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RESUME

Nous étudions dans cette thése le roulement sans glissement et sans pivotement de deux
variétés lisses M et M 'une sur Pautre de dimensions n et 7 respectivement. L’objectif
principal est de chercher des conditions nécessaires et suffisantes de la commandabilité
du systéme commandé défini par le roulement.

Dans le premier chapitre, on présente les motivations et le plan de la thése ainsi les
notations utilisées le long des chapitres.

Dans le deuxiéme chapitre, on caractérise ’espace d’état du roulement quand M et
M sont des variétés Riemanniennes lorsque n n’est pas nécessairement égal a n et du
développement quand M et M sont des variétés affines munies des connexions affines
avec n = n. Ainsi, on donne les relévements et les distributions correspondant aux
deux notions précédentes.

Le troisiéme chapitre contient quelques résultats de la commandabilité du systéme de
roulement des variétés Riemanniennes. Plus précisément, on présente les conditions
nécessaires de la non-commandabilité du roulement d’une variété Riemannienne 3-
dimensionnelle sur une autre 2-dimensionnelle.

Le chapitre 4 porte sur le roulement d’une variété Riemannienne de dimension 2 sur une
autre de dimension 3. On trouve que la dimension d’une orbite non-ouverte quelconque
de l'espace d’état appartient & {2,5,6,7}. Les aspects géométriques de deux variétés
sont liés principalement avec le fait que la variété de dimension 3 contient une sous-
variété totalement géodésique de dimension 2.

Dans le dernier chapitre, on introduit et étudie un concept d’holonomie horizontale as-
socié a un triplet (M, V,A) avec M variété différentielle connexe, V connection affine
compléte sur M et A distribution complétement commandable. Si HY est le groupe
d’holonomie associé a (M, V), on considére alors son sous-groupe obtenu uniquement
en considérant le transport V-paralléle par rapport aux lacets dans M tangents a la
distribution A. On le note HY et on I'appéle groupe d’holonomie horizontal. On
prouve que le groupe d’holonomie horizontal HY est un sous-groupe de Lie de GL(n).
Malgré que la distribution considérée est complétement commandable, on a démontré
par un exemple que I'inclusion du groupe d’holonomie horizontale est peut-étre stricte
dans le groupe d’holonomie. A cette fin, on utilise le modéle du roulement avec M
un groupe de Carnot homogéne munie d’une connexion de Levi-Civita associée a une
métrique Riemannienne sur ’espace Euclidien R™ munie de la connexion Euclidienne.

Mots-clefs: Variétés roulantes, développement des variétés, commandabilité, géométrie

Riemannienne, espace fibré, théorie des groupes de Lie, groupe d’holonomie.

ABSTARCT

In this thesis, we study the rolling motion without spinning nor slipping of a smooth
manifolds M and M against another of dimensions n and n respectively. The purpose
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is to find the necessary and sufficient conditions for the controllability issue of the
system of rolling. We start by a french review of the principal results of the thesis is
included in the introduction.

In Chapter 1, we present the motivations of the subject thesis, the structure of the
contents and the notations used along the manuscript.

The second chapter contain a characterization of the state space of rolling manifolds
when M and M are Riemannian manifolds with n and 7 are not necessarly equal and
of the development of manifolds when M and M are affine manifolds of dimension
n = n equipped with affine connections. We also state the definitions of the lifts and
the distributions with respect to the previous notions.

The controllability results of the rolling system of Riemannian manifolds is included in
Chapter 3. We give all the necessary conditions of the non-controllability of rolling of
3-dimensional Riemannian manifold against 2-dimensional Riemannian manifold.

Chapter 4 delas with the rolling of a 2-dimensional Riemannian manifold against a
3-dimensional Riemannian manifold. We prove that the dimension of an arbitrary
non-open orbit of the state space belongs to {2,5,6,7}. The geometrical aspects of the
two manifolds depend on the existence of a 2-dimensional totally geodesic submanifold
in the 3-dimensional manifold.

The last chapter introduces and addresses the issue of horizontal holonomy associated
to a triple (M, V, A) with M smooth connected manifold, V complete affine connection
on M and A completely controlable distribution over M. If HY denotes the holon-
omy group associated with (M, V), one considers its subgroup obtained by considering
only the V-parallel transport with respect to loops of M tangent to the distribution
A. This subgroup is denoted by HX and we call it horizontal holonomy group. We
prove that the horizontal holonomy group HY is a Lie subgroup of GL(n). Despite
that the considered distribution is completely controllable, we show by means of an
explicit example that the inclusion of such horizontal holonomy group can be strict in
the holonomy group. To this end, we use the rolling problem of M taken as a step 2
homogeneous Carnot group equipped with the Levi-Civita connection associated to a
Riemannian metric onto the Euclidean space R" equipped with the Euclidean connec-
tion.

Keywords: Rolling manifolds, development of manifolds, controllability, Riemannian
geometry, fiber bundle, theory of Lie groups, holonomy groups.
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Chapter 1

UIl ApeI'(;ll de la Thése (Thesis Summary in French)

1.1 Introduction

Ces derniéres années, les études sur les systémes dynamiques commandés de différentes
disciplines se progressent trés vivement. Parmi ces systémes, nous nous intéressons
dans cette thése par le modéle de roulement de deux variétés Riemanniennes connexes
et orientés (M, g) et (M,g) de dimensions n et n respectivement. Deux types de
contraintes sont considérés, ils sont notés par roulement sans pivotement et roulement
sans pivotement et sans glissement. La plupart des travaux dans ce domaine traite le
cas ol les deux variétés ont méme dimensions [8, 9, [11].

En particulier, considérons le probléme de roulement de deux surfaces convexes I'une sur
I’autre comme par exemple le roulement d’une boule sur un plan dans R3. Lorsque les
deux surfaces sont en point de contact, leurs vecteurs normaux extérieurs sont opposés
en ce point. Un tel roulement sans glissement exige qu’au point de contact, le vecteur
vitesse tangent a la premiére surface est égale au vecteur vitesse tangent a la deuxiéme
surface tourné d’un angle #(-). Tandis que la condition d’absence de pivotement signifie
que les axes de rotation de deux surfaces restent dans le plan tangent commun, ce qui
traduit en une condition sur 9() Alors, I'espace d’état de ce modéle de roulement sans
pivotement, ni glissement est de dimension cinq parce que, comme on a vu, un point
de cet espace est défini en fixant un point sur chaque surface et un angle.

Généralement, l'espace d’état de roulement des deux variétés Riemanniennes est un
espace fibré et sa fibre typique est I’ensemble des isometries formées entre les espace
tangents des variétés considérées. Géométriquement, le roulement sans rotation signifie
que 'image d’un champ de vecteurs paralléle a une courbe dans M par A est un champ
de vecteurs paralléle & une courbe dans M. Comme ceci, la distribution de roulement
sans pivotement Zyg sur () est définie comme étant la dérivation du transport paralléle
des champs de vecteurs X et X tangents a M et M respectivement. Par ailleurs, la
distribution Zg qui décrive les deux containtes du roulement est une sous-distribution
de Dns, obtenue en faisant X = AX. Ainsi, on a défini les deux systémes dynamiques
commandés affines sans dérives (X)ng et (X)g sur @ correspondants & Zng et a Py
respectivement.



1.1. INTRODUCTION

Le point focal est de résoudre le probléme de la commandabilité de (X)g et (X)ns
par des outils géométriques sur M et M. Plus précisement, c’est de chercher des
conditions nécessaires et/ou des conditions suffisantes afin d’obtenir que pour toute
paire (Ginit, ¢rina) de points dans @, il existe une courbe ¢(-) tangente & Zr (& Ins
respectivement) et qui oriente le systéme (X) g ((X)ns respectivement) de (Ginit & ¢ final)-
Cette approche nous motive de chercher 'ensemble atteignable par de telles courbes
a partir d’un point quelconque gy € (). Ce sont les orbites de roulement associées a
Dns et Y. On dit que le systéme de roulement est complétement commandable si les
orbites de roulement des certains points sont égales a 'espace d’état.

Au titre de 'exemple précédent, c’est-a-dire lorsque M et M sont deux variétés Rie-
manniennes de dimensions 2, le systéme (X)g est complétement commandable si et
seulement si les variétés ne sont pas isométrique. En particulier, la dimension des en-
sembles atteignables soit 2 ou 5 (cf. [I]). D’autre part, [I1] nous donne des réponses
satisfaisantes pour la question de la commandabilité de (X)g dans le cas o les deux
variétés sont de dimensions 3. Les mémes auteurs fournissent des conditions néces-
saires et suffisantes pour la commandabilité lorsque 'une des variétés est de courbure
constante (cf. [12]).

Les travaux de Y. Chitour et P. Kokkonen traitent le cas de roulement sans pivotement
et sans glissement d’une variété Riemannienne, lisse, connexe et orientée (M, g) sur une
variété Riemannienne compléte (M ,§) de courbure constante et de méme dimension
que M. En particulier, si la courbure de M est nulle, alors ()R est complétement con-
trollable si et seulement si le groupe d’holonomie de M, par rapport a la connexion de
Levi-Civita, est égal au groupe spécial orthogonal SO(n). Le deuxiéme auteur explique
dans [24] et |26] le développement des variétés affines qui n’ont pas nécessairement des
tenseurs de torsion nuls.

Dans Chapitre 2 de cette thése, on présente dans deux parties les définitions d’espace
d’état, des relévements, des distributions de roulement des deux variétés Riemanni-
ennes, lisses, connexes et du développement de roulement des variétés affines. La
référence de base dans la premiére partie est [10] ot on étend ses définitions et ses
résultats vers le cas o les deux dimensions n et n, des variétés considérées (M, g) et
(M , §) respectivement, ne sont pas égales. Par exemple, lorsque n > 7, il nous faut
prendre en compte que I'image d’'un isométrie A doit étre dans I'espace tangent T:M
en un point fixé . Dans la deuxiéme partie, on joint le contexte de développement des
variétés affines qui est défini dans [24] et le contexte de roulement sans pivotement par
rapport a une connexion affine quelconque qui est donné dans [26], alors on définit le
développement de roulement des variétés affines.

On introduit les principaux résultats sur la controllabilité du systéme de roulement
des variétés Riemanniennes de différentes dimensions dans Chapitre 3. Concernant le
systéme (X)yg, di aux études dans [§] et [9], la résolution du probléme de la com-
mandabilité est clairement réliée & la caractérisation des groupes d’holonomie de M
et M. Alors que dans le cas de (X)r, la situation est plus compliquée. La premiére
propriété remarquée est que la distribution de roulement %5 est de dimension n. Ce
qui nous conduit a la conclusion suivante: le probléme de roulement des deux variétés a

10
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deux dimensions différentes n’est pas symeétrique en prenant en compte 'ordre de deux
variétés. D’ou, la stratégie consiste a calculer les crochets de Lie dans I'espace des sec-
tions de Zi. Le premier crochet de Lie duquels nous permet de définir le tenseur Rol
disant la courbure de roulement, il peut-étre considéré comme étant la différence entre
les deux tenseurs de courbure de Riemann de M et M. On constate que la command-
abilité de (X)g se rattache d’une maniére directe & ces valeurs des courbures et a leurs
dérivées covariantes. Dans cette description, il y en a un résultat important: lorsque
n < f strictement et la courbure de M est constante alors le probléme de roulement
sans pivotement et sans glissement n’est pas commandable.

Par contre, lorsque (n,n) = (2, 3), on a réussi a trouver quelques conditions nécessaires
pour la non-commandabilité dont soit Zr est involutive et M est isométrique a une
sous-variété totalement géodésique de M soit M est un produit tordu d’un intervalle
réel avec une sous-variété totalement géodésique de dimension 2, soit M est de courbure
constante et M est isométrique localement au produit Riemannien d’un intervalle réel
avec une sous-variété de dimension 2. Les calculs de Chapitre 4 montrent aussi que la
dimension de chaque orbite appartient a 'ensemble {2,5,6,7}.

Dans le dernier chapitre, on définit le groupe d’holonomie H,y & partir des lacets
tangents a une distribution complétement commandable A sur une variété affine M
par rapport a une connexion affine V. De plus, le développement de roulement d’une
variété affine (M, V) sur (R”,@”), oil V" est la connexion Euclidienne, nous permet
de définir le groupe d’holonomie affine HY sur M et le groupe d’holonomie horizontal
affine H Y .. sur A. Ce sont des sous-groupes du groupe Aff M de tous les transformations
affines inversibles de M sur elle-méme. Nous avons prouvé que H AVR est un sous-groupe
de Lie de Aff(n) et Hy est un sous-groupe de Lie de GL(n). On a aussi répondu a une
question n’est pas évidente telqu’on a montré qu’en général, la fermeture de groupe
d’holonomie horizontal restreint (H ' )° n’est pas égale au groupe d’holonomie complet
de M. Pour cela, on a étudié le roulement d’'un groupe de Carnot homogéne d’ordre
2 (M, g) munie de la métrique Riemannienne g sur (R”,s") ou s" est la métrique
Euclidienne. On a le résultat grace au fait que les groupes d’holonomie affines ont
les méme structures géométriques des orbites de développement de roulement sur un
espace Fuclidien.

1.2 Notations

Le long de cette thése, on note par A’ I'élément en i*™e-ligne et j*™°-colonne d’une

matrice réelle A et par A7 sa matrlce transposée. En outre, soit L : V — W un
morphisme R-linéaire ot V' et W sont deux espaces R-linéaires de dimensions n et n’
respectivement. Si F' = (v;)I_, et G = (w;), sont deux bases de V et W respective-
ment, alors la (n' x n)-matrice réelle qui représente L par rapport aux F' et G est notée
par Mpg(L) et donnée par L(v;) = ¥; Mpe(L)jw;. Par ailleurs, si g et h sont des
produits scalaires sur V' et W respectivement, nous symbolisons I’application transposé
(adjointe) de L par rapport a g et h par LTor - W — V ou g(LTsrhw,v) = h(w, Lv).
Ainsi, on écrit (MF,G(L))T = ./\/lpg(LTgvh).

11



1.2. NOTATIONS

Dans la suite, toutes les variétés considérées sont lisses, connexes et de dimension
finie. Soient E, M, I des variétés différentielles, un espace fibré wg 5y : £ — M est un
morphisme lisse qui vérifie que pour tout x € M il existe un voisinage U de x dans M
et un difféomorphisme 7 : wg}M(U) — U X F tel que prioT = 7TE7M|;(1U), ol pr signifie
la projection sur le premier facteur. On appelle E|, := w5, (z) la fibre au-dessus du
point z, I la fibre typique de mg s et 7 sa trivialisation locale. La fibre typique est
unique & un difféomorphisme pres. De plus, une section lisse du fibré 7 ps est un lisse
morphisme s : M — E qui satisfait 7y 0 s = id)s. L’ensemble de toutes les sections
de 7 est noté par I'(E). Si F' est un espace R-linéaire de dimension finie, on dit que
mg,m est un fibré vectoriel. D’autre part, si G est un groupe de Lie, alors 7 : £ — M
est un fibré principal de groupe structural G sur M s’il existe une action libre de G sur
E qui conserve les fibres de 7 (cf. [23]).

Soit I'(E) 'espace des sections lisses du fibré vectoriel E sur M. Une connexion linéaire
sur F est un morphisme I'(E) — I['(E x T*M) linéaire sur R et qui vérifie la régle de
Leibniz sur ’ensemble des fonctions lisses C*°(M). On note par X'(M) I’ensemble des
sections lisses du fibré tangent T'M. Une connexion affine V sur M est une connexion
linéaire sur T'M et qui est donnée par le morphisme bilinéaire sur R suivant,

X(M) x X(M) = X(M); (X,Y)— VxY.

Elle est linéaire sur C*°(M) par rapport au premier facteur et vérifiée la régle de Leibniz
sur C*°(M) par rapport au deuxiéme facteur. Ainsi, on dit que (M, V) est une variété
affine. De plus, si Papplication exponentielle expy de (M, V) est définie sur ’'ensemble
de 'espace tangent T,,M pour tout = € M, alors (M, V) est géodésiquement compléte.
La connexion Euclidienne V" sur R" est une connexion affine tel que Vg E; = 0 pour
n’importe quels deux champs de vecteurs entre la base canonique {Ey, ..., E,} sur R™.
Les définitions intrinséques du tenseur de courbure RV et du tenseur de torsion 7V
associés a la connexion affine V sont,

RY(X,Y)Z =VxVyZ —VyVxZ —VixyZ,
TV(X,Y)=VxY —VyX — [X,Y],

ot X, Y et Z sont des champs de vecteurs quelconques sur M. Si TV(X,Y) est nulle
pour tout champs de vecteurs X et Y sur M, alors on dit que la connexion V est
sans torsion ou symétrique. Une variété M munie d’une métrique définie positive g est
appelée variété Riemannienne et notée par (M, g). De plus, dans cette thése, on admet
qu’une variété Riemannienne est compléte et orientée. Dans ce dernier cas, on utilise
|v|l, pour noter g(v,v)? pour tout v € T,M et xz € M.

On rappelle qu’une distribution A sur la variété M est un sous-fibré lisse de T'M de telle
sorte que pour tout z € M, A|, est localement engendrée par m champs de vecteurs
linéairement indépendants. On dit alors que A est de dimension m. A partir de Al,,
on définit, en € M, la collection des distributions Al|, ¢ A?|, C --- C A", C ...
verifiee A, := A, et AT, := A%|,+[A, A%]|, pour s > 1. On dit que la distribution
A est complétement commandable si, pour tout x € M, il exist un entier r = r(z) tel
que A"|, = T, M. Ainsi, r est I'ordre de A|,. D’autre part, une courbe absolument

12



CHAPTER 1. UN APERCU DE LA THESE (THESIS SUMMARY IN FRENCH)

continue ¢ : [ — M définie sur un intervalle réel I C R est A-admissible courbe si elle
est tangente & A presque partout (p.p.): ¢(t) € Aley) pour presque tout t € I. Fixons
To € M, une A-orbite en xq est 'ensemble de points finaux atteints par toutes les
courbes A-admissibles qui commencent par zo. Par Théoréme de I’'Orbite, Oa(zg) est
une sous-variété lisse immergée de M contenant zo (cf. [I], [20]). II convient de noter
qu’on peut restreindre la définition de 'orbite aux courbes continues par morceaux.
Une distribution A’ sur M est une sous-distribution de A si A’ € A. Evidemment, on
a Oa/(zg) C Oa(zo) pour tout g € M. On note que I’évaluation de l'algébre de Lie
engendré par A en x € M par Lie(A),.

Soit m : E — M un espace fibré et y € E. On note par V |, (m) I'ensemble de tous les
champs de vecteurs Y € T |, E tels que m.(Y) = 0. Si 7 est un espace fibré alors la
collection des espaces V|, (m), y € E définit une sous-variété lisse V(7) de TE, c’est la
distribution verticale. Dans ce dernier cas, Ty () := WTE’V(W) est un sous-fibré vectoriel
de mpp: TE — F.

Supposons maintenant que 7 : £ — M et n: F' — M sont deux fibrés vectoriels sur la
variété différentielle M. On note par C*°(m,n) Pensemble des morphismes f : E — F
tel que no f = m. Fixons f € C®(m,n) et u,w € 7 (z), alors la dérivée verticale de
f en u dans la direction de w est le morphisme R-linéaire suivant

Ol(f) s 7 @) = 7 ()
w o vw) | () = Lloflut tw). (L)

Selon cette définition, v(w)|, est bien un élément de V|, (7). En conséquence, w —
v(w)l, est un isomorphisme R-linéaire entre 7~1(z) et V|, (7) avec 7(u) = .

En théorie de groupes de Lie, puisque ’espace tangent T, M d’une variété n-dimensionelle
lisse connexe M en z est identifié & 'espace Euclidien R", alors le groupe GL(T,M)
de tous les endomorphismes linéaires et inversibles de T, M est isomorphe au groupe
GL(n) de toutes les matrices réelles et inversibles n x n. Si, de plus, (M, g) est une var-
ieté Riemannienne, alors le groupe O(n) de toutes les transformations g-orthogonales
de T,M en x € M est isomorphe & O(n). De méme, on a bien SO(T, M) = SO(n) et
s0(T, M) = so(n). On note par s0(M) := Uzen 50(T M) 'ensemble {B € T*M QT M |
BT + B =0} avec BT est la matrice transposée de B dans GL(n).

D’autre part, si (R")* @ R® est ensemble de matrices réelles 7 x n, le groupe spécial
orthogonal est donné par

SO(n) ={Aec R")* @R" | ATA = AAT = idg.}.

Puisque, dans ma texte, nous nous intéressons a des variétés des dimensions différentes,
nous introduisons
{Ae (R")* @R | ATA = idpn}, if n<n,
SO(n,n) =41 {A € (R")* @R | AAT =idps}, if n > n, (1.2)
SO(n), if n=n,
ou AT est la matrice transposée de A par rapport au produit scalaire de lespace
vectoriel approprié.
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1.2. NOTATIONS

Nous donnons la forme matricielle suivante 1, ;, € SO(n,n),
idgn : .
(), iusn

]nﬁ:

)

(1.3)

Retournons aux notions de la géométrie différentielle, on note par TF M I'espace des
sections de (k,m)-fibré tensoriel de (M, V). Si y: I — M est une courbe absolument
continue dans M et définie sur un intervalle réel I > 0, alors le transport paralléle
(PY)b(7)Ty d’un tenseur Ty € T |, )M par rapport a V le long de v en ¢ € I est la
solution unique de 'ODE

Vi (PV)6(NT) =0, pp. te,

de la condition initiale,
(PY)o(M)To = T.

Soit (M, V) une autre variété affine et f : M — M un lisse morphisme. Alors, on dit
que f est affine si pour toute courbe absolument continue v : [0, 1] — M, on a

1

Foay © (PY)e(v) = (PY)o(F ) 0 Fulaio). (1.4)

On utilise la notation Aff(M) pour le groupe de toutes les transformations affines et
inversibles de la variété M et on l'appelle le groupe affine de M. FEn particulier, le
groupe affine de l'espace R™ muni de la connexion Euclidienne est noté par Aff(n).
Rappelons aussi que Aff(n) est égal au produit semi-direct R” x GL(n) ou le produit
de groupe ¢ est donné par

(v,L)o (u,K) = (Lu+wv,LoK).

En outre, un morphisme lisse f : M — M est une isométrie locale entre deux variété
Riemanniennes (M, g) et (M,g) si, pour tout x € M, fi|, : T,M — Tf(m)M est un
morphisme isométrique. En addition, si f est bijectif alors elle est une isométrie et on
dit que (M, g) et (M ,§) sont isométriques. Ces variétés sont localement isométriques
s’il existe une variété Riemannienne (IV,h) et des isométries locales F' : N — M et
G : N — M qui sont aussi des revétements. Par ailleurs, on utilise Iso(M,g) pour
noter le groupe de Lie des isométries de (M, g). De plus, pour toute courbe absolument
continue v : [0,1] = M et F' € Iso(M,g), on a (cf. [32], page 41, Eq. (3.5))

Fulywy o (PY")i(7) = (PY')y(F 0 7) 0 Fuly(), Vs, t € [0,1]. (1.5)

Dans les équations (2.3)) et (2.4), f. et Fi sont les applications tangentes de f et F
respectivement.

D’autre part, on dit d’'une courbe 7 : [a,b] — M un lacet basé en point z € M s’il
vérifie y(a) = v(b) = x. On note par Qy(x) 'ensemble de tous les lacets absolument
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continus [0, 1] — M basés en point © € M. Pour toutes courbes absolument continues
v [0,1] = M et d:[0,1] — M sur M satisfaites v(0) = z, v(1) = 6(0) = y et
0(1) =z on z,y,z € M, on définit 'opération ” -7 de telle sorte que 0 - 7y est la courbe
absolument continue

50,1 = M; (6-7)(t) = { ggf)_ yore EJ d (1.6)

Les définitions de transport paralléle et d’ensemble des lacets nous permettent de définir
le groupe d’holonomie HV|, de M en x par rapport a V comme suivant

HY]o ={(PY)o(7) | v € Qu()}.

Pour tout & € M, HV|, est un sous-groupe de GL(T,M), c’est-a-dire le groupe de
toutes matrices n x n inversibles. Dans la situation ou M est connexe, on peut joindre
deux points quelconques z et y de M par une courbe absolument continue v : [0, 1] —
M. Ainsi, on aura (PV)}(v)HY|.(PV)?(y) = HY|,, ou également, HY|, et HV|, sont
deux sous-groupes conjugués de GL(T,M). Si (M, g) est une variété Riemannienne et
V est la connexion Levi-Civita associée a g alors HY |, est un sous-groupe de O(T,M).
De plus, supposons que M est orientée, alors HV|, est un sous-groupe de SO(T,M).
Prenons un repére orthonormal F' de M défini localement en z, on a

HV|F = {MF’F<A> | Ae Hv‘i}

C’est bien un sous-groupe de SO(n). En particulier, les deux groupes de Lie HV|r et
HY|, sont isomorphes. On notera l'algébre de Lie du groupe d’holonomie HV|, (resp.
HY|p) par V|, (resp. hV|r). Ainsi, V|, est sous-algébre de Lie de I’algébre de Lie
50(T, M) et hV|r est une sous-algébre de so(n).

Fixons deux entiers naturels k,m € N, I’ensemble de tous les morphismes linéaires
R* — R™ est noté par L,(R™). On définit O, (R™) I'ensemble de tous B € L;(R™)
veérifié

(1) Si k < m, | Bu Jan=| u ax pour tout u € R;

(ii) Si k > m, B est surjective et || Bu ||[gm=|| u ||gs pour tout u € (kerB)* (ou S+
est le complément orthogonal de S C R* par rapport & (., .)gx).

Selon cette définition, on obtient les propositions suivantes

1. Or(R™) est une sous-variété lisse et fermée de L, (R™).

2. Larestriction du morphisme L£;(R™) — £,,,(R*); A — AT, ou AT est la transpose
de A, sur Ox(R™) — O,,(R¥) est un diffeomorphisme.

3. Si k # m, alors Oy(R™) est connexe. Si k = m, O(R¥) est diffeomorphe a O(k)
I'ensemble de k X k-matrices orthogonales.
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Ensuite, on va restreindre les définitions et les propriétés précédentes sur une variété
Riemannienne (M, g) de dimension n. Donc, pour tout point x de M et tout k € N, on
note par Liy(M)|, lespace des morphismes linéaires R* — T, M. On pose Li(M) :=

Definition 1.2.1. On définit le sous-ensemble Ox(M) de L.(M) de tous les éléments
B € Lx(M)|s, x € M vérifié

(i) Si1<k<dimM, ||Bul|, = ||ullgs pour tout u € R¥;

(i) Si k> dim M, B est surjective et ||Bull, = ||ul|gs pour tout u € (ker B)* (o L
est l'orthogonal par rapport au produit scalaire euclidean dans RF).

En d’autres termes, O(M) est constitué des isométries partielles R — T, M qui sont
de rang mazximal.

Considérons 7z, () : Li(M) = M; B +— x pour B € Li(M)|, et mo, (m) := Tz, ()| og ()

Proposition 1.2.2. 1. Pour nimporte quel k € N, 7., () est un fibré vectoriel lisse
sur M isomorphe & la somme de Whitney @, TM — M.

2. Le morphisme mo, (v est un sous-fibré lisse de me, (ary d’une fibre typique égale a
Ok(R™) ou R™ est munie de la métrique Fuclidienne.

3. Ox(M) est connexe pour n’importe quel k # n.

4. On(M) est connexe si M n’est pas orientable.

Pour la preuve des Proposition ci-dessus, voir Part 3, section 9 en [24]).

Dans cette thése, on désigne par (M, ) := (M, g) x (M, §) le produit Riemannien des
variétés M et M muni par le produit métrique g := g & g. De méme, V, @, V (resp.
R, ]A%, R) sont les connections Levi-Civita (resp. les tenseurs de courbure de Riemann)
de (M, g), (M,g), (M, g), respectivement. D’apreés la formule de Koszul, on a,

ViV Y) = (VxY,VeY), VX, Y eVF(M), VX, YeVFMM), (L7
et,
R(X,X),(Y,Y)Z,Z2)=(R(X,Y)Z,R(X,Y)Z), VX,Y, ZeT,M, VX,Y, K6 ZeT;M.
(1.8)
Finalement, on rappelle que si (U, p) est une variété Riemannienne munie de la métrique
Riemannienne p et si (IV, py) est une sous-variété de (U, p) munie de la métrique induite
de p sur N, alors N est totalement géodésique si toute géodésique de (N, py) est une

géodésique de (U, p). D’autre part, si (V, ) est une autre variété Riemannienne et
f e C®(U). Définissons la métrique hy sur U x V par

hy = pri(p) + (f o pr1)?pri (o),
ou pry et pry sont les projections dans le premier et le deuxiéme facteurs du produit
U x V respectievement. Alors, la variété Riemannienne (U x V. hy) est dite le produit
tordu de (U, p) et (V, o) pour la fonction tordue f.
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CHAPTER 1. UN APERCU DE LA THESE (THESIS SUMMARY IN FRENCH)
1.3 Les Résultats

1.3.1 Roulement et Développement des variétés

Dans cette section, on va présenter les définitions fondamentales de roulement et de
développement des variétés. On commence par fixer deux variétés Riemanniennes
connexes complétes orientées (M, g) et (M, g) de dimensions n et n respectivement.

Definition 1.3.1. L’espace d’état Q = Q(M, M) de roulement de M sur M est défini
comme sutvant:
(1) sin <n,

QIM, M) :={AeT*M@TM | §(AX,AY) = g(X,Y), X,Y € T,M,z € M}.
(ii) sin >n,

QM, M) := {AeT*MTM | §AX,AY) = ¢(X,Y), X,Y € (ker A)*L,
im(A) est dans Uespace tangent de M}.

A

On écrit ¢ = (x,2;A) pour un point ¢ € . On a =z = 7TQ(M7]V“[)JW<(]) et T =

T oo, (4), ol

TQ(M,NM),M = WT*M@TM,M|Q(M,M) tQ(M, M) — M,

~ ~

TQM, NN = 7TT*M®TM,M|Q(M,M) tQ(M, M) — M.

Ecrivant la matrice transposée de A par rapport a la métrique (g,§) comme A7 :
T:M — T, M, on a (ker A)* = im(AT). D’ou, sin < n alors ATA =idp s et sin >
alors AAT =id;, y.

Proposition 1.3.2. (i) Q= Q(M, M) est une sous-variété lisse et fermée de T* M ®
TM, sa dimension est égale a

N(N +1)

dim(Q) =n+n+nn— , where N :=min{n,n}.

De plus, mq.m est un sous-fibré de Top.roryy o de la fibre typique OH(M)
(12) L’application
TM,M T*M @TM — T*M & TM: (z,2; A) = (2, 2; AT),

est un difféomorphisme et sa restriction sur Q = Q(M, M) est ausst un difféo-
morphisme,

Tq =Ty lo: QM. M) = Q(M, M) =: Q; To(x,i;A) = (&,2;A7). (L.9)
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(1i1) Sin # n ou bien si une de deuzx variétés M et M n’est pas orientable, alors Q
est connezxe.

L’application inverse de TM7 1y est le morphisme
S:Q—Q; S(i,x;B)=(x i BT).
S est bien définie parce que (ker B)t = im(B7T) et BBT = idp, .
Corollary 1.3.3. g ) : Q(M, M) — M x M est un espace fibré et sa fibre typique
est difféomorphe a O, (R").

Remark 1.3.4. Si n # n, on peut prouver (iii) de Proposition facilement en
utilisant le corollaire précédent avec le fait que O, (R") est connexe (voir Notation
. De toute évidence, on va considérer SO(n, i) comme le fibre typique de 7gy/ ypy-

Proposition 1.3.5. Soit ¢ = (x,2;A) € Q el soit B € TXM ® T:M. Le champ de
vecteurs v(B)|, est tangent a Q), en d’autres mots, il est bien un élément de V| (mg) si
et seulement si

(i) ATB € so(T,M), sin <.
(ii) BAT € so(T;M), sin > .

Puisque nous nous intéressons en roulement sans pivotement ni glissement, nous écrivons
ces conditions géométriquement en prenant d’abord une courbe absolument continue

q:la,b] = Q; t— (y(t),4(t); A(t)) sur @, alors

Definition 1.3.6. (i) La courbe q(-) décrive un roulement de M contre M sans piv-
otement st B
ViswsaAt) =0 p.p. t € [a,b]. (1.10)

Vi i At) =0 p.p. t € [a,b]. (1.11)

(ii) La courbe q(-) décrive un roulement de M sur M sans glissement si

AA(E) = 4(t) pp. t € [a,b]. (1.12)

(ii1) La courbe q(-) décrive un roulementde M contre M sans glissement ni pivotement
si (1) et (it) sont vérifiés.
(1ii) peut reformuler comme suivant, les courbes q(-) de Q) qui décrivent un movement

de roulement sans pivotement ni glissement de M contre M sont exactement les courbes
intégrales du systéme de commandes affine sans dérive suivant

Y(t) = u(t),
(X)r§ () = A(t)u(t), for a.e. t € |a,bl, (1.13)
V@ amumA) =0,
ot le controle u est fonction mésurable définie sur un intervalle réel fini I C R et eue
des valeurs dans T'M.
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Afin de définir les distributions de roulement, il est nécessaire de qualifier quelques
termes d’ou la proposition suivante.

Proposition 1.3.7. Soit Ay un (1,1)-tensor sur M x M appartient o T} (w0.0) (M X M)
avec (z9, %) € M X M et soit t — (y(t),4(t)) une courbe absolument continue sur

M x M et définie sur Uintervalle réel I > 0 tel que v(0) = x,%(0) = &o. Alors,
A eT"M @TM =  A(t) = P{(3) o Ago P'() e T"M @ TM  Vtel,
dyeQ= Al) = Fi(3)o Ago PP7) € Q Vel

Les définitions de relévement et de la distribution de roulement sans pivotement sont
déterminées prochainement.

Definition 1.3.8. (i) Fizons ¢ = (z,3;A) € T"M @ TM, X € T,M et X €
T M, le relevement de roulement sans piwotement de (X, X) est ['unique vecteur
XNS(X,X)L] de T*M & T; M en q donné par

Lns(X, X)), ’ PiA) o Ao PY(y) (€ T,(T"M ® TM)),

ot v (resp. ) est une courbe lisse sur M (resp. M) vérifiant v(0) = x et
(0) = X (resp. 4(0) = & et 4(0) = X ).

(it) La distribution de roulement sans pivotement Png sur T*M & TM est une dis-
tribution lisse de dimension (n+n) définie par

Dnslg = Lns(Tiazs) (M x M),

Ainsi, on définit le relévement et la distribution de roulement sans pivotement et sans
glissement.

Definition 1.3.9. (i) Pour q = (z,2; A) € T*M @ TM et X € T,M, on définit le
relévement de roulement de X comme étant 'unique vecteur Lr(X)|, de T) M ®
T M en q suwiwvant

Lr(X)|q = Lns(X, AX)],.

(it) La distribution de roulement Pr sur T*M ® TM est une distribution lisse de
dimension égale 6 n définie en chaque q = (x,2;A) € T*M @ T M par

-@R‘q = $R<T:r(M)’q'

Par Proposmon _ Dns(X X)|q et Zr(X)], appartiennent a T,Q pour tout g € Q,
X € T,M et X € T, M vérifiants les donnés de Définition | Ainsi, Pns|, C T,Q et
Drl|q C T,Q pour tout ¢ € Q. Donc, Zns|g et Zg|q sont dlstrlbutlons lisses sur ) de
dimension n + n et n respectivement, on les note simplement par Zyg et dr. Certaines
propriétés de ces distributions sont collectées dans les corollaires suivantes.
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Corollary 1.3.10. Concernant le roulement sans pivotement, on a les propriétés suiv-
antes,

(i) Pour tout q = (v,7;A) € T*M @ TM (resp. € Q), (Tpersornr)« (resp- (7q)s)
est un isomorphisme de Dnglq & T(zz) (M x M)

(i1) Soient X € Tz (M X M), A une section locale de Trenmerir € Ax sa dérivation,
alors

gNS(Y”A(x,;%) = A* (Y) — V(vyA”A(x@). (1.14)

(iii) Une courbe absolument continue t — q(t) = (y(t),5(t); A(t)) dans T*M @ TM
ou QQ définie sur un intervalle réel I est tangente & Pys presque partout sur I si
et seulement si V(ﬁ(t)ﬁ(t))A = 0 presque partout sur I.

(iv) On a, T(T"M @ TM) = Dys Srvrerit V (Trareryr) €t TQ = Dns &g V(mg).
Corollary 1.3.11. Concernant le roulement sans pivotement et sans glissement, on a
les propriétés suivantes,

(i) Pour tout q = (v,2;A) € Q, (mg.m)« est un isomorphisme de Dg|, ¢ T, M.

(1i) Fizons qy = (xo,To; Ao) € Q et une courbe absolument continue 7 : [0,a] — M,
a > 0 telle que v(0) = xg, alors il existe une unique courbe absolument continue
q:[0,ad] = Q, q(t) = (v(t),5(t); A(t)), 0 < @’ < a, tangente a D presue partout
et telle que q(0) = qo. On la note par par

t = 49, (7:20) () = (V(t), Y2, (7, 20) (); Az (7, 20) (1)) (1.15)
De plus, si (M, G) est une variété compléte, alors o’ = a.

(111) Si q : [0,a] — Qest une courbe tangente 4 Pr presque partout alors elle peut
s’écrire comme g, (7, q(0)) ot v =T 0.

(iv) Une courbe absolument continue t — q(t) = (y(t),(t); A(t)) définie sur un inter-
valle réel I est une courbe de roulement dans Q) si et seulement si elle est tangente
o Dr presque partout sur I, c’est-a-dire si et seulement si G(t) = ZLr(Y(1))|qe
presue partout sur I.

Remark 1.3.12. On définit une bijection AYL(-) entre ’ensemble des courbes a.c.
v :[0,1] = M commencant du point x € M et un ouvert de l’espace de Banach des
courbes a.c. [0,1] — T, M commencant de 0 comme suivant

ATG)0) = [(PRRO)3(s)ds € T, i € (0,1,

La méme définition est appliquée sur M. Lécriture intrinséque de la courbe de roule-
ment de conditions initiales (7, qo) est:

47 (7, @0) (8) = (V(1), A7, (Ao © Ay (7)) (8); Py (A7, (Ao © Ay (7)) © Ag © PL(7)). (1.16)
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Si «=§N\S et D/ZZ{ (resp. % et .@}) sont les relévements de roulement (resp. les distribu-
tions de roulement) de Q= Q(M, M), alors dim % =n+ n = dim ZYyg tandis que
dim@; = n et dim Zr = n. Par conséquent, le modéle de roulement des variétés M
et M a dimensions différentes n’est pas symétrique par rapport a I'ordre de M et M.

Proposition 1.3.13. Soit T := T le morphisme défini par (1.9)), on a,

L. T*-@NS = %;
2. T.V(mg) = Vi(mg),
3. lorsque n < n, alors T, Pr C @;.

On va présenter les différents types des crochets de Lie sur Q).

Proposition 1.3.14. Soit O C T"M ® TM une sous-variété immergée. Prenons
T=(T,T),S =(S,5) € C (7o, Torarxan) tels que pour tout ¢ = (x,3;A) € O, on
a Zns(T(q))lg: Lns(S(q))]q € ToO et soient U, V € C™(To, Ty pyoryy) tels que pour
tout g = (2,3 A) € O, on a v{U())ly, YV (a))ly € T,0. Alors,

[Zns(T(), Lus(SOlg = Ls(Lus(T(@))leS = Lus(S(@))leT)lq

T

. +0(AR(T(q), S(q)) — R(T(q), 5(0)A)l,,
2 Lns(T(), (U D)]lg = —Zns U @)Dlg + v(LusT@)]0)]g

3. (U0, vVl = (U @)V = (V@)D

Les deux cotés des Equations 1. , 2. et 3. sont tangents a O.

On peut généraliser Remarque pour obtenir un modéle de roulement des variétés
affines, c’est qu’on 'appelle le développement de roulement. Soient (M, V) et (M, V)
deux variétés affines de dimension n avec V et V sont connexions affines complétes
associées & M et M respectivement. On a les définitions suivantes tirées de [10] et [24]
concernant le développement des variétés affines.

Definition 1.3.15. Soit v : [0, 1] — M une courbe a.c. sur M commengant en xo. Le
développement de v dans T, M par rapport & V est la courbe a.c. AXO (v) : [0,1] —
T,,M définie par

AT = [(PTR(s)ds,  tef0.1]

Definition 1.3.16. Soient (g, %) € M x M, Ay € T;OM®T5EOM et y:[0,1] - M
une courbe a.c. commengant en y(0) = xo. Le développement de ~y sur M en passant
par Ao par rapport o 'V est la courbe a.c. Ay (v) :[0,1] — M définie par

AL, (7)) == (AY) (Ao AY (W)(t),  te 0, 1].
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De plus, le transport paralléle relative de Ay le long de v par rapport a V est le mor-
phisme linéaire suivant

(PY),(7)Ag : T oM —T,% T )(t)M, such that for t € [0, 1],

(PY)5(7) Ao := (PV) (A, (7)) 0 Ag o (PY))()-
Alinsi,

Definition 1.3.17. L’espace d’état de développement de roulement de (M,V) sur
(M, V) est

Q:=QM M)={AcT'MQT:M|AcGL(n), =€ M et & € M}.

Un point q € Q est rédigé comme avant, c¢’est-a-dire ¢ = (x, z; A).

Le relévement de développement de non-pivotement, la distribution de développement
de non-pivotement, le relévement de développement de roulement et la distribution de
développement de roulement sont données comme suivants.

Definition 1.3.18. Soit ¢ = (v,2; A) € Q, (X, X) € T(us)(M x M) ety (resp. 4) une
courbe a.c. sur M (resp. sur M) commencant par @ (resp. &) avec vitesse initiale X

(resp. X) Le relévement de développement de non-pivotement de (X, X) est 'unique
vecteur Lns(X, X)|, de T,Q en q = (v, 2; A) qui vérifie

d

Pns(X, X)), : = 7l

1 P9E) 0 Ao (PY)().

La distribution de développement de non-pivotement Pns en q = (x,2;A) € Q est la
lisse distribution de dimension 2n qui est égale a

Dnsly = Lns(TaayM x M),

S X = AX, alors le relevement de développement de roulement en q € Q) est le
morphisme injectif Lr(X)|,

d

Lr(X)]y = Lus(X, AX)], = |

P9 0 Ao (PY)().

La distribution de développement de roulement Pr en q = (x,2; A) € Q est la lisse
distribution de dimension n qui est égale a

Drlq = Lr(TuM)],.

On dit que la courbe absolument continue I > ¢t — q(t) = (y(t),5(t); A(t)) sur Q
est une courbe de développement de roulement si et seulement s’elle est tangente a
Pr presque partout sur I, c’est-a-dire si et seulement si ¢(t) = Zr(¥(t))|qe) presque
partout sur I.
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Proposition 1.3.19. Pour tout qo := (7o, T0; Ag) € Q et toute courbe a.c. v :[0,1] —
M de position initiale xo, il existe des courbes a.c. et uniques 4(t) = AY (7)(t) et

A(t) = (PYV)(7) Ay telles que A(t)y(t) = A(t) et Vs 4yAlt) = 0, pour tout t €
[0, 1].

Notons RY et TV (resp. RY et TA@) sont le tenseur de courbure et le tenseur de torsion
respectivement de M par rapport & V (resp. de M par rapport a @) Alors Proposition
3.7, Lemma 3.18, Proposition 3.24, Proposition 3.26, Proposition 4.1, Proposition 4.6
de [26] nous donnent la proposition suivante.

Proposition 1.3.20. Soit O C T*M ® TM une sous-variété immergée. Prenons
Z=(2,2),5=(5028) ¢ C®(To, Tpeparar) tels que, pour tout ¢ = (v,%; A) € O, on
a Ins(Z(q)lq ZLns(S(q))]q € T,O et soient U, V € C™(To, T poryy) tels que pour
tout g = (2,31 A) € O, o a U{g))lg> V(@) € T,0. Alors,

Lns(Z(A)]S() = Vza)(S(A)) = v(Vz4 A)leS (), (1.17)

(Lns(Z(0), Lus(S(Dlg = Lns(Lus(Z(A)]gS(-) — Lns(S(A)]eZ())lg

~on

— Dys(TV(Z(9).5(0), TV (Z(a), S(a)lg (1.18)

(LR(Z(), Lr(S()]le = Zr(1Z(q),S@))],
+ Dns(ATY(Z(q),S(q)) — TY(AZ(q), AS()))], (1.19)

+ v(ARY(Z(q), S(q)) — R¥(AZ(q), AS(q))A)l,,
(Lns(Z (), v(U)ly = = LusWUANZ())]g + (Lns(Z(A)]U())]a, (1.20)

(UC)), v(VDlg = v (U(A)]V = v(V(A)]U)lg- (1.21)

1.3.2 Des Résultats sur la Commandabilité

Utilisons Equation 1. de Proposition [1.3.14] pour introduire la notion de la courbure de
roulement.

Definition 1.3.21. Pour un point ¢ = (z,2; A) € Q, on définit la courbure de roule-
ment Rol, en q par

Rol,(X,Y) := AR(X,Y) — R(AX,AY)A, X,Y € T, M.
Nous écrivons Rol,(X,Y) = Rol(X,Y)(A).
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D’ou le crochet

[ZLr(X), Zr(Y)lly = Zr([X, Y])g + v(Roly(X, V)],

Nous passons maintenant a présenter un principal résultat de la commandabilité du
systéme de roulement sans pivotement de (M, g) sur (M,g). Soit ¢ = (x,2; A) € @Q,
fixons des repéres orthonormaux F’ et Fde M et Menz et respectivement. On note
par b := h|p C s0(n) et b := |5 C so(7) les algébres de Lie des groupes d’holonomie
de M et M par rapport aux repéres F' et F respectivement.

Theorem 1.3.22. Soit qo = (x¢, Z0; Ao) € Q, Uintersection de 'orbite Oy, ,(qo) avec
la fibre de mq au-dessus de (xo, To) vérifie

Ogys(@0) N 7g (w0, 20) = {ho Agoh | h € Hlsy, h € Hlyy} =t Hlzy 0 Ag o Hly,
Ainsi, sur l’espace tangent, on a

T Oss(0) N Vly(mg) = v({ko Ay = Agok |k € bl k€ Bla, Pl
=:v(bz, 0 Ao — Ao 0 Hlag)|go-

Le systéme de roulement (X)yg n’est pas commandable dans T*M ® TM. Tandis que
dans @), on va établir prochainement deux conditions équivalentes a la commandabilité
de (2)]\[5.

Theorem 1.3.23. Fizons deuz bases orthonormales F et F de M et M en x et &
respectivement. Alors, le systéme de roulement sans pivotement (X)ys de M sur M
est completement commandable si et seulement si, pour tout A € SO(n,n), on a

hA — Ah = {Be R ®@R"| ATB € so(n)}, sin<n,
T | {Be€ (R")*®@R"| BAT € s0()}, sin > n.

Theorem 1.3.24. Supposons que (M, g) et (M,g) sont simplement connezes. Alors,
le systeme de roulement sans pivotement (X)ns de M sur M est complétement com-
mandable si et seulement si

BI,. —I,.b— {Be (R @R"|II'.B€so(n)}, sin<
na T inad T B e (RY)* @RY | BIT, € s0(n)}, sin>i.

Concernant la commandabilité du systéme de roulement sans pivotement ni glissement
(X)r de (M, g) sur (M, g), on a les résultats suivants.

Proposition 1.3.25. Fizons un qo = (xo,Z0; Ao) € Q, un X quelconque de VF(M)
et une série réelle (t,)°2, qui vérifie t, # 0 pour tout n et lim, o t, = 0. Supposons
qu’on a

V’<I>2R(X)(tn,(J0)(7TQ) - T(OQR(QU)>7 vn. (1.22)

Alors Lns(Y, V)4 € Too(Ouy(q0)) pour tout champ de vecteurs Y orthogonal d X|,,
dans T, M par rapport a g et tout champ de vecteurs Y orthogonal & AgX|., dans
TiOM par rapport & § et appartenu & Ag(X |z, )" Parsuite, la codimension de ’orbite
de roulement Og,(qo0) dans Q est plus petite ou égale ¢ |0 —n| + 1.
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Corollary 1.3.26. Supposons qu’il existe un point gy = (xo, To; Ao) € Q et un nombre
€ > 0 tel que pour tout X € VF(M) satisfaisant | X||, < € sur M, on a

V’¢$R(X)(t:QO)(7rQ> CTOg,(q0), [t] <e.

Alors Uorbite Og,(qo) est ouverte dans Q). En conséquence, (X)r est complétement
commandable si et seulement si

Vg € Q, V|q(7rQ) - TqO@R(Q)'
Soient (M, g) et (M, §) des variétés Riemanniennes de dimensions n et 7 respective-
ment.

Corollary 1.3.27. Supposons que n < n. Alors, les deux cas suivants sont équivalents,

(1) Dr est involutive,

(i1) les courbures de (M, g) et (M,§) sont constantes et égales.
Autrement, si n > n, alors les deux cas suivants sont équivalents,

(a) Pg est involutive,
(b) (M,g) et (M,§) sont des variétés plates.

Proposition 1.3.28. Supposons que (M, g) et (M, g) sont complétes. Les propositions
sutvantes sont équivalentes

(1) Il existe un point qo = (xo, To; Ao) € Q tel que Og,(qo) est une variété intégrale
de .@R.

(11) 1l existe un point qo = (o, Zo; Ag) € Q tel que
Rol,(X,Y) =0, Yq=(z,i;A) € Os,(q), X,Y € T, M.
(i1i) 1l existe une variété Riemannienne compléte (N, h), a un revétement Riemannien
F: N — M et un lisse morphisme G : N — M vérifiant

(1) sin <n, G est une immersion Riemannienne dont 'image des h-géodésiques
par G sont des g-géodésiques,

(2) sin>n, G est une submersion Riemannienne dont la distribution co-noyau
(ker G,)* C T'N est involutive et les fibres G™1(&) sont variétés totallement
géodésiques de (N, h) pour toutt € M.

La proposition et la corollaire suivantes établient des conditions nécessaires de la non-
commandabilité du systéme X(g) lorsque n < 7.
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Proposition 1.3.29. Soient (M, g) et (M, §) deus variétés Riemanniennes de dimen-
stons n et n respectivement avec n < n. Assumer qu’il existe une sous-variété Rieman-
nienne compléte et totallement géodésique N de M d'une dimension égale a m avec
n <m < n. Alors, le systéme de roulement X gy de Q(M, M) n’est pas completement
controllable.

Corollary 1.3.30. Considérons une variété Riemannienne (M,g) de dimension n et
une variété Riemannienne (M,g) d’une courbure constante et de dimension n avec
n < n. Alors le systéme de roulement sans pivotement ni glissement de (M, g) sur
(M, §) n'est pas controllable.

1.3.3 Roulement de Variété Riemannienne 2-dimensionnelle sur
Variété Riemannienne 3-dimensionnelle

Une application d’un systéme de roulement des variétés Riemanniennes & deux dimen-
sions différentes est le cas de roulement d’une variété Riemannienne de dimension 2 sur
une autre de dimension 3. D’abord, on fixe un ¢ = (z,; A) € Og,(qo) puis on définit
un repere g-orthonormal local X, Y € T, M. Notons Zy = *(AX NAY) € T; M, alors
AX, AY, Z 4 forment un repére orthonormal et local dans 75 M.

La courbure Gaussienne de M est K(x) := g(R(X,Y)Y, X). Tandis que les courbures
sur M sont

o) = G(R(AY. 2y, AY) = 4(R(:AX) 0AX)

6% = G(R(AX, Z4)Za, AX) = —§(R(xAY ), #AY),
6% = 4= G(R(AX, AY)AY, AX) = —§(R(xZ4),*Z),
Ix(g) = §(R(xZa), *AX),

Ty (q) = §(R(xZa), +AY),

[Iz(q) := g(R(xAX),xAY)

Devant ces notations, Rol,(X,Y") sera égal a

X 0 —(K = 6a)
Rol(X,Y) = AR(X,Y) — R(AX,AY)A= | K -6, 0
Iy —lx

On a résolu ce probléme de commandabilité par distinguer plusieurs cas.

Theorem 1.3.31. Soient (M, g) et (M, §) deux variétés Riemanniennes de dimensions
2 et 3 respectivement, on rédige les conditions nécessaires de la non-commandabilité du
systéme de roulement sans pivotement ni glissement de (M, g) sur M, g comme suivant,

1. St K — 64 =0 sur un ouvert de ¢ = (x,2; A) € Og,(q0) et (x,Iy) =0 sur un
voisinage de z, alors dim Og,(qy) = 2 et M est isométrique G une sous-variété
Riemannienne totalement géodésique de M.
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2. 81 K — 64 # 0 sur un ouvert de ¢ = (x,2; A) € Og,(qo) et (x,Ily) =0 sur un
voisinage de &, alors dim Og,(qo) =5 et M est un produit tordu d’un intervalle
réel avec une sous-variété Riemannienne totalement géodésique de dimension 2.

3. 81 K —64 = 0 sur un ouvert de q = (v,2;A) € Og,(q) et (Ilx,Ily) # 0
sur un voisinage de &, alors dim Qg (q0) = 7, M est de courbure constante et
M ressemble localement au produit Riemannien d’un intervalle réel et une sous-
variété Riemannienne de dimension 2.

4. Si K — 64 # 0 sur un ouvert de ¢ = (z,2;A) € Og,(qo) et (Ilx,Iy) # 0 sur
un voisinage de , alors la dimension de Og,(qy) est égale & 5 ou 6 ou 7. Si
dim Og,(q0) = 5 alors M est une variété plate et et M ressemble localement
au produit Riemannien d’un intervalle réel et une sous-variété Riemannienne
totalement géodésique de dimension 2.

Concernant le dernier cas du théoréme précédent, on n’a pas réussi a trouver les aspect
géométriques de M et de M lorsque dim Og,, (o) = 6 et lorsque dim Oy, (q0) = 7.

1.3.4 Le Groupe d’Holonomie Distributionel

Soit, (M, V) une variété affine et soit A une distribution complétement controllable sur
M.

Definition 1.3.32. On définit [’ensemble de lacets absolument continues et A-admissible
basés en x € M par

Qa(z) ={v|~v:|a,b] = M a.c., y(a) =~v(b) =z et ¥(t) € A’W(t) p.p.}.

Proposition 1.3.33. Pour chaque x € M, Qa(x) n'est pas vide et il est stable pour la
loi” -7 donnée dans (2.5).

On définit le groupe d’holonomie associé a la distribution A comme suivant.

Definition 1.3.34. Le groupe d’holonomie associé a la distribution A en un point
xr € M est

HY o = {(PY)o(7) | 7 € Qa(2)}.

Proposition 1.3.35. Pour tout points x € M, HY |, est un sous-groupe de H|,. Si
y est autre point de M alors HY |, et HY |, sont des sous-groupes conjugués.

La question fondamentale ici, est-ce que la fermeture de H. est égale, en général,
a HV? La réponse est non et notre preuve est un exemple de roulement de groupe
de carnot homogéne d’ordre 2 sur un espace Euclidien. Pour cela, on considére le
développement de roulement de (M, V) sur espace Buclidien (R™, V") et on désigne
la situation & partir des résultats de Section 4 dans [12].
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Proposition 1.3.36. L’espace fibré mo = Q@ — M est un Aff(n)-fibré principal avec
Uaction & gauche p: Aff(n) x Q — @ donnée par

w((9,0),q) = (x,Ct 4 g;C o A), pour q= (z,2;A) € Q.

L’action p conserve la distribution Pr, c’est-a-dire que pour tout q € Q) et B € Aff(n),
on a (1tB)«Zrlg = Drlus(g) 00 pp : Q@ = Q; ¢ — (B, q). De plus, il existe un sous-
groupe unique ’qu de Aff(n) qu’on lappelle le groupe d’holonomie affine de (M, V) et
qui vérifie

N(qu x {q}) = Oz,(q) N Wé,lM(x)'

Si ¢ = (x,2"; A") € Q appartient & la méme fibre de mg n au-dessus de q, alors qu et
H% sont conjugués dans Aff(n) et les classes de conjugaison de ”qu sont de la forme
H, - Cette classe de conjugaison est notée par HY.

D’aprés [27] et le produit semi-direct Aff(n) = R™ x GL(n), on a le prochain corollaire.

Corollary 1.3.37. La projection du groupe d’holonomie affine ’qu de (M,V) sur
SO(n) est le groupe d’holonomieHY de (M, V).

Considérons maintenant une distribution lisse complétement commandable A sur (M, V).

Definition 1.3.38. La distribution de roulement Agr de A est la sous-distribution lisse
de Dr définie en (x,1; A) € Q par

A4y = LR(AL)] @,3:4)- (1.23)

Puisque A est complétement commandable, on a,

Corollary 1.3.39. Pour tout qo = (o, Zo; Ao) € Q et toute courbe v : [0,1] — M a.c.
et A-admissible qui commence en xy, il existe une unique courbe ga, (7, qo) : [0,1] — @
a.c. et Ag-admissible.

Corollary 1.3.40. L’action p mentionée dans Proposition [0.1.7 conserve la distribu-
tion Ar. De plus, il existe un sous-groupe unique 'HAVqu de qu qu’on Uappelle le groupe
d’holonomie affine sur Ar et qui vérifie

PR e X {a}) = Oapla) Naghy(2),

ot Onp(qo) est Uorbite associée a la distribution Ag en qo.

Comme ce qui précéde, on a le corollaire suivant d’aprés [27].

Corollary 1.3.41. La projection du groupe d’holonomie horizontal affine ’HAVR sur Ag
sur SO(n) est le groupe d’holonomie horizontal Hy sur A,

Proposition 1.3.42. Pour tout qo = (%o, To; Ao) € Q, la restriction de mo - Q — M
sur Uorbite Oa,(qo) est une submersion dans M.
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Corollary 1.3.43. Pour tout x € M, le fibre 75" () NOa,(q0) de On,(qo) au-dessus
de x est vide ou bien une sous-variété plongée et fermée dans Oa,(qo) de dimension

0 = dim O, (qo) — dim M.

Le résultat principal de la derniére partie de la thése est le suivant.

Proposition 1.3.44. Le groupe d’holonomy horizontal HY est un sous-groupe de Lie
de GL(n) et le groupe d’holonomie horizontal affine HAVR est un sous-groupe de Lie de

Aff(n).
On donne la définition de groupe de Carnot homogéne d’ordre 2 sur RY comme elle

est citée dans [5].

Definition 1.3.45. A. Soit o un loi de groupe sur RY, le groupe (RN, o) est un
groupe de Lie sur RN si Uapplication

RY xRY =R, (z,y) =y lox
est un lisse morphisme.

B. On dit que (RN, 0) est un groupe de Lie homogéne s’il existe N-uplet des nombres
réels o = (01, ...,0n) vérifiant 1 < o1 < ... < oy et tels que la dilatation

Sy RY = RY: 0y(2q, ..., 2n) = (A2, ., AV 2y)

est un automorphisme de groupe pour tout réel A > 0. On note ce groupe de Lie
homogéne par (RN o,6,).

C. On dit que le groupe de Lie G := (RY o) est groupe de Carnot homogéne si les
deux conditions suivantes sont satisfaites,

C-1. RN peut étre écrire comme RY = RM x ... x RN et la dilatation 6y : RN —
RN

ox(x) = ox(zW, s D) = ()\x(l), Nz® Az, pour 2D e RN,

est un automorphisme de groupe pour tout réel X > 0.

C-2. Notons l'algébre de Lie de G comme g. Prenons les champs de vecteurs Z;,
pouri =1,..., Ny, convenus avec les champs de vecteurs canoniques sur RY,
c’est-a-dire les %. On a

1

LiE(Zl, ey ZN1> =9,

ou Lie(Zy,...,Zy,) est lalgébre de Lie engendré par les vecteurs Z;, i =
1,...,Ny.

On constate d’aprés le roulement du groupe de Carnot G homogéne d’ordre 2 et de
dimension N sur I'espace Euclidien R” le suivant.
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Proposition 1.3.46. Si G est un groupe de Carnot homogéne d’ordre 2, de dimension
N > 3 et muni de la connexion de Levi-Civita V9 associée & une métrique Riemanni-
enne g, alors,

a) Le groupe d’holonomie horizontal affine ”HXR est un sous-groupe de SE(N) de
dimention 2N,

b) Le groupe d’holonomie horizontal HY est un sous-groupe de Lie compact et con-
neze de SO(N) de dimention N,

¢) Les inclusions H,, C SE(m+n) et HY C SO(m+n) sont strictes si et seulement
st N > 3.
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Chapter 2

Introduction and Notations

2.1 Motivations

In this thesis, we are interested in the rolling of two Riemannian connected manifolds
(M, g) and (M, §) of dimensions n and 7 respectively. Two constraints are considered
on the rolling system: the no-spinning and the no-slipping conditions. The majority of
the studies treat the case where the manifolds have equal dimensions (cf. [8, [0, [11]).

To gain further insight about this model, let us consider the rolling problem of two
convex surfaces on one another as well as the rolling of a ball (the unit sphere S? for
example) on a plane in the Euclidean space R3. When the both surfaces are in contact
at some point, then their exterior normal vectors are opposite one another. Such rolling
without slipping requires that, at the contact point, the tangent velocity vector to the
first surface is equal to the tangent velocity vector to the second surface rotated through
an angle (). The no-spinning condition means that the rotational axes of the bodies
are remaining in the common tangent plane which implies a condition on 9() Thus,
the state space of rolling without twisting nor slipping of two surfaces has dimension
equal to five: two points fixed on each surface and an angle 6 (cf. [I]).

In general, the state space @) of rolling of two differential manifolds M and M is a
smooth bundle over the tensorial product space of the cotangent space of M with the
tangent space of M. In other words, its typical fiber is the space of the isometries
A between the tangent spaces of the considered manifolds. Geometrically, the rolling
without spinning means that the image of a parallel vector fields along a curve in M
by A is a parallel vector field along a curve in M. Moreover, the rolling distribution
without spinning Zys on () is defined to be the space of the derivation of parallel
transport of A along the curve (z(-),&(-)) in M x M. The rolling distribution Zg
which describes the two constraints is a subdistribution of Zyg obtained by taking
A()i(-) = 2(-). Thus, we define two driftless affine control dynamic systems (X)yg
and (X)g on @ associated with Zyg and Zg respectively.

The issue we address here is the controllability for both system (X)ys and (X)r by
using geometric tools on M and M. Precisely, we aim at getting necessary and/or the
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sufficient conditions so that any pair of two points (ginit, ¢finat) int @, there exists a curve
q(-) tangent to Zng (to Pr respectively) which steers respectively the system (X)yg
((X)g respectively) from (ginit tO Gfinar). This allows us to investigate the geometrical
features of the set of the end points reached by all the curves ¢(-) starting at some
initial point. It is called the rolling orbit of Zyg (of Zr respectively). We say that the
rolling system is completely controllable if all the orbits are equal to the state space.

In the statement of the above example, if M and M are 2-dimensional Riemannian
manifolds, the rolling system (X)g is completely controllable if and only if the men-
tioned manifolds are not isometric. More precisely, its rolling orbit is of dimension
either 2 or 5. These numbers are according to the difference between the values of the
Riemannian curvatures of M and M at the based point in Q (cf. [I]). Concerning
the rolling of two 3-dimensional Riemannian manifolds, [11] gave all the possibilities of
necessary conditions for the non-controllability of (¥)g: the manifolds are either locally
isometric, locally of class Mg for some 3 > 0 or locally isometric to warped products
of real intervals with 2-dimensional Riemannian manifolds (see Section [5.4] for the defi-
nitions of class Mg manifolds and warped product of manifolds). Then [12] considered
the rolling problem without spinning nor slipping of a smooth connected oriented com-
plete Riemannian manifold (M, g) onto a space form (M , §) of same dimension n > 2.
In particular, if M has zero curvature, then (3) g is completely controllable if and only
if the holonomy group of M with respect to the Levi-Civita connection is equal to
the special orthogonal group SO(n). The second author explained in [24] and [26] the
development of affine manifolds which are not necessarily equipped with torsion-free
connections.

In the current thesis, Chapter 2 presents in two sections the definitions of the state
space, the lifts and the distributions of rolling system of two smooth connected Rie-
mannian manifolds and of rolling development of affine manifolds. In the first part, we
generalize [I0] to the case where (M, g) and (M, §) have different dimensions n and 7
respectively. For example, in order to roll safely M on M when n > n, we must define
the state space ) by the isometries A whose are onto the tangent space of M at a fixed
point . In the second part, using the development of affine manifolds which defined
in [24] and the rolling lift of Zyg with respect to an arbitrary linear connection as in
[26], we define the rolling development of affine manifolds.

In Chapter 3, we introduce the main controllability results on rolling Riemannian
manifolds of different dimensions (M, g) and (M, §). Concerning the system (X)ys,
due to the studies in |8, [9], the geometrical aspect of the rolling orbits of Py is clearly
related to the characterization of holonomy groups of M and M. In the case of (X)r,
the situation is more complicated. Indeed, the rolling distribution Zx has dimension
equal to n, which implies that the rolling problem without spinning nor slipping is not
symmetric with respect to the order of the manifolds. Thus, the standard strategy
consists in computing the iterated Lie brackets of sections of ¥ and in verifying
whether they span the tangent space of () at each point. The rolling curvature tensor
Rol given by the first Lie bracket on %y, which can be seen as the difference between
the Riemannian curvature tensors of M and M. This means that the controllability of
(3) R is directly related to the values of the above curvature tensors and their covariant
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derivatives. In this statement, there is an interesting result that if n < n strictly and
M has constant Riemannian curvature then the rolling problem without spinning nor
slipping is not controllable. When | n — 7 |= 1, one can look to the problem as the
rolling of two Riemannian manifolds of same dimensions by taking the Riemannian
product with (R, s), where s is the Euclidean metric. Thus, we present the necessary
conditions for the non-controllability in the case (n,n) = (3,2).

On the other side, when (n,n) = (2, 3), we are not able to find all necessary conditions
for the non-controllability. We prove in Chapter 4 that either Zg is involutive and
M is isometric to a totally geodesic submanifold of M or M is the warped product
of a real interval with 2-dimensional totally geodesic submanifold or M has constant
curvature and M is locally isometric to the Riemannian product of a real interval with
2-dimensional submanifold. The computations also shows that the dimension of the
orbits belongs to the set {2,5,6,7}.

The last chapter consists of the definition of horizontal holonomy group HY of a
completely controllable distribution A on an affine manifold M with respect to an
affine connection V. Moreover, by using the development of affine manifolds, we give
the definitions of the affine holonomy group HY on (M, V) and the definition of the
affine horizontal holonomy group H AVR on A. They are subgroups of the group Aff M of
all invertible affine transformations from the M onto itself. We then prove that H. is a
Lie subgroup of GL(n) and H " is a Lie subgroup of Aff(n). Determining necessary and
(or) sufficient conditions on a completely controllable distribution A of M so that the
HY equals HV is not an obvious question, besides trivial cases. Our second main result
is an explicit example for a strict inequality in dim(HY) < dim(HY). More precisely,
M is a free step-two homogeneous Carnot group, VY is the Levi-Civita connection
associated with a Riemannian metric ¢ on M. The result is obtained from that fact
that the affine holonomy groups have the same geometric structure as the orbits of the
rolling development of (M, V9) against (R, V"), where V" is the Euclidean connection.

2.2 Notations

Along this thesis, we denote the element of the i-th row and j-th column for a real
matrix A by A; and its usual transpose by A?. Furthermore, let L : V — W be
a R-linear map where V and W are two R-linear spaces with dimensions n and n’
respectively. Taking F' = (v;)"; and G = (w;)?_, two bases of V and W respectively,
the (n’ x n)- real matrix of L w.r.t. F' and G is denoted by Mp(L) and given by
L(v;) = ¥ Mpa(L)w;. Furthermore, T*M ® Ty M is canonically identified with the
linear space of the R-linear map A : T,M — T, M. If moreover g and h are inner
products of V and W respectively, then L7o» : W — V is the transpose of L with
respect to g and h, i.e. g(LTshw,v) = h(w, Lv). Thus, we can write (Mgqg(L))T =
MF7G(LT9”1).

In the sequel, all manifolds considered are finite dimensional, smooth and connected.
Recall that if F/, F' are smooth manifolds, a smooth bundle 7g 5 : £ — M is a smooth
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map such that for every x € M there exists a neighbourhood U of x in M and a smooth
diffeomorphism 7 : 75, (U) — U x F so that prio7 = (7 u|xw)) ", where pry stands
for the projection onto the first factor. Then, F'is called the typical fiber of 7g 5 and
7 is a (smooth) local trivialization of wg . Moreover, the typical fiber F' is unique up
to diffeomorphism and in the case where F is a finite dimensional R-linear space, we
get a (smooth) vector bundle. Moreover, the set E|, = w5l (@) :== g}y, (2) is called
the mp p-fiber over z. A smooth section of a bundle 7y 5/ is a smooth map s : M — E
that satisfies mg s 0 s = idj; where the set of smooth sections of 7 is usually denoted
by ['(E). When the context is clear, we simply write m for mg 5;. Besides, let G be a
Lie group, then a smooth bundle 7 : £ — M is a principal G-bundle over M if there
exists a smooth and free action of G on E which preserves the fibers of 7, cf. [23].

Let I'(E) be the space of smooth sections of a smooth vector bundle E, then a linear
connection on F is an R-linear map I'(E) — I'(E x T*M) satisfying the Leibniz rule
for all smooth functions in C*°(M). Let X (M) be the set of smooth sections of the
tangent bundle of M. Thus, an affine connection V on M is a R-bilinear map

X(M) x X(M) = X(M); (X,Y) s VY,

such that it is C°°(M)-linear in the first variable and verifies the Leibniz rule over
C>°(M) in the second variable and (M, V) is said to be an affine manifold. If, moreover,
the exponential map expy of (M, V) is defined on the whole tangent space T, M for
all z € M, then (M, V) is said to be geodesically complete affine manifold. We use
V™ and VY respectively to denote the Euclidean connection on R™ and the Levi-Civita
connection of a Riemannian manifold (M, g) when M is endowed a Riemannian metric
g. In this case, (M,g) is assumed to be complete and oriented and we use ||v]|, to
denote g(v,v)'/? for every v € T,M at x € M.

We keep using the notation [, -] for the Lie bracket operation in TM such we define
the curvature tensor RV and the torsion tensor of an affine connection V as

RY(X,Y)Z =VxVyZ —VyVxZ —VixyZ, TV(X,Y) =VxY — VyX — [X,Y],

respectively, for smooth vector fields X,Y, Z on M.

A distribution A over a manifold M is a smooth assignment x — A|, where A|, C
T,M. The flag of A is a collection of distributions A, s > 1, satisfying Al € A?|, C
<+ C A"|, C ... for every z € M and such that A'|, := A, and AT, := A%|, +
[AY A%]], for s > 1. We say that the distribution A on M is of constant rank m < n
if dim(A|,;) = m for every x € M and completely controllable if, for any « € M, there
exists an integer r = r(x) such that A"|, = T, M. The number r(x) is called the step
of Al, (cf. [19] for more details). An absolutely continuous curve v : I — M defined
on an bounded interval I C R is said to be A-admissible curve if it is tangent to A
almost everywhere (a.e.), ie., if for a.e. t € I, §(t) € Al ). For o € M, the A-orbit
through xo, denoted Oa(x), is the set of endpoints of the A-admissible curves of M
starting at xg, i.e.,

Oa(zo) ={v(1) | v:[0,1] = M, a.c. A-admissible curve, v(0) = x¢}.
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By the Orbit Theorem (cf.[20]), it follows that Oa(z) is an immersed smooth sub-
manifold of M containing x so that the tangent space T,Oa(x¢) for every x € Oa(zo)
contains Lie,(A), the evaluation at = € M of the Lie algebra generated by A. Fur-
thermore, if a smooth distribution A’ on M is a subdistribution of A (i.e., A" C A),
then Oar(xg) C Oa(xg) for all zp € M. If A is completely controllable, then, for
every © € M, we have Oa(x) = M i.e. any two points of M can be joined by an
a.c. A-admissible curve. Recall that, the Lie Algebra Rank Condition (LARC), i.e.
Lie,(A) = T, M, is a sufficient condition for the complete controllability of A (cf. [19]).

We define the vertical distribution V(7) on the smooth bundle 7 : E — M at every
y € E by V|,(n) is the set of all Y € T'|,E such that 7,.(Y") = 0. Moreover, Ty =
mre|vr defines a vector subbundle of 7 : TE — E. If m: E — M is a vector bundle
and n : ' — M is another vector bundle, we denote by C*(7m,n) the set of smooth
maps g : E — F such that nog = 7. Given f € C®(m,n) and u,w € 7~ (), the
vertical derivative of f at u in the direction w is defined as

d
v(w)u(f) = Zlof (u+tw) € v (@).

According to this definition, since v(w)|, is an element of V|, (), then w — v(w)|, is

an R-linear isomorphism from 7~ !(z) onto V|,(7) with 7(u) = .

In the theory of Lie groups, since the tangent space T, M is identified to the Euclidean
space R™, then the group GL(T,M) of bounded linear invertible endomorphisms of
T.M is clearly isomorphic to the group GL(n) of n x n invertible matrices with real
entries. If, moreover, (M, g) is a Riemannian manifold, then the group O(n) of all
g-orthogonal transformations of T, M at x € M is isomorphic to O(n). Similarly,
this allows one to write SO(T, M) = SO(n) and so(T,M) = so(n). We also denote
50(M) := Upen 50(T, M) as the set {B € T*M @ TM | BT + B =0} where BT is the
usual transpose of B in GL(n).

Moreover, for any two positive integers n and 7, we denote by (R")* @ R the set of
n X n real matrices and we define

{Ae (R @R" | ATA =idgn}, if n<n,
SO(n,n) =< {Ae (R")*@R"| AAT =idga}, if n > n, (2.1)
SO(n), if n=n.

We define the matrix I, ;, € SO(n,n) as follows,

<1d§n>, if n<n,
Inn = (2.2)

Return to the notions in differential geometry, we state T M to be the set of sections

of the (k,m)-tensor bundle on the affine manifold (M,V). If v : I — M is any a.c.
(a.c. for short) curve in M defined on a real interval I containing 0, we use (PY)} ()T,
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t € I, to denote the V-parallel transport along v of a tensor Ty € TT’;|W(0)M. It is the
unique solution for the Cauchy problem

Vi (PYLNT) =0, forae. tel, (PY)NT =T

Let (M, @) be another affine manifold and f : M — M be a smooth map. we say that
f is affine if for any a.c. curve v :[0,1] — M, one has

1

Folaty © (PY)a(v) = (PY)o(F 07) 0 Fulaio). (2.3)

We use Aff(M) to denote the affine group of all invertible affine transformations from
the affine manifold M onto itself. In particular, the affine group of R” is denoted by
Aff(n). We recall that the affine group Aff(n) is equal to R™ x GL(n) and its product
group < is given by

(v,L)o (u, K) := (Lu+wv, Lo K).

Besides, if (M, g) and (M ,§) are Riemannian manifolds equipped with Riemannian
metrics g and g respectively. Then, the smooth map f : M — M is a local isometry
between M and M if, for all x € M, f.|, : T.M — Tf(z)M is an isometric linear
map. If moreover f is bijective, it is called an isometry, and (M, g), (M, §) are said
to be isometric. However, (M,g) and (M, §) are locally isometric if there exist a
Riemannian manifold (N, h) and local isometries F : N — M and G : N — M
which are also covering maps. We use Iso(M, g) to denote the smooth Lie group of
isometries of (M, g), i.e. it is the set of all difftcomorphism F' : M — M such that
Fy : T,M — T,M is an isometry for all x € M. Now, if v : [0,1] — M is an a.c.
curve, then, for any s,t € [0,1] and F € Iso(M, g), we have,

Fulywy o (PY")i(v) = (PY")4(F 07) 0 Filys), (2.4)
(cf. [32], page 41, Eq. (3.5)).

We mean here by f. and F in (2.3) and (2.4 the push-forward associated with f and
F respectively.

An a.c. curve v : [a,b] — M is a loop based at x € M if v(a) = v(b) = x. We denote
by Qur(z) the space of all a.c. loops [0,1] — M based at some given point z € M.
Moreover, if v : [0,1] — M and ¢ : [0,1] — M are two a.c. curves on M such that
v(0) =z, v(1) = 6(0) = y and 6(1) = z where z, y, z € M, the concatenation ¢ - v is
the a.c. curve defined by

(2t) te0,3],

51 [0,1] = M, ((5-7)(t):{g(2t_1) el (2.5)

The previous definitions of parallel transport and Q,,(x) allow us to state the next
definition of the holonomy group at x € M.

Definition 2.2.1. For every x € M, the holonomy group HY |, at x is defined by

HY[y = {(PV)s(7) | 7 € Qu(2)}.
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For every z € M, HV|, is a subgroup of GL(T,M). If M is connected, it is well-
known that, for any two points x,y € M, there exists an absolutely continuous curve
v : [0,1] = M joined z and y. Then, (PV)i(v)HY|.(PV)?(y) = HV|, and hence,
HY|, and HY|, are conjugate subgroups of GL(T,,M). In other words, one can define
HY C GL(n) the holonomy group of the linear connection V (cf. [23]). Additionally,
let (M, g) be a Riemannian manifold and V the Levi-Civita connection associated with
g, then HY|, is a subgroup of O(T,,M). If (M, g) is oriented, then HV|, is a subgroup
of SO(T,M). In this context, let F' be an orthonormal frame of M at x, we write

HV|F = {MEF(A) | Ae Hv|x}

This is a subgroup of SO(n), isomorphic (as Lie group) to HV|,. The Lie algebra of
the holonomy group HV|, (resp. HY|r) will be denoted by hV|, (resp. hV|r). Then
hV|. is a Lie subalgebra of the Lie algebra so(T,M) of g-antisymmetric linear maps
T,M — T, M and §V | is a Lie subalgebra of so(n).

We define for any two integers k,m € N the set of all linear map R¥ — R™ by £, (R™).
We define Ox(R™) to be the set of B € L;(R™) satisfying
(i) || Bu ||gm=|| u ||gr for all u € R* if k < m;
(ii) B is surjective and || Bu ||gm=| u ||g» for all u € (kerB)* (where S+ is the
orthogonal complement of S C R* with respect to (., .)gs), if & > m.

In the statement of the above definition, we have the next results.

1. Ok(R™) is a smooth closed submanifold of £;(R™).

2. The restriction of the morphism £,(R™) — L£,,(R¥); A — AT on On(R™) —

O,,(R¥) is a diffeomorphism with AT is the matrix transpose of A,

3. If k # m, then O(R™) is connected. If k = m, O,(R¥) is diffeomorphic to O(k),
the set of k x k orthogonal matrices.

We can envisage the previous issue on an n-dimensional Riemannian manifold (M, g).
Thus, for any € M and any k € N, we define L;(M )|, to be the space of all linear
maps R¥ — T, M. Set L, (M) := Upens Lr.(M)|,. We state the following definition and
proposition.

Definition 2.2.2. We define the subset Ox(M) of Li (M) of all elements B € Li(M)|,,
x € M, such that

(i) if 1 <k < dimM, we have that || Bu ||,=| u ||gs for all u € R;

(i) if k > dimM, we have B is surjective and || Bu ||,=|| u ||gr for all u € (kerB)*
(where || . ||gx is the Buclidean norm in R* and L is taken with respect to the
Euclidean inner product in R ).
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Consider the map 7z, () : Lxg(M) — M defined by B +— z for B € Ly(M)|, and
ToxM) = Trym)logn) : Ox(M) — M. We have the standard followings results.

Proposition 2.2.3. 1. For every k € N, the map 7z, () @5 a smooth vector bundle
over M, isomorphic to the direct sum bundle @, TM — M.

2. For all k € N, the map mo, vy defines a smooth sub-bundle of 7z, vy whose
typical fiber is Ox(R™), where R™ is equipped with the Euclidean metric.

3. If (M,g) is a connected Riemannian manifold of dimension n and if k # n for
any k € N then Og(M) is connected.

4. If (M, g) be a connected Riemannian manifold of dimension n and if M is not
orientable, then O, (M) is connected.

(For more details and the proof, see Section 9 in [25]).

Along the chapters, we use (M,g) to denote (M, g) x (M, g), the Riemannian product
manifold of M and M , endowed with the product metric § := g @ ¢. Similarly, V,
V.,V (resp. R, R, R) represent the Levi-Civita connections (resp. the Riemannian
curvature tensors) of (M, g), (M,g), (M, 7g), respectively. By Koszul formula, we have

ViV Y)=(VxY,VgY), VX, Y e VF(M), VX, Y eVF(M)
and,

R((X, X),(Y,Y)(Z,2) = (R(X,Y)Z, R(X,Y)Z), VX,Y, ZeT,M, VX,Y,ZeT:M.

The aim of last definitions is to give a short review on the definitions of homogeneous
group and Carnot group (see Chapter 1 and Chapter 2 in [5]).

Definition 2.2.4. Let (RN %) be a Lie group, then we say that (RN, %) is an homo-
geneous Lie group if there exists an N-tuple of real numbers o = (01,...,0n) which
verified 1 < o1 < --- < oy and such that the dilation

6y RY = RN Sy(z1,...,28) = (A2, ..., AV ay)

is a group automorphism for all A > 0. We denote this homogeneous Lie group by

(RNv 075)\)-

we recall that if g is the Lie algebra of the Lie group (RY,«), then there exists an
isomorphism of vector spaces from RY onto g. Let Z; be the image of the canonical
basis a%i of RY at the origin by this isomorphism, for i = 1,...,N. Z;,i=1,..., N,
is called the Jacobian basis of g.

Definition 2.2.5. Let (RY,%) a Lie group, we say that (RY,x) is an homogeneous
Carnot group if the two conditions below are satisfied
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Cy. RY split as RN = RN x ... x RN and the dilation 6 : RN — RV,
oa(z) = (@M, xpy) = AW N2 ® AT with 2@ € RN
is a group automorphism for all A > 0.
Cy. The vectors Z;, for i =1,..., Ny, of the Jacobian basis of g verifies
Lie(Zy,...,Zn,) = 9,

where Lie(Zy, ..., Zn,) is the Lie algebra generated by the vectors Z;,i = 1,..., Nj.

Moreover, if W) is the vector space spanned by the Lie brackets of length k of Zy, ..., Zx,,
i.e.,

W = span{[Z;,, ..., [Zju_, Zi) - - e Gy - 56) € {1, ..., N }F,
then,
g=WWag. ...aw®

and
WO WY, =wO2<i<r and WO WO, =0,

We say that (RN %) is an homogeneous Carnot group of step v and Ny generators.
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Chapter 3

Rolling and Development Manifolds

In this chapter, we continue the study initiated in [II] of the rolling of two smooth
connected complete oriented Riemannian manifolds (M, g) and (M, §) of dimensions n
and n respectively, where the integers n and n are now not necessarily equal. Two sets of
constraints are usually considered, namely the rolling without spinning on the one hand
and the rolling without spinning nor spinning on the other hand. Two distributions
of dimensions (n + n) and n are then associated to the driftless control affine systems
(X)ns and (X)g respectively. This generalizes the rolling problems considered in [I1]
where both manifolds had the same dimension. We also define the development of affine
manifolds of same dimensions. We then introduce the rolling development notion and
their lifts and distributions.

3.1 Statement of Rolling Motion

3.1.1 The State Space ()
Definition 3.1.1. Let (M, g) and (M,g) be two Riemannian manifolds of dimensions

n and n respectively. The state space Q = Q(M, M) for the problem of rolling of M
against M considered below s defined as follows:

(i) if n <,
QIM, M) :={AeT*M®TM | §(AX,AY) = g(X,Y), X,Y e T,M,z € M}.
(i) if n>n,

QM, M) := {AeT*MTM | §(AX,AY) = g(X,Y), X,Y € (ker A)*,
A 1s onto a tangent space of M}

Writing AT : ToM — T, M the (g, §)-transpose of A, we have that (ker A)* = im(A7),
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and evidently ATA = idy, s if n < 7 and AAT = idy, v if n > 7. Also, define

TQ(M,NI),MxN “— 7TT*M®TM,M><M‘Q(M,M) 1 Q(M, M) — M x M,
TQMN,M = 7TT*M@TM,JV[|Q(M,M) 1 Q(M, M) — M’ (3.1)
TQ(M, NN = 7TT*M®TM,M|Q(M,M) 1 Q(M, M) — M.

where 7p. oy arxar 15 the smooth vector subbundle of the bundle of (1,1)-tensors
T (arxar) OB M x M. Thus Trenrernrar A0 Tope o prr v are the projections of Tow yor v arwir
onto M and M respectively. For any ¢ € Q(M, M), we use the notation ¢ = (z,; A)

where x = 7TQ(M7M)7]V]((]) and T = WQ(M,N[),M(‘Z)'

Proposition 3.1.2. (i) The space Q(M, M) is a smooth closed submanifold of T*M®
TM of dimension:
N(N +1)

dim(Q) =n+n+nn — 5

, where N := min{n,n},

and To iy 18 @ smooth subbundle of Tr.yoqyr y with typical fiber OH(M)
(1) The map
UYE T"M @ TM — T*M @ TM; (z,2; A) > (&, 2; A7),
is a diffeomorphism and its restriction to Q(M, M)gives the diffeomorphism

T:Q(M,M) = QM, M) =:Q; T(z,3;A) =1y ylo(z,i;A) = (&,2; A”).
(3.2)

(zit) If n # n or if one of M and M is not orientable, then the space Q(M, M) is
connected.

Proof. (i) It is clearly enough to prove the result only for n < 7n. In that case, the
(vertical) fiber of @ is isomorphic to the grasmannian of n-dimensional planes in an
n-dimensional euclidean space, hence the result.

(49) First at all, we see that 7y, ,, is the inverse map of 7, y, thus 7, 1 is a diffeo-
morphism. Moreover, one has (&,x; AT) € Q for every (z,4; A) € Q. Indeed,
according to (i), one may assume that n < 7. Let X,V € (ker AT)*. Since
(ker AT)L = im(A), there are X,Y € T,M such that AX = X, AY =Y, and
because ATA = idy, y, we get that g(ATX, ATY) = g(X,Y) = §(AX, AY) =
g(f(, Y) Now, take the map

S:Q—Q; S(i,x;B) = (z,i; BY),

which is well-defined because (ker B)* = im(B?) and BBT = idy, . Thus, for
all X,Y € T,M, one obtains §(BTX,BTY) = ¢(BBTX,BBYY) = ¢g(X,Y).
Therefore, T and S are smooth inverse maps to each other.
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(¢¢4) This follows from Proposition [1.2.2] O

Corollary 3.1.3. The map Tg iy - Q(M, M) — M x M is a bundle whose typical
fiber is diffeomorphic to O, (R").

Proof. For a given point (zg,40) € M x M, take any g-orthonormal (resp. g-
orthonormal) frame F = (Xi, ..., X,) (resp. F = (X1,...,X5)) defined on some open
neighbourhood U of zy (resp. U of #y). Fix a ¢ = (z,4; A) € (Toouan) (U x ),
define G, (A) to be the # X n-matrix whose element on the i-th row, j-th column is

§(Xils, AX;,) and set
T (M) (U X U) = (U 0) x (RY) @R™ 7 5(, 33 4) = ((2,2), G p(A)).

Using Proposition | it is easy to see that TFF is smooth, injective and its image is
(UxU)x 0, (R™), Moreover its inverse map 7 (U><U)><O (R?) — (m Q(MM))’I(UX
U) is given by

T;;<<m,@>73>:<x,@;zz S0 X 1) %),
j=1l=1

where B;; is the element on ¢-th row, j-th column of B. The fact that 7,z and T;IF

are smooth is easily established. O

Proposition 3.1.4. Lel ¢ = (2,2;A) € Q and B € T*M @ T;M. Then v(B)|, is
tangent to Q (i.e. is an element of V|,(7q)) if and only if

(i) ATB € s0(T,M), if n <.
(ii) BAT € so(T;M), if n > .

Proof. Note that the set of B € T*M ® T; M such that ATB € so(T,M) and the set
of B € T*M ® T;M such that BA” € so(T;M) both have dimension equal to dim
7o' (z,&). Therefore, it is sufficient to show that V|,(mg) C so(T, M) when n < 7 and
V(7o) C so(TzM) when n > . We only prove Item (i) since the other follows by
using Eq. (.2). If n <7 and X € T, M, then ATAX = X. For any B € T:M ®@ T;M
tangent to @, we have v(B)|,X = 0. Then, 0 = v(B)|,(.)T ()X = BTAX + ATBX
and hence BT A + ATB = 0 because X was arbitrary. Same analysis as (i): if n > 7
and X € T} ]\/[ then we have AATX = X. For any B € TrM ®T; M tangent to @,
we have v(B)|,X = 0. Then, 0 = v(B)|,(.)()"X = BATX + ABTX and hence the

conclusion. O
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3.1.2 The Rolling Lifts and Distributions

Since we are interested in the rolling motion without spinning nor slipping, we formulate
these conditions by taking an absolutely continuous curve on @, ¢ : [a,b] — Q; t —
(v(t),4(t); A(t)) and making the following definitions.

Definition 3.1.5. The curve q(-) is said to describe:

(1) A rolling motion without spinning of M against M if:

Vi At) =0 for a.e. t € a,b]. (3.3)

(i7) A rolling motion without slipping of M against M if we have:

A(t)5(t) = 4(t) for a.e. t € [a,b]. (3.4)

(1ii) A rolling motion without slipping nor spinning of M against M if both conditions
(i) and (ii) hold true.

By Item (iii) above, we get that the curves q of Q describing the rolling motion without
slipping and spinning of M against M are exactly the integral curves of the following
driftless control affine system

(1) = u(t),
(X)r{ (D) = A(t)u(t), for a.e. t € |a, b, (3.5)
Vi@, aumnAlt) =0,

where the control u is a measurable T' M -valued function defined on some finite interval
I CR.

Proposition 3.1.6. Let Ay be a (1,1)-tensor on M x M (i.e. € T} (20.30) (M X M) for

(20, Z0) € M % M) and t — q(t) = (y(t),5(t); A(t)) be an absolutely continuous curve
in T*M @ TM defined on some real interval I > 0 and satisfying (3.3). Then we have,
forallt e,

A(t) = PBy(%) 0 A(0) o P(v),
A0)e @ = A(t) € Q.

Proof. For the first implication, define B(t) := Pt(4) o A(0) o P)(v). Evidently B(0) =
A(0), and if X (¢) is an arbitrary vector field along ~(¢), we have that B(t)X(t) is a
vector field along §(t), and

~ ~

(v("y(t)ﬁ(t))B(t))X(t) + B(t)Vi)X (1) = Viy (B(H)X (1)) = Vi (Pé(’?)(A(O)PtO(’Y)X(t)))
d

=P (1) (AP (MX(#)) = (F5(7) 0 A(0) o P () (Vs X (1)) = BV X (1),
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which, since X (¢) was arbitrary, would mean that vw(tm(t))B(t) = 0. By the basic
uniqueness result for the first order ODEs, we thus have A(t) = B(t) for all t € I.

For the second implication, let Y € T’ )M, Y e T@(O)M and set Y'(+), Y() the par-
allel transports of Y, Y along ~(.) and 4(.) respectively. Next, suppose that A(0) €
Q| (+(0)4(0) and denote A(t) = P}(§)oA(0)o PY(v). Then A(0) € T*M ®TM, but from

the ﬁrst implication we obtain A(t) € T*M @ T'M for all t € I. So A(t)Y (t) € Ty M
and thus,

CZHA(t)Y(t)HE = 20((V50050)A)Y () + A1) (V3Y (), A)Y () = 0.

If n < 7, the initial condition for the preceding term is [|A(0)Y'(0)Z = [A0)Y]? =
|Y]|2. On the other hand, %Y ()||Z = 0 and the initial condition is [|Y (0)[|2 = [|Y'[|2.
So, [[A)Y (t)[|Z = [[Y'(¢)||2. Since the parallel transport P§(7y) : TyoyM — TyeM is
a linear isometric isomorphism for every ¢, this proves g(A(t)X, A(t)Y) = g(X,Y) for
every X, Y € T, yM. If n > n, we are able to repeat the previous method due to the
fact Y (t) € (ker A(t))* if and only if Y € (ker A(0))*.

O

Definition 3.1.7. (i) Given ¢ = (v,4;4) € T*M @ TM and X € T,M, X € T; M,
one defines the no-spinning lift of (X, X) to be the unique vector Lys(X, X)|,
of TxM & T: M at q given by

Lys(X, X)), ) Pi(3) o Ao PX(y) (€T, (T*M @ TM)),

where ~ (resp. %) is any smooth curves on M (resp. M) such that v(0) = ,
Y(0) = X (resp. 4(0) = &, 7(0) = X).
Moreover, if X,X are (locally defined) vector fields on M, M, respectively, one

writes Lns(X, X) for the (locally defined) vector field on T*M QT M whose value
at q is Lns(X, X)|,-

(ii) No-Spinning distribution Dng on T*M @ TM is an (n +n)-dimensional smooth
distribution, whose plane at ¢ = (x,2; A) € T*M ® TM 1is defined by

Dsle = Lns(Tway (M x M))|,.

By Proposition [3.1.6] -Zys can be restricted to @) so that
Ins(X, X)|g € T,Q, Dnslq C T,Q,

forany g € Q and X € T, M, X € T, M as in the definition above.

Hence, we have Zyg|q is an (n+n)-dimensional (smooth) distribution on @, which we
also write as Py in the sequel. The next proposition gathers basic properties of Zys.

Proposition 3.1.8. 1. (T ori)+ (Tesp. (7q)«) maps Dns|y isomorphically onto
Twzy (M x M) for every q = (x,2; A) € T*M @ TM (resp. € Q).
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2. If X € Tz (M % M), A is a local section of T nmerir and A, its push-forward,
then we have:

ZNS(Y”A(L:&) = A* (Y) — V(VYA”A(Q:@)- (36)

3. An absolutely continuous curve t — q(t) = (y(t),5(t); A(t)) on T*M @ TM or Q
is tangent to Dns for a.e. t if and only if vw(tm(t))A =0 for a.e. t.

Recall that ¥ is the product (Levi-Civita) connection on M = M x M.

Proof. The proofs of parts 1. and 2. follow that of Proposition 3.20 and Proposition
3.22 of Section 3 in [10]. Part 3. is a consequence of Eq. (3.6 so that

Lns(¥(1), ';Y(t))|q(t) = A@) - V(v(y(t)ﬁ(t))A”q(t)'

i

Remark 3.1.9. In the previous proposition, the two terms on the right side of Eq.
are separately elements of T,(T*M ® TM), but their difference belongs to 7,Q).
Moreover, this equation indicates the decomposition of the map A, with respect to the
two direct sum decompositions:

T(T"M ® TM) =DNS Dy prgrit V(”T*M@TM)»
TQ =9ns ®q V(mq).

We shall now define a subdistribution Zr of Zys which has the property that tangent
curves to P are exactly those curves in @ (or T*M ® T'M) that verify both the
no-slipping and no-spinning conditions, i.e., are the curves modelled by the system

X(R)-
Definition 3.1.10. (i) For any q = (z,2;A) € T"M ® TM, the rolling lift of X €

~

T, M is the vector Lr(X)|, of T*M @ TM at q defined by
Lr(X)|g = Lns(X, AX)|,. (3.7)

Moreover, if X is a (locally defined) vector field on M, one writes Lns(X) for
the (locally defined) vector field on T*M @ T'M whose value at q is Lns(X)|,-

(i) The Rolling distribution Pr on T*M ® TM is the n-dimensional smooth distri-
bution whose plane at every q = (x,2; A) € T*M @ TM is given by

Drlq = Lr(T, M), (3.8)
Like right below the definition [3.1.7] one can restrict £ to () such that

gR(Xﬂq € TqQ7 ‘QR|Q - TqQ7

for all ¢ = (z,2; A) € Q@ and X € T, M.
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Corollary 3.1.11. (i) (mg.m)« maps Drl, isomorphically onto T, M for for every
q=(x,2;A) € T*M @ TM (resp. q € Q).

(ii) An absolutely continuous curve t — q(t) = ((t), 5(t); A(t)) on T*M QTM (resp.
on Q) is a rolling curve if and only if it is tangent to Dg for a.e. t i.e. if and

only if 4(t) = ZLr(¥(t))|qw) for a.e. t.

While some of the results that follow hold true in both spaces @Q and T*M ® TM, we
mainly focus on (), which is the state space of primary interest for the purposes of
rolling. The generalization of such a result to 7*M ® TM, if it makes sense there, is
usually transparent, and, if need be, we will use such generalizations without further
mention for convenience in some of the forthcoming proof.

We have the following fundamental result whose proof follows the same lines as that
of Proposition 3.27 of Section 3 in [10].

Proposition 3.1.12. (i) For every qo = (xo,Z0; Ag) € Q and every absolutely con-
tinuous v : [0,a] — M, a > 0, such that v(0) = xmo, there exists a unique
absolutely continuous q : [0,a'] — Q, q(t) = (y(t),5(t); A(t)), with 0 < «’ < a
which is tangent to P a.e. and q(0) = qo. We denote this unique curve q by

t— 495 (77 QO)(t) - (f)/(t)? ’?@R (’77 qO)(t)v A@R (77 qO)(t))7 (39)

and refer to it as the rolling curve with initial conditions (v, qo), or along v with
wnitial position qq.

(1) Moreover, if (M,g) is a complete manifold, one can choose a' = a above.

(11i) Conversely, any absolutely continuous curve q : [0,a] — Q tangent to Pr a.e.
has the form qg,(7,q(0)) where v = 7o a0 q.

Remark 3.1.13. Let (N,h) be a Riemannian manifold and y, € N, we define a
bijection AZ;L(‘) from the set of absolutely continuous curves 7 : [0,1] — N starting at
Yo onto an open subset of the Banach space of absolutely continuous curves [0, 1] —
T, N starting at 0, by

Yo

AT ()0 = [[(P7RG)()ds € TN, vi € [0,1]

It follows from Proposition [3.1.12f that the rolling curve with initial conditions (7, qo)
is given by:

47 (7, @0) (8) = (7(1), A7, (Ao © Ay (1)) (8); Py (A7, (Ao © Mgy (7)) © Ag 0 PL(7)). (3.10)

Moreover, if the curve v is the geodesic on M given by v(t) = exp,,(tX) with v(0) =
and ¥(0) = X € T,,M, then, for ¢y = (x0,Zo; Ao) € @, the rolling curve gy, (7, ) :
0,d'] = @, 0<d <a, is given by

47r (,77 qo)(t) = (’7(75)7 :ygﬁR (77 qo)(t) = e/@io (tA0X>7 A-@R (77 qo)(t> = P(l)t(’?.@R (’77 q(]))oAOO‘PtO (7))

We also have that if M is complete then a = a'.
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Let .,?N\g and 3,’; (resp. éN\S and .@E) be the no-spinning and rolling lifts (resp.
the no-spinning and rolling distributions), respectively, on Q = Q(M, M). Thus,
dim % =n+ n = dim Yyg but, in contrary, dim @; = n, dim Y = n. This shows
that the model of rolling of manifolds of different dimensions against each other is not
symmetric with respect to the order of M and M.

Proposition 3.1.14. Let T the mapping defined by (3.2)), we have the followings re-
sults:

L. T*-@NS = §N\S7
2. T.V(mq) = V(rg),
3. when n < n, we have T, P, C @;.

Proof. We can assume, without loss of generality, that n < n.

1. For qo = (zo, Zo; Ao) € Q(M, M), let v, 4 be a smooth paths in M, M starting at
T, Lo, respectively, at t = 0. We have that (Pi(4)o Ago P2(y))T = Pi(y) o AT o PX(¥),
then

T(v(t),4(t): Fo(9) 0 Ao 0 P(7)) = (3(£),7(8); Fo(7) © T (w0, o3 Ao) © P/ (7))

This immediately shows, by differentiating it with respect to %|0 and using the defini-
tion of Zyg, that

T*‘QOXNS(Xv X)’Qo = gNS(Xv X)‘T(qo)v

where X = 4/(0), X = 1(0) In particular, T, maps Zyg isomorphically onto %

2. Let v(B)|g=(ni:4) € Vl]g(mgq), B verifies AT B € so(T, M) then I/(BT)|T(q) € Vg (m)-
Then, T.V(7g) = V(m) because we have, for any fe C"O(Q),

. P d, . d, ;
(Twv(B)lg)f =v(B)|y(foT) = g\of(T(%f; A+sB)) = %|of@a$§ AT + SBT) = V(BT)|T(q)-

3. For qo = (x¢,Z0; Ag) and X € T, M, one has

Tolio-Zi(X) o = TalaoLns (X, A X))o = Lus(A0X, AT A0 X)) = Lr(AoX)

|T(Q0) ‘T(Qo)’

since X = AJ(AoX) = T(q)(AoX). Hence T maps Zr of Q(M, M) into Py of
Q(M, M). O
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3.1.3 The Lie Brackets on ()

Let O be an immersed submanifold of T*M ® TM and write 7o = Tremerarlo- I
T:0O — TH(M x M) with Trk asany © T = o (Le. T € C%(mo, Ty (arepy)) and if
q=(z,2;A) € O and X € T, 5 (M x M) such that Lys(X)|, € T,0, then we want
to define what it means to take the derivative Zyg(X)|,7. Our main interest will be
the case where k = 1, m = 0 i.e. T(M x M), but some arguments below require a

general setting. As a first step, we take O = T"M ® TM. We can inspire, from Eq.
(3.6)), the following definition

Zns(X)|,T = Vx(T(4)) — v(VxA)|,T € Ty (M x M).

Here, T(A) = T o A is a locally defined (k,m)-tensor field on M x M. On the other
hand, if @ € L(7gm () and if we write (Tw)(q) := T(q)w| (2,2 as a full contraction

forg=(z,2;A) €e T"M ® TM, then we may compute

(Lns(X)|Dw = (Ve(T(A))@ = (50T (A+ tVzA))w

= Vx(T(A)w) - T(q)Vx@ — glo(T(A+ tVxA)w)

= Vx((Tw)(4)) — lo(Tw)(A+tVxA) - T(q) Vxw.

Hence,

(Lvs(X)]T)w = Lns(X)](Tw) — T(q) V. (3.11)
Alternatively, Eq. (3.11]) represents an intrinsic definition of Zys(X)|,T.

Now, if © € T*M ® T'M is an immersed submanifold, we could take Eq. (3.11) as the
definition of Lys(X)|,T for ¢ € O.

Definition 3.1.15. Let O C T*M @TM be an immersed submanifold, ¢ = (x,2;A) €
O and X € Tiuz)(M x M) be such that Zns(X)|, € T,0. Then for T : O —
Tk (M x M) such that Tk (M 11) © T = 7o, we define Lys(X)|,T to be the unique
element in T 4.2 (M xi\4) such that Eq. holds for every w € P(WT;"(MxM)) and
call it the derivative of T with respect to Lns(X)l,-

We next present the main Lie brackets formulas obtained as in Proposition 3.45, Propo-
sition 3.46, Proposition 3.47 of Section 3 in [10].

O, v(U(Q)|q v(V()|q € T,O. Then, one has

] [Zvs(T(), Lus(SOlg = Livs(Lus(T())|eS — Livs(S(a))lg
' +V(AR(T(q),5(q)) — B(T(9), 5(q))
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2. [Zvs(T (), v(UDlg = =LnsWU @)Dl + v(Lus(T(@)]aU)]g,
3. (U),v(V(lg = v(wU@)V = v(V(a)]U)lg-

Both sides of the equalities in 1. , 2. and 3. are tangent to O.

3.2 Development of (M,V) on (M,V)

By Remark and more precisely by , we see that one can generalize the
definition of rolling curves on affine manifolds. Indeed, let M and M be smooth n-
dimensional manifolds and set V and V to be the affine connections on M and M
respectively. We recall next basic definitions and results stated in [10] and [24] on the

rolling development of (M, V) on (M, V).

Definition 3.2.1. Let v : [0,1] — M be an a.c. curve on M starting at v(0) = xo.
We define the development of v on T,,M with respect to V as the a.c. curve A‘,EVO () :
[0,1] = T, M given by

AT = [[(PTGYds,  te o1,

Definition 3.2.2. Let (xq,&0) € M x M, Ay € T* M ® Ty, M and an a.c. curve

0

v :[0,1] = M such that v(0) = zo. We define the development of v onto M through
Ao with respect to V as the a.c. curve AY (v) :[0,1] = M given by

AL (7)) == (AY) (Ao o AT (W)(),  te[0,1].

We also define the relative parallel transport of Ay along v with respect to V to be the
linear map

(Pv)EW)AO :TyyM — T M, such that for t € [0, 1],

AT, ()

(PY)5(7) Ao = (PY)H(AY, (7)) © Ag o (PY)().

Thus, we have the next definition of the rolling development of (M, V) against (M, V).
Definition 3.2.3. The state space of the rolling development of (M,V) on (M, @) is
Q:=QM M) ={AcT'M@T;M|AecGL(n), t € M and & € M}.

A point q € Q is written as ¢ = (z,Z; A).

We define the No-Spinning development lift of (X, X) € Twz) (M x M) and the No-
Spinning development distribution as follows.
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Definition 3.2.4. Let ¢ = (v,3;A) € Q, (X, X) € Tway(M x M) and ~ (resp. %) be
an a.c. curve on M (resp. on M) starting at x (resp. &) with initial velocity X (resp.
X) The No-Spinning development lift of (X, X) is the unique vector Lns(X, X)|q of
T,Q at g = (z,2; A) given by

d

—| (P)s(3) 0 Ao (PY))().
The No-Spinning development distribution Pyg at ¢ = (z,&; A) € Q is a 2n-dimensional
smooth distribution defined by

@NS|q XNS( xxMXM”

The definitions of the Rolling development lift of X € T, M and the Rolling develop-
ment distribution are in the following statement.

Definition 3.2.5. Set ¢ = (z,2;A) € Q and X € T, M. Let v and 7 be a.c. curves
on M and M respectively satisfying v(0) = x, 4(0) = &, 4(0) = X and 4(0) = AX.
We define the Rolling development lift Lr at ¢ = (z,%; A) € Q to be the injective map
from T, M onto T,Q, such that for every X € T, M, the vector Lr(X)|, is defined by

d

La(X)|y = Ls(X, AX)], = 2,

2| (PY)(5) 0 Ao (PY)(3).
The Rolling development distribution Pr ot ¢ = (x,2;A) € Q is an n-dimensional
smooth distribution defined by

Daly = La(T. M),

We say that an a.c. curve t — ¢(t) = (7y(¢),5(¢); A(t)) on @, is a rolling development
curve if and only if it is tangent to Yy for a.e. t € I, where [ is a bounded interval of
R, i.e. if and only if ¢(t) = ZLr(§(t))|qw) for ae. t € 1.

Proposition 3.2.6. For any qo := (v, Zo; Ao) € Q and any a.c. curve v :[0,1] = M
starting at xo, there exist unique a.c. curves y(t) := A O( )(t) and A(t) := (PY)i(y)Aq
such that A(t)3(t) = A(t) and V swamnA®) =0, for all t € [0,1]. We refer to
t = qa,(7, Q) == (7(t),7(t); A(t)) as the rolling development curve of initial condition
(v, qo) or along v with initial position qq.

We next present the main computation tools obtained in Proposition 3.7, Lemma 3.18,
Proposition 3.24, Proposition 3.26, Proposition 4.1, Proposition 4.6 in [26]. Tet RY
and TV (resp. RV and TV) be the curvature tensor and the torsion tensor respectively
of M with respect to V (resp. of M with respect to @)

~

Proposition 3.2.7. Let O C T"M & TM be an immersed submanifold, Z = (Z,Z),
S = (8,8) € C®(1o, Tpeprarar) be such that for all ¢ = (v,7;A) € O, Lns(Z(q))lq;
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.,%Ns(g(q))\q € 7,0 and U,V € C®(To, Tpupporar), be such that for all ¢ = (x, 27 A) €
v(U(@))lq, v(V(Q)|q € T,0. Then, one has

Lns(Z(A)]S () = Vza)(S(A)) = (Vz A)leS (), (3.12)

(Zvs(Z(), Lns(S(Nls = Lins(Lus(Z(A)eS() — Lus(S(A))eZ())lg

— Dns(TV(Z(q),5(0)), TV (Z(q), 5(2)))l (3.13)

(LR(Z(), Lr(S()]le = Zr(1Z(q),S@))],
+ Ls(ATY(Z(q),S(q)) — TY(AZ(q), AS()))], (3.14)
+ v(ARY(Z(q), S(q)) — R¥(AZ(q), AS(q))A)l,,
(Lrs(Z(), v(U)lg = —Lus U A)Z())]g + (Lus(Z (AU ())]as (3.15)
(U (), v(V(D]lg = vw(U(A)]V = v(V(A)]D)],. (3.16)

Both sides of the equalities in (3.12), (3.13), (3.14)), (3.15) and (3.16) are tangent to
0.

3.3 Appendix

In this section we briefly show how one writes the control system Xy in local orthonor-
mal frames.

Let (F})i<i<n and (F})1<;j<s be local oriented orthonormal frames on M and M respec-
tively and let gy = (xo, To; Ag) € @ such that zy, T belong to the domains of definition
V and V of the frames. Let q(t) = (v(¢),4(t); A(t)), t € [0,1], be a curve in Q so that
v C Vand 4 C V. For every t € [0,1], define the unique element R(¢) in SO(n,7)
verifying

(A Filyys - A Faloy) = (Frls - Falso) R(1)
Define Christoffel symbols ' € T*M ® so(n) and T' € T2 M ® so(n) by
DX =g(VxF, F), DX =a(VeFy, Fy),
with 1 <ik<n,1<jk<nand X € T,M, X € T; M.

02



CHAPTER 3. ROLLING AND DEVELOPMENT MANIFOLDS

There are unique measurable functions v’ : [0,1] — R, 1 <4 < n, such that, for a.e.
t €10,1],
ut(t)

’V(t) :<F1’7(t)7""Fn‘v(t)) :
u”(t)

As one can easily verify, the conditions of no-spinning (3.3) and no-slipping (3.4)) trans-
late for (9(t), R(t)) € M x SO(n) precisely to

(no-slip) &(ﬂ = (Flh(tw cee Fﬁh(t))R(t) E ,

n

R(t) = () (RIOD(Fil ) =3 RulOF (s R (1)),

i=1 j=1

for a.e. t € [0,1], where Rj;(t) is the element at j-th row, i-th column of R(¢). From
this local form, one clearly sees that the rolling system Yy is a driftless control affine
system.
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Chapter 4

Controllability Result on Rolling
Riemannian Manifolds

Recall that the rolling system is said to be completely controllable if the rolling orbit
is equal to the whole state space () for some points and hence for every points of Q).
Therefore, if () is connected, then the rolling system is non-controllable if and only if
there exists a point belongs to () which its rolling orbit is not open in (). We address in
this chapter the controllability issue for the systems rolling (3)ygs and (3)g of rolling
of Riemannian manifolds defined in Chapter 2. In particular, we must provide some
basic properties for the reachable sets.

4.1 Rolling Orbits and Rolling Distributions

In this section, we first characterize the rolling orbits corresponding to the (NS) and
(R) problems and then we provide specific results on Zg-orbits in the case |n —n| = 1.

4.1.1 General Properties of Rolling Orbits

We collect here some basic results on the structure of the orbits and the distributions
of the two rolling systems. To begin with, we completely describe the reachable sets of
(NS) to the holonomy groups of the Riemannian manifolds (M, g) and (M, §), which
are Lie subgroups of SO(n) and SO(n).

In this setting, H|, and ﬁ|x denote HV|, and Hﬁ\i respectively(for the notations, see
the section . The corresponding Lie algebras will be written as b|,, GLE Following
the arguments of Theorem 4.1, Corollaries 4.2 and 4.3 and Proposition 4.5 of Section
4 as well as Property 5.2 of Section 5 in [10], one gets the subsequent result.

Theorem 4.1.1. Let qy = (x9, Z0; Ao) € Q. Then the part of the orbit Og,.(q0) of
Dns through qo that lies in the mg-fiber over (zg, &o) verifies

Ogys(@0) N 75" (0, 20) = {hoAyoh|he Hl|s, he H|y} = Hl|z 0 Ay o Hlyy, (4.1)
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In addition, at the tangent space level, we have

T(IOO-@NS(qO) N V’Qo(ﬂ-Q) = V({]% © AU - AO ok | k€ b|x07 ]% € 6’:20})'%

. 4.2
e (Blay 0 Ao — Ao 0 Bluy) (4.2)

Proposition 4.1.2. If M is complete, then for every qo € Q, the map TOg . (q0),M =
TQM|0g, @) * Ozx(q0) = M defines a smooth subbundle of Tq -

We next compute the first commutators of Z(X) where X € VF(M). The resulting
formulas are obtained as in Proposition 5.9 of Section 5 in [10].

Theorem 4.1.3. If X, Y € VF(M), q= (z,%; A) € Q, then

[ZLr(X), Zr(V)llg = Zr([X, Y])q + v(AR(X,Y) — R(AX, AY)A)|,. (4.3)

Definition 4.1.4. For q = (x,2; A) € Q, we define the rolling curvature Rol, at q by

A

Rol,(X,Y) := AR(X,Y) — R(AX,AY)A, X,Y € T,M.

If XY € VF(M), we write Rol(X,Y") for the map Q — T*M @ TM; q Rol,(X,Y).
Similarly, for k> 0, we define the k-th covariant derivative of Rol at q by

(V'R (X, Y, Zy, ..., Zi) == A(V*R)(X.,Y, (), Z1, .. Zi) — (VER)(AX, AY, A(), AZy, ..., AZ}).

Clearly, for all (z,7; A) € @,
ATRol,(X,Y), AT(V'Rol),(X,Y, Zy, ..., Zs) € s0(T, M) if n <,

and
Rol, (X, Y)AT, (V*Rol),(X,Y, Zy, ..., Zi) AT € so(T: M) if n > #,

and therefore, v(Rol,(X,Y)), (kaoI)q(X, Y, Z1, ..., Z) are well defined as elements of
Vlg(mq).

Remark 4.1.5. With this notation, Eq. (4.3) can be written as
[Zr(X), Zr(Y)]lq = Zr(IX, Y])|q + v(Rolg (X, Y))l,. (4.4)

Proposition 4.1.6. Let X, Y, Z € VF(M). Then, for q = (x,4;A) € T*M @ TM,
one has

[ Zr(2), v(Rol(X,Y))]|g = — Lus(Rol(X,Y)Z)|, + v((V'Rol)y(X, Y, 2))],
+ v(Roly (V2 X, Y))|, + v(Roly (X, VZY)),

We recall the following notation we define

[A, Bl := Ao B — BoAe€so(T,M).
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Proposition 4.1.7. Let ¢ = (z,2;A) € Q and X, Y, Z, W € VF(M). We have
[v(Rol(X,Y)), v(Rol(Z,W))]],
:V<A[R(X, Y), R(Z,W)]so — [R(AX, AY), R(AZ, AW )]s A — R(Rol,(X,Y)Z, AW)(A)

— R(AZ,Rol,(X,Y)W)(A) + R(AX, Rol,(Z, W)Y )(A) + R(Rol,(Z, W)X, AY)) ly-

Proof. Cf. the proof of Proposition 5.18 and Corollary 5.19 of Section 5 in [10].

Proposition 4.1.8. Consider the following smooth right and left actions of Iso(M,g)
and Iso(M, g) on Q given by

qQ - F = (F_l(%), To; Ag 0 F*|F*1(a:0))7 F- qo ‘= (750, F(fo); F*|1’0 © Ao),
where qo = (20, Z0; Ag) € Q, F € Iso(M, g) and F € Iso(M,§). We also set
Fog-F:=(F-q) F=F-(gF).

Then for any qo = (w0, Z0; Ag) € Q, absolutely continuous v : [0,1] — M such that
v(0) = g, F € Iso(M,g) and F € Iso(M, g), we have

Fqo,(7,00)(t) - F = qg(F~ 0y, F - qo - F)(1), (4.5)
for allt € [0,1]. In particular, F. Ogp(q) - F = (’)@R(F ~qo - F).
Proof. Cf. the proof of Proposition 5.5 of Section 5 in [10]. O

Remark 4.1.9. When n < n, the right action of Iso(M, g) on @ is free. Indeed, given
F, F" € Iso(M,g), the existence of an ¢ = (z,2; A) € @ such that ¢- F' = ¢- F’ implies
that F~!(z) = F/"(z) := y and Ao F,|, = Ao F',|,. Since ATA = id, we obtain
F.|, = F'.|,, which implies, because M is connected, that F' = F” (see [32], page 43).
The same argument proves the freeness of the left Iso(M, §)-action when n > f.

4.1.2 Elementary Constructions when |n —n |=1

Proposition 4.1.10. Let (M, g) and (M, §) be Riemannian manifolds of dimensions
n and n = n—1 respectively, withn > 2. We use (M®D, g to denote the Riemannian
product (R x M, dr* @ §), where dr® denotes the canonical Riemannian meltric on R.

Set QW) .= Q(M, M(l)) and let fl(zl), @}(21) to be the rolling lift and the rolling distri-
bution on Q. We define, for every a € R,

ta: Q= QW wa(w,d5A) = (x,(a,2); AV),
where AV : T,M — Taz) (R x M) is defined as follows: AWM € QW

14(1)‘(ker14)L = (O7A‘(kerA)i)7 A(l)(ker A) = Rarl(a,:i) X {0}7
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where 0, is the canonical vector field on R in the positive direction, also seen as a vector
field on MW i the usual way.
Then for every a € R, the map t, is an embedding and for every qy = (x¢, To; Ao) € Q,
ag € R and X € T, M, one has

LX) = L (X) s a0)+
O@R (QO) = H<09}(§> (Lao (QO»)v

where

I1: QW — Q;
(z,(a,2); AV) —  (x,; (pra). o AW),

15 a surjective submersion and pro @ R X M — M is the projection onto the second
factor.

Proof. Let «y be a path in M starting at zo and q(t) = (y(¢),5(t); A(t)) := qo, (7, @) (t).
We define a path ¢V (t) = (v(t), 7 (t); AV (¢)) on QW as follows:

t
AW () = (a0+/0 tao (A0)p” (Ag) PY (1) (s)ds, 4(t)), AW := Bj(3) 014y (Ag) 0 P (7),
where, for every ¢ = (z,2; A) € @, we define the g-orthogonal projections as

pH(A) : T,M — (ker A=, pT(A) : T,M — ker A.

We will show that ¢! is the rolling curve on Q) starting from ¢4, (qo). Indeed, clearly
¢V (0) = (7(0), (ag, 5(0)); tag(A0)) = tag(qo) and AN (t) € QMW for every time ¢ and
Lay(Ag) € QW. We also have

A () = (01)3r 500, (1)),

where b(t) is defined by i, (Ao)p” (Ao) PP (7)7(t) = (b(t)r|(ap,i0)-0)- On the other
hand,
AVBAE) = P5(Y M)ty (A0) P (7)3(2)
= Py(Y™) 0o (A0) (P (Ao) + p(A0)) P (7)().
Since M@ is a Riemannian product, then, for every X € Ti,OM C Tlag,a0) (R % M), we
have
Pg(’?(l))(()?X) = (Oapg(&)X% P} ( (1))(8 | (a0,&0)» ) = (arlﬁ(l)(tﬁo)'

However tq,(Ag)pt(Ag)X = (0, Agpt(Ag)X) = (0, AgX) for every X € T, M, we get
that

Py (1) tag (Ao)p™ (A0) PP (7)7(t) = By (31)(0, AoPY (7)7(1)) = (0, P3(7) Ao (7)7(1)),

and B30t (Ao (An) POV E) = PYGNBOD e 50:0) = (09 0 There



CHAPTER 4. CONTROLLABILITY RESULT ON ROLLING RIEMANNIAN
MANIFOLDS

This and the definition of AW (t) show that ¢ (t) = q,,0) (7, tay(q0))(t) for all .
R

Furthermore, since AM(1)(t) = BY3M)1,(A0) (07 (Ag) + p*(49))P(7)5(2) and by
the basic properties of parallel transport, it follows that

(g, (7, tag (90)) (1)) = TL(y (1), 40 AD) - = (7(1), 4(1); (pra). 0 AD)
) 1

Hence Og,(q0) C TI(O ) (tas(90))) as well as
R

IL(.Z" (4(0))

tag(a0)) = Me(dy 0 (75 10 (00))(0)) = 4, (7, 40)(0) = Zr(7(0))]go-

Finally, if ¢V = (2, (a,2); AY) € O@g)(bao((ﬁ))), take a path v in M starting from
zo such that ¢ = q%({n(fy, lay(q0))(1). By what was done above, it follows that
H(q%@(% Lao(40)) (1)) = @2, (7, o) (t) and thus, evaluating this at t = 1 gives II(¢(V) €
O4,(qo), whence H(O@;;)(La()(Qo))) C Og,(qo)- The claim that ¢, is an embedding for
every a € R and Il is a surjective submersion are obvious from the fact Ilo¢, = idg. O

Corollary 4.1.11. With the same notations of the previous proposition, if the orbit
Oy (q0) is not open in Q for some qo € Q, then O 1) (ta,(q0)) is not open in QW.
R

Proof. Suppose that O_)(4,(qo)) is open in QW. Since IT : QM — @ is a smooth
R

submersion then it is an open map and hence its image H(O@g)(bao(%))) = O0g,(q0) is

open. Il

With the assumption and the notations of Proposition 4.1.10] we have the following
remark.

Remark 4.1.12. Keeping the same notations as before, recall that Q) = Q(M, M) is
connected and thus, as a consequence of Corollary .1.T1] if the system associated to
the rolling of M and M® is controllable then the system associated to the rolling of
M and M is also controllable.

Proposition 4.1.13. Let (M, g) and (M, §) be Riemannian manifolds of dimensions
n =n—1 and 7, with 1 > 2 respectively. Let (MM, gM) be the Riemannian product
(R x M,dr2 & g), with the obvious orientation. Write QU = Q(M®, M) and let 92”]51),
.@};}) be the rolling lift and the rolling distribution on QW. We define for every a € R,

o Q= QW 1(x, 27 A) = ((a,2),2;AV),
where AN : Ty (R x M) — T M is defined as follows: AN € QW
AW = A, A(l)arl(w) € (imA)*.
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Then for every a € R, the map i, is an embedding and for every qy = (xo, To; Ao) € Q,
ap €R and X € T,M C T4 (R x M), one has

(tao)+Zr(X) gy = L8 (X) s (a0)-

Moreover, if one defines

IT: QW - Q;
((aax)vi';A(l)) = (l‘,@;A(l)O(’ia)*),

where iq : M — R X M; z — (a,x) and if Ag is the subdistribution of 91(%1) defined by
Agly0 = (1)« Zrlngmy, Y4V = ((a,2), 3 AV) € QW
then LGO(O@R(QO)) = OAR<LGO(QO)) - O 1)(La0<QO))

Proof. The facts that ¢, is an embedding and II is submersion simply follow from
the fact Il o 1, = idg. Let now ~ be a path in M starting from z, and ¢(t) =

(V(t), 4(£); A(t)) = q,(7,90)(t). We define a path ¢(t) = (yV(t),4(t); AV(t)) on

Q(l) by
YO (t) = (a0, 1), AD 1= PH(3) 0 tag(Ap) 0 PA(yD),

We will show that ¢'V) is the rolling curve on Q) starting from ¢4, (qo). Indeed, clearly

¢(0) = ((ag, 7(0)),4(0); Lay (Ag)) = tag(qo) and for 1,,(Ag) € QM we have AV(t) €
QW for all t. We also have ¥ (¢) = (0,4(t)). On the other hand,

AD@)FV() = F(9)tay(A0) PP (v V)31 (1)
- Pt( ) ao(AO) (’7 1))(077(15))

Since M is a Riemannian product, then P?(v(Y)(0,X) = (0, P’(y)X) for every
X € Tyo M C Tigyz0)(R x M). Therefore,

AW@)O(t) = Fy(9)e 0( 0)(0, P2 (7)¥(1))
—Pé(%) o (1) )
A@)F () = ().

This proves that ¢M(t) = q@u)(”y(I),LaO(qO))(t) for all t. Furthermore, notice that
R

o (tao (a(t))) = ((a0,¥(t)),4(t)) = (vV(1),4(1)) = mou (¢'V(#)) and AD(£)(0, X) =
At)X = 1y (A(t))X for every X € T,M C T(4y)(R x M). However AV ()T, M L
A(l)(t)&,|v(1)(t) and (4,0 A(t))Te M L (ta 0 A(t))Or |, 1) (1), we must have, by orientation,
AD(1)8, |,y = (tag © A(t))Dr |4y~ This proves that va,(q(t)) = ¢ (t) and hence

(tao)Zr(F (0o = (tag)+d(0) = dD(0) = L& (FD(0) oy a0) = L5 (0, 5(0))) g a0)-
S0, (ta)+Zr(X)go = L5 (X)]1y (o) for every X € ToyM C Tiag zp)(R x M), then,
bag (0912 (q0)) - O_o}}(__il)(Lao (QO))'
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Finally, recall that IT o ¢, = idg, then, for every ¢ € Og,(qo), we have

AR‘LG.O(Q) = (tao)+Zrlq C Tbao(qo)(bao(OQR(%)))-

Thus, one can write AR|La0 (O (@) = (tao)s DRl 00 (a0)- Then, Loy (Ogp(q0)) € O
Since tay|o,,, (q0) IS an immersion, we get the equality t4,(Ogy(q0)) = Oap(tag(g

R(LGO(QO))'
0)). O

Corollary 4.1.14. With the assumptions of the previous proposition, if the orbit
Ogr(qo) is open in Q for some qo € Q, then the codimension of O,a)(tay(qo)) in
R

QW is at most 1.

Proof. The relation between the dimension of @ and that of Q)

ﬁm;n:dem_

On the other hand, if Oy, (qo) is open in () then one has dim Og,,(¢0) = dim ). Thus,

dimQ =27 — 1+

dim O@g)(bao (QO>) > dim OAR(LQO (QO)) = dim [’aO(O-@R (QO)) =dim @ = dimQ(l) -

O

Theorem 4.1.15. Let M and M be Riemannian manifolds of dimension n = 3 and
n = 2 respectively. If, for some qo = (xo,2Z0;A0) € Q, the orbit Oy, (qy) is not
open in (), then there exists an open dense subset O of Og,(qo) such that for every
¢ = (21,21; A1) € O there is an open neighbourhood U of x1 for which it holds that
(U,g |v) is isometric to some warped product (I x N,hy), where I C R is an open
interval and the warping function f satisfying f” = 0.

Proof. We will proceed by using Proposition|4.1.10, Let (M®, g1 be the Riemannian

product (R x M,dr? & g) and let ap € R. Since the orbit Og,(qo) is not open in Q,

it follows from Corollary [4.1.11| that O, (ta,(qo)) is not open in Q). Theorem 7.1
R

of Section 7 in [I0] provides an open subset O of O ) (Lag(qo)) such that one of
R

(a) — (c) of this theorem holds. So, O := H(O( )) is a dense open of Oy, (q) and
letqy = (x1,21; A1) € O, then choose ql e oW such that H(qﬁl)) = ¢1, whence
qgl) = 1q,(q1) for some a; € R. Moreover, if U and UM are the neighborhoods of x1
and (ay, ), respectively, as in Theorem 7.1 mentioned before, then we can choose ow
to be of the form I x U for some open interval I C R and open neighborhood U M
of £1. We consider the possible subcases.

If (a) holds, then (U, g |y) is (locally) isometric to the Riemannian product I x U,
hence we have f = 1. If (b) holds, then (U, g |y) and (UM, g |;)) are both of class
My for some 3 > 0, but (UM, g lpy) is as a Riemannian product, so it cannot be
of such class Mg, thus this case cannot occur. If (¢) holds, let F : (I X N,hy) = U

and F': (I x N, h; i) U be the isomorphisms, it means that (I x N, h; 7) is isomorphic

to a Riemannian product which implies f must satisfy f” = 0 thus also f” = 0. OJ
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4.2 Controllability Results

4.2.1 The Rolling Problem (X)yg

We start by the following remark about the non-compatibility of the (N.S) system in
the space T"M ® T'M.

Remark 4.2.1. In the rolling system (NS), the distribution Zys in never com-
pletely controllable in T*M ® T'M. In order to prove this claim, define for any
k=0,1,..., min {n,n},

(M, M) := {(x,2; A) € T*M @ TM | A had rank k}.

Let ¢ = (x,2;A) € ri(M, M), then Oy, (q) C r1(M,M). Indeed, for any ¢, =
(z1,31; A1) € Ogys(q), there exists an a.c. curve g(t) := (v(¢), 5(t); A(t)) in T*M T M
joining ¢(0) = ¢ and ¢(1) = ¢, such that A(£) = (PV)5(5)0Ao(PY)?(y) (see Proposition
[3.1.6). Since the parallel transport defines an invertible mapping and A has rank £,
then A(t) has also rank k. Thus rank A; = rank A(1) = k, i.e. ¢ € ry(M, M). On
the other hand, r(M, M) is obviously a submanifold of T*M ® TM. So, Ogys(q) is a

submanifold of ry (M, M) which cannot be equal to the whole manifold 7"M @ T'M.

Theorem [4.1.1] states that the controllability of Zyg is completely determined by the
holonomy groups of M and M. The next theorem highlights that fact at the Lie
algebraic level.

Theorem 4.2.2. Fiz some orthonormal frames F, Ia of M, M at z and & respectively.
Let b :=b|r C s0(n) and h := h|x C so(n) be the holonomy Lie algebras of M and M
with respect to these frames. Then the control system (X)ns is completely controllable

if and only if for every A € SO(n,n) (defined in (1.2))),

- {Be RY)*@R"| ATB € so(n)}, if n<n,
hA — Ab :{ (B e (R @R | BA € so(n)}, if n> . (4:6)
Proof. By connectedness of (), we get that Pyg is controllable if and only if every
Ogys(q), ¢ = (x,2;A) € @, is open in Q. Clearly, an orbit Og,.(q0) = Q, ¢ =
(o, Zo; Ap) € @, is an open subset of @ if and only if 7,04, ,(q0) = T,Q for some (and
hence every) q € Og,.(qo). Thus the decomposition given by Remark implies
that an orbit Og,,(qo) is open in @ if and only if V|,(7g) C T,0,s(q) for some
q€ OQNS (QO)-

Fix (zg, %) € M X M. Theorem implies that every Zyg-orbit intersects every
ng-fiber. Hence Zyg is controllable if and only if V|,(7mg) C T,04,4(q) for every
q = (20, 20; A) € Ql(zy,30)- By ([£.2), this condition is equivalent to the condition that,
for every q = (2o, Z0; A) € Q|(z0,20)»

v(Blzy © A= A0 blay)lg = V().

62



CHAPTER 4. CONTROLLABILITY RESULT ON ROLLING RIEMANNIAN
MANIFOLDS

By Proposition [3.1.4] one can deduces that, for every g € @,

v({B € T},M ® T;,M | ATB € s0(T;,M)})l,,

o 1| AT :
o(ra) { v({B € T;,M © T5, M | BAT € s0(T3, M)},

ifn<
ifn=n

Thus, we conclude that Pyg is controllable if and only if, for all ¢ = (x,Z9; A) €
Q|(1‘07i‘0)

bl 0 A— Aobl, — {BET;0M®T560]\:4|AT§€50(TJ;OM)}, if
h "\ {BET, M@ Ts, M| BAT € 50(Ty, M)}, if

Choosing arbitrary orthonormal local frames F' and F of M and M at xo and Zg,
respectively, we see that the above condition is equivalent to
- {Be (R @R | M, (A)TB eso(n)}, ifn
bl pMpp(A)=Mp s (A)br = e P )

{B € (R")*@R" | BMFJ;(A) €so(n)}, ifn

I\/ I/\

Since we have {M z(A) | A € Ql(zg.20)} = SO(n,n), T*M @ TM = (R")* @ R" and
F, F were arbitrary chosen, the claim follows. O

Theorem 4.2.3. Suppose that M, M are simply connected. Then (X)ng is completely
controllable if and only if

6L 1. .h— {Be R")*@R"|I],Beso(n)}, if n<n, (4.7)
Ini = Ina {BE(R")*@RMBIZﬁEEO(ﬁ)}, fn>n. '
Proof. Notice that I, € SO(n,n), then the previous theorem give the necessary
condition.

Conversely, suppose that the condition (4.7) holds. This condition implies that for
(o, 20) € M X M, there is an qo = (w0, Z0; Ao) € Ql(wo,20) Such that

~ [ {BeR")*@R"| AB €so(n)}, ifn
hAo — Aoh = { (B e (R @ R" | BAT € so(i)}, if n

I\/ I/\

By Proposition and the equality (£.2), this means that T, Og, ¢ (q0) NV (1) =
V4 (mg) and hence T, Og,(q0) = T;,,Q due to Remark Thus Og,(qo) is open
in ). By the connectedness of (), we have that Oy, (q) = Q. Therefore, (¥)yg is
completely controllable. O

Remark 4.2.4. The proofs of Theorems|[4.2.2]and |4.2.3]are similar to that of Theorems
4.8 and 4.9 of Section 4 in [10].
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4.2.2 The Rolling Problem (X)p

From Proposition [3.1.16] we get the subsequent proposition and corollary whose proofs
follow those of Proposition 5.20 and Corollary 5.21 of Section 5 in [10].

Proposition 4.2.5. Let qo = (xo, To; Ag) € Q. Suppose that, for some X € VF(M)
and for a real sequence (t,)°2, which verifies t, # 0 for all n and lim,_,t, = 0, we
have

V|‘I)2R(X)(tn7q0)(7rQ) C T<O.@R(q0>>7 \V/n (48)

Then ZLns(Y,Y)|w € Ty(Oupn(q0)) for every Y g-orthogonal to X|u, in TeyM and
every Y g-orthogonal to AoX |z, € Ao(X|se)T in Ts, M. Hence the orbit Og,(qo) has
codimension at most |0 — n| + 1 inside Q.

Corollary 4.2.6. Suppose there is a point qy = (o, To; Ag) € Q and € > 0 such that
for every X € VE(M) with || X||, < € on M, one has

V|‘I>3R(X)(t,fI0)(7TQ) - TO@R(QO)? ’t‘ <€

Then the orbit Og,(qo) is open in Q. As a consequence, (X)g is completely controllable
if and only if
Vg eQ, Vl(mq) CT,09,(q). (4.9)

Remark 4.2.7. We will use in the next corollary the fact that we have Zj|, is in-
volutive if and only if Rol, is vanish for all ¢ = (z,2;A4) € @, i.e. if and only if

~

R(AX,AY)(AZ) = A(R(X,Y)Z), for all XY, Z € T, M. This is an immediate result
from the equality (4.3) and the decomposition of Remark

Corollary 4.2.8. Assume that n < n. Then the following two cases are equivalent,
(i) Dr is involutive,

(ii) (M,g) and (M, §) have constant and equal curvature.
Otherwise, i.e. if n > n, then the following two cases are equivalent,
(a) Pg is involutive,

(b) (M,g) and (M, §) are both flat.

Proof. The proof of (i) < (it) is similar to that of Corollary 5.23 of Section 5 in [10].

We next turn to the proof of (a) = (b). Assume that P is involutive i.e., for every
¢=(,v,B)eqQ, XY, ZeT;M,

Roly(X,Y)Z = B(R(X,Y)Z) — R(BX,BY)(BZ) = 0.
Thus, we have, for any X, Y € T, M,

o) = 9(R(X, Y)Y, X) = g(R(BBTX, BBTY)(BB"Y), X) = g(B(R(B"X, B'Y)(B"Y)), X).
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Since g(B(R(BTX,BTY)(B"Y)),X) — §(R(B*X, B'Y)(B"Y), BTX), one deduces
that T(x,Y) is equal to o(prx pry). Given any v € M, 7 € M X, Y e T,M and X

Y e T; M choose some vectors X, ..., X, € T, M and X3,...,Xn € T;M such that
X,V X5, ..., X, and X Y X3, . X are positively oriented orthonormal frames. We
define

BX=X,BY =Y, BX,=0; i=3,...n, BX;=0; i=n+1,...7

Clearly, ¢ = (&,2;B) € @ and o(xy) = 63y for BTX = X, BTY =Y. Thus
(M, g) and (M, §) have equal and constant curvature k € R. We need to show that

k=0. Choose any (z,z; B) € Q, since n < n, choose non-zero vectors X € ker B and
Y € (ker B)* and compute

A

0= Rol(X,Y)(B)X = k(3(Y,X)BX —§(X, X)BY)—~R(BX, BY)(BX) = —k| X|2BY".

However || X||; # 0 and BY # 0, it follows that k = 0.

We now prove that (b) = (a). In the case where (M, g) and (M, §) are flat, we have R =
0 and 2 = 0 so that clearly Rol(X Y)(B)Z = B(R(X,Y)Z) — R(BX,BY)(BZ) =0
for all (#,2;B) € Q and X, Y, Z € T; M. This proves that P is involutive. O

We have another equivalence relation similar to Corollary 5.24 of Section 5 in [10].

Proposition 4.2.9. Suppose that (M, g) and (M, g) are complete. The following cases
are equivalent:

(i) There exists a qo = (zo, To; Ao) € Q such that Og,(qo) is an integral manifold of
Dr.

(1) There exists a qo = (zo, To; Ao) € Q such that,

Rol,(X,Y) =0, Vg=(z,2;4)¢€ Og,(q), X,Y € T, M.

(ii1) There is a complete Riemannian manifold (N,h), a Riemannian covering map
F: N — M and a smooth map G : N — M such that

(1) Ifn < n, G is a Riemannian immersion that maps h-geodesics to §-geodesics.

(2) Ifn >0, G is a Riemannian submersion such that the co-kernel distribution
(ker G,)* C TN is involutive and the fibers G™Y(%), & € M, are totally
geodesic submanifolds of (N, h).

Proof. We will first establish the equivalence (i) <= (ii) and to complete the proof,
we proceed to show that (7) = (i) and (i17) = (7).

We prove (i) = (ii). Notice that the restrictions of vector fields Zx(X), with X €
VF (M), to the orbit Og,(qo) are smooth vector fields of that orbit. Thus [Zr(X), Zr(Y)]
is tangent to this orbit for any X, Y € VF(M) and hence (4.3))) implies the claim.
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We next prove (ii) = (i). From (4.3), it also follows that Zr|o,, (4). the restriction
of Zg to the manifold Oy, (qo), is involutive. Since the maximal connected integral
manifolds of an involutive distribution are exactly its orbits, we get that Oy, (qo) is an
integral manifold of Zx.

We now prove (i) = (iii). Let N := Og,(q) and h = (mg um|n)*(g) ie. for ¢ =
(x,2;A) € N and X, Y € T, M, define

WMZr(X)|g, Zr(Y)g) = 9(X,Y).

If F':= 7o um|n and G == 7 y|n, we immediately see that F' is a local isometry (note
that dim(N) = n). The completeness of (N, h) follows from the completeness of M
and M with Remark [3.1.13] Hence F is a surjective Riemannian covering. Moreover,
if T :[0,1] — N is a h-geodesic, it is tangent to Zx and since it projects by F' to a g-
geodesic 7, it follows again by Remark [3.1.13|that G oT = 44, (v,T(0)) is a §-geodesic.
Therefore we have proven that G is a totally geodesic mapping N — M.

If n < n, then for ¢ = (z,2; A) € N, X, Y € T, M, one has
9(G(LR(X)|), G (Zr(Y)g) = §(AX, AY) = g(X,Y) = h(ZLr(X)]g Lr(Y)]),

i.e. G is a Riemannian immersion. Item (1) is proved.

If n > n, for ¢ = (z,2;A) € N and X € T, M such that Zr(X)|, € (ker G.|,)* and
Z € ker A, we have G.(Zr(Z)|,) = AZ = 0 ie. ZLr(2)|, € ker(G.|,) from which
9(X,Z) = h(ZLr(X)|y, Zr(Z)|,) = 0 for all Z € ker A. This shows that X € (ker A)*.
Therefore, for all X, Y € T, M such that Zr(X)|,, Zr(Y)|, € (ker G.|,)*, we get
(G (ZLRr(X)|), G (ZLRr(Y)|y) = M ZRr(X)|g ZLr(Y)],) as above. This proves that
G : N — M is a Riemannian submersion, which is also totally geodesic. It then follows
from Theorem 3.3 in [36], that the fibers of G are totally geodesic submanifolds of N
and that the co-kernel (i.e. horizontal) distribution (ker G,)* is involutive. Item (2),
and hence the implication (i) = (4i7) has been proved.

We next prove (i77) = (ii). Let zop € M and choose 2y € N such that F(z) = .
Define 29 = G(29) € M and Ag := Gi|, 0 (Fils) ™'t TouM — Ty, M. The fact that
qo = (o, To; Ao) € @ can be seen as follows: if (iii) — (1) holds, we have

g(AOX’ AOY) = Q(G*|zo((F*|Zo)_lX>7 G*|Zo((F*|Zo)_1Y)) = h((F*|ZO)_1X7 (F*|Zo)_ly) =

where we used that G is a Riemannian immersion. If (i) — (2) holds, take X, Y €
(ker Ag)t, clearly (Fil.,) 'X, (Fil.,) 'Y € (kerG.|.,)* and hence §(AoX,AgY) =
g(X,Y) because G is a Riemannian submersion.

Let v : [0,1] — M be a smooth curve with v(0) = xy. Since F' is a smooth covering
map, there is a unique smooth curve I' : [0,1] — N with v = F oI and I'(0) = z.
Define 4 = G o' and A(t) = Gl © (Fulrw) ™, t € [0,1]. As before, it follows that
q(t) = (v(t),4(t); A(t)) € Q for all t € [0,1] and

(1) = GulrD(t) = A@)H(2). (4.10)
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According to Theorem 3.3 in [36], the subcases (1) and (2) mean, respectively, that G is
a totally geodesic map, which is moreover a Riemannian (1) immersion, (2) submersion.
By Corollary 1.6 in [36], G is then affine map i.e. preserves parallel transport. But F,
being a Riemannian covering map, also preserves parallel transport, i.e. is affine. It
follows that A(t) = G.|r@o(Filre)) ! also preserves parallel transport, which combined
with means that A(t) is the rolling curve along v with A(0) = A,.

Since the affinity of F' (resp. G) simply means that V5 (F.(Y)) = F.(VLY) (resp.
Veox(GuY)) = G.(VLY)) for all vector fields X, Y on N, we easily see that

R(F,X,F.Y)F.Z = F.(R"(X,Y)Z)
R(G,X,G.Y)G.Z = G.(RMX,Y)Z),

for all vector fields X,Y,Z on N. It thus follows that for all vector fields X,Y, Z on
M,

AW)(R(X,Y)Z) =AW (R(F.X, E.Y)E.Z) = A(t)(F.(R"(X,Y)Z))
= R(G. vy X, GulryY)Gulry Z

where X,Y, Z are any (local) F-lifts of X,Y,Z on N. This proves that
R0|q(t) = 0. (4.11)

Thus we have shown that ¢ — (v(¢),%(t); A(t)) is the unique rolling curve along ~y
starting at go = (o, Zo; Ao) and defined on [0, 1] and therefore curves of ) formed in
this manner fill up the orbit Og,(qy). Moreover, by Eq. we have shown also
that Rol vanishes on Og,(qo)-

Remark 4.2.10. As pointed out in the course of the above proof, according to [36] the
subcases (1)-(2) of (iii) in the previous proposition can be replaced by simply saying
that G is a totally geodesic map which is a Riemannian (1) immersion, (2) submersion,
respectively.

The next proposition is a sufficient condition of non-controllability for the rolling system
Y(r) when n < n.

Proposition 4.2.11. Let M, M be two Riemannian manifolds of dimensions n, n
with n < n. Assume that there exists a complete totally geodesic submanifold N of M
of dimension m such that n < m < n. Then, the rolling system ¥ gy of Q(M, M) 8
not completely controllable.

Proof. Since n < m, we can find ¢o = (70,%0;40) € Q such that 2, € N
and im(A4g) C T3 N. We proceed to prove that g y(Og,(g0)) C N. To this
end, we will first prove that for every geodesic curve v on M starting at any point
q = (z,2;A), with x € M, & € N and im(A) C T;N, the resulting geodesic curve
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Yom = Y20(7:0) = 7o i1(02, (7. @) stays in N and that if go, (v, q) = (7,9; Az, (7, 2)),

~

then imAg, (v,¢)(-) C T5)N.

Once this proved, it is clearly obvious that the previous statement extends verbatim
to the case where v is any broken geodesic curve. By a standard density argument, we
conclude that the above statement is again true for any absolutely continuous curve ~
on M. We then prove the claim.

Let then consider a point ¢ = (x,2; A), with x € M, & € N and im(A) C T:N and a
geodesic curve v : [0,1] — M starting at € M. Then, qg,(7,q) is a geodesic curve
and so that J4,(7, ¢) is a geodesic curve on M and for all ¢ € [0, 1], we have,

S (8) =490 (7 0) (1) = Ao (1, )(E/3(1) = (Ph(3) 0 A 0 PY))A(D)
—P4(310,) (A3(0)).

By assumption im(A) C T; N, and therefore A%(0) € T;N, which implies that 44, (0) €
T;N. Since N is a complete totally geodesic submanifold of M, we therefore have that
the geodesic Jg,(t) stays in N for all ¢t € [0, 1].

Using the same reasoning, for a given ¢ € [0,1], if X € T.,)M, we have A(PP(v)X) €
T:N, and hence, since N is totally geodesic, Ag, (7, 9)(t)X € T@(t)N. This combined
with the fact that Ay, (v, q)(t) preserves the inner product § of M, and therefore that

induced on N, means that go,(7,¢)(t) € Q(M, N) for all ¢t € [0,1], which completes
the proof.

Since Riemannian manifolds (M, §) of constant curvature contain complete totally
geodesic submanifolds of any lower dimension, we get the following non-controllability
result as consequence of the previous proposition.

Corollary 4.2.12. Consider a Riemannian manifold (M, g) of dimension n and a
Riemannian manifold (M, g) of constant curvature and of dimension i > n. Then the
rolling problem of (M, g) onto (M, §) without spinning nor slipping is not controllable.
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Chapter 5

Rolling of 2-dimensional against
3-dimensional Riemannian manifolds

In the latter chapter, we have provided in Theorem all the necessary conditions
for the non-controllability of rolling of 3-dimensional against 2-dimensional Riemannian
manifolds. The situation is complicated when (M, g) and (M, §) are two oriented Rie-
mannian manifolds of dimensions n = 2 and n = 3 respectively. In the current chapter,
we state some of their necessary conditions for the non-controllability issue. Before we
start computing the tangent Lie brackets on Og,(qo), let us set some notations.

5.1 Preliminaries

Fix a gy = (x¢, Z0; Ao) € @ and denote for the orbit Oy, (qo) the following projections,
TOu s (a0) = TQ |00y, (a0)* Ogp(q0) — M x M,
O (q0),M = PT'1L O TOg , (q) * Ogp(00) —
WO@R(CIO):]\Z = Pr2°T0g, (qo) - Oy (q0) —

M,
M

Y

where pry : M X M — M and pro @ M x M— M are the projections onto the first and
second factors respectively. The Hodge-duals of (M, g) will be denoted by *.

Define for a ¢ = (z,%; A) € Og,(qo) the local g-orthonormal frame X, Y € T, M. Set
= *(AXA/\ AY) € T; M, then we have AX, AY, Z4 is a local oriented orthonormal
frame in T3 M.

Furthermore, we define the tensor X AY as being the linear map T, M — T, M repre-

sented by the matrix
0 —1
< 1 0 > (5.1)
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Moreover, if fx, 6y are the g-dual of X, Y respectively, then we remark that

(xZ4)A = (AX NAY)A = A(X NY),
(*AY)A = (Zy NAX)A = —0x @ Za,
(*AX)A = (AY N ZA)A = by @ Za.

We rewrite the Levi Civita connection on M by F = v'X + ~2Y where, by Koszul
formula, we have v' := T (12) = =g(VxX,Y) and v* :=T7, ,) = g(VyX,Y). Thus, the
Gaussian curvature of M is given by

K(z) = g(R(X,Y)Y, X) =g((X(T},) = Y(T{q) + ((Tha)® + (T 2))2)X ANY)Y, X)
=Y (Tlg) — X(TH.) — (T, 2)) + (Tf1)%) (5.2)
=g9(VyI', X) — g(VxI,Y).

The curvatures on M are as follows

6 = §(R(AY, 24)Za, AY) = —§(R(+AX), *AX)

6% = §(R(AX, Z4)Za, AX) = —§(R(xAY ), %AY),
6% =64 := g(R(AX AYVAY, AX) = —§(R(xZ ), %Z4),
lx(q) := §(R(xZa),xAX),

Iy (q) == g(R(xZ4), *AY),

Iz (q) := §(R(*AX),*AY).

With respect to the previous notations, we have

Rol,(X,Y) = AR(X,Y)— R(AX,AY)A
—A(—K)(X AY)) = (x x AX + Ty * AY + (—64) * Z4)A
= —(K — &A)A<X VAN Y) +1yOx @ Z4 —lxOy @ Z4

0 —(K—da)
= K—64 0 .
IIy —IIx

In the rest of the text, if there is no risk of confusion, we will write Rol,(X,Y") simply
as Rol,.

The covariant derivatives of the Riemann curvature R of M in the direction of an
arbitrary vector fields W on M are

Dy (6%4) == §((Vy R)(AY, Za) Za, AY),

Dy (63) = §(Vi R)AX, Z4) Z4, AX),
Dy, (64) = 3((Vyi R)(AY, AX)AX, AY)
Dy, (Tlx) := §((Vyj R) (xZa), xAX),

Dy (Tly) := §((Vyi B) (xZ4), xAY),

Dy, (Iz) := (V43 R) (xAX), *AY)



CHAPTER 5. ROLLING OF 2-DIMENSIONAL AGAINST 3-DIMENSIONAL
RIEMANNIAN MANIFOLDS

Fix the vectors fields W = aX 4+ bY on M such that a,b € C(M) and W on M, then

Lns(W, W)y Za =0, (5.3)
ZLr(W)lg6() = Daw(64), (5.4)
Lr(W)|gIly = Daw(Iy) — (al'fy o) + b o))k, (5.5)
Lr(W)|Jx = Daw (Ix) + (al'{y 5) + BT )Ty (5.6)

Thus we get,
ZLr(W)|,Rol(y = —(W(K)=Daw (6.4) AXAY )+D aw (Iy)0x @ Za—D aw (1 x )0y @ Z 4.

Using Proposition |3.1.16| to obtain the next lemma.

Lemma 5.1.1. The first order Lie brackets between the vector fields on () are

Lr(X), Lr(Y)lg = =7 Lr(X)]g — 7V Lr(Y)]q + v(Roly) g,

[

[Lr(X), V()X AY))]g = —Lns(AY)]q,

(LR(X), v(0x ® Z)]lg = —Lvs(Za)lg +7'v(0y ® Za)l,,

(Lr(X),v(0y @ Z))ly = ="' v(0x @ Za)l,,

[ ZLr(X), Zns(()X)]lg = 7' Lns(AY )]y,

(Zr(X), Lus((O)lg = = Lus(AX)|y + V(EAAX AY) + Ty 0x @ Za — Hxby @ Za)l,,
[ Lr(X), Lns(Za)]lg = v(Ty AKX AY) + 6%0x @ Za+ 40y @ Z4),,

[LRr(Y), ()X AY))]]g = Lns(AX)]q,

(Zr(Y),v(0x ® 2)]lg = 7 v(0y @ Za)ly,

(Lr(Y),v(0y @ 2)]lg = —Lns(Za)lg — Vv(0x © Za)ly,

(Zr(Y), Lus(()X)lg = 7 Lus(AY)|g = v(6AAX ANY) + Ty Ox ® Za —Txby @ Z4)],,
(ZLr(Y), Lns(()Y )]l = =" Lns(AX)],,

[Lr(Y), Lns( AA)”q = U(-TIxAX AY) 4+ Tz0x @ Zs+ 640y ® ZA)|qa

$(2), Lns()X)]|g = vy A(X AY) 4 6%0x @ Za + 140y @ Z4)|,,
S(2), Lns(OV)]lg = —v(~TIx AKX AY) + 1205 @ Za + 640y @ Za)l,,
()X AY)][g =0,

Ox ® Z)llg = Lns(AX)],,

Oy ® Z)]|g = ZLns(AY)],,

N
~—~~ o~

)X), Lus((OY)lg = v(EAAX AY) + Tylx @ Za — by @ Za)l,,
)X), V()X AY)]g = —Lns(AY)]q,
)X),v(0x ® Z))|g = —Lns(Za)lg,
)X), vy ® Z)]|, =0,
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[Lns((Y ), v((X AY)]lg = Lus(AX) g,
Ls(()Y),v(0x ® 2)]l, = 0,
(Lns((Y ), v(by © Dly = —Lns(Za)la,

(X AY),v(0x ® Z)]|g = v(by @ Za)ly,
()X AY), by @ 2))ly = —v(0x @ Za)l,,
(0x © 2), v(8y ® Z)]lg = v(A(X AY)ge

Lemma 5.1.2. The derivative of the different curvatures of M with respect to the
vertical vector fields are

V(A(X/\Y))|qa'(l) = —2[1, V(ex®ZA)‘q (1) —QHX, V((Qy@ZA)‘qO'( =0,
V(A(X AY))]67) = 201z, v(Ox ® Za)l467) = Uy @ Za)|6%) = =2y,
V(A(X/\Y))LZ@'(.) =0, V(9x®ZA)‘ @) ZQHX, I/(@y@ZA)‘qO'( =21y,
V(AX AY))|ILx = Iy, v(0x © Za)lgllx = 64 — 64, v(0y @ Za)|Ilx = 11z,
V(A(X/\Y))|qﬂy == —Hx, V(Qx®ZA)|qHY = Hz, l/(@y@ZA”qHy 25'124—0'147
VAX AY)) I, = 6% — 62, v(0x © Z4)|11, = Iy, vy @ Z4)|, 11, = Ix

Proof. We only need to know the derivatives of AX, AY and Z 4 with respect to these
vertical vectors fields. Indeed, we have

VAX AY)D]OX =AY, v(lx @ Za)|,()X = ZA, vy ® Za)lg()X =
V(AX AY))lq(: )Y =—AX, v(ix ® Za)|q()Y = v(fy ® Za)lg()Y = ZA,
WAX AV, 2 Wbx @ Za)lyZ = —AX Wby @ Z4)|,7 = —AY.

U

We next proceed to find the necessary conditions for the non-controllable situation of
the rolling system of M against M. Then, we will assume that an orbit Og,(qo) of
some qq is not open in (). Thus, we have

Theorem 5.1.3. Let (M, g) and (M,§) be two connected Riemannian manifolds of
dimensions 2 and 3 respectively. Assume that, for a qy = (vo,Z0; Ao) € Q, the orbit
Oa,(qo) is not open in Q, then,

1. If K — 64 = 0 on an open set of ¢ = (z,2;A) € Ogp,(q) and (IIx,IIy) = 0
on a neighbourhood of &, then dim Oy, (q0) = 2 and M is isometric to a totally
geodesic submanifold of M.

2. If K — 64 # 0 on an open set of ¢ = (x,2;A) € Og,(q) and (IIx,IIy) =0 on
a neighbourhood of &, then dim Og,(q0) = 5 and M is a warped product of real
interval with 2-dimensional totally geodesic submanifold.
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3. If K —64 =0 on an open set of ¢ = (z,2; A) € Og,(q) and (Ilx,IIy) #0 on a
neighbourhood of &, then dim Og,(q0) = 7, M has constant curvature and M s
(locally) a Riemannian product of real interval with 2-dimensional Riemannian
submanifold.

4. If K — 64 # 0 on an open set of ¢ = (z,2;A) € Og,(q) et (Ux,Ily) #0 on a
neighbourhood of z, then the dimension of Og,(qo) is equal to 5 or 6 or 7. In
particular, if dim Oy, (qo) = 5 then M is a flat manifold and M is (locally) a Rie-
mannian product of real interval with 2-dimensional totally geodesic Riemannian
submanifold.

Remark 5.1.4. Up to the date of writing of the current text, there have been no
result about the geometrical aspect of M and M when dim Og,(g) = 6 and when
dim Og,,(qo) = 7 in the last case of the previous theorem.

The aim of this chapter is to prove Theorem by distinguishing two cases: when
[Ix = lly = 0 and when (Ilx,Ily) # (0,0) on a neighbourhood V' of & = m,, ;;(q)
where ¢ € Og,(qo).

5.2 Case (Ily,Ily) = (0,0)

The section is decomposed to two parts, the first part is when 64 = K(z) in an open
set of a ¢ = (2,2;A) € Og,(q) and the second part is when 64 # K(x) in an open
set of ¢.

5.2.1 Case (IlIx,Ily) = (0,0) and 64 = K(x)

Theorem 5.2.1. Under the assumption that (Ilx,11y) = (0,0) on V, we suppose in
addition that 64 = K(z) in an open set of ¢ = (x,2;A) € Og,(q). Then, the image
of the g-geodesics of M by T 04, (40) 1 © ﬂ-(;l@R(QO),M are also §-geodesics of M.

Proof. Let O = (Woj (qo). 1)~ 1(V) be an open set in Q. Since, T 0, (a0). AT is a submer-
sion then we have,

Rol,(X,Y) =0, VqgeONOg,(q).

By Proposmonu 4.2.9, Oz (qo) is a 2-dimensional integral manifold of 7 and 7oy, (4),m
is a Riemannian covering map. Thus, TOg,(a0),M is a local isometry. This 1mphes that
the reciprocal image of a g-geodesic by TOg, (qo),M 15 also a geodesic of Oy, (qp). The
mentioned proposition also proved that T O, (q0), Nt is a Riemannian immersion which

maps the geodesics of Oy, (qo) to g-geodesics. OJ
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5.2. CASE (Ilyx,IIy) = (0,0)
5.2.2 Case (Ilx,Ily) = (0,0) and 64 # K(x)

Proposition 5.2.2. Assume that (Ilx, Iy) = (0,0) on V and 64 — K (z) is not vanish

)
on an open set of ¢ = (z,2;A) € Og,(q), then we have dimQOg,,(q0) = 5.

Proof. With respect to the assumptions announced in the proposition, we have,

Roly(X,Y) = (K — 64)v(A(X AY))|y, Vg = (2,2, A) € ON Ogyp(qo),

v
(X AY))]|, imply that Lns(AX)|, and Lns(AY)], are tangent to Oy := ON Oy, (qo)-

Thus, the linearly independent vector fields

where O := 7TQ1 (V). By using Lemmal5.1.1} [Zx(X), v((-)(XAY))]|, and [Z&(Y), v((-)

Zr(X)g, Lr(Y) g V(AX AY))g, Dns(AX) g, Lns(AY)]g,

generate the tangent space of Oy, (q) at ¢ € O;. This completes the proof. O

Corollary 5.2.3. Under our essential assumptions of Proposition [5.2.3, there is a
locally oriented orthonormal frame El,Ez,Eg defined on V with respect to which the
connection table are in the form

0 0 Thy
0 0o I%, . (5.7)

Ll Tha Ty

=1
I

&4 I, 0
n, —62 0
0 0 —6a4

Then, —d4 is an eigenvalue of R with the corresponding eigenvector *Z 4, we denote
the other two eigenvalues of R by — K, and —K,.

Since the tangent space of Og,(q) at ¢ = (x,2; A) € Oy is generated by Zns(X)|,,
jNS( )|q7 (A(X A Y))|q, gNS(AX)’q, D%NS(AY”q; then the 1mage of OJR<QO) by

T O, (q0) I1 is (locally) a 2-dimensional smooth submanifold of M which we called N.

The tangent space of N is generated by {AX, AY'}. These vectors are defined on the
neighbourhood V of 2 in M. The normal vector of N on V1 =V NN is ZA Wh1ch
depend only of . One can extend this normal vector to another one Eg\x defined on V.
Then we can determine (locally on V) two orthonormal vectors E |, Es|@ orthogonal to
E3|x Thus, {El, B, Eg} is a locally orthonormal frame of (M, §) where N is generated
by Ey, Ey on Vi, Since Es = Z4 and spcm{El, Eg} = span{AX, AY'} on Vi, then we
must have that *El, *EQ, *Eg are the eigenvectors of the elgenvalues —Kl, Kg, —04
of R. Because v(A(X AY) is tangent to Oy, (qo) then so is also v(xE34)|,. Moreover,
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we have Lyg(F1)|, and Zys(E,)|, are tangent to Oy, (qo). These informations now
push us to define the smooth function ¢ : Oy, (q0) — R such that,

AX = cos(v(q)) Er + sin(1)(q)) B, (5.8)
AY = —sin(1h(q)) Er + cos(¢(q)) Ea. (5.9)

We begin by computing in the tangent space of Oy,
(Lus(Bn) v (eBy( D]y = V(D By — Dy B A)], = B,

therefore, F1|, is also a vector field on Og,(qo) at ¢ € O;. We continue computing
[Fr, v(xE5()]lg = v(x(— 11(3 1)E2 + F%23 EyA g == Folq,

then F|, is also a vector field of Oy, (qo) at ¢ € Oy. Now, if v(xEsA)|,, Fi g, Fal, are
linearly independent for ¢ € Oy, it would follow that they form a basis of V|,(7g) for
q € Oy and hence V| (mg) C T,(Og,(q0)) for ¢ € Oy. Then Corollary 5.6 in |28] would
imply that (X)g is completely controllable and Og,, (o) will be of dimension 8, which
is a contradiction. Hence, at least in a dense open subset O of Oy, (qp), one has that
v(xE2A)|g, Filg, I, are linearly dependent i.e.
0 1 0
0 = det —Ij(13,1) 0 F(2 3) = —((D(s1))? + (D25)7)
—Thy 0 Ty
Thus f‘%3,1) =0 and IA“%Q’?)) =0onVy:=V,U 7T’1 (it 5 (O2).
Repeat the above method with the Lie bracket [.,?NS(EQ), y(*E3(-))]|q, we found that
F(g )= =0 and f‘%273) =0.
Therefore, the connection of M (locally) has the matrix form
0 0 1??2,3)
) 0 A 0 1:‘:(5371)
Fha Thay Tho

Next, we will conclude some results about the geometrical aspect of M.

Corollary 5.2.4. With the assumptions of Proposz'tion contains a 2-dimensional,
totally geodesic, submanifold.

Proof. By Lemma the Lie brackets between Zng(AX)|q, Lns(AY)]q, v(A(X A
Y'))|, form a Lie sub-algebra of the tangent space of Og,,(qo). Using Equations and
, one can easily deduced that ﬁAX(HX) = DAy(Hx) = DAx(Hy) = [)Ay(Hy) =0
and hence (VEifA{)(*ZAA) = 0 for i = 1,2. Then, M can be reduced to the warped
product of Z 4 with the 2-dimensional, totally geodesic, submanifold N generated by
the two vectors El and E2 defined in Corollarym O

We will establish the sufficient condition of Corollary in the following corollary.
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5.2. CASE (Ily,IIy) = (0,0)

Corollary 5.2.5. Suppose that M continue a 2-dimensional, totally geodesic, subman-
ifold N, then dim Og, (qo) = 5.

Proof. Suppose that N , the 2-dimensional totally geodesic submanifold of M, is gener-
ated by the two vector fields F, Fs given in Corollary Fix some local orthonormal
frame X, Y of M. We will proof that the coefficients of AX, AY with respect to Z4 are
zero and hence we stay in the same situation i.e. M locally is a Riemannian product
of N with ZA. We have

AX = ALB) + A2Ey + A3Z,,
AY = ALBy + A2Fy + A2,

where (Aé) is the i-th row and j-th column of the matrix represented A with respect to

the frame X, Y of M and to the frame El, EQ, Z4 of M. Further more, by Appendix
Ain [10], if t — ~(t), t = 4(¢) be two smooth curves in a neighbourhoods of xy and 2
in M and M respectively such that 4(0) = zq, 5(0) = &, then q(t) = (y(£),4(t); A(t))
is a rolling curve if and only if

F(t) = 3 v () Xil ),

A(t) = Y v () A Xil o),

Y = T (kT Gy (VD) AR (8) = Ta Doy (G0) AR (D) AL (1)) 0™ ().

We are interested in the values of A} and A3 such we have

dA3 . . . .
ditl(t) = (v' 45 + F(33,1)A%A? - F?2,3)A%A§)Ul + (7245 + F:()’{%,I)A%Ag - 1—‘?273)14%143)@2,
dA3 . . . .
ditg(t) = (_VIA? + F?3,1)A§A:1% - F?2,3)A%A?)Ul + (_7214513 + F?3,1)A%A§ - F?2,3)A%A§)UQ-
In this situation , one can write the previous two equalities in the following form

dA3

(@) Aj(t)

= B(t) :
3
4 (t) A3(t)

where B(t) is the matrix 2 x 2

(F?B,l)A% - F%z,S)A%)UI vl + (’72 + F:())3,1)14% - F?2,3)A%)7)2
(_71 + Fi())s,l)A% - F?2,3)A%)U1 —7*? (F?3,1)A§ - F?Q,s)A%)UQ

If the initial value of this problem is 0, when ¢ = 0, by the uniqueness of solution of
Cauchy problem, we get A® = A3 = 0. Then, span{AX, AY'} = span{E,, F»}. So,
one can repeat the same calculation of the proof of Proposition and get that
dimQg,,(q0) = 5. O
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5.3 Case (Ilx,Ily) # (0,0)

In this section, in addition to the preliminary notations, we will introduce a new frame
in the computation by rotating the fixed frame X, Y of M by an angle. Indeed, since
we here assume that, for every ¢ = (z,2;4) € Og,(q), there exists a neighbour-
hood V in M where (Ily,IIy) is not vanish on V, then this push us to define the
smooth functions r, ¢ : () — R in a small enough open neighbourhood (we may shrink
(Wo@R(qo),M)fl(V) = 0) by

[Ix = rcoso,

[Ty = rsing.

(5.10)

In order to simplify the notation, we write ¢, := cos¢ and s4 := sing. Then, we define
the "()-dependent" vector fields

XA:C¢X+S¢K

N 5.11
YA = —S¢X + C¢Y ( )
Using Equation ((5.10]), we get
HX = g(R(*ZA>,*AXA) = C¢HX + 8¢Hy =, (5.12)
II; = G(R(xZ4),%AY4) = —s4I1x + ¢4lly = 0. (5.13)

With respect to the new frame, we have

o = —g(R(xAX4),xAX 1) = c¢o—A + S¢0A — 2454117,
6}1 —Q<R( AYA) *ANYA) = 8¢>UA + C¢O'A + 2C¢S¢Hz,
HZ = g( (*AXA),*AYA) = 8¢C¢((3}4 - 5’124) + (Cgﬁ - Sé)HZ-

Similarly to Lemma [5.1.1] we introduce the next lemma.

Lemma 5.3.1. The first order Lie brackets on () regarding the new frame are

[ZLr(X), V()X Al = Lr(Ya)lg — Lus(AYA)l,,
[Lr(X), (05 @ D), ) i ) A
= —(W(lx, ® Z24)|40)Lr(Ya)lg — Lns(Za)lg + (ZLr(Xa)|s@ + 9T, Xa))v(by, @ Za)ly,

[Lr(X), (65 ® Z)], i N .
= —(v(y, ®ZA)| 0)-Lr(Ya)lg — (Lr(Xa)lg¢ + (T, Xa))v(Ox, @ Za)ly,

[Zr(X), Zys(()X)]lq ) ) i
= —(Lns(AXa)|0)ZLr(Ya)lq + (ZLr(Xa)|gd + g(T, Xa))Lns(AYa)lq,

(Zr(X), Zns(IV)]lg_ i i i
= —(Lns(AYW)|40) Lr(Ya)lq — (Lr(Xa)led + g(T', X)) Lvs(AXa), + v(Rol)]q
+EKv(AX AY))g,
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5.3. CASE (Ily,IIy) # (0,0)

(Zr(X), Zns(Z)]lg i ) . .
= —(Lws(Z4)140)Lr(Ya)lg + G3v(0%, @ Za)|g + Tzv(05, ® Za)l,,

Zr(Y), ()X AY))]lg = —Lr(Xa)lg + Lns(AXa) o,
Zr(Y), (03 @ 2))l, ) . X
= (ZLr(Ya)lgd + g(I',Ya))v(ly, @ Za)lg + (v(0x, © Za)40)Lr(X)l4,

Ln(V) 005 © )], ] A A ]
= (ZalV)ad — Lus(Za)ly + 9O YN0, ® Za)ly + (05, © 2)| ) LX)

(Zr(Y), Zus(()X)]l, ) ) .
= (Zns(AXa )chb)i”R( Mg + (Zr(Ya)lgd + 9(I', Ya)) Lys(AYa)], — v(Roly)l,
—EKv(AX AY))lg,

(Zr(Y), Zns(()V)]lg ) B N
= (Lns(AYA)|00) Lr(Xa)lq — (Lr(Ya)lgd + 9T, Ya)) Lns(AXA)4,

La(Y), Lus(D)]l,
— (Lus(Za)a®) Lr(Ka)l, + Hy0b5, © Za)l,+ 54005, ® Za)ly — In(AX AY))],,

()X AY), by © 2)]|, =0,
()X AY), vl ® Z)]|, =0,
()X AY), Zus(()X)]l, =0,
()X AY), Zus((OY)]l, =0,
()X AY), Zys(2)], =0,

(05 © 2),v(by ® 2)] ) ) )
= —(W(lx, ® Za)|gd)v(0x, ® Za)lg — ((05, @ Za)|q@)v(0y, @ Za)|s + V(A(X AY))],

W05 © 2), Zus (X)), ) A A
= (W03, ® Za)ls0) Lus (AT, — (Lus(AX D@0, © Za)ly + Lus(Za)l
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(05 @ 2Z), Lus((OY)lg i )
= —(wlx, ® Z4)40) LNns(AXa)|q — (Lns(AYA)[,@)v (05, @ Za)ly,

(05 ® 2), Lns(2)]lg = —(Lns(Za) @) (b5, @ Za)lg — Lns(AXa)lq,

w0y ® 2). Zus(()X)]], ] A
= (0, ® Z)|y8)Ls(AVD)ly + (Lus(AX )] 0)0(05, ® Za)ly,

(05 ® 2), Lus(O)]lg ) A A
= —(W(ly, ® Za)|q0)Lns(AXa)lg + (Lns(AYa) @)V (0%, © Za)lg + Lns(Za)lg,

v(by © 2), Lus(Z)]lg = —Lus(AVa)lg + (Lus(Za)lg®)r (O, @ Za)ls,

(Lns(2), Zus ()X i ) . )
= (Lns(Za)lg®)Lns(AYa)|q — 630 (0x, ® Za)lg — T zv(by, ® Za)ly,

[ Las(2), Zus(OD )l ) A
= (Lus(Z))y®)Lus(AX L)y + Ler(AX AY))], — (05, © Z4)],
5465, ® Z4)l,,

[Lns(X), Lns(Y)] = —Kv(A(X NY))lg,

[Zns(()X), Lus((OY)] i )
= —(Lns(AX4)|g0)LNs(AXa)|g — (Lns(AYa)[q0)LNs(AYa)|q + v(Roly)|q
FEV(AX AY))],.

5.3.1 Case (Ilx,Ily) # (0,0) and 64 = K(x)

Since (Ilx,IIy) is not vanish on V and K(z) — 64 vanish on an open set of ¢ =
(z,2;A) € Og,(qo), Rol, is evidently simplified to

ROlq = (Hyex — ery) & ZA.
With respect to the new frame, it is equal to
Rol, = —rfy, ® Z4,Yq.

We also denote along this subsection,

~

B(q) = §((V 3, R)(xZa),%Z).
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From Lemma [5.3.1) we can extract the following Lie brackets,
Lely: = [Z(X)ulby ©2)]l, ] ] A
= (0, ©® Za)|0)Lr(Ya)lq + (=ZLr(Xa)|g¢ — 9(T', Xa))v (0%, @ Za)lq,

Lylg: = [Z(Y),v(by ® 2)]|, (5.14)

= (v(0y, ® Zi)0®)Lr(Xa)lg — (Lo(Ya)lgd + (D, Ya))v(05, ® Za)l,
—LNs(Za)lg-

We can conclude Zr(X4)|,¢ and Zr(Y4)|,¢ from the derivatives of 64 and K with
respect to the two brackets in (5.14]). Indeed,

Lgleby = =0y, ® Za)|g0)Lr(Ya)lgb() + (—Lr(Xa)lg¢ — g(T, Xa))2r,

Lyleb) = +(0s, ® Z4)|40)Lr(Xa)ly00) + B(a) — (Lr(Ya)led + g(T, Ya))2r,
and, ) A i
Lg| K = —(v(by, ® Za)|g0)Lr(Ya)| K,

Lyl K = +(v(0y, ® Za)lg)Ln(Xa)l .
Thus, since r # 0 and K = 64, we deduce that

Lr(Xa)|g9 = —9(T, Xa), (5.15)
La(Ta)lad = ~o(T.V2) + 5-B(0) (516)
Using (5.15) and (5.16), we obtain,
Lr(Xa)lX =0, Lr(Xa)lY =0,

La(Ya)loX = 5:8(0)Ya, La(Ya)lsY = —5-8(q)Xa.

2r
We next need to use the derivatives of 4, r, ¢, %, 5(1,), 5(2_), 11, as a functions of

q=(z,2;A) € Og,(q). We show them in the following six lemmas.

Lemma 5.3.2. We have the following derivatives of o.y:

gNs(XAﬂqa'() — 0, D%NS(?A)LI&() = 0’
v(by, ® Za)lgo() =0, V(AX AY))lg6() =0,
Lns(Za)leo() = —B(q), v(x, ® Za)ls0() = 2r.
Lemma 5.3.3. We have the following derivatives of r:
- 3 -
gR(XA”qT = _56 Q)v gNS(AXANqT = _ﬁ(q)a
Sys(Xp)lyr =22, A
v(0y, © Za)lgr = 11, V(AX AY))|gr =0,

A

I/(@XA (%9 ZA)|qT = 5114 — 04.
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Lemma 5.3.4. We have the following derivatives of ¢:

gNS(XA”ng = _g(ra XA)? gNS(AXA)|q¢ = Oa
Lrs(Ta)lys = —g(. V), Ius(AV)go = 2.
2 L, - .
V(QYA®ZA)|q¢: ;(UE}_UA>7 V(A(X/\Y))’qu: -1,
. 1 - . 1 -
Ins(Za)lgd = Dy, (Iy), vz, ® Za)lg¢ = ——(I13)
Lemma 5.3.5. We have the following derivatives of %)
=y B0) B@)s | = - B0)
Lr(Xa)lo - =, )? + %), Lns(Ya)le =0,
> B(-) _ B(@) 2 | 2o
Lns(AXa)lq or (( o )"+ 024),
B()
AXANY =0.
AKX AT,
Lemma 5.3.6. We have the following derivatives of c:T(l,):
Lns(Xa)lgoy =0, Lns(Ya)lgoly =0,
5 X 2~ % A X
v(by, ® Za)lgo(y = — 2(0% —G4), V(A(X AY))]g07, =0,
L 2 -
v(0z, ® Za)lo() = +;(H2)2 —2r.
Lemma 5.3.7. We have the following derivatives of 5(2.):
gNS(XA)‘qé(z-) =0, gNS(?A”qg(z.) =0,
5 X 2~ % A X
v(0y, ® Za)l,07) = ;Hz(afx —0a), V(A(X AY )0t =0,
L 2 -
A0x, © Za)lyd) = —= (1)
Lemma 5.3.8. We have the following derivatives of 1:12:
Lns(Xa)loll; =0, Lns(Ya)l Il =0,
5 ~ 1 - X X - ~
v(fy, ® Za)lll; = b — o) (0% —0a) + V(A(XAY))|IL; =0,
5 ~ 1o = X
V0, ® Zallgl; = ——T15(0% — 52).

Proof. We will just prove fourth equalities from all the lemmas: v(fy, ® ZA)|q&(.),
Lr(X )|, v(fy, ® Z4)|q¢ and XR()N(A)](](%)). Each one of the other derivatives can
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5.3. CASE (Ily,IIy) # (0,0)

be proved by using a method of the first fourth proofs.
The first derivative is

v(05, ® Za)|g0() = v(0y, @ Za)|,§(R(x2),%Z) = 24(R(xYa),*Z4) = 211} = 0.

Zr(X )|, is deduced by using Second Bianchi Identity projected onto xZ4 (see Equa-
tion (5.62])),

Lr(Xa)lgr = Lr(Xa)lllg = La(Xa)lo(9(R(x(-)X),+Z))

S0,

We compute now the derivative of ¢ with respect to v(fy, ® ZA)|q as follows,

—rsgv(0y, ® Za)led + cov(0y, @ Za)|gr = v(0y, ® Za)| Ix

) ‘ > 2A)| 5.17
= —S¢V(9X®ZA)|qHX—|—C¢I/(9y®ZA)|qHX = —S¢(0‘1 —O'A) —C¢Hz, ( )

and,

regv(Oy, ® Z};)L;gb + sgv(0y, ® fo)|q7’ = v(0y, ® Za)|qITy

R R 5.18
= —S¢V(9X®ZA)|qHy—|—C¢I/(0y®ZA)|qHY :S¢Hz—|—0¢(0'2—UA). ( )

Thus, if we multiply (5.17) by —s, and (5.18) by ¢, and add the results then we get

(634 — 64).

i

~ 1 R . R ~
V(QyA ® Za)|qp = ;(sé(al —04) + 2c45411 7 + ci(ag —04)) =

Finally, (5.2) and the integrability relation of the bracket [Zz(X), Zz(Y)]|, allow us
to obtain .,?R(XA)\q(&g). Indeed, we have

[Lr(X), Zo(Y)lgd = La(Xa)|(Lr(Y)|g0) — Lr(Ya)lo(Lr(X)]g0)
= —g(Vg,D,Ya) +9(Vy, T, Xa) + £8(q)g(T, Ya) + Lr(Xa)ly(
= K(z)+ 58(q)g(T,Ya) + Lr(Xa)l(58),
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while we also have,
[Lr(X), Lr(V)]lgd = Lr(Lr(Xa)lY — Lo(Ya)|, X)|g0 — rv(fy, @ Z4)|g®
= — () Lr(Ya)|gp — 64 + 64
= 589, Ya) = 325%(q) — 6% + 6a.
Then,

K0y =

B(q)

OJ

Remark 5.3.9. If we proceed to compute the tangent vectors fields on Og,(q0), we
find that the first Lie bracket between Zr(X4)|, and Zr(Y4)|, and the assumptions
of the current section, i.e. 4 — K = 0 and r # 0 show us that v(0y, ® Z4)|, is tangent

to Oy, (o). Despite that [Lr(X), (05 ® Z4)]|, didn’t give us any new tangent vector,
the bracket [Zr(Y),v(0y ® Z4)]|, is equal to

Lr(Y), 005 @ Za)lly =(v (05, © Za)|y0)Lr(Xa)l, — MV(QXA ® Za)lq

2r
— ZLns(Za)ly
Then, there is a new tangent vector fields to Og,,(go) which is

Fly = Zus(Za)ly + 52005,  Z)l, (519)

Also, the Lie bracket between Zz(Y4)|, and F|, is equal to

LL6l0), Flly =(F1,6) Za(K)l, + (s + Lol (AD)) oz, © 22,

— A A+ @+ D)0y, © 24,

Using Lemma the equality 0 = [Zr(Y), F]|,6()— K implies that (IT;+.Zr(Ya) RESY

2r
v(fz, ® Za)|q0() = 0. However, v(05, ® Za)|,6() =1 # 0, then we have on Oy, (qo)

27)l(AY) = 11,
Therefore, [ZLr(Y), F]|, is equal to
[Lr(Y), Fllg =(Fl®)Lr(Xa)lg — r(AX AY))|, + (54 + (62(3))2)7/(9?,4 ® Za)ly-

Since r # 0, then v(A(X AY))|, is tangent to Og,,(qo)-
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By the computations of Lemma the Lie brackets [D%R(X) v(( (X AY))]|, and
[Zr(X),v(()(X ANY))]|q imply that ,ZNS(AXA)LI and Zys(AYy)|, are also tangents
to Og,(qo). Therefore, there are at least 7 vector fields tangent to Oy, (qo);

ZLr(Xa)lgs Lo(Va)lgs Lnvs(AX )y Lns(AYa) g (05, @ Za) gy v(AX AY)g, Flas
where F|, is the vector field given by (5.19).

Proposition 5.3.10. If K = 64 on an open of ¢ = (v, 2; A) € Og,(q) and r # 0 on
the neighbourhood V' of &, then K is constant globally on M and [ vanishes locally on
V.

Proof. Using Remark[5.3.9] since Zp(Xa)ly, ZLo(Ya)lgs Lns(AX4)|, and Lys(AY4)|,

are tangents to Oy, (qo) then so is also Lng(Xa)|, and Lyg(Ya)|g. Moreover, Lng(Xa)ls0()
= XNS(Y/A)L]&(.) = 0. Therefore, Zns(Xa)|,K = Lns(Ya)|,K = 0. This means that

K is constant on M, and consequently, 64 is constant on V.

For ¢ = (z,4;A) € Og,(q), the matrix which represented R with respect to the
orthonormal oriented basis *AX As *AYA, *xZ A 1s,

_~O-A ~Z T
M, —-o6% 0
r 0 —-K

We know that the eigenvalues of R depend only of the fixed point 2, this implies that
the characteristic polynomial f(7) of R depends only of #. Therefore, the derivatives of
the coefficients of f with respect to any vector field of TOg, (qo) tangent to M vanishes.
f is equal to

f(ry=—7%+ (—K—O'A —0%)72 + (r? —K&i‘ — Kéi — 0404+ (ﬁ2)2)7
+ (r? O'A K0A0A+K(H )3).

Referring to the derivatives of 64, 7 and 6% along Lys(X4)l, in Lemma, Lemma
5.3.3| and Lemma [5.3.7| respectively, the derivation of the third coefficient of f is,

Lus(Xa)lg(r® — Koty — Koty — o(,00) + (1)) = Ls(Xa)ly(r?) = —Blo)r-
As we said before, the previous derivation is equal to zero. Thus,

B(q) = 0.

Proposition 5.3.11. Under the same assumptions of Proposition |5.3.1(), we have

a) 0% and ﬁZA vanish locally on Og,(qo),

b) We have r? = K&y, in particular K # 0 and &} # 0.
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Proof.

a) Since f(¢g) = 0 then F|, = Zns(Za)l, is a tangent vector to Oy, (qo). The Lie
brackets [Zr(X), Zns(Z)]|, and [Zr(Y), LNs(Z)]|, mentioned in Lemma

are

[LR(X), Lns(2)],
= — (Lns(Za)|g®) Lr(Ya)lg — 630 (0%, ® Za)|g + 115, v(05, ® Za)lq,

La(Y), Lus(2)],
=(Ls(2)1a0) LX)y + Ty 105, ® Za)ly + 4B, ® Za)ly — r(AX AY))],.

By Lemma [5.3.2], the derivatives of ) along these brackets are

[Lr(X), Lns(D))|46() = — (Lns(Z4)]0)Lr(Ya)ly6() — 265,
[LR(Y), Lus(2)]46() =(Lus(Za)40)Lr(Xa)|g6() + 2115 7.

On the other hand, the derivatives of K along them are

[Lr(X), Lns(Z)]lo6() = — (Lns(Za)lg) Lr(Ya)l K,
[ Lr(Y), Lys(Z)|lg6() =(Lws(Za)|y8) Lr(Xa)l K.

Since K — 64 =0 and r # 0, then

Il
o

2=0, I, =0

Qe

b) Since ﬁZA =0 and 62 = 0, we can compute
0= vy, ® Za)|,01, = i“‘”“:’i‘ +17).
So, G464 =12, hence ¢4 # 0 and K = G4 # 0.
OJ

Proposition 5.3.12. Under the same assumptions of Proposition |5.3.1(), the dimen-
sion of Og,(qo) is 7 and it is generated by

LX) LoV s Ls(AX ) g Lns(AYA) gy Livs(Za) s (05, @ Z4) g v (A(XAY )
(5.20)

Proof. From Remarkb.3.9] we know that

Zr(Xa)lg: Zr(Ya)los Lns(AX )|y Lus(AVa)lg, Livs (Za)lg, (05, @ Za)lg and v(A(XAY)],
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are tangent vector fields to Og,(qo). This means that the distribution generated by
these vectors fields is included in the tangent space of Og,(qo). Reciprocally, we start
by searching the value of Zyg(Z4)|,¢ because we have

Wby @ 2), Lus(Z)||q = (Lns(Za)|@)v(05, ® Za)lg — Lis(AYA)lq

Using Proposition [5.3.11{and the fact that we have Lys(AX4)|,6 = Lns(AYA) |0 = 0
by Propositions [5.3.10, to compute

Lns(Za)lgd Zlﬁz;\(ﬁ ) =

(—3((V % R)(*AXA%*AY/A)_?]((@ ]%)(*A?A%*AY/A))
1

(Y5, B)(x7),#AT)

%\»—t%\r—lﬁ

=—(—ZLns(AX )01 — Lns(AYA)|,67)) = =(0) = 0.

By this and Lemma the distribution generated by the seven vectors fields in
(5.21)) is involutive which proves the claim and finishes the proof. O

Corollary 5.3.13. Under the same assumptions of Proposition |5.5.10 R has 0 as a
double eigenvalue and —K — & as a simple eigenvalue.

Proof. By Proposition [5.3.11} the matrix represented R has the form

ol 0 r
0O 0 O
r 0 —-K

So, using K o} L =72 0is a double eigenvalue of R with the corresponding eigenvectors
*xAY 4 and «W, := K * AX 4 +rxZ A. Moreover, R cannot be a null symmetric matrix,
then the third eigenvalue — K 4 is necessarily nonzero and it is equal to the trace of R,
ie. —Kp=-K —c:ril. Its eigenvector is xV := —r*x AX A+ K*Zy4. Also, the equation
K& = r? implies that ¢}, K and K4 have same sign. O

Corollary 5.3.14. For every q = (z,2;A) € Og,(q), on the neighbourhood V oof
Z, there is an oriented orthonormal frame Eq, E5, E5 on M with respect to which the
connection table are of the form

0 0 0
0 0 0

Proof. For ¢ = (2,2;A4) € Og,(qo), let X,V be a locally orthonormal oriented
frame of (M, g) and Ey, E,, F5 be an orthonormal frame of (M g). We denote by
—Kl, KQ, — K3 the eigenvalues of R corresponding to *El,*Eg,*Eg With the fact

~

that R is an nonzero matrix, then there is an nonzero eigenvalue which we take it
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—Kz By Corollary |5 m — K is the simple nonzero eigenvalue of R. Thus E, =

iVAA = ”‘Z‘\”g However, v(A(X AY))|, and v(0y, @ Z4)|, are tangent to OJR(QO) then
v(xEyA)|, = +r(xV4A)|, is tangent to Oy, (qo). Since Vi = span{W, := ”W NP LAY,

and EZL = span{E’l,Eg} then one may define the smooth function ¢ : Og,(q) — R
such that,

W = cos(C(g)) Er + sin(((q)) B,
AY, = —sin(C(q))Ey + cos(¢(q)) Fs.

In order to find the table form (5.21f), we begin by computing in Og,(qo),

(Lus(Ba), v(xEa( D]y = v(s(—12 g By + T Eg) )], o= Fil,

We get that F} is a vector field on Og,(qo), then we also able to compute
(B v (B ()]l = v((=T 5 Es — T EVD A, == Folg,

and hence F, is a vector field of Oy, (qo) as well. If v(xEyA)|,, Fil, Fb|q are linearly
independent for ¢ € Og,(qo), it would follow that they form a basis of V|,(mg) for
q € Og,(q) and hence V| (mg) C T,(Og,(q0)) for ¢ € Og,(q). Then Corollary
5.6 in [28] would imply that (X)g is completely controllable and Og,(qo) will be of
dimension 8, which is a contradiction. Hence, in a dense subset O of Oy, (qo) one has
that v(xEA)|y, Fil, Fb|q are linearly dependent. This implies that

0 1 0
0 = det —1;%1’2) 0 Fé 3) = —((1%,)% + (1%4)%)
_F%z,s) 0 F%l 2)

Therefore, f‘%m) =0 and fé’g) =0 on mo, (4)m(0). Repeat this method with taking

firstly the bracket [Lys(E)),v(xEs(-))]|, and then with [Zys(Es), v(xEs()]]q we,
respectively, obtain that

O

Theorem 5.3.15. For every ¢ = (z,2;A) € Og,(qo) there is an open neighbourhood
of V.5 & such that (V,g) is isometry to the Riemannian product (I x N,Ss), where
I C R is an open interval and N is a 2-dimensional Riemannian manifold.

Proof. Remark that the results of Corollary [5.3.14] imply that the assumptions of
Theorem [5.4.4] are fulfilled. Thus, there is a neighbourhood, which we also denote it
by V, of &, an interval I C R, f € C*(I) and a 2-dimensional Riemannian manifold
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5.3. CASE (Ily,IIy) # (0,0)

A

(N, h) such that (V,§
pri(§) + (f o pri)?pri(h)) and such that

v) is isometric to the warped product (I x N, h;) where h; =

Therefore, f is a constant function i.e. (I x N, hf) is a Riemannian product. O

5.3.2 Case (Ilx,Ily) # (0,0) and 64 # K(z)

Here, we suppose that 64 # K(z) on open set of ¢ = (z,2;A) € Og,(q) and
(IIx,IIy) # (0,0) on the neighbourhood V of &. The rolling curvature tensor Rol
is equal to

IIx
R0|q(X,Y)Z—(K—(ATA)<A(X/\Y)— — 9X®ZA+K Qy®2A>
Since K — 64 # 0 on Og,(qo), we can define w := x—s, and hence
By = wo, Iy =w(K —0d4),
Kn—if}A = W54, II; =0.
Using (5.10), Rol is equal to
Roly(X,Y) = —(K — 6.4)(A(X AY) +why, @ Za)
=: —(K — 64)Rol,(X,Y),

Lemma 5.3.16. We have the following formulas on Og,(qo):

VAX A6 = 1, (522)

V(A(XNY))|w =0, (5.23)

- 1
Oy Z = 7% — O 24
I/( Ya ® A)|q¢ (K _ O_A) (UA UA>7 (5 )
A —ﬁZ
Vs, ® Za)low = 37— 5 (5.25)
(05, @ Za)|y0 11y (5.26)
v = .
Xa ST (K —6,4)
- 1 x .

vz, ® Za)|lw = K—&A(Uil —64) + 2w, (5.27)

Zns(Xa)lqd = —g(I', Xa) 5.28

$N5<Y/A)’q¢ = —g(F, {/A) (529)
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Proof. We extract by the same method every two derivatives of ¢ and w with respect
to the same vector fields. We will explicit this for the first two formulas, i.e. (5.22))
and (5.23)), such we have

WAGX AY )]s = =50 (ACX A Y )|y + cor(AX AV,
V(AXANY))|qwse = cowr(AX AY))|0 + sV (A(X AY))|w.

On the other hand, we have

M oy
‘K—-60 K-064 = ©
Iy Tl

e, T RK—6 Y

VAKX AY))|wey = v(AX AY))

V(AX NY))|wsy =V(A(X AY))

By comparison, we obtain

{ —SgwlV(AX ANY)) |0 + coV(AX AY))|jw = wse,
CowV(A(X AY))|g0 + seV(AX AY))|w = —wey.

Multiplying the first equality of the previous system by c4 and the second one by s,
and adding the results, then we get

V(AKX ANY))|w = 0.

Change the role of the multiplication of ¢, and s, by the equations of the previous and
add the results. Since w # 0, then

V(AX AY))|yo = —L.

Remark 5.3.17. The first order of the tangent Lie brackets to Og,(qo) is
[Lr(X), Zr(Y)]ly = (= Lus(AX)|40) Lr(Xa)lg + (= Lns(AYA)|40)-Lr(Ya)l,
— (K = 6a)v(Roly)],.
They second order are

[Zr(X), v(Rol()ll,
=[Zr(X), (AX AVl + (Lr(Xa)|w)v (05, ® Za)lq +w[Lr(X),v(0y @ 2)]l,
=(1— wv(By, ® Za)|40)Lr(Ya)ls — Lus(AYA)|,

+w(—ZLa(Xa)lg¢ — 9(T, X)W(0g, ® Za)lg + (La(Xa)|gw)v (05, © Za)lg,

[Zr(Y), v(Rol())]l,

[Za(Y), v(AX AY)g + (La(Ya)lgw)v Oy, @ Za)lg + w[ZLa(Y), v(0; @ 2)]|

=(—1+wv(by, ® Za)lg®) La(Xa)lg + Lns(AXa)|g — wLys(Za)lg
W(—Lr(Ya)lgd — 9T, Ya)) (05, ® Za)lg + (Lr(Ya)|w)v (05, @ Za)l,.
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5.3. CASE (Ily,IIy) # (0,0)

In order to simplify the notations, we propose the following terms

Gy = Lns(AX )]0 = Lr(Xa)|6 + (T, X a),

Gy = Lns(AYA)|g¢ = Lr(Ya)lg0 + 9T, Ya),
Hy = O%R(XAMQW’
Hy = La(V) |y

By Lemma 5.3.1] remark that

[(Lns(()X), ()X AVl = [Lus(()Y), v((NX AY))]], = 0.

The integrability relation of each of the two previous brackets with respect to ¢ allows
us to have,

VAKX AY))(Gx) = v(AX AY))[(Gy) = 0. (5.30)

Remark 5.3.18. From the above remark, the two new tangent vector fields appeared
are

Filg =~ gNS(AY/AMq - wGXV(QXA ® ZAA)‘q + HXV<917A ® ZA)’qv
Pyl =ZLns(AX)|g — wLns(Za)lg — wGyv(05, ® Za)|g + Hyv(by, ® Za)l,.

The third order tangent Lie brackets to Og,.(qo)

[Lr(X), Fly N -
= —(Fi40)Zr(Ya)ly + G Zns(AX )y + wG 3 Lns(Za)ly — Gav(Roly)],
~(2H3 Gy + w LX)l (G)w (b5, ® Za)ly
+H(Kw = w(Gg)” + Lr(Xa)lg(H)v (05, @ Za)los

[Zr(Y), Fillq ) A

= (F1]g0)Zr(Xa)lg + GyLns(AXa)|g — Hx Livs(Za)lq
—(GxHy + Gy Hyg +wZp(Ya)lo(Gx))v(0x, @ Za)lq
— (WG Gy — Lr(Ya)|o(Hg))v(by, ® Za)l,

[v(Rol(,), 1],
= w(v(ly, ® Z)l49)Lns(AXa)l, — wLns(Za)lg + w*Gxv(Rol 7)|q
w(= F1| ¢+ Hgv(by, ® Za)lgd + G0y, ® Za)lgw + v(Roly)|o(Gx))v(0x, © Za)l,
—(w?’G;z + Fi|w + 0 Gv(0y, © Za)lg¢ — v(Roly)|o(H))v (05, ® Za)la,

[Lr(X), Bl
= —(Bl®)Za(Ya)l + G Lns(AVa)|y + (wGy — Hy) Lns(Za)ly
—(Hy GY+H G +wo +wZn(Xa)lo(Gy))v(0x, @ Za)l,
— (WG Gy + wlly — Lr(Xa)|(Hy ) (05, @ Za)lq,
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Zr(Y), Fallq

(F ‘q@ (XA)‘q"‘G gNS(AYA”q
—(2
—(w(G

[ ( ) F2Hq
(w? +WV(9yA ® Za)l, ¢)$NS(AYA)|q

.—|

7?2 +w(h —

2Hy Lns(Za)lg — (64 — (K — 64)w?)v(Rol,)],

Gy Hy + Il + wZr(Ya)l(Gy))v (05, © Za)l,
K) 4+ w?(K = 64) + Lr(Ya)lq

Hy))v(b, @ Za)lq,

(V(HY/A & ZAA)|qw)$NS(ZA)‘q + WQG?V(mq)lq

w(—Fale¢ + HYV(QYA ® ZA)|q¢ + GYV(QY/A ® ZA)|qW + V(mq)‘q(G?))V(eXA ® ZA)|q

+<—w3G)~/

— Ffw — WQGYV(QY/A ® ZA)’q(b + V(mq>|q(

Hy))v(05, ® Za)l,.

If we try to write the previous vector fields in form of vectors of length 5 with respect to
the vectors fields Zns(AXa)lq, Lvs(AYa)|gs Lns(Za)lg: v(Oz, @ Za)lg, v(0y, @ Za)ly,

then we get that

0
-1
Fl‘q — O ,
—WGX
Hy
1
0
Fl, = —w |,
—wa,
Hy
Gx
0
[Lr(X), Fillq + (F1]40)Lr(Ya)|q + 6av(Roly)|, = T o 7
—2H3G g — wZr(Xa)l(Gx)
Kw —w(Gx)” + Lr(Xa)lq(Hg)
Gy
0
[Zr(Y), Fillg — (F1q0)ZRr(Xa)l = —Hy 7

—GxHy
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5.3. CASE (Ily,IIy) # (0,0)

0
G
[Lr(X), Follg + (Falgd) Lr(Ya)lg = wGy — Hg )
—H3Gy — HyG g — woh — wLr(Xa)ly(Gy)
—wG Gy — wll; + LR(Xa)|o(Hy)
[XR(?)v F2]|q - (F2|q¢)$R<XA)|q + (CATA - (K - &A)WQ)V(WQ)’(Z
0
Gy
_ —2H~ ,
_ZG}ZHY/ — wﬁR(YAﬂ (G )

[v(Rol(y), Filly — (w

w(Filgp — Hy V<9YA®ZA)|q¢ GXV(G ®ZA)|qW_V(

—K) —w?’(K—JA)

ZLr(Ya)lo(Hy)

*Gx)v(Roly)l,

Wiy, © Za)lg
0

—Ww

Wy — Ry — *Ggv(y, ® 2a)ly6 + v(RO, >|< ;a

[v(Rol(y), Fo]|g — (w

W(F2|q¢
—w G’

2G)7)V(mq)|q

0
w?® +wr(fy, (XiZAA)|q<;S
—wv(ly, ®@ Za)|w

HYV(QYA ® ZA)|q¢ GY’/(Q ® ZA)|qw - V(ROIq)|q(GY/))
— B|w —w’Gyr(fy, ® ZA)| ¢ + v(Rol,)|,(Hy)

We conclude from the coefficients of Zys(AX )|y Lns(AYA)|, and Lys(Z4)|, in
the last vectors columns that if one of the following conditions is satisfied

Gg #0,

wGy — Hy #0,

Hy #0,

wv(0, ® Za)lgd — 1 #0,
v(ly, @ Za)lw # 0.

W N =

(5.31)

W~
S e N N N

(S

then Og,(qo) have dimension great or equal to 6. However, the negative case of (5.31),

1.e.

Gz =0, wGy =Hg, Hy =0, wr(fy, ® Z)|q¢ =1, and v(ly, ® Za)|qw =0,

(5.32)
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give us the next result.

Proposition 5.3.19. Under the assumption (5.32), we have dimQg,(q0) = 5, M is
a flat manifold and M is (locally) a Riemannien product of a real interval with 2-
dimensional totally geodesic submanifold.

Proof. (5.32))), (5.24), (5.25) and (5.28)) give us the following results

since wv(fy, ® Za)|a0 =1, we get 64 = K,

since v(fy, ® Za)|qw =0, we get I, =0,

0 = v(ROl, I, = (5% — K) + (K — 64),

v(Roly)|¢¢ = 0,v(Roly)|qw = 0, F1|,¢ = 0,

computing [Zr(Y), v(Rol()]|,w, we get Fyl,w =0,
computing [ Zu(X), Za(V)]ly6, we get La(Xa)l,Gy = —(G

7)) - K,
computing [Zr(X), Zr(Y)]|gw, we get Lr(Ya)lHg = wLr(Va)l,G
Therefore,

computing [Zr(X), v(Rol())]|,w, we get wr(fy, ® Z1)|q(Gy) = —Fi|qw,
computing [Zu(¥), v(Rol)ly6, we get v(Rol,)ly(Gy) = —Folyé,

However [v(Rol(), F1]]4¢ = 0, then F|,¢ = 0. This implies
w0y, ® Z)|o(Gy) = =Filgw = —wF|,¢ = 0.
On the other hand,

computing [XR(X), Fi]|qw, we get Fy|,Hg =0,
computing [.ZR(X), F2]|qw7 we get F2|qHX = 0.

All these results prove that the tangent space of Og,(qy) at point ¢ = (z,2;A) €
Og,(qo) is generated by the vectors:

XR(XA)L]; D%R(?A”q; F1|q7 F2|qa V(mq)lﬂT

Proposition 5.3.20. Under the assumption (5.32), M is a flat manifold.

Proof. Referring to the previous proposition, the matrix of R with respect to the base

*AXA, *AYA7 *ZA7
—01'114 0 w(K - &A)
< 0 -K 0 > .
w(K — CATA) 0 _&A



5.3. CASE (Ily,IIy) # (0,0)

By the equality w?(K — 64) = K — &', the characteristic polynomial f of R is

f(r)=—=(r+K)>2(r+04+64— K).

Then, —K is a double eigenvalue of R where its two eigenvectors are M := —x AX 4+
w * ZA and My := *AYA The third elgenvalue of Ris A : —UA — 64 + K and its
corresponding eigenvector is M3 := —w % AX 4 — *Za.

Further more, F; and F5 are now simplified to

Fily=— gNS(AyAﬂq + H)ZV(QY/A ® ZA)‘Q?
Fylg =Zns(AX)|g — wLns(Za)lg — Hgv(0%, @ Za)l,.

Therefore, we have the following tangent Lie brackets to Oy, (qo)

[ Zr(X), Filly = = Gav(Roly)l,,

Zr(Y), Filly =Gy Falg,
[v(Rol(y), Filly =Faly,

[Zr(X), Pl =0,

(Zr(Y), Pollg = = Gy Fily + Av(Roly),
[v(Rol(y), Bolg = — (14 w*) iy + wH gv(Roly) g,

[F1, Bl = — wHg Filg + ((Hg)? = v (Roly) g
Apply the Jacobi identity with the three vector fields XR(EN/A)\(], Fi|,, Fly, te.
(L (Y), [Fy, Bl + [Fo, [Za(Y), Fillly + [F1, [Fo, Zr(Y)]]]g = 0. (5.33)
The first bracket of the previous equality is equal to

Lr(Y), [F1, Bllly =[Zo(Y), ~wH Fy + ((Hg)? = A)v(Rol()]l,
— (Zr(Ya)l My (Roly)ly — AFbl,,

the second one is equal to
(B, [Zr(Y), Fi]llg =[F», Gy |y = 0,
and the last one is equal to

(11, [Fy, Zr(Y)]lly = [F1, Gy Fy = Av(Rolo)lly = A,
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Replace the brackets in (5.33]) by they values, we obtain that
ZLr(Y)| A =0.

This implies that

~ ~

Ya(K) = Dyy, (64) + Dy, (6.4)-

However, we have

0=F|w= —m + Hyv(0y, ® Za)|gw = —m.
Then
YA(K) =0, (5.34)
and,
D5 (64) + Dy, (64) = 0. (5.35)

Apply again the Jacobi identity with the vectors fields Zr(Xa)ly, Filg Falq and use
the same method as before, we obtain

XR(XA)lq)\ = 2wH)~(<6'A — K) - FQ‘q&Au

l.e.

Xa(K)=D,x,(04) +wDy (64). (5.36)

On the other hand, the second Bianchi identity allows us to have

A ~

D%, (04) = Dy, (1) + Dy (g ). (5.37)

(]5.34]~), (5.35)), (5.36)), (5.37) and the derivation of Il = w(K — 64) along ZLr(X4),
gR(YA), F2 give

wXA(K) =Dy, (Mg,) +wD 5, (64) — Hy(K — 6.4), (5.38)
DAXA(&}Al) = DZA(HXA) +wHz(K —6a), (5.39)
DA},(HXA) = _WDAYA(6A> = wDA~A(&}4), (5.40)
Doy, (M) = wH (K — 6.4). (5.41)
Differentiating Il = 0 with respect to Lr(X4), Lr(Ya), Fy yield
D5, (Iy,) =0, (5.42)
Dy, (ly,) = Hg (K —6.4), (5.43)
Dy (Iy,) = 0. (5.44)



5.3. CASE (Ily,IIy) # (0,0)

Differentiating I, = 0 with respect to .Zr(X4) yield

Dz, () =0. (5.45)
(5.36) and the derivative of 6% = K with respect to Lz(X4),F give
Xa(K) =D, (6%), (5.46)
D 15,(5%) = D (3) + Dy, (0), (5.47)
wDy (0%) = Dy, (04) +wDy (6a). (5.49)
(5-38), (5.43)), (5.46) and the derivative of (5.42)) with respect to v(Rol,) give
Dz, (64) =0. (5.50)
(6-39), (5.43)), (5.49) and the derivative of (5.44]) with respect to v(Rol,) give
Dy (64) =0. (5.51)
Thus, by (5.47), we obtain
(6-38), (5.41)), (5.50), (5-52) and the derivative of (5.45) with respect to v(Rol,) give
Xa(K)=0. (5.53)
So, (5.34) and (5.53)) implies that M has a constant curvature K. We also get
D g, (54) = 0, (5.54)
so, by (5-39),
Dy (Ng,) = —wHg(K —64). (5.55)
(5.45)) and the derivative of (5.54) with respect to v(Rol,) give
D,y (64) = 0. (5.56)
Then we obtain, by ((5.40))
D,y (lg,) = 0. (5.57)

Differentiating (5.57) with respect to v(Rol,) and using (5.38)), (5.41)), (5.43), (5.55)
yield

H; =0.
Therefore,
GY/ = 0,
and,
0= Lr(Xa)l,Gy = — K,
then M is a flat manifold. Il
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Proposition 5.3.21. Under the assumption (5.32)), M is (locally) a Riemannien prod-
uct of a real interval with 2-dimensional totally geodesic submanifold.

Proof. From the proof of Proposition [5.3.21} 0 is a double eigenvalue of R with its
corresponding eigenvectors M; and My. Since we now have oY = w264, then the third
eigenvalue \ of R is equal to —64(1 +w?) with the corresponding eigenvector Ms. The

matrix form of R is )

S

~

& o
o O O
=

We may assume without loss of generality that R cannot be a null symmetric ma-
trix, i.e. &4 is not vanish on Ogy,(qy). Define a local orthonormal frame Ey, E»,
Eg on M. Let K, Ky, K3 be the eigenvalues of R corresponding to El, Eg, Eg,
respectively and assume that K3 # 0. Since A\ # 0, then xE; = +—-L _M; and

Vidw
hence span{Fy, Fy} = span{*M,*M}. On the other hand, we have that v(Rol,)|, =
—v(M3A)|, = (14 w?)v(xE3A)|, then v(xE3A)|, is tangent to the orbit. Further

more, F} and F, are now equal to

Fl‘q = 2N5<A?A)‘qv
By =Zns(AXA)|g — wLns(Za)lq

Thus, Fi|, = —ZLns(xMy)|, and Fy|, = —Lys(xM)|,. Therefore, Lys(Ey)|, and
Zns(E2)|, are tangents to Og,,(qo). Then one can treat the matter of the matrix form
of the connection I' as in the proof of Corollary |5.3.14, Thus,

A 0 0 Thy
= 0 0 Th,

Fha Ty Thy
Thanks to (5.63), we have the following formulas

L?l(li%m)) ?2(ft1,2)) + (F(1,2))2 + (f% 2)) =—6a(1+w?), (.58 (1)
?2@?2,3)) - ?%1,2)??3,1) + (AF?2’31>2 =0, [©-58) — (2)
?2@?3,1)) + 1;?3,1)1;?2,3) + A%l,Q)I:?Q 3) = 0, [©-58) — (3) (5.58)
EAl(lj?z,s)) - ??2,3)??3,1) - f1,2)r?3 =0, [©-58) — (4)
El(F%3,1)) + F?2,3)F%1,2) - (F?3,1)>2 =0 (5.58) — <5>
We are looking to prove that f?3,1) =0 and f‘?2,3) = (. Indeed, we have
[y, Bs)ls = =T 2)(2) Erls — T 2)(2) B (5.59)

The integrability relation of this Lie bracket on f?3,1) and (5.58))-(5) allows us to have
1—‘:(3273) — O.
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5.3. CASE (Ily,IIy) # (0,0)

We proceed by absurd to prove that IA“??)J) = 0, i.e. suppose that f?&l)(i) # (. Since

%4 =0, (558)-(2) and (5.58)-(4) imply that I'}; ,, = 0 and %, , = 0, then (5.58)-(1)
will imply that 64 = 0, which it is a contradiction. Then,

F?371) = O.
and hence the matrix form of I is
0 0 0
0 0 0
Phay Thy Tho

Denoted N the submanifold of M spanned by E; and Ey. N has Eg as a normal vector.
If we adapt the above results with the assumptions of Theorem we conclude that
there is an interval I C R such that (V, gly) is isometric to the Riemannian product
(I x N,§). Moreover, one can easily check that (@ER)EA;:, =0 for i = 1, 2. Therefore

Nis a totally geodesic submanifold of M. O

Returning to the conditions in (5.31]), assume that there is one of them is realize. We
will obtain from the column vectors that the following vector fields forms are tangents
t0 Oz, (q)

Ly := Zus(AXa)ly + 01v(Ox, ® Za)lg + Bu(0y, © Za)ly

Ly = Lus(AVa)ly + (b5, @ Za)ly + Bav(By, © Za)lay

L3 = ,?NS(ZA)|Q + 0431/<0XA X ZA)|q + ﬁ?)y(ef/A ® ZA>|Q7
where «;, B;, i = 1,2, 3, are functions on ). Since, we are looking to find the necessary
conditions for the controllability, then we assume that the dimension of Og,(qo) is less

or equal to 7. Then in this situation, we must have dim Oy, (qo) is equal to 6 or 7.
Actually, we didn’t find the final solution, but we will present our initial calculation.

Dim Og,(q) = 6: Here, we suppose that dim Og,(q0) = 6, i.e. T;04,(q), for a
q=(z,2;A) € Og,(q), is generated by

$R<XA)|qv $R<Y/A>|q7 V(®q)|qv Ll’qv LZ‘qv L3’q'

On the other hand, F} and F; are tangents to Og,(q), thus one can remark that
L1 — ng = F2 and LQ = —F1 l.e.

a; —waz = —wGy, [ —wls=Hy, ar=wGg, [o=—Hg. (5.60)
Lemma 5.3.22. Differentiating o, 5; fori = 1,2, 3 with respect to .,?R()N(A)]q, fR(Y/A)\q
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and v(Rol,)|, yields

(Xa)lqoa = 51Gg + oG ¢ — aqas,
(Xa)lgB1 = —a1Gx + B2G 5 — au B,
(Xa)lgae = fo2G g — uGx — azas,
(XA)‘qﬁz = —aGy — f1G gy — afs + WK,
(Xa)lges = 3G — af — 67,
(Xa)lgfs = —asGx — asfs — I,

® ZA)|q¢ + wagv(by, ® Z,4)|qqz§ —wGy,

® Za)lgd + wBv(fy, ® Za)|g® + Li|gw — w?an,

® Za)|gd — warv(Oy, ® Za)|gd — wGy + was,

Oy, ® Za)|gd — wBi(Oy, ® Za)|yd + Lalgw — was + wps,
® ZA)W) - WgNS(zA)|q¢ — Waag,

& ZA)‘q¢ + L3|qw - W2053 — wf.

Proof. Computing the Lie brackets on Og,(q), we get,

[LRr(X), La]lq ) . N

= —(Gg+av(lz, @ Za)lgd+ Biv(ly, ® Za)lg0)Lr(Ya)lq
+GXL2‘~q — 041L3’q R
+(Lr(Xa)lgr = G — G + aras)v(x, ® Z4)l,
HLR(XA) P + Gz — BoG g + arfB3)v(Oy, @ Za)ly,

[Lr(X), Lo]|q ) ) X

= —(Gy + ov(lx, @ Za)|gd + Bav(0y, ® Z4)|g9)Lr(Ya)lg
+04v(Roly)lg — G Lilg — azLsl, )
+(Lr(Xa)lga2 = foGx + Gy + avas)v(bx, @ Za)lg
H(Lr(Xa)|gB2 + aGx + B1G x + aafls — wK)v(0y, ® Za)ly,
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Zr(X). L]l A A N
= _(gNS(ZA)|(I¢ + O‘3V(8XA ® ZA)|q¢ + 53V(9}7A ® ZA)|q¢)$R(YA)|q
—asLs|, )
(XR(XA)‘qO% P3G + a3 + UA) (0 %, @ ZA2|q
(gR(XA)‘qﬁ?) +a3Gyg + a3l + 1, ) (QYA ® Za)lg,

L)L, A ~
= (Gx+ alV(HXA ® Za)lqo ‘LBIVWY/A ® Za)|q0)Lr(Xa)lq
+GY/L2|~Q — PiLslq — 6AV(RO|q)|q .
HZ(Va)lgos — BiGy — axGy + a0z, © Za)ly
H(Lr(Ya)lobr + a1Gy — BoGy + B1fs + wK ) (0, ® Za)l,,

[Lr(Y), La]|q A A )

= (Gy + av(0x %, @ ZA)|q¢ + 62V(QY/A ® Za)|g9)Lr(Xa)lq
_G?Lllq — PaLslq )
+(Lr(Ya)lga2 = BoGy + rGy + asPo)v(0x, ® Z24)lg
H(ZLr(Ya)|of2 + aaGy + BiGy + Baf3)v(0y, @ Za)ly,

[gR(}})j L3Hq . R 5

= (Lws(Za)]gd + asv(bx, ® Za)|gp + Bsv(by, ® Za)|q®)Lr(Xa)lq
~ByLs), — w(K — oa)u(Rol)l, A
+(Lr(Ya)lqas — 3Gy + asfs + 1 )v(05, ® Z4)l, )
+(Lr(Ya)lofs + 3Gy + 3 + W (K — 64) + 040y, © Za)lg,

[v(Rol(,), L]

(wr (HYA ® Za)l49) Laly — wonrv(Rol,)|, ) )
+(v(Roly) g1 +wG g +warv(ls, ® Za)lgo — waav(fy, ® Za)|yd)v(0x, © Za)l,
+((Roly)|gB1 + w?an + wlan = Bo)v(by, ® Za)lgd — Lalgw)v(by, ® Za)ly,

(Rol)), Lo]
= —(wv (HYA ®ZA)‘ ¢)Lalg +wlsly — WOQV(RiOlAq)LI
+(v(Roly) g0z + WGy — wag + wasv(0g, @ Za)|gd +wanv(Oy, ® Za)lgd)v(0%, © Za)l,
(v(Rol,)

(

[v(Rol()), L]
= —wlky|, — wazv(Roly)l, A . .
+(v(Roly)|ga3 + wan + wasv(fg, ® Za)lgd + wLys(Za)l@)v (0%, © Za)lg
+(v(Roly) o3 + w?as + whs + waz (0, ® Za)|g¢ — Lslw)v (05, © Za)ly-
Since dim Og,(q0) = 6, all the coefficients of v(0;, ® Z4)|q and v(fy, ® Z4)lq in
the previous brackets are equal to zero, then we get the claim. Il

?

+
<

4Bz + w?ay — wfis + w(ag + Bl) (Q?A ® ZA)|<1¢ Lo|qw)v (QYA ® ZA)|q7

Remark 5.3.23. Using integrability relation of the bracket [Zz(X), Zr(Y)] on ¢ and
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w, we find

ZLr(Xa)|oGy — Za(Ya)l,Gx = —G% — G} — &3,
"%R(XA)quf/ - gR(YANqHX = _GXH)? - G{/H{/ + wll,.

Lemma 5.3.24. We have the following formulas on the derivatives of «;, [; for
i =1,2,3 with respect to Ly|,, La|, and Ls|,,

Lilqoo — Lalqo = (—aq + B2) L1]gd — (B1 + a2) Lo + fras — asas,

Ll‘qﬂQ - LQ‘qﬁl
= —(B1+ a2)La|gd + (1 — Ba) Lo|q@ + B3f1 — aafs + (a1 s — frag)w + wK.

Lz’qO@ - L3|q042 = 53L2‘q¢ + (041 - ﬁ2)L3|q<Z5 — a1y — fly — a3fls — ﬁz;

Ly|,B5 — L3452 3
= —azls|yd+ (2 + B1)L3|g¢ — Brava — 55 — B3 + (a3 — fraz)w — wlly — 7.

Ls|,a1 — Ly|gos = (a2 + B1) Ls|gd — BsLalg¢ + af + aefi + a3 + 52,

L3|q51 - L1|q/83 B
= (—oq + B2)Lslq@ + asli|gp + a1 1 + 5152 + asfs — (ufs — fraz)w + 115,

Proof. Computing on the tangent space of Oy, (q) at ¢ = (x,2; A) € Og,(qo0),

(L1, Lo]|q
= — (Lilg®) Lalg = (Lalg®) Lalg + (Br — an)Ls| + (a1 B2 — Briaz + Ga)v(Roly)]
+ (L1l — La|gan + (a1 — Bo) Lalq@ + (81 + a2) La|g¢ — Braz + azaz)v(05, @ Za)lg
+ (L1]gB2 — LalgB1 + (Bi + az) Li]g¢ + (—au + B2) La|q® — B3B1 + a3
— (B2 — Brog)w — WK)V(Q?A ® ZA>|q,

[L2, Ls]lq
=(L3|q¢ — a2)L1|qg — BoLolq — B3Lslq + (a2fB5 — Pocis — ¢ )v(Roly)|,
+ (Lo|qas — L3|goa — B3 Lalqd + (—an + B2) Ls|q@ + cnag + e + afs + ﬁz”)V(QXA ® Za)lq
+ (La|qBs — Ls|qBe + azLo|qd + (—az — B1)Ls|e¢ + Braa + 55 + B3
— (23 — Bacrz)w + wll g + ‘:7,14)’/(9121 ® ZA)‘qa
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and,

[L3, L1]|q
=a1 L] + (Lslg® + B1) Lalq + asLslq — (a183 — Bras)v(Roly)l
+ (Lslgon — Lilgas — (a2 + B1) Lslgd + BsLilgd — of — aafy — af — 63)v(0%, ® Za)l,
+ (L3|gBr — L1lgBs + (a1 — B2) Lslqd — azLi|q¢ — a1 By — 12 — 3P
+ (13 — Brag)w — ﬁz‘)V<‘91?A ® 214)‘(1-

As we see before, we have the claim since the coefficients of v(0;, ® Z4)|q and v(fy, ®
Z4)|q are equal to zero. O

Dim Og,(q) = 7: In this situation, we assume that dim Og,(q) = 7. Then by
using the vectors L;, Ly and Lj, one could vanish the coefficients of Zyg(AX4)l,,
Zns(AYa)|, and Lys(Z4)|, in the other vectors of the 8 column vectors, thus we

obtain 5 vectors of the form
0

0
0

&i
Gi

where &, (;, ¢ = 1,2,3,4,5, are functions on ). Since the dimension of Oy, (qo) is 7,
then all these 5 vectors are linearly dependent to each other. Write one of these 5
vectors as &, v(0;, ® Za)|qg+ Gipv (05, ® Z4)|q and then define the tangent vector fields
W to O@R (qO)

V(QW ® ZAA)’Q = inU(QXA ® ZA)|Q + Cioy(ef/A ® ZA)|Q'

We set WP as the orthogonal vector to W with respect to the frame X, Y. Thus, there
exists an ()-dependent angle 1) such that

W = cosp X + sinyY,
WP = —sinip X + cosyY.

We denote V|, := v(w ® Z4)|, and V?|, := v(By» @ Z4)|,. Since V|, is orthogonal to
Ly, Lo, L3 then we deduce the existence of the following three vectors,

Gl = XNS(AW)‘q + )‘va‘qv
GQ = ZNS(AWP)LJ + )‘va|q7
Gy = Lns(Za)lg + AV,

where A\x, Ay, A, are functions on . In the new frame, Rol is equal to

v(Roly)|y = V(A(X AY))|, +aV]g + V7, (5.61)
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such that, a and b are equal to

HWp
K—64’
Iy
K—6a

a=—

b:

Lemma 5.3.25. We have the following derivatives on Og,(qo) with respect to Lr(W)|,,

qw + g(F7 W) = _>‘Za

q/\X = _)\Y)\Z7

Ay = b6+ My + Axdy,
q/\Z = —Hg + bHWp,

S8
SE3=S

<
=
+
N
—
T
=
[
=

Pl Ax = —Ax A, — Iy — bo 4,

| N
;q/\z = —(64)" — bIlw — A,

Proof. Computing the Lie brackets on Oy, (qo) with Zr(W)|,,

[Zr(W), G,
= —(Gil¥)Zr(WP)],
+H(Lr(W)|gh + g(T, W))Gsl,
—Ax(Zr(W)| + g(T, W)V,
HZLrW)|Ax — Ay (Zr(W)| + g(T, W)))VP,,

[D%R(W)? GQ“‘] .
= —(Galg) Lr(W?)|, + Gav(Rol,)|,

_(D%R(W)Lﬂﬁ +g(F, W))G1|q
(=AM (LrW)[g + g(T', W) — ada + L)V,
H(ZLrRW)|gAy — boa — Iy + Ax (ZLr(W) |0 + g(I', W)))V?|,,
[Lr(W), G5, o

= _(G3|q¢)$R(Wp)‘q + HWPV(RO|q)’q
F(=AZ (L) + g(T, W) + (63)F — allw») V|,
(W) A + T = bl )V,
[Lr(W), V]|q

= —gVIq¢)$R(Wp)|q

+($R(W)|q1/] +g(l, W) + )‘Z>Vp|qa
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[gR(@, V(m('))] lq
= —(v(Roly)|;¥)ZLr(WP)],
—Galy — aGsly
+(LrW)|ga — o(Lr(W)|b + g(T', W)V,
H(Lr(W)|gb + a(Lr(W)|p + g(T, W) + Ay + ar;)V?P|,,

and with Zx(W?)|,,

[Zr(WP), G, -
= (G1|a¥)Zr(W)|y — Gav(Roly)l,
+H(LRWP) | + g(T, WP)) Gl — AxG3lq
H=Ax (ZLrWP) | + g(T,WP)) = Ilws + ada)V |,
HLRWP) | Ax = Ay (Lr(WP) |0 + g(T, WP)) 4+ Ax Ay + iy + b6 a) VP,
[Lr(W?), G,
- (G |q )g ( )|q
( r(WP) 0 + g(T, WP))G1l, — AvGsl,
Ay (Lr(WP)| 0 + g(T, WP)) V|,
( RWP) Ay + Ax (ZLr(WP)|g + g(T, WP)) + Ay Az)VP|,,

[Zr(W?), G3]|q o
= (Gs3|)LRr(W)|q — ITwv(Roly),
—A;Gs
H(=Az(LrWP) | + g(T', WP)) + 11 + allw) V],
F(LrRWP)| Az 4 (64)P + bl + X)) V7P|,

), Vg

(W
) ZLr(W)lq
Lr(WP)|g + g(T, W)V,

(LR
= (Vl
+(

[Zr(WP), v(Rol)]l,
= (v(Roly)|¥)ZLr(W)l,
+G4|, — bG3),
+(Lr(WP)|qa — b(ZLr(WP)| + g(T', WP)))V,
+H(Lr(WP)| b+ a(Lr(WP)|, + g(I', WP)) — Ax 4+ bA,)V?|,.

Because we are in the case where dim Oy, (qo) = 7, V?|, cannot be tangent to O, (qo).
Vanishing the coefficients of VV? in the above brackets, we get the claim.
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5.4 Appendix

Definition 5.4.1. On an oriented Riemannian manifold (M, g), one defines the Hodge-
dual *p; as the linear map uniquely defined by

xar AT M — NRTLM: 5y (X A oA X)) = X A A X,

withx € M, k=0,...n=dimM and X,...X,, € T, M any oriented basis.

For an oriented Riemannian manifold (M, g) and x € M, if A, B € so(T, M), we define
[A,Blsy ;= Aob— Bo A€ so(T,M).
Also, we define the following natural isomorphism ¢ by
¢ N*TM — s0(M); ¢(XAY):=g(,X)Y —g(,Y)X.

Using this isomorphism, we may consider, for each x € M, the curvature tensor R of
(M, g) as a linear map,

R: N T,M — N°T,M; R(XAY):=¢ YR(X,Y)),

where X, Y € T, M. Here of course R(X,Y), as an element of T/ M ® T; M, belongs
to so(T,M).

It is standard fact that R is a symmetric map when A*(T,M) is endowed with the
inner product, also written as g,

9JXNY,ZAW) = g(X, Z)g(Y, Z) = g(X, W)g(Y, Z).
Notice also that for A, B € so(T, M),
tr(AB) = g(¢™'(A), ¢~ (B)).

The map R is usually called the curvature operator and we will, with a slight abuse of
notation, write it simply as R.
In dimension n = 3, one has x4, = id when *j is the map A*’TM — TM and
TM — N*TM. Let X, Y, Z € T,M be an orthonormal positively oriented basis.
Then

*c(XAY)=Z, xy(YANZ)=X, *xy(ZAx)=Y.

In other hand, we have

G(xar ( B >) = ¢labuX) + B0mY) +7(m2)) = ¢(@Y NZ + BZNX +7X AY)

~
= vy 0 —a |.
-5 a 0
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Then, in terms of this basis X, Y, Z one has

0o —y P Q@
'y 0 —a | ={ B
-5 a 0 g

And one has
[¢<*X>> Qb(*y)]so - Qb(X A Y)‘
Now, in dimension n = 2, one has —x%; = id when x; is the map TM — TM.

Recall that for any orthonormal frame E1, F», E)3 of 3-dimensional Riemmannian man-
ifold, the second Bianchi identity has the form

(Vi R)(xEr) + (Vi, B) (5 E2) + (Vg ) (+E3) = 0. (5.62)

We make also the following technical definition. Recall that, if Fy, ..., F, is an g-
orthonormal frame of a n-dimensional Riemannian manifold (M, g), the Koszul formula
simplifies to

200 = 29(Vp Fy, Fr) = g([Fy, B}, Fy) — g([F Fi, Fy) — g([Fy, Fe, Fr).

Since Ei, ..., E, is orthonormal, one has sz = _FZ,J‘ for all 4, j, k. This relation mean
that in the case where the dimension n = 3, we get the matrix

F§2,3) F(Q 3) F§2,3)
I'= F(3,1) F(3 1) F:(%3,1) )
Tho Tha Tha

represent the connection table with respect to Fy, Es, F5. Similarly, if n = 2, the
connection has the form of the following matrix

(Tha Tha ).

Furthermore, suppose that we have a 3-dimensional Riemannian manifold M of Rie-
mannian curvature tensor R. One can write, with respect to a local frame of M
El, E», Eg, the coefficients of R in terms of the coefficients of the connection I’ of M.
So, if

X
I'= 1?%3,1) F%g 1) i())3,1) )
T I

and if
o ai o as o as
R(Ey,Ey)=1| b | ,R(EyE3)=1| by | ,R(Es,Eh)=1| by |,
C1 Cy C3
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then we have
a; = ElA(F%Qﬁ)) - Ez(l:‘%z,s)) + (F(3 1) + F(z 3) ) %

~

+(—F%3,1) - F%2,3)>F?2,3) + (F%z,:a) F( ))Fh 2)»

b = Elgr%&l)) N E2(1j%3,1)> + (F(3 nt F(z 3))A (1.2)
+(_F%3,1) - F%Q,S))F?B,l) + (F%S,l) F%2 3))F%1 2)

€1 :AE1<FA%1,2)) - EQ(F%}Q)) + (1—:%1,2))2 + <_F%2,3) - F%s,l))r?lg)
+F%2,3)F%371) - F%:s,l)r%z,:s) + (F?l,Q))2>

) AE (F(z 3)) EB(F( )) (F?z 3))2 + <_F%3,1) - Fz()’l,z))r%z,:’))
+I7, 1)F(1 2) F%Lz)r(s T (F( 3)°

— B(T3 o (12 3 [
by = Ep(T) — Ea(T ) + (F(31>+F<12>)F< 3) (5.63)
) |

+(_f%3,1) - f 2) (F23 1) -1 (1,2 )f%

G2 = E2(F(1 2)) . E (1?% 2)) (F?3 1) + F(12
2 1
+(—Ty 0 — Dl T,

az = EBSGQ,:%)) N El(]??zg)) + (F(z 3t F(1 2 )A
(Tl — Tlg)Ths + (F?m) F( ))F%g

~

bs ]1; (F%:a ) — %(F? )+ (F%S 1))2;L (=T —Tls)l
+1, 3)F(1 o)~ TlagTlig) + (F(3 n)%

c3 = EBA(F%Lz)) - El(lj:()’m)) + (F(l o) T F(z 3) )
+(=Tf 9 = Tiag)) ) + (F?Lz) F( ))F? 1)

Definition 5.4.2. Let (M, g), (N, h) be Riemannian manifolds and f € C*°(M). De-
fine a metric hy on M x N

hy =prig) + (f o pr1)*pri(h),

where pry, pro are projections onto the first and second factor of M x N, respectively.
Then, the Riemannian manifold (M x N, hy) is called a warped product of (M, g) and
(N, h) with the warping function f.

Definition 5.4.3. A 3-dimensional Riemannian manifold (M, g) is said to belong to
class Mg, for B € R, if there exists an orthonormal frame Ey, Ey, E5 € VF(M) with
respect to which the connection table is of the form

153 0 0
I'= F%S,l) F%B,l) F?S,l) )
0 0 15}
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in this case the frame Ey, Ey, E5 is called an adapted frame of (M, g).

We have the following theorem.

Theorem 5.4.4. Let (M, g) be a Riemannian manifold of dimension 3. Suppose that at
every point xo € M there is an orthonormal frame Ey, Es5, F3 defined in a neighbourhood
of xo such that the connection table with respect to Fy, Ey, E5 on this neighbourhood is
of the form

0 0 —F%m)

I'= F%B,l) F%:},l) F?:},l) )
F%m) 0 0

and moreover X(F%m)) =0,VX € E;.

Then there is a neighbourhood U of x, an interval I C R, f € C®(I) and a 2-
dimensional Riemannian manifold (N, h) such that (U, g|v) is isometric to the warped
product (I x N,hg). If F: (I x N,hy) — (U,glv) is this isometry, then for all
(r,y) € I x N,

F) — T (F) (5.64)
0
Folva) = Balr): (5.65)

In the previous theorem, we write % for the natural positively directed unit vector field
on R with respect to the standard Euclidean metric, we identity it in the canonical
way as a vector field on the product I x N and notice that it is also a unit vector field
with respect to hy.
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Chapter 6

Horizontal Holonomy for Affine
Manifolds

In this chapter, we consider a smooth connected finite-dimensional manifold M, a
complete affine connection V with holonomy group HV and a smooth completely non
integrable distribution A. We define the A-horizontal holonomy group HL as the
subgroup of HY obtained by V-parallel transporting frames only along loops tangent
to A. We first set elementary properties of Hy and show how to study it using the
development formalism (see Section in Chapter 1). In particular, it is shown that
HY is a Lie group. Moreover, we study an explicit example where M is a free step-
two homogeneous Carnot group and V is the Levi-Civita connection associated to a
Riemannian metric on M, and show that in this particular case Hy is compact and
strictly included in HV.

6.1 Affine Holonomy Group of (M,V, A)

6.1.1 Definitions

Consider the triple (M, V,A) where M is a smooth manifold, V a affine connection on
M and A a completely controllable smooth distribution on M. In this section, we will
restrict Definition to the A-admissible curves on M. To this end, we will define
the set of all A-admissible loop based at points of M.

Definition 6.1.1. We define Qa(z) the set of all a.c. A-admissible loops based at x,
as

Qa(x) :=={y |7 :[a,b] = M a.c., y(a) =v(b) =z and ¥(t) € A‘W(t) a.e.}

The following result is immediate from the definitions.

Proposition 6.1.2. The set Qa(z) of all a.c. A-admissible loop based at x is not
empty and is closed under the operation” -7 given in (2.5).
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We define the holonomy group associated with the distribution A as follows.

Definition 6.1.3. For every x € M, the holonomy group associated with A at x is
defined as

HY |2 = {(PY)o(v) | 7 € Qal2)}-
Proposition 6.1.4. For every x,y € M, HY|, is a subgroup of HY|, and HY |,
is conjugate to HY|,. One can thus define HY C HY C GL(n) and we call it the
A-horizontal holonomy group associated with A and the affine connection V.

Proof. Since Qa(z) is a nonempty set for any x € M, then HY |, is also a nonempty
subset of HV|,. By Definitions 2.2.1 and 2.2.2 of [23], the inverse map of (PY)}(7) is
(PY)(7Y) and (P¥)3(8) o (PV)(7) is equal to (PY)}(3 - ), for any ~ : [0,1] — M
and 6 : [0, 1] — M belonging to Qa(z). Thus, we get the first statement. Next, taking
into account the fact that A is completely controllable, one deduces the rest of the
proposition.

Remark 6.1.5. If g is a Riemannian metric on the smooth manifold M and VY is the
Levi-Civita connection associated to g, then the holonomy group HV’|, withz € M is a
subgroup of O(T, M), the set of g-orthogonal transformations of T,,M. If, moreover, M
is oriented, one can easily prove that H"’|, is a subgroup of SO(T,M). One can then
define the holonomy group of V¥ as a subgroup of O(n) (SO(n) respectively) the group
of orthogonal transformations of the euclidean n-dimensional space (the subgroup of
O(n) with determinant equal to one if M is oriented respectively). We of course get
similar statements for HY’. Note that (HV")? and (HX’)" are compact subgroups of
O(n) (SO(n) respectively) according to Weyl’s theorem (cf. [30, Theorem 26.1]) since
any Lie-subalgebra of a compact Lie-algebra is compact.

6.1.2 Holonomy groups associated with distributions using the
framework of rolling manifolds

Let M be a smooth n-dimensional manifold and V a connection on M. Set (M, V) :=
(R", V") where V" is the Euclidean connection on R". We associate to (M, V) the cur-
vature tensor RY and to the product manifold (M, V) x (R™, V") the affine connection
\

Affine Holonomy Group of M

One can extend readily Proposition 3.10 of [12] to get the following result.

Proposition 6.1.6. For any f € Aff(M), fe Aff(n) and any qo = (x0, To; Ag) € Q,
define the following smooth right and left actions of Aff(M) and Aff(n) on Q

G- f:= (f_1($0)7 To; Ap 0 f*‘f*l(ro)>7 f qo ‘= (»TO, f(@o% f*’fco ° Ao)-
Then, for any a.c. curve vy :[0,1] — M starting at xo, one has for a.e. t € [0,1]

f a0 @0)(t) - f=ao,(f o f a0 ).
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Proof. By the definition of an affine transformation f on M, we have Eq. (2.3)) for
any a.c. curve 7y : [0,1] — M. This implies that, for a.e. ¢ € [0, 1]

f*"y(t) © (PV)E(FY) = (Pv)é(f o7)o f*|7(0)'

We have the same conclusion for affine transformations f on R". Then, since Aff(n) is
a Lie group and by what precedes, one can repeat the steps of the proof of Proposition
3.10 in [12] with the group Aff(n) instead of isometry groups on M and R™ to get the
claim.

Recall that if G is a Lie group, then a smooth bundle 7 : £ — M is a principal G-
bundle over M if there exists a smooth and free action of G on E which preserves the
fibers of 7, cf. [23]. Furthermore, we recall that the affine group Aff(n) is equal to
R™ x GL(n) and its product group ¢ is given by

(v,L)o (u,K) = (Lu+v,LoK).

Using the previous proposition, one can extend immediately the simple but crucial
Proposition 4.1 in [12] to derive the next result.

Proposition 6.1.7. The bundle mg  : Q — M is a principal Aff(n)-bundle with the
left action p: Aff(n) x Q — Q;

n((9,C), (2,3;A)) = (2,02 + 7;C o A).

The action p preserves D, i.e. for any q € Q and B € Aff(n), we have (up)+Zrl, =
DR up(q) where pp = Q — Q; ¢ — u(B,q). Moreover, for any q¢ = (x,&; A) € Q, there
exists a unique subgroup 'qu of Aff(n), called the affine holonomy group of (M,V)

verifying
p(HY x {a}) = Og,(q) N 7o ().

If ¢ = (z,@;A") € Q belongs to the same mg a-fiber as q, then qu and H; are
conjugate in Aff(n) and all conjugacy classes Oquv are of the form H;. This conjugacy
class is denoted by HY and its projection of GL(n) is equal to HY the holonomy group
of the affine connection V.

Proof. Let ¢ = (z,2;A) € Q and B = (y,C) € Aff(n). Since C' o A is in GL(n), then
w(B,q) € Q. In order to prove that p is transitive and proper, we can follow the same
steps of the proof of Proposition 4.1 in [I2] due to Proposition [6.1.6]

Affine Holonomy Group on A
Consider now a smooth completely controllable distribution A on (M,V). We will

determine the sub-distribution of 2y by restriction to A instead of considering the
whole tangent space of M.
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Definition 6.1.8. The rolling distribution Ar on A is the smooth sub-distribution of
Dr defined on (x,7; A) € Q by

ARl(z,:4) = Lr(Al2)|(,3;4)- (6.1)

Since A is completely controllable, we use Proposition to obtain the next corollary.

Corollary 6.1.9. For any qo = (x9,Z0; A0) € Q and any a.c. A-admissible curve
v :[0,1] = M starting at xo, there exists a unique a.c. Agr-admissible curve qa, (7, qo) :
0, 7] - Q where 0 <T < 1.

Since we can easily restrict the proof of Proposition [6.1.7] (cf. [12]) on Ag, we get the
next proposition.

Corollary 6.1.10. The action p mentioned in Proposition [6.1.7] preserves the distri-
bution Agr. Moreover, for every q € Q, there exists a unique algebraic subgroup HAVR‘(I

ofH , called the affine holonomy group of Ag, such that

M(%AVRM X {Q}) = OAR(Q) N WCE,IM(:U)’

where x = moa(q) and Oa,(q) is the Ag-orbit at q.

As before, one gets the following: if ¢ = (x,2"; A") € @) belongs to the same 7 y-fiber
as q, then HAVR‘q and ’HAVR‘q, are conjugate in Aff(n) and all conjugacy classes of HAVRM
are of the form ’HAVRM,. This conjugacy class is denoted by ’HAVR and its projection

of GL(n) is a subgroup of HY which is equal to the A-horizontal holonomy group
associated with A and the affine connection V.

Definition 6.1.11. We denote by O"Op(qo) the set of the end points of the rolling
development curves with initial conditions any point qy = (xo,Zo; Ag) and any a.c.
A-admissible loop at xg, i.e., for qo = (xg, To; Ag) € Q,

Ol‘wp( 0) = {aa,(7,q0)(1) | v:[0,1] = M, a.c. A-admissible loop at z}.

If we fix a point gy of @ = Q(M,R™) where the initial contact point on M is equal
to xg and that on R™ is the origin, then we may consider the rolling development of
M along a loop based at xy. Then, one obtains a control problem whose state space
is the fiber ﬂélM(xo) and the reachable set is in the fiber 7Y, (o) (for more details,

cf. [12]). Then, (’)OOp(qo) is trivially in bijection with Oa,(qo) N 75 (z0) and so
(- a0 X {a0}) = OZ7 (o).

Proposition 6.1.12. For any qy = (zo, Zo; Ao) € Q the restriction of o : Q@ — M
into the orbit Oa,(qo) is a submersion onto M.

Proof. Clearly it is enough to show that (7¢ a)«L4Onp(q0) = Tuy M. Also recall that
by the assumption of complete controllability of A we have M = Ox(x).
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Write E%*(u) and E%(u) for the end-point maps of A and Ap starting from = € M
and ¢ € @, respectively. One easily sees that E and E are related by

Toum o BV = E®, (6.2)

for any ¢ = (z,2; A) € Q and t where defined. We also denote by k the rank of A (i.e.
the rank of Ag).

Let w € L*([0,1],R*) be any o-regular control of E*! which belongs to the domain
of definition of E%. The existence of such an @ is guaranteed by an application of
Proposition m given in the appendix and Proposition , as in this case (M, g) =
R™ is complete.

Let then X € T, M be arbitrary, and notice that T, Oa(x¢) = T, M. By o-regularity
of W with respect to E*!, there exists a Cl-map u : I — L?([0, 1], R*), where [ is an
open neighbourhood of 0, such that u(0) = w and h(t, s) := E*f(u(s)), (¢, s) € [0,1]x1,
satisfy 2h(1,s)|s—o = X. Indeed, let G : I — Oa(z) be any smooth curve such that
G(0) = X. The o-regularity of @ means that D,E*! i.e. the differential of E*0! at u,
is surjective linear map from L*([0, 1], R¥) onto Tgeo.1(,)Oa (o) when u = u, and hence
for all u close to @ in L*([0, 1], R¥). One next defines P(u) as the Moore-Penrose inverse
of D, E"! and one considers the Cauchy problem dﬁl—f) = P(u(s))digs), u(0) = @. Then
[7, Proposition 2] asserts that the maximal solution u(+) of the Cauchy problem is well-
defined on a non empty interval centered at zero, which concludes the argument of the
claim (after shrinking I if necessary).

Write h(t,s) = E®(u(s)) for (t,s) € [0,1] x I. For each i = 1,...,d and s € I, the
maps t — h(t,s) and t — h(t,s) are absolutely continuous and A- and Ap-admissible
curves, respectively, and h(t, s) = mo.(h(t, s)) by (6.2). In particular, %ﬁ(l,sﬂszo is
a vector in T;,,Oa,(qo) and

0 ~ 0
(WQ,M)*(%h(LS)’s:()) = %h(l, 8)|s=0 = X,

which shows that X € (7 1)+ (T3, Onar(q)). Because X was arbitrary tangent vector
of M at xg, we conclude that T, M C (7 amr)«(T4,Onr(q0))-

The opposite inclusion (7o ar)«(T4,Onp(q0)) C Ty M being trivially true, this com-
pletes the proof.

Remark 6.1.13. Here is an alternative proof in the case that the distribution A
satisfies LARC on a connected manifold M i.e. Lie,(A) =T, M for all z € M.

Given vector fields Yi,...,Y, and a subset J = {iy,... 4} of {1,... 7} we write Y
for the iterated bracket [Y;,,[Yi,,...[Yi_,,Y:]...] of length [. Given X € T, M =
T.,Oa(x0), there are, by the assumption, vector fields Y7, ..., Y, tangent to A, subsets
Ji, ..., Jyof {1,...,r} and numbers ay,...,a; such that X = 3% a,Y) |.,. The lifts
Zr(Y;), i =1,...,r are tangent to Ag and satisty (7o )«-Zr(Y:) = Vi, hence if we
write Zg(Y), for [(Zr(Ys,), [Zr(Yi,), .. [Zr(Y:_ ), ZRr(Y;)]...] when J is as above,
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we have that Zx(Y),

s

is tangent to Oa,(qo) for every s =1,...,t

(7TQM |qo(Za$R ) ZCLSYJJmO: )

s=1

ie. X € (mom)«TyOnp(qo). By arbitrariness of X in T, M we have the claimed
submersivity of mg .

Classical results now apply to give the following.

Corollary 6.1.14. In particular, for any x € M the fiber w5y (2)NOa, (q0) of O (90)
over x is either empty or a (closed) embedded submanifold of Oa,(qo) of dimension

d = dim Oa,(qo) — dim M.

We arrive at the main result of this subsection.

Proposition 6.1.15. Assume that A is a constant rank completely controllable distri-
bution on (M, V) where M is a connected smooth manifold and ¥V an affine connection.
Then, the A-horizontal holonomy group HY and the affine holonomy group ”HAVR of
Ag as defined previously are Lie subgroups of Aff(n). l

Proof. It is enough to prove the claim for ’HAVR. We first argue that HAVR‘QO is an
algebraic subgroup of Aff(n). To this end, to any p € w5y (z0) (i.e. p is an arbitrary
element of the fiber of @ over xy) we match a unique (y,,C,) € Aff(n) such that
(Y. Cp), q0) = p. Recall that Oa,(go) N 7ol (o) is identified with HAVR|QO through
this correspondence.

Then given py,p2 € Oa,(q0) N7k (o), there are A-admissible (piecewise smooth)
loops 71,72 € Qo) in M based at xy such that p; = ga, (7, q)(1) for i = 1,2.
Letting p = ga, (71 - 72, 90)(1) we have

1((Yp, Cp) s @0) =p = qap (M1 - 72, q0)(1) = ( M, qAR(Vz,qO))(l) = qan (11, p2) (1)
ZQAR(717M yp27 )7‘]0) yp27 CPQ)?QAR(/-YI?QO)(]‘))
:N((ypzu C M((yp ((ypwc’pl)’%))

—1((Ypa: ><ypn ) 0);

ie. (Yp, Cp) = (Yps» Cpa)(Upys Cpy ), because the action p is free. Since 7 - 7o is A-

admissible loop, we have p = qa,(71 - 72,90)(1) € Oap(q) N Wé}M(xo) ie. (yp,Cp) €
HY wlqo» and therefore H AVquo is indeed an algebraic subgroup of Aff(n) as claimed.

In other words we have shown that if m : Aff(n) x Aff(n) — Aff(n) is the smooth
group multiplication operation on Aff(n), then

v v v
m(HARMo X HAR\QO) - HAR\qo'

By the orbit theorem as given in the appendix (see also [17]), we know that any
smooth map f : Z — @ for any smooth manifold Z such that f(Z) C Oa,(qo) is
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smooth as a map f : Z — Oa,(q). In other words, Oa,(qo) is an initial submanifold
of M (cf. [17]).

By Corollary 6.1.14] Oa . (q0) N5 (o) is a smooth embedded submanifold of Oa , (qo),
hence an initial submanifold of Q. Since Oa,(qo) N7gly (o) C oy (o) and w4k, (20)
is diffeomorphic to Aff(n) using the action y, we have that H,',, is a smooth immersed
submanifold of Aff(n) as well. Now the group multiplication m restricted to ’HAVR‘(]O
which we write as m/’ is a smooth map m' : HAVRM() X HAVquo — Aff(n) whose image is a
subset of HAVR‘%. Pulling this map back by the action p on () we obtain a smooth map
M : (Oagn(q0) N 7ok (20)) X (Oan(qo) N mo () — Q whose image is contained in
On(q0) 7oy (w0). As mentioned above, Oa (o) N7gl, (o) is an initial submanifold
of @, hence M is smooth as a map into Oa,(qo) N Wé}M(xo). This then is reflected, by
applying the action p once more, in the fact that m’ is smooth as a map into HAVR|qO.
Thus the latter space is a Lie-subgroup of Aff(n).

Remark 6.1.16. The situation described in Remark with the rolling formalism
can be treated as the rolling system without spinning nor slipping of two oriented
connected Riemannian manifolds (M, ¢g) and (R", s,,), where s,, is the Euclidean metric
on R™. Thus, the state space Q(M,R") is a principal SE(n)-bundle (cf [10], [11] and
[12] for more details).

6.2 Case Study: Holonomy of Free Step-two Homo-
geneous Carnot Group

The goal of this section is to provide an example of a triple (M, V,A) such that A
verifies the LARC (and thus is completely controllable) and Hy is a connected compact
Lie group strictly included in HY. After giving the required definitions to treat the
example, we first compute H" and then show the above mentioned propeties of H '
using the rolling formalism.

6.2.1 Definitions

The affine manifold (M, V) we consider is the free step-two homogeneous Carnot group
Gy, of m > 2 generators, endowed with a Riemannian metric and its Levi-Civita
connection. To describe it, we will use the definitions of Jacobian basis, homogeneous
group and Carnot group of Chapters 1 and 2 of [5].

For m positive integer greater than or equal to 2, set m + n where n := m(m — 1)/2
and Z := {(h,k) | 1 <k < h < m} of cardinal n. Let S®* be the m x m real skew-
symmetric matrix whose entries are —1 in the position (h, k), +1 in the position (k, k)
and 0 elsewhere. On R”"" where an arbitrary point is written (v,~) with v € R™, and
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v € R", define the group law x by setting

+v, i=1,....,m
v,7) * (v, =< T T > 6.3
WA=t o+ oo —vih), (b k) €T 63)
Then it is easy to verify that G,, := (R™"" x) is a Lie group, more precisely a free

step-two homogeneous Carnot group of m generators. Indeed, a trivial computation
shows that the dilation ) given by

Sy R R™ 65 (v,7) = (W, A%Y), (6.4)

is an automorphism of G,, for every A > 0. On the other hand, the (Jacobian) basis
of the Lie algebra g, of G, is given by X, I';, , where

0 1 i 0
Xp = aT}hjL’ Z (211 l])vl)(é?*ym%

o 1 ) e
o T 2 Li<ism Vigy, | ifh=1,
o 1 P 1 P -
=4 Bu, T2 Xh<i<mVigy,, — 3 21<i<h Vjgy, if1<h<m,

9 1 A _9 -
m 2 Zl§]<m Uy s ifh= m,

0
a%k’
while the Lie brackets on G,, = (R™*" %) are given by

0 0
[X;“Xk] — S l]) —
1<§<m ok a%g a’)/h,k

[ Xy, L] =0, [Th Lij] =0.

Ph,k = (h, k’) el

Then,

0
Do,
Therefore, we can conclude that G,, is a homogeneous Carnot group of step 2 and

m generators Xi,...,X,,. The Lie algebra g,, is equal to Vi & V5, where V; =
span{Xy,..., X,,} and Vo = span{l'yx, (h,k) € T}.

Moreover, (G,,,g) is an analytic manifold where the metric g, with respect to the
previous basis, is given by

g(X'uX]) = 5i,j; lf ’l,j € {1, C.e ,m},

. . 0 .
rank(Lie{X1,..., Xn}) = dlm(span{%, . (thk)(;%k)ez}) =m+n =dimg,,.
1

9(X;, ) =0, it ie{l,...,m} and (h,k) €Z, (6.5)

9(Chp,Tij) = 6nidky,  if (4,7),(h, k) € T.
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In the sequel of this article, we find useful to introduce the following notation of vector
fields instead of Iy, for h,k € {1,...,m}, in order to facilitate computations by
avoiding the confusion between the two cases k < h and h < k.

Definition 6.2.1. For every h,k € {1,...,m}, we define,

Fh,k Zf h > ]{Z,
Qh,k = _Fk,h Zf h < k’, (66)
0 if h=k

By the above definition, the Lie bracket [Xj, Xi] is equal to €y, for any h,k €
{1,...,m}. Furthermore, let V9 be the Levi-Civita connection associated to the Rie-
mannian metric in (6.5)).

Lemma 6.2.2. For h, k,l,s,t € {1,...,m}, we have the following covariant derivatives
on (G, g),
V% X = 1Q Vi Q=0
X Ak = 53 ks Quptlst = U,
1 1
V& Qi = 5(6kleh — O Xk), Vo X1 = 5(5kzXh — 0 Xg).

Proof.  Let us denote by V%Y the covariant differential of a vector field Y in the
direction of another vector field X on G. It is equal to

Vg(Y = Z Oéh(X, Y)Xh + Z B(h,k) (X, Y>Qh,k- (67)

h=1 1<k<h<m
On the other hand, by Koszul’s formula (cf. [32]), we have

Combining (6.7) and (6.8), we easily find the coefficients a;,(X,Y) and B,k (X,Y)
and hence we obtain the claim.

6.2.2 Riemannian Holonomy Group of (G,,, g)

The main of this subsection is to prove the following theorem.

Theorem 6.2.3. Let (G,,, V9) be a free step-two homogeneous Carnot group of dimen-
sion m + n endowed with the Levi-Civita connection V9 given in Lemma[6.2.3. Then,
(G, V9) has full holonomy group HY' = SO(m + n).

To this end, we compute the Riemannian tensor curvature R and as well as part of its
covariant derivation of (G,,, V7).
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Lemma 6.2.4. For any h,k,l,i,j € {1,...,m}, the Riemannian curvature tensor R
of (G, V9)) is given by the following skew-symmetric matrices,

3
R(Xp, X)) = 4(Xh AXp) 4+~ Z Qnj A Qe (6.9)
] 1
1
R(Xl, Qh,k) = Z(Xh A\ QkJ + X A Ql,h); (610)

1
R( 5, Qi) = 1((Sz-th NX;+ 00X AN Xy 4 0in X5 A Xy + 050X N XG). (6.11)

Proof. From Lemma and the intrinsic definition of R,
R(X,Y)Z =V4NVSZ -V V% Z — VXY] vX, Y ZeT,G,,
we get, for any h,k,l,i,5 € {1,...,m},
R(Xp, Xi)X; = 26Xy — 6 Xn),

R(Xp, Xi)Qj = 36 + 60k — 0t — 66 in)-
Similarly, for any h, k,l,i,5,t € {1,...,m}, R(X;, Q) is given by
R(X}, Q) X = i(fstth,z — 02n),

R(X0, Qo) = 30100 — 820k:) X + (6ju0n — 6udjn) Xr).
Finally, for any ¢,7,h,k,l € {1,...,m}, R(%;, ) is given by

1
R(Q;, Qi) Xy = Z(((Slkéjh — 0n0i) X + (Onidi, — O1din) X
+ (0udjx — 6510i) X + (81500 — 5hj5z'l>Xk)a

R(Q; , Q)¢ = 0, Vs, t € {1,...,m}.
Collecting the above equalities, we get Eq. (6.9), Eq. and Eq. (6.11).
Using the definition of the covariant derivative of tensors, which is,
(VILR(X,Y)) (W) =VL(R(X,Y)W) — R(X,Y)VLW, vX,Y, Z, WeT,G,,
we deduce the following lemma.
Lemma 6.2.5. The covariant derivatives of R in the direction of a vector fields X; on

G, fort € {1,...,m}, are

> (X5 A Qny — 00X A Q).

Jj=1

Qe A Qe+ Qe A p + 26 X0 A X + 60X A Xy — 60X A X)),

VgQR(Xhan) = _R(Xtthk +

OOM—‘

Ve R(Xi, Q) = (
1
8

V&R, U g) = (5ikR(Xj; Qi) + 0k R(Xn, Qig) + 0in R(Xp, ) + dnR(X, Qk,t))a
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where h,k,1,i,7 are any integers in {1,...,m}.

Similarly, the covariant derivatives of R in the direction of a vector fields Qs on Gy,
for every s,t € {1,...,m}, are

Vo, B(Xn, Xi) = < (0 Xo A Xig = 6n. Xy A X + 00X A X — 0 X A X),

Vgls,tR X0, Q) (5tth A Qpg — 0sn Xt A Qiey + 0 Xs A — 05 X A Ql,h)7

OO\»—‘OO\r—koo\oo

Vgls,tR(Qiyj’ Qh,/f) ((5Zh5tk - 6ik5th)Xj A Xs + (5ik5jt — 5jk5ti)Xh A\ XS

+ (010t — 0in0e;) X A Xs + (060 — 0jn0u) Xi A X
— (0ik0js — 0jx0is) Xn A Xy — (0105n — 0n0sk) X A X
— (0n0si — 0in0s;) X N Xy — (Oindsk — Oidsn) X A Xt):

where h,k,l,i,7 are any integers in {1,...,m}.

We next deduce from the two previous lemma the main computational result of the
section.

Proposition 6.2.6. Fiz some qp € Q := Q(G,,,, R™*") and let g = (z,2; A) € Oy, (q0),
then SO(T,Gr,) C Ogp(qo)-

Proof.  Fix some gy = (xq, Zo; Ag) € Q, for any h,k,i,j € {1,...,m} such that i # j
and k # h, the first order Lie brackets on Oy, (qo) are

[Lr(Xn), Lr(Xi)llqg = LR i)l + V(AR(Xn, Xi))lq

3 1 m
EV(A(Xh A Xi))lg + EV(A(Z Qg A Qi) s
j=1

1
[XR(Qﬁj)agR(Qh,k)”q = ZV(A((SZth A\ Xj + 5iji A Xh + 5ihXj A\ Xk + (thXk A\ Xz))’q,

= Zr(Qnp)lq +

1
[gR(Xi>7$R<Qh,k>]|q = EV(A(Xh A\ Qkﬂ' + Xk A Qi,h))|q‘

By taking i = k in the bracket [Zr(%;), ZLr(Qnk)|l,, We get that, for any h,j €
{1,...,m}, v(A(X, A Xj))|, is tangent to Og,(qo). In addition, from the first and the
last brackets of the above Lie brackets, we obtain that V(A(Z;”:l Qi A Qj))lq and
V(AXH A Qi + X A Q)| are tangent to Ogy,(qo), for any h, k,i,5 € {1,...,m}.
Thus, we can compute the next bracket in 7,04, (qo), for ¢ € Og,(q0),

[Lr(Xa), V()X AX)lg = 0riZns(AXn)|g — 0niLns(AXE)],
— %V(A(Xh A Qkﬂ' + Xk VAN Qi,h))’q'
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Using [Zr(X:), Zr(Qni)]|, and then putting ¢ = h in the last Lie bracket, we obtain
that Zyvs(AXy)|, is tangent to Og,(qo), for all k € {1,...,m}. In addition, we have

[ZLr(Qts), v(()(Xn A Qi + Xi A Qin))llg
= (0n0is — 0u0sk) LN (AXn)|q + (Onebis — 6u0ns)LNs(AXy)|q
+ 20 (A A Qe))lg + Sarr (AKX A )l

—(Sthl/(A(XS A\ Qw)”q + 5tkl/(A(X5 A\ Ql,h))|q)~

Since Lys(AXy)|, is tangent to Oy, (qo), for all k € {1,...,m}, then v(A(X; AQuk))|q
is also tangent for any distinct integers h,k,t € {1,...,m}. The last Lie bracket to
compute is

[Lns(Xe), v(AXi A Qi) lq = ;(@W(A(Xl A Xn))lg = 0V (A(Xs A X))l
—+ V(A(Qtyl AN Qh,k))‘q)-

Therefore, for every h, k,t,l € {1,...,m}, v(A(Q; A Qui))|, is tangent to Og,(qo).
Hence, for all ¢ € Og,,(qo) the following vector fields

V(A(Xn A Xi))lgr V(AKX A Qp))lgs V(A Qe A Qk))lg,

are tangent to Og,(qo). This completes the proof because we have that v(AB)|, €
T,04,(qo) if and only if B € s0(1,G,,) for ¢ = (z,2; A) € Og,(qo)-

We return to prove the main theorem in the beginning of the current subsection.

Proof. [Proof of Theorem [6.2.3]. As the vertical bundle of @ is included in the tangent
space of Og,(qy) by Proposition then the rolling problem (X)g is completely
controllable (see Corollary 5.21 in [10]). According to Theorem 4.3 in [12], the holonomy
group of G,, is equal to SO(m + n). Note that one could have used as well the main
result in [29] stating that the tangent space of the holonomy group at every point = € M
contains the evaluations at x of the curvature tensor and its covariant derivatives at
any order.

6.2.3 Horizontal Holonomy Group of (G,,, g)

We define the distribution A := span{Xy,..., X,,} on G,, and ¢y = (xo, Zo; Ag) € Q.
Note that is of constant rank m. We will first compute a basis of T,0a,(qo) for any
q € Oa,(qo) and then investigate the holonomy group Hy' of rolling of (G, g) against
(R™" $y40), Where Sy,4,, is the Euclidean metric on R™".
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The Tangent Space of O, (q)

Proposition 6.2.7. For any qo € Q, the tangent space of Oa,(qo) s generated by the
following linearly independent vector fields:

1
Lns(Xn)lgy Lns(AXn)lgy Lns(A)lg Lns(Qn)lq + §V(A(Xh A Xi))lg, (6.12)

V(A(Z Xj A Qh,j)) |q; V(A(Xh A Xk + Z Qh,j AN Qk,j)) |q'

j=1 j=1

Proof.  Recall that all the data of the problem are analytic. Then, by the ana-
lytic version of the orbit theorem of Nagano-Sussmann (cf. [2]), the orbit Oa,(qo) is
an immersed analytic submanifold in the state space @ and 7,04, (q) = Lie,(Ag).
Therefore, we are left to determine vector fields spanning Lie,(Ag), i.e., to compute
enough iterated Lie brackets of A.

For any h,k,l,s,t,p € {1,...,m}, we have

[Lr(Xn), Lr(Xi)llg = LR )| + V(AR(Xn, Xi))lq

(6.13)

= Zr(Qp)lg + 30(AXL A Xi))lg + 10 (AT Qng A Q) g

[Zr(X0), [ZR(Xn), Lr(Xk)]]lq

= O (3 Ls(AX))]g + 2v(AXT X5 A 0))lg) (6.14)

— Ou (%gNS(AXk)’q + éV(A( ;nzl Xj A Qk,j))|q)'

[ZLr(X4), [Zr(X1), [Lr(Xn), Lr(XK)]]]4

= Ou (5Lvs(AQun)lg + T (A(Xe A X)) g + 157 (AT, Qg A Qng))lg) (6.15)

— O (3 LNs(AQup) g + V(A A Xi)]g + 57 (AT Qi A Qj))lg)-
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[Lr(Xs), [Zr(X1), [ZLr(X0), [ZLr(Xh), Lr(Xe)]]]l4

= O (5hs(g$N5(AXt)|q + V(AT X5 A Q;)))

0 (LX) + VAT XA )

— O <5ks(g$Ns(AXt)’q + §12V<A( T XA Qt,j)))

—5t8(%$NS(AXk)|q + 357(A( XA Q;”)))>

[Lr(Xp), [ LR(Xs), [Zr(X0), [LR(X0), [ZLR(Xn), Lr(Xp)]]Ng

— b (6h5(32$Ns<AQp,t>|q LA A X))+ (AT Qs A 2)la)

_6t8(?2$NS<AQp,h>’q + é’/(A(Xp A Xh))‘q + éV(A( T:l Qpji A Qh,j))lq))

- (6ks<32$Ns<AQp,t>rq LAy A X))+ AT Qs A 2)la)

_5t5(?2$NS<AQp,k>|q + 6*14V<A(Xp A Xk))|q + 6%1’/(*’4( ?:1 Qpi A Qk]))|q)>
(6.17)

First we should remark that, by iteration, the commutators

[Lr(Xa,), - - [Lr(Xan), Lo(Xay)] -],

where o; € {1 m} and r > 3 are written either as the vectors in (6.14) and (6.16
or as those in and (6.17). Therefore, one only has to prove that (]6 13]) 6.14),
(6.15), (6.16) and (]6 17) are linear combinations of the vector fields in and then
show that the Lie algebra generated by these vector fields is involutive. Indeed7 fix
some h,k € {1,. m} such that k # h and take p = s =t = | = k in the above Lie
brackets. Calculate 1(6.14) + (6.16) and 2- + (6.16), we get that

J

Ls(AX)ly WA X A Q)

=
are vectors in Lie(Ag). On the other hand, §(6.15) + (6.17) and - (6.15) + (6.17) imply
that

Lns(Ani)lg, VAXL A X+ Qg AQg))lg

J=1
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belong also to Lie(Ag). The last two vectors with (6.13) give us another vector in
Lie(Ag) which is

1
Lns(Qni)lg + iV(A(Xh A Xi))lg-

To show that the vector fields given in Eq. (6.12) form a basis for Lie(Ag), it remains to
compute their first order Lie brackets to see that they define an involutive Lie algebra.

We have,

() (2 X5 A ), v () (52 X5 A Qi y))llg

= V(AX A X+ 350 Qg A Qj))lgs
(6.18)

A (7 X5 A ), () (X A X+ 252 Qg A ))g

= O (AT X5 A Qij))lg — O (AT X5 A Qe ))lgs
(6.19)

()X A Xp 4+ 370 Qg A Qi) v(C) (X A X+ 270 Qg A Q)]
= OuV(A(Xn A X + 300 Qg A Q) g + v (A(Xe A Xy + 200 Qg A Qi)

-+ (Stkl/(A(Xl VAN Xh + Z;nzl Ql,j VAN Qh,j))|q -+ (ShtV(A(Xk VAN Xl + Z;nzl QkJ VAN Ql,j))’q-
(6.20)
Moreover, the Lie brackets between ZLyg(Qx) + 57(A(X, A X)) and the remaining

vectors of (6.12) are

1

[Lns(X1), Lns (i) + 5v(C)(Xn A Xi))]lg =0,
1

2
[Lns((1)X1), Lvs(Qnr) + sv(()(Xn A Xi))]lg =0,

2
[Zal()0%), L) + 50X A X))l =0,
[Lvs(() ), Lns(Qne) + ;V((’)(Xh A X))l =0,

[Lis(Ona) + 300X A X)), Zxs(O) + SO XA X))l =0,

[Zns(Qni) + ;’/((')(Xh A Xg)), v(()(Xi A Xy + i Qi A Quj)llg =0,

J=1

(s @) + ()Xo A X)), (O X5 A )]l =0

=1
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Then, the vector fields
1
Lns(Xn)lgy Lns(AXn)lg, Lns(A)lqy Lns(Qnp)lq + §V(A(Xh A Xi))lgs

V(A(Z Xj A th‘)) |q7 V(A(Xh A Xk + Z thj VAN Q]@j)) |q,

J=1 J=1

form an involutive distribution and any vector fields in Lie(Ag) is a linear combination
of them. Tt remains to check that they are linearly independent. It is clearly enough
to do that for the family of vector fields v(A( XA Q1,))|q- Suppose there exists
(Oéh)lghgm, such that Z?lel ap, Z;nzl Xj A th = 0. Then Z;nzl Xj A (Zznzl’h?éj Oéth,j) =
0Vje{l,...,m}. Hence, Y00, . nQy; = 0 for every j,h € {1,...,m}, so a;, = 0
for every h € {1,...,m}. Therefore,

1
Lns(Xn)lgy Lns(AXn) gy Lns(AQni) gy Lns(Qni)lq + §V(A(Xh A Xi))lgs

V(A X5 A Q) e V(A A X+ 3 Qi A Q) g

J=1 J=1

is a global basis of Lie,(Agr) and hence the dimension of Lie,(Ag) is constant and
equal to 3(m + n). We deduce that dim Oa,(qo) = 3(m + n) and the tangent space of
Oa,(qo) is generated by the vectors in (6.12)).

Remark 6.2.8. According to this proposition, Zys(AXy)|, and Lns(AQ )|, are
tangent to Oa,(qo). This implies that 7o gn (Oaj) = R™™ which means that all the
translations along R™*" are included in the tangent space of the orbit. Furthermore,
the families of vector fields v ( A( i X;AQ;))|q and y(A(Xh/\Xk—i—Z;T‘zl Qi A ) g
form an involutive vertical distribution.

Study of HY,

The main result of the subsection is given next.

Proposition 6.2.9. (i) The affine A-horizontal holonomy group ’HAVR 15 a connected
Lie subgroup of SE(m + n) of dimension 2(m + n).

(ii) The A-horizontal holonomy group HL is a connected compact Lie subgroup of
SO(m + n) of dimension m + n.

In particular, the inclusions clos(Hp ) C clos(HY) and clos(HY) C clos(HY) are
strict if and only if m > 3.

Proof. As an immediate adaptation of Proposition to the case where one is
dealing with principal SE(m+n)-bundles, one gets that the affine holonomy group H ',
is a Lie subgroup of SE(m +n). Notice then that, if IT : SE(m+n) — SO(m+n) is the
projection onto the SO(m+n) factor of SE(m-+n), one has, by definition HY = TI(HV)
and HY = TI(H, ). This shows that the A-horizontal holonomy group H, is a Lie
subgroup of SO(m + n).
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We next prove that for every ¢’ € ), a basis of Lie(’HAVR‘q,) the Lie-algebra of ’HAVRW is
given by the evaluation at ¢’ of the vector fields whose values at ¢ = (2,2, A) € @ are

Lns(AX)| g Livs(AQ i) |g, v(A( ZX A Q) g v (AR A X4+ g Aj)) gy
j=1 j=1

(6.21)

and hence this Lie algebra has dimension 2(m +n) = m(m + 1). To see that, consider
some element V € Lie(H,y ) @s & linear Subspace of TyOap(q). Then V is a linear
combination of the vector ﬁelds described in Eq. ( evaluated at ¢’ and V projects
to a zero-vector in T'M. By an obvious Computatlon one deduces that V is a linear
combination of the vector fields given in Eq. [6.2I] Conversely, it is clear that the
vector fields given in Eq. generate a distribution whose integral manifolds lie in
OAR(qO)ﬂwélM( ") where 2" = mg p(¢'). This proves that Lie(HAVRW) the Lie-algebra of
HY &l has dimension 2(m+n) = m(m+1). One could also check that the distribution
generated by the vector fields in Eq. (6.21) is involutive.

By a similar 1feason1ng7 a basis L1e(HAV| /) of the Lie-algebra of HA is given by the
(evaluations at ¢’ of) vector fields (see also (6.22)) below)

V(A(Z Xj A\ QhJ‘)) ’q, V(A(Xh N Xk + Z Qh’j A QkJ’)) |q7

j=1 j=1

and hence this Lie algebra has dimension m +n = m(m + 1)/2.

It is proved in Subsection that ’HAVR is connected and, as a consequence, Hy is
connected as well.

It remains to prove the rest of Claim (ii). For 1 < h < m, let A, € so(m + n)
corresponding to the vertical vector I/(A(Z;»”:l X; A ;) and, for (h,k) € I, let
By i € so(m+n) corresponding to the vertical vector (A(Xh AN X+ 370 Qng A ij))
We extend the notations for the By, to for any 1 < h, k < m by setting By, = — B .
The basis of Lie algebra L := Lie(H) of HY is given by the matrices Ay, 1 < h <m
and By, i, (h,k) € Z and thanks to Egs. , and , one has

[Ai, Aj] = Bij, [Ai, Bui) = 0riAn—0ni Ak, [Bit, Bug) = (5klBh7t+(5hlBt,k+5tkBl,h+5fEtBk,l)-

6.22
We next prove that L = so(m + 1) and, for that purpose, we build a Lie algebra
isomorphism ¢ between L and so(m + 1). Let (€j)1<j<m+1 be an orthonormal basis of
R™*1. To each (h,k) € Zand 1 <t < m, define p(By, 1) = e Aep, and ©(A;) = e Aemyin
and then extend the definition of ¢ by linearity to the whole L. It is then immediate
to check that ¢ is a Lie algebra isomorphism.

Recall that HY is connected. Since its Lie algebra L is semi-simple and compact, it
follows from Weyl’s theorem (cf. [30, Theorem 26.1]) that H is compact in SO(m+n)
and of dimension m + n.
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6.3 Appendix

6.3.1 o-regular controls

We first generalize the usual definition of regular control and then provide a result
about existence of such controls. Let M be an n-dimensional smooth manifold, F a
(possibly infinite) family of smooth vector fields on M, and let Az be the smooth
singular distribution (cf. [I7]) spanned by F, i.e.

Ar|, =span{X|, | X e F} CT,M, pe M.

We use the word "singular" (to emphasize the fact that the rank (dimension) of Ax
might vary from point to point. One can, in fact, prove given any such family F, there
is a finite subfamily Fo = {Xy,..., X,,} such that Ar = Ax, and m < n(n+ 1) (see
|13} B35], or [31] when Az has constant rank). Moreover, by span S we mean R-linear
span of a set S.

Definition 6.3.1. An absolutely continuous (a.c.) curve y : [0,T] — M is horizontal
with respect to F if there is a finite subfamily { X1, ..., X} of F andu = (uy, ..., uq) €
LY[0,T],R™), m € N (here m might depend on the curve v in question), such that for
almost every t € [0,T],

A(t) =D ui(t) Xily -
=1

The orbit Ox(p) of F through p € M is the set of all points of M reached by F-
horizontal paths v with ~(0) = p.

If A is a smooth distribution of constant rank k on M, and if F = Fa is the set of
smooth vector fields tangent to A, then it is easy to see that A = Az, and that an
a.c. curve is A-horizontal if and only if it is F-horizontal. Therefore, in this case the
concept of orbit coincides with the notion we have used previously in the paper, and
one can without ambiguity denote it by Oa(p) instead of Ox(p).

For a smooth vector field X write ®x : D — M for its flow, where D = Dy is
an open connected subset of R x M containing {0} x M. We also use the notation
(Dx)i(z) = (Px)*(t) = Px(t,z) when (x,t) € D.

The orbit of a family F of vector fields has the following properties (cf. [17], [21]).

Theorem 6.3.2 (Orbit Theorem). 1. The orbit Ox(p) is an immersed submanifold
of M.

2. Any continuous (resp. smooth) map f: Z — M, where Z is a smooth manifold,
such that f(Z) C Ox(p) is continuous (resp. smooth) as a map f: Z — Ox(p).

3. If one writes G for the set of all locally defined diffeomorphisms of M of the
form (Px. ) oo (Px,) for Xi,...,Xg € F and ty,...,tqs € R for which this
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map 1s defined, then

Oz(p) = {¢(p) | v € GF}
TOx(p) = span{p.(X) | ¢ € GF, X € F},

wherever the expressions o(p) and p.(X) are defined.

As a consequence of Ttem 3. of the theorem, one sees that L'([0,T],R™) in Definition
can be replaced by L%([0,T],R™), which for the rest paper will be the appropriate
space of controls for our needs.

Following [31] we define the concepts of the end-point mapping and that of a regular
(L2-)control.

Definition 6.3.3. For every p € M, any time T > 0, and any smooth finite fam-
ily of vector fields F = {Xq,...,Xm} on M, there exists a mazimal open subset
UL" < L2([0,T),R™) such that for every u = (uy,. .. uy) € UY, there exists o unique
absolutely continuous solution 7y, : [0, T] — M to the Cauchy problem

m

7u<t> = Zui(t>Xi(7u<t))7 7u<0) =P (623)

i=1

The end-point map E%T assoctated to F at p in time T is defined as the mapping

ERT - URT s M, ERT(u) = 4,(T).

By [31) Proposition 1.8] we have the following.

Proposition 6.3.4. With p,T,F as above, the end point map E%" : U2" — M is
C*-smooth.

This proposition allows us to give the following definition.

Definition 6.3.5. A control u € U%T is said to be o-regular with respect to p in time

T if the rank of D, E2" - L*([0,T],R™) — Ty M, the differential of EPT () at u,
F

is equal to dim Ox(p). Here, “o-regular” stands for orbitally regular.

Remark 6.3.6. A control u is usually said to be regular (with respect to p in time
T) if the rank of E%"(u) is equal to the dimension n of the ambient manifold M (cf
[31, Section 1.3]), implying in particular that the orbit Ox(p) is open in M and thus is
n-dimensional. If the distribution generated by F verifies the LARC, it can be proved
that any pair of points in M can be joined by the trajectory tangent to this distribution
and corresponding to a regular control, cf. [3]. In this paper, we have extended this
definition without assuming controllability.

The main purpose of this appendix is to generalize the result of [3] to the case where

the distribution A is not necessarily bracket-generating. Indeed, we have the following
result.
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Proposition 6.3.7. Let M be an n-dimensional smooth manifold, F = {X1,..., X},
m € N, a smooth finite family of vector fields on M. Then, for every p € M and time
T >0, and every q € Ox(p), there exists an o-regular control with respect to p in time
T such that the unique solution -y, to the Cauchy problem (6.23|) such that v,(T) = q.

Remark 6.3.8. By the proof of Proposition 1.12 in [31] (see also [17]), the conclusion
is immediate if T,0£(p) is equal for every ¢ € Oz(p) to Lie,(F), the evaluation at ¢
of the Lie algebra generated by F. In fact, in this case a stronger result holds, namely
the set of regular controls is dense in U%" for every ¢ € Ox(p) and T > 0. As a

consequence, any control ug € E%T admits an o-regular control u arbitrarily close (in
L?) to ug such that E2" (u) = E2" (uy).

Proof.  Fix qy € Ox(p) and (Z7,...,73) a basis of T,;Ox(p). According to The-
orem there exists o1 € G and Y, € F with ¢ := 7' (qo) such that Z° :=
(29,23,...,79), where Z0 = (£1).Yilq, forms a basis of Ox(p) at go. The basis
Z° is the pushforward of a basis Z' = (Z},...,Z])) of T,,Ox(p) by ¢; and obvi-
ously Z{ = Y;. We proceed inductively (using Theorem [6.3.2)) with this construc-
tion for 1 < I < d so that the basis Z!~' = (Z17',..., 21, Z7, Z/-}, ..., Z7Y)
of T, ,Ox(p) is the pushforward of a basis Z! = (Z!,..., Z}) with q = ¢; (g 1),
Y, :=Z} € Fand ZI™! = (¢)).(Z}). Finally consider @441 € G so that 0a1(p) = gn
and set 1) = 1 0 pg 0+ 0 1. One has that ¥(p) = qo and there exists T > 0
and u € L*([0,T],R™) such that the unique solution 7, to the Cauchy problem
Fu(t) = 2 wi(t) Xily, @), ©(0) = p verifies 7,(T) = qo. Then the flow of diffeo-
morphisms 1*(¢, ¢) corresponding to the time-varying vector field ¢ — 31", u;(¢) X,
verifies ¢p = *(T,0) and ¥"(t,p) = ~,(t) where one has, for 0 < s < ¢t < T,
C ) SO () Xilyur,q) together with the initial condition "(0,q) = ¢ for ev-
[

ot
ery ¢ € M. With the above notations, it is clear that, for every 1 <[ < d,

(" (T, p)(dgt" (0, p) VD), 4= (Z1- s Za)

.....

forms a basis of T,,Ox(p), where d,9"(t, -) denotes the differential of 1(¢, ¢) with respect
to the ¢ variable.

Recall that the differential of the end-point map at w is the linear map DuEng :
L*([0,T],R™) — T,,Ox(p) given by

DB () = d* (L) [ Gt (e.p) X )t (629

where X"(t,z) = ", v;(t)X;|, for almost every ¢ € [0,7] and every x € M. We
further complete the notations as follows. Let 0 = ¢y < t; < -+ < tgyq = T the
sequence of times where 7, (¢;) = qqr1-; with the convention that p = ¢441 and thus
(T, p)"(t,, p) " H(a) = qo, for 0 <1 < d+ 1. Moreover, one has ¥; = 7, y; X;|,, for
1 <1 < d and some real numbers (y;).

For every € > 0 small enough and 1 < [ < d, consider the sequence (vl) of functions

in L2([0,T],R™) defined by vl(t) = %(yil)lggk if t;, — e <t <t and zero otherwise. It
is a matter of standard computations (as performed in [31, Proposition 1.10]) to prove
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that, for every 1 < I < d, D E%" (v}) tends to dyi™(T, p)(dgb*(t;,p))~"Y; = Z; as €
tends to zero. Since the the range of DuEfr’T is closed, we deduce that it contains Z;
for every 1 <1 <d.

We have therefore proved that u is o-regular at p in time 7" in the sense of Defini-

tion 6.3.3]

Remark 6.3.9. In contrast to what was discussed in Remark [6.3.8] we highlight the
fact that in general case where the (finite) family F of vector fields does not satisfy
(everywhere on the orbit) the Hormander condition Lie,F = T,0x(p), for a given
control ug € UZ" the o-regular controls u (in the sense of Definition such that
E2" (ug) = E%"(u) might lie far away from wug in L*-sense.

As the standard example, consider on M = R? with coordinates (z,y), the vector

fields (cf. [I7], p.12) X = 2 and ¥ = gb(:p)% where ¢ : R — R is smooth such that

é(x) =0if x <0 and ¢(z) >0 for z > 0. Let F ={X,Y} and R? = {(z,y) | v < 0}
It is clear that for any point py = (xg,y0) with o < 0, any 7" > 0 and any control

ug such that E%*(ug) € R? for all ¢ € [0, T, there is an L?*-neighbourhood of u, such
that Ef—_o’T is not regular at any of its points.

A regular control u steering py to g = E%" (ug) in time T' (i.e. EX"(u) = ¢), which
exists thanks to Proposition , must have the property that E% To (u) ¢ R? for some
0 < Ty < T. Therefore, if we write v,(t) = (z,(t), yu(t)) = EP'(u) and u = (uq,us),
one has

To
|zo| < |zu(To) — x| = ‘/0 U1(3>d5‘ < VTo urll 2oy < \/THUHLQ([O,T],RQ)'

If for example one took ug = 0, hence ¢y = po, the above inequality would prove, as
was claimed above, that a regular control u steering py to qp in time 7' cannot be near
Uy in L2-sense.

6.3.2 Connectedness of H, and HY

To prove that these groups are connected, it is enough to show that, for every g € G,,,
the set Qa(g) of all a.c. A-admissible loops based at g € G,, is itself connected.

For that purpose, we introduce some notations. For real-valued measurable functions
u,v defined on [0,1], define U(t) = [f u(s)ds and u x v(t) = [{ V(s)u(s) — U(s)v(s)ds
for t € [0,1]. Set Hy = (L2)™, where L2 as the subspace of functions u € L*([0, 1], R)
with zero mean, i.e., U(1) = 0. Note then that for every u € L2 and v € L*([0, 1], R),
one has u*v(1) = —2(v, U) where (-, -) denotes the inner product in L?([0,1],R). One
deduces that Hy is a subspace of H of codimension m. Finally, for u € L2, let L(u)
be the subspace of L of functions v such that u * v(1) = 0. This is a hyperplane in
L? and therefore it is trivially convex. Moreover the relation “v € L(u)”
because u x v is a skew-symmetric operation.

is symmetric

Fix g € G,,. Consider now the set of a.c. A-admissible curves starting at g, i.e.,
the solutions of the Cauchy problems ¢ = Yi1<i<mwiXi(g9), g(0) = g, where u =
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(w1, ..., um) € H := L*([0,1],R™). In coordinates g = (z,v) with z = (x1,...,2,,) €
R™ and v = (Vuk)(hk)ez, One has

Ty = U, fori=1,...,m;

1
Yhk = i(xkuh — xpuy), for (h, k) € Z.

The terminal point g(1) = (z(1),7(1)) is then equal to g + ((Ui(1))1<i<m, (5 (ur *
un) (1)) nbyez)-

Define Loop,, as the subset functions u € Hy such that (uy *uz)(1) =0 for (h, k) € Z,
ie. w € L(up) (or equivalently u, € L(w)) for (h,k) € Z. One derives at once
that Qa(g) is the set of terminal points for a.c. A-admissible curves starting at g
corresponding to control functions u € Loop,,,. The conclusion holds true if one shows
that Loop,, itself is path-connected.

To see that, consider u = (uq, ..., u,,) in Loop,, and notice that, for every A € R, then
Au also belongs to Loop,,. Therefore the latter is contractible, implying in particular
that it is connected. Hence the conclusion.
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