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Abstract

The main result of this dissertation is an asymptotic formula for the fourth moment of
automorphic L-functions of prime power level p”, v — oo. This is a continuation of the work
of Rouymi, who computed the first three moments at prime power level, and a generalisation
of results obtained for prime level by Duke, Friedlander & Iwaniec and Kowalski, Michel &

Vanderkam.

Résumé

Le résultat principal de cette these est une formule asymptotique pour le quatrieme moment
des fonctions L automorphes de niveau p”, ol p est un nombre premier et v — oo. Il prolonge
le travail de Rouymi, qui a calculé les trois premiers moments de niveau p”, et il généralise
les résultats obtenus en niveau premier par Duke, Friedlander & Iwaniec et Kowalski, Michel

& Vanderkam.

Sommario

Il risultato principale di questa tesi € una formula asintotica per il momento quarto di funzioni
automorfe L a livello p¥, dove p € un numero primo e v — 0. Questo estende il lavoro di
Rouymi, che ha calcolato i primi tre momenti a livello p”, e cio generalizza i risultati per il

livello primario di Duke, Friedlander & Iwaniec e Kowalski, Michel & Vanderkam.
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1

Introduction

Let L(s, f) be an automorphic L-function associated to a primitive form f of weight k
and level g. An important subject in analytic number theory is the behavior of such L-
functions near the critical line fts = 1/2. Questions of particular interest are subconvexity
bounds, equidistribution, gaps between zeros and proportion of vanishing (or non-vanishing)
L-functions. See, for example, [9], [10], [11], [17], [24], [25], [34], [35], [37].

A possible way to analyse these problems is the method of moments and its variations:
mollification and amplification. The given techniques proved to be extremely effective in the
past years. However, the majority of results are known under assumption that the level ¢ is
either prime or square-free number. See [9], [18], [23], [25], [40].

Recently, D. Rouymi considered the case ¢ = p”, where p is a fixed prime number and
v — . He computed the asymptotics of the first three moments and established a positive
proportion of non-vanishing L-functions at the critical point s = 1/2.

Denote the rth harmonic moment by

M=) L2, ) (L.1)

feHX(q)



where

SR SR (e I
2 7 L G 2

JeH} (q) feH} (q)

is the harmonic average over primitive newforms H}(q).

Theorem 1.0.1. (Rouymi, [34]) Let ¢ = p*, v = 3. Then

M, = @ + Okp(q¢), 0 <c < 1/2,

_%:(%?wa+0wm,

M; = % (@) (log q)* + Oy ,((log q)*).

Corollary 1.0.2. By Cauchy-Schwartz inequality

h
M;)? 1
Z 1> (Ml) > ] .
Jer (a) 2 08t
L(1/2,)#0
Remark 1.0.3. Using the technique of mollification, Rouymi [35] obtained a bound inde-

pendent of logq. Let k = 2 be an even integer and p be a prime number. Then for every

d > 0 there exists vy = vo(k, p,d) such that for v = vy and q = p¥

h

3 =221 5

6
feH;" (q) P
L(1/2,)#0

Here H; (q) is a subset of Hi(q) such that the sign of the functional equation (2.23) is plus.

The fourth moment of automorphic L-functions of weight k& = 2 and prime level ¢, ¢ — o0,

was studied in [11] and [24].



Theorem 1.0.4. (Kowalski, Michel and Vanderkam, [24], corollary 1.3) Let q be a prime.

For alle > 0
h

1 L(£,1/2)" = Q(log q) + Oc(q~/12+), (1.3)

feH¥ (q)

where Q) s a polynomial of degree 6 and leading coefficient is ﬁ.

In this dissertation, the result of theorem 1.0.4 is extended as follows.
e We consider the level of the form ¢ = p”, where p is a fixed prime number and v — 0.
e We assume that the weight k£ > 0 is an arbitrary even integer.

e We slightly shift each L-function in the product from the critical line Rs = 1/2

M4(t17 t27 1, 7’2) =

h
D L2+t +iry, f)L(/2+ ty —iry, f)L(1/2 + by + iry, )L(L/2 + 1 — ira, f),
feH [ (q)

where |t1| < 1/2, |to] < 1/2 and t1,t9, 71,72 € R.

Theorem 1.0.5. For all e > 0, the fourth moment can be written as follows

2k—3

Miy(ty, ta,m1,m2) = MP +MOP + MOOP 1O, 4, 1, (P(r1) P(ra) g i HRIERR (707 4 g 714

where

MD + MOD _ QS(Q) Z qA*2t172t2+2€1t1+262t2
q €1,e2==+1
H Cq(l + €1ty + €9ty 2 £+ i?‘g)

X Co(1 4 2€1t1)C(1 + 2¢€aty) Co(2 + 261ty + 2e9ty)
q

F(Eltl + i?“l + k/2>r<61t1 — iT’l + k/2) F(Egtz + iT‘Q + k/2)r(€2t2 — i?’z + /{/2)
F(tl +iry + k:/Q)F(tl —iry + k‘/2) F(tz + iry + ]{?/Q)F(tg —1irg + k’/2)

(1.4)



and

MOOD _ ¢EIQ) Z q—2t1—2t2+2i617“1+2i62'r2cq(1 + 2i61T1)Cq(1 + 2Z'€27”2)

€1,e9==+1

» H Cq(l + tl + t2 + ielrl + i€27"2) F(k/Q — tl + iElrl)F(k/2 — t2 + iEQTQ)
Cq(2 + 2ie11m1 + 2i€27“2) F(l{/Q + 11 — i61T1)F(/{5/2 + 1o — 'ééz’f’g)

. (L.5)

The shifts simplify analysis of the off-off-diagonal term M 9P reveal more clearly a com-
binatorial structure of mean values and allow us to verify random matrix theory conjectures

(including lower order terms) by Conrey, Farmer, Keating, Rubinstein and Snaith [7].

Conjecture 1.0.6. (RMT, particular case of conjecture 3.0.6)

Up to an error term, we have

M4(t1, t2, 1, 7“2) _ ¢(qq) quQt172t2 Z q'\tl(61+€2)+t2(63+€4)+ir1(61762)+ir2(63764)

€1,€2,€3,e4==+1
€1€2€3€64=1

T(—t; —iry + k/2)T(=t1 + iry + k/2)D(—ts — irs + k/2)T (=t + irs + k/2)\/*
F(tl +ir; + k’/Q)F(tl —iry + ]{'/2)F(t2 + irg + k/Q)F(tQ —1iry + k/2)

P(El(tl + iT1> + k/2)r(€2(t1 _ Z"T’l) + k/2) 1/2
) <F(—€1<t1 +iry) + k/2)T (—ea(ty —iry) + k/Z))

[(es(ta + ira) + k/2T (ealtz — ira) + k/2) \"?
<F(—63(t2 +iry) + k/2)T (—ea(ts — irs) + k/Q))

o Cq(l + tl(el + 62) + irl(el — 62))Cq(1 + t2(63 + 64) + iTg(eg — 64))
Cq(2 + tl(El + 62) + t2(€3 + 64) + iTl(El — 62) + 1:7“2(63 — 64))

X Cq(l + 61(t1 + 1:7"1) + Eg(tg + ZTQ))Cq(l + El(tl + i?"l) + E4(t2 — ?:7“2))

X Cq(l + Eg(tl — iTl) + Eg(tg + Z?“Q))Cq(l + Eg(tl — i?"l) + E4(t2 — ?:7“2)).

Remark 1.0.7. The condition €1, €q,€3,€64 = 1, €162€3¢4 = 1 implies that there are eight

terms in the sum. The four of them

(617 62763764) = (17 17 17 1)7 (17 17 _17 _1)7 (_17 _17 17 1)7 <_17 _17 _17 _1>



coincide with the summands of (1.4), and the other four
(617 €2, €3, 64) = (_17 17 _17 1)7 (_17 17 17 _1)7 (17 _17 _17 1)7 (17 _17 17 _1)
with the summands of (1.5).

By letting the shifts tend to zero in theorem 1.0.5, we obtain an asymptotic formula for

the fourth moment at the critical point s = 1/2.

Theorem 1.0.8. For all ¢ > 0, we have

> L(/2. ) = Qogq) + Ocpla (™= +q74), (1.6)

feH(q)

where Q) is a polynomial of degree 6 and leading coefficient is

(¢(q)>7 Pl (1.7)

q p? — 16072

The structure of the proof of theorem 1.0.5 is described by the figure 1.1. The main
term of asymptotic formula consists of diagonal MP, off-diagonal M°P and off-off-diagonal
MOOP parts. Therefore, it requires three different stages of analysis.

First, we apply approximate functional equation (4.1.5) to the product of L-functions
L(1/2 + tl + 2'7“1, f)L(l/Z + tl - ?:7“1, f)L(1/2 + t2 + iTQ, f)L(1/2 + t2 - ’i?”Q, f)

This allows us to use the Petersson trace formula (2.4.2). As a result, My(ty,t2,r1,72) splits

into diagonal MP and non-diagonal MNP = MNP + MNP parts:

o T1/2+4ir ()T irg (T n n
uD — gb(q)q 91 —2ts Z 1/2+ir (M) 1245 ( )th,Tl(A_Q)Wt2:T2(A_2)’ (1.8)
q (gm=1 n q q
1
MNP = opihg—2n=2 Z ?T(C)’ (1.9)
ale
2mi " 1
ND ~—2t1—2t
MNP = _Tq 1 2%;§T(c). (1.10)



Here

Tt j24irs (1) T 2 (1) m n dmy/mn
T(c)=c T;L lm : th,ﬁ(?)WtQ,w(?)S(m?n?C)Jk—l( . ) (1.11)

(g:mn)=1
and
1 G(s) C(s+ir+k/2)L(s —ir+k/2) _, 2sds
= — —(,(1 s ) 1.12
Werly) = 5.5 f@ e RS vy ) L (1.12)

The expression T'(c) includes sums of Kloosterman sums which we transform into Ramanujan
sums using the Poisson summation formula connected with Eisenstein-Maass series (see
theorem 4.5.4). Accordingly, the non-diagonal term is decomposed further into off-diagonal
MOP and off-off-diagonal MP°P parts as shown in theorem 4.6.3. Asymptotics of MP +MOP
is given by theorem 4.0.4. The off-off-diagonal term MY9P is analysed using J-symbol

method in chapter 5.



FIGURE 1.1: Structure of the fourth moment
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Background Information

2.1 Kloosterman sums

Consider the sum

S(m,n,c) = ) )€<M> (2.1)

with dd = 1(mod c).

2mik

It depends only on the residue class of m, n modulo ¢ because e =1 for every k € Z.

The value of S(m,n,c) is always real because
S(m,n,c) = S(m,n,c). (2.2)

Further, since

() g ()

d(mod ¢ e(mod ¢
(C,d)il (676)21
we have
S(m,n,c) = S(n7m70)7 (23)
S(ma,n,c) = S(m,na,c) if (a,c) = 1. (2.4)



If we let one of the parameters m or n to be zero, then Kloosterman sum reduces to Ra-
manujan sum

S(0,n,c) = ) )e<n—cd>. (2.5)

d(mod ¢
(e,d)=1

Another important property is the twisted multiplicativity ([15] formula (4.12)). Suppose
(c1,¢9) =1, a3 = 1(mod ¢1), ¢1¢1 = 1(mod ¢3), then

S(m,n,ciea) = S(mez, ney, ¢1)S(mer, ney, c2). (2.6)
Lemma 2.1.1. (Weil’s bound, [42])

1S(m,n,c)| < (m,n,c)?cr(c). (2.7)

Lemma 2.1.2. (Royer, [36], Lemma A.12) Let m,n,c be three strictly positive integers and
p be a prime number. Suppose p* divides ¢, p divides m and p does not divide n, then

S(m,n,c) = 0.
2.2 Automorphic L-functions

Consider the Hecke congruence group

To(q) = {y € SL(2,Z) : v = ( Z Z ) ,c=0 (mod q)}. (2.8)

It acts on the Poincaré upper-half plane H = {z € C, 3z > 0} by linear fractional transfor-

mations

az+b

Vi (2.9)

A holomorphic function f on H is called a cusp form of weight k and of level ¢ if it

satisfies the following conditions:

f(y2) = (cz + d)* f(2) for all y = (CCL Z) e Iy(q), (2.10)



(32)¥2| f(2)| is bounded on H. (2.11)

Let Si(q) be the space of cusp forms of weight k£ > 2 and of level ¢. It is equipped with

the Petersson inner product

dxdy

7 (2.12)

{fr90q = L( )f (2)g(2)y"

where Fy(q) is a fundamental domain of the action of I'g(¢) on H.

Any f € Sk(q) has a Fourier expansion at infinity

f(z) = Y ap(n)e(nz). (2.13)

n=1

According to the Atkin-Lehner theory [1], the space Sk(¢) can be decomposed into two

subspaces

Se(q) = S (q) @ S¢"(q). (2.14)

The space of old forms contains cusp forms of level ¢ coming from lower levels

Si(a) = {f(12) : 1d'la,q" < q. () € Si(d)} (2.15)

and the space of new forms is defined as an orthogonal compliment to S24(q).
We denote by H;(¢q) an orthogonal basis of Sp*(¢). Elements of H;f(¢) with normalised
Fourier coefficients

Ap(n) == ap(n)n~ k=172, (2.16)
Ar(1) =1 (2.17)

are called primitive forms.

Fourier coefficients of primitive forms satisfy the following properties

)\f(nl )\f n2 Z )\f (711712) y (218)

d|(n1,n2)
(d,g)=1

10



Ar(ning) = Ap(np)Af(ng) if (ng,no) = 1, (2.19)

M (P = X (0)A s (P7) — Ap(p’™1) for prime p such that (p,q) = 1. (2.20)

Let Re(s) > 1, then for f € H;f(q) we define an automorphic L-function

L(s, f) = > Ap(n)n™". (2.21)
The completed L-function
A(s, f) = <\2/—E)SF <s + %> L(s, f) (2.22)

can be analytically continued on the whole complex plane and satisfies the functional equa-
tion

A(s, f) = esA(1 — s, f), (2.23)

where s € C and €y = +1.
2.3 Large sieve inequality

Suppose that A\; = A\;(q) is the smallest positive eigenvalue of the automorphic Laplacian for

Lo(q)-

Theorem 2.3.1. (Selberg’s bound, [38]) One has that

N (2.24)
Let 0, := /max (0,1 — 4);). We define
lasle = 35 laml)"? (2.25)
M<m<2M
and
wlz=( D 1Bl (2.26)
N<n<2N

11



Theorem 2.3.2. (Deshouillers, Iwaniec, theorem 9 of [8]) Let r and s be positive coprime
integers, C', M, N be positive real numbers and g be real-valued function of €% class (first and

second derivatives are continuous for each of variables) with support in [M,2M] x [N,2N] x

[C,2C] such that

m,n,c)| < MIN*C™ for 0 < j,k,1<2. (2.27)

oU+k+1)
' om on® o d (

Then for any € > 0 and complex sequences a, b one has

/ 07‘5
Z 1;am;bng(m, n,c)S(mr, £n, sc) <. C° (1 + j%)

(er)=

) (s3/rC + VMN + v/sMC)(sy/rC + vVMN ++/sNC) laar|2[balle-  (2.28)

s4/rC +vVMN

2.4 Petersson trace formula in case of prime power level

The key ingredient of our proof is the Petersson trace formula, which allows to express Fourier

coefficients of cusp forms in terms of Kloosterman sums weighted by Bessel functions.

Theorem 2.4.1. (Petersson trace formula) For m,n =1 we have

Ag(m,n) = i A(m)Af() = S + 200 MJk_l(”*g%). (2.29)
JeHK(q) qle
If ¢ is a prime number and k£ < 12, the Petersson trace formula also works for moments
of L—functions associated to primitive forms since the space of old forms is empty and
Hi(q) = Hi(q) -
When ¢ is a power of prime, one needs to exclude the contribution of old forms. This
has been done by Rouymi. He constructed a special basis in order to find an analogue of the

Petersson trace formula for primitive forms at prime power level.

Theorem 2.4.2. (Rouymi, remark 4 of [34])

12



Let q = p¥, v =2, then

Ay(m,n) — % if (g,mn) =1 and v = 2,
Al (m,n) = Z Ar(m Ay(m,n) — M if (¢;mn) =1 and v = 3,
feH;(a) 0 if (¢, mn) > 1.

(2.30)
2.5 Random matrix theory and moments of automorphic L-functions

The behaviour of mean values of L-functions at the critical point can be modelled using
characteristic polynomials of random matrices for compact groups O(N), USp(2N) and
U(N) . Accordingly, we distinguish families of L-functions with othogonal, symplectic and

unitary symmetry types. The most general prediction is given in [6].

Conjecture 2.5.1. (Conrey, Farmer) Suppose the family of L-functions is partially ordered

by a conductor c(f) and Q* is the number of elements with ¢(f) < Q. Then

Gy .
; V(L(1/2, £))" ~ m(log Q)P (2.31)
c(f)<Q

Here V(2) = |z|? for unitary symmetry and V(z) = z for othogonal and symplectic symme-
tries. The constant A depends both on the type of symmetry and the functional equation. The
values of g,, B(n) are completely determined by the symmetry type and a, can be computed

for each particular famaly.

Automorphic L-functions for primitive forms is an example of family with orthogonal
symmetry type. In that case, V(z2) = z and B(n) = 1/2n(n — 1). There are two categories
of L-functions of this type: even and odd, corresponding to SO(2N) and SO(2N + 1),

respectively.

Conjecture 2.5.2. (Keating, Snaith [22]) Let q be a prime number. Then

Yo Ly{1/2.0)" = ERa(loga) + O("2+),

feHz(q)

13



tn(n — 1) with leading coefficient —229 . Here

where R, is a polynomial of degree D)

_H _ 1 /pyln- V”ifgiﬁe( e?(1—e?/p) t—e (1 —e "/ \p)” > 2.

66—6 0

Remark 2.5.3. This conjecture has been proven forn = 1,2,3,4. See [9], [17], [24], [25].

A more general conjecture, which describes not only the leading term but also all lower

order terms, is given in [7].

Conjecture 2.5.4. (Conrey, Farmer, Keating, Rubinstein, Snaith) Let q be square-free and

let
g Y2 D12 - s+ k/2)
X(s) = <47r2> D(—1/2+ s+ k/2)’
Then
D LD L2+ an, fL(/2 4 as, f) . L(1/2 + @y, f)
feH (q)
STIX2 ) Y X124 gy

[T ¢+eaai+ea)Alaa,. .. ea) 1+ Olkg) ™),

I<i<jy<r

where A, is absolutely convergent for Rz; < 1/2 and it is given by

Ar(z1, 22,52 H 1_[ ( 1+zl+zj)

ptg 1<i<j<r

1 _ 10 /0)1/242; _ o0 —i0 /0, 1/2+2;
x—f sin 8|| /p ) = (1- /P )~ do.
et

T — 6—19

14



3

Random matrix theory and heuristic predictions in case
of prime power level

Conjecture 2.5.4 gives predictions for moments of automorphic L-functions of square-free
level. Following the recepe described in [7], we find a similar conjecture in case of prime
power level ¢ = p”, v = 2.

Let ¢ = ‘2/—7?. The functional equation (2.23) can be written as

L(s, f) = es Xf(s)L(1 = 5, f), (3.1)
where
We denote the Vandermonde determinant by
Alzr,.ozm) =[] (z-2) (3.3)

Suppose k be an even integer, ¢ = p”, v = 2 and

Mifl/??),
C(Q)iz{q

2
p~—p—1 _
e ifv=2

15



Let

Ar(zenz) =11 T1 ( 1+zz+zj)

ptg 1<i<j<r

T Jo i 616' 6—29
and
T(z1,. ..y 20) 1= Ar(21, 22, .-, 21) H G+ 2 + 25). (3.5)
I<i<j<r
Proposition 3.0.5. For the fourth moment
1

A = .
(21,22, 23, 24) Co(2+ 21 + 2+ 23 + 24)

Proof. Consider

1+2z]
= — sin® do
J ﬂ pl-‘rQZ] _ 2p1/2+23 cosf + 1

We note that

gf” sin” 0 ”
mJo (a®> —2acosf + 1)(b? — 2bcos @ + 1)(c? — 2ccosf + 1)(d? — 2d cos O + 1)

B abed — 1
~ (ab—1)(ac —1)(ad — 1)(bc — 1)(bd — 1)(cd — 1)’

Therefore,

4+2214+2224+223+224 (p2+21 +zo+2z3+z4 __ 1)

H1<i<j<4 (pi+aitz — 1)

I(zl,...,z4)=p

16



and

A?‘<Zla 22, %3, 24) =

1

4+221+2204+223+224 (, 2+ 21 +22+23+24 | |
H p (p 1) pl-‘rzi +z;
plq I<i<j<4

1 1
— 1— — ,
1_[ ( p2+21+22+z3+z4) gq(Q + 21+ 29 + 23 + 24)

pfg
O
Consider a product of r shifted L-functions
L(s,aq,0a9,...,0;) == L(s+ ay, f)L(s + ag, f) ... L(s + a,, f). (3.7)
In section 3.3.1 we obtain the following conjecture.
Conjecture 3.0.6.
h
Z L(1/2,a1,09,...,0.) = M(1/2, a1, g, . .., ) + error, (3.8)
feH;(q)

where
M(1/2, 01,00, 0r) = Clq) [ [ X,(1/2 = ay) 72
j=1
X 2 HXf(l/Z+ejozj)*l/zT(elocl,...,erozr).
;=11 j=1
1_[;:1 €j=1
Conjecture 3.0.6 can be stated in terms of contour integrals for odd (e; = —1) and even

(ef = +1) forms separately.

Conjecture 3.0.7.

h
Z L(1/2,a1,9,...,0,) = 1/2M1(1/2, 01, vg, . . ., i) + error,

feH(q)
f is even

17



where

(_1)r(r—l)/2 or T 12
Mi(1/2, a1, 00, .. ) = C(Q)wg [[Xx:1/2 -0y
P

r Az, 2D T 2
X ... Xi(1/2 + 2)) VT (2, .. ., 20) =—or Rt dz ...dz,.
§ ffjlj[l / ’ ! [Tiz Hj:1(zi — o) (2 + o) 1

Conjecture 3.0.8.

h
Z L(1/2, a1, 9, ..., ) = 1/2M5(1/2, ay, g, . . ., ) + error,
feH} (q)
f is odd
where
(_1)r(r—1)/2 or r 1
My(1/2, a1, 0, .., o) = Clg) 2 ——— | [ Xs(1/2 = o)™
(2w ! i

r A 2 T oy
X ... Xi(1/2 + 2)) VT (2, . .., 20) =z ki dz ...dz,.
§ ijl:[l / ’ ' [Tio Hj:1(zi — o) (2 + o) 1

Remark 3.0.9. These results are consistent with asymptotic formulas for mean values of

characteristic polynomials of odd and even othogonal matrices. See Theorem 1.5.6 of [7].
3.1 Averages over the family

Log conductor of f is defined as

c(f) == lerXp)'(1/2)] (3.9)

Equation (3.2) implies that

/

o(f) = 2logj + 21%(k/2). (3.10)

The number of elements for which log conductor doesn’t exceed T is called counting

function

M(T) = #{f : ¢(f) < T). (3.11)

18



Let G be a function defined on the family F'. Then its expected value is

(G(f)y=lim M(T)™" > G(f).

T—oo
feF
o(f)<T

Here we consider harmonic average with respect to Petersson inner product (2.12)

< CT(k=1)
Z o Z (Am)E=1f, g

feH (q) feH(q)

3.2 Mean values of Fourier coefficients

The property of multiplicity (2.18) implies that

Ap(na)Ap(ng) . = 2 bA()

Jj=1
for some b;.

Lemma 3.2.1. Let ¢ = p¥, (¢,nins...n,) = 1. Then

d(ny,ng, ..., n.) == Ap(n1)Ap(ne) ... Ap(n,)) = b1C(q).

Proof. 1t follows from equation (3.14) that

§(n1,na, ... 0, —qh_)ngb Z (A1

J=1  feH¥(q)

Weil’s bound (2.7) and asymptotic formula (C.7) imply that

T\
JvlaCQ>Jk 1 (4 ) 0
Kpg Y, 7(cq)(cq)F

c=1

tends to zero as ¢ — 0.

Applying Petersson’s trace formula (Theorem 2.4.2), we have

O, o mp) = lim D b;A7(7,1) = biCl(a).

j=1

19
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Lemma 3.2.2. Ifp1q, then

S(p™,....p") = cC(q)

and

2 (T ) r ei(t]-+1)9 _ e—i(tj-i-l)@
= in” 6 de. 3.16
Co FJ sin H (3.16)

et _ o—id

If plq and ty,ts, ... t,. # 0, then

Proof. Fourier coefficients \f(p’) satisfy the same recurrence relation as Chebyshev polyno-

mials of the second kind (compare (2.20) and (F.4)). Therefore,

)\f(pj) = Uj(cosby,).

Consider

UnUs, ... Uy, = Y alL

=0

On the one hand, Lemma 3.2.1 gives

S(p™, ..., p") = coC(q).

On the other hand, the property of orthogonality (F.7) implies that

o == sin®6 H . do.

T 629 _ efia

2 J‘ﬂ' T ei(tj-i-l)@ _ e—i(tj—i-l)@

0 j=1

Corollary 3.2.3. Assume that p{q. Then

Z 6(pt17pt27"'7ptr> _

ptlsl +toso+...+trsy
t1,t2,..., tr

2C(q) f sin’ ef[ « (1 _ p_)_l _ 6_@ <1 _ e’;ﬂ_lcze. (3.17)
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Lemma 3.2.4. (Lemma 2.5.2 of [7]) Suppose F is a symmetric function of r variables,
reqular near (0,0,...,0), and f(s) has a simple pole of residue 1 at s = 0 and is otherwise

analytic in a neighbourhood of s = 0, and let

K(ay,...,a,) = Flay,...,a;) || flai+ay) (3.18)
I<igy<sr
or
K(ay,...,a,) = F(ay,...,a 1_[ flai + aj). (3.19)
I<i<j<r

If a; + a; are contained in the region of analyticity of f(s) then

Z K(eiaq, ... 60,) =

ej==x1

rr /2 9r AZ,...,Z?Q 1%
jg 3@}( 2y, 2 (= ) ijl L _dz .. .dz, (3.20)
27” Hz 11_[] (20 — ) (zi + )

and

Z (H ej)K(eran, ... ea.) =

ej=+1 j=1

dzy .. .dz,, (3.21)

r(r I/QQTfﬁ §K . A(le---azf)2l_[§:104j
v l_L o (2 = )z + o)

27rz

where the path of integration encloses +oy;’s

3.3 Conjectures

3.3.1 The general case

We follow step by step the recipe given in [7] (section 4.1).
1. Consider a product of r shifted L-functions

L(s,o1,00,...,q.) = L(s+ aq, f)L(s + oo, f) ... L(s + ., f). (3.22)
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2. The precise version of approximate functional equation can be found in [16] (Theorem

5.3). For our purposes the following form is sufficient

L(s, f) = Z Ar(n) + €; X (s) Z () + remainder. (3.23)

ns nl—s

Since f € H(q), coefficients A;(n) € R and As(n) = A\s(n).

3. Each L-function can be replaced with the two order terms of (3.23), ignoring remainder.

Multiplying out the resulting expression, one obtains 2" terms of the form

_ - )\f(ﬂﬂ)\f(ﬂz))\f(nr)
(ef)r l( Xf(s + a])) s+a s+a l1—-s—« (324)
j=l1_[+1 m,n;.,nr niter L ong " gy T nlTsTer
for [ =0,1,...,r. Note that
Xi(s) = Xp(1—s)7" (3.25)

Also, if we set s = 1/2, expression (3.24) is equivalent to

] Xs—a ) Y —arlmllee) - Aso) (3.26)

S—
om0 s

=11 n1,ng,ny T

and

r r I r
H Xi(s—a;) ! = HXf(S_Oéj)_l/QHXf(S+aj)_1/2 H Xf(s—aj)_1/2. (3.27)

j=l+1 Jj=1 j=l+1

4. Next, we replace each product of €; by its expected value when averaged over the
family. For orthogonal family, €, is randomly +1. Thus, (ef) = 0 unless r — [ is even.

This gives 2"~! terms in the final expression.
5. Finally, the product As(n1)Af(n2) ... A¢(n,) is replaced by its expected value
S, mp) = Og(m)Ag(ma) . Ag(nn).

22



When nq,ns, ..., n, are integral, the value of d(ny,ns, ..., n,) is multiplicative:
d(naimy,noma, ..., n.my) = d(ny,na, ..., n.)d(my, ma, ..., mg) (3.28)

if (ning...ng.,mime...m,) = 1.

Thus, in expression (3.26)

Ap(na)Ap(ng) ... Ap(n,
3 (n)Ar(n2) ... Ap(ny)

niﬂ” oy P T s

n1,M2,...,7 +1

can be replaced by

B et o o), 00
where
Roaon o) =11 3 Sl 69)
P tit,..t
. Lemma 3.2.2 allows us to compute §(p', p'2, ..., p').

If plq, then o(p™,p™,...,p') = 0. Assume that p { ¢. For any j,i = 1,2,...,r, we

have
o(1,1,...,1) = C(q),
6(1,...,p5,...1)=0ift; =1
(1, .ph, 1) =Clg)ifi#jand t; =t; =1
(1,....p A)=0ift; =2
Therefore,

1
R(s,a1,ap,...,a,) = C(q) H (1 + Z Jraita; + O(p—?)s-‘re)) —
<q

C’(q)n [ 1_[ (1 + Zﬁ) x (14 O(p—3s+e))] ‘



The product [ ], (1 + O(p™*)) is regular for Rs > 1/3. And

1
H(HW)

g

has a simple pole at s = 1/2 — 1/2(«a; + ).
To apply Lemma 3.2.4, one needs to separate a polar part of R(s,aq,ay, ..., a;). This

gives

R(s, 01,0y ...y t) = 1_[ Go(25 + a; + o)

1<i<j<r

5(pt17pt27 cee 7ptT)
1_[ 1_[ 25+o¢1+o¢] Z pt1(s+a1)+t2(s+o¢2)+...+tr(s+ar)

pfq I<i<y<r t1,t2,...,tr

7. According to corollary 3.2.3

Z 5<pt17pt27"'7ptT>
o . pt1(s+a1)+t2(s+o¢2)+...+tr(s+ar)
1, 27..., T

2C(a) f sin’ eﬁ ! <1 _ pTg>1 _ eilie <1 _ IDGSTZZ)ldQ. (3.31)

8. Summing all 2"~! terms, we have

M(Saal,a% s ,Oér) = C(q) HXf(S - &1)71/2

1
" Z HXf stea;) —1/2 H (25 +€0+€j04) 1_[ 1_[ ( m)

=x1 I<i<j<r ptg 1<i<j<r
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And our conjecture is the following:

h
Z L(1/2,a1,q9,...,0.) = M(1/2, a1, s, . .., ) + error.
feH ¥ (q)
9. Now we consider odd and even cases separately. Approximately one half of L-functions

will have an even symmetry type. Another half will be odd, vanishing at the critical

point s = 1/2. Let

AT(ZI; 29y vy & 1_[ H ( 1+zl+z])

ptg 1<i<j<r

X_
T Jo i et e~
and
T(z1,22, ..y 2r) = Ap(21, 22, .o, 20) 1_[ G+ 2 + 25). (3.32)
I<i<j<r

Applying Lemma 3.2.4, we have

r -1 r(r—1)/2 or
Z HXf(l/Q + EjOéj)_l/QT(ElOél, PN ,ETOZT) = (<2)T)T

!
ej=+1j=1 T

r A7, 2D T 2
... Xp(1/2+ 2) V2T (2, ..., 2) = - d = dzy...dz,
fﬁ jEH ! ’ 1 [T TG =)zt ay)

(3.33)
and

r -1 r(r—1)/2 or
O [ eXr(1/2+ gay) PT (e, .. ean) = ((;T)T

7l
;=11 j=1 T

r A2, 2D T o
xP... X(1/2 4 2)) VP (2, ..., 2) = = dzy ...dz,.
§ §]11 ! ’ ' [T Hj:l(’zi —aj)(zi + o) '

(3.34)
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10. Finally, we obtain conjectures for moments of L-functions associated to even and odd

primitive forms:

h
Z L(1/2,a1,q9,...,0p) = 1/2M1(1/2, 01, g, . . ., i) + error,
feH} (q)
f is even
where
(_1)r(r—l)/2 or r 1
My(1/2, 01,0, ap) = ————=Clq) [ [ X/(1/2 = ay)7V
(2mi)r ! i

r A2, 2D T 2
x ... Xp(1/2+ 2)) VT (2, ..., 20) = ; d = dzy .. .dz;
f §H ! ’ [T Hj:l(zi —a;) (2 + o)

h
Z L(1/2, a1, a9, ..., q.) = 1/2M5(1/2, a1, g, . . ., v) + error,
JeH (q)
f is odd
where
(_1)7"(7"—1)/2 or r .
My(1/2, 01,09, ., 0p) = o =Clq) [ [ X7(1/2 = ay)7V
(2w ! i

r A2, 2D Tl o
XP... Xp(1/2 + 2)) VT (2, ..., 2) = - . = dzy .. .dz,.
fﬁ #\ﬂ ! ! 1 [T Il =)zt ay)

3.3.2  The fourth moment at the critical point

By letting shifts tend to zero, we find a more explicit conjecture for the fourth moment.

Conjecture 3.3.1. Let ¢ = p¥ with v = 2. Then M(1/2,0,0,0,0) is a polynomial of

degree 6 in log ¢ and leading coefficient is



where

1\® 2 (” 4 sin? 0d6 1 2
a4=1—[(1——) X;f ( +2192\fc080)4 ~((2) 2p—l’
o p o P p P

24

b4:4—5.

Remark 3.3.2. The coefficient by is consistent with its random matriz analogue. See

Theorem 1.5.6 of [7].

Remark 3.3.3. Recall that ¢ = ;/—f. Therefore, M(1/2,0,0,0,0) is a polynomial of

degree 6 in log q and leading coefficient is

1 6 a4b4
C 1——] —.
¥ ( p) 2"
For v = 3 we recover Theorem 1.0.8.
Let a;j = 0 for j = 1,2,...,r. Reflection formula (A.9) and functional equation (A.4)
give

D(k/2+2) (5 +k2-1)(5+k2-2)...(z;+1) 2zT(z)*sin .

I'(k/2—2;) (=zj+k/2=1)(—2z;+k/2—2)...(—2;+1) T

For |z; — 1| < 1, relation (A.8) implies

F(k:/Q + Zj)

W_Z]‘) =1+0(2).

J

Thus,

I'(k/2 + z;)

X[ (1/2 4 2;) 7V = erilesd <F(k/2 t5)
J

1/2 )
) = e% logq(l + O(zf’))

Replacing X;(1/2 + z;)~Y/2 by %1984 we have

(_1)r(7"—1)/2 or—1

M(1/2,0,0,...,0) = S

C(q)
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A(22,..., 22)?
3€ 3[; Szl (y | )i B g g
1—[7‘ 2r—1

J=1%j
Let x :=log . We change variables
z; — zj/T

so that

(_1>r(7"—1)/2 or—1
(2mi)r 1!

M(1/2,0,0,...,0) = C(q)

T zi 2\ A(ZE .. 22
X%-'-ﬁezj_IZ]Ar<Zl/xw“727"/1; H Cq( j) ( 1’ 2r— 1) le..

1<i<j<r l_[j:1 %

Let r = 4, then

1 23

M4(JZ) = M(l/Q,0,0,0,0) = WZC((])

4 _ i+ 2\ A 2,..
X§'-‘§;ezj_lzjf44(zl/xa"')24/x) H gq (1+Z ZJ) (214 24) le-.

xr R
1<i<j<d [Tia 2

The (¢ function has a simple pole at 1. Thus,

A4(0,0,0,0) 23

M4(l‘) = (QT4' C( ) <1 — 1) x6(1 + O(x—l))

2 2\2
§ § (le'” 24) 1 7d21...d24
H1<1<]<4(21 +2) [ T2 2]

A4(0,0,0,0) 23 1\° .
- WI(J(q) (1 - ;) (14 0(z™))

§ j) j=17%j Zl’” Z4)A(zl7”"24)d21...d24.
H] 121]7

Let

1\N® 2 p* sin 62d
a4.—A4(0,0,0;O)—H(1_5> X;L <p+1—2\/]3C086)4

.dz,.

. d24.



-T1 L “p+Lpt 1 P
- -1 @)1
Then the leading coefficient corresponding to (log §)® equals

e = 1/2C(q) (1 - %)6 asby

with

M. 1 24
by := lim 1(7) =

z—0 6 2mi)t 4!
1/2C(q) (1 — /1)) ayx" (2m0)

4

24:1z]-2 250,251 252 2532 To T1 Ts T3H -7
x§...ﬂ€e z sgn (9)2770257 2572 24 sgn (1) 21°25" 237 2 z;'dz .
S

T j=1

24 (71— —(6— _(5— —(4—
= 5 < i...ﬂgezﬁ—lzﬂ'zsgn(k@)zl (7=250) , (6 251)23 (5-282)  ~4=25) g .
(271) g

Finally,

1
by = 2% sen (9
2,58 5) {7 35,6 — 25,16 — 25, T(d —25%)

1 1 1 1

L I(6) I(5) I'(4)

IS S S B !
_t|TG) T TE TR | _ 2

1

(3 T2 IO I 45

1 1 1 1

(1) T T(-1) T(-2)

29
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4

The fourth moment: diagonal and off-diagonal terms

Let ¢ = p”, where p is a fixed prime number and v — oc0. Our goal is to verify heuristic
predictions of random matrix theory for the fourth moment of L-functions associated to
primitive forms of level ¢ and weight £ > 2. Combinatorial structure of mean values is

more clearly revealed if each L-function in a product is slightly shifted from the critical line

Jos = 1/2. We consider

h
M, = My(aq, ag, as, ) = Z L(1/2 + oy, f)L(1/2 + o, f)L(1/2 + a3, f)L(1/2 + au, f),
feHk(q)
where ay = t1 + iry, qp 1=t —iry, g 1=ty +iry, aq =ty —iry, |t1] < 1/2, |ta] < 1/2 and
t1,ta, 71,73 € R.
In this chapter, we decompose the main term of My into diagonal M?, off-diagonal M 9P
and off-off-diagonal M©P parts. Further, we prove an asymptotic formula for the diagonal

and off-diagonal terms.

Theorem 4.0.4. For all ¢ > 0, up to an error term

- Ctgtes =3
Oﬁ,p,t1,t2(P<7"1)P(T2))q|t1| t1+|t2|—ta+ (q R 1/4))’
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we have

MD + MOD = @ Z q—2t1—2t2+261t1+262t2
€1,e2==%1
[T¢ (1 + ety + exty +iry +iry)

< Gl 26t)G 1+ 26t e o )
q

F(Eltl +r; + k/Q)F(e‘lh —ary + kJ/Q) F(Egtg +ary + k/2)r(€2t2 —iry + ]{?/2)

Tl ir 2 2T —in 2 k2 Tt it £ h2T s —ira £ 7)o
Remark 4.0.5. The biggest error term appears in Lemmas 4.4.4, 5.3.1.
By letting shifts tend to zero, we obtain an asympotic formula at the critical point.
Theorem 4.0.6. For all e > 0,
MP + MOP = Qlog q) + Oc (g (¢~ = +¢7'4), (4.2)
where ) s a polynomial of degree 6 with leading coefficient
2
(¢Ezq> >7p2p— 1 6017r2' (43)
4.1 Approximate functional equation
Let
7o(n) = [n|"" 20y gy (n) = [n|"72 Y d (4.4)

d|n,d>0

If v = 1/2, then 7,(n) reduces to the divisor function 7(n). Furthemore, 7,(n) satisfies

the property of multiplicity (see [27], page 74)
nm
To(n)7o(m) = Z Ty (?) : (4.5)
(n,m

Lemma 4.1.1. (Ramanugjan’s identity, [39], page 8)
Let Rs > 1+ |Rv — 1/2| + |Ru — 1/2|. Then

c(2) 3 ) _ (o pols — vk (s v+ p— 15— —p+ 1) (46)

s
n=1 n
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If v =p = 1/2, this reduces to

ST Gt (47)

Lemma 4.1.2. For Rs > 1/2, we have

L(1/2 +s+ir, f)L(1/2+ s —ir, f) = (,(1 + 2s) Z %7’1/24_”1(”), (4.8)

n=1

Proof. Consider

. . Af(ab/d?)
L(1/2+s+ir, f)L(1/2+ s —ir, f) = Z a1/2+s+iib1/2+s—ird1+2$
o
Ar(n
= Cq(l + 28) Z n{/—(Q—i-le/z""”(n)'

n=1

]

Let G(s) be an even polynomial vanishing at all poles of T'(s + ir + k/2)['(s — ir + k/2)

in the range Rs > —L for some large constant L > 0. We define

1 G(s) C(s+ir+k/2)T(s—ir+k/2) _, 2sds
Wy (y) = — 142 s . 49
W)= 55 & G) G+ ) kT — i v 50 o p (4.9)
Lemma 4.1.3. Suppose y > 0, [t| < 1/2. For any C > |t|
Wir(y) = Ocu(P(r)y™) asy — o, (4.10)

Wier(y) = (1 +2t)y™

L(—t+ir + k/2)T(—t —ir + k/2)
Lt +iar +k/2)T(t —ir + k/2)

+ (1 —2t)y" + Oqt(P(T)yc) asy — 0. (4.11)

Remark 4.1.4. Notation P(r) means polynomial dependence on r.
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Proof. Asymptotic expansion for the ratio of gamma functions (A.7) gives

L(C +ir+ k/2)T(C —ir + k/2)
Lt +ir + k/2)T(t —ir + k/2)

= (IPD*“= (1 + 0(/Irl)).

First, without crossing any pole, we can shift the contour of integration to Rs = C' with
C > |t|. This implies (4.10).

Second, we move the contour of integration to Rs = —C, meeting two simple poles at
s = +t. Therefore, as y — 0, we have

L(—t+ir+ k/2)T(—t —ir + k/2)

Tt ir + k2T —ir + k/2) Oct(P(r)y“).

Wir(y) = (L +20)y~" + ¢o(1 = 2t)y*

]
Lemma 4.1.5. Fort,r € R with |t| < 1/2, we have
L(1/2+t+ir, f)L(1)2+t—1ir, f) = 27—1/2+Zr )Wt,r (%) . (4.12)
n=1 \/7 q
Proof. Consider
I .= = A1/2 + s +ir, [N1/2 + s —ir f)G(S)ds
b 2w (3) ’ ’ s—t
Moving the contour of integration to 3ts = —3, we pick up a simple pole at s = ¢. The
functional equation (2.23) imples that
L+el =R A(1/2 ' 1/2 Gls)
¢+ el = Resoey | A(1/2 + s +ir, f)A(1/ +s—z7"f) —
=GOAQ/2+t+iar, YN/2 +t —ir, f).
Therefore, by Lemma 4.1.2
: B Ag(n)
L2+ t+ar, YL(1/24+t —ir, f) = Zﬁ/gﬂr
n=1 \/7
y i G(S)Cq(l+25)F<8+Z,T+k/Q)F(S_?TJFk/Q) <%) SstQ‘
2mi )3y G(t) Lt +ir+k/2)T(t —ir + k/2) \ g s?2—t
[
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Proposition 4.1.6. The fourth moment can be written as follows

1 m n
My =g 2" T1j2-4ir (M) T j2irg (M) ——=—=W4, » <7) Wiy (T) A% (m,n). (4.13)
mél 1 2 \/m 1,71 P2 2,72 g2 q

Proof. By Lemma 4.1.5

L(1/2 + tl + iTl, f)L(]./2 + tl - iTl, f)L(]./Q + tz + iTQ, f)L(]_/Q + t2 - iTQ, f) =

ot Ar(m)As(n) m n
2t —2t f f
qg Z 7_1/2+'ir1(m)71/2+irg(n)WWt1,r1 ? VVtQ,TQ ? .

m,n=1

Summing over f € H;f(q), one has

/\— 1 m n
212ty 7—1/2+“’1 7—1/2+2r2 <n> —th,rl o Wt2,7"2 9 A; (m’ n) .
A/ mn q q

m,n=1

4.2 Applying the Petersson trace formula

Here we apply Theorem 2.4.2 for v > 3. The case v = 2 can be treated similarly, but it

doesn’t seem to be of particular interest since the final goal is v = c0. Let

() = c Z T1/2+ir1 (%ﬂm( )th Tl( )Wt2 m(;l )S(m,m, C>Jk1(47r\£m). (4.14)

(g;mn)=1

Using the trace formula (2.30), the fourth moment (4.13) can be written as a sum of

diagonal and non-diagonal parts.

Proposition 4.2.1.

My = MP + MNP + M¥P. (4.15)
where
¢ q) ._ 1— T iry (n)T iT‘2< ) n
VP = E])q 2t1 -2t 2 1/2+ n1/2+ W, n(q YW, ”(q ), (4.16)
(gm)=1
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MNP = omihg =2y =700, (4.17)
qle
and
2mik 1
ND __ ~—2t1—2t
MNP = - 1242 Z| 57T(e). (4.18)

We study the given sums using techniques developed by Duke, Friedlander, Iwaniec in
[11] and Kowalski, Michel, Vanderkam in [24]. Accordingly, we split the non-diagonal terms
into off-diagonal and off-off-diagonal parts. As expected, the main technical difficulty is
caused by the off-off-diagonal term. In [24] (when ¢ is prime), the off-off-diagonal term was
further separated into two parts. The first one was evaluated using Theorem 5.1.1 of [11],
which is based on d-symbol method. And the second part was shown to be an error term in
section 4.4. This is not the case when ¢ is a prime power. Accordingly, we apply d-symbol

method to the whole off-off-diagonal term.
4.3 Estimation of the diagonal term

Lemma 4.3.1. One has
MD « P( ¢(Q) e—t1—to
1 1o rl)P(rg)—q q for any € > 0. (4.19)

Proof. Consider

uP - d(q) G2 Z Tijziry () T1y2iry (1 )th 7«1( )th rz(qn)

q n=1 n

(gm)=1

Note that 7244 (n) « n for all € > 0. The sum over n can be decomposed into two cases

2= Xt

nx1 1<n<g? n>g?
(gn)=1 (gn)=1  (q, n) 1
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According to (4.11),

¢(Q) At — T1/2+ir (n)ﬁ 24ir (n) n n
q q 2t1 2t2 Z /+ 1 ” / +irg Wt17rl(?)Wt27T2(A_2)

1<n<§?
(gm)=1

<<e,t1,t2 P(rl)P(r2) (bfzq) q€_t1_t2'

Using (4.10), we estimate the second sum

¢(q) o, T1j24iry (M) T1 /24 (1) n n
; g 2t —2ty Z [2+ir1 - [2+ira th,m(qA_Q)thyrg(q)

n>q?
(g,n)=1

Letr,ta P(Tl)P(Tg)@QG_tl—tQ‘

It follows that

Remark 4.3.2. The asymptotics of this term will be evaluated in section 4.8.
4.4 Smooth partition of unity and restriction of summations

In order to simplify computations of the non-diagonal terms (4.17) and (4.18), it is useful to
restrict the ranges of summation.

First, following [24], we make a smooth partition of unity

1 m n
—th,Tl(A_)Wtz,Tz(A_) = Z FM,N(m? n)?
VI ¢ ¢ M,N>1

where
1

Faray (1, 1) i= W, (25 W (25) Fas () v () (4:20)
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We assume that Fi(m) and Fy(n) are compactly supported functions in [M/2,3M] and

[N/2,3N], such that for any integral ¢,j = 0
:BjF]g)(:B) «; 1 and yiF](\f) (y) «; 1.
The term (4.14) can be written as

T(C)Z Z TMJV(C),

M,N>1

where

Tun(c) =c Z Tl/2+ir1(m)71/2+ir2(n)8(m7 n, ¢) Farn (m,n) Jy - (

m,n

Lemma 4.4.1. For any oy = |t1|, as = |ta]

Y
1 j -
TY 5 aijM,N(a:,y) Loy sva ot

P(r1) P(r) (MN) V2 (‘J_2>a <f

Y Y]
i
Y i 8J'yFM’N(x’y) Kan bty

A

(4.21)

(4.22)

(4.23)

ar g\ ltel
P(r1)P(ry) (MN)~/2 (q—> <q—) if M > " N < ¢+ (4.25)

x Y

NG

2,,] _
x y azx aijM,N('x7 y) <<Oé2,t1,t2

s [t /a2 a2
P(ry)P(rs) (MN) /2 (q—> (q—) if M « ¢ N » ¢+ (4.26)

x Y

0
'y ——F xr,1y) <
Y Diz Oiy MmN (T3 Y) iyt

T Y

P(r)P(ry)(MN)~Y2 (‘ﬁ)'tl (iz>|t2| if M, N « g'*c. (4.27)
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Proof. Consider

L L0 x 071 y
P gy Fas() = (25 W ()Fu@)) (155 Wi ()F0))

Note that
it q
h___— « MTV?
ohx\/x
By (4.21),
0"
2 —F, <1
iy (@)
If M >» ¢'*, we use (4.10) to get
. 0 x T _,
Z SEWH,H(?) Lag,ty P<T1)(?) Y
If M « q'*, we use (4.11) to get
.08 T Ty
x 3%Wt1,r1(§) <y P(Tl)(?) .
By Leibniz’s rule (D.1),
iailW (=) Fau(x) « 1P( (=) M o> ¢tte
— — Wy, (= T) Loty ——P(r1)(= i
(92.1'\/5 t1 ) M ,t \/M 1 9 q
and
7 (72 1 i 1 T _tl . ]_+6
&x\/—ng,m(?)FM(x) N \/—MP(H)(A—Q i M o« g
O
Proposition 4.4.2. For any e >0, any A >0 and [ = 0,1
1 —A
> > ST n(0) €cpanmnm Pro)P(r)g (4.28)

max (M,N)»ql+e L|c
P

Corollary 4.4.3. The range of summation in (4.22) can be restricted to M, N « q'*<.
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Proof. Since max (M, N) » ¢'¢, there are three cases to consider:

o M » ¢'te, N « ¢'*<
o M « qg'te, N » ¢'*<
o M >» q¢'te, N » ¢'*te.

We give a proof for the first case. The other two can be treated in the same manner.

> X () -

M>»qlte Llc
N«gl+e P

S(m,n,c 4m/mn
Z Z Z 71/2+m(m)71/2+ir2(n)¥FM,N(m’”)Jk—l( d c ).

M>»qlte Llc
N«gtte ol (g;mn)=1

We decompose the sum over ¢ into two cases and apply (C.7) and (2.7):

Z S(m;n,c) Jk1(47r\£%)

al|e
P

Z S(m,n,c)Jk_1<47r\/W)+ Z S(m,cn,c)Jk_l(47r\£W

c<y/mn c=y/mn
P alp

for any 6 > 0. Applying Lemma 4.4.1 with ¢ = j = 0, one obtains

1 q [e%1 q |t2|
Z Z c_2TM7N(C> <<Oé17p7t17t2 P(Tl)P(Tz)(MN)1/4+6 <M> (N) .
M>»qite Lic

P
N<<q1+e

Taking «; sufficiently large (for example, oy = 1/2 + 2§ + M ), it follows that for

any € >0,any A>0and [ =0,1

1
2 Z gTM,N<C) Ke,p, Aty ta P(TI)P(TQ)in.

M>»qglte Llc
N«glte ?
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Finally, the range of summation on ¢ can be restricted via the large sieve inequality.

Lemma 4.4.4. Let | = 0,1. Assume that M, N « ¢'*¢. For any C > v/MN we have

1 N |t/ xa\ [tz \/m k—3/2
2 ETM,N(C> <<e,p,t1,t2 P(T’l)P(TQ) (qM) (qﬁ) qe <T> . (429)

c=C
e
P

Remark 4.4.5. We choose C' = min(q*>M"/2,q"/%). Thus, the error term is

2k—3

P(rl)P(T2>q|t1|—t1+|t2\—t2+eq— vl

Proof. We would like to apply Theorem 2.3.2. In order to do so, we make a dyadic partition

of the interval [C, o0) and assume that ¢ € [C, 2C]. By definition,

D 6—12TM7N(C) _

a
Pl |C

1 4m\/mn
Z Z T1/2+ir, (m)ﬁ/zﬂrz(n)zs(man,C)kal ( c > FM,N(m7n)
n,m 7|
(g;nm)=1 ¢!

! 1 Ay /mnp
< (MN)€% Z Z c_ls(m’ n,c1q/p') (Tp

m,n c1

) Fyn(m,n).

Here m € [M/2,3M], n e [N/2,3N] and ¢, € [C},2C,] with C; := Cp!/q. Let

o rere (£) " (2) v (28

As a test function we choose

g(manacl) = C_FM7N(m,TL>Jk_1
1

().

c1q
Since C' > v/ M N, the following version of (C.7) can be used

J,gjjl(z) « 2P for 2 « 1.
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The function Fy n(m,n) can be bounded using (4.27). Then g(m,n, c;) satisfies condition
(2.27), and Theorem 2.3.2 can be applied with 7 = 1 and s = ¢/p!. Selberg’s bound (2.24)

implies that 6,; < 1/2. Finally,

1 1
Z ETM’N(C) Lep Ep ZZS m,n clq/p) (M, m, 1) Kept it

il|c n,m ci

Y (a7 (300 TN+ 30) (360 VA 330
q X oV MN 40y +VMN '

Plugging in the expression for X, we have

qQ [t1] qAQ [t2]
Z TMN Leptrts ¢ P(r1)P(r2) (M) (N)

QIC

k—3/2 1/2
1 //MN VMN 1 Cpt l
e VAR L =) 22 MJa/o + N.
X C( . ) ( 5+ Cl> . Va/pt + My/q/p +

Conditions C' > v/ MN and M, N « ¢**¢ imply that

1/2
« 1,

(e

[
%X/Q/Pl + My/q/p'+ N « 1.

Finally,

q2)|t2| e(m)k—?ﬂ

1 ~2 ‘t1|
; C—2TM,N(C) Leptrta P(11)P(12) (qﬂ) <N
i c
]

4.5 Poisson summation formula connected with the Eisenstein-Maass series

In [24], Julila’s extension of Voronoi summation formula was used to transform Kloosterman
sums into Ramanujan sums.
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Proposition 4.5.1. (Jutila, [20], Theorem 1.7) Let g(x) be a smooth, compactly supported
function on R* and (c¢,d) = 1. Then

c Z Je(dm/c)g(m) = L+Oo(log$ + 27 — 2log ¢)g(x)dx
— o7 Z dm/c)fO ) Yo(47r\£%)g(x)dx

+4 Y r(m dm/cf Ko 4”F) (x)dz. (4.30)

m=1

In our case, 7(m) is replaced by 744 (m).

Counsider the Bessel kernels

ko(x, v) = QC;S —(aoa(w) — (), (4.31)
2 .
ki(z,v) = —sin T Koy 1(x). (4.32)
Let
D,(s,z) := Z Tvé?)e(nx), Ro =1/2. (4.33)

The series (4.33) converges absolutely for Rs > 1.

Theorem 4.5.2. Let x be a rational number x = ‘El with (d,c) =1, ¢ = 1. Then the function
D,(s,z) of two complex parameters s and v is meromorphic over the whole of C*. If we fix
v such that Rv = 1/2 and v # 1/2, then D,(s,d/c) as a function of single variable s has
two simple poles at s = v+ 1/2 and s = 3/2 — v with residues ¢2"¢(2v) and c**~2((2 — 2v),

respectively, and it is reqular elsewhere. Also it satisfies the functional equation
d 4 2s5—1
D” (87_) = (_ﬂ-) 7(1_57U){_C0S7T8Dv (1_3,_g> +SiH7T'UDv <1—S7 g)})
c c c c
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where ad = (mod c¢) and

22u—1

v(u,v) = Tu+v—1/2)T(u—v+1/2). (4.35)

Proof. See Lemma 3.7 of [28]. O

5) — f b(@)rda

Let

be the Mellin transform of ¢.

Lemma 4.5.3. Assume that

JO " o) |etda < oo, (4.36)
f( | 13(2)|dz < . (4.37)

Then
57 J $(2)§(1 — 2)dz = LOO o(z)g(x)dx. (4.38)

Proof. Consider

1 L N
27rzf d(2)§(1 — 2)d =5 ()¢(2)L g(x)x *dxdz

Theorem 4.5.4. (Theorem 5.2 of [27], page 89) Let ¢ be a smooth, compactly supported
function on R*. Then for every v with ®v = 1/2, (¢,d) =1, ¢ = 1, one has

4% m>1e (%j> mo(m)¢ (472/%) - 2&:;}2)@ O(20 + 1) + 24((42752 227))(;5( 20)

[e (—?) ko(zv/m,v) + e (%) ki(zv/m, v)] o(x)xdr, (4.39)
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where ad =1 (mod c¢).

Proof. The requirements of the theorem imply that ngS(2s) is regular in 0y < Rs < oy for

some 0y < 0 and o7 > 1. Then by the inverse Mellin transform

4t/n 1 . c\2 1
= — 2s)—) —ds, 1<b .
¢< c ) im J(b) #(2s) <47T> gl s

Therefore,

41 md Am/m 1 N 251 N
7m>1€ (T) T,(m)¢ ( - ) =i f(b) (E> D, (s, E) $(25)ds.

Note that the change of order of integration and summation in the last formula is justified by

the absolute convergence. Moving the contour of integration to s = § with o < § < 0, we
cross two simple poles of D, (s, g) at the points v+1/2 and 3/2 —v. Computation of residues

gives the first two summands on the right-hand side of (4.39). We are left to evaluate

1 c \ 2s—1 d\ ~
— — D - 2 )
T o) <47T> Y (S’ c) ¢(28)ds

Next, one can apply functional equation (4.34) and write the result in terms of Dirichlet
series (4.33). Since R(1 — s) > 1, the order of summation and integration can be changed.

This yields

R R e o R L

Now we can move the contour of integration to s = « such that 3/4 < a < 1. Then the

result follows from Lemmas E.0.31 and 4.5.3. Indeed, let

g1(x) := xko(z/m, V),

then

Gi(1—2s) = —y(1 — s5,v) cos (ms)m**
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and

—,i v(1 = s,v) cos s (2s)m* " ds = foo ko(zA/m, v)o(z)zd.

1T (o) 0

Note that condition (4.36) is satisfied for g;(x) if

1—2a> -1 as r — 0,
1/2—2a < -1 asx — .

This explains our choice of o. Analogously,

% v(1 — s,v)sin 7rv¢2(23)m8_1ds = JOO ki (xy/m,v)o(z)zdr.

() 0
[l

In order to apply Theorem 4.5.4, one has to exclude the coprimality condition in the

sum. This can be done using the criterion of vanishing of classical Kloosterman sum (2.1.2).

Let f(m,n,c) := FM,N(m,n)Jk_l(A‘”W).

C

Proposition 4.5.5. Let m,n,c be three strictly positive integers and p be a prime number.

Suppose p? divides c. Then

Z T1/2+ir (m)71/2+i7“2 (n)S(m, n, C)f(mv n, C) =

(g;mn)=1

Z 7_1/24-27”1 7-1/2+7,r2 (n>5(m7 n, C)f<m7 n, C)

m,n=1

- 7—1/2+zr2 2 7-1/2+7,r1 T]./2+ZT2 (n)S(ma np, C)f(mu np, C)

m,n=1

+ 2 7-1/2-i-7,1"1 Tl/?-i—zrz (n)S(m, an, C)f(ma TLp27 C)‘

m,n=1

Proof. Recall that ¢ = p”. Therefore,

DL I

(gmn)=1  plmn  mn  pmn mn pln plmpin
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The sum

Z 7—1/2+zr1 7—1/2+z'rg (n>S<m7 n, C)f(m7 n, C) = O
plm,ptn

since the Kloosterman sum vanishes by Lemma 2.1.2. Further,
D Tzins (M)T1 2410, ()S (m 1, ) f (m, m, ) =
pln

Z 7_1/2+’M“1 Tl/2+lT2 (np)S(m7 np, C)f(m7 np, C)‘
The identity (4.5) implies that
n. .
Tl/2+ir2(np) = T1/2+iry (0)7'1/2+ir2(n) - 7-1/2+ir2(;> if (/)7 n) =P,

T1j2virs (NP) = Trjavirs (P)T1j24iry (1) if (p,n) = 1.
Finally,

Z T1j24ir (M) T1j24ir, (0) S (M, 1, €) f (M, M, €) =

(g;mn)=1

2 7—1/2+z7‘1 7-1/2+z7"2 (n)S(m, n, C)f(m7 n, C)

m,n=1

- 7—1/2+zr2 Z 7-1/2+z7"1 7—1/2+w‘2 (n)S(ma np, C)f(ma np, C)

m,n=1

+ Z 7-1/24-17”1 7—1/2+7,r2 (n)S(ma np27 C)f(ma np27 C)‘

m,n=1

[
4.6 Off-diagonal and off-off-diagonal terms
By proposition 4.5.5, the term (4.23) can be decomposed as follows
Ty (c) =T5S(c,0) = Tijo4ir, (p)TS(c, 1) + T'S(c, 2), (4.40)
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where

TS(¢,B) =c Z T12ir (M) T javin, (1) S(mynp® €) f(m,mp® ) with B =0,1,2  (4.41)

m,n=1

and
f(m,n,c) = Fayrn(m,n)Je_y (4W\ﬁ%> ) (4.42)
Proposition 4.6.1. One has
TS(¢,B) =TS*(¢,B)+ TS (¢, B)+ TS (¢, B), (4.43)
where
TS*(c, B) 271/2+zr2 S(0,np",¢) [GF, (np”) + %, (np")], (4.44)
TS*(c, B) 227'1/%”1 M) Tija4ir, (R)S(0,np” Fm, c)G (m, np”). (4.45)
Functions G*, G, G are defined as follows
6 - 2 | . (“f@ ) Farw(z y)a d, (4.46)

G (2,y) = 2r J "k (4“0/5, 1/2 + ir) Joos (47“6/@) Fun(z, y)de (4.47)

0

and

« 4
Gl (z,y) = QWJ k1 (47r\c/xiz’ 1/2 + ir) Jp-1 ( W\C/@) Fuyn(x,y)de. (4.48)

0

Proof. The function f is smooth, compactly supported, and thus satisfies all conditions of

Theorem 4.5.4. Applying the summation formula (4.39) with ¢(x) := f(1g72r2 22, np?P c), we
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obtain

Z e (%i) T1/2+ir1 (m)f(m,an,c) =
m=>1
1011_2?:17"1 J f(z,np? ’”dx—k = 2?:17”1 J f(z,np?, c)x™ " dx
Z T1 24, (M JOO e (—mTa) ko (4%\/3%, 1/2 + z'n) f(z,np®, c)dx
m=>1
Z T1 /24, (M JOO e (m78> ky (4%\/%, 1/2 + i7’1> f(z,np?, c)dx.
m>1
Finally, we plug this in (4.41) to get the required result. ]

The first summand, including 7°S*(c), is an error term.

Lemma 4.6.2. Let | =0,1. Then

DD PTSH(e, B) <y P(r1)P(ra)g "1 12lg 1, (4.49)

e M,N<q'*e
P

Proof. We use (4.27) to estimate Fys ny(m,n). J-Bessel function can be trivially bounded by

1. Then
~2o\ [l /2 2 1/2
M
G*(np®) <4y 4y P(r1)P(ry) (‘IM) <qﬁ> (W) _
Since
5(0,np", ) « (np”, ),
we have
g [t1] g [t]
TS*(c, B) <41, (an,C)(MN)1/2qEP(T1)P(T2) — — )
’ M N
Therefore,

hd

Yl IS0, B) Cupnep Pr)Plra)g" g

ﬁ\c M,N<q'te
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The last two summands require more detailed treatment. We rewrite the sums 7'S* in

the form that is more convenient for later computations.

and

where

At this point the non-diagonal term splits into off-diagonal (corresponds to h =

Zanm )7 /21in, (0)S(0, np™ — m, )G, (m, np™)

C)ZTl/QJrim (”PB)71/2+ir2(”)Gr_l (np®,np”) + 2 5(0,h, )Ty, (c, B)
n h#0

TSJF C B 2 Z 7—1/2+z7‘1 7-1/2+z7‘2( )S(Ov an +m, C)G:rl (m7 an)

= > 8(0,h, )T} (e, B),
h#0

Th$ (C, B) = Z T1/2+ir (m)Tl/QJrirQ (n)Gfl (m’ an)

mFnpB=h

off-off-diagonal (h # 0) parts.

Theorem 4.6.3. The following decomposition takes place

MOD = MOD<O) - Tl/2+ir2(p)MOD(1) + MOD(Q)’

MOOD _ MOOD(()) — T1/2tir (,O)MOOD<1) + MOOD(2>'

For B =0,1,2 we have

MOD<

¢ _
Z g Z Z T1/2+iry (an)Tl/2+ir2 (n)G,, (nPBa an)
qle M,N«qglte n

c«C

—1/p Z ¢ Z 27—1/2+i7‘1 (an)Tl/2+ir2(n>G;1 (an,an) ,

Ile M,N«glte n
c<<C
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(¢, B) + T; (¢, B))

MO9P(B) = 2mi ™" Z > > 8(0,h,0)(T,
q|c M,N «q'+e h#0
ckC
(¢, B) + T} (¢, B))

—1/p2 > >1S(0,h0)
M,N«glte h#0

q |C
c<<C

Here T (¢, B) is given by (4.50) and GE(z,y) by (4.48), (4.47)

4.7 Extension of summations
Now we can reintroduce the summation over ¢ > C' and max (M, N) » ¢'™ for the off-

diagonal term at the cost of admissible error

Proposition 4.7.1. For any ¢ > 0

¢
Z Z 27—1/2+z7‘1 (an)Tl/2+i7"2 (n>G (np np ) €,p:t1,t2
l|c max (M,N)«glte n
c>C
P(Tl)P(Tz)q‘tl|+‘t2‘+eq_k/6+1/6. (453)
Proof. Let
(©) 0 ife>C
C e
e 1 ife<C
Consider
&
T1 = Z % Z ZTl/ZJrzrl 7’Lp 7_1/2+1T2( )G (’I’Lp np )
e max (M,N)«qglte n
cp>C'
2 27—1/2+zr1 np Tl/2+ZT2( )
max (M,N)«qlte n
D21 = ne(e)d(e) Farn(wc® np®)d

20

X JOO ko (4%\/@, 1/2 + in) Jie_1 (47M/smp )
0



We use (4.27) to estimate Fi ny(zc?, np?), (C.7) to estimate Jj,_; (47?«/9571/)3) and

ko (4#\/95an, 1/2 + irl) « 1.

Then

1 g3 Y
T1 <<e,t1,t2 P(Tl)P(r2)qA\t1|+\t2\+e Z Z J (\/ﬁ)k_l_dx
M,N«qlte m n~N Y0 qr

Lepitrita P(Tl)P<T2>qA|tl|+|t2|+€q_k/6+1/6.
]

Proposition 4.7.2. For any e >0, any A >0 andl = 0,1

Z @ 2 2 T1/2+ir (an)Tl/2+ir2 (H)G;l (an, an)

ﬁ|c max (M,N)»qlte n

Kepaits P(ri)P(ra)g . (4.54)
Proof. 1t can be proved analogously to proposition 4.4.2. O

Now it is possible to combine all functions Fj, into F' and replace Y .,, v Faun by

Fla,y) = %@Wm%)m,m(%)mx)my), (4.55)

where F(z) is a smooth function, compactly supported in [1/2,0) such that F(x) = 1 for

= 1.
Proposition 4.7.3. Up to an error term
P(ry) P(rg)qlti=ttltlmteteq=k/2

the product F(x)F(y) can be replaced by 1 in (4.55).
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Proof. Consider

b(c 1 A/ xnpB .
T, = Z % 2 T1/2+ir (an)Tl/Q-H'W <n) o ko \/077 1/2 T

qle

4/ xnpB 1 x npB
X Jk—l ( c ) \/th,m(?)wtmm(A_g)(l - F(l’))dl’

We estimate kg <47r Vanp? 1/2 + irl) trivially by 1 and

c )

(47’(‘@) <m> k—1

S| ——— | < | — .

¢ 1

Suppose that n < ¢g. Then W, ., can be estimated using (4.11). This gives
Ty K4y ta,e P(Tl)P(rz)q|t1|+\t2|+eq—k/2‘

Suppose that n > ¢g. We use (4.10), so that

Ty <4y 19 P(Tl)P(Tg)q|t1|+6q_k/2.

4.8 Asymptotics of the diagonal and off-diagonal terms
In this section we prove Theorems 4.0.4 and 4.0.6. Recall that

1 m n
F(m,n) = Wth (q_g) Wiy (q_g)

and

o drr ) TroB drr ) TroB
G, (np®,np®) = 27TJ ko <$, 1/2 + ih) Jp—1 <%> F(x,np®)dz.

0

Then the off-diagonal term can be written as

1,2

y

A B A B
MOP(B) = g2 3 P R )y <n—g ) Z(np®), B=0
: np

o2



with

0
7 = Z(an> = 27lef ko(z, 1/2 + ?:Tl)J]gfl(Z)
0

ckq?

Note that we made a change of variables z = < _ in the integral. Applying (4.9), w

42
(47F)2

have

U(s+iry + k/2)T(s —iry + k/2)
F(tl + i?"l + ]{3/2>F(t1 — iTl + ]{3/2)

« 1
7 = 27T2kj ko(z,1/2+ir1)Jk1(z)—,f G(S)
0 211 3)

2

X Go(1 +2s) (%) Z Cl+25

(47)%¢*np

23ds
dz.
p qzlj Cl+2s 1

The term in the brackets can be simplified. Consider

P(p
ch+25 Z 1+2$) Z Cl+2s

gle k>1/ (e,p)=1

5(a) o(q) 1 (q(28)
= Z Z C1+25 Tt — P25 (y(2s —T— 1)

kZV (e,p)=1

Analogously,

2s

p (q(25)
Z Cl+25 - 1+25 1— —QSC (23 + 1)

(I|C

Combining the last two formulas,

Z _ )1-— pQS_l Gq(25)
p o Cl+25 1+2s 1 — p—2s Cq(23 + 1)'

Z cl+23 o

qle
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Lemma C.0.19 implies that

» , ['(2s)
ko(z,1/2 _ “%dy =
L 02, 1/2+ i) Jia(2)2 : 225+ cos (m(1/2 + irp))

(
Cliry + k/2 —s)I'(—iry —k/2+ s+ 1) = T'(—iry + k/2 — s)['(iry — k/2 + s+ 1)
[(—iry + k/2+ 8)L(iry + k/2 + s)T(iry — k/2+ s+ 1)[(—ir; — k/2+s+1)

By duplication formula (A.10) and reflection formula (A.9),

foo ko(z,1/2 + irl)Jk—l(Z)Z_Qsdz _ ikF(S)I‘(S +1/2)

0  22732sin (miry)

C(iry + k/2 — s)I'(—iry + k/2 — s)
“Tlir + k/2 + )T (—ir + k/2 + 5)

[sin (7(—s —iry)) — sin (7(—s + iry))].

Note that

['(1/2 —s)(1/2+ s)
27 sin (7wiry)

[sin (7(—s —iry)) — sin (7(—s + ir1))] = —1. (4.56)

Consequently,

7 d(q) 1 J ( )F(—s +iry + k/2)T(—s —iry + k/2)€q(1 ~29) (an) 25ds
3)

q 2mi T(t + iry + k/2)T(t, — iry + k/2) @) 22—t
Shifting the contour of integration to $(s) = —3, we cross poles at s = +t;. Hence
1 U(s +iry + k/2)[(s — iry + k/2 B\ 2sd
Z - ——‘b(‘”—.f Glo) oI A NIS Zin £ R2) gy o) (22 -
q 2mi )@, L(ty +iry + k/2)T (¢ —iry + k/2) G? s? — 17

—(b(q> F(Eltl +ir k/Q)F(eltl —ary + ]{3/2> an —e1ty
1+ 2t — ]
+ q Z F(tl + iT’l + k/Q)F(tl — Z'rl + ]{/2) gq( + 2€1 1) qAQ

e1=+1

Substitution of Z into MOP(B) gives

B B B
A D — T ir (NP~ )T irg \ TV n n
Z‘[OD(B) _ qb(qQ)q 2t1—2to E 1/2+ 1( np>B 1/2+ 2( )”rt%m( g ) (_”rtl T1( P )

n

F<€1t1 +irg + k/Q)F(Eltl —ry + k’/2) an —e1ty
1+ 26t - .
+ 61;1 C(ty + iry + k/2)T(t, —iry + k/2) Co(1 + 2€1ty) 2

o4



The property of multiplicity (4.5) implies that

Z Tl/2+ir2(n)f(n) =

n=1
(n,p)=1
Z T1/2+iry (n)f - 7—1/2+27“2 2 Tl/2+zr2 TL,O + 2 7'1/2+zr2( )f(npz).
n=1 n>1 n>1
Thus,

MD + MOD _ qb(Q) qA—2t1—2t2 Z 7_1/2+i7'1 (n)71/2+’iT2 (n) Wt2’q~2 (Aﬁ)

g (np)=1 "

D(erty + iry + k/2)T(exty — iry + k/2) N
’ < 2 Uty +dry + k/2)T(t — iy + k/2) Gl +2e1t1) (@) ) - (4.57)

e1=*+1

Ramanujan’s identity (4.6) gives

Z T1/2+ir (”)7'1/2+ir2 (n)

ltetits = Cq(l + ety +s+ir — iTQ)Cq(l +ety+s—ir + iTQ)

(n,p)=1

« Cq(l + €1t1 + s+ ’iTl + iTg)Cq(l + €1t1 + s — i?"l — 2'7“2)
Co(2 + 2e1ty + 25) ’

Therefore,

AP 4 gop _ 0 D U(erty + iry + k/2)T (exty — ir1 + k/2)

1+ 2¢qt
C(ty + iry + k/2)T(t, —iry + k/2) Co(1 + 2€1ty)

q e1=+1
C(s +iry + k/2)I'(s —irg + k/2)
D(ty + irg + k/2)L(ty — iy + k/2)

1 G(s)
~—=2t1—2to+2e1l1 425 1+ 2
X q i L%S_g G(tg)q Cq( S)

161+ ety + s +iry £iry) 2sds
(o(2 + 26111 + 29) s2 —t%

Shifting the contour of integration to Rs = —1/2, the resulting integral is bounded by

P(r1)P(ry)qla=V4—t2¢=1/2 plus the contribution of simple poles at s = +t,. Up to an error
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term,

MD + MOD _ ¢(q) Z 672t172t2+2e1t1+262t2
q

€1,62==+1

[T¢(1 + ety + exty +iry +iry)
CQ(Q + 2€1t1 + 2621:2)

X Cq(l + 2€1t1)<q(1 + 262t2)

F(Eltl + i’f‘l + k’/Q)F(Eltl — iTl + k:/2) F(Egtg + Z"l“g + k/2)r(€2t2 — ’é’l“g + k’/?)
F(tl + Z"I“l + ]C/Q)F(tl — i’l“l + k’/2) F(tg + irg + k’/Q)F(tQ — iTQ + k?/2)

By letting shifts tend to zero in (4.57), we find

MP + MOP = <M)2( 3 %”)2%0(%) log <q—2) (4.58)

q n,p)=1

The equality (4.7) gives

P 4 05— L (M)Q [ G2l g Gl +o)
3)

omi \ q G(0) TD(k/2)2 C,(2 + 2s)

X llogcf + 4%(1 +8) — 22—2(2 + 23)] 2%5.

Shifting the contour of integration to fts = —1/2, the resulting integral is bounded by g V2

plus the contribution of multiple poles at s = 0. Calculation of the residue

b T 225 4
(%) G e (lqu - E)

shows that the main term is

¢(q))7 p>  (logq)°
q  pr—1 6072 °

(

o6



5

The fourth moment: off-off-diagonal term

In this chapter, we study the off-off-diagonal part of the fourth moment and find its contri-

bution to the main term of asymptotic formula.

Theorem 5.0.1. For any € > 0, up to an error

2k—3

O€7p7t17t2 (P(rl)P(TQ)q\tl|—t1—&-|1€2|—752qe(q—T n q_1/4))7

we have

MO0D _ ?(q) Cq(l + 2i617“1)Cq(1 + 2i€ar3) A0t — o+ 2ie171 +2iears

q Cy(2 + 2iegry + 2iears)

€1,62=11
X Cq(l +t1 + 1ty + e + iGQTg)Cq(l 4ty —t1 + e + iGQTg)

F(k?/2 — tl + i€1T1)F(l€/2 - tQ + ’iEQTg)
F(l{i/2 + tl - ielrl)F(k/Q + t2 - iGQTQ) .

X Cq(1+t1 —t2+i€17”1 +’i€2T2)<q(1—t1 —t2+i€1T1 +’i€27’2)

Remark 5.0.2. The biggest error term appears in Lemma 5.3.1.
5.1 Quadratic divisor problem

The off-off-diagonal term can be treated by d-symbol method. In [12] Duke, Friedlander and
Iwaniec proved Theorem 5.1.1 using Jutila’s summation formula (4.30).
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Theorem 5.1.1. (Duke, Friedlander, Iwaniec)
Let a,b>1, (a,b) =1, h # 0. Let

D¢(a,b;h) = Z T(m)7T(n)f(am,bn)

amFbn=~h
with
2 FO) (2, y) « (1 4+ 2)1(1 4+ L)-1piti, (5.1)
’ X Y
Assume that
ab < P7Y4(X + V)4 (XY)YAe (5.2)

Then
o0
Dy (a,b; h) = J g(x, +x F h)dz + O(P*(X + V)4 XY)V4*e),
0

Here g(x,y) = f(z,y)Napn(z,y) with

1 0
Aa,b,h(‘r7 y) = % 2 w72(a’b7 ’UJ)S(O, ha w) (10g$ - Aam)(log Yy — /\bw>7
w=1

2

aw
)\aw = _2’7 + log((a w)

3)-

Applying formula (4.39), we generalize Theorem 5.1.1 as follows.

Theorem 5.1.2. Let a,b>1, (a,b) =1, h #0. Let

Dy(a,bh) = Z T12irs (M) T1ja4ir, () f (2, b2)

amFbn=h
with
2y 9D (2, ) « (1 + )N (1 + L)~ pi+d, (5.3)
’ X Y
Assume that
ab < P74 X + V)4 (XY)Ate (5.4)

o8



Then

Dy(a,b;h) = LOO g(z, +z F h)dz + O(P(r)P(ry) P*(X + Y)V4(XY) Y4+,

Here g(x,y) = f(z,y)Napn(z,y) with

Z ((lb, w)(a’ w)2i617‘1 (b’ w)?ieg’r‘g

alJr'iq r1 bl +iegra w2+2i61r1 +2ieara

Q0
Aopn(z,y) Z (0, h,w)

w=1 €1,e2=71

x C(1 4 2ie1ry)C(1 + 2iegry)z™ ™y 2™, (5.5)
5.1.1  Preliminary results

We follow the proof of [12]. For any n € Z we define

1 ifn=0
1) = 5.6
(n) {o im0, (56)

Let w(u) be a smooth compactly supported function on R such that

ZZI):I w<w) = 17

e w(u) is supported in Q < u < 20,

w « Q7771 j = 0.

Then
5(n) =Y (w(w) W (g)) - i Yo <%”> Ay(n), (5.7)
win w=1d (mod w)
(dw)=1
where
Ay (1) := i(wr)_l (w(wr) vy (%)) . (5.8)



Lemma 5.1.3. ([12], p.213) For j > 1 we have

[ rwasian = 50+ 0 (@ [@15) + @1 wa) . (59)
Lemma 5.1.4. ([12], p.213)
Ap(u) « (WQ + Q%)™ + (w@Q + [ul) ™. (5.10)
Assume that the function f is compactly supported in [X,2X] x [V, 2Y] and it satisfies
(5.3). Let ¢(u) be a smooth function supported on |u| < U such that ¢(0) = 1 and ¢ « U~".
Suppose U < P~'min (X,Y), then F(z,y) := f(z,y)p(x —y — h) satisfies
F (1, y) « (% + ;)Z (% + ;)] <« U™, (5.11)
We choose @ = UY? so that A, (u) = 0 if ju| < U and w > 2Q. Let
E(z,y) = F(ax,by)Ay,(ax — by — h). (5.12)

Lemma 5.1.5. For alli,7 = 0 we have

3 iy 1\
EW) (g, y) <<Z; <—> . (5.13)

Proof. Consider

ot iJd gk pin pras
-— F(z,y) € "Ry ——— ———F(2,t) x akb" w(2)
o' ayj IZ;)TLZ:O 0z oti=" Ziag ozhn z=ax—by+h
By (5.11),
az‘—k aj—n fit )
—i+n—j
Py atj_nF(z,zf) «U .
Using definition (5.8), we have
ortn < 1 z 1 1 1
- _ (k+n) (=
azkmAW(Z) == (wr)ernt <w'r> < ) (wr )kl QT « (wQ)Fn+t”
r=1

r=1

z/wr~Q
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Note that

U=0Q*>uwQ.

Therefore,
o
oxt oyl

Lemma 5.1.6. ([12], p.216) We have

E(z,y) « (

f . J " B y)dedy < (ab)" (X + V)XY log O.
0 0

5.1.2  Proof of Theorem 5.1.2

We prove the case am — bn = h.

Df(a7b7h) = DF(aabah’)

-y Moo (_Tdh) ;Zﬂ:ﬁﬂ“” (M) T1/24ir (n)e (

1<w<2Qd (mod w)
(dyw)=1

According to Theorem 4.5.4,

5 e (") s ) B, ) =

m>=1

C(l + QiTl)
w1+2i’r‘1

m .
f E(z,n)x"dr +
0

m=1

m=1

with
1
2 cos v

ko(z,v) =

C(1 —2iry)

(J2o—1(7) —

61

dam — dbn

w

Ji—2u()),

(5.14)

> E(m,n). (5.15)

w .
f E(z,n)x™"dx
0
® d 4
2 T foir (T f e (—%i) ko (%«/xm, 1/2 + im) E(xz,n)dx

© d 4
Z T1)j24ir (M J e ( ” > k1 (%x/xm, 1/2 + i?"1> E(z,n)dx



ki(z,v) = - sin T Koy 1().

Applying the summation formula for both variables m and n, we have

w

dam — dbn
ab w) 22 1/2+“”1 7'1/2+Zr2(n)e (—> E(m,n) =1

T ) LR WO )
m=1 n=1
ad  bd
+ 22T1/2+7,7‘1 7—1/2+z7~2(n)6 <—ma + n;) Iab(m7 n) 4+ % ox ok % *,

where

] _ Z (CL, w>2i617“1 (b’ w)Qiegrg

w2i617‘1 +2i€ar2

C(l + 2i617’1)€(1 + 2i627’2)
€1,e20=71

a0 a0 ) )
X f J E(z,y)z' "y dxdy; (5.16)
0o Jo

2i€ar2
G0 1 4 iegry)

o w2i62r2
X f J ko <M\/xm, 1/2 + in) E(z,y)y*"dxdy; (5.17)
0o Jo w
a,w 2ie€11 .
Iy(n) = 2m 2 ( 22')517”1 C(1 + 2Zierr)
e1=+1 w
f f ko ( \/ n,1/2 + zr2> E(z,y)z" " " dxdy; (5.18)
0

m(“mm¢1p+m)

x ko (W\/ﬁ, 1/2 + ir2> E(z,y)dzdy (5.19)
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and = * * = = are the five other terms with the k; Bessel kernel.

Therefore,

S(0,h,w)I + > Tajorir, (m)S(h, @m, w)I,(m)

w<2Q m>=1

+ ) Tijasiny (0)S(h, —=bn, w) Iy (n)

n=1

+ Z Z T1/2+ir (m>7'1/2+ir2 (n)S(h,Em — Bn, w)[ab(m, n) + ook ok ok %

m=1n=1

Contribution to the main term is given by the integral I. Let

(CL, w)Z’iElTl (b7 w)QiEQT‘Q

C(flj, y) = Z a1+i617"1 bl-‘rieg’r’g w?’iel’r‘l +2ieare
€1,e2=11

X C(l + 2i€1T1)C(1 + 22'627"2)}7’(1‘, y)xiqmyiezrz_

Then

I - LOO LOO Clay)Au(x — y — B)dady — F foo Cla,e — h + u)Ay(u)dude.

0 0

Lemma 5.1.3 implies that

fo Cla, — h+ u)Au(w)du = Clz, 2 — h) + O (%P(m)p(@) (—)j) |

0

If w < Q'7¢, we can take j sufficiently large, so that
1
I= JC(x,x — h)dx + O (—bP(rl)P(rg)(Q)Q) for any Q > 0.
a

If w > Q'~¢, then we apply the bound (5.14), which is valid for any w

I < P(ry)P(ry)(ab) (X + V) ' XY log Q.
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Finally, the contribution of I integral to D¢(a, b, h) is

The integrals I,(m), Iy(n), Is(m,n) and the five other term = =« » contribute to Dy(a, b, h)

S(h,0,w J C(z,z — h)dx + O < (Tl)P(TQ)ibXX+YyQ1+E) : (5.26)

as an error.

Consider I,(m). If m > @ w)gQ 2t¢ we integrate j times by parts in 2 using Lemma

C.0.21.

[ g, (TR

x 0x) w

We estimate J-Bessel function by 1 and use (5.13)

Lo(m) < P(ri)P(rs)— (( ot @M)jﬂ.

w@ \ (a,w)?m

Thus, the I,(m) can be made arbitrary small if m > ¢

. Analogously, I(n) is small
Q2 and I,(m,n) is small if m > (“X Q?"and n > bw)zQ e,

Q* and n < (bw X5Q 7% we use (5.14) and (C.7)

ifn/(b mE

In the range m < aw)2

aw2 a,w 2\ V4

Lm) « PooP() (YR ) @
w2(h. w)2\ V4

)« PPl (M)

abw4(a,w)4(b,w)4)1/4 (ab)! XY o

Ip(m,n) < P(ry)P(rs) ( XV orm Xy

Summing over m, n in the given range, we have

1/2 X3/2Y
Z Tl/2+’i7'1(m)|] ( )| L — b X +Y

aX —92
2@

Q 3/2+e

m<
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1/2 Y3/2X
O () I(m)] « =

bX —2+4€
"< %wz?

Q 3/2+e

XY
Z Z T1/2+ir (m)Tl/2+ir1 (n)|]ab(m7 TL)| w <X )Y Q 3+€
m< 32 Q2 n<ﬁ@‘2+6

Finally, we use Weil’s bound (2.7) for Kloosterman sums and the following bound for Ra-
manujan sums

S(h,0,q) < (h,q).

Then 1,(m), Iy(n) and I,,(m,n) contribute to D¢(a, b; h) as

(XY

P(Tl)P(ﬁ)X—JrY

Q_5/2+E-

The total error term is

X+Y

P(r1)P(rs) ((ab) Qi %Q 5/2+e>_

Taking U = Q% = P~1(X +Y) !XV, we obtain the required result.
5.2 Estimation of G

In order to apply Theorem 5.1.2 to

Thi (C, B) = Z T1/24ir, (m)71/2+ir2 (n)ijl (m7 an)’

mtnpB=h
we show that the functions G;—r, defined by (4.47) and (4.48), satisfy condition (5.3).
Let Q=1+ YN 7. Q¢ y . N

Lemma 5.2.1. For all positive ny and no

070

aZ] a 1G+< ) Lty ,to

Z]

Y \—n,
L)) Plro)g

2y

1
1+~

C

k—1
e MY (VMN o1/
7 Q . (5.27)
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Proof. Consider

o0 4 / 4 [rmng
G, (z,y) = 27Tf ko ( chzal/Q +iT1) Jp—1 < chy) Fun(w,y)de

0

] Lo () o () ()

sinmiry Jo c

Suppose that z > Z. Put u := @, then

2 s m 2.2
- - i — J 0 - - | F Y | du.

It is sufficient to estimate

G ¢ o’ J Y\ F “ut N
1(271/) = _WL u 2m(u) k—1 (U\/;) M,N <myy> U.

Note that Fy y(z,y) is compactly supported on [M/2,3M] x [N/2,3N]. Let

fu) == g1(u)ga(w)u?"

Au?
g1(u) == Jp_4 (u\/g> and go(u) := Fyn (16W2z’y) .

The recurrent relation (C.4) implies that

with

2

Gulest) = g | (0 i () Pl

8mzsinmiry J

Integration by parts gives

2 o0
Galevy) = g [ 0P i () () -

8mzsinmiry J

C

2 * 3 1 ! /
_c j W Ty () (- (1))

8mzsinmwiry Jg
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Repeating the procedure n times, we have

2 o0
Gl(zay) = (_1)n+1C—J u" Tn+2ir (u)hn(u)du =

8mzsinmiry Jg

2 .
(_1)n+1 c Jn+2m"1 (u) u2"71hn(u)du,

8rzsinmiry J, vz w2
(&3

where

By induction for n > 1

with

Ot < 35 (o () o ()™ < 3 (o (wpu) o5 =),

JjHl+m=i Jjt+m<i

Faa di Bruno’s formula (D.2) and the estimate (C.7) give

b5 (o (o)) - () 2 () <

Applying (D.2) to the second function, we obtain

i—j—m 2,2
i—j—m (i=j=m) \ _ i—j—m o’ F cu
“ 92 () = oui—i—m M\ T672,7Y

_ yii-m Z (i—j—m)! lmatma) Au? y 2¢? " " 2c? mQ'
mylmy!(21)me = MV 16722’ 16722 16722

(m1,mz2)
mi+2mo=i—j—m
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Then the bound (4.27) implies

2 (1 -+ms) 2,,2
2\m1+mso mi+ma2
u) Fyn (

c
16722

A O D M
(mlvmz)

mi1+2ma=i—j—m

<<t1,t2 P(T]_)P( )(MN) 1/2 |t1|+|t2|
The J Bessel function can be bounded trivially

Tnroirm (u) < 1.

Then
1

Qc \" M"Y (VMN . Q~k+1/2
/M = N1/2 c

for every integer n > 0. The same estimate is valid for G- (z,y). So, if z > Z, the value of

Gi(2,y) <3 Plr1) Prg)g 1+ (

G, (z,y) is small.

Suppose z < Z, then we estimate G (z,y) directly (without integration by parts)

GTZ (Z7y) <<t1,t2 P(T1>P< )q N1/2

c

k—1
|t1|+|t2|M V2 ( v MN) ka+1/2.

Let Y := N. Since y € [N/2,3N], we can add a multiple (1 + &)™ "2

Combining two estimates for G- (z,y) in one, we have that for all positive n; and ny

1

MY2 (VMN\"
,nl(l + 2)7n2P(T1)P( ) ‘t1‘+|t2‘N1/2 (F> Q*k+1/2.

_ z
GT.I (Z, y) <<t1,t2 (]. + = Y

7)

Cc

Analogously, using relation (C.6) and bound (C.9) for K-Bessel function, we estimate
G (2 y).

. . . . + . . . . . . . .
Finally, differentiating G- (z,y) in z variable j times and in y variable 7 times, we find

a G+< ) <<t1,t2

k—1

) M1/2 v MN Qj+i—k+1/2
Y N1/2 :

P(ry)P(ro)g "=l (1 + Z) "1+ p
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for all positive n; and ny. An extra multiple of Q"7 is obtained by differentiating Bessel

functions under the integral. Indeed, by Fad di Bruno’s formula (D.2),

J

) ) . ' J 1/2—n\ Mn
Snevd) = 2N (T Yageeeags T ()
Y

mi, Ma, ... ol n!

where
4ma/x
o= Ve
c
and the sum is over all j-tuples (my,mo,...,m;) such that 1-m3 +2 -mg+...j-m; = j.

Formula (C.13) gives
b 1 b
Jézﬁl(z) o Z<_1)t (t> Jair, 126 (2)-
t=0

When z > Z, the maximum of zj%JQm (an/z) is attained when my +mg + ... +m; = j.

Therefore,

Y o
zﬂ@sz(aﬁ) « (an/z)? 2 Toirs_sor(ay/2).
=0

J
M) and

This gives an extra multiple ( p

k—1

B VLN Vo
- 1|+t Qc M —k+1/2
Grl <Z7y) Lty,to P<T1)P(T2)q| el (\/72) QJ N1/2 ( c > Q Y
for every integer n > 0.
In the similar manner
i al : a (a) i—a (i—a)
Yo [Ji1 (/) Fa (2, 9)] < Dy (Jeoa (o)™ = Farn (2, )
a=0

gives an extra factor of Q°. O
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5.3 Applying Theorem 5.1.2
According to the formula (4.52), the off-off-diagonal term is equal to
MOOP = MOOP(0) — 7154, () MOOP(1) + MOOP(2), (5.28)

where for B =0,1,2

MOOP(B) = 2 Fg=2h1—2 Z >80, h,¢)(T;, (¢, B) + T (¢, B))
h#0

——Z ZSOhC (¢, B) + T} (¢, B))

e~ h#0

Since k is even, i 7% = i*.

Lemma 5.3.1. Up to an error term

2k—3

Oe,p,h,tz(P(rl)P(Tg)qeq|t1|_t1+|t2‘_t2(q_ 5 _’_q—1/4))7

we have
T;f (¢, B) f Ontppy=0Gr (£ py, pPy)A(h £ pPy, pPy)dy (5.29)
with
- ‘
(pB’ w)1+21627"2
Alht Py, pPy) 1= 3, S0 how) 3, o
w=1 €1,e0==1

x C(1+ 2ierr)C(1 + 2ieary) (b + pPy)iamyier2  (5.30)

Proof. We apply Theorem 5.1.2 to the function T} (c, B) and let x = h 4 pPy. Then

o0
Ti¥(c,B) = + f S ppy=0Gy (h + pPy, pPy)A(h + pPy, pPy)dy + O(ET),
0
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where

) 1+2iears

0 B
p,w
Alh £ Py, pPy) o= )] S0, how) 3 z(zﬂ”“l“”"@’"?

w=1 €1,e20=71

X g(l + 22'617”1)<(1 —+ 2i€2r2)(h + pBy)iﬁlhyiegrg

and the error term is

M2 MNN
ET := P(ry)P(ry)q" -l <\/7

7 > Q*k+1/2Q5/4(Z + N)1/4(ZN)1/4+E.
N

Cc

Since Z = Q*< > N,

c

k—2
ET « P(ry)P(ry)gitI=titltal=t2 pp1/2 nri/a (\/m) QR+

Note that T,"(c) is small when |h| » Zq° because G¥ is small when z » Z¢°. This allows

-2
adding <1 + %) into the error term ET. Multiplying by S(0, h, ¢) and summing over h,

we have

h -2
ETy := ) 5(0,h,¢) (1 + %) ET «
h

k—2
MN
P(rl)P(rQ)qltl|—t1+\t2\—t2 ENVA 12 (g) Q—k+2+11/4‘

Finally, we sum over c. If k = 2,

) N VMN\"!
Z ¢ ?ETy « P(r)P(rg)q g -zl M1/2 Z [1 ! < )

c<C c<C
qle qle

N1/4 C N13/8M7/8
< PPl s )

M1/2 g + g/
An optimal value of C' can be found by making equal the first summand and the error term

in Lemma 4.4.4
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1/2

M2\ C

N (W)

Thus, C := min(¢*3*M"2,¢7/6) and

Z ¢ 2ET « P(rl)P(rg)qeq‘tlHl*'tQH2 (¢ Y2 + q71/4).

qle

If k£ > 4, then

N1/4 /7MN k—2 /7MN 11/4
Z c?ET « P(7"1)1’TJ(7~2)q€q|151|*151+|t2\*152W Z [( ) + ( )

c<C c<C ¢ ¢
qlc qlc

B B N1/A MNNFT2 O Nss s

& P(Tl)P(rz)q|t1| tit[ta|—t2 (W (T) + W

« P(Tl)P(m)q\tl\—t1+|t2|—tzq—1/4_

Combining two estimates in one, we have that for any even k

Z c BT « P(Tl)P(rz)q€q\t1I—t1+|t2|—tz(q—%—;?’ ey
esC
qle

5.4 Extension of summations

Analogously to the off-diagonal term, at the cost of admissible error, we can reintroduce

summation over max (M, N) > ¢'*¢ and extend the summation over ¢ up to some large

value Choe = ¢

Proposition 5.4.1. For |l = 0,1, we have

1
+ B
Z Z C_2 Z S(O’ h’ C) Z T1/2+ir (m)71/2+i7“2 (n)Grl (m> np ) Le,p,tita
max (M,N)«ql+e ﬁ\c h#0 mtnpB=h
c>C

2k—3

P(r1) P(ry) gt 12le (g~ 4 g7V, (5.31)
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Proof. This estimate can be obtained using the large sieve inequality (2.28). More precisely,

we repeat the proof of Lemma 4.4.4 with

+

1
g(m7 n, Cl) = C_lG_ (m7 an)

T1

and

e —kt1
X = p(ﬁ)p(m)q—ltll—lblﬂ ( MN) .

VM c

Proposition 5.4.2. For any e >0, any A >0 andl = 0,1

Z - Z Z S(0, h,c) Z T2y (M) T1 24, () G (M, mp")

o |c max (M,N)»qt+e h#0 mtnpB=h

Lep A1t P(rl)P(rg)q_A. (5.32)

Proof. This follows from the rapid decay of Fy;x when max (M, N) » ¢'*¢. See proof of

proposition 4.4.2 for details. O

Now it is possible to combine all functions F); into F' and replace > MN Fyrn by
Y
F(x,y) == —=W, m(q YW, rg(?)F(w)F(y), (5.33)

where F(z) is a smooth function, compactly supported in [1/2,0) such that F(x) = 1 for

= 1.
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5.5 Expression for the off-off-diagional term

Lemma 5.5.1. One has

MOOP(B) = 2mifq™>1 72 N (1 + 2ierr)((1 + 2ieary)

€1,e2==+1

1+2i627‘2
,U p wv _ v
Z 2 2)2-‘!-22617"1-&-27,627“2 Z w1+2161r1+2252r2 Z (V (h)+v <h))
90 aleg h#0
cg<q®? [w,c]|h
1 /’L(g) p w,U 1+22€2T2 B .
; g U2+2161T1+22€27’2 Z Z w1+2161r1+2162r2 Z (V (h)+v <h)) )
g q|cg h#£0
[wie]lh
cg<q

where

1 1
(27rz')2 pB(1+i62T2)

J‘ J‘ B 4 27“1) (ﬁ Zrl)(4w)k+2z72627k722+25
RE=0.7 JR2m—0.1 [(1+ 2)[(k + 2)sin (7z)

V= (h)+ V*(h)=—

(Cg)—k+1—2z+26

0

% hk/2+zf,3+ielr1 +iearo J
z=0

x doe ([~ - h
ZL,szJrk/QI/th’r1 <?> F(x)_f yz+k/2“6th2,r2 (%) F(hy)
y=0

T

cos (19) cos (19) cos (miry) ) dy
e + 0y> —— 4 dye1 ————— | —dzdp.
: ((1 Ty)pian T W Tl g g)ian ST gyiman ) ’

Proof. Lemma 5.3.1 implies

B 1+4+2tear2
L (p”,w)
T (C B) + T C B Z 0 h 'LU Z w2+2i617’1+2i62’r2
w=1 €1,e9==+1

C(l + 2’i€17’1)((1 + 2i€27”2)

o0
x f [01+ p2y=0Gy (h + pPy, pPy) (b + pPy)armyier
0

+5h7p5y>0G:_1 (h — pBy7 pBy> (h o pBy>i61T1yi62T2] dy
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We plug in the expressions for (. and G given by (4.47) and (4.48) and use the identity

Fle,pPy) = ———wo. () w, Y pa) R (P
r,py)= W t1,m1 ? t2,72 (j_g (z)F(p"y).
This gives
0 B 1+4+2iears
, W . .
T, (¢, B) + T} (¢, B) Z (0, h,w) Z 1(1}/)2+2z'q)n+2152r2q1 + 2ie171)C(1 + 2i€ars)
w=1 €1,e20=71

4 B
><27TJ J > /w( )w (”) T (ﬂ_ wpy)
xy) G2 c

AA/x(h + pP A .
« [5h+pBy>Ok0( ™ :U( P y),1/2+i’f’1) (h+pBy)ze1r1y162r2

C

P(x)F(p"y)drdy.

dma/x(h + pB ‘ .
( P y)’ 1/2 + ,1/-7,1> (h . pBy)zqu €279

Y
c

+§h—pBy>0kl <
The off-off-diagonal term

MOOP(B) = 2mik g2~ Z ZSOhc (¢, B) + T) (¢, B))
gle h#0

——Z >18(0,h, )T}, (¢, B) + T (c, B))

1 |c h#0

contains two Ramanujan sums S(0, h, ¢) and S(0, h,w). Applying the formulas

S(Ovhvc) = Z :u(g)clv

gci=c
cilh

S(0,h,w) = Z p(v)wy,

vwi=c
wilh
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we obtain

MOOP(B) = 2k g2 2 C(1 + 2iegry)C(1 + 2iegrs)

€1,62=11
,U p w,U 1+2i52r2 3 N
Z 2 U2+2Z€17’1+21627"2 Z wl+2161r1+2162r2 Z (V <h)+v (h))
g5v q\cg h#0
cg<q® [w,c]|h
ILL p w’U 1+2i€27‘2 B N
Z U2+2261r1+2162r2 Z w1+21617‘1+21627‘2 Z <V (h)+v <h)) ?
QU q|cg h#0
cg<q® [w,c]lh
where
e 1 x Py 4~/ xpBy
V=(h)+V*(h)=2 —— Wi | = | W o J, —_—
() + V7 (R) ﬂfo Jo (pPay)'/2 “’1(@2) e ( @)
dr/x(h + pB . ,
X [5h+p3y>0k0 ( (Cg P y) 7 1/2 + iT1> (h + pBy)zquyzezm
47TVxh+ By ; 1€171 ) B€2T
+0h_pry=ok1 < (Cg - ), 1/2 + m) (h = pPy)yrry'em | F(x)F(pPy)dady.

In the expression V'~ (h) + V' (h) we replace negative h by their absolute value and make
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a change of variables p% — gy in the integral. As a result,

hl/?-‘riqm +ieara

V=(h) + V*(h) = 27

pB(1+i€27‘2)

yiear T h 4m+/xh
L () () (5
(zy) q q cg

y [k’o <47n/xh(1 + y)’ 1/2 + iﬁ) (14 y)ian

cg

Arn/7h(y — 1 |
+5y>1k0< T2y ),1/2+m> (—1 + y)on

cg

cg

otk (4” L) g ) (1- y>] P(2)F (hy)dady.

Finally, we apply Mellin transforms of Bessel functions (E.5), (E.11) and (E.12)

1 1
(27TZ)2 pB(1+’i627‘2)

f J' ﬁ + ,”,,1) (ﬁ ir )(47T)k+22—262—k—2z+26
RB=0.7 JRz=—0.1 ['(1+4 2)I'(k + 2) sin (72)

V=(h)+V*(h) = —

(Cg)—k:+1—2z+26

0

% hk/2+z—ﬂ+ielr1 +i€ar2 J
=0

2 dr [® . h
ZL’Z_B+k/2Wt1,r1 <?) F(x)_f Oyz+k/2+lE2T2Wt2,’r’2 <(;2J> F(hy)
y=

T

cos (mf3) cos (/3) cos (wiry) '\ dy
X <(1 T y)Fian + O0y=1 1+ )7 + y<1m ?dzdﬁ.

Note that the contour of integration () (see figure E.1) is shifted to RS = 0.7, which is
possible due to the rapid decay of the x integral in 3. The change of the order of integration

in V= (h) + V*(h) is justified by absolute convergence of all integrals. O
5.6  Replacing F(x)F (hy) by 1 on the interval [0, c0)?

This step allows us to simplify the integration and can be performed with a cost of negligible

error.
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5.6.1 y-integral

Consider
o0 ' h
1Y = J yZ+k/2+’L€2T'2Wt2’T2 ((jg) F(hy)
y=0
cos (/3) cos (73) cos (miry) '\ dy
x <(1 + y)ﬂ*ieﬂl t 5y>1 (_1 + y)ﬁ*ieﬂ“l + y<1m ? (534)

Lemma 5.6.1. The function F(hy) can be replaced by 1 in IY with an error
Ocp(P(11) Pra)g =g~ 2+).

Proof. F(hy) is a smooth function, compactly supported in [1/2,00) such that F(hy) =
for hy = 1. Thus, we only need to estimate the integral for y < 1/h . It is bounded by

(%)WH%Z cos3. We are left to estimate

ﬁ + ir)I'(B — iry) cos w3
L‘:z [(1+ 2)I'(k + z)sin (7z2)

zwf

RE=0.7

T:= Z g%?w

g,v,w qlcg [e,w]|h
cg<q”

0
d
% (Cg)—k+l—2z+2ﬂf xz_6+k/2Wt1,r1 (%) F(:L‘)—x
=0

- .

To make the sums over h and w absolutely convergent, one has to move 8 contour to the

right ®5 > 1. At the same time, partial integration shows that the z-integral decays rapidly
in 3:

z—B+k/2 €z @ _ 1
fo x Wi (qAQ)F(x) v (z—B+k/2)(z-B+Ek2)... (2 —B+k/2+n—1)

6” 1
X f ~ <VVt1,7‘1 (i) F(x)) o2 BrR/24n=1 g0 o P(TI>P(T2)—an_B+k/2.
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Assume that 3 > 1. We have

o 1 1 o
T « P(TI)P(TQ)Q prk/2 Z U2w1+’8hﬂ Z Cl+ﬁg2 (Cg) Frlm2etap

v,w,h qleg
cg<q®?

& P(TI)P(T2)qz—ﬁ+k/2 Z (Cg)—k—1—2z+2ﬁ & P(Tl)P(7’2)qz_ﬁ+k/2_1qg(_k_22+2ﬁ),

qleg
cg<q

Moving 3 contour to R3 = k/2 + § and z contour to —3, M9 is dominated by
P(ri)P(ra)qg " 2q g%,

Choosing 6 = T 1 we obtain the result.

20+1)7

Lemma 5.6.2. One has

1 G(t) T(t+iry + k/2)D(t —iry + k/2) (q2)t
Iy = — 1+2t) (=
27 Jpp—gjo—o.2 G(t2) Uty +irg + k/2)D(ty —irg + k/z)g"( ) h

y T(k/24 2z —t +iegry)[(—=k/2 — z + t + 5 — i€y — i€ars)
F(ﬂ — 2'617"1)
cos () sin (m(k/2 + z — t + i€ars))
sin (7(f8 — i€eyry))
o8 (miry)sin (w(=k/2 —z +t + 5 —ieyr; — i@?“g))) 2tdt
t

sin (7(8 — i€171)) 2 — 2

X <cos (mB) +

Proof. By Lemma 5.6.1, the y-integral is equal to

@ , h
18% :J yz+k/2+%2r2Wt2,r2 ((j_:;/)

y=0

y (( cos () cos () 5 cos(mir) )dy

1+ y)ﬁ—i517"1 T y>1 (—1 + y)ﬁ—iﬁﬂ"l y<1 (1 — y)ﬁ—ielrl ?

We plug in the expression

hy 1 G(t) Dt +iry + k/2)T(t —iry + k/2)
Wi ro \ Ao = 5 - 1+ 2¢ . X
" (q2 ) 210 Jyy—pj2—0.2 G(t2) Gl )F(tz +iry + k/2)0(ty — irg + k/2)

hy\ " 2tdt
x | = —.
?) -1t
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Note that we shifted ¢ from 3 to k/2 — 0.2 without crossing any pole'. Then

1 G(t) T(t+irs + k/2)T(t —irs + k/2) 2\
=55 1+2t) (L
270 Jypepjo—0.2 G(t2) T(ta +irg + k/2)[(ta — iry + k/2) Gl +2t) 3

XJ‘OO Z+k/2+ie2r2_t< cos () 5 cos (mf3) 5 cos (miry) )dy 2tdt

L : : — :
o (1+y)f-iam (L 4 y)pian TV —gysian )y g2 g

Mellin transforms (E.0.26), (E.0.27), (E.0.28), and Euler’s reflection formula (A.9) give

v 1 G(t) T(t+ire + k/2)T(t —iry + k/2) G0 2t) ((jg)t

" 20 Jnu_raon G(t2) Tts + s + k/2)T(ts — iry + k/2) h

cos (mf3) sin (mw(k/2 + z — t + i€ears))
sin (7(B8 — iegry))
,.cos (miry)sin (m(—=k/2 —z +t + [ —ieyr; — 2'627’2)))
sin (7(B — ieyry))

y D(k/2+2z—1t+ier)l(—k/2 —z+t+ [ —iery —ieary) 2tdt
F(B — 7:617"1) 2 — t% .

X <cos (m) +

]

Remark 5.6.3. If

g —iery =0,—-1,-2,...,
poles of 1/sin(m(B —ieyry)) in IY are cancelled by zeroes of 1/T'(8 —ieyry). Poles at
B —iegry =j with j =1,2,3...
are compensated by vanishing numerator.
5.6.2 x-integral

Lemma 5.6.4. The function F(x) can be replaced by 1 in the expression V—(h) + VT (h) at

the cost of negligible error

P(’f‘l)P(Tz)q_tl —t2+eq—k/2+0.5'

! This step is required to ensure that all poles of I'(—k/2 — z +t + 3 —ie;ry — iears) lie to the left of the ¢
contour
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Proof. We show that the contribution of Fj(z) = 1— F(x) is negligible. Note that Fy(z) =0
for z > 1 since in that case F((r) = 1. The part of M9°P which affects the z-integral, can

be written as follows

1
Z — Z Z g—k—1—2z+2ﬁc—k—22+25hk/2+z—5—tqtr(_k,/2 it a 5 — ey, — i62r2)
VAW

v, W &9 [c,w]|h
qleg

_ T dx
x® ﬁ+k/2Wt1,7”1 (?)Fl (.I)—

1
xF(k:/2—|—z—t+i627”2)H1(757Za5)J T

0

Here H; is an analytic function. We have
Rz = —0.1,
R6 = 0.7,
Rt =k/2—0.2.
Without crossing any pole, we shift S-contour to
R5 = 0.3.
In order to make the sums over A and w absolutely convergent, we move ¢ contour to
Rt =k/2+ 0.7,

crossing a pole at ¢t = k/2 + z + ieary. Since Rz — RB + k/2 > 0, the z-integral can be
integrated by parts n times (for sufficiently large n) to make [S-integral convergent. This

gives

1 T dx 1
| = W (R @ T « PP
0 2 g

Finally, all sums and integrals are absolutely convergent and ¢~ *~1¥'=22%2% can be factored

out due to divisibility conditions. In total, this gives an error

P(Tl)P(Tz)q_tl —t2+eq—k/2+0.5'
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For the pole at t = k/2+ z+ieary another contour shift is required to make all sums absolutely

convergent. We move z-contour to
Rz = 0.5 + 2

and [-contour to

RB=1+e.

Note that the pole of 1/sin (7z) at z = 0 is cancelled by the zero of G(t) = G(k/2+ z+iears).

The x integral is bounded by P(ry)P(rs) ‘ 51|n- The power of ¢, corresponding to divisibility

conditions on g, ¢, h, is ¢ F*~**72:%28 This gives an error term

P(rl)P(TQ)qitl —t2 qfk/2+0.5'

Proposition 5.6.5. One has

MOOP(B) = 2mifq™>1 722 N (1 + 2ierr)((1 + 2ieary)

€1,e2==11

1+2i627‘2
,U p wv _ v
x Z 2 U2+22€17"1+27,€27“2 Z Z w1+2161r1+2252r2 Z (V (h)+v <h))
g,v q\cg h#0
cg<q®? [w,c]|h
1+2i€27“2
,U p UI’U _ +
Z U2+2261T1+2z€2r2 2 w1+21617‘1+2l€2’r‘2 Z (V (h)+V <h)) )
QU q|cg h#0
e [w.ellh
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where

V—(h) 4 V-‘r(h) Zk f f J (j28+2t ( )1—2shs—t+ie1rl+i627‘2
= T 75 a2 = \Cg
(270)3 Jyeerjor0.7 Ipsmijo—0.4 Jpac o1 pBUTIC2r2)

. G()G()
) ) G

F(t — S — ’iElTl — ng?”Q)

Gl 20061+ 29) G C T + 2Tk + 2)

y D(k/2+ s +ir)D(k/2 4+t +irg)T(k/2 + 2 — s +ieyr)[(k/2 + 2 — t + dearsy)
F(k‘/2 + tl + lTl)P(k'/Q + tQ + i’l“g)

cos (m(z — s))sin (w(z — t + i€ars))

X (cos (m(z—s)) +

sin (7w(z — s —i€egry))

cos (miry) sin (7(t — s — €1 — i€ary)) 2sds  2tdt
. : z

sin (m(z — s —i€1m)) 2 — 242 —t3
plus the contribution of poles at t = k/2+ z+ieary (while shifting the t-contour to the right).

Remark 5.6.6. We do not compute the contribution of poles at t = k/2 + z + iexry since it

will be cancelled by another contour shift in 5.7.1.

Proof. By inverse Mellin transform we have

J xz_1_6+k/2thm(A£2)d(L’ _ ZG(Z - 6 + k/Z) Cq(]- + k' + 22 - 2/8)q'~k+22—2ﬁ
0 q G(t1)

F'Nk+z—p+ur)lNk+z—0—ir) k2+2z-0
D(k/2+t +ir)D(k/2 4+t —ir) (k/2+2—0)? -t}

for R(z — 6 + k/2) > —1. Then the result follows by letting s := k/2 + z — j5. O

5.7 Shifting the z-contour
The z-integral is given by

17— 1 D(k/2 + 2z —s+ier) (k)2 4+ 2z — t + i€egry)
©2mi Jq_ o4 sin (m2)I'(1 + 2)T'(k + 2)

cos (m(z — s))sin (7(z — t + iegrs))
sin (7w(z — s —i€egry))

X (cos (m(z—s)) +

cos (miry) sin (w(t — s — ie1ry — i€ars))

) dz. (5.35)

sin (7w(z — s —i€eyry))
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Stirling’s formula implies that the integrand decays as |z|717*7t. We shift Rz to D > 0 and

then let D — +o0. This leads to three types of possible poles described in the table below.

Possible poles at Coming from function
z=t—k/2—ieyry | T'(k/2 + z — t + ieary)

z=n+s+ier, | 1/sin(n(z —s—iery))
z=mn,n=0 1/sin (7z)

5.7.1 Poles at z =t — k/2 — ieqry

Residues at these poles cancel whose mentioned in remark 5.6.6 (while performing the shift

of t to the right). Consider

JJ [(k/2 4 z —t +iegra) f(2z,t)dzdt.

Shifting ¢ integral to the right, we have the residue

—Res.—_pppiiicr, (k)2 + 2 — t +i€ars) f(2,1).
Moving z to the right, we obtain

—Resi_k/oqaricars L (K/2 4+ 2 — t + i€ar2) f(2, 1).
Since z and ¢ have different signs in I'(k/2 + z — ¢ + iears), these residues cancel each other.
5.7.2 Poles at z=n+ s + i€
Proposition 5.7.1. The final expression is holomorphic at z = n + s + i€177.
Proof. To show this, we write

sin (m(z — t + i€earg)) = —sin (w(t — s — te17 — i€ary)) cos (mw(z — s — i€eyry))
+ cos (m(t — s —i€yry — i€grs)) sin (w(z — s — i€171))

and plug it in IZ. After simplifications,

17— 1 U(k/2+2z—s+ier)T(k/2 + 2z —t + iearg)
C2mi Jq_ o4 sin (m2)I'(1 + 2)I'(k + 2)

[cos(m(z — s))
+cos(m(z — 8)) cos(m(t — s —iegry —iears)) + sin(n(z — s)) sin(w(z — s + ieyry))] .
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This is holomorphic at z = n + s + €17y
5.7.3 Poles at z=n,n >0

Proposition 5.7.2. The poles at z = n are simple and its contribution is given by

1 . . F(k/2 — S+ ielrl)F(k/Z —t+ i€2r2)
— T(s+t— -
L A e s — e T (k2 + L — iears)

X [cos (ms) + cos (mw(t — ieyry — i€ars))] ds.

Proof. We need to compute

i L(k/2+n—s+ier)(k/2 +n —t + iears)
I'(1+n)l'(k+n)

'n=0

cos (m(n — s))sin (w(n — t + iegrs))
sin (w(n — s —iegry))

X (cos (m(n —s)) +

cos (miry) sin (7w(t — s — ie1m — i€a13))
sin (w(n — s — i€yry))

Since n € Z, we have

0

1 Z L(k/2+n—s+ier)T(k/2 +n —t + iears)
7T —

I'(1+n)l'(k+n)

« (cos (rg) o 08 (Ts)sin (m(t — iesrs))
( ( ) + sin (W(S + ielrl))

cos (miry) sin (7w(t — s — ie1m — i€ar3))
sin (7(s + i€171))

Using Gauss hypergeometric identity D.0.25,

i (k/2+n —s+ie1m)T(k/2 +n —t + iegrs)
I'l+n)'(k+n)

F(k’/2 — S+ iElrl)F(l{Z/2 —t+ iEQTQ)
F(k;/2 + S — i€17’1)F(/€/2 +t— iGQT‘g) ’

= F(S +1— ’i€1T1 - iEQTg)
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Simplifying the trigonometric part, we obtain

cos (ms) sin (w(t — iearg))  cos (mwiry)sin (w(t — s — ie;ry — i€ars))

cos (ms) + sin (m(s + i€1r1)) - sin (m(s + ie1r))

= cos (ms) + cos (m(t — iegry — iears)).

This implies

1 . . F(k/z—8+i€17“1)F(k‘/2—t+i627’2)
P=—"T(s+t— =
1= =l T ) s e T (hj2 1 — ieara)

X [cos (ms) + cos (m(t — ieyry — iears))] .

As a result, the off-off-diagonal can be written as follows.
Proposition 5.7.3.

2 . .
MO°P(B) = e 2z N (14 2ieyry)C(1 + 2ieary)

€1,e0="1

) G()G(1) )
f/ f/ Gl Glig) o T 2906200

X F(t — S — ielrl - iEQTQ)F(t + s — iElTl - iEQT’Q)

F(k/2 + S+ i61T1>F(]€/2 +t+ iEQTQ)F(k/Q — S+ i€1T1>F<I€/2 —t+ 7:€2T2)
F(k?/Q + tl + ZTl)F(k/Q + tl — ZTl)F(k/2 + t2 + ZTQ)F(k‘/2 + t2 - iTz)

| S LSO -1 ¥ N S50

qleg 9 qlepg 9

2sds  2tdt

X [cos (ms) + cos (m(t — iegry — iears))] 2 1212420

where

D ) 1 M(U> (,OB7 wv)1+2i62r2 1 (5 36)
( c2s Z p2+2ie1r1+2iear2 Z pB(1+1527"2)w1+2ze17’1+21627’2 Z ft—s—ieir1—iear2
w c,wlh
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5.8 Asymptotics of the off-off-diagonal term

In this section, Theorem 5.0.1 is proved. As a consequence, we obtain an asymptotic formula

MOOD

for at the critical point.

Let us start with transforming the off-off-diagonal term.

Proposition 5.8.1. One has

MOOD _ Z C(1 + 2ieym1)C(1 + 2iegrs)

€1,62==+1

1

(271)?

XJ J E(s,t)®(s,t)2sds2tdt, (5.37)
Rt=k/2+0.6 JRs=k/2-0.4

where

e GGH 11
- 2t1—2to
Bls.0) =4 G(t)G(t) 8 — B — 12

F(k/Q + s+ z'elrl)F(k:/Z + 1+ iEg?“g)F(l{?/? — S+ iElTl)F(k/Q — i+ i€27’2)

5.38
L(k/2 + 1ty +ir)T(k/2 + t1 — ir))T(k/2 + to +ire)T(k/2 + to — ir3) (5.38)

s+t
q

Ds,1) 1= 26,(1+20)

[cos (ms) + cos (m(t — €1 — i€ars))]

2
x D(t — s —ieymy — degre)[(t + s — i€y — d€grs) Z C(A, B) Z TD(c) (5.39)

A,B=0 qlep?
and coefficients C'(A, B) are given in the table 5.1.

Proof. Consider the term M99P(B). Mébius function does not vanish only if (¢,g) = 1 or
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(¢,9) = p. Then we can write

MOOP(B) = o7 3, (14 2ian)C(1 4 2ier)
()G o
— (142 1+ 2
L/L/ GGty T 2%+ 2

x T(t — s —ie1ry —ieqro)[(t + s — deyry — i€ars)

C(k/2 + s+ iegr)[(k/2 + t + ieqry) (/2 — s + ie1r)D(k/2 — t + dears)
P(kﬁ/2 + tl + zrl)F(k/2 + tl - lTl)F(k’/Q + tQ + ZT‘Q)F(]{?/Q + tg - i’l“g)

M c) — 1 1 C L
| 2100 - g+ ) LT + =

(g,9)=1 qle qlep

2 TD(c)

qlep?

2sds  2tdt

X [cos (7s) + cos (m(t — iegry — iears))] 9 212 42"

Note that

o, G(8)G(t) 1 1

F(k’/Q + S+ i€17’1)F(k’/2 + 1+ iEQTg)F(kﬁ/Z — S+ iElTl)P(k’/2 —t+ iEQT’Q)
F(]C/Q + tl + ZT1>F<I€/2 + tl - ZTl)F<I€/2 + tQ + ZT’Q)F(II{Z/Q + tg - ’i?”g)

This is an even function since G is even. By equation (4.52)
MOOD _ MOOD(O) — T1/2tir (p)MOOD(1> + MOOD(2>'

Next, we introduce parameter A corresponding to the summation condition g|cp?. So that

2
MO9P = ' C(A,B)MP°P (A, B),

A,B=0
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A=0 A=1 A=2
B=0|1 —2 P
B=1 —T1/2+iry (P) Tl/2+7;r2(P);2rs—’ff —T1/2+iry (p)ﬁ
B=2]1 - i
Table 5.1: Values of coefficients C'(A, B)
MO9P(A, B) = (2;)2 ZHC(l + 2i€171)C(1 + 2iears)
€1,€2=1T

s+t

X f f E(s,t)(,(1 4 2t) a 5, [cos (ms) + cos (m(t —ieyry — iears))]
Ri—k/240.7 JRs=k/2—0.4 (2m)

x D(t — s —ie1my — degre)[(t + s — i1y — d€ars) Z T'D(c)2sds2tdt,
qlepA
where coefficients C'(A, B) are given in the table 5.1.

]

The following lemma below will allow us to remove divisibility condition ¢, w|h in the

expression Y., TD(c).

qlcp

Lemma 5.8.2.

D1 flew) Y gh) = ulu) > D f(p  due, plduw) Y g(p uPdewh).
Cc,w Mu

c,wlh B=0 ¢ h
v—A ’ _ _ Md
P4 e S=max(v—A,B) il

Remark 5.8.3. Recall that ¢ =p”, v =3 and sov— A > 1.

Proof. Consider
Si= >, flew) Y] g(h).

oA c,wlh

Let us make the following change of variables



d = (c1,wq) so that (co,wy) = 1 and p t dws,
h = p’deywshy where § = max(v — A, 3).

Then

S = Z Z Z flp"~ Adey, 5dw2 Zg P d02w2h1

=0 ©2
d=max(v—A ,3) pfwg
(CQ ’wg) 1

Finally, we remove the condition (¢y,wy) = 1 by Mobius inversion

S = Z,u(u) Z Zf v~ Aduc, pP duw) Zg u?dcwh).
plu

>0
d=max(v—A,B) [}jd

Proposition 5.8.4. One has

Die1r—2ieqrs C(L+t+s+ier + teare) (1 +t — s+ ieyry + i€ars)
C(2 + 2ieyry + 2iears)

O(s,t) = ¢ (2m)"

, , . . p(p®)
X C(1—t+ s+iegry + ieary)((1 —t — s + €171 + i€ars) Z ST sie Ty
a=0
2 B Oé+,3 1+2iegra
Ay2s (7, ™)

X Z O(A’ B>(p ) Z B(1+ieara) nB(1+2ie1m14+2i€ar2) H0 (t—s—ie1r1 —ieara)

A,B=0 3>0 P p p

d=max(v—A,B)
Proof. The expression T'D(c) is given by (5.36). Consider
(IOB7 wv)1+2i62’r2

Z TD Z C2s Z v2+22617‘1+2l62’f‘2 Z pB(1+iegr2)w1+2ielr1+2i62r2 Z ht s—i€1r] —ieary

pr—4le pv~Ac w c,wlh

According to Lemma 5.8.2

c — p" due,
w — plduw,

h — pPuldcwh.
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Sum over v can be decomposed as

2 rmanan = 25 I -
U2+2161r1+2262r2 2+2161T1 +2’L€2T‘2) U2+2i61r1 +2iears |
v a=0 (v,p)=1

Then

o - (7 () p(v)
2 (C) - ? ( ) u2t+1 2 U2+2i61’r1 +2iear2
u,p)=1

qlep” (v,p)=1

1 1 1 1
X
Z Ct+s €171 —1€9T2 Z ht S—i€17T1—1€279 d1+t+s+ze1r+152r2 Z w1+t—s+i61r+ieg’r2
¢ (d,p)= (w,p)=1

(pB’ pa+ﬂ)1+2i€27‘2

v Z 1(p®) Z
. pa(2+2i61r1 +2iear2) E pB(1+i62r2)p,8(1+2i61r1 +2i52r2)p5(t—s—ie1r1 —ieara)
az =0
d=max(v—A,B)

The asymmetric functional equation (B.3) implies

D(t — s —ieyry —ieora) T (t + s —iegry — degrs) [ [ ((t £ s — degry — iears)
(27T>2t—2i617‘1 —2i€ar2

C(l —t—s5+ ielh + iGQTQ)C(l —t+ s+ ielrl + iEQTQ)

2 [cos (ms) + cos (7 (t — ie1r) — i€ara))]

Thus,

Qie1r1—2iears Cq(l +t4+ s+ i61r1 + iﬁQTg)Cq(l +t—s+ ielrl + iEQT’Q)

D(s,t) = ¢'*(2m)~
(s,t) = ¢ *(2m) Cy(2 + 2iegry + 2iears)

. ‘ . . w(p®
X C(1—t+s+iery +ieary) (1 —t — s + i€y + i€ars) Z}O a(2+2i€(1r122i627'2)
2 B a+p\1+2iears
A\2s (p y P )
X Z C(A’ B>(p ) Z pB(1+i62T2)pﬂ(l+2i617‘1+2i627‘2)p6(t—s—i61’r1—ieg’rz) '
A,B=0 B=0
d=max(v—A,pB)

Sums over o and 8 in ®(s,t) can be evaluated by considering different cases.
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581 Casel: p>v—A

Proposition 5.8.5. The given case contributes as an error term to MOOP.

Proof. We have § = 8 and

Cq(l +t4+ s+ ?:617”1 + iEZTQ)Cq(l +t—s+ ?:617”1 + ?:627”2)

D(s,t) = '3 (2r) Han-Zer:
(5:8) = ¢ (2m) Co(2+ 2ierr, + 2ieyrs)

X C(l —t+ s+ i61T1 + iEQTQ)C(l —t—s+ ielrl + i€27"2) Z a(2+2l:€(1€122i€2T2)
a=0
2 B a+3)14+2iears
AN2s (p ) P )
X Z C(A7 B) (p ) 2 pB(lJ,-ieQ'rg)pﬁ(l-‘y—t—s-‘riq’rl+i627’2) '

A,B=0 B=v—A+1

Consider the sum over f3.

t—s 1 _ l( A—1)1+t—8+i617‘1+i627"2 1

q 1+t—s+iejri+ieara 8 p 1+t—s+ie1r1 +ieara 8"

) p q 2. p
Bzr—A+1 B>0

This implies that the contribution of this case to M°°P is bounded by

P(r)P(rz)g '

5.8.2 Case 2: p<v—A

Condition § < v — A means that § = v — A and

Gl +t+s+ier +iears) (1 + 1 — s+ iegry + i€ears)

(I) s 1) = ~2t€111+21€aT2
(5:8) = ¢ Co(2 + 2ierry + 2iears)

(e
X C(1—t+ s+iegry + ieary)((1 —t — s + i1y + i€ars) Z pa(2+2lj€(1€14)-2i627"2)
a=0
2 B a+B\1+2iears
ANt+s—i —i€aTy (/0 ) P )
X Z C(Aa B) (p ) sranTer Z pB(l+i€2r2)pﬁ(1+2ielr1+2i62r2) :
A,B=0 0<f<v—A
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The sum over 8 can be decomposed in the following way:

(pB’ pa+ﬂ)1+2i€27"2

Z B(1+iegr2)p,3(1+2i61r1+2i62r2)

0<pB<r—A P
(pB)iegrg (pa)1+2i62r2
- Z pB(L+2ierr +2icars) + Z pB(Lticars) pB(2icir)
0<pB<r—A 0<pB<r—A
B<a+p B>a+p
_ Z (pB)iegrz B Z (pB)iezrz N Z (pa)1+2i52r2
pﬂ(l+2’i61T1 +2i627’2) pﬁ(l+2i617‘1 +2i627‘2) pB(1+i€2T2)pﬁ(2i617‘1) '
0<B<r—A 0<B<r—A 0<pB<r—A
B>a+p B>a+p

The first sum does not contribute to ®(s,t) since

OsﬁgZV_A pﬂ(l—‘rQ’LEl’r‘l +2162T2) ( p1+27,61’r'1 +2iearo ) q

and
2 | | |
Z C(A, B)(pA)tJrSfZGlTl*’LEQTQ(pB)rL€2r2 _o.
A,B=0
Therefore,

G+t +s+ier +iears) (1 + 1 — s+ tegry + i€ears)
Co(2 + 2ieyry + 2iears)

_ ~2ie1r1+2iears
(I)(Sa t) =4q

2
X (1 —t+s+ieir +ieary)((1 —t — s + ieyry + i€ars) Z C(A, B)(p*)tts—ian—iar
A,B=0
y 2 M(pa) Z _(pB)iQrQ N (pa)1+2i62r2
pa(2+2i61r1 +2ieara) pﬁ(1+2i61r1 +2iear2) pB(l-‘riezrg)pB(%elrl) :
a=0 0<pB<v—A
B>a+p

For each fixed B the sum over A can be evaluated using the table 5.1:

2
C(A, 0) (pA)t-‘rs—ielrl—iegm _ (1 o pt+s+1—i617‘1—i52r2)(1 . pt—s-‘rl—ielrl—iegrg)’
A=0

2
C(A, 1)(pA)t+s—ielr1—iezr2 _ _(pirz + p—irg)(l o pt+s+1—z‘51r1—i62r2)(1 . pt—5+1—i617"1—i62’r‘2)’
A=0
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2
C(A 2)(pA)t+S_i€1T1_i€27"2 _ (1 _ pt+s+l—i€1r1—i62r2)(1 . pt_5+1_7;€17“1—i€2’r‘2)'
A=0

Since B = 0,1, 2, the condition B > a + f is satisfied in four cases
(B,a, ) =1{(1,0,0),(2,0,0),(2,1,0),(2,0,1)}.
Thus,

C(L+t+s+ier +ieary) (1 + 1t — s+ tegry + i€ears)

(I) 1) = ~2t€1711+21€2T2
(s,1) =g Co(2 + 2ierry + 2iears)

X Gl —t+ s+ iery +iears)(y(l —t — s+ iegry + iears)

1

_ 2iear2
) p + p2+2i627‘2

ir L€QT" 1
X [(P *+ %ﬂﬂ = i

1 1 1 1

+ - - - - — - + - -
2+42ie1r 3+2ie171+2t€ar 14+22€1r 2+42i€e171 +2i€aT
p 171 P 171 272 p 171 p 171 272

Simplifying, we have

gb(q) (j2i517’1+2i627"2 Cq(l +t4+ s+ ielrl -+ ’iEgTz)Cq(l +t—s+ ’i€1T1 + ’iEg'f’Q)

P(s,t) = : .
S q Cy(2 + 2ieyry + 2ieqrs)

, , . . 1 1
XCq(l—t+5+’l€17’1+Z€27’2)Cq(1—t—8+l€17“1—|—Z€2T2) 1—m 1—W .
5.8.8  Proof of Theorem 5.0.1
By (5.37) and (5.38), we have

MOOD _ gb(q) Z Cq(l + 2i€1T1)Cq(1 + 2i€27’2)
q lieamtl Cq(2 + 27;617"1 + 2’i€27"2)
2sds  2tdt

~—2t1 —2to+2ie1r1 +2i€ar2
" L, (s, 4) 2205 _2tdl
PEYT s — 12 — 13

(2mi)? J?Rt—k/2+0.7 Les_k/Q—o.z;
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where

G(s)G(t
el t) = ﬁgq(l + 1+ s+ iery +ieary) (1 + 1t — s+ iegry + i€ears)

X Cq(l —t+ s+ iElTl + iGQTg)Cq(l —t—s+ iElTl + i€27“2)

F(k/Q + S+ i€1T1)F(k’/2 +t+ iEQTg)F(kﬁ/z — S+ iElTl)P(kZ/2 —t+ ’iEQT’Q)
F(k/Q + tl + ZT1>F(1€/2 + tl - ZTl)F<I€/2 + t2 + ZT’Q)F(]{Z/Q + tg - ’iTQ)

The function I, ., (s,t) is even in both s and ¢. Therefore,

1 2sds  2tdt
Yome lao(st) 5—mm 0
(272)? Jpik/2+0.7 JRs—h/2—0.4 5 —t1 1% — 13

2s 2t 2s 2t

= Ress—t, t=1, [(5,1) ——=—=5—= + Resg—t, t=—1, [(5, ) 5—— 55—
tt=ta 1 )ﬁfﬁﬂ—@ =i I )ﬁfﬁﬂ—@

2s 2t 2s 2t
—————= + Resse =1, [(5, 1) —— .
s2— 1312 — 13 it ()ﬁ—ﬁﬁ—g

+ Ress——¢y 11, (5, 1)

Each of the four given residues has the same value. Consequently,

MOOD _ ¢(Q) CQ(l + 2i€1r1)CQ(1 + 22’627“2) ~—2t1—2ta+2i€171 +2iear2
Co(2 + 2iegry + 2iears)

q

€1,e2=%1
X Cq(l + 11+ 1o+ e + iEQTg)Cq(l +ty —t1 + 16171 + iEQ’I"Q)

F(k/2 — tl + iel'r’l)F(k/2 - t2 + iGQTg)
F(k/Q + tl - ’iElTl)F(k/Q + t2 - i€27“2) '

X Cq(1+t1—t2+i617’1 +i€27’2)<q(1—t1—t2+i€17’1 +i€27’2)

5.8.4  The off-off-diagonal term at the critical point

2k—3

Theorem 5.8.6. For any € > 0, up to an error O ,(¢°(¢" = + ¢~V/*)), we have

MO9°P(0,0,0,0) = lim lim lim lim M99P

r1—0r1—0%t1—01t3—0

1 2ds 2dt
- .QJ J g(s,) 22 2% (5.40)
(27m1)? Jyi—i/o+0.7 JRs—i/2—0.4 s t
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where

o(s.1) = <¢<qq)) 22) G(Gs ch Litts) T(k/2 + 8)D(k/2 + )T (k/2 — )T (k/2 — t)

I'(k/2)*
x[(Zlogc}%—fy)z—i—Zg—g(l —1—22 1+t+3§1+t+5)
I I
+ (2log ¢ + ) ( —22 Zf(k/QiS)_Zf(k/Qit>>

+Z E—Z(litis) (—42—5(2) + Z k/2 +1) + Z k/2 + 5 ) +Z k/2+t Z FFl(/f/QiS)

¢ ¢\ G r r
_45(2) +8 <<—q(2)> - 2C_q(2) <Zf(k/2 + t)zfuf/z - s)>] .

Here

Z%(litis)%(litis)z Z C( 1+ et + €25) =

Z, o L(1 + est + €45).

Cq

€1,€2,€3,€4=7F1
(€1,€2)#(e3,€4)

Corollary 5.8.7. M°9P(0,0,0,0) is a polynomial in logq of order 2.

Proof. First, we let t1,t5 — 0. Then

MOP°P(0,0 T, Tg) 1= thmOthr%MOOD(tl,tg,rl,7“2) =
1— 2>

¢(q) Cq(]‘ + Qielrl)CQ(l + 2i62r2) ~21€1171 +2i€2T2
q Cg(2 + 2iegry + 2iears)

1 2ds 2dt
X o I ey (8,8)——,
(279)% Jpe—r/20.7 Jrs—k/2—0.4 st

€1,e2=11
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where

G(s)G(1)

161,62(S7t) = G(0)2

Co(1+t+ s+ iery + i€ears)

X Cq(l +t—s+ ’i€1T1 + ’iEQTQ)Cq(l —t+ s+ ’i€1T1 + ’iEQTQ)Cq(l —t—s+ ’i€1T1 + iEQTQ)

U(k/2 + s +ier))T(k/2 + t + ieara) (k)2 — s + iegr)) T (k/2 — t + dears)
L(k/2 4+ ir))T(k/2 —ir))T(k/2 + irg)T(k/2 — irg)

Let

9(q) 1 G(s)G(1)
q 2+ 2iry + 2iry) G(0)?

f(rla 702) =

X C(1+t+s+ir,+iry) (1 +t—s+ir +ire)( (1 —t+s+iry +ira) (1 —t — s +iry +irg)

L(k/2 +s+ir)T(k/2 + t 4+ ir) (k)2 — s +ir))T(k/2 — t + irg)
U(k/2 +ir))T(k/2 — ir)T(k/2 + irg)T(k/2 — irg) ’

Consider

g(s,t) := lim lim 2 Co(1+ 2ieyry) (1 + 2iegry) X T2 f(eyr), egrg) =

r1—0re2—0
€1,62==+1

@)’ oy 1o i of of o f
(T) l(2 log ¢ +7)°f(0,0) +i(2log ¢ + ) (a—rl(O, 0)+ 5,00, 0)) ~ 550 0)] ,
Here
0,0 = ~i70.0) (2%(2) M- R s>) |
g—é(o, 0) = —if(0,0) (2%(2) > 5—3(1 ttts)— ) FF(k/Q + t)) ,
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+2%(1ﬂis) (—4%(2)+Z (k/2 + t) +2 k:/2+s >+Z (k/2+t) Z%(/ﬁ/QiS)

¢ ¢\ .« r r
_45(2) +38 (C—q(z)> - Zg_q@) <2F(k/2 - t)ZF(k/z - s))] .

Then
00D _ 1 s 2ds 2dt
MT10.0,0,0) = (2mi)? ﬁRt=k/2+O.7 ﬁ)%s=k/2—0.4 gle,t) s 1
with
(@)’ 1 G(s T(k/2+ s)D(k/2 + )T(k/2 — s)T(k/2 — t)
g(s,t) = < ) .(2) G(0 HC‘? [(k/2)4
x[(210gg?+’y)2+zg—g(l +22 1+t+s§1+t+s)
I r
+ (2log g + ) ( 3 —QECq ZF(k/2¢s>—ZF(k/zit)>

+Z§—i(1iti8) (—45—5(2) +Z%(k/2it) +Z ’f/2+5 )*Z (k/2:t) Z%(k/ﬁs)

¢ ¢\ G r r
4<q (2) + 8 (cq(2)> - 2C—q(2) (ZF(’“/Q it)ZF(k/Q +s)>] .

The function g(s,t) is even in both variables s and t. Therefore,

g(5,1) 9(0.1)

1
M©°°P(0,0,0,0) = 7 Ress=i=0 = Res;—g

To find the order of leading term, we replace all (1 + t) by ﬁ Let

o GO T2+ T (/2 — 1
=G0 TheE
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then

gb(Q) 7 1 ’r‘(t) 9 4 B ¢(q) 7 1 1 . \ )
(T) L@ Re0 s <(logCJ) + t—Q) = (T) ma(zyﬂ( 1(0) + 30r (0)(log q)°).

Therefore, the M?°P(0,0,0,0) is a polynomial in log ¢ of order 2.
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Appendix A

Gamma function

Let n be a positive integer, then

T(n) = (n— 1)! (A.1)

For complex numbers with a positive real part we define I' via integral
o0
['(z) = f ¥ e " dr. (A.2)

By analytic continuation it can be extended to all complex numbers except the non-positive

integers, where the function has simple poles with residue

Res(I', —n) = (_n1!>". (A.3)

There are no points z € C at which I'(z) = 0.
Gamma function satisfies the functional equation

I(z+41) = 2I'(2). (A.4)

Lemma A.0.8. (Stirling’s formula, [4] p. 52)

27 /2

P(z) = /22 (—) (1+ 0(1/2)). (A.5)

z €
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Lemma A.0.9. ([31], 5.11.9) As y — +00, we have
(@ + iy)| ~ V2m|y| 22, (A.6)
Lemma A.0.10. (/31], 5.11.12) If z — o0 in the sector |arg z| < m, then

I'(z +a) a—b
Txh) ~ 270 (A7)

Lemma A.0.11. For |z; — 1| < 1, we have
1
['(z) = St O(z). (A.8)

Proof. This follows from Laurent expansion of I'(z) at 1. O

Lemma A.0.12. (Euler’s reflection formula, [4] p. 51)

T()0(1 - 2) = Sin”m. (A.9)
Lemma A.0.13. (Duplication formula, [4] p. 52)
D(2)[(z + 1/2) = 21722/7T(22). (A.10)
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Appendix B

Riemann zeta function

We define the Riemann zeta function as

!
= —_— 1. B.1
C(s) = X o o> (B.1)
It has an Euler product
1
) =11 p— (B.2)

Lemma B.0.14. (Asymmetric functional equation, [29], p. 121) Zeta is an analytic function

on C~ {1} and satisfies there the functional equation

L)) -1

()~ Zcos (7)) (B-3)
Lemma B.0.15. ([33/, p. 90) As s — 1,
5) = - ! Y (—n1!)n%(s _y (B.A)

Theorem B.0.16. (/21], p. 116-117)

Let s = 0 + it.
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For |t| = 2 one has

C(1 +4t) = O(log?? |t]).
There exists an absolute constant v; > 0 such that for

__n
log™* [¢|’

1] =

we have

((o +it) = O(log™® [¢]).
For1/2 <o <1, |t| = 2 there exists an absolute constant a > 0 such that

3/2

¢(s) = O(|t]* =" log [t]).
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Appendix C

Bessel functions

We define the Bessel function of the first kind by

L —1)m™ 2\ 2mv
(@) = ), m!F(En—i-)V—F 1) (5) ‘ (C.1)

m=0

The Bessel function of the second kind can be expressed in terms of J,(z) as follows

Jy(z)cos (mv) — J_,(2) ‘

V() — 2
/(2) sin (7v) (€:2)
And the modified Bessel function of the second kind is given by the integral formula
I(v +1/2)(22)" JOO cos tdt
K,(z) = : .

(2) NG . (@t 2R (C.3)
Lemma C.0.17. (/26], Lemma C.1) Let z > 0 and v € C, then

(2°J(2)) = 2" Joa(2), (C.4)

(2Yi(2)) = 2V (2), (©5)
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('K, (2)) = —2"K,_1(2).
Lemma C.0.18. (/26], Lemma C.2) For z > 0 and j = 0 we have

2 i

Ty ) O e

J A 1 1
2y () «, L loez)

-Y, —
(1+2)°° T+ )v2
2 ) e ?*(1+ |logz|) .
A+2) K (2) < TESEE if Ro = 0.

Lemma C.0.19. ([/1], page 149) Assume that R(p1 + p2 + 1) > R(2s) > 0, then

[ECIEC .

0 ZQS 225

L'(28)C(p1/2 + po/2 — s+ 1/2)

T2+ pa)2 + 5+ U2 (/2 + /2 + 5 + 12T (11/2 — j12)2 + 5 + 1/2)°

Lemma C.0.20. Assume that k is an even integer, then

Yo(2) Jpor(2)2™2dz = (—1)1HF?2

* 1 ['(s)?(k/2 — s)
JO 2/mT2(k/2 4+ s)I'(1/2 — s)

Proof. According to Watson’s book [41] (page 149)

B (2ia(2) = - (DA} — (1P (Dol

ov
where we let v := us after the differention is done. Therefore, by lemma C.0.19

) Jio1(2)Yo(2)z %dz = wi OO(Jk_l(z)Jv(z) - Jk-l(z)J-v(Z))%
I = z

0 0

_ LB )~ b)),

225 Ov
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where

B L(k/24+v/2 —s)
fiv) = [(=k/24+v/24+ s+ 1)IT'(k/2+v/2+ s)['(k/2 —v/2 + s)

I'(k/2—-v/2—25)
(—k/2 —v/24+ s+ 1)(k/2 —v/2+ s)['(k/2+v/2 +5)

Fale) = filv) = ¢
Differentiating and letting v := py = 0, we have
Q0
J Je1(2)Yo(2) 2 %dz =
0

I'(2s) I'(k/2 - s)
225 T2(k/2 + s)I'(—k/2 + s+ 1)

(Y(k/2—3) —Y(—k/2+ s+ 1)).
By the duplication formula
21725 /r'(2s) = I'(s)['(s + 1/2)
and the reflection formula for polygamma function
(1l —z) —(z) = meot (7z)

we find

1 D(s)I(s + 1/2)T(k/2 — 5)
C2m2(k/2 4 )T(—k/2+ 5 + 1)

LOO Ji1(2)Yo(2)z *dz = cot (m(k/2 — s)).

The reflection formula for the gamma function gives

[(s+1/2)  T'(k/2—s)sin(7(k/2 - s))

I'(s—k/2+1) T(1/2—3s) sin(7/2+ ms)

By our assumption £ is an even number. Thus

Finally,

1 ['(s)?(k/2 — s)
2/mT2(k/2 4+ s)T'(1/2 — s)°

JOOO Yo(2)Jpo1(2) 2 2dz = (—1)1+F2
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Lemma C.0.21. (/5/, lemma 3) Let F : (0,00) — C be a smooth function of compact

support. For s € C let By denote one of Js, Yy or K. Then for a > 0 and j € N we have

J ooaj .

2 s+7
0 an

| ey -+ (2)

0 a

Lemma C.0.22. (/31], equations 10.6.7 and 10.29.5) For k =0,1,2,...,

k
J0(z) = 2_1k M (=1)" (i) Js—k+2n(2),

, 1 . k ,
) = g () + () R (o
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Appendix D

Combinatorial identities

Lemma D.0.23. (Leibniz rule, [32], p. 818) Fot the nth derivative of an arbitrary number

of factors

k (n)
<H fi) = Z (jl,jz, . ,jk,) nsz( )- (D.1)

Jitje+...+jr=n

Lemma D.0.24. (Fad di Bruno’s formula, [13], [14], [19]) Suppose f(z) and g(x) are n

times differentiable functions. Then

n (4) My
n (m1+m2+...+mn) . g 'T) D 2
e =X (s oI . 02
where the sum is over all n-tuples (mq, ma, ..., my) such that 1-mq+2-ma+...n-m, = n.

Theorem D.0.25. (Gauss hypergeometric identity, [2]) Let

OOCL)
2 F1(a,b,¢;2) 22 ©un

3
o

with



Then

oFi(a,b,c,1) = [(c)l'(c—a—b)

I'(c—a)l'(c—b)

fOT%(c—a_b)>0'
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Lemma E.0.26. (/30], 2.19, page 15) Let ¢(x) = (b + ax)™".

['(z)l(v

Jo ¢(x)r* dr = (b/a)*b™" (o)

Lemma E.0.27. (/30], 2.20, page 16) Let Rv > —1 and

o) = {(a—x)” ifr<a

0 ifr>a

Then for Rz > 0

J (b(:ll‘)l‘zildl' — av+z
0

Lemma E.0.28. (/30], 2.21, page 16) Let Rv > —1 and

0 ifr<a

o) = {(x—a)” ifx>a

Then for Rz < —Rv
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—Z)'

I'(v+ 1I(2)
Flv+z+1)

Appendix E

Mellin transforms

Then for 0 < Rz < v

(E.1)



I(—v—2)T(v+1)
IO

f ¢(l’)x271d£€ — aerz
0

Lemma E.0.29. (/3/, p.21) For x >0

11 z\~s I'(s/2+k/2—1/2)
Te(@) =555 L) (5) T(—s/2+ k2 + 1/2) "

where —k +1 <o < 1.
Changing variable —s := k — 1 + 2z, we obtain
Lemma E.0.30. For —k/2 <o <0

Jor(z) = ——

Let v = 1/2 and = > 0. We set

B 1
~ 2cos v

ko(z,v) :

(J2v—1 (l‘) - J1—2v($))7

ki(x,v) = ;sinﬂvng_l(x)

and
22u—1

v(u,v) = - MNu+v—1/2)T(u—v+1/2).

Lemma E.0.31. (/27], p. 89) One has

Loo ko(z,v)x" tdr = y(w/2,v) cos (mw/2),

f: ki(z,v)2" tdr = v(w/2,v) sin (7v).
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f T <x k71+2zd
27 Jiy) (1 + 2)0(k + 2) sin (72) 2> -

(E.5)

(E.9)

(E.10)



3{z}

(—1,r+1) (Lr+1)

ire R{z}

—ire

(—1,—r—1) (1,—r—1)

Ficure E.1: Contour of integration
Corollary E.0.32. One has
1
ko(x,1/2 +ir) = 9 J 7P (B,1/2 + ir) cos (73)2dS3, (E.11)
e (%)

sin (7?(1/2 +ir))

ki(x,1/2 +ir) = ol

f =~ %~(B,1/2 + ir)2dp, (E.12)
(0.7)

where the contour of integration (*) is given on figure E.1.
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Appendix F

Chebyshev polynomials of the second kind

Suppose x € [—2, 2], then it can be uniquely expressed as
x=2cos¢ for 0 < ¢ <. (F.1)
For any n > 0, let

| | | )6 _ pmitnte 1
Up(x) = e 4 28 4 4 e™™d = ‘ M _ (n - >¢. (F.2)
el — e—id sin ¢

These are polynomials in x of degree n, called Chebyshev polynomials of the second kind
U(x) =1, U(x) =2, Up(x) =2> — 1, ... (F.3)
In gerenal, U, (z) € Z[z] satisfy the recurrent relation
Upi1(z) = 2Up(x) — Uy (). (F.4)
Chebyshev polynomials can be also defined in terms of the generating function

. 1
Up(a)t' = —— F.5
nz_% @ = e (F.5)

For any x € [—2, 2], satisfying (F.1), we introduce the Sato-Tate measure

dpsr(x) = %sin2 pd. (F.6)
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Lemma F.0.33. Chebyshev polynomials U, (x) are orthogonal with respect to the Sato-Tate

measure, i.e.

JR Un(2)Up(2)dpst () = Onm- (F.7)

Proof. 1t follows from the identity below

J” sin(n + 1)@ sin(m + 1)¢

. 2 . Z
0 sin ¢ sin ¢ sin” ¢dg = 2 Onm:
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