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Foreword

The Ph.D. thesis work summarised in this manuscript was dedicated to studying several
aspects of the phenomenology of Standard Model (SM) extensions by sterile fermions,
in particular their impact for particle and astro-particle physics. An important part
of the work is dedicated to a class of SM extensions which allow to explain the small-
ness of the observed neutrino masses (as well as their mixings) by linking them to the
breaking of total lepton number; in the framework of the so-called Inverse seesaw mech-
anism (ISS), the scale of New Physics can be quite low, and this opens the door to a
rich phenomenology, with an impact on numerous observables, which can be studied in
low-energy/high-intensity facilities, colliders and astro-particle experiments. The work
described in the thesis addresses the rôle of these sterile states in providing a satisfactory
explanation to three open observational problems of the SM: the generation of neutrino
masses and mixings, a viable dark matter candidate, and the dynamical generation of
the baryon asymmetry of the Universe.

Motivated by the rich phenomenology of this class of SM extensions, we identified
in Nucl. Phys. B 885 (2014) 651 the minimal ISS realisation accounting for the ob-
served neutrino data while at the same time complying with all available experimental
and observational constraints. This study was based on a perturbative approach to the
diagonalization of the neutrino mass matrix, which allowed to identify the number of
states associated with the different mass scales. A further numerical exploration of the
parameter space led to the phenomenological study of the two most minimal realisations.
Our study revealed that, depending on the number of additional sterile fermion fields,
the ISS can accommodate both a 3-flavour mixing scheme and a 3+more mixing scheme.
Interestingly, in the latter scheme, the (light) sterile states can either provide a solution
to the neutrino oscillation anomalies or be viable dark matter candidates.

The potential rôle of these sterile states as dark matter (DM) candidates led to us to
carry a dedicated study of the viability of the sterile fermion dark matter hypothesis in a
minimal ISS realisation (in which the SM is extended by two right-handed neutrinos and
three additional sterile fermion fields), JCAP 1410 (2014) 001. From the ISS parameter
space complying with all available observational constraints we derived the maximal
value of the DM abundance produced via active-sterile neutrino oscillations (∼ 43% of
the observed relic density). Taking into account the effects of entropy injection from the
decay of heavier pseudo-Dirac pairs, which are present in the spectrum of these minimal
ISS realisations, allowed to marginally increase the contribution to the DM abundance;
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the correct relic abundance can nonetheless be obtained via freeze-in decay processes of
the heavy pseudo-Dirac pairs (although this production mechanism is only effective in a
limited mass range).

The degeneracy in the sterile neutrino mass spectrum - which is characteristic of low-
scale seesaw models with approximate lepton number conservation - can play a relevant
rôle in cosmology, since it allows to explain the observed baryon asymmetry of the Uni-
verse via leptogenesis. In particular, in arXiv:1507.06215 we focused on the connection
between lepton number as an approximate symmetry and low-scale (around the GeV)
leptogenesis scenarios. We identified different lepton number violating patterns and their
effect on leptogenesis, having also succeeded in isolating the most minimal viable model,
which was analytically and numerically studied.

Laboratory experiments allow to further characterise the sterile states, even by con-
straining their contributions to a number of SM observables, or by looking for new pro-
cesses beyond the SM. There are already several experiments actively searching for these
states, and several future facilities include searches for sterile fermions in their physics
programme. In this perspective we performed in arXiv:1508.03051 a detailed study of the
importance of loop corrections when deriving bounds on active-sterile neutrino mixing
from global fits on electroweak precision data, in the context of general Seesaw mecha-
nisms with extra heavy right-handed neutrinos.

Finally we considered in Phys. Rev. D 91 (2015) 11, 113013 new processes (absent in
the SM) which can be mediated by sterile states, focusing on rare lepton flavour violating
decays of vector bosons (including quarkonia and Z gauge boson). We computed the
relevant Wilson coefficients, and explored the parameter space of a minimal realisation
of the ISS, thus determining the maximal allowed branching fractions of the different
decay channels.

ii



Contents

1 Introduction 1

2 Neutrinos in the Standard Model 3
2.1 The Standard Model and its constraints . . . . . . . . . . . . . . . . . . . 3

2.1.1 Symmetries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
2.1.2 Renormalizability . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.2 Neutrino masses in the Standard Model . . . . . . . . . . . . . . . . . . . 18
2.3 Leptonic Lagrangian in the Standard Model . . . . . . . . . . . . . . . . . 19
2.4 Hypothesis of massive neutrinos and consequences . . . . . . . . . . . . . 21

2.4.1 EFT approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
2.4.2 Impact of sterile fermions on neutrino masses: Majorana, Dirac and pseudo-Dirac states 22
2.4.3 Neutrino oscillations . . . . . . . . . . . . . . . . . . . . . . . . . . 25
2.4.4 Matter effects on neutrino oscillations . . . . . . . . . . . . . . . . 29

3 Signals from the BSM realm: neutrino masses, dark matter and baryon asymmetry of the
3.1 Evidence of nonzero neutrino masses from oscillation experiments . . . . . 31

3.1.1 Atmospheric neutrinos . . . . . . . . . . . . . . . . . . . . . . . . . 33
3.1.2 Solar neutrinos . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
3.1.3 Reactor neutrinos . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
3.1.4 Accelerator neutrinos . . . . . . . . . . . . . . . . . . . . . . . . . . 37
3.1.5 Global results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

3.2 Limits on neutrino masses . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
3.2.1 End-point searches . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
3.2.2 meff

νµ and meff
ντ mass limits . . . . . . . . . . . . . . . . . . . . . . 41

3.2.3 Neutrinoless double beta decay . . . . . . . . . . . . . . . . . . . . 41
3.2.4 Supernova bounds . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
3.2.5 Cosmological bounds . . . . . . . . . . . . . . . . . . . . . . . . . . 47

3.3 The Dark Matter component of the Universe . . . . . . . . . . . . . . . . 51
3.3.1 Galaxy cluster velocity dispersion . . . . . . . . . . . . . . . . . . . 52
3.3.2 Galaxy rotation curves . . . . . . . . . . . . . . . . . . . . . . . . . 52
3.3.3 Gravitational lensing and the Bullet Cluster . . . . . . . . . . . . . 52
3.3.4 Cosmic microwave background . . . . . . . . . . . . . . . . . . . . 53

3.4 Dark matter hypothesis and the SM . . . . . . . . . . . . . . . . . . . . . 54

iii



3.5 The baryon asymmetry of the Universe . . . . . . . . . . . . . . . . . . . . 56
3.5.1 Big Bang Nucleosynthesis . . . . . . . . . . . . . . . . . . . . . . . 57
3.5.2 Cosmic Microwave Background . . . . . . . . . . . . . . . . . . . . 60

3.6 BAU and the Standard Model . . . . . . . . . . . . . . . . . . . . . . . . . 60

4 Neutrino mass generation mechanisms and phenomenology 63
4.1 Quarks and leptons: similarities and differences . . . . . . . . . . . . . . . 63
4.2 Neutrino mass generation mechanisms . . . . . . . . . . . . . . . . . . . . 65
4.3 Phenomenology of sterile fermions . . . . . . . . . . . . . . . . . . . . . . 66

4.3.1 Unitarity of the leptonic mixing matrix . . . . . . . . . . . . . . . 68
4.3.2 Direct searches of sterile fermions . . . . . . . . . . . . . . . . . . . 70

4.4 Lepton number violation and the new physics scale . . . . . . . . . . . . . 71
4.5 Looking for the minimal inverse Seesaw realisation . . . . . . . . . . . . . 73

4.5.1 Towards the minimal inverse Seesaw realisation . . . . . . . . . . . 75
4.6 Effects of fermionic gauge singlets and constraints on the ISS parameters . 83
4.7 Phenomenological analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

4.7.1 The ISS(2,2) realisation . . . . . . . . . . . . . . . . . . . . . . . . 85
4.7.2 The ISS(2,3) realisation . . . . . . . . . . . . . . . . . . . . . . . . 90

5 Dark Matter in the minimal Inverse Seesaw mechanism 96
5.1 Description of the model . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

5.1.1 The ISS(2,3) framework . . . . . . . . . . . . . . . . . . . . . . . . 97
5.1.2 Light sterile neutrino as Dark Matter . . . . . . . . . . . . . . . . . 98

5.2 Dark matter production in the ISS(2,3) . . . . . . . . . . . . . . . . . . . 99
5.2.1 Dark matter constraints without heavy neutrino decays . . . . . . 100
5.2.2 Impact of the heavy pseudo-Dirac states . . . . . . . . . . . . . . . 104

5.3 Dark Matter Production in minimal extension of the ISS(2,3) model . . . 116

6 Lepton number violation as a key to low-scale leptogenesis 123
6.1 Leptogenesis and lepton number violation . . . . . . . . . . . . . . . . . . 125

6.1.1 An instructive toy model . . . . . . . . . . . . . . . . . . . . . . . 126
6.1.2 Perturbative expansion of the full model . . . . . . . . . . . . . . . 130

6.2 Computation of the baryon abundance . . . . . . . . . . . . . . . . . . . 130
6.2.1 Parametrisation of the mass matrix . . . . . . . . . . . . . . . . . . 131
6.2.2 Parameter scan . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132
6.2.3 Comparison with numerical results . . . . . . . . . . . . . . . . . . 134

6.3 Discussion of the weak washout regime . . . . . . . . . . . . . . . . . . . . 138
6.4 Solutions in the strong washout regime . . . . . . . . . . . . . . . . . . . . 142
6.5 A special case: the inverse Seesaw . . . . . . . . . . . . . . . . . . . . . . . 145

7 Lepton flavour violating decays of vector quarkonia and of the Z boson151
7.1 LFV decay of Quarkonia - Effective Theory . . . . . . . . . . . . . . . . . 153

7.1.1 Effective Hamiltonian . . . . . . . . . . . . . . . . . . . . . . . . . 154
7.1.2 Wilson coefficients . . . . . . . . . . . . . . . . . . . . . . . . . . . 156

iv



7.2 SM in the presence of sterile fermions . . . . . . . . . . . . . . . . . . . . 158
7.2.1 The ISS(2,3) realization . . . . . . . . . . . . . . . . . . . . . . . . 158
7.2.2 A model with one effective sterile fermion . . . . . . . . . . . . . . 158

7.3 Results and discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160

8 Loop level constraints on Seesaw neutrino mixing 166
8.1 Parametrization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 168
8.2 Observables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 172

8.2.1 µ decay, GF and MW . . . . . . . . . . . . . . . . . . . . . . . . . 173
8.2.2 Invisible Z width . . . . . . . . . . . . . . . . . . . . . . . . . . . . 174
8.2.3 Universality ratios . . . . . . . . . . . . . . . . . . . . . . . . . . . 175
8.2.4 Rare decays . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 176

8.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 177
8.3.1 Constraints from the global fit . . . . . . . . . . . . . . . . . . . . 177
8.3.2 The T parameter . . . . . . . . . . . . . . . . . . . . . . . . . . . . 180

9 Conclusion 185

A Perturbative diagonalisation 190
A.1 Perturbative determination of the neutrino masses and of the leptonic mixing matrix190
A.2 Study of the ISS(2,2) realisation . . . . . . . . . . . . . . . . . . . . . . . . 192

A.2.1 Massless eigenstate . . . . . . . . . . . . . . . . . . . . . . . . . . . 193
A.2.2 Perturbative diagonalization . . . . . . . . . . . . . . . . . . . . . . 194

B Boltzmann equation for sterile neutrinos produced from decay 195

C Leptogenesis equations and benchmark points 199
C.1 Analytical determination of the baryon asymmetry . . . . . . . . . . . . . 199

C.1.1 Analytical solution in the weak washout regime . . . . . . . . . . . 202
C.2 Numerical benchmark points . . . . . . . . . . . . . . . . . . . . . . . . . 204

C.2.1 Benchmarks in the weak wash-out regime . . . . . . . . . . . . . . 204
C.2.2 Benchmarks in the strong wash-out regime . . . . . . . . . . . . . . 205

D LFV operators and constraints 207
D.1 Wilson Coefficients . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 207
D.2 Formulas and hadronic quantities . . . . . . . . . . . . . . . . . . . . . . . 208

E Loop level corrections 213

References 220

v



Chapter 1

Introduction

The origin of neutrino masses and the nature of dark matter are two of the most pressing
open questions of particle and astroparticle physics. Sterile fermions are an intriguing
and popular solution to both these issues.

Sterile fermions generically denote gauge singlet fermionic fields, only capable of
interacting with gauge bosons via mixing terms. They are absent in the Standard Model
of particle physics. The general definition of sterile fermions encompasses more particular
expressions, such as right-handed or sterile-neutrinos. The term sterile fermion will be
used in this thesis in its more general meaning reported above; right-handed neutrino
will be used to refer to a field analogous to the standard left-handed active neutrinos,
but with opposite chirality, resulting in a singlet under the standard model gauge group.
Finally sterile or heavy neutrino will be used to refer to a fermionic mass eigenstate,
resulting from the diagonalization of a mass matrix that contains the active neutrino
mass matrix as a sub-block.

Despite of being gauge singlets, the simple assumption of the existence of right-handed
neutrinos -and, more generally, of sterile fermions- can provide a minimal and elegant
solution to three observational problems of the SM, namely the origin of neutrino masses
and mixing, the nature of dark matter and the origin of the baryon asymmetry of the
Universe.

Neutrino oscillation experiments have established a clear evidence for two oscillation
frequencies (∆m2

ij) - implying that at least two neutrino states are massive - as well
as the basic structure of a 3-flavour leptonic mixing matrix. In contrast with the huge
experimental achievements in determining neutrino oscillation parameters, many ques-
tions remain to be answered concerning neutrino properties, as for instance the neutrino
nature (Majorana or Dirac), the absolute neutrino mass scale and the hierarchy of the
neutrino mass spectrum, which are not yet determined. Finally, and most importantly,
the neutrino mass generation mechanism at work remains to be unveiled as well as the
new physics scales that it calls upon. In order to account for neutrino masses and mix-
ings, many extensions of the Standard Model (SM) call upon the introduction of sterile
fermions. Being gauge singlets, these particles can be stable on cosmological timescales
if their mixing with active neutrinos is sufficiently small, and if they are massive they

1



can contribute to the dark matter component of the Universe. They can moreover be
coupled to the Standard Model fields via Yukawa terms and can play an important rôle
in the early Universe, notably in the baryogenesis via leptogenesis mechanism.

An important feature of sterile fermions is the fact that, being gauge singlets, they
can have a Majorana mass term, which is absent in the Standard Model Lagrangian. A
Majorana mass term violates all the internal charges of a fermion by two units, and is
thus related to fields that are intrinsically neutral, or to fields that are charged under an
(unknown) gauge group, broken by an (unknown) Higgs sector.

Sterile fermions are actively searched for in laboratory experiments, but until now
only upper bounds on the active-sterile mixing have been established. In particular,
their mass scale is unbound from below. It can range from some eV up to the Planck
scale. For instance, in the simplest implementation of the type-I Seesaw mechanism,
in order to account for massive neutrinos with natural neutrino Yukawa couplings, the
typical scale of the extra particles is in general very high, potentially close to the gauge
coupling unification (GUT) scale, thus implying that direct experimental tests of the
Seesaw hypothesis might be impossible. In contrast, low-scale Seesaw mechanisms in
which sterile fermions are added to the SM particle content with masses around the
TeV scale or even lower, are very attractive from a phenomenological point of view since
the new states can be produced in collider and/or low-energy experiments, and their
contribution to physical processes can be sizeable.

In this work we study the implications for the existence of sterile fermions in particle
physics and cosmology. We focus on low-scale new physics mechanisms, that can be
tested in current and future experiments, and show how the addition of sterile fermions
can provide a solution for each of the observational problems of the Standard Model
(origin of neutrino masses, dark matter and baryon asymmetry of the Universe). We also
address the impact of the new states in laboratory observables, such as lepton flavour
violating decays of vector bosons, and their impact on global fits of electroweak precision
data.
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Chapter 2

Neutrinos in the Standard Model

It has been over a century since A.H. Becquerel accidentally discovered radioactivity
during a cloudy Parisian day [1]. Since then a huge progress has been made in the
understanding of the subnuclear particles and their interactions, a knowledge which is
currently incorporated in a theoretical formulation that is the Standard Model (SM) of
particle physics [2–4]. Despite being one of the most accurate theories conceived so far,1

the SM appears far from being complete. There are fundamental theoretical caveats
in the SM, like the flavour puzzle, the hierarchy problem, the strong-CP problem, the
gauge coupling unification and the number of families. Furthermore it does not account
for gravity, notwithstanding of several arguments suggesting that in a coherent complete
theory all fundamental interactions should be quantised [6–8]. From a phenomenological
point of view it does not provide a viable candidate for the Dark Matter (DM) compo-
nent of the Universe [9], neither a viable mechanism to explain the matter-antimatter
asymmetry in the observed Universe [10, 11].

In addition to the aforementioned arguments there is an observation that cannot
accommodated within the SM: the fact that neutrinos are massive and mix. In the
first part of this chapter we review how neutrinos are described in the SM and why
they are massless in such a minimal framework. We later discuss the phenomenological
consequences of massive neutrinos and compare the massless and massive hypothesis with
experimental results, motivating the need to explore some extensions of the SM.

2.1 The Standard Model and its constraints

The Standard Model of particle physics is a relativistic quantum field theory based on
a local gauge invariance principle. It is a minimal model, meaning that the matter field
content and the gauge symmetry group were postulated in the minimal pattern to agree
with observation.

The SM Lagrangian is invariant under Lorentz and gauge transformations, and com-
plies with the renormalizability requirement. In the following sections we review these

1Precise measurements for the inverse fine-structure constant α−1 inferred by different experiments
currently agree within one part in 1010 in the SM framework [5].
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constraints, pointing out their relation with the (lack of) neutrino masses in the SM.

2.1.1 Symmetries

Given a physical system, a symmetry is defined as the property of that system of being
invariant under some class of transformation acting on its degrees of freedom. The SM has
two classes of symmetry: invariance under a global redefinition of the reference frame
and the invariance under a local redefinition of the fields based on a precise group of
transformations.

Relativistic invariance

According to the principle of special relativity, all the laws of physics must retain the same
form regardless of the particular inertial reference frame chosen to describe them [12].
This implies that the Lagrangian of a system must be invariant under the transformations
generated by the Lorentz group O(1, 3), that is the subgroup of the real 4 × 4 matrices
GL(4, R) which preserve distances in the Minkowski metric

Λ ∈ SO(1, 3) ⇒ ΛT η Λ = η, (2.1)

where η is the flat metric tensor η = diag(+,−,−,−). The transformations of the refer-
ence frame realisable in Nature are actually the ones that can be deformed continuously
into the identity of the Lorentz group, that is the subgroup SO(1, 3)↑ of matrices with
det = 1 and which does not invert the temporal ordering for causally connected events.
The Lorentz group must be extended to include also translations in the space-time co-
ordinates, giving rise to the Poincaré group.

The Lie algebra of the Lorentz group is defined by:

[Ji, Jj ] = iǫijkJ
k,

[Ji,Kj ] = iǫijkK
k,

[Ki,Kj ] = −iǫijkJk, (2.2)

where Ji and Ki are the generators of infinitesimal spatial rotations and boosts, respec-
tively.

By defining the linear combinations

J±
i =

1

2
(Ji ±Ki) , (2.3)

which obey the algebra
[
J±
i , J

±
j

]
= iǫijkJ

±
k ,

[
J±
i , J

∓
j

]
= 0, (2.4)

it is possible to show that the Lorentz group is isomorphic to the direct product of two
SU(2) representations

SO(1, 3) ∼= SU(2) × SU(2)∗. (2.5)
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It is thus possible to use a doubled version of the familiar SU(2) labelling in order to
classify the irreducible representations of the Lorentz group,

(n,m) with n,m = 0,
1

2
, 1,

3

2
, 2, . . . (2.6)

This means that, apart from the trivial scalar representation (0, 0), there exist two dis-
tinct fundamental and irreducible representations of the Lorentz group, namely (1/2, 0)
and (0, 1/2), conventionally referred as left and right.

This statement can be made less abstract by choosing an explicit realisation of the
algebra (2.2) acting on bidimensional spinors,

J iR,L =
σi

2
, Ki

R,L = ± i
σi

2
, (2.7)

where σi are the usual Pauli matrices. These generators define the Lorentz transforma-
tions:

ΛR = e
i
2
σj(ωj+iηj ), ΛL = e

i
2
σj(ωj−iηj ), (2.8)

where ωi and ηj are the real parameters defining rotations and boosts, respectively.
The matrices ΛR,L satisfy the identities:

Λ−1
L,R = Λ†

R,L, (2.9)

σ2ΛL,Rσ
2 = Λ

∗

R,L, (2.10)

the second one following from σ2σiσ2 = −σi∗; from the hermitian conjugate of (2.9, 2.10)
it follows that

ΛTL,R σ2 ΛL,R = σ2. (2.11)

These relations are useful to identify the possible Lorentz invariant forms involving
bidimensional spinor fields: given a left-handed spinor ψL and a right-handed one χR,
eq. (2.9) implies that the combinations

ψ†
LχR, χ†

RψL. (2.12)

are Lorentz scalars. In addition, eq. (2.11) implies that the bilinears

ψTLσ
2ψL, χTRσ

2χR (2.13)

are Lorentz invariant.
Equation (2.10) implies that the left (right) representation is equivalent to the com-

plex conjugate of the right (left) one, ΛR,L ∼= Λ∗
L,R. That is, given a bidimensional spinor

ψL,R, it is possible to construct another spinor σ2ψ∗
L,R which transforms in the opposite

representation:

(
σ2ψ∗

L,R

)′
= σ2Λ

∗

L,Rψ
∗
L,R = σ2Λ

∗

L,Rσ
2σ2ψ∗

L,R = ΛR,L
(
σ2ψ∗

L,R

)
. (2.14)
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The expressions in eq. (2.13) can be interpreted as a particular realisation of the ones
in eq. (2.12) in the case in which the left and right-handed spinors are not independent
degrees of freedom, i.e. ψL = σ2χ∗

R or χR = σ2ψ∗
L.

How are these bidimensional spinors related to the familiar four-dimensional ones, i.e.
to the general solutions of the Dirac equation? The reducibility of the Lorentz group,
eq. (2.5) follows from generic group theory arguments, eqs. (2.2-2.4). The physical content
of eq. (2.5) may be obtained by choosing a useful representation of the Dirac algebra,
the so called chiral (or Weyl) representation. Defining

σµ =
(
1, σi

)
, σ̄µ =

(
1,−σi

)
, (2.15)

the Dirac matrices in this representation are given by

γµ =

(
0 σµ

σ̄µ 0

)
. (2.16)

Recalling the four-vector notation for the Lie algebra of the Poincaré group [13]:

[Pµ, Pν ] = 0,

[Mµν , Pσ ] = iηνσPµ − iηµσPν ,

[Mµν ,Mρσ ] = iηνρMµσ + iηµσMνρ − iηµρMνσ − iηνσMµρ, (2.17)

which is connected to the algebra (2.2) by:

J i =
1

2
ǫijkM jk,

Ki = M0i, (2.18)

and the representation of the tensors Mµν in terms of Dirac matrices acting on four-
dimensional spinors

Sµν =
i

4
[γµ, γν ] , (2.19)

the generators for infinitesimal rotations and boosts acting on four-dimensional spinors
are given by

ji = 1
2ǫ
ijkSjk =

1

2

(
σi 0
0 σi

)
, (2.20)

ki = S0i =
i

2

(
−σi 0
0 σi

)
. (2.21)

These relations show explicitly that the upper and lower half of the four-dimensional
Dirac spinors transform as invariant subspaces under the Poincaré group, with the gen-
erators of the respective Lie algebras given in the representation (2.7). Moreover in this
basis the matrix γ5 is diagonal

γ5 = iγ0γ1γ2γ3 =

(
−1 0
0 1

)
, (2.22)
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and thus the projectors PR =
(
1+γ5

2

)
and PL =

(
1−γ5

2

)
allow to decompose a generic

four-component spinor in the explicit form:

ψ(x) =

(
ψL
ψR

)
=

(
ψL
0

)

︸ ︷︷ ︸
PLψ

+

(
0
ψR

)

︸ ︷︷ ︸
PRψ

. (2.23)

This shows explicitly that the familiar four-component spinors belong to the representa-
tion obtained as direct sum of the two fundamental ones

(
1

2
, 0

)
⊕
(
0,

1

2

)
. (2.24)

The physics is independent from the chosen representation of the Dirac algebra and
the above conclusions are valid without loss of generality, although in a representation
different from the Weyl one the reducibility would not be manifest.

In the chiral representation it is also explicit how the invariance of bilinear forms
of Dirac spinors is guaranteed in terms of left and right components. For example the
familiar form

χ̄ψ =
(
χ†
L χ†

R

)( 0 1

1 0

)(
ψL
ψR

)
= χ†

RψL + χ†
LψR, (2.25)

only involves the invariants (2.12). It is natural to ask if a bilinear invariant form con-
taining the invariants (2.13) can be expressed in terms of four-dimensional spinors. The
answer is simple and involves eq. (2.14): let us define

ψl =

(
ψL
σ2ψ∗

L

)
, ψr =

(
σ2ψ∗

R

ψR

)
, (2.26)

which are spinors possessing the correct transformation rules under the Poincaré group,
but whose left- and right-handed components are not independent degrees of freedom.
Taking the analogous of eq. (2.25) we obtain

χ̄l,rψl,r =
(
χ†
L,R χTL,Rσ

2
)( 0 1

1 0

)(
ψL,R
σ2ψ∗

L,R

)
= χ†

L,Rσ
2ψ∗

L,R + χTL,Rσ
2ψL,R,

(2.27)

Although both (2.25) and (2.27) are Lorentz invariant forms, there is an important
difference between them, relevant in the special case ψ = χ. Before addressing it let
us introduce, for the sake of clarity and synthesis, the particle-antiparticle conjugation
matrix C, i.e. the matrix that gives the correct spinor ψc when the rôles of particles and
antiparticles are interchanged [14]:

ψc = Cψ
T
, C = iγ2γ0, (2.28)
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where the matrix C satisfies

C† = CT = C−1 = −C, CγµC
−1 = −γTµ . (2.29)

From these relations it is possible to derive the following properties

(ψc)c = ψ,

ψc = ψTC,

ψ1ψ
c
2 = ψc2ψ1,

ψ1Aψ2 = ψc2
(
CATC−1

)
ψc1, (2.30)

where ψ,ψ1, ψ2 are four-component spinors and A is a generic 4×4 matrix. In the chiral
basis the charge-conjugated of a spinor ψ has the explicit form

ψc = C

(
ψL
ψR

)
=

(
iσ2ψ∗

R

−iσ2ψ∗
L

)
, (2.31)

which indeed possesses the correct transformation properties under the Lorentz group.
We can now rearrange, with the help of the matrix C, the previous information in

a more compact form and set up the nomenclature for later use. A four-dimensional
spinor of the form (2.23) with 4 independent degrees of freedom is called a Dirac spinor.
The bi-dimensional spinors there contained, ψL,R, are called Weyl spinors; they can be
thought as the fundamental building blocks with which a fermionic theory is composed.
A four dimensional spinor with only two independent components, such as the ones in
eq. (2.26), is called Majorana spinor. It can be also defined as a spinor that respects the
condition

ψc = η ψ, (2.32)

where η is a global phase factor.
The bilinear (2.25) can appear in the Lagrangian associated with a dimensionful

constant, playing the rôle of a mass term. In particular in the case χ = ψ the mass term

m ψ̄ψ (2.33)

is invariant under the redefinition

ψ → eiαψ. (2.34)

This implies that if (2.34) is a symmetry of the massless Lagrangian the addition of (2.33)
does not modify this property, and the global charges associated with this symmetry are
conserved. A mass term of the form (2.33) is called a Dirac mass term. On the other
hand it is possible to write a mass term that calls upon the structure (2.27), which with
the help of the second of the eqs. (2.30) can be written as

M ψ̄c ψ =M ψTC ψ. (2.35)

Contrary to (2.33) this combination is not invariant under the redefinition (2.32); in other
words whatever is the structure of the rest of the Lagrangian, the term (2.35) violates
the conservation of any global charge associated with ψ. A mass term of the form (2.35)
is called a Majorana mass term [15].
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Gauge invariance

The SM is a gauge theory, meaning that the interactions among fields are not a primary
assumption, but they are a natural consequence of certain symmetry requirements. A
gauge transformation is a redefinition of the fields of the theory that depends on the
space-time coordinates of the field itself; for instance the operation (2.34) can be seen as
a special limit of the transformation

ψ(x) → eiα(x)ψ(x), (2.36)

in the case ∂α/∂x = 0. A gauge transformation that does not depend on space-time
coordinates is called global transformation, in contrast to the local character of the generic
case.

Having a Lagrangian being invariant under a global transformation of its fields does
not in general imply that the same Lagrangian will be invariant once the symmetry
is promoted to a local one; this is because under a local gauge transformation, the
derivatives of fields do not transform in the same way as the fields, hence, the kinetic term
will not be invariant. In order to ensure invariance under a local gauge transformation,
it is necessary to enlarge the field content of the theory, adding the so called gauge fields
which are responsible for the interactions among the original fields [16].

Consider a field theory which is invariant under the global symmetry:

ψ′(x) = eiαiΓ
i
ψ(x) = Uψ(x), (2.37)

where ψ(x) represents a generic field, ψ′(x) is the transformed field, Γi are the Lie gener-
ators of the symmetry group G and αi are the parameters that define the transformation.
The same theory will no longer be invariant if the parameters αi depend on the space-time
coordinate

ψ′(x) = eiαi(x)Γ
i
ψ(x) = U(x)ψ(x), (2.38)

since in this case the field derivatives transform differently from the fields themselves:

∂ψ′(x)
∂x

=
∂U(x)

∂x
ψ(x) + U(x)

∂ψ(x)

∂x
6= U(x)

∂ψ(x)

∂x
. (2.39)

It is possible to recover invariance also under (2.38) by defining a new set of fields Ai,
one for each generator of the group G, and replacing the ordinary derivatives by their
covariant version Dµ

∂µ → Dµ(x) ≡ ∂µ − igAiµ(x)Γ
i. (2.40)

The parameter g is the adimensional coupling constant of the gauge group G: it is a single
free parameter characterising the strength of the interactions mediated by the fields Ai

and is to be fixed by comparison with experiments. In order to recover local invariance
it is sufficient to require that under an infinitesimal gauge transformation the fields Ai

transform accordingly to

Aiµ(x)
′
= Aiµ(x) + Cijkαj(x)A

k
µ(x) +

1

g
∂µαi(x), (2.41)
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where Cijk are the structure constants of the group G. The equations (2.40) and (2.41)
imply that under (2.38)

Dµ(x) → U(x)Dµ(x). (2.42)

Thus any Lagrangian that is invariant under the global transformations generated by
some generic Lie group G can be made invariant under local transformations of the same
group simply by adding a set of new vector fields transforming as in (2.40) and replacing
the ordinary derivatives by their covariant version (2.40).

A side-product of this procedure is the introduction of interactions among fields;
consider for instance the kinetic term for a fermion field, under the replacement (2.40)
we have

Lkin = iψ̄ /∂ψ −→ iψ̄
(
/∂ − ig /A

i
Γi
)
ψ = Lkin + gψ̄ /A

i
Γiψ, (2.43)

where we used the Feynman notation: /a ≡ aµγ
µ. All the interactions among standard

model particles are the product of a gauge invariance. The gauge structure of the SM
interactions greatly simplifies the structure of the theory, leaving the nature of the gauge
group G and the values of the coupling constant g as the only unknown to be determined.

The gauge group of the SM, which generates the correct interactions, is the direct
product SU(3)C ⊗ SU(2)L ⊗ U(1)Y :

• SU(3)C is the group of the 3 × 3 unitary matrices with determinant equal to 1.
It has 8 generators and acts on fields possessing color charge, i.e. quark fields. It
describes the strong interactions;

• SU(2)L is the group of the 2 × 2 unitary matrices with determinant equal to 1.
It has 3 generators (the Pauli matrices) and it acts on doublets containing only
left-handed fields;

• U(1)Y is the group of phase transformations. Its generator is the hypercharge Y .
Together with SU(2)L it describes the electroweak interactions.

To complete the construction of the model it is necessary to specify the fields asso-
ciated with the fermionic particles and their transformation properties under the gauge
group. These fields are dubbed matter fields (to discriminate them from the aforemen-
tioned gauge fields necessary to guarantee the gauge invariance of the theory) and are
collected in Table (2.1). We use the following convention: the fields that belong to
the fundamental representation of SU(2)L are collected into doublets, while those that
are SU(2) singlets are represented alone. The subscripts (c, y) indicate how the fields
transform under SU(3)C ⊗ U(1)Y : c = 3 means that the field is in the fundamental
representation of SU(3)C , while c = 1 means that it is an SU(3) singlet; Y is the hyper-
charge related to the U(1)Y transformations of the field, i.e. ψ(x) → ψ′(x) = eiyα(x)ψ(x).
Finally the L and R subscripts denote the left-handed and right-handed chirality of the
fields, respectively.
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qa,iL =


 ua,iL

da,iL




(3, 16)

ua,iR (3, 23)

da,iR (3,− 1
3)

a = 1, 2, 3

i = 1, 2, 3

lαL =


 ναL

eαL




(1,− 1
2)

eαR(1,−1) α = 1, 2, 3

Table 2.1: Fermionic field content of the SM.

Notice that there exists three “copies” of the SM matter fields: the structure depicted
in Table 2.1 is repeated 3 times as the indices a and α vary. We say that the SM fields
belong to three different generations; there are no differences among the generations
apart for the masses of the particles they contain. The other index i associated to quark
fields in Table 2.1 is not related to generations but to the gauge group SU(3)C : it simply
reminds that the quark fields are charged under this group and belong to an SU(3)C
triplet.

It is possible to use the terminology of the SU(2) representation theory to label the
fields: we can associate to each field the value I so that I(I + 1) is the eigenvalue of the
SU(2) Casimir operator over its multiplet; similarly I3 is the eigenvalue of the matrix
σ3

2 . If Q is the electric charge of the field the following relation holds

Q = I3 + Y. (2.44)

Notice that the Table 2.1 does not contain a right-handed partner for the neutrino
fields, since when the SM was constructed there was no evidence suggesting that this
particle be required. Notice that eq. (2.44) implies that Y = 0 for a field having I3 =
Q = 0, as is the case of a right-handed neutrino, which thus results to be a singlet,
neutral under the SM gauge group. Such a kind of particle, if it exists, would be coupled
to gauge bosons only indirectly via a possible mixing with the left-handed neutrinos.

The construction so far described only allows the description of massless particles.
Let us consider the general Lagrangian for a spinor field, from which the Dirac equation
is derived,

LD = ψ̄(i /D −m)ψ. (2.45)

By decomposing the spinor in its left- and right-handed part as in (2.23), and using the
orthogonality of the projectors PLPR = PRPL = 0, it is possible to decompose the mass
term as

mψ̄ψ = m(ψLψR + ψRψL). (2.46)

This form is not gauge invariant, because of the different transformation properties of
the left- and right-handed SM fields under the SU(2)L⊗U(1)Y group. Moreover a mass
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term for the gauge bosons

1

2
MijA

i
µA

j,µ (2.47)

is not invariant under (2.41) as well, suggesting that gauge theories may only accom-
modate massless gauge bosons. But among the known subatomic interactions only the
electromagnetic one manifest a long-range behaviour, while strong and weak interactions
are effective at subatomic distances.

The solution to these apparent contradiction is the well known Brout-Englert-Higgs
mechanism.

The Brout-Englert-Higgs mechanism (and the Weinberg-Salam model)

The Brout-Englert-Higgs (BEH) mechanism [17–19] shows that the spontaneous sym-
metry breaking (SSB) of a gauge symmetry implies a nonzero mass term for the gauge
bosons associated with the generators of the broken subspace. It can be embedded in the
electroweak sector of the SM [3,20] in which case it is also responsible for the generation
of nonzero fermionic masses. It is important to emphasize that the Lagrangian of the
resulting theory is manifestly invariant under the original gauge group, but as a result of
the SSB the vacuum state is not.2

Consider a gauge theory containing a set of Lorentz scalar fields φi charged under a
gauge group G; we can assume without loss of generality that all the φi are real. Their
kinetic term in the Lagrangian is

1

2
(Dµφ

i)(Dµφi) =
1

2

(
∂µφ

i − igAjµΓ
j
ikφ

k
) (
∂µφi − igAµ,sΓsirφ

r
)

=
1

2

(
∂µφ

i
) (
∂µφi

)
− 1

2
g2ΓjikΓ

s
irA

j
µA

µ,sφkφr + . . . (2.48)

Because of the Lorentz scalar nature of the fields it is in general possible that a
combination of them acquire a non-zero expectation value on the vacuum state of the
theory |Ω〉,

〈Ω|φi(x) |Ω〉 = 〈Ω|φi(0) |Ω〉 = vi, (2.49)

since φi(x) = e−iP
µxµφi(0)eiP

µxµ (Pµ being the translation generator along the µ direc-
tion) and we can always choose Pµ |Ω〉 = 0. In that case it is convenient to separate the
vacuum and the dynamical components of the fields

φi(x) ≡ vi + σi(x), 〈Ω|σi(x) |Ω〉 = 0. (2.50)

After the redefinition (2.50), the last term in (2.48) generates a mass term for the gauge
bosons in the form (2.47), with

Mij = g2
(
Γitkv

k
)(

Γjtrv
r
)
. (2.51)

2The subject of SSB in gauge theories and its historical development is reviewed in [21].
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Notice that the number of gauge bosons that acquire a non-zero mass depends on the
way the scalar fields acquire a vacuum expectation value (VEV): if the orientation of the
VEV vector is such that Γitkv

k = 0 for some generator Γi, then the corresponding gauge
boson remains massless.

Let us now see how the Higgs mechanism can be embedded in the SM, allowing for
a gauge formulation of the theory that includes massive fermions and gauge bosons. We
enlarge the SM field content by adding a complex scalar field Φ (the Higgs field),

Φ =

(
φ+

φ0

)

(1, 12)
, (2.52)

which is an SU(2)L doublet with hypercharge Y = 1/2. The SM Lagrangian is modified
by the addition of the term

LΦ = (DµΦ)
†(DµΦ)− V (Φ†Φ), (2.53)

where

V (Φ†Φ) = −µ2(Φ†Φ) + λ(Φ†Φ)2

= −µ2
(
|φ+|2 + |φ0|2

)
+ λ

(
|φ+|2 + |φ0|2

)2
, (2.54)

whit µ2, λ > 0.
The shape of the potential V (Φ†Φ) as a function of the Φ components is shown in

Fig. (2.1).

Figure 2.1: Higgs field potential shape.

By looking at the stationary points and at the second derivatives of the potential
V , one can verify that (2.54) has a degenerate absolute minimum determined by the
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condition

|φ+|2 + |φ0|2 = µ2

2λ
. (2.55)

In terms of energy all the ground configurations described by (2.55) are equivalent, but
the field Φ will eventually choose a definite direction in the equivalent minima. That is
what spontaneously breaks the gauge symmetry: the Lagrangian is still invariant under
SU(2)L ⊗ U(1)Y local transformations, but the vacuum state is not.

Since the field Φ is an operator, the condition (2.55) is actually referred to the VEV
of the field: ∣∣〈0

∣∣φ+
∣∣ 0
〉∣∣2 +

∣∣〈0
∣∣φ0
∣∣ 0
〉∣∣2 = µ

2λ
≡ v√

2
. (2.56)

The gauge invariance gives us the freedom to perform an SU(2)L ⊗ U(1)Y local trans-
formation in order to choose a convenient direction for the Higgs VEV:

Φ(x) =

(
φ+(x)
φ0(x)

)
=




φ+1 (x)+iφ+2 (x)√
2

φ01(x)+iφ
0
2(x)√

2




SU(2)L−→
(

0
ρ(x)+iτ(x)√

2

)
U(1)Y−→

(
0

σ′(x)√
2

)
, (2.57)

where φ
(+,0)
(1,2) , ρ, τ, σ

′ are real fields. In this basis one has

〈
0
∣∣σ′(x)

∣∣ 0
〉
= v, (2.58)

and one can expand the Higgs field around its minimum

Φ(x) =

(
0

v√
2
+ σ(x)

)
. (2.59)

The covariant derivative acting on the Higgs field is

DµΦ(x) =

(
∂µ − igW i

µ

σi

2
− i

g′

2
Bµ

)(
0

v + σ(x)√
2

)

= − i

2

(
gv(W 1

µ − iW 2
µ) +

gσ(x)√
2
(W 1

µ − iW 2
µ)

i
√
2∂µσ(x) + v(−gW 3

µ + g′Bµ) +
σ(x)√

2
(−gW 3

µ + g′Bµ)

)
, (2.60)

and the kinetic term in the Higgs Lagrangian reads

(DµΦ)
† (DµΦ) =

1

2
(∂µσ)(∂

µσ) +
g2v2

4
(W 1

µW
1µ +W 2

µW
2µ)

+
v2

4
(gW 3

µ − g′Bµ)(gW
3µ − g′Bµ)

+ cubic + quartic terms , (2.61)
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which contains the mass terms for the gauge bosons. It is possible to diagonalise the
mass terms involving W 3

µ and Bµ by defining

Zµ =
gW 3

µ − g′Bµ√
g2 + g′2

≡ cos θWW
3
µ − sin θWBµ, (2.62)

Aµ =
g′W 3

µ + gBµ√
g2 + g′2

≡ sin θWW
3
µ + cos θWBµ. (2.63)

The Weinberg or weak mixing angle θW is related to the gauge couplings as

cos θW =
g√

g2 + g′2
, sin θW =

g′√
g2 + g′2

. (2.64)

It is also convenient to define states of definite electric charge as

W±
µ =

W 1
µ ∓ iW 2

µ√
2

. (2.65)

With these redefinitions the kinetic term (2.61) reads

(DµΦ)
† (DµΦ) =

1

2
(∂µσ)(∂

µσ) +
g2v2

4

(
W+
µ W

−µ +W−
µ W

+µ
)

g2v2

4 cos2 θW
ZµZ

µ + cubic + quartic terms . (2.66)

Notice that the field Aµ remains massless, as it is associated to the unbroken U(1)em
electromagnetic gauge group with coupling constant

e =
gg′√
g2 + g′2

. (2.67)

Also the SU(3)C remains unbroken by the Higgs mechanism and its gauge bosons are
massless. In that case the absence of observation of long range interactions is due to a
different mechanism related to strong interactions, the confinement of colour charges [22].

The nonzero VEV of the Higgs field also accounts for the origin of masses of the
fermionic SM fields, through a gauge and Lorentz invariant Yukawa-like interaction that
for leptonic fields reads as

lLΦeR + h.c., (2.68)

When the Higgs field acquires a VEV, the interaction (2.68) generates the mass terms
for the particles with I3 = −1/2:

(
νeL eL

)( 0
v

)
eR + h.c. = v(eLeR + eReL). (2.69)

Defining
Φ̃ = iσ2 (Φ)∗ , (2.70)
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which has Y = −1/2 and I = 1/2, it is possible to construct the gauge and Lorentz
invariant term

qLΦ̃uR + h.c., (2.71)

which analogously to (2.69) generates the mass terms for the fields with I3 = 1/2.
A direct verification of the BEH mechanism was finally achieved when, on the July

4th 2012, the ATLAS and CMS collaborations announced the independent identification
of a new scalar particle with mass around 125 GeV compatible with a SM-like Higgs
boson [23, 24].

2.1.2 Renormalizability

While dealing with computations of correlation functions in interacting quantum field
theories (QFT) it is often impossible to obtain exact results. In these cases the complica-
tions of the calculation are overcome by means of numerical simulations if the theory is
strongly coupled, or by a perturbative expansion of the results if the coupling constants
are sufficiently small. In the latter case divergent quantities commonly appear if the per-
turbation is taken besides the first non-trivial order (tree level) considering also Feynman
diagrams including closed lines (loops). The renormalisation of a theory is the procedure
with which these divergent quantities are dealt, in such a way that the final results are
finite. The fact that a quantum field theory needs or not to be renormalised is not a
priori a criterion for the theory itself, since the necessity of a renormalisation procedure
is mostly related to the perturbative approach adapted to perform the computations: in
defining a zeroth order theory we are forced to include a set of bare parameters, which
describe the theory in the absence of interactions. But the bare parameters are unobserv-
able and thus unphysical, since the experiments can only probe the complete theory. The
renormalisation procedure consists in expressing all the observables in terms of physical
meaningful quantities; in a renormalised theory the aforementioned divergencies only
reappear when one tries to establish a connection between physical and bare parameters.
If it is possible to perform the renormalisation process at all orders in the perturbative
expansion, a theory is said to be renormalizable.

Consider a general theory in d dimensions, whose Lagrangian includes the interaction
term

− gf(φrψs), (2.72)

where g is a coupling constant and f(φrψs) denotes a combination of r bosonic and s
fermionic fields. In any diagram describing the interaction (2.72) each vertex has r+s legs,
but the different momenta are in general not independent. Each diagram is associated
with a number of independent integrations over internal momenta, the number equating
its number of loops, and each one contributing with d powers of momenta, indicated
generically with q in the following. On the other hand each internal line contributes
with a propagator of dimension [q−2] in the bosonic case, and [q−1] in the fermionic
one. Denoting by L the total number of loops and by IB,F the number of bosonic and
fermionic propagators, the superficial degree of divergence D of a diagram is

D = dL− (2IB + IF ). (2.73)
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Let EB,F be the number of external bosonic and fermionic lines, and n the number of
vertices: each vertex is associated with a momentum conservation condition, but their
combination is constrained by the overall momentum conservation, thus the number of
constrains on momenta is n− 1 and the number of independent momenta is

L = IB + IF − (n− 1). (2.74)

Each vertex has r bosonic and s fermionic legs, with the internal ones counting twice
because they are connected with two vertices. One then has

rn = EB + 2IB ,

sn = EF + 2IF , (2.75)

from which

2IB + IF = rn+
sn

2
− EB − EF

2
,

IB + IF =
rn+ sn− EB − EF

2
. (2.76)

Replacing (2.74, 2.76) in (2.73) we obtain

D = EB +
EF
2

− d

(
EB +EF

2
− 1

)
+ n

[
d

(
r + s

2
− 1

)
− r − s

2

]
. (2.77)

Here and in the following it is useful to work in natural units, defined as

c = 1 ⇒ [x] = [t] ,

~ = 1 ⇒ [E] = [t]−1 , (2.78)

where c is the speed of light in vacuum, ~ is the Planck constant and x, t, E represent a
length, a time and an energy, respectively. In these units the action S

S =

∫
ddx L, (2.79)

is dimensionless, so that
[L] = [E]d , (2.80)

or [L] = d if we simply indicate by convention the dimensions as powers in units of
energy. Because the kinetic term is ∂µφ∂

µφ for a bosonic field, and iψ̄ /∂ψ for a fermionic
one, it follows

[φ] =
d− 2

2
, [ψ] =

d− 1

2
, (2.81)

from which

[g] = d

(
1− r + s

2

)
+ r +

s

2
, (2.82)
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and (2.77) becomes

D = EB +
EF
2

− d

(
EB + EF

2
− 1

)
− n [g] . (2.83)

The last term of this expression describes how the higher order corrections to a given
amplitude diverge as a function of the number of vertices in the diagrams: if [g] < 0
the nth order in the perturbative expansion is more divergent than the (n − 1)th and
the theory is non-renormalizable; it does not mean that the theory is not predictive, but
the renormalisation must be carried out at each perturbative order, requiring an infinite
number of renormalisation conditions to obtain convergent results at all orders. This
is usually the case of effective field theories, which inherit their non-renormalizability
from the lack of an ultra-violet (UV) completion. Conversely if only a finite number of
renormalisation conditions is necessary to obtain convergent results at all orders in the
perturbative expansion, a theory is said renormalizable; a renormalizable theory is in
principle self-contained and does not formally require any UV completion. A necessary
condition for renormalizability is that [g] ≥ 0, or equivalently

[f(φrψs)] ≤ d. (2.84)

This is however not a sufficient condition, since the counting of the superficial degrees
of divergence does not take into account the possibility of nested divergencies, when a
divergent non-trivial subgraph makes the whole diagram to diverge more than the naïve
counting (2.83).

It has nonetheless been demonstrated that if (2.84) holds, then gauge theories are
renormalizable provided certain additional conditions (such as the absence of gauge
anomalies) are satisfied [25, 26], and that also spontaneously broken gauge theories are
renormalizable [27]. The SM in 4 dimensions (d = 4) is renormalizable, provided that
the coupling constants are dimensionless or have positive dimensions in energy.

2.2 Neutrino masses in the Standard Model

We can now address the point of neutrino masses in the SM: we will show why, as
a consequence of the SM constraints, neutrinos are massless and why any signal for
nonzero neutrino masses points toward the existence of physics beyond the SM (BSM).

First of all in the SM framework neutrino masses cannot arise from the same mass
generation mechanism common to the other elementary fermions, via a Yukawa inter-
action as in eq. (2.71), simply because of the lack of a right-handed neutrino field νR,
which would have the correct quantum numbers for the purpose. A Dirac mass term as
in eq. (2.33) is thus forbidden. Nonetheless, we know from Section (2.1.1) that with a
single chiral field νL it is possible to construct a Lorentz invariant Majorana mass term
as in eq. (2.35). But a term of this kind suffers from the lack of invariance under the
SU(2)L × U(1)Y SM gauge subgroup, and is thus also forbidden. A gauge invariant
Majorana mass term for left-handed neutrinos may be generated as a consequence of a
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SSB mechanism, in a similar way as Dirac mass terms are generated in the SM. However
such mechanism would require a Higgs-like scalar field with isospin I = 1, in order to
construct a gauge invariant Yukawa interaction containing the I = 1 term νcLνL. Such a
field (a Higgs triplet) is not present in the SM, and so this possibility is also excluded.

To summarise, because of the gauge symmetries and the field content of the theory,
and allowing only renormalizable couplings, neutrinos are massless in the SM.

If one relaxes the renormalizability condition and considers the SM as an effective
theory valid up to some energy scale, and parametrises the effects of the unknown UV
completion as a tower of effective non-renormalizable operators, the first new physics
effects are encoded in the collection of allowed dimension 5 operators. Remarkably, there
exists a unique Lorentz and gauge-invariant operator that is possible to construct with
the SM fields, the so called Weinberg operator [28]

1

2

cαβ
Λ

(
lcLαΦ̃

∗
)(

Φ̃†lβL

)
+ h.c., (2.85)

where α, β = e, µ, τ , cαβ is a complex symmetric matrix and Λ is a constant with the
dimensions of energy that is related to the new physics scale. When the Higgs field
acquires a nonzero VEV, the operator (2.85) contributes as

v2

2

cαβ
Λ
νcLανLβ + h.c., (2.86)

that is a Majorana mass term for left-handed neutrinos. It is notable that the first
expected effect of physics BSM is just the appearance of non-zero Majorana neutrino
masses; in this sense neutrinos are truly a window to BSM physics.

2.3 Leptonic Lagrangian in the Standard Model

Given the SM field content, the SM Lagrangian is the most general renormalizable La-
grangian which is invariant under the local gauge group and the global Lorentz transfor-
mations. Choosing a basis in which the kinetic terms are diagonal, the leptonic part is
given by

Lleptons = lαL

(
i/∂ +

g

2
/W
i
σi − g′

2
/B

)
lαL + eαR

(
i/∂ − g′ /B

)
eαR

−YαβlαLΦe
β
R − Y †

αβe
α
RΦ

†lβL. (2.87)

Yαβ is the matrix of the Yukawa interactions, which expresses the strength of the cou-
plings between the leptons and the Higgs field. It is a 3× 3 matrix with complex entries
in general, which can be diagonalised through the bi-unitary transformation [29]

U †Y V = diag [y1, y2, y3] , (2.88)

where y1,2,3 are positive numbers and U, V are unitary matrices. Redefining the lepton
fields as

lαL = Uαβ l̃
β
L, (2.89)

eαR = Vαβ ẽ
β
R, (2.90)
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the leptonic part of the SM Lagrangian is rewritten as

Lleptons = l̃αL

(
i/∂ +

g

2
/W
i
σi − g′

2
/B

)
l̃αL + ẽαR

(
i/∂ − g′ /B

)
ẽαR

−
3∑

α=1

yα l̃
α
LΦẽ

α
R −

3∑

α=1

yαẽ
α
RΦ

†l̃αL. (2.91)

In other words, it is possible to find a simultaneous basis for mass and interaction eigen-
states, that we simply indicate with lL, eR in the following, while the generation indices
can be unambiguously associated with known flavours, α, β = e, µ, τ . The Lagrangian
is invariant under the continuous transformations (in the following expressions repeated
indices are not meant to be summed):

{
lαL = eiθα lαL,
eαR = eiθαeαR,

(2.92)

with the θe,µ,τ parameters not necessarily equal. The Noether current associated to each
one of these transformation is

Jµα = −eαγµeα − νL
αγµναL. (2.93)

The associated conserved charge is a well defined observable; expressing it in the form of
a normal product in the operators it contains [30] we obtain:

Qα = − :

∫
d3x J0

α(x) : = −
∑

p,i

(
a†p,iap,i − b†p,ibp,i + c†p,icp,i − d†p,idp,i

)
α

= − (nα − nα) , (2.94)

where a and b are the annihilation operators associated with the charged particle and
antiparticle of generation α, respectively; c and d are the ones associated with the neu-
trino and the summation is taken over all possible values of momenta p and polarisation
i. n and n are the number operators that count how much particle and antiparticle are
respectively present. Thus in the SM the differences

Lα = nα − nα, α = e, µ, τ, (2.95)

between the number of particles and antiparticles in each flavour are constant, and the
interactions preserve these quantities.

Expanding the Lagrangian (2.91) and redefining the gauge fields as in eqs. (2.62 - 2.65)
we obtain the following form of the SM Lagrangian involving neutrino fields (repeated
indices are summed, hereafter):

LSM

ν = iναL /∂ν
α
L

− g√
2

(
ναL /W

+
eαL + eαL /W

−
ναL

)

− g

2 cos θW
ναL /Zν

α
L. (2.96)
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The first row is the kinetic term, the second one encodes the charged interactions medi-
ated by the W± bosons and the third one accounts for the neutral interactions mediated
by the Z boson.

2.4 Hypothesis of massive neutrinos and consequences

We have seen in Section 2.2 that massive neutrinos call for the existence of new physics
(BSM). It is thus natural to study the phenomenological consequences of BSM realisa-
tions, especially in the light of recent experimental results, that will be reviewed in the
next Chapter. We will start by analysing the most direct consequences of the dimension 5
operator (2.86), studying how the discussion of Section 2.3 is modified by its presence; we
later present a more general situation under the assumption that gauge singlet fermions
(e.g. right-handed neutrinos) are added to the SM field content.

2.4.1 EFT approach

Since the fermionic fields are grassmanian variables and the charge conjugation matrix
C is antisymmetric, the operator

ναL
T C νβL (2.97)

is completely symmetric under the exchange of the flavour indices α, β. Thus the coeffi-
cients cαβ in (2.86) are completely symmetric too.

The addition of the operator (2.85) to the Lagrangian (2.87) significantly modifies
the discussion of Section 2.3: the transformation (2.88) is still viable, but due to the
presence of the neutrino mass matrix

mν
αβ = −v

2

2

cαβ
,
Λ (2.98)

the same transformation does not in general lead to a diagonal basis for massive neutri-
nos. Thus, unless the BSM physics is characterised by some unknown symmetry implying
that the matrix cαβ is automatically diagonalised by the transformation (2.89), the addi-
tion of the effective operator (2.85) to the SM Lagrangian makes it impossible to find a
simultaneous basis for the mass and the interaction eigenstates. Moreover the transfor-
mation (2.92) is no longer a symmetry of the Lagrangian, and the charges (2.94) are no
longer conserved, neither individually nor summed over different flavours. This is due to
the Majorana character of the mass term (2.86) or, equivalently, to the fact that in (2.85),

the operator ll appears in the combination lαl l
β
l (and not as lαl l

β
l , for instance), implying

that (2.85) violates the total lepton number by two units. That is not the more general
configuration, as we will see in the next section, massive neutrinos can either conserve or
violate the total lepton number, depending on their Dirac or Majorana nature. Notice
however that in order to characterise a massive Majorana neutrino, a right-handed com-
ponent is required; the right-handed component modifies the above discussion, allowing
for the generation of neutrino masses terms already at the renormalizable level.
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2.4.2 Impact of sterile fermions on neutrino masses: Majorana, Dirac
and pseudo-Dirac states

Let us consider the general case in which the SM field content is enlarged by the addition
of n Weyl fermions Ni, singlet under the SM gauge group. This hypothesis includes but
is not limited to right-handed neutrinos, since the new sterile fermions can differ among
themselves by additional quantum numbers, as for instance a global lepton number.
Without loss of generality, we can nonetheless assume that the fields N have right-
handed chirality, since any fundamental left-handed field can be expressed in term of a
right-handed one by means of a charge-conjugation operation, cf. (2.9, 2.10).

The sterile fermions have the correct quantum numbers to couple to active neutrinos
through a Yukawa term,

YαiναLΦ̃Ni + h.c., (2.99)

generating after electroweak symmetry breaking (EWSB) a Dirac neutrino mass term.
Since they are gauge singlets they can moreover be coupled via a Majorana mass term.
The most general mass term, invariant under Lorentz and gauge symmetries, is thus

−Lm = ναLm
∗
αiNi +

1

2
NT
i CM

∗
ijNj + h.c. (2.100)

where M is a complex symmetric mass matrix and m is related to the Higgs VEV and
to the Yukawa couplings by

mαi =
v√
2
Y ∗
αi. (2.101)

Introducing the basis nTL = (νeL, ν
µ
L, ν

τ
L, N

c
1 , . . . , N

c
n) and with the help of (cf. (2.28))

(
NT
i CM

∗
ijNj

)†
=

(
N c
j

)T
CMjiN

c
i ,

(
ναLm

∗
αiNi

)†
= (N c

i )
TCmαiν

α
L = (ναL)

T CmαiN
c
i , (2.102)

the mass term (2.100) can be recast in the more compact form

−Lm =
1

2
nTLCMnL + h.c., (2.103)

with the mass matrix M given by3

M =

(
0 m
mT M

)
. (2.104)

This complex symmetric matrix can be diagonalised with the help of the transformation
[36]

UTMU = M̂ = diag [µ1, . . . , µ3+n] , (2.105)

3The following discussion applies as well if the matrix M possesses a non-zero block in the (1,1) entry,
i.e. when a Majorana mass term for left-handed neutrinos is allowed by the presence of an isospin Higgs
triplet, see for instance [31–37]. We do not consider this possibility in the present discussion.
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where U is a (3+n)× (3+n) unitary matrix and M̂ is a diagonal matrix. We can define
the basis

χL = U†nL, (2.106)

in terms of which the Lagrangian (2.100) takes the form

−Lm =
1

2

3+n∑

k=1

µk
(
χkL
)c
χkL +

1

2

3+n∑

k=1

µ∗k χ
k
L

(
χkL

)c
. (2.107)

If ϕk are the complex arguments of the diagonal elements in M̂,

µk = ρke
iϕk , ρk ≥ 0, (2.108)

we can define the mass eigenstates of the system as [14]

χk = χkL + e−iϕk
(
χkL

)c
, (2.109)

since in this basis the Lagrangian (2.100) reads

−Lm =
1

2

3+n∑

k=1

ρkχkχk. (2.110)

The masses ρk are defined positive, and the fields χk are Majorana states, as it immedi-
ately follows from (2.109)

χck = eiϕkχk. (2.111)

This is in agreement with the counting of the degrees of freedom of the system: each
Weyl spinor possesses two degrees of freedom, and after diagonalization there is a mass
eigenstate for each Weyl spinor, each one should have in turn two degrees of freedom,
corresponding to the two possible helicities of a Majorana particle.

There is however a different possibility: suppose that for some symmetry reason the
terms Mij in (2.100) are absent. Although there are no limitations on the number n of
sterile fields that can be present, it is evident that in this case the rank of the matrix
M is at most4 6 and thus it has at most 6 non-zero eigenvalues. We can thus restrict
for simplicity to the case n = 3, keeping in mind that the general case is characterised
by the addition of n − 3 massless states. If no Majorana mass terms are present it is
more convenient to diagonalise the mass matrix (2.104) in two steps, by rotating first the
sub-blocks m,mT via the matrix

U ′ =

(
0 W∗

V 0

)
, (2.112)

4The (3 × n) matrix m has rank 3 at most. Putting both m and mT in an echelon form the above
statement is straightforward.
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where the unitary matrices W,V diagonalise m via the biunitary transformation

W†mV = m̂ = diag [ζ1, ζ2, ζ3] . (2.113)

The resulting matrix can then be put in a diagonal form by a combination of rotations
R with an angle of π/4 in the planes (i, 3+ i), i = 1, 2, 3. Notice that the final spectrum
is characterised by the eigenvalues

RTU ′TM′U ′R = M̂′ = diag [−ζ1, ζ1,−ζ2, ζ2,−ζ3, ζ3] . (2.114)

We can now rotate the states in the mass basis defined in (2.106), this time using the
matrix (U ′R)†. Since the matrices W and V only act on the νL and N fields, respectively,
we can define for convenience a new basis for them

{
N ′c = V†N c

ν ′L = WT νL
(2.115)

such that the mass basis resulting from the previous diagonalization procedure can be
expressed as





χk,−L =
N ′c

k−ν′L,k√
2

χk,+L =
N ′c

k+ν
′
L,k√

2
,

(2.116)

with k = 1, 2, 3 running over the different mass eigenvalues. We can now repeat the
construction (2.108, 2.109) to define the mass eigenstates, noticing however that in this
case the masses ρk are degenerate in couples of same modulus and phase factors opposite
in sign, eiϕ

+
k = −eiϕ−

k . The mass eigenstates associated to the degenerate mass ρk result,
from the previous diagonalization procedure,





χ+
k = χk,+L + e−iϕk

(
χk,+L

)c

χ−
k = χk,−L − e−iϕk

(
χk,−L

)c
,

(2.117)

and the Lagrangian (2.110) is characterised by the degenerate mass terms

−Lm ∋ 1

2
ρk

(
χ+
k χ

+
k + χ−

k χ
−
k

)

=
1

2
ρk

(
e−iϕkN ′c

kν
′c
L,k + e−iϕkν ′L,kN

′
k + eiϕkN ′

kν
′
L,k + eiϕkν ′cL,kN

′c
k

)

= ρkν
k
Dν

k
D, (2.118)

where

νkD = νkL + e−iϕkNk, (2.119)

is a Dirac state possessing a left- and a right-handed components, which are independent.
The degrees of freedom of the system are now arranged in a different fashion: the 6 initial
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Weyl spinors, each one possessing two degrees of freedom, are arranged to form 3 Dirac
spinors, each one characterised by 4 degrees of freedom (left- and right-handed helicity
for particle and antiparticles states).

An important point of the above discussion is that we have shown that a Dirac state
can be seen as the combination of two Majorana states, that are degenerate in mass and
with opposite eigenvalues under the particle-antiparticle conjugation operation. Also
notice that the Majorana or Dirac character of the mass eigenstates is related to the
symmetries of the Lagrangian: if there exist a nontrivial assignment of charges to the
fields in nL such that the terms in (2.100) preserve this lepton number, then the symmetry
must be preserved regardless of the chosen basis. In the previous example, where the
Mij terms are absent, we can assign L = 1 to the fields νL, N and easily verify that
the mass matrix m preserves this number. After the diagonalization the mass terms are
rearranged in the form (2.107), where each single term clearly violates all the internal
numbers of the fields χL by two units. However, since the conservation of L does not
depend on the chosen basis, the Lagrangian (2.107) must preserve this number, although
the symmetry is no longer manifest. The mechanism through which the symmetry is
implemented is precisely the one described above: the individual states can violate the
number L, but their combined effect preserve it. An interesting situation is realised when
an assignment of lepton numbers preserving L is not possible, but the mass matrix (2.104)
is characterised by a certain hierarchy, with the terms that violate the total lepton number
suppressed with respect to the conserving ones. In this case we indeed expect a violation
of the total lepton number and thus Majorana mass eigenstates; however this violation
must be a weak effect with respect to the lepton conserving interactions and must vanish
when the lepton violating terms are set to zero. The would-be Dirac states in the limiting
L-conserving scenario are composed by 2 degenerate Majorana states, each one violating
L in exactly the opposite way with respect to its companion; when small L-violating terms
are considered, the degeneracy in the couples is lifted and the states become two truly
Majorana particles. However their masses are still almost degenerate and their lepton
number violating (LNV) interactions still compensate among them apart for a small
resulting amount, proportional to the size of the L-violating mass terms in (2.100). Such
kind of particles are thus named pseudo-Dirac states, meaning that they are Majorana
particles whose combined effect resembles a Dirac state.

2.4.3 Neutrino oscillations

As stated in the previous sections any signal for non-zero neutrino masses calls for the
existence of physics BSM; it is thus essential to look for experimental evidences related
to this hypothesis. As we will show in Section 3.1, neutrinos are extremely light par-
ticles, and any direct measurement of their masses based on kinematic observations is
compatible with massless particles in the limit of experimental uncertainties. It is thus
necessary to look for different signatures of massive neutrinos, and a powerful guideline is
given by the observation made in Section 2.4.1, that the appearance of a neutrino mass
matrix (2.98) makes it in general impossible to find a simultaneous diagonal basis for
neutrino mass and flavour eigenstates, implying that leptonic flavours are not preserved
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in the neutrino propagation [38].
Let us adopt an effective approach to the problem, assuming that a neutrino mass

matrix (2.98) is present in the low-energy Lagrangian, disregarding for the moment any
possible underlying neutrino mass generation mechanism. Adding the effective opera-
tor (2.85) to the Lagrangian (2.87) we obtain, after electroweak symmetry breaking, the
following leptonic mass terms

− Lm = e′RαM
αβ
l e′Lβ +

1

2
ν ′L

T
αCm

αβ
ν ν ′Lβ + h.c., (2.120)

with α = e, µ, τ and

Mαβ
l =

v√
2
Y †
αβ, mαβ

ν = −v
2

2

cαβ
Λ
. (2.121)

In the basis defined in (2.87) the charged current interactions are diagonal

LW = − g√
2
e′α /W

−
ν ′Lα + h.c. (2.122)

and we have seen in Section 2.3 that, if mν = 0, the same is true in the mass basis too.
This conclusion is not valid anymore as long as mν 6= 0, since the independent mass
matrices need to be diagonalised by the transformations

Ml → URMlU
†
L = M̂l,

mν → UTν mνUν = m̂ν , (2.123)

eLα = ULαβe
′
Lβ,

eRα = URαβe
′
Rβ,

νLi = U †
ν iαν

′
Lβ. (2.124)

The leptonic kinetic terms and the neutral weak interaction current are invariant under
the transformation5 (2.124), while the charged weak interaction current becomes

LW = − g√
2
eα /W

−
(
U †
LUν

)
αi
νLi + h.c. (2.125)

The charged current is characterised by the presence of a leptonic mixing matrix U =
U †
LUν and the interactions are not diagonal in the mass basis (2.124). Notice that it is

in principle possible to choose a basis in which either charged leptons or neutrinos are
simultaneous mass and interaction eigenstates. However, because of the tiny neutrino
mass values, it is practically impossible to experimentally distinguish among the different
neutrino mass eigenstates, while the same operation is very simple for charged leptons.
For such a reason it is customary to work in a basis where charged leptons are diagonal

5This is no longer true if the matrix Uν is not unitary.
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in the mass and interactions basis, while neutrinos are not. We recall this convention
by appending to the charged states a unique flavour index generically represented by a
greek letter, while we distinguish among neutrino interaction eigenstates να, α = e, µ, τ
and neutrino mass eigenstates νi, i = 1, 2, 3. By choosing such a basis, the flavour of a
neutrino is determined by the superposition of states which couple with a charged lepton
of a given flavour in the charged current vertex,

να = Uαjνi. (2.126)

Following this definition we can infer the flavour of a neutrino looking at the charged
lepton entering the common interaction vertex. A neutrino produced at a certain space-
time point (identified for convenience with the origin of the reference frame) by the
interaction (2.125) corresponds to a linear superposition of the (kinematically accessible)
mass eigenstates, each one possessing a proper four-momentum defined by the kinematic
of the process. Its propagation is described by the equation

|να(x)〉 = Uαie
−ipix |νi〉 , (2.127)

where x = (t,x) is a space-time point and pi = (Ei,pi) =
(√

m2
i + |pi|2,pi

)
is the mo-

mentum of the mass eigenstate |νi〉. Consequently the probability amplitude of observing
a neutrino with flavour |νβ〉 at the point x is

Aνα→νβ(x) = 〈νβ|να(x)〉 = U∗
βjUαie

−ipix 〈νj|νi〉
= U∗

βiUαie
−ipix, (2.128)

where we used 〈νi|νj〉 = δij . Thus the probability is given by

Pνα→νβ(x) =
∣∣Aνα→νβ(x)

∣∣2 =
∣∣U∗

βiUαie
−ipix

∣∣2 = |Uβi|2|Uαi|2

+
∑

i<j

2 Re

[
UβjU

∗
αjU

∗
βiUαie

i(pj−pi)x
]
, (2.129)

that is, a constant term plus a periodic function of the space-time point and is not
vanishing also for β 6= α. The previous formula can be simplified considering that
neutrinos are very light and highly relativistic particles, for which is ℓ ≃ t, where ℓ is
the distance from the production point in natural units and t the time passed from the
production. One thus has

(pj − pi) x = (Ej − Ei) t−
(∣∣pj

∣∣− |pi|
)
ℓ ≃

[
(Ej − Ei)−

(∣∣pj
∣∣− |pi|

)]
ℓ

≃
(m2

j −m2
i )ℓ

2E
, (2.130)

where we have used the approximations |pi| ≃ Ei − m2
i

2Ei
and mi/2Ei ≃ mi/2E, where E

is the neutrino energy in the assumption of vanishing mass.
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Thus if neutrinos are massive particles and the leptonic mixing matrix is non-trivial,
the individual lepton flavours are not conserved (in the neutral sector), and the prob-
ability of observing a neutrino of a given flavour is a periodic function of the distance
ℓ between the production and the detection points, i.e. the neutrino flavour oscillate.
This is a relevant example of how the operator (2.85) violates the conservation of the
individual lepton flavour numbers. We will analyse further examples of lepton flavour
violating (LFV) processes in the following sections; neutrino oscillations stand out among
the other LFV processes since the amount of flavour violation is amplified by the neutrino
propagation, making the effect easily experimentally detectable.

Quantum field theory treatment

The above derived formula for the probability of the transition να → νβ is suitable
to describe a vast majority of the possible experimental configurations. It is however
an approximate expression derived assuming several simplifications [39]. First of all
neutrinos are produced and detected in localised space-time regions: this implies that
they cannot be described by plane waves, but a wave packet approach must be adopted.
Moreover, because of their different masses, the neutrino mass eigenstates have different
velocities,

vi =
pi
Ei

≃ 1− m2
i

2E2
. (2.131)

A neutrino emitted in a certain process can be described by a wave packet with size
δx, determined by the resolution within which the neutrino production point is known.
The wave packet can be approximated with a gaussian distribution with width δx, and
consequently the neutrino momentum distribution is a gaussian with width σp = 1/σx
and centred at pi. If a neutrino flavour eigenstate produced at a certain point is the
superposition of three different mass eigenstates, the corresponding wave packets move
with different group velocities (2.131) and tend to separate over long distances. The
superposition between the states νi and νk remains significant only if the separation
between the centres of their wave packets is smaller than ∆x ∼ 2σx, i.e. for values of ℓ
smaller than

ℓ . ℓikcoh =
√
2

2σx
|vj − vk|

≃ 4
√
2E2σx

|m2
i −m2

k|
. (2.132)

If a rigorous analysis is performed considering the localisation of production and
detection points, the decorrelation between different wave packets and adopting a fully
field theoretical approach, a more general formula can be obtained [40, 41]

Pνα→νβ(ℓ) = |Uβj |2|Uαj |2 (2.133)

+
∑

i<j

2Re

[
UβjU

∗
αjU

∗
βiUαie

i2π ℓ

ℓ
jk
osc

]
e
−
(

ℓ

ℓ
jk
coh

)2

e
−2π2ξ2

(

σx

ℓ
jk
osc

)2

,

where ℓjkosc = 4πE/|m2
j − m2

k|, σx is the combination of both the spatial uncertainties
relative to the production and the detection points and ξ is a dimensionless parameter of
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order unity depending from the production process. In all the experimental configurations
characterised by ℓ ≪ ℓcoh and σx ≪ ℓosc, the formula reduces to the simpler one of
eq. (2.129).

2.4.4 Matter effects on neutrino oscillations

The above treatment describes the oscillation of neutrinos in vacuum. In most of the
interesting configurations, neutrinos actually propagates in a matter environment (Earth
mantle, solar and supernovae interior, for instance). The surrounding matter affects the
propagation of neutrinos via processes of forward coherent scattering that can strongly
modify the transition probabilities with respect to the vacuum case. These effects can
be described using an effective potential that is added to the neutrino vacuum Hamil-
tonian [29, 42–48]. The effective potential for the scattering mediated by a Z0 boson
reads [39]

Vνµe = Vντ e = V Z0

νee = −
√
2

2
GFNe,

Vνµp = Vντp = Vνep = +

√
2

2
GFNp,

Vνµn = Vντn = Vνen = −
√
2

2
GFNn, (2.134)

where GF is the Fermi electroweak constant and Ne,p,n are the densities of electrons,
protons and neutrons in the medium, respectively. Differently from the other flavours, the
electron neutrinos receive a contribution from the forward coherent scattering mediated
by the charged bosons W± resulting in the effective potential

Vνee = V Z0

νee + V W
νee = −

√
2

2
GFNe +

√
2GFNe. (2.135)

The relevant quantity driving the oscillations of neutrinos in matter is the difference of
potential among different flavours:

V ≡ Vνe − Vνµ = Vνe − Vντ = +
√
2GFNe, (2.136)

that is proportional to the electron density in the medium Ne. Antineutrinos are subject
to a similar treatment but their potentials are opposed in sign,

Vνα = −Vνα . (2.137)

Given that in all the relevant configurations the medium is not charge-symmetric (it con-
tains electrons but not antielectrons) the difference between the potentials for neutrinos
and antineutrinos can enhance possible CP-violating effects in neutrino oscillations.

The quantum mechanical dynamics at work for neutrino oscillations in matter is the
same as the one for the vacuum case, the difference relies on the fact that the effective
potential modifies the neutrino mass eigenstates and eigenvectors affecting the flavour
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evolution on neutrino propagation. The effective neutrino Hamiltonian in the flavour
basis reads

Hν = U




E1 0 0
0 E2 0
0 0 E3


U † +




Vνe 0 0
0 Vνµ 0
0 0 Vντ


 , (2.138)

where U is the unitary matrix connecting the states in the flavour and the mass basis.
It formally describes the mass to interaction basis change. Because of the tiny neutrino
masses it is possible to approximate t ≃ ℓ (ℓ being the propagation distance) in the
neutrino evolution and the Hamiltonian (2.138) governs the Schröedinger equation

i
d

dℓ
να = Hννα. (2.139)

Notice that it is always possible to subtract a constant term from a Hamiltonian, and the
matter effects can be described without loss of generality by the matrix Hm

ν = (V, 0, 0),
where V is given in eq. (2.136).

In most cases neutrinos propagate in non homogeneous media, resulting in the evo-
lution equation

i
d

dℓ




νe
νµ
ντ


 = [H0 +Hm(ℓ)]




νe
νµ
ντ


 (2.140)

=





1

2E
U



m2

1 0 0
0 m2

2 0
0 0 m2

3


U † +



V (ℓ) 0 0
0 0 0
0 0 0










νe
νµ
ντ


 ,

where V (ℓ) =
√
2GFNe(ℓ) and where the approximation Ei ≃ E + m2

i /2E has been
used. This equation can be analytically or numerically solved once the matter density
distribution is known, taking as initial condition a pure flavour eigenstate [49–55].
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Chapter 3

Signals from the BSM realm:

neutrino masses, dark matter and

baryon asymmetry of the Universe

Beside some theoretical caveats, the SM described in Section 2.1 cannot account for
at least three observational problems, that are: neutrino mass and mixing, the lack of a
dark matter (DM) candidate and the observed baryon asymmetry of the Universe (BAU).
These observations lead to call for extensions of the SM and to consider BSM realisations
accounting for the aforementioned problems.

It is remarkable that each of these observational results (and often more than one at
the same time) can be successfully addressed by one of the simplest extensions of the
SM: the addition of fermionic gauge singlets to its field content. The simple motivation
for such a minimal BSM framework is the fact that neutrinos are massive like the other
elementary particles of the SM, which all have a right-handed component, so in order to
have a Dirac mass term for neutrinos one has to consider the possibility of having right-
handed neutrinos (sterile fermions) as well. If present, their phenomenological effect has
to be probed using different experimental strategies.

The present Chapter summarises the observational evidences for non-zero neutrino
masses, the existence of a non-baryonic matter component in the Universe and the de-
terminations of the observed matter-antimatter asymmetry, together with the present
experimental and cosmological status.

3.1 Evidence of nonzero neutrino masses from oscillation

experiments

Neutrinos are weakly interacting particles with very tiny masses, so light that it is not
possible, in the limits of experimental uncertainties, to disentangle among the massive
and massless hypothesis using direct kinematical methods. On the other hand the mass
differences among different neutrino eigenstates are small enough that the coherence
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between them is preserved in the propagation over ordinary lengthscales, making experi-
mentally feasible to observe the phenomenon of flavour oscillations from known neutrino
sources.

All the oscillation experiments follow the same guideline: they use a detector to mea-
sure the ratios of the different flavours composing a neutrino flux after it has propagated
some distance, and compare the results with the flavour composition expected at the
origin. If the flavour compositions differ then flavour numbers are not preserved in Na-
ture. By varying the energy of the neutrino flux and the distance between source and
detection points, it is possible to compare the predictions obtained using the transition
probability (2.129) with observations, determining if the violation of flavour numbers is
due to neutrino oscillations or if different hypothesis need to be taken into account.

In this context the leptonic mixing matrix is assumed to be unitary and is usually
parametrised as [56]

UPMNS =




1 0 0
0 c23 s23
0 −s23 c23






c13 0 s13e
−iδ

0 1 0
−s13eiδ 0 c13






c12 s12 0
−s12 c12 0
0 0 1




×diag(1, ei
α21
2 , ei

α31
2 )

=




c12c13 s12c13 s13e
−iδ

−s12c23 − c12s13s23e
iδ c12c23 − s12s13s23e

iδ c13s23
s12s23 − c12s13c23e

iδ −c12s23 − s12s13c23e
iδ c13c23




×diag(1, ei
α21
2 , ei

α31
2 ), (3.1)

where cij ≡ cos θij and sij ≡ sin θij. The CP-violating imaginary part of the mixing
matrix is parametrised by the δ, αij phases. The phases αij are related to the complex
phase of the mass matrix eigenvalues, cf. (2.108) and are only physical degrees if neutrinos
are Majorana particles, while they can be rotated away in the Dirac case. Notice however
that they cancel out in the oscillation formula (2.128) and cannot thus be probed in
neutrino oscillation experiments, which do not distinguish between the Dirac or Majorana
hypothesis for neutrinos. The label PMNS stands for Pontecorvo-Maki-Nakagawa-Sakata
after [38, 57].

Recall that oscillation physics only depends on the neutrino mass squared differences
and not on the absolute neutrino mass scale, and the neutrino oscillation experiments
are sensitive to the parameters ∆m2

ij = m2
i − m2

j where mi, i = 1, 2, 3 are the three
mass eigenvalues (see eqs. (2.129, 2.130)). Given that with 3 different masses there are
2 independent mass squared differences, ∆m2

12 and ∆m2
13, in the absence of information

on the absolute mass scale the oscillation data can be equivalently explained by two sets
of solutions, characterised by the 2 possible orderings of the known mass differences. For
the sake of definiteness, the following convention is usually adopted to label the neutrino
mass eigenstates

• ν3 is the mass eigenstate with the largest mass difference in modulus,∣∣∆m2
3i

∣∣ >
∣∣∆m2

21

∣∣ for i = 1, 2;
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• ν1,2 are the other two mass eigenstates, ν1 being the lightest, ∆m2
21>0.

Accordingly, the free parameters to be determined from oscillation data are the values
∆m2

21,
∣∣∆m2

31

∣∣ and the sign of ∆m2
31. The solution with ∆m2

31 > 0 is labeled “Normal
Hierarchy” (NH), the one with ∆m2

31 < 0 “Inverted Hierarchy” (IH).
Notice that under CP conjugation the leptonic mixing matrix is replaced by its

complex conjugate, U → U∗, and the amount of CP -violation in the leptonic sector is
determined by the imaginary part of U . From the oscillation probability eq. (2.129) it
follows that the relevant CP -violating quantities are the coefficients

Jαβij = −Im
[
UαiU

∗
αjU

∗
βiUβj

]
, (3.2)

which are zero for α = β or i = j. It can be shown that, for a 3 × 3 unitary mixing
matrix, the values of Jαβij for the 9 non-zero combinations of indices are equal, and the
amount of CP violation is determined by a single parameter, the Jarlskog invariant [58].
It can be parametrised, using (3.1), as

J = Jeµ12 = c213s13s12c12s23c23 sin δ. (3.3)

Thus CP -violating interactions are only possible if all the three mixing angles and the
phase δ are different form zero.

We recall in the following the main investigated neutrino sources and the correspond-
ing experiments [39], and summarise the results obtained from global fits to neutrino
data.

3.1.1 Atmospheric neutrinos

Cosmic rays [59] are charged particles and nuclei of extraterrestrial origin reaching the
Earth with a rate of approximatively 1 particle/(cm2 sec sr). They are mainly composed
by protons and charged nuclei, and produce a shower of particles when they interact with
the upper layers of the atmosphere

p+Aair → p, n, π±, π0,K±, . . . . (3.4)

The atmospheric neutrino flux is mainly originated by the chain of pion decays [60]

π+ → µ+ + νµ
↓
e+ + νe + νµ,

(3.5)

and charge conjugate channels
The overall cosmic radiation originates from different astrophysical sources respon-

sible for the primary cosmic rays flux, plus secondary particles produced form the in-
teractions of the primary flux with the interstellar gas, and its precise determination is
not an easy task. Nonetheless it is possible to derive robust predictions relative to the
neutrino atmospheric flux. Firstly since cosmic rays are trapped in the galactic magnetic
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field for millions of years, erasing any spatial dependence from their source, the result-
ing flux is isotropic and uniform in time. The produced neutrino flux is expected to be
uniform in time and up-down symmetric with respect to the Earth surface, due to the
Earth’s sphericity. Moreover, as a consequence of the production chain (3.5), the muonic
neutrino flux, Φ(νµ), is expected to be as twice as the electronic neutrino one, Φ(νe), in
the absence of neutrino oscillations. Notice however that at higher energies, relativistic
effects make the muons travelling longer in the atmosphere before decaying, and thus the
ratio Φ(νµ)/Φ(νe) increases with neutrino energies.

The properties of the atmospheric neutrino flux offer an ideal ground to test the
neutrino oscillation hypothesis because atmospheric neutrinos travel for very different
distances from the production point to the detector depending on their incoming angle,
ranging from tens of kilometres for the ones produced at the zenith until 6000 km for
the ones passing through the Earth.

Notable results in the study of atmospheric neutrino oscillations came from Fre-
jus [61], Kamiokande and Super-Kamiokande (SK) [62, 63], Nusex [64], Macro [65] and
Soudan-2 [66]. The SK collaboration in particular firstly claimed evidence for atmo-
spheric neutrino oscillations in 1998. A running research program is currently carried out
by SK [67], Hyper-Kamiokande (HK) [68], MINOS [69], ICARUS [70], ANTARES [71],
IceCube [72] and Baikal-GVD [73].

The atmospheric neutrino experiments exhibit a dominant dependence on the param-
eters θ23 and ∆m2

31, and a subdominant dependence on θ13 and δ.

3.1.2 Solar neutrinos

Solar neutrinos are generated in the nuclear reactions that release the thermic energy in
the Sun, that can be summarised in the reaction

4p+ 2e− → 4He + 2νe. (3.6)

The above nuclear fusion process can actually occur in different intermediate channels,
reported in Fig. 3.1, and the solar neutrino spectrum results from the superposition of
the different spectra [74]. The Q value of the reaction, defined as the difference between
the initial and the final state masses, is (neglecting the neutrino masses)

Q = 4mp + 2me −mHe = 26.73MeV, (3.7)

and is carried away by the final state particles in the form of kinetic energy. While the
Helium nuclei contribute to the thermal energy of the Sun, the neutrinos easily escape
generating a flux which can be estimated on the Earth to be [75]

Φν ≃
1

4πd2⊙

2L⊙
(Q− 〈Eν〉)

∼ 6× 1010 cm−2s−1, (3.8)

where L⊙ = 3.842 × 1033erg is the solar luminosity, 〈Eν〉 ≃ 0.3 MeV is the average
neutrino energy at the end of a cycle (3.6) and d⊙ ≃ 1.495 × 1013 cm is the Sun-Earth
distance.
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Figure 3.1: Intermediate channels for the solar nuclear fusion reaction (3.6). The prob-
ability for each branch calculated in the standard solar model, as well as the different
neutrino sources (in parenthesis) are reported. Figure taken from [39].

In order to test the neutrino oscillation hypothesis it is important to know the energy
spectrum of the neutrino flux reaching the Earth expected in the absence of oscillations.
That requires a precise knowledge of the internal structure of the sun and of the under-
lying nuclear reactions, provided by the Standard Solar Model (SSM) [76]. In this model
the Sun is approximated by a sphere in hydrodynamical equilibrium, with the gravita-
tional attraction balanced by the thermal pressure generated by nuclear reactions. The
internal parameters of the Sun such as the density, the composition, the temperature
profiles and the rate of nuclear reactions are computed starting from an initial config-
uration, with parameters determined by the solar mass and by an initial composition
taken to match the observed abundances of elements on the Sun’s surface, but with the
helium fraction as a free parameter. The system is then evolved and the current neutrino
flux is computed. The solar neutrino energy spectrum predicted in the BS05 solar model
is reported in Fig. 3.2. The most important information on solar neutrino oscillations
comes from the most energetic 8B and hep channels, while only few experiments have a
sufficiently low threshold to be sensitive to the other sources.

Notable results in the measurement of the intensity and flavour composition of so-
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Figure 3.2: Energy spectrum of the solar neutrinos according to the solar model BS05.
Figure taken from [77].

lar neutrino flux were obtained by Chlorine [78], Gallex/GNO [79, 80], SAGE [81, 82],
Kamiokande [83], Super-Kamiokande [84, 85], SNO [86, 87] and Borexino [88, 89]. The
Chlorine experiment at the Homestake Gold Mine was at the origin of the so called solar
neutrino problem, detecting approximately one third of the solar neutrino flux expected
from the SSM. The problem was successfully solved in the context of neutrino oscilla-
tions, taking into account the important matter effects due the propagation of neutrinos
in the solar environment [44, 45].

An ongoing research program on solar neutrinos is currently pursued by SK [90], HK,
Borexino [91], ICARUS and KamLAND [92].

Solar neutrino experiments are mainly sensitive to the parameters θ12 and ∆m2
21,

with a subdominant dependence on θ13.

3.1.3 Reactor neutrinos

Commercial nuclear plants are conceived to convert the energy released in nuclear fission
reactions into electric energy. Their fuel is usually constituted by 238U enriched in 235U,
which is a fissile isotope. The fission reaction can be summarised as

n+ 235U → X1 +X2 + 2n, (3.9)

where X1,2 are the fragments of the 235U which are unstable because of their excess in
neutrons and which reach stability by a succession of beta decays, with an average of 6 per
reaction, emitting one electron anti-neutrino in each of them. The neutrons emitted in
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the nuclear fission can be captured by other 235U nuclei originating an analogous fission
process and sustaining a chain reaction. The overall neutrino flux can be estimated
knowing that each fission reaction (3.9) releases 204 MeV,

Φ(νe) ≃ 6

(
Plant power

204 MeV

)
. (3.10)

The intense flux of reactor antineutrinos can be used to test the oscillation hypothe-
sis once its energy distribution is known [93]. This determination requires a precise
knowledge of the statistical distribution of beta decays following the reaction (3.9) which
depends on the reactor structure and fuel composition, with the last parameter slowly
evolving in time. Notice for instance that only a fraction of ∼ 25% of the total flux has
an energy above the threshold for detection via inverse neutron β decay (∼ 1.8 MeV).

Important results in the study of reactor antineutrino fluxes have been obtained by
Chooz [94], Palo Verde [95], KamLAND [96,97], Double Chooz [98], Daya Bay [99] and
RENO [100]. Notably, the Daya Bay collaboration determined in 2012 a non-zero value
for the neutrino mixing angle (the so-called Chooz-angle) θ13 at a 5.2 σ level; the present
non-zero value of all the 3 angles in the 3 neutrino mixing paradigm is a necessary
condition for CP-violating effects in neutrino oscillations to take place.

The results from the above listed collaborations agree well among themselves within
the 3-flavour oscillation paradigm for baselines longer than ∼ 100 m. Agreement also
held between shorter baselines, but in 2011 a reevaluation of the neutrino fluxes expected
from nuclear reactors led to an expected flux larger of about 3% than the previously
quoted results [101,102]. When reanalysed in terms of this new predictions, the observed
reactor antineutrino fluxes all exhibit a short-baseline deficit with respect to the expected
values. If interpreted as an effect of neutrino oscillations, this deficit requires a further
mass splitting larger than the solar and atmospheric ones [103], requiring the existence
of a fourth (light) neutrino state.

An ongoing research program focused on reactor neutrinos is currently pursued by
KamLAND [104], Double Chooz [105], Daya Bay [106], RENO [107] and JUNO [108].

Medium baseline reactor experiments are sensitive to ∆m2
31 and θ13, while long base-

line experiments can probe the “solar” parameters, θ12 and ∆m2
21, with a subdominant

dependence on θ13.

3.1.4 Accelerator neutrinos

All the above described neutrino sources are “just-there” sources, meaning that they
produce a neutrino flux that is not expressly designed for experimental searches. On
the contrary, accelerator neutrino fluxes are designed for investigation purposes. This
means that neutrinos from accelerator come in intense, focused and highly energetic
beams whose energy and flavour composition can be modulated in the limits of the
experimental technical constraints.

Neutrino beams [109] are produced in the decays of charged mesons obtained by
hitting a nuclear target with an highly energetic proton beam. The most commonly used
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are muon neutrino beams obtained from the decays

π± → µ ν (B.R. ∼ 100%),

K± → µ ν (B.R. = 63.4%),

K±
L → π µ ν (B.R. = 27.2%). (3.11)

The charged decay products are stopped by some shield, while neutrinos easily propagate
towards the detector. The composition of the flux (neutrinos or antineutrinos) can be
selected by focusing the mesons of desired charge through magnetic horns. To obtain
different neutrino flavours other techniques are used, notably beam dumps. The detectors
can be located at distances ranging form some tens of meters from the neutrino source
(short baseline experiments) up to thousands of kilometres (long baseline experiments).

Given that neutrino beams are usually conceived to observe the disappearance of
muon neutrinos and the appearance of electron/tau neutrinos due to oscillations, the
most important challenge in such experiments is to monitor the beam contamination
from electron neutrinos generated in the on-flight decays of muons.1

Remarkable results from the study of accelerator neutrinos came from NOMAD [114],
K2K [115, 116] , CHORUS [117, 118], LSND [119, 120], MiniBooNE [121], MINOS [122–
124], T2K [125,126] and OPERA [127], the last collaboration having successfully observed
the oscillation νµ → ντ .

Most of the above results fit the 3-flavour neutrino oscillation paradigm, except for
the ones of LSND and MiniBooNe. The LSND collaboration (characterised by a baseline
of 30 m) reported an excess of electron neutrino events incompatible with the known
mass differences obtained from the analysis of solar and atmospheric neutrinos. Mini-
BooNe was designed to probe the same mass splitting range via neutrino oscillations;
the collaboration did not observe any excess in a first run [128], while subsequent results
reported an anomaly compatible with the LSND results [129,130].

An ongoing long baseline research program on accelerator neutrinos is currently car-
ried out by ICARUS, OPERA, MINOS, NOνA [131], T2K and LBNF/DUNE [132]. On
the short-baseline side there are MINERνA [133] and MicroBooNE [134]. The last one
represents the evolution of the LSND and MiniBooNe experiments, and is expected to
probe the related neutrino anomaly.

Long-baseline accelerator experiments looking for νµ disappearance can probe the
“atmospheric” parameters, θ23 and ∆m2

31, while LBL νe appearance experiments are
sensitive to θ13, θ23 and δ

3.1.5 Global results

Apart from accelerator (LSND and MiniBoone) and reactor short-baseline anomalies,
the combination of the results obtained on solar, atmospheric, reactor and accelerator
neutrinos is very well accommodated by the oscillation hypothesis in a 3-flavour frame-
work [135–137] and with 3 different neutrino masses.

1There have been proposal to produce enhanced electron neutrino beams from the channel KL →
πeνe (B.R. ∼ 38.8%) [110–113] but they have not been realised.
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Normal Ordering Inverted Ordering

bfp ±1σ 3σ range bfp ±1σ 3σ range

sin2 θ12 0.304+0.013
−0.012 [0.270, 0.344] 0.304+0.013

−0.012 [0.270, 0.344]

θ12/
◦ 33.48+0.78

−0.75 [31.29, 35.91] 33.48+0.78
−0.75 [31.29, 35.91]

sin2 θ23 0.452+0.052
−0.028 [0.382, 0.643] 0.579+0.025

−0.037 [0.389, 0.644]

θ23/
◦ 42.3+3.0

−1.6 [38.2, 53.3] 49.5+1.5
−2.2 [38.6, 53.3]

sin2 θ13 0.0218+0.0010
−0.0010 [0.0186, 0.0250] 0.0219+0.0011

−0.0010 [0.0188, 0.0251]

θ13/
◦ 8.50+0.20

−0.21 [7.85, 9.10] 8.51+0.20
−0.21 [7.87, 9.11]

δCP/
◦ 306+39

−70 [0, 360] 254+63
−62 [0, 360]

∆m2
21

10−5 eV2 7.50+0.19
−0.17 [7.02, 8.09] 7.50+0.19

−0.17 [7.02, 8.09]

∆m2
3ℓ

10−3 eV2 +2.457+0.047
−0.047 [+2.317,+2.607] −2.449+0.048

−0.047 [−2.590,−2.307]

Table 3.1: Results from a global fit to the three-flavour oscillation parameters from
the NuFIT collaboration [137]. The label for the atmospheric mass difference reads
∆m3ℓ ≡ ∆m31 for NH and ∆m3ℓ ≡ ∆m32 for IH. The fit is performed by leaving the
reactor fluxes as free parameters.

The current experimental parameters determined by the NuFIT collaboration [137]
are summarised in Table 3.1, where the best fit points together with the 1σ and 3σ ranges
are reported for the normal and inverted hierarchies. The only parameter completely un-
determined at the 3σ level is the CP-violating phase δCP; notice however that indications
towards the value δCP ∼ 3/2π appear from the global fit, although with a low statistical
significance at current time.

3.2 Limits on neutrino masses

The oscillation experiments have successfully established the massive character of neu-
trinos, but they are only sensitive to the neutrino mass squared differences and cannot
provide information on the absolute mass scale. Regarding this quantity only upper
bounds exist, which are summarised in the present section.

3.2.1 End-point searches

Since the kinematics of a three-body decay depends on the masses of the involved par-
ticles, any β decay process can be used in principle to infer the value of the absolute
neutrino mass scale. Given the decay Ni → Nf + e + νe, where Ni,f are the initial and
final state nuclei, the maximum energy carried away by the electron is determined by the
Q value of the reaction Qβ = mi −mf −me −mν for the case in which the (massive)
neutrino is produced at rest. Neglecting the recoil of the nucleus we have

Emax
e = Qβ −mνe . (3.12)
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Considering that the electronic neutrino νe is a linear superposition of neutrino mass
eigenstates, the differential distribution of electron energies as a function of neutrino
masses is given by [138]

dN

dEe
= C × F (Z,Ee) p Ee(Qβ − Ee)

∑

i

|Uei|2
√

(Qβ − Ee)2 −m2
iΘ [Qβ − Ee −mi] , (3.13)

where C is a constant related to the weak current structure and to the nuclear matrix
element, F (Z,E) is the Fermi function which accounts for the Coulomb interaction be-
tween the electron and nucleus and p is the electron momentum. Notice that both C
and F are independent from the neutrino mass. The step function Θ guarantees that
only kinetically accessible final states account for the spectrum. Equation (3.13) has
two important phenomenological consequences. The first one is that the endpoint of the
reaction is shifted towards the value Qβ −mνl with respect to the massless case, where
νl is the lightest neutrino state (ν1 for the normal hierarchy case and ν3 for the inverted
one). The second consequence is the appearance of kinks in the electron spectrum dis-
tribution at energies Eie ∼ Qβ − mi with size related to the mixing element |Uei|2. If
the experimental energy resolution is sensitive to the size of the kinks, the experiment
can determine individual neutrino masses; in the opposite case the incertitude in the
determination of Ee justifies the expansion of the distribution in eq. (3.13) in the small
parameters mi/(Qβ−Ee). In this regime, and under the assumption of a unitary leptonic
mixing matrix, the neutrino mass dependence in eq. (3.13) can be approximated

∑

i

|Uei|2
√
(Qβ − Ee)2 −m2

i ≃
√

(Qβ − Ee)2 −
∑

i

|Uei|2m2
i , (3.14)

and the experiment is sensitive to the effective electron neutrino mass

meff
νe =

√∑

i

|Uei|2m2
i . (3.15)

From eq. (3.13) the number of β-decays near the endpoint of the electron spectrum is
proportional to Q−3

β , thus the most interesting reactions are characterised by a low Qβ
value. For this reason tritium (3H) is a suitable isotope for the study of the endpoint
β-decay via the reaction

3H → 3He+ + e− + νe, (3.16)

characterised by a Q value of 18.6 keV. Moreover 3H has a simple single-electron config-
uration that makes it simpler the computation of the Fermi function. The current upper
bound on the effective electron neutrino mass has been established by the Mainz and
Troitsk experiments [139,140]

meff
νe < 2.05 eV at 95% C.L. (3.17)
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These results are expected to be improved by the next generation of experiments:
KATRIN [138] and MARE [141] with a planned sensitivity of 0.35 eV (3-years running)
and 0.2 eV, respectively.

3.2.2 meff
νµ and meff

ντ mass limits

Analogously to the definition (3.15), it is possible to define an effective mass for the

other neutrino flavours, meff
νµ and meff

ντ , by the replacement Uei → Uµi and Uτi, respec-
tively [56].

A limit on the effective mass meff
νµ can be extracted from the pion decay

π+ → µ+ + νµ, (3.18)

by measuring the muon energy given by

m2
νµ = m2

π +m2
µ − 2mπEµ. (3.19)

The current bound on the effective muon neutrino mass is [142]

meff
νµ < 170 keV at 90 % C.L. (3.20)

A limit on meff
ντ can be obtained by measuring the missing energy in the decays

τ− → 2π− + π+ + ντ

τ− → 3π− + 2π+ + ντ (3.21)

resulting in the upper bound [143]

meff
ντ < 18.2 MeV at 95 % C.L. (3.22)

Notice that, in the three-flavour paradigm, the above referred quantities are con-
strained to be orders of magnitude smaller than the bounds (3.20, 3.22), due to the com-
bination of the values of the mixing matrix elements, Table 3.1, and the upper bound on
the neutrino mass scale (3.17).

3.2.3 Neutrinoless double beta decay

The double beta (2β) decay is a second order weak process characterised by the transition

N (A,Z) → N (A,Z + 2) + 2e− + 2νe. (3.23)

Being a second order process in the weak coupling, this process is relevant when the
single beta decay is kinematically forbidden, as is the case for instance of the nuclei 48Ca
76Ge, 82Se, 96Zr, 100Mo, 116Cd, 130Te, 136Xe, 150Nd [56], see Fig. 3.3 for the A = 76 case.

If neutrinos are Majorana particles they can mediate a variation of the 2β-decay
process, the neutrinoless double beta (0ν2β) decay process [144]

N (A,Z) → N (A,Z + 2) + 2e−. (3.24)
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Fig. 42: Energy levels for the nuclei.

Figure 3.3: Energy levels for the A = 76 nuclei. Figure taken from [39].

This process violates the conservation of the total lepton number by two units and is
characterised by a clear experimental signature since the two final electrons carry away
the total Q values of the reaction, resulting in a peak over the continuous 2β-decay
background.

The 0ν2β decay process requires a chirality flip and a particle-antiparticle identi-
fication, thus its amplitude is proportional to the Majorana neutrino masses. Other
mediators than Majorana neutrinos can in principle contribute to the amplitude, how-
ever it has been demonstrated that if 0ν2β-decay is possible the same underlying physics
generates a Majorana mass term for neutrinos [145, 146]. Thus 0ν2β experiments are a
powerful tool to probe the Majorana hypothesis for massive neutrinos.

The contribution of a single Majorana neutrino to the 0ν2β-decay amplitude is pro-
portional to the combination [147]

Ai ∝ miU
2
eiM

0νββ(mi) , (3.25)

where M0νββ(mi) is the nuclear matrix element that characterises the process. The latter
is a function of the neutrino mass mi and depends on the nucleus that undergoes the
0νββ transition. It can be satisfactorily approximated by the analytic expression

M0νββ(mi) ≃M0νββ(0)
p2

p2 −m2
i

, (3.26)

where p2 ≈ −(125 MeV)2 is the virtual momentum of the neutrino, whose exact value
depends on the nucleus. From the experimental results described in Section 3.2.1 we
know that mi ≪ |p| and the contribution of active neutrinos to the 0ν2β amplitude is
proportional to the combination

m2β =

∣∣∣∣∣
∑

i

U2
eimi

∣∣∣∣∣ . (3.27)
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Since the above expression depends on the square of the complex mixing matrix elements,
a cancellation between the contribution of different mass eigenstates contribution is in
general possible.

Numerous experiments worldwide are looking for 0ν2β-decay events using different
experimental techniques and nuclei. Currently only upper bounds on the parameter
m2β are available, while a controversial claim made by some member of the Heidelberg-
Moscow collaboration [148] was not confirmed by subsequent measurements. The most
stringent bounds on 0ν2β are published by CUORICINO [149], KamLAND-Zen [150],
GERDA [151], NEMO-3 [152], EXO-200 [153], CUORE [154]. A combined analysis gives
the limit [155]

m2β < [0.130, 0.310] eV, (3.28)

where the spread is due to the incertitude on the calculation of the different nuclear
matrix elements. The current limit on m2β together with the region allowed by the
known UPMNS and mass parameters is reported in Fig. 3.4.
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Figure 3.4: Current bounds on the 0ν2β mass m2β from different experiments together
with the allowed regions determined from the neutrino oscillation parameters in the 3-
flavour mixing scheme. Figure taken from [155].

In addition to the above referred, an experimental program on 0ν2β-decay is carried
on by MAJORANA [156], LUCIFER [157], AMoRE [158], MOON [159], SNO+ [160],
XMASS [161], DAMA-LXe [162] and SuperNEMO [163].
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3.2.4 Supernova bounds

Supernova theory

Supernovae are classified among two main classes: Type Ia supernova explosions take
place when a white dwarf star accretes mass from a companion star, while Type II
supernovae characterise the end life of stars with masses in the range [164]

8 M⊙ .M . 60 M⊙, (3.29)

where M⊙ is the solar mass. Such stars have a sufficient mass to produce heavy elements
with increasing atomic number, with the series that ends with 56Fe, which is the most
bounded nucleus in Nature. When no nuclear fusion processes are energetically accessible,
the hydrodynamical equilibrium between the thermal pressure and gravity is lost and the
star starts to collapse. At the beginning of the collapsing phase the star is characterised
by an onion-like structure, with an iron core surrounded by several shells composed by
elements of decreasing atomic number. The gravitational collapse contracts the core
which heats, causing iron photodissociation via [165]

γ + 56Fe → 13 α+ 4 n. (3.30)

Each one of these reactions absorbs 124 MeV and, together with the electron capture by
nuclei and protons

e− +N (A,Z) → νe +N (A,Z − 1), (3.31)

they reduce the total kinetic energy and the electron degeneracy pressure, while the grav-
itational pressure increases because of the in-falling matter. The processes in eq. (3.31)
generate a first burst of neutrinos, the neutronization burst. When the mass of the
core reaches the Chandrasekhar limit (≈ 1.46 M⊙) the pressure of degenerate electrons
can no longer balance the gravitational force, and the core starts to collapse. As more
matter from the outer layers falls into the core, the reactions (3.30) and (3.31) proceed
faster, resulting in the formation of a proto-neutron star in the core of the collapsing star.
When the density of the inner core reaches the nuclear density (about 1014 g cm−3), the
pressure from degenerate nucleons abruptly stops the collapse, preventing new matter to
fall into the proto-neutron star. As a consequence, the free falling matter is “bounced”,
generating a shock wave that propagates through the outer iron core towards the surface
of the collapsing star. At this stage the proto-neutron star has an un-shocked core with
a radius of the order of 10 km, and a shocked mantle.

Neutrinos are thought to play a central rôle in the supernova explosions since they
can revitalise the outgoing shock wave. During its propagation the shock wave dissipates
energy by the photodissociation of the free falling matter, that is abruptly stopped.
Numerical simulations show that the energy loss would cause a stall of the shock at
about 100-300 km from the core [166], while the outer material will continue to fall
through the shock, increasing the core mass. If nothing else happens, this sequence of
events does not lead to a supernova explosion, because when the mass of the core exceeds
the neutron star stability limit (≈ 2M⊙) a black hole forms.
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If the shock wave stalls, a supernova explosion can be achieved only if something
revitalises it. One of the mechanisms that is thought to renew the energy of the shock is
the energy deposition from the huge flux of neutrinos that are thermally produced in the
proto-neutron star [167] (other sources of energy are concurrently possible, for example
convection behind the shock or acoustic power generated by oscillations of the accreting
proto-neutron star). If the shock is successfully revived, the result is a delayed supernova
explosion, about 0.5 s after the bounce.

The core of the proto-neutron star has a temperature of about 40 MeV; inside it
thermal neutrinos of all flavours are produced via “flavour blind” processes, i.e. electron-
positron pair annihilations [165]

e− + e+ → ν + ν, (3.32)

electron-nucleon bremsstrahlung

e± +N → e± +N + ν + ν, (3.33)

nucleon-nucleon bremsstrahlung

N +N → N +N + ν + ν, (3.34)

plasmon decay
γ̃ → ν + ν, (3.35)

and photoannihilation in matter

γ + e± → e± + ν + ν. (3.36)

There are also processes sensitive to the flavour, which are electron capture

e− + p→ n+ νe, (3.37)

and positron capture
e+ + n→ p+ νe. (3.38)

From numerical simulations [167] the electron neutrino and antineutrino fluxes are esti-
mated to be of the order

Lνe ≈ Lνe ≈ 1052 erg s−1, (3.39)

while the fluxes of νµ, νµ, ντ , ντ are slightly smaller, since they are produced in less
processes.

Due to the high density of the core neutrinos cannot free-stream. A neutrinosphere
is defined as the sphere whose radius coincides with the collision mean free path of a
neutrino. The neutrinosphere radii Rν are estimated to be between 50 and 100 km, in a
region of the proto-neutron star mantle of density about 1011 g cm−3, from where neutri-
nos can escape by free-streaming. Thus, thermal neutrinos can be considered as emitted
from a neutrinosphere within the mantle. Since the medium in which neutrinos move
is mainly composed by protons, neutrons and electrons, the neutrino scattering cross
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section has different values depending on the (anti)-neutrino flavour, so that there are
three energy-dependent neutrinospheres, one for νe, one for νe and one for νµ, νµ, ντ , ντ ,
the last ones collectively denoted as νx in the following. Estimates of the time-averaged
thermal neutrino energies give 〈Eνe〉 ≈ 10 MeV, 〈Eνe〉 ≈ 15 MeV, 〈Eνx〉 ≈ 20 MeV, with
a total number of neutrinos of the order of 1058.

A simple parametrisation of the net rate at which energy from thermal neutrinos is
absorbed by a gram of matter at a large distance Rm from the center is [167]

Ė = k(Tν)

[
Lν

4πR2
m

−
(
Tm
Tν

)2

a c T 4
m

]
erg g−1 s−1, (3.40)

where Tm is the matter temperature in MeV, Tν the neutrinosphere temperature, k(Tν)
the neutrino absorption coefficient in cm−2g−1 (which depends on the neutrino temper-
ature) and a T 4

m is the energy for unit volume of a “blackbody” neutrino gas

a =
7

16
· 1.37 · 1026 ergs cm−3 MeV−4. (3.41)

In (3.40) the first term is the energy gain of matter due to neutrino interactions, while
the second is the energy loss due to electron and positron capture at temperature Tm,
which are processes that release neutrinos.

The most important absorption processes are the charged weak current interactions:

νe + n→ p+ e−,

νe + p→ n+ e+. (3.42)

By writing Lν (see eq. (3.39)) in terms of the neutrinosphere temperature

Lν = πR2
νacT

4
ν , (3.43)

the relation (3.40) can be rewritten in the useful way

Ė = k(Tν)acT
4
ν

[(
Rν
2Rm

)2

−
(
Tm
Tν

)6
]
, (3.44)

which tell us that there is an energy gain if

Tm
Tν

<

(
Rν
Rm

) 1
3

. (3.45)

The capture of about 5 − 10% of the neutrino thermal flux could revive the shock
wave [168], so that the supernova explosion takes place around 0.5 s after the bounce.
Notice however that most of the one-dimensional spherically symmetric numerical sim-
ulations fails in reproducing the explosion [165], because they do not account for con-
vection, rotation effects and asymmetries that can enhance the energy deposition behind
the shock, and a truly multidimensional treatment of the problem has to be taken into
account [169].
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SN1987A

On the 23rd February 1987 the radiations from a relatively close-by supernova, labeled
SN1987A, reached the Earth. SN1987A was located at 168,000 light-years from the
Earth in the Large Magellanic Cloud (LMC), a satellite galaxy of the milky way. The
observation of SN1987A represents the closest observed supernova since 1604 (SN1604).

The event offered a unique opportunity to test the theory of neutrino emission in su-
pernova explosions. Two independent detectors observed a neutrino burst in coincidence
with the SN1987A explosion: Kamiokande [170] reported 11 events in the energy range
[7.5, 36] MeV on a time interval of 13 seconds, while IMB [171] reported 8 events in the
energy range [20,40] MeV over a time interval of 6 seconds. The inferred flux and energy
distribution of the neutrino burst was found to be in agreement with the theoretical
expectations.

From the time at which one detects a neutrino burst originating at distance D from
the Earth it is possible to infer neutrino masses, since the neutrino velocity depends on
the neutrino mass

vν =
pν
Eν

≃ 1− m2
ν

2E2
ν

, (3.46)

and neutrinos of different energies will reach the Earth with a relative time delay

∆t = t2 − t1 =
D

v2
− D

v1
≃ Dm2

ν

(
1

2E2
2

− 1

2E2
1

)
. (3.47)

No such a delay was observed in the SN1987A events [172], resulting in a model inde-
pendent upper bound of [173]

mν < 30 eV at 95% C.L. (3.48)

A more recent analysis that takes into account the subsequent developments in the un-
derstanding of supernova explosions gives the upper bound [174]

mν < 5.7 eV at 95% C.L. (3.49)

3.2.5 Cosmological bounds

Relic neutrino abundance

Neutrinos in the early Universe interacted with the thermal bath via the weak interaction
reactions [165]

ν + ν ↔ e+ + e−,
(−)
ν +e± ↔ (−)

ν e±, (3.50)

with an interaction rate of the order

Γ ≃ G2
FT

5, (3.51)
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where T is the temperature. The rate thus drops rapidly with the temperature, and
considering the expansion rate of the Universe in the radiation dominated epoch,

H ≈ T 2

MP
, (3.52)

where MP is the Planck mass, it is possible to estimate the neutrino decoupling tem-
perature from the condition Γ ≃ H, which gives T dec

ν ≃ 2 MeV. A more refined analysis
taking into account the flavour effects gives the decoupling temperatures [175]

T dec
νe = 1.34 MeV, T dec

νµ,τ = 1.5 MeV. (3.53)

Below these temperatures neutrinos freeze-out with a relativistic distribution and their
number density remains constant in a comoving volume. It is possible to infer the current
relic neutrino temperature from the knowledge of the cosmic microwave background
(CMB) photons, with which neutrinos were in thermal equilibrium before decoupling;
this has been extensively studied by the COBE [176], WMAP [177] and Planck [178]
collaborations. However, the two temperatures are currently different, since the CMB
photons received an entropy injection when the temperature decreased below the electron
mass, making the process

γγ ↔ e+e− (3.54)

to proceed only from the right to the left handed side. After the thermal decoupling,
the entropy of positrons and electrons was transferred to photons, which remain the only
relativistic particle in thermal equilibrium. The entropy density is given by the sum over
the relativistic degrees of freedom in thermal equilibrium,

s =
2π2

45
gsT

3



∑

bosonic

d.o.f.

+
7

8

∑

fermionic

d.o.f


 (3.55)

and is conserved during the annihilation process; thus the ratio between the photon
temperatures before and after the e+e− annihilation is given by

T after
γ

T before
γ

=

(
11

4

) 1
3

=
T now
γ

T now
ν

, (3.56)

where the last equality comes from the fact that neutrino and photon temperatures
were the same before leptons annihilation. From the knowledge of the current CMB
temperature [179] T now

γ = 2.725 K the temperature of the cosmic neutrino background
(CνB) is

T now
ν = 1.945 K = 1.68 × 10−4 eV, (3.57)

which corresponds to an average density for each degree of freedom of

nd.o.fν =
1

(2π~)3

∫
d3p

1

e|p|/Tν + 1
≃ 56 cm−3. (3.58)
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The total density of neutrinos is determined by the number of degrees of freedom (d.o.f.)
that were in thermal equilibrium at the decoupling epoch: if neutrinos are Majorana
particles, the number of d.o.f. is 2 for each flavour, corresponding to the two possible
helicity states. If neutrinos are Dirac particles there are in principle 4 degrees of freedom
for each flavour, however only the left-handed neutrinos and right-handed antineutrinos
were in thermal equilibrium at decoupling, resulting again in a number of 2 degrees for
each flavour. Thus the density of relic neutrinos does not depend on the nature (Dirac
or Majorana) of massive neutrinos.

The neutrino contribution to the energy density of the Universe strongly depends on
the neutrino masses. Notice that since

√
∆m2

12 > T now
ν at least two mass eigenstates are

non relativistic today. The contribution of a relativistic neutrino degree of freedom is

ρd.o.f, rel
ν =

1

(2π~)3

∫
d3p

|p|
e|p|/Tν + 1

≃ 2.97× 10−2 eV cm−3. (3.59)

which is a small correction with respect to the contribution of a non relativistic degree
of freedom

ρd.o.f, non-rel
ν = nνmν ≥ nν

√
∆m2

12 ≃ 4.87 × 10−1 eV cm−3. (3.60)

Neutrinos thus contribute to the matter component of the Universe, while a negligible
radiation component is present only if the lighter mass eigenstate does not exceed the
temperature T now

ν .
The matter component of the Universe has been accurately determined by the Planck

collaboration [178]

Ωm =
ρm
ρc

= 0.308 ± 0.012, (3.61)

where ρc =
3

8πGH
2 = 10.54 h2 keV/cm3 is the critical density of the Universe. Taking

into account the current value of the Hubble parameter, H0 = h0 100 km (sec Mpc)−1 =
(67.8± 0.9)km (sec Mpc)−1 [178], it is possible to extract an upper bound on the sum of
the neutrino masses by imposing that the neutrino component does not exceeds Ωm

Ων =

∑
imi

h2 94.1 eV
< Ωm, (3.62)

leading to the constrain

∑

i

mi < 13.32 eV. (3.63)

CMB limits

The cosmic microwave background (CMB) is composed by the photons which decou-
pled from the primordial plasma at the time of recombination, when at the temperature
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T ≈ 0.25 eV, the electrons and protons formed bound states, making the Universe trans-
parent to the electromagnetic radiation [180]. From the study of the CMB radiation it is
possible to extract useful information regarding the thermal fluctuations in the primor-
dial Universe, which can in turn constrain the parameters of the standard cosmological
model, the ΛCDM model [181].

The CMB radiation has been studied by different collaborations [176–178] and is
characterised by an extreme level of isotropy, with a blackbody temperature of T =
(2.72548 ± 0.00057) K [179] and fluctuations of the order δT/T ≈ 10−5 which are cor-
related with the asymmetries in the matter distribution at the time of recombination.
Given that the temperature of recombination is of the same order of the upper bound
on neutrino masses from β-decay searches, eq. (3.17), massive neutrinos can potentially
affect the related CBM observables.

The CMB anisotropies can be parametrised by the observable

δT (n̂)

T
, (3.64)

where n̂ is a direction in the sky. The relevant observables are the two point correlations
between different points in the CMB map,

〈
δT (n̂′)

T

δT (n̂)

T

〉
=

∞∑

l=0

2l + 1

4π
ClPl

(
n̂′ · n̂

)
, (3.65)

where the correlations are conveniently expanded as a series in the Legendre polynomials
Pl, the nature of the anisotropies being encoded in the coefficients Cl which probe the
angular scales θ = π/l. The absolute neutrino mass scale affects the CMB anisotropies
in both a direct and an indirect way [182]. Indirectly, heavier neutrinos impact the back-
ground evolution by delaying the onset matter-radiation equality epoch and by increasing
the non relativistic matter density at later times, while massive neutrinos have a direct
effect on secondary anisotropies by enhancing the gravitational potential wells when they
become non-relativistic. The CMB data alone are not very sensitive to neutrino masses
because their effect can be cancelled by varying other cosmological parameters, such
as for instance the Hubble expansion rate H. They can however give strong constraints
when combined with independent observations that fix one or several observables in order
to break the degeneracy in the parameter space, for instance by a direct measurement
of H. In this way, the upper bound on the sum of neutrino masses from the Planck
collaboration is [178]

∑

i

mi < 0.23 eV at 95% C.L. (3.66)

Structure formation bounds

The strongest bounds on neutrino masses are currently extracted from the observation of
the large scale structure (LSS) of the Universe. Notice however that the obtained results
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are model dependent and rely on complex hydrodynamical simulations accounting for the
non-linear evolution of the matter component of the Universe. Beside the effects on the
CMB anisotropies described in the previous subsection, neutrinos affect the structure for-
mation because they decouple with a relativistic momentum distribution (and thus with
a large velocity dispersion) and they tend to erase the matter density inhomogeneities by
escaping from the related gravitational potential wells. The quantitative importance of
this effect depends on the absolute value of the neutrino masses, since heavier neutrinos
have a smaller free-streaming length. The net effect is twofold: in the linear regime
massive neutrinos induce a step-like suppression of the matter power spectrum, while in
the non-linear regime they delay the collapse time [183].

A powerful tool to trace the matter distribution at cosmological scales of the order
(1− 80)h−1 Mp is the Lyman-α (Ly-α) forest [184], which is a series of absorption lines
in the spectra of distant quasi stellar objects (QSO). The absorption is caused by the
hydrogen present in the intergalactic medium (IGM) on the line of sight between the QSO
and the Earth, in the Ly-α transition between the hydrogen atomic levels 1s → 2p. The
“forest” structure is due to redshift, since the wavelength at which the Ly-α transition
takes place depends on the distance of the IGM from the Earth; by measuring the
intensities of absorption in the Ly-α forest it is possible to trace the IGM distribution
on large scales and infer from this the underlying matter distribution.

From the combination of CMB, Ly-α and baryon acoustic oscillations (BAO) [185]
data, the following bound on the sum of neutrino masses has been obtained [186]

∑

i

mi < 0.14 eV at 95% C.L. (3.67)

Notice that the analysis [186] tends to favour the NH ordering against the IH one.

3.3 The Dark Matter component of the Universe

There exist several independent cosmological observations which are difficult (if not im-
possible) to reconcile with the hypothesis that the matter component of the Universe
is completely constituted by the known luminous matter. These observations are all
consistently reconciled with the theoretical expectations under the assumption that, in
addition to the standard baryonic matter, the matter component of the Universe encom-
passes a dark component, which does not interact electromagnetically.2 This component
is called dark matter (DM), and is five times more abundant that the ordinary baryonic
matter. In the present section we review the observations that call for the presence of
DM and the phenomenological constraints that exclude any SM particle as a viable DM
candidate.

2An alternative way to account for the aforementioned observations is to modify the gravitational
dynamic on galactic scales. This option is known as Modified Newtonian Dynamics (MoND) [187,188].
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3.3.1 Galaxy cluster velocity dispersion

The first indications for the existence of a dark matter component arose in 1933 from
the measurement of the velocity dispersion of 800 galaxies in the Coma cluster [189].
By assuming that the gravitational potential is completely determined by the observed
luminous matter, the virial theorem gave an expected velocity dispersion of 80 km/s,
while the measured value resulted in the interval 1500 to 2000 km/s. The discrepancy
can be reconciled under the assumption that the average matter density in the cluster is
at least 400 times larger than the value inferred from the observation of luminous matter.
These results have been confirmed by modern observations on galaxy clusters [190].

3.3.2 Galaxy rotation curves

On galactic scales a strong evidence for the existence of DM comes from the observation
of the galaxy rotation curves, namely the velocity rotation of luminous matter (stars and
gas) as a function of the distance from the galactic center. From Newtonian dynamics,
the velocity rotation of a body subject to gravitational attraction at a distance R from
the galaxy center is given by the relation

v(R) =

√
GNM(R)

R
, (3.68)

where M(R) is the mass contained inside a sphere of radius R and GN is the Newton
constant. From the above relation, the rotation velocity should drop as v ∝ 1/R when
the radius R exceeds the radius where the luminous matter is contained. However a
pioneering study of the Andromeda galaxy shown in 1970 that the rotation velocity in
the outer-luminosity region is actually constant around the value v ≈ 200 km/s [191].
This rotation curve can be explained by assuming that the function M(R) grows linearly
despite the fact that the contribution of luminous matter is negligible in that region,
M(R) ∝ R, implying the presence of a DM halo that encompasses the visible galaxy.
Subsequent studies on the rotation curves of galaxies confirmed the above referred results,
leading to the conclusion that the luminous matter accounts at most for the 10% of the
total matter in the halo [192,193].

3.3.3 Gravitational lensing and the Bullet Cluster

According to the theory of general relativity [194], the propagation of photons follows
the space-time curvature due to the presence of energy; the bending of light due to the
gravitational field of the Sun was firstly observed during the solar eclipse of 1919, with
a result that was in agreement with the predictions of general relativity [195]. While
the Sun causes only a mild deflection of the light reaching the Earth, more massive and
distant objects can bend the light so strongly that light from a luminous source lying
behind them reaches the Earth via multiple paths; this is the case, for instance, of black
holes, galaxies and cluster of galaxies. They effectively act as lenses, bending and focusing
the light on its propagation [196].
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Gravitational lensing is a powerful and robust tool, since it only relies on the presence
of matter in some spacial region, without requiring any assumption on the dynamics of
the system. It is usually classified in weak and strong lensing, although a generally
applicable definition of the two regimes is not possible. Strong lensing refers to the
deflection generated by a well defined gravitational source, that results in the multiple
image of a single luminous body and which provides information on the mass distribution
of the deflector. On the contrary, weak lensing is related to a study of statistical nature,
in which the study of multiple luminous sources provides information on the statistical
distribution of matter between the sources and the observer.

The presence of DM in an amount compatible with kinematic estimates has been
confirmed by means of gravitational lensing observations in galaxies [197, 198], clusters
of galaxies [199,200] and on larger scales [201]. One of the most compelling observations
that favour the particle nature of DM comes from the weak lensing measure of the matter
distribution in the Bullet Cluster [202, 203]. It is a system composed by two merging
galaxy sub-clusters, whose luminous matter is dominated by baryons observable in the
X-ray spectrum; the associated X-ray image shows the presence of bow shock in the
emitting plasma of the smaller sub-cluster, meaning that the latter is currently moving
away from the more massive one. From the analysis of the relative velocities, it is
possible to infer that the two sub-clusters passed through each other around 108 yr ago.
The specificity of the Bullet Cluster relies on the fact that the relative motion of the
sub-clusters lies in the sky plane, and the clean observation of the shock bow allows to
determine the relative velocity and geometry of the merging plasma. The cross-section of
the galaxies during the merging is negligible and the two populations remain collisionless
in the process. This offers an unique opportunity to test the DM particle hypothesis by
means of weak lensing: if the DM is composed by collisionless particles, the gravitational
potential will trace the distribution of the collisionless galaxies, while in the absence
of DM the dominant matter component coincides with the X-ray emitting plasma and
the gravitational potential will trace its emission. The mass profiles reconstructed from
weak lensing are shown in Fig. 3.5 and are in agreement with the collisionless particle
hypothesis, giving a robust model-independent evidence for the existence of DM.

3.3.4 Cosmic microwave background

Although the above described observations are strong evidences for the existence of DM,
they probe the matter density in the Universe only locally, in a limited spatial region.
A further observable that provides evidence for the existence of a DM component in
the Universe is the CMB which, contrary to the other probes, is sensitive to the global
DM matter density, since at the decoupling epoch the Universe was characterised by an
extreme degree of homogeneity.

The two point correlation function of the CMB, eq. (3.65), is sensitive to both the
total amount of matter in the Universe and to the ratio between baryonic and dark
matter [204]. The total matter density Ωm determines the matter-radiation equality
epoch: a higher matter density pushes this epoch to earlier times, allowing more time for
the gravitational enhancement of primordial inhomogeneities before the CMB decoupling.
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Figure 3.5: On the left panel, a colour image of the Bullet cluster from the Magellan
telescopes. The white bar indicates 200 kpc at the distance of the cluster. The green
contours are the mass profiles reconstructed by weak lensing. On the right panel, an
X-ray Chandra image of the same cluster. Figures taken from [203].

On the other side, the relative abundance of baryonic matter density Ωb with respect to
the dark matter one, Ωc, determines the relative change in the gravitational potential
wells due to baryon accretion: if the baryonic fraction increases the baryons that fall in
a potential well modify its potential in a stronger way, and the outgoing photons will
be more redshifted. The Planck collaboration has determined with high precision these
parameters in the ΛCDM cosmological model, resulting in the values [178]:

Ωmh
2 = 0.1426 ± 0.0020, (3.69)

Ωbh
2 = 0.02226 ± 0.00023, (3.70)

Ωch
2 = 0.1186 ± 0.0020. (3.71)

Other than being a further evidence for the existence of a DM component in the Universe,
the result (3.71) is an important constraint on extensions of the SM of particle physics
aiming at providing a particle candidate for the DM component.

3.4 Dark matter hypothesis and the SM

The discovery of a DM component of the Universe opens the question of its nature. The
observations discussed in the previous section are all in agreement with the hypothesis
of having the DM composed by a population of massive particles that do not inter-
act electromagnetically; the weak lensing observation favours in particular the particle
nature of DM over other alternative hypothesis. Moreover, the results from numerical
simulations of the evolution of large scale structures of the Universe, performed under
the assumption of a particle nature of DM, are all in good agreement with the observed
structure [205, 206]. These results motivate the study of the compatibility of possible
particle candidates with the DM hypothesis.
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In order to be a viable DM candidate, a particle must have negligible electromagnetic
interactions, be massive and stable on cosmological timescales. In the SM, there is only
one particle with all these requirements, the active neutrino. Since the first evidences for
nonzero neutrino masses, the hypothesis that they form the DM constituent received a
strong attention [207]. There are however at least two reasons that exclude SM neutrinos
as the dominant DM component. The first one comes from the cosmological abundance of
massive neutrinos, eq. (3.62): in order to account for the total DM abundance, eq. (3.71),
the sum of neutrino masses would have to be

∑

i

mi ≃ 11.16 eV. (3.72)

This value strongly exceeds the upper bound on the absolute neutrino mass scale from
laboratory experiments, eq. (3.17), implying that neutrinos can only be a sub-dominant
DM component. In addition to that, neutrinos decouple relativistically with a large
velocity dispersion, and represent a Hot Dark Matter (HDM) component, meaning that
their free streaming length λ at decoupling was of the order of the cosmic horizon. The
DM free streaming length strongly affects the subsequent structure formation, since the
inhomogeneities in the matter density are erased at scales smaller than λ. This implies
that in HDM cosmologies large structures, such as superclusters of galaxies, form first and
later fragment into smaller structures. HDM cosmologies are at odd with observation,
and the hypothesis of having SM neutrinos as DM particles is ruled out [183, 208, 209].
In fact, LSS observations can be used to put an upper limit on the contribution of the
SM neutrinos to DM, as already discussed in Section 3.2.5.

A possibility that would not require any physics beyond the SM is the hypothesis that
DM is composed by standard astrophysical objects with a very low luminosity, such as
black holes, neutron stars, brown dwarfs or nomad planets, that are collectively denoted
as Massive Compact Halo Objects (MACHOs). If MACHOs compose the Milky Way
halo, they can be detected by means of the gravitational microlensing they would cause
on the stars in nearby galaxies [210, 211]. An analysis of 5.7 years on 11.9 million stars
on the LMC has excluded the hypothesis that MACHOs compose the totality of the
Milky Way halo at a 95 % C.L. [212], while a subsequent analysis on the same galaxy
has put an upper bound of 8 % on the maximum halo fraction that could be composed
by MACHOs [213].

We finally mention the hypothesis that DM may be composed by SM particles, form-
ing stable exotic bound states of quarks (quark nuggets) that may arise in the early
Universe if the QCD phase transition were of first order [214]. This is an intriguing pos-
sibility, since it does not require any new physics; however recent lattice computations
suggest that the QCD phase transition is a continuous cross-over [215].

In conclusion, the existence of DM and its properties call for the existence of BSM
physics.
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3.5 The baryon asymmetry of the Universe

The fact that the observed Universe is matter-antimatter asymmetric is a robust ob-
servation [216, 217]: all astrophysical bodies appear to be composed by matter, while
antimatter is observed in a limited amount. One could assume that the Universe is
globally matter-antimatter symmetric, but with spatially separated regions dominated
by one of the two kinds. However this kind of cosmologies are in contradiction with
observation [216]. In the standard Big-Bang picture the current Universe derives from
an extremely hot initial state where all the SM interactions were in thermal equilibrium.
In this phase of its evolution, the Universe is expected to contain an equal amount of
particles and antiparticles. We thus infer that at some intermediate phase in the evolu-
tion of the Universe a net asymmetry between baryons and antibaryons was created, and
that this asymmetry has survived until present times. This process is commonly called
baryogenesis.

It has been shown that the baryogenesis process requires three necessary condi-
tions [218]:

• the baryon number B is not conserved;

• the C and CP symmetries must be broken;

• the Universe must deviate from the thermal equilibrium condition at some epoch.

These are known as Sakharov’s conditions [218]. The first one is clear: if the baryon
number is an integral of the system no baryon asymmetry can be generated starting from
B = 0. The second condition contains two requests. Firstly the interactions must be
different for particles and antiparticles. Suppose in fact that, following the first condition,
there exist some process |i〉 → |f〉 that violates the baryon number by an amount δB,
where |i〉 (|f〉) represent the initial (final) state in the scattering. Then if C is conserved
the following condition for the amplitude of the process Mi→f holds

Mi→f = Mi→f , (3.73)

where the bars stands for the charge conjugated states
∣∣i
〉
,
∣∣f
〉
. The process Mi→f

violates the baryon number by an amount −δB, and eq. (3.73) implies that it is as
probable as the charged conjugated one, and thus no net baryon asymmetry can be
globally generated. The violation of the CP conjugation symmetry is related, from the
CPT conservation theorem [219], to the violation of the T conjugation symmetry. If that
is not the case, then

Mi→f = Mf→i. (3.74)

Again, since the process |f〉 → |i〉 violates the baryon number by an amount −δB,
eq (3.74) implies that no baryon asymmetry can be globally generated. The CPT the-
orem further implies that particles and antiparticles have the same mass. Thus in a
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thermal equilibrium condition, the phase space distribution for baryons and antibaryons
is the same

f(p,mB) =
1

1 + e
|p|2+m2

B
T

= f(p,mB̄), (3.75)

and thus no asymmetry in the occupation numbers of baryons and antibaryons can be
created. This is the reason why a mechanism for baryogenesis is required even in the
hypothesis that the Big Bang initial conditions provided the Universe with a net baryon
asymmetry; since the Universe has been in thermal equilibrium for most of its evolution
that initial asymmetry would have been washed out by now.

The above considerations are all qualitative; in order to test any baryogenesis mech-
anism a quantitative definition of the BAU is necessary. It is convenient to define it
as

Y∆B =
nb − nb̄

s
, (3.76)

where nb, nb̄ are the number densities of baryons, antibaryons, respectively, and s is
the entropy density. This definition is useful because the quantity Y∆B remains constant
during the expansion in the absence of baryon number violation. An alternative definition
normalised to the photon density is

η∆B =
nb − nb̄
nγ

. (3.77)

There are two independent observations that probe the BAU at different epochs, Big
Bang Nucleosynthesis (BBN) and CMB, and they both give remarkably comparable
values. We review them in the following sections.

3.5.1 Big Bang Nucleosynthesis

Big Bang Nucleosynthesis [180, 220–226] is the process that led to the formation of the
lightest chemical elements in the primordial plasma. After the QCD phase transition
(around a temperature of 150 MeV) it became energetically favourable for the free quarks
to be bounded in baryons. The relative abundances of elements was set by nuclear statisti-
cal equilibrium, that implies a population dominated by (anti)protons and (anti)neutrons
with a completely negligible fraction of heavier elements. Notice that weak interactions
kept the baryons in thermal equilibrium at that epoch, but since the temperature was
already smaller than the proton and neutron masses, baryons and antibaryons annihi-
lated among them. If the Universe was characterised by a baryon asymmetry Y∆B > 0
(Y∆B < 0) all the antiparticles (particles) will eventually disappear. The value of Y∆B
is an input parameter in BBN and, since it affects the relative abundances of light ele-
ments, it can be constrained by observation. The baryons left in the plasma were kept
in thermal equilibrium by the weak interaction reactions

n+ νe ↔ p+ e−

p+ νe ↔ n+ e+

n ↔ p+ e− + νe (3.78)
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which set the relative abundances of proton and neutrons to the equilibrium value

neqn
neqp

= e−
∆m
T , (3.79)

where ∆m ≡ mn − mp = 1.29 MeV is the mass difference between the neutron and
the proton. At a temperature TD ∼ 0.7 MeV the reactions (3.78) departed from thermal

equilibrium and the neutron to proton abundance froze-out at the value e
−∆m
TD ≃ 0.16. At

the departure from thermal equilibrium two processes started to reduce the abundance
of free neutrons: spontaneous neutron decay

n → p+ e− + νe, (3.80)

and deuterium production

n+ p→ 2H + γ. (3.81)

The amount of produced deuterium depends on the value of Y∆B: although the tempera-
ture is already below the deuterium binding energy BD ≃ 2.2 MeV, the tail of the photon
phase space distribution may contain sufficiently energetic photons to make the reaction
(3.81) proceed in the inverse direction (photodissociation). The smaller is Y∆B the higher
is the number of photons for baryon, and the higher is the photodissociation rate at fixed
temperature. The photodissociation process becomes ineffective at a temperature TN
such that

e
−BD
TN ∼ η∆B , (3.82)

that is when the deuterium and baryon abundances become comparable. When the 2H
formation becomes effective the production of the intermediate states 3H and 3He starts
and, to an excellent approximation, all the neutrons that have not yet decayed will be
eventually bounded in 4He nuclei, which is the most bounded one of the series (the
production of 3H, 3He and 4He is not effective in the absence of deuterium since it would
require three body reactions that are statistically disfavoured). The helium mass fraction
can thus be estimated as

Yp ≃
4n4He

nB
=

4nNn /2

nNn + nNp
=

2
(
nNn /n

N
p

)

1 +
(
nNn /n

N
p

) , (3.83)

where

nNn
nNp

= e
−∆m
TD e−

t(TN )
τn , (3.84)

is the ratio between neutron and proton abundances at temperature TN , t(TN ) being the
time elapsed at temperature TN and τn denotes the neutron lifetime. Notice however
from eq. (3.82) that the value of TN depends only logarithmically on the parameter η∆B,
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thus the measurement of Yp weakly constrains the BAU, while it strongly depends on
TD and thus on the expansion rate of the Universe. For this reason the quantity Yp is
usually considered to be a chronometer of the BBN process. The observables that strongly
depend on Y∆B are the residual abundances of light nuclei that are not converted into
4He at the end of the process, that is the abundances of 2H, 3H and 3He. This is because
they are the result of the competition between two body processes for production and
destruction, whose rates strongly depend on the baryon abundance. These observables
are thus considered baryometers of the BBN process. The prediction for the abundances
of the light elements as a function of the BAU computed and reported in the PDG [56]
are shown in Fig. 3.6.

Figure 3.6: The abundances of light elements 2H, 3H, 3He, 4He and 7Li as a function of
the BAU parameter η10 ≡ 1010η∆B at 95% C.L.. The yellow boxes indicate the observed
abundances, the wider vertical band is the BBN concordance region at 95 % C.L., the
narrow vertical band is the value inferred from CMB. Figure taken from [227].

The analysis gives the concordant range for the BAU:

5.7× 10−10 ≤ η∆B ≤ 6.7 × 10−10 (at 95 % C.L.) . (3.85)

Notice from Fig. 3.6 that the observed 7Li abundance does not agree with BBN predic-
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tions. The discrepancy is at the [2.3, 5.3] σ level, depending on the adopted analysis [228],
and constitutes the so-called Lithium problem. It is not clear if the discrepancy is due
to systematic errors in the observed abundances, to uncertainties in the nuclear inputs,
to underestimated processes that may reduce the Lithium abundance during the stellar
evolution or to new physics at work.

3.5.2 Cosmic Microwave Background

The study of the CMB anisotropies provides a precise measurement of the baryon to
photon ratio at the decoupling epoch via the determination of the parameter Ωb, which
is related to the BAU via the relation [229]

η∆B =
ρc

〈m〉n0γ
Ωb, (3.86)

where n0γ is the present photon number density and 〈m〉 is the mean mass per baryon,
which is slightly lower than the proton one due to the Helium binding energy. We already
discussed the effects of Ωb on the CMB angular power spectrum in Section 3.3.4. The
analysis performed by the Planck collaboration gives the value [178]

η∆B = (6.10± 0.04) × 10−10, (3.87)

which is in remarkable agreement with the value derived from BBN, eq.(3.85). Notice
that this observation is a probe of the BAU at an epoch when the temperature was T ∼
eV, and is thus complementary to the BBN one that probes the BAU at T ∼ MeV.

We notice here that the CMB angular power spectrum also depends on the parameter
Yp, that sets the number of free electrons between helium and hydrogen recombination,
that in turns determine the mean free path of photons due to Thomson scattering.
Thus the parameters (Ωb,H, Yp) are directly probed by CMB observation: since they
are correlated in BBN, it is possible to test the BBN scenario from CMB [229].

3.6 BAU and the Standard Model

Having established the presence of a small but finite BAU at the BBN epoch makes
it necessary to determine the mechanism at its origin. The first question to answer
is whether the SM can account for this asymmetry. Qualitatively, it complies with
Sakharov’s conditions. The C and CP symmetries and the baryon number are violated
by weak interactions. The violation of the C symmetry relies on the chiral structure of
the SU(2)L gauge group, with the weak current given by the sum of a vector component
(odd under C) and an axial one (even under C) [13]. The CP violation is related to
the presence of a physical phase in the Lagrangian, the δCKM phase in the Cabibbo-
Kobayashi-Maskawa quark mixing matrix [56]. Baryon number is conserved in the SM
at the perturbative level, however non-perturbative effects violate the sum of the baryon
plus lepton numbers B +L, while conserving B −L [230–232]. Indeed, the ground state
of an SU(N) gauge theory is not unique, but is composed by an infinite series of vacua,
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degenerate in energy and which cannot be deformed into each other by a gauge rotation.
In the SM a transition between two different SU(2) vacua induces a violation of the B+L
charge. However at zero temperature, the transition can only happen via tunnelling and
is characterised by the amplitude

Γ ≃ e
− 16π2

g2 , (3.88)

which is completely negligible given the electroweak gauge coupling g. Tunnelling is
however not the only way to connect inequivalent vacua: it has been shown that there
exists a configuration of the Higgs and of the electroweak gauge boson fields that is
associated to a saddle point in the energy separating two inequivalent vacua [233]. These
solutions, called sphalerons3, are unstable. The sphaleron energy is of the order

Esph(T ) ≃
8πv(T )

g
, (3.89)

where v(T ) is the Higgs VEV at the temperature T (and thus Esph(0) ∼ 10 TeV);
if the energy is high enough, the system can move from a vacuum to an inequivalent
one by passing through a sphaleron configuration. It is unclear if a coherent sphaleron
configuration of the fields can be generated in high energy collisions, while it is known
that thermal effects can dramatically enhance the sphaleron transition amplitude [234],
because thermal fluctuations populate high energy configurations and because the Higgs
VEV v(T ) decreases with increasing temperature. Sphaleron transitions are in thermal
equilibrium in the early Universe in the temperature range [234,235]

130 GeV . T . 1012 GeV. (3.90)

Thus, in the above defined range of temperatures, any B + L asymmetry is effectively
erased by sphalerons, while the latter do not affect the B − L charge.

Regarding the last Sakharov’s condition, the standard cosmological model provides
several departures from thermal equilibrium [180], as for instance in the BBN process,
the CMB decoupling or the kinematical decoupling when the temperature drops below
the mass of a given particle. Among these there is one departure that can generate a
net baryon asymmetry, which is the electroweak phase transition if it is of first order. In
this case there exists a temperature Tc at which the Higgs potential has two degenerate
minima: one at v 6= 0 that will evolve to the zero temperature (“true”) vacuum state, and
one at v = 0 that will evolve to a local maximum. Around the temperature Tc the Higgs
field can tunnel between the two energetically equivalent minima, however when the
temperature decreases, the true minimum becomes energetically more favourable. The
symmetry breaking takes place via the formation of bubbles in the primordial plasma
where v 6= 0 (bubble nucleation), that are surrounded by an unbroken phase where v = 0.
The bubbles expand, eventually filling the whole Universe; as a bubble expands the field
configuration on the bubble wall rapidly changes, resulting in a departure from thermal
equilibrium [236].

3From the classical Greek σφαλǫρoς, “ready to fall”.
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In the SM framework a net baryon asymmetry would be indeed generated if the
EWPT was of first order. The mechanism is the following [10, 237]: in the unbroken
phase the sphaleron transitions are effective and set the number of quarks and antiquarks
to be equal. As a result of CP violation, however, they possess different transmission
and reflection rates among the bubble wall, leading to an excess of quark transmitted
inside the bubble, where the sphaleron rate is strongly suppressed by the large value
of the Higgs VEV. The excess is thus preserved, while the antiparticle excess outside
the bubble is rapidly erased by sphaleron transitions. The final baryon asymmetry is
determined by two parameters: the order of the phase transition and the amount of CP
violation determined by the Jarlskog invariant (depending on the value of δCKM ). Also
assuming that the first criterion was met, it has been shown that the amount of CP
violation in the SM is not enough to account for the observed value of η∆B [11,238–240].
Moreover the order of the phase transition strongly depends on the Higgs boson mass,
and a strong first order is expected only for mh . 70 GeV [241, 242], a value much
smaller than the observed one, mh ≃ 125 GeV. Indeed lattice simulations performed
after the determination of the Higgs boson mass confirm that the EWPT is a smooth
crossover [235].

Thus the value of the BAU is a third, firm observation that calls for BSM physics.
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Chapter 4

Neutrino mass generation

mechanisms and phenomenology

As discussed in the previous chapters the observation that neutrinos are massive and mix
requires new physics beyond the SM. The determination of the mechanism responsible
for these effects is one of the main open questions in modern particle physics, and several
possible solutions have been proposed. In the first part of the present chapter we will
review the main classes of neutrino mass and mixing generation mechanisms. We will
then focus on mechanisms based on the existence new fermions that are singlet under
the SM gauge group (sterile fermions), on their phenomenological consequences and
constraints. The second part of this chapter is devoted to the detailed analysis of an
interesting mechanism, the Inverse Seesaw.

4.1 Quarks and leptons: similarities and differences

The notable distinction among quarks and leptons is that the former are subject to strong
interactions, while the latter are not. On the other hand the SU(3)C gauge group is not
broken and, as far as we know, its dynamics is not related to the mass generation and
mixing of the elementary particles (this is not true for baryons and meson, that are QCD
bound states).

Both quarks and leptons are structured in three generations, meaning that their field
content is repeated three times, with the only difference among the particles of different
generations given by a different Yukawa coupling (flavour structure), that results in a
difference in the corresponding masses and mixing properties. Looking at the Table 2.1,
the most striking difference in the flavour structure of quark and leptons in the SM (in
its original formulation) is given by the absence of right-handed neutrino fields, which
implies that while quarks are massive and mix, neutrinos are massless and leptons do
not mix. Given that oscillation neutrino experiments clearly established that neutrinos
are massive and mix, a first clue on the neutrino mass generation mechanism can be
obtained by comparing the flavour phenomenology in both quark and lepton sectors.

We begin by comparing the masses in the two sectors, reporting the mass values of
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the SM fermions on a logarithmic scale in Fig. 4.1, from which the difference between
the quark and the lepton sector is evident. While the up and down quarks in the same

tcu

bsd

�e ��

eV keV MeV GeV TeV

Figure 4.1: Logarithmic distribution of the mass values of the SM fermions, for the first
(red), second (green) and third (blue) generations. Quark masses are denoted by circles,
while charged leptons by squares. For neutrino masses only the upper bound value (3.17)
is available. Numerical data from [56].

generation have comparable masses, neutrinos masses seem to be unrelated with the
values of their SU(2)L partners, the charged leptons. The difference among the heavier
neutrino and the electron is at least of 6 orders of magnitude, which grows to 9 when the
τ lepton is considered.

The mixing among the generations is intriguing. Comparing the mixing angles (de-
fined by adopting the same parametrisation in eq. (3.1) for the mixing matrix) of the two
sectors (see Fig. 4.2), one can see that quarks are weakly mixed in comparison to lep-
tons, having only one sizeable angle θq12 ≃ 13◦, which is of the same order of the smallest
leptonic mixing angle, θl13 ≃ 9◦. The difference in the mixing translates in a potential

�12

�13

�23

Quarks Leptons

Figure 4.2: Comparison of the mixing angles in the quark and leptonic sectors. Numerical
values from [56,137].

quantitative difference in the amount of CP -violation in the two sectors. The Jarlskog
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invariant of the quark sector is experimentally determined, since all the parameters of
the CKM matrix are (almost) known [56]

Jq =
(
3.06+0.21

−0.20

)
× 10−5. (4.1)

The value of the same parameter in the leptonic sector is currently unknown since a de-
termination of the δ phase in the PMNS matrix (3.1) is still missing. We can nonetheless
estimate the allowed range of the Jarlskog invariant from the values of the leptonic mix-
ing matrix. Considering for definiteness the best fit values in the NH solution [137], we
obtain

J lNH(θ
bf
12, θ

bf
13, θ

bf
23, δ) = 3.3× 10−2 sin δ. (4.2)

Thus, depending on the value of δ, the amount of CP violation in the leptonic sector
can be up to 3 orders of magnitude larger than the one of the quark sector.

Any neutrino mass generation mechanism must account for the large hierarchy be-
tween the neutrino and the charged lepton masses, and for the large mixing in the
leptonic sector. The simplest mechanism consists in the addition of RH neutrino fields
to the SM, generating nonzero neutrino masses via the Higgs mechanism in the same
way as the masses of quarks are generated, thus resulting in Dirac massive neutrinos.
This mechanism requires Yukawa couplings smaller than O(10−11) and, although it is
phenomenologically viable, it does not provide a dynamical explanation of the smallness
of neutrino masses. In general, the new RH neutrino fields are SM gauge singlets, and
thus nothing prevents them to acquire a Majorana mass term and, depending on the
latter mass scale, the phenomenology can be very rich.

4.2 Neutrino mass generation mechanisms

Several mechanisms have been conceived to address the observation of the tiny neutrino
masses [243]. A viable minimal option is to extend the field content of the SM, such
that the interactions of the new fields can account for massive neutrinos, resulting in the
operator (2.86) when they are integrated out. The suppression of the neutrino mass scale
can be related to a suppression of the cαβ coefficients, as it is the case for models with
an extended Higgs sector, if the new VEV is suppressed with respect to the electroweak
one [33]. Alternatively, cαβ can be suppressed if neutrino masses are generated at loop
level [33,244–246]. Another possibility is offered by models with an approximated B−L
symmetry, since in the limit in which the symmetry is restored neutrinos are massless. A
small violation of the symmetry is then connected to small neutrino masses; this is the
case, for instance, of supersymmetric models with R-parity violation [247–252]. On the
other hand, the Weinberg operator (2.86) could contain O(1) coefficients, with the new
fields lying at an energy scale Λ ≫ v. In this case the neutrino mass will be suppressed
by the small value of the ratio v/Λ. This is the so called Seesaw mechanism, which can be
implemented in three basic ways, namely by the addition of fermionic gauge singlet fields
(Type-I Seesaw) [253–257], of an SU(2)L triplet of scalar fields (Type-II Seesaw) [31–37,
258] or an SU(2)L triplet of fermionic particles (Type-III Seesaw) [259,260].
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A less minimal option to account for massive neutrinos is to enlarge the SM gauge
group, by considering for instance an additional U(1)B−L gauge symmetry [37, 254,255,
257,261–263], which is an anomaly-free combination in the SM. This group also appears
in left-right symmetric models, where it comes together with an additional SU(2)R gauge
symmetry [264–268]. Theoretically appealing extensions of the SM gauge group are the
grand unified theories (GUT), where the SM gauge structure derives from the breaking
of a single gauge group which is unbroken at some high-energy scale [269,270]. Notable
examples of possible GUT groups are SU(5) [271], SO(10) [261, 272, 273] and E6 [274–
277], which contains SU(5) and SO(10) as subgroups. The SO(10) group is especially
attractive, since it contains both U(1)B−L and SU(2)R as subgroups, and it requires the
presence of right-handed neutrino fields.

It is worth to mention mechanisms providing a suppression of the neutrino mass scale
in the context of extra dimensions [278–280]. Neutrinos can acquire small Dirac masses,
with the suppression of the Yukawa couplings related to the localisation of the right-
handed neutrino fields in the extra space, or small Majorana masses if the lepton number
is broken by a field localised in the extra space. Finally small neutrino masses are also
provided in some string theory realisations [281,282].

4.3 Phenomenology of sterile fermions

As discussed in Section 2.4.2, the addition of sterile fermions to the SM field content
naturally leads to massive neutrinos. However, the Weinberg operator (2.86) is common
to any BSM realisation that provides Majorana massive neutrinos, and the experimental
data on neutrino masses and mixings only constrain the value of the cαβ coefficients.
Thus the data on active neutrinos can only constrain the parameters of a given model,
but they are not sufficient to unveil the underlying neutrino mass generation mechanism.
In order to do that, it is necessary to consider other manifestations of the new physics,
that are encoded in higher dimensional operators (d ≥ 6) in the effective field theory
expansion. These new physics effects are connected with the phenomenology of the new
states that are present in the model: if they are gauge singlets, they can couple to the SM
fields only indirectly via mixing effects. Thus the phenomenology of mechanisms based
on fermionic gauge singlets is completely encoded in the mixing matrix U appearing in
eq. (2.105) and in the value of the masses of the heavy sterile fermions. These parameters
are determined by the mass matrix M. In order to investigate the phenomenology of
the mechanism, it is convenient to diagonalise the mass matrix in two steps, firstly by
putting it in a block diagonal form via the transformation [283,284]

ΞTMΞ =

(
ml 0
0 Mh

)
, (4.3)

where Ξ is an (3+n)-dimensional unitary matrix, n being the number of sterile fermions.
The dimensions of the blocks ml and Mh can be arbitrarily arranged, and it is convenient
to collect in ml the “light” mass eigenstates and in Mh the “heavy” ones, where light and
heavy are referred to the energy of the considered process. In the following discussion we
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fix for definiteness the dimensions of ml and Mh to be (3× 3) and (n× n), respectively,
that is we assume that the only light states are the ones determined by neutrino oscil-
lation data, keeping however in mind that the results can be easily adapted if k further
light states are present, replacing 3 with 3 + k. The matrix Ξ can be expressed as the
exponential of an anti-hermitian matrix [285]

Ξ = exp

(
0 Θ

−Θ† 0

)
=

(
1− 1

2ΘΘ† Θ
−Θ† 1− 1

2Θ
†Θ

)
+O(Θ3), (4.4)

where Θ is a (3×n) matrix. The submatrices in the block rotated mass matrix (4.3) can
be diagonalised by two unitary rotations, m̂ν = UTmνU, M̂s = V TMhV , where U, V are
unitary matrices and the hat denotes a diagonalised matrix. Thus the unitary rotation
U in eq. (2.105) can be expressed as

U = Ξ

(
U 0
0 V

)
=

( (
1− 1

2ΘΘ†)U ΘV
−Θ†U

(
1− 1

2Θ
†Θ
)
V

)
+O(Θ3). (4.5)

By defining the neutrino mass basis {χi} as in eq. (2.106), the weak charged cur-
rent (2.122) reads

LW = − g√
2
eα /W

−Uαi χiLα + h.c., (4.6)

while the neutral current between neutrinos (2.96) reads

LννZ = − g

2 cos θW
χiLU

†
iα
/Z UαjχjL, (4.7)

where we used the convention /a = aµγ
µ. There are thus two important phenomenological

consequences. The first one is that a charged lepton of flavour α is coupled to all the
fermions χi, with a strength proportional to the mixing element Uαi, giving rise to non
universal weak interactions. The second is that two fermions χi, χj are coupled among
them with a coupling proportional to the combination

Cij ≡
∑

α=e,µτ

U∗
αi Uαj. (4.8)

Notice that since the sum is performed only on the first 3 rows of the mixing matrix,
the coefficients Cij are in general different from zero also for i 6= j, giving rise to non
diagonal interactions.

By denoting with χi, i = 1, 2, 3, the three mass eigenstates of the active neutrinos,
as defined in Section 3.1.5, the (3 × 3) upper-left block of U corresponds to the PMNS
matrix

NPMNS =

(
1− 1

2
ΘΘ†

)
U +O(Θ3). (4.9)

We denote the (3 × 3) leptonic mixing matrix by NPMNS to account for the fact that it
is in general non-unitary, the deviation from unitarity being parametrised by the matrix
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Θ. The same matrix determines the strength of the interactions between the charged
leptons and the other mass eigenstates,

UαI = (ΘV )αI +O(Θ3), I ≥ 4. (4.10)

Therefore the manifestations of new physics other than neutrino masses and their mixing
are determined by the matrix Θ: in the limit Θ = 0, the PMNS matrix is unitary, the
active leptons are only coupled with the three neutrino eigenstates and the coefficients
Cij are diagonal.

There exist experimental constraints on both the deviations from unitarity of the
PMNS matrix and on the UαI elements, that will be reviewed in the following sections.

4.3.1 Unitarity of the leptonic mixing matrix

Any deviation of the PMNS matrix from unitarity can have observables effects, notably
a violation of the flavour universality in weak interaction processes [286–288]. In the
presence of mixing, the charged current (4.6) implies that the amplitude for any tree-
level decay process involving a neutrino and a charged lepton in the final state depends
on the coupling

A (X → ℓανi) ∝ − g√
2
Uαi. (4.11)

If the neutrino mass is not resolved, the experiment can only measure the total width
for the decay in a given flavour α, given by the incoherent sum over all the possible final
states, that is all fermions that are kinematically accessible (mνi +mℓα < MX)

Γ (X → ℓανα) ∝
g2

2

kin∑

i

|Uαi|2 . (4.12)

If the mass eigenstates of the mass matrix are such that they are all kinematically ac-
cessible, the sum in eq. (4.12) equals 1 due to the unitarity of the matrix U and the SM
prediction is recovered. In the opposite case, the sum is smaller than one and the flavour
universality in the weak interactions is violated in general

kin∑

i

|Uαi|2 6=
kin∑

i

|Uβi|2 , for α 6= β. (4.13)

It is important to notice that the deviation from universality in a given process is a
function of the Q value of the reaction since the upper bound in the sum depends on the
quantity MX −mℓα . It is in this sense that the block diagonalization in light and heavy
states of eq.(4.3) is phenomenologically meaningful.

Weak decay processes that are sensitive to a deviation from flavour universality are for
instance the W boson leptonic decays W → ℓανα and the 3-body charged lepton decays
ℓα → ℓβνανβ. Further interesting processes are the leptonic and semileptonic decays of

68



mesons, M → ℓανα, M → Nℓανα, where M,N are mesons. Since the branching ratios of
these processes are affected by large uncertainties related to the hadronic matrix elements,
more suitable observables to constrain new physics scenarios are the ratios of the above
decays [289,290]

RMαβ =
Γ (M → ℓανα)

Γ (M → ℓβνβ)
,

RMαβ (N) =
Γ (M → Nℓανα)

Γ (M → Nℓβνβ)
, (4.14)

where the hadronic uncertainties cancel out to a very good approximation. Also notice
that for the same reasons the Fermi constant Gµ, measured in the muon decay process
µ→ eνµνe, differs from the SM definition GF in the presence of the current (4.12). The
total width for the process is related to the SM one by

Γµ→eνν = ΓSM

µ→eνν

kin∑

i,j

|Uµi|2|Uej|2, (4.15)

implying

G2
µ = G2

F

kin∑

i,j

|Uµi|2|Uej|2. (4.16)

Analogously to the charged case, the modified weak neutral current (4.7) can cause
a deviation from the SM predictions if some of the eigenstates of the mass matrix is not
kinematically allowed in a given process. For instance the width of the invisible decay of
the Z boson is proportional to

Γinv (Z) ≡
∑

i,j

Γ (Z → νiνj) ∝
g2

4 cos2 θW

kin∑

i,j

|Cij |2 , (4.17)

with the sum that deviates form the SM prediction if some masses are such thatmi+mj >
MZ .

Finally the deviation from unitarity of the mixing matrix can be manifest at loop level
in processes that are absent at tree-level, notably in lepton flavour violating decays of
charged leptons (cLFV), ℓα → ℓβγ [291–294], ℓα → ℓβℓγℓδ [295] and in µ→ e conversion
in nuclei, µN → eN [296–298]. Sterile fermions in any range of mass contribute to
these processes by propagating in loops, and since a GIM mechanisms is present the final
amplitude is a function of the mass differences between the different states. For instance
the branching ratio for the process µ→ eγ is given by

Br(µ → eγ) =
3α

32π

∣∣∣∣∣
∑

i

U∗
µiUeiG

(
m2
i

M2
W

)∣∣∣∣∣

2

, (4.18)
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with the loop function

G(x) =
10− 43x+ 78x2 − 49x3 + 4x4 + 18x3 log(x)

3(x− 1)4
. (4.19)

If all the masses mi were equal the unitarity of the mixing matrix would imply an exact
cancellation of the different contribution when summed over i. The function G(x) has
the limiting values G(0) = 10/3 and limx→∞G(x) = 4/3, thus in a configuration in
which O(ml) ≪MW and O(Mh) ≫MW the branching ratio can be approximated as

Br(µ→ eγ) ≃ 3α

32π

∣∣∣∣2
(
NN †

)
eµ

∣∣∣∣
2

, (4.20)

which is proportional to the deviation form unitarity of the PMNS matrix.
The deviation from unitarity of the PMNS matrix is strongly constrained by exper-

imental data. In the assumption that the masses of the heavy degrees of freedom are
large enough that they can be safely integrated out, which is accurate if they lie above
the electroweak energy scale, the current bounds at 90% C.L. are [299]

∣∣∣NN †
∣∣∣ =




0.9979 − 0.9998 < 10−5 < 0.0021
< 10−5 0.9996 − 1.0 < 0.0008
< 0.0021 < 0.0008 0.9947 − 1.0


 . (4.21)

Thus in the parametrisation (4.5) the O(Θ3) terms can be safely neglected.

4.3.2 Direct searches of sterile fermions

The observables discussed in the previous section are indirect effects related to the pres-
ence of sterile fermions. These particle can be looked for also directly in laboratory
searches [300]. For both the Dirac and Majorana case a sterile fermion can be produced
in the leptonic decay of a meson via the current (4.6), M → ℓανi [301]. Being a two-body
process the kinematic is completely determined by the masses of the involved particles,
the energy of the lepton given by

Eℓ =
m2
M +m2

ℓ −M2
i

2mM
. (4.22)

Thus a sterile fermion would manifest as a monochromatic line in the energy spectrum
of the charged lepton, with the position related to the sterile fermion mass and the
intensity proportional to the mixing element Uαi. Especially interesting channels are the
pion and kaon decays, because of their large leptonic branching ratios. Sterile fermions
can also be produced in three-body decays, as for instance in β-decay processes, in
which case they manifest as kinks in the energy spectra of the other decay products,
as discussed in Section 3.2.1. While these channels are relevant if the sterile fermion
is lighter than the mass of the decaying particle, the region of heavier masses can be
studied in accelerator experiments by looking at the products of a sterile fermion decay.
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If kinematically allowed, sterile fermions can be produced in accelerators via W and Z
mediated processes, cf. eqs. (4.6, 4.7), with a branching fraction proportional to the
quantities |Uαi|2 and |Cij|2. The sterile fermion subsequently decays in SM particles by
means of the same weak currents, with a decay width proportional to the same couplings.
From the non-observation of the decay products experimental bounds on the masses and
mixing of the sterile fermions can be put.

The above discussed processes are especially phenomenologically relevant since they
constrain the mixing element of a single sterile fermion. Contrary to that, in processes
where the sterile particles appear as virtual states cancellations among the different
contributions can arise. The constraints related to the latter class of processes apply to
the combination of masses and mixing for the whole mass spectrum.

If the sterile fermions are Majorana states they can mediate LNV processes, as for
instance the 0νββ decay discussed in Section 3.2.3. Relevant processes are also the LNV
tau decays τ− → ℓ+αM

−
1 M

−
2 and the LNV meson decays, M+

1 → ℓ+α ℓ
+
βM

−
2 , since their

matrix elements are resonantly enhanced if the sterile fermion mass is O(0.1, 1) GeV,
resulting in very stringent bounds for the mixing elements in this mass range [300].

Finally in the very low mass range, mi . 1 eV, a sterile fermion can manifest in neu-
trino oscillation experiments, modifying the results expected in the three-flavour mixing
patter (3.1). The non observation of these effects puts upper bounds on the mixing
elements [302–306].

4.4 Lepton number violation and the new physics scale

The discussion performed so far is valid for any mechanism in which the SM field content
is extended by the addition of sterile fermions. Nonetheless, the exact phenomenology
of a given model depends on the possible values of the masses and the mixing elements
of the new states.

The equation (4.3) with the matrices Θ and M parametrised as in (4.4, 2.104) implies,
at the lowest order in Θ, the relations [307]

Θ∗ ≃ m M−1, (4.23)

ml ≃ −m Θ† −Θ∗mT +Θ∗MΘ ≃ −Θ∗MΘ† ≃ −m M−1mT , (4.24)

Mh ≃ M +ΘTΘ∗M +MΘ†Θ. (4.25)

These equations imply the following relation between the neutrino mass scale and the
mixing between the charged leptons and the heavy states {χI}

∣∣∣∣∣
∑

I

UαI UβI mI

∣∣∣∣∣ ≃
∣∣∣mαβ

l

∣∣∣ . (4.26)

An important discriminating factor in the phenomenological discussion is the mechanism
responsible for the suppression of the neutrino mass scale: if the smallness of the ratio
mν/v is only due to the smallness of the ratio Λ/v in (2.86), the large value of the

71



new physics scale Λ necessarily implies a strong suppression of the higher dimensional
operators, d ≥ 6, in the effective theory expansion

Leff = LSM +
c5
Λ
Od=5 +

ci6
Λ2

Od=6
i + . . . (4.27)

Thus in this framework new physics effects other than neutrino masses are difficult to
observe. This is what happens for instance in the Type-I Seesaw mechanism, where the
relations (4.23) imply

Θ∗ ≃ v√
2
Y ∗ M−1, (4.28)

ml ≃ −v
2

2
Y ∗M−1Y †. (4.29)

If the submatrices m and M in (2.104) do not have any substructure, barring accidental
cancellations between the (a priori independent) entries of the matrices Y and M , the
smallness of the ratio O(m)/O(M) required to accommodate neutrino masses necessarily
implies a suppression of the active-sterile mixing ΘV .

As pointed out in [308], the phenomenology is different if the suppression of the five
dimensional operator in (4.27) is not related to a suppression of the higher-dimensional
operators. This is notably the case of mechanisms characterised by an approximate lepton
number conservation: the five-dimensional operator (2.85) violates lepton number by two
units, and its coefficient is necessarily zero if the Lagrangian preserves the total lepton
number. On the other hand the d > 5 operators in (4.27) can violate or preserve the
lepton number, and they do not necessarily vanish when the symmetry is restored. Hence
new physics effects are not necessarily suppressed by the small value of neutrino masses.
Examples of mechanisms of this kind are the linear [309, 310] and the inverse Seesaw
(ISS) [311–313], where pairs of fermionic singlets, (νR, s), with lepton number L = 1 are
added to the SM. In the ISS the submatrices m and M in the mass matrix (2.104) read,
in the basis (νL, ν

c
R, s),

m =
(
d 0

)
,

M =

(
0 n
nT µ

)
, (4.30)

where d, n are complex matrices and µ is a complex symmetric matrix. The matrix d
arises from the Yukawa couplings between the left- and right-handed neutrino fields νl
and νR after the EWSB, while the matrix n is related to the new physics energy scale Λ.
The matrix µ is the only entry in the mass matrix that violates the total lepton number
and the hierarchy O(µ) ≪ O(d) < O(n) is assumed. The relations (4.23) give in this
case

Θ∗ =
(

− v√
2
Y ∗ (nT

)−1
µ n−1 v√

2
Y ∗ (nT

)−1
)
,

ml = −v
2

2
Y ∗ (nT

)−1
µ n−1Y †. (4.31)
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Thus the suppression of the neutrino mass scale is related to the smallness of the lepton
number violating parameter µ: in the limit µ→ 0 neutrinos are massless, but the matrix
Θ does no vanish: new physics effects are not suppressed by the small value of neutrino
mass scale.

The scale of the LNV terms in the Lagrangian strongly affects the phenomenology of
a given neutrino mass generation mechanism, and in the absence of direct experimental
inputs the value of this scale is unbound. In the rest of this work we will concentrate
on mechanisms characterised by an approximate lepton number conservation, since they
allow to accommodate neutrino data for relatively low values of the new physics scale,
O(TeV) or lower, making it possible to test this kind of models in current and future
laboratory experiments.

4.5 Looking for the minimal inverse Seesaw realisation

In view of the strong potential of low-scale Seesaw mechanisms, in this section we consider
the inverse Seesaw (ISS) [311–313] which requires the addition of both a number #νR 6= 0
of right-handed (RH) neutrino fields and a number #s 6= 0 of extra sterile fermions to
the SM field content1. As discussed in Section (4.4), a distinctive feature of the ISS is
that an additional dimensionful parameter (µ) allows to accommodate the smallness of
the active neutrino masses mν for a low Seesaw scale, and still with natural Yukawa
couplings (Y ν ∼ O(1)), cf. eq. (4.31). In turn, this allows for sizeable mixings between
the active and the additional sterile states. Such features are in clear contrast with, for
instance, the canonical type I Seesaw [253–257], where O(1) Yukawa couplings require
the mass of the right-handed neutrinos to be close to the GUT scale, MR ∼ 1015 GeV,
thus leading to extremely small active-sterile mixings.

Any type I Seesaw realisation requires the introduction of N gauge singlet Weyl
fermions w that can thus couple via a Majorana mass term ∼ Mijw

c
iwj . Both the

number N and the energy scale M are in principle free parameters that can be fixed
by neutrino data. It is thus natural to ask what is the minimal number of fermionic
singlets N required to successfully generate neutrino masses and mixings in agreement
with observation. It was shown in [314] that the choice N = 1, although containing
in principle enough parameters, fails in fitting the neutrino oscillation data, while the
choice N = 2 is the minimal one that is phenomenologically viable. Minimal models, in
the framework of low-scale Seesaw mechanisms characterised by an approximate lepton
number conservation, have been addressed in [315], where N = 2n Weyl fermions were
added to the SM field content, with a lepton number assignment allowing them to be
cast into two groups of n elements with opposite lepton number charges. It was found
that the minimal phenomenologically viable model is the one with n = 1, which can be
the mechanism at work if all the (gauge invariant) lepton number violating interactions
are allowed. In this situation the tree level neutrino masses derive from the sum of two
terms which are differently suppressed by the high-energy scale - and which depend on the

1In the case where #s = 0, one recovers the type I Seesaw realisation which could account for neutrino
masses and mixings provided that the number of right-handed neutrinos is at least #νR = 2.
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two sets of Yukawa couplings that are present (lepton number violating and conserving
ones) - while the coefficients of the LFV dimension 6 operators only depend, to a first
approximation, on the lepton number conserving Yukawas. The situation is different in
the case of the inverse Seesaw scenario, where LNV Yukawas are not allowed and the
dimension 5 and 6 effective operators have the same high-energy suppression [315]. In
this case the minimal phenomenologically viable model is the one with n = 2, that is
N = 4.

Usually, in the inverse Seesaw scenario, where a LNV parameter µ is present, an
equal number of singlet Weyl fermions with opposite lepton number is added to the SM
field content, i.e. N = n + n. After the diagonalization of the neutral mass matrix,
one ends up with three active neutrinos (at least two massive in order to accommodate
neutrino data) and n pseudo-Dirac pairs with mass differences of the order of the LNV
parameter µ. Notice that in this scenario the scale µ does not correspond to the mass
of any new physical state (after diagonalization). In this analysis, we will consider the
inverse Seesaw scenario in which we relax the previous assumption, by adding N = n+n′

Weyl fermions with opposite lepton number, with n not necessarily coinciding with n′.
We will show that when n 6= n′, the LNV scale µ can indeed correspond to the mass of
a physical (almost sterile) state, i.e., a light sterile neutrino.

Since both RH neutrinos and sterile states are gauge singlet, there is no requirement
on their (field) number from anomaly cancellation. Moreover, in view of the presence of
two independent mass scales (the mass of the RH neutrinos and the Majorana mass of
the sterile states), associated to gauge singlet fermions, it is natural to investigate which
is the minimal content of the ISS extension of the SM successfully accounting for neutrino
data, while at the same time complying with all available experimental and observational
constraints.

We thus embed the inverse Seesaw mechanism into the SM, considering models with
an arbitrary non-vanishing (and different) number of RH neutrinos and of additional
sterile states, in order to establish which class of models provides a minimal 3-flavour
and 3 + more-mixing schemes. The latter class of realisations (configurations) may offer
an explanation to the reactor anomalies or, depending on the mass scales, a solution for
the Dark Matter (DM) problem, in the form of a sterile neutrino DM candidate (see
Chapter 5). In a first stage, we do not impose a particular mass scale for the (RH)
Majorana states nor the hierarchy of the associated light spectrum; likewise, we do not
specify a mass range for the sterile fields.

Our study has allowed to identify two classes of minimal ISS realisations that can
successfully account for neutrino data: the first leads to a 3-flavour mixing scheme,
and requires only two scales (that of light neutrino masses, mν , and the mass of the
RH neutrinos, MR); the second corresponds to a 3 + 1-mixing scheme, and calls for
an additional scale (µ ∈ [mν ,MR]). For each of these minimal classes, we carried a
numerical analysis taking into account all possible bounds associated to the presence of
sterile fermions (which constrain the mixings between active and sterile neutrinos for
different mass regimes). We also provide predictions regarding the hierarchy of the light
neutrino spectrum (normal or inverted) and the effective mass in neutrinoless double
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beta decay, for each of the minimal realisations identified.
The rest of the chapter is organised as follows: in Section 4.5.1, we briefly review the

inverse Seesaw mechanism and define the framework; we also determine the generic class
of frameworks leading to 3- and to 3 + more-mixing schemes as well as their generic
features concerning the different mass scales. In Section 4.6, we consider all the different
constraints from neutrino data, electroweak observables and laboratory measurements
applied in the analysis. Section 4.7 is devoted to the phenomenological analysis of the
minimal ISS framework leading to the 3-flavour and to the 3 + 1-mixing schemes. For
completeness, some technical details concerning the computation are included in the
Appendix A.

4.5.1 Towards the minimal inverse Seesaw realisation

In this analysis we consider the inverse Seesaw mechanism [311–313] for the generation
of neutrino masses and lepton mixings, with a minimal field content. We work in the
framework of the SM extended by one or more generations of right-handed neutrinos νR
and additional fermionic singlets s.

The one generation case

We first consider the illustrative one generation case. In the basis nL ≡ (νL, ν
c
R, s)

T , the
neutrino mass term reads:

− Lmν =
1

2
nTL C M nL + h.c., (4.32)

where C ≡ iγ2γ0 is the charge conjugation matrix and the matrix M is given by

M =




0 d 0
d m n
0 n µ


 . (4.33)

We assume that there is no term mixing the left-handed neutrino with the fermionic
singlet s (∼ νcLs). In the above, d corresponds to the Dirac mass term. The matrix M
also includes a Majorana mass term for the RH neutrino,

− m∗

2
νTRCνR + h.c. . (4.34)

The values of m and µ in Eq. (4.34) are arbitrary. However, accommodating neutrino
masses of O(eV) implies that both must be very small in the case of the inverse Seesaw
framework. Assigning a leptonic charge to both νR and s, with lepton number L =
+1 [311–313] (such that the Dirac mass term −d∗νLνR + h.c. preserves the leptonic
number), the terms νTRCνR and sTCs violate total leptonic number L by two units.
Small values of m and µ are natural in the sense of ’t Hooft [316] since in the limit where
m,µ → 0, the total lepton number symmetry is restored. In the following, we assume
for simplicity that µ and m are of the same order of magnitude.
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In order to obtain the tree-level neutrino mass spectrum and the leptonic mixing, we
diagonalise the matrix M as [36]

UTMU = diag(m0,m1,m2) , (4.35)

where U is a unitary matrix, and m0,1,2 correspond to the physical neutrino masses. The
mixing matrix is obtained from

diag(m2
0,m

2
1,m

2
2) =

(
UTMU

)† (
UTMU

)
= U †M †MU , (4.36)

so that the matrix U diagonalising M †M is the same as the one in Eq. (4.35).
We determine the neutrino spectrum perturbatively: the perturbations correspond to

taking into account the tiny effects of the lepton number violating diagonal entries,

∆M = diag(0,m, µ) . (4.37)

The lightest neutrino mass arises from perturbative corrections2 to the zeroth order
m0 = 0 eigenvalue; the two other states are pseudo-Dirac heavy neutrinos, massive and
degenerate.

Concerning m0, the second order corrections m2
0
(2)

(the first order one gives vanishing
contributions) are given by

m2
0
(2)

=
|d|4|µ|2

(|d|2 + |n|2)2
, (4.38)

which reduces to the usual inverse Seesaw expression once one assumes |d| ≪ |n|. The

first order corrections to m2
1,2

(0)
= |d|2 + |n|2 lift the degeneracy:

m2
1
(1)

= −|µ∗n2+m|d|2+m|n|2|√
|d|2+|n|2

, m2
2
(1)

=
|µ∗n2+m|d|2+m|n|2|√

|d|2+|n|2
. (4.39)

The corresponding eigenvectors allowing to build the leptonic mixing matrix can be found
in Appendix A.1. Notice that in this approach, the only assumption on the magnitude
of the physical parameters, i.e.

|m|, |µ| ≪ |d|, |n| , (n 6= 0) (4.40)

is driven (and justified) by the naturalness criterium. Notice that when n → 0, one
recover the simple realisation of the usual type I Seesaw, which is not the scenario we
consider in this study.

Minimal Inverse Seesaw realisations

In this section, we build the minimal ISS framework complying with experimental obser-
vations. The latter lead to the following requirements:

2We denote by (n) superscript perturbative corrections of order n.
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• there are 3 generations of neutrino fields with SU(2)L ⊗ U(1)Y gauge interactions
(#νL = 3);

• there are at least 3 non-degenerate light mass eigenstates.

We extend the one generation matrix of Eq. (4.33) to the case of several generations
of νR and s fields, so that M now reads

M =




0 d 0
dT m n
0 nT µ


 , (4.41)

d,m, n, µ now being complex matrices. Since M is symmetric (due to the Majorana
character of the fields), it follows that m and µ are also symmetric matrices.

A possible choice in Eq. (4.41) is to set the matrix n = 0, such that the singlets
s decouple. In this case, the model reduces in practice to the type I Seesaw model,
already compatible with low-energy data. We will conduct our analysis always assuming
the (perturbativity) condition Eq. (4.40) and thus considering the matrix n 6= 0 and its
entries always such that |m|, |µ| ≪ |d|, |n|.

In the following, we denote by #νL,#νR and #s (with #νR 6= 0 and #s 6= 0) the
number of generations of left-handed, right-handed and sterile fields, respectively. The
Dirac mass matrix d arises from the Yukawa couplings to the Higgs boson (Φ̃ = iσ2Φ),

Yαβ lL
α
Φ̃ νβR + h.c. , (4.42)

where Y is a complex matrix, lαL denotes the left-handed (LH) leptonic doublet,

lαL =

(
ναL
eαL

)
, (4.43)

α and β being generation indices. After electroweak symmetry breaking (EWSB), the
matrix d is given by

dαβ =
v√
2
Y ∗
αβ , (4.44)

and its dimension is
dim d = (#νL ×#νR) . (4.45)

The matrix n describes the lepton number conserving interactions involving νcR and s
fields, and its dimension is

dim n = (#νR ×#s) . (4.46)

Finally, the dimension of the (symmetric) Majorana mass matrices m and µ are given by

dim m = (#νR ×#νR) , dim µ = (#s×#s) . (4.47)

Being gauge singlets, and since there is no direct evidence for their existence, the
number of additional fermionic singlets #νR and #s is unknown. In the following we
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# new

fields
#νR #s #m2

i
(0)

= 0 #m2
i
(1,2) 6= 0

# of

non-deg.

light mi

oscillation

data:

∆m2

oscillation

data:

∆m2 & UPMNS

2 1 1 3 1 2 % %

3 1 2 4 2 3 !(s) %

3 2 1 2 1 2 % %

4 1 3 5 3 4 !(a) %

4 2 2 3 2 3 !(s) !

4 3 1 1 1 1 % %

5 2 3 4 3 4 !(a) !

5 3 2 2 2 2 % %

6 3 3 3 3 3 !(s) !

Table 4.1: Tree-level neutrino mass spectra for different choices of the number of addi-
tional fields, νR and s, and different properties of the light neutrino spectrum (see text
for details and for description of used symbols). We limit the table to the case where the
maximum number of additional singlet fields is six.

determine their minimal values when accommodating either a 3-flavour or a 3 + 1 (or
more) -flavour mixing schemes. The different possibilities are summarised in Table 4.1.

The first three columns of Table 4.1 indicate the total number of additional fermionic
singlets #νR+#s, #νR and #s, respectively. The fourth column contains the number of
massless eigenstates at zeroth order (in the absence of accidental cancellations between
the a priori independent entries of the mass matrix). Always in the absence of accidental
cancellations, the fifth column displays how many massless eigenstates acquire mass once
higher order corrections from perturbations are taken into account (see Appendix A.1):
although massive, these states remain light since the corresponding masses are propor-
tional to entries of m and µ (this can be inferred from the one generation illustrative case,
see Eq. (4.38)). It is important to notice that states which are already massive at zeroth
order have masses proportional to the d and n matrix entries. Finally, the sixth column
contains information on the number of non-degenerate light mass eigenstates predicted
by each of the different ISS configurations considered.

The last two columns provide information on the phenomenological viability of the
different ISS realisations. Firstly, neutrino oscillation experiments require at least two
independent oscillation frequencies (∆m2

ij); if there are less than 3 different light masses,

the model is then excluded by observation, and this is denoted by a % . Models with 3
different light masses can generate the correct neutrino mass spectrum and are marked
with a ! (s) in the seventh column of the table.

Interestingly, models with 4 different light masses could potentially explain the (anti)neutrino
anomalies reported by the short baseline experiments LSND [120] and MiniBooNE [128,
130, 317], the Gallium anomaly in radioactive source experiments [318, 319] and the re-
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actor antineutrino anomalies [101–103]. Such configurations, leading to a 3 + 1-mixing

scheme (see for example [320]) are indicated by a ! (a) in the seventh column of Ta-
ble 4.1.

For all cases with a viable mass spectrum - either (s) or (a) - we have then verified if
the observed mixing pattern could be successfully reproduced. Should this be the case,
a !is present in the eighth column of the table.

As can be seen from the information summarised on Table 4.1, the simplest model3

which could accommodate the observed neutrino spectrum is the one with (#νR = 1,#s = 2),
which will be here denoted as ISS(1,2). It predicts 4 light eigenstates, two of which are
massive; provided that the latter are non-degenerate, one could have two independent
mass squared differences (corresponding to the solar and atmospheric mass differences).
Notice however that this model cannot provide the observed leptonic mixing matrix
UPMNS. This is a consequence of having one of its light mass eigenstates dominated
by sterile components, and as such it cannot be identified with a SM active neutrino.
A similar problem is present for the ISS(1,3) configuration, which although in principle
accommodating the correct neutrino mass spectrum fails to provide the observed mixings.

The scenarios (#νR = 2,#s = 1) and (#νR = 3,#s = 1) could in principle accommo-
date neutrino data (masses and mixing) in the limiting case where sterile fields decouple,
i.e. the matrix n → 0 in Eq. (4.41). We further emphasise here that we are not in this
situation (of a type I Seesaw with 2 or 3 right-handed neutrinos), and these two scenarios
do not comply with neutrino data. In the case of (#νR = 2,#s = 1), the corresponding
mass spectrum contains one massless active neutrino, one light active while the third
active one is too heavy to explain solar and atmospheric oscillation frequencies. A simi-
lar situation occurs for the (#νR = 3,#s = 1) case, where one has only one light active
neutrino and two (too) heavy active ones.

From this simple analysis and in view of Table 4.1, the first realisation of the inverse
Seesaw (with #s 6= 0) possibly accommodating neutrino data is (#νR = 2,#s = 2),
which we define to be the minimal one under the previous assumption of Eq. (4.40),
hereafter denoted by ISS(2,2) realisation. Notice that this solution corresponds to the
minimal model found in [315] in the case where no lepton number violating Yukawa
couplings are allowed. This ISS(2,2) scenario does not provide an explanation for the
reactor anomaly; the next (to minimal) ISS realisation which could explain such anomaly
is the one with (#νR = 2,#s = 3), which we denote by ISS(2,3) configuration.

Before addressing in detail the phenomenology of each minimal framework above
identified, we will briefly comment on some aspects intrinsic to all ISS realisations.

Different neutrino mass scales

As a function of the number of generations for the sterile fields (#s 6= 0,#νR 6= 0), the
model always exhibits #νL + (#s−#νR) light mass eigenstates. These states would be

3In our study, the first scenario (ISS(1,1)) would have corresponded to the n = 1 scenario in [315],
provided the entry (1, 3) of Eq. (4.33) was different from zero.
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massless at zeroth order, and their masses arise from higher order corrections (in pertur-
bation) due to the block-diagonal matrix which now generalises ∆M , see Eq. (4.37). In
addition, the full spectrum contains heavy states with masses ∼ O(ni,j)+O(di,j), which
form #νR pseudo-Dirac pairs with mass differences ∼ O(µi,j), O(mi,j). In the limit
where lepton number is conserved (i.e. ∆M = 0) these states become Dirac particles.

The low-energy phenomenology of these models is determined by two quantities: the
scale of the Lepton Number Violating parameters µ and the ratio between the scale of
the Dirac mass terms d and that of the n mass matrix, denoted by k. To understand the
key rôle of these quantities, let us consider again the illustrative one-generation model
(i.e. #νL = #νR = #s = 1) of Section 4.5.1. The active neutrino mass of Eq. (4.38)
can be rewritten as mν = |µ|k2/(1+ k2), with k = |d|/|n|. In the realistic case of several
generations, d, n, µ are matrices, and these considerations loosely apply to the order of
magnitude of their entries. The ratio k is directly related to deviations from unitarity
of the leptonic mixing matrix, as shown in Appendix A.1, Eq. (A.11). Constraints on
the non-unitarity of the PMNS matrix impose that k should not be too large; as we
will discuss in the section devoted to the numerical analysis, solutions in agreement with
experimental data can be found if, and only if, O(d)/O(n) . 10−1. These features are
shared by the different realistic extensions presented in Table 4.1.

The mass spectrum of the ISS models is thus characterised by either 2 or 3 different
mass scales (as illustrated in Fig. 4.3):

NNN

Mass E.g.

≈ O(n)≈ O(n)≈ O(n) TeV2 # νR heavy states

≈ O(µ)≈ O(µ)≈ O(µ) eV
# s - # νR light sterile states

(only if # s > # νR)

≈ O(µ)O(k2)≈ O(µ)O(k2)≈ O(µ)O(k2) meV# νL active neutrinos

Figure 4.3: Pictorial representation of typical scales for the neutrino mass spectrum in
several ISS realisations.

• the one of the light active neutrinos ∼ O(µ)O(k2);
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• the scale corresponding to the heavy states, roughly O(d) +O(n) ≈ O(n);

• an intermediate scale of order O(µ) corresponding to #s−#νR sterile light states
(only present when #s > #νR).

Removing unphysical parameters

The relevant leptonic terms of a general inverse Seesaw Lagrangian can be written in the
following compact form,

Lleptonic = Lkinetic + Lmass + LCC + LNC + Lem , (4.48)

where

Lkinetic = i eL
α /∂ δα,β e

β
L + i eR

α /∂ δα,β e
β
R + i νL

α /∂ δα,β ν
β
L + i νR

i /∂ δi,j ν
j
R + i sa /∂ δa,b s

b ,

Lmass = −eRαmα,β e
β
L − νR

i dTi,α ν
α
L − νR

imi,j ν
c
R
j − νR

i ni,a s
a − sc

a
µa,b s

b + h.c. ,

LCC =
g√
2
eL

α /W
−
δα,β ν

β
L + h.c. ,

LNC =
g

cos θW

{
1

2

[
νL

α γµ δα,β ν
β
L − eL

α γµ δα,β e
β
L

]
− sin2 θW Jem

µ

}
Zµ ,

Lem = e Jem
µ Aµ. (4.49)

In the above equation α, β = 1, 2, 3, i, j = 1, . . . ,#νR and a, b = 1, . . . ,#s. The total
number nu of physical and non-physical parameters in the mass matrices present in the
Lagrangian of Eq. (4.48) is equal to

nu = 18 + 6 #νR +#νR(#νR + 1) + #s(#s+ 1) + 2 #νR #s , (4.50)

and detailed in Table 4.2.

Matrix Total number of parameters

m 18
d 6×#νR
n 2×#νR ×#s
m #νR × (#νR + 1)
µ #s× (#s+ 1)

Total 18 + #νR(7 + #νR + 2 #s) + #s(#s+ 1)

Table 4.2: Total number of physical and non-physical parameters in the Lagrangian of
Eq. (4.48).

In order to determine the actual number of physical parameters, one has to identify
all independent transformations under which the Lagrangian of Eq. (4.48) is invariant.
One finds four classes of transformations with the following unitary matrices:
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1. UL (3× 3):

eαL → ULα,βe
β
L , mα,β → mα,γU

L†
γ,β , ναL → ULα,βν

β
L , dTi,α → dTi,βU

L†
β,α ; (4.51)

2. UR (3× 3):

eαR → URα,βe
β
R , mα,β → URα,γmγ,β ; (4.52)

3. UνR (#νR ×#νR):

νcR
i → UνRi,j ν

c
R
j , mi,j → UνR∗

i,kmk,lU
νR†
l,j , dTi,α → UνR∗

i,jd
T
j,α , ni,a → UνR∗

i,jnj,a ;
(4.53)

4. U s (#s×#s):

sa → U sa,bs
b , µa,b → U s∗a,cµc,dU

s†
d,b , ni,a → ni,bU

s†
b,a . (4.54)

The number of parameters defining the transformations of Eqs. (4.51 - 4.54) is nt =
18 + (#νR)

2 + (#s)2, as shown in Table 4.3, so that the number of physical parameters
np thus reduces to

np = nu − nt = 7 #νR +#s+ 2#νR #s . (4.55)

Matrix Number of free parameters

UL 9
UR 9
UνR (#νR)

2

U s (#s)2

Total 18 + (#νR)
2 + (#s)2

Table 4.3: Number of parameters defining the transformations of Eqs. (4.51 - 4.54).

Since Lkin is invariant under each of the transformations of Eqs. (4.51 - 4.54), we can
use the latter to redefine the fields and cast the mass matrices only in terms of physical
parameters. For instance, with the transformations of Eqs. (4.51, 4.52), one can choose
a basis in which the charged leptonic matrix m is real and diagonal, and similarly for
the symmetric Majorana mass matrices m and µ (in this case using Eqs. (4.53, 4.54)).
Finally, one can eliminate three phases from the Dirac mass matrix d while keeping m

real, via a combination of transformations of Eq. (4.51) and Eq. (4.52). In this simple
example, there are exactly np free parameters, as summarised in Table 4.4.
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Matrix # of moduli # of phases Total

Diagonal and real m 3 0 3
d with three real entries 3 #νR 3 #νR − 3 6 #νR − 3
Real and diagonal m #νR 0 #νR

n #νR #s #νR #s 2 #νR #s
Real and diagonal µ #s 0 #s

Total 7 #νR +#s+ 2#νR #s

Table 4.4: Example of a basis in which all unphysical degrees of freedom have been
rotated away.

4.6 Effects of fermionic gauge singlets and constraints on
the ISS parameters

In addition to succeeding in accommodating neutrino oscillation data, models with sterile
fermions are severely constrained, since the mixings of the sterile neutrinos with the active
left-handed states might induce contributions to several observables, leading to conflict
with experimental data. The mixings of the sterile neutrinos with the active left-handed
states imply a departure from unitarity of the 3 × 3 UPMNS matrix, which can have an
impact on several observables, inducing deviations from the SM predictions. Bounds on
the non-unitarity of the PMNS were derived in [288], using Non-Standard Interactions
(NSI). These bounds are especially relevant in our analysis when the masses of the sterile
states are heavier than the GeV, but some are still lighter than 174 GeV.

If the sterile states are sufficiently light and have large mixings with the active neutri-
nos (as for example in the inverse Seesaw [311] , the νMSM [321] and the low-scale type
I Seesaw [297,298,307,315,322]), then the deviations from unitarity of the PMNS mixing
matrix can be sizeable, and lead to (tree-level) corrections to the Wℓν vertex. This will
have a significant impact to several observables, such as corrections to the invisible Z
decay width [323], significant contributions to lepton flavour universality (LFU) violation
observables [289,290,301], and new contributions to numerous low-energy rare decays.

Another important constraint concerns charged lepton flavour violation (cLFV) since
the modified Wℓν vertex gives rise to cLFV processes, typically at rates higher than the
current bounds unless the active-sterile mixings are small [295, 311–313]. In the case of
µ→ eγ decays, the rate induced by the presence of the sterile states is given by [291–293]:

Br(µ → eγ) =
3αem

32π

∣∣∣∣∣
∑

i

U∗
µiUeiG

(
m2
i

M2
W

)∣∣∣∣∣

2

, (4.56)

where the index i runs over all neutrino states, U is the leptonic mixing matrix obtained
after diagonalization of the mass matrix and G is the associated loop function. The
current bound on this branching ratio is Br(µ → eγ) < 5.7 × 10−13 at 90% C.L., as
reported very recently by the MEG experiment [324]. This will prove to be the most
relevant LFV bound in most of our scenarios with light sterile neutrinos.
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Constraints arising from neutrinoless double beta (0ν2β) decay bounds can be partic-
ularly relevant, since in the ISS the heavy sterile states also contribute to the process. The
effective neutrino mass mνe

eff, to which the amplitude of the 0ν2β process is proportional,

can receive further corrections with respect to the standard expression,
∑3

i=1 U
2
e,imνi .

Since the heavy Majorana states mix to form pairs of pseudo-Dirac states, their contri-
bution is proportional to their mass difference weighted by the νe-sterile mixing. Each
Majorana state thus contributes to the amplitude of a 0νββ decay as [147]

Ai ∝ miU
2
e,iM

0νββ(mi) , (4.57)

where M0νββ(mi) is the nuclear matrix element that characterises the process. The latter
is a function of the neutrino mass mi and depends on the nucleus that undergoes the
0νββ transition. It can be satisfactorily approximated by the analytic expression

M0νββ(mi) ≃M0νββ(0)
p2

p2 −m2
i

, (4.58)

where p2 ≃ −(125 MeV)2 is the virtual momentum of the neutrino. We will conduct a
detailed analysis of the impact of two minimal ISS realisations, the ISS(2,2) and ISS(2,3),
on the effective electron neutrino mass in Sections 4.7.1 and 4.7.2.

Moreover, if the typical scale of the new states is sufficiently light, they can be pro-
duced in collider or low-energy experiments, thus being subject to further constraints [325].
Robust laboratory bounds arise from direct searches for sterile neutrinos, which can be
produced in meson decays such as π± → µ±ν, with rates that depend on their mixing
with the active neutrinos. Therefore, negative searches for monochromatic lines in the
muon spectrum can be translated into bounds on the active-sterile mixing [300,326].

All the above mentioned bounds will be taken into account in our subsequent numer-
ical analysis of the two minimal ISS realisations.

4.7 Phenomenological analysis

Although it is possible to derive analytical expressions for the neutrino mass eigenvalues
and leptonic mixing matrix (see Appendices A.1 and A.2), these expressions are lengthy
and involved, and do not easily convey the general features and behaviour of the ISS con-
figurations investigated. We thus conduct a numerical analysis for each of the minimal
ISS(2,2) and ISS(2,3) realisations. In order to unveil some interesting features, we per-
formed a scan of the parameter space (corresponding to all the entries of the mass matrix;
in our analysis we will not address the effect of CP violating phases, both Dirac and Ma-
jorana). This also allows to numerically compute interesting quantities, as for instance
the effective mass in 0ν2β decay amplitude. All the constraints listed in Section 4.6 were
implemented. We proceed to discuss the results in the following sections.
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4.7.1 The ISS(2,2) realisation

Some aspects of this model have already been studied, in particular CP violation and
Non Standard Interactions [327, 328]. We have determined the neutrino spectrum and
the leptonic mixing matrix using a perturbative approach, whose details are summarised
in Appendix A.2. At second order in the perturbative expansion, the light neutrino
spectrum is given by:

m2
1
(2)

= 0, m2
2
(2)

=
b−

√
b2 + 4c

2
, m2

3
(2)

=
b+

√
b2 + 4c

2
, (4.59)

where the parameters b and c are defined in terms of the entries of the (2,2) mass matrix;
these expressions are lengthy, as explained in Appendix A.2. Notice that b and c do not
depend on the submatrix m of the mass matrix of Eq. (4.41).

Having one massless eigenstate (to all orders in perturbation theory) is a feature of
this minimal ISS(2,2) model (see also Table 4.1). The expressions of Eq. (4.59) allow to
easily understand why the ISS(2,2) model strongly prefers the normal hierarchy scheme.
In order to accommodate an inverted hierarchy, i.e. m2

2 ≃ m2
3 ≃ 10−3 eV2 and m2

3−m2
2 ≃

10−5 eV2, one would be led to comply with 10−6 eV4+4c ≃ 10−10 eV4. This amounts to
an extreme fine-tuning. Although some solutions can indeed be found (see the numerical
studies of the following section), it should be stressed that accommodating a NH spectrum
also requires a certain amount of fine-tuning.

Even if useful when addressing the issue of the hierarchy of the light neutrino spec-
trum, the analytical expressions we have derived for the neutrino masses and leptonic
mixings cannot be used to extract general features, nor to infer the magnitude of the
fundamental scales of the ISS model (i.e. the magnitude of the entries of the matrices
µ, m, ...). To do so, we performed numerical scans of the ISS(2,2) parameter space, the
result of which we proceed to report.

Mass hierarchy

As discussed in Section 4.5.1 and illustrated in Fig. 4.3, the low-energy phenomenology
of a ISS(2,2) model is determined by two scales: that of the LNV parameter µ, and the
ratio k between the magnitude of the entries of the d and n matrices, see Appendix A.1.

In our numerical analysis, we randomly scan over all parameters: the entries of the d
and n submatrices are varied such that the obtained mixing matrix UPMNS is in agreement
with oscillation data (global fits to both hierarchies, normal and inverted [329]) and the
interval of variation for the entries of µ is chosen to ensure that the largest neutrino
squared mass value ∼ 2.4 × 10−3 eV2. While scanning over the parameter space, we
always make sure that Eq. (4.40) is fulfilled, assuming µ and m to be of the same order
of magnitude. Moreover, we take all parameters to be real (leading to vanishing Dirac
and Majorana phases, and hence no contributions to leptonic electric dipole moments).

In Figure 4.4, we collect the values of the squared masses m2
i imposing that all the

obtained mixing angles θij are in agreement with oscillation data (for both cases of
hierarchy, NH and IH). Leading to this figure, we varied for the left (right) panel the
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entries of each submatrix (see Eq. (A.19)) as di,j ∈ [106, 108] eV, ni,j ∈ [107, 109] eV
(ni,j ∈ [108, 1010] eV), and mi,j, µi,j ∈ [10−3, 10] eV (mi,j, µi,j ∈ [10−1, 102] eV).

The best fit values for the mass eigenvalues resulting from the global analysis of the
oscillation experiments [329] are indicated in Fig. 4.4 by horizontal and vertical lines.
This example clearly illustrates the analytical result found in Section 4.7.1 (as well as in
Appendix A.2): the ISS(2,2) model favours a normal hierarchical scheme - the inverted
hierarchy requiring in this case an extreme fine tuning of the parameters, see Eq. (4.59).
This can be seen on the right panel of Fig. 4.4, as no solutions can be encountered for
an IH scheme (corresponding to ∆m2

32 ∼ 10−5eV2 together with m2
2 ∼ m2

3 ∼ 10−3eV2).
Moreover, as can be seen on the left panel of Fig. 4.4, for the NH scheme, finding solutions
for the light neutrino masses in agreement with data is possible although difficult.

Figure 4.4: Squared masses of the active neutrinos for the ISS(2,2) model (the light-
est neutrino is massless). All points displayed fulfil the experimental constraints on the
PMNS entries for the NH (left) and IH (right) schemes. The green lines denote the exper-
imental best fit values [329] in the NH or IH schemes. The scan details are summarised
in the text.

Constraints from unitarity

The non-observation of NSI in the leptonic sector as induced by the deviation from
unitarity of the UPMNS matrix due to the presence of additional fermions puts stringent
constraints [288] on the ISS parameter space.

The non-unitarity effects can be quantified by

ǫαβ ≡
∣∣∣∣∣

7∑

i=4

Uα,i U
†
i,β

∣∣∣∣∣ =
∣∣∣∣δα,β −

(
N N †

)
α,β

∣∣∣∣ , (4.60)

where N is the 3× 3 submatrix encoding the mixings between the active neutrinos and
the charged leptons, i.e. the PMNS matrix. Depending on the mass regime for the sterile
fermions (above or below the EW scale) the constraints on

(
NN †) are different [288].

We thus identify the following mass regimes for our sample of ISS(2,2) mass matrices:

• no (or only some) sterile states are above 1 GeV - implying that not all the extra
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states can be indeed integrated out; the NSI constraints of [288] do not apply in
this case;

• all sterile states are heavier than 1 GeV, but do not necessarily lie above the EW
scale, ΛEW ∼174 GeV;

• all sterile states are heavier than ΛEW.

When appropriate, we thus compute the amount of non-unitarity from Eq. (4.60), and
apply the corresponding bounds, to further constrain the ISS parameter space.

Notice that in the ISS models the non-unitarity effects are proportional to the ra-
tio O(d)/O(n) (see for example the neutrino mass eigenvector expression for the one-
generation model (Eq. A.11)).

We display on Fig. 4.5 the most constraining deviations from unitarity parametrised
by ǫ = |1−

(
NN †) |, see Eq. (4.60), as a function of an effective factor k generalising the

one introduced in Section 4.5.1, which is defined as (see Eq. (A.19) in Appendix A.2):

k =
(d1,1 + d2,1 + d3,1 + d1,2 + d2,2 + d3,2) /6

(n1,1 + n2,2) /2
. (4.61)

Each point is generated with random values for the entries of the d, n submatrices -
but allowing the entries of each submatrix to vary at most over two orders of magnitude
-, and such that the mass matrix would generate a PMNS matrix and a neutrino mass
spectrum in agreement with experimental constraints (in the NH scheme). Leading to this
figure (left and right panels) , we varied the entries of each submatrix (see Eq. (A.19)) as
di,j ∈ [103, 1.7×1011] eV, ni,j ∈ [5.5×104, 1.6×1013] eV and mi,j, µi,j ∈ [5×10−6, 100] eV.

Figure 4.5: Examples of ǫ =
∣∣1−

(
N N †)∣∣ entries, as a function of an effective factor k

(see Eq. (4.61)). On the left, ǫ22, for a mass regime in which the sterile neutrino masses
are between 1 GeV and ΛEW; on the right, ǫ12, in the regime where all sterile states are
heavier than ΛEW. The green lines indicate the corresponding upper bounds [288]. All
points comply with oscillation data in the NH scheme. The scan details are summarised
in the text.

As can be seen from both panels of Fig. 4.5, NSI constraints significantly reduce the
number of otherwise phenomenologically viable solutions for the ISS(2,2) model.
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LFV constraints: Br(µ→ eγ)

The presence of sterile fermions may impact several observables in particular LFV pro-
cesses, with rates potentially larger than current bounds. We focus here on the radiative
muon decay µ→ eγ, searched for by the MEG experiment [324] and which provides the
most stringent constraint on the branching ratio of Eq. (4.56).

In Fig. 4.6, we display this observable as a function of the mass of the lightest sterile
state, m4. The investigated parameter space (the same as the one leading to the pre-
vious figures) leads to contributions typically below the future experimental sensitivity.
However, for m4 heavier than ∼ 1 GeV, one might observe a cLFV signal of the ISS(2,2)
at MEG.

Figure 4.6: Br(µ → eγ) as a function of the mass of the lightest sterile state, m4. The
green full (dashed) horizontal lines denote MEG’s current upper bound [324] (future
sensitivity [330]). All points comply with oscillation data in the NH scheme and unitarity
constraints. Scan details as in Fig. 4.5.

Lepton number violating parameter space

From the numerous numerical scans we conducted, certain features of the ISS(2,2) model
became apparent:

• Low-energy neutrino data (i.e. masses and mixings) can be accommodated if the
entries in each of the submatrices of Eq. (4.41) are allowed a strong hierarchy -
varying at least over 2 orders of magnitude.

• The model leads to a strongly hierarchical light neutrino mass spectrum, with the
second lightest neutrino mass being strongly suppressed with respect to the heaviest
one (the first state being massless).

The size of the LNV parameters (i.e. the entries of the µ submatrix - recall that the
LNV matrix m does not enter in the expression for the lightest neutrino mass eigenvalues,
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as derived in a perturbative approach - see for instance, Eq. (4.38)) is bounded from below
by PMNS matrix constraints, and from above by the naturalness requirement. The lower
limit is due to the fact that, to a good approximation, the entries of d must be at least
one order of magnitude smaller than those of n (in order to accommodate oscillation
data). In order to fulfil solar and atmospheric mass squared differences, and given that
one typically has k < 10−1 (see Eq. (4.38)), it follows that

|µ| & k−2 × 8× 10−3 eV & 8× 10−1 eV . (4.62)

We have checked that the latter condition is indeed valid in the ISS(2,2) model;
the lower values for the µ submatrix entries, in agreement with both UPMNS data and
neutrino mass squared differences are: min |µi,i| ∼ 0.13 eV, min |µi 6=j| ∼ 5×10−6 eV. The
upper bound on the LNV parameters comes from ’t Hooft naturalness criterium, even
though a clear definition regarding the naturalness of a small dimensionful parameter
breaking some SM accidental symmetries does not exist. In this study, we have posited
a "naturalness" upper limit of 100 eV on the entries of the submatrix µ. This translates
into a lower bound on the factor k (since mν ≈ k2µ).

Neutrinoless double beta decay

When applied to the ISS(2,2) model, the effective neutrino mass mνe
eff determining the

amplitude of the neutrinoless double beta decay rate is given by (see Section 4.6) [147]:

mνe
eff ≃

7∑

i=1

U2
e,i p

2 mi

p2 −m2
i

≃
(

3∑

i=1

U2
e,imνi

)

+p2
(
−U2

e,4

|m4|
p2 −m2

4

+ U2
e,5

|m5|
p2 −m2

5

− U2
e,6

|m6|
p2 −m2

6

+ U2
e,7

|m7|
p2 −m2

7

)
,(4.63)

where p2 ≃ −(125 MeV)2 is the virtual momentum of the neutrino. From the analytical
expressions derived in Appendix A.2.2, one can see that in the limit µi,j, mi,j → 0, one
has m5 → m4, m7 → m6, U

2
e,4 → U2

e,5, U
2
e,6 → U2

e,7, and thus the extra contribution
vanishes.

Our predictions for the effective electron neutrino mass are collected in Fig. 4.7, and
displayed as a function of the mass of the lightest sterile state, m4. By defining an
"average" effective sterile mass, ms =

m4+m5+m6+m7
4 , three distinct mass regimes for ms

can be identified from Fig. 4.7,

• ms ≪ |p|: in this regime the effective mass goes to zero, since from Eq. (4.63) one
approximately has

mνe
eff = p2

7∑

i=1

U2
e,i

mi

p2 −m2
i

≃
7∑

i=1

U2
e,imi , (4.64)

and one can write
7∑

i=1

U2
α,imi =

7∑

i=1

Uα,imi U
T
i,α = Mα,α , (4.65)
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where M denotes the full neutrino mass matrix.

• ms ≈ |p|: the contribution of the pseudo-Dirac states becomes more important,
and can induce sizeable effects to mνe

eff.

• ms ≫ |p|: in this regime the heavy states decouple, and the contributions to mνe
eff

only arise from the 3 light neutrino states.

Notice that the values of mνe
eff displayed in Fig. 4.7 correspond to conservative (max-

imal) estimations; since in our scan all parameters are taken to be real, no cancellation
due to possible (Majorana) phases can take place, and thus reduce the contributions of
the ISS(2,2) model. It is important to stress that all points leading to Fig. 4.7 comply
with all available low-energy constraints discussed in Section 4.6. The MEG bound on
Br(µ→ eγ) [324] and the constraints from laboratory experiments [300] are particularly
important, and the latter are in fact responsible for the exclusion of a significant amount
of points found (corresponding to the grey regions) in Fig. 4.7.

Figure 4.7: Effective electron neutrino mass, mνe
eff, as a function of the lightest sterile mass

m4. The green full and dashed horizontal lines denote the current upper bound and the
expected future sensitivity [331]; blue points pass all imposed constraints (oscillation
data, NSI, Br(µ → eγ) and laboratory direct searches), while grey points are excluded
by laboratory bounds. Scan details as in Fig. 4.5.

4.7.2 The ISS(2,3) realisation

We now address the phenomenology of the next-to-minimal configuration, the ISS(2,3),
where two generations of RH neutrinos and three sterile states are added to the SM
content. In view of the degree of complexity of the analytical expressions derived for the
simpler ISS(2,2), in this case we directly base our analysis on a numerical approach.
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Allowed mass hierarchies

Concerning the neutrino spectra, the crucial difference of the ISS(2,2) and the ISS(2,3)
configurations is that the latter contains four light states, one being dominantly sterile-
like. Its mass typically lies below the GeV (in the analysis we have explored the interval
[0, 100] keV for all the entries of the µ submatrix); recall that the four remaining states are
heavy, pseudo-Dirac pairs. As can be seen in Table 4.1, and similar to what occurred for
the ISS(2,2), the lightest neutrino is also massless in the ISS(2,3) configurations. Thus,
bounds on squared mass differences also translate into bounds for the masses themselves.

Our study reveals that the ISS(2,3) model is not as fine-tuned as the ISS(2,2) one.
Allowing the entries of each submatrix of Eq. (4.41) to vary over one order of magnitude
leads to abundant solutions in agreement with low-energy neutrino data. Concerning the
hierarchy of the light neutrino spectrum, we have verified that both NH and IH spectra
are possible in the explored ISS(2,3) parameter space, although IH tends to be only
marginally allowed, as is illustrated on Fig. 4.8. For the left panel (NH), the parameters
were varied as di,j ∈ [106, 107] eV, ni,j ∈ [107, 108] eV, mi,j, µi,j ∈ [10−1, 10] eV, while
leading to the right plot (IH) we considered di,j ∈ [106, 107] eV, ni,j ∈ [108, 109] eV,
mi,j, µi,j ∈ [10, 103] eV.

Figure 4.8: Squared masses of the active neutrinos for the ISS(2,3) model (the light-
est neutrino is massless). All points displayed fulfil the experimental constraints on the
PMNS entries in the NH (left) and IH (right) schemes. The green lines denote the exper-
imental best fit values [329] in the NH or IH schemes. The scan details are summarised
in the text.

Constraints from non-unitarity

Similar to what was previously discussed for the ISS(2,2) configuration, the constraints
coming from the non-observation of NSI (see Section 4.6) also apply to ISS(2,3) models.
We conducted here an analogous study: the formulae and notations are simple generali-
sations of those introduced in Section 4.7.1, the only difference being that in the present
case the index i in Eq. (4.60) runs over the states that are integrated out (& 1 GeV), i.e.,
i = 5, . . . , 8. Moreover and since we are interested in a potential "Warm" DM candidate,
we consider realisations of the ISS(2,3) model in which only the lightest sterile state lies
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below 100 keV (i.e. µ ∈ [0, 100] keV).
In Figure 4.9 we display two examples of deviations from unitarity as parametrised

by ǫαβ ≡
∣∣∣
∑8

i=5 Uα,i U
†
i,β

∣∣∣ as a function of an effective factor k. We notice that the

relative density of points in the figure confirms that the ISS(2,3) allows for both spec-
tra, although with a clear preference for NH. As in the previous ISS(2,2) model, we
again verify that NSI constraints significantly reduce the number of viable solutions for a
ISS(2,3) configuration. Leading to this figure, we varied the entries of each submatrix as
di,j ∈ [103, 1.7×1011] eV, ni,j ∈ [4.3×104, 4.8×1014] eV andmi,j, µi,j ∈ [2×10−2, 105] eV.

Figure 4.9: Examples of ǫαβ ≡
∣∣∣
∑8

i=5 Uα,i U
†
i,β

∣∣∣ entries, as a function of an effective factor

k (generalisation of Eq. (4.61) for the ISS(2,3) model). On the left, ǫ22, for a mass regime
in which the sterile neutrino masses are between 1 GeV and ΛEW; on the right, ǫ12, in
the regime where all sterile states are heavier than ΛEW. The green lines indicate the
corresponding upper bounds [288]. Blue (red) points comply with oscillation data in the
NH (IH) scheme. The scan details are summarised in the text.

LFV constraints: Br(µ→ eγ)

For completeness, we illustrate the contributions of the new sterile states to rare LFV
processes, in particular considering Br(µ → eγ), see Eq. (4.56). In Fig. 4.10, we display
this observable as a function of the mass of the next-to-lightest sterile state, m5. The
investigated parameter space leads to contributions typically below the future experi-
mental sensitivity. However, for m5 in the range [102, 104] GeV, one might observe a
cLFV signal of the ISS(2,3) at MEG.

An intermediate sterile scale

A fundamental difference between the "(2,2)" and the ISS(2,3) models is that, since in
the latter case #s − #νR = 1 (see Section 4.5.1), the model has a third intermediate
energy scale O(µ), which corresponds to the mass of a sterile state. It follows that if
µ ≈ eV this model can accommodate a 3 + 1-scheme that can potentially explain the
(anti)-neutrino anomalies in the short baseline, Gallium and reactor experiments. Should
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Figure 4.10: Br(µ→ eγ) as a function of the mass of the next-to-lightest sterile state, m5.
The green full (dashed) horizontal lines denote MEG’s current upper bound [324] (future
sensitivity [330]); blue and red points correspond to NH and IH solutions, respectively,
and pass all imposed constraints (oscillation data and NSI). Scan details as in Fig. 4.9.

µ ≈ keV, then the model can potentially provide a WDM candidate (see for example the
analysis of [332]).

In Figure 4.11 we display the mixings of the light sterile state with νe, as a function of
m2

4. All points are in agreement with constraints from oscillation data, NSI, laboratory
and LFV constraints. As is clear from Fig. 4.11, the parameter space of the ISS(2,3) can
provide solutions to either reactor anomaly. It can also provide a WDM candidate in the
form of a sterile state of mass ∼ 1 keV.

Neutrinoless double beta decay

Due to the presence of the extra light sterile state, in the ISS(2,3) model there is an
additional contribution to the effective mass derived in Eq. (4.63). In our analysis we
assumed the lightest sterile state to have a mass m4 < 100 keV ≪ |p| ≈ 125 MeV, it
contributes to the neutrinoless double beta decay effective mass as

mνe
eff =

8∑

i=1

U2
e,i p

2 mi

p2 −m2
i

≃
(

4∑

i=1

U2
e,imνi

)

+p2
(
−U2

e,5

|m5|
p2 −m2

5

+ U2
e,6

|m6|
p2 −m2

6

− U2
e,7

|m7|
p2 −m2

7

+ U2
e,8

|m8|
p2 −m2

8

)
,(4.66)

trivially generalising Eq. (4.63) and where above, p2 is again the virtual momentum of
the propagating neutrino.

In Figure 4.12 we summarise our predictions for the effective electron neutrino mass
as a function of m5. Like in the previous case, by defining an "average" heavy sterile
mass ms = m5+m6+m7+m8

4 , one can easily identify the three distinct regimes discussed
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Figure 4.11: Mixings between the electron neutrino and the lightest sterile state, as a
function of the sterile squared mass m2

4. The green lines indicate the best fit values
of (∆m2

41, |Ue4|) for the 3 + 1-scheme [333], while the purple vertical line indicates the
value m2

4 = (2 keV)2, corresponding to the mass of the (warm) dark matter candidate
suggested in [332]. Blue and red points correspond to NH and IH solutions, respectively.
The points displayed comply with all imposed constraints (oscillation data, laboratory,
NSI and Br(µ→ eγ)). Scan details as in Fig. 4.9.

in Section 4.7.1 for the ISS(2,2) scenario. Especially in regimes of heavier sterile masses
(i.e., m5 & 1 GeV), the model is fairly predictive regarding the 0ν2β decays: the value
of the effective mass in ISS(2,3) scenario lies just below the current experimental bound
and within the future sensitivity of ongoing experiments [331]. Somewhat lighter sterile
masses could also account for an effective mass within experimental reach, but these
solutions are already excluded by the recent MEG bound and by laboratory constraints.
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Figure 4.12: Effective electron neutrino mass, mνe
eff, as a function of m5. The green full

and dashed horizontal lines denote the current upper bound and the expected future
sensitivity [331]; blue and red points correspond to NH and IH solutions, respectively,
and pass all imposed constraints (oscillation data, NSI, Br(µ → eγ) and laboratory
direct searches), while grey points are excluded by laboratory bounds. Scan details as in
Fig. 4.9.
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Chapter 5

Dark Matter in the minimal Inverse

Seesaw mechanism

Sterile fermions are an intriguing and popular solution for the dark matter problem [334–
337]. In particular, sterile neutrinos with masses around the keV can be viable Warm
Dark Matter (WDM) candidates. They can potentially solve some tensions with structure
formation observations, even if providing only a fraction of the total dark matter (DM)
relic density [338–341]. In addition, a sterile neutrino at this mass scale could in general
decay into an ordinary neutrino and a photon which could be detected in cosmic rays.
This last possibility has recently triggered a great interest in view of the indication, yet
to be confirmed, of an unidentified photon line in galaxy cluster spectra at an energy
∼ 3.5 keV [342,343].

We have shown in Sections (4.5-4.7) that it is possible to construct several mini-
mal distinct ISS scenarios that can reproduce the correct neutrino mass spectrum while
fulfilling all phenomenological constraints. Based on a perturbative approach, we also
shown that the mass spectrum of these minimal ISS realisations is characterised by either
2 or 3 different mass scales, corresponding to the one of the light active neutrinos mν ,
that corresponding to the heavy states MR, and an intermediate scale ∼ µ only relevant
when #s > #νR. This allows to identify two truly minimal ISS realisations (at tree
level): the first one, denoted ISS(2,2) model, corresponds to the SM extended by two
RH neutrinos and two sterile states. It leads to a 3-flavour mixing scheme and prefers a
normal hierarchy solution for the light neutrinos, while its full spectrum is characterised
by only two mass scales (the light neutrino masses, mν and the RH neutrino masses,
MR). The second one, the ISS(2,3) realisation, corresponds to an extension of the SM by
two RH neutrinos and three sterile states, and allows to accommodate both hierarchies
for the light neutrino spectrum (with the inverse hierarchy only marginally allowed), in
a 3+1-mixing scheme. The mass of the lightest sterile neutrino can vary over a large
interval: depending on its regime, the ISS(2,3) realisation can offer an explanation for
the short baseline (reactor/accelerator) anomaly [101–103, 120, 128, 130, 317–319] (for a
mass of the lightest sterile state around the eV), or provide a DM candidate (for a mass
of the lightest sterile state in the keV range).
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In this chapter, we investigate in detail this last possibility, conducting a thorough
analysis of the relic abundance of the dark matter candidate, taking into account all avail-
able phenomenological, astrophysical and cosmological constraints. The conventional
DM production mechanism, the so called Dodelson-Widrow mechanism [334], results in
a tension with observational constraints from DM Indirect Detection (ID) and structure
formation, since it can only account for at most ∼ 50% of the total DM abundance. A
sizeable DM density can nonetheless be achieved when one considers the decay of the
heavy pseudo-Dirac neutrinos. This possibility is realised in a restricted region of the
parameter space, mh < MR . 1 TeV, where mh is the Higgs boson mass. An extension
of the model is thus needed in order to account for a viable DM in a broader portion of
the parameter space.

The rest of the chapter is organised as follows: in Section 5.1, after a recap of the
model - the ISS(2,3) realisation -, we address the prospects of the lightest sterile state
as a viable DM candidate, which are stability, indirect detection and the dark matter
generation mechanism. In Section 5.2, we consider all the relevant different astrophysical
and cosmological constraints taking into account the effect of the heaviest sterile neutrinos
(DM production from decays of heavy sterile states or possible entropy injection effects
from a scenario with lighter sterile neutrinos) accounting as well for the indication of
the monochromatic 3.5 keV observed line. Section 5.3 is devoted to an economical and
motivated extension of the model which succeeds in providing the observed dark matter
relic abundance in a larger region of the parameter space. The numerical details regarding
the production and evolution of the sterile neutrinos can be found in the Appendix B.

5.1 Description of the model

5.1.1 The ISS(2,3) framework

The phenomenology of ISS mechanism has been discussed in Sections (4.5-4.7). We
recall here that, depending on the number of fields, a generic ISS(#νR,#s) realisation
is characterised by the following mass spectrum

• 3 light active states with masses of the form

mν ≈ O(µ)
k2

1 + k2
, k ≃ O(d)

O(n)
. (5.1)

This set must contain at least three different masses, in agreement with the two
oscillation mass frequencies (the solar and the atmospheric ones).

• #s−#νR light sterile states (present only if #s > #νR) with masses O(µ).

• #νR pairs of pseudo-Dirac heavy neutrinos with masses O (n) +O (d).

The ISS(2,3) is the minimal viable realisation that accommodates a light sterile
fermion.1 Remarkably, and in order to comply with all constraints from neutrino oscil-

1It is worth mentioning that a realisation of the ISS with 3 RH neutrinos and 4 sterile states fulfilling
all possible constrains has been recently found in the context of conformal EW symmetry breaking [344].
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lation and laboratory experiments, the coupling of this new state to the active neutrinos
must be highly suppressed, thus leading to a dominantly sterile state, with a mass rang-
ing from O(eV) to several tens of keV.2 As consequence of its very weak interactions, the
lifetime of the lightest sterile neutrino largely exceeds the lifetime of the Universe and it
can thus play a relevant rôle in cosmology.

In this analysis we will focus on the possibility that this sterile neutrino accounts,
at least partially, for the Dark Matter component of the Universe, identifying the viable
regions of the parameter space with respect to DM phenomenology of the ISS(2,3) model.

We point out that the heaviest sterile states might be involved in a broad variety of
particle physics processes and have then to comply with several laboratory bounds and
electroweak precision tests (these bounds have been analysed in Sections (4.7.1,4.7.2) for
the ISS(2,2) and ISS(2,3) realisations). On recent times the possibility of production of
heavy neutrinos at collider has been as well considered. The most peculiar signatures
of the ISS scenario are, as a consequence of the large Yukawa couplings of the right-
handed neutrinos, additional decay channels of the Higgs boson into a heavy and an
ordinary neutrino, if kinematically allowed, or into three SM fermions through an off-
shell neutrino. These decay modes can be searched both directly, in particular the ones
with leptonic final states [325, 346–348], and indirectly, in global fits of the Higgs data,
by looking at deviations from the SM prediction in the branching ratios of the observed
channels [325]. Direct searches of decay channels of the Higgs provide bounds on the
Yukawa couplings of the pseudo-Dirac neutrinos with masses ranging from approximately
60 GeV (at lower masses possible signals do not pass current analysis cuts employed by
experimental collaborations) to 200 GeV which can be as strong as ∼ 10−2 while global
analysis of Higgs data provide a limit, for the same mass range, as strong as ∼ 3× 10−3

but can be effective in a broader mass range. Alternatively heavy sterile neutrinos can
be looked in dilepton [349] or dilepton+dijet processes [300], which are sensitive to their
coupling to the W boson, that is related to the mixing between the active and the sterile
neutrinos and thus provide bounds on the the elements of the mixing matrix U . In
the low mass region, namely . O(GeV), heavy neutrinos can be detected in decays
of mesons [300, 350, 351]. In this analysis we consider ISS(2,3) realisations satisfying
the above experimental constraints. We remark that a sensitive improvement of these
constraints in the low mass region is expected from the recently proposed SHiP [352].

5.1.2 Light sterile neutrino as Dark Matter

Before the analysis we will briefly summarise the main issues that should be addressed
in order for the lightest sterile neutrino to be a viable dark matter candidate.

Stability and Indirect Detection:
The most basic requirement for a DM candidate is its stability (at least on cosmological
scales). All the extra neutrinos of the ISS model have a non zero mixing with ordinary
matter. As a consequence, the lightest one is not totally stable and can decay into an

2Light sterile neutrinos, i.e. with masses ranging between the eV and keV scale also appear in the so
called Minimal Radiative Inverse See-Saw [345].
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active neutrino and a photon γ. On the other hand, as already pointed out, its very small
mixing makes the decay rate negligible with respect to cosmological scales. Nonetheless,
a residual population of particles can decay at present times producing the characteristic
signature of a monochromatic line in X-rays. This kind of signature is within reach
of satellite detectors like CHANDRA and XMN which have put strong limits on the
couplings between sterile and active neutrinos (due to the lack of detection of this kind of
signal). Recently, the existence of an unidentified line in the combined spectrum of a large
set of X-ray galactic clusters has been reported [342] and independently, in the combined
observation of the Perseus Cluster and the M31 Galaxy [343]. These observations can
be compatible with the decay of a sterile neutrino with a mass of approximately 7 keV.
Confirmation of the latter result requires further observation, and most probably, higher
resolution detectors like the forthcoming Astro-H. As we will show in the analysis, the
ISS(2,3) model can account for this intriguing possibility; however, we will only impose
that the sterile neutrino lifetime does not exceed current observational limits.

DM generation mechanism:
The second issue to address is to provide a DM generation mechanism accounting for
the experimental value of its abundance. In the pioneering work by Dodelson-Widrow
(DW) [334], it has been shown that the DM abundance can be achieved through active-
sterile neutrino transitions.3 This kind of production is always present provided that
there is a non-vanishing mixing between active and sterile neutrinos; as a consequence,
it is possible to constrain the latter as function of the neutrino mass by imposing that
the DM relic abundance does not exceed the observed value. The ISS(2,3) framework
allows for an additional production mechanism, consisting in the decay of the heavy
pseudo-Dirac states. We will discuss this point at a subsequent stage.

Limits from structure formation:
Sterile neutrinos in the mass range relevant for the ISS(2,3) model are typically classified
as warm dark matter. This class of candidates is subject to strong constraints from
structure formation, which typically translate into lower bounds on the DM mass. We
notice however, that the warm nature of the DM is actually related to the production
mechanism determining the DM distribution function. Sterile neutrinos - with masses at
the keV scale - produced by the DW mechanism can be considered as WDM; this may
not be the case for other production mechanisms.

In the next section we will investigate whether the ISS(2,3) can provide a viable DM
candidate.

5.2 Dark matter production in the ISS(2,3)

In this section we address the impact of the combination of three kinds of requirements on
the DM properties on the ISS(2,3) parameter space. The results presented below rely on
the following hypothesis: a standard cosmological history is assumed with the exception

3The popular WIMP mechanism cannot be effective in our case since sterile neutrinos could not exist
in thermal equilibrium in the Early Universe due to their suppressed interactions with ordinary matter.
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of possible effects induced by the decays of heavy neutrinos; only the interactions and
particle content of the ISS(2,3) extension of the SM are assumed.

Regarding DM production we will not strictly impose that the relic abundance re-
produces the observed relic abundance, ΩDMh

2 ≈ 0.12 [353], but rather determine the
maximal allowed DM fraction fWDM within the framework of the ISS(2,3) parameter
space.

The main production mechanism for DM is the DW, which is present as long as
mixing with ordinary matter is switched on. In addition, the DM could also be produced
by the decays of the pseudo-Dirac neutrinos. However, a sizeable contribution can only
be obtained if at least one of the pseudo-Dirac states lies in the mass range 130 GeV -
1 TeV. Moreover, the pseudo-Dirac states can also have an indirect impact on the DM
phenomenology since, under suitable conditions, they can release entropy at their decay,
diluting the DM produced by active-sterile oscillations, as well as relaxing the bounds
from structure formation. As will be shown below, this effect is also restricted to a limited
mass range for the pseudo-Dirac neutrinos.

For the sake of simplicity and clarity, we first discuss the case in which the heavy
pseudo-Dirac neutrinos can be regarded as decoupled, and discuss at a second stage their
impact on DM phenomenology.

5.2.1 Dark matter constraints without heavy neutrino decays

We proceed to present the constraints from dark matter on the ISS(2,3) model, always
under the hypothesis that heavy neutrinos do not influence DM phenomenology.

Regarding the relic density, for masses of the lightest-sterile neutrino with mass ms >
0.1 keV, we use the results4 of [354]:

ΩDMh
2 = 1.1× 107

∑

α

Cα(ms) |Uαs|2
( ms

keV

)2
, α = e, µ, τ . (5.2)

Cα are active flavour-dependent coefficients5 which can be numerically computed by
solving suitable Boltzmann equations. In the case of a sterile neutrino with massms < 0.1
keV, we have instead used the simpler expression [335]:

ΩDMh
2 = 0.3

(
sin2 2θ

10−10

)( ms

100 keV

)2
, (5.3)

where sin2 2θ = 4
∑

α=e,µ,τ |Uαs|2, with |Uαs| being the active-sterile leptonic mixing
matrix element. We have then computed the DM relic density using Eqs. (5.2,5.3) for
a set of ISS(2,3) configurations satisfying data from neutrino oscillation experiment and

4Notice that in [354], the parametrisation |MD|α1 ≡ θαsms was used, while in our work we use
|Uαs| ≃ θαs for small mixing angles.

5For DM masses of the order of 1 - 10 keV, the production peaks at temperatures of ∼150 MeV,
corresponding to the QCD phase transition in the primordial plasma. As a consequence, the numerical
computation of the Cα coefficients is affected by uncertainties related to the determination of the rates
of hadronic scatterings, and to the QCD equation of state.
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laboratory constraints. We have imposed fWDM = ΩDM/Ω
Planck
DM ≤ 1 thus obtaining

constraints for ms and Uαs.
The configurations with DM relic density not exceeding the experimental determina-

tion have been confronted with the limits coming from structure formation. There are
several strategies to determine the impact of WDM on structure formation, leading to
different constraints; in fact most of these constraints assume that the total DM com-
ponent is accounted by WDM produced through the DW mechanism. Notice that these
constraints can be relaxed when this hypothesis does not hold and we will address this
point in a forthcoming section.

In the following, and when possible, we will thus reformulate the bounds from struc-
ture formation in terms of the quantity fWDM which represents the amount of DM pro-
duced from active-sterile oscillation.6

The most solid bounds come from the analysis of the phase-space distribution of
astrophysical objects. The WDM free-streaming scale is of the order of the typical
size of galaxies; as a consequence, the formation of DM halos, as well as that of the
associated galaxies is deeply influenced by the DM distribution function. According
to this idea, it is possible to obtain robust limits on the DM mass by requiring that
the maximum of the dark matter distribution function inferred by observation, the so
called coarse grained phase space density, does not exceed the one of the fine-grained
density, which is theoretically determined and dependent on the specific DM candidate.
Using this method, an absolute lower bound on the DM mass of around 0.3 keV, dubbed
Tremaine-Gunn (TG) bound [355] was obtained by comparing the DM distribution from
the observation of Dwarf Spheroidal Galaxies (Dphs) with the fine-grained distribution of
a Fermi-gas. A devoted study of sterile neutrinos produced by DW mechanism has been
presented in [356], where a lower mass bound of the order of 2 keV was obtained. This
limit can be evaded assuming that the WDM candidate is a subdominant component,
while the DM halos are mostly determined by an unknown cold dark matter component.
The reformulation of the limits in this kind of scenarios requires a dedicated study (an
example can be found in [357]). In this work we conservatively rescale the results of [356]
under the assumption that the observed phase-space density is simply multiplied by a
factor fWDM. Moreover we have considered as viable the points of the ISS(2,3) model
with ms < 2 keV, featuring a value fWDM . 1%, which corresponds approximatively to
the current experimental uncertainty in the determination of the DM relic density.

For masses above 2 keV another severe bound is obtained from the analysis of the
Lyman-α forest data. From these it is possible to indirectly infer the spectrum of matter
density fluctuations, which are in turn determined by the DM properties. The Lyman-α
constraint is strongly model dependent and the bounds are related to the WDM pro-
duction mechanism, and to which extent this mechanism contributes to the total DM
abundance. In order to properly take into account the possibility of only a partial contri-
bution of the sterile neutrinos to the total DM abundance, we have adopted the results
presented in [358] where the Lyman-α data have been considered in the case in which

6The results presented are in fact approximative estimates. A proper formulation would require
detailed numerical studies, beyond the scope of this work.
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sterile neutrinos WDM account for the total DM abundance, as well as in the case in
which they contribute only to a fraction (the remaining contribution being originated
by a cold DM component). More precisely, we have considered the most stringent 95%
exclusion limit7, expressed in terms of (ms, fWDM), and translated it into an exclusion
limit on the parameters of our model8, namely the mass ms of the sterile neutrino and
its effective mixing angle with active neutrinos θs. We finally remark that WDM can
be constrained also through other observations, as the number of observed satellites
of the Milky way [360–362], giving a lower bound on the DM mass of approximately
8.8 keV. This last kind of limits however strictly relies on the assumption that the whole
dark matter abundance is totally originated by a WDM candidate produced through the
Dodelson-Widrow mechanism and cannot straightforwardly be reformulated in case of
a deviation from this hypothesis; thus we have not been considered these limits in our
study.

The inverse Seesaw realisations passing the structure formation constraints have to be
confronted to the limits from the X-ray searches, as reported in, for instance [362]. The
corresponding constraints are again given in the plane (ms, θs), and can be schematically
expressed by9:

fWDM sin2 2θ . 10−5
( ms

1 keV

)−5
, (5.4)

where [363,364]:

sin2 2θ =
16

9

3∑
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∣∣∣∣∣
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∗
α,iF (rα)

∣∣∣∣∣

2

, F (rα) = −3

2
+

3

4
rα, rα =

(
mα

MW

)2

, (5.5)

with i running over the different active neutrino mass eigenstates (3 different final states
in the decay are possible). In the above expression we have again accounted for the
possibility that the sterile neutrino contributes only partially to the DM component by
rescaling the limit with a factor fWDM.10

The result of the combination of the three kinds of constraints applied in our analysis,
namely dark matter relic density, structure formation and indirect detection, is reported
in Figure 5.1. As can be seen, the requirement of a correct DM relic density has a very
strong impact, excluding a very large portion of the parameter space (grey region) at the

7The limit considered actually relies on data sets which are not up-to-date. A more recent analy-
sis [359] has put forward a stronger limit in the case of a pure WDM scenario, and thus the limits are
underestimated. As it will be clear in the following, the final picture is not affected by this.

8Notice that the Lyman-α method is reliable for DM masses above 5 keV. For lower values there are
very strong uncertainties and it is not possible to obtain solid bounds. In [358] it is argued that the limit
on fWDM should not significantly change at lower masses with respect to the one obtained for neutrinos
of 5 keV mass.

9Notice that the exclusion limit from X-rays is actually the combination of the outcome of different
experiments and the dependence on the dark matter mass deviates in some regions from the one provided
above. We have taken this effect into account in our analysis.

10Notice that, contrary to the case of bounds from structure formation, this scaling is strictly valid
only if the additional components does not decay into photons and thus it will not be applied in the
next sections.
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Figure 5.1: On the left panel, different regions of the lightest sterile neutrino parameter
space (m4, sin

2 2θ) identified by DM constraints. The grey region corresponds to a DM
relic density exceeding the cosmological value. The blue, black and yellow regions are
also excluded by phase space distribution, Lyman-α and X-ray searches constraints,
respectively. The green region corresponds to configurations not excluded by cosmology
but in which the lightest sterile neutrino contributes with a negligible amount to the DM
relic density. Finally, the red region corresponds to the ISS(2,3) configurations fulfilling
all the cosmological constraints, and for which the contribution to the dark matter relic
density from the light sterile neutrino is sizeable. On the right panel, maximal value of
fWDM allowed by cosmological constraints as a function of the mass of the lightest sterile
neutrino.

highest values of the active-sterile mixing angles. Phase space density constraints rule-
out most of the configurations with mass of the lightest sterile neutrino below ∼ 2 keV
(blue region), a part a narrow strip (green region) corresponding to fWDM < 1%. In this
last region, and although not ruled out, the ISS(2,3) model cannot solve the Dark Matter
puzzle, at least in its minimal realisation. In the large mass region, namely above 2 keV, a
further exclusion comes form Lyman-α and indirect detection bounds (respectively black
and yellow region) reducing the allowed active-sterile mixing. A sizeable contribution
to the DM relic density can be thus achieved in a small localised region (in red) of the
parameter space, corresponding to masses of the lightest sterile neutrino in the range
2 - 50 keV and for active-sterile mixing angles 10−8 . sin2 2θ . 10−11. We show in
the right panel of Figure 5.1 the maximal value of fWDM allowed by the cosmological
constraints as function of the DM mass. As can be seen, the lightest sterile neutrino can
only partially account for the DM component of the Universe with fWDM ∼ 0.43 in the
most favourable case. The maximal allowed DM fraction increases for the lowest values
of the mass until a maximum at around 7 keV, after which it displays a sharp decrease.
This behaviour can be explained as follows: at lower masses, the Lyman-α bounds are
the most effective and become weaker as the mass of the sterile neutrino increases, thus
allowing for larger fWDM. At the same time, the bounds from X-ray sources become
stronger (since higher masses imply higher decay rates) thus reducing the allowed DM
fraction as the mass increases.

Notice that the above analysis is valid within the assumption that the production of
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the lightest sterile neutrino occurs in the absence of a lepton asymmetry. Indeed, as firstly
shown in [365], the production of sterile neutrinos can be resonantly enhanced (as opposed
to the conventional DW production usually called non-resonant) in presence of a non-zero
lepton asymmetry. In this case the correct dark matter abundance is achieved for much
smaller active-sterile mixing angles, thus evading the limits from dark matter indirect
detection; in addition, the resonant production alters the DM distribution function with
respect to a non-resonant production, rendering it “colder” and thus compatible with
Lyman-α constraints [366].

Interestingly a lepton asymmetry can be generated in frameworks featuring keV scale
sterile neutrinos accompanied by heavier right-handed neutrinos. The entries of the
active-sterile mixing matrix can in general be complex, and give rise to CP-violating
phases; as a consequence, a lepton asymmetry can be generated by oscillation processes
of the heavy neutrinos. In particular, it has been shown that a pair of quasi-degenerate
right-handed neutrinos with masses of the order of a few GeV can generate a lepton
asymmetry before the EW phase transition (which is converted to the current baryon
asymmetry of the Universe) and then at much later times, the lepton asymmetry needed
to provide the correct relic density for a keV scale sterile neutrino [367–370]. The ISS(2,3)
model also features pairs of quasi-degenerate heavy neutrinos which can be of the correct
order of mass. However, the lepton asymmetry needed to ensure the correct DM relic
density, compatible with the bounds discussed, requires an extreme degeneracy in the
heavy neutrino spectrum, of the order of the atmospheric mass differences. Such an
extreme degeneracy is not achievable for the ISS model since the predicted degeneracy
of the pair of heavy neutrinos is of O(µ), corresponding to around 1 keV for the cases
under consideration.11 A sizeable lepton asymmetry can be, however, generated by
oscillation of not-degenerate neutrinos in the so-called flavoured leptogenesis [371] where
individual lepton asymmetries in the different flavours are generated due to oscillations
but the total lepton number is not necessarily violated. This mechanism has been, indeed,
proven to be successful in explaining baryogenesis via leptogenesis thanks to sphaleron
interactions [370,372–374], provided that there are at least three neutrinos contributing
to the generation of the lepton asymmetry, and might be also efficient in generating the
correct lepton asymmetry in order to have a resonantly enhanced DM production. This
scenario is particularly promising in the ISS(2,3) model since it features four pseudo-
Dirac neutrinos, potentially contributing to the generation of a lepton asymmetry. A
quantitative investigation is however beyond the scope of the present work and is left for
a future study.

5.2.2 Impact of the heavy pseudo-Dirac states

The picture presented above can be altered in some regions of the parameter space due
to the presence of the heavy neutrinos. Indeed, contrary to the DM candidate, they
can exist in sizeable abundances in the Early Universe owing to their efficient Yukawa

11Notice that a mass degeneracy of O(keV) is still feasible for baryogenesis through oscillations of the
heavy right-handed neutrinos.
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interactions, and influence the DM phenomenology through their decays. There are two
possibilities. The first one is direct DM production from decays mediated by Yukawa
couplings. The branching ratio of these processes is small when compared to that of other
decay channels into SM states, since it is suppressed by the small active-sterile mixing
angle, an efficient DM production can nevertheless be achieved through the so called
freeze-in mechanisms if the pseudo-Dirac neutrinos are heavier than the Higgs boson.
Significantly lighter pseudo-Dirac neutrinos, namely with masses below ∼ 20 GeV, can
instead indirectly affect DM phenomenology. Indeed, they can be sufficiently long-lived
such that they can dominate the energy density of the Universe, injecting entropy at
the moment of their decay. We will discuss separately these two possibilities in the next
subsections.

Effects of entropy injection

The conventional limits on sterile neutrino DM can be in principle evaded in presence
of an entropy production following the decay of massive states dominating the energy
density of the Universe [375]. A phase of entropy injection dilutes the abundance of
the species already present in the thermal bath and, in particular, the one of DM if
such an entropy injection occurs after its production. In addition, the DM momentum
distribution gets redshifted - resembling a “colder” DM candidate - and suffering weaker
limits from Lyman-α. This phase of entropy injection can be triggered in the ISS(2,3)
model by the decay of the heavy pseudo-Dirac neutrinos if the following two conditions
are realised: Firstly, at least some of the heavy sterile neutrinos should be sufficiently
abundant to dominate the energy budget of the Universe. Secondly they must decay after
the peak of dark matter production, but before the onset of Big Bang Nucleosynthesis
(BBN). These two requirements will identify a limited region of the parameter space
outside which the results of the previous subsection strictly apply.

All the massive eigenstates have Yukawa interactions with ordinary matter described
by an effective coupling Yeff which is defined by:

Yαβ ℓ
α
L H̃ νβR = Yαβ ℓL

α
H̃ Uβiνi = Y αi

eff ℓαL H̃ νi . (5.6)

These interactions are mostly efficient at high temperature when scattering processes
involving the Higgs boson and top quarks are energetically allowed; in addition, they
maintain the pseudo-Dirac neutrinos in thermal equilibrium until temperatures of the
order of ∼ 100 GeV, provided that Y 2

eff & 10−14 [371]. If this condition is satisfied, an
equilibrium abundance of heavy pseudo-Dirac neutrinos existed at the early stages of the
evolution of the Universe.

The Yukawa interactions become less efficient as the temperature decreases. At low
temperature the transition processes from the light active neutrinos become important.
For a given neutrino state, the rate of the transition processes reaches a maximum at
around [376]:

Tmax,I ≃ 130
( mI

1 keV

) 1
3
MeV . (5.7)
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The transition rate of each neutrino at the temperature Tmax,I exceeds the Hubble
expansion rate H if [376]:

θ > 5× 10−4

(
1 keV

mI

)1/2

, (5.8)

and thus, if this condition is satisfied, the corresponding pseudo-Dirac neutrinos are in
thermal equilibrium in an interval of temperatures around Tmax,I .

Notice that the picture depicted above assumes that the production of sterile neu-
trinos from oscillations of the active ones is energetically allowed; as a consequence it is
valid only for neutrino masses lower than Tmax:

Tmax,I ≃ 130
( mI

1 keV

) 1
3
MeV ≥ mI ⇒ mI ≤ mI,max ≈ 46.87 GeV. (5.9)

As will be made clear in the following, neutrinos heavier than MI,max have excessively
large decay rates to affect DM production and hence will not be relevant in the subsequent
analysis.

In Figure 5.2, we present the typical behaviour of the pseudo-Dirac neutrinos in the
regimes of high and low temperatures, which are dominated, respectively, by Yukawa
interactions and active-sterile transitions. In the left panel of Figure 5.2, we display
the values of the mass and effective Yukawa couplings (Yeff) of the lightest pseudo-Dirac
state (the other heavy states exhibit an analogous behaviour), corresponding to a set of
ISS(2,3) realisations compatible with laboratory tests of neutrino physics (red points).
The green region translates the equilibrium condition for the Yukawa interactions. In
the larger mass region, i.e. for masses significantly larger than 10 GeV, the value of the
effective Yukawa coupling Yeff is always above the equilibrium limit and can even be of
order one for higher values of the mass. In this region, the pseudo-Dirac neutrinos can
have a WIMP-like behaviour and can be in thermal equilibrium until low temperatures.
As already mentioned neutrinos in this mass range have impact on Higgs phenomenology
at the LHC; we have compared the configurations of Figure 5.2 with the limits presented
e.g. in [325] and found they all result viable. In the intermediate mass region, i.e. for
masses between 1 and a few tens of GeV, equilibrium configurations are still present.
However the values of Yeff are lower with respect to the previous case and the decoupling
of the pseudo-Dirac neutrinos depends on the oscillation processes at low temperatures.
Configurations for which Yeff is too small to ensure the existence of a thermal population
of pseudo-Dirac neutrinos in the early Universe (they can be nonetheless created by
oscillations at lower temperatures) are also present. This last kind of configurations are
the only ones corresponding to masses below 0.1 GeV. We emphasise that the outcome
discussed here is a direct consequence of the ISS(2,3) mechanism which allows to generate
the viable active neutrino mass spectrum for pseudo-Dirac neutrinos with masses of the
order of the EW scale, and for large values of their Yukawa couplings. For comparison,
we display in the same plot the distribution of values of the effective Yukawa couplings
of the WDM candidate as a function of the mass of next-to-lightest sterile state m5

(blue points). As can be seen, the corresponding solutions are always far from thermal
equilibrium due to the suppressed mixing UνR,4.
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Figure 5.2: On the left panel: effective Yukawa couplings Yeff for the neutrino DM candi-
date (blue points) and of the lightest pseudo-Dirac particle (red points), as a function of
the mass m5. The green region corresponds to values Yeff >

√
2× 10−7, the limit above

which the states are in thermal equilibrium. On the right panel: mixing of the electron
neutrino with the lightest pseudo-Dirac state as a function of its mass. The yellow region
corresponds to the kinematically forbidden values of the sterile mass, see Eq. (5.9). The
red region denotes the solutions not in thermal equilibrium.

In the right panel of Figure 5.2, we display the mixing (for small angles it is possible
to approximate θe5 ≃ Ue5) of the lightest pseudo-Dirac state with the electron neutrino
as a function of m5 for the ISS realisations compatible with laboratory limits. The yellow
region corresponds to the values of the sterile mass for which the DW production mech-
anism is kinematically forbidden (see Eq. (5.9)). The red region denotes the solutions
which are not in thermal equilibrium.

Combining the results obtained from the two panels of Figure 5.2, we can conclude
that all the considered realisations in the relevant mass interval satisfy the equilibrium
conditions. Consequently we can always assume the presence of an equilibrium popula-
tion of the pseudo-Dirac states up to temperatures of the order of Tmax,I . We stress that
Tmax,I is not the actual decoupling temperature that has been instead determined in for
instance [367] and more recently in [370], and which turns out to be lower than Tmax;
however this affects only marginally our discussion.

As already pointed out, we will be interested in masses of the pseudo-Dirac neutrinos
not exceeding 10 - 20 GeV. For such a mass range we can safely assume that the neutrinos
decouple when they are relativistic (see Eq. (5.7)) and that their decay occurs at a much
later stage, when they become non-relativistic, as described in [376].

In this setup, the pseudo-Dirac states can dominate the energy budget of the Universe
if their energy density, which is defined by

ρN (T ) ≡
∑

I=5,8

mInI(T ), nI(T ) =
g∗(T )
g∗(TD)

(
T

TD

)3

neqI (TD) =
g∗(T )
g∗(TD)

3ζ(3)

2π2
T 3 , (5.10)

exceeds the radiation energy density ρr =
π2

30 g∗(T )T
4, where g∗(T ) represents the number

of relativistic degrees of freedom at the temperature T . Provided that the pseudo-Dirac
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neutrinos are sufficiently long-lived, this occurs at a temperature T given by:

T ≈ 6.4MeV
( m5

1GeV

)(∑
I mIYI
m5Y5

)
, (5.11)

where we have taken g∗(TD) = 86.25 and m5 is the mass of the lightest pseudo-Dirac
neutrino. In this scenario the decay of the pseudo-Dirac neutrinos is accompanied by
a sizeable amount of entropy; the conventional radiation dominated era restarts at the
reheating temperature Tr,I [375], and the abundance of the species present in the primor-
dial thermal bath is diluted by a factor S, which is defined as the ratio of the entropy
densities of the primordial plasma at temperatures immediately below and above the
reheating one.

Notice that the above discussion corresponds to a simplified limit: in general the
four pseudo-Dirac neutrinos have different masses and different lifetimes. In the ISS(2,3)
model the pseudo-Dirac states appear as pairs with the mass splitting in each pair much
smaller than the masses of the corresponding states. Identifying the mass scale of each
pair as m and M , with m < M , we can write, to a good approximation12:

S = Sm SM , (5.12)

where Sm and SM are the dilution factors associated to the decays of the two pairs of
pseudo-Dirac states, occurring at the two reheating temperatures Tr,M and Tr,m, given
by:

SM =

[
1 + 2.95

(
2π2

45
g∗(Tr,M )

)1/3(∑
αmαYα
M YM

)1/3 (M YM )4/3

(ΓMMPL)2/3

]3/4
,

Sm =


1 + 2.95

(
2π2

45
g∗(Tr,m)

)1/3

21/3

(
m Ym
SM

)4/3

(ΓmMPL)2/3




3/4

, (5.13)

12The discussion of this section, as well as the expressions here presented, are valid in the so called
"instantaneous reheating approximation" which assumes that the entropy injection occurs at the reheat-
ing temperature. In fact the entropy release is a continuous process and the quantities Tr,M/m and SM,m
are not determined analytically but extrapolated from the numerical solution of suitable Boltzmann
equations [377]. Moreover at high temperatures, namely T & mI , the decay rate of massive states into
radiation is altered by effects from, for example, thermal masses or quantum statistical effects [378–382]
and the prediction for the reheating temperature might sensitively deviate from the prediction obtained
in the instantaneous reheating approximation [383].

In the setup under consideration we assume the pseudo-Dirac neutrinos decoupling at the temperature
Tmax,I defined in (5.7). For the range of masses of pseudo-Dirac neutrinos for which the active-sterile
transitions are effective Tmax,I > mI and increases while mI gets lower. In particular we have that
Tmax/mI ∼ 10 for mI ∼ 1GeV.

On the other hand, comparing the decay rates given in (5.14) and (5.15), it results that the decay
temperatures of the pseudo-Dirac neutrinos are lower than the masses of the neutrinos themselves at
least for mI . 10GeV but they can be even lower by considering Yeff . 10−3. The most relevant impact
from the decays of the pseudo-Dirac neutrinos is obtained for very low decay temperatures, for which it is
reasonable to neglect thermal corrections. Our main results can be thus described by the instantaneous
reheating approximation.
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where Γm,M is the decay rate of the heavy neutrinos. Notice that in the last term of each
of the above equations, the effects of the first entropy dilution have been included in the
abundance of the lightest pair of heavy neutrinos.

The DM phenomenology is affected only when the pseudo-Dirac neutrinos dominate
the Universe and decay after DM production. For keV scale DM, this translates into the
requirement Tr,m . 150 MeV. On the other hand, a very late reheating phase would alter
the population of thermal active neutrinos, leading to modifications of some quantities
such as the primordial Helium abundance [384] and the effective number of neutrinos
Neff , and producing effects in structure formation as well. By combining BBN and CMB
data13 it is possible to determine a solid bound Tr,m > 4 MeV [388]. In addition, we have
considered a (relaxed) limit of Tr,m > 0.7 MeV by taking into account the possibility
that this bound is evaded when the decaying state can produce ordinary neutrinos [389].
This choice is also motivated by the fact that after the decay of the neutrinos with mass
M , the ratio ρI/ρr between the energy densities of the remaining neutrinos and of the
radiation is of order 3 - 5, implying that although subdominant, the radiation component
is sizeable.

The requirement 4(0.7) MeV ≤ Tr,m ≤ 150 MeV is satisfied only for a very restricted
pseudo-Dirac neutrinos mass range. Indeed, sterile neutrinos can decay into SM particles
through three-body processes mediated by the Higgs boson with a rate:

Γh =
Y 2
eff m

5
I

384(2π)3m4
h

∑

f

y2f

(
1−

4m2
f

m2
I

)
, (5.14)

which implies an excessively short lifetime for sterile neutrinos unless their masses are
below (approximately) O(10 GeV), in such a way that the decays into third generation
quarks are kinematically forbidden and Yeff can assume lower values. At these smaller
masses, a sizeable contribution comes from Z mediated processes with a rate:

ΓZ =
G2
Fm

5
I sin

2 θI
192π3

, (5.15)

where we have defined, for simplicity, effective mixing angles θI , I = m,M between the
pseudo-Dirac neutrinos and the active ones.

We have reported in Figure 5.3 the limit values of the lower reheating temperature
Tr,m as a function of the mass scale m and the effective mixing angle θm, for three values
of Yeff , namely 0.1, 10−3 and 10−6. The regions above the red curves correspond to
an excessively large reheating temperature which does not affect DM production. The
light-grey (dark-grey) regions below the blue curves represent values of the reheating
temperature in conflict with the conservative (relaxed) cosmological limit of 4 (0.7) MeV.
For “natural”, i.e. O(1), values of the effective coupling, the decay rate of the heavy
neutrinos is dominated by the Higgs channel and tends to be too large except for a narrow
strip at masses of 1− 2 GeV. At lower values of Yeff the size of the region corresponding

13There are also further cosmological constraints on heavy neutrinos derived using different approaches,
see for instance [385–387].
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to the interval 4 (0.7) - 150 MeV of reheating temperatures increases. The contours
corresponding to the lower values of the reheating temperature are mildly affected by
the values of Yeff since, at lower masses, the Higgs channel is suppressed by the Yukawa
couplings of the first generation, in comparable amount with the Z channel. As can be
seen from the left panel of Figure 5.2, laboratory constraints favour values of Yeff < 10−3

in the mass range 1 − 20 GeV thus favouring the possibility of an impact of the heavy
neutrinos decays on the DM phenomenology, in this region.

Figure 5.3: Region of the (m, θm) parameter space in which the decay of the pseudo-Dirac
states can affect the DM phenomenology for three values of Yeff , 0.1, 10−3 and 10−6. The
red lines in the panels represent Tr,m = 150 MeV. Above this line the reheating takes
place before the DM production. The grey region below the dashed (dot-dashed) blue
line is excluded by BBN/CMB combined constraints according to the limit Tr,m > 4 (0.7)
MeV.

In Figure 5.4 we have estimated the range of values of S in the allowed parameter
space, see Eq. (5.12). In order to illustrate, we have chosen to vary m and θm fixing M
to be M = 2 ×m and θM = 10−4, which corresponds to a viable case for the ISS(2,3)
mass spectrum; we have also fixed the effective Yukawa coupling as Yeff = 10−6 in order
to maximise the phenomenologically relevant region of the parameter space.

As can be seen from Figure 5.4, we have only very moderate values of the entropy
injection when the conservative lower limit of 4 MeV is imposed on the reheating temper-
ature; values of S up to around 20 can be achieved once a weaker bound is considered.

Having determined the range of variation of the entropy dilution within the ISS(2,3)
parameter space, we have reformulated the limits on the DM mass and mixing angle, as
presented in the previous section, for the case where S > 1. The limits from DM relic
density can be straightforwardly determined by simply rescaling it by a factor 1/S. The
limits from Lyman-α are more difficult to address since this would require a different
analysis (as for example [358,366]), which is computationally demanding and lies beyond
the scope of this work. To a good approximation, one can assume a redshift factor of
S1/3 [376] for the DM momentum distribution and translate it into a modified limit for
the DM mass given by mS

s,Lyα ≥ ms,Lyα/S
1/3, where ms,Lyα is the lower limit on the DM

mass for a given value fWDM of the DM fraction, in the case where S = 1.
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Figure 5.4: Iso-curves of entropy injection in the plane (m, θm) with the remaining pa-
rameters M , θM and Yeff fixed according to the reported values. The grey (light grey)
region corresponds to the lowest reheating temperature below 4 (0.7) MeV and is thus
in tension with the cosmological bounds. In the region above the red curve the entropy
injection takes place before the DM production.

The X-ray limits remain unchanged with respect to the previous section since these
rely on the DM lifetime. Nevertheless, the entropy injection leads to an indirect effect
since a given pair (ms, θ) now corresponds in general to a lower relic density.

The outcome of our analysis is summarised in Figure 5.5. In the left panel of Fig-
ure 5.5, we display the cosmologically favoured region for several values of S ≤ 50 as
compared to the case S = 1, represented by red points. Values of S larger than ∼ 20 are
not within reach in the framework of the present model, but we have nonetheless extended
our analysis up to these values in order to infer the maximal extension of the parameter
space which could be achieved. The grey points are excluded by DM constraints unless
its relic density is negligible (see previous subsection). As one can see, for S > 1 we
have a larger range of allowed values for the active-sterile mixing angle; interestingly, the
augmentation of S has a finite effect in enlarging the available parameter space.

On the right panel of Figure 5.5, we display the maximal value of fWDM for several
values of S (we also display for comparison the case corresponding to S = 1). As one can
see, there is only a marginal increase, namely from 0.43 to 0.48, of the maximal allowed
value of fWDM. On the other hand, the maximal DM fraction is achieved for smaller
values of the allowed DM mass, namely ∼ 2 keV, as opposed to values around ∼ 7 keV in
the case where S = 1. We finally notice that the maximal DM fraction is not an increasing
function of S but on the contrary, a maximum achieved at S = 20 is followed by a sharp
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Figure 5.5: Left panel : Parameter space for the light sterile neutrino compatible with
cosmological bounds in the hypothesis of an entropy injection, for values S=1 (red), S=5
(green), S=20 (yellow) and S=50 (black). Right panel : Maximal values of fWDM allowed
by the cosmological bounds as a function of the sterile neutrino mass in the hypothesis
of an entropy injection S.

decrease. The reason of such a behaviour is mostly due to the X-ray exclusion. Indeed,
as already pointed out, any fixed value fWDM imposes a condition on (ms, sin

2 2θ) which
is not sensitive to the mechanism accounting for the DM generation (more specifically,
the value of S in our case). Since the dark matter generation mechanism also depends
on (ms, sin

2 2θ), the interplay with the X-ray exclusion, as well as the effect of entropy
injection, favours larger mixing angles (thus maximising the production of dark matter)
and lower values of the mass (which in turn minimise the DM decay rate). Our analysis
shows that fWDM = 1 could be achieved for S . 10. This is not sufficient to relax the
Lyman-α bound down to the value ms = 2 keV because of the scaling of the latter limit
as S1/3.

We finally point out that for very high values of S, sizeable values of fWDM could be
achieved for very large mixing angles, already excluded by indirect dark matter detection.
This is at the origin of the saturation of the cosmologically favoured region observed in
the left panel of Figure 5.5.

Dark Matter Production from heavy neutrino decays and the 3.5 keV line

As already mentioned, the pseudo-Dirac neutrinos can produce dark matter through
their decays. These processes are mediated by Yukawa interactions and the decay rate
is proportional to Yeff sin θ, and thus suppressed with respect to the decay channels into
only SM particles by the active-sterile mixing angle. A sizeable DM production can be
nonetheless achieved through the so called freeze-in mechanism [390–394]. It consists
in the production of the DM while the heavy neutrinos are still in thermal equilibrium
and, to be effective, requires that the rate of decay into DM is very suppressed, such
that it results lower than the Hubble expansion rate. In our setup, this condition can be
expressed as: Yeff sin θ < 10−7.

The dark matter relic density depends on the decay rate of the pseudo-Dirac neutrinos
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into DM as follows:

ΩDMh
2 ≃ 1.07 × 1027

g
3/2
∗

∑

I

gI
msΓ (NI → DM + anything)

m2
I

, (5.16)

where the sum runs over the pseudo-Dirac states and gI represents the number of internal
degrees of freedom of each state. For pseudo-Dirac neutrinos lighter than the Higgs boson,
DM production occurs through three-body processes whose rate is too suppressed to
generate a sizeable amount of DM. On the other hand, the above analytical expression
is not strictly applicable for heavier pseudo-Dirac neutrinos since the mixing angle θ
depends on the vacuum expectation value (VEV) of the Higgs boson and is thus zero
above the EW phase transition temperature. To a good approximation, the correct DM
relic density is determined by multiplying Eq. (5.16) by the function ε(mI) given by:

ε(mI) =
2

3π

∫ ∞

0
f(xI)x

3
IK1(xI)dxI , xI =

mI

T
, (5.17)

with f(xI) describing the evolution of the Higgs VEV v(T ) with the temperature and
which can be in turn approximated, according the results presented in [235], by:

v(T )

v(T = 0)
=





1 T < TEW
8− mI

20xI
TEW ≤ T ≤ 160 GeV

0 T > 160 GeV

, (5.18)

where TEW ≈ 140 GeV is the temperature associated to the EW phase transition. As
shown in Figure 5.6, the function ε(mI) sharply decreases with the mass of the pseudo-
Dirac neutrino since most of the FIMP (Feebly Interacting Massive Particle) production
occurs around the mass of the decaying particle. As a consequence, we can have sizeable
production of DM only for masses of the decaying particles not too much above the scale
of the electroweak phase transition while DM production is negligible for masses of the
pseudo-Dirac neutrinos above the TeV scale. Using the expression of the rate associated
to the process NI → h + DM:

Γ (NI → h + DM) =
mI

16π
Y 2
eff,I sin

2 θ

(
1− m2

h

m2
I

)
, (5.19)

the DM relic density is given by:

ΩDMh
2 ≈ 2.16 × 10−1

(
sin θ

10−6

)2( ms

1 keV

)∑

I

gI

(
Yeff,I
0.1

)2( mI

1TeV

)−1
(
1− m2

h

m2
I

)
ε (mI) .

(5.20)
It is then clear that the correct DM relic density can be achieved with a suitable choice of
the parameters. It is worth noticing that this production mechanism is complementary
to the DW one, which is always active provided that there is a nonzero active-sterile
mixing.
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Figure 5.6: Suppression factor in Eq. (5.20) due to the electroweak symmetry restoration
at high temperatures, as a function of the mass of the decaying particle.

We have reported in Figure 5.7 the (observed) value ΩDMh
2 = 0.12 of the DM abun-

dance, assuming for simplicity the same mass m5 and effective Yukawa couplings Yeff

for the 4 heavy pseudo-Dirac states, for different values of the DM mass and consider-
ing the maximal value of sin θ allowed by cosmological constraints - including thus the
corresponding contribution from DW production mechanism-. The displayed red points
correspond to configurations of the ISS(2,3) model in agreement with all laboratory
constraints. Those configurations corresponding to pseudo-Dirac states far from thermal
equilibrium, and thus not accounting for a freeze-in production mechanism, are delimited
by a blue region. The shape of the lines can be understood as follows: for pseudo-Dirac
masses comparable with the Higgs one, the kinematical suppression in Eq. (5.20) is sig-
nificant, requiring sizeable Yukawas; for mI & 200 GeV the dependence on mI is weaker,
and the curve reaches a plateau, while for mI & 500 GeV the suppression due to the
function ε (mI) becomes significant requiring larger Yukawas, eventually violating the
freeze-in condition Yeff sin θ < 10−7 for mI & 1.2 TeV.

The requirement of light sub-eV active neutrino masses together with µ ≈ keV and
MR ≈ v, implies values for the Yukawa couplings in the appropriate range to accounting
for the observed DM abundance (mν ≈ µY 2v2/M2

R, see Eq. (5.1)). We emphasize here
that this is not the case for a type-I Seesaw realisation since in this case the relation
mν ≈ Y 2v2/MR < 1 eV implies Y . 10−6 if MR ≈ v, and thus the contribution from the
freeze-in process is not sufficient to account for the total DM abundance.

Among the lines displayed in Figure 5.7, we have highlighted in yellow the one cor-
responding to the following DM mass and mixing angle,

ms ≃ 7.1 keV, sin2 2θ ≈ 7 · 10−11, (5.21)

which can account for the monochromatic 3.5 keV line observed in the combined spectrum
of several astrophysical objects [342,343].

The results presented in Figure 5.7 do not take into account the possible constraints
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Figure 5.7: Viable configurations (continuous lines) for the heavy pseudo-Dirac masses
m5 and the corresponding effective Yukawa couplings Yeff accounting for the observed
dark matter abundance of light sterile neutrinos via the freeze-in production mechanism,
with masses and mixings for the sterile neutrinos compatible with cosmological bounds.
The red points denote different realisations of the ISS(2,3) model. In the blue region the
production is not effective since the pseudo-Dirac states are out of thermal equilibrium.
The lines end when the condition Yeff sin θ < 10−7 is violated. The yellow line accounts
for the still unidentified monochromatic 3.5 keV line in galaxy cluster spectra [342,343].

from structure formation. As will be made clear in the next section, the limits discussed
above should be sensitively relaxed since the DM produced through the freeze-in mech-
anism has a “colder” distribution with respect to the DW mechanism. A reformulation
of the corresponding limits is beyond the scope of this work, especially in the case in
which the DM production receives sizeable contributions both from DW and decay of
the pseudo-Dirac neutrinos. We argue nonetheless that the parameters accounting for the
keV line can be compatible with bounds from structure formation since for this choice
(of parameters), the DM abundance is entirely determined by the decay of the heavy
neutrinos (the DW contribution for that value of the mixing angle is less than 4%) and
the corresponding distribution function is “colder” with respect to the one of a resonantly
produced DM, which results compatible with the observational limits [395].

To summarise the results obtained and discussed in this section, one can state that
in the absence of effects from the heavy pseudo-Dirac neutrinos, the ISS(2,3) model can,
in the most favourable case, account for to approximatively the ∼ 43% of the total DM
density for a mass of approximatively 7 keV. This percentage slightly increases up to 48%,
for a DM mass of around 2 keV, once accounting for an entropy dilution factor of 5 - 20
which can be possible for masses of the pseudo-Dirac neutrinos of 3 - 10 GeV. The total
DM component can be accounted for only in the region mh < mI < 1.4 TeV, when the
DM can be produced through the freeze-in mechanism, although the compatibility with
structure formation should be still addressed. In order to also reproduce the correct relic
density for masses of the sterile neutrinos below the Higgs boson mass, it is necessary to
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extend the particle field content of the model; for this purpose, we will propose in the
following section a minimal extension of the ISS(2,3) model.

5.3 Dark Matter Production in minimal extension of the
ISS(2,3) model

In order to achieve the correct dark matter relic density in the pseudo-Dirac states low
mass regime, we consider a minimal extension of the ISS(2,3) model. This consists
in the introduction of a scalar field Σ, singlet under the SM gauge group, interacting
only with the sterile fermionic states and the Higgs boson. There are of course several
other possibilities, see for instance [396–398]. In this minimal extension, the part of the
Lagrangian where the new singlet scalar field is involved reads:

L =
1

2
∂µΣ∂

µΣ− hαα
2

Σscαsα + V (H,Σ). (5.22)

We consider that the field Σ has a non-vanishing VEV 〈Σ〉 that would be at the origin
of the Majorana mass coupling µ which can thus be expressed as:

µ ≃ 1 keV

( 〈Σ〉
100 GeV

)(
hαα
10−8

)
. (5.23)

For simplicity we will limit the scalar potential to the following terms (see e.g. [399] for
a more general discussion):

V (H,Σ) = −µ2H |H|2 − 1

2
µ2ΣΣ

2 + 2λHΣ|H|2Σ2 . (5.24)

Following a pure phenomenological approach, we will consider values of the portal cou-
pling λHΣ from order of 10−2, corresponding to limits from effects on the Higgs width [400],
down to very low values, i.e. O

(
10−8 or 10−9

)
(see for instance [401] and references

therein for some examples of theoretically motivated models with extremely suppressed
λHΣ).

We will assume for simplicity that the scalar singlet field is heavier that the Higgs
boson, mΣ > 200 GeV, and assume mΣ ≤ 〈Σ〉 in order to avoid non perturbative values
of λHΣ.

The DM density is generated by the decay of Σ and is thus tied to the abundance of
the latter, which in turn depends on the efficiency of the process ΣΣ ↔ hh triggered by
the portal like coupling λHΣ (by this we implicitly assume that, in case of very suppressed
values of λHΣ, the abundance of Σ in the early stages of the evolution of the Universe is
negligible). A proper description of the DM density requires the resolution of a system of
coupled Boltzmann equations for the DM number density, as well as for the abundance
of the Σ field and possibly for the heavy pseudo-Dirac neutrinos, which also interact with
Σ - also including effects of entropy release. Further details of this computation can be
found in the appendix.
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In the following we will present analytical expressions which describe, to a good ap-
proximation, the DM production mechanism. For simplicity we will assume that the
pseudo-Dirac neutrinos are in thermal equilibrium (the case of non-equilibrium configu-
rations substantially coincides with the studies already presented in [399,401]) and with
lifetimes such that the effects of entropy injection are not relevant. As will be made clear,
pseudo-Dirac neutrinos have a non trivial impact on DM production. We will thus for
definiteness discuss two specific mass regimes, namely the case in which all the pseudo-
Dirac neutrinos are lighter than Σ and the case in which they have instead similar or
greater masses.

At high enough values of λHΣ, the pair annihilation processes ΣΣ ↔ hh maintain
the field Σ into thermal equilibrium.14 Indeed, by comparing the 2 → 2 rate, associated

to the thermally averaged cross-section 〈σv〉 ∼ 10−2 × λ2HΣ

m2
Σ

, with the Hubble expansion

rate, the field Σ can be considered to be in thermal equilibrium in the Early Universe for
λHΣ ≥ λHΣ where:

λHΣ ≡ 10−6
( mΣ

100 GeV

)1/2
. (5.25)

On the contrary, its decay rate into DM is always suppressed compared to the Hubble
rate due to the low value of the couplings hαα (see Eq. (5.23)). The DM can thus be
produced through the freeze-in mechanism from the decays of Σ and its corresponding
abundance can be expressed as:

Y FI
DM =

135

128π4

∑

I=5,8

|heff,I4|2
g∗(Tprod)mΣ

(
1− m2

I

m2
Σ

)(
45M2

Pl

4π3g∗

)1/2

, (5.26)

where:
heff,I4 =

∑

α=1,3

UTIα hαα Uα4, (5.27)

is an effective coupling taking into account all the decays Σ → NI +DM, I = 4, 8 which
are kinematically open.15 The contribution to the relic DM density reads:

ΩFI
DM ≈ 0.2

∑

I

( |heff,I1|
10−8

)2(
1− m2

I

m2
Σ

)( mΣ

200 GeV

)−1 ( ms

1 keV

)
. (5.28)

On general grounds, out-of-equilibrium - i.e. after chemical decoupling - decays of Σ may
also contribute to DM production and the corresponding contribution to the DM density
can be schematically expressed as:

Y SW = B YΣ(Tf.o.) , where B ≡
∑

I

bIBr (Σ → NIN1) . (5.29)

14Pair annihilation processes into fermion pairs are as well possible. For mΣ > mh, as assumed in this
work, the relative rate is subdominant, being suppressed at least by a factor v2/m2

Σ.
15Notice that since the scalar singlet field Σ couples with all neutrinos, it can also decay into pseudo-

Dirac states. However, the latter are in thermal equilibrium and thus no corresponding freeze-in pro-
duction mechanism is possible.
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In the above equation, Tf.o. is the standard freeze-out temperature of Σ and bI represents
the number of DM particles produced per decay for a given decay channel. The branching
ratio of the decay of Σ into DM is given by:

Br (Σ → NIN1) =

∑
I=1,5 |heff,I1|2

(
1− m2

I

m2
Σ

)

∑
I,J=1,5 |heff ,IJ |2

(
1− (mI+mJ )

2

m2
Σ

)
+ y2f sin

2 α

(
1− 4m2

f

m2
Σ

) , (5.30)

where sinα ∝ λHΣ represents the mixing between Σ and the Higgs boson.16 Due to the
very low couplings hαα, the branching ratio of the decay of Σ into DM is very suppressed
with respect to the branching ratio of the decay into two fermions induced by the mixing
with the Higgs boson, even for low values of the mixing itself. Furthermore, the total
lifetime of the scalar field is comparable with the freeze-out timescale. Consequently, the
out-of-equilibrium production is sizeable for λHΣ ∼ λHΣ when the scalar field features
an early decoupling, i.e. xf.o. = mΣ/Tf.o. = 1 − 3 [399].

Finally, the DM relic density can be estimated as:

ΩSW
DM ≈ 0.11

( ms

2 keV

)( mΣ

1000 GeV

)( B

0.01

)(
λHΣ

10−6

)−2

. (5.31)

In the case in which λHΣ ≪ λHΣ (see Eq. (5.25)), the field Σ is too feebly interacting
to be in thermal equilibrium in the Early Universe. Assuming, for simplicity, a negligible
abundance at early times, it can be nonetheless produced in sizeable quantities by freeze-
in and then decay through out-of-equilibrium processes [401]. The field Σ is produced
by the 2 → 2 processes mediated by the portal interactions as well as by the 2 → 1
processes, NINI → Σ, I = 5, 8 if the pseudo-Dirac neutrinos are lighter than Σ.
The abundance of Σ can be expressed as:

Y SFI
Σ ≈ MPl

1.66g∗(Tprod)
1

mΣ


∑

I,J

135

128π4
|heff ,IJ |2 +

45

1024π6
λ2HΣ


 , (5.32)

with

heff,IJ = UTIαhααUαJ .

The two terms inside the parenthesis refer to the contributions from the 2 → 1 (where
the sum over I, J runs over the pseudo-Dirac neutrinos in thermal equilibrium) and the
2 → 2 processes, respectively. The DM abundance is given, analogously to Eq. (5.29),
by B Y SFI

Σ .
In the case where the pseudo-Dirac neutrinos are heavier than Σ, the DM generation

process in the regime λHΣ ≥ λHΣ proceeds along the same lines as described before.
There is however the additional contribution from the decays NI → hDM , given by

16This mixing exists only when the VEV of the SM Higgs doublet is different from zero. Analogously
to what we did for the active-sterile mixing angle, we have adopted in our computation a temperature
dependent scaling function.
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Eq. (5.20) as well as a further freeze-in contribution from the decays NI → ΣDM given
by:

ΩFI
Σ ≈ 2.16× 10−3

∑

I=5,8

gI

( ms

1 keV

)( |heff,I 4|
10−8

)2( mI

1TeV

)−1
. (5.33)

In the regime where λHΣ ≤ λHΣ, the 2 → 1 production channel for the field Σ is
replaced by the production from the decays of the pseudo-Dirac neutrinos through the
processes, if kinematically open, NI → NJΣ, I = 5, 8, J = 4, I − 1. In this scenario the
abundance of Σ reads:

Y SFI
Σ ≈ MPl

1.66g∗(Tprod)


 1

mΣ

45

1024π6
λ2HΣ +

∑

I,J

135

64π4
|heff ,IJ |2
mI

(
1− (mΣ +mJ)

2

m2
I

)
 .

(5.34)
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Figure 5.8: Evolution of the abundance of the Σ field (solid lines) and of the DM (dot-
dashed lines) for the four values of λHΣ reported on the plot. The scalar field Σ and
the DM masses have been set to 500 GeV and 5 keV, respectively. The VEV 〈Σ〉 has
been fixed to 1 TeV. The masses of two the pseudo-Dirac pairs are, respectively 10 and
20 GeV (left panel) and 500 and 1000 GeV (right panel). In both cases, DM production
through NI → h+ DM decays and the effects of entropy production are negligible.

The validity of the assumptions leading to the analytical approximations above has
been confirmed by (and complemented) by numerically solving the Boltzmann equations
for the system Σ−DM abundances. We display in Figure 5.8 the evolution of the abun-
dances of Σ and of the DM, for a set of values of the the coupling λHΣ and for fixed
values of ms, mΣ and 〈Σ〉 to 5 keV, 500 GeV and 1 TeV, respectively. On the left panel
the masses of the pseudo-Dirac pairs have been fixed to, respectively, 10 and 20 GeV,
while on the right panel the chosen values are 500 GeV and 1 TeV. For this last case we
have fixed the coupling Yeff of the pseudo-Dirac neutrinos with the Higgs boson and the
DM-active neutrino mixing angle θ to, respectively, 0.01 and 10−6 in such a way that the
freeze-in production from the decays NI → h + DM gives a subdominant contribution,
not exceeding 30%.
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At higher values of λHΣ, the abundance of Σ traces its equilibrium value and the DM
production occurs prevalently through the freeze-in mechanism. At lower values of λHΣ

the out-of-equilibrium production becomes important thus increasing the total DM relic
density.

For λHΣ < λHΣ, the abundance of Σ does not follow the equilibrium value but is an
increasing function of time (as consequence of the freeze-in production from the 2 → 2
scatterings as well as from the 2 → 1 processes, for pseudo-Dirac neutrinos lighter than
Σ, or from decays of the pseudo-Dirac neutrinos themselves in the opposite case) until
its decay, which occurs at later timescales compared to the case of high values of λHΣ.

Figure 5.9: Contours of the cosmological value of the DM relic density in the plane
(ms,mΣ), for the values of λHΣ reported in the plot. The other relevant parameters
have been set as in Figure 5.8.

We report in Figure 5.9 the contours of the cosmological value of the DM relic density
in the (ms,mΣ) plane for several values of the coupling λHΣ and for the masses of the
pseudo-Dirac neutrinos considered in Figure 5.8. As already pointed out, for λHΣ = 10−3

the DM relic density is determined by the freeze-in mechanism and thus increases with the
DM mass while decreasing with respect to mΣ. For λHΣ = 10−6 the out-of-equilibrium
production is instead the dominant contribution implying that Ωsh

2 ∝ msmΣ. For
λHΣ = 10−7 and λHΣ = 10−9, in the case of light pseudo-Dirac neutrinos, the relic
density is again proportional to the ratio ms/mΣ, as expected from Eq. (5.32). In the
case of heavy pseudo-Dirac neutrinos, the regime λHΣ ≪ λHΣ is substantially dominated
by the freeze-in production of Σ from the decays of the pseudo-Dirac neutrinos and its
subsequent out-of-equilibrium decays. The dependence on mΣ shown in Figure 5.9 is due
to the kinematical factor in Eq. (5.34). We notice that the correct DM relic density, for the
chosen set of parameters, is achieved for DM masses between 1 - 15 keV. These results can
be straightforwardly generalised in the case of entropy production from the pseudo-Dirac
neutrinos. Indeed, as can be seen from Figure 5.8, the DM production typically occurs
at earlier stages compared to the ones at which sizeable entropy production is expected
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(see previous section). As a consequence the instantaneous reheating approximation can
be considered as valid and we can just rescale the DM relic density by a factor S. In this
case, the correct DM relic density is achieved for higher values of the DM masses.

We emphasise, as already done in the previous section, that a complementary con-
tribution to the DM relic density from DW production mechanism is in general present.
The DM production related to the decays of Σ allows to achieve the correct relic density
without conflicting with the X-rays limits since it does not rely on the mixing with the
active neutrinos; this is not the case for the bounds from structure formation. How-
ever, applying the limits on DM from structure formation is a very difficult task in our
scenario since different DM production channels coexist, originating different dark mat-
ter distribution functions. A proper treatment would require to reformulate the bounds
case by case by running suitable simulations, which lies beyond the scope of the present
work. We will nonetheless provide an approximate insight of how the latter bounds are
altered, with respect to the conventional DW production mechanism, by taking some
representative examples.

In the following discussion, we consider the case in which the DM is produced by
the decays of the field Σ, either through freeze-in or through out-of-equilibrium decays.
An approximate reformulation of the limits from structure formation can be obtained by
comparing the average momentum of DM at the keV scale with the one corresponding to
DW production and by rescaling the lower limit on the DM mass with the shift between
these two quantities. The DM distribution function in the various cases of production
from decay has been determined in e.g. [399] and [402,403]). The dark matter produced
through freeze-in is typically generated at temperatures of the order of the mass of Σ.
Its average momentum depends only on the temperature and can be simply expressed,
at temperatures of the order of the keV, as [404]:

(〈p〉
T

)∣∣∣∣
T∼keV

≃ 0.76 S−1/3 , (5.35)

sensitively lower than the corresponding result (of ∼ 2.83) in the case of DW production.
A similar result holds as well in the case of DM produced through freeze-in from the
decays of the pseudo-Dirac neutrinos.17 In the case in which the DM is prevalently
produced out-of-equilibrium, the timescale of production varies with the lifetime of Σ
and the distribution function tends to be warmer as the latter increases.

We report in Figure 5.10 the lower limit18 from Lyman-α on the DM mass, obtained
by applying our approximate rescaling to the limit presented in [359], for some scenarios
of DM production mechanism, namely freeze-in and out-of-equilibrium production for

17The DM distribution function can be obtained by solving the same Boltzmann equation as in [399]
and by replacing the Bose-Einstein distribution for the decaying state with a Fermi-Dirac function. The
difference in the final result is of order one.

18Since we are here assuming that the lightest sterile neutrino is the only DM component, we adopt
the most updated limit. This actually refers to a thermal relic density. It can be reformulated in term
of a limit on non-resonant DW production by using the formula given in [405].
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Figure 5.10: Lower limit on the DM mass from Lyman-α as a function of the entropy
dilution factor S. The limit refers to the cases of dominant freeze-in production from the
decay of the scalar field Σ and dominant production from out-of-equilibrium decays for
the parameter Λ = 0.01, 0.1, 1 (defined in Eq. (5.36)). We also report for comparison
the corresponding limit in the case of dominant DW production mechanism.

different decay rates of Σ parametrised through the dimensionless quantity:

Λ =
5h

2

8πmΣ

(
45M2

Pl

4π3g∗

)1/2

,

where,

h
2
=
∑

I,J

|heff ,IJ |2
(
1− (mI +mJ)

2

m2
Σ

)
+ y2f sinα

2

(
1−

4m2
f

m2
Σ

)
. (5.36)

As can be noticed, in the most favourable cases, namely freeze-in or out-of-equilibrium
production with Λ ≥ 1 (corresponding to mΣ . 600 GeV), the limit from Lyman-α
is relaxed to approximately 5 keV, in absence of entropy injection, and to further low
values for the case S > 1. We remark again that these results assume that all the DM is
produced by the decay of Σ (into heavy neutrinos).

Interestingly, in the case in which a sizeable contribution from DW production mecha-
nism is also allowed, the DM distribution would feature a Warm and a “colder” component
and thus the ISS(2,3) model could potentially realise a mixed Cold + Warm DM sce-
nario. This would constitute an intriguing solution to some tensions with observation
from structure formation (see e.g. [406] and references therein). This possibility should
be thoroughly investigated by means of numerical simulations since the analytical esti-
mates presented above are not valid for multi-component distributions. This will be thus
left for a dedicated study.
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Chapter 6

Lepton number violation as a key to

low-scale leptogenesis

Within the Seesaw mechanism, it is in general possible to account for the BAU via thermal
leptogenesis, see for instance [407, 408]. This kind of mechanism normally requires very
high Seesaw scales, above 108 GeV. An efficient thermal leptogenesis can be nonetheless
achieved at a Seesaw scale ∼ TeV in the presence of a resonant amplification [409]. At
even lower Seesaw scales thermal leptogenesis is no longer at work and one must consider
different mechanisms for the generation of any lepton asymmetry. A viable possibility
is provided by the mechanism first proposed in [371], in which a lepton asymmetry
is produced by the CP-violating oscillations of a pair of heavy neutrinos. This kind
of mechanism has been successfully implemented in the so-called νMSM. Aiming at
simultaneously addressing the problems of neutrino mass generation, BAU and providing
a viable DM candidate, the νMSM is a truly minimal extension of the SM through the
inclusion of three RH neutrinos (N1,2,3

R ) [321, 367, 370, 410]. The lightest of these new
states, with mass at the keV scale, is substantially sterile, i.e. with highly suppressed
couplings both to active neutrinos and to the two other new states, and represents the
Dark Matter candidate. The latter two heavy neutrinos are instead responsible for the
light neutrino mass generation, as well as for lepton asymmetries both at early times,
giving rise to the BAU, and at later times, accommodating the production of the correct
amount of DM [368]. For this to work, the spectrum in the additional sterile states
requires a certain pattern, the two heaviest states N2

R and N3
R being almost degenerate.

Notice however that this requirement can be relaxed by considering, relaxing the DM
hypothesis, all the three right-handed neutrinos involved in the leptogenesis process, as
it was shown in [372].

The degeneracy between the heavy neutrinos, which is phenomenologically imposed
in the νMSM, can be however naturally explained in frameworks in which the smallness of
(active) neutrino masses is directly linked to a small violation of the total lepton number,
cf. Section 4.4. This can be achieved when, for instance, the Inverse Seesaw [311, 411]
mechanism is embedded into the SM. The mechanism consists in the addition of at
least two sets of additional sterile fermions with opposite lepton numbers, allowing for
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a small ∆L = 2 lepton number violating (LNV) mass parameter µ corresponding to a
Majorana mass in the sterile sector. The masses of the mostly active neutrinos (light
neutrinos) are proportional to µ, while the remaining mostly sterile states are coupled
into pseudo-Dirac pairs with mass differences of the order of the LNV parameter µ. In
the limit where µ → 0, lepton number conservation is restored. However, in order to
be phenomenologically viable, this mechanism requires at least four extra fermions (cf.
Section 4.5). Another mechanism based on a small violation of the total lepton number
is the so called Linear Seesaw [412, 413]. It is similar to the ISS, in the sense that it
requires the introduction of two types of fermion singlets (RH neutrinos and steriles)
with opposite assignment for the total lepton number, and the smallness of the neutrino
masses is linked to the small violation of the total lepton number conservation. The
difference with respect to the ISS is that the lepton number violation (by two units)
arises from the new LNV Yukawa couplings of steriles with the left-handed neutrinos.

The present chapter focuses on the possibility of simultaneously having a very low
scale Seesaw mechanism - typically at 1−10 GeV - at work for generating neutrino masses
and mixings as well as an efficient leptogenesis at the electroweak scale, by considering
a “natural” and minimal framework (with only two additional neutrinos) giving rise to
the needed degeneracy in the spectrum of the sterile states. For this, we consider the
ISS and the LSS frameworks and revisit the mechanism of leptogenesis through oscil-
lations [321, 371]. More precisely, we have considered the minimal extension of the SM
by two sterile states with couplings leading to an Inverse Seesaw mass structure. Being
insufficient to accommodate neutrino data, instead of adding further sterile states, we
have completed the scenario with a Linear Seesaw mass term (see for instance [315]), vi-
olating total lepton number also by two units. We have conducted a thorough analytical
and numerical analysis investigating both neutrino mass hierarchies, normal (NH) and
inverted (IH), for the neutrino mass spectrum. To this end we have implemented and
solved a system of Boltzmann equations and have also derived an analytical expression
for the baryon asymmetry in the weak washout regime, supporting our understanding
of the behaviour of the numerical solutions. Our studies reveal that this scenario can
incorporate a successful leptogenesis through oscillations between the two mostly sterile
states while accommodating the observed neutrino data. We have also investigated if
our scenario can be probed by SHiP [414] or FCC-ee [415].

In the second part of this chapter, we consider the possibility of having the pure
and minimal Inverse Seesaw mechanism with four or five extra neutrinos - that is the
ISS(2,2) (or ISS(2,3)) scenario with two RH neutrinos plus two (three) steriles states (cf.
Section 4.5) - at work for an efficient leptogenesis through oscillations. Notice that the
ISS(2,3) scenario can provide in principle a DM candidate (cf. Chapter 5). We find
that the required mass splitting between the pseudo-Dirac pairs is too large to achieve a
successful leptogenesis in the weak washout regime while accommodating neutrino data.

This chapter is organised as follows: in Section 6.1 we first describe the idea by means
of a toy model framework of one generation (one flavour) and two sterile states, with two
sources of lepton number violation (∆L = 2) corresponding to a combined scenario of
the ISS and the LSS. In the second part of this section, we extend the toy model to
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the full three flavour case and obtain estimates for the scales of our set of parameters.
Section 6.2 is devoted, in its first part, to an analytical derivation of the BAU in the weak
washout regime, which has been confronted to a thorough numerical analysis we have
conducted, taking into account the various constraints on the sterile states. The results
derived in Section 6.2 are discussed in Section 6.3. Section 6.4 is devoted to the scenario
of strong washout regime for the Yukawa couplings. We dedicate Section 6.5 to the pure
minimal ISS. The analytical determination of the BAU and the analytical solution of
the full system are presented in Appendix C.1. Finally, we provide in Appendix C.2 the
relevant numerical input parameters for all the solutions discussed in this analysis.

6.1 Leptogenesis and lepton number violation

In Ref. [371], followed up and refined e.g. in Refs. [367, 370, 410, 416, 417], a compelling
mechanism accommodating neutrino data, the dark matter abundance and providing a
successful mechanism for leptogenesis at the electroweak scale was proposed. In its sim-
plest setup, this mechanism requires two additional heavy and nearly mass-degenerate
neutrinos N1,2

R with sufficiently small Yukawa couplings to the SM, ensuring that these
states have not yet reached thermal equilibrium at the electroweak phase transition.
Starting from a zero initial abundance, these heavy states are produced thermally as
the Universe approaches the electroweak phase transition. Oscillations between these
two states produce a CP-asymmetry which induces particle-antiparticle asymmetries in
the individual lepton flavours, which are produced in the decay of these states. These
asymmetries in the active sector act as a background potential for the sterile flavours
(similar to the MSW effect for neutrino oscillations in matter [46]), resulting in particle-
antiparticle asymmetries for the sterile states. The two heavy states have opposite CP
and form a pseudo-Dirac pair, thus for negligible Majorana masses no total lepton asym-
metry is induced, as the total lepton asymmetry in the active sector balances the one
in the sterile sector. At the electroweak phase transition, T ∼ TW , the SM sphaleron
processes freeze out, converting the asymmetry in the active sector (and only the active
sector) to a net baryon asymmetry. To summarise, the Sakharov conditions [218] nec-
essary for a successful baryogenesis are fulfilled at T . TW because (i) the heavy states
have not yet reached thermal equilibrium, (ii) the oscillations of the heavy states violate
CP and (iii) sphaleron processes violate baryon number. We review this mechanism in
more detail in Appendix C.1, deriving analytical expressions for the produced individual
asymmetries.

A crucial ingredient for this mechanism is the small mass splitting between the two
sterile states, with a relative degeneracy in the pair at the per mille level, ∆m/M .

10−3 [370]. This small mass splitting is obtained naturally if there is a symmetry which
imposes fully degenerate masses for the heavy states, the small mass splitting is then
linked to the small breaking parameters of this symmetry. A simple choice is an additional
global U(1) symmetry with opposite charges assigned to the new fields. As a result, the
two states N1,2

R form a Dirac spinor Ψ = N1
R + (N2

R)
c, and the U(1) global symmetry

mimics the lepton number one [418]. The small breaking of lepton number is moreover a
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promising source to explain the light neutrino masses, studied in detail in, for instance,
Refs. [315, 349, 419]. In the following, we will thus focus on models with approximately
conserved lepton number and investigate their viability for leptogenesis through neutrino
oscillations.

6.1.1 An instructive toy model

Let us recapitulate the simplest implementation of this idea, by adding to the SM two
sterile fermions with opposite lepton number, cf. also [315]. In order to obtain clear
analytical results we first consider a toy model with only one active neutrino. In this
case the lepton conserving part of the mass matrix is, in the basis (νL, N

1
R
c
, N2

R
c
),

M0 =




0 1√
2
Y v 0

1√
2
Y v 0 Λ

0 Λ 0


 , (6.1)

with v denoting the vacuum expectation value of the Higgs boson, v = 246 GeV after the
EW phase transition, Y denoting the Yukawa coupling of the sterile state with lepton
number (+1) to the SM lepton and Higgs doublets and Λ denoting a new mass parameter
which will set the scale for the masses of the additional heavy states. The mass spectrum
resulting from this mass matrix is

mν = 0 , M1,2 =

√
|Λ|2 + 1

2
|Y v|2 . (6.2)

Let us consider now all possible patterns for breaking the global lepton number in
M0. A term in the (1, 1) entry breaks gauge invariance, and can only be generated in
non minimal models, for example by adding an isospin triplet of Higgs fields. Since we
are not interested in such a case, there are 3 possible patterns to perturb M0

∆MISS =



0 0 0
0 0 0
0 0 ξ Λ


 , ∆MLSS =




0 0 1√
2
ǫ Y ′v

0 0 0
1√
2
ǫ Y ′v 0 0


 , ∆Mlp =



0 0 0
0 ξ′Λ 0
0 0 0


 .

(6.3)

Here ǫ, ξ and ξ′ are small dimensionless parameters accounting for the breaking of lepton
number and Y ′ ∼ Y is a new Yukawa coupling. Without loss of generality we can
choose |Y ′| = |Y |, keeping ǫ as a free parameter1. The first possibility generates the
usual Inverse Seesaw pattern [311, 411], the second one corresponds to the so called
Linear Seesaw [413], while the third one does not generate neutrino masses at tree level
but does it at loop level [420, 421]. However loop corrections are only relevant in the
regime of a large lepton number violation, ξ′ & 1, and since we focus on models with an

1When considering three active flavours in the following, the six Yukawa couplings will be restricted
to be of the same order of magnitude.
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approximate lepton number conservation we will concentrate in the first two possibilities,
∆M ≡ ∆MISS +∆MLSS.

2 Here M contains only a single physical complex phase (after
absorbing three complex phases by rotating the three fields of the toy model), which we
will assign to Y ′ in the following, taking Λ, ξ, ǫ and Y to be real and positive.

Perturbatively diagonalising M0 + ∆M yields expressions (at leading order in the
small lepton number violating parameters ǫ, ξ ≪ 1) for the two quantities relevant for
leptogenesis and neutrino mass generation: the mass-scale of the active neutrinos mν

and the mass splitting between the two (heavy) states, ∆m2. For the Inverse Seesaw
scenario, we find

mν = ξ
(Y v)2Λ

2Λ2 + (Y v)2
+O(ξ2) ≈ ξ

(Y v)2

2Λ
, (6.4)

∆m2 = 2ξ
Λ3

√
Λ2 + 1

2(Y v)
2
+O(ξ2) ≈ 2ξΛ2 , (6.5)

whereas the Linear Seesaw yields

mν = 2ǫ
Y 2v2Λ

2Λ2 + (Y v)2
+O(ǫ2) ≈ ǫ

(Y v)2

Λ
, (6.6)

∆m2 = 4ǫ
(Y v)2Λ√

2Λ2 + (Y v)2
+O(ǫ2) ≈ 2ǫ(Y v)2 . (6.7)

Here after expanding in ξ or in ǫ, we that the heavy neutrinos cannot be fully thermalised
for a viable leptogenesis scenario, implying an upper bound on their Yukawa couplings,
Y v ≪ Λ.

From these expressions we can draw several important conclusions. Firstly, comparing
Eqs. (6.4) and (6.6) we note that both the Inverse and the Linear Seesaw realisations
require the same degree of lepton number violation in order to reproduce the observed
light neutrino masses,

ǫ, ξ = (mνM1,2)/m
2
D , (6.8)

with mD = Y v/
√
2 = |Y ′|v/

√
2.

Secondly, looking at Eqs. (6.5) and (6.7), we note that above the EW phase transition,
where 〈v〉 = 0, the mass splitting induced by the Linear Seesaw vanishes, contrary
to the one induced by the Inverse Seesaw. This is a relevant detail since successful
leptogenesis can occur only above the EW phase transition, where the sphalerons can
efficiently convert a lepton asymmetry into a baryon asymmetry. Thermal effects during
the oscillation process might alleviate this difficulty [370]. For simplicity we will in

2This structure can be obtained dynamically by extending the particle content of the SM, e.g. it is
possible to generate a small ∆L = 2 mass ∼ ξ Λ as in the general formulation of the Inverse Seesaw [311],
where the smallness of ξ was attributed to the supersymmetry breaking effects in a (superstring inspired)
E6 scenario. In the context of a non-supersymmetric SO(10) model, which contains remnants of a larger
E6 symmetry, ξΛ is generated at two-loop while ξ′ Λ is generated at higher loops, justifying its smallness
compared to ∼ ξ Λ [422].
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the following however focus on the situation where the mass splitting is related to the
Majorana mass term ξΛ. In the pure Inverse Seesaw model this implies

(∆m2)
1/2
ISS ≃

(
2mνM1,2

m2
D

)1/2

M1,2 . (6.9)

For example for Y <
√
2 × 10−7, mν = 0.05 eV and M1,2 = 1 GeV, this yields

∆m2 & (0.4 GeV)2 - a value far too large for a successful leptogenesis3.
In conclusion, the minimal setup to accommodate acceptable light neutrino masses

mν and a sufficiently small mass splitting ∆m2 is obtained by simultaneously considering
both ∆MLSS and ∆MISS, with ǫ > ξ: the leading order contribution to the light neutrino
masses stems from ǫ, with the scale of ǫ determined by Eq. (6.8). Above the EW phase
transition, the leading order contribution to the mass splitting is in turn set by Eq. (6.5)
and can be sufficiently small for ξ ≪ ǫ:

mν ≃ 2ǫ
m2
D

M1,2
, ∆m2 ≃ 2ξM2

1,2 . (6.10)

This analysis suggests that the minimal viable realisation of our ansatz is given by the
mass matrix M = M0 +∆MISS +∆MLSS. Notice that the ordering of the second and
third column/row of Eqs. (6.2) and (6.3) arises from the assignment of lepton number
1 and -1, respectively. Choosing ǫ > 1 and |Y | ≃ |Y ′| correspondingly smaller, implies
switching this assignment. Hence very large values of ǫ ≫ 1 also correspond to a small
violation of lepton number, and there is an approximate symmetry under ǫ→ 1/ǫ which
becomes exact when ξ, ξ′ → 0. Accounting for solutions with ǫ ≫ 1 is equivalent to
considering the mass matrix M = M0 + ∆MLSS + ∆Mlp, which represents a minimal
setup as well. The main difference between the two possibilities is that the Majorana
mass term ∆MISS breaks the lepton number by ∆L = 2, i.e. by the same amount of
the violation in the Yukawa sector given by ∆MLSS , while ∆Mlp carries ∆L = −2. For
simplicity we will focus on the case ǫ ≪ 1 in the remainder of this section, but our
numerical study in Section 6.2.2 will cover the entire range for ǫ. At leading order, the
corresponding expressions for the perturbative expansion in ǫ′ = 1/ǫ ≪ 1 can be obtained
by replacing ǫ → 1/ǫ and Y → Ỹ ≡ ǫY in the expressions below.

A further important parameter, which is particularly relevant for leptogenesis, is the
mixing between the two heavy neutrino mass eigenstates. To estimate this, we consider
the effective potential for the heavy states arising from the interactions with the SM
lepton and Higgs doublets in the surrounding hot thermal plasma [417],

VN =
1

8
T (Y eff)†Y eff , (6.11)

3This upper bound on Y forces the heavy states to be out-of-equilibrium [371] and washout processes
to be negligible. The numbers quoted here a priori only apply to the toy model discussed in this section,
and not to realistic, more elaborate versions of the Inverse Seesaw mechanism. We will return to this
point in Section 6.5.
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where T denotes the temperature and Yeff are the Yukawa couplings of the mass eigen-
states mj , j = 1, 2, 3,

Y eff
αj = YαIUIj . (6.12)

Here U is the matrix which diagonalises M =M0 +∆M , UTMU = diag(mν , M1, M2),
α runs over the active flavours (only one flavour in this toy model), I denotes the sterile
flavours and Yα1 = Yα = Y and Yα2 = ǫY ′

α = ǫY ′. Hence for the toy model of this section
with β ≡ Arg(Λ), Y eff

αj = (0, i (e−iβ Y − ǫY ′), e−iβ Y + ǫY ′)/
√
2 + O(ξ/Λ), implying

|Y eff| ≃ Y . The eigenvectors of the potential VN corresponding to the two heavy states
above the EW phase transition (i.e. for v = 0) are given by

v1 ≃ (0, 1 + eiβǫ, 1− eiβǫ) , v2 ≃ (0, 1 + eiβǫ, −1 + eiβǫ) , (6.13)

up to corrections of order ξ, ǫ2. This indicates that in the parameter region of interest,
which corresponds to ξ ≪ ǫ, maximal mixing between the heavy mass eigenstates with
a mixing angle of θPD ≃ 45◦ and hence particularly efficient oscillations are obtained for
ǫ→ 0.

In this regime, which we will refer to as “perturbative”, since viable neutrino masses
and a small enough splitting between the heavy states are obtained through a small
violation of the lepton number, the condition for a successful leptogenesis can be casted
as:

|Y ′| = Y = 10−7

(
M1,2

1 Gev

)(
0.1

ǫ

)1/2

.
√
2× 10−7, ξ <

1

2

(
100 keV

M1,2

)2

, (6.14)

or, equivalently, for the flipped assignment of lepton charges, corresponding to Y → Ỹ =
ǫY :

|Ỹ ′| = Ỹ = 10−7

(
M1,2

1 Gev

)( ǫ
10

)1/2
.
√
2× 10−7, ξ <

1

2

(
100 keV

M1,2

)2

. (6.15)

In the more realistic model with three active flavours, the situation is more compli-
cated, as cancellations in the matrix equations can arise. In particular, ǫ may be of order
one and still yield viable solutions, though this in some sense goes against the spirit of
our ansatz, linking the small mass splitting to an approximate symmetry. In the follow-
ing, we will refer to this latter type of viable parameter points, approximately identified
by the condition 0.1 . ǫ . 10, as “generic”, as opposed to the “perturbative” solutions
identified above. This section served to clarify the parameter region of interest which
requires no matrix cancellations. We will proceed in the next section with a rigorous
perturbative expansion of the full model in the perturbative region, before turning to
a numerical study in Sections 6.2, 6.3 and 6.4. In Section 6.5 we will revisit the pure
Inverse Seesaw scenario, and investigate if the conclusions above can be circumvented by
considering the three active flavours.
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6.1.2 Perturbative expansion of the full model

In the previous section, we illustrated a symmetry inspired ansatz for the neutrino mass
matrix by means of a 3 × 3 toy model. In this section, we extend this analysis to a full
model taking into account the three active flavours, confirming that the estimates for the
scales which were obtained in the toy model (one flavour) remain also valid in the full
model. Consider hence the following mass matrix,

M = Λ




0 0 0 1√
2
Y1v/Λ

1√
2
ǫY ′

1v/Λ

0 0 0 1√
2
Y2v/Λ

1√
2
ǫY ′

2v/Λ

0 0 0 1√
2
Y3v/Λ

1√
2
ǫY ′

3v/Λ
1√
2
Y1v/Λ

1√
2
Y2v/Λ

1√
2
Y3v/Λ 0 1

1√
2
ǫY ′

1v/Λ
1√
2
ǫY ′

2v/Λ
1√
2
ǫY ′

3v/Λ 1 ξ



. (6.16)

In the parameter region of interest, as identified in Section 6.1.1, all entries of this matrix
except for the (4,5) and (5,4) entries are small,

| 1√
2
Yαv/Λ|, |

1√
2
ǫY ′
αv/Λ|, |ξ| ≪ 1, α = {1, 2, 3} , (6.17)

thus justifying a perturbative approach. In this setup we have two additional physical
complex phases, whose assignment will be discussed in the next section. Expanding the
eigenvalues of M †M to fourth order in any combination of the perturbative parameters
(including mixed terms), we can identify the leading order contributions to the decisive
quantities, mν and ∆m2. For the masses of the heavy states this yields

M2
1,2 ≃ |Λ|2 ± 1

2
|ξ||Λ|2 + 1

2
|−→Y |2v2 + 1

2
|ξ|2|Λ2|+ 1

2
|ǫ|2|

−→
Y ′|2v2 , (6.18)

up to third order terms in { 1√
2
|Yαv/Λ|, 1√

2
|ǫY ′

αv/Λ|, |ξ|}. Here |−→Y |2 ≡ ∑3
α=1 |Yα|2. As

in the toy model of Section 6.1.1, the overall scale is hence determined by |Λ| and the
leading order contribution to the mass splitting is ∆m2 ≃ |ξΛ2|.

Proceeding to the light neutrino masses, we notice that one state remains exactly
massless while the other two obtain small masses. This scale is given, up to fourth order
in { 1√

2
|Yαv/Λ|, 1√

2
|ǫY ′

αv/Λ|, |ξ|}, by

m2
tot ≡

3∑

i=1

m2
i ≃

1

2
|ǫ|2 v4

|Λ|2




3∑

α=1

|Yα|2|Y ′
α|2 +

3∑

α=1

3∑

β=1

|Yα|2|Y ′
β|2

 , (6.19)

again in agreement with the expectation from the one flavour toy model studied in
Section 6.1.1.

6.2 Computation of the baryon abundance

In this section we investigate the impact of requiring a successful leptogenesis on our
scenario. To achieve this task we will compute the baryon abundance for a large set of
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model realisations (at low Seesaw scales), complying with the experimental constraints
on the active neutrinos, as well as with limits from possible signatures of the extra
sterile fermions in laboratory searches. In order to perform an efficient exploration of the
parameter space, we adopt the parametrisation of the neutrino mass matrix introduced
in [315], reviewed in detail in the next subsection. An accurate determination of the
baryon density would require the solution of a system of coupled Boltzmann equations,
like the ones introduced in [370, 410, 417], in the entire parameter space. Unfortunately
this task is computationally demanding. For this reason we first focus our analysis
on a subset of the parameter space, corresponding to very suppressed values of the
Yukawa couplings of the new neutrinos (see below for details). We will refer to this
scenario as “weak washout” regime. Here all the heavy neutrinos are far below thermal
equilibrium during the entire leptogenesis process; as a consequence there is no depletion
of the produced baryon asymmetry from washout processes. In this regime the system
of Boltzmann equations can be perturbatively solved (see details on the derivation in
Appendix C.1), resulting in an analytical expression for the baryon abundance YB well
approximating the full numerical result.

We have further implemented the numerical solution of Boltzmann equations to vali-
date and complement our analytical study, extending our analysis beyond the reach of the
analytical estimates, cf. Section 6.4 for an analysis of the “strong washout” regime. This
regime is characterised by higher values of the entries of the Yukawa matrix of the heavy
neutrinos such that they reach thermal equilibrium at temperatures between the initial
production of the lepton asymmetry (i.e. the temperature TL defined in Appendix C.1)
and TW. This entails a depletion of the lepton asymmetry.

For the sake of clearness we will present in the following the main results, while
the details of both the analytical and numerical computations will be reviewed in the
appendix.

6.2.1 Parametrisation of the mass matrix

We consider the neutrino mass matrix introduced in Eq. (6.16). As discussed in Sec-
tion 6.1.1, the lepton number violation is represented by the dimensionless parameters ǫ
and ξ. The entries of the mass matrix associated to these parameters violate the lepton
number by the same amount, namely ∆L = 2. Although in a “natural” scenario these two
parameters would be expected to be of the same order of magnitude (and both small),
we will stick to a more generic case taking them to be free and independent among each
other. In particular we will here also allow for large lepton number violation ǫ, ξ ∼ 1,
going beyond the perturbative expansion of Section 6.1.1.

In order to identify a minimal set of parameters for a numerical scan, we have adopted
the parametrisation introduced in [315]. The Yukawa matrices are expressed as a function
of two free parameters y and y′, of an additional parameter ρ given by:

ρ =

√
1 + r −√

r√
1 + r +

√
r
, r =

|∆m2
solar|

|∆m2
atm|

, (6.20)
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and of the elements of the PMNS matrix as:

Yα =
y√
2

[
U∗
α3

√
1 + ρ+ U∗

α2

√
1− ρ

]
,

Y ′
α = Ỹ ′

α +
k

2
Yα ,

Ỹ ′
α =

y′√
2

[
U∗
α3

√
1 + ρ− U∗

α2

√
1− ρ

]
,

k =
ξ

ǫ
. (6.21)

The three physical phases in the mass matrix (6.16) are conveniently assigned as follows:
the Dirac phase δCP and the unique Majorana phase α of the PMNS matrix4 appear in Y
and Y ′ through Eq. (6.21), the third ‘high-energy’ phase is assigned to Λ. The parameters
ǫ, ξ, v, y and y′ can then be taken to be real and positive and the ∆L = 2 Majorana mass
term is taken equal to ξ |Λ|. Using this parametrisation the mass eigenstates coincide
with the expressions in the limit of pure Linear Seesaw (the Majorana mass parameter ξ
is encoded in the definition of the Yukawa matrices) and are thus given by [315]:

|m1| = 0 , |m2| =
ǫyy

′
(1− ρ) v2

2 |Λ| , |m3| =
ǫyy

′
(1 + ρ) v2

2 |Λ| , (6.22)

while in the limit |Λ| ≫ |Y |v, ǫ|Y ′|v, which is the one relevant for leptogenesis, the masses
of the two mostly sterile states are given by:

M1,2 = |Λ| (1∓ ξ) . (6.23)

Notice that this parametrisation generates neutrino masses only according to a normal
hierarchy. An inverted hierarchical spectrum can be obtained by modifying the definition
of ρ as:

ρ =

√
1 + r − 1√
1 + r + 1

, (6.24)

and by replacing Uα3 → Uα2 and Uα2 → Uα1 in Eq. (6.21).

6.2.2 Parameter scan

As seen in the previous section, the neutrino mass spectrum thus depends on 6 param-
eters, y, y′,Λ, ǫ, ξ, k. These parameters are actually not independent among each other.
We can reduce the number of free parameters by imposing the correct values for the neu-
trino masses (as can be inferred by the atmospheric and solar mass squared differences)
through the expressions (6.22). We can, for example, determine ǫ by imposing a normal

4The second Majorana phase in the PMNS matrix can be rotated away since in this case one neutrino
is massless.
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hierarchy for the light neutrino masses5 leading to:

ǫ =
2m3 |Λ|

yy′ (1 + ρ) v2
. (6.25)

The last line in Eq. (6.21) implies that only of the two parameters ξ and k is a free
parameter, which we choose to be k. We thus generate a set of models by scanning over
y, y′,Λ, k within the following ranges:

100MeV < |Λ| < 40GeV ,

10−10 < y, y′ < 1

10−10 < k < 100 , (6.26)

where, in the spirit of the model, we chose y and y′ to be of the same order of magnitude
for each generated realisation (see Section 6.1.1). All the generated points are required,
besides complying with the correct neutrino mass and mixing pattern [137], to satisfy
bounds from direct laboratory searches of sterile fermions and BBN. The bounds used
in our numerical study are based on Ref. [414].

Finally we calculate the baryon asymmetry generated in the oscillations of the sterile
neutrinos (cf. Appendix C.1)6:

Y∆B =
n∆B
s

=
945 22/3

2528 31/3 π5/2 Γ(5/6)

1

gs (TW)
sin3 φ

M0

TW

M
4/3
0

(∆m2)2/3
Tr
[
F †δF

]
, (6.27)

where F = Y eff with Y eff defined in Eq. (6.12), ∆m2 = M2
2 −M2

1 is the mass squared
splitting of the heavy neutrinos, TW is the temperature of the EW phase transition - set
to 140 GeV, M0 ≈ 7× 1017 GeV, sinφ ∼ 0.012 and δ = diag(δα) is the CP asymmetry in
the oscillations defined as:

δα =
∑

i>j

Im

[
Fαi

(
F †F

)
ij
F †
jα

]
. (6.28)

As before the index α corresponds to a flavour index, while the indices i, j run over the
sterile mass eigenstates. The derivation of this expression, firstly introduced in [371,410]7,
is carefully revisited in the appendix. In the next section, this analytical determination
will be confronted with the numerical solution of suitable Boltzmann equations, also de-
tailed in the appendix. This expression is valid under the assumption that the baryon
asymmetry is produced with maximal efficiency, which is achieved if the heavy sterile
neutrinos never reach thermal equilibrium during the generation process and, conse-
quently, washout effects are always negligible. This requirement can be expressed, as

5For simplicity we are reporting just the case of a normal hierarchy regarding the light neutrino mass
spectrum. An analogous procedure has been employed in the case of an inverted hierarchy.

6We follow the notation of Refs. [370,410,417] for our expression for the baryon asymmetry.
7The expression (6.27) differs by an O(1) factor with respect to the one given in these references.

The origin of these difference will be clarified in Appendix C.1.
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rule of thumb, through the condition
∣∣Y eff
αi

∣∣ <
√
2 × 10−7 [371] (the condition applies to

all the elements of the matrix Y eff).
We consider models as viable if Eq. (6.27) yields a value for Y∆B such that 3×10−11 ≤

Y∆B ≤ 2.5 × 10−10. The choice of this broad range, compared to the rather precise ex-
perimental determination [178], Y∆B = (8.6 ± 0.01) × 10−11, is motivated by the need
to account for deviations with respect to the determination of Y∆B from the numeri-
cal solution of the Boltzmann equations. We expect, in particular, that the analytical
expression (6.27) overestimates the baryon asymmetry for values of Y eff close to the equi-
librium value

√
2× 10−7, since in this case we have a late time equilibration of the heavy

neutrinos with a reduction of the total baryon asymmetry

6.2.3 Comparison with numerical results

In this section we compare the analytical expression (6.27) for the baryon asymmetry
in the weak washout regime with the numerical solution of the Boltzmann equations
describing this process, cf. Eq. (C.10) in Appendix C.1, for a set of benchmark points. In
most of the cases we have found a good agreement, with deviations ranging between 5 and
15 %. Larger deviations arise if the entries of Y eff are very close to the out-of-equilibrium
condition. An explicit comparison between the numerical and analytical determination of
the baryon density is shown in Figs. 6.1, 6.2 and 6.3. The three corresponding benchmark
points represent, respectively, a model satisfying the “perturbative” regime, featuring
ǫ ∼ 0.01, a model in the “generic” regime, with ǫ ∼ 1, and, finally, a model with the
entries of Y eff very close to the out-of-equilibrium condition. The relevant parameters,
namely the mass scale M = (M1+M2)/2 of the heavy neutrinos and their mass splitting
∆m are reported in the fourth panel of each figure. The values of these parameters,
together with the entries of the matrices Y eff , are also reported in Appendix C.2.

For each benchmark point we show a set of four plots describing the evolution of the
abundance of the two heavy neutrinos, the individual and total asymmetries in the sterile
sector, the individual asymmetries in the active sector and, finally, the baryon asymmetry
YB . The baryon asymmetries are also compared with their analytical estimates, repre-
sented as dashed lines, whose derivation is described in detail in the appendix. These
plots illustrate the main features of the leptogenesis mechanism at work here: the abun-
dance of sterile neutrinos (first panel) grows according to Eq. (C.16), but does not reach
the equilibrium value before sphaleron processes convert the lepton asymmetry into a
baryon asymmetry at T ∼ TW, thus suppressing washout processes. The oscillations of
these sterile states source an asymmetry in the individual active and sterile flavours (sec-
ond and third panel), described by Eq. (C.25) and (C.29), respectively. Using Eqs. (C.3),
(C.9) and (C.5) this translates into the abundances depicted in the second and third panel
of Figs. 6.1, 6.2 and 6.3. We note that the asymmetries in the individual flavours, in
particular in the active sector, are typically much larger than the total asymmetry in that
sector. We have confirmed that the analytical expressions presented in the appendix are
well adapted to describe both the individual asymmetries, as well as the total asymme-
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Figure 6.1: Evolution of some relevant quantities as function of the temperature, obtained from our
numerical treatment for a benchmark model with parameters ǫ and ξ lying in the “perturbative” regime.
Left top panel: Evolution of the abundance of the heavy neutrinos (red solid lines) compared with the
equilibrium value (dashed black line) YN0, defined in the appendix. Right top panel: Evolution of the
total (red line) and individual (blue and green lines) asymmetries in the two heavy neutrinos as function
of the temperature. Left bottom panel: Evolution of the asymmetries in the active flavours according
the numerical solution of the Boltzmann equations (solid lines) and the analytical estimate (dashed
lines). Right bottom panel: Evolution of the baryon yield with temperature (blue line) compared with
its analytical determination (dashed black line).

tries8. As expected from global lepton number conservation, the total asymmetries in
the active and sterile sector are equal but with opposite sign, as demonstrated in Fig. 6.4
for the benchmark point of Fig. 6.1. The sphaleron processes however only act on the
active flavours, yielding a total baryon asymmetry described by Eq. (6.27) and depicted
in the fourth panel of Figs. 6.1, 6.2 and 6.3.

We will now discuss in more detail the main features of the each of the considered
benchmarks. The model represented in Fig. 6.1 is characterised by ǫ ∼ 0.01. As evident
from the top left panel of the figure, and discussed in a more systematic way in the next
subsection, this setup corresponds to a very strong, although not complete, superimposi-

8Notice that the comparison between the numerical determination of the individual asymmetries in the
active sector and the analytical determination (C.25) should be regarded with care. Besides deviations
appearing at low temperatures in Figs. 6.2-6.3 due to the fact that the heavy neutrinos get close to
thermal equilibrium (see main text), the two determinations should not exactly coincide. Indeed in the
analytical derivation a net baryon asymmetry appears, as a higher order effect, only in Eq. (C.29) (see
also [410]). This effect, on the contrary, is already automatically encoded in the numerical determination
of Y∆Lα

.
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Figure 6.2: As in Fig. 6.1 but for a model with ǫ belonging to the “generic” regime.

tion of the two heavy neutrino states. This is the source of the nearly equal abundances
of the two heavy states. In such a scenario essentially equal (large) and opposite in
sign asymmetries are stored in the sterile states. A non-vanishing asymmetry arises at
later times as a small difference between the individual asymmetries. This behaviour
can be understood as follows. At very early times (corresponding to high temperatures)
the heavy neutrino pair essentially behave as a single Dirac neutrino, thus carrying an
approximately vanishing lepton asymmetry. A net asymmetry is created only after ther-
mal/matter effects cause the oscillations to enter into the resonant regime. The net
asymmetry increases at lower temperatures due to the not exact overlap between the
neutrino states. As can be seen in the right bottom panel, the analytical estimate does
not provide a correct description of the early time behaviour of the numerical solution
but provides nonetheless a good approximation of the total net asymmetry such that
there is a relative difference of the order of 10 % between the numerical and analytical
determination of YB.

Rather different is the case of the benchmark presented in Fig. 6.2. This kind of
benchmark has ǫ ∼ 1 and essentially resembles a νMSM realisation. As can be seen on
the top left plot of the figure, there is little overlap between the two heavy neutrinos.
Contrary to the previous scenario, the two states acquire individual and uncorrelated net
asymmetries which grow essentially monotonically in time. As evident from the plot there
is a very good agreement with the analytical estimate at early times (high temperatures)
while small deviations arise at later times since one of the two neutrinos gets very close
to thermal equilibrium (see dashed black line in top left panel of Fig. 6.2, causing a slight
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Figure 6.3: As in Fig. 6.1 but for a model in the “perturbative” regime with entries of Y eff close to the
equilibration value.

depletion of the asymmetries in the µ and τ flavours, which in this benchmark come with
Y eff values close to the equilibrium value.

The late time depletion of the baryon asymmetry is more evident in Fig. 6.3, where
all the entries of the matrix Y eff are close to the equilibrium value. This translates
into a relative difference of approximately 40 % between the analytical and numerical
solutions. With a value of ǫ ∼ 0.01 for this point, we notice in the top left pane as
in Fig. 6.1 that the two heavy neutrinos appear strongly overlapped. Contrary to the
first benchmark model, we observe here a good agreement between the analytical and
numerical solutions at early times. This is due to the fact that the oscillations enter rather
early in the resonant regime and thus only a small mismatch between the analytical and
numerical solutions is originated. More generally we have found that in the regime of
Y eff close to the equilibrium value, the analytical determination of the baryon density
can overestimate the correct value by up to a factor 3. This motivates the choice of a
broad range of allowed values for the baryon density in our scan of the parameter space.

Finally we remark that, as already argued in [372], the asymmetries in the individual
active flavours are in general much higher in magnitude, with respect to the total net
lepton asymmetry converted by the sphalerons. We notice in particular that larger (in
magnitude) asymmetries are stored in the µ and τ flavours. This is because the considered
benchmark model features a normal hierarchical neutrino spectrum. In such a case the
matrix Y eff features as well a hierarchical structure with larger values of the entries
associated to the µ and τ flavours, which thus achieve larger amounts of asymmetry.

137



Figure 6.4: Total asymmetries in the sterile (red curve) and active (green curve) sectors as function of
the temperature, for the first benchmark model (cf. Fig. 6.1). As expected from the conservation of the
total lepton number, these are equal and opposite.

6.3 Discussion of the weak washout regime

In this section we discuss the key results obtained from the dedicated parameter scan in
the weak washout regime described in Section 6.2.2.

ǫ

sin2(2θPD)

ξ < 0.1

ξ > 0.1

Y
B

ǫ

Figure 6.5: Viable parameter points for ξ > 0.1 (in blue) and ξ < 0.1 (in orange). Left Panel: In the
plane of the lepton number violating parameter ǫ and the mixing angle θPD between the two heavy mass
eigenstates. Right panel: In the plane of ǫ and the generated baryon asymmetry YB, after imposing
the out-of-equilibrium condition |Y eff

αj | <
√
2 × 10−7 but before imposing the constraint on the baryon

asymmetry.

In Fig. 6.5 we depict some instructive properties of the solutions found in the scan
over the parameter space before imposing the constraint on the baryon asymmetry. In the
left panel, we show these solutions in the plane (ǫ, sin2(2θPD)). Here θPD is the mixing
angle between the two heavy mass eigenstates resulting from the potential in Eq. (6.11).
Recall that a large mixing angle enhances the oscillations among the heavy states and
hence the produced baryon asymmetry. As discussed in Section 6.1.1, for small values
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of the lepton number violating parameter in the Majorana mass term, ξ < 0.1 (yellow
points), the resulting distribution is approximately symmetric under the transformation
ǫ→ 1/ǫ, corresponding to switching the lepton number assignments of the two additional
states. In fact this will be the region we will focus on in the following, since large values
of ξ (blue points, ξ > 0.1) imply a mass splitting between the two heavy states too
large to accomplish a successful leptogenesis, cf. Eq. (6.10). Moreover, among the points
with ξ < 0.1, we can distinguish two types of solutions. For ǫ < 0.1 or 1/ǫ < 0.1 the
mixing between the two heavy states is found to be close to maximal, sin2(2θPD) ≃ 1.
This corresponds to the solutions found in the perturbative expansion of the toy model
discussed in Section 6.1.1, dubbed “perturbative” solutions. On the other hand, for
0.1 < ǫ < 10 any value of the mixing angle θPD can be obtained. This is what we
referred to as “generic” solutions in Section 6.1.1.

The right panel of Fig. 6.5 shows the dependence of the resulting baryon asymme-
try on the two lepton number violating parameters ǫ and ξ, after imposing the out-of-
equilibrium condition |Y eff| <

√
2×10−7. As anticipated from the previous figures, values

of ǫ much larger or much smaller than one lead to a large mixing of the heavy states, ren-
dering leptogenesis through the oscillations of these states very effective. Moreover, large
values of ξ imply a large mass splitting between the heavy states, rendering leptogenesis
less effective (blue points versus yellow points). In fact above the EW phase transition,
in the regime relevant for leptogenesis, the correlation between the mass splitting ∆m2

and ξ is very well described by Eq. (6.10) in the regime ξ ≤ 1.

Y
B

M [GeV]

Y
B

∆m/M

Figure 6.6: Viable parameter points after imposing the out-of-equilibrium condition |Y eff

αj | <
√
2×10−7

but before imposing the constraint on the baryon asymmetry. We show the baryon asymmetry YB as
function of the scale of the heavy neutrinos M = (M1 + M2)/2 (left panel) and of the relative mass
splitting ∆m/M between the two heavy states (right panel).

In Fig. 6.6 our results have been re-expressed as function of the dimensionful parame-
ter M = (M1+M2)/2, i.e. the mass scale of the heavy neutrinos, and of the relative mass
splitting between the two heavy states, ∆m/M , to give an impression of the viable pa-
rameter space. Here we show only solutions which obey the out-off equilibrium condition,
|Y eff| <

√
2 × 10−7. We find solutions within the assumed viable range of values of the
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baryon asymmetry, i.e. 3×10−11 < YB < 2.5×10−10, for the heavy neutrino mass scale,
0.3 GeV .M . 35 GeV and relative mass splitting within 10−11 . ∆m/M . 10−3, with
a lower bound on the mass splitting ∆m & 10−2 eV. 9

α

δCP

YB

α
δCP

Figure 6.7: Contour plot of the baryon asymmetry YB in terms of the Dirac phase δCP
and the Majorana phase α, for a fixed (|Yαi|, ǫ, ξ, |Λ|) parameter point, with a fixed non-
zero phase assigned to Λ (Arg(Λ) = 0.44π, left panel) and a real value for Λ (right
panel). Negative (positive) asymmetry is marked in blue (red), overlayed by the green
region marking a baryon asymmetry in agreement with observation, 3 × 10−11 < YB <
2.5× 10−10.

In Fig. 6.7 we depict the impact of the Dirac phase δCP and the Majorana phase
α (defined in Section 6.2.1) on the determination of the baryon abundance YB. To this
purpose we have considered a fixed choice of the model parameters, namely ξ ≃ 6.7×10−7,
ǫ ≃ 0.075, and M1 ≃ M2 ≃ 4.4 GeV, yielding values for YB in the allowed range. As
can be seen, there is a very strong dependence on the Majorana phase while, on the
contrary, the effect of the Dirac phase is negligible. For values of ǫ close to one, the
overall asymmetry is reduced (cf. Fig. 6.5), rendering the effect of the Dirac phase for
determining the allowed regions more important. The different impact of the two phases
δCP and α can be understood from the parametrisation of the PMNS matrix: the δCP

9This lower limit on the mass splitting is not actually originated by the requirement of viable lepto-
genesis but has been imposed, as an additional constraint, in the parameter scan. It follows from the
requirement TL > TW , where TL defined in Eq. (C.23) is the temperature at which the production of
the lepton asymmetry is peaked. Although lower mass splittings are not excluded for a viable leptogene-
sis [370], since thermal effects can modify the value of the mass splitting inferred by the diagonalization
of the mass matrix, we have imposed this lower bound in order to compare the numerical and the an-
alytical determinations of the baryon abundance. As clarified in Appendix C.1, the latter relies on the
assumption that the temperature dependent mass splitting originated during oscillations is subdominant
with respect to the one sourced by ξ.
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phase multiplies the relatively small parameter sin θ13 ≃ 0.15 and a change of its value
barely affects the amount of CP-violation encoded in the Yukawa couplings in Eq. (6.21);
on the contrary the Majorana phase α multiplies an entire column of the PMNS matrix,
thus a change in its value strongly affects the imaginary part of the Yukawa matrix. This
qualitative picture holds throughout the parameter space, the position of the allowed
bands however varies significantly, since the third “high-energy” phase related to the
parameter Λ affects the value of δα in Eq. (6.28), rendering all values of the Majorana
phase α possible when considering the entire parameter space. This third phase is also
responsible for the non-zero value of the asymmetry even if δCP and α are zero, cf. left
panel of Fig. 6.7. Vice versa, the correct value for the baryon asymmetry can also
be obtained if this high-energy phase is zero, i.e. only through the phases of the PMNS
matrix, as depicted in the right panel of Fig. 6.7.

ξ

ǫ
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IH |U
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4
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Figure 6.8: Left panel: Set of model points giving a viable baryon abundance in the weak washout
regime, in the plane (ǫ, ξ). The red and blue points refer, respectively, to solutions with normal and
inverted hierarchy for the active neutrino mass spectrum. Right panel: Models featuring a viable baryon
abundance in the plane (|Uµ4,M1|) where Uµ4 is the mixing between the lightest of the two exotic
neutrinos with the µ flavour while M1 is its mass. The color code is the same as in the left panel. The
points are the result of a scan over the parameter space of weak washout regime. The asterisks refer
to the benchmark solutions in the strong washout regime, characterised by the Yukawa couplings in
Eqs. (C.37) (red) and (C.38) (black).

The results of our analysis are finally summarised in Fig. 6.8, where the distribution
of the parameter points featuring a viable baryon asymmetry is shown. In the left panel
of this figure we display the distribution of the viable parameter points in the plane of
the lepton number violating parameters ǫ and ξ. The shape of this region can be well
understood in terms of the toy model presented in Section 6.1.1. Again we note the
approximate symmetry under ǫ → 1/ǫ. This figure demonstrates that the parameter ξ
appearing in the Majorana mass term must be very small, in order to ensure a sufficiently
small mass splitting between the two heavy neutrinos. Indeed all viable points are found
to be within the range ξ < 10−3. On the other hand, we find viable solutions for a
large range of values of ǫ, and moreover ξ . 5 × 10−2 ǫ in the entire parameter range.
This follows from the fact that the value of ǫ is inversely proportional to the size of the

141



Yukawa couplings, cf. Eq (6.25), and the requirement
∣∣Y eff

∣∣ < 10−7 translates on the
bound 10−3 . ǫ . 103. On the other hand the requirement of a sufficiently small mass
splitting puts an upper bound on the possible values of ξ, resulting in the aforementioned
bound on the ratio of the two parameters. Lower values of ǫ, and consequently larger
ξ/ǫ ratios, are nonetheless allowed for values of Y eff > 10−7, cf. Section 6.4.

In the right panel of Fig. 6.8, we show the mixing between the active and the sterile
sector, parametrised by the mixing matrix element |Uµ4|, as a function of M1, the mass of
the lighter of the two heavy states. The active-sterile mixing is a particularly interesting
quantity, since it is in principle experimentally accessible through experiments such as
SHiP [414,423], FCC-ee [415] and LBNF/DUNE [132]. Unfortunately, the viable param-
eter points for solutions in the weak washout regime are found to be below the expected
sensitivity of these experiments, with the exception of a very small region of particularly
light sterile states, M1 . 500 MeV, which can be reached by LBNF/DUNE. We remark
however that our study has been limited, up to now, to a subset of the parameter space,
due to the limitation of the analytical expression of Eq. (6.27). In the next subsection
we will extend (at least partially) our analysis to regions characterised by higher values
of Y eff and, consequently, higher values of the mixing between the heavy and the active
neutrinos, which can be possibly probed in future facilities. We anticipate in Fig. 6.8
two solutions associated to a viable leptogenesis in the strong washout scenario, whose
active-sterile mixing is represented by the two asterisks. It is evident that these model
realisations can be probed by both SHiP and LBNF/DUNE.

6.4 Solutions in the strong washout regime

In this section we will investigate the possibility of achieving a successful leptogenesis
in the case where the matrix Y eff has entries above the equilibration value

√
2 × 10−7.

In this situation the analytical solution of Eq. (6.27) is not valid since we can no longer
neglect the depletion of the baryon abundance when the heavy sterile neutrinos are in
thermal equilibrium. At the same time higher entries of the Y eff correspond to a more
efficient production of the sterile neutrinos which translates into an accordingly more
efficient generation of a lepton asymmetry. The correct amount of the baryon abundance
might hence be in principle obtained even in a strong washout regime, provided that a
sufficiently high initial lepton asymmetry is created.

A full numerical exploration of the parameter space is computationally very demand-
ing. We will thus limit our analysis to some relevant benchmark points which will be
used to infer the main trends of the numerical solutions of the Boltzmann equation. We
have, to this purpose, traced the evolution of the baryon abundance for three benchmarks
characterised by increasing values of the entries of Y eff , ranging from |Y eff

αi | ∼
√
2× 10−7

to |Y eff
αi | ≈ 3× 10−6 (cf. Appendix C.2). Our results are reported in Figs. 6.9-6.11. Each

figure reports the same relevant quantities as those chosen in Section 6.2.3. Before dis-
cussing the individual benchmarks we notice that all the plots show a very strong overlap
between the neutrino states, except in very pronounced resonance regions. As can be
inferred by Eq. (6.22), higher Yukawa couplings correspond to lower values of ǫ (higher
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Figure 6.9: Evolution of the baryon asymmetry (bottom right panel) as well as the individual lepton
asymmetries in the active (bottom left panel) and sterile (upper right panel) sectors. Upper left panel:
evolution of the abundances of the heavy neutrinos. In the model chosen the entries of the matrix Y eff

exceed the equilibration value by O(1) amounts. The asymmetries are depleted at late times but a
sizeable residual baryon asymmetry of the order of the observed value is nonetheless present. The values
of the mass splitting of the heavy sterile neutrinos ∆m and of their mass scale M = (M1 +M2)/2 are
reported as well.

values in the flipped regime ǫ > 1). In the strong washout regime we thus expect the
heavy neutrinos to typically form pseudo-Dirac pairs.

The first benchmark point, reported in Fig. 6.9 has values of |Y eff
αi | slightly above the

equilibration condition. In this case the sterile neutrinos reach thermal equilibrium only
at rather late time. The depletion of the lepton asymmetry is still limited and a value of
YB above the observed value is obtained, demonstrating the feasibility of leptogenesis in
this regime.

The second benchmark point, cf. Fig. 6.10, features higher entries of the Yukawa ma-
trices but still exceeding the equilibrium conditions by less than one order of magnitude,
i.e.

√
2 × 10−7 < |Y eff

αi | < 10−6. As already anticipated, the expected stronger washout
effects are compensated by the higher initially produced lepton asymmetry leading to
YB(TW) ∼ 4× 10−10, again sizeably above the observed value.

Finally we consider a benchmark point with |Y eff
αi | & 10−6, cf. Fig. 6.11. In this last

case depletion effects are largely dominant and the final value of the baryon abundance
is several orders of magnitude below the correct one, indicating that here the washout is
too strong to allow for successful leptogenesis.

The benchmark points presented so far were characterised by matrices Y eff with
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Figure 6.10: As in Fig. 6.9 but for a model with higher values of the entries of Yeff , but still below
10−6 (see Appendix C.2 for details).

entries of similar size (cf. Appendix C.2). This implies that the lepton asymmetry is
generated with similar efficiency for all the three neutrino flavours. On the other hand, a
viable neutrino spectrum can be obtained, in our scenario, also in the case of “hierarchical”
structure, i.e. when there is a sizeable separation, possibly greater than one order of
magnitude, between the entries of Y eff corresponding to different active flavours. In this
case, it is possible to have realisations with Y eff entries below and above the equilibration
condition.

Two relevant examples are shown in Fig. 6.12. They show two benchmark scenarios
with Y eff

ei ≤
√
2×10−7 and Y eff

µ(τ)i ≥
√
2×10−7. As can be seen in the upper panels of the

figure, the asymmetry in the electronic flavour features a much weaker depletion than
the other two flavours and tends, at late times, to become the dominant contribution for
the total baryon asymmetry. As evident from the bottom panels of the figure, in both
cases the final value of YB exceeds the experimental value, demonstrating the possibility
of having an efficient baryon production in this kind of setup. Interestingly the two
benchmark points have values of |Uµi|2 of, respectively, 10−8 and 2× 10−9, lying within
the expected sensitivity of SHiP (cf. Fig. 6.8). The plots shown refer to normally
ordered spectra of active light neutrinos. Our result partially resembles the scenario
of flavoured leptogenesis discussed in [372]. However contrary to the case discussed in
this reference (where three right-handed neutrinos are involved in the generation of the
BAU), in presence of only two heavy neutrinos, the hierarchy between the entries of
Y eff can hardly exceed one order of magnitude and the flavour effects are less efficient,
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Figure 6.11: As in Fig. 6.9 but with entries of Y eff exceeding the equilibration value by more than
one order of magnitude. In this case initially created asymmetries are completely depleted at later times
and the final baryon abundance is negligible.

still requiring approximate degeneracy between the heavy neutrinos. Although models
with hierarchical structure for the Yukawa matrix Y eff are present both for normal and
inverted hierarchy for the spectrum of active (light) neutrinos, we find that this kind of
setup favours the normal hierarchy spectrum.

As evident from the analysis presented in this section, the viable parameter space is
enlarged with respect to the one shown in Fig. 6.8, towards larger values of the Yukawa
couplings, at least O

(
10−6

)
. A conclusive statement on the extension of this param-

eter space requires a (computationally very demanding) numerical analysis. We have
nevertheless shown that our scenario can provide successful leptogenesis in the strong
washout-out regime, with values of the mixing between light active and heavy neutrinos
within the sensitivity region of future facilities like SHiP, as has been found also in the
three neutrino extension of the SM, cf. [374]. Promising parameter points lie both in the
region of hierarchical and non-hierarchical Yukawa couplings, e.g. |Uµi|2 ∼ 10−8 − 10−9

for the points reported in Figs. 6.10 and 6.12.

6.5 A special case: the inverse Seesaw

A special case of the ansatz introduced in Section 6.1 arises for ǫ → 0, referred to as
the Inverse Seesaw. As discussed in Section 4.5, minimal realisations of this scenario in
agreement with neutrino oscillation data, laboratory and unitarity constraints, as well as
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Figure 6.12: Evolution of the asymmetries in the leptonic flavours (upper panels) and of the total
baryon abundance (lower panels) for two benchmarks featuring a hierarchical structure in the matrix
Y eff: The entries Y eff

ei are below the equilibration value whereas the other entries are significantly above.
The value of YB for the two benchmarks is 2.5× 10−10 and 7.5× 10−10, respectively.

constraints from lepton flavour violating observables, require four or five additional heavy
states (referred to as ISS(2,2) and ISS(2,3), respectively). With respect to Eq. (6.16),
the fourth row/column is extended to contain two “right-handed neutrino” fields and the
fifth row/column is extended to two or three “sterile” fields, respectively. Schematically,
the mass matrix can be written as

M =




0 1√
2
Y v 0

1√
2
Y T v 0 ZΛ

0 ZTΛ ξΛ


 . (6.29)

Here in the ISS(I, J) setup Y and ξ are understood as 3× I and J × J matrices. Z is a
I × J matrix with entries of order unity. The entries of the Z and Y matrices are taken
complex and the matrix ξ can be taken real and diagonal, cf. Table 4.4.

The new states form two heavy pseudo-Dirac pairs of mass O(Λ) with squared mass-
splittings of order O(ξΛ2), the ISS(2,3) case features in addition a sterile state at the scale
O(ξΛ). In the mass ranges of eV or keV, the latter is an interesting candidate to address
anomalies in the neutrino oscillation data or to explain dark matter (cf. Chapter 5),
respectively. The two heavier pseudo-Dirac pairs are promising candidates for generating
a baryon asymmetry, as discussed in Section 6.1.1. Given that we are now dealing with
a 7× 7 or 8× 8 mass matrix, there are clearly many possibilities for cancellations in the
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equations and we can no longer trust the simple estimates of Section 6.1.1, which as we
recall, lead us to disfavour the pure ISS due to a too large mass splitting of the heavy
states. Indeed, a detailed scan of the ISS(2,3) parameter space reported in Chapter 5
found solutions for the light sterile state in the sub-eV to 100 keV range, pointing to
mass-splittings of order ∆m2 ∼ (10 keV)2 − (10 MeV)2. In addition, suitable Yukawa
couplings below the critical value of

√
2 × 10−7 are indeed achievable for light neutrino

masses and mixings in agreement with current observations. This renders this scenario
very promising for a minimal low-energy setup to simultaneously explain neutrino masses,
dark matter and leptogenesis. In the following we revisit this setup, clarifying that,
despite the large number of parameters, a successful leptogenesis in the weak washout
regime cannot be achieved.

We have shown in Section 6.1.1 that for the ISS toy model the requirements Y <√
2 × 10−7, mν = 0.05 eV and Λ = 1 GeV, imply ∆m2 & (0.4 GeV)2, a value too large

for leptogenesis. Let us now generalise this result using the full matrix equations and
considering first an ISS(3,3) setup, for which all the relevant submatrices are invertible
3× 3 matrices. It is possible to define the 3× 3 PMNS mixing matrix N as [285,307]

N = (1 + η)V, (6.30)

where V is a unitary matrix and η parametrises the deviation from unitarity,

η ≃ −1

4

v2

Λ2
Y ∗Z−1†Z−1Y T , (6.31)

which is hermitian. Retaining only the first order terms in the non-unitarity parameters,
which are expected to be small, one has

NN † = (1 + η)V V †(1 + η) ≃ 1 + 2η. (6.32)

In terms of the unitary 9× 9 leptonic mixing U we have (no sum over α)

9∑

i=4

|Uαi|2 = 1−
3∑

k=1

|Uαk|2 = 1−
(
NN †

)
αα

≃ −2ηαα, (6.33)

implying for the active-sterile mixing

9∑

i=4

∑

α

|Uαi|2 ≃
v2

2Λ2
Tr
[
Y ∗ Z†−1

Z−1 Y T
]
=

v2

2Λ2
Tr
[∣∣∣Y ZT

−1
∣∣∣
∣∣Z−1 Y T

∣∣
]
, (6.34)

since Tr
[
A†A

]
= Tr

[
|AT ||A|

]
. The effective Yukawas are related to the mixing matrix

and to the mass eigenstates by (no sum over i)

Y eff
αi =

√
2U∗

αi

Mi

v
≃

√
2U∗

αi

Λ

v
. (6.35)

In the ISS scenario, the neutrino mass matrix is given by

mν ≃ − v2

2Λ
Y Z−1T ξ Z−1 Y T , (6.36)
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and in a basis in which ξ is positive and diagonal

max [ξjj]
v2

2Λ
Tr
[∣∣∣Y Z−1T

∣∣∣
∣∣Z−1 Y T

∣∣
]

≥ v2

2Λ
Tr
[∣∣∣Y Z−1T ξ Z−1 Y T

∣∣∣
]

= Tr [|mν |] ≥ 0.05 eV . (6.37)

With Eq. (6.34), the Yukawa couplings between the active flavours and the heavy states
are then bounded from below by

9∑

i=4

3∑

α=1

|Y eff
αi |2 ≥ 2

0.05 eV

max|ξjj|
Λ

v2
. (6.38)

Finally, imposing the lower bound in Eq. (6.38) to lie below the out-of equilibrium con-
dition,

∑
α |Y eff

αi |2 < 2 × 10−14 for all the heavy states i, implies max [ξjj] & 0.07 for
Λ = 1 GeV, corresponding to a mass splitting O(ξΛ2) & (0.25 GeV)2, in good agreement
with the estimation obtained in the toy model using Eq. (6.9). In conclusion, the ISS(3,3)
model yields a mass splitting which is significantly too large for viable leptogenesis in the
weak washout regime, which requires ∆m2 . MeV2 [372]. Moreover, the scale max|ξjj|Λ
which sets the scale of the potential DM candidate in the ISS(2,3) model is found to
be unpleasantly large: X-ray observations exclude sterile neutrinos heavier than about
100 keV contributing significantly to the DM abundance [364].

Since the lower bound in Eq. (6.38) relies on the assumption Mi ≃ Λ for every i > 3,
one may expect that the above conclusions are invalidated if a large mass difference
among the different pseudo-Dirac pairs is present. In order to probe the feasibility of
this configuration we performed a numerical scan of the the simpler phenomenologically
viable realisation, the ISS(2,2). We generated the entries of the complex submatrices
ZΛ and ξΛ in the ranges 100 MeV ≤ |Zij|Λ ≤ 40 GeV and 1 eV ≤ |ξij|Λ ≤ 10 GeV,
taking the different entries in each submatrix to be of the same order of magnitude. The
Dirac submatrix was generated using a modified version of the Casas-Ibarra parametri-
sation [424] adapted for the ISS(2,2)

Y v√
2
= N∗

PMNS

√
m̂ν R

√
ξ−1 ZTΛ, (6.39)

where the “orthogonal” matrix R is defined as

R (θ) =




1 0
cos θ sin θ
− sin θ cos θ


 , (6.40)

and the complex angle θ is randomly varied in the range 0 ≤ |θ| ≤ 2π. Each solution is
required to accommodate neutrino oscillation data, laboratory bounds on direct searches
of sterile fermions and BBN bounds. The values of the effective Yukawas for the lightest
sterile state, Y eff

4 =
∑

α

∣∣Y eff
α4

∣∣ as a function of the lightest sterile mass M1 are reported
in Fig (6.13). The horizontal green line represents the out of equilibrium value Y eff

4 =
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√
2× 10−7 while the colour code is related to the mass degeneracy in the lighter pseudo-

Dirac pair

δ45 ≡ 2
M2 −M1

M1 +M2
. (6.41)

!45

M1 [GeV]

Y
e
ff

4

2 × 100

δ45

Figure 6.13: Effective Yukawa coupling Y eff
4 and mass M1 for the lightest sterile state in

the ISS(2,2). The colour coding refers to the relative mass degeneracy δ45 with a high
(low) degeneracy marked in yellow (blue).

As is evident from this figure, smaller values of the Yukawa couplings are related to
larger mass splittings in the pseudo-Dirac pair. Moreover the lower values for the Yukawa
couplings are strongly limited by the BBN constraints in the region M1 . 1 GeV, and
by the Seesaw relation Eq. (6.36) in the region M1 & 1 GeV, leaving only a small out-
of-equilibrium region in the mass range 500 MeV .M1 . 10 GeV. Focusing now on the
weak washout regime of Fig. 6.13, i.e. requiring

∣∣Y eff
αi

∣∣ <
√
2 × 10−7 for all α = e, µ, τ ,

i = 4, . . . , 7, we depict in Fig. 6.14 the quantities governing the efficiency of leptogenesis:10

the mass degeneracy δ67 and effective Yukawa coupling Y eff
6 of the heavier pseudo-Dirac

pair (defined analogously to Eq. (6.41)). As it is evident the condition δ67 < 10−3 is not
reached, and the parameter space of the model prefers the region 0.1 . δ67 . 1. Besides
of being ineffective for leptogenesis, these realisations are clearly outside the “natural”
region of the inverse Seesaw, in which ξ ≪ 1. We conclude that in the weak washout
regime, and in particular in the regime of lepton number conservation, ξ ≪ 1, solutions
which are able to accommodate both neutrino oscillation data and a viable leptogenesis
are hard, if not impossible, to find.

Although we have conducted a detailed numerical study only for the ISS(2,2) sce-
nario, we expect similar results to hold for the ISS(2,3) setup. The additional state
in the ISS(2,3) with a mass of O(ξΛ) comes with correspondingly suppressed Yukawa

10Due to the larger Yukawa couplings, we generically expect the heavier pseudo-Dirac pair to yield
the dominant contribution to leptogenesis in the weak washout regime.
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Figure 6.14: Effective Yukawa coupling Y eff
6 and relative mass degeneracy δ67 for the

points in Fig. 6.13 which lie below the equilibration value,
∣∣Y eff
αi

∣∣ <
√
2 × 10−7. In the

weak washout regime a higher mass degeneracy cannot be obtained.

couplings, implying a negligible effect on leptogenesis, which relies only on the heavier
states. Moreover, since the weak washout regime prefers large values of ξ, cf. Fig. 6.13,
the particularly attractive parameter range of the ISS(2,3), which can simultaneously
account for DM, is disfavoured since the potential DM candidate would be too heavy to
comply with the aforementioned X-ray constraints.

We remark that this however does not exclude the ISS as a viable setup for a low-scale
leptogenesis, since solutions in the strong washout regime may be allowed. These region
of the parameter space is however outside the range of validity of our analytical solution
Eq. (6.27). We leave the numerical exploration of the relevant parameter space of the
model for a future study.
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Chapter 7

Lepton flavour violating decays of

vector quarkonia and of the Z boson

Neutrino oscillation experiments have firmly demonstrated that the individual lepton
flavours are not preserved in the neutrino propagation, showing that the individual lepton
numbers, eq. (2.94), are not conserved charges in Nature. Since this is a manifestation of
BSM physics, it is natural to look for different lepton flavour violating (LFV) processes,
whose experimental study can constrain possible neutrino mass generation models.

Currently, the search for manifestations of LFV constitutes a goal of several exper-
imental facilities dedicated to rare lepton decays, such as ℓα → ℓβγ and ℓ → ℓαℓβℓγ ,
and to the neutrinoless µ − e conversion in muonic atoms. One of the most strin-
gent bounds from these searches is the one derived by the MEG Collaboration, B(µ →
eγ) < 5.7 × 10−13 [324], which is expected to be improved to a planned sensitivity of
6× 10−14 [330]. Moreover, the bound B(µ → eee) < 1.0 × 10−12, set by the SINDRUM
experiment [425], is expected to be improved by the Mu3e experiment where a sensitiv-
ity ∼ 10−16 is planned [426]. Limits on the τ radiative decays [427] and the three-body
decays of τ [428, 429] appear to be less stringent right now, but are likely to be im-
proved at Belle II [429], where the search for LFV decays of the B-meson will be made
too [430]. The most promising developments regarding LFV are those related to the
µ − e conversion in nuclei. The present bound for the µ−Ti → e−Ti conversion rate is
4.3 × 10−12 [431], and the planned sensitivity is ∼ 10−18 [432]. Similar is the case for
gold and aluminium [433,434].

Searches for LFV are also conducted in high-energy experiments and a first bound on
the Higgs boson LFV decay h→ µτ has been reported by the CMS Collaboration [435].
The LHCb Collaboration, instead, reported the bound B(τ → 3µ) < 8.0 × 10−8 [436],
which is likely to be improved in the near future [56]. Notice also that they already
improved the bounds on B(B(s) → eµ) by an order of magnitude [437].

In this analysis we will focus on the indirect probes of new physics through the
LFV processes of neutral vector bosons, namely V → ℓαℓβ, with ℓα,β ∈ {e, µ, τ}, and
V ∈ {φ,ψ(n),Υ(n), Z}, where ψ(n) stands for J/ψ and its radial excitations, and similarly
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for Υ(n). Most of the research in this direction reported so far is related to the Z → ℓαℓβ
decay modes. More specifically, the experimental bounds, obtained at LEP are found
to be B(Z → e∓µ±) < 1.7 × 10−6 [438], B(Z → µ∓τ±) < 1.2 × 10−5 [438, 439], and
B(Z → e∓τ±) < 9.8× 10−6 [439, 440]. One of these bounds has been improved at LHC,
namely B(Z → e∓µ±) < 7.5 × 10−7 [441]. On the theory side, the Z decays have been
analysed in the extensions of the SM involving additional massive and sterile neutrinos
that could mix with the standard (active) ones and thus give rise to the LFV decay
rates [295, 442, 443]. A similar approach has been also adopted in Ref. [444], in the
perspective of a Tera-Z factory FCC-ee [445] for which a targeted sensitivity is expected
to be B(Z → e∓µ±) ∼ 10−13 [415].

Lepton flavour conserving decays of quarkonia have been measured to a high accuracy
which can actually be used to fix the hadronic parameters (decay constants). Otherwise,
one can use the results of numerical simulations of QCD on the lattice, which are nowa-
days accurate as well [446–450]. The experimentally established bounds for the simplest
LFV decays of quarkonia are [56]:

B(φ→ eµ) < 2.0 × 10−6, [451]

B(J/ψ → eµ) < 1.6 × 10−7, B(J/ψ → eτ) < 8.3× 10−6,

B(J/ψ → µτ) < 2.0× 10−6, [452, 453]

B(Υ → µτ) < 6.0× 10−7, [454]

B(Υ(2S) → eτ) < 8.3 × 10−6, B(Υ(2S) → µτ) < 2.0× 10−6, [455]

B(Υ(3S) → eτ) < 4.2 × 10−6, B(Υ(3S) → µτ) < 3.1× 10−6, [455]

where each mode is to be understood as B(V → ℓαℓβ) = B(V → ℓ+α ℓ
−
β ) +B(V → ℓ−α ℓ

+
β ).

Despite the appreciable experimental work on the latter observables, only a few the-
oretical studies have been carried out so far. The authors of Ref. [456] applied a vector
meson dominance approximation to µ → 3e and expressed the width of the latter pro-
cess, Γ(µ → eee) = Γ(µ → V e)Γ(V → ee). Since the values of Γ(V → ee) are very
well known experimentally [56], the experimental bound on Γ(µ → 3e) is then used to
obtain an upper bound on the phenomenological coupling gV µe, which is then converted
to an upper bound on Γ(V → µe). A similar approach has been used in Ref. [457] where
instead of µ → eee, the authors considered the µ − e conversion in nuclei (N), which
they described in terms of a product of couplings gV µe and gV NN . The latter could be
extracted from the experimentally measured Γ(V → pp̄), and with that knowledge the
experimental upper bound on R(µTi → eTi) results in an upper bound on Γ(V → µe).
A more dynamical approach in modelling the V → ℓαℓβ processes has been made in a
supersymmetric extension of the SM with type I Seesaw [458].

Sterile fermions were proposed in various neutrino mass generation mechanisms, but
the interest in their properties was further motivated by the reactor/accelerator anoma-
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lies [101–103, 120, 128, 130, 317–319], a possibility to offer a warm dark matter candi-
date [334–337], and by indications from the large scale structure formation [326,338–341,
459].

Incorporating neutrino oscillations (masses and mixing [137]) into the SM implies
that the charged current is modified to

− Lcc =
g√
2
Uαiℓ̄αγ

µPLνiW
−
µ + c.c. , (7.1)

U being the leptonic mixing matrix, α the flavour of a charged lepton, and i = 1, . . . , nν
denotes a physical neutrino state. If one assumes that only three massive neutrinos
are present, the matrix U corresponds to the unitary Pontecorvo-Maki-Nakagawa-Sakata
(PMNS) matrix. In that situation the GIM mechanism makes the decay rates B(V →
ℓ∓α ℓ

±
β ) completely negligible, . 10−50. That feature, however, can be drastically changed

in the presence of a non-negligible mixing with heavy sterile fermions. In what follows we
will consider such situations, derive analytical expressions for B(V → ℓαℓβ), and discuss
the impact of the ISS(2,3) model (cf. Sections 4.5-4.7). We will also discuss a simplified
model in which the effect of the heavy sterile neutrinos is described by one effective
sterile neutrino state with non-negligible mixing with active neutrinos.1 Despite several
differences, our approach is similar to the one discussed in Ref. [461], where the SM has
been extended by new, heavy, Dirac neutrinos, singlets under SU(2)×U(1), and applied
to a number of low energy decay processes. Our sterile neutrinos are Majorana and we
apply the approach to the leptonic decays of quarkonia for the first time.

The remainder of this chapter is organised as follows: In Sec. 8.2 we formulate the
problem in terms of a low energy effective theory of a larger theory which contains
heavy sterile neutrinos, we derive expression for B(V → ℓαℓβ) and compute the Wilson
coefficients. In Sec. 7.2 we briefly describe the specific models with sterile neutrinos
which are used in this paper to produce our results presented in Sec. 7.3.

7.1 LFV decay of Quarkonia - Effective Theory

In this section we formulate a low energy effective theory of the LFV decays of quarkonia
of type V → ℓ±α ℓ

∓
β , and express the decay amplitude in terms of the quarkonium decay

constants and the corresponding Wilson coefficients. The latter are then computed in
the extensions of the SM which include the heavy sterile neutrinos. We also derive the
expression relevant to Γ(Z → ℓ±α ℓ

∓
β ).

1In this analysis, due to the tension between the most recent Planck results on extra light neutrinos
(relics) and the reactor/accelerator anomalies, we will consider the effect of (heavier) sterile neutrinos not
contributing as light relativistic degrees of freedom [353]. We will require our models to be compatible
with current experimental data and constraints and to fulfil the so-called perturbative unitary condition
which puts a strong constraint on the models for the very heavy sterile fermion(s) [460].
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7.1.1 Effective Hamiltonian

Keeping in mind the fact that we are extending the SM by adding sterile fermions,
without touching the gauge sector of the theory, the decays of vector quarkonia, V (q) →
ℓ±α (p) ℓ

∓
β (q − p), can only occur through the photon and the Z-boson exchange at tree

level. In the lepton flavour conserving processes the Z-exchange terms are very small with
respect to those arising from the electromagnetic interaction and are usually neglected.
The generic effective Hamiltonian can be written as

Heff = QQ
e2g2

2m2
V

Q̄γµQ · ℓ̄α
[
CV Lγ

µPL + CV Rγ
µPR +

pµ

mW
(CRPR + CLPL)

]
ℓβ, (7.2)

where QQ is the electric charge of the quark Q, mV is the mass of quarkonium V which
is dominated by the valence quark configuration Q̄Q, 2 CV L,V R,L,R are the Wilson co-
efficients, p is the momentum of one of the outgoing leptons, and PL/R = 1

2 (1 ∓ γ5).
Contributions to the scalar (left and right) terms are suppressed by mα,β/mW , where
mα,β are the charged lepton masses. In this section we will keep such terms so that
our expressions can be useful to approaches in which the scalar bosons are taken in con-
sideration. For our phenomenological discussion, however, it is worth emphasising that
CL,R,V R ≪ CV L.

Figure 7.1: Diagrams contributing the LFV decay of quarkonia V → ℓαℓβ. The blob in the first

diagram is related to the penguin loop that generates the LFV, and the box diagram is particularly

important to be included in the case of Υ(n) → ℓαℓβ because of Vtb ≃ 1 and of the top quark mass,

making the box diagram contribution to the Wilson coefficient significant.

Without entering the details of calculation it is easy to verify that the only relevant
diagrams are those shown in Fig. 7.1, and therefore the structure of the Wilson coefficients
Ci reads,

Ci = Cγi + CZi
1

sin2 θW cos2 θW

m2
V

m2
V −m2

Z

gQV
QQ

+ CBox
i |VQq|2

1

sin2 θW

m2
V

m2
W

1

QQ
, (7.3)

where Cγ,Zi are the contributions arising from the photon and the Z-boson exchange,
while CBox

i comes from the box diagram that involves the Cabibbo-Kobayashi-Maskawa

2We remind the reader that the ground vector meson s̄s, c̄c, b̄b states are φ, J/ψ, Υ, respectively,
and the corresponding charges are Qs,b = −1/3 and Qc = 2/3.
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coupling VQq.
3 In the above expressions gQV = 1

2I
Q
3 − QQ sin2 θW . The blob in the

diagram shown in Fig. 7.1 stands for the lepton loop diagrams that may contain one or
two neutrino states and which, in the extensions of the SM involving a heavy neutrino
sector, will give rise to the LFV decay due to the effect of mixing which is parametrised
by the matrix U [see Eq. (7.1)]. Separate contributions coming from different diagrams
can be further reduced by factoring out the neutrino mixing matrix elements, namely

Cγ,Box
i =

nν∑

k=1

UβkU
∗
αkC

γ,Box;k
i , and CZi =

nν∑

k=1

UβkU
∗
αkC

Z,k
i +

nν∑

k=1

nν∑

j=1

UβkU
∗
αjC

Z,kj
i ,

(7.4)
where we see that the term involving two neutrino eigenstates appears only in the Z
coefficient because it is related to the vertex Zνkνj. It is worth emphasising that the
tensor structure in Eq. (7.2) can be easily obtained from the coefficients CL,R by applying
the Gordon identity. Such contributions are 1/mW suppressed, and thus completely
negligible, which is why we do not give explicit expressions for these coefficients.

Using the effective Hamiltonian (7.2) and parameterising the hadronic matrix as

〈0|Q̄γµQ|V (q, σ)〉 = fVmV ε
σ
µ , (7.5)

where fV is the decay constant of a quarkonium V with momentum q and in a polarisation
state σ, we can write the decay rate as,

Γ(V → ℓ−α ℓ
+
β ) =

8πQ2
Qα

2

3m3
V

G2
Fm

4
W

(
fV
mV

)2

λ1/2(m2
V ,m

2
α,m

2
β)φC , (7.6)

with
λ(a2, b2, c2) = [a2 − (b− c)2][a2 − (b+ c)2], (7.7)

and

φC =

(
−gµν + qµqν

m2
V

)
tr
[
(/q − /p+mβ) · (CV LγµPL + CV Rγ

µPR + CL
pµ

mW
PL + CR

pµ

mW
PR)

·(/p−mα) · (C∗
V Lγ

νPL + C∗
V Rγ

νPR + C∗
L

pν

mW
PR + C∗

R

pν

mW
PL)

]
,

(7.8)

3The box diagram contribution to V → ℓαℓβ in the case of V = Υ is dominated by the top quark
(|Vtb| ≃ 1); for V = ψ it is negligible because the contribution of the b quark is Cabibbo suppressed
(|Vcb| ≃ 0.004) while the Cabibbo allowed one (|Vcs| ≃ 0.99) is suppressed by the strange quark mass;
for V = φ, the contributions of the charm and top quarks are comparable but overall smaller than in
the Υ → ℓαℓβ case.
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which gives

φC =
1

4m2
Vm

2
W

{
λ(m2

V ,m
2
α,m

2
β)
[
(m2

V −m2
α −m2

β)(|CL|2 + |CR|2)− 4Re(C∗
LCR)mαmβ

+ 4mWRe(C∗
L(CV Lmβ + CV Rmα) + C∗

R(CV Lmα + CV Rmβ))
]

+ 4m2
W (|CV L|2 + |CV R|2)

[
2m4

V −m2
V (m

2
α +m2

β)− (m2
α −m2

β)
2
]

(7.9)

+ 48m2
Wm

2
VmαmβRe(C

∗
V LCV R)

}
.

As we mentioned above, we consider in our framework CV L ≫ CV R,R,L, and therefore
we can write

Γ(V → ℓ±α ℓ
∓
β ) =

32πQ2
Qα

2

3m3
V

f2VG
2
Fm

4
W |CV L|2λ1/2(m2

V ,m
2
α,m

2
β)
[
1−

(m2
α +m2

β)

2m2
V

−
(m2

α −m2
β)

2

2m4
V

]
,

(7.10)

where λ(a2, b2, c2) is given in Eq. (7.7). In this last expression we also used Γ(V →
ℓ±α ℓ

∓
β ) = Γ(V → ℓ+α ℓ

−
β ) + Γ(V → ℓ−α ℓ

+
β ).

Besides quarkonia we will also revisit the issue of adding extra species of sterile
neutrinos to the decay of Z → ℓ±α ℓ

∓
β . In that case the effective Hamiltonian can be

written as

HZ
eff =

g3

2 cos θW
ℓ̄α

[
DV Lγ

µPL +DV Rγ
µPR +DLPL +DRPR

]
ℓβZ

µ, (7.11)

where the Wilson coefficients are now denoted by Di and take the form

Di =

nν∑

k=1

UβkU
∗
αkC

Z,k
i +

nν∑

k=1

nν∑

j=1

UβkU
∗
αjC

Z,kj
i . (7.12)

The decay rate in the similar limit, DV L ≫ DV R,R,L, reads

Γ(Z → ℓ−α ℓ
+
β ) =

8
√
2

3πmZ

G3
Fm

6
W

cos2 θW
|DV L|2λ1/2(m2

Z ,m
2
α,m

2
β)

[
1−

(m2
α +m2

β)

2m2
Z

−
(m2

α −m2
β)

2

2m4
Z

]
.

(7.13)

7.1.2 Wilson coefficients

Concerning the computation of the Wilson coefficients we stress again that our results
are obtained in a theory in which the Standard Model is extended to include extra species
of sterile fermions, without changing the gauge sector. The origin of the leptonic mixing
matrix U is model dependent and in order to be able to do a phenomenological analysis,
we will have to adopt a specific model which will be discussed in the next section.

The blob in the diagram shown in Fig. 7.1 stands for a series of diagrams such as
those displayed in Fig. 7.2. All of them, including the box diagram in Fig. 7.1, have been
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Figure 7.2: Vertex diagrams contributing the LFV decays.

computed in the Feynman gauge and the results are collected in Appendix D.1. Here we
focus on the most important contributions in the case of large masses of sterile (Majorana)
neutrinos. Contributions to the Wilson coefficients coming from vertex diagrams can be
divided into two pieces: those involving only one neutrino in the loop, CZ,γV L (xi), where
xi = m2

i /m
2
W , and those with two neutrinos in the loop, CZV L(xi, xj). In the limit of

large values of xi,j ≫ 1, we find the following behaviour

CZV L(xi)
xi≫1

−−−−→ 5

32π2
log xi + finite term +O(1/xi) ∼ log xi ,

CZV L(xi, xi)
xi≫1

−−−−→ Cii
64π2

{
(2xi + 3− 4 log xi) + xi

(
log xi −

7

2

)}
+ . . .

∼ Cii xi log xi + . . . (7.14)

To illustrate the relative contribution of the different diagrams we fix the values of the

coefficients Cij ≡
∑

α=e,µ,τ

U∗
αiUαj = 10−5, and plot |CV L(xi)−CV L(0)| and |CZV L(xi, 2 xi)−

CZV L(0, 0)| for the case of Υ → µτ , cf. Fig. 7.3. 4 We see that only for very large masses
the diagrams with two neutrinos in the loop become more important than those with one
neutrino state. We should stress that each contribution to CV L(xi), i.e. CBox

V L (xi) and
CZV L(xi), scales as log xi for large values of xi, except for CγV L(xi) which goes to a constant
in the same limit. That can also be seen in Fig. 7.3 where in the left panel we show the
dependence of the total CV L(xi) on xi and in the right panel we show CγV L(xi) and its
dependence on the mass of the initial decaying meson, φ, J/ψ, and Υ. The contribution
of sterile neutrinos to the LFV decay of Υ is larger than the one to lighter mesons, since
the Wilson coefficients are also proportional to the mass of the initial particle.

Before closing this section we should reiterate that our Wilson coefficients have been
computed in the Feynman gauge. Since all divergencies cancel out, our results are finite
and gauge invariant, as was already observed in Refs. [295,442–444].

4Due to the unitarity of the mixing matrix U , the terms in the Wilson coefficients that do not depend
on neutrino masses give a vanishing contribution after summing over all neutrino states. We thus subtract
the constant terms in the plots in order to better appreciate the dependence on the neutrino masses.
Notice also that Cij = 10−5 is in agreement with all constraints discussed in the text when the neutrino
masses are below O(100) TeV.
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Figure 7.3: In the left panel are shown CV L(xi) and CZV L(xi, xj), for xj = 2xi, as functions of

mi = mW
√
xi, the mass of the heavy sterile neutrino propagating in the loops. For illustration purpose,

the couplings Cij were fixed to a common value, 10−5, and the example corresponds to the Υ → µτ

decay. Right panel: CγV L(xi) is plotted as a function of mi for the case of V → eµ in three specific cases

V ∈ {φ, J/ψ,Υ}. In both cases the value of functions at xi,j = 0 have been subtracted away.

7.2 SM in the presence of sterile fermions

With the expressions derived above, we now have to specify a model for lepton mixing
(couplings) Uαi in the presence of heavy sterile neutrinos propagating in the loops. We opt
for a minimal realization of the inverse Seesaw mechanism for the generation of neutrino
masses, which is nowadays rather well constrained by the available experimental data.
Furthermore, we will use a parametric model containing one effective sterile neutrino,
which essentially mimics the behaviour at low energy scales of mechanisms involving
heavy sterile fermions.

7.2.1 The ISS(2,3) realization

Among many possible realisations of accounting for massive neutrinos, we provide pre-
dictions for the LFV rates in the ISS(2,3) model, cf. Sections(4.5-4.7). In fact the inverse
Seesaw mechanism (ISS) [311–313] offers the possibility of accommodating the smallness
of the active neutrino masses for a comparatively low Seesaw scale, but still with natural
O(1) Yukawa couplings, rendering this scenario phenomenologically appealing. Hence,
depending on their masses and mixing with active neutrinos, the new states can be
produced in collider and/or low energy experiments, and their contribution to physical
processes can be sizeable.

7.2.2 A model with one effective sterile fermion

Since the generic idea of obtaining a significant contribution to our observables applies
to any model in which the active neutrinos have sizeable mixing with some additional
singlet states (sterile fermions), we can use an effective model with three light active
neutrinos plus one extra sterile neutrino.
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The introduction of this extra state implies three new active-sterile mixing angles
(θ14, θ24, θ34), two extra Dirac CP violating phases (δ14, δ34) and one additional Majorana
phase (φ41). The lepton mixing matrix is then a product of six rotations times the
Majorana phases, namely

U = R34(θ34, δ34) ·R24(θ24) · R14(θ14, δ14) · R23 ·R13 · R12 · diag(φ21, φ31, φ41)
= R34(θ34, δ34) ·R24(θ24) · R14(θ14, δ14) · UPMNS · diag(φ21, φ31, φ41) , (7.15)

where the rotation matrices R34, R24, R14 can be defined as:

R34 =




1 0 0 0
0 1 0 0
0 0 cosθ34 sinθ34 · e−iδ34

0 0 −sinθ34 · eiδ34 cosθ34


 ,

R24 =




1 0 0 0
0 cosθ24 0 sinθ24
0 0 1 0
0 −sinθ24 0 cosθ24


 ,

R14 =




cosθ14 0 0 sinθ14 · e−iδ14

0 1 0 0
0 0 1 0

−sinθ14 · eiδ14 0 0 cosθ14


 . (7.16)

In the framework of the SM extended by sterile fermion states, which have a non-
vanishing mixing with active neutrinos, the Lagrangian describing the leptonic charged
currents becomes

− Lcc =
g√
2
Uαiℓ̄αγ

µPLνiW
−
µ + c.c. , (7.17)

where i = 1, . . . , nν denotes the physical neutrino states, and α = e, µ, τ are the flavours
of the charged leptons. In the case of the SM with three neutrino generations, U is the
PMNS matrix, while in the case of nν ≥ 4, the 3× 3 submatrix (ŨPMNS) is not unitary
anymore and one can parametrise it as

UPMNS → ŨPMNS = (1− η̃)UPMNS , (7.18)

where η̃ is a matrix that accounts for the deviation of ŨPMNS from unitarity [36,462], due
to the presence of extra fermion states. Many observables are sensitive to the active-sterile
mixing and their current experimental values can be used to constrain the η̃ matrix [299].

In order to express the deviation from unitarity in terms of a single parameter, we
define

η = 1− |det ŨPMNS| , (7.19)

which, in the case of the extension of the SM by only one sterile fermion and in terms of
the mixing angles defined above, reads

η = 1− | cos θ14 cos θ24 cos θ34| . (7.20)
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7.3 Results and discussion

In this section we present and discuss our results.
Since the Wilson coefficients of the processes discussed here are proportional to the

mass of the decaying particle, it is quite obvious that the most significant enhancement
of B(V → ℓαℓβ) will occur for V = Υ and its radial excitations. For this reason we will
present plots of our results for this decay channel. Plots for other channels are completely
similar which is why we do not display them. Before we discuss the impact of the active-
sterile neutrino mixing on the LFV decay rates further, we first specify the constraints
on parameters of both of our models.

In Fig. 7.4 (left panel), we plot the dependence of η with respect to the mass of the
effective sterile neutrino m4. Grey points in that plot are obtained by varying the mass of
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Figure 7.4: η parameter, which parametrises the size of mixing between the active and heavy sterile

states, is plotted vs the mass of the heavy sterile state. The grey points (left panel) correspond to solu-

tions complying with all experimental data and constraints discussed in the text except for perturbative

unitary condition (7.21), which we then applied to obtain the region of dark-blue points. In the case of

the ISS(2,3) model (right-panel), we further imposed constraints of Ref. [299] on the matrix η̃, as well

as the bound B(µ→ eee) < 10−12, resulting in the bright-blue region of points.

the lightest neutrino, mνe ∈ (10−21, 1) eV, and by imposing the following constraints: (i)
Neutrino data (masses and mixing angles) respect the normal hierarchy, with ∆m2

21 =
7.5(2) × 10−5 eV, and ∆m2

31 = 2.46(5) × 10−3 eV [137]. We checked to see that our
final results do not change in any significant manner if the inverse hierarchy is adopted.
Furthermore, we vary the three mixing angles with the fourth neutrino by assuming
θi4 ∈ (0, 2π], while keeping the other three mixing angles to their best-fit values, namely
sin2 θ12 = 0.30(1), sin2 θ23 = 0.47(4), sin2 θ13 = 0.022(1) [137]. (ii) The selected points
satisfy the upper bound B(µ → eγ) < 5.7×10−13 [324]. (iii) The results for Rπ = Γ(π →
eν̄e)/Γ(π → µν̄µ), RK , Γ(W → ℓνℓ), and Γ(Z → invisible), remain consistent with
experimental findings. We see that for all (heavy) sterile neutrino masses the unitarity
breaking parameter is η . 0.005. That parameter space is not compatible with the
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perturbative unitarity requirement, which for m4 ≫ mW translates into [295], 5

GFm
2
4√

2π

∑

α

|Uα4|2 < 1 . (7.21)

The resulting region, i.e. the one that satisfies constraints (i), (ii), (iii) and Eq. (7.21), is
depicted by blue points (the dark region) in Fig. 7.4, where we see that the parameter η
is indeed diminishing with the increase of the heavy sterile mass m4. In other words, the
decoupling of a very heavy sterile neutrino entails the unitarity of the 3 × 3 submatrix
ŨPMNS. Decoupling from active neutrinos for very large masses was also explicitly em-
phasised in Ref. [298]. We should mention that, besides the above constraints, we also
implemented the constraint coming from B(µ → eee) < 10−12 [425], but it turns out that
the present experimental bound does not bring any additional improvement.

By imposing the constraints (i) and Eq. (7.21) on the ISS(2,3) model, we get a similar
region of allowed (blue) points in the right panel of Fig. 7.4. A notable difference with
respect to the situation with one effective sterile neutrino is that the region of very small
mixing angles is excluded due to relations between the active neutrino masses and the
active-sterile neutrino mixing, cf. Section 6.5. For very heavy m5, on the other hand,
the range of allowed η’s shrinks and eventually vanishes with m5 → ∞. 6 Furthermore,
we use the results of Ref. [299] which are derived in the minimal unitarity violation
scheme in which the heavy sterile neutrino fields are integrated out, and therefore the
observables computed in that scheme are functions of the deviation of PMNS matrix
from unitarity only [286–288]. We adapt and apply them to our ISS(2,3) model and get
a region of the bright-blue points, as shown in the right panel of Fig. 7.4. To further
constrain the parameter space we find it useful to account for the experimental bound on
B(µ → eee) < 1×10−12, as is discussed in Refs. [295–298]. This latter constraint appears
to be superfluous in most of the parameter space, once the constraints of Eq. (7.21) and
Ref. [299] are taken into account, except in the range 10 TeV . m5 . 100 TeV, where
the bound B(µ → eee) < 1×10−12 restricts the parameter space relevant to B(V → eµ).

We also mention that we attempted implementing the constraints coming from various
laboratory experiments, summarised in Ref. [300], but since those results only impact
the region of relatively small sterile neutrino masses (m5 . 100 GeV), they are of no
relevance to the present study.

After having completed the discussion on several constraints, we present our results
for branching fractions B(V → µτ) depending on the mass of heavy sterile neutrino(s).
In Fig. 7.5 we plot our results for V = Υ and V = Z, for which the enhancement is more
pronounced. Other cases of V result in similar shapes but the upper bound becomes
lower. In Table 7.1 we collect our results for three values of the heavy sterile neutrino(s)
mass.

5To write it in the form given in Eq. (7.21), we replaced αW = g2/(4π) =
√
2GFm

2
W /π.

6We recall that, in the ISS(2,3) model, m4 stands for the mass of the light sterile state whose impact
on the decays discussed here is negligible [as seen from Eq. (7.14)], while m5 > m4 can be large and is
important for B(V → ℓαℓβ).
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Figure 7.5: B(Υ → µτ ) and B(Z → µτ ) are shown as functions of the heavy sterile neutrino(s) mass,

and in both models considered in this paper. The points are selected in such a way that the models

are consistent with the constraints discussed in the text and shown in Fig. 7.4. Dashed horizontal lines

correspond to the current experimental upper bounds for these decay rates. Notice again that the mass

of the heavy sterile neutrino is denoted as m4 in the effective model, and m5 in the ISS(2,3) model

because the latter contains a lighter sterile neutrino state, the impact of which is negligible on the decay

modes discussed here.

To better appreciate the enhancement of the LFV decay rates shown in Fig. 7.5, we
emphasize that both of them are B(V → µτ) < 10−50 in the absence of heavy sterile
neutrinos. Current experimental bounds in both cases are shown by dashed lines. Since
those bounds are expected to improve in the near future, a possibility of seeing the LFV
modes discussed in this paper might become realistic. Conversely, an observation of the
LFV modes V → ℓαℓβ, with branching fractions significantly larger than the bounds
presented in Table 7.1 would be a way to disfavour many of the models containing heavy
sterile neutrinos as being the unique source of lepton flavour violation. In obtaining the
bounds presented in Table 7.1 we used masses and decay constants listed in Appendix D.2.
In presenting our results (the upper bounds) for lepton flavour violating modes, we used
the parameters from Ref. [299] which were determined at 90% C.L. For that reason, we
treated all other input data to 2 σ as well. Therefore, our final results in Table 7.1 are
also obtained at 2 σ level.

Finally, we compare in Table 7.2 our upper bounds for the modes for which we could
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find predictions in the literature.
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V ℓαℓβ m4 = 1 TeV 10 TeV 100 TeV m5 = 1 TeV 10 TeV 100 TeV

φ eµ 1× 10−24 5× 10−24 3× 10−24 1× 10−23 6× 10−23 5× 10−23

J/ψ eµ 2× 10−21 3× 10−20 6× 10−21 2× 10−20 9× 10−20 7× 10−20

eτ 5× 10−18 8× 10−17 2× 10−19 1× 10−19 3× 10−18 1× 10−19

µτ 8× 10−18 6× 10−16 3× 10−20 4× 10−19 4× 10−18 8× 10−19

ψ(2S) eµ 9× 10−22 1.5 × 10−20 3× 10−21 4× 10−21 3× 10−20 2× 10−20

eτ 5× 10−18 2× 10−17 9× 10−21 4× 10−20 1× 10−18 4× 10−20

µτ 8× 10−18 3× 10−17 1.2× 10−20 1× 10−19 1× 10−18 2× 10−19

Υ eµ 7× 10−18 2× 10−17 6× 10−18 2× 10−19 2× 10−17 2× 10−17

eτ 5× 10−14 2× 10−13 9× 10−17 6× 10−18 4× 10−16 5× 10−17

µτ 5× 10−16 2.5 × 10−13 1.2× 10−16 1× 10−17 8× 10−16 3× 10−16

Υ(2S) eµ 5× 10−18 5× 10−18 1.5× 10−18 2× 10−19 2× 10−17 2× 10−17

eτ 1.8× 10−14 3× 10−14 3× 10−18 8× 10−18 5× 10−16 5× 10−17

µτ 2× 10−16 2× 10−13 2× 10−17 2× 10−17 8× 10−16 3× 10−16

Υ(3S) eµ 1.5× 10−17 3× 10−17 1.5× 10−17 5× 10−19 5× 10−17 4× 10−17

eτ 5.5× 10−14 3× 10−14 4× 10−17 2× 10−17 1× 10−15 1× 10−16

µτ 2× 10−15 2× 10−12 4× 10−17 3× 10−17 2× 10−15 6× 10−16

Z eµ 1.2× 10−14 7× 10−13 4× 10−13 9× 10−14 8× 10−13 6× 10−13

eτ 2× 10−10 9× 10−9 4× 10−13 7× 10−13 4× 10−11 2× 10−12

µτ 5.5× 10−10 3.5× 10−8 1.6× 10−12 3× 10−12 6× 10−11 1× 10−11

Table 7.1: Upper bound on B(V → ℓαℓβ) for three values of the mass m4,5. The numbers in the three

columns referring to m4 are obtained by using the effective model discussed in the text, while the other

three, referring to m5, are results of the ISS(2,3) model (also discussed in the text).
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Mode Ref. [456] Ref. [457] Ref. [458] Eff. model ISS(2,3)

B(φ→ eµ) < 4× 10−17 < 1.3× 10−21 < 5× 10−20 < 5× 10−24 < 6× 10−23

B(J/ψ → eµ) < 4× 10−13 < 3.5× 10−13 < 1.9 × 10−18 < 3× 10−20 < 9× 10−20

B(J/ψ → µτ) − − < 1.6× 10−7 < 6× 10−16 < 4× 10−18

B(Υ → eµ) < 2× 10−9 < 3.8× 10−6 < 3.6 × 10−18 < 2× 10−17 < 2× 10−17

B(Υ → µτ) − − < 5.3× 10−7 < 2.5× 10−13 < 8× 10−16

B(Z → eµ) < 5× 10−13 < 8× 10−15 − < 7× 10−13 < 8× 10−13

Table 7.2: Upper bounds B(V → ℓαℓβ): Comparison of the results reported in the literature with

the bounds obtained in this work by using two different models (the last two columns). The bounds for

other similar decay modes that have not been discussed in the literature can be found in Table 7.1.
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Chapter 8

Loop level constraints on Seesaw

neutrino mixing

The extension of the SM field content by the addition of right-handed sterile fermions
represents a minimal and viable solution to account for the origin of neutrino masses and
mixing and, depending on the specific model, can also provide a simultaneous solution
for the nature of DM and the origin of the BAU, cf. Chapters 4, 5 and 6.

Given their singlet nature, a Majorana mass term for the right-handed neutrinos is
directly allowed in the Lagrangian, thus inducing a new mass scale -the only one unrelated
to electroweak (EW) symmetry breaking- to be determined by data. As discussed in
Section 4.4, depending on the size of this scale its phenomenological consequences are
very different. One of the most appealing choices is that this new Majorana scale is high,
leading to the well-known Seesaw mechanism [253–255,257] and providing a rationale for
the extreme smallness of neutrino masses when compared to the rest of the SM fermions
and the EW scale. Values for the neutrino Yukawa couplings ranging between that of
the electron and that of the top quark would lead to Majorana masses between the EW
and the grand unification scale. Unfortunately, even for the lightest mass choice, any
phenomenological consequence beyond neutrino masses tends to be hopelessly suppressed
if the extra degrees of freedom only couple to the SM through their Yukawa interactions.
However, the smallness of neutrino masses could derive from symmetry arguments [311,
463–465] rather than a hierarchy of scales. Indeed, the Weinberg operator (2.85) leading
to neutrino masses in Seesaw mechanisms is protected by the B−L symmetry, conserved
in the SM and violated in two units by the Weinberg operator. Thus, if the pattern of the
Yukawa couplings and Majorana masses in a Seesaw realisation is such that it conserves
B−L, the Weinberg operator will never be generated and the SM neutrinos will remain
massless, even for Yν ∼ 1 and Majorana masses of the order of the EW scale. Small
violations of B−L in this pattern would thus induce the small neutrino masses observed
in oscillation experiments. In this class of models fall the popular inverse [311, 463] or
linear [413] Seesaw mechanisms which, contrary to the canonical type-I Seesaw, would
lead to an extremely rich phenomenology through the large mixing allowed between the
new extra sterile neutrinos and their SM siblings implying observable contributions in
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lepton flavour violating (LFV) processes, universality violation and signals in electroweak
precision observables. It is then of interest to fit all these available data to determine
the allowed values of the mixing of the heavy neutrinos with the SM charged leptons,
examples of these constraints can be found in Refs. [286,288–290,298,299,323,419,466–
474].

When deriving such constraints on heavy-active neutrino mixing, it was recently
pointed out in [323] that loop corrections involving the extra heavy neutrinos played an
important role, obtaining qualitatively different results to those derived by staying at
leading order. In particular, it was shown that corrections to the T parameter [475,476]
could be sizeable and that these, in turn, would affect the determination of GF through
µ decay competing with the tree level effects. Since the value of GF from µ decay is
generally in good agreement with the measured value of MW and other determinations
of sin θW , in [323] it was found that the constraints stemming from these datasets could
be weakened at loop level through partial cancellations between the tree level corrections
and the T parameter contribution. Furthermore, the invisible width of the Z, which is
in slight tension with the SM prediction, is modified at tree level through the presence
of extra heavy neutrinos, while the oblique corrections computed in [323] were found to
be subleading. Thus, by accounting for these loop corrections, good fits with relatively
large heavy-active mixing were found in [323], since it is possible to alleviate the tension
in the invisible width of the Z without seriously affecting the determination of GF in µ
decay through the partial cancellation of the tree and loop level contributions.

However, when Ref. [474] also investigated the relevance of the T parameter the
same cancellation was not reproduced and in [299] it was argued that loop contributions
should always be negligible, since the heavy-active mixing that controls the strength of the
couplings of the new degrees of freedom is bounded to be small (θ2 . 10−2). Therefore,
new tree-level bounds were derived instead through more updated fits to available data.
While this argument is generally true, models based on an approximate B−L symmetry
are characterised by large Yukawas and EW-scale Majorana masses, thus, even if loop
corrections through weak interactions further suppressed by θ2 are indeed negligible for
all practical purposes, when the loop corrections are mediated by heavy neutrinos and/or
the Higgs field or its Goldstones, the coupling involved in the vertex is no other than the
large Yukawa coupling, so that loop corrections can indeed become relevant, as stated
in [323]. However, not only the oblique corrections computed in [323] fall in this category,
since the effect of the large Yukawa interactions does not vanish in the limit of massless
neutrinos and charged leptons. Indeed, some vertex and box corrections involving large
Yukawas are found not to vanish in the massless limit for light leptons (see e.g. [477]).

In this analysis we clarify the importance of loop contributions to the determination
of the heavy-active neutrino mixing including all loop corrections mediated by the poten-
tially large Yukawa interactions. We find that, as discussed by [323], the most relevant
of these corrections are indeed the ones encoded through the oblique parameters but, in
order to make them competitive with the tree-level contributions, EW scale Majorana
masses and Yukawas on the very border of perturbativity are simultaneously required.
Furthermore, we find that, as long as B − L is conserved, the T parameter is always
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positive, so that the partial cancellation discussed in [323] cannot take place in such a
setup. Large violations of B − L are thus required to achieve the negative and sizeable
values of T capable of reproducing the effect. But these large violations of B − L would
render the Weinberg operator unprotected and, in presence of the EW-scale Majorana
masses and large Yukawas required for T , radiative corrections lead to unacceptably large
contributions to the light neutrino masses, even if these are fixed to their correct value
at tree level by means of the Casas-Ibarra parametrisation. Thus, when we impose an
approximate B − L symmetry with only 3 extra heavy right-handed neutrinos, we al-
ways find that loop corrections are irrelevant when deriving bounds on the heavy-active
neutrino mixings.

This chapter is organised as follows: In Section 8.1 we detail the parametrisation
employed for our study. In Section 8.2 we list the observables we analyse in our global
fits. In Section 8.3 we present our findings and discuss the importance of loop effects
in the global fits as well as the necessity of large violations of B − L in order to obtain
partial cancellations between the tree and loop level contributions.

8.1 Parametrization

In this work we explore the constraints that can be derived through various EW observ-
ables on the extra neutrino mass eigenstates mixing with charged leptons in a Seesaw
scenario:

L = LSM − 1

2
N i

R(MN )ijN
cj
R − (YN )iαN

i
Rφ

†ℓαL +H.c. . (8.1)

Here, φ denotes the SM Higgs field, which breaks the EW symmetry after acquiring its
VEV vEW. We have also introduced the Majorana mass MN allowed for the right-handed
neutrinos N i

R as well as the Yukawa couplings between the neutrinos and the Higgs field.
We will restrict our study to the extension of the SM by 3 right-handed neutrino fields.
The VEV of the Higgs will induce Dirac masses mD = vEWYN/

√
2. Thus, the full 6× 6

mixing matrix U is the unitary matrix that diagonalises the extended neutrino mass
matrix:

UT
(

0 mT
D

mD MN

)
U =

(
m 0
0 M

)
, (8.2)

where m and M are diagonal matrices containing respectively the masses of the 3 light
νi and 3 heavy Ni mass eigenstates. The diagonalising matrix U can be written as [478]:

U =

(
c s

−s† ĉ

)(
UPMNS 0

0 I

)
, (8.3)

where

(
c s

−s† ĉ

)
≡




∞∑

n=0

(
−ΘΘ†)n

(2n)!

∞∑

n=0

(
−ΘΘ†)n

(2n+ 1)!
Θ

−
∞∑

n=0

(
−Θ†Θ

)n

(2n+ 1)!
Θ†

∞∑

n=0

(
−Θ†Θ

)n

2n!




(8.4)
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and UPMNS is, approximately, the PMNS matrix measured in neutrino oscillation ex-
periments up to the non-Unitary (Hermitian) corrections from c. For alternative exact
parametrisations of the full mixing matrix see Refs [479,480]. Indeed, due to this Hermi-
tian correction, the actual PMNS matrix appearing in charge current interactions mixing
the light neutrinos and charged leptons will, in general, not be Unitary and we will refer
to it as N :

N = cUPMNS (8.5)

The general matrix Θ, representing the mixing between active (νe, νµ and ντ ) and heavy
(N1, N2 and N3) neutrino states, and the mass eigenstates m and M are determined
from Eq. (8.2) which leads to:

c∗U∗
PMNSmU

†
PMNSc = −s∗Ms†. (8.6)

In the Seesaw limit, that is MN ≫ mD, these conditions reduce to the well-known results:

Θ ≃ m†
DM

−1
N

U∗
PMNSmU

†
PMNS ≃ −mt

DM
−1
N mD ≡ −m̂

M ≃ MN . (8.7)

Notice that, naively, the mixing between the active and heavy neutrinos ΘΘ† ∼ m/M
and, given the smallness of neutrino masses m, the mixing effects we will study here
would be unobservably small. However, in the context of Seesaw mechanisms with an
approximate conservation of B − L such as the inverse [311, 463] or the linear [413]
Seesaws, this symmetry suppresses the neutrino mass m while allowing a sizeable mixing.
This approximate symmetry not only ensures an equally approximate cancellation in the
combination mt

DM
−1
N mD leading to the observed neutrino masses while allowing large

-potentially observable- ΘΘ† = m†
DM

−2
N mD, but also ensures the radiative stability and

technical naturalness of the scheme [349].
When extending the SM Lagrangian by only 3 new singlet (right-handed neutrino)

fields essentially the only neutrino mass matrix with an underlying L symmetry that
leads to 3 heavy massive neutrinos is [308] (see also Ref. [481]):

mD =
vEW√

2




Ye Yµ Yτ
ǫ1Y

′
e ǫ1Y

′
µ ǫ1Y

′
τ

ǫ2Y
′′
e ǫ2Y

′′
µ ǫ2Y

′′
τ


 and MN =




µ1 Λ µ3
Λ µ2 µ4
µ3 µ4 Λ′


 , (8.8)

with all ǫi and µj small lepton number violating parameters (see also Ref. [482] for
a particular scenario where these small parameters arise naturally). Indeed, setting all
ǫi = 0 and µj = 0, lepton number symmetry is recovered with the following L assignments
Le = Lµ = Lτ = L1 = −L2 = 1 and L3 = 0. In Eq. (8.7) this leads to: m̂ = 0 (3 massless
neutrinos in the L-conserving limit), M1 = M2 = Λ (a heavy Dirac pair) and M3 = Λ′

(a heavy decoupled Majorana singlet), but:

Θ =
vEW

2Λ




−iY ∗
e Y ∗

e 0
−iY ∗

µ Y ∗
µ 0

−iY ∗
τ Y ∗

τ 0


 ≡ 1√

2




−iθe θe 0
−iθµ θµ 0
−iθτ θτ 0


 and ΘΘ† =




|θe|2 θeθ
∗
µ θeθ

∗
τ

θµθ
∗
e |θµ|2 θµθ

∗
τ

θτθ
∗
e θτθ

∗
µ |θτ |2


 .

(8.9)
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Thus, vanishing light neutrino masses can still be associated with arbitrarily large
mixing between the heavy Dirac pair and active neutrinos and, for these kind of Seesaw
scenarios, the bounds on the mixing we will explore are complementary and independent
to the stringent constraints on the absolute light neutrino mass scale.

The small L-violating parameters ǫi and µj will induce small non-zero neutrino masses
and mixing among these light mass eigenstates but will only translate in negligible per-
turbations to the matrix Θ. With the simple form in Eq. (8.9) for the heavy-active
mixing, the series expansions in Eq. (8.4) can be added exactly obtaining:

s =
sin θ

θ
Θ and c = I − 1− cos θ

θ2
ΘΘ†, (8.10)

with

θ =
√

|θe|2 + |θµ|2 + |θτ |2. (8.11)

Regarding the role of the ǫi and µj parameters in the generation of the light neutrino
masses and mixings observed in neutrino oscillations, all of them except µ1 and µ3 will
lead to m̂ 6= 0 through Eq. (8.7) when switched on:

m̂ =

(
µ2 +

µ24
Λ′

)
m

t

D
Λ−2

mD − ǫ1m
′t
D
Λ−1

mD − ǫ1m
t

D
Λ−1

m
′
D
+ ǫ22m

′′t
D
Λ′−1

m
′′
D

+ ǫ2
µ4
Λ′
(
m

t

D
Λ−1

m
′′
D
+m

′′t
D
Λ′−1

mD

)
, (8.12)

with

mD ≡ vEW√
2
(Ye, Yµ, Yτ ), m

′
D

≡ vEW√
2
(Y ′
e , Y

′
µ, Y

′
τ ) and m

′′
D

≡ vEW√
2
(Y ′′
e , Y

′′
µ , Y

′′
τ ).

(8.13)
Indeed, even though µ1 and µ3 do violate L, upon their inclusion the mass matrix in
Eq. (8.2) does not increase its rank, which, in absence of the other ǫi and µj, is only 3 and
thus 3 massless eigenstates are still recovered1. The parameters µ2 and µ4 do contribute
at tree level to generate light neutrino masses, however, their effect can be absorbed in
a redefinition of the vectors m

′
D

and m
′′
D

as follows:

ǫ1m
′
D

→ ǫ1m
′
D
− µ2

2Λ
mD and ǫ2m

′′
D

→ ǫ2m
′′
D
− µ4

Λ
mD (8.14)

up to contributions with two extra powers of the small L-violating parameters. Thus, in
presence of non-zero ǫi, it is enough to consider their contribution to the generation of
neutrino masses which reads:

m̂ = ǫ1m
′t
DΛ−1

mD + ǫ1m
t

DΛ−1
m

′
D + ǫ22m

′′t
DΛ′−1

m
′′
D. (8.15)

1Notice that, even if µ1 and µ3 do not induce neutrino masses at tree level, the L symmetry protecting
them is now broken and loop contributions would appear instead [421].
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Notice that the last term in Eq. (8.15) is suppressed by two powers of ǫ2 while the
others only by one power of ǫ1. However, ǫ2 (and µ3 and µ4) violates L by one unit
while ǫ1 (and µ1 and µ2) by 2. Hence, if the source of L-violation is by one unit it is
expected that ǫ1 ∼ ǫ22. Thus, for full generality, we will keep the last term in Eq. (8.15).
The six free parameters encoded in m

′
D

and m
′′
D

allow to give mass to the three mass
eigenstates observed in neutrino oscillations as well as the possibility of reproducing any
mixing pattern including the, yet unknown, CP-violating phases of Dirac and Majorana
types encoded in the PMNS matrix, while leaving mD, and hence Θ, s and c, mostly
unconstrained 2. One of the three elements of mD is, however, fixed by the other two, the
values of the light mass eigenstates and the elements of the PMNS matrix when solving
for Eq. (8.15) obtaining the following relation:

Yτ ≃
1

m̂2
eµ − m̂eem̂µµ

(Ye (m̂eµm̂µτ − m̂eτm̂µµ)+

Yµ (m̂eµm̂eτ − m̂eem̂µτ )−
√
Y 2
e m̂µµ − 2YeYµm̂eµ + Y 2

µ m̂ee×

×
√
m̂2
eτm̂µµ − 2m̂eµm̂eτm̂µτ + m̂eem̂2

µτ + m̂2
eµm̂ττ − m̂eem̂µµm̂ττ

)
,

(8.16)

where m̂ = −U∗
PMNSmU

†
PMNS is the mass matrix of the flavour eigenstates. Thus, in our

numerical exploration of the parameter space in Section 8.3 we will consider the 9 free
parameters summarised in Table 8.1.

An alternative parametrisation extensively used in the literature is the so-called
Casas-Ibarra parametrisation [424]. This parametrisation introduces the matrix R =
iM−1/2mDUPMNSm

−1/2 exploiting the fact that, from Eq. (8.7), R has to be (complex)
orthogonal. The main advantage of this parametrisation is the ability to easily recover
the Yukawa couplings through the heavy mass eigenvalues M and the low energy ob-
servables UPMNS and m together with the elements of R as mD = −iM1/2Rm1/2U †

PMNS.
However, the physical range of the parameters contained in R can be cumbersome and
a physical interpretation of their values is not immediately transparent, see Ref. [485]
for a detailed discussion. Moreover, these relations only hold at tree level3. Thus, when
values of R are chosen so as to allow sizeable low energy phenomenology through large
Yukawas and low M , it is important to check if the pattern displays an approximate
B − L symmetry. Otherwise, loop corrections to the unprotected Weinberg operator,
that is to UPMNS and m, will exceed present constraints even if their values were correct
at tree level. For this reason we rather chose to perform the scan through the parameters
summarised in Table 8.1.

At energies much below the masses of the heavy neutrinos Λ and Λ′ the effects of their
mixing Θ manifest dominantly through deviations from unitarity of the lepton mixing
matrix N . Since any general matrix can be parametrised as the product of an Hermitian

2In contrast, neglecting the last term in Eq. (8.15) would lead to the more constrained scenario
explored in detail in Ref. [315], with a massless neutrino and a mixing pattern in Θ, s and c determined
up to an overall factor from the observed neutrino oscillation parameters. This scenario has also been
studied in Refs. [307,327,347,483,484]

3See Ref. [486] for a generalisation of the Casas-Ibarra approach to loop level.
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Parameter |Ye| × |Yµ| |Ye| − |Yµ| m1 [eV] Λ [GeV] Phases Osc. data

Range (0, 10−4) (−0.1, 0.1) (10−5, 1) (103, 104) (0, 2π) fixed [137]

Table 8.1: The 9 free parameters of our scan: the modulus and phase of the electron and
muon Yukawas |Ye|, |Yµ|, αe and αµ, the Majorana mass scale Λ, the absolute neutrino
mass m1 and the 3 yet unknown CP-violation phases (Dirac and Majorana) in the PMNS
mixing matrix: δ, α1 and α2. The PMNS mixing angles and mass splittings are fixed to
their best fit from the global analysis in Ref. [137].

and a Unitary matrix, these deviations from unitarity have been often parametrised
as [287]:

N = (I − η)UPMNS (8.17)

where the small Hermitian matrix η (also called ǫ in other works) corresponds to the
coefficient of the only dimension 6 operator obtained at tree level upon integrating out
the heavy right-handed neutrinos in a Seesaw scenario [487] and, in our parametrisation
it would be given from Eqs. (8.5) and (8.10) by:

η =
1− cos θ

θ2
ΘΘ†. (8.18)

8.2 Observables

In this section we introduce the list of observables used for our analysis. While a more
comprehensive set could be considered (see for example Ref. [299]), we have rather chosen
the most representative of these observables since extending the analysis to the loop level
for the whole set would be cumbersome and the dominant constraints as well as the main
effects pointed out in [323] are contained in a smaller subset. We will thus present both
the 1-loop contributions and the experimental constraints for a total of 13 observables.
The loop amplitudes of the processes have been computed exploiting the Goldstone-boson
equivalence theorem [488] under the assumption that the mass of the extra neutrinos Mi

is larger than the gauge boson masses; i.e. Mi > MW,Z . Thus, we have made the
simplifying assumption that the most relevant loop corrections are those were the loops
are mediated by either the Higgs boson, h, the Goldstone bosons φ± and φ0 or the
heavy Majorana neutrinos. Indeed, this forces the vertexes to involve the potentially
large Yukawa couplings (the only couplings that can be relevant at the loop level) and
the corrections from including the transverse components are suppressed by M2

W,Z/M
2
N .

The set of 13 independent observables analysed in this study is composed of:

• 8 ratios constraining electroweak universality: Rπµe, R
π
τµ, R

W
µe, R

W
τµ, R

K
µe, R

K
τµ, R

l
µe,

Rlτµ

• The invisible Z width
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• The W mass MW

• 3 rare flavour-changing decays: µ → eγ, τ → µγ and τ → eγ

All of them will be determined as a function of the three most precise electroweak mea-
surements: α, MZ and Gµ (GF as measured from µ decay) [56]:

α = (7.2973525698 ± 0.0000000024) × 10−3,

MZ = (91.1876 ± 0.0021) GeV, (8.19)

Gµ = (1.1663787 ± 0.0000006) × 10−5 GeV−2.

= +

W W W

N

l

W

= +

Z Z Z

N

N

Z

Figure 8.1: 1-loop correction of the new heavy neutrinos to W and Z propagators.

All observables will receive contributions from the loop corrections to the W and Z
boson propagators through the diagrams in Fig. 8.1. These contributions are encoded in
the flavour-universal corrections δuniv

W,Z that can be found in Eq. (E.21) in the Appendix E.
We now list the further corrections exclusive to each of the observables considered:

8.2.1 µ decay, GF and MW

Our input value for GF is determined through µ decay, but this process will receive
corrections both at the tree and the loop level (see Fig. 8.2). Thus, the value determined
from µ decay, Gµ, is related to GF by:

Γµ =
m5
µG

2
F

192π3
(
1− |θe|2 − |θµ|2 + 2δuniv N

W + δG
)
≡
m5
µG

2
µ

192π3
, (8.20)

with
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Γµ = + +

+ +

µ µ

µ µ

νµ νµ

νµ νµ

W− W−

W−

φ−

h, φ0

φ−

h, φ0

φ−

h, φ0

Nk

Nk Ni Nj

e

νe

e

νe

e

νe

e

νe

2

Figure 8.2: 1-loop corrections to µ decay.

δG = 2Re[VWe + VW∗
µ + δCT W

e + δCT W∗
µ + Bµe] (8.21)

and where δuniv N
W is the flavour-universal W propagator correction, δCT W

l and VWl
are the flavour-dependent lepton propagator and vertex contributions (see Eqs. (E.9)
and (E.11) in the Appendix E), and Bµe encodes the box diagram contribution com-
puted in Eq. (E.13) in the Appendix E.

From Eq. (8.20), we find:

G2
µ = G2

F

(
1− |θe|2 − |θµ|2 + 2δuniv N

W + δG
)
. (8.22)

The second and third terms in Eq. (8.22) correspond to the tree level correction, the
fourth term is the universal 1-loop oblique correction which is given in Eq. (E.21) of the
Appendix E. This particular expression, when used in an observable mediated by the Z
and thus corrected through 2δuniv N

Z , leads to a common correction to these observables
given by 1− |θe|2 − |θµ|2 − 2αT (see Eqs. (E.21) and (E.17)). This common dependence
on the tree level and oblique corrections is the source of the cancellation analysed in
Ref. [323].

The the W mass is also correlated to GF through

M2
W =

πα√
2GF s2W(1−∆r)

, (8.23)

with ∆r = 0.03639 ∓ 0.00036 ± 0.00011 [56]. Thus, the corrections induced at both
the tree and loop levels by the heavy neutrinos from Eq. (8.22) can be probed by the
measurement of MW in LEP and Tevatron [56]:

MW = 80.385 ± 0.015 GeV. (8.24)

8.2.2 Invisible Z width

The determination of the number of light active neutrinos by LEP through the invisible
width of the Z provides a constraint to heavy neutrino mixing already at the tree level.
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Additional loop corrections are induced through the diagrams in Fig. 8.3 which lead to:

Γinv =

3∑

i,j=1

GFM
3
Zρ

24
√
2π

(Zij + Zji) , (8.25)

where ρ encodes the SM loop corrections to the process and

Zij = |Cij |2
(
1 + δuniv

Z

)
+ 2Re

[
C∗
ij

(
δCT Z
ij + VZij

) ]
, (8.26)

with
Cij =

∑

α=e,µ,τ

U∗
αiUαj . (8.27)

and δCT Z
ij and VZij the lepton and vertex corrections shown in Eqs. (E.10) and (E.12) in

the Appendix E.
Eq. (8.25) is often used to determine the number of active neutrinos Nν lighter than

MZ/2 as:

Γinv =
GFM

3
ZρNν

12
√
2π

, (8.28)

The measurement by LEP of Γinv = (0.4990 ± 0.0015) GeV combined with Eq. (8.28)
leads to [56]:

Nν = 2.990 ± 0.007 . (8.29)

We will exploit this result together with Eq. (8.25) to derive constraints on Cij and,
hence, on the heavy neutrino mixings.

Γinv = + +

Z Z Z

h

φ0

Nk

νi

νj

νi

νj

νi

νj

h, φ0

Na

Nb 2

Figure 8.3: 1-loop corrections to the invisible decay of the Z.

8.2.3 Universality ratios

Electroweak coupling universality is strongly constrained through ratios of leptonic decays
of K, π, W or charged leptons. In these ratios many uncertainties cancel and a clean
constraint can be derived. These observables are corrected both at the tree and loop
level, for instance, Rπµe = Γ (π− → µνµ) /Γ (π− → eνe) is corrected by the diagrams in
Fig. 8.4.

Thus, the general expression for the ratio of lepton flavours α and β is given by:

Rαβ = RSMαβ
1− |θα|2 + 2Re

[
VWα + δCT W

α

]

1− |θβ|2 + 2Re
[
VWβ + δCT W

β

] , (8.30)
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Rπ
µe =

+

u

d W− µ

νµ u

d µ

νµ

W− φ−

h, φ0

Nk

2

+

u

d W− e

νe u

d e

νe

W− φ−

h, φ0

Nk

2

Figure 8.4: 1-loop corrections to weak universality ratios.

where RSMαβ is the SM value for this ratio, for example, for π decay:

RπSMαβ =


mα

(
m2
π −m2

α

)

mβ

(
m2
π −m2

β

)




2

1

1 + δRπαβ
(8.31)

and where δRπαβ are the SM radiative corrections to this process [489]. Notice that the
flavour-universal contributions from the W propagator cancel in the ratio.

The predicted values of these ratios are computed through Eqs. (8.30) and (8.31)
with data form [56, 490] and compared to the experimental measurements of the decay
rates in our global fit. This data is summarised in Table 8.2.

8.2.4 Rare decays

The presence of extra heavy neutrinos beyond the three light ones participating in low
energy weak processes induces deviations from unitarity in the PMNS matrix. Thus, the
GIM cancellation [491] suppressing flavour-changing processes does not take place and
strong constraints on the presence of these extra neutrinos can be derived. Moreover,
the extra heavy neutrinos themselves also mediate the flavour-changing processes, such
as radiative leptons decays lα → lβγ in Fig. 8.5. The contribution from both the heavy
and light neutrinos is given by:

Γ (lα → lβγ)

Γ (lα → lβνανβ)
=

3α

32π

∣∣∣
6∑

k=1

UαkU
†
kβF (xk)

∣∣∣
2

(UU †)αα (UU
†)ββ

(8.32)

where xk ≡ M2
k

M2
W

, and F (xk) is given by:

F (xk) ≡
10− 43xk + 78x2k − 49x3k + 4x4k + 18x3k lnxk

3(xk − 1)4
. (8.33)

Thus, for heavy neutrino masses much larger than MW :

Γ (lα → lβγ)

Γ (lα → lβνανβ)
≃ 3α

32π
|θαθ∗β|2(F (∞)− F (0))2. (8.34)
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BR (π+ → e+νe) (1.230 ± 0.004) × 10−4

BR (π+ → µ+νµ) (99.98770 ± 0.00004) %
BR (τ− → π−ντ ) (10.83 ± 0.06)%
BR (K+ → e+νe) (1.581 ± 0.008) × 10−5

BR (K+ → µ+νµ) (63.55 ± 0.11)%10−5

BR (τ− → K−ντ ) (7.00 ± 0.10) × 10−3

BR (W+ → e+νe) (10.71 ± 0.16)%
BR (W+ → µ+νµ) (10.63 ± 0.15)%
BR (W+ → τ+ντ ) (11.38 ± 0.21)%
BR (τ− → µ−νµντ ) (17.41 ± 0.04)%
BR (τ− → e−νeντ ) (17.83 ± 0.04)%

τπ± (2.6033 ± 0.0005) × 10−8 s
τK± (1.2380 ± 0.0021) × 10−8 s
ττ (290.3 ± 5.0) × 10−15 s
τµ (2.1969811 ± 0.0000022) × 10−6 s

mπ± 139.57018 ± 0.00035 MeV
mK± 493.677 ± 0.016 MeV
MW 80.385 ± 0.0015 MeV
me 0.510998928 ± 0.000000011 MeV
mµ 105.6583715 ± 0.0000035 MeV
mτ 1776.82 ± 0.16 MeV

δRπµe (−0.374 ± 0.001)

δRπµτ (0.0016 ± 0.0014)

δRKµτ (0.0090 ± 0.0022)

Table 8.2: Input values used for the constraints on weak universality from ratios of meson
and charged lepton decays.

The prediction from Eq. (8.32) will be compared with the existing upper bounds from [56]:

BRµe < 5.7× 10−13 , (8.35)

BRτe < 3.3× 10−8 , (8.36)

BRτµ < 4.4× 10−8 . (8.37)

Notice that these bounds are quoted at the 90% CL so they will be rescaled to 1σ to
build the corresponding contribution to the χ2 function.

8.3 Results

8.3.1 Constraints from the global fit

With the 13 observables discussed in Section 8.2 we build a χ2 function depending on the
9 parameters listed in Table 8.1. Given the large dimensionality of the parameter space,
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Γµ→e =

µ eNk

φ− φ−

γ

+ ...

2

Figure 8.5: Extra neutrino contributions to the µ→ eγ decay.

we make use of Markov chain Monte Carlo (MCMC) techniques for efficient parameter
exploration. In particular, we implement importance sampling based on the Likelihood
obtained from the observables through a Metropolis-Hastings algorithm. The range in
which the 9 free parameters are varied is also summarised in Table 8.1. We have run
simultaneously 5 different chains through the MCMC algorithm and have verified that
good convergence (better than R−1 < 0.035 [492]) for all parameters has been achieved.
The results of the runs thus provide a good sample of the χ2 values in the preferred
regions of the parameter space and have been used to marginalise over different subsets
of the model parameters. In this way, we will present 2D and 1D frequentist contours on
the more phenomenologically relevant parameters of the model. The post-processing of
the chains to derive the allowed confidence regions has been performed with the Monte-
CUBES [493] user interface.

In Fig. 8.6 we show the results of our MCMC scan for the 2 degrees of freedom
constraints of different combinations of the heavy-active mixings θα defined in Eq. (8.9).
The contours correspond to the 1σ, 90% and 2σ frequentist confidence regions. The upper
panels show the bounds in the two combinations we choose to more directly sample (see
Table 8.1): |θe|×|θµ| and |θe|−|θµ|. The rationale behind this is apparent upon inspection
of Fig. 8.6. Indeed, the constraints on the product are more than one order of magnitude
smaller than those derived from the difference of the couplings

√
|θe| × |θµ| ≪ ||θe|−|θµ||,

leading to a very pronounced hyperbolic degeneracy in the panels of the middle row, which
contain the same information directly depicted as a function of θe and θµ. Thus, this
particular choice of sampling parameters allowed to scan the hyperbolic degeneracy much
more efficiently and speed the convergence of the MCMC. This very strong constraint in
|θe|× |θµ| stems from the strong bound on µ→ eγ from MEG that, from Eq. (8.34), sets
a very stringent limit on |θµθ∗e |.

Finally, the lower panels of Fig. 8.6 contain the constraints derived for the mixing
with the τ flavour θτ . Notice that Yτ , and hence θτ , was not a free parameter of the fit
but was rather obtained from the other two Yukawas and the light neutrino masses and
mixings from Eq. (8.16). This is the source of the observed correlation between the values
of θe and θτ . Notice also that, since the particular pattern of light neutrino masses plays
an important role in Eq. (8.16), the left (normal hierarchy) and right (inverted hierarchy)
panels of Fig. 8.6 display different correlations.

In Fig. 8.7 we show the individual constraints that can be derived on θe, θµ, and θτ
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Figure 8.6: Contours for θe, θµ and θτ at 1σ (red), 90% CL (black) and 2σ (blue). The
left panels are obtained for normal hierarchy and the right for inverted.

(from top to bottom) for a normal (left) and an inverted (right) hierarchy after marginal-
ising over all other parameters. We generally find a slight improvement of the fit to the
observables considered when some amount of mixing is present. In particular, we find
that non-zero mixing with the electron is preferred at around the 90% CL by our dataset.
Mixing with the tau flavour is also favoured for normal hierarchy due the correlations
implied by Eq. (8.16). At the 1σ level, mixing with the µ flavour is significantly con-
strained due to the preference of some universality bounds (from π and τ decays) for a
slightly reduced coupling to the electron with respect to the muon. Thus, since univer-
sality constraints are corrected by 1− |θα| for each flavour, a non-zero θe is preferred in
the fit while θµ is kept at small values to satisfy the constraint from µ→ eγ. Beyond the
1σ level, the mixing with the electron is allowed to become small and thus the constraint
on µ mixing at 2σ is much weaker than naively expected from the 1σ region. The limits
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of the 1 and 2σ regions for the three mixing parameters are summarised in Table 8.3.

θe θµ θτ
1σ 2σ 1σ 2σ 1σ 2σ

NH 0.034+0.009
−0.014 < 0.050 < 3.2 · 10−4 < 0.037 0.018+0.019

−0.013 < 0.049

IH 0.035+0.009
−0.014 < 0.051 < 3.3 · 10−4 < 0.037 < 0.031 < 0.044

Table 8.3: Constraints on θe, θµ, and θτ for normal and inverted hierarchy.

In Fig. 8.8 we show a comparison of the breakdown of the contributions of the different
observables to the total χ2 for the SM (left panel) and our best fit (middle panel) as well
as the difference of the two (right panel). It can be seen that some of the existing tension
of the SM with the invisible width of the Z can be alleviated by the presence of heavy
neutrino mixings and also the agreement between the kinematic determination of MW

and its SM value from GF , α and MZ is improved. As already discussed, the universality
constraints from π and τ decays are also in better agreement when some mixing with the
electron is present. On the other hand, universality tests from kaon decays rather point
in the opposite direction. Thus, at the end, the preference for non-vanishing heavy-active
mixing is mild and the final improvement of the χ2 with respect to the SM value is 3.7,
not quite reaching the 2σ level. Notice that, even if the number of free parameters in
the fit is rather high, the observables actually depend on the combinations |θe|, |θµ| and
|θτ | only (and Λ when loop corrections are relevant). Thus, the reduction by 3.7 of the
χ2 should be attributed to the introduction of 3 (or 4) new parameters rather than 9.

Regarding the importance of the loop effects considered, we have performed a second
set of MCMC runs where all loop corrections have been removed. The results of these
simulations are essentially identical to the ones stemming from the full computation. By
adding to the chain output also the value that the T parameter took in the simulations,
we find that its preferred values are ∼ 10−7 − 10−6, negligible with respect to the best
fit values of the tree level contributions. In order to understand this apparent lack of
relevance of the loop corrections and the T parameter in particular, in direct contrast
to the results presented in [323], we will now analyse in further detail the regions of
the parameter space in which T could be relevant and the necessary conditions for the
cancellation with the tree level contributions to take place.

8.3.2 The T parameter

The leading contributions (not suppressed by the light neutrino or charged lepton masses)
to the T parameter are given by [323]:

αT =
α

8πs2WM
2
W


 ∑

α,β,i,j

(
U∗
αiUαjUβiU

∗
βjfij + U∗

αiUαjU
∗
βiUβjgij

)

 , (8.38)

where

fij =
M2
iM

2
j

M2
i −M2

j

ln
Mi

Mj
and gij =

2MiM
3
j

M2
i −M2

j

ln
Mi

Mj
, (8.39)
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and where Mi are the neutrino mass eigenvalues. In [471, 473] it was shown that sev-
eral of the most constraining observables, notably the Z decay to charged leptons and
sin2 θeffw [494], depended on the combination:

(NN †)ee(NN
†)µµ − 2αT ≃ 1− |θe|2 − |θµ|2 − 2αT. (8.40)

Since from Table 8.3 |θe|2 + |θµ|2 ∼ 10−3, 2αT must be of similar order so as to be
competitive with the tree contribution. From Eq. (8.38)

2αT ≃ αΛ2|θα|4
16πs2WM

2
W

, (8.41)

where Λ is the mass scale of the heavy neutrinos and θα/
√
2 their mixing with the flavour

states from Eq. (8.9). Thus, in order for 2αT ∼ |θα|2 it is necessary that Λ ∼ 10−100 TeV.
And, since |θα|2 ∼ |Yα|2v2EW/2Λ

2 ∼ 10−3, then |Yα| ∼ 1 − 10, on the very limit of
perturbativity but, a priori, an interesting possibility.

Furthermore, notice that the second term in Eq. (8.38) has the typical structure
in the elements of the mixing matrix U of L-violating processes, such as, for example,
neutrinoless double β decay. Indeed, this term stems from the correction to the Z
propagator with two neutrinos running in the loop and a Majorana mass insertion and
it is easy to see that it vanishes in the limit of exactly conserved Lepton number, taking
all ǫi and µj to zero. Thus, if B − L is approximately conserved, the first term in
Eq. (8.38) dominates the contribution to T . However, it can be shown that the matrix
fij is positive semi-definite for three extra heavy neutrinos or less4 and can then be
diagonalised as fij =

∑
k VikλkV

∗
jk, where V is a Unitary matrix and λk ≥ 0. Thus, if

B − L is approximately conserved:

αT ∼ α

8πs2WM
2
W

∑

α,β,i

∣∣∣∣∣
∑

k

U∗
αiUβiVik

√
λk

∣∣∣∣∣

2

≥ 0. (8.42)

But from Eq. (8.40) T < 0 is mandatory so as to have the cancellation between T and
|θα|2 discussed in [323]. Thus, significant violations of B − L are necessary so that the
second term in Eq. (8.38), which is allowed to be negative, can dominate over the first.

Notice that, for arbitrary values of the B−L-violating parameters ǫi and µj, Eq. (8.8)
is a completely general parametrisation of a type-I Seesaw mechanism with three extra
right-handed neutrinos. But, given Eq. (8.12), only µ1 and µ3 are allowed to be sizeable
given the present constraints on the light neutrino masses and mixings. If |µ1| ≫ Λ,Λ′, µ3
a negative T can indeed be obtained:

T ≃ v4EW

32πs2WM
2
Wµ

2
1

(
∑

α

|Yα|2
)2 (

3− 4 log
(µ1
Λ

))
. (8.43)

4Preliminary explorations indicate that this argument can be generalised to more extra heavy neu-
trinos.
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If both µ1 and µ3 are simultaneously included and dominate over the L-conserving Λ
and Λ′ then T is given by:

T ≃ v4EW

64πs2WM
2
W

(
∑

α

|Yα|2
)2 6µµ1 −

(
3µ21 + µ2

)
log
(
µ+µ1
µ−µ1

)

µ3µ1
, (8.44)

where µ =
√
µ21 + 4µ23. In this limit, negative values of T are also easily accessible.

However, the price to pay is high, the approximate B − L symmetry protecting the
Weinberg operator despite the Yukawas at the very border of perturbativity and the low
Seesaw scale, has been strongly broken by µ1 and µ3. While this does not induce any
dangerous corrections to neutrino masses at tree level, and hence when working with
the Casas-Ibarra parametrisation as in Ref. [323] the correct masses and mixings seem
to be recovered, loop corrections need to also be taken into account since no protecting
symmetry can now suppress them. Indeed, the loop contributions mediated by µ1 and
µ3 to the light neutrino masses are found to be [421,495–497]:

∆mναβ =
YαYβ
32π2µ

(
3M2

Zf(MZ) +M2
hf(Mh)

)
, (8.45)

with:

f(M) =
(µ+ µ1)

2 log
(µ+µ1

2M

)

(µ+ µ1)
2 − 4M2

− (µ− µ1)
2 log

(µ−µ1
2M

)

(µ− µ1)
2 − 4M2

. (8.46)

These corrections can indeed be sizeable and in Fig. 8.9 we show the values that the loop
contribution to the light neutrino masses take in order to recover a given value for −2αT
for different values of µ1 and µ3. From inspection of Eq. (8.46), the limit of vanishing
µ1 would render f(M) = 0, keeping under control the loop corrections to neutrino
masses5. However, from Eq. (8.44), |µ1| > 1.9|µ3| is necessary for T < 0. Indeed, as
can be seen in Fig. 8.9, if −2αT ∼ 10−3 so as to implement the cancellation between
tree and loop level contributions, corrections to the light neutrino masses ranging from
∼ 100 keV to ∼ 100 MeV, far exceeding present constraints, would be obtained. Thus,
we conclude that, while the qualitatively important cancellations described in Ref. [323]
can in principle take place and affect the constraints on the heavy-active neutrino mixing
for Yα ∼ 1 and Λ ∼ 10 TeV, in practice large violations of the protecting B−L symmetry
would be required, leading to too large radiative corrections to light neutrino masses.

5In this limit with µ3 ≫ Λ,Λ′, L-symmetry is recovered with two degenerate neutrinos with mass
µ3 that form a Dirac pair. Hence, the symmetry ensures the stability of ν masses at loop level but
conversely drives T to positive values.
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Figure 8.7: ∆χ2 (marginalised over all other parameters) for θe, θµ and θτ . Left panels
show results for a normal hierarchy and right panels for inverted hierarchy.
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χ2(SM) χ2(BF ) ∆χ2(SM)

Figure 8.8: Contributions from the different observables to the χ2. Left plot shows the
SM values. Middle plot shows the contributions from three right-handed neutrinos in
the best-fit point. Right plot shows ∆χ2

i ≡ χ2
i (SM)− χ2

i (BF ) for every observable i.

Figure 8.9: T parameter versus 1-loop correction to mν for different values of the L-
violating parameters µ1 and µ3.
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Chapter 9

Conclusion

The neutrino mass generation mechanism, the nature of dark matter and the origin of the
baryon asymmetry of the Universe are three pressing questions in modern astroparticle
physics that call for the introduction of physics beyond the Standard Model. Originally
introduced to account for the observation of nonzero neutrino masses and mixings, ster-
ile fermions have shown a strong potential in providing a simultaneous solution to the
aforementioned observational problems.

Any neutrino mass generation mechanism must account for the smallness of the neu-
trino mass scale when compared to the electroweak one. In this thesis we focused on the
analysis of mechanisms characterised by an approximated B−L symmetry, due to their
potential to account for the observed neutrino masses with a relatively low new physics
scale, O(TeV) or lower, that makes them testable in present and future experimental
facilities.

In [498] we proposed a methodological approach to identify the most minimal Inverse
Seesaw realisations fulfilling all phenomenological requirements. By adding extra sterile
fermions to the SM (right-handed neutrinos, νR, and sterile singlets, s) whose number
of generations were not fixed (#νR not necessarily equal to #s), we have shown that
it is possible to construct several distinct ISS models that can reproduce the correct
neutrino mass spectrum. Our general analysis has shown that the mass spectrum of an
ISS realisation is characterised by either 2 or 3 different mass scales, corresponding to
the one of the light active neutrinos, that corresponding to the heavy states, and an
intermediate scale associated to #s−#νR sterile states (only relevant when #s > #νR).
The approach we followed was based on time-independent perturbation theory for linear
operators, which allowed to analytically diagonalise the neutrino mass matrix. One can
thus obtain analytic expressions for the neutrino eigenstates and their associated masses
as a power series of the small parameters that violate the total lepton number. As a
result, we were able to identify two classes of truly minimal ISS realisations that can suc-
cessfully account for neutrino data. The first, here denoted ISS(2,2) model, corresponds
to the SM extended by two RH neutrinos and two sterile states. It leads to a 3-flavour
mixing scheme, and requires only two scales (the one corresponding to the light neutrino
masses, and the one corresponding to RH neutrino masses). Although considerably fine
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tuned, this ISS configuration still complies with all phenomenological constraints, and
systematically leads to a Normal Hierarchy for the light neutrinos. The model could
marginally give rise to an effective mass for 0ν2β within experimental reach, but all
these regions turn out to be excluded by current laboratory constraints and the MEG
bound on µ → eγ decays. The second, named ISS(2,3) realisation, corresponds to an
extension of the SM by two RH neutrinos and three sterile states. This class allows to
accommodate both hierarchies for the light spectrum (although the IH is only marginally
allowed), in a 3 + 1-mixing scheme. Concerning 0ν2β decays, the ISS(2,3) scenario leads
to effective masses close to the current experimental bound and within future sensitivity
of coming experiments. The mass of the lightest sterile neutrino can vary over a large
interval: depending on its regime, the ISS(2,3) realisation can offer an explanation for
the reactor anomaly (in this case, the lightest mostly sterile state has a mass m4 ∼ eV),
or provide a Warm Dark Matter candidate (for a mass of the lightest sterile state around
the keV). We have focused on the determination of the truly minimal inverse Seesaw real-
isations. Our approach can be easily generalised to probe the phenomenological viability
and impact of any ISS extension of the SM (for an arbitrary number of RH states and
sterile fermions).

The viability of the Dark Matter hypothesis in the ISS(2,3) was then analysed in [499],
where we have considered the possibility of simultaneously addressing the dark matter
problem and the neutrino mass generation mechanism. We have conducted a comprehen-
sive analysis, taking into account all the phenomenological and cosmological requirements
and the several possibilities of neutrino mass spectra. We have found that in most of
the parameter space the DM can be produced only through active-sterile transitions
according to the DW production mechanism, accounting, in the most favourable case,
for at most ∼ 43% of the relic DM abundance, without conflict with observational con-
straints. This situation can be improved for two specific choices of the spectrum of the
heavy pseudo-Dirac neutrinos. Firstly, one can consider the case of moderately light, i.e.
∼ 1 − 10 GeV, pseudo-Dirac neutrinos. These states can dominate the energy density
of the Universe and produce entropy at the moment of their decay, altering the impact
of DM on structure formation. However the constraints from dark matter indirect de-
tection are still too severe and the allowed DM fraction is increased only up to ∼ 50%.
The second possibility relies upon relatively heavy, ∼ 130 GeV − 1 TeV, pseudo-Dirac
pairs, which can produce the correct amount of DM through their decays. In this kind of
setup it is also possible for the ISS(2,3) to account for the reported 3.5 keV line in galaxy
cluster spectra. In the final part of the work, we have proposed a minimal extension
of the ISS(2,3) model with the addition of a scalar singlet (at the origin of the lepton
number violating masses of the sterile fields) which allows to achieve the correct DM relic
density for generic values of the masses of pseudo-Dirac neutrinos. The latter can still
participate, at various levels, to the production mechanism of DM.

In order to address the last issue, that is baryogenesis, we have proposed in [500] a
minimal extension of the Standard Model by the addition of two sterile fermions with
opposite lepton number, forming a setup with an approximate lepton number conser-
vation. The new fields form a pseudo-Dirac pair and are coupled to the active leptons
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via mixing terms. The small mass splitting within this pair, as well as the smallness
of the active neutrino masses, are due to two sources of lepton number violation with
∆L = 2, corresponding to an Inverse Seesaw framework extended by a Linear Seesaw
mass term. The main goal was to study of the feasibility of simultaneously having a
very low-scale Seesaw mechanism - typically at 1 − 10 GeV - at work for generating
neutrino masses and mixings as well as an efficient leptogenesis through oscillations at
the electroweak scale within this “natural” and minimal framework. Here the naturally
arising pseudo-Dirac state ensures a highly efficient leptogenesis due to its small mass
splitting. We have also considered the (pure) Inverse Seesaw mechanism in which several
pseudo-Dirac states arise naturally. We have conducted a comprehensive analytical and
numerical analysis investigating both neutrino mass hierarchies, normal (NH) and in-
verted (IH), for the neutrino mass spectrum and exploring the different washout regimes
for the baryon asymmetry of the Universe. To this end we have implemented and solved
a system of Boltzmann equations and have additionally derived an analytical expres-
sion for the baryon asymmetry, providing a better understanding of the behaviour of
the solutions. Our studies reveal that our scenario (SM extended by two right-handed
neutrinos with two sources of lepton number violation by 2 units) is efficient to generate
a successful leptogenesis through oscillations between the two mostly sterile states while
complying with all available data. Our analytical expression is valid in the weak washout
regime and agrees with the results obtained by numerically solving the system of Boltz-
mann equations. In the regime of strong washout, which is numerically very demanding,
we have nevertheless proven that our scenario can provide successful leptogenesis, with
values of the active-sterile mixing that can be probed by future facilities such as SHiP.
We have conducted the same study for the pure Inverse Seesaw setup, in which case we
find that the mass splitting between the states in the pseudo-Dirac pairs is too large to
achieve a successful leptogenesis in the weak washout regime while accommodating the
neutrino data. This analysis is however not conclusive to discard the ISS scenario since it
relies on the (severe) condition that all the Yukawa couplings are below the equilibration
value. A complete analysis of the whole parameter space in this case is numerically very
demanding, and will be the purpose of a future study.

In [501] we discussed the enhancement of the LFV decays of flavourless vector bosons,
V → ℓαℓβ, with V ∈

{
φ,ψ(n),Υ(n), Z

}
, induced by a mixing between the active and ster-

ile neutrinos. The enhancement grows with the mass of the heavy sterile neutrino(s),
as can be seen from the mass dependence of the Wilson coefficients that we explicitly
calculated. We find that the most significant diagram that gives rise to the LFV de-
cay amplitudes is the one coming from the Zνν vertex, which suggests a steady growth
of the decay rate with the mass of the sterile neutrino(s). In the physical amplitude,
however, the region of very large mass of the sterile neutrino(s) is suppressed as the
decoupling takes place, i.e. mixing between the active and sterile neutrinos rapidly falls.
We illustrated the enhancement of B(V → ℓαℓβ) in two scenarios: a model with one ef-
fective sterile neutrino that mimics the effect of a generic extensions of the SM including
heavy sterile fermions, and in a minimal realisation of the inverse Seesaw scenario com-
patible with current observations (that is the ISS(2,3)). Our results for upper bounds
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on B(V → ℓαℓβ) [V ∈ {φ, J/ψ, ψ(2S),Υ(1S),Υ(2S),Υ(3S), Z}] are still considerably
smaller than the current experimental bounds (when available), but that situation might
change in the future as more experimental research will be conducted at Belle II, BE-
SIII, LHC, and hopefully at FCC-ee (TLEP). If one of the decays studied is observed
and turns out to have a branching fraction larger than the reported upper bounds, then
sources of LFV other than those coming from mixing with heavy sterile neutrinos must
be accounted for.

Finally in [502] we have analysed in detail the importance of loop corrections when
deriving constraints on the mixing between the SM flavour eigenstates and the new heavy
neutrinos introduced in Seesaw mechanisms. Although naively the expectation is that
radiative corrections involving these new states would be irrelevant given their weaker-
than-weak interactions due to their singlet nature and, a priori, suppressed mixings with
the SM neutrinos, Seesaw models may allow Yukawa couplings to be sizeable, even order
one. Thus, loop corrections involving Yukawa vertices, when the loops involve the heavy
neutrinos and the Higgs or the W and Z Goldstones, can indeed be sizeable as shown
in Ref. [323]. In that work, it was shown that, for the low-scale Seesaw mechanisms
characterised by large Yukawas and low (electroweak) Seesaw scale, the contribution of
the new degrees of freedom to the oblique parameters could indeed become as important
as the tree level effects in some regions of the parameter space. Moreover, it was ob-
served that several observables shared a common dependence between the T parameter
and the tree level contribution, stemming from the modification by these effects of the
muon decay through which GF is determined and subsequently used as input for other
observables. Thus, a partial cancellation between these tree and loop level contributions
can significantly relax the bounds derived from these observables. Indeed, in Ref. [323]
a good fit with sizeable mixing was obtained in which the most stringent limits were
avoided through this partial cancellation while standing tensions between the SM and
some observables like the invisible width of the Z were alleviated. We have extended the
analysis performed in Ref. [323] to include also vertex corrections and not only oblique
parameters, since the sizeable contributions from the heavy Yukawas do not vanish when
taking the light neutrinos and charged lepton masses to zero. We have found that, all
in all, the oblique parameters do tend to dominate over the other loop corrections and
their contribution could be sizeable in some part of the parameter space. However, our
MCMC scan shows no preference for any sizeable loop corrections and the partial can-
cellation found in [323] is not reproduced. We have then studied in detail the values
of the T parameter preferred by data through our MCMC scan and found that they
were not only negligible, but always positive in our results, while, for the cancellation
between tree level contributions and the T parameter to take place, the latter must have
negative values. We thus studied the necessary conditions for sizeable negative values of
the T parameter and realised that, not only sizeable Yukawas and relatively low Seesaw
scales are required, but also large violations of B − L. We have then identified the only
parameters in the mass matrix with three extra heavy neutrinos that could provide the
necessary B − L violation required for T to be negative and competitive with tree level
contributions, while keeping neutrino masses within their current bounds despite the
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large Yukawas, the low Seesaw scale and the loss of protecting B−L symmetry. Finally,
we have studied how these parameters would contribute to neutrino masses at loop level
and found that, for the size of T required for the cancellation to take place, light neutrino
masses would range from 10 keV to 100 MeV, effectively ruling out this possibility. We
conclude that loop level corrections are only relevant in a small fraction of the Seesaw
parameter space characterised by large Yukawa couplings and low Seesaw scale and that
these corrections tend to strengthen the tree level contributions unless large deviations
from B − L are present. If B − L is approximately conserved, data thus prefer regions
of the parameter space where these loops are irrelevant. On the other hand, if B − L is
strongly violated, the cancellation discussed in Ref. [323] can indeed provide a good fit to
data with a very relevant rôle of the loop contributions. However, these large violations
of B−L at loop level also lead to too large contributions to the light neutrino masses and
hence this possibility is ruled out. We therefore conclude that loop corrections can safely
be neglected in analyses of the heavy neutrino mixings in Seesaw mechanisms. Finally we
have also obtained relevant constraints on these mixings when B − L is an approximate
symmetry, so as to recover the correct neutrino masses and mixings observed in neutrino
oscillation searches. We find a mild (∼ 90% CL) preference for non-zero mixing with the
e flavour with a best fit at θe = 0.034+0.009

−0.014 or θe = 0.035+0.009
−0.014 for normal and inverted

mass hierarchy respectively. In the case of normal hierarchy, this preference also induces
non-zero mixing with the τ flavour θτ = 0.018+0.019

−0.013 so as to recover the correct pattern
of neutrino masses and mixings. On the other hand, small θµ is preferred so as to keep
µ → eγ at acceptable levels in presence of non-zero θe. At the 2σ level the following
upper bounds are found: θe < 0.051, θµ < 0.037 and θτ < 0.049.
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Appendix A

Perturbative diagonalisation

A.1 Perturbative determination of the neutrino masses and
of the leptonic mixing matrix

In the one generation ISS model, and in the basis defined by nL ≡ (νL, ν
c
R, s)

T , the
neutrino mass matrix can be written as

M =




0 d 0
d m n
0 n µ


 , (A.1)

where d,m, n, µ are complex numbers. This symmetric matrix can be diagonalised via [36]

UT M U = diag(m0,m1,m2) , (A.2)

where U is a unitary matrix and m0,1,2 are the physical masses. To obtain U , we use the
hermitian combination M †M (or MM †),

diag(m2
0,m

2
1,m

2
2) =

(
UT M U

)† (
UT M U

)
= U †M †M U , (A.3)

so that the matrix U diagonalising M †M is the same as the one in Eq. (A.2).
In the following, we proceed to diagonalise the one-generation squared mass matrix

M †M of Eq. (A.1), using perturbation theory for linear operators. We also discuss the
validity of the perturbative approach. The mass matrix M can be decomposed as

M =




0 d 0
d 0 n
0 n 0




︸ ︷︷ ︸
M0

+




0 0 0
0 m 0
0 0 µ




︸ ︷︷ ︸
∆M

, (A.4)

where M0 is the zeroth order matrix and ∆M is the perturbation (which violates lepton
number by two units). One can write M †M as

M †M = M †
0 M0︸ ︷︷ ︸
M2

0

+∆M †M0 +M †
0 ∆M︸ ︷︷ ︸

M2
I

+∆M †∆M︸ ︷︷ ︸
M2
II

, (A.5)
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where M2
I and M2

II are the components of the perturbation that are homogenous func-
tions of first and second order in the small parameters m and µ (|m|, |µ| ≪ |d|, |n|).

The perturbativity condition ||∆M || ≪ ||M0|| translates into conditions for the
M2

0 ,M
2
I and M2

II matrices

||M2
I ||

||M2
0 ||

≤ 2|m||d|+ 2|m||n|+ 2|µ||n|
|d|2 + |n|2 ≪ 1 ,

||M2
II ||

||M2
I ||

≤ |m|2 + |µ|2
|m||n| ≪ 1 . (A.6)

The perturbative determination of the mass eigenvalues is thus ensuring , provided that
|m|, |µ| ≪ |n|.

For completeness, one must also determine perturbatively the matrix U of Eqs. (A.2,
A.3), i.e. the leptonic mixing matrix (corresponding to the UPMNS). The eigenvalues of
M2

0 are given by

m2
0
(0)

= 0 , m2
1,2

(0)
= |d|2 + |n|2 . (A.7)

Denoting by x
(0)
0 the normalised eigenvector associated to the null eigenvalue and by

x
(0)
1 and x

(0)
2 , an orthonormal combination of eigenvectors associated to the degenerate

eigenvalue |d|2 + |n|2, the first order correction to x
(0)
0 is given by

x
(1)
0 =

∑

j=1,2

−
x
(0)
j

†
M2
I x

(0)
0

|d|2 + |n|2 x
(0)
j . (A.8)

Since |µ|, |m| ≪ |n|, the coefficients in Eq. (A.8) verify

∣∣∣∣∣∣
x
(0)
j

†
M2
I x

(0)
0

|d|2 + |n|2

∣∣∣∣∣∣
≤

||x(0)
j || ||M2

I x
(0)
0 ||

|d|2 + |n|2 ≪ 1 . (A.9)

Similar arguments apply to the first order corrections to x
(0)
j=1,2; the second order

eigenvector corrections are still subdominant, thus confirming the validity of the pertur-
bative approach.

The lightest neutrino mass arises from perturbative corrections to the m = 0 eigen-
value, while the two other states are massive and degenerate (pseudo-Dirac heavy neu-

trinos). The correction to m2
0
(0)

at second order is

m2
0
(2)

=
|d|4|µ|2

(|d|2 + |n|2)2
, (A.10)

which reduces to the usual inverse Seesaw result once the condition |d| ≪ |n| is assumed.
As discussed in Section 4.5.1, in this approach the only assumption on the magnitude of
the physical parameters is driven by the naturalness requirement, i.e. |m|, |µ| ≪ |d|, |n|.
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The eigenvector associated to m2
0
(2)

is given at zeroth order in the perturbative ex-
pansion by1

x
(0)
0 = eiα0




− nd∗

|d|
√

|d|2+|n|2
0
|d|√

|d|2+|n|2


 , (A.11)

and its first order correction is

x
(1)
0 = eiα0




0

− µ|d|n∗√
(|d|2+|n|2)3

0


 . (A.12)

The first order corrections to m2
1,2

(0)
lift the degeneracy of the states and are given by

m2
1
(1)

= −|µ∗n2+m|d|2+m|n|2|√
|d|2+|n|2

, m2
2
(1)

=
|µ∗n2+m|d|2+m|n|2|√

|d|2+|n|2
, (A.13)

with zeroth order eigenstates

x
(0)
1 = eiα1




− d∗(m|d|2+m|n|2+n2µ∗)√
2
√

|d|2+|n|2|n∗2µ+m|d|2+m|n|2|
1√
2

− n∗(m|d|2+m|n|2+n2µ∗)√
2
√

|d|2+|n|2|n∗2µ+m|d|2+m|n|2|



, (A.14)

x
(0)
2 = eiα2




d∗(m|d|2+m|n|2+n2µ∗)√
2
√

|d|2+|n|2|n∗2µ+m|d|2+m|n|2|
1√
2

n∗(m|d|2+m|n|2+n2µ∗)√
2
√

|d|2+|n|2|n∗2µ+m|d|2+m|n|2|



. (A.15)

A.2 Study of the ISS(2,2) realisation

Here, we use the perturbative approach described above to determine the neutrino spec-
trum and the leptonic mixing matrix. In this minimal model, the neutrino mass terms
in the Lagrangian are

−Lmν = nTL CM nL + h.c. , (A.16)

where

nL ≡
(
ν1L, ν

2
L, ν

3
L, ν

c,1
R , νc,2R , s1, s2

)T
, and C = iγ2γ0. (A.17)

1The phases αi cannot be fixed by diagonalising M†M in (A.3). In fact, given an orthonormal basis
of vectors, one can freely change their phases and still have an orthonormal basis. They must be fixed
using Eq. (A.2) and imposing that mi ≥ 0 for all i.
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The ISS(2,2) mass matrix M is given by

M =




0 0 0 d1,1 d1,2 0 0
0 0 0 d2,1 d2,2 0 0
0 0 0 d3,1 d3,2 0 0
d1,1 d2,1 d3,1 m1,1 m1,2 n1,1 n1,2
d1,2 d2,2 d3,2 m1,2 m2,2 n2,1 n2,2
0 0 0 n1,1 n2,1 µ1,1 µ1,2
0 0 0 n1,2 n2,2 µ1,2 µ2,2




. (A.18)

Using Eq. (4.55), the number np of physical parameters is 24. In the following we choose2

a basis in which one has exactly 24 free parameters, as shown in Table A.1.

Matrix # of moduli # of phases Total

Diagonal and real m 3 0 3
d with one real column 6 3 9

m 3 3 6
Real and diagonal n 2 0 2
µ with real diagonal 3 1 4

Total 17 7 24

Table A.1: Example of a basis in which the number of parameters matches the number
of physical parameters.

In the chosen basis, the mass matrices M0 and ∆M (M =M0 +∆M) are given by

M0 =




0 0 0 d1,1 d1,2 0 0
0 0 0 d2,1 d2,2 0 0
0 0 0 d3,1 d3,2 0 0
d1,1 d2,1 d3,1 0 0 n1 0
d1,2 d2,2 d3,2 0 0 0 n2
0 0 0 n1 0 0 0
0 0 0 0 n2 0 0




, ∆M =




0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 m1,1 m1,2 0 0
0 0 0 m1,2 m2,2 0 0
0 0 0 0 0 µ1,1 µ1,2
0 0 0 0 0 µ1,2 µ2,2




,(A.19)

where (di,1, ni, µi,i) are real and (di,2, µ1,2,mi,j) are complex numbers.

A.2.1 Massless eigenstate

Having a massless eigenstate is an unavoidable feature of the minimal ISS(2,2) and
ISS(2,3) realisations. In the minimal ISS(2,2) realisation, the massless eigenstate is given

2The mass matrix of Eq. (A.18) can be cast in such a form through the following procedure: via a
combination of the transformations in Eq. (4.51) and Eq. (4.52), one can always choose a basis in which
the charged leptonic mass matrix m is diagonal and real. With a combined transformation of Eq. (4.53)
and Eq. (4.54) the matrix n can be rendered real and diagonal; similar transformations allow to eliminate
two phases form the matrix µ (for example those in the diagonal) while keeping n real. Finally, another
combined transformation of Eq. (4.51) and Eq. (4.52), allows to make one column of the Dirac mass
matrix, d, real (the first one, for example), while keeping m real.
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by

v1 = ei(α1−φ3)
(
∆̃1,−∆̃2, ∆̃3, 0 , 0 , 0, 0

)T
, ∆̃i =

∆i√
|∆1|2 + |∆2|2 + |∆3|2

=
∣∣∣∆̃i

∣∣∣ eiφi ,(A.20)

with ∆1 = d2,1d3,2 − d2,2d3,1, ∆2 = d1,1d3,2 − d1,2d3,1, ∆3 = d1,1d2,2 − d1,2d2,1,(A.21)

which is compatible with the constraints on the UPMNS matrix, in both cases of normal
and inverted hierarchy.

A.2.2 Perturbative diagonalization

At zeroth order, the (squared) masses of the system are given by the following set of
eigenvalues of the matrix M0 of Eq. (A.19)

λ =

{
0, 0, 0,

f −
√
f2 − 4g

2
,
f −

√
f2 − 4g

2
,
f +

√
f2 − 4g

2
,
f +

√
f2 − 4g

2

}
, (A.22)

where f = |d1,2|2 + |d2,2|2 + |d3,2|2 + d21,1 + d22,1 + d23,1 + n21,1 + n22,2,

and g = |d1,2|2
(
d22,1 + d23,1 + n21,1

)
+ |d3,2|2

(
d21,1 + d22,1 + n21,1

)
+ |d2,2|2

(
d21,1 + d23,1 + n21,1

)

−d1,1d2,1d2,2d∗1,2 − d1,1d1,2d3,1d
∗
3,2 − d2,1d2,2d3,1d

∗
3,2 − d1,1d3,1d3,2d

∗
1,2

−d2,1(d1,1d1,2 + d3,1d3,2)d
∗
2,2 + d21,1n

2
2,2 + d22,1n

2
2,2 + d23,1n

2
2,2 + n21,1n

2
2,2 . (A.23)

Two of the three massless states receive perturbative contributions from ∆M of Eq. (A.19)
and, at second order in the perturbative expansion, the light neutrino spectrum is given
by

m2
1
(2)

= 0, m2
2
(2)

=
b−

√
b2 + 4c

2
, m2

3
(2)

=
b+

√
b2 + 4c

2
, (A.24)

where the parameters b and c are expressed in terms of the entries of the (2,2) mass
matrix given in Eq. (A.18) (b and c do not depend on the submatrix mi,j). Due to the
long and involved expressions for both parameters b and c, we refrain from displaying
the corresponding formulae here. Nevertheless, the compact expressions above allow to
extract important information: the ISS(2,2) scenario strongly prefers the NH scheme.
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Appendix B

Boltzmann equation for sterile

neutrinos produced from decay

In this appendix we briefly describe the numerical treatment used to validate and comple-
ment the results presented in Chapter 5. On general grounds one should solve a system
of coupled Boltzmann equations for the abundance of the Σ field as well as all the 5
extra neutrinos of the ISS scenario. As already mentioned we will focus on the case in
which the pseudo-Dirac neutrinos can be regarded in thermal equilibrium during the DM
production phase. This allows to focus on a system of two coupled Boltzmann equations
whose general form is:

dnΣ
dt

+ 3HnΣ = −B〈Γ〉nΣ − (1−B)〈Γ〉 (nΣ − nΣ,eq)

+
∑

I

B̃I〈ΓNI 〉nI +
∑

I

(
1− B̃I

)
〈ΓNI 〉 (nI − nI,eq)

−〈σv〉
(
n2Σ − n2Σ,eq

)
,

dnDM

dt
+ 3HnDM = B〈Γ〉nΣ

+
∑

I

B̃I〈ΓNI 〉nI,eq +
∑

I

〈Γ (NI → h + DM)〉nI,eq

+DW. (B.1)

The first equation traces the time evolution of the field Σ. The first row on the right-hand
side represent the decay of Σ, respectively into at least one DM particle and only into
pseudo-Dirac neutrinos, if kinematically allowed. Since the latter are assumed in thermal
equilibrium this second term is balanced by a term accounting for inverse decays and thus
vanishes if Σ is in thermal equilibrium. On the contrary the first term is not balanced
by an inverse decay term since the DM has too weak interactions to be in thermal
equilibrium and then can be assumed to have a negligible abundance at early stages;
this originates the freeze-in production channel. The second row represents the decays,
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if kinematical allowed, of the pseudo-Dirac neutrinos into Σ and another neutrino. The
factor (nI − nI,eq) assumes that Σ is in thermal equilibrium and disappears if the pseudo-
Dirac neutrinos are as well in thermal equilibrium. Here we have again distinguished the
decay term into DM, which is non balanced by the inverse process, and the decay term
into final thermal states (this distinction holds only if Σ is in thermal equilibrium. In
the regime λHΣ ≪ λHΣ the second row should be replaced by the term

∑
I〈ΓNI 〉nI).

The last term finally represents the annihilation processes of Σ. B and B̃I represent the
effective branching fractions of decay of, respectively, Σ and the pseudo-Dirac neutrinos.
〈Γ〉 and 〈σv〉 represent the conventional definitions of the thermal averages [503]:

〈Γ〉 = Γ
K1(x)

K2(x)
,

〈σv〉 =
1

8m4
ΣTK

2
2 (mΣ/T )

∫ ∞

4m2
Σ

dsσann
(
s− 4m2

Σ

)√
sK1

(√
s/T

)
, σann ∝ λ2HΣ

s

=
λ2HΣ

4m2
Σx

2
F (x), (B.2)

where the function F (x) is determined by numerically solving the integral above.
The second equation traces the DM number density. The first two rows represent

the DM production from, respectively, Σ and the pseudo-Dirac neutrinos. The term
labelledDW represents instead the contribution associated to production from oscillation
processes. In the parameter space of interest the two production processes, decay and
oscillations, occur at well separated time scales; as a consequence we can drop the DW
term from the equations and possibly add its contribution to the final relic density.

In order to account possible effects of entropy injection from the decays of the pseudo-
Dirac neutrinos the system above should be completed with a third equation accounting
for the non conservation of the entropy (see e.g. [377]). On the other hand it has been
shown that the pseudo-Dirac neutrinos can dominate the energy budget of the Universe
and inject sizeable amount of entropy only at very late times, compared to the DM
production from decay which occurs at temperature close to the mass scale of Σ (a
possible exception is the case λHΣ ≪ λHΣ). To a good approximation we can thus stick
on a system of the form (B.1) and apply a posteriori possible entropy effects.

For simplicity we will describe two specific examples, namely all the pseudo-Dirac
neutrinos lighter or heavier than Σ. In the first case all the source terms associated
to the decays of the pseudo-Dirac neutrinos can be dropped. Moving to the quantities
YΣ,DM = nΣ,DM/s and x = mΣ/T as, respectively, dependent and independent variables,
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the system reduces to:

dYΣ
dx

= − 1

16π

h̃2mΣ

Hx

K1(x)

K2(x)
(YΣ − (1−B)YΣ,eq)

− 45λ2HΣmΣ

512π7g∗Hx6
F (x)

(
Y 2
Σ − Y 2

Σ,eq

)
,

dYDM

dx
=

1

16π

h̃2mΣ

Hx

K1(x)

K2(x)
BYΣ,

h̃2 =
∑

IJ

|heff ,IJ |2
(
1− (mI +mJ)

2

m2
Σ

)
,

B =

∑
I |heff,I1|2

(
1− (mI )

2

m2
Σ

)

∑
I,J |heff,I1|2

(
1− (mI+mJ )

2

m2
Σ

)
+ y2f sin

2 α

(
1− 4m2

f

m2
Σ

) , (B.3)

where YΣ,eq = 45
4g∗π4x

2K2(x) and H is the Hubble expansion rate H =
√

4π3g∗
45

m2
Σ

x2MPl
.

This last expression assumes that during the phase of DM generation the Universe is
radiation dominated, this is reasonable since we have shown in the main text that the
number density of the heavy neutrinos tends to dominate at low temperatures.

The numerical solution of this system has been presented in the left panel of Figure 5.8
for some sample values of the relevant parameters.

The analytic expressions provided in the text correspond instead to suitable limits
in which this set of equations can be solved analytically. In the regime λHΣ ≥ λHΣ

the right-hand side of the equation for the DM is dominated, at early times, by the
annihilation term and we have simply YΣ = YΣ,eq. In this regime we have only to solve
the equation of the DM substituting YΣ,eq on the right-hand side. The equation can be
straightforwardly integrated for:

YDM =
45

1.66 64π5g
3/2
∗

MPl

mΣ

∑

I

|heff,I1|2
(
1− (mI)

2

m2
Σ

)∫
x3K1(x)dx. (B.4)

For late enough decays we can integrate the Bessel function from zero to infinity thus
obtaining the freeze-in contribution to DM relic density:

Y FI
DM =

135

1.66 128π4g
3/2
∗

∑
I |heff,I1|2MPl

mΣ
, (B.5)

where we have neglected, for simplicity, the kinematical factors in this last expression.
At late times the only relevant terms in the equation are the decay terms, and the DM
equation can be again integrated with initial condition YΣ = YΣ,eq(xf.o.), obtaining the
SuperWimp contribution to the DM relic density. In the regime λHΣ < λHΣ instead the
abundance of the Σ field is always below the equilibrium value. We can thus drop the
term proportional to YΣ in the first Boltzmann equation which can be directly integrated
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over x. Assuming again enough late decays we can carry the integration until infinity
obtaining Eq. (5.32).

In the case in which the pseudo-Dirac neutrinos are heavier than Σ the system of
Boltzmann equations is modified as:

dYΣ
dx

= − 1

16π

h̃2mΣ

Hx

K1(x)

K2(x)
YΣ

+
1

16π

∑

I

B̃I
h
2
ImI

Hx

K1(x)

K2(x)
YI +

1

16π

∑

I

(
1− B̃I

) h2ImI

Hx

K1(x)

K2(x)
(YI − YI,eq)

+
45λ2HΣmΣ

512π7g∗Hx6
F (x)

(
Y 2
Σ − Y 2

Σ,eq

)
,

dYDM

dx
=

1

16π

h̃2mΣ

Hx

K1(x)

K2(x)
BYΣ

+
1

16π

∑

I

B̃I
h
2
ImI

Hx

K1(x)

K2(x)
YI +

1

16π

∑

I

B̃I
Y 2
eff sin2 θmI

Hx

K1(x)

K2(x)
YI ,

h
2
I =

∑

J

|heff ,IJ |2
(
1− (mΣ +mJ)

2

m2
I

)
,

B̃I =
|heff,I4|2

(
1− (mΣ)

2

m2
I

)

∑
J |heff ,IJ |2

(
1− (mΣ+mJ )

2

m2
I

) . (B.6)

In the regime λHΣ > λHΣ the second row of the equation for YΣ can be neglected and we
can fix again YΣ = YΣ,eq and derive analytical solutions for the DM relic density through
analogous steps as above. In the case λHΣ ≪ λHΣ we have to replace the second row of

the equation for YΣ with 1
16π

∑
I
h
2
ImI
Hx

K1(x)
K2(x)

YI , YI = YI,eq and we can again fix YΣ = 0
on the right-hand side. Analytical solutions are reliable if the timescales of production
and decay of Σ are well separated, otherwise one should refer to the numerical treatment.
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Appendix C

Leptogenesis equations and

benchmark points

C.1 Analytical determination of the baryon asymmetry

In this appendix we review the main details regarding the analytical and numerical
determinations of the baryon asymmetry in Chapter 6. The starting point is a system
of coupled Boltzmann equations for the density matrices ρAB with A,B = {N, N̄ , L, L̄}
associated, respectively, to sterile neutrinos, active leptons and their anti-particles. This
kind of system has been originally introduced in [410], and has been reduced to a system
of ordinary differential equations. A more refined version of this system, also adopted
in this work, retaining the full dependence on the momentum k of the density matrices,
has been successively proposed in [417]. In this case one has to solve a system of integro-
differential equations (cf. Eqs. (12) and (14) of [417]) of the form:

dρN
dt

=− i [HN(kN ), ρN ]−
3

2
γdN (kN )

{
F † F, ρN

}
− 1

2
γdN

{
F † (A−1 − I

)
F, ρN

}

+ 3γdN (kN )ρeq(kN )F
† F + 2γdN (kN )ρeq(kN )

[
F † (A− I)F

]
, (C.1)

dµα
dt

=− 3

2
γdν(T )FF

† tanhµα − γdν(T )

4
(1 + tanhµα)

∫ ∞

0

dkNkN
T 2

F
(
ρTN̄ − ρeq

)
F †

+
γdν (T )

4
(1− tanhµα)

∫ ∞

0

dkNkN
T 2

F ∗ (ρTN − ρeq
)
F T

+
γdν(T )

2 cosh µα

∫ ∞

0

dkL
T 2

∫ kL

0
dkN

ρeq(kL)

ρeq(kN )

[
FρNF

† − F ∗ρN̄F
T
]

+
γdν(T )

2 cosh µα

∫ ∞

0

dkL
T 2

∫ ∞

kL

dkN

[
FρNF

† − F ∗ρN̄F
T
]

− γdν(T )

2 cosh µα

∫ ∞

0

dkL
T 2

ρeq(kL)

∫ ∞

0
dkN

[
FρNF

† − F ∗ρN̄F
T
]
. (C.2)
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Here we have taken the active leptons to be in thermal equilibrium, allowing us to trade
the their equations for equations of the chemical potentials µe, µµ, µτ .

ρL = ND ρeq(k)A, ρL̄ = ND ρeq(k)A
−1, ρeq = e−

k
T , (C.3)

with A = diag(eµe , eµµ , eµτ ) representing a matrix of chemical potentials, ρeq the equi-
librium abundance of the mode with wavenumber k, determined by the temperature of
the thermal bath T , and ND = 2.

The first term on the rhs of Eq. (C.1) describes the oscillations of the heavy neutrinos
in the presence of the effective Hamiltonian HN , containing the free propagation and the
effective potential induced by the medium effects. The following two terms describe the
decay of the sterile states and the final two terms account for their production. Both
of these processes contain diagrams sensitive to the asymmetry in the active sector,
leading to the terms proportional to (A±1− I). The corresponding equation for the anti-
particles ρN̄ is straightforwardly obtained from Eq. (C.1) by replacing N ↔ N̄ , F ↔ F ∗

and A ↔ A−1. For simplicity we will only show the equations for ρN in the following.
Equation (C.2) contains the decay and production of the active states, which in turn
depend on the abundance and momentum of the sterile states. The functions γ encoding
the decay and production rates are defined as:

γdN (k) =
NDNCh

2
t

64π3
T 2

k
, γdν(k) =

1

ND
γdN (k) , (C.4)

with NC = 3 and the top Yukawa coupling ht ≃ 1.
The abundances of the various species are given by

YN,L =
1

s

∫
d3k

(2π)3
ρN,L(k) , (C.5)

where s = 2π2gs
45 T 3 denotes the entropy density of the thermal bath. The system of

integro-differential equations (C.1)-(C.2) can be solved by specifying the masses of the
heavy neutrinos M1,2 and their Yukawa couplings Fαi. The abundance of the heavy
neutrino species and the asymmetry in the neutrino spectrum are given by:

YN,i =
1

s

∫
d3k

(2π)3
[ρN (k)]ii , i = 1, 2

Y∆N,i =
1

s

∫
d3k

(2π)3
[∆ρN (k)]ii , ∆ρ = ρN − ρN̄ (C.6)

while the asymmetry in the leptonic flavour can be determined from the chemical poten-
tials as:

Y∆Lα =
45ND

π4gs
sinhµα , α = e, µ, τ (C.7)

According the conservation of the total (active plus sterile) lepton number, the baryon
abundance YB is given by:

YB = −28

79

∑

α

Y∆Lα =
28

79

∑

i

Y∆Ni . (C.8)
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The properties of the system (C.1)-(C.2) and of its solutions have been extensively studied
in [417]. A useful simplification is to assume that the momentum distribution of the heavy
neutrinos is proportional to the equilibrium one (this is equivalent to state the the heavy
neutrinos are in kinetic equilibrium), i.e.:

ρN,N̄ = RN,N̄ (t) ρeq(k) . (C.9)

With this substitution we can trace the evolution of the abundances of the heavy neu-
trinos through the only time dependent functions RN,N̄ . The system of Boltzmann
equations is then casted as:

dRN
dt

=− i [H(kN ), RN ]−
3

2
γdN (kN )

{
F †F,RN − I

}
+ 2γdN (kN )

(
F † (A− I)F

)

− 1

2
γdN (kN )

{(
F † (A−1 − I

)
F
)
, RN

}

dµα
dt

=− 3

2
γdν (T )

(
FF †

)
αα

tanhµα − γdν (T )

4
(1 + tanhµα)

(
F
(
RTN̄ − I

)
F †
)
αα

(C.10)

+
γdν (T )

4
(1− tanhµα) (F

∗ (RTN − I
)
F T )αα +

γdν(T )

2 cosh µα

[
FRNF

† − F ∗RN̄F
T
]
αα

As discussed in [417], in very good approximation the system can be solved by reducing
it to a system of ordinary equations for a single mode k∗, equivalent to the one pre-
sented [410], by a suitable replacement of the type k∗ ∼ T . Notice that the choice of
k∗ must maintain the system self-consistent, i.e. it should preserve lepton number. This
condition can be stated as:

Tr

[
dRN
dt

|k=k∗ −
dRN̄
dt

|k=k∗ +ND
dA

dt
−ND

dA−1

dt

]
= 0 (C.11)

and can be satisfied only for k∗ = 2T , rather than for k∗ = 3T , corresponding to the
conventional thermal average.1 The system (C.10), with the substitution k → k∗ = 2T
is the one used in our study. Notice that, although very similar, the system (C.10) does
not exactly coincide with the one presented in [410]. In particular the coefficient of the
third term of the right-hand side of the equation for RN differs by a factor 2/3. This
is an important point since this term represent the connection term between the active
and sterile sector which is mostly responsible of the generation of the lepton asymmetry.

As stated in the main text, despite the simplification discussed, an extensive numerical
analysis is still very difficult. For this reason we have limited the numerical study to some
relevant benchmarks, as reported e.g. in Figures 6.1, 6.2 and 6.3 and have adopted, for the
study of the parameter space, an analytical solution which is valid in the so-called weak
wash-out regime. This analytical solution is derived following the procedure proposed
in [410,416]. The final expression differs, however, by a O(1) factor with respect to these
references due to the different starting system, as mentioned above.

1In the notation used in this appendix this implies γ(t) = γ(T ) = γ(k∗/2) = 2 γ(k∗).
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C.1.1 Analytical solution in the weak washout regime

An analytical expression of YB can be obtained by solving Eq. (C.10) perturbatively
for small values of µα and F . Let us first consider the leading order in µα, i.e. we set
tanhµα → 0, coshµα → 1, A − I → 0 and A−1 − I → 0. The initial conditions are
RN,N̄ (0) = 0, µα = 0. The first step is to solve the equations for RN,N̄ . First of all, one
can perform the following transformation [367]:

RN = E(t)R̃NE
†(t) , (C.12)

with

E(t) = exp

[
−i
∫ t

0
dt

′
∆E

]
, ∆E = diag(E1, E2) , (C.13)

where Ei denotes the energies of the two heavy neutrinos. This transformation encodes
the oscillations processes in the sterile neutrino production term. In this way we obtain

dR̃N
dt

= −i
[
H̃, R̃N

]
− 3

2

{
Γ̃dN , R̃N − I

}
, (C.14)

where we have dropped the terms proportional to (A−I) and (A−1−I) and have defined

Γ̃dN (t) = E†(t)ΓdN (t)E(t) , ΓdN =
1

2
γdN (T )F

†F . (C.15)

Physically, this corresponds to ignoring the back reaction of the asymmetry in the active
sector on the production of the sterile neutrinos. For the size of asymmetries in the active
sector which we are phenomenologically interested in, this is a very good approximation.
The asymmetry in the active sector will however become important in the next order of
our perturbative expansion, which we will need when determining the asymmetry in the
sterile sector, as we will see below.

In the weak washout regime characterised by RN ≪ 1, we can solve Eq. (C.14) by
dropping all the terms proportional to RN ,

R̃N = 3

∫ t

0
dt1E

†(t1)Γ
d
N (t1)E(t1) . (C.16)

Let us now move to the equation for the chemical potential. At leading order in µα and
after inserting Eq. (C.16), we find

µα =
3

4

∫ t

0
dt1γ

d
ν (t1)

∫ t1

0
dt2γ

d
N (t2)

([
FE(t1)E(t2)

†F †FE(t2)E(t1)
†F †
]

−
[
F ∗E(t1)E(t2)

†F TF ∗E(t2)E(t1)
†F T

])
αα

− 3

8

∫ t

0
dt1γ

d
ν (t1)

∫ t1

0
dt2γ

d
N (t2)

([
F
[
E(t1)E(t2)

†F TF ∗E(t2)E(t1)
†
]T
F †
]

−
[
F ∗
[
E(t1)E(t2)

†F †FE(t2)E(t1)
†
]T
F T
])

αα

. (C.17)
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After some manipulation, exploiting in particular

E(t1)E
†(t2)ij = diag

[
exp(i

∫ t2

t1

Ei)

]
, (C.18)

Fαi(F
†F )ij(F

†)jα − F ∗
αi(F

TF ∗)ij(F
T )jα = 2 Im(Fαi(F

†F )ij(F
†)jα) , (C.19)

this expression can be simplified to

µα =
9

2
δα

∫ t

0
dt1γ

d
ν (t1)

∫ t1

0
dt2γ

d
N (t2) sin

(∫ t1

t2

dt3E2(t3)− E3(t3)

)
, (C.20)

with

δα ≡
∑

i>j

Im

[
Fαi

(
F †F

)
ij
F †
jα

]
. (C.21)

This result denotes the leading order asymmetry in the individual flavours of the active
sector induced by the sterile neutrino oscillations. This asymmetry in turn generates an
effective potential for the sterile neutrino states, inducing an asymmetry in the sterile
sector, as we will discuss below. The backreaction of this asymmetry in the sterile flavours
will finally generate a net asymmetry (at next order in the perturbative expansion) in
the active sector.

Introducing
∫ t1

t2

dt3(E1(t3)− E2(t3)) = z(T1)− z(T2) ,

z(T ) =

∫ t

0

∆M2
12

2T
= −

∫ T

T0

M0

T 3

∆M2
12

4T
=
M0∆M

2
12

12T 3
, (C.22)

the remaining integral can be computed by changing the variables to xi ≡ TL
Ti

(with

dti =
M0

T 2
L
xidxi), where

TL ≡
(

1

12
M0∆M

2
12

)1/3

(C.23)

will turn out to be the characteristic temperature of the leptogenesis process. From

γdN (ti) =
NDNCh

2
t

64π3
Ti , γdν(ti) =

NCh
2
t

64π3
Ti ,

NCh
2
t

64π3
=

sinφ

8
, (C.24)

where sinφ ≃ 0.012 is defined in [371]2, we find

µα =
9

64
sin2 φ

M2
0

T 2
L

δαJ32

(
TL
T

)
, (C.25)

J32(x) =

∫ x

0
dx1

∫ x1

0
dx2 sin

(
x31 − x32

)
. (C.26)

2To give a physical intuition, sinφ roughly corresponds to the ratio of decay rate over effective
potential for the sterile states, or correspondingly to the ratio of the imaginary over the real part of the
one-loop diagram NL→ NL.
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The function J32 has a very interesting behaviour. At early times, i.e. x ≪ 1, J32(x) =
3
20x

5, while, after a sharp transition at x ≃ 1, it becomes constant. The asymptotic value
for x & 1 is given by:

J32(x) =
21/3 π3/2

9Γ(5/6)
. (C.27)

Given this behaviour, it is safe to assume that the lepton asymmetry, encoded in the
chemical potential µα, is mostly generated at the temperature TL.

The last step is to compute the asymmetry in the sterile sector. At leading order we
have to compute:

d (∆R)ii
dt

= γdN (t)
[
F †AF − F TA−1F ∗

]
ii

= 2γdN (t)
[
F † sinhµαF

]
ii
≈ 2 γdN (t)

[
F †µαF

]
ii

(C.28)

Performing a direct integration this yields

(∆R)ii (T ) =
3 22/3π3/2

64 31/3Γ(5/6)
sin3 φ

M0

T

M
4/3
0

∆M
4/3
12

(
F †δαF

)
ii

(C.29)

where we have profited from the asymptotic behaviour of the function J32 to analytically
solve the integral, since the asymmetry in the sterile sector is generated mainly at T < TL.
The asymmetry stored in the sterile sector is obtained as the trace of Eq. (C.29). Since
the total lepton number is conserved (recall that in the parameter space of interest the
Majorana mass terms are much smaller than the temperature of the thermal bath),
the same asymmetry but with an opposite sign is contained in the active flavours. SM
sphaleron processes couple only to the active flavours, converting the asymmetry stored
there into a baryon asymmetry,

Y∆B = −28

79
Y∆α =

28

79
Y∆N =

28

79
YN0(∆R11(TW) + ∆R22(TW)) , (C.30)

with YN0 ≃ 0.0022 denoting the equilibrium abundance, cf. Eq. (C.5). Evaluating
Eq. (C.29) at T = TW demonstrates the strong enhancement M0/TW of the asymmetry,
due to the separation of time-scales TW < TL ≪ M0. We remark that at each step of
the solution increasing powers of sinφ and of the Yukawas are present, rendering the
analytical procedure reliable.

C.2 Numerical benchmark points

C.2.1 Benchmarks in the weak wash-out regime

• First benchmark (“perturbative” model, Fig. 6.1):

M = 1.5GeV, ∆m = 133 eV

Y eff =




−3.35× 10−8 − i 1.27 × 10−8 −1.38× 10−8 + i 3.20 × 10−8

−2.89× 10−8 + i 5.89 × 10−8 6.74 × 10−8 + i 2.57 × 10−8

2.30 × 10−8 + i 6.99 × 10−8 7.87 × 10−8 − i 2.04 × 10−8


 (C.31)
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• Second benchmark (“generic” model, Fig. 6.2):

M = 15GeV, ∆m = 163 eV

Y eff =




4.91 × 10−9 − i 3.67 × 10−8 1.59 × 10−8 − i 1.99 × 10−8
6.23 × 10−9 − i 5.74 × 10−8 1.13 × 10−7 + i 1.09 × 10−9

−1.28 × 10−8 + i 1.63 × 10−8 1.10 × 10−7 − i 2.24 × 10−9


 (C.32)

• Third benchmark (perturbative regime with large Y eff, Fig. 6.3):

M = 3GeV, ∆m = 9 keV

Y eff =




−1.27× 10−8 − i 1.96 × 10−8 1.87 × 10−8 − i 6.78 × 10−9

−3.92× 10−8 + i 8.04 × 10−8 −9.30× 10−8 − i 3.50 × 10−8

3.12 × 10−8 + i 1.20 × 10−7 −1.31× 10−7 + i 2.78 × 10−8


 (C.33)

C.2.2 Benchmarks in the strong wash-out regime

• First benchmark (Fig. 6.9):

M = 5.5GeV, ∆m = 5.5 keV

Y eff =




5.78 × 10−8 + i 1.39 × 10−7 −1.37× 10−7 + i 5.92 × 10−8

−1.79× 10−8 − i 1.90 × 10−7 1.98 × 10−7 − i 1.76 × 10−8

−4.54× 10−9 − i 4.58 × 10−7 4.63 × 10−7 − i 4.45 × 10−9


 (C.34)

• Second benchmark (Fig. 6.10):

M = 1.5GeV, ∆m = 8.5 keV

Y eff =




−1.65× 10−7 − i 1.26 × 10−7 1.26 × 10−7 − i 1.65 × 10−7

−8.65× 10−8 + i 2.59 × 10−7 −2.61× 10−7 − i 8.62 × 10−8

9.37 × 10−8 + i 5.16 × 10−7 −5.18× 10−7 + i 9.34 × 10−8


 (C.35)

• Third benchmark (Fig. 6.11):

M = 4.5GeV, ∆m = 2 keV

Y eff =




7.61 × 10−7 + i 6.89 × 10−7 −6.87× 10−7 + i 7.62 × 10−7

4.00 × 10−7 + i 2.79 × 10−6 −2.79× 10−6 + i 4.00 × 10−7

−2.39× 10−7 + i 1.60 × 10−6 −1.60× 10−6 − i 2.39 × 10−7


 (C.36)

• First “flavoured” benchmark (left panels of Fig. 6.12):

M = 1GeV, ∆m = 8.5 keV

Y eff =




−1.51× 10−7 − i 1.30 × 10−7 −1.30× 10−7 + i 1.51 × 10−7

−6.69× 10−8 − 7.07 × 10−7 −7.07× 10−7 + i 6.68 × 10−8

2.57 × 10−8 − 3.92 × 10−7 −3.93× 10−7 − i 2.57 × 10−8


 (C.37)
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• Second “flavoured” benchmark (right panels of Fig. 6.12):

M = 1.4GeV, ∆m = 1.6 keV

Y eff =




1.20 × 10−7 + i 1.08 × 10−7 1.08 × 10−8 − i 1.20 × 10−8

1.28 × 10−8 − i 3.60 × 10−7 −3.61× 10−7 − i 1.28 × 10−8

−4.41× 10−8 − i 8.29 × 10−7 −8.30× 10−6 + i 4.40 × 10−8


 (C.38)
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Appendix D

LFV operators and constraints

D.1 Wilson Coefficients

In this Appendix we present detailed expressions for the Wilson coefficients discussed
in Chapter 7. All computations have been made in the Feynman gauge. Contributions
coming from the penguin and self-energy diagrams are shown in Fig. D.1, whereas the
box diagrams are shown in Fig. D.2.

We use the standard notation, xi = m2
i /m

2
W , xt = m2

t /m
2
W , xq = q2/m2

W = m2
V /m

2
W ,

and write

CrV L =

nν∑

i,j=1

UβiU
∗
αjC

r,ij
V L (xi, xj), (D.1)

where r ∈ {γ, Z,box}. The coefficients Cr,ijV L related to γ and the box contributions

are diagonal, Cr,ijV L = δijC
r,i
V L, while those related to the Z penguins can also involve a

coupling to two different neutrinos, since the 3×3 mixing matrix is no longer unitary. We
therefore separate the diagonal and nondiagonal parts of the corresponding coefficient
CZ,ijV L = δijC

Z,i+ ĈZ,ij, where the second term depends on the parameter Cij defined by

Cij =
∑

α=e,µ,τ

U∗
αiUαj , (D.2)

which, in the presence of sterile neutrinos, is generally different from δij . Furthermore,
from the plots presented in the body of the present paper we see that the region of
m4,5 ≫ mV is particularly interesting because there occurs the enhancement of the LFV
decay rate. For the sake of clarity we thus expand our expressions in xq and present here
only the dominant terms. We also neglected, in the denominators of the loop integrals,
the external momenta since they are negligible with respect to heavy neutrino masses.
Therefore, up to terms O(x2q), our results read:

Cγ,iV L(xi) = − 1

16π2
+ xq

−43x3i + 108x2i + 6(5xi − 6)x2i log xi − 81xi + 16

288π2(xi − 1)4
, (D.3)
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CZ,iV L(xi) =
−1 + 12xi − 11x2i + 10x2i log xi

64π2(xi − 1)2
+ cos2 θWC

γ,i
V L(xi), (D.4)

ĈZ,iiV L (xi, xi) = Cii
(xi − 2)

(
3
(
x2i − 1

)
+ 2(xi − 4)xi log xi

)

128π2(xi − 1)2
(D.5)

− xqCii
(xi − 1)(xi(xi(2xi − 47) + 25) + 14) + 6(xi(12xi − 13) + 2) log xi

1152π2(xi − 1)4
,

ĈZ,ijV L (xi, xj) =

√
xixjC

∗
ij

64π2

[ xi(xi − 4)

(xi − 1)(xi − xj)
log xi +

xj(xj − 4)

(xj − 1)(xj − xi)
log xj −

3

2

]

(D.6)

+
Cij
64π2

[ 2x2i (xj − 1)

(xi − 1)(xi − xj)
log xi +

2x2j (xi − 1)

(xj − 1)(xj − xi)
log xj + 3

]

+
xq

192π2

{√
xixjC

∗
ij

[x2i (xi − 3xj + 2xixj)

(xi − 1)2(xi − xj)3
log xi +

x2j(xj − 3xi + 2xixj)

(xj − 1)2(xj − xi)3
log xj

−
x3i (xj − 1)− x3j (xi − 1) + xixj(xi − xj)

(xi − 1)(xj − 1)(xi − xj)3

]
+ 2Cij

[x2i (3x2i + 3x2j + 3xj − xi − 8xixj)

(xi − 1)2(xi − xj)3
log xi

+
x2j (3x

2
j + 3x2i + 3xi − xj − 8xixj)

(xj − 1)2(xj − xi)3
log xj −

8x2i xj − 8xix
2
j − x3i xj + xix

3
j − 2x3i + 2x3j

(xi − 1)(xj − 1)(xi − xj)3

]}
,

CBox,i
V L =

1

256π2

{
[xi(xt − 8) + 4]x2t log xt

(xt − 1)2(xi − xt)
+

[xt(xi − 8) + 4]x2i log xi
(xi − 1)2(xt − xi)

+
7xixt − 4

(xi − 1)(xt − 1)

}
.

(D.7)

D.2 Formulas and hadronic quantities

In this Appendix we collect the expressions used to constrain the parameters of the
models discussed in Chapter 7, as well as the values of the masses and decay constants
used in our numerical analysis. In the expressions below we used the value of GF =
Gµ = 1.166 × 10−5 GeV−2, as extracted from µ → eνµν̄e. In our scenarios, in which
we extended the neutrino sector by adding heavy sterile neutrinos, the Fermi constant

becomes GF = Gµ/
√∑

i,j |Uei|2|Uµj |2. For the models used in this paper, we checked to

see that GF = Gµ remains an excellent approximation.

• µ→ eγ: We use the experimentally established upper bound B(µ → eγ) < 5.7 ×
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10−13, and the expression [295]

B(µ → eγ) =

√
2G3

F s
2
Wm

2
W

128π5Γµ
m5
µ|U∗

µ4Ue4Gγ(x4)|2 ,

Gγ(x) = −2x3 + 5x2 − x

4(1− x)3
− 3x3

2(1− x)4
log x , (D.8)

to get one of the most significant constraints in this study. Notice that we use
s2W = 1−m2

W /m
2
Z , and we kept the dominant contribution with x4.

• W → ℓαν: Combining the measured B(W → eν) = 0.1071(16) and B(W → µν) =
0.1063(15), with the expression

B(W → ℓαν) =

√
2GFmW

24πΓW

4∑

j=1

λ(m2
α,m

2
j ,m

2
W )

(
2−

m2
α +m2

j

m2
W

−
(m2

α −m2
j )

2

m4
W

)
|U2
αj |,

(D.9)

we further restrain the possible values of m4 while varying the mixing angles in the
largest possible range.

• ∆rK,π = Rexp.
K,π/R

SM
K,π − 1: The ratio of the leptonic decay widths of a given meson

P , RP = Γ(P → eνe)/Γ(P → µνµ) was recently shown to be quite restrictive on
the possible values of m4,5 and η [290]. The most significant constraints actually
come from ∆rπ = 0.004(4) and ∆rK = −0.004(3), and the corresponding formula
reads,

∆rP = −1 +
m2
µ(m

2
P −m2

µ)
2

m2
e(m

2
P −m2

e)
2

∑

i

|Uei|2
[
m2
P (m

2
νi +m2

e)− (m2
νi −m2

e)
2
]
λ1/2(m2

P ,m
2
νi ,m

2
e)

∑

i

|Uµi|2
[
m2
P (m

2
νi +m2

µ)− (m2
νi −m2

µ)
2
]
λ1/2(m2

P ,m
2
νi ,m

2
µ)
.

(D.10)

• Z → νν: To saturate the experimental Γ(Z → invisible) = 0.499(15) GeV, we sum
over the kinematically available channels involving active and sterile neutrinos,

Γ(Z → νν) =
∑

i,j

(
1− δij

2

)
GF

12
√
2πmZ

λ1/2(m2
Z ,m

2
i ,m

2
j)|Cij |2

×
[
2m2

Z −m2
i −m2

j − 6mimj −
(m2

i −m2
j)

2

m2
Z

]
. (D.11)

• µ→ eee: We use the experimental upper bound B(µ → eee) < 1 × 10−12 [425],
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and the expression [295]

B(µ → eee) =
G4
Fm

4
W

6144π7
m5
µ

Γµ{
2

∣∣∣∣
1

2
FµeeeBox + FµeZ − 2 sin2 θW (FµeZ − Fµeγ )

∣∣∣∣
2

+ 4 sin4 θW
∣∣FµeZ − Fµeγ

∣∣2

+16 sin2 θWRe

[
(FµeZ +

1

2
FµeeeBox )Gµeγ

∗
]
− 48 sin4 θWRe

[
(FµeZ − Fµeγ )Gµeγ

∗]

+32 sin4 θW |Gµeγ |2
[
ln
m2
µ

m2
e

− 11

4

]}
, (D.12)

with the loop functions FµeeeBox , F
µe
Z , Fµeγ , Gµeγ defined in [298].

Finally, the values of hadronic quantities not discussed in the body of the paper but
used in our numerical analysis are listed in Table D.1. 1

Quantity Value Ref. Quantity Value Ref.

mφ 1.0195 GeV [56] fφ 241(18) MeV [504]

mJ/ψ 3.0969 GeV [56] fJ/ψ 418(9) MeV [446,447]

mψ(2S) 3.6861 GeV [56] fψ(2S)/fJ/ψ 0.713(16) [56]

mΥ 9.460 GeV [56] fΥ 649(31) MeV [449]

mΥ(2S) 10.023 GeV [56] fΥ(2S) 481(39) MeV [449]

mΥ(3S) 10.355 GeV [56] fΥ(3S) 539(84) MeV [450]

Table D.1: Masses and decay constants used in numerical analysis.

1 Notice that the ratio of decay constants fψ(2S)/fJ/ψ has been obtained from the corresponding
(measured) electronic widths and the expression Γ(ψn → e+e−) = 16πα2

emf
2
ψn
/(27m2

ψn
).
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Figure D.1: Penguin and self-energy diagrams contributing the LFV decay in Feynman gauge.
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Figure D.2: Box diagrams contributing the LFV decay Υ(n) → ℓαℓβ in Feynman gauge.
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Appendix E

Loop level corrections

In this Appendix we list the self-energies, counterterms and diagrams that enter in the
renormalisation of the observables studied in Section 8.2.

Lepton-flavour-dependent counterterms: δCT W
α and δCT Z

The unrenormalised charged lepton fields l0Lα can be written in terms of the renormalised

l̂Lα ones as

l0Lα =

(
δαβ +

1

2
δZ l

αβ

)
l̂Lβ. (E.1)

The most general expression for the lβ → lα transition amplitude between fermionic
Dirac states can be written as follows:

Σlep
αβ

(
/p
)
= /pPLΣ

L
αβ

(
p2
)
+ /pPRΣ

R
αβ

(
p2
)
+ PLΣ

D
αβ

(
p2
)
+ PRΣ

D∗
αβ

(
p2
)
, (E.2)

where ΣL = ΣL† and ΣR = ΣR†. In the physical observables only the Hermitian part of
δZ l appears and it is given by

δZ lep
αβ ≡1

2

(
δZ l

αβ + δZ l∗
βα

)

=− ΣLαβ
(
m2
β

)
−mβ

[
mβ

(
ΣL′αβ

(
m2
β

)
+ΣR′αβ

(
m2
β

) )
+
(
ΣD′
αβ

(
m2
β

)
+ΣD∗′

αβ

(
m2
β

) )]
,

(E.3)

with Σ′ (p2
)
≡ dΣ

(
p2
)
/dp2. Therefore, the heavy neutrino contribution to δZ lep can be

obtained simply computing

Σlep
αβ(/p) =− α

8πs2WM
2
W

6∑

k=4

{
M2
kUβkU

∗
αk

[
(PLmβ + PRmα)B0(p

2,M2
k ,M

2
W )

+ /p

(
PR

mαmβ

M2
k

+ PL

)
B1(p

2,M2
k ,M

2
W )
]}

,

(E.4)
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l±α l±βNk

φ±

= iΣlep

αβ(/p) ⇒

where Bi (and later Bij , Cij, Di and Dij) are the Passarino-Veltman integrals [505] using
the notation from Ref. [506].

Similarly, the unrenormalised neutrino fields ν0Lj can also be written in terms of the
renormalised ones ν̂Lj as

ν0Li =

(
δij +

1

2
δZνij

)
ν̂Lj. (E.5)

The transition amplitude between two Majorana states reads

Σneu
ij

(
/p
)
= /pPLΣ

L
ij

(
p2
)
+ /pPRΣ

L∗
ij

(
p2
)
+ PLΣ

M
ij

(
p2
)
+ PRΣ

M∗
ij

(
p2
)
, (E.6)

where ΣL = ΣR∗ and ΣM = ΣMt. In the Majorana case, the Hermitian part of δZν can
be written as

δZneu
ij ≡1

2

(
δZνij + δZν∗ji

)

=− ΣLij
(
m2
j

)
−mj

[
mj

(
ΣL′ij

(
m2
j

)
+ΣL∗′ij

(
m2
j

) )
+
(
ΣM ′
ij

(
m2
j

)
+ΣM∗′

ij

(
m2
j

) )]
.

(E.7)

Analogously to the charged lepton case, δZneu can thus be obtained from the heavy
neutrino contribution to the neutrino self energy:

νi νjNk

φ0, H

= iΣneu
ij (/p) ⇒
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Σneu
ij (/p) =− α

16πs2WM
2
W

6∑

k=4

{
/pPL

(
MjC

∗
jk +MkCjk

)
(MiC

∗
ki +MkCki)

×
[
B1(p

2,M2
k ,M

2
Z) +B1(p

2,M2
k ,M

2
h)
]

+ /pPR
(
MjCjk +MkC

∗
jk

)
(MiCki +MkC

∗
ki)

×
[
B1(p

2,M2
k ,M

2
Z) +B1(p

2,M2
k ,M

2
h)
]

+ PLMk

(
MjCjk +MkC

∗
jk

)
(MkCki +MiC

∗
ki)

×
[
B0(p

2,M2
k ,M

2
Z)−B0(p

2,M2
k ,M

2
h)
]

+ PRMk

(
MjC

∗
jk +MkCjk

)
(MkC

∗
ki +MiCki)

×
[
B0(p

2,M2
k ,M

2
Z)−B0(p

2,M2
k ,M

2
h)
]}

.

(E.8)

Finally, the lepton-flavour-dependent combinations that will correct and cancel the
divergences of 1-loop corrections to the vertex Wνlα and Zνν are respectively:

δCT W
α =

3∑

i=1

Uαi
2




3∑

β=1

δZ lep
βαU

∗
βi +

6∑

j=1

U∗
αjδZ

neu
ij


 (E.9)

δCT Z =

6∑

k=1

(
δZneu

ik Ckj + δZneu
kj Cik

)
(E.10)

Vertex interferences: VWα and VZij

W±

µ

h, φ0

φ±

Nk

νi

l±
α

= iT V
W νilα

⇒

VWα ≡
∑3

i=1 T
∗
0 T

V
Wνilα∑3

i=1 |T0|2

=
α

8πs2WM
2
W

3∑

i=1

6∑

k=4

M2
kUαiU

∗
αkC

∗
ki

[
C00(0, 0,M

2
h ,M

2
k ,M

2
W ) + C00(0, 0,M

2
Z ,M

2
k ,M

2
W )
]
,

(E.11)
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up to higher order corrections and where T0 is the corresponding tree level amplitude.

+
Zµ

h

φ0

Nk

νi

νj

Zµ

Nr

Nk

h, φ0

νi

νj

= iT V
Zνiνj

⇒

VZij ≡
T ∗
0 T

V
Zνiνj

|T0|2

=
α

16πs2WM
2
W

[
6∑

k,r=4

{
− 2CkjCirMkMr

(
CrkMkMr

[
C0(0,M

2
Z ,M

2
h ,M

2
k ,M

2
r )

+ C0(0,M
2
Z ,M

2
Z ,M

2
k ,M

2
r )
]
+ Ckr

[
M2
Z

(
C22(0,M

2
Z ,M

2
h ,M

2
k ,M

2
r )

+ C22(0,M
2
Z ,M

2
Z ,M

2
k ,M

2
r )− C21(0,M

2
Z ,M

2
h ,M

2
k ,M

2
r )−C21(0,M

2
Z ,M

2
Z ,M

2
k ,M

2
r )
)

+ 2
(
C00(0,M

2
Z ,M

2
Z ,M

2
k ,M

2
r ) + C00(0,M

2
Z ,M

2
h ,M

2
k ,M

2
r )
)])

}

+

6∑

k=4

[
4CkjCikM

2
k

(
C00(0,M

2
Z ,M

2
k ,M

2
h ,M

2
Z) + C00(0,M

2
Z ,M

2
k ,M

2
Z ,M

2
h)
)]
]
,

(E.12)

up to higher order corrections and where T0 is the corresponding tree level amplitude.

Box contribution to µ decay: Bαβ

= iTB
αβ ⇒

l±α l±β

νj νi

φ±

φ0 , h

NkNr
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Bαβ ≡
∑3

i,j=1 T
∗
0 T

B
αβ∑3

i,j=1 |T0|2

=
1

5

g2

(16π)2M2
W

3∑

i,j=1

6∑

k,r=4

CikCjrUβkU
∗
βiU

∗
αrUαjM

2
rM

2
k

{
20
[
D00(M

2
h) +D00(M

2
Z)
]

+m2
α

[
3
(
D12(M

2
h) +D12(M

2
Z)
)
+ 2
(
D13(M

2
h) +D13(M

2
Z)
)

+ 3
(
D2(M

2
h) +D2(M

2
Z)
)
+ 2
(
D3(M

2
h) +D3(M

2
Z)
)]}

,

(E.13)

up to higher order corrections and where T0 is the corresponding tree level amplitude and
using the simplified notation Dij(M

2) → Dij(0, 0, 0,M
2
r ,M

2,M2
k ,M

2
W ). Apart from the

explicit sum over final state neutrinos in Eq. (E.13), the integral over the phase space is
to be understood in both the numerator and denominator.

Flavour-universal corrections to the gauge boson propagators: δuniv N

W

and δuniv N

Z

We label ΣWW and ΣZZ the terms proportional to gµν in the W and Z self-energies
respectively. Notice that the SM contribution has been subtracted from the total self-
energy, as we are interested in the contribution stemming from the new extra neutrinos.

W± W±

Ni

l±α

= iΣtot
WW

(p2) ⇒

ΣNWW (p2) ≡Σtot
WW (p2)− ΣSM

WW (p2)

=− α

4πs2W

∑

α=e,µ,τ

{
6∑

i=1

|Uαi|2
[
2B00(p

2,M2
i ,m

2
α) + p2

(
B1(p

2,M2
i ,m

2
α)

+B11(p
2,M2

i ,m
2
α)
)]

− 2B00(p
2, 0,m2

α)− p2
(
B1(p

2, 0,m2
α) +B11(p

2, 0,m2
α)
)}

(E.14)
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Z Z

Ni

Nj

= iΣtot
ZZ(p

2) ⇒

ΣNZZ(p
2) ≡Σtot

ZZ(p
2)− ΣSM

ZZ(p
2)

=− α

8πs2Wc
2
W

{
∑

α,β

6∑

i,j=1

[
UαiU

∗
αjUβjU

∗
βiMiMjB0(p

2,M2
i ,M

2
j ) + UαjU

∗
αiUβiU

∗
βj

×
(
2B00(p

2,M2
i ,M

2
j ) + p2

(
B1(p

2,M2
i ,M

2
j ) +B11(p

2,M2
i ,M

2
j )
))]

− 3
[
2B00(p

2, 0, 0) + p2
(
B1(p

2, 0, 0) +B11(p
2, 0, 0)

)]
}

(E.15)

Notice that both in Eq. (E.14) and in Eq. (E.15) the sums run over all neutrino mass
eigenstates (heavy and light) so hereMi can represent both the heavy or the light neutrino
masses.

The oblique universal corrections to the electroweak observables can be written as a
combination of the three following independent parameters [475,476]:

αS =
4s2Wc

2
W

M2
Z

[
Σ̂NZZ(0) + Σ̂Nγγ(M

2
Z)−

c2W − s2W
cWsW

Σ̂NZγ(M
2
Z)
]
, (E.16)

αT =
Σ̂NZZ(0)

M2
Z

− Σ̂NWW (0)

M2
W

, (E.17)

αU = 4s2Wc
2
W

[
1

c2W

Σ̂NWW (0)

M2
W

− Σ̂NZZ(0)

M2
Z

+
s2W
c2W

Σ̂Nγγ(M
2
Z)

M2
Z

− 2sW
cW

Σ̂NZγ(M
2
Z)

M2
Z

]
.(E.18)

and the renormalised self energies are given by:

218



Σ̂NWW

(
p2
)

= ΣNWW

(
p2
)
−ΣNWW

(
M2
W

)
+ (p2 −M2

W )

[
c2W
s2W

R−ΣN ′
γγ(0)

]
,

Σ̂NZZ
(
p2
)

= ΣNZZ
(
p2
)
− ΣNZZ

(
M2
Z

)
+ (p2 −M2

Z)

[(
c2W
s2W

− 1

)
R− ΣN ′

γγ(0)

]
,

Σ̂NZγ
(
p2
)

= ΣNZγ
(
p2
)
−ΣNZγ (0)− p2

cW
sW

R,

Σ̂Nγγ
(
p2
)

= ΣNγγ
(
p2
)
− p2ΣN ′

γγ (0) , (E.19)

with

R =
ΣNZZ

(
M2
Z

)

M2
Z

− ΣNWW

(
M2
W

)

M2
W

− 2sW
cW

ΣNZγ (0)

M2
Z

(E.20)

Notice that, in the on-shell renormalisation scheme Σ̂NWW

(
M2
W

)
= Σ̂NZZ

(
M2
Z

)
= Σ̂NZγ (0) =

Σ̂Nγγ (0) = 0. Moreover, there is no contribution to the propagator of the photon from

the extra heavy neutrinos and therefore ΣNγγ and Σ̂Nγγ can be set to zero in the previous

equations. In addition, there is no correction to ΣZγ either, so that ΣNZγ can be set to
zero too. The universal oblique counterterms presented in Sec. 8.2 can thus be written
as:

δuniv N
W =

ΣNWW (0)− ΣNWW

(
M2
W

)

M2
W

− c2W
s2W

R =
Σ̂NWW (0)

M2
W

=
1

2s2W
αS − c2W

s2W
αT − cos 2θW

4s4W
αU

δuniv N
Z =

ΣNZZ (0)− ΣNZZ
(
M2
Z

)

M2
Z

+
1

2

(
1− c2W

s2W

)
R =

Σ̂NZZ (0)

M2
Z

=
1

2s2W
αS +

(
1− c2W

s2W

)
αT − cos 2θW

4s4W
αU. (E.21)
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