛tt✐❝❡✽ ▼♦♥♣C✲Configurationsq ♦r❞❡r❡❞ ❜②

t❤❡ ♣♦✐♥t✇✐s❡ ♦r❞❡r✐♥❣✳ ❲❡ ❞❡✜♥❡ t❤❡ s❡♠❛♥t✐❝s
ÝÑ
✈☎✇ ♦❢ ❛ ♣r♦❣r❛♠ ❜②✿

ÝÝÝÝÝÝÑ
✈ℓstmt , ℓ✶✇♣fq ❞❡❢✏ ✈⑤ℓstmt , ℓ✶⑤✇ ✆ f.

❲❡ ❝♦♥s✐❞❡r t❤❡ ❛❜str❛❝t ❝♦♠♣❧❡t❡ ❧❛tt✐❝❡ ▼♦♥♣A✲Configurationsq✳ ❚❤❡ ●❛❧♦✐s ❝♦♥✲
♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❝♦♥❝r❡t❡ ❛♥❞ t❤❡ ❛❜str❛❝t ❧❛tt✐❝❡ ✐s ❞❡✜♥❡❞ ❜②✿

α❢✉♥♣f
✻q ❞❡❢✏ α❝❢❣ ✆ f

✻ ✆ γ❝❢❣

γ❢✉♥♣f
✼q ❞❡❢✏ γ❝❢❣ ✆ f

✼ ✆ α❝❢❣

❚❤❡♥✱ ✇❡ ❞❡✜♥❡ ❛♥ ❛❜str❛❝t s❡♠❛♥t✐❝s
ÝÝÑL⑤ ☎ ⑤M✿

ÝÝÝÝÝÝÝÑ
L⑤ℓstmt , ℓ✶⑤M♣fq ❞❡❢✏ Lℓstmt , ℓ✶M0 ✆ f.

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ t❡❧❧s ✉s t❤❛t t❤❡ s❡♠❛♥t✐❝s ♦❢ ❢✉♥❝t✐♦♥ ❝❛❧❧s ♠❛② ❜❡ s✐♠♣❧✐✜❡❞✿

Pr♦♣♦s✐t✐♦♥ ✶✼✳✶✳ ●✐✈❡♥ ❛ ❢✉♥❝t✐♦♥ f ✱ ✐ts ❝♦❞❡ ℓ1body , ℓ✶1 ❛♥❞ ❛♥ ❛❜str❛❝t ❝♦♥✜❣✉r❛t✐♦♥
Q ✿

Lℓcall♣fq, ℓ✶M0♣Q q ✏
�ÝÝÝÝÝÝÝÝÑ
L⑤ℓ1body , ℓ✶1⑤M♣idq

✟
♣Q q

✇❤❡r❡ id ✐s t❤❡ ✐❞❡♥t✐t② ❢✉♥❝t✐♦♥✱ ✐✳❡✳✱ ❅x, id♣xq ✏ x✳

✽❘❡❝❛❧❧ t❤❛t ▼♦♥♣Xq ✐s t❤❡ s❡t ♦❢ ♠♦♥♦t♦♥❡ ❢✉♥❝t✐♦♥s ❢r♦♠ X t♦ X ✭❙❡❡ ❉❡✜♥✐t✐♦♥ ✷✳✶✶✮✳
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■♥ t❤✐s ❞❡✜♥✐t✐♦♥✱ ✇❡ ♦♥❧② ♥❡❡❞ t♦ ❝♦♠♣✉t❡ ♦♥❡ t✐♠❡ t❤❡ s❡♠❛♥t✐❝s ♦❢ ℓ1body , ℓ✶1✳ ■♥❞❡❡❞✱ÝÝÝÝÝÝÝÝÑ
L⑤ℓ1body , ℓ✶1⑤M ✇✐❧❧ ❜❡ ❛♣♣❧✐❡❞ t♦ t❤❡ s❛♠❡ ❛r❣✉♠❡♥t id✳ ❍❡♥❝❡ ✇❡ ❞♦ ♥♦t ♥❡❡❞ t♦ ❝♦♠♣✉t❡
t❤❡ s❡♠❛♥t✐❝s ♦❢ ❛ ❢✉♥❝t✐♦♥ ❡❛❝❤ t✐♠❡ ✐t ✐s ❝❛❧❧❡❞✳

◆❡✈❡rt❤❡❧❡ss✱
ÝÝÑL⑤ ☎ ⑤M ♠❛② ❜❡ ❤❛r❞ t♦ ❝♦♠♣✉t❡✳ ❍❡♥❝❡✱ ✇❡ ♥❡❡❞ ❛♥ ❛❜str❛❝t✐♦♥ ♦❢

ÝÝÑL⑤ ☎ ⑤M✳
❲❡ ❝♦♥s✐❞❡r ❛♥ ❛❜str❛❝t ❞♦♠❛✐♥

ÝÑ
D ❛♥❞ ❛ ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥ αÑ, γÑ ❢r♦♠ t❤❡ ❝♦♥❝r❡t❡

❧❛tt✐❝❡ ▼♦♥♣A✲Configurationsq t♦
ÝÑ
D ✳ ❲❡ ❛❧s♦ ❛ss✉♠❡ ❛♥ ♦♣❡r❛t♦r ÝÑ✆ t❤❛t ✐s ❛♥ ❛❜✲

str❛❝t✐♦♥ ♦❢ ❝♦♠♣♦s✐t✐♦♥✾ ✆ ♦❢ ❢✉♥❝t✐♦♥s ❛♥❞ ❛ ❢✉♥❝t✐♦♥
ÝÝÑ
apply :

ÝÑ
D ✂A✲Configurations Ñ

A✲Configurations t❤❛t ✐s ❛♥ ❛❜str❛❝t✐♦♥ ♦❢ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❛ ❢✉♥❝t✐♦♥✱ ✐✳❡✳✱
ÝÝÑ
apply ✐s ❛♥

❛❜str❛❝t✐♦♥ ♦❢ λ♣f,Q q.f♣Q q✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❛ss✉♠❡ ❛♥ ❡❧❡♠❡♥t
ÝÑ
id t❤❛t ✐s ❛♥ ❛❜str❛❝t✐♦♥

♦❢ t❤❡ ✐❞❡♥t✐t② ❢✉♥❝t✐♦♥ λx.x✳ ❆t t❤❡ ❡♥❞✱ ✇❡ ❛ss✉♠❡ ❛♥ ❛❜str❛❝t t❤r❡❛❞ ❝r❡❛t✐♦♥ ❢✉♥❝t✐♦♥
ÝÝÝÑcreate ✱ t❤❛t✱ ❣✐✈❡♥ ❛ s❡♠❛♥t✐❝s

ÝÝÝÝÝÝÝÝÑ
Lℓ2cmd , ℓ✽M t❤❛t ♦✈❡r❛♣♣♦①✐♠❛t❡s

ÝÝÝÝÝÝÝÝÝÑ
L⑤ℓ2cmd , ℓ✽⑤M✱ r❡t✉r♥s ❛♥

❛❜str❛❝t✐♦♥ ♦❢
ÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÑ
L⑤ℓ1create♣ℓ2cmdq, ℓ3⑤M✳

❚❤✐s ❛❧❧♦✇s ✉s t♦ ❞❡✜♥❡ ✐♥❞✉❝t✐✈❡❧② ❛ ♥❡✇ s❡♠❛♥t✐❝s
ÝÑL☎M✿

❉❡✜♥✐t✐♦♥ ✶✼✳✶✳ ❋♦r ❛♥② ❛❜str❛❝t ❢✉♥❝t✐♦♥ f ♦❢ ❜♦❞② ℓ1body , ℓ✶1✿

ÝÝÝÝÝÝÝÝÑ
Lℓcall♣fq, ℓ✶M♣f q ❞❡❢✏

�ÝÝÝÝÝÝÝÑ
Lℓ1body , ℓ✶1M♣

ÝÑ
id q

✟ÝÑ✆ f
ÝÝÝÝÝÝÝÑ
Lℓaction, ℓ✶M♣f q ❞❡❢✏

�
αÑ♣elemactionq

✟ÝÑ✆ f
ÝÝÝÝÝÝÝÝÝÝÝÝÑ
Lℓ1cmd1;

ℓ2cmd2M♣f q ❞❡❢✏
ÝÝÝÝÝÝÑ
Lℓ2cmd2M ✆

ÝÝÝÝÝÝÑ
Lℓ1cmd1M♣f q

ÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÑ
Lℓ1while♣condqtℓ2cmd✉M♣f q ❞❡❢✏

ÝÝÝÑ
guard

✥cond
✆ loopÒ▽♣f q

✇✐t❤ loop♣gq ❞❡❢✏
�ÝÝÝÝÝÝÝÑ
Lℓ2cmd , ℓ1M ✆

ÝÝÝÑ
guard

cond
♣gq

✟
⊔ g

❛♥❞
ÝÝÝÑ
guard

cond
♣gq ❞❡❢✏

�
αÑ♣guard

cond
q
✟ÝÑ✆ g

ÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÑ
Lℓ1create♣ℓ2cmdq, ℓ2M♣f q ❞❡❢✏ ÝÝÝÑcreateÝÝÝÝÝÝÝÝÑ

Lℓ2cmd , ℓ✽M
♣f q

✇✐t❤ g
❞❡❢✏ αÑ♣spawn

ℓ2
qÝÑ✆ g

❚❤✐s ✐s ❛ s✐♠✐❧❛r ❞❡✜♥✐t✐♦♥ ❛s ❉❡✜♥✐t✐♦♥ ✶✸✳✷✱ ❡①❝❡♣t❡❞ t❤❛t ✇❡ ❛❧s♦ ❤❛♥❞❧❡ ❢✉♥❝t✐♦♥
❝❛❧❧s✳ ❋✉rt❤❡r♠♦r❡✱ t❤✐s s❡♠❛♥t✐❝s ✐s s♦✉♥❞✿

Pr♦♣♦s✐t✐♦♥ ✶✼✳✷✳
ÝÑL☎M ✐s ❛♥ ❛❜str❛❝t✐♦♥ ♦❢

ÝÝÑL⑤ ☎ ⑤M✳

❍❡♥❝❡✱ t❤✐s s❡♠❛♥t✐❝s ❛❧❧♦✇s ✉s t♦ ❝♦♠♣✉t❡ ❛♥ ♦✈❡r❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❛❜str❛❝t s❡✲
♠❛♥t✐❝s✳ ❋♦r ❛♥② ❛❜str❛❝t ❝♦♥✜❣✉r❛t✐♦♥ Q ❛♥❞ ❛♥② st❛t❡♠❡♥t ℓcmd , ℓ✶ ✿ Lℓcmd , ℓ✶M♣Q q ↕
ÝÝÑ
apply♣

ÝÝÝÝÝÝÝÑ
L⑤ℓcmd , ℓ✶⑤M♣ÝÑid q,Q q

✾❘❡❝❛❧❧ ❙❡❝t✐♦♥ ✷✳✶✳✸✳
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✶✼✳✸✳✶ ❊①❛♠♣❧❡s ♦❢ ❆❜str❛❝t ❉♦♠❛✐♥s

✶✼✳✸✳✶✳❛ P✉r❡ ●❡♥✴❑✐❧❧ ❆♥❛❧②s❡s ❲❡ ✇❛♥t t♦ ❞❡✜♥❡ ❛♥ ❛❜str❛❝t s❡♠❛♥t✐❝s
ÝÑL☎M ❢♦r t❤❡

❣❡♥✴❦✐❧❧ ❛♥❛❧②s✐s ♦❢ ❙❡❝t✐♦♥ ✶✹✳✸✳ ❚❤❡ ❣❡♥✴❦✐❧❧ ❛♥❛❧②s✐s ❣✐✈❡s ✉s✱ ❢♦r ❡❛❝❤ ❜❛s✐❝ ❛❝t✐♦♥✱ t✇♦
❡❧❡♠❡♥ts ♦❢ t❤❡ ❧❛tt✐❝❡ V ✿

❼ gen♣action, σq

❼ ❛♥❞ keep♣action, σq✳

■♥ t❤❡ ❝❛s❡ ♦❢ ♣✉r❡ ●❡♥✴❑✐❧❧ ❛♥❛❧②s✐s ✭❙❡❡ ❙❡❝t✐♦♥ ✹✳✻✮✱ t❤❡ ❢✉♥❝t✐♦♥s gen ❛♥❞ keep ❞♦❡s
♥♦t ❞❡♣❡♥❞s ♦♥ t❤❡ st♦r❡ σ✳ ❍❡♥❝❡✱ ✇❡ ♦♠✐t t❤✐s ❛r❣✉♠❡♥t ❛♥❞ ✇r✐t❡✿ gen♣actionq ❛♥❞
keep♣actionq✳

❆s ❛❜str❛❝t ❞♦♠❛✐♥✱ ✇❡ ✉s❡ t❤❡ ❧❛tt✐❝❡ F ❞❡✜♥❡ ✐♥ ❙❡❝t✐♦♥ ✹✳✻✳ ❆♥ ❡❧❡♠❡♥t ♦❢ F ♠❛②
❜❡ r❡♣r❡s❡♥t❡❞ ❜② t✇♦ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❧❛tt✐❝❡ V ✳ ❋✉rt❤❡r♠♦r❡✱ ❛❝❝♦r❞✐♥❣ t♦ ❈❧❛✐♠ ✹✳✷✱ F
✐s st❛❜❧❡ ✉♥❞❡r ❝♦♠♣♦s✐t✐♦♥✳

❖✉r ❞♦♠❛✐♥
ÝÑ
D ✐s t❤❡♥ ❛❜str❛❝t ❝♦♥✜❣✉r❛t✐♦♥s ✉s✐♥❣ F ❛s ❛❜str❛❝t st❛t❡s ❛♥❞ R ✏ V

❛s ❛❜str❛❝t tr❛♥s✐t✐♦♥s✳
❲❡ ❞❡✜♥❡ t❤❡ ●❛❧♦✐s αÑ, γÑ ❝♦♥♥❡❝t✐♦♥ ❛s ❢♦❧❧♦✇✿

γÑ①f,L0,K0, I0,E0②
❞❡❢✏ λ①C ,L,K , I ,E②.①f♣Cq,L ∪ L0,K ⊔ K0, I ⊔ I0,E ⊔ E0②

❚❤❡ ❛❜str❛❝t ❛♣♣❧✐❝❛t✐♦♥ ✐s t❤❡♥✿

ÝÝÑ
apply♣①f,L0,K0, I0,E0②, ①C ,L,K , I ,E②q ❞❡❢✏ ①f♣Cq,L ∪ L0,K ⊔ K0, I ⊔ I0,E ⊔ E0②

❚❤❡ ❛❜str❛❝t ❝♦♠♣♦s✐t✐♦♥ ✐s ❞❡✜♥❡❞ ❜②✿

①f0,L0,K0, I0,E0②ÝÑ✆ ①f1,L1,K1, I1,E1② ✏ ①f1 ✆ f2,L0 ∪ L1,K0 ⊔ K1, I0 ⊔ I1,E0 ⊔ E1②

❚❤❡ ❛❜str❛❝t t❤r❡❛❞ ❝r❡❛t✐♦♥ ✐s ❞❡✜♥❡❞ ❜②✿

ÝÝÝÑcreateÝÝÝÝÝÝÝÝÑ
Lℓ2cmd , ℓ✽M

♣f q ❞❡❢✏ αÑ
�

combineg ✆ guaranteeÝÝÝÝÝÝÝÝÑ
Lℓ2cmd , ℓ✽M

✆ child ✲spawn
ℓ2

✟ÝÑ✆ f

❚❤❡ ❛❜str❛❝t ❢✉♥❝t✐♦♥ ①f,L0,K0, I0,E0②
❚❤❡ s❡♠❛♥t✐❝s

ÝÑL☎M ✐s s✐♠✐❧❛r t♦ s❡♠❛♥t✐❝s L☎M ❣✐✈❡♥ ✐♥ ✶✹✳✸✳ ❚❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡ ✐s t❤❡
s❡t ♦❢ ❛❜str❛❝t st❛t❡s✳

✶✼✳✸✳✷ ❆❝q✉✐s✐t✐♦♥ ❍✐st♦r✐❡s

❲❡ ✇❛♥t t♦ ❞❡✜♥❡ ❛ s❡♠❛♥t✐❝s
ÝÑL☎M ❢♦r t❤❡ s❡♠❛♥t✐❝s L☎M ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✻✳✸✳✸✳

❚❤❡ ❞♦♠❛✐♥
ÝÑ
D ✐s t❤❡ s❡t ♦❢ ❛❜str❛❝t ❝♦♥✜❣✉r❛t✐♦♥s ✇✐t❤✿

❼ D ✏ PÒ♣Hq ❛s s❡t ♦❢ ❛❜str❛❝t st❛t❡s

❼ R ✏ R1 ✂ R2 ❛s s❡t ♦❢ ❛❜str❛❝t tr❛♥s✐t✐♦♥s✱ ✇❤❡r❡ R1 ✏ R2 ✏ PÒ♣H✂ tU, V ✉q
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❼ PÒ♣Hq ❛s s❡t ♦❢ ❡rr♦rs✳

❚❤❡ t✇♦ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ ❛❜str❛❝t✐♦♥ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢
ÝÑ
D ❛♥❞ ❛❜str❛❝t ❝♦♥✜❣✉r❛t✐♦♥s

✉s❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✻✳✸✳✸ ✐s t❤❡ s❡t ♦❢ ❡rr♦rs ❛♥❞ s❡t ♦❢ ❛❜str❛❝t tr❛♥s✐t✐♦♥s✳ ❚❤❡ s❡t R1

r❡♣r❡s❡♥ts t❤❡ ❡♥❞ ♦❢ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ ❝✉rr❡♥t t❤r❡❛❞ ❛♥❞ R2 r❡♣r❡s❡♥ts t❤❡ ✇❤♦❧❡
❡①❡❝✉t✐♦♥ ♦❢ ❛

❚❤❡ ♠❛✐♥ r❡❛s♦♥ ✐s t❤❛t ❛♥ ❡rr♦r ♠❛② ❜❡ r❡❛❝❤❛❜❧❡ ❢r♦♠ s♦♠❡ ❝♦♥✜❣✉r❛t✐♦♥s ❛♥❞ ♥♦t
❢r♦♠ ♦t❤❡r ❝♦♥✜❣✉r❛t✐♦♥s✳ ❚❤❡ ❧❛tt✐❝❡ PÒ♣Hq ✂ PÒ♣Hq ✇✐❧❧ ❛❧❧♦✇ ✉s t♦ ❝❤❡❝❦ ✇❤❡t❤❡r ❛
❣✐✈❡♥ ❡rr♦r ✐s r❡❛❝❤❛❜❧❡✳

❲❡ ❞❡✜♥❡ ❛♥ ✐♥t❡r♠❡❞✐❛t❡ ❢✉♥❝t✐♦♥ concat : D ✂ R1 ✂ R2 Ñ PÒ♣H✂ tU, V ✉q✿

concat♣C , H1, H2q
❞❡❢✏ t♣hC ⊔ h,Xq ⑤ hC ∈ C ❫ ♣h,Xq ∈ H1✉ ∪H2

❚❤❡ ❛❜str❛❝t ❛♣♣❧✐❝❛t✐♦♥ ✐s ❞❡✜♥❡❞ ❜②✿

ÝÝÑ
apply

�
①C0,L0,K0, I0,E0②, ①C ,L,K , I ,E②

✟
❞❡❢✏ ①C1,L1,K1, I1,E1②

✇❤❡r❡ C1
❞❡❢✏ th0 ⊔ h ⑤ h0 ∈ C0 ❫ h ∈ C✉

L1
❞❡❢✏ L0 ∪ L0

K1
❞❡❢✏ λℓ.concat♣C ,K0♣ℓqq

I1
❞❡❢✏ I ∪H2 ✇❤✐t❤ ♣H1, H2q ✏ I0

E1
❞❡❢✏

★
tData✲Race✉ ✐❢ ❉hC ∈ C❉hE ∈ E0 : hC ❜ hE

∅ ✐❢ otherwise

❚❤❡ ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥▼♦♥♣A✲Configurationsq ❛♥❞
ÝÑ
D ✐s ❞❡✜♥❡❞ ❜②✿ γÑ♣f q ✏

λQ .
ÝÝÑ
apply♣f ,Q q.
❚❤❡ ❛❜str❛❝t ❝♦♠♣♦s✐t✐♦♥ ✐s ❞❡✜♥❡❞ ❜②✿

①C1,L1,K1, I1,E1②ÝÑ✆ ①C2,L2,K2, I2,E2② ✏ ①C r,Lr,K r, I r,Er②3s

✇❤❡r❡ C3
❞❡❢✏ th1 ⊔ h2 ⑤ h1 ∈ C1 ❫ h2 ∈ C2✉

L3
❞❡❢✏ L0 ∪ L0

K3
❞❡❢✏ K1 ⊔ K2

I3
❞❡❢✏ I1 ⊔ I2

E3
❞❡❢✏ E1 ⊔ E2



✶✼✳✸✳ ❋❯◆❈❚■❖◆ ❈❆▲▲❙ ✶✼✶

cmd ::✏ ❝♦♠♠❛♥❞

⑤
✳✳✳

✳✳✳
⑤ ℓSyncCallµ♣fq ❋✉♥❝t✐♦♥ ❈❛❧❧

⑤
✳✳✳

✳✳✳

❋✐❣✉r❡ ✶✼✳✽✿ ❙②♥t❛① ❢♦r ✏❙②♥❝❈❛❧❧✑ ❈♦♥str✉❝t♦r

❙②♥❝❤r♦♥✐③❡❞ ❋✉♥❝t✐♦♥ ❈❛❧❧ ❛♥❞ ❘❡❡♥tr❛♥t ▼♦♥✐t♦rs ❚♦ ❤❛♥❞❧❡ r❡❡♥tr❛♥t ♠♦♥✐t♦rs✱
✇❡ ♥❡❡❞ ❛s ✐♥ P✳ ▲❛♠♠✐❝❤ ❛♥❞ ▼✳ ▼ü❧❧❡r✲❖❧♠ ♣❛♣❡r ❬▲▼❖✵✽❪ t❤❡ ♣♦ss✐❜✐❧✐t② t♦ ❝❛❧❧ ❛
❢✉♥❝t✐♦♥ s②♥❝❤r♦♥✐③❡❞ ✇✐t❤ ❛ ♠♦♥✐t♦r✳ ❚❤✐s s②♥❝❤r♦♥✐③❡❞ ❝❛❧❧❡❞ ❛r❡ ✉s❡❞ ✐♥ ♣r❛❝t✐❝❡ ✐♥
s♦♠❡ ❧❛♥❣✉❛❣❡s ❧✐❦❡ ❏❆❱❆ ❬●❏❙❇✵✺✱ ❙❡❝t✐♦♥ ✽✳✹✳✸✳✻ ❙②♥❝❤r♦♥✐③❡❞ ▼❡t❤♦❞s❪✳

❍❡♥❝❡✱ ✇❡ ❛❞❞ ❛ ♥❡✇ ❝♦♥str✉❝t♦r t♦ ♦✉r ❧❛♥❣✉❛❣❡✱ s❡❡ ❋✐❣✉r❡ ✶✼✳✽✳ ❚❤❡ ♥❡✇ ❝♦♥str✉❝t♦r
SyncCallµ♣fq ♠❛② ❜❡ ♠♦❞❡❧❡❞ ❜② lock♣µq; call♣fq; unlock♣µq✳ ◆❡✈❡rt❤❡❧❡ss✱ ✐♥ ❛ ♣r♦❣r❛♠
t❤❛t ♥❡✈❡r ✉s❡s lock ♥♦r unlock ✇❡ ♠❛② ❤❛✈❡ ❛ ♠♦r❡ ♣r❡❝✐s❡ ❛❜str❛❝t✐♦♥ ♦❢ SyncCallµ♣fq
t❤❛♥ ♦❢ lock♣µq; call♣fq; unlock♣µq✳

■♥ t❤❡ ❞♦♠❛✐♥ ❞❡s❝r✐❜❡s ✐♥ ❙❡❝t✐♦♥ ✶✼✳✸✳✷✱ ✇❡ ❤❛✈❡ ❛ ♠♦r❡ ♣r❡❝✐s❡ ❛❜str❛❝t✐♦♥✿

ÝÝÝÝÝÝÝÝÝÝÝÑLSyncCallµ0
♣fqM①C ,L,K , I ,E② ❞❡❢✏ ①C1,L1,K1, I1,E1② ⊔ ①C2,L2,K2, I2,E2②

✇❤❡r❡ ①C1,L1,K1, I1,E1②
❞❡❢✏

ÝÝÝÝÝÑLcall♣fqM ✆ ÝÝÝÝÝÝÑLlock♣µqM①Cµ0
,L,K , I ,E②

Cµ0

❞❡❢✏ th ∈ C ⑤ µ0 ∈ h♣µ0q✉

①C2,L2,K2, I2,E2②
❞❡❢✏

ÝÝÝÝÝÝÑLlock♣µqM ✆ ÝÝÝÝÝÑLcall♣fqM ✆ ÝÝÝÝÝÝÑLlock♣µqM①C✥µ0
,L,K , I ,E②

C✥µ0

❞❡❢✏ Ò th ∈ C ⑤ µ0 ❘ h♣µ0q✉

❚❤❡ s❡t C ✐s s♣❧✐t ✐♥t♦ t✇♦ s❡ts Cµ0
❛♥❞ C✥µ0

✳ Cµ0
✐s t❤❡ s❡t ♦❢ ❛❝q✉✐s✐t✐♦♥ ❤✐st♦r✐❡s ✐♥

✇❤✐❝❤ t❤❡ ♠✉t❡① µ0 ✐s ❤❡❧❞✳ C✥µ0
✐s t❤❡ ✉♣♣❡r ❝❧♦s✉r❡ ✭t❤❡ s②♠❜♦❧❡ Ò ♠❡❛♥s ✉♣♣❡r✲❝❧♦s✉r❡✮

♦❢ t❤❡ s❡t ♦❢ ❛❝q✉✐s✐t✐♦♥ ❤✐st♦r✐❡s ✐♥ ✇❤✐❝❤ µ0 ✐s ♥♦t ❤♦❧❞✳ ❲❡ ♠✉st t❛❦❡ t❤❡ ✉♣♣❡r ❝❧♦s✉r❡
✐s t❤❡ ❝❛s❡ ♦❢ C✥µ0

✱ ❜❡❝❛✉s❡ t❤❡ s❡t th ∈ C ⑤ µ0 ❘ h♣µ0q✉ ✐s ♥♦t ✐♥ t❤❡ ❛❜str❛❝t ❞♦♠❛✐♥
PÒ♣Hq✳

❚❤✐s ❛♥❛❧②s✐s ✐s ❡①❛❝t ♦♥ s♦♠❡ ❦✐♥❞ ♦❢ ♣r♦❣r❛♠s✳ ❲❡ ❝❛❧❧ ▲✲▼✲❖ ✭▲❛♠♠✐❝❤✲▼ü❧❧❡r✲❖❧♠✮
♣r♦❣r❛♠s ♣r♦❣r❛♠s s✉❝❤ t❤❛t✿

❼ ❆❧❧ ❣✉❛r❞ ✉s❡s ♥♦♥✲❞❡t❡r♠✐♥✐st✐❝ ❝❤♦✐❝❡s

❼ ◆♦ lock ♦r unlock ❛r❡ ✉s❡❞

❼ ❚❤❡ ♣r♦❣r❛♠ ✉s❡s r❡❡♥tr❛♥t ♠♦♥✐t♦rs t❤r♦✉❣❤ t❤❡ ♣r✐♠✐t✐✈❡ SyncCall ✳

❚❤✐s ❛♥❛❧②s✐s ✐s ❡①❛❝t ♦♥ ❛ ❧❛r❣❡ ❝❧❛ss ♦❢ ▲✲▼✲❖ ♣r♦❣r❛♠s✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❝❧❛ss
Cl0 ♦❢ ♣r♦❣r❛♠s p s✉❝❤ t❤❛t ✐♥ ❛❧❧ ❡①❡❝✉t✐♦♥ ♣❛t❤ ♦❢ p✱ ✇❤❡♥❡✈❡r ❛ t❤r❡❛❞ i t❤❛t ♦✇♥s ❛
♠✉t❡① µ s♣❛✇♥s ❛♥♦t❤❡r t❤r❡❛❞ j✱ i ✇✐❧❧ r❡❧❡❛s❡ µ ❢✉rt❤❡r ✐♥ t❤❡ ❡①❡❝✉t✐♦♥✳



✶✼✷

❚❤✐s ❛♥❛❧②s✐s ✐s ❡①❛❝t ♦♥ t❤❡ ♣r♦❣r❛♠s ♦❢ Cl0✱ ✐✳❡✱ ✐❢ t❤✐s ❛♥❛❧②s✐s ❞❡t❡❝ts ❛ ❞❛t❛✲r❛❝❡
♦♥ ❛ ♣r♦❣r❛♠ p ✐♥ Cl0✱ t❤❡♥✱ t❤❡r❡ ✐s ❛ ❞❛t❛✲r❛❝❡ ✐♥ t❤❡ ❝♦♥❝r❡t❡ ♠♦❞❡❧✳ ❚❤❡ ❛♥❛❧②s✐s ♦❢
P✳ ▲❛♠♠✐❝❤ ❛♥❞ ▼✳ ▼✳ ▼ü❧❧❡r✲❖❧♠ ❬▲▼❖✵✽❪ ✐s ❡①❛❝t ♦♥ ❛❧❧ ▲✲▼✲❖ ♣r♦❣r❛♠s✳

❚♦ ❧♦s❡ ♣r❡❝✐s✐♦♥ ♦❢ ♣r♦❣r❛♠s t❤❛t ❛r❡ ✐♥ ▲✲▼✲❖ ❜✉t ♥♦t ✐s Cl0 ✐s ♥♦t ❛ ♣r♦❜❧❡♠ ✐♥
♣r❛❝t✐❝❡✱ s✐♥❝❡ ❛ ♣r♦❣r❛♠♠❡r ✇✐❧❧ ❛✈♦✐❞ t♦ ❧♦❝❦ ❞❡✜♥✐t✐✈❡❧② ❛ ♠✉t❡① ❜❡❢♦r❡ s♣❛✇♥✐♥❣ ❛
t❤r❡❛❞✳

✶✼✳✸✳✸ P❛rt✐❛❧ ❋✉♥❝t✐♦♥s

❋✉♥❝t✐♦♥s ❝❛❧❧s ❝❛♥ ❜❡ ❤❛♥❞❧❡❞ ✉s✐♥❣ t❤❡ ❝♦♥❝❡♣t ♦❢ ❘✳ ❲✐❧s♦♥ ❛♥❞ ▼✳ ▲❛♠✬s ♣❛rt✐❛❧ ❢✉♥❝✲
t✐♦♥s ❬❲▲✾✺❪✳ ❊❛❝❤ t✐♠❡ ❛ ❢✉♥❝t✐♦♥ ✐s ❝❛❧❧❡❞✱ ✇❡ ❝♦♠♣✉t❡ ❛♥ ❛❜str❛❝t✐♦♥ ♦❢ t❤❡ s❡♠❛♥t✐❝s
♦❢ ✐ts ❜♦❞② ❢♦r s♦♠❡ ❛❜str❛❝t ✈❛❧✉❡s ♦❢ t❤❡ ❛r❣✉♠❡♥ts✳

■❢ t❤❡ ❢✉♥❝t✐♦♥ ✐s ❝❛❧❧❡❞ ❛ s❡❝♦♥❞ t✐♠❡✱ ✇❡ ❝❤❡❝❦ ✐❢ ✇❡ ♠❛② r❡✉s❡ t❤❡ ♣r❡✈✐♦✉s ❛♥❛❧②s✐s
♦❢ t❤❡ ❢✉♥❝t✐♦♥ ❜♦❞②✱ ♦r ✐❢ ✇❡ ❤❛❞ t♦ r❡✲❛♥❛❧②③❡ t❤❡ ❢✉♥❝t✐♦♥✳

✶✼✳✹ ❈♦♥❝❧✉s✐♦♥

❖✉r ❧❛♥❣✉❛❣❡ ♠❛② ❡❛s✐❧② ❜❡ ❡①t❡♥❞❡❞ t♦ ❤❛♥❞❧❡ ♥❡✇ ❢❡❛t✉r❡s✳ ◆❡✇ ❦✐♥❞s ♦❢ ❜❛s✐❝ st❛t❡♠❡♥t
♠❛② ❜❡ ❛❞❞❡❞ ✇✐t❤♦✉t ❝❤❛♥❣✐♥❣ ❛❧❧ t❤❡ ❛♥❛❧②s✐s✳ ❊✳❣✳✱ ✇❡ ♠❛② ❛❞❞ ❛ r❡t✉r♥ ✈❛❧✉❡ t♦ t❤❡
lock ❢✉♥❝t✐♦♥ ❛♥❞ t❡st ✐❢ t❤❡ lock ❢❛✐❧s✳

❚❤❡ st❛t❡♠❡♥t par ♠❛② ❛❧s♦ ❜❡ ❛❞❞❡❞✳ ❲✐t❤ t❤✐s st❛t❡♠❡♥t✱ ✇❡ ❣❡♥❡r❛❧✐③❡ t❤❡ ❘✳
❘✉❣✐♥❛ ❛♥❞ ▼✳ ❈✳ ❘✐♥❛r❞ ❛♥❛❧②s✐s ❬❘❘✾✾✱ ❘❘✵✸❪ ♦❢ ♣♦✐♥t❡rs✳ ❋✉rt❤❡r♠♦r❡✱ ✐t ✐s ♣♦ss✐❜❧❡
t♦ ❛♥❛❧②③❡ ♣r♦❣r❛♠s t❤❛t ✉s❡ ❜♦t❤ par ❛♥❞ create st❛t❡♠❡♥ts✳



P❛rt ❱

❆ ❈♦♠♣❧❡t❡ ❙t❛t✐❝ ❆♥❛❧②③❡r✿

▼❚✲P❡♥❥✐❧✐

✶✼✸
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■♠♣❧❡♠❡♥t❛t✐♦♥

✶✽✳✶ P❡♥❥✐❧✐✿ ❚❤❡ ❊❆❉❙ ❚♦♦❧

❚❤❡ ❊❆❉❙ ❝♦♠♣❛♥② ❞❡✈❡❧♦♣s ❛ st❛t✐❝ ❛♥❛❧②s✐s t♦♦❧ ❝❛❧❧❡❞ P❡♥❥✐❧✐✳ ❚❤✐s t♦♦❧ ✐s ❜❛s❡❞
♦♥ ❛❜str❛❝t ✐♥t❡r♣r❡t❛t✐♦♥ t❡❝❤♥✐q✉❡s✳ ❚❤❡ ❙t❛t✐❝ ❆♥❛❧②s✐s ❚❡❛♠ t❤❛t ❞❡✈❡❧♦♣s P❡♥❥✐❧✐ ✐s
❝♦♠♣♦s❡❞ ♦❢ t❤r❡❡ ♣❡r♠❛♥❡♥ts ❛♥❞ t✇♦ P❤❞ st✉❞❡♥ts ✭✐♥❝❧✉❞✐♥❣ ♠❡✮✳

P❡♥❥✐❧✐ ❡①✐sts s✐♥❝❡ ✷✵✵✻ ▼❛r❝❤❀ ✐t ❞❡t❡❝ts ❛rr❛②✲♦✈❡r✢♦✇s✱ ◆❯▲▲ ♣♦✐♥t❡r ❞❡r❡❢❡r❡♥❝❡✱
✐♥✈❛❧✐❞ ♣♦✐♥t❡r ❞❡r❡❢❡r❡♥❝❡✱ ❞✐✈✐s✐♦♥ ❜② ③❡r♦ ❛♥❞ ✐♥t❡❣❡r ♦✈❡r✢♦✇s✳ ❚❤❡ t♦♦❧ ✐s s♦✉♥❞✱ ✐♥
t❤❡ s❡♥s❡ t❤❛t t❤❡r❡ ✐s ♥♦ ❢❛❧s❡ ♥❡❣❛t✐✈❡✶✳ ■t ❛♥❛❧②③❡s ♣r♦❣r❛♠s ✐♥ ❢✉❧❧ ✢❡❞❣❡❞ ❈ ✭❞②♥❛♠✐❝
♠❡♠♦r② ❛❧❧♦❝❛t✐♦♥ ✐s ❤❛♥❞❧❡ ✇✐t❤ ❛ s✐♠♣❧❡ ❛❜str❛❝t✐♦♥✮✳

❲❤❡♥ ■ ❜❡❣❛♥ ♠② P❤❞✱ t❤✐s t♦♦❧ ✇❛s ♦♥❧② ❛❜❧❡ t♦ ❛♥❛❧②③❡ s✐♥❣❧❡✲t❤r❡❛❞❡❞ ♣r♦❣r❛♠s✳
❚❤✐s ✇❛s ❛ ♠❛❥♦r r❡str✐❝t✐♦♥ s✐♥❝❡ ♠♦st ♣r♦❣r❛♠s ✭❡✈❡♥ ❡♠❜❡❞❞❡❞ ♣r♦❣r❛♠s✮ ❛r❡ ♠✉❧t✐✲
t❤r❡❛❞❡❞✳ ◆♦✇✱ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ♠② ✇♦r❦✱ P❡♥❥✐❧✐ ❤❛♥❞❧❡s ♠✉❧t✐t❤r❡❛❞❡❞ ♣r♦❣r❛♠s ❛s
✇❡❧❧✳

✶❆ss✉♠✐♥❣ t❤❡r❡ ✐s ♥♦ ❜✉❣ ✐♥ t❤❡ ❛♥❛❧②③❡r✳

✶✼✺
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▲✳♦✳❈✳ P❛r✐♥t ▼❚✲P❡♥❥✐❧✐

t✐♠❡ t✐♠❡
❢❛❧s❡
❛❧❛r♠s

▼❡ss❛❣❡ ✻✺ ✵✳✵✺ ✵✳✷✵s ✵
❊♠❜❡❞❞❡❞ ✷✼ ✶✵✵ ✲ ✵✳✸✹s ✼
❚❡st ✶✷ ✸✹✷ ✲ ✸✳✼s ✶
❚❡st ✶✺ ✹✶✹ ✸✳✽ ✲ ✲

❋✐❣✉r❡ ✶✽✳✶✿ ❇❡♥❝❤♠❛r❦s

✶✽✳✷ Pr❛❝t✐❝❛❧ ❘❡s✉❧ts

❚❤❡ ❛❜str❛❝t s❡♠❛♥t✐❝s ❣✐✈❡♥ ✐♥ P❛rt ■❱ ✐s ❞❡♥♦t❛t✐♦♥❛❧✱ s♦ ✇❡ ♠❛② ❝♦♠♣✉t❡ ✐t r❡❝✉r✲
s✐✈❡❧②✳ ❖✉r ✜♥❛❧ ❛❧❣♦r✐t❤♠ ✐s t♦ ❝♦♠♣✉t❡ r❡❝✉rs✐✈❡❧② guaranteeℓcmd ,ℓ✽

❛♣♣❧✐❡❞ t♦ t❤❡ ✐♥✐t✐❛❧

❝♦♥✜❣✉r❛t✐♦♥ ①❏, tℓ✍✉, λℓ.❑,❑, ∅②✳
❆ ❧❛r❣❡ ♣❛rt ♦❢ ♠② ✇♦r❦ ✇❛s t♦ ✐♠♣❧❡♠❡♥t t❤❡ ❛♥❛❧②s✐s ❞❡s❝r✐❜❡❞ ✐♥ P❛rt ■❱✳ ❚❤❡ ❛✐♠

✇❛s t♦ ❞❡t❡❝t t❤❡ s❛♠❡ ❡rr♦rs ✭❛rr❛②✲♦✈❡r✢♦✇s✱ ◆❯▲▲ ♣♦✐♥t❡r ❞❡r❡❢❡r❡♥❝❡✱ ✐♥✈❛❧✐❞ ♣♦✐♥t❡r
❞❡r❡❢❡r❡♥❝❡✱ ❞✐✈✐s✐♦♥ ❜② ③❡r♦ ❛♥❞ ✐♥t❡❣❡r ♦✈❡r✢♦✇s✮ ❛s ❢♦r s✐♥❣❧❡✲t❤r❡❛❞❡❞ ♣r♦❣r❛♠s✳

■ ❤❛✈❡ ✐♠♣❧❡♠❡♥t❡❞ t❤r❡❡ t♦♦❧s✳ ❋✐rst ■ ✐♠♣❧❡♠❡♥t t✇♦ ♣r♦♦❢✲♦❢✲❝♦♥❝❡♣t t♦♦❧s✱ t❤❡♥✱
■ ✇❛s ✐♥ ❝❤❛r❣❡ t♦ ❡①t❡♥❞ P❡♥❥✐❧✐ s♦ t❤❛t ✐t ❝❛♥ ❤❛♥❞❧❡ ♠✉❧t✐t❤r❡❛❞❡❞ ♣r♦❣r❛♠s✳ ❋♦r
✐♥t❡❧❧❡❝t✉❛❧ ♣r♦♣❡rt② r❡❛s♦♥s✱ t❤❡ ❝♦❞❡ ✐s ♥♦t ❣✐✈❡♥✳ ❚❤✐s ❝♦❞❡ ✐s ♦✇♥❡❞ ❜② ❊❆❉❙✳ ❚❤❡s❡
t❤r❡❡ t♦♦❧s ✉s❡ ❛s ❡♥tr② ❛ ♣r♦❣r❛♠ ✇r✐tt❡♥ ✐s t❤❡ ◆❡✇s♣❡❛❦ ❧❛♥❣✉❛❣❡ ❬❍❖▲✵✼✱ ❍❖▲✵✽❪✳ ❆
♣r♦❣r❛♠ ✇r✐tt❡♥ ✐♥ ❈ ❝♦❞❡ ❝❛♥ ❜❡ tr❛♥s❢♦r♠❡❞ ✐♥t♦ ◆❡✇s♣❡❛❦ ❝♦❞❡ ✉s✐♥❣ t❤❡ ♦♣❡♥ s♦✉r❝❡
t♦♦❧ ❈✷◆❡✇s♣❡❛❦✳ ❈✷◆❡✇s♣❡❛❦ ✐s ❞❡✈❡❧♦♣♣❡❞ ❜② ❊❆❉❙✳

❋✐rst✱ t❤❡ ♣r♦♦❢✲♦❢✲❝♦♥❝❡♣t t♦♦❧ P❛r✐♥t ✐s ❛♥ st❛♥❞❛❧♦♥❡ t♦♦❧ ♦❢ ✽✷✷ ❧✐♥❡s ♦❢ ❝♦❞❡✳
P❛r✐♥t ❛♥❛❧②③❡s ♦♥❧② ♣r♦❣r❛♠s ✇✐t❤ ✐♥t❡❣❡r ✈❛r✐❛❜❧❡s✳ ■t ♦✈❡r❛♣♣r♦①✐♠❛t❡ ✐♥t❡❣❡r ✈❛❧✉❡s
❜② r❛♥❣❡s ✭s❡❡ ❙❡❝t✐♦♥ ✷✳✸✳✷✳❛ ❢♦r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❞♦♠❛✐♥ Ranges✮✳ ❚❤✐s t♦♦❧ st✉❜s
t❤❡ ♣t❤r❡❛❞❴❝r❡❛t❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ Pt❤r❡❛❞ ▲✐❜r❛r② ❬■❚✵✹✱ ❇❛r✶✵✱ ❇✉t✵✻❪✳

❙❡❝♦♥❞✱ t❤❡ ❚♦♦❧ ▼❚✲P❡♥❥✐❧✐ ✐s ✐♠♣❧❡♠❡♥t❡❞ ✉s✐♥❣ t❤❡ ❝♦❞❡ ♦❢ P❡♥❥✐❧✐ ❛s ❛ ❜❛s✐s✳ ■t ❛❞❞
✸✸✶ ❧✐♥❡s ♦❢ ❝♦❞❡ t♦ P❡♥❥✐❧✐✳ ❚❤❡ ♠❛✐♥ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s s❡❝♦♥❞ ♣r♦♦❢✲♦❢✲❝♦♥❝❡♣t t♦♦❧ ✇❛s
t♦ ♣r♦✈❡ t❤❛t ♠② ❛♥❛❧②s✐s ✐s ♥♦t r❡str✐❝t❡❞ t♦ ✏t♦②✑ ❛♥❛❧②③❡rs ❛♥❞ ♠❛② ❜❡ ✐♥t❡❣r❛t❡❞ ✐♥t♦
❛♥ ✐♥❞✉str✐❛❧ t♦♦❧✳ ▼❚✲P❡♥❥✐❧✐ ❤❛♥❞❧❡ Pt❤r❡❛❞ ❧✐❜r❛r② ❜✉t ✐s ♥♦t ✈❡r② ♣r❡❝✐s❡✿ ✐t ✇❛s ♦♥❧②
❛ ♣r♦♦❢✲♦❢✲❝♦♥❝❡♣t t♦♦❧✳

❚❤✐r❞✱ s✐♥❝❡ ▼❚✲P❡♥❥✐❧✐ ✇❛s ✇♦r❦✐♥❣✱ ■ ✇❛s r❡s♣♦♥s✐❜❧❡ t♦ ✐♥t❡❣r❛t❡ ✐♥t♦ t❤❡ P❡♥❥✐❧✐ ❚♦♦❧
♠② ❛♥❛❧②s✐s✳ ◆♦✇ P❡♥❥✐❧✐ ✐s ❛❜❧❡ t♦ ❛♥❛❧②③❡ ♠✉❧t✐t❤r❡❛❞❡❞ ♣r♦❣r❛♠s ✉s✐♥❣ Pt❤r❡❛❞ ♦r ❆r✐♥❝✳
■♥t❡❣r❛t✐♥❣ ♠② ❛♥❛❧②s✐s ✐♥t♦ P❡♥❥✐❧✐ ♥❡❡❞s ✶✻ ✸✾✾ ❧✐♥❡ ♠♦❞✐✜❝❛t✐♦♥s ✐♥ P❡♥❥✐❧✐ s♦✉r❝❡ ❝♦❞❡
❛♥❞ P❡♥❥✐❧✐ ❇❡♥❝❤♠❛r❦ s✉✐t❡✳ ■♥ t❤❡ ❝✉rr❡♥t ✈❡rs✐♦♥ ♦❢ P❡♥❥✐❧✐ ✭▼❛② ✷✵✶✵✮✱ t❤❡ ♥✉♠❜❡r
♦❢ ❧✐♥❡s s♣❡❝✐✜❝ t♦ ♠✉❧t✐t❤r❡❛❞ ✭✐✳❡✳✱ t❤❛t ❛r❡ ❡①❡❝✉t❡❞ ♦♥❧② t♦ ❛♥❛❧②s❡ ❛ ♠✉❧t✐t❤r❡❛❞❡❞
♣r♦❣r❛♠✮ ✐s ✼✾✷✱ ❛❝❝♦r❞✐♥❣ t♦ ❙❧♦❝❈♦✉♥t✱ ♦r ✶✷✾✹✱ ❛❝❝♦r❞✐♥❣ t♦ ✇❝ ✲❧✳ ❚❤✐s r❡♣r❡s❡♥ts
✷✳✻✪ ♦❢ t❤❡ ✇❤♦❧❡ s♦✉r❝❡ ❝♦❞❡ ♦❢ P❡♥❥✐❧✐✳

■♥ ❚❛❜❧❡ ✶✽✳✶ ✇❡ s❤♦✇ s♦♠❡ r❡s✉❧ts ♦♥ ❜❡♥❝❤♠❛r❦s ♦❢ ❞✐✛❡r❡♥t s✐③❡s✳ ▲✳♦✳❈✳ ♠❡❛♥s
✏▲✐♥❡s ♦❢ ❈♦❞❡✑✳ ✏▼❡ss❛❣❡✑ ✐s ❛ ❈ ✜❧❡✱ ✇✐t❤ ✸ t❤r❡❛❞s✿ ♦♥❡ t❤r❡❛❞ s❡♥❞s ❛♥ ✐♥t❡❣❡r ♠❡ss❛❣❡
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▲❖❈ ❛❝❝♦r❞✐♥❣ t♦ ✇❝ ✲❧ ▲❖❈ ❛❝❝♦r❞✐♥❣ t♦ s❧♦❝❝♦✉♥t

▼✐♥✐ ✶✵✶ ✵✵✵ ✻✹ ✵✵✵

❋✐❣✉r❡ ✶✽✳✷✿ ❈♦❞❡ ❙✐③❡ ♦❢ t❤❡ ✏▼✐♥✐✑ Pr♦❣r❛♠

t♦ ❛♥♦t❤❡r t❤r♦✉❣❤ ❛ s❤❛r❡❞ ✈❛r✐❛❜❧❡✳ ✏❊♠❜❡❞❞❡❞✑ ✐s ❡①tr❛❝t❡❞ ❢r♦♠ ❡♠❜❡❞❞❡❞ ❈ ❝♦❞❡
✇✐t❤ t✇♦ t❤r❡❛❞s✳ ✏❚❡st ✶✷✑ ❛♥❞ ✏❚❡st ✶✺✑ ❛r❡ s❡ts ♦❢ ✶✷ ❛♥❞ ✶✺ ✜❧❡s r❡s♣❡❝t✐✈❡❧②✱ ❡❛❝❤ ♦♥❡
❢♦❝✉s✐♥❣ ♦♥ ❛ s♣❡❝✐✜❝ t❤r❡❛❞ ✐♥t❡r❛❝t✐♦♥✳

❚♦ ❣✐✈❡ ❛♥ ✐❞❡❛ ♦❢ t❤❡ ♣r❡❝✐s✐♦♥ ♦❢ t❤❡ ❛♥❛❧②s✐s✱ ✇❡ ✐♥❞✐❝❛t❡ ❤♦✇ ♠❛♥② ❢❛❧s❡ ❛❧❛r♠s ✇❡r❡
r❛✐s❡❞✳ ❖✉r ♣r❡❧✐♠✐♥❛r② ❡①♣❡r✐♠❡♥ts s❤♦✇ t❤❛t ♦✉r ❛❧❣♦r✐t❤♠ ❧♦s❡s ♣r❡❝✐s✐♦♥ ✐♥ t✇♦ ✇❛②s✿
✶✳ t❤r♦✉❣❤ t❤❡ ✭s✐♥❣❧❡✲t❤r❡❛❞✮ ❛❜str❛❝t✐♦♥ ♦♥ st♦r❡s ✷✳ ❜② ❛❜str❛❝t✐♦♥ ♦♥ ✐♥t❡r❢❡r❡♥❝❡s✳
■♥❞❡❡❞✱ ❡✈❡♥ t❤♦✉❣❤ ♦✉r ❛❧❣♦r✐t❤♠ t❛❦❡s t❤❡ ♦r❞❡r ♦❢ tr❛♥s✐t✐♦♥s ✐♥t♦ ❛❝❝♦✉♥t ❢♦r t❤❡
❝✉rr❡♥t t❤r❡❛❞✱ ✐t ❝♦♥s✐❞❡rs t❤❛t ✐♥t❡r❢❡r❡♥❝❡ tr❛♥s✐t✐♦♥s ♠❛② ❜❡ ❡①❡❝✉t❡❞ ✐♥ ❛♥ ❛r❜✐tr❛r②
♦r❞❡r ❛♥❞ ❛r❜✐tr❛r② ♠❛♥② t✐♠❡s✳ ❚❤✐s ❞♦❡s ♥♦t ❝❛✉s❡ ❛♥② ❧♦ss ✐♥ ✏▼❡ss❛❣❡✑✱ s✐♥❝❡ t❤❡ t❤r❡❛❞
✇❤✐❝❤ s❡♥❞s t❤❡ ♠❡ss❛❣❡ ♥❡✈❡r ♣✉ts ❛♥ ✐♥❝♦rr❡❝t ✈❛❧✉❡ ✐♥ t❤❡ s❤❛r❡❞ ✈❛r✐❛❜❧❡✳ ❉❡s♣✐t❡ t❤❡
❢❛❝t t❤❛t ✏❊♠❜❡❞❞❡❞✑ ✐s ❛ ❧❛r❣❡ ❡①❝❡r♣t ♦❢ ❛♥ ❛❝t✉❛❧ ✐♥❞✉str✐❛❧ ❝♦❞❡✱ t❤❡ ❧♦ss ♦❢ ♣r❡❝✐s✐♦♥ ✐s
♠♦❞❡r❛t❡✿ ✼ ❢❛❧s❡ ❛❧❛r♠s ❛r❡ r❡♣♦rt❡❞ ♦♥ ❛ t♦t❛❧ ♦❢ ✷✼ ✶✵✵ ❧✐♥❡s✳ ❋✉rt❤❡r♠♦r❡✱ ✐t ✐s ❜❡❝❛✉s❡
♦❢ t❤✐s ❛r❜✐tr❛r② ♦r❞❡r✱ t❤❛t ♦✉r ❛♥❛❧②s✐s ❤❛♥❞❧❡s ✇❡❛❦ ♠❡♠♦r② ♠♦❞❡❧s✳

●✐✈❡♥ t❤✐s r❡s✉❧ts✱ t❤✐s ❛♥❛❧②s✐s ❤❛s ❜❡❡♥ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ t❤❡ ✐♥❞✉str✐❛❧ t♦♦❧ P❡♥❥✐❧✐✳
P❡♥❥✐❧✐ ✇❛s ❛ t♦♦❧ t❤❛t ♠❛② ❝❤❡❝❦ s✐♥❣❧❡✲t❤r❡❛❞❡❞ ♣r♦❣r❛♠s✳ ◆♦✇ ✐t ✐s ❛❜❧❡ t♦ ❝❤❡❝❦
♠✉❧t✐t❤r❡❛❞❡❞ ♣r♦❣r❛♠s✳

❚❤✐s ❛♥❛❧②s✐s ❤❛✈❡ ❜❡❡♥ ❧❛✉♥❝❤❡❞ ♦♥ ❛♥ ❡♠❜❡❞❞❡❞ s♦❢t✇❛r❡ ❝❛❧❧❡❞ ✏▼✐♥✐✑✳ ❚❤✐s s♦❢t✇❛r❡
✐s q✉✐t❡ ❧❛r❣❡ ✭❙❡❡ ❋✐❣✉r❡ ✶✽✳✷✮✱ ♥❡✈❡rt❤❡❧❡ss ✇❡ ❝❛❧❧❡❞ ✐t ✏▼✐♥✐✑ ❜❡❝❛✉s❡ ✐t ✐s s♠❛❧❧ ❝♦♠♣❛r❡❞
t♦ t❤❡ s♦❢t✇❛r❡s ✇❡ ✇❛♥t t♦ ❛♥❛❧②③❡✳ ❚❤❡ ❋✐❣✉r❡ ✶✽✳✷ ❣✐✈❡s t✇♦ ✇❛②s t♦ ❝♦✉♥t t❤❡ ♥✉♠❜❡r
♦❢ ❙♦✉r❝❡ ▲✐♥❡ ❈♦❞❡✿

❼ ❯s✐♥❣ t❤❡ ▲✐♥✉① ❚♦♦❧ ✇❝ ✲❧ t❤❛t ❝♦✉♥ts t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ❧✐♥❡s ♦❢ ❛❧❧ s♦✉r❝❡ ✜❧❡s✳

❼ ❯s✐♥❣ t❤❡ t♦♦❧ ❙▲♦❝❈♦✉♥t ❬❲❤❡❪✳

❚❤❡ ❚♦♦❧ ❙▲♦❝❈♦✉♥t ❞♦❡s ♥♦t ❝♦✉♥t ❝♦♠♠❡♥ts✱ ❜❧❛♥❦ ❧✐♥❡s ❛♥❞ t❤❡♥ ✐s ♠♦r❡ ❛❝❝✉r❛t❡✳
◆❡✈❡rt❤❡❧❡ss✱ ✇❡ ❛❧s♦ ❣✐✈❡ t❤❡ ♥✉♠❜❡r ♦❢ ❧✐♥❡s ❣✐✈❡♥ ❜② ✇❝ ✲❧ ❛s ♦t❤❡r ❛✉t❤♦rs ❞♦✳

❋✐❣✉r❡ ✶✽✳✸ ❣✐✈❡s t❤❡ r❡s✉❧ts ♦❢ ♦✉r ❛♥❛❧②s✐s✳ ■♥ ♥❡❛r❧② ✺❤✷✵♠✐♥✱ ✇❡ ❢♦✉♥❞ ♦♥❧② ✷✸✸
❛❧❛r♠s✳ ❋✐❣✉r❡ ✶✽✳✹ ❣✐✈❡s ♠♦r❡ ❞❡t❛✐❧s ♦♥ t❤❡s❡ ❛❧❛r♠s✳ ❚❤❡ ✜rst ❝♦❧✉♠♥ ✐♥❞✐❝❛t❡s ✇❤✐❝❤
❦✐♥❞ ♦❢ ❛❧❛r♠✱ ❡✳❣✳✱ ✇❡ r❛✐s❡ ✶✷ ✏❛rr❛② ♦✉t ♦❢ ❜♦✉♥❞s✑ ❛❧❛r♠s✳ ❚❤❡ s❡❝♦♥❞ ❝♦❧✉♠♥ ❣✐✈❡s t❤❡
♥✉♠❜❡r ♦❢ ❛❧❛r♠s✱ ❛♥❞ t❤❡ t❤✐r❞ ❝♦❧✉♠♥ ❣✐✈❡s t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❛♥❛❧②s✐s✳ ❚❤❡ ❛❝❝✉r❛❝②
♦❢ t❤❡ ❛♥❛❧②s✐s ✐s t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢ ❞❛♥❣❡r♦✉s ♦♣❡r❛t✐♦♥s t❤❛t ❤❛✈❡ ❜❡❡♥ ♣r♦✈❡❞ ❝♦rr❡❝t✱
❡✳❣✱ t❤❡ t♦♦❧ ♣r♦✈❡ t❤❛t ✾✾✳✹✹ ♣❡r❝❡♥ts ♦❢ ♣♦✐♥t❡rs ❞❡r❡❢❡r❡♥❝❡s ❛r❡ ❝♦rr❡❝t✳

❋✉rt❤❡r♠♦r❡✱ t❤❡ ✜①♣♦✐♥t ♥❡❡❞❡❞ t♦ ❝♦♠♣✉t❡s guarantee ✐s r❡❛❝❤❡❞ ✐♥ ♦♥❧② ✸ st❡♣s✳
❲❡ ✐♥✈❡st✐❣❛t❡ ✇❤❡r❡ ✇❡ ❧♦s❡ t✐♠❡✳ ❚❤❡ t✐♠❡ ♥❡❡❞❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ ✜rst st❡♣ ✐♥ t❤❡

guarantee ✜①♣♦✐♥t ✐s ✸✵♠✐♥✸✷s✳ ◆♦t✐❝❡ t❤✐s t✐♠❡ ✐s ❧❡ss t❤❛t 1
3
♦❢ t❤❡ t✐♠❡ ♦❢ ✸ t❤❡ ✐t❡r❛t✐♦♥s✳

❚❤❡ ❡①♣❧❛♥❛t✐♦♥ ✐s t❤❛t✱ ❞✉r✐♥❣ t❤❡ t✇♦ ♦t❤❡r ✐t❡r❛t✐♦♥s✱ ✇❡ ❞✐s❝♦✈❡r ♥❡✇ ♣♦ss✐❜❧❡ ❡①❡❝✉t✐♦♥
♣❛t❤s✳ ❲❤❡♥ ✇❡ s❡q✉❡♥t✐❛❧❧② ❡①❡❝✉t❡s t❤❡ ❝♦❞❡ ♦❢ t❤❡ t❤r❡❛❞s✱ ✇❡ ❝❛♥ ✉s❡ t❤❡ s✐♥❣❧❡✲
t❤r❡❛❞❡❞ ❛♥❛❧②s✐s ♦❢ P❡♥❥✐❧✐ ♦♥ ✐t✳ ❚❤✐s ♥❡❡❞s ✷✾♠✐♥✷✺s✳ ❚❤✐s ♠❡❛♥s t❤❛t✱ t♦ ❝♦♠♣✉t❛t✐♦♥
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◆✉♠❜❡r ♦❢ ❆❧❛r♠s ✷✸✸
❆♥❛❧②s✐s t✐♠❡ ✺❤ ✶✼♠✐♥ ✷✶s
❆♥❛❧②s✐s s♣❛❝❡ ✶✸✺✳✺ ▼❜
◆✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ♦❢ t❤❡ guarantee ❧♦♦♣ ✸

❋✐❣✉r❡ ✶✽✳✸✿ ❊①♣❡r✐♠❡♥t❛❧ ❘❡s✉❧ts ♦❢ t❤❡ P❡♥❥✐❧✐ ❚♦♦❧

❘✉♥✲t✐♠❡ ❡rr♦r ◆✉♠❜❡r ♦❢ ❛❧❛r♠s ❆❝❝✉r❛❝②
❆rr❛② ❖✉t ♦❢ ❇♦✉♥❞s ✶✷ ✾✽✱✼✼✪
■♥t❡❣❡r ❖✈❡r✢♦✇ ✶✾✸ ✽✽✳✷✹✪
❉✐✈✐s✐♦♥ ❜② ❩❡r♦ ✵ ✶✵✵✪
■♥✈❛❧✐❞ P♦✐♥t❡r ❉❡r❡❢❡r❡♥❝❡ ✷✽ ✾✾✳✹✹✪

❋✐❣✉r❡ ✶✽✳✹✿ P❡♥❥✐❧✐ ❆❧❛r♠s

t✐♠❡ ✐s ✐♥❝r❡❛s❡❞ ❜② ♦♥❧② ✹✪ ✇✐t❤ ♦✉r ♠✉❧t✐t❤r❡❛❞ ❞♦♠❛✐♥ ①C ,L,K , I ,E② ❝♦♠♣❛r❡❞ t♦ t❤❡
s✐♥❣❧❡✲t❤r❡❛❞❡❞ ❞♦♠❛✐♥ C ✳

✶✽✳✸ ❈♦♠♣❧❡①✐t②

■♥ ♣r❛❝t✐❝❡✱ t❤❡ ❛♥❛❧②s✐s ✇♦r❦s ❛♥❞ ♥❡❡❞ ❛ r❡❛s♦♥♥❛❜❧❡ ❛♠♦✉♥t ♦❢ t✐♠❡ ✭♦♥❧② s♦♠❡ ❤♦✉rs
♦♥ ❛ st❛♥❞❛r❞ ❧❛♣t♦♣✮ ♦♥ ❧❛r❣❡ ♣r♦❣r❛♠s✳ ❲❡ ❥✉st✐❢② t❤❡♦r❡t✐❝❛❧❧② t❤✐s ♣♦✐♥t ❜② ❛ st✉❞② ♦❢
❝♦♠♣❧❡①✐t②✳

❚❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ♦✉r ❛❧❣♦r✐t❤♠ ❣r❡❛t❧② ❞❡♣❡♥❞s ♦♥ ✇✐❞❡♥✐♥❣ ❛♥❞ ♥❛rr♦✇✐♥❣ ♦♣❡r❛t♦rs✳
●✐✈❡♥ ❛ ♣r♦❣r❛♠ ℓ0prog, ℓ✽✱ t❤❡ s❧♦✇♥❡ss ♦❢ t❤❡ ✇✐❞❡♥✐♥❣ ❛♥❞ ♥❛rr♦✇✐♥❣ ✐♥ ❛♥ ✐♥t❡❣❡r w
s✉❝❤ t❤❛t✿ ✇✐❞❡♥✐♥❣✲♥❛rr♦✇✐♥❣ st♦♣s ✐♥ ❛❧✇❛②s ❛t ♠♦st w st❡♣s ♦♥ ❡❛❝❤ ❧♦♦♣ ❛♥❞ ✇❤❡♥❡✈❡r
guarantee ✐s ❝♦♠♣✉t❡❞ ✭✇❤✐❝❤ ❛❧s♦ r❡q✉✐r❡s ❞♦✐♥❣ ❛♥ ❛❜str❛❝t ✜①♣♦✐♥t ❝♦♠♣✉t❛t✐♦♥✮✳ ▲❡t
t❤❡ ♥❡st✐♥❣ ❞❡♣t❤ ♦❢ ❛ ♣r♦❣r❛♠ ❜❡ t❤❡ ♥❡st✐♥❣ ❞❡♣t❤ ♦❢ while ❛♥❞ ♦❢ create ✇❤✐❝❤✷ ❤❛✈❡ ❛
s✉❜❝♦♠♠❛♥❞ create✳

Pr♦♣♦s✐t✐♦♥ ✶✽✳✶✳ ▲❡t d ❜❡ t❤❡ ♥❡st✐♥❣ ❞❡♣t❤✱ n t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♠♠❛♥❞s ♦❢ ♦✉r ♣r♦❣r❛♠✱
❛♥❞✱ w t❤❡ s❧♦✇❧❡ss ♦❢ ♦✉r ✇✐❞❡♥✐♥❣✳ ❚❤❡ t✐♠❡ ❝♦♠♣❧❡①✐t② ♦❢ ♦✉r ❛♥❛❧②s✐s ✐s O♣nwd�1q
❛ss✉♠✐♥❣ ♦♣❡r❛t✐♦♥s ♦♥ ❛❜str❛❝t st♦r❡s ❛r❡ ❞♦♥❡ ✐♥ ❝♦♥st❛♥t t✐♠❡✳

❚❤✐s ✐s ❝♦♠♣❛r❛❜❧❡ t♦ t❤❡ O♣nwdq ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s✐♥❣❧❡✲t❤r❡❛❞ ❛♥❛❧②✲
s✐s✱ ❛♥❞ ❝❡rt❛✐♥❧② ♠✉❝❤ ❜❡tt❡r t❤❛t t❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧ ❡①♣❧♦s✐♦♥ ♦❢ ✐♥t❡r❧❡❛✈✐♥❣✲❜❛s❡❞ ❛♥❛❧②✲
s❡s✳ ❋✉rt❤❡r♠♦r❡✱ t❤✐s ✐s ❜❡t❡r t❤❛♥ ♣♦❧②♥♦♠✐❛❧ ✐♥ ❛♥ ❡①♣♦♥❡♥t✐❛❧ ♥✉♠❜❡r ♦❢ st❛t❡s ❬❋◗✵✸❪✳

Pr♦♦❢✳ ▲❡t c♣ℓcmd , ℓ✶q✱ n♣ℓcmd , ℓ✶q ❛♥❞ d♣ℓcmd , ℓ✶q ❛♥❞ w♣ℓcmd , ℓ✶q ❜❡ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢
❛♥❛❧②③✐♥❣ ℓcmd , ℓ✶✱ t❤❡ s✐③❡ ♦❢ ℓcmd , ℓ✶ ❛♥❞ t❤❡ ♥❡st✐♥❣ ❞❡♣t❤ ♦❢ ℓcmd , ℓ✶✱ t❤❡ s❧♦✇❧❡ss ♦❢ t❤❡
✇✐❞❡♥✐♥❣ ❛♥❞ ♥❛rr♦✇✐♥❣ ♦♥ ℓcmd , ℓ✶ r❡s♣❡❝t✐✈❡❧②✳ ▲❡t a ❛♥❞ k t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ❛ss✐❣♥ ❛♥❞
♦❢ r❡❛❞✐♥❣ K ♣ℓq r❡s♣❡❝t✐✈❡❧②✳

✷■♥ ♦✉r ❙❡♠❛♥t✐❝s✱ ❡❛❝❤ create ♥❡❡❞s ❛ ✜①♣♦✐♥t ❝♦♠♣✉t❛t✐♦♥✱ ❡①❝❡♣t create ✇✐t❤ ♥♦ s✉❜❝♦♠♠❛♥❞ create✳
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Pr♦♣♦s✐t✐♦♥ ✶✽✳✶ ✐s ❛ str❛✐❣❤t❢♦r✇❛r❞ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✸✿

▲❡♠♠❛ ✶✽✳✶✳ ❚❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ❝♦♠♣✉t✐♥❣ Lℓcmd , ℓ✶MQ ✐s O♣an♣w � kqwd✁1q

❚❤✐s ❧❡♠♠❛ ✐s ♣r♦✈❡♥ ❜② ✐♥❞✉❝t✐♦♥✳
c♣lv :✏ eq ✏ a

c♣ℓ1cmd1;
ℓ2cmd2, ℓ3q ✏ c♣ℓ1cmd1, ℓ2q � c♣ℓ2cmd2, ℓ3q

c♣ℓ1while♣condqtℓ2cmd✉, ℓ3q ↕ w♣ℓ1while♣condqtℓ2cmd✉, ℓ3q ✂ c♣ℓ2cmd , ℓ1q

■❢ ℓ2cmd ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛♥② s✉❜❝♦♠♠❛♥❞ create✱ t❤❡♥ t❤❡ ✜①♣♦✐♥t ❝♦♠♣✉t❛t✐♦♥
t❡r♠✐♥❛t❡s ✐♥ ♦♥❡ st❡♣✿ c♣ℓ1create♣ℓ2cmdq, ℓ3q ✏ k � c♣ℓ2cmdq
❊❧s❡✿ c♣ℓ1create♣ℓ2cmdq, ℓ3q ✏ k � w♣ℓ1create♣ℓ2cmdq, ℓ3qq ✂ c♣ℓ2cmdq

✶✽✳✸✳✶ ❈♦♠♣❧❡①✐t② ♦❢ ❖♣❡r❛t✐♦♥s ♦♥ ❑

◆♦t✐❝❡ t❤❛t ✇❡ ❤❛✈❡ ❛ss✉♠❡❞ t❤❛t ♦♣❡r❛t✐♦♥ ♦♥ RLabels ❛r❡ ❞♦♥❡ ✐♥ ❝♦♥st❛♥t t✐♠❡ ✐♥ Pr♦♣♦✲
s✐t✐♦♥ ✶✽✳✶✳ ❚❤✐s ❛❜str❛❝t st♦r❡ ♠❛② ❜❡ r❡♣r❡s❡♥t❡❞ ✐♥ ❞✐✛❡r❡♥t ✇❛②s✳ ❚❤❡ ♠❛✐♥ ♣r♦❜❧❡♠
✐s t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ basic ❢✉♥❝t✐♦♥✱ ✇❤✐❝❤ ❝♦♠♣✉t❡s ❛ ✉♥✐♦♥ ❢♦r ❡❛❝❤ ❡❧❡♠❡♥t ✐♥ L✳ ❚❤❡
♥❛✐✈❡ ❛♣♣r♦❛❝❤ ✐s t♦ r❡♣r❡s❡♥t K ∈ RLabels ❛s ❛ ♠❛♣ ❢r♦♠ P♣Labelsq t♦ R✳ ❆ss✉♠✐♥❣ t❤❛t
♦♣❡r❛t✐♦♥s ♦♥ ♠❛♣s ❛r❡ ❞♦♥❡ ✐♥ ❝♦♥st❛♥t t✐♠❡✱ t❤✐s ❛♣♣r♦❛❝❤ ②✐❡❧❞s ❛ O♣tnwdq ❝♦♠♣❧❡①✐t②
✇❤❡r❡ t ✐s t❤❡ ♥✉♠❜❡r✹ ♦❢ creates ✐♥ t❤❡ ♣r♦❣r❛♠✳ ❲❡ ♠❛② ❛❧s♦ r❡♣r❡s❡♥t K ∈ RLabels

❛s s♦♠❡ ♠❛♣ KM ❢r♦♠ P♣Labelsq t♦ R s✉❝❤ t❤❛t K ♣ℓq ✏
➈

L◗ℓ KM♣Lq ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥

basic ✐s ❞♦♥❡ ✐♥ ❝♦♥st❛♥t t✐♠❡ ✿ basic lv:✏e①C ,L,K , I ,E② ❞❡❢✏ ①inter I ✆ elem lv:✏e♣Cq,L,KM rL ÞÑ
KM♣Lq ⊔ elem✲inter lv:✏e♣Cqs, I ②✳ ◆❡✈❡rt❤❡❧❡ss✱ t♦ ❛❝❝❡ss t♦ t❤❡ ✈❛❧✉❡ K ♣ℓq ♠❛② ♥❡❡❞ ✉♣ t♦ t

♦♣❡r❛t✐♦♥s✱ ✇❤✐❝❤ ✐♥❝r❡❛s❡s t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ child ✲spawn ❛♥❞ combine ✳ ❚❤❡ ❝♦♠♣❧❡①✐t② ✐s
t❤❡♥ O♣n♣w � tqwd✁1q✳

✶✽✳✸✳✷ ❈♦♠♣❧❡①✐t② ♦❢ ❲✐❞❡♥✐♥❣

❚❤❡ s❧♦✇♥❡ss ♦❢ t❤❡ ✇✐❞❡♥✐♥❣ ❛♥❞ ♥❛rr♦✇✐♥❣ ♦♣❡r❛t♦rs✱ w✱ ❞❡♣❡♥❞s ♦♥ t❤❡ ❛❜str❛❝t✐♦♥✳
◆❡✈❡rt❤❡❧❡ss✱ ❛ ✇✐❞❡♥✐♥❣ ✐s s✉♣♣♦s❡❞ t♦ ❜❡ ❢❛st✳

❈♦♥s✐❞❡r t❤❡ ❝❧❛ss✐❝❛❧ ✇✐❞❡♥✐♥❣ ♦♥Ranges ✿ rx, x✶s▽ry, y✶s ✏ rz, z✶s ✇❤❡r❡ z ✏

★
x ✐❢ y ➙ x

✁✽ ❡❧s❡

❛♥❞ z✶ ✏

★
x✶ ✐❢ y✶ ↕ x✶

�✽ ❡❧s❡
✳

❚❤✐s ✇✐❞❡♥✐♥❣ ♥❡✈❡r ✇✐❞❡♥ ♠♦r❡ t❤❛♥ t✇♦ t✐♠❡s ♦♥ t❤❡ s❛♠❡ ✈❛r✐❛❜❧❡✳ ❚❤❡r❡❢♦r❡ t❤✐s
✇✐❞❡♥✐♥❣ ✐s ❧✐♥❡❛r ✐♥ t❤❡ ✇♦rst ❝❛s❡✳

✸❚❤❡ ❢✉♥❝t✐♦♥s ❛r❣✉♠❡♥ts ❛r❡ ♦♠✐tt❡❞ ✐♥ t❤❡ ♥❛♠❡ ♦❢ s✐♠♣❧✐❝✐t②✳
✹❚❤✐s ✐s ❞✐✛❡r❡♥t t♦ t❤❡ ♥✉♠❜❡r ♦❢ t❤r❡❛❞s s✐♥❝❡ ❛♥ ❛r❜✐tr❛r② ♥✉♠❜❡r ♦❢ t❤r❡❛❞s ♠❛② ❜❡ ❝r❡❛t❡❞ ❛t t❤❡

s❛♠❡ ❧♦❝❛t✐♦♥✳



✶✽✵



P❛rt ❱■

❈♦♥❝❧✉s✐♦♥

✶✽✶
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❈♦♥❝❧✉s✐♦♥

✶✾✳✶ ❈♦♥❝❧✉s✐♦♥

❲❡ ❤❛✈❡ ❞❡s❝r✐❜❡❞ ❛ ❣❡♥❡r✐❝ st❛t✐❝ ❛♥❛❧②s✐s t❡❝❤♥✐q✉❡ ❢♦r ♠✉❧t✐t❤r❡❛❞❡❞ ♣r♦❣r❛♠s ♣❛r❛♠❡tr✐③❡❞
❜② ❛ s✐♥❣❧❡✲t❤r❡❛❞ ❛♥❛❧②s✐s ❢r❛♠❡✇♦r❦ ❛♥❞ ❜❛s❡❞ ♦♥ ❛ ❢♦r♠ ♦❢ r❡❧②✲❣✉❛r❛♥t❡❡ r❡❛s♦♥✐♥❣✳ ❚♦
♦✉r ❦♥♦✇❧❡❞❣❡✱ t❤✐s ✐s t❤❡ ✜rst s✉❝❤ ♠♦❞✉❧❛r ❢r❛♠❡✇♦r❦✿ ❛❧❧ ♣r❡✈✐♦✉s ❛♥❛❧②s✐s ❢r❛♠❡✇♦r❦s
❝♦♥❝❡♥tr❛t❡❞ ♦♥ ❛ ♣❛rt✐❝✉❧❛r ❛❜str❛❝t ❞♦♠❛✐♥✳ ❙✉❝❤ ♠♦❞✉❧❛r✐t② ❛❧❧♦✇s ✉s t♦ ❧❡✈❡r❛❣❡ ❛♥②
st❛t✐❝ ❛♥❛❧②s✐s t❡❝❤♥✐q✉❡ t♦ t❤❡ ♠✉❧t✐t❤r❡❛❞❡❞ ❝❛s❡✳ ❲❡ ❤❛✈❡ ✐❧❧✉str❛t❡❞ t❤✐s ❜② ❛♣♣❧②✐♥❣
✐t t♦ ❛ ❧❛r❣❡ ✈❛r✐❡t② ♦❢ ❛❜str❛❝t ❞♦♠❛✐♥s✳

❖✉r t❤❡♦r❡t✐❝❛❧ ❛♥❛❧②s✐s ❣❡♥❡r❛❧✐③❡s ❝❛rt❡s✐❛♥ ❛❜str❛❝t✐♦♥ ❬▼P❘✵✻❜✱ ▼P❘✵✻❛✱ ❋◗✵✸❪✱
✐t ❣❡♥❡r❛❧✐③❡s t❤❡ P✳ ▲❛♠♠✐❝❤ ❛♥❞ ▼✳ ▼ü❧❧❡r✲❖❧♠ ❆❝q✉✐s✐t✐♦♥ ❍✐st♦r✐❡s ❛♥❛❧②s✐s ✭✇✐t❤ t❤❡
s❛♠❡ ♣r❡❝✐s✐♦♥✱ ❢♦r ♥❡❛r❧② ❛❧❧ ♣r♦❣r❛♠s✱ s❡❡ ❙❡❝t✐♦♥ ✶✼✳✸✳✷✮✳ ❆♥❞ ✐t ❣❡♥❡r❛❧✐③❡s ❘✳ ❘✉❣✐♥❛
❛♥❞ ▼✳ ❈✳ ❘✐♥❛r❞ ❬❘❘✾✾✱ ❘❘✵✸❪ ❛♥❛❧②s✐s✳

❖✉r t❤❡♦r❡t✐❝❛❧ ❛♥❛❧②s✐s ❛❧❧♦✇s ✉s t♦ ✉s❡ ❞♦♠❛✐♥s ❞❡s✐❣♥❡❞ ❢♦r t❤❡ s✐♥❣❧❡✲t❤r❡❛❞❡❞ ❝❛s❡
✭❡✳❣✱ str✐♥❣ ❞♦♠❛✐♥s ❬❆●❍✵✻❪✱ Ranges✱✳ ✳ ✳ ✮✳

❋✉rt❤❡♠♦r❡✱ ■ ❤❛✈❡ ✐♠♣❧❡♠❡♥t❡❞ t❤✐s t❤❡♦r❡t✐❝❛❧ ❢r❛♠❡✇♦r❦ ✐♥ ❛♥ ✐♥❞✉str✐❛❧ t♦♦❧ ✭P❡♥✲
❥✐❧✐✮ ❛♥❞ ❛♥❛❧②③❡❞ ✇✐t❤ ✐t ❛ ❧❛r❣❡ ❡♠❜❡❞❞❡❞ ♣r♦❣r❛♠✳

❲❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ♦✉r ❢r❛♠❡✇♦r❦ ♦♥❧② ✐♥❝✉rr❡❞ ❛ ♠♦❞❡r❛t❡ ✭❧♦✇✲❞❡❣r❡❡ ♣♦❧②♥♦♠✐❛❧✮
❛♠♦✉♥t ♦❢ ❛❞❞❡❞ ❝♦♠♣❧❡①✐t②✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❛✈♦✐❞ t❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧ ❡①♣❧♦s✐♦♥ ♦❢ ❛❧❧

✶✽✸
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✐♥t❡r❧❡❛✈✐♥❣ ❜❛s❡❞ ❛♣♣r♦❛❝❤❡s✳
❖✉r ❛♥❛❧②s✐s ✐s ❛❧✇❛②s ❝♦rr❡❝t✱ ❛♥❞ ♣r♦❞✉❝❡s r❡❛s♦♥❛❜❧② ♣r❡❝✐s❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡

♣r♦❣r❛♠s ✇❡ t❡st❡❞✳

✶✾✳✷ P❡rs♣❡❝t✐✈❡s

❆s s❡❡♥ ✐♥ ❈❤❛♣t❡r ✶✼ ♦✉r ❛♥❛❧②s✐s ❤❛s ❜❡❡♥ ❞❡s✐❣♥❡❞ t♦ ❜❡ ❡❛s✐❧② ❡①t❡♥❞❡❞✳ ❲❡ ❤♦♣❡ t❤❛t
t❤✐s ❛♥❛❧②s✐s ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ❤❛♥❞❧❡ ♠♦r❡ ❦✐♥❞s ♦❢ ♣r♦❣r❛♠s✱ ♥❡✇ ❦✐♥❞ ♦❢ ♣❛rr❛❧❧❡❧ ❝♦♥✲
str✉❝t♦rs✳ ❙♦♠❡ ✐♥t❡r❡st✐♥❣ ♣❛r❛❧❧❡❧ ❝♦♥str✉❝t♦rs ❛r❡ ❛t♦♠✐❝ ❜❧♦❝❦s✱ ✐♥✈♦❦❛t✐♦♥ ♦❢ ❛♥♦t❤❡r
t❤r❡❛❞ ❛♥❞ s②♥❝❤r♦♥✐s❛t✐♦♥ ♣r✐♠✐t✐✈❡s✳

❆♥ ❛t♦♠✐❝ ❜❧♦❝❦ ✐s ❡①❡❝✉t❡❞ s❡q✉❡♥t✐❛❧❧②✱ ❛s ✐❢ ✐t ✇❛s ♦♥❧② ♦♥❡ ✐♥str✉❝t✐♦♥✳ ❆ ♣r✐♠✐t✐✈❡
atomictcmd✉ ❝❛♥ ❜❡ ♦✈❡r❛♣♣r♦①✐♠❛t❡❞ ❜② cmd ✳ ◆❡✈❡rt❤❡❧❡ss✱ ✐❢ t❤✐s ✐s s♦✉♥❞✱ t❤✐s ✐s ♥♦t
♣r❡❝✐s❡✳ ❲❡ ♠❛② ✇♦♥❞❡r ✐❢ ✇❡ ❝❛♥ ✉♣❞❛t❡ t❤❡ K ✲❝♦♠♣♦♥♥❡♥t ♦❢ t❤❡ ❛❜str❛❝t ❝♦♥✜❣✉r❛t✐♦♥
✐♥ ❛ ♠♦r❡ ♣r❡❝✐s❡ ✇❛②✳ ❋✉rt❤❡r♠♦r❡✱ s♦♠❡ ❜❧♦❝❦s ♦❢ ✐♥str✉❝t✐♦♥s ❛r❡ ❡①❡❝✉t❡❞ ✏❛s ✐❢✑ t❤❡②
✇❤❡r❡ ❛t♦♠✐❝s ❬▲✐♣✼✺✱ ❋❋✵✹✱ ❋❋▲✵✺❪✱ ❡✳❣✳✱ ❞✉❡ t♦ ♠✉t❡①❡s✳ ■ ❤♦♣❡ t❤✐s ❛♥❛❧②s✐s ♠❛② ❜❡
❡①t❡♥❞❡❞ t♦ ❞❡t❡❝t s✉❝❤ ❜❧♦❝❦s ❛♥❞ t❤❡♥ t♦ ❡♥❤❛♥❝❡ ♣r❡❝✐s✐♦♥✳

❚❤❡ ✐♥✈♦❝❛t✐♦♥ ♦❢ ❛♥♦t❤❡r t❤r❡❛❞ ✐s ❛❧❧♦✇❡❞ ✐♥ t❤❡ ❈★ ❧❛♥❣✉❛❣❡✳ ❚❤❡ ♠❛✐♥ ✐❞❡❛ ✐s t❤❛t
❛ t❤r❡❛❞ ♠❛② ✏✐♥✈♦❦❡✑ ❛♥♦t❤❡r t❤r❡❛❞ t♦ ❡①❡❝✉t❡ ❛ ❢✉♥❝t✐♦♥ f ✱ ✐✳❡✳✱ t❤❡ ❢✉♥❝t✐♦♥ f ✇✐❧❧ ❜❡
❡①❡❝✉t❡❞ ❜② t❤❡ ✐♥✈♦❦❡❞ t❤r❡❛❞✳ ❚❤❡ ✐♥✈♦❦❛t✐♦♥ ♦❢ ❛♥♦t❤❡r t❤r❡❛❞ ♦♥ ❛ ❢✉♥❝t✐♦♥ f ♠❛②
❜❡ ♦✈❡r❛♣♣r♦①✐♠❛t❡❞ ❜② create♣fq✱ ❜✉t ✇❡ ♠❛② ❤♦♣❡ t♦ ✐♠♣r♦✈❡ ♣r❡❝✐s✐♦♥ ❛♥❛❧②s✐♥❣ t❤✐s
♣r✐♠✐t✐✈❡ s✐♥❝❡ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ f ❝❛♥♥♦t ✐♥t❡r❢❡r❡ ✇✐t❤ t❤❡ ✐♥✈♦❦❡❞ t❤r❡❛❞✳
▼❛②❜❡ ✇❡ ♠❛② ❞❡t❡❝t✱ ✐♥ s♦♠❡ ❝❛s❡s✱ ✇❤✐❝❤ t❤r❡❛❞ i ✐s ✐♥✈♦❦❡❞✱ ❛♥❞ t❤❡♥ ✉♣❞❛t❡ ✐♥ ❛
❞✐✛❡r❡♥t ✇❛② t❤❡ K ✲❝♦♠♣♦♥♥❡♥t ♦❢ ❛❜str❛❝t ❝♦♥✜❣✉r❛t✐♦♥s✳

❚❤❡r❡ ❡①✐sts ❛ ❧❛r❣❡ ✈❛r✐❡t② ♦❢ s②♥❝❤r♦♥✐s❛t✐♦♥ ♣r✐♠✐t✐✈❡s✱ ❡✳❣✳✱ t❤❡ P♦s✐① ♥♦r♠ ✉s❡s
❝♦♥❞✐t✐♦♥ ✈❛r✐❛❜❧❡s✳ ❆ t❤r❡❛❞ ♠❛② ✇❛✐t ♦♥ ❛ ✈❛r✐❛❜❧❡✱ ❛♥❞ ❛♥♦t❤❡r t❤r❡❛❞ ♠❛② ❧❛✉♥❝❤ ❛
s✐❣♥❛❧ ♦♥ ❛ ❝♦♥❞✐t✐♦♥ ✈❛r✐❛❜❧❡ ❛✇❛❦✐♥❣ ❛ t❤r❡❛❞ t❤❛t ✇❛✐ts ♦♥ t❤✐s ✈❛r✐❛❜❧❡✳ ❆s ❡①♣❧❛✐♥❡❞
❜② ❍✳ ❙❡✐❞❧ ❛♥❞ ❇✳ ❙t❡✛❡♥ ❬❙❙✵✵❪✱ t❤❡s❡ s②♥❝❤r♦♥✐s❛t✐♦♥s ♠❛② ❜❡ ✐❣♥♦r❡❞✱ s✐♥❝❡ t❤❡② ♦♥❧②
r❡❞✉❝❡ ♣♦ss✐❜❧❡ ❜❡❤❛✈✐♦rs✳ ◆❡✈❡rt❤❡❧❡ss ■ ❤♦♣❡ t❤❡s❡ s②♥❝❤r♦♥✐s❛t✐♦♥s ♠❛② ❜❡ t❛❦❡♥ ✐♥t♦
❝♦♥s✐❞❡r❛t✐♦♥ t♦ ✐♠♣r♦✈❡ ♣r❡❝✐s✐♦♥✳ ▼❛② ❜❡ ✇❡ ❝❛♥ ✉s❡ ❛ s❡t ❧✐❦❡ after t♦ ❞✐st✐♥❣✉✐s❤
tr❛♥s✐t✐♦♥s ✜r❡❞ ❛❢t❡r s♦♠❡ s②♥❝❤r♦♥✐③❛t✐♦♥ ♣♦✐♥t ❛♥❞ tr❛♥s✐t✐♦♥s ❞♦♥❡ ❜❡❢♦r❡ s♦♠❡ s②♥✲
❝❤r♦♥✐③❛t✐♦♥ ♣♦✐♥t✳ ❍❡♥❝❡✱ ✐♥ t❤❡ ❛❜str❛❝t✱ ✇❡ ♠❛② ❞❡✜♥❡ s♦♠❡ K ♣ℓq ✇❤❡r❡ ℓ ✐s t❤❡ ❧❛❜❡❧
♦❢ ❛ s②♥❝❤r♦♥✐s❛t✐♦♥ ♣r✐♠✐t✐✈❡✳
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■♥❞❡①

❆❜str❛❝t ■♥t❡r♣r❡t❛t✐♦♥✱ ✷✼✕✸✸✱ ✸✻✱ ✹✽✱ ✹✾✱ ✺✶✱ ✽✼✱ ✶✵✶✱ ✶✷✹✱ ✶✸✶✕✶✸✹✱ ✶✸✻✱ ✶✸✼✱ ✶✹✸✱ ✶✹✼✱
✶✺✼✱ ✶✻✷✕✶✻✺

❆❜str❛❝t ❙❡♠❛♥t✐❝s✱ ✷✼✱ ✷✽✱ ✸✵✱ ✹✾✱ ✶✷✹✱ ✶✸✹✱ ✶✸✼✱ ✶✹✼✱ ✶✻✷✕✶✻✺
❆❜str❛❝t✐♦♥✱ ✷✽✕✸✸✱ ✹✽✱ ✹✾✱ ✺✶✱ ✽✼✱ ✶✷✹✱ ✶✸✶✱ ✶✸✷✱ ✶✸✻✱ ✶✸✼✱ ✶✺✼✱ ✶✻✹
❆❜str❛❝t✐♦♥ ❋✉♥❝t✐♦♥✱ ✸✶✱ ✸✻✱ ✶✸✸✱ ✶✹✸
❈♦♥❝r❡t✐③❛t✐♦♥ ❋✉♥❝t✐♦♥✱ ✸✶

❆❝q✉✐s✐t✐♦♥ ❍✐st♦r②✱ ✺✺✱ ✶✺✹✱ ✶✺✺✱ ✶✻✺✱ ✶✻✼
❉❡❛❞❧♦❝❦s✱ ✶✺✹
■♥t❡r❧❡❛✈✐♥❣✱ ✺✺✱ ✶✺✺

❆rr❛② ❖✈❡r✢♦✇✱ ✾✱ ✶✷✱ ✹✸

❈❛rt❡s✐❛♥ ❆❜str❛❝t✐♦♥✱ ✹✽✱ ✹✾✱ ✶✹✶✱ ✶✹✸
❈♦♥❝r❡t❡ ❙❡♠❛♥t✐❝s✱ ✷✼
❈♦♥✜❣✉r❛t✐♦♥s✱ ✽✼✱ ✾✻✱ ✾✼✱ ✶✷✹✕✶✷✻✱ ✶✸✸✱ ✶✸✹✱ ✶✹✻✱ ✶✻✺✱ ✶✻✻

❆❜str❛❝t✱ ✶✸✸✱ ✶✹✻✱ ✶✻✺✱ ✶✻✻
❈♦♥❝r❡t❡✱ ✽✼✱ ✾✻✱ ✾✼✱ ✶✷✹
❈♦♥s✐st❡♥t✱ ✶✷✺
■♥✐t✐❛❧✱ ✶✸✹
Pr✐♥❝✐♣❛❧✱ ✶✷✻

✶✽✺
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❙❡❝♦♥❞❛r②✱ ✶✷✻
❈♦♥s❡r✈❛t✐✈❡✱ ✼✶✱ ✽✾✱ ✾✵✱ ✶✶✺

❉❛t❛✲❘❛❝❡✱ ✾✱ ✶✸✱ ✺✵✱ ✺✷✕✺✹✱ ✶✺✶✱ ✶✺✷✱ ✶✺✺✱ ✶✺✻✱ ✶✻✻
❉❡❛❞❧♦❝❦✱ ✾✱ ✺✹✱ ✺✺✱ ✶✺✹✱ ✶✺✺

❋■❋❖✱ ✷✺✱ ✽✵
❋✐①♣♦✐♥t✱ ✶✼✱ ✸✷✱ ✸✹✱ ✹✼✱ ✺✸✱ ✶✷✹✱ ✶✸✹✱ ✶✹✶✱ ✶✻✷✱ ✶✼✸✕✶✼✺

●❛❧♦✐s ❈♦♥♥❡❝t✐♦♥✱ ✷✽✕✸✶✱ ✸✹✱ ✸✺✱ ✸✼✱ ✹✹✱ ✹✾✱ ✶✷✹✱ ✶✸✶✕✶✸✼✱ ✶✸✾✱ ✶✹✵✱ ✶✹✸✕✶✹✻✱ ✶✹✾✕✶✺✶✱
✶✺✹✱ ✶✻✸

❆❜str❛❝t✐♦♥ ❋✉♥❝t✐♦♥✱ ✷✽
❈♦♥❝r❡t✐③❛t✐♦♥ ❋✉♥❝t✐♦♥✱ ✷✽
❘❛♥❣❡s✱ ✷✾✱ ✸✶✱ ✸✹

●❡♥✴❑✐❧❧ ❆♥❛❧②s✐s✱ ✹✺✱ ✹✼✱ ✺✶✱ ✺✷✱ ✼✺✱ ✼✼✱ ✼✽✱ ✽✸✱ ✶✹✸✱ ✶✻✺
P♦✐♥ts✲t♦ ●r❛♣❤✱ ✼✽
P♦✐♥ts✲t♦ ●r❛♣❤s✱ ✹✺
P✉r❡ ●❡♥✴❑✐❧❧ ❆♥❛❧②s✐s✱ ✺✶✱ ✼✼✱ ✶✻✺

▲❛tt✐❝❡✱ ✷✶✱ ✷✸✱ ✸✸✱ ✺✶✱ ✼✼✱ ✽✸✱ ✶✷✹✱ ✶✸✶✱ ✶✸✷✱ ✶✸✺✱ ✶✸✾✱ ✶✹✶✱ ✶✹✸✱ ✶✹✺✱ ✶✹✾✕✶✺✶✱ ✶✺✹✱ ✶✺✺✱
✶✻✸✱ ✶✻✺✱ ✶✻✻

❈♦♠♣❧❡♠❡♥t❡❞ ▲❛tt✐❝❡✱ ✷✸✱ ✺✶✱ ✼✼
▲❛tt✐❝❡ ♦❢ ❘❛♥❣❡s✱ ✷✷✱ ✷✸✱ ✷✾✱ ✸✶✕✸✹✱ ✸✻✱ ✸✼✱ ✶✸✾✱ ✶✹✶✱ ✶✼✷✱ ✶✼✺✱ ✶✼✾

▼♦♥♦t♦♥❡✱ ✷✵✱ ✷✽✕✸✵✱ ✺✷✱ ✶✻✸

◆❛rr♦✇✐♥❣✱ ✸✶✱ ✸✸✱ ✸✹✱ ✺✷✱ ✶✸✹✱ ✶✼✹✱ ✶✼✺

❖r❞❡r✐♥❣✱ ✶✻✱ ✶✽✕✷✷✱ ✷✹✱ ✷✾✱ ✸✹✱ ✹✺✱ ✹✼✱ ✺✶✱ ✺✹✱ ✻✹✱ ✻✻✱ ✻✾✱ ✼✷✱ ✽✼✕✽✾✱ ✾✼✱ ✶✸✶✱ ✶✸✾✱ ✶✺✵✱ ✶✺✹✱
✶✺✺✱ ✶✻✸

❆❢t❡r✱ ✺✹✱ ✽✽✱ ✽✾
❆♥❝❡st♦r✱ ✻✹✱ ✻✾✱ ✼✷✱ ✽✽✱ ✽✾✱ ✾✼
■♥❝❧✉s✐♦♥ ❖r❞❡r✐♥❣✱ ✶✻✱ ✹✺✱ ✶✸✶✱ ✶✺✵✱ ✶✺✹
P♦✐♥t✇✐s❡ ❖r❞❡r✐♥❣✱ ✶✾✱ ✷✾✱ ✺✶✱ ✶✸✾✱ ✶✺✹✱ ✶✺✺✱ ✶✻✸
Pr❡✲❖r❞❡r✐♥❣✱ ✶✽✱ ✶✾✱ ✷✶✱ ✽✽
Pr❡✜① ❖r❞❡r✐♥❣✱ ✷✹✱ ✻✻✱ ✾✼
Pr♦❞✉❝t ❖r❞❡r✐♥❣✱ ✶✾✱ ✹✼
❘❡✈❡rs❡ ❖r❞❡r✐♥❣✱ ✶✾✱ ✷✵✱ ✶✺✵✱ ✶✺✹
❙tr✐❝t ❖r❞❡r✐♥❣✱ ✶✽✱ ✶✾✱ ✻✹

P♦s❡t✱ ✶✾✕✷✶✱ ✷✽
Pr♦❞✉❝t✱ ✶✻✱ ✶✾✱ ✷✸✱ ✸✶✱ ✸✹✕✸✽✱ ✶✹✶✱ ✶✺✷

❈❛rt❡s✐❛♥ Pr♦❞✉❝t✱ ✶✻✱ ✸✶
Pr♦❞✉❝t ♦❢ ▲❛tt✐❝❡s✱ ✷✸
Pr♦❞✉❝t ❖r❞❡r✐♥❣✱ ✶✾



■◆❉❊❳ ✶✽✼

❘❡❞✉❝❡❞ Pr♦❞✉❝t✱ ✸✹✱ ✸✼✱ ✸✽✱ ✶✹✶✱ ✶✺✷
❙❡♣❛r❛t❡ Pr♦❞✉❝t✱ ✸✶✱ ✸✽✱ ✶✹✶
❙✐♠♣❧❡ Pr♦❞✉❝t✱ ✸✺✱ ✸✻✱ ✸✽✱ ✶✹✶

❘❡str✐❝t✐♦♥✱ ✶✽

❙t❛t✐♦♥❛r②✱ ✶✼✱ ✸✷✕✸✹

❚✉r✐♥❣ ▼❛❝❤✐♥❡✱ ✶✶✱ ✶✸
❚✉r✐♥❣ ♣♦✇❡r❢✉❧✱ ✶✶✱ ✶✷

❲✐❞❡♥✐♥❣✱ ✸✶✕✸✹✱ ✺✷✱ ✶✸✹✱ ✶✸✺✱ ✶✻✷✱ ✶✻✹✱ ✶✼✹✱ ✶✼✺
❲r✐t❡ ❇✉✛❡r✱ ✽✵✕✽✸✱ ✶✹✺✕✶✹✼✱ ✶✹✾✕✶✺✶✱ ✶✺✾
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▲✐st ♦❢ ❋✐❣✉r❡s

✶✳✶ P❛r ❙t❛t❡♠❡♥t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷
✶✳✷ ❈r❡❛t❡ ❙t❛t❡♠❡♥t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷
✶✳✸ Pr❡s❡♥❝❡ ♦❢ ❛♥ ❆rr❛② ❖✈❡r✢♦✇ ✐s ❯♥❞❡❝✐❞❛❜❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

✷✳✶ ❊①❛♠♣❧❡ ♦❢ ▲❛tt✐❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸
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✶✼✳✷ ❙②♥t❛① ❢♦r ✏P❛r✑ ❈♦♥str✉❝t♦r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✸
✶✼✳✸ ❘✉❧❡s ❢♦r t❤❡ ❇✐♥❛r② ✏P❛r✑ ❈♦♥str✉❝t♦r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✹
✶✼✳✹ ❘✉❧❡s ❢♦r t❤❡ ♥✲❛r② ✏P❛r✑ ❈♦♥str✉❝t♦r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✺
✶✼✳✺ ❘✉❧❡s ❢♦r t❤❡✏P❛r❢♦r✑ ❈♦♥str✉❝t♦r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✺
✶✼✳✻ ❆❜str❛❝t ❙❡♠❛♥t✐❝s ♦❢ ✏P❛r✑ ❙t❛t❡♠❡♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✻
✶✼✳✼ ❙②♥t❛① ❢♦r ✏❈❛❧❧✑ ❈♦♥str✉❝t♦r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✼
✶✼✳✽ ❙②♥t❛① ❢♦r ✏❙②♥❝❈❛❧❧✑ ❈♦♥str✉❝t♦r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✶

✶✽✳✶ ❇❡♥❝❤♠❛r❦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✻
✶✽✳✷ ❈♦❞❡ ❙✐③❡ ♦❢ t❤❡ ✏▼✐♥✐✑ Pr♦❣r❛♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✼
✶✽✳✸ ❊①♣❡r✐♠❡♥t❛❧ ❘❡s✉❧ts ♦❢ t❤❡ P❡♥❥✐❧✐ ❚♦♦❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✽
✶✽✳✹ P❡♥❥✐❧✐ ❆❧❛r♠s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✽
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❇✐❜❧✐♦❣r❛♣❤②

❬❆❇❇▼✶✵❪ ▼♦❤❛♠❡❞ ❋❛♦✉③✐ ❆t✐❣✱ ❆❤♠❡❞ ❇♦✉❛❥❥❛♥✐✱ ❙❡❜❛st✐❛♥ ❇✉r❝❦❤❛r❞t✱ ❛♥❞ ▼❛❞❛♥❧❛❧
▼✉s✉✈❛t❤✐✳ ❖♥ t❤❡ ✈❡r✐✜❝❛t✐♦♥ ♣r♦❜❧❡♠ ❢♦r ✇❡❛❦ ♠❡♠♦r② ♠♦❞❡❧s✳ ■♥ P❖P▲
✬✶✵✱ ♣❛❣❡s ✼✕✶✽✱ ◆❡✇ ❨♦r❦✱ ◆❨✱ ❯❙❆✱ ✷✵✶✵✳ ❆❈▼✳

❬❆●❍✵✻❪ ❳❛✈✐❡r ❆❧❧❛♠✐❣❡♦♥✱ ❲❡♥❝❡s❧❛s ●♦❞❛r❞✱ ❛♥❞ ❈❤❛r❧❡s ❍②♠❛♥s✳ ❙t❛t✐❝ ❆♥❛❧②s✐s
♦❢ ❙tr✐♥❣ ▼❛♥✐♣✉❧❛t✐♦♥s ✐♥ ❈r✐t✐❝❛❧ ❊♠❜❡❞❞❡❞ ❈ Pr♦❣r❛♠s✳ ■♥ ❑✇❛♥❣❦❡✉♥ ❨✐✱
❡❞✐t♦r✱ ❙t❛t✐❝ ❆♥❛❧②s✐s✱ ✶✸t❤ ■♥t❡r♥❛t✐♦♥❛❧ ❙②♠♣♦s✐✉♠ ✭❙❆❙✬✵✻✮✱ ✈♦❧✉♠❡ ✹✶✸✹
♦❢ ▲❡❝t✉r❡ ◆♦t❡s ✐♥ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ♣❛❣❡s ✸✺✕✺✶✱ ❙❡♦✉❧✱ ❑♦r❡❛✱ ❆✉❣✉st ✷✵✵✻✳
❙♣r✐♥❣❡r ❱❡r❧❛❣✳

❬❇❛r✶✵❪ ❇❧❛✐s❡ ❇❛r♥❡②✳ P♦s✐① t❤r❡❛❞s ♣r♦❣r❛♠♠✐♥❣✱ ✷✵✶✵✳ ❤tt♣s✿✴✴❝♦♠♣✉t✐♥❣✳❧❧♥❧✳
❣♦✈✴t✉t♦r✐❛❧s✴♣t❤r❡❛❞s✴✳

❬❇▼❖❚✵✺❪ ❆❤♠❡❞ ❇♦✉❛❥❥❛♥✐✱ ▼❛r❦✉s ▼ü❧❧❡r✲❖❧♠✱ ❛♥❞ ❚❛②ss✐r ❚♦✉✐❧✐✳ ❘❡❣✉❧❛r s②♠❜♦❧✐❝
❛♥❛❧②s✐s ♦❢ ❞②♥❛♠✐❝ ♥❡t✇♦r❦s ♦❢ ♣✉s❤❞♦✇♥ s②st❡♠s✳ ♣❛❣❡s ✹✼✸✕✹✽✼✱ ✷✵✵✺✳

❬❇♦❛✵✽❪ ✧❖♣❡♥▼P ❆r❝❤✐t❡❝t✉r❡ ❘❡✈✐❡✇ ❇♦❛r❞✧✳ ❖♣❡♥▼P ❆♣♣❧✐❝❛t✐♦♥ Pr♦❣r❛♠ ■♥t❡r✲
❢❛❝❡✳ ▼❛✐ ✷✵✵✽✳

❬❇✉t✵✻❪ ❉❛✈✐❞ ❘✳ ❇✉t❡♥❤♦❢✳ Pr♦❣r❛♠♠✐♥❣ ✇✐t❤ P❖❙■❳ ❚❤r❡❛❞s✳ ❆❞❞✐s♦♥✲❲❡s❧❡②✱ ✷✵✵✻✳

✶✾✸
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❬❈❈✼✼❪ P✳ ❈♦✉s♦t ❛♥❞ ❘✳ ❈♦✉s♦t✳ ❆❜str❛❝t ✐♥t❡r♣r❡t❛t✐♦♥✿ ❛ ✉♥✐✜❡❞ ❧❛tt✐❝❡ ♠♦❞❡❧
❢♦r st❛t✐❝ ❛♥❛❧②s✐s ♦❢ ♣r♦❣r❛♠s ❜② ❝♦♥str✉❝t✐♦♥ ♦r ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ✜①♣♦✐♥ts✳
■♥ ❈♦♥❢❡r❡♥❝❡ ❘❡❝♦r❞ ♦❢ t❤❡ ❋♦✉rt❤ ❆♥♥✉❛❧ ❆❈▼ ❙■●P▲❆◆✲❙■●❆❈❚ ❙②♠♣♦✲
s✐✉♠ ♦♥ Pr✐♥❝✐♣❧❡s ♦❢ Pr♦❣r❛♠♠✐♥❣ ▲❛♥❣✉❛❣❡s✱ ♣❛❣❡s ✷✸✽✕✷✺✷✱ ▲♦s ❆♥❣❡❧❡s✱
❈❛❧✐❢♦r♥✐❛✱ ✶✾✼✼✳ ❆❈▼ Pr❡ss✱ ◆❡✇ ❨♦r❦✱ ◆❨✳

❬❈❈✼✾❪ P✳ ❈♦✉s♦t ❛♥❞ ❘✳ ❈♦✉s♦t✳ ❙②st❡♠❛t✐❝ ❞❡s✐❣♥ ♦❢ ♣r♦❣r❛♠ ❛♥❛❧②s✐s ❢r❛♠❡✇♦r❦s✳ ■♥
❈♦♥❢❡r❡♥❝❡ ❘❡❝♦r❞ ♦❢ t❤❡ ❙✐①t❤ ❆♥♥✉❛❧ ❆❈▼ ❙■●P▲❆◆✲❙■●❆❈❚ ❙②♠♣♦s✐✉♠
♦♥ Pr✐♥❝✐♣❧❡s ♦❢ Pr♦❣r❛♠♠✐♥❣ ▲❛♥❣✉❛❣❡s✱ ♣❛❣❡s ✷✻✾✕✷✽✷✱ ❙❛♥ ❆♥t♦♥✐♦✱ ❚❡①❛s✱
✶✾✼✾✳ ❆❈▼ Pr❡ss✱ ◆❡✇ ❨♦r❦✱ ◆❨✳

❬❈❈✾✶❪ P✳ ❈♦✉s♦t ❛♥❞ ❘✳ ❈♦✉s♦t✳ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥ ❛♥❞ ✇✐❞❡♥✐♥❣✴✲
♥❛rr♦✇✐♥❣ ❛♣♣r♦❛❝❤❡s t♦ ❛❜str❛❝t ✐♥t❡r♣r❡t❛t✐♦♥✳ ❏❚❆❙P❊❋▲ ✬✾✶✱ ❇♦r❞❡❛✉①✳
❇■●❘❊✱ ✼✹✿✶✵✼✕✶✶✵✱ ❖❝t♦❜❡r ✶✾✾✶✳

❬❈❈✾✷❪ P✳ ❈♦✉s♦t ❛♥❞ ❘✳ ❈♦✉s♦t✳ ❈♦♠♣❛r✐♥❣ t❤❡ ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥ ❛♥❞ ✇✐❞❡♥✐♥❣✴♥❛r✲
r♦✇✐♥❣ ❛♣♣r♦❛❝❤❡s t♦ ❛❜str❛❝t ✐♥t❡r♣r❡t❛t✐♦♥✱ ✐♥✈✐t❡❞ ♣❛♣❡r✳ ■♥ ▼✳ ❇r✉②♥♦♦❣❤❡
❛♥❞ ▼✳ ❲✐rs✐♥❣✱ ❡❞✐t♦rs✱ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ■♥t❡r♥❛t✐♦♥❛❧ ❲♦r❦s❤♦♣ Pr♦❣r❛♠✲
♠✐♥❣ ▲❛♥❣✉❛❣❡ ■♠♣❧❡♠❡♥t❛t✐♦♥ ❛♥❞ ▲♦❣✐❝ Pr♦❣r❛♠♠✐♥❣✱ P▲■▲P ✬✾✷✱✱ ▲❡✉✈❡♥✱
❇❡❧❣✐✉♠✱ ✶✸✕✶✼ ❆✉❣✉st ✶✾✾✷✱ ▲❡❝t✉r❡ ◆♦t❡s ✐♥ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡ ✻✸✶✱ ♣❛❣❡s
✷✻✾✕✷✾✺✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ❇❡r❧✐♥✱ ●❡r♠❛♥②✱ ✶✾✾✷✳

❬❈❈✵✹❪ P✳ ❈♦✉s♦t ❛♥❞ ❘✳ ❈♦✉s♦t✳ ❇❛s✐❝ ❈♦♥❝❡♣ts ♦❢ ❆❜str❛❝t ■♥t❡r♣r❡t❛t✐♦♥✱ ♣❛❣❡s
✸✺✾✕✸✻✻✳ ❑❧✉✇❡r ❆❝❛❞❡♠✐❝ P✉❜❧✐s❤❡rs✱ ✷✵✵✹✳

❬❈❉◆❇✵✽❪ ❈❤r✐st♦♣❤❡r ▲✳ ❈♦♥✇❛②✱ ❉❡♥♥✐s ❉❛♠s✱ ❑❡❞❛r ❙✳ ◆❛♠❥♦s❤✐✱ ❛♥❞ ❈❧❛r❦ ❇❛rr❡tt✳
P♦✐♥t❡r ❛♥❛❧②s✐s✱ ❝♦♥❞✐t✐♦♥❛❧ s♦✉♥❞♥❡ss✱ ❛♥❞ ♣r♦✈✐♥❣ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❡rr♦rs✳ ■♥
❙❆❙ ✬✵✽✿ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✶✺t❤ ✐♥t❡r♥❛t✐♦♥❛❧ s②♠♣♦s✐✉♠ ♦♥ ❙t❛t✐❝ ❆♥❛❧②s✐s✱
♣❛❣❡s ✻✷✕✼✼✱ ❇❡r❧✐♥✱ ❍❡✐❞❡❧❜❡r❣✱ ✷✵✵✽✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✳

❬❈❋❘�✾✼❪ ❆❣♦st✐♥♦ ❈♦rt❡s✐✱ ●✐❧❜❡rt♦ ❋✐❧é✱ ❋r❛♥❝❡s❝♦ ❘❛♥③❛t♦✱ ❘♦❜❡rt♦ ●✐❛❝♦❜❛③③✐✱ ❛♥❞
❈❛t✉s❝✐❛ P❛❧❛♠✐❞❡ss✐✳ ❈♦♠♣❧❡♠❡♥t❛t✐♦♥ ✐♥ ❛❜str❛❝t ✐♥t❡r♣r❡t❛t✐♦♥✳ ❆❈▼
❚r❛♥s✳ Pr♦❣r❛♠✳ ▲❛♥❣✳ ❙②st✳✱ ✶✾✭✶✮✿✼✕✹✼✱ ✶✾✾✼✳

❬❈▼❇�✾✺❪ ▼✐❝❤❛❡❧ ❈♦❞✐s❤✱ ❆♥♥❡ ▼✉❧❦❡rs✱ ▼❛✉r✐❝❡ ❇r✉②♥♦♦❣❤❡✱ ▼❛r✐❛ ●❛r❝í❛ ❞❡ ❧❛
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