N
N

N

HAL

open science

Random trees, fires and non-crossing partitions
Cyril Marzouk

» To cite this version:

Cyril Marzouk. Random trees, fires and non-crossing partitions. Probability [math.PR]. Universitét

Ziirich - Switzerland, 2015. English. NNT: .

tel-01208179

HAL Id: tel-01208179
https://theses.hal.science/tel-01208179
Submitted on 2 Oct 2015

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://theses.hal.science/tel-01208179
https://hal.archives-ouvertes.fr

Random trees, fires and non-crossing partitions

Dissertation
zZur

Erlangung der naturwissenschaftlichen Doktorwiirde
(Dr. sc. nat.)

vorgelegt der
Mathematisch-naturwissenschaftlichen Fakultat
der

Universitat Zurich

von
Cyril Marzouk
aus
Frankreich
Promotionskomitee
Prof. Dr. Jean Bertoin (Vorsitz, Universitat Ziirich)
Prof. Dr. Nicolas Curien (Gutachter, Université Paris-Sud Orsay)
Prof. Dr. Thomas Duquesne (Gutachter, Université Pierre et Marie Curie)
Prof. Dr. Valentin Féray (Universitat Ziirich)
Dr. Igor Kortchemski (CNRS & Ecole polytechnique)

Prof. Dr. Ashkan Nikeghbali (Universitat Ziirich)

Zurich, 2015






SUMMARY

Trees play a fundamental role in various areas of mathematics such as combinatorics, graph
theory, population genetics, and theoretical computer science. In the first part of this thesis,
we consider fires on large random trees. We define dynamics where, as time goes by, fires
start randomly on a tree and propagate through the neighboring flammable edges, whereas
in the meantime, some edges become fireproof and stop the propagation of subsequent
fires. We study the effect of such dynamics, which is intimately related to the geometry of
the underlying tree, and consider two different models of trees: Cayley trees and random
recursive trees. The techniques used are related to the procedure of cutting-down a tree (in
which edges are successively removed from the tree) and fragmentation theory.

In the second part, we use trees (in particular Galton-Watson trees) as tools to study
large random non-crossing configurations of the unit disk. Such configurations consist
of a graph formed by non-intersecting diagonals of a regular polygon. We consider two
variants: first when the connected components of the graph are pairwise disjoint polygons
(the configuration is then called a non-crossing partition), and then when this graph is a
tree (it is called a non-crossing tree). These objects have been studied from the perspective
of combinatorics and probability but in the past, research has focused on the uniform
distribution. We generalize the latter using Boltzmann sampling. In both models, we observe
a universality phenomenon: all large non-crossing partitions for which the distribution of
the size of a typical polygon belongs to the domain of attraction of a stable law resemble
the same random object, namely a stable lamination. A similar result holds for non-crossing
trees, for which we construct a novel universal limit that we call a stable triangulation.

iii






ZUSAMMENFASSUNG

Béume spielen eine grundlegende Rolle in verschiedenen Bereichen der Mathematik, wie
beispielsweise in der Kombinatorik, Graphentheorie, Populationsgenetik oder theoretischen
Informatik. Grofle zuféllige Baume liegen im Kern dieser Dissertation. Im ersten Teil be-
trachten wir eine Feuerdynamik: mit fortlaufender Zeit entfachen Brande zufillig auf einem
Baum und verbreiten sich tiber die benachbarten brennbaren Kanten; wahrenddessen wer-
den einige Kanten feuerfest und stoppen die Ausbreitung der nachfolgenden Brande. Wir
untersuchen das Verhalten dieser Dynamik, die eng mit der Geometrie der darunterliegenden
Graphenstruktur verbunden ist. Wir betrachten zwei verschiedene Modelle von Baumen:
Cayley-Baume und zufallige rekursive Baume. Die verwendeten Techniken stehen im Zu-
sammenhang mit den Verfahren von Vernichtung von Baumen (hierbei werden Kanten
sukzessive von dem Baum entfernt) und Fragmentierungstheorie.

Im zweiten Teil verwenden wir Baume (insbesondere Galton-Watson Bidume) als Werk-
zeuge, um grofle zufillige kreuzungsfreie Konfigurationen des Kreises zu untersuchen. Letz-
tere wurden bereits in der Kombinatorik studiert und bestehen aus Diagonalen eines re-
gelmafligen Polygons, die sich nicht iberschneiden. Wir betrachten zwei Falle: zum einen
seien die Zusammenhangskomponenten des Graphen, die durch diese Diagonalen gebildet
werden, paarweise disjunkte Polygone (dann wird die Konfiguration als kreuzungsfreie Par-
tition bezeichnet); zum anderen sei dieser Graph ein Baum (und er wird ein kreuzungsfreier
Baum genannt). In der Vergangenheit wurden probabilistische Versionen dieser Modelle nur
beziiglich der Gleichverteilung untersucht. Wir verallgemeinern diese Modelle mit einem
sogenannten ,Boltzmann sampling®. In beiden Fillen beobachten wir ein Universalitatspha-
nomen. Alle grofien kreuzungsfreien Partitionen (bzw. kreuzungsfreie Baume), fiir die die
Verteilung der Grofie eines typischen Polygons (bzw. der Grad eines typischen Knotens)
im Anziehungsbereich einer stabilen Verteilung liegt, sind sich dhnlich: sie entsprechen
entweder einer stabilen Laminierung fiir kreuzungsfreie Partitionen oder einer stabilen
Triangulierung fiir kreuzungsfreie Baume.
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Introduction






1

OUTLINE AND BACKGROUND

This thesis is divided into two parts. We first consider random fire dynamics on random
graphs, based on the articles [81] and [82]. Then we focus on random non-crossing configu-
rations of the unit disk, based on a joint work with Igor Kortchemski [72]. In this chapter,
we first describe informally these models and we then give some required background. The
new results developed in this work are stated in the next two chapters.

1.1 Outline

1.1.1 Random fires on trees

Given a finite connected graph and a parameter p € [0, 1], we consider the following random
dynamics: initially every edge is flammable, then successively, in a uniform random order,
each edge is either fireproof with probability 1 — p or set on fire with probability p; in the
latter case, the edge burns, sets on fire its flammable neighbors and the fire propagates
instantly in the graph, only stopped by fireproof edges. An edge which has burnt because of
the propagation of fire is not subject to the dynamics thereafter. The dynamics continue until
all edges are either burnt or fireproof. A vertex is called fireproof if all its adjacent edges
are fireproof and called burnt otherwise. We discard the fireproof edges with at least one
burnt extremity and thus get two families of subgraphs: one consists of fireproof subgraphs
and the other of burnt subgraphs; see Figure 1.1 for an illustration. We study the asymptotic
behavior of the size of these two families of subgraphs and of their connected components
as the size n of the original graph tends to infinity and the parameter p = p(n) tends to 0.

Fires on a graph find applications in statistical physics and in the study of epidemics



4 Outline

propagating in a network. If the graph models a network, then the fires may be thought
of as infections, and burnt and fireproof vertices respectively as infected and immune
nodes. We stress that in the present model, infected nodes do not recover, we talk about
a Susceptible-Infected-Removed epidemic, as opposed to Susceptible-Infected-Susceptible
epidemics described by usual fire forest models in which the infected nodes recover and may
be infected again later, see e.g. Drossel & Schwabl [42]. Another fire model in which burnt
components are removed was studied by Rath [101] and Rath & Té6th [102] who considered
an Erdés—Renyi graph in which edges appear at unit rate and the vertices are set on fire at
small rate; when a vertex is set on fire, the whole connected component which contains it
burns and is removed from the graph (edges and vertices). These are in some sense dual
dynamics of the present ones: all edges are present at the beginning but fireproof edges act
as barriers that stop the propagation of fires.
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Figure 1.1: Given a tree with a numbering of its edges on the left, if the edges set on fire
are the oth, 13th, 19th, 28th and 30th, we get the two forests on the right where the burnt
components are drawn with dotted lines and the fireproof ones with plain lines.

We shall focus on the case where the underlying graph is a tree, i.e. contains no loop, or
equivalently, for which the removal of any edge disconnects it into two connected compo-
nents. Furthermore, we study this dynamics on random trees. We first consider in Chapter
4 a Cayley tree of size n, i.e. chosen uniformly at random among the finite set of (labelled)
trees with n vertices; this dynamics was indeed originally defined and studied in this context
by Bertoin [16]. We then turn our attention to uniform random recursive trees of size n in
Chapter 5. Such trees are constructed recursively as follows: we start with a single vertex
1, and then successively, for every k = 2,...,n, the vertex k is added to the tree, attached
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by an edge to a vertex chosen uniformly at random among the k — 1 already present. We
shall see that the behavior in the two cases are different since the geometry of the trees are
different (see below for a first indication). However Cayley trees and recursive trees are
the two (non-trivial) trees which fulfill the splitting property, which is a crucial feature in
our study: consider t, a random Cayley tree or uniform random recursive tree of size n and
remove a uniform random edge, then the two resulting subtrees are, conditional on their
size, say, k and n — k, independent and distributed as #; and t,_, respectively.

Figure 1.2: Samples of a Cayley tree and a random recursive tree of size 10 000.

The first result is a phase transition phenomenon. Consider the fire dynamics with
parameter p, on a Cayley tree with n vertices. Intuitively, if p, is large, most of the tree is
burnt at the end of the dynamics, whereas if p, is small, most of it is fireproof. Bertoin [16]
proved that a phase transition indeed occurs, and that the critical regime — for which the
proportion of burnt and fireproof vertices has a non-trivial limit — is for p, comparable to
1/4/n. We obtain the same result for random recursive trees, where the critical regime is
at Inn/n. Note that Inn/n < 1/4/n, which can be intuitively understood by the fact that
in a large Cayley tree, vertices tend to have a small degree, whereas in a large random
recursive tree, some vertices have a large degree, which helps the fire to propagate. Further,
we obtain in both cases a limit theorem for the joint sizes of the burnt connected components,
rescaled by n, in the critical regime. For Cayley trees, the latter can be described by logging
Aldous’ Brownian continuum random tree [3, 4, 5] at the atoms of a certain point process on
its skeleton, in the spirit of Aldous & Pitman [8], whereas the limit is simpler for random
recursive trees. In the subcritical regime, when p, > 1/+/n for Cayley trees and p, > Inn/n
for random recursive trees, we know that the number of fireproof vertices is small compared
to n; we obtain in both cases the correct normalizing factor for convergence in distribution
to an explicit non-trivial limit. Consider finally the supercritical regime, when p, < 1//n
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for Cayley trees and p, < Inn/n for random recursive trees. The number of burnt vertices
is now small compared to n and we obtain for Cayley trees the correct normalizing factor
for convergence in distribution to an explicit non-trivial limit. Moreover, for Cayley trees,
Bertoin [16] proved that with a probability tending to 1 as n — oo, there exists a “giant”
fireproof connected component, with size n — o(n). We prove the same result for random
recursive trees and also estimate the size of the largest fireproof connected component in
the two other regimes.

This fire dynamics on trees is closely related to the problem of isolating nodes, first
introduced by Meir & Moon [85]. In this model, one is given a tree ¢, of size n and k vertices
(chosen randomly or deterministically), say, uy, . . ., u; then the edges of t, are successively
removed in a uniform random order, and at each step, if a connected component newly
created does not contain any of the k selected vertices, it is immediately discarded. This
random dynamics eventually ends when the graph is reduced to the k selected singletons,
we say that the k vertices have been isolated. The main interest in [85] and several sub-
sequential papers concerns the behavior of the (random) number of steps X (t,; w1, . . ., ux) of
this algorithm, as n — oo and the number of selected vertices k is fixed. We shall see that
X(tn;uy, . . ., ug) is related to the fire dynamics on t,. Indeed, if one sees fireproof edges as
being removed from the tree, then a vertex is fireproof if and only if it is isolated.

Meir & Moon [85] studied the first two moments of X(t,; U;) when t, is a Cayley tree
of size n and U is chosen uniformly at random in t,. Janson [63] and Panholzer [94] then
obtained a limit theorem for the latter in a more general setting (conditioned Galton-Watson
trees and simply generated trees respectively). Finally, for Cayley trees, Addario-Berry,

Broutin & Holmgren [2] as well as Bertoin [16] obtained a limit theorem for X (¢,; Uy, . . ., Uk)
as n — oo for every k > 1fixed, where Uy, . . ., Uy are independent uniform random vertices
of t,.

When t, is a random recursive tree, rooted at the vertex 1, Meir & Moon [86] estimated
the first two moments of X (¢,;1); a limit theorem for the latter was first derived by Drmota
et al. [41] and recovered by Iksanov & Méohle [62] using probabilistic argument. Then Kuba
& Panholzer [74] obtained a limit theorem for X(t,; Uy, ..., Ux) when Uy, ..., Uy are either
the first k vertices {1,. .., k}, or the last k vertices {n — k + 1, ..., n} or independent uniform
random vertices of t,. Finally Bertoin [19] recovered and gave a multidimensional extension
of these results.

As a last remark, let us mention that in both cases the proofs of Bertoin [16, 19] rely on the
so-called cut-tree associated with t,. The latter records the genealogy of the fragmentation
obtained by removing the edges of t, one after the others in a uniform random order (see
Chapter 2 below for a formal definition). In [16, 19], limit theorems for the cut-tree are
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obtained, which yields the above results on the number of cuts, but it will also enable us to
derive strong results on the fire dynamics. The denomination “cut-tree” has been used recently
by several authors: Bertoin & Miermont [20] as well as Dieuleveut [38] considered the cut-
tree of large Galton-Watson trees and Broutin & Wang [24, 25] that of p-trees. However,
we stress that the definition of the cut-tree differs slightly in these works, depending on the
context.

1.1.2 Random non-crossing partitions

A partition of the set of integers [n] = {1, ..., n} is a collection of (pairwise) disjoint subsets —
called blocks — whose union is [n]. As defined by Kreweras [73], such a partition is said to be
non-crossing if it fulfills the following property: for every quadruple 1 <i <j<k <{ < n,
if i and k belong to the same block and j and ¢ belong to the same block as well, then i, j, k,
and ¢ all belong to the same block. We denote by NC,, the set of all non-crossing partitions
of [n].

In Chapter 6, we consider for each integer n a random element of NC, and study the
behavior of this sequence as n — co. The case of the uniform distribution on the finite set
NC,, has been considered by Arizmendi & Vargas [10], Ortmann [91], as well as Curien &
Kortchemski [31]. We consider more generally simply generated non-crossing partitions,
using a Boltzmann sampling: each non-crossing partition in NC, is given a weight, we
then sample one proportionally to its weight. The main tool relies on a bijection between
non-crossing partitions and rooted plane trees, defined by Dershowitz & Zaks [35]. If the
partition is a simply generated non-crossing partition of [n], then the associated tree is a
simply generated tree with n + 1 vertices. Such random trees were introduced by Meir &
Moon [87] and studied by Janson [64].

We first consider statistics on large random non-crossing partitions; as examples, we
establish limit theorems for the size of the block containing 1 and that of a block chosen
uniformly at random, as well as for the number of blocks with size in a given set of integers.
We give two applications of our results. First, for any set A C N fixed, we give an asymptotic
formula as n — oo for the number of non-crossing partitions of [n] with blocks of size only
belonging to a A; for n fixed, exact formulas for the latter are known only when A = kN
(Edelman [46]) and when A = {k} for a given k > 2 (Arizmendi & Vargas [10]). Second, in
free probability, it is known that a compactly supported probability measure on R, say, y, is
characterized by the sequence of its free cumulants. Assuming that all the free cumulants of
u are non-negative (and that y is not a Dirac mass), we give an expression of the right edge
of its support, more explicit than that obtained by Ortmann [91] under the same assumption.
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Figure 1.3: The partition {{1,7, 9}, {2, 3}, {4, 5, 6}, {8}, {10, 11, 15, 16}, {12}, {13, 14}}.

Following Curien & Kortchemski [31], we then adopt a geometrical point of view. Indeed,
any partition of [n] can be visualized in the unit disk of the complex plane as follows: each
integer k € [n] is placed on the complex number exp(—2irk/n) and each block is represented
by the convex polygon spanned by its elements. A partition is non-crossing if and only if
these polygons do not cross, i.e. if their convex hulls are pairwise disjoint; see Figure 1.3 for
an example. Given a non-crossing partition, we consider the closed subset of the unit disk
formed by the vertices and edges of these polygons, viewed as line segments in the plane.
For every integer n, we consider a random element of NC,, and the associated closed set of
the disk; we then look for a convergence in distribution of this sequence of random sets. In
[31], such a convergence was obtained for the uniform distribution on NC,, and the limit
is the Brownian triangulation introduced by Aldous [6] and studied by Le Gall & Paulin
[77]. We shall see that this object is universal, in the sense that it appears as the limit of any
simply generated non-crossing partitions for which the distribution of the size of a typical
block has finite variance. When this distribution has a heavy tail, we obtain at the limit a
stable lamination introduced by Kortchemski [71].

In Chapter 7, we consider another random non-crossing configuration of the disk. A
non-crossing tree is a tree drawn in the unit disk having as vertices the n-th roots of unity for
some n € N, and whose edges are straight line segments and do not cross. A non-crossing
tree can be mapped to a plane tree, rooted at the complex number 1, however this mapping
is not one-to-one: several non-crossing trees have the same planar structure.

We consider the following canonical embedding of a planar tree into the disk: given a
planar tree with n vertices, we list these vertices in lexicographical (also called depth-first
search) order from 0 to n — 1, then the k-th vertex is sent to the complex exp(—2irk/n) to
form a non-crossing tree, see Figure 1.5 for an example. This defines a bijection between
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Figure 1.4: Three non-crossing trees with the same planar structure.

plane trees and non-crossing trees which “always turn to the right” in the sense that if the
vertices exp(—2irk/n) and exp(—2iz{/n) are linked by a chord and if exp(—2irk/n) is closer
to 1 than exp(—2iz{/n) for the graph distance, then k < ¢.

Figure 1.5: A plane tree and its embedding in the disk.

As for partitions, we view non-crossing trees as closed subsets of the unit disk; for every
integer n, we consider the embedding of a critical Galton—-Watson tree conditioned to have n
vertices and look for a limit in distribution as n — co. When the offspring distribution has
finite variance, we recover the Brownian triangulation at the limit. When this distribution
has a heavy tail, we obtain at the limit a new object, that we call stable triangulation, which
is informally obtained by “filling-in” a stable lamination. We give two constructions of this
random set and compute its Hausdorft dimension.

The rest of this chapter is devoted to some background on random trees, which are
needed to state precisely our results. The latter are postponed to the next two chapters. We
first introduce simply generated trees and Galton-Watson trees, which are a simple model
of random trees and which will play a crucial role in Chapters 6 and 7; they will also be used
in Chapter 4. We then recall the concept of real trees, and present several Polish topologies
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on sets of trees. Finally, we discuss a particular and central example of random real tree: the
Brownian continuum random tree.

1.2 Galton-Watson trees and simply generated trees

1.2.1  Definitions

Plane trees We follow the formalism of Neveu [89]. Let N = {1,2,...} be the set of all
positive integers, set N’ = {@} and consider the set of labels

U:UN".

n>0
Foru = (uy,...,uy) € U, we denote by |u| = n the length of u; if n > 1, we define
pr(u) = (ug,...,uy—1) and for i > 1, we let ui = (uy,...,up,i); more generally, for v =
(viy...,om) € U, we letuv = (ug,...,up,v1,...,0,) € U be the concatenation of u and
v. We endow U with the lexicographical order: given v, w € U, let z € U be their longest
common prefix, that is v = z(vy,...,v,), W = z(wy,...,wp) and v; # wy, then v < w if
U1 < wy.

Definition 1.1. A plane tree is a nonempty, finite subset 7 C U such that:
(i) 2 €r;
(ii) if u € 7 with |u| > 1, then pr(u) € ;

(iii) if u € 7, then there exists an integer k;, > 0 such that ui € 7 if and only if 1 < i < k,,.

We will view each vertex u of a tree 7 as an individual of a population for which 7 is
the genealogical tree. The vertex @ is called the root of the tree and for every u € 7, k,
is the number of children of u (if k, = 0, then u is called a leaf, otherwise, u is called an
internal vertex), |u| is its generation, pr(u) is its parent and more generally, the vertices
u, pr(u), pr o pr(u), . ..,pr'(u) = @ are its ancestors.

We denote by T the set of plane trees and for each integer n, by T, the set of plane trees
with n edges, or equivalently n + 1 vertices.

Galton-Watson trees Let i be a probability measure on Z,; which satisfies z(0) > 0 and
with expectation m := 3} ku(k) < 1. We shall always further assume that p(0) + p(1) <1
to avoid trivial cases. We define the law of a Galton-Watson tree with offspring distribution
u as the unique probability measure GW* on T satisfying the following conditions:
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(i) GWH(kg = j) = p(j) for every j > 0;

(ii) For every j > 1such that u(j) > 0, conditional on the event {ky = j}, the subtrees that
stem from the children of the root {u € U;1u € 7}, ..., {u € U; ju € 7} are independent
and distributed as GW*.

The following explicit formula for the law GW* is originally due to Otter [93]:
GWH(r) = | | nlks). (1)

UeTt

The denomination comes from the fact that if we denote by Z, the number of vertices at
generation n for each n > 0, then under GW¥, the sequence (Z,;n > 0) is a Galton-Watson
process issued from 1. The assumption m < 1is equivalent to > ) Z, < co, GW¥-almost
surely. We shall focus on the case where m = 1, for which the expectation of }’7” j Z, under
GWH is infinite; such an offspring distribution (and then such a tree) is called critical.

Let us give two examples of a distribution y on Z, which give rise to remarkable critical
Galton-Watson trees. We denote by GW/, the law on T, of a Galton-Watson tree with
offspring distribution i conditioned to have n + 1 vertices, providing that this conditioning
makes sense.

Example 1.2. (i) When p is the geometric distribution with parameter 1/2, the law GW,
is the uniform distribution on T,. Indeed, for every 7 € T}, since each vertex, except
the root, has a unique parent, we have }’,c, k, = n, whence

GWH(r) = | | plky) = [ |27t = 27CmD),
UET UEeT

Then GW/(r) = 2~ VGWH(T,) ™" for every 7 € T,, which does not depend on the
choice of 7.

(ii) Let y be the Poisson distribution with parameter 1. Sample a tree according to GW4,,
view it as a non-planar (or unordered) tree and assign labels from 1 to n + 1 to the
vertices uniformly at random. Then the tree that we obtain is a uniform rooted Cayley
tree with n + 1 vertices. Indeed, in this case, for every 7 € T),

-1
Gw(r) = | | % =e ] %
uer uer
Then there are (n + 1)! [] e, k%' different ways to make 7 a labelled rooted unordered
tree. It follows that the probability that a tree sampled according to GW# with a
uniform random labelling of its vertices is a particular labelled rooted unordered tree
of size n +1, say, t,, is e (4 (n+1)!, which does not depend on the choice of #,. Note
that the parameter of the Poisson law is irrelevant.
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Simply generated trees More general distributions of random plane trees are that of
simply generated trees, which were introduced by Meir & Moon [87]. We generalize the law
of a Galton-Watson tree (1.1) as follows. Given a sequence w = (w(k); k > 0) of nonnegative
real numbers (thought of as elementary weights), with every r € T we associate a weight

Q*(r) = | | wiku);

Uuer

we define then for every integer n a partition function

ZY = Z Qv (7).

TeT,

Implicitly, we shall always restrict our attention to the values of n for which Z)” > 0. In this
case, for every 7 € T,, we set

Zv (1.2)

A random tree of T, sampled according to Q) is called a simply generated tree. Observe that
if w is a probability measure on Z, with expectation at most 1, then Q% = GW/, for every
integer n.

The following simple remark, which will be useful in Chapter 6, is originally due to
Kennedy [69], see also Janson [64, Chapters 3 & 4]. We say that two sequences w = (w(k); k >
0) and v = (v(k); k > 0) are equivalent when there exist a, b > 0 such that v(k) = ab*w(k)
for every k > 0. In this case, we compute for every 7 € T,

Q¥(r) = ]_[ abkuw(k,) = a™b"QY (1),

uer

from which it follows that
QY =Q,  forevery n>1.

We see that we do not change the law of the simply generated tree when we change the
sequence of weights for an equivalent sequence in the above sense. Therefore, if w admits a
probability measure on Z, with mean 1 in its equivalence class, then we reduce the study of
a simply generated tree to that of a conditioned critical Galton-Watson tree. It is possible to
define a probability equivalent to w if and only if the generating series z > 3> | w(k)z* has
a non-zero radius of convergence, say, p; then every b € (0, p) defines a probability measure
it = (ab*w(k); k > 0), with the correct normalizing factor a > 0. Moreover, i has mean 1 if
and only if 32 | kab*w(k) = Do abfw(k) = 1. Janson [64, Lemma 3.1] observed that the
function

S o kw(k)tk

¥:t — .
Dieo Wikt
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is finite, null at 0, continuous and strictly increasing on [0, p). Therefore every value in the
interval (0, ¥(p—)) is the expectation of exactly one probability measure equivalent to w
and w is equivalent to a (unique) critical probability measure if and only if

-1

p = (lim sup w(k)l/k) > 0 and lim¥(t) > 1.
k—o0 tTp

Moreover, one can control the variance and tail distribution of this probability measure, see

[64, Section 4].

Example 1.3. Let A be a subset of Z, containing 0 and at least one other integer. Set
wa(k) = 1if k € A and wa(k) = 0 otherwise. Observe that Q,* is the uniform distribution
on the set of trees of size n + 1 for which each vertex has a number of children in A. Then
there exists a critical probability measure 74 equivalent to wy, defined by

gk
aatk) = ——=lkea (k2 0),
ZjeA A
where £4 > 0 satisfies
IRADIA
jeA jeA
In particular, for A = NZ, for a fixed N > 1, we have
N
nnz, (k) = Ikenz, (k >0).

Note that for N = 1, we obtain the geometric distribution 77, = (2_(k+1); k > 0), which
recovers Example 1.2 (i).

1.2.2 Coding planar trees by a discrete paths

We fix for the whole subsection a tree 7 € T, and we let @ = u(0) < u(1) < --- < u(n) be its
vertices, listed in lexicographical order. We describe three bijections between 7 and discrete
paths. Recall that k, denotes the number of children of u € 7 and |u| its generation.

The Lukasiewicz path. Define W = (Wj;0 < j < n+1) by Wy = 0 and forevery 0 < j < n,
Wi = W) + ku() = 1.

One easily checks that W; > 0 for every 0 < j < nbut W,;; = —1. Observe that W, —W; > -1
for every 0 < j < n, with equality if and only if u(j) is a leaf of 7. We shall think of such a
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Figure 1.6: A plane tree and its Lukasiewicz path.

path as the step function on [0, n] given by s — W|;. The next proposition describes how to
reconstruct a plane tree from its Lukasiewicz path.

Proposition 1.4. Let W be the Lukasiewicz path of T. Fix 0 < j < n — 1 such that k =
Wipi—W;+12> 1. Letsy,...,sx € {1,...,n} be defined by

si=inf{l > j+1: Wy = Wy — (i — 1)} for 1<i<k.

Note that s; = j + 1. The vertices u(sy),u(sz),...,u(sx) are the children of u(j) listed in
lexicographical order.

As a consequence, with the notations of the proposition, for every j € {1,...,n}, the
parent of u(j) is u(f) where £ = sup{m < j : Wy, < W;}; furthermore u(j) is the Wy,; — W, +1-st
child of u(€). We can then describe the ancestors of a vertex u(j) by considering the set

{56{0,...,]’}:Wg: inf Wm}.

{<m<j

The latter contains |u(j)| + 1 elements, say, 0 = ag < a; < -+ < ayj)| = Jj, and for every
t €{0,...,|u(j)| — 1}, u(ar) is the parent of u(asi1).

The Lukasiewicz path associated with a Galton-Watson tree with offspring distribution
[ is a quite simple object. Indeed, define a probability measure on {-1,0,1,...} by ji(k) =
u(k + 1) for every k > —1; then if we sample a tree according to GW¥, the associated
Lukasiewicz path is distributed as a random walk on Z starting from 0 with step distribution
i and stopped at the first hitting time of —1 (see e.g. Le Gall & Le Jan [75]). This allows to
deduce properties of large Galton-Watson trees from that of random walks. However, if
some properties of a tree can be easily obtained from its Lukasiewicz path, like the largest
degree (which is given the highest jump plus one), some others are not, like the number of
vertices at a given height. The latter is better expressed by the height process that we now
describe.
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The height process. Following Le Gall & Le Jan [75], we define a process H = (H;;0 <
j < n)by

H; = |u(j)l for every je€{0,...,n}.
As opposed to the Lukasiewicz path, we shall think of H as a continuous function on [0, n],

obtained by linear interpolation: s — (1—{s})H|s| + {s}H|sj+1, Where {x} = x — | x]. Similarly
to the Lukasiewicz path, one can recover the tree from its height process.

13 14

0 } } } } } t t t
2 4 6 8 10 12 14 16

Figure 1.7: A plane tree and its height process.

Proposition 1.5 ([75]). Let H be the height process of T. Fix 0 < j < n—1 such that Hj;; > H;
and consider the set

{52j+1:Hg:Hj+1: min Hm}.

jHlsmst

Denote by k > 1 its cardinal and by j +1 = s; < --- < si its elements. Then the vertices
u(sy), u(sz), ..., u(sg) are the children of u(j) listed in lexicographical order.

The height process associated with a Galton-Watson tree is not Markovian in general.
However, it is closely related to the Lukasiewicz path. Indeed, from the previous discussion,
for every j € {0,...,n}, we have

Hj:Card{fe{O,...,j—l}:Wg: inf Wm}, (1.3)

{<m<j

since the set on the right describes the ancestors of u(j), including the root and excluding

u(j) itself.

We will use the Lukasiewicz path and the height process to define non-crossing partitions
and non-crossing trees in Chapters 6 & 7. Let us briefly mention a third coding of a plane
tree by a path, since the latter is close to the procedure that we adopt in the next section for
real trees.
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The contour process. Define the contour sequence (cy, ¢y, . . ., c2,) of 7 as follows: ¢y = @
and for each i € {0,...,2n — 1}, ¢j} is either the first child of ¢; which does not appear in
the sequence (cy, . . ., c;), or the parent of ¢; if all its children already appear in this sequence.

We then define the contour process C = (Cj;0 < j < 2n) by
Cj = lcjl for every j e {0,...,2n}.

Again, we shall think of C as a continuous function on [0, 2n], obtained by linear interpolation.
Note that C; > 0 for every 0 < j < 2nand Cy = Cy, = 0.

13 14

0 t t 1 1 t t t 1
4 8 12 16 20 24 28 32

Figure 1.8: A plane tree and its contour process.

One can define this process in terms of the height process which shows the bijection
between a tree and its contour process. Let us only give an intuitive idea of how to recover a
tree from its contour process as a similar procedure will be used below for real trees. Consider
the following equivalence relation on {0,...,2n}: i ~ j when C; = C; = min;jj<¢<iv; Ce.
There are n + 1 equivalence classes; we merge two points (i, C;) and (j, C;) whenever i ~ j to
form the vertices of the tree, the line segments of C then merge to form the edges.

1.3 Gromov-Hausdorff-Prokhorov topology and real trees

1.3.1  Real trees

Definition 1.6. A real tree is a compact metric space (7, d) which satisfies the following
two properties:
(i) For every x,y € 7, there is a unique isometric map ¢, , from [0, d(x, y)] into T such
that (Px,y(o) = x and (Px,y(d(X, Y) =v.

(ii) For every x,y € T and every continuous injective map f from [0, 1] into J such that
f(0) = x and f(1) =y, we have f([0,1]) = ¢x,([0,d(x,y)]).
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Some authors suppose the space complete instead of compact; however in this work we
will only consider compact real trees so we include the compactness in the definition. Real
trees can also be defined as the path-connected compact (or complete) metric spaces (7T, d)
which fulfill the so-called four points inequality: for all x,...,x4 € T,

d(xy, x3) + d(x3,x4) < max{d(xy, x3) + d(x2, x4), d(x1, x4) + d(x2, x3)};

see e.g. Evans [47] or Dress, Moulton and Terhalle [39].

The range of the mapping ¢y, above is the geodesic between x and y in T and is denoted
by [x,y]l. We will say that a real tree (7,d) is rooted if there is a distinguished element
p € J called the root. In this case, similarly to the discrete setting, we can interpret J as a
genealogical tree: for every x,y € 7, we say that x is an ancestor of y when x € [p, y]; this
defines a partial order on 7. The degree of a point x € T is the (possibly infinite) number of
connected components of the open set T\ {x}. A point with degree one is called a leaf; we
denote by Lf(7) the set of leaves of T and by Sk(7) := T\ Lf(7) its skeleton. Note that the
closure of the skeleton is the whole tree.

An easy way to construct a real tree (and a similar procedure shall appear later for
laminations) is from an “excursion-type” function. Let g : [0, 0) — [0, o) be a continuous
and compactly supported function such that g(0) = 0. We define a pseudo-distance on [0, c0)
by setting

dg(s,t) = g(s) +g(t) =2 _min g(r)
re[sAt,sVi]
for every s, t € [0, ). Define then an equivalence relation on [0, o) by setting s 2 tifand
only if dy(s, t) = 0 or, equivalently, g(s) = g(t) = minfs;sv¢] g. Consider the quotient space

Ty = [0,00)/ Z

equipped with the distance induced by dy; we keep the notation d, for simplicity. Denote
by py : [0, 00) — T, the canonical projection. Since g is continuous then p, is continuous as
well from [0, o) equipped with the Euclidean distance to (7, dy). In particular, the latter is
a compact and connected metric space.

Theorem 1.7 ([45]). The metric space (T4, dy) is a real tree, which can be naturally rooted at
p = py(0). Conversely, any rooted real tree can be represented in such a form 7.

Observe that any finite plane tree can be seen as a (compact) metric space, when endowed
with the graph distance. Furthermore, it can be turned into a real tree, by replacing each
edge by a line segment of unit length; the associated function g is the linear interpolation of
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the contour process. See Haas & Miermont [58, Section 3.2.1] for a detailed discussion on
“turning discrete trees into real trees”.

In addition to the structure of metric space, we will need to consider measures on trees.
When needed, we will equip the tree (T, d) with a Borel finite “mass” measure p. When
T = 7y, we consider the push-forward of the Lebesgue measure Leb on the support of g by
Pg: 1 = Jig = pg * Leb = Leb(pg_l(-)). In the sequel, we shall always consider functions g
supported by [0,1], so that y, is a probability measure. A triple (7, d, p1) is a particular case
of compact metric measured space. In order to consider random such objects and their weak
convergence, we next recall how to endow them with Polish topologies.

1.3.2 Gromov-Hausdorff-Prokhorov topology

Let (E, §) be a Polish space and denote by C(E) and K(E) respectively the sets of closed sets
and of compact sets of E. We recall the Hausdorff distance on K(E):

5{_31(A, B) =inf{e >0:AcC B°and B C A®} forevery A,B¢€ K(E),

where A® = {x € E: §(x,A) < ¢} is the e-enlargement of A. Recall that if (E, §) is compact,
then sois (K(E), 511_51), see e.g. Burago, Burago & Ivanov [26, Theorem 7.3.8]. Let M;(E) denote
the set of all Borel probability measures on E. Recall also the definition of the Prokhorov
metric: for every p, v € My(E),

55(;1, v) = inf{e > 0 : p(A) < v(A®) + ¢ and v(A) < p(A®) + ¢ for any A € C(E)}.

It is well-known (see e.g. Billingsley [21]) that (M;(E), 55 ) is a Polish space, and that the
topology generated by 55 is that of weak convergence.

In order to compare two compact metric spaces, we will use the Gromov-Hausdorff
distance, which has been introduced by Gromov (see e.g. [57]): for every compact metric
spaces (X,d) and (X’,d’), we set

dou(X, X') = inf{8($(X), ¢’ (X))}

where the infimum is taken over all possible choices of a metric space (E, §) and isometric
embeddings ¢ : X — E and ¢’ : X’ — E. Similarly, if X and X’ are equipped with Borel
probability measures p and p’ respectively, we consider their Gromov—-Prokhorov distance:
set

dap(X, X') = inf{SF (¢ * 1, ¢ * 1)}
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where again the infimum is taken over all possible choices of a metric space (E, §) and all
isometric embeddings ¢ : X — E and ¢’ : X’ — E, and ¢ % p1, ¢’ x i’ denote the push-forward
of u, i’ by ¢, ¢’ respectively. Finally, we can consider both the metric and the measure with
the Gromov-Hausdorft-Prokhorov distance:

dorp (X, X') = inf{S5($(X), ¢’ (X)) V 85 (¢ * p. ¢ * ')},
where the infimum is as above.

For every a > 0 and every compact metric measured spaces (X, d, p) and (X', d’, /'),
we denote by aX the space (X, ad, u) and similarly aX’ the space (X', ad’, ii’). Observe
that dgr(aX, aX’) = adgu(X, X’) but in general dgp(aX, aX’) differs from adgp(X, X’) and
dcup(aX, aX’) from adgpp(X, X’) as only the distances are scaled and not the measures.
Nonetheless, when 7 is a discrete tree and 7 is the real tree obtained by replacing the edges
of 7 by line segments of unit length, we have by the following bound:

dgup(ar,a7T) < a for every a > 0. (1.4)

Note that the three functions dgy, dcp and dgpp are only pseudo-distances; two compact
metric spaces (X, d) and (X', d") are called equivalent if there is an isometry that maps X
onto X’; (X,d, p) and (X', d’, i) are called equivalent if in addition the push-forward of p by
the isometry is . We shall always implicitly identify two equivalent spaces. We denote by
M the set of equivalence classes of compact metric spaces, and by .#,, the set of equivalence
classes of compact metric measured spaces.

Theorem 1.8 ([49], [56], [88]). The spaces (. ,dcu), (M., dcp) and (., dgup) are separable

and complete metric spaces.

Denote next by .7 the set of all equivalence classes of real trees and by .7, the set of
equivalence classes of measured real trees.

Theorem 1.9 ([48], [49]). The space .7 is a closed subspace of (# ,dcy); the space 7, is a
closed subspace of both (M., dcp) and (M., dcrp).

Remark 1.10. We will be considering pointed spaces, i.e. with one or several distinguished
elements (such as the root of a real tree). The distances can then be adapted to complete and
separable metrics on pointed spaces. As an example, if (X, d, ) and (X', d’, ') are a metric
spaces and x,...,xx € X and x/,. .. ,x]’c € X' are k distinguished elements, we define the
k-pointed Gromov-Hausdorff-Prokhorov distance between X and X’ as the infimum of the
quantities

S($(X), ¢' (X)) V S5 (P x p, ¢ % ) V max §(¢(x;), ¢'(x;))
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over all possible choices of a metric space (E, §) and all isometric embeddings ¢ : X — E
and ¢’ : X’ — E.

Let us give a simple characterization of the convergence in the sense of the (pointed)
Gromov-Prokhorov topology, see e.g. Lohr [78]. For each n € N U {co}, consider a k-
pointed compact measured metric space (X, {xn1, - - - » Xnk}> dn, Hin), set xn(i) = x,,; for each
i=1,...,kandlet (y,(i);i > k + 1) be i.i.d. random variables sampled according to p,. By
Gromov’s reconstruction theorem [57, Chapter 3%], the distribution of (d,(y, (i), x»(j));i,j =
1) characterizes X,.

Proposition 1.11 ([78]). The convergence X, — X« asn — oo for the k-pointed Gromov—
Prokhorov topology is equivalent to the convergence in distribution of the matrices

(dn(n (D), Xn());1< 0, j < 0) - (doo (Yoo (i), Yoo ()1 S 1, <€)

n—oo

for every integer € > 1 fixed.

Let us end this section with a few words on random real trees. In view of Theorem 1.7,
one is tempted to define a random real tree as the tree T, coded by a random function g. The
next lemma due to Duquesne & Le Gall shows that this procedure indeed defines a random
variable, i.e. that the map g — T, is measurable.

Lemma 1.12 ([45]). Let g,¢g" : [0,00) — [0, 00) be two continuous functions with compact
support such that g(0) = g’(0) = 0. Then,

deu(Tg, Tg) < 2llg - 4'll,
where || - || : g — SUPve[0,00) lg(x)| is the uniform norm.

The proof in [45] easily follows from the representation of the Gromov-Hausdorff
distance in terms of distortions, see e.g. Burago, Burago & Ivanov [26] for this alternative
representation. Note finally that if g, — g for the uniform topology, then T, — T, for the
Gromov-Hausdorff-Prokhorov topology.

1.4 The Brownian tree

Let B¥ = (B¥(s); 0 < s < 1) be the standard Brownian excursion with duration 1. A possible
definition (see Section 3.2 below for a more detailed construction) is the following: denote by
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B
d; = inf{s > 1; B(s) = 0}. Note that d; > g; almost surely, we then set

(B(s);s = 0) a standard Brownian motion and consider g; := sup{s < 1; B(s) = 0} and

1
B™(s) = |B(g1 + (d1 — g1)s)| for se[0,1].
Y di— g
The process B takes values in the Polish space C([0, 1], R) of real-valued continuous func-
tions on [0, 1] equipped with the uniform distance. Theorem 1.7 and Lemma 1.12 justify the
next definition.

Definition 1.13. The Brownian continuum random tree (CRT for short) is the random real
tree Typex coded by twice the standard Brownian excursion.

Figure 1.9: Simulations of B¥ and Tjpex.

Aldous [3, 4, 5] introduced the CRT, first as a compact subset of the space ¢!(R) of
real-valued summable sequences, and then as above. As proved by Theorem 23 in [5], the
CRT arises naturally as limit of large Galton-Watson trees. Recall the notation C(7) for
the contour process of a plane tree 7 and GW/, for the law of a Galton-Watson tree with
offspring distribution i conditioned to have n edges.

Theorem 1.14 ([5]). Let u be a critical probability measure on Z, with variance o € (0, o).
For every n > 1 for which GWY, is well defined, sample a tree 7, according to GWY,. Then the
convergence in distribution

([Cmtmiscton] 2 s 0.1)
holds in C([0,1],R).

It then follows from Lemma 1.12 that, under the above assumptions,

o )
— T —>  Tppe (15)

vﬁ n—oo
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for the Gromov-Hausdorff-Prokhorov topology, where 7, is equipped with the graph distance
and the uniform probability measure on the set of vertices. Here we implicitly approximate
the discrete tree 7, by the real tree T}, obtained by replacing the edges by line segments of unit
length. This is plainly justified since, according to (1.4), the Gromov-Hausdorff-Prokhorov
distance between these rescaled trees is bounded from above by o/+/n. We will use the
convergence (1.5) in Chapter 4 when p is the Poisson distribution with parameter 1 (recall
from Example 1.2 that 7, is then a uniform rooted Cayley tree). We shall recall in Chapter 3
an important extension of Theorem 1.14 due to Duquesne [43].

Markov branching trees and the CRT Aldous [5] observed that the mass measure y on
the CRT is diffuse and supported by the set of leaves: p(Sk(T2pex)) = 0. The CRT indeed
also appears as the limit for the Gromov-Hausdorff-Prokhorov topology of trees equipped
with the uniform probability distribution on leaves. As an example, Haas & Miermont
[59] studied the behavior of Markov branching trees. The latter is a sequence of random
trees (T,;; n > 1) where T, has n leaves, and which satisfy the following Markov branching
property: conditional on the event that the root of T, has k children-trees with ¢, ...,
leaves respectively, the tree T, is distributed as that obtained by gluing on a common root
k independent trees distributed respectively as Ty,, . . ., Ty, . The distributions of such trees
T, are entirely characterized by the probabilities of the previous events and under some
assumption on these splitting probabilities, Haas & Miermont [59] (see also Rizzolo [103])
obtained the convergence of the trees T, properly rescaled and equipped with the uniform
probability distribution on leaves to so-called fragmentation trees, that they introduced
previously in [58].

In the next Chapter, we recall the definition of the cut-tree Cut(t) of a tree ¢, and we will
see that if (t,;n > 1) is a sequence of Cayley trees of size n respectively, then the sequence
(Cut(t,); n > 1) fulfills the Markov branching property (which is a direct consequence of the
splitting property previously described) as well as the assumptions of [59] so that Cut(t,)
converges to a fragmentation tree which is, in this case, the Brownian CRT. When each
tree t, is a random recursive tree of size n, the sequence (Cut(t,); n > 1) fulfills the Markov
branching property but not the technical assumption of [59]; the convergence follows from
other considerations and indeed, the limit — the interval [0, 1] — is not a fragmentation tree
in the sense of [58].









2

FIRES ON LARGE RANDOM TREES

In this chapter, we study the model of random fire dynamics presented in Section 1.1 on
general random trees, based on the work [82]. For every integer n > 1, we consider a
random tree T, with n labelled (for convenience) vertices, say, [n] = {1,...,n} and a fire
rate p, € [0,1]. In the first section below, we state and prove a rigorous phase transition
phenomenon, and express the critical regime — for which the proportion of burnt and
fireproof vertices of T, has a non-trivial limit — in terms of the law of T,. We then state and
prove the joint convergence of the sizes of the burnt subtrees of T, in the critical regime.
In Sections 2.2 and 2.3, we then present the main results developed in Chapters 4 and 5
respectively, where this dynamics is studied in more details for Cayley trees and random
recursive trees.

Figure 2.1: Given a tree and an enumeration of its edges on the left, if the edges set on fire
are the 6th and the gth, we get the two forests on the right where the burnt components are
drawn with dotted lines and the fireproof ones with plain lines.
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2.1  General results

Let us first recall the definition of the cut-tree introduced by Bertoin [16]. We associate with
T, a random rooted binary tree Cut(T,) with n leaves which records the genealogy induced
by the fragmentation of T,: each vertex of Cut(T,) corresponds to a subset (or block) of
[n], the root of Cut(T,) is the entire set [n] and its leaves are the singletons {1}, ..., {n}. We
remove successively the edges of T, in a uniform random order; at each step, a subtree of
T, with set of vertices, say, V, splits into two subtrees with sets of vertices, say, V' and V"
respectively; in Cut(T,), V' and V" are the two offsprings of V. Notice that, by construction,
the set of leaves of the subtree of Cut(T,) that stems from some block coincides with this
block. See Figure 2.2 below for an illustration.

abcdefghijk

Figure 2.2: A tree with the order of cuts on the left and the corresponding cut-tree on the
right. The order of the children in the cut-tree is irrelevant and has been chosen for aesthetic
reasons only.

As alluded in Chapter 1, the cut-tree is an interesting tool to study the isolation of nodes
in a tree. As an example, sample k vertices uniformly at random with replacement in the tree
Tp, say, Uy, . . ., Ux. Then independently, start the fragmentation of the tree as described above
but in addition, each time the removal of an edge creates a connected component which does
not contain any of the k selected vertices, discard immediately the latter component. This
dynamics stop when the tree is reduced to the k selected singletons. It should be plain that
the subtrees which are not discarded correspond to the blocks of the tree Cut(T,) reduced to
its branches from its root to the k leaves {Ui}, ..., {Ux}. As a consequence, the number of
steps of this isolation procedure is given by the number of internal nodes of this reduced tree
or, equivalently, its length minus the number of distinct leaves plus one; in the case k = 1,
the latter is simply the height of a uniform random leaf in Cut(T,).
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We endow Cut(T,) with a mark process ¢,: at each generation, each internal (i.e. non-
singleton) block is marked independently of the others with probability p, provided that
none of its ancestors has been marked, and not marked otherwise. This is equivalent to
the following two-steps procedure: mark first every internal block independently with
probability p,, then along each branch from the root to a leaf, keep only the closest mark to
the root and erase the other marks. Throughout this work, “marks on Cut(T,)” shall always
refer to the marks induced by ¢,.

Consider the fire dynamics on T,; if we remove each edge as soon as it is fireproof,
then, when an edge is set on fire, it immediately burns the whole subtree which contains it.
Observe that the only information which is lost with this point of view is the geometry of
the fireproof forest. We can couple this dynamics on T, and the cut-tree Cut(T,) endowed
with the marks induced by ¢,, in such a way that the marked blocks of Cut(T},) correspond to
the burnt subtrees of T, and the leaves of Cut(T,) which do not possess a marked ancestor
correspond to the fireproof vertices of T,, see Figure 2.3 for an illustration. We implicitly
assume in the sequel that the fire dynamics on T, and the pair (Cut(T},), ¢,) are coupled in
this way.

“J o, g - R
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Figure 2.3: The forest after the dynamics and the corresponding marked cut-tree. The burnt

components are drawn with dotted lines and the fireproof ones with plain lines

Fix k € N and let R, x be the tree Cut(T,) reduced to its branches from its root to k
leaves chosen uniformly at random with replacement; denote by L, the length of R, .
Let r : N — R be some function such that lim,_,., r(n) = co. We introduce the following

hypothesis:

» @
r(n)" Lk — Ly (Hy)

where Ly is a non-negative and finite random variable. The arguments developed by Bertoin
[16, 17] allow us to derive the following result.
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Proposition 2.1. Denote by I, the number of fireproof vertices in T,,.
(i) If (Hy) holds and lim,_,o r(n)p, = 0, then n™'I,, converges in probability to 1.

(ii) If (H,) holds and lim,_,« r(n)p, = oo, then for every ¢ > 0, we have limsup,_,  P(I, >
en) < e 'P(L; = 0). In particular, if L; > 0 almost surely, then n™'I,, converges in
probability to 0.

(iii) If (Hg) holds for every k € N and lim,_,o r(n)p, = ¢ withc € (0, c0) fixed, then we have
the convergence in distribution

n’'I, — D(c),
where the law of D(c) is characterized by its entire moments: for every k > 1,
BID(c)"] = Elexp(~cLy)]. (21)

Note that D(c) # 0 and also D(c) =1 if and only if Ly = 0.

Proof. Fix k € N; the variable n™'I, represents the proportion of fireproof vertices in T,
therefore its k-th moment is the probability that k vertices of T, chosen uniformly at random
with replacement and independently of the dynamics are fireproof. Using the coupling with
Cut(T,), the latter is the probability that there is no atom of the point process ¢, on R, .
We thus have

E[(n™'1)*] = E[(1 - p) 4],

where X, i denotes the number of internal nodes of R, ;. Observe that L, ; — X, x is equal to
the number of distinct leaves of R, x minus one, which is bounded by k — 1, then (Hj) yields

lim E[(n"'I,)*] = E[exp(—cLi)] when r(n)p, — c € [0, ),

n—0o0
as well as
lim sup E[(n"'I,)*] < P(Ly = 0) when r(n)p, — oo,
and the three assertions follow. O

The next proposition offers a reciprocal to Proposition 2.1, which shows that (Hy), k € N,
form a necessary and sufficient condition for the critical case (iii). Observe that, if D(c) is
defined as in (2.1) for every ¢ € (0, ), then lim._,o4+ D(c) = 1 in probability.

Proposition 2.2. Suppose that for everyc € (0, 00), iflim,_, r(n)p, = c, then n™'I, converges
in distribution as n — oo to a limit D(c) which satisfies and lim._,o+ D(c) = 1 in probability.
Then (Hy) is fulfilled for every k € N and the Laplace transform of Ly is given by (2.1).
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Proof. Fix k € N. For every ¢ € (0, o), the convergences n™'I, — D(c) in distribution and
r(n)p, — c imply that
E[D(c)*] = lim E[(n',)¥] = lim E[(1 - pa)**] = lim E[exp(~cr(n) 'Lnx)].
n—oo n—0oo n—oo

Moreover, the assumption lim,_,o; D(c) = 1in probability implies that E[D(c)*] converges
to 1as ¢ — 0+. We conclude from a classical theorem, see e.g. Feller [50, Theorem XIIL.1.2]
that the function ¢ — E[D(c)¥] is the Laplace transform of some random variable L > 0
and r(n) 'L, x converges in distribution to L. O

For the critical case p, ~ c/r(n), under a stronger assumption, we obtain the joint
convergence in distribution of I,, and the sizes of the burnt components, all rescaled by n.
To this end, let (7,d, p, ) be a random (compact) rooted real tree, equipped with it mass-
measure y (recall the definitions in Section 1.3). For each integer k, denote by R(7, k) the
tree J spanned by its root and k i.i.d. elements chosen according to pu:

k
R(T, k) = U [p, xi where (xi,..., k) areiid. with law p. (2.2)

i=1
Observe that R, x = R(Cut(T,), k) if Cut(T,) is viewed as a real tree, where edges are replaced
by line segments of unit length, rooted at [n] and equipped with the uniform distribution
on leaves. Let r : N — R be some function such that lim,_, r(n) = co. We introduce the

following hypothesis:
d
) Rux o R(T.E). (H))
n—>oo

Recall from Proposition 1.11 that the fact that all the (Hl,c)’ k € N, hold is equivalent to the
convergence of r(n) 'Cut(T,) to T for the pointed Gromov-Prokhorov topology. Indeed, the
distance is a continuous function and the matrix of the distances as defined in Proposition
1.11 determines entirely the reduced tree. It will be however easier to work with the reduced
trees.

The distance on 7 induces an extra length-measure ¢, which is the unique o-finite
measure assigning measure d(x, y) to the geodesic path between [x,y]. We define on T
a point process @, analogous to ¢, on Cut(T,): first sample a Poisson point process with
intensity cf(-), then, along each branch from the root to a leaf, keep only the closest mark
to the root (if any) and erase the other marks. The process @, induces a partition of T in
which two elements x,y € T are connected if and only if there is no atom on the geodesic
with extremities x and y. Denote by #(7T, ®.) the sequence of the y-mass of each connected
component of T after logging at the atoms of &, the root-component first, and the next in
non-increasing order.
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Recall that I, denotes the number of fireproof vertices in T, and let b, , > b, > --- > 0
be the sizes of the burnt subtrees, ranked in non-increasing order.

Proposition 2.3. If (H}) holds for everyk € N, then in the regimep, ~ c/r(n), the convergence

-1 * * (d)
D G bl bl ) > #(T, D)

n—>oo

holds in distribution for the €' topology.

Remark that (H;) implies (Hy) where Ly is the total length of R(T, k); further the first
element of #(7, ®.) is the variable D(c) of Proposition 2.1 and we can interpret identity (2.1)
using J. Sample Uj, ..., Ur € T independently according to y and denote by R(T, k) the
associated reduced tree. Denote also by C. the root-component of T after logging at the
atoms of ®.. Then D(c) = u(C.) and

E[D(c)*] = E[u(C)¥] = P(U,, ..., Uk € Co).

Since Uy, . . ., Ux belong to C, if and only if there is no atom of the Poisson random measure
on R(7T, k), we also have

P(U, ..., Uk € C.) = E[exp(—cl(R(T,k)))] = E[exp(—cLy)].

The proof of Proposition 2.3 is essentially that of Lemma 2 in [81] which considers the
case where T, is a Cayley tree of size n, for which, as we will see, (H; ]2) holds for every k € N
with r(n) = y/n and where T is the Brownian CRT defined in Section 1.4. The arguments
follow closely Section 2.3 of Aldous & Pitman [8] who considered the logging of the CRT at
all the atoms of a Poisson point process with intensity c¢f (and not only ®).

Proof. Consider the cut-tree Cut(T,) with the marks induced by ¢, and log it at the mid-
point of each edge connecting a marked block to its parent. Let #(Cut(T},), ¢,) be the vector
whose entries count the number of leaves of each component, with the root-component first,
and the next in the non-increasing order of their size. From the coupling introduced at the
beginning of this section, we have

#(Cut(Tn), @n) = (I by 1. by 50 - -2 ). (2.3)

For each k > 1, we denote by #R,,(k, ¢,) the vector whose entries count the number of leaves
of each tree in the forest obtained by logging the reduced tree R, at the marks induced
by ¢n, the root-component first, and the next in non-increasing order. Denote by #R(k, ®.)
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the similar quantity for the reduced tree R(7, k) logged at the marks induced by ®., where
we count the number of vertices y; defined as in (2.2). Then it is easy to extend (H}) to the
convergence of the reduced trees endowed with the point process of marks and it follows
that

d
$Ru(kogn) > #R(K, Do)

for every k € N. The law of large numbers entails that

k4 R(k, @) —  #(T,d.).

k—o0

We can then build a sequence k, — oo sufficiently slowly as n — oo, so that

d
KR (ks )~ #(T, D),

n—oo
from which we conclude that
d
FHCU(T,), @) > #(T, B);

n—oo

see e.g. Lemma 11 of Aldous & Pitman [8]. Appealing (2.3), this last convergence is the claim
of Proposition 2.3. O

2.2 Fires on large Cayley trees

In Chapter 4, we study this fire dynamics in more details in the case where each T, is a
Cayley tree of size n. Bertoin [16] proved that the assumptions (H;) hold for all k > 1, where

r(n) =+n and 7 is the Brownian CRT.

This follows from the work of Haas & Miermont [59] discussed in Section 1.4. Indeed,
the splitting property asserts that the removal of a uniform random edge of Cayley tree
produces two subtrees which are, conditional on their size, independent Cayley trees. It
follows that the sequence (Cut(T,);n > 1) fulfills the Markov branching property defined
in Section 1.4. Bertoin [16, Lemma 1] proves then the technical assumption of Haas and
Miermont [59] so that their limit theorem applies. Therefore Proposition 2.1 holds (see [16,
Theorem 1]) with r(n) = v/n and the limit D(c) in the critical regime is given by the mass of
the root-component of the CRT after logging at the atoms of &, or, equivalently, of an entire
Poisson point process with rate ¢ per unit length (this does not affect the root-component);
the distribution of the latter is given explicitly by Aldous & Pitman [8]:

sz

P(D(c) € dx) = ))dx, 0<x<l1. (2.4)

27x(1— x)3 ( 2(1—x
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Figure 2.4: A sample of Cut(T5 o).

Asymptotic size of the burnt subtrees in the critical regime Our first result gives a
representation of the limit #(7, ®.) of Proposition 2.3 in terms of the jumps made by a certain
conditioned stable subordinator. More precisely, we consider (o (t);¢ > 0) the first-passage
time process of a linear Brownian motion and J; > J, > - -+ > 0 the ranked sizes of its jumps
made during the time interval [0, 1]. One can make sense of the conditional distribution of
the sequence (J;);>; given o(1) = z in the set £*(R) of real-valued summable sequences.

Theorem 2.4. In the regime p, ~ c/+/n, we have for all continuous and bounded maps
f:(0,1) > RandF:{'(R) - R:

b b
lim E[f(l—”)F(L’l ””‘")]
n—oo n

n’ 7 n
_ [ (1-x) (1-x)]
_/Of(x)]E[F( o) o) ,)

where P(D(c) € dx) is defined in (2.4).

1-x
c2x?

o(l) =

]P(D(c) € dx),

In order to establish this result, we approximate the CRT marked by ®, by Galton-
Watson trees with offspring distribution Poisson with parameter 1, conditioned to have size
n, and endowed with a point process similar to ¢, on Cut(T,). Recall indeed from Theorem
1.14 that such Galton-Watson trees converge in distribution, as n — oo to the CRT; the joint
convergence of the trees and the marks is similar to Proposition 2.3. Using both the properties
of Galton-Watson trees and the Poisson distribution, we make explicit calculations on these
discrete trees and pass to the limit as n — oo.
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Asymptotic proportion of fireproof vertices in the subcritical regime It follows
from Proposition 2.1 that, taking p, > 1/+/n, we have I,/n — 0 in probability as n — co. We
establish in this regime a non-trivial convergence of I,.

Theorem 2.5. In the regime p, > 1/+/n, we have

(d)
—

n—,oo

Piln VA

where Z is a standard Gaussian random variable.

We consider the time when the first fire occurs: at this instant, if we remove the edges
previously fireproof, then we get a decomposition of the tree into a forest, we next pick
an edge uniformly at random in this forest and burn the subtree which contains it. Note
that the number of subtrees is geometrically distributed, with parameter p,, and so is of
order 1/p, < +/n. The joint distribution of the sizes of these subtrees is known and Aldous
& Pitman [8] have shown that there is one giant component — with size of order n — and
the other components have size at most of order 1/p2. Since the subtree which is set on
fire is chosen at random proportionally to its number of edges, the giant component burns
with high probability; we are left with the forest of small trees and the dynamics continue
independently on each. Observe that the largest such subtrees are now critical, we can
then estimate the number of fireproof vertices in each at the end of the dynamics thanks
to Proposition 2.1. Informally, p2I, converges in distribution to a random variable of the
form 377 | D(ck), where each ¢ is random, and, conditional on the sequence (ck)x>1, the
variables D(ck) are independent and distributed as in (2.4). The distribution of the c¢i’s can be
made explicit in order to conclude that 3}, D(c) is distributed as the square of a standard
Gaussian random variable.

Asymptotic proportion of burnt vertices in the supercritical regime We finally con-
sider the number B, = n — I, of burnt vertices. As previously, from Proposition 2.1, we
have B,/n — 0 in probability as n — oo when p, < 1/4/n. We establish in this regime a
non-trivial convergence of B,,.

Theorem 2.6. In the regime p, < 1/+/n, we have

d
(npn)_an Q’ Z_z,

n—oo

where Z is a standard Gaussian random variable.
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We again consider the dynamics at the instant of the first fire, however now we have
fireproof a number of order 1/p, > 1/+/n of edges and there is no giant component anymore.
We show by induction that for every integer j > 1, the vector of the rescaled sizes of the first
j burnt subtrees (np,) (b1, - . ., bn,) converges in distribution as n — oo to an explicit limit,
say (Xi,...,Xj). We then argue that for every ¢ > 0, one can fix j, > 1 such that for every
n large enough, (np,)> Zi%io
that the sequence ((np,) by j);j>1 converges in distribution to (Xj);»1 for the ¢! topology. It
follows in particular that (np,) 2B, converges in distribution to 221 Xj and we show that

the latter is distributed as Z72.

bnj < e with a probability greater than 1 — ¢. We conclude

2.3 Fires on large random recursive trees

We then study the case of random recursive trees in Chapter 5. In this setting, Bertoin [19]
proved that the assumptions (H;) hold for all k > 1, where

r(n) =n/lnn and 7 is the interval [0, 1],
equipped with the Euclidean distance and Lebesgue measure. It follows that Proposition 2.3

holds with r(n) = n/Inn and, moreover,

- gk (d
n (I, byisbpgs--) —  (ecAL1-(e.A1),0,0,...), (2.5)

n—oo

where e, is an exponential random variable with rate c.

Figure 2.5: A sample of Cut(Tj o).
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Density of fireproof vertices Our first result provides a finer limit theorem for the
number of fireproof vertices in the subcritical regime p, > Inn/n.

Theorem 2.7. In the regime p, > Inn/n, we have

d
p—”I Q) e,

In(U/pn) " oo

where ey is an exponential random variable with rate 1.

The proof relies on fine properties of the cut-tree of large random recursive trees, and in
particular a decomposition into a trunk and bushes due to Bertoin [19]. As for Cayley trees,
we consider fireproof edges of T, as being deleted, but here, we first focus on the connected
component which contains the root: as soon as a subtree of T, gets disconnected from the
root, we freeze it and consider the dynamics on it later. We show that with high probability,
the root burns and the whole connected component which burns with it has size of order n.
We then consider the frozen subtrees which were disconnected from the root. First, we are
able to prove a limit theorem for the total size, say, S, of this forest:

Pn @

n(i/p) " eV

This is essentially due to Iksanov and Méhle [62] who proved that the sizes of the subtrees
disconnected from the root of T, are given by the jumps of a certain increasing random
walk. Then we prove that the proportion of fireproof vertices in this forest converges to 1
in probability. Recall from Section 2.1 that the proportion of fireproof vertices in a tree 7 is
distributed as (1 — p,)X where X is the height of a uniform random leaf of Cut(z). We show
that such a quantity converges to 1 in probability uniformly over all the subtrees 7 of T,
disconnected from the root when the latter burns; the claim then follows.

Connectivity properties of the fireproof forest We then focus on the connectivity of
the fireproof forest and in particular, on the size of the largest fireproof connected component.
In the case of Cayley trees, Bertoin [16] proved that the latter is of order n in the supercritical
regime, but is small compared to n in the critical regime. For random recursive trees, we
prove that with high probability as n — oo,

« In the supercritical regime, there exists a giant fireproof component of size n — o(n);
« In the subcritical regime, the largest fireproof component has size of order p;*;

« In the critical regime, the largest fireproof component has size of order p,! < n/Inn if
the root burns and n — o(n) if it is fireproof.
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These three results follow from the following one.

Theorem 2.8. Let ¢ € [0, ) and p, such thatlim,_,. np,/Inn = c. Let also X,, be a uniform
random vertex in [n] independent of T, and the fire dynamics. Then the probability that X,
and 1 belong to the same fireproof subtree converges towards e™“ asn — oo.

The proof relies on a so-called spinal decomposition of T,. In order to have X, and the
root in the same fireproof subtree, all the edges along the path from the root to X,, must be
fireproof; this occurs with probability E[(1 — p,)"*")] where h(X,,) is the height of X, and it
is well-known that h(X},,) ~ Inn < 1/p, in probability so the previous expectation converges
to 1as n — oco. Further, if we remove all the edges of this path, then each of the h(X},) + 1
subtrees contains one of the ancestors of X, (including itself) and we also require that each
such ancestor is fireproof for the dynamics restricted to the subtree which contains it. We
describe the joint distribution of the sizes of these subtrees and prove that, conditional on
their sizes, they are independent uniform random recursive trees. Since the root of each is
the ancestor of X, we can then control the probability of the latter being fireproof.

On the sequence of burnt subtrees We finally study the sizes of the burnt subtrees, in
order of appearance, in the critical regime p, ~ c¢In /n. Note indeed from (2.5) that at most
one is of order n, and the sum of all the others is negligible compared to n. One can show that
the “giant” burnt component exists if and only if the root burns, and is the burnt component
containing the root in this case.

For every i € N, denote by b, ; the size of the i-th burnt subtree of T,. Let also y, = 0 and
(yj — vj-1)j=1 be a sequence of i.i.d. exponential random variables with rate ¢ and conditional
on (y;)j>1, let (Z;);>1 be a sequence of independent random variables, where Z; is distributed
as an exponential random variable with rate y; conditioned to be smaller than 1.

Theorem 2.9. For everyj > 1, the probability that the root burns with the j-th fire converges to

j-1
E[e_yf [ Ja- e—%')]
i=1
as n — oo. Moreover, on this event, for every k > j + 1, the vector

(11’1 bn,l In bn,j—l @ In bn,j+1 In bn,k )

Inn’ "7 Inn > n’ Inn 77 Ilnn

converges in distribution towards

(Zla s ’Zj—la e_Yj9 Jay U 9Zk)~



Chapter 2. Fires on large random trees 37

The proof consists of four main steps. We first consider the case of the root: we view
the fire dynamics as a dynamical percolation in continuous-time (using exponential waiting
times) where each fireproof edge is deleted and each burnt component is discarded. Then the
results of Bertoin [18] allow us to derive for every j > 1 the probability that the root burns
with the j-th fire, and the size of its burnt component.

In a second step, we investigate the size of the first burnt subtree, conditional on the
event that it does not contain the root. Consider the first edge e which is set on fire. Since
the root does not burn with e, there exists a fireproof edge on the path from the root to e; call
Zn1 the closest extremity of such an edge to e and T,,; the subtree of T, that stems from Z,, ;.
Then by is the size of the first burnt subtree of T,,; and the latter contains its root. Observe
that conditionally given its size, T, is a random recursive tree. We first estimate the size of
T,1 and then the size b, ; of its burnt component containing its root.

In the third step, we extend the results of the second one to the first two burnt components,
conditional on the event that none of them contains the root. We prove that the paths between
the root of T, and the first two edges which are set on fire become disjoint close to the root
so that the dynamics on each are essentially independent: in particular the variables Z,; and
Z, 2 (the latter plays the same role as Z, ; for the second fire) become independent at the
limit and we obtain the joint convergence of b,; and b, 2. We conclude by induction that the
estimate holds for the sizes of the first k burnt subtrees, conditional on the event that the
root does not burn with any of the first k fires.

The last step is a simple remark: the fact that the root burns does not affect the previous
reasoning, so the estimate for the size of the burnt components before that the root burns
holds also for the burnt components which come after that the root has burnt.
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RANDOM NON-CROSSING CONFIGURATIONS

A geodesic lamination of the closed unit disk D — we will write simply “lamination” — is a
closed subset of D which can be written as the union of a collection of chords with extremities
on the unit circle S! which do not intersect in the open disk D. In this chapter, we view
non-crossing partitions and trees as laminations. We first explain in Section 3.1 how to code
them by discrete paths, namely a Lukasievicz path and the associated height process. We then
consider continuous analogous objects: after presenting some continuous-time processes
related to stable Lévy processes in Section 3.2, we recall in Section 3.3 the definition of the
Brownian triangulation and the stable laminations and we define the stable triangulations.
We present in Sections 3.4 and 3.5 the results developed in Chapters 6 and 7 respectively.
This is based on a joint work with Igor Kortchemski. Finally, in Section 3.6, we give some
perspectives and open questions.

3.1 Non-crossing partitions and non-crossing trees

Fix a plane tree 7 with, say, n + 1 vertices @ = u(0) < u(1) < --- < u(n) listed in lexicograph-
ical order. We define a partition P(7) of the set [n] = {1, ..., n} by considering that i, j € [n]
belong to the same block of P(r) when u(i) and u(j) have the same parent in 7. Then such a
partition is non-crossing in the sense defined in Chapter 1; this in fact defines a bijection
between non-crossing partition of [n] and plane trees with n + 1 vertices, see Dershowitz
& Zaks [35] as well as Section 6.2 below. Recall that a non-crossing partition of [n] can
be seen as a graph on the set of vertices {exp(—2irk/n);k € [n]} and whose connected
components, the blocks of the partition, are non-intersecting polygons. The blocks of P(7)
are in bijection with the internal vertices of 7 and for each block, the edges of the polygon

39
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join two consecutive children of the corresponding internal vertex of 7, where the last and
the first are consecutive by convention.

We also define similarly the embedding I'(r) of 7 into the unit disk as the graph on
the set of vertices {exp(—2izk/(n + 1));k € {0,...,n}} in which exp(-2irk/(n + 1)) and
exp(—2izl/(n + 1)) are joined by a chord whenever u(k) and u(¢) are linked by an edge in 7;
in this case u(k A £) is the parent of u(k Vv ¢).

Since a plane tree is coded by its Lukasievicz path and its height process (recall Section
1.2), we can then code a non-crossing partition and a tree embedded in the disk by such paths
as well.

41 — 4+
B —_—— 3+
24— — _ 2+
1+ o — 1T
T2 4 6 s 10 12 14 16 T4 6 5 10 1z 1 16

Figure 3.1: The partition {{1, 7,9}, {2, 3}, {4, 5, 6}, {8}, {10, 11, 15, 16}, {12}, {13, 14}}, the associ-
ated plane tree, the embedding in the disk of the latter and its Lukasiewicz path and height
process.

The Lukasiewicz path Fixn € Nand W = (W;;0 < j < n +1) a path such that W, = 0,
for every 0 < j < n, Wj;; — W; > —1 with the condition that W; > 0 for every 0 < j < nand
W, = —1. Define forevery 0 < j <n -1

k]:W]+1_M/]+1'
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If kj > 1, then for every 1 < £ < kj, let

s, =inf{m > j+1: Wy = Wjyq — (£ - 1)}

and then set s]’g = s] = j + 1. Finally define

kj S] 5J
P(W) = j:gl g [exp ( - Zinf), exp ( - Zin%)], (3.1)
and
k; i s/
R e e

Then P(W) is a non-crossing partition and C(W) is a non-crossing tree. Moreover, if W is
the Lukasiewicz path of 7, then k; is the number of children of u(j) and, as we have seen in
i, el s]ij are the indices of these children listed in lexicographical order;
it follows that P(W) is P(r) the non-crossing partition associated with 7 and C(W) is its
embedding I'(7) in the unit disk.

Proposition 1.4, s’

The height process Recall from Section 1.2 that the times of the form sé are easily defined
from the height process. Indeed, consider H = (Hj;0 < j < n) such that H, = 0 and
Hj,1 — H;j < 1for every 0 < j < n — 1 with the condition that H; > 0 for every 0 < j < n.
Next, for every 0 < j < n—1,set k; = 0 if H;;; < H; and otherwise consider the set

{s]

12 .
J+1<m</l

.,SI];]_}Z{KZ]'+1:H[=I‘I]'+1: min Hm}.

As shown by Proposition 1.5 if H is the height process of 7, then for every 0 < j < n -1, k;
is the number of children of u(j) and j + 1 = s{ <-oe < s;c are the indices of these children
listed in lexicographical order. Finally, we define

k; s] S]
e YUflsenlw)
and
“ j s,
C(H):j:glg[exp(—2mn+1),exp(—217rn+1) . (3-4)

The sets P(H) and C(H) are then respectively the non-crossing partition P(r) associated
with 7 and its embedding I'(7) in the unit disk.
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3.2 Stable Lévy processes and excursions

We next define paths which are the analogs in continuous-time of the Lukasiewicz path and
the discrete height process. We recall some definitions, properties and constructions with no
proof and refer the interesting reader to Bertoin [14] and Duquesne [43] for more details.

Spectrally positive stable Lévy process Fix a € (1, 2] and consider a random process
Xo = (Xg(s);s = 0) with paths in the set D([0, o), R) of cadlag functions endowed with the
Skorokhod topology (see e.g. Billingsley [21] for details on this space), which has independent
and stationary increments, no negative jump and such that

Elexp(—AX,(t))] = exp(tA%) for every t,A > 0.

Such a process is called a (strictly) stable spectrally positive Lévy process of index a. An
important feature of X, is the scaling property: for every ¢ > 0,

(7YX, (ct);t > 0) = (X, (£);t > 0) in distribution.

The process X, is continuous for a = 2, and indeed X,/V/2 is the standard Brownian motion,
whereas the set of discontinuities of X, is dense in [0, c0) for every a € (1,2); we shall
thereby treat the two cases separately in the next section.

Normalized excursion Let X  be the infimum process of X, defined by
X, (t) = inf{X,(s);s € [0, ]} for every t > 0.

Observe that X  is continuous since X, has no negative jump. The process X, —X , is a strong
Markov process; we may, and do, choose —X  as its local time at 0. By Ito’s excursion theory
for Markov processes, the excursions of X, — X, away from 0 are distributed according to
a Poisson random measure whose intensity is given by the It excursion measure N,. We
denote by {(€) = sup{t > 0 : €(t) > 0} € (0, o0) the duration of an excursion € and we let
NO((U) be a regular version of the probability law N, (- | { = v), i.e. the measure such that for
every positive and continuous functional F,

N, (F) = /0 " Nu(Z € do)N (F).

Such a law can be obtained by scaling: for any fixed ¢t > 0, the process

(@Y e@sv):s € [0.0])  under Na(- |¢ >t):_]\1[\7(.(’§§_>>t;)
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is distributed as ND(,U). We denote by X£* the normalized excursion of X, which is a random
variable taking values in D([0, 1], R) with law NO((D. We refer to Chaumont [28] for interesting
constructions of processes with law NO(,U) by path transformations. As an example, let us
recall the following construction of No(,l) already described in Section 1.4 in the Brownian
case. Consider the excursion straddling 1: let

g = supf{t < 1:Xa(t) = X, (1)},

dy = inf{t > 1: X,(t) = )_(a(t)}’ (35)

(i=di—qg1 where {

and define a process X, = (X, (t);t € [0,1]) by
Xo(t) = 5" Ka(gr + Gt) = Xa(gr))  forevery ¢ € [0,1].

Then X, is distributed as X5*. Note that X$*(0) = X *(1) = 0 and X5*(s) > 0 for every
s €(0,1).

Figure 3.2: Simulations of Xg¥, respectively for a equals 1.2 and 1.6.

The height process The height process associated with a spectrally positive Lévy process
was introduced by Le Gall & Le Jan [75] and studied by Duquesne [43] and Duquesne & Le
Gall [44] in the context of so-called continuum random trees. We do not enter into details
here. Let us define the height process associated with X, by

t

1
H,(t) = hf(r)lg I[{Xa(s)ﬁinf[s,z] Xa+£}ds for every t >0,
€ 0

where the convergence holds in probability. The process (H,(t);t > 0) admits a continuous
modification that we now consider.

If X, is the continuous analog of a Lukasiewicz path, then H, is that of the associated
discrete height process. Indeed, fix ¢t > 0, consider the time-reversed process defined by

Yo (s) = Xo(t) — Xo((t = s5)-) for s e [0,t]
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and the supremum process of the latter
Yo(s) = sup{Yy(u);u € [0,s]} for se[0,t].

Then the (normalized) local time of Y, — Y, at 0 is distributed as H,(t) so that, loosely
speaking, H, (t) measures the size of the set {s € [0, t]; Y,(s) = Y,(s)} or, equivalently, that
of {s € [0,t]; X,(s) = infs<,<; X4 (r)}. This corresponds intuitively to the discrete relation
(1.3) between a Lukasiewicz path and the corresponding discrete height process.

Next, one can deduce from the scaling property of X, that H, satisfies
(Yol (ct);t > 0) = (H,(¢);t > 0)  in distribution

for every ¢ > 0. As for X,, we can then define the normalized excursion (H *(t);t € [0,1]).
As above, HS* can be obtained by path transformation and in fact, the pair (X*, HS*) can be
constructed as follows: let g;, d; and {; be as in (3.5), then the process

(67 CXalgr + &) = Xalg) & Halgr + 1) st € [0.1])

is distributed as
(X5, HeX(0)st € [0,1]).
Again, we have HJ*(0) = HJ*(1) = 0 and HS*(s) > 0 for every s € (0,1).

| Y Al

Figure 3.3: Simulations of H*, respectively for « equals 1.2 and 1.6.

Duquesne’s Theorem We finally extend Theorem 1.14 which shows that the normalized
excursion and height process of a stable Lévy process are the limits of the Lukasievicz path
and height process of large Galton-Watson trees. Let y be a probability measure on Z,
and o € (1, 2]. Recall that p is said to be critical if its expectation is 1. We say that it is in
the domain of attraction of a stable law of index « if @ = 2 and the variance of p is finite
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and non-zero, or if the tail distribution is given by Zl?:j u(k) = j7*L(j), where L is a slowly
varying function at infinity, meaning that for every a > 0, we have lim,_,o, L(ax)/L(x) = 1.

Recall from Section 1.2 the notations W(r), H(r) and C(r) for the Lukasievicz path, the
height process and the contour process of a discrete tree 7. Recall that W is viewed as a step
function, whereas H and C are seen as continuous functions. Finally, recall the notation
GW/, for the law of a Galton-Watson tree with offspring distribution y conditioned to have
n edges.

Theorem 3.1 ([43]). Let @ € (1, 2] and p a critical probability measure on Z, in the domain
of attraction of a stable law of index a. For every n > 1 for which GWY, is well defined, sample
7, according to GW'. Then there exists a sequence (B,),> of positive constants satisfying
lim, o By, = lim,_,o n/B,, = oo, such that the triplet

1 B B
(B Wl_nsj (Tn), ans(Tn)a nCZns(Tn); S € [0’ 1])
n n n

converges in distribution towards
(X5 (s), Hg(s), Hy(s); s € [0,1])

in the space D([0,1],R) ® C([0,1],R) ® C([0,1],R).

The value of B, can be made explicit, although rather complicated and we will not need

Ve and indeed the sequence (n"Y%B,),s is slowly varying

it, let us note that it is of order n
(Kortchemski [70, Theorem 1.10]). In the case a = 2, the processes X;* and H;* coincide —
both with V2 times the standard Brownian excursion — and the above convergence was
proved by Marckert & Mokkadem [79] under the stronger assumption of a finite exponential
moment for y. As for Theorem 1.14, Theorem 3.1 implies the convergence for the Gromov-
Hausdorff-Prokhorov topology of (n™'B,,)7, towards the random real tree Tpyes; the latter is

called the a-stable Lévy tree.

3.3 Stable laminations

We next define random laminations of the disk from the excursions paths previously defined.
We first start with the Brownian case for which we refer to Aldous [6] and Le Gall & Paulin
[77]. We then consider the a-stable case, with @ € (1, 2), we recall the definition of the stable
lamination of Kortchemski [71] and define a new object: the stable triangulation.
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3.3.1 The Brownian triangulation

Let e = X3* be /2 times the standard Brownian excursion. Recall the equivalence relation
defined in Section 1.3: for every s, t € [0,1], we set s ~ t when e(s) = e(t) = Minfsazsvi] €.
We then define a subset of D by

L(e) = U [e_zm,e_zm] . (3.6)

s<t

Using the fact that, almost surely, e is continuous and its local minima are distinct, one can
prove the following result.

Proposition 3.2 (Aldous [6] - Le Gall & Paulin [77]). Almost surely, L(e) is a geodesic lami-
nation of D. Furthermore, it is maximal for the inclusion relation among geodesic laminations
of D.

Let us briefly sketch the arguments, as they extend to more general laminations. First,
to prove that the chords above are non-crossing, one checks that if s < t and u < v are
such that s <~ t and u <~ v, then either the intervals (s,t) and (u,v) are disjoint, or one is
contained in the other. Note that uniqueness of local minima is used here since a quadruple
0<s<t<u<v<lsuchthats ~t ~ u ~ v would define the two crossing chords
[e7217s, e2%m4] and [e 2", e7%7?]. Next, the fact that L(e) is closed is due to the fact that
the equivalence relation ~ is closed, in the sense that its graph is a closed subset of [0,1]?.
Finally, for the maximality property, one checks that for every s < t, either s ~ ¢, or there
existu € (s,t) and v € [0,1] \ [s, t] such that u ~ v; it follows that each chord in the disk
either belongs to L(e) or intersects a chord of the latter so we cannot build a lamination
containing strictly L(e).

Figure 3.4: Simulations of e and L(e).
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Observe that s ~ s for every s € [0,1] so S! c L(e). Also, since L(e) is maximal, its faces,
i.e. the connected components of the open set D \ L(e), are open triangles whose vertices
belong to S'. Aldous [6] indeed defined L(e) as

L(e) =D\ U Als, t,u),

sftfu

s~t~u
where A(s, t,u) denotes the open triangle with vertices at e 2%, 7! and e 72", Note that
s <t<uands ~t ~ umeans that t is a time of local minimum of e. Making use of the
(almost sure) density of such times in [0, 1], this gives a triangulation “with zero area” [6].
The set L(e) is called the Brownian triangulation.

3.3.2 Laminations coded by a function with no negative jumps

Fix a € (1,2) and consider X£* the normalized excursion of the a-stable Lévy process. Recall
the definition of a non-crossing partition (3.1) and a non-crossing tree (3.2) from a Lukasievicz
path. We construct laminations from X7* in a similar way. We define two relations (not
equivalence relations in general) on [0, 1] using X*: for every 0 < s <t < 1, we set

s=Xa ¢ if t=inf{u>s: XF(u) < XZ(s-)},

and

S XP(6o) SXE() and XE(0) = inf XE
S,t
X

« tif t ~Xa s, and we agree that s ~

N

X

thenfor 0 <t <s <1, we sets ~ « s for every

s € [0,1]. We do the same operation for =X . We finally define two subsets of D by

L(X§X) — U [e—Ziﬂs’e—Zint] and Z(ng) — U [e—Ziﬂs’e—Ziﬂt] ' (3.7)

ex ex
szxtx t 5EX0{ t

Note that for every s, ¢ € [0,1], if s =X« ¢, then s =X« t and so S' ¢ L(X) Z(ng)

The set L(XS*) was defined and studied by Kortchemski [71]; he proved that it is a
geodesic lamination of D, called the a-stable lamination. It is far from being maximal since
all its faces are bounded by infinitely many chords. We will show in Chapter 7 that E(ng)
is geodesic lamination of D as well, which is, moreover, maximal for the inclusion relation
among geodesic laminations of D. We call it the a-stable triangulation. Informally, Z(ng) is
obtained from L(XS¥) by “filling the faces”, i.e. inside each face of L(X:*), we join by a chord
each vertex of this face to the closest one to the complex number 1in S! in clockwise order
(and then we take the closure of the set thus obtained), thus making it a triangulation.
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Figure 3.5: Simulations of L(XS*) and Z(ng) fora =1.1.

3.3.3 Laminations coded by a continuous function

We provide an alternative construction of stable laminations and triangulations, closer in
spirit to that of the Brownian triangulation and the discrete relations (3.3) and (3.4); for the
stable lamination, this can be found in Section 4 of [71]. The relevant excursion function
here is that of the height process.

Let us first work in a general setting: we consider a continuous function g : [0,1] —
[0, ) such that g(0) = g(1) = 0 and we construct two laminations from g similarly to the
Brownian triangulation. Recall the equivalence relation on [0,1] given by s £ # if and only
if g(s) = g(t) = mingassve) g. Recall that if the local minima of g are not distinct, then
mimicking the definition (3.6) of the Brownian triangulation does not give a lamination. In
order to circumvent this problem, we define two other relations (again, not equivalence
relations in general) on [0, 1]. For every s € [0, 1], let cl;(s) be the equivalence class of s for

L. For every s,t € [0,1], we set
(i) s ~9 t when s £ t and at least one the following conditions holds: g(r) > g(s) for every
re(sAtsVvit),or(sAt,sVt)= (mincly(s), maxcly(s));
(ii) s =9 t when's £ ¢ and at least one the following conditions holds: g(r) > ¢g(s) for every
re(sAt,sVit),orsAt=mincly(s).

The arguments of Proposition 3.2 can be adapted to obtain the following result.

Proposition 3.3. For any continuous function g : [0,1] — [0, ) such that g(0) = g(1) = 0,
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the sets

L(g) — U [e—Ziﬂs,e—Ziﬂt] and ']:(g) — U [e—Ziﬂs’e—Zir[t]

sx9t sx9t

are geodesic laminations of D and, further, E(g) is maximal for the inclusion relation among
geodesic laminations of D.

We call L(g) and f(g) respectively the lamination and the triangulation coded by the

—2irms

function g. Intuitively, L(g) is defined by drawing a chord between two points e and

e 2" on the circle if they correspond to two consecutive times s 2 t, where the smallest and
largest such times are consecutive; for L(g) we draw the same chords but we also join for

each equivalence class, every element to the smallest one.

The set L(g) can be seen as the dual graph of the real tree T, = [0, c0)/ 2 defined
in Section 1.3. Indeed, each vertex of T, corresponds to an equivalence class cly; loosely
speaking, T, is obtained by merging all the vertices of a face of L(g) together. See Le Gall &
Paulin [77, Section 2] and references therein for more precise relations between geodesic
laminations and real trees.

Note that S! ¢ L(g) C f(g) for every g; moreover, if the local minima of g are distinct
(this can be slightly weakened, see Curien & Le Gall [33, Proposition 2.5]), then for every
s,t € [0,1], one has s 2 tif and only if s &9 t if and only if s 29 t. In particular, if g = e,
we recover the Brownian triangulation L(e) = f(e). Kortchemski [71] proved that for every

H,

a € (1,2), almost surely, the relation ~f«" coincides with ~*@ ; we will prove in Chapter 7

that, almost surely, the relation = « coincides with =X& . It follows that
L(H®) = L(X®)  and  L(HY) =L(XY)  as.

for every a € (1, 2).

3.4 Large non-crossing partitions

In Chapter 6, we study large random non-crossing partitions. For every integer n, we sample
a non-crossing partition of [n] (recall that this set is denoted by NC,)) using Boltzmann
weights, similarly to simply generated trees defined in Section 1.2. Given a sequence of
non-negative real numbers w = (w(i); i > 1), with every partition P € NC,,, we associate a
weight
QY(P) = n w(size of B).
B block of P
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Then, for every P € NC,, set

w Q" (P)
P = .
() 2.0enc, Q¥(Q)

Implicitly, we shall always restrict our attention to those values of n for which we have
2.0enc, 2Y(Q) > 0. A random non-crossing partition of [n] sampled according to P} is
called a simply generated non-crossing partition.

Such a distribution recovers the uniform law on NC,, which corresponds to P}’ when
w(i) = 1for every i > 1. More generally, if A is a non-empty subset of N, and wx(i) = 1if
i € Aand wy(i) = 0 otherwise, then Py corresponds to the uniform distribution on the
subset NC2 ¢ NC,, formed by the partitions with all block sizes belonging to A (provided
that they exist) and which we call A-constrained non-crossing partitions. In the case where
A = kN for some k > 1 fixed, the elements of NC‘,;1 are called k-divisible, see Edelman [46]
and Arizmendi & Vargas [10]; when A = {k} for some k > 1 fixed, they are called k-equal

[10].

Bijections with plane trees The main tool is to reduce the study of simply generated
non-crossing partitions to that of simply generated trees. We introduce several bijections
with trees and recover, by geometric considerations, the bijection of Dershowitz & Zaks
[35] presented earlier in Section 3.1 (but also another bijection due to Prodinger [100] and
the Kreweras complement [73]). If the partition is sampled according to P}, the associated
plane tree is distributed as a simply generated tree with law Q) given by (1.2), where we
set w(0) = 1. Recall from Section 1.2 that if a sequence 7 = (x(i),i > 0) is equivalent to

w = (w(i),i > 0) in the sense that there exist a, b > 0 such that 7 (i) = ab'w(i) for every
i >0, then Q] = Q) and so P} = P}’ for every n > 1.

Statistics on large non-crossing partitions Arizmendi [9] computed the expected num-
ber of blocks of given size for uniform random k-divisible or k-equal non-crossing partitions
of [n] and Ortmann [91] showed that the distribution of a uniform random block in a uniform
non-crossing partition of [n] converges to a geometric random variable of parameter 1/2 as
n — oo. Recall from Section 1.2 that if lim sup, _,., w(k)/¥ < oo, then there exist probabilities
on Z, equivalent to w in the above sense and the latter are characterized by their mean; we
denote by 7 the unique probability equivalent to w with mean 1 if such a measure exists,
and that with the largest mean otherwise.

Theorem 3.4. For each n > 1, sample P, according toP}. Asn — oo,
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(i) For every k > 1, the probability that the block containing 1 in P, has size k converges
towards km (k).

(ii) If £(0) < 1, then for every k > 1, the probability that a block chosen uniformly at random
in P, has size k converges towards m(k)/(1 — 7(0)).

(iii) For every A C N, the number of blocks of P, whose size belongs to A, rescaled by n,
converges in probability, and its expectation converges as well, towards m(A).

We express these quantities in terms of the simply generated tree associated with P,,
which enables us to use several results obtained by Janson [64] in this context.

Two applications The bijection with trees allows us also to count A-constrained non-
crossing partitions. For n fixed, only the cases of k-divisible and k-equal non-crossing
partitions are known: Edelman [46] and Arizmendi & Vargas [10] respectively computed

{k} 1 kn kZ, 1 (k + 1)n
# = — # = .
N (k—1n+ 1( n ) and NGy kn + 1( n

For every A C N, A # {1}, we obtain an asymptotic formula for the cardinal #NC2 of the

form
A 1 2 : k " —3/2
#NCn n:)OO C(g—A (1 + gA n .

where n — oo in such a way that n is divisible by gcd A. The constant ¢ depends on A and
can be written explicitly, the number &4 is that defined in Example 1.3.

The second application concerns free probability. Indeed, fix a probability measure y on
R with compact support, different from a Dirac mass. It is known that p is characterized by
the real sequence (x,(i); n > 1) of its free cumulants. The latter are the coeflicients in the
series expansion of the R-transform R, of i, which is the analog in free probability of the
Laplace transform, see e.g. Bercovici & Voiculescu [12].

Theorem 3.5. Suppose that all the free cumulants of i are nonnegative. Let s, be the maximum
of the support of i and p = (limsup, . kn(1)/™) ' Then
1
Sy = z + R, (&),
where £ € (0, p] is the unique solution of R}(£) = E7% if such a number exists, and & = p
otherwise.
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This gives a more explicit formula (see Example 6.14 for calculations with several laws
1) than that obtained by Ortmann [91], which reads, under the same condition,

() 00mi(p)).
> s (512) - 2 ”’G‘Ml(”}’

where L = {n > 1;k,(¢) # 0}, 0(x) = log(x—1)—xlog(x—1/x), M;(L) is the set of probability
measures p on L and my(p) is the mean of p.

log(s,) = sup {ﬁ(@

The proof relies on an asymptotic result due to Janson [64] for the partition function in
the definition of P}
zZy = Z 1—[ w(size of B).

PeNC,, B block of P

Indeed, the moments of y and its free cumulants are related as follows (see Speicher [105]):

/Rt"p(dt): Z ]—[ Ksize of B(1),

PeNC,, B block of P

and we know that s, = limsup,_,.(/ t"u(dt))"/". Assuming that x;() > 0 for every i > 1,
we may therefore interpret these free cumulants as weights (w(i);i > 1).

Large random laminations In a second part, we view non-crossing partitions as lamina-
tions of the disk, as described in Section 3.1. We assume that w is equivalent to a probability
measure ;¢ which is critical and belongs to the domain of attraction of a stable law of index
a € (1,2].

Theorem 3.6. If P, is a random non-crossing partition sampled according to P¥ = P}, for
every integer n > 1 such that P} is well defined, then the convergence
@
Py n_)_o)o Ly (3-8)
holds in distribution for the Hausdorff distance on the space of compact subsets of D. For a = 2,
the set Ly is the Brownian triangulation, while L, is the a-stable lamination for a € (1, 2).

Observe that the assumptions above hold with « = 2 for the uniform distribution on
A-constrained non-crossing partitions of [n] since this law is given by P,* where wa = Layjo};
the equivalent probability distribution defined in Example 1.3 is then critical and with finite
variance. This extends a previous result of Curien & Kortchemski [31] who proved (3.8) in
the case of the uniform distribution on NC,,, given by P4 where p(k) = 2=**1 for k > 0.
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To prove (3.8), we associate with each P, its Lukasievicz path W™ as explained in Section
3.1; under the assumption above, Theorem 3.1 applies and W converges in distribution,
after renormalization, to X$*. Using Skorokhod’s representation theorem, we may suppose
that this convergence holds almost surely and we prove that for any w fixed in the probability
space for which the convergence of W (w) holds, we have P,(w) — L(X&(w)) as n — co.
Since the disk D is compact, then as recalled in Section 1.3, the sequence (P,(w);n > 1) takes
values in a compact space so we only need to check that L(X}*(w)) is its only accumulation
point.

3.5 Large non-crossing trees

In Chapter 7, we consider the embedding I'(7) of a plane tree 7 in the disk described in Section
3.1. As the statistics of I'(7) are exactly the same as that of 7, we focus on the geometric point
of view. Fix @ € (1,2] and a critical probability measure y in the domain of attraction of a
stable law of index «a.

Theorem 3.7. For every integer n > 1 such that this conditioning makes sense, sample a

Galton—Watson tree t,, with offspring distribution y, conditioned to have n vertices. Then the

convergence

M) -2 L, (3.9)

n—oo

holds for the Hausdorff distance on the space of all compact subsets of D. For a = 2, the set
L, = L, is the Brownian triangulation, while L,, is the a-stable triangulation for a € (1, 2).

The proof is similar to that of (3.8): we assume the convergence of the associated
Eukasievicz path W to X¢* and reduce the problem to a deterministic statement; then we
show that L(X$¥) is the only accumulation point of the sequence (I'(z,);n > 1).

We also study the properties of the random set Ly fora € (1,2). We show that it is
almost surely a geodesic triangulation of the disk and we prove the 1dent1ty L(X ) = (H ).
Fmally, we compute two Hausdorff dimensions: that of the whole set L, C D and that of the
set Aa c S! of all end- -points of chords in La. In the case a = 2, it is known, see Aldous [6]
as well as Le Gall & Paulin [77] for a detailed proof, that almost surely,

—~ 1 -~ 3
dim(A,) = 2 and dim(Ly) = =

We prove more generally that for every a € (1, 2), almost surely,
1

—_ —~ 1
dim(A,) = — and dim(Ly) =1+ —.
a a
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Intuitively, the set L, is obtained from L, by adding in each face of the latter a line segment
linking each vertex to the closest one to the complex 1 in clockwise order. Kortchemski [71]
computed for each face V of L, the Hausdorff dimension of the set V N S' of its vertices,
which is given by 1/a. Then, informally, the restriction of A, to V is V N §! and the Hausdorff
dimension of the restriction of fa to V is given by 1+ dim(v N'S!) =1+ 1/a. Since ;‘;a and
fa are the union over the countable set of faces of these restrictions, the result follows.

3.6 Some perspectives and sub-sequential work

In Chapters 6 and 7, we study the behavior of the non-crossing partition associated with a
large Galton—-Watson tree and its embedding in the disk. Another non-crossing configuration
of the disk associated with a tree is that formed by the union of the sides of the convex polygon
spanned by the n-th roots of unity for some integer n and of a collection of diagonals that
may intersect only at their endpoints; such a set is called a dissection. Curien & Kortchemski
[31] proved the convergence in distribution of large uniform random dissections towards
the Brownian triangulation. Kortchemski [71] then extended this result by considering
laminations chosen according to Boltzmann weights which are critical and in the domain
of attraction of a stable law of index a € (1, 2]; he proved in this setting the convergence
in distribution towards the a-stable lamination. In both cases, the proof relies as here on a
bijection with critical Galton-Watson trees conditioned on their size, where “size” refers to
the number of leaves in [31, 71], as opposed to the total number of vertices here.

@

Figure 3.6: A dissection of size 12 and the associated dual plane tree, with 11 leaves.

One could also consider other sequences of random trees indexed by their size. As
conditioned Galton-Watson trees fulfill the Markov branching property described in Section
1.4, it is then natural try to generalize the results presented here and that of [31, 71] to non-
crossing partitions and laminations associated with Markov branching trees, as well as their
embedding in the disk, as proposed (for dissections) by Curien [30, Open question 3]. Note
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that Duquesne’s Theorem does not extend to Markov branching trees: the behavior of the
discrete associated paths (for a suitable planar embedding of such trees) as the size of the
tree tends to infinity is not known. The convergence of such trees, viewed as metric spaces,
by Haas & Miermont [59] and Rizzolo [103] follows from other considerations and so would
that of the associated non-crossing configurations of the disk.

Finally, in Chapter 7, we consider random non-crossing trees built from plane trees: we
first sample a plane tree at random and then we embed it in the disk. One can also directly
sample a non-crossing tree (without the property of “always turning to the right” explained
in Chapter 1). Curien & Kortchemski [31] considered uniform random non-crossing trees
with n vertices and proved their convergence in distribution as n — oo to the Brownian
triangulation. One may then ask for a generalization of this result when the non-crossing
tree is sampled according to critical Boltzmann weights in the domain of attraction of a
stable law of index a € (1, 2]. Surprisingly, it seems that for every a € (1, 2], such a sequence
converges in distribution to the Brownian triangulation.
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4

FIRES ON LARGE CAYLEY TREES

In this chapter, we study the random dynamics described in Chapter 2 where the trees
considered are uniform Cayley tree with n vertices and we prove the results discussed in
Section 2.2. This is based on the article [81].

4.1 Introduction and main results

Recall the fire dynamics on random trees studied in Chapter 2. Throughout this chapter,
the trees T, considered are uniform Cayley tree of size n, i.e. picked uniformly at random
amongst the n"~? different trees on a set of n labelled vertices, say, [n] = {1,.. ., n}. For this
model, the system exhibits a phase transition as it is shown by Bertoin [16]. Theorem 1 in
[16] is stated in the case where the probability to set on fire a given edge is p, ~ cn™* with
¢, a > 0 but extends verbatim as follows: denote by I,, and B, respectively the total number
of fireproof and burnt vertices of T,; then, as n — oo,

(i) If n"/%p, — oo, then n™'I, — 0 in probability;

(ii) If n'/%p, — 0, then n"'B, — 0 in probability;

iii) If n'/2p, — ¢ for some ¢ > 0, then n~'I, — D(c) in distribution where
p

c’x

P(D(c) € dx) = meXp ( T 2(1-x)

)dx, 0<x<l1. (4.1)

To obtain this result, Bertoin proves that the sequence T, satisfies the assumptions (Hy),
page 27, with r(n) = /n and an explicit limit Ly for every k > 1, see Lemma 1 in [16]; the
claim then follows from Proposition 2.1 here. The aim of this chapter is to improve these

59
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three convergences. For the first two regimes, we prove a convergence in distribution to a
non-trivial limit under an appropriate scaling of I, and B, respectively, see the statements
below. For the critical regime, the proof of Lemma 1 in [16] shows in fact that the sequence
T, satisfies the assumptions (H;), page 29, for every k > 1 where the limiting tree T is the
Brownian CRT; we can then apply Proposition 2.3 and give an explicit expression of the
limit. The precise statement requires some notations and is postponed to Section 4.3, see
Theorem 4.6 there. We next state our main result concerning the subcritical regime.

Theorem 4.1. Suppose that lim,_., n"/?p, = co. Then

(d)
—

n—-oo

P?zIn VA

where Z is a standard Gaussian random variable.

Consider then the supercritical regime p, < n~"/2; as we are interested in the asymptotic
behavior of B, we assume that p, > n! so that the probability that no fire occurs is
(1-p)" "' —0.

Theorem 4.2. Suppose that lim,_,o n'/ 2p, = 0 and lim,_,. np, = co. Then

d
(”Pn)_an Q) Z_Z,

n—oo

where Z is a standard Gaussian random variable.

Remark 4.3. Let Z be a standard Gaussian random variable. One can check from (4.1) that

2

D(c) = in distribution

c2 4+ 72
from which it follows that
d d
D) % 22 and ¢ 2(1-D()) ‘—’5 7z, (1.2)
CcC—00 cC—

Very informally, if we write I,(p,) for the number of fireproof vertices of T,, when the
probability to set on fire a given edge is p,, and similarly B, (p,), then (iii) above shows that
for every c € (0, oo) fixed,

L(cn™"?) ~ nD(c) and Bp(cn™"?) ~ n(1 - D(c)).

From (4.2), one is tempted to write more generally for p, > n~2,

Li(pn) = nD(n'?p,) ~ p,2 7%,
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and for p, < nV2,

Bu(pn) ~ n(1 - D(n"?p,)) ~ (np,)?Z 2.

However, it does not seem clear to the author how to prove respectively Theorem 4.1 and
Theorem 4.2 from this sketch. Indeed the argument in [16] does not enable one to deal with
the sub or supercritical regime and the proofs given here are different from that of (i), (ii)
and (iii) above.

The rest of this chapter is organized as follows. Relying on Pitman [98] and Chaumont &
Uribe Bravo [29], we briefly discuss in Section 4.2 the existence of a conditional distribution
for the sequence of the ranked sizes of the jumps made during the time interval [0, 1] by a
certain subordinator, say, o, conditionally given the value of the latter at time 1. We also
prove the continuity of this conditional distribution in the terminal value o (1), which will be
used to derive our first result.

We then focus on the critical regime in Section 4.3. We consider the cut-tree associated
with the Cayley tree T, and the point process ¢, on the latter related to the fire dynamics
as described in Section 2.1. Proposition 2.3 yields the joint convergence of the number of
fireproof vertices and the sizes of the burnt connected components to the masses of the
components of the CRT logged at the atoms of a point process which is a slight modified
version of that studied by Aldous & Pitman [8]. Using a second approximation of the CRT
with finite trees, we further express this limit as a mixture of the jumps of the previous
subordinator o conditioned on the value of the latter at time 1, with a mixing law D(c)

defined by (4.1).

We prove Theorem 4.1 in Section 4.4. For this, we shall see that, with high probability,
the remaining forest after the first fire has a total size of order p,? and so have its largest
trees. Note that the dynamics then continue on each subtree independently. Informally, the
smallest ones do not contribute much and may be neglected, while the dynamics on the
largest subtrees are now critical. A slight generalization of (iii) then yields an asymptotic
result for the number of fireproof vertices in each subtree and so for the total number of
fireproof vertices.

Finally, we prove Theorem 4.2 in Section 4.5. Consider the sequence of the sizes of the
burnt subtrees, ranked in order of appearance, and all rescaled by a factor (np,) 2. We prove
that the latter converges in distribution for the ¢! topology, from which Theorem 4.2 follows
readily. To this end, we first show for every integer j the joint convergence for the size of the
j first burnt subtrees; then we show that, taking j large enough, the next trees are arbitrary
small.
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4.2 Preliminaries on subordinators and bridges

Let (o(t);t > 0) be the first-passage time process of a linear Brownian motion: o is a stable
subordinator of index 1/2 such that

E[exp(—qo(t))] = exp(—t\/ﬁ) forany t,q > 0. (4.3)

Let J; > J, > -+ > 0 be the ranked sizes of its jumps made during the time interval [0, 1].
We need to make sense of the conditional distribution of the sequence (J;);>; conditionally
given the null event {5 (1) = z} in the set £}(R) of real-valued summable sequences.

From the Lévy-Ito decomposition, we know that the process o is right-continuous,
non-decreasing and increases only by jumps — we say that ¢ is a pure jump process — and
that the pairs (¢, x) induced by the times and sizes of the jumps are distributed as the atoms of
a Poisson random measure on [0, 1] X (0, c0) with intensity (277x%)"/2dtdx. Denote by (P;)is1
a size-biased permutation of the sequence (J;/ >k Jk)i>1- Pitman [98] gives an inductive
construction of a regular conditional distribution for (P;);>; given {}>x Jx = z} for arbitrary
z > 0. The latter determines the conditional distribution of (Ji/ >k Jk)i>1 given {>x Jk = z}
called Poisson-Kingman distribution. Descriptions of finite-dimensional distributions can
be found in Perman [96] or in Pitman & Yor [99]. Our purpose here is to check that these
distributions depend continuously on the variable z € (0, c0).

Proposition 4.4. The conditional distribution of the ranked jump-sizes (J;);>1 conditionally
given {o (1) = z} is continuous in z.

Proof. In the recent work of Chaumont & Uribe Bravo [29], sufficient conditions on the
distribution of a Markov process (X;;¢t > 0) in a quite general metric space are given in
order to make sense of a conditioned version of (X;;0 < s < t) given {X;, = x and X; = y}.
The latter is called Markovian bridge from x to y of length t and its law is denoted by Pfc’y.
The process o fulfills the framework of their Theorem 1 and Corollary 1, it follows that the
bridge laws P})’Z are well defined and continuous in z for the Skorohod topology. Thanks
to Skorohod’s representation Theorem, the claim thus reduces to the deterministic result

below. m|

Let f, fi, f2, ... be functions defined from [0,1] to [0, c0) which are non-decreasing,
right-continuous and null at 0. Denote by j; > j; > --- > 0 the ranked sizes of the jumps of
f and respectively, jl(") > jzn) > .-+ > 0 that of f, for everyn > 1.

Lemma 4.5. Suppose that f, converges to f for the Skorohod topology. Then
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(i) For any integer N, (](") . ,j](\';)) converges to (ji, . . ., jN) in RN,

(ii) If f is a pure jump function, then (j](cn))kzl converges to (jx)x»1 in €*(R).

Proof. For the first claim, suppose first that f has infinitely many jumps. We may, and do,
assume that N is such that jy > jn41. For any t, denote by Af(t) := f(t) — f(¢—) the size of
the jump made by f at time ¢ and similarly A f;, for every n > 1. Upon changing the time scale
using a sequence of increasing homeomorphisms from [0, 1] onto itself which converges
uniformly to the identity, we may assume that f;, converges to f uniformly. This does not

affect the jump-sizes of f;,. Then Af,(t) converges to Af(t) for every t and (ji, . . ., jN) are

e

for any ¢ € (0, j;y — jn+1), for any n large enough, as f,, converges to f uniformly, it admits

limits of N jumps of f,. Moreover, these jumps are (]'1("), e ) for n large enough since,

no other jump larger than jyi1 + €/2 < jy — /2. If f has only finitely many jumps, say, N,
this reasoning yields the convergences (jl("), e ,]N)) - (ji,...,jn) and j](cn) — 0 for any

k>N+1.

For the second claim, we write for any integer N fixed,

iuﬁ —Jk|<Z|Jk — el + Z e + Z i
k=1

k=N+1 k=N+1

As n — oo, the first term tends to 0 from (i). Let ¢ > 0 and fix N such that 37 . jk < &.

Since f is a pure jump function, we have f(1) = 3.7, jx and so Z y—1Jk = f(1) — e. Finally,

since lim,_,« f,(1) = f(1), we conclude that Z?’:Nﬂjl(cn) < f(1) - Zi\[:ljl(c")

enough. O

< 2¢ for n large

4.3 Asymptotic size of the burnt subtrees in the critical

regime

Fix ¢ € (0, c0) and consider the critical regime p, ~ cn™/?

of the fire dynamics on T,,. Let
kn be the number of burnt subtrees, by, ..., by, their respective size, listed in order of
appearance, and finally b, ; > --- > b, a non-increasing rearrangement of the latter. We

can now state the main result of this section.

Theorem 4.6. For all continuous and bounded maps f : (0,1) —» R and F : (*(R) - R, we
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have

b b
lim ]E[f(I—”)F(L’l —)]
n—oo n

n’’ n
_ ! (1-x) A-x))
_/Of(x)]E[F( o) o) ,)

where o is a subordinator distributed as (4.3) and P(D(c) € dx) is defined in (4.1).

1—x
c2x?

o(1) = ]P(D(C) € dx),

Note that, taking F = 1, this recovers the result (iii) in the beginning of this chapter;
moreover, since ) ; J; = (1), it strengthens (iii) by giving the decomposition of the burnt
forest conditionally given its total size.

The proof is divided in two parts. As discussed in Chapter 2, we view the fire dynamics
on T, as a mark process on the associated cut-tree Cut(T,), which translates the vector
n~Y(I,, b:,v e b:,xn) into the proportion of leaves of the trees in the forest obtained by
logging Cut(T,) at the marks. We prove that the marked tree Cut(T,), properly rescaled,
converges to the Brownian CRT endowed with a certain point process; it follows that the
previous vector converges to the masses of the trees in the forest obtained by logging the
CRT at the atoms of the point process. We then study the distribution of the latter. As direct
computations with the CRT seem rather complicated, we approximate the marked CRT by a
Galton-Watson tree with Poisson(1) offspring distribution conditioned to have n vertices
and endowed with a similar mark process as the cut-tree Cut(T,). We refer to Chapter 1 for
prerequisites about the CRT and convergence of conditioned Galton-Watson trees, as well

as Aldous & Pitman [8] for its logging by a Poisson point process.

4.3.1 Cut-tree, fires and mark a process

Recall the definition of the cut-tree Cut(T,) associated with T, from Section 2.1. As described
there, we define on Cut(T,) a point process ¢, by the following two-steps procedure: mark
first every internal block independently with probability p,, then along each branch from
the root to a leaf, keep only the closest mark to the root and erase the other marks. We
have seen that the fire dynamics on T, can be coupled with the cut-tree endowed with the
marks induced by ¢, in such a way that the marked blocks of Cut(T,) correspond to the
burnt subtrees of T, and the leaves of Cut(T,) which do not possess a marked ancestor
correspond to the fireproof vertices of T,, see Figure 4.1 for an illustration. It follows that the

*
n1>° "

obtained by logging Cut(T,) at the marks of ¢,, the root-component first, and the next in

entries of the vector (I, b .» by ) count the number of leaves of each tree in the forest
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non-increasing order. We implicitly assume in the sequel that the fire dynamics on T, and
the pair (Cut(T,), ¢,) are coupled in this way.

|\ J /' * ~ ,\ 1 _\,\. -l
'7 - :’(i \‘ fg bCl] 1 ;id;e-k-:
'/ RN l\ R \ Z ’
1 befgij adehk

@ abcdefghijk

Figure 4.1: The forest after the dynamics and the corresponding marked cut-tree.

Let T be a rooted Brownian CRT, y its uniform probability mass measure on leaves and
¢ its length measure. Recall the definition of the process @, on the skeleton of T defined in
Section 2.1: first sample a Poisson point process with intensity c£(-), then, along each branch
from the root to a leaf, keep only the closest mark to the root (if any) and erase the other
marks. Denote by #(7, ®.) the sequence of the p-mass of each tree in the forest obtained by
logging T at the atoms of @, the root-component first, and the next in non-increasing order.
As explained in Section 2.2, the proof of Lemma 1 of Bertoin [16] shows that the assumption
(H;) is fulfilled for every k > 1 with r(n) = v/n: if we denote by R(T, k) the tree T spanned
by its root and k i.i.d. elements chosen according to y and similarly R, the tree Cut(T),)
reduced to k independent uniform random leaves, then

1 (d)

—R, —  R(T,k),
\/ﬁ ok n—oo ( )

for every k > 1 fixed. Proposition 2.3 then reads

d
H bl Do) s #(T, D). (4.4)

b
1,Kn n— oo

To complete the proof of Theorem 4.6, we need to identify the limiting distribution
#(7J, ®.). As direct computations with the CRT seem rather complicated, we use a second
discrete approximation of the latter. Denote by T, a Galton-Watson tree with Poisson(1)
offspring distribution conditioned to have n vertices and where labels are assigned to the
vertices uniformly at random. As discussed in Example 1.2, T, is distributed as a uniform
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rooted Cayley tree with n vertices; moreover, we have seen in Section 1.4 that rescaled by

a factor n~1/2

, it converges to the Brownian CRT. We endow T,, with the mark process ¢,
defined in two steps: first mark every vertex of T, independently with probability p,, then
along each branch from the root to a leaf, keep only the closest mark to the root and erase
the others. Adapting Proposition 2.3 to T, and the uniform probability on vertices, we get
-1 x * (d)

n(Cpo,Cpps- - - Cn,M,,) - #(T,D,). (4.5)
where C, o denotes the size of the connected component of T, that contains the root, M, the
number of marks of §, and C;; > --- = C, ,,the respective sizes of the other connected
components, listed in non-increasing order. We now study the asymptotic behavior of this
vector in order to show that the right-hand side above is the limit in Theorem 4.6.

4.3.2 Asymptotic behavior of the size of the burnt blocks

Using the same notation as in (4.5), we have the following limit theorem for T,,.

Proposition 4.7. For all continuous and bounded maps f: (0,1) —» R and F: }(R) — R, we

have
C Cx C;
e )
n—oo n n

matEREE
_ [ (1-x)1 1-x)k _1-x
= f(x)E[F( o) o) ,) 0'(1)—W]P(D(c)€dx),

where o is a subordinator distributed as (4.3) and P(D(c) € dx) is defined in (4.1).

Before proving this result, notice first that Theorem 4.6 is a direct consequence of
Proposition 4.7 and the convergences (4.4) and (4.5).

Proof of Theorem 4.6. Let f: (0,1) — R and F: {(R) — R be two continuous and
bounded maps. From (4.4) and (4.5), the sequences

b, by« Cn C, C,
E[f(f_)p(__)] and E[f(_ﬂ)p( _M)]
n n n n n n

both converge to the same limit as n — oo and Proposition 4.7 gives the expression of the

latter, which is the one claimed in Theorem 4.6. ]
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It remains to prove Proposition 4.7. For any positive real number a, we define the Borel
distribution with parameter a, which is the law of the size of a Galton—-Watson tree with
Poisson(a) offspring distribution:

1
P(Borel(a) = n) = —'e_”a(na)”_l, n>1
n!

We also define for any integer k, the Borel-Tanner distribution with parameter k as the sum
of k i.i.d. Borel(1) variables:

k —n,n—k-1
- k)!e n , n>k.

Borel and Borel-Tanner distributions appear in our context as the sizes of the connected

P(Borel-Tanner(k) = n) =

components of T,,.

Lemma 4.8. For any integers k, ¢ with k + { < n, conditional on the event {Cy,y = k, M, = {},
the vector (C,,,, . ..,C, ) is distributed as a non-increasing rearrangement of ¢ i.i.d. Borel(1)
random variables conditioned to have sumn — k.

Proof. We explicitly write the condition for the size of the tree. Let T be a Galton-Watson
tree with Poisson(1) offspring distribution; we endow it with the same mark process ¥,.
Denote by M,, the number of marks, CNT,,,O the size of the root-component and, conditional on
(M, = ¢}, let C~:’1 > > é;, ; be the ranked sizes of the other components. Note that on the
event {M, = ¢}, we have |T| = én,O + é:l + -0+ é:’f.

Condition on the event {M,, = ¢}; it is known that the subtrees of T generated by the ¢
atoms of the point process are independent Galton-Watson trees with Poisson(1) offspring
distribution, independent of én,O- Hence, on the event {Mn =}, é;,p e, é: ,are i.i.d. Borel(1)
random variables, listed in non-increasing order and independent of én,O- Further, on the

event {|T| = n, M, = ¢, én,O =k}, é;‘l -+ -»C. ,are conditioned to have sum n — k. O

nt

The Borel(1) distribution belongs to the domain of attraction of a stable law of index 1/2.
A consequence tailored for our need is the following: let (f;);>; be i.i.d. Borel(1) random
variables, and for any k > 1, denote by i > --- > f the order statistics of the first k
elements of the latter. Let also o be a subordinator distributed as (4.3) and J; > J, > --- > 0
the ranked sizes of its jumps made during the time interval [0, 1].

Lemma 4.9. Let A,v > 0 and two sequences of integers k,, and a, such that nY2k, — ) and
n~la, — v asn — oo. Then the convergence in distribution

| Lty
n i=1

kn
Zﬁi = an> % (@t A ).t 20)|a(1) =v)

i=1
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holds for the Skorohod topology. As a consequence, the convergence in distribution of the ranked
B B\ W [vh vk v
—_ ., i = ap — _ 0'(1):_
n n — n—oeo |\ o(1) o(1) A2

holds for the €' topology.
Proof. The first convergence is the result stated in Lemma 11 of Aldous & Pitman [7]. The

jumps

second then follows from the continuity obtained in Lemma 4.5. O

We apply this convergence to the random sequences M, and n — C, instead of k, and
a,. They fulfill the assumptions of Lemma 4.9 as it is shown in the following Lemma that we
prove in the next subsection.

Lemma 4.10. Let D(c) be a random variable distributed as (4.1). Then

Cuo M) @)
n’\/ﬁ n

In order to go from deterministic sequences to random sequences, we also use the

(D(c), ¢D(c)).

—00

following elementary result (see Carathéodory [27], Part Four, Chapter I). Let X and Y
be metric spaces and f, fi, f2,... be functions defined from X to Y. We say that f, con-
verges continuously to f if for any x, x1,x2,--- € X such that lim, o x, = x in X, we
have lim,, fy(x,) = f(x) in Y. Then f,; converges continuously to f if and only if f is
continuous and f, converges to f uniformly on compact sets.

Proof of Proposition 4.7. Let f: (0,1) — R and F: {}(R) — R be two continuous and
bounded maps. With the notations of Lemma 4.9, define for any (u,v) € (0,1) X (0, 00)

(ﬂl LIUJ) Zﬂl—n—l_nuj

o 1-wh (1-u)) 1-u
Y(u,v) .—f(u)E[F( o) o )' o(l) = ]

Then Lemma 4.9 states that Y, (u,, v,) — Y(u,v) whenever (u,,v,) — (u,v). On the one
hand, E[Y(D(c), ¢cD(c))] is the limit claimed in Proposition 4.7 and, from Lemma 4.8, the C;, ;’s

Y, (u,v) = f(u)E

LVno] ]

and

are, conditionally given C, o and M, distributed as ranked i.i.d. Borel(1) random variables
conditioned to have sum n — C,,o. Then we also have

Cn’() Mn _ Cn,O C:;,l %
e ) e )
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On the other hand, from the discussion above, Y is continuous (which is also a consequence
of Proposition 4.4) and Y, — Y uniformly on compact sets. Let us bound from above

Cno % - ¢),cD(c
'E[Yn(T, I)] E[X(D(o).D( >)]‘

Cn,O Mn Cn,O Mn Cn,O Mn
o e ) (S A | < e ) - e eneen] |

From Lemma 4.10, since Y is continuous and bounded, the second term tends to 0. Moreover

Y, Y;, Y5, ... are uniformly bounded, say by C > 0, therefore the first term is bounded from
above by

Yo (x) = Y(x)| + ZCP((CZ’O, %) ¢ K),

for any compact K. The first term of the latter converges to 0 for any K and the second can

sup
xeK

be made arbitrary small as the sequence is tight. O

4.3.3 Asymptotic behavior of the number of burnt blocks

We finally prove Lemma 4.10 which completes the proof of Proposition 4.7 and thereby that
of Theorem 4.6. We use the two following observations: the convergence of the first marginal
n—lc,,,o holds and the conditional distribution of M, given C, is known explicitly.

Lemma 4.11. We have n™'C, o — D(c) in distribution asn — oo.

Proof. Denote by p(&) the mass of the root-component of the CRT after logging at the
atoms of a Poisson point process with rate ¢ per unit length (here keeping only the closest
atoms to the root does not matter). Then (4.5) yields lim, . n7'Cy o = p(&) in distribution.
The claim follows from the identity u(&) = D(c) in distribution stated in Corollary 5 of
Aldous & Pitman [8] since p(&y) here is Y["(c) there. O

Lemma 4.12. For anyn > 2, the pair (Cp9, My) is distributed as follows: for any integers k, £
such thatk + ¢ < n,

n!(k(1 = pa)) " (kpa)* (n — k)*
n k(€ - 1) (n—k—¢)!

IP>(Cn,0 =k,M, = f) =

Then, on the event {C,o = k}, M, is distributed as X,, + 1 where X,, is a binomial random
variable with parameters n — k — 1 and (kp,)/(n — k + kp,).
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Proof. For the first claim, as in the proof of Lemma 4.8, we explicitly write the condition on
the size of the tree and work with a Galton-Watson tree with Poisson(1) offspring distribution
T:

P(Cuo =k, M, =€ ||T| =n)
_P(Cho = k)P(My ={ | Cro = k)P(ITI =n | Cpo =k, M, ={)
B P(IT| = n)
We know that |T| is Borel(1) distributed. Moreover, the root-component of T is a Galton-
Watson tree with Poisson(1—pj,) offspring distribution, so that C, ¢ is Borel(1—p,) distributed.

Next, on the event {C, = k}, M, is the sum of k i.i.d. Poisson(p,) random variables, so is
Poisson(kp,) distributed. Finally, from Lemma 4.8, on {C, = k, M,, = £}, |T| — k is the sum
of ¢ ii.d. Borel(1) random variables, i.e. is Borel-Tanner(¢) distributed. Putting the pieces
together gives the first claim. For the second claim (with the implicit condition |T| = n), we
then directly compute

n—k -1
P(Mn ={ | Cn,O = k) = P(Cn,O = ka M, = 5)(ZP(Cn,O = ka M, :]))
j=1
 (n—k-1) kpw Y n-k \"FF
(- Dn—k-0)'"\n-k+kp, n—k+kpy
=P(X,=¢-1),
where X, is the desired binomial random variable. O

We can now prove Lemma 4.10.

Proof of Lemma 4.10. We aim to show that for any s,¢ > 0,

CZ’O - t%)] = E[exp(—(s + ct)D(c))].

From Lemma 4.11, n_lcn,o — D(c) in distribution, it is thus sufficient to show

E[exp ( - sc:l’o - t%)] —E[exp ( —(s+ ct)CZ’O)” = 0.

Let ¢ > 0 and fix § > 0 such that for any n large enough, P(C, > (1 - 5)n) < e. We then
reduce to show the above convergence on the event {C, o < (1 - §)n}. Using Lemma 4.12, we

n—oo

lim E[exp(—s

lim sup

n—oo

compute forany1 <k <n-1landanyt >0,

E —tM,
[« n—k+ kpn
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Conditioning first on the value of C, o and then averaging, we obtain

Coo M
E[exp(_s . _t_n)H{Cn,OS(l—S)n}]

nm
L(1=6)n] ) .
kp,(1— t/\n
A
= " \ n—k+kpn
Remark that, uniformly for k < [ (1 - d)n],
kpa(1—e™/Nm) 1 ket
n—k+kpy, T n—k 7"‘0(1) asn — oo,

Asa consequence, as n — o9,

kp,(1— —t/4/ny\ n—k-1 k
R e

uniformly for k < [ (1 — §)n]. Finally, the difference

Coo M Cuo
E[ exp ( - S% - tTZ)]I{cn,Os(l—(S)n}] - E[ exp ( —(s+ Ct)%)ﬂ{cn,osa—a)n}]

tends to 0 as n — oo, which completes the proof. m|

4.4 Asymptotic proportion of fireproof vertices in the

subcritical regime

We now consider the subcritical regime p, > n~/? of the dynamics on T,. We prove Theorem
4.1:
()
piln n_)—go A (4.6)

where Z is a standard Gaussian random variable, as well as the following result on the size
of the largest fireproof component.

Proposition 4.13. For any ¢ > 0, with a probability converging to1 as n — oo, there exists at
least one fireproof subtree larger than n™¢p,* but none larger than ep,*.

Let us sketch our approach to establish (4.6). We let the dynamics evolve until an edge is
set on fire for the first time, denoting this random time by ;, € N U {co}. The event {, = oo}
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corresponds to the case where the whole tree is fireproof at the end. Conditional on {{,, = k}
with k € N, if we delete the k — 1 first fireproof edges, we get a decomposition of T, into a
forest of k trees. Then we set on fire an edge of this forest uniformly at random and burn
the whole subtree that contains the latter. The burnt subtree is therefore picked at random
with a probability proportional to its number of edges. We then study the dynamics which
continue independently on each of the k — 1 other subtrees.

Let o be a subordinator distributed as (4.3) and J; > J, > --- > 0 the sizes of its jumps
made during the time interval [0,1]. Let also e be an exponential random variable with
parameter 1 independent of o. We shall see that p,{,, converges to e in distribution and that
the sequence given by the sizes of the non-burnt subtrees at time {;,, ranked in non-increasing
order and rescaled by a factor p2, converges in distribution to (e Ji)x>; in ¢*. Conditionally
given (e?Ji)r>1, we define a sequence (Xi(e))x>; of independent random variables sampled
according to pz;, respectively, where for every x > 0, yi is the probability measure given by

x? 12 xy
dv) = __ - ——|dy, 0<y<x. .
:ux( y) (Zﬂ'y(x—y)3) eXp( z(x_y)) y y X (4 7)
Note that if X is distributed as 1, then x~'X is distributed as D(x"/?), defined in (4.1). Indeed,
lix is the limit of the number of fireproof vertices in a subtree of asymptotic size xp,*
(see Lemma 4.15 for a precise statement). Informally, summing over all subtrees, since the
dynamics on each are independent, we get

@ <
P = kzxk<e>. (48)
=1

Finally, (4.6) follows from the identity
Z Xi(e) = 22 in distribution. (4.9)
k=1

To derive this, note that, conditionally given e, the sequence (e?J)x»; is distributed as
the ranked atoms of a Poisson random measure on (0, o) with intensity e(27x%)~/2dx.
Further, conditionally given e, the sequence (e?Ji, Xk (e))x>1 is distributed as the atoms of
a Poisson random measure on (0, 00)? with intensity e(27x%)"V2dx,(dy), ranked in the
non-increasing order of the first coordinate. Therefore, conditioning first on e, using Laplace
formula and then averaging, we have for any g > 0,

E[exp(—q;Xk(e))] :/0 exp(—/(om)z(l—e ) 2ﬂxg’dxyx(dy) e 'dt.
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Using the definition of y, and the change of variables (x, y) — (y(x — y)~Y2,y), we see that
the right-hand side is equal to

exp| —t—-t 1- e_qy)e_y/z—)dt.
/0 p( /0 \2ry?

e T

v Zzy)) dy
1—exp(—— =z forany z >0,
/0 ( 2 )] \2my?

we finally obtain for any g > 0,

We write

since

1
V2q+1

]E[exp ( - qZXk(e))] = /Ooo exp (- ty2q +1)dt =

= E[exp(-qZ°)].

In the rest of this section, we first prove the convergence of the sequence of the sizes
of the non-burnt trees after the first fire. We then establish (4.8) which, by (4.9), proves
Theorem 4.1. Finally, we prove Proposition 4.13.

4.4.1 Configuration at the instant of the first fire

Recall that we denote by , the first instant where an edge is set on fire during the dynamics
on T,. Then ¢, is a truncated geometric random variable:

P({, =00) = (1—p,)" ' = 0asn — oo,
and P({, = k) = pa(1—pp)<! foreveryk e {1,...,n—1}.

So pn{, converges in distribution to an exponential random variable with rate 1. For each
integer k < n, we denote by T, 1, ..., T, the forest obtained by deleting k — 1 edges of T,
uniformly at random, where the labelling is made uniformly at random, and |Tp;|* > --- >
|T,kl* a non-increasing rearrangement of their sizes. We know from Lemma 5 of Bertoin
[16] (see also Pavlov [95] or Pitman [97]) that the sizes of these k subtrees are distributed as
iid. Borel(1) random variables conditioned to have sum n: for any ny, ..., n; > 1 such that
n+---+ng=n,

k

(n - k)!
B(Toal = mio Toid = m) = [

le—l
n.
J

- (4.10)
nj.
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Moreover, conditionally on the partition of {1,.. ., n} induced by the k subsets of vertices
of these subtrees, the T, ;’s are independent uniform Cayley trees on their respective set of
vertices (recall the splitting property).

Notice that on the event {{,, > k}, the forest obtained by deleting the first k — 1 fireproof
edges is distributed as T, 1, . . ., Tk and, further, ¢, is independent of the latter. The forest
at the instant of the first fire is then distributed as follows: we first sample a (truncated)
geometric variable {, and then independently the uniform forest Ty 1, ..., T,,. Recall that
the Borel(1) distribution belongs to the domain of attraction of a stable law of index 1/2 so
that, taking a number of order p,? of i.i.d. such random variables, the sum is typically of
order p,?. Then, loosely speaking, conditioning this sum to be abnormally large, here of
order n, essentially amounts to conditioning one single variable to be large, the others being
almost unaffected. This feature is formalized in the next proposition.

Proposition 4.14. The convergence in distribution

pa(n = Tual " [Tual ™, 1 Tug, 1) = (@), o)

holds for the {* topology.

Proof. The proof is similar to that of Proposition 4.7. Aldous & Pitman [8, Equation (34)]
provide the convergence in distribution

. " G
(1= Tual s [ Tual s Tk, 1) = (@), i Jos )

for any deterministic sequence k, = o(n'/?). Let f: £'(R) — R be a continuous and bounded
function and set for any x > 0

Fo(x) =B [f (p2 (n = [Tual". [ Tual* .. 1Ty et 1)) ] -

and
F(x) = E[f(x*(c (1), J1. ]2 - - )]

The previous convergence yields lim, o Fy(x,) = F(x) whenever lim,_,« x, = x. Using
Skorohod’s representation Theorem, we may suppose lim,_, p,{, = e almost surely. Since
{» is independent of the T,,;’s, we have lim,_, F,,(pn{,) = F(e) almost surely and the claim
follows from Lebesgue’s Theorem. ]

Recall that the first fire burns one subtree in the forest Ty, 1, ..., T, ¢, and that the latter
is chosen at random with a probability proportional to its size minus one. Therefore, with
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high probability, this burnt subtree has a size of order n and the forest that we obtain by
discarding this tree and the edges previously fireproof has a total size of order p,? = o(n). We
already recover the convergence n™'I, — 0 of Bertoin [16]. The fire dynamics then continue
independently on each tree of this forest and the total number of fireproof vertices is the
sum of the number of fireproof vertices in each component.

4.4.2 Total number of fireproof vertices

We now study the dynamics on the remaining forest after the first fire. We know from
Proposition 4.14 that with high probability, the largest trees have size of order p,? so that
they are now critical for the dynamics which continue on each with parameter p, = (p;%)"V2.
To see this, we slightly generalize the convergence (iii) at the beginning of this Chapter. Let
(T,)n>1 be a sequence of Cayley trees with size |T/,| ~ ap,? as n — oo for some a > 0 and
denote by I, the number of fireproof vertices of T,.

Lemma 4.15. The law of p2I/, converges weakly to the distribution i, defined by (4.7).
Proof. The proof of Theorem 1 in [16] shows that |T/,|™'I/, the proportion of fireproof
vertices in T/, converges in distribution to D(a'/?), as defined in (4.1). Since p2|T’| — a, we
get p2I' — aD(a"?) in distribution. One easily checks that the latter is distributed according

to p,. O

Using Proposition 4.14 and Lemma 4.15, we can now prove the convergence (4.8) and so,
Theorem 4.1.

Proof of Theorem 4.1. Conditionally given ¢,, we write (T ;,..., T, g ) for the trees ob-

n1°

tained by deleting the first {, — 1 fireproof edges, listed so that T/  is the tree burnt at time
{, and |T:1,2| > > |T;1{ |. Note that

Cn
I, = Z Card{i € T;z,k : i is fireproof}.
k=2

From Proposition 4.14, we have

(d)
p)21(n - |Tln’1|’ |T;l,2|5 ey |T:l,§n|) n—>_o)o 62(0'(1),]1,]2, o )

Therefore, for any ¢ > 0 there exists N € N and then ny € N such that

o gn
]P( Z e Ji > g) <¢, andforanyn > ng, P( Z p,zllT;kl > 5) <e.
k=N k=N+1
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Recall that, conditionally given (e?Ji)k>1, (Xk(€))k>1 is a sequence of independent random
variables sampled according to p:;, respectively, where for every x > 0, yiy is the probability
measure on (0, x) given by (4.7). In particular, X (e) < e®Ji for every k > 1; we also have
Card{i € T:z,k : i is fireproof} < IT;’kl. Then

P( i){k(e) > e) <&,

k=N
and for any n > ny,

&n

P( Z pCard({i € T, : 1is fireproof} > s) <e.
k=N+1

Conditional on the partition of {1, . . ., n} induced by the subsets of vertices of the subtrees, the

T, ’k’s are independent uniform Cayley trees on their respective set of vertices. Proposition

4.14 and Lemma 4.15 thus yield

N @ N-1

E pflCard{i € T:’lk : i is fireproof} — E Xi(e).
] n—o0

k=2 k=1

Since the rests are arbitrary small with high probability, we get

gn (o]

d
pr,Card{i € T;;,k : i is fireproof} Q) X (e).
k=2

n—-o0o
k=1

The above convergence is (4.8), Theorem 4.1 then follows from (4.9). O

Combined with the results of Bertoin [16], Proposition 4.14 and Lemma 4.15 also entail
Proposition 4.13 about the size of the largest fireproof connected component.

Proof of Proposition 4.13. Fix ¢ > 0 and § € (0,1/2). Let o be a subordinator distributed
as (4.3) and y € (0, ¢) such that the probability that ¢ admits no jump larger than y during
the time interval [0, 1] is less than §. Consider the subtrees of T, larger than yp,? when an
edge is set on fire for the first time. From Proposition 4.14, we know that the number of
such trees converges to the number of jumps larger than y made by o before time 1. The
latter is almost surely finite and non-zero with a probability greater than 1 — §. Now from
Lemma 4.15, these subtrees are critical and thus for each, from Corollary 1 and Proposition 1
of Bertoin [16], the probability that there exists a fireproof component larger than ep,? tends
to 0 and the probability that there exists at least one larger than n¢p_? tends to 1. Therefore
for any n large enough, on the one hand there exists in T, a fireproof subtree larger than
n~¢p, % and on the other hand there exists none larger than ep,?, both with a probability at
least 1 — 24. The claim follows since § is arbitrary:. m]
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4.5 Asymptotic proportion of burnt vertices in the su-

percritical regime

1

We finally consider the supercritical regime n™! < p, < n~/? and prove Theorem 4.2:

C)

(npn)*B, — Z7%, (4.11)
n—oo
where Z is a standard Gaussian random variable. Recall that b, 1, . . ., by, denote the sizes

of the burnt subtrees, listed in order of appearance. Let (e;);>; be a sequence of independent
exponential random variables with parameter 1 and for each i > 1, denote by y; := e;+- - - +e;.
Let also (Z;);>1 be a sequence of i.i.d. standard Gaussian random variables, independent of
(yi)i>1. We shall prove the following result.

Theorem 4.16. The convergence in distribution

- (d) - -
(npn) z(bn,la crt bn,K,,) — (Yl 2212, )/2 ZZZZ, PPN )

n—00

holds for the €' topology.

Theorem 4.2 follows as a corollary.

Proof of Theorem 4.2. As a consequence of Theorem 4.16, we have the convergence of
the sums:
(npa) 2By vzt
e =
Note that the sequence (y;);>; is distributed as the atoms of a Poisson random measure on
(0, ) with intensity dx, it follows readily that the sequence (y; *Z?);»1 is distributed as the
atoms of a Poisson random measure on (0, o) with intensity (27x%)7/?dx. The above limit

is thus distributed as (1) where o is the subordinator defined by (4.3); then (4.11) finally
follows from the well-known identity (1) = Z~2 in distribution. O

In order to prove Theorem 4.16, we first show the joint convergence of the first j coordi-
nates for any j > 1, and then that, taking j large enough, the other coordinates are arbitrary
small with high probability. We conclude in the same manner as in the proof of Theorem 4.1.
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4.5.1 Asymptotic size of the first burnt subtrees

We first prove the convergence of the size of the first burnt subtree b, ;. As in the preceding
section, we let the dynamics evolve until an edge is set on fire for the first time, denoting this
random time by {,,. The size of the tree that burns at this instant is distributed as one among
{, 1.i.d. Borel(1) random variables conditioned to have sum n, chosen proportionally to its
value minus 1. As we have seen, p,{, converges in distribution to an exponential random
variable with parameter 1, thus ), is typically of order p,' and the sum of ¢, i.i.d. Borel(1)
random variables is of order p,?. In the previous section, we considered p,* = o(n) and
we have seen in Proposition 4.14 that conditioning these random variables to have sum
n essentially amounts to conditioning one to be of order n. The behavior is notoriously
different when n = o(p,?). As an example, Pavlov [95, Theorem 3] gives a limit theorem for
the size of the largest subtree when one removes k, — 1 edges uniformly at random, with

n = o(k?).

Lemma 4.17. Asn — oo, (np,) 2b, 1 converges in distribution to e *Z* where Z and e are
independent, respectively standard Gaussian and exponential with parameter 1 distributed.

Proof. We work throughout the proof conditionally on {, = k,} with k, ~ ¢p;l, ¢ > 0
arbitrary, and we show the convergence in distribution (np,) 2b,; — ¢ 2Z2. The general
claim then follows as in the proof of Proposition 4.14. For any A > 0, we write

évn = kn]

= Z C_A(np”)_sz(bn’l =m | gn = kn)
m=0

B [e-A0rpn) b

B / e_A(npn)_ZLXJP(bn,l = |x] | gn = kn)dx
0

- / e AP L)) (s N2P(by 1 = x(npn)?] | & = kn)dx.
0

We show the pointwise convergence of the densities

Jim (g B b = L) 1= ko) = ==

then Scheffé’s Lemma implies that this convergence also holds in L!, which allows us to pass
to the limit in the above integral:

2

lim 1E[e_’1(”p")_2b"*1

n—oo
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Recall from (4.10) the distribution of k, i.i.d. Borel(1) random variables conditioned to have
sum n: for any integers ny,...,ng, > 1such thatny +---+ng, =n,

kn 7!

P(ﬂn,l =nNy.. "ﬁn,kn — nkn) _ (T’l— kn)' l—[ g

knnn—kn—l n] !

In particular, the 3, ;’s are identically distributed and for any m,, € {1,. .., n—k,+1}, summing
over all the ny,...,ng, > 1suchthatny +---+ng, =n—my,

(n—ky)! mnmn—l (kn —1)(n— mn)”_mn—kn

P = =
(ﬂn,l ml’l) knnn—kn—l mn' (n - my, — kn + 1)!

Recall that on the event {{, = k,}, b, is distributed as one of the variables f,1, ..., fnk,
chosen proportionally to its value minus 1. Therefore, for any m, € {1,...,n -k, + 1}, we
have

kn
Plbuy =M | &n=kn) = 3 Pbus = Puj | P = ma)P(Bnj = m)
j=1

m, —1
n—k,

= kn P(,Bn,l = mn)

(n—k,—1)!my"

nnkn=l o myl (n—my =k, + 1)1

B (Tl - mn)n—mn—kn

= (mp — 1) (kn, = 1)
Suppose that m,, k, — oo as n — co with m,, k, = o(n), then Stirling’s formula yields

IP)(bn,l =my | évn = kn)

1 kn kﬁmn kgmn (knmn)z
e (-3 o) ol B Jasoon

For any x, ¢ > 0, taking m, = |x(np,)?] and k, ~ cp; !, we obtain

(npn)zp(bn = Lx(npn)z_l | évn = kn) =

exp ( -S4 o(%) ; O(npg))(l +o(1))

and the proof is now complete. O

More generally, for any integer j > 1, denote by {,; the time of the j-th fire, so that b, ;
denotes the size of the subtree burnt at time ¢, ;.
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Proposition 4.18. For any j > 1, the convergence in distribution

- ) - -
(npn) (b, - - - » bnj)) — (yl 2le, SN Zij)

n—oo

holds in R/,

Proof. We prove the claim for j = 2 for simplicity of notation, the general case follows by
induction in the same manner. Notice first that the times at which the first j fires appear

jointly converge:
(d)
Pl l)) = (). (412)
Indeed, conditionally given the size of the first burnt subtree b,; = m and the number of
edges previously fireproof {;,; —1 = k — 1, after the first fire, it remains a forest containing
(n-1)—-(k—1)—(m—-1) = n—m—k+1edges and the time {;, » — {;,; we wait for the second
fire after the first one is again a truncated geometric random variable which takes value

b

oo with probability (1 — pn)n—m—k+1

and ¢ with probability p,(1 - p,) ", forany £ € {1,...,n—m — k +1}.

Since by + {1 = o(n) in probability, we see that p, ({2 — {».1), conditionally given b,; and
{n1, converges in distribution to an exponential random variable with parameter 1. This
yields (4.12) in the case j = 2.

The same idea gives the claim of Proposition 4.18. The remaining forest after the first fire
is, conditionally given b, ; and (,;, uniformly distributed amongst the forests with ¢, ; — 1
trees and n — by, vertices. Therefore, conditionally given b, ; and {2, b, 2 is distributed as
the size of a tree chosen at random with probability proportional to its number of edges in a
forest consisting of {2 — 1 trees with total size n — b,; ~ n. Then the proof of Lemma 4.17
shows that such a random variable, rescaled by a factor (npn)_2 , converges in distribution to
Y, 2Z5. This yields
(nPn) 2 (bnts bnz2) %O (2t v 23),

and the proof is complete after an induction on j. m]

4.5.2 Asymptotic size of all burnt subtrees

To strengthen the convergence from finite dimensional vectors to the ¢! convergence, we
need to bound the remainders. This is done in the following lemma, the last ingredient for
the proof of Theorem 4.2.
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Lemma 4.19. For any ¢ > 0, we have

lim hmsupP((npn 2 Z by > g) =0.

Jo—00 —
- Jj=jo

In order to prove this result, we consider a slightly different sequence of random subtrees
of T,,, which can be coupled with the sequence of burnt subtrees and for which the study is
easier. Precisely, consider the following random dynamics on T,: we remove successively
the edges in a uniform random order and at each step, we mark one subtree at random
proportionally to its number of edges. We stress that in this procedure, the subtrees are not
burnt, which implies that the edges of a marked subtree can be removed afterward and that
a subtree of a marked one may be marked as well. For each k € {1,...,n — 2}, we denote by
b;,k the size of the subtree which is marked when k edges have been removed.

Lemma 4.20. There exists a numerical constant C > 0 such that for any a > 0, we have

Ln—un] C
lim sup n~2p; " Z E[b) ] < —,
n—oo0 1 ’ a
k=lapy"]

where u,, = nexp(—+/npy) for every integer n.

The role of the sequences u, and ap;’ shall appear in the proofs of Lemma 4.20 and
Lemma 4.19; note that since lim,_,o, np, = oo, we have

lim p,u, =0 and lim (np,) " In (n ; u”) = 0. (4.13)
n—oo

n—oo n

The first convergence shows that the sum in Lemma 4.20 is not empty for n large enough.

Proof. Fix k < n—2andlet (f,1,...,Pnk) be a k-tuple formed by i.i.d. Borel(1) random
variables conditioned to have sum n. As we have seen, b;l . can be viewed as one the f,;’s
picked at random with probability proportional to its value minus one and hence,

B[t ] = [Zﬁmﬂ’“_‘ |- [Z(ﬁm— )P,

Bertoin [15, Section 3.1] provides an upper bound for the expectation on the right-hand side.

Precisely, Proposition 1 in [15], together with Lemma 5 and equation (2) there, shows that
there exists a numerical constant K > 0 such that for every integers 1 < k < n, we have

[Z(ﬂnl_ @
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Hence for every n,
Ln—un] Ln—un]
E[b),] < Kn’
k=lapy'] k=Lapy'|
Comparing sums and integrals, we have on the one hand,

1
k?(n—-k)

L3n/4] 3n/4]

Z (n_k) % Z n pa(1+ 0(1)),

k=lap,'] *lJ
and on the other hand,

Ln—un] n—up

n? [ In(x) — In(n — x) — E]

x 3n/4

—n?In (M)(l +o(1)).

Un

YA <
k=[3n/4] k (I’l k)

Summing the two terms and appealing (4.13), we obtain

[n—u,]

, 4K
E[b) ] < —n°pa(1+0(1)),
k=lap;'

and the claim follows. |

We have a natural coupling between burnt and marked subtrees which enables us to

deduce Lemma 4.19 from Lemma 4.20: for each k € {1,...,n — 2}, we toss a coin which gives
Head with probability pn; the first burnt subtree, say, T, 1, is distributed as the first marked
subtree, say, T/ ,, for which the outcome is Head. Then, the second burnt subtree T, is

distributed as the next marked subtree for which the outcome is Head and which is not
contained in T/ | , and so on. In the next proof, we implicitly assume that the marked and
burnt subtrees are indeed coupled.

Proof of Lemma 4.19. Fix¢,§ > 0 and a > §7%. Since p,{,,; — y; in distribution as n — oo
for any j > 1and j~'y; — 1in probability as j — oo from the law of large numbers, we may,
and do, fix jo > 1 and further ny > 1 such that for any n > n,, we have

P(Snjy > ap,') = 1= .

For any j > 1, denote by 6, ; — 1 the number of edges that have been removed in the marking
procedure when we mark the subtree corresponding to the burnt subtree b, ;. We have

Z bn;j < b;,kﬂ{nﬁl}ﬂ{kﬁmm b
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where n; = 1if and only if the outcome of the coin which is tossed at the k-th step is Head.
Further, since {1 = 0p1 and {,; < 0, for every j > 2, we see that

P((npn)—2 D bay>e

J=Jo

n—-2
i > o' <B(Gp) ) Bl > )

k=lap;'

Recall that lim,,_,o ppu, = 0, which implies that the probability that no tree is marked after
the |n — u,|-th step is (1 — p,,)f”ﬂ_2 > 1- ¢ for any n large enough. Finally,

[n—u,] [n—un]
P((npn)—2 > b;,kl[mkzl}>e)Se_l(npn)_z D El, .
k=lap;!] k=Lap;’|

so, thanks to Lemma 4.20,

Ln—un]

€

lim sup P((npn)_2 by L=ty > 5) <e =

n—oo

k=|ap;!|
We conclude that -
lim sup }P((npn)_2 Z by > é‘) < e7'CS + 26,

N —
J=Jo

and the claim follows since § is arbitrary. O

Using the same reasoning as in the proof of Theorem 4.1, Theorem 4.16 follows readily
from Proposition 4.18 and Lemma 4.19.

Proof of Theorem 4.16. For every n,j > 1, we write the sequence ((np,) b,k > 1) as
S,(j) + R, (j) where

Sn(]) = (npn)_z(bn,l, bn,2’ cee bn,ja 09 09 LR )’
and

Rn(]) = (nprl)_z(oa LI} 07 bn,j+1, bn,j+2, L] );
and similarly, (y;2Z%i > 1) = S(j) + R(j), with

SG) = (1222 y, %22, ..y P ZR0,0,. ),

and
; -2 72 -2 72
R(]) = (05 cre O’ }/j+1Zj+19 yj+2Zj+2’ oo ).
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From Proposition 4.18, for any j > 1, lim,—« S,(j) = S(j) in distribution. Further, for any

¢ > 0, since the sequence (y; °Z?;i > 1) is summable, and thanks to Lemma 4.19, there exists

jo = 1and then ny > 1 such that
P(lIRGo)ll > €) <&, and foreveryn > ng, P(|[R,(jo)ll > €) < e.

which completes the proof. ]









5

FIRES ON LARGE RANDOM RECURSIVE TREES

In this chapter, we study the same fire dynamics as in Chapter 4, described in Chapter 2, but
now on a uniform random recursive tree with n vertices, and we prove the results discussed
in Section 2.3. This work is based on the article [82].

5.1 Introduction

A tree on the set of vertices [n] = {1,...,n} is called recursive if, when rooted at 1, the
sequence of vertices along any branch from the root to a leaf is increasing; see Figure 5.1 for
an illustration. There are (n — 1)! such trees and we pick one of them uniformly at random,
that we simply call random recursive tree, and denote by T,. A random recursive tree on [n]
can be inductively constructed by the following algorithm: we start with the singleton {1},
then for every i = 2, ..., n, the vertex i is added to the current tree by an edge {u;, i}, where
u; is chosen uniformly at random in {1, .. .,i — 1} and independently of the previous edges.

We shall see that random recursive trees fulfill the assumptions of Proposition 2.1 (and
Proposition 2.3 as well), which reads as follows: denote by I, the number of fireproof vertices
in T, then, as n — oo,

(i) If np,/Inn — 0, then n~'I, — 1in probability;
(ii) If np,/Inn — oo, then n™'I, — 0 in probability;

(iii) If np,/Inn — ¢ € (0, 00), then n™'I, — e, A 1in distribution, where e is exponentially
distributed with rate c.

Using precise information about the cut-tree of random recursive trees, in particular a
coupling with a certain random walk due to Iksanov & Mohle [62], we improve the con-
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Figure 5.1: Given a recursive tree and an enumeration of its edges on the left, if the edges set
on fire are the 4th, the 6th and the 8th, we get the two forests on the right where the burnt
components are drawn with dotted lines and the fireproof ones with plain lines.

vergence (ii) and obtain a convergence in distribution to a non-trivial limit for I, in the
subcritical regime, specifically:

p—nI ﬂ) e when p, > Inn/n
ln(l/pn) n o0 1 n ’

where e; is an exponential random variable with rate 1.

We further study the connectivity in the fireproof forest. We prove that with high
probability as n — oo, in the supercritical regime, there exists a giant fireproof component
of size n — o(n), in the subcritical regime, the largest fireproof component has size of order
P}, and finally for the critical regime, the largest fireproof component has size of order
p,! < n/Innif the root burns and n — o(n) if the root is fireproof.

In the last part, we study the sizes of the burnt subtrees, in order of appearance, in the
critical regime. The one which contains the root (if the root burns) has size of order n, while
for the others, the logarithm of their size, rescaled by In n converge in distribution to limits
strictly smaller than 1.

This work leaves open the question of the total number of burnt vertices in the supercrit-
ical regime: as above for the subcritical one, one would ask for a convergence in distribution
of n — I, rescaled by some sequence which is negligible compared to n (recall Theorem 4.2
for Cayley trees).

The rest of this chapter is organized as follows: in Section 5.2, we first recall the relations
between the marked cut-tree and the fire dynamics presented in Section 2.1 and apply
these results to random recursive trees. After recalling some known results in Section 5.2.2,
in particular a coupling of Iksanov & Mohle [62], we prove the scaling convergence in
distribution of the total number of fireproof vertices in the subcritical regime in Section 5.3.
Section 5.4 is devoted to the existence of giant fireproof components in the three regimes.
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Finally, our main results about the sizes of the burnt subtrees in the critical regime are stated

and proved in Section 5.5.

5.2 Cut-tree and fires

5.2.1 The cut-tree of a random recursive tree and fires

Recall from Section 2.1 the definitions of the cut-tree Cut(T,) associated with T, as well as
the mark process ¢, on the latter describing the fire dynamics on T, in the sense that the
marked blocks of Cut(T,) correspond to the burnt subtrees of T, and the leaves of Cut(T,)
which do not possess a marked ancestor correspond to the fireproof vertices of T,,.

ad abedefghijk

4

Figure 5.2: The forests after the dynamics on the recursive tree on the left and the corre-
sponding cut-tree on the right: the thick blocks are the ones connected to the root, the dotted
ones, those disconnected from the root. The leaves in the root-component of the cut-tree are
the fireproof vertices, the other components are the burnt subtrees.

Kuba & Panholzer [74] and Bertoin [19] provide the assumptions (H) and (H, ) for every
k € N respectively. Indeed, for each k € N, denote by R, x the smallest connected subset of
Cut(T,) which contains its root and k leaves chosen uniformly at random with replacement;
denote by L, x the length of R, . Then Kuba & Panholzer [74, Theorem 3] proved

1 d
ﬂLn,k Q B for every k €N, (5.1)
n n—oo

where Sy is a beta(k,1) random variable, i.e. with law kx*1dx on [0,1]. Their result is
stated in terms of the number of cuts needed to isolate k uniform random vertices; the
latter is indeed given by L, as explained in Section 2.1. Further, Bertoin [19] obtained
the convergence of the entire cut-tree; precisely, the proof of Theorem 1 in [19] shows the
following.
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Lemma 5.1 ([19]). Consider Cut(T,) equipped with the metric d,, given by the graph distance
rescaled by a factor In n/n, and the uniform probability measure on the n leaves y,. Then the
convergence

(Cut(To), A[n], {1}, ptn)  —> ([0,1],{0,1}, | - |, Leb)

n—oo

holds in probability for the two-pointed Gromov—Hausdorff-Prokhorov topology, where | - | and
Leb refer respectively to the Euclidean distance and Lebesgue measure.

As in the previous chapters, we define on [0, 1] a point process @, analogous to ¢, on
Cut(T,): first sample a Poisson point process with intensity c per unit length, then, along
each branch from the root to a leaf, keep only the closest mark to the root (if any) and erase
the other marks. The process @, thus reduces to the point process with at most one mark,
given by the smallest atom of a Poisson random measure on [0, 1] with intensity cdx if it
exists, and no mark otherwise. Proposition 2.1 and Proposition 2.3 then read as follows for
recursive trees.

Corollary 5.2. For every integer n, denote by I,, the number of fireproof vertices in T, and by

by > b, > --- > 0 the sizes of the burnt subtrees, ranked in non-increasing order. Then, as

n — oo,
(i) Ifnpn/Inn — 0, then n™'I, — 1 in probability;
(ii) Ifnpy/Inn — oo, then n'I, — 0 in probability;
(iii) If np,/Inn — c € (0, 00), then

d
B bl bl ) D (e AL1= (e A1),0,0,...),

n—oo

where e is an exponential random variable with rate c.

Proof. Recall from the proof of Proposition 2.1 the identity

E[(n"'1,)*] = E[(1 = pa)*"*] = E[(1 - pn)""*](1 + (1)),

where X,  denotes the number of internal nodes of R, k, so L, x — X, x is equal to the number
of distinct leaves of R, x minus one, which is bounded by k — 1. It then follows from (5.1) that
n~'I, converges in probability to 1 when p, < Inn/n, to 0 when p, > Inn/nand to e, A 1
when p, ~ c¢Ilnn/n, since, for every k > 1, we have

E[e_cﬁk] = /1 e kxFldx = e~ + /1 ce *xkdx = ]E[(ec A 1)k].
0 0
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Further, using Lemma 5.1, we may apply Proposition 2.3 where T = [0, 1] so the limit #(7, ®.)
is the sequence whose entries are the Lebesgue measure of each connected component of
[0, 1] after logging at the atoms of @, the root-component first, and the next in non-increasing
order, i.e. #(T,®.) = (e. A1,1— (e. A 1),0,0,...). O

Consider the critical regime of the fire dynamics on T, that is p, ~ cInn/n for some
fixed ¢ € (0,00). We identify the macroscopic burnt component appearing in Corollary
5.2 (iii) above as the one containing the root.

Proposition 5.3. Denote by bY the size of the burnt subtree which contains the root of T,, if the
latter is burnt, and 0 otherwise, and A,, the event that the root of T, burns. Then in the critical
regime p, ~ clnn/n, we have
1 —130 @
(Ia,,n " I,,n" b)) — (Ie,<1,ec AL1— (e, A1),

n—o00

where e, is an exponential random variable with rate c.

We see that the probability that the root burns converges to 1 — e . Further, from this
result and Corollary 5.2 (iii), we see that in the critical regime, with high probability, when
the root burns, its burnt component is the macroscopic one, and when it does not burn, then
there is no macroscopic burnt component. Finally, the density of fireproof vertices converges
to 1in probability if we condition the root to be fireproof, and it converges in distribution to
an exponential random variable with rate ¢ conditioned to be smaller than 1 if we condition
the root to burn.

Proof. On the path of Cut(T,) from [n] to {1}, there is at most one mark, at a height given
by a geometric random variable with parameter p, ~ c¢Inn/n if the latter is smaller than the
height of {1}, and no mark otherwise. Furthermore, b? is equal to 0 if there is no such mark
and is given by the number of leaves of the subtree of Cut(T,,) that stems from this marked
block otherwise. Thanks to Lemma 5.1, this path and the mark converge in distribution to
the interval [0, 1] with a mark at distance e, from 0 if e, < 1, and no mark otherwise. Hence
1,0 (@)
Uaen b)) D (o1~ (e A1),
Moreover, we already know from Corollary 5.2 (iii) that n™'I,, converges in distribution to
e. A 1, where €/, is exponentially distributed with rate c. Notice that we have I, < n — b2, so
e, A1 < e; A1almost surely. Since they have the same law, we conclude thate, A1=e, A1
almost surely and the claim follows. O
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In order to obtain more precise results on the fire dynamics on T,, we need more
information about Cut(T,). We next recall some known results about the cut-tree of large
random recursive trees, due to Meir & Moon [86], Iksanov & Mohle [62] and Bertoin [19],
and introduce the notation we shall use subsequently.

5.2.2 More about the cut-tree of a random recursive tree

Let {(n) be the length of the path in Cut(T,) from its root [n] to the leaf {1}. Set C,, o := [n] and
foreachi=1,...,{(n),let C,; and C,’”. be the two offsprings of C,,;_;, with the convention
that 1 € C,;; finally, denote by T,; and T;,i the subtrees of T, restricted to C,; and C;“.
respectively. Note that for every i € {1,...,{(n)}, the collection {C} ,,...,C} ,,

partition of [n]. The next lemma shows that the law of Cut(T,) is essentially determined by
that of the nested sequence [n] = C;0 2 Cp1 D -+ D Cpy(n) = {1}.

Cp.i} forms a

Indeed, random recursive trees fulfill a certain consistency relation called splitting
property or randomness preservation property. We extend the definition of a recursive tree
to a tree on a totally ordered set of vertices which is rooted at the smallest element and such
that the sequence of vertices along any branch from the root to a leaf is increasing. There
is a canonical way to transform such a tree with size, say, k, to a recursive tree on [k] by
relabelling the vertices.

Lemma 5.4. Fixi € {1,...,{(n)}. Conditional on the setsC, ,,...,C, . and C,;, the subtrees
T ;... T, and T, ; are independent random recursive trees on their respective set of vertices.
Furthermore, conditional on these sets, the subtrees of Cut(T,) that stem from these blocks are

independent and distributed as cut-trees of random recursive trees on these sets.

Proof. The first statement should be plain from the inductive construction of random
recursive trees described in the introduction. The second follows since, in addition, if we
restrict the fragmentation of T, described earlier to one of its subtree, the edges of this subtree
are indeed removed in a uniform random order and this fragmentation is independent of the
rest of T,. O

As a consequence, we only need to focus on the size of the C,;’s. Our main tool relies
on a coupling due originally to Iksanov & Mohle [62] that connects the latter with a certain
random walk. Let us introduce a random variable ¢ with distribution

1

P(é’/:k):m, kZl,
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then a random walk
Si=&+--+¢, j=1,

where (&;i > 1) are i.i.d. copies of £, and finally the last-passage time
AMn) =max{j >1:5; < n}.
A weaker form of the result in [62], which is sufficient for our purpose, is the following.

Lemma 5.5. One can construct on the same probability space a random recursive tree of size n
and its cut-tree, together with a version of the random walk S such that {(n) > A(n) and

(IChls - 1 s [Cram ) = (&1 - -+ Eagmys 1 = Sa(m))- (5.2)

From now on, we assume that the recursive tree T, and its cut-tree Cut(T,) are indeed
coupled with the random walk S. This coupling enables us to deduce properties of Cut(T),)
from that of S; we shall need the following results.

Lemma 5.6. The random walk S fulfills the following properties.
(i) Weak law of large numbers:

1 . ..
klnksk P 1 in probability.

(ii) The last-passage time satisfies

|
2)L(n) — 1 in probability.

n n—oo

(iii) The undershoot satisfies
T(n ~ Sin)) — 0 in probability.
(iv) The random point measure .
i 51“7”51‘ (dx)
i=1

converges in distribution on the space of locally finite measures on (0, co] endowed with
the vague topology towards to a Poisson random measure with intensity x 2dx.

Proof. The first assertion can be checked using generating functions; a standard limit
theorem for random walk with step distribution in the domain of attraction of a stable law
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entails moreover the weak convergence of k™S — Ink to the so-called continuous Luria-
Delbriick distribution, see for instance Geluk & de Haan [54]. Iksanov & Mahle [62], provide
finer limit theorems for the last-passage time as well as the undershoot, see respectively
Proposition 2 and Lemma 2 there. Finally, the last assertion is the claim of Lemma 1 (ii) of
Bertoin [19] and follows readily from the distribution of £ and Theorem 16.16 of Kallenberg
[68]. O

Note from Lemma 5.5 that
A(n) < {(n) < A(n) + |Cpamy)l = An) +n—S)n).

Lemma 5.6 (ii) and 5.6 (iii) thus entail

lim lnTnév (n)=1 in probability.
n—>oo

This result was obtained earlier by Meir & Moon [86] who proved

mal ew)] - (e
lim E| —{(n) :r}LrEOE ((n)] | =1

n—oo n n

We will use this stronger result in Section 5.4 below.

5.3 Density of fireproof vertices

We prove in this section a non-trivial limit in distribution for the number I,, of fireproof
vertices in T,, under an appropriate scaling, in the subcritical regime. We begin with a
lemma.

Lemma 5.7. Consider the subcritical regime 1> p, > Inn/n. Then, asn — oo, the root of T,
burns with high probability, and the size of its burnt component, rescaled by n, converges to 1 in
probability.

Proof. Consider the path from [n] to {1} in Cut(T,). It contains at most one mark, whose
height o(n) is distributed as g, A {(n) where g, is a geometric random variable with parameter
pn independent of {(n). Recall from Lemma 5.6 that {(n) > A(n) ~ n/Inn in probability, so
this mark exists with high probability and, moreover,
(d)
pno(n)  — e

n—oo
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In particular, we have o(n) < A(n) with high probability. On this event, observe thanks to
Lemma 5.5 that the size of the burnt component which contains the root is given by

ICrom)| =1 = So(n)-

It follows from Lemma 5.6 (i) and a standard argument (cf. Theorem 15.17 in Kallenberg [68])
that for every y > 0,

sup Pr
x€[0,y] ln(l/ n)

S\x/ps) —%| — 0 in probability,

n—oo

and we conclude that

Pn (d)
San —
In(1/pn) "™ noeo

Note that p,/In(1/p,) > 1/n when p, > Inn/n, therefore

el. (5-3)

n_llC,w(n)l — 1 in probability,

n—00

and the proof is complete. O
Theorem 5.8. In the subcritical regime 1 > p, > Inn/n, we have the convergence

Pn I, ﬂ)
In(1/py) = noeo

€1
where e, is an exponential random variable with rate 1.
As we noted, p,/In(1/p,) > 1/n when p, > Inn/n, so this result recovers Corollary

5.2 (ii). Observe also that in the critical regime p) ~ cInn/n, we have p;,/In(1/p}) ~ c/n; it
then follows from Corollary 5.2 (iii) that in this case

/ d
)

In(1/p;) " noe clec A1) =erhe,

and the right-hand side further converges to e; as ¢ — oo. The same phenomenon was
observed in Remark 4.3 for Cayley trees, where in both regimes, critical and subcritical, one
should rescale I, by a factor p? and the limit for the critical case converges to that of the
subcritical case when ¢ — oo.

Proof. The proof borrows ideas from [19, Section 3]. Recall that I, is the number of leaves
in the component of Cut(T,) which contains the root [n] after logging at the atoms of the
process ¢,. According to the proof of Lemma 5.7, with high probability, there exists a mark
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on the path from [n] to {1} in Cut(T,), at height o(n). Observe that all the other marks of ¢,

are contained in the subtrees of Cut(T},) that stem from the blocks C/ ,,...,C’

. Moreover,
n,o(n)

appealing to Lemma 5.5, (5.3) reads
o(n)

Pn , (d)
C . .
In(1/pn) Zl nil A

i=1

It only remains to show that the proportion of leaves in all these subtrees which belong
to the root-component of Cut(T,) converges to 1 in probability. Recall from Lemma 5.4
that, conditional on the sets C;,p e C; o) the subtrees of Cut(T,) that stems from these
blocks are independent and distributed respectively as the cut-tree of a random recursive
tree on C; ;. As in the proof of Proposition 2.1, we show that the probability that a leaf chosen
uniformly at random in these subtrees belongs to the root-component converges to 1. This
probability latter is bounded from below by

E (1 _ pn)max{Depth(Cut(T;Li));lSiScr(n)} i
where Depth(T) denotes the maximal distance in the tree T from the root to a leaf. The proof
then boils down to the convergence

pnmax{Depth(Cut(T;;));1<i<o(n)} — 0
’ n—oo
in probability. Bertoin [19, Proposition 1] proves a similar statement, in the case where
pn = Inn/n and the maximum is up to A(n). We closely follow the arguments in [19]. Fix
e > 0; from Lemma 5.4, since Depth(Cut(T)) < |T|, for every m € N and a > 0,

P(pn max{Depth(Cut(T},;));1 < i < o(n)} > &)
is bounded from above by

m sup P(p,Depth(Cut(Ty)) > ¢) + P(N(e,n) > m) + P(N(a,n) > 1),
k<a/pn

where N(z,n) = Card{i = 1,...,0(n) : IT;“.I > z/pn}. On the one hand, from (5.2) and the
distribution of &, conditionally given o (n) with o(n) < A(n), N(z, n) is binomial distributed

with parameters o(n) and [z/p,]”}; as a consequence, for any § > 0, we may fix m and a
sufficiently large so that

limsup P(N(¢e,n) > m) + P(N(a,n) > 1) < 6.

n—-oo
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On the other hand, from (5.2), we have
Depth(Cut(Tx)) < A(k) + max{&;1 < i < A(k)} + (k = Syx))

which, rescaled by a factor p,, converges in probability to 0 uniformly for k < a/p, thanks
to Lemma 5.6. This concludes the proof. O

Remark 5.9. Let C, be the root-component of Cut(T,) after performing a Bernoulli bond
percolation, in which each edge is removed with probability p,; we endow it with the graph
distance d, and the measure v, which assigns mass 1 to each leaf. Adapting Section 3 of
Bertoin [19], the proofs of Proposition 5.3 and Theorem 5.8 here respectively entail the
following weak convergences for the pointed Gromov-Hausdorff-Prokhorov topology:

Pn (d)

Cps pndn, ———— 0,e1],|- |, Leb), h 1 ,

( n> Pnln ln(l/pn)vn) 2 ([ el],|-|,Le ) when p, > Inn/n
and

1 1 d
(Cn, ﬂdn, —Vn) Q ([O, e.A1], - |,Leb), when p, ~ clnn/n,
n n n— oo

where in both cases, | - | and Leb refer respectively to the Euclidean distance and Lebesgue

measure, and the intervals are pointed at 0. The same arguments also yield

| 1 d
(Cn, —nndn, —vn) Q ([0, 1],] - |,Leb), when p, < clnn/n.
n n

n—o0

5.4 Connectivity properties of the fireproof forest

We next focus on the fireproof forest. As in Section 4 of Bertoin [16] for Cayley trees, we first
find an asymptotic estimate for the probability that the root and a uniform random vertex
belong to the same fireproof subtree, in both the critical and supercritical cases. We then
deduce estimates on the size of the largest fireproof component in all of the three regimes.

Theorem 5.10. Letc € [0, ) and p, such thatlim,_,c np,/Inn = c. Let also X, be a uniform
random vertex in [n] independent of T, and the fire dynamics. Then the probability that X,
and 1 belong to the same fireproof subtree converges towards e™® asn — oo.

Let us postpone the proof of Theorem 5.10 to first state some consequences in terms of
the existence of giant fireproof components. Denote by f*, the size of the largest fireproof
subtree of T,,.
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Corollary 5.11. In the supercritical regime p, < Inn/n, we have the convergence

n_lfn*,1 —> 1 in probability.

n—oo

This further yields the following result for the subcritical regime.

Corollary 5.12. In the subcritical regime 1 > p, > Inn/n, the sequence (p,f, ;;n > 1) is
tight.

Finally, in the critical regime, the behavior resembles that of sub or supercritical, accord-
ing to the final state of the root. Fix ¢ > 0.

Corollary 5.13. Consider the critical regime p, ~ c¢lnn/n. We distinguish two cases:
(i) On the event that the root burns, the sequence ((In n)n_lfn*lg n > 1) is tight.

(ii) On the event that the root is fireproof, n”' f*, converges to1 in probability.

Proof of Theorem 5.10. We use a so-called spinal decomposition: fix X € [n] and denote by
h(X) = d(X,1) the height of X in T,. Let Vg, . . ., V4(x) be the vertices on the oriented branch
from1to X: Vo =1, V(x) = X and for each i = 1,. .., h(X), Vi_; is the parent of V;. Removing
all the edges {V;, Vi;1} disconnects T, into h(X) + 1 subtrees denoted by Ty, . . ., Ty(x) where
T; contains V; for every i = 0, ..., h(X). Clearly, V; = 1and Vj,(x) = X belong to the same
fireproof connected component if and only if all the V;’s are fireproof, i.e. when all the edges
{Vi, Viy1} are fireproof and each V; is fireproof for the dynamics restricted to the tree T;.

Using the inductive construction of random recursive trees described in the introduction,
one sees that, when removing the edge {Vj, V;}, the two subtrees we obtain are, conditional
on their set of vertices, independent random recursive trees. The one containing Vj is Tp.
Removing the edge {V}, V2} in the other subtree, we obtain similarly that T; is, conditional on
its set of vertices and that of T, a random recursive tree independent of T;. We conclude by
induction that conditional on their set of vertices, the T;’s are independent random recursive
trees rooted at V; respectively.

Recall that for every k > 1, { (k) denotes the height of the leaf {1} in the cut-tree Cut(Ty)
of a random recursive tree of size k. We have seen that the root of Ty is fireproof with
probability E[(1 — p,)¢®]. Thus, from the discussion above, the probability that X and 1
belong to the same fireproof connected component is given by

h(X)
5| exp (1n01 - 00+ ), )| (5.9
i=0
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where ({;(k); k > 1);>¢ is a sequence of i.i.d. copies of ({(k);k > 1). We prove that if X, is
uniformly distributed on [n], then

h(X)
1
an (h(Xn) + Z {i(ITil)) — 1 in probability, (5.5)
n i=0 e
which yields Theorem 5.10. It is well-known that h(X,) ~ Inn in probability as n — oo so
we only need to consider the sum in (5.5). Let us first discuss the distribution of the |T;|’s.

Let S,,(0) be a random variable uniformly distributed on [n]. Then, for every i > 1,
conditionally given S, (i — 1) := S,(0) + - - - + S, (i — 1), let S, (i) be uniformly distributed on
[n—S,(i —1)]if Su(i — 1) < n and set S,(i) = 0 otherwise. Let k, := inf{i > 0 : S,(i) = n};
note that S, (i) = 0 if and only if i > «,, and that S,(0) + - - - + S, (k) = n. We call the sequence
Sy == (50(0),...,Sn(xn)) a discrete stick-breaking process. Denote finally by S, a size-biased
pick from S,. Then S, is uniformly distributed on [n] (see Lemma 5.14 below) and for every
measurable and non-negative functions f and g, we have

o S ) s £G0)
E[g(;ﬂsn(z)))]:la[g(;n oy P<sn=sn<z>|sn>)}=E[g(n - )] 56)

n

The stick breaking-process appears in a random recursive tree in two ways: vertically
and horizontally. Indeed, if we discard the root of T,;; and its adjacent edges, then the
sequence formed by the sizes of the resulting subtrees, ranked in increasing order of their
root is distributed as S,. In particular, the one containing the leaf n + 1 has size S, so is
uniformly distributed on [n]. Further, if n + 1 is not the root of this subtree, we can iterate the
procedure of removing the root and discarding all the components but the one containing
n + 1. Conditionally given the size s; of the component containing n + 1 at the i-th step, its
size at the i + 1-st step is uniformly distributed on [s; — 1], thus defining a stick-breaking
process. We continue until the component containing n + 1 is reduced to the singleton {n +1};
this takes h(n + 1) = k, + 1 steps.

Let X, be the parent of n + 1in T,;;; then X, is distributed as a uniform random vertex
of T,. Moreover, we just saw that h(X,) = h(n + 1) — 1 is distributed as k, and, further, the
sequence |Tol, .. ., |Tyx,)| previously defined is distributed as S,. Theorem 5.10 will thereby
follow from the convergence

Inn

n . n—oo

DG — 1 (5.7)
i=0

in probability. We prove the convergence of the first and second moments. Let us define
fi(€) := E[{(¢)] and f;(¢) = E[{(£)?] for every £ > 1. We already mentioned that Meir &
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Moon [86] proved that, as £ — oo,

2
A0 = o) and 50 = (5] (o), (59

n¢

Conditioning first on S, and then averaging, we have

8| 2 a5,00| =2[ Y s
i=0 i=0

and, using the conditional independence of the {;’s,

Kn 2  Kn
([ atsn) | -2 D)
i=0 -

=E st (M)

+E

> gi(sn(i»g(snm)}

i#j

+E

D S0 i(Sn o»]

i#j
(Zﬁ(sn(i))) ] - E[iﬁ(sn(i))z].
i=0 i=0

We finally compute these four expectations appealing to (5.6), (5.8) and Lemma 5.14: as

n— oo,
N A C[AG)] DA o n
E[;fl(sn(l))] = nE[ 5 ] = ;7 ~ ;ﬁ ~“an’

+E

=B Zfz(sn(i))
- i=0

similarly

K, 2 o 2 n 2 n
5o i) |- oerl(ASY S (AO) L L e
E[(Zfl(sn(l))) ] =n E[( 3 ) ] = 1 ( 7 ) £ (In0)2  (Inn)?’

(=
finally

n

E[ifl(sn(i)) ] = E[ 2] Zfl(f)z Z(lng 1nn

Thus, the first two moments of n” ! Inn 3% i Gi(Su(i)) converge to 1, which implies (5.7) (the
convergence even holds in L?). |
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In the course of the proof we used the following lemma.

Lemma 5.14. A size-biased pick S, from a discrete stick-breaking process S, is uniformly
distributed on [n].

Proof. As we have seen, S, is distributed as the sizes of the subtrees of T,; after removing
the root and its adjacent edges. Furthermore, as there are n! recursive trees of size n + 1, the
latter are in bijection with permutations of [n]. Indeed, there is an explicit bijection between
uniform random recursive trees of size n + 1 and uniform random permutation of [n], via the
chinese restaurant process, see e.g. Goldschmidt and Martin [55], in which the vertex-sets of
the subtrees of T, after removing the root and its adjacent edges are exactly the cycles of
the permutation. Then, for every k € [n],

P(S, = k) = Z EP(Sn(i) =k) = EE[Card{i > 0:S,(i) = k}],
izo " n
and Card{i > 0 : S, (i) = k} is distributed as the number of cycles of length k in a uniform
random permutation of [n]. Given k distinct elements of [n] fixed, there are (k — 1)!(n — k)!
permutations of [n] for which they form a cycle, so they form a cycle of a uniform random
permutation with probability (k — 1)!(n — k)!/n!. Summing over all the k-tuples of [n], we

n\(n-kik-1n! 1
k) Tk

obtain

E[Card{i > 0: S,(i) = k}] = ( 0 P

and the proof is complete. O
We end this section with the proof of the three corollaries of Theorem 5.10.

Proof of Corollary 5.11. Let f*, > f*, > -+ > 0 be the sizes of the fireproof subtrees of
T, ranked in non-increasing order. Let also X, and X, be two independent uniform random
vertices in [n], independent of the fire dynamics. Since };5; f,'; < n, we have

B 2 Bl Y5

i>1

P(X, and X, belong to the same fireproof component)
P

\%

(Xn, X}, and 1 belong to the same fireproof component)

> 2P(X, and 1 belong to the same fireproof component) — 1,

and the latter converges to 1as n — oo from Theorem 5.10. We conclude that n™! fn1 converges
to 1in probability. O
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Proof of Corollary 5.12. With the notations of the proof of Theorem 5.8, the root burns
with high probability, so we implicitly condition on this event, and the number of edges
fireproof in the root-component is given by o(n) which, rescaled by a factor p,, converges in
distribution towards e;. Then the argument of Lemma 5.6 (iv) entails the joint convergence

in distribution of the pair
o(n)

(P"“ (n), Z 5pan;,,,.|(dX))
i=1

towards e; and a Poisson random measure with intensity e;x 2dx on (0, ). In particular,
for every ¢ € (0, 1), there exist two constants, say, m and M, for which

P(m < max p,|T);| < M) >1-—c¢,

1<i<o(n)
for every n large enough. Observe that

M/pn
n———— —> 0,
P Mpn) o

and therefore a subtree which satisfies m < p,|T} ;| < M is supercritical. It then follows from
Theorem 5.10 that such a subtree contains a fireproof component larger than (1 — ¢)m/p,
(and smaller that M/p,) with high probability and the proof is complete. m]

Proof of Corollary 5.13. For the first statement, on the event that the root burns, the
number o (n) of edges fireproof in the root-component, rescaled by a factor In n/n converges
in distribution towards an exponential random variable with rate ¢ conditioned to be smaller
than 1. The rest of the proof follows verbatim from that of Corollary 5.12 above. For the
second statement, we already proved in Proposition 5.3 that the probability that the root of
T, is fireproof converges to e™ as n — oo. Thus, on this event, the probability that the root
and an independent uniform random vertex belong to the same fireproof subtree converges
to 1 and the claim follows from the proof of Corollary 5.11. O

5.5 On the sequence of burnt subtrees

In the last section, we investigate the behavior of the burnt subtrees, in the critical regime
pn ~ clnn/n. Let yo = 0 and (yj —yj-1)j>1 be a sequence of i.i.d. exponential random variables
with rate ¢ and conditional on (yj)j>1, let (Z;);>1 be a sequence of independent random
variables, where Z; is distributed as an exponential random variable with rate y; conditioned
to be smaller than 1. For every i € N, denote by 0,,; the time at which the i-th fire occurs and
by by ; the size of the corresponding burnt subtree of T),.
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Theorem 5.15. Consider the critical regime p, ~ clnn/n. We have for everyi € N,

Inn (d)
—(9n1,.. 9 ) e ()/1,...,)/,').

n—oo

Furthermore, for every j € N, the probability that the root burns with the j-th fire converges to

j-1
]E[e_yf 1_[(1 - e_y")]
i=1
as n — oo. Finally, on this event, for every k > j + 1, the vector

(ln boi  Inbyiy by Inbyy  In bn,k)

Inn’"""7 Inn " n’ Inn °°77 Inn

converges in distribution towards

(Zl’ cees Zj—l’ e_)/j7 Zj+19 R Zk)'
We can compute the expectation above by setting

j—1
E[e_” l_[(l - e_y")] = pj-1= Pjs
i=1

where for every j > 0,

ﬁl—e Yf]

i=

Il
s} ﬁl

1)1 e_yfl e e_Y€i:|

1<€1< -<{;<j

M& “M‘

Z E[e Vae - Dera) ... o=(e=va.)]

1<t’1<~~-<€,-sj

Z c b c b=t c ti—tiy
Ae+i) \e+i-1 c+1 ’
i= 1<£’1<~--<£’iSj

Before tackling the proof of Theorem 5.15, let us give a consequence of it.

Corollary 5.16. We have in the critical regime p, ~ clnn/n
khm lim P(the root of T, is not burnt after k fires) = lim P(the root of T, is fireproof),
—00 —00 n—oo

and both are equal to e™*.
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In particular, we see that for every ¢ > 0, there exists k € N such that

lim inf P(the root of T, is fireproof | it is not burnt after k fires) > 1 —¢.

n—oo

In words, we can find k large enough but independent of n, such that if the root of T, has
not burnt after the first k fires, then with high probability, it will be fireproof at the end of
the dynamics.

Proof. We already proved in Proposition 5.3 that the right-hand side is equal e™. To prove
that the left-hand side is equal to e™ as well, observe from Theorem 5.15 that for every k € N,
the probability that the root of T, is not burnt after k fires converges as n — oo towards
E[ le(l — e 11)], which in turn converges as k — co towards

]E[ l—[(l - e‘”)] =P(& < y; for every i > 1),
i=1

where (¢;)i>1 is a sequence of i.i.d. standard exponential random variables which is indepen-
dent of the sequence (y;)i>1. For each k > 1, define yi = yx if y; > ¢ for every i < k and
Yk = 0, some cemetery state, otherwise. Then y is a homogeneous killed Markov chain with
(defective) transition kernel given by

Q(x,x + dy) = (1— e ") ce~¥dy, x,y €R.

We define for every x € R, p(x) the probability, starting from x, that y lives for ever, i.e.
never hits the absorbing state d. Note that p(co) = 1and p(0) = E[]];2,(1 —e™"")]. Using the
Markov property at the first step, we have for every x € R,

p(x) = / (1— e ) ee Y p(x + y)dy.
0

Define a function f : R — R by f(x) = e"*p(x), then f satisfies the integral equation

f(x) = /°° c(1-e*)f(z)dz, x € R,
with f(co) = 0. Taking the derivative of both sides, we obtain
flx) =—cl-e7)f(x), xeR,
and then

In (%) = /Ox —c(1—e?)dz = —(cx —c+ce™), x € R.
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We conclude that

p(0) = £(0) = f(x)exp(cx —c + ce™) = e “p(x) exp(ce™), x € R.

Letting x — oo, we obtain p(0) = e™“ and more generally p(x) = exp(—ce™) for every x € R,
which is the distribution function of a Gumbel random variable evaluated at x — In c. This
completes the proof. O

In order to prove Theorem 5.15, we shall need the following three results on random
recursive trees. Let E, be the set of all edges of T,, which are not adjacent to the root. Fix
k € N and consider a simple random sample (e, 1, ..., e,x) of k edges from E,. For each
i=1,...,k, denote by v,; and v;,i the two extremities of e, ; with the convention that v, ; is
the closest one to the root. Finally, denote by pp i = max<;j<k h(vn; A vnj), where a A b
denotes the last common ancestor of a and b in T, and h(a) the height of a in T,. Then in
the complement of the ball centered at the root and of radius p, k, the paths from 1 to vy,
i=1,...,k are disjoint.

Lemma 5.17. Foreveryi € N fixed, we have
1

h(vni) — 1 in probability.
Inn n—co

Proof. We may replace v, by v}, ;, which is uniformly distributed on the set of vertices of
T, with height at least two. It is known that the degree of the root of T, rescaled by Inn
converges to 1 in probability so, as n — oo, v;l’l is close (in the sense of total variation) to a
uniform random vertex on [n]. It follows that

1
—Inv,; — 1 in probability.
Inn n—0co
Finally, in a random recursive tree, the label £ of a vertex and its height h({) are related as
follows:

1
—h(f) — 1 in probability, (5.9)
In¢ {—o00

which concludes the proof. O

Lemma 5.18. For everyk € N fixed, p, x = O(1) in probability asn — oo.

Proof. It suffices to consider k = 2; moreover, we may approximate v,; and v, 2 by a two
independent uniform random vertices in [n], say, u, and v,. We have h(u, A v,) > 1if and
only if u, and v, belong to the same tree-component in the forest, say, (T, ..., T¥) obtained
by removing the root and all its adjacent edges from T,. We already noticed that this vector
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forms a discrete stick-breaking processon [n —1]. Let Yy = 0and Y, := }‘21 |T,{|2 forn > 1;
then, by decomposing with respect to [T}, since the latter is uniformly distributed on [n — 1],
we obtain
&g i n(n—1)
B[] = ) ——(+EN)) = (1 =) + B[] = D (0~ 1) = ———
=1 =1
Finally,
E[Y; -1 1
P(h(up Avy) 2 1) = [2"] e — -
n 2n n—o0 2

We can iterate with the same reasoning: h(u, A v,) > ¢ if and only if u, and v, belong to the
same tree-component in the forest obtained by removing all the vertices at distance at most
¢ from the root and their adjacent edges. Then as previously,

Ph(u, Avy) 2 €+1| h(uy Avy) 2 €6) — 2
Therefore h(u, A v,) converges weakly to the geometric distribution with parameter 1/2. It
follows that for every k € N fixed, the sequence (p; x)nen is bounded in probability. m]

Lemma 5.19. For each v € [n], denote by T, (v) the subtree of T, that stems from v. Then for
any sequence of integers 1 < v, < n, we have

(% d)
_ann(Un)l - ela
n n—oo

where e, is an exponential random variable with rate 1.

Proof. We interpret the size of T, (v) in terms of a Polya urn. Recall the iterative construction
of random recursive trees described in the introduction. At the v-th step, we add the vertex
v to the current tree; then cut the edge which connects v to its parent to obtain a forest
with two components with sets of vertices {v} and [v — 1] respectively. Next, the vertices
v +1,...,n are added to this forest independently one after the others, and the parent of
each is uniformly chosen in the system. Considering the two connected components, we see
that their sizes evolve indeed as an urn with initial configuration of 1 red ball and v — 1 black
balls and for which at each step, a ball is picked uniformly at random and then put back in
the urn, along with one new ball of the same color. Then |T,(v)| — 1is equal to the number
of “red” outcomes after n — v trials and this is known to have the beta-binomial distribution
with parameters (n — v,1,v — 1), i.e.

(n=9v)! (n—¢-2)!

BT, (@)1 = £ +1) = (0= D222 oo,
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Using Stirling formula, we compute for every x € (0, 00) and 1 <« v, < n,
Un _
P(ITa(vn)l = Lxn/val) = —e™*(1+ (1)),

and the claim follows from this local convergence. O

Figure 5.3: Illustration of the proof of Theorem 5.15.

The proof of Theorem 5.15 consists of four main steps, which are indicated by “STEP 17,
..., “STEP 4”. We first consider the case of the root: we view the fire dynamics as a dynam-
ical percolation in continuous-time where each fireproof edge is deleted and each burnt
component is discarded. Then the results of Bertoin [18] allow us to derive the size of the
root-cluster at the instant of the first fire, which gives us the probability that this cluster
burns with the first fire. If it does not, then we discard a small cluster (this is proven in step
2) and then continue the percolation on the remaining part until the second fire; again we
know the size of the root-cluster at this instant. By induction, we obtain for every j > 1 the
probability that the root burns with the j-th fire, and the size of its burnt component.
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In a second step, we investigate the size of the first burnt subtree, conditionally given
that it does not contain the root. We denote by A, ; the closest extremity to the root of the
first edge which is set on fire. Since the root does not burn at this instant, there exists at least
one fireproof edge on the path from the root to A,;; consider all the vertices on this path
which are adjacent to such a fireproof edge and let Z,; be the closest one to A, ;. Finally, let
T,1 be the subtree of T, that stems from Z, ;. Then b, ; is the size of the first burnt subtree
of T,,; and the latter contains A, ; and its root Z, ;. We estimate the size of T,,;; further, we
know the number of fireproof edges in T,; before the first fire and, thanks to the first step
(recall that, conditionally given its size, T,,; is a random recursive tree), we know the size of
the root-component which burns with the first fire.

In the third step, we extend the results of the second one to the first two burnt components,
conditionally given that none of them contains the root. The reasoning is the same as for
the second step; we prove that the paths between the root of T, and the starting points
of the first two fires, respectively A,; and A,,, become disjoint close to the root so that
the dynamics on each are essentially independent: in particular the variables Z,; and Z,, ,
(the latter plays the same role as Z, ; for the second fire) become independent at the limit.
We conclude by induction that the estimate holds for the sizes of the first k burnt subtrees,
conditionally given that the root does not burn with any of the first k fires.

The last step is a simple remark: the fact that the root burns does not affect the previous
reasoning. Indeed, if the root burns with, say, the j-th fire, then there exists a vertex Z;‘J
between the root and the starting point A, j;; of the j + 1-first fire where the j-th fire stops.
Therefore the estimate for the size of the burnt components before that the root burns holds
also for the burnt components which come after that the root has burnt.

Proof of Theorem 5.15. STEP 1: Let us first consider the root-component. It will be more
convenient to work in a continuous-time setting. We attach to each edge e of T, two
independent exponential random variables, say, ¢/f)(e) and ¢ (e), with parameter (1 —
pn)/ Inn and p,/ In n respectively. They should be thought of as the time at which the edge e
becomes fireproof or is set on fire respectively; if the edge is already burnt because of the
propagation of a prior fire, we do not do anything; likewise, if an edge e is fireproof, we do
not set it on fire at the time £ (e) > ¢\f)(e). Then the time 7(n) corresponding to the first
fire is given by
r(n) = inf{e® (e) : ¥ (e) < eV (e)).

By the properties of exponential distribution, the variable inf, ¢)(e) is exponentially dis-

tributed with parameter (n — 1)p,/Inn — c as n — co. Denote by é the edge of T, such that
¢®)(é) = inf, e (e). Then £)(é) is exponentially distributed with parameter (1 - p,)/Inn
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and so £ (&) < £ (&) with high probability. We conclude that 7(n) = inf, ¢®)(e) with high
probability and the latter converges in distribution to y;. It then follows from Corollary 2 of
Bertoin [18] that the size of the root-component at the instant 7(n), rescaled by a factor n™%,
converges to e ! as n — co. We conclude that the probability that the root of T, burns with
the first fire converges to E[e™] and, conditional on this event, the size of the corresponding

-1

burnt component rescaled by a factor n™* converges to e™ in distribution.

If the root does not burn with the first fire, then we shall prove in the next step that the
size by of the first burnt component is negligible compared to n with high probability. The
previous reasoning then shows that the time of the second fire converges in distribution to
Y2, the probability that the root of T, burns at the second fire converges to E[(1 — e™"")e™"2]
and, on this event, the size of the corresponding burnt component rescaled by a factor n™?
converges to e™? in distribution. Again, if the root does not burn with the second fire,
then the second burnt component is negligible compared to n with high probability and the

general claim follows by induction.

STEP 2: For the rest of this proof, we condition on the event that the root of T, burns
with the j-th fire with j > 1 fixed. We first prove the convergence of the logarithm of the
sizes of the first j — 1 burnt subtrees. Observe that the j — 1 first edges which are set on fire
are distributed as a simple random sample of j — 1 edges from the set E, of edges of T, not
adjacent to the root. Lemma 5.17 then entails that

] (h(An 1)s--->h(Apj-1)) — (1,...,1) in probability.
nn n—oo

Consider first the first burnt subtree. The number 6, ; of edges fireproof when the first edge
is set on fire follows the geometric distribution with parameter p, ~ clnn/n, truncated at
n—1,so

Inn @
i — 1 (5.10)

n—o0

Conditioning the root not to burn with the first fire amounts to conditioning the path from
1to A, to contain at least one of the 0, first fireproof edges. Since, conditionally given
On1, these edges are distributed as a simple random sample from the n — 2 edges of T,
different from the first one which is set on fire, then for every x € (0, 1), the probability that
d(An1, Z, 1) is smaller than x In n, conditionally given that it is smaller than h(A, ;) is given
by

E

In Inn
1- ( |_X I’lJ) ( — anenljl) B 1- (1— %)Gn,l E[l—exp(—xyl)]
ﬁ .
1-— (l h(An 1)) e (1 —_ 1-— (1 — lnTn)en’l n—oo 1 — eXp(_yl)

n911)
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We conclude that

Inn 1 (d
(_Qn,l’ _d(An,l, Zn,l)) — (Yl, Zy).
n Inn n—0c0

Appealing to (5.9), we further have

1 d)
—InZ,;, — 1-2,
Inn n—oo

jointly with the convergence (5.10). Note that with the notation of Lemma 5.19, we have
Tha = Tn(Zp1). Since 1 < Z,; < n in probability, we obtain

1 d
]-n |Tn,1| ( ) Zl’
Inn n—co

again jointly with (5.10). Consider finally the fire dynamics on T, ; and denote by N, ; the
number of edges which are fireproof in this tree before the first fire. Note that condition-
ally given N, 1, these edges are distributed as a simple random sample of N, ; edges from
the complement in T,,; of the path from its root Z,; to A,; and that the fire burns this
path. Conditionally given 0,3, d(An1, Zn1) and |T,;|, the variable N, ; has a hypergeometric
distribution: it is the number of edges picked amongst the |T,1| — 1 — d(An1, Zn1) ~ |Thal
“admissible” edges from the n — 1 edges of T, after 6, ; draws without replacement. Since
0,1 = o(n) in probability, conditionally given 6,1, d(A, 1, Z,1) and | T, 4|, the variable N, is
close (in total variation) to a binomial variable with parameter 0,; and n™!|T,,|. It is easy to
check that a binomial random variable with parameters, say, n and p(n), rescaled by a factor
(np(n))~L, converges in probability to 1; it follows from the previous convergences that

In |T, 4| Inn_ In|T,,| n (d) 7
1= 1 1 — 141.
Tl ™" 0 M Inn OglTogl ™ moe T

We see that in T,,;, we fireproof N,; = y1Z1|T,1|/ In|T, 1| edges before setting the root on
fire. From the first step of the proof, the size b, of the first burnt component (which, by
construction, contains the root of T, ;) is comparable to |1, 1|; in particular,

1 d
L, 9z
Inn n—oo

STEP 3: Consider next the first two fires and, again, condition the root not to be burnt
after the second fire; in particular, there exists at least one fireproof edge on the path from 1
to Ap1 and on that from 1 to A, ;. Thanks to Lemma 5.18, we have h(A,1 A A, 2) = o(lnn) in
probability. Then with high probability, Z,; and Z, ; are located outside the ball centered at
1 and of radius h(A,; A A, 2) where the two paths from 1to A, ; and to A, are disjoint so
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where the location of the fireproof edges are independent (conditionally given 6, and 6, 3).
With the same reasoning as for the first fire, we obtain

Inn 1 (d)

T(Qn,l’ Qn,Z)’ m (d(An,la Zn,1), d(An,z, Zn,Z))) 'H—O>o ((Yl, }’2), (Z1, Zz))-
Then

1 (d)
m(h’l Zn,la 11’1 Zn,Z) n:;o (1 — Zl, 1- Zg),
and
1 (d)
m(ln [Tnal, In [ T40) n_)—o’o (21, Z5).

Finally,

1 d
l_(lnbn,l»lnbn,Z) (—)> (Z1,Z,).

nn n—oo

We conclude by induction that

1 d)
m(h’l bn,la ey 11’1 bn,j—l) — (Zl, ey Zj—l)-

n—oo

STEP 4: Consider next the j + 1-st fire. The number of flammable edges after the j-th fire
is given by gy j = n— (1+ 0y + (bng — 1) + - - - + (bn; — 1)) which, rescaled by a factor n™",
converges in distribution towards 1 — e™*/. As previously, 0, ;.1 — 0p; is then distributed as a
geometric random variable with parameter p, ~ clnn/n and truncated at g, ; > n/Inn. It

follows that

Inn (d)
T(Qn,la cees 9n,j+1) n_>—o>o ()/1, cees }’j+1)-

Moreover since the root has burnt, there is at least one fireproof edge on the path from 1 to
Ay j+1, the starting point of the j + 1-st fire. All the previous work then applies and we obtain
the convergence

1 )
m(ln bpi,...,Inb,j1,Inby 1) =2 (Zi,.. s Zj, Zj).

The general claim follows by a last induction. O
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6

SIMPLY GENERATED NON-CROSSING PARTITIONS

In this chapter, we study the behavior of large random non-crossing partition, as presented
in Chapter 3. This work is based on the article [72] in collaboration with Igor Kortchemski.

6.1 Introduction

We are interested in the structure of non-crossing partitions. The latter were introduced
by Kreweras [73], and quickly became a standard object in combinatorics. They have also
appeared in many different other contexts, such as low-dimensional topology, geometric
group theory and free probability (see e.g. the survey [84] and the references therein). In this
work, we study combinatorial and geometric aspects of large random non-crossing partitions.
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Figure 6.1: The non-crossing partition {{1, 3, 5}, {2}, {4}, {6, 7, 11,12}, {8}, {9, 10}} of [12].

Recall that a partition of [n] = {1,2,...,n} is a collection of (pairwise) disjoint subsets,
called blocks, whose union is [n]. A non-crossing partition of [n] is a partition of the vertices
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of a regular n-gon (labelled by the set [n] in clockwise order) with the property that the
convex hulls of its blocks are pairwise disjoint (see Figure 6.1 for an example).

Large discrete combinatorial structures. There are many ways to study discrete struc-
tures. Given a finite combinatorial class A, of objects of “size” n, a first step is often to
calculate as explicitly as possible its cardinal #4,, using for instance bijective arguments or
generating functions. For non-crossing partitions, it is well-known that they are enumerated
by Catalan numbers. It is also often of interest to enumerate elements of A, satisfying
constraints. For instance, the number of non-crossing partitions of [n] with given block sizes
[73], or the total number of blocks [46] have been studied. Edelman [46] also introduced and
enumerated k-divisible non-crossing partitions (where all blocks must have size divisible k),
which have also been studied by Arizmendi & Vargas [10] in connection with free probability.
Arizmendi & Vargas also studied k-equal non-crossing partitions (where all blocks must
have size exactly k).

In probabilistic combinatorics, one is interested in the properties of a typical element
of A,. In other words, one studies statistics of a random element a, of A, chosen uniformly
at random. Graph theoretical properties of different uniform plane non-crossing structures
obtained from a regular polygon have been considered in the past years. For example, [37,
53, 40, 31] study the maximal degree in random triangulations, [13, 31] obtain concentration
bounds for the maximal degree in random dissections, and [80, 36, 31] are interested in the
structure of non-crossing trees. However, uniform non-crossing partitions have attracted
less attention. Arizmendi [9] finds the expected number of blocks of given size for non-
crossing partitions of [n] with certain constraints on the block sizes, Ortmann [91] shows
that the distribution of a uniform random block in a uniform non-crossing partition P, of [n]
converges to a geometric random variable of parameter 1/2 as n — oo and limit theorems
concerning the length of the longest chord of P, are obtained in [31].

It is also of interest to sample an element a, of A, according to a probability distribution
different from the uniform law; one then studies the impact of this change on the asymptotic
behavior of a, as n — oco. Certain families of probability distributions lead to the same
asymptotic properties, and are said to belong the same universality class. However, the
structure of a, may drastically be impacted. To the best of our knowledge, only uniform
non-crossing partitions have yet been studied in [10, 91, 31].

Finally, another direction is to study distributional limits of a,. Indeed, if it is possible to
see the elements of the combinatorial class under consideration as elements of a same metric
space, it makes sense to study the convergence in distribution of the sequence of random
variables (a,),>1 in this metric space. In the case of uniform non-crossing partitions, this
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approach has been followed in [31] by seeing them as compact subsets of the unit disk; we
extend the result obtained there to simply generated non-crossing partitions.

Simply generated non-crossing partitions. In this work, we propose to sample non-
crossing partitions at random according to a Boltzmann-type distribution, which depends
on a sequence of weights. For every integer n > 1, denote by NC, the set of all non-crossing
partitions of [n]; given a sequence of non-negative real numbers w = (w(i);i > 1), with

every partition P € NC,, we associate a weight Q" (P):
QY(P) = n w(size of B).
B block of P
Then, for every P € NC,, set
Q™(P)
Yoenc, Q¥(Q)

Implicitly, we shall always restrict our attention to those values of n for which we have

Py (P) =

2.penc, 7 (P) > 0. A random non-crossing partition of [n] sampled according to P} is
called a simply generated non-crossing partition. We chose this terminology because of the
similarity with the model of simply generated trees, introduced by Meir & Moon [87] and
whose definition we recall in Section 6.2.2 below. We were also inspired by recent work on
scaling limits of Boltzmann-type random graphs [76, 71].

We point out that, taking w(i) = 1 for every i > 1, P} is the uniform distribution
on NC,; more generally, if A is a non-empty subset of N = {1,2,3,...}, and wa(i) = 1if
i € Aand wu(i) = 0if i ¢ A, then P, is the uniform distribution on the subset of NC,
formed by partitions with all block sizes belonging to A (provided that they exist), and which
we call A-constrained non-crossing partitions. In particular, by taking A = {k} one gets
uniform k-equal non-crossing partitions, and by taking A = kN one gets uniform k-divisible

non-crossing partitions.

Bijections between non-crossing partitions and plane trees. Our main tools to study
simply generated non-crossing partitions are bijections with plane trees. We explain here
the main ideas, and refer to Section 6.2.1 for details. With a non-crossing partition, we start
by associating a (two-type) dual tree, as depicted in Figure 6.2.

We choose an appropriate root for this two-type tree, and then apply a recent bijection
due to Janson & Stefansson [67]; this yields a bijection B° between NC,, and plane trees
with n + 1 vertices. We mention here that this bijection was directly defined by Dershowitz
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Figure 6.2: The (non-crossing) partition {{1, 3, 5}, {2}, {4}, {6, 7, 11,12}, {8}, {9, 10}} and its dual
tree.

& Zaks [35] without using the dual two-type tree. It turns out that other known bijections
between non-crossing partitions and plane trees, such as Prodinger’s bijection [100] and the
Kreweras complement [73], can be obtained by choosing to distinguishing another root in the
dual two-type tree (again see Section 6.2.1 below for details). Our contribution is therefore
to unify previously known bijections between non-crossing partitions and plane trees by
showing that they all amount to doing certain operations on the dual tree of a non-crossing
partition, and to use them to study random non-crossing partitions.

It turns out that the dual tree of a simply generated non-crossing partition is a two-type
simply generated tree (Proposition 6.7). A crucial feature of the bijection B° is that it maps
simply generated non-crossing partitions into simply generated trees in such a way that
blocks of size k are in correspondence with vertices with outdegree k (Proposition 6.6). This
allows to reformulate questions on simply generated non-crossing partitions involving block
sizes in terms of simply generated trees involving outdegrees. The point is that the study
of simply generated trees is a well-paved road. In particular, this allows us to show that if
P, is a simply generated non-crossing plane partition of [n], then, under certain conditions,
the size of a block chosen uniformly at random in P, converges in distribution as n — oo to
an explicit probability distribution depending on the weights. We also obtain, for a certain
family of weights, asymptotic normality of the block sizes and limit theorems for the sizes
of the largest blocks. We specify here some of these results for A-constrained non-crossing
partitions, and refer to Section 6.3.4 for more general statements and further applications.

Theorem 6.1. Let A be a non-empty subset of N with A # {1}, and let P2 be a random non-
crossing partition chosen uniformly at random among all those with block sizes belonging to A
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(provided that they exist). Let s be the probability measure on Z, = {0,1,2, ...} defined by

&
= — U
1+ ZieA g}q

1+ > &= i &

i€cA i€cA

ﬂA(k) €{0}UA>

where £4 > 0 is such that

(i) Let Si(P2) be the size of the block containing 1 in P2, Then for every k > 1, we have
P(S1(P2) = k) — kma(k) asn — oo.

(ii) Let B, be a block chosen uniformly at random in P{. Then for every k > 1, we have
P(|By| = k) = ma(k)/(1 — a(0)) asn — oo.

(iii) Let C be a non-empty subset of N and denote by {c(PZ) the number of blocks of P whose
size belongs to C. Asn — oo, the convergence {c(P2)/n — na(C) holds in probability
and, in addition, E[{c(P2)]/n — ma(C).

In the particular case of uniform k-divisible non-crossing partitions, Theorem 6.1 (ii)
and (iii) have been obtained by Ortmann [91, Section 2.3]. Also, Arizmendi [9] obtained by
combinatorial means closed formulas for the expected number of blocks of given size in
k-divisible non-crossing partitions.

Applications in free probability. An additional motivation for introducing simply gen-
erated non-crossing partitions comes from free probability. Indeed, the partition function

zZy = Z 1—[ w(size of B)

PeNC,, B block of P

expresses the moments of a measure in terms of its free cumulants. More precisely, if y is a
probability measure on R with compact support, its Cauchy transform

Gu(z):/Ldt:, z € C\ suppu
R

is analytic and locally invertible on a neighbourhood of oo; its inverse K, is meromorphic
around zero, with a simple pole of residue 1 (see e.g. [12, Section 5]). One can then write

oo

Ru(2) = Kyl2) = = = 3 kalp)2".

n=0
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The analytic function R, is called the R-transform of y, and uniquely defines p. In addition,
the coefficients (k,(y);n > 1) are called the free cumulants of y. The importance of R-
transforms stems in the fact that they linearize free additive convolution and characterize
weak convergence of probability measures, see Bercovici & Voiculescu [12]. The following
relation between the moments of 1 and its free cumulants is a well-known fact, that goes up
to Speicher [105]. Let u be a compactly supported probability measure on R. Then, for every
n=>1,

[rua= 3 [] xuwn (63)

R PENC,, B block of P

In other words, the n-th moment of y is the partition function of simply generated non-
crossing partitions on [n] with weights w(i) = k;(¢) given by the free cumulants of y. Using
the bijection B°, we establish the following result.

Theorem 6.2. Let u be a compactly supported probability measure on R, different from a
Dirac mass, and such that all its free cumulants (k,(p);n > 1) are nonnegative. Let s, be the
maximum of its support. Set

1 1/n o d 1 t°R) () — 1
- (1 =1+lim ——=———.
A I Ore

If v > 1, there exists a unique number £ in (0, p] such that R (£) = 1/&2, and, in addition,

Pt R(®) ifv2,
Sy = H
p

+Ru(p) ifv<il

See Section 6.3.3 for examples. This gives a more explicit formula that the one obtained
by Ortmann [91, Theorem 5.4], which reads

n 0
log(s,) = sup {ﬁ(p) ;pn log (Kp(:)) - (mffil(g)))), pE EIR%(L)},

where L = {n > 1;k,(p) # 0}, 0(x) = log(x—1)—xlog(x—1/x), MI(L) is the set of probability
measures p = (pp; n € N) on N with p(L¢) = 0 and my(p) is the mean of p.

Non-crossing partitions seen as compact subsets of the unit disk. Finally, if P, isa
simply generated non-crossing partition of [n], we study the distributional limits of P,, seen as
compact subset of the unit disk by identifying each integer I € [n] with the complex number
e~2i7l/n - This route was followed in [31], where it was shown that as n — oo, a uniform



Chapter 6. Simply generated non-crossing partitions 121

non-crossing partition of [n] converges in distribution to Aldous’ Brownian triangulation of
the disk [6], in the space of all compact subsets of the unit disk equipped with the Hausdorff
metric, and where the Brownian triangulation is a random compact subset of the unit disk
constructed from the Brownian excursion. We show more generally that a whole family
of simply generated non-crossing partitions of [n] (including uniform A-constrained non-
crossing partitions) converges in distribution to the Brownian triangulation, and show that
other families converge in distribution to the stable lamination, which is another random
compact subset of the unit disk introduced in [71]. We refer to Section 6.4 for details and
precise statements.

DO

Figure 6.3: Simulations of random non-crossing partitions of [200] chosen uniformly at
random among all those having respectively only block sizes that are multiples of 5, block
sizes that are odd and block sizes that are prime numbers.

This has in particular applications concerning the length of the longest chord of P,. By
definition, the (angular) length of a chord [e™%"%, e 2] with 0 < s < t < 1is min(t —s,1—
t + s). Denote by C(P,) the length of the longest chord of P,. In the case of A-constrained
non-crossing partitions, we prove in particular the following result.

Theorem 6.3. Let A is a non-empty subset of N with A # {1}, and let P* be a random non-
crossing partition chosen uniformly at random among all those with block sizes belonging to
A (provided that they exist). Then, asn — oo, C(P2) converges in distribution to a random

variable with distribution
1 3x—1

— I
T x2(1—x)%V1 - 2x

dx.

1
<x<3

W=

It is remarkable that the limiting distribution in Theorem 6.3 does not depend on A (it
seems that this is not the case for the largest block area, see Section 6.5).
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This bears some similarity with [31], but we emphasize that this is not a simple adaptation
of the arguments of [31]. Indeed, roughly speaking, [31] manages to code uniform non-
crossing partitions of [n] by a dual-type uniform plane tree. In the more general case of
simply generated non-crossing partitions, the dual tree is a more complicated two-type tree
and the Janson-Stefansson bijection is needed.

6.2 Bijections between non-crossing partitions and plane

trees

We denote by D = {z € C : |z| < 1} the open unit disk of the complex plane, by S! = {z €
C : |z| = 1} the unit circle and by D = D U S the closed unit disk. For every x,y € S!, we
write [x,y] for the line segment between x and y in D, with the convention [x, x] = {x}. A
geodesic lamination L of D is a closed subset of D which can be written as the union of a
collection of non-crossing such chords, i.e. which do not intersect in D. In this Chapter, by
lamination we will always mean geodesic lamination of D.

We view a partition of [n] as a closed subset of D by identifying each integer I € [n] with

~2ixl/n —2izl/n o=2rl'/n] whenever I, I’ € [n]

the complex number e and by drawing a chord [e
are two consecutive elements of the same block of the partition, where the smallest and the
largest element of a block are consecutive by convention. The partition is non-crossing if
and only if these chords do not cross; we implicitly identify a non-crossing partition with

the associated lamination throughout this Chapter.

Let T be the set of all finite plane trees (recall the definition from Chapter 1), and T,
be the set of all plane trees with n edges, or equivalently n + 1 vertices. We construct two
bijections between NC,, and T),. The study of a (random) non-crossing partition then reduces
to that of the associated (random) plane tree.

6.2.1 Non-crossing partitions and plane trees

We define the (planar, but non-rooted) dual tree T'(P) of a non-crossing partition P of [n] as
follows: we place a black vertex inside each block of the partition and a white vertex inside
each other face, then we join two vertices if the corresponding faces share a common edge;
here we shall view the singletons as self-loops and the blocks of size two with one double
edge. See Figure 6.4 for an illustration. Observe that the graph thus obtained is a indeed a
planar tree (meaning that there is an order among all edges adjacent to a same vertex, up to
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cyclic permutations), with n + 1 vertices, and that the latter is bipartite: each edge connects
two vertices of different colours.

In order to fully recover the partition from the tree (and therefore obtain a bijection), we
need to assign a root by distinguishing a corner of T(P) (a corner of a vertex in a planar tree
is a sector around this vertex delimited by two consecutive edges), thus making it a plane
tree. We will do so in two different ways, which will give rise to two different bijections. First,
T°(P) is the tree T(P) rooted at the corner of the white vertex that lies in the face containing
the vertices 1 and n, and that has the black vertex in the block containing 1 as its first child;
T*(P) is the tree T(P) rooted at the corner of the black vertex in the block containing n and
that has the white vertex that lies in the face containing the vertices 1 and n as its first child.

Figure 6.4: The dual tree P(T) and the two rooted trees T°(P) and T*(P) associated with the
partition P = {{1, 3,5}, {2}, {4}, {6, 7,11, 12}, {8}, {9, 10}}.

The trees T°(P) and T*(P) are two-type plane trees: vertices at even generation are
coloured in one colour and vertices at odd generation are coloured in another colour. We
apply to each a bijection due to Janson & Stefansson [67, Section 3] which maps such a tree
into a one-type tree, that we now describe. This bijection enjoys useful probabilistic features,
see Corollary 6.8 below.

We denote by T a plane tree and by G(T') its image by this bijection; T and G(T') have
the same vertices but the edges are different. If T = {@} is a singleton, then set §(T) = {@};
otherwise, for every vertex u € T at even generation with k, > 1 children, do the following:
first, if u # @, draw an edge between its parent pr(u) and its first child u1, then draw edges
between its consecutive children ul and u2, u2 and u3, ..., u(k, — 1) and uk,, and finally draw
an edge between uk, and u; if u is a leaf of T, then this procedure reduces to drawing an edge
between u and pr(u). We root G(T) at the first child of the root of T. One can check that
G(T) thus defined is indeed a plane tree, and that the mapping is invertible. Also observe
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that every vertex at even generation in T is mapped to a leaf of G(T), and every vertex at
odd generation with k > 0 children in T is mapped to a vertex with k + 1 children in §(T).

Figure 6.5: The tree T° associated with the partition from Figure 6.2, with its black corners
indexed according to the contour sequence, and its image T° by the Janson-Stefansson
bijection, with its vertices indexed in lexicographical order.

Figure 6.6: The tree T* associated with the partition from Figure 6.2, black corners indexed
according to the contour sequence, and its image J° by the Janson-Stefansson bijection,
with its vertices indexed in lexicographical order.

We let
T°(P) = G(T°(P)) and  T*(P) := §(T*(P))

be the (one-type) trees associated with T°(P) and T*(P) respectively and now explain how
to reconstruct the non-crossing partition P from the trees J°(P) and T*(P).

To this end, we introduce the notion of twig. If T is a tree and u,v € T, denote by
[u,v] the shortest path between u and v in T. A twig of T is a set of the form [u, v],
where u is an ancestor of v and such that all the vertices of Ju, v] are the last child of
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their parent; we agree that [u, u] is a twig for every vertex u. Now, if 7 € T, is a tree, let
@ =u(0) < u(l) < --- <u(n) be its vertices listed in lexicographical order. We define two
partitions P,(7) and P.(7) of [n] as follows:

« i,j € [n] belong to the same block of P,(7) when u(i) and u(j) have the same parent
in 7;
« i,j € [n] belong to the same block of P,(7) when u(i) and u(j) belong to a same twig.

It is an easy exercise to check that for every 7 € T, P,(r) and P.(7) are indeed partitions
which, further, are non-crossing. As illustrated by Figure 6.5 and Figure 6.6, we have the
following result.

Proposition 6.4. For every non-crossing partition P we have

P =P, (T°(P)) = Po(T*(P)).

Proof. Fix a non-crossing partition P of [n]. Let us first prove the first equality. Define

the contour sequence (ug, uy, . . ., uz,) of the tree T°(P) as follows: uy = @ and for each
i €{0,...,2n—1}, ujy is either the first child of u; which does not appear in the sequence
(ug, - - ., u;), or the parent of u; if all its children already appear in this sequence. Recall that

a corner of a vertex v € T°(P) is a sector around v delimited by two consecutive edges. We
index from 1 to n the corners of the black vertices of T°(P), following the contour sequence.
By construction of T°(P), we recover P from these corners: for each black vertex of T°(P),
the indices of its corners, listed in clockwise order, form a block of P. Now assign labels to
the vertices of T°(P) as follows. By definition of the bijection G, each edge of T°(P) starts
from one of these corners, we then label its other extremity by the label of the corner. The
root of T°(P) is not labelled, we assign it the label 0; the labels thus obtained correspond to
the lexicographical order in T°(P) and the first identity follows.

For the second equality, define similarly the contour sequence of T*(P), but starting
from the first child of the root, and label the black corners as before. We then label the
vertices of T*(P) as follows: the label of every black vertex is the largest label of its adjacent
corners, and then assign the remaining labels of its adjacent corners in decreasing order to
its children, starting from the last one. Observe that the root of T*(P) has as many children
as corners, and all the other black vertices have one child less than the number of corners.
Thus all the vertices of T*(P) have labels, except the first child of the root which we label 0.
We recover P from T°(P) as follows: for each black vertex of T*(P), its label, together with
the labels of its children, form a block of P (and one does not take into account the label 0).
As the vertex set of T*(P) and of T7*(P) is the same, we also get a labeling of the vertices of
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J*(P). Again, by definition of the G, these labels correspond to the lexicographical order in
J*(P) and the second identity follows. O

Observe from the previous results that the plane trees 7°(P) and T*(P) are in bijection.
Let us describe a direct operation on trees which maps T°(P) onto T°(P). Starting from a
tree 7 € T, we construct a tree B(r) on the same vertex-set by defining edges (called “new”
edges in the sequel) as follows: first, we link any two consecutive children in 7; second, we
link every vertex v which is the first child of its parent to its youngest ancestor u such that
[u, pr(v)] is a twig in 7 (in this case observe that either u is the root of 7, or v is not the last

child of u in B(r)).

We leave it as an exercise to check that this mapping preserves the lexicographical order.
12

11

Figure 6.7: The transformation 7 +— B(r).

Proposition 6.5. For every non-crossing partition P we have
B(T°(P)) = T*(P).

Proof. Fix a non-crossing partition P. Thanks to Proposition 6.4, it is equivalent to show
that
Py(B(T°(P))) = P,

and we set by P’ = P(B(T°(P))) to simplify notation.

Suppose first that i, j > 1lie in the same block of P. We shall show that i and j belong
to the same block of P’. The two corresponding vertices, say, u(i) and u(j) have the same
parent in J°(P). Without loss of generality, assume that u(i) < u(j) are consecutive children
in T°(P). It suffices to check that, in B(T°(P)), u(j) is the last child of u(i). This simply
follows from the fact ‘B preserves the lexicographical order and that the children of u(i) in
B(T°(P)), u(j) excluded, are descendants of u(i) in T°(P).
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Conversely, suppose that i, j > 1 lie in the same block of P’. Without loss of generality,
we may assume that, in B(T°(P)), u(j) is the last child of u(i). We argue by contradiction and
assume that, in T°(P), u(i) and u(j) are not siblings. We saw that in this case, by definition
of B, either u(i) is the root, or u(j) is not the last child of u(i) in B(T°(P)). Both of these
cases are excluded. Therefore i and j belong to the same block of P. O

We already mentioned in the Introduction that the bijection 7 < P,(r) was defined
by Dershowitz and Zaks [35]; the bijection 7 <> P,(7) was defined by Prodinger [100] and
further used in combinatorics, see e.g. Yano and Yoshida [107] and in (free) probability,
see Ortmann [91]. Roughly speaking, here we unify these two bijections by seeing that
they amount (up to the Janson-Stefansson bijection) to choosing different distinguished
corners in the dual two-type planar tree. In this spirit, if P is a non-crossing partition, let
us also mention that its Kreweras complement K (P) is just obtained by re-rooting T(P) at
a new corner; more precisely, the mappings (T*) ™ o T° and (7°*) " o T° coincide and both
correspond to K.

9
8 ---*-~_10
7‘% w1
1 /! )
61 12
4 \ 1
2 \ /
5% /1
£~ -2

3

Figure 6.8: The Kreweras complement of {{1,3,5}, {2}, {4},1{6,7,11,12}, {8}, {9,10}} is
{{1, 2}, {3, 4}, {5,12}, {6}, {7, 8,10}, {11} }.

The Kreweras complement can be formally defined as follows. If we denote by NC(A) the
set of non-crossing partitions on a finite subset A C N, then we have canonical isomorphisms
NC, := NC({1,2,...,n}) = NC({1,3,...,2n — 1}) = NC({2,4,...,2n}). Given two non-
crossing partitions P € NC({1,3,...,2n —1}) and P’ € NC({2,4, ..., 2n}), one constructs
a (possibly crossing) partition P U P’ of {1, 2, ..., 2n}. The Kreweras complement of a non-
crossing partition P € NC, = NC({1,3,...,2n — 1}) is then given by

K(P) = max{P’ € NC, = NC({2,4,...,2n}) : PUP" € NC,,},

where the maximum refers to the partial order of reverse refinement: P; < P, when every
block of P; is contained in a block of P,.
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The Kreweras complementation can be visualized as follows: consider the representation
of P € NC, in the unit disk as in Figure 6.2; invert the colors and rotate the vertices of the
regular n-gon by an angle —x/n; then the blocks of K(P) are given by the vertices lying in
the same “coloured” component. See Figure 6.8 for an illustration.

6.2.2 Simply generated non-crossing partitions and simply gener-
ated trees

An important feature of the bijection B° : P — T°(P) is that it transforms simply generated
non-crossing partitions into simply generated trees, which were introduced by Meir & Moon
[87] and whose definition we now recall.

Given a sequence w = (w(i);i > 0) of nonnegative real numbers, with every 7 € T,
associate a weight Q"(7):

Q" () = | [ wika).

Uuer

Then, for every 7 € T}, set
Q" ()

" Srer, V(D)

Again, we always restrict our attention to those values of n for which } rer, Q"(T) > 0. A

Qy (1)

random tree of T,, sampled according to Q}’ is called a simply generated tree. A particular
case of such trees on which we shall focus in Section 6.4 is when the sequence of weights w
defines a probability measure on Z, with mean 1 (see the discussion in Section 6.3.1 below).
In this case, Q) is the law of a Galton-Watson tree with critical offspring distribution w
conditioned to have n edges.

Proposition 6.6. Let (w(i);i > 1) be any sequence of nonnegative real numbers. Set w(0) = 1.
Then, for every P € NC,,

Py (P) = Q;(T°(P)).

In other words, the bijection B° transforms simply generated non-crossing partitions
into simply generated trees.

Proof. By Proposition 6.4, we have P = P,(7°(P)). In particular, blocks of size k > 1in P
are in bijection with vertices with out-degree k in T7°(P). The claim immediately follows. O

It is also possible to give an explicit description of the law of T° under Py, which turns
out to be a two-type simply generated tree. We denote by T(®°) the set of finite two-type
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trees: for every v € T(¢°) we denote by e(r) and o(z) the set of vertices respectively at even
and odd generation in 7. Given two sequences of weights w® and w°, we define the weight

of tree 7 € T(®° by
Q@) = | | wetk) [ [ wotka).
uce(r) ueo(r)

and we define for every 7 € Tfle’o) the set of two-type trees with n edges,

e . 0 Q(We’wo)(T)
Q;W o )(T) = (We Wo) ?
Dpepeo QWWINT)

where, again, we implicitly restrict ourselves to the values of n for which 3. .0 QWSWI(T) >

0. A random tree sampled according to Qi,we’wo) is called a two-type simply generated tree.

Proposition 6.7. Let w = (w(i),i > 1) be a sequence of nonnegative real numbers and c > 0
be a positive real number. For everyi > 0, set w°(i) = w(i + 1) and we(i) = ¢~V Then, for
every P € NC,, .

BY(P) = Q" (T°(P)).

Proof. Fix P € NC,; by construction of T°(P) (recall the proof of Proposition 6.4), the
vertices at odd generation in T°(P) are in bijection with the blocks of P and the degree of
each corresponds to the size of the associated block. Consequently, we have on the one hand

l—[ wO(ky) = rl w(k, +1) = ]—[ w(size of B) = Q" (P);

ueo(T°(P) ueo(T°(P)) B block of P
on the other hand, since T°(P) € T;e&)’

1_[ we(ky) = 1—[ o kutl) = = Duceropy (kutl) — ~(nt1)
uce(T°(P)) uce(T°(P))

This last term only depends on n and not on P and the claim follows. O

Recall that G denotes the Janson-Stefansson bijection. Then, combining Propositions
6.6 and 6.7, we obtain the following result.

Corollary 6.8. Let w = (w(i),i > 1) be any sequence of nonnegative real numbers and c > 0
be a positive real number. Set w(0) = 1 and for every i > 0, define w°(i) = w(i + 1) and
we(i) = ¢+ Then, for every T € T\, we have

QY (T) = QY (S(T)).
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In other words, the Janson-Stefansson bijection transforms a certain class of two-type
simply generated trees into one-type simply generated trees. A similar result implicitly
appears in their work [67, Appendix A] in the particular case of Galton-Watson trees,
where w® and w® are probability distribution on {0,1,. .., } and moreover w® is a geometric
distribution.

6.3 Applications

In this section, we use simply generated trees to study combinatorial properties of simply
generated non-crossing partitions. Indeed, as suggested by Proposition 6.6, it is possible to
reformulate questions concerning random non-crossing partitions in terms of random trees,
which are more familiar grounds.

6.3.1 Asymptotics of simply generated trees

Following Janson [64], here we describe all the possible regimes arising in the asymptotic
behavior of simply generated trees. All the following discussion appears in [64], but we
reproduce it here for the reader’s convenience in view of future use and refer to the latter
reference for details and proofs.

Let (w(i); i > 0) be a sequence of nonnegative real numbers with w(0) > 0 and w(k) > 0
for some k > 2 (and keeping in mind that we will take w(0) = 1 in view of Proposition 6.6).
Set

N\ ¢ W) SR kwkF [ RS
AP I Ol el - msupuie)

If p =0, set v = 0 and otherwise

y = lLim ¥ ().
1o

We now define a number £ > 0 according to the value of v.
« If v > 1, then & is the unique number in (0, p] such that ¥(¢) = 1.
« If v <1, then we set £ = p.

In both cases, we have 0 < ®(&) < o0, and we set

wlgE
°® "7

(k) =
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so that 7 is a probability distribution with expectation min(v, 1) and variance é¥’'(¢) < oo.

We say that another sequence of weights w = (w(i);i > 0) is equivalent to w when
there exist a, b > 0 such that w(i) = ab'w(i) for every i > 0. In this case, one can check that
Q¥(r) = a™b"Q" (1) for every T € T, so that Q¥ = Q¥ and P’ = P¥ for every n > 1. We
see that w is equivalent to a probability distribution if and only if p > 0. In addition, when
p > 0, r defined as above is the unique probability distribution with mean 1 equivalent to w,
if such distribution exists; if no such distribution exists, then 7 is the probability distribution
equivalent to w that has the maximal mean.

Example 6.9. Let A is a non-empty subset of {1,2,3,...} with A # {1}. Set wa(0) = 1,
wa(k) =1ifk € Aand wu(k) = 0if k ¢ A. Then the equivalent probability measure 74 is
defined by

ma(k) = 5(—ﬁﬂkem}um
1*‘2he4§2
where &4 > 0 is such that
1+ > =i &
i€A i€eA

For example, for fixed n > 1, we have

n

v (k) = mﬂkenz+ (k > 0).

In particular, 7z, (k) = 1/2k+1 for every k > 0. Also,

_1-Z2

k
=—— 2" = k > 0),
T k=oorkodd  (k=0)

T(2Z.,+1) (k)
where z is the unique root of 1 — 2z% — 2z° + z* = 0 in [0, 1].

Now let T, be a random element of T,, sampled according to Q}.

Theorem 6.10 (Janson [64], Theorems 7.10 and 7.11). Fixk > 0.
(i) We have P (ky(T,) = k) — kn(k) asn — oo;

(ii) Let Nx(T,) be the number of vertices with outdegree k in T,,. Then Ni(T,)/n converges in
probability to m asn — oo.

Theorem 6.11 (Janson [64], Theorem 18.6). If p > 0, we have

“log ) 0U(T) — log(®()/2).

TeT,
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6.3.2 Applications in the enumeration of non-crossing partitions
with prescribed block sizes

By Proposition 6.4, counting non-crossing partitions of [n] with conditions on the number of
blocks of given sizes reduces to counting plane trees of T, with conditions on the number of
vertices with given outdegrees, which is a well-paved road (see e.g. [106, Section 5.3]). Since
our main interest lies in probabilistic aspects of non-crossing partitions, we shall only give
one such example of application. Let A be a non-empty subset of {1,2,3, ...} with A # {1},
and denote by NC# the set of all non-crossing partitions of [n] with blocks of size only
belonging to A. Recall the definition of &4 from Example 6.9.

Proposition 6.12. Set ®(z) = 1+ Y xeq 25. Then

A @@ [(2E\T s
S Py ( A ) "

where n — oo in such a way that n is divisible by gcd(A).

Setting A = {0} U A, observe that fNC‘,? = #T’E by Proposition 6.4. But, by [52, Propo-
sition Ls.], the generating function TA(z) = Y, #T4 - 2" satisfies the implicit equation
TA(z) = z0(T*(z)). Proposition 6.12 then immediately follows from [52, TheoremVII.2 and
Rem. VL.17].

Let us mention that explicit expressions for #NC2 for n fixed are known for two particular
choices of A. Edelman [46] has found an explicit formula for #NC%+ (i.e. for k-divisible
non-crossing partitions) and Arizmendi & Vargas [10] have found the explicit expression of
#NCI{JZ} (i.e. for k equal non-crossing partitions):

1 kn 1 ((k+1Dn
TN (G d #NCFZr = .
en (k—l)n+1(n) an kn kn+1 n

6.3.3 Applications in free probability

Recall from the Introduction the definition of the R-transform R, of a compactly supported
probability measure p on the real line, and that it is related to its associated free cumulants
(ki(u);i > 0) by the formula

Ru(2) = ) kn(p)2"

n=0
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Theorem 6.13. Let u be a compactly supported probability measure on R different from a
Dirac mass. Assume that its free cumulants (k;(); i > 1) are all nonnegative. Set

. 1/n - . tzR;l(t) -1
p= (lun sup Kn(ﬂ) ) and v=1+ lg%;l m

n—oo

(i) Ifv 2 1, there exists a unique number ¢ in (0, p] such that R}, () = 1/&% and

1 1
- -1og/Rt”/1(dt) —2 log (E+Ru(f))-

(ii) Ifv < 1, we have

1
-log/ t"u(dt) — log (— + R#(p)) .
R n—ee P
Note that the equality R}, (§) = 1/ £? is equivalent to K}, (£) = 0, where we recall that K,
denotes the inverse of the Cauchy transform of p.

Proof. First note that p > 0, as R, is analytic on a neighbourhood of the origin. We then
apply the results of Section 6.3.1 with weights w defined by w(0) = 1 and w(i) = k;(u) for
i > 1. The fact that y is different from a Dirac mass guaranties that w(k) > 0 for some k > 2.
Observe that

Z’R'(z) — 1

®(z) =1+ zR,(z) = zK,(2) and ¥Y(z) =1+ m

In particular, ¥(z) = 1if and only if R} (z) =1/ z%. The claim then follows by combining (6.1)
with Theorem 6.11. O

See Example 6.14 below for an example where v < 1. If y is the uniform measure on
[0,1], its free cumulants are not all nonnegative, as R,(z) = 1/(1 —e™*) — 1/z. See also [11]
for information concerning Taylor series of the R-transform of measures which are not

compactly supported.

Let s, be the maximum of the support of a compactly supported probability measure y
on R. It is well known and simple to check that

1
log(s,) = limsup . log/ t"p(de).
R

n—oo

Hence, taking into account (6.1), we immediately get Theorem 6.2 from Theorem 6.13.
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Example 6.14. (i) If p(dx) = 1/(7x V1 — x2)[|xj<1dx is the arcsine law (which is also the

(i)

(iii)

(iv)

free additive convolution A 8 A with A = (5_1/2 + 81/2)/2)), one has p = oo, v = 0, so
that R,(z) = (V1+ 22 —1)/z, and one recovers that s, = 1/c0 + R(c0) = 1.

If p is the free convolution of a free Poisson law of parameter 1 and the uniform

distribution on [-1,1], then R,(z) = coth(z) —z7' + (1-2)™", p = 1, v = o0 so that

sy = coth(z,) + ~ 416, where csch(z,)(1-z.)? =1withz, € (0,1).

1 - Z*
This gives a simpler expression that the one of [91, Example 6.2], which involves
solutions of two implicit equations.

If pi is such that R,,(z) = % — ;cot(rz) (this corresponds to the Lévy area corresponding
to the free Brownian bridge introduced in [92]), then
2 — /2 — 7222 sin(7z, 2
sy = ————— ~3.94, where # = £ with z, € (0,1).
Zs TTZs 2
This gives a simpler expression that the one of [91, Proposition 5.12],

As noted by Ortmann [91, Section 6.1], if A is a finite compactly supported measure
on R and « € R, by [12] or [61, Theorem 3.3.6], there exists a compactly supported
probability measure p such that

R,(2) :a+/ Z_Mdx),

1-xz
and all the cumulants of y are nonnegative, so that Theorem 6.13 and Theorem 6.2
apply to the corresponding normalized probability measure. This actually corresponds
to the class of so-called freely infinitely divisible measures.
In particular, if A(dx) = ¢(1 — x)%Ip<x<1dx with ¢ > 0, > 1, then yu is such that
R,(z) = fR = Adx) and

I‘(1+05)-I‘(n—1)JI _ _ QRa-1c
Tn+a) =2b P=o Vo  Dato)

Kn(p) =c

Note that x,(u) ~ cT'(1+ a) -n""%asn — oo and that v = 1ifand only if c = « — 1.
For example, for « = 2 and ¢ = 1/2, we have v = 3/5 < 1land s, =1+ R,(1) = 5/4.

6.3.4 Distribution of the block sizes in random non-crossing parti-

tions

We are now interested in the distribution of block sizes in large simply generated non-
crossing partitions. We fix a sequence of nonnegative weights w = (w(i);i > 1) such that
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w(k) > 0 for some k > 2. Set w(0) = 1, and let P, be a random non-crossing partition with
law P}. Denote by 7 the probability distribution equivalent to the weights w in the sense of
Section 6.3.1. Finally, set T,, = T7°(P,), so that by Proposition 6.6, T, is a simply generated
tree with n + 1 vertices with law Q).

Blocks of given size. If P is a non-crossing partition and A is a non-empty subset of N,
we let {4(P) be the number of blocks of P whose size belongs to A. In particular, notice that
{n(P) is the total number of blocks of P.

Theorem 6.15. (i) Let Si(P,) be the size of the block containing 1 in P,. Then, for every
k>1P(5(P,) =k) = kn(k) asn — oo.

(ii) Let B, be a block chosen uniformly at random in P,. Assume that 7(0) < 1. Then, for
everyk > 1, P (|B,| = k) = n(k)/(1— 7(0)) asn — oo.

(iii) Let A be a non-empty subset of N. As n — oo, the convergence {4(P,)/n — m(A) holds
in probability and, in addition, E [{4(P,)] /n — 7 (A).

In particular, the total number of blocks of P, is of order (1 — 7(0))n when 7(0) < 1.

Proof. For the first assertion, simply note that S;(P,) = kz(T},), and the claim immediately
follows from Theorem 6.10 (i). For the second one, if T is a tree, denote by Ni(T) the number
of vertices of T with outdegree k. Note that B, has the law of the outdegree of an internal
(i.e. not a leaf) vertex of T,, chosen uniformly at random. As a consequence,

P(|By = k) =E [ Ni(T) ] .

n — No(T,)

By Theorem 6.10 (ii), Nx(T,)/(n — No(T,)) converges in probability to 7z (k)/(1 — 7(0)) as
k — oo, and is clearly bounded by 1. The second first assertion then follows from the
dominated convergence theorem. For the last assertion, observe that {4(P,) = Na(T,),
where Ny(T,) denotes the number of vertices of T, with outdegree in A. Then, fix K > 1,
and to simplify notation, set Ax = AN [K], so that by Theorem 6.10 (ii), the convergence
Cag (Pn)/n — m(Ag) holds in probability as n — co. Since |{a(Py) — {a, (Pn)| < n/K, the
quantity |{a(Pn)/n = {a,(Pn)/n| can be made arbitrarily small by choosing K sufficiently
large. It follows that {4(P,)/n — m(A) in probability as n — oo, and the last claim readily by
the dominated convergence theorem. O

In the case 7(0) = 1 (which corresponds to p = 0), Theorem 6.15 (i) tells us that the
convergence S;(P,) — oo holds in probability as n — oo, but the asymptotic behavior of
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|B,| and the total number of blocks of P, remains unclear. Unfortunately, it seems that one
cannot say anything more in full generality. Indeed:

(i)

(i)

(iii)

If w(k) = k!* with @ > 1, by [66, Remark 2.9], with probability tending to one as
n — oo, the root of T, has n children which are all leaves. Therefore, as n — oo,
P(S1(Pn) =n) > LP(|Bpl =n) > 1and P ((n(Pn) =1) — L

If w(k) = k!, by [66, Theorem 2.4], with probability tending to one as n — oo, the
root of T,, has n — U, children which are all leaves, except U, of them (which have
only one vertex grafted on them), and U, converges in distribution to X, a Poisson
random variable of parameter 1, as n — oo. Therefore, asn — oo, n — S;(P,) —» X
in distribution, P (|B,| =1) — E[X/(X +1)] = 1/e, P(|B,| = S1(P,)) —» 1—1/e and
{n(P,) — X + 1in distribution.

If w(k) = k!* with 0 < a < 1and 1/a ¢ N for simplicity, by [66, Theorem 2.5], as
n — o0, ky(T,)/n — 1in probability, for every 1 < i < |1/a], Ni(T,,)/n""'% — i!*

in probability and, with probability tending to one as n — oo, N;(T,,) = 0 for every
i > [1/a]. Therefore, as n — oo, S;(P,)/n — 1in probability. Also, noting that

Nk(Tn) ]

P (1Bal = k) =E[m

Gi(Pa) = ) Ni(Ty),

i>1

we get that and P (|B,| = 1) — 1and {(P,)/n'"* — 1 in probability.

In addition, [64, Example 19.39] gives an example where p = 0 and ky(T,)/n — 0 in
probability.

Asymptotic normality of the block sizes. Theorem 6.15 (ii) shows that a law of large
numbers holds for {4(P,). Under some additional regularity assumptions on the weights, it
is possible to obtain a central limit theorem. Specifically, assume that w is equivalent (in the
sense of Section 6.3.1) to a probability distribution 7 which is critical (meaning that its mean
is equal to 1) and has finite positive variance 2. In this case, the following result holds.

Theorem 6.16. Fix an integerk > 1, and let A, . . ., Ay be non-empty subsets of N. Then there
exists a centered Gaussian vector (Xa,, ..., Xa,) such that the convergence

n—oo

{a,(Pn) — m(Ap)n {ay (Pn) — m(Ag)n (d)
( \/ﬁ ety \/ﬁ ) — (XAl,...,XAk)

holds in distribution. In addition we have

E|X] | = 7(A)(1-m(A) - % D r=1%x(r)

reA;
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for1<i<kand

CoviXa, Xa) = ~n(A)m(A) = = " (r=D*2() - (s - 1Px(s)

reA; SEAJ'

ifl<i#j<karesuchthat A;NA;=0.

This result is just a translation of the corresponding known result for conditioned Galton—
Watson trees: recalling that T,, = T°(P,), let N4(T,,) denote the number of vertices of T,, with
outdegree in A, then

(gAl (Pn)’ cees é‘(Ak (Pn)) = (NAl(Tn)’ ce ,NAk (Tn)),

and Theorem 6.16 then follows from [65, Example 2.2] (in this reference, the results are stated
when #A; = 1 for every i, but it is a simple matter to see that they still hold).

Large deviations for the empirical block size distribution. Denote by M, the law of
the size of a block of P, chosen uniformly at random among all possible blocks, so that M, is
a random probability measure on N. Dembo, Morters & Sheffield [34, Theorem 2.2] establish
a large deviation principle for the empirical outdegree distribution in Galton-Watson trees.
Therefore, we believe that an analogue large deviation principle holds for M,, (at least when
the weights are equivalent to a critical probability distribution having a finite exponential
moment), which would in particular extend a result of Ortmann [91, Theorem 1.1], who
established such a large deviation principle in the case of uniformly distributed k-divisible
non-crossing partitions. The point is that Ortmann uses the bijection P < T*(P,), but we
believe that it is simpler to use the bijection P <> T°(P) since T°(P,) is a simply generated
tree, but in general not T°(P,). However, we have not worked out the details.

Largest blocks. Depending on the weights, Janson [64, Section 9 and 19] obtains general
results concerning the largest outdegrees of simply generated trees. Since the sequence of
outdegrees of vertices of T, that are not leaves, listed in non increasing order, is equal to
the sequence of sizes of blocks of P,, listed in non increasing order, one gets estimates on
the sizes of the largest blocks of P,. We do not enter details, and refer to [64] for precise
statements.

Local behavior. Theorem 6.15 (i) describes the distributional limit of the size of the block of
P, containing 1; it is also possible to describe the behavior of the blocks at “finite distance” of
the latter. Indeed, as we have seen in Section 6.2.2, when P, is sampled according to P}, then
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its two-type dual tree T,) = T°(P,) is distributed according to Qﬁ,we’wo) where w°(i) = w(i+1)
and w®(i) = 1 for every i > 0. In this case, for every tree 7 € T(®°) we have

QW)= [ | wotk) [ | wotk) = [ | wideg(w)),

uce(r) ueo(r) u€eo(r)
and Bjornberg & Stefansson [22, Theorem 3.1] have obtained a limit theorem for the measure
Qflwe’wo) on Tﬁle’o) as n — oo, in the local topology. Loosely speaking, the dual tree T,
converges locally to a limiting infinite two-type tree which can be explicitly constructed, and
which is in a certain sense a two-type Galton-Watson tree conditioned to survive. We do

not enter details as we will not use this and refer to [22] for precise statements and proofs.

6.4 Non-crossing partitions as compact subsets of the unit

disk

We investigate in this section the asymptotic behavior, as n — oo, of a non-crossing partition
sampled according to P}, and viewed as an element of the space of all compact subsets of the
unit disk equipped with the Hausdorff distance.

Main assumptions. We restrict ourselves to the case where p = (u(k),k > 0) defines a
critical probability measure, i.e. 377/ u(k) = 277 ku(k) = 1. Recall from Section 6.3.1 that
any sequence of weights (w(k), k > 0) such that

N kw(k)tt
m-—_——_——""—:—"—-""2=
o N, wik)tk

is equivalent to such a measure y and then P}, = P for every n > 1. We shall in addition

-1
p = (lim sup w(k)l/k) >0 and

k—o0

assume that y belongs to the domain of attraction of a stable law of index a € (1,2], i.e.
either it has finite variance: 3/ k?u(k) < oo (in the case a = 2), or Z;"zj,u(k) = j7L(j),
where L is a slowly varying function at infinity. Without further notice, we always assume
that (0) + u(1) < 1to discard degenerate cases.

In this section, we shall establish the following result.

Theorem 6.17. Fix a € (1, 2]. There exists a random compact subset of the unit disk L, such
that for every critical offspring distribution u belonging to the domain of attraction of a stable
law of index a, if P, is a random non-crossing partition sampled according to P, for every
integer n > 1 such that P}, is well defined, the convergence

d
P 2oL,
n—oo
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holds in distribution for the Hausdorff distance on the space of all compact subsets of D.

b

The random compact set L, is a geodesic lamination; for @ = 2, the set L, is Aldous
Brownian triangulation of the disk [6], while L, is the a-stable lamination introduced in [71]
for a € (1, 2). Observe that Theorem 6.17 applies for uniform A-constrained non-crossing
partitions of [n] when A # {1}, since this law is P)* where wa(k) = 1ifk € Aand wa(k) = 0
otherwise; the equivalent probability distribution defined in Example 6.9 is then critical and
with finite variance and thus corresponds to a = 2.

Before explaining the construction of L,, we mention an interesting corollary. Recall
from the Introduction the notation C(P,) for the (angular) length of the longest chord.

Corollary 6.18. Fix a € (1,2]. There exists a random variable C, such that for every critical
offspring distribution u belonging to the domain of attraction of a stable law of index a, if P, is
a random non-crossing partition sampled according to P4, for every integer n > 1 such that P,
is well defined, the convergence

(d)
C(P n) n_>_o>o C{x

holds in distribution.

This immediately follows from Theorem 6.17, since the functional “longest chord” is
continuous on the set of laminations. Aldous [6] (see also [37]) showed that the law of C,
has the following explicit distribution:

1 3x -1
T x2(1—x)?V1-2x

See Shi [104] for a study of the longest chord of stable laminations. As before, observe that

I dx.

<x<

(SN
D=

Theorem 6.3 follows from Corollary 6.18, which applies with & = 2 for uniform A-constrained
non-crossing partitions of [n] when A # {1}.

Techniques. We briefly comment on the main techniques involved in the proof of Theorem
6.17. Since it is simple to recover P, from its dual two-type tree T°(P,), it seems natural
to study scaling limits of T°(P,). However, this is not the road we take: we rather code P,
by the associated one-type tree T°(P,), which, as we have earlier seen, has the law of a
Galton-Watson tree with offspring distribution y conditioned to have n + 1 vertices, and is
therefore simpler to study. We then follow the route of [71]: we code T°(P,) via a discrete
walk; the latter converges in distribution to a continuous-time process, we then define L,
from this limit path and we show that it is indeed the limit of the discrete non-crossing
partitions.
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In [71], it is shown that certain random dissections of [n] (a dissection of a polygon
with n edges is a collection of non-crossing diagonals) are shown to converge to the stable
lamination, by using the fact that their dual trees are Galton-Watson trees conditioned
to have a fixed number of leaves. Our arguments are similar to that of [71, Section 2 and
3], but the devil is in the details since the objects under consideration and their coding by
trees are different: first, vertices with outdegree 1 are forbidden in [71], and second a vertex
with outdegree k in [71] corresponds to k + 1 chords in the associated discrete lamination,
whereas in our case a vertex with outdegree k corresponds to k chords in the associated
non-crossing partition. In particular, the proofs of [71, Section 2 and 3] do not carry out with
mild modifications, and for this reason we give a complete proof of Theorem 6.17.

From now on, we fix a € (1, 2], a critical offspring distribution y belonging to the domain
of attraction of a stable law of index «, and we let P, be a random non-crossing partition
sampled according to P}, for every integer n > 1 such that P} is well defined.

6.4.1 Non-crossing partitions and paths

We have seen in Section 3.1 that a non-crossing partition P can be coded by the Lukasiewicz
path of an associated plane tree. Observe that the tree there is T°(P). We briefly recall the
construction. Fix n € Nand W = (W;;0 < j < n + 1) a path such that W, = 0, for every
0 <j < n, Wii1 — W; > —1 with the condition that W; > 0 for every 0 < j < nand W, = —1.
Define for every 0 < j <n-—1

ki=Wiu—-W;+1

If kj > 1, then for every 1 < £ < k;, let
sp=inf{m > j+1: Wy = Wiy — (€ - 1))

and then set s,ij = s{ = j + 1. Finally define

’ 5 S
P(W) = U U exp —217[; , €xXp 21%7 . (6.2)

Jikj=1 =1

Let us briefly explain what this means: if W is the Lukasiewicz path of a tree 7 with its vertices
labelled @ = u(0) < u(1) < --- < u(n) in lexicographical order, then (recall Proposition 1.4) k;
is the number of children of u(]) and s’ <-oe < s] are the indices of its children. Recall from
Section 6.2.1 that from a tree 7, we can define a non- crossing partition P,(7) by joining two
consecutive children in 7 (where the first and the last ones are consecutive by convention);
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Figure 6.9: The partition P = {{1, 3, 5}, {2}, {4}, {6, 7,11, 12}, {8}, {9, 10}}, the tree T°(P) and its
Lukasiewicz path.

this is exactly what is done in (6.2). Recall also from Section 6.2.1 the construction of the
plane tree T°(P) from a non-crossing partition P.

Proposition 6.19. For every non-crossing partition P, we have
P =P(W(T°(P))).

Proof. To simplify notation, let W° denote the Lukasiewicz path of T°(P) and let n be its
length. First, note that P(W°) is a partition of [n]: with the notation used in (6.2), the blocks
are given by the sets {s{, el 5{;]_} for the j’s such that k; > 1. To show that it is non-crossing,
fix j,j’ €{0,...,n—1} with kj,ky > 1andfix £ € {1,...,kj+1} and ¢’ € {1,...,kj + 1} with
(j,€) # (', {'); one checks that the intervals (si,, s ~

. +1) and (sé,l/, sg, +1) either are disjoint or one
is included in the other so that the chords

’ =

Sj S] sj/ S]/
[exp(—Ziﬂ—K , eXp —2ix 1 and |exp|—2ir d , eXp —2ir L
n n n n

do not cross. Further, as explained above, by construction, the chords of P(W?) are chords

between consecutive children of T°(P). The equality P = P(W°) then simply follows from
the fact that, by construction and Proposition 6.4, i, j € [n] belong to the same block of P if
and only if u(i) and u(j) have the same parent in T°(P). O

As previously explained, we will prove the convergence, when n — oo, of a random
non-crossing partition P, of [n] sampled according to P}, by looking at the scaling limit of
the Lukasiewicz path of the conditioned Galton-Watson tree T°(P,). As we have seen in
Section 3.2, the latter is known to be the normalized excursion of a spectrally positive strictly
a-stable Lévy process X7* which we next recall. The main advantage of this approach is
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that T°(P,) is a (conditioned) one-type Galton-Watson tree, whereas the dual tree T°(P,)
of P, is a (conditioned) two-type Galton—-Watson tree. We mention here that [1] uses a
“modified” Lukasiewicz path to study a two-type Galton-Watson tree; actually this path
is just the Lukasiewicz path of the one-type tree associated with the two-type tree by the
Janson-Stefansson bijection.

6.4.2 Convergence to the stable excursion

Fix @ € (1,2] and consider a strictly stable spectrally positive Lévy process of index a:
X, is a random process with paths in the set D([0, ), R) of cadlag functions endowed
with the Skorokhod J; topology (see e.g. Billingsley [21] for details on this space) which has
independent and stationary increments, no negative jumps and such that E [exp(—1X,(t))] =
exp(tA”) for every t,A > 0. Using excursion theory, it is then possible to define X3*, the
normalized excursion of X,, which is a random variable with values in D([0,1],R), such
that X$*(0) = X$*(1) = 0 and, almost surely, X5*(¢) > 0 for every t € (0,1). We do not enter
into details, see Section 3.2 and references therein for background.

An important point is that Xg* is continuous for a = 2, and indeed X3*/ V2 is the standard
Brownian excursion, whereas the set of discontinuities of Xg* is dense in [0, 1] for every
a € (1,2); we shall treat the two cases separately. Duquesne [43, Proposition 4.3 and proof of
Theorem 3.1] provides the following limit theorem which is the steppingstone of our results
in this section.

Theorem 6.20 (Duquesne [43]). Fix a € (1,2] and let (u(k), k > 0) be a critical probability
measure in the domain of attraction of a stable law of index . For every integer n such that
QY is well defined, sample t, according to Q,. Then there exists a sequence (B, )1 of positive
constants converging to oo such that the convergence

B, oo

1 () y
(_W[nsj (tn);s € [0,1] — (Xg (s),s € [0, 1])
holds in distribution for the Skorokhod topology on D([0,1],R).

Recall that if we sample P, according to P}, then the plane tree T°(P,) is distributed
according to Q. Thus, denoting by W™ = W(T°(P,)) the Lukasiewicz path of T°(P,), the
convergence

Tt sero] S (x(s).s e [0,1]) 6.3)

B, Lns)’ n—o0

holds in distribution for the Skorokhod topology on D([0, 1], R).
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We next define continuous laminations by replacing the Lukasiewicz path by X$* and
mimicking the definition (6.2). We prove, using (6.3), that they are the limit of P, as n — oo.
We first consider the case @ = 2 as a warm-up before treating the more involved the case
a € (1,2).

6.4.3 The Brownian case

Let e = X7*; we define an equivalence relation < on [0,1] as follows: for every s,t € [0,1],
wesets ~twhene(sAt)=e(sVi) = mingszsve] 6. We then define a subset of D by

L(e) = ] [e78m,e7™]. (6.4)

s<t

Using the fact that, almost surely, e is continuous and its local minima are distinct, one
can prove (see Aldous [6] and Le Gall & Paulin [77]) that almost surely, L(e) is a geodesic
lamination of D and that, furthermore, it is maximal for the inclusion relation among geodesic
laminations of D. Observe that s ~ s for every s € [0,1] so S' c L(e). Also, since L(e) is
maximal, its faces, i.e. the connected components of D \ L(e), are open triangles whose
vertices belong to S'; L(e) is called the Brownian triangulation and corresponds to L, in
Theorem 6.17.

Proof of Theorem 6.17 for o = 2. Using Skorokhod’s representation theorem, we assume
that the convergence (6.3) holds almost surely with @ = 2; we then fix » in the probability
space such that this convergence holds for . Since the space of compact subsets of D
equipped with the Hausdorff distance is compact, we have the convergence, along a subse-
quence (which depends on w), of P, to a limit Py, and it only remains to show that P, = L(e).
Observe first that, since the space of geodesic laminations of D is closed, P., is a lamination.
Then, by maximality of L(e), it suffices to prove that L(e) C Py to obtain the equality of
these two sets.

Fixe > 0and 0 < s < t < 1such that s ~ t. Using the convergence (6.3) and the
properties of the Brownian excursion (namely that times of local minima are almost surely

dense in [0, 1]), we can find integers j,, {, € {1,...,n — 1} such that every n large enough,
we have

In7lj, —s| <e and In7le, —t| < e,
as well as

M/J‘in) > W;Eln_)1 and {y = min{m > j, : Wffln) < ij'in)}'
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In other words, u(j,) and u(¢,) are consecutive children of u(j, — 1) in T°(P,). By Proposi-
tion 6.19, the last two properties yield

. Jn -ty
exp (—2171;),exp —2177,';

—2ims
b

C P,.

e 47] lies within distance 2¢ from P,.
[e—Ziﬂ's

Thus, for every n large enough, the chord [e

lies within distance 2¢

e—2im‘]

Letting n — oo, along a subsequence, we obtain that
from P.,. As ¢ is arbitrary, we have [e™2"%, e 2""'] C P, hence L(e) C P, and the proof is

complete. O

6.4.4 The stable case

We follow the presentation of [71]. Fix @ € (1, 2) and consider X * the normalized excursion of
the a-stable Lévy process. For every t € (0, 1], we denote by AXS*(¢) = XJ*(¢) = X5*(t—) = 0
its jump at t, and we set AX$*(0) = X *(0—) = 0. We recall from [71, Proposition 2.10] that
XX tulfills the following four properties with probability one:

(H1) For every 0 < s < t < 1, there exists at most one value r € (s, t) such that X *(r) =
inf[syt] ng,

(H2) For every t € (0,1) such that AXZ*(¢) > 0, we have inf[; ;. XZ* < X7*(t) for every
O0<e<Ll—-t;

(H3) For every t € (0,1) such that AXg*(¢) > 0, we have inf;_, ;) XZ¥ < X7*(t—) for every
0<e<t

(Hg) Foreveryt € (0,1) such that X$* attains a local minimum at ¢ (which implies AX$*(t) =
0), if s = supfu € [0,¢] : XZ*(u) < X5X(t)}, then AXS*(s) > 0 and XS¥(s—) < XT(t) <
X5 (s)-

We will always implicitly discard the null-set for which at least one of these properties does
not hold. We next define a relation (not equivalence relation in general) on [0, 1] as follows:
forevery 0 < s <t <1, we set

s=Xa ¢t if ¢ =inf{u>s: X¥(u) < X (s—)),

X

and then for 0 < t < s < 1, we set s =%« tif t ~X& s, and finally we agree that s ~Xa" s for

every s € [0,1]. We next define the following subset of D:

L, = U [e—Zins’e—Ziﬂt] ) (6.5)

ex
s=Xa' ¢t
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Observe that S' C L,. Using the above properties, it is proved in [71, Proposition 2.9] that L,
is a geodesic lamination of D, called the a-stable lamination. The latter is not maximal: each
face is bounded by infinitely many chords (the intersection of the closure of each face and
the unit disk has indeed a non-trivial Hausdorff dimension in the plane).

We next prove Theorem 6.17; as in the case @« = 2, we assume using Skorokhod’s
representation theorem that (6.3) holds almost surely and we work with o fixed in the
probability space such that this convergence (as well as the properties (Hz1) to (H4)) holds for
o. To simplify notation, we set

1
XM (s) = B—nWL(:S)J for every s € [0,1].

Along a subsequence (which depends on w), we have the convergence of P, to a limit P,

which is a lamination. It only remains to prove the identity P, = L,. To do so, we shall
prove the inclusions L, C Py and P, C L, in two separate lemmas.

Lemma 6.21. We havel, C P..

Proof. Notice that if s < t and s ~X« t, then X&(t) = X¢*(s—) and X*(r) > X(s—) for

X,

every r € (s, t), hence s X&' t if and only if one the following cases holds:

(i) AXZX(s) > 0and t = inf{u > s : XZ*(u) = X*(s—)}, we write (s, t) € E1(XF);
(i) AXZE(s) = 0, XJ¥(s) = XJX(t) and X3*(r) > X5*(s) for every r € (s,t), we write
(s, 1) € E2(XTY).
Using the observation ([71, Proposition 2.14]) that, almost surely, for every pair (s,t) €

E2(XS*) and every ¢ € (0,(t — s)/2), there exist s € [s,s + ¢] and t’' € [t — ¢,t] with
(s',t") € E1(XEX), one can prove ([71, Proposition 2.15]) that almost surely

L, = U [e—ZiﬂS’ e—Zin’t] . (6.6)
(s,t)€€1(XEY)
The proof thus reduces to showing that, for any 0 < u < v < 1such that AXZ*(u) > 0 and
v =inf{w > u : X&(w) = X*(u-)} fixed, we have [e"?"% e 47%] C P,,. Further, as in the
case o = 2, it is sufficient to find sequences u, — u and v, — v as n — oo such that for
every n large enough, [e 2%, e72"%n] C P,. Informally, the main difference with [71] is that
we choose different sequences u,, v,: with the notation used in (6.2), we shall take the pair
(un, vy) of the form n_l(s{, s,’;j) for a certain j.

More precisely, fix ¢ > 0 and observe that, since v cannot be a time of local minimum of
X by (Hg), then
inf XJ* <X (v) =X (u—-) < inf]ng.

[v—¢,0+e] [u,o—¢
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Using the convergence (6.3), we can then find a sequence (u,),>; such that for every n
sufficiently large, we have

up € (u—e,u+e)Nn’'N and inf XM < Xx™(u,-) < inf XW.

[v—e,0+¢€] [un,v—e]

Define then v, := inf{r > u, : X (r) = X (u,—)} and observe that v, € (v—¢, v+£)Nn~N.
Moreover, as B, X" (u,) = Wn(sz and B, X" (u,—) = w™  we have Wn(:,),—l < Wn(sj and

nu,-1°

nu, = inf{l > nu, : Wl(n) = Wn(,fr)l - (Wn(,'}) ~w )}

n nu,—1

We conclude from Proposition 6.19 that
[e—Zin’un’ e—Ziﬂvn] c P,
for every n large enough and the proof is complete. O

Finally, we end the proof of Theorem 6.17 with the converse inclusion.

Lemma 6.22. We have P, C L,.

Proof. Recall that P, is the limit of P, along a subsequence, say, (ny)r>1. Let us rewrite (6.2),
combined with Proposition 6.19, as

_ —2iru _—2imov
fum | e,

(u,v)eE(nk)

where &, is a symmetric finite subset of [0, 1]%. Upon extracting a further subsequence, we
may, and do, assume that €, ) converges in the Hausdorff sense as k — oo to a symmetric
closed subset €, of [0,1]?. One then checks that

P., = U [6—217'[1,{’ e—ZUTU] ‘

(u,0)€€ 0

X

It only remains to prove that every pair (u,v) € € satisfies u 2%« v. Fix (u,v) € & with

u < v; we aim to show that v = inf{r > u : X5*(r) < XZ*(u-)}.

For every integer j € {1,...,n} and let p(j) be the index of the parent of vertex labelled
jin T°(Py,): p(j) = sup{m < j : W,S,n) < Wj(")}. Observe then that [e~2/n/" e=27la/n] c p,
when p(j,) = p(€,) and, either ¢, = inf{m > j, : W,fln) =w" - 1}, or j, = p(ju) +1and

Jn
C, = inf{m > j, : W = w;a)}.
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By definition, (u, v) is the limit as k — oo of elements (up, , vy, ) in €(,,). Upon extracting
a subsequence, we may, and do, suppose that either each pair (j,,ln,) = (nkun,, nkvn,)
fulfills the first condition above, or they all fulfill the second one. We first focus on the
first case. We therefore suppose that we can find integers j,, < I, in {1,...,n} such that
(u,v) = lim 0 nlzl(jnk, l,,) and

I, = inf{m > jp, : Wn(fk) = W;.(nk) -1} for every k > 1.
Nk
We see that
( ) ) jnk lnk -1 jnk lnk -1
X () > x ) [ | = x ) [ 2k for every re|—,——|, (6.7)
ng Ng ng ng

which yields, together with the functional convergence X" — X¢X,
X7 (r) = X (v-) for every r € (u,v). (6.8)

By (H3), we must have AX7*(v) = 0 and so X(”k)(nlzl(lnk —1)) = X5¥(v) as k — oco. On the
other hand, the only possible accumulation points of X ("k)(nlz Jjn,) are X5 (u—) and X5*(u).

We consider two cases. Suppose first that AXS*(u) = 0; then X("k)(n]; Jn.) = X (u) as
k — co and it follows from (6.7) that X5*(u) = X *(v). This further implies that X$*(u) <
XX (r) for every r € (u,v), otherwise it would contradict either (Hz1) or (H4), depending on

whether X7* admits a local minimum at u or not. We conclude that in this case, we have
XeX
u~"a v.

Suppose now that AX*(u) > 0; then, by (Hz2), for every ¢ > 0, there exists r € (u,u + ¢)
such that X5*(r) < X$*(u). Consequently, we must have X(”k)(nlzljnk) — X (u—) as k — oo,
otherwise (6.7) would give X *(u) = X$*(v) = X$*(v—) and we would get a contradiction
with (6.8). We thus have X$*(u—) = X*(v) < X5*(r) for every r € (u, v); moreover the latter
inequality is strict since an element r € (u,v) such that X7*(r) = X$*(u—) is the time of a

X

local minimum of X and this contradicts (H4). We see again that u ~X v,

In the second case when each pair (jy,, I, ) satisfies j, = p(jn,) + 1and [, = inf{m >

Jny W,,(f) = W;Z.) )}, the very same arguments apply, which completes the proof. O
ng

6.5 Extensions

If P, is a simply generated non-crossing partition generated using a sequence of weights w,
a natural question is to ask how behaves the largest block area of P,. In this direction, if P
is a non-crossing partition, we propose to study P°, which is by definition the union of the
convex hulls of the blocks of P (see Figure 6.10 for an example).
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Figure 6.10: From left to right: P, P, Ps,, Ps,,, Where P, (resp. Psoo) is a uniform non-
crossing partition of [50] (resp. [500]).

Question 6.23. Assume that the weights w are equivalent to a critical probability distribution
which has finite variance. Is it true that P, converges in distribution as n — oo to a random
compact subset of the unit disk?

A

Figure 6.11: A simulation of P, for respectively & = 2 and a = 1.3, where the largest faces
are the darkest ones.

If the answer was positive, the limiting object would be obtained from the Brownian
triangulation by “filling-in” some triangles, and this would imply that the largest block area
of P, converges in distribution to the area of the largest “filled-in face” of the distributional
limit.

In the case of A-constrained uniform plane partitions, numerical simulations based on
the calculation of the total area of P, indicate that this limiting distribution should depend

on the weights A (note that in the particular case A C {1, 2} it is clear that (P,, P;) — (L2, L2)
in distribution as n — o).



Chapter 6. Simply generated non-crossing partitions 149

When the weights w are equivalent to a critical probability distribution that belongs
to the domain of attraction of a stable law of index a € (1, 2), it is not difficult to adapt the
arguments of the previous section to check that

= d
(PH’D\Pn) 2) (LaaLa)»
n—oo

meaning that the faces of P, cover in the limit the whole disk (see Figure 6.11 for an illustration).
In particular, in this case, the largest block area of P, converges in distribution to the largest
area face of L.






7

NON-CROSSING TREES AND STABLE
TRIANGULATIONS

In this chapter, we study the embedding into the unit disk of large Galton-Watson trees as
presented in Chapter 3. This work is currently being prepared for publication separately.

7.1 Introduction and main results

The behavior of large random trees has motivated a lot of work and a usual way to consider
a convergence in distribution of trees is to view them as compact metric spaces, equipped
with the Gromov-Hausdorff distance (recall the definition in Chapter 1), see e.g. Aldous [5]
and Duquesne [43] for Galton-Watson trees, Haas & Miermont [59] and Rizzolo [103] for
sequences of trees satisfying a Markov branching branching property, Haas & Stephenson
[60] for k-ary trees and Broutin & Sulzbach [23] who consider the dual tree of the recursive
triangulation of the disk studied by Curien & Le Gall [33].

Here, we view trees as a closed subsets of the closed unit disk D of the complex plane,
equipped with the Hausdorff distance. Fix a plane tree 7 with n vertices, that we denote
by @ = u(0) < u(1) < --- < u(n — 1) in lexicographical order. We define a closed subset
I'(r) of D by considering the n-th roots of unity {e"27*/";0 < k < n — 1} and by drawing a
chord [e?7k/n e=2i7t/n] whenever the vertices u(k) and u(£) are linked by an edge in 7. See
Figure 7.1 for an illustration. As we have seen in Chapter 6, the main benefit of this point of
view is that the set of closed subsets of D is compact for the Hausdorff distance. Therefore,
given a sequence of trees, we know a priori that it admits sub-sequential limits so in order to
prove its convergence, it suffices to show that it admits a unique accumulation point, and to

151
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identify the latter if possible.

Figure 7.1: A plane tree and its embedding in the disk.

Such a set I'(7) is a particular example of non-crossing trees which are more generally
trees drawn in the disk with the n-th roots of unity as vertices and whose edges do not
cross. Here, the embedding of a plane tree has the property that each vertex lies after its
parent in clockwise order. Therefore, and as opposed to the previous chapter, we do not
consider statistics on this embedding such as the distribution of the degree of the root, the
number of leaves, number of vertices with a given degree, the largest degree or the height of
a typical vertex (all these have been studied for uniform random non-crossing trees by Noy
[90], Flajojet & Noy [51] and Deutsch & Noy [36]); indeed the latter are exactly the same as
for the plane version. We thus focus here on the geometrical point of view by considering
the embedding of a plane tree in the disk as a lamination. Let us mention that Marckert &
Panholzer [80] and then Curien & Kortchemski [31] considered the reversed question and
studied the properties of the random plane tree induced by a uniform random non-crossing
tree.

Main assumptions. Lety bea critical probability measure onZ,: u(0) > 0and 3,7 ku(k) =
1. We consider for each integer n > 1 a Galton-Watson tree with offspring distribution y con-
ditioned to have n vertices (recall the definition from Section 1.2); we shall always implicitly
restrict ourselves to the values of n for which this conditioning is well defined. We assume
in addition that y belongs to the domain of attraction of a stable law of index a € (1, 2], i.e.
either it has finite variance: 37 k%u(k) < oo (in the case a = 2), or Z;":jy(k) = j7L(j),
where L is a slowly varying function at infinity.

Theorem 7.1. Fix a € (1,2]. There exists a random compact subset of the unit disk L, such
that for every critical offspring distribution p belonging to the domain of attraction of a stable



Chapter 7. Non-crossing trees and stable triangulations 153

law of index a, if T, is a Galton—-Watson tree with offspring distribution y conditioned to have n

vertices, the convergence

d P
['(zy) Q) L,

n—oo

holds in distribution for the Hausdorff distance on the space of all compact subsets of D.

Consider a € (1, 2] and the above set L,. We will prove that, almost surely, the latter is a
geodesic lamination of D, which further is maximal for the inclusion relation on laminations,
soLyisa triangulation (each face is an open triangle with vertices on the circle) that we call
the a-stable triangulation. In the case a = 2, L, = L, is Aldous’ Brownian triangulation [6].
For a € (1,2), fa strictly contains the a-stable lamination L, of Kortchemski [71].

Denote by ;‘;a the set of all end-points of chords in fa. In the case a = 2, it is known,
see Aldous [6] as well as Le Gall & Paulin [77] for a detailed proof, that almost surely,

~ 1 =~ 3
dlm(Az) = E and dlm(Lz) = 5

We shall prove more generally that for every a € (1, 2), almost surely,

dim(A,) = 1 and dim(Ly) = 1+ 1

a a

Curien & Kortchemski [31, Theorem 3.1] proved the convergence in distribution to L,

of a uniform random non-crossing tree of size n as n — oco. Our non-crossing trees are

certainly not uniformly chosen since each vertex lies after (in clockwise order) its parent.

Nevertheless, taking y = (2~**), k > 0), I'(z,) in Theorem 7.1 is uniformly distributed on

the set of non-crossing trees of size n satisfying this property. Finally, since the law of L; is

invariant under reflection about the real axis, then the same result holds for non-crossing
trees for which each vertex lies before its parent.

Remark 7.2. Recall from Section 6.2 the map T° which associates with a non-crossing
partition P, of {1, . . ., n} a plane tree with n+1 vertices. Let 1 be a critical offspring distribution
belonging to the domain of attraction of a stable law of index a € (1, 2]; sample a simply
generated non-crossing partition P, according to P, and let 7,.; = T°(P,). Then both
Theorems 6.17 and 7.1 hold and moreover, it shall be plain from the proof that the convergences
hold jointly. One could also consider the tree 7, ,, = 7°(P,) which is not a conditioned Galton-
Watson in general. However it can be proved by the same arguments as that of Theorem 6.17
that its embedding into the disk converges to L, and in fact, we have the joint convergence
o . (d) —~
(Pu.T(T°(P).T(T(P))) —  (LosLesLa).

n—-oo
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Note as we pointed out at the beginning of this Chapter the usefulness of viewing plane trees
as laminations of the disk since no scaling limit is known for T7*(P,) viewed as a compact
metric space; we conjecture nonetheless that the latter (exists and) is the so-called a-stable
Lévy tree, which is the limit of T7°(P,) as well (recall Theorem 3.1). This shows that there is no
clear relation between convergence for the Gromov-Hausdorff topology and the convergence
considered here.

The proof of Theorem 7.1 and the construction of L, closely follow Section 6.4: we define
I'(z,) from the Lukasievicz path of 7,; the latter converges in distribution to the continuous-
time excursion X;*, we then define fo, from this limit path and we show that it is indeed the
limit of T'(z,).

7.2 The discrete setting

Recall from Section 3.1 that the embedding I'(7) into the disk of plane tree 7 can be easily
deduced from its Lukasiewicz path. Fix n € Nand W = (W;0 < j < n) a path such that
Wo = 0, W11 — W; > —1for every 0 < j < n — 1, with the condition that W; > 0 for every
0 <j<n-1land W, = —1. Define for every 0 < j < n -2,

If kj > 1, then for every 1 < £ < kj, let

sp=inf{m > j+1: Wy = Wiy — (€ - 1))

and then set s]]C = s{ = j + 1. Finally define

+1
Cc(w) UO[e (Zi j)e (Zi SZ))] (7.1)
= xp |—2ir=|,exp|—2ir—|] . .
Jik;=1 =1 ’ " ’ " ’
As we have seen in Proposition 1.4, if W is the Lukasiewicz path of a plane tree 7, then k; is
the number of children of its j-th vertex in lexicographical order and s} < - - - < s,’cj are the
indices of these children. The next proposition should be then plain.

Proposition 7.3. For every plane tree T we have

I(r) = C(W(r)).

As in the previous chapter, we will prove the convergence, when n — oo, of the embed-
ding in the disk of random trees of size n by looking at the scaling limit of their Lukasiewicz
paths. We have seen that the latter is the normalized excursion of a spectrally positive strictly
a-stable Lévy process X as we next recall.
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Figure 7.2: A non-crossing tree and the associated Lukasiewicz path.

7.3 Large non-crossing trees

Fix @ € (1, 2] and consider X,, a strictly stable spectrally positive Lévy process of index
a. As explained in Section 3.2, one can make sense of X$*, the normalized excursion of
X, which is a random variable with values in the Skorokhod space ‘D([0, 1], R), such that
XZX(0) = X*(1) = 0 and, almost surely, X5*(t) > 0 for every t € (0,1). Recall also that,
almost surely, X* is continuous for & = 2, and indeed X7*/ V2 is the standard Brownian
excursion. We finally recall Duquesne’s limit theorem.

Theorem 7.4 ([43]). Fix @ € (1,2] and let u be a critical probability measure in the domain of
attraction of a stable law of index a. Then there exists a sequence (B,),>1 of positive constants
converging to co such that if W™ denotes the Lukasiewicz path of a Galton-Watson tree with
offspring distribution p conditioned to have n vertices, the convergence

1 (d)
(B—WL‘:gj;s € [o, 1]) = (XZ)s ef0,1]) (7.2)
n

holds in distribution for the Skorokhod topology on D([0,1],R).

We next define laminations using Xg* similarly to Proposition 7.3 and prove, using (7.2),
that they are the limit of I'(z,) as n — oco. We first consider the case « = 2 and postpone the
more involved case « € (1, 2) to the next two sections. The constructions and proofs closely
follow that of Section 6.4.
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7.3.1 The Brownian case

Let e = X5*; recall the definition of the Brownian triangulation:

L(e) == U [e_Zi”s,e_2i”t] , (7.3)

s<t

where s ~ t when e(s) = e(t) = mingssve] €. Recall from Aldous [6] and Le Gall & Paulin
[77] that, almost surely, L(e) is a geodesic lamination of D, which furthermore, is maximal
for the inclusion relation among geodesic laminations of D.

We next prove Theorem 7.1 for « = 2. Let p be a critical probability measure in the
domain of attraction of a stable law with index 2 and for each n, let 7,, be a Galton-Watson
tree with offspring distribution y conditioned to have n vertices. We show the convergence

()
I(ta) —  L(e)

n—-oo

for the Hausdorff distance on the space of all compact subsets of D.

Proof of Theorem 7.1 for a = 2. The proof is close to that of Theorem 6.17. Using Sko-
rokhod’s representation theorem, we assume that the convergence (7.2) holds almost surely
with a = 2; we then fix w in the probability space such that this convergence holds for w.
Since the space of compact subsets of D equipped with the Hausdorff distance is compact,
we have the convergence, along a subsequence (which depends on w), of I'(7,) to a limit Cs.
Moreover, since the space of geodesic laminations of D is closed, Cw, is a lamination. Finally,
by maximality of L(e), it suffices to prove that L(e) C Cs to obtain the equality of the two
sets.

Fixe > 0and 0 < s < t < 1such thats ~ . Using the convergence (7.2) and the
properties of the Brownian excursion (namely that times of local minima are almost surely

dense in [0, 1]), we can find integers j,, £, € {1,...,n — 1} such that every n large enough,
we have

InYj, —s| < and In7le, —t] < &
as well as

ij,n) > ij(nn—)l and £, = min{m > j, : W < W}in)}'

In other words, u(j,) and u(¢,) are respectively the first and second children of u(j, — 1) in
T,. By (7.1) and Proposition 7.3, the last two properties yield

i — 1 4
[exp (—Ziﬁjn ) , €Xp (—2177:—")
n n

C I'(z,).
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Thus, for every n large enough, the chord [e~%7s e~271] lies within distance 2¢ from ['(zy).
Letting n — oo, along a subsequence, we obtain that [e ™27, e 72"!] lies within distance 2¢
from C.. As ¢ is arbitrary, we have [e™%7, e 72"] c C,, hence L(e) C Co and the proof is
complete. O

7.3.2 The stable triangulation

Fix a € (1,2) and consider X* the normalized excursion of the a-stable Lévy process. For
every t € (0,1], we denote by AXS*(t) = XZ*(¢t) — X *(t—) > 0 its jump at ¢, and we set
AXS¥(0) = X5X(0—) = 0. We recall that X7* fulfills the following four properties with
probability one [71, Proposition 2.10]:

(H1) For every 0 < s < t < 1, there exists at most one value r € (s, t) such that X *(r) =

infs ) X5*.
(H2) For every t € (0,1) such that AXZ*(t) > 0, we have inf[; ;. X7* < X7*(t) for every
0<e<l1-1t

(H3) For every t € (0,1) such that AXZ*(¢) > 0, we have inf[;,_, ) XZ* < XZ*(t—) for every
0<e<t

(H4) Foreveryt € (0,1) such that X$* attains a local minimum at ¢ (which implies AXS*(t) =
0), if s = sup{u € [0, t] : XZ*(u) < XZ¥(t)}, then AXS*(s) > 0 and X *(s—) < X5¥(t) <
XZX(s).

We will always implicitly discard the null-set for which at least one of these properties does

not hold. We next define a relation (not equivalence relation in general) on [0, 1] using X5*:
forevery 0 < s <t <1, we set

s o X& 4 if  X(s—) < XS(t) and XSX(t) = %nthUi";
S,t

thenfor 0 <t <s <1, wesets =X« tift =Xz s, and finally we set s

s € [0,1]. We then define the following subset of D:
E(X(iX) — U [e—Ziﬂs,e—Zint] . (74)

ex
=Xa' s for every

Proposition 7.5. For every a € (1,2), Z(XS{X) is a geodesic lamination of D. Moreover, it is
maximal for the inclusion relation among geodesic laminations of D.

Recall the definition of the stable lamination:

L(X;X) — U [e—Zins,e—Zim‘] , (7.5)

ex
s=Xa' t
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where
s =X ¢ if t =1inf{u > s : X5 (u) < XZ(s—)}.

ex

Note that for every s, t € [0,1], if s ~*@ ¢, then s =X@ t; in particular S' ¢ L(X&) C Z(ng).
Informally, the set E(ng) is obtained from L(X$*) by “filling the faces”, i.e. inside each face of
L(XS¥), we join by a chord each vertex of this face to the closest one to the complex number 1
in S in clockwise order (and then take the closure of this set), thus making it a triangulation.

Proof. Kortchemski [71, Proposition 2.9] proved that L(X5¥) is a lamination; we follow the
same idea to prove that f(X;X) is a lamination as well. First note that the chords in (7.4)
are non-crossing: there exists no 4-tuple 0 < s < s’ < t < t’ < 1such that s =X« t and
s’ =Xa' . Indeed, suppose that there exist such pairs, then X¢*(s—) < X&(t) = inf[; ;) X
and XZ*(s'—) < XZX(t') = inf[y ;-] XT¥; in particular, by (H3),

X(s") = XT(t) = XX(t') = inf] X and AXX(s") = AXTX(t) = 0.

[s,t’

Therefore X5* attains the same local minimum at s” and ¢, which contradicts (Hz).

To show that E(ng) is closed, it is enough to consider two sequences (s,);>1 and (t,)n>1
suchthat0 <s, <t, <1, s, 2%« t, and (sn» tn) converges to some (s, t) with s < t, and to
verify that s =X« ¢, First, for every r € (s, t,), we have X*(r) > XX(t,) so, letting n — oo,
XSX(r) = X5X(t—) for every r € (s, t). Together with (H3), this implies that AXS*(t) = 0 so as
n — oo, XS¥(ty) — X5X(t) = XX(t—) < XS¥(r) for every r € (s,t). It only remains to show
that X7 (s—) < XZ*(t). If AXS*(s) = 0, then X$*(s,) converges to X *(s) as n — co and the
claim follows since XJ*(s,—) < XF*(tn) for every n. Suppose next that AXZ*(s) > 0 and so
s > 0. By (H2) and right-continuity, there exists 0 < § < (s + t)/2 such that

inf X5*> inf X3F.
[s,5+0) [s+6,(s+t)/2]
Moreover, by (H3), the infimum on the right-hand side is achieved at some point, say, ro,
of the interval [s + §, (s + t)/2]. In particular, if s < s, for infinitely many n, then we
can find infinitely many values of n for which s <'s, < s+ < ry < t,, which implies

XX (ro) < X*(sp—), which in turn contradicts s, =Xa' t.. We conclude that s, < s for every

n sufficiently large and thus X5*(s,—) — XS*(s—) as n — oco. Again, the claim follows from
XX (sn—) < XX(t,) for every n.

Finally, we show that L(X £X) is a maximal lamination. We argue by contradiction that
for every x,y € S! with x # y, the open chord (x,y) = [x,y] \ {x,y} must intersect
f(X;X), otherwise Z(ng) U [x,y] would be a bigger lamination. Fix 0 < u < v < 1and
suppose that (e 274 e~270) \ [(X®) = @. Suppose first that X (u—) > X(0); set z =
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(X (u=)+X*(v))/2 and define s = sup{r < u : XZ*(r) < z}and t = inf{r > u : X3*(r) < z}.
Thens < u < t < vands =X t which is a contradiction, therefore we must have
X (u—) < X$*(v). Suppose next that there exists r € (u,v) such that X7*(r) < X$*(v); by

ex
=~Xo" t Thus, we must have

a similar argument, we can find s € (u,v) and t > v with s
X*(u-) < X¥(v) < XX(r) for every r € (u,v), so u =X« uv. We see that in any case,

(78 e~2) N [(XSY) # 2. O

7.3.3 Convergence to the stable triangulation

Using the convergence (7.2), we now prove Theorem 7.1 in the stable case. Fix o € (1,2) and
u a critical probability measure belonging to the domain of attraction of a stable law of index
a. For each n, let 7, be a Galton-Watson tree with offspring distribution y conditioned to
have n vertices. We show the convergence

d
Mm) = LX)

for the Hausdorff distance on the space of all compact subsets of D.

Proof of Theorem 7.1 for @ € (1,2). Following the proof of the case @ = 2, we assume
using Skorokhod’s representation theorem that (7.2) holds almost surely and we implicitly
work with w fixed in the probability space such that this convergence (as well as the properties
(H1) to (H4)) holds for w. We set

XM (s) = B;IWL(:S)J for every s € [0,1].

Along a subsequence (which depends on w), we have the convergence of I'(z,) to a limit Ce,
which is a lamination. It only remains to prove the identity Co, = E(ng) Since the latter
is maximal, we only need to prove that C, C Z(ng) The arguments are close to that of
Kortchemski [71, Sections 2 and 3]; we give the main ideas and leave some details to the
reader.

As for the proof of Lemma 6.21, we start by writing E(Xg") as the closure of a union
of certain chords. Indeed, forevery 0 < s <t <1, s =XZ t when X(s—) < X*(t) and
XX(t) = inf[5 ;) X5 so if and only if one the following cases holds:

(i) AXZ*(s) > 0 and XZ*(s—) < XX(t) < XZX(r) for every r € (s,t), we write (s,t) €

—

E1(XE);
(i) AXZX(s) > 0, XZ¥(s—) < XX(t) = inf[;;) XZ* and there exists r € (s,t) such that

—~

XX(r) = XSX(t), we write (s, t) € E,(X5);
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(iii) AX(s) = 0 and X&(s) = XO(t) = inf[s ;) X, we write (s, 1) € E3(X).

Then, almost surely for any pair (s, t) € Ez (X¥), the element r € (s, t) such that XS*(r) =
XFX(t) is a time of a local minimum of X£* by (H3), so it is unique by (H1) and ¢ is not a
time of a local minimum of X7*; moreover, by (Hg), we have X$*(t) = XZ*(r) > XZ*(s—);
finally AXS*(¢) = 0 by (H3). We conclude that for any ¢ > 0, there exists u € (t,t + ¢) such
that X$¥(s—) < X§¥(u) < Xg¥(t) = inf[;,) X* and so there exists t’ € (t,t + ¢) such that
(s, 1) € E(X).

Similarly, almost surely for any pair (s, t) € :‘1\3 (X5X), we must have X£*(s) = XZ*(¢t) <
XX (r) for every r € (s,t) otherwise we have a contradiction either with (H1) if s is a time
of local minimum of X* or with (Hg4) if it is not. But then s ~Xa" t and it follows from [71,
Proposition 2.14] that there exist s’ € [s,s + ¢] and t’ € [t — ¢, ] such that AXJ*(s") > 0 and
t' =influ > s" : XS*(u) = X5*(s'=)} and so (s, ") € gl(ng).

We conclude as in [71, Proposition 2.15] that almost surely

f(ng) _ U [e-2ims, e-2int], (7.6)

(s.)€E1(XS)

and, as for Lemma 6.21, the proof reduces to showing that, forany 0 < s < ¢t < 1fixed such that
AXSX(s) > 0 and X5*(s—) < X5X(t) < X5X(r) for every r € (s,t), we can find two sequences
sp = sand t, — t as n — oo such that for every n large enough, [e721msn 72Tt ] < T'(1y).
Informally, with the notation used in (7.1), we shall take the pair (s, t,) of the form n~(j, s )
for a certain j with k; > 1and a certain [ < k;.

Consider first the case X *(s—) = X (t). Then (s, t) € £1(XS*) and we have seen in the
proof of Lemma 6.21 that for any ¢ > 0 we can find a sequence (s,),>1 such that for every n
sufficiently large, we have

sn€(s—es+e)Nn'N and inf X™ < X" (s,—) < inf X™.

[t—e,t+e] [sn.t—e]
Then setting t, = inf{r > s, : X (r) = X" (s,-)}, we have t, € (t — &, + ¢) N n~'N and

nt, = inf{l > ns, : Wl(") = Wn(sr;) - (erg,) - Wn(s"n)_l)}.
Informally, in view of (7.1), nt, is the index of the last child of ns, — 1. Using Proposition 7.3,

we thus get
ns, —1

[exp (—Ziﬂ ) , eXp (—Ziﬂn?tn)] C I'(ty)

for every n large enough.
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Suppose now that XS*(s—) < X*(¢) < X *(r) for every r € (s, t). Then for ¢ > 0 small
enough, we can find s, such that for every n sufficiently large, we have

sie(s—es+e)nn’'N and XW(s'=)y < inf XM < inf X",

[t—e,t+e] [s),t—¢]

Set z;, = (inf;—¢ 14¢] xm +inf[y ;g X(”))/Z, observe that X (s—) <z < XM (s;) and then
set t; = inf{r > s, : XM (r) < z,). We have the(t—et+e)Nn'Nand

nty, = inf(l = ns, s W = W) — (W) — B,z,)),

l ns;, nsy,

with Wn(sn,) —-Buz,€{1,..., w _ Wn(sn,)_1 — 1}. Informally, in view of (7.1), nt,, is the index of

ns;,

a child of ns; — 1 (and neither its first or its last). We conclude by Proposition 7.3 that

[ ( . ns,— 1) ( _ nt;)
exp | —2ix ,exp | —2ir—
n n

for every n large enough and the proof is now complete. O

C I'(ty)

7.4 Hausdorff dimension

We denote by dim(K) the Hausdorff dimension of a subset K of C, see e.g. Mattila [83] for
background. Fix @ € (1, 2) and consider X3 the normalized excursion of the a-stable Lévy
process; Kortchemski [71, Theorem 5.1] proves the following result.

Theorem 7.6 ([71]). Let A(XS) be the set of all end-points of chords in L(XS*). Almost surely
1 1
dim(A(X;*)) =1- - and dim(L(X*)) =2 - . (7.7)
and for every face V of L(X5Y),
— 1
dim(V N ') = =

Recall that for a = 2, X3* = eis V2 times the standard Brownian excursion; (7.7) extends
verbatim to the Brownian triangulation L(e), see Aldous [6] as well as Le Gall & Paulin
[77] for a detailed proof. The aim of this section is to extend Theorem 7.6 to the stable
triangulation.

Theorem 7.7. Let A\(X;’[X) be the set of all end-points of chords in Z(ng) Almost surely

dim(Z(ng)):é and dim(f(ng)):l+é. (7.8)
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Remark 7.8. We see that the dimensions of the sets in (7.7) and (7.8) have the same limit as
a T 2 and indeed, for o = 2, the stable lamination and triangulation coincide (both with the
Brownian triangulation). On the other hand, we also see that

—~

(dim(L(X5Y)), dim(L(X¥))) — (1,2) as a |1l

Informally, as a | 1, the process XS* converges towards the deterministic function f :
[0,1] — R defined by f(0) = 0 and f(x) =1 — x for every x € (0, 1]. Observe that f is not
cadlag, we refer to Curien & Kortchemski [32, Theorem 3.6] for a precise statement and
proof (essentially, we have the convergence in D([0, 1], R) of the time-reversed processes to
the time-reversal of f which is cadlag). If we try then to define L(f) and L( f) mimicking
(7.4) and (7.5), we obtain L(f) = S! and f(f) =D.

We recall from [71, Proposition 3.10] that the faces of L(X3*) are in one-to-one correspon-
dence with the jump times of XJ* (observe that the latter set is countable since X" is cadlag).

—2ims

For every s, t € (0,1), let H(s, t) be the open half-plane bounded by the line containing e
and e"?” which does not contain the complex number 1. Then for every jump time s of X%,
letting t = inf{u > s : XZ¥(u) = XS (s—)}, the face V of L(XS¥) associated with s is the unique
—Zins, e—Zint]

one contained in H(s, t) whose boundary contains the chord [e . Moreover, one

has
Vvns'={relst]: X¥r) = [inf]Xg’(X}, (7.9)

where we identify the interval [0,1) with the circle S! via the mapping t — e 2! to ease
notation.

Proof of Theorem 7.7. Fix a face V of L(XS¥), let s be the jump-time of XJ* associated
with V and t = inf{u > s : XJ*(u) = X *(s—)}. Observe from (H2), (H3) and (H4) that
all the times r € [s,1] such that » =X& s belong to the interval [s,t]. Then (7.9) reads
VNS'={re[s1]:s =X r}. Notice also that all the chords of Z(ng) who lie in V are
either of the form [e™%75, 2" ] for r € VNS, or belong to the boundary 9V, and so to
L(XZ¥). Therefore, if we denote by Ly (XZ¥) the triangulation Z(ng) restricted to V and by
Ay (X:¥) the set of all end-points of the latter, we have

Av(X¥) =V nsh

Since A\(ng) = Uy Ay (X$¥), where the union runs over the countable set of faces of L(X5¥),

we conclude from Theorem 7.6 that

- —~ — 1
dim(A(X)) = sup{dim(Ay(X¥)); V face of L(X¥)} = dim(V N ') = —.
(04
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Similarly, we have
dim(L(X)) = sup{dim(Ly (X)); V face of L(X¥)}

so it only remains to show that for any given face V of L(X5*), we have
~ -~ 1
dim(Ly(XZ¥)) =1+ dim(Ay(XF)) =1+ —.
a

We prove the two inequalities by adapting the argument of Le Gall & Paulin [77, Proposition
2.3]. It is actually sufficient to only consider the subset Ly (X c Ly (XZ¥) which is the union
of the chords [e™4"5, e 4" forr e VNS! = Ay (X:¥). Indeed as we remarked previously, the
remaining chords belong to L(XZ¥) which, by (7.7), has Hausdorff dimension 2 - 1 <1+ 2
for every a € (1, 2).

We first show that dim(Ly (X&) > 1+dim(Ay (X)). Fix 0 < y < dim(Ay(X)); thanks
to Frostman’s lemma [83, Theorem 8.8], there exists a non-trivial finite Borel measure v
supported on Ay (XZ¥) such that
v(B(x,r)) <r!

for every x € C and every r > 0, where B(x,r) is the Euclidean ball centered at x and of
radius r. Next, for every x € Ay (X5¥), denote by A, the one-dimensional Hausdorff measure
on the chord joining x to e 2. We define a finite Borel measure A on C, supported by
ZV(ng), by setting for every Borel set B

A(B) = / v(dx) L (B).

Fix 0 < R < 1 such that A(B(0,R)) > 0; let zy € B(0,R) N Ly (X*) and then x, € Ay (X)
such that the chord [x,, e 2"*] contains z. Fix ¢ € (0,1]; every x € Ay (X$¥) such that the
chord [x, e72"%] intersects the ball B(z,, ¢) must satisfy |x — x| < Ce, where the constant C
only depends on R. We conclude that

A(B(z0,¢)) = /| V@B ) < €,

where the constant C’ does not depend on ¢ nor z,. Appeahng again to Frostman’s lemma,
we obtain dlm(LV(X *)) > 1+ y, whence,asy < d1m(AV(X %)) is arbitrary, d1m(LV(XeX))
1+ dlm(AV(ng)).

It remains to show the converse inequality. We denote respectively by dim, (K) and
dimys(K) the lower and upper Minkowski dimensions of a subset K of C (see e.g. Mattila
[83, Chapter 5]); recall that for every K ¢ D, we have dim(K) < dim, (K) < dimy(K) < 2.
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Observe from the proof of Theorem 5.1 of Kortchemski [71] (in particular, Proposition 5.3 there)
that we have dim(Ay(XSY)) = dimy(Ay(X$)). Fix f > dim(Ay (X)) = dim,,(Ay(X));
then there exists a sequence (&;k > 1) decreasing to 0 such that for every k > 1, there
exists a positive integer M(¢gx) < elzﬂ and M(g;) disjoint subarcs of S! with length less than
¢ and which cover Ay (XZ¥). It follows that the two-dimensional Lebesgue measure of the

er-enlargement of Lv(X £X) is bounded above by C sllc_ﬁ

, where the constant C does not depend
on k. We conclude from [83, page 79] that dim(fV(ng)) < di_mM(fV(ng)) < 1+ p for every

B> dim(;fv (X5¥)), which completes the proof. O

7.5 Stable triangulation and height process

We end our study of stable laminations and triangulations by an alternative construction of
these objects, presented in Section 3.3. Recall indeed that from any continuous function g :
[0,1] — [0, o) such that g(0) = ¢g(1), we can construct a lamination L(g) and a triangulation

L(g) as follows. For every s € [0,1], let cly(s) be the equivalence class of s for the relation

s tifand only if g(s) = g(t) = minpsasvs) 9. Then we define two relations (not equivalence
relations in general) on [0, 1] by

(i) s 9 t whens Z ¢ and at least one the following conditions holds: g(r) > g(s) for every
re(sAtsVvit),or(sAt,sVt)= (mincly(s), maxcly(s));

(ii) s =9 t when s £ ¢ and at least one the following conditions holds: g(r) > ¢g(s) for every
re(sAt,sVit),orsAt=mincly(s).

We have claimed in Proposition 3.3 that the sets

L(g) — U [e—Zins’e—Ziﬂt] and f(g) — U [e—Ziﬂs’e—Ziﬂ't] (7.10)

s~9t sx9t

are geodesic laminations of D and, further, that f(g) is maximal for the inclusion relation.

Recall next the normalized excursion HS* of the height process associated with X, which
is, according to Theorem 3.1 the scaling limit of the height process of large Galton-Watson
trees with critical offspring distribution on the domain of attraction of a stable law with
index a. The process HZ* has continuous paths and satisfies HS*(s) > 0 for every s € [0, 1]
and HJ*(0) = H*(1) = 0 so we can define L(H;*) and i:(H;X) by (7.10).

Theorem 7.9. For every a € (1, 2), almost surely, the relation "'« coincides with ~X« and the
H

. ex L. . ex .
relation 2« coincides with =X« . In particular,

L(H™) = LX)  and LHES)=LKXY)  as
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We shall need the following relations between HS* and X5*; we refer to Kortchemski [71,
Section 4] for their proof.

Lemma 7.10 ([71]). For every a € (1,2), almost surely, the following holds:

(i) If s € (0,1) is a jump time of XZ* and t = inf{u > s : XZ(u) = X(s—)} < 1, then
HX(u) > HZ¥(s) for everyu € [s,t], with equality if and only if XJ*(u) = inf[ ) X5*.
Moreover, for every e > 0, inf[,_, o) HY* < H¥(s) and inf[s ;4] HS < HZX(s).

(ii) For every 0 < s < t < 1 such that H*(s) = HS(t) < HJ*(r) for everyr € (s,t)
and for every ¢ > 0 sufficiently small, there exist s’ € [s,s + €] and t' € [t — &,1]
such that HY® does not attain a local minimum neither at s’ nor at t' and, further,

HZX(s") = HY(t') = inf[y ) HY® and there existsr € (s',t") such that HZ*(r) = HJ*(s').

(iii) For every r € [0,1] such that Card(clgex(r)) > 3, there exists a jump time s of X¥
such that s € clgex(r); conversely, if s is a jump time of XZ¥, then s = min clge(s) and
inf{u > s : X7¥(u) = Xg¥(s—)} = max clyex(s).

ex ex .
He' and ~X&' is the claim of Theorem

Proof of Theorem 7.9. The equivalence between =~
4.5 in [71]; we prove that between =& and X&', Notice first that we showed during the
proof of Proposition 7.5 that the relation =X is closed, in the sense that its graph is a closed
subset of [0,1]%. It is easily shown that the same holds for = and we leave the details
to the reader. Moreover, with the notation used in (7.6), any pair 0 < s < t < 1 such that
s =X t can be approximated by a sequence (s, t,) € gl(ng). Thus, to show that for every

s,t € [0,1], the relation s =%& ¢ implies s == ¢, it is sufficient to consider (s, t) € £1(X%¥).

Fix such a pair: AXS*(s) > 0 and X$*(s—) < XZ*(¢) < XZX(r) for every r € (s,t). It
follows from Lemma 7.10 (i) that H*(s) = HZ*(t) < HZ*(r) for every r € (s, t). Moreover for

every € € (0,s), inf[,_. ) H;* < HZ¥(s) so s = min clgex(s). We conclude that s =M ¢,

For the converse implication, fix 0 < s < t < 1such that s &% ¢,i.e. H¥(s) = H*(t) =
inf[; ;) Hy* and, either HZ*(r) > HZ¥(s) for every r € (s,t), or s = min clyex(s). If (s, ) is of
the first kind: H*(s) = HS*(t) and HS*(r) > H*(s) for every r € (s, t), then, from Lemma
7.10 (ii), it can be approximated by pairs of the second kind; as before we therefore only focus
on this case. Consequently, suppose that s = min clge<(s) and there exists r € (s, t) such that
HZX(r) = HZ¥(s) = HZX(t) = inf[; ;) HZ*. From Lemma 7.10 (iii) we have that AXZ*(s) > 0
and t < maxclye(s) = inf{u > s : XZ¥(u) = XZ*(s—)} so, in particular, XZ*(r) > XZ*(s—)
for every r € [s,t]. Finally, since H *(t) = HS*(s), it follows from Lemma 7.10 (i) that
X (t) = inf[s ;) X&*. We conclude that s =X« ¢. m|
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