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Résumé

Cette these porte sur 'analyse statistique de quelques modéles de processus stochas-
tiques gouvernés par des bruits de type fractionnaire, en temps discret ou continu.

Dans le Chapitre 1, nous étudions le probléme d’estimation par maximum de
vraisemblance (EMV) des parameétres d'un processus autorégressif d’ordre p (AR(p))
dirigé par un bruit gaussien stationnaire, qui peut étre a longue mémoire comme
le bruit gaussien fractionnaire. Nous donnons une formule explicite pour 'EMV et
nous analysons ses propriétés asymptotiques. En fait, dans notre modéle la fonction
de covariance du bruit est supposée connue, mais le comportement asymptotique de
I'estimateur (vitesse de convergence, information de Fisher) n’en dépend pas.

Le Chapitre 2 est consacré a la détermination de l’entrée optimale (d’un point
de vue asymptotique) pour 'estimation du parameétre de dérive dans un processus
d’Ornstein-Uhlenbeck fractionnaire partiellement observé mais controlé. Nous ex-
posons un principe de séparation qui nous permet d’atteindre cet objectif. Les
propriétés asymptotiques de 'EMV sont démontrées en utilisant le programme
d’Tbragimov-Khasminskii et le calcul de transformées de Laplace d’'une fonctionnelle
quadratique du processus.

Dans le Chapitre 3, nous présentons une nouvelle approche pour étudier les
propriétés du mouvement brownien fractionnaire mélangé et de modéles connexes,
basée sur la théorie du filtrage des processus gaussiens. Les résultats mettent en
lumiére la structure de semimartingale et ménent & un certain nombre de propriétés
d’absolue continuité utiles. Nous établissons 1’équivalence des mesures induites par
le mouvement brownien fractionnaire mélangé avec une dérive stochastique, et en
déduisons 'expression correspondante de la dérivée de Radon-Nikodym. Pour un
indice de Hurst H > 3/4, nous obtenons une représentation du mouvement brownien
fractionnaire mélangé comme processus de type diffusion dans sa filtration naturelle
et en déduisons une formule de la dérivée de Radon-Nikodym par rapport a la mesure
de Wiener. Pour H < 1/4, nous montrons I’équivalence da la mesure avec celle la
composante fractionnaire et obtenons une formule pour la densité correspondante.
Un domaine d’application potentielle est I’analyse statistique des modéles gouvernés
par des bruits fractionnaires mélangés. A titre d’exemple, nous considérons le modele
de régression linéaire de base et montrons comment definir 'TEMV et étudié son
comportement asymptotique.



Abstract

This thesis focuses on the statistical analysis of some models of stochastic processes
generated by fractional noise in discrete or continuous time.

In Chapter 1, we study the problem of parameter estimation by maximum like-
lihood (MLE) for an autoregressive process of order p (AR (p)) generated by a
stationary Gaussian noise, which can have long memory as the fractional Gaussian
noise. We exhibit an explicit formula for the MLE and we analyze its asymptotic
properties. Actually in our model the covariance function of the noise is assumed to
be known but the asymptotic behavior of the estimator ( rate of convergence, Fisher
information) does not depend on it.

Chapter 2 is devoted to the determination of the asymptotical optimal input for
the estimation of the drift parameter in a partially observed but controlled fractional
Ornstein-Uhlenbeck process. We expose a separation principle that allows us to
reach this goal. Large sample asymptotical properties of the MLE are deduced
using the Ibragimov-Khasminskii program and Laplace transform computations for
quadratic functionals of the process.

In Chapter 3, we present a new approach to study the properties of mixed frac-
tional Brownian motion (fBm) and related models, based on the filtering theory
of Gaussian processes. The results shed light on the semimartingale structure and
properties lead to a number of useful absolute continuity relations. We establish
equivalence of the measures, induced by the mixed fBm with stochastic drifts, and
derive the corresponding expression for the Radon-Nikodym derivative. For the
Hurst index H > 3/4 we obtain a representation of the mixed fBm as a diffu-
sion type process in its own filtration and derive a formula for the Radon-Nikodym
derivative with respect to the Wiener measure. For H < 1/4, we prove equivalence
to the fractional component and obtain a formula for the corresponding derivative.
An area of potential applications is statistical analysis of models, driven by mixed
fractional noises. As an example we consider only the basic linear regression setting
and show how the MLE can be defined and studied in the large sample asymptotic
regime.
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Introduction

Cette thése est consacrée a 'analyse statistique de quelques modéles de proces-
sus stochastiques gouvernés par des bruits de type fractionnaire, en temps dis-
cret ou continu. De tels modéles permettent de rendre compte de phénomeénes de
longue mémoire et d’autosimilarité qui ont été observés dans de nombreux champs
d’applications : hydrologie [43|, météorologie, économie [28|, finance mathématique,
géophysique et biologie [52].

En temps discret, 'analyse des modéles linéaires ou non linéaires gouvernés
par des bruits blancs a été abondamment développée dans la littérature. Ainsi, le
probléme de l'estimation paramétrique de modéles autorégressifs générés par des
bruits blancs a été particulierement étudié pendant des décennies. De nombreuses
propriétés asymptotiques (distribution, biais, erreur quadratique) de Iestimateur de
maximum de vraisemblance (EMV) ont été exhibées pour les modéles autorégressifs
d’ordre 1 (AR(1)), ceci dans tous les cas possibles : stable, instable et explosif (voir,
par exemple, [3,15,63,66,77,78]). Concernant les modeéles autorégressifs d’ordre p
(AR(p)) avec des bruits blancs, les résultats sur le comportement asymptotique de
I'EMV sont moins exhaustifs méme s’il y a encore de nombreuses contributions (voir,
par exemple, [3,20,42 44,51, 62]).

Au cours des trente derniéres années, de nombreux articles ont été consacrés a
I’analyse statistique des processus AR qui peuvent représenter des phénoménes de
mémoire longue. Bien siir, les modéles pertinents mettent en jeu des structures plus
ou moins spécifiques de dépendance dans les perturbations. Il y a plusieurs articles
consacrés au probléme de I’ estimation des parameétres du bruit gaussien fraction-
naire et des modeéles voisins (voir [2,23,27,30,68,81| pour des contributions et les
références qui s’y trouvent). Il est & noter que dans les modeéles autorégressifs sta-
tionnaires perturbés par des bruits fortement dépendants, I’estimateur des moindres
carrés n’est généralement pas consistant.

Pour autant que nous sachions, il n’y a pas de contribution & l’estimation par
maximum de vraisemblance des coefficients d’un processus AR(p) avec des bruits
gaussions stationnaires quelconques, en particulier avec des bruits gaussiens frac-
tionnaires. Méme si les conditions générales dans lesquelles 'EMV est consistant
et asymptotiquement normal ont été données dans [71], il serait nécessaire, pour
appliquer ce résultat, d’étudier les dérivées secondes de la matrice de covariance de
I’échantillon d’observation. Pour éviter cette difficulté, certains auteurs ont suivi
une autre approche, suggérée par Whittle, [23] qui s’applique pour les séries station-
naires. Mais, méme pour un AR(1), dans le cas explosif, il n’est déj a plus possible
d’appliquer les théorémes de 23] et de déduire les propriétés de I'estimateur.

Dans le Chapitre 1, nous étudions le probléme d’estimation (par maximum de
vraisemblance) des paramétres d’un processus autorégressif d’ordre p (AR(p)) dirigé
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INTRODUCTION

par un bruit gaussien stationnaire, qui peut étre a longue mémoire comme le bruit
gaussien fractionnaire.

Nous donnons une formule explicite pour 'EMYV et nous analysons ses propriétés
asymptotiques. En fait, dans notre modéle la fonction de covariance des perturba-
tions est supposée connue, mais le comportement asymptotique de 'estimateur de
coefficient (vitesse de convergence, information de Fisher) n’en dépend pas.

On considére le processus (X, n > 1) définit par

p
anzﬁzxnfz—i_én? nZL XT:O7 TZO, _1”_<p_1)’
i=1

ou & = (&,, n € Z) est une suite de variables gaussiennes centrées, stationnaire et
réguliére, i.e.

/7r IIn fe(A)| dX < o0,

ol fe(A) est la densité spectrale de &.
Nous supposons que la covariance ¢ = (¢(m,n), m,n > 1), ou

E&n&n = c(m, n) = p(ln —ml),  p(0) =1, (1)

est définie positive. Pour une valeur fixe du parameétre ¥ = (94, ..., 9J,) € R?,
soit P la mesure de probabilité induite par X™). Soit £(2), X™) la fonction de
vraisemblance définie par la dérivée de Radon-Nikodym de P} par rapport a la
mesure de Lebesgue. Notre objectif est d’é¢tudier les propriétés asymptotiques du
MLE 9,, de ¥ basé sur I’échantillon d’observation X™ = (X1,..., X,,) défini par

Uy = sup L0, XM, (2)
HERP
Dans un premier temps, pour preparer a I’analyse de la consistance (ou de la forte
consistance) de U et preciser sa distribution limite nous transformons notre modéle
d’observation dans un modéle "équivalent" avec des bruits gaussiens indépendants.
Cela permet d’écrire explicitement 'EMV et la différence entre Uy et la valeur
réelle ¥ apparait comme le produit d’'une martingale par 'inverse de son processus
croissant. Ensuite, nous pouvons utiliser des calculs de transformées de Laplace
pour prouver les propriétés asymptotiques de 'EMV
On note Ag la matrice de taille p x p définie par:

9 Dy - Dy U,
1 0 - 0 0
Ag=| 0 1 -~ 0 0
0 0 -~ 1 0

Soit r(1) le rayon spectral de Ay. Définissons le domaine © des valeurs du
parameétre ¥ = (Jq, ..., ¥,) € R? par:

O = {9 R |r(¥) <1}.

Nous montrons que 'EMV Oy de ¥ = (U1, Uq, ..., U,) est
2 INTRODUCTION
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e consistant, i.e., pour tout ¥ € © et v > 0,

prd {Jo o>} =0 "
e asymptotiquement normal

VN (n = 9) N0, T (9)), (4)

ou Z(19) set la solution unique de 1’équation de Lyapounov:

T(9) = AZ(9) A% + bb*, (5)

1
b= .
( 0(p—1)x1 )

Il est intéressant de souligner que la covariance asymptotique Z-'(9)) est en
fait la méme que dans le cas standard ou £ est un bruit blanc.

ol b est le vecteur de RP:

e De plus les moments de Oy convergent, i.e. pour tout J € © et ¢ > 0

~ q
lim [Ey||VN (9n = 0)|" = Enll*| = 0. (6)
N—o00
ou ||| est la norme euclidienne de R? et 7 est un vecteur gaussien centrée de

matrice de covariance Z(9)71.

Dans le cas d'un processus autorégressif d’ordre 1 (p = 1), 'TEMV Jx est méme
fortement consistant: pour tout ¥ € R,

lim Jy =¥ P.S..
N—o0

Le Chapitre 1 se termine par des résultats de simulations illustrant la convergence
de V'estimateur. Les simulations sont faites pour un bruit gaussien fractionnaire
(fGn), un bruit autorégressif (AR(1)) et un bruit moyenne mobile MA(1).

En temps continu, les modéles dirigés par le mouvement brownien ont été abon-
damment étudiés dans la littérature. Ainsi, les problémes d’estimation paramétrique
pour les processus de diffusion, éventuellement controlés ont été abordés dans le cas
d’observation compléte et d’observation partielle(voir, par exemple, [4,26,46,47,53,
53,54,57|). En particulier, pour un processus d’Ornstein-Uhlenbeck, 'étude statis-
tique couvre l’ensemble de propriétés en horizon de temps fini et des propriétés
asymptotiques de '"EMV du paramétre de dérive [41]. De méme le cas d’un systéme
controlé a été traité dans [57].

En vue de rendre compte de phénoménes de longue mémoire, le mouvement
brownien fractionnaire a été a la base de la construction de modéles ou il remplace
le mouvement brownien ordinaire.

Le mouvement brownien fractionnaire a été introduit par Kolmogorov en 1940
sous le nom de spirale de Wiener pour modéliser la turbulence dans les fluides. Il
obtient également sa représentation spectrale. En 1968, Mandelbrot et Van Ness

INTRODUCTION 3
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propose une représentation sous la forme de l'intégrale d’un noyau déterministe
par rapport & un "mouvement brownien standard bilatéral " et lui donnent son
nom actuel (pour plus d’information sur le sujet, voir [50]). En 1969, Molchan
et Golosov construisent un mouvement brownien fractionnaire comme intégrale de
Wiener d’un noyau plus complexe par rapport & un mouvement brownien stan-
dard. Cette derniére représentation est a l'origine de nombreux développements
théoriques impliquant le mouvement brownien fractionnaire, notamment parce que
les filtrations naturelles du processus de Wiener en jeu et du mouvement brownien
fractionnaire coincident.

Le mouvement brownien fractionnaire est un processus aléatoire auto-similaire,
sa loi de probabilité demeurant invariante par un changement d’échelle temporelle
particulier:

(Bi)ier < a?BF te R, a>0.

C’est un processus aux accroissements stationnaires.

L’indice de Hurst H caractérise également la structure de dépendance et la mé-
moire du processus : les accroissements sur des intervalles disjoints sont corrélés
positivement si H > 1/2 et négativement si H < 1/2. De plus, la décroissance de
cette corrélation lorsque ces intervalles s’éloignent est lente pour H > 1/2 (longue
mémoire) et rapide pour H < 1/2 (mémoire courte).

Pour H = 1/2, le mouvement brownien fractionnaire est le mouvement brow-
nian standard, les accroissements sont alors indépendants et le processus est sans
mémoire.

Dans le cas du mouvement brownien fractionnaire, I'indice de Hurst est égale-
ment une mesure de la régularité des trajectoires. Plus I'indice de Hurst est grand,
plus la trajectoire est réguliére et inversement. Le mouvement brownien fraction-
naire est I'unique processus gaussien qui a la fois autosimilaire et a longue mémoire.
Il est utile dans la suite de préciser que pour H # 1/2, le mbf n’est pas une semi-
martingale et le calcul d’It6 usuel n’est pas utilisable. Utiliser ces processus devient
donc un challenge intéressant méme pour des développements théoriques.

Dans les Chapitres 2 et 3 nous étudions deux modeles spécifiques: 'un est
dirigé par un mouvement brownien fractionnaire et l'autre par le mélange d'un
mouvement brownien ordinaire et d’un mouvement brownien fractionnaire.

Dans le Chapitre 2 nous considérons le probléme d’estimation du paramétre de
dérive d'un processus d’Ornstein-Uhlenbeck fractionnaire avec controle.

Soit X = (X;,t > 0)etY = (Y, t > 0) le processus signal et le processus
d’observation respectivement. Nous traitons le cas d’une observation complete du
signal

dY; = dX; = —9X;dt +u(t)dt +dV;H, >0, (7)

et le cas d’une observation partielle linéaire du signal dans un bruit additif

t>0, (8)

dX, = —9X.dt +u(t)dt + dV;¥
dy, = pXydt + dWH

on VA = (VH t > 0) et WH = (WH t > 0) sont deux mouvements browniens
fractionnaires indépendants, u = (u(t), t > 0) est une fonction déterministe et les
conditions initiales sont fixées, Xy = Yy = 0.

4 INTRODUCTION
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Supposons que le paramétre ¢ > 0 est inconnue et doit étre estimée compte
tenu de la trajectoire observée Y1 = (Y;, 0 <t < T). Soit L(,Y7) la fonction de
vraisemblance et nous définissons:

jT<Q9> = Sup IT(ﬂa 'LL),

ueUT

ol 'information de Fisher est:

2

Ir (0, u) = —Eﬂ% InL(9,Y7T)

et Ur un espace fonctionnel de controle défini par (2.12) et (2.13) page 37.

Notre objectif principal est de trouver l'estimateur ¥ du paramétre ¥ qui soit
asymptotiquement efficace dans le sens o1, pour tout compact

sup Jr(9)Ey (91 — 19)2 =1+0(1), (9)
HeEK
lorsque T' — oc.

Le probléme consiste a trouver un controle optimal u(f) qui maximise 'infor-
mation de Fisher des équations (7) et (8), puis de déduire les propriétés asympto-
tiques de ’TEMV de 9 > 0 dans les équations avec controle optimal. En adaptant la
méthode développée dans [12], on obtient le contrdle optimal

R _1
toe(£) = =11

V2\

E—ZHF(S—H)F(%—FH) et )\_H;(f_—;l;?(l;([j:j)%)

2

ol

Comme I’entrée optimale ne dépend pas de ¥, un candidat possible est le EMV.
Nous prouvons que le EMV est efficace au sens de (2.3) et on en déduit ses propriétés
asymptotiques:

e consistent uniformément sur les compacts K C R

* )

1.e. pour tout v > 0,

lim supPg{‘qg‘T—ﬂ‘ > 1/} =0;

T—00 Yk

e asymptotiquement normal (uniformément sur K), i.e. pour T' — oo

lim sup |Eq f (ﬁ (@T—19>) —Ef(é’)‘ —0 Vfeq,

T—00 yek
ot § ~ N(0, Z7H(0))
e convergence des moments (uniformément sur K), i.e. pour p > 0,

lim sup Eﬁ’ﬁ<1§T—ﬁ>‘p—E|§|p =

T—00 yeck

INTRODUCTION )
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avec une information de Fisher explicite donnée par

. Jr(9)
lim =17V
T—4o00 T ( )7
1 1 ) )
—+t = (cas d’observation directe)
) 20 02
() = 1 929 92 12
— — + + (cas d’observation partielle)

20 ala+v) 203 a?9?

et a = /p?+ 2.

La vérification des conditions d’application du programme de Ibragimov-Khas-
minskii [31, Théoréme 1.10.1] est basée sur le calcul de la transformée de Laplace du
terme quadratique du rapport de vraisemblance.

Dans le Chapitre 3 nous étudions un modéle dirigé par le mélange d’un mou-
vement brownien ordinaire et d’'un mouvement brownien fractionnaire, c¢’est-a-dire

X, =B, +Bf, tc0,T], T>0, (10)

ot B = (B, t > 0) est un mouvement brownian et Bf = (Bf t > 0) est un
mouvement brownian fractionnaire de l'indice de Hurst H € (0, 1) indépendant de
B.

L’ intérét pour le processus (10) a été déclenché par 1 'article de P.Cheridito [16],
ou l'auteur a découvert un curieux changement dans les propriétés de X apparaissant
pour H = %. Il s’avére que X est une semimartingale dans sa propre filtration si et
seulement si H = % ouH € (%, 1] et, en outre, dans ce dernier cas, la mesure de prob-
abilité p*, induite par X sur I'espace mesurable des fonctions continues C([0,T)
est équivalente a la mesure de Wiener 4"'. Comme le processus B n’est pas lui-
méme une semimartingale, & moins que H = % ou H = 1, cette affirmation signifie
que B peut étre régularisé en une semimartingale par addition d’une perturbation
brownienne indépendante. Dans [16] ce fait est examiné en mathématique financiére
pour 'évaluation des options de et des opportunités d’arbitrage sur les marchés (voir
aussi [17] ). Une revue exhaustive des dévelopements de cette thématique liés a la
finance peut étre trouvée dans [7| . En plus d’étre d’intérét pour la communauté
financiére, le résultat dans [16] a également conduit & un certain nombre de général-
isations élégantes et de preuves alternatives (voir, par exemple, [6,74,75]).

Nous présentons une nouvelle approche pour étudier les propriétés du mouve-
ment brownien fractionnaire mélangé et des modéles connexes, basée sur la théorie
du filtrage des processus gaussiens. Dans ce chapitre, nous procédons a l'analyse
stochastique du processus X avec un H € (0, 1] et de modéles plus généraux additifs,
gouvernés par X. Pour H > % et H < %L , hous obtenons des représentations de X
comme processus de diffusion et de type de diffusion fractionnaires respectivement,
et dérivons les formules correspondantes pour les dérivées de Radon-Nikodym par
rapport aux mesures de Wiener standard et fractionnaire (Théoréme 3.3). En par-
ticulier , cela suggére une nouvelle preuve directe du théoréme de la régularisation
déj & mentionné de Cheridito [16] et de sa généralisation par H. van Zanten [75].

Nous insistons sur le role de la martingale fondamentale, qui engendre la méme
filtration que X et par rapport a laquelle X peut étre représenté comme une intégrale

6 INTRODUCTION
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stochastique et vice versa. Pour le mouvement brownien fractionnaire mélangé avec
dérive cette notion se généralise naturellement a la semimartingale fondamentale et
conduit & un changement de mesure de type de Girsanov.

Un domaine d’applications potentielles est ’analyse statistique des modéles gou-
vernés par des bruits fractionnaires mélangés. A titre d’example nous considérons le
cas de la régression linéaire de base et montrons comment I’estimateur du maximum
de vraisemblance (EMV) peut étre défini et étudié dans le régime asymptotique.

Nous présentons d’abord une analyse stochastique du mélange d’un mouvement
brownien et d’un mouvement brownien fractionnaire.

Soient X = (X;,0 <t < T) le processus de mélange, F~* = (F*,0 <t < T) et
F = (F;,0 <t <), les filtrations engendrées par X et (B, B¥) respectivement.

On considére la FX —martingale M = (M;,0 < t < T) définie par

M, = E(B,|F*), te][0,T).

Remarquablement, M encode la plupart des caractéristiques essentielles du proces-
sus X, ce qui rend sa structure particulier transparente.
M admet la représentation

M= [t 05 = [ gts. s

ou le noyau ¢(s,t) satisfait I’équation intégro-différentielle :
d t
g(s,t) + Hd_/ g(r,t)|s —r[*lsign(s —r)dr =1, 0<s<t<T. (11)
S Jo

[’équation (11) peut étre réécrite comme une équation intégrale avec un noyau
faiblement singulier, dont la formule précise est déterminé par la valeur de H.

Nous montrons, dans un premier temps, que le processus X admet la représen-
tation

t
X :/ G(s,t)dM,, te€[0,T],
0
ou
d
d(M),
De plus les filtrations naturelles de X et M coincident.

Dans un second temps, nous montrons que X est un processus de diffusion pour
H e (%, 1), solution de I’équation différentielle stochastique

t
G(s,t):=1— / g(r,s)dr, 0<s<t<T. (12)
0

t
Xt:Wt—/ ou(X)ds, t€[0,T],
0

|
W, = / —dM,
0 g<878>

t
est un F¥-mouvement brownien et ¢, (X) = / R(s,t)dXs,
0

ol

R(s,t) :=

o(5.0) = ools, ), 51

INTRODUCTION 7
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De plus, les mesures u~ et u"V sont équivalentes et
dMX T 1 T 5
_W(X) =exXp 4§ — g0t<X)dXt - = on (X)dt .
dp 0 2 Jo

) X BH 1 2 /
L’analogue pour y* et u°" quand H < ; est également formulée.
Nous poursuivrons par une analyse stochastique du mélange d’un mouvement
brownian et d’un mouvement brownian fractionnaire avec une dérive.
Considérons un processus Y = (Y;) défini par

Y, = /tf(s)ds + X, te[0,T], (13)

ou f = ( f (t)) est un processus aux trajectoires continues et tel que E fOT | f(t) ‘dt <
oo, adapté & une filtration G = (G;), par rapport a laquelle M est une martingale.
Alors Y admet la représentation:

t
Y, = / G(s,t)dZs (14)
0
avec G, définie dans (12), ou le processus Z = (Z;)
t
z= [ gsnav.. te.1)

0

est une G-semimartingale dont la décomposition de Doob - Meyer est
t
Zy = M, +/ O(s)d(M)s, (15)
0

B(t) = d<§l4>t / g(s, 1) (s)ds. (16)

En particulier, ' = F7Z, P-p.s. pour tout t € [0, 7] et, si

E exp {—/OT ®(t)dM, — %/T <I>2(t)d(M>t} =1,

0

les mesures X et u¥ sont équivalentes et la densité de Radon-Nikodym correspon-
dante est donnée par

jﬁ—;(m = exp {/OTci)(t)dZt - %/OT (i)z(t)d(M>t} : (17)

ott d(t) = E(Q(t)|F)).

Nous complétons le chapitre par I'étude du probleme d’estimation du paramétre
de dérive ¥ lorsqu’on observe la trajectoire (Y;,0 < ¢ < T') dans le modéle de régres-
sion

Y,=0t+B,+ B 0<t<T. (18)
8 INTRODUCTION
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Dans le modéle (18), 'EMV de 9 est donné

1/9\ fO STdY
fo sTds

Pour H € (0, 1), nous montrons que 'EMV @\T est fortement consistant et que de
plus:

opourH>%

LI(3 — 2H)
_ H) !

- 2HT(H +
- 2-2H 2 —
Tlg{)lo T =" E(dr — ) I

[\CJ[oV]

ou I'(+) est la fonction Gamma.

opourH<% R ,
lim TE(dr —9)" = 1.

T—oo

INTRODUCTION 9
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Chapter 1

Asymptotic properties of the MLE
for the autoregressive process
coefficients under stationary noise

1 Statement of the problem

1.1 Introduction

The problem of parametric estimation in classical autoregressive (AR) models gener-
ated by white noises has been studied for decades. In particular, for such autoregres-
sive models of order 1 (AR(1)) consistency and many other asymptotic properties
(distribution, bias, quadratic error) of the Maximum Likelihood Estimator (MLE)
have been completely analyzed in all possible cases: stable, unstable and explo-
sive (see, e.g., [3,15,63,66,77,78|). Concerning autoregressive models of order p
(AR(p)) with white noises, the results about the asymptotic behavior of the MLE
are less exhaustive but there are still many contributions in the literature (see,
e.g., |3,20,42,44,51,62|).

In the past thirty years numerous papers have been devoted to the statistical
analysis of AR processes which may represent long memory phenomenons as en-
countered in various fields as econometrics 28], hydrology [43| or biology [52]. Of
course the relevant models exit from the white noise frame and they involve more or
less specific structures of dependence in the perturbations. There are several papers
devoted to the estimation problem of the parameters of fractional Gaussian noises
and fractionally defferenced models (see, e.g., |2,23,27,30,68,81] for contributions
and other references). It worth mentioning that in a stationary autoregressive mod-
els perturbed by strongly dependent noises the Least Square estimator is generally
not consistent.

As far as we know, there is no contribution in the ML estimation of the coeffi-
cients of an AR(p) processes with depending noises, particularly with the fractional
Gaussian noises. General conditions under which the MLE is consistent and asymp-
totically normal for stationary sequences have been given in [71]. In order to apply
this result, it would be necessary to study the second derivatives of the covariance
matrix of the observation sample (X7,..., Xy). To avoid this difficulty, some au-
thors followed an other approach suggested by Whittle [23] (which is not MLE) for

11
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stationary sequences. But even in autoregressive models of order 1 as soon as || > 1,
the process is not stationary anymore and it is not possible to apply theorems in [23]
to deduce estimator properties.

In this part, we deal with an AR(p) generated by an arbitrary regular stationary
Gaussian noise. We exhibit an explicit formula for the MLE of the parameter and
we analyze its asymptotic properties. Actually in our model the covariance function
of the perturbation is know but the asymptotic behavior of the coefficient estimator
(the rate of convergence, the Fisher information) does not depend on the structure
of the noises covariance.

1.2 Statement of the problem

We consider an AR(p) process (X, n > 1) defined by the recursion
P
Xo=» Xy i+&, n>1, X,=0, r=0-1...,—(p—1), (L1
i=1

where £ = (§,, n € Z) is a centered regular stationary Gaussian sequence, i.e.

/_7r IIn fe(A)| dX < o0, (1.2)

where fe(\) is the spectral density of £&. We suppose that the covariance ¢ =
(¢(m,n), m,n > 1), where

E&nén = C<m7 n) = p(]n - m‘)? p(O) =1, (1'3>

is positive defined.

For a fixed value of the parameter ¢ = (94, ..., 9,) € R?, let PY denote the prob-
ability measure induced by XV, Let £(dJ, X)) be the likelihood function defined
by the Radon-Nikodym derivative of P} with respect to the Lebesgue measure. Our
goal is to study the large sample asymptotical properties of the Maximum Likelihood
Estimator (MLE) 9y of ¥ based on the observation sample X = (X1,..., Xy):

Dy = sup L(9, XN (1.4)

YERP

At first, preparing for the analysis of the consistency (or strong consistency) of Iy
and its limit distribution we transform our observation model into an "equivalent"
model with independent Gaussian noises. This allows to write explicitly the MLE
and actually, the difference between Uy and the real value 9 appears as the product
of a martingale by the inverse of its bracket process. Then we can use Laplace
transforms computations to prove the asymptotical properties of the MLE.

The chapter is organized as follows. Section 2 contains theoretical results and
simulations. Sections 3 and 4 are devoted to preliminaries and auxiliary results.
The proofs of the main results are presented in Section 5.

12 1. STATEMENT OF THE PROBLEM
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2  Results and illustrations

2.1 Results
We define the p X p companion matrix Ay and the vector b € R? as follows:
o Yy - Uy Uy
1 0 -~ 0 0
gm0 0 () e
000 - 1 0

Let () be the spectral radius of Aj. The following results hold:

Theorem 1.1. Let p > 1 and the parameter set be:
O={9eR|r®) <1}. (1.6)
The MLE Oy is consistent, i.e., for any ¥ € © and v > 0,
NhinooPg{HéN—ﬁH >y} —0, (1.7)
and asymptotically normal
\/N(@N —19) Y Af(0, Z71(9)), (1.8)
where Z() is the unique solution of the Lyapounov equation:
Z(V) = AoZ(9)A; + bb*, (1.9)
for Ag and b defined in (1.5).

Moreover we have the convergence of the moments: for any 9 € © and ¢ > 0

. q
lim ‘EﬂH\/N (ﬁN—19>H —E|n|¢| = o, (1.10)

—00
where || || denotes the Euclidian norm on RP and n is a zero mean Gaussian random

vector with covariance matriz Z(9)™ .

Remark 1. It is worth to emphasize that the asymptotic covariance Z=1 (1) is ac-
tually the same as in the standard case where (§,) is a white noise.

In the case p = 1 we can strengthen the assertions of Theorem 1.1. In particular,
the strong consistency and uniform convergence on compacts of the moments hold.

Theorem 1.2. Let p =1 and the parameter set be © = R. The MLE Dy is strongly
consistent, i.e. for any v € ©

lim dy =9 a.s.. (1.11)

Moreover, Uy is uniformly consistent and satisfies the uniform convergence of the
moments on compacts IK C (=1, 1), i.e. for anyv >0 :

lim sup PY {’éN - ﬁ) > v} =0, (1.12)

N—oo 9eK
2. RESULTS AND ILLUSTRATIONS 13
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and for any q >0 :,

lim sup‘Eﬁ‘\/ﬁ<1§N—0>‘q—E|n|q =0, (1.13)

N—oo gek

where n ~ N (0, 1 — 9?).
Remark 2. [t is worth mentioning that condition (1.2) can be rewritten in terms

of the covariance function p : p(n) ~n=% «a > 0.

2.2 Simulations
In this section we present for p = 1 three illustrations of the behavior of the MLE
corresponding to noises which are MA(1), AR(1) and fGn.

Moving average noise MA(1) Here we consider MA(1) noises where

(5n+1 + Oéﬁn), n Z 17

1
RSN e

where (¢,,n > 1) is a sequence of i.i.d. zero-mean standard Gaussian variables.
Then the covariance function is given by

o
p(In —m|) = Ljn_mj—oy + 1+ o2 Lfjn—mi=1}-

Condition (1.2) is fulfilled for |o| < 1.

Autoregressive noise (AR(1)) Here we consider stationary autoregressive AR(1)
noises where

§n+1 =v1- a25n+1 + agna n Z 17

where (¢,,n > 1) is a sequence of i.i.d. zero-mean standard Gaussian variables.
Then the covariance function is
[n—m|

p(ln —m|) = a

Condition (1.2) is fulfilled for |a| < 1.

Fractional Gaussian noise fGn Here the covariance function of (&) is

p(lm—nl) == (Im —n+ 1" = 2im —n*" +|m —n— 1),

DN | —

for a known Hurst exponent H € (0,1). For simulation of the fGn we use Wood
and Chan method (see [80]). The explicit formula for the spectral density of fGn
sequence has been exhibited in [70]. Condition (1.2) is fulfilled for any H € (0, 1).

On Figure 1.1 we can see that in conformity with Theorem 1.2, in the three cases
the MLE is asymptotically normal with the same limiting variance as in the classical
ii.d. case.

14 2. RESULTS AND ILLUSTRATIONS
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Figure 1.1: Asymptotical normality N = 2000 for the MLE in different cases by
Monte-Carlo simulation of M = 10000 independent replications for AR(1) noises
(top left) and MA noises (top right), both for @ = 0.4 and ¥ = 0.2, and fGn noises
for H = 0.2 (bottom left) and for H = 0.8 (bottom right) both for ¥ = 0.8.

3 Preliminaries

3.1 Stationary Gaussian sequences

We begin with some well known properties of a stationary scalar Gaussian sequence
€ = (&)n>1- We denote by (0,6,)n>1 the innovation type sequence of & defined by

01&1 :é-l: O-ngn:gn_E(£n|§17"'7€n—1)7 TLZ 27
where €, ~ N(0,1), n > 1 are independent. It follows from the Theorem of Normal

Correlation ( [49]|, Theorem 13.1) that there exists a deterministic kernel denoted
by k(n,m), n > 1, m < n, such that

OnEn = Z k(n,m)&y,, k(n,n)=1. (1.14)
m=1
In the sequel, for n > 1, we denote by ,,_1 the partial correlation coefficient
—k(n,1) = Bu1, n > 1. (1.15)

The following relations between k(-, -), the covariance function p(-) defined by (1.3),
the sequence of partial correlation coefficients (Bn)n21 and the variances of innova-

3. PRELIMINARIES 15
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tions (07),,; hold (see Levinson-Durbin algorithm [21])

n—1
o=1[0-8) n>2 o =1, (1.16)

m=1
k(n, m)p(m) = Baoy, (1.17)

m=1
kn+1,n+1—m)=k(n, n —m)— B,k(n, m). (1.18)

Since we assume the positive definiteness of the covariance c(-, -), there also exists
an inverse deterministic kernel K = (K (n, m), n > 1, m < n) such that

§n = Z K(n,m)o,em. (1.19)

m=1

Remark 3. Actually, kernels k and K are nothing but the ingredients of the Choleski
decomposition of covariance and inverse of covariance matrices. Namely,

' =k,D'k* and T, =K:D,K,,

where T'y, = ((p(li — j|))) , kn and K,, are n X n lower triangular matrices with ones
as diagonal entries and k(i,j) and K(i,j) as subdiagonal entries respectively and
D,, is an n X n diagonal matriz with o? as diagonal entries. Here x denotes the
transposition.

Remark 4. [t is worth mentioning that condition (1.2) implies that

> B <. (1.20)

n>1

Indeed, for every regular stationary Gaussian sequence & = (§,, n € Z), there exists
a sequence of i.i.d N'(0,1) random variables (€,, n € Z) and a sequence of real
numbers ag, k > 0 with ag # 0 such that:

00
gn = E ArEn—k,
k=0

and for alln € Z the o-algebra generated by (§k)—cock<n coincides with the o-algebra
generated by (€x)—cock<n-

Note that the variance o2 of the innovations is also the one step predicting error
and the following equalities hold thanks to the stationarity of &:

n—1
. 2 _ 1 2
lim 1_—[1(1 87) = lim o2

n—o0

= lim B (& — E(&[¢, - 6u1))" = lim B (& — B(Sl€-1,++E-ni1))”

—E (& — E(&l&, s < —1)) =E (& — E(&les, s < —1)°=a2 >0
which implies (1.20).

16 3. PRELIMINARIES
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3.2 Model Transformation

As usual, for the first step we extend the dimension of the observations in or-
der to work with a first order autoregression in RP. Namely, let Y,,, n > 1, be
Y, = (Xo, Xoo1, oo, Xoop-1))* then Y = (Y),, n > 1) satisfies the first order au-

toregressive equation:
Yn = A()Ynfl + b£n7 n 2 1, % = 0p><17 (121)

where Ay and b are defined in (1.5). For the second step we take an appropriate linear
transformation of Y in order to have i.i.d. noises in the corresponding observations.
For this goal let us introduce the process Z = (Z,,n > 1) such that

Zy =Y k(n,m)Y,, n>1, (1.22)
m=1

where k = (k(n, m), n > 1, m < n) is the kernel appearing in (1.14). Since we have
also

Y, =Y K(n,m)Zy, (1.23)
m=1

where K = (K(n, m), n > 1, m < n) is the inverse kernel of k (see (1.19)), the
filtration of Z coincides with the filtration of Y (and also the filtration of X).
Actually, it was shown in [13] that Z can be considered as the first component of
a 2p dimensional AR(1) process ( = ((,, n > 1) governed by i.i.d. noises. More
precisely, the process ¢ = ((,, n > 1) defined by :

is a 2p-dimensional Markovian process which satisfies the following equation:

Cn = An—lCn—l + Eo-ngnu n > 17 CO = 02p><17 (124>

AO BnAD 1
A, — - , 1.25
< BnIdep Idp><p ) ( 0(2p—1)><1 ) ( )

and (e,, n > 1) are i.i.d. zero mean standard Gaussian variables. Now the ini-
tial estimation problem is replaced by the problem of estimation of the unknown
parameter 9 from the observations of ¢ = ((,, n > 1).

where

3.3 Maximum Likelihood Estimator

It follows directly from equation (1.24) that the log-likelihood function is nothing
but:

N 2 N
1 (G — A1 N 1
In £ (9, X(N)):—§§:( (< . 16 1>) —51n27r—§§ In o
n=1 " n=1

3. PRELIMINARIES 17
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and that the maximum likelihood estimator o N is:

1§.N _ <Z an1Cn;§n1an1> ' (Z anlC;21£ Cn> ' (1.26)

n=1 n=1 n

Then we can write

In =0 = ((M)n)"" - My, (1.27)
where N N
My = Z a:;cn_lg (M)y = Z ay 1Cn1G 1an-1 (1.28)
) n=1 on . " n=1 0721 ’ ‘
with
Id,., )
n = . 1.29
( B.1d, (1.29)

Note that (M, n > 1) is a martingale and ((M),, n > 1) is its bracket process.

Remark 5. It is worth mentioning that in the classical i.i.d. case, i.e., when 3, =
0,n>1, My and (M)N in equations (1.27)-(1.28) reduce to:

N N
My =) Yiig,, (M)y=> Y, Y7,
n=1

n=1

Of course, under the condition r(9) < 1 due to the law of the large numbers and the
central limit theorem for martingales the following convergences hold:

. 1 1 law

where Z(V) is the unique solution of the Lyapounov equation (1.9). This implies
immediately the consistency and the asymptotic normality of the MLE.

4 Auxiliary results
Actually, the proof of Theorems 1.1- 1.2 is crucially based on the asymptotic study
for N tending to infinity of the Laplace transform:

L% (1) = Egexp (—ga*<M>Noz) , (1.31)

for arbitrary o € R? and a positive real number p, where (M) is defined by (1.28).
It can be rewritten as

N-1
Ly (n) = Egexp <—g > C:Mncn) , (1.32)
n=1
1
where M,, = ——a,aa”ay, a, is defined by (1.29) and ¢ satisfies the equation

Oy
(1.24). In the sequel we will suppose that all the eigenvalues of Ay are simple and
different from 0. Actually, it is not a real restriction, since the general case can be
studied by using small perturbations arguments.

18 4. AUXILIARY RESULTS
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Lemma 1.1. The Laplace transform L% (1) can be written explicitly in the following
form:

LY (p) = ((ﬁdet An> det \I/}V) 2 , (1.33)

where A, is defined by equation (1.25) and

N-1
ox Ty = Uod [ [ (Au ® A} + Idapra, @ A3)T*T5. (1.34)

n=1

Here ® is the Kronecker product, ¥o = (Idgpxa,  O2pxap),

oA A5 b
Ay = ( paa® Al + poat Ay b (1.35)

and 2 x 2 matrices A}, Ay are defined by

A?:(_lﬁn 8), Agz(g _f”). (1.36)

Proof. With the Theorem 1 in Appendix and the property E(, = 0, we know that

N-1

L(p) = ] det (1d + py(n)M,,) 2

n=1

where (y(n),n > 1) is the one step prediction error for the observation

1
It is known that this error follows a Ricatti equation:
v(n) = A (Id + py(n = )My 1) " Hy(n = DAS_, + anll*

which can be linearized by v(n) = (V1) ¥2 where

Ul o= Ul A, — pUiM,, n>1,
Uiy = Uhon 0 + UrA;, n>1,

with W} = Idgyxa, and ¥ = 0g,x9,).. Moreover, we have

det ¥, 4
det U1 det An

L% () = ((ﬁ det An> det qf}v>

We define ¥,, = (U}, ¥2) we can rewrite

det (Id + py(n)M,) =

Finally, we have

N

n

v, = VAL + P M 1AL nz=1
U2 o= Wy AL el o+ VI (uM, AL 02+ AL ), >
4. AUXILIARY RESULTS 19
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Now let us denote by U} = ¢2W! and U2 = P2 Iy Opxp . Then ¥,, =
N N n n- n n n Opxp _Idpxp
(Ul W2) satisfies for n > 1 the following equation
Ayt —Bn11d,xp Ayt bb* 0pxp
{Ivj _ {Ivj _/Bn—lAal Idpxp _6n—1Aalbb* 0p><p
" n-l uozoz*Aal 0pxp ,uaoz*Aalbb* + A} —Bn—11d,x,
— B (paat Ayt 0pxp — B (paa Ay ob* + Ap) Id,;
Let 7 be the following permutation of {1, --- | 4p} :
k41, i=2k+1
N__ ) ptry 1=2r
D=3 k1, iz2proke (1.37)
3p +, 1=2r+2p
where k =0, ---, (p—1)andr =1, --- | p. Denote by J the correspond permutation
matrix
sz = 5z7r(])7 la.] = 17 T 4p
Then ¢, = U,,J satisfies the following equation:
@n = Pno1 (A ® AT + Tdopyo, @ A3, (1.38)
which implies that
N-1
oy = Vod H (Au ® A + Idapxap ® Ag):
n=1
and consequently that 0% U} satisfies equality (1.34).
]

Preparing for the asymptotic study we state the following result:

Lemma 1.2. Let (B,)n>1 be a sequence of real numbers satisfying the condition
(1.20). For a fized real number a let us define a sequence of 2x2 matrices (Sy(a))n>1

such that:

a a _Bn a n n

svi) =TT (a5 ") = It + ), (1.39)
n=1 n=1

where A} and A} are defined by equation (1.36). Then

1. if|al < 1, sup [ Sn(a)]| < os,
N>1

2. if la| > 1, sup ||(Sn(a)) 7Y < oo,
N>1

1
3. if a is sufficiently small, }[r;fl tmce((Sj_Vl(a))SN(a)) > 0.
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Proof. The proof of assertions 1 and 2 follows directly from the estimates:

1+ 3a?
laA} + A3|| <1+ 32 ( 1+ a2 ) , when |a| <1,
—a
1 2
(@A} + A7 <1+ 82 < 2+ a1> , when |a| > 1.
a J—

The proof of assertion 3 follows from the equality

1 _
Gn(a) = 1-32 _/812\7 < —CjﬁN fN > Gn-1(a) < ﬁ(jv afN )

for G (a) = Sgl(l))Sn(a). Hence trace(Gn(0)) = —

a 0N+1

and condition (1.20) im-
plies that lim o3 = H (1+ B2) < oo which achieves the proof. O
N—o00 el

Actually, in the asymptotic study we work with a small value of u. Note that
for a small p, matrix A, defined by (1.35) can be represented as: A, = Ay + pH,

where ) -
At A bb 0 0
_ 0 0 _ pxp pxp
Ao = ( 0pxp  Af > i = ( aa® oAy bb* ) ' (1.40)

Representation (1.40) implies that if the spectral radius r(¢) < 1 then there are p
eigenvalues of A, such that |\;(x)] > 1 (in particular A;(0), 7 =1, ---, p are the
eigenvalues of Ay') and p eigenvalues of A, such that [\;(u)| < 1, j =p+1, -+, 2p.

Lemma 1.3. Suppose that r(9) < 1. Let us take i = + and denote by fi,(u)

m-T1(3e) (141)

=1

Then, under condition (1.2),

— =1. (1.42)
N Ly (1)

Proof. Thanks to the definition (1.25) of A,, the equality

N-1 N-1 1 (02)"
,£[1 g i1 Ai(0) i Ai(0)N1

holds. Then due to equation (1.33) to prove (1.42) it is sufficient to check that

’ det o3, U
im
N=oo (o) [Ty ()N

= 1. (1.43)

Diagonalizing the matrix A, i.e., representing A, as A, = G, D(Xi(1))G, " with a
diagonal matrix D(\;(u)), we have also

A, ® A7 + Idgyys, © Al
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= (Gu & Idsz2p)(D<)\i(H)) ® A? + Id2px2p ® Ag)<G;1 ® Id?px?p)-

This equation means that representation (1.34) can be rewritten as:
ox Wy = UoJ (G @ Idapxap) D(Sn—1(Ni(1))) (G @ Tdaynz,) I, (1.44)

where D(Sy_1(Ai(1))) is a block diagonal matrix with the block entries Sy_1(A;(p)), @ <
2p defined by equation (1.39). Since Gy is a lower triangular matrix, it follows from
(1.44) that

oWy = PuDi(Sn-1(Ni(1)))Qp + RuDa(Sn—1(Xj (1)) T,

where
lim P (;2 == Idg 2 lim R, = 02 2
0 W PX 2Dy 0 0 PX2p>y

and the block diagonal matrix D;(Sy_1(\;)) (respectively Do(Sn—1(};))) is such
that [A\;(p)| > 1 (respectively |A;j(u)| < 1).
Since det Dy (Sn—1(Ni(p))) = (o%)" TT—; [Ai(p)]¥ ! then, by Lemma 1.2 we get

det 0%, ¥,

li =1
Nooo det D1(Sn-1(Ni()))

)

The following statement plays a crucial role in the proofs.

Lemma 1.4. Supposing that r(¥) < 1. Then under condition (1.2), for any o € RP,

lim L%(%) — exp <—%a*1(19)a) (1.45)

N—o0
where Z(V) s the unique solution of Lyapunov equation (1.9).

Proof. Following from Lemma 1.3, the limit of L} (=) is equal to the limit fi, (+)
under the condition (1.2) . With Taylor’s development, we have

oo (1Y 1 <& \(0)
by (N) = exp (_5 2 Mm)

where \;(0) denotes the derivative of the function ); with respect to 0. Now we only
need to prove
P ’
A-(O))
Z ——= | =a"Z(V)a
— ()\z‘(o)
where Z(¥) is the unique solution of the Lyapunov equation (1.9).

Let us recall that
AM = Ao + MH

_ (AT Ago _ (O O
AO_(Opxp Al H=1{ oo aa* Ayt )

22 4. AUXILIARY RESULTS
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We define the determinant polynomial P (A, u) = det(Ag — A\Id + pH) = 0, then

P’u + P)\)\M — 0
where f,; denotes the partial differential of function f with respect to u. We can get
that /

/\’ — _P,u()‘7 M) ]

g P)\(Au M)
In fact

P (X, 0) = det(Ay — AId) - trace ((Ay — \Id) ™' H)

and

P} (), 0) = —det(Ay — AId) - trace (Ao — \Id) ') .

With some computation we will see that

(AT = AId) ! 8)
o= (07 T S )

where

Q = —(Id — \o)~bb* (AL — A\Id) .
So when A = \;(0) > 1

det(Ay — Md) - trace( Ay — Md) = det(Ay — Md) - trace(A; " — Md) ™!
and

trace ((Ag — AXId) "' H) = trace [Qaa* Ay + (A — MNId) " aa” Ay bb*]
that is to say when A = X;(0)

det(Ag — AId) - trace ((Ag — AId)H) = det(Ag — AId) - trace (A" Qaa™)
= a* [det(Ay — AId)A;' Q]

which denotes that

B det(Ay — MId)A;1Q )
1) = Z :(0) (det(Ag — ) - trace(Ay ' — AId)™1 /)

i=1

s 20 X (0)(410)
() H?:l(/\ — },(0)) - trace(A;" — AId)~! A=l0) '

Let

AT = GID(A(0) G, Ag = G'D < AiO)) G and A= G'D ( Aio)) (@)

when

AgtQ = —AJ (Id — M) 'ob* (A — M1d),
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we have
(Id = AAg)™' =G"D (—1 _A“A(SZ(O)) (Coh
and
AS1Q = —G'D(M(0))D ( ;Z((O(;)A) Gbb*(A* — AId) ™"

First of all, we can compute that when A = \;(0)

(A= A;(0)) - trace(Ay ' — AId) ™! = [ [(X:(0) — A;(0))
=1 i#j

J
and

[T = X0) (457 Q) = (G—lwe(m [Tx(0) - Aj<0>>>> LG b (Ay — A(0)Id) ™

j=1 J#L

then we will get that

P A(0) Ty (As(0) = A4(0 L
SR e (L R

p 1 —1
— -1 _3 * *
;G ! Gbb <—Ai (O)AO Id)

p
= =) _G'IGH(Id - z; A7)

=1

where €’ is p X p matrix with the (i,7) — th component is 1, the others are 0, z; is
the eigenvalue of Ay. With Taylor’s development, we have

p
(W) = > Y G'IGH (A"

=1 n>0

— Z (i G_leijb*x?> (Ap)"

n>0 \i=1

= ) G 'D(})Gby (A"

n>0

as G~'D(z})G = Af, we have

I(0) =) Apbb*(Ap)".

n>0

It is easy to verify that Z(¢) is the unique solution of Lyapunov equation (1.9). O
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5 Proofs

5.1 Proof of Theorem 1.1

The statement of Theorem follows from Lemma 1.4 since (1.45) implies immediately
that

P, — lim %(M}N = 7(9), (1.46)

N—oo
and, hence also due to the central limit theorem for martingales,
1

\/—NMN = N (0, Z(9)) .

5.2 Proof of Theorem 1.2

Due to the strong law of large numbers for martingales, in order to proof the strong
consistency we have only to check that

lim (M)y = +00 a.s.,

N—oo

or, equivalently that for a one fixed constant p > 0

lim Eyexp <—§<M)N> = 0. (1.47)

N—o0

But in the case when p = 1 the ingredients in the right hand side of formulas (1.33)-
(1.34) with @ = 1 can be given more explicitly:

H det A, = Vo2, |,

n=1
and
1—X_ A A —1 A_
0'12V+1‘I/}V+1 = HSN(%) + /\_:—jSN<?)’ (1.48)

where the matrix Sy(a) is defined by equation (1.39),

Ae PAp+1E/(pt+ 0=+ 0 +9)?)

v 20
are the two eigenvalues of the matrix A, = % % Note that >\—>\— =1 )\—+
8 “\ ot 4w 99 |

and Ay > 1 for every p > 0 and ¥ € R. Equations (1.48) and (1.39) imply that for

Ay —1

=

. 1\ /1-Xx)° AL ) VIR W
det \IJN—&-I = 0_]2V+1 >\+ o det SN( J ) det Id2><2 + R(SN(?)) SN(?)
and that

det (SN();;)) =9 M\ o% 1.

Following from the Lemma 1.2, we have
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A

det (Idm + n(SN(%))‘ISN(jO

is uniformly bounded and separated from 0 when g is sufficiently large (and so

a= )‘7‘ is sufficiently small). Since Ay > 1, we obtain that

|z

]\}iir(l)oL”J;,(M) =clim A\, ? =0.

N—oo

The uniform consistency and the uniform convergence of the moments on compacts
K C (-1, 1) follow from the estimates (see [48], Eq.17.51):

o () -0,

E (\/%MN)q < (m)q.

Remark 6. It is worth mentioning that even in a stationary autoregressive models of
Caeg Xn-1Xn

order 1 with strongly dependent noises the Least Square Estimator 5]\; =S5
n=1*n—1

18 not consistent.

Appendix — Laplace transforms of quadratic forms

for general Gaussian vector sequences In this part, we con-
sider the Laplace transforms of quadratic forms corresponding to the Gaussian vector
sequence (X;, t =0,1,---) and the given deterministic symmetric matrix sequence

Qt), t=0,1,---:
L(t) = Eexp <—% ;X;Q(S)Xs) :

We state our main result:

Theorem A.1 For any ¢t > 0 the following equality holds:

s=0 s=0

£(t) = T idet(Td(s, 5)Q(s)] /% exp {—% S 2 (5)Q(s)(Td + (s s>@<s>>-1z<s>} ,

(1.49)
where (v(t,s), 0 < s <t) is the unique solution of the equation

—_

Ss—

’Y(t’ 8) = K(t7 S>_ '7(757 T)[Id—i_fY(Tv T)Q(T)]_IQ(T)7<S7 T)I , 1 <s <t ’Y(t’ 0) = K(ta O) )

T

Il
=)

(1.50)
and (zs, 0 < s <t) is the unique solution of the equation
s—1
Zs = Mg — Zv(s,r)[Id +3(r,m)QM)'Q(r)z, 1<s<t; z=mg. (1.51)
r=0

where

!/

mey = E(Xt), K(t, S) = E(Xt — mt)(Xs — ms) .
To prove this Theorem, we need the following Lemma:
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Lemma A.2 Let V be a random variable and U be a p-dimension random vector,
@ is a symmetric matrix, then

1 !
E67V75U QU

EeV = [det(Id + Q)]

X

exp { = (BIU) ~ 0v) QI +300) ™ (BW) — 200 |

where

you =EU -EU)(U -EU)) and ~ov =EU — EU))(V - E(V))

V) E(V)

( sz zUV ), d= ( Opx11 ) and D = ( OQ O%Xl > With the formula
Uv Vv - 1xp

Proof. Let us define ( = (U> a=E( = (E(U) ),F:E(C—a)(g—a)/ =

det[2D + rl]l)m

Eexpld ¢ — (D] = ( T

1 / / / / / /
X exp {§ [—a I'‘a+(d +al"HYD+T"YH)(d +alh) ] } .

we have

EeV-3U'QU det[D +T-1-1\ "2
Ee-V det T’

X

exp {% [(d’ LA T YD+ Y - T)(d+ F_la)} }

First of all,

det[D + 1!
detI’

=det[['(D + Tt = [det(Id + vy Q)] ",

on the other hand, we can calculate that

—1y— Id + Q)" —1Id 0,
D+T! 1—F:< (I o x T
( ) Yy Q@Id + Q)" 0

so we have

1)
d[(D+TH™ =T)d = v, QId + v Q) v,

2)
d[(D+T7) ™" =TT a = 4, Q(Id + Q) 'E(U),
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3)
"1 -1 N A | (Id+ Q) —1Id 0y >
al7[(D+T7) I'N'~a = al ( o QId + Q)" 0 a
o QA +yuQ)h 0p
_ . ( N o )a
= —EU)'Qd + yuQ) "E(U).
Because

(d +d T HD+TH T =T)(d+T%a) = 2d[(D+TH-TI'la
+ AT D+ H =T Ya+d[(D+T7H) ' =Td

we have
Ee-V-3U'QU B
T Ee VvV T [det(Id + Q)] '/
1 /
< exp { = (BIU) ~ 0v) QU +00)(BW) — 20v) |

]

Now we introduce the problems appropriate for computing the Ltqf. Let (g, t =
0,1,...) be a sequence of i.i.d. standard Gaussian random vectors which is indepen-

dent of the given process (X;, ¢t = 0,1,...). Let us define the auxiliary sequences
(Y, t=0,1,...) and (&, t =0,1,...) by

Y, = Q) X: + QY2 (t)e,

P (1.52)
£t = 2 )(sY:9 .
s=0

The notation my(X;) is used for the conditional expectation of X, given o-field
Ve=0({Ys, 0< s <t}):
ﬂs(Xt> = E(Xt|ys)

Moreover we make the convention that m_;(X;) = E(X;). We shall be concerned
with one-step prediction for X from Y and with filtering ¢ from Y. Here, clearly
the pair (X,Y) is jointly Gaussian, and hence the optimal one-step predictor is the
Gaussian distribution defined by the conditional mean ;1 (X;) and the conditional
variance matrix v, (t) = E[(X; — m_1(X))(X; — m-1(X}))' /Vi_1] which actually is
deterministic .e.,

Yex () = BIXy = m 1 (X)][Xs —m 1 (X)), 6215 79, (0) = K(0,0) . (1.53)

Of course, the joint distribution of (X, £,Y") is not Gaussian, but we observe that the
conditional distribution of (X;,& 1) given ), ; is Gaussian. Hence, in particular,
the optimal filter for £ is the Gaussian distribution defined by the conditional mean
m(&) and the corresponding conditional covariance (which is random). Actually the
other main characteristic which is involved in the sequel is the following conditional
covariance :

Vxe () = B[(Xy = m1 (X0))(§m1 — m—1(§-1)) /Y], T2 15 74 (0) = 0. (1.54)
Now we can state the announced key property :
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Lemma A.3 For anyt=0,1,... the following equality holds:

£@t) = ]ldet(Td + 7, (5)Q(s)) "2

X exp {—% S It (X) = 1 (QU) I + 7y) meca(X,) %Q(s)]’}

s=0

Proof. Setting

we can write

L(t)  Elexp{-I- - iX,Q1t)X,})

= 1.55
L(t—1) E(exp{—1;-1}) (1.55)

Let us define a new probability measure P by
dP = exp{—(_1}dP; (1 = ZX Q2 (s)es + ZX Q(s (1.56)

Under P the distribution of X is the same as under P and X is independent of
(Y;,0 < s <t—1). Hence we can rewrite the equality (1.55) as

L) _ E(exp {1 — 1X,Qt)X,} /Y1)
L(t—1) E(exp{—]t_1}/yt—1)

Y

where E(./Y,_1) denotes a conditional expectation computed with respect to P.
Then, using the classical Bayes formula, again we can rewrite (1.55) as

L(t) E(exp {_]t—l - %XtQ(t)Xg} exp{—Ci-1}/Vi-1)

Lit—1) E(exp{—1;—1} exp{—Ci—1}/Vi-1)

Since from the definitions (1.52) and (1.56) we have &_1 = I;_1 + (;—1, this means
that

L(t) E(exp {=&-1 — X )Q(t) X, } /Y1)
'C(t - 1) (exp{ ftfl}/yzFl)
with Lemma 1, we get
0 = e 4 Q)
< onp {5l (X6) = 1 (D1 + 70 s (X) = 0]}
which achieves the proof. O

The last thing to prove Theorem 1 is to get the equation (1.50). Since for the
general setting the analysis is quite similar, for simplicity of notation we deal only
with the case Q = 1Id, i.e., Y; = X; + . Since the joint distribution of (X, Y;) for
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any 7, s is Gaussian we can apply the Note following Theorem 13.1 in [49]. For any

[ we can write X)) (X) (1.1 )
™ Xt = T-1 Xt +(Z, v [_ i,
1.57

{ 1 (X¢) = my, ( )

where v, =Y, — E(Y;/Y,1) = Y, — m_1(X)) is the innovation and (v}, is its variance
matrix
(V)i =Td+~(1,1),
with
’7(757 l) = E(Xt — Wl—l(Xt))(Xl — WZ—I(XZ)) . (158)
By the definition (1.58), we see for [ = ¢ that the variance matrix v, . (t) = y(t,?)
and Now, equality (1.57) implies

m(Xe) = me + () (Id + vy ()Y = moa (X0)],

r=0
and putting [ =t — 1 we get nothing but equation

t—1

T (X)) = my+ Yyt s)(Id + 7, (9)[Ys — mer (X)) £ >0, (1.59)

s=0

Let us define
5X(t7 l) = Xt — Wl(Xt)a

According to (1.57) we can write
Sx(t,1) = 0x(t, 1 — 1) —~v(t, D{v); v,
and so
Eox (1, )0x (1%, 1) = Box (t',1 = Dox (1,1 = 1) = y(t, D) (%, 1)

or

!
B (11, 1)8 (12, 1) = BoGtl, — )0 (12, —1) — St ) (). (1.60)
r=0
Taking t! =¢,1> = 5,1 = s—1in (1.60), it is readily seen that equation (1.50) holds
for v(t,s). Now we analyze the difference m; 1 (X;) —7,,(t). Using the representation
& =3"'_, XY, we can rewrite Yxe(t) in the following form

Vxe (75) = 7Tt—1(Xt - 7Tt—1(Xt))(ft—1 - 7Tt—1(&—1))

t—1

/7

= 5w (X = T (X)X — 7 (X)),
— % B - e (X)X = 1 (X)),
So we have
Yxe(t) = t_: y(t,r)Y,, (1.61)
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where

’ ’

F(t,r) = E((Xe = ma (X)) (X = ma (X)) = (1)
Using the definitions (1.58) and (1.62) we can write

(1.62)

’

V() =@t r) = —EXy(ma(X,) = moa (X))
Again, applying the Note following Theorem 13.1 in [49], we can write also
m(X,) = mo (X)) + (D (V)

This means that

’/Tt71<X)_7rr 1 Z’le Vla

SO

EX(mo1(X,) — 7t () = Sy (6 D) ().

Hence we have proved the following relation

t—1

’i(tv T) - 7(757 T) - Z 7(t> l)<y>l_1§<l7 T) : (163)

l=r

Now we can show that the difference z; = m;_1(X;) — v,,(t) satisfies the equation
(1.51). Using (1.59), (1.61) and (1.63), we obtain

2 = mH—Z’ytr — mr_1( X, ))—Z?(t,r}Yr
= 27 (t, ) (W)t ( +Z (t,r)(v), " —~(t,r))Y,
- Zv ) ) e (X0) Z(W(M)@)Zl — () = A D) T )Y

t—1 I
— Zytr (X Zytr ~(r, ) Y+thl (ZAV/(Z,T)YM
=0 r=0

Now, using 1.61 again and the property v(r,r) = 7(r,r), we can write

t—1

2 = my — Zy (t,r) (W)t (X)) + v(t, l)(y);lvxg(l)

= Z’Y t T 7T7" 1(X'T) ’YX{(T))

which is nothing else but equation (1.51).
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Chapter 2

Controlled drift estimation in
fractional diffusion linear systems

1 Introduction

1.1 Historical survey

The experiment design has been given a great deal of interest over the last decades
from the early statistics literature (see e.g. [34,76,79]) as well as in the engineering
literature (see e.g. [24-26]).

Many of these works focused on identification of directly observed dynamic sys-
tem parameters. The classical approach for experiment design consists on a two-step
procedure: maximize the Fisher information under energy constraint of the input
and find an adaptive estimation procedure. In this area, there are several approaches
like sequential design and Bayesian design (see e.g. [26, 46, 53] and the references
therein).

For partially observed systems, even in the linear case we can only mention
[4,47, 53,54, 57|, where linear signal - observation model perturbed by the white
noise has been considered.

On the other hand, large sample asymptotic properties of the Maximum Like-
lihood Estimator (MLE) of the drift of a fractional Ornstein-Uhlenbeck process
[18,37] have also been studied in the directly observed case (see [37] for consistency
and [8,10,19] for asymptotical normality).

The work which is presented in this part is a direct continuation of what has
been initiated in [10-12]. We focus on the determination of the asymptotical optimal
input for the estimation of the drift parameter in a partially observed but controlled
fractional Ornstein-Uhlenbeck process.

More precisely, we present here a technique that allows us to use both methods
developed in [12]| for computing the asymptotical optimal input and in [10] for
deducing the drift MLE asymptotical properties. The remainder term appearing
can be treated by Laplace transform computations.

This chapter falls into four parts. In this introduction, we state the setting and
the main results. In the second part, we present two key elements which are the
model transformation and the Fisher information decomposition. In the third part,
we focus on the proof for the partially observable case. In the fourth part, we give
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some remarks on the proof for the directly observed problem. Finally technical
proofs of lemmas are postponed in the last part.

1.2 The setting and the main result

We consider real-valued processes X = (X, t > 0) and Y = (Y3, t > 0), representing
the signal and the observation respectively. In the fully observable case, they are
governed by:

dY; = dX; = —9X;dt + u(t)dt +dV,, t >0 (2.1)

and in the partially observable case, they are governed by the following linear system
of stochastic differential equation:

dX, = —9Xudt+u(t)dt + dV,}7,
t >0, (2.2)

dy, = pXdt + dWH,

with initial condition Xy = Yy = 0. Here, V¥ = (V;# ¢t > 0) and WH = (WH t > 0)
are independent normalized fBm’s with the same known! Hurst parameter H € (0, 1)
and the coefficients 1 and p # 0 are real constants. The unobserved signal process
X = (X3, t > 0), is controlled by the real-valued function u = (u(t), t > 0).

The system has a uniquely defined solution process (X,Y’) which is, due to the
well known properties of the fBm, Gaussian but neither Markovian nor a semi-
martingale for H # 3 (see, e.g., [49], page 238).

Suppose that parameter ¢ > 0 is unknown and is to be estimated given the
observed trajectory Y7 = (Y;, 0 <t < T).

For a fixed value of the parameter ¥, let PL denote the probability measure,
induced by (X7, Y7T) on the function space Co 1] X Cpo,r and let FY be the natural
filtration of Y, FY = o (V;,0 < s < t).

Let L(9,YT) be the likelihood, i.e. the Radon-Nikodym derivative of P re-
stricted to FY with respect to some reference measure on Co,r)- In this setting,
Fisher information stands for :

2

Ir (W, u) = —Eﬁ% LW, YT).

Let us denoted Uy some functional space of controls, that is defined by equations
(2.12) and (2.13) page 37. Let us therefore note

Jr(¥) = sup Zr (9, u).

uEUT

Our main goal is to find estimator ¥ of the parameter 1 which are asymptotically
efficient in the sense that, for any compact K ¢ R} = {J € R, 9 > 0},

sup T (0)B (07 —0)° = 1+0(1), (2.3)

as T — oco. We claim that:

In the continuous-time observation setting, there is no statistical error made for the Hurst
parameter H estimation with classical methods, see for instance quadratic generalized variations
method in [32].
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Theorem 2.1. The asymptotical optimal input in the class of controls Uy is wop(t) =

\/%tH_% Jor H > 3 (and up(t) = \/%t%_H for H < ) where

3 1 HT(3—2H)I(H + 1)
/1:2HT<§—H>F<§+H> and M= 2(1—H)F(%—H) (2.4)

and I stands for the Gamma function. Moreover,

. JIr(W)
A, = I0)
where
1 1
— 4= (fully observable case)
T
(W)= 1 29 92 2 (2.5)

2 ala i) + 503 + 05192 (partially observable case)

and o = /p? + 92.

Remark 2.1. In order to compare, we can see that the Fisher information for the
problems (2.1) and (2.2) with no input u(t) =0 is

1
1 IT(19,0) B % (fully observable case)
e T ) 20 e
T— oo 59 ala 1) + 5.3 (partially observable case).

This values have been obtained in [8, 10, 19] for the fully observable case and in [10]
for the partially observed case, all for the fractional setting. On the other hand, when

1

H = 5 (classical Wiener case), the optimal input is u(t) = 1.

As the optimal input does not depend on ¥/ (see Theorem 2.1), a possible candi-
date is the Maximum Likelihood Estimator (MLE) 97, defined as the maximum of
the likelihood:

O = argmax £(0,Y7).
9>0

Moreover, MLE reaches efficiency and we deduce its large sample asymptotic
properties:

Theorem 2.2. The MLE is uniformly consistent on compacts K C R}, i.e. for
any v > 0,
lim sup P}, {‘@T — 19‘ > 1/} =0,

T—00 ycKk
uniformly on compacts asymptotically normal: as T tends to +oo,

lim sup}Eﬁf (ﬁ <1§T—19>> —Ef(f)‘ —0 VfeG

T—00 geK

and & is a zero mean Gaussian random variable of variance Z(9)™' (see (2.5) for
the explicit value) which does not depend on H and we have the uniform on
¥ € K convergence of the moments: for any p > 0,

lim sup‘Eglx/T(@T—ﬁ)‘p—E]ﬂp =0.

T—00 9Kk

Finally, the MLE is efficient in the sense of (2.3).
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Remark 2.2. The MLE satisfies all the properties in Theorem 2.2 with the same

Z(¥) when H = % To the best of our knowledge, the result is also new in this case

but with the same method we will present .

Because the proof for the two cases is same, so in the following parts, we will
only deal with the partially observable case and give the explanation of the fully
observable case in section 4

2 Preliminaries

2.1 Transformation of the model

The explicit representation of the likelihood function can be written thanks to the
transformation of observation model proposed in [38|. In what follows, all random
variables and processes are defined on a given stochastic basis (2, F, (Ft)t>0, P)
satisfying the usual conditions and processes are (F;)— adapted. Moreover the
natural filtration of a process is understood as the P-completion of the filtration
generated by this process. Let us define for H > % (for the case H < %, see Section
5.1):
1

_ 1 t-H, NI-H _ 2—2H
kp(t,s) =k s2 7 (t —s)27 " wy(t) —2)\(2_2]_])75 (2.6)

t t
Nt:/ ki (t,s)dWH  and Mt:/ ki (t, s)dV,? (2.7)
0 0

where x and A are defined in (2.4).

Then the process N = (NV;,t > 0) is a Gaussian martingale, called in [56] the
fundamental martingale, whose variance function is nothing but wy. Moreover, the
natural filtration of the martingale N coincides with the natural filtration of the
fBm WH. Similarly M = (M;,t > 0) stands for the fundamental martingale of V.

Following [38], let us introduce a process Z = (Z;,0 < t < T') the fundamental
semimartingale associated to Y, defined as

t
Z = / k(. 5)dY.
0

Note that Y can be represented as Y; = f(f Ky(t,s)dZs, where Ky(t,s) = H(2H —

1) fst TH_%(T — S)H_%dT for 0 < s <t and therefore the natural filtrations of Y and
Z coincide. Moreover, we have the following representation:

where ¢ = ((;, t > 0) is the solution of the stochastic differential equation

dG = —AIA(E)Gd(M )¢ + b(t)v(t)d(M), + b(t)dM;, G =0, (2.9)
with

=" ) a0=(fus g ) 0= (i) 210
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and * standing for the transposition. Here, for a control u(t), we have defined the
function v(t) by the following equation

%/0 kr(t, s)u(s)ds; (2.11)

- dU)H

v(t)
provided that the fractional derivative exists. Let us define the space of control for

v(t):
Vyp = { %/OT () 2w () < 1}. (2.12)

Remark that with (2.11) the following relation between control u and its transfor-
mation v holds:

d t
u(t) = E/ Ky(t,s)v(s)dwg(s). (2.13)
0
We can set the admissible controls as Uy = {u|v € Vr}. Note that these sets are

non empty.

2.2 Likelihood function and the Fisher information

The classical Girsanov theorem and the general filtering theorem (see [49]) gives

L0, 77) = exp (/M | aornan -5 | m<c>£<t>£<t>*m<<>*d<N>t)

where the conditional expectation 7;(¢) = Ey((|FY) satisfies the equation
dmy(C) = ag(t)m(CQ)d(M)s + pAy(£)E(t)dZ, + b(t)v(t)d(M)e,  mo(C) =0, (2.14)

Here ay(t) = —9AA(t) — > y(0)L()0(t)" and (t) = Ey(G — m(())* (¢ — m(C))
is the covariance of the filtering error, which is the unique solution of the Ricatti
equation

dy(t)
d(M),

= —VA(A()Y(t) + Y (O A[®)") + b)) — Ny ()B)L(E) (1) (2.15)

with initial condition v(0) = 0. Note that Equation (2.14) can be rewritten in the
equivalent form

dm(C) = —ONA()m(C)d(M ), + b(t)o(£)d(M), + phy(£)L(t)d, (2.16)

with initial condition my(¢) = 0 and where the innovation process (v, t > 0) is
defined by:

th = dZt — M)\E(t)*'ﬂ't(C)d<N>t7 Vg = O (217)
The Fisher information stands for
Ir(¥,v) = —E 8—21 L0, 27
T , U - 798192 n y

_ 212 Tﬁﬂt(g) LOm(()”
— Byt /0 22D ayecy T aqy,
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2.3 Fisher information decomposition

Contrary to what have been done in [12], it is hard to compute directly the Fisher

information using % in its implicit form. Let us introduce

= < m(€) > and C(t)" = (012 £(1)") (2.18)

where 0;y5 is the zero matrix of size 1 x 2. The Fisher information can be rewritten
as

Ir(9,v) :/ﬂ)\QEg/O (C(t) TI?)* d(N),.

We will separate the Fisher information with two parts, one with the control, the
other without. So we will focus on the following decomposition

T
Ir(9,v) = ;RA?/ E, (C(1)*(ITY — EyIT? + EyI1Y))* d(N),
0
= ILT(’&,U) +I27T(Q9,U) (219)

where
T

Tir(V,v) = pi*A? /O Ey (C(t)*(I1) — EﬁHf))Qd(N>t

and

T
Tor(¥,v) = (2 \? / (C(t) ByITY)* d(N),. (2.20)
0
The deterministic function (P?(t) = EyIIY, ¢ > 0) satisfies the following equation:

dPV(t)
d(N )

- (4) i - (A0 o)

At the same time, the process P, = (Hf —PU(t), t > 0) satisfies the following equa-
tion:

= AY()YP?(t) + D(t)v(t), P(0) = 041, (2.21)

where

dP, = A’ ()P d{N); + puXy(t) ( ggg ) dv, (2.22)

with initial condition Py = 04y;. Since Z; 7(¥,v) does not depend on wv(t) (see
equation (2.22)), we write it Z; 7(0). In fact, Z; r(¢9) is the Fisher information of
the initial system (2.2) when u = 0.

3 Proofs

3.1 Proof of Theorem 2.1

With the technique of separation (2.19) and the precedent remarks, we have

JIr(0) =Ty r(9) + Jor(9)
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where

Jor(0) = sup Lo (9, v).

veEVT

From (2.21), we get

t
PO = ealt) [ 3 (D)),
0
where y(t) is the matrix defined by

dpy(t)

A = A Dpa(t), £o(0) = Ty

with Idyy4 the 4 x 4 identity matrix. Substituting in (2.20), we get

i_Hg

Tor(0,0) = ///CTSU\/_()U\;_()deO,

where .
Kr(s, o) :/ G(t,s)G(t,o)dt,
max(s,0)
and ,
o 1
G(t.0) = 5 (B77C() ¢o(t)e7 (0)D(0)ot 1)
Then
Jor(W) = T sup / / Kr(s,0)v(s)v(o)dsdo,
ver2(0,7),)5|<1 Jo
=T sup (Krv,v)
FeL2(0,T),]7]|<1
here o(s) 57 0(s) and ||.|| stands for the usual norm in L?[0, 7]
w = = . ’ .
V2 VT

On one hand, we get from [10] that

. i) 1 20 V2
1 ) -
Theo T 20 ala+9) N 2a3

where a = /p? + 2.

(2.23)

(2.24)

(2.25)

On the other hand, in order to prove the Theorem 2.1, we have to check that

lim Jo.r (V) = i
T—o0 T a29?

or, equivalently, looking at equation (2.25) that

Lemma 2.1. )

~ ~ M
lim sup Krv,v) =
T—00 5 12[0,17, HUH<1( ) a??

with an optimal input Vep(t) = V INtH 3 belonging to the space of control V.

Proof. The proof is adapted from [12] and is postponed to section 5.2.
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3.2 Proof of Theorem 2.2
As the optimal input does not depend on ¢, the MLE 571 of ¥ in the system

(2.26)

dG = —MNIA()A(M); + b(t)vop (t)d(M); + b(t)dM; , (o = 0,
dZt = /L)\E(t)gt + dNt R Zo = 0,

is a good candidate to reach efficiency in (2.3).

Ibragimov-Khasminskii program

The proof of Proposition 2.2 is base on [31, Theorem 1.10.1]. Let us define the
likelihood ratio

LW+ %, 27)
L(0, Z7)

ZI(r) = ) TGSg:{r:ﬁjLLE]Rj}.

VT

Actually, to prove Proposition 2.2, it is sufficient to check the three following con-
ditions on the likelihood ratio. For any compacts K C R,

(A.1) Let Zy(r) = exp <r§ — “—;I(ﬁ)) with & ~ N (0,Z(¢)), whose maximum is
attained at the unique point 7 = £Z(J)™', where Z(¢) is defined by (2.5).
Uniformly in ¢ € K, the marginal (finite-dimensional) distributions of the

random function Z! (r) converge to the marginal distributions of the random
function Zy(r).

(A.2) There exist x > 0 such that for all r € 87,

sup Eng(r)% < exp (—xr?).
9eK

(A.3) There exist a > 0 and b > 0 (depending on K) such that for any R > 0, for
|T1| < R7 |’I“2| <R

1 1 2
sup By ‘ZﬁT(W)? — Z5(r)2| <1+ Ry — %

veK

Laplace transform proof

For any v; > 0, (ﬁfl(o,t > 0) is the solution of (2.16) and (vy,(t),t > 0) the
solution of (2.15), both when @ = ;. Let us denote dg,.9,(t) = 7 2(¢) — 7 (¢)
and Lp(a,vq,3;) the Laplace transform of the integral of the quadratic form of the
difference 0y, 4,(t):

MZ)‘2

Li(a, 91, 05) = By exp <—a /0 500 () L) o, 0, (t)d(N>t> |

It has been proved in [10] that, if there exists ag < 0 such that for all a > ag, V 71,
T € Sg,

. 2
lim Lo(a, 0+ 1 9+ 2 (ra —m)°

A T \/T) = exp(—a 5
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then properties (A.1-A.3) of the Ibragimov-Khasminskii program hold.
In the following, we compute the behavior of this Laplace transform. Let us

define ) ©
_ !
Ht B ( 5191,192 (t) )

dll, = AOTILA(N), + B(t)dvy* + D(t)vep(t)d(N);, Ty = 041, (2.28)

which is governed by:

where

ay, (t) = _192)‘A<t) - HZ)‘2%92 (t)g(t)g(t)*7 D}ygl’ﬁQ = V0, (t) = Vo1 (t)7

A= (A ety )t B = () ) o
Following from [36]

M2>\2
2
2)\2

= Ey, exp (—a’“‘ /0 TH:C(t)C(t)*th<N>t)

LT(CL, 791, ’192) = Eﬁl €xXp (—CL /0 51917192 (t)*ﬂ(t)é(t)*éqglﬂb (t)d<N>t)

2

= exp (—auz/\z/o (trace (H(t)M(t)) —i—Q(t)*M(t)Q(t))d(Nﬁ)

= Ll,T(a, Uy, 192)L2,T(a7 U1, 192) (2'29)

where
/112 /\2

Luz(a, 91, 02) = exp <—a /0 " trace (H(M(D)) d(N)t>

and

2
Here, H(t) satisfies the Ricatti equation

L2,T(a, ’1917 192) = exXp (—GM2A2 /(; Q(t)*M (t)Q(t)d<N>t> . (230)

dH (1)
d(N);

= AH(t) + HE)A®R)" + Bt)B(t)* — a > H () M) H(), (2.31)

with
M(t) = C(t)C(t)",

C(t) defined in (2.18) and (Q(t),t > 0) satisfying the equation:

Q(t) = Ey I, — aX*p? /Ot o)~ (s)H(s)M(s)Q(s)d(N)s (2.32)
where dolt
dzpj\(f;t — A)p(t),  (0) = Idya. (2.33)

Since Ly r(a,91,72) has been studied in [10], checking the condition (2.27) (and
therefore proving the Proposition 2.2) is only but to prove the following lemma:
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Lemma 2.2. With the previous notations, there exists ag < 0 such that for all
a>ag, ¥ ry, re €87,

N2 2
Tlim Lyrp (a,q9_|_ RS 9+ "2 ) — exp (_a(TQ r1)° W )
—00

VT VT 2 a21?
where av = /% + V2.

It is worth emphasizing, that using this technique of separation, the above lemma
does not appear neither in [10] nor in [12].

4 Fully observable case

4.1 Optimal input

Let H > 1 (for H < 3, see Section 5.1) and let us denote by Z = (Z;, t > 0) the

fundamental semimartingale associated to X, defined as

t
Z = / k(1 5)dX,
0

where kg (t,s) is defined in (2.6). Thanks to the this transformation, we can write
the explicit expression of the likelihood function

Lr(9, Z7) = exp ( /0 (—IN()'C, + v(8))dZ0 — % /O (—IN(E) G, + v(t))2d<M>t)

where £(t), X\ and M; are defined in (2.6),(2.7) and (2.10) respectively, (¢, > 0) is
the solution of (2.9) and (v(t),t > 0) is defined in (2.11). We can decompose the
Fisher information with the same technique into the following form:

Ir(W,v) = Eg/0 (AE(t)*Qfd(Nﬁ,
_— / (U0)* (G = Eoe + BoG))* dN).,

T T
= B [ (0(G - BaG)) A0+ N [ 00) (BaGPd(N).
0 0
= Z;(V,v) + Zo(V,v).
The mean function (Ey(;,t > 0) satisfies
dEy(; = —IAA()EyGd(N); + b(t)v(t)d(N):,  Eglo = 021
and the process (¢; — Ey(;,t > 0) satisfies
d (¢ —Ey() = —09MNA(t) (G — EgG)d(N ) + b(t)dNy, (o — Eylo = 02x1.  (2.34)

We can see in (2.34) that Z; (v, v) does not depend on v(t) and can noted Z; (¥).
Actually, it has been studied in [10] and
. Li(v) 1
| =—.
Toee T 20
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Then, for the optimal control computation, we will only consider Zy(1J,v). Same
kind of computations as in the partially observable case (explicit form of the kernel

and maximization) leads to
. 12(7971}01)15) o 1
ML T e

where v (t) = V INEH 3.

4.2 Properties of Estimator

We have know that the optimal input does not depend on ¢, we can get the explicit
expression of MLE, that is

T
- AL(t)*CodN
O Jo M) GRAN, (2.35)

— — 7
Jo (M(8)*G2)2d(N ),
where (7 is the solution of (2.9) with the input v(t) = veu(t), t > 0.
To prove the asymptotical properties in Theorem 2.2, we will compute the
Laplace transform of the denominator in (2.35):

Lr(a,9) = Egexp (—g /0 T(M(t)*{f)Qd(N)t) . (2.36)

Following from [36], we can have

T
Lr(a,¥) = exp (—%/ Q) M(t)Q(t)dt + trace(v(t)M(t))dt)
0
= LLT(CL7 19)L2,T(a, 19)
where
1 /7
Ly r(a,v9) = exp (—5/ trace(*y(t)M(t))dt)
0
and
1 (7
Lara.0) = e (-3 [ @uramta).
In the previous equations, we denoted

M) = ety P and - Q) = Bygy - / At 5) M()Q(s)ds.

Moreover, we defined v(t, s) = II,IT; 1~(s) where II; satisfies the differential equation

and (t) satisfies the following Ricatti equation:

dzi—ggt) - _g (Ag(O)v(t) +v(O)Ag)") — v E)M(t)y(t) + %b(t)b(t)*tl_w_

Asymptotical behavior of the first term L, r(a, ) have been studied in [10]. Direct
computations for the second term Lo 7(a, V) leads to

. a a1 1
fm L(7, V) = exp (—5 (% i 19—))
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5 Technical proofs of Lemmas

5.1 From H >1 to H <}

Thanks to [33, Corollary 5.2|, for H < 1/2, we have the relation between fBm
processes of indexes H and 1 — H:

t 2H 2
WwH =R t— )t aw i with Ry = . (2.37
! H/O (t=s) s VRS A TRE)T(3 - 2H) (2.37)

Using this relation, we can transform the observation model (2.2) to the following
observation model:

dX, = —9Xudt+a(t)dt+dVpi~ ", X, =0,
dy, = pXdt +dWr | Yy =0,
with
B t B t
X, = NlH/ (t—s)ax,, V= NlH/ (t—s) " ay,,
0 0
and
~ d ! 1-2H ! —2H
u(t) = Nl_Hd—t (t—r) u(r)dr=(1—=2H)Xy_y [ (t—7)" " u(r)dr.
0 0

It had been proved in [11] that the set of controls Uz (see (2.12) for the definition)
remains unchanged after transformation (2.37). Then 1 — H >  and the results of
Proposition 2.1 and Proposition 2.2 are valid for any H € (0, 1).

5.2 Proof of Lemma 2.1

First of all, we need a preliminary result. Let us denote
tz—H
tH2

0

0

p(t) =

and recall that py(t) is the solution of equation (2.24) and o = \/u? + 2.
Lemma 2.3. With the previous notations,

) by . _ 2
fim 12 1) po(t)ey (s)p(s)ds = ——. (2.38)
Proof. Due to the asymptotical behavior of py(t) as t — oo, we can plug it into the
computation of the limit of the integral of (2.24). Using the asymptotical behavior
of vy(t) (see (2.15)), we get from [10] that ay(t) N —aAA(t). Therefore, the
— 00

standard arguments (see, e.g., [40]) imply that

t t
lim [ 12701 sty ()p(s)ds = lim [ £271C(1) e ()i 5 (5)p(5)ds
> Jo

t—o00 0
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where ; "
ooell) _ (0 & Au(t) po(t), 90cl0) = T,
® denotes the Kronecker product,

-2 0 1 g2
M = < 1. ) and Apg(t) = ( (2H-1 ) .
2 2

1

v—a 0
1 1)’
(G @ Idaxa)py (), it satisfies the following equation:

APy o (t) —%AH(t) 0 -
LA Ch S ool

dt 0 —2Au) )Pr=ld
with initial condition

- 1 1 0
Soﬁ,oo(o) = J—a ( 1 9—a > ® Idaxs.

Let us diagonal the matrix M

_9
2

M=G a)Gl,G
0 -3

when we define @y o (t)

Then,
[ e aonet ons = [ i) - g6 )lds
where g7 (t,s) = t2-H0(t)* py(t)p; " (s)b(s)s2~H with
PO Y AW)polt). po(0) = Tpeo (239
As [y g

(t,s)ds — 2 when t — oo (see [12]), which achieves the proof. O

Now let us return to the proof of the Proposition 2.1. With gy (t) = v2AtH 2,
we can compute

IQ,T<197 Uopt) ,u2

) _ E/OT (/OttéHc(t)*sf?ﬁ(t)%l(S)p(s)ds)2dt N 2

T—o0 042”[92

and

2

lim sup (Krv,v) > :
T—00 5er2(0,7], 3] <1 a?y?

To get the upper bound, let us introduce the Gaussian process (§;, 0 <t <T)

o= ([ orer et o o) et

where (W,,0 > 0) is a Wiener process and @ denotes the Itd6 backward integral
(see [65]). It is worth emphasizing that

Kr(s, o) = “{E (&:D(s)s3 &, D(o)od )

E(X,X,).
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where X is the centered Gaussian process defined by &; = %&D(t)t%’H . The process
(&,0 <t < T) satisfies the following dynamic

—dg, = AP W) A(M), + Ct) 2T 0 dW,, & =0.

Obviously, Kr(s,o) is a compact symmetric operator for fixed T, so we should
estimate the spectral gap (the first eigenvalue 14 (7)) of the operator. The estimation
of the spectral gap is based on the Laplace transform computation. Let us compute,
for sufficiently small negative a < 0 the Laplace transform of fOT X2Adt:

T
Ly(a) = Egyexp (—a/ det)
0

= Eyexp | —a ' H&D(t)t%_H 2dt :
/G

On one hand, for a > since X is a centered Gaussian process with

1

v (T)?
covariance operator Kr, using Mercer’s theorem and Parseval’s inequality, Lr(a)
can be represented as :

Ly(a) = [J(1 + 2av,(T)) 2, (2.40)

i>1

where v;(T'), i > 1 is the sequence of positive eigenvalues of the covariance operator.
On the other hand,

bt = B (=2 [ epwprgam))
— exp (% /0 Ttrace<2AHﬁ(t)M(t)d<N>t>

where H”(t) is the solution of Ricatti differential equation:

dH’ (t)

i, = HO () A ()" + A (OH () + 20H () M()H? () — ap®XD(t)D(t)*

with initial condition H”(0) = 04x4, provided that the solution of this equation
exists for any 0 <¢ < T.

It is well know that if det Wy (¢) > 0, for any ¢ € [0, 7], then H”(t) = U (¢) Wy (1),
where the pair of 4 x 4 matrices (¥, Uy) satisfies the system of linear differential
equations:

v, (1) ) i
d<N>t B _\Ill(t)A (t) B 2)\\112(t)M<t)’ \1/1(0) — Id4><47
Cf;f;\f(;t) = —CL,U,Q)\\Pl(t)D(t)D(t)* —+ qu@)Aﬁ(t)*’ ‘112(0) — 04y

and

N

Lr(a) = exp (—% /0 ' trace (A" (1)) d(N)t) (det W (T)) 2.
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Here again, standard arguments (see [40]) imply that under the condition det ¥y o (f) >
0, for any ¢ € [0, T,

Lr(a) L OXD < ; /0 trace (A (1)) d<N>t) (det Wy o (T)) "2 (2.41)
where ) o
AL (t) = ( 1 g ) @ AA(t)
and
Ctlllg’—;;;ﬂ = U ()AL () — 20Ty o (1) M(1),
| (2.42)
dfllf}ifo)(tt) = —apP AV oo () D(H)D ()" + W oo (1) AL (),

with initial conditions W; o (0) = Idsxs and W o (0) = 04x4. Rewriting the system
(2.42) in the following form

d(qjl,oo(t)7 \112700(15),])

= (U1 0(t), Yoo (t)J) - (T @ AA(t 2.43
yrioy (Vi (t), o)) - (TOAAM)  (243)
9 0 —ap® 0
J J 0 1 1 0 0
vvhe1‘e.]—<JJ),J—(1 O)andT— 00 -9 —1 . When

0 —2 0 —«
1920‘2 , , we have four real eigenvalue of the matrix T, we denote them
(x )Z 12,3.4. It can be checked that there exists a constant C' > 0 such that

det ¥y oo (T) = exp ((21 + 23)T) (C + TQOO(%))

2142 4_9qu2 2402 /ut—2au2
where 1 = \/19 + +\2/“ 29 and T3 = \/19 + \2/“ 2017 Therefore, due to the
equality (2.41),

NI

Ly(a) = [ (1 + 2a14(T)) o~ exp (04 a)T) (det Wi o(T)) 72 > 0. (2.44)

. —00
i>1

Consequently, we have [, (1 + 2av;(T')) > 0 for any a > —1922522 and lim 1 (T) <

) T—o00
52» which achieves the proof.
5.3 Proof of Lemma 2.2
In this section we will prove that
Jim InLa(a0+ Zo 04 22 = ;ggo/ Oty MQAIN),
- (7“ 2 — 7”1
2 2192
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Let us define the function (P(t) = Ey,11;,t > 0) which satisfies

dP(t)
d(N):

- —J1NA(t) 0
A(t) = ( — (92 — 9)ANA(L)  ay,(t) ) '

=A(t)P(t) + D(t)v(t), P(0) = 0451 (2.45)

where

Using the asymptotical behavior of 7y,(t) (see (2.15)), we get from [10] that
ag,(t) ~ —as AA(t) (as t — oo) with ay = \/p? + 3. Then, let us consider, in the
following, the asymptotic behavior Py (t), Heo(t) and oo (t) of P(t), H(t) and p(t)
respectively and solutions of equations (2.45), (2.31) and (2.33) substituying

Asolt) = ( y o I ) 9 AA(1)

and

9192 93
in the place of A(t) and B(t)B(t)*. Here g; =

oy = /p? + 92 and

Boo (H)Buo(t)" = ( 9i 9152) R AA()JI

I — | _ M
e 101) P2 7T TXaatda) | VA@itdr)’

(0.

Let us also introduce the function (Qx(t),t > 0) defined by

Qoo(t) = Poo(t) — a/\2u2/0 Poo(t)Poe (5)Hoo ()M (5)Quo(5)d(N)s. (2.46)

then the asymptotic behavior of the equation (2.30) can be presented by:

T T
Jm [ Q@ MO, = Jin [ crQw)am),
T
= lim [ (C(t)'Qu(1))’ d(N):
T—o0 0
I s [T (B Qe
Let us rewrite, using (2.46), the quantity Q__(t) = % by
— t2HC () Pt A2 [t _
Gl =" O B [ (F )+ G Qulrds (24)
where

F(t,s) = (t7=5 271 ) pa,(t)pay () ( Eﬁigigj iZ%g%i?H )
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and

Gltys) = 270 (g ) (o (£)o(s)

191 — (9
B H1’3(S)S2H*1+H1’4)35_H
—Da t 1 ( 00 00 L
p 2( )pag (S>> ( (Hgé3(3)32H71+H264)357H

where H%/(s) is the i-th line and j-th row component of the matrix H..(s) and py
is defined in (2.39). Let us fix ¢, =9 + & and ¥, = ¥ 4 7. In order to prove the
Lemma 2.2, we check successively :

im
o P (t) :_\ﬁ 1
t—+o00 192 — '191 A 042191

with the same computations as in Lemma 2.3;

1.

2. and for t and T' large enough, there exists a constant C'; > 0 such that

SO

| (P9 + Gl Qulonis] < T

On one hand, following from the proof of Lemma 2.1 in [12], we get:

Cs
(tv1)2

|[F(t,5)=(Cre2 s)+c J(HD ()™ I HHI (8)+H (5) 8™ M (9))| <

where C}, Cy and Cj are three constants. Moreover, it follows from [10] that when
s is large enough

HE ()™ 4+ HH ) + HD ()™ 4+ ML (s) = trace <Hoo<s>M<s> d%)
1

On the other hand,

C,y
(tv1)*

Vg — U4

191—042

G(t,s) = (Cale™ ) — em2(=)) R(s)| <

where R(s) = HL3(s)s? 1+ HLA(s) + HE3(s)s* 71 + 12 (s) and Cy is a constant.
Let us define two processes I; and .J; such that :
L= ("2 27" ) 7)1 (¢) and Jy= (2 t27H )&y, 4,
It follows from [38] that

C
(sVv1)2

|R(s) — cov(ls, Js)| <

for s is large enough and C' is a constant because

Var(L) = 7710 () + HY2 (1) + 12 (1) + 7220 (1)
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and
Var(J;) = T H3 () + HI () + 7P () + 7O ().
Let
d t
p— X
o don () /0 ki (t,s)Xsds

t
= AP ZX 4 / r#=1adzx)
0

= A (£ 1) ¢

where ZX = [ ku(t, s)dX,. We can estimate the variance of I, with

1 R 1 g A 2
Varl, = XEﬁl (t2 m (P) —t27 7 Ey, t)

Lot (B, (0260 - (Bt
< %tl‘”’ (Eoy ()" = (B4,0/")°)

1
= XtI’QHVar( v1)

Following from [38], Var(¢!") N w, so with the Cauchy-Schwarz inequality
—00

| cov(Ly, Ji)| = TQOO(%)-

Finally, we get for ¢ large enough that

t
/ |F(t,s) + G(t,s)|ds < % (2.48)
0
Consequently

/0 (F(t,s) + G(t.%)) Qo (s)ds| < / (F(t,3) + G(t, 5))] [@u(s)] ds

IN

t
05/ |(F(t,s) +G(t,s))|ds
0
!
- T
provided that ‘@OO (t)} < (5 for t and T large enough that will be explained below.
To show this, let us defined the operator S defined by

ai

St = / IF(t,5) + G(t. )| f(s)ds.

Equation (2.47) leads to

@] < | " 20 4 s
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or )
t27HC (1) P (1)

Ea— < (s for t large enough.

(1 = 8) (1Qu)(t) <

Since, with (2.48), we have ||S|| < &z < 1 for T large enough, we can compute

Q)] < (I=9)7"(Cu)(t) =] S™(Ca)(t)
< Cs, -

that concludes the proof.
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Chapter 3

Stochastic analysis of mixed
fractional Brownian motion

1 Introduction

In this part we present a new perspective on the mized fractional Brownian motion,

i.e., the process
X, =B, +Bf, tel0,T], T>0, (3.1)

where B = (B;) is the standard Brownian motion and B = (BH) is independent
fractional Brownian motion (fBm) with the Hurst exponent H € (0, 1], that is, a
centered Gaussian process with covariance function

K(s,t) = EBYBY — %(t?H b i sP), st 0.1)

The fBm B coincides with the standard Brownian motion at H = %, but oth-
erwise differs from it in many ways, including path regularity, dependence range
of the increments, etc. The diversity of properties makes it an interesting mathe-
matical object as well as a powerful modeling tool in a variety of applications (see,
e.g., |9], [55]).

The interest in the process (3.1) was triggered by P.Cheridito’s paper [16], where
the author discovered a curious change in the properties of X occurring at H = %. It
turns out that X is a semimartingale in its own filtration if and only if either H = %
or H € (%, 1} and, moreover, in the latter case, the probability measure x4, induced
by X on the measurable space of continuous functions C([0, 7)), is equivalent to the
standard Wiener measure p'.

Since BY is not a semimartingale on its own, unless H = % or H = 1, this
assertion means that B can be “regularized” up to a semimartingale by adding to
it an independent Brownian perturbation. In [16] this fact is discussed in the context
of the option pricing problem from mathematical finance and arbitrage opportunities
on non-semimartingale markets (see also [17]). A comprehensive survey of further
related developments in finance can be found in [7]. Besides being of interest to
finance community, the result in [16] also led to a number of elegant generalizations
and alternative proofs, some of which are briefly recalled in Section 2.3 below.

Our objective is to develop the basic toolbox for analysis of the mixed fBm,
based on the filtering theory of Gaussian processes. The main ingredient is the so
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called fundamental martingale, whose natural filtration coincides with the filtration
generated by the process X, and with respect to which, X can be represented as
a stochastic integral and vise versa. For more general additive models driven by
the mixed fBm this notion naturally generalizes to fundamental semimartingale and
leads to the Girsanov type change of measure (Theorems 3.1 and 3.7 and Corollaries
3.2 and 3.8).

Using our approach we give a new direct proof of the aforementioned Cheridito’s
regularization theorem, which besides establishing the already known semimartin-
gality and equivalence properties, also yields a representation of the mixed fBm
as a diffusion type process in its own filtration and a formula for the correspond-
ing Radon-Nikodym derivative. Counterparts of these results are also derived for
H < i, in which case uX was shown equivalent to the measure induced by B by
H. van Zanten in [74] (Theorem 3.3).

Another area of potential applications is statistical analysis of models, driven
by mixed fractional noises. To demonstrate the ideas, in this paper we consider
only the basic linear regression setting and show how the Maximum Likelihood
Estimator (MLE) can be defined and studied in the large sample asymptotic regime
(Theorem 3.4).

The rest of this chapter has the following structure. Our main results are de-
tailed in the next section. Some frequently used notations and auxiliary results are
gathered in Section 3 and the proofs appear in Sections 4 to 7.

2 The main results

Let FX = (FX) and F = (F;), t € [0,T] be the natural filtrations of X and (B, BT)
respectively and consider the filtering process

M, = E(B,|F*), te][0,T). (3.2)

Since B is an F-martingale and F;X C F;, the process M is an F*X-martingale.
Remarkably, M encodes many of the essential features of the process X, making its
structure particularly transparent. As shown below, M and X generate the same
filtrations and can be expressed as stochastic integrals with respect to each other.
More precisely, M admits the representation:

M, = /tg(s,t)dXs, (M), = /tg(s,t)ds, t>0, (3.3)

where the kernel g(s,t) solves integro-differential equation
d t
g(s,t) + Hd_/ g(r,t)|s —r|*tsign(s —r)dr =1, 0<s<t<T. (3.4)
S Jo

The family of functions {g(s,t),0 < s < ¢t < T} plays the key role in our
approach to analysis of the mixed fBm.

The equation (3.4) is uniquely solved by g(s,t) = % and g(s,t) = 1/(1 +t) for
H = % and H = 1 respectively and for other values of H can be rewritten as a
simpler integral equation with a weakly singular kernel, whose precise formula is
determined by the range of H. A particularly neat form is obtained for H > %, as

elaborated in the following subsection.
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2.1 Mixed fBm for H > %

For H in this range, the derivative and integration in (3.4) can be interchanged and
it takes the form of integral equation:

¢
g(s,t) + H(2H — 1)/ glr,t)|r —s*"2dr =1, 0<s<t<T. (3.5)
0

It will be convenient to extend definition of g(s,t) to the domain 0 <t < s < T by
setting

g(s,t):=1—H(2H — 1)/0 g(r,t)|r — s|*#2dr, (3.6)

so that g(s,t) satisfies (3.5) for all s,t € [0,T].

For H € (3,1] the kernel x(s,r) :== H(2H —1)|r—s|*72, s, € [0, T] has a weak
(integrable) singularity on the diagonal. In this case the equation (3.5) is well known
to have unique continuous solution (see, e.g., [72|), which satisfies various regularity
properties, implicitly required by our results and elaborated in the course of the
proofs. For example, the derivative g(s,t) = %g(s,t) explodes at the endpoints of
the interval [0, ¢] but, nevertheless, belongs to L*([0,¢]) if H > 3/4 (Lemma 3.4).

Though this equation reduces to a particular instance of the Riemann bound-
ary value problem (see, e.g., [58]), its solution does not admit an explicit form.
Nevertheless, it can be efficiently approximated numerically (see, e.g., [73]).

Along with the function g(s,t), let us define

R(s,t) = z((jg (s, 1) = %g(s,t), . (3.7)
and .
G(s,t) :=1— (5.5) /0 R(r,s)dr, 0<s<t<T. (3.8)

As we show below g(¢,t) > 0 for all ¢ > 0 and the functions in (3.7) and (3.8) are
well defined. The following theorem summarizes a number of useful representation
formulas:

Theorem 3.1. The FX-martingale M, defined in (3.2), satisfies (3.3) and

t
an = [ gs.9)is (39)
0
where g(s,t) is the unique solution of equation (3.5). Moreover,
t
X, - / Gls,t)dM,, te[0.T], (3.10)
0

with G, defined by (3.8), and, in particular, F* = FM, P-a.s. for all t € [0,T].

The equality in (3.9) suggests that the martingale M admits innovation type
representation, which can be used to analyze the structure of the mixed fBm with
stochastic drifts and to derive an analogue of Girsanov’s theorem:
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Corollary 3.2. Consider a process Y = (Y;) defined by
t
Y, = / f(s)ds+ X, te0,T), (3.11)
0

where f = (f(t)) is a process with continuous paths and E fOT |f(t)‘dt < 00, adapted
to a filtration G = (G,), with respect to which M is a martingale. Then Y admits
the representation

t
Y, :/ G(s,1)dZ, (3.12)
0
with G, defined in (3.8), where the process Z = (Z;)
t
7, = / g(s.0)dY,, e[0T
0

1s a G-semimartingale with the Doob— Meyer decomposition

Zy = M + /t O(s)d(M)s, (3.13)
where p .
d(t) = a0, /0 g(s,t)f(s)ds. (3.14)

In particular, FY = FZ, P-a.s. for allt € [0,T] and, if

E exp {— /OT d(t)d M, — %/T (I)Q(t)d(M>t} =1,

0

then the measures pu* and p¥ are equivalent and the corresponding Radon-Nikodym
derivative is given by

Z&L_;(Y) — exp {/OT O(t)dZ; — % /T <T>2(t)d<M>t} , (3.15)

where &(t) = E(O(t)|FY).

Remark 7. The choice of the filtration G is obvious in typical applications. For
example, in filtering problems f(t) plays the role of the unobserved state process and
X is interpreted as the observation noise. If the state process and the noise are
independent, the corollary applies with G, = Ef v FX.

If f(t) is a function of Yy, then (3.11) becomes a stochastic differential equation
with respect to the mized fBm X . In this case, f(t) is adapted to F~ itself and hence
the natural choice is G, := F:X. For example, f(t) := 0Y; with 6 € R corresponds to
the mized fractional Ornstein— Uhlenbeck process:

t
Ytze/ Yids+ X,, te[0,T). (3.16)
0

Remark 8. Equality of the filtrations F~ and F™ means that the information
contained in X 1is preserved progressively in M. Therefore, following the terminology
of [56], [45] and [37], M merits to be called a fundamental martingale associated
with the mixed fBm X. Similarly, Z is a fundamental semimartingale associated
with the process Y .
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2.2 Mixed fBm for H < %

In this case the derivative and integration in (3.4) are no longer interchangeable, but
nevertheless it can still be reduced to a weakly singular integral equation (Theorem
3.5). Being somewhat more involved, the details are deferred to Subsection 5.2
below, where Theorem 3.1 and Corollary 3.2 are generalized to all H € (0, 1].

Instead let us briefly describe an alternative “indirect” approach, which can also
be used to derive results analogous to those in the previous subsection. The trick is
to transform X into

t
Xt_/ (s, )dX,, te 0,7,
0

where the kernel p(s, t), whose explicit formula appears in (3.59) below, is such that
the process

t
Bt:/ p(s,t)dB,
0

is a standard Brownian motion. The main point of this transformation is that the
Gaussian process

t
Ut :/ ﬁ(s,t)st
0
has covariance function with integrable partial derivative:
2

~ 0° _~ ~ _ sAt
R(s,t) = @EUSUt = |t — sy (S \/t) ,  SF#U, (3.17)

where x(-) is a continuous function, specified in (3.60). Therefore the process X =
B+ U with H < % has the structure, similar to the original process X with H > %

In particular, the martingale ]\Z = E(§t|}"f~( ) admits the representation
—~— t ~
A / s )X, te[0.T] (3.18)
0
where g(s,t) satisfies the weakly singular equation (cf. (3.5)):
t
g(s,t) +/ gr,t)k(r,s)dr=1, 0<s<t<T. (3.19)
0

It can be shown that all three processes X, X and M generate the same filtrations
and thus the martingale M is also fundamental. Moreover, it turns out that the
original martingale M, defined in (3.2), and the martingale M can be represented
as stochastic integrals with respect to each other. In fact, both are generated by the
same innovation Brownian motion (see Lemma 3.10). Analogs of Theorem 3.1 and
Corollary 3.2 can now be readily obtained, using the same techniques as in the case
H >  (see Subsection 5.1 for the details).

2.3 Semimartingale structure of X

As mentioned above, P. Cheridito showed in [16]| that X is a semimartingale in its
own filtration if and only if H € {1} U (2,1] and, moreover, p* ~ pV for H > 2.

2. THE MAIN RESULTS o7



CHAPTER 3. STOCHASTIC ANALYSIS OF MIXED FRACTIONAL BROWNIAN
MOTION

This statement is evident for H = %, for which X is just a sum of two independent
Brownian motions. It also holds by a simple argument for H € (O, %) Indeed, as
is well known, the p-power variation of B is finite and positive for p = % (see,
e.g., Section 1.8 in [55] for precise definitions and related results). Hence for H < %,
the quadratic variation of B and thus also of X is infinite, preventing it from
being a semimartingale and, a fortiori, from being equivalent to B. A more delicate
argument is required for H € (%, 1}, since in this range the quadratic variation of
BY vanishes, and consequently X has the same quadratic variation as B.

To show that X is not a semimartingale for H € (%, %], the author first argues
in [16] that X cannot be a semimartingale if it is not a quasimartingale, i.e. does
not satisfy the property

n—1

supZE ‘E(th+1 — th}Fé_()‘ < 00
T =0

where 7 is the set of all finite partitions 0 = t, < t; < ... < t, = T. Then he
shows that the above sums are unbounded for H € (3, 2] on the sequence of uniform
partitions.

The equivalence of X and B for H > % and the consequent semimartingale prop-
erty of X are shown in [16]| using the Hida-Hitsuda [29] criterion for equivalence of
measures in terms of the relative entropies between the restrictions of these measures
to finite partitions.

F. Baudoin and D. Nualart |6] noticed that the Hida-Hitsuda criterion actually
applies in the more general setting and showed that the process X := B+ V', where
V' is a centered Gaussian process with covariance function K, is equivalent to a
Brownian motion, if 8?K/0s0t € L*([0,T]?). In particular, for V; := B[ this
partial derivative is square integrable for H > 3/4, confirming the result in [16].

The next extension of Cheridito’s result is due to H. van Zanten |74, 75|, who
addresses the question of equivalence of a linear combination £ = Y, axB#* of n
independent fBm’s with the Hurst exponents H; < ... < H, and nonzero constants
Qq, ..., ap, to a single fBm. Using spectral techniques for processes with stationary
increments, van Zanten shows that X and oy B are equivalent if Hy — H; > %n and,
conversely, if X is equivalent to a multiple of an fBm, then it must be equivalent to
oy B™ and Hy, — H, > %. The Radon-Nikodym derivative between the measures is
given in [74] in terms of certain reproducing kernels, but the author points out that
it might be hard to obtain more explicit expression (see remark (iii) on page 63).
Also the results in [74] do not imply semimartingality of X.

The following theorem gives a representation of X as a diffusion type process in
its own filtration and a formula for the Radon-Nikodym derivative in terms of the
solution of equations (3.5) and (3.19):

Theorem 3.3.
1. The process X defined in (3.1) is a semimartingale in its own filtration if and
only if H € {%} U (3, 1]. For H € (%, 1], X is a diffusion type process:
t
X, =W, —/ ou(X)ds, [0,
0
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where .
1
Wt:/ —dM, (3.20)
0 9(

s,8)

t
is an FX-Brownian motion and p;(X) = / R(s,t)dXs, with R(s,t) defined
0

n (3.7). Moreover, the measures u* and p"v are equivalent and

%(X) = exp {— /OT e (X)dX; — %/OT gof(X)dt} .

2. The measures X and uBH are equivalent if and only if H < % and
d'uX T " — — 1 T — -
——m(X)=expy— [ @(X)dX;— 5 [ @(X)dtp, (3.21)
dp 0 2 Jo

where ¢ (X) = /t R(s,t)dX,, R(s,t) = :gi(
(3.19). ’

and g(s,t) is the solution of

2.4 Drift estimation in mixed fractional noise

As another application, we consider the problem of construction and large sample
asymptotic analysis of the Maximum Likelihood Estimator (MLE) of the unknown
drift parameter of the mixed fBm. Let

Y; =0t + BB, +aBf!, t€]0,T] (3.22)

where 3, a and H are known constants and B and B are standard and fractional
Brownian motions respectively. It is required to estimate the unknown parameter
6 € R, given the sample Y7 = {Y}, t € [0,7]}. While various reasonable estimators
can be suggested for this purpose, the MLE is traditionally of a special interest due
to its well known large sample optimality properties. Sometimes the performance of
MLE is considered as a benchmark for estimators with simpler structure, such as,
e.g., least squares estimator, and an explicit formula for the asymptotic variance of
MLE often comes handy.

The problem of constructing the MLE is elementary in the case a = 0, i.e. in
absence of the fractional component. In the case of purely fractional noise, i.e.
when 5 = 0, it was solved in [45]. Parameter estimation in models with mixed fBm
such as (3.22), was considered in the recent monographs [55] and [61], where the
construction of the MLE for 6 appears as an open problem (see Remark (iii) page
181 in [61] and the discussion on page 354 in [55]). The following theorem aims at
filling this gap (w.l.o.g. @ = =1 will be assumed hereafter).

Theorem 3.4. The MLE of 6 is given by

R (s,T)dYs
QT(Y) fO
fo (5,7 ds’
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where the function g(s,T), s € [0,T] is the unique solution of equation (3.4) with
t:=T. For H € (0,1) this estimator is strongly consistent and the corresponding
estimation error is normal

. 1
Or—0~N|0,——— |, 3.24
' ( fng<3aT>dS> ( )

with the following asymptotic variance:

1. for H > %,
. 2HT(H + $)I'(3 — 2H)
: 2-2H _ 02 2
lim T 2E(fr — 0) sy , (3.25)
where I'(+) is the standard Gamma function.
2. for H < %,
lim TE (6 —6)" = 1. (3.26)

T—o0

Remark 9. The constant in the right hand side of (3.25) coincides with the asymp-
totic variance, obtained in [45] for the problem of estimating the drift 6 from the
observations with purely fractional noise:

Y, =0t+ B tecl0,T]

Hence either the Brownian or the fractional Brownian component is asymptotically
negligible for H > % and H < % respectively.

Remark 10. The fundamental martingales M and M , introduced above, are also
expected to play a key role in the statistical analysis of models more general than
(3.22), such as, e.g., the mized fractional Ornstein— Uhlenbeck process (3.16). The
progress in this direction will be reported elsewhere.

3 Notations and Auxiliary Results

3.1 Notations

Throughout we assume that all the random variables are supported on a complete
probability space (2, F,P). We will frequently use the constants

B 1 _ 2HT(H + 3)T'(3 — 2H)
CHT(G—H)(H+L) T T - H)

2
1 > g
2
N .
P CH(Q )2—2}1

CH
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For a measurable function f on [0,7] and ¢ € [0, 7], we define
d t
Ky(s,t) = —2Hd—/ F)yrf=2(r — )20 0<s<t,
S S
and

Qs(s) = %/ Fr)yr2 (s — )2 Har 0<s<t.
0

These operators are readily related to the Riemann—Liouville fractional integrals
and derivatives (see [67]). The respective inversion formulas are

f(s) = —cHs%Hd% / t Ki(r,t)(r — s)2 dr, (3.27)

and
1 d s 1
f(s) = 2HcHsH_2£/O Qs(r)(s — )" 2dr, (3.28)

where the equalities hold almost everywhere.
Following the notations of [35] and [59], define the space

1 t 2
Af 2= {f : [0,¢] = R such that / (s%’HKf(s,t)> ds < oo},
0
with the scalar product

2—2H
AH

(.0) g = /0 S (54K (5, £)ds. (3.29)

and the inclusion L*([0,t]) C Af 2 holds. This inclusion fails for H < 1 (see
Remark 4.2 in [59]).

For any H € (0,1) and ¢,v¢ € L*([0,t]) ﬂAf_%, the following identity holds

/ o(s)Y(s)ds = CH/ Ky(s,t)Quy(s)ds. (3.30)
0 0
Recall that for 0 < o, < 1

r Cils =t b8  a+p8>1
/0 ls —r|~%|r —t|Pdr < Cglog‘s—iftl%-C'g a+pB=1 (3.31)
Cy a+p<1
Here and below C;, ¢;, i = 1,2, ... stand for constants depending only on H and T,

whose precise values are of no importance, often changing from line to line.
For H > %, define

k(s,r):= H(2H — 1)|r — s|2H_2.
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T
This kernel is weakly singular, in the sense sup / k(s,r)dr < co. We will denote
s€[0,7] Jo

by k™, m = 1,2, ... the m-th iteration of the kernel «, that is, x(!)(s,t) = x(s, 1)
and

t
KM (s,t) = / MY (s, ) k(r, t)dr, m=2,3, ...
0

By (3.31), for H > 3, (m)( t) € L*([0,¢]) for m > 4= and, moreover, /4( )(-,t) €
C([0,t]) for m > 5z—. Similar relations hold for the kernel k with H < 3, defined
in (3.17).

3.2 DMartingale representation lemma

For the reader’s convenience, let us briefly recall some relevant properties of the
integrals with respect to fBm. For the simple function of the form,

u) = kalue[uk,uk+1)7 freR, O0=u <uy <..<ug=t,

the stochastic integral with respect to B is defined as

/f )dBY = ka s — Buy)-

_1
Since simple functions are dense in Af ? (see Theorem 4.1 in [59]), the definition

of fo s)dBH extends to f € A : through the limit

/f ydB —hm/ fn(s)dBX,

where f,, is any sequence of simple functions, such that lim, || f — f"”AH’% = 0.
t

Moreover, for f,g € Affa, cf. (3.29),

t t 2_9H t
E/0 f(s)dBf/O g(s)dB = N /031_2HKf(S,t)Kg($,t)dS. (3.32)

For H > 1/2, the formula in the right hand side of (3.32) simplifies to

E /0 t f(s)aB? / s)dBH = / / f(r)g(s)k(r, s)drds. (3.33)

It turns out however (see Section 5 of [59]), that for H > $ the image of Af{_%
under the map f — fo s)dB is a strict subset of SDp, t](BH ), the closure in
L*(Q, F,P) of all possible linear combinations of the increments of B. In other
words, some linear functionals of B¥ cannot be realized as stochastic integrals of the
above type and thus the representation of M as a stochastic integral is not entirely
evident at the outset.
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Lemma 3.1. Letn be a Gaussian random variable, such that (n, Xy), t € [0,T] forms
1

a Gaussian process. Then there exists a unique function h(-,t) € L*([0,t]) ﬂAf{_E,
such that

t
E(n|FX) = En+/ h(s,t)dX,, P —a.s.
0
Proof. Following the arguments of the proof of Lemma 10.1 in [7] let t; = ti/27,
i =0,..,2" and F, = o{Xy, — X;,_,,4 = 1,...,2"}. Then FY 7 F¥ and by

martingale convergence

imE(n|FY,) =EnF), P-—as. (3.34)

Since E(n|F;},) are uniformly integrable, this convergence also holds in L*(2, P).
By the normal correlation theorem,

E(n|F, 15377+2h11 .}

with some constants h]' ;, 7 =1,...,2". Define

on

= Z h?,l 156[ti—1 i)
=1

then . .
E(n|ft{;) :En+/ hn(s,t)st—i—/ (s, t)dB,
0 0

and

B(E(IFY) ~ E(IF,)) =
/Ot (Ba(s,t) — hum(s, t)) ds +

Since the convergence (3.34) holds in Ly (€2, P),

2—2H

N)\»—t

H(K,, — K, )(s, t)>2ds.

2
hm sup (||hn — hll2 + ||hn — hm||AH ) < hm sup E( (77|.7-"t)2) —E(n|ffm)> =0,

m>n t m>n

and, by completeness of Ly ([0, t]), there exists a function h(-,t) € L*([0,¢]) Afl_5,
such that lim,, ||h — h,||e = lim,, ||h — h”HAH‘% = (. The claimed representation now

follows, since
t t 2
E<E(77IEX)—E77— | #istan- [ h(s,t>dBf) <
0 0
X X 2 ! 2
3B (E1FY) = BIFS) +3 [ (ha(s.t) ~ his0)dst
0

+3/Ot(é MK, — Kp)(s, )) ds 2% 0.

The uniqueness of h is obvious. O
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3.3 The equation (3.4) and its alternative forms

In this subsection we verify the representation (3.3) and explore the associated
equation (3.4), rewriting it in a number of convenient alternative forms.

Theorem 3.5. The representation (3.3) holds with g(s,t), s € [0,t] being the
unique continuous solution of the following equations:

i. for H € (0,1], the integro-differential equation (3.4)

it. for H € (0,1), the fractional integro-differential equation

crQq(s) + 2:\—2HKg(s,t)sl_2H =cyQi(s), s € (0,1 (3.35)
H

ii. for H € (3,1], the weakly singular integral equation (3.5)

. for H € (0, %), the weakly singular integral equation

t
9(s.0)+ But ™" / g0 (5.7 ) dr = ens 2 (=) s € [o0,1),
(3.36)
with the kernel

1
R(u,v) = (uv)l/Q_H/ e (- u)_l/z_H(r — )"V gy (3.37)

Vo

Proof. By Lemma 3.1, applied to n := M, a function h(-,t) € L%[O,t])ﬂ/\fj

exists, so that

t
M, = E(By|F¥) :/ h(s,t)dX,, P —a.s.
0

To verify the representation (3.3), we have to check that h(s,t) uniquely solves each
one of the equations in (i)-(iv). To this end, we will argue that h(s,t) satisfies the
equation from (ii) for almost every s € [0,¢]. Then we show that this equation
reduces to (iii) for H > $ and to (iv) for H < 3, which are well known to have
unique continuous solutions and therefore h(s,t) must satisfy (ii) for all s € [0, ¢].

Finally we will argue that (ii) and (i) share the same solution.

_1
For any test function ¢ € L*([0,]) ﬂAf{ 2, the orthogonality property of the
conditional expectation implies

0=E <Bt - /Ot h(s,t)dXs> /Ot p(s)dX,s =

t t 2_2H t
/ o(s)ds — / pls)h(s, t)ds — 2 SR (5 ) K (s )ds = (3.38)
0 0 H 0

/t K¢(S,t) (CHQl(S)dS — CHQh(S,t) — %Slﬂql(h(s,t)) dS,
0
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where we used the identity (3.30). Since ¢ can be an arbitrary differentiable function,
h(s,t) satisfies (3.35) for almost all s € [0, ¢].

Applying the transformation (3.28) with H > 1 to equation (3.35), a direct
calculation shows that h(s,t) satisfies (3.5). This weakly singular equation is well
known to have unique solution (see, e.g., [72]), continuous on [0, ¢]. Since the trans-
formation (3.28) is invertible, (s, t) is also the unique continuous solution of (3.35)
for H > 1.

Similarly, for H < %, applying the invertible transformation

¢

) _dis (r — s)Y2~Hp2H=Ly (1) dr (3.39)

to (3.35), it can be seen that h(s,t) satisfies (3.36).
Changing the integration variable in (3.37) to x :=

l—vr—u

u—v1—r W° get

Rlu,v) = lu—v| M (u,v), wu,ve(0,1),

with

p— b: .
“ l—u/\l—v7 l—u 1—w

For H < 3 the function M(a,b) is bounded and thus &(u,v) is a weakly singular
kernel. Moreover, since the right hand side of (3.36) is a continuous function for
H < %, this equation has a unique solution, continuous on [0,¢]. This completes the
proof of (iv) and, in turn, of (ii).

Further, the identity (3.40) from Lemma 3.2 below and the orthogonality prop-
erty (3.38) imply

t ¢ 2—2H [!
0 :/ o(s)ds — / ©(s)h(s,t)ds — / slszKh(s,t)Kw(s,t)ds =
0 0 AH 0

/ot p(s) (1 — h(s,t) — H% /Otg(h B)ls — """ sign(s - T)dr> o

The assertion (i) follows, in view of arbitrariness of ¢ and unique solvability of
(3.35).
Finally, for t € [0, 7],

(M), = EM2 = B(M,B,) — E<Bt /0 t g(s,t)dXs) _ /O (s 1)ds.

]

The following lemma proves the identity, we used in the proof of Theorem 3.5:

Lemma 3.2. For any 6,0 € L*([0,£]) A, 2

2—2H
A

t
/ S (6 1) Ky (s, 1) ds —
0

t d [ S ) —uw)dudr
H/O gb(r)%/o (u)|r — ul sign(r —u)dudr (3.40)
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Proof. For H > 3 the identity (3.40) follows directly from (3.32) and (3.33). To
prove it for H < %, let us first show that
d [ 2—-2H
— | s - T)l/Q*HLd,(T, t)dr = ————s'""H K, (s,1), (3.41)
ds Ancn

d t
where Ly(7,t) := Hd_/ Y(u)|T — u|*" tsign(r — w)du. To this end,
T Jo

/ T2 (s — ) A Ly (7, t)dr =

—H/ U(u / 1/2’H(3 — 7')1/2’H) |7 — ul"tsign(t — u)drdu L
2H 2 — —1/2)
S w( \dr ( /2) / D)= 1/2/ 1=2H (o VH=32 gy —
CHAH 0
_/ G(r)dr — 2H / D)t 1/21- 2H (. S)H—l/er_’_
2H(2—2H)(1 —2H)
/w rf- 1/2/ - (r—v)H’l/dedr,
CH)\H 0

where the equality t holds by Proposition 2.1 from [56] and the other two equalities
hold by integration by parts. The identity (3.41) is obtained by taking the derivative
of both sides.

The formula (3.40) now follows from (3.41):

22H

/ Ky(s,t)Ky(s, t)s'2Hds =
cH(1/2 - H) / K¢(s,t)/ (s — 1) VZHLAZEHE (1 )drds =
0 0
e (1/2 — H) / Loty / (s — )V (s, 1)ds =
/ Ly(m,t)p(T)dr = H/ o(r o /Otw(u)]r —u|*"sign(r — u)dudr,
where we used (3.27). O

3.4 The integral equation (3.5) with H > 1

In this section we derive several useful properties of the family of solution {g(s,?) :
0<s<t}, te0,T) of the equation (3.5), assuming H > 1.

Properties of g(s,t) on the diagonal
Lemma 3.3. The function g(t,t), t € [0,T] satisfies the properties:

i. g(t,t) is continuous on [0,T] with g(0,0) := lim; 0 g(t,t) =1

ii. g(t,t) >0 for allt € [0,T].
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iii. for allt € [0,T],

/Otg(s,t)ds - /Ot ¢(s, s)ds. (3.42)

Proof. (i) Let ng be the least integer greater than —=— and note that x("0)(-,t) €

L*(]0,t]). Tterating the equation (3.5), we get

glt,t) =1+ Z / ™ (r, t)dr + (—=1)™ /Ot k00 (1, 8)g (1, t)dr

and

1/2

gt —1] < &, nozlt@ff Hm ( /0 (x (”0)(r,t))2dr> v ( /O t gZ(T,t)dr) - (3.43)

Multiplying (3.5) by ¢(s, t), integrating and using positive definiteness of the kernel

K, we get
1/2

¢ ¢ t
/ g*(s,t)ds < / g(s,t)ds < t'/? (/ g2(s,t)ds> :
0 0 0

that is, (fo s, 1) ds) < /2. Plugging this back into (3.43) gives lim,_,q g(¢,t) =

1. Continuity of g(t,t) on (0, T follows from continuity of r +— g(r,¢) for all r € [0, ¢]
and differentiability of g(r,t) in t for any r € (0,t), guaranteed by Lemma 3.4 below.

(ii) The function g(s,t) is differentiable at s € (0,t) (see, e.g., [72]). Letting
0
g'(s,t) := 55 (s,t) and taking the derivative of (3.5), we obtain
s

§(s,1) = —g g (. $)dr = _% (/t_sg(u + S,t)/i(u,())du) _

S Jo —s

-/ (0 Ol s)dr + 9(8,8) (w(s.8) — w(5,0)),

where we used the obvious symmetry g(t — s,t) = g(s,t) and g(t,t) = ¢(0,t) in
particular. Now suppose ¢(t,t) = 0 for some ¢ > 0. Then

g'(s,1) +/0 g (r,t)k(r,s)dr =0, se€l0,t].

This equation has the unique solution ¢'(s,t) = 0, i.e., g(s,t) is a constant function.
But since g(t,t) = 0, it follows that g(s,t) = 0 for all s € [0,¢], which contradicts
(3.5). Hence g(t,t) # 0 for all t > 0 and, in fact ¢(¢,t) > 0, as ¢(0,0) = 1.

(iii) Next, multiplying (3.5) by g¢(s,t) and integrating we obtain

/Ot g*(s,t)ds + /Otg(s,t) /Otg(r, t)k(r, s)drds = /Otg(s,t)ds

3. NOTATIONS AND AUXILIARY RESULTS 67



CHAPTER 3. STOCHASTIC ANALYSIS OF MIXED FRACTIONAL BROWNIAN
MOTION

and hence
t

d t
pr g(s,t)ds = g*(t,t) + 2¢(t, t)/ g(r, t)k(r, t)dr+
0 0

Q/Otg(s,t) (g(s,t)+/0tg(7’,t)/§(r, s)dr) ds —

g2 (t,t) + 2¢(t, t)(l - g(t,t)) +2 /Otg'(s,t)ds —
— g% (t,t) + 2 (g(t,t) + /Ot g(s, t)ds) = —g2(t, 1) + 2% /Otg(s,t)ds,

This implies g*(t,t) = & fo t)ds and in turn (3.42).

0
Properties of g(s,t) = Eg(s,t)
Lemma 3.4. The solution g(s,t) of (3.5) satisfies the following properties

i. g(s,t) is continuously differentiable att € (0,T] for any s > 0, s # t;

0
1. the derivative g(s,t) := s,t) satisfies the equation
ot

g(s,t) +/0 g(r,t)k(r, s)dr = —g(t, t)k(s,t), s € (0,t), t > 0. (3.44)

. g(-,t) € L*([0,t]) for H > 3/4.

Proof.
(i) The function g:(u) := g(ut,t), u € [0,1], t > 0 satisfies the integral equation

g¢(u) + t2H_1/0 gi(v)k(u,v)dv =1, u€|0,1].

This equation has a unique continuous solution for any ¢ > 0 (see [72]) and in
terminology of [64], any point A := t?7~! is regular. Since for H > 1/2 the kernel
belongs to L;([0,1]), the corresponding operator maps L?([0, 1]) into itself (see, e.g.,
Theorem 9.5.1 in [22]). It follows from, e.g., Theorem on page 154 in [64], that
the solution g¢;(u) is analytic at ¢ > 0. By [72] the solution g;(u) is continuously
differentiable at u € (0,1) and hence the function g(s,t) = g;(s/t) is continuously
differentiable at ¢t > 0 for any s € (0,¢) and also for any s > t by the extension (3.6).

(ii)) The equation (3.44) is obtained by taking the derivative of both sides of
(3.5).

(iii) Multiplying (3.44) by ¢(s,t), integrating and using positive definiteness of
the kernel k, we get

/Ot §*(s, t)ds < —g(t,t) /Otg'(s,t)/q(s,t)ds <0 (/Ot gz(s,t)ds) 1/2 (/Ot S4H_4d3) 1/2.

The right hand side is finite for H > %, which completes the proof.
m
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Additional properties of g(s,t)

In this subsection we derive several properties, related to invertibility of the integral
transform with the kernel ¢(s,t), needed in the proof of (3.10).

Lemma 3.5. The function R = {R(t, s), 0 < st < T}, defined in (3.7), satisfies
the equation

¢
R(s,t) —i—/ R(r,t)k(r,s)dr = —k(s,t) s,t€0,T], s #t, (3.45)
0
and the identity
¢
R(s,t) — R(t,s) = / R(s,7)R(t,7)dr, s<t. (3.46)

Proof. The equation (3.45) follows from the definition of R and Lemma 3.4. To
prove (3.46) we will use Krein’s method of solving integral equations on a finite
interval. Let y(s,t) satisfy the equation

y(s,t) +/0 y(r,t)k(r, s)dr = ¢(s,t), s € (0,1),

where ¢(-,t) is an integrable function. Then

y(s. 1) = Fs,0)g(s,5) + / ' F(r0)g(s,7)dr. (3.47)

where g is the solution of equation (3.5) and

1 d

RO

/OT g(s,7)p(s,t)ds. (3.48)

For the solution of (3.45), the formula (3.48) reads

1 o [T - 0 ) — g
_g2(T,T)E/O g(r, 7)(r, t)dr = g*(1,7) 0T <1 gt )> g3 (1, 7)’

and applying Krein’s formula (3.47), we get

F(r,t) =

R(s,t) = j((i 3 + / g%((i?) i(s, 7)dr = R(t, )+ / R(s, 7)R(t,7)dr.

Singular perturbations

Analysis of the large sample asymptotic of MLE in Theorem 3.4 leads to a singularly
perturbed problem. Fix € > 0 and let g. be the solution of the equation:

égff)(u) —i—/o gé“’) (v)k(u,v)dv = p(u), u € 0,1], (3.49)
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where ¢ is a sufficiently smooth function. Let ¢(¥) be the solution of auxiliary
integral equation of the first kind

/O 9 () (u, v) dv = p(w). (3.50)

The unique solution to the this equation is given by an explicit formula, which is not
of immediate interest for our purposes. For example, in the special case of p =1,

M\»—‘

gV (s) = cys sz H (1—s)271 (3.51)

Clearly, gV € L2([0,1]) for H > 1.
As € decreases, the first term on the left hand side of the equation (3.49) disap-
pears and it degenerates to the equation (3.50). Hence the convergence gé“a) — g

as € — 0 should be expected. To this end, we have the following estimate:

Lemma 3.6. Let ¢)(u) be a function, such that g"¥) exists, then

<o ( /0 1 (g<¢>(u))2du> " < /0 1 (g(‘o)(u))Qdu)

Proof. The assertion of the lemma is trivial if either of the norms in the right hand
is infinite. Otherwise, ¢’ € L2([0,1]) and 4. := gt — ¢®) satisfies

+ /0 b (v) (v, u)dv = —£g) (u).

Multiplying by d. and integrating we obtain

5/01 62 (u)du + /01 /01 e (1) (v)K(u, v)dudv = €

and, in particular,
1 1
/ 62 (u)du < / g9 (w)d(u)du) .
0 0

On the other hand, by the Cauchy—Schwarz inequality,

< /01 (g("’)(u))zdu /01 62 (u)du

/Odg(u)dug/o (g(*”)(u))2du. (3.52)

The function ¢, also satisfies

egl?) /5 Jdv =0,
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1/2

/0 (49 (s) — g9 (5)) () ds

Y

/0 g(‘p)(u)és(u)du

2

/0 99 ()3 (u)

and hence
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and hence for any v such that ¢¥) € L2([0,1])

/01 Oc (u)h(u)du /01 de(u) /Olg(w) () (u, v)dvdu
/olgw)(v) /01 O (u)k(u, v)dudv
/01 g (u)o.(u)du + /01 9 (1) g (u)du

1/2

2 ( / 1 (g<w><u))2du) - ( / (g <u))2du) |

where we used (3.52). O

=&

1
/ ¢ ()9 (u)du
0

<

3

Remark 11. The statement of Lemma 3.6 is valid for any symmetric nonnegative
weakly singular kernel.

Remark 12. While the qualitative theory of integral equations with weakly singular
kernels is quite mature (see, e.g., [60], [13]), singular perturbations of such equa-
tions, somewhat surprisingly, have never been addressed so far. Most of the available
literature deals with singularly perturbed equations, whose kernels have mild discon-
tinuities (see [69] and the references therein).

If one fixes a function ¢ and thinks of ¢ as a test function in the above lemma, its
assertion can be interpreted as a particular type of weak convergence géw — g% as
e — 0. Such convergence is sufficient for the purposes of asymptotic analysis in the
regression problem of Theorem 3.4. However, preliminary calculations show that in
other problems, such as drift estimation of the mixzed fractional Ornstein— Uhlenbeck
process (3.16), stronger, pointwise limit is required. This type of convergence is
apparently much harder to obtain and progress in this direction will be reported else-
where.

4 Mixed fBm for H > %

4.1 Proof of Theorem 3.1

The representation (3.9) holds by Theorem 3.5 and

(M), = /Otg(s,t)ds = /Ot g*(s, 8)ds,

where the last equality holds by (3.42).

To derive the representation (3.10), we will show that X, := E(X,|FM) coincides
with X;, P-a.s. To this end, similarly to Lemma 3.1, there exists a square integrable
function H(s,t), s <t such that

t
Xt_/ H(s,t)dM,, t€0,T],
0
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and by the normal correlation theorem

1 0 1 0 B 0
H(S,t) = m&EXtMS = 92(5’3)% (/(; g(T,S)EEXterT) =
o ([ ot 1+/t (r,r)dr ) dr) £
92(3’5)83 ; g\r,s . R\T,T)aTt T =

1 a S t
14+ —— drdr =
+g2(s,s) (93/0 g(r, s)/o K(T,r)drdr

+ @ (g(s, s) /Ot/a(r, s)dr + /Ot /Osg(r, s)k(T, r)drdT) =
1 1 ¢

1‘%/0 9(7’8)‘“21_@/0 R(r,s)dr = G(s,1),

where the equality 1 holds by (3.42). To prove the claim we will show that
E(X, - X,)" = EX? - EX? = 0. (3.53)
Since Xy = Xo = 0, P-a.s., (3.53) holds if
92
Otds
By (3.9), the latter holds if

/OtAS G(r,t)G(r,s)d(M), = k(t,s), s<t.

G(s,t)G(s,5)g%(s,5) + /08 G(r,t)G(r,s)g*(r,r)dr = K(t, s). (3.54)

By the definition (3.8) and (3.42)

G(t,t)=1— ﬁ/{) g(s,t)ds =1— 92(1’75) (%/0 g(s,t)ds — g(t,t)) =

1, 1
gZ(t,t) (g (t7t> —g(t,t)) - Ma

and, since G(s,t)g(s,s) = —R(t,s), (3.54) reads

1—

—R(t,s) + /OS R(t,r)R(s,r)dr = k(t, s). (3.55)

Recall that the function R, satisfies the equation (3.45). Rearranging the terms,
multiplying by R(s,u) and integrating gives

/05 R(t,u)R(s,u)du + /05 k(t, u)R(s,u)du = — /OS /Ou R(r,u)R(s,u)x(r,t)drdu =

_ /0 | ( / " R(r,u) R(s,u)du) o, t)dr = — /0 5 (R(r,5) = B(s. 7)) (r, t)dr

where we used Lemma 3.5. The second term on the left hand side and the last term
on the right hand side cancel out and we get

/OS R(t,u)R(s,u)du = — /03 R(r,s)k(r,t)dr = R(t,s) + k(s, 1),

which verifies (3.55) and therefore (3.53), thus completing the proof. O
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4.2 Proof of Corollary 3.2

The representation (3.13) is obvious in view of (3.3) and the definition (3.14). To
prove the inversion formula (3.12) we should check that

/Otf(s)ds - /OtG(s,t)CI)(s) dM),, te[0,T]. (3.56)

Since this is a pathwise statement, no generality will be lost if f is assumed deter-
ministic. But for a deterministic f € L*([0,¢]) we have

t(/f 9an|7) = ( [ 0, )‘/tdu?@ (EM/f ja, ) das, =
[ i (B[ st [ soan, ). - [ o

and, using the representation (3.10), we obtain (3.56):

/Otf (s)ds = BX, /Ot f(s)dB, = EX, /0 B(s)aM, = /O (s, 1) B(s)d(M),.

The formula (3.15) follows from Theorem 7.13 in |?], once we check

T T
/ (1) d(M), = / ®*(1)g*(r,7)dr < 0, E —a.s (3.57)
0 0
and
T
E/ |®(7)| d(M), < 0. (3.58)
0
By the definition (3.14) and continuity of f

(r)g(r.7) = f(7) + / " R(s,7)f(s) ds,

where R is given by (3.7). Let mg be the least integer greater than 57— and define

mo—1

R(s,7) = R(s,7) — Z KM (s, 7).
m=1
Since R solves the equation (3.45), the function R is the unique solution of
R(s,T) —|—/ R(r,7)k(r, §)dr = —k™) (s, 7).
0

By the choice of my, the right hand side is a continuous function and hence R
is uniformly bounded. Consequently, |R(s,7)| < Ci|s — 7|*=2 with a constant C}

and
/OTR(S,T)f(S) ds| < (/O |R(s,7)| £2(s) ds)m (/OT|R(3,T)}ds)1/2 -

o/ C RG] (6) ) "
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where C2 = C sup fUT |s — 7|*H=2 ds. Hence
T€[0,T]

/OT O (1)g* (1, 7)dr < 2/0T fA(r)dr + 2/OT (/0 R(s,7)f(s) dS)QdT <

T T T T
2/0 f (T)dT+2C2/O f (5)/0 }R(S,T)‘des < 2(1+C2)/0 f2(r)dr < oo,

which proves (3.57). The condition (3.58) is verified similarly:

T

E/0T|<I>(r)\d(M)T < cgE/o |f(r)}dT+CgE/OT|f(s)}/OT]R(S,T)|dsdT <

T
Cy(1 + o;)E/ F()]dr < oo
0

where C3 := sup ¢(7,7). O
7€[0,T

5 Mixed fBm for H < %

5.1 Indirect approach

In this subsection we work out the details of the approach to analysis of the mixed
fBm for H < %, outlined in Section 2.2.

Properties of the process X
Consider the process
t
Xt = / ﬁ(s, t)dX57
0

where
t
p(s,t) = \/BH81/2_H/ T2 ) V2 e 0 <s<t. (3.59)

The process X admits the following decomposition:

Lemma 3.7. X = B + (7, where B is an F-Brownian motion and U is a centered
Gaussian process with the covariance function, satisfying

2

R(s,t) == 836tEUSUt_|t s| X(s\/t)’ s #t,
where
() = Bt 1L (1 u u) Cwe1, (3.60)
and

v 1-2H
L(v) = / p2H (] )2 (1 — z) dr.
0 v

Moreover, FX = FX, P-a.s. for all t € [0,T].
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Proof. 1t is well known (see, e.g., [56]), that the integral transformation with kernel
p(s,t), defined in (3.59), is invertible:

t
X, = / p(s,)dX,, e[0T, (3.61)
0

1 [2-2H )
p(s t) 2H A 51/2 HKl(S7t)

In particular, FX = FX, t € [0, 7).
Further, it follows from [56] that the process B, = [, p(s,t)dB! is an FB"
Brownian motion. Hence X = B + U with

where

. t
Ut = / ﬁ(S,t)dBS
0

Plugging in the expression for p(s,t), we get

2 N 2

_ 8 . SN\t _ _ sAt . N
— E = - g
/i(S,t) 95Ot UtUs 95Ot /0 P(T>S)p(7“a t)dT /O p<T7 8)[)(7’, t)d?",

where p(s,t) = 2 5(s,t) and we used the property p(s,s) = 0. The expression in
(3.17) is obtained by direct calculation, using the expression (3.59).
[

Properties of the equation (3.19)

For H < 1 the function x is continuous on [0,1] and hence the kernel %, defined
n (3.17), has a weak singularity. Consequently, the equation (3.19) has unique
continuous solution. All the results of Section 3.4, except for (ii) of Lemma 3.3,
have been derived without using the difference structure of the kernel x and hence
remain valid for g(s,t) with the obvious adjustments. The proof of (ii) of Lemma
3.3 requires a different argument:

Lemma 3.8. g(t,t) > 0 for all t € [0,T].

Proof. As before, we will show that the assumption g(¢,¢) = 0 for some t € [0, T
leads to a contradiction. To this end, changing the integration variable, the equation
(3.19) can be rewritten as

t/s
3.0+ [ gl =l 2 ) = 1
0

The solution g(s, t) is differentiable at s € (0,¢) (see [72]) with ¢'(s,t) := 2g(s,1)
satisfying

t/s
0= (st)+(1— 2H)S2H/ G(su, D)1 — ul "2y (u) du
0

t/s
N / ug' (su, t)|1 — u| " x(u)du
0
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where we used the assumption g(t,t) = 0. Multiplying by s and changing back the
variables, we obtain

sq'(s,t) —l—/o rg (r,t)R(r, s)dr = (2H — 1)(1 — g(s,t)). (3.62)

Multiplying (3.62) by g(s,t) and integrating, we get

15(t.1) :2H/Ot§(s,t)ds+(1—2H) /Otf(s,t)d5:2H/Ot§Q(s, §)ds+(1—2H) /Otﬁz(s,t)ds

where the last equality holds by (iii). By continuity of g(s,t), the latter implies
g(s,t) =0 for all s € [0,¢], which contradicts (3.19). O

The rest of the properties of g(s, t) are verified exactly as in the previous section:

Lemma 3.9. The solution g(s,t) of (3.19) satisfies the properties (i) and (ii) (with
r replaced by &) of the Lemma 3.4 and g(-,t) € L*([0,t]) for H < %.

~ The assertion of Lemma 3.5 remains valid with R(s,t) replaced by R(s,t) =
g(s, 1)

D)

=

The representation formulas

Corollary 3.6. The assertions of Theorem 3.1 and Corollary 3.2 hold with M,
g(s,t), G(s,t) and Y, replaced, respectively, by M = E(B,|FX), g(s,t), G(s,t)
(defined accordingly as in (3.8)) and

t
Yt:/ (s, 1)dY..
0

Proof. As explained above, the solution g(s,t) of (3.19) satisfies the same properties
as the solution g(s,t) of equation (3.5). Consequently the arguments, used in the
proof of Theorem 3.1 and Corollary 3.2 apply to the process X, rather than X
itself. O

5.2 The martingale M for H < %

The analysis of mixed fBm in the previous sections was based on different martin-
gales, depending on the range of H. For H > % it is natural to work directly with
the martingale M, since the general equations (3.4) and (3.35) reduce in this case
to the simpler integral equation (3.5). For H < %, a similar integral equation (3.19)

is obtained, if the martingale M from (3.18) is used instead.

In this subsection, we revisit the “direct” approach based on the martingale M
in the case H < % The obtained formulas involve single transformation with the
kernel g(s,t), rather than composition of two transformations with kernels p(s,t)
and ¢(s,t). This can be somewhat more convenient in statistical applications. For
H < 3 the equation (3.4) reduces to the integral equation (3.36), from which analogs
of Theorem 3.1 and Corollary 3.2 can be deduced directly.

Next lemma reveals that the two martingales are, in fact, closely related.
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Lemma 3.10. The martingales M and M are generated by the same innovation
Brownian motion N
t
dM
Wt:/ =
0 9(878)

and FM = FM P-a.s. t € 0, 7).
Proof. Recall that EM = F;%, P-a.s. and hence
o Ld(M, M), ~ P
AL:EMLUW):/ﬁj—éfLML::/q@MM;
0o d{M), 0
The assertion of the lemma follows, since

~ Ld(M, M), t d(M, M), ~ -
E(Mtu:t ):/O WC[MSI o QQES) <d<M>> q(s)dMy = M.

The structure of the martingale M for H < % and its relation to the process X
are elaborated in the following lemma:

Lemma 3.11. For H < i and t € [0,T],

MtZ/OP(S,t)an (M)t:/0p2(s,s)ds, (3.63)

where
2—-2H

sV2HE (s,1) (3.64)
Al

p(s,t) =

solves the equation (cf. (3.19))

! _ [2—-2H
p(s,t) + / p(r,t)&(r, s)dr = )\—51/2’}[, 0<s<t<T. (3.65)
0 H

Proof. The equation (3.65) is obtained from equation (3.35) by replacing g in the
first term with (see (3.27))

g(s,t) = —cpstT —/ K, rt)(r—s)’_Hdr—

—cH\/2 _H—/ (r,t)r r—s) ~Hr.
Indeed
/ L ad [t
1— 2H ——H_ H— oNi-nm _
cr@Qq(9) 2Hds/ —r)2 dr/r p(u, t)u (u 7") dudr =

A 1 t 1 1
%I 5 H (1/2— )/rl 2H( r)‘?‘H/p(u,t)uH_2(u—r)_2_Hdudr—

2 _ 2H sAu
52 2, | / u,t) By (su) H—3 / S - r)_%_H(u — r)_%_Hdrdu =
)\H 0
2—2H
s%_Hw/ / p(u, t)k(u, s)du
)\H 0
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where we used the definition (3.17) of K. The equation (3.65) follows, since

2—-2H
cpQi(s) = ————s'72H,

Al
Let us now prove the representation formulas in (3.63). Being the solution of weakly
singular equation (3.65), the function p(s t) is differentiable with respect to the first
variable and the derivative p/(s, t) = 2p(s,t) satisfies the equation

2 —2H
(1/2—H)s Y/27H,
Am

P(s,t)+ /0 t P (r, )7 (r, 8)dr = p(t, 1) (7{(3, £)— 7 (s, 0)) +

The right hand side is an integrable function and so is the derivative p'(s,t), s €
(0,%). The first identity in (3.63) now follows by integration by parts:

¢ ¢ t ot ¢
/ p(s, t)dXs = p(t,t)Xt—/ X.p/' (s, t)ds = / / P (r,s)p(s, t)dsdX, = / g(s,t)dX,,
0 0 0 Jr 0

where the last equality holds by direct calculation, using the definitions (3.59) and
(3.64).
The second identity in (3.63) is obtained, using the identity (3.30):

¢ 2—-2H
M), = / g(s,t)ds = ), s (s, t)ds =

2—-2H t
\/ / (s,t)s'/%~ Hds—/ *(s, 5)ds,
AH

where the last equality is verified as in (iii) of Lemma 3.3. O

The following theorem generalizes Theorem 3.1 to all H € (0, 1]:

Theorem 3.7. The FX-martingale M, defined in (3.2), satisfies (3.3) and

o) = [ (s 4 22 (0 ) s, (3.66)

H

where g(s,t) is the unique solution of equation (3.4) (or, equivalently, (3.35)). More-
over,

t
X, - / Gls,t)dM,, te[0.T], (3.67)
0
with
d /t( Ydr, 0<s<t<T (3.68)
G(s,t):=1————+ [ g(7,s)dT, <s<t<T, .
=0 =1, ),

where g(7,s) is defined as in (3.6) for 7 > s. In particular, F* = FM, P-a.s.
te0,T7.

Proof. The representation (3.3) holds for all H € (0, 1] by Theorem 3.5. For H > 3,

K,(s,t) = 2H(H — 1/2) / g V2 s)H32 g
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and hence K (t,t) = 0 for all ¢ > 0 and (3.66) reduces to the assertion (3.9) of
Theorem 3.1. For H < 3, the kernel &(u,v) in (3.36) satisfies &(u, 1) = #(u,0) = 0
and therefore ¢(t,t) = 0, t > 0 and (3.66) holds by Lemma 3.11.

Since, by Lemma 3.10, FM = FM = FX, P-a.s., it follows that X; = E(X;|FM),
P-a.s. and, similarly to Lemma 3.1, there exists a square integrable function G(s, t),
s < t such that

t
X, = E(X,|FM) :/ G(s,t)dM,, t€10,T).
0

By the normal correlation theorem

d

G(s,t) = a0,

EX, M,

and the formula (3.68) holds, since

EX, M, = / ) aa EX, X, dr = / g(r,s)dr + H/ g(r,s)(r*" "+ (¢ =) N dr =
0 0

/ / r,8)|r — 7[*" tsign(r — 7)drdr = (M), + /Ot(1 — g(7,5))dr.
[

Corollary 3.8. The assertion of Corollary 3.2 remains valid for all H € (0, 1].

Proof. Given the representation (3.67), the arguments from the proof of Corol-
lary 3.2 apply for all H € (0, 1] once we check (3.57) and (3.58) for H < %

Since the kernel in (3.37) is weakly singular, as in (i) of Lemma 3.4, the solution
g(s,t) of (3.36) is differentiable with respect to the second (forward) variable. Taking
the derivative of (3.35), we obtain

2—2H
cQy(s) + )\—Kg(s,t)sl_2H =0, 0<s<t<T,
H
where the identity g(t,t) = 0 for H < 4 was used. Applying the transformation
(3.39), a direct calculation reveals that ¢(s,t) satisfies the equation (cf. (3.44)):

t
.00+ Bt [ gl (5.5) dr =ple05(s,0), 0<s<t<T
0

where p(s,t) and p(s,t) are defined in (3.59) and (3.64) respectively. Since p(-, ) €
L*(]0,]) and the kernel & is weakly singular, (3.57) and (3.58) are now verified as

in Corollary 3.2.
O

6 Semimartingale structure of X:proof

Here we will prove the theorem 3.3.
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6.1 Proof of (1)

As mentioned in the introduction, B¥ and hence also X have infinite quadratic

variation for H € (0, %) Hence X is not a semimartingale in its own filtration

and a fortiori % and p" are singular. For H = % the statement of the theorem is
evident. Below we focus on the case H € (l 1].

Remark 13. The fact that X is not a semimartingale for H € (— —] implies singu-
larity of X and "V, but not vise versa. For the sake of completeness, we prove both
assertions directly, showmg how they stem from the same property of the kernel k.

Equivalence for H € (3, 1]
By Theorem 3.1

(M), = /Otg(s,t)ds = /Ot g*(s,s)ds, te€][0,T).

Hence by the Lévy theorem and Theorem 3.1, W = (W;), 0 < ¢t < T, given by
equation (3.20), is a Brownian motion with respect to . On the other hand,

M, = /t (s, 8)dX, = / sst—i—/t(g(rt) g(r, ))dX
/ sst+// (r, s)dsdX, = / sst+// (r, s)dX,ds,

where the last equality holds since g(-, s) € Lz([O s]) (see Lemma 3.4). Hence

W, = /(SSdM X, + / +/Otg05(X)ds.

The desired claim follows from Girsanov’s theorem (Theorem 7.7 in [49]), once we
check

T T
/ Ep?(W)dt < oo and / E@?(X)dt < oo. (3.69)

0 0
Since ¢;(-) is additive and X; = B; + B}, where B and B are independent, it is
enough to check only the latter condition. By Lemma 3.5 the function R(s,t) =

7(s,t
g((?ts satisfies (3.45) and hence for H > 3/4,
g\t,

2

Ep/(X)=E (/OtR(r, t)er> _

/ot RQ(S’t)dH/Ot /OtR(S’t)R(h t)i(r, s)drds =

/ R, (res.0+ [ R )l i) s -

_/Ot R(s,t)(s, t)ds < (/Ot Rz(s,t)d% v </Ot l€2(s,t)ds> v
¢, ( /0 t Rz(s,t)ds) Y s
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Since the kernel is positive definite, multiplying (3.45) by R(s,?) and integrating
gives

t t t 1/2
| Rtsitias < = [ Res.osts s < €4 ( / R2<s,t>ds) =312
0 0 0

and consequently
1/2

t
</ RQ(s,t)ds) < CytH=3/2,
0

Plugging this bound back gives Ep?(X) < C2t*%73 and in turn

T T
/ Ep?(X)dt < C} / tH3dt = CyTH 2,
0 0

which verifies (3.69) and completes the proof. O

13

Singularity for H € (5, Z]

As shown in the previous section, the process

¢
M, :/ g(s,t)dX,, te€][0,T]
0

is a martingale. Suppose there exists a probability measure Q, equivalent to P, so
that X is a Brownian motion in its natural filtration. Since the semimartingale prop-
erty is preserved under equivalent change of measure, M must be a semimartingale
under Q, or, equivalently, the process

¢
Ly ::/ g(s,t)dWs,
0

where W is the Brownian motion defined in (3.20), must be a semimartingale under
P. We will argue that this is impossible for H < %, arriving at a contradiction and
thus proving the claim.

To this end, define

no—1

(s, t) = — /tg(r, r) (=)™ (r, s)dr, 0<s<t<T,

m=1

where ng is the least integer greater than 7. Note that ¢(-,¢) € L*([0,¢]) and
define

U = /tﬂ)(s,t)dWS
0

V= /Ot (g(s,t) — g(s,8) + (s, t))dW,.

Then .
L, =YV, +/ g(s,s)dW, — Us.
0

The second term is an FX-martingale and hence, to argue that L is not a semi-
martingale, it is enough to show that
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i. U has zero quadratic variation, but unbounded first variation
ii. V has bounded first variation.

Proof of (i). To check this assertion we will need an estimate for the variance of
increments of U. To this end, for any two points ¢1,t, € [0,7], such that 0 <
to — 11 < ]_,

2

E(U, - U,)" = (/ (s, t2)dW, +/t1 (w(s,tQ)_w(s,tl))dWS) _

(3.70)
/ (s, to d8+/ (¢(3=t2> - 1/’(57751))2615-
To bound the first term, note that
no—1 ts 2 no—1
V3 (s,t2) < llgl|%no Z (/ K(m)(s,r)dr) <G Z(tZ— YAH=2m < O (ty—s)*H 2,
m=1 s m=1

where ||g||oc = sup,<7|g(r,7)| < 0o, and consequently

to
/ ¢2(8,t2)d5 < COy(ty — t1)4H71.
t1

For the second term, we have

/tl ((s,t2) = (s, t1)) ds = /tl <n021/ H(m)(s7r)dr>2d8 _

nZanl / / / D™ g(r,m)g(r, 7)™ (s,7)&\9 (s, 7)drdrds.

m=1 ¢=1

(3.71)
The dominating term in this sum corresponds to m =1, £ = 1:

t1 to 2
/ (/ g(r,r)m(r,s)dr) ds.
0 t1
We have

t1 t 2 t1 2
/ (/ k(r, s)dr) ds = HQ/ ((t2 —t +8)H T 32H’1) ds =
0 t1 0

J 2 (3.72)
H2(t2 — t1>4H_1/ s <(1 + U)2H_1 - U2H_1> du.
0

The increasing function

— F? Y ( 2H-1 _  2H-1 2d >0
Y(y) = (14 u) u u, Y >
0
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satisfies

13
I — . He (5.5)
s y(y) = u 2’4

3

lim 1) =34, H=—

y—oo log y 4’

with positive constants vy. By Lemma 3.3, 121% g(r,7) > 0 and hence

o [ ([ atermtssnr) fin-npn () <c

with some positive constants ¢4, Cy for all sufficiently small ¢5 — t;. A similar
calculation shows that the rest of the terms in (3.71) converge to zero as to —t; — 0
at a faster rate and assembling all parts together, we obtain

t
o5 < B(U, Ut1)2/(t2 B t1)4H1,y(t2 h tl) < Cs. (3.73)

Now let 0 = tg < t; < ... < t, = T be an arbitrary partition, then for all

He (3,3

EZ ~U,.,) SCsz(ti—ti_l)‘*H—lv(#)s

i=1
1 n—00

ti —ti1

Cemax(t; — t;_1)** 2log > 0,

i.e., U has zero quadratic variation.
On the other hand, since the process U is Gaussian

1 T/2
EZ‘Ut Ut11’>\/jc5 Z (8 = tia)™” 71/2<75i—lfi—1)2

i, >T/2

)QH—% 1/2( T/2 ) n—yoo, 0,

Cg mln(t, — ti—l Y : ;
¢ i bi—1

which implies that U has unbounded first variation (see, e.g., Theorem 4 Ch. 4 §9
in [48]).

Proof of (ii). For0 <s<t<T

Do, 1) 2= D5, 1) = —(1,8) Y (1)K 5,1
and hence
/0 1[)(3,15)/1(7’, s)dr = —/0 (g(t,t) - (—1)m/<a(m)(s,t)) k(r, s)dr =
gt ) 3 ()R s, ) = g1, ) S (1) (s, ) =

g(t, t)R(s, 1) — (s, t) + (1) g(t, )™ (s, 1)
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Adding this equality to (3.44), we get

g(s,t) + (s, t)) + t Gl t) +(r,t) ) s(r, s)dr = (—=1)™g(t, t)s"0) (s, t)
( )+ [ )

By the choice of ng, the right hand side is square integrable and so is the function
g(s,t) +1(s,t), s € (0,t). Since (s, s) =0,

_ /t (9(s,t) — g(s,s) + ¥(s, 1)) dW, = / / (s,7) + (s, r))drdW, =

// (5,7) + ¥ (s,))dW,dr,

and hence V has bounded first variation. ]

X is not a semimartingale for H € (%, ﬂ

By Lemma 3.1, X; = fo (s,t)dMs, where the function G(s,t) satisfies (3.8). Hence

t 1 t
Xy = M,; — / G )/ R(7,s)drdM; = M; — / / (1,s)drdWs =
Mt / / T S deW / / T 8 deW Mt Nt Ut

where W is F¥-adapted Brownian motion, defined by (3.20). Since M is an F~-
martingale, X will not be an F*-semimartingale if we show that

a. N is a martingale

b. U has zero quadratic variation, but unbounded first variation

Proof of (a). Let ng
(3.45) that the function

1
4H -2

Q(s,t) = /Ot R(r, )™V (r, s)dr.

satisfies

Q(s,t) +/0 Q(r, t)k(r, s)dr = —m(”O)(s,t),

and hence Q(-,t) € L*([0,¢]). Iterating the equation (3.45) we get

no—1

R(s,t) = Y _(=1)"s"™(s,t) + (=1)"VQ(s, 1), (3.74)

and

< Z/ kM (7, s)dT~l—/ Q(1,s)dr < Oy,
/o 0
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Hence the function s — fos R(7, s)dr is square integrable for all H € (%, 1) and so
N is a martingale.

Proof of (b). Define ¢(s,t) := fst R(7, s)dr, then similarly to (3.70),

E(U, - U,)" = / ) ¢2(s,t2)ds + / 1 (6(s,t2) — d(s,t1)) ds. (3.75)
t1 0
By (3.74)
no—1 t 2 t 2
% (s,t) < C) (/ kM (7, s)dT) +Cy (/ Q(T,S)d’i‘) < Oyt — s|*H 2

and hence the first term in (3.75) is bounded by

to to
/ ¢2(S,tz)d8 < / C’Q(tz — S)4H_2d8 < 03(t2 o t1)4H_1,
t1

t1

Further,

/0“ (6(s,12) - ¢(37t1))2d8 = /Otl (/: R(T, S)d7)2 ds =
/0“ /: /: R(7,s)R(r,s)drdrds.

Plugging in the expression (3.74), the dominating term is readily seen to be given
by (3.72) and hence as in the previous section the bound (3.73) holds. The claim
(b) now follows by the same argument.

6.2 Proof of (2)

Equivalence for H < %

By calculations as in Section 6.1,

. _ ¢
Wt:Xt+/ Ps(X)ds,
0

where W is an FX-Brownian motion and fOT E@2(X)dt < oco. Hence the measures
_ _ duX  ~
X and " are equivalent and the derivative MW (X) equals the expression in the

1
right hand side of (3.21). Then under the probability Q, defined by

aQ  du"
- = du_ff(X)’ (3.76)

the process X is a Brownian motion. By the inversion formula (3.61), the process
X is an fBm with the Hurst exponent H. This proves the claimed equivalence and
verifies the formula (3.21), since F5* = F7* P-a.s. and therefore the random variable
in (3.76) is F3 -measurable.
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Singularity for H > %l

The claim is obvious for H = % For H > % the process X has positive quadratic
variation and hence can not be equivalent to fBm with H > %, which has zero
quadratic variation.

To prove singularity for H € [%1, %), suppose there is a probability Q, equivalent
to P, under which X is an fBm with the Hurst exponent H in its own filtration.
Then X; = fot p(s,t)d X, with p(s,t) defined in (3.59), is a Brownian motion under
Q. By calculations as in Subsection 6.1, one can show that X isnot a semimartingale

for H € [}1, %), thus obtaining a contradiction.

7 Properties of Drift Estimation: proof

Here we will prove the theorem 3.4. Since pu~ is independent of 6, the likelihood
function is given by (3.15) with f(¢) = 6. In this case by Corollary 3.8

O(t) = %/{) g(s,t)0ds = 0

Y

and hence

dp

duX

The unique maximizer is 6 = Zr /(M )¢, which is the expression claimed in (3.23).
Notice that

L(Y;0) = (Y):exp{ez —9;(M>T}.

5 M+ 0[] g(s,T)ds My

= + 6
' (M)r (M)r
and thus éT is normal and unbiased with the variance
. My \° 1
E(f —GQ:E(—> — : 3.77
O =0 =2ty ) = 0oty (.77

which is the formula (3.24).

The asymptotic variance is calculated as follows.

7.1 Proof of (3.25)

Let e := T*2% and define g.(u) := T*~1g(uT,T), u € [0, 1]. The function g. solves
the equation (3.49) with ¢ = 1 and

<M>T:/O g(s,T)ds:T2_2H/o ge(u)du. (3.78)

Applying Lemma 3.6 with ¢ = ¢ = 1 and using the formulas (3.77) and (3.78), we
obtain
1 1 T—o00 1

(M)p fol g-(u)du fol g(u)du’
where ¢ is the solution of the limit equation fol g(u)k(u,v)dv = 1 and we used

Lemma 3.6. The constant (3.25) is obtained by plugging the explicit expression for
g, given by (3.51).
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7.2 Proof of (3.26)

Let € := T?#~1 and define g.(u) := g(uT,T), where now g is the unique solution of
equation (3.36). The function g. solves:

£g-(u) + fu /1 ge(0)R(u, v)dv = cgu'*H (1 —u)VFH 4 e 0,1].
0

The same arguments as in Lemma 3.6 (see Remark 11) with ¢(u) = cgul/?~H(1 —
u)/?2~H and ¢ = 1 imply

1 _ 1 To00 1
M)~ [To(wda [} glu)de’

TE(br —0)° =T

where ¢ is the solution of the limit equation [y folg(u)/%(u,v)dv = cyu/?7H(1 —
u)'/2=H A direct calculation shows that g(u) = 1, which confirms the constant in
the right hand side of (3.26).

Strong consistency for H € (0,1) follows from the law of large numbers for
martingales.
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Cette thése porte sur I'analyse statistique de quelques modéles
de processus stochastiques gouvernés par des bruits de type
fractionnaire, en temps discret ou continu.

Dans le Chapitre 1, nous étudions le probléme d'estimation
par maximum de vraisemblance (EMV) des paramétres d'un
processus autorégressif d'ordre p (AR(p)) dirigé par un bruit
gaussien stationnaire, qui peut étre a longue mémoire comme
le bruit gaussien fractionnaire. Nous donnons une formule
explicite pour 1'EMV et nous analysons ses propriétés
asymptotiques. En fait, dans notre modéle la fonction de
covariance du bruit est supposée connue, mais le
comportement asymptotique de l'estimateur (vitesse de
convergence, information de Fisher) n'en dépend pas.

Le Chapitre 2 est consacré a la détermination de l'entrée
optimale (d'un point de vue asymptotique) pour l'estimation
du paramétre de dérive dans un processus d'Ornstein-
Uhlenbeck fractionnaire partiellement observé mais controlé.
Nous exposons un principe de séparation qui nous permet
d'atteindre cet objectif.

Dans le Chapitre 3, nous présentons une nouvelle approche
pour étudier les propriétés du mouvement brownien
fractionnaire mélangé et de modeéles connexes, basée sur la
théorie du filtrage des processus gaussiens. Les résultats
mettent en lumicre la structure de semimartingale et ménent a
un certain nombre de propriétés d'absolue continuité utiles.
Nous établissons 1'équivalence des mesures induites par le
mouvement brownien fractionnaire mélangé avec une dérive
stochastique, et en déduisons l'expression correspondante de
la dérivée de Radon-Nikodym. Pour un indice de Hurst H>
3/4, nous obtenons une représentation du mouvement
brownien fractionnaire mélangé comme processus de type
diffusion dans sa filtration naturelle et en déduisons une
formule de la dérivée de Radon-Nikodym par rapport a la
mesure de Wiener. Pour H <1/4 , nous montrons 1'équivalence
da la mesure avec celle la composante fractionnaire et
obtenons une formule pour la densité correspondante.

Mots clés : processus fractionnaire, mouvement
brownien fractionnaire, mouvement brownien
fractionnaire mélangé, estimateur de maximum
de vraisemblance.

Abstract

This thesis focuses on the statistical analysis of some models
of stochastic processes generated by fractional noise in
discrete or continuous time.

In Chapter 1, we study the problem of parameter estimation
by maximum likelihood (MLE) for an autoregressive process
of order p (AR (p)) generated by a stationary Gaussian noise,
which can have long memory as the fractional Gaussian
noise. We exhibit an explicit formula for the MLE and we
analyze its asymptotic properties. Actually in our model the
covariance function of the noise is assumed to be known but
the asymptotic behavior of the  estimator ( rate of
convergence, Fisher information) does not depend on it.

Chapter 2 is devoted to the determination of the asymptotical
optimal input for the estimation of the drift parameter in a
partially observed but controlled fractional Ornstein-
Uhlenbeck process. We expose a separation principle that
allows us to reach this goal. Large sample asymptotical
properties of the MLE are deduced using the Ibragimov-
Khasminskii program and Laplace transform computations for
quadratic functionals of the process.

In Chapter 3, we present a new approach to study the
properties of mixed fractional Brownian motion (fBm) and
related models, based on the filtering theory of Gaussian
processes. The results shed light on the semimartingale
structure and properties lead to a number of useful absolute
continuity relations. We establish equivalence of the
measures, induced by the mixed fBm with stochastic drifts,
and derive the corresponding expression for the Radon-
Nikodym derivative. For the Hurst index H>3/4 we obtain a
representation of the mixed fBm as a diffusion type process in
its own filtration and derive a formula for the Radon-
Nikodym derivative with respect to the Wiener measure. For
H<1/4, we prove equivalence to the fractional component and
obtain a formula for the corresponding derivative. An area of
potential applications is statistical analysis of models, driven
by mixed fractional noises.

Key Words: fractional Brownian motion, mixed
fractional Brownian motion, maximum likelihood
estimator



