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Avant-propos

La finalité de ce manuscrit est de présenter les résultats obtenus par I'auteure dans le cadre de
son doctorat de Mathématiques effectué sous la direction de Prof. Laurent Desvillettes, au Centre des
Mathématiques et de Leurs Applications a 1’'Ecole Normale Supérieure de Cachan.

Le sujet de ce doctorat s’inscrit dans le vaste domaine des Equations aux Dérivées Partielles (EDP)
issues des Sciences naturelles. Il comporte des résultats mathématiques d’Analyse des EDP ainsi que des
aspects de modélisation. Il est constitué de deux parties indépendantes présentées ci-dessous.

Partie 1 : les systémes de diffusion croisée en Dynamique des populations. Une question
fondamentale en Biologie est de comprendre le comportement macroscopique d’une population de dif-
férentes espéces, en connaissant la nature des interactions entre individus. Les modéles classiques de
réaction-diffusion supposent que les interactions influent sur la croissance (ou la mortalité) des individus
(a travers la compétition, la prédation, etc.); mais récemment ont été développés de nombreux modéles
qui prennent en compte des interactions affectant le mouvement des individus (attraction, répulsion,
etc.). Les modéles résultants sont des systémes fortement couplés (i.-e. le couplage entre équations se
fait a travers les termes d’ordre deux au regard du nombre de dérivées), souvent non linéaires, pour
lesquels 'analyse mathématique est un défi. Prenons I’exemple du systéme de ce type le plus utilisé, dit
SKT, qui comporte des termes de diffusion croisée (qui modélisent la répulsion entre individus d’espéces
différentes) : pour ce systéme pourtant trés étudié, une question aussi fondamentale que Pexistence de
solutions fortes reste ouverte.

Dans ce manuscrit, on introduit une approche basée sur des extensions récentes de lemmes de dualité
et sur des méthodes d’entropie. Grace a cette approche, on démontre ’existence de solutions faibles dans
un cadre général de systémes de réaction-diffusion croisée (qui inclut notamment le systéme SKT), ainsi
que, dans certains cas, des propriétés qualitatives des solutions (régularité, unicité, comportement au
voisinage de zéro, approximation par un modéle microscopique).

Partie 2 : I’équation de Boltzmann en domaine borné. L’équation de Boltzmann, introduite
en 1872 pour modéliser la dynamique des gaz raréfiés hors équilibre, a depuis été étudiée en profondeur
par la communauté des spécialistes en EDP. Il existe de nombreux résultats autour de la question de
I'existence de solutions fortes proches de 1’équilibre ou du vide. Pourtant, trés peu de résultats concernent
Iexistence de solutions fortes en domaine borné général, bien que cette situation soit la plus fréquente
dans les applications. Une raison de la difficulté du probléme est l'irruption de singularités le long des
trajectoires rasant le bord du domaine.

Dans ce manuscrit, on présente une théorie précise de la régularité de ’équation de Boltzmann en
domaine borné. Dans le cas ot le domaine est convexe, on sait que les singularités sont confinées au bord.
Dans ce cas, grace notamment & I'introduction d’une distance cinétique qui compense ces singularités au
bord, on montre des résultats de propagation de normes de Sobolev et de propagation €'. Dans le cas
ol le domaine n’est pas convexe, les singularités se propagent a l'intérieur du domaine et ont un impact
bien plus sévére. Dans ce cas, on montre un résultat de propagation de régularité BV .

Liste des travaux rassemblés dans ce manuscrit

Les résultats présentés dans les Chapitres 4 a 8 sont des résultats originaux. Ils ont fait I’objet des
publications décrites ci-dessous.

Le Chapitre 4 est le fruit d’une collaboration avec Laurent Desvillettes (CMLA, ENS Cachan &
CNRS); il a été publié, sous le titre New results for triangular reaction cross diffusion system, dans le
journal Journal of Mathematical Analysis and Applications.

Le Chapitre 5 est le fruit d’une collaboration avec Laurent Desvillettes (CMLA, ENS Cachan &
CNRS), Thomas Lepoutre (INRIA, Université de Lyon & CNRS, & ICJ, Université Lyon 1) et Ayman
Moussa (LJLL, UPMC Université Paris 06 & CNRS) ; il a été publié, sous le titre On the entropic structure
of reaction-cross diffusion systems, dans le journal Communications in Partial Differential Equations.

Le Chapitre 6, fruit d’'un travail autonome, a été soumis pour publication sous le titre On reaction
cross-diffusion systems with possible self-diffusion.
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Le Chapitre 7 est extrait d’un long article écrit en collaboration avec Yan Guo (DAM, Brown Uni-
versity), Chanwoo Kim (University of Wisconsin-Madison) et Daniela Tonon (CEREMADE, Université
Paris-Dauphine). Plus précisément, cet article présente une théorie sur la régularité des solutions de
I'équation de Boltzmann en domaine convexe avec différentes conditions de réflexion aux bords, et le
Chapitre 7 présenté ici se focalise sur les résultats obtenus dans le cadre de conditions de réflexion diffu-
sive aux bords. L’article, intitulé Regularity of the Boltzmann equation in convexr domains, est reproduit
dans son intégralité en annexe. Il a été soumis pour publication.

Le Chapitre 8 est le fruit d’une collaboration avec Yan Guo (DAM, Brown University), Chanwoo
Kim (University of Wisconsin-Madison) et Daniela Tonon (CEREMADE, Université Paris-Dauphine) ;
il a été soumis pour publication sous le titre BV-reqularity of the Boltzmann equation in non-convex
domains.
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1.1. MODELISATION ET EDP SINGULIERES 19

Dans ce premier chapitre, on introduit des concepts assez généraux que l’on rencontre dans un large
éventail de situations ol 'on veut modéliser mathématiquement des phénoménes réels, et plus particulié-
rement lorsque ces derniers impliquent des systémes composés d’un grand nombre de particules. Les deux
chapitres suivants seront consacrés a I'introduction de deux problémes particuliers qui s’inscrivent dans
ce contexte : d'une part ’équation de Boltzmann pour ’évolution d’un gaz raréfié perturbé en domaine
borné, et d’autre part les systémes de réaction-diffusion croisée en Dynamique des populations.

1.1 Modélisation et EDP singuliéres

Un modéle mathématique est une description en langage mathématique d’'un phénomeéne réel. Un
modéle contient donc des informations sur le phénomeéne décrit. Du point de vue mathématique, ces
informations peuvent prendre plusieurs aspects, par exemple quantitatifs (estimation par le calcul ana-
lytique ou par la simulation numérique de la valeur de certaines quantités) ou qualitatifs (conserva-
tion/croissance/décroissance de certaines quantités, comportement asymptotique, régularité ou singu-
larité, stabilité, prédominance de certains phénoménes en jeu sur d’autres, effets de seuil, etc.). En
conséquence, le travail d’analyse du modéle mathématique peut prendre plusieurs aspects (analytiques
ou numériques), dont le plus fondamental est de s’assurer que les objets mathématiques utilisés sont bien
définis, c’est-a-dire, que le modeéle utilisé a un sens : quand on utilise des modéles EDP, cela revient a
vérifier que les EDP utilisées possédent bien une (unique) solution (probléme bien posé).

Cette premiére tache n’est pas aisée : d’une part, il n’existe pas pour les EDP de théorie générale pour
Pexistence et I'unicité des solutions. Le résultat le plus général dans cette direction est le théoréme de
Cauchy-Kowalevski, qui, si on le compare par exemple au théoréme de Cauchy-Lipschitz pour 'existence
et unicité des solutions des équations différentielles, présente deux limitations majeures : il fournit
uniquement des solutions locales (et pas de critére simple pour que ces solutions soient globales) et il
nécessite que les données (coefficients de 1’équation, données initiales) soient analytiques réelles. A part
dans quelques cas particuliers nécessitant de fortes hypothéses sur la régularité des données et/ou sur la
structure de I’équation, la plupart des EDP recquiérent donc un travail pour démontrer I'existence de
solutions. D’autre part, on sait que pour certaines EDP il n’existe pas de solution au sens classique : il
faut donc pour ces EDP donner une nouvelle définition de la notion de solution. Cette nouvelle définition
doit avoir de "bonnes" propriétés, a savoir, au moins : permettre de démontrer I'existence de solutions,
et avoir des liens satisfaisants avec la notion de solution au sens classique. C’est dans ce contexte qu’est
née la théorie des distributions : on pourra consulter a ce sujet le livre de L. Schwartz [83].

Dans ce manuscrit, c’est ce que 'on entend par EDP singuliére : une EDP qui ne s’inscrit pas dans
une théorie plus générale d’existence, et pour laquelle la notion de solution la plus adaptée, c’est-a-dire,
celle qui donne a prior: les résultats les plus probants, n’est pas la notion de solution classique.

1.2 Systémes multi-particules

Lors de la modélisation mathématique d’un phénoméne, il y a un conflit entre les deux idéaux d’une
part d’exhaustivité du modeéle (prendre en compte toute la "réalité" de 'objet modélisé) et d’autre part de
sitmplicité mathématique (possibilité de résoudre les équations, et d’obtenir un maximum d’informations
qualitatives et /ou quantitatives, analytiques et/ou numériques sur les solutions). Les choix qui découlent
de ce conflit, inhérents au travail de modélisation, dépendent évidemment de la nature du phénomeéne
étudié, mais aussi du contexte (usage auquel on destine les modéles, échelles caractéristiques® en jeu,
etc). Ce choix est particuliérement délicat pour les systémes complexes, qui, par définition 2, conduisent
a des modeéles mathématiques trés cotliteux, voire impossibles & résoudre.

Dans ce manuscrit, on s’intéresse & deux exemples qui relévent d’un cas particulier de systéme com-
plexe, les systémes multi-particules. Ces systémes sont composés d’'un trés grand nombre d’éléments
identiques en interaction, qu’on appelle particules (ou individus).

Une situation typique pour les systémes multi-particules est la suivante : on dispose d’un modéle
standard pour les lois régissant les interactions entre particules (échelle dite microscopique), mais le sys-
téme mathématique qui en découle est impossible a résoudre, compte-tenu du grand nombre d’équations

1. c’est-a-dire échelles de temps et d’espace (par exemple) auxquelles les phénomeénes considérés ont une taille raisonnable
et peuvent étre observés.

2. On dit d’un phénomeéne que c’est un systéme complexe lorsqu’il peut étre modélisé par un systéme composé d’un
grand nombre d’entités en interaction, et que les nombreuses rétroactions qui découlent de ces interactions rendent le
systéme imprévisible pour 'observateur.
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couplées. Une direction possible est alors de chercher & décrire le systéme, non pas par 1’état de chaque
particule, mais par des quantités globales ou moyennées sur ’ensemble des particules (échelle dite ma-
croscopique). Les particules du systéme étant identiques, ces informations macroscopiques suffisent dans
de nombreux contextes & donner une description pertinente du phénoméne étudié. Par exemple, pour
modéliser un fluide, il est souvent plus efficace en pratique de le décrire par certaines quantités hydrody-
namiques (densité, vitesse moyenne, température) plutot que par ’état (position, vitesse, etc.) de chacune
des molécules qui le composent. On peut aussi se placer a des échelles intermédiares, dites mésoscopiques :
c’est le cas par exemple de I’équation de Boltzmann, qui modélise la dynamique des gaz raréfiés a une
échelle intermédiaire entre I’échelle microscopique (molécules de gaz) et 1’échelle macroscopique (hydro-
dynamique) : voir le Chapitre 3. Au Chapitre 2, on présente des systémes de réaction-diffusion croisée
pour la dynamique des populations de deux espéces en compétition (échelle macroscopique). Pour des
raisons d’ordre mathématique et de modélisation, on introduit de plus un systéme de réaction-diffusion
qui modélise le méme phénoméne & une échelle intérmédiaire ® entre les échelles microscopique (individus)
et macroscopique (populations de deux espéces).

Remarque 1.1. Un probléeme fondamental lorsque [’on développe plusieurs modéles pour un phénomene,
est, d’une part, de bien identifier les conditions pour lesquelles les modeéles sont adaptés (les limites des
modeles), et d’autre part, d’établir des liens précis et rigoureux entre les modéles : ¢’est une question de
cohérence entre les différents modeles. S’il s’agit par exemple de modéles valables o différentes échelles,
peut-on (et en quel sens) dériver les modeles de petite échelle large & partir des modéles d’échelle plus
large ? A ce sujet, on ne peut pas ne pas mentionner le VI®™® probleéme de Hilbert, et en particulier
sa déclinaison la plus connue, dans le cadre de la théorie cinétique des gaz : il s’agit de "développer
mathématiquement les processus limitatifs, juste esquissés, qui ménent de la vision atomiste aux lois du
mouvement du continu”. Ce probléme, énoncé en 1900 par D. Hilbert, est encore largement ouvert (voir
par exemple [71]).

Pour décrire les quantités de particules a une échelle macroscopique, on utilise la notion de densité.
La densité de particules renseigne sur la quantité de particules du systéme par unité d’espace?. Elle
dépend du point d’espace ot on la regarde (et éventuellement d’autres variables, typiquement, le temps).
Soit u = u(z) > 0 la densité d’individus d’une espéce au point d’espace . Il y a plusieurs interprétations
possibles pour u(z), par exemple :
- on peut voir u directement comme une approximation : u(x) dx approche la quantité d’individus dans
Pélément de volume (ou surface, etc.) dz. Alors, pour toute partie w de I'espace, fw u(x) dx est la quan-
titée approchée de particules contenues dans w. Notons que c’est une approzimation car u(z) dz peut ne
pas étre un nombre entier, contrairement au nombre de particules dans w.
- on peut voir « comme un densité de probabilité : une particule étant fixée, u(x)dx est alors la proba-
bilité que cette particule se trouve dans I’élément de volume (ou surface, etc.) dz. Les particules étant
toutes identiques, elles sont caractérisées par la méme densité u, et ainsi la densité u renseigne sur la
répartition probable des particules. Quand on ne s’intéresse pas uniquement & la répartition, mais aussi
a la quantité totale de particules n, on "normalise" u pour qu’elle contienne aussi cette information :
n = [u(x)dz est la quantité totale de particules, et u(z)/n est une densité de probabilité.

Remarque 1.2. Un autre lien qui unit les problémes mathématiques traités dans ce manuscrit est que
leur traitement fait appel a la notion d’entropie. Cette notion, introduite orginellement dans le cadre
de la théorie de Uinformation (Shannon, 1948) et de la thermodynamique (Clausius, 1865), caractérise
les systémes irréversibles. Du point de vue mathématique, cela se traduit par une fonction qui décroit
le long du flot de l’équation d’évolution du systéme considéré, c’est-a-dire une fonction de Lyapunowv.
En EDP, c’est précisément cette fonction de Lyapunov qu’on appelle entropie, et on appelle dissipation
(d’entropie) l'opposé de sa dérivée en temps, qui est donc une quantité positive. L’intérét des fonctions
de Lyapunov est de fournir des estimations sur les solutions et des informations sur leur comportement
en temps long (en particulier, stabilité d’un équilibre). Ce qui fait la spécificité des méthodes d’entropie,
c’est l'usage de linformation supplémentaire contenue dans la dissipation d’entropie. Les estimations
ainsi obtenues peuvent étre utiles pour démontrer la régularité des solutions, ou encore [’existence de
solutions. Pour une introduction aux méthodes d’entropie en EDP, on pourra consulter par exemple [80]

et [68].

3. Au Chapitre 2 il n’est pas question de modéle a ’échelle de 'individu, donc on emploiera les termes macroscopique
et microscopique pour désigner le systéme de réaction-diffusion croisée et le systéme de réaction-diffusion (plus précis),
respectivement.

4. pour simplifier, mais cela peut étre par extension un espace généralisé, par exemple I’espace des phases.
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2.1 Introduction a la Dynamique des populations

La motivation générale en Dynamique des populations est de comprendre 1’évolution de la quantité
d’individus d’une certaine (ou de plusieurs) population. On considére une quantité v = u(t) > 0 qui
représente la densité d’individus de la population au temps ¢, et on veut modéliser son évolution par
une équation. Par exemple, si 'on adopte un point de vue déterministe! et si ’on prend en compte des
temps continus ¢ € R, on cherchera une équation différentielle, typiquement de la forme 2

deu(t) = f(t, ult)) ult),

ou f(t,u(t)) est le taux de croissance de la population (qui prend en compte natalité, mortalité et
migration) au temps ¢, la fonction f: R x Ry — R étant & déterminer dans la phase de modélisation.

Le modéle le plus simple de ce type, dit modéle de Malthus, suppose que la croissance de la population
est proportionnelle & la taille de la population. Autrement dit, le taux de croissance f est une constante.
Si 'on note cette constante r > 0, le modéle s’écrit

Exemple 2.1 (Modéle de Malthus).
dru(t) = ru(t).

Ce modéle a tot fait de montrer ses limites : en effet il implique une croissance exponentielle de
la population, et par 1a ne prend pas en compte la possible saturation de Uenvironnement (liée a la
compétition pour certaines ressources en quantité finie : nourriture, habitat, etc). Pour remédier a ce
probléme, on considérera plutot ’équation logistique :

Exemple 2.2 (Equation logistique).

dyu(t) = ru(t) [1 - “m .

Le terme x > 0 est une constante strictement positive qui représente la capacité totale de l'envi-
ronnement. En effet, quand a un temps ¢ la densité de population u(t) est supérieure au seuil &, on

a diu(t) = ru(t) [1 - %} < 0 et ainsi la population décroit, signe que l'environnement est saturé
(surpopulation). En revanche, quand la densité de population est inférieure au seuil k, on a d;u(t) =
ru(t) [1 - %} > 0 et ainsi la population croit. On remarque que dans les deux cas (pour une donnée

initiale strictement positive), la densité de population u(t) tend vers la capacité totale de ’environnement
# quand ¢ tend vers I'infini. On remarque aussi que quand la population est peu importante, i.e. u(t) ~ 0,

on a dyu(t) = ru(t) [1 — @} ~ ru(t), et on retrouve le modele de Malthus. Autrement dit, pour de

petites populations on peut négliger l'effet concurrentiel, ce qui semble raisonnable du point de vue de
la modélisation.

On peut bien sir généraliser les modéles précédents en considérant non plus une unique population,
mais un systéme composé de plusieurs populations, qu’on appélera systéme écologique. Pour un nombre
J (J € N) d’espéces différentes, notant u; = uq(t), ..., uy = us(t) les densités de population respectives
de chacune des espéces, on est amené a considérer le systéme de taille J

dtul(t) :fl (t, Ul(t), e 7’U,J(t)) Ul (t),

deug(t) =f5(tur(t), ..., us(t)) us(t),

ou les taux de croissance f; : R x Ry — R de chacune des espéces i sont des fonctions a déterminer
dans la phase de modélisation. La notion de systéme (écologique) implique des interactions entres les
différentes espéces, ce qui se traduit mathématiquement par un couplage entre les équations du systéme
(mathématique). Ainsi, ’évolution de la densité u; de la premiére espéce (par exemple) dépend aussi des
densités des autres populations, ce qui modélise le fait que la présence d’individus des autres espéces a
un impact sur la croissance de la premiére espéce (par exemple & travers la prédation, la compétition,
la coopération, la prédation d’un concurrent, la coopération avec un prédateur, etc). Le modéle le plus
classique dans ce contexte a été introduit simultanément par A. J. Lotka et V. Volterra en 1925 pour
modeéliser I’évolution de deux espéces dont 1'une subit la prédation de I'autre; il s’écrit

1. pas de hasard, ou bien un hasard négligé en un sens, par exemple aprés moyennisation de certaines quantités.
2. En considérant un second membre de cette forme, on suppose que la croissance est nulle quand la population est
éteinte : pas de génération spontanée.
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Exemple 2.3 (Systéme de Lotka-Volterra).

{ dyus (£) = [r1 — rpus(t)] ua (t),

dyug(t) = — [ro — rquy ()] ua(t),

ol up est la densité de proies, us la densité de prédateurs, et rq, ro, 7, ¢ sont des constantes
strictement positives. Le terme r; est le taux de croissance intrinséque de la population de proies : en
I’absence de prédateurs, i.e. quand us = 0, celle-ci croit exponentiellement. Le terme ry est le taux de
mortalité de la population de prédateurs : en I’absence de proies, i.e. quand u; = 0, celle-ci s’éteint.
Les termes —ryus et rquq traduisent I'impact de la prédation sur le taux de croissance des proies et des
prédateurs respectivement. Cela correspond naturellement & une contribution négative pour les proies,
et positive pour les prédateurs. L’impact de la prédation sur la croissance de chacune des deux espéces
est supposé proportionnel a la densité de proies et a la densité de prédateurs (produits ujus dans les
deux termes —ryusu; et rousuy).

Remarque 2.1. Pour un ensemble assez large de valeurs des paramétres r1, ro, 14, T4, le systéme de
Lotka-Volterra admet des solutions périodiques & quatre "phases" : au début de la phase 1, il y a peu de
prédateurs, et beaucoup de proies donc le nombre de proies augmente, et le nombre de prédateurs aussi;
a partir d’un certain temps le nombre de prédateurs devient si élevé que les proies sont terrassées : le
nombre de proies commence & diminuer (phase 2), jusqu’a ce qu’il devienne trop faible pour nourrir les
prédateurs (alors en grand nombre) : on entre alors dans la phase 3 ot proies et prédateurs diminuent en
nombre ; quand le nombre de prédateurs est redevenu suffisamment faible, la population de proies croit
de nouveau (phase 4), jusqu’a étre suffisamment importante pour que la population de prédateurs croisse
a nouveau : on retourne donc & la phase 1. Ce comportement oscillatoire est en quelque sorte la réponse
dynamique a Uapparent paradoze (statique) : "plus il y a de prédateurs, moins il y a de proies, mais
moins il y a de proies, moins il y a de prédateurs”.

On peut tout a fait a partir du systéme de Lotka-Volterra proposer des variantes qui prennent en
compte d’autres types d’interaction interspécifique, de la forme

dyui (t) = [o1r1 + opryus(t)] ui(t),
dyus(t) =[oare + oarqus (t)] us(t),

ol r1, T9, Ty, Tq sont des constantes strictement positives, et ol oy, o2, 0y, o4 sont dans {—1,0,1}.
Les signes o7 et o9 renseignent sur le caractére obligatoire (essentiel a la survie) de la relation pour
chacune des deux espéces, puisqu’ils indiquent le comportement (croissance, stagnation ou extinction) de
chacune des deux espéces en 'absence de I'autre. Les signes o; et 04 renseignent sur la nature bénéfique
ou défavorable de la relation interspécifique, ce que 1’on peut résumer dans le tableau (non exhaustif)
suivant :

pour la deuxiéme espéce :

effet de l'interaction bénéfique neutre défavorable
oqg = +1 gq=0 oqg=—1
bénéfique . . 1 "
oy — 41 mutualisme commensalisme prédation/parasitisme
by =
pour la
N neutre . .
premiére o =0 neutralisme amensalisme
espéce : b=
défavorable L
compétition
Op — -1

Remarque 2.2. Dans les exemples 2.2 et 2.3, les taux de croissance sont des fonctionnelles linéaires de
u ou de uy, us. Autrement dit, on suppose que l’interaction entre individus de la méme ou de différentes
populations (compétition intraspécifique pour Uexemple 2.2, prédation pour l'exemple 2.3) a un effet
proportionnel & la densité de la population avec laquelle il y a interaction. Au début des années 1970, les
biologistes F. J. Ayala, M. E. Gilpin et K. E. Justice ont montré dans [22] et [25] qu’il était parfois plus
pertinent d’exprimer les taux de croissance avec des fonctionnelles non-linéaires, en prenant l’exemple
de deuz espéces de drosophiles en compétitions (intra et inter-spécifiques).
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Dans les appliations, il est souvent intéressant de considérer non plus seulement la taille totale d’une
population, mais aussi sa répartition dans un environnement donné. C’est la cas par exemple si ’on veut
observer spécifiquement des phénomeénes de migration, de concentration, etc. On est amené & considérer
un domaine € de I’espace R™ (I’environnement), oti la dimension m vaut en général ® 2 ou 3, et la quantité
positive u = u(t,x) qui est la valeur au temps ¢ de la densité de population au point = de 'espace. On
cherche alors une EDP 4 de la forme

Opu(t, ) = AL, z, u(t)),

ou 2 est un opérateur & déterminer dans la phase de modélisation, qui prend en compte a la fois la

croissance et les déplacements de population. Cet opérateur prend comme arguments le temps ¢ et le

point z ('environnement est muable et hétérogene) et la répartition de la population au temps ¢, u(t,-).
Le modéle de cette forme le plus étudié est le suivant.

Exemple 2.4 (Equation de Fisher-KPP).
Ou(t,x) — dAzu(t,z) =ru(t,z) (1 —u(t,z)),

Le terme de droite est similaire a celui de I’équation logistique : r est le taux de croissance de la
population, et le terme quadratique —u? traduit un effet de saturation de I’environnement (de capacité
totale prise égale a 1). Enfin, le parameétre d est une constante positive qui décrit la capacité des individus
a diffuser, c’est-a-dire a se disperser de maniére désordonnée dans ’espace.

On remarque pour ’équation de Fisher-KPP homogeéne (si on ne considére que des solutions indépen-
dantes de x), u = 0 est une solution instable, et © = 1 est une solution stable. On peut en fait montrer
avec la théorie des ondes progressives que pour une donnée initiale raisonnable (en particulier positive,
non identiquement nulle sur le domaine mais pouvant étre nulle sur une grande partie du domaine), la
solution u(t, z) se rapproche en un certain sens de I’état stationnaire stable 1 (sans le dépasser) quand ¢
tend vers l'infini. On interpréte ce comportement asymptotique comme le fait que la population colonise
tout le territoire jusqu’a saturation.

Remarque 2.3. L’équation de Fisher-KPP a été introduite en 1930 par R. A. Fisher, en 'occurence
pour modéliser la propagation d’un géne A favorable dans une population. Dans ce contexte, la quantité
u(t,x) est la proportion d’individus de la population présentant le géne A au temps t et au point x,
et satisfait 0 < wu(t,x) < 1. La saturation au seuil uw = 1 s’interpréte comme limpossibilité pour u
de dépasser la valeur 1 car c’est par définition une proportion. Le comportement asymptotique décrit
précédemment modélise le fait que le géne A favorable se répand dans toute la population (ce qui est
conforme & nos attentes du point de vue de la modélisation).

Dans l’équation de Fisher-KPP, le terme —dA,u décrit un cas particulier (milieu homogene) de
phénomeéne de diffusion de Fick. La diffusion de Fick modélise un phénoméne de migration qui a pour
effet une tendance a rendre ’environnement homogéne. Elle se décrit plus généralement sous la forme
d’une

Exemple 2.5 (Equation de diffusion de Fick).
atu(tv :L’) - V- [d(x) Vmu(tv iL’)} = S(tv l‘),

o ici u = wu(t,x) représente la densité d’individus d’une espéce (biologique, chimique, etc) ayant
tendance a diffuser, ou d(x) > 0, le coeflicient de diffusion, renseigne sur l'intensité du processus de
diffusion, et ou S(t,z) représente une source d’individus. Quand le milieu est homogéne (du moins en
ce qui concerne la diffusion), la fonction d(z) est une constante d > 0, on retrouve le terme —dA u. Ce
type de modéle a d’abord été dérivé empiriquement par A. Fick dans le cadre de la diffusion moléculaire.
Toujours dans le méme cadre, il a ensuite été montré par A. Einstein dans [19] que ce modéle pouvait étre
obtenu & partir d’'un modéle de mouvement Brownien aprés un passage a la limite qui correspond a un
changement d’échelle. En résumé, le résultat est le suivant : si & I’échelle microscopique on suppose que
chaque particule (ou individu) se déplace de maniére aléatoire en suivant un mouvement Brownien, alors

3. Il est souvent utile de considérer pour nos modéles des dimensions supérieures, voire arbitrairement grandes, dans
des contextes ou le paramétre z ne représente plus un point de l’espace, mais un autre paramétre (par exemple : trait
phénotypique, age, taille).

4. pour simplifier, mais, comme on le verra par la suite, on peut évidemment comme dans le cas précédent s’intéresser
a des systémes écologiques composés de différentes espéces, pour lesquels on utilisera des systémes d’EDP.
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a I’échelle macroscopique la densité de particules (ou individus) obéit & une équation de diffusion de Fick,
ou le coefficient de diffusion d(z) est déterminé par les caractéristiques du mouvement microscopique.

Le concept de diffusion de Fick peut se décliner dans de nombreux contextes (par exemple : diffusion
moléculaire en Physique-Chimie, mais aussi diffusion de la chaleur en Thermodynamique, propagation
d’idées en Sciences humaines, diffusion dans ’espace des traits génotypiques par mutation génétique en
Biologie, etc). En Dynamique des populations, on ’emploie pour modéliser & I’échelle de la population
le mouvement spontané et aléatoire des individus dans ’espace. Comme on ’a vu avec ’exemple de
I’équation de Fisher-KPP, il permet d’observer des phénoménes liés & la migration, comme, pour cet
exemple, la colonisation du territoire.

2.2 Diffusion croisée en Dynamique des populations
On s’intéresse a présent a une classe de systémes de la forme
AU (1) — AJJAU(L,2))] = F(U(t,x)), (2.1)

ou U = (uy,...,uy) est le vecteur composé des densités de population de J espéces distinctes, et A et
F sont des fonctions de R a J composantes, A prenant des valeurs positives (A(U) € RL). Le terme
F(U(t,x)), dit terme de réaction®, renseigne sur la croissance de population des différentes espéces.
Comme dans les exemples précédents, on suppose qu’il n'y pas de génération spontanée, et on prend
donc F' de la forme

FU)=(i0)u1,..., f;(U)uy).

Le terme A, A(U(t, x)), dit terme de diffusion, renseigne sur les déplacements des individus des différentes
espeéces.

Quand la différentielle de A, notée DA, est une matrice (de taille J) diagonale, on peut réécrire le
systéme

Opuy (t, ) — Vg - [dy(ur(t, ) Vour (6, 2)] =f1(ur (b, x), .. ug(t, @) ur (t, x),

Opuy(t,x) = Vg - [dy(us(t,z)) Veus(t,x)] =fr(ur(t,z), ..., us(t, z)) us(t, x),

ol on a noté d; le i x i®° terme de DA. On a donc affaire 4 un systéme de J équations avec un terme
de diffusion de Fick (comme dans 'Exemple 2.5), et le couplage entre les équations se fait uniquement
via les termes de réaction. Autrement dit, pour une espéce i donnée, d'une part les individus se dé-
placent spontanément et aléatoirement avec une intensité d;(u;), d’autre part la population croit avec un
taux f;(U) qui dépend de la densité de population des différentes espéces. Cela signifie que la présence
d’individus des autres espéces a un effet (seulement) sur la croissance de 'espéce i.

Ici, on s’intéresse justement au cas ou la matrice DA n’est pas diagonale. Les termes du systéme (2.1)
provenant des termes non diagonaux de DA sont appelés termes de diffusion croisée®. Le couplage entre
les équations du systéme a alors lieu non seulement & travers les termes de réaction, mais aussi a travers
les termes de diffusion. Cela signifie que, pour une espéce 4, la présence d’individus des autres espéces
a un effet non seulement sur la croissance de ’espéce ¢, mais aussi sur ses déplacements. Par exemple,
si I'interaction avec une autre espéce ¢’ est défavorable pour ’espéce i, une stratégie possible pour les
individus de I’espéce i est de fuir 7 les individus de la population i’. Le couplage avec u; dans le terme
de diffusion de ’équation d’évolution de u; permet de rendre compte de ce type de comportement. On
présentera justement dans ’exemple suivant, trés étudié, un systéme qui reléve de ce cas.

Une des raisons de I’engouement mathématique pour ces types de systémes est qu’ils présentent par-
fois des instabilités de Turing® avec formation de motifs (ou patterns). Ces motifs peuvent par exemple

5. La terminologie vient de la Chimie, ou les systémes de réaction-diffusion ont une place prépondérante. On y rencontre
aussi des systémes de diffusion croisée, voir par exemple [6].

6. Dans la littérature, le terme de diffusion croisée est parfois employé pour désigner des systémes de la forme (plus
générale) O:U — V5 - [B(U)V,U] = F(U), ou la matrice B n’est pas diagonale.

7. Pour une interaction bénéfique avec un effet attractif, on regardera plutot des systémes de type Keller-Segel (pour
le chimiotactisme). Ces systémes, qui ne sont pas de la forme (2.1) (avec A a valeurs positives), sont aussi des systémes
d’équations d’évolution avec un couplage (en général triangulaire) dans les termes du second ordre qui modélisent le
déplacement dans ’espace.

8. phénoméne pouvant, dans les cas les plus intéressants, mener & une formation de motifs; introduit par A. Turing en
1952 dans [51] pour modéliser la morphogéneése.
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décrire des phénoménes de ségrégation entre plusieurs espéces en compétition. Il existe une littérature
mathématique importante sur la question, qui démontre ces phénomeénes (numériquement et/ou analy-
tiquement) pour divers modéles particuliers de Dynamique des populations présentant de la diffusion
croisée. Plus précisément, il est (en général) montré que l'instabilité est induite par la diffusion croisée,
au sens ou le systéme considéré s’écrit naturellement comme un systéme de réaction-diffusion classique
présentant en plus un terme croisé dans la diffusion, et ce systéme de réaction-diffusion classique (sans le
terme croisé) a un état d’équilibre stable, qui est cependant instable pour le systéme complet (avec terme
de diffusion croisée). Pour ces questions, voir par exemple [4], [37], [32], [9] et les références mentionnées
dans ces papiers.

Le systéme de réaction-diffusion croisée le plus populaire en Dynamique des populations a été introduit
en 1979 par N. Shigesada, K. Kawasaki et E. Teramoto ([45]) pour modéliser I’évolution des populations
de deux espéces en compétition avec un effet répulsif. Il s’écrit

Exemple 2.6 (Systéme de Shigesada-Kawasaki-Teramoto (SKT)).

{ Opur — Az (diug + dg, uf +dgui ug) = uq (r1 — rour — 7 U2), (2.2)

Oyug — Ay (da ug + dy u% + dsuy ug) = ug (ro — reus — rqu),

ot les termes dy, do, dq, dg, d, ds, r1, T2, Ta, b, T¢, T4, sont des constantes positives. Les quantités
positives u; = uq (¢, x) et ug = uz(t,x) sont les densités de population des deux espéces en compétition.
Les termes de réaction modélisent la croissance des populations. Par analogie avec I’équation de Fisher-
KPP, les termes (11 — 7, u1) et (ra — 7. uz) indiquent pour chacune des deux espéces Ueffet néfaste sur
le taux de croissance de la présence d’individus de la méme espéce (compétition intra spécifique dans un
environnement aux ressources limitées). Par analogie avec le systéme de Lotka-Volterra (généralisé) (2.1),
les termes croisés —ry ug et —rg uy indiquent pour chacune des deux espéces l'effet néfaste sur le taux de
croissance de la présence d’individus de Pautre espéce (compétition interspécifique). Les termes de dif-
fusion modélisent le mouvement des individus. On reconnait des termes de diffusion linéaires A, (dy uq)
et A, (dyug), qui quantifient, comme dans l’équation de Fisher-KPP, la propension des individus de
chacune des deux espéces a se disperser de maniére aléatoire. Enfin, les termes produits dans le terme
de diffusion : termes d’auto-diffusion A, (dq u?) et A,(d,u3) d’une part, et termes de diffusion croisée
Ay (dguq ug) et Ay(dsuq ug) d’autre part, modélisent Ueffet répulsif entre les individus (respectivement
de méme espéce et d’espéces différentes), conséquence des compétitions (respectivement intra- et inter-
spécifiques). On pourra interpréter ces termes grace a la simple décomposition (formelle) suivante, par
exemple pour la premiére équation :

Ay [ui ul] =V,- [ulvxuz] +V, - [uivxul], (23)

transport diffusion de Fick

ou ¢ € {1,2}. Le premier terme du membre de droite, replacé dans I’équation de ug, s’interpréte comme
un terme de transport dans la direction —V u;, c’est-a-dire la meilleure direction (du moins localement)
pour éviter la présence d’individus concurrents de la population ¢. Le second terme ci-dessus s’interpréte
comme une diffusion de Fick d’intensité u;, et modélise donc une propension & se disperser de maniére
aléatoire d’autant plus grande que la présence d’individus de I'espéce i concurrente est forte. En résumé,
les deux effets paralléles, d’une part fuite dans la direction optimale pour éviter les concurrents, d’autre
part fuite dans des directions aléatoires liée proportionnellement & la présence des concurrents, traduisent
un stratégie des individus de P'espéce 1 d’évitement des individus de 'espéce ¢ (ou autrement dit, un effet
répulsif des individus de 1’espéce i sur les individus de lespéce 1).

Le calcul formel (2.3), bien qu’utile pour interpréter en terme d’effet répulsif le systéme SKT, ne se
veut pas une justification de ce modéle. En effet, si 'on veut modéliser un systéme écologique de deux
espéces en compétition ou sont présents les deux types d’effet répulsif présentés, on pourra considérer
n’importe quelle combinaison des deux termes (terme de transport et terme de diffusion)

pour A, > 0. Cette interprétation ne permet donc pas de justifier le choix du terme A[u; u1] dans le
modéle SKT, qui revient a choisir A = p dans ’expression ci-dessus.

Une justification — d’un tout autre type — a été proposée par M. lida, M. Mimura, et H. Ninomiya
en 2006 dans [27]. Ils ont dérivé le systéme SKT (dans un cas particulier explicité par la suite) a partir
d’un autre systéme qui modélise le méme systéme écologique a une autre échelle. En partant du systéme
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qu’ils proposent et en passant a la limite correspondant au changement d’échelle approprié, ils retrouvent
asymptotiquement le (cas particulier considéré du) systéme SKT (du moins, au niveau de calculs formels).
Plus précisément, ils s’intéressent au cas le plus simple présentant de la diffusion croisée, & savoir le cas
ot ds = 0 (cas dit triangulaire®), et o d, = ds = 0. Au niveau de la modélisation, cela signifie que la
compétition se manifeste par un effet répulsif uniquement de la deuxiéme espéce sur la premiére espéce.
On a alors affaire au systéme suivant

(2.4)

Opur — Ag(diug +dgug ug) = uy (r1 —rqup — rpug),
Opug — da Agug = usg (re — reus — rquy).

Nous décrivons & présent le systéme proposé par M. Iida, M. Mimura, et H. Ninomiya. Supposons que les
individus de la premiére espéce (ceux qui ont tendance a fuir les individus de la deuxiéme espéce), soient
en fait stressés en un sens par la présence des individus de la deuxiéme espéce, en ceci que leur tendance
a se disperser augmente. On modélise cela par 'existence de deux états possibles pour 'espéce 1 : I’état
A, qu'on appélera état au repos, et I'état B, qu’'on appélera état stressé. Dans ’état A, les individus
se dispersent peu; dans I'état B, les individus se dispersent plus. Cet état de stress étant activé par la
présence des individus de la deuxiéme espéce, le passage d'un état a 'autre dépend (uniquement) de la
densité de population de la deuxiéme espéce. Enfin, on suppose que cet état de stress n’affecte pas la
capacité des individus & se reproduire ou leur risque de décés : le taux de croissance de chacun des états
est donc identique au taux de croissance de la population totale. Si I'on note w4, up et us les densités
respectives des populations de 1’espéce 1 dans I'état A, 'espéce 1 dans I'état B, et la deuxiéme espéce,
on est amenés a considérer le systéme

Oua —daAgua =us (11 — 74 (ua +up) — 1o u2) + [k(ug)up — h(uz)ual,
Oup —dp Ayup = up (r1 —ro (ua +up) —ryuz) — [k(uz)up — h(uz)ual, (2.5)

Opug — da Agus = ug (re — reus — 14 (ua + up)).

Les termes d 4 et dp, qui quantifient la diffusion respectivement des états A et B, satisfont naturellement
0 < da < dp (par définition des deux états). Conformément a ce qui a été décrit précédemment, les
taux de croissance des états A et B sont formellement identiques & celui de la premiére espéce dans le
modele (2.4), & ceci prés que la quantité u; a naturellement été remplacée par la quantité ua +up (pour
chacun des deux modeles, il s’agit de la quantité totale de population de la premiére espéce). Le terme
[k(uz)up — h(uz)uy] est le bilan des changements d’états : h(us) et k(ug) sont respectivement les taux
de passage de I'état A a l'état B et de 'état B a 1’état A. Ces taux de passage sont des fonctions de
ug. Enfin, Péquation pour la densité us de la deuxiéme espéce est identique & celle du modele (2.4) (au
changement de u; en uag + up pres).

Analysons les unités des grandeurs de ce modéle : les quantités da, dg, ds sont en unité d’aire par
unité de temps (cela crorrespond & une vitesse de colonisation d’une aire) ; les quantités r1 et ro sont en
unité inverse d’unité de temps (vitesse de croissance) ; enfin h(uy4) et k(up) sont en unité inverse d’unité
de temps (vitesse de changement d’état). Il semble raisonnable de supposer que les échelles de temps des
trois phénoménes — dispersion, croissance, changement d’état — ne sont pas les mémes. Supposons que
les changements d’état s’effectuent dans un temps trés court par rapport aux deux autres phénoménes.
Les vitesses de changement d’état sont donc trés grandes par rapport aux autres types de vitesse. Si
Pon écrit le systéme en considérant comme unité de temps une échelle de temps caractéristique pour la
croissance et la diffusion !0, les quantités da, dp, da et rq, ro sont alors de taille raisonnable (ni grandes
ni petites), alors que les quantités h(usz) et k(uz) sont trés grandes. On les réécrit donc

>
BT

) = "2 ) = B2 (2.6)

ou iL(’LLQ) et ]’%(UQ) sont de taille raisonnable, et € > 0 est un petit paramétre qui quantifie le rapport
d’échelle de temps entre le processus de changement d’état et les processus de diffusion et croissance.

9. Avec les notations de (2.1) la matrice DA est alors... triangulaire.
10. Plus précisément, on adopte une échelle de temps raisonnable pour observer la croissance, puis on choisit une échelle
d’espace telle que les échelles d’espace et de temps adoptées soient raisonnables pour observer la diffusion.
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Avec ces notations, on peut réécrire le systéme

1 -~ -
Opuy — da Agusy = u (r1 — 1 (UG +ufp) —rpuy) + g[k(uz)ueB — h(u$)uy],
€ € __ € € € € 1. €\, € L[, €\, € (27)
dup — dp Agup = up (11 — 74 (uy +up) —rpus) — g[k’(uz)UB — h(ug)uy],

Opus — da Azus = uf (rg — reus — rq (uy +uy)),

ol on a explicité par un exposant la dépendance en le paramétre €. Ce paramétre étant trés petit, on
voudrait le prendre nul : cela revient a supposer que le temps caractéristique des changements d’état est
nul, autrement dit, les changements d’état sont instantanés. On s’intéresse donc & la limite du systéme
quand € tend vers zéro.

Asymptotique formelle quand ¢ — 0. Nous présentons ici uniquement des calculs formels. On
suppose que (u$,u%,us) converge vers une limite (ua,up,u2) quand ¢ — 0 et on se donne comme
objectif de caractériser la limte (ua, up, us) en explicitant le systéme d’EDP qu’elle vérifie. En multipliant
par € la premiére équation de (2.7), on peut directement passer a la limite ¢ — 0 et obtenir

[k(uz)up — h(us)ua] =0,

ce que l'on réécrit
ua k(ug) up h(usz) (2.8)
us+up  h(ug) + k(ug)’ us+up  h(ug) + k(us) '

Cette réécriture apporte l'information suivante : a la limite ¢ = 0, les taux d’individus stressés et au
repos au sein de la premiére espéce sont des fonctions (explicites) de la densité de population de la
deuxiéme espéce. A présent, si nous sommons les deux premiéres équations de (2.7), ’équation obtenue
est formellement indépendante de € : on peut donc prendre € = 0 pour obtenir

O(ua +up) — Ap(daua +dpup) = (ua +up) (r1 —rq (ua +up) — rp uz).

Avec laide des taux d’individus stressés/au repos explicités précedemment, on peut réécrire le deuxiéme
terme

Ax(dAuA + dBUB)

AI[(dA g8 )(uﬁu@]

uA+up ug +up
_ k(us) h(us) L
= A, [(dA B(uz) + ];,(uz) +dp B(UQ) n %(u2)> ( A+ B)

Enfin, on peut passer a la limite formellement dans la troisiéme équation de (2.7). On obtient finalement
le systéme

8tul - Az

h(ug) + k(usg)

Opua — do Agug = ug (g — Teug — Tq u1),

(2.9)

(dAl:c(UQ) + dBfl(W)) u11 =y (ry —rquy — rpug)

ot 'on a naturellement noté u; la densité de population de la premiére espéce, u; = ua +up (I’équation
(2.8) permet de retrouver les quantités ua, ug). Pour un choix approprié des paramétres da, dp et des
fonctions A et k, par exemple

da =di, dp = dy + dgu, h(v) == dgv, k(v) :=dg(u —v),

oll on a noté 7 une borne supérieure ' de la densité wuy, on retrouve exactement le systéme SKT trian-
gulaire (2.4). On a ainsi dérivé le modéle (2.4) & partir du modéle (2.5).

Remarque 2.4. Pour les questions de modélisation sur le systeme SKT, voir [45] et [41]. Voir aussi
[20] et [29] pour deux approches probabilistes.

11. Ici, on suppose que cette quantité est bornée. On verra par la suite qu'un principe du maximum permet de le vérifier
dans un cadre rigoureux.
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Dans la suite, on s’intéresse a une version généralisée du systéme SKT. Dans le systéme SKT, les
taux de croissance et les taux de diffusion (théoriques) sont exprimés par des fonctions linéaires de u; et
us. En s’inspirant des idées développées par les biologistes M. E. Gilpin et F. J. Ayala (dans le contexte
beaucoup plus simple mathématiquement du systéme de Lotka-Volterra, voir Remarque 2.2), on propose
de remplacer ces fonctions linéaires par des fonctions plus générales de u; et ug, plus précisément sous
la forme

Exemple 2.7 (Systéme SKT généralisé).

Opur — A, [(dl +do uf + dgub) ul] =ua (11— rauf —mpup), (2.10)

Orug — Ay [(dQ +dyuj +ds u‘ls) uz} = ug (ry — reu§ — rqud),

ou les nouveaux parameétres «, 3, 7, d et a, b, ¢, d sont des constantes positives. Le choix d’utiliser des
fonctions puissance se justifie par le souci d’éclaircir la présentation tout en conservant un large évantail
de comportements possibles 12. Ces puissances sont choisies positives car il est raisonnable de supposer
que les effets des compétitions sont plus forts quand la présence des compétiteurs est accrue, et doivent
donc étre modélisés par des fonctions croissantes des densités de compétiteurs.

Dorénavant, tous les systémes que nous considérerons serons de la forme (2.10), les constantes étant
toutes prises positives, certaines pouvant étre nulles, mais pas les constantes d; et ds qui seront toujours
strictement positives 3. On considérera ce systéme dans un domaine borné, noté 2, de R™ (’environne-
ment) et on ajoutera de plus les conditions aux bords de Neumann homogeénes

Veui(t,z) - n(z) = Vyue(t,z) -n(z) =0 pour (¢, z) € Ry x 99, (2.11)

ot on a noté n(z) la normale unitaire extérieure au bord 9 au point x. Cette condition traduit le fait
que la population est confinée dans I’environnement.

2.3 Contexte mathématique

Comme mentionné précedemment, il existe une importante littérature traitant du comportement
asymptotique et des solutions stationnaires (d’un point de vue numérique et/ou analytique) des systémes
de la forme (2.7), avec un intérét particulier pour la formation de motifs. On renvoie par exemple a [4]
et aux références citées.

Cependant, une question aussi fondamentale que I'existence de solutions globales pour ces systémes
n’est pas encore résolue. Une des causes de la difficulté de cette question est le couplage fort (c’est-a-
dire au travers de termes d’ordre deux au regard du nombre de dérivées) entre les deux équations. En
conséquence, il n’existe en général pas de principe du maximum pour ces systémes.

1l existe bien une théorie d’existence locale (en temps) de solutions pour une gamme de systémes
incluant (2.20). Cette théorie a été développée par H. Amann dans la série de papiers [1], [2], [3]. Il ¥
démontre (notamment) l'existence locale (en temps) de solutions fortes dans un certain espace de Sobolev
(Wl’p ), et propose de plus un critére de prolongement de ces solutions fortes.

Pour ce qui est des solutions globales, on trouve dans la littérature des résultats d’existence uni-
quement dans des cas particuliers. La plupart des résultats traitent spécifiquement du systéme SKT
original (2.2) et supposent des contraintes supplémentaires, généralement sur la dimension d’espace m
ou sur la taille de la diffusion croisée (en des sens variés, mais qui peuvent typiquement revenir a sup-
poser que les paramétres en facteur des termes de diffusions croisées dg et ds sont plus petits qu’une
certaine constante qui dépend d’autres données du probléme - paramétres, domaine, etc). On renvoie
aux introductions des Chapitres 4 et 5 pour une bibliographie détaillée (pour chacun des cas spécifiques
triangulaire et non-triangulaire respectivement).

Les résultats présentés dans ce manuscrit reposent essentiellement sur des méthodes d’entropie et de
dualité. Dans le cas non triangulaire 6 > 0 (le cas triangulaire étant en un sens un peu plus simple
car une des deux équations du systéme dispose alors d’un principe du maximum), L. Chen et A. Jiingel
ont les premiers repéré une fonctionnelle de type entropique dans [8], en l'occurrence pour le systéme
original (2.20). Cette méthode a été élargie au systéme SKT généralisé (sous certaines hypothéses sur les
parametres) par L. Desvillettes, Th. Lepoutre et A. Moussa dans [15]. Ici, on propose une analyse poussée

12. On verra que la plupart des résultats mathématiques pour ces systémes présentés dans ce manuscrit sont en fait
valables pour des fonctions plus générales, voir par exemple la Remarque 2.9.
13. C’est une condition d’ellipticité.
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des conditions (c’est-a-dire, les hypothéses sur les paramétres) permettant existence d’une fonctionnelle
de type entropique pour le systéme SKT généralisé. Grace a cette analyse, on obtient des estimations
d’entropie sous des conditions plus générales. Cette analyse est menée en détail au Chapitre 5. Les
méthodes de dualité sont introduites dés & présent, dans la Section 2.4.

2.4 Lemme de dualité

On présente ici un outil mathématique primordial pour notre étude. Cet outil, attribué a M. Pierre,
et souvent dénommé dans la littérature spécialisée Lemme de dualité, a été introduit dans [43] dans le
cadre de systémes de réaction-diffusion (voir aussi [42, 14]). Il s’est avéré par la suite d’une utilité cruciale
dans le cadre des systémes de diffusion croisée (voir par exemple [4, 15]).

Ce lemme concerne les équations de la forme

{ Oy — A, (Mu) = R(u) dans [0,7] x ©, (2.12)

Ve(Mu)-n =0 sur [0,T] x 09,

ot M est une fonction a valeurs positives. Il permet d’obtenir, (sous certaines conditions supplémentaires
raisonnables sur M et R) pour toute solution positive v une borne de la forme

H‘MUQHL1 ) <Cr[l+ ||MHL1([O,T]><Q)L (2.13)

([0,T]x Q2
ot Cr est une constante positive qui dépend uniquement du temps T et de données (paramétres et
données initiales). Revenons a nos systémes de la forme (2.10)—(2.11) et expliquons comment ce lemme
peut étre utile das notre cas. Les équations de u; et us sont toutes deux de la forme précédente, avec (par
exemple pour uy) M = My := (di + douf + d;gug) > 0. Le Lemme de dualité fournit alors l’estimation
a priori suivante

H (d1 + douf + dgug)u%‘

L ([0,T]x ) <Cr [1 + Hdl +daut + dﬁug‘

Ll([O,T]XQJ ’
d’otl en particulier

||u%+a“L1([O,T]><Q) <Cr [1 + ’

u‘f‘—i—ug‘

Ll([O,T]xQ):| ’

1
/2

et en utilisant I'inégalité élémentaire (pour tout € > 0 et u > 0) u® < eu?T + C(a) et en prenant

€ > 0 suffisamment petit,

<o [1+]

2
||“1 Ll([O,T]xQ):| ’

e ||L1([O,T]><Q)

De méme, pour usz, on obtient ’estimation analogue

2

[+

L1((0,7] %) <Cr _1 + Hu(ls||L1([0,T}><Q):| '

et donc en les additionnant on a finalement 'estimation

™l A

01)x0) T H“2

=Cr [1 * Huf””@‘mxﬂ) + H“g‘ Ll([O,T]xQ)] '

L1([0,T]1xQ) —
On constate alors que pour un choix adapté des paramétres «, 3, 7, J, par exemple § < 2+a et § < 247,
on peut clore les deux estimations ci-dessus, et conclure I'estimation a priori

(C3ad Cr.

2

24«

U < <
I s o 7y = O LY ([0,7]xQ) —
Ces estimations permettent de prouver la non concentration des termes non-linéaires du systéme (2.10)
(diffusion et réaction), sous des hypothéses supplémentaires sur les parameétres. Notons que ces estima-
tions sont les seules informations dont nous disposons en général sur l'intégrabilité de u; et us - mis a
part le controle des masses sup, fQ u; < C - et s’avérent donc cruciales pour éviter la concentration.

On présente la version suivante du Lemme de dualité.
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Lemme 2.1 (Lemme de dualité). Soit T > 0, Q un domaine borné régulier de R™ (m > 1) et u = u(t, )
une fonction réguliere (¢2) sur [0,T] x Q, a valeurs positives, et vérifiant

(2.14)

Ou — Ay (Mu) < K dans [0,T] x Q,
Ve(Mu)-n =0 sur0,T] x 08,

ot M = M(t,x) est une fonction régulicre (€*) et a valeurs strictement positives sur [0,T] x Q, K est
une constante positive, et n = n(x) est la normale unitaire extérieure au bord O au point x.
Alors u satisfait [’estimation

HMUZHLl([O,T]XQ) < C(Q) [u(0, )20y + 2[< w(0,.) > +ET] [M]|11 0 7% 0 -

ot on a noté C() > 0 la constante apparaissant dans l'inégalité de Poincaré-Wirtinger et < - >=
|Q|_1 fQ - opérateur moyenne sur Q.

Démonstration. La preuve repose sur ’étude du probléme adjoint
O+ MAv=—F dans [0,T] x Q,
Vv -n=0sur [0,T] x 0L, (2.15)
v(T,z) =0 dans [0,T] x £,

pour F une fonction réguliére sur [0, 7] x © & valeurs positives. Par des résultats classiques de la Théorie

des équations linéaires paraboliques, ce probléme adjoint posséde une solution classique v & valeurs
positives. Posons u? = u(0,-) et v° = v(0, -). La solution v du probléme adjoint satisfait les estimations

F
V0 < H : (2.16)
| HLQ(Q) VM llL2(j0,11%9)
F
H\/MAxv < H . (2.17)
L2(0,71x9) ~ || VM ||z (0 11x0)

En effet, en multipliant I’équation (2.15) par A,v puis en intégrant sur ) en prenant en compte les
conditions au bord pour v, nous obtenons

Jdt/ |V$v|2+/ M(sz)Q:f/ FAv
2 " Ja Q Q
F2 M
<[ [+ =(A0)?
—/Q<2M+ 3 “))’

ol nous avons utilisé I'inégalité élémentaire 2 ab < a? + b? (pour tous a, b € R). Intégrons en temps, et
utilisons & nouveau la condition v(7T, ) = 0 pour obtenir

T T 2
F

/|vao\2+/ M(Av)? S/ -,

Q 0 Q 0 Q M

dt/uv:/Btuv—i—/uatvg/Kv—Fu,
Q Q Q Q

qui aprés intégration en temps devient

/Qu(T,~)v(T,~)/QuovogK/OT/Qv/oT/QFu,

que l'on réécrit en utilisant la condition sur v au temps T dans (2.15)

/OT/QFugK/OT/Qv+/Qu%O. (2.18)

d’ou (2.16) et (2.17).
Calculons alors
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. . L t N
Le premier membre se controle en écrivant v(t) = [ d;v, d’on

T
/ /1; < T[|0wvlli o,mx0)
0 Q
<7 |[va|

8,51)/\/M’

par l'inégalité de Cauchy-Schwarz.

L2([0,T]x€2) ‘ L2([0,T]x€2)

Or, en réécrivant ’équation satisfaite par v

F
dv/VM = —vVMAv — TR

on en déduit

8tv/\/M‘

: < H\/MAmv

L2([0,T]xQ

F
+ -
L2([0,T]x9) H VM |lLz(jo,1)x0)

grace a (2.17),

<[5

L2([0,T]x )
et donc
T F
/ /v < QTH\/M‘ ‘ .
0 Q L2([0,T1xQ) ||V M L2([0,T]x )

Il reste encore a estimer dans (2.18) le terme [, u%00. Revenons a 1’équation (2.15) pour écrire aprés
intégration sur [0,T] x §2

/QvozAT/Q(MAmv—FF)S/OT/Q\/M(\/M|A3:U+\/F];7>,

qui donne grace a U'inégalité de Cauchy-Schwarz et a (2.17)

/ W0 <2 H\/M‘ (2.19)
Q

‘ F
vM
Enfin, nous obtenons en utilisant I'inégalité de Poincaré-Wirtinger, (2.19) puis (2.16),

/uovoz/uo(v07<v0>)+/<u0>v0
Q Q Q

S C(Q) HUOHL?(Q) HVIUOHL2(Q) —+ 2 < ’LLO > H\/M’

L2((0,T1x ) L2((0.T]xQ)

F
VM

L2([0,T]xQ) L2([0,T]x %)

Ia F
<C(Q) ud — +2<u0>H\/M ‘ :
H ||L2(Q) VM L2([0,7]%9) L2([0,7]x9) || VM L2([0,T]x Q)
Revenant alors a (2.18), nous pouvons conclure que
T T
F
Fu :/ / —V MU
/0 Q o JavM
F
0 0 _
< [C(Q) H“ HL?(Q) +2[<u’ > +KT] HMHLl([O*T]XQ)} H VM Lz (0, 1)x0) .

On a obtenu I'inégalité ci-dessus pour une fonction F' réguliére et positive quelconque. Par un argument
de densité d’une part, et en constatant que u est positive d’autre part, on voit que cette inégalité est
vérifice pour toute fonction F' telle que F/v/M € L*([0,T] x Q) (sans hypothése sur le signe de F). Par
dualité, cela revient a ’estimation cherchée. O]

Remarque 2.5. Dans les hypothéses du lemme, on peut autoriser le second membre de I’équation de u
a étre mon borné, tant qu’il croit au plus linéairement en u. Avec cette hypothése, on obtient alors une
borne pour Mu? dans L*([0,T] x Q) avec croissance exponentielle en temps T.
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Remarque 2.6. Quand M est supposée appartenir o L°°([0,T] x Q) avec 0 < mg < M (t,z) < my pour
tous (t,) € [0,T] x Q, on déduit de ce lemme lestimation suivante dans L*([0,T] x Q)

ull2 o,y < Or(Qmo,ma) [[[u(0,-)[[L2 () + K],

ot la constante Cr(Q, mo, m1) ne dépend que du domaine Q, du temps T et des paramétres mg, mq.
Dans ce cadre, un résultat perturbatif permet d’obtenir une estimation similaire dans L*T"([0,T] x Q)
pour n > 0 suffisamment petit (dépendant uniquement de 2, mg et my ). Cette version dite "précisée”
du lemme de dualité a été introduite par J. A. Canizo, L. Desvillettes et K. Fellner dans [7] (dans le
cadre de systémes de réaction-diffusion provenant de la Chimie). Elle s’avére cruciale pour prouver la
non concentration des termes de réaction quand ceuz-ci s’expriment comme des fonctions quadratiques
des inconnues. Dans notre étude, on ['utilisera pour traiter le systeme SKT triangulaire, par exemple
(2.4) : un principe du mazimum permet d’obtenir une borne L™ pour us, ce qui permet d’appliquer le
lemme de dualité précisé a l'équation de uy et ainsi obtenir un controle satisfaisant pour les termes de
réaction.

Remarque 2.7. Une autre démonstration du Lemme 2.1 est possible, qui consiste & intégrer en temps
léquation de u, puis a multiplier le résultat par la quantité Mu, faisant apparaitre dans le premier terme la
quantité Mu?. On pourra par exemple trouver dans le Chapitre 5 une version utilisant cette démonstration
(dans un contexte semi-discret en temps, mais la preuve est facilement adaptable au contexte continu).
Notons qu’il ne semble pas évident d’obtenir une version précisée avec cette technique de preuve.

2.5 Notations, notions de solutions

Rappelons qu’on considére le systéeme SKT généralisé avec conditions de Neumann homogénes au
bord, qu’on munit de plus de données initiales w1 ;,, et u2;, & valeurs positives :

Opuy — A, [(dl + doul +dg ub) ul} =uy (11 —ruf —ryul), dans Ry x €,
Opug — Ay [(da + dy ud + ds u<1$) uz] =up (rg —reus —ry ud), dans Ry x Q, (2.20)
Vaeug -n(z) = Vyug -n(z) =0, sur Ry x 09,
u1(0,+) = u1,in >0, u2(0,:) =ug4, >0, dans Q.
Par commodité, on appéle D I’ensemble des paramétres du systéme,

D:= {dhdg,da,dﬁ,d'y,dg,’f'l,7”277’a,7"b,’l"c,7"d,a,b, c, daavﬁvfy?&} € (Ri)lﬁ X Ri (221)

Espaces fonctionnels. Rappelons les notations suivantes, pour ¢ un domaine régulier de R ou
R™+! et pour tout 1 < p < oo, tout 1 < ¢ < oo et tout k € N*,

LP(Q) ={u: / |ulP < oo}, L>®(Q) = {u: sup|u| < oo},
Q Q
WhQ) ={u: ueLYQ),VueLI(Q),...,VFu e LYQ)},  HYQ)=W"*(Q),

ou V est & entendre au sens de la dérivation au sens des distributions, et selon la variable dans Q.
Pour € un domaine régulier et borné de R™, on note

Lq

loc

(Ry x Q) = {u: pour tout T > 0, ujjo,r)x0 € LI([0,T] x Q)},

avec des notations analogues pour Wi"4(R, x Q) et Hf (R, x Q). Enfin, on note H;,'(Q2) le dual de
I'espace des fonctions de H' () ayant une valeur moyenne nulle sur €.

Notions de solutions. On décrit ci-dessous les différentes notions de solutions qui seront employées.

Définition 2.1 (Solution trés faible). Soit Q un domaine borné de R™ (m € N*) et soitD € (R} )™ xR%.
Soient ui™ et ul" des fonctions de L'(Q) a valeurs positives. Pour uy, uy deuz fonctions de L (R x Q)
G valeurs positives, (uy,us) est une solution trés faible de (2.20) si (u1,ug) vérifie

(roud +ryub)u; € L (Ry x Q), (d1 + douf + dgug) u; € L (Ry xQ), (2.22)
(TC ug +7q u(li) uz € Llloc(R-i- X ﬁ)v (d2 + d’Yug + d(su(l;) uz € Llloc(R-i- X ﬁ)v (223)
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et pour toutes fonctions test 1y, o € CL(R ;€2 () telles que Vb - n =0 au bord 09,
= [ @ ) o= [T [ i) 0 t,) de
Q 0o Ja
- / / Ayt (t, ) [dl ¥ o (t,2)* + dﬁug(t,x)ﬂ] ui(t,z) dz dt (2.24)
o Ja

:/OO/ Vit @) ur(t,x) (11— reun (t, 2)* — ryus(t, z)°) do dt,
o Ja

et
- /Qu%”(x) ¥2(0,z) dz —/0 /QUQ(t,IL') Oppa(t, z) da dt
- / / Apiho(t, x) [dg + dyua(t, z)” + d(;ul(t,x)5] ug(t, x) do dt (2.25)
0 Q

= /OO/ Vo (t, 2) uz(t, ) (r2 — reus(t, )¢ — rquq (¢, 2)%) da dt.
o Ja

Définition 2.2 (Solution faible). Soit Q un domaine borné de R™ (m € N*) et soit D € (R%)'® x RY.
Soient ui™ et ul" des fonctions de L'(Q) a valeurs positives. Pour uy, uy deuz fonctions de Li, (R x Q)
& valeurs positives, (u1,us) est une solution faible de (2.20) si (u1,usz) vérifie

(roud +rpub)u; € L (Ry x Q), Ve [(d1 + dou$ + dgub) ul} € L (Ry xQ), (2.26)
(reu§ +rqud)uy € Ly, (Ry x Q), Vo [(da + dyud + dsud) us] € L (Ry x Q),  (2.27)

et pour toutes fonctions test 11, 1y € €LH(Ry x Q)

/ul( )11(0, ) dx—/ /ultxatwl(t x) do dt
/ /vw1 (t,z) - [(d1 + dous (t, ) +dﬁu2(t,x)’8)u1(t,x)} de dt (2.28)

:/) /Qlffl(t,z) up (t, @) (11 — reur (t, ) — ryus(t, 2)%) de dt,

C
et

- /QU%TL(EE)?/)Q(O,I) dz —/O /QUQ(t,x) Oppa(t, z) da dt
_ / Vata(t,2) Vo[ (da + dyualt,2)7 + dyun(t,2)°) us(t, )] d (2.29)
Q

= /OO/ Vo (t, 2) uz(t, ) (ra — reus(t, )¢ — rqua (t,2)%) da dt.
o Ja

On peut vérifier que dans chacune des deux définitions ci-dessus, les hypothéses sur les fonctions
U1 ,in, U2,in, U1, U2, 1, P2 sont suffisantes pour que chacune des intégrales employées soit finie.

2.6 Le cas triangulaire : existence de solutions

Dans cette section on suppose qu’il y a de la diffusion croisée uniquement dans la deuxiéme équation,
c’est-a-dire

B>0,0=0. (2.30)

Dans ce cas, le couplage fort (c’est-a-dire le couplage a travers des termes d’ordre deux au regard du
nombre de dérivées) entre uy et ug ne se fait que dans la premiére équation. La deuxiéme équation obéit
a un principe du maximum, qui méne & une borne L pour us.

On présente des résultats d’existence de solutions faibles dans les deux cas (non exclusifs) suivants

(a>0,d<2+a,a<l4+a)ou(a=0,d<2,a<1), (2.31)
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(a=~v=0,6>1,a>d). (2.32)

Commentons les hypothéses ci-dessus. Une premiére constatation est qu’il n’y aucune hypothése de
petitesse sur les paramétres 3, b et ¢, c’est-a-dire exactement les puissances de ug dans (2.20). En effet,
grace & la borne pour us donnée par le principe du maximum, toute fonction réguliére de us est aussi
bornée, et le comportement en l'infini des fonctions de uy apparaissant dans le systéme n’a aucune
conséquence. L’hypothése 3 > 1 est une hypothése (technique) de régularité de la fonction u +— u” en
zéro, voir Remarque 2.9.

Pour le cas (2.31), le Lemme de dualité est crucial. On a vu a la section 2.4 que le Lemme de dualité
(si applicable, ce qui sera vérifié au Chapitre 6) fournit une estimation pour u1+ dans L'. L’hypothése
d<2+a,a<1+«adans (2.31) est exactement la condition sous laquelle cette estimation de dualité
permet de controler les puissances de u; présentes dans la réaction, uﬁa et u{. Dans le cas a = 0, la
version précisée (voir Remarque 2.6) du Lemme de dualité permet de considérer une inégalité large d < 2,
a<1.

Le cas (2.32) lui ne repose pas sur lestimation de dualité mais principalement sur des méthodes
d’entropie. L’idée est d’utiliser le signe du terme 7,u; T pour obtenir un controle (qui dépend de a) sur
l'intégrabilité de uy, puis d’utiliser ’estimation obtenue pour controler le terme rgudus,.

On présente ci-dessous deux théorémes d’existence de solutions faibles, le premier correspondant au
cas (2.31), et le deuxiéme au cas (2.32). Dans le deuxiéme cas (2.32), on présente de plus des résultats
de régularité, de stabilité et d’unicité.

Théoréme 2.1 (T.). Soit Q un domaine borné régulier de R™ (m € N*). On suppose que les parameétres
(2.21) du systéme satisfont § > 0, 6 = 0 et la condition (2.31). Soient w1 in, U2n G valeurs positives et
telles que uq ip € LQ(Q), ug2.in € L(Q).

Alors,
i) il existe uy = ui(t,x) > 0, ug = ua(t, ) > 0 telles que (uy,ug) € LIT*(Ry x Q) x Lo (Ry x Q) et
(u1,ug) est une solution faible du systéme (2.20) au sens de la Définition 2.2.

De plus, cette solution (u1,us) satisfait les estimations pour tout T' > 0

1/c
sup us < max {sup UD,in,, (7‘2) } , (2.33)
[0,T]x2 Te
/ / 17 < C(Q, T, urin, u2,in, D), (2.34)
/ / ‘V p/2 < Cp(Q, T, u1 in, ug,in, D) (pour tout 0 < p < 00), (2.35)
2

/ u (T) + / / ‘Vx[(l +u1)a/2]‘ < C(Q, T, u1,in, u2,in, D) (si 0> 0), (2.36)

Q 0o Ja
T

/ul(T> + / / |V llog(1 4 uy)]|* < C(Q, T, us i, u2,in, D) (si o= 0), (2.37)

Q 0o Ja

ou la constante C(Q, T, u1,in, U2,in, D) dépend uniquement du domaine Q (et de la dimension m), du
temps T, des normes des données initiales ||u1 inllL2(q) €t ||uz,inllL> (@) et du choir de paramétres D, et
la constante Cp(Q, T, w1 in, U2,in, D) dépend uniquement des mémes quantités et du paramétre p.

Si Uy satisfait de plus uyin(z) > 0 p.p. sur Q et loguy in € LI(Q), resp., St Ug iy satisfait de plus
u2,in(z) >0 p.p. sur Q et logusgy € Ll(Q), alors pour tout T > 0

T
/ log wt|(T) + di / / IV, [log ua]® < / 108 w1 in| + C( T, w1 im, uzin, D),
Q 0o Jo Q (2.38)

T
resp., / |log us|(T) + dg/ / |V$[10qu]|2 §/ [loguz in| + C(, T, U1 in, U2,in, D).
Q 0o Ja Q
4) Si o = 0, on dispose des estimations supplémentaires, pour un certain v = v(§, ugin,D) > 0 qui
dépend uniquement du domaine Q0 (et m), de la norme ||ug in||r~() et des paramétres D, pour tout

T > 0, et pour une certaine constante C*(Q, T, u1 jn, U2 in, D) > 0 qui dépend uniquement du domaine
(et m), du temps T, des normes (||u1,inllL2(q), [[U2,inllL=()) et des parametres D,

T
/ / uft < CY(Q, T, s in, g in, D). (2.39)
0o Ja
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iii) Siy =0, en supposant de plus que ug m € W>9(Q) pour un certain q¢ > 1 tel que
1<¢<(2+a)/d sia>0, 1<¢<(2+v)/d sia=0,

(et en supposant de plus la condition de compatibilité Vyug i -n = 0 sur O si ¢ > 3), on a Uestimation
supplémentaire, pour tout T > 0,

T T T
/ / |8tu2|q + / / \Viu2|q + / / vaUQ|2q < Cg(Q,T, ul)m,uzm,D), (240)
0 Q 0 Q 0 Q

ol la constante Cg(Q,T, Ul in, U2,in, D) dépend uniquement du paramétre g, du domaine Q (et de la
dimension m ), du temps T, des normes (||uinllr2(0), [[U2,inllLenw2a(q)) et des paramétres D.

Théoréme 2.2 (Desvillettes, T.). Soit Q un domaine borné régulier de R™ (m € N*). On suppose que
les parameétres (2.21) du systéme satisfont § > 0, § = 0 et la condition (2.32). Soient w1 jn, U2,in &
valeurs positives et telles que uy i € LP°(Q), ug i € L(Q2) N W2’1+p°/d(§2) pour un certain py > 1. Si
1+ po/d > 3, on suppose de plus la condition de compatibilité "V zus i - n =0 sur 0Q".

Alors,
1) il existe u; = uy(t,x) > 0, ug = ua(t, z) > 0 telles que (u1,ug) € L?;?X(Ha d)(R x Q) x L (Ry x Q)
et (u1,uz) est une solution faible du systéme (2.20) au sens de la Définition 2.2.

De plus, cette solution (uy,us) satisfait les estimations pour tout p €1, po] et tout T > 0

1/c T
r
sup uz(t, x) < max | [lug,inllLee (@), [2] , / / |qu2|2(1+p°/d) < Cr,
(t,®)€[0,T]x Te 0o Jo

T
/ / hote < o, sup / ul®(t) < Cr, / / |Vgg(ujf/2)|2 <Cr,,
te[0,T] JQ 0 JQ

ou les constantes Cr et Cr dépendent uniquement du domaine Q (et de la dimension m), du temps T,
des données initiales (U1 in, U2.in ), du choiz de parameétres D, du paramétre po et, pour Crp,, du paramétre
p.

.. . 2.5 o P1ta .

1) Si on suppose de plus que 8 > 2 et uy i € W (Q), ug i € W2 (Q) pour un certain so > 14+m/2

et un certain p1 > 2, p1 > a(so — 1), et que la condition de compatibilité "V zuq iy, -m = 0 sur Q" (resp.
"Vata,in - n =0 sur O0") est satisfaite si so > 3 (resp. % > 3). Alors uy et uy sont des fonctions
Holdériennes sur Ry x €, et Opuy, Oy, 21 € LS (Ry x Q), Op,u1 € L%OC(RJr x Q), Oyus, Op,z,u2 €
[ (prta)/d

bl (Ry x Q) (i,j = 1..m, et les dérivées sont & comprendre au sens des distributions).

i5) Enfin, si, en plus des hypotheses précédentes, les dérivées secondes de uq in, U2 sont des fonc-
tions Holdériennes sur §2, et si les conditions de compatibilité "V ui in -1 = Vgaugin -n = 0 sur 0Q"
sont satisfaites, alors Oyuy, Op,z;u1, Or,u1, Osa, O,z u2 (i,j = 1..m) sont des fonctions Héldériennes
sur Ry x Q.

Dans ce cadre, et si de plus b,d > 1, on dispose du résultat de stabilité suivant : si (U1,in,U2,in)
et (U} in» Uy ;) SONE deur couples de données initiales (4 valeurs positives) et telles que les normes L™
de leurs dérivées spatialles d’ordre zéro, d’odre un et d’ordre deuz, ainsi que les normes Holder d’ordre
0 de leurs dérivées spatialles d’ordre deux sont majorées par une certaine constante K > 0 (pour un
certain 6 > 0 fizé), alors tout couple de solutions faibles correspondantes (uy,uz), (uf,us) au sens de la
Définition 2.2, appartenant o LV (R, x Q) x LS (R, x Q) et telles que (pour tout T > 0)

loc
sup /uf(t) < 400 / /|V u;)? < +oo, (2.41)
tef0, 110
sup / u?(t) < +oo and / / |V ul? < 400 fori=1,2, (2.42)
t€l0,T] JQ 0 Q

satisfait (pour tout T > 0)

[Jur — i [[L2jo,myx0) + w2 — usllLzo,rxe) < Crx (||u1,m — Uy illLz () + [u2,in — u/2,in|L2(Q))7

0w la constante Cr ik > 0 dépend uniquement de la constante K, du domaine Q (et de la dimension m),
des paramétres du systéme D, du temps T et du paramétre 6.

Il en découle un résultat d’unicité dans ce dernier cadre (unicité au sein des solutions faibles au sens
de la Définition 2.2, appartenant o LT (R x Q) x LS (R4 x Q) et satisfaisant (2.41)).

loc
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Remarque 2.8. Dans le premier cadre, on montre l’existence de solutions faibles. Dans le deuxiéme,
on montre que ces solutions sont fortes, au sens ou toutes les dérivées apparaissant dans les équations
appartiennent & un espace L (Ry X Q) pour un certain p € [1,00|. Enfin, dans le dernier cadre, on
montre que ces solutions sont classiques, au sens ot toutes les dérivées apparaissant dans les équations
sont continues. Le résultat de stabilité et d’unicité (au sein des solutions faibles satisfaisant certaines
hypotheses de réqularité supplémentaire) concerne le cas ot les hypothéses sur les paramétres impliquent

que toute solution faible est une solution classique.

Remarque 2.9. On se rapportera aux Chapitres 4 et 6 pour une liste d’extensions directes de ces
résultats, permettant d’affaiblir les hypothéses sur les paramétres et sur la régularité des données initiales.
Cependant, notons dés a présent extension suivante : les fonctions de lois de puissance "u +— u®”,
o u" et "uo— ud’ peuvent étre remplacées par n’importe quelles fonctions continues sur R,
régulieres (€') et a valeurs strictement positives sur R* , et ayant le méme comportement en l'infini,
avec de plus une hypothése de croissance pour la fonction remplagant "v — u®". Grice a la borne
(2.33), conséquence d’un principe du maximum pour la deuzieme équation de (2.10), les fonctions de
lois de puissance "u — uP ", "y uV", "y ub" et "u — u®" peuvent étre remplacées par n’importe
quelles fonctions continues sur Ry, réqulieres (€') et a valeurs strictement positives sur R% , avec une
croissance arbitraire en linfini, sauf pour "u — u”" qui doit croitre suffisamment pour garantir que le
principe du maximum s’applique (diverger vers Uinfini suffit), avec de plus une hypothése de croissance
pour la fonction remplagant "u — uY " et, dans le cas du Théoreme 2.2, de régularité (€*) en zéro pour
la fonction remplacant "u — uP " (équivalent de la condition 3 > 1 dans I’hypothése (2.32)). Sous ces
hypothéses, les résultats d’existence des Théorémes 2.1 et 2.2 sont valables, avec des adaptations évidentes
des hypothéses et des estimations.

La condition 8 > 1 dans le cas (2.32) est technique, et sert a éviter des problémes de singularité du
terme degulug pour les petites valeurs de us. Dans le cas ot § < 1, ce terme peut en fait étre controlé
grace & une estimation du type (2.35) pour p < 1 (dont on peut montrer qu’elle est aussi valide dans ce
cadre, c’est-a-dire sous Uhypothése a« = =0, a > d a la place de Uhypothése (2.31)). On s’attend donc
a pouvoir en fait supprimer U’hypothése 8 > 1 dans le Théoréeme 2.2, et méme, conformént au paragraphe
précédent, a pouvoir remplacer la fonction "v — vP " par n’importe quelle fonction continue sur R, et a
valeurs strictement positives et €1 sur R .

La démonstration du Théoréme 2.1 est ’objet du Chapitre 6. Elle repose sur des méthodes d’entropie
ainsi que sur le Lemme de dualité. On trouvera la démonstration du Théoréme 2.2 dans le Chapitre 4.
Le résultat d’existence fait appel a des méthodes d’entropie et repose sur un résultat de perturbation
singuliére que 'on présente dans la Section ci-dessous. Les résultats de régularités "successives" sont
quant & eux des conséquences de nos méthodes d’entropie et de résultats classiques de la Théorie des
équations linéaires paraboliques.

2.7 Le cas triangulaire : un modéle microscopique
Dans le cas triangulaire sans auto-diffusion
a=y=08=0, (2.43)

et en supposant de plus

B=>1, (2.44)

les solutions des théorémes d’existence de la section précédente (avec une hypothése de régularité sup-
plémentaire sur ug;, dans le cas du Théoréme 2.1) peuvent étre obtenues a partir d'un résultat de
perturbation singuliére que I'on présente dans cette section. En s’inspirant de la démarche de M. Iida, M.
Mimura et H. Ninomiya décrite & la Section 2.2, on propose un systéme de réaction-diffusion qui modélise
le méme systéme écologique a une autre échelle. On démontre le lien asymptotique entre le systéme de
réaction-diffusion, dit "microscopique", et le systéme SKT généralisé. En particulier, on démontre une
version rigoureuse de la limite formelle obtenue au paragraphe 2.2 dans le cadre du systéme SKT original.

Le systéme microscopique est le suivant
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1
OruGy — da Aguy = uy (11 — 74 (u§y +u)® — 1y (us)®) + g[k(ug)u% — h(u$)u], dans R, x Q,
1
Ouy — dp Aguy = uy (1 —rq (UG +ug)® —rp (ug)b) — E[k(ug)u% — h(u§)uy], dans Ry x Q,
Opus — do Agus = us (ro — re (u§)° —rg (uGy + uEB)d), dans R, x Q,
Vu§ - n(z) = Veug - n(x) = Veus - n(z) =0, sur Ry x 09,
u$y(0,-) = U i > 0, uz(0,-) = up in >0, u5(0, )= u3 i > 0, dans .

(2.45)
Les trois premiéres équations correspondent au systéme de lida-Mimura-Ninomiya que ’on a généralisé &
la maniére de M. E. Gilpin et F. J. Ayala (i.-e. dans l’expression des taux de croissance, on a remplacé les
fonctions linéaires en les inconnues par des fonctions puissances). Les taux de diffusion d4 et dp satisfont

0<dy<dp, (2.46)
et les fonctions h et k sont dans €*(R.) et satisfont pour tout v € [0, v]

h(v)

G e B8 > N .
R+ R e A Zhe >0 k(0) 2 ho >0, (2.47)

da+dp

ol hg est une constante strictement positive, et ot la constante vq > 0 est définie en (2.53). On pourra
par exemple vérifier que le choix suivant de d4, dp, h et k convient (avec hg = dy/2) :

dy:=d1/2, dp:=di+dgvl, h():=d/2+dsv?, k):=d/2+ds] — 7).

A ces trois équations, on a ajouté les conditions de Neumann homogénes au bord, ainsi que des
conditions initiales réguliéres obtenues a partir de deux fonctions wuy i, et us;y, a valeurs positives et
intégrables, grace au procédé de régularisation suivant. Soit (p®).~¢ un suite régularisante sur R™, et
pour tout € > 0, soit x° une fonction de troncature, appartenant a €>°(R™, [0, 1]), et telle que

x° =1dans {z € Q:d(z,00) > 2}, x° =0 hors de {z € Q: d(z,00) > }.
On définit alors

k(u2,in) uLs S h(us,in)
h(uz,in) + k(uzim) " T h(ugyin) + K(u2n)

UA,in = UL,in sur £, (2.48)
que l'on prolonge par zéro sur R™ — ) (afin de pouvoir définir la convolée dans R™). On peut enfin
définir sur €) les données initiales régularisées

U ip = (X (Wain *0%) + €)las B m = (X (Uain * p°) +6)l, US4, = Uzin + €. (2.49)

On montre alors que les solutions du systéme (2.45) convergent et qu’a la limite on retrouve le systéme
(2.20). La notion de solution utilisée pour le systéme (2.45) est précisée dans la

Définition 2.3 (Solution forte). Soit Q un domaine borné de R™ (m € N*), soit D € (R3)' x RY et
soient da, dp satisfaisant (2.46) et h, k des fonctions de €1 (R,.) satisfaisant (2.47). Soient ui™ et ui
des fonctions de L' (Q) a valeurs positives. Soit e €]0,1[. Pour u$, uS, us des fonctions de L, (Ry xQ) @
valeurs positives, (u$, u5, us) est une solution forte de (2.45) si (uS,uS,us) vérifie (pouri, j =1..m)

uy € Lrired R ), Bruy, Oy oyusy € Lb(Ry x ), (2.50)
ufy € L0Fed R, Bpuy, Dyl € Lipo(Ry x Q) (2.51)
uy € Lo (R, x Q), Opus, Oz, u,us € Li(Ry x Q), (2.52)

et le systéme (2.45) est satisfait presque-partout dans Ry x Q (resp. Ry x 0, Q), ow les conditions
initiales sont définies par (2.48)—(2.49).

Le comportement quand ¢ — 0 des solutions fortes de (2.45) est décrit dans les deux théorémes
suivants, correspondant respectivement aux cas du Théoréme 2.1 et du Théoréme 2.2 (respectivement
conditions (2.31) et (2.32)) sous les conditions supplémentaires (2.43), (2.44).
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Théoréme 2.3 (Desvillettes, T.). Soit Q un domaine borné de R™ (m € N*). On suppose que les
parametres (2.21) satisfont « =y =0 =0, > 1 etd <2, a <1. Soient da, dp satisfaisant (2.46)
et h, k des fonctions de €'(Ry) satisfaisant (2.47). Soient ui in, u2in G valeurs positives et telles
que uym € L2(Q), ugin € L(Q) N W2H4Q) (en supposant de plus la condition de compatibilité
Vatgin -n=0sur 0 sil+2/d>3, i-e, sid<1).

Alors, pour tout € €]0,1[, il existe un unique triplet de fonctions (u5,uS%,v%) o valeurs positives qui
est solution du systéme (2.45) au sens de la Définition 2.3.

De plus, quand € — 0, (u$,uS,us) converge, & lextraction d’une sous-suite prés, pour presque-tout
(t,x) € Ry x Q vers une limite (ua,up,us) dont les trois composantes prennent des valeurs positives.

La quantité (uy,us) = (ug + up,us) satisfait Vauy, Va(uiuh) € L (Ry x Q) et les estimations
suivantes pour un certain p €]0,1[ et n > 0 et pour tout T > 0,

1/c
sup ug < max < sup ugin, (TQ) =: 1, (2.53)
Q Te

[0,T]1xQ

T
sup / w(t) < Cr, / / Va2 < O, (2.54)
] 0 JQ

te[o0,T] JQ
T T
/ /ﬁSCT, / /|vch2|2+n§CT7 (2.55)
0 Q 0 Q

ot la constante Cp dépend uniquement du domaine 0 (et de la dimension m), du temps T, des données
initiales Uy in, U2,n et du choix de paramétres D.

Enfin, h(ua(t, z))ua(t, ) = k(ua(t,x)) up(t, z) pour presque-tout (t,x) € Ry x Q, et (ur,u) est une
solution faible du systéme (2.10) au sens de la Définition 2.2.

Théoréme 2.4 (Desvillettes, T.). Soit Q un domaine borné de R™ (m € N*). On suppose que les
parametres (2.21) satisfont « = v = § =0, § > 1 et a > d. Soient da, dp satisfaisant (2.46) et
h, k des fonctions de €1 (Ry) satisfaisant (2.47). Soient uj in, Usin @ valeurs positives et telles que
Uy in € LPO(Q), Ugin € L(Q) NWHIP/YQ) pour un certain py > 1 (en supposant de plus la condition
de compatibilité V zug i - n =0 sur 0Q si 1 +po/d > 3).

Alors, pour tout e €]0,1[, il existe un unique triplet de fonctions (u%,u%,v%) & valeurs positives qui
est solution du systeme (2.45) au sens de la Définition 2.3.

De plus, quand € — 0, (u,uG,us) converge, & Uextraction d’une sous-suite prés, pour presque-tout
(t,z) € Ry x Q vers une limite (ua,up,us) dont les trois composantes prennent des valeurs positives.

La quantité (uy,us) = (ua + up,usz) satisfait Vyuy, Vy(ug u'g) €L (Ry x Q) et pour tout T > 0,
la borne (2.53) est satisfaite, ainsi que les estimations suivantes pour tout p €)1, po]

T
sup /quO(t)SCT, / /|Vx(u’1’/2)|2§CT,p, (2.56)
0 Q

tel0,T

1/Q
T T
0 Q 0 Q

ot les constantes Cr et Cr, dépendent uniquement du domaine Q (et de la dimension m), du temps T,
des données initiales (U1 in, U2.in ), du choiz de parameétres D, du paramétre po et, pour Cr,p,, du paramétre
p.

Enfin, h(ua(t,z)) ua(t,z) = k(uz(t, x)) up(t, ) pour presque-tout (t,z) € Ry x Q, et (uy,us) est une
solution faible du systéme (2.10) au sens de la Définition 2.2.

La démonstration des Théorémes 2.3 et 2.4 se trouve dans le Chapitre 4, ainsi que la démonstration
de leurs conséquences directes en terme d’existence de solutions (incluses dans les Théorémes 2.1 et 2.2).
Les démonstrations reposent sur des méthodes d’entropie, et pour le Théoréme 2.3, sur le Lemme de
dualité.

2.8 Le cas non-triangulaire

On présente des résultats d’existence de solutions trés faibles pour le systéme SKT généralisé "com-
plet" (non-triangulaire) sous la condition sur les paramétres de diffusion croisée

0<6<1/8<1. (2.58)
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Pour simplifier, on se place dans un contexte sans auto-diffusion
a=v=0. (2.59)
Enfin, on suppose que les paramétres de réaction satisfont
a<l,b<fB+c¢/2,d<2. (2.60)

L’hypothése 0 < 36 < 1 dans (2.58) est une hypothése fondamentale sur la structure des termes de
diffusion qui permet, aprés une réécriture appropriée du systéme, d’obtenir une fonctionnelle de type
entropique. Cette fonctionnelle de type entropique a été repérée dans le cas particulier 0 < 8 < 1,
0 < § < 1 par L. Desvillettes, Th. Lepoutre et A. Moussa dans [15], ou elle a été employée pour obtenir
des résultats d’existence : ici, on se place donc naturellement dans le cadre non traité dans [15], a savoir
le cas ou un des paramétres de diffusion croisée est strictement plus grand que 1, d’ou (sans perte de
généralité) (2.58).

La condition (2.59) vise uniquement & simplifier la présentation des résultats. Tous les résultats
présentés sont maintenus en présence d’auto-diffusion, et mieux encore, la présence d’auto-diffusion
permet en général de considérer un ensemble de parameétres encore plus large (mais long & décrire!) :
voir la Section 5.5.1 du Chapitre 5.

Enfin, 'hypothése (2.60) permet de controler les termes de réaction. On reconnait '* la condition
a <1, d < 2 qui permet de controler les termes uﬁa et uf uy grace au Lemme de dualité. La condition
b < B+ ¢/2 permet de controler le terme u$u; grace a une estimation d’entropie, que I'on retrouve
dans Pestimation (2.63). Cette méme estimation permet de controler le terme u3*¢ sans hypothése sur le
paramétre ¢ (on "utilise" le signe de u%“ pour obtenir un contréle - qui dépend de ¢ - sur I'intégrabilité
de Ug).

Nos résultats d’existence de solution sont décrits dans le

Théoréme 2.5 (Desvillettes, Lepoutre, Moussa, T.). Soit Q un domaine borné régulier de R™ (m € N* ).
On suppose que les parameétres (2.21) du systéme satisfont (2.58)—(2.60). Soient ui jn, U2in & valeurs
positives et telles que uy i, € (L' NH,N(Q), ug.im € (LP NH,H)(Q).

Alors, il existe up = uy (t,x) > 0, ug = ug(t,z) > 0 telles que (u1,uz) € L3 (R, x Q) x Llﬂotc(R+ x Q)
et (u1,us) est une solution tres faible du systéme (2.20) au sens de la Définition 2.1.
De plus, cette solution (u1,us) satisfait les estimations pour tout T > 0

T
/ /(Ul + UQ) (U?Ug + ugul +uy + ’U,Q) dzx dt S CT, (261)
0o Ja
sup ||u;(t,)||Li) < e g L1 () (2.62)
te[0,7)
T
sup /Ug(t,')6+/ /ug (u‘erug) dx dt
te[0,T]
2
2.63
/ / |Vu5/2\2+|v1/3/2|2 ‘ u uf }dxdt (2:63)

< K (1+{|uf" s ) + 164”1 P )

ot la constante K dépend uniquement du domaine Q (et de la dimension m), du temps T et du choix
de pammétres D, et la constante Cr dépend uniquement des mémes quantités et des normes des données

initiales 1(q) et [|lus, m||H -1(Q) -

Remarque 2.10. Comme pour les théorémes précédents, on peut remplacer les fonctions de loi de
puissance en uy et us par des fonctions continues plus générales ayant le méme comportement en linfini,
sous des hypothéses adéquates de régularité, monotonie et converité. Notons que grdice aux estimations
ci-dessus, uy est en fait une solution faible (de la premiere équation du systeme). Voir le Chapitre 5 pour
plus de détails et pour d’autres extensions permettant de considérer un évantail de paramétres plus large.

14. comme dans 'hypothése (2.31) pour le cas triangulaire.
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On trouvera la démonstration du Théoréme 2.5 dans le Chapitre 5. Les outils essentiels de la dé-
monstration sont le Lemme de dualité et 'exploitation d’une structure entropique cachée. On trouvera
aussi dans le Chapitre 5 de nombreuses explications et extensions concernant cette structure entropique.
De plus, d’un point de vue plus technique, la démonstration repose sur I'introduction d’un schéma semi-
discret en temps qui permet d’approximer le systéme (2.20). De maniére trés résumeée, on peut dire que
cette approximation semi-discréte se comporte bien vis-a-dis des estimations d’entropie et de dualité, ce
qui n’est pas évident vu leur nature trés différente. Elle s’avére donc tout a fait adaptée a notre systéme,
et on peut aussi s’attendre & ce qu’elle convienne & d’autres types de systémes pour lesquels on aurait
des estimations d’entropie et de dualité. Voila pourquoi, dans le Chapitre 5, ce schéma est introduit
et étudié (existence et régularité des solutions, estimations de dualité) dans un contexte abstrait assez
général (pour I espéces distinctes, I € N*).

2.9 Conclusion et perspectives

Pour une large gamme de systémes de diffusions croisées pour deux espéces en compétition, on a établi
des résultats d’existence de solution, ainsi que, dans certains cas, des propriétés qualitatives (régularité,
stabilité, comportement au voisinage de zéro, approximation par un modéle microscopique) et un résultat
d’unicité. On présente ici quelques questions dans le prolongement de ces résultats.

Autour du probléme bien posé. L’existence de solutions au systéme (2.20) pour des paramétres
ne satisfaisant pas nos hypothéses (ou le cas original (2.2)) reste un probléme ouvert. Par exemple, dans
le cas non triangulaire, si les paramétres de diffusion croisée § et ¢ vérifient 86 > 1, alors la structure
d’entropie se brise, et, pire encore, il est possible que la matrice de diffusion A dégénére, au sens ou
on peut a priori (i-e. & moins de connaitre de - surprenantes - bornes particuliéres dans L™ sur les
solutions) avoir det(D(A))(u1,uz2) < 0 en certains points, et il est alors impossible d’obtenir une entropie
convexe. Peut-on tout de méme trouver une entropie non-convexe ?

Pour ce qui est de I'unicité, on a obtenu un résultat dans un cas particulier du cas triangulaire ot
les solutions faibles obtenues s’avérent étre assez réguliéres et, en particulier, des solutions fortes. La
question de 'unicité est donc largement ouverte, et c’est une question difficile compte tenu du peu de
régularité des solutions obtenues en général (solutions faibles, voire trés faibles).

Plus généralement, il reste de nombreuses propriétés a interroger pour mieux comprendre le com-
portement qualitatif de ces systémes : comportement au voisinage de zéro (dans 'esprit des estimations
(2.38)), comportement en temps long, éventuel gain de régularité en temps court.

Entropie, dualité et existence. Grace au Lemme de dualité, on a développé une méthode assez
systématique pour les systémes de diffusion croisée (généraux) présentant une fonctionnelle de type
entropique. On peut espérer adapter cette méthode pour de nouveaux systémes de diffusion croisée, sous
réserve qu’ils possédent une structure entropique : le probléme revient donc & trouver une fonctionnelle
de type entropique pour ces nouveaux systémes. On peut par exemple considérer des systémes de taille
J pour J espéces avec J > 3 (on trouvera des travaux dans cette direction dans [29, 31]), ou encore
des interactions légérement différentes (par exemple, un modeéle de type prédateur-proie avec diffusion
croisée).

Problémes d’approximation. Dans le cas général, trouver un procédé d’approximation convenable
est un probléme qui peut amener a des constructions complexes. Le schéma semi-discret introduit au
Chapitre 5 nous permet de résoudre ce probléme pour de nombreux cas (i.-e. pour de nombreux choix
de parameétres). Cependant, il reste des cas ol on connait des estimations a priori satisfaisantes sur les
solutions, mais ot ce procédé ne convient pas : typiquement, dans le cas triangulaire sans auto-diffusion
dans la deuxiéme équation, les propriétés du noyau de la chaleur fournissent des bornes a priori sur les
dérivées de la deuxiéme inconnue. Dans les cas ou ces estimations s’avérent cruciales pour ’obtention de
compacité sur la deuxiéme inconnue, il est nécessaire que le procédé d’approximation se comporte bien
vis-a-vis de ces estimations : ce n’est pas le cas du schéma semi-discret.

Dans le cas triangulaire sans auto-diffusion (aucune), un procédé d’approximation "intuitif" nous est
donné par le systéme microscopique. La démonstration de la limite singuliére du systéme microscopique
ne s’adapte pas facilement, par exemple au cas avec auto-diffusion dans une (quelconque) des deux
équations. On peut se demander s’il est possible d’adapter la démonstration pour la faire fonctionner
dans des cas plus généraux. Une autre direction serait construire de nouveaux modéles microscopiques
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pour lesquels on peut démontrer une limite singuliére liée & nos systémes de diffusions croisées. L’idée
serait de fournir des informations sur le comportement qualitatif des solutions (du systéme de diffusion
croisée).

Finalement, il reste des cas pour lesquels on a de bonnes estimations a priori, mais pour lesquels il
reste & trouver un procédé d’approximation satisfaisant.
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3.1 Equation de Boltzmann

L’équation de Boltzmann a été introduite en 1872 par J. C. Maxwell et L. Boltzmann pour modéliser
I’évolution des gaz raréfiés. Elle se situe & une échelle intermédiaire, dite mésoscopique, entre 1’échelle
microscopique, a laquelle le gaz est représenté par un grand nombre de molécules en interaction obéissant
aux lois de la mécanique de Newton, et ’échelle macroscopique, & laquelle le gaz est représenté par un
milieu continu dont la densité obéit aux lois de la mécanique des fluides. D’un co6té, la modélisation &
I’échelle microscopique méne a des calculs extrémement complexes et cotiteux compte tenu du grand
nombre de molécules & prendre en compte; de l'autre, la modélisation & 1’échelle macroscopique peut
s’avérer trop grossiére!, et faillit & expliquer certains phénoménes physiques subtils comme le fluage
thermique. L’échelle mésoscopique permet des modéles de complexité et précision intermédiaires. On
propose dans cette section une bréve introduction & I’équation de Boltzmann : aspects de modélisation
et présentation de quelques propriétés élémentaires. On trouvera une introduction compléte par exemple
dans [63].

3.1.1 La théorie cinétique

Pour simplifier, on suppose que le gaz considéré est constitué de particules monoatomiques identiques.
On suppose aussi pour le moment que le gaz évolue dans tout I'espace R?. A I’échelle mésoscopique, le
gaz est décrit par une équation cinétique, c’est-a-dire une équation d’évolution dont l'inconnue est la
densité (en espace-vitesse) de particules F' = F(t,z,v) > 0 au point z a la vitesse v, prise au temps t.
Autrement dit, pour un élément de volume dz et un élément de volume dv, la quantité F(¢,z,v) dz dv
représente la quantité de particules qui au temps ¢ sont situées dans I’élément de volume (centré au point
z)  + dx et ont une vitesse dans I’élément de volume (centré en v) v + dv.

On peut alors définir formellement les quantités macroscopiques (observables) locales suivantes :

- la densité macroscopique locale n = n(t, x) :

n(t, x) :/ F(t,z,v)dv,
R3

- la vitesse macroscopique locale u = u(t, x) :

n(t,z)u(t,z) = /]R3 v F(t,z,v)dv,

- la température cinétique T'(¢, x) :

n(t,z) T(t,x) = % / (v —u(t,z))* F(t,z,v) dv.
R3
(Certaines constantes physiques on été adimensionnées et prises égales a 1.)

Si les particules ne sont soumises & aucune force extérieure et qu’on ne prend pas en compte leurs
interactions entre elles, elles se déplacent linéairement a vitesse constante. Une particule qui au temps
initial ¢t = 0 est & la position = et est propulsée a la vitesse v va donc se déplacer le long de la trajectoire
linéaire {(t,z +vt), t > 0}. A un temps t > 0, la quantité F(¢,z,v) de particules au point z ayant pour
vitesse v est donc exactement la quantité (constante) qui a parcouru la trajectoire {(s,z —v(t —s)), s €
[0,¢]}, et en particulier

F(t,z,v) = F(0,2 — vt,v). (3.1)

En en déduit, aprés dérivation par rapport au temps t,
vt >0, Vo, v € R?, OF(t,x,v)+v- -V, F(t,z,v) =0. (3.2)

Cette équation est appelée équation de transport libre.

3.1.2 Opérateur de collision

On veut & présent prendre en compte les interactions entre les particules du gaz. Lorsque deux
particules passent a proximité I'une de 'autre, le potentiel d’interaction entre les deux particules fait
dévier celles-ci de leur trajectoire. Par abus de langage, on appelle ce phénomeéne collision. On fait les
hypothéses de modélisation suivantes :

1. Autrement dit, approximation n’est valable que sous certaines limitations, a savoir, dans un régime d’équilibre
thermodynamique.
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Collisions binaires. On ne considére que les collisions entre deux particules. Cela signifie que le gaz
est suffisamment peu dense pour que l'on puisse négliger les collisions entre trois particules (ou plus).

Collisions instantanées. Cela signifie que les déviations de trajectoires significatives ont lieu sur
une durée et sur une distance négligeables devant les échelles de temps et, respectivement, d’espace
d’observation. On traduit cela mathématiquement par I'hypothése que chaque collision a lieu en un
point x de lespace et & un temps ¢. Si on appelle v et v, les vitesses de deux particules sur le point
d’entrer en collision, chacune des deux particules va donc prendre instantanément au temps ¢ et au point
2 une nouvelles vitesse, disons v’ et, respectivement, v’,.

Collisions élastiques. Les collisions conservent la quantité de mouvement et ’énergie cinétique. Cela
s’écrit (on a simplifié par la masse des particules, identiques) :

vtoe=v ol et P+ o] = )+ L

Ces égalités sont équivalentes a l'existence d’un vecteur unitaire w € S? tel que

vV =v4[(ve —v) - w]w, vl = 0. — [(vs — ) - W] w. (3.3)

L, . 2 . .. . .
On a donc une paramétrisation dans S° des vitesses postcollisionnelles (v/,v’,) en fonction des vitesses
précollisionnelles (v, v, ). En particulier, lors de la collision sont conservées le module de la vitesse relative
des deux particules ainsi que le module de sa composante dans la direction de la déviation w, c¢’est-a-dire,
v — vl

(3.4)

0" =il = o — v,

/ / ’

U — Uy
[/ — v * | v —vx| ‘
Collisions microréversibles. Cette hypothése implique que la probabilité que deux particules de
vitesses précollisionnelles (v,v,) prennent lors d’une collision les vitesses postcollisionnelles (v/,v)) est
la méme que la probabilité que deux particules de vitesses précollisionnelles (v',v’,) prennent lors d’une
collision les vitesses postcollisionnelles (v, v,).

Chaos moléculaire. Cette hypothése signifie que les interactions entre deux particules fixées (directes
ou indirectes ?) sont extrémement diluées dans I’ensemble des collisions que chacune subit, de sorte que
lors d’une collision entre ces deux particules, on peut négliger leurs interactions précédentes. Autrement
dit, le mouvement de deux particules sur le point d’entrer en collision n’est pas corrélé.

Fixons une vitesse v € R3. On appelle Qo5 (F, F)(t, x,v) la quantité de particules qui, ayant la vitesse
v (au temps ¢ et au point x) en changent (du fait d’une collision avec une particule de vitesse v, ). Grace
aux hypothéses précédentes, I'opérateur Q;,ss prend la forme

UV — Ux

Qe EF Yz, = [ Ft0) Pt B ( -

wD dw doy,

lv—vx]|

V=V,
[v—vx|

ou la fonction B : (|v — y,

vt wD — B (\U — 4,

|[v—vx|

wD , liée a la section efficace de collision,
renseigne sur la probabilité que deux particules de vitesses précollisionnelles (v, v,) prennent lors d’une
collision les vitesses postcollisionnelles (v’, v7,).

De la méme maniére, si on appelle Qgqin(F, F)(t,z,v’) la quantité de particules qui (au temps t et
au point ) prennent la vitesse v’ (du fait d’une collision avec une particule de vitesse v,), on a

UV — Vs
w

Qgain(F, F)(t,z,v") = // F(t,z,v.) F(t,z,v) B (|v — vy,
R3 xS2

—_— dw duy,
v — v |
o1, dans l'intégrale, v est définie par les relations (3.3).
Quitte a changer la notation v’ en v, et v}, en v, (autrement dit, (v, v,) désigne maintenant les vitesses
post-collisionnelles), on obtient en utilisant & nouveau les relations (3.3) puis les relations (3.4)

r
anin(Fa F)(t,IE,’U) = // F(t,x,v;)F(t,x,’u/)B |’U/ 7’U>/k|, & c W don”U*
R3 X2 [v" — v x|
/ / U s
= F(t,z,v,) F(t,z,v") B | |[v — 04|, |———— - w| | dwdu,.
RS2 v —vx|

2. par exemple, si une des deux particules entre en collision avec une troisiéme particule ayant interagi avec la deuxieme.
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On écrit le bilan des collisions
Q(F7F)(t7x7v) = anin(F7F)(t7x7v)_QZOSS(F7F)(ta$7’U)'

et on peut finalement écrire 'opérateur de collision @ sous la forme (la dépendance en (¢, ) est sous-
entendue)

arr)) = [[ e Fe) - P Pl (o= ol

Remarquons que lopérateur de collision n’agit que sur la variable de vitesse, c’est-a-dire, Q(F, F') ne
dépend du temps et de I’espace qu’a travers F'.

UV — Uk

wD dw dw,.

lv—vx|

On fera pour 'opérateur de collision les hypothéses simplificatrices suivantes : B s’écrit

B(w—mL )zw—mw%< )

0<x <1 (potentiel dur),

0 < go(a) < C|cosa| (troncature angulaire).

UV — Uk V — Uy

w w

|v—v*\' \v—v*|'

avec

Ces hypothéses classiques ont un intérét mathématique : elles permettent de simplifier ou expliciter
certains calculs.

Finalement, I’équation de Boltzmann s’écrit

O F (t,z,v) +v -V F(t,z,v) = Q(F, F)(t,z,v). (3.5)

3.1.3 Quelques propriétés

On énonce ici quelques propriété fondamentales de I’équation de Boltzmann.

Conservation de certains moments. En multipliant par le vecteur (1,v,|v|?) chaque terme de
l’équation de Boltzmann et en intégrant sur 'ensemble des vitesses v € R? et dans tout I’espace R?, on
montre formellement la conservation des quantités macroscopiques suivantes :

- la masse totale
/ n(t,z,v)dx :/ n(0,z,v) dz,
R3 R3

/R3 n(t, ) u(t,z)dz = /Rs n(0, ) u(0, ) dz,

- la quantité de mouvement

- 'énergie

/RS E(t,z)dz = /R E(0,z)dz,

ot E =n(Ju|?> +3T), et ott les quantités n, u et T ont été définies au 3.1.1.

Distribution Maxwellienne. Soit n = n(t,z) > 0 et T = T(t,x) > 0 deux fonctions & valeurs
positives, et u = u(t,z) a valeurs dans R3. On deéfinit la distribution Mazwellienne locale tn,u,r de
densité n, de vitesse macroscopique u et de température T par (certaines quantités sont adimensionnées)

n(t, ) —lo— 2
ot (t,z,v) = ) v—u(t,xz)| /2T(t,x). 3.6
tnu, 7 (t, T, 0) (27rT(t,$))3/26 (3.6)
On a alors la propriété formelle suivante : pour toute fonction F' = F(¢,x,v) > 0, on a l'inégalité

vt >0, Vo € R?, Q(F, F)(t,z,v) log F(t,z,v)dv < 0 (3.7)

R3

avec égalité si et seulement si F' est une distribution Maxwellienne locale. De cette propriété on déduit
formellement :

VF = F(t,z,v) > 0, Q(F,F) =0 < F est une densité Maxwellienne locale.

En particulier, toute distribution Maxwellienne p,, ,, v stationnaire et homogéne (i.-e. on prend n, u et T
constantes) vérifie O fp o, 7 +v Vatinur = 0 = Q(Un,u,T, tn,u,r) €t fournit donc une solution particuliére
de I’équation de Boltzmann.
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Théoréme H. Une autre conséquence de la propriété (3.7) est le Théoréme H de Boltzmann. On
définit I’entropie H par

vt >0, H(t) = / / F(t,x,v) log F(t,z,v) dvdz.
R3 JR3

Alors, si F'= F(t,x,v) > 0 est une solution de I’équation de Boltzmann, on a formellement

d:H(t) = Q(F,F) log F(t,z,v)(t,x,v)dvdz <0,
R3

avec égalité si et seulement si F' est une distribution Maxwellienne.

Le Théoréme H joue un role fondamental dans I’analyse de I’équation de Boltzmann. Formellement,
il indique que l'effet des collisions est de faire tendre le gaz a se comporter en temps long selon une loi de
densité de distribution Maxwellienne. D’un point de vue physique, il traduit 'irréversibilité de I’équation
de Boltzmann.

3.2 Conditions au bord

Dans la plupart des applications, le gaz rencontre des objets solides, voire évolue dans un espace
confiné. Il faut alors prendre en compte dans notre modéle les collisions des particules de gaz avec les
parois en présence (dont on verra qu’elles ont un effet radical sur le comportement mathématique de
la densité de gaz). Ici on considére le cas d'un gaz confing, et on note 2 le domaine borné de R3 dans
lequel le gaz évolue. A lintérieur du domaine, le gaz satisfait I’équation de Boltzmann. L’objectif de
cette section est de rappeler quelques éléments de modélisation de ’'interaction du gaz avec les parois du
domaine. Pour plus de détails, voir par exemple [62] et les références citées.

Soit un point = € 9 sur le bord du domaine. On appelle n = n(z) la normale au bord au point
dirigée vers l'extérieur. Une particule au point = ayant la vitesse v se dirige vers I'extérieur du domaine
(donc vers le solide) si v - n(x) > 0. Au contraire, elle se dirige vers l'intérieur du domaine (s’éloigne
du solide) si v - n(z) < 0. Enfin, la particule est dite rasante si elle se dirige tangentiellement au bord,
c’est-a-dire si v-n(x) = 0. Les particules rasantes au point x € 92 peuvent étre dirigées vers I'intérieur ou
Pextérieur du domaine suivant que le point z est un point de (stricte) convexité ou de (stricte) concavité,
d’inflexion, etc., du bord. Il est utile d’introduire les définitions suivantes :

vy = {(z,v) € 0Q x R® : v-n(z) > 0}, (bord sortant)
v- = {(z,v) €92 x R : v -n(z) < 0}, (bord entrant)
Y0 = {(z,v) € 9Q x R3 : v - n(z) = 0}, (bord rasant)

qui sont représentées sur le schéma suivant.

Généralement, pour une équation cinétique, on impose une condition au bord définissant le flux sur
le bord entrant, de la forme

V>0, V(z,v) € o, F(ta,v) = glt,a,v), (3.8)
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ou g est une fonction & préciser. Physiquement, cela implique que la présence du bord ne se traduit
directement que sur les particules qui viennent de toucher le bord. Autrement dit, la dynamique des
particules sortantes (donc "avant" collision avec le bord) est définie uniquement par les phénomeénes en
jeu a l'intérieur du domaine. Il est parfois utile de considérer le cas ol on connait exactement le flux
entrant : c’est le cas par exemple si on injecte du gaz dans un domaine. La fonction g = g(t, z,v) est
alors donnée, et on parle simplement de condition entrante (donnée) au bord. Mais dans de nombreux cas
on devra modéliser les collisions des particules (sortantes) avec le bord du domaine pour définir le flux
entrant. La fonction g = g(t, 2, v) s’écrit alors comme une fonctionnelle du flux sortant Fj,, (fonctionnelle
a préciser dans la phase de modélisation), et on parle de condition de réflexion au bord. On détaille ce
cas ci-dessous.

On suppose qu'une particule heurtant la paroi au point z avec la vitesse v dirigée vers la paroi
(v-n(x) > 0) rebondit au méme point instantanément 3 avec une nouvelle vitesse v’, et on note p(v — v’)
la densité de probabilité que la particule ayant la vitesse v prenne au moment du rebond la vitesse v’.
Si on appelle dt un élément réel et do(x) un élément de surface autour du point z € 99, la quantité de
particules heurtant entre le temps ¢ et le temps ¢ + dt 1’élement de surface do(x) avec la vitesse v vaut

F(t,z,v) |v-n(z)| do(z)dt.

De méme, la quantité de particules émergeant entre le temps ¢ et le temps ¢t + dt de ’élement de surface
do(z) avec la vitesse v’ vaut
F(t,z,v") v - n(z)|do(z) dt.

Cette quantité est exactement le nombre de particules qui aprés rebond entre ¢ et t + dt en un point de
do(x) prennent la vitesse v/, et s’exprime donc par

F(t,z,v") " - n(z)|do(z)dt = / p(v = V" )F(t,z,v)|v - n(z)|do(x) dvdt.

v:v-n(x)>0

En simplifiant par do(z) dt, on obtient

F(t,z,v') v - n(x)| = / p(v = V)F(t,z,v)|v- n(z)|dv. (3.9)

viv-n(z)>0

Comme p(v — -) est une densité de probabilité sur {v’ : v' - n(z) < 0}, on a o 0o (2) <0 p(v —

v')dv’ = 1, et donc, en intégrant en v’ I'égalité ci-dessus, on obtient (formellement) la conservation de
la masse au point x :

/ F(t,z,v") v -n(z)|dv' = / F(t,z,v)|v-n(x)|dv.
v v’ n(z)<0

v:v-n(z)>0

Autrement dit, la quantité de particules sortantes au point x et au temps t est égale a la quantité de
particules entrantes au point z et au temps ¢ : c¢’est une conséquence de ’hypothése d’instantanéité des
collisions avec le bord.

11 reste a déterminer la fonction p(v — v’). Plusieurs types de réflexion au bord sont généralement
considérées :

v ’
v, PR
v'
v v’ . v
v U'
0 0 0
- >
x x x Tj\
n(x) n(x)‘ Tl(X)V

FIGURE 3.1 — Réflexion inverse ~ FIGURE 3.2 — Réflexion spéculaire FIGURE 3.3 — Réflexion diffusive

3. Plus précisément, on suppose que la paroi absorbe la particule et la relache en un temps suffisamment court devant
les durées d’observation pour étre négligé, et & un point suffisamment proche de x devant la taille du domaine.



52 CHAPITRE 3. INTRODUCTION : L’EQUATION DE BOLTZMANN EN DOMAINE BORNE

Réflexion inverse. On suppose qu’une particule & vitesse v rebondit (systématiquement) avec la
vitesse —v, c’est-a-dire
p(v = v') = do(v + '),

ou on a noté Jp la distribution de Dirac au point 0. En réinsérant dans (3.9), on trouve que la condition
de réflexion inverse s’écrit

YVt >0, V(x,v) € v, F(t,z,v) = F(t,x,—v). (3.10)

Réflexion spéculaire. Physiquement, la réflexion spéculaire est obtenue si on considére que le bord est
parfaitement élastique, et que la pression exercée au moment du choc avec une particule est dirigée selon la
normale au point du choc. Alors, une particule a vitesse v rebondit (systématiquement) symétriquement
par rapport & la normale au bord (comme une boule de billard), c’est-a-dire

plv =) =8 —v+2(v-n(x))n(z)).
En réinsérant dans (3.9), on trouve que la condition de réflexion spéculaire s’écrit

Vit >0, V(z,v) € y_, F(t,z,v) = F(t,z,v — 2 (v-n(x))n(z)). (3.11)

Réflexion diffusive. La réflexion diffusive permet d’introduire de ’aléa, au sens ou la vitesse aprés
choc n’est pas entiérement déterminée par la vitesse avant choc et la géométrie du bord. Cet aléa modélise
les nombreuses approximations, liées par exemple a I’hypothése d’un bord lisse et d’épaisseur nulle (de
co-dimension 1), c’est-a-dire & la non-prise en compte de chacune des molécules de la paroi (position et
vitesse). On suppose que la paroi est a ’équilibre, de température constante notée 7. En particulier, on
néglige l'effet des collisions des particules de gaz sur 1’état de la paroi. On suppose

p(v = v') = cupur (V)" - n(z),

ol pr = p1,0,7(v) est une distribution Maxwellienne (3.6) de densité unitaire, de vitesse macroscopique
nulle et de température T', et ol ¢, est une constante positive définie de sorte que p(v — v’) est bien
une densité de probabilité sur {v" : v' - n(x) < 0}, c’est-a-dire

Cu/ pr (V)" - n(z)|dv’ = 1.
v': v’ n(x)<0
En réinsérant dans (3.9), on trouve que la condition de réflexion diffusive s’écrit

Yt >0, Y(z,v) € y_, F(t,z,v) = cu,uT(v)/ F(t,z,u) (u-n(z)) du. (3.12)
w: u-n(x)>0
Ce choix implique que le flux sortant est a la température 7. Physiquement, cela signifie que la paroi
"transmet" sa température au gaz au moment de la collision.

Réflexion de Maxwell. Le modéle le plus pertinent du point de vue physique est de considérer une
combinaison de la condition de réflexion spéculaire et de la condition de réflexion diffusive : c’est la
condition de réflexion de Maxwell, qui s’écrit

vt >0, V(z,v) € -, F(t,z,v) =(1 — a)F(t,z,v — 2 (v - n(z))n(x))
+ acupr(v) / F(t,z,u) (u-n(r))du, (3.13)
u:u-n(x)>0

ol « €0, 1] est le coefficient d’accommodation. Le coefficient d’accommodation « étant proche de 1, la
condition de réflexion diffusive, plus simple mathématiquement, est souvent prise pour approximer la
condition de réflexion de Maxwell. Ce sera notre cas ici : a ’exception de la Remarque 3.2 et du premier
paragraphe de la Section 3.7.2, dans tout ce Chapitre il sera toujours question de réflexion diffusive au
bord.

Remarque 3.1. La distribution Mazwellienne up satisfait chacune des conditions de réflexions au bord
présentées ci-dessus (avec T > 0 la température du bord dans les cas de réflexions diffusive et de Mazwell,
et avec T > 0 quelconque dans les cas de réflexions inverse et spéculaire). Pour chacun des types de
réflexions au bord introduits ci-dessus, on a donc une solution (sationnaire et homogéne) de l’équation
de Boltzmann avec conditions au bord, fournie par la distribution Mazwellienne pp.
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3.3 Contexte mathématique

On présente dans cette section 1’état de ’art pour les questions de l’existence et de la régularité
de I’équation de Boltzmann en domaine borné avec condition de réflexion diffusive au bord. Il existe
dans la littérature de nombreux résultats dans des domaines particuliers (non nécessairement bornés,
typiquement dans le demi-espace, dans une boule ou entre deux plateaux) : on pourra consulter une
bibliographie détaillée dans le livre de Y. Sone [86]. Concernant un domaine borné général, de nombreux
résultats concernent lexistence de solutions ayant (a priori) une régularité trés faible (plus précisément,
des solutions renormalisées de DiPerna-Lions) : on pourra consulter & ce sujet [78, 61, 57, 58, 82|, ainsi
que [63] qui contient une bibliographie sur cette question. Une autre direction concerne des solutions plus
fortes dans un cadre perturbatif au voisinage de ’équilibre Maxwellien : ces méthodes ont été introduites
dans le cadre de domaines avec une géométrie particuliére par J.-P. Guiraud [72] et S. Ukai [87] (voir
aussi [88, 84]) puis développées dans le cadre de domaines bornés généraux par Y. Guo [75]. C’est dans
cette direction que cette thése s’inscrit 4.

L’existence de solutions fortes globales proches de I’équilibre a été établie en 2010 par Y. Guo dans
[75]. I y démontre notamment les résultats suivants, pour une donnée initiale proche d’une distribution
Maxwellienne globale :

- Dexistence d’une unique solution globale forte dans un certain espace L™ (en espace-vitesse) avec un
poids en vitesse adéquat,

- la relaxation de la solution vers 1’équilibre Maxwellien avec une vitesse exponentielle,

- dans le cas ou le domaine € est strictement convexe, la continuité de la solution (en espace-vitesse) a
part au bord rasant, pour tout temps (si la donnée initiale a la méme continuité).

D’autre part, C. Kim a montré en 2011 dans [81] que dans le cas d’'un domaine non convexe, une
singularité sévére pouvait apparaitre. Plus précisément, on peut résumer son résultat de la maniére
suivante : si  est un domaine (strictement) non convexe, soit xy € 9Q un point de non-convexité du
bord et soit vy une vitesse tangente au bord au point xg et dirigée vers l'intérieur du domaine, alors on
peut trouver une donnée initiale réguliére (¢°°) proche de 1’équilibre Maxwellien, et telle que
- il existe une unique solution globale issue de cette donnée initiale,

- la solution devient discontinue (en espace-vitesse) au point (zg,vg) au bout d’un certain temps fini ¢,
- la discontinuité se propage a U'intérieur du domaine, le long de la trajectoire linéaire issue de (g, vg)
(c’est a dire {xg +vot € Q, t > 0}).

De plus, si (z,v) est un point du bord rasant suffisamment proche de (xg,vp), alors la solution est
discontinue (en espace-vitesse) au point (x,v) au temps to, et la discontinuité se propage le long de la
trajectoire linéaire issue de (x,v).

Pour 2 un domaine borné régulier, on peut donc résumer les résultats de régularité obtenus par Y.
Guo et C. Kim par le schéma suivant, selon que le domaine €2 est ou non convexe.

4. Comparons avec la théorie de I’équation de Boltzmann dans tout ’espace. Pour résumer, il existe trois directions
principales qui ménent a une théorie d’existence (globale) de solutions :
-I’étude de solutions fortes proches du vide (F ~ 0), qui consiste en un sens a négliger ’effet des collisions,
-l’étude de solutions fortes proches de I’équilibre Maxwellien (F ~ ur),
-I’étude de solutions renormalisées.
Un intérét de I’étude autour de I’équilibre Maxwellien est le lien avec I’hydrodynamique. La théorie des solutions renorma-
lisées permet ’existence de solutions dans un cadre trés large, mais le prix & payer est la régularité extrémement faible des
solutions, qui méne en particulier & des problémes d’unicité. On pourra consulter par exemple [63] autour de ces questions.
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Dans les deux cas (convexe/non convexe), les singularités peuvent apparaitre uniquement au bord
rasant yo. La différence essentielle réside en le fait que dans le cas strictement convexe, les trajectoires
linéaires issues du bord rasant sont réduites a des points (elles "sortent" du domaine instantanément),
alors que dauns le cas strictement non convexe, certaines de ces trajectoires (précisément, celles issues du
bord rasant aux points de concavité ou d’inflexion du bord) traversent 'intérieur du domaine. Dans ce
deuxiéme cas, la singularité formée au bord rasant se propage alors & l'intérieur du domaine, le long des
trajectoires rasantes.

Dans ce contexte, il est naturel de se demander quelle est la régularité de la solution dans chacun
des deux cas convexe/non convexe. Peut-on prouver une certaine régularité des dérivées de la solution ?
La difficulté pour répondre a cette question est le traitement de la condition au bord en interaction avec
l'opérateur de transport. En particulier, comment définir au bord la dérivée en espace de la solution
dans la direction normale au bord ? Heuristiquement, on se propose d’utiliser I’équation de Boltzmann
"jusqu’au bord", c’est-a-dire O, F + v - V. F = Q(F, F) sur le bord. Si on note n la normale au bord et
(71, T2,n) une base orthonormée, on obtient 9, F = (v-n) " {Q(F, F)—8,F -3 ,(v-7;)9-, F'}. Remarquons
la singularité en (v-n)~!! L’équation d’évolution de la différentielle en vitesse (obtenue heuristiquement en
différenciant I’équation de Boltzmann par rapport a la variable vitesse) étant couplée avec la différentielle
en espace, on s’attend a ce que cette singularité se répercute sur la différentielle en vitesse de la solution.
En revanche, notons que la dérivée en temps est découplée des autres dérivées, et satisfait un probléme
avec condition au bord trés similaire a celui de la solution (identique & l'opérateur de collision prés,
qui est alors "linéarisé" autour de la solution F'). Le traitement de la dérivée en temps est donc plus
classique : il est analogue & celui de la solution elle-méme.

Dans le cas ou le domaine n’est pas convexe, une difficulté supplémentaire est de définir les traces
sur le bord rasant, qui demandent donc un traitement spécifique. Compte tenu de la propagation de
discontinuité le long des trajectoires rasantes, les espaces fonctionnels considérés doivent étre suffisam-
ment faibles pour contenir des fonctions discontinues (sur un ensemble de codimension 1, voir Chapitre
8) : cela exclut donc les espaces de Sobolev faisant intervenir un nombre entier de derivées, auxquels on
préferera ’espace BV'.

Dans ce manuscrit, on présente les résultats suivants : on étudie d’abord au Chapitre 7 le cas convexe,
pour lequel on montre la propagation d’une régularité de type Sobolev pour la solution, & 'ajout d’un
"poids" prés qu’on appéle distance cinétique. Cette distance cinétique permet de mesurer précisément la
sévérité de la singularité au bord rasant. De plus, on obtient la propagation de la régularité €' en dehors
du bord rasant. Dans le cas non convexe, on montre au Chapitre 8 la propagation de la régularité BV
pour la solution. Pour chacun des deux cas, on indique en quoi ces résultats sont optimaux.

Remarque 3.2. Les résultats de Y. Guo présentés ci-dessus (existence, comportement asymptotique,
régularité) sont en fait établis pour les quatre types de conditions au bord usuelles : condition rentrante,
réflexion diffusive, réflexion spéculaire et inverse. De méme, les résultats de C. Kim (formation et pro-
pagation de discontinuité en domaine non convexe) sont en fait établis pour les trois types de conditions
au bord : condition rentrante, réflexion diffusive et inverse. En Annexe on présente aussi des résultats
de régularité €1 (en dehors du bord rasant) des solutions pour les trois types de conditions de réflexion
au bord (diffusive, spéculaire, inverse) : voir Section 8.7.2.

3.4 Hypothéses, notations et théoréme d’existence

On considére un domaine § borné et régulier, c’est-a-dire qu’il existe une fonction ¢ réguliére (€°)
sur R? telle que

Q:={reR*®: {(z) <0} (3.14)
est borné. On a alors les égalités
00 ={z cR?: () =0}, Q={zcR®: &) <0}

On dira que (2 est strictement convexe si pour tout = € ,

> 0i€(x)Gi¢; > Cel¢]*  pour tout ¢ € R, (3.15)
]
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On rappelle les notations suivantes : n = n(z) est la normale au bord au point = € 99, et
(z,v) € 0Q x R® : v -n(z) > 0},

{
{(z,v) € 9Q x R® : v -n(z) < 0},
{(z,v) €02 xR :v-n(z) =0}.

On appelle p la distribution Maxwellienne globale de vitesse macroscopique nulle et de température
T =1 (pour simplifier) renormalisée, u(v) =e —lol? /2 et on définit f par

F(t,z,v) = /() f(t,z,v).

Le probléme de Cauchy avec condition diffusive au bord se réécrit alors

Of +v-Vauf +v[\oflf = Ceain(f, f), dans R, x Q x R3,
Jit=0 = 1, dans Q x R3,

foo = ea/ul) [ Vulf e n(@)du, - dans Ry Xy o
avec
VAT = Quoss(WiF 1) = [gs e v = ul*{ () f(w)}ao (| 2= - w]) dwau >0,
Caain(f, f) = DnbBLD = [ o=l { /() F () £ (0 o (| 2=ty -] ) o
ot v = v+ [(u—v) wlw, v =u—[(u—v)-ww, et ol on suppose
0<k<1 (potentiel dur),  0< go(a) < C|cosa| (troncature angulaire). (3.17)

Espaces fonctionnels. On note, pour 1 < p < oo, et pour u = u(x,v) une fonction sur  x R3,

1/p
e = ([ W) s = sl
X

[ullwre = llullLe + ([ Va,vullie, lullpv = llullu + V(u),

ott V(u) est la variation totale de u sur  x R?,
V(u) = sup { // udiv, ,pdrdo: ¢ € €HQ x R R? x R?), |p| < 1}.
QxR3

Pour E =17, 1L>°, W"* BV, on note naturellement E = E(Q x R3) = {u: |Jul|p < oo}.
Sur le bord v = 9 x R?, on introduit la mesure
dy = |v-n(z)| do(z) dv, (3.18)

ou o est la mesure de Lebesgue sur 0€2. On définit naturellement les normes associées pour 1 < p < oo,
et pour u = u(x,v) une fonction sur =,

1/p
|ulyp = </ IUI”dv)
Y

Notation. On écrit X <Y quand il existe une constante C' > 0 (indépendante de X et Y') telle que
X < CY. On écrit X <, Y dans la méme situation quand on veut préciser que la constante C' = C(«)
dépend du paramétre a. De plus, quand on indique une dépendance en temps ¢ sous la forme X <; Y
(ou X <40 Y), la constante C = C(t) (ou C' = C(t,a)) peut étre choisie continue et croissante en ¢.

Enfin, pour tout v € R?, on note (v) = /1 + [v2].
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Théoréme d’existence. On présente d’abord un résultat d’existence de solutions locales (en temps),
qui s’avérent étre globales dans un régime proche de I’équilibre Maxwellien. Ce résultat vaut pour un
domaine  borné quelconque (sans hypothése de convexité). Si le domaine est convexe, on obtient de
plus la continuité de la dérivée temporelle de la solution.

Théoréme 3.1 (Existence (Guo, Kim, Tonon, T.)). Soit Q un domaine borné et régulier de R3. On
suppose (3.17). Soit 0 < 0’ < 0 < 1/4 et fo > 0 une donnée initiale satisfaisant

2
11€°1°F folloo < +o00. (3.19)

Alors,
i) il existe T, = Ty (||e?1F fol|o) > O tel qu’il existe une unique solution f > 0 de (3.16) sur [0, T,)x 2 xR?
telle que pour tout 0 <t < T,

[1e”1°F FB)lloo St P folloo), (3.20)

pour un certain polynome P.

i) Soit 0 < 0 < i. Si eé‘”|23tf0 = eflvl? 7U'v1F%Q(F°’F°) € L®(Q x R3) et si fo satisfait la condition
de compatibilité au bord

fo(z,v) = cuv/1(v) . fo(z,u) v/ p(u){n(z) - uldu pour tout (z,v) € y_, (3.21)

alors pour tout 0 <t < T,

0 2 n 2 2
1”78 f()lloe St P14 folloo) + P11 folloo)s (3.22)
pour un certain polynéme P.

iii) Si Q est strictement convexe (3.15) et si fy est continue et satisfait la condition de compatibilité
(3.21), alors f est continue en dehors du bord rasant ~y.

Enfin, si ||e1"V (fo— VI)||loo < 1 alors T, = 400, c’est-a-dire, les résultats précédents sont vrais pour
tout t > 0.

Ce théoréme est a comparer avec le théoréme d’existence et de continuité (cas convexe) de Y. Guo,
[75], qui se place dans un cadre perturbatif autour d’une distribution Maxwellienne globale et qui prend
en compte un poids polynomial en vitesse (et non pas exponentiel). La démonstration, qui repose sur les
méthodes de la démonstration de Y. Guo, se trouve au Chapitre 7.

3.5 Propagation de régularité de Sobolev en domaine convexe

On suppose dans toute cette section que le domaine Q considéré est convexe (3.15). On présente
deux Théorémes de propagation de régularité de type Sobolev et €, et on commente I'optimalité de ces
résultats.

Théoréme 3.2 (Propagation W', 1 < p < 2 (Guo, Kim, Tonon, T.)). Soit Q un domaine borné
régulier conveze (3.15) de R3. On suppose (3.17). Soit 0 < § < 1/4, 1 < p < 2 et fo > 0 une donnée
initiale satisfaisant (3.19), fo € WHP(Q x R3) et la condition de compatibilité (3.21). On considére
T, = T.(||e?"" fol|os) > O et f Dunique solution de (3.16) sur [0,T.) x Q x R® fournis par le Théoréme
3.1.

Alors, f € Li2([0,T.); WHP(Q x R3)) et, pour tout 0 < t < T,

t
||vw,vf(t)||£+/ IVl () pds Se [1Vawfollh + P11 folloo), (3.23)
0

pour un certain polynéme P.

On rappelle que si ||69|”‘2(f0 — VI)|lee < 1 alors T, = +o0; en particulier, les résultats précédents
sont alors vrais pour tout t > 0.
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La démonstration du Théoréme 3.2 se trouve au Chapitre 7.

La Proposition suivante indique que la restriction p < 2 semble étre optimale, au sens ot on s’attend
a ce que le résultat ne s’étende pas au cas p = 2. On exhibe en effet un contre-exemple pour le probléme
(plus simple) de transport libre avec réflexion diffusive au bord, dans le cas particulier ot le domaine
considéré est la boule unité.

Proposition 3.1 (Explosion W"? (Guo, Kim, Tonon, T.)). Soit B(0;1) := {z € R? : |z| < 1}. Alors, il
existe une donnée initiale fo(x,v) > 0 infiniment dérivable et & support compact dans B(0;1) x B(0;1)
telle que la solution f du systéme

Of+v-Vof =0, dans Ry x Q x R3, flizo = fo,  dans Q x R3,

ft,z,v)|, = cum s f(t,z,U)m{n(x) u}du,  dans Ry X v_, (3.24)
vérifie
1
/ / |v1f(87xav)|2d’yd8 = —+00. (325)
0 Jy_

En particulier, Uestimation (3.23) du Théoréme 3.2 échoue pour p = 2.

Il ne parait donc pas raisonnable d’espérer obtenir pour ’équation de Boltzmann des estimations de
Sobolev dans des espaces WP avec p > 2 sur I'ensemble du domaine, bord inclus. Plus précisément, la
démonstration de la Proposition 3.1 fait apparaitre une singularité au le bord rasant 7, a l'origine de
I’explosion (3.25). On propose donc dans la suite des estimations de Sobolev dans des espaces W'* avec
p > 2 qui sont valables en dehors du bord rasant.

Pour cela, on introduit une distance cinétique qui compense la singularité au bord. La distance
cinétique est une fonction réguliére qui s’annule exactement sur I’ensemble singulier (le bord rasant). On
la définit par

Définition 3.1 (Distance cinétique). Pour (x,v) € Q x R?,
a(@,0) = |- VE@)2 - 2{v- VZE(x) - v}(x) = 0. (3.26)
Gréce a ’hypothése de stricte convexité (3.15), il est facile de vérifier qu’on a bien
alz,v) =0 & (x,v) €.

On présente dans la suite des estimations de Sobolev pondérées par une certaine puissance de la
distance cinétique. Grace a la propriété de la distance cinétique de s’annuler exactement sur I’ensemble
singulier, pondérer les normes de Sobolev par la distance cinétique permet d’effacer exactement la sin-
gularité. Les estimations nous donnent une information exacte sur la régularité de Sobolev en dehors de
I’ensemble singulier, ainsi qu’une estimation précise de la sévérité de la singularité au bord rasant.

Théoréme 3.3 (Propagation W' pondéré, p > 2 (Guo, Kim, Tonon, T.)). Soit Q un domaine borné
régulier convere (3.15) de R3. On peut alors choisir w > 0 tel que

N U Vi¢(w) - v}é(x)
(z,v)EQxR3 Oé(.’L', /U) <U>

On suppose (3.17) et k> 0. Soit 0 <0 <1/4,2 < p < oo, pz—;f <pB< pQ—;l, et fo > 0 une donnée initiale

satisfaisant (3.19) et la condition de compatibilité (3.21). On considére T, = T, (||€?!* follos) > 0 et f
l'unique solution de (3.16) sur [0,T,) x Q x R® fournis par le Théoréme 3.1. Alors,

i) i PV, o fo € LP(QxR3), alors e WtalPV, , f € L32.([0,T.); LP(Q2xR3)) et, pour tout 0 < t < T,

loc

t
— (VU —TW(vU 1 v 2
lle== Wt al v, f()][E + / le== PV, f(s)P ,ds So 110 Vaw fol B+ P17 follso),
0

pour un certain polynome P.
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i) Si a2V, o fo € L(Q x R3), alors e~ Wtal/2v,  f € L®([0,T,); L= (2 x R?)) et, pour tout
0<t<T,,
2
le™™ a2V f()lloo St [V folloo + P11 folloo)-

iii) Enfin, si a'/?V, ,fo € €°(Q x R3) et si fo satisfait de plus la condition de compatibilité d’ordre
SUperieur

v-Vafo—T(fo, fo) = cuv/it {u-Vafo—T(fo, fo) }v/i{n - u}du sur y— U "o,
n-u>0
alors f est €1 en dehors du bord rasant .

On rappelle que si ||69|”‘2(f0 — VI)|lee < 1 alors T, = +o0; en particulier, les résultats précédents
sont alors vrais pour tout t > 0.

La démonstration du Théoréme 3.3 se trouve au Chapitre 7. Elle exploite notamment une propriété
essentielle d’invariance de la distance cinétique « le long des caractéristiques : voir I'Introduction du
Chapitre 7.

Pour conclure sur le cas convexe, nous mentionnons le résultat suivant : dans le cas ou le domaine
considéré est la boule unité B(0; 1), il est possible de construire une donnée initiale réguliére telle qu’au
bout d'un certain temps ¢, la différentielle seconde de la solution V7, ,f(t) n'est pas dans L' (v, dv).
Voir I’Annexe du Chapitre 7.

3.6 Propagation de régularité BV en domaine non convexe

Dans le cas ou €2 n’est pas convexe, on a vu que les solutions pouvaient développer en temps fini des
discontinuités sur (un sous-ensemble ouvert de) 'ensemble des trajectoires rasantes. Or, on peut montrer
que cet ensemble est de codimension 1 :

Proposition 3.2 (Dimension de 'ensemble singulier). Soit Q un domaine non convexe : il existe un
point xo € OQ et v € R? tels que

Z@ijf(x)vivj < 0. (327)
4,J

Alors, ’ensemble singulier
Gp = {(z,v) € A x R® : n(zp(x,v)) -v =0},
ol xp(x,v) est le point de sortie arriére (de la trajectoire issue de (z,v)),
Tp(x,v) =z — tp(z,v)v; tp(z,v) :=inf{s >0: z —sv ¢ Q},
est de co-dimension 1 dans Q x R®.

En conséquence, la régularité BV est la meilleure régularité (standard) que ’on puisse espérer pour
les solutions. On présente ci-dessous un résultat de régularité BV .

Théoréme 3.4 (Propagation BV (Guo, Kim, Tonon, T.)). Soit Q un domaine borné régulier de R3.
On suppose (3.17). Soit 0 < 0 < 1/4 et fo > 0 une donnée initiale satisfaisant (3.19), fo € BV (Q x R3)

et la condition de compatibilité (3.21). On considére T, = T, (||e?""I” fo||os) > O et f lunique solution de
(3.16) sur [0,T,) x Q x R? fournis par le Théoréme 3.1.

Alors, f € Li5.(10,T.); BV(Q x R?)) et, pour tout 0 <t < Ty, V., f(t)dy est une mesure de Radon
notée oy sur 02 x R3, et

t
1FO)llsy + / 0202 x R¥)|ds <S¢ [lfollsv + P(I" follso), (3.28)

pour un certain polynome P.

On rappelle que si ||69|”‘2(f0 — V) |lee < 1 alors T, = +o0; en particulier, les résultats précédents
sont alors vrais pour tout t > 0.
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La démonstration des deux résultats se trouve dans le Chapitre 8. La démonstration du Théoréme 3.4
repose sur la mise en place d’une fonction de troncature sur un petit voisinage des trajectoires rasantes,
qui permet d’éviter les singularités et d’obtenir des estimations W' pour la solution (uniformes en la
taille du voisinage). Notons que la construction de ce voisinage et l’estimation de sa petitesse s’avérent
assez technique, car il n’est pas possible de définir ce voisinage formellement. Aprés passage a la limite
dans les estimations W' obtenues quand la taille du petit voisinage tend vers zéro, on obtient les
estimations BV désirées.

3.7 Conclusion et perspectives

3.7.1 Reésultats

Le tableau ci-dessous reprend l’ensemble des résultats de propagation de régularité obtenus.

Dans un domaine convexe Dans un domaine non convexe

¢° hors de 7o [75] jgﬂ/: Discontinuité formée sur g et
propagée le long des trajectoires rasantes

WP pour 1 < p < 2 [81]

Wl’/!: Contre-ex. pour l’éq. de transport | Propagation BV
WP pondéré pour p € [2, 0]

€' hors de

W : Contre-ez.

On a donc une théorie bien élaborée de la propagation de régularité pour I’équation de Boltzmann
(avec potentiel dur et cut-off angulaire) dans un domaine borné régulier quelconque avec réflexion diffusive
au bord.

3.7.2 Pour aller plus loin

On présente dans cette section plusieurs questions dans la continuité des résultats obtenus.

Autres types de conditions au bord. On a vu en Remarque 3.2 que les résultats d’existence de
solutions et, en domaine convexe, de propagation de continuité [75] étaient aussi valables lorsque I'on
prend pour condition au bord une des deux autres conditions de réflexion classiques : réflexion spéculaire
(3.11), réflexion inverse (3.10). Dans le cadre du travail collaboratif incluant les résultats du Chapitre 7,
Y. Guo et C. Kim ont de plus démontré, pour chacun de ces deux types de réflexion au bord, des résultats
de propagation de régularité €' en dehors de vy dans le cas d’'un domaine convexe. Ces résultats sont
analogues a celui présenté au iii) du Théoréme 3.3 dans le cas de la réflexion diffusive, et comme lui
reposent sur l'usage de la distance cinétique « (mais avec un exposant différent pour chacun des types
de réflexion). On trouvera 1’énoncé et la démonstration de ces résultats dans 1’Annexe.

Une premiére série de questions en continuité directe est d’interroger la possibilité d’obtenir des
résultats de propagation analogues a ceux obtenus pour la réflexion diffusive : propagation BV en domaine
non convexe, propagation WP en domaine convexe, éventuellement pondérée pour p supérieur a une
valeur critique pg. Cette valeur critique vaut-elle alors pg = 2 comme dans le cas de la réflexion diffusive 7
Ces questions ouvertes sont intéressantes pour la complétude de la théorie mathématique.

Une deuxiéme série de questions concerne la possibilité de combiner nos méthodes (entre elles ou avec
d’autres) : par exemple, si on considére les conditions aux bords de Maxwell (3.13) (combinaison des
conditions de réflexion spéculaire et diffusive), peut-on obtenir des résultats de propagation de régularité
analogues aux cas diffusif et spéculaire? Cette question ouverte est d’autant plus importante que les
conditions aux bords de Maxwell sont les plus réalistes du point de vue de la Physique. Autre exemple,
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qu’advient-il dans le cas ot le domaine considéré n’est pas borné ? Sachant que la question de la régularité
dans tout Pespace est largement résolue, avec existence de solutions infiniment dérivables (proches d’une
distribution Maxwellienne globale), est-il possible de combiner les méthodes du cas d’un domaine borné
avec celles du cas de tout 'espace pour obtenir des résultats en domaine non borné? Cette question est
importante car la plupart des applications concernent un gaz évoluant autour d’un objet, donc dans un
domaine non borné (typiquement, le complémentaire d’'un domaine borné convexe).

Température variable. On a jusqu’ici considéré le cas d’un domaine de température homogene (prise
pour simplifier égale a 1). Pourtant, on sait que les variations de température du bord peuvent étre
a Dlorigine de phénomeénes physiques comme le fluage thermique®, qui a de nombreuses applications
particuliérement intéressantes (par exemple en ingénierie spatiale). Du point de vue mathématique,
le cas d’un bord inhomogéne est beaucoup plus compliqué a analyser. L’existence méme d’une solution
stationnaire reste un enjeu, par opposition au cas homogéne pour lequel une solution stationnaire explicite
est donnée par la distribution Maxwellienne globale . En conséquence, les méthodes d’existence de
solutions dans un cadre perturbatif (solutions proches de p) pour le cas homogeéne n’ont pas d’équivalent
a priori dans le cas inhomogeéne, et la question de I’existence de solutions au probléme d’évolution dans
le cas inhomogeéne reste ouverte. Voir [67] pour une revue bibliographique.

Le résultat le plus complet, di & R. Esposito, Y. Guo, C. Kim et R. Marra [67], concerne le cas
ou l'amplitude des variations de température du bord est petite (en ce sens, il s’agit d’un résultat
perturbatif du cas homogene). Dans ce cadre, pour un domaine borné général, ils obtiennent I’existence
et unicité d’une solution stationnaire, et 'existence, 'unicité et la stabilité (convergence exponentielle
vers la solution du probléme stationnaire) d’une solution du probléme d’évolution (pour une donnée
initiale proche de la solution stationnaire). De plus, ils montrent la continuité de la solution hors de g
dans le cas ol le domaine est convexe.

Le probléme est encore largement ouvert quand la température du bord varie (réguliérement) avec
une amplitude quelconque.

Bord a géométrie singuliére. Les résultats de cette thése, associés aux résultats de C. Kim [81] et
de Y. Guo [75], délivrent une description précise des singularités occasionnées par la présence d’un bord
totalement régulier. On a une description dans le cas d’un domaine régulier strictement convexe, et une
autre dans le cas d’un domaine régulier strictement non-convexe.

Une premiére question est d’interroger la régularité dans le cas limite, c’est-a-dire quand le domaine
est convexe mais non strictement convexe. (On peut prendre pour cas typique un domaine régulier
convexe dont une partie du bord est plate, par exemple, un cube aux angles arrondis). Pour avoir une
intuition de le la sévérité des singularités dans ce cas, on peut comparer la taille du domaine singulier
Gg dans les trois cas :

Domaine strictement convexe | Cas limite | Domaine non convexe
Co-dimension de Gy 2 2 1

On s’attend donc & obtenir dans le cas limite "convexe - non strictement" la méme régularité que dans
le cas strictement convexe.

Une autre direction® d’analyse envisageable est de regarder (dans le cas convexe ou non) comment
se propagent les singularités & partir d’un point singulier du bord, c¢’est-a-dire un point x € 92 auquel
la fonction £ définissant le domaine Q) (3.14) n’est pas régulier (par exemple, un angle).

5. mouvement de gaz provoqué par un gradient de température, en absence de gradient de pression. Voir [64, 85] et
références citées.

6. Notons, dans le méme esprit, les travaux [55, 56| (voir aussi [86]) qui se penchent, d’un point de vue mathématique
et/ou numérique, sur la propagation de singularités & partir d’une singularité présente dans la donnée (par exemple,
température) au bord (sur un bord régulier), et les travaux [60, 59, 66] qui explorent mathématiquement la propagation de
singularité a partir d’une singularité présente dans la condition initiale (dans tout ’espace, pour 1’équation de Boltzmann
homogene). Voir [81] pour une bibliographie détaillée sur ces questions.
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Chapitre 4

The triangular reaction-cross diffusion
system : a microscopic approach

Abstract

This Chapter is taken from the paper [17] in collaboration with L. Desvillettes. We present an
approach based on entropy and duality methods for "triangular” reaction cross diffusion systems of
two equations, in which cross diffusion terms appear only in one of the equations. Thanks to this ap-
proach, we recover and extend many existing results on the classical "triangular” Shigesada-Kawasaki-
Teramoto model. Our results rely on the introduction of an approximating reaction-diffusion system
(without cross-diffusion) which models the same dynamics at a microscopic scale.
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4.1 Introduction

4.1.1 Context

Reaction cross diffusion equations naturally appear in physics (cf. [6] for example) as well as in
population dynamics. We are interested here in the study of a class of systems first introduced by
Shigesada, Kawasaki, and Teramoto (cf. [45]). Those systems aim at modeling the repulsive effect of
populations of two different species in competition, and are possibly leading to the apparition of patterns
(cf. [28]).

The unknowns are the quantities u := u(t,z) > 0 and v := v(¢t,z) > 0. They represent the number
densities of the two considered species (say, species 1 and species 2). They depend on the time variable
t € R, and the space variable z € (2. Hereafter,  is a smooth bounded domain of RY (N € N* := N—{0})
and we denote by n = n(z) its unit normal outward vector at point x € 9. The original model of [45]
writes

Oru — Ay (dyu+ dig u? +dipuv) =u(ry —rou—rp0) in Ry xQ,
040 — Ay (dyv 4 doy uv + dog v*) = v (1y — rev — 14 0) in Ry x 9, (4.1)
Veu-n=Vev-n=0 on Ry x 00Q.

The coeflicients r,,, 7, > 0 are the growth rates in absence of other individuals, r,, 4y, ¢, 74 > 0 correspond
to the logistic inter- and intraspecific competition effects, and d,,d, > 0 are the diffusion rates. The
coefficients d;; > 0 (i,7 = 1,2) represent the repulsive effect : individuals of species i increase their
diffusion rate in presence of individuals of their own species when d;; > 0 (self diffusion) or of the other
species when d;; > 0 (¢ # j, cross diffusion).

In the sequel, we shall only consider the case when do; = 0 and di3 > 0, which is sometimes
called “triangular”. In such a situation, the second equation is coupled to the first one only through the
competition (reaction) term while the first one is coupled to the second one through both diffusion and
competition terms (the fully coupled system when dz; > 0 and d15 > 0 has a quite different mathematical
structure, cf. [8] and [15] for example). We shall also only focus on the case when no self diffusion appears
(that is d11 = d22 = 0) since this case is the most studied one : note however that the presence of self-
diffusion (that is, di1 > 0 and/or dos > 0) usually helps to obtain better bounds on the solution. As a
consequence, our results are expected to hold when self-diffusion is present.

Under the extra assumptions detailed above, the Shigesada-Kawasaki-Teramoto system writes
Ou— Ag(dyu+diguv) =u(ry, —rqu—rpv) in Ry x Q,
O —dy Agv =0 (ry —Tc0 —rgu) in Ry xQ, (4.2)
Veu-n=Vzo-n=0 on Ry x 00Q.

Following [27], this system can be seen as the formal singular limit of a reaction diffusion system
which writes

1

Opuly — dy Agufy = [ry — 14 (U +up) — rp v uly + =[k(v) up — h(v) uf] in Ry x Q,
€
1

Oy — (du +dp) Dpuy = [ry — 7o (uly +up) —rpv]up — E[k‘(ve) uG — h(v) uy] in Ry x Q,

OV — dy Apv© = [ry — re v — g (u$ + up)]v° in Ry xQ,

Vauly - n=Vaupz -n=Vyo°-n=0  onRi xQ,
(4.3)

where dg > 0, and h, k are two (continuous) functions from Ry to R, satisfying (for all v > 0) the
identity
h(v)
dp ——————
h(v) + k(v)

The limit holds (at the formal level) in the following sense : if u5, u%, and v° are solutions to system
(4.3) (with e-independent initial data), the quantity (u$ + u%,v®) converges towards (u,v), where u and
v are solutions to system (4.2). Note that this asymptotics can be biologically meaningful : when € > 0,
the system (4.3) represents a microscopic model in which the species u can be found in two states (the
quiet state u4 and the stressed state up), and the individuals of this species switch from one state to
the other one with a “large” rate (proportional to 1/¢).

= d12 V.
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4.1.2 Main results

We present in this paper results for the existence, uniqueness and stability of a large class of systems
including (4.2). More precisely, we relax the assumption stating that the competition terms are logistic
(quadratic), and replace it with the assumption stating that the competition terms are given by power
laws (the powers being suitably chosen). We also relax the assumption stating that the cross diffusion
term is quadratic (that is, proportional to uv) and replace it by the more general assumption stating
that it writes u ¢(v) (with ¢ € C1(Ry), and ¢ nonnegative).

Hence, we shall consider the system

Opu — Ag(dyu+ud(v)) =u(ry —rqu® —rp v?) in Ry xQ, (4.4)

v — dy Agv = v (1 — 70 — Tqu?) in Ry x€Q,
with homogeneous Neumann boundary conditions
Veu-n=Vzv-n=0 on Ry x 94, (4.6)

and initial data
(0, ) = Uin, v(0, ") = vin in Q. (4.7)
The functions u;, := wi, () > 0 and v, := vy, (x) > 0 are defined on Q and assumed to be nonnegative.

In cases in which we want to prove that the solutions are strong, they will sometimes be required to
satisfy the following compatibility conditions on the boundary

Vatlin -n =0 on 012, (4.8)
VaeUin -1 =0 on 0. (4.9)

In our theorems, we shall consider parameters in (4.4)-(4.5) which satisfy the
Assumption A : dy,,d, > 0, 7y, 70, Ta, 5, Tey Ta > 0, a,b,c,d > 0, and ¢ := ¢(v) >0, ¢ € CL(Ry).
We now specify what is meant by a weak solution in our theorems.

We recall the following notation : for p € [1, o],

LP

T
PRy xQ)i={u=u(t,z): for all T >0, / / lu(t, z)|P dedt < co}.
0 Q

Definition 4.1. Let Q be a smooth bounded domain of RN (N € N*). Let u,, vi, be two nonnegative
functions lying in LY(Q), and dy, dy, Ty T Ta, Ty Te,Td, G, b,c,d > 0, ¢ := ¢(v) be parameters satisfying
assumption A.

A pair of functions (u,v) such that u = wu(t,x) > 0 and v := v(t,x) > 0, lying moreover in
prax(irad (R4 x Q) x L (R4 x Q) is a weak solution of (4.4)-(4.7) if Vyu, Vv, Vi [¢(v)u] lie

loc

in L}, (R x Q) and, for all test functions 1, 1o € CH(Ry x ), the following identities hold :

_/Ooo/gz(atwl)u—/gi/u(o,.)um—I—/OOO/QVQ,«%-VgE [(du + ¢(v))u] :/(;OO/QI/)lu(Tu_TaU/a—’[“bUb)’

_/Ooo/ﬂ(am)v—/Qw(o,-)viﬁdv/om/ﬂmwz-vxvz/om/gwgv(m—rch—rdud)-

Note that all terms in the previous identities are well-defined under our assumptions on wi,, Vin, U, U,

wl: QZ}Z; ¢

We propose two theorems, corresponding to the respective cases d < a and a < d. The first one
writes :

Theorem 4.1. Let Q be a smooth bounded domain of RY (N € N*). We suppose that Assumption A
on the coefficients of system (4.4) — (4.5) holds, together with the extra assumption d < a. Finally, we
consider initial data ug, > 0, vy > 0, such that ug, € LPO(Q), vy, € L*®(Q) N WQ*HPO/d(Q) for some
po> 1. If 1+ po/d > 3, we also assume the compatibility condition (4.9).
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Then, there exists a (global, with nonnegative components) weak solution (u,v) of system (4.4) — (4.7)
in the sense of Definition 4.1 [In particular, (u,v) € Ln;ax(Ha DR x Q) x L (Ry x Q) and Vu, Vv,
Va [6(v) u] lie in Lj, (Ry x Q)].

Moreover, this solution satisfies for all p €]1,po] and all T > 0,

1/c T
sup v(t, ) < max <||vm||Loo(Q)7 [rv] ) ) / / |va\2(1+p°/d) < Crp,
(t,x)€[0,T1xQ2 Te 0 Q

T
/ / upl]"ra < CT; sup / ub® (t) < CT7 / / |vz(up/2)|2 < CT,p7
tefo,1 Jo 0 Ja

for some positive constants Cr and Cr, depending only on the initial data u;, and vy, the domain 2
(and the dimension N ), the parameters of the system (4.4)—(4.5), the time T, the parameter py and, for
Crp, the parameter p.

We suppose in addition to the previous assumptions that ¢ € C2(Ry), ujy € W2%(Q), vy, €

a+p1

w2 () for some sg > 14+ N/2 and some p1 > 2, p1 > a(sop — 1), and that compatibility condi-
tions (4.8) (resp. (4.9)) hold when sy > 3 (resp. “ﬂ” > 3) Then (u,v) is Hélder continuous on Ry x Q,

and dyu, Bypu € L3O (Ry x Q) dy,u € LZOC(R+ x Q), 0, Oypa,v € LTV YR, % Q) (1, = 1..N,
and the derivatives are taken in the sense of distributions). Note that since u is Holder, we know that

e LM TR, x Q).

loc

Finally, if (in addition to the previous assumptions) ¢ has Holder continuous second order derivatives
on Ry, if win, vin have Hélder continuous second order derivatives on Q, and if compatibility conditions
(4.8)—(4.9) are satisfied, then u,v have Holder continuous first order time derivatives and Holder conti-
nuous second order space derivatives on Ry x Q.

In this last setting, and provided that b,d > 1, the following stability estimate holds : if (u1 in,V1,in)
and (U2 in, V2,in) are two sets of initial data with nonnegative components and such that the L> norms
of their zeroth, first and second order spatial derivatives and the a-Hélder norms of their second spatial
derivatives are bounded by some constant K > 0 (for some fized a > 0), then any corresponding weak
solutions (u1,v1), (ug,vs) in the sense of Definition 4.1, lying in LY *(Ry x Q) x LSS (Ry x Q) and
such that (for any T > 0)

T
sup / u?(t) < 400 and / / |V pui? < 400 fori=1,2, (4.10)
0 Q

t€[0,T]

satisfy (for any T > 0)

[[ur = wallL2(0,17x) + v — v2llL2(0,1)x0) < CF (||U1,m — u2,inl|L2(0) + V1,00 — U27in|L2(Q)>v

for some positive constant C’. depending only on the constant K, the domain Q (and the dimension N ),
the parameters of the system (4.4)—(4.5), the time T and the parameter . As a consequence UNIGUENESS
holds in this last setting (among weak solutions in the sense of Definition 4.1 lying in L] o (Ry x Q) x
L3 (Ry x Q) and satisfying (4.10)).

loc

loc

Remark 4.1. The first setting provides global weak solutions. In the second setting, those solutions
are shown to be strong, in the sense that all derivatives appearing in the equations lie in some LP with
p € [1,00]. Finally, in the last setting, those solutions are shown to be classical, in the sense that all
derivatives appearing in the equations are continuous. Stability and uniqueness (in the class of weak
solutions satisfying some extra reqularity) holds when the assumptions on the parameters imply that weak
solutions are classical solutions.

Then, our second theorem writes

Theorem 4.2. Let 2 be a smooth bounded domain of RY (N € N*). We suppose that Assumption A on
the coefficients of system (4.4) — (4.5) holds. We moreover suppose that a < d, a <1, d < 2. Finally, we
consider initial data wi, > 0, vy > 0 such that uy, € L2(Q), vy, € L¥(Q)NW2H2/4(Q). If 14+2/d > 3
(i.e. d <1), we also assume the compatibility condition (4.9).
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Then, there exists a (global, with nonnegative components) weak solution (u,v) of system (4.4) — (4.7)
in the sense of Definition 4.1 [In particular, (u,v) € L?;ix(Ha’d) (Ry x Q) x L (R4 x Q) and Vu, Vv,
Vi [p(v)u] lie in L} (R4 x Q).

loc

Moreover, this solution satisfies for some p > 0 and n > 0 and for all T > 0,

1/c T
sup v(t,r) <max | |[vin||Le=(q) [rﬂ] , / / Vo2t < O,
(t,2)€[0,T]xQ Te o Ja

T T
/ / u? < Cr, sup / u(t) < Cr, / / \V.(uP?)? < Cr,
0 Q te[0,T] JQ 0 Q

for some positive constant Cr depending only on the initial data w;, and vy, the domain  (and the
dimension N ), the parameters of the system (4.4)—(4.5) and the time T.

4.1.3 Singular perturbation

The existence theorems presented above are consequences of propositions showing the convergence in
a singular perturbation problem. This problem is analogous to system (4.3) in the case of the Shigesada-
Kawasaki-Teramoto model. It writes, in Ry x Q :

1
Oy = da Aguy = [ru = 1o (uh +uf)" =1 (V)T ul + = [k up = h(v%) uy],

1
duily — (da + d) Dyuly = [ru = ra (uy + )" = 1 (v) g — - [0 uy — h()us),  H1D

D4 — dy Agv® = [ry — 1o (V)¢ — 1q (uy + ul)?] v°,
where h and k lie in C'(R,) and satisfy, for some hy > 0,

h(v)

da+ds oS

=d, + ¢(v), h(v) > ho, k(v) > hg, for all v € R (4.12)

The existence of h and k in C*(R ) satisfying (4.12) is a part of the proof of Theorems 4.1 and 4.2.
We add homogeneous Neumann boundary conditions

Veu§y -n=Vaug -n=Vy°-n=0 on Ry x 9. (4.13)

We also add initial data to (4.11), (4.13) thanks to a regularization process that we now describe. Let
(p%)e>0 be a family of mollifiers on RY, and for all € > 0, let x° be a cutoff function (given by Urysohn’s
lemma) lying in C°°(R¥), and satisfying
0<x*<1inRY, x°=1 inside {ze€Q:d(z,0N)> 2},
x°=0 outside {zeQ:d(z,00)>c¢e}

Then, given two nonnegative functions (lying in L!(2)) wipn, vin, we define

k(vzn) h(vln)

P .. — PP L) . Q, 414
Udin = S T ko) UBin = S ko) on (4.14)

and extend by zero those functions on RV — Q (so that the convolution on R¥ can be used).
We therefore add to (4.11), (4.13) the regularized initial data (defined on ) :

u(0,-) = i = (X (wain * p%) + )|y up(0,7) = up i = (X (Wain ¥ p7) + )]0,
: ' (4.15)
ve(0,-) = V5, == vin + €.
We shall use in our propositions related to the system (4.11), (4.13), (4.15) the

Assumption B : da,dg,d,,d, >0, 74,7y, Ta,Tp,Te, 7qg > 0, a, b, c,d > 0. The functions ¢, h and k lie in
C1(R.) and satisfy (4.12).

For the singular perturbation problem with a given e €]0, 1[, we shall consider strong solutions defined
in the following way :
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Definition 4.2. Let Q be a smooth bounded domain of RN (N € N*). We suppose that Assumption B
on the coefficients of system (4.11), (4.13), (4.15) holds, and that w;y,, vy, are two nonnegative functions
lying in LY (). We finally consider e €]0, 1[.

A set of nonnegative functions (u§y, ug,v®) such that u§y = u§(t, ), up = ug(t,v) lie in L,
Ry x Q), and v° := v°(t,z) lie in L, (Ry x Q), will be called a strong solution of (4.11), (4.13),
(4-15) if Osuy, Opuy, Opv© and Oy, o;usy, Oz, o;Up, Oz, 2,V (i, j = 1..N ) lic in Li, . (RyxQ) and equations

(4.11), (4.13) and (4.15) are satisfied almost everywhere in Ry x Q (resp. Ry x 99, Q).
Our results concerning the behavior when ¢ — 0 of the strong solutions of system (4.11), (4.13),

(4.15) are summarized in the two following propositions (corresponding to the respective cases d < a
and d > a) :

max(1l+a,d)

Proposition 4.1. Let Q be a smooth bounded domain of RN (N € N*). We suppose that Assumption
B on the coefficients of system (4.11), (4.13), (4.15) holds, and assume moreover that d < a. Finally,
we consider initial data wi, > 0, vy, > 0 such that uy, € LPO(Q), v, € L (Q) N W2’1+p°/d(Q) for some
po> 1. If 1 + po/d > 3, we also assume the compatibility condition (4.9).

Then, for any € €)0, 1], there exists a strong (global, with nonnegative components) solution (u5, usy, v°)
in the sense of Definition 4.2 to system (4.11), (4.13), (4.15).

Moreover, when ¢ — 0, (u$,uS,v) converges, up to extraction of a subsequence, for almost every
(t,z) € Ry x Q to a limit (ua,up,v) such that ua >, ug > 0, v > 0. Furthermore, the quantity v
satisfies the bound

Ty

1/c
0 < w(t,z) < max <|Uin|Loo(Q)7 [r} ) for a.e. (t,z) e Ry x Q, (4.16)

and the quantity (u,v) := (ua + up,v) satisfies Vyu, Vi(ug(v)) € L (Ry x Q), and for all p €]1,po],
T >0,

T
swp [y <cr [ [ [9.)P <Cn, (4.17)
] 0o Ja

tel0,T

Q
T T
/ /u”‘)*“SOT, / /|va\2(1+p0/d)§CT, (4.18)
0 Q 0 Q

for some positive constants Cr and Cr, depending only on the initial data u;, and vy, the domain 2
(and the dimension N ), the parameters of the system (4.11), the time T, the parameter py and, for Crpp,
the parameter p.

Finally, h(v(t,z))ua(t,x) = k(v(t,z)) up(t,z) for a.e. (t,x) € Ry x Q, and (u,v) is a (global, with
nonnegative components) weak solution of system (4.4) — (4.7) in the sense of Definition 4.1.

Proposition 4.2. Let Q be a smooth bounded domain of RN (N € N*). We suppose that Assumption B
on the coefficients of system (4.11), (4.13), (4.15) holds, and assume moreover that a < d, a <1, d < 2.
Finally, we consider initial data wi, > 0, vi, > 0 such that u;, € L*(Q), vy, € L®(Q)N W2’1+2/d(Q), If
14+2/d>3 (i.e. d <1), we also assume the compatibility condition (4.9).

Then, for any € €]0, 1], there exists a strong (global, with nonnegative components) solution (u5, usy, v°)
in the sense of Definition 4.2 to system (4.11), (4.13), (4.15).

Moreover, when € — 0, (u$,uS,v) converges, up to extraction of a subsequence, for almost every
(t,z) € Ry x Q to a limit (ua,up,v) such that ug >0, ug > 0, v > 0. The explicit L™ estimate on v
given by (4.16) also holds. Furthermore, the quantity (u,v) := (ua + up,v) satisfies Vyu, Vy(up(v)) €
L}, (Ry x Q) and for some p >0 andn >0 (and all T > 0),

T
sup /u(t) <Cr, / /|V$(up/2)|2§CT, (4.19)
Q 0 Q

t€[0,T]

T T
/ / uw* < Cr, / V0> < O, (4.20)
0 Q 0 Q

for some positive constant Cr depending only on the initial data w;, and v;y,, the domain Q (and the
dimension N ), the parameters of the system (4.4)—(4.5) and the time T.

Finally, h(v(t,z))ua(t,x) = k(v(t,z)) up(t, z) for a.e. (t,z) € Ry x , and (u,v) is a (global, with
nonnegative components) weak solution of system (4.4) — (4.7) in the sense of Definition 4.1.
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4.1.4 Direct extensions

In the following remarks, we discuss some direct extensions of the results stated above.

Remark 4.2. Theorems 4.1 and 4.2 use classical parabolic (W2 with the notations of [33]) estimates.

For the sake of simplicity, we chose to use a non-optimal version of those estimates, formulated below
in Proposition 4.4. Note that the assumptions could be somewhat improved (see [33]) in Theorems 4.1
and 4.2 : first, the estimates do not require a full compatibility condition on the boundary 02 in the
critical case s = 3 ; secondly, some of the initial data assumed to belong to W2*(Q) in our theorems and
propositions can be assumed to belong only to the fractional Sobolev space WQ’Q/S*S(Q).

Remark 4.3. In the case of Theorem 4.2, the compactness of the nonlinear reaction terms u't® and
u? is obtained thanks to an LP estimate for some p > 2 given by a duality lemma. Notice first that this
enables to treat coefficients a =1+ n and d =14 n when n > 0 is smaller than some (small) constant.
Secondly, the duality lemma (stated in Lemma 4.4) for initial data in L?(Q2) holds in fact for initial data
in L2=1(Q) when n > 0 is also smaller than some (small) constant. This allows to replace in Theorem

4.2 the assumption w;, € L*(Q) by the weaker assumption wu;, € L*~"(Q).

Remark 4.4. Since (as we shall see later on), v satisfies a mazimum principle in Theorems 4.1 and
4.2, those theorems can easily be extended in the case when the functions v — ryv® and v — 7, v are
replaced by any smooth functions of v (with an arbitrary growth when v — o). The functions u +— rq u®
and u — rqu? can also be replaced by smooth functions in Theorems 4.1 and 4.2, provided that those
functions behave in the same way as u — rqu® and u — rqu® when u — co.

Remark 4.5. In the last setting of Theorem 4.1, a minimum principle for v allows to replace the
assumption stating that ¢" is locally Holder continuous on [0,400] by the assumption stating that ¢ is
locally Hélder continuous on |0, 4+o00[, provided that the initial datum for v is bounded below by a strictly
positive constant.

4.1.5 In the literature

The model (4.1) was proposed by Shigesada, Kawasaki and Teramoto in [45]. For modeling issues, see
also [41]. As far as mathematical analysis is concerned, two directions have been widely investigated in
the literature : a series of papers focuses on steady-states and stability (patterns are shown to appear ; see
[27] and the references therein) ; other works concern existence, smoothness and uniqueness of solutions.

The local (in time) existence was established by Amann : in his series of papers [1, 2, 3|, he proved a
general result of existence of local (in time) solutions for parabolic systems, including (4.1) and (4.4)-(4.5).

The global (in time) existence has then been proved under various assumptions. One of the difficulties
which arises is related to the use of Sobolev inequalities in parabolic estimates, which only provides results
in low dimension. Indeed, for the well studied triangular quadratic case (that is, (4.1) with da; = 0), most
papers allowing strong cross diffusion (that is, when no restriction is imposed on d;2) only deal with low
dimensions : for results in dimension 1, see [37], [38] and [46]. In [53], Yagi showed the global existence in
dimension 2 in the presence of self diffusion, and Lou, Ni and Wu obtained it in [34] without condition
on self diffusion, together with a stability result. Choi, Lui and Yamada first got rid of the restriction
on the dimension in [10] (without self diffusion in the second equation), provided that the cross diffusion
coefficient d;5 is sufficiently small. In a following paper [11], they removed the smallness assumption on
the cross diffusion in the presence of self diffusion in the first equation. However, in the presence of self
diffusion in the second equation, they require that the dimension is lower than 6. Finally, Phan improved
this result up to dimension lower than 10 in [49], and in any dimension under the assumption that the self
diffusion dominates the cross diffusion in [50]. For the quadratic system (4.2) without self diffusion, our
Theorem 4.2 gives the existence of global solutions in any dimension, without restriction on the strength
of the cross diffusion.

When it comes to systems with general reaction terms of the form (4.4)-(4.5), Pozio and Tesei first
showed the existence (in any dimension) of global solutions under some strong assumption on the reaction
coefficients in [44]. This assumption was relaxed in [54] by Yamada, who obtained the existence of global
strong solutions under the assumption a > d, which is exactly our assumption in Theorem 4.1. The
main differences between our work (in the case a > d) and [54] are the following : first, our Theorem
4.1 allows singular initial data leading to weak solutions (and provides results very close to those of [54]
when initial data are smooth). Then our method, based on simple energy estimates, presents a unifying
proof for a wide range of parameters including both the quadratic case and the case a > d. Finally, the
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approximating system that we use leads to self-contained proofs without reference to abstract existence
theorems. Note also that (for general reaction terms) Wang got similar results in [52] in the presence of
self diffusion in the first equation, under a condition (depending on the dimension) of smallness of the
parameter d w.r.t. the parameter a.

Systems of reaction diffusion equations such as (4.3) were introduced by lida, Mimura and Ninomiya
in [27] to approximate cross diffusion systems, in particular from the point of view of stability. The
convergence of the stationary problem was explored by Izuhara and Mimura in [28], both numerically
and theoretically. In [12], Conforto and Desvillettes showed the convergence of the solutions of (4.3)
towards a solution of the system (4.2) in dimension one. Our paper generalizes their result to a wider set
of admissible reaction terms and in any dimension. Note finally that Murakawa obtained similar results
for a class of non triangular systems in [40].

Note : After submission of this article, Hoang, Nguyen and Phan released the paper [26]. Therein,
they obtain global smooth solutions in any dimension of space for the quadratic case (system (4.1) with
d21 = 0) in the presence of self diffusion in the first equation. Their result relies on new nonlinear parabolic
estimates (that they establish) and uses the regularizing effect of the presence of the self diffusion.

The a priori estimates obtained thanks to our methods (duality lemma and entropy functional in L?
spaces) still hold in the case when self-diffusion is present. However, it is not obvious whether or not the
singular perturbation method that we use can be extended to this case.

The rest of our paper is structured as follows : Propositions 4.1 and 4.2 are proven in Section 4.2.
Then, Section 4.3 is devoted to the proof of Theorems 4.1 and 4.2.

4.2 Proof of the convergence of the singularly perturbed equa-
tions

We begin with the

Proof of Proposition 4.1. We fix T > 0, and shall write from now on (for any ¢ € [1,00]) LY := L4([0, T x
Q). In the proof of this proposition and of the following proposition, the constant Cr > 0 only depends
on the parameters d4,dg, dy, dy, Tu, T, Tas T, Te, Td, @, b, ¢, d, the domain €2, the initial data wu;,, v;,, the
functions ¢, h and k, and the time 7. It may also depends on the parameters p and ¢ used later. In this
proposition, it also depends on the parameter py in the initial datum. In particular, all the estimates are
uniform w.r.t € €]0, 1], unless stated otherwise.

We first observe that for a given € €]0, 1], standard theorems for reaction-diffusion equations show
the existence of a (global, nonnegative for each component) strong solution (u%, u%,v®) in the sense of
Definition 4.2 to system (4.11), (4.13), (4.15). Moreover, these solutions satisfy

19clgs 10l 190uey s llgs NOmiay sy < pre for i, = LN, forall ¢> 1,
||at1]€| 14+po/d> ||a-’1¢7‘,-’1¢jU6H1+po/d < HT,e for i’ J = lN’ (421>
vpe > uq(t, ) vpe > up(t, o) vpe =0 (ta) >vp . >0 ae (tx) €[0,T] x Q,

where the constants ur. > 0, I/},s > 0, 1/%5 > (0 depend on ¢ and the other parameters, including 7',
and the last inequality is a direct consequence of the minimum principle. We refer to [13] for complete
proofs.

We now establish three lemmas stating the (uniform w.r.t. € €]0, 1) a priori estimates for this solution
(uy, uf, v%).

Lemma 4.1. Under the assumptions of Proposition 4.1, the following (uniform w.r.t € €]0,1[) estimates
hold :

sup /(uf4 +u)(t) < Cr; lu$ + ugllpi+a < Cr. (4.22)
0<t<T Jo

Proof of Lemma 4.1. The quantity u$ + uf satisfies the equation

e (uly + uf) — Ao[M(uf + ufp)] = [ru — ra(uly + ug)® — (V)] (uly +ug) < Cr, (4.23)
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where M€ = datatldatdp)uy vy, integrate w.r.t. space and time to get

uytug
sup [ (uh +u5)(0) < [ (W0 + 05 10) + Cr < C, (4.24)
0<t<T JQ Q
so that
sup /(uA+uB —l—ra/ / u$y +uf 1+“ /(qun+uan —i—ru/ / (uy +uy) < Cr. (4.25)
0<t<T

O

Lemma 4.2. Under the assumptions of Proposition 4.1, for all 1 < q < 14pg/d, the following (uniform
w.r.t e €]0,1[) estimates hold :

[0 < Crs Va0 Z20 < Or (14 [[(uf +u)?| ) 100 | o < O (14 [(uf +u)?| a)-
(4.26)

Proof of Lemma 4.2. The first estimate is a consequence of the maximum principle for the equation
satisfied (in the strong sense) by v°. More precisely, this maximum principle writes

0 <v°(t,r) < max <|Uin|L°°(Q) +e, {TU
,

c

1/c
} > for a.e. (t,z) € Ry x Q. (4.27)

We can then apply the maximal regularity result for the heat equation (satisfied by v when the
reaction term is considered as given) in order to get the third estimate (note that we use here the
assumption on vy, since v5,, = v;, + €). The same bound also holds for d,,,;v¢, so that interpolating
with the first estimate, the second estimate holds. O

We now write down a (uniform w.r.t. € €]0, 1[) bound obtained thanks to the use of a Lyapounov-like
(entropy) functional :

Lemma 4.3. Under the assumptions of Proposition 4.1, for all p €]1,po], the following inequalities hold :

sup / (uy + u)P(£) < O (14 Juy + u252), (4.28)
t€l0,T] JQ

[u + u[5rt. < Cr (1+ [|usy + ug|hEL), (4.29)

IV (ua )21 + 11V (ufs)? %72 + gll(h(lf)u;)”/2 = (k(v)ug)P? (72 < Cr (1 + [uly + u |73 7.)-

(4.30)
Proof of Lemma 4.3. We define the following entropy for any p > 0 (with p # 1) :
sw= [ a0 [ By e ese). @
Q p Q p

We compute the derivative (note that in the computation below all integrals lie in L' ([0,7]) thanks to
the properties (4.21) ; therefore the computation holds for a.e. t € [0,T]) :

_ € p—1 (ufﬁl)p
0= [ ey 4y
= 7/8'0%’ /5'tu )P~ h(v)P
_ (4.32)
P [ oW e ) + /Q = ra(uly + )" — (0% (uf (o)
[ B0 = Bl ) 4 da [ Ay

Q
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where the last term is estimated by integrating by part (and using the inequality 2|ab| < a? + b?) in the
case when p > 1:

dA/ Agufy (uy)P™ 1h( )

— da(p—1) /|v W 2 (0P 2h(0 P — dg (p—l)/QVzui~VIh(UE)(uf4)p_1h(vE)p_2

(4.33)
<- 7/* -1 / Vo) 2 h(e )+ G 0= 1) [ V0P i) he
- w2y + o [ 19,0 Pl 0 0000
Q
Similarly, we get for u (still for a.e. t € [0,T1]),
50 < T [ 0w @)
b [l = raluy ) = ()N = 3 [ B0y — B () ()
@ @ (4.34)
_2(dA+dB /‘v e p/22 ( )pfl
gt dp) [ (9o Pl (8070
We add the two estimates and integrate w.r.t time to get (still for any p > 1)
e | ()"
[ [ (1) + kB
12,2 / [ Ve R 20+ d) / /\v P2 25
/ J s = o) () = () )
/ /uA+uB [(uS)Ph(o" )P~ + () Ph(o")7 ]
(4.35)

/ / Drv* [ (v (=2 (uy)? + K (0 (v P2 (uly )]

/0 / PR+ () h( )

-1 [T
7/ [da(u)? (W (v))*h(v)" ™ + (da + dp) (ufp)” (K (v)) *k(v) ) Voo,
0o Ja

Let us estimate the right-hand side of inequality (4.35) under the assumptions of the lemma : the first
term is finite since p < pg. Thanks to the maximum principle for the density v¢ (obtained in Lemma 4.2)
and the regularity of the functions h and k in Assumption B, the terms h(v), h'(v) and k(v®), k'(v°)
are uniformly bounded in L>°. We then can estimate the third term with Ho6lder’s inequality. Indeed,

I o o ey |

e\p— e\p— € € € € d
< ()P + k)P e [July + u T < O (1 [Jugy +ugll]55)-

The second and the last terms are estimated thanks to Holder’s inequality and bounds given by Lemma
4.2. More precisely, for the second term, we get

p-1 / / Dy I () B (VP2 )? + K (0" (0P~ ()7

< Hh( V()P ™2 + K () k()2 Lo 0p0° | rwsall(uy + ulp)P | rvars
<COr(l+ ||uA + gL,

(4.36)
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and for the last term, we get

Do [ a0 o))+ (da ) a0 ) PV

< (p/2) 1M ()R + K ()R [ | [Vov® Pl rsaral (uy + ug)? || prears
< Or (L+ Jug +uilfHe),

(4.37)

thanks to Lemma 4.2.
The terms of the left-hand side of (4.35) being all nonnegative, they are all bounded by the quantity

(1 + [Jugy + uEBH’;;fd) We then obtain the estimates announced in the lemma by using the lower bound

of h and k (remember Assumption B), and the following elementary inequality for all positive z, y :
(x —y) (aP~1 —yP~Y) > O, 2P/ — yP/2|2) where C,, > 0 is a constant depending on p (remember that

We now turn back to the proof of Proposition 4.1.

As a first consequence of Lemma 4.3, we can improve the Lebesgue space in which we get a uniform
(w.r.t. €) estimate for u$ + u$. Taking p = pp in (4.29) and using Hélder’s inequality (remember that
d < a), we see that

+ +d +d
luy + upll75ete < O (L4 [Jug + upllfeia) < O (L+ lug + uplle.),

so that
[uy + uflLro+a < O (4.38)

Let us combine estimate (4.38) and Lemma 4.2 with ¢ = 1 + po/d > 1 to get

||Vm”6||2L2<1+po/d> < Cr, |00 | prposa < Cr. (4.39)

Then, from Aubin’s lemma (see Theorem 5 in [47]), we can extract a subsequence - still called (v€), -
which converges towards a limit v a.e. :

ve(t,x) = v(t, x) almost everywhere on [0, 7] x €, (4.40)
and such that
Vvt — Vv weakly in L2(FPo/d) (and therefore in) L. (4.41)

Thanks to this passage to the limit, the function v automatically lies in L°°, and is nonnegative. Passing
to the limit in estimate (4.27), we get estimate (4.16). Finally, V,v € L21+po/d),

Recall now eq. (4.23) for u$ + uf. Notice that the reaction term in (4.23) is uniformly bounded in
L with \ = pl“:'; > 1, thanks to estimate (4.38). As a consequence, 0;(u$ + u%) in (4.23) is uniformly
bounded in L*([0, 7], W~2?). Furthermore, let us choose some p in the interval |1, po[ and ¢ = ((p) €]0, 1|
such that (2 — p) ifé < po +a . Then for C = A or B, Holder’s inequality implies

+¢
1—¢

T 1
Vpug ' || s/o /[|ug|p/2*1|vzug|} lu 6C|(1,p/2)(1+0
2

(/ [ (e 9.2 ) (/ [ et ’””‘}) (4.42

1—-¢

< (/) V)€ (/ [ el P%}) <o

thanks to Lemma 4.3 and estimate (4.38).
We therefore can apply Aubin’s lemma to extract a subsequence (still called (u$ + u%)e) which
converges towards a limit u a.e. :

uy(t,x) +ug(t,x) — ult,x) almost everywhere on [0,7] x Q. (4.43)
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Thanks to estimate (4.38) and Fatou’s lemma, we know that v € L%tPo. Moreover, u > 0 a.e. thanks to
the passage to the limit a.e., and V,u € L'*¢ for some ¢ > 0 small enough, thanks to estimate (4.42).

We now use the following elementary inequality : for any p €]0,2[, there exists a constant Cj, > 0
(which depends only on p) such that

Ve eRy, |z —1] <Cpla?/? —1| x |z17P/2 +1). (4.44)

Taking p in the interval |1, min{pg, 2}[, we see that

/ ' [yt = b

T
=< C”A /Ql(tti;k(vé))”/2 = (i h(v))P2] x [(ugk(v)' P2 + (ugh(v)) 777

T 1/2 T 1/2
<c, </ /Q |<u;k<v€>>p/2—(uih(vf))p”F) (/ /Q [(u%k(venl-p/%(uih(vw)l—f’/?ﬁ)

< VeCr,
(4.45)

thanks to Lemma 4.3. Then, u$ k(v¢) —u$ h(v¢) converges to 0 in L', and therefore, up to a subsequence,
h(ve(t,x)) u$y (¢, ) — k(v (¢, x)) ug(t,x) — 0 a. e.on [0,7] x . (4.46)

Thanks to the convergences (4.40), (4.43) and (4.46), we can compute

k(v°) (ugy + up) + [R(v°) ufy — k(v°) u)] k(v)u
Gt x) = =: t . e 0,7] x Q
uy (t, ) B0 + k(v?) — h(o) + k(o) ua(t,x) a.e.on [0,7] x £,
(4.47)
and similarly, a. e. on [0,7] x §2
h(ve) (u§ + uf) — [h(v°) ufy — k(v°) uf] h(v) u
S(t,x) = =: t . €. 0,7] x Q.
up(t, x) 1(09) + k() — B0 + k() up(t,x) a. e.on [0,7] x
(4.48)
Up to another extraction, we see that, thanks to estimate (4.42), for C' = A, B,
Vaug — Vauc weakly in L' (4.49)
Extracting again subsequences, we can perform this proof on [0, 277, [0,3T], ..., so that by Cantor’s
diagonal argument,
uy(t,x) = ualt,x), ug(t,z) = up(t,x), v(tx)—= vt ) (4.50)

for a.e. (t,x) € Ry x Q, where ua,up,v are defined on Ry x Q. It is clear that us,ug,v > 0 a.e.
Remembering the definition of us and upg, we also see that h(v)us = k(v) up a.e., and ua,up € Lo,
Finally, we recall that v € L°.

Let us now show (4.17). Thanks to the uniform (in €) estimates (4.28), (4.30) and (4.38), we have for
3,11 p E}lap()L

T
sup / uP(t) <Cr  and / / Vaul 2|2 + |Vaubl?)? < O, (4.51)
tel0,T] JQ 0 Q

where we have used Fatou’s lemma for the first inequality and Kakutani’s Theorem applied to the

reflexive space L? for the second inequality. Remembering that u = % u4, we can see that for all
p 6]17p0]7
cL2(1+a/po) cL>® c12(+po/d) cL>® cL?

~ = ~ =

v, <up/2) = u? <hzk)p/2]/(v) Voo 4 <h(v)+vk(”)>p/2 V. (u{Z{Q) e I
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In order to conclude the proof of Proposition 4.1, it only remains to check that (u,v) = (us + up,v)
is a weak solution of (4.4)—(4.7) in the sense of Definition 4.1.

Let 11, 1o € CL(Ry x Q) be test functions. Multiplying all terms of the two first equations of (4.23)
by 7, multiplying all terms of equation (4.11) by 19, and integrating on Ry x Q, we get

/ /agwl u§y +uy) — /1/)1 ) (U4 in + UG in) / /Vﬂh 2(Me (uy + ufp))

/ [ ) = )" = ()1,

/Om/§28t¢2v€/§2¢2(0,~)v§n+dv/o /va%,vxve

_ / / n v (o — 10 (v)° — 14 (uy + u)).
0 Q

(4.52)

(4.53)

Note that thanks to (4.50),
b1 (uy +up) = (Or) u
for a.e. (t,z) € Ry x Q, and 9 (u§y + u%) is bounded (uniformly w.r.t. € €]0,1[) in LPoT* thanks to

(4.38), so that

In the same way, since v° is uniformly bounded w.r.t. € €]0, 1], (4.50) and (4.41) imply that

—/ /atillg v¢ — —/ /ath v, du/ / Vaﬂ/lg . vaﬁ — dU/ / szbg . va, (455)
0 Q 0 Q 0 Q 0 Q

Then, we observe that ¥ (u +u$) (1, — e (uG +u%)® — 15 (v)°) is bounded (uniformly w.r.t. e €]0,1])
in L% thanks to (4.38), so that (4.50) implies that

/ /1/)1 (ufy +uf) (ru — 7o (Ui +up)® — 1 ( —>/ /wlu —rou® —rpv’). (4.56)
0o Ja

In the same way, ¥ v¢ (1, — 7 (V)¢ — 74 (u +u%)?) is bounded (uniformly w.r.t. & €]0, 1]) i

that
/ / P v (1 — 1 (V) = 1g (ufy + up)?) — / / Yo v (1 — e v — rqu?). (4.57)

According to the definition of u§ ;,, and uf ;,,, it is clear that uy ;,, — wa,in a.e. on , and ug ;,, — UpBin
a.e. on €, so that uf ;, + u%g ;, — Uin a.e. on Q. But u;, € LPO(Q), so that w4 in and UuB,in also lie in
Lro(Q), and UY in» UG i, are bounded (uniformly w.r.t. e €]0,1[) in LPo(£2). Then

/1/}1 ) (U4 i, +UB ) —>/1/J1 (4.58)

In the same way, observing that v5, is bounded (uniformly w.r.t. € €]0,1[) in L>°(£2), we see that
- /Q Y9(0, ) V5, — — / Y2(0, ) vip,. (4.59)
It remains to study the convergence of V,41-V,[M¢ (u5+u%)]. But M* (u5+uy) = da usy+(da+dp) us,

h(v) u

so that M® (u5 + u%) — daua + (da +dp)up = dau+dpup —dAu—|—dBm = (dy + ¢(v)) u
a.e. on Ry x Q. Then, using the convergence (4.49),

/ / Vatbr - VoM (i + 1)) = / / Vatbr - Val(dy + 6(v)) 1], (4.60)

Note that this automatically implies the estimate V,(¢(v)u) € L. It is however possible to directly
get it by using estimate (4.42) and the fact that V,v € L2(4po/d) Tndeed, one can get a slightly better
estimate :

eL> eL*te  eprotae cp20+po/d)
—t— N — ,
Vi [(dy + o(0))u] = (dy + ¢(v)) Viou +  w V.p(v) € L' for some ¢, ¢’ > 0.

This concludes the proof of Proposition 4.1. O
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‘We now turn to the

Proof of Proposition 4.2. As in Proposition 4.1, we recall that for a given ¢ €]0, 1], standard theorems
for reaction-diffusion equations imply the existence of a (global, nonnegative for each component) strong
solution (u%,u%,v) in the sense of Definition 4.2, to system (4.11), (4.13), (4.15). Moreover, properties
(4.21) hold with pg = 2. We again refer to [13] for complete proofs.

Note first that the estimates of Lemmas 4.1 and 4.2 still hold under the assumptions of Proposition
4.2, with pg = 2 in the case of Lemma 4.2.

More precisely, the following (uniform w.r.t. € €]0,1[) estimates hold, the proofs being identical to
those of Lemmas 4.1 and 4.2 :

sup /(u; +ug)(t) < Cr; [lu$ + ugllpi+e < Crp, (4.61)
o<t<T Ja

and for all 1 < ¢ <1+ 2/d,
[0l < Cr Vv 720 + 1800 Lo < O (14 [|(uy + )| 2a)- (4.62)

In fact, estimate (4.27) still holds (it is the explicit version of the first part of (4.62)).
As a consequence, for all p €]0, 1], taking ¢ =1+ p/d < 1+ 2/d,

V20 Pl ivpra < O (L4 [[(uy + ui) | psv/a); 10 [ rosa < Cr (14 (| (uy + ufs) | prsvra)-
(4.63)
We now introduce a duality lemma in the spirit of the one used in [7] :

Lemma 4.4. We consider T > 0, Q a bounded reqular open set of RN (N € N*), and a function
M := M(t,x) satisfying

0<mg<M(t,z)<m fort e [0,T) and x € Q, (4.64)

for some constants mg,m; > 0. Then, one can find p* > 2 such that for all r € [2,p*[, there exists a
constant Cp > 0 depending only on Q, N, T, and the constants mg, my, r, such that for any initial
datum w;, in L*(Q) and any K > 0, all nonnegative strong solutions u € L™([0,T] x Q) of the system

Ou — Ay(Mu) < K in [0,T] x Q,
w(0, 2) = uin(x) in Q, (4.65)
Vo (Mu)(t,z) -n(z) =0 on [0,T] x 08,

satisfy
[ullzro,r1x0) < Cr (Jwinllr2) + K) - (4.66)

Proof of Lemma 4.4. It relies on the study of the dual problem
v+ MAv=—f1in [0,T] x £,
v(T,x) =0 in Q, (4.67)
Vu(t,x) -n(z) =0 on [0,T] x 09,

for f a nonnegative function in L" ([0, 7] x Q), with 141 -=1

Using the notations of |7], we define the constant C, , > 0 for m > 0, ¢ €]1,2] as the best constant
in the parabolic estimate

|Azwl|Laqo,11x2) < Cmq l9]lLa0,11x )5 (4.68)
where ¢ is any function in L9([0,T] x ) and w is the solution of the backward heat equation
w4+ mAyw =g in [0,T] x Q,
w(T,z) =01n Q, (4.69)
V,w(t,z) -n(x) =0on [0,T] x 9.

Let r > 2, g =71' <2 and let f be any smooth function defined on [0, T] x £2. We consider the solution
v of system (4.67). Notice that thanks to the minimum principle, v is nonnegative. Then, from Lemma
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2.2 and Remark 2.3 in [7], there exists a constant Cr depending only on Q, N, T and mg, m, ¢ such
that v satisfies

[AzvllLe < Cr [ fllza, (4.70)
and
[0(0, )220y < Cr ([ fllza, (4.71)
provided that ¢ > 282 N7 and
Cmggms w <1 (4.72)
Let us first assume that condition (4.72) holds for some fixed ¢ G]Q%ii, 2]. Then we compute (for a.e.

te[0,7))

jt )< K / / (4.73)

so that integrating w.r.t. time, and using the condition v(T,-) =

ATAungATLU+Auinv<O,.), W)

The first term is estimated with (4.70) :

[ Lo f oo [ oo

<T (/ / f—i—mlvaH) < TP QP (14 my O || f | e,

and the second term with (4.71)

/Qum v(0,-) < [uinllz2) 1v(0, ) L2() < Cr || fllLe |winll L2 (0)- (4.76)

Recombining those estimates, we get

T
/0 /Q wf < Or (K + Juinll2@y) I1f] o (4.77)

which, by duality, gives estimate (4.66) (note that it is sufficient to show the previous bound for smooth
f, since all functions of LY can be approximated by such smooth functions in the L? norm).

It remains to check that there exists an interval [2, p*[ in which any r satisfies condition (4.72) with
g = r’. This is done in [7]. O

We now come back to the proof of Proposition 4.2.
As in the proof of Proposition 4.1, we add the two equations and get
Bu(ufy +ug) — Au[Me(ufy +uf)] = [ru — ra(uly +up)® —rp(v)](uf +ufp), (4.78)
with
dau$y + (da + dp)us
u +ufp

M€=

Then dy < M€ <dy +dpg, and

1/a
r
Tu — Ta(uS + us)® — rp(v9)] (1 + uS) < suplry — rq ww = [ —%— = K.
= roluy 105" = 0]+ ) < sl o= ()

We can apply Lemma 4.4 to eq. (4.78), with M replaced by M¢, u replaced by u$ +u5%, and u;, replaced
by u$ i, + u% - Note that for any e > 0, u) + uf is a strong solution of eq. (4.78).

Lemma 4.4 implies that for some p* > 2,

[ul + uBl|ee < O (4.79)
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Using estimates (4.79) and (4.62), we see that when p €]0, p* — d],
H VIUE||L2(1+p/d) S CT; ||8tv€||Ll+p/d S CT. (480)

Thanks to estimates (4.62), (4.80), we can extract from (v¢).s¢ a subsequence (still denoted (v)es0)
which converges a.e. towards some v € L*, and such that V,v¢ converges weakly in L21+»/d) (and
therefore in L') towards V,v.

Recalling definition (4.31) and computation (4.32) in the case when p €]0, inf(1,p* — d)[, we use the
inequality (for a.e. t € [0,7])
e N AL R

—da (1 —p) / (ueA)pflh'(vE) h(ve)p72 Vau§ - Vot
Q

—dA/ Azui‘(u;)p_lh(ve)?’_l = _4dA
Q

< - uy )PPt

Dy [ (90 Pl 0 ) P,
Q

and the correspondlng 1nequahty for u5; (with d4 replaced by da + dp) and get the estimate
us . )P us - )P
/ |:]'L(’U:n)p 1( Aln) +k(Ufn)p 1( B,zn) :|
Q p
2 [ a2 a2 [ /|v )17 Pkt

1

—Z/Q[k(ve)U‘B —h(v‘)qu][(uEB)”‘lk(ve)p‘ — (uf)P~ h(v)P Y

+2dA

/ / B [ (0 (0 )P~ ()P + K (0 ) (0P~ ()]
/ / Py + )" — 1y ()] [(uS PR (0 )P 4 ()P (v
_ T
J/ / [da ()P (' () *h(0")P = + (da + dip) () (K (v°)) 2k (0P| V.
0 Q

Note that in estimate (4.81), the first and third terms of the r.h.s. are clearly bounded (w.r.t. € €]0,1[)
thanks to estimates (4.61), (4.62), and (4.79) (remember that p €]0,1]).

The second term is estimated thanks to the following inequality (remember that p €]0,inf(1, p* — d)],
and that estimates (4.79), (4.80) hold) :

//av [ (0 ) B0 P2 (w)? + K (0 ) (0 )P~ (s )

< IIh (V)W) + K (0) k()P 72| Loe 1000 | rwsall (uG + uB)P || prvase
< Cp (L4 [|uly +u$|PEE) < Cr.

(4.82)

Finally, the last term is estimated thanks to the inequality (we still use p €]0,inf(1, p* —d)[, and estimates
(4.79), (4.80)) :

= / / dau v))2h(v )7 + (da + dp) (up)" (K (v°) 2k (v)P ]| Vo]

< (p/2) I (0€)2R(ve )P~ + k' (v) 2k (0S)P 73| oo || [V o0 2 ooy | (uy + uls)P || e
< O (1+ [[ug +ug |22 < Or.

(4.83)
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Finally, we end up with the following (uniform w.r.t. £ €]0, 1]) estimates (for p €]0,inf(1,p* — d)|) :
[ [dear ey <on [0 vy <o asy
and )
- / [k uf — h(v)uf] [(uf)P ™ h(v)P ™" = (ufy)P " h(v)P '] < Op. (4.85)
€Ja

Remembering that h, k lie in C*(Ry), and that v¢ is uniformly bounded (thanks to estimate (4.62)),
we see that estimate (4.84) implies (for p €]0, min(1,p* — d)[), the bound

IVal(w)P?)lle2 < Cry [[Val(up)??]llc2 < Cr. (4.86)
Then, using the elementary inequality (for p €]0, 1)
Vo,y €R,  —(z—y) (@ —yP ) 2 Gy P — 2P
where C), > 0 is a constant (only depending on p), we obtain (for p €]0, min(1,p* — d)[),
1(h(v) u5)?? = (k(v) up)P/?|| 12 < Or Ve,

Moreover thanks to estimate (4.79), eq. (4.78) implies that 9, (u$+u3) is bounded in L*([0, T], W—2*)
with A = £— = > 1 (remember that ¢ < 1). Finally, for C = A, B, we still can use the computation of
estimate (4.42) and get, for p €]0, min(1, p* — d)[, and selecting ¢ = {(p) €]0, 1] such that (2—p) %g <1,
thanks to the bounds (4.84) and (4.79),

1—C

V2 s < (/) 19 ()2 115 (/ [ Dl pw]) o 0

We can therefore use Aubin’s lemma and extract a subsequence from (u$ + u%)e (we keep the notation
(u$ + u$). for this subsequence) which converges towards a limit u (lying in L?, and nonnegative) for
a.e. (t,x) € [0,T] x Q.

Using the elementary inequality (4.44), inequality (4.45) still holds when p €]0, min(1, p* — d)[, and
implies the convergences (4.46), (4.47), (4.48), (4.50) [with a + po replaced by p*|. Moreover, thanks to
estimate (4.87), the convergence (4.49) also holds.

Then, as in Proposition 4.1, ug,up,v are defined on Ry x Q, and wa,up,v > 0 a.e. Moreover,
h(v)ua = k(v)up a.e., and ug,up € LP . Finally, we recall that v € L°°.

Let us now show (4.19). Thanks to the uniform (in €) estimates (4.61) and (4.86), we get for all
p €]0, min(1, p* — d)|,

T
sup / u(t) < Cr and / / (|Vmuﬁ/2|2 + \un%/2|2) < Cr, (4.88)
0o Jao

te[0,T]JQ

where we have used Fatou’s lemma for the first inequality and Kakutani’s Theorem applied to the

reflexive space L? for the second inequality. We also recall that V,v € L21+P/d for all p €]0,p* — d].
h(v)+k(v)

Using the identity, u = k() A, We see that for some p > 0 small enough
er??r”/p L™ cp2(+p/d) cL>® crL?
!
h+ k\"/? h(v) + k(v) \"/*
Vo (/) = wf? (Z > () Vo + ((“)kz;) (”)) v («?) € 12,

since (using d < 2 < p*) ﬁ + m =5k + m =1-21- p%) + 0p0(p) < 3 (remember
that we take p > 0 small enough).
We now briefly indicate how to pass to the limit in the various terms appearing in the approximate

equations (4.52) and (4.53). Using estimate (4.79), the uniform boundedness of v® in L™ and the weak
convergence of V,v¢, we get (4.54) and (4.55).
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The same estimates imply that 11 (u +u%) (1, — 7o (u§y +u$5)® — 13 (v)?) is bounded in le%, and
Yo V€ (1 — 1 (V)¢ — rg (U + u$)?) is bounded in L§, so that we get (4.56), (4.57).

We know that u ;, + uf ;, — tin a.e. on Q. But u;, € L2(€2), so that ua i, and up iy, also lie in
L?(Q), and u ;,,, u% ;, are bounded (uniformly w.r.t. ) in L*(Q), so that we get (4.58), (4.59).

Finally, the weak convergence (in L') of V, u$, towards V,uc (for C = A, B) implies the convergence
(4.60), and the estimate V,[¢(v)u] € L.

This concludes the proof of Proposition 4.2. O

4.3 Proof of existence, regularity and stability

In this section, we prove the Theorems 4.1 and 4.2.

Proof of Theorem 4.1. First step : existence

1/c
We use the notation v; := max (||vm||Loc(Q), [%] ) Thanks to a smooth cutoff function x(v)
(x(v) =1for 0 < v < vy, x(v) =0 for v > 2v; and 0 < x(v) < 1 for all v > 0), we define ¢p(v) :=
x(v) ¢(v) for all v > 0. Since ¢p is a continuous function with compact support, it is bounded by some
positive constant ¢1.

Thanks to Assumption A satisfied by the parameters of Theorem 4.1, we see that dy,, dy, Ty, Tv, Tas Tb, Tes T'ds
a, b, c, d satisfy Assumption B of Proposition 4.1. Then we define d4 := d,,/2, dg := d,, + ¢1, so that they
also satisfy Assumption B (that is, they are strictly positive). Finally we define the functions h, k thanks
to h(v) :=dy/2+ ¢5(v), k(v) :=dy/2+ ¢1 — ¢p(v). It is clear that h,k € C1(Ry) (because ¢ € C1(R)
and x is smooth). Moreover h(v) > d, /2 > 0, k(v) > d,/2 > 0, and da + dB% =dy, + ¢p(v). As
a consequence, Assumption B is fulfilled except that ¢(v) is replaced by ¢5(v).

Moreover, the extra assumptions on the parameters (d < @) and on the initial data (u;, € LP°(Q),
Vin € L®(Q) N W21HP0/4(Q) for some py > 1) are the same in Theorem 4.1 and Proposition 4.1.

Then, Proposition 4.1 ensures that there exists a weak solution to system (4.4)—(4.7) with ¢(v)
replaced by ¢p(v). Moreover, this solution (u,v) has nonnegative components, and for all p €]1, pgl,

T >0,
T T
/ / uPote < O / |V 0|20 4P0/ D) < O,
0o Ja 0o Ja

T
sup / uP?(t) < Cr, / / |V,uP/?|? < Cr. (4.89)
Q o Jo

t€[0,T]

Finally, V,u, V. (u¢(v)) € LL (Ry x Q).

loc

We also know that the bound 0 < v(¢,x) < vy holds. By definition of ¢, we then have ¢p(v(t,x)) =
d(v(t,x)) for all t > 0, x € Q, so that (u,v) is in fact a weak solution of (4.4)—(4.7), and this ends the
proof of existence in Theorem 4.1.

Second step : regularity, first part

We fix T > 0. Recall p; > 2, p1 > a(so — 1). By assumption, u;, lies in W2 (Q) with so > 1+ N/2,
so that using a Sobolev embedding, u;, lies in LP1 (). We also know (thanks to our assumptions) that
Vin € W2HP1/4(Q). The results of the first step can therefore be obtained with py replaced by p; : in

particular, estimate (4.89) with po replaced by p; implies that foT J,uPrt® < Cp and
T
sup / u?(t) < +oo ; / / |V ul® < +oo. (4.90)
te[0,T] JQ 0 JQ

We now define qp := (a + p1)/d > so. Using the maximal regularity for the (weak solutions of the)
heat equation, we get (remember that v lies in L)

||at’U||qu < Cr (1 + ||Ud||qu) < Cr, HVivHqu < Cr (1 + ||udHqu) < Crp. (4.91)
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Using embedding results (see for example Lemma 3.3 in Chapter II of [33]) and the fact that go >
14+ N/2, we see that v is Holder continuous on [0,7T] x Q.

This shows that v has the smoothness required in the theorem.

Similarly, d;¢(v) = ¢'(v) dyv and V2¢(v) = ¢"(v) [Vv]* + ¢'(v)Viv lie in L®, so that ¢(v) is also
Holder continuous on [0, 7] x €. We then rewrite the equation satisfied by u as

Ou — V- [A(t, ) Vyu+ B(t, x)u] + C(t,x) u =0, (4.92)

where A = d,,+¢(v) is Hélder continuous on [0, 7] xQ, B = V,¢(v) lies in L?® and C = —7r,+7,u®+r,v°
lies in L'*P1/%, Note furthermore that V,A = V,¢(v) lies in L?® and V, - B = A,¢(v) lies in L%,

We now recall two classical theorems from the theory of linear parabolic equations (see for example
Theorem 5.1 in Chapter III of [33] for the first one, and Theorem 9.1 and its corollary in Chapter IV of
[33] for the second one) :

Proposition 4.3. Let Q be a smooth bounded domain of RN (N € N*), T > 0 and u;, € L?(Q).
Consider the system

Ou — Vg - [A(t,2) Vou+ B(t, z)u] + C(t,z)u =0 in [0,T] x £, (4.93)
Veu(t,z) -n(z) =0 on[0,T] x 09, w(0,) = uy  in Q, '
where the coefficients satisfy : A := A(t,x) > 0 is continuous on [0,T] x Q, B := B(t,z) lies in (LN T2V,
and C := C(t,x) lies in LN/,

A function u := u(t,x) is said to be a weak solution of (4.93) (in the Va sense) if u satisfies (4.90)
and, for all test functions 1 € CH([0, T[xQ), the following identity holds :

—Aoo/gl(atw)u—/gw(O,-)um+/OOO/Q[Aqu+Bu]-Vﬂ/}—!—/ooo/QC’uw:O.

Notice that all terms in the previous identity are well defined when u,1, A, B, C satisfy the assumptions
of Proposition 4.3 (cf. estimate (3.4) in Chapter II of [35]).
Then system (4.93) has at most one weak solution (in the Va sense).

Proposition 4.4. Let  be a smooth bounded domain of RN (N € N*), s > 1+ N/2 and T > 0.
Consider the system

Ou — A(t,x) Ayu+ Bi(t,x) - Vyu+ Ci(t,xz)u=0  in [0,T] x Q, (4.94)
Vau(t,z) -n(x) =0 on[0,T] x 09, w(0,:) = us,  in £, '
where the coefficients satisfy : A = A(t,x) > 0 is continuous on [0,T] x Q, By := Bi(t,x) lies in
(LN for some r > max(s, N +2), and Cy := C(t,x) lies in L for some r' > s. Suppose also that
Uin € W25(Q) (and, if s > 3, that the compatibility condition V i, (z) - n(z) =0 on OQ holds).
A function u := u(t,x) is said to be a strong solution of (4.94) (in the W}? sense) if Oyu and 85”57,1;
lie in L* (fori,j = 1..N) and system (4.94) is satisfied almost everywhere in [0,T] x Q (resp. [0,T] x 99,
resp. ).
Then, system (4.94) has a unique strong solution u (in the W12 sense). Furthermore, u is Hélder

continuous on [0,T] x €.
A direct consequence of these two propositions is given by the

Corollary 4.1. Let Q) be a smooth bounded domain of RN (N € N*), s > 1+ N/2 and T > 0. We assume
that win, A, B, C, By := —B — VA and Cy := C — V, - B satisfy the requirements of Propositions 4.3
and 4.4.

Then any weak solution u of system (4.93), or equivalently system (4.94), (in the Vy sense) is a strong
solution (in the W1? sense). In particular, Oyu and agmu lie in L® (fori,j = 1..N ). Furthermore, u is

Hélder continuous on [0,T] x €.

Remark 4.6. Proposition 4.4 (and therefore Corollary 4.1) furthermore provides upper bounds for the
L?® norms of the derivatives Oyu and (“)%izju (for i,j = 1..N). It can be checked in the proof in [35] that
these upper bounds only depend on the initial datum w;y,, the domain 2 (and the dimension N ), the time
T, the parameters s, r and r’, the norms ||B1||r~ and ||Cy]||L., the positive quantities min[O’T]XﬁA and

maX[O7T]X§A and the modulus of continuity of A on [0,T] x €.
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We now come back to the second step of the proof of Theorem 4.1. Using Corollary 4.1 with s = sy,
we see that u has the smoothness required in the theorem. This concludes the second step of the proof
of Theorem 4.1, that is the first part of the study of regularity.

Third step : regularity, second part

We now assume that ¢ (resp. in, vin) have a-Holder continuous second order derivatives on R (resp.
Q) for some « €]0, 1[. We fix T' > 0.

We already know that u and v are Hélder continuous on [0,7] x Q. It is then clear that in eq.
(4.5), the reaction term is Hélder continuous on [0,7] x Q. Thanks to standard results in the theory
of linear parabolic equations (see for example Theorem 5.3 in Chapter IV of [33]), d;v and VZv are
also Holder continuous on [0,7] x 2. Writing eq. (4.4) in its form (4.94), we see that the coefficients A,
By :=—-B—V,Aand C; := C — V, - B are Hélder continuous on [0, 7] x Q (note that we use here the
Hélder continuity of ¢”). The same result for linear parabolic equations implies that d,u and VZu are
Hélder continuous on [0, 7] x €. Furthermore, we obtain bounds for the 3-Holder norms on [0, 7] x ©
(for some B > 0) of d;v, V2v, dyu and V2u and for the L™ norms of v, dyv, Vv, Vv, u, du, V,yu
and V?gu which depend only on the initial data u;, and v;,, the domain  (and the dimension N), the
parameters of the system (4.4)—(4.5), the time T and the parameter a.

This concludes the second step of the study of the regularity.

Fourth step : stability and uniqueness

We still assume that ¢ (resp. u;n,v;n) have a-Holder continuous second order derivatives on R
(resp. Q). We pick up some K > 0 such that the L> norms of the zeroth, first and second order spatial
derivatives and the a-Holder norms of the second order derivatives of w;,, v, are bounded by K

Let (u1,v1) and (ug,v2) be two weak solutions of (4.4)-(4.7) in the sense of Definition 4.1 satisfying the
assumptions of the theorem. Notice that by assumption uy, uz € LP1+%. Moreover, (4.90) with u = uy, uz
holds. Therefore the computations of the second and third steps are valid for (u,v) = (u1,v1), (u2,va).
This implies that these solutions (u1,v;) and (ug,v2) are continuous (and even Hoélder continuous)
functions on [0, 7] x €, and so are their space gradients V,u; and V,v;. Furthermore, these quantities
are bounded in L* by a constant Cr > 0 depending only on K, the domain Q (and the dimension N),
the parameters of the system (4.4)—(4.5), the time T and the parameter a.

For any function (u,v) — F(u,v), we write F(u,v) = w

We substract the equations satisfied by (us,v2) to the equations satisfied by (u1,v1), and get

Bu(ur —uz) = Ag[(da + 6(v)) (w1 — uz)] = Ay [($(v1) — ¢(v2)) 7]
= [ry — Tq u® — 15 0°] (uy — ug) — [rq (u§ — ud) + 1, (V0 — v)] @
3t(01 - Uz) —d, Am(vl - Uz)
d

= [ry — 1. v° — rdﬁ] (v —vg) — [re (V] — V5) + 14 (u‘f —u$)]T.

(4.95)

We multiply the first equation by the difference u; — us and integrate w.r.t. space and time. We get
the identity

3 [ (0 =)

/ /dA—i—(b ) [Va(uy — ug)|? +/ /ul—uz (U1 — ug) - Va(6(v))

; / [ 8000 = 60291 = ) Vw4 / [ Vot =) Vul(on) — d(e] (199

1
=5 /(u1 — uy)? / / — roul — rbvb] (u1 — ug)?
/ / up —uz) [ra (uf — ug) +ry (0] — v3)] @
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In the left-hand side of this identity, the two first terms are nonnegative. The other terms are controlled
thanks to the smoothness of the functions (@, ) and their space gradients (and the elementary inequality
2ab < a? + b?). We detail below their treatment : the third term of (4.96) is controlled by

[ =)Vt ) 9.6 < 01 [ [ o~ vl 9t - w0

L . (4.97)
<% st P [ -
o Ja o Ja
the fourth term of (4.96) is controlled by
d(v1) = ¢(v2)) Va(ur — uz) - Vo
0 e (4.98)
da T 2 g 2
<3 [Va(ur —uz)[” 4+ Cr [¢(v1) — d(v2)]7
0o Ja 0o Ja
and the fifth term of (4.96) is controlled by
T
| [ a9atn = ) 9afoon) - o(ua)
0 Ja (4.99)
da T 2 g 2
<3 |Va(ur —ug)|” + Cr [Vald(v1) — d(v2)]]7
0o Ja 0o Ja
where moreover
[ 9ot o = [ [ B Taler =)+ (6 00) ~ 02 Vil
, (4.100)
<cr / [ Vel cr [ [ e - o)
0o Ja 0o Ja
It remains to control the last term of the right-hand side :
T T
[ [ =) 4t - ba < [ [ ol - e
0 s . o e (4.101)
< CT/ / [ug _U2|2+CT/ / v} — .
0o Ja 0o Ja
Thanks to those estimates, the identity (4.96) becomes
T
/(ulfug)Q(T) §/(u1 — u)%(0) + Cr (/ / uy — uz) +/ /|¢(’U1)*¢)<UZ)|2
Q
(4.102)

//M, w -l [ [ 19t //.WQ)

We now multiply the second equation of (4.95) by the difference v; — vo and integrate w.r.t. space
and time. We get

1
2/(1)1_7]2 +d/ /‘V v] — V)]

=5 [ =P

/ / —rcvc—rdud 1)1-’[)2 / /01—02 Tc _7)2)"‘7}1( _Uz)]
< /(m—vz +C’T(/ /vl—v2 / |u1—ug2).
2 Q o Ja

(4.103)
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We combine the two energy estimates (4.102) and (4.103) :

[ =@+ [ @ =) < [ - npo+ [ @-we)

+Cr (/T /Q(ul —up)® + /T/Q(vl — g)? (4.104)
/ /‘Ul —udl? / /|¢ v1) / /v1—US|2+/OT/Q|¢’(111)—¢/(02)2)~

Since ¢” is continuous on Ry, the applications ¢ and ¢’ are locally Lipschitz on R;. The assumption
b > 1,d > 1 ensures that the applications v —+ v® and u + u? are also locally Lipschitz on R . Therefore

’LL1—’LL22 1)1—1)22 < ul—u22 ’01—’[]22 .
A( HB+A( HH<A( >@+/< 2(0) (4.105)

Q

+Cr (/OT/Q(“lUQ)QJF/OT/Q(Ul’Uz)Q),

and we can conclude thanks to Gronwall’s lemma.

Note that thanks to the minimum principle, the assumption b > 1,d > 1 can be relaxed if the initial
data u;, and v;, are bounded below by a strictly positive constant.

This concludes the study of stability (and uniqueness), and ends the proof of Theorem 4.1.

1/c
Proof of Theorem 4.2. We use again the notation v; := max <|vm|Lm(Q), [:—} . We also introduce

a smooth cutoff function x(v) (x(v) =1 for 0 < v < vy, x(v) =0 for v > 2v; and 0 < x(v) < 1 for all
v > 0), together with ¢p(v) := x(v) ¢(v) (for all v > 0), and an upper bound ¢, for ¢p.

Thanks to Assumption A satisfied by the parameters of Theorem 4.2, we see that the parameters
Ay dyy Tu,To,TayTh, Te, Td, G, b, c,d satisfy Assumption B of Proposition 4.2. Then we define, as in the
proof of Theorem 4.1, d4 :=d,,/2, dg := d,, + ¢1, so that they satisfy Assumption B, and the functions
h,k thanks to h(v) := du/2 + ¢p(v), k(v) := du/2 + ¢1 — ¢p(v). It is clear that h,k € C*(R,) and
h(v) > dy/2 >0, k(v) > d,/2 >0, and da + dp h(y)(fﬁ@) =d, + ¢p(v). As a consequence, Assumption
B is fulfilled except that ¢(v) is replaced by ¢p5(v).

Moreover, the extra assumptions on the parameters (d > a, a < 1, d < 2) and on the initial data
(win € L2(Q), vin, € L®(Q) N W21H2/4(Q)) are the same in Theorem 4.2 and Proposition 4.2.

Then, Proposition 4.2 ensures that there exists a weak solution to system (4.4)—(4.7) with ¢(v)
replaced by ¢p(v). Moreover, this solution (u,v) has nonnegative components and lies in L% (R x
Q) x L (Ry x ). We also know that for some p > 0, u satisfies (4.19). Moreover, we know that
Vv € LRy x Q), Vau, Vi (ug(v)) € L (Ry x Q), for some 7 > 0.

Finally, we know that the bound 0 < v(¢,2) < v; holds, so that by definition of ¢5, we see that
op(v(t,x)) = ¢(v(t,z)) for all t > 0, z € Q. Then, (u,v) is in fact a weak solution of (4.4)—(4.7). This
ends the proof of Theorem 4.2. O
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Chapitre 5

Reaction-cross diffusion systems :
entropic structure

Abstract

This Chapter is taken from the paper [16] in collaboration with L. Desvillettes, Th. Lepoutre
and A. Moussa. It is devoted to the study of systems of reaction-cross diffusion equations arising
in Population dynamics. New results of existence of weak solutions are presented, allowing to treat
systems of two equations in which one of the cross diffusion terms is convex, while the other one is
concave. The treatment of such cases involves a general study of the structure of Lyapunov functionals
for cross diffusion systems, and the introduction of a new approximation scheme, which provides
simplified proofs of existence.
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5.1 Introduction
5.1.1 The system
All the systems that we are going to tackle in this study take the following form
Opu; — Alai(ur, ... ur) wi] = ri(ug, -+ ,ur)ug, on Ry x Q, fori=1,...,1, (5.1)

where a;,7; : R — R, the unknown being here the family of I nonnegative functions wuy,...,u;. Here
and hereafter, 2 is a bounded open set of R?, whose unit normal outward vector at point x € 9 is
denoted by n = n(x). The system is completed with initial conditions given by a family of functions

ul™ ..., ui", and homogeneous Neumann boundary conditions, that is d,u; := Vu; -n =0 on Ry x 9Q
fori=1,...,1I.
Introducing the vectorial notations U := (uq,...,ur) and U™ := (u}",...,u""), and denoting by

A and R the maps A : U — (a;(U)w;); and R : U — (r;(U) u;);, the previous system (5.1) can be
summarized in the vectorial equations

U — A[A(U)] = R(U), on Ry x Q, (5.2)
0,U =0, on Ry x 9Q, (5.3)
U(0) =U™, on Q.

Such systems have received a lot of attention lately (cf. [8], [15], for example). Their origin is to be
found in the seminal paper [45], where one typical example (now known in the literature as the SKT
system) is introduced : namely, I = 2, and A, R are given by affine functions :

ar(u1,u2) = di + di1 w1 + di2 ug, as(u1, uz) = dg + do1 w1 + doo ug,

7“1(“1,%2) =Ry — Ri1u1 — Riguy, 7"2(U1,U2) = Ry — Ra1u1 — Rap uy.

The corresponding equations model the evolution of individuals belonging to two species in competition,
which increase their diffusion rate in order to avoid the individuals of the other (or the same) species.
This evolution can lead to the formation of patterns when ¢ — oo (cf. [45]). There is an important
literature on the question of existence of global classical solutions to the SKT systems (but only for
particular cases). To summarize the approach, one can prove local existence of classical solutions using
Amann’s theorem [3] and the difficulty relies then in the proof of bounds on the solutions in suitable
Sobolev spaces to prevent blow up. The works in this direction always have restrictions on the coefficients
(typically no cross diffusion is introduced for one of the species, cf. for example [17]) and/or on dimension.
In particular, it is worth noticing that existence of global classical solutions to the full SKT system (that
is, when all coefficients are positive) remains a challenging open problem except in dimension 1.

Our work however deals with the existence of global weak solutions for which an important step
forward was made by Chen and Jiingel in [8]. They indeed showed that a hidden Lyapunov-style (also
called entropy) functional (that is, a Lyapunov functional if the terms 71,75 are neglected) exists for this
system without restriction on coefficients such as strong self diffusion for instance. Their entropy is based
on the following remark : the SK'T system can be rewritten under the following form, setting d;; = 1 for
simplification

_ Uur) _ . (di + 2u; + uz)uy U U2 Vloguy
atU N at (UQ) =V ( Ujuz (dz +uy + 2’UQ)U2> (V IOg U2 T R(U)

Z(u1,uz2)

Noticing that the matrix Z is positive definite, multypling the equation by (log u1, log u2) and integrating
over space, one obtains a bound of type

Vlogu1>

d
%/Q [ul logul—i—ugloqu} —|—/Q(Vlogu1 Vlogug) Z(u1,us) (Vlogu2

<C (1+/ {ullogul —i—quoqu} ),
Q
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where the term involving gradients is strictly positive.

In [15], this structure was shown to be robust enough to treat functions a1, a2 such as

a1 (u1,u2) = di + dis u<1511 +dio Uglz, as(ui,uz) = do + doy Utlszl + dao u§22, (5.5)
when 412 €]0,1[ and a1 €]0,1[. A tool coming out of the reaction-diffusion theory (namely, duality
lemmas, cf. [43]) was also introduced in the context of cross diffusion type systems in [5] and [4]. It was
then used, associated with the entropy structure in [15], in order to extend the range of systems that
could be treated. This tool gives an additional estimate, namely (when suitable assumptions are made

on R),
1 1
(Lw) (Sa@n) e b i),
i J
This bound can be crucial, especially when the gradients controlled by the entropy are very weak. In
particular, in many cases, this extra bound is useful for getting uniform integrability of reaction terms.

In this paper, we investigate more deeply the structure of systems like (5.1), in order to exhibit as
much as possible the conditions which enable the existence of Lyapunov-style functionals. Subsection
5.3.2 is directly devoted to this study. As an application, we show that cross-diffusion terms like (5.5)
can be treated as soon as the product d12 d21 belongs to ]0, 1[, thus significantly enlarging the conditions
described in [15].

Another difficulty appearing in many works on equations involving cross diffusion is the difficulty, once
a priori estimates have been established, to write down an approximation scheme which implies existence.
An important issue comes from the fact that the entropy structure and the duality estimates are of very
different nature. Therefore it is difficult to build an approximation that preserves both properties. In [8]
and related works, the entropy induces a better integrability, or even boundedness in [29, 30], making
the use of duality estimates unnecessary. In [15], the approximation procedure is inspired from [8] and
duality is proved to be satisfied a posteriori (in fact at some intermediate step). This is related to a lack
of robustness of the Lyapunov-style functionals (it is indeed difficult to extend them to the approximate
system). We therefore present in this paper a new approximation scheme which is definitely easier to
grasp than those presented in [8] or [15]. Indeed, we use a time-discretized version of the equation for
which existence can be obtained thanks to a standard (Schauder-type) fixed-point theorem, and which
conserves the structure of the time-continuous equation from the viewpoint of a priori estimates. As a
consequence, the passage to the limit when the discretization step goes to 0 is not much more difficult
than the passage to the limit in a sequence of solutions to the equation (that is, the weak stability of the
equation). Note that a related (yet different) time-discrete approximation was recently used (together
with a regularization) in the context of cross-diffusion systems in [29].

5.1.2 Assumptions

Throughout this study, we will state and prove results necessitating one or several of the following
assumptions on the parameters of (5.1) :

H1 The functions a; and r; are continuous from Ri to R.

H2 For all ¢, a; is lower bounded by some positive constant o > 0, and r; is upper bounded by a

positive constant p > 0. That is a;(U) > > 0, 7;(U) < p for all U € R%.

H3 A is a homeomorphism from Rfr to itself.
The set of all these assumptions will be invoked at the beginning of each statement (if needed) by writing
(H). Assumption H3 will be of utmost importance during the establishment of our approximation scheme.
Assumptions H1 and H2 are usually easily checked and appear quite natural. It is however less clear
to understand what type of systems satisfies H3. We explain in Remark 5.1 why H3 can also often be
easily checked in our framework.

5.1.3 Notations

Since we will always work on Qr := [0,7] x Q, we will simply denote by LY(LZ) the corresponding
evolution spaces and we will use the same convention for Sobolev spaces H® and WP (for £ € N;p €
[1,00]). Cones of nonnegative functions will be denoted by a + subscript, for instance L°(€2), is the
cone of all essentially bounded nonnegative functions. For p € [1, oo[, we will sometimes use the notation

*" to speak of the set of all L? functions with ¢ > p. We define also the space H, () of H'(Q) functions
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having zero mean. Its dual is denoted by H;n1 (€2). For any space of functions defined on £ whose gradient
has a well-defined trace on 9Q (such as H*(Q) or €°°(Q) for instance), we add the subscript v (the former
spaces becoming then H2(Q) and €2°(Q2)) when we wish to consider the subspaces of functions satisfying
the homogeneous Neumann boundary condition.

Given a normed space X, we will always denote by || - ||x its norm, except for L? spaces for which
we often write || - ||,. The symbol | - | will always represent the Euclidian norm (but possibly in different
dimensions depending of the context), whereas |-|; will be the Manhattan norm. Finally, given two vectors
X = (z;); and Y = (;); of R, we write X <Y whenever z; < y; for all i. We extend this order relation
to R! valued functions f(X) and write, for a real number ¢, f(X) < ¢ when f(X) < C = (c,...,c). The
same convention is used for <. The set of nonnegative numbers is denoted R, and the set of strictly
positive numbers is denoted R7 .

5.1.4 Entropic structure

The key of our approach is the notion of entropy for systems of the form (5.2). We define this notion
here.

Definition 5.1 (Entropy). Consider D C R an open set. A real valued function ® € €*(D) is called an

entropy on D for the system (5.2) if it is nonnegative, and if, for all X € D, D*(®)D(A)(X) is positive-
semidefinite (in the sense of symmetric matrices, that is, its symmetric part is positive-semidefinite).

Section 5.3 will be devoted to the study of typical entropies in the case of two species, but let us
immediately explain how entropies (in the sense of the above definition) naturally provide estimates. For
the sake of simplicity, we assume here that R = 0. Suppose that an entropy ® exists for the system (5.2).
Then, if U is solution of (5.2) (with R = 0), a formal computation gives (with (, ) the usual scalar
product in RY)

d

d
3 L 20 = [ o). alawy) - - > | @@ <o,

where the last inequality comes from the fact that ® is an entropy. Therefore, ®(U) is a Lyapunov
functional of the system. Furthermore, an integration w.r.t. time gives the estimate

Q

T d
. 2 . —
/Q ®U)(T) + /0 ; /Q (0,0, D*B(U)D(A) ()0, — / B(U(0)). (5.6)

As we shall explain in Section 5.3, this estimate often yields crucial bounds on the gradient of the solution
U.

We give here two examples of systems of the form (5.2) (presented here in the case when R = 0)
which satisfy assumptions (H), and for which a nontrivial entropy exists.

Example 1. The first example consists in a two-species systems where A is given by (5.5) and (for
suitable parameters d; > 0,d;; > 0 described in Section 5.5)

Oy — A[ul (d1 +d11 u?n + di2 uglz)] =0,
=0.

Oyus — Alus (dy + dag u® + das ul??))]

Example 2. The second example is the following three-species system :

Opur — Afuy (dy + us +u3)] =0,
Opug — Alug (do 4 uf + uz)] = 0,
Oyus — Alus (d3 4+ uf + u3)] = 0,

where 0 < s < 1/4/3 (and di, da, d3 > 0).

These two examples will be studied separately in Section 5.5. More precisely, we will present nontrivial
entropies for these systems and we will explain how those entropies can be used in order to obtain the
existence of solutions.
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Remark 5.1. In our examples we will always consider convex entropies which satisfy the stronger
condition that D*(®)D(A) is a positive-definite matriz. This implies that det(D*(®)D(A)) > 0 and
det(D?(®)) > 0, so that det(D(A)) > 0. But if the system (5.2) satisfies Assumptions H1 and H2 (which
are easily checked), then the positivity of det(D(A)) allows to show H8 under quite general assumptions
(see Subsection 5.6.1). Therefore in this context H3 can also easily be checked.

5.1.5 Main application

Though the examples presented above have their own interest, the main application of the methods
developed in this work is a new theorem of existence of (very) weak solutions for systems with the same
structure as in [15], but with parameters in an enlarged space :

Orur — A [ul (di + u;m)] =u (p1 —ui™ —uy?), onRi xQ (5.7)
Orus — A {uz (d2 + ul’l)} =g (p2 —us?® —uf?'), onRy xQ (5.8)
Opu =0,v =0, onR; x9N (5.9)

We introduce the
Definition 5.2 ((Very) Weak solution). We consider dy,ds > 0, p1,p2 > 0, 71,72 > 0, and s;; > 0
(i,7 = 1,2). Let ut™, u¥* be two nonnegative functions in Ll(Q). For uy, us two nonnegative functions
in Li (R4, LY(Q)), we say that (uy,us) is a (very) weak solution of (5.7)~(5.9) with initial conditions
(ud, ub™) if (u1,u2) satisfies

up [us + ud® +ud?] 4 ug [ui 4w + ul'] € Ly, (Ry, LY(Q)), (5.10)

and for any 1, Pg € CH(RL;62(Q)),
- /Qulln(x) ¥1(0,2) do — /OOO/Qul(t,x) 01 (t, z) de dt
—/ / Aty (t, ) [dl + uz(t,m)'“] uy(t,x) do dt (5.11)
o Ja
:/ / Y1t ) ur(t, @) (p1 — wa(t, ) — ug(t, )**?) da dt,
o Ja
and
- [ @ va.0) do = [ [ watt)duntt.o) do ar
—/ / At (t, x) [dg + ul(t,m)"’l} ug(t,x) do dt (5.12)
o Ja
:/ /QUQ(t,:C) us(t, ) (pz —us(t, x)%? — ul(t,x)sm) dx dt.
0

Our theorem writes

Theorem 5.1. Let Q be a smooth (€2) bounded open subset of R (d > 1). Consider v, > 1, 0 <
v < 1/")/2 and pi > 0, Sij > 0, d; > 0, 1,] = 1,2, with s11 < 1, s12 < Y2 +822/2 and s91 < 2. Let
U = (uin, ui) e (LY NH,H(Q) x (L2 NH,H(Q) be a couple of nonnegative initial data.

Then, there exists a couple U := (u1,us2) of nonnegative functions which is a (very) weak solution to
(5.7)=(5.9) in the sense of Definition 5.2, and satisfies, for all s > 0,

/ /(u1 +ug) (] ug + ug?ur + uy + uz) dz dt < Dy, (5.13)
0o Ja

sup |[ui(t, )|l ) < e‘”‘sllui"\lm(m, (5.14)
te(0,s]
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sup /U/Q )72+ / / u?' +uy??) dadt
te0,s]
2
5.15
/ / |vu’71/2 |vu’72/2|2 + ‘V /qu ul? ( )

} Az dt

Ko (1 o) + 820 )

The positive constants Ky and Ds used above only depend on s, 0 and the data of the equations (p;, d;,
i, 8ij)- The constant D in (5.13) also depends on |[U™||lyy-1(q)2. Both functions s — Dy and s — K,
may be chosen continuous and belong in particular to LlOC(RQ

Remark 5.2. We consider in this theorem the case v > 1, v1 < 1, which falls outside of the scope of
the systems studied in [15].

Note that Theorem 5.1 and its proof still hold when one adds some positive constants in front of the
non-linearities.

A more technical aspect concerns the self-diffusion, that we have chosen to disregard in this theorem.
As it was the case in [15], adding self-diffusion terms tends in fact here to facilitate the study of the
system, and it gives rise to extra estimates on the gradients of the densities. Details can be found in
Subsection 5.5.1

Note also that Theorem 5.1 may be generalized to the case when power rate diffusion coefficients are
replaced by mere functions a;;(u;), with ad hoc assumptions of reqularity/monoticity/concavity on the
functions a;;. An extension to reaction coefficients R different from power laws is also certainly possible.

The condition s12 < ya+$22/2 is in fact not optimal. It can be improved using different interpolations
As it will be seen, we have (A) fOT Jo W@ 00 o0 (B) fOT Jou3?™*2 < 00 and (C fo Joultu3 <
oo. Interpolating between (A) and (B) leads to the condition s12 < Y2 + Sa22(1 — 1/ max(2, s91)) while
interpolating between (A) and (C) leads to the condition s12 < 2 — (2 — v2)(1 — fyl)/(maX(Q, S21) — Y1)
All in all, we get the sufficient condition

$12 < max (72 + 822/2,72 + 822(1 — 1/821),2 = (2 = 72)(1 = 71)/2 — ),

2 — (2= 7o) (L = 31)/(s21 — ) )

In this formula, the four different expressions can lead to the best condition on si2, depending on the
coefficients sa1,822,71,V2. For instance : if so1 = 1,800 = 2,7v9 = 2, the best condition is given by the
first expression ; if so1 = 4, So0 = 2,72 = 2, the best condition is given by the second expression, if so1 =
1,890 = 1/5,72 = 3/2, the best condition is given by the third expression, if so1 = 4, S22 = 1/5,v2 = 3/2,
the best condition is given by the fourth expression.

Thanks to estimates (5.13) and (5.15), it is sometimes possible (that is, under extra assumptions
on the parameters 7, s;j) that the quantity V {[di + u3*Jur} (resp. V {[d2 + u]'Jus}) lies in the space
Li.(Ry,LY(Q)), so that u, is actually a weak solution of (5.7) (resp. ug is a weak solution of (5.8)) in the
sense that in the weak formulation (5.11) we can replace — [[ Ay [dy+ud?uy by [[ Vapr-V {[dr + ug?]us }
for all Y1 € C€LRy;62(Y)), and therefore by a density argument enlarge the set of test functions
1 to CLHRy;E€HY)) (resp. a similar formulation for uz). Note in particular that (thanks to esti-

mates (5.13) and (5.15)) u1771/2 u32/2 € L (R, L2(Q)), uy u;2/2 € Li (R, L*(Q)), V[u?lm 72/2] €
Lite(R+. LA(Q), V[u3*/?] € L, (Ry, L*(9)), s0 that Viu u3*] = V[(u] 3?22/ x (w371 €
Li.(Ry,LYQ)), and uy is always a weak solution of (5.7).

5.1.6 Structure of the paper

We begin by introducing and studying a general (that is, for I species, with any I > 1) semi-discrete
scheme in Section 5.2. More precisely, we prove the existence of a solution for the discretized system
and we show estimates satisfied by the solution (some of them are uniform in the time step and some
are not). Section 5.3 is devoted to the study of the hidden entropy structure for a class of two-species
cross-diffusion systems including (5.7)—(5.9). We prove Theorem 5.1 in Section 5.4. We then present two
examples of systems on which our methods can be used (Examples 1 and 2) in Section 5.5, in order to
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show the range of applications of these methods. Finally, the Appendix (Section 5) gathers some technical
lemmas : we discuss assumption H3, and we recall some classical results : Leray Schauder fixed point
Theorem, some elliptic estimates and a version of the Nonlinear Aubin-Lions Lemma. Sections 5.2 and
5.3 are independent, whereas the proof of Theorem 5.1 in Section 5.4 uses the results of Section 5.2 and
relies on the entropy structure detailed in Section 5.3. Section 5.5 extends ideas developed in Sections
5.2 to 5.4.

5.2 Semi-discrete scheme

We begin here the presentation of general statements which will be used in the proof of Theorem
5.1. More precisely, we intend in this section to introduce a semi-discrete implicit scheme to approximate
multi-dimensional systems of the form (5.1). Although many breakthroughs occurred in the mathematical
understanding of cross-diffusion systems in the recent years (see [8, 15] and the references therein), the
approximation procedure of these systems frequently leads to intricate or technical methods. The main
reason is that the hidden entropy structure often relies on functionals defined on nonlinear subspaces
of RY (RI+ for instance), and a condition as simple as “u; is nonnegative” is not easily kept during the
approximation process.

The scheme is based on the following semi-discretization (1< k<N -1, N=T/7, T > 0)

k_ rrk—1
% — A[A(U*)] = R(U*), on Q, (5.16)

I A(U*) =0, on 99.
We introduce the

Definition 5.3 (Strong solution). (H). Let 7 > 0 and U*~! € L=(Q).. We say that a nonnegative
vector-valued function U is a strong solution of (5.16) if U* lies in L>°(Q)!, A(U*) lies in H2(Q)! and
the first equation in (5.16) is satisfied almost everywhere on €.

Our results concerning this scheme are summarized in the

Theorem 5.2 (H). Let Q be a bounded open set of R with smooth boundary. Fiz T > 0 and an integer N
large enough such that pr < 1/2, where 7 := T /N and p is the positive number defined in H2. Fizn > 0
and a vector-valued function L°°(Q)! > U® > 5. Then there exists a sequence of positive vector-valued
functions (U*)1<x<n—1 in L(Q)! which solve (5.16) (in the sense of Definition 5.3). Furthermore, it
satisfies the following estimates : for all k > 1 and p € [1, 00|,

Ut e (), (5.17)
U* > narr on 9, (5.18)
AU e W2P(Q)1, (5.19)

where na.r,- > 0 is a positive constant depending on the maps A and R and T, and

max / Uk < 220N / U, (5.20)
0<k<N-1 J Q
N-1
T/ (pU" — R(U")) < 22/"N/ U°, (5.21)
k=1 Q Q

I I
T/ (Z“?> (Zai(Uk)u;?) < C(Q,U° A, p,N7), (5.22)
0o 1 i=1

i—
where C(Q,U°, A, p, NT) is a positive constant depending only on Q, A, p, NT and HUO||L10H;L1(Q).

Remark 5.3. Estimates (5.17)—(5.19) strongly depend on 7. In particular, they will be lost when we pass
to the limit T — 0 during the proof of existence of global solutions in Section 5.4. These estimates are
however crucial in order to perform rigorous computations and obtain uniform estimates on the scheme.

Consider T > 0 as fized. Estimates (5.20) and (5.21) do not depend on 7, since TN = T. Estimate
(5.22) is in fact also uniform w.r.t. T, in the sense that it yields a limiting estimate in the limit T — 0.
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Remark 5.4. The main feature of the discretization (5.16) is its ability to preserve the entropy structure
zhen it exists. Indeed, assume for the sake of simplicity that R = 0 ; then if ® € €2 (R xR%) is a convex
entropy in the sense of Definition 5.1, multiplying (5.16) by 7®'(U*) and integrating by parts leads to
the following estimate, for all1 < { < N

14 d
QU)+ ) T (0,U*, D*(@)(U")D(A)(UM)0,;U*) < | @(U?),
b J

Q

where we used the convezity of ® and the reqularity estimates (5.17)—(5.19) to make the computations
rigorous. This estimate can be seen as the "discretized" version of estimate (5.6). It will be rigorously
proven in Proposition 5.5 on the specific system used in our main application.

The proof of the existence of the family (U*); solving (5.16) is done in Subsection 5.2.1. The proof
of the various estimates is done in Subsection 5.2.2.

5.2.1 Existence theory for the scheme

We plan in this section to build step by step a family (U*);<x<n_1 solution of (5.16) (for a given U°,
bounded and nonnegative). For simplicity, we drop the subscripts and rewrite the scheme (5.16) with
the notations U := U¥ and S := UF~1 :

U-7A[AWU)]=S+7R(U) on

5.23
O, AU) =0 on 9. (5:23)

The existence of the family (U k )i<k<nN—1 is a consequence of the iterated use of the following Theorem

Theorem 5.3 (H). Let Q be a bounded open set of R* with smooth boundary. If S € L (Q)L, then for
all T > 0 such that pT < 1/2, there exists U € L= (Q)X which is a strong solution of (5.23) (in the sense
of Definition 5.8). Furthermore, this solution satisfies (for some C(2,I]|S]|s) only depending on Q and
I)|S||l0o) the estimate

1
< — .
[Ulloe < —C(T)S]l)

The proof of Theorem 5.3 is based on a fixed point method that we present in Subsection 5.2.1.

Fixed point

Proof of Theorem 5.3 : Our aim is to apply the Leray-Schauder fixed point Theorem (see Theorem
5.4 of the Appendix). In order to do so, we start by defining, for U € L*>(Q)?,
_— {MP’Q 2+TmaX7;:1...n ||T1(U)oo}

M(U) := max 2 o

where p > d/2 is fixed and M,  is the constant defined in Lemma 5.5. The quantity M (U) is well defined
because r; is assumed to be continuous (so that r;(U) € L*(Q)). The definition of M (U) and the fact
that p7 < 1/2 imply the two following inequalities (almost everywhere on )

M(U) > TMP,Q,
MU)A(U)-U+7R(U) >0,

where the second (vectorial) inequality has to be understood coordinates by coordinates.
Consider now the following maps (here both A and R are extended to continuous functions on R! by

parity) :
T L) — L)L x (TM)0, +00)
U— (S+MU)A{U) - U +7R(U), M(U)),

0 : L=¥(Q)L x (1M, q,+00) — L=(Q)L
(U,M) — (MId — 7A)~U,

L)L — L)L
U— A7HU),
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where the inverse operator in the definition of © has to be understood with homogeneous Neumann
boundary conditions on Q and in the strong sense (that is, ©(U, M) € H2(Q)! and (MId—7A)(©(U, M))
=U a.e. on Q).

Notice that for all M, ©(-, M) indeed sends L>(Q)! to L>°(Q)” thanks to Lemma 5.5 of the Appendix,
since p > d/2, and remembering Sobolev embedding W*? () — L°°(Q). Using the maximum principle,
we also can see that ©(-, M) preserves the nonnegativity of the components, so that ©(L>®(Q)1 x
(Mg, +00)) © L= (@)L

We can therefore consider the mapping $oOoW, and it is clear that any fixed point of this mapping will
give us a solution of the discretized system (5.23). We hence plan to apply the Leray-Schauder Theorem
to prove the existence of such a fixed point. We consider for this purpose the map A(c,-) := PooOo V.
We obviously have A(0,-) = 0. Let us first check the continuity and compactness of A, and then look
for a uniform estimate for the fixed points of the applications A(c,-), to prove that A(1,-) = Po O o ¥
indeed has a fixed point.

Compactness and continuity of A.

Lemma 5.1. (H) The map A : [0,1] x L=(Q)! — L>(Q)! is compact and continuous.

Proof. Thanks to the Heine-Cantor Theorem and the continuity of A, R and A~! (see assumptions H), we
see that both ® and ¥ are continuous. It is hence sufficient to prove the continuity and compactness of c©
from [0,1] x L=(Q) x (1M, 0, +00) to L=(2)%. The compactness of this mapping is a straightforward
consequence of Lemma 5.5 of the Appendix together with the corresponding Sobolev embeddings.

For the continuity, let us define U= O(U, M). By maximum principle, we see that

M TMp7Q

Furthermore, for given (U, M), (U’, M), defining similarly U= O(U’, M"), we can write
MU -U")—7AU -U")=(U-U")+ (M — MU', 8,(U-U")=0.

Still by maximum principle, we immediately get

~ 1 -
10 = 0loo < = (I = U'loe + [M" = M7
1 1071l oo
< U-U|loo +|M — M|—"=),
< = (10 = vl o - an
which yields the continuity of the application ©, and thereby of the application A. O

Estimates on fixed points of A(o, ).

In order to apply the Leray-Schauder fixed-point Theorem 5.4, we need an a priori estimate (uniform
in o) on the fixed points of A(c,-). The fixed point equation is rewritten as

M(U)A(U) — TAJA(U)] = o(S + M(U)A(U) — U + 7R(U)).
We prove the

Lemma 5.2. (H) For any o € [0,1], any fived point U € L*=°(Q)! of A(o,.) satisfies
| 1@ < c@.1s1).

Proof. Notice first that such fixed points are necessarily nonnegative, so that R(U) < pU (assumption
H2) and

I
JAU)L = ai(U)u; € HY(Q).
=1
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The equations associated to the fixed point imply the following vectorial inequality :
M(U)(1 —0)AU) 4+ o(1 —mp)U — TA[A(U)] < oS, a.e. on Q.
Summing up each coordinate of this inequality, we get
MU)(1 - a)|AWU)|1 + (1 —71p)|UJy — TA|JAU)|1 < 0|S|1, a.e. on Q, (5.24)

which, after multiplication by [A(U)[; and integration on 2, leads to

(1-0) / M)A +0(1 - pr) / AU + 7 / VA2

ga/ S| IAD)];
Q
For 0 =0, we have U = 0 = A(U), otherwise we get

(1*/77)/QIA(U)I1IUI1 S/Q\SlllA(U)ll SI“S||m[2|A(U)|17

whence, since pr < 1/2,

[ 1@l <2118] [ 140 (5.25)
Q Q
Thanks to the continuity of A, we see that for all R > 0, there exists C1(R) > 0 such that

UL < R = [A(U)|, < C1(R),

so that small values of U will be handled. On the other hand, we have

/|A<U>|1|U|1 > /U| _A@)LIUh > R/|U A

Now cutting the r.h.s. of (5.25) in two terms, corresponding to small and large values of U, we get

/Q AL U < 2115w ( /WR AW+ /|U|1<R |A<U>1> (5.26)
< 2B [a@hjol+ 2risieleic, ). (5.27)

Taking R = 4I||5]|co, we have
[ AL < 1Sl eica),
Reusing computation (5.26), we eventually get
Llaons [ aons [ Ao,
[lUL>R [Ul1<R
<3 [ 1A@UL +2ic(R)
Q
AT|S oo
(H}J + 1> 1Q[C1(R),

which gives the conclusion with C(€, I]|S||ec) = 22 C1(41]|S]|s0)- O

Corollary 5.1. (H) There exists a constant C(2,I||S||s) depending only on Q and I||S]|e such that
for any T > 0 with pr < 1/2, for all 0 € [0,1] and for all U € L>=(9),

1
Aoyu) =u = ||U]|eo < EC(QJHSHm)-
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Proof. Thanks to the nonnegativity of U and the condition Tp < 1/2, inequality (5.24) implies

o 1
—AJA(U); < ;\Sh < ;|S’\1, a.e. on €.

1
Applying Lemma 5.6 to w = |A(U)|, = Z a;(U)u; >0, we get
i=1

I
1
0< > a(U)u; < C(9) (TISHOO v /Q |A(U)|1> . ae. on
=1

and the conclusion follows thanks to Lemma 5.2, the nonnegativity of U, and Assumption H2 : q; is
lower bounded by a > 0. O

End of the proof of Theorem 5.3.

End of the proof of Theorem 5.3. We just invoke Theorem 5.4, and we use Lemma 5.1 and Corollary 5.1
to check the assumptions on A. O

5.2.2 Estimates for the scheme

Applying iteratively Theorem 5.3 we get the existence of the family (U*); in Theorem 5.2. In parti-
cular, we already know that it satisfies for all £ > 1,

U®>n>0, (5.28)
U* >0, and U* € L=(Q)7, (5.29)
A(UR) e H2(Q). (5.30)

In this subsection, we prove that the family (U*);, satisfies estimates (5.17)—(5.22).

Non uniform estimates (i.e. depending on 7)

Let us first give a few properties of regularity for the family (U*)j<x<n—1.
Proposition 5.1 (H). For allk>1 and p € [1,00],

Ut e €°(Q)’,
U" > nan. on 9,
AU*) e WP (),

where na g+ > 0 is a strictly positive constant depending on the maps A and R and 7.

Proof. Since R is continuous, for each k > 0, R(U*) € L>°(Q)!. We hence can write, for any positive
constant M > 0 and any k > 1

Uk—l _ Uk
T

MA(U*) — AJA(UY)] = + R(U") + MAU*) € L=(Q)7,

so that we can directly apply Lemma 5.5 of the Appendix to get A(U*) € W2P(Q)! for all finite values
of p, whence, by Sobolev embedding, A(U*) € €°(Q)!, and U* € ¥°(Q)! thanks to Assumption H3.
For the lower bound on U*, we will proceed by induction and prove that if U¥~1 > ¢ for some constant
€ > 0, then U* > ¢’ for another constant £ > 0. The result will follow by taking the minimum of the
constructed finite family. Assuming hence U¥~! > & > 0 (which is true by assumption for k = 1), because
of Assumption H2, if M is large enough, we get M A(U*) — A[A(U*)] > U*~1/7 > Uk~1 > e. We infer
hence, by the maximum principle, that A(U*) > ¢/M, whence U* > ¢/C, where C = M sup; ||a;(U*)|
(not vanishing because of Assumption H2). O
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(Uniform) L' estimate
We write down the standard L' estimate obtained by a direct integration of the equations :

Proposition 5.2 (H). Assuming that pr < 1/2, the family (U*) satisfies

max / Uk < 227N / U, (5.31)
0<k<N-1 Jq Q
N—-1
> r/ (pU* — R(U*)) < 22PTN/ ue. (5.32)
k=1 79 @

Proof. For (5.31), we prove in fact the more precise estimate for k > 1 :

/QU’“ <(1 pr)*’“/QUO. (5.33)

Indeed, thanks to Assumption H2, (5.16) implies (almost everywhere on 2)

Ulc _ Ulc—l
f

wom [ e [
Q Q

so that (5.33) follows by a straightforward induction. Since 7N = T and pr < 1/2, we have (1—p7)~V <
2207N whence (5.31). Integrating the first equation in (5.16) on €, and summing for 1 <k < N — 1, we
get

— AA(U*) < pU*. (5.34)

Integrating then (5.34) on Q, we get

IZZ:T/QR(U’“)S/QUO,

so that using (5.33),

JZZ__:;T/Q(PU’C_R(U’C)) ngJ:z_:_ll(l_pT)k/ﬂUo_F/ﬂUO
:[ il (1—,07)‘(”—1)—1“}/6[0
1 Q

1—pr (1—pr)~t—
@ pry v |

Q

U< —pT)_N/ U°
Q

and (5.32) follows. O

(Uniform) Duality estimate

We now focus on another uniform (in 7) estimate for this scheme, which is reminiscent of a duality
lemma first introduced in [36], which writes :

Lemma 5.3. Let p > 0. Let p: [0,T] x Q = Ry be a continuous function lower bounded by a positive
constant. Smooth nonnegative solutions of the differential inequality

0w — A(pu) < pu on [0,T] x 9,
On(pu) =0 on [0,T] x 09,

satisfy the bound

/ pu? < exp(2pT) x (C?z el o + <“0>2/ u) ’
Qr @r

0

where u® := x + u(0, ), (u°) denotes its mean value on Q and Cq is the Poincaré-Wirtinger constant.
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The proof of the previous lemma can be easily adapted from the proof of lemma A.1 in Appendix A
of [4]. We are here concerned with the following discretized version :

Lemma 5.4. Fiz p > 0 and 7 > 0 such that p7 < 1. Let (Mk)ogngfl be a family of nonnegative
functions which are integrable on Q. Consider a family (u*)o<r<n_1 of nonnegative bounded functions,
such that for all k, p*u* € HQ(Q), and which satisfies in the strong sense

ub — k1

- A(:U’kuk) < puka on Qa
On(pFuk) =0, on O0.

T

Then, this family satisfies the bound

N-1
ZT/uklukIQS(l—pT)_2N< o0l + 02 7 [ )
k=1 79

Proof. Since pr < 1, the sequence of nonnegative functions v* := (1 — p7)*u* satisfies

N-1

k=1

ok — AM k<=1 ae. in Q,
1—pr

90" =0, a.e. on HN.

Summing from k=1tok=nweget forall1 <n <N —1,

v’ — AS™ <0 ae. in Q,
1—pT

where
S" = TZukvk € H*(Q).
k=1

We multiply this last inequality by 7u"v™ = S™ — "1 (with the convention S = 0) and integrate over
Q. We get

T/ o2 + 1_1 /(vsn—vsnfl).vsn g/uo(sn—sn*),
Q PT Ja Q

1
T n,Un2_|_ /vsn2_vsn712</vosn_snfl'
L+ g [ 197 E = s < [ )

We sum up over n again to obtain

Z /'u ‘Un|2 /‘VSN 12 / OSNfl'

Using Poincaré-Wirtinger’s and Young’s inequalities, the right-hand side can be dominated by

/Q oSN = /Q (SN = (V) + () / gh -1

< Call 20y [VSY 2 + ) [ 7

and therefore,

Calle’llf ||sz 3 N1
< /S

from which we get, since pr < 1,

e S

ni,n o™ uyt -
S [ s ) [ s
n=1 Q Q
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Using Cauchy-Schwarz inequality one easily gets from the definition of SV—!

N-1 N-1
UO /SN71§ T/Mn o2 00)2 7—/!1477.7
(V") A nz::l ; [v™[24] (0°) nz::l A

so that using another time Young’s inequality, one obtains

N-1 N-1
Sor [ < Gl 4 002 S [
n=1 Q n=1 Q

from which we may conclude using v™ = (1 — p7)"u™. O

We eventually apply the previous lemma to get the following estimate :

Corollary 5.2 (H). Suppose pr < 1/2. Then there exists a constant C(Q,U°, A, p, N7) depending only
on Q, A, p, NT and ||U0HL1QH;01(Q) such that the family (U*); satisfies

N-1 I I
> T/Q (Z“k> (Zai(U’“)Uf> < C(Q,U° A p,NT). (5.35)
k=0 i=1

=1

Proof. In order to apply Lemma 5.4 to inequality (5.34), we introduce two families of real-valued func-
tions :

I
k._ k
u .—E Uy

i=1

o iy ail(UR)uk
Y

Dim Uy

Notice that x* is a well-defined nonnegative function on Q and p*Fu* € H? (©) thanks to Proposition 5.1.
Summing all coordinates of the vectorial inequality (5.34), we get (almost everywhere on §2)

— A(tub) < put.
-

Lemma 5.4 yields then the following inequality :

N-1 N-1
Z T/ pFluk 2 < 29PN C(Q, u) (1 + Z 7'/ uk> .
k=0 7% k=0 ‘9

From the definition of x* and u* and the continuity of the mapping A, it is clear that (for any L > 0)
|u*| < L implies |¢*| < C(L), where C(L) > 0 is some constant depending on L and A, so that the
integrals in the r.h.s. may be handled in the following way :

[ <cwiar+ [
Q |uk|>L

1
<cwin+ g5 [ it
Q

Then, if L is large enough to satisfy 2**N7C(Q,u°) < L?/2, we get
N-1
EIﬂ/MWWs2x%Wmmﬂ%wHwammm
k=0

from which we easily conclude. O
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5.3 The entropy estimate for two species

This section is devoted to the elucidation of the hidden entropy structure for equations of the form
(5.2). The results of this section are not really needed in the proof of Theorem 5.1, since the computations
which are presented here as a priori estimates will be performed a second time at the level of the
approximated system.

Let us first recall that in [15] was investigated a system that took the following general form :

Opur — A [(dll(ul) + a12(uz)) Ul} = u (Pl —s11(ur) — 812(“2))7 (5.36)
Auz — Al(daa(uz) + agi(w1)) uz] = uz(p2 — s22(u2) — s21(u1)), (5.37)

under various conditions on the functions d;;, aij;, si;, for 4,5 € {1,2}, One of these conditions was that
both a12 and as; had to be increasing and concave. We intend here to relax this assumption in order
to include several convex/concave cases. Due to the large number of possibilities, the treatment of this
system in its full generality (that is, all possible functions d;;, a;; and s;;) leads to lengthy if not tedious
statements and computations. To ease a little bit the understanding of this entropy structure, we will
present first the specific case of power rates coefficients (subsection 5.3.1) and then treat a more general
framework (subsection 5.3.2).

5.3.1 A simple specific example
Since self-diffusion (d;; functions) usually tends to improve the estimates, we consider the case of
constant self-diffusion rates. Similarly, since reaction terms have no real influence on the entropy struc-
ture, we will not consider them here. Consider hence the following system :
By — A [ul(d1 o )} =0, (5.38)
&uQ—APmM2+u?ﬂ::Q (5.39)
where dy,ds2,7v1,72 > 0. The entropy exhibited in [15], corresponds to the limitation : v; €]0, 1], v2 €]0, 1]

(we speak only about the control of the entropy here). Let us explain how to control an entropy in cases
when 5 > 1 under the condition v; < 1/7s.

We present the following result :

Proposition 5.3. Consider dy >0, do >0 and 2 > 1, 0 <1 < 1/7v2. Let (u1,us2) be a classical (that
is, belonging to €2([0,T] x 2)) positive (that is, both uy and us are positive on Qr) solution to (5.38)
— (5.39) with homogeneous Neumann boundary conditions on 2. Then the following a priori estimates
hold for i = 1,2 and all t € [0,T]

/Q wi(t) = /Q o (5.40)

and

24O g 71/2)2 v2/22 v1/2, v2/2 2 <C 4
s [ @ eC | {172 19 2 4 |V ] g [} < 0rnme: 64D

Proof. Integrating on [0,[x eq. (5.38) — (5.39), we obtain estimate (5.40).

Define
t’Yl t’)’2
hi(t) =t ——, hs(t) := — —t,
1(?) - 2(t) -

so that both functions reach their minimum for ¢ = 1. Define the corresponding entropy

Bluse) o= 72 | a(n) = () + 25 [ fhafun) ~ha(1)]
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Differentiating this functional and performing the adequate integrations by parts, we get the following
identity :

d _
*E(u17uz)+%d1/ i 2|Vu1|2+72d2/ ?|Vus|?
Q Q

dt
+/U’YI'LL ’71 v
Q

Since 0 < 1 v2 < 1, the quadratic form @) associated to the matrix (

2
u1 Vu1 Vuz

2
+ 22— = 0.
u

72
U2

Y2 Y172

is positive definite,
712 N

whence the existence of a constant C' > 0 such as
Qz,y) > C(z* +47).

Using the previous inequality in the entropy identity, we get

d

SE O, 00) £ ndy [ VP
Q
2
+72d2/ 372 Vu|? +C’/ Vu1 Vuz <0,
Ul u2
from which we obtain, changing the constant C'
d 2
EE(ul( ), ua(t)) + O/sz |Vu¥1/2\2 + C’/Q |Vu;’2/2|2 z Vi/ul*ud?| <0. (5.42)

Since hy reaches its minimum at point 1, we have hj(u;) — h(1) > 0, and integrating the previous
inequality on [0, t] leads to

1 t t
i faeree [ [waeeae [ f e
V2 Q 0 JQ 0 JQ
t

Y2
< /Q us(t) + E(ur, u2)(0),

Y2 —1

2
1,72
Vi uq' ug

and the conclusion follows using (5.40). O

5.3.2 The general entropy structure

Let us consider the general form (5.2) in the case of two species. As before, we assume that R = 0 in
order to simplify the presentation.

We will now perform rather formal (unjustified) computations, in order to bring out the entropy
structure. In Section 5.4, all these computations will be rigorously justified (under the corresponding set
of assumptions), at the (semi-)discrete level, in order to prove the existence of global weak solutions to
eq. (5.7), (5.8) [Theorem 5.1].

We consider a function ® : R? — R. If U is solution of (5.2) with R = 0, a straightforward computation
(vet completely formal) leads to

d
a4 /Q B(U) — /Q (VO(U), A[AU)]) = 0,

where (-,-) is the inner-product on R? whence after integration by parts, using the repeated index
convention,

/ (VB(U), AA(U)]) = / (0:0) (U035 [As(U)
Q Q

_/Qaj[(a@)(U)]aj[Ai(U)]

- / 8kaiq>(U)ajukagAi(U)8ju€.
Q
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Summing first in the 7 index, we recognize a matrix product and we can write
d
/QW‘P(U),A[A(U)D = —Z/ﬂ(ajU, D*®(U)D(A)(V)d;U),
j=1

where D(A) is the Jacobian matrix of A, and D*(®) is the Hessian matrix of ®. We eventually get

d
d
A ey +Y / (0,0, D*D(UYD(A) (1), ) = 0. (5.43)
dt Jo = /e
This identity implies that ®(U) becomes a Lyapunov functional of the system, as soon as D?*(®)D(A)
is positive-semidefinite (in the sense of symmetric matrices, that is, its symmetric part is positive-
semidefinite), i.e. as soon as ® is an entropy for (5.2) in the sense of Definition 5.1.

Remark 5.5. Because of the nonnegativity of ®, one easily gets the estimate ®(U) € L°(LL) (depending
on the initial data), but in fact (5.43) often implies much more than this simple estimate for the solutions
of the system. Indeed, in many situations, the second term in the Lh.s. of (5.43) yields estimates on the
gradients of the unknowns (as in Subsection 5.8.1). This will be of crucial importance in Section 5.4,
since no other estimate on the gradients is known for the system considered in this application.

Remark 5.6. In Definition 5.1, the set D depends on the type of system that we consider. It is the
set of expected values for the vector solution U. In our framework, we expect positive solutions, that is
D =R} xRY, but it is sometimes useful to consider bounded sets for D, this is for instance the case in

[29].

We end this section with a simple generic example, for two species, for which we do have an entropy
on R*% x R, and which will cover the specific example treated in Subsection 5.3.1. As explained before,
self-diffusion generally eases the study of the system. To simplify the presentation, we hence assume here
again that the diffusion terms are purely of cross-diffusion type, that is A(U) = (u;a;(uj))i=1,2 with j # 4.
The idea is then simple, if det D(A) and TrD(A) are both nonnegative, then D(A) has two nonnegative
eigenvalues and is hence not far from being positive-semidefinite, in the sense that it would indeed be
positive-semidefinite if it were symmetric; this last property may be satisfied after multiplication by a
diagonal matrix, keeping the positiveness of the trace and the determinant : this will be done thanks
to D? (®). More precisely, we present the following elementary proposition, which explains how to find
a nontrivial entropy of a specific shape (a sum of functions of one variable) when the matrix A satisfies
assumptions often satisfied in generalizations of the Shigesada-Kawasaki-Teramoto model :

Proposition 5.4. Consider ai,az : R} — R, two €1 functions and for X = (x1,22) € R xR define
A(X) = (wiai(z;))i (1 #J),
P(X) := ¢1(w1) + Pa2(2),

where ¢; is a nonnegative second primitive of z v a’;(2)/z (i # j). If a1, a2 are increasing and det D(A) >
0, then ® is an entropy on R x R for the system (5.2), in the sense of Definition 5.1.

Proof. We compute

D(A)(X) _ ( al(Ig) I’lall(IQ)) ’ DQ((I))(X) —_ <wl all(012)> ,

xoah(z1)  as(z)

so that

M) = DDA = (a’l(xz)*a’z(m) aé(ml)*all(%))

is obviously symmetric. If the functions a; are increasing, all the coeflicients of M (X) are nonnegative,
so that Tr M (X) > 0; we also see that

det M(X) = det D*(®)(X) det D(A)(X) >0,

which allows to conclude. O
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Remark 5.7. Let us explain how the computations go if one considers self-diffusion. This amounts to
add to the vector A(X) a vector B(X) = (b;(x;)):, and hence to add to the diffusion matriz D(A)(X)
a diagonal matriz, namely D(B)(X) = diag(b] (z1),b5(z2)). In that case, if one replaces the assumption
det D(A)(X) > 0 by det D(A+B)(X) > 0 (together with b; increasing), then ® is an entropy on R x R
for the system (5.2), in the sense of Definition 5.1. Indeed,

M(X) := D*(®)D(A + B)(X) = D*(®)D(4)(X) + D*(®)D(B)(X),

is a sum of symmetric matrices whence still symmetric, and det M(X) > 0 and TrM(X) > 0 so that @
s an entropy.

5.4 Global weak solutions for two species

We plan in this section to prove Theorem 5.1. The proof is described in subsections 5.4.1 to 5.4.3.

5.4.1 Scheme

Proof of Theorem 5.1 : In this Section, we will just invoke the results stated in Theorem 5.2 of Section
5.2.1. Since in the approximation scheme, the sequence should be initialized with a bounded function,
we will introduce a sequence (U%)y of bounded functions, satisfying U% > nx > 0, and approximating
U in L' N H, Q) x L2 N H,'(Q). In order to apply Theorem 5.3, we have to exhibit the vectorial
functions A and R and check the assumptions H. We define here

R:R% — R? (5.44)
_ (= z1(pr— 2y — a3 |
(@)= GaTRR)
A:RT — R? (5.45)

1 (dy + 23°)
X .

— (xZ (d2 +:L,'1\/1)
We easily check that H1 is satisfied, and since for X > 0, R(X) < max(p1,p2)X and A(X) >
min(dy, d2) X, so is H2. As for H3, this falls within the scope of the particular case treated in the
Appendix (see Proposition 5.6). Indeed,

2 Y2—1
D)) = (B, e
Y1%2Tq da + z{

and this matrix has a positive determinant for x1,zs > 0, since 7172 < 1. We therefore apply Theorem
5.2 (for 7 = T/N small enough) in order to get the existence of a sequence (UX )o<r<n—1, which is (for
k > 1) a strong solution (in the sense of Definition (5.3)) of

Uk — Ukt

T

— AJA(UY)] = R(UE) on 9, (5.46)
OnA(UX) =0 on 0Q. (5.47)

5.4.2 Uniform estimates

We aim at passing to the limit 7 — 0 in identity (5.46). In order to do so, we need uniform (w.r.t.
7, N) estimates. We recall here that thanks to Theorem 5.2, we know that for all p € [1, 0],

Uk ¢ €°(Q)?, (5.48)
U*>narn >0, (5.49)
A(UR) e W2P(Q)2, (5.50)

and in fact, using Proposition 5.6, we see that A is a ¥ '-diffeomorphism from R x R% to itself whence,
using (5.49) — (5.50), the following regularity estimate, for all p € [1, oo],

Uk e WHP(Q)2. (5.51)
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But as noticed in Remark 5.3, estimates (5.48) — (5.51) all depend on 7, and we cannot use them
in the passage to the limit. They will however be of great help to justify several computations on
the approximated system. For instance, (5.50) allows to see that the equation defining the scheme is
meaningful (that is, all terms are defined almost everywhere).
Dual and L' estimates

Thanks to Section 5.2.2, we already have proven three (uniform w.r.t. 7) estimates : the dual estimate
(5.22) and the L' estimates (5.20) and (5.21) given by Theorem 5.2.

Entropy estimate

The following estimate on the sequence (U Jlf/)ogkg ~—1 holds (in this paragraph, we drop the index N
to ease the presentation) :

Proposition 5.5 (H). There exists a constant Kr > 0 depending only on T, Q and the data of the
equations (i, d;, i, sij) such that (for T small enough), for all N € N, the corresponding sequence
(UR)o<k<n—1 satisfying (5.46), also satisfies the following bound :

AVZ ’YQ 521 k\ 529
Ogrzrgsf(—l/ + Z / u2 + (us3) } (5.52)

N-1
Ly {IV(u’f)“/Q2+|V(u’5>”/2l2+‘v (uh
k=0 /€

< Ky (14 [Juf™[l1 + flug® |13

} (5.53)
2), (5.54)

Proof. We introduce as in Subsection 5.3.1 the functions

Yi tYi 1
(z) = —L— —t+1-—).
¢i(2) vi—1 < + ’V')

Since 0 < 7; # 1, one easily checks that ¢; is a nonnegative continuous convex function defined on R,
and smooth on R%, so that for all z,y > 0,

$i(2)(z —y) > ¢i(2) — ¢i(y). (5.55)
We define @ : R? — R by the formula
D (21, x2) := P1(z1) + P2(x2).

Using (5.48) — (5.51), we see that for all k, V®(U*) is well-defined and belongs to € W7 (Q)? for all
p € [1,00[. We take the inner product of 7V®(U¥) with the vectorial equation (5.46) (which has a
meaning a.e.). Using (5.55), we get

O(UY) — o(UY) = 7(VO(U), A[A(UM)]) < 7(VO(U*), R(U")).

We now plan to reproduce (but this time at the rigorous level) the formal computation performed in
Subsection 5.3.2. Since each term of the previous inequality is (at least) integrable, we can integrate it
on €2, and sum over 1 < k </ in order to get

/ o(U*) — Z / (VO(U*), A[A(UR)]) gir/<V¢>(U’“),R(U’“)>+/ o(UY). (5.56)
k=1 9

Q

Now since V®(U*) € WP(Q)? for all p < oo (see above), the following integration by parts rigorously
holds (because A(U*) satisfies homogeneous Neumann boundary conditions)

Q

/ (VB(U), AAUH) Z (0;U" D2 (@) (U7*)D(A) (U)o, %)
Q

= / (VU*, D?(®)(U*)D(A)(U*)VU*), (5.57)
Q
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where D(A) is the Jacobian matrix of A, and D?(®) is the Hessian matrix of ® (and the last line is a
small abuse of notation). At this stage, we know, thanks to Proposition 5.4 and the very definition of
®, that the r.h.s. of (5.57) is nonnegative. However, as noticed in Remark 5.5, the mere lower bound by
0 is most probably a bad estimate. Indeed, we will see that the r.h.s. of (5.57) will allow us to obtain
estimates for the gradient of U* (as it was the case in Subsection 5.3.1). We can first compute D(A)
(recall the definition of A in (5.45) ) and D*(®) :

Y1—2

di + 23 yrizy 2 "M 0
D(A)YX) = 2 2 D (®)(X 1 .
o = (B e ) e = (5 9
Writing D(A)(X) = diag(dy,d2) + Ma(X), we get
/XVUhD%¢thDonuﬂnnﬂ>=/vahn%¢wm@wh@xvﬂvvﬂ
Q Q
+/(VU’“,D2(<I>)(Uk)MA(Uk)VUk),
Q
and since D?(®) is diagonal,
A}VU&D%¢MUQDQM@ﬂNHﬂ>=dW3AhﬁW“ﬂVuﬂl+¢wgéh£WrﬂV%f

+ / (VU*, S(UF)VU*), (5.58)

where S(X) = D?*(®)(X)M4(X). Let us now write

st 2 0 )2 rixpY2—1
S(X) (71 6 Yo—2 2"/1—1 72 1w12

V2o V1T2Xq Zq
Y1—2, .72 Yy1—1,_v2—1
< Y124 zy V17224 o)
- y2—1,_~v1—1 Y2—2 71
Y172X2"  Xg V2o 331
-2 —1
N T ) YTy Y1Y2%y xg
=T Ty “1,.—-1 -2 )
Y17Y2To Ty V2Zo
so that eventually
=L

—_——
1 ~1
0 Mmoo oMz (= 0
S(X) = x V322 L1 Y 1 “1),
(X) = ai'z3 (O ')\ e 0 3"

which means that (the quadratic form associated to) the matrix S(X) acts on W := (wy,ws) through
(W, S(x)w >_x’1le’2Y2<Z7LZ>’

where Z := (w1 /x1,wa/x2). But since 712 < 1, the quadratic form associated to L is positive definite,
whence the existence of a constant C := C(71,72) > 0 such as

2 2
ow.seOW) > 0 (L4 ) agap
171 T3

Going back to (5.58) and using the previous inequality, we get
| (U DR@URDANCHIVOY) 2 di [ )Vl e [
Q Q

v [ (T + 0 byt

(u3)?

> [ {1+ vie)
Q

2

kv (ué)w

)
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where we changed the constant C' in the last line. If we call 'y, the r.h.s. of the previous equality, we sum
up the previous estimates (5.56) and write

4 4
14 k k 0
/Q<I>(U )+I;Trk go(I;T/QN@(U ), R(U )>+/Q<I>(U )).

Since U? (=UY%) approaches U™ in L' (Q) x L"*(Q) and |® (21, x2)| < 1+ |@1] + |22|72, it is easy to check
that |®(UR )1 S 1+ [Jui™[l1 + ||ub"[|22 up to some irrelevant constant (independent of N of course). On

the other hand, ¢; > 0 and 27 < ¢5(2) + 2. Using the L' estimate (5.20) given by Theorem 5.2, we infer
eventually

Y/ Y/
/ (why +3 Ty < C (ZT / (VBUF), RUM)) + 1+ uil s + ||ua”||1;> .
Q k=1 Q

k=1

Obtaining the desired estimate now reduces to handling the reaction terms. Notice that from the
definition of R, R(X) = (p121, p2x2) — R~ (X), with R~ (X) > 0 given by

R(X) = <x1($f“ +x§12)> _

o (5™ + 27™)
Since p = max(p1, p2), estimate (5.21) of Theorem 5.2 implies
N-1 ‘ ‘
> T/QR*(U'C) < O(flur" Iy + llug™[[1)- (5.59)
k=1

Using the definition of ¢;, one easily checks that for all z; > 0, z;¢(x;) < ¢i(z;) + 1, up to some
irrelevant constant. We hence get

Y/ VA
JRCEED S C[ZT [ a@h) 1 s+ ||u§”||1§]
k=1 k=1

14
—czr/w@(m),R—(Uk)),
k=1 7%

which, using ¢1(z) <14 2z and ¢2(2) < 1+ 272 together with estimate (5.20), may be written
‘ ¢
L+ X< e[ Xor [y i + 1]
Q2 k=1 k=1 7%

4
— T k —(U*)).
3 [ ot mwh)

Expanding (V®(X), R~ (X)), we get
(VO(X), R™(X)) = ¢1(z1)ar (27" +25'2) + ¢ (w2) w25 + 277).

Since 2 > 1, we can write ¢4(x2)xe = co(23® —x2) with ¢ > 0. Furthermore, if 21 > 1, one easily checks
that ¢} (x1) > 0, and on the other hand, z1 — 21} (x1) continuously extends to R, and is hence lower
bounded for z; < 1 by some negative constant m;. All in all, we get for X € Ri the estimate

(VO(X), R (X)) > ma (2" +25"2) + c2(23” — x2) (25 + 27",
whence
coy” (257 + 27*) — (VO(X), R™(X)) < [mu|(a7" + 23"%) + coza (25> + 27*").

Remember now that s17 < 1 and s12 < 72 + s22/2. The last inequality implies in particular the existence
of a constant C' > 0 such as |mq |32 < C + cox721522 /2] 50 that we have using z{'' <1+ 2

C
S 03 (@5 ) — (VR(X), R (X)) < |ma|(1+ 1) + eawa(a3 + a3,
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and we may eventually write (changing the constant C again)

¢ ¢
/Q(ug)’m —‘,—ET/Q(UIS)’Y? {(ullc)szl +(u’§)522}+;ﬂ‘k (5.60)
4
50(27/9( 5)7% + 1 [fui®fl + [z |13 ) (5.61)

where we used estimates (5.20) and (5.21) (with its consequence (5.59)) to get the estimate
¢ ¢ _ _
S [+ S r [ bty + ) < Ol + ),
k=1 7% k=1 79

We may now conclude using a discrete Gronwall Lemma. Indeed, if we call w, the first integral in the

Lh.s. of (5.60) and define wo := C(1 + |lu"||1 + [Jug*||72), we have (since T’y > 0)

-1
(1-Cr)w, < CTZwk + wo,
k=1
whence, as soon as C1 < 1,
-1
(1—Cr)fw, <Cr Z(l — o) w4+ (1 — C1) g,
k=1
from which we get by a straightforward induction
wo
wy < ——9
CSa-ont
and the conclusion of the proof of Proposition 5.5 easily follows from this last estimate. O

5.4.3 Passage to the limit
We come back to the proof of Theorem 5.1. We introduce at this level the

Definition 5.4. For a given family h := (h*)o<k<n_1 of functions defined on Q, we denote by WY the
step (in time) function defined on R x by

N—

,_.

h* (x Y kr, (k+1)7) (1)
k=0

We then have by definition, for all p,q € [1,00],

N—1 1/a
[ = D 7lr*)e
= (o, mee@) — LP(Q) ’

k=0

and in particular

1/p
12N lLe @) =<Z /Ihk I”dx> :

Using an analogous notation for the family of vectors (U jlf/)ogkg N—1, one easily checks that equation
(5.46) can be rewritten as (since the functions are extended by 0 on R_)

N—-1

UN = (U —UN™) @ 6 + UR @ 6 in 2'(] — 00, T[xQ)? (5.62)
k=1
N-1

=Y T(AJAUR)] + R(U*)) @ 6, + U @ 8y in Z'(] — 00, T[xQ)?, (5.63)

k

1
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where t* = k7 and §,» is the Dirac mass centred on t*. We intend to pass to the limit N = 1/7 — oo in
eq. (5.63).

In order to do so, let us recall the bounds (all are uniform w.r.t. N) obtained so far :

w ™ +upN e L (L),
(Y +ud)((di + (Wd)?)ul + (do + (u] )™ )ud)e Ly ,,
wu™ +upNel?,,

(5.64)
(5.65)
(5.66)
ud € L (L)), (5.67)
(5.68)
(5.69)
(5.70)

()7 {(u)™ + (uh))** e Ly, 5.68
V() )"/?el],, 5.69
V(ud)/?ely,, 5.70

where (5.64) is a consequence of estimate (5.20), (5.65) is a consequence of estimate (5.22) (both in
Theorem 5.2), (5.66) is a consequence of (5.65) (each term is nonnegative) and (5.67) — (5.70) are all
consequences of estimate (5.52) in Proposition 5.5. Then, thanks to (5.68) and (5.66), we have the uniform
(w.r.t. N) bound

.
u¥ e L), fori=1,2. (5.71)

t,xr

This means that (u)?/? is bounded in Lf;, so that using (5.65) and writing for i # j

eL?, ezt
we get the uniform (w.r.t. N) bound
AUM) e L, x LL,. (572

As for the reaction terms, the coefficients s;; are precisely chosen in such a way that the correspon-
ding nonlinearities may all be handled. Indeed, s;; < 1, so that (ul)*u+! ¢ L using (5.66). Then

t,x
(ud)s22+t ¢ L%; using (5.68). Also, since s91 < 2, we see that

I+
€L, eL?

g
ud (ulV)e2 =ud (ul )52 (W) e L

where 1/75 + 1/94 = 1. Now if s19 < 72/2, we know from (5.65) that uf’ (ud)*12 € L%; Otherwise,
Y2/2 < s12 < Y2 + $22/2, and we use (5.65) and (5.68) in order to get

N
€Ly, €Ly,

u ()2 = (ud )2/ ()20 e T,
Finally, all previous bounds being uniform (w.r.t. N), we get the uniform (w.r.t. N) bound
N 1t 1t
RU™) € Ly, x Ly . (5.73)

The previous bounds allow (at least) to obtain (up to extraction of some subsequence) L%,:c weak conver-

gence (thanks to Dunford-Pettis Theorem) for (U™ )y, (A(UN))n and (R(U™))y. The strategy is then
classical : one has to commute the weak limits and non-linearities, possibly by proving some strong
compactness. Estimates (5.69) — (5.70) are of course very helpful in this situation, since they show that
oscillations w.r.t. the x variable cannot develop.

But since we kept in our assumptions the possibility that o > 2, estimate (5.70) degenerates. Indeed
Vf= % f SRV, f72/2 and for small values of f, no information on V£ can be recovered from V( fr2/ ).
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This type of situation is frequent in the study of degenerate parabolic equation (such as the porous
medium equation for instance) and the usual Aubin-Lions Lemma cannot directly be applied. Notice that
for (ud¥)y, there is no such issue : (5.69) automatically yields an estimate on Vul' (this is the strategy

used to recover compactness in [8, 15] for instance ) : Vul¥ = %(g{v) =" V(u)71/2 is bounded (at least)

in L1 . Indeed, (u; )2_% is bounded in L?,/z@_’“) thanks to (5.66) and V[(u])"*/?] is bounded in L?,/_T(H%)
since it is bounded in L2 (because of (5.69)). Furthermore, let us write S, (UY) : (t,z) — UN (t — 7, ).

Using (5.72) and (5. 73) to get the (uniform w.r.t. N) bound
- S,U" N N 1 2,1
S AJA@Y)] 4 REY) € LHWS) < LEW, ),

one can then apply a discrete version of Aubin-Lions lemma to (u¥)y (see for instance [18]) to recover

strong compactness for (u})y in L1

To prove that (ud)y is relatively compact in L}, we first evaluate (5.63) on some test function

U e 9(] — 00, T[xQ)?, to get

t,x>

o™ ‘I’@'@—Z / I+ ROK). %) + [ (0%.90)

N-—
_ k & & 0

Using estimates (5.72), (5.73) and (5.64), we hence have (using N7 =1T)
(0T, W) g ] < Cr|¥| oo (i)

where L is a sufficiently large integer. Using this estimate together with (5.70), we may apply Corollary
5.3 of the Appendix to get that (u} )y is relatively compact in L2 (]0, T[x£2). Then, up to the extraction
of a subsequence (using the L'-equi-continuity of (ud)y)

uN — U in L'([0, 7] x Q) x LY([0,T] x Q). (5.75)

N—o00

This strong convergence ensures that the weak limits of (A(U™))y and (R(U™))y are respectively
A(U) and R(U).

We now can go back to (5.74), and write it as

[ [ om Z [ @lawin+ mwk). v + [ 3. w0,

so that a straightforward density argument allows to replace ¥ by some test function ¥ lying in

% ([0, T[; €7 ()%
We get,

_/OT/QWN,@@ :/TT/Q<A<UN),A@7>+/TT/Q<R(UN),@W>+/Q<U?v,‘1'<0)>,

L= (0.T1%9) o

where

N—o00

N-1
\T/N(t,x) = Z \I/(tk7l')1]tk,tk+1}(t)
k=1

and we have the same convergence for AU towards AU. We now know that the three sequences (QN )N
(A(UN))y and (R(U™N))n converge weakly (up to a subsequence) in L%’x, so that the three first integrals
of the equality will converge to the expected quantities, that is,

—/OT/Q<UN,at ) / / (U,0,% (5.76)
/TT/Q<A(UN),A\IJN N%o/ / (5.77)
/ ' | ). v — / | #w

(5.78)
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whereas for the initial datum,

[wsvo) = [ wrwo), (579)
Q N—oo Jo

thanks to the fact that (U%)y approaches U™ in L' (Q) x L??(£2). We have proved that U is a nonnegative
local (in time) (very) weak solution to (5.7)-(5.9) on [0, 7] x €2 (that is, the weak formulation (5.11)—(5.12)
is satisfied for all ¢y, 19 in €1([0,T),62())).

Let us now show that we can extend U on R x Q so that it gives a global (in time) solution. To do
this, we make appear explicitly the dependency in 7 (and then indirectly in T'= 7N) of our semi-discrete
approximation : we write QITV the function ¥ defined in Definition 5.4. Notice that it is then clear that
given an infinite sequence (h*)rey of functions defined on Q, for all m € N — {0} the function 2™ is
well defined on R x © and it coincides with A on [0, mT] x Q, where h_(t,-) :== 32 0 hFLkr (ky1)r) (£).
Applying iteratively Theorem 5.3, we get the existence of an infinite sequence (U*)rcn solving (5.16) and
satisfying (5.17)(5.22) with N replaced by any N’ > N. Then U™ is defined for all m € N — {0} and
it furthermore coincides with U_ on [0, mT] x €. Extracting subsequences, we can perform the proof of
convergence on [0, 277, [0,3T], ..., so that by Cantor’s diagonal argument, we get that convergence (5.75)
(together with the existence of the limit U) and convergences (5.76)—(5.79) hold true with T replaced by
mT and U replaced by U™ (or equivalently by U_), for any m € N — {0} and for ¥ any test function
in €1([0,mT[; €2(Q))2. At the end of the day, U is defined in L, (R, L' () x L} .(R;, L?(Q)) and is
a global (in time) (very) weak solution to (5.7)—(5.9).

To conclude the proof, it suffices to show estimates (5.13), (5.14), (5.15) for any s > 0. This is done
by passing to the limit N — oo in estimates (5.20), (5.22) and (5.52), with 7" and N replaced by some
mT > s and mN. We use the strong convergence of U in L' ([0, mT] x Q) and Fatou’s lemma to compute
the limits in (5.22) and the two first integrals in (5.52). To compute the limits of the remaining terms in
(5.52), we notice that (u;)"/2, (u,)12/2, (u;)/2(ul,)72/? are bounded in L**([0,mT] x Q) (thanks
to estimates (5.65) and (5.68)), hence the weak convergence of these sequences in L2([0, mT] x Q), and
use the weak lower semi-continuity of the norm in L*([0,7mT] x Q) on the sequences of the gradients.
To get (5.14), we first use again the strong convergence of UY in L'([0,mT] x Q) and Fatou’s lemma
to compute the limit in (5.20), which gives that U is in LiZ (R, L*(Q)). It does not give directly the
very estimate (5.14), but it is sufficient to compute rigorously for i # j and for almost every s € R
(by taking in identities (5.11)—(5.12) a sequence of functions v; which are uniform in space, ¢! in time,
uniformly bounded in L (R ) and approximate the function 1¢jo 5 in BV(R} ), that is the sequence of ¢);
approximates 1;¢[g s in Llloc(RJr) and the sequence of the derivatives 9;v); approximate 0;1;¢(0,) = s —Jo
weakly in the sense of Radon measures on R )

/ U,’(S,$) dex = / / ui(t,x) (pi — Ui(t7x)5ii — uj(t,;l:)sij) dz dt < pi/ / Ui(t,l‘) dx dt,
Q 0 JQ 0 JQ

and we conclude using a Gronwall’s lemma.

5.5 More systems

In this section, we explain on two examples how our methods can be used to prove existence theorems
for other systems.

5.5.1 Two-species with self-diffusion

As we stated in Remark 5.2, the proof of Theorem 5.1 applies to more general systems. It is possible
indeed to replace the power laws by general increasing continuous functions (without changing the
structure of the proof) or to include self-diffusion coefficients. We focus here on the second generalization.
As a matter of fact, reproducing mutatis mutandis the arguments shown before, one is able to prove the
existence of global weak solutions to some systems of the form

8tu1 — A[ulal(ul, U/Q)} = O7 (580)
= O7

&gUQ — A[uzag(ul, UQ)} (581)

where a; and ay are defined by (5.5), with d;; > 0. Actually if we look closely at the proof above,
apart from the usual conditions of positivity of the coefficients d; (and nonnegativity of d;;, J;;) the only
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constraint is that the diffusion matrix has a strictly positive determinant, which can be summarized in
the algebraic condition, for all x1,x > 0,

dy + dy1 (611 + 12 + dypad? di9019252

> 0. 5.82
d21521mf2171x2 da + do2(d22 + 1)3:322 + d21x?21 ( )

As it was noticed in Remark 5.7, the condition (5.82) ensures that the entropy defined in the self-diffusion-
free case (that is, taking dy; = d22 = 0, as in Theorem 5.1) will also be an entropy for the system with
dy1, d22 > 0. But condition (5.82) also implies (see Proposition 5.6) that condition H3 is fulfilled. The
pattern of the proof of Theorem 5.1 is hence left intact : the same approximation procedure applies
and similar estimates may be obtained (including the Duality estimate which forbids any concentration
phenomenon). The only step for which one has to be a little bit cautious is the gradient estimates. Let
us explain why, as far as gradient estimates are concerned, the self-diffusion term will in fact help us. As
usual we rewrite system (5.80) — (5.81) as a vectorial equation

U — AM((U)] =0,
where M (X) may be splitted in this way
M(X)=A(X)+ B(X),

with A(X) a vectorial mapping corresponding to the self-diffusion-free case (di; = das = 0) and B(X) =
(dgx3% ), This implies of course that D(M)(X) = D(A)(X)+D(B)(X) where D(B)(X) is the diagonal

matrix

d11(§11 -+ 1)13(1511 0 )

D(B)(X) = ( 0 (825 + 1)

Now, if we have a set of coefficients d;, d;, d;; for i # j satisfying the assumption of Theorem 5.1 for the
corresponding self-diffusion-free system (vectorial mapping A), then we will be able to handle the more
general case of the system including self-diffusion (vectorial mapping M = A+ B) as soon as d;;, §;; > 0.
Indeed, recall that in the previous section, we exhibited a convex entropy ® such that D?(®)(X)D(A4)(X)
is a positive symmetric matrix with (using the notation 4 = d12, y2 = d21)

praon = (10,
so that
D(@)(X)D(B)(X) = (“““W“Z 0 )

Y2+022—2
0 Wals

where w; are nonnegative coefficients (strictly positive as soon as d;; > 0). It is now clear that if we
reproduce the entropy estimate, that is, we apply the quadratic form D?(®)(U)D(M)(U) to the vector
VU, we will have a positive part coming out of the term D?(®)(U)D(A)(U) (which is in fact already
lower bounded by gradients) plus the following term

(VU,D?(®)(U)D(B)(U) VU) = w1 |V [2u]* T2 4 0y | Vg |2ud2 02272
40.)1

(71 + 611)?

so that we do manage to control more gradients.

(714+611)/2)2 dws (v2+622)/2|2
+ ——|Vu ,
1 ‘ (72 +522)2| 2 |

Now that we have made sure that systems with self-diffusion can be treated with our method, let us
discuss the use of these self-diffusion coefficients when one wishes to treat cases that fall outside of the
scope of Theorem 5.1. The idea is the following : in our proof the core condition v;v2 < 1 was designed
to ensure the positivity of det D(A). If we consider more general cases in which 17y, > 1, it could happen
that det D(A) takes negative values but that det D(M) remains strictly positive (where M = A + B,
that is, self-diffusion is added). In this way, on gets an entropy estimate thanks to the presence of self
diffusion. This is for instance the strategy used in [29] in the proof of Theorem 4. This Theorem gives
global weak solutions for the system

3tu1 — A[u1 (dl + dllui + dlgui)] = 0, (583)
3tu2 — A[Ug(dg + dgzug + dglui)] = O, (584)
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under the condition 1 < s < 4 and (1 — 1/s)djada; < dy1d22 (plus assumptions on the initial data).
As explained in [29], the condition (1 — 1/s)dj2de1 < di1das appears naturally when one looks for the
systems having an entropy structure, whereas the second one (1 < s < 4) is only used in the regularization
procedure.

Using our method of proof, we are able to prove the existence of global weak solutions of (5.83) —
(5.84) under the less stringent condition s > 1 and

2
s—1
dyidae > <S+1) dy2doy, (5.85)

without any upper bound on s (because in our approximation procedure, we do not regularize the
diffusion matrix). Notice that this bound is indeed less restrictive that the one obtained in [29], since

2
(g;}) <1-1/s.

Let us explain how condition (5.85) appears at the level of the entropy structure. As we did in
Subsection 5.3.2, the following equality holds for any function ® : R? — R,

d
at Jo

<1>(U)+/Q<VU,D2<I>(U)D(M)(U)VU> =0, (5.86)

where as before M = A + B (self-diffusion-free + self-diffusion). As explained above, we have to check
condition (5.82) for the coefficients of the system (5.83)—(5.84). It amounts to find the coefficients such
that

d1 + d11(8 + 1)33“19 + d12£§ dlgsl‘;_llj

) >0, 5.87
dor s s dy + doa(s + 1)x§ + doy x5 (587)

that is
(dy + d11(s + D)5 4+ dioxs)(dy + daa(s + 1)as + doyxf) — doydips®aizy > 0,
that we can also write (since we need the inequality for all z; = x5, 2z = x5 > 0)
V(z1,22) € Ri, dvda + L(z1,22) + Q(z1, 22) > 0,

where L : R? — R, is linear and @ : R? — R is a quadratic form. The previous inequality is true if
(and only if) the quadratic form @ takes nonnegative values on Ri . if @ is negative at some vector
(21, 22), Q(\(z1, 22)) = A2Q(z1, z2) will eventually dominate dyds + AL(21, 22) for A large enough. Now
notice that if a,b > 0, the quadratic form az? 4 bz2 + cz; 2o takes nonnegative values on Rﬂ_ if and only
if ¢ > —2vab (this condition is much less restrictive than imposing @ nonnegative). For our quadratic
form @, it means that

di1daa(s +1)% = (s> = 1)dordi2 > —2+/d11d21d22d12(s + 1),
that is (lelleg first by dlgdgl), if (deﬁning X by (S + 1)\/ d11d22 = X\/ dlgdgl),
X242X — (s> - 1)= (X +s+1)(X —(s—1)) >0.

We recover therefore the condition X > s— 1, which is equivalent to (5.85). We notice that this condition
implies in fact a stronger estimate than (5.87) : the same estimate holds taking d; = da = 0 (the quadratic
form depends neither on dj nor on dg). This means that we can keep these pure diffusion terms to control
the gradients as we did before. More precisely we have

det (D(M) - diag(dl,dg)) >0,
whence if ® is the entropy function considered in the previous section, the matrix
D?*(@) (D(M) ~ diag(ds, ds))

is symmetric, has strictly positive trace and determinant : it is (symmetric) positive-definite. Hence,
going back to (5.86) we get :
d

— <1>(U)+/<VU,D2q>(U)diag(d1,d2)VU> <0,
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which, as we have done before, is enough to control Vuf/ % in Lf’w. Finally, our result enables to extend

significantly the results of Theorem 4 of [29]. Note however that in comparison with Theorem 4 of [29],
our global weak solutions will only satisfy uf/ e L2(H}), whereas in [29] they also satisfy the stronger
estimate u? € L7(H). This is not really surprising, since the condition (5.85) that we exhibited is less
restrictive that the one in [29]. The philosophy behind this is the existence of two possible uses for
the self-diffusion matrix D(B)(X) : one can use it in order to obtain more gradients (as we did at the
beginning of this Subsection); one can also use it to stiffen the underlying entropy structure. The less
one uses D(B)(X) for one of these two tasks, the more one can exploit it for the other one. Note finally
that thanks to our approximation procedure, we can remove the upper-bound s < 4 in [29].

5.5.2 An example with three species

Consider the system

8tu1 — A[ul a1 (UQ,U;),)] = 07 (588)
Oyug — Alug as(u, us)] =0, (5.89)
8{[1,3 - A[u;g ag(ul,u2)] = 0, (590)
with, for 0 < s < 1/\/§ and dy,ds,ds > 0,
ay(ug,uz) = dy +ujy +u3, ag(ur,us) =ds+uj +uj, as(ui,ug)=ds+uj+ us. (5.91)

We claim that 1) this system has a convex entropy and 2) the system satisfies (H). Then we explain
briefly how we can use these two claims to obtain an existence theorem.
We first present a convex entropy for this system. Define

h(t) ==t ——
(1) =t—=
Let us check that

B(uy, up, us) = %[h(ul) + h(us) + hlug) — 3h(1)]

1 _
is a convex entropy on (R* )? for (5.88)—(5.90) in the sense of Definition 5.1. Since the function h reaches
its minimum in 1, ® is nonnegative and @ is clearly convex. For all U = (u1,us,us) € (R%)3,

DXo(U)=| 0 uj
0 0 uy?
) ) (5.92)
dq + uj + uj Suj Uy sugug
DA(U) = sugui™t do i Fui  sugui !
sus u‘{*l sus u‘;*l ds + uf + uf
Therefore, the matrix
(dy + u 4 ug) ui 2 sui gt sus Tt ug
D?®(U)DA(U) = suy tusiT? (do + w5 + ug) uy 2 suy tuy !
suy tul! susy tuy (ds + uf 4 u3) us >
is symmetric. We use Sylvester’s criteria to check that it is positive definite : that is, writing
D * D3 *x x
DAWU)=D; = 2owl =« % x|, (5.93)
x % x % %
and
C 03 * *
D*(®)(U)D(A)(U) =Cy = | 2 = * * x|,
*x % x ok %

with C; = diag(uj2,...,u}"7) x D, it suffices to check that det(C;) > 0 for i = 1,2, 3. Since det(C;) =
ufT? X - xuisF x det(Dy) for i = 1,2,3, it amounts to check that det(D;) > 0.
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Clearly, D3 = d; + u5 + u35 > 0. Furthermore,
dy + u§ + uf suy u§71
S U u‘i_l da + uf + uf
(di 4+ u3+u3) (da +uj +u3) —s
= (dy +u) (do +uf +ub) +u (do +ul) + (1 — s?) uuf > 0.

det (DQ) =

18 uj

Then, (directly, by Sarrus’ rule)

det(D3) =det(DA) = (dy +uj +uj) (dg + uf +uf) (dz +uf +uy) + 25 u uf uj

—(d s S\ 2,8 8 s s\ .2 (594>
1+ us +u3) suj uy — (do + uj +u3)s

uduf — (ds + uf +uh)s® uj us.
Since s < 1/v/3,

1 1
(dy +u3 +u3) s*uzuy < (i +u3 +u)ujus < S(di+u3+u3) (do+uf +u3) (ds +uf +ud),

and similarly,

Pujul < g(diFup +ug) (da +ui +u3) (ds + ui +up),

1
3

(do + u3 4+ u3)s

2

(ds + uj +u3)s” uf uj < =(dy + uj + u3) (d2 + ui + u3) (ds + uf + u3).

Summing the last three inequalities and reinserting in (5.94), we get
det(Ds3) > 2s% uj uf uj > 0. (5.95)

Finally, det(C;) > 0, so that Sylvester’s criteria ensures that D*(®)(U)D(A)(U) is positive definite.
We have proven that & is an entropy on (IR’_’;_)?’ for (5.88)—(5.90). Let us now explain how this entropy gives
(at least, at the formal level) estimates for the gradients of the solutions of (5.88)—(5.90). First, notice
that in this subsection, the only assumption used for the parameters d; is nonnegativity. In particular,
all computations above hold if we take d; = do = d3 = 0. Therefore, the matrix

D?(@)(D(A) — ding(ds, ds.ds) )

is (symmetric) positive-definite for all U € (R%.)*. Then, consider a solution U of (5.88)—(5.90). A (formal)
straightforward computation shows that (5.86) holds. Using the positivity of the matrix D?(®)(D(A) —
diag(dy, ds, d3)) in (5.86), we get

% Q(I)(U)—&—/Q(VU, D?®(U) diag(dy, da, d3)VU) < 0.
Integrating on [0, 7] and using the computation of D%® in (5.92), this gives an estimate for Vuf/2 in Lf,z
(i=1,2,3).

Let us now check that the system (5.88)—(5.90) satisfies assumption (H). H1 and H2 are clearly
satisfied (with a; > « := min(dy,ds,d2) > 0). Assumption H3 is given by Proposition 5.7 and Remark
5.8. Indeed, recall the notations (5.93). Reusing computations (5.93)—(5.95), we can easily check that
det(D3) > 0 on (R%)3, det(Dz) > 0 on R% x R% x {0} and det(Ds) > 0 on R% x {0} x {0}. By a
symmetry argument, the assumptions of Remark 5.8 are verified, so that the conclusion of Proposition
5.7 holds, that is, H3 is satisfied.

To conclude, assumption (H) allows to consider the semi-discrete approximation (5.16). More preci-
sely, Theorem 5.2 gives the existence of a sequence of smooth solutions of the semi-discrete approximation,
which furthermore satisfies (uniformly w. r. t. the time step) the estimates (5.20)—(5.22). By Remark
5.4 the sequence also satisfies (uniformly in the time step) some gradient estimates given by the entropy

structure described in this subsection (Vuf/ % in Lix, i = 1,2,3). These estimates enable to get the

strong compactness of the sequence in L%,a:' After extraction of a converging subsequence, the limit gives
a solution of (5.88)—(5.90).
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5.6 Appendix

5.6.1 Examples of systems satisfying H3

In this section, we provide sufficient conditions on the functions a; : Rﬁ_ — R, allowing to prove
that

.l I
AR, — R,
I al(X)xl

xr ar(X)xy

is a homeomorphism from Ri to itself. More precisely, in our framework assumptions H1 and H2 are
satisfied for the functions a; (that is, continuity and positive lower bound) and we assume the existence
of a convex entropy. This last property implies in particular that A is non-singular with det D(A) > 0.
We investigate two cases where these assumptions allow to prove that A is a homeomorphism, that is,
H3 is satisfied.

Two species with increasing diffusions

We start here with the case when I = 2 (two species).

Proposition 5.6. Assume that ai,as : Ri — Ry are continuous functions, lower bounded by o > 0.
Assume that on Ry x Ry, A is strictly increasing (that is, each component is strictly increasing w.r.t.
each of its variables) and that on R x R%, A is €' and det D(A) remains strictly positive. Then A is
a homeomorphism from Ri to itself and a €' -diffeomorphism from (]R*Jr)2 to itself.

Proof. 1t suffices to prove that A is a bijection from ]Rf_ to itself. Then, the inverse function theorem
ensures that A is a diffeomorphism on (R* )?. Thanks to the positive lower bound for a; and as and the
continuity of A on (R )2, it is easy to check that A~! is continuous on (R, )2.

Let us fix (f,g) € R and find (u,v) € R% such that A(u,v) = (f,g), that is

Ai(u,v)\ _ fai(w,v)u) [ f
(AQ(U,’U)) o (ag(uw) v) - (g) ’
We first solve the first equation, considering u as the unknown : for any v > 0, the function A;(-,v) :
u € Ry — aj(u,v)u € Ry is strictly increasing (by assumption) and onto (due to the continuity
and positivity of a1(-,v)). Therefore it is a bijection : we write v = wuy(v) the only solution in R, of
ay(u,v)u = f.

The monotonicity of A; (in v and v) implies that uy is strictly decreasing on R;. This together with
the continuity of A; on Ri implies that u; belongs to the class €°(Ry) : indeed, for any v > 0, if v,
is a decreasing (resp. increasing) sequence converging to v, then uy(v,) is increasing (resp. decreasing)
and upper (resp. lower) bounded by ws(v), therefore it converges to some limit ! satisfying A(l,v) =
lim A(ug(vy),v,) = f, that is, I = us(v). Furthermore, we have on (R*)?, det D(A) = [9,41][0,A2] —
[01A43][02A1] > 0. By the assumption of monotonicity of A, the four derivatives appearing here are
nonnegative, hence 0,4; > 0. Therefore by the implicit function theorem, u; belongs to the class
¢ (RY), and for all v > 0, w}(v) = —{0y A1/ Ar }(u, ug(v)).

We then inject u = us(v) in the second equation : we want to solve az(uys(v),v)v = g. For v > 0, we
compute the derivative

Op{Aa(ug(v),v)} = [u}(v)0u Az + 0y As](u s (v), v)

1 <8uA1 Ov Ay

= o4, 0,4, avA2> (ug(v),v) > 0.

The function v € Ry — as(us(v),v)v € Ry is continuous, strictly increasing by the previous computa-
tion, and it is onto (by continuity and thanks to the lower bound for as). We write vy , the only solution
v >0 of ag(us(v),v)v =g. Then (u,v) = (us(vy4),vy,q) is the only solution of A(u,v) = (f,g). O
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A nonsingular on the closed set Ri

In the following, we prove the statement

Proposition 5.7. Assume that the functions a; : Ri — R4 are continuous and lower bounded by o > 0.
Assume that on Rﬁ_, A is €1 and nonsingular with det D(A) > 0. Then A is a homeomorphism from Ri_
to itself and a €' diffeomorphism from (R%)! to itself.

Remark 5.8. The restriction “A is €* on the boundary” does not allow the use of every power z)” in
the cross dependencies (they typically need to be bigger than 1). However we can see in the proof (Step
3) that the assumption that A is €1 and nonsingular on the closed set Rﬂ_ is not optimal : it could be
replaced by the weaker assumption that the restriction of A on any half-(sub)space of the form [],_, ;m,
with m; = {0} or R%, is € and nonsingular.

This stronger version of the proposition would include the case of small (less than 1) power 7.

%

Proof. The proposition is essentially adapted from Hadamard global inverse mapping theorem and
might be derived from [24]. We prove here the main points. For convenience we write A; the res-
triction/corestriction of A from (R%)! to itself, 4| : (R1)! — (R%),z — A(x). Note that indeed
A((R3)T) € (R%)! thanks to the positivity of the functions a;, so that A is well-defined.

Step 1. The functions A and A| are proper. We claim that :

Inverse images by A of compact set of R% (resp. (R%)’) are compact sets of RL (resp. (R%)7).

Let K be a compact set of Ri, then it is included in [m, M]? where m > 0 if the compact is a subset
of (R%)!. Thanks to the positive lower bound « for the functions a;,

Ai(x) <M = x; < o~ 'M.
It follows, by continuity of the a;, that
2]|oo < @ 'M = max(a;(x)) < Cla™'M),
and finally
A(z) € [m, M)! = z € [C(a™ M) 'm,a ' M]! = [m/, M),
We conclude using the continuity of A that A=!(K) is then a closed bounded set of [m/, M']! (with

m’ > 0 for the case (R7)7).

Step 2. The functions A and A| are surjective. We claim that
ARL) =RY and A((RY)!) = (R

We use the property that the image of an application which is proper and continuous is a closed set.
Thanks to the previous step, this property applied to A and A gives that A((R’_’;_)I ) is a closed set of
(R%)? (for the induced topology on (R} )!) and A(RL) is a closed set (of R%).

The assumption of nonsingularity of A implies by the implicit function theorem that A((R%)?) is also
an open set of (R%)’. By connectedness, we therefore have

A(RY)T) = (R}
Then since A(R%) is a closed set of R containing (R*%)! = A((R%)"), we get the conclusion

ARL) =RL.

Step 3. The functions A and A| are one-to-one. Finally, knowing that A, is onto from (Rj_)l to
itself we can use theorem B in [24] to conclude that A is a bijection. To prove it is also the case for A
on Ri, we only need to prove the injectivity on the boundary.

We write OR. = U;{z € RL : z; = 0}. Let us notice that thanks to the positivity of the functions
a;, it suffices to show the injectivity on each of the spaces {x € Ri : x; = 0}. Without loss of generality,
we consider the set {z € Ri : xzy = 0} and we want to show that on this set A = (41, -+, A;_1,0) is
one-to-one. Therefore, the initial problem of size I reduces to the problem of size I — 1 which consists in
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showing that the function A := (Ay,---, A;_1)(-,0) : Rfl — Rfl is one-to-one. The function A is ¢!
and nonsingular since for all z € ]Rfr_l,

O<daDMX@M:da<%%&? gééQ:mAiMdaDdxm.

Therefore, it satisfies the assumptions of Proposition 5.7 with I replaced by I — 1. We conclude by
iteration on the integer I, noticing that in the case I =1 we have R} = {0} and the injectivity on the
unit set {0} is obvious.

This ends the proof. O

5.6.2 Leray-Schauder fixed point Theorem

This fixed point Theorem may be stated in the following way (see for example Theorem 11.6 p.286
in [21]) :

Theorem 5.4. [Leray-Schauder| Let B be a Banach space and let A be a continuous and compact
mapping of [0,1] X B into B such that A(0,2) = 0 for all x € B. Suppose that there exists a constant
L > 0 such that for all o € [0,1],

Ao,2) =2 = ||z|ls < L.

Then the mapping A(1,-) of B into itself has at least one fixed point.

5.6.3 Elliptic estimates

We start by recalling the following standard elliptic estimate (see for instance Theorem 2.3.3.6 in

[25])

Lemma 5.5. For any p € (1,00) and any regular open set 2, there exists positive constants M, o and
Cp.a such that for all M > M, q,

Mw — Aw = f € LP(Q),
e Wil — wlwas ) < Cpallfly-

Using this result we get the following useful Lemma :
Lemma 5.6. Let f € L°(Q), and let w satisfy
weH2(Q), w>0, —Aw < finQ.
Then there exists C := C(Q2) such that
[w]loo < C (1 flloc + llwll1) - (5.96)
Proof. First, we fix p € (d/2,00) and M > M, o (see Lemma 5.5) and rewrite the equation as Mw—Aw <
f + Mw. Using w > 0, the comparison principle, the elliptic estimate of Lemma 5.5 and the Sobolev

embedding W*?(Q) — L(Q), we get

lwlloe < € (I1F + Muwly) < C (IFllp + Mllw]l,)
< C (Iflly + M) &% w]?)
< C(Ifllp + llwlloe + e(@)llo]lr) (Young’s inequality),

and we conclude by choosing € small enough. O

Remark 5.9. Obviously, the conclusion of Lemma 5.6 would be the same when one only assumes that
f e LP(Q), for some p > d/2.
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5.6.4 An Aubin-Lions Lemma for degenerate estimates

Here a < /3 are two real numbers and Q C R? a smooth and bounded open set. We consider a function
O € €' (R,R) such that {z € R : ©'(z) = 0} is finite, with |©’| lower bounded by a positive value near
+00. The following result deals with the strong compactness of a sequence of functions (t,x) — a,(t, )
defined on [a, 8] x Q and satisfying some nonlinear estimate described by the function ©. For the proof
we refer to Theorem 1. of [39].

Lemma 5.7. Consider a sequence of Wik (Ja, B[xQ) functions (an)n such that both sequences (an)n

and (V,0(ay))n are bounded in L?(Jo, B[xQ). If furthermore there exists C > 0 such that for all test
functions ¢ € €°([a, B]; 2(2))

[{Oran, @) < CllellLee (a,si1mm (92)) 5 (5.97)

then (ay)n is relatively compact in L2 (Ja, B[x ).

Corollary 5.3. In estimate (5.97) of the previous Lemma, if one replaces the space of test functions by

the smaller one 2 (|o, B[xQ), we then have (ay), is relatively compact in Ly (Ja, B[xQ).

Proof of the Corollary. A straightfoward density argument shows that estimate (5.97) holds for tests
functions in €°([a+1/k, 3 —1/k]; 2(Q)) for all k > 1, so that the result follows by a diagonal extraction
along the spaces L (Ja 4 1/k, 8 — 1/k[xQ), for which we have compactness thanks to Lemma 5.7. [



Chapitre 6

Self- and cross-diffusion in the
triangular cross-diffusion system

Abstract

This Chapter is taken from the paper [48]. We present new results of existence of global solutions
for a class of reaction cross-diffusion systems of two equations presenting a cross-diffusion term in
the first equation, and possibly presenting a self-diffusion term in any (or both) of the two equations.
This class of systems arises in Population dynamics, and notably includes the triangular SK'T system.
In particular, we recover and extend existing results for the triangular SKT system. Our proof relies
on entropy and duality methods.
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6.1 Introduction

The purpose of this paper is to investigate existence and some properties of the solutions of the
system

O — Ag[(dy + dou® + dsvP) u] = u (ry —rq u® —rp0?) in Ry x Q, (6
v — Ag[(dy + dyv?)v] = v (1y — rev® —rgu?) in Ry x Q, (6
Veu-n=Vo-n=0 on Ry x 042, (6.

u(0, ) = Uin, v(0,) = vip in Q, (6

where u = u(t,z) > 0, v = v(t,z) > 0 are the unknowns, the variables (¢,z) browse Ry x Q with Q a
bounded domain of R™ (m > 1), n = n(z) stands for the outward normal at point 2 of the boundary 052,
u;n, and v, are nonnegative initial data, and the remaining terms are nonnegative constant parameters
satisfying

D:= {dua dy,da, dﬁa d'ya Tu, T, Ta, by Tes Td, @, 0, C, d, 0, B, 7} S (Rj-)ls x Ry x Rj— X R-‘m (6 5)
(a>0,d<2+a,a<l+a)or (a=0,d<2,a<1). '
The origin of this system is to be found in a well-studied system arising in Population Dynamics,
known in the literature as the SKT system. The SKT system was introduced in [45] to model spatial
segregation in two competing species of (let us say) animals (see also [41]). It has since then attracted the
interest of many mathematicians, leading to a rich literature on the question of the existence of solutions
(see for example [8] and references therein) and on the analysis of equilibria and stability (patterns are
shown to appear; see for example [27]). Writing u and v the respective densities of the two different
species, it takes the following form

0w — Ag[(dy + dou+dgv)u] = u(ry, —rou—1p0) in Ry xQ,
0w — A[(dy +dyv+dsu)v] =v(ry —rev —rqu) in Ry xQ, (6.6)
Veu-n=Vio-n=0 on Ry x 00Q.

When d, = d, = do = dg = dy = ds = 0, the system (6.6) reduces to the standard Lotka-Volterra
competition ODS. The terms 7., r, are the intrinsic growth of the species, while r;, and r4 measure the
demographic effect of the interspecific competition, and r,, r. indicate the demographic effect of the
intraspecific competition. When non-zero, the terms A, [(d,, + dou + dgv) u] and A, [(d, + dyv + dsu) V]
model the spatial movements of the individuals in the domain €. The positive constants d,, d, are
standard diffusion rates, which indicate the frequency of the random walk of the individuals inside each
species. The nonnegative constants dg and ds are usually referred to as "cross-diffusion" coefficients,
and ecologically measure the repulsive effect, on the individuals of one species, of the presence of the
individuals of the other species (as a result of the interspecific competitive pressure). The nonnegative
constants d, and d, referred to as "self-diffusion" coefficients, measure the repulsive effect on the indi-
viduals of the presence of the individuals of the same species (as a result of the intraspecific competitive
pressure).

The system (6.6) is often called "triangular" when ds = 0. From the point of view of modeling, this
means that only the individuals of the first species tend to avoid the individuals of the other species. It
therefore takes the form

Ou — Ag[(dy + dou+ dgv)u] = u(ry, —rqu—1p0) in Ry xQ,
0w — Ag[(dy + dyv)v] = v (ry —Tcv —rau) in Ry xQ, (6.7)
Veu-n=Viv-n=0 on Ry x 00Q.

In this case, the second equation is coupled to the first one only through zeroth-order terms (reaction),
while in the full system (6.6) with ds > 0 both equations are coupled to the other one through both
zeroth-order (reaction) and second-order terms (cross-diffusion). The full system (6.6) has a completely
different structure from the triangular case (in particular it is possible to exhibit an entropy structure
when ds > 0, see [8] and [16], but this entropy structure degenerates when ds = 0).

In our study, we consider the class of systems (6.1)—(6.3). That is, we focus on a triangular type of
cross-diffusion (ds = 0) as in the system (6.7), but in contrast to the system (6.7) where the diffusion
rates (dy +dau+dgv, d, +d,v+dsu) and the growth rates (r, —rq u—ryv, r, —r. v —1rq u) are required
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to be linear functions of u and v, in (6.1)—(6.3) we allow these functions to be more general power laws
(with suitably chosen powers, (6.5)). Note that the class of systems we consider includes (6.7) (when
a=pf=vy=a=b=c=d=1).

We now present our main mathematical result for this class of systems.

6.1.1 Main Theorem

We clarify the notion of weak solution we will use in the
Definition 6.1. Let Q be a smooth bounded domain of R™ (m € N*) and let D € (R%)'® xRy xR xR

Let Ui := win (1) > 0 and vy, == vip(x) > 0 be two functions lying in L' ().

max(1l+a,d)
loc (R+ X

A couple of functions (u,v) such that u := u(t,x) > 0 and v := v(t,x) > 0, and lying in L
Q) x LY (R4 x Q) is a (global) weak solution of (6.1)-(6.4) if

Vo [(du + dau® + dgo® u], Vo [(d +dyo™) 0] € Lipo(Ry x )

and, for all test functions 11, ¥y € CHR L x Q), we have the identities

/OOO/Q(atwl)u/le(o,~)um+/0m/gvmw1'vm [(du + dau® + dgv”) u]

o0
N ET—
0 Q

-/ " @ [ a0+ / NAZ R ATRYSIR

o0
:/ /’(/JQ?](?“U—TC’UC—Tdud).
o Ja

Note that the assumptions on Ui,, Vin, U, U, P1, P2 ensure that all integrals in the two identities above
are finite.

(6.8)

Our main result is contained in the

Theorem 6.1. Let Q be a smooth bounded domain of R™ (m € N*). Let the coefficients of system (6.1) -
(6.2) satisfy condition (6.5). Consider initial data u;, > 0, vy, > 0 such that u, € LQ(Q), Vin, € L2(2).

Then,
i) there exists u = u(t,x) >0, v = v(t,x) > 0 such that (u,v) € L3L*(Ry x Q) x L,

is a (global) weak solution of system (6.1) — (6.4) in the sense of Definition 6.1.
Furthermore, this solution (u,v) satisfies for all T > 0

1/c
sup v < max { Sup Vin, (TU) , (6.9)
[0,T]xQ Q Te

(Ry x Q) and (u,v)

T
/ / urte = C(Q’Ta Um,vm,D), (610)
0 Q
T
/ / ‘VI[UP/Q]F < C(p,Q, T, Uin, Vin, D) (for all 0 < p < 00), (6.11)
0 Q
T
/ u(T) + / / ’vz[(l +u)“/2]‘2 < O T, wim,vin, D) (if a > 0), (6.12)
Q 0 Q
T
/u(T) + / / V. log(1 + W] < C(Q, T, uim,vin, D) (if a = 0), (6.13)
Q 0 Q

where the constant C(Q, T, Uipn, Vin, D) only depends on the domain Q (and the dimension m), the time
T, the norms of the initial data |uin|r2q) and [|vin||Le () and the choice of parameters D, and the
constant C(p, 2, T, win, Vin, D) only depends on the same quantities and the parameter p.
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If Wiy, furthermore satisfies iy, (z) > 0 a.e. on Q and logu;, € LY(Q), resp., if vy, furthermore satisfies
Vin(z) >0 a.e. on Q and log v, € LY(Q), then for all T > 0

T
/ |log u|(T) + du/ / |V [log u]|* g/ [log win| + C(Q, T, Uin, Vin, D), (6.14)
Q 0o Jo Q

T
resp., /|logv|(T) + dv/ / V. [log v]|® §/ [log vin| + C(Q, T, win, Vin, D). (6.15)
Q o Jo Q

i) If a« = 0, we have the additional estimate, for some v = v(,v;n, D) > 0 depending only on
the domain Q (and m), the norm ||vi,|lLe=) and the parameters D, for all T > 0, and for some
C1(, T, tin, vin, D) > 0 depending only on the domain Q (and m), the time T', the norms ||uin|r2 ()
and ||vin||Le< (@) and the parameters D,

T
/ /UW < O, T, in, Vin, D). (6.16)
0 Q

iii) If v = 0, assuming furthermore that vy, € W>4(Q) for some q > 1 satisfying
1<¢<2+a)/d ifa>0, 1<q¢<2+v)/d ifa=0,

(and assuming furthermore the compatibility condition Vv, -n = 0 on 0Q if ¢ > 3), we have the
additional estimate, for all T > 0,

T T T
[ [rowtr+ [* [ 192000+ [ ] 19,07 < Cala. 0. T i, 0 D) (6.17)
0 Q 0 Q 0 Q

where the constant Co(q, Y, T, Wiy, vin, D) only depends on the parameter q, the domain Q (and the dimen-
sion m), the time T', the norms of the initial data ||uin || 2(q) and ||vin||Lenwz2a(q) and the parameters
D.

We list in the remark below some possible extensions of the results mentioned in Theorem 6.1.

Remark 6.1. Thanks to the bound (6.9) given by a mazimum principle for equation (6.2), the power
laws " +— v " and "v > v®" in (6.1) can be replaced by any continuous function of v on Ry which is
smooth (C'(R%)) and positive-valued on R% . The power law "v — v7 " in (6.2) can be replaced by any
continuous function on Ry which is non-decreasing, smooth, and positive-valued on R* . Following the
same idea, but furthermore ensuring that the mazimum principle remains valid for (6.2), the power law
"= v¢" can be replaced by any continuous function on Ry which is smooth, positive-valued on R and
which furthermore tends to +oo in +oo. With these replacements, all results of Theorem 6.1 hold, with
the bound (6.9) adapted when necessary, and with the condition v = 0 in i) replaced by the condition
that the function replacing "v +— vV " is constant.

The power laws "u > u®" and "u — u®" can be replaced by any continuous function of u on R,
smooth and positive-valued on R, and dominated by (or having the same behaviour as) "u — u®", resp.
"y u®" in +oo. The power law "u — u®" can be replaced by any non-decreasing continuous function
of u on Ry which is smooth and positive-valued on R and have the same behaviour as "u — u®" in
4o00. With these replacements, all results of Theorem 6.1 hold.

Assume o = 0. In this case, an estimate of type (6.10) ensures enough integrability (to get compact-
ness) for the terms rou'™® in (6.1) and rqvu? in (6.2) only when a < 1 and d < 2. The slightly better
estimate (6.16) is therefore crucial to estimate these terms in the two cases (a =1, d < 2) and (a < 1,
d = 2). It even treats these terms when a < 1+ v and d < 2+ v. As a consequence, we expect the re-
sults of Theorem 6.1 to hold when the condition (a« =0, a <1, d < 2) is replaced by the wider condition
(o =0,a < 1+v,d < 2+v). Note that v can indeed be chosen independent of a and d (see Section 6.5.1).

Assume > 0 and 1 +a, d < 2+ «a. As seen in Sections 6.2-6.4, in this case the proof of existence
entirely relies on estimates of the type (6.9)—(6.13) (in particular we do not use estimate (6.16)). As
shown in the sequel, the proof of estimates of the type (6.9)~(6.13) only requires w;, to be in L' NH_1(Q),
where the space H;ll(Q) is defined in Section 6.1.3. Therefore in the case a > 0 and 1 4+ a, d < 2 + «a,
the results i) and iii) for any 1 < ¢ < (2+ a)/d hold with the assumption u;, € L*(Q) replaced by the
weaker assumption u;, € L' NV H, () (and with the constants C' and Cy depending on [winllLAm=1(0)
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instead of ||Uin||L2(Q))'

Assume a = 0. In ii), estimate (6.16) is a consequence of a Lemma relying on duality techniques
(namely, Lemma 6.5), which is adapted from a similar result from [7]. This Lemma can be somewhat
improved. Indeed, following Remark 2.3 in [7], the constraint w;, € L*(Q) can be replaced by the weaker
constraint u;, € L2_”1(Q) where vy is a small positive constant. Therefore, all results of Theorem 6.1
hold when w;, only belongs to the space L2~ () (where vy only depends on Q, m, |Vin || () and D),
with the constants Cy and Cy depending on |[win|12-v1 (o) instead of [[winl|r2-v1 (o)

Assume v = 0. Estimate (6.17) being a direct consequence of the properties of the heat kernel (see
Section 6.5.2), we can replace the set W>9(Q) in iii) by the optimal set to apply the properties of the
heat kernel, that is, the fractional Sobolev space W2_2/q’q(ﬂ). Furthermore, the compatibility condition
required for the case ¢ = 3 is actually slightly weaker than "V vin -n =0 on OQ" (see for example [33]).

6.1.2 In the literature

In the last decades, mathematicians dedicated a considerable effort to the question of the existence
of solutions for systems of the form (6.1)—(6.3), and particularly for the original system (6.7).

The local (in time) existence of classical solutions was established by Amann in 1990 in the two
papers [2], [3]. His theorem also provides a criterium to show that these solutions are global : it suffices
to prove that the solutions do not blow up in finite time in suitable Sobolev spaces.

The global existence for the original system (6.7) has been investigated under various restrictive as-
sumptions. Most results rely on Amann’s theory, therefore the problem is to prove bounds in appropriate
Sobolev spaces. One of the main difficulties lies in the use of Sobolev embedding theorems in the parabo-
lic estimates, which provide satisfactory results only in low dimension. Therefore, many existing results
require strong restrictions on the dimension and/or on the parameters of the system (typically, one as-
sumes that the cross-diffusion is weak, in the sense that the cross-diffusion term dg is small compared
to some other parameters), see [10], [11], [35], [37], [38], [46], [49], [50], [53]. See [17] for a more detailed
bibliography.

So far, three groups managed to remove this type of assumptions on the dimension and/or parameters,
in particular cases : Choi, Lui and Yamada in [11] (in the presence of self-diffusion in the first equation
and in the absence of self-diffusion in the second equation, i.e. d, > 0 and d, = 0) and, very recently,
Desvillettes and Trescases in [17] (in the absence of self-diffusion in both equations, i.e. dy = d, = 0),
and Hoang, Nguyen and Phan in [26] (in the presence of self-diffusion in the first equation, i.e. d, > 0).
For the original system (6.7), our result is the first to treat the case (do = 0,d, > 0). Furthermore, it
provides a unifying proof for the cases with and without self-diffusion (in one or both equations).

We now mention some results of existence of global solutions for systems of form (6.1)—(6.3). Wang
obtained it in [52] in the presence of self-diffusion in the first equation (d, > 0) and in the absence of self
diffusion in the second equation (d, = 0), under a condition (depending on the dimension) of smallness
of the parameter d w.r.t. the parameter a. The case without self-diffusion (d, = d, = 0) was solved by
Pozio and Tesei in [44] under some strong assumption on the reaction coeflicients, and by Yamada in [54]
under the assumption a > d. We also mention the work of Murakawa [40] in which the reaction terms
considered are Lipschitz continuous functions of «, v (and no self-diffusion appears). The results in the
case without self-diffusion were extended by Desvillettes and Trescases in [17]. More precisely, in [17], the
authors obtain global weak solutions for systems of the form (6.1)—(6.3) in the absence of self-diffusion
(do = dy = 0) with the following constraint on the parameters : (3 >1,a<1,d<2)or (> 1, a <d).
(Note that this indeed includes the original system (6.7) when d, = d, = 0.) The main ingredients of
the proof are entropy and duality methods.

In the continuation of [17], the present paper deals with weak forms of solutions and exploits entropy
and duality methods. These methods give rise to L? estimates for the solution which are quite explicit.
Furthermore, considering weak forms of solutions allows us to consider initial data of low regularity (in
comparison with most of previous works which rely on Amann’s theory). In comparison with [17], our
Theorem includes the cases with self-diffusion terms (d, > 0 and/or d, > 0). Another improvement is
the possibility, for the first time, to consider cross-diffusion terms v? which are quite singular functions
of v in zero, since we remove the assumption g > 1 and replace it by the assumption 5 > 0.

Finally, we refer to [16] for systems of the form (6.1)—(6.3) presenting in addition a cross-diffusion
term in the second equation (non-triangular case).



6.2. A PRIORI ESTIMATES 127

6.1.3 Notations

When T > 0 is fixed, we write L? = L”(]0,T[xQ) for any p € [1,00]. For p € [1,00[, we denote
by LPT = LP*(]0, T[xQ) the union of all spaces L(]0, T[xQ) for ¢ > p. We write H; (Q) the space of
functions of H'(Q) with zero-mean value on Q, and we write H,'(Q) its dual space.

We recall that D is the set of parameters, defined in (6.5). In the sequel, C(...) always denotes a positive
constant, which only depends on its explicitly written arguments and may change from line to line. For
example, C(Q2, D) is a positive constant that only depends on Q and D. Furthermore, when it depends
on D, the constant C(...,D) can be chosen continuous in D on the set {D € (R%)"® x Ry x R% x R, :
a<l+a,d<2+al.

6.1.4 Plan of the paper

We will first prove our result of existence under the following condition, which is slightly more
restrictive than (6.5),
a>0,d<24+a,a<1+a. (6.18)

More precisely, we will assume condition (6.18) in Section 6.4.

In Section 6.2, we perform formal computations to establish a priori estimates on the solutions of
system (6.1)—(6.4). In Section 6.3, we define a semi-discrete (in time) scheme designed to be a smooth
approximation of system (6.1)—(6.4), and we prove (rigorously) estimates on the solution of this scheme
that are independent of the time step. We use these estimates in Section 6.4 to pass to the limit in the
approximating scheme under condition (6.18). This proves the existence of solution and the estimates
required in i) when condition (6.18) is satisfied. Finally, we come to the end of the proof of Theorem 6.1
in Section 6.5.

6.2 A priori estimates

This section only contains formal computations. They will not be used in the proof of Theorem 6.1,
but we believe that these computations are useful to clarify the main tools at the origin of our result of
existence. Similar computations will be performed rigorously in Section 6.3 at the level of an approxi-
mating scheme.

Therefore, suppose that (u,v) is a classical solution of system (6.1)-(6.4) for some smooth positive-
valued initial data wu;, = ui,(x) > 0 and v;, = vi(z) > 0, and such that u and v are positive-valued
and sufficiently smooth to perform all following computations (for example, in C2(R; x Q)). Fix T > 0.
Assume condition (6.5). In the following Sections 6.2.1-6.2.3, we compute estimates for the solution (u, v)
on [0,T] x Q.

6.2.1 Basic estimates
Maximum principle for v

A direct application of the maximum principle to equation (6.2) gives

1/c
o (0 < masfonmn i (2) ) 619

Mass conservation for u

We integrate the equation for u on [0,T] x  :

/QU(T):/Qum+/OT/Qu(m—7“aua_7“bUb).

Since (for all u > 0) ryu < C(a, 7y, 74) + Z2u'™®, we have

Jou(T) + % [ [ ul e < [ g, + QT Cla, 7y, 4). (6.20)
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6.2.2 Duality estimate

We now present an a priori estimate obtained thanks to a recent lemma relying on duality methods.
This type of lemma was introduced in [43] and has since then showed to be very useful in the context of
cross-diffusion (see [4], [5], [14], [15]). We cite here a version coming from [16].

Lemma 6.1. Let r, > 0. Let M : [0,T] x Q — Ry be a positive continuous function lower bounded by
a positive constant. Smooth nonnegative solutions of the differential inequality

Ou — A(Mu) < ryu on £,
On(Mu) =0, on 09,

satisfy the bound

T
/ / Mu? < exp(2r,T) x (Cg% HuinH%—l(Q) + <Uin>2/ M) )
0o JQ " Qr

where (u;,) denote the mean value of x — u(0,2) on Q and Cq is the Poincaré-Wirtinger constant.

We check that M := d, + d,u® + dgvﬁ is lower bounded by d, > 0. We therefore can apply the
lemma to equation (6.1) to get

T T
/ /[du + dou® + dgvP|u® < C(Q, Ty tin,ry) X [ 1+ / /[du + dou® 4 dgv®] | .
o Jao 0o Jo
In particular, since all terms in the LHS are nonnegative,
T
/ / dyuct? < C(2, T, Wiy, ) X (1 4 foT fQ[du + dyu® -’-dﬁ’l_}ﬁ])
o Ja
< C(Q, T, uipn, Vin, D) X (1 + foT fﬂ[l + daua]) ’

where we used the L>° bound (6.19) in the last line. As a consequence, using furthermore the inequality
(for € > 0 small enough, and for all z > 0) z* < C, + €2%+®, we have

fOT fQ u2+a S C(Q7Ta uinvvi'ruD)- (621)

6.2.3 Entropy estimates

We now present two new estimates which are crucial to obtain weak compactness on the solutions
(as they yield a bound for the gradients of the solutions). These estimates are obtained thanks to the
introduction of two functionals whose evolution along the flow of the solutions can be controlled. When
decreasing, such functionals are called Lyapunov functionals and sometimes "entropies". By a small
abuse, we will refer to the resulting estimates as "entropy estimates".

Entropy estimate for v

For any p # 1, define

We compute the derivative

thv(t):/QatU’Upil(t)

:/vp(rvfrcvcfrdud)Jr/v”flAm[(vardvv”)v],
Q Q

where the last term writes

/ VP [(dy 4 dyu?) 0] = 7/ V[P~ Vel(dy + dyv™) v)
Q Q

—1
N 74]37/ V20?22 [(do + dy (y + 1) 07)].
Q
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We integrate on t € [0, 7] :

iy + 4Pt [(dy + dy(y + 1) 0]

xT
o Ja
p T
:/1(0) +/ /vp(rv—rcvc—rdud).
Qb o Ja
Now taking 0 < p < 1, we get

/OT/Q‘VI[UW]‘Q < C(p,D) (/QU:D(T) -‘r/OT/QUp(’UC-i—ud))

and using the L bound (6.19) and the dual estimate (6.21) with d < 2 4 « (given by condition (6.5)),

QP

T 2
/ / ‘Vz[v”ﬂ]’ < C(p, 2T, Uin, Vin, D) (for all 0 < p < 1). (6.22)
Q

Now, let ¢ > 1. Let us pick some p €]0,1[. We can write V,v%/? = (¢/p) v(97P)/2 x V oP/? € L™ x L?
by (6.19) and (6.22). Therefore

I o IVa 072 ° < Cp, 9, T thi, v3n, D) (for all 0 < p < o0). (6.23)

Entropy estimate for «

Define
E.(t) = /Qlog(l +u)(t).

We compute the derivative

m&@=/6“6>

Q]."‘U
U a b 1 o B
= w — Ta - A,L du da d I
/Ql—i—u(r 7o U Tbv)+/5271+u [(dy + dou® + dgv”) u]
where the last term writes
1
/QmA [(dy + dou® + dgv?) /v T Vo [(dy 4 dou® + dgv?) u]

= / |V [log(1 + u)]|2 (dy +do(1+ a)u® + dﬁu )+ / dBHLuvx[log(l +u)] - V0P,
Q Q

We integrate on ¢t € [0,7] :

log(1 4 u)(0) + ' |Vx[10g(1 +u)]f?
Q 0
/ log(1 + ) / / T u —rqu® —ryv°) (6.24)

- Y, log(1 + )] - Vo’
/O/QdBHUV[og( +u)]- Voo

Using the elementary inequality 2zy < 22 + y2,

T T
u u
— V. [log(1 V0P ——V.[log(1 BI2. 5 P2
A /Ql+u oAlost ol Ve A /Ql+u cllostHJer Ve

1

! 2 3 ! u ) 52|
<= Vellog(l+u v —|—2/ /( ) ‘va ‘ .
5 [ 1V-bos(1 ) (s

=2
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Reinserting in (6.24) (and using u/(1 + ) < 1), we get

' 2 o« 98,5
/Qlog(l—i-u)(O) —|—/O /Q|Vz[log(1+u)]| (dy + do(1 + @)u® + 211)

T T 9
g/log(1+u)(T) + / /(ru+raua+rbvb) + 2d5/ /‘vaﬁp‘ .
Q o Ja o Ja

In the RHS, the first integral and the second term of the second integral are controlled thanks to the
L' estimate (6.20) and the last term of the second integral is controlled thanks to the L> bound (6.19) :

g 2 o, 9 5
/Qlog<1+u><o> +/0 /Q|kuog<1+um (du +da(1+ a)u® + L)

T 2
< C(Q T, win, @b, Ty, 7, 1) + 2d5/ / ‘Vzvﬁﬂ’ .
0 Q

Finally, the last term is controlled thanks to (6.23), so that

I Jo IVallog(1 +w)* (1 +u®) < C(, T, uin, D). (6.25)

6.3 Approximating scheme

In this section we define a semi-discrete (in time) scheme intended to approximate system (6.1)—(6.4),
and establish rigorously uniform estimates (w.r.t the time step) for the solution of this scheme. Thanks
to these uniform estimates, we will be able to pass to the limit in the approximating scheme in the
following Section (under condition (6.18)).

6.3.1 Definition of the scheme
The scheme takes the following form : (ug, vg) are given and for 1 <k < N (N =T/, T > 0)

L A [(du + dau + dguue] = ug (ru = ratug =y }), on 2, (6.26)
-
Yk = Uk=1 _ Am[(dv + dWUZ)Uk] = Vi (TU —Te vz —Trq Uﬁ), on €, (6-27)
T
Onup = Opvr, = 0, on OS). (6.28)

This scheme was introduced in [16] in a more general setting. More precisely, in [16] systems of the
following form are studied :

D=Vt AL JAW)] = R, on @ (6:29)

8nA(Uk) = 0, on 89,

where
RZ - RE RL — R!
A (5% al(U)ul d R Ul 7”1(U)U1 6 30
U= -~ : an =] = : (6.30)
ur aI(U)ul ur T](U)’U,]

satisfy the following assumptions :
H1 For all 4, the functions a; and r; are continuous from Ri to R.
H2 For all ¢, a; is lower bounded by some positive constant a > 0, and r; is upper bounded by a
positive constant 7 > 0. That is a;(U) > a > 0, r;(U) <7 for all U € RL.
H3 A is a homeomorphism from Rfr to itself.
Following [16], we introduce the

Definition 6.2 (Strong solution). Assume H1, H2, H3. Let 7 > 0 and let Uy_1 be a nonnegative
vector-valued function in L™ (Q)!. A nonnegative vector-valued function Uy is a strong solution of (6.29)
if Up lies in L°(Q)T, A(Uy) lies in H2(Q)! and (6.29) is satisfied almost everywhere on Q, resp. 9.
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The general theorem from [16] writes

Theorem 6.2. Assume H1, H2, H3. Let Q) be a bounded open set of R™ with smooth boundary. Fix
T > 0 and an integer N large enough such that Tt < 1/2, where 7 := T/N and T is the positive number
defined in H2. Fiz n > 0 and a vector-valued function L>(Q)! > Uy > n. Then there exists a sequence
of positive vector-valued functions (Ug)1<p<n in L=(Q)! which solve (6.29) (in the sense of Definition
6.2). Furthermore, it satisfies the following estimates : for all k > 1 and p € [1, 0],

Uy € €°(Q), (6.31)
Ui >na,rr on Q, (6.32)
A(Uy) € W2P(Q)1] (6.33)

where N4, g+ > 0 is a positive constant depending on the maps A and R and 7, and

N I I
ZT/ (Z U,m-> (ZAAU,Q) < C(Q,Up, A, 7, NT), (6.34)
k=1 7 \i=1 i=1

where C(Q, Uy, A, 7, NT) is a positive constant depending only on Q, A, ¥, NT and ||UOHL1QH;1(Q).
Let us go back to system (6.26)—(6.28). It can be written in the form (6.29)—(6.30) with I = 2 and

a1(u,v) = dy + dou® + dgv”, r1(u,v) =1y — rq u® — 1y 0°,

a2(u7 U) =d, + dvv’y’ 7"2(“; U) =Ty — 1TV — 1y u?. (6'35)

Applying Theorem 6.2 directly gives rise to the following existence theorem

Corollary 6.1. Let Q2 be a bounded open set of R™ with smooth boundary. Let the parameters of system
(6.26)-(6.27) D € (R})™ x Ry x Ry x Ry. Fiz T > 0 and an integer N large enough such that
max(ry,7,)7T < 1/2, where 7 :=T/N. Fiz n > 0 and a couple of functions L=°(Q)? > (ug,vo) > n. Then
there exists a sequence of couples of positive functions (ug,vi)i<k<n in L>(2)? which solve (6.26)—
(6.28) (in the sense of Definition 6.2). Furthermore, it satisfies the following estimates : for all k > 1
and p € [1,00],

(ug,vi) € €°(Q)?, (6.36)
Uk > 1Np,ry V& > Np,r 0on (6.37)
([du + daug + dgv}  Jug, [dy + dyv}]og) € W2P(Q)2, (6.38)

where np » > 0 is a positive constant depending on D and 7, and

N
ZT/(]‘ +U%)Ui < C(Q7UO7U07D;N7—)7 (639)
k=1 J&

where C(82, ug, vo, D, NT) is a positive constant depending only on 2, D, N7 and ||(uo,vo) |1 nu-1(0)-

m

Proof of Corollary 6.1. It suffices to check assumptions H1-H3 for A and R defined by (6.35). Assump-
tions H1 and H2 are clearly satisfied with @ = min(d,,,d,) > 0 and 7 = max(r,, r,) > 0. It remains to
prove that the map A is a homeomorphism from Ri to itself. By a monotonicity argument, it is easy to
see that the map A is a continuous bijection from Ri to itself. Since the map A is furthermore proper
(thanks to the inequality |A(u,v)| > min(d,, dy)|(u,v)| for all u,v > 0), it is a homeomorphism. O

6.3.2 Uniform estimates

Let 4 > 0 and let Uy = (ug, vo) be a couple of positive functions in L>°(Q)? such that ug,vo > p > 0 a.
e.on Q. Let Uy, = (ug, vx) be a solution of (6.26)—(6.28) (in the sense of Definition 6.2). We now establish
uniform (w. r. t. N) estimates for Uy that will allow us to pass in the limit in the approximating scheme
(in Section 6.4). Note that some of these estimates (namely, (6.40), (6.41), (6.54)) can be seen as the
"discretized" (in time) version of the a priori estimates (6.19), (6.23), (6.25), while (6.39) can be seen as
the "discretized" (in time) version of the a priori estimate (6.21). To establish rigorously these uniform
estimates, we will use all the time the smoothness of Uy = (ug, vx) (for any fixed N) specified by estimates
(6.36)(6.38).
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Maximum principle

Lemma 6.2. We have

1/c
max_sup v < max{sup vo, <Tv) }. (6.40)
=1.N Q T

Proof of Lemma 6.2. Recall equation (6.27). By the maximum principle, for all 1 < k < N, we have
1/c
supq v < max{supgq Vk_1, (T—’:) }, so that (6.40) follows by iteration on k = 1..N. O

T,

Entropy estimate for v

Lemma 6.3. Assume condition (6.5). For all p € RY, we have

N 2
ZT/‘vaz/zl Sc(p7QvNT7u07’U07D)? (641)
k=1 79
N
sup /|logvk| + deT/ |V log vg|? §/ |logvg| + C(Q, NT, ug,vo, D), (6.42)
0<k<N Jo 1 e Q

where the first constant only depends on p,Q, NT, Hu0||L1mH;ql(Q), supgq, vo, D and the second constant only
depends on €, N, |[uol|L1qn-1 (0, SUPq vo, D.

Proof of Lemma 6.3. Define for all p €]0,1[ and all z > 0
1
¢p(z)=z—?—1+520, ¢o(z) = z—logz > 0. (6.43)
We have (for all p €]0, 1] and all z > 0)

G == G =1, E=(-pP 0, ) =5 >0 (644)

For any p € [0,1], by convexity of ¢,, for all y > 0, z > 0 we have ¢,(2)(z —y) > ¢p(2) — ¢p(y)-
Multiplying equation (6.27) by ¢7,(vi) and integrating over €, we therefore get

[ 180t00) = 8y = [ 1008l + dod)ond <7 [ dyfonton (= rev —rand). (649
Q Q Q

Since (ug, vy ) satisfy the homogeneous Neumann boundary conditions (6.28), we can rewrite the second
term as

—T/ Op (k) Az [(dy + dyv] Jur] = T/ Vel (vr)] - Va[(dy 4 dyv) o] (6.46)
Q Q
_ T/ ¢g(vk)dv|vka|2—|—r/ O (vr)ds (7 + 1)0] |V o . (6.47)
Q Q

The last term being nonnegative, we have
77—/ gf);(vk)AI[(dv +d71}g)1}k] > T/ ¢Z(Uk)d1,|v$’uk|2, (648)
Q Q

so that reinserting in (6.45) and summing for k = 1..N

N N
/Qd)p(vN) + ];T/qug(vk)dv|vwk|2 < /Q(;Sp(vo) + ;T/Qgé;,(vk)vk (1 — e vl —rqud).  (6.49)

Thanks to estimate (6.39) and the assumption d < 24 « (consequence of condition (6.5)), we can control
uf in L', so that, using furthermore the L> bound (6.40) and the continuity of v — vy, (v) on Ry, we
get

N
/§l¢p(UN)+I;TA¢Z(Uk)dU|VIUk2</Q(bp(’l)o)+C(p7Q,NT,U()7’Uo,D). (650)



6.3. APPROXIMATING SCHEME 133

Using the definition of ¢y and ¢, for 0 < p < 1, we have
_ 4
[ eo0a Vo = [ @ =p 2 d Vol = [ (- pdi V.l (6.51)
/% o)y |Vpvn]? = /W;dewkaﬁ z/dU|VI[logvk]|2, (6.52)
Q Q

so that (6.50) with 0 < p < 1 gives (6.41) for p < 1 and, using furthermore the elementary inequality
(for all z > 0) |logz| < z —log 2, (6.50) with p = 0 gives (6.42).

It remains to show (6.41) for p > 1. Let p > 1, and let us fix p €]0,1[. Combining (6.40) and (6.41)
with p replaced by p, we have

N 4 o
Z / v. UW =Y 2 / o7 [Varl?| < Cp, 2, N7y w0, o, D). (6.53)
— P Ja
[
Entropy estimate for «
Lemma 6.4. We have
N Y our |2
sup /uk + ZT/ il (14 ug) <C(Q,NT,up,v9,D), (6.54)
0<k<N Jo = Jall+uk
sup [ ogu] + d, Z [ 9ctogl? < [ Jloguol + C(©, N7 0, 10.D). (6.55)
0<k<N Q

where the constant C(2, N1, ug, v, D) only depends on Q, N, HUOHLIQH;I(Q), supgq vo, D.
Proof of Lemma 6.4. Let ¢(z) = 2z —log(u+2) for all z > 0, with ;= 0 or g = 1. It is useful to compute
1 I 1
: D= — >0 6.56
e YO (6.50)

By convexity of ¢, for all y > 0, z > 0 we have ¢'(2)(z — y) > ¢(z) — ¢(y). Multiplying equation (6.26)
by ¢'(ux) and integrating over €2, we therefore get

¢(z) =2z —log(n+2),  ¢(2)=2—

/[(i)(uk) o(ug—1) —T/¢ (ur) Az [(dy + douy +d5vk)uk]<7'/¢'(uk)uk( —rauk—rbvk) (6.57)
Q

Q

Thanks to the homogeneous Neumann boundary conditions (6.28), we can rewrite the second term as

_T/ & (ur) Ag[(dy + douf + dB’Uk)Uk = T/ Vo (ug) - Vil(dy + douf + dgvf)uk] (6.58)
- /Q Ve (ur) - [(du + do(1+ 0)uf + dgo))Vaur] + 7 /Q Voo (ur) - [urVadgoy] (6.59)
- 7-/Q<f>"(uk)(du + do(1 4 @)uf + dgvd)|Vpur)? + T/Q¢H(uk)ukkuk Vadgl (6.60)
Therefore

[ 1600 = )l 7 [ )+ a1+ @) + d]) (6.61)
<-7 ; " (ur )ug Vyug - Vodguy + T/Q & (up)ug (ro — ro uf — ryvl). (6.62)

The first term of the RHS can be rewritten
fT/QQS"(u;C)Ukauk Vadgvl = 77-/ & (wr)u Vo - dg 2002V 02/ (6.63)
< 3 /Q ¢ (ur) 0} |V our|*dg vf, + 27/ng V.02 (6.64)
< g/ﬂqé”(uk)\vxukﬁdg vp + 27‘/Qd5 V.12 (6.65)
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where we used the elementary inequality 2ab < a® + b2 (for all a,b € R) and the bound ¢”(z) 2% =
[2/(p+ 2)]2 <1 (for all z > 0). Reinserting in (6.61), we get

[ 16(w) = dtus-)+ 7 [ " (w)(du+ da1+ @)uf + L))V (6.66)
Q Q 2
< 27’/ dg |VIU,€/2\2 + 7'/ & (up)up, (10 — T ul —rp0). (6.67)
Q Q

Now using that (for all z > 0) ¢'(2)z(ry — 74 2%) = (2 = 1/( + 2))2(ry — 74 2%) < C(ry, re,a), we have

d
/ [A(ur) — p(up—1)] + T/ ¢" (ur)(dy + da(1 + @)ug + gﬂvf)lvzukﬁ (6.68)
Q Q
< 27/ ds [Vo 0?22 1 71QIC (re, 10, a). (6.69)
Q
Summing for £ = 1..N we get
a d
[+ 37 [ )@+ dult+ au + Lo o (6.10
k=1
N
< [ ot 42377 [ sVl 4 NI o), (6.71)
Q = Jo

and using furthermore estimate (6.41) with p = 8 and ¢”(z) > 0 (for all z > 0),

N
/Q¢(uN) —l—;T/Qq/)”(uk)(du (1 + Q)u®) | Vausl? < /qu(uo) 4O, Nryug,v0, D). (6.72)

We conclude (6.54) by taking p = 1 and using the inequality 2z > ¢(z) = 2z — log(1 + z) > z (for all
z > 0), and we conclude (6.55) by taking p = 0 and using the inequality ¢(z) = 2z — logz > |log z| (for
all z > 0). O

6.4 Proof of Existence

We are now ready to pass to the limit in the approximating scheme (6.26)—(6.28) in order to obtain
a solution of system (6.1)—(6.4), at least when the condition (6.18) is fulfilled.

Proof of i) under condition (6.18). Fix T' > 0. Define the sequence
(ug,v0) = (ud, v := (min(uin, N) + 1/N, v, + 1/N),

so that (ug,vo) approximates (uin,vin) in (L'(Q) N H,'(Q)) x L=(Q) (when N — o0), and for all
N, (ug,v9) € L*(Q)? and (ug,v9) > 1/N > 0. For any N large enough (N > 27 max(r,,r,)), use
Corollary 6.1 to define the family of couple of functions (ux, vg)1<k<n solving (6.26)—(6.28) with initial
value (ud’,vd’).

Note that (6.39), (6.40), (6.41), (6.54), (6.55), (6.42) are therefore valid with ug (resp. vg) replaced
by win (resp. v;,) in the constant C' in the RHS. If log u;,, is in LI(Q), we furthermore have that log ug
approximates log u;, in L'(), so that (6.55) actually yields a uniform bound (w. r. t. N). For the same

reason, if log v;, is in L'(Q), then (6.42) actually yields a uniform bound (w. r. t. N).

Definition 6.3. For h := (hi)o<k<n @ given family of functions defined on Q, we denote by WY the step
in time function defined on R x Q by

N

BN () = ho(2)1—r g1 (8) + D> he(@) Ly (m1)rer) (8) + B (2) 137 o (E).
k=1

Note that by definition, for all p € [1, 00[, we have

N 1/p
||EN||LP(]0,T[xQ) = (ZT/Q|hk(x)|pdx> )
k=1
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With this notation, for any family h := (hx)o<k<n of distributions on €2, we have

b = ho(z) )+ Z{hk+1 — he(2)} ® O (t) in Z'(R xQ)/ (6.73)

In particular, we can rewrite equations (6.26)—(6.27) as

duN = ug(z) Z ( w + doud +dﬁvk)uk] + (ry — rouy — rbvk)uk) ® Okr(t),

. (6.74)
oY = vo(x) ) + ZT( [(dy + dyvi)vg] + (1y — Tevf — rduk)vk) ® Ogr(t).

k=1

We want to pass to the limit when N = T'/7 — oo in the two equations above. Estimates (6.39), (6.40),
(6.41), (6.54) and (6.55), (6.42) can be respectively rewritten as

T
| @ s @) < 0@ im0, D.), (6.75)
o Ja
r 1/c
sup supv’¥ <max{supvm, <”> 1, (6.76)
Q Te
for all 0 < p < oo, / / ’V p/2 < C(p,, T, uin, Vin, D), (6.77)
+ ]-+ < C Q,Tv N inaD ) 6.78
[Si)u%) u 1+uN (w™)*) < C(Q, T, tin, vin, D) (6.78)
sup/ |logu™| + d, / / }VxloggN|2 S/ |logud | + C(Q, T, tin, vin, D), (6.79)
0,77 Q Q
T 2
sup/ |log ™| + d, / /’VgﬁlogyN{ §/|logvév| + C(Q, T, win, Vin, D). (6.80)
Q Q

Note that all bounds give rise to estimates which are uniform with respect to N (with the additional
assumption that log wu;,, resp. log v;,, lies in L'(Q) for (6.79), resp. (6.80)). As a consequence of (6.75)—
(6.78), we have uniformly w.r.t. N

N e pe, oV e L™, V,u e L, LS (6.81)

The first bound is a direct consequence of (6.75), while the third bound is obtained by writing V,u" =
(1 +u) x (Vou¥ /(1 + 1)) € L2 x L? thanks to estimates (6.75) and (6.78). The second and last
bounds are a direct consequence of (6.76) and (6.77) with p = 2. Using furthermore condition (6.18),
(6.81) leads to

(ra —ra(@™)* = rp(™M)")u € L, (ro = re(@™)® — ra(u™)Hp™N € L', (6.82)
(dy + do (™) + dg(@™))uN e LI/ 0+, (dy + d (™)) € L™, (6.83)

where 1 + = (2+ «)/ max(1 + a,d) > 1.
Rewriting system (6.26)—(6.27) as the following equalities (which hold in 2'(]0, T[xQ))

%{@N — Su} = Ag[(du + do (™) + dg (™)) uN] + (ru — ra(u™)* —ry(u™))u", (6.84)
LY - SNy = Aulld + dy @)+ (- e~ @)Y, (6.85)

where S, : u(t, ) — u(t — 7,z), we finally get
TN - S} e L0 TLW @), SV - SV} L0, TL W (@) (6-86)

The uniform (w.r.t. N) bounds (6.81), (6.86) are sufficient to apply a discrete version of Aubin-Lions
lemma (see for example [18]) to get the strong convergences (up to a subsequence) when N — oo

Y —u>0inL!, oV —ov>0inL. (6.87)
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Let us first check that these strong convergences allow us to pass to the limit in the uniform estimates
(6.75)—(6.80) to get estimates (6.9)—(6.15). We can directly pass to the limit in estimate (6.76), and we
use Fatou’s lemma to pass to the limit in estimate (6.75) and in the first terms in estimates (6.78),
(6.79) and (6.80). To pass to the limit in (6.77), we first notice that (vV)?/? is uniformly bounded in
L*" thanks to estimate (6.76), so that it converges weakly in L?. We conclude by using the weak lower
semi-continuity of the L(]0, T, W"?(2)) norm.

To compute the remaining limit in (6.78), it is convenient to notice that (1 +u®) ~ (1 +u)* (in the
sense that there exist ¢,, Cy > 0 such that for u > 0, we have ¢, (1 4+ u)® < (1 +u®) < Cy (1l + u)®), so
that (6.78) actually yields a uniform bound in L' for |V,u™|? (1 +u™N)*=2 = 4/a2 |V, (1 + u™V)*/?? if
a > 0 (resp. for [V,uV|? (1+u™N)2=2 = |V, log(14+u™)|? if a = 0). Since (1+u™N)*/? (resp. log(1+u™))
is uniformly bounded in L?T thanks to estimate (6.75), it converges weakly in L2 Using the weak lower
semi-continuity of the L*(]0, T[, W"?(£2)) norm, we get the desired bound.

To compute the remaining limit in (6.79), we first observe that, thanks to Poincaré-Wirtinger’s
inequality,

T T
/ /lloggNIQZ/ / IQ\’l/IOg@N + logu™ — IQ\*l/IOg@N
0 Q 0 Q Q Q
T 2 T
§2/ /|Q\_2 /loggN + 2/ /
0 Q Q 0 Q

2
T
<270 <sup/ |loguN|> + 20(9)2/ /|VxloggN|2,
(0,71 /0 o Ja

so that (6.79) yields a uniform bound for log u"V in L?. Together with the strong convergence (6.87), this
implies that logu® converges towards logu weakly in L', which allows us to pass to the limit in the
second term of (6.79) thanks to the weak lower semi-continuity of the L? norm. The same arguments
allow us to pass to the limit in (6.80).

It remains to check that (u,v) is a solution of (6.1)—(6.4) in the sense of Definition 6.1. Clearly
(u,v) lies in L™ax(I+a.d) » 120 thanks to estimates (6.9), (6.10) and condition (6.18). Furthermore,
using estimates (6.9)—(6.13), it is classical to validate the following computations (thanks to regularized
approximations of (14 u)®/2 and v#) when a > 0

2

2

logyN—Iﬂl_l/ log u™
Q

eL? €L?

Veldoul*e] = d, (2 + 2) Vol +u)?u/(14+u)*?* e L,
o

eL> eL? eL? €L? eL?
B 2 B 1—a/2 /2 ) 1
Val(dy + dpvP)u] = o (dy +dpv”) (1 4+u) "= V(14+uw)¥* +dg Vav” v el

and, (thanks to regularized approximations of log(1 + u) and v”) when o = 0,

€L eL? eL? €L? er?
2 —— —~ A 1
V. l(dy + do + dgvP)u] = =~ (dy 4 do +dgv?) (1 +u) Vilog(l+u) +ds Voo u €Ll

Therefore, we also have that V, [(dy + dou® + dgv®) u], V, [(dy + dyv7) 0] lie in L. Let vy, ¢ be two
test functions in CZ([0,T'[x€2). Let us first extend 1, 1y on Ry x Q by zero; then we extend 41, ¢5 on
R x ©Q in such a way that 11, 19 lie in C2(R x Q). Testing the first equation of (6.74) with 1 gives

_/_O;/Q(at%)u]v—/ﬂw(—ﬂ-)uo

N N
= ZT/ Ay (k) [(du + douy + d,@vf) uk} + Z T/ Y1 (k) ug (ry — T ul — 100,
k=1 79 k=1 /&

where all terms are well defined (all integrands are integrable on their respective domains of integration).
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- /Z /Q(atwlmN - /le(*“ ") o (6.88)

We rewrite this equation as

— /OO / AhY [(du + do (@)™ + dg(0™)P) uV] (6.89)
—o00 J )
[N G ) - ) (6.90)
where
} N
w{V(Lx) = Z¢1(k7»$)1](k—1)7,k7] (t) — wl(t,x)l]oj] (t) in L*=(R x ). (6.91)
k=1
Note that we also have
N
A ¢1 t l‘ ZAE'(/JI k‘T J))l] k—1)T, k‘r]( ) — Az%(t,ﬂ?)l]o,T] (t) in LOO(R X Q) (692)
k=1

Therefore, thanks to the uniform integrability (given by (6.77)—(6.78)) and the strong convergences (6.87),

we have the convergences when N — oo
') T
—/ [ @i — = [ [ @
0o Ja

[ [ ey - n —>/ [t rew )
/_O;/QAM{V [(du + do (™) + ds (™)) u] —>/ /Awl [(d + dau® + dgv?)u] ,

where the last term can be rewritten (since V, [(dy + dou® + dgv?) u] lies in LY

T
/ / Agihy [(dy + dou® + dgo”) / Vatbt - Vi [(du + dau® + dgv®) u] . (6.93)
0o Ja Q

It remains to treat the term coming from the initial data in (6.88). By the dominated convergence
theorem and the definition of uq,

/wl Yug — — /wl ) Ui, (6.94)

Replacing these four convergences in (6.88), we get that (6.8) is satisfied. A straightforward density
argument allows us to replace 11 in (6.8) by any test function in C}([0, T[xQ). Performing very similar
computations for the second equation of (6.74) with the test function 5, we can finally show that (u,v)
is a local (in time) weak solution solution of (6.1)—(6.4) on [0, T].

Performing iteratively this proof on [0,2T], [0,3T], ..., we can define (u,v) on Ry x Q in such a
way that (u,v) is a (global) weak solution of (6.1)—(6.4) and it satisfies estimates (6.9)—(6.13) for any
T>0. O

6.5 Special cases

This section is devoted to the end of the proof of Theorem 6.1, that is, the proof of i) when condition
(6.18) is not fulfilled and the proof of ii) and iii).
Recall condition (6.5). "Condition (6.18) is not fulfilled" exactly means that

a=0and {(a=1,d<2)or (a<1,d=2)}. (6.95)
In the subsection below, we will prove together i) and ii) under the wider condition
a=0and (a <1,d<2), (6.96)

which is the condition required in ii) in our Theorem. Note that we therefore freely have a second proof
of i) in the case a =0 and a < 1, d < 2.
The last subsection is devoted to the proof of iii).
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6.5.1 The case a =0

The following Lemma is crucial to establish estimate (6.16). It is adapted from a similar result in
[17] (one main difference being that the version stated below tackles weaker forms of solutions), which
is itself adapted from an original result in [7].

Lemma 6.5. We consider T > 0, Q a bounded regular open set of R™ (m € N*), g > 1, a function R
in L]0, T[x), and a function M in L*(]0,T[xQ) satisfying

R(t,z) < K and 0<mog<M(t,z) <m fort €]0,T[ and x € Q, (6.97)

for some constants K > 0, mg,m1 > 0. Then, one can find v €]0,1[ depending only on Q and the
constants mg, my, such that for any initial datum wu;, in L*(S), any nonnegative very weak solution
u € L*77(]0, T[xQ) of the system

Opu — Ay (Mu) = R < K in |0, T[x€,
u(0, ) = win () in Q, (6.98)
Vio(Mu)(t,z) - n(xz) =0 on |0, T[x0Q,

(in the sense that for all test functions ¢ € C%([0,T[xQ) satisfying Vo1 -n = 0 on [0,T] x 0L, the

equality
/OT/Quatw+/Qum¢(O,.)+/0T/QMUA11/J+/OT/Q1/)R0 (6.99)

is verified), satisfies
[ull L2+ go,7ix0) < Cr ([[winllL2(@) + K) (6.100)

where the constant Cp > 0 depends only on Q, T and the constants mg, mq.

Proof of Lemma 6.5. The proof relies on the study of the dual problem. More precisely since here we
consider very weak types of solutions for (6.98), the analysis can be done rigorously only through (the
dual problem of) a "regularized" version of (6.98) (that is, a family of systems with smooth data and
from which we can recover asymptotically the original system (6.98) in some sense). The first step of
the proof is to define a "regularized" version of (6.98) and study its dual problem (6.107). The second
step is to ensure that any solution u (of the original problem) considered is the very limit (in some sense
specified later) of the solutions of the "regularized" problem (note that this is a result of uniqueness
for the original problem). Finally, the third step is to establish an estimate of the type (6.100) for the
solution of the "regularized" system, so that (6.100) follows after passage to the limit.

First step : regularization and dual problem. Let (p)g<c<1 be a family of mollifiers on R™*+!
such that for all 0 < e < 1,

pf >0, pe € C(R™H), supp p¢ C Bm+1(0,¢), / / p-=1. (6.101)
R m

We extend M by (mg+m1)/2 on a layer of width 1 around |0, T[x2, then extend it by 0 on R™*! that
is,

M(t,z) = (mo+mq)/2 if 0<dist((¢,2),]0,T[xQ) <1, (6.102)

M(t,z)=0 if 1 <dist((¢,),]0,T[x), (6.103)

and we define the family M* := [p® « My 7. (convolution in R™*! then restriction on [0,7] x ).
Therefore

for all € €]0, 1], Me € C>([0,T] x ), mo < M€ < my, (6.104)

for all p € [1, 00|, M¢ — M in LP(]0,T[x€?) when €— 0. (6.105)

We also define a family (us,). of smooth functions on €, which are identically zero on a (e-dependent)
neighborhood of 9, and which approximates w;, in L(Q).
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We are now ready to consider the following problem (which can be seen as a "regularized" version of
(6.98))
Ou® — Ay(Mu®) = R in |0, T[x €,
u(0,z) = us, () in Q, (6.106)
Vi (Mu)(t,x) -n(x) =0 on |0, T[xI9Q,
Note that since M€ is C*°, we can always write A, [Muf] = A;Mu® + 2V, M€ - V,u® + M€ A uc in
the sense of distributions (for u¢ a distribution). By classical results of the Theory of Linear Parabolic
Equations (see for example Theorem 9.1, together with the final sentence in paragraph 9, in Chapter IV
in [33]), there exists a unique u¢ satisfying 9;u¢, V2u¢ € LI(]0, T[x€) which solves the problem (6.106)
in the strong sense.
We now introduce the dual problem

O + M A v = f in [0,T] x Q,
v(T,z) =01in Q, (6.107)
Vvt x) - n(z) =0 on [0,T] x 99,

where f is any smooth function on [0,7] x 2. Since M€ and f are smooth, this problem has a unique

classical solution v¢ € C*°([0,T] x Q) (see for example Theorem 5.3, Chapter IV in [33]). We claim that
there exists v1 €]0, 1] depending only on Q, mg, my such that for all r € [2 — 14,2 + v1] and all € €]0, 1],

A0l o, 7<) < C (8, mo, ma, p)|| fllL-qo,71x0)

c (6.108)
[v4(0, )20 < C(Qmo, my, p, T fllLro,zix0)-

Lemma 2.2 (together with Remark 2.3) in [7] states that for any r €]1,2[, if (with the notations of [7])

mi — Mo

1 1
5 <1, (6.109)

Cm0+m1 r
T,
then (6.108) is true. The proof of Lemma 2.2 (and Remark 2.3) never uses the fact r < 2, so we can use
that (6.109) = (6.108) for any r > 1. It therefore suffices to check (6.109) for |r — 2| small. This is done
in the case r < 2 in the proof of Lemma 3.2 in [7]. For r > 2, following the ideas of the proof of Lemma
3.2, an appropriate interpolation leads to the bound for all m > 0,4 > r > 2

0 1-60 1
Copy <m™0CH0 " where - +4—— =, (6.110)
’ ’ 2 4 r
that is, for all m > 0,4 > r > 2,
Conp <mI =4 CoHT (6.111)

Therefore for all 2 < r < 4,

(6.112)

Cm,o +mq
7 o7

. 1-4/r .
mi—mo _ (Mo +my oA mi1 — myo
2 - 2 modmig 9

The RHS is a numerical function depending only on €, mg, m1 and r, and it tends to 727" < 1 when

r > 2 tends to 2. Therefore there exists a small 14 > 0 depending only on €, mg, my such that the RHS
is < 1 for all 2 < r <2+ vy. This implies (6.109) for all 2 < r < 2+ v.

Second step : uniqueness. Let p € [2,2 + 4] and let u be a very weak solution of (6.98) such that
uwel” (where 1/p + 1/p’ = 1). We claim that u is the (unique) strong limit in L2+ of the family
(u€), defined in (6.106).

Since v€ is a smooth function satisfying the homogeneous Neumann boundary condition, we can use
it as a test function in (6.99) and against (6.106). Subtracting the two equalities thus obtained, we get

/OT/Q(ue — u)Opv° + /Q(’u’;n — g ) (0, ) + /OT/Q(MEUG — Mu)Aof =0, (6.113)

Using the smoothness of v¢, f and using u¢, u € L', we can perform rigorously the following computations :
we use the definition of v¢ in (6.107)

[ [ [ [t asee [ [
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and replace in (6.113) to get

//u—uf+/( i) // M)ud,o° = 0.

Using (6.108) with » = 2 + v; and Holder’s inequality, it yields

/ (Ug, — Uin)v ‘
Q

< €@ mo,mi, T) (lus, - um\|L2(m 1M = MYully sy go ey ) Iz gorixs)-

IN

M)uA,v°

By duality, we obtain
[w = ullp @i go,rixa) < C(Qmo,ma, T) (||U§n = Uinl|r2(q) + (M — M)U||L<2+u1>'(]o,T[xsz)) :
Using again Holder’s inequality, we end up with

[ = ullp ey (0,T[x Q)

< O momi, 1) (Jluf, = winlliz o) + 1M = M

LS(]O,T[XQ)||UHLP’(]O,T[><Q)) )

where 1/(2 +v1) +1/s = 1/p. Letting € tend to zero, we get that [[u® — ully ey g ppx0) = 0-

Third step : uniform bound for the regularized problem. Let us choose f < 0 in (6.107). By
the maximum principle, we have v > 0. Since v¢ is a smooth function, we can use it as a test function
against (6.106). We get

T T T
/ /ueﬁtve—k/ ugnve(O,-)—F/ MeueAxve—l—/ /RvezO. (6.114)
0o Ja Q 0o Ja 0o Jo

As before, using the smoothness of v¢, f and using u¢ € L', we can rigorously compute

T T T
/ /uec'?tv6 = —/ /Meuesze—i—/ /uef, (6.115)
Q 0o Jo 0o Ja

and replace in (6.114) to get

/ / v= /“ v /OT/QRUGS/Quﬁnvs(Ow)JrK/OT/Qvi (6.116)

where we have used the bound R < K and the nonnegativity of v¢. The last term can be rewritten

K/OT/QUE:K/OT/Ot/QBtvf:K/OT/Ot/Q[—MGsze—kf]. (6.117)

Replacing in (6.116) and using (6.108) with » = 2 — 1, and Holder’s inequality, it gives

[ [0 < 0@umosm ) (il + ) 15l gt (6.115)

Using the strong convergence of v in L' and the smoothness of f to pass to the limit in the LHS,
we get

/ / ) < C(Q,mo,m1, T) ([tinllLz() + K) [ fllLz- go,rixe)- (6.119)
Since u > 0 by assumption, this yields by duality
[ull - qorixay < C(Qmo,ma, T) (luinlLz o) + K) - (6.120)

This concludes the proof for some 0 < v < min{(2 —v1)' — 2,2 — (2+v1)'}. O
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We are now ready to perform the

End of proof of i) and proof of ii). Let a = 0 and a, d satisfy condition (6.96). Let (ac) C [a/2,a] and
(de)e C [d/2,d] be two (strictly) increasing families of real numbers such that a. — a and d. — d when
€ — 0. This implies that for all ¢ > 0, ae <1 =1+ o and de < 2 = 2 + «, so that condition (6.18)
is satisfied with (a,d) replaced by (a.,d.). Therefore, we can apply the results of Section 6.4 with this
choice of parameters. For all € > 0, there exists a weak solution (u. > 0,v. > 0) of (6.1)—(6.4) with
(a,d) replaced by (a,dc). Furthermore, for any fixed T > 0, this solution satisfies estimates (6.9)—(6.13)
(and (6.14), resp. (6.15) when log u;,, resp. log vip, is in L'(2)) with (u,v) replaced by (uc, v.). Since the
constant C(...,D) is chosen to be continuous in D on the set {D:a <1+ a, d < 2+ a}, the estimates
actually give uniform bounds w.r.t. . As a consequence, we have the following uniform (w.r.t. €) bounds
(for all p > 0)

uc € L?, v eL™®,  V,log(l+u)el? VP el? (6.121)

Let us check that we can apply Lemma 6.5 to u.. We define R, := (r, — rqulc — 7“1,vf)uE and M, =
dy + do + dgvP. For all € > 0, R, € L9 where ¢. :=2/(1 +a.) > 1, and

a r 1/a. r 1/a.
R <sup(ry — rqu®)u=r < u > <r <u> <K,
o uZ%( “ ¢ ) uae +1 <Ta(ae + 1) - Ta a

2/a 1/a
where K (=17, (:—:) ifry >rq, K:i=1r, (:—:) if r,, < r,. Thanks to the bound (6.9) for v., we also

have for all € > 0, M, € L*> and

B/c
0<mg:=dy+do <M <dy+do+ds max{supvfn, (TU> } =:my < 0.
Q Tec

We can therefore apply Lemma 6.5, which yields the bound for all € > 0
||U€HL2+V S C’(T7 Q, mo, m1) (||um||L2(Q) + K) y (6122)

where v = v(Q, mg,m1) > 0. Note that the constants K, mg and m; being independent of €, this bound

is also independent of e.
From (6.121), (6.122), we have the uniform (w. r. t. €) bounds

V,u, € LT/, Vvt € L2, (6.123)
(ry — rquls — 1"bvf)u6 € LHV/Q, (ry — revs — 7‘,1u§l€)v€ € LH”/Q7 (6.124)
(dy + do + dgv?)u, € TP, (dy + dyv))v. € L%, (6.125)

where we used the computation Vyu. = (1 + u)V,log(l 4+ u.) € L*™ x L2 for (6.123) and the as-
sumptions on the parameters a. < a < 1 and d. < d < 2 for (6.124). Using the equations of (u.,v.),
estimates (6.124)—(6.125) yield a uniform (w. r. t. €) bound for du., dyv, in L*T/2(]0, T[, W~ 21/2(Q)).
Combined with the gradient estimates (6.123), this allows us to apply Aubin-Lions Lemma, so that, up
to a subsequence, when ¢ — 0,

te —u>0inL', v, — v >0in L. (6.126)

We obtain estimates (6.9)—(6.15) for (u,v) with the same arguments as in the passage to the limit in
estimates (6.75)—(6.80) in Section 6.4, and we obtain (6.16) thanks to (6.122) and Fatou’s lemma. As in
Section 6.4, estimates (6.9)-(6.13) enable us to check that (u,v) € L™*1+aD) 5 1,2 with V,[(dy + dg +
dgv®)u] and V,[(d, + d,v7)v] in L. Using furthermore estimates (6.124) and (6.125), it is classical to
check that (u,v) is a global weak solution of (6.1)—(6.4). O

6.5.2 The case 7y =0
Proof of #ii). When ~ = 0, the system satisfied (in the weak sense) by v can be rewritten as
v —d,Ayuv=f inRy xQ, (6.127)

Vzv-n=0 on Ry x 04, (6.128)
v(0,-) = vip, in Q, (6.129)
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where d, = d, +d, >0, f = v (r, — 1. v —rqu?) € L} (R4 x Q) (thanks to the estimates (6.9), (6.10)
and (6.16)) and v;, € W29(Q) (by assumption). Using the properties of the heat kernel, we get the

L (Ry x Q) bounds for ;v and V2v stated in (6.17). The bound for Vv is obtained by interpolating

loc
(6.9) and the bound for VZ2v. O



Troisiéme partie

Régularité de I’équation de Boltzmann
en domaine borné

143






Chapitre 7

Regularity of the Boltzmann equation
In convex domains

Abstract

This Chapter is an extract from the paper [77] in collaboration with Y. Guo, C. Kim and D. Tonon.
The basic question of the regularity of the solution of the Boltzmann equation in the presence of
physical boundary conditions has long been open due to two effects in competition : on the one
hand, the characteristic nature of the boundary; on the other hand, the non-local mixing of the
collision operator. We consider the Boltzmann equation in a strictly convex domain with the diffuse
boundary condition. We first construct weighted W!'* solutions for 1 < p < 2. With the aid of a
distance function towards the grazing set, we construct weighted W? solutions for 2 < p < oo, then
we construct classical C'* solutions away from the grazing boundary. To complete the results, we show
that second derivatives do not exist up to the boundary in general by constructing counterexamples.
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7.1 Introduction

Boundary effects play an important role in the dynamics of the solutions of the Boltzmann equation
OF +v- -V, F=Q(FF), (7.1)

where F(t,z,v) denotes the particle distribution at time ¢, position z € Q and velocity v € R3. Throu-
ghout this paper the collision operator takes the form

Q(Fla F2) = anin(Fla F2) - QIOSS(FlvFQ)

_ / o = a0 (0) [P () Fo (o) — Fa(u) i (v) | dwclu, (7:2)
R3 J§2
where v’ = u+|[(v—u)-wjw, v =v—[(v—u) -wjw and 0 < £ < 1 (hard potential) and 0 < go(8) < C|cosf|
(angular cutoff) with cosf = ] W
Despite extensive developments in the study of the Boltzmann equation, many basic questions re-
garding solutions in a physical bounded domain, such as their regularity, have remained largely open.
This is partly due to the characteristic nature of boundary conditions in the kinetic theory. In [75], it is
shown that in convex domains, Boltzmann solutions are continuous away from the grazing set. On the
other hand, in [81], it is shown that singularity (discontinuity) does occur for Boltzmann solutions in a
non-convex domain, and such singularity propagates precisely along the characteristics emanating from
the grazing set. The boundary of the phase space is

v = {(z,v) € 0Q x R3},

where n = n(x) is the outward normal direction at x € 9. We decompose v as

v- = {(z,v) € 92 x R? : n(z) -v < 0}, (the incoming set),
Y+ = {(z,v) € 99 x R3: n(x) - v > 0}, (the outcoming set),
Y0 = {(z,v) € 9Q x R? : n(x) - v = 0}, (the grazing set).

In general the boundary condition is imposed only for the incoming set v_ for general kinetic PDEs
(63, 65, 73, 75].

Throughout this paper we assume that € is a bounded open subset of R? and that there exists
€ :R3 — R such that Q = {z € R®: {(z) < 0}, and 9 = {x € R? : {(x) = 0}. Moreover we assume that
the domain is smooth (¢ € C®) and strictly conver, that is, for all z € Q = QU 99 (therefore £(x) < 0),

> 06(x)Ci¢; > Cel¢® for all ¢ € RP. (7.3)
,J

We assume that V&(x) # 0 when [£(z)] < 1 and we define the outward normal as n(z) = ‘gggzgr

We consider the diffuse boundary condition : for (x,v) € v_
F(t,x,v) = cuu(v)/ F(t,z,u){n(x) - u}lduy,
n(e)-u>0
where ¢, [, ,).50 M) {n(z) - utdu = 1.
For (z,v) € Q x R? we define the backward ezit time ty,(z,v) by
th(z,v) :=inf{r >0:2—7v ¢ Q}, (7.4)

and, for v # 0, xp(z,v) ==z — tpv € .
The characteristics ODE of the Boltzmann equation (7.1) is
dX(s) dV (s
ds ds

~—

=0.

=V(s),

Before the trajectory hits the boundary, t — s < tp(z,v), we have [X(s;t,z,v),V(s;t,z,v)] = [x —
(t — s)v,v] with the initial condition [X (¢;t,z,v),V(t;t,2,v)] = [z,v]. On the other hand, when the
trajectory hits the boundary we define the generalized characteristics as follows :
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Definition 7.1 ([75]). Let (z,v) ¢ 7o, v # 0.
We define recursively the stochastic (diffuse) cycles by (t9,2°,0%) := (t,x,v) and for £ > 0,

pick up some v such that n(xp(z*,v%)) - v >0 and define

7.5
(té+1,$6+17vé+1) — (té—tb(l‘e,Ue),.%‘b(a?é,’l)é)7vé+l). ( )

We define the backward trajectory as

Xa(s;t,z,v) = Zl[t5+17t2)(8){1‘€—(te—S)Ue}, Val(s;t,z,v) = Zl[tl+17t5)(8)’l}é.
¢ ¢

Note that if G(t, z,v) solves ;G + v - VG = 0 with the diffuse boundary condition then
G(t,z,v) = G(s, Xa(s;t,xz,v), Va(s;t, z,v)).

In this paper we establish the first Sobolev regularity away from the grazing set -y for Boltzmann
solutions in convex domains. One of the crucial ingredient is the construction of a distance function
towards the grazing set -y to achieve this goal.

Definition 7.2 (Kinetic Distance). For (z,v) € Q x R3,
a(x,v) = v VE@)]* = 2{v - V*¢(x) - v}E ().

Due to (7.3), the kinetic distance a(x,v) vanishes if and only if (z,v) € 9. The important technique
to treat « along the trajectory is based on the geometric lemma :

Lemma 7.1 (Velocity lemma, Lemma 1 of [75]). Along the backward trajectory we define
a(s;t,x,v) == a(Xal(s;t, z,v), Va(s;t, x,v)).
Then there exists C = C(§) > 0 such that, for all 0 < s1,89 < t,
e_c‘v”sl_szla(sl;t,x,v) < alsest,z,v) < ec‘“”sl_s"“a(sl;t,x,v).

Proof. The proof is basically the same as the proof of Lemma 1 of [75] but the definition of « is slightly
different. By explicit computation, we have

v Vea =20 - VE(x)[v- V- v] — 20 - VE(x)[v - V€ 0] — 20{v - V3¢(x) - v}€(x)
= —2v{v - V’¢(2) - v}(2) = O¢ (1) v’ [¢(2)] (7.6)
= Oc(D)v]a(z, v),
where we used {v - V?¢(z) - v} « |v|? from (7.3). Therefore there exists C = C¢ > 0 such that
—Cl|afz,v) < v-Vya(z,v) < Clv|a(z,v).
Since d%a(Xcl(s; t,z,v), Val(s;t,z,v)) =v-Vea(Xa(s;t, x,v), Va(s;t, z,v)), we conclude the lemma. O

This crucial invariant property of o under operator v - V. is the key for our analysis. On the other
hand, unless V3¢ = 0 (which is the case for example when the domain is a ball or an ellipsoid), a growth
factor |v| creates a geometric effect which is out of control for our analysis. We introduce a strong decay
factor e=® () with sufficiently large w > 0 to overcome such a geometric effect : consider

e~ Wta(x,v). (7.7)
A direct computation yields
{0, +v- Vo e ™Wta(x,v)] = —w(@)e T ta(z,v) — e W 20 v - V3¢(2) - v}
S (@ + Og() ()™ a(z, v),

with the geometric contribution Og(1) = where we used the convexity of £ in (7.3).

Throughout this paper we assume

20{v-V3¢(2)-v}¢
a(v)

2v{v - V3¢(2) - v}¢
a(v) '

w > max (7.8)
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Remark that if £ is quadratic (for example if the domain is a ball or an ellipsoid) then we are able to set
w=0and {0;+v-V,}a=0.
lv[?

We denote F' = /if (but we do not assume that f is small) where p = e isa global normalized
Maxwellian. Then f satisfies

O f +v-Vaf :Fgain (fv f) _V(\/ﬁf)f (7'9)

Here

1
= 7Qloss(\/ﬁfa \//jf)(v)
V() (7.10)

:/R3 . B(v — u,w)/p(u) f (u)dwdu,

v(vuf) () = v(F)(v)

and the gain term of the nonlinear Boltzmann operator is given by

L Quain (VI V) ()

Fgain(fl, fz)(v) = \//7

(7.11)
= / B(v — u,w)y/ () f1(u') fo(v")dwdu.
R3 J§?
The diffuse boundary condition, once rewritten for f, is :
ft.2.0) = 6 /uo) | oy Jm VG ) uhdu - on (7.12)
n(x)-u>0

Notation We write X < Y when there exists a constant C' > 0 (independant of X and Y') such
that X < CY. We write X <, Y in the same situation when we want to emphasize that the constant
C = C(«) depends on some quantity c.

7.1.1 Main results : propagation of Sobolev regularity

We denote ||-||, the LP (2 x R?) norm, while ||, is the LP (92 x R3; d7) norm and |- |, , = |- 14, |4,
where dy = |n(x) - v|dS,;dv with the surface measure dS, on 9. Denote (v) = /1 + |v|2. We define

9:f(0) = O fo = —v - Vi fo + Tgain(fo, fo) — v(/1fo) fo- (7.13)
Throughout this paper we always assume
Fo=+/ifo > 0.
Theorem 7.1. Let 0 < k < 1in (7.2),1 < p <2, and 0 < § < 1. Assume fo € WHP(Q x R3) and

Ve follp + Vo follp + 1€ folloe < +00 and the compatibility condition on (z,v) € v,

folz,v) = cu/p(v) fo(z, u)v/ plu){n(z) - ujdu, (7.14)

n(z)-u>0

then, there exists T, = T.(||e?""1” fo||os) > O such that f € L3® ([0, T,); WHP(QxR3)) solves the Boltzmann

loc

equation (7.9) with diffuse boundary condition (7.12), and for all 0 <t < T,

t
||V$f(t)|\£+I\Vuf(t)||§+/0 [IVaf (), +[Vuf(s)lf ] ds

2
St Ve follh + [V fol 5 + P(|e”" follo),

(7.15)

where P is some polynomial.
Furthermore, if Fy = pu+ /ltgo with ||e("”|2go\|Oo < 1, then Ty = oo, that is, the estimate above holds
for allt > 0.



150 CHAPITRE 7. REGULARITY IN CONVEX DOMAINS

There is no size restriction on the initial data Fy = /g fo. On the other hand, we also remark that
from |75, 67|, the assumption H69|“|zgo||Oo < 1 for Fy = p+ /jigo ensures a uniform-in-time bound :

SUPp<s< oo ||ee‘”|29(t)||OO < \|e€|”|ggo||Oo (but not a decay, which requires the supplementary constraint
on the mass fox]R3 goy/fdvdz = 0). In this case, the estimate (7.15) is a global-in-z estimate which
includes the grazing set vy and the constant grows exponentially in time.

Moreover, we show that the estimate (7.15) in Theorem 7.1 for p < 2 is indeed optimal even for the
free transport equation d;f + v -V, f = 0 with the diffuse boundary condition (Lemma 7.8). In fact, the
boundary integral blows up at p = 2.

We now illustrate the main ideas of the proof of Theorem 7.1. Clearly, both ¢ and v derivatives behave
nicely for the diffuse boundary condition as for (z,v) € vy_,

O f(t,z,v) = cuv/p(v) O f (8, zyu) v/ pw(u){n(z) - utdu, (7.16)

n(x)-u>0
Vof(t,z,v) = ¢, Vo p(v) o ft z,uw)v/ pluw){n(z) - updu. (7.17)

Let 71(x) and 75(z) be two unit tangential vectors to 92 satisfying 71(x) - n(xz) = 0 = 72(x) - n(x) and
T1(z) x T2(x) = n(z). Define T to be the orthonormal transformation from {n, 7,72} to the standard
bases {e1,ez,e3}, i.e. T(z)n(z) = e, T(x)ri(x) = ez, T(x)m2(x) = ez, and T~! = T*. Upon a change
of variable : v’ = T (z)u, we have

n(x)-u=mn(x) T'x)u' =n() T (x)u = [T(z)n(x)]'v =e -u =uj,

then

on/u) [ o J eV ) e

x)-u>0

= cu/ (V) Ft 2, T (@)u') v/ () {uy b

u) >0

so that we can further take tangential derivatives 9;, as, for (z,v) € y_,

O, f(t,2,v)

= cu/1(v) o {8nf(t, z, T )W) + Vo f(t,z, T (z)u) 327—(;1:) U/}\/m{ull}du’

= cu/p(v) e Or, £ (t, 2, u)v/p(w){n(z) - u}du (7.18)
+ e/ nlv) UL u)%éx)T(x)um{n(m) - u}du.

The difficulty is always the control of the normal spatial derivative 0, f. From the general method
of proving regularity in PDE with boundary conditions, it is natural to use the Boltzmann equation to
solve the normal derivative 0, f inside the region, in terms of 0, f, V., f, and 9, f as:

1

Onf(t,z,v) = o)

2
{atf + Z(U : Ti)a‘rif - Fgain(fv f) + V(\/ﬁf)f}> (719>

at least near 0f). Unfortunately, this standard approach encounters a severe difficulty : ﬁ ¢ L} .(R?)

in the velocity space.

The first new ingredient of our approach is to use (7.19) not inside the domain, but at the boundary
0f). Using the special feature of the diffuse boundary condition and (7.16), (7.17) and (7.18), we can
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express Op, f at (z,v) € y_ as

anf(t, x, 1})
- _”(fﬂl)'v{ vile) (@)-u>0 Ouf (8, u)y/p(w){n(x) - u}du
2
F2L V) [ O G ) ) - uddu (7.20)

+3 (0 7)) Vot 0) O T yu/ @) ) - uydu

n(z)-u>0 or;
~Tainlf. N+ VDS -

Due to the additional u integral in (7.20) and the crucial factor |n(x) - u| in the measure d-y on the
boundary =, it is clear that the singularity of |9, f|P|n - v| in (7.20) is roughly of the order

1
[P

so that its v—integration is precisely finite if 1 < p < 2.
However, in order to control d,f,V,f and 0, f for p < 2, a new difficulty arises. It is well-known
from |75, 67] that a crucial boundary estimate for diffuse boundary takes the form of a L?—contraction :

/ h2dy < h2dy.
v v+

Unfortunately, this is not expected to be valid for p # 2, so it is impossible to absorb the incoming part
v solely by the outgoing part v..
~ Our second new ingredient is to split the . integral into the near grazing set 75 and the remaining
part in our boundary representation for the derivatives (7.16), (7.17), (7.18), and (7.20). For small € > 0
we define 77, the set of almost grazing or large (outgoing) velocities at the boundary
7: ={(z,v) €74 :v-n(x) <eor|v] > 1/e}. (7.21)

Denote 0 = [0, V4, V,]. We can roughly obtain

p
/ 0fP < / (/ |0 f| /4 {n - v}dv) + good terms,
y— o0 n-v>0

p p
</ (/ 8f|u”4{n-v}> + (/ |8f|u1/4{n~v}>
o0 {vi(z,v)ent} oN {vi(z,v)ev+\V5}

+ good terms,

r/q
< sup </ u?*n - v}dv) / |0f|Pdy + / |0f|Pdy + good terms.
z {vi(z,w)evi} 5 Y+ \7%

L . p/q
It is important to realize that sup, ( J, (o) et } Mq/4{n . u}dv) has a small measure of order ¢, for
p > 1, so that it can be absorbed by the outgoing part f7+ . Fortunately, the outgoing boundary integral
fw\,yg can be further bounded by the integration in the bulk and initial data (Lemma 7.6) thanks to a
s
crucial time integration. On the other hand, such a process produces a large constant in the Gronwall
estimates and leads to a growth in time. Of course, such approach breaks down at p = 1.
Theorem 7.2. Assume the compatibility condition (7.14) and 0 < k <1 and recall (7.13).
For any fized 2 < p < o0 and % < B8 < %, if [PV follp + 191" folloe < o0 for some
0 <6 < L then there exists T, = T*(||69‘”|2f0|\00) > 0 such that e~ PV, f, e =WtaPVY, f €
L3 ([0, T,); LP(Q x R®)) and for all 0 < t < T,

loc
t
||€_w<v>taﬂvm,vf(t)||g+/0 |e_w<">tozﬁvx,vf(5) g)pds

2
St 07V follf + P11 fol o),
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where P is some polynomial. ,
If a2V, folloo + (19171 fol|ow < 400 for some 0 < 6 < %, then e==Wal/2V, , f € L=([0,T,);
L*(Q x R?)) such that for all 0 <t < T,

e = a2, L F()]leo St 1102V folloo + P(I[ fol|o)-
If o2V fy € C°(Q x R?) and

v-Vafo—T(fo, fo) = cuv/it {w-Vafo—T(fo, fo) }v/p{n - u}du, (7.22)

n-u>0
is valid for v_ Uy, then f € C* away from the grazing set 7.

Furthermore, if Fy = pu+ \/ltgo with ||69‘“|290HOO < 1, then T, = oo, that is, the estimates above hold
for allt > 0.

Again, there is no size restriction on the initial data Fy = VI fo. On the other hand, we also remark
that from [75, 67], the assumption ||60|“‘290||oo < 1 for Fy = p+./1go ensures a uniform-in-time bound :

SUPp< i< oo ||ee‘”|2g(t)||OO < ||e("”|2go||OC (but not a decay, which requires the supplementary constraint on

the mass [, gs goy/Hdvdz = 0).

We remark for @ # 0, 9f(t) ~ e so that in terms of solution f(t), such an estimate not only
creates an exponential growth in time, but also creates less integrability in velocity. Furthermore, when
w # 0, we crucially need a strong weight function e?1*” to balance such a factor e~ @ which produces
a super exponential growth et” in time. We suspect that it is impossible to obtain a uniform in time
estimate especially when w # 0. The distance function a plays an important role in the study of regularity
in convex domains for Vlasov equations (73, 79]), which can be controlled along the characteristics via
the geometric Velocity lemma (Lemma 7.1). However, such an approach has not been successful in the
study of Boltzmann equation due to the non-local nature of the Boltzmann collision operator, which
mixes up different velocities so that their distance towards 7y can not be controlled. In addition to
the key boundary representation, we establish a delicate estimate for interaction of e~ a(x,v) and
the collision kernel e’w@)ta(x,fu)ﬁlﬂgam(%, f) in (7.87) for g < %. An additional requirement
8> % is needed to control the boundary singularity in (7.90). These estimates are sufficient to treat
the case for § < 1/2, but unfortunately these fail for the case § = 1/2, which accounts for the important
C! estimate. In order to establish the C' estimate, we employ the Lagrangian view point, estimating
along the stochastic cycles [75, 67] in Definition 7.1.

Our fourth new ingredient is the dynamical non-local to local estimates (Lemma 7.2). Even though
€7w<v>t\/argain(%, f) is impossible to estimate directly due to severe singularity of - 1

=0t /atem)

in the velocity space, along the characteristics, is integrable in time for a convex

1
e*W<’U>(“/*5)\/oz(azf(tfs)v,v)
domain. Therefore the integral

¢ of
—w(v)(t—s) .. d
e a(x, ) gain , f)ds
/ttb(z,v) (=)l (e_w(“>(t_s) Val(z —(t—s)v,v) D

can be controlled by first integrating over time, and we can close the desired estimate.

7.1.2 Dynamical non-local to local estimates

Lemma 7.2. Let (t,z,v) € [0,00) x Q x R? and % <fB< % and 0 < k<1 andr € R and Z(s,z,v) > 0.
Let Xei(s;t,x,v) =2 — (t— s)v on s € [t — tp(x,v),1].
For any € > 0, there exist | >¢ 1 such that

t —Q\U—u\z r
—1(v)(t—s) € (u) 7 )d
e s,x,v)duds
/t_tb@,v) / o = wP=~[a(Xa(s: ,2,0), )P ()7 2.

L CICA0) Kl 71k
. g2 « .T,?) A —l(’U)(t—S)
< min , sup e Z(s,x,v (7.23)
{|v2{a<a:,v>}ﬂ—l o7 i ot (5,2,v)}
Ce /t (@) (1)
4+ e 2T Z(s x v)ds,
{Ot(.%',v)}ﬁ_l/2 t—tp (z,v)

where tz = sup{s: Z(s,z,v) # 0}.
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The control of f o G\lezu\m a(i) 7 is addressed throughout such so-called dynamical non-local to local

estimates. We discover that the non-local u integration does not destroy the local property, upon a
crucial time integration along the characteristics. The proof of such non-local to local estimates are a
combination of analytical and geometrical arguments. The first part is a precise estimate of u integration
which is bounded via \71|213*1\§(zfét75)v)|5*1/2' In this part of the proof we make use of a series of change

of variables to obtain the precise power. The second part is to relate back to é Clearly,

I

[&(z—(t—s)v)[B—1/2
L S 1

£z —(t—s)0)2 a |v-Veé(z—(t—s)v2+ |6z —(t—s)v)|[v]?

for [€(Xa(s))]|v]|? larger than |v- VE(Xci(s))]- On the other hand, when |v - V&(Xe(s))| dominates, this
can only be achieved through a crucial use of time integration and geometric Velocity lemma (Lemma
7.1), by connecting

dg

At v ——=>
lv- V¢

and recover « as in the bound of £—integration through the geometric Velocity Lemma (Lemma 7.1).
The more striking feature is that not only our estimates retain the local structure for «, but they

gain +/a order of regularity. In order to squeeze out a small constant for |v| > 1, we need to use the

decay of e~H¥)(t=) This requires a precise regrouping of the cycles according to the time scale of

tlv| ~ 1.

Within such an important time scale, Vei(s;t, x,v) stays almost invariant due to the Velocity Lemma
(Lemma 7.1). We then are able to obtain precise estimate for the number of bounces within ¢jv| «~ 1 and
extract smallness from e~4 ) (t=%) for t — s > . On the other hand, for t — s < ‘ ok the smallness comes

from Lemma 7.2.

7.1.3 Non-existence of V2f up to the boundary

In the appendix, we demonstrate that, our estimates can not be valid for higher order derivatives.
Otherwise, if 0?f exists up to the boundary, we observe that from taking second derivatives of the
Boltzmann equation :

'Unaif - _6tnf (6 Un 8nf Z 8n Uﬂ 671.](‘ Z UTZ nr; - V( )8nf + 8TLK(f) + a’rLFgain(fa f)

=1

If |On f] > ﬁ and 0, K (f) ~ K(0yf) then at the boundary we have

‘a f‘ > ¢ Lloc(Rl)

In\

so that 0, K(f) is not defined. Since |9, f| is expected to behave at least as bad as we are able to

identify initial conditions such that |9, f] e for some future time.

f’

7.2 Preliminary

7.2.1 Collisional operator estimates

Recall T'gain and v in (7.10), (7.11). Thanks to Grad’s change of variable [70], we can write

/ k1 du,
R3

(7.24)
Fin (V7o) + D0 Vi) = [ Tea(v, g}
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with

1!2 u2 -
ki (u,v) = |u—v|fe” E / do( 2 . w)dw,

v —u
2 Cliy—ol? 1M
ko(u0) = =5 A T (7.25)
X/ W e )¢ el e o) B
(u—v)=0 lu—v +[w]? |u—2vl

where ¢ := (&£ - l‘) Ty See page 315 of [74] for details.

Lemma 7.3. Let 0 < xk < 1. Recall Grad’s estimate from [70], for all u,v € R3,

121 (w2 —(u|?)?
Ikt (1, 0)] + ko (u,0)| S {Jv —ul* + v —u"ZHrYye ST TS
Lip—ul2— & vl?—u)2)?
e lv—u|
< —
[0 — 2"

Let 0 < k<1, 0>0, —20< 0 <20 and ¢ € R. We have the estimate, for all v € R3,

2
—o|v—u|?—pUrZ=lul®)? <v>€60\v| B
/ {|v—u\“—|—|v—u| 2+n} N T =T 7<U>C69|U|2 du 5 <1}> 1

Proof. The proof is based on [75]. First note that

(v)Seflvl®

< _ ul?15 e 0Uul’~1vl*)
<U><€9‘u|2 ~ [1+|'U ’U,‘ ] € I

so that it suffices to prove the desired estimate for
(o2 —]u|®H?

/ {|’U o u‘n + |U o 7.L| 2+/-c} —olv—u|?— o=l )" Tz [1 + "U o u|2]%676(|u‘2,‘v|2)du'

Set v — u = 7 in the integral. Now we compute the total exponent of e in the integrand as

|[n|> — 2v - n|?

- Q|77|2 - QT —0{Jv — 77|2 - |U|2}

2 |”‘77|2 2
= —20In]" +4ofv-n} —do——— — 0{[n|" — 2v - n}
il

2
v 77
— (~0—20)[nf* + (40+20) v — 40 W'

Since —2p < 6 < 2p, the discriminant of the above quadratic form of |7| and 7 "7 is negative : (40 + 29)2 +
160(—0 — 20) = 46% — 160% < 0. We thus have

|In* —2v - nf? s
~olnf? — o G 00—l P} Seo ~{ T+ ol

Hence, for 0 < k < 1 the integral is bounded by

L= eGPy Sy 1

so that the desired estimate is proved for |v| < 1. Therefore, to conclude Lemma 7.3 it suffices to

consider the case |v| > 1. We make another change of variables 1 = {77 . \%I} \%I and 7, =n — 7, so
that |v-n| = |v||n)| and |v —u| > |nL|. We can absorb (n)¢, |n|(n)¢ by e=Cesln” and bound the integral
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by
o {12 4o
[ ooty
RS

C
_ / {1+ -2+ e 42 ~Coolonl gy
RS

CQQ _ v
R e SR § Kt T
Cy o0
S [ e {o [T ey},
R2 0

e,k ()71,
where we used |v| > 1 to get the third line and we used 0 < £ < 1 to check that the first integral in the
fourth line is finite. O
We define
Lgain,o (91, 92)( /Rs /S2 v —u,w) (\/ﬁ)(u)gl(u’)gz(v’)dwdu, (7.26)

where v = u — [(u —v) - ]w and v = v + [(u — v) - w]|w.
Lemma 7.4. Let 0 < 0 < Z and 0 < k < 1. Then we have :
(1) For (i, j) = (1,2) or (2,1),

6703|v7u|2

2
Cgain(91,92)®) o 11 gil o / € g (u)ldy, (7.27)
R3 |U_“‘
and
_ 2 2 2
ICgain(91,92)@)| <o @)% |12 g3 oo 1€ gol oo

2 2 2
IPgain,o(g1,92)(0)] o (0)%e™ [ g [|oc €T go oo,

6lv|? e~ Colv—ul
wviig)| So [ )
(i) For all p € [1,00) and for (i,5) = (1,2) or (i,j) = (2,1),
v 2
ITgain(g1. 92)llp So.p 11" gilloollgs o,

||V(\/Egl)92||p So.p Heelv g2|‘00||91||pa

’// Tgain(91,92)g5dvdz| o 1€ gillocllgs llpllgs o

2
][ vssasdue] Sa 17 gl
(iii) For p € [1,00) and for (i,7) = (1,2) or (i,5) = (2,1),

2
Vo Tgain (g1, 92)1lp S0 > 1€ gilloo | Vugllp,
(i.7)
2
Iv(VEVog)g2lp Sop €7 gollool|Vogillp,
2
] Tt gadasdvde] Sap 311 gl Vgl sl
xR (i.4)
2
\// SV(\/HVugl)gggsdvdw! o 117 galloolVugillpllgsllq-
QxR

(iv) Let [Y,W] = [Y (z,v), W(x,v)] € Q x R3. For de with e € {x,v},
‘aergain(ga g) (Y7 W)|

< 18.Y [P OO/ e

N| H‘e g|| RS ‘U—W‘27K’

e—Colu—w|?

o ll1eflel? / e
+ | e |H6 gHOO RS |’U,—W|2_”

—Colu—W|?
[V2g(Y,u)|du

- ’U2 ’U‘2
Vug(Y,u)|du + (0) eI 86 W|||e”* gl 2.
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Proof. (i) First we show (7.27) for (i,7) = (1,2). Clearly
- 7.) v 2
Cgain(91:92)] S [Taain(e™""", g2 )] x 1"V g1 o

Then we follow the Grad estimate, page 315 of [74], to bound |Fgain(e_0|”‘2, lg2])| by the integral
Jz2 k2 (v, w)|g2(u)|du with different exponent of k (v, u). We use Lemma 7.3 to conclude (7.27).

For the second estimate we use (7.11)
_ 2 _ 2
[Cain (91, 92)(0)] S Tgain(e ™, e 017 x (1”1 gy || 71" g

2 2 2 2
_— / B — u,w)v/a@e " dwdu x || gy [|ool?" g2 1o

_ 2 2 2
S (@) e 1 g oo 1€ g2 oo

~

where we have used |u/|? + [v/|> = |u|? + |v|?. The third estimate follows similarly with V,(\/z)(u) <
w(u)'/279 for any § > 0. The forth estimate follows from

—Colv—ul?

v K v €
o)) S [ ol Tl i S [ Sl

PTNE ~Cplv—ul?
and e~ 11" |v — u|®\/u(u) < BrETE GuTz P

(7i) First two estimates are a direct consequence of (i) :

< [1.01] e~ Colv—ul®\1/q e~ Colv—ul? PP
[|[Tgain(91, 92)|lp S lle gz”ooH( m) ( m@j(“)\ ) ‘Lﬁ
Colul? l/q Colv—ul? 1/p
olv]| c
U gl [ o) ([l [ =)
—Cg|u\2
e
SN S
lloe J, =) 91l
2
S 11 gil oo 1951
Using the forth estimate of (i), the same proof holds for |[v(\/rg1)g2|lp So.p \|69|”|2g2||00|\g1||p.

For the third estimate we use (7.27) to bound as

0Jof? e~ Coleul dudvd
e gzuoo///wwm\gﬁwugg(m,vn udvds
—Ce|v ul? 1/p —CelU ul? 1/q
/// |U U‘Z K |gj €T, U, /// | u|2 P |g3(xau>|q)
S gillpllgslle-

The same proof holds with exchanging 7 and j. Using the forth estimate of (i), the same proof holds for
the forth estimate.

(i11) We compute the velocity derivative of I'gain after the change of variable u :=v —u :
Volgain(91,92) = Vo [/3 /2 Bu,w)v/ p(u)gr(u — (u- w)w)ga (v + (v - w)w)dwdu
R3 J§
== Fgain(gla VUQQ) + Fgain(vvgla 92) + Fgain,v(glv 92)

The two first terms are estimated directly by (7). For the I'gain, we use the fact |V, (\/m)(v — u)| <
Cu(v — u)l/ * and then apply (ii). The other estimates are direct consequence of the previous estimates.
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(iv) Tt suffices to show the following computation : For 0 < 6 < i

|0 gain (9, 9) (Y, W)
/ / ] qo ) b g Y, W+ [u-ww)g(Y, W +u — (4 w)w)dwdu

= | gain(aeY : vmgvg)(Ya W)| =+ |Fgain(gv 0.Y - Vmg)(Y, W)|
+ ‘Fg%in(a w- va g)(Y W)| + |Fgain(976 W va)(Y W)|

+]/SZ oo (- W) (G W) - 3T/ + 1) (7.28)

X gV, W+ [u-ww)g(Y, W +u— (u-w)w)dwdu

7C€‘U7W‘2

vl2 e
S0 gl | e (Y0l

oW 0lv|? oo/ €
+‘ e |H€ gH RS |U7W|27'{

“Cehemwr —0Jof? || lul? 2
009 (Y, w)|du + [0 W (v) e~ [[e”! g[S,

where we have used the change of variables u — V — wu.

7.2.2 Local existence

Lemma 7.5 (Local Existence). Let 0 < 0’ < 6 < 1/4 and fo > 0 such that ||e?! fo]|os < +00. Then

there exists T, = T.(||e?" fol|ose) > O such that there exists a unique F = Virf = 0 which solves the
Boltzmann equation (7.1) in [0,Ty) x Q x R3 with initial datum fo and boundary condition (7.12) and
such that for all t < T,

1 £ (0)lloo Sere P folloo), (7.29)

for some polynomial P. Furthermore if fo is continuous and satisfies the compatibility condition (7.14)
then f is continuous away from the grazing set 7.

Moreover, let 0 < 0 < L. If 11711 8, follso = ||e§|”|2 ﬂ)'v“”]‘FO\;FEQ(FO’FO)||OO < +o0 and if compatibility
condition (7.14) is verified then for all t < T,

1€ F D D)oo <0 P Oufol o) + P foll): (7:30)

for some polynomial P.
Finally, if ||?1"* (fo — Vi)l < 1 then T, = 400, that is, the results hold for all t > 0.

Proof. We use the positive preserving iteration of [75, 81]
OF ™ 40 Vo F™H 4 y(F™)F™ ™ = Qgain (F™, F™),  F™ 129 = Fy > 0, (7.31)
which is equivalent to, with F™ := \/nuf™,
Of™ N +v - Vo fm 4 p(F™) ™ = Taain (F™, ™), ™ Hizo = fo (7.32)

The starting of this iteration is F¥ = Fy >0, fO= fy andlet F~™ = F°, f~™ = {9 for all m € N.
Along the trajectory we have the Duhamel formula (ignoring the boundary condition) :

fm+1(t’ z,v) =e” Iy u(\/ﬁf’”)(s,Xcl(S),Vcl(s))deo (Xe1(0), Ve (0))

t
+/ e~ STV Xa(DVa)p L (FmfmY (50 X (s), Vea(s))ds.
0
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The local existence theorem without boundary is standard :

|e(9—t)\v|2fm+1(t’ z, U)l
t
< |01 fy| 4 / ICgain (™ £7) (5, Xea(s), Vea(s)]ls
0
< 11 follo
4o “'/// Var(s) — ) /(@) f7 (5, Xea(s), w)] | F™ (5, Xer(5), )]
R3 xS§2
< 119 fol o

+ (sup [le@F pm(s / // (0 =, w) /() e @D = 0=l = (O=s5) 0"

0<s<t

t
v|? —s)|v|? pm 2 —(t—s)v]? r
S oo+ (s [ ()l ])” [ e [ o= af /G
t
’U2 —S8 ’U2 m 2 — S)|v
S folow + (s [0 17 (5) ) / =8 () {15y + Lppj< }ds
SSS 0

’U2 —S ’U2 m 2 1
S 11 folloo + ( sup [le@IF r(s)loe)*{ 5 + Nt .
0<s<t

Now we choose sufficiently large N > 1 and then small 0 < T" < 6 to obtain the uniform-in-m
estimate

’ 2 2
sup_[[e” TS (1) oo S 11”1 foloo- (7.33)
0<t<T

With the diffuse boundary condition the Duhamel form is evolved with the condition, on (z,v) € v_,

P 0) = eu/a(o) (4, u)y/a(w) () - uldu, (7.34)

n(z)-u>0

We follow the proof of |75, 81] to obtain the same estimate (7.33). O

7.3 Traces and the In-flow Problems

Recall the almost grazing set 75 defined in (7.21). We first estimate the outgoing trace on v4 \ 73.
We remark that for the outgoing part, our estimate is global in time without cut-off, in contrast to the
general trace theorem.

Lemma 7.6. Assume that ¢ = p(v) is LS.(R3). For any small parameter € > 0, there exists a constant

C. 1. > 0 such that for any h in L'([0,T], L (2 x R?)) with O;h+v-Vih+@h in L1([0,T], L*(Q x R?)),
we have for all 0 <t < T,

t t
// |h|dvdsgcs,T,Q[||ho|1+/ (1A + [[19h + v - Vo + @l(s)]], Yds
0 Jyp\ v 0

Furthermore, for any (s,z,v) in [0,T] x Q x R? the function h(s+ s,z + s'v,v) is absolutely continuous
in s’ in the interval [— min{tp(z,v), s}, min{ty(x, —v), T — s}].
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Proof. With a proper change of variables (e.g. Page 247 in [63]) we have

T
/ // h(t,z,vd)dvdzdt
0 QxR3
0
= / // (T + s,z + sv,v)dvdads
— min{T,tp(z,v)} QxR3
min{7T,tp(z,—v)}
+ / // h(0+ s,z + sv,v)dvdads (7.35)
0 QxRS
T 0
+ / / h(t+ s, x + sv,v)dsdydt
min{t,tp(z,v)}
min{T—t,tp(z,—v)}
/ / / h(t+ s,z + sv,v)dsd~ydt.
For (t,z,v) € [0,T] X 74 and 0 < s < min{t, tp(z,v)},

0
h(t,z,v) = h(t — s,z — sv,v)e”?V)® 4 / P[0k 4 v - Vb + o)A (t + 7,2 + Tv,v)dT.

Now for (t,z,v) € [e1,T] x v+ \ 73, we integrate over fg: f'v+\'yf fO. to get
+

min{t,ty(z,v)}
T
min{e;,e®} x / / |h(t, z,v)|dydt
T\

< {t,tb(z,v)} ></ / h(t,x,v)|dydt
[e1, T]>< 7+\7+ ’Y+\’Y+

/ / / |h(t + s, + sv,v)|dsdydt
Y+ min{¢,tp(z,v)}

+T/ / / |0h + v - Vb + oh|(t + 7,2 + Tv,v)dTdydt
Y+ min{¢,tp(z,v)}

T T
5/ ||h<t>|\1dt+/ 10: + vV + gh(®)]ndt,
0 0

where we have used the integration identity (7.35), and (40) of [75] to obtain ty, (z,v) > Cqln(z) - v|/|v|? >
Cqe® for (z,v) € 74 \ 75. Now we choose e1 = ¢1(£2,¢) as

g1 <C0qe® < inf  ty(x,v).
(@v)ev+\75

We only need to show, for e; < Cqe?,
€1
/ [t o)idndt Soa ol + [ 110+ v- Ve + plh)act
7+\7+
Because of our choice € and e, ty(z,v) >t for all (t,2,v) € [0,e1] X v \ ¥5. Then
¢
|h(t, z,v)| < |ho(z — tv,v)| + / ‘[& +v-Ve+o)h(s,z—(t— s)v,v)‘ds,
0
where the second contribution is bounded, from (7.35), by

(s
0 Jyy\ng YO

< / [[0r + v - Vi + p(v)]h(t)]]1dL.
0

+v- Ve +o)h(s,z— (t—s)v, v)‘dsd’ydt

Consider the initial datum contribution of |hg(z — tv,v)| : We may assume 0,,&(zg) # 0. By
the implicit function theorem 09 can be represented locally by the graph n = n(x1,22) satisfying
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5(1'1, X2, 77(5517 -TQ)) =0and (892177((517 1'2), 81277(351, $2)) = (_amlé-/awgga _821525/81'36) at (wh 2, 77(3717 .’EQ))
We define the change of variables

(z,t) €00N{z ~ 20} X [0,61] my=12—tv €Q,

00 6

By — 8125
where ‘76(%15)‘ = Vg U

202,58

— V3.

Therefore

8:1715 2 8:1726
aﬂvsg) N (6$3€

_ 89316 8I2€ _
[ U1 Dust Vg Dant v3] dzidzedt = dy,

and f;l f'er\'yj_ﬂ{meo} |ho(x — to,v)|dydt Scerwo [[oups 1ho(y, v)|dydv. Since 9 is compact we can

[n(x) - v|dSzdt = (n(z) - v) [1 + ( )2] 1/2dx1dx2dt

choose a finite covers of 02 and repeat the same argument for each piece to conclude

/ / Iho(a — to, 0)|dydt e // oy, v)|dydo.
0 T+\v5 QxR3
O

Lemma 7.7 (Green’s Identity). For p € [1,00) assume that f,0;f +v - V.f € LP([0,T]; LP(Q x R3))
and f,_ € LP([0,T); LP(7)). Then f € C°([0,T]; LP(2 x R?)) and f,, € LP([0,T]; L*(v)) and for almost
every t € [0,T] :

t t t
@I+ [ 12, =1+ [ 15 +n [ [[ @ vovapiapis.
0 0 0 JJOxR3
See [75] for the proof. Now we state and prove following propositions for the in-flow problems :
{0 +v-Vy+vif=H, f(0,z,v)=folz,v), [f(t,z,0), =gt z,v), (7.36)

where v(t, z,v) > 0. For notational simplicity, we define

ath = —U'meo—V(07'7')f0+H(07'a')» (737)
2 2
n
V:vg = ﬂ{ - 8tg - ;(U . Ti)aTig —vg+ H} + ;Tiaﬂg' (738)

We remark that 0 fy is obtained from formally solving (7.36), and (7.38) leads to the usual tangential
derivatives of 0;,g, while it defines the ‘normal derivative’ d,¢ from formally solving (7.36).

Proposition 7.1. Assume the compatibility condition
fo(z,v) = g(0,z,v)  for (z,v) €~-. (7.39)
Let p € [1,00) and 0 < 0 < 1/4. Assume
Va:f07vvf07_q)'v:vf0_U(07'7')fO+H(07'7'> S LP(QXR3)7
1
g, ———{—01g — “7;)0r. g — H LP([0,T _
9:9, V09, 07,9, @) 10 zi:(v 7)0rng—vg+H} € LP([0,T] x~-),

O H, V. H, V,H, € LF([0,T] x QxR?),
67‘9'”‘26&1/, 679‘U|2va, e P, e LP([0,T] x Q x R%),

P fo e L2 xR, Py e n®(0,T) xv_), "FH € L®(0,T] x QxR3), (7.40)

Then there exists a unique solution f to (7.36) such that f,0:f,V.f, Vo f € C°([0,T]; LP(Q x R®)) and
the traces satisfy

atf|’yf = Oy, vvf"y, = V.9, vxflvf =Vgyg9, on -,

7.41
vxf(ovxav) = vmea va(O,xw) = VﬂfO» atf(oaxav) = ath» in Qx RS» ( )
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where Oy fo and Vg are giwen by (7.87) and (7.38). Moreover for Oe € {0, Ox, Oy }
t t
05Ol + [ 100flz = I0usall+ [ 100l

+p/0 //QXRB{aeH - [8e'U}Vg;f — [6el/]f}|8eflp— aef- (742)

Proof. The idea of the proof is to apply the trace theorem to the derivatives of f by explicit computation
of the derivatives. Let us integrate the equation (7.36) along the backward trajectories. If the initial
condition is reached before hitting the boundary (case ¢t < tp), we have

t
F(t,2,0) = o I V(t—‘r,ac—-rv,v)drfo(x — tv,v) + / e o V(t—T7ZE—TU7'U)dTH(t — s,z —vs,v)ds.
0

If the boundary is first reached (case t > tp,), we have
to
flt,x,v)=e" Jo® ”(t_T’z_”””)dTg(t — th, Tp, V) + / e Jo "(t_T’z—”””)dTH(t —s,x — vs,v)ds.
0

To sum up,

'Otb v(t—7,x—Tv,0)dT

f(t’ z, 1]) :1{tgtb}€7 Jo V(tf'r’xf'r”’v)d'rfo(l‘ — tv, 1}) + 1{t>tb}eij g(t —tb, Tb, U)

min(t,ty) . (743)
+ / e~ Is V(t—T,z—‘rv,v)dTH(t — 8,7 — Vs, ’U)dS.
0

First notice that thanks to our assumptions on fy, g and H,

t
2 2 2 2
sup [V f(1)[loo < 1”1 folloo + sup €1 g(t)];_ oo +/ 11" H () | sods < oo.
te[0,T] te[0,T] 0

We now want to take derivative of f with respect to time, space and velocity for ¢ # t1,. Recall the
following derivatives of x1, and t, (from Lemma 2 in [75]) :

Vot = o) g ten(mn)
v-n(zp) n(xp) (7.44)
. .
Coap =1 — @) o G = g+ 2R o
v-n(zp) v-n(zp)

Since g is defined on a surface, we cannot define its space (R3) gradient. We then use directly the space
gradient of g(zp). Regarding g(t — t, xp(z,v),v) as a function on [0, 7] x Q x R? we obtain from (7.44)

Vx[g(t - tbaxba U)] = _thbgtg + Vgcxbv‘rg = - n(xb) atg + (I a o U) VTg
v-n(zp) n-v
n(zp)

= naﬁg + 7'28-,—29 — m {atg +v- Tla‘rlg +ov- 7'287'29} ,

Vulg(t —to, b, v)] = —tb Vi [g(t — tn, Tb, )] + Vg,

where 71 (2) and 75 (z) are unit vectors satisfying 71 (x) -n(xz) =0 = m(x) -n(x) and 7 () X 7o (x) = n(x).
Therefore by direct computation for ¢ # ty,, we deduce

Opf(t,2,0) L gytt,y

= 1<ty Jo vit=ra=rv)driy, ofo+v - Vi fo — Hj—ol(z — tv,v)

t
—1pcpye Jo v(t=ma—Tvv)dr (/ Ot — 1,2 — TV, v)d7'> fo(z —tv,v) (7.45)
0

to

+lgspye” Jo® vit=ro=rv.0)dr {&tg — ( O (t — 1,2 — TV, U)dT) g} (t — tp, Tp,v)

0

min(t,ty) R
+/ e Js V(tf‘r,zf-rv,v)dratH(t — s,z — vs, v) ds
0

min(t,ty) . s
—/ e~ Jo vt=ma—Tv,0)dr (/ vt — 7,2 — TV, v)dr) H(t— s,z —wvs,v)ds,
0 0
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vxf(tv z, U)]'{t;étb}

t
=1gcpye” Jo v(t=rz—rv,0)d7 {foo(m —tv,v) — </ Vvt — 1,2 — 1o, v)dT) folz —tv, ’U)}
0

— [T yt—7 —TV T ’I’L(l‘b)
+ 1€ JoP vit=rz=rv.)d {Tiang_m{atg"’_(U'Ti)aﬂ'g"i'yg_H}}(t_tbaxbav>

¢ to 7.46
—Lsepye” JoP v(t=ra—7o.0)dr (/ Vvt — 7,2 — 1o, U)d7‘> g(t — tp, Tp,v) ( )
0

min(t,tg) .
+ / e Is V(tf'r,sz'U,v)dTva(t — 8, — VS, ’U)dS
0
min(t,tg) . s
_ / o= Iy vt—To—rv)dr (/ V(s — 7,0 — T, ’U)dT) H(t— s,z —vs,v)ds,
0 0
vvf(tv €T, 'U)l{t?ftb}
_ 1{t<tb}67 fot V(tfr,zf‘r'u,v)dT[itvme + V'uf()](x — tv, U)

t
— g ye Jo v(t=ra—rv,0)dr / {=7V.v+ Vv} (t — 1,2 — 7v,0)d7 fo(x — to,v)
0

%{8tg + (1} . Ti)aﬂ'g +vg— H}}(t o tb,$b7v)

tp
-1 the” o u(tf'r,xf'rv,v)dT{T‘a g —
{t>tp}lb 07,9 von

+ 1{t>tb}€_ fotb y(t—T,m—Tv,q))dT{va(t — tb, Tb, 1})}
tp b
—lpspye Jo ”(th’IfT”’v)dT{ / {—-7Vv+Vv} (t — 1,2 — TV, v)dT}g(t — tb, T, V)
0
min(¢,ty) .
+ / e~ Jo vit=re—Te)dTig H sV H}(t — 5,2 — vs,v)ds
0

min(t,ty) . s
— / e Jo V(t*T@*T”’”)dT{/ {—=7Vv+Vv}(t — 71,2 — Tv,0)d7}H(t — s, — vs,v) ds.
0 0
(7.47)

First we show that 0f1y,,,1 € LP and 0f1y;<,) € L” separately. To compute the LP norms above
we use the changes of variables in Lemma 2.1 of [73] (and Jensen’s inequality in [0,¢]). More precisely,
for ¢ € L*(2 x R3) and ¢, € L1([0,t] x 7) with ¢, ¢, > 0,

// 1{z—tueﬂ}¢($ — tv, U)
QxR3

= /Rs {/Q 1o tweayd(e — tv,v)dx] dv < /QXR3 o(z,v),

(7.48)
/] L5101 0(t — t(2,0), 21 (2,0), )
{QXR3}NB((z0,v0);0)
t t
<[ [ asaon oddsdus= [ [ au(sm0)dyds
0 JOOXR3 0 Jy
where for the second inequality we have used the change of variables for fixed ¢, v,
x = (t—tp(z,0), 2p(2z,0)). (7.49)

In fact, without the loss of generality we may assume 9,,&(zp(z,v)) # 0 for (z,v) € B((zo,v0);9) so
that zn(x,v) = (b1, Tb,2,7(Tb,1, Th 2)). Using (7.44), we compute the Jacobian

—Vats —(v-n)"1n -1
det —Vazl'b,l = det —meb’l = ‘_'Ul gﬂhg — Vg gﬂczf + V3 .
—le‘b’g —wab’Q 51735 Igg
Therefore
a‘tlg 6$2€
dzdv = |—1; — vy + v3| dzydaadudt = |n - v|dS,dvdt = dydt.
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Using these changes of variables, we obtain

1/p

t 1/p t
1Oyl < ||fo||p+[ / |g|2,pds] o [ / |H||5ds] ,

t 1/p
100 F O Loy < [0+ T o+ (0, s) fo — H(O0, ), + [ / |atg2_,pds}
0

t 1/p t 1/p
+¢P=D/p [/0 ||8tH|gds} + Kp® UO |e_9|”28tu||£ds} :

V20O 0201
t 1/p t ) 1/p
< IVl + 07 | [ aogas| 4w | [ et vvlpas)
0 0

e 2 1/p
n p
+ /0‘;71'&7:9M{atng;(v.n)anngugH}‘v_’pd,g] ’

t 1/p
Vo f(O)Leztnylly < tIVafollp + Vo follp + [/0 IVUQIZst]

1/p
+t

t, 2 2
n P
/0 ‘;ﬁa’ng_M{atg'f‘;(v.Ti)aﬂg-l-vg—H}‘w,pd’yds

t 1/p t
T/ [ JNGZE |vUH|||zds] LK [ J et @9+ wmngds}
0 0

where we have written

2 2 t 2
K7 =t/ {II@Q”| folloo + sup " gl oo +/0 et H(S)IloodS} < oo.

1/p
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From our assumptions on fy, g, H and v, all terms in the right-hand-sides above are finite. Therefore

Of ity = [0ef L seny VoS Lty VoS Lizny] € L([0,T; LP(Q x R?)).

On the other hand, thanks to the compatibility condition, we can show that f has the same trace on

the set
M = {t = tp(2,v)} = {(tp(2,v),2,) for (z,v) € Q@ x R3} C [0,T] x Q x R3.
We claim the following fact : For any ¢(t,z,v) € C°((0,T) x 2 x R3), we have

/oT //ans Jo0="= /OT //Qst O Lt ) 0

so that f € WP with weak derivatives given by Of Lty

Proof of claim. We fix some test function ¢ # 0. There exists § = d4 > 0 such that ¢(¢,z
3, or dist(z,00) < 6, or |v] > 5. Let (t,z,v) € M with ¢(t,z,v) # 0. By (7.50) and (7.4),

for t >
t=tp(z,v), 2o = —tpv € 0, and |z — zp| = tplv|, and

dist(x, Q) < |z — ap| = tp|v].
Since tp, < %, this implies that

)
o] > — > 62
b

(7.50)

(7.51)

0) # 0

Otherwise dist(z,9) < ¢ so that ¢(t,z,v) = 0. Furthermore, by the Velocity lemma and this lower

bound of |v|, we conclude that there exists ¢’(d,2) > 0 such that
v n(zp)* Za [v- Val(zw)* = alt — tyit, z,0)
> O ,2,0) 2 e ORGPl ()

> 70315720 54 .
ze €0 Db S €]

= 25'(5,Q) > 0.
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In particular, this lower bound and a direct computation of (7.44) imply that {¢ # 0} N M is a smooth
6D hypersurface.
We next take C* approximation of f), H', and g' (by partition of unity and localization) such that

/o = follwr» =0, |lg' - Illwrn (o, r1xy\7e") = 0 |H' = Hllwo (01 x0xR3) = 0.
This implies, from the trace theorem, that
fiz,v) = folz,v) and ¢'(0,2,v) — g(0,2z,v) in L'(y_\7").
We define accordingly, for (¢, z,v) € [0,T] x  x R3,

— [ty — [y
fl(taxvv)zl{t<tb}e Jo fé(x_tvvv)+1{t>tb}e Jo gl(t_tbaxbav)

min{¢,tp } . (752)
+/ e Jo VH'(t — 5,2 — sv,v)ds,
0
and fl(t,z,v) = 1{tztb}fl- Therefore for all (x,v) € v_,
fj_(s,x + sv,v) — fl_(s,x + sv,v) =e” I ”gl((),x, v) —e” I ”f(l)(z,v).
Since {¢ # 0} N M is a smooth hypersurface, we apply the Gauss theorem to f! to obtain
///86¢fldmdvdt = //[fl+ — fLl¢ e-nydM
(7.53)

- {///m ¢ 8efid:z:dvdt+///t<t b 8efl_dxdvdt},

Where 8e == [3ta vxa vv] = [815’ 832176w2a 8363781)1’311278113] and
B 1
\/1 + |var:tb|2 + |Vvtb‘

We have used (s,z + sv,v) and (z,v) € y_— as our parametrization for the manifold M N {¢ # 0}, so
that n(ap(x,v)) - v > 2§ is equivalent to n(x) - v > 2§’. Therefore the above hypersurface integration
over {t # tp} is bounded by

(1, =Vty, —Vutp) € R7.

nm

%
Se.s / / |fL(s, 2+ sv,v) — fL(s,2 + sv,v)[dS,dvds
0 n(z)-v>28"

Sos | 160, 3, 0) — fi(5,0)]dSadv 0, as 1 — oo,
n(x)-v>24’

since the compatibility condition fo(x,v) = ¢g(0,z,v) for (z,v) € y_. Clearly, taking difference of (7.52)
and (7.43), we deduce f' — f strongly in LP({¢ # 0}) due to the first estimate of (7.50). Furthermore,
due to (7.50), we have a uniform-in-I bound of f in WP ({t = tp, ¢ # 0}) such that, up to subsequence,

8ef.l~_ - 8ef1{t>tb}7 8efl_ - aef]-{t<tb}7 weakly in Lp({¢ a 0})

Finally we conclude the claim (7.51) by letting | — oo in (7.53).
Now recall 9 = [0, V,, V,]. From our assumptions on H, v and from the LP-L> bounds above, we
have
{0i+v-Vyo+v}df =0H —0v-V,f —0vfeLPl. (7.54)
By the trace theorem (Lemma 7.6), traces of d:f, V. f, V,f exist. To evaluate these traces, we take
derivatives along characteristics. Letting ¢t — t, and ¢ — 0, we deduce (7.41). From the Green’s identity,
Lemma 7.7, we have (7.42), and 0f € C°([0, T]; LP).
O

We now study the weighted WP estimate. Recall (7.7). We first define an effective collision frequency :
Ve g(t,2,0) = v(v) + @w(v) — Ba" v - V,al, (7.55)

and
[0 + v - Vo + v gl(e WP f) = e =P8, f + v - Vo f +vf]. (7.56)

Due to (7.6) and @w > 1, v g(t, x,v) ~ B{v).
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Proposition 7.2. Let f be a solution of (7.56). Assume (7.39) and (v)g € L>°([0,T]x~-), and v, {v)H €
L>([0,T] x Q x R3). For any fized p € [2,00], assume

e P P,g, WPV, g € L([0,T); LP(1-)),

1

AUV S vi -
€ @ {‘ TgH_n(x)-v
e PP v Vo fo—vfo+ Ho| € LP(QxR?),

(10gl + W) Vegl + [HI)} € L=([0,T]; LP(7-)),

and assume 1/p+1/q =1 there exist TCr = O(T) and ¢ < 1 such that for all t € [0,T)

’//@ - e—w<v>ta56H(t)h(t)‘ < C’T{Hh(t)nq +€||l/ll’2qh(t)|\q}.

Then f(t,xz,v) satisfies

17@lee < olloe + 512 llo(s)loc + | [ |

Recall 9 = [0¢, V1, V], then

{0y +v-V,+ wag}[e_w@ﬂaﬁ@ﬂ = e @Wtys [ —Ov-V,f—0ovf+ 8H],
e =Py = e WPy, e TWalof], . = e "Ml gl, ],

where [0g|_] is given in (7.41). Moreover, recalling (7.37) and (7.38), we have for 2 < p < oo,

t t
[ gemratopwpr s [ vl =tatorp s [ je=titatapy
QxR3 0 JOxR3 0 Jyy

t
s [ geEitatapp [ e =titatagp
QOxR3 0 _

t
+ / / le==W0POH — e PPy -V, f — dve= =P flle=mWtaPaf Pt (7.57)
0 JOxR3

le™ =@ a0 f (1))
S e a0 fol|se + [le™ ™ 0Oy

t
- / le== N POH — dv - e NPV, f — ve =P f||o,  forp = 0.
0

Proof. First we assume fg, g and H have compact supports in {v € R3 : |[v| < m}. We estimate df in
the bulk. From the velocity lemma (Lemma 7.1), we have

—w(v)t B —w(v)t B
sup & NAP@:Y) Ot gy €T < Ot
t<ty, aP(z—tv,v) t>ty, @0 Et) B (g4, v)
—w(v)t B
sup ° - < ¢Cmss,

max{t—tp,0}<s<t eiw<v>(tis)a($ — SV, U)ﬁ
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Multiply e~#{"taf by the above direct computations and use the above inequalities to get
67w<v>t0[ﬁ ‘atf(ta xz, ’U)|
< eCmpte= o UOzBHVfo +v-Vaifo— Hl|i=o](xz — tv, U)’l{t<tb}

+ eOmato = Jo™ Vom0 0B, | (¢ — th, w1, v) | L1

min(t,tp) .
+ / eCmpse™ Jo ”e*w<”>(t*5)a5|6tH(t —8,& — VS, v)’ds,
0

e =PIV, f(t,2,0)]
< eCmste=fo ”aB|meo(x — tw, v)|1{t<tb}
t
+eOmatoe™ 0" Ve T 00, g(t — th, 2, )L,

—w(v)(t—tpb) ﬁ( )

e a” (Trp,v
’ Owg+ (v-7;)0- 9+ —H}t—t, ,v)|1
|v-n(ﬂcb)| H ¢ (U 1) i vg ( b; b U) {t>tp}

+ eCmstoe Jo® Yn(xp)
min(t,ty) .

+ / eCmsse=lo ”e_w<”>(t_s)a6’VzH(t — s, —vs,v)|ds,
0

67w<v>tozﬂ\vvf(t, x,v)|

[tV fo 4+ Vi fo — tV,v(v) fo](z — to, v)’l{t<tb}

+ eCmsto ™ Jo® ”Tie_w<”>(t_tb)oz5|8ng(t —tp, Tb, V) |1ty

== (W) (t—th) o8
v - n(zp)]

+ Cmstoe— Jo® ”e_w<”>(t_tb)a6{|vvg(t — tb, Tb, V)| + [t Vo (v)||g(t — te, b, v)|}1{t>tb}

t
< eCmste—Jo v

t
+ Cmsto o= [o° “n(zp) H(‘?tg + (v 7)0n,9 +vg— H}(t — tb, Th, v)‘l{t>tb}

min(t,tp)
+/ eCmsse= o vem=()(t=s) B|{V1)H—5V H — sVvH}(t — s,x — vs,v)|ds.
0
(7.58)

Following (7.48) and (7.49) of Proposition 7.1 and using the condition of Proposition 7.2, we deduce

le™= P, f(1)llp St 0P 0+ Vi fo + v fo - <0 eIl

t p
+[ / ||e-w<“>8aﬁatg<s>|z,pd] [ / == 5aP0, (>|”ds} ,
p
NPV F D) Ntmﬂnaﬁvymﬁz[/ =208, ()12, ds]

t

!

0

t 1/p
+ U |ew<”>saﬁVxH(s)||gds] ,

0

=0V, 70
2 t 1/p
Sima [08%ually + 3 | [ =00, 002,05+ s 05
i=1 =8>

r rt
U
L/ O

ropt 1/p
+ / |ew<“>saﬂvvg(s)|§ds]
L/o

—w(v)t 1/p
(& O(
’Ui{atg‘k g (% Tz ng"’_yg H}H dS:l

e w(v)taﬁ /p
vi{atg‘i‘zv Tz Tlg+l/g H}H dS:|

+

- 1/p
= e @ el s sup ) H )

By the hypothesis of Proposition 7.2 and assumption on fy,g and H to have compact support, the right
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hand sides are bounded and hence e~ ("9, f, e~ afV  f, and e~ =PV, f are in L>([0, T]; LP(Qx
R3)).

Since fo,g and H are compactly supported on {v € R? : [v| < m}, the derivatives e~ (a9, f,
e~ WPV, f and e (0P V, f are compactly supported on {v € R? : |v| < m} and hence from (7.56)
and (7.54)

{0, +v - Vau + v g} e ™ Pof] = e MAPIH — Ov - e TPV, f — du(v)e =Wl

Moreover, from the general definition of traces, by choosing a test function multiplied by e=@{ta/f
we deduce e~ F("*af9f has the same trace as e~ al[f],].

Now we can apply Lemma 7.7 to have (7.57) which does not depend on the velocity cut-off. In
order to remove the compact support assumption we employ the cut-off function y used in (7.7). Define
™ = x(Jv|/m)f then f™ satisfies

{0 +v- Vo + x(lv|/m)v}f™ = x(|v]/m)H, (7.59)
[0, z,0) = x(vl/m) fo, f™|1- = x(|v]/m)g.
Note that for (z,v) € v_, we have V,[x(|v|/m)g] = x(Jv|/m)Vvg + gVux(|v|/m) and x(|v|/m) fo(z, v)

= x(|v|/m)g(0, z,v). Apply previous result to compute the traces of the derivatives of f™. It is standard
(using Green’s identity) to show that 9, f™, V. f™ and V, f™ are Cauchy and we can pass a limit. [

7.4 Dynamical Non-local to Local Estimate

The main purpose of this section is to prove Lemma 7.2.

Proof of (1) of Lemma 7.2. Since % < {14|v—ul?}% and (Ve (s)—u)reOlVal)—ul® < o=Co.r|Va(s)—ul®

it suffices to consider r = 0 case. We prove (7.23).
Step 1. We show that

670|'u7u|2 1
du < . 7.60
/Ra v — w2~ o Xer (55, 2, v),u))? 0]28-1|¢(Xea(s;t, 2, 0)) P2 (7.60)

For fixed s € [0,y (2, v)) and therefore fixed Xci(s) = 2 — (tp(z,v) — s)v € Q.
Firstly, we consider the case of |{(x)| < dq < 1. From the assumption, we have V&(z) # 0 and

therefore there is uniquely determined unit vector n(Xc(s)) = %. We choose two unit vector 71

and 7 so that {71, 72, n(Xe(5))} is an orthonormal basis of R3.
We decompose the velocity variables u € R? as

2
u=upn(Xei(8)) + ur -7 = upn(Xal(s)) + Z U i Ti-
i=1

We note that u, € R? and u,, € R are completely free coordinates. Therefore using the Fubini’s theorem
we can rearrange the order of integration freely. Now we split, for 0 < s < tp(z,v),

e—9|v—u|2 1
/ du
R3 |U — U|2_R [Q(Xcl(s;t7xvv)au)]ﬁ

67(~)|v7u|2
,S/ / ﬁdunduT
2 JR [v — u 2% [|un|? + [€(Xa(s))[Jul?]

B /u|25v| * /ulg,” + /glﬁu|§5v| = (I) + (II) + (III),

T
For the first term (I) we use, for |u| > 5|v| (therefore |v| < hg—‘),

2 2
PO e O el U -l
2 2 - 2 2

23 23
> v + m|u|2 2 [v)* + |uf?,

|lu —w
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and we use [|un|2 + [€][u2]” > [Junl? +25(¢||v|2]” Z [|unl? + [€]|v|2]” for |u| > 5[v] to have

—Clu,|? —Clun|?
(I) <e—C|v|2/ du_reug/dun € : 3
~ —K
e |vr = ue PR g 2 + (g 0f2]

Since ——o— € LI _({u, € R?}) for k > 0 we first integrate over u, is finite. Then
lvr—ur] loc

2
efclun‘

2
mgeot | 7
R [Jun|? + [¢]v]?]
o 7C\un\2 10 d
efcm?{/ ;B—dIunlJr/ i ﬂ}
10 |un* 1y, >10) 0 [|un|2+|§||v|2]

10 |ty 2 2 10 q[j¢|z|v] tan 6]
1+/ n e—C|v\ 5 e—C|v\ 1+/
t, [|un\2+\5|\v|2]ﬁ) U Sy TR o)

e~ Clv? (1 + 1 7r/Z(COS 9)2Bf2dg) < e~ Clvf? (1 + #;)
P01 (€112 ~ o251 |51/

< e—Colv® 1
~ P g (Xa(s;t a,v))[FL/27

AN

A

A

where we have used a change of variables : |u,| = |¢]2 |v] tan 6 and d|u,,| = |¢|2 |v] sec? 0d6 and (cos 0)2°~2 €
Li,.({0 € [0, 5]}) for B > 3.
For the second term (II), we use |v — u| > |v| — |u| > |v| — ‘“l > |U| from |u| < 7', and apply the
change of variables u — |v|u to have

(1) < ;/ A
TP a1 < 8 (a2 + (€] ]2]”
_ 1 / e=C1 [o]dup o] du
P Sttt <2 (0] un]? + [€]0]2]ur]?)?
< e’ / / L dupdu.
~ P st Dunis [unl? + el 2

Now we apply the change of variables |u,| = |¢| |u,|tan @ for 6 € [0, 7] with du, = |€]2 |ur| sec? 6d6
to have

™

e=Chl® 2 & 3 |u, | sec? 6d6
Im < — d
(1) |v[26—r—1 , 2 tan2 215
Jurl<d 0 [[¢]|ur|? tan? 6 + |¢]|ur|?]

7C|v|2 d w/2
(& u

— cos 0)2°~2d0
PR / [, (o)

e—C|v\2
N yl2B—r—1|g|p—1/2°
] €]

2

where we have used W LL ({ur € R?}) for B < 2 and (cos0)?°~2 € LL ({6 € [0, Z]}) for 3> %

For the last term (III), we use the lower bound of |u| (Ju| > %) to have [lu,|* + |¢]|ul ]
(w2 + 1615707 2 [jual® + [el[of?)” and

—Slvr—u,? 5[v]
/ f,/ e 2 2_Kdu‘r/ 1 .
l<iui<sio] ~ Jo<ju,|<slol [vr =t 0 [lunl? +[€]Jv]?]

5lv| 1
< / Bdu”’
0 [lun|?+ [¢]Jvf?]
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where we have used \u,\% € L} .(R?) for k > 0. We apply a change of variables : |u,| = |¢|'/?|v| tan 6
for 0 € [0, 7/2] with d|u,| = |€]2|v|sec? #df. Hence

S+l 1 H §)26—2 1 1
(I / ﬁdun - / (COSI : do 3 268—1 [,,|26—1°
0 [lua|? + [€]lv[?] o [¢F7 7 |v[?1 [v] |v]

where we used (cos9)?°~2 € L ({0 € [0, Z]}) for B > L. Overall, we combine the estimates of (I), (II)
and (III) to conclude (7.60).

Secondly, we consider the case of [£(z)| > dq. Then we can choose any orthonormal basis, for example
standard basis {71, 72,n} = (e1, €2, e3), to decompose the velocity variables u € R3 as u = uje; + uges +
uzes = Ur 161 + Uy 2€2 + Upez. Then

a(Xa(s),u) = u- VE(Xa(s)* = 26(Xa(s){u- VZE(Xals)) - u}
> 2[¢(Xal(s)){u - VZE(Xal(s)) - u}
= 0aCelul? + [€(Xa(s)) {u - VZE(Xals)) - u}
2 Junl® + [€(Xa(s;t, 2, 0)[Jul®.
Then we follow all the proof with the same decomposition for v := v, 1€; + vy 2e2 + vpes as well to
conclude (7.60) for |£(z)| > dq.

Step 2. In this step we establish (7.61) and (7.62).
We first assume v - V€(z) > 0 and « € 0. There exist 01,02 > 0 such that

v V(@ = (to(@,0) = 5)v)| 2 Valz — (tb(z,v) - 5)v,0)

(7.61)
for all s € [0,01] U [tp(z,v) — 02, tp(z,v)],

and [v]y/—€(z — (to(z,v) — 8)v) 2 \/a(z — (tp(x,v) — s)v,v) for all s € [o1, tp(x,v) —02]. The mapping
s = &(x — (tu(z,v) — s)v) is one-to-one and onto on s € [0,01] or on s € [tp(x,v) — 02, tp(x,v)].
Moreover this mapping s — &(z — (tb(x,v) — s)v) is diffeomorphism and we have a change of variables
on s € [0,01] or s € [tp(x,v) — o2, tp(z,v)].

dje| - dje|

Y= Ve = n(m0) = 9)0) 0] ~ Vale = (w0 = 90)

(7.62)

Firstly we prove (7.61). Recall the definition of « in Definition 7.2. It suffices to show when s €
[07 Ul] U [tb(l‘, U) — 02, tb(l‘v /U)L

v VE(@ = (to(w,0) = 5)0)| = JulV/—€(@ — (to(,v) — $)v),

and when s € [o1,tp(z,v) — 09]

v V(@ = (to(@,0) = 5)v)| < [o]y/~€(@ — (to(,v) — s)).

If v=0o0rv-V{(x) =0 then (7.61) holds clearly. Therefore we may assume v # 0 and v-V&(z) > 0.

|§§Ei§| >0and v- % < 0. By the mean value theorem we choose

t* € (0, tp(x,v)) solving v - V&(z — (tp(x,v) — t*)v) = 0. Moreover due to the convexity of £ we have

Due to the Velocity lemma, v -

d% (1} VE(z — (t(z,0) — s)v)) = v V2E(Xa(s) v > Celof?,
and therefore t* € (0,%p(x,v)) is uniquely determined. Clearly we have v- V&(z — (tp(x,v) — s)v) > 0 for
s € [t*, tp(x,v)] and v - VE(z — (tb(z,v) — s)v) <0 for s € [0,t*].

Define ®(s) = {|v-V&(z — (tu(z,v) — $)v)|? +|v]2E(z — (tp (2, v) — 5)v) }. Since 2(v- V¢ (z — (tp(z,v) —
s)v) - v) + [v]? > 0 we have

d

—0(s) = (v VE(x — (t(w,v) - s)v)){Z(v V2(z — (ty(x,v) — s)v) - v) + W},
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is strictly negative for s € [0,t*] and is strictly positive for s € [t*,tp(z,v)]. Note that ®(0) > 0 and
®(tp(x,v)) > 0 from v - V) > 0 and v - M < 0. Note that & is continuous function on the

[VE()] [VE(zp (z,v))
interval [0,y (z,v)] so that it has a minimum. If mingg ¢, () P(s) < 0, there exist 01,02 > 0 satisfying
o1 d
D(tp(z,v) + 01) = P(tp(x,v)) + £<I>(s)ds =0,
0
tp(z,v) d
Bltn(r.0) ~ 02) = Utn(z,0)) = [ Tb(s)ds =0,
th(z,v)—02 S

then o1 < t* and tp(z,v) — o2 > ¢* and there is no other s € [0, tp(z, v)] satisfying ®(s) = 0. Moreover
we have ®(s) <0 for s € [0, tp(x,v) — 02]. If mingg 4, (z.0)) P(s) > 0, there does not exist such oy and oo
then we let 07 = t* and o2 = tp(z,v) — t*. This proves (7.61).
Secondly we prove (7.62). By the proof of (7.61) and the fact
gl _

o —%f(x — (to(z,v) — s)v) = —v - Vo&(x — (tp(z,v) — 5)v),

and the inverse function theorem we prove (7.62).

Step 3. For small 0 < b < 1, we define

&1 := min {al,gm}, 0o i= min{og,SM}. (7.63)
|v[? |v[?

Then both of (7.61) and (7.62) hold on s € [0,51] U [tp(x,v) — &2, tp(z,v)] without constant changing.

Moreover, if s € [0,61] U [tw(x,v) — 2, tp(x, v)] then by the Velocity lemma

afz,v)
[v]?

E(Xa(s)] S 6

max{|¢|} := (7.64)

max
$€[0,61]U[tp (z,v)—0G2,tb(z,v)]
On s € [y, tp(x,v) — 3] we have the following estimate with d—dependent constant :

|/ —E(z — (t(z,v) — 5)v) Zes Valz — (ty(z,v) — 8)v,v). (7.65)

The proof of (7.64) is due to, for s € [0, 1],

6@ — (tola,v) — s)v)] < / o Ve — (tolz,v) - T))ldr

S \% Oé(l‘,’l))|5| 5 min{\/atZ75T;} = Ba
v

(7.66)

where we have used a(Xci(7), Vai(7)) Se a(x,v) from the Velocity lemma (Lemma 7.1). The proof
for s € [tp(x,v) — G2, tb(x,v)] is exactly same.

Now we prove (7.65). Recall that t* € [0, ¢, (2, v)] in the previous step : v-VE&(x — (tp(x,v) —t*)v) = 0.
Clearly |£(Xe1(s))| is an increasing function on s € [0,¢*] and a decreasing function on s € [t*, tp(x, v)].
This is due to the convexity of & :

2
%[—5(8 = (to(z,v) = s)v)] = v VE(z — (to(z,v) = 5)v) - v Z¢ 0],
and v - VE(z) > 0 and v - V&(zp(z,v)) < 0.

Therefore

S

(o (tolzy0) = )0) = (@)~ [ 0 Ve(w ~ (o)~ o)y

o (2,v)

tp(z,v)
/ v-Vé&(x — (tp(x,v) — T)v)dr

to(z,v) = s)(v- VE(x — (tu(2,0) = s)v))

> (
> golv - VE(x — dov)| for s € [t tb(z,v) — 72,
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—&§(@ — (tp(2,0) = 8)v) = =§(@p(z,v)) - / v Vé(z — (to(z,v) — T)v)dr
0
> slv - VE(z — (o — 5)v)
> g1|v - VE(xp(x,v) + 1v)| for s € [0,¢%].
Hence, for s € [61, tb(z,v) — 52,
6@~ (t — 5)0)| = min {|¢(@ — 20)], [§(@n(z,v) + 510)| |
> min {&2|v -Vé(x — aav)|,01]v - VE(ap(z,v) + &1v)|}.
From the definition of &; and &9 in (7.63) we have
o[ = (tn(, v) = $)v)| = dv/ale, o) min { o+ VE@ = 520)], v Ve(@n(a,0) + 510)| }.

Without loss of generality we may assume [v-V&(2—62v)| = min { |v-VE(z—520)|, [v-VE(zb (2, v)+610)| }.
Then by the Velocity lemma we have \/a(z,v) 2¢ |v]|£(z — G2v)|/2. Then we choose s = ty,(z,v) — &2
to have |v|?[&(x — Gov)| > O|v||€(x — G2v)[V/2 X |v - VE(z — Fov)| and

[o]|€(@ = G20)|"/? 2 8 x v VE(@ = F20).

The left hand side is the lower bound of |[v|?|¢(z — (tp(z,v) — s)v)| for s € [1,tp(z,v) — 72] and the
right hand side is bounded below by the Velocity lemma : e=CvIt(@:0) o (2, v) Ze a(x,v). Therefore we
conclude (7.65).

Step 4. We prove (7.23). From (7.60)

(z,v) 6749|1;7u|2
Z dud
/ /Ra [v —ula(x — (tp(x,v) — $)v,u) (s, v)duds
ty(z,v)
/b R e N S TR
~Jo |v[26-1|¢]F 2

According to (7.63) we split the time integration as

tp(z,v) tp(z,v) tp(T,0)—52
/ P LA Ul — (s,v)ds —/ / / .
0 ‘,U‘Q'B ‘€|ﬂ_7 to(z,v)—&2

(Iv) V)

For the first two terms (IV), we use the mapping of (7.62)
s €[0,61] U [tn(2,v) — G2, to(@,v)] = [€(z — (to(z,v) — s)v)| € [0, B),

where the range of |¢| has been bounded in (7.64), and B is given by (7.66). By the change of variables
of (7.62)

1O 1 dlg
Iv) < sup e =8 7 (5 v 7/
R GRS T et
1 1 37161=B
< su e =8 7 (5 v [g *IBJFE} 7
~ Ogsgtf(z,v){ ( )}|U|2B_1 a(z,v) d l€]=0

where we have used 8 < % The lemma follows with B given by (7.66).
For (V) we use \/a(Xa(s)) S¢ 5 [v]v/—€(Xal(s)) for s € [61,tn(z,v) — 52], from (7.61), to have
1 B 1 _ 1

oPPEPE T (foly=g )P ot o)t

Finally
1 o (@0) —l(v)(t—s
o)

o075 ,
S e, 17 ok b (7. v)}
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Now we assume = ¢ 9. We find z € 92 and ¢ so that
— (tp(z,v) —s)v =T — (tp — S)v.

Therefore, by the Step 1 and the fact & € 012, we have

28 670|v ul?
/ / el (t=s) - 5 Z(s,v)duds
0 Jrs v —ul2~*[a(z — (tb — s)v, u)]

28 67C|v7u|2
< / eT =) _—_________7(s v)ds.
0 [v]28=L1g)7

We then deduce our lemma since a(z,v) -« a(x,v) via the Velocity Lemma with the fact that &y |v| <o
1. O

7.5 Diffuse Reflection BC

7.5.1 W'P(1 < p < 2) Estimate

Proof of Theorem 7.1. Consider the iteration (7.31) with (7.34) and with fO = fy, and with the
compatibility condition for the initial datum (7.14). From the proof of Lemma 7.5, we have the uniform
L bound (7.33) for 0 < T' < 1. The proof of the theorem relies on the iterative application of Proposition
7.1 for m=0,1,... with

v=v(ypf") 20, H=Ten(f" "), 9=cu/pulv) [ >Ofm(t7$7u)\/u(U){n(w)~u}dU-

Let m € N. Suppose that the conclusion of Proposition 7.1 is true at ranks 0,1, ...,m — 1 and let us show
that we can apply it at rank m. The initial datum f; satisfies the assumptions of Proposition 7.1 by the
hypothesis of Theorem 7.1. The assumption (7.40) can be checked as in the proof of Lemma 7.5 (with 6
replaced by some 0 < 6’ < 6 and for 0 < T <« 1). Then H and v are estimated thanks to the collisional
operator estimates of Lemma 7.4 and (7.29) of Lemma 7.5 by

|0v| = [0l (vif ™)l

, , , —Cyrlv—ul?
< (o)re 1|0 1o | 4 00 / 0™ (w) | du
Bs |V —ul>7" (7.67)

0lv2 o' |v]2 e*CQ’|v*u|2 p
Sl + e ([ o )
R —

[OH| = |0[Cgain (S, /)]

<1 / O™ (w)|du + (v)Fe O || I 2
re [V —uP7" (7.68)

—Cyr|lv—ul?

ek e ol w 2| 0l )2
< 1 foll O | e g
oo

3 |U
so that ¢/ 1""9v and OH lie in LP([0,T] x Q x R3).

It remains to estimate the boundary condition. Recall computation (7.18) and notation (7.38). For
(z,v) € y_, the boundary condition is bounded by

0utt..0) =0 [eo /@) [ it wau]
< JolV/a(o) 77ty 0) () () - el

n(z)- u>>0 (769)
—l-\/i(l—i— OF v|) /( : >0|afm (t, 2z, u) | (u) v/ p(u){n(z) - u}du
1 . o
+W{V(\/ﬁf ™Y + [Cgain(F7 f )|}.



7.5. DIFFUSE REFLECTION BC 173

Using furthermore the uniform L* bound (7.33), we have for (z,v) € v—

x,v (v) "tz w)| Y n(x) - uldu
gt 0l < Vi) (1 Sl ) [ e e upa

) (7.70)
=5l (1 =) plleflvf
e ? ( + |TL(Z‘) 1}|) (||€ fOHOO)?
for some polynomial P. We compute the L? integral (1 < p < 2) on the outgoing boundary with
t
| [ 10 avas
<p sup( i |n v|—|— <> 1)dv
z€dQ -vlP
P
X / / / 8™ | n - uydu| dS.ds (7.71)
0 JoQ w-n(z)>0

+ sup ( / <v>p3|n~vl”dv) x tP(|[e”1 fol|oo)
RB

€N

n P
Sf’/ / U |6f’”<s,z,u>|u1/4<u>{n-u}d“] dS,ds + tP(||e?""" fol[oo)-
0 Joq u-n(x)>0

P
Now we focus on fot Joa [fu~n(x)>0 |0f™ (5, 2, u)| /4 (u){n - u}du] dS,ds. Recall the definition of 75 in

(7.21). We split the {u € R®: n(z) - u > 0} as
P : P
+ / / / du| . (7.72)
0 Joa |J@wuwers

t p t
L errowa s, [ ] 1] du
0 JoQ LJn-u>0 0 JoQ (zw)€v+\ 7§

We use Hélder’s inequality

P p—1
/ du] < l/ P e {n - u}du] [/ |0f™ (s, x,u)|P{n(x) - u}du] ;
(@) €7 (@,u) €75 (@ u)ers

so that we can bound the second term of (7.72) as

t p ¢
d <\ m P q .
/0 /89 [/(:v,u)evi u] ~ (E)/o 077 () s (7.73)

where A\(e) — 0 when ¢ — 0. For the first term (non-grazing part) of (7.72) we use Lemma 7.6 and
Holder’s inequality to compute

A TA—
< lonl+ [ o s)lizds + / t [ o va ety (7.74)

t t
Se ||<9fo\|§+/O ||<9f’"(8)||§d8+/0 {oF™ I+ [[0c +v - Vo + )0 f™|]}-

When m > 1, the last term is computed thanks to (7.67) and (7.68) (at rank m — 1), and using again
the uniform bound (7.33),

/O [0 +v - Vo +vlof™|!
t
B / | = 0] Ve f™ = O (V™™ + O gain (£ £

P
< / 187™ (S + P(11E™" folloo) (t+/0t |8fm‘1(s)|£>~
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When m = 0, we compute [0; +v -V, +v]0fo = [v- Vi +v]0fo = T(fo, fo) — O fo by definition of 9; fo,
so that fot 10 + v Vo +v]0f°7 < tl0ufO ()] + tP(||e?1 fo||s0 ), therefore the previous estimate is

true with the convention f~! = 0. Reinserting in (7.74), we obtain

t p
P 0v|? i »
L1, V()\d“] Sz 1ollp + P follo) { 14D / ree|. @)

i=m—1,m

Thanks to our assumptions on fy and our assumption that the conclusion of Propostion 7.1 is true at
ranks 0,1, ...,m —1, all integrals above are finite. We have proved that g lies in LP([0,T] x v_), therefore
Proposition 7.1 can be applied at rank m.

We now claim that for 1 < p < 2, if 0 < T, <« 1, then we have the uniform-in-m estimate for all
0<t<Tl,

o0+ [ 10771, S 05 + PU fllc) (7.70

for some polynomial P.

Recall that the sequence (7.31) is the one used in Lemma 7.5 and shown to be Cauchy in L.
Therefore the limit function f is a solution of the Boltzmann equation on [0,7}) x € x R3 with the
diffuse boundary condition. On the other hand, due to the weak lower semi-continuity for L? with p > 1,
once we have (7.76) then we can pass to the limit 9f™ — 0f weakly in sup,¢(o 1) [|[|} and 9f™ |, — 9 f],

in f \ |5, to conclude that Of satisfies the same estimate as Jf™ in (7.76). Repeat the same procedure
on [T, 2T’] [2T7,3T,], -+, to conclude Theorem 7.1.

We prove the claim (7.76) by induction. From Proposition 7.1, df! exists. Because of our choice
OfY the estimate (7.76) is valid for m = 1. Now assume that df* exists and (7.76) is valid for all
i=1,2,---,m. By Proposition 7.1, f™*! exists and from (7.42), we have

sup (104" s)f + / o

N

||3fo\|§+/ \3f’"+1|’§7,p+/ //Q g |0H + [00]V, f™ 1 + [ov] fmtjofmtt =t (7.77)
0 X

A

t t
loslty+ [ or+_,+ PUe sl{ [ 1orm o+ [ 1o eg),

where we have used (7.67) and (7.68). Using furthermore estimates (7.71), (7.72), (7.73) and (7.75) for
the incoming boundary contribution, and choosing sufficiently small 0 < ¢ < 1, 0 < T} < 1, we deduce
that for all 0 <t < T,

sup [0+ (s)]12 + / oFme,

0<s<t
1)2 1 1 [
< Con {050 ll5 + PIE™ folln) } 4+ 5 _max { sup [l07 ()5 + / OF .}

To conclude the proof we use the following fact from [67] : Suppose a; > 0,D > 0 and A; =
max{a;, a1, - ,a;_(x,—1)} for fixed k € N.

1 1 2
If amer < gAm + D then A, < ng + (i) D, for % > 1. (7.78)

Proof of (7.78) : In fact, we can iterate for m,m — 1, ... to get

1 1 1 1
am < gmax{—Am,z +D,A, 2} +D< gAm,g +(1+ g)D
1 1
< = A3+ D, Ap 1 D< Am 1 D
< 8max{ 3+ 3}+(+8) 3 3+(+8+82)
1
S 7an—k+‘§ll

8 7
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Similarly a,,_; < %Am,k + %D forall i =0,1,--- ,k — 1. Therefore if 1 < m/k € N,

1 8
Ap = max{am, Am—1,""" , Qm— k—l)} < gAm—k + ?D
1 8 1 8 1 1
< —A,_9 D<—A,._ 1 D
S ghn-at (14 ) S ghm-at 71+ g+ 5)

8
1\ ¥ 8\ > 1\ * 8\ > 1 8\ >
< (5) At () p=(5) we(5) =g () 2

This completes the proof of (7.78).
n (7.78), setting k = 2 and for 0 <t < T7,

o= s 070N+ [ 05, D= CuallOll+ PIW Rll)}

and applying (7.78), we complete the proof of the claim, and this concludes the proof of Theorem 7.1. O
The following result indicates that Theorem 7.1 is optimal :

Lemma 7.8. Let Q = B(0;1) with B(0;1) = {z € R3 : |z| < 1}. There exists an initial datum
folz,v) € C* with fo CC B(0;1) x B(0;1) so that the solution f to

Oif +v-Vof =0,  fli=o = fo,

F(tz, o). = cu/al £tz )y ) o) - uydu, (7.79)

n(x) u>0

satisfies

1
/ / Vol (s,2,0)Pdyds = os,
0 Jy_

so that the estimate (7.15) of Theorem 7.1 fails for p = 2.

Proof. We prove by contradiction. Suppose fol f% |0f (s, 2,v)|2dyds < +00. Then

0uf(t,0) = ——{ —0f — (1000 f — (12 00t} for (ar0) €.

We use the boundary condition to define :

Of(t,z,v)y. = cuvVu)Al z)=cu/p Ouf/pdn - ulduy,

n-u>0
aTif(t) $,’U>|77 = CumBi(t7$)
= i [ o gvaE wdut e i [ VST g b
n-u>0 n-u>0 ]

We make a change of variables v, = v -n(x), vy, =v-11(), vy, =v-T2(x) to compute

/ ds, / dv, / / dv,, dv,
o0 R2

{(A) + (05,)2(B1)? + (vr,)2(B2)? + 2ur, ABy + 20., ABs + 2leszBlB2}
/ dvn

Note that the integration over 92 is a function of ¢ only (independent of v). Since fo dﬂ”” = 00, We

conclude that A = By = By = 0 for (£, ) € [0,00) x dQ. In particular from A(t,z) = 0 we have for all
t>0

\Un\

/ dS,{(A)* + 2m(B1)* + 2m(B2)*}.

/(“)” . ftz,u)v/ wuw){n(z) - updu = / F(0, 2, u)/p(u){n(x) - uldu. (7.80)

n(x)-u>0
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We now choose the initial datum to vanish near 02 :

fo(z,v) = o(|z))o(|v]),
where ¢ € C*°([0,00)) and ¢ > 0 and suppg CC [0,1) and ¢ = 1 on [0, 3]. Clearly
/i) [ ol ) o) - e = 0.
n(x) u>

Hence f(t,z,v) > 0 from fy > 0 and the zero inflow boundary condition from (7.80) and the above
equality. Moreover following the backward trajectory to the initial plane for ¢ € [§, 1] and (z,v) € 74
and |v — and |v| € |

1
\%|<64a 8’2]

f(t,x,v) = fO("Z7 7“),’0) = 13

which contradicts to c,\/p(v) [, .o f(t @, u)y/pw){n(z) - uldu = 0 for (t,z,v) € [0,00) x y_ from
(7.80). O

7.5.2 Weighted W'? (2 < p < oo) Estimate

We now establish the weighted WP estimate for 2 < p < oo with the same iteration (7.31). From
Lemma 7.5 for 0 < § < %, we have a uniform bound (7.29) and (7.30). Recall the notation d = [V, V,].
Then e~ a(x,v)]?0f™ satisfies

0; + v - Vi + v g + v(VEF™)] (e a(z,0)P0f M) = emF Wt (2,v)PG™,

7.81
a(x,v)ﬁafm“(Om,v) = a(x,v)ﬁafo(xw). ( )

Here v, s is defined in (7.55) and G™ is defined by
gm _ —[8’1)] . vxfm-&-l _ 8[V(\/ﬁfm)}fm+l + 8[Fgain(fm7fm>]a (782)

and satisfies by (7.67) and (7.68)

e—Cor |v—u|?

m m 79*,’02 ’02 ’U2 m
07 S V™ e B 4 PO ol [ o e, (759)

so that
€_w<v>t04($, U)ﬁ|gm|
S = a(z,0) { [V 4 PO fllo) e 5

rs |v—ul?"

e—Cor lv—ul?

0™ (w)ldu] }.
For (z,v) € v, from (7.70), the boundary condition is bounded for § < & 1 5 by

= a(e, )]0 (t, 2, v)|

< e W a(a,v B\/7<1 + v\) /n.u>o 0™ (8, 2, w)|[{u)/u{n - utdu (7.84)

e =M a(z,0))? _

In(x) - vl
Set fO = fo and 9% = [0, f°, V. f°, V., f°] = [0,0,0]. The main estimate is the following :

+ il (Ile"‘ " folloo)-

Proof of Theorem 7.2. Fixp>2,22 <3< p— and w >q 1. We claim that there exists 0 < T, <
1 such that we have the following umformly in- m

T
A m ‘zx' v)Ss m ’U2
sup [l " a0 f (t)||5+/ == alormy  Sar P follso) ool (7.85)
0

0<t<T,

where P is some polynomial.
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Once we have (7.85) then we pass to the limit, e~ afafm™ — e=FWtaf9f weakly with norms
[|p and e=F@talofm|, — e==taPof|, in fOT* |- [2, and e== PO f satisfies (7.85).
Repeat the same procedure for [T, 2T.], [2T%, 3T, -+ , up to the local existence time interval [0, 7*] in
Lemma 7.5 to conclude Theorem 7.2.

We prove (7.85) by induction. From Proposition 7.2, df! exits. More precisely we construct 9 f*, V. f!
first and then V,, f*. Because of our choice of f°, the estimate (7.85) is valid for m = 1. Now assume that
Of*" exists and (7.85) is valid for all i = 1,2, --- ,m. Applying the weighted inflow estimate (Proposition
7.2) we deduce that 9f™"! exists. From the Green’s identity (Lemma 7.7) we have

t
sup [le=alafm i (s + / le-=Weafgpmipy
0

0<s<t

t
+ [ e =satopmiypy
0
t
2
S a®0filly +P (I foll) + [ fe=saagm i,

were) sw a0+ [ [ a8
QxR3

0<s<t
2 —w S m
S oo flly + P foll) + [ et
0

+ (t+¢) sup ||e’w<”>sa’88fm+1(s)||g

0<s<t
ol 7C9"U ul?
PO k) [ [ femematpappt [ S o),
QxR3 ‘ |
Step 1. Estimate for the nonlocal term : The key estimate is the following : For 0 < 8 < E=,0 < 6 <
and some Cg g, > 0,
—Colv—ul® [,—F(v)s Lo

Sup/ e " e i a(x,v)]f’ﬁ i <o <v>%ecwﬁ,psz. (787)

zeQ JR3 |U — U| K [6_?@)5&(%,%)]?

i _ Vé(x) _ _ . VE(a)
First we assume |(x)| < dgq so that n(z) := ve(o 18 well-defined. We decompose up, = un(z) =u e
and u, = u — u,n(x). For 0 < k <1 is bounded by

IUI%/ 1 ~Colp-up € 7 1
ro [v =l e fu- VE(@)|
7 v—ul|? w — B
So [ -l e S R, [
R3
v—ul|? 7
Sa [v]7TeCmant? / du, / duglv — u| e T |
R2 R
Sa Culo|7=T =0t
where we have used )
eForth—ul < ef= T ) (7.88)

for some C g, > 0. Furthermore we split the last integration as

/ +\/\ ’
[tn|/2< | vn —un | [wn|/22|vn—un

Cglon—un|? Cylon—un|?
e~ & e - 8 _
Ol = —dunt [ g duy | < o) T L
|t |P=T [V, — up|P=1

If |¢(x)] > dq then

Both of them are bounded by

a(z,v) 2 2E()|{v - V*(x) - v} Z dalvl* 2 dalvs]?,
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where v = (vy, vg, v3) is the standard coordinate. We set v3 = v, and v, = (v1, v3) and follow the exactly
same proof. Therefore we conclude (7.87).

Therefore
o e—Colv—ul® e
‘/]R3 v —wul?2=" ) u‘
—Colo—ul?® [,—F(u)s 18q 1 —Colv—ul? L
s / ‘ ) ([ e os )
Rs [V — u[27F [ = F (Ws )6 r3 v —ul?F

> e—Colv—ul® L
S e ( [ —,|e-w<“>3aﬁafm<uwdu) ,
R

3 |’ufu|2 K

where at the last line we used 22 < g < 221 5 S0 that (v)# < (v).
Finally we use Holder estlmate to bound the last term (nonlocal term) of (7.86) by

CteC=rs P foll) sup [ e=atapnp
QxR3

<s<t

+ 6+ )P folloe) _max /// = sadafip
z m,mtl Q><]R3
Step 2. Boundary Estimate : Recall (7.21). We use (7.84) to estimate the contribution of v_

[ [ = ratapor=tsnp
p

Sp / / —= ()0 (z,0) ]P\fp(l + |n(< )) U|>1’ [/ﬂ(m).uw 0™ (5,2, w) | n - u)du (7.90)

e~ @ (v)s B1p )
+ (Il fy]|oo) / / (@ O 2ol g g

) - vP

(7.89)

w(v)

Using e~ % ("3 (z,v) < e 5|V £&(z) - v|? for x € 99, the last term is bounded by
CQP(IIeG'”‘ZfoHoo)/ / In(z) - o] PP e TP dudS, ds o LR follo),
o Joo Jrs

for 5 > % so that 26p —p+1> —1.
For the first term in (7.90) we split as

p
V d] < V - du
n(z)-u>0 (w,u)E’yfr

P
/ .« .. du .
(@) Er4\7S.
The 5 contribution (grazing part) of (7.90) is bounded by

G [ [ = ata i (e ol + )

{n-uyt/apt/4
@(w)s oz, u)d

Sap /Ot /7 [6“<”>Sa(v)ﬁ]p(ln'vl+m)\/ﬁp

e~ ()PP 1OF™ PN - uldu
l/()[ (w?Flasmpy }d]

p
+

P

X du| dvdS,ds

/ @ (u)s oz, uw)’of™{n - u}l/p
(zu)u’:'mr

p/q
X l/ CREARATN K RIS T u}du] dvdS;ds,
(z u)E’y+

t
2
Sapw,8 geCw 8.0t /0 |e*w<”>5a56fm( e 5. pds,
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where we used [~ (" *a(z,v)] < [VE(z) - v]? Sq |n(z) - v|? and, for 8 > pz—;f 28p—p+1>-1),

e ae, )P (fn- ol + 1 <1;>|p1 )Nz

<a (|n(:1c) -v|1+2'6p + (v)P|n(z) _U|26p—p+1) /,u(v)p c Ll({u c R?’}),

and, here, a > 0 is determined via, with ijl = %,

/ [e=F (Woa(x, u)]7%u4(f){1> {n-u}du
gat

%<U>S *p[ipl —Llulz
So [ [ e ve@)] T e uldu
v

€
+

Bp w __p 2
SQ / |u~n|1_ﬁe2(p—1)<u>se rre=syikd du
’YE

2 _Bp __ P 2
SQ ecw,ﬁ,ps / |U . n|1 p—1¢ 8(-1) [ul du
”

aCngtz
Sap eter ™ot

for some a > 0 since 1 — 12)’%’{ > —1.

On the other hand, for the non-grazing contribution v, \75, we use a similar estimate to get

/ t / [e-w<v>8a<x,v>ﬁ]p¢ﬁp(1+m(i%)p [/ . 3f’”(8,w7U)|u(u)”4{n(fc)~u}dU] dods

Sa /Ot /asz /Rg[e*wwsa(x,v)ﬁ]p(‘n,,U‘ + |n.<1;>|]:)—1)\/ﬁp

a1
<[ a0 107 s, - o LT g g, a
T+ \7§ [em=tale, )]
t p
< —w(v)s B1p . L P
So [ [ a0 (ol + ) v

) / [e™ = ala, ) PPlOf™ P {n - U}du]
Y+ \7§
p/q
X l/ [e™ = W3 oy, u)®) =94 - u}du] dvdS;ds
v+

t
Soccmnnt [ [ e =ate ) piop o) Pdrds,
0 Jys\vi

p=2 p=1
where we used 5 < B < o and

/ [e—w<u>sa(x’ u)ﬁ}—qu(u)Q/Zl{n(x) . u}du

= [l a0 (@) T (- uldu Sa, <O
T+

179
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By Lemma 7.6 and (7.81), and (7.89) the non-grazing part is further bounded by

[/

0 Jyp\vg
t t t

<. / P 0 fol + / e =l fmp + / / / g™ [[e== 0B P|a Pt
0 0 0 OQxR3

t t
—Tw(v)Ss m —T(v)s m 'U2
,s/ ||aﬁafo||z+/ e~ a0 4t sup fle= = 0 05 @) + (14 DPUIE fll)
0 0

1 CteCo 508 P[P fol oc) sup // eTTiitatosmyy
Q><]R3

0<s<t

+ (5 +)P(||e” fol|o) max /// = Ws By fip.
z m,m-+1 OxR3

In summary, the boundary contribution of (7.86) is controlled by, for all 0 <t < T,
—w(v)s B m
[e=traarmip a

T
< / lla(w)PafollZ + & / = Wsafg e

+T max  sup [le"=@afafi)|[E + P(||e?”F follo)

i=m—1,mo<t<T,

+ CteC 8,1 (||e9\ o? follso) sup // e~ @ (v)s ﬁafm|p
QxR3

0<s<t

2 .
X

Finally we collect the terms to deduce

T
sup [l aB ()| + / {0y /P 5By prtt
0

0<t<T
T
+/ |e—w<v s Bafm+1 7+,pd5
0
2 2
< Cra{ll0?0fol[5 + P([”" folloo) } + {g + 6 + Te=2D L P(|”1" fo] o)

T T
X max { sup ||a68fz(t)||g+/ le== (s fg fi B, pt / H<U>1/p€_w<v>taﬁafl||g}-
0<t<T 0 0

i=m,m—1

Recall C g, from (7.87). Choose 0 < T« 1, and 0 < e < 1, 0 < § < 1 and hence

T
sup ||e—w(v)ta,88fm+1(t)||g+/ | —w(v)t ,Bafm—H L
0

0<t<T
< Cra{lle®afoll2 + P(le” follo)}
T

“5 o lmeoroig e [Tem sty )

Set
T

o = s = [ e =ato

D = Cra{lla®ofls+ P(lle”" folloo) }-
Apply (7.78) with k = 2 to complete the proof. O

4.3. Weighted C! Estimate
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We start with the same iterative sequences (7.81) with 8 = 1. For (z,v) € 7, note that \/a(z,v) =
[n(z) - v]. Recall G in (7.82). We define

N™(t,z,0) = e oz, v)G™(t, z,v) (7.91)
From (7.84) with 3 = 1, we have, for (z,v) € v_,
e =NV alw, v)of " (t @, 0)]
e/ p(v) " O€_w<“>t\/M|3fm(t z,u)]e® W (u)/p(u)du (7.92)
n(z)-u>

+ e 8P PP fyll o).

Recall the stochastic cycles in Definition 7.1 : For (¢, z,v) with (z,v) ¢ o and let (t°,2°,0°) = (¢, z,v).
For v* - n(z*1) > 0 we define the (£ + 1)—component of the back-time cycle as

(té—l-l {41 l+1) — (tk

T v 4 Z),U£+l).

—tb(xé,vz),asb(x U

Lemma 7.9. Ift' <0 then
t
le= =@ a(z, v) 2t 2, v)| < Ha(x,v)l/zﬁfoHOOJr/ IN™(s,z — (t — s)v,v)|ds. (7.93)
0

Ift' > 0 then
e (e, v) 20 (it 2, 0)|

t
< / N (5,2 — (t — 5)v,0)|ds + e~ TP P(||e?1 fo]|0)
tl

-1
1 . . . . .
1 1/28 m+1—1i 0. 2% — tit ot d2£—1
’LU(U) /1;[51 v, ; {ttt1<o<tt} |a f ( , T v v )| :
1 —1 t'i
+ 7/ Lgrtico<si / INT=i(s, 2 — (¢ — s)v',07)| ds dXET!
w(v) =iy, & Z {tit1<o<ti} _—
1 -1
(-1
*m/ Zl{ﬁ“«)}/ N (s 2" — (1 = s)v', )| ds dT]
HJ'=1V =1
1 — 0),i—12 2
Typict_me alv 1 p(“eelv\ follos) dzf:l
'LU(”U) /1—[§=} Vj; {ti=1<0} i

1 L—1\,¢
1 —w (v 't 0 4—1 1/23 m+1—€ dzé 1
w(v) /1_151 v, {t2>0}|e O[(x y U ) f ( fL' 'U )‘ —1>

where V; = {v7 € R3 : n(z7) - v7 > 0} and

and
asi!
= {2l ad)euln(a) - vilded Plu(i)e @ i) 2e (ot T e (020, u(07)av |.
Remark that dEf‘l is not a probability measure !
Proof. For t! < 0 we use (7.81) with 3 = 1 to obtain
e_w<”>t0z(x,v)1/28fm+1(t,x,11)

¢
< afz — tw, v) 20 fo (z — to,v) + / e Vml =N (s 4 — (t — s)v,v)ds.
0
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Consider the case of t! > 0. We prove by the induction on ¢, the number of iterations. First for £ = 1,
along the characteristics, for t* > 0, we have
efw(v>toé1/2afm+1 (t, z, ’U)
t
< eil’wvl(tftl)e*w@ﬁlal/Qame(tl,xl,v) + / e V=t USINTY (g 3 — (t — s)v,v)ds.

¢l

Now we apply (7.92) to the first term above to further estimate
e—w(v)ta1/2 |afm+1 (t, z, U)l

t
S e =Gl p(]f1 fy | o) + / eVt DN (5, — (£ = s)v,v)|ds
tl
+e Ve, 1(v)( \/7 1/2|afm( ZIJ ’Ul w(v \/7(1” (795)

< e PP follo) + / N (s, = (= 8)v, )
t1
+ Cu / e*w<”1>tlal/2\8fm(tl,xl,vl)|ew<”1>t1w(v1)<vl>2u(vl)dv1,
w(v) Jy,
where w(v) is defined in (7.95). Now we continue to express df™(t!, 2%, v!) via backward trajectory to

get

= a(at ) o (et ot o)

.l
< 1{t2<0<t1}{a1/2|6fm(05 at — tlvl7vl)| + / ‘Nm_l(sa at — (tl - S)’Ula Ul)‘ds}

0

tl
+ 1gsop {0 Q2o (12, 0%, 01| +/ N (s @t (1 = 8ot o) ds .
t

2
Therefore we conclude from (7.95) that

e Wha(x,0) 20 (@, 0)|

t
< / N (5,2 — (t — s)v,0)|ds + e~ T P(||e?1F fo)|0)
tl

+ / L cocpya(at — ol o) V2|9fo(at — thol, vh) e D w(vt) () 2, u(v!)do!

w() Jy,

1 a
—= / 12 coen) / AT (s, = (8 =)ot 0! |dse” D w(o!) (o) e, (ot )do!
0

w(v) Jy,

tl
+ / 1{t2>0}/ INT (s, 2t — (£ — s)ob, 0! |[dse™ v w(v') (v e, p(vt)do!
\%1 t2

w(v)

1 — o (vh)t? m w (vt
— / Lasoye =0 ala?, ') 2[01™ (82,22, 01) e w(vl) (0!) e, u(ot)do',
w(v) 2

and it equals (7.94) for £ = 2.
Assume (7.94) is valid for £ € N. We use (7.92) and express the last term of (7.94) as

Loy =0 a(al oY) |a ik (1l 2l oY)

S 0 Neyn@ ) [ Tgeape T @ e ) Jule (796
Ve

~

+ e PP fo o).
Then we decompose 1{te>0}e_w<“e>tla1/2|8fm+1_(z+1)(té,xé,vé)\ = 1get1coepey + Lgget150y, where the
first part hits the initial plane as

‘ 7
1{t‘3+1<0<t5}€ w (vt 1/2|8f 1+1— (i+1)( .Z' Ué)l

t (7.97)
< a1/2|3f0(xe . tévévvé)‘ +/ |Nm+17(4+2)(s,x2 B (té . s)vé,v€)|ds,
0
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and the second part hits at the boundary as
l{tz+1>0}€7w< v)t 1/2|afm+1 (Z+1)( 2t ,UZ)‘

5 e—w(M)ﬂJrla1/2|afm+1—(£+1)<t£+1 €+17U€)|

& (7.98)

t@
+ / INTFL=EF2) (g b (1 — s)of, 0)|ds.
tl+1

To summarize, from (7.96) upon integrating over H 1 V we obtain a bound for the last term of (7.94)
as

1 —w (vt m—+1—£ /0 0—
w(v)/e Ly, Tesaplem ™0 at Bt ot o iy
1 0..6—1)2
P follso)—— / 1 yeagye— 0 P aset
w(v) M=y, (503 et

1 —w v@ £ m _
7/ 1{tf>0}6 Wit \/a|3f 1 “m(tf,:zr‘w‘)ldﬁﬁ,
w(v) Jrz_, v,

where by (7.97) and (7.98), the last term is bounded by

> H{ w (v )t? Uj C“#(vj)d,uy}{w(vffl)ew(v[”lﬂz’l<,U£71>2’u(1}£71)d1}€71}

tl
X {1{t5+1<0<t5} [a1/2|8f(0,x€ — tt vY)| +/ N2 (5 2t — (£ — s)vé,v€)|ds}
0

+1genisoy |:e—w<ve)t£+1a1/2‘8fm—€—1(t€+17 sy Uz)‘

t£
+ / N2 (s, 28 — (1 — s)of, ve)\ds] }
t

241

Now we use (7.95) to conclude Lemma 7.9. O

Lemma 7.10. There exists {o(e) > 0 such that for £ > ly and for all (t,x,v) € [0,1] x Q x R3, we have
1\~
/ l{tz(t,:c,v,vl,m ,v4*1)>0}d22:% SQ <2> .
[z v
Proof. The proof is based on Lemma 23 of [75]. We note that, for some fixed constant Cy > 0,

w(vefl)ew“’“l)#_l(v£*1>zcﬂu( - 1)1‘[? ?ew@ >t'<vj)2c#,u(vj)dv1...dfuefl
< TZHOO T uw?) i) dot Lot < {Co} T pu(v?) o

asi i

IN

Choose § = §(Cp) > 0 small and define
Vf ={v/ € Vvl n(2?) >4, | <71,

where we have fv,-\vé C’Op(vj)i < 4 for some Cy > 0. Choose sufficiently small 6 > 0.

On the other hand if v/ € V§ then by Lemma 6 of [75], (t/ — t/*1) > §%/Cq. Therefore if t* > 0
then there can be at most {[ } + 1} numbers of v € V3, for 1 < m < ¢ — 1. Equivalently there are at

least £ — 2 — [%J numbers of v™ € V,,,\V3, . Hence from {Co}t = {Cp}™ x {Co}~17™, we have
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—1
Lt (t,z,0,01 0 0t=1)>03 425,75

g S

iZ1Vi
o
[53 ]+1 l—1
N1/dq
< /{ there are exactly m of v, € V,‘E,H } H Cop(v?) " dv?
m=l and £ —1—m of vy, €V, \V2, 77
[%]4—1 l—1—m
< > ( ol ){/ Cop(v 1/4011}} { COM(U)1/4dU}
m=1 V\ VS
[$8]+1
Q Q 3
< (|5] + 1) - ol B ] cerra}
%
¢ ¢\
< = ~ (=
s ylont ()
¢ ¢ N2 ¢ N2 _];]7(?‘*'3
e (L\N £\ N2 / W(fﬁw’) 1 N 1\ ¢
< v (= — <= < — < (=
<@t (3) (7)< (5 T =) <()
where we have chosen ¢ = N x ([%] + 1) and N = ([%} + 1) >C > 1. O

Now we are ready to prove the weighted C! part of the main theorem :

Proof of weighted C' part in Theorem 7.2. First we show W1 estimate. Recall that we use the
same sequences (7.81) with 8 = § used for the weighted W' estimate (2 < p < 00). We estimate along
the stochastic cycles with (7.93) and (7.94). For ¢! < 0, the backward trajectory first hits ¢ = 0. From
Lemma 7.9 and Lemma 7.4 for (7.91), we deduce

sup_ 1 <oye =0l 20T (1) |oo
0<t<

S |\a1/23folloo+P(|I69'”‘2fo|loo)+T Sup lle= ™ al 20 4 (1) |

C9|U7u|2 /
) (t—s) € a2, 0) 77 s Pl - -0 1/2g prk (g
/tl LR TP afa,wiz s PUET follee) sup I 7 oo
where we have used (7.88). Note that, for any 8 > %
1 1
+1 (7.99)

<
a(z,u)t/?2 ~ a(z,u)?

We apply (7.23) to bound the underbrace term as, for 1 > 8 > 1

3_
1 oz, v)zti- Eté ? 1 g3 Pa(z,v)2 a(z,v)2
{ lv]<1 [v[26-1 + |”‘51‘v|2a(:p,v)5*1} w(v}z—:Qa(x,v)ﬁ_% (7.100)
5 t%_ﬁ“rfg_ﬂ"‘%a
e2w

where we used a(z,v) < |v|2.
If t'(t,z,v) > 0, the backward trajectory first hits the boundary, then from (7.94) we have the
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following line-by-line estimate

|1{t1>0}e—w(v>ta1/28fm+1 (t z ’U)|

t —Co|Var(s)—u
< / / (W) (t—5) € Var(o)—ul” (X (s ),Vc1(81)) duds [|e= 5 al/29 ™ (5)]|
- R3 IVCI(S) - u|2m ( (S),u)E

Nl=

+ P(Ile” fol o) + £(Ce )zlmax a2 af5 " loo

—Co|Ve u
+4 Ctz \/7>< max/ / -s) € oVl 2' a(Xal(s), Va(s
Va(s) —ul**  a(Xa(s),u)

[N

~

) duds

Nl

w(v)t 1/28 m+1—i
X e sup fle f ()]s

£
2 2 1\ ° —w{v)s m+1—
HUCTY P llw) + (3) s 7 20 ),

where we have used (7.81), Lemma 7.10, and Lemma 7.4 for (7.91) and (7.88). For the underbraced terms
we apply (7.99) and (7.100). Therefore

|1{t1>0}e—w(v>t 1/28fm+1(t T ’U)‘

S QOB A o e s [l 01 )

_z
2 i 1 5 'US
+ G ogizalla”%fo'w*(z) gmax sup [Je” a2 (5) o

We choose a large ¢ and then small ¢ and then small € and then finally large w to conclude

1 )
sup ||67w<“>t041/26fm+1(t)\|(><> < I max sup ||67w<”>’50z1/28fl(t)||Oo

0<t<T. 8 m—1<i<m 0<t<T,
+H]a 20 folle + P(|[e” 0 fo]o0)-
Set D = ||a!/28 fy||oe + P(I|e?1F 8 fo]|00),

ai= sup ||le"T 2051 ()]0, A = max{a;,a;_1,- - Vi (e-1) )
0<t<T.

then we have ap,1 < $A,, + D. Use (7.78) to conclude

sup [le" =291 (1)]|0 S llat/20follo + P17V follo)-

0<t<T,

The existence and uniqueness and the estimate in Theorem 7.2 are clear for short time T}, > 0. We follow
the same procedure for ¢ € [Ty, 2T,] to conclude

sup  [le”= 20 (1) Sar.
T, <t<2T,

“FOT (T oo + P foloo).

Then we conclude the weighted W part of Theorem 7.2 following the same procedure for [T, 2T,],
[2T,3T], - -

Now we consider the continuity of e~ (**a!/29 f. Remark that for each step e ==t a1/20 f™ satisfies
the condition of Proposition 7.2. Therefore we conclude e~ a /29 f™ € C*([0,T.] x Q x R?). Now we
follow W1 estimate part for e~ ("t !/2[0f™+1 — 9 f™] to show that e~ = (Wtal/29 f™ is Cauchy in L>.
Then e~ Wtal/29fm — == ta1/29 f strongly in L™ so that e~ {ta/20f € CO([0, T, xQxR?). O

7.6 Appendix. Non-Existence of Second Derivatives

In the previous theorem, we consider the first-order derivative of the Boltzmann solution with several
boundary conditions. Now we show that some second order spatial derivative does not exist up to the
boundary in general so that our result is quite optimal.
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Assume that all the second order spatial derivatives exist away from the grazing set v = {(x,v) €
90 xR3 : n(z)-v = 0} but up to some boundary 9 x R3. Taking the normal derivative 9, = n(z)-V, =

;”i;g' -V, to the Boltzmann equation directly yields

v anvxf = 76natf - V(\/ﬁf)anf + 6nrgain(fa f) - anu(\//jf)f

From previous Theorem we know that 0,0, f, v(\/itf)Onf ~ ﬁ with some a > 0. In this section we
show that the underbraced term blows up at the boundary with any velocity for symmetric domains.
Assume fo ~ (y/f2)' 7 for some 0 < § < 1. Then there exists ky, (v, u) such that

Fgain(fa fO) + Fgain(f(); f) - V(Wf)fo = /3 kfo (Uv u)f(u)du
R
First consider the diffuse reflection boundary condition. Theorem 7.2 plays an important role in our
proof.

Proposition 7.3 (Diffuse BC). Assume Q = {z € R3 : |z| < 1} and £(x) = |z|? — 1. Assume the initial
datum fqy satisfies, for some xg € OS2,

{/( - ky, (v, w)u - n(xo)ﬁnfo(zg,u)duT} >C > 0. (7.101)

u-n(zo)=0
Then there exist t > 0 such that for all v € R3,
anrgain<f? f) (ta X, U) - 8ny(\/ﬁf)f(t7 o, U) = OQ. (7102)

We remark that for 0 < § < 1 we have sup, |\69|”‘2f(t)||Oo S ||ee‘”|2fo|\OO due to Lemma 7.5 or [75, 67|
and [|a/20f(t)||c < 1 due to Theorem 7.2. We also remark that the condition (7.101) is very natural
for the diffuse BC.

Proof. We denote the different quotient
f(t7 T+ 5[_n($>]’ U) — f<t7 xz, U)

Aaf(twrvv) = c

Then
AcAlgain(f, 1)} —v(VB D ) =Tgain(Def, ) + Dgain(f, D f) —v(V &c f)f-
Assuming f ~ fo ~ (/) 7° for 0 < § < 1, we have
Lgain(Defs f) 4 Dgain(f; e f) — vV De ) f
~ /R3 ks, (v,u) A f(z, u)du ~ /]RS ky, (U,u)f(x —en(@)w) = f(@,u) (7.103)

du,
€

where k¢, (v, u) ~ k(v,u) in (7.25) with slightly different exponents. For simplicity let us assume k¢, (v, u)
is bounded. We split as

/R3 kfo (1}7u) f(t,.l? — €n(x),u) - f(t,ﬂ?, u) du

g
= / + / + / . (7.104)
n@)-ul<e  Je<in(@)ul<o  Jo<in(@)ul
———
I 11 III

The first term is bounded as I < O(l)||ee‘”|2f||oo. The last term is bounded due to Theorem 7.2. Since
Ex)=z|> -1, forall 0 <r <e <1,

Vé(x —rn(x)) - u=Vé(x) u— /T {VE(x) - VZE(z —1'n(z)) - u}dr’

=Vé(z) u— /V§ -udr’ (7.105)

= V() - u+0()|VE(z) - ul
~ VE&(z) - u.
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Therefore o < |n(x) - u| implies o < y/a(z,u) and

w(u)t
I < |l =™t /av, f(t oo/ S x; (v, u)du
Sl Vav. f(t)]| < Vo fo(v, )

CNt
o<Va,lul<N  Jo<ya,|ul>N g

For the second term of (7.104) we use (7.105) to conclude, for 0 < r <e,

e < In(z—rn(x) ul So.

~ ~

Therefore f(t,x — en(z),u) is differentiable so that

f(t,il' — En(l')vu) — f(t7$;u) _ /1 anf(t,l' _ 67‘TL(£U),U)dT. (7106)
0

e

We further split IT as

II = /es\nu)-msU T fe<in@)ul<o -

& <|lul<N lul <%, lul>N

11, 11,

For the second term we use Theorem 7.2 to have

1
I, < e_N/ dr/ dun/ du; kg, (v, w)0n f(t, x — ern(z), u)
Slun|So |UT|ZN

X . (7.107)
SJ e_N/ d’f‘/ dun/ duT fo (U UI) )
0 JeglualSo url2N /|un|? + CreN?
where we used
&(x —ern(x)) = &(z) + Cer = Cer.
The main term is I, :
11, / dr //<‘u"‘< durduy, kg, (v, u)0, f(t,x —ern(x), u).
% <|u|[<N
We claim that if 2 is convex (7.3) then for (z,v) € y_
< Oé(m, U)

It suffices to show tp(x,v) ¢ |" z) vl Since £(z) = 0 = &(z — tp(z,v)v) for (z,v) € v_, we have

to(z, 1;)
0=¢&(x — tp(z,v)v) = &(a) + / [—v - Vi &(x — sv)]ds

b(z,v)
= [—v - V&(@)]tp(z,v) /t / {v-V2¢(x — 7v) - v}drds.

By the convexity of £ in (7.3) we have [v - Vxﬁ(x)]tb(x, v) > WC}MQ, and therefore this proves

(7.108). From (7.108), for £ < |un| S o and 5 < |u| < N, -

_ 2 N2
th(z —ern(z),u) < vole —ernfz), u) < Vo —1157" < N%/o? +eN2.

N2
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Let z(r) =z — ern(z). For € < |u,| S o and & < |u| < N and t 2 N?V/02 + eN?,

On f(t,2(r), u)
n(:r(r)) : vz{f(t - tb7xb7u) + /0 [Fgain(fv f) - V(F)f](t - S,{E('f’) - Su?u)ds}

= Z”(f(r)) Ti(wp) 07, f(t — tp, T, u) + n(z(v("g)ciﬁn(x ) n(2p)0n f(t — to, Tp, u)
+ [ nta)

: {Fgain(vmfa f) + Fgain(f7 vacf) - V(\/ﬁvacf)f - V(\//jf)vﬂcf}(t - S, 'T(T) — Su, u)ds
Now we expand in time for the underlined term and choose 0 < t < 1 (N2v/02 + N2 < 1) so that

n(xp)0p f(t — to, 2p,u)
=u-n(xp)0n folxp, u) + / B b{u -n(zp)}0:0n f (8, Tp, u)ds
0

= u - n(xp)0n folxp,u) + O(1)te™ V! ||e ™= /00,0, F(1)||oo-
The tangential derivative term is bounded by

In(x(r)) - 7i(z(2(r), u))||0, f(t — tb, Tb, u)|
< n(zp) - i) + O(tu(x(r), w))u - Ven(z(r))||0r, f(t — to, Tb, u)

o(Tp, u
S M|Va;f(7f — tb, Tb, u)|

~
< NePM|em =W /aV, f(t, 2,0)|| o,

and the time integration terms are bounded by

7C|u u'|?
eflo? f”oo/ / P NI L 2(r) — su,u')|du’ds

+ NeWNt||e9'”‘2f||wue—w<v aVa ()]
S 1P Fllaolle™ = /@Y, £(8)]]oo

to —Clu—u'|? 116
% eth{/ / e—w<u>(t_3) ¢ —— ‘u ‘ 140 du/ds}
o Jrs u— /| afz(r) — su,u') =

0]v)? E—— e“NiCy
S 1T fllsolle \/5fo(t)||ooW'

Now we plug these estimates into II, to have

1
II, + 11 N/ /
’ SlunlSo \/a(xg —ern(zp), u)

L L <|ulSN

X [/ kg, (v, w)u - n(xo)anfo(xo,u)duT]
n(zo)-ur=0

u-n(zo)=0

—{ (e~ =N em = /a0,0, f(t ||oo+67N / //<|un\<0 \/a(:co—irn(zo),u)

L<|ul<N
— O(L)Ne=Nle™= " /aV, f(1)]|
1

— On ()M [ folclle™ = V/aV £t ||<>o/ //<|un|<g (w0 — ern(wo), )]0 /2’

1<| ISN
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Due to (7.101), for N > 1 and ¢t < 1 with N?\/o2 +eN2 < 1

1
1
I = / /< < du,du,dr
o Jeslunlse |2 + Cerlu, 2

> SlulSN

N2
— = du-du,
/s§|unga |un| + EN

N?In ——— ~ Onq(1)

Vv

vV

vV
=3
\
|
S
=
=3
\
|
Q
=
Q
=
1
8
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Chapitre 8

BV-regularity of the Boltzmann
equation in non-convex domains

Abstract

This Chapter is an extract from the paper [76] in collaboration with Y. Guo, C. Kim and D.
Tonon. Consider the Boltzmann equation in a general non-convex domain with the diffuse boundary
condition. We establish optimal BV estimates for the solution. Our method consists of a new W1!
trace estimate for the diffuse boundary condition and a delicate construction of a small e—tubular
neighborhood of the singular set (grazing trajectories). We also illustrate that such BV —regularity
is rather optimal in the case of strictly non-convex domains.

191
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8.1 Introduction
Boundary effects play an important role in the dynamics of solutions of the Boltzmann equation
OF +v-V.F=Q(FF), (8.1)

where F(t,x,v) > 0 denotes the particle distribution in the phase space {2 x R3. Here ¢ stands for the
time variable, = for the space variables, and v for the velocity variables.
Throughout this paper, the collision operator takes the form

Q(FlaFZ) anm F1,F2) Qloss(F17F2)

//\v—uI qo(0 {F1( NEy(v') — Fl(u)Fz(v)]dwdu, (8.2)
R3 Js2

where v/ = u+[(v—u)-wlw, v/ = v—[(v—u) -wjw and 0 < k < 1 (hard potential) and 0 < ¢o(0) < C|cosb|
(angular cutoff) with cosf = -w with w € S%. We denote the global Maxwellian

Iv ul

o]

u(v) = exp (= 5-).

Throughout this paper we assume that ) is a bounded open subset of R?. The boundary 09 is locally
a graph of a given C? function : for each point zy € O there exist » > 0 and a C? function 1 : R? = R
such that, up to a rotation and relabeling, we have

00N B(zo;r) = {x € B(zg;r) 1 x5 = 77(5[}1,{172)},

(8.3)
QN B(xp;r) = {x € B(zg;r) : 23 > 77(331,:62)}.
The boundary of the phase space Q x R? is
v = {(x,v) € 0Q x R3}. (8.4)

We denote n = n(z) the outward normal direction at z € 9. We decompose 7 as

v_ = {(z,v) € 92 x R?: n(z) -v < 0}, (the incoming set),
vy = {(z,v) € 0Q x R® : n(x) - v > 0}, (the outgoing set),
Yo = {(x,v) € 00 x R3 : n(x) - v = 0}, (the grazing set).

In general the boundary condition is imposed only for the incoming set v_ for general kinetic PDEs.
We consider the diffuse boundary condition in this paper : for (x,v) € ~_

F(t,2,0) = cui(v) / Pt 2, 0) {n(z) - u}du, (8.5)

n(z)-u>0

with ¢, [ (@) us0 M) {n(@) -updu = 1.

Despite extensive developments in the study of the Boltzmann equation, many basic questions re-
garding solutions in a physical bounded domain, such as their regularity, have remained largely open.
This is partly due to the characteristic nature of boundary conditions in kinetic theory : Consider the
simple transport equation v - V, f(z,v) = 0 with the given boundary condition f|, = g. It is solved by
flz,v) = glap(z,v),v) = g(x — tp(x,v)v,v) where tp(x,v) is the backward exit time defined as

to(x,v) :==sup({0}U{r >0: 2 —sv e Qforall 0 <s<7}),

8.6
Tp(x,v) =2 — tp(z,v)v. (8.6)

Similarly the forward ezit time tg is defined as
te(z,v) :=sup({0}U{r >0:z+sveforall 0 <s<T}), (8.7)

xe(z,v) = x + te(z,v)0.

Since xp(x, v) has singular behavior (even not continuous) if n(xy(z,v)) - v = 0, we expect f might be
singular on the singular set :

Gp = {(z,v) € A x R® : n(zp(x,v)) -v =0}, (8.8)
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which is the collection of all the characteristics emanating from the grazing set .

In [75], it is shown that in convex domains, the solutions of the Boltzmann equation are continuous
away from the grazing set 7. On the other hand, in [81], it is shown that the singularity (discontinuity)
does occur for Boltzmann solutions in a non-convex domain, and such singularity propagates along the
singular set &g. Very recently in [77] the authors were able to establish weighted C'! estimates in convex
domains for all basic boundary conditions. The main purpose of this paper is to establish the first BV
regularity estimate for the Boltzmann solution in non-convex domains.

We denote | - || the Lo°(Q x R?) norm, while | - ||,, is the LP(2 x R?) norm. We denote |- |, either the
LP (002 x R?,dS,dv) norm and |- |, , the LP (92 x R?) = LP(9Q x R3, dy) norm where dy = |n(z)-v|dS,dv
with the surface measure dS, on 9§2. We write | - |1, , = | - 1., |,,p. For a function f on Q x R3, we

denote f., to be its trace on v whenever it exists.
A function f € LY(Q2 x R3) has bounded variation in £ x R3 if

sup{ fdivpdzdv : p € CHQ x R3;R3 x R?), |cp|§1}<oo.
QxR3

We define
1 fllBv == [Ifll 1 caxr3) + V(f),

where
V(f):=sup { // fdivpdzdv : p € CHQ x R%;R? x R?), |¢| < 1} < 0.
QxR3

Theorem 8.1. Let Q be a bounded open subset of R® with C? boundary 0Q as in (8.3). Assume that
0<k<1lin(82), Fp=/ufo>0, fo € BV(Q xR3), and €917 folloo < +00 for 0 < 0 < 1. Then
there exists T = T(||ee‘”|2f0Hoo) > 0 such that F' = \/iuf solves the Boltzmann equation (8.1) with the
diffuse boundary condition (8.5) and f € L*([0,T); BV(Q x R®)) and V., fdy is a Radon measure on
00 x R3.

Moreover, for all0 <t <T,

1 @lsv Sra oy + P folloo), (8.9)
for some polynomial P and V.. fy(t) is a Radon measure o on 9 x R® such that fOT | (02 x
)| dt Sra I follsy + Pl follo).

We remark that the result h01d25 even without any size restriction for the initial datum within a small
time. On the other hand, if ||’ go||c < 1 for Fy = pu+ \/figo > 0, then, writing F' = p + \/ag > 0,
Theorem 8.1 holds for g(t) for all t >0 :

2
lg®lv Sea lgollsv + P(le”* gollo)-

Moreover the BV regularity (even in the bulk) is the best regularity we can expect. The reason is
that in general the singular set &g is a co-dimension 1 subset in the phase space  x R3.

Remark 8.1. Assume that the domain € is non-convex : there exist at least one point xo € I and
u € R3 and (uy,us) # 0 such that (8.3) and

Z u;u;0;0;m(x0) <0, (strictly non-convez point). (8.10)
i,j=1,2

Then the singular set Sp is a co-dimension 1 subset of Q x R3. Moreover if we restrict the singular set
to the characteristics emanating from the strictly non-conver points

{(z,v) € &g : (zb(z,v),v) is a strictly non-convezr point},
then this set is a co-dimension 1 submanifold of Q x R3.

We put the proof of Remark 1 in the appendix. Since discontinuous solutions were constructed for
non-convex domains in [81], this remark shows that the Boltzmann solutions are singular on the co-
dimensional 1 subset Gp. Then it is standard to conclude that the best possible regularity space is
indeed the BV space (|69]). Hence Theorem 1 is optimal.
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The equation for f = F/,/jt where F' solves (8.1) is

8tf+v V f"’y(\ff) galn(f, f)7 in { x RB? (8'11)

where
1

Fgain(f17f2) = ﬁ@gain(\/ﬁfl7\/ﬁf2)7 V(\/ﬁfl)fé

The boundary condition for f = F'/,/i where F satisfies (8.5) is

f(t,z,v) =cu/p(v ft z,u)v/ pw){n(z) -utdu,  on (x,v) € y_. (8.13)

n(x)- u>0

- ;ﬁQloss(ﬂfh Vi), (812)

The local in-time existence of the solution f with supyc,cp €27 f()]loe < [l€?1°F folloe for 0 < 6 <
0’ < 7 is standard (e.g. Lemma 6 in [77]).

We now illustrate the main ideas of the proof of Theorem 1. For simplicity we assume that f satisfies
(8.13) but solves the following simpler problem

atf+vaf+Vf:Ha f|t:0 :an (814)

with the boundary condition (8.13), and where v = v(t,x,v) > 0, H, and v are smooth enough. In
general solutions f of (8.14) are discontinuous on &g and (distributional) derivatives do not exist [81].
In order to take (distributional) derivatives we employ the following approzimation scheme using some
smooth cut-off function x.(z,v) vanishing on some open neighborhood of &g.

O f*+v-Vof +vf*=x.H in(z,0) € QxR
[Elimo = xefo in (x,v) € Q x R,

fe(t, @, v) = xecp/ p(v etz u)y/ pu){n(z) - u}du, on (x,v) € v_.

n(x)-u>0

(8.15)

Due to the cut-off ., the solution of (8.15) f¢ vanishes on some open subset of 2 x R containing the
singular set &g defined in (8.8). Therefore f¢ is smooth. Once we can show that f¢ is uniformly bounded
in L> and Jf¢ is uniformly bounded in L'(£2 x R?®) then we conclude that f¢ converges to f weak—x
in L* and f € BV solves (8.14) with (8.13). We apply (distributional) derivatives 9 € {V,, V,} to the
equation and have

0:0f° + v - Vo0 f° +v0f| <[0f°| + |0vf*| + [OxH| + |[x-0H]|.

On the other hand at the boundary we use an orthonormal transformation 7 (z) flattening the boundary

in order to remove a r—dependence of the integration range : {n(z)-u > 0} — {(Ttu); > 0} (see
(17) ~ (21) in [77]). Instead the geometric x—dependence enters into the velocity component and hence
after differentiating in x tangentially we have an extra v—derivative. For the normal derivative in x we
use the equation. Overall the derivatives of the boundary terms are bounded as in [77] :

1
0] ~ [Oxel + |3fs|{n~u}dU+w{|H\+|Vf|}7 on .

| | n-u>0

We then apply the energy-type estimate (Green’s identity, Lemma .8) and the above boundary control
to have

t t
10s=(t) 1 + / 0f o + / 10£5(s) | ds
t t
< xS O + / 10f]y 1 + / |0xH])1 + “good terms”
0 0

¢
St 110xelln +19xelyo 1 + C’/ |0y, 1 + “good terms”.
0

(4)

(B)

The first main difficulty is to construct a smooth cut-off function x. such that it vanishes on an open
neighborhood of &g and makes (A) be finite at the same time. We carefully construct, in Lemma 8.1, an
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open neighborhood O, of Gg. More precisely O is a collection of e—tubular neighborhoods of forward
trajectories emanating from the grazing set 7. Also we can show that O. contains all points whose
distance from Gp is less than e. Such e—thickness is important for constructing cut-off functions. In
fact we construct smooth cut-off functions x. by convoluting the characteristic function 1g,gs\ o, with
some standard mollifier. And the e—thickness guarantees that the cut-off function vanishes around Gg.
Fortunately x. satisfies the desired bound (A4) < oo, that is, . is uniformly bounded in W' (Lemma
8.2 and Proposition 8.1), whose proofs are delicate. Since x. is a standard e—mollification of 1g, g3\,

we have dxe ~ 91 — xe] ~ L(& 144 v/<c) * Lo.. For example a desired estimate for [Oxc|_ 1 is

/ 1o, (z,v)|n(z) - v|dvdS, ~ €.
(@), ISt

Let us denote O, a collection of e—tubular neighborhoods of forward trajectories emanating from .
Unfortunately there could be infinitely many grazing trajectories passing by z, which might lead to

/ 1o, (z,v)|n(z) - v|dvdS,
(zv)€v—, |v[<1

~ {number of grazing at x} x / B 1. tubular neighborhood (V)|n() - v|dv
[v[<1

~  OQ.

Instead we establish a geometric Lemma 8.3 to show that |n(z) - v| < /& if (z,v) € O.. For the proof,
we decompose O, carefully in position and velocity with varying grazing trajectories. We remark that
|0Xe |y, ,1 < 00 may not be true in general.

The second main difficulty is to control the outgoing term (B). We denote the (outgoing) almost
grazing set
yi = {(z,v) €y4 :v-n(x) <dor |v] >1/d}, (8.16)

and the (outgoing) non-grazing set

’y+\7i = {(z,v) €yx :v-n(x) >0 and |v| < 1/6}. (8.17)

In fact the v \*yi contribution can be controlled by the bulk integration and the initial data by the trace
theorem. However the 7§ contribution cannot be bounded by the bulk integration nor fot |0f%]y, .1 in the
LHS of the energy-type estimate since the constant C' > 0 of (B) can be large in general. The new idea
is to use the Duhamel formula along the trajectory once again (Double iteration scheme) to extract an
extra small constant to close the estimate. We evaluate 0 f° along the characteristics and use the bound
of f¢ on vy_ to have

t
[ 1oy

t
/ / |0f¢ (s, z,v)[{n(x) - v}dS,dvds
0 z,v)G’yi

2

/ ds/ |01 (s — tp(z,v), 2p(z,v), v)|{n(z) - v}dS,dv
(z, U)E'yi
o / / ; ) - 0} Oy (20 (2, v), 0)|dS, dvds (8.18)

() -v S(xp(z,v), w){n(zp(x,v)) - utdu vds
//() TEREROE v/n(xb)mwf (20 (2, ),w)|{n(en(x,v) - u}dudS,duds.  (8.19)

In Lemma 8.4, we establish a crucial change of variables (z,v) — (xp(z,v),v) with |n(z) - v|dS,dv S
In(z) - v|dSz,dv. Clearly (8.18) is bounded by [Oxc|y_,1. For (8.19) we use Lemma 8.4 to convert

r—integration into xp—integration and remove the singular factor % Furthermore, since x € 052

we have x = 21, (b, —v) and (z,v) € ¥4 which implies (2 (zp, —v),v) € 7%.. Then we can bound the last
term by

t
sup /1($b(rb,—v) U)e,yadvx/() |af€|’y+71'

T EOQN
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Using the covering lemma of [75] (Lemma .9), we are able to extract an extra small constant from
SUP2y, o0 f 1(wb($ba_v)7v)e"/idv'

Finally in order to study the nonlinear problem with diffuse boundary condition we employ some
approximation scheme. On each sequence the problem is a linear problem with given boundary data but
the solutions are vanishing on the singular set & g. Thanks to the crucial properties of the smooth cut-off
function x. we are able to achieve uniform estimates via energy-type estimates with the new estimate for
the outgoing term. The quadratic nonlinear terms are controllable due to the known pointwise estimates
of the solutions ([75, 77]).

The plan of the paper is the following : In Section 2 we construct the desired e—neighborhood of the
singular set and its smooth cut-off functions. Then we prove the quantitative estimates of the cut-off
functions and their derivatives in the bulk and on the boundary. In Section 3 we establish the new trace
theorem using double iteration. In Appendix 1 we recall some basic geometric results. In the Appendix
2 we show that the singular set is codimension 1 in general.

8.2 e¢—Neighborhood of the Singular set

In this section, we construct an open covering of the singular set &g (proof of Lemma 8.1) and a
smooth function that cuts off the open covering of &g (Definition 1). Moreover, we prove their crucial
properties in Lemma 8.1, Lemma 8.2, and Proposition 8.1.

8.2.1 Construction of Neighborhoods

Lemma 8.1. For 0 <e<e <1 and 6 > 0, we construct an open set O, ., C R® x R, such that,
S C O, . (8.20)
There exists Cy, = Cy(Q) > 1 such that for any 0 < e <e; K 1
O.c, C Occ,c,- (8.21)
Moreover there exist C; = C1(68,9Q,C,) > 0, Cy = C2(2,C,) > 0, such that

// lo, ... (z,v)e” " dvde < Cre, (8.22)
QxR3

and -
dist (Q x R*\O; ¢, 6) > Cae. (8.23)

Proof. Construction of Ogse, : Let us fix 6 > 0 (J will be chosen later in (8.26)). Since the boun-
dary 01 is locally a graph of smooth functions, there exists a finite number Mgq s of small open balls
Ui, Us, ..U, ; C R? with diam(Uy,) < 26 for all m, such that

Ma,s
: . 1
00 ¢ |JUn 0 0Q] with Mqs= O(); (8.24)
m=1
and for every m, inside U,,, the boundary U,,, N Of is exactly described by a smooth function 7,, defined
on a (small) open set A, C R2.
For all m, without loss of generality (up to rotations and translations depending on m, and up to
reducing the size of the ball U,,) we will always assume that

U, NN = {(gchmg,nm(xl,xg)) c A, x R}, (8.25)
U,NQ = {(SEl,I’Q,I’g) €A, xR:x3 > nm(xl,xg)},
and
(0,0) € Ay Copen [—6,0] X [6,4],
8177m(070) =0= agnm(O, 0)
Therefore
1
TL(O, 07 nm(oa O)) = (8177?71(0’ 0)7 8277771(07 0)7 _1) = (07 Ov _1)'

/1 1007(0,0)[% + [9571m (0, 0) 2
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Recall that 9 is locally C2. Then we can choose § > 0 small enough to satisfy for all m € {1,.., Mq s}

|6177m($1a$2) - 8177771(070)' + ‘6277m(x17$2) - 6277m(0a 0)|

1 (8.26)
=[011hn (21, @2)| + Ot (21, 22)| < o for (21,22) € Am,
and
|0 1m (21, ©2)| + |031m (21, 2)| 4 |0102mm (21, m2)| < Cp  for (w1,22) € Apy. (8.27)
Now we define the lattice point on A, as
)
Cm,ije = (€i,ej) for —N. <i,j <N, = O(g) (8.28)

Then we define the (4, j)-rectangular Ry, ; je.e, which is centered at ¢, ; ;. and whose side is 2¢7 :
Romijeer = {(1'171'2) rei—gp<xy<éei+erandef—e <x9 <€j+ 51} N A,,. (8.29)

Note that if €1 > € then {Ru i j.e.e, } i open covering of A,,, i.e.
. )
AnC | Rumijee with No= O(2)- (8.30)
_NE SiijNs
For each rectangle we define the representative outward normal

1
VI 01 ()P O (Cmigie) P

(O1Mm (Emije)s O2Nm (Emigie)s —1).

nmy’hJﬁ :

Let {#1 m,i.j.e» £2.mij.e } C S? be an orthonormal basis of the tangent space of 92 at (¢ i j.e, M (Cmije))-
Remark that the three vectors &1 m,ije, 2,m,ije, and Ny . are fixed for each m,7,j,e and that
{&1 m.ijes Z2,mij.es Mm.i e b 1S an orthonormal basis of R3.

We split the tangent velocity space at (¢m i j.er Nm(Cm,i je)) € OQ as

L
e ) 1
{veER® v Ny, =0} C U Om,ijeer,es With Le = O(g)a
=0

where
Om,ijeert

. - : - - 3.
= {rv €0s 0, COS Py &1,m,i,j,c + T SIN Oy COS Py T2 m i j,e + To SN GyNm i 5 € R :

8.31
|7y sin ¢, | < 8Cpeq for v, € [0,1], |sing,| < 8Cye; for r, € [1,00), ( )
10, — ef| < & for ry € 0, oo)},
with the constant C;, > 0 from (8.27).
Remark that for 1 > ¢,
L.
N B 3 [V N i jie| < 8Cher for ju| <1,
H@m’w’g’sl’z - {v ER": or |‘Z—| ~nm7i,j,s| < 8Cyeq for jv] >1 [ (8.32)

Now we are ready to construct the desired open cover corresponding to R i j.e,e1 X Om.ijeer,e a5

Om,i,j,s,sl,f = |: U BR3(=75;51)] X em,i,j,s,€1,£7 (833)

TEXm i e eq
where
Xonijieer b = {(:El, Do, N (21, T2)) + T[COS OF 1 m i j.e + SINOF2 1 jc] + ST ije € R
(1,%2) € Romjijeers 0 € (EE —e1,el + 51), s € (—¢,¢) (8.34)

T E [O,tf((xl,(EQ,Um(xl,xg)),COSG"%LmyZ‘,]"E —|—sin0:i"2’m_j’j,€)]}.
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We note that Oy, i jce ¢ is an infinite union of open sets and hence is an open set.
Finally we define

Ocer = |J Omijeere U [R®x Bps(0;e1)], (8.35)
m,i,5,4
where 1 <m < Mg s = O(55), —N: <i,j < N. = O(g), 0 <0< L.=0(2). Since O, is a union of

open sets, it is an open set.

Proof of (8.20) : Suppose there exists (z,v) € Sp. By the definition of &g in (8.8) there exists y =
ap(x,v) € 0Q, such that = y+1tp(y,v)v and v-n(y) = 0 from (8.6) and (8.7). Then y € U,, for some m.
Without loss of generality (up to rotations and translations) we may assume that y = (y1, y2, 7m (Y1, y2))
and (Y1,y2) € Rm,i,je,e, fOr some i,j.
Firstly we consider the case of |v| > 1. Then we check that
v v v
[Pmie - m! < ‘”<yl73/2>77m(yla?/2)) : m‘ + ‘[nm,i,j,e = n(y1, Y2, Mm (Y1, ¥2))] - m‘

=0+ ‘n(cm,i,j,av TIm (Cm,i,j,a)) - n(yh Y2, 77m(y17 92))|
V1 + Vi (Y1, 92) 2 = V14 Vi (€mig2) P
VIH Vi (cm,ijie) P

< Vi (Cmiige) = Vim(yr, y2)| +

S 2|V77m(cm,i,j¢6) - Vnm(yla y2)|a

where we used the Taylor expansion at the last line. Using (8.27), we have

|v77m(cm,i,j’€> - Vnm(y17y2)| < dep X Hancz(Rm*’:’j‘E’el)
< e X nmlleza,)
< 4Ce;.

Therefore we conclude v
|nm,i,j,£ : 7‘ < 807;51-
[v]

By (8.32), v € UZLZSO Oum.i j e and hence (z,v) € O, ,.
Secondly we consider the case of |v| < 1. Then from (8.27) and following the similar estimate of
[v| > 1 case

[v-n(y)| + v (n(Y) = 1m i)
de1lnllcz(Rmijee) < 4erlnllozcan)
807761.

U+ T i el

IAIACIA

By the statement of (8.32), v € UEL:EO Om.ije,0 and hence (2,0) € Onjjeerp C Oce,-

Proof of (8.21) : It suffices to show that there exists a constant C, > 1 such that if (x,v) € O, ., then
(z,v) € Oc,Ce:-
Since in the definition (8.35) the union on m, 1, j, £ is finite, we have

Occ, = | Omigecre U [RPx {veR: o] <e}]

m,i,5,¢

= U [( U BR3($;€1)) X(W] U [R*x{veR’:|v]<e}].

m,i,5,0 :EeXm,i,j,s,al,Z

First we define an open set including the underbraced set (a closed set). For 0 < ¢, we define
U U Bgs (y; <)
TEXm i j,e,e1,0 YEBp3 (x;e1) (836)
- {z € R? : there exists z € Xonijeer,e and y € Bgs(x;e1) such that z € Bgs (y;g)}.

Since it is an infinite union of open balls, (8.36) is open and the underbraced set is contained in (8.36)
for any ¢ > 0.
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Now we claim that, there exists C, = C.(2) > 1 such that for 0 < ¢ < g1 < 1, there exists
0 <¢=¢(e1,C*) < 1 such that

U U  Bes(yio) U Bps (2 Cyer). (8.37)

TE€EXm i,j,e,e1,6 YEBga (w;e1) TEXm i je,Cueq sl

Choose z € U:reXm,i,j,E,gl,e Uyen,s (zier) Bra (43 6)- From (8.36) there exist # € Xpijee 0 and y €
Bgs(z;e1) such that z € Bgs(y;¢). If we choose ¢ < 7 then |z — z| < |z —y| + |y — 2| < 2¢1 < Ce1 and
therefore z € Bgs(x;Cye1). Clearly © € Xy, i jc.c.c,,¢. This proves our claim (8.37).

On the other hand, from (8.31), C, > 1 and the fact that the vectors &1 i j.e; £2,m.ije, AN Mg je
are fixed for given m, i, 7,

Omijeert = {v = 7 COS 0, COS Py, T1,m,i,j,c + Tv SIN Oy COS PyZ2 m ij,e + To SIN GyNn i jc € R3:
|7y sin ¢y | < 8Chey for ry, € [0,1], |sing,| < 8Cye; for r, € [1,00),
|0, —el] <& forr, € [O,oo)}
- {v = 1 €08 0, COS Py, T1,m,i,j,c + Tv SIN Oy, COS PyZ2 m ij,e + To SIN GyN i jc € R3 . (8.38)
|ry sin ¢,| < 8C,Ciey for r, € [0,1], |sing,| < 8C,Cie; for r, € [1,00),
|0, — el] < Cyuey for ry, € [0,00)}
= Omije,Cuer l-

Finally we conclude, from (8.37) and (8.38),

05751 C U [ U BRB (.T;C*El) X 6m,i)j76)c*gl’é} U [R?’ X BRs (O;C*El)]

m,i,5,6  TEXm i j,e,Crey

= 06,0*61 .

Proof of (8.22) : From (8.35), we deduce

// 1@5yc*5(x,v)679|“‘2dvdx
QxR3

< X ] t0mce e duds + ma(@)0(ef)
g, JOXRE T
< MQ,5(2N5)2LEX sup // 1omyiyjyslc*il(x,v)e‘el”‘dedx+m3(Q)O(|5|3)
m,i,7,¢ QO xR3 '

1
So O(g)x sup // 1om,i,j7€’c*s_’z(a?,v)e_‘glvﬁdvdx—|—O(|€|3).
QxR3

m,i,5,L

Therefore, to prove (8.22), it suffices to show

sup // 10,00 Z(az,v)e*‘)‘”ﬁdvdx <sa &t (8.39)
m,i,5,¢ QxR3 B '
From (8.31),
/1®m,7‘,,j,s,c*s,e(U)e_OMQd'U
R3
- S
lv|<1 [v|=1
<

o0
/ d|r, sin¢v|/ |7,y cos ¢U|e*9‘” C°S¢”|2d|rv COS ¢y | dé,
|7y sin ¢, |<8C, Cie 0

|0, —el|<Cye
& 2
[ npetntan, [ 4. [ a0,
1 | sin ¢, |<8Cy, Cie |0, —el|<Cye

,SQ 62.
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Now we claim that, for e; > ¢,

mg( U Bgs (x;sl)) <a €. (8.40)

CEXm i jerer e
Without loss of generality we assume that i = j = 0 and ! = 0. Therefore ¢, ; j . = 0 in (8.28) and
Xmjigeer e C {(551,%2, Nm (21, T2)) + T[cos fe; + sin fey] + ses € R :
(z1,72) € (—e1,€1)?, 0 € (—¢1,61),
TE [O,tf((xl,xg,n(ml,xg)),coseel + sin¢9e2)]7 s € (—51,51)}.
Since €2 is bounded, we have that diam({2) = sup, ,cq [* — y| < +oc and hence

te((x1, xe,n(x1,x2)), cos fe; + sinfey) < diam(€2).

We have
2diam(£2)
U Be@e)c | Bre(ren;[10+ [nllcra,) + 7lnllczanler)-
zeXm,i,j,s,El,l T7=0
More precisely | J Bgs(z;e1) is included in the truncated cone with height diam(§2), top radius

TEXm i j,e,eq,4

[10 + [Inll¢t(a,.)]e1, and the bottom radius [10 4 [[n|c1(a,,) + diam(Q)[|n]c2(a,,)]e1-
Therefore, using (8.26) and (8.27), we conclude (8.40)

2diam(Q2)

m( U Bee) < m( U Bulresot o, + il =)

TEXm i je.eq,8 =0

2
< 3diam(Q) [10+ [lnler a,.) + diam(Q)nlloza,n] * (1)

< 3diam(Q) [10 + é + Cndiam(Q)]z(gl)Q

2
N

~

Finally selecting &1 = C\e in (8.40) we conclude (8.39) as

2
m3< U Bgs(x; C’*e)) X /R3 1@,,1,1.,1-,&,0*5,@(1))6_0‘”' dv

TEXm i j,e,Cxe,l

A

ng( U BRS(I;&‘l)) x ()2
TEXm i j,e,Cue,l

4
N

Proof of (8.23) : Due to (8.20), it suffices to show that there exists Cy = C3(C,) > 0 such that
dist (2 x R\ O, ¢, O: ) > Cae. (8.41)
By the definition of O, . in (8.35),
dist(Q x R*\O..c.c, Oc ¢)
= inf {|(z,0) = (y,u)] : (z,0) € (Oc.c.c)’, (y,u) € O}
= it inf{|(z0) — (W) 1 (@,0) € (Oec.e)’, (4,4) € Omrgmes U RS x B (06)]}

m,i,j,¢

> inf inf{|(z,v) — (y,u)| : (z,v) € (Om,ije,coee) N R x Bgs(0,Cle)],

m,i,7,¢
(y7u) S Om’i’j’e,g’z U [R3 X B]RS (O,E)]}
—  inf min{inf {I(x,v) = (g, u)]| = (2,0) € (O jecne)® N R x Bgs(0; Coe)°],

m,i,7,4
(y,u) € R® x Bgs(0;¢)}, (8.42)
inf {|($,U) = (y,uw)|: (w,v) € (OM,i,j,syC*s,Z)c N [RB X Bgs (0, C,e)“],

(5:) € Omizece N R X Bas (0,7} }. (8.43)
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Clearly,

(8.42) inf {|(z,v) — (y,u)| : (z,v) € R® x Bgs(0;Cse)°, (y,u) € R® x Bgs(0;¢)}
inf {|v — u| : v € Bga(0; Cye)®, u € Bga(0;¢)}

(Cy — 1.

VARV

Now we claim that (8.43) is bounded below by the minimum of (8.44) and (8.45) :

(8.43)

Y

min | inf {|(x,v) — (y,u)| :

(CE, U) S U Bps ((ﬂ, C*&‘) X [(@m,i,j,s,C,‘5,5)C\B]R3 (O; C*E)] )

meXm,i,j,E,C*E7e

(y,u)e[ U B %5)} x [7@m,i,j)a,g,g\BR3(o;g)]}, (8.44)

reX Cy

m,i,j,e, 5,

inf{|(w,v) — (y,u)] :
@oye[ (1 (Bes@Ce)] x [R\Bas(0; Cuc)].

TEXm i je,Cxe,l

wwel U BewGo] x [BnpeaBu@a)]}).  65)

771,72,]’,5,%5,[

Firstly, we divide {(x,v) € (Om,i je,Cue,e) ) in (8.43) into two parts : from the definition of Oy, ; j.e.ce e
in (8.33), we deduce that

(Om,i,j,a,C*sl)c = |: U BRB‘(x;C*E)} X (Gm,uj,s@'*a,ﬁ)c

TEXm,i,j,e,Cue,l

Ul N (Bes@Ce)] xR

TEXm i je,Cue. b
Therefore, (8.43) is bounded below by the minimum of following two numbers :

inf {|(z,0) = (wl: @o)e [ | Be@Ce)| x [(Omisec.ce) \Bu(0,C.e)],

TE€EXm,i,j,e,Cue.t
(v4) € Do N R x Bas(0,)1} },

inf {|(z,v) — (y,u)| : (,0) € [ N (BRs(a:;C*g))c} % [R*\Bys (0, C.)],

TEXm i,j,e,Cuc,t

(v4) € Do N R X Bas(0,)7} }.

(8.46)

Secondly, we consider {(y,u) € Opm i je e} From (8.37) with e = ¢, for some ¢ =¢(e,Cy) >0

U Bps(z:6) C U U Bgs(y;¢) C U Bgs (z; %E),

TEXm i j,e,e,0 TEXm, i,j,e,e,0 YEBpa (z3€) zeX o,

m,i,j,e, 5.l

and from the definition of O, ; - ¢ in (8.33), we conclude

Omijeet = U Bes(@ie) x Opijees

xeXm,i,j,s,e.Z

C. —_—
C |: U B]R3 (IL’, ?5) X Gm,i,j,s,s,f~

rzeX
€ m,i,j,e,%syl

Therefore, the first number of (8.46) is bounded below by (8.44) and the second of (8.46) by (8.45). This
proves the claim.
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Now we claim that
(8.44) 2 e, and (8.45) Z e.
Firstly, we prove (8.44) 2 . Let v € (@m,i)j’a)c*&g)c\B]Rs (0; Cye). By (8.31)
U = T4 €OS 0, COS Py L1 m i je + T SIN Oy, COS Py T2,m i 5, + To SIN Py i j.es
where

|ry sin ¢,| > 8C,Cye and |r,| <1,
or [sing,|>8C,Cie and |r,|>1, (8.47)
or |0, —¢el| > Cie.

Let w € O, jee0\Brs(0,¢). Again from (8.31) we have
U = 1y oS 0, cos (buj:l,m,i,j,e + 7y 8in 8, cos ¢ui'2,m,i,j,a + 1y sin ¢unm,i,j,e7
where

|6, —el] < e,
and |r,sing,| < 8C,e for |r,| <1, (8.48)
and |sin¢,| < 8Cye for |r,| > 1.

If |0, — ef| > Ce then clearly |v — u| 2 ¢ since |6, — ef] < e.

Now we consider the case of |0, — ef| < Cle.

If |r,| < 1 (therefore |r, sin ¢,| > 8C,,Cye from (8.47)) and |r,| < 1 (therefore |r, sin ¢, | < 8Cye from
(8.48)). Therefore

lv—ul > |[(v—u) nmigel >0 Nmigel = [ m el
> |rysing,| — |rysin¢,| > 8C,Cie — 8Ce
Z e

On the other hand if |r,| > 1 and |r,| < 1 (therefore |sin ¢, | > 8C;,C\e from (8.47) and |ry, sin ¢,,| < 8Ce
from (8.48)), then

v —ul > [(v—="1u) Nmije|l > |Tosing, — 1y singy| > |1y singy| — [ry sin ¢,
> |sing,| —8Cye
> 8C,Cie —8Ce
2 e

If |ry| <1 and |r,| > 1, then |r, sin ¢,| > 8C,,C,e from (8.47) and |sin ¢, | < 8C,e from (8.48).
Fix 0 < ¢, « 1 < C,. If Cy — ¢y > |1y], then

v—ul = [(v—u) nmjel Z v nmigel = |0 Tmel
|7 SN @y | — |7y Sin @y |
> 80, Cue — |ry| x 8Cye > 8C,e(Cy — |r])
> 8Cpe X cs.

On the other hand, if C, — ¢, < |ry[, then

w—ul > |[u— (N migel = [V = (U M) Nmigel
> |ryl| cos gu| — |r|| cos ¢
> ruly/1 —64(Cy)%e2 — | cos ¢y |

(Cy — i)y /1 —64(Cp)%e2 -1
1.

VIV
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If |ry| > 1 and |r,| > 1 then |sin¢,| > 8C,C\c and |sin ¢,| < 8Ce from (8.47) and (8.48). Then

v —ul (0 = w) - Mmoo
|| sin gy — sin ¢y |

C,(Cy — 1.

LV VIV

Combining all cases, we deduce (8.44) 2 «.
Secondly, we prove (8.45) = €. The proof is due to

(8.45) > inf {|JC —yl:z e ﬂ (Brs(z;Cye))", y € U Bgs(z; 62’*5)}

ZeXm’i’j’E’C*E’Z ZeXrn,i,j.e,—cz* e,

> inf {|ac —yl:z € ﬂ (Br3(z; Cse)), y € U Bgs(z; %5)}

zEX Cy zeEX Cx

m,i,j,e, el m,i,j.e, 5.l

Y

: : . .
e inf inf {\x —y|: z € (Brs(z;Cie))¢, y € Bra(z; 75)}

m,i,jyey%syé
Cy
2

> €.

8.2.2 Construction of Cut-off functions

Recall the standard mollifier ¢ : R? x R? — [0, c0),
1
#le,v) = Cexp (W)v for zE + 02 <1, (z,v) =0, for /22 + o2 > 1,
V2 —

where the constant C' > 0 is selected so that [, ps (2, v)dvdz = 1.
For each € > 0, set

5 |22 + |v]”

pe(z,v) := (¢/C)°p( </C )5 (8.49)

where C > C, > 1. Clearly ¢, is smooth and bounded and satisfies
// we(x,v)dvde =1, spt(pe) C Bprsxgs (O;s/é’).
R3 xR3

Definition 8.1. We define a smooth cut-off function x. : Q x R® — [0,2] as

Xe(z,v) := ]-Q><]R3\Og,c*6 * pe(z,0)

(8.50)
= // 1oxra\0. o, (¥ w)pe(z — y, v — u)dudy.
R3xR3

The following properties of the cut-off function are crucial for our analysis.

Lemma 8.2. For 6 > 0, there exist C > C, > 1 in (8.49) and (8.50) and eo = £0(2) > 0 such that if
0 <e<egq then

Sg C {(z,v) € AxR®: x.(2,v) =0}, (8.51)
and, for either 0 =V, or 0 = V,,

// 1- Xg(x,v)}e_elv‘dedx
QxR3
// |6X5(x7v)\e_‘9|”‘2dvdx
QxR3

(8.52)

N
e}
o

A
o}
—

(8.53)
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Proof. Firstly we prove (8.51). Let (z,v) € Gg. Due to (8.49) if |(z,v) — (y,u)| > ¢/C then ¢, (z —

u) = 0. Therefore

(8.50) = / / Laxoo, . > 0)9e(@ — 3, — w)dydu.
Bge ((z,v);6/C)

On the other hand, due to (8.23) with &; = € and C' > C,, we have (y,u) € O, ¢,. and

1QxR3\OE,c*E(y7“) =0, on (y,u)€ BRa((xm);a/CN’).

Therefore we conclude x.(z,v) = 0 and (8.51).
Secondly we deduce (8.52). We use (8.22) with £; = & to have

// // [1 — lngg\OE,C*E(y,u)]gog(z —y,v — u)eigh}l dudydvdx

R3xR3 R3xR3

<[ o wue Ty [[ g0 v
R3 XR3 ’ R3 XR3

Clg// 0e(z,v)e’ /' duda
2 J By (0i/0)

&

IN

A

where we used g
—0)v|*> = 0lv — ul® — 0lv — u* — OJv]? < Olv — ul* — §|u|2

Thirdly we prove (8.53). Note that from a standard scaling argument and (8.49)

Cv6
\3%(% U)' S/ ?1BR5(O;E/C)(xa U)'

We also note that dx. = —9[1 — x.]. Therefore, by Lemma 1,

//_ \8X5(x7v)|e_9|”‘2dvdx
QxR3
T 1= 105000 )00~ .0 = e dudy|dvds

_0y? -
< //]R3><]R3 1o, o..(y,u)e zlul dudy //R%dR3 O(e 7CG)IBR5(O;5/6)(x7U)dUd$
< 0O() x 0™
< 1.

Proposition 8.1. With the same constants C > C, > 1 as in Lemma 8.2 and 0 < ¢ < &,
SN[ xR’ C {(z,v) € 02 x R®: x.(z,v) = 0}.

Moreover if |(y,u)| < e/C for C > C, > 1 then
/ / lo.o..(x—y,v— u)e*m”*”l2 [n(z —y) - (v—u)|dvdS, < e,
o Jn(z)v<0 '
and
/ 1= xe(m0)le "My S0 e
Y-

/ |8X€(x,v)\e*9|”‘2d’y <q L

The following fact is crucial to prove Proposition 8.1 and especially (8.56) :

205

Yy, v—

(8.54)

(8.55)

(8.56)

(8.57)

(8.58)
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Lemma 8.3. We fix mg = 1,2,--- ,Mqs in (8.24). From (8.25), we may assume (up to rotations
and translations) there exists a C?—function Ny, : [—0,6] x [=§,5] — R, whose graph is the boundary
Uy N O,

Let (z1,22) € Amg N [—0/2,0/2] x [=6/2,6/2] and (z1,%2) € Rimg.io,jo.e.Cue JOT |t0], |Jo] < Ne. (see
(8.28), (8.29), and (8.30))

Suppose i) |y| < e/C and

(($1,$2,nm0($17$2)) _yav) S OE,C*Ea (859>
and i) for large but fized s, > 1.

8C.

(%

|v]

Then either |v| < e'/3 or there exists (i,) € [~Ny +ig, N1 + 40 x [=N1 + jo, N1 + jo], with

1 < My (0,0) - — < —5,Cov/E,  with Co = (14 7mo ez )] > (8.60)

1/2

’C: 4C, +8C, [1 4 ||nm +2/C
Ny = {JJ, Cs := [+ Wmaller (Ang)] / , (8.61)
\ﬁ S*CQ
such that
((901,%2,77mo (37171‘2)) - y,v) € U Omo,i,j,e,c*a,f n Qx {U S R? : |U| > 51/3}7
0<¢<L.

and y

|’I’LmO (0, O) . m’ < Cyv/e with Cy = Csy [1 + ||77mo||02(Am0)]' (8.62)

Remark that the constant Ny in (8.61) does not depend on z,y, v.
Proof of Lemma 8.3. Without loss of generality (up to rotations and translations), we may assume
(40, Jo) = (0,0) and 7,,(0,0) =0 and Vn,,,(0,0) =0. (8.63)

Consider the case of |v| > €'/, Since ((:vl, T2, Nme (X1, 22)) — y,v) € O, ¢, we use the definition of
O¢,c.e in (8.35) to have

either |v] <Cie or (z—y,v)€ U Om,ijeCucit - (8.64)
—_———

(8.64)— (i) migE

(8.64)— (44)

For small 0 < € < 1, we can exclude the case of (8.64) — (i) since |v| > /3 > C.e.
Consider the case of (8.64) — (i7). In this case, we claim that

(21, 2, N (21, 22)) — y,v) € U Ormo.isj,e,Cuert- (8.65)
i,9,4

From (8.64) — (4i) and the definition of Oy i j.e.C.e.0 in (8.33), there exist m, ¢, j, ¢ such that

(@1, T2, N (71, 2)) — Y, v) € { U Bre (p; C*€)} X Omigie,cuci:
PEXm i je,Cxe,l

In particular, there exists p € Xy, ; j.c,c,c,¢ satisfying

P — (21, 22, My (21, 22)) — y) | < Cue.

By the definition of X, ; je,c.c¢ in (8.34),

p = (D1, P2, m (P1,D2)) + 7_'[008 ‘%Lm,i,j,s + sin 9_»%2,m,i,j,s] + 8Nm i e
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for some
(ﬁlva) S Rm,i,j,e,C*m
0 € (ef—Che,el+ Cie),
7€ [0,te((P1, P2 in (D1, D2)), COS O i g + SINOF2 i jc)],
5 € [-e¢]

By the definition of t¢ in (8.7),
2 =D — SNy je = (D1, D2, M (D1, D2)) + T[ €08 021 m i j.c + SN OZ2 i 5] € .
And
2 = (21, 22, g (21, 22)) — y)|
< |z —pl+[p — (1, 22, P (21, 22)) — )|
< 2C,e.
From (8.63), (8.66), and |y| < ¢/C, we deduce

|Z - (O’ 07 Mo (07 O))l
<z = (@1, T2, o (21, 2)) — ¥) | + [(%1, T2, P (@1, 22)) — (0,0, 710 (0,0))] + [y
< 2C.e +4C.e(1 + ||1hmy ot (Ang)) +€/C

Denote (z1, 22) = (p1, p2). By the definition of ¢, and t¢ in (8.6) and (8.7)
(2, €08 021, m,i,j.e + 510 0% i g + Onm,igie) = (215 Z2, 1o (21, 22)).

On the other hand, by the definition of ©,, ; j . c.e¢ in (8.31),

v N . . . .
— = €08 0 COS Oy T1,m,i j,c + SN0y COS Py&a m i j.e + SINOuNm i e, With |0, —el] < Cie,

|v]
and
V- N i je| < 8C,Che, for /3 < |u| <1,
v
|m . nm7i,j75| < 80770*6, for 1< |U|
Therefore, for 0 < e <« 1,

[ .
\m Nmyije| = |singy| < max {8C,C.e?/?,8C,Cie} < 16C,C,e?/>.

Now we estimate as
Ning (0,0) - (€08 021, m i, j,e + SN 0Z2 m i e + 0N jie)

v v = .
< My (0,0) - m + nm(0,0) - (‘7 — (€o8 01 i j,c + SINOE s 5e + Onm7i7j75)) .

(a)
We use (8.68), (8.69), and 0 € (ef — C,e,el + Cye) to conclude that, for 0 < e < 1,

(a)

IN

< 2{4C.e + 16C,C.e?/? 4+ 2(16)*C2C2e*/%}

< 200C,C.e¥3.

Finally from (8.60), for 0 < e < 1,

—1 S Nimg (07 0) . (COS gil,m,i’j@ + sin g‘%Z,m,i,j,e + Onmyi,jyg)
< —s. x Cav/2 +400C,C.%/3
< 22

2

207

(8.66)

(8.67)

(8.68)

(8.69)

2{| cos 0, — cos ] + | cos B, | cos ¢, — 1| + |sinf, — sin | + |sin b, | cos ¢, — 1| + | sin ¢, | }

(8.70)
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Now we are ready to prove the first claim (8.65). Denote
@ := cO80F1 m i j.e + SN0 i e
Recall that [2] < (20, +4C[1+ [[0m,l 01 (4,.)] + 1/C)e and z € Q. Therefore for 0 < ¢ < 1 the function
Nm, 18 defined around (z1, 22) and 23 > 1y, (21, 22).
We define, for |7| < 1,

(1) = 23 — UsT — Ny (21 — WiT, 20 — UaT). (8.71)

Clearly ®(0) > 0. Expanding ®(7) in 7, from —d3 = 1y (0,0) - (cos 0F1 i j.c +8i00F2 1,5 5. ), and (8.70),
we have

o(7)

IN

7”&37’ + ‘2’3| —+ |7]m0(21 — ﬁlT, zZ9 — ﬁQT)|
C
—5, X 72\/57
+ (2Cs 4+ 4CL[1 + [Inmollor (4] + 1/C)e
+ 1m0l 02 (A ) (20 + 4CL[L + [0mo |01 ()] + 1/C) 2

IN

+ 17moll 2 () I 71,
where we have used
Nmo (21 — 41T, 29 — ﬁﬂ)

.
= Mo (21, 22) +/ dfnmo(m — U1, 20 — Ugs)ds
0 S

R ) T S d R )
= Mo (21, 22) — (U1, U2) - Vi, (21, 22)T +/ / ds 277m(21 — U151, 22 — Ugsy)dsds
o Jo dsy
ElSP. |7|?
< o lle2(amg) == = (1, 82) - Vg (0, 0)[7 + [[11mo llo2 (g [2117] + hmoll o2 (41mg) =

< gl g (1217 + I712).
Now we plug 7 = SL x C3+/e with the constant C3 in (8.61) to have, for s, > 1 and 0 < ¢ < 1,

CyC5

3 +O(?)

||nmo|C'2(.Am0)C§:|

P(r) < _{ (54)2

— (20, +4C[1 + |[1mo 01 (4] + 1/C) =
< 0.

By the mean value theorem, there exists at least one T € (0, C54/¢] satisfying ®(7) = 0. We choose the
smallest one of them and denote it as 79 € (0, C54/¢]. By this definition and (8.67), for 0 < e < 1,

op(2,0) = Tp(2,C08 021 1m ;i jc + SINOT2 1 jc)
=z — 7'07:L
= (21 — Toti, 22 — Toliz, 23 — Tols).

Therefore, zn(2z,%) € 0Q N U, and this proves (8.65).
For0<ex1

|(Zl — T()ﬁl, Z9 — T0ﬁ2)| S(ZC* + 40*(1 + ||77m0||cl(Am) =+ 1/@))8 + Cg\/g
<2C3v/e.
Moreover,
(Zl — Toﬁl, 9 — Toﬁz) € Rmo,i7j,g7c*5,
for

li —iol, 17 — jo| < (2C3ve)/e < 2C3—= < Ny

Sl
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We only need to prove (8.62). From (8.69) and (8.61)

|nmo (0,0) - ﬁ| < |nmg,i,j,£,C*E : |%‘| + |(”mo(070) — Mg irje,Cue) * |%||
< 16C,Cee®® + nmg [l 01 (Ayny) [ N1 + Cle
< 160, Cae®’ + [y e 4y {203VE + Cuc}
< 10C3(1 + [1me o2 (A ) )VE
< Cave,
and (8.62) follows. O

Proof of Proposition 8.1. The first statement (8.55) is clear from (8.51). Once we assume (8.56) then
it is easy to prove (8.57), (8.58) :

Firstly we prove (8.57). Due to properties of the standard mollifier (8.49), we obtain

// [1 = xe(,v)]e ™" |n(2) - v|dS,dv
z€9Q,n(z) v<0
—U|v 2
I oo L 1 Tocmsion o= o0 = w]ety e dudyin(a) -vlaS.co
S n(zr)v< X
// ve(y, U)ee‘ulszdy // lo. ... (v —y,v— u)e_%lv_“‘2|n(x) -v]dS,dw
R3 xR3 z€dQ,n(x)v<0 '

// e (y, w)es " dudy
By (0:¢/C)

X // lo.o..(v—y,v— u)efg‘"fu‘zefglvﬁn(x) -v|dS,dv,
z€0Q,n(z) v<0

IN

where we used

0 0 0 0
—0? < =S = (Gl = Zlv—ul?) = Zlv—ul?

0 (e O Oy e
< = N — = — - — 2y —
< =gl = (Rl = Sl = Shul?) = Zlv—u

Oy Oz O
< —= —|ul® — = |v —ul*.
< —ShP+ 3l = o —ul

Since |y| + |u| < ¢/C and n(zx) - v < 0, we have

(@) -v=n(x—y)- (v-u)+n(x-y) (v-u
v—u)+[n(z) —nlr—y)-vt+n@—y) u

) (
—n(z—y) (v—u)+ 0<g><1 + o).

Therefore, we use (8.56) to bound (8.57) further as

(8.57) < // cps(y,u)egl'“‘Qdudy
Bye (0;e/C)

) // lo. o, (@ =y, v —w)e $ = =3 n(z — y) - (v — u)|dS,dv
z€9Q,n(x) v<0 '

&2 2
+ O(S)e%er x my(99) ></ (1+ [o])e 1 dv
C RS
952
<o & xe2?

~

<q e.

~
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Secondly we prove (8.58). Following the same proof of (8.57) , we deduce

‘// axg(a:,v)e_‘9|”|2|n(:v) ~’U|dSId’U’

z€0,n(x)v<0

= // A xe(z,v) — 1]6_9|”‘2|n(:v) -’U|d593d1)}
z€dQ,n(x)v<0

- / / o / / 10, .. (3, 0@ — 3,0 — w)dudy| e~ n(z) - 0}dS, ]
z€dQ,n(x)v<0 R3xR3 Y

< / / / / 10, 0. (& = 0 = )|y, dudgln(z) - v]e """ dS,do|
zedQ,n(x)v<0 R3 xR3 :

- // 0 (y, w)le! " dudy
Bpe (0;¢/C)

) // lo. .. (@ —y,v—w)e 5= e 2" n(z) . v]dS,dv
zed,n(x)v<0 '

S // lo. . (z = y,v — e He e 5107 (1 4 [v])ds,dv
(y,u)€Bge (0;¢/C) z€9Q,n(x) v<0

1
+0(=) sup // lo.o..(x—y,v— u)e_%‘“_“‘ze_g'”'2 [n(z —y) - (v—u)|dS,dv
& (y,u)E€Bys (02/C) J Jx€8Q,n(2) <0

< 1

Proof of (8.56). Let |(y,u)| < e/C. We use (8.24) to decompose

?

1o,s

so<> [ oy )R ) (0 wdeas,
m=1 m M Ny () v<

< Mgs X sup/ / lo. ... (x —y,v— u)e—«9|v—u|2e—%\v|2|nm($C — ) - (v —u)|dvdS,
m JU, NI Sy, (z)-v<0 '

1
Ny SUP/ / lo . (x—y,v— u)e_e‘”_“|ze_g|”‘2|nm(x —9) - (v —u)|dvdS,.
6% m mNOQ Jnp, () v<0 ,
For fixed m =1,2,--- , Mq s, we use (8.25) and (8.30) again to decompose

/ / lo, o, (x—y,v— u)e‘elv_“lze—g“"2 [P (z —y) - (v —u)|dvdS,
U, NI Iy, () 0<0

:/ / 105,0*5(‘r1 _y17w2_QQanm(-'L'thz)—y?,,v—u)
m 7L7n(x17$2)"l}<0

X e_9|”_"|26_%|”‘2\nm(x — ) - (v = w)|do\/1 + [V (21, 2) [2dz dzy

< E / / lo, c..(T1 = y1, 22 — Y2, Mm (21, T2) — yY3,v — u)
—N.<i,j<N. Rm,ij,e,Cre ¥ N (21,22)-0v<0

X e_glv_"lze_%lv‘Q\nm(x — ) - (v —w)|do\/1 4 [V (x1, 22)[2de day

2
S =z sup / / lo. o.. (1 — Y1, 22 — Y2, Mm (21, T2) — Y3,V — )
€% —N.<i,j<N. Rm,ij,e,Cue ¥ m(T1,22)-v<0
—9|’U—u|2 —ﬁ|v\2 B ) _ d 2d d
xe e 2" ng(z —y) - (v—u) U\/l + |V (21, 22)|2dey das,
where 1, (z1,z2) = L (O1mm (21, 22), Donpm (21, T2), —1).

o V/1+1017m (21,22) 2410111 (x1,22) |2
We fix ¢, j. Without loss of generality (up to rotations and translations), we may assume

Cm,i,j,s = (0, 0), amm((), 0) =0= agnm((), 0), nm,ms = (O, 0, *1).
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We claim

/ / 1o, o, (T1 = Y1, T2 — Y2, Mm(T1, T2) — Y3, v)
[—Cue,Cue)? Inpm (21,22) (v+u)<0

e~ OV g g lvtul? [m (z —y) - v|dv\/1 + |V (21, x2)[2da das

(8.72)

< g3,

~

Once we prove (8.72), due to the above estimates for the decomposition, we conclude (8.56) directly.
For (z1,z2) € [—C.e,Ciel?, |(y,u)| < e/C, and n,, (21, 72) - (v +u) < 0, we deduce

N ige - U ="Nmn(0,0) v
=N (z1,22) - (v+u) + [10(0,0) - v — Ny (21, 22) - (v + u)]
<0+ |nm(z1, 22)||u] + [nm(0,0) — (21, 22)||V] (8.73)
<e/C+2C.e|[nmllc2(-c.e.0ue2) V]
< Cs(1+ Jv))e,

where C5 = max {1/6‘, 2C.||nm || c2(j—c.e,c.e)2) }- Therefore

(8.72) < / /
[—C.e,Cue)? Inm i, v<Cs(1+]|v])e

According to Lemma 8.3, we decompose

/ / lo. o, (1 = y1, T2 — Y2, Mm (21, 2) — Y3, 0)
[~Cue,Cue]? I (0,0)-0<C5 (1+]v])e

—0lvl® o= §lo+ul? [ (2 — y) - v|dv\/1 + |V (21, z2)|2dz1das

X e

_/[ C.e.C. 512/{ 54C2y/E<n, (0,0)- 14 <Cs ML} (8.74)

[v]

@

[—Cue,Cue]? {flgnm(O,O)ﬁst*CQﬁ}

(IT)
First we consider (I). If —s,Csv/e < n,,(0,0) -

o7 <0 then 0 <wvg = —n,(0,0) - v < 8,Cs|v|/e and for

Il<exl
0 < w3 < 25,09/ |01]? + |02]?Ve.
Moreover
nm(z—y) - v] < [nm(0,0) - 0| + [[nmllor (- c.eice2) (Co + 1/C) vl
< s.CalvlVE + Al nmllce(—c.e a2y (Co + 1/C)|ule.

If nm (0,0) - 17 < 51—{;"11‘8 then for 0 < e < 1

[vg] = |7 (0,0) - v| < 2C5(1 + v/ |v1]? + |v2|?)e

Therefore,

(1) = e~ {5, Calv|VE + Allnmllea((—c.e.cep) (Ca + 1/C)vle}

/[C*E,C*e]?' /0<’U3<23*02\/ [v1|24|v2|2v/E

[—C.e,Cue]? Jus| <205 (1+4/[v1 2 +[v2]?)e
s 25:Cay/[or PHwalPyE
< my([~Che, Ciel? \[// dvydug e 2lvil* =52 / dus
Rz
/ 205 (14++/|v1]2+|v2|?)e

0

+my([~Cue, Cue]® // dvyduy el e 0leal? dvs
RQ
< el

(8.75)
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We decompose (II), according to Lemma 8.3 :

- | [+ J) .
[=Cye,Cue)? J|v|<el/3 [—Cye,Cye)? {—1§nm(0,0)~‘%|§—s*02\/5 and \1}|251/3}

The first term is clearly bounded by O(1)e3. For the second term we use (8.62) to have

{ —1<n,(0,0) - ﬁ < —5,C0%v/€ and |v| > 51/3}
v
C {nm(0,0)- ﬁ < Cyv/z and Jo| > /3.

Therefore we follow the same proof as for (8.75) to obtain

am < & +/ /
[—Cue,Cuel? Jvs|<2Can/|v1 2 +|v2|2 VE
— 2 =
xe™ T Calv|vE + dl|nmllcz(—c.c.0ue2)(Ce + 1/C)ole}
S & (8.76)
We conclude (8.74) from (8.75) and (8.76). O

8.3 New Trace Theorem via the Double Iteration

In this section we prove the following geometric result. For the later purpose (this will be used in the
approximation scheme for the nonlinear problem with diffuse BC) we state the result for the sequence
of solutions.

Proposition 8.2. Let hg € L*(Q x R?). Let (h™)>0 C L>([0,T]; L' (2 x R?)) N LY([0,T7; L' (74, dY))
solve
{0y +v-Vy+ v = H™ by = hy, (8.77)

where v = v(t,z,v) > 0, and such that the following inequality holds for all (z,v) € vy_

() < OV (1 i) [ e wluo nG) -

n(x)-v
2' ()2l (8.78)
(1422 Y
+(1+ =) B,
In(z) - vl
where H™ € L([0,T]; L*( x R3)) and R™ € L'([0,T]; L'(92 x R3, (v) dS, dv)).
Then for allm > 1, hfy”_“ € LY([0,T); L*(y_,dy)) and satisfies, for t € [0,T] and 0 < § < 1,
t t
[ s < 00) [ 1t 6)ha + Callhll
0 0 (879)

wes ma { [+ [ @R+ [ 1E )

i=m,m—1
Our proof requires the following lemma :

Lemma 8.4. Let Q C R3 be an open bounded set with a smooth boundary 0.
For k € N, consider the map

D {(x,v) € vy n(ap(x,v)-v< =1/k} — {(zb,v) €v- :n(zp) v < —1/k},
(z,v) = Pp(z,v) = (&,v) = (zp(z,v),v).

Then @y, is one-to-one and we have a change of variables formula for all k € N :

1{n(1~:)~v<71/k} |n(£) . ’U| d’UdSi- = 1{n(zb(z,v))»v<71/k} |n(sc) . ’U| d’Ude.
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Proof of Lemma 8.4. Let (z,v), (¢/,v") € v+ such that n(xp(z,v)) - v, n(zp(z’,v)) v < =1/k. If
D (z,v) = P (2, v") then v =" and ap(x,v) = zp(2',v). Since & = z¢(zp(x,v),v) = xe(zp(2',v),v) =
Z' the mapping ® is one-to-one.

Now we prove the change of variables formula. It suffices to consider a small neighborhood of 92
around z. Without loss of generality we may assume x3 = n(z1,22) for some 1 : R? — R. First we
consider the case ng(zp(z,v)) # 0 so that

T = l’b(.’L’,U) = (jlaj27:z'3) = (:z'lai.2790(i'17'%2)) € 893

for some function ¢ : R? — R.
The change of variable is given by

dSid’U =\ 1+ \V<p|2d§31d532dv
/1
Vi+[Vel JV/ 1+ |Vnl2deideady

Ve (8.80)
1
_ VIEVOE 14, do.
V14 |Vnf?
where J is the Jacobian,
g 0(Z1, Z2,v1,v2,v3) _ 811%1 812%1
d(x1,T2,v1,v2,v3) Op, Ty OpyTo
By the definition of xy(z,v), we have the following identity : v|x — Z| = |v|(z — ), i.e.
1 v
{(l‘] - i.l)Q + (‘/1"2 - 5%2)2 + [77@31,352) - @(1'17-%2)]2}5 V2
v
i ’ (8.81)
r1 — T1
= |’U| Xro — jQ

n(x1,z2) — @(T1, T2)

Denote D = {(z1 — 71)? + (22 — 2)? + [n(z1, 72) — ¢(F1,32)]?}. Directly from (8.81)

[(331 — 1)+ (n— @)6731@}17_%01 — [v] {(m — Z2) + (n— @)852@}D_%v1
[(Il — 1)+ (n— W)aflw]D’%vz [(xz —Z2)+ (n— sa)azz@]D*%vg — |v]
« [ 0z, %1 Oz,71 ]

81“1572 8@“2572

:{mDﬁQMﬂm+m )0 —[vl  v1D” 3 (w2 = F2) + (1= ©)Dan) ].
va D72 (21 — Z1) + (1 — ©) 0, 1) v D72 (22 — #2) + Dayni(n — ) — 0]

Direct computations yield

[v] = D= [0 (@1 — 1) + V10 — ©)0a + va(@s — F2) + v2(n — ©)e,)

ol = D7 [ug(3 — B3) + 020 — 9)0ap + va(w1 — F1) + 010 — 90,0
0P = [(00) + (020 + (03) (0100, + 0200m)] _ (B0, By 1) v
|’U|2 - [( )2 (U2)2 + (U?’)(’Ulaiﬁp + v28$2 ] (651 ©, 8532()07 _1) "V

V14+|Vn2  nx)-v

= X

VItIVe  n(@) v

Then we use (8.80) to conclude the proof.
Secondly we consider the case of ny(zp(x,v)) # 0 or no(zp(x,v)) # 0. Without loss of generality we
may assume ng(Tp(z,v)) # 0 so that

T =wp(x,v) = (1, T2, T3) = (21, 0(T1,T3), T3),
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for some function ¢ : R? — R. Notice that (8.80) still holds with Z5 replaced by #3. From the fact
v|x — &| = |v|(x — Z) we have

L (%1 Tr1 — 5?1
{(z1 = 71)? + (22 — (71, 83))° + (@1, 22) — F3)°}2 | w2 | =] | 22— @(31,33) |- (8.82)
VU3 77(171,172) 7573.
We define D = {(z1 — 31)% + (22 — @©(T1,73))? + [n(w1, 22) — T3]%}.

By direct computation

i [(931 — 1) + (2 — W)ailw] v D75 — o] {(xz =)0z + (1 — »’33)}1}1[)_%
(21— 31) + (@2 = 05,0 0sD7F [(02 = )00+ (n— F5) 05D F —
« [ Oz, @1 Oy ]
02, %3 0,73
(21 = 31) + (n = 3)0,n| 1 D~Y/2 — o] (22 = ) + (1= )0y 1 D172
(@1 = 31) + (0 = 8)0un|vs D2 = 0]hsn|(@2 = @) + (1 = #)Duan | 05D/ = 0]

and

a11531 a12531
det { 83?1‘f3 83?2‘:%3

(0200 = [(21 = #1) 4+ (0 = 3200, 010l D301 + (22 = ) + (0 = 2)0n| D= ol (01011 — v3)
[of2 = [(@1 = 81) + (22 = 90z, 0| lolr D% = (@2 = ©)s,0 + (1 — &) | Julvs D

V104, + V205, — V3 _ ((935177,8752777—1)-0
010z, +va — 030550 — (07,0, —1,05,9) - v

V14 |Vnl? y n(z)-v
VI+|Ve?  n(@) v

Then we use (8.80) (with Zy replaced by Z3) to conclude the proof. O

Proof of Proposition 8.2. It suffices to prove the estimate (8.79).
Using (8.78), we obtain

t t
/ KT (8) ]y 1 = / // | (s, 2, v)||n(x) - v|dS,dvds < (A) + (B),
0 0 n(z)-v<0

where

w =[] o s () o) S

t
/ // (R (5, 2, 0)|{1 + [n(x) - v]}dS,dvds
0 n(z)-v<0

Clearly the last term (B) is bounded by the RHS of (8.79).

Focus on (A). Recall the almost grazing set v{ and the non-grazing set v4\7J in (8.16) and (8.17).
We split the outgoing part as

(B)

v = L U 1\

Due to Lemma .7 in the appendix, the non-grazing part ’y+\’yi of the integral is bounded as

/Ot//vmi Seso |h0||1+/0t{Hhm(5)H1+H[at"i‘v-vw—i—U]hm(s)Hl}ds

) t (8.83)
<ise Hho||1+/ ||hm||1+/ I
0 0
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For the almost grazing set ’yi, we claim that the following truncated term with a number k£ € N is
uniformly bounded in & as follows :

J/ L/)fmeaﬂ Lyt 1 L1 k< ntenteanyo 107 (5,2, ) () {n(a) - v}dvdS,ds
(z)-v>0 (884)

<00) [ W @ + Ca{lroli+ [ Il [t R

Proof of Claim (8.84) : In order to show (8.84) we use the Duhamel formula of the equation (8.77)
together with (8.78) : for (z,v) € 74 and } < |n(zp(z,v)) - v|

[h"™ (5,2, V)| 1{(2,0)e2 } {1 /k<In (@0 (@0)-0]}

< Agscty (@)t ho(z — sv,0)| + / |H™ (1,2 — (s — T)v,v)|dT
max{0,s—tn (z,v)}
Iy (v)
+ 1{s>tb(av,v)}1{1/kr<\n(:rb($,v))-v|}cl /,(,(U) <1 + |n(xb(x,v)) . U‘

< =15 — ti(,0), 2 (2, 0), 00) (1) {(n (2,0)) - 01 }doy
n(zp(z,v))v1>0

e—Calv?

+ Lty @) La/k<in@y @.0) v} (1 R )IR’”‘I(S — to (7, 0), wp(,0), 0)].

n(xp(z,v)) - v|

We plug this estimate into the left hand side of (8.84) to have

/ //Iem {)ent } Lk in(an ()0} A7 (8,2, 0) [p(0) {n(z) - v}dvdS,ds

n(z)-v>0
< / / / 11 k<inen (@)oo (@ = 50,0) [p(v) ¥ n(z) - v]dS,dvds (8.85)
+ / // 1{1/k<|n (zp(z,v))- v\}:u’( ) |77/(.’E) : U|
.
X / |[H™ Y (1,2 — (5 — 7)v,v)|dTrd S, dvds (8.86)
max{0,s—tp(z,v)}

' [n(z) - |
+ / // 1 k<|n(zp(x,v))v ,U/(’U) 1 s x,v
o . {1/k<|n(zpb(z,v))-v[} In(zp(z,0)) - 1| (o0 (2,0)) 0150 {s>tp(z,v)}

X (s =t (2,0), 2 (2,0), 011 {n(an(z,0) - v oy S, dods

=

(8.87)
+ /t// (oo 1 e (v)%M
A A Yoo
x|R™ (s — ty(2,0), zp(x,v),v)|dS,dvds. (8.88)

Estimate of (8.85) : Note that x € 9 in (8.85). Without loss of generality we may assume that there
exists 77 : R? — R such that 23 = n(2!, 22). We apply the following change of variables : for fixed v € R3,

(xt, 2% 8) € R? x {0 < s < tp(w,v)} = y=(z! —svb 2?2 — 502, n(zt, 2?) — s0®) € Q.

Clearly such mapping is one-to-one.
We compute the Jacobian :

1 0 _—
6 1,2 ,3
det (8(y 1,y 2,y )> = det 0 1 —v?
(z!, 2% 5) Opin(xt,2?)  Open(zt,2?) —o3
610177
=v-| 02n | =v-n/14[0pn2 4 |0p2m]2

-1
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Therefore

{v-n(z)}dS,ds = {v - n(x)}/1 + [0;19]2 + |9,2n|2dztdz?ds = dy = dy' dy? dy?,

and

¢
1
(8.85) < /]R3 dv/O ds /BQ dS21{(z,0)ers 3 L{1/k<|n(@n (@) -0]} o (z — sv,0)|p(v) T In(z) - v]

= /Rs dv/QdymO(yav)\u(v)i

< [[holl1-

(8.89)

Estimate of (8.86) : Considering the region of {(7,s) € [0,] x [0,t] : max{0,s — tp(z,v)} < 7 < s},

t min{t,7+tp(z,v)} .
(8.86)3/ dv/ dr/ ds [ A8, H™ M,z — (5 — 7)o, o) () n(z) - o). (8.90)
R3 0 T o0

Note that 2 € 2. Without loss of generality we may assume that 23 = n(z!, 22) for n : R? — R. We
apply the change of variables : for fixed v € R® and 7 € [0, ],

(!, 2% 5) € R? x [r,min{t,7 + tp(z,v)}] — y= (2! — (s — 7)o", 2% — (s — 7)v?, n(a!, 2?) — (s — 7)v®).

The Jacobian is {v - n(z)}y/1 + [9,1n[2 + [9,2n|? and {v - n(z)}dsdS, < dy. Applying the change of
variables to (8.90) to have

(8.86) < /0 /R 3 /Q |H™ (7, y,v)|u(v) T dydvdr. (8.91)

Estimate of (8.87) : This part is the most delicate among (8.85)~(8.88). Rewrite (8.87) as

t
/ ds/ dsm/ d'l)/ dvy 1{(z,v)e»yi}l{n(:cb(ac,v))~vl>0}1{s>tb(ac,v)}1{|n(xb(w,v))~v\>1/k}
0 o R3 R3

(8.92)
o1 [n(@) vl 1
—_— -vp||A™ —t .
< plon) o)} (o (,0)) - 17 (5 = (. 0), v . 0), )
First we apply the following change of variables
s€[0,t] = §=5—tp(x,v) €[0,t—tp(z,v)], (8.93)

where we have used the fact that s is integrated over [ty (x,v), t]. Clearly the Jacobian is 1 so that d§ = ds
and hence

t
(8.92) S/ dé/ dSz/ dv/ dv1 L@ wyeyty Ln@n(@,))v>011{jn(en)-v|>1/k}
0 o9 R3 R3 —_—

(8.94)
< aton) o) P, 0) - 75,0, )]
Let us denote
T = xp(x,v). (8.95)

Note that since (z,v) € v4 and |n(zp(z,v)) - v| > 1/k, from Lemma 8.4, the mapping (x,v) — (Z,v) is
one-to-one and

th(z,v) = tp(an(z,v), —0v),
z = zp(z,v) + tp(x,v)v = zp(z,v) + tb(p(z,v), —v)v = zp(x,v) — tb(2p(z,v), —v)(—0)

=T— tb('%v _U)(_U)7
and hence we can rewrite the underbraced term in (8.94) as

Li@wert) = L{o<n(@—to(@,—v)(=v)v<s or [v]>1/5}- (8.96)
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Now we apply the change of variables of Lemma 8.4 : for (z,v) € v4 and |n(xp(z,v)) -v| = |n(Z) -v| >
1/k, we apply the change of variables
(z,v) = (Z,v) = (zp(x,v),v). (8.97)

From Lemma 8.4, the Jacobian is

det(gg:g):det(gi): 8 ﬁm and dS; :z‘zgg:z’d&.

Then from (8.94) and (8.96),

t
(8.92) S/ d§/ dvl/ dv/ dSz{Lo<n(a—tn(@,—v)(~0))v<s + Lio|>1/5}
0 R3 R3 oQ

1 1, 1/~ ~
X Lin(@)-01503 L jn(@)-o>1/kp14(0) T p(v1) T [n(E) - v1 | [W™ (3, &, 01)

t
S/ // |W (5, &, v1) |p(v1) #|n(E) - v1|dSzdoy d3
0 T+

(8.98)
1
X sup / 1§ <n(@—to(@—v)(—v))-(—v)<0} (V)2 dv
€00 JR3
¢ 1
+ 0(5)/ // ™13, %, o) | (v1) ¥ (&) - v1]dSados 3,
0 Y+
where we extracted O(8) from [os 1yjs1/60(v)2dv S €™ 15 [oq pu(v)do.
We claim the following :
Claim : For any small 0 < 6’ < 1, we can choose sufficiently small 0 < § < 1 such that
1
sup / L{s<n(i—ty (@, —v)(=v))-(—v) <0} ()2 dv < & (8.99)
700 JRrs

This is consequence of Lemma .9. For given ¢’ > 0, we choose a sufficiently large N > % and we take
ds.n > 0 as in Lemma .9. Then we choose a sufficiently small 6 = §(¢’, N) > 0 such that § < ds n in
Lemma .9. Due to Lemma .9 and (121),

max sup mz{v €R®:|v| <N, |n(rp(Z,—v)) (—v)| <5} < maxmz(O,,) <.
v zeB(miri) ?

Finally we conclude the claim (8.99) by

1
/]RS 145 <n(an(3,—))-(—v) <0} (V) 2dv

Joow™ ]
[v|=N [v|<N

< e N4y max mz(0;)
K2

_ 1
< e 1607 44,

Therefore, from (8.94), (8.98), (8.99), we have, for 0 < 6,¢" < 1,

(8.87) < [0(5) + O] x /0 / ™15, 3, 00) | (v1) £ () - v1] dSs dvy ds. (8.100)

Estimate of (8.88) : We apply the change of variables (8.93) and then apply (8.97) and use Lemma
8.4 to bound

t
(8.88) < / / / () [R™L(5, %, v)|dSadvds. (8.101)
0 o0 JR3

Finally from (8.89), (8.91), (8.100) and (8.101), we prove our claim (8.84).
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The last step is to pass a limit £ — oo. Clearly the sequence is non-decreasing in k :

0 <12 chnpa))o3 P82, 0)] ST @y @)y [P (52, 0)].

We claim the following :
Claim : As k — oo,

1 1 .
Lit Cin(an(aw)-o yRQ) F BT (s, 2, 0)[ = p(v)* | (s, 2, 0)[  ae. (z,v) € 74 with dy.

It suffices to show 1{%<|n(wb(z7v)),v‘}u(v)% — u(v)i a.e. on 4. For e > 0 and N > ¢ >> 1, choose
k> 1 such that ¢ < d. y in Lemma .9. Then

Sl

[1 = Ljn(ap(z,0))-01> 1} (@) v)}u(v)

NG

< 1§Zn§la5XNQ 1B($17T1)(x) X 1{|n(wb(;c,v))~v|§%}:u(v)

=

< 1S7:122}‘(N,s2 1Bz () X L jn(ay (@,0))v]<5. x (V)

1 _ N2 1
< max Lpg(@) X {Lusvecog @)+ uen@)e T pw) ],
1<i<le, N0

and hence

11 = L (a)) o> 13 (T V) [p(v) 2 dy

+

1
< Liy<Nveo.r dvdS, + O(—
- 1§z‘néli),(zv,n /asz /n-'u>0 {lvlsN.weo:} € + (N)

1
Se+0(3) Se

T~

which concludes the claim.
Now we use the monotone convergence theorem to conclude

t
/ / 101 < nan(ey)ooly 17 (52, 0) () Fdyds — / / W™ (s, 2, 0) (o)t drds,
0 Jag

as k — oo and therefore fot f7‘5 |h™ (s, 2, v)|u(v)3dyds has the same upper bound of (8.84). Together
+
with (8.83) we conclude (8.79). O

8.4 Linear and Nonlinear Estimates

The main purpose of this section is to prove the main theorem (Theorem 1). To estimate solutions of
the nonlinear equation (8.1) with the diffuse boundary condition (8.5) we use the following approximation
scheme.

For fo € BV(Q x R?) and ||e(’|”‘2f0||OO < oo we choose f§ € BV(Q x R?) N C>(Q x R?) satisfying

e (£ = follloo = 0 and [ Ve £l = llfoll gy
Consider the sequence f&™ defined by f5% = y.f§ and for all m > 0,

Df=™ 0 Vo T () [T = XD (F57 7). i Q xR,
f87m+1(07x,v) = xf5(z,v), in Q x R3,

FEmTHt 2, v) = xe(2,0) e/ 1 ot @ u)y/p{n - utdu, on -,

n(z)-u>0

(8.102)

where x. is defined in (8.50).
In order to study such sequences, we first consider a linear equation with the in-flow boundary
condition
f(t,z,v)|y. =gt z,v). (8.103)

Let {m1(z), =2(x)} be a basis of the tangent space at © € 99 (therefore {7 (x),m2(z),n(z)} is an
orthonormal basis of R?). Denote 8, to be the (tangential) 7;—directional derivative and d,, to be the
normal derivative.
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Lemma 8.5. Assume U is an open subset of R3 x R? such that &g C U. Assume
fo(z,v) =0, g(t,z,v) =0, H(t,z,v) =0, for (t,x,v)€[0,T]x {UN(QxR?}. (8.104)
Assume further that for 0 < 0 < i,
I fo e Lo(Q x R3), g e L°([0,T) x 7_), "I H € L>([0,T] x Q x R?),

and

foo, vao S Ll(Q X RB),

0.9, { — 09 — Z(v - Ti)0r,9 — Vg + H}, Vog,e v ey, € LY([0,T] x v-),

n(x) v

V.H, V,H, e "Fv, v, e "y, e L([0,T] x Q x R?).

Then there exists a unique solution f to the transport equation (8.14) with in-flow boundary condition
(8.103) such that ¢?"I” f € CO([0,T) x Q x R3) and Vo f, V,f € CO([0,T]; L*(Q x R3)) and the traces
satisfy

vwf:va:97 vvf:vvga on vy—,
Vﬂ?f(oaxav) = Vg fo, va(O,:c,v) =V fo, inQx R?’,

where Vg is defined by

Vg = Y mdng+ ——{ g =Y (v-7)Ing —vg+ H}.

i=1,2 i

Moreover

t t
IVaf(6)]n + / Vaflyon + / 1V £l
= va.fOul +/O ‘nglvf,l +/0 //Q><R3 Sgn(vazf){va - le/f}7 (8105)
IVuf(6)] + / Voflon + / 1Vl

t t
= ||va0||l +/0 |V1}g|’y_,l +/0 //Q - Sgn(vvf){va - vzf - vvl/f}~

(8.106)
Proof. We use the Duhamel formula of f :
f(t,z,v) = ety (z0))€ Jo V(tiT’ziTv’v)deo (z — tu,v)
— [ Gtz rvw)dr
+ 1ty (z0))€ Jo (t-rz—rv,v)d g(t — tu(x,v), zp(z,v),v) (8.107)

min{t,tp(x,v)} s
+ / e~ I V(th’IfTU’v)dTH(t — S, T — 8, ’U)dS
0

Following Proposition 1 of [77], we have, on {t # tp}
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vmf(ta €, v)l{t;ﬁtb}

t
= 1{t<tb}e_ fd e {Vﬂif()(l' - t’U, U) - (/ V$V(t -7, T =TV, v)dT> f()(.’l? - tU, 7})}
0

2 2
e BT (S0 g - )00 4 S (0 m)0.9+ v~ HY Y-t o)
i=1 ' b i=1

t (2%
R SR JoP v(t=rz—To,0)dr (/ Vvt — 1,2 — 1o, ’U)dT) g(t — tp, Tp,v)
0
min(t,ty)
+/ e~ Jovit=ra=Tvndry H(t — 5 1 — vs,v)ds
0

min(t,ty) . s
- / e~ Jo v(t=mw—Tv,0)d7 (/ Vaev(s — 1,2 — T, v)d7'> H(t — s,z —vs,v)ds,
0 0
(8.108)

vvf(t7 z, v)l{t;étb}
= 1{t<tb}67 15 V(tiT’ziTv’v)dT[ftvacfo + Vq,fo](ﬂj — tv, ’U)

t
—1lpcpye” Jo vt=r@—rv,0)dr / {=7Vv + Vvt (t — 1,2 — Tv,0)d7 fo(z — tv,v)
0

2 2
o — [ v(t—r,x—7v,v)dT ) o TL(iCb) . . } -
1{t>tb}tb€ Jo { ;Tla‘rq‘,g v - n(l‘b) {atg + ;('L} T’L)a‘rq‘,g +vg H} (t tb; Tb, U)
+ 1iesp,ye fo* ”(t_T’m_T”’v)dT{va(t — tp, Tp, U)}
tp 3%
—1gseye” Jo ”(th’IfT”’”)dT{ / {—-7Vv+Vv} (t — 71,2 — TV, v)dT}g(t — tb, T, V)
0

min(t,ty) .
+ / e Io l/(t—T,JC—TU,U)dT{vUH — sV H}t—s, 2 —vs,v)ds
0

min(t,ty) . s
— / e~ Jo V(t*m*”””)dT{/ {—-7V,v+Vv} (t — 1,2 — Tv,0)d7}H(t — s,x — vs,v) ds
0 0

(8.109)
Therefore, we have
IVaf () 1gze,3h S Ve fo||1 +t{[le”"" folloo + ||€9‘”| glloo}
n
+ /0 ‘ ;Tiaﬂg - 0. n{atg + ;(’U : Ti)a‘ng +vg— H}‘y,,l (8.110)

t t
+ [ IVHG I+ [ sl B )
0 0
Vo f ()L sy 1 S IV folli + Vo folln + tl1e”F folloo
t 2 n 2
+t/ \{Znaﬂ.gf M{atg+;(v.n)ang+ygH}H%l

/ |vvg|771+t Sup |69|v ()"Y ;00

/HVHm+/HVHm+c/nﬁ“Hn

From our assumption, fy, ¢, and H have compact supports and the RHS are bounded. Therefore

Oflzy = 00 f Lty Vafluzmy Vofluzny) € L(0,T]; LY (Q x R?)).
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Since df = 0 around {t = tp} clearly 0f1y;4, is the distributional derivative of f. Therefore V, f
and V, f lie in L°°([0,T]; L*(Q x R?)); this allows us to apply Lemma .7 to compute the traces on the
incoming boundary in L'([0,T]; L(v_, dv)) (by taking limits of the flow along the characteristics : see
the proof of Proposition 1 in [77] for details). Then, by Green’s identity (Lemma .8) we know that V., f
and V, f lie in C°([0,T]; L*(Q x R?)) and we get (8.105) and (8.106).

O
Before going to the proof of main theorem we recall the standard estimate from [67] :
Suppose a; > 0,D > 0 and A; = max{a;,--- ,a;_(x—1)} for fixed k € N.
1 1 8
If amyr < §Am + D then A,, < §AO + = D for m/k > 1. (8.111)

Now we are ready to prove the main theorem.

Proof of Theorem 1. Consider the approximation scheme (8.102). For a fixed 0 < ¢ < 1, it is clear
that (f5™),, is Cauchy for the norm supg< < [|¢? 11" - |0 for 0 < 6/ < 6 < + and some 0 < T' < 1. The
key element of the proof is to utilize the exponential weight in v to suppress the |v| growth in the gain
term estimate at least for some short time. For details, see Lemma 6 in [77].

Therefore f™ — f< up to subsequence for the norm supy<,<7 [|€?!”° || oo and f¢ satisfies (8.102) with
fem™ L and f™ replaced by f€ by the trace theorem. Since |y.| < 1for 0 < &€ < 1, Supg<;<r 12171 £2(4) || oo
is uniformly bounded in € for 0 < ¢ < 1 and 0 < T' < 1. Therefore f — f weak—x* up to a subsequence
and the limiting function f solves the Boltzmann equation with the diffuse boundary condition in the
sense of distributions.

Now we consider the derivatives of the solution f&™ of (8.102). Recall that BV (2 x R3) has i) a
compactness property :

Suppose g¥ € BV and sup ||g"|| sy < oo
k

(8.112)
then 3 g € BV with ¢* — g in L' up to subsequence,
and i) a lower semicontinuity property :
k k . 1 . . k
Suppose g € BV and g" — g in L;,, then |[fllzy < th_l)golf 9"l 5v- (8.113)

Due to the smooth approximation f§ of the initial datum fy and the cut-off x., f&™ is smooth by
Lemma 8.5. We take derivatives d € {V,, V,} to have

[8t +v-Vg,+ u(\/ﬁf&m)]afa,mﬂ
= 0 Vo fO T pDLEFOTD)F Y X gin (£ £ XDl i (£ £
+ (error)

Af N0, 2,v) = Oxe [ (x,v) + x0f5 (x, v),

where (error) < eI gu|[eflvl” fem|| ||ef1” Fem+1)|  For all (z,v) € v,

e,m+1 .0 v <’U> EM(t v ou u % n(x) - urdu
o7, S V) (14 ) [ el ) -

<U>ne—09|v\2
() o

e folloe + 10, 0) Vi) P folloo),

for some polynomial P. Due to quadratic nonlinear term I' we require P(s) = s(1 + s).
Then by Proposition 8.5 and |/ fs™ > 0,

t
lof=m (@) + / 0557 (8)]
t
< e Ay e folloo + 105511 + / 055+ (s)],,

. (8.114)
" / =™ (s)[l1ds + P(|e?1" £2]|)
0

t
<1 // O o+ / 95 () hds .
X 3
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where we have used Lemma .10 in Appendix 1.
Applying Lemma 8.2 and Proposition 8.1 to (8.114), we obtain

t
lom 1 (6)]) + / 055 ()], 1

t
’ 2
S e folloo + ||fo||Bv+/ |0f5m+(s)],_ 1 (8.115)
0

{1+ P fll )] sup 075 )l + tP(le”* fol).
<s<t
On the other hand, we apply Proposition 8.2 and Lemma .7 to bound

t t
/ L < 0(8) / 1071+ Cslllfolly + P folloo)}
0 0

/ ‘ (8.116)
+ Cstl1+ P([|le”1"F folloo)]  max L sup (|9 (s)]1-
i=mm—1g<s<¢

Finally from (8.115) and (8.116), chosing § <« 1 and T := T'(fy) small enough, we have for all
0<t<T

t
sup 05" (s)]s + / 1055 ()]0
0

0<s<t
0'|v]? 1 €1 ! €1
< Cfllfolav + P follw)} + 5 _max { sup O£ )+ [ 1070}
i=m,m—1 0<s<t 0
Now using (8.111) we conclude
t 2
sup 075" ()] + / 075" (3)51 S Iollsy + Pl folloc)  for all m € N. (8.117)
<s<t 0

Now we pass the to limit in m and then in € to conclude the main theorem. From the compactness
(8.112) and a lower semicontinuity (8.113) we conclude

o2
sup [f(s)llsv S Ifollv + P(le folloo)-
0<s<t

For the boundary term we use the weak compactness of measures : If o* is a signed Radon measures
on 99 x R? satisfying sup,, 0% (99 x R?) < oo then there exists a Radon measure o such that o* — ¢ in
M.

More precisely we define, for almost-every s, and for any Lebesgue-measurable set A C 9Q x R3,

T
oo (A) = (), 0 (A), 0 (A), 0T (A), 0 R (A), 0 (4))
= /vz,,,fW(s)dyeRﬁ.
A

Then there exists a Radon measure o, such that 5" — o4 in M, i.e.

/ gofem(s)dy — gdo, forall ge CY(09 x R3). (8.118)
OO xXR3 OO XR3

It is standard (Hahn’s decomposition theorem) to decompose o = 05 — 05— with o5+ > 0. Denote
|05 rMm(y) = 05,4+ (02 X R?) + 0 _ (99 x R?). Then by the lower semicontinuity property of measures we
have |o5|pq(y) < liminf |05™ a4y = liminf [0f$™[L1(4), so that by (8.117) fg los|amy) ds S |l follBy +
P(||e?"” fo|lso). Due to (8.118), the (distributional) derivatives Vazwf(s)|y equal the Radon measure o
on 99 x R? in the sense of distributions.

O
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Appendix 1. Some Basic Results

We collect some basic known results such as the derivatives of ¢, and xp, the standard trace theorem,
integration by parts formula, and the size of singular set.

Lemma .6 ([75, 67]). If

v-n(zp(z,v)) <0, (119)
then (ty(x,v), xp(z,v)) are smooth functions of (x,v) such that
t

Vatp = n(xb) s Vilp = — bn(xb) )
v-n(xy) v-n(Tp)

B n(xp) B ton(zp)

Voap = [ — —220)_ o0 Gy = —tp] + 2I0) oy,
v-n(Tp) v - n(rp)

Recall the almost grazing set 'yi defined in (8.16). We first estimate the outgoing trace on ;4 \vi.
We remark that for the outgoing part, our estimate is global in time without cut-off, in contrast to the
general trace theorem.

Lemma .7 (Outgoing trace theorem, [77]). Assume that ¢ > 0. For any small parameter 6 > 0, there
exists a constant Cs .o > 0 such that for any h in L'([0,T] x Q x R3) with 0;h + v - V.h + oh lying in
LY([0,T] x Q x R3), we have for all 0 <t < T,

t t
// |h|dvds<c5,T,Q[ho||1+/ (1Al + |00 +v- Vo + Glh(s)], }ds
0 Jyi\vi 0

Furthermore, for any (s,z,v) in [0,T] x Q x R? the function h(s+ s,z + s'v,v) is absolutely continuous
in s in the interval [— min{ty(z,v), s}, min{ty (x, —v), T — s}].

Lemma .8 (Green’s Identity, [75, 67]). For p € [1,00) assume that f,0:f +v -V, f +of € LP([0
Q x R3) with ¢ > 0 and f, € LP([0,T] x 9Q x R3;dtdy). Then f € C°([0,T]; LP(2 x R?)
[y, € LP([0,T] x 8Q x R3;dtdy) and for almost every t € [0,T] :

, T %
) and

O+ [ e, =10+ [t [ [ oo Var s erlip2

Lemma .9 (Lemma 17 and Lemma 18 of [75]). Let @ C R? be an open bounded set with a smooth
boundary 0). Then, for all x € 0, we have

mz{v € R®: n(zp(z,v)) -v=0}=0, (120)

Moreover, for any € > 0 and N > 1, there exist d.n > 0 and | = I N balls B(z1;71), B(x2;72),
-, B(wy;m) with z; € Q and covering ) (i.e. Q C |J B(z4;74) ), as well asl open sets Oy, Ogyy -+, Oy C
By :={v e R3: |v| < N}, with m3(O,,) < ¢ for all 1 <i <l. nq, such that for any x € , there exists
i=1,2,---,l. na such that x € B(z;;r;) and
[v-n(zp(z,v))| > den, forallvg O,

In particular,

0., > |J {veBny:lv-n(an,v)] <dn} (121)
z€B(zi;75)

Proof. The details of the proof are recorded in [75]. The proof of (120) is due to Sard’s theorem : For
fixed x € 2 we consider the following mapping

Yy —

ly — =]

If n(ap(x,v)) - v = 0 then 1o 1s a critical value of ¢, at y = ap(x,v). Then by Sard’s theorem the

Gy 0N — S Py iy € ON— —

Lebesgue measure of such set on S? is zero.

Now we fix 0 < ¢ < 1 and = € Q. Due to (120) there exists an open set O, € R?® such that
m3(0;) < € and |v - n(zp(x,v))| # 0 for v ¢ Op. By Lemma .6, v — v - n(zp(z,v)) is smooth on the
compact set {R*\O,} N By. Then by the compactness we have a positive lower bound 2. y, > 0 of
|v-n(zp(z,v))|. Then by Lemma .6 again, there exists a ball B(x;r,) such that for all y in this ball and
all v € {R3\O,} N By we have |v - n(zp(y,v))| > 0. v Then we use the compactness of Q) to extract
the finite covering which satisfies (121). O
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Lemma .10 (Lemma 5 of [77]). For any smooth function g = g(x,v) and 0 € {V,,V,} and 0 < 6 < 1,

N

2 —_ 'u2 ’U2
08 gun(a. 9 < 1 gloc {10211V.gll + 10011Vl } + (0 e 00" g] 2.
2 _0p—ul? ot
// v@EDgldvdzs < [ gl / / / e~ 410 g () |dudodz < (¥ gl |19
QxR3 Q Jr3 JRr3

Appendix 2. &3 is a Co-Dimension 1 subset
We prove Remark 1. It suffices to show that &g N x R? is a co-dimension 1 submanifold of  x R?.

More precisely we will show that if (zg,v0) € Q x R3 satisfies n(xp(20,v0)) - vo = 0 and the boundary is

strictly non-convex (8.10) at (xn(xo,v0),vo) then there exists 0 < ¢ < 1 such that the following set is a
5 dimensional submanifold :

{(z,v) € &g N B((x0,v0);€) : Tb(z,v) ~ zp(20,v9)} C Q x R?. (122)

Without loss of generality we may assume a (2o, v9) = (0,0,0) = 0 and vo = e; and n(0,0,0) = —e3
so that 9 is locally a graph of a function 1 : R? — R and V7(0,0) = 0. Therefore the strictly non-convex
condition (8.10) at (zp(zo,vo),v0) = (0, e;) implies

91017(0,0) # 0. (123)

Clearly, (122) is contained in

{(x—l—sv,v) cOxR?:2x€dQ, n(x) -v=0, (x,v) ~ (x0,v0), 5§ € [0,00)}. (124)

Consider (x,v) ~ (29, v0). We choose a basis for the tangent space :

1 1
T1 = 72 O 5
V14|V o
1 —81778277
Ty = 1+ (0in)?

VITIVIEVIT 02\ oy

For (x1,22,0,7,,8) € R? x [0,27) X [0,00) x [0,00) we write (z + sv,v) in (124) as

Ty
X(x1,29,0,7y,8) := T + 81y cos 0 T (21, x2) + s7y 8in 6 (21, 2),
n(w1,x2)

V(z1,x0,0,7y,8) : =1y cos6 71(x1,22) + 1y sin b mo(x1,22).

In order to prove Remark 1 it suffices to show that the followings are linearly independent

0 X Oz, X 0o X 05X O, X c RS
0, V) \0u,V) \9V ) \0sV) \0,,V ’
It suffices to show that the normal is non-vanishing :

€1 €2 €3 €4 €5 €6
a’lel aaleXV2 8a:l)(?) a'vl‘/l azlvé amV:a
N -— det 8xz)(l 812X2 8x2X3 8w2‘/1 8x2‘/2 6w2‘/3
0o X1 00Xz 06Xz 0gVi  0pVo  0OVs
0sX1  0:Xo  0sX3 0 0 0
arv Xl 87"1, X2 87“1, XS arv Vl arv VZ arv ‘/3
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To compute the normal we need to know

—0 0
8277 17 dom
o111 (T, 20) = — 1 0 + s 0 s
1 1( 1 2) [1+(V77)2]3/2 ( 1 [1+(V77)2]3/2 52778%7]—3177315277

1 0 1 Vn-Voan
827-1<-'171a$2) B — TPy 0 e —— T 0 )
1+ (Vn)2]1/2 00 [1+ (Vn)?]3/2 OV - Vo

D1 (7)1 — (01m)202md3n (011)202m03n + 011 (02m)?D102n
BT @) PR+ (VP2 T L+ (i) 2R + [V 2R
_ 812778277 —+ 6177818277
[1+ (01m)2]1 /21 + [Vg[2]1/2
D (ra)1 = 01102101021 (010)202n01 Oam + 011 (02m)203n
PTG B+ Va2 T L+ (Bum)2] [ + (V2]
B D10am0am + O1nd3n
[1+ (01n)2]1 21 + [V[2]1/2
By (ra)s = O1noin I A ) R e Y U R P
BT (0un) 221 V] TENZBEE ’
D (r2)s — 91101051 1+ (010)°]" 2 (01001021 + 92103
2T 4 (Bu) AL+ [V 2] [+ V2372 ’
O1(m2)5 = — 3177827]8%7] _ 817]32778%77 + (827])2313277
BB T (0P + Va2 L+ (9221 + (V232
+ 313277
[1+ (01m)2] /21 + [Vg[2]1/2
Da(7)s = — 91192nd3n _ indandrdan + (92n)*d3n
BT T (0m) PR+ [VaPIY2 L+ (8um)2 2L + [V 2]3/
d3n

+ .
[1+ (0n)?]M/2[1 + [V |2]1/2
We evaluate the normal at (x1, 29,6, s,7,) = (0,0,0,s,1,). Since d11(0,0) = 0 = d2n(0,0),

n(0,0)263, 71(0,0)261, 7'2(0,0):62,
31’7'1 (0, 0) = 818177(0, 0)837 82’7'1 (0, 0) = (918277(0, 0)83,
(917'2 (O, 0) = 31827](0, 0)83, (927'2(0, O) = 62(9217(0, 0)63.

Due to (123) we have

er ez es €4 €5 €g 0
1 0 —881817] 0 0 —rvé)lam 0
o 0 1 —8618277 0 0 —r,,&lagn o ’1“12181817](07 0)
N(0,0,0,s,7,) = det 0 s 0 0 0 = 0 £ 0.
re O 0 0 O 0 0
s 0 0 1 0 0 s1,0101m(0,0)

Therefore N (z1,2,0,s,7,,) # 0 for (z1,z2,0) ~ (0,0,0). This proves the claim.
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Annexe A

The Boltzmann equation in convex
domains with specular and
bounce-back boundary conditions

Abstract

This Chapter is the sequel of Chapter 7. Put together, their contents form the paper [77] in
collaboration with Y. Guo, C. Kim and D. Tonon. The basic question of the regularity of the solution
of the Boltzmann equation in the presence of physical boundary conditions has long been open due to
two effects in competition : on the one hand, the characteristic nature of the boundary ; on the other
hand, the non-local mixing of the collision operator. We consider the Boltzmann equation in a strictly
convex domain with the specular and bounce-back boundary conditions. As for the diffuse reflexion
case, we use a distance function towards the grazing boundary to construct classical C* solutions
away from the grazing boundary. To complete the theory, we show that second derivatives do not
exist up to the boundary in general by constructing counterexamples for both boundary conditions.
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A.1 Introduction
This text is the sequel of Chapter 7. As in Chapter 7, consider the Boltzmann equation
OF +v-V.F=Q(FF), (A1)
with the collisional operator
Q(F1, F2) := Qgain(F1, F2) — Quoss(F1, F)

. , , (A.2)
= [ [ o= @) B Fa(v) = Fi ) o),
RS Js?
where v’ = u+|[(v—u)-wjw, v =v—[(v—u) -wjw and 0 < k < 1 (hard potential) and 0 < go(8) < C|cosf|

(angular cutoff) with cosf = o] W

Throughout this paper we assume that € is a bounded open subset of R? and there exists & : R3 - R
such that Q = {z € R3 : £(z) < 0}, and 9Q = {z € R® : £{(z) = 0}. Moreover for all z € Q =
QU 09 (therefore £(x) < 0) we assume the domain is strictly convex :

> 0i€(x)Gi¢; = Cel¢® for all ¢ € RE. (A.3)
i,J

We assume that VE(z) # 0 when [£(z)] < 1 and we define the outward normal as n(z) =

In Chapter 7, we focused on the diffuse boundary condition

(1) Diffuse boundary condition : Let ¢, fn(z).u>0 plu){n(z) - uldu =1,

F(t,z,v) = cuu(v)/ F(t,z,u){n(x) - u}du.

n(z)-u>0

We here consider the two other basic boundary conditions on (z,v) € v_ :
(i) Specular reflection boundary condition :

F(t,z,v) = F(t,z,Ryv), where Ryv:=v—2n(z)(n(z) - v).

(iii) Bounce-back reflection boundary condition :

F(t,z,v) = F(t,x,—v).

For (z,v) € Q x R? recall the backward exit time tp(x,v) defined as
to(x,v) =inf{T > 0: 2 — sv ¢ Q}, (A.4)

and zp,(v) = & — tpo.
The characteristics ODE of the Boltzmann equation (A.1) is
dX(s)

ds

= V(S)a d‘giS) =0

Before the trajectory hits the boundary, t — s < tp(x,v), we have [X(s;t,z,v),V(s;t,z,v)] = [x —
(t — s)v,v] with the initial condition [X (¢;t,z,v),V(t;t,2,v)] = [z,v]. On the other hand, when the
trajectory hits the boundary we define the generalized characteristics as follows :

Definition A.1 ([75]). Let (z,v) ¢ 7o and (t°,2°,v°) = (¢, z,v).
1) Define the stochastic (diffuse) cycles : see apter 7.
i) Define th hastic (diff l Ch 7
(ii) Define the specular cycles, £ > 1,
(L 2 Y = (8 — 1 (2, 0°), 2 (2f, 0Y), 0" — 2n(2h) (V8 - n(z?))).

(iii) Define the bounce-back cycles, ¢ > 1,

(tZJrla IEJrla erJrl) = (te — b (CCZ, ,UZ), xb(xzv U£)7 71%)'
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Then for £ > 1

1—(=1)¢ 14 (=1)¢
th =t — (0 — Dty (at, oY), 2° = (2 ) ot +(2 ) 2?2, o = (1),

(iv) We define the backward trajectory as

Xa(s;t,z,v) = Zl[te+17t2)(8){xe—(tZ—S)UZ}, Val(s;t,z,v) = Zl[te+1,te)(s)ve.
y4 14

Note that if G(t, z,v) solves 9;G + v - V,G = 0 with a boundary condition (either diffuse, specular,
or bounce-back boundary condition) then

G(t,xz,v) = G(s, Xal(s;t,z,v), Va(s;t, x,v)),

where [Xei(s), Vei(s)] is defined respectively([75]).

In this paper we establish the first C! regularity away from the grazing set vy for Boltzmann solutions
in convex domains. This is achieved thanks to the distance function towards the grazing set vg «, whose
definition is recalled below.

Definition A.2 (Kinetic Distance). For (z,v) € Q x R3,

a(z,v) = v VE(@)]* = 2{v- V() - v}E(2).

Due to (A.3), the kinetic distance «(z,v) vanishes if and only if (z,v) € 9. The important technique
to treat « along the trajectory is based on the geometric lemma :

Lemma A.1 (Velocity lemma, Lemma 1 of [75]). Along the backward trajectory we define
a(s;t,z,v) == a(Xal(s;t,z,v), Va(s;t, z,v)).
Then there exists C = C(£) > 0 such that, for all 0 < s1,s89 <,
efc‘v”slf”la(sl;t,x,v) < a(sg;t,z,v) < ec‘””Sl*S"“a(sl;t,m,v).

The proof of Lemma A.1 is performed in Chapter 7.

This crucial invariant property of « under operator v - V, is the key for our analysis. On the other
hand, unless V3¢ = 0 (for example the domain is a ball or an ellipsoid), a growth factor |v| creates a
geometric effect which is out of control for our analysis. To overcome such a geometric effect, we introduce
a strong decay factor e~ ("t with sufficiently large @ > 0 (see Chapter 7 for details) :

20{v - V26(a) v}

a(v)

w > max

(A.5)

Remark that if £ is quadratic (for example if the domain is a ball or an ellipsoid) then we are able to set
w=0and {9, +v-V,}a=0.
| 2

We denote F' = /iuf (f could be large) where p1 = e isa global normalized Maxwellian. Then f
satisfies

Onf +v-Naof =Tgain (f, f) =v(VRf) [ (A.6)

Here

1
= 7Qloss(ﬂfa \/ﬁf)(v)
Vil(v) (A7)

B /R /S B(v — u,w)y/ju(u) f (u)dwdu,

and the gain term of the nonlinear Boltzmann operator is given by

v(vif) () = v(F)(v)

1

\/ﬁanin(\/ﬁfl, \/ﬁf2)(v)
N /RS /s2 Bv—u,w) \/mfl(ul)fQ(vl)dwdu.

Cgain(f1, f2)(v)



A.1. INTRODUCTION 233

The corresponding boundary conditions for f are followings :
(i) Diffuse boundary condition :

ft.a0) = eu/ulo) [ o JEE VR ), on (A.9)

2)-u>0
(i) Specular reflection boundary condition :
ft,z,v) = f(t,x, Ryv), ony_. (A.10)
(iii) Bounce-back reflection boundary condition :

flt,z,v) = f(t,x,—v), ony_. (A.11)

We denote ||-||, the LP (2 x R?) norm, while ||, is the LP (922 x R3; d7) norm and |- |, p = |- 1+, |1,
where dy = |n(z) - v|dS,dv with the surface measure dS, on 9Q. Denote (v) = /1 + |v|2. We define

atf(o) = atf() =—v- vsz + Fgain(f07 fU) - V(\/ﬁfO)fU (A12)

Throughout this paper we always assume

Fo = /ufo > 0.

A.1.1 Diffuse Reflection BC

For completeness of the C! theory, we briefly recall the result of C!' propagation in the case of the
diffuse reflection boundary condition.

Theorem A.1. Assume the compatibility condition

fo(,v) = cuv/pu(v) . fo(w, u)v/p(u){n(z) - ujdu, (A.13)
n(x)-u>0
and 0 < & < 1 and recall (A.12). If ||a/2V 4. follse + ||€?1F fol|oe < +00 for some 0 < 6 < 1. then
e~ =Wta1/2y,  f € L=([0,T]; L®(2 x R?)) such that for all 0 <t < T,

—To(v 'U2
He ¢ >t0‘1/2vw,vf(t)”oo St ||O‘1/2vw,vf0||oo +P(||€9| | fOHOO)

If a2V fy € C°(Q2 x R?) and

v Vafo = T(fo. fo) = cuv/ht {u-Vafo =T (fo, fo) }vir{n - uldu, (A.14)
n-u>0
is valid for y_ U, then f € C* away from the grazing set .

Furthermore, if Fo = p+/fgo with 11€91°F gol|oe < 1, then the theorem holds with V,g(t) and V,g(t)
for allt > 0.

There can be no size restriction on initial data Fy = /fifo. On the other hand, we also remark
that from [75, 67|, the assumption [|e?I*go|loc < 1 for Fy = p + V/Hgo without a mass constraint

JJoxrs 90v/mdvdz = 0 ensures a uniform-in-time bound as supp<;<., 1?1 g(1)]]oe < 11€91° golloo (not
a decay).

We refer to Chapter 7 for an explanation of the main ideas, results of Sobolev regularity propagation,
and proofs.

A.1.2 Dynamical non-local to local estimates

As in the diffuse case, the analysis relies on the following dynamical non-local to local estimates.

Lemma A.2. Let (t,z,v) € [0,00) xQ@xR3 and 3 << 2 and0 <k <1 andr € R and Z(s,z,v) > 0.
(1) Let Xei(s;t,z,v) =z — (t —s)v on s € [t — tp(z,v),t].
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For any € > 0, there exist | >¢ 1 such that

/ / (t=s) e~ <u>TZ(s x,v)duds
t—t (2,0) JRS v —uP~rla(Xa(s; t,2,0),u)]? (o) 7

3_ 18, (3_
< min e {a(z, v)} a2 tg]> sup {9 Z(5 10} (A15)
~ [v*{a(z,v)}~1 o201 €l o

s€[t—tp(z,v),t]

CE ! —L{w)(t—s
+ {a(z,v)}P-1/2 /t to( )e S )Z(s,x,v)ds,
; —tp(x,v

where tz = sup{s: Z(s,z,v) # 0}.

(2) Let [Xa(s;t,x,v), Val(s;t, z,v)] be the specular backward trajectory or the bounce-back trajectory
in Definition A.1.
For any € > 0, there exist | >¢ 1 such that

L, T,V )—Uu 2 T
/ / o) (t—s) e~ 0Val(s;t,z,v)—ul (u) Z(s,x,v) duds
R3 Var(s;t, @, v) —ul2=% (v)" [a(Xcl(s;t,x7v),u)]B

(A.16)

. (v) [z (v))] p-1/2 oiligt{67%<v>(t75)2(3a$,v)}.

Again, see 7 for mains ideas. Recall that our estimates not only retain the local structure for «,
but they gain \/« order of regularity. Such a precise gain of regularity is exactly enough to balance out
the singularity in « appeared in 0X(s;¢, z,v) and OV (s;t, x,v) in both the specular and bounce-back
cycles.

A.1.3 Specular Reflection BC

Recall the specular reflection boundary condition in (A.10) and the specular cycles in Definition A.1.
Our main theorem is as follow.

Theorem A.2. Assume Fy = \/fifo > 0 and fo € Wh*(Q xR3) and 0 <k <1 for1 <pB <3, 0<
9<7, and b € R,

|| Lo hll |<'” o foll + 17 folloe < o,

(0)®

and the compatibility condztwn
folz,v) = fo(z, Ryv) on (z,v) € vy_. (A.17)
Then for all 0 < t < T with T = T(|[e?!* fo||oc) > 0

E -3
(6% Vi 2
"67w<v>t< S50 (0] e welvla” 2

i 0Ol
(A.18)
0ol + PUOII) + P follc)

[v]?
oo 10 0, )10

Moreover, if 2 is real analytic (€ is real analytic on R*) and Fy = p+/ugo > 0 with ||69‘”|2go\|OO <1
then this theorem holds for the arbitrarily large time t > 0.
Furthermore, if fo € C' and

v-Vafolz,v) = Ryv -V folz, Ryv) on (x,v) € v_. (A.19)
then f € C' away from the grazing set 7.

There can be no size restriction on initial data Fy = /it fo. We remark from the local existence
theorem, T' > 0. The analyticity is a crucial assumption to ensure global stability in [75]. We also remark
that the specular theorem is drastically different from the diffusive theorem : in addition to the loss of
moments, there is a loss of regularity of a with respect to the initial data. This makes it impossible to
use the continuity argument to choose small time interval to close the estimates. We need to use large
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w in e~ to extract a small constant to close, which requires extra precise estimates. We note that
in 3D case, 8 > 1/2, due to the failure of the proof of the non-local to local estimates for the critical
B = 1/2(Lemma A.2). On the other hand, in 2D, due to boundedness of 9, f from zz—invariance, we
are able to estimate 0,I'gain for the critical case 8 = 1/2 by Lemma A.12.

In additional to the dynamical non-local to local estimate, the second important ingredient for the
specular reflection BC is the following crucial estimate for the derivatives of specular cycles X (s;t, x, v),
Va(s; t, z,v)].

Theorem A.3. There exists C = C(Q) > 0 such that for all (s;t,z,v) € R x R x Q x R® with s # t*
for£=1,2,--- £,

10, Xar(s;t,2,0)| < eCloI=9) |v] |
a(z,v)
1
10y Xa(s;t,z,0)] < ecw\(t_s)ﬂ’
v
3 (A.20)
0, Va(s; t,z,0)| < eC|v\<t—s>Lj

a(z,v)

10, Ver(s; t, z,0)| < eqmu-g&

Valz,v)

Our estimates are optimal in terms of the order of 1, and eC1vI(t=5) relates to the |v| growth in the
Velocity lemma (Lemma A.1). We remark that these precise orders of singularity, play a critical role for
our design of the anisotropic norms in Theorem A.2. In fact, if |0, Xe(s;t, z,v)| é7 it would have been
too singular for the half power gain of o from the dynamical non-local to local estimates (Lemma A.2),
and our method should fail. Moreover, it is also crucial to have precise |v| growth in both |0, Xe1(s; ¢, 2, v)|
and |0, Vei(s; t,z,v)| to be controlled by e~=(v)t,

We remark that |0, Xei(s;t,x,v)| « ﬁ is unexpected, even after one bounce we would have 9 '

and it is natural to expect 9, X (s;t, x,v) picks up additional power of % in the accumulation of

S5k

number of bounces. However, via direct computations in 2D disk, we discover that even though

1 1
Optt ~ =, and 9zt ~ =
o «

but surprisingly
1
amXcl(s;t7$7v) = az[xl - (té - S)vé] - ﬁ !

Clearly, certain cancellations take place in the disk, which is difficult to even expect for general domains.

The proof of our theorem is split into 10 steps, and it is the most delicate proof throughout this
paper. We first remark that, due to the ‘discontinuous behaviors’ of the normal component of v-n at each
specular reflection, it is impossible to apply the standard techniques for ODE to estimate [0 X (s; ¢, z, v)|
and |0V (s;t, z,v)|. We have to develop different strategies to overcome several analytical difficulties to
finally complete the proof.

Topological obstruction and moving frames. It turns out that we only need to consider the most
delicate case in which all the bounces are almost grazing and staying near the boundary for rf = lvzifl” <
1. It is important for us to introduce the spherical co-ordinate system to cover the whole cycle and
transform it into the ODE (A.57). Unfortunately, due to the ‘hair-ball’ theorem in Topology, such a
change of coordinate system (or any change of coordinates) can not be smooth everywhere in the 2D
surface 0€). In the case of a ball, all the trajectories are confined in a plane, so that one may choose a
single chart to cover the whole trajectories. However, in other convex domains except the ball case, with
large t, the specular trajectories are extremely complicated, which can reach almost every point on 0f2.
Hence, choosing a single chart is all but impossible. On the other hand, a ‘sudden’ change of a chart
may create new order of singularity of « from the matrix P as in (A.98), which will ruin the estimates.
It is therefore important to design a ‘continuous’ changes of charts associated with the almost grazing
bounces. Given n(x), we need to construct another globally defined, orthogonal, and continuous vector
field. This would have been impossible if we were to seek it only in the physical space, in light of the
‘hair-ball’ theorem. The key observation is that, we need continuity not from just 9<2, but from the phase
space 0 x R3. In fact, for almost grazing bounces, the velocity field v is almost perpendicular to n(x),
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which provides a natural choice for construction of the desired moving frames. These continuous moving
frames cost manageable errors for each bounce, which are controlled by the next method.

Matriz Method for normal parts of 0Xea(s) and Vg (s). With such a well-defined moving charts,
via the chain rule, one can represent 0Xei(s;t,x,v) and OV (s;t, x,v) via a multiplication of Jacobian
matrices (t¢, 2% v*) — (t*=1, 2/~ v’~1) in the spherical coordinate system. The ‘matrix method’ refers
to the study of each discrete Jacobian matrix and precise estimates of their multiplication (% of them!).

One important step is to bound such a matrix by J(r) in (A.91) which can be diagonalized as J(r) =
P~LAP, with a diagonal matrix A. Based on the crucial cancellation property (A.96), we can extract
a crucial second order of r’ < 1 appeared in J(rf). Therefore, over the interval t|v| -~ 1, we are able

1
to estimate II,/% J(rf) ~ ﬁ Together with %X from the initial bounce, we expect i—singularity for
both 90X (s;t,z,v) and OV (s;t, z,v) as in (A.107). Even though such estimate is too singular for our
purpose we can improve it. Upon a closed inspection,

1
[0:X 1 (85t z,0)| < NG
for the normal component of Xci(s). This is based on the fact v ~ \/a via the Velocity lemma (Lemma
1, [75]). Unfortunately, the tangential part 0,X||(s;t,z,v) « é is still too singular.

ODE Method for tangential parts of 0Xc(s) and 9Vg(s). To improve such an estimate, we ob-
serve that given the estimates for the normal parts [X (s;t,z,v), V1 (s;t,2,v)], the sub-system of
ODE for [X|(s;t,2,v), V)|(s;t,2,v)], enjoys much better property. In fact, at each specular reflection,
(X (s;t,2,v), V|| (s;t,2,v)] are continuous, unlike the the normal velocity V 1 (s;¢,z,v). Upon integra-
ting over time as V| (s;t,x,v) = Xl(s;t,x,v) (position X (s;t,z,v) is still continuous at specular
reflection), we are able to derive an integral equations of [X|(s; ¢, z,v), V||(s; ¢, z,v)] without broken into
small discontinuous pieces (A.115) at each specular reflection. In other words, we can use the standard
ODE theory to estimate these tangential parts. Our ODE method refers such ODE (Gronwall) estimates
(A.111) which lead to the final conclusion of the theorem.

With such crucial estimates, we are able to design anisotropic norms in terms of singularity of é

—Calvo—u|2 —Cglv—ul?
Thanks to fg [, © Colv vl 1 < o BH+1/2 gnd f(f [, © Folo ! 1 < o f*+1 from the

[v—u2=F a(X(s),u)? ~ [v—u|?=F a(X(s),u)P-1/2 ~

dynamical non-local to local estimates for 3 > 1, we have exact cancellations of the power of a in the
coefficients on the right hand side, and we are able to close the estimates. For |v| either small or large,
more careful analysis is needed. In particular, it is important to use the weight function of e=®{)* to
control both the growth in Theorem A.3 as well as |v| in front of 9, X¢ and 9, Ve to control singularity
of Jv] in (A.20).

A.1.4 Bounce-back Reflection BC

Recall the bounce-back reflection boundary condition (A.11) and the bounce-back cycles in Definition
A.1. Our main theorem is

Theorem A.4. Assume fo € WH®(Q xR?) and 0 <k <1 for 0 <60 < 7,
2 2
[1(0)0z folloo + 1100 folloo + 1”11 0; folloo + 11" folloo < +o00,
and the compatibility conditions
fo(z,v) = folz,—v), v-Vifolz,v)=—v-Vfo(z,—v) on~y_. (A.21)

Then there is T = T(||e?I"* fo||sc) > 0 so that for all 0 <t < T

o Y L olf?
770 Dl + Ile oy 0 Olloe + 11677 01 (1) | (A.22)

e 11000z folloo + 1100 folloo + PP 8, folloo) + P11 folloo),

||e—w(v>t

for some polynomial P.
Moreover, if fo € C! then f € C' away from the grazing set yo. Furthermore, if Fy = pu + Vigo > 0

with ||e?""” gollso < 1 then this theorem holds for the arbitrarily large time t > 0.
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There can be no size restriction on initial data Fy = \/ufo. We remark that the bounce-back case

enjoys explicit expressions of X (s;t,z,v) and OV (s;t,z,v). Since 9t ~ i and 9zt ~

difficulty arises in the estimate

\/1&, a new

1
azXcl(s;tvva) ~
(%

which is too singular to control by our non-local to local estimates (Lemma A.2). Roughly speaking,
the new difficulty is exactly the opposite to the specular case : 9z’ and v’ are in desired form but not
0:Xa(s;t, z,v)! The crucial observation is the following :

Lemma A.3. In the sense of distribution,

+J

ol | flra? = (1 = )l vh)ar]
ti+1
t] . . . . . . . .
:/ [39t3786x3 + TaevJﬁQUJ] Vigof(r,a? —{ — )0, v7)dr
tit1
+ ?n}r (06t — Ot’ T f (1,27 — (H — T)07,07)].
Tltit1

The key idea is to make a change of variable to transform

0z Xe1(s;t, x,v) 0’0, " + 9,2t

while 9,t’ captures the worst singulairty of i Fortunately, 0,t° is paired with 9, f, which is bounded,
from the time-invariance of the problem and we are able to close the estimate.

A.1.5 Non-existence of V2f up to the boundary

In the appendix, we demonstrate that, our estimates can not be valid for higher order derivatives.
Otherwise, if 02f exists up to the boundary, we observe that from taking second derivatives of the
Boltzmann equation :

2 2
vn0af = =0mf = 0nvn)0nf = Y 0n(v:)0rf =Y Vro,, f = V(F)Onf + 0K (f) + OnTgain(f, ).

i=1 i=1
If |Onf] > ﬁ and 0, K (f) ~ K(0yf) then at the boundary we have
1
‘671.]6‘ 2 m ¢ Llloc(Rl)7
so that 0, K (f) is not defined. Since |9, f| is expected to behave at least as bad as % for all diffusive,
specular and bounce-back cases, we are able to identify initial conditions such that |3, f| > = for some

|'Un|

future time.

A.2 Preliminary
Recall T'gain and v in Due to the Grad estimate [70]

Fgain(\/ﬁ7 g) + Fgain(g7 \//j) = /3 k2(v7 u)g(u)dua

R (A.23)
vviig) = [ (e ugu)du
where
() = fu = of"e” 5 [ (=
u,v) = |u—v e — - W)dw
1\, - q0 |U—’LL| )
2 S W IRE B N o Ul
ko(u,v) = P 8 B u—vl (A.24)
(u—v)=0 lu— ]2+ w2 |u—1
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where ¢ := (5% - |w‘) Ty See page 315 of [74] for details.

Lemma A.4. For 0 <k <1,

PN UL I W 12— lul??
ki (u,v)| + [ka(u,v)] S {lv—ul®+ v —u[7"}e * ol
3 — Ljo—u?— L \I"‘ \u‘\ )2
~ |v — ul2—*
For 0 >0 and —2p < 0 < 20 and ( € R, we have for 0 < k <1,
2
. . o—u|?— o dulZ=lul2)? (v)<eflvl B
/ {lv—ul| + v —u|"?"e fo—ul? Wdu < (v)7L
We define
Fgam v 91792 43 AQ v —u, UJ (\/ﬁ)(u)gl(u/)QQ(v/)deu, (A25)

where v/ = u — [(u — v) - ww and v = v + [(u — V) - W]w.

Lemma A.5. (i) For 0 < 0 < i and 0 < k < 1, there exists Cp > 0 such that, for (i,5) = (1,2) or
(2,1),

e—C’9|'U—u|2

IPgain(91,.92)(0)] So ||V ngOO/R |95 (u)|du, (A.26)

s v —ul2r
and
2 2 2
Tgain(91,92) )| So ()" [1?"F g1 | |11 gol o,

_ 2 2 2
Tgain,o(91,92)(0)] So (W) e T[TV g oo 1”1 o oo,

—Colv—ul?
2 (&
) S0 11 sl [ Sl

(it) For p € [1,00) and 0 < 6 < %, and for (i,j) = (1,2) or (i,§) = (2,1),

1ol g1||00||g]||17’

[%
(VgD g2l Sop 11" gollocllgi .

2
| / / Taain(g1,92)9500d7] Sop 117" illo 5 95 o

Hrgain(91792)||p So.p Ile

2
[ etimmasduda] <o, 167 gl o]
(iii) For p € [1,00) and 0 < 0 < %, and for (i,7) = (1,2) or (i,7) = (2,1),

0 2
IVo[Peain(91:92)11p S0 D11 gillclVogsl,
%))
2
I (ViEVog)gzlly Sow 1€ g2lloclVogallp.

2
|//Q o Volgain (91, 92)gsdvdz| <gp Z:Hem”| Gilloo || Vugillpllgsllq,
X ..
(4,4)

2
] i madvds] Sop 1€ gl Vsl sl
X
(v) Let [Y,W] = [Y(z,v), W(z,v)] € @ x R3. For 0 <0 < 1 and 0e with e € {z,v},

‘aergain(ga g) (Y7 W)|
< 10,7 ||[e?F OO/ et
N| H‘e g|| RS ‘U—W‘27K’

67C9‘U7W|2

o ll1eflel? / e
+ | e |H6 gHOO RS |’U,—W|2_”

—Colu—W|?
[V2g(Y,u)|du

- ’U2 ’U‘2
Vug(Y,u)|du + (0) eI 86 W|||e”* gl 2.
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The proofs of both Lemmas above are performed in 7.

Lemma A.6 (Local Existence). For 0 < 0 < 1/4, if |[e?!!*F folloo < 400 then there exists T > 0
depending on ||e?!*” fo||s such that there exists unique F = ji+ Vitf solves the Boltzmann equation (A.1)
in [0,T] and satisfies the initial condition and boundary conditions (A.9), (A.10), (A.11) respectively and
F(t,z,v) >0 on [0,T] x Q x R and f satisfies, for some 0 < 6’ < 0,

sup |le? 1" £()loe S P(IF folloo), (A.27)
0<t<T

for some polynomial P. Moreover if fy is continuous and satisfies the compatibility conditions (A.13),
(A.17), (A.21) respectively then f is continuous away from the grazing set .

Moreover, for 0 < 6 < 1, if 11?170, folloo = Heéh"z _”'V”F‘)\;'EQ(FO’FO) ||, < +oo and compatibility

conditions (A.13), (A.17), (A.21) respectively, then

sup |9 F 0, (1)]1o S P10 fol[oo) + P fol|so), (A.28)
0<t<T*

for some polynomial P.
2
Furthermore for the diffuse and bounce-back boundary conditions if Fy = p+/figo with [1e?1"1" go||oo <
1 for0<0< i then the results hold for all t > 0. For the specular reflection boundary condition, if £ is

real analytic (€ is real analytic), and if H69|”|2g0||oo <1 for0<O< % then the results hold for allt > 0.

Proof. The proof relies on the positive preserving iteration of [75, 81|
HF™ T 4 vV F™ 4 y(F™) F™ ™ = Quain(F™, F™), F™,—g = Fy >0, (A.29)
which is equivalent to, with F™ := \/uf™,
Bef ™ 0 Vo f v (F™) f = Tain(F™ F™), - f™ im0 = fo (A.30)

See the proof for the diffuse case in Chapter 7. For the two other boundary conditions, follow the same
proof by replacing the condition
(i) Diffuse reflection boundary condition, on (z,v) € v_,

ferl(tr €z, U) = CuvV /U'(U) fm(ta Z, U) \% ILL(U){TL(JL‘) : u}du (A31)

n(z)-u>0

acordingly, by
(#1) Specular reflection boundary condition, on (z,v) € y_,

[tz v) = f™(t 2, Ryv), (A.32)

where Ryv = v — 2n(x)(n(z) - v).
(11i) Bounce-back reflection boundary condition, on (z,v) € v_,

[t ) = Mz, —v). (A.33)

A.3 Traces and the In-flow Problems

Recall the almost grazing set 75 defined as
7: ={(z,v) € vy :v-n(x) <eor|v] > 1/e}. (A.34)

We first estimate the outgoing trace on vy \ 7. We remark that for the outgoing part, our estimate is
global in time without cut-off, in contrast to the general trace theorem.
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Lemma A.7. Assume that ¢ = ¢(v) is LS, (R3). For any small parameter € > 0, there exists a constant

v
C:1.a > 0 such that for any h in L'([0, T], L* (2 xR3)) with Oyh+v-V h+h is in L([0, T], L' (2 xR3)),
we have for all 0 <t < T,

t t
[ s < Cora | ol -+ [ (I + [[00+0- 9+ (o) s
T\ 0

Furthermore, for any (s, z,v) in [0,T] x Q x R? the function h(s+ s,z + s'v,v) is absolutely continuous
in s’ in the interval [— min{tp(z,v), s}, min{ty(x, —v), T — s}].

The proof is performed in 7.

Lemma A.8 (Green’s Identity). For p € [1,00) assume that f,0,f +v-V,f € LP([O,T];LP(Q x R3))
and fy_ € LP([0,T); LP(v)). Then f € C°([0,T]; LP(2 x R?)) and f,, € LP([0,T]; L*(v)) and for almost
every t € [0,T] :

t t t
o+ [ 1, =1+ [ 1+ [ [ oo vaniney

See [75] for the proof. Now we recall the following propositions for the in-flow problems :
{8t+v'vw+y}f:Ha f(O,J;,v) :fO(IaU>7 f(tvxvv”’)/— :g(t,I,U>, (A35)

where v(t,z,v) > 0. For notational simplicity, we define

8th = _U'waO_VfO+H(07x7’U)7 (A36)

2 2
L{ —3tg—2(v-7'i)6‘ﬂg—1/g+H} +Z7'iang- (A.37)
i=1

n-v :
=1

Vg

We remark that 9y fy is obtained from formally solving (A.35), and (A.37) leads to the usual tangential
derivatives of 0;,g, while defines new ‘normal derivative’ 9, ¢ from the equation (A.35).

Proposition A.1. Assume a compatibility condition
folz,v) = g(0,2,v) for (x,v)€_. (A.38)
For any fized p € [1,00), assume
Vefo, Vofo,—v-Vafo—vfo+H(0,z,v) € LP(QxR?),
w0~ g — g HY € L(0.T] x0)
and, assume 1/p+1/q =1 there exist TCrp ~ O(T) and ¢ < 1 such that for all t € [0, T

[ rome

Then for sufficiently small T > 0 there exists a unique solution f to (A.35) such that f,0:f, V. f,V,f €
C°([0,T]; LP(Q2 x R?)) and the traces satisfy

atf"yf = 81597 vvf"yf = vv97 va:fl’yf = vzga on y—,
vxf(ovxav) = vxan va(oaxvv) - va()v atf(oaxav) = atf()» in Qx Rgv

where Oy fo and Vg are given by (A.36) and (A.37). Moreover

<v>g, 0t9, V9, 0r,9,

< Cr|lh@®llg, v eL?,

(A.39)

t t
10 F (1)1 + / B, < NI+ / gl +p / // OH|O 72, (A4D)
0 0 OxR3
t t
IV £ + / VAR, < IVafolll+ / Vagl? , +p / // VL H|V fP, (AdL)
0 0 OQOxR3
t
IV FOIE + / VA, < Vol + / Vgl

t
_ _ p—1
+p/0 //QX]RSI{VUH Vof = VorfHIVofPE (A.42)
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The proof is performed in 7.
We now study weighted WP estimate. We first define an effective collision frequency :

Ve g(t, 2,0) = v(v) + @w(v) — Ba v - V,al, (A.43)

and
[0 + v - Vo + v gl (e 7P f) = eGP0, f +v- Vo f +vf]. (A.44)

Due to (7.6) in Chapter 7 and w > 1, vg g(t, z,v) ~ B(v).

Proposition A.2. Let f be a solution of (A.35). Assume (A.38) and (v)g € L*°([0,T] x v_), and
v, (VY H € L*([0,T] x Q x R3). For any fized p € [2, 0], assume

e =WaPo,g, e NPV g € L(0,T) LP(v-)),
1

J— o0 . p

ey (gl + @)IVegl + [HD} e L2(0. 7% L7(7-),

e_w@)tozﬂl —v-Vafo—vfo+ Ho| € LP(QxRY),

e-w(v}taﬁ{ \V.g| +

and assume 1/p+1/q =1 there exist TCr = O(T) and £ < 1 such that for all t € [0,T)

‘// ew<”>ta53H(t)h(t)‘§CT{|h( Dllq + el @)l }-
OxR3

Then f(t,z,v) satisfies

t
1Ol < lolle + 500 lg(o)loe + || [ Hds
0<s<t 0

o0

Recall 9 = [0y, V4, Vy], then

{0, +v-V, +1/w5}[ NaPof] = e WP~ vV, f —dvf + 0H],
e a68f|t:0 - <”>ta’88f0, e*w<v>ta58f|.y_ = e*w<”>to/3[8g\,y_],

Il
)

where [0g|_] is given in (A.39). Moreover, recalling (A.36) and (A.87), we have for 2 < p < oo,

t t
/ \e’w@)taﬂaf(tﬂp—i—// uw,ﬁ|e*W<v>faﬁaf|P+// le==tal o fIp
QxR3 QxR3 0 Jyt
</ le™ v)t 53f0|p // v>taﬁag|p
QxR3

/ / NGB OH — e NPy - Vo f — ve” L fllem TP FIP (A.45)
QxR3

le== o f (1)
S e P o folloe + [l P Byl

+ / le™= N APOH — v - e TPV, f — dve 0P f| o, forp =00
0

The proof is performed in 7.

A.4 Dynamical Non-local to Local Estimate

The main purpose of this section is to prove Lemma A.2 and its variants (Lemma A.9).
The dynamical non-local to local estimates for the stochastic (diffuse) cycles ((1) of Lemma A.2) is
performed in Chapter 7.
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Proof of (2) Lemma A.2. Tt suffices to consider » = 0 case. For the specular cycles and the bounce-
back cycles it is important to control the number of bounces,

Co(s) = Lu(s;t,z,v) €N if 5T <5 < th,

Here we prove ty(z,v) ~ a(z,v)/?/|v|?. Recall (40) of [75] or (2.4) of [67] : if Q is bounded and
0Q(i.e. £) is smooth then for (z,v) € y_

tb(l’,’U) ZQ T’lfﬁ’v) (A46)

It suffices to prove tp(z,v) 20 % For x € 0f) there exists 0 < § < 1 such that

sup w < max |V2(z)]
yEON lz -y yeon
|z—y|<d |z—y|<d

If |z — y| > § then % <67 2|(x —y) - n(z)| Ss.o 1. By the compactness of Q and 992 we have
|(z —y) -n(x)| < |z —y|? for all ,y € 9. Taking the inner product of z — xp(z,v) = tp(x,v)v with
n(x) we have

to(z,v)[v - n(2)| = [(z — ap(z,0)) - n(2)| < |z - ap(z,v)]* = Calvl[t(z,v),
and this proves (A.46).
If Q is convex (A.3) then for (z,v) € y_

to(,v) Se TP (A.47)

|n(x)-v|

It suffices to show tp(z,v) Se Fjz - Since §(x) = 0 = {(z — tp (2, v)v) for (z,v) € -, we have

to (z,v)
0=¢(x — tp(z,v)v) = &(x) + /0 [—v - Vi€(x — sv)]ds
tp(z,v) ps
= [—v - Vi€(@)]tn(z,v) + /0 /0 {v-Vi{(x — 1v) - v}drds.

By the convexity of £ in (A.3) we have [v- V.&(z)|tp(z,v) > MCEWR and therefore this proves
(A.A4T).
An important consequence of Velocity lemma is that for the specular cycles

a(Xa(sit,z,v), Va(s;t,z,0)) Z el la(z,v),
and therefore for the specular cycles

[t — s < [t — s]
7t£+1‘ ~

g*(s;tﬂl?,’l)) = a(zt,v?)

: A
ming<g<e, (s:it,z0) |t .
<UL (s5t,,0) mMiNg<y<e, (sit,a,v) T (A 48)

N 8Hv|2€C|v|(t—s).
a(z,v)

Remark that for the bounce-back cycles we do not have the growth term e€?I(=%)_ This is because of
the fact a(Xei(s), Ver(s)) is either a(zt,v!) or a(x?,v?), and the fact |t — 2| < 2|t? — 2| < %’ for the
bounded domain.

We consider the specular BC case first. For fixed (z,v) we use the following notation af(s) :=

a(s;t,z,v) = a(Xal(s;t,z,v), Va(s; t, z,v)).
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Firstly we consider the estimate (A.16) for |v| < ¢. Using (A.48),

2
1 ! iy (p—sy €TVl Z(s,z,v) dud
{ <6} € 2 r ] uas
vI=35 Jo Jra [Var(s) —ul [(Xa(s;t, z,v),u)]

Otmv) 02
/ / —Hw = G) e Ol 2(s,2,v) duds
et Jr o U aat — (1 — st u)])”

t|v|2eCt6 0(5)6&6
~ 1/2 SUP{ 2
[z, )] e ol

v)(t=s) 7
su e~ S, 1,0
[, v)]B~1 t"+1<ls)<t@{ (s, )}

CgeCt(S tt l
—l(v)(t—s)
+ [a(w,)]ﬁm/ﬂﬂ e L) (t=s Z(&x,v)ds},

where we have used (A.15). By (A.46) and (A.47) and the Velocity lemma (Lemma A.1) we have [t —

] < \/"‘(7 eCtlvl <, U‘U(ﬁv €% and hence we deduce (A.16) for |v| < & by

5+l 1) 2Cto o) (s
{l |<5}/ xv)]’@ 5 oiigt{e v )Z(s,x,v)}.

Now we consider |v| > 0. We split the time interval as

1 [tlv[]+1 1 1
0,8 = [t— mﬂf] u j!l t—(+ 1)m,t—jm]. (A.49)
Consider the first time section [t — | i t]. Due to (A.48) we bound
ﬁmzecﬁ\vl |v]e€
B B (X REa ey b

[v]”

and for s € [t — ﬁ,t], e Calr,v) < a(Xa(s;t,z,v),Va(s;t,z,v)) < eCa(z,v), and |t* — ¢! <

[o(@,0)]' /%€

==z due to the Velocity lemma. Then we use (A.15) to have

—0|Vai(s) u|2 7
t—1/|v| R3 [Ver(s) — ul [a(Xcl(s;t,x,v),u)]
«(05t,z,v)

002
o A e S
~ ++1 JR3 —u|“

|2~ [zt — (¢ — s)vt, u)}ﬁ

Cg\vl 0(6)605 s
’U S Z , ,
~ [a(m o172 P ToPlale, 0)]P1 tu?‘;&tﬁ@ (s,2,v)}
Otxv e
Csec Y iw-s)
- o v S Z d
* Z [a(.%‘,v)}ﬁ_l/Q /t€+1 € (S’x’v) §
O(g) Cl{v)(t—s CS’E ! —Cl{v)(t—s)
S lfaw, o7 iz L )Z(S’x’”)HW/O e NI Z(5, 2, 0)ds

)
0(4) Cs.e
< (|v|[a(x,fu)]671/2 + l(v)[a(x,v)]ﬁflﬂ)

sup {e” U= 7(5 2 v)}.
0<s<t

Now we consider time sections [t — (j + 1)‘71|, t— j‘%l] for j > 1. Assume that

1 1
[t — (] + 1)ﬂ,t — JW] C [tzj+1*1’tfj+1] U---u [t£j+1,f€j],
v v

and [t = (j+ 1)t — ] N 2,907 = 0 and [t — (G + 1)kt — ) 05, 897

I
=
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Note that for all s € [t—(g—|—1)| ot jﬁ}
e~“a(t) S als) S €“alt),
and -
o —; < U+ Dpg =g < Pl eq
Yltinp a(t)

[v]?

and for £ € [(;11 —1,¢;]

ot —Jrg
gt < (t=Jnp) < Velt) oCed

From (A.15), for all £ € [¢; 11 — 1,¢;]

it —0|Vei(s)—ul?
/ / —l{v)(t—s) € Ve (s) 2‘,,{ Z(S,Z‘,U) ﬁduds
R3 [Var(s) — ul [a(Xcl(s;t,z,v),u)]
5 Cs !
< sup {e-100=5) 7} 1 G5 / el t=3) 7
[w]2a(t — 3 /[v])B=1 e givn) alt —g/|v))P=12 Jie
is bounded by
5605]' I eCed 1 ¢ L
76_5‘7 sup {6 2(’“ ) (t— 5)Z}+76_§J e §<U>(t 6)Z
[v|2a(t)s—1 [¢€,66+1) a(t)f=1/2 pe+1
—clj
€ 1
—5(v)(t—s)
S oPap T SR LTI Z6))
where we have used the fact t — s > jﬁ forset—(j+ 1)ﬁ,t —jﬁ].
Therefore
/t_jvl Lo} (t—s) © —OlVate)—ul” Z(s,x,v) dud
uds
t—(+1) ik R [Var(s) — ul>~" [a(Xcl(s;t,z,v),u)]ﬁ
t@+1
S Wi — 4| sup
L1 <LSLy
[v] o e~ li/4 _ L) (b=
< eCl x ——— gup {e 28 Z(5 2,0
S e’ P 2! (o))
71]/4
~ W&“ﬂt{e 500 7(s5, 2, 0)}.

Now we sum up all contributions of [t — (j + 1) Wt = I ‘] forj>1:

tol /] t|v] o—1i/8 s
<> s suwp {e 200 7(5,2,0)}
j=1 /t—(j—&-l)/vl ; [v|a(t)B= 1/2 0<s<t
e o) (=)
S RGP 2l 2 )

where we used Z?@l e li/8 = ¢=l/16 Z;le e=C'l < mU/16,
These prove (A.16). For the bounce-back case we set C = 0 and we have same conclusion. O

Lemma A.9. Let (t,x,v) € [0,00) x Q x R3 and Z > 0.
(1) For0<e<1landi<B<1and0<k<1, wehave

to(z,v) —9|v u| |’U| <’LL>7
Ko (t=s) — Z(s,x,v)duds
/ / o uP (e — (e, 0) = o, a)]P [ul ()7 2 &% Y)

ToT . NA—T —lv)(t—s) 7
~0,r — sup e S, T,V A50
= |’U| [ ( ’U)}/B ! s€[0,tp (z, v)]{ ( )} ( )
Ce o) —Cl{v)(t—s
CaaapE f,© 2
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(2) Let [Xa(s;t,x,v), Val(s;t, z,v)] be either the specular backward trajectory or the bounce-back ba-
ckward trajectory in Definition A.1. For 0 < e < 1 and % <B<land0< k<1 andr € R, there exists
I>¢1 and C = Ci e, > 0 such that

_ a2
/t/ ST, e~ 0Var(s)—ul M<u>r Z(s,x,v) duds
_ l2—k r B
0o Jr3 [Ver(s) — u |ul (v) [(Xa(s; b, @,v),u)]

O R, — —
SE,T B,k, (Eﬂ),l/g sup {6 Ci.p,¢,r(V)(t S)Z(S, z, U)}
(v) [z, )] 0<s<t

(A.51)

Now we prove a variant of (1) of Lemma A.2 with extra %

Proof of Lemma A.9. We prove (A.50). Due to Step 2 and Step 3 in the proof of (1) of Lemma A.2,
it suffices to show

/ |v‘679|v7u|2du < 1 . (A.52)
R3 v — 2" |ul[o(z — (to(z,v) — s)v,u)]ﬂ ~ g — (ty(x,0) — s)o)| P

As Step 1 in the proof of (1), for fixed s and = — (tp(x,v) — s)v, we decompose u = w171 + Ur 272 + UpN
where {71, 72,n} is the orthonormal basis that we chose in the proof of (1).

Now we split as

/ |v|e’9|”’“|2du
R3 v — ul?~%|ul [a(:lc — (tp(z,v) — s)v,u)}ﬁ

< / / lvle=f1v=u* du, du,
R2 IR [0 — ul? ful{[un | + [§(Xe(s))]|ul*}

o LY
lul >l <Y

jical
5 5

For the first term, we have % < 5 so we reduce it to the previous case (7.60)

/ - / e=0v=u®q, du,
o ™ _ B’
=gt IR o — w25 { w2 4 [E(Xe(s))]|ul? }

Wthh is bounded by W

Now we consider the case of |u| < % For fixed 0 < k <1

[l |v]

< < —1+k
|,U_u|2_N ~ |U‘2_H ~ |U| ’

and we have, from |v — u|? = % + % > 2%22 lv|? + g|u\2,

2 2 2
efe\vfu\ < 67C9|v\ 67C6\u| )
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We split [, du = f\un\Z\fllﬂlufl +f\un\§|£|1/2\u7\ to have (Note % <p<1)

~Clol? —~Colu-?  flvl/5
/ << - / : / | =20l Al | dus,
unl>le1/20ur O SR fusl Sz,

[v]

_ eClvr [ e~Colu [y,

Sl S lurl igpreu [l
—Clof? d 1

s el [ e [ el du )
Ll u f<lzl furl 1g1Pm2 Sy <lel

)

€5~ 2

<S el {1 + (1+

|,U|2B—1
e—C|v\2

~ Jof2-tjgp

/ - efcm? / eng\uTP
e e du,,du
funl<le/2fur) VT S <ot PN PPl | S <iep g

e OF o~ Colur? .
i e G
~ o /| [€F— 172 u 28

‘,U‘—2,B+n+le—0|v\2 e—C’\v|2
< .
~ |17 ~ Jo[28-1lg] -2

Therefore, combining the cases of |u| < |5L‘ and |u| > |5L‘, we conclude (A.52).

The proof of (A.51), (2) of Lemma A.9 is a direct consequence of (A.52) and the proof of (A.16). O

A.5 Specular Reflection BC

We denote the standard spherical coordinate x| = x| (w) = (x,1,%],2) for w € S?
w = (cosx| 1 (w)sinx o(w),sinx ¢ (w)sinx 2(w), cos x| 2(w)),

where x 1 (w) € [0,27) is the azimuth and x| 3(w) € [0,7) is the inclination.
We define an orthonormal basis of R?

Fw) = (cosx 1(w)sinx) s(w),sinx| i (w)sinx s(w), cosx 2(w)),
q@(w) = (cos x| 1(w)cosx| a(w),sinx) 1 (w) cosx) 2(w), —sinx) 2 (w)),
O(w) := (=sinx) 1 (w), cos x| 1 (w),0).

Moreover,fxéze, ¢Xé=f, xf:q@,and

>

Oxy (7 =sinx) 2 0, Ox) 7 =0, (A.53)
where Oy 7 does not vanish (non-degenerate) away from x| » = 0 or 7.
Lemma A.10. Assume 0 =(0,0,0) € Q and Q is convezr (A.3). Fix
p=(z,w) €9Q xS?* with n(z)-w=0.
We define the north pole Ny € 9 and the south pole Sp € O as

Ny = [Nol (o x w) € 09, Sp = —[Sp| (= x w) € 99,

2| 2|
where Ox 7 is degenerate. We define the straight-line Ly passing both poles

Lp:={tNp+(1—-7)8p:7€R}
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(i) There exists a smooth map

Np [0,27) x (0,7) —  OO\{Np, Sp},

(A.54)
X|lp = (X, 15 X|p.2) = p (X)),
which is one-to-one and onto. Here on [0,2m) x (0,7) we have O;np := 8x” ;é 0 and
onp I
X 0. A.55
8XH 1 o] aXHp,Q( ||p) 7& ( )
We define
n, :=nonp,:[0,27) x (0,7) — S?
(i) We define the p—spherical coordinate :
For 6 >0, 61 >0, C >0, we have a smooth one-to-one and onto map
@, 1 [0,068) x [0,27) x (61,7 —01) x RxR? — {z € Q:|¢(x)| < 6}\Bos, (Lp) x R,
(XLps X1 X2 Vi Vilp 1 Vip2) 7 Pp(Xdps Xl 13X 5,20 Vg Vifp 1 Vp,2):
where Bes, (Lp) = {z € R : |z — y| < C8y for some y € Lp}.
Ezxplicitly,
X —n,(x + X
(I)p(Xprx”lwvlp,VHp) — Lp[ P( Hp)] 77p( Hp) ; (A56)

Vi e ()] + vy, Ve (x),) +x0, vy, - VEnp(x),)]

where Vg, = (011p, Oanp) = ( 9np - _9np ) and Vng, = (01np, donp) = (ﬂ Ony ).

X1 OX), 5 OxX|, 17 0%y, 5
We fixz an inverse map

ti{reQ:lé(x)| < 6P\Bes (Lp) x R® — [0,C6) x [0,27) x (51,7 — 1) x R x R2.

In general this choice is not unique but once we fix the range as above then an inverse map is uniquely
determined. B
We denote, for (z,v) € {z € Q: [£(x)| < §}\Bes (Lp) x R?

_ —1
(XL X[ 15 X[ ,25 Vi V.1 V[ .2) = P (2,0).

(iii) For |§(Xa(s;t,z,v))] < § and | Xa(s;t,x,v) — Lp| > Cd1 we define
(Xp(s;t,z,v), Vp(s;t,z,v)) := @gl(Xcl(s;Lx,v)7VCl(s;t,x,v))
= (x1, (55t 2,0), %), (8;t, 2,0), v (s;t,2,0), v (8¢, 7,0)).
Then |v| =~ |Vp| and

XLP(S;LI,’U) =Vi, (S;t,l}, ’U),

x|, (s5t,2,0) = v (85, 2,0),

. (A.57)
Vi, (sit,x,v) = Fu(xp(s;t,x,v), vp(s;t,z,v)),
Vi, (858, @,0) = Fy (Xp(s; £, 2,0), vp(s;t, 2, v)).
Here
i, = FLP(XL Xl Vi)
(A.58)

= Z ViipkVip,i 050kmp(x),) - mp(x),) — X1, ZVHP k(Vilp - V)Okmp (x,) - mp (x,),
7,k=1

where
2

2
> Vi Vi 050kmp(x),) - mp(x),) Se vy,
G k=1
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and
B, = Fli, (X1, X, Vi, V)
(-1)
= Gpii(x1.,X
2 G Xy X1 o () o 1) (A.59)
X A2vi vy, - Vinp(x),) = vy, - Vonp(x),) - vy, + X1, vy, - Vonp(x),) - vy, }

Anp(x),) X Oir1mp(x),) },

where a smooth bounded function Gy, ;;(x1,,x,) is specified in (A.69).
(iv) Let q = (y,u) € 9Q x S* with n(y) -u =0 and p ~ q and

Pp (X 1y, X||y, Vi, V) = (2,0) = (X1, X|qs Vg, Viy)-

Then
0O 0 O
0 1 1 033
O(X Ly X|,, Vi, Vi) . 0 1 1
£ P =Vo_ VO, =1d O - A.60
(X1 gs X gs Vig: Vi) Vg V& =Idss + Ocllp—al) | 5575 5 0 (A.60)
0 Jo| Jv]|O0 1 1
0 Jo| Jv/|O0 1 1
Proof of (i) in Lemma A.10. Denote
éﬁ = () = (cosx 1 () sinx 2(75), sinx) 1 () sinx) 2 (F7), cos x 2(17)),
¢3<||)+wx“19< )= (w (;5( )) (z) (w 9(|Z\))9(H)
|—; X W= Wy 29( ) — wa,ng) ﬁ)
We define the rotational matrix which maps {‘z—l, w, I—; x w} — {ej,es,e3} :
71 CrED
Op = w = | Yxipe Eé) T Wy £|%|)
el xw 3x3 wa 1¢(é) erxu 29(é) 3%3
For x € 0Q with © # N, and « # S, we define
. x
(X)5.1,X|5,2) € [0,27) x (0,7), such that 7#(x)1,%),.2) = Op(m)
Now we define Ry, : [0,27) x [0,7) — (0, 00) such that
E(Rp (X1, X)1.2) Op 7 (X1, X)5.2)) = 0. (A.61)

We also define 7, : [0,27) x [0, 7) — 0 such that

Mo (X, 15 Xp.2) = Rp (X1, %,,2)Op P (X)), 1, X)), 2)-

Directly, from (A.53) and (A.61), with fixed p = (z,w),

ORp_()1o% )z_Sin(x“*”Q)vaf(np(xl‘wl’X\lp@))'Oﬁlé(xupmxnp,ﬂ
IR VEMD (X1 X|.2)) - Op 7 (X1, X ,.2)
— sin(x, 2) [Rp (X|,.1, %], 2) VEOR (X)), 1:X)),.2)) - Op ' O(x )1, X, 2)
VEMS Xy, 15 Xlp,2)) o (X1, X, 2)

Oy x 1x ):*Rp(xnp,hanz)Vﬁ(np(Xup,uXup,z))'Oglﬁ(xup,l,xnpg)
Ox|,z e VE (X1 X5,2)) - Op ' F(X|1p 1, X, 2)

R (%) 15X, 2P VE(p (X1 Xip.2)) - Op ' DX 15X, ,2)

- VEMp (X|p,15X5,2)) * o (X515, X,2)

)

)
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where V&(np(X)|,,1,X|,.2)) - o (X||p,1, X||,2) 7# 0.
And by (A.53)

Ui _ _
8X”p : (X1 Xy 2) = o, p1 Op 7+ sm(wag)RpOplO,
onp ORp 1. -1
) = O R O
8X|‘p12 (XHpvl XHp72) 8X”p’2 P + P~ p ¢

Directly we check a non-degenerate condition (A.55)

Onp Onp
0% |51 ) OX ||, 2 )
OR OR
=R, 8x”: o5 10+s1n(x“p,2) Yo, -0, ¢—sm(xH 2)RZO,F £ 0.

Proof of (i) of Lemma A.10. We fix p = (z,w) and drop p—index (for the chart) in this step. Define
P, : [O, OO) X [0, 27‘[‘) X (0, 7'() — Q\,Cp, (I)I(XLJ(H) = ’17(XH) + XL[—I’I(X”)]. (A62)

Note that this mapping is surjective : For any @ € Q\Lp, there exists (could be several) x € [0, 2m)x (0, 7)
satisfying |z —n(x))[> = miny, cg2 [z —7(y))[? (S is compact). Then (z—n(x TI)) ai’" (xj) =0fori=1,2.
Since Vn(x)) # 0 from (A.55) and £(n(x))) = 0, we have 0 = VE{(n(x)) - 8x” (x))- Due to (A.55), we

conelude F=1by = [—n(x})] and & = n(x)) + (= = n(x)) = n(x)) + & = 0l =0l
Since n and & (therefore n and n) are smooth, the ®; is smooth. The Jacobian matrix is

a‘bl(XL,XH)
6(xl,x”)

~ | —ax)) E)le( 0 ey (<)) (A.63)
- W i ma2is )l A l=2ip Gl |, '

ae— (x|) &)
_ 8xH,1 6xH 2 . 3 . . _
where [ n(x|)}7 [*’xﬂ— on (x)]] L"‘L[ ax‘,‘,Q( ”)J are column vectors in R”. By the basic linear al

)11
gebra, the Jacobian (a determinant of the Jacobian matrix) equals
anan 'anxan .8nX8n

)+ xin-( )—xun n n X on
6X”’1 8X”’2 + 8XH’1 6x‘|,2 + 6X”’2 8x||}1 6XH71 6X”’2 '

We use the facts Vn(x)) # 0 and £{(n(x))) = 0 and

0= V() - =) = 19 )] () - 52 )

and therefore

0 0
—n(x)) - <8x]’11 (x)) x 3X|n,2(xll)> #0, forall x € [0,27) x (0,7),

to conclude that there exists small 6 > 0 such that if [x; | < and x| € [0,27) x (0, 7) then

OPi(xrxy)\ _ OO i
det( A(x1,x) >_ G) (c’)xm( 1) % 5Xu,2( |)> + O¢(|xL]) #0

We use the inverse function theorem and we choose an inverse map
®71:d([0,6) x [0,27) x (0,7)) = [0,0) x [0,27) x (0,7).

Note that in general there are infinitely many inverse maps.
If x € ®1([0,6) x [0,27) x (0,7)) then

7' (2) == (x1,%x)) and x=n(x))+xL[-n(x))].
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Since @1 is surjective onto Q\Lp, for x € Q\L, and x; > 0,
§(x) = &(n(x)) +xo[-n(x))])
~ €(x) + / 2260 +sl-nGp s

= [t Vetnto) + sl-nGxpl)ds
= [ { el Vet + [ i) elnx) + rlontxpl) -ntxdr s,
0 0

and by the convexity of { we have the following equivalent relation :
For all z € € there exists (not uniquely) (x1,x) € [0,00)x[0,27)x (0, 7) satisfying x = x| [-n(x )]+
n(x)). Then for all (x,x)) with = x [-n(x|)] + n(x)) we have

X 2
c{! LD < et = letntog) + 21 [nix))

< [VEMGx))IIxL] -

IVEn () Ixo] -

o (A.64)
1

Therefore there exists 0 < Cy < 1 such that if [¢(z)| < C1d then |x | < § and hence there exists unique
(x1,x) and all the above computations hold.
Next we define

X, X[, V], V)) = x 1 [-n(x))] + n(x))
Bl V) ( vi[=n(x)] + vy Vg n(x)) = x0v) - Vign(x)) )

The Jacobian matrix is

0Py (x1,x)) 0
A(x.1,x)) 3,3
0P(x 1, x|, vi,Vv|) . —VJ_afﬁ(xu) _VJ_a,?ﬁ(xH)
B ) on . oy 0P (xL,x))
a(XJﬂ X|> VL, VH) V- va l’l(XH) V-V 6xHé1 () V)V, axllé2 ) ICCTEDE
_xJ—VH'va ﬁ(xll) —XJ_V”-VXH ﬁ(x\\)

(A.65)
The Jacobian (a determinant of the Jacobian matrix) equals

et (a@(xl,x”,vbw)) _ (det <a<1>1(xl,x|))>2 40

o(x1,x|,vL,v|) o(x1,x))

for |£(x)] < ¢ (and therefore |x | < Cd) and x| 5 € (0,7). By the inverse function theorem we have the
inverse mapping ® !

Proof of (#i) of Lemma A.10. From v = 0 and the second equation of (A.56) equals

0=V, (s)[-n(x)(s)] = 2vL(s)v) - Vn(x)(s)) + V| (s) - Vn(x(s))

) , ; (A.66)
vy VIn(xy) vy = x 09y - Va(xy) +x vy - Vondxy) - vy

We take the inner product with n(x/(s)) to the above equation to have

VJ_(S) = [VH : V2’I7(X”) : VH] . I’I(XH) + X [V“ . V21’1(X”) : VH] : I’I(X“) = FJ_(VJ_,VH,XH)7 (A67>
where we have used the fact Vn L n and Vi L n.

Since 0 = £(n(x)) we take x| ; and x| ; derivatives to have
0=, [ D 0uExyime] =Y 0e0mEDxy ;MmO 1 + Z Oy Oy Mk
k k,m
we have from the convexity (A.3)
VHﬂ'akfaiaj?]kV”,‘ {V”7i8¢77m}akam§{a]17mv‘|7 }
MRERIEEDY Sy el = Se vyl

4,5,k ,3,k,m
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Define a;;(x) via

1

)

a1 a2 | _ | Omn-0mm Oin-dn on-om om-0an |
a1 g2 Oon-0in On-Oan O - 01m  Oam - O2m

where det(9;n - 9;n) = |01 x d2m|* # 0 due to (A.55). Then Vn is generated by Vn :

—om(x)) = Zaik(xﬂ)akn(xﬂ).
k
We take the inner product (A.66) with (—1)"*(n(x)) x din(x))) to have

> (ki +XLak) V) i
k

) (-1
~ —n(x)) - (Oun(x)) x dan(xy))
% { = 2vuvy - V() + vy Vi) vy = x0vy- Vinx) VH} - (=n(x)) % Biran(xy));

where we used the notational convention for 0,117, the index ¢ + 1 mod 2 . For |{(z)| < 1(and therefore
|x1| < 1) the matrix dp; + X1 ax; is invertible : there exists the inverse matrix G;; such that . (x; +
xlam(xﬂ))Gij (xl,x”) = 0y;. Therefore we have

. e (_1>i+1
Il Z;Gw( L ”)—n(XH) . (alﬁ(xl\) X 3277(X|\))

X { — QVLVH . VD(XH) + VH . V2’I7(XH) . V” — XLVH . Vzn(xH) . VH} (A68)

- (=n(x)) x diran(x)))
= B (XX, v, vy

Here
Gui Gz
Ga1 Gaa
_ 1 1+xia2 —Xia12
14+ x4 (a11 + age) + (x1)?(a11a22 — a12a21) —Xiaz21 l+xi011
aii a2 (A69)
a21 Aa22

 [0nP0an]2 — (91n - 02m)?
y |011?|92n|? — (O1m - Don)(01n - Do) —|01m|? (817 - Do) + (01 - om)| Dy
(Oin - om)|0on]* — |0on[*(01n - Do) —(O1m - Dam (D17 - Don) + |02n|?| 01

Proof of (iv) of Lemma A.10. Let q = (y,u) € 09 x S? with n(y) -u = 0 and p ~ q. First we claim

XJ_p - XJ_q7
Mo (X)) = Na(Xy), (A70)
Vi, = Vi '

Vi Vp(x),) = x1, vy, - Vip(x),) = vy, - Vig(x),) — X1,V - Vng(x),).

Once we show the first two equalities then the third and fourth equalities are clearly valid because
n, L v-Vy,npand ny L vy-Vy np forall v € R?. (Since &(1p) = 0 we have v ;0 , [§(np (x),1,%),2))] =
V|.i0x, . p - Vx,§ = 0, and since ny, - np = 1 we have np, - [v) - Vi, np] = 0)

Now we prove the first two equalities of (A.70) and it suffices to prove the second one. And it suffices
to show that for x € Q with |£(x)| < 1 there exists a unique z* € 9Q N B(x, §) for some 0 < § < 1 such
that

|z — z*|? :yE(I?ISIZi,Iy1~z|x_y‘2. (A.71)
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By the definition of (A.62) the uniqueness of such z* in (A.71) implies 7 (x|, ) = 2* = 1q(X|,)-

The existence of such a* € 90 is clear from the compactness of 9Q. Without loss of generality (up
to rotation) we may assume 9,,&(y) # 0 for y ~ 2* and 9,,&(x*) = 0 = 9,,&(x*). Then we can find the
graph a : (z1,22) — R but (21,22, a(z1,22)) = 0 when z* = (2, 23, a(z},z3)) € 09Q. By the implicit
function theorem,

aﬂma = _811§/813§7 8z2a = _69325/895357

and 0, a(z7,23) = 0 = 0y,a(x], x3).
Clearly z* = (x7, 2%, a(x], 3)) satisfies | (21, 22, x3) — (27,23, a(2},23))| < 1 and

a * * * * 2 * * * aa/ * * -
%|(1‘17$2,$3) — (x17x2,a($17.’1:2))’ = —{(ﬂcz —xz}) + (z3 — a(xl,xz))%(xl,wz)} =0, fori=1,2,

K2

if and only if (A.71) holds. We take z} —derivative to get

1 (e (0108)) = (o — ale 0d) g (o], 08) = 1 = (o = o 0)) e o, 08) 0,
for |z3 — a(z7, 73)| <¢ 1. Using the inverse function theorem we have a uniquely determined z* : {y €
Q:y~a}— 902N B(x,0). This proves our claim (uniqueness of z* in (A.71)) and therefore we prove
(A.70).

From the second equality of (A.70) and (A.54)

P(X)1 g1 X .2) = OqOp (X1, 1, X, 2)-

Therefore for i = 1, 2,

or Xlai _ oy -1 OF
; Iy M) g, 99 g )

and from (A.53)

. . . A N 0 | 01
—sin(x, 2)7(x),) | sin(x), 2)0(x),) | o(x,) 0p | 2l
’ Xlp 13x3

= 0q0," | 031 | sin(x), 2)0(x),) | d(x),) |

where we used 6 x gZAJ = —7.
For XHP’Q, X||q72 ¢ {0, 7'1’}7

0 ax? ) ax? sin(;ulq’z)’,:(an)T
CE et A _ . ~ N
0 ox|,1 Ox), 2 = 7sin(xlu 2)9(X‘|Q)T Oq0p1 03,1 Sln(XHp’Q)H(X”p) ¢(X”p)
0 8xHq,2 aang A T
MXjp1  OX|p.2 P(x)iq)

) Here Ogq = Op + O¢(|p — q]), and sin(x”mg)é(xﬂp) = Sin(x|‘q,2)é(x‘|q) + O¢(lp — q]) and gﬁ(xup) =

o(x),) + O¢(lp —dl).
Therefore for x| 2, %,2 € {0, 7}

ox
['q} S Id22 + Oc(lp —al). (A.72)
2X2

From the third equality of (A.70)

0 0

817’Q(xllq) 827]q(XHq) 1,2 .

[ *l’lq(Xllq) ‘ —X1401ng(x|,) ‘ —X 1 q02nq(x|,) } [ 021 a:”q = |: 03,1 ‘ A ‘ 7y }7
P
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and

2

2
x|l y.m
Zi= Vipi » (8maj77p - pranlﬁjnp) (5qu - 752'”‘“ : ) S Oc(D)|vllp —df,
j=1 m=1 ps?

where we have used (A.72).

Therefore
0 | 012 1
0271 é)x::: N [—l’lq] . ([6lnq — qualnq] X [8277(1 — XJ_qagl’lq])
(alnq - Xanlnq) X (6277(1 - XanQHq)
x (0211q — X1, 0omq) X (—1ig) [0 [ 21| 22 |,

(_nq) X (3177(1 - XJ-qalnq)

and hence from the above estimate of Z; we have

ov
5] selolo-al
Xlp J2x2

Again from the third equality of (A.70)

[ —ng(x.) g (x)q) 921q(x|q) } 1 ‘(,)
9\ g —X1401nq(x| ) | —%X1q02nq(x|4) 0 5 g
Vip

. O11mp (X)) 02mp (X||p)
= |: —np(XHp) ‘ 7xlp81np?x”p) ‘ 7pr62npl(:pr) :|
Since
O1mp (X)) O2mp (X))
|: _np(X”P) ‘ 7pr81onpr) ‘ 7pr32np](Dpr) :|
_ 01nq (X)) O2nq(x)q)
- |: _nq(XHq) ‘ 7qu31nq?x”q) ‘ 7qu82nq?xHq) i| +OE(‘p_qD7
we have

8V||q,1 6qu,1
MVip1  OVjpz | _
8V||:,2 aVH:Q - Id272 + O£(|p - q|)

BVHPJ (9V||p‘2

We are ready to prove Theorem A.3 :

Proof of Theorem A.3. First we consider the case of ¢t < tp(x,v). In this case

(Xa(s;t,z,v), Va(s;t,z,v)) = (x — (t — s)v,v).

Directly
I(Xa(s;t,z,v), Va(s t,r,v)) [ —v Idzz —(t—s)Idsg
a(t,z,v) 031 033 Id; 5 6x7

o |10 0] —(t—s) 0 0

—u |0 1 0 0 —(t—s) 0

—v3 |0 0 1 0 0 —(t—s)
0 (0 0 O 1 0 0 ’
0 (0 0 O 0 1 0
0 |0 0 O 0 0 1

where Id,, ., is the m by m identity matrix and 0,, , is the m by n zero matrix.
Now we consider the case of t > tp(z,v). We split our proof into 10 steps.

Step 1. Moving frames and grouping with respect to the scaling t|v| = L¢, with fized 0 < Le < 1.
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Fix (t,z,v) € [0,00) x Q x R%. Also we fix small constant § = d¢ > 0 which depends on the domain.
We define, at the boundary,

L. ‘Vﬁ _ |’U ) n($[)| _ |VCl(t€;t7 Z, U) : n(XCI(té; t,x,v))| (A 73)
|vf] 0] |v] ' '
Bounces £(and (t‘, 2, v")) are categorized as Type I or Type II :
a bounce ¢ is Type I (almost grazing) if and only if r* < V5, (A74)

a bounce £ is Type II (non-grazing) if and only if r* > /5.

Let s, € [t t¢] such that [£(Xa (st 2% 0"))| = maxeri <, < [€(Xa (T3t 2%, v7))]. Since we have
%;E(Xcl(s;te,xe,ve)) = %f(xe — (t* — s)of) = v V(2 — (# — s)v’) - v > 0 there exists a unique s
solving L&(Xa (s, 2%, 0%)) = 08V, €(Xa(s; tf, 2%, v*)) = 0 which is s.. Note that v/ VE(2f — (¢ — s)v°)
is monotone in either one of the interval (#**!,s,) or (s.,t). Without of generality we may assume
|t — 5| = $[t“Tt — *]. Then

|€(Xer(s4; 18, 2t 0" |—‘/ SVE(xt — (tf = s)t 0t ’—’/ / V2 (xt — (tf = Tt b ot

[0 2[t — sul® [0 - n(Xa(s))[\?
¢ sup 7 s
2 seftett i) |U |

where we used (A.46) and (A.47) and the Velocity lemma (Lemma A.1).
Therefore if a bounce ¢ is Type I then maxe+1 <, <4 [§(Xe1(75t,2,v))| < C6. If a bounce £ is Type II
then |¢(Xe(75t,2,v))| > O6 for some 7 € [t #].

Now we assign a coordinate chart for each bounce ¢ (moving frames).

For Type I bounce ¢ in (A.74), we assign p* € 9 x S? and p’—spherical coordinates in Lemma A.10
and (A.56) : we choose p* := (2%, w*) on 9 x S? with n(z*) - w’ = 0 such that z* and w* do not depends

n (¢,2,v) and
€ (. (St ¢
28—t <1t |w'— v = n(z)n(z) <rt. (A.75)
v = (v n(z))n(z*)]

Note that, by the definition of Type I bounce, [v* — (v - n(z“)n(z9))|? = [v]? — [V |? = [v[?(1 =) =5 |v|?
and hence w* is well-defined.

Moreover

| Xei(s;t,z,v) — L Cs >0, (A.76)

ptl 2

for [v[[tf — s| < 165 mingeoq |z|. ThlS is due to the fact that the projection of Ve (s) on the plane passing
2! and perpendicular to n(zf) x w? is at most |v| but the distance from z* to the origin(the projection
of poles NV,¢ and Sp¢) has lower bound 55 mmzeag |lz|, s ~ tt.

For Type II bounce (', 2, v*), we choose p’ = (2, w") with |2 — ¢| < /8 but we choose arbitrary
w' € S? satisfying n(z%) - w® = 0. We choose p‘—spherical coordinate in Lemma A.10 and (A.56) with
this p’. Note that unlike Type I, this p’—spherical coordinate might not be defined for s € [t**1, /] but
only defined near the boundary.

Whenever the moving frame is defined (for all 7 € (+‘*1 #/] when ¢ is Type I, and T ~ t* when ¢ is
Type IT) we denote

(Xe(7), Vo(r)) = (e, (1), %), (1), VL, (7), v, (7)) := @ (Xaa(7), Vaa(7)).
Especially at the boundary we denote

(Xﬁ_wx\lz’VJ_z’VH )= llTItI%(Xg( 7), Ve(7)), with Xﬁ_é =0, VL > 0.
Then we define
¢ CH1 L
(nglvxujl ”H) = T}i{ﬂl(xu (7), %), (1), vy, (7)),
and

44+1
vt = _Tlltrﬁlv“( 7). (A.7T7)
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255
Now we regroup the indices of the specular cycles, without order changing, as
{0,1,2,- - b = LAY = {0} UG1 UGy U+ UG ie—siion U Gpie—siiony
Le Le
where [a] € N is the greatest integer less than or equal to a. Each group is
gl = {17 761 - 17€1}7
g2 - {61761 + 17 e 7£2 - 1762}7
(A.78)
g[n—LsEHv\] = {g[“‘;ﬁ”“‘]7178["‘;5”“‘]71 +1,--- 75[\t—;§|w] - 175[\t—;uv\]}7
g[n—;{\\vw]ﬂ = {f[\tf;gmyf[u—LsEHw] + 1, b,
where ¢; = inf{¢ € N: |v| x [t® — t1| > L¢} and inductively
=inf{f € N: |v] x [th —t4+1] > L¢}, (A.79)

and we have denoted ¢, = E[\tfsnv\]ﬂ

By the chain rule, with the assigned p‘—spherical coordinate (moving frame), we have for fixed
0<s<tands e (t-T1 t&)
(s, Xa(s;t,z,v), Val(s; t, z,v))
o(t,x,v)
(s, Xe1(8), Var(s))
A(tt,0,xt

£y Ly
IRASRA.

from the last bounce to the s—plane

[t—sllv] ¢ 0, )
(2] A(th+1,0 X\Ilﬂ Vi sz+1 D4+, 0, xl L YUl yhitl
Cipr) e Ile; +1 417 le;+1
% O(tli+1—1 ,0, lip1—1  _lip1—1 Liy1—1 XKoo X 8(t i 0 X VZ Ve ) (A'80>
i=1 ( X||14 Vin+171’VH1{i+l—1) v Hli’ Lo Tlley
i—th intermediate group
whole intermediate groups
tho,xt vl vl
L o0, v, vy

o(t, z,v)

from the t—plane to the first bounce

Step 2. From the last bounce £, to the s—plane

We choose sé* € (’52*+S tt) C (s,t**) such that |v|[t" — s%| < 1 and the ¢,—spherical coordinate

(Xg (s%), Vi, (s* )) is well-defined regardless of types of £, in (A.74). Notice that s** is independent of

£ st 9st*
and s so that G- = 0= S5-.

By the chain rule,
9(s, Xcl( ), Vei(s))
‘

7.
a(tt 0, x”z VI,V

0)
- d(s, Xa(s), Va(s)) 8(55* 1 X1y, (Sz* ), X, (55* ), Vi, (SZ*)v Ve, (Se* )

Os" X, (55, Ve (7)) ot 0.xj; VT, i)
00 Xals) Vals) (s, Xa(s'), Vals™) 9l ., ()3, (). i, (7). vy (5°)
a(sg*’XCl( &)7{/(:1(86 )) a(se*’Xe* (sé*),Vg* (Sé*)) 6( ,0, XH/{ Vﬂfz,‘vvﬁ; )
Firstly, we claim
0 0 0
8(3,XC1(5),VC1(5)) o B ‘. 1,3 6 123* -
A%, Xy (s5), V. (s=)) — Var(s™)  Oe(1)(1 + |v]|s s]) O¢(1)]s sl (A.81)

03,1 O¢(1)]v] O¢(1)
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Since
Xa(s) = Xa(s™) — (s = s)Va(s™), Va(s) = Va(s™),

and s’ is independent of s, we have

0 01,3 013
(s, Xea(s), Val(s .
a(szf 7X C(iez; ‘C/((;z)) =| - cl(SZ*) Id; 3 f(se* — 5)Ids 3
y “xcl s Vel 03.’1 03’3 Id3,3
Due to Lemma A.10,
(5%, Xa1(s), Var(s))
I(st, Xy, (s), Ve, (55))
1 01,3 0,3
d1ne,, Tz,
. 03,1 —Iy, —XL;jélnz* _xl-j:]éQnZ* 0373
= Vi, -Voine, Vi, -VO2ny, Bim Oam 5
0 -V -V n —vi,, Oing, —vi, 9:nl. -n o ~ Deme,
> I e e XL, Vie* Voing,  —xui, Vﬁe* -Voany, b X1, Oime, Xl 82"6*

where all entries are evaluated at (X, (s), Vg, (s*)). The multiplication of above two matrices gives
(A.81).
Secondly, we claim that whenever p‘—spherical coordinate is defined for all 7 € [s, /]

8(85’Xle(sl)’X\Iz(sl)vVlz(sz)vv\le(sz))
8(tl,0,xﬁ vioovh)
¢ e e

0 0 01 2 0 0 2 (A82>
—v1sH 0 O ()|v)2tf — 72 Og(lﬂfz f\ Og (V) |v][tF = 7|2
=|_ -vj» | o021 1‘122+Og(1)\v\ ot —sW O¢ (D)|v][tf — s%)2 o£<1>|rf—¥\<1d22+\vut - st
oM | o Oc()|v2 ¢l — 7| 1+ 0g()olt? — 57 O (v [tF — 57
Oc(W)v|? | 091 O ()v|2 8 — s Og(D)v]|tf — s*| Idg o + Og(1)|v]|tf — 5%

In this step we just need (A.82) for £ = £, but we need (A.82) for general ¢ in Step 8.

Clearly the first raw is identically zero since s’ is chosen to be independent of (t‘,x Hz,vﬁ[,vﬁl)
The first column (temporal derivatives) holds due to the fact that the characteristics ODE (A.57) is
autonomous. More explicitly,

0

(‘%‘(X(Z(S 8 2t 0h), V(s th 2 o"))

824(?(@( — 150,25, 0%), V(s — t50,2%,v%))

= 666(X€(5 8 2t 0h), V(s th 2 o))
(Vg(S AR AT ) F(Xg(s AR A ),Vg(se;tz,xé,vé))

= (—=vi(s), v (s), Oc (D) |v]?, Og (1) [v]?).

Now we prove the the remainder. Firstly we claim that if the p’—spherical coordinate is well-defined
for t'T1 < 7 < t* (7 is independent of t) then

[Xe(T5t,2,0), Ve(r5t,2,0)] = [Xg(T;tz,O,xﬁe,vﬁz,vﬁl),Vg(T;tE,O,xﬁ[,vﬂ(,vﬁz)]
and
|8 e X@ 7'| 5 605‘1)"77#' ,S 1;
|T—té|605|UHT_te| < |7‘—t€|7
) (A.83)
o] x Jof|r — t[eCelIm=r < ol — 1),

¢
‘8 sz 7'| < eCelvllT=t] <1,

whereaz_[a ,ae].
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If the p®—spherical coordinate is well-defined for t**! < 7 < s < t then
[XZ(T; t, z, U)v VE(T; tv z, 'U)]
=S5 [XZ(T7 S, X@(T; t7 €, U)? VZ(T; ta &€, U))? VK(T; S, Xf(T; tv x, U)? VZ(T; ta z, U))]a

and
10,5 Xe(T)| S eIl <,
DXy ()] < | — sleCeleliT=sl < g
v Xer)| S 17— S s st
0%, Ve S [o] x [ol|r = sl Il < o?|r — 5,
O,y Ve(r)| S eCellim=sl < 1.
Proof of (A.83) and (A.84). From (A.58) and (A.59), X, = v|,, X1, = vi, and v, = F, and

£
V), = Fj,. Denote 0 = [ﬁ7 %, ﬁ]. From (A.58) and (A.59),

OF | < [o*{|0xL|+ |0x)[} + [v][0vy],

0F)| < |vl{loxL]+ 0%y} + [vl{[ovL] + |0v)[}.

Now we use a single (rough) bound of |[0F | + |0F| < [v[*{|0xL| + [0x)[} + [v[{|dvL| + |0v)[} to have

(A.85)

%{Iasz(TH +10v, (DI} S 10F L, (7)] + [0F),(7)|
< [ol*{1ox,, ()] + 10, (D)} + [ol{[ovL, (7)] + |0vy, (T)]}.

Combining with %[xl[ (T),XHZ(T)] =[vl, (T),V”L;(T)L

d { |0x1,(7)| + 0%, (7)] ] < { |0 1 ] [ 0% 1, ()| + 0%, (7)

dr [ [0V ()] +|0v),(7)] v ol || 0vL ()] 4 [0vy,(7)

|
dr [ |-

We diagonalize the matrix as

[ 0 1 :| [ 1 1 :| %hﬂ 0 1 _1—\/\/53 \le/g .— ppp-1
2 =1 145 1-v5 - = = '
o2 ol L) 155 0 580 | 5E o

Now

(0% (7)| + |0% L (7)] (Celr—t'1D p1 [ 0% (t)] + [0x L (t)]
[ 0 (T)| + |0v L (7)] } =F r { [0v) ()] + |ov L (t))] ]

which is further bounded as, by matrix multiplication,

_
_1=v5 e B plir—tt| | 11vE 0e 158 ulir -4 1 e%m\f—tﬁ{ec%‘/gwur—tﬁ _.Ce *{gwur—t’f\}
< 25 25 V5 |v|
- Mecg%\r—t’f\{ecg§|vnr—t’~’\ 7e—c§§\vur—t4|} 145 O M olir il | _ 1o y5 0 1B ol
V5 2V5 25

« { |0 (£9)] + [0x L (£ ]
[Ov) ()] + [ov L (t)]
| eCimiflox (#)] + 0% L ()]} + |T—tf|eCs|”HT*f£|i|avu(t‘)| Hovilp |
T 0Pl = ¢S oy ()] + [0x 1 (1) |} + Sl I {avy (89) ] + |av o (t9)[}

Since |v||7 — t| <¢ 1, this proves our claim (A.83). The proof of (A.84) is exactly same but we use
0 = [0x,(s),0v,(s)] to conclude the proof.
From the characteristics ODE, (A.57) in the p’—spherical coordinate,

Se T
¢ ) TN . /
x1,(s7) = vll(s _t)+/z /l FLZ(S,t7XHZ,VHZ,VL€)deT,
e Ji
SZ T
A Ol gt T A A /
x|, (s) = x, +v,(s t)+/tf /H ) ("5, %y, vy, v, Jds'dr,
Se
‘ ¢ A
vy, (s = v“—i—/e Fy (rst"x),,v),, vie)dr,
t
SZ
A T A
Vi () = Vnﬁ/ﬂ By (758%, %), Vij,» Vi, )T
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Plugging (A.83) into (A.58) and (A.59) and collecting terms, we deduce for |v||s* — /| < 1

a Z
PULT) < GoluPls’ — #1201+ s — ¢ el =41 S of?ls" — £1P,
X
Ile
0 st :
PELAE) < 1ot 4] 4 Ciafolls” — #1201+ [ol|s* - #)el1 T Sg |5 — 1],
8VLZ
a Z
PLlE) o Gplflst — P+ o]t — I < folls” — ],
aVH[
ox )
8”4( i < Iday + Colvl?|s® — t*2(1+ Julls® — t*])e!"l*" =¥ < Tdy 2 + Oa(1)|v]?|s* — t*%,
X
Ile
ox
W < Cols’ — t2o](1 + [olls® — t/])e!"1= =T <q Jol|s’ — ¢]2,
avlz
ox (st
PU) < 1ot {1y + Calvll — 11+ s — el 1}
V
Ile
< |s€—t€|Id2,2+ng(1)|v||sé—te|2,
ov,y (36) ¢ ¢ ¢ V4 £yt ¢ ¢
W < Cols’ — /[ (1 + [olls® — t/])el"Is =T <q Jof?]st — ),
4
0 ¢ )
VJJZ(S) < 1+CQ|S€7#HU|(1+"UHSZ *Z|)e|v‘|8[7ﬂ| §1+OQ(1)|UH367#|7
8vu
ovy (36) ¢ ¢ V4 ¢ Lyt ¢ ¢
S ol eI+ ol e ol
4
ov (S) gt
8”3 < Cols’ — /[ (1 + [olls® — t/])el"l* T <q Jof?]s — ),
Xl
ovy, (s ' e
I5) s = tlul(1 4+ ol — )l =T <q Jo]s — £,
(’9le
ovy. (s
a”"'g D < Xy + Clls’ — #Jol(1+ folls” — 1Dl 1 < Ty + Oa(1)fulsf — ']
A"

and this proves the claim (A.82).

Step 8. From t—plane to the first bounce
We choose s! € (¢, tlzi) C (t',t) such that |v|[t' —s'| < 1 and the polar coordinate (X;(s!), Vi(s1))
is well-defined. More precisely we choose 0 < A such that |[v][t — A —¢!| < 1 and define

sti=t—A. (A.86)

Then, by the chain rule,

G(tl,O,Xﬁl,viNvﬁl)
o(t,z,v)
_ B(tl,O,Xﬁl,VL,vﬁl) A(st, Xe1(s1), Var(s1))
8(817XC1( 1) Vcl( 1)) 8(t T ’U)

B a(th,0, x”1 VLl V“1)
B 8(517Xl1( )7XH1( ) VLl( )

A(st, Xy (s1), Vi(sh)) a(st, Xa(sh), Va(sh))
;v (s1)) O(st, Xa(sh), Va(s?)) (L, z,v) '

We fix p! —spherical coordinate and drop the index of the chart.
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Firstly, we claim

a(tl,O,xﬁ,vi_,vﬁ)
A(st,x1(sh),x)(s1),vi(st),vy(s!))
- 1 1 |v|2|517t1|2 |317t1‘ ‘v||517t1|2 -
[vil [vi [v) | [v) |
0 0 0172 0 01,2
1,1
So| 0 | 2+ 1oPls' = 17 Tdoo+folls’ — 1] | L pst 2] st
2 2
0 '% +[o2lst — et A+ oLt — et 1+ Jol|s* — 1] o] |st — 2]
021 | o+ [of?[s' — ¢ |v]2[s! — 1] 14 [v]|s* — 1 Id, + |v||s* — ¢!
I T |
(A.87)
The t! is determined via x (t!) = 0, i.e.
S1 Sl
0=xu(s) =il — )+ [ [ FuXalr), Va(r)drds (A.88)
t1 s

where X¢(7) = Xea (7584, Xa(stt, z,v), Va(stit,z,v)), Va(r) = Va(r; st, Xa(sh t, z,v), Va(sts t, o, v)).

Recall that, from (A.67) and (A.68) and (A.77),

Note that since ODE is autonomous we have

o _q a6y
s ’ Ost

= 0. From the fact |s* —t!| <¢ min{

v |

Tt

259
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and (A.46) and (A.47), and (A.84) and (A.85) to have

ot
] {1 +/ / 8xl P (X cl(T)7Vcl(T))de5}
<e¢ Ll 1+ / / [1+ [o|(s" = 7)] o2l =M drds
|VJ_‘ tt Js

: 1
Se W{l + [1 + |v]|st fﬂmvﬁs — 1% Celv||st—t |} e ﬁ’

VJ_ VL

8t1
B 'V drd
9x (s VJ_ /tl / 8xH Xei(1), Va(7))drds

S { [ e e e

€L s

211 _ 412

<5 L[l-&- |U|‘51 —t1|]|v|2\s t1‘2 Celv||s*—t'| <€t [v]?|s th 7
~ vl S, N

atl - i ) _81 st st L T T N
vi(sh) vl {(t )+/tl /S 8v¢(31)FL(X°1( ); Va(r))drd }

st =1 e .
Se 7 — t T [ [1+ [v]|s* — 7[]e%elPIs =D drds
|VL| t! s

Vil
L 141
¢ M{l_,_wusl _t1|eC§|’UH517t1|} e [st —t
~ | 1| ~SH |VJ_‘ 9
8t1
ov(s1) ~ V] / / avH oy L (Xai(m), Vai(r))drds
1
FR— v|(st=7
Sf |V1L‘ /t1 / |U|[1 —+ |’U||$1 — T|]ecﬁ‘ |( )deS
1_ 4
S& Mh}Hsl _t1|605|v\|31—t1\
Vil
1_ 412
<., blist =t
Vil
Together with the above estimates and (A.84) and (A.85),
aXﬁ F A\ drd
6xl(51) 6XL ” +/ / aXL H Cl( ) cl(T)> Tds
141 v
= || 1| i [1 + olls? tll]lvl2lsl — ¢! 2eCellls' =0 < |v1| T uf2lst — £,
1
> Vea(r))drd
ax\l(sl) 22+V”8 / / 8X” l (T)’ CI(T)) Tds
NE,t Id2,2 + |U| |S — |2 et Idg’g + |UHS — |7
8X1 8t s s a
[ 1
Fi (X drd
avish)  ovisn T, / B (s1) 1(Xer(7), Va(7))drds
s —t[]v|
See S +1s = 2
1
3Xﬁ = —(51 - tl)Id + vi / / Xai(7), Ver(7))drds
aVH(Sl) 2,2 Ha o avH y Y

1

sl —
Se —(s' —t")Ida o + |U|||V1||U||$1 — ]+ |U||Sl — [+ [ollst =]
iR

2|l 1
vi“lst —t
Ser |8t —t1|<1+ M) Seu|st =t

Vil
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Moreover by (A.84) and (A.85)

Sl
ovi  _ —FJ_(lxl,U) Fy(a!,v / / COFL(X Va(r) ge s [ PFrXa(n). Va(r))
Ox, (sh) v vi tl 6Xl ) “ 0% (s1)
Fy (2!, v) (2, v) ollst =t
< T (o] 4+ Tt — ) [1 4 Jells! — ol " — ¢! eCellle
Vil Vil
IS
S + Jof’[st =t
[vi]
ovl —F, (z',v) 9
= —F (X Vv d
ox (st) vl n Ox)(sh) 1 (Xer(7), Var(7))d7
F 1
,SMﬂv\zlsl—tl\(1+|v||s1 t1])eCelells’ =t < Jof + Jo)?|st — Y,
Vil | L|
_ovh =) FL (a!,v / / | OF. (Xa(r), Va(r))
BV VI Y
1
- 8FL<Xcl<s>,vc1<s>>dS
s1 avl(sl)
1_ 41 1 - o
5 —1+ |S t HFL(x 7U)|{1—|—|’U||81 _t1|eC§|vHs —t \} + |UH31 _t1|eCE\u||s —t|
Vil
Se 1+ Jo|s* —fl\
! —F( Fo( \Y% *oF \Y
5‘&1 Lﬂf v / / OF, ( ),1 a(r ))des_/ OF, (Xa(r), Va(r))
v (st) 8VH sh) s v (st)
2 1 41,2
< U| ‘51 7t1|2\v|+|51—t1|\v\ < "UHSl 7t1| 1+m < |1)H51 7t1‘
~ 1 ~ 1 ~ )
vi| [vi|
and
8v1 6’151 st 9
I 1
= F - b Xc 7Vc d
Ox, (s)  0xy(sh) (@75 v) /t 9% (s1) 1(Xar(7), Va(7))dr
Fy (2!,
< | ||(l‘1 U)|{1+[1+ ‘UHSl —t1H|U|2|81 _t1|2€Cg|vHsl—t1|}
1
+ [0t = H[L+ [ol]s" — ¢!l
|v[? 2.1 1
Set oy T loFls” =17,
SV
8V1 6t1 st o
Il 1
= F - - F Xc 7Vc d
ax|(s')  ax(s) (@) /t o) (31) |(Xer(7), Var(7))dr
|[Fjj(a!, v)]| 1 171121l #112,Cev|[s*—t!] 211 41 1 4107 ,Celv||s*—t!]
S vl [1+[ollst =] [o]*[s" — [ + [v)?[st = t'|[1 + [v]|s' — t*|] e
1

Seu olls' =,

iad or Fy(z! T F (X \% d
Avy (sh) T ov.(s) H(»T ,U)*/tl m H( (1), Va(r))dr
1 q1y,,2
5 |S|t||1}| + ‘UHSl —t1| 5 1+ ‘UHSl —t1|,
1

M tdyar P Ry / 0 (Xa(r), Va(r)d

= 292+ - AT cI\T), VeI\T)AT
’ ov H( ) H 1 8V”(Sl) I

v]s' — '] 1,1 11 1,1

§1d2’2+7|v | +]st —t Hv|[1+ [v||s* —t |] Ser Idoo + |vl|s™ —t7].

1
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Secondly, we claim

9(s", Xa(s1), Va(sh)) _ 9(s', Xa(sh), Vi(sh)) 9(s", Xea(s'), Vea(s1))

o(t, z,v) A(s', Xei(s'), Var(s1)) a(t,z,v)
1 013 01’3 ]
o 0.
%+Os(lvl\tlﬂ ) Oc(|t — st])
O n
05,1 #Xa);n + Og(fol[t = 5]) Oc (|t — ) (A.89)
o)
= gkt *Osvllt =s') | Oglit—+') 7
O¢(Jv]) OBl O ([ol|t — )
0 O¢(Jv]) M—!—Oﬂ It — s])
3,1 eV n'(alﬁxazTﬁ) e(|U S
o
I O¢([v]) A Oe(Jullt — 5)) |

where the entries are evaluated at (X;(s'), Vi(s')). Note that |||t} — s'| <¢ 1
Clearly

05" [0(5", Xa(s"). Va5 L o
OXa(s1)/0(s!, Xa(s)), Va(s)) | = | | DX () Va(sD)
OV (st)/0(st, Xa(st), Va(st)) 6.1 [ 3(Xa1(s), Var(sh)
Now we consider the right lower 6 by 6 submatrix. Recall, from (A.65)

I(Xa(s'), Val(s)) _ 0P(Xei(s'), Va(s)) o [ A 033 } 4x [ 0353 | 033 }
I(Xa(s), Val(sh)  d(Xa(s'), Val(s)) B| A LD a5 ]

Note that, from (A.63) and (A.55),
det(A) =det| [-n(x)] I« ,n(x|) Ox n(x|) ] = [—n(x)] - (O, , (%)) X By, ,0(x)))) # 0,

1
T | B O B x L), (om0 |

AT =

From basic linear algebra

O(Xa(sh), Va(s) \ A 035 ] 2 2
det (8(XC1(81)7VC1(81))> = det { BixD] 53 ] = {det(4)}* = {[-n] - (9un x %2n)}",

and (%) is invertible. By the basic linear algebra

O(Xa(s'), Va(sh)) _ { O(Xa(s"), Va(s))) } o
O(Xa(sh), Va(sh)) — [0(Xalsh), Va(sh))

| 0s.3 ] _ { A7 (xy) 03 }’

I

>

+

"

}_

S
:j;o«

|

(A.90)

and we obtain

013 013
(01 xdam)™
(=n]-(017x021)
(92mx[=n]) 0= -
1 1 1 [=n]-(01nxd2n) 3,3
d(s', Xea(s'),Val(s')) ([=n]xdm)”

[=n]-(911x2m)

T
Oc(1)(|v]) | uxoen

(82nx[—n])”
OcW)(lv) | Feimedm

—n| X0 T
Oc()(o) | i |

(st Xa(st), Va(st))

o O oo O O+

From X (s1;t,z,v) =2 — (t —s1)v =2 — A x v and Vg (s1;¢, z,v) = v,

1 013 01,3
= 0371 Id373 7(75 — Sl)Id373
031 033 Ids 3

O(s1, Xe1(51), Ver(s1))
a(t,z,v)
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Finally we multiply above two matrices and use |x, (s!)| < |v|[t! — s!| to conclude the second claim
(A.89).

. 041 P AN AR | ¢ 0 Gt Gl
Step 4. Estimate of O(t ,O,x”Hl,vlul,vlml)/é)(t ,O,XHL],VLZ,VHZ)

Recall rf from (A.73). We show that there exists M = M, > 1, which is only depending on (2, such
that for all € N and 0 < t/*! < ! <t and v € R?,

8(tf+l 0 XZ-‘rl 41 l+1 )
) )

Jf-;-l o lle+1’ " Lot lesr
T 4 4 4 4
O(t", 0, xj,, v,. Vi)
i M l+1 M e+1 M M l+1 M 41 T
L0 qr i o[ Ik [k
00 0 0 0 0 0
00 1+ Mrftt Myttt IM ‘Mr“'1 IMI'“'1
<]10]0 Mrtt! 1+ Mrtt! 7ol ﬁr“‘l ﬁre“‘l (A.91)
00 Mp|x™hH2 M|e™H)2 [ 1+Me™T ME™H2 M(t1)?
00 MlvrtHt M|v|rt+! M 1+ Mr*t Myttt
L 00  Mlv[rtt! M|v|rt+! M Mrtt 14+ Myttt
= J(xh

Definition of J(r¢+1)

We also denote the Jacobian matrix within a single p’— spherical coordinate :

41 41 041 01
ottt ,O,xuj ,VJ:Z ,VHZ_ )

¢ 0 ol ol
ot ’07XH[’VLNVH£)

7e+1 .
T =

Note this bound (A.91) holds for both Type I and Type IT in (A.74). We split the proof for each
Type :

Proof of (A.91) when v’ < \/§ and r**' < \/§ : Note that p’—spherical coordinate is well-defined of all
7 € [t“1 t*]. Due to the chart changing

o+1 AN S R RS 41 41 041 41
O™ 0. %),V i Vil { L[ 0 }‘9“ 0.y, VI Yy, )
¢ [ ‘ -1 ‘ 0 S0 ol
ot ’O’XHZ’Vlz’VHz) 05,1 V‘I)PZ Vopin at ’O’XHe’vlz’sz)

__ 7é+1
—J

Note that

|pé _ pé+1| < |Z€ _ Z€+1| + |u£ _ u€+1|
5 |ZZ —.232' + |Z‘£ _x£+1| + |Z£+1 _xf+1|
IR G CH)LIED [+ uc o — () ()
o = @m0 o = T )]
VL [V A+ foll2t = 2] + Jol|a*F — 25
i [o? ~ (o7 n(20))n(z0)

Serh.

where we have used r! < CV/§ (therefore|v’ — (v¢ - n(29))n(z%)| = (1 — v/3)|v|) and (A.75) and (A.46).
In order to show (A.91) it suffices to show that J; ™" is bounded as (A.91) :

Jyt < g, (A.92)
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This is due to the following matrix multiplication

[ 1| 016 ] Fe41
06,1 | VO, VPpess | 7
[ 1 01,3 013
1 0 0
0371 0 1+ Crttl Crftt 0373
< 0 Crftl 14 Crtt! J(xtth)
0 0 0 1 0 0
031 |0 Crflp|  Cr*lfp] |0 1+Crt Crftt
i 0 Crlpl  Crffll |0 Crfft 14Ottt
< J(Crh),

where we used (A.60).

Now we prove the claim (A.92). We fix the p’—spherical coordinate and drop the index ¢ for the
chart.
If v{ = 0 then t*+1 = ¢!, Otherwise if v{ # 0 then t**! is determined through

te-‘rl

tl
0=v{ / / Fy (Xo(r;t%, 2t 0%, V(3 £, 2% 0f))drds. (A.93)
tt+1 Js

Since the ODE for [X,(7;t, z,v), Vi(7;t, 2, v)] is autonomous,

0= tlJrl /

—derivative to have

tf tl’.+1

/ Fy (Xo(7;0,2%,0%), (750, 2%, v*))drds,
tetl—tlts

We take t¢

a(t“l _ te) té—gttt
0= — {v‘i - / FL(Xg(tEJrl —t'+ s O,xz,vé),Vg(tzJr1 —t'+ s O,xe,ve))ds}
0

ot —t ¢, g A ¢ 0.0

= T{VL — /tz+1 Fi (Xe(s;t7, 2%, v%), V(s t°, 2% v ))ds}
ot —th)

- A v,

where we used the definition

t(
AR N ot
v =— lim VJ_(S)——VJ_—&—/
t

sttt 041

F (Xa(r;t,z,v), Va(r; t, z,v))dr. (A.94)

Therefore we conclude

(i)té-‘rl
ott
Then combining with
1yt
ﬁ“ = xﬁ + vH(s;O,xe,vE)ds,
pHT gt
vitt = vi4 F(s;0,2% v%)ds,
0

we conclude

l+1 £+1
x| v, ovit

T T AL
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Now we use [t¢ — 7+ <, mm{l |2 ,1} from (A.47), and (A.83) and (A.85) to have

o1

atf+1
8Xﬁ = e+1 //Z g 8x” F (X(7), Vi(r))drds
|t 2 1‘2 |U€|2|t£ _tf+1|2
< TWIQH + O =t S
Vi~ Vi
1 £+1
Sg’t |t£ _ t[+1| < |V ‘7
F ol ol
atf+1 1 £+1 tett (A95)
— = (t X Vv drd
e = v O [ e PR Vil ras
£+1 {41
ol gesip Bt |th — 1
S+l =t} VI et T et
J_ 1
até-i-l |U€||t€ t2+1|2 |vf+1
S A e
S

We use (A.95) and (A.83) and (A.85) and (A.47) to have

oxiHl VLt P L P
e I
=1Id —F (X A drd F A% drd
o 20t i |, [ i 7). Var)drds + | 7 FiXa(r): Valr)drds
< [ N es1 ez 000 < V4|
NIdQ’Q—F 1+ | Z+1| ‘t —t | |’U | Id + ‘ |
aXer t@-‘rl _ tf (et
I 041
= V., drd
vt { VZL +1 z+1 /tz e 8vl Fy (Xei(7), Ver(7))dr s}v”
t2+1
/ = O B (Xa(r), Va(r))drds
I V
¢ ey |V i H_ 12 vt ]? AR
St —t ||g+1 +t -t ||g+1 + [t = P S Bk
8Xﬁ+1 ﬁ+1 e+t 59
ik VAR / 9P (Xa(r), Va(r)drd
Ve ( )+ T_l it y 8Vﬁ J-( 1(7) 1(7))drds
t2+1

50
+/ a7 F) (Xea(7), Val(r))drds
¢ 124 aV

14
S|t£ té+1|+(1+ | | )‘tﬁ7t€+1|2|v£|[1+|”UZHthtZ+1|]

| €+1|
< — ) 4 (1+ | |€j|1|)tz HL 2]t < |1| v|1+|1|
Now we move to szjl estimates. First we claim the crucial estimate of t¢ — ¢t‘+1 :
(t° =t FL(x v = 2v T 4 O (D)) — PP 0f)R. (A.96)
As (A.93), we use the fact x{ =0 =x"" and the definition v/ = —lim, 41 v, (s) and

vi(s) = FL(Xo(s;th x5 v, V(s th, x5 vH)

_ FJ_(X[(S; t[—i—l7 XZ—&-l, VZ+1)7 Vg(s; té—s—l,xé-«—l VE—H))

) )

to conclude the similar identity of (A.93)

0= *Véj_l t€+1 / / FL(Xg(T;t”l,x”l,VZJFI),Vg(T;tHl,XHl,VHl))des. (A.97)
41 Jpe+1
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For t‘t1 < 7 < t*, we have

FL(XCI(T; t£7 XZ, VE)7 Vcl(T; tlv sz Ve))

= FJ_(XE,VZ) + —FJ_(Xcl(T;té,xz,ve),Vcl(T; t‘g,xé,ve))dT7

and

FJ_(X (T't£+1 X@—i—l €+1) V (T't€+1,xé+1,ve+1))

= F) (x*1, /ti+1 —F (Xa(r;th, x5 v, Ve (1t x4, vh))dr.
Therefore
FL(Xcl(T;tZ,XZ,VE)7VC1(T; te,xz,ve)) = Fl(xﬂl,vl) + 05(1)|t£+1 - tl||v|3.
Plugging this into (A.97) we have
0= VP — ) 4 (1~ ETRRL V) 4 Ol — 1 P,

and this proves our claim (A.96).

Using (A.96), we can find an extra cancellation in terms of order of t* — t**! to get

(fivfjr1 —F (x* v 9
= V —F (X V,
= o Sy ey P Ka ) VOt [ e (a0 V)
(t _ te+1)FJ_( k-l—l’VE) e+t b .
:{ —QVZfl —1—1}( —t )8X F (x5 v")
Rl tf =P |U£|3 ¢
+ Oe(){Jt = ¢ o] W'?HF“X VIl
vy
t@ _ t€+1 21,413 . tf t€+1 212
gg *1+O§(1)| - 1| "U | +1 |te—t“1||v£|2+|t€ft”1|2|vf|3 1+ ‘ g+1||v | }
‘Vf | v

< 140 +12), 613 [t =t Y o e e e
Se It = PR (1 ) Se e = P
1

v

T
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oviH! o+ “o
a‘i‘e =—-1- 3\,5 FJ_(XZ+17VE)+ . aTFJ_(X ( ) VC](T))dT
1 1 1
FL( £+1 VZ) Z+1
R T E A / [ avL Fy (Xa(7), Va(r))drds
vl
tl
0
+ WFJ_(XCI(T)yvCI(T))dT
41 VL
‘tf o t£+1|2|vf|3
Vi
FJ_( £+1 VZ) (té _t2+1)2 ) o
- I o P (Xa(7), Va(m) + Ot — o' |
Vi st OV
0
0 = ) {tim =% FL (X (7). V(7)) + Og ()t~ #741]|o'[?}
s Vi
|t€ _ tl-‘rl‘ |v€|3 |t€ _ t€+1|3 o
=1+ 0y + 0Pl g Fu(Xa (), Va(n)| + # ¢4
1
¢ JASTIY. 01
0 04120002 v |t4 =t o2 Vi
S+t —t ||U|{1+‘e+1|+ |e+1| }~5t1+ e[
vt xit1 oy
e £+1 /tul/g av F\ (Xa(7), Va(r))drds — " WFJ_(XCI(T),VCI(T))dT
(t* —té+1)Fi( v 041y 0 0L
= { +1}( i 2 p (xh v
o 7 ’
[P (x| — e
+ Ol = £ 1202 T +1}
0 01,002 0+1)2
0 04142y, 0)2 A G v
Se [ttt {1+|Vi—+1|} Set Wi
By (A.83) and (A.47),
AR (AR DI
i / [ ax FL(Xa(r), Ve(r))drds

PRIy O e |
+/ﬁ gﬁF,Kxcl(r),vcl(r))dTg ¢ — £ o {HW}

Se [tE =t Se VI

8V5+1 _(te —tZ'H)F( {+1 Ve) F K—H (o1
NS [0 [ e Ra(n) Vet
1oL P
[ T R Xal), Vat)ar
t Vi
Z| | €+1| ‘V€+1|

v . e V1
Se (1+|vf+1|)mm{'“ : T PRt T
1

3Vﬁ+1 Fj(x 1y e+t tett
=1Idss + / F\ (Xe(7), Va(r))drds + / —F(Xa(7), Val(r))dr
3Vﬁ Z+1 ¢ ¢ GVH tt 3Vﬁ H
V2 |tf — T vitt
§sId2,2+tZ—t£+1||Ue|{1+|||z+1|} Se.t d22+|| g
vy

These estimates prove the claim (A.92).

Proof of (A.91) for either r* > /5 or r'*' > /5 : Without loss of generality we assume r’ > C/§ in
(A.74). Recall that we chose a p’—spherical coordinate as p’ = (2¢,w’) with |2¢ — z¢| < V/§ and any
w € §? with n(z2f) - w’ = 0.
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Fix £. Let us choose fixed numbers A;, Ay > 0 such that |[v|A; < 1 and |v|[t/H — (= A1 —As)| < 1
so that
st=tr— Ay, sTTl=s— Ay =tr — Ay — A,

satisfying |v|[t‘+! — s o]t — (#* — Ay — Ag)| < 1 and |v||tf — sf| = |v]||]A;] < 1 so that the
spherical coordinates are well-defined for s € [t+!, s*1] and s € [s%,t/].
Notice that

1) =

Ot O(s" T+ Ay + A — tp(ah, ")) ) sttt O(s* — Ay) ) 8755 CIGEY\SV )
s+t Osttl 7 9st Ost S ott ott o

By the chain rule,

B(t”l 0, x€+1 VZ+1 2+1)
llet1? " Lot " lletr

L
a(t 707XH£)VLW He)

‘ Vi 1
- a(thrl 0, x\lztrll VJL’VHZ;) 3( 41 . X Hl(slﬂrl) Z+1( z+1))

SO x (8T X, (857 v (851, vy, (55F1) 0 O(sTHE, Xa(sP41), Va(sP41))
a(5€+17Xc1<5€+1>7‘/:':1(5“_1)) a(sévXcl(Se);Vcl(Sz)) (Q)(Sé XJ—[/( ) XH[(SE) VJ—/( ) VH((Sé))
6(327XC1(5Z)7‘/C1(55>) 3(5Z7Xp£(5£)’vpg(sl)) a(t 0, X ,Vﬂ_e,Vﬁ ) .

lle Ile

We can express that tF1 = ¢ —ty, (2%, v%) = TP+ Ay + Ay — tp(2f, v"). Let us regard 1 as ¢! and
st as s' and Ay + Ay as A in (A.86). Then we use (A.87) and (A.47) to have

1 | 0561y | Ose(W
o, 0 XﬁH Vit ﬁH) < 0 01,3 01,3 1
(s x (s81),x)(s4L), v (stL), v (s+1)) = | O2. Os.¢(1) Oa,g(l)—l

) |v

03’1 0575(1)|U| 05’5(1)

From (A.90)

A5+, X e (1), Ve (s1)) 1 01,3 013

Se | 031 | Oc(1) | Os ,
A(stt1) X (stH1), Vo (st11)) ¢ 021 05(51)|v| O;(i)

and from st! = s* — Ay, Xa(s1) = X (%) — (5771 — s Va(sY), Va(s'h) = Va(sh),

1 0 0
9 sé+1vXc 56+1 ,VC 8£+1 1,3 1,3
( 1( ) 1( )) 55 03,1 Id373 |31 _ 52|Id373 7
00", Xaa (5. Va(s")
y “xcl » Vel 03’1 0373 Id373
and from (A.65)
A(s', Xa(s"), Va(s")) 1 015 03

Se
(5%, Xpe(st), Vpe(sh)) ~

031 Og(l) 033
031 lv]  O¢(1)

Recall (A.82) to have

1 0 o0 0
As’ x, (), ), (). v, (1), vy, (51)) 12 s
a(t[ OH;E v[ 4Vf ) lle 55 05(1)|’U| 0 05(1) (1)|t€ — 81|

DXV V), 05(1)|v|2 0 Og(l)|'[}| 05(1)

By direct matrix multiplication

1 0 1 1

+1 1 0+l 1 o] | [v]
o™, 0, X|\1+1’Vi2+1’v\|e+1) <ie 0 0 (U 011,3
a(tZ’O’XHe’vél/z’ ||e) o 02,1 | 021 ! To]
03’1 0311 |’U‘ ].
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Note that for Type IT we have r+t' > /3 so that from (A.91)

1 0 % B %min{l,\/g} it e e
041 + + +
J(re—H) > 0 0 012 013 > 8(t ’O’X\ltzﬂ’ Ley1? \|z+1)
- 02’1 02’1 M\/g %mln{]"\/g} AL a(tevovxﬁwvﬁ_wvﬁz)
031 | 031 M|v|min{s,v/0} | M min{6, 5}

This proves our claim (A.91) for Type I1.

Step 5. Eigenvalues and diagonalization of of (A.91)

By a basic linear algebra (row and column operations), the characteristic polynomial of (A.91) equals,
with r = rf*1,

1-X 0 %r %r % %r %r
0 —A 0 0 0 0
0 0 1+Mr—2X\ Mr % I%Ir %r
det 0 0 Mr 1+ Mr— )\ % %r ‘%r
0 0 M|v|r? M|v|r? 1+ Mr—\ Mr? Mr?
0 0 Mv|r M|v|r M 14+ Mr— X\ Mr
0 0 Mv|r Mv|r M Mr 1+ Mr— X

= - AA=1)°\— (1 +5Mr)].
Therefore eigenvalues are

MN=0, M=Xd=X3=\=\s=1,

£4+1
=14 5Mrt =1 psn Ve | (4.97)
Caany
Corresponding eigenvectors are
0 1 0 0 0 0 1
1 0 0 0 0 0 0
0 0 1 1 1 1 |v]
o1, o0, -1 1{, 0 , 0 , 0 , ]
0 0 0 —|vlr 0 0 |v]?r
0 0 0 0 —|v] 0 |v|?
0 0 0 0 0 —|v] |v|?

Write P = P(r%) as a block matrix of above column eigenvectors. Then

001 0 0 0 0 1 ] —(1’3 o o000
1 0 0 0 0 0 0 5[] 5[] BluPr  B[v[Z  5[u[?
00 L+ =4 1 1 1
0 0 1 1 1 1 ] 5 B 5|vir \1u| 5|1v\
P=]00 -1 0 0 0 |1)2| ,P7t=100 5 s 5|‘,1,,r S S
0 0 0 *|’U|r 0 0 |U| 21' 0 0 5 5 5vlr m m
0 0 O 0 —lvl 0 |v] 0 0 % % 5|11)|r ST ﬁ
L0000 0l R 0 0 55 551 spPe PP AP
(A.98)
Therefore
J(r) = P(r)A(r)P~}(r),
and
A(r) = diag [o, 1,1,1,1,1,1 + 5Mr],
where the notation diagfay, - , an,] is a m X m—matrix with a;; = a; and a;; = 0 for all ¢ # j.

Step 6. The i—th intermediate group
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We claim that, for i =1,2,---, [V*TZHN]’

i+1 €1+1
Jém P X X Jy!

4 l; ) .
a(t€z+1 0 XH1+1 ijrl ”1+1 a(tf i1 0 XZ i1 ﬁf+1 ,V&‘Fl )
_ ¢ Lig1 TR lle; +1 2417 e +1 (A.99)
fig1—1 lig1—1 51+1 1 lig1—1 i X vzi Vfi :
a(t ’ 0, XHﬁ VL2i+1*17vH£i+l—1) 8(t 0, ”4:, Leg? H‘i)

C

< P(m)(A(ri))TfP*l(ri).

By the definition of the group, L¢ < |v||tf —tY+1| < Oy < +o0 for all i. By the Velocity lemma(Lemma
A1),

Liii1—1 £;i+1 l;
1 oS50l < plit = lv ¢+1|’r liv1—1 = A |,... plitl = vy |,r‘3i = vy <Cle%clre,v,)
G - |v] |v] |v] v~
and define
—Cle2clr
Then we have .
C )Qe_cclri <1l < forall £ <j<{. (A.100)
1

From (A.91), we have a uniform bound for all ¢;,1 < j < ¥;
i+1 _ -1
JIT S J(ri) = P(ri)A(r) P~ ().

Therefore
Tt T <P [A ()] P ().

Now we ouly left to prove |[¢;11 — 4| <q rT, : For any £; 11 < j < {;, we have £(z7) = 0 = £(27H)) =
E(x? — (7 — 7T 1)07). We expand &(z7 — (# — t7F1)07) in time to have

i+l
d
€t =€)+ [ TeXal)ds
ti
t'7+1
— (@) + (o - VE(T)) (B — / / = Qg wi(7))drds,
ti
and
) ) . ) (tj — tj+1)2 ) ) ) )
0= (v VE@N))ET —t)) + ——— (0] - VZ¢(Xa(r:)) -v7), for some 7, € [t/ #7].
Therefore
J. J . . J .2 Y
v VE(‘T ) — (t] 7tg+1)|,u|v v f(XCI(T*)) v .
vl 2Jvf?
From the convexity (A.3), there exists Cy > 1
1, . , J i Y S
L ) < o) = V2L P VEE@DE i iy (A.101)
Ca [v] |v]

Therefore we have a lower bound of [v|[t/ — 7+ - [v[[t] /1] > &-|rf| > (61)1202 e~CCir;, where we have

used (A.100). Finally, using the definition of one group(1 < |v||ts — t’~+1| < C}), we have the following
upper bound of the number of bounces in this one group(i—th intermediate group)

lo||tt — thit1] o) 1

<, —
; j j = 1 _ ~E T
ming, <j<ep, [0 = T mmmr e O T

[0; — lite| <

and this complete our claim (A.99).

Step 7. Whole intermediate groups
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Recall P and P~! from (A.98). We claim that, there exists C3 > 0 such that

|t—s||v]
[Lezliely

271

[T 7oy xx it < (Cs)lt_s”vlp(r[\t%gw]w_l(rl)- (A.102)
=1

From the one group estimate (A.99),

[\t*LSEHN]
Liv1 £i+1
[T 705 xxJp
=1

Ce

r[ \t—sH’u\]

5 P(r[H*SHDI])(A(r[\t*SHv\])) be ,P_l(r[M]) X P(P[M]_l)
T Te 17 Te

3 3

C¢
Flezsllel
X (A(I‘[\t—;!\u\]il)) (r[\f—;&\\vl],l)x

Cg C

X xPra)(Ari) 7 P (ri) x Pr)(A@) ™ P (r) x Plrio)
—_——

Ce¢

X (A(rim1)) 7=t P (rim1)x
N— ————

X xPlea)(A(r2)) % P r2) x Plr)(A(ry) 5 P (r),
——— [ ——

Now we focus on the underbraced matrix multiplication. Directly

1 0 0 0 0 0 0
71+rz‘ri1 7%?1
0 10 3ol 0 0 5
,rvri 1+rv1‘1‘,
001 —*= 0 0 [v—5=
-1 1+4r.r1'1 71""”1
P (I'Z'+1)'P(I'i) = 0 0 O % 0 0 4|U| 5l+
_ "L 1+r."i
000 —* 1 0 v[—F*
—t 141
000 —= 0 1 |o]—pt
17:‘1‘7 4+rl¥3
0 0 O L0 0 o
L 5[v]
Due to the choice of r; = C1e21r% in (A.100) we have ‘r,‘:’il = r{%

< C¢, where we have used the Ve-

. _c ) _C ¢t ¢t ) ) Cieli 4% )
locity lemma and (A.46) and (A.47) : ée C1plit < C—lle Zl =l < pli < Crez Tt It <

CrezCrplint,

Therefore for sufficiently large C¢ > 0, for all ¢

(100 0 00 0 ]
0105 00 Ce
0 0 1 Cg 0 0 C§|U|
,P_l(I'i_;,_l)'P(I'i) < Q= 0 0 O C§ 0 0 C§|U|
000 Ce 1 0 Celol
0 0 O Cg 0 1 Cg|’l)|
000 5 00 C

(A.103)

where we use a notation : For a matrix A, the entries of a matrix A is an absolute value of the entries of

A ie (A)i; = |(A)il
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Again we diagonalize Q as

Q=FAF!
r:t o o 0 0o o 0
o 1o oo o g R I
o 0 1 0 o 0 sgg‘jll vy 0 o 0t 2;5051 o 0 ;55101‘
= 0 0 0 0 0 —|v| |§;\ 1 o o o ~C¢ T
2C¢ || 1 20 -1 2C -1 5
o 0 0 1 0 0 20, =1 0 0 o o o *CE 0 1 *05‘7“\
2C¢ v 20 2C¢-1 20,1
o 0 0 0o 1 o0 ch_l o 0o o STt 0o o L
00 0 0 o0 1 i o o o 2‘11)‘ 0o o 3 ]
and directly
[\t sl \] [\f s|lv I]
Q e FA e ‘Fl
le— enm
= F diag[1,1,1,1,1,0,(2Cc)" ¢ 1] 7
[1 0 0 0 0 0 0 |
o [Le=slloly (L= SHU\]
010 ﬁ—w;_l(@cg)‘ T‘ -1 0 0 20& 1((2(1) o -1)
c [t—s vl f—s ]
00 1 555(@2C) * =1) 00 \vlm(@cg) e -1) (A.104)
[Ii*LS\Iv\] It ;H vl
=0 o0 o0 2G%) < 0 0 |v|7(205) :
c [\t*SHU\] [\ ]
0 0O zcsil((QC%) Le "—1) 1 0 \1}|20 = ((2C¢) -1
c (=) (=
0 00 205_1((205) te 1) 0 1 ‘U|QC _1((205) 5 _1)
[\t—LSHvI] (Lt Lenv\]
0 0 0 ‘71|(2C£)2 ¢ 0 0 (2C£)2 ¢

Notice that from (A.97)

Ce¢

C
[A(ri)} "< (145Mr) T Tdrr < Cf Idyy.

Now we use (A.99) and take the absolute value of the entries and then use (A.103) and (A.104), for
t:=1t—s,

7|
L

1+1 £;+1
H i1 X X J&_

C¢ C¢
— (e, vl
< P(r [T|])( +5Mr[L ]) Lg Q(1—|—5Mr[t‘v‘]_1) T g%
5 Y e
-x Q(1 +5Mri+1)”+1 Q(1+5Mr,) ™ Q1+ 5Mr,_1)* T Q x -+
- X Q(l +5Mr2) = Q(l +5Mry) = P/*T(E)
— f\U -
7(05) o L Plr o )Q[ P-1(ry)
E
il o t\v
< (€T X Pl JFATF P ().

&
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Now we use the explicit form of (A.104) to bound

(cg)ﬂv\ (cg)ﬂ"\ (C£>£|m . (cg)ﬂv\ (Cs)i,m b
. fol fol Tl Tl T e
0 1 0 0 0 0 0
o o (ceyflvl (ce)ilv! (cg‘zz:“: L <c£‘1)y:v: (Cﬁz)t\::
~ . tlv t|v tlv
CCEM 0 0 (ce)tlvl (ce)tlvl (CE\T)J\| =1 ‘ (CE‘L (Cﬁi\
] ] e . ]
) \v\(C&)t‘v“r[m]‘ \v\(CE)t‘U“r[M ( (o)t |rLf\ (cg)flv\‘r[%]‘ (cng\‘r[%J
g
0o o lvl(cg)tlvl lvl(cg)tlvl (ce)tlvl oLy (ce)ttvl (ce)tlvl
KR ol i)t (Cs)fm% (il ol | (A.105)
- 1 1 1
L0 | evin | we
0 1 0172 O 01,2
< oClt=sllvl | 021 021 | Og(1) | 1i| o7 7
~ T
0 0 | vl o) | 5
[0]
[ 021 021 | ol | [y | Oe) |
where we have used (A.101) and the Velocity lemma (Lemma A.1) and (A.46), (A.47) and
. [lt SH \]
Tpjt—s|lv| [Lpllel) ‘v ’
—016201 i < eC\t s|lv ||VJ_| and [ Le ] _ r ¢ — - < Cle%\v||t—s|.
o] ry r! Vi~
Step 8. Intermediate summary for the matriz method and the final estimate for Type I1
Recall from (A.80) and (A.82), (A.105), (A.87),
8(Se* ) XK* (35* )7 VZ* (58*)) — 8(5Z* y X1, (Se* )7 XHL;* (Sz*)7 Vi, (Se* )7 VHZ* (SZ* ))
I(s', Xy(s'), Vi(sh)) A(st,x1, (s1), x), (1), v, (1), v, (s1))
o 8(35*,xl2*( Z*) X\lg*( E*)vvlz* (sg*),V”“ (Se*))
= . L
At 0,%]; VY, Vi)
[L=pellel) 2; Lit1 Lit1 Lita ;41 i+l 041 ;i+1
y 13 a(t +1 O XH . VJJ i1 V”ZiJrl) o a(t 0 X”l b1 Vg1 H[iJrl)
2; 1 Lip1—1 £7,+1 1 Liy1—1 £; £ L
1=1 6(t A O XHZ J"5¢+1 1’ V||@1:+1*1) a(t 7O’X”fz‘7VL‘~771’V”‘%)
1 1 vl
% 8(t 7O7X”17VJ_17 ”1)
8(817Xll(sl)’XH1(31)’VLl(Sl)vvlh(Sl))
< (A.82) x (A.105) x (A.87).
Then directly we bound
< (A.82) x ¢Clt=slll
r 1 Jv] 1_ 1 1 |v] 1_ 41 112 1 s'—t'] 7
V| potprp tl=sl mtprptls' = g 18— pet
0 0 012 0 (U
|v]? |v] 1_ 41 |v]? 1 1_ 41 1
X 02,1 |vi‘2 + |Vi2‘ + |'UHS —t | ]. + |Vi|22 |Vi| + |S —t ‘ ‘Tll ,
vyl
0 B+ o v+ "31 | O¢(1) =
| 001 | B+ L+ ol — 2 ol + pts m A lls =t Oe(1)
(A.106)

where we have used the Velocity lemma (Lemma A.1) and (A.101), (A.46), (A.47) and

. v _ vt
ol}t '] < min{Jo](t (2,) + e, ). (- $)fol} o minfH (- o))y 5o COMI0 mm{'hf", 1.

Again we use the Velocity lemma (Lemma A.1) and (A.101) (A.46), (A.47) and

\thé* — se*\ < min{|v\|tZ — b +1| [t — s|v|} <a mm{

| ‘ CC\t s|lv |m1n{|L| 1}
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and |v (s%)

<q CCPIE=3)|v1 | to have, from (A.106)

o 013 0 012
Vil Ry | o
a(sz*axf* (SZ*),Vg* (SZ*)) < OC’\t—sHv| |U| |\‘,U£‘2 |Vli| ﬁ (A 107)
a(slaxl(sl)vvl(sl)) ~ '
v 3 v
o | miE | R O
- = Tx7
We consider the following case :
There exists £ € [(,(s;t,2,v),0] such that r’ > V/3. (A.108)

Therefore £ is Type II in (A.74). Equivalently 7 € [t/T1 /] for some £, < ¢ <0 and |£(Xa(T;t,2,v))| >
C). By the Velocity lemma (Lemma A.1), for all 1 <i < ¢,(s;t,z,v),

Ir'| = |‘|/1|| > e—Cglthi—t"'l‘rq > e—Celvl(t=9) /5.
v

Especially, for all 1 <i < ¢,(s;t,x,v),

1 Celol(t—s)
r| 2 e~ Celle=a 5, L |?i| < ©
el v Ve
Note that £,(s;t,z,v) < max; “’I‘jil_‘(" <s CClvlit=sl,
Therefore in the case of (A.108), from (A.107),
[0 0 01,2 0 01,2 i
M= 2 T 1
‘ ¢ ¢ vl B B H
O(s™, Xy, (s7), Vi, (s™)) _ CC(t=9)lv] vl | 3 5 | s T
(s, Xq(s), Va(sh)) ™
of |ols k| L1
0 1013|043
Sl [ 1] g
Wl [ Jof | 1
Using (A.81) and (A.89) we conclude
(s, Xa(s;t,z,v), Val(s; t, z,v))
ot,z,v)

0 013|013 o(st 1 1 1 1
<se COMI=2) 9(s, Xa(s), Var(s)) T T L (s, x1,(s7), %), (57), v, (s7), v, (s7))
- 05 X0, (6P Ve ) | et o(t.,0)

0 03 013 0 013 03 1 013 0p3
Sse COPIE= ] 1 [s8 — g bl 1 05, 1 |t—s'
031 |v] 1 [v]2 o] 1 051 |v] 1
[ 0 013 011}3
Spe COMO | ol 1
> ol 1

(A.109)

Now we only need to consider the remainder case of (A.108), i.e.

For all £ € [(,(s;t,x,v),0], we have r;, < V0. (A.110)
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Note that in this case the moving frame(p‘—spherical coordinate) is well-defined for all 7 € [s,¢]. In next
two step we use the ODE method to refine the submatrix of (A.107) :

axy, (st*) oxy, (s**) oxy, (st*)  ox, (s*)
0, 0. lle, lle, Ile, lle,
o(xy,, (s7), vy, (5™)) _ | OGO G0 VLD v 6D
A(x1, (s1),x), (1), v, (s1), vy, (s1)) Oy, (s°) vy, (s7%)  Bvy,, (s°) Dy, (s°)
Ox 1, (st) ax, (s1) v, (st) vy, (s1) 4%6
Step 9. ODE method within the time scale |t — s||v| ~ L
Recall the end points (time) of intermediate groups from (A.78) :
¢ Cilemaliony #1 E e e Cilemalioly_, F1 G a1 ¢ L41 _ gt 1
s<th<t e <t <t T <ot <t e it e gl
—_——— —_———— N——
[\t—Ls|\u\]+1 [\f,—LsHu\] i 2 1
€ ¢

where the underbraced numbering indicates the index of the intermediate group. We further choose
points independently on (¢, z,v) for all i = 1,2, -+ | [“%2””'] :

thtl « g2 < th

thetl < §% < th2,

thitl < gitl gl oL < it gl < lion

i—intermediate group

[ (lt=ellvly

Cle=silol F1 £jesiio F1 £ pe=s|o]
e <s e <t e

We claim the following estimate at s*! via s° :

axue (S 8XHZ( 1)
| axL 1) | | 6XH (S) |
aVHe (S asz( +1
| axL (51) | | aXH (Sl) |

x||g

X, ( 1

<s 1 \71| |6n (sl)| |3XH (Sl)| + eClellt=s"] Lo X 0

~S e 1 ovi, () ovi, (s CI |”|(1+ A ) |U|(1+ o] ) »
|8XJ_ (51)| | dle(sl) |

axue (S axuz ( i+l

| QVL 1) | | aVH (31) |

aVH[ (S SVH[ (Sl+1)

| de (sT) | | 6vul(sl) |

Bx”[ (S aXHZ
1 ) 1

<6 1 m |8VL1(51)| | 3"\\1(5 ) | + ecl'UHt_Sz‘ 1 m 0 0
~3,€ |U| 1 avug (S BVH[ |'U| 1 1 1

|8VJ_ (91)| |8vH (91)|
(A.111)

Within the i—th intermediate group, we fix p’ —spherical coordinate in Step 9. For the sake of
simplicity we drop the index /;.
Denote, from (A.59),
ﬂ|(XLa XHyVL, V”) = D(XL, XH7VH) + E’(XL7 XH’VH)VL’ (A112)

where D is a r3-vector-valued function and E is a 3 x 3 matrix-valued function :

D(x1,x V)_ZG”(X x|) (—1)i*t
L XL Vi) = e EASRE | —n(x)) - (Oin(x)) x dan(xy))

X {VH . V277(X||) SV = X1V VQII(XH) ~VH} ~(—n(x)) x Oiyn(x)))),
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and

_1 i+1
E XJ—’XH’VH ZGU XJ_,XH (XH) - (8(177(3(0 " aQU(XH))QVJ_VH VH(XH) . (—H(X”) X 81‘—&-177()(“))-

Here G;(-,-) is a smooth bounded function defined in (A.69) and we used the notational convention
1 =1 mod 2.
From Lemma A.10 we take the time integration of (A.57) along the characteristics to have

Si

xH(siH) = XH(Si) — / v (7)dr,

vy (57%1) = vy (&' / {EGeL (), %) (7). vy (). () + Dl (7). % (r), vy (7))} dr.

Note that v (7) is not continuous with respect to the time 7. Using (A.57) we rewrite this time integration
as

g L 1+1

[ B () vy (v (s = / -3 / /

then we use v (1) = %, (7) and the integration by parts to have

st Li—1+1 40
[, B@x@mxdr s Y[ B0 )k
gt =0, 17t

+ /1:+1 E(XL(T),XH(T),VH(T))XL(T)dT

i

= E(SZ)XL(SZ) — E(tzi*1+1)xl(tzifl+1) — /ts [VL(T),VH(T),F'H(T)] ~VE(T)XL(T)dT

\—Z,O—/ £; 141

£i_1+1 o
ZX Hxu () - vi(T), V(T )| - 7)x ) (7)dr
Z;{Et l0> ) [, L) B )] VEE)x (e}

+ E(té'i) XJ_(tgi) —B(s"™xy (s — / [VJ_(T), v (1), _FH(T)} -VE(T)x,(7)dr

sitl
Si+1

= B(x1,x, v (s")xL(s") — B(s" )x L (s") */ [V (r),vy(r), By (1)] - VE(r)x L (7)dr,

where we have used the fact X¢(t°) € 9 (therefore x, (/) = 0) and the notations
E(r) = E(x.(7),x(7),v|(7)), D(r) = D(xL(7),x(7), (7)), F}(T) = F}(xL(7),%(7), v.L(7),v)(T)).

Overall we have

Si'

x) (s = x (") —/ v (r)dr,

v (st = vH(sl:) — B(s))xy (s") + B(s"™)x (s7Th) | (A.113)
+ ;1 [VL(T), v (1), FH(T)] -VE(r)x, (1)d7 — ;1 D(7)dr.
Denote
0 0 0 0

0= s (1) Oy 610 v (62 Oy 0] = g 1y 3, 5T v (o) vy (1)
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We claim that, in a sense of distribution on (s*,x1(s'),x)(s'),v.(s"),v(s')) € [0,00) x (0,C¢) x
(0,27] x (8,7 — &) x R x R,
[0 (s 8! X(Sl) v(sh), 0x) (s st x(s1), v(sh)), Ovy (s st x(sh), v(s1))]

= Z ]_[tz+1 tf [axla aXH ) aVH] (A114)

6[Vl($l+1;5 ,x(sh), v(s))xy (s st x(sh) Zl[tl/-f—l ) (s {GVLXL +VL(9XL}

i.e. the distributional derivatives of [x,x,v|] and v, x, equal the piecewise derivatives. Let us take
(', x L, x),vL,v)) € C([0,00) x (0,C¢) x S? x R x R?). Therefore ¢ = 0 when x; < 4. For x; > 6
we use the proof of Lemma A.10 : For z = n(x)) 4+ x1 [-n(x)],

x| Se &(x) =&M(x)) +xo[—n(x))]) Se xul,

and therefore £(z) 2¢ & and a(z,v) Z¢ [&(x )||v|2 >5 |v|?8. Since we are considering the case t — s >
th(z,v), from |v[ty(x,v) 2 x1 > & we have |v| 2¢ t— and finally we obtain the lower bound a(z,v) 2¢

% > 0. By the Velocity lemma, for (z,v) € supp(¢)

—Clo|[tt—t —C|v|(t—s)

.
Oé(x v ) Zee ‘og(a;,v) Zee It — 52 zﬁ,lt*8|76,¢ 1>0,

where we used the fact that ¢ vanishes away from a compact subset supp(¢). Therefore t(t,z,v) =
té(t,XJ_,XH,VJ_,VH) is smooth with respect to x,,x), vy, v| locally on supp(¢) and therefore M =
{(7',x,v) € supp(¢) : 7' = t¥(t,x,v)} is a smooth manifold.

It suffices to consider the case 7/ ~ t‘(t,z,v). Denote 0o = [Ox, 5 Ox 15 Ox 2 Ov, s Oy 1, Oy ,] and
nap = e to have

/ [Oex 1 (T':t,%,V), Oex (T'5 1, %, V), 0ev) (T'; £, %, V)| (7', %, v)dxdvdr’
{(v",x,v)€supp(¢)}

T/ <tt T/ >t

:/ ( lim [x 1 (7), % ("), v (v")] = lim [x 1 (), %) (77), v (T’)])d)(T’, x,v){e - ny dxdv
M

T'th T/\Ltz
—/{ e )}[XJ_(T’),x”(7"),VH(T’)]ae(b(T’,x,V)dT’dvdx

- _ /{ " )}[XJ_(T/),X“ (7"), v (T")]0ep(r", %, v)d7r' dvdx,
T/ #£tE (t,x,v

where we used the continuity of [x (7/;¢,x,v), x| (7';t,x,v), v (7';t,%x, V)] in terms of 7" near th(t,x,v).
Note that v, (7/;¢,x, v) is discontinuous around 7/ ~ t‘.(lim. ;e v (7/) = —limq4e v (7')) However
with crucial x, (7')—multiplication we have x| (t)v_ (t/) = 0 and therefore

/ Oelx 1 (T/5t,x, V)V (T';t,%,V)]p(T', x, v)dxdvdT’
{(7",x,v)€supp(¢)}

/ r<tt /'>t4

- / (hm x. (7)vi ()] — lim [xl(T')vl(T’)Dqs(T',x,v){e-nM}dxdv

/Tt/ T’\Lte

- /{ , }[XL(T/)VL(T/)]ae(b(T',X, v)dr'dvdx
T/ £t (t,x,V)

= _/{ e )}[XJ_(T’;t,x,v)vJ_(T’;t,x,v)]@e¢(7’,x, v)dr'dvdx.
T/ X,V
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We apply (A.114) to (A.113)

(r“)XH(Si—"_1 8XH / (9V”

(‘3V\|(si+.1) = 0E(s 7+1)XJ_( 1 E(s 7+1)8Xl(si+1) + avl‘(si) _ 8[E(XJ_7XH,V”)XJ_](S7:+1)

S

+ Ov L (1)0x, E(T)x1(T) + Ov(7) - Vx, E(r)xy (7)dr

gitl

+ / ) {[axL(T)axLEm + 0% (7) - Vi, B(T) + 0v) (1) - vaEm}vm)

i+1

+ E(1)0v i (7) + 0x1(7)0x, D(7) + 0% (7) - Vx, D(T) + 8VH(T)VV||D(T)} -Vy, E(r)x1(T)dr
+ /S {VL(T)[axL(T), (9X”(T), aVH(T)] . V(?XJ_E(T) + VH(T) . [aXL(T),aXH(T),aVH(T)] . VVXHE(T)

i1

+ Fyy(7) - [0x1.(7), 0% (T),0v)(T)] - VVVHE(T)}XL(T)dT
" /sirl {VL(T)axLE(T) TV () VXHE(T) + FH( T): Vv||E }aXL
- / + [0x.1(7), 0% (7), v (7)] - VD(7)d7.

(A.115)

Now we use (A.107) to control [0x , v ]. Notice that we cannot directly use (A.107) since now we fix the
chart for whole i—th intermediate group but the estimate (A.107) is for the moving frame. (For clarity,
we write the index for the chart for this part.) Note the time of bounces within the i—th intermediate
group ([tfi-1 —t4||v| ~ L¢) are

thtl < sl b gttt <t < thi1F2 pliatl o gl gl

Now we apply (A.60) and (A.107) to bound, for 7 € (s'*1,s') and £ € {€;, 0; — 1, -+ ,l;iq1 +2,4; 1+
Lli1}

O(x1,(7), %, (1), v, (7), v, (7))
A(x1,(s"), %), (1), v, (1), vy, (s1))
O, (1), x), (1), v, (1), vy (1) O, (7),x),, (T), v, (7),vy,, (7))
- A(x,, (1), x,, (1), v, (1), vy, (7)) O(x1, (s1), x), (s1), v, (s1), vy, (s1))

r \vl \vl\ \11\ ﬁ |71‘ ﬁ
vl vy | v | v v v
| J\E [v] v| 1 1 1
o o o v Wiz vz i [ol Tol
0 1 1 03 - lv]? lv]? lv]2 1 1 1
< Clt—s|[v| ¢ o 1 1 &3 M2 ORZ O NIE WD T o]
A
~€ Id6,6+05(| ) 00 0 [0 0 0 [v]3 [o]3 [o]3 o] 0,(1)  0e(1)
0 Jvl vl | o 1 1 MPZORIE ORE R ¢ €
0 |v| |v]| 0 1 1 ‘1)‘3 ‘1)‘3 ‘1)‘3 lo] 04 (1) 0e(1)
VI NLE WL Z & ¢
[v]3 [v]3 [v]3 o] 0.(1)  0p(1)
L vl Wiz iR vl ¢ &
[ vl ] |v] 1 1 1
Vi Vi “’i2| [v] [v] [v]
[v] [v] [v] 1 1 1
Ivlel2 I"lf \Vlf vl | [v] [v]
[v] [v] [v] 1 1 1
<, Clt—s|lv| | IVL[Z IVi[Z [vi]2 [vi] [v] [v]
~€ el Bl L o 1) 0g(1) |
MIP VP VIP O VI Y6 ¢
v[® v[® [v[® [CINES) (1) O¢(1)
VIEZ VIPE WL VI Y ¢
v] v[® [v] LIS (1) O(1)
L MIP VI VLIPS VAT ¢ S

(A.116)

bl <1,
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Together with (A.107), we have (for clarity, we write estimates for each derivative 9 = [Ox, , Ox, v, 0y ]) :
x5 S [ o v(lar,
. : 4 ol 2
0 Se e (5 5 s 61451 P [
Vi

i

s 4
+/ {|’U|2|6XLX||(T)‘—|—|’UH(9XLVH(T)|+€C‘U||t_s|[|v‘ ‘XJ_(T)‘ +
si+1

Vi

|v]®
r— }}dT
|VJ_ |

We use (A.46), (A.47) and (A.64) and the condition |{(Xa(7))] < ¢ for all 7 € [s,t] to have,
x 1 (15t,%x,v) Se |€(Xa(T3t,2,v))| for all T € [s, ], and therefore
o [x 1 (T3t %, V)| Se 26(Xa(T;t, ,0) {Val(r;t, z,v) - VE(Xal(r;t,z,v)) - Va(r;t,z,v)}
§§ OZ(T; i, %, V) SE 60|UHt_T‘ |V}_|27
where we used the convexity of £ in (A.3) and the Velocity lemma(Lemma A.1).
Hence we rewrite as, for 0 < § < 1,

8X‘|(Si+l) 8XH(S¢) s' 6VH(7‘/)
< YYINT T /
| BX |N | (Q)XJ_ |+/S7,+1| (r“)Xj_ |dT7
ov(s™) u( Y ovy(s), [ 3Xu( ™) T\ (A1)
=~ Ol S 'T'*/Si (Il ol =g =
4 oleCllle=slq 4 191y
o (+ )
Similarly, from (A.115) and (A.116)
8x‘|(si+1) 8x|‘(si) s* 8v”( )
< /
| 8x” ‘ ¢ I 8XH |+/Si+l | 8X ‘d
vy (st+1) x| (s+1) v (s%)
| = 8ol 2 S | L
X| X|
[0 \ clolie—si / Xu() Ovi(r) N\,
(14 e + Sm{\ ol [+ ol =g
PO o B [ 2 g
aV ~ 6vl gitl 8
Av)(s'+1) H( 1) vy (s, o st ax (") vy ()
e A < [v]|t—s]| 2 /
e~ Ol S || + eIl SM{'”" S|+ el =gy =
ax“(szﬂ) 9x (5% S avy(r)
< /
P S 1T+ [ 1S
Avy(s"™) ax)(s") ov ( ). e X( ) vy (7')
s ) < Jollt—s| (7 :
ey~ Ol g Ses 15, = e +/5m{"' [+ 12 v e

Now we claim a version of Gronwall’s estimate
satisfy, for 0 < 6 < 1

I a(7),b(7), f(1),9(1) > 0 for all 0 < 7 < ¢, and

{—alm ?][ngf&h& |zl)|HﬁZE:§§: *HE;Q]
then
{ o ] Soc [ eI =D (o) + h|<;|'>}d71 { o } ; { ot b ]  ans
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Define a(7) := a(t — 7),b(r) == b(t — 7) and A(7) := [ a(')dr’, B(r) := [ b(7')d7’. Then
Lo 31056 = Lo ST =L ][50 1+ [0
sl adowe w150 |+ 00 ]

dr

_|_

1 } [ 1 0 } _ [ " f|§)||v|2 |11)| } and the notation

Usmg[woﬁ o | [ afol 1
30 )= Y183

we have
(40wt 411801120
dr | B(r) |~ | @+§)* |v B(7) h(r) |’
We diagonalize [ a f‘;’)||v|2 |11)| } as
1 1 (1+5)+\/2m|v| 0
:l <1—5>+\/2m|v| (1—5)—\2@‘@‘ ] { 0 (1+5>_\/2m|v| ]

—(1=8)++/(1+0)2+4 1 1

y 2,/(1+8)2+4 V/(+0)2+4 o]
(1-0)+4/(1+6)%+4 —1 1
24/(1+6)2+4 V(1+8)2+4 V]
—(1=8)++/(1+0)2+4 1 1 _
A(r) | 2,/(1+9)%+4 V(o) +a vl A(T) .
Denote { B(r) ] = (-84 /AT T . N B(T) to rewrite
24/(1+6)2+4 V(1+6)2+4 [Vl
d [ A() g (1+6)+\/2(1+6)2+4|U| 0 Alr
dr | B(1) ~¢ 0 (1+6)—\/m|v‘ B(7)
2
—(1=08)++/(1+0)2+4 1 1 )
N 2/(1+0)2+4 V(1rs)2 14 [Vl 9(r) |
(1—8)++/(1+6)2+4 1 1 h(T)
2¢/(1+6)2+4 V(1+8)2+4 IVl

2
Therefore, writing p+ = w, we have

[ é((:)) } e [ ZZZZZ]Z%ES)) }

7(175)+\/m 1 1
vl

N T eptlvl(r—1") 0 2¢/(1+6)2+4 V(1+6)2+4 Q(T/) dr’
| 0 ep-Iol(r=7") (1-8)+/(1+3)2+4 11| [T ’
2¢/(1+6)2+4 V(1+5)2+4 V]
and then

A(7) 1 0 1 1
= (1—6)+\/(1+6)2+4|’U| (1—6)—,/(1+5)2+4|v|
2 2

B(r) gl 1 ~
3]

[l

5&5/ (sl (571 4
0
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Together with the first inequality (the condition of the claim)
0 = IO' (Lol ] [ 3= | | stlote Sy T he—m |
5575/7 =) £ g ( }d [ |I:‘I2 } N { ot g(tT)_—i—ng(t—T) ]

1
<, 5 (Clellt=r| Lo sup |g|
e o] 1 sup |h| |’

and this proves the claim (A.118). We apply (A.118) to (A.117) and we prove the claim (A.111).

Step 10. ODE method within the time scale |t — s| ~ 1 : Refinement of the estimate (A.107)
We claim that

|3XH (S)| ‘Bxu (S)| |3x|| (s )| |3XH (S)| lv] | 1 1

ox axH ovy 8VH C‘v”t—s‘ |V1 | ‘Vl I |’U‘ I’U‘

aVH (18) 8VH2(1 ) BV” 1 av“e(l ) SJ C |’U‘ I’U‘l2 1 1 ? (Allg)
| BxLl || x|, | ale | | v, | Vil Ivid

where ¢ = [7“_;!'”‘].

Proof of the claim (A.119). By the chain rule

Dix), Dyxy, } _ OB vi) [ Dix),_, Dyxj,_, ]
Dyvyj, Dyvy, OX|,_> Vi) L DxVieer Dvvyiy

Note, from (A.60)

a(XH,VH) 1 0 1 1
RN | R | LA < v = .
X,y Vijiy) — C[ ol |1 } _C[ ol [ 1 ] B

Denote

(5) = ‘Dxx”i(s)‘ IDvXHi(S>| o 02 0
D)= [ [Dxvy, ()] [Dyvy,(s)] } G:= [ lv] 1 :

Note that from (A.111)
D;(s'™!) < OCBD;(s) + CBG.

Therefore, by induction,

D[u,_sw]( 5) < CD = enu\]( [u—sum]) +CBG
Le¢ Le¢

< C®BD ety (Tp1ezeiy) + CBG
Le¢ Le

< CQBD[|t—s\|v\]_1(7—[\t75|\'v\]_1) + C°BG + CBG
Le Le

< CngD[\t—s|\1;|]71(T[|t—s\\v\]72) + {02B + Id}CBG
Le Le

< C4B3D[‘HHU.]_2(T[Hfsuv‘]_z) +{C*B? + C*B + 1d}CBG
Lg Le¢

Cllt—s]lv[]
5 CC\t—sHv|BC[|t—s||v|]D1(,7_1) + Z Ci+1BiBG.
=0

But direct computation yields B? < 27B. Therefore

13 NYSTHY it (s) S cOlt==IMIB{D(r) + BG}.

1| X
From (A.83) we have Dy(71) < { m ; } and we conclude our claim (A.119).
v
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With these estimates, we refine (A.107) to give a final estimate for the case that |{(Xa(7;t, 2,0))| < §
for all 7 € [s,1] :

[ 0 0 01,2 0 01,2 ]
¢ ¢ ¢ ¢ ¢ Vil \‘lfvl‘ [ \‘val‘ \ ﬁ ﬁ
A(st,x 1 (s%),x (%), v (s%), v (s")) < CCll-s5) | |l h'/”jl % [t —s| |t—s]
(st x 1 (sh),x)(sh),vi(st),vy(st)) ~ 3 I [o]
PE TR pap | mar Oel)
’L)J‘2 ’UJT2 -
o | 5 | 0e(1) 0c(1)
L ‘VJ_I ‘VJ_‘

(A.120)
and from (A.81) and (A.89)

(s, Xa(s;t, 2,0), Va(sit, z,v))
ot @, v)

9(s, Xe1(s), Var(s)) o | 2L [ L | 90shxa(sh),xy(sh), va(sh), vy (sh))

< CC\U|(t—s) ] o]
A(s%, Xea(st), Va(st)) |v[2 o] o] at, z,v)
L vi[z | [vi] d
0 03 013 [0 Oﬁ’lg 01’3 ] 1 013 013
e I R B [ G Bzl il R S
ISR RS | ey iy iy RSP
L VilZ | vl
[0 | 013 | 013
<comes | T[T &
v 3 v
|v|? \ 1| : \ 1|
L Vil? | Ivil
(A.121)
Finally from (A.109) and (A.121) we conclude, for all 7 € [s, ]
[v] 1
8(Xcl<s;tax7v)7VC1(S;t,$7’U>) < C@C\v|(t—s) |’U| ‘ ‘Visl ‘ [v]
o(t,x,v) - |v[2 ‘ o] o]
Vil L VLD Jexr
From the Velocity lemma(Lemma A.1),
Vil= !t ()] = [Vatst e v) - n(Xa(t'st,z,0)]
= Va(Xa(th), Va(th) = eI lae,v) 2 alz, ),
and this completes the proof for the case (A.108).
O

Proof of Theorem A.2. We use the approximation sequence (A.30) with (A.32). Due to Lemma A.6

we have sup,,, supg< <7 1”1 £ ()] [oo Ser P(” 1 fo|oo)-

Now we claim that the distributional derivatives coincide with the piecewise derivatives. This is due
to Proposition A.1 and Proposition A.2 together with an invariant property of I'(f, f) = Tgain(f, f) —
v(Vif)f : Assume f™(v) = f™~H(Ov) holds for some orthonormal matriz. Then

L™, f™) () =T 771 (Ov). (A.122)
We apply Proposition 1 to have
fm(t,x,v)
B AD Bl 1[ttf+1,ttz)(S)V(\/ﬁf’"fg)(S)deO(XCl(O)’ Ve1(0))

£ £.(0)
t *(s) . . m—j
+ / Z 1[t5+1,t5) (8)67 J: Zf’:o 1[”+1’”)(T)V(F )(T)d‘r]-—‘gain(fm_éu fm—f)(& Xcl(3)> ‘/;:1(3))d8~
0 r=o0
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Now we consider the spatial and velocity derivatives. In the sense of distributions, we have for 0, =
[0z, 0y] with e € {z,v},

O f™(t,2,v) = 1o + 1o + IL,. (A.123)
Here
t £ (0) m—
Io = e o Dm0 Lursn oy GV ET T 51 (0), Vit (0)] - Vo fo(Xaa(0), Ve (0)),
and
t b ©) t S Ex(s) m—j
IIe:/ Z ]_[teJrl t") L 22550 L+, t])(T)V(F )T)dTa [ gam(fm L fm Z)(S Xcl( ) Vc](S))]dS
0 y=0
. (0) t £« (s)

_/ Z 1t2+1 tl -, 141 5y (T)v(F™T Iy (r)d / Z 1[“+1 ) [ (Fm j)(T,Xcl(T),Vcl(T))]dT
0 ,_ s

X Fgain(fmilv fmie)(s’ XCI(S)’ VCI(S))dS
t £ (0)

e I T e ey (D) ()8 fO(Xcl(O)yvcl(O))/ D ey (8)0e [V(F™ ) (s, Xaa(s), Vea(s))] s,
0 =0

and
£.(0)
T, = 3 [ 0 i (V™). Kaa(s), Va () + 06t Tim (/s ™) (5. Xe(s). Vas)]
=0

£4 (0

o= Jo TG Lers ooy (Ir(VEF™ ) (s)

+ Z [lime JE 5 gy (v (ET J)(T)dTF DT (s, Xa(s), Va(s))
=0 T

— lim e~ fst Zj 1[tj+1=‘j)(T)V(Fynij)(T)d‘rrgain(fm767 fmié)(sa Xcl(s)v Vcl(s))

stétt
t Ly (s) _
—|—/ Z eet1,10) ( Z - hﬁl v(F™ ) (1, Xa1(7T), Var (7)) + %Ir}rl v(F™ ) (1, Xa(7), Var(7))]
05 o Tt TtT

f5ata (o) m=j
x e Je Bato” T (MVETTOMATE (=l gty (6 X g (s), Ve (s))-

For ITI, we rearrange the summation and use (A.77) and apply (A.122)

£.(0) .
( ) m—
| ) P Z |: (ffm ﬁ)( l‘ v )"’V(\ffm /+1)( er,Rwi,UZ) 8et£ foz 0 1te+1yt2)(s)u(\/ﬁf “)(s)
£=0
£,.(0) .
+ Z e*ffe 225 Lpawr oy (D™ ) (r)dr
£=0
[Fgam (fm- ¢ pm= z)(te 2 ,Ue) T gain (f™~ 1 pm— ”1)(#,%,]%36@1)@)]
t «(s) m—j
+ Z Lo t( SIS i gy (v (F )(T)drrgain(fm—e7 fm_e)(s,Xcl(s), Vei(s))
0
4. (s)
< 30 [ = WO @) (T (e Ry
=0
=0.

Proof of (A.122). The proof is due to the change of variables

4 =0u, w=0w, du=du, do=dw.
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Note
DU, F) (W)
/R L o= o ) {7 =) - o7 0 [ 0) ) = 1)) el
Ov — Ou
/R [ 10w = 0uraiGi—g - 0w) ufOw)

X {fmfl(Ou — [(Ou — Ov) - OW|OW) F™~HOv + [(Ou — Ov) - Ow]Ow) — fmfl(Ou)fmfl(OW)}deU

Ov—ua
_ Ov — @fgo( " ) /(@
L [ 100 =i aig—s )t

x {7 - [ = Ov) - @2 (O + (@ — O0)) - 8) — (@) 7 (Ov) fdida
= T ) O0)

This proves (A.122). Especially we can apply (A.122) for the specular reflection BC (A.32) with
Ov = R,v as well as the bounce-back reflection BC (A.33) with Ov = —v.
Using Lemma A.5,

t £«(0) —Cp|Ver(s)—ul?

I < P(|le?™" folloo / 1ieen Xe R —
~ (HB f0|| ) Z [tet+ tl) |a 1( )| s |Vc1(s)—u|2—”

7CQ|VC1(S)77J,|2

\fomfg(s, Xa(s),u)|duds

e
ra [Ver(s) —uf?~"

2 2
+tP (|| fol|oo ) (v)" 6’9‘”' sup [0V (s;t, z,v)|.
0<s<t

P(IE"" folle) / let«) )[9e Ve (5)] Vo7 (s, Xaa(s), u)|duds

We shall estimate the followings :
e—w(v)t[ ( )] |a f(t z, U)l e—w(v>t|v|[ (l‘ ’U)] |a f(t T U)l

Chas (v)?

From (A.20), the Velocity lemma (Lemma A.1), Lemma A.6, and F™ > 0 for all m, with w > 1

e~ @(v)t <v>b+1 [a(l‘,v)]ﬁ L
Seee ™ (v>1b+1 [(Xea(0), Ver (0))) 721
{10 Ao X0, VaO) |+ 0o (X0, Ve 0 }
uu—%TWWfH ﬂ|@Hﬂ*mmm
o0
~§tH > 3fo|| H <U> afo”oo’

and

v 1
S,Qt e~ (v t<|v>b[0¢(Xc1(0)7 %1(0))]5*5620|v\t

< {10 o (Xa o), vcl<o>>|+Cy'z’:,[)avfo<xcl<o>,vcl<o>>|}
abf—
S R

where we have used a(z,v) Z¢ |v|? and the choice of @ > 1.
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From Lemma A.4, Lemma A.5, and Lemma A.6,
£:(0) —Colu—Va(s)|?
I, < olof? / ds S 1 / dus
~t He f0|| S Z [tet+1, tz) u‘u_‘/cl(S)P_K
% {100 Xar(s) M%fm’]@7XeKSLUM-%V%Véﬂsﬂ(l+¢8mf”ﬁ(&)st%uﬂ)}

Now we use (A.20) to have

ooyt [T, v ol
e <”HSH¥IusmPué”ﬁma

e-OHlVault ylollaGe )P
w(v)t ,w(u)s ,Clv||t—s|
A L e e s
Xei(s .
w(u)sWawf'rn i(s, Xer(s), u)HOO

e—ColVa(s)—ul? b 2 B-1
/ / e—w(v>t6w<u>s€C|v||t—s| <’LL> |’U| [Oé(.’L‘,U)]
R3

X sup sup He
m 0<s<t

u = Va(s)>~* ()" Julla(Xer(s), u))? 2

Xy (s),u)]P—3
X sup sup ||e—w<u>s\UI[a( 1(52 w)]P3
m 0<s<t u>

Dp [ (s, XCI(S)7u)||oo}'

We first claim that

ef‘w(v)tew(u)sec\v|(t75)67C'|v7u|2 5 67$(t75)60”(s+52)efC”|v7u\2. (A124)
Using (u) <1+ |u] <1+ |v|+|u—v] <1+ (v)+ |v— u|, we bound the first three exponents as
—(w = C)Y)(t — s) —w({(v) — (u))s < —(w — C)(v)(t — 8) + @w|v — ul|s + ws.

Then we use a complete square trick, for 0 < o <« 1
2 1 2 2
|v—u\2+2%—%[s—aw|v—u”2 “ |v—u\2+;—g,

to bound the whole exponents of (A.124) by

‘ |
w v uls
2

~ (@ = O)o)(t — ) + wlo — uls = C'v — u* + ws
< ~(@ = O}t —9) = (C = ) —ul + 5 + s

< —(@w = O)Yw)(t = 5) — Comlv —ul* + Cl, {s* + s}.

Hence we prove the claim (A.124) for @ > 1.
Now we use (A.124) to bound

et o) 1

1}2
St P follo) @

o~ =52mn I 0 fatw o e (e @, g
{/ /Rd v_“|2 ()P [a(Xa(s), w)]? duds sup sup || < >b+18 2 7 ()]

€7w<v>t

m 0<s<t
(A)
t e —C)lv—ul? b 2 B—1
+/ / e—%(t—S)e 0 — % |U| [Oé( )] dUdS sup sup He_w<v>s"l}‘a a fm( )H }
0 Jrs v —ul2=% (0)® |ul[a(Xa(s), u)]?~2 m 0<s<t (v)? o0
(B)

(A.125)

For (A) we use (A.16) with Z = (v) [a(w,v)]’ﬁ_% and [ = F and r = b+ 1. For (B) we use (A.51) with
B B—1and Z = (v) [a(m,v)]ﬁ_l and [ = % and r = b. Then

(A), (B) <« 1.
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Similarly, but with different weight e~ [a(2,v)]#~ 2, we use (A.20) to have

—w(v)t

|v] s—1
sla(z,v)]"72 Iy

(v)?

’U2
Ste P folloo) x

e—ClVal(s —u|? B— b+1
{/ / IVer(s)—ul e )t gwlups Cloli—s] (v)|a(z,v)] (u)** duds
R3

[u=Va(s)[*= [a(Xei(s), u)]? (v)+!

X Sup sup He w(u)s [(X<°1())]a (s, Xal(s), )H

m 0<s<t u>b+1 >
// OV gt s o] () [oPlatz, vl
s T — Va (9P~ ()7 Julla(Xa(s), w)]PF
X, p-3
X sup sup He_w fups [l CI(SZ’UH 28vfm(5,Xc1(3)>U>H }
m 0<s<t <U> >~

Again we use (A.124) and (A.16) and (A.51) exactly as (A.125). Therefore for 0 < ¢ = (5(||69|”‘2f0||00) <1

1
o~ ()t [a(z,v))PT1, + e_w<“>t|L|b[oz(x, )] 311,

oy ()
<6 {sup su e~ = )s O f™ + sup su e_w“’)SI vja”” ‘8 m .

{sup sup || e >b+1 I™(6)]|o +sup sup | oy O @)}

Collecting all the terms, for 1 < 8 < % andbeRwithw >1land 0<d K1
w(v)t ——0, m |U|Oé 2 m
sup su e 0o T SU su e y 0o
mpo<ggtl| W >b+1 @l up sup. || BE 9 f™ (1)
af- v[*a? 6lv|?
S () 8fo||<>o+||Ta b folleo + P(I[€”" folloo)-

We remark that this sequence f™ is Cauchy in L°°([0,7] x Q x R3) for 0 < T" < 1. Therefore the
limit function f is a solution of the Boltzmann equation satisfying the specular reflection BC. On the
other hand, due to the weak lower semi-continuity of LP, p > 1, we pass a limit 9f™ — Jf weakly in
the weighted L°°—norm.

Now we consider the continuity of e~ (1)~ 1afd, f and e~ t|y|a’~20,f. Remark that both
e~ ()" 1ald, f™ and e‘w<”>t|v|aﬂ_%8vfm satisfy all the conditions of Proposition A.2. Therefore
we conclude

et TP, fm e C0([0, T x © x R3), e_w<”>t|v|a’8_%(“)vfm € C([0,T*] x Q x R?).

Now we follow W12 estimate proof for e~ (1)Ll [8, fm+1 — 9, f™] and e~ =)t |v]|af~2 [, fmH! —
df™] to show that e~ (1) 1P A, f™ and e~ =)t|y|af =2, f™ are Cauchy in L>. Then we pass a limit
e @@ ()" LaBg, fm — e =W ) 1aB 0, f and e |v|alf 28, 1 — e =) y|af 20, f strongly in
L™ so that e~ (1)Ll f € CO[0,T%] x Q x R3) and e~ =t |p|af~29,f € CO([0,T*] x Q x R?).
O

A.6 Bounce-Back Reflection BC

We recall the bounce-back cycles from (iv) of Definition A.1 : (t°,2°,0%) = (¢, z,v) and for £ > 1,

1— (=1 1+ (—1)°
th =t — (0 - Ditp(zt,0!), 2t = (2 ) o'+ +(2 ) 2% W = (—1)

where tp(z,v) is defined in (A.4).
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Lemma A.11. For all 0 < s <,
min{a(z*,v"), a(z?, v} <o a(Xa(s;t, z,v), Va(s;t, z,v)) <o max{a(z',v'), a(2?,v?)}.

~

For U,(s;t,2,v) €N (therefore t>T1(t,x,v) < s <t (t,z,v))

L) < et <o Il

For all 0 < s < t uniformly

ot = |- ST oy )| AU

10, tE(t, 2, v)| = Etb(x,v)m—i—(é—l)tb(x,—v ‘3’@5 x2) NEEOL

e Sy g A

i) = = e, - fj?;ffjgh”;” <tb<x7v>>{6ij"1%}\,

Sa 7
Bz 0" = 0, |9y v5] = (=10 Sal,

RSN N
01t 4] = Jen(o,0) 2 (0, 0) v’f“ | S0

Proof. These are direct consequence of the Velocity Lemma (Lemma A.1) and the following derivatives
of xp, and tp, (from Lemma 2 in [75]) :

V:rtb = (xb) ; vvtb = - tbn(xb) 5
v-n(zp) v-n(rp) (A.126)
. )
Vexp =1 — () R, Vyrp = —tpl + b7 () ® v.
v-n(zy) n(zp
O

Now we state the key ingredient in the case of the bounce-back BC which is the general version of
Lemma A.3 : In the sense of distribution,

La(8)  4d
O Am—I 7 J_ (¢ — j’ Nd
{ Z /max{b ey (ry27 —( T)v! v’) T}

=0
Li(s) i
Z/ [Oot?, Be? + TV, Dev] - V4w A" (1,27 — (8 — )07 07 )dT
120 Jmax{s, i1} (A.127)
£y (s)—1
+ De[t? — t7T1] lim A" (r + 7,27 4 10l 0))
= TL—(ti—tit1)
+ Ot lim AT (7 18 (3) e8] L pge(s) gyfe(s))

TL—(te*(S)—s)
Note that (A.127) is more general than Lemma A.3.

Proof of (A.127) and Lemma A.3. Once we prove (A.127) then Lemma A.3 holds clearly. Now we prove
(A.127) : For each time intervals [t/*! ¢/], we apply the change of variables

o= =, re [T ] = 2l 41t e[ —tj+1),0],
fOI“jZO71,"' 7£*(8)_17 (A128)
b () — (tl*(s) — T)'Ué*(s), TE [S,te*(s)] = 20 ) r e [—(te*(s) —s),0].
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From (7.51) in Chapter 7 the piecewise derivatives equal distributional derivatives almost everywhere.
Therefore we prove Lemma A.3. Moreover

Li(s
Oe [ jz_(;)) /mam{9 bty A (7 2 — () — 7)ol v?)dT
e (s)— e (o)
(% fealf
tz (s) 1

Z / AT (r+ t, 2l + T, ’Uj)dTi|
(t] t]+1

+ ae|:/ A /*(s)(T + ti* (s), Z‘Z* (s) + T’l}Z* (S),’UZ* (9))]
(t[*() 5)

/ De[A™ I (1 4+ ¢/, 27 4+ 107, 07)]dr

(ti—tit1)

+ Do[t? — t7T1] lim A" (1 + 0,27 + 10l o))
; Tl (9 —tit1)

0
+ / 8e [Am—é*(s) (T + té*(s)7 xé*(s) + TUE*(S)’ vé*(s))]
_(tz*(s)—s)

+ Ot (®) lim Amfz*(s)(r + 8 (9) e (8) 4 ppe(s) ve*(s)).
T (= () —s) ’ ’
Directly we have
Oe [Am_j (r+ t, a7 4 107, vj)] = [&etj7 Oet? + TV, Bevj] . Vm,vAm_j (t+ t, 27 + 107, vj).
Then we apply the inverse of the change of variables in (A.128) to the time integration terms :
L. (s) _ _ _ _ ' _ . ‘ '
/ [8etj, Oex? + TV, 8(31)]] Ve A" (12 — () — 1), 07 )dr
max{s,t7t1}

Jj=0

We collect the terms and conclude (A.127). O

Now we are ready to proof the main theorem :

Proof of Theorem A.4. We use the approximation sequence (A.30) with (A.33). Due to Lemma A.6
we have (A.27) and (A.28).

Now we consider the spatial and velocity derivatives. From the iteration (A.29) and (A.33), for
0,(0;t, 2, v) = £, with t&+1 <0 < %,

T, v)

= e = 5520 S0,y VE™T)(7)dr Fo(@h(0) — £4(0)£2(0) 1,£x(0))

2,(0) 4t o -
+ Z / . e -2 tnax{O i1y VIETTI)(r)dr T ain (fm—e7 fm_é)(s, o (tf B S)vz’ U‘)d&
(=0 v max 0,t

where v(F™77)(7) = u(/uf")(r) = v(y/pf" ) (72! = (# = 1)v?,07).
From Lemma A.3 and (A.127) and (A.122), in the sense of distribution, for 0. = [0, 0,] with
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e € {z,v},

Oe f™(t, x,v)
=TI + Il
— e I % 1w+1,w'>(T)”(Fmij)(T’X°1(T)’V“(T))deo(Xcl(O), Var(0))

£.(0)

X { — Z / [aetj,ﬁexj + T@evj,ﬁevj] ViwwV(F™ ) (1,27 — (8 — )07 0f)dr
=0 max{0,t7+1} 1819
L(0)—1

Z Bolt! — /T p(F™ )7 29+ o) —8et£*(0)u(Fm7£*(0))(0,xj—tjvj,vj)I}

I3 T ) (DA XAV [ 0) g0y 0) O] 7, (X (0), Ver(0)).

e

,Z@*(teft“'l)fo (mej)( 9 I el j)d
+ E Dett — tH1e =0 max{tf — ¢4+l —t7,—(¢d i+ 1)} ¥ T atTen AT

% Fgain(fm_€7 fm—é)(té-i-l :L‘Z-H,UZ)I

+ 0o +4=(0)¢ = Jo Lpi1 gy ()W (F™ )(T)d‘fl" W £,.(0) B 4y (0))(07x5*(0) _t@*(o)vf*(0)7vf*(0))

1

e

t t é() m—j
+ / Ligers gy (5)e™ I TG Lt o) (W) ()
0

X [Oet’, 0o’ + 5060, 0ev"] - Vi 2w Taain (F™ 4 £ (s, 2" — (t* — s)f, ve)dsTI

e

t
+-/0 1[t4+17t2)(8)].—‘gain(fm_é,fm_e)(S7Xc1(S)7VC1(8))dS

li(s)—1
(= 3 Bl ), G AT s Xl Ve,
Ly (s
[Oet?, e’ + TOV?, Do’ - Vi 4o (F™ ) (1,27 — (¥ — 7)v7 ,07)dT }
= max{s,tit1} I,
(A.129)

We shall estimate the followings :

Firstly, we estimate Io. Using Lemma A.11 and Lemma A.5 and F™ > 0 from (A.29) and Lemma
A.6, for some polynomial P,

e*w<v>t<v>72a($,v)1x
< e =) 2a(z, v) P([|eF F|s)
79|v\2ﬂ " i
x {e a(x,v) oy + [+ 04(557”)) i
3 2 ’
Ua(;';})')@xfolloo + (v) 2=l P([|e10F fo o)

S (1 [10) 0 folloo) x P(I[eF fol o).

tlvf?

az,v)

to]* o Slvf? o, w VP }
2 +t 2 _
“ Ghol+ oy a(m,v) ¢ {v) alx,v)

< )21 +
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Similarly

e—w<v>t|v|< >—2 1/2IV
S e =) (v) "oz, v)] 2P (|e” £|oo)

~

1/2
otk 1 az,v) tlv] 1o -
X 2 a(l’,v)l/2 <U> + [(|'U| + |U|2 ) Oé(.’l?,U)l/2 + ]l wf0| —i—‘ vf0|
+¥67%‘U|2+t6*g|v\2<v>n¥}
a(z,v)t/? alz,v)1/2

S (14 11000 folloo + 1190 fol loo) P11 folloc)-

Secondly, we estimate Il,. Let ¢ € {¢x, Py} With ¢x = e‘w<”>t°‘<(f>’§) and ¢, = e‘w<“>t|”‘°‘<(ffi>’§)l/2.
We have

_ <“>t¢e(v)[a($,’v)]6911e
< e‘“’(”)t%(v)[a(x,v)]ﬁe{1 +(1+ t)e_g\v|2||e9\vl2f||oo}

X{/ Z 1 t]+1 tJ |a t]‘< >Kd5 X ||€9|v‘28tf||oo (A130>
t (0)
/ Z 11,49y (8){]0e 2| 4 t0ev v (/102 f™ ) (5, Xer(5), Var(s))ds (A.131)
tf (0)
/ Z 11,49y (8)|Oev |/ [Ver(s) — w|" =1/ p(u) f (s, Xei(s), u)duds (A.132)
tf (0)
-/ N e L Y L (A.133)
tf (0
Jr/ Z 1[t“1 tf {|6 xé‘ + t|aevz|}[ galn fmiafmiz)l + |Fgain(fmizaazfmif)|]d5
(A.134)
£ £.(0)

/ Z 1[t’+1 t“) |(9 v |[| gain,v(fmilvfmie”

Hgain (F" %, 00 f™ )| + IPgain (90 ™, fmf)|]ds}. (A.135)

Firstly, we consider det/ —contribution. Then from Lemma A.11 and (2) of Lemma A.5

-0t a(:mzv) {(A.130)x + (A.133)x}

2
< ,w@)ta(x,v) 7%|,U‘2 t"l}| 9|U‘2 0|U‘2
€ (v)2 € a(mw)@l\e ool 01 1o
) olof? ol — o)) o2
o= 1 ) |t e H ]

S 1+ P10, folloo) + Pl folloo)-
Similarly,

—w(v)t |’U|Oé(.’177 U)l/2

(v)?
St (0y2© e~ PP 0, fol o) + P(11e”F folloo)]
<

<o 14+ P10, folloo) + P follo)-

{(A130)y + (A.133),}
ol
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Secondly, we consider the terms (A.131), (A.133), which include |Gox?|+t|0ev’|. We use (2) of Lemma

A.5 and Lemma A.11, |0,2¢] + t|0,0%] < % and (A.124)

—w(v)t oz(x, U)
‘ (0)?
<o [L+ PP 0 follso) + P11 folloo)]

Ls (Otacv) oyt |1)‘ 2 e—CeIu—vEF ,
—w (v e az m— aXc ’ dud ,
/t“l /R3 ¢ <U>204(x,v) = ,Ug|2_,{‘ J™ (s, Xea(s), u)|duds

St [1+P(||69"8tfo\|oo)+P(||69‘“'2folloo)} max sup [|le” 720, 17 s) o

{(A131)x + (A.133)x}

0<e<m g<s<t (v)
t £« (05t,2,v) 2 %
% 1 s o~ 5 (V) (t=s) (w) [v|a(z, v) e~ Colv—ul® 1,,ds.
/o 2o ol )/Rs (0)2 [Var(s) — uPP~~a(Xa(s), )

We use 2:;2 < (v —u)? and (A.51) to have

vl2 vl? « m—
Se [1 PUI 0 folloo) + P folloe)] max sup fle = 00 0™ 4 (5)] o
0()

X W|v|a(z,v)

S 00)[1+ (" 0:folloo) + P(IIe"" folloe)] max  sup [le7=

<USmp<s<t (v)

1/2
TR T A O] |
Similarly we further use |3,x¢| + t/0,v¢| < % from Lemma A.11

—w (v)t \v\a(xav)l/z
(0)2
[1+P(|Iee'”‘20tfolloo) + P(|le? folloo)]

Otxv)

{(A131) + (A.133)}

—w(v V't |U| 1/ 2¢ Colu—v’l? m—~£
o S | |—|—1) oz, v)Y P 0z " (5, Xai(s), u)|duds,

2 2 [ (IAre% m—
<, [1+p(||69|v\ B follso) + PUIE™” foloo)] ogﬁ)%oiugtue wl <| 7 B [ (5, Xea(5), )| so
«(05t,2,v)

L4+ Da(z,v)'/?
s Pl? (g +Dale,
X Z /tHl /]R?’ 2 duds.

(0)? [Va(s) —ul*~"a(z, u)

<Z§z < (v —u)?, the last integration is bounded by

~

From

£y (Ot;cv)

1/2 ,—C|Va(s)—ul?
/ / 67%<’U>(t78) <U B u>2 <’U>O[(x7 U) / (& ‘ 1( ) ‘ duds
w1 Jgs alz,u)  |Va(s) —ul?—*

By the dynamical non-local to local estimate (A.16), this is bounded by

OB+ P 3ufllc) + P )] e s [l =0 280, (5

Thirdly, we consider Jev’—contribution, (A4.132) and (A.135). Note that (4.132), = 0 = (A.135)y
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since 9,v7 = 0. From Lemma A.11 and (3) of Lemma A.5

(v)t v]a(z, U)l/2

(v)?
S [+ P10, folloo) + P folloo)]
£ £.(0)

|U|Oé(.1?,v)1/2 Ol 6709‘Vc1(3)*u‘2 o
X/ Z e, t@) tTe Clvl /]RB Ww“f é(svxcl(s),’llﬂduds

S [1+P<||e9‘ 91 folloo) + P11 folloo)]

£ £(0) 2 1/2 —Cp|Var(s)—ul?
% 1 —w(v)t ,—w(u)s 7C|v\2 "U|<’U,> Oé(il’,’l}) € dud
3 a0 e T ) — a0

{(A.132)y + (A.135),}

w(u)s |U|Oé(.’1), u)l/Q
2

X sup max |le” By f™ (5,20, 1) || o

0<s<t 0<t<m ’LL>

Now we choose 3’ € (3,1) and use a(z,u) < |u|? to have
1 - |u|2(8'~3)

[(Xar(s), w)]'/? ™ [a(Xer(s), u))”

Now we use (A.124) to bound the integration by

t £+(0) 28"—1 1/2
1 7w<'u>(tfs)m |ul a(z,v) —Clol? ,=ColVar(s)=ul® 1,,d
/o 2 w9 / [l Var(s) — uP~ra(Xa(s).u)? ©  ° o

Now we use |u|?? =1 < ()27 ~1(y — v)2#'~1 and we apply (A.51) to bound this integration by
0(@) (o)~ a(z,)' =" 5 0(9),

Hence

1/2
e—w(v)t ‘U‘O[(JJ, ;})

: {(A.132), + (A.135)}
o lula(, u)'/?

S[E+ P folloo) + PUI T Buolloc)] sup max fle™=° Do f™ " (5, 2,1)|| oo

<52 0<l<m <u;2

0(9)
A P
S[E+ P fol o) + P01 fol )]

a(z, 1})1/26_09‘”|2 + 0(5)}

s [ula(z, w)' /2
2

+08) [P folloo) + P11V 8, fol[oo)] S Do /" (5,7, 1) oo

<4 0<e< (u)
Now we gather all the estimates with small 0 < § < 1 to close the estimate. Then we follow the exactly

same argument as the specular case and this complete the proof of Theorem A .4.
O

A.7 Appendix. Non-Existence of Second Derivatives

In the previous theorem, we consider the first-order derivative of the Boltzmann solution with several
boundary conditions. Now we show that some second order spatial derivative does not exist up to the
boundary in general so that our result is quite optimal.

Assume that all the second order spatial derivatives exist away from the grazing set vo = {(z,v) €
O x R3 : n(z)-v = 0} but up to some boundary 9Q x R3. Taking the normal derivative 9,, = n(z)-V, =

|§§§Ez§| -V, to the Boltzmann equation directly yields

(U anvzf = 78natf - l/(\/ﬁf)anf + anrgain(fa f) - 8nl/(\/ﬁf)f
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From previous Theorem we know that 9,0, f, v(\/if)0nf ~ % with some a > 0. In this section we
show that the underbraced term blows up at the boundary with any velocity for symmetric domains.
Assume fo ~ (/1)1 for some 0 < § < 1. Then there exists ky, (v, u) such that

Toin(£:0) + Lo ) = (/D) o 2= | e (0,00 f(w)

First consider the diffuse reflection boundary condition. Theorem 2 plays an important role in our
proof.

Proposition A.3 (Diffuse BC). Assume Q = {z € R®: |z| < 1} and &(x) = |z|> — 1. Assume the initial
datum fo satisfies, for some xg € 02,

u-n(zo)=0

{/ kg, (v, w)u - n(xo)anfo(mo,u)duf} >C > 0. (A.134)
n(zo) ur=0
Then there exist t > 0 such that for all v € R3,

OnDgain(f F)(t,70,v) — Ouv(y/iif) (0, v) = o0 (A.135)

We remark that for 0 < 6 < % we have sup, \|ee|“|2f(t)||oo < |\e‘9‘”|2f0||OO due to Lemma A.6 or
[75, 67] and ||a/20f(t)||c < 1 due to Theorem 2. We also remark that the condition (A.134) is very
natural for the diffuse BC.

Proof. We denote the different quotient

f(t, 2+ el=n(@)],v) = (t,3,)

3

Def(ta,0) =
Then
Ae{lgain(f, )} = v(VB De f)f = Lgain(Acf, f) + Tgain(f, D f) — vV Ae ) f-
Assuming f ~ fo ~ (,/p)' % for 0 < § < 1, we have
Lgain(Defy ) + Tgain(f, Acf) — vV De ) f
N /R Ky, (v, 0) A fla,u)du ~ /R K, (v, u) &= @) = f ) (A.136)

du,
€

where k. (v, u) ~ k(v,u) in (A.24) with slightly different exponents. For simplicity let us assume k, (v, )
is bounded. We split as

[ k! (t,w = en(a),u) = f(t,2,u)

R3 3
= / + / + / . (A.137)
n()ul<e  Je<in@)ul<o  Jo<in(e)ul
—_——

I II III

The first term is bounded as I < O(1)|e?1* f||s. The last term is bounded due to Theorem A.1. Since
)=z -1, forall0<r<e<1,

Vé(x —rn(z)) -u=Vé(x) u-— /OT {VE(z) - VZE(z —1'n(z)) - updr’

=V¢(z)-u— 2/0 VE(x) - udr (A.138)
= VE(z) - u+ O(e)|VE(x) - ul
~ VE&(z) - u.

Therefore o < |n(z) - u| implies 0 < \/a(z,u) and

B 6w<u>t
I < |l =@t /av, f(1)]|w Ugﬁﬁkﬁ)(vﬂﬁdu
O(1) + e“Nt

o<va,|lul<N  Jo<y/alu|>N g
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For the second term of (A.137) we use (A.138) to conclude, for 0 < r < ¢,
e S In(z—rn(x)) -ul So.

Therefore f(t,x — en(z),u) is differentiable so that

tyx— — f(t !
f( y L 5n(x),€u) f( axau) :/ anf(t,x—arn(x),u)dr. (A139)
0
We further split IT as
I = %s\nmmga + /aswnmu\sa
N <lul<N lul <%, lul>N
11, 11,

For the second term we use Theorem A.1 to have

1

II, < e_N/ dr/ dun/ du; kg, (v, w)0n f(t,x —ern(z), u)
o wur|>

0 eSlunl S lur|ZN (A.140)

1
k
5@‘1\7/ d?“/ dun/ du, 1o (v, 1) 7
0 eS|un|So lur |>N [un|? + CreN?

where we used
&(x —ern(x)) = &(x) + Cer = Cer.

The main term is I, :
1
I, = / dr //ES\un\SG durdu, kg, (v, )0, f(t, x — ern(z), u).
0 F<lul<N

From (A.47), for £ < |u,| S0 and % < |u| < N,

_ 2 N2
tp(z —ern(x),u) < vole —ern(z), u) < Vo —tET < N%o? +eN2.

e

Let z(r) =z — ern(z). For € < |u,| S o and & < |u| < N and t 2 N?Vo? + eN?,
O f(t,x(r),u)

= n(z(r)) - Vw{f(t — tb, Tp,u) + /Otb Ceain(f, f) = v(E)fI(t = s, 2(r) — su7U)ds}

n(xz(r)) - n(zp)

AL )0~ 70,1)

= Zn(m(r)) - Ti(2p)0r, f(t — te, Tb, u) +

i=1

+ / " (@) {Taguin(Vaf. ) + Tauin(F2 Vo) — VAV ) f — V() Va f}E — 5,2(r) — su, u)ds.

Now we expand in time for the underlined term and choose 0 < t < 1 (N?y/02 +eN2 < 1) so that
- n(zp)On f(t — t, Tb, u)
=)o) + [ o)} s, )
= - n(xp) 0 fo(xn, u) + O(L)te™N||e™ = /adidp £ ()]s

The tangential derivative term is bounded by

[n(x(r)) - 7i(2w (2(r), w))[|07; f( = to, 2u, )|
S [n(@p) - 7i(2n) + Ot (2(r), w))u - Von(z(r))||0r, f(t — to, 2, u)l

< a(Tp, u)

~

|u‘ |vwf(t_tbamb7u)‘

5 NGWNt||6_w<v>t\/avmf(tv €, v)HOO’
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and the time integration terms are bounded by
ol 7C\u u’|?
I
e e [ [ (= 5. 2(0) = s s
+ NN [ £l [e™ =V /aVa f (1)

S el VAT O x N [ [ emmttn s rdulds)
R3

lu— WP ((r) — su,u) =

—Clu—u'|? |u’|5

thCN

[a((r), w)]?7?

Now we plug these estimates into I, to have

S flloclle™ = /aVL £ (1)

1
11, —|—IIN// / ky, (v, u)u - n(zo)0n folxo, u)du,
” e AR CL ERL GO R AL BV

L L <|u|SN

—10(t —wNt||,—w(v)t ) 8n o 1
{ (t)e lle Vad; 0, f(t)||oo + €~ / //1<<|T,L<<o \/oz (z0 — ern(wo), u)
— O(1)Ne=N||e™= W /aV, f (1)

— On (e [ fol olle™= /AL f (1 ”oo/ Sz 1

Sl T — em(ao) W72

Due to (A.134), for N > 1 and t < 1 with N2v/02 +eN2 < 1

1
I > / /<‘u <o = 2dundu7dr
1<\nl<N Vun|? + Cerl|u,|

N2
> — ' du,du,
/5<|un<o ‘un‘ +\/gN
1
> N2 —Ono(1
NZ 1
> 71117 —0o(1)ln- — Opn,(1) =

For the bounce-back case, we identify the condition for non-existence of V2f up to the boundary :

Proposition A.4 (Bounce-Back BC). Assume Q = {zx € R3 : |z| < 1} and £(x) = |z|?> — 1. Assume the
initial datum fy satisfies, for some xo € 92 and some vo € R® with |vg| ~ 1 with n(zg) - vo = 0,

/ ky, (v, w)vg - Vg fo(xo, vo)du, > C >0, (A.141)
n(zo)-ur=0

where ur = u — [u-n(xg)|n(x). Then there exists t > 0 we have (A.135).

We remark that v - V. fo(20, vo) is rather arbitrary for vg - n(zo) = 0.

Proof. We choose (z,v) € Q x R? so that 2¢ ~ x5 and v* ~ +uv for all £ € N. Then

[ kafom ez S,

3
vl
In(z)ul<e  Je<|n(x)ul
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The first terms is bounded. Due to (A.138) we have |n(z) - u| > & implies |n(z — rn(z)) - u| 2 e for all
0 <7 < e. Then by Theorem A.4, the function f is differentiable and the second term equals

/ k(0,0 BE @0 — fta) )
In(z)-ul>e €

1
/ / ky, (v,u)0n f(t, — ern(z), u)dudr
In(x)ul>e

1 B 1 1
// +// +// L (A142)
0 Je<n@)ul<tlr@) u<N  Jo Je<m@)ui<tir@ u=N  Jo Jin(@)ulz1

For the third term of (A.142) we use Theorem A.4 to have

<u>26w(u)t

|0 f(t,x — ern(z),u)| < < (u)2e™ W,

~

alx —ern(z), u)

and therefore the third term of (A.142) is bounded. For the second term of (A.142) we use Theorem A .4
to bound

e~ ==t 5 Vaf ()] ></ dr/ du TN /duk (v,u)
o > " 4 CreN? Jp TN

N
d du, ——————.
X/O T/E u"|un\2+0r5N2

Now we focus on the first and the second terms of (A.142). Set y = x—ern(x) for |0, f (¢, z—e'n(x), u)|.
We use (A.129), Theorem A.4, and Lemma A.11, we have

(A.143)

O f(t,y,u)

= e o VD) dT{[a 2t — 9, ¢ Ot O]. 7, f(Xe1(0), Var(0) + v @ 'Vufo(Xcl(O),Vcl(O))}
0Jv)? Clul® o2 o ok tA+ Dl _oppe

+O(|| fOHOO) (y’u> He athHOO—’—O(”e fOHOO) a(y,u) €

+0(] |l fOHoo) S ||€7w<v>t043xf(t)|\oo

|v —u/|? |8 x@l
§ v du/ds.
/ /]R3 Z ¢+ t[ _ u/|27/£ e—w(u’)sa(Xcl(s)’u/) udas

Using Lemma A.16, Lemma A.11, and (A.124), for 0 < ¢ < 1 we bound the last integration by

Ver(s)—u'|?
e@lwt 121 |U" / / w(u)(t—s) € §lVa(s) 2‘ 1 . du'ds
Valy,u) R3 [Vai(s) —u/'[2~% a(Xa(s), u')
1
<O(e ew<“>tM )
© ) a0

Now by the explicit computations in Lemma A.11

e — Jo v(VEF)( T)df{[a 28(0) _ o, té*(O)U&(O)] - Ve fo(Xe1(0), Ver (0)) 4 4= (0) -vao(Xd(O),Vd(O))}

> e 1 e . (0) ) 0, 0) )M TEE DY s 0) - V. o X0,V 0)

- C’Eolé'wwzfdxcl(o» Ver(0))] = Celul| Vi fo(Xer(0), Ver (0)))
> et(U>||eBu2f0||oc0§(1)at(|:|i) Ver(0) - V. fo(Xe1(0), Ver (0))

_ ‘Wmnmfom(ox Vaa(0)] — Celul|V o fo(Xer(0), Via (0,
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where for the underbraced term we used

n(y)_{ ?(-Tb) _n(y) }

n(xp) - n(y) v
_ n(y) - VE(y — tpv ( y)-v) — VE(y) (VE(Y — twv) - v)
(ve @Wi—w B
:tb{( 'U va _TU )(V ( ) V{( )( 'V2€(y_7~—v)'v)} (A.144>
(VE(y) - v)( (y—tbv)~ v)
B th (v V2(y — 7v) - v) to )
S T Y e Ve o ) P VIVE = )
_ Ay, ;
T n(y)v +B(yv )a

where for some 7 € [0, tp], and from (A.46), (A.47), and the Velocity lemma (Lemma A.1) we have A > 0
and

- v 1
A(y7 )>C§| | Vgg(y—m)-ng 1, B(y,v) ~Q ma
and therefore finally the underbraced term has the following explicit lower bound :
’ (0)[n(y) VE@!)  n(y) - Vé“(w2)] L ) - VE@?)
' v VE(z!) v - VE(z?) v - VE(2?)

Ay, v) 1
=01y g OB 0 ()
B ]2 Oe(1+tol)
= Og(l)a(y,v) + R .
Therefore
Buf(ty ) > e_t<u>69v2f0||ooog(1)at(|;/1)vcl(0) -V fo(Xe1(0), Ver(0))

= O ) i, (X (0), Vea(0))] — Celull ¥ fo (Xt (0), Vea(0))
a(y,u)
O oo e 10 ) . (A.145)
2 2 2] 2
O(||69‘”| f0|m)me4lv

u)tM 1
(u) a(y,u)’

— 01" folloe) sup [le==ad, f(1)]]oo x Oe)e™
0<s<t

Choose y = & — ern(x). First consider the first contribution of (A.145). It has following lower bound as

1
/o /s<n<m>-u|<1/r<y>-u|<zv

1
1
l“ﬂ|mm%fwmuzﬁmm%WWMWWM%@%W>

du
d Z du-k , -V ,U0)- A.146
/ r/<|u7|<1 w2 + CreN? . U fo(v u)vo fo(zo,vo) ( )

Now we use the condition (A.141) for € ~ 0 and u, ~ 0
[ Val0) A (Xa(0), Va 0) du

N/ k¢, (vo,u)vo - Vg fo(zo, vo)dur = C #0.
n(xo)-ur=0
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We combine this term with the second term of (A.142) to conclude

! ! dr
A.146) — (A.143) 2 —e N _
(A40) ~ (4143) 2 {0 =) [, [ S

1 2

1 CeN 11
(4 E¥ Y, 2 L
N/E Cenz " + [tn|? Un X N2¢

Now the all the other terms of (A.145) except the first term are bounded by

1 1 , 1
/ du,, +O(Hee‘”| f0||oo)/ du,,
e |t

e unl?
1

€

(A.147)

< el + O(|e" folloe)
Finally we choose large N > 0 and small § > 0 and small ||69|”‘2f0||00 to conclude for small € > 0

(A.142) >

™ | =

Therefore we conclude (A.135). O

In order to show the non-existence of V2f up to the boundary for the specular reflection BC (Pro-
position A.5) we first obtain the explicit lower bound of (A.20) with a a lower dimensional symmetric
domain, 2D disk.

Example A.1. Let Q = {Z = (z1,22) € R? : [z1|> + |22|> < 1}. Define

1
ri=/a? + 2% €[0,1], 6€[0,2m) such that (cosf,sinf) = ————(x1,22),
2 + 23
1 2
Uy := V1 cOS0 + v9sinf, vy := —wvysinf + vy cosb.
We claim that as o — O (therefore r ~ 1,0, ~ 0) asymptotically
_ _ t— 512 t — =2

10 Xea1(s5t, 2,0) - 2 (X (s;t, 2,0))| ~ £ — sllvol ~ [t — sllo]

Voi+ 0= (a(r,v)
|t — sl[o]* |t — sl[o]*
02 + (1 —1r2)0} alz,v) ’

(A.148)
|00 Var(s;t, ,v) - in(Xer(s5t, 7,0))| ~

0 -1
1 _
where N —{1 0 ]n

Proof. Explicitly = (rcosf,rsinf,x3), and v = (0, cos§ — Ug sin 8, vy, sin 6 + vy cos 0, v3), and
zt = (cos 0, sin 0, x5 — (t — t)v3),

vt = (\/ 02 + v} cos ¥’ \/ 02 + 0} sinz//,vg),

o | + /(1 — 72)v5 + 02

Heto 02 + 7
oy o+ (20 1)V~ r2)v; + U2
v2 + g ’
and
Li(sit,z,v) < (t—s)[of* — r{on) —|—} < Li(s;t,z,v)+ 1,

2y/(1—r2)v2 +02  2/(1 —r2)v2 +02 2
where, for £ > 1
179 ) B ( Tﬂa )
——— ) —(2¢ —1)cos —_—,
vZ + 02 ( ) v2 + 05

20 = cos1 (@,mos&—ﬁminﬁ)7 Wt = 0 — 90 cos—! (_riz)

00 — 9, efze—cos—l(
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Therefore, if t+ < s < t¢,

and

Directly

OpUn, = Vo, Oplg = —Tp,

g —Vp

O, cos™! (

Oy cos™ ! (

\/ﬁﬁ—i—@g) \/1)2 (1—7r?)y

Vo ) =1, Jycos ! (

Vg TUn

\/17,21—%173) \/112 (1—r2)y

_ Vg Vg _ 09 09
0y, cos ( ) = 5, Op, cos™! ( ) =

v2 + 3

=2
(U4 +v

—92 =2
vy, + vy

Vg —Un _1 g —1rUn
) = ,  Og, COS =

= — - 5
V2 + 07 02 + v

o 1 (17ncos0—17951n9) g
NG R
1 (ﬂn cos ) — vg sin 6

/752 | 2
Vs + Uy

)=0=0,

and

||

05,0 = H2+|t s,

oyt < JL=slIT1on]
and
[t — 5] [9]?[0n]
2+ (1—r2)03’
[t — sl|on]
02 + (1 -2

ORTEES

6179 W S

and
2/(1—r2)v3 + 02
v2 + 73

|t — sllof?

o

v2 + 05

~ o2+ (1 -1y’

D" =

St—

U, €OS 0 — Ty sin&)
2 1 2
VU5 + vy
_1 (Uncosf — Dgsinf
cos ,

/52 1 2
vs, + vy

~1
,  Op, COS <

n - Y

2070g
2+ (1—1r2)v5

0

7

7|0y

bls) < 2\/112 (1—1r2)v;

and

1
2\/1)2 (1—12)v; 2

2
TV

|o]2y/02 + (1 — r2)v

< [t — s||vg|r?

PRV A (=22 Y 32+ (1 —r2)52

1+ |||t — s

O&(UT,

=5
vy, + vg

0 1
s/, afznl% = _26752 T 2 +O£(1)g7
n %

'2+<1 )02

bl /T2 ¥ (1 = 12)22
2(25—1)|U9| o+ (1= )0

|v| v2 (1—r2 |o|*
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5, _ 4]
If r < 1 then (1 —r?)0} + 92 > 2|0? and 95,t° < |t — |3}Z|92| + |t — HZT’J N HZTQ' r> 1
and |Dg| < |D,| then 95,t° < It slly 5" + |t — s|‘|v|92| S — s\‘”"l If r > 1 and |0g| > |0, then 5,t° <
H+F
_ (1—r?)|e| _ o|1Pel < [t=s
|t S‘(1—7'2)|’l79\(|59‘+ 526\) + |t Sl o2 ~  |o]
Therefore | |
t—s
O’ <
SR
Directly

S e —sind® ott [ cosypt PR ot [ —sinyt
OnXei(s) = Onb ( cos 0 ) %M sin )¢ (t 5)|U\87 cos i’
_ (20— 1)} —sin 6 — cos 1’
5)/72 + (1 — )02 \ cosf’ —sing’
+O£(1){ (2Z—1)‘@9H@n| ( 6—1)(1—7‘)|179|2

|9]\/02 + (1 —r2)v [o]\/02 + (1 —r2)v

where O¢(1)—remainder is bounded by
S T S Y U AL
Yon A+ (=)o L[l ] ]
t—s|o|(1+|v
BoslBA ) | (el
22 + (1 —12)52 ol

|'Un| +£|t£ t2+1|},

||

Now we use some trigonometric identities to have

sin 0 + cos 1h*

)+ (20-1) cos_l(%))

Uy, cOS 0 — Uy sin 6

)) — cos @ sin (cos_l(r;fe|

%) + (20 —1)cos™ (

U, cOS 0 — g sin 6

=sin 6 cos (cos™(

|

cos(2€cos*1(f)) + sin (cos™!( ) sin (— 28005%@)).

gl

ol

0]
Here

%) — cosfl(@) + 26(30871(%))

9] ol |

=cos (cosfl(ﬁ—g) — cosfl(@)) cos <2€cosfl(@)> — sin (cosfl(ﬁ—f) — cosfl(@)) sin (25C0871(%>>

cos ( cos ™ (

o i g o g
- 2) 1T 11— 1 b0y -1,V
cos( lcos™ ( E )) + O¢( )‘ cos (cos (|@|) cos™( & ))‘
y 100y 1 (TU0 1.0
+ O¢(1)|sin (cos (m) cos™( E )) sin (%c% ( & ))’
5 02 U024+ (1 —1r2)v3 0,0 ﬁem
— ) -1,TY% N1 = Ty _ 0 nvo _ n 0
COS( feos™ (3, )) + Ol ){’ )2 |v|2 ‘ ]2 92 H

v 1—r)v2 52 1 (1 — 12
= cos (2tcos™ (151) o w’;)% L Vot (=)

|v

}

0]
and
sin (cos_l(ri_i) —cos™ (—|) + 20 cos™ <mq‘j|9))
=sin (cos_l(ri_i)— cos_l(%)) cos (2ECOS_1(7E_})T)>)
+ cos (cos_l(%) — cos_l( E )) sin (%cos_l(%)))
(1—r)vj un + (1 —r2)vg

:sin<2£cos* (7)) oem{ S0 ! Ay

ol ol
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Therefore
sin 0 + cospt = (1 — @) sin 0 cos ((26 -1 COS*I(T—?GD - (1- ‘v—f|) cos 0 sin (26(30871(@))
0] ] el ]
(1—7r)v2 2+ (1 —1r?)v2
+ O&(l){ |—|2 £ + = |’D| 9}
02 + (1 —1r2)0;
]
Since cos 6 — siny’ = sin(6° + %) + cos(v* + %),
752 1— 172 52
cos Bt — sinl/)é ~ VU + T_| )y
v
Therefore we conclude our claim for 8, Xei.
Using the same estimates
. —rvg [ —sin Un cos 1t 1+ |||t — s]
bl 2 {7 () (25 )} soqibli=s
n 1( ) ( ) |U‘2 cos 6° ‘1_1| 77% T (1 *7"2)1_13 SlH’l/JZ f( ) |’U|
20 —1 sin 6 4 cos ¢* 1+ |v][t — 5] 1
= . 1)——— < —.
|9 ( —cos 0! + sin* +0c(1) i ~ ||
Since t*1 < 0 < b=,
Ot = B (— [0 sin st 5] cospt, 0) = LE AL o e (o] cos v, 0)
e S T e
Therefore we conclude our claim for 9, Ve1(0). Moreover
00X S e follt — sl,  [06Vea(s)] S — Aot — 5],
v2 4+ (1 —r2)v v2 4+ (1 —r2)v3
o2l — s X (A.149)
_ 0l — 8 _ _
(9ng¢5 §1+ , 3,;XC.S ST, (%VCS §1+'l_1t7$
|05, Vei(s)] Z (=00 |05y Xe1(s)] & |05y Ver(s)] 0[]t — 5|

O

Based on Example 1, we naturally consider the 2D specular problem. We consider the 2D specular
problem for f(t, 1,2, v1,v2, v3) solving

Oif + 0100, [ + 020, f = Tgain(f, ) = v(V1f) ], (A.150)

where v3 is a paramter. Here (z1,22) € Q = {z € R? : £(z) > 0} and the convexity (A.3) is valid for all
¢ € R2. We study (A.150) with specular boundary condition (A.10). Denote v := (v,v3) = (v, v2;v3) €
R3. We define

a(z,v) = [v- VE()]? — 2{v - V*¢(x) - 0}¢(a).
Note that V&(z) = (0, &(2), 0.,€(x),0).

The following estimate is crucial to establish the weighted C' estimate (Theorem A.5) and non-
existence of V2f up to the boundary (Proposition A.5).

Lemma A.12. For 6 >0 and fori=1,2,

e—w(v)s|avi Fgain(fv f)|
|v

18 Floe {16 Fllo + 1100, Fll + || 129,

(A.151)
() Lo}

where v = (T, v3) = (v, V2, v3).
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Proof. The key is to use the splitting u)| 3 with respect to [0 + @[/ (0 + @ ).
Recall from [74] that the gain term of the nonlinear Boltzmann operator in (A.8) equals
Fgain (91, 92) (U)

” U u+w* 7l uterw?
=C du/ dw g1 (v + w)ga (v + u)q( Ful )| | e~ T
R3 w-w=0

9

|+ wl |ul

|ul )|u—|—w|"_1 lututu)?
e

)

Jul (A.152)

lu — v )|u—v+w}'€71 _lwtui?
€ )

=C du/ dw go(v +w v+ u)gp
s o0 92( )gl( )QO(|u+w|

—C du/ dw g1 (v + w)ga(u)gs(
R3 (u—v)-w=0 |

u— v+ w| |u — v

k—1
. u—v U—V+w _lutw|?
=C . du/ dw g2(v + w)fh(u)%( | | ) | } f
R (u—v)-w=0

|lu — v+ w lu — |

where ¢ (cos§) = 2% This is due to two change of variables (37),(38) and page 316 of [74]. Then

| cos 0]

8virgain(fv f)
= 20guin(00, f, f)

+C/]R<3 duy /u.ULOdwf(eruL)f(erm)

gl g [ e e
Xdo e 1 (=) (uy+v+u
Ot Tl (=5) - (u L)

= 2 gin (00, £, ) + Oc(1)e 11|10 f112.

Denote the standard cutoff function x > 0: x =1 on [0,1] and x = 0 for [2, 00). We have

luj+u g +vl? |u”‘ |UH +UL|'€71
Loain (O, f, ) = d + du | 9y, + - 1 5
gam( mf f) /]R3 UHf(U ’UJH)\/R? U 1)1f(v UL)B qO(|UH+UJ_| |UH|
We further split it into, for 0 < ¢ < 1,
|1_]+ﬂl|1780[1/276
R3 R2 UH’3
‘u”+v+uL‘2 |UH| |U”+UJ_|H71
X Oy f(v+uy)e” o du
’U’Lf( J—) 0 "LL” +UL| |UH| L
544, [meal/2e
+/ dqu(v—&—uH)/ {1—)(( L'
R3 R2 U3
< Oy Flot ),M P 1 N R
flo+u,)e uy .
Vi 1 0 |U” +uJ_| |U||| 1
For the first part, |uj 3| > [0+ @1 |'5a1/27¢, and we parametrize u| as u, 3 = — <%~ so that
I, ; us
du, = 10 g, = Ll gy, A.153
u = fur o = Tansl uy dug o, (A.153)
and the first part equals
Jes duy f (0 + 1)) fge dULOu, fvr +ur1,v2 +uL2,vs — avzfai)

K
[ota. [t—cat/2e \uHJrrquuLP qé(wi”,m)

Xy [H————— ) e~ 1 — .

uj|,3 g, allug+us [t
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We now integrate by part in u, ; for i = 1,2 to get

a1
—/ d“l\f(v+“\\)/ Doy f(0+ 1L, v3 — ——=
R3 R2 u),3

Juy |
<|77+@|1a1/2> oot 2 65 () ,id L
XYX|————— e 4

uj|,3 |y 32wy +up[r
_ Uj| - UL
—/ dqu(v—&—uH)/ FO+ 1y, v — =
R3 R2 uy|,3
luyl  \~
|'D+7._L |17€a1/27€ 7|uH+v+ui|2 qo(ﬁ)uHJ B
X Oy, i = 1 I U .
’ )3 Juy 3l luy +ur [t
Directly we have |0y, ,a(v + 1) S a(v +4,)Y? and \dw 2 < T l‘ to conclude
0+ ay | fat/? e+ o+ a |t fam e g oo Ty
0w if I~ e
U3 luy sl +u]
_ _ ||
+Xe‘cluu+u+v\2{ Hq6||°°|u“|2 ||q3||01‘“l\|2 HqOHOO|UH|(1+ ot 3|)}
lup sl luy +ur P JuysPluy +un B g sl g P
IuH+v+uL\2
<. 1 { L |77+1"u|1’5075} R 1]
~4p {’U,H’_Q,N‘T}-'rﬂL‘l—sal/Q—E} ‘/ﬁ_i_aj_' |u”’3| |U||’3||UH _;'_uj_‘l—ﬁ
Jay [ (1 + |z |) 1 —Cluy+vu 2
+ 1o 1a, i-car/2 ES“”=3}|uH’3\2|uH Ty |lr |u\| e e [ 1

Note that |f(v +u))| S €_C|v+u”|2”€9|v‘2f“oo and

= = Uy - Uy —Clo+a, |>-C @1)|?)0lv]?
F(@+ a5 — A2h)| < e Clotan P =Clustus st mn) ) oF | (A.154)
U3
and
e_‘u||+uL+U|2e_C|U+u|||2e_c"l7+ﬁL‘2_C‘U3+UL,3(UH7'&L)‘2 S 6—C’|v|2€—C’|ul|2e—C\v+uH ‘2’
. u
where v := v + v, with v := v - - and

luyl
v+ + v+ url? = o+ uy P+ v P+ve +ur® + o2 > ]

The 0, L{ }—contribution are bounded by following three estimates : For the first term

7|’U,L|2d* o du

e u

L ey | S g e
R2 |U + ul| R2 w)3~|0+aL [t mra2 T |U|| 3|

For the second term we use f(v + @, ,vs — %) < e*C\eruL\?Heelv\’szmW such that
’ BRETEL
| |1 R . _ _ \14,H+uJ_+1f|2 |7 |
vtuy| T faT ) -uL, e |
fotu)—————f(vs - -
STRE LR (T T b
— — 17 — —
<€7|U‘267|v+u”|267‘uj“2H60|v|2f”2 |’U+UL| ca €|U||‘ 1 1
~ o fup ' a0 g sl 4 [vsuy s — @y - uLe
— — 1_ —
56_|U‘26_|U+“”|26_‘uﬁ2H€0|v|2f”2 LRt 601[ ) 21 U3U| 3 . TREE
—K —e | , = U
g + ] Juy e lac | [F5 —ay - ]

where we have used e~ /v +uil” luy | S {lwy + v + [v]}e ot l* < (1 4 Jo))e=Clotunl,
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\F

Now we decompose u) = @y q + Uj,p := Uj| * 7] + (@ — 4y - 724) and bound e~ ¥ h ||€0|v‘ FlI2 %

laL]

NS

1 _
/ duy s / day oo 0T UL 07
u, g~|ota g |t Ea%75 ’ 2 |ul| |U’H73|2_E

— = 2

/ IUH b+(’U v ‘“L‘)l dUH b / d’l_l,H ae—‘uH,aI

X — : v3U| .3
R @'~ & (U0 — T 1)

]
~ v+ 1 l—e (5 7, )€
< dﬂj_e_‘"MQ/ ) du\|,3|v uf| - a(v:gl)
R2 u“,3~|1’)+ﬁJ_‘1*5a§75 |'U;J_| ‘uH73|

% The u) 3—integration yields

where we have used ), = U)o — v

e
§/ day e 17l [0+ | ia(HUL) E/ dui”;’_
R? |UL|€ wp g~|o+aL |1 cqs—c |u‘|,3\ €
— _ 1— _ _ _
g/ i et Pt el e a1 L
R? @yl [0+ 110909 (5 + @, ) G—=)0-2)
5+ [€1-9)
< | dage ™l o+ @y |77 L .
R? | |2 (v +ay )z

Note that a(v + @y )2 =12 > [n(z) - (0 +4.)]* 509 and |a, | > [n* - 4.]° to bound

O R — T it ) S (0,

n.ul_’_n.v]l 28(1 E) R‘nL'ul|€

For the third term is bounded by ||e€|”\2f||§0 X

e—\uu,s—vs\z
deH duy 7zdu”73
R JRe sl 2lo+asi—cat/z=c [U)] 8]

g PO+ s i

1+
fut wl g + w2

. _ _ _ 2
_ / - / e—Cluilzdul <“H>2e C{luy+v| }(1+ 1 )
~ o fes Il Re |0+ UL eal/2e a4+ g [1* a2

where we have used

/ e luy s—vs| 1 d
u

1 1—¢ Tte - UI,3

lup s> lo+as 1-ead s |8 w3l ’

< 1 w3 —vs] 4
~ |U+uJ_|(1—8)(1+52)a(§6)(1+€2)/R g 51> O3

_ 1
N o4 ay |l me) e gy —(1me) (e

We note that, by separating |£] > § or |¢] < §, we can write al/2=(1=e)(1+e%) > {n~[17+ﬂJ_]}1*(1*6)(1+52)
and |0+ a, |70+ > (pl [ 4 4y |} 90 where nt = [ ? _01 ] n,x so that the inner

2D integral are two convergent 1D one

/ —Cluslqg | / di |
(o+as)nti>1  ol/2E o+aL |<Lnt {orac )<t [0+ Gu[tmeal/27e
2
< e Clurl du | du |
— + o a1/2—6 ‘1—5a1/2—8
Int {o+a. }|<1 \

—Cluy] duy

+ —
0

Int{ota, <t [0+uL|t™e

< +oo.

nl{o4a.}l<1 |0+ UL
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Similarly, the first term is bounded by

)

~log— 2 o _|ul 7
e |vg uH,3‘ }q0(|v+w|)u|»iduJ- _|u+,u4+w|2

2
)T £l el 9o £ / du / ¢
I o TN g slztotaspcarse lupal? ) +ug[5?
I,

and the same argument yields the same bound.
We now turn to

u]

S |l—e o 1/2—¢ rosn? GG
= [ amsra [ o (PR ) b ruge = 6 var)
R3 R2

uj| 3 || [u 4wt

In this case,
|64 @, fat/?F > |u)),3]-

We now parametrize du; in two different ways.
We decompose
U =U|p + U pt =0 -nt+1u- nt. (A.155)

If |uj 3] > [t n |, then we use the same parametrization to get

| -
e_w<v>sew<v+ms/ duy f (v + “II)/ dii e, (04, vg — -
R3 R2 U3

Juy

5+, ['eal/2e N e 65 ( )

X[l —x € ! I—x
U3 |uyp,3lluy 4w

moyl/2
Joal/

(0)

du, e—C\uL\Qe—C\v+uH\2

X/ d“l\/ T+ al/2 1—k
RS ot 1-cat/z—e sy 5 |0+ ULlal/? oy slluy +u]

First we integrate u ,, to drop W singular term for 0 < x <1

e—\vn-‘ruu,n\z e—|7)n+uu,n\2
———dyy < [ ————————duy, < o0,

lu —ug [tF ) — UL "

2
Ss o 11E” flloclle =t

O, f(8)|] o0

so that we only need to bound
e_lﬂil2_|v+uu|2df“_ 1
du) .
[l:n |0+ |22 |0 + a | 25al/2-2¢ Juy) 3]
_ emlil’qay | elvtuntucl®g—lotuyl®
< )t — 22 :
’ "U"‘UJ_FO{E |’LLH73| e

The inner integral is finite, since o > |n- {0+ @, }| = |v-n+ 1 »|, and the integral is a 1D integral :

— 2
67‘UL,‘N| duL,n

—_— < .
ot AL

Moreover, from [u| 3| > |t |, the outer integral takes the form

< 0.

2 2
el stval® e =l mt Tt Wy oy, 0 e~ lunstvsl? eVttt qy | dy
139U 0t et Ay 3
i <

|y 32—¢ {luy |+ Jup 3l32

We are done in this case.
We now consider the case |u)| 3| < |u) 1| We now choose a different parametrization. We define

- - L
Ulp =UL N, ULJLL.—UL'TL .



306 ANNEXE A. THE BOLTZMANN EQUATION : SPECULAR AND BOUNCE-BACK BC

UL pUl| nTUL 33U,
Now we choose u] ,, and u, 3 as parameters so that u, ,1. = —w and
: Il.n

_
duy = duy pduy 3,
[, |

so that we need to bound

e—w(v)s/ d’LLH
R3
UL ,pU||,n + UL,3Y|, 3

Xf(i} + ull)/ duL,ndULBaw f(vn + UL, Uyt — , : . V3 + Ul )
R2

Ujj | |

[y |
1o+ a, |t mal/? et q0(|u”+”1u|)
Xel—x| ———— e g

U3 Juy |l + L=

|uy|

o|at/?8,,
Directly this is bounded by ||ee‘”|2f||oo||e_w<”>s‘l<#|\oo

_ _ R 2_ 2
/ d / (0 +ay e lm vt dy ) L duy s duy
uj| = 1 =
1/2 1—
R3 |5 [1=eal/2=< > uy 5| ‘U+UJ_|CY / |U||7nL||UH +’LLJ_| K

(0 + @y Y lBLnl —lotuy 1 _
du D+ @1 |50 |0 + 4y |- 2eal/2—2 | |dui-’”'
R3 |o+a . [P==al/2= > ) 4] ‘”U+’U,L| o |v+ul| « U} nt

. e CluLslqu, 4 eic‘“%3|2du¢3
where we integrate v 3 first to drop [, e S Je sTaL e < 0o

In the case of |0 + @, | < 1, this is bounded by

€_|“J-|2_|”+“H‘2dUJ_,n 1
du| 0+ @y |2ea2 u [ at—=
R3 L [[,nH11TH],3
6_‘"1-‘2_‘”+“|\|2d1”_7n 1
duy| p e 1-¢
RS |U1,n + Unl )] ot [y 3]

e~ linl’dqu, e—lvtuyl®
Ss / duH{/ = — e } -¢’
RS AT S L (R | T
where the inner integral is 1D which is finite and bounded. On the other hand, from the assumption
|uj,3] < ||, ], the outer integral is

2 . _
/6_|”+u| |+ Aty nduy,3
- =
|y |[2),3]

_ _ _ = = 2
‘uH,nJ-‘ duH’?’ ef‘vn“ruﬂ,nlze_‘an+u|\,nj~‘ B B
1< Z ddtj) 2 iy
0 |y ] || nt |

_ _ = = 2
e*\UnJruH,n\26*\%,i+“|\,nL\
— dﬂH Ldﬁ||n<OO.
R? |8 n | e

In the case of [v 4 @, | > 1 we bound the integration as

O+, ) E =Ll o= lvtuy|?
/ / v—&-uL Sv+ay) e e " diduy
R JR Juy 5| T |0 4 @ [Leaz ¢ [y ] luy) 4w

2 2
vn"‘uln (U1 )%€ ~lasal e loy] _
du dul,n-
R3

\u‘|3|1 = [ULnJFUn]Q(z ‘a‘lvnj‘|

IN

IN

Again fl ot & Sy |t ~72% and hence the integration is bounded by
I ‘1 25

=t nl® o—lota|? .
// S < () (0,0 ) (B0 )" T (3,) " (1729 < 1.

(@) | T T+ B |12




A.7. APPENDIX. NON-EXISTENCE OF SECOND DERIVATIVES 307

Our main result for 2D specular case is the following.

Theorem A.5. Assume a stronger cut-off assumption on qo(0) of (A.2)

Vool ”:“ ml”_“ ‘ . (A.156)

v — ul
Assume fo € WE with (A.10). Assume that

’1)2
sup {[[e”"" F(t)]oo + (100, f (B)lloc} < €15 < +00,
0<t<T

then

@e__ @

2 ()loo + [l /aV, f(#)]oo}

— ye 1]
s
OS?ET{He 1+|U\2 (v)
< al/? |—‘2 o p oJo]?
Srer 7= @ wf0||oc+||< >V vfollos + 110u; flloo + P([[€”" folloo),
where P is some polynomial. If fo € C' and the compatibility conditions (A.17) and (A.19) are satisfied,

then f € C' away from the grazing set ~y. Furthermore, if Hem“‘zfg”OO < 1, and 9Q (therefore £) is real
analytic, then T can be arbitrarily large.

We remark that powers of singularity o and +/a are barely missed in 3D case (borderline case).

Proof. We repeat our program in 3D for the simpler 2D case, and we only point out the differences.
Lemma A.6 is valid with easy adaptations. The new 0, f(t) estimate follows from taking the v derivative

{at + Ulazl + ’UQaIQ}a’Ugf + V(F)avgf
= Fgain,vs (fa f) + Fgain(avgfa f) + Fgain(f7 8v3f) - va(\/ﬁf)f - V(\/ﬁavgf)f

Since

A

oy (VES) F| + Tgain,vs (f £)] P(1e”"F flloo),
2 7C|v ul?
0 (y/iDuy f).f| + Cgain (@ f. )] S P17 fl]oc) / o O f(wldu,

and for (z,v) € y_
avsf(tvxvv) = 8v3f(t,x, Rmv)y

then we follow the proof of Lemma A.6 (similar to d;f proof) to conclude

10 f Olloo S 11805 folloo + P11 fl]0).

The Velocity lemma (Lemma A.1) is valid with changing v to ©. The non-local to local estimates
(A.15) and (A.16) are valid for 0 < x < 1 for ¥ = (v1,v2) : In the proof of (A.15) in Lemma A.2, Step 1,
the claim (7.60) is valid. Step 2, (7.61) and (7.62) is valid with «(z, 7). In Step 3 we define &1 and &9
with changing v to ©. Then (7.64), and (7.66) hold with changing v to v. We follow the same proof of

Step 4 to bound ftb(x %) #Z(s v)ds. We use ﬁ < ﬁ to conclude (A.15). For the proof of

(A.16) in Lemma A.2, we use the same time splitting of (A.49) with changing |v| to |o]. Then all the
proofs are followed and we conclude the proof using ﬁ < %‘

The fundamental Theorem A.3 is valid with simpler proof with changing all v to ©. In fact, due to
topological advantage, we can use a global chart x| = 0 in R! (such as the polar co-ordinates) for the

boundary as
n(x)) = [R(z))) cos z)|, R(z)) sinx|],

(vector-valued function) with a global ODE for in the polar co-ordinate system near the boundary! The
proof of Theorem A.3 follows step by step of the 3D case but with simpler argument without changes of
charts. The estimate of e_w<”>tﬁvwf(t) exactly as in 3D case, valid for a. The most delicate part is
to estimate Oy, gain(f, f), where a weight stronger than /a, due to 8 > 1/2 in (A.16). It is important
to know, that we are unable to establish (A.16) in the 2D case with 8 = 1/2. However, we are able to
close the estimate by using additional bounds on 9,, f.
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Basically we follow the Proof of Theorem A.2 but we use Lemma A.12 when derivatives act on Ve (s)
argument of Fgain(f’”_é, ™9 (s, Xea1(8), Var(s), v3).
More precisely we use Lemma A.5 for e € {x1,z2,v1,v2}

11, of (A.123)

- / 05 3 Trn oy (s)e F: TI B o (F) )

X {89Xc1<5) : [Fgain(vifm_zv fm—f) + Fgain(fm_£7 Vifm_e)] (S, Xcl(s); Vcl(s))

+ 9eVa(s) - Vo [Caan (71, )] (5, Xea(s), vcl(s»}

t £.(0) )
/ ds Z ]—[tf+1 t@) - [, 1541 0y (T (F™ .7)(T)d‘rrgain(fm—é7Jcm—é)(87)(cl(8)7 Vcl(s))

t O(s)
< ar 2 ) {8 Xeat(s) - v(/AV f" ) (7 Xaa(7), Vr(7))

R3

+ 0eVer(s) - Vo B(v — u,w)/ () f 7 (1, X (1), u)du}
Ly (O) v m—~£ s s
o Ja S L ey ((FT ) (5)d fO(XCI(O)J/Cl(O))/ D s ey (s)
0

g {ancl(S) V(Y"1 Xa(7), Va(7))
+ - 8e‘7<:l( ) v B \/ fm j T XCI ) u)du}

We use the crucial lemma (A.20) for the terms containing 0;I'gain as
¢ ,0) ¢ ¢
e o V90T £ s
(17>2
e—@('ﬁ>(t—3)|5|ds x { RHS of (A.151)}

—w(v)(t—

A

S‘Hhc\ﬁ

|ew<v>saﬁrgain(fm74 fm7€)|d5

e

t
S

P fol oo} {1 + 110 fol oo + [e==

e
@ Il

Similarly

t

e~ 2 >|a Vet ()]0 gain (7, )]s
0
|,U|2eC\v||t—s|

(v)
t
e~ @@ =9)|5|ds x { RHS of (4.151)}

g e—w(v)(t s) |ew<”>83@Fgain(fm_e,fm_£)|d8

<

S‘Hc\c\

(Heelvl folloc) {1 + [[0us folloo + H o <|U|>a

For the term containing 9, Ve(s) - Vi B(v — u,w) we use (A.156). The estimate for the other terms
are same as the proof of Theorem A.2. O

Proposition A.5 (Specular BC). Assume Q := {z € R? : |z| < 1} be 2D disk and &(z) = |z|*> — 1. For
any 1 < k assume the compatibility conditions for 0 <i <k —1

8Zf0(x, v) = 9! fo(x, Ryv) on vy_,
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and for some xo € O and some ug € R® with |ug| ~ 1 and n(xo) - ug = 0,

/( _ K, (v,u)dy, OF fo(xo, u)du, > C >0, (A.157)

Ur~UQ

where ky, is defined in (A.136). Then there exists t > 0 such that if Xa1(0;t,x,v) ~ xo then for all
v € R® we have a blow-up (A.135).

Proof. The crucial ingredients of the proof is a 2D borderline estimate of Theorem A.5 (due to Lemma
A.12) and the explicit lower bound of (A.148) in Example 1.
For simplicity we only consider the case of k = 1. In order to show (A.135) it suffices to show

0nDiT gain(f, £) (100, v) — Do (\/iif) (0, v) = +00. (A.158)

This is due to the fundamental theory of calculus

anrgain(f7f)(tax07v)_anV(\/ﬁf) (t Zo, U )
=0nLgain (fo, fo) (@0, v) — Onv (/12 fo) fo(zo, v /3 05U gain (f, ) (8, 20,v) — 005 (\/11f) f (s, 0, v)ds,

where we can choose the initial datum as good as possible.
We decompose

o f(t,x — — O f(2
/ K, (v,u) 1o = enle),u) - B fh %) =/ +/ +/ :
R3 In(xz) u|<e e<|n(x)u|<1 1<|n(z) ul
—_————

3
II

By Lemma A.6, the first term is bounded by

[ sowlafl.
In(e)-ul<e

Due to (A.138), 1 < |n(z) - u| implies 1 < |n(x — en(z)) - u| for 0 < ¢ <« 1. Therefore we use Theorem
A.5 to bound the third term as

u 1+|a‘2 _ = (6%
S [ e ok du x [le” =) OV f(t)lloo
/<|n<m>u~/e T e <o (v wdu x [l g 0V f (O
S Ona(1)le =" 1+| T a0 Vel Wl

Now we focus on the second term II. Due to (A.138), 0;f(t,z — ern(z),u) is differentiable for all
0 <r <1 and we have (A.139). We further decompose

1
II:/ / ks ('U;U)anatf(t,x*ET’TL(ZL’),U)dT‘dU:/ Jr/ '
e<in(@)ul<t Jo <<t " Jechul<

Set z(r) := x — ern(z). Now we use (A.123) for the first term and apply Theorem A.5 to the second
term (Ju,| > N) to have

1
I 2 e<|un|<1 du/O dr kfo (vvu){aanl(O) . viath(Xcl(O)v Vcl(o)) + a77,‘701(0) : vﬂath(Xcl(O)a Vcl(o)) }

lur | <N

1
2
= PU T follo) [y [ (o)

|lur | <N
A ouator [ pekants + [ onval [T o
Xals Vazf(s ud8+/  Ver(s ——— |V f(s)|duds
rs |Var(s) —u|?=* 0 grs |Va(s) —ul?>=*
—l—(u)”e‘e‘“l sup 8n1_/c1(s;t,x,v)|}
0<s<t

1 e—N
1 / / e dundr
) 0 e<|u,|<1 |Un|2+C€'I"N2
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We use (A.148) and (A.157) and (A.147) to bound (lower) the underbraced term

tla, |t
/ dr /< < ,/| <N du, RE |+ Cl'é"I"NQ kg, (Uau)avnath(Xcl(O)v VCI(O))
Up, ur|< n

1
~ d?“/ du, ——————,
/0 e<|u,|<1 |’u‘n|2 +CETN2

where X¢1(0) ~ z¢ and V¢1(0) ~ uo.
Except the underbraced term, all the other terms are bounded, by Theorem A.5 and (A.148) and
(A.16),

tlul?

2o [ dn [ dukgew
e<lun|<1 lur | <N [u,|2 + CerN2

w(u')s
Tk SHU 1+|u'| )e /
P fol) /<‘ du/ dr kg, (0,) / e dwas

It\lul4

o)v|? Ko —0lul? __
P fol o) /| s [ ket
-N

1 €7N
—0(1 —_—du,d
( )/0 /E<|un|<1 |tun|? + CerN? Hn @l
1 ! e
> —On(D|IV0 o In(=) —o(1 s du,dr.
2= NIV ol o) [ e dude

Collecting the terms and using (A.147)

1
1 1 1

11 > dr/ dup—F———= —In(=) 28 — = +o0,
N/o e<|un|<1 [un|? + Cer N2 (5) ~N 2

and &€ — 0 and this proves (A.158). O

||V:fatf0”oo
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