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Résumé

Dans cette thése, nous étudions les équations d’Einstein dans le vide en dimension 3 + 1, sur des
variétés de la forme ¥ x R,, x R, ol X est une variété de dimension 2, munies d’une métrique de la
forme

g = 6_2'yg+€27(dI3)2,

ott % est la coordonnée selon R,.,, v est une fonction scalaire, et g une métrique Lorentzienne sur
¥ x R, telles que 0, est un champ de vecteur de Killing. Pour ces métriques, les équations d’Einstein
dans le vide sont équivalentes au systéme en dimension 2 + 1

gy =0
{ Ry = 20,70,7, (0.0.1)

ot R, est le tenseur de Ricci associé & g.

La partie principale de cette thése concerne le cas ot ¥ = R2. Dans ce cas, il existe une solution
triviale, donnée par v = 0, et g la métrique de Minkowski sur R? x R. La question est alors d’étudier
la stabilité non linéaire de cette solution triviale.

Les données initiales pour les équations d’Einstein ne peuvent pas étre choisies de maniére arbi-
traire, elles doivent satisfaire des relations de compatibilité appelées équations de contraintes. Nous
étudions ces équations pour le systéme (0.0.1) dans la premiére partie de cette thése. Le but est de
trouver des solutions, (g, K), des équations de contraintes, qui soient asymptotiquement plates sur R2.
Cependant la notion d’asymptotiquement plat n’est pas canonique en dimension 2. Par exemple, les
ondes d’Einstein-Rosen, qui sont des solutions radiales du probléme en 2 + 1, possédent un angle de
défaut a l'infini spatial. En particulier, ces solutions ne convergent pas vers la métrique euclidienne
a Iinfini spatial. De plus, & cause du comportement de I'opérateur de Laplace sur R2, trouver des
solutions aux équations de contraintes demande une analyse trés particuliére.

Les solutions que 1’'on construit dans cette thése ont un comportement non trivial a 'infini. Leur
développement asymptotique fait apparaitre des quantités que 'on peut relier aux charges globales
(comme la masse ADM, le moment ADM...)

Dans la seconde partie, nous prouvons la stabilité en temps exponentiel de la solution triviale. En
s’inspirant de [40], nous aimerions travailler en coordonnées d’onde. Le systéme (0.0.1) s’écrit alors

sous la forme
gy =0
0.0.2
{ Oggu = —40,70,7 + P (9)(9g, dg), (00.2)

ot P,, est une forme quadratique. En dimension 2, le taux de dispersion des ondes libres, qui est
seulement de it, rend I’étude du systéme (0.0.2) assez difficile. Si nous regardons le probléme modéle

Oy=0
Oh = (9v)?,



le taux de décroissance de v ne donne aucune décroissance pour h. Pour avoir plus d’informations,
nous allons adapter I'analyse des ondes d’Einstein-Rosen. Cela nous améne a introduire la famille de
métriques suivante

gy = —dt* + dr® + (r + x(q)b(0)q)*d6” + J(0)x(q)dqdd,

ol g = r —tet x est une fonction cut-off telle que x(¢) = 1 pour ¢ > 2 et x(¢) = 0 pour ¢ < 1.
Ces métriques sont Ricei plates pour ¢ > 2. Afin de converger vers la solution de Minkowski & I'infini
temporel, nous for¢ons la condition suivante a étre réalisée

b(0) ~ /000(87)2(75,7“, O)rdr,

quand t tend vers +o0.

Dans la derniére partie de cette thése, nous étudions les équations de contraintes avec un champ de
Killing de translation spatiale dans le cas hyperbolique compact, sans condition de courbure moyenne
constante. Nous montrons 'existence d’une équation limite associée aux équations de contraintes, de
la méme maniére que dans [16]. Ceci est un travail en collaboration avec Romain Gicquaud.



Abstract

In this thesis, we study solutions of the 3 + 1 vacuum Einstein equations, on manifolds of the form
¥ X Ry, x R, where ¥ is a 2 dimensional manifold, equipped with a metric of the form

g=e g +e(da®)?,

where 23 is the coordinate on Ry, v a scalar function, and g a Lorentzian metric on ¥ x R, such that
0z, is a Killing vector field. For these metrics, Einstein vacuum equations are equivalent to the 2 + 1

dimensional system
gy =0
{ Ry = 20,107, (0.0.3)

where R, is the Ricci tensor associated to g.

The main part of this thesis is concerned with the case where ¥ = R2. In that case, there is a
trivial solution, given by v = 0, and ¢ the Minkowski metric on R? x R. The question is to study the
nonlinear stability of this trivial solution.

The initial data for Einstein equations can not be chosen arbitrarily, they have to satisfy compat-
ibility conditions known as the constraint equations. We study them for (0.0.3) in the first part of
this thesis. The aim is to find asymptotically flat solutions (g, K) to the constraint equations in R2.
However, the definition of an asymptotically flat manifold is not so clear in two dimensions. Einstein-
Rosen waves are radial solutions of the 2 4+ 1 dimensional problem with an angle at space-like infinity.
In particular, these solutions do not tend to the Euclidean metric at space-like infinity. Moreover,
the behaviour of the Laplace operator on R? makes the problem of finding solutions to the constraint
equations quite intricate.

The solutions we find have a non trivial behaviour at infinity. The asymptotic development of our
solutions let appear quantities which seem to be the two dimensional equivalents of the global charges
(ADM mass, ADM momentum,...).

In the second part, we prove the stability in exponential time of the trivial solution. Following [40],
we would like to work in wave coordinates. Then, our system (0.0.3) takes the form

gy =0
0.0.4
{ Dgg;w = 748}1781/7 + Puu(g)(agv 89), ( )

where P, is a quadratic form. In two dimensions, the decay of the free wave, which is only %, makes
the studying of (0.0.4) quite difficult. If we look at the model problem

Ly=0
Oh = (9v)?,

the decay of v gives no decay at all for h. To obtain more informations, we will adapt the analysis of
the Einstein-Rosen waves. This leads us to introduce a non trivial family of background metrics

gy = —dt® +dr® + (r + x(q)b(0)q)*d6* + J(0)x(q)dqdd,



where ¢ = r — ¢t and x a cut-off function such that x(¢) = 1 for ¢ > 2 and x(q) = 0 for ¢ < 1. These
metrics are Ricci flat for ¢ > 2. To have convergence at time-like infinity to the Minkowski solution,
we have to enforce

b(0) ~ / (37)2(t, r, 0)rdr,
0
as t tend to oc.

In the last part of this thesis we study the constraint equations with a space-like Killing field
without constant mean curvature assumption in the compact hyperbolic case. We show the existence
of a limit equation associated to the constraint equations, as in [16].This is a joint work with Romain
Gicquaud.
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Chapitre 1

Introduction

Dans la théorie de la relativité générale, I'espace-temps est décrit par un couple (M, g) ou M est une
variété, généralement de dimension 3+ 1, et g est une métrique lorentzienne, c’est a dire une métrique
de signature (—, +, +, +). Cette métrique doit satisfaire le systéme d’équations suivant, introduit par
Einstein en 1915, et qui relie la courbure de I’espace-temps aux sources de matiére et d’énergie présentes
dans 'univers :

1
Ras — ERgaﬁ =T.s. (1.0.1)

Ici R désigne le tenseur de Ricci de g, R la courbure scalaire de g, et T le tenseur énergie-impulsion.
Les objets géométriques R et R seront explicités dans la Section 1.1.1. Les distributions de matiére et
les champs autres que gravitationnels sont décrits par le tenseur énergie-impulsion T, 5. Voici quelques
exemples :

e dans le vide, To3 = 0, en prenant la trace de (1.0.1), on a alors R = 0, et les équations (1.0.1)
sont équivalentes a R,z = 0.

e en présence d’un champ électro-magnétique

1

1 LV
Tuﬁ = E (F(gFB;U« — ZgaﬁFl“’Fl ) 5

ou Iy, est le tenseur électro-magnétique,

e en présence d’'un fluide parfait (par exemple pour modéliser 'intérieur d’une étoile)

Top = (p+ p)uats + Pgas,
ou u® est le quadri-vecteur vitesse, p est la pression, et p est la densité d’énergie du fluide.
Dans cette thése nous nous intéresserons au cas T,z = 0.

Remark 1.0.1. Les équations (1.0.1) relient des tenseurs, qui sont des objets indépendants d’un choix
de repere. Cela s’appuie sur le principe de covariance. Ce principe postule que les lois de la physique
ne dépendent pas du référentiel dans lequel on les exprime.

Le plan du reste de ce chapitre est le suivant. Dans la section 1.1 nous introduisons les objets
géomeétriques utiles a la compréhension de (1.0.1). Dans la section 1.2 nous présentons les équations de
contraintes, qui seront abordées aux chapitres 2 et 4. Dans la section 1.3, nous présentons le probléme
de Cauchy pour les équations d’Einstein. La section 1.4 est une introduction aux problémes d’existence
globale & petites données initiales pour les équations d’onde non linéaires, qui est un domaine dans
lequel s’inscrit le Chapitre 3. Dans la section 1.5, nous écrivons les équations d’Einstein dans le vide en
présence d’un champ de Killing conforme de translation spatiale, qui est la symétrie qui nous intéressera
tout au long de cette thése. Enfin, dans la section 1.6, nous présentons les résultats démontrés dans
cette these.

13



14 CHAPITRE 1. INTRODUCTION

1.1 Préliminaires géométriques

Dans cette section nous rappelons quelques notions de géométrie riemannienne et lorentzienne bien
connues. Nous nous appuyons sur [20] et [47].

1.1.1 Variétés riemanniennes, variétés lorentziennes
1.1.1.1 Meétrique

En tout point z d’une variété M de dimension n, on peut définir 'espace tangent en z & M, noté T, M.
Le fibré tangent, noté T'M, est I'union disjointe des fibres T, M. Une section X du fibré tangent, aussi
appelée champ de vecteurs, est une application lisse qui & tout = dans M associe un élément de T, M.
On note alors X € I'(T'M).

Pour € M, on peut aussi considérer l'espace des formes linéaires sur T, M, (T,M)*. L'union
des (T, M)* est appelé fibré cotangent et est noté T*M. A partir de TM et T*M on peut considérer
I’espace fibré

TM®@.QTMT*"M®..T"M

p fois q fois

pour p et q entiers naturels. Une section de ce fibré est un tenseur de type (p, q).

Définition 1.1.1. Une métrique riemannienne sur M est la donnée d’un tenseur de type (0,2) sy-
métrique défini positif. Une métrique lorentzienne sur M est la donnée d’une tenseur de type (0,2)
symétrique et de signature (1,n — 1).

1.1.1.2 Structure causale en géométrie lorentzienne

Soit M une variété munie d’une métrique lorentzienne g. On note
(X,Y) = gapXYP.
Définition 1.1.2. Soit X un champ de vecteur.

1. Si (X, < 0 on dit que X est de genre temps.

X)
2. Si({X,X) =0 on dit que X est nul.
X)

3. Si (X, > 0 on dit que X est de genre espace.

On dira qu'une courbe est de genre temps si en tout point son vecteur tangent est de genre temps
et qu’elle est causale si en tout point son vecteur tangent est soit de genre temps soit nul. On dira
qu’une sous variété est de genre espace si tous ses vecteurs tangents sont de genre espace. Dans ce
cas la, g restreinte a cette sous variété est riemannienne. On appelle cone de lumiére 'ensemble des
vecteurs nuls en un point.

1.1.1.3 Connexion

Soit M une variété différentielle et M — E un fibré vectoriel (E peut étre par exemple le fibré tangent
TM ou le fibré cotangent T*M). Soit ¢ une section de M — E, notée o € T'(E). Etant donné un
champ de vecteur X sur M, une dérivée covariante ou connexion est une fagon de définir la dérivée
de o dans la direction de X, de maniére tensorielle par rapport & X, c’est a dire C*> linéairement par
rapport a X.

Définition 1.1.3. Une dérivée covariante ou connexion V sur le fibré vectoriel M — FE est une
application
V : I(TM)xT(E) - T'(E)
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qui est C'™° linéaire par rapport a la premiére variable et R linéaire par rapport a la seconde, et qui
vérifie la régle de Leibniz suivante

VfeC¥(M)Vo € I'(E), Vx(fo)=df(X)o+ fVxo.
Soit maintenant M une variété munie d’une métrique g riemannienne ou lorentzienne. Il existe
alors une unique connexion satisfaisant la définition suivante :
Définition 1.1.4. La connexion de Levi-Civita D est l'unique connexion sur T M telle que
1. D est métrique, c’est a dire VX,Y,Z e I(TM), X(g(Y,Z)) = g(DxY,Z)+g(Y,DxZ) ot on a
noté, pour une fonction scalaire f, X(f) = df (X),
2. D est sans torsion, c’est a dire VX,Y € T'(TM), DxY — Dy X = [X,Y], ou [.,.] est le crochet
de Lie.

En coordonnées, la connexion de Levi-Civita D associée a g s’écrit

oYk o
DxY = X'——0p + X'T}, V"0,
oxt ‘

ou les ng sont les symboles de Christoffel

) 1 .
sz B igﬂ(aigkl + 8kgil — 61g,k) (111)
Une fois définie la connexion de Levi-Civita sur 7'M, on peut la définir sur tous les fibrés vectoriels
associés & T'M par compatibilité. Par exemple, pour o € T*M, on a
X(0(Y)) = (Dxo)(Y) + o(DxY),

ce qui permet de définir Dxo.

1.1.2 Courbure
1.1.2.1 Définitions

Les dérivations usuelles satisfont la régle de Schwarz
°f &
0xidxd — O0xidxt’
ou f est une fonction scalaire. Ceci est faux en général pour une connexion :

VLVL_U;AVL_VLJ,

axt dxJ oz dxt

pour ¢ un tenseur. Le tenseur de courbure est I'objet qui mesure ce défaut de commutativité.

Définition 1.1.5. Soit M une variété munie d’une métrique g. Le tenseur de courbure associé a la
connezion de Levi-Civita D est défini par

VX,Y,Z € T(TM), R(X,Y)Z = DxDyZ — DxDyZ — Dix ) Z.

FEn coordonées
Rop? 0" = (Do D — DDy )v?.

L’expression R(X,Y)Z est C* linéaire par rapport & X, Y et Z, et est antisymétrique en X et Y.
On appelle aussi ce tenseur le tenseur de Riemann. En coordonnées, il s’exprime de la maniére suivante

A A A A A
Rog™y :8QFBN78gFa#+Fang#fFﬁprw. (1.1.2)
Définition 1.1.6. Le tenseur de Ricci est donné par la trace du tenseur de Riemann
Rop = RM’\Q.

Definition 1.1.7. La courbure scalaire est la trace du tenseur de Ricci dans la métrique g :

R = g*Rap.
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1.1.2.2 Propriétés du tenseur de Riemann
Proposition 1.1.8. Le tenseur de Riemann vérifie les propriétés suivantes :
1. Rijri = —Rjiki,
2. Rijri = Ryuj,
3. Premiére identité de Bianchi : Rijkl + Rj;ﬂvl + Rkijl =0,
4. Deuzieme identité de Bianchi : D;Rji™ + DjRiy™ + DiRiji™ .

Si on note G5 le tenseur d’Einstein
Gij = Rij — %Rgij»
on obtient ’équation fondamentale suivante
D'Gy; =0, (1.1.3)

en contractant deux fois la deuxiéme identité de Bianchi.

1.1.3 Dérivée de Lie, champs de Killing et seconde forme fondamentale

1.1.3.1 Dérivée de Lie

La dérivée de Lie est une notion de dérivation différente de la connexion. Pour la définir, on a besoin
d’introduire la notion de tiré en arriére ou pull-back. A partir d’un difféomorphisme , on peut tirer
en arriére des tenseurs. Si ¢ : U — V est un difféomorphisme entre deux ouverts d’une variété M, et
si w est une forme linéaire définie sur V, on peut définir sur U le tiré en arriére de w, noté ¢*w par

Ve e U, VX € T, M, 0w (X) = wya) (do(z) X)

ot dp(x) est la différentielle de ¢ au point .
Le tiré en arriére d’'un champ de vecteur Y sur V est défini par

¢Y (2) = (dp(2)) Y (0()).

Le tiré en arriére d’un tenseur quelconque se définit naturellement & partir des deux définitions précé-
dentes.

Soit X un champ de vecteur sur une variété M. On note ¢ : I x M — M, ou I est un intervalle de
R, le flot associé a X, c’est a dire la solution de I’équation différentielle

o) = X(ou(x)),

wo(z) = .
Pour tout t, ¢; est un difféeomorphisme local 1a ou il est défini.

Définition 1.1.9. La dérivée de Lie d’un tenseur T dans la direction X est

d, .
LxT = @(w_tT)h:o-

Remarque 1.1.10. 1. La dérivée de Lie ainsi définie satisfait la régle de Leibniz.

2. Contrairement a la dérivée covariante, Lx n’est pas C linéaire par rapport a X .
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3. Les trois notions de dérivation coincident sur les fonctions scalaires :
Lxf=Dxf=df(X).
Proposition 1.1.11. La dérivée de Lie selon X d’un champ de vecteur Y correspond au crochet de
Lie
LxY =[X,Y].

De plus, si g est une métrique et D sa connexion de Levi-Civita associée, on a

([/Xg)ab = D(J.Xb + DbXa-

1.1.3.2 Champs de Killing

Définition 1.1.12. Soit M une variété munie d’une métrique g. Un champ de vecteur X est un champ
de Killing si son flot est un flot d’isométries, ou de maniére équivalente si

Lxg=0.
On dit que X est un champ de vecteurs Killing conforme si
Lxg =1y,
ot § est une fonction scalaire.
Exemple 1.1.13. Dans l’espace-temps de Minkowski (R**™ m), les champs de Killing sont
e Les translations : T, = 6&

To

e Les rotations : §;; = xiﬁ — xj£7
y i

e Les rotations hyperboliques : Qg; = t% + xi%.

Le changement d’échelle, correspond par contre a un champ de Killing conforme :

0 0
S=t— )
ot i,
est tel que
Lsm = 2m.

1.1.3.3 Seconde forme fondamentale

Soit M une variété munie d’une métrique g, riemannienne ou lorentzienne. On notera g(X,Y) = (X,Y).
Soit ¥ une hypersurface et 7" un champ de vecteur orthogonal a X tel que (T, T) vaille 1 ou —1. Soit
D la connexion de Levi-Civita associée a g et D la connexion induite sur 3.

Définition 1.1.14. La seconde forme fondamentale, K est définie par
DxY = DxY — K(X,Y)T.
On a alors si (T, T) =1,
K(X) Y) = <DXT7Y>7

et si (I,T) = —1,
K(X,Y)=—(DxT,Y).

La propriété suivante donne une définition plus intuitive de la seconde forme fondamentale :

Proposition 1.1.15. Soit § la métrique induite sur 3. Alors K = % (L7g) |l resxrs si (T,T) =1 et

K = =35 (Lrg) |rsxr-x si (T,T) = —1.
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1.1.4 Feuilletage de espace temps, lapse et shift

Pour mieux comprendre 1’équation (1.0.1), il est important d’avoir une décomposition un peu plus
explicite du tenseur de Ricci. Dans ce paragraphe, on suivra [8]. Soit (M, g) une variété lorentzienne
telle que M = X X R o les 3; = ¥ X {t} sont de genre espace. On choisit des coordonnées locales
(', ..,2% ..,2",t) adaptées a la structure produit. On prend ensuite une base de champs de vecteurs
(e:,€0) avec e; = O; tangent & ¥ et eg orthogonal & X, a déterminer. Soit (67,6°) la base duale. On
impose

0° = dt.

On peut alors écrire 4
€y = 6,5 — 63 aj.

On notera par analogie ey = Jy méme si cela ne correspond pas & une coordonnée. Le champ de
vecteurs (37 est appelé le shift. 0* s’écrit alors

0" = da® + Bidt.
Dans la base (07,0°) la métrique s’écrit
g =—N?(0°)" +g;0'0".

ol g est la métrique riemannienne induite par g sur >; et

—N? = g(eo, eq).
N est appelé le lapse. Notons
1
T = N@Q.
On a alors
g(1,T)=-1

et on peut définir la seconde forme fondamentale
1 1
Kij = =(De;Tyej) = =55 (Deieo, €j) = =555 (Ley 9i5)

ou l'on a noté L., la dérivée de Lie dans la direction e (voir la section 1.1.3).
Notons D la connexion associée & g et R son tenseur de courbure associé.

Proposition 1.1.16. On a la décomposition suivante du tenseur de Ricci associé a g :

Rij = R” + K,ijll — 2K7;1Kjl — Nﬁl([/eoKij + DZ(?]N), (114)
Ro; = N(9;K";, — Dy K"}), (1.1.5)
Roo = N(9o(K",) — NK;; K" + AN), (1.1.6)

ainsi que la formule suivante pour la courbure scalaire :
R=R+ (tr K)*+ KVK;; —2N"'9(K";) —2N"'AN. (1.1.7)

Démonstration. La preuve de la proposition est classique et nous la rappelons ci-dessous. Montrons
d’abord la décomposition suivante du tenseur de Riemann :
Rijui = Rijri — Kij Ky + K, Ky, (1.1.8)
ROijk = ]\/v(l)jf(kZ — DkKij)a (119)
ROin = N(‘CeoKij +NKikKkj +D18]N) (1110)
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Prouvons d’abord (1.1.8), qui n’est autre que le théoréme Egregium de Gauss. On utilise la commuta-
tion des e; et la définition de la seconde forme fondamentale pour obtenir :

Rijii = (D;Dje; — D;Djeg, ex)
= <Di(Dj€l — Kle) — Dj(Diel — K“T), 6k>
= Rijp — Ki;(DiT, ex) + Ky(D;T, ey)
= Rijp + K Ky, — Ky Kjy.
Prouvons (1.1.9). On a
ROijk = _RjkiO = N<D]DkT - DijT, 6i>
= —N(D;(DiT,e;) — (DT, Dje;) — D(D;T, e;) + (D;T, Dye;))
= — ( — Dj(K(ek, 61)) + K(ek, Djei) + Dk(K(e]-, 61)) — K(ej, Dke,))
= —N(—-D;Ky; — K(e;, Djex) + DiK;j + K(e;, Dre;)),
oll on a utilisé la définition de la dérivée covariante d’un tenseur. On a donc
Roijr = —N(DiK;j — D; Kii — K([ej, ex], €:))
=—-N(DyK;; — DjKj;),
car les e; commutent. Montrons maintenant (1.1.10). On a :

ROin = —N<D0DZT - DZDoT - D[eg,ei]Ta €j>.

(DoT ;) = —(T, Doe;)
= —<T, Dieo + [60, 61‘}) = —<717 (87,N)T + ND,T + (816])€]> = 8,»N,
ou l'on a utilisé en particulier le fait que eg = NT et [0;,0;] = [0;,0¢] = 0. Donc DyT = VN et
ROin = N(a()(DZTa ej) - <DLT7 DOej) - <DLVN7 ej> - <D[eo,e@']T7 ej>)
= — N(a()(DiT, ej) - <]31T‘7 [60, 6j]> + Kil<el, Dj@o) - <DILVN, €j> - <D[50,61]T7 €j>)
= — N(fc')o(K(ei, 6]‘)) + K(ei, 5806]') + K(Eeoei, Bj) — NKilKlj — DlajN)
= N(-L.,K;j — NK;'K;; — D;3;N).

On peut maintenant prouver la décomposition de la proposition. En utilisant (1.1.8) et (1.1.10) on
obtient pour (1.1.4) :

Ri; = g""Riv;
= " (Runj + Kij Kk — KixKy;) + 8N (Ley Kij + NK;'Kyj + D;0;N)
= Ri]‘ + Kinll - KilKjl — N_l(ﬂeOKij + NKilKlj + Dzé)]N)
En utilisant (1.1.9) on obtient la preuve de (1.1.5) :
Ro; = g"'Ryuju = =9 Roiji = N(D;(9" Kir) — Di(9" Kij))-
En utilisant (1.1.10) on obtient la preuve de (1.1.6) :
Roo = g"" Ruo0v
= —9"Roioj = N((97 Kij) = (Leyg” ) Kij + Ng“ Kip K*j + ¢ D;0; N)
= N(0o(K";) —2NKYK;; + NK"K;; + AN).
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On a utilisé dans la derniére égalité le fait suivant
Le,g"? =2NKY.
En effet - N N - -
0=100(9"9k) = 9" Leagjk + gjrLeog” = —2Ng" Kji + gjnLeyg"-
En utilisant (1.1.4), (1.1.6) et £L.,¢g” = 2NK" on obtient la formule pour la courbure scalaire :
R =g""R,,
=g (Rij + Kiy K"y, — 2Ky, K*; — N7'L, K;; — N"'D;0;N)
+ 8" N(9o(K") = NKi; K" + AN)
=R+ (tr K)? + K9 K;; — 2N '9y(K") — 2N "*AN.

Ceci conclut la preuve de la proposition. O

1.2 Equations de contraintes

On considére les équations d’Einstein dans le vide
1
Gag = Rag - §gaﬁR = 0. (1.2.1)

On se donne comme données initiales un triplet (X, g, K') ou
e 3 est une variété de dimension 3,
e g est une métrique riemannienne sur 3,
e K est un 2-tenseur symétrique sur .

Résoudre les équations d’Einstein dans le vide avec données initiales (X, g, K) c’est trouver un couple
(M,g) ou M est une variété de dimension 3 + 1, g une métrique lorentzienne, tel que

e La métrique g satisfait les équations d’Einstein (1.2.1),

e Y g'injecte dans M, avec gls = g,

e K est la seconde forme fondamentale associée a I'inclusion ¥ C M.

Grace a (1.2.1), (1.1.5),(1.1.6) et (1.1.7) les composantes temporelles du tenseur d’Einstein s’écrivent
N2
2
Goi = N(9;(K"y,) — Dy K")).

Les composantes temporelles de (1.2.1) s’écrivent donc

Goo = (R— K ;K7 + (K",)?),

9;(K"y) — DRK"; =0, (1.2.2)
R— Ky K7+ (K",)? =0. (1.2.3)

Ces équations ne dépendent que de la donnée de g et K sur X. Elles doivent donc étre vérifiées par les
données initiales. On les appelle équations de contraintes. Plus précisément, (1.2.2) est la contrainte
de moment et (1.2.3) la contrainte hamiltonienne.

Les équations de contrainte sont en fait une condition nécessaire et suffisante pour qu’un triplet
(X, 9, K) puisse s'immerger dans un couple (M, g) solution des équations d’Einstein. Nous citons le
théoréme pionnier suivant du a Choquet-Bruhat et Geroch [9]
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Théoréme 1.2.1 (9]). Tout triplet (3, g, K) de données initiales suffisamment lisses satisfaisant les
équations de contraintes admet un unique développement maximal globalement hyperbolique.

Les équations de contraintes sont sous-déterminées. La méthode la plus efficace a ’heure actuelle
pour les résoudre est la méthode conforme, que nous présentons dans la section suivante.

1.2.1 La méthode conforme
1.2.1.1 Transformation conforme

Dans ce paragraphe, nous montrons comment sont transformés les tenseurs de courbure sous 'action
d’une transformation conforme. Soit g une métrique riemannienne ou lorentzienne sur une variété de
dimension n.

Proposition 1.2.1. Ecrivons g = €*?g. Alors le tenseur de Ricci Eij dans la métrique g s’écrit
Rij = Rij — g;;D* 0o — (n = 2)Didjp + (n = 2)(9,00;0 — 910" Ohp).
L’expression pour la courbure scalaire est
¢**R— R=—2(n—1)D*dyp — (n —2)(n — 1)0*0dsp.

Démonstration. Commencons par calculer le symbole de Christoffel associé & g a partir de la relation
(1.1.1)

~. ) 1 .
i _ 7t - =2 il ) 2¢p 9. 20 . ) 2¢
ik ik + 26 g (gl] ke”" + gikdje gjroe ) (124)

=T + S}

ou l'on a noté
Sii = 850k + 6,050 — gk 0" .
Le tenseur de Ricci peut ensuite se calculer a partir du symbole de Christoffel
R;; =0,T%, — o;T},; + TET, — TETY;
=Ry + S}, — 9;SL; + TE S}, —TESL; + SETY, — SETL, + SES), — SESh,
=R;; — (n—2)8;0;0 — (g:;0'p) + nl“fjakso —T4L0;p — Ffjakso + Tk g0l
+ 0500 + 03Tl — 90" oLy — 0oLy — Ol + gud* T
+ (059500 + 0500 — 910" ) (nO1y)
— (07 0ip + 67 010 — 90" ) (8. 0kp + 01,050 — gr; ' 0)
=R;; — (n— 2)(8;0;0 — I'};0k) — gij (010" + T,0% )
+ 210,000 — ngi;Opd P — (n + 2)0;00;¢ + 2:;0100
=Rij — gi;D10"¢ — (n — 2) D00 + (n — 2)(9ipd; 0 — gi;0' 0Ohp).

En prenant la trace on obtient I’expression pour la courbure scalaire. ]

1.2.1.2 Ecriture des équations de contraintes

On se donne ¥ une variété de dimension 3. Pour lever I'indétermination des équations (1.2.2) et (1.2.3),
la méthode conforme, introduite par Lichnerowicz [37] et Choquet-Bruhat et York [10] consiste a fixer
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une métrique riemannienne ¢ sur ¥, ainsi qu’un 2 tenseur symétrique o, sans trace et sans divergence,
et un champ scalaire 7, puis a chercher les solutions de (1.2.2) et (1.2.3) sous la forme

9=¢"g, (1.2.5)

1,
K =¢p %o+ LW)+ 5@497, (1.2.6)
ol  est un champ scalaire, W un champ de vecteurs et L 'opérateur Killing conforme

2.
(LW)i; = DiW; + D;W; — ggileVVl- (1.2.7)

Gréce a la Proposition 1.2.1, les inconnues ¢ et W sont solutions du systéme suivant (voir le chapitre
7 de [8])

divgLW = 2¢%dr, (1.2.8a)
2
8Agp — Rzp = gTchf’ —lo+ LW[2p™7, (1.2.8b)

ot Az est 'opérateur de Laplace-Beltrami
Az = D“D,u.

Ce systéme est de type elliptique. La maniére la plus intuitive de le résoudre est de choisir la courbure
moyenne 7 constante sur . Le systéme (1.2.8) n’est alors plus couplé et la difficulté réside dans la
résolution de la deuxiéme équation, non linéaire, appelée équation de Lichnerowicz. Ce choix est appelé
CMC (pour "constant mean curvature"). Dans les sections suivantes, nous citerons quelques résultats,
pour ¥ compacte puis pour ¥ asymptotiquement plate, en suivant l'article de revue [14].

1.2.2 Le cas compact

On suppose X compact. L’existence et I'unicité de solutions & (1.2.8) ont été étudiées de maniére
exhaustive par divers auteurs, et sont reliées trés fortement au probléme de Yamabe, qui consiste a
chercher des métriques de courbure scalaire constante dans la classe conforme d’une métrique donnée.
On introduit 'invariant de Yamabe

- (VP + L R(g)£2)dug
Yl = o, 1712

Y([g]) est un invariant conforme, c’est a dire qu’il ne dépend que de la classe conforme de g. Le
théoréme suivant classifie les cas o une solution existe (voir [30])

Théoréme 1.2.2 ([30]). Soient (g,0,7) des données C*°, avec T constant. Alors il existe toujours une
solution W de (1.2.8a). De plus, il existe une unique solution ¢ > 0 de l’équation de Lichnerowicz, si
et seulement si on est dans l'un des cas suivants

e V([9]) >0, LW +0 #0,

e Y([9])

e V([g])) <0, 7#0,

e V([G)) =0, LW +5=0,7=0.

=0, LW+4+0c#0, 7#0,

Des résultats ont aussi été montrés pour dans le cas "presque CMC", c’est a dire avec dT—T petit, par
divers auteurs. Plus récemment, des résultats loin de "CMC" ont été obtenus ([27], [42], [16]). Nous
donnons ici quelques détails sur le théoréme principal de [16]
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Théoréme 1.2.3 ([16]). Soit (X,q) une variété riemannienne compacte qui ne posséde pas de champs
de Killing conforme. On suppose que T ne s’annule nul part. Sous de bonnes conditions de régularité
sur g, 7,0, au moins l'une des assertions suivantes est vraie

e [l existe une solution (o, W) de (1.2.8) avec ¢ > 0,

e [l existe une solution non triviale W de
2 d
div(LW) = ao\/;|LW|T. (1.2.9)
T

L’équation (1.2.9) est appelée équation limite.
Un résultat similaire en présence d’'un champ de Killing de translation spatiale fait I'objet du

Chapitre 4.

1.2.3 Le cas asymptotiquement plat
Des données initiales (3, g, K) sont asymptotiquement plates si il existe C' compact, C' C X, tel que
Y\ C =UE,

ott ensemble des E,, est fini, les E,, sont disjoints deux a deux et diffSomorphes & R?\ B(0,1). De
plus sur chaque E,, on suppose pour un certain p > 0

102(g = 8)] = O(la|==7), 92K]| = O(ja|*=7~]).

Sur une variété asymptotiquement plate, la condition CMC correspond & 7 = 0. De plus, on a alors
W = 0. On introduit ’équivalent de 'invariant de Yamabe dans le cas asymptotiquement plat

R, Js(IVFI? + 15R(g) f?)dpy
FeC (%), f20 £

Yar([g])

Le théoréme suivant est du a Brill et Cantor.

Théoréme 1.2.4 ([7]). On suppose (M, g) asymptotiquement plate, avec g, o suffisamment réquliéres et
décroissantes. Il existe une solution ¢ > 0 de 'équation de Lichnerowicz si et seulement si Yap([g]) > 0.

Des résultats dans le cas presque CMC ont été montrés dans [12].

1.3 Probléme de Cauchy en relativité générale

1.3.1 Les coordonnées d’onde

Soit g une meétrique sur ¥ x R. Si les équations de contraintes sont satisfaites sur ¥ x {0}, et si
les composantes spatiales de (1.2.1) sont satisfaites partout, i.e. G;; = 0, alors les contraintes sont
satisfaites partout. En effet, les identités de Bianchi contractées (1.1.3) et le fait que G;; = 0 impliquent

D*G, =0, (1.3.1)
DG,y = 0. (1.3.2)
Comme g est connue, ceci est un systéme linéaire du premier ordre & quatre équations et quatre

inconnues (qui sont les Go;) dont la solution est unique. Si les G; sont nuls a l'instant initial, ils sont
donc nuls partout.
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Plagons nous pour simplifier en dimension 3 + 1. Le systéme (1.2.1) est & priori un systéme de
10 équations a 10 inconnues (par symétrie). Cependant, parmi ces équations, il y a 4 équations de
contraintes. Le systéme est donc sous déterminé. Cela correspond au fait que les équations d’Einstein
sont invariantes par difféomorphisme et que deux espaces difféomorphes représentent physiquement le
méme espace-temps. Le choix d’un difféeomorphisme correspond & 4 paramétres. Ce choix est appelé
choix de jauge. Voici quelques exemples de choix de jauge :

e Les coordonnées d’ondes : ce sont des coordonnée z* telles que D, D“x* = 0,

e Les coordonnées d’ondes généralisées : ce sont des coordonnée z# telles que D, D*x* = F*, ou
F* est une expression qui peut ou non dépendre de g,

e La jauge maximale : on impose 7 = = 0.

Dans le paragraphe suivant, nous allons détailler la formulation des équations d’Einstein en coor-
données d’onde. On rappelle que les coordonnées d’onde sont des coordonnées z* telles que

H" =D, D" = 0. (1.3.3)

H" peut s’exprimer en fonction de g :
1
HY = 0.8"" + 588" 0agpo-
Dans les coordonnées d’onde, (1.2.1) s’écrit

1
Ry, =5 P 000580 + Nyuw(g,08) =0, (1.3.4)
ou les N, sont des formes quadratiques en dg. (3.6.2) est une équation d’onde quasilinéaire que 1’on
peut résoudre si on connait les données initiales g, (0) et 0,8, (0) sur 3. On les construit ainsi :

1. On choisit des coordonnées z* sur X.
2. On prend 8ij (0) = Gij (0) et Btgij (0) = KL]

3. On choisit arbitrairement goo = —1 et go; = 0 (cela correspond a choisir un systéme de coordon-
nées d’onde particulier).

4. On prend 0;go; tel que H* = 0 sur X.

Une solution de (1.3.4) est une solution de (1.2.1) si et seulement si elle vérifie (1.3.3). Or si les équations
de contraintes et (1.3.3) sont vérifiées sur 3, on a 9y H* = 0 sur X. Les identités de Bianchi et (1.3.4)
donnent une équation linéaire hyperbolique d’ordre 2 sur H, qui admet une unique solution. (1.3.3)
est donc vérifiée partout. On pourra consulter 'appendice 3.12.2 pour des détails sur les coordonnées
d’onde généralisées. Ce choix de coordonnées est celui utilisé par Choquet-Bruhat dans [19] pour
montrer I'existence locale pour les équations d’Einstein.

1.3.2 La stabilité de ’espace-temps de Minkowski

Le théoréme 1.2.1 ne dit rien sur le comportement en temps long des solutions des équations d’Einstein.
Les cas qui pourraient se présenter sont les suivants : formation de singularités, formation d’un horizon
de Cauchy (horizon au dela duquel la solution peut étre prolongée, mais de maniére non déterministe),
ou au contraire existence globale : on dit alors que I'espace-temps est géodésiquement complet. Les
équations d’Einstein étant d’une grande complexité, un premier probléme est d’étudier la stabilité de
solutions particuliéres bien connues, comme par exemple la solution de Minkowski.

La stabilité de Minkowski a été résolue par l'affirmative par Christodoulou et Klainerman dans
les années 1990 dans [13]. Leur résultat est le suivant : é¢tant données des données initiales (3, g, K)
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asymptotiquement plates, suffisamment réguliéres et satisfaisant une condition de petitesse, il existe
un développement globalement hyperbolique, solution des équations d’Einstein dans le vide, géodési-
quement complet et feuilleté de maniére réguliére par des hypersurfaces maximales (7 = 0) et de shift
nul (5 =0).

La stabilit¢ de Minkowski a ensuite été redémontrée par Lindblad et Rodnianski dans [40] en
utilisant les coordonnées d’onde. Leur résultat s’étend aux équations d’Einstein couplées & un champ
scalaire. Une intuition des difficultés rencontrées sera donnée dans la partie suivante.

1.4 Problémes d’existence globale a petite donnée initiale pour
les équations d’onde non linéaires

Prouver D'existence de solutions globales réguliéres pour des équations d’ondes nonlinéaires avec de
petites données initiales constitue un domaine de recherche important de ces trente derniéres années.
Cette étude s’appuie sur deux principes trés généraux :

e Les solutions des équations d’onde ont tendance & décroitre en fonction du temps, et ce d’autant
plus que la dimension est élevée (trés heuristiquement, plus il y a de dimensions, plus il y a de
directions ot décroitre). Par exemple, une solution u de 1’équation des ondes Cu = 0, pour des
données initiales suffisamment réguliéres a le taux de décroissance

1
u ~ — quand t — oo.
t T

e On peut écrire le probléme comme une perturbation non linéaire d’une équation linéaire : si la
donnée initiale est petite, la perturbation est d’autant plus sous controle que l'ordre de la non
linéarité est élevé.

Dans cette section, on va rappeler quelques méthodes et résultats dans le cas modéle d’équations

d’ondes semilinéaires du type Ou = (Ou)P.

1.4.1 Estimation d’énergie

On considére le systéme sur R*+!

{ Du =1, (1.4.1)

(u, Opu)|t=0 = (ug,uy).

On peut remarquer que 'opérateur d’Alembertien [J correspond & D®D,, ou D est la connexion de
Levi-Civita associée a la métrique de Minkowski m. On introduit le tenseur énergie impulsion de u

1
Qap = Doudgu — §ma3m“”8uu8,,u.

On peut calculer
DaQa5 = fagu.

On note T' = 9, et on introduit le tenseur de déformation de T'
s = DaTp + DpTh.

Comme T est un champ de Killing pour l'espace-temps de Minkowski (voir exemple 1.1.13), on a
(T)ﬁag = 0 et par conséquent

D*(QusT"?) = fou. (1.4.2)
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En intégrant 1'équation (1.4.2) sur [0,¢] x R™ on obtient

t
Qrr(t,z)dx = QTT(07z)dx+/ / (fOru)(s,x)dsdz, (1.4.3)
R™ R™ 0 n
ou .
Qrr = QusT*T" = 5 (Ow)* + [Vul).

Remarque 1.4.1. En appliquant le méme procédé auz autres champs de Killing de [’espace temps de
Minkowski (voir l’exemple 1.1.18) on obtient d’autre lois de conservations. C’est une application du
théoréme de Noether qui associe a une symétrie une loi de conservation On suppose pour simplifier
f =0. On obtient par exemple

e La loi de conservation correspondant auz translations 0; est
(Qpudiu) (t, z)dr = / (Ozud;u) (0, x)dx,
R R
e La loi de conservation correspondant aux rotations Q;; est
/ (Opudiu)(t, x)de = / (Opudi;u) (0, x)dz.
R R
1.4.2 La méthode des champs de vecteurs de Klainerman

Les champs de Killing et Killing conformes de I'espace-temps de Minkowski permettent aussi d’obtenir
des informations importantes sur le taux de décroissance des solutions. On note

Z ={04,p = —2,08 + 10,5 = t0, + 10, },
ol T, = magxﬁ. Ces champs de vecteurs satisfont la propriété de commutation suivante
[0, 2] = C(2)0,
ou
C(Z)=0,2Z2+#S5, C(9)=2.
Ainsi, si Ou = 0, OZu = 0 et Uestimation d’énergie (1.4.3) donne

/ ((izfu)Q + |Vqu|2> (t,z)dz = / ((jtzfuf + |vzfu|2> (0, z)da (1.4.4)

ou ZTu dénote n’'importe quelle combinaison de I champs de vecteurs de Z.

L’estimation suivante, appelée estimation de Klainerman-Sobolev, permet d’obtenir une informa-
tion plus précise que I'injection de Sobolev H® C L* pour s > 5 lorsque l'on controle les normes L?
de Z'u (ce qui résulte de (1.4.4)). Elle s’écrit

(L4 ¢+ |2)*= (1 + [t —|al])2 |o(t,2)| < C Z 127 ]| > (1.4.5)
l7|<2 41

n—1

On retrouve ainsi le taux de décroissance u ~ t~"2 pour une solution de Ou = 0. Par ailleurs, un
calcul simple nous donne.

S+ T, 20,

0 87“: 5
et t+r

Sy, m0,

atfar: Zz—l'r‘ 0.
t—r

Ainsi, les dérivées tangentes au cone de lumicre, que 'on note 9, ont un meilleur taux de décroissance
n+41

en temps, donné par Ju ~ ¢t~ =z .
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1.4.3 Application au cas non-linéaire

Nous allons terminer ce paragraphe en essayant de donner une intuition des résultats qu’il est possible
d’obtenir dans le cas non linéaire. On considére le probléme non linéaire

{ Clu = (Qu)?”, (1.4.6)

(U, 815“) |t:0 - (UO; ul)a

avec les données initiales (ug, u1) de taille € petites L’estimation d’énergie (1.4.3) nous donne

/ n<8u)2(t7x)dx§ / n(ﬁu)2(t,0)dac+ /O t / (Ou)P+ (x, s)dads.

En supposant les estimations a priori suivantes, compatibles avec le comportement de 1’équation des
ondes linéaires :

Ce

ou)?(t,x)dr < Ce, |0u| < —————,
JRCORCR ol <

on obtient

t
(Ow)2(t, 2)dz < / (0u)2(t,0)dax + CPH1ert! / / : ! duds,
R™ Rn 0

1+ )P0

ainsi, si (p — 1)”7’1 > 1, l'intégrale d’espace-temps au second membre converge, ce qui est le point de
départ pour permettre de montrer 'existence globale (voir par exemple [33] pour le cas n > 3 et p = 2).
Dans le cas contraire, on peut trouver des contre exemples a I’existence globale (voir [31]). Cependant,
dans le cas ou la non linéarité présente de la structure, il est possible d’obtenir un meilleur résultat.
Supposons par exemple n = 3 et p = 2. On a alors (p — 1)"7_1 =1, et donc pas d’existence globale a
priori. Cependant, si la non linéarité peut se factoriser sous la forme dudu, I'estimation d’énergie ainsi
que l'estimation & priori pour les dérivées tangentielles

Ce

o
04l < 1y g

nous donne

/R3 (Ou)?(t, z)dx < /Rg(ﬁu)Q(t, 0)dx + C?&? /Ot/(l_‘_ls)zdscds7

ce qui suggére qu'il y a existence globale dans ce cas. C’est le cas pour les systémes de la forme
Ou’ = PY(0u?, 0u®), (1.4.7)

ot les P satisfont la condition nulle, introduite par Klainerman dans [32]. Cette condition consiste &
choisir des P* combinaisons linéaires des formes suivantes

Qo(0u, 0v) = dudw — Vu.Vv, Qup(du,0v) = 0qudsv — 0qvdau.

Dans ce cas, on peut montrer qu’ il y a existence globale de solutions & (1.4.7) pour des petites données
initiales en dimension 3 + 1 (voir [32]).

Cependant, la condition nulle n’est pas une condition nécessaire pour avoir I'existence globale de
solutions. Un exemple est donnée par le systéme suivant.

D(pl =0
J 1.4.8
{ Oipa = (Drepr)*. (1.48)

Le découplage permet de résoudre (1.4.8). Cependant, @5 a le taux de décroissance @o ~ t~11n(t), qui
est moins que le comportement en t~! de I’équation linéaire correspondante. Il en est de méme pour
I’équation

02u — ulw,
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étudiee dans 2] et [38]. Ces deux exemples possédent une structure appelée structure nulle faible et
introduite dans [39]. Lindblad et Rodnianski ont montré la stabilité de Minkowski en coordonnées
d’onde, en montrant que les équations d’Einstein dans ces coordonnées ont la structure nulle faible
(voir [40]). Ce type de structure nous permettra de montrer la stabilité de I'espace-temps de Minkowski
avec un champ de Killing de translation en temps exponentiellement grand dans le Chapitre 3.

1.5 Les équations d’Einstein avec un champ de Killing de trans-
lation spatiale

Dans cette section nous présentons les équations d’Einstein avec un champ de Killing de translation
spatiale, modéle qui fait l'objet de cette thése. Les variétés qui nous intéressent sont de la forme
M = ¥ x Ry, x R, munies d’'une métrique g. On suppose que le champ de vecteur 0, est un
champ de Killing. La composante R,, peut si on le souhaite, étre compactifiée en S*. Cette symétrie
a été introduite par Choquet-Bruhat et Moncrief. Dans [11], ils montrent la stabilité d’une solution
particuliére, quand ¥ est une variété compacte de genre plus grand que 2, correspondant & un univers en
expansion. Dans cette thése, nous considérons dans les chapitres 2 et 3 le cas o1 ¥ est asymptotiquement
plate, et dans le chapitre 4 le cas ol 2 est une variété compacte de genre plus grand que 2.

1.5.1 Reéduction des équations d’Einstein avec un champ de Killing de
translation

Dans cette section, nous allons montrer comment les équations d’Einstein dans le vide se transforment
en présence d’un champ de Killing de translation. Nous suivons la dérivation faite dans [8], chapitres
6 et 16 et appendice 7.

1.5.1.1 Le tenseur de Ricci dans un repére mobile

On se place sur une variété M de dimension n. Un repére mobile est donné par des champs de vecteurs
linéairement indépendants eg. Un corepére est donné par des 1-formes différentielles 6%. On dit que le
corepére 0 est le corepére dual de e si 0%(eg) = 3.

Par exemple, pour le repére donné par les vecteurs coordonnées %, le corepére dual est donné
par les formes différentielles dz®. Dans ce cas on a df® = 0.
Dans le cas général on pose

Définition 1.5.1. )
_ = B
do* = —QC‘BXVG NG,
C’gﬁy est appelé coefficient de structure.

Si eg est la base duale, on a [eq, es] = C g,
On écrit

df = 0, f0°.

Une connexion est la donnée d’une 1-forme a valeur dans les matrices, wf = wg,ﬁ“. La dérivée
covariante associée est alors donnée par
5
Dyv? = 9,0° + wé,yv”.

On munit maintenant M d’une métrique g, on peut alors définir la connexion riemannienne. Elle
doit avoir les propriétés suivantes

e &tre sans torsion : wg‘w — w% = Cl(?yv’
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o laisser ¢ invariante : 0,93 — wg\wgm — wéﬂgM =0.
La connexion est alors donnée par
wg,y = Fg'y + gﬁ”dzaw,
ol on a noté
8= Lo 0 0
Fom/ = 59 (Oaguy + OvGua — ugav)a

. 1
Wayp = 5(9;0\027 - g/\vcéu - gakcﬁi\u)-

On notera aussi
~B  _ B
oy = 97 Doryp-

Proposition 1.5.2. Dans un repére mobile, le tenseur de Ricci est donné par la formule
A A A A A
Rap = O\wyapg — Oawig + waﬂw[p)A - wapw§6 - wpﬂC§a.

1.5.1.2 Reéduction a la Kaluza Klein

On s’intéresse a une variété lorentzienne (V g) de dimension 4 sur laquelle S! agit par isométries.

On écrit Vsous la forme sous la forme V x S'. On va considérer sur V le repére mobile (€,,€3), on
€3 = agg, avec 23 la coordonnée selon S'. €3 est alors un champ de Killing. On choisit ensuite les €,
orthogonaux a e3. Les €, s’écrivent donc

Co = €o — Ayes,
ou e, est un repére sur V. On considére > le corepére dual. On a alors 0> = 02 et
0 =0 + A0,
ol 0% est la base duale de e, et 2 = dz®. On peut donc écrire la métrique g sous la forme

G = 945007 = gas0°0° + & (6° + Aa0°)’,

ot on note A, B, C les indices sur ‘A/, et a, 3,7 les indices sur V.
On note F la 2-forme linéaire alternée définie par

Fop = 0aAp — 05 Aq.

Proposition 1.5.3. Les coefficients de Ricci s’écrivent, dans la base (50‘,53)

o 1

Rop = Rap — 562”Fa>‘F5A — Do0sp — Oupdpep, (1.5.1)
- 1

Ras = 5e™?Dy(e* F."), (1.5.2)
" 1

Rg3 = —e 2% <4€2¢FaﬂFQ6 + gaﬁaaﬁpaﬂgo + gO‘BDoﬁg@) ) (1.5.3)

Démonstration. On va commencer par calculer les coefficients de structure. On suppose pour simplifier
que les e, sont des vecteurs coordonnées de V. On a alors 0> = dz™ , et donc do™ =0 et Cac = 0. Par
ailleurs

1
d6® = d(An0*) = dAy N O = 5(0aAs — 05 A0)dz™ da”.

On a done C3, = —Fog et C3, = 0.
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On calcule ensuite les coefficients de connexion @éc = ch + ‘:’é’C' On calcule aisément les coeffi-
cients I' en remarquant que d3gap = 03¢ = 034, =0. On a

B, =19, =5, = 0,

~ ~ 1 _ = 1
8o = I Los = 5¢ 200, Tgy = _53a62¢~
On a par ailleurs, au vu des coefficients de structure
~ ~A _ ~3 ~3
Wgw = W3y = Wy3 = w3y =0,
1 1
~3 ~ ~ 2
Wap = —5Fap, Wsp=0hs=—5e " F%.

On peut donc calculer les coefficients de Ricci
Rap = Rap — 0ais + 3500 + 08408, — B2 ,04, — D03 — 02055 — 93505,
=Rup — %804(672998562“’) + %Fgﬁeﬁ"’ape% — %eQV’Faprlg — iez“"FkaFw
— 26_4“’8@62“’8562“” — %GQ‘PF)‘QFM

1
:Rag — Daé)5<p — 3(1(,085@ — §€2¢F)‘QF)\5,

§30£ :akag\a + @?)BaagB - @330@%(1 - ag?)aga

1 1 1 _ 1 1

== SONEFR) — S e F, (Fﬁﬁ +5e 2*’@&@) + €T F TG + 10,6 FP
1 1

— 76562%&,3 — fﬁpeQ“’Fpa

4 2
1 3

=— 562“’DAF)‘Q - ZF*ame&f’

1
= — ae_wD)\(estAa),

Rss = 03033 + 0508 — 03005
1 1 1 _ 1 _ 1
= _EaAaAeZv — Eapew (ng + 3¢ 2s08p62w) + 3¢ 2098 2% )ge2? — Ze‘wF"‘BFﬁa

1
= —e?% (D’\(%\cp + P pdrp — 462¢FaﬁFaﬁ) )
Ceci conclut la preuve de la proposition. O

1.5.1.3 Potentiel twist

Définition 1.5.4. L’¢toile de Hodge, notée x est l’application qui & une k-forme linéaire alternée o,
associe la n — k forme alternée xa telle que pour toute k-forme linéaire alternée B on ait

BAxa =< f,a > dvolyg,

ot on a noté dvol, la forme volume et <,> le produit scalaire défini par g.
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Sur une variété lorentzienne de dimension 3, on obtient alors, en prenant #°, 6%, 02 une base ortho-
normale de formes linéaires telles que g(6°,6°) = —1 :

#00 = -0 N2, x0t = —0ON6%, x02 =0 NG
On suppose que ¢ satisfait les équations d’Einstein ]?iAB = 0. L’équation Ega = 0 peut s’écrire,

d’apres (1.5.2)
d(e3? x F) = 0.

Par le théoréme de dualité de Poincaré, il existe donc une fonction w telle que e3% * F = dw, ce qui

s’écrit encore
F=—¢3%x%xdw.

Comme F' = dA, on a dF = 0 donc
D0pw — 30,wd%p = 0. (1.5.4)
Pour les autres équations, on va avoir besoin du lemme suivant.

Lemme 1.5.5. On a l’égalité suivante
FMFB)‘ = e_ﬁwi(aawagw — gaga,\w(?)‘w).
Démonstration. On calcule les termes un par un dans la base 6°, 6,62,
F Py, = FppFip = ie_ﬁ‘oaowﬁlw,
Fo\Fy, = Fy Fyy = ie‘ﬁg’aow(?gw,
N Fy, = —FioFy = ie—ﬁvalwaw,
Fo*Fox = Fo1Foy + FoaFoz = %ew‘v((alw)? + (0w?)) = %676“0((%00(?&1 + (Bow)?),
Fi*Fix = ~FioFio + FiaFia = 1e~%%(00)? — (00%)) = 10500 + (016)?),
FZAFQ)\ = —FyFa + Fo1Fo = ief&p((aow)z - (81W2)) = iefﬁso(_a/\wahw + (82W)2)-

Ceci conclut la preuve du lemme. ]
Les équations ﬁag =0et I§33 = 0 s’écrivent alors

Rop — ée‘@’(aaw@gw - gaﬁaAwa/\w) — Do0gp — 0ap0pp = 0, (1.5.5)

1
3¢ PO w + ¢°P0ap0sp + ¢ Dadap = 0. (1.5.6)

1.5.1.4 Transformation conforme

Pour mettre les équations sous une forme plus agréable, on va faire la transformation conforme g =
e??g. On a alors, grace a (1.2.4)

DPOyw = eQw(ﬁpﬁpw + 62*‘?"5(556,,90 + 0,08 — Gpp0%p)Oaw = eQWIN)papw — 62“’8pg08”w,
ou les indices sont montés avec g. L'équation (1.5.4) devient alors

D*Opw — 40,w0%p = 0. (1.5.7)
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L’équation (1.5.6) devient

1 ~ B = .
3¢ 0w w + eTHG DapDp + €25 (DB + 20000 — GapOppd”p = 0,
ce qui s’écrit
~ 1
DPO,p + ge—‘*@awam =0. (1.5.8)

Grace a la proposition 1.2.1 I’équation (1.5.5) devient

0 =Rap + GasD 00 + Dadsp + (0apdpp — Gapd " 0ppdrp)

1 -
- §€’4“’(3aw3gw — 9apOrwdw) = Dadpp — (2009959 — Gapdppd’p) — Dapdpep.
En remplagant D*dy¢ par sa valeur obtenue dans (1.5.8) on obtient
~ 1
Rop — §6_4“’8aw85w — 20,003 = 0. (1.5.9)

Les équations R A = 0 sont donc équivalentes, en présence d'un champ de Killing de translation
spatiale au systéme
Ogp + s 40 wd,w = 0,
Oyw — 40°wd,p = 0, (1.5.10)
Rop = 20,0050 + s ¥ 0,wipw.

C’est le systéme auquel on s’intéressera dans toute cette these.

1.5.2 Les ondes d’Einstein Rosen

Terminons cette section en présentant ’exemple instructif des ondes d’Einstein-Rosen, qui sont des
solutions particuliéres des équations d’Einstein dans le vide avec deux champs de Killing orthogonaux :
05 et 0p. Elles ont été découvertes pour la premiére fois par Beck dans [5]. La métrique en dimension
3 + 1 peut s’écrire

g = 62“’(alac3)2 + 62(‘1_“")(—dt2 + dr2) + r2e 2202402,

Les équations d’Einstein dans le vide réduites (1.5.10) s’écrivent alors
1
Ry = 0%a — 9}a + ~0ra = 2(0,p)?, (1.5.11)
r
1
Ry, = —0%a+ 0}a+ —0ra = 2(9,¢)?,
r
1
Rt’r' = *ata = 2(%(@87-(,0,
r
ot Ry est le tenseur de Ricci de la métrique
g = > (—dt?* + dr?) 4 r2de>.
Comme ¢ est radiale, I’équation pour ¢ devient
1
'Oy = —0fp + 0}p + —Orp = 0.

Cette équation est découplée de celle pour la métrique. Par conséquent, on peut résoudre 1’équation
d’onde plate homogene [l = 0, avec données initiales (¢, d:¢)|t—0 = (¢0, ¢1) puis résoudre les équa-
tions d’Einstein, qui deviennent

ora

((0:9)* + (9ep)?) (1.5.12)



1.6. ENONCE DES RESULTATS 33

avec la condition au bord a|,—g = 0 afin d’obtenir une solution réguliére. On a alors

R o0
a= /0 1 ((8r0)* + (9ep)?) dr = E(y) — /R r ((8:0)% + (Dep)?) dr,

ol

oo
B = [ (@02 + @) dr
0
La quantité F(p), qui correspond a 1’énergie de ¢, ne dépend pas du temps. En particulier, la métrique
e2*dr? + r2do?

posséde un angle a l'infini spatial, c’est a dire que les cercles de rayon r ont un périmétre qui croit
asymptotiquement comme e F(®) 277 au lieu de 27r. Ces solutions particuliéres vont nous donner une
intuition du comportement auquel d’attendre quand on étudiera le cas asymptotiquement plat dans
les chapitres 2 et 3.

1.6 Enoncé des résultats

1.6.1 Stabilité en temps exponentiel de I’espace-temps de Minkowski avec
un champ de Killing spatial de translation

On s’intéresse ici a des variétés de la forme (R? x R,, x Ry, g), ot d,, est un champ de Killing. La
question principale dans cette thése est la suivante : 'espace-temps de Minkowski étant une solution
des équations d’Einstein dans le vide avec un champ de Killing spatial de translation, a-t-on stabilité
de cette solution dans ce cadre 1a? Cela revient & se demander si pour des données initiales pour (¢, w)
proches de (0,0) et des données initiales pour g proches des données initiales pour l'espace-temps de
Minkowski, solutions des équations de contraintes, on a existence globale pour le systéme (1.5.10).

Avant de s’intéresser au probléme de stabilité, il faut se demander quelles sont les données initiales
licites pour ce probléme, c’est & dire quelles sont les données initiales satisfaisant les équations de
contraintes. On veut considérer des perturbations asymptotiquement plate en dimension 2+ 1. Cepen-
dant, cette définition n’est pas totalement claire. Rappelons par exemple les ondes d’Einstein-Rosen
qui possédent un angle a l'infini spatial. Dans toute la suite x sera une fonction telle que telle que
x(q) = 0 pour ¢ < 1 et x(¢q) =1 pour ¢ > 2.

1.6.1.1 Les équations de contraintes

Nous décrivons dans cette partie le résultat du Chapitre 2. On note
u = (v,w), (1.6.1)

muni du produit scalaire

1
O0au.0gu = 20,7057 + 56_476aw65w. (1.6.2)

Dans le chapitre 2, on résout les équations de contraintes pour (u, Vu) dans des espaces de Sobolev a

poids définis par la norme
5+18l

lullgp = > 1+ [al?) = DPul|e,

1Bl<m

ol € R et m € N. La méthode utilisée s’inspire de la méthode conforme. On cherche les solutions
(g, K) des équations de contraintes sous la forme

1
g=e*, K= H+§Tg,
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ol § est la métrique euclidienne et H un 2-tenseur symétrique et sans trace. La fonction 7 est la
courbure moyenne. Les équations de contraintes s’écrivent alors

{ (92sz = —’[L.aju + %62)‘(%'7’, (1 6 3)

2 0.
AN+ e 2 (%uQ + %|H|2) — e”‘% + %|Vu|2 =0.
Remarque 1.6.1. o Les solutions de Au = f surR? divergeant logarithmiquement comme (f f) In(r),

on peut s’attendre a avoir X ~ —aln(r) quand r tend vers +o0c. Ceci correspond en fait o la pré-
sence d’un angle a linfini spatial, comme dans les ondes d’Einstein-Rosen.

e On ne peut pas se placer dans le cas CMC' en supposant 7 = 0, car la deuzieme équation de
(1.6.3) pourrait dans ce cas ne pas avoir de solution.

e Pour résoudre (1.6.3), qui correspond a trois équations elliptiques scalaires, il faut satisfaire trois
conditions d’orthogonalité. On va donc choisir l’angle et le comportement asymptotique de T afin
de forcer ces trois conditions d’orthogonalité.

On introduit la notation

cos(26) sin(20) —sin(26) cos(20)
Mo = ( sin(20) —cos(26) > » No= ( cos(26)  sin(20) ) '

Dans [29] nous avons prouvé le résultat suivant.
Théoréme 1.6.1 ([29]). Soit —1 < § < 0. On suppose e=**i?,|Vu|? € H,,, 7 € H},, etb e L°(S1)
tel que

b() cos(0)dd = [ b(6)sin(8)dd = 0.
Sl Sl

Si toutes ces quantilés sont assez petites, il existe o, p,n € R3 et e Hg une fonction, He H§+1 un
tenseur symétrique et sans trace tels que

_ xX(r) a (3 _ 77
H = o€ (b(@) + pcos(6 77)) My + e H,
A =—ayx(r)In(r) + A,
est solution de (1.6.3) avec

T = e*’\@ (3(9) + pcos(d — 7])) + e T

Ce théoréme n’est pas prouvé dans cette thése, car le résultat et les techniques sont trés semblables
au résultat suivant, qui permet de préciser le développement asymptotique des solutions dans le cas
ou les données pour u ont plus de décroissance. Notons que pour avoir plus de décroissance sur les
solutions, il est nécessaire de forcer un plus grand nombre de conditions d’orthogonalité.

Théoréme 1.6.2. Soit —1 < § < 0. Soient =2 02, |Vu|? € HY 4 et b e WE2(SY) tels que

/me@w:/Rmm@wza
St St

Soit ¥ € H§+2 tel que [ U = 2m. Si toutes ces données assez petites, il existe a, p,n, A, J, c1,co dans

. . g 2 . 7 1 .
R, une fonction scalaire X € H3 , et un tenseur symétrique et sans trace H € Hs_, tels que, sir,0
sont les coordonnées polaires centrées en cq,ca, €t si on note

A= —ax(r)In(r) + A,

H = —e(b(0) + pcos(d — n))%:)Mg + %JNQMQ + e H,
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alors X\, H sont solutions de (1.6.3) avec
7= e M (b(h) + pcos(d — n))@ + Ae U,

De plus, on a les estimations

1
psin(n) ~ ;/11821@
1 .2 2
clwfﬂ/zl(u + |Vu| ),
1 .2 2
CQN—E/xQ(u + |Vul?),

1 . 14 i
J ~ 5 /u@gu + a(02 cos(n) — c1sin(n)),

A~ f% /uraru + % </ x’(T)rdr) /b(&)dG.

Les quantités «, p,n, ¢, J peuvent étre rapprochées des charges globales en dimension 3 (voir par
exemple larticle de revue [14]). Ces charges globales sont des quantités conservées par le flot, qui
correspondent au fait que sur une variété asymptotiquement plate, les champs de Killing de 'espace-
temps de Minkowski sont de bonnes symétries approchées a I'infini. Les quantités a droite, dépendant de
u correspondent elles aussi & des quantités conservées pour les solutions de Du = 0 (voir la remarque
1.4.1), ces lois de conservations correspondant au méme champs de Killing dans I'espace-temps de
Minkowski.

1.6.1.2 Stabilité en temps exponentiel

Nous décrivons dans cette partie le résultat du Chapitre 3. Nous considérons le systéme 1.5.10 dans le
cas particulier w = 0 pour simplifier 'analyse, mais le résultat est sans doute vrai dans le cas général.
Le systéme devient alors
Uy =0
’ 1.6.4
{ Rag = 0ap0sp. (1.6.4)
Nous nous plagons dans les coordonnées d’onde, en s’inspirant de [40]. De la méme maniére que dans
[40], nous exploitons la condition d’onde pour obtenir plus de décroissance sur le coefficient de métrique
grr ou L = 9, + 0,.. On note aussi L = 9; — 0,-. Ainsi les termes quasilinéaires gLLazgo et gLLazg, qui
ne font intervenir aucune dérivée tangentielle, deviennent contrdlables. Cependant, le fait de travailler
en dimension 2 + 1 induit de nouvelles difficultés par rapport a [40]. En particulier :

e Moins d’estimations sont disponibles pour étudier ’équation des ondes en dimension 2 + 1.

e Le taux de décroissance de la solution de I’équation des ondes [Ju = 0 en dimension 2 + 1 est
U ~ % Ainsi non seulement les termes quadratiques, mais aussi les termes cubiques peuvent

faire obstruction a existence globale. Le probléme principal concerne le systéme suivant, qui
modélise le comportement du coefficient de métrique g1,

U =0
1.6.
{ Ogrr = —8(drp)*. (1.6.5)

Le taux de décroissance ¢ ~ ﬁ ne permet d’obtenir aucun taux de décroissance sur gpr,.
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e Le comportement asymptotique des données initiales donné par le Théoréme 1.6.2 ne permet pas
de travailler dans les coordonnées d’onde. On va donc & la place travailler en coordonnées d’onde
généralisées.

On introduit la famille de métriques
g = —dt? + dr® + (r + x(q)b(0)q)*d0” + J (0)x(q)dqde),

ou on a noté ¢ = r — t. Ces métriques sont Ricci plates pour ¢ > 2 et sont égales a la métrique de
Minkowski pour ¢ < 1. Le terme principal du tenseur de Ricci est

92 (ax(q))

(Rb)qq - T

I’idée principale du chapitre 3 est de s’inspirer de I'analyse des ondes d’Einstein-Rosen de la section
1.5.2 afin d’approcher %g@ par la solution hg de I’équation de transport

Dgho = =21 (D) — 207 (qx(q))b(6).

Afin d’obtenir des solutions qui convergent vers Minkowski & I'infini temporel, condition qui est néces-
saire pour mener & bien notre analyse, on va chercher & avoir la propriété suivante

b(f) ~ — /Ooo(aqgo)Q(T, r,0)rdr. (1.6.6)

Le théoréme que 'on obtient est le suivant

Théoréme 1.6.3. Soit 0 < ¢ < 1. Soient 3 < § < 1 et N > 40. Soit (o, ¢1) € Hy T (R?) x HY, | (R?).
On suppose

ollss + gl , < e
Soit T' < exp (%) Si e est assez petit, il existe b(0),J(0) € WN-2(S) ainsi qu’un systéme global de
coordonnées (t,x1,x2) tels que, pour t < T, il existe une solution (p,g) de (1.6.4) que l’on peut écrire
sous la forme

gLrL -
9=gv+=-dg" +3
avec pour tout p > 0
Ce ~ Ce

gLl < -1 9l 1
92| (1+ gz g (1+t+r)z=r
2

De plus la condition (1.6.6) est vérifiée, avec une erreur de taille E—ﬁ

Un énoncé précis de ce théoréme est donné dans le chapitre 3.

1.6.2 Solution des équations de contraintes dans le cas compact sans la
condition CMC

Le chapitre 4 est indépendant des chapitres 2 et 3 et présente un résultat obtenu en collaboration avec
Romain Gicquaud. On se place également en présence d’'un champ de vecteur de translation spatiale.
On s’intéresse a des variétés de la forme 3 x S! x R;, munie d'une métrique g, telle 9, est un champ
de Killing, ot x5 est la coordonnée selon S'. Ici ¥ sera une variété compacte de genre plus grand que
2. Avec la méthode conforme, le systéme devient

div(LW) = —it - du + S=dr,
oA (1,2 | 1 ’ 2 o2 1 2 (1.6.7)
A+ e (a2 + Lo+ LWP) = 25— L (14 |Vaf).

Le théoréme suivant est 'analogue du résultat de [16], obtenu dansle cas d’une variété compacte en
dimension n > 3.
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Théoréme 1.6.4. On suppose & € L®(X,R), u € WL(X R), 7 € WIP(X,R) et 0 € WP un
tenseur symétrique, sans trace et sans divergence, avec p > 2, et on suppose que T ne s’annule nul part
sur X, alors au moins l'une des assertions suivantes est vraie

1. Le systeme (1.6.7) admet au moins une solution (\, W) € W?P(X,R) x W2P(%,TY),

2. Il existe une solution non triviale V.€ WP (%, T*Y) de l’équation limite suivante
2 d
div(LW) = ag LW | ﬁ
-

pour un certain « € [0, 1].
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Chapitre 2

The constraint equations in the
asymptotically flat case

2.1 Introduction

Einstein equations can be formulated as a Cauchy problem whose initial data must satisfy compatibility
conditions known as the constraint equations. In this paper, we will consider the constraint equations
for the vacuum Einstein equations, in the particular case where the space-time possesses a space-like
translational Killing field. It allows for a reduction of the 3 + 1 dimensional problem to a 2 + 1
dimensional one. This symmetry has been studied by Choquet-Bruhat and Moncrief in [11] (see also
[8]) in the case of a space-time of the form ¥ x S! x R, where ¥ is a compact two dimensional manifold
of genus G > 2, and R is the time axis, with a space-time metric independent of the S! coordinate.
They prove the existence of global solutions corresponding to perturbation of particular expanding
initial data.

In this chapter we consider a space-time of the form R? x R,, x R;, symmetric with respect to
the third coordinate. Minkowski space-time is a particular solution of vacuum Einstein equations
which exhibits this symmetry. Since the celebrated work of Christodoulou and Klainerman (see [13]),
we know that Minkowski space-time is stable, that is to say asymptotically flat perturbations of the
trivial initial data lead to global solutions converging to Minkowski space-time. It is an interesting
problem to ask whether the stability also holds in the setting of perturbations of Minkowski space-
time with a space-like translational Killing field. Let’s note that it is not included in the work of
Christodoulou and Klainerman. However, it is crucial, before considering this problem, to ensure the
existence of compatible initial data. In [29], we proved the existence of solutions to the constraint
equations. The purpose of this chapter is to go further in the asymptotic development of the solutions
to the constraint equations.

In the compact case, if one looks for solutions with constant mean curvature, as it is done in [11],
the issue of solving the constraint equations is straightforward. Every metric on a compact manifold
of genus G > 2 is conformal to a metric of scalar curvature —1. As a consequence, it is possible to
decouple the system into elliptic scalar equations of the form Au = f(z,u) with 9, f > 0, for which
existence results are standard (see for example chapter 14 in [46]).

The asymptotically flat case is more challenging. First, the definition of an asymptotically flat
manifold is not so clear in two dimension. In [5], [3], [6] radial solutions of the 2 4+ 1 dimensional
problem with an angle at space-like infinity are constructed. In particular, these solutions do not tend
to the Euclidean metric at space-like infinity. Moreover, the behavior of the Laplace operator on R?
makes the issue of finding solutions to the constraint equations more intricate.

39
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2.1.1 Reduction of the Einstein equations

Before discussing the constraint equations, we first briefly recall the form of the Einstein equations in
the presence of a space-like translational Killing field. We follow here the exposition in [8] (see also
Section (1.5.1.1) for more details on the reduction). A metric Y'g on R? x R x R admitting d3 as a
Killing field can be written
Wg =g+ ¥ (da® + Agdz®)?,
where g is a Lorentzian metric on R'*2, « is a scalar function on R'*2, A is a 1-form on R'*? and
%, a =0,1,2, are the coordinates on R'*2. Since 95 is a Killing field, g, v and A do not depend on
3. We set F' = dA, where d is the exterior differential. F is then a 2-form. Let also (4)RW denote
the Ricci tensor associated to Mg. f{ag and D are respectively the Ricci tensor and the covariant
derivative associated to g.
With this metric, the vacuum Einstein equations

@R, =0, p,v=0,1,2,3

can be written in the basis (dz®, da® + A,dx®) (see [8] appendix VII)

~ 1 ~
0= Rups =Rap — ge%FaAFﬁA —Dodsy — a7, (2.1.1)
1 ~
0=" Ry3 = 5WDB(&WFQB), (2.1.2)
1 _ _ ~
0= Ra3 = -2 (4627Fa5F“6 + g“Bf)a’yag'y + g“‘BDa65’y> . (2.1.3)

The equation (2.1.2) is equivalent to
d(x¢*'F) =0

where #€37 F is the adjoint one form associated to e37F. This is equivalent, on R'*2, to the existence
of a potential w such that
%3 F = dw.

Since F is a closed 2-form, we have dF = 0. By doing the conformal change of metric g = ¢~27g, this
equation, together with the equations (2.1.1) and (2.1.3), yield the following system,

Oegw — 40%y0,w = 0, (2.1.4)
1
Ogy + 56_478(1&)5&&) =0, (2.1.5)
1
Ros = 2007057 + ie—‘waawaﬁw, a,f=0,1,2, (2.1.6)

where (g is the d’Alembertian! in the metric g and R,p is the Ricci tensor associated to g. We
introduce the following notation
uw=(y,w), (2.1.7)

together with the scalar product
1
Oau.0gu = 20,,¥0p7Y + 56_4'78aw85w. (2.1.8)

We consider the Cauchy problem for the equations (2.1.4), (2.1.5) and (2.1.6). As it is in the case
for the 3 + 1 Einstein equation, the initial data for (2.1.4), (2.1.5) and (2.1.6) cannot be prescribed
arbitrarily. They have to satisfy constraint equations.

1Dg is the Lorentzian equivalent of the Laplace-Beltrami operator in Riemannian geometry. In a coordinate system,

we have Ogu = \/ﬁaa (&> /1gldpu).
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2.1.2 Constraint equations

We can write the metric g under the form
g = —N2(dt)? + g;;(dz’ + Bldt)(da? + pdt), (2.1.9)

where the scalar function N is called the lapse, the vector field 3 is called the shift and ¢ is a Riemannian
metric on R2.
We consider the initial space-like surface R? = {t = 0}. Let T be the unit normal to R?> = {t = 0}.
We set
€ = NT = at 7ﬁjaj.
We will use the notation

302/.:60 :8t—ﬁﬁ,

where L is the Lie derivative. With this notation, we have the following expression for the second

fundamental form of R? )
K = ——
B IN 6091]

We will use the notation -
T=g"Kj;

for the mean curvature. We also introduce the Einstein tensor
1
GaB - Raﬂ - §Rga6a

where R is the scalar curvature R = g®# R.3. The constraint equations are given by
Go; = N(0;7 — D'K;;) = Opu.0ju, j = 1,2, (2.1.10)
N2 2 2 1 aff
Go = T(R —|K|* 4+ 7°) = dou.0pu — 58008 Oqudpu, (2.1.11)

where D and R are respectively the covariant derivative and the scalar curvature associated to g (see
[8] chapter VI for a derivation of (2.1.10) and (2.1.11)). Equation (2.1.10) is called the momentum
constraint and (2.1.11) is called the Hamiltonian constraint. If we came back to the 3 + 1 problem,
there should be four constraint equations. However, since the fourth would be obtained by taking
a = 0in (2.1.2), it is trivially satisfied if we set *e37F = dw

We will look for ¢ of the form g = e?*§ where § is the Euclidean metric on R?. There is no loss of
generality since, up to a diffeomorphism, all metrics on R? are conformal to the Euclidean metric. We
introduce the traceless part of K,

1
Hij = Kij — 57945

and following [11] we introduce the quantity

62)\

U= Waou

Then the equations (2.1.10) and (2.1.11) take the form
1
8ZH” = —u.6]-u + 562)\(9]'7', (2112)
1 1 21
AA+€2A<2ﬁ4—JHF>—e”1-+JVM2:O7 (2.1.13)

where here and in the remaining of the paper, we use the convention for the Laplace operator

A =0} +05.
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The aim of this chapter is to solve the coupled system of nonlinear elliptic equations (2.1.12) and
(2.1.13) on R? in the small data case, that is to say when 7 and Vu are small. A similar system
can be obtained when studying the constraint equations in three dimensions by using the conformal
method, introduced by Lichnerowicz [37] and Choquet-Bruhat and York [12]. In the constant mean
curvature (CMC) case, that is to say when one sets 7 = 0, the constraint equations decouple and the
main difficulty that remains is the study of the scalar equation (2.1.13), also called the Lichnerowicz
equation?. The CMC solutions have been studied in [12] and [30] for the compact case, and in 7]
for the asymptotically flat case. There have been also some results concerning the coupled constraint
equations, i.e. without setting 7 constant The near CMC solutions in the asymptotically flat case have
been studied in [10]. The compact case has been studied in [27], [42] and [16]. See also [4] for a review
of these results.

In our case, the difficulty will arise from particular issues concerning the inversion of second order
elliptic operators on R?. In particular, without special assumptions on u, it is not possible to set 7 = 0
in the case of R?. Indeed, equation (2.1.12) induces for H the asymptotic [H|*> ~ -5 as r tends to
infinity. Now, it is known (see [45]) that an equation of the form

Au+ Re*™ + f =0,

with R, f <0 and R < —%2 when r tends to infinity, admits no solution. Therefore, we will be forced
to carefully adjust the asymptotic behavior of 7 as r tends to infinity, to compensate the term |H|? in
equation (2.1.13), and to ensure that we remain in the range of the elliptic operators which come into

play.

Remark 2.1.1. The solution of equation (2.1.13) that we construct in this paper satisfies
A=—aln(r)+o(1), (2.1.14)

as r — oo, with o > 0. At first sight, this could seem to contradict the asymptotic flatness we are
looking for. However, we mentioned in the beginning of the introduction that it is not so clear what
to expect as a definition of asymptotic flatness in 2 + 1 dimension. The solutions of the evolution
problem (2.1.4), (2.1.5) and (2.1.6) with an additional rotational symmetry and w = 0, known as
FEinstein-Rosen waves, have been studied in [5] and [3]. These solutions exhibit a conical singularity
at space-like infinity, that is to say the perimeter of a circle of radius r asymptotically grows like 2mer
with ¢ < 1, instead of 27r in the Euclidean metric.

Using a change of variable, we observe that the asymptotic behavior (2.1.14) is equivalent to the
presence of an asymptotic angle at space-like infinity. Indeed, if we make the change of coordinate

r = Tll:: for r large enough, then the metric

g~ 7‘_2"(cl7“2 + 7‘2d92)7 r — 00

takes the form
g ~dr'? +(1—a)?r?de*, ' — o

which corresponds to a conical singularity at space-like infinity, with an angle given by
27(1 — «).

Note that, since the constraint equations (2.1.10) and (2.1.11) are independent of the choice of co-
ordinates, the metric g’ and the second fundamental form K', obtained by performing the change of

variables v’ = Tll_—_s for r large enough, are still solutions of the constraint equations.

2The resolution of this equation is closely linked to the Yamabe problem
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We will do the following rescaling to avoid the e and e~2* factors
t=e i, H=e¢ H, #=¢e7r.
Then the equations (2.1.12) and (2.1.13) become
O Hij + Hijo\ = —.0;u + %aﬁ - %%ajA,
AN+ %Tf + %|Vu|2 + %|F1|2 - %2 =0.
To lighten the notations, we will omit the ~ in the rest of the paper. We consider therefore the system

{ OzHU + Hljﬁl)\ = —d.aju -+ %8]-7 - %Taj)\,

> 2.1.15
AN+ J0% + §|Vul? + LH? = - = 0. ( )

Before stating the main result, we recall several properties of weighted Sobolev spaces.

2.2 Preliminaries

2.2.1 Weighted Sobolev spaces

In the rest of the paper, x(r) denotes a smooth non negative function such that
0<x<1, x(r)=0forr<1, x(r)=1forr>2.

We will also note f < h when there exists a universal constant C' such that f < Ch.

Definition 2.2.1. Let m € N and 6 € R. The weighted Sobolev space H*(R™) is the completion of
Cg° for the norm

3+18]
2

D’6U||L2.

lullzg = D 111+ [al?)

IBl<m

The weighted Holder space C§* is the complete space of m-times continuously differentiable functions

with norm .
5+181

lullep = 3 1+ [2?) 7" DPul|p.

[Bl<m.

Let0 < o < 1. The Holder space Cg"Jra is the the complete space of m-times continuously differentiable
functions with norm

5
ull gmte = [ullor +  sup 0™ u(z) — 0™ u(y)|(1 + |=]*)2
“ "ty la—yl<1 |z —yl®

The following lemma is an immediate consequence of the definition.

Lemma 2.2.2. Let m > 1 and 6 € R. Then u € HJ" implies 0ju € Hg’_fll forj=1,..n.

We first recall the Sobolev embedding with weights (see for example [8], Appendix I). In the rest

of this section, we assume n = 2.

Proposition 2.2.3. Let s,m € N. We assume s > 1. Let $ <d+1 and 0 < a < min(1l,s—1). Then,

we have the continuous embedding
H§+m C C’g”ro‘.

We will also need a product rule.
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Proposition 2.2.4. Let s, s1,s2 € N. We assume s < min(sy, s2) and s < s1+s2—1. Let & < d1+d2+1.
Then ¥(u,v) € Hy' x HS?,

g < ol ol
The following simple lemma will be useful as well.

Lemma 2.2.5. Let « € R and g € LS. be such that

loc
l9(@)] S (L + |=*).
Then the multiplication by g maps HY to HY ...
We will also need the following modified version of Lemma (2.2.5).

Lemma 2.2.6. Let « € R and g1 € Lj5. be a function such that
lg1(2)] S (1 +[a*).
Let g2 € L*(S*). Then the multiplication by g1(x)g2(0) maps H} to HY ...

Proof. Let u € H}. We estimate

[e%s) 27
/ (1+ r2)5’2ag1(3:)292(9)2u(r, 0)*rdrdd
o Jo

0€[0,2m 0e€l0,2m
0o 27
Slanlen [ @42 ([ + 0gui?as ) rar
5 ||92H%2(Sl) (/(1 +r2)6u2d$+ /(1 +r2)6+1|Vu|2dI)

S ||92H2L2(sl)||“\|§151

2 2
= ||92H2£2(51)/0 (1+T2)5_2“< sup ]91|(T79)> ( sup ]|U(7“79)> rdr

where we have used the Sobolev embedding of L°°(S!) in the Sobolev space W12(S1). O
We will use the following definition

Definition 2.2.7. Let 6 € R and s € N. We note Hj the set of symmetric traceless 2-tensors whose
components are in Hj.

2.2.2 Behavior of the Laplace operator in weighted Sobolev spaces.

Theorem 2.2.8. (Theorem 0 in [43]) Let m € N and —1 4+ m < 6 < m. The Laplace operator
A Hg — H§+2 is an injection with closed range

{fGHngQ /fsz VUEUTZOHi},
where H; is the set of harmonic polynomials of degree i. Moreover, u obeys the estimate
lullzz < CO)|Aullgg,,,

where C(9) is a constant such that C(§) = +00 when 6 — m_ and § = (—14+m)4.

We will prove three corollaries of Theorem (2.2.8) which will be fundamental in our work.
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Corollary 2.2.9. Let s,m € N and —1+m < § < m. The Laplace operator A : H52+5 — Hj,, is an
injection with closed range

{f6H§+2 /fsz VveUZ’lO’H,}.

Moreover, u obeys the estimate
[ull o2 < C(s, 0) || Aull

s+2°

Proof. We will proceed by induction. Note that Theorem (2.2.8) corresponds to the case s = 0. We
assume that the statement of the corollary holds true for some s € N and all m € N, and we will prove
that it holds true for s +1. Let m € Nand —1+m < d <m. Let f € H(‘;’izl, such that f belongs to
the set

{fGHg+2| /fsz Vveug’io%}.
Then Theorem (2.2.8) provides a unique u € Hf such that Au = f. In particular for i = 1,2 we have

Since f € H:T) we have that 9;f € H, §+3- Moreover, for all v, harmonic polynomial of degree

542>
[@nw== [ 000,

j <m+ 1, we have
because O;v is an harmonic polynomial of degree j — 1 < m. Therefore, by induction, we have
diu € H(‘;ﬁ and
lull 52 < el + 19yl gzes + 118l 2
< COfllng,, +Cs:6+1) (101 llmg,, + 192z, )
< CO(s + L0 fll g

This concludes the proof of Corollary (2.2.9). O

Corollary 2.2.10. Let —1 < § < 0. Let f € H(?JFS. Then there exists a solution u of
Au = f,

which can be written uniquely in the form

"= % ( / f) () In(r) — % <Cos(0) / fa1 +sin(6) / fx2> @ +3,

where & € Hf, . Moreover, we have the estimate

S CON Sl

it

S+1
Proof. Let F be a radial function, smooth, compactly supported, such that [ F = 27, and G a radial
function, smooth, compactly supported, which is 0 in a neighborhood of 0 and such that [ Gr = 4.
We note

G1(z) = G(r)cos(0) and Go(x) = G(r) sin(f).

Let
1

w(o) = 5= [ P nle - o)y
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be a solution of Aug = F', and

L / Gi(y) Inlz — yl)dy

uil®) = 2T

be a solution of Au; = G;. We may calculate

ug = x(r) In(r) + o,

cos(0 _
u = —X(r)% + 1y,

sin(6 -
SRR

where ug, u; € H(%_H.
Thanks to Theorem (2.2.8), we can solve the equation

st 4 ()& (o (] )

since the right-hand side is orthogonal to the polynomials of degree 0 and 1, and we have v € H? 1
which satisfies

1 2)3 2
Iollg,, S 16, + 101+ [ o115 Mg, + [ Ifl( ”) o S gl

Therefore we can solve the equation Au = f, and u can be written

e (e ()
;( ) (r) In( )_%(cos( )/fm1+sm 9)/fx2>r+17,

where @ € Hf , with

iz, S 1l ,.

This concludes the proof of Corollary 2.2.10. O

We introduce the notation.

Vo= (non) Zenony ) 0= ( ety o) )

Corollary 2.2.11. Let =1 < 0 < 0. Let f; € Hg+3 with [ f; =0, j = 1,2. Then, there exists a
symmetric and traceless 2-tensor K solution of

0iKij = fj,
which can be written uniquely in the form
K= A&;)Me + J&?Ng +K,
r r

with K € 7-[(1;_,_2 and

1
— §/$1fl +x2fe, J= —/x1f2 — 21, HK||H§+2 < 1l o

543

+ 11l

5+3
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Proof. We can look for K of the form
Kij = 0;Y; 4 0;Yi — 6,;0"Y,

then Y; satisfies
AY; = f;.

We apply Corollary (2.2.10) which allows us to find a solution in the form?
¥ = X (0 cos(0) + by sin(0)) + 75
T
with V; € H2, | and
1 1 ~ <
a; =5 [a1fi, bj=—o [ 22fy Yillmz,, S Wfillag,,
We calculate

K1 =01Y1 — 0:Y5

:X<r) (al(— cos?(#) + sin?(0)) — 2b; cos(#) sin(#) 4 2az cos(0) sin()

+ by(sin?(0) — cosQ(G))> + K

:Xg) (= (a1 + by) cos(20) + (ag — by) sin(20)) + K11,

= Xg) (a2(_ cos?(6) + sin®(0)) — 2b cos(#) sin(f) — 2a; cos(6) sin()

+ by (= 5in?(6) + cos?(9)) ) + Kuz

:Xg) (—(as — by) cos(20) — (a1 + bo) sin(26)) + K1,

with I?ll and ng in H§+2 and

+ 11 f2ll g

5+3"

+ [ Kellmz,, S [fallae

42 Y 543

[ K11l 2

542

Therefore we can write

K_AX(’")( cos(20)  sin(26) >+JX(7“) < —sin(260) cos(26) >+[~(’

r2 sin(26) —cos(20) r2 cos(20)  sin(20)

with

1
A=—(a; +b) = %/xlfl + 2 fo,

1
J:b1*a2:2*/1131f2*1‘2f17
s

1R, S Il

T Iellag,,-

This concludes the proof of Corollary 2.2.11.

3Recall that [ f; = 0.

47
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2.3 Main result and outline of the proof

In [29], we solved the system (2.1.15) for @2, |[Vu|* € HY,, with —1 < § < 0. The solutions we found
were of the form

A= —ax(r)In(r) + X,

H = —(pcos(f —n) +'5(9))%')M9 +H,

7= (pcos(fd —n) —0—3(9))@ +7,

where \ € Hg, He H%H. By looking for H as H;; = 0;Y; + 0;Y; — %akyk, the system (2.1.15)
corresponds to three Laplace-like equations. The quantities b € W'2(S') and 7 € H{, | are free param-
eters, while the three parameters «a, p and 7 are determined by the three corresponding orthogonality
conditions, namely that the integrals of the right-hand sides of (2.1.15) vanish.

In this chapter, assuming that @2, |[Vu|® € HJ, 4 (i.e. assuming more decay on u and @ than in
[29]), we want to go further in the asymptotic expension of our solution. This will require to enforce
additional orthogonality conditions.

2.3.1 Main result

Theorem 2.3.1. Let —1 < § < 0. Let u?,|Vu|? € HY, 4 and b € WY2(SY) such that

/ b(6) cos(6)do = / b(6) sin(6)d6 = 0. (2.3.1)
Sl Sl

We note
€= /u2 + |Vul?.

We assume

1 las, , + 1Vl lLao,, + [Bllwrz S e

Let B € WY2(SY). We assume

IBllwa S 2.

Let ¥ € H§+2 be such that [ = 2m. If £ > 0 is small enough, there exist o, p,n, A, J,c1,co in R, a

scalar functions A\ € H§+1 and a symmetric traceless tensor H e H<15+2 such that, if r,0 are the polar
coordinates centered in (c1,c2), and if we note

A= —ax(r)In(r) + X
H= —(5(0) + pcos(f — n))%Ma + e*’\% <(J —(1—a)B(0))Ny — B;@M9> + ET,
then X\, H are solutions of (2.1.15) with

@ +erm X

7= (b(0) + pcos(d — n)) r2
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Moreover we have the estimates

1 .
a= / (@ + [Vul®) + O(e?),

pcos(n) = %/aﬁw +0(e2),

psin(n) = % / .0y + O(2),
€1 = i /:1;1 (@ + |Vul®) + O(?),
co = % /xg (@ + [Vul?) + O(e?),

1 . .
J = —%/u.agu + %(01 sin(n) — ca cos(n)) + O(g?),

A= L [ridus - < / x’(r)rdr) / B(6)d0 + O(2),

and _ _
Maz,, +1Tlar,, + 1 Hl,, Se.

S+1 5+2 S42 Y
Remark 2.3.2. There is a natural rapprochement between the quantities «, p,n,c1,c2,J, A and the

global charges in 3+ 1 dimensions (such as the ADM mass, ADM momentum...). See for example [15]
for a definition.

The following corollary is a straightforward consequence of Theorem (2.3.1) and Corollary (2.2.9).

Corollary 2.3.3. Let (5,&,Vu75,37B and V_be as in the assumptions of Theorem 2.3.1. Moreover
let s € N and assume @, |Vul> € Hf 5, B,b € WstL2(SY) and ¥ € H;izl Then the conclusion of

Theorem (2.3.1) holds and we have furthermore Xe H;if, He Hgié, with the estimates

st SN lag,, + 11Vul?llag,, + [Bllwesrz + | Bllws+re.

Al g2 + 1 H

2.3.2 OQOutline of the proof

We will prove the theorem using a fixed point argument.

Construction of the map F We consider the map

F:RxRxRxHf , - RxRxRx Hj

(avch C2, )‘) = (0/703_7 C/27 )\/)

where if we note
(c1,c2) = re(cos(fe),sin(0,)), (cy,cy) = rh(cos(d.,),sin(0.))

and

A =—ax(r)In(r) + r.cos(6 — OC)XY) +A

N =—a'x(r)In(r) + rl.cos(0 — 9’0)@ + X,

then )\ is the solution of

7_2

4

1 1 1
AN + 242 + 5|vu|2 - Q\H\Z —

= 2.3.2
; 0 (23.2)
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with
H=e*HY 4t H® 4 ¢ gO) (2.3.3)
where
172 = 50X vty — 7 o0y sin0 — 0)) X ag, — <0y sin(o - 00X (2.3.4)
2r 20 ) p2 a oz
. B'(¢
H®) = % <_(1 — a)B(O)Ny — 2( )M9> , (2.3.5)
and H satisfies ) )
8iHij + szal)\ = —ll.aj’u + iajT — 57’(9]‘)\, (236)
with
r=7® L AB) 4 Ay, (2.3.7)
where
7@ = p(6) X 1 T 49)sin(o — 6, 217 (233)
r a (& T2 b
x(r
-3 Z (o) ;2), (2.3.9)
We have noted _
b(0) = pcos(6 —n) + b(0). (2.3.10)

The parameters p,n and A are suitably chosen during the process.
Solving (2.3.6) We will show that H(!) satisfies
1) _ ¢
Ol = f;

with f;l) € H§+3. We will prove that we may choose p,n and A such that

[0 = [87 = [as? +aap” =0

Then we will show that H(®) can be written

x(r)

HY = J2 Ny + HOY,
r
with HV € H} .
Solving (2.3.2) We will show that
1 72
§\H\2 -T€ HY, .

Then, it will be straightforward to solve (2.3.2) using Corollary (2.2.10). The solution we obtain is of

the form

x(r)
r

N = —a'x(r)In(r) + 7. cos(0 — 6.) + X’,

with \' € HZ .
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The fixed point Proving that F is a contracting map easily follows from the estimates for A\’ and
H. The Picard fixed point theorem then implies that F' has a fixed point. To obtain the result stated
in Theorem (2.3.1) then easily folows after performing the following change of variables

T T
! (& / c .
] =x1 — —cos(b.), wxh=x9+ —sin(b,),
@ !
which corresponds to work in a frame centered in the center of mass.

The rest of the paper is as follows. In section (2.4), we explain how to solve the momentum
constraint (2.3.6). We also explain how to choose A, p,n. In section (2.5), we explain how to solve
(2.3.2). Finally, the map F' is shown to have a fixed point in section (2.6).

2.4 The momentum constraint

The goal of this section is to solve equation (2.3.6). We will note

A= lad + e + Al 72

S41°

(2.4.1)

We assume a priori
[RY[get

o> % (/ u® + |Vu|2> . (2.4.2)

E<M<1
a ™ e ~

This yields

Proposition 2.4.1. If ¢ > 0 is small enough, there exists p,n, A € R, such that for
=73 470 L AQ,

with 7, 76) defined by (2.3.8) and (2.3.9), there exists a solution of (2.3.6) which may be uniquely
written under the form
H=e*HY 4+ H® 4 ¢ 2g®

where H?) and H®) are defined by (2.3.4) and (2.3.5) and

HWY = J&;")No +HW,
T

with e HW) ¢ H§+2 such that

le P H Oy, < iVl

+ llollwrz + [ Bllwr> + A S e

Moreover we have the estimates
1
pcos(n) = — /u.alu +0(e%),
T
1
psin(n) = — /ﬂ.@gu +0(e%),

o [rios ( / x'(r)rdr) [ + o),

N Pre gin(n — 2
J = 2ﬂ_/u.89u+ 70, sin(n — 0.) + O(e7).

A=
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Proof. We introduce the notation
) = 7%7(2)@)\ ~ H{ 9\, (2.4.3)
h§3) = %@ (e_)‘r(?’)) — %e_)‘r(?’)@j)\ — 9i(e N H®));; — e_AHfj’)@jA. (2.4.4)
In view of (2.3.3), (2.3.6) and (2.3.7) an easy calculation yields
oH) = fiV (2.4.5)
where
S = (= adgu+ %aj(/m) - %A\yajA + 0+ hSY + %aﬂ(?) ~0H). (2.4.6)

The three following propositions, proved respectively in Sections (2.4.1), (2.4.2) and (2.4.3) allow us
to estimate the different contributions to f;l).

Proposition 2.4.2. We have

%aﬁm —9,H® :Mb(e) cos(6) + X(r)re (b(0) sin(0 — 6,) cos(0))’,

r r2 «
1 2)_X'(r) X'(r)r /
iagrw —0,HY = b(0) sin(6) + === (b(0) sin(6 — 0.) sin(6))".
T T (0%

Proposition 2.4.3. We have h§-2) € Hr?+3’ with

2
1R o < AN Bllwr.2.

s+3 ™Y

Proposition 2.4.4. We have h§-3) € Hr?+3’ with

BP0 < 1IBllwee.

543
- (D) 0 .
We have e™"f; " € Hy 5 :
e For hg_z) and h§-3) this follows from Propositions (2.4.3) and (2.4.4).

e For %83-7(2) —&»Hg), this is a consequence of Proposition (2.4.2). Since X’ is compactly supported,
we have

1 2
Hz@“” ~ O;H;

S Ibllwz(st)-
HY 4

e Since ¥ € H51+2, we have in view of Lemma 2.2.2

149, W] g, , < [A-

e We have

AVO;\ = (—axgﬁr) —recos(f — GC)X(T) —ax/'(r)In(r) + r.cos(6 — HC)X/(T)> AVO;r

r2 r

~rosin(d — 0.5 4w0,0 1+ Awa,3,

r
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and since Y’ is compactly supported we have

, ~
ATO; A < ||AY AV —— ATO; N .+ |A].
e e ngH e IR P
For the terms of the form AV¢. and AV f<;, we use Lemma (2.2.5) which yields
a T
— <|Allal, |[AV—— < A7l
e IRV TRt I
543 5+3

e For the term A\pan we use Proposition (2.2.4) which yields

|ARD X o S 1A 2

S41°
Consequently we have

_ 1 .
le™ f D e < aVul o

5+3 ™Y 543

+ [Ibllw2 + [1Bllwr2 + A

We have

)+ recos(f ; 0:)x(r) N X

A= —ax(r)In(r
with A € HZ,, C L™ thanks to Proposition (2.2.3). Therefore

e < (1427 F,

and Lemma (2.2.5) yields f;l) € HY 4., with
1 .
1 mg, .. S NiVullgg,, + Ibllwr + [ Bllw + 4]

We want to solve (2.4.5) with Corollary (2.2.11). To this end, we need

/fl(l) = /fél) =0. (2.4.7)

The following proposition, proven in Section (2.4.4), allows us to carefully choose the parameters p, 7, A
in order to enforce the orthogonality condition (2.4.7).

Proposition 2.4.5. If ¢ > 0 is small enough, there exist p,n, A € R such that

[0 = [8 = [a1s +2as? —0.

pcos(n) = %/e’\ualu—l— O(e%),

Moreover we have

psin(n) = %/6/\@8211,4— 0O(e?),

A= —% eMirdpu + % (/ X'(T)rdr) /b(e)da +0().
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We choose p,n, A according to Proposition (2.4.5). Since |a| < ¢, if € > 0 is small enough we have
—1 < d4+a < 0. Since ff(l) ffél) = 0, we can apply Corollary (2.2.11). Since fz:lfl( —I—ng(l) =0,
we obtain

HY = JX( I N, + BO),
with H( € H}_, ., such that

< iVull s,

HH(I)‘ + [[bllwr.z + | Bllwa.2 + |A],

s [

+[5")

HO9

0
H 5+3+a

5+2+a 6+34a

= / D =)

( Wpu — AU\ + xl(h@) hé3)) - $2(h§2) h(d))) S sm(n 0.)

and

27r

(2.4.8)
re [oa X1 o
+ " /(e 1) . b(0) sin(0 — 6..)
b A Te Gin(6 — 2
== 5 /R2 e udpu + P sin(@ — 0.) + O(e7)

where we have used the definition (2.4.6) of f;1)7 109 — 1201 = 0p, Proposition 2.4.2 and the following

calculations . .
5/6’\1489\1’ = —5/6’\14\1/89)\,

/eA (xlxlv(f)b(Q) sin(f) — l’g@b(@) cos(G))
/

X' (7)b(8) (cos(8) sin(#) — cos(f) sin(8))rdrdd

Q
=

r2

/ exm% <x1 (b(8) sin(6 — 6.) sin(8)) — a2 (b(8) sin(6 — 6,) cos(e))’>

’I”

_ / AX (7 )b( 0)sin(0 — 6 )(—sm (9)—COS 0))

/ dohe *X/Y) b(6) sin(6 — 6) (cos(0) sin(#) — sin(6) cos(6))

g(/x(r) ></b(9)51n(0 0.) ) /(A b(@)sn(G 0.)
= sty 00 + 2 [ =0 o(o)sin0 - 00),

where we have used in the last equality the definition of b (2.3.10) and the orthogonality condition
(2.3.1) for b. It remains to estimate e™*H1) in H§+2. First, we note that since

—A — ax(r)In(r)

is bounded, thanks to Lemma (2.2.5) and the fact that H() € H}1 . we have e XHM € HJ ,. We
now calculate V(e"\fl (). The contributions are
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e the term e *VH® : since VHY ¢ Hg+a+3, we have e *VH® ¢ Hg+3 thanks to Lemma
(2.2.5),

e the term %(r)e_\f{/(l) : it also belongs to Hg+3 thanks to Lemma (2.2.5).

e The term e *HMV\ : thanks to Proposition (2.2.4), HOW belong to Hg+3+a, and therefore,
thanks to Lemma (2.2.5), we have e "H1VX € HY, ..

Consequently, we have V(e *H") € HJ, , and therefore e *H®") € H} ., with
le?H W gy, S laVullgs, | + Ibllwre + [Blwie + 14 Se.
This concludes the proof of Proposition (2.4.1). O

2.4.1 Proof of Proposition (2.4.2)

We calculate

0; <b(0)_X(T)M9> : = @ (X/?(a") — X?g)> (cos(0) cos(20) + sin(0) sin(26))

~ YOXT) (506 sin(20) + cos(0) cos(20))

_ %(— sin(6) cos(260) + cos() sin(26))
30 (027 ) =30 (77 25 o) 502 i)

Therefore

30 <b(9)X(r)> o, (b(&)’ﬁ’")MQ) _ POX) o),

r il r

For j = 2 we obtain

0 (b(e) —x(r) M9>' __ o) (X/(T) - XW) (cos() sin(20) — sin(8) cos(26))

2r r r2

_ M(_ sin(f) cos(260) + cos () sin(260))

_ M(, sin(6) sin(260) — cos(0) cos(26))

2r2
= 7[)(92)?2(7“) sin(f) + YO)x(r) (02)7?;(” cos(f) — 71)(0)2)1(" (r) sin(6),
%(92 (b(&)’@) :%b(e) (X'ff) - Xﬁ?) sin(6) + %b’(@)% cos(0).

Therefore

%5*2 (b(@)@) — <b(9) _gir) M@)i2 - b(mrw sin(6).

We now calculate the other contributions. We note that T%Mg and 7n%N@ satisfy

ij

0; (12M9> =0; (12N9> =0, forr>0. (2.4.9)
T i T



56 CHAPITRE 2. THE CONSTRAINT EQUATIONS

This yields

0; (;C(bw) sin(6 — 96))/X(§)M9 _ Eb(&) sin(6 — HC)X(T)]\@)
) ' “ il

r2

~

_ %(6(9) sin(0 — 6.)) (cos(#) cos(20) + sin(0) sin(26)) X (r

2

_ %b(&) sin(f — 0..)(— cos(6) sin(26) + sin(6) COS(%))X’(T)

r2

_ ;;;(b(e) sin(f — 6..))" (— sin(0) cos(20) + cos(6) sin(26)) x(r)

r3

_ %(b(@) sin(f — 98))’(sin(9) sin(26) + cos(#) cos(26)) x(r)

Te

r3
= <b(9) Sin(9 — 90) sin(@) _ %(b(@) Sin(@ o 96))/ COS(Q)) X’(T)

=}

r2

<

+— (‘(b(Q) sin(6 —6,.))" cos(6) — %(b(e) sin(0 — 6,))" sin(9)> x(r).

Q 3

We now calculate the term involving 7.

%81 (:;(b(&) sin(6 — 96))'X(;“)>

r

:;(C)é (X;(QT) - QX:?T;)) Cos(@)(b(@) Sin(@ — Hc))/ + %(_ Sin(e))(b(e) sin(@ — gc))// X:;“)
:% cos(8)(b(0) sin(6 — 0..))’ XT(QT)
+ % ((b(e) sin( — 0c))" cos(0) — %(b(e) sin(d — 6,))" Sin(g)) Xﬁ?.

Therefore we have

30 (0@t - 09y X5

r2

— 0 <_;;(b(9) sin(6 — 95))/X7g) Mo — %b(@) sin(6) — HC)X(T) Ne)“

r2

:% (cos(6)(b(0) sin(f — 6.))" — sin(8)b(8) sin(f — 6..)) m

r2

:%C (cos(0)b(#) sin(h — 6..)) X' (r)

r2 -’
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For j = 2 we obtain

0; (_;;(b(G) sin(0 — Hc))lxg) Mo - %b(@) sin(f = ec)xg)Ng)iz

. %(b(@) sin(0 — 0.)) (cos() sin(20) — sin(6) cos(26)) X;;)
- %b(@) sin(6 — 6,)(cos(6) cos(26) + sin(6) sin(26)) X;(;")
— SE(b(0) sin(0 — 0.))"'(— sin(6) sin(20) — cos(6) cos(ge))%
- %(b(&) sin(0 — 60..))'(— sin(0) cos(260) + cos(9) sin(ze))%
:% (_b(e) sin(6 — 6.) cos(d) — %(b(@) sin(6 — 6,))’ sin(9)> X;(;)

x(r)

+ % (—(b(G) sin(f — 6,.)) sin(6) + %(b(&) sin(f — 6,))” cos(9)>
We now calculate the term involving 7.
1 Te . ,X(T)
582 (a(b(9)5111(9 —0.)) 3 )
_Te (X (1) _, Y) ) Sin(6)(b(6) sin(6 — 0.))' + 2 cos(6) (b(6) sin(@ — 6.))” X7f3

2av r2
X'(r)
2

r)

:;—; sin(0)(b(6) sin(0 — 6,.))’

+ ((b(a) sin(@ — 6,)) sin(6) + 5 (b(8) sin(® — 6.)" COS(Q)) Xg .

Therefore we have
1 e . /X(T)
502 <a(b(0) sin(0 —0c))' =3 )
o, (‘ 7% (b(0)sin0 — 00 2 My — "0(0) im0 — 07 Ne) ,
:% (sin(6)(b(8) sin(6 — 6.))" + cos(0)b(6) sin(6 — 6..)) %
 X(r)

=< (sin(0)b() sin(0 — 6,))

In view of (2.3.4) and (2.3.8), this concludes the proof of Proposition (2.4.2).

2.4.2 Proof of Proposition (2.4.3)

Since |VA| € Hj ,, Lemma (2.2.5) implies that the terms of the form ‘b‘ |V)\| belong to Hf, ; and
satisfy
S 18l e ) VA g

542

b
|27,

6+3

and consequently, with the Sobolev injection W12(St) ¢ L>(S!),

§+1

b .
| B3 S Mo (2410
H)
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Moreover, thanks to Lemma (2.2.6), the terms of the form %%Wﬂ belong to Hy, ; and satisfy

re [b] + |b’
a (1+47)2

S Ibllwrz @ I ] 122 (2.4.11)

6+1

< 1. The terms of the form e ‘(blljr":;J (1;‘; jz are also in

where we have used, that thanks to (2.4.2),
HY, ; and satisfy

Te
et

re [bl + 0] e
a (14+7)2(1+7)2

S Ibllwrz(sy|rel- (2.4.12)
HY,,

Finally, since ' is compactly supported, we also have

o] rex'(r)
1+7r(1+7r)

S bllwr2@nlal, Slbllwrzgnlrel, - (2413)

|2

0 ‘ 0
H5+3 H5+3

Consequently, the terms which remain to calculate are the ones decaying like %2 and %3 We obtain

H® o = — %f)b(e) ( - (ff + ’W) (cos(26) cos(8) + sin(26) sin(6))

_ resin(f —0.)

2

. (—sin(@) cos(260) + cos(0) sin(26’))>

— T;zg) (cos(0 — 0.)b(0) + sin(0 — Hc)b/(H))%a(cos(QG) cos(6) + sin(26) sin(0))

_ Ti?f(r) sin(6 — 6.)b(6) — (— cos(6) sin(26) + sin(6) cos(20)) + hy

ab(f)x(r) reb(0)x(r)
=52 cos(f) + 5

1
(cos(@) cos(0 —0.) — 5 sin(6) sin(f — 90)>
reb’(0)x(r) .
+ BT cos(0)sin(0 — 6..) + hy,
where, thanks to (2.4.10), (2.4.11) and (2.4.12), hy € H}, 4 satisfies

Pallmg, , S IAIIBI w2

We calculate

1 b(0)x(r) e recos(6 —6.) resin(6 —6.) .
_ -2 — AN [ 2 os(0) — . .
57 7P o . cos(6) 2 cos(f) + 2 sin(6)

T (b(0) cos( — ) + D (0)sin(0 — 6.)) X7 (—Ta Cosw)) T h
ab(0)x(r) reb(0)x () 1 '
=0z cos(f) + —g <cos(9) cos(0 — 6.) — 3 sin(6) sin(0 — 00)>

/
+ %);C(T) cos(0)sin(f — 6.) + ha,

where thanks to (2.4.10), (2.4.11) and (2.4.12), hy € HJ, 4 satisfies

[[h2lng (Aol 2

LS

Therefore

_§T<2>a A= HFON=hy —hy € HY, 4.
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For j = 2 we obtain
r2

HP9\ = — %b(@) < - (f + “05(99)> (— cos(26) sin(6) + sin(26) cos(6))

~ resin® = 0)  os(9) cos(26) — sin(6) Sin<29>>)

r

- T;Z( ) (cos(6 — 6,)(0 )+sin(0—Qc)b'(H)_Ta(—cos(QG) sin(6) + sin(26) cos(9))

Tcoi(r() (0 — 6.)b(6)— (sin(9) sin(20) + cos(9) cos(26)) + s

:% sin(6) + rcb(9) ( ) <Sin(9) cos(f —0.) + %COS(@) sin(f — 96)>

/
+ PN (o) singo — 00) + b,

where thanks to (2.4.10), (2.4.11) and (2.4.12), hg € HJ, ; satisfies
[hsllmg, , S IAIIBHwr2

We calculate

1 _ b(@)x(r) a recos(0 —0.) . resin(0 — 0.)
—57( O\ = — 5 <_r sin(f) — 7“75 n(f) — rcos(@))

- %(6(9) cos(0 — 0) + b/ (6) sin(0 — 90))xg) (‘TO‘ sm(e)> + hy
:% sin(0) + M (sin(@) cos(0 — 0.) + % cos(0) sin(6 — 96))
+ % sin(0) sin(0 — 0..) + ha,

where thanks to (2.4.10), (2.4.11) and (2.4.12), hy € HJ, ; satisfies
1Rallzg, , < IAIB[ oo

Therefore
1
—57 A= HFP O\ = ha = hy € HY, 5.

This concludes the proof of Proposition (2.4.3).

2.4.3 Proof of Proposition (2.4.4)

We first note
61'(67)\1‘[(3))”' +€7>\HZ(J3)8])\ 7)\8 H(3)

ij
1 o) L e L xg 3 2.3
56]'(6 T )756 T (')j)\zﬁe 0,7\ —e T OA.
Since \ € H§+1, Proposition (2.2.3) implies that X is bounded and consequently

le™ S (1 +7r%)%.
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Therefore Lemma (2.2.6) imply that the terms of the form e=* BB 7y belong to Hy, ,_,, with

(1+r?)
_A|Bl+ B
He WV)\ o S [1Bllw. 2(SI)H)‘”H§+1
+4—a
Since « is of size ¢, for € small enough we have o < 1 and
B+ 1B oy
He )\WV)\ o < ||B||W1 2(§1)||)‘||H5+1' (2414)
543
The terms of the form e ‘Blliyfl‘ 11;2 satisfy
MBI IB| re | re(IBI+1B')
14+7r2 1472~ (141r2)272 "
so, for € > 0 small enough so that § + o < 0 they belong to H§+3 and satisfy
|B|+|B| _r
H AWl_:TQ . § ||BHw12(S1)|’I“p| (2415)
e s
Since x’ is smooth and compactly supported, the term of the form e‘*% '(r) belong to H5+3
and satisfy
Bl + \B’

é+3

Consequently the terms which remain to calculate are the one which decay like :—j We calculate

e"\aiH,Ff’) = — ¢ M1 — a)B'(0)(sin(0) sin(20) + cos(6) cos(2€))$
i, B”(H)

(—sin(6) cos(20) + cos(6) sin(26)) Xg) +a
- <_(1 — a)B'(0) cos(9) — %B”(g) Sin(9)> Xﬁ;’)

where we have used (2.4.9) and where, thanks to the estimate (2.4.16), g1 € H, ; satisfies

lgallmrg, , < I Bllw.>-

We now calculate

1
567)‘817'(3) — T(3)€7A81A

= 21 B (O coss) - %B”(e)ed’;(”

sin(0) — B'(0)e ’AX( )= . cos(9)+gz
=(a— 1)6_)‘3/(9)% cos(f) — - _)‘B”(Q) ( ) sin(6) + go
where thanks to the estimates (2.4.14), (2.4.15) and (2.4.16), go € HJ, , satisfies

lg2llmo, , < I Bllw.2.

Therefore . 1
5817'(3) — 57'(3)81)\ — (91‘(67)\[‘[(3))1]* — ei)‘HS-)aj)\ =02 — 901 € H((;)+3.
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For j = 2 we have

e*A&;HS) = —e M1 —a)B'(0)(—sin(f) cos(26) + cos(0) sin(26)) Xrg)
- e_)‘w(f sin(6) sin(260) — cos(#) cos(29))M +93
—e A (—(1 —a)B'(0) sin(0) + B”(G) os(@)) Q + g3

where thanks to the estimate (2.4.16), g3 € Hy, 4 satisfies

lgallmg,, < 1Bllwrs.

fe_kagT(g’) — 6_)\7(3)82)\

Y _
_ 4&%3’(9)% sin(0) + 13”(9)6 T@f(’") cos(0) — B’(e)e—*% 2 sin(6) + g4

= (o — 1)3/(9)% n(0) + - B”(‘g) X(Tgfi)\ cos(0) + ga

where thanks to the estimates (2.4.14), (2.4.15) and (2.4.16), g4 € HJ, , satisfies

19allrrg, , < NI Bllw.2-

Therefore )
5827'( - 77'(3)82)\ 8 ( )\H(s))ig — e*’\HS)ai)\ = g4 — g3 S Hg+3.

This conclude the proof of Proposition (2.4.4).

2.4.4 Proof of Proposition (2.4.5)

Recall that f;l) has been defined in (2.4.6). We calculate

/ o :/ M (—woru— Ao+ B + 1Y)
RZ

/( A L b(6) cos(h)dx — a/ /\Xr( r) b(0) sin(0 — 0..) cos(0)Op A
+ mpcos(n),

(2.4.17)

where we have used Proposition 2.4.2 and the calculations

%/eAAalklf = —%/eAAkPal)\,
/ XAr) 40 cos(0 / (e — X;(f b(0) cos(6) + ( / x'(r)dr> ( / b(9)cos(9)d9>

- [t -y DX 400) cos(6) + mp cosn),

where we have used the definition of b (2.3.10) and the orthogonality condition 2.3.1,

Le / e*&;)(b(e) sin(6 — 6..) cos(0)) = —% / et X;(;)b(e) sin(6 — 6..) cos(6)p .

(0% r
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Similarly, we have

M _ / e (—idpu — AWDN + ) + 1Y)
RZ

R2
+ @ 0D e -7 [ X0y in0 0 smon P4
+ mpsin(n).
We calculate also
/R oW f@ = /R & (u<raTu) — AW+ 2 (B + 1) + 2o (S + hg3>))
+ / (e* = X' (r)b(0) — % / e’\ae)\@b(ﬁ) sin(6 — 0,) (2.4.19)

+ </x’(r)rd7~) /b(@)dOfA/eA\I/

where we used 101 + x202 = rd, and the following calculations

%/e/\(l‘lalA‘I/-i-%QagA\I/) = —%/GAA\I/(.Z'lal)\—I—.%'QaQ/\) —/eAA‘I’,

/e)‘ <x1 @b(@) cos(0) + xgwbw) sin(9)>

= /e’\x’(r)b(e)(cosz(t?) + sin”(0))

- ( / X’(r)rdr) < / b(9)d0> + / (€* = 1)x/(r)b(6)

/ HAX () Te (m (b(0) sin(0 — 6.) cos(8))' + 22 (b(8) sin(6 — 6,) sm(e))’)

r2

o

=— % /&@b(&) sin(f — 6..)(— cos(f) sin(f) + cos(0) sin(h))
_ % /e’\ag)\yb(ﬂ) sin(f — 6..)(cos*() + sin?(9))
. % /e’\&,)\#b(e) sin(0 — 0,).

Therefore, in view of (2.4.17), (2.4.18) and (2.4.19), we have

[0 = [ = [as 4wt =0

if and only if the quantities pcos(n), psin(n) and A are solutions of a linear system of the form

( 1+0(s) Ofe) O(e) ) ( pcos(n) ) ( ay )
O(e) 1+0(e) O(e) psin(n) | =| a2 |,
O(e) O(e) 1+ 0(e) A as



2.5. THE LICHNEROWICZ EQUATION 63

where, since f\I/ = 2m,
1 . 9
ap = - udhu + O(g%),
1
as = ;/’U,82U+O(€2>,
. __L/mawi / ryrdr /5(9)d9+0( 2)
5T T on " 27 X s

In the last equation we have used [ b(6)df = fE(e)de to point out that this quantity does not depend
on p,n. For ¢ > 0 small enough, this system is invertible, therefore we can find a unique triplet (p,n, A)
in R x S! x R such that the three integrals are zero, and we have

pcos(n) = %/eAualu + 0(e?),

psin(n) = %/e’\uagu + 0(e?),

A= fi/ekuraru + ¢ /E(e)de +0(2).
2 2

This concludes the proof of Proposition (2.4.5)

2.5 The Lichnerowicz equation
Let H and 7 be given by

H=eHO  g® 4 eiAH(?’),
r=7® 4270 L AW,

with p,n, A and H) given by Proposition (2.4.1). We recall H(1) = J%Ng + H®, and

Al + 1T+ Lol + e H O gy, Se

542

Proposition 2.5.1. There exists a solution N of (2.3.2) which can be written uniquely under the form

x(r)

r

N = —a/x(r)In(r) + 7. cos(6 — 0.,) + N,

with X' € H§+1 and we have

1 .
of = E/(uz-l-\Vu\Q) + 0@,

1
! cos(0,) = yp /xl ({ﬁ + |Vu|2) + O(£?),

. 1 .
rlsin(0.) = y /x2 (@ + |Vul*) + O(?),

and

(RN

i S+ VA e
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Proof. In order to apply Corollary (2.2.10) we have to check whether the right-hand side of (2.3.2) is
in HY 5. To estimate |[e=*H (|2, we use Proposition (2.2.4), which yields |e"*HV|* € HY, ; with

H\e‘AH(1)| ‘ <e, (2.5.1)

sfea,

é+3 6+2

To estimate terms of the form ﬂe*’\|1€1’(1)| we use Lemma (2.2.5). It yields

b ~
H1||e2A|H<1>| ‘ Sl e ‘ *H<1>] <e, (2.5.2)
tr HY s Hito
1|+ e"MHM] and = ‘b L e HM | we use Lemma (2.2.6), which yields
|B| + |B’| M AT 2
' 1—}—7’)"2 ‘H( )l HO S HB”WLZ(Sl) ’6 g 3
b+ ] ot (2.5.3)
re ihall _)‘\H(l)| ‘ S bl ||e ’ AH(l)‘ <e2,
a 1+7r 5+3 5+2
In the same way, thanks to Proposition 2.2.4 and Lemma 2.2.6 we estimate
b
(A2 go < €2 LA\I/ < e?, (2.5.4)
Hss 1+7r HO
543
We can also estimate
2 /1\2 !
QWD e [ (BB L 055
a2 1471t | 147t 1O
5+3 543

‘We now calculate

, 2
SHP - 377 =2 (b(G)X(:) - (;’;(b(e) sin(0 - 0.)) + e—AB(‘g)> xf;*)) My My,

o 2
- b(@)%’) (7(";1;(9) sin(0 — 9&% FeMNJ—(1- a)B(O))Xi )> My Ny

2
x(r) | (re ) X\ 7
! (b(e) + () sin(0 - 0.)) + e B'0)) X2 )+
where thanks to the estimates (2.5.1), (2.5.2), (2.5.3), (2.5.4), and (2.5.5), we have hy € HY, 4 with

<
g, , S &°
Since Mgingij =2 and MgijNaij = 0 we obtain
5 1
|H| T = hl S H5+3
Consequently, we can solve (2.3.2) with Corollary (2.2.10), and the solution A\’ can be written

N = —a’'x(r)In(r) + 7. cos(0 — 06)@ + N,
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with

o= o [ (o 3w e - ) = / (32 +19uP) + O(=),
T
T
T

gy~ L 1o g e, Lige _ i 2
r.cos(f.) = 5 /xl <2u + 2|Vu| + \H\ ) = 47r 2 4 |Vl ) O(g?),
resin(f,) = 5 /:U lz'f + 1|Vu|2 \H\Z r = i 2o (0° + |Vul?) + O(e?)

PV o ] TP\ 2 2 4 471' 2 ’

and \ € H(;Z+1 such that

P e I R\
A N 2 2 2 4 ~ HY s '
5+3
This concludes the proof of Proposition (2.5.1). O

2.6 Proof of Theorem (2.3.1)

We find it more convenient to perform the fixed point with the quantities (c1, c2) instead of 7., 6.. We
recall the relation

(c1,¢2) = re(cos(6.),sin(6,)).

We note X the Banach space
X=RxRxRxHj,

equipped with the norm

INx = 1@ exs e, Mllx = lal + fer] + lez| + [ Al z2

5+1
We have constructed, for € > 0 small enough, a map

F:X—>X
which maps («, 01702,X) satisfying

<eg,

s+1 ™Y

R Y 2
ao = (/u + [Vu| ) , (2.6.1)

to (o, ¢, c’Q,X’) such that, for p,n, A, H®) given by Proposition (2.4.1), if we note

A= —ax(r)In(r) + r.cos(d — OC)@ + A,

e, 1, 2, Ml = el + lea] + leal + A}z

and v > %ao where

H=e¢HY + H® 4 ¢ AHO),
=73 420 4 AP,

then H satisfies ) )
&«Hij + HUGI)\ = —u.ﬁju + iajT — 57’(9]‘)\,
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and
N = —a/x(r)In(r) + 7/, cos(§ — Hé)X(r) + N
r
is the solution of )
1 1 1 T
Y 2 Sty T0
AN +5u +2|Vu| +2\H\ 1 0,

given by Proposition (2.5.1). Proposition (2.4.1) implies

ol + 171+ AL+ [H D s, Se,

S+2+4a T
and Proposition (2.5.1) implies
el + 11+ 1Nz, S e

s+1 7Y

In particular there exist Cy such that
[|F (e, 0,0,0)|| x = Coe.
Next we show that F' is a contracting map in
Bx(0,2C5¢) N {a > %} .
We consider, for i = 1,2 (a, (¢1)i, (¢2):, A;) such that

~ «@
[[(evi, (c1)is (c2)is Ai)llx < 2Coe, i > 70
‘We note

(agv (C,l)iv (6/2)1'7 3‘/;) = F(O"L'v (Cl)i7 (02)1‘, Xz),
(re)i(cos(0e)i, sin(0e)i) = ((e1)is (c2)i),  (re)i(cos(8;)i, sin(0r)i) = ()i, (¢3)i)-
Since o = ag + O(£?) we have for € small enough

’ Qo

ey
@z
We note p;,n;, A, J;, I;Ti(l) the corresponding quantities given by Proposition (2.4.1). The proof of the
following lemma is postponed to the end of this section.

Lemma 2.6.1. We have the estimate

o — ab| + [(eh)1 = ()a] +1(ch)r = (h)al + Ny = Xsllarz,, Selld = Aol x.
We are now in position to prove Theorem (2.3.1). Thanks to Lemma (2.6.1) there exists C' such
that
[E(A) = FRo)llx < CelAr = Aslx-

Consequently, by taking A\ = (v, 0,0,0) we have
(&%)} 2
VA € By (0,2C0¢) N {a > 7} . IFO) = F(a0,0,0,0)|| < 20C,e2.

Therefore, if ¢ is small enough such that Ce < 1, the map F sends Bx (0,2Cqe) into itself. Moreover
we already have noted that the condition o > < is preserved by I’ for € small enough. Finally, for

Ce < 1 the map F is contracting, and the Picard fixed point Theorem yields the existence of a fixed
point.
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We now choose coordinates centered in the center of mass (ci, c2). For these coordinates, we have
r. = 0 and consequently
A= —ax(r)In(r) + X,
~ B'(0
H = —(b(0) + pcos(d — n))%Ma et ?()) <(J — (1 —a)B(#))Ng — T()
7= (b(8) + pcos(d — n))@ +

M9> + ﬁ[,
e—*B’(a)% + AV,

The estimates of Propositions (2.4.1) and (2.5.1) complete the proof of Theorem (2.3.1).
To prove Lemma 2.6.1, we first prove the following two lemmas.

Lemma 2.6.2. We have the estimate
lp1 cos(n1) — p2 cos(nz)| + |p1sin(n) — p2sin(nz)] + [A1 — Az S ellAdr — Al x.
Lemma 2.6.3. We have the estimate

le M B — e B g+ [ — ol S el A = allx

Proof of Lemma (2.6.2). The quantities p; cos(6;), p; sin(6;), A; are given by the expressions (2.4.17),
(2.4.18), (2.4.19). Therefore we have

m(pr cos(m) — p2 cos(n2))
:/ (6)\1 — 6)\2) u@lu + 6/\1141\1181)\1 - 6/\2142\1/81)\2
R2

- / A1 (h) — e (hP)s + M (A)) — 2 (),

M

— /(e)‘1 — eAz)@bl(G) cos(f)dxz + (e*? — 1) (p1cos(0 —n1) — pacos(f —n2))

+ / (Zfl)l M X ir) 1(8) sin(8 — (6.)1) cos(0)dp A, — (’;2)2 *2X( XAT) 0 (8) sin(6 — (6)2) cos(0) 9o,
(2.6.2)

and a similar expression for py sin(n;) — pasin(rn2) and Ay — As.
We estimate first (hj(?))l - (h§2))2, where the quantities (h§-2))i are defined by (2.4.3). We have

()1~ = 5720, =a)+5 (12 )90~ (HD )00 —do)+ ()1 — (HE)2) 1o
We calculate
7@ 7B = (p1 cos(0 — 01) — pa cos( — 62))

+ <(72101)1((P1 cos(f — 1) +5(9)) cos(f — (0c)1)) — ( )2

((p2 cos(f —n2) + b(9)) cos(f (90)2))I> X(?

r

We have a similar expression for (Hi(f))l — (Hi(jQ))g. Therefore we have

W= 02|, S lorcostm) = pa cos(na)] + elpr sin(m) — pasin(ne)| + £lld = Aellx. (2:6.3)
543

We now estimate (h;g))l — (h§-3))2, where the quantities (h;‘”)t are defined by (2.4.4). The function
73) does not depend on the index i = 1,2. We calculate

T
O~ 1 = a1 - an) 5O
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Therefore we obtain (
H(h§_3>)1 - (h§_3>)2HHO Selld = Aofx (2.6.4)

§+3
The estimates for the other terms of (2.6.2) are similar. Therefore (2.6.2), together with the estimates
(2.6.3) and (2.6.4) yields

|p1 cos(mi)—p2 cos(n2)| < € (lp1 cos(m) — p2 cos(nz)| + [p1 sin(n) — pasin(nz)| + [Ar — Az|)+e[[Ar—=Azlx.
Similarly we obtain
lp1sin(n)—pasin(n2)| < € (|p1 cos(m) — p2 cos(nz)| + |p1sin(n) — p2sin(nz)| + [A1 — Az|)+e[[A—Xa[[x
|A1 = A2| S e (|p1cos(m) — p2 cos(nz)] + |p1sin(m) — p2sin(n2)] + [A1 — Az]) +€l|Ad1 — Aol x
and consequently
lp1cos(61) — p2cos(B2)] + |p1sin(f1) — p2sin(f2)| + [Ar — Az| S el — Azllx,
which concludes the proof of Lemma (2.6.2). O
Proof of Lemma (2.6.3). We compare first J; and J; thanks to the formula (2.4.8). We obtain
1

Timd=o | - (eM — ) udpu — (M Ay — e Ax)WIpA; — Aze™Tdp(A1 — A2)
R2
LA G~ 1) = P22 G — (0)2) + st
(€3] Q2

where the notation s.t. stands for similar terms. Therefore, we obtain
|J1 = J2| SellAdr = Aallx + |p1cos(n) — p2cos(nz)] + [p1sin(ni) — pasin(na)| + A1 — As
and thanks to Lemma (2.6.2) we infer
|1 = J2| S ellAdr — Al x. (2.6.5)
We now write the equation satisfied by e_)‘ll?ll(l) —e M fNIQ(l)

0; <e_)‘1f~f£1) — e_Azﬁél))

ij
=e M (HY);00 — e 2 (HyV)i0h

+ (e7M ) — e 00)0; <X£§)N9> + eAlai(Hfl))ij - eAQBi(Hél))ij
- (e—h(ﬁy))w - e—*z(ﬁgn)”) Ojn + e 2 (HV)10;(M — Aa)
(€M — )0, <Xg)Ne> + (A1 = A2)9,0 + (W) = (hP)2 + ..
Consequently, Corollary (2.2.11) yields
e B — e B gy, S ellem B = e B gy, o+ [ = ol < = dallx,

and thanks to (2.6.5)
a1 —x (1
le Y — e H 3y, S el = allx,

which concludes the proof of Lemma (2.6.3). O
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Proof of Lemma (2.6.1). In view of (2.3.2) we have

1 1 1 1
AN] = Xy) = *§\H1\2 + 17'12 + §\H2|2 - =7

17'2 .
The right-hand side is in Hf, ; and satisfies

1, 1

1
i §|H2|2 -7

1
ZIHL 1?2 =
H2| g :

Ht?+3
<e (||e—m§§1> T J2|) Felh = Dallx
Selld = Alx,

where we have used Lemma 2.6.3 in the last inequality. Therefore Corollary (2.2.10) allows us to write

x(r)

Ny =N = —(a} = ab)x(r)In(r) + ((r) cos(6 — (0)1) — (rL)a cos(8 — (8)2)) == + Xy = X,

with
o — ab| + ()1 = ()2 + ()1 — (h)2] + AL = Nollarz, S elld — Azlx

This concludes the proof of Lemma (2.6.1). O
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Chapitre 3

Stability in exponential time in the
asymptotically flat case

3.1 Introduction

In this chapter, we address the quasi stability of the Minkowski solution to the Einstein vacuum
equations with a translation space-like Killing field. In the presence of a translation space-like Killing
field, the 3 + 1 Einstein vacuum equations reduces to the following system

Ly =0,
3.1.1
{ R;u/ = (9”908,,99. ( )

This system has been studied by Choquet-Bruhat and Moncrief in [11] (see also [8]) in the case of
a space-time of the form ¥ x S* x R, where ¥ is a compact two dimensional manifold of genus G > 2,
and R is the time axis, with a space-time metric independent of the coordinate on S!. They prove
the existence of global solutions corresponding to the perturbation of a particular expanding universe.
This symmetry has also been studied in [3], with an additional rotation symmetry.

In this paper, we consider a space-time of the form R? x R_s x Ry, for which 05 is a Killing vector
field. Minkowski space-times can be seen as a trivial solution of Einstein vacuum equations with this
symmetry. The question we address in this paper is the stability of the Minkowski solution in this
framework.

In the 3 + 1 vacuum case, the stability of Minkowski space-time has been proven in the celebrated
work of Christodoulou and Klainerman in [13] in the maximal foliation. It has then been proven by
Lindblad and Rodnianski using harmonic gauge in [40]. Their proof extends also to Einstein equations
coupled to a scalar field. In this work we will use wave coordinates.

3.1.1 Einstein equations in wave coordinates

Wave coordinates (z®) are required to satisfy Ogz® = 0. In these coordinates (3.1.1) reduces to the
following system of quasilinear wave equations

Uy =0,
3.1.2
{ Dgguy = —8#@81,30 + Puu(agaag)v ( )

where P, is a quadratic form. To understand the difficulty, let us first recall known results in 3 + 1
dimensions. In 3 + 1 dimensions, a semi linear system of wave equations of the form

Ou' = PY(9u?, Ou®)

71
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is critical in the sense that if there isn’t enough structure, the solutions might blow up in finite time
(see the counter examples by John [31]). However, if the right-hand side satisfies the null condition,
introduced by Klainerman in [32], the system admits global solutions. This condition requires that P°
be linear combinations of the following forms

Qo(u,v) = Oudv — Vu.Vu,  Qapu,v) = 0qudsv — 0avdzu.

In three dimensions, Einstein equations written in wave coordinates do not satisfy the null condition.
However, this is not a necessary condition to obtain global existence. An example is provided by the

system
Upr =0,
{ Doy — (at<p1)2. (3.1.3)

The non-linearity does not have the null structure, but thanks to the decoupling there is nevertheless
global existence. In [39], Lindblad and Rodnianski showed that the non linear terms in Einstein
equations in wave coordinates consists of a linear combination of null forms with an underlying structure
of the form (3.1.3). They used the wave condition to obtain better decay for some coefficients of the
metric. However the decay is slower than for the solution of the wave equation. An example of a
quasilinear scalar wave equation admitting global existence without the null condition, but with a
slower decay is also studied by Alinhac in [2] and Lindblad in [38]. In [39], Lindblad and Rodnianski
introduced the notion of weak-null structure, which gather all these examples.

In 24 1 dimensions, to show global existence, one has to be careful with both quadratic and cubic
terms. Quasilinear scalar wave equations in 3 + 1 dimensions have been studied by Alinhac in [1]. He
shows global existence for a quasilinear equation of the form

Ou = g*% (0u) 0 du,

if the quadratic and cubic terms in the right-hand side satisfy the null condition. Global existence for
a semi-linear wave equation with the quadratic and cubic terms satisfying the null condition has been
shown by Godin in [26] using an algebraic trick to remove the quadratic terms, which does however
not extend to systems. The global existence in the case of systems of semi-linear wave equations with
the null structure has been shown by Hoshiga in [28]. It requires the use of L — L estimates for
the inhomogeneous wave equations, introduced in [35].

To show the quasi global existence for our system in wave coordinates, it will therefore be necessary
to exhibit structure in quadratic and cubic terms. However, as for the vacuum Einstein equations in
3+ 1 dimension in wave coordinates, our system does not satisfy the null structure. It will in particular
be important to understand what happens for a system of the form (3.1.3) in 2 4+ 1 dimensions. For
such a system, standard estimates only give an L* bound for (o, without decay. Moreover, the growth
of the energy of ¢y is like /2.

One can easily imagine that with more intricate a coupling than for (3.1.3), it will be very difficult
to prove stability without decay for ¢s. To obtain a more useful estimate, the idea will be to exploit
more precisely the fact that ¢ also satisfies a wave equation. To understand how this might help, we
will look at special solutions of vacuum Einstein equations with a translation space-like Killing field :
Einstein-Rosen waves. These solutions have been discovered by Beck (see [5], and also [3] and [6] for
a mathematical description).

3.1.2 Einstein-Rosen waves

Einstein-Rosen waves are solutions of vacuum Einstein equations with two space-like orthogonal Killing
fields : 05 and Jy. The 3 4+ 1 metric can be written
g = ezw(dcn3)2 + (32(“_“">(—dt2 + dr2) +r2e 2 r2d02.

The reduced equations
R, = 0,90, ¢,
Ly =0,
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can be written in this setting
Ry = 0%a — 9la + %&a = 2(0yp)?, (3.1.4)
Ry = ~0%a+ 00+ 0,0 = 20,0
Ry = %@CL = 2040, ¢p.
The equation for ¢ can be written, since ¢ is radial
e Ogp = -+ 0o + %c’w =0,
where ¢ is the metric

g = e**(—dt* + dr?®) + rdo>.

The equation for ¢ decouples from the equations for the metric. Therefore we can solve the flat wave
equation Oy = 0, with initial data (¢, 9r¢)|i1=0 = (0, ¢1) and then solve the Einstein equations, which
reduces to

Ora =1 ((0:0)* + (010)?) , (3.1.5)

with the boundary condition ¢|,—¢ = 0 in order to have a smooth solution. Since [y = 0, if (g, p1)
have enough decay, we have the following decay estimate for ¢

1

dp(r,t)] < =
el S e T =

Therefore since

R
a= /0 r ((0r0)* + (Orp)?) dr

we have
ol S ———— forr <t
a < —o—=, forr
Y (L4 —t))? ’
1
- F < >,
o~ B S =g fr

where the energy
Bl) = [ (@ + @) ar

does not depend on ¢t. For r > ¢, we have a ~ E(v) and hence is only bounded. In particular, the
metric
e dr? + r2dg?

exhibits an angle at space-like infinity, that is to say the circles of radius r have a perimeter growth
of e~ E(®) 27y instead of 27r. However, in the interior, the decay we get is far better than the one we
could have found with standard estimates, if we had used (3.1.4) instead of (3.1.5).

3.1.3 The background metric

We would like to adapt the analysis of Section 3.1.2 in the case where we only assume one Killing field
(i.e. in the case where 05 is Killing but not dp). Assume that

R
o= / r (0r0)? + (Oup)?) dr
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is still an approximate solution of (3.1.3), which will appear to be true in Section 3.7. As in this case
o also depends on 6, we will have

lim a(t, R,0) = / r ((0r9)? + (0pp)?) dr = b(t,0).
R—o0 0
Note that we have to be careful with the dependence on 6. The metric
O (—dt? + dr?) + r*d6®

is no longer a Ricci flat metric when b depends on . Consequently it is not a good guess for the
behavior at infinity of our metric solution g. A good candidate should be Ricci flat in the region r > ¢.
Indeed if we considered compactly supported initial data for ¢, by finite speed propagation, ¢ should
intuitively be supported in the region r < t. Consequently, the equation

R, = 0,90,¢

implies that g should be Ricci flat for » > ¢. Consequently, we are yield to consider the following
family of space-time metrics

gy = —dt* + dr* + (r + x(q)b(0)q)?d6* + J(0)x(q)dqd®, (3.1.6)

where (r,60) are polar coordinates, ¢ = r — t and x is a cut-off function such that x(q) = 0 for ¢ < 1
and x(q) =1 for ¢ > 2. In the coordinates s = r +t, ¢, 0, a tedious calculation yield that all the Ricci
coefficients are zero except

(Ry)oy = — b(0)95(ax(@) . ax(x' () (0)9eb . TO)*x(0)x'(a) _  x'(a)9sJ (6)
b)aq r+b(@)ax(a)  (r+0(0)ax(q)®  Alr+b0)ax(a))® (r+b(0)ax(q)*’ (3.1.7)
_ b(9)3§(qx(q)) L0 (C(b, v, J, J/)]11<q<2> o
_ JOX' (@) 5 (C0J)Licg<o
R = =gy~ (). S

Therefore, the metrics g, are Ricci flat in the region r > ¢ + 2. We will see in the next section that
they are compatible with the initial data for g given by the constraint equations.

This choice of background metric will force us to work in generalized wave coordinates, instead of
usual wave coordinates. Indeed, for the metric g, defined by (3.1.6), the coordinates (¢, z1,x2) are not
wave coordinates, not even asymptotically. The generalized wave coordinate condition reads, for g of
the form g = g, + ¢

g/\BFf\Yﬂ = Hy'
where Hj' is defined by
H' = H' + F7, (3.1.9)
where Hy is defined by
Hy = g;"(Th)%5 (3.1.10)
and F'“ is defined by the sum of the crossed terms of the form §87"gb in ngFK‘B — H{*. The reason of

this choice for F'“ will be explained in next section, in the proof of Theorem 3.1.3.
The form of (3.1.1) in generalized wave coordinates is given by (3.2.1) .
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3.1.4 The initial data

In this section, we will explain how to choose the initial data for ¢ and g. We will note 4, j the space-like
indices and «, 8 the space-time indices.
We will work in weighted Sobolev spaces.

Definition 3.1.1. Let m € N and 6 € R. The weighted Sobolev space H*(R™) is the completion of

Cg° for the norm
+15]

S5
lallrg = Y 1A +]2*) "% DPulpe.
[B]<m

The weighted Holder space C§* is the complete space of m-times continuously differentiable functions
with norm

S+18]
lullcy = S 11+ |21?) %" Dul| .
[B]<m

Let0 < a < 1. The Holder space Cg"Jro‘ is the the complete space of m-times continuously differentiable
functions with norm

s
2

Omu(x) — 0™u 1+ |z?
ot 197HE OGO )
2y, [z—y|<1 lz -yl

[ull ggree = Ilul

We recall the Sobolev embedding with weights (see for example [8], Appendix I).

Proposition 3.1.2. Let s,m € N. We assume s > 1. Let $ <d+1 and 0 < a < min(l,s—1). Then,
we have the continuous embedding

H§+m (RZ) C Cgl+a (RQ) )

Let 0 < 6 < 1. The initial data (¢g, 1) for (¢, 0ip)]i=o are freely given in H[;VH x HY, | with
0 < d < 1. However the initial data for (gu., 0¢gu,) cannot be chosen arbitrarily.
e The induced metric and second fundamental form (g, K') must satisfy the constraint equations.

e The generalized wave coordinates condition must be satisfied at ¢t = 0.

Moreover, we want to prescribe the asymptotic behaviour for g : we want it to be asymptotic to g,
where b(0) is arbitrarily prescribed, except for its components in 1, cos(#) and sin(f).
We recall the constraint equations. First we write the metric ¢ in the form

g =—N*(dt)? + gij(da’ + §'dt)(dz’ + ' dt),

where the scalar function IV is called the lapse, the vector field £ is called the shift and g is a Riemannian
metric on R2.
We consider the initial space-like surface R? = {t = 0}. We will use the notation

80:8t_['ﬂa

where Lg is the Lie derivative associated to the vector field 3. With this notation, we have the following
expression for the second fundamental form of R?

1
Kij = —577909i;-

We will use the notation
T =g Kj;
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for the mean curvature. We also introduce the Einstein tensor
1
Gaﬁ = Raﬁ - §Rga,87

where R is the scalar curvature R = g®# R.p3. The constraint equations are given by

Goj = N(957 = D'Kyj) = Qopdjp, j = 1,2, (3.1.11)
NZ _ 1
Goo = T(R — |K|> 4+ 72) = (8op)? — 590090‘58&@65@, (3.1.12)

where D and R are respectively the covariant derivative and the scalar curvature associated to g. The
following result, proven in Appendix 3.12.1, gives us the initial data we need.

Theorem 3.1.3. Let 0 < § < 1. Let (o, 1) € HY TH(R?) x HY ,(R?) and b(0) € WN-2(SY) such that

/ bdf = / beos(6)df = / bsin()db = 0.

leoll gy + llerllmy, Seo bllwne S e

If e > 0 is small enough, there exists by, by, by € R x R x S, J € WN-2(S1) and

(9a8)0s (gap)1 € HY T x HY,

such that the initial data for g given by

We assume

9=9b+ 9o, 0tg = Orgp + g1,
where gy is defined by (3.1.6) with
b(0) = bo + by cos(8) + by sin(6) + b(6),

are such that

e gij, Kij = Lggij satisfy the constraint equations (3.1.11) and (3.1.12).

e the following generalized wave coordinates condition is satisfied at t =0

g, = gﬁﬁ(Fb)&*B + F?,
where F< is the sum of all the crossed term of the form gg‘%{’gb n g’\ﬁFiﬁ — g?ﬁ(Fb)iﬂ.

Moreover, we have the estimates
< g2,

~

[ Tllwany + llgoll gxer + llgnllmy,

5+1

_ 1 2 2 4
50*47r/(80 + |Vel?) + O(e%),

1
b= [ goro+ (e,
1
b=+ [ 900+ O,

Let us make a remark on the choice of F'

Remark 3.1.4. The initial data O¢goo and O;go; are constructed so the generalized wave coordinate
condition is satisfied at t = 0. The choice of F is here to prevent terms of the form goy(gs) in this
condition, and therefore allow us to have

9:900, Ot goi € Hé\-[fl'

Before stating our main result, we will recall some notations and basic tools in the study of wave
equations.
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3.1.5 Some basic tools

Coordinates and frames

e We note z* the standard space-time coordinates, with ¢ = 2°. We note (7, ) the polar space-like
coordinates, and s =t + r, ¢ = r — t the null coordinates. The associated one-forms are

ds =dt +dr, dq=dr—dt,
and the associated vector fields are

1 1
0s = 5(0,5 +0,), 0f= 5(8,, — O).
e We note 0 the space-time derivatives, V the space-like derivatives, and by 0 the derivatives
tangent to the future directed light-cone in Minkowski, that is to say d; + 9, and 879.

e We introduce the null frame L = 9; + 9,, L = 0; — 0,., U = 87". In this frame, the Minkowski
metric takes the form

mrr = —2, muyy = 1, mrr =mLrL =MLy =MLy = 0.

The collection T = {U, L} denotes the vector fields of the frame tangent to the light-cone, and
the collection V = {U, L, L} denotes the full null frame.

The flat wave equation Let ¢ be a solution of

Uep =0,
{ (0, 0¢0)t=0 = (o, 1) (3.1.13)

The following proposition establishes decay for the solutions of 2 + 1 dimensional flat wave equation.
Proposition 3.1.5 (Proposition 2.1 in [36]). Let u > 5. We have the estimate

(1+ |t —r|)l—r+
VItt+ry/1+[t—7]

lp(z, )| S Mu(po, 1)

where

M, (0, 1) = 83152(1 +yD leo@)] + 1+ [y)* (s ()] + Vo y)])

and where we used the notation Alel+ = Amax(@0) ¢ o £ 0 and A+ = In(A).

Minkowski vector fields We will rely in a crucial way on the Klainerman vector field method. We
introduce the following family of vector fields

Z = {8a, Qaﬂ = 7$a35 —+ Ltgaa, S =10 + r@r}7
where x, = mqpz?. These vector field satisfy the commutation property
[0, 2] = ¢(2)0,

where

C(Z)=0, Z+S, C(S)=2.

Moreover some easy calculations give
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S +cos(0)Q0,1 + sin(0)Q0,2

t+r

la _ 1,2 _ COS(Q)QO’Q — Sin(9)9071

r0 r t ’

5 — . — S — cos(6)0,1 — sin(0)Q 2

L t—r '
With this calculations, and the commutations properties in the region —% <r<2t
[Z,0] ~ 0, [Z,0] ~ 0,
we obtain .
k5 k41

where here and in the rest of the paper, Z'u denotes any product of I of the vector fields of Z.
Estimates (3.1.14) and Proposition 3.1.5 yield

Corollary 3.1.6. Let ¢ be a solution of (3.1.13). We have the estimate

(1 +]t = rli=sle

akél I,t <Mk+l ;
| wla, )] S M (w0 S01)(1+t+r)l+%(1+\t—r|)k+%

where

M (o, 1) = sup (14 [y Vo (y)] + (1 + [y T (V21 (@)] + [V oo ()
yER?

Weighted energy estimate We consider a weight function w(q), where ¢ = r — ¢, such that
w'(g) > 0 and
w(q) <w'(q) < w(q)
(L Jqhtn ~ 0

for some 0 < p < %

Proposition 3.1.7. We assume that Op = f. Then we have

%@/w(q) ((Dep)® + [Vol?) + %/w/(q) <(85<p)2 " <676”u)2>
s [uwlalragl.

For the proof of Proposition 3.1.7, we refer to the proof of Proposition 3.9.1 which is the quasilinear
equivalent of Proposition 3.1.7.

Weighted Klainerman-Sobolev inequality The following proposition allows us to obtain L
estimates from the energy estimates. It is proved in Appendix 3.12.5. The proof is inspired from the
corresponding 3 + 1 dimensional proposition (Proposition 14.1 in [40]).

Proposition 3.1.8. We denote by v any of our weight functions. We have the inequality

1
OIS
V1itt+lzly/1+ [l |

|f(t, z)v? (2] — S (=02 .

I1<2
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Weighted Hardy inequality If u is solution of Ou = f, the energy estimate allows us to estimate
the L? norm of du. To estimate the L? norm of u, we will use a weighted Hardy inequality.

Proposition 3.1.9. Let a <1 and 8 > 1. We have, with g =1 —t

v(q)? I

A\ P < 3 )
(1 + |q‘) ~ ”U(Q) 87"f||L )

L2
where

v(g) = (1 +1[g))*, for q <0,
v(q) = (1 +1q])?, for q>0.

This is proven in Appendix 3.12.4. The proof is inspired from the 3 + 1 dimensional analogue
(Lemma 13.1 in [40]).

L> — L estimate With the condition w’(¢) > 0 for the energy inequality, we are not allowed to
take weights of the form (1 + |¢|)%, with o > 0 in the region ¢ < 0. Therefore, Klainerman-Sobolev
inequality cannot give us more than the estimate

1
[Ou] <

| S ——
V14 glvV1+s

in the region ¢ < 0, for a solution of Uu = f. However, we know that for suitable initial data, the
solution of the wave equation Ou = 0 satisfies

1 1
lul § ————=7—= Il S —
V1+lglv1+s (1+41g))2v1+s
To recover some of this decay we will use the following proposition

Proposition 3.1.10. Let u be a solution of

{ Ou = F,
(u, Opu)|t=0 = (0,0).

For p > %7 v > 1 we have the following L°° — L™ estimate
Jult, @)|(1+ ¢+ [2])? < Ol v) My (F)(1 + [t — Ja||]) =2 +20s,

where
My (F) = sup(1+ [y + )" (L + |s — [y[)" F(y, s),

and where we used the convention Alel+ = Amax(@.0) yf o £ 0 and AP+ =1n(A).

This is proven in Appendix 3.12.3. This inequality has been introduced by Kubo and Kubota in
[35].

An integration lemma The following lemma will be used many times in the proof of Theorem
3.1.12, to obtain estimates for © when we only have estimates for Ju.
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Lemma 3.1.11. Let o, 3,7 € R with 8 < —1. We assume that the function u : R**1 — R satisfies
[0ul < (L+5)7(L+1g))*, for g <0, |0u] < (1 +5)"(1+al)? for ¢ >0,

and fort =10
ul S (L+7)7*.

Then we have the following estimates
ul S (14 )7 max(1, (1+[g)**"), forg <0, |ul S (1+s)7(1+|g))" forg>0.
Proof. We assume first ¢ > 0. We integrate the estimate
[Ogul S (1+5)7(L+[a])”,
from t = 0. We obtain, since § < —1, for ¢ > 0
Jul S (L+5)7(1+ |g))*".
Consequently, we have, for ¢ =0, |u] < (14 s)7. We now assume ¢ < 0. We integrate
|0gul < (14 5)7(1+[q))%,

from ¢ = 0. We obtain
ul S (1+ s)” max(1, (14 [g))**™).

This concludes the proof of Lemma 3.1.11. O

3.1.6 Main Result
We introduce an other cut-off function T : Ry — R, such that T(p) = 0 for p < % and p > 2 and
T =1 for % <p< % Theorem 3.1.12 is our main result, in which we prove stability of Minkowski

space-time with a translational symmetry in exponential time 7" < exp (%) where ¢ > 0 is the size
of the small initial data.

Theorem 3.1.12. Let 0 <e < 1. Let $ <d <1 and N > 40. Let (g, p1) € HY T (R?) x HY, | (R?).
We assume

leoll v + llerllmy , <e

Let T < exp(ﬁ), Let 0 < p < 0 < pu < 4. If € is small enough, there exists b(), J(0) € WN-2(St)

and there exists a global coordinate chart (t,z1,x2) such that, for t <T, there exists a solution (¢, g)
of (3.1.1) that we can write

9=+ (g) (QL—Ld n gU—erqu)

such that we have the estimates

1
QoW ozt 2 + QoW oz! 2 + QW oz! 2
> (s @07l + i o (002 g1l + o @02 o

1
[TI<N

1 N
+ llow} <q>azfg||p> < (14 1)OVE,

with
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wa(q) = (1+ Ja)***, ¢ >0
w2(q) = gy <0,

{ wy(g) = (1+g)***, ¢ >0
wg(q):l+W, q<0,

{ aa(q) =(1+1q))7%7, ¢>0
as(q) =1, ¢ <0,

Moreover, for all p > 0, we have the L™ estimate, for |I| < % +2andr <t

eC(p)
(L t+r)2 (14|t —r)z=te
eC(p)
(L4t —rpzr
eC(p)
(1+t4r)s=r

| Z p(x,t)] S
LIRS

1Z'gLul +1279] £

and we have the estimate for b

2

<
N\/T

b(9) + /Z (8q<p)2rdr

where we have used the notation

/2 (O4p)?rdr = /0Oo (Og(T, 0))° rdr. (3.1.15)

Comments on Theorem 3.1.12

e We consider perturbations of 3+ 1 dimensional Minkowski space-time with a translational space-
like Killing field. These perturbations are not asymptotically flat in 3 4+ 1 dimensions, therefore
the result of Theorem 3.1.12 does not follow from the stability of Minkowski space-time by
Christodoulou and Klainerman [13].

e As our gauge, we choose the generalized wave coordinates, which are picked such that the gen-
eralized wave coordinates condition is satisfied by g,. Therefore, the method we use has a lot in
common with the method of Lindblad and Rodnianski in [40] where they proved the stability of
Minkowski space-time in harmonic gauge. It is an interesting problem to investigate the stability
of Minkowski with a translation symmetry using a strategy in the spirit of [13] or [34].

e The function J(6), and the quantities

/b(@)dﬁ, /b(9) cos(0)do, /b(&)sin(@)d@

are imposed by the constraint equations for the initial data (see Theorem 3.1.3). The quantity
J b(6)do is called angle, and the vector ([ b(6)cos(0)dd, [ b(6)sin(0)dh) is called linear momen-
tum. We can make a rapprochement of these quantities with the ADM mass and linear momen-
tum. The remaining Fourier coefficients of b are chosen to ensure the convergence to Minkowski
in the direction of time-like infinity, and is an essential element in the proof of the quasi stability.
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e The logarithmic growth of ||wz (q)0ZN |12, and the condition

b(6) ~ /E (g0)? rdr, (3.1.16)

give the estimate |0Vb| < e2(14 7). To avoid factors of the form (1+7)¢¢ in all our estimate,
we are forced to assume (1+7)¢¢ < 1. This is the only place where we need (1+7)¢¢ < 1, and
this is what prevents us to prove the stability.

e The condition (3.1.16) is not necessary to control the metric in the exterior region r > t. For
this reason we believe that the stability holds in the exterir region, without the condition 7" <

exp (%)
As we said in the second comment, we use a method similar than Lindblad and Rodnianski method
in [40]. Let us list some of the similarities and differences with their method.

Similarities with [40]

e We use the vector field method. The vector fields we use are Klainerman vector fields of
Minkowski space-time.

e We use the wave coordinate condition to obtain more decay on the coefficients g7 of the metric.

e We exhibit the structure corresponding to the model problem (3.1.3).

Differences with [40]

e The asymptotic behaviour given by the solutions of the constraint equations prevent us to work
in wave coordinates. Instead we work in generalised wave coordinates.

e In the exterior region, our solution do not converge to Minkowski, but to a family of Ricci flat
metrics gp.

o The decay of the free wave is weaker in 2+ 1 dimension. Consequently, the coefficient gz, of the
metric does not have any decay near the light cone. We have to rely on the null decomposition
at all steps in our proof to isolate this behaviour, even in the L? estimates.

e We have to fit b(f) so that the condition (3.1.16) is satisfied. This lead to regularity issues for b,
which prevent us from proving the global existence.

The structure of the paper is as followed. In Section 3.2 we describe the structure of the equations
(3.1.1) in generalized wave coordinates. We exhibit the structure of our system in Section 3.2. We also
describe the interactions between g, and g. In Section 3.1.3 we outline the main issues of the proof
by discussing some model problems. In section 3.4 we give our bootstrap assumption. In section 3.5
we derive preliminaries estimates thanks to the wave coordinate condition. In section 3.6 we derive
preliminaries estimate for the angle and the linear momentum. In section 3.7, we will exploit the
analysis begun in section 3.1.2. In section 3.8.4 we will improve the L> estimate. In section 3.9 we
will derive the weighted energy estimate. In section 3.10 we will improve the L? estimates and in
section 3.11 we will adjust the parameter b(6).

3.2 Structure of the equations

In this section, we provide a discussion of the specific features of the structure of the equations, which
will be relevant for the proof of Theorem 3.1.12.
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3.2.1 The generalized wave coordinates

Wave coordinates allow to recast Einstein equations as a system of non-linear wave equations. The wave
coordinates condition, which consists in choosing coordinates such that gz = 0 can be rewritten as

9T =0.

However, for the metric g, defined by (3.1.6), the coordinates (¢, z1,x2) are not wave coordinates, not
even asymptotically. We will therefore work with generalized wave coordinates. We will impose that
our metric satisfies

g)\ﬁrt))fﬁ = Hy
where H}' is defined by (3.1.9)
Hy = ()M (To)35 + F,
with F'* of the form
gqx(Q)aeb.

r2

The role of F'® was explained in section 3.1.4. In generalized wave coordinates, the expression (3.12.11)
of Appendix 3.12.2 allow us to write the system (3.1.1) under the form

Hyp =0 (3.2.1)
Og9 = —20,90,¢ + P, (99,09) + 9,00 H" + 9,0, H", -

where
1 ap [o 1
PMV (g) (897 ag) :ig g 6ugpoaagﬁu + 8Vgpoaagﬂu - aﬂgupaaguo - Eauga[ﬁal/gpa
(3.2.2)
1
+ igaﬁg/\pa‘)‘gl’ﬂaﬁgup-
Remark 3.2.1. In generalized wave coordinates, the wave operator can be expressed as
Oy = g*?0,0, — H} D).
The expression (3.12.11) yields also
1 1 1 ) .,
(Rb)m’ = _§ng (gb)uu + iplw(gb)(agba agb) + 5 ((gb)HPaVHb + (gb)upaqu) . (3'2-3)

Therefore, subtracting twice the equation (3.2.3) to the second equation of (3.2.1) we obtain

{ Hye =0, ~ - (3.2.4)
Dgg;w = _28,%08%;0 + Z(Rb)uu + P;w(g)(agv ag) + P;w(gagb)a

where P, (g)(9g,09) is defined by (3.2.2) and

P;w(@ gb) = (9?5 - gaB) 6(185(917)#1/ + Fpap(gb);u/

+ P (9)(99, ) — Pon(9)(7,09) — P (95) (390, D) (3.2.5)
+ (96) up 00 F? + (90) v pOu F? + Gp00 HY + G p0, Hy -

Let us note that ]5#,,(5, gp) contains only crossed terms between g, and g.
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3.2.2 The weak null structure

To exhibit the main terms in the structure of (3.2.4), let us neglect for a moment P,,,, ]Bm,, Hy,. We

will see in the next section that this approximation is relevant. Let us also neglect the nonlinear terms
involving O derivatives. Then we obtain the following approximate system

Op + gLL8§<p =0,
Ogrv + gLL0agry =0,

)

9% (x(a)q
Ogrr + 90005900 =4 (2(‘%@)2 - Qb(e)q(xr())>

where we also have used the approximation

(Rb)gq ~ _w o <C(b, V. J,)11<q<2> |

r2

as shown in (3.1.7). In 2 4+ 1 dimensions, a term of the form gLLaggo is impossible to handle if one
only relies on the decay for gr;, provided by the fact of being a solution of a wave equation. However,
as in [40], we can exploit the wave condition to obtain better decay for some coefficients of the metric.
More precisely, we have roughly

dgrT ~ 0g.

This is done properly in Proposition 3.5.1 for the coefficient gr; and in Proposition 3.5.2 for the
coefficients gry and gyy. Therefore, the g7 coefficients have a better decay in ¢ than the solutions of
the wave equation (the challenges of the quasilinear terms of the form gy, L@ggo, Jgr L@g g7y are presented
in Section 3.3.4).

Remark 3.2.2. The other quasilinear terms are of the form

9TvOrdve,  grvordvyg.

Consequently, they involved at least one "good derivative” of ¢,q. Thus, they are easier to estimate,
and we can always focus on the terms

9LL0e,  gLLoLg.

Assuming that we can also neglect the terms involving g1, we are reduced to the following system

Oy = 0,
% 3.2.6
{ Ogrr =4 (~2(9,9)? — 26(0) 2520, (3.2.6)

which is a system of the form (3.1.3) and displays the weak null structure.

The second component of the solution of (3.1.3) do not have any decay near the light cone in 2+ 1
dimensions (see Section 3.1.2 for the radial case). Therefore, the coefficient gz will not display any
decay at all near the light cone (see the estimates of Theorem 3.1.12). To obtain decay for gz, in the
q variable, we will approximate ng*L by the solution hq of the following transport equation

Dgho = —2r(9y)* — 2b(0)02 (qx(q))-

The ideas of this approximation are presented in Section 3.3.2, and are exploited in Section 3.7.
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3.2.3 Non-commutation of the wave operator with the null frame

The structure of Einstein equations can only be seen in the null frame. However it is well known that
the wave operator does not commute with the null frame. In Theorem 3.1.12 we have decomposed our
metric in the following way

~ T
g=gp+g+7T (;) (ngqu2 + gUTerqu) .

The problems of non-commutation induced by grr and gy are totally similar. Consequently, we can
neglect the second one. We expressed the 2-forms dg? in the coordinate (¢, 1, z2)

dq® = (dr — dt)* = (cos(#)dx" + sin(0)da? — dt)?
Therefore, we will have, in the coordinates x1, x

00 (5) oustet) =0 (0 (5) gs) @) = T (7) 5 (0haOrgns + iy (0)00910) (327

where u/lw and uiu are some trigonometric functions. The challenges of the terms involving u}w and
2

uy,, are explained in Section 3.3.3.

3.2.4 The semi linear term P,,(g)(dg,d9).
Recall the form of the term P, (¢)(9g, 09).

R 1 ., 8s _ - - - . - 1. -
P;w(g)(agv ag) :ig pg,B (a,ugpaaagﬁu + augpoaagﬁu - 8ﬁg,upaagya - 28pgaﬂaugpo>

1, - -
+ 59 Bg)\paagupaﬁgwr

The quadratic terms In the null frame (L, L, U) the only non zero coefficients of the Minkowski

metric are m*L = —% and mYY = 1. Thanks to this remark, we can describe the terms appearing in

the different components of P,,.

e In Pry(g)(9g,97q), there can not be strictly more than 2 occurrences of the vector field L.
Therefore, the quadratic terms are of one of these form

NyTOTITT, OTIWOTYTT (3.2.8)
where we have used the fact, proved in Section 3.5 that
NGTT ~ OTGVV-

These terms all have the classical null structure. How this structure can be used to show global
existence is explained in Section 3.3.1. Since they are by far easier to handle than the one we
will describe in the following, they will be neglected in the proof of Theorem 3.1.12.

e In Pry(g)(9g,0q), there can not be strictly more than 3 occurrences of the vector field L.
Therefore, the quadratic terms are of one of these form

NgTvorgTy, wgworgrrT, OrgwovgrT, O7gTvOTIVY

where we have used the fact, proved in Section 3.5 that

NGTT ~ OTGVV-
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These terms all have the null structure. However, since gr;, does not decay at all in ¢ (see the
estimates of Theorem 3.1.12), one has to be more careful with the terms of the form

Org9rTOL9LL

These terms have a good structure since dyg77 is a "good derivative" of a "good component".
However, one needs two steps to exploit this structure, which can be difficult to achieve if there
is no regularity left. Thankfully, these terms have three occurrences of L, therefore they can only
intervene in Prr,.

— In Pr;, we will have to be careful with
Or9rLOLILL-
This term can be converted in 0.gr 0 gL with the help of the algebraic trick
O(uv) = ubOv 4+ vOu 4+ pudpv + OLvdru + dyudyv.

This fact will be used only in the proof of Lemma 3.10.6.

— In Py we will have to be careful with

OvgrroLgrr.

This term can not be removed with the previous trick. We will have to single out its
influence thanks to the decomposition

g=gs+x (%) hdg® + x (%) kerdqdf + Ga,

where k satisfies
Og¢k = 0ugrroLgrL.

This will also be used only in the proof of Lemma 3.10.6.
e The terms in Prj, which are not of the previous form can be written
8L9LL3LQQ, 8£gLL8Lg@. (329)

We note the crucial cancellation of terms of the form (9.gzz)? in Prr. The contributions (3.2.9)
will be single out in (3.2.12).

The cubic terms In two dimensions, cubic terms could be troublesome. However, in the form Py,
if there are 4 occurrences of the vector field L, or in Pry, if there are 5 occurrences of the vector field
L, then we have a factor ¢ZZ, which has a decay equivalent to ¢grr. Therefore we can neglect the cubic
terms in this nonlinearity.

3.2.5 The crossed terms

In this section, we discuss the structure of the crossed terms between b and (g, ¢).

The crossed terms involving two derivatives of b are absent In the expression
Ugguw — (gupavap + gl/paqup) s

there could be terms involving two derivatives of b(6), which would be troublesome since they would
lead to a loss of a derivative (recall that we only have the regularity b € W-2). However, the terms



3.2. STRUCTURE OF THE EQUATIONS 87

involving two derivatives of b in this expression, are the same than the terms involving two derivatives
of bin Ry, (g). Thus, these terms cancel in the expression

(55 = 9°7) 0u03(90)s + (90)usD0 F* + (90)op O + GO HY + GO H

which appears in ]31“,(5, g») defined by (3.2.5). These cancellations can be checked for example with
Mathematica.

The crossed terms in 15“,, We recall from (3.1.6) that
gb = dsdq + (r + x(q)ab(9))*d6” + J (0)x(g)dqds.

Therefore in P,,, we can find terms involving

X(Q)qb(9)>2 J(0)x(q)

and (gb)UL =-2—,

(gp)vu = (1 + .

Since (gp)u decays faster than (g)yy let us focus on the crossed terms between (gp)yy and g. The
problem with the term (¢5)yy is that far from the light cone, it does not decay at all. This is one of
the causes of the logarithmic growth of the energy in the statement of Theorem 3.1.12. However, these
terms are present only in the exterior region. Moreover they display also a special structure. Since the
terms involving two derivatives of b are absent, and the terms involving two derivatives of g are only
present in (g, the terms in P, are of the form

g 0 (g)vvo-g——.

e In ]37—1; the crossed terms involving 0 (gy)yy can not contain more than two occurrences of L.
They must be of the following form

oL(gw)vvorgry, Or(g)vudvgry, O1(9)vudT gV,

where we have used the wave coordinates condition dygry ~ d7gry. We have the following
inequalities, thanks to (3.1.14)

Tg>0([b] + |9p0]) Tg>o([b] + |9p0]) 215

10L(96) v 07TgTV] S i 0797V < 1) Tvs
— 1 1+ |q|)(|b] 4+ |Ogb - 1 b| + |9pb ~
|07 (g0) v OvgTv| S >0 (llfg)g‘ 1% |)|5v97v| S —q>0((1|j‘Lr)|2 0 |)|Z19TV\.

These two contributions are therefore quite similar. In the following, it will be sufficient to study
the term
AL (90)vvOTITV- (3.2.10)

The challenges of this terms will be discussed in Section 3.3.5
o In ﬁé , we may have three occurrences of L. Therefore there are terms of the form
Ir(gv)vvOrgrr, Ou(gw)vvirgrr, OrguvdLgrr.
We have the following inequalities, thanks to (3.1.14)
Tg>o([b] + 1960]) | ~ 1450 (/0] 4 [96b])

ontanvvoransl s L0 0,5, ¢ 1oL DD 715,
Tgso([b] +196b)) | o Lg>0(|b] 4 [9pb) | 1~
) dpgrr| S —° OLgL] < - z!
g>0(1 + |g)([b] +[06b]) |, ~ Tg>o([b] + |99b])

1Z' gLl

|3L9LL\ S

1
<
107 (96)vvOLgrL] S a+r)? LL 112
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Consequently, the worst term is
IL(9v)vuOLgLL. (3.2.11)

We introduce the following notation, to single out the contributions of (3.2.11) and (3.2.9)

Qrr(h,9) = 0Lgr0Lh + OrgrL0h + OL(9s)vvOLgLL- (3.2.12)

The crossed terms involving two derivatives of ¢ With our choice of coordinates, these terms
only appear in (gg. They are of the form

b(1 + |ql)

147 99-

ﬂq>0

Their contribution is most of the time similar than the one of (3.2.10), except in the energy estimate,
where they require a special treatment because of their lack of decay far from the light cone (see Section

3.9).

The crossed terms in [y¢ The crossed terms between g, and dy are of the form

9~ 0_(gp)uvO—¢.

Consequently, they must be of the following form

M(gp)uvOTe,  O1(9s)uvdvep.
Like for .ﬁyfr, it will be sufficient to study

M (g)uuOTP. (3.2.13)
The crossed terms between g, and 92 are of the form

b(1 + |ql)

1
>0 1+7r

oL p.

As for g, their contribution is most of the time similar than the one of (3.2.13), except in the energy
estimate, where they require a special treatment because of their lack of decay far from the light cone
(see Section 3.9).

Remark 3.2.3. In the region q > 0 it is generally sufficient to study the crossed terms. Indeed, the
crossed terms are the one presenting the less decay far from light cone.

3.3 Model problems

The proof relies on a bootstrap scheme. Roughly speaking, we will assume some estimates on the
coefficients Z1p, Z g, and Z1gry :

e [ estimates for [ < %,
e L2 estimates for I < N.
We rewrite the bootstrap assumptions in the condensed form
lplx, <2Coe,  glx, < 2C0e,

where Cj is a constant depending only on the quantities p, o, u,d, N introduced in the statement of
Theorem 3.1.12 and such that at t =0

‘@'Xl < Cog, ‘Q‘Xz < Coe.
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Thanks to the L> — L estimate and the energy estimate, we will be able to prove

lolx, < Coe+Ce?,  |glx, < Coe + Ce2
Therefore, for € chosen small enough so that Ce < %, this improves the bootstrap assumptions.
We will first consider a toy model, which exhibits some of the mechanisms involved in the proof.

3.3.1 Global well posedness for a semi linear wave equation with the null
structure

We consider the following 2 + 1 dimensional semi-linear wave equation

{ Ou = Oudu, (33.1)

(u, Opu)|t=0 = (uo, u1).

Note that the nonlinearity satisfies the null condition. Consequently, this model will show us how to
treat the terms of the form (3.2.8). The following result is proved in [28]. We will give a proof of
it for sake of completeness, and because it exhibits some of the mechanisms involved in the proof of
Theorem 3.1.12.

Proposition 3.3.1. Let 0 < § < % Let N > 8. Let ug,u; € XHJ_Vfié X Hé\i; such that
2 2

||u0\|H1_V;6 + ||U1|\HQ% <e.

If € > 0 is small enough, the equation (3.3.1) has a global solution u.

Proof. Let 0 < pu < i. We introduce the weight function

{ w(g) =1+ grmz ¢ <0,
w(q) = (1+]g[)'™° ¢ > 0.

Let 0 < p < g. To prove global existence for equation (3.3.1), we consider a time 7' > 0 such that, on
0<t<T

€ N
Zh| < 20)——e——— I < —, 3.3.2
7 =2 e TS (332)
€ N
A e —— AR (3.3.3)
VIFs(1+]q))? 2
w202 w2 < 2Co(1 +t)?e, I < N. (3.3.4)
Thanks to Klainerman-Sobolev inequality, the assumption (3.3.4) yields, for I < N — 2
e(l+1t)r e(l+1t)r
07| < —=—"—~2—— forq<0, [0Z'ul< , forq>0. 3.35
| | VIt sy/1+][q | | V1+s(1+|g[)t+? (335)
and consequently, thanks to Lemma 3.1.11
vat
|Z1u| < 87_‘_1@, forq<0, |Z'u|< : c , forq > 0. (3.3.6)
(1+s)z77 (L+s)277(1 +q])°
We use the L™ — L estimate to ameliorate eqtimates (3.3.2) and (3.3.3). We write
0Z'w= > 0zZ"udz"u. (3.3.7)

Ii+1,<I
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We first treat the case I < % We assume [; < % (the case I < % can be treated in the same way).
Therefore, we can estimate thanks to (3.1.14)

1
1021 < ——— |z 1y
1+ q|

Since &' 4+ 1 < & we obtain thanks to (3.3.2)

£
YA .
028 S s

To estimate 0Z'2u we use (3.1.14) and the bootstrap assumption (3.3.3) to obtain

9
(1+5)3(L+]g])

= 1
0Z2"u| S ﬁ|ZIQ+1U| S
S

s -
2

This yields

62

(1+8)2(1+ g%
We can now use the L — L™ estimate of Proposition 3.1.10, together with the estimate of Proposition
3.1.5 and the Sobolev injection of Proposition 3.1.2, which gives

Coe Ce?n(1 + |q])
VI+s(L+]g))’  VI+sy/1+]ql

This implies, since In(1 + |q|) < (1 + |¢])2~°

02| <

|Z1u| <

17| < Coe + Ce? (3.3.8)
T VI+s(I4 g’ VIS4 al)’ .

We now treat the case I = % + 1. We assume I; < % < % so we have the same estimate as before

for 92" u. To estimate 9Z!2u, since § +2 < N — 2 we use (3.3.6). We obtain

- 1 1+
02" § 12"l S CVARNTR
§ (I+s)z=r
Therefore we obtain
82 < 52
(14 8)2P(1+ g2+ ~ (1 +s)3+5(1+ [g)) 57

Therefore, like for (3.3.8), the L™ — L estimate yields

0z1u| <

Coe N Ce?
VI+s(+1g)?  VT+s(1+q)3"

We now use the weighted energy estimate to ameliorate (3.3.4). Let I < N. In view of (3.3.7), it
implies

|Z1u| < (3.3.9)

d _ _
a\|w(q)%azfuuiz+||w'(q)%azfu\|i2< S wroz udZul| e w0z ul o (3.3.10)

~

Ii+1,<I

We first assume Iy < % Then we estimate

102"u] S -
(1+5)3(1+]g)?
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This yields
w202 udZ" w12 < (17||w28Z | e

+1)

N

We now assume [; < % Then, we estimate

1027 u| < c

T VI+s(1+g))t e

Therefore we obtain

1
||w28Z11u8Z12u||L2 < c v : 1712y
1 (1 +lght*> 2
Since .
w2 1

—— <w'(q)?,

(1+ql)'+3
we infer

lwt 02" ud 2"l 2|02 2" ull e < 1 lwt02"ullfa + elju'(0) 202 ul 3.

Therefore (3.3.10) writes

~

d — € =
g 1w@2 07 ul|gs + ' (@2 02" ulfe < w07 ulfs + cllw'(9)2 02" ul s,
so for e small enough

d 1 1 1z € 1
Slwl@)}oz"uls + Sl (@02l S T llwtoz ul3.

~

We obtain .
lw(q)?0Z" ul| > < Coe(1 +)°°. (3.3.11)

For € small enough so that

C 3
Ce < 7“ (1+H)% < S+,

we have proved, in view of (3.3.8), (3.3.9) and (3.3.11) that for ¢ < T we have

3 N
VAR , ,
20 < 50 M <
12| < 2 S S P
2 \/1+s(1+\|) 2

1 3
lwk0z ull12 < SCo(1 417, 1| < N,

which concludes the proof. O

Remark 3.3.2. Actually, only the highest order energy ||wéaZNu||Lz grows in t. To see this, we
estimate ) -
|w2dZ" udZ2u)|| 2

for I; < % and Iy < N — 1. Since

. 1
162"72u| < ?\ZIZHL
S
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we obtain, together with the weighted Hardy inequality

1
w2 Io+1
(1+lql)

13
(1+1t)2

w2 0Z" udZ"ul| 2 < w202y 2.

N33

<_ &
e (1)

Therefore, the weighted energy estimate yields, for |[I| < N —1

62

(1+1)2-C¢

~

d
Zllw0z"ulj, <

and hence .
|lw2dZ |2 <e.

Remark 3.3.3. The use of the term Hw/(q)%nguH%z to exploit the structure in the energy estimate
has been introduced by Alinhac in [1] and is sometimes called Alinhac ghost weight method. It has also
been used in the case of Einstein equations in wave coordinates in [40].

Unfortunately, Einstein equations do not have the null structure, but only a weak form of it. In
the next sections, we will see what problems this creates and the method we used to tackle them. We
will be less precise than in this first example, since full details will be provided when we proceed with
the proof of Theorem 3.1.12.

3.3.2 The coefficient g,

To understand how to deal with g, let us consider the question of global existence for the following
system, which is of the form (3.2.6)

O — 0,
; b(0)9; (ax(2)) (3.3.12)
Uh = *2(&1@)2 _ 92W%axta))

T
with initial data for ¢ of size ¢ and zero initial data for h. We recall ||b| 21y < €2, We have the
following estimates for ¢

13
T+ s(14|q)t+e

lw2de|e Se,  |0¢] S

Therefore, the energy estimate for h writes

d, 1 1 1 b(0)07 (gx(q)) 1
ﬂmwM§sowwwwp+wzqr o]
LZ
and thus p ) )
1 g 1 € €
Dwdon| e < [ ——|w?o < .
glwtonle: s (iglwiosli+ o2m) s o2
‘We infer

|w?dhl 2 < 2V L. (3.3.13)

This estimate is not sufficient. To obtain more information on h, we will approximate it by the solution
ho of the following transport equation ( this procedure will be made more precise in Section 3.7)

gho = —2r(94¢)* — 2b(0)9; (ax(q)); (3.3.14)

with initial data hg = 0 at ¢ = 0. The L™ estimate for ¢, and the fact that x’ is supported in [1, 2]

yield
&2

Ogho|l S ——55+-
el = T g
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To estimate hg we write

Q
ho(Q.,6) = / (~2(Ba)r — 2(0)82(ax(0))) da,

so we obtain
2
A+ Q)+
£2

oo @u0) = [ (-20u0)% — 200)22(ax() d + O ( (s ) - @ <0

ho(S,Q,@)_O< >aQ>0a

Therefore, since

—S

92(ax(q))dg = —1, fors>2

S

to maximize the decay in ¢ for hg (and hence for h, provided one has a suitable control over h — hy)
we will choose b such that

b(h) ~ /_S(8q¢)2rdq. (3.3.15)

Remark 3.3.4. b(0) is a free parameter, except from [b(0), [b(6)cos(f) and [ b(0)sin(d) which are
prescribed by the resolution of the constraint equations, and correspond intuitively to the ADM angle
(energy) and linear momentum. Let IT be the projection defined by (3.12.7). Then

o) =11 ([ (@y0)rda )

will be forced in the course of the bootstrap procedure. On the other hand, the fact that

Joor=[ [ @prrag.

/b(G)cos(@) o~ //878(8q¢)2 cos(0)rdqdd,
/ b(0) sin(6) ~ / / (9y)? sin(0)rdgdo.

will be obtained by integrating the constraint equations at any time t (see Section 3.7).

3.3.3 Non commutation of the wave operator with the null frame

In this section, we will discuss the influence of the terms appearing in (3.2.7). We have seen in the
previous section that hg does not decay at all with respect to the s variable. In turn, we will show
that this is also the case for h, and finally for the coefficient gr;,. We do not want this behavior to
propagate to the other coefficients of the metric. To this end, we will rely on a decomposition of the
type
g=g+T (f) ILL 4g? 1 5.
t/) 4

However, since the wave operator does not commute with the null decomposition, we have to control
the solution g; of an equation of the form

-7 () 2
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where h is the solution of (3.3.12). The term T (%) @ has the form of the terms appearing in (3.2.7).
Provided we can approximate h by the solution hq of the transport equation (3.3.14), we obtain
decay with respect to ¢ for h. The decay we will be able to get is
2
bl S —=

~V1+d

With this decay we infer

€2

(1+8)2y/1+]dl’

and therefore, with the L>° — L°° estimate, we deduce

0gil <

3

ol << —
‘gl‘ ~ (1_’_8)%_,)7

for all p > 0.

On the other hand, assume we are only allowed to use the energy estimate for i, which is the case
when deriving L? type estimates for §; at the level of the highest energy. When applying the weighted
energy estimate for g;, we obtain

d 1.0 1. (T Oh 1
lu@tonss < wwir (5) | toion

We estimate )
1 1 1 9

w §T( < ——Jlw(q)20h < ,

Jut@ ) ols $

L2 ~ 1 +t
where we have used the estimate (3.3.13) of the previous section for h. This yields

z)ih

. (3.3.16)

r

62

Vi+t

d 1
Zllw(@)2 05| 12 <

So
lw(q)? 0G| 1> < V1 +1,

which is precisely the behaviour we are trying to avoid with this decomposition ! However we have
not been able to exploit all the structure in (3.3.16). In order to do so, we will use different weight
functions for g; and for h. If we set

w(q) = (1+ |q) " w(q),

with 0 < p < % and we assume that we have

|@(q)20h|| 2 S V1 +t,

then we can estimate

1 T 5h 1 ~ 1 T gh
it () 2] = i fowrr (5) 2]
t/ 1|2 1+t t (1+|q|)2 H L2
We write )
0h| S ——I|2Zh| < 1 —|Zhl,
l+s (L+s8)2 (1 +[q])2—*

so we obtain

Zh
1+ q|

S %
2 (L+p)zte

r gh 1 1 1
— ) — w(a)2 — lw(g)20Z 2
e w(q) L S il 9@ 020z,

Hw(g)ér(
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where we used the weighted Hardy inequality. Consequently, the energy inequality for g; yields

d 1 62
%HW(Q)Q‘?SHHH S W7
and therefore
lw(a)2 0| 2 < €.
Recall that the weighted energy inequality forbids weights of the form (1 + |¢|)® with o > 0 in the
region ¢ < 0. Therefore we are forced to make the following choice in the region ¢ < 0

0 = O0), wl0) = o

Thus, for §;, the v/ loss has been replaced by a loss in (1 + |g|)z .

3.3.4 The quasilinear structure

In this section we will discuss the challenges of the quasilinear structure. We will take as an example
the equation for ¢, Oy = 0. Following Remark 3.2.2, we can focus on the terms of the form gLLaggp.
The wave coordinates condition yields -

8gLL ~ 8g.
If g satisfied Og = 0, the L* estimates for ¢ given by Corollary 3.1.6 for suitable initial data would

imply
€

0911 £ ——5—F—,
(1+9)5y/1+]d]
We would like to keep this decay in —— after integrating with respect to q. However, we are not in

1+s)2
the range of application of Lemma 3.1.11. To this end, we will assume more decay on the initial data.
As stated in Theorem 3.1.12, we take (g, 0:g) € HéVH X Hé\jrl with % < § < 1. Then, with the weight
wy stated in Theorem 3.1.12, the weighted energy inequality yields

[wo(9)0Z9lr> S e,

and consequently, for ¢ > 0, the weighted Klainerman-Sobolev inequality yields
€
T4 s(1+[ql) 2

0Zg] <

If we integrate from ¢ = 0, we obtain for ¢ > 0

1Z9] < TRy
VIt s(1+ )3

By writing [0g| < |Zg|, we obtain

1
1+s
€ €
, forq<0, |0grr] <
(1+s)2(1+]ql)z (1+5)2(1+ql)

10grL] < T forq>0.
2

Since 6 > % we can apply Lemma 3.1.11, which yields

ev/1+]q| £
|gLL|§7§7 forq<0, |gLL|S 3 5_1> forq>0.
(I+s)2 (T4 s)2(1+[q])°2

Consequently we easily estimate

1 1
w9107 2" ¢ 2 < lw20, 2™+ |l 2.

&
~(1+t)s



96 CHAPITRE 3. STABILITY IN EXPONENTIAL TIME

This strong decay in the region ¢ > 0 is also needed when estimating

%ZI 82
lwg Z° grL0;¢| 2

The idea will be first to use the weighted Hardy inequality to derive

1
2
Wy

(1 +1ql)

€
1+t

€

< wo
VA

(1 +1al)

Sglo o2 < T oz!
lws Z gL q<P||L2 ~ 54 JLL gLr

L L2

Then we rely on the wave coordinates condition, which yields
= 1
0Z'gr1| <1029 £ —— |2
10279111 £102°g1 S 75127 4l;

and then use the weighted Hardy inequality again. However, one has to be careful when using the
weighted Hardy inequality. In the region ¢ > 0 the weight must be sufficiently large to allow to perform
it twice. This is an other reason why we work with initial data in HY with § > %, which is more than
the decay which is necessary to prove the global well posedness of a semi linear wave equation with
null structure.

3.3.5 Interaction with the metric g,

In this section we want to discuss the influence of the crossed terms between g, and ¢, g. We will take
as an example the equation for ¢, g = 0. As discussed in Section 3.2.5, we can focus on the term
(3.2.13). We may look at the following model problem

£ _
Op = ;X(q)aw-

If we perform the weighted energy estimate, we obtain

d 1 e € 1
EHWO(CJ)WZIWHQ + |wo(q) 202" ¢l 72 < m“wozazlwﬂiw

~

Therefore
1
lwo(q) 202 |2 < Coe(14)“*

and for all o >0

T
1 L
/O mllwé(Q)zaZ’wllizdt el (3.3.17)

To avoid this logarithmic loss, we need to exploit more the structure of the equation. To this end
we introduce the weight modulator

for 0 <o < % Then the energy inequality yields

lawo(q) 282 ¢ 2.

L2

1
awé =
Tys0— 20710

d 1
Jlawo(@)202%¢|7. < e s

We estimate, for ¢ > 0
alg) _ 1
L+s ™ (14+6)57(1+|q|)?
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And therefore, we obtain

1
d 1 13 ’LU§ = 1
%HO‘wO(Q)ZaZISDHQL? S m 1q>071 j_ |q|8ZIga |lawo(q)20Z ¢l| 12
L2
£ 1= 3 1
S 1+o° [wy(q)2 02" pl| = + WHQWO(QQGZISDHL%

and consequently in view of (3.3.17) we obtain
lonwo()* 02" ¢l < Coe + Ce*.

With this technique, the logarithmic loss in ¢ has been replaced by a small loss in q.

3.4 Bootstrap assumptions and proof of Theorem 3.1.12

3.4.1 Bootstrap assumptions

Let % < < 1. In view of the assumptions of Theorem 3.1.12, the initial data (¢g, 1) for ¢ are given
in Hé\”’i(RQ) x HY, | (R?).
For b € W2 such that

/Slz: /Slzcos(e) - /Sl’z?sin(e) =0,

1B]lw2n < 2C0e?,

and

Theorem 3.1.3 allows us to find initial data g and 0;¢g such that
® g;j, K;; satisfy the constraint equations,
e g and 0;¢ are compatible with the decomposition g = g, + ¢, where
b(6) = b(6) + by + by cos(8) + by sin(6) (3.4.1)
with bg, by, ba, J(0) given by Theorem 3.1.3,
e the generalized wave coordinate condition given by H,, is satisfied at ¢t = 0.

The system 3.2.1 being a standard quasilinear system of wave equations, we know that there exists
a solution until a time 7. Moreover with our conditions on the initial data, our solution (g, ¢) is
solution of the Einstein equations (3.1.1), and the wave coordinate condition is satisfied for ¢ < T (see
Appendix 3.12.2).

Remark 3.4.1. Our choice of generalized wave coordinates does not change the hyperbolic structure
because Hy does not contain derivatives of g.

We take three parameters p, o, u such that

I<p<KoKpuki, (3.4.2)
1
otp<i—g. (3.4.3)

We consider a time 7" > 0 such that there exists b(§) € W2(S) and a solution (¢, g) of (3.2.4) on
[0, T, associated to initial data for g. We assume that on [0, 7], the following estimates hold.
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Bootstrap assumptions for b
2
<B°_

of <Hb(9) + 11 / (aqu)%dq>
270 L2(sh) \/T
[056(0)]|L2(s1) < Be?, for I <N (3.4.5)

, for [ < N —4 (3.4.4)

where II is the projection defined by (3.12.7), fET , is defined by (3.1.15) and B is a constant depending
on p,o, 0, N. '
We introduce four decomposition of the metric g

g =gy + T (%) hoda® + gi, (3.4.6)

9=go+7 () (ho + h)dq* + g, (3.4.7)

N— —— ~—

g=g+ 7T hdq® + 3, (3.4.8)

g=g+7T

Sl e T B T S B B

) hdg? + T (%) krdgdd + g1, (3.4.9)
where hg is the solution of the transport equation

{ %}ﬁi (]::—gj“(f’)qw)Q — 2b(0)9; (x(9)), (3.4.10)

h is solution of the linear wave equation

Ch =0 (Y (5) ho) + 7 (7) 9229 ho + 27 () (949)* = 2Ro)aa + T (7) Queho,9): (54 11
(hv ath)|t=0 = (07 O)v
where _
Qrr(ho,9) = LgrLLdLho + OL(gs)vvOLgLL- (3.4.12)
|:lgh = *Q(aq‘P)Q + 2(Rb)qq + QLL(h7§)7
== 3.4.13
{ om0, (34.13)
and k is the solution of 5 5
ng = ougLL qhv
3.4.14
{ (7, 01— = (0,0). (34.14)
L*°-based bootstrap assumptions For I < N — 14 we assume
2Cye
I 0
¢l < > 3.4.15
S e
2
715, < —2C0e (3.4.16)

where here and in the following, C( is a constant depending on p, o, i1, 6, N such that the inequalities
are satisfied at t = 0 with 2C replaced by Cy. For I < N — 12 we assume

2
izl < 20 (3.4.17)
(1+s)272
- 2C
120G < . (3.4.18)
(1+s5)272
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We assume the following estimate for hg for I < N —7 and ¢ < 0
2005 2005

ZTho| < . .
2ol < g T A T

and for ¢ > 0
2005

I
127l < AgpEen—a
We also assume the following for hand [ <N —7
~ 2
|ZIh| S 005

(1+lahz=""

L?-based bootstrap assumptions We introduce four weight functions

{ wo(q) = (1+[q)*™, ¢ >0,

_ 1
(q) =1+ gy ¢ <0,
{ w1 (g =(1+|q|)2+2“ q>0,
w 9 07
14 (1+\ 5 4s

W7Q<O

=1+ Iql)‘w‘s q>0,

)
)
) =
% =1+ |CI|)2+26 q>0,
q) =
) =14 e 4 <0

[
[

We also introduce weight modulators

q>0,

—
o 9
— o~
K Q
=2 =22
I
——
- =
< f
/\S
ey
voﬂ

{ Q2(q
a2(q) = 1a q < 0.
We assume the following estimate for I < N

lazwo(q) 2027 pl| 2 + ||aows(q) 2027 Gul| 2

loa(q)20Z" b 12 + 12027k 12 < 2Coe(1 + t)P.

1 1
+ — || w
\/m \/mHQ S(q

for <N -1

1 1
lwo(q) 2027 | 12 + Ilwa(q) 2 027G 12 + —— i
and for I < N —2

la(awo(a) 202" el + a(awa(a) 202G 12 + s llala)us(@) 02712 < 2Cie.

In addition, for I < N — 8 we assume

|lwi(q)20Z7 Gol| 2 < 2Coe(L +1)7,  [la(q)wi(q)2 82 Gal 12 < 2Coe

and for I < N — 9 we assume

lwo(q) 202! G212 < 2C0e(1+ )7, [lalq)wo(q)20Z" Ga| 12 < 2C0e.

w3 (q)20Z k|2 < 2Coe(1 + t)P

99

(3.4.19)

(3.4.20)

(3.4.21)

(3.4.22)

(3.4.23)

(3.4.24)

(3.4.25)

(3.4.26)

(3.4.27)

Let us do two remarks to justify our different decompositions of the metric, and our different weight

functions.
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Remark 3.4.2. We use the decomposition (3.4.6) instead of (3.4.7) to avoid a logarithmic loss when
we want to improve (3.4.16) and (3.4.18) with the L™ — L estimate. This loss would have been due to
the terms coming from the non commutation of the wave operator with the null decomposition (3.4.7).
However, we use the decomposition (3.4.7) instead of (3.4.6) to avoid a logarithmic loss in the energy
estimate due to the term @@

When hg is a good approximation for h, we use the decomposition (3.4.7) instead of (3.4.8) in the
energy estimate. This allow us to have a better control on the terms coming from the non commutation
of the wave operator with the null decomposition. When hqy is no longer a good approximation for
h, we use the decomposition (3.4.8). Finally, the decomposition (3.4.9) allow us to isolate the term
ZNaUgLLaégLL on which we do not have a good control.

Remark 3.4.3. The weight ws is introduced to deal with the non commutation of the wave operator
with the null decomposition (see Section 3.3.3). The weight wy is a transition weight between wo and
wy. The weight ws allows us to compensate the loss in /14t for grr by an additional decay in

/14 |q| in the exterior region.

The weight modulators ay and ag are introduced to transform the logarithmic loss due to the inter-
action with the metric g, in a small loss in q (see Section 3.3.5).

3.4.2 Proof of Theorem 3.1.12

We have the following improvement for the bootstrap assumptions. The constant C will denote a
constant depending only on p, o, i, §, N. The proof of Proposition 3.4.4 is the object of Section 3.7.

Proposition 3.4.4. Let I < N — 5. We have the estimates

Ce? Ce? Ce?
Zh| < n Cforq<0, |ZThol< ——=F ___ forq>0.
70l = S gy fera < 12l S g o

Let I < N — 7. We have the estimate

~ 2
2 < —=
(1+s)z=r

The proof of Proposition 3.4.5 is the object of Section 3.8.
Proposition 3.4.5. Let I < N — 14. We have the estimates

Coe + Ce? 21 < Coe + Ce?
(1+s)z=F T VTHs(1+ gz

Let I < N —12. We have the estimates

1Z7g1] <

Coe + Ce?

215, < Coe + Ce?
(1—1—8)%_2!”

|ZIS0‘ < (NI m-
The proof of Proposition 3.4.6 is the object of Section 3.10.
Proposition 3.4.6. We have the estimates for I < N
laswo(9)702" ¢l| 2 + |l azwa(q) 202" Gal| L2 < (Coe +e)(1+1)°VF,
l2(0) 202" D 12 + azws(q) 202" k| 2 < Ce*(1 4+ )3 FVE,

for I < N —1 ) )
lwo(q)20Z" ¢l 2 + lw2(q) 202" Gs 2 < (Coe + ) (1 + )V,
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|ws(q)20Z7h|| > < Ce2(1 + )2 HOVE,

for < N —2
la(q)wo(q)20Z || 12 + ||a(q)wa(q) 2827 gs]| 12 < Coe + Cet,

la(g)ws(a)2 02" h]| 2 < Ce*,
for I < N —7
w1 (0) 202" Gall 2 < Coc(L+6)°VE 4 e, alq)wr(q) 02 Gall = < Coe + Cet,
and for I < N — 8
lwo(q)20Z G| 1> < Coc(1+6)°VF +e,  |aq)wo(q)?02 a2 < Coe + Cet.
The proof of Proposition 3.4.7 is the object of Section 3.11

Proposition 3.4.7. We assume that the time T satisfies

TSexp(fg).

There exists b (0) € WN-2(SY) and (p(2), 9?) solution of (3.1.1) in the generalized wave coordinates
Hy ), such that, if we write g = g2 + g, then (0(2),3®) satisfies the same estimate as (¢,g), and
we have the estimates for b

‘a; (Hb<2>(9) T / (8q<p)2rdq>
X7,

056(0)]| > < 2C2e%, for I < N.

64

—, for I < N —4,
VT

<C
L2

We may now prove Theorem 3.1.12.

Proof of Theorem 3.1.12. We may choose Cj such that Cy > 2, and B such that B > 4C2. We take ¢
small enough so that

B
05% Sia C\/ggpa OESE

Then Propositions 3.4.4, 3.4.5, 3.4.6 imply that the bootstrap assumptions for (¢, g) are true with the

constant 2Cy replaced by % Moreover Proposition 3.4.7 yields the existence of b(2) and ¢(?), g(?) =
gy + g solution of (3.1.1), such that the bootstrap assumptions are satisfied by (¢, §()) with

the constant 2C) replaced by 3(2)0, and b satisfy

2
ol (@ (9) + 11 / (0,0)?rdg <B-S_ forI <N -4,
Sr.0 12 2T
1 B ,
10b(0) ][22 < 5%, for I < N.
This concludes the proof of Theorem 3.1.12. O

Let us note that the only place where we use the assumption T < exp (%) is in the proof of
Proposition 3.4.7.
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3.4.3 First consequences of the bootstrap assumptions

Thanks to the weighted Klainerman-Sobolev inequality the bootstrap assumptions immediately imply
the following proposition.

Proposition 3.4.8. We assume I < N — 4 we have the estimates, for ¢ <0

9

A [ — (3.4.28)
V1I+lgvV1i+s
- e(1 + lg)*
071 g3(t, )| S ———, 3.4.29
02" G3(1.) < L (34.29)
02" < — (3.4.30)
1+ q]
and for ¢ >0
olt, o _— : 3.4.31
07! < s
(I+lgh2m77Vi+s
~ €
027 Gs(t,2)| S , (3.4.32)
(14 g2 +=oVT+s
Y AL P — 3.4.33
e (245
Moreover, for I < N — 11 we have for ¢ < 0
- €
A R [ — (3.4.34)
V1+lgV1+s
Thanks to Lemma 3.1.11 we deduce the following corollary.
Corollary 3.4.9. We assume I < N — 4 we have the estimates, for ¢ <0
1
21t 5 YA, (3.4.35)
1+s
. (1 +[g))t**
Zgs(t, x)| < —L—, 3.4.36
|ZTh| < e/1+ |q]. (3.4.37)
and for g > 0
1270 (t,2)| S — : (3.4.38)
(L+1g)z*=7V1+s
€
127 g3(t, )| < : (3.4.39)
(1+ g2tV +s
€
A — 3.4.40
2 S T gy (3.4.40)
Moreover, for I < N — 11 we have for ¢ <0
1
215t 0)] < SV (3.4.41)
Vits

The following remark allow us to compare the different decompositions of the metric g.
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Remark 3.4.10. We have the following relations

g7 = (91)77 = (G2)77 = (93) 77 = (9a) 77T
grr = (91)rL = (92)rr = (93)rL = (9a)rL,
gur = (g1)vr = (g2)ur = (93)vL-

The following corollary allow us to estimate g, independently of the chosen decomposition (3.4.6),

(3.4.7), (3.4.8) or (3.4.9).
Corollary 3.4.11. We have the following estimates

€
29 < ———, I <N - 14, 3.4.42
IS e TS .
~ e
12791 < A x]gni 2’ Jor I <N —12, (3.4.43)
2'g| Se, 102751 S, for <N 11, (3.4.44)
1+|q|
127G S e+ |g)2tr, 027G Se(l+|q)~2H", for I <N —4. (3.4.45)
(3.4.46)

Moreover, for ¢ > 0 we have the following estimate

&£
(14 [gp)t+o=e

Proof. Estimate (3.4.42) is obtained by using the decomposition (3.4.6) and taking the maximum of
the bounds given by (3.4.19) and (3.4.16). Estimate (3.4.43) is obtained by using the decomposition
(3.4.6) and taking the maximum of the bounds given by (3.4.19) and (3.4.18). Estimate (3.4.44) is
obtained by using the decomposition (3.4.7) and taking the maximum of the bounds given by (3.4.19),
(3.4.21) and (3.4.40). Estimate (3.4.45) is obtained by using the decomposition (3.4.8) and taking the
maximum of the bounds given by (3.4.37) and (3.4.36). Estimate (3.4.47) is obtained by using the
decomposition (3.4.8) and taking the maximum of the bounds given by (3.4.40) and (3.4.39). O

12'9] < , for I <N -4 (3.4.47)

The rest of the paper is as followed

e In Section 3.5, we use the wave coordinates condition to obtain better decay on the coefficients
g77 of the metric. The strategy is similar to the one introduced in [40].

e In Section 3.6, we obtain the missing estimates for the angle and linear momentum, namely the
three first Fourier coefficient of b which correspond to b — ITb, in order to get

82

I

b(6) + / (Ogp(q,5 = T,0))?rdq| <
X0

=

by relying in particular on the constraint equations

e In Section 3.7, we improve the estimates for i, and show that it is indeed a good approximation
for the coefficient gr,. We also obtain estimates for h. We prove Proposition 3.4.4.

e In Section 3.8 we prove Proposition 3.4.5 thanks to the L> — L°° estimate.

e In Section 3.9 we derive a weighted energy estimate for an equation of the form Oyu = f, where
g satisfies the bootstrap assumptions.

e In Section 3.10, we prove Proposition 3.4.6 thanks to the weighted energy estimate.

e In Section 3.11, we prove Proposition 3.4.7 by picking the right b= TIIb.
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3.5 The wave coordinates condition

The wave coordinates condition yields better decay properties in ¢ for some components of the metric.
Since far from a conical neighborhoud of the light cone, we have |g| ~ s, this condition will only be
relevant near the light cone. It is given by

1
Hy' = ———=—=0,(¢""/|de .
N Al

Proposition 3.5.1. We have the following estimate, in the region % <r <2t

~ 1 - ~
EATTIARS Z (1027gLL| + 1027 gr71) + 11s Z (12'g2el + 12" gr71) -
J<I J<I

Proof. The wave coordinate condition implies

1
L H =L | ——9,(¢"\/de
L, Hy a< aeio)] (9 t(9))>

\/%aﬁlﬂ/det 9) + 0, (Log") — g"0,(L,)
= Ty VA + e = o
gLL
m& det(g )+\/787—W+8Lg + du gtV + opgtt
+%9LR—%9UU,

where we have denoted by R the vector field 0., and used the following calculations

9" 0u(Ly) = = 9" 0u(Ra)
= — g0 cos(0) — g"2(92 cos(6) — Oy sin(0)) — g*2, sin(0)

g2 =00g=0 + 01 g% + 9292
=00g™ + Org™™ + 0y g=Y + g=" (91 cos(0) + D2 sin(0)) + g2 (— 01 sin(0) + 02 cos(0))

gLR
=0 L + Oy g=Y + Opgtt + T—
Consequently
_ g@ gLT
ApgEt = — L, (HY + F*) — —2——01,\/det(g) — ————081/det(g)
detllg) det(lg) (35,1
gtV — opght — Lgrr Lo
r r

where we have used (3.1.9). Also we have

det(g9) = grr(9rLgvv — (gur)?) — 9rL(9rLgvv — grvgrv) + 9rv(9Lrgur — gLLgrv).

Therefore

|V/det(g) — v/det(gp)| < [goel + 1977
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We can express

1 1
LL _ _ 2y - _ 5 G
g det(g) (9rrgvv — (9uL)?) JJrr + O(g771)0(9),
gt = ;(QLLQLU —guLgrL) = 1gLU +O(g77)0(9)
det(g) 7~ = 2 ’
1 1 -
gt* det( )(QLLQUU — gUL9UL) = Z(gb)UUgLL +O(g17),

where we have used the notation O(g) = O(g —m) where m is the Minkowski metric. Since in (3.5.1),
by definition of H® (see (3.1.10)) the terms involving only g, compensate, we have

. = = 1 - .
104911 < (|09LL] + 19977]) + m(\gLﬁ +[g77]) + 5.t

where s.t denotes similar terms (here these terms are quadratic terms with a better or similar decay),
and we have used the fact that in the region £ < r < 2¢, we have r ~ s. Since [Z,d,] ~ 9, and

_we 2
[Z,0] ~ 0 we have

- - 5 I~ . 1 - -
0,230l S > 127G0e| + 102 Grr| + 102" grr| + s > (127Gl + 127 g7 7).
J<I-1 J<I

This concludes the proof of Proposition 3.5.1. O

The other two contractions of the wave condition yield better decay on a conical neighbourhood of
the light cone for gy, and gyy.

Proposition 3.5.2. We have the following property

10,2zl £ D 1027 grvl + Z| Tarvl,
J<I J<I
- I~ 1 -
10,2 guu| S Z 1027g] + 11s Z 1Z74.
J<I J<I

Proof. To obtain the first estimate, we contract the wave coordinate condition with the vector field U.

\/Ta‘E“T 0,(9"*)+/det(g)

\/WU w0,/ det(g)] + 8, (Uag"®) + g8, (Us)

ma v/ det(g)] + ,.(g7") + —gUR
[ det(

—UH =

1
det(g)| + —=—==07/| det(g)| + Ig"" + dug"" + drg"" + ~¢""
\/7| (g)| W T ‘ Lg (o'} L9 ’f‘g
Therefore
UL
= 1
gL = U H — — L9, /| det 87/ det(g)] — dyg¥Y — apgvL — ~gUE.
L9 - e oV TRt - WT\A @] - 0ug"" ~ 09" — g

and arguing as in Proposition 3.5.1 we infer

109vL| < 10g7v| + 7|9TV| +s.t.
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Commuting with the vector fields Z as before, we obtain the desired estimate. To obtain the second
one, we contract the wave coordinate condition with L

1
L HY =——+——L,0,(¢")\/| det .
b \/m M(g ) | (g)| (352)
1 1 9.
=0 det Ly L = 9 det LTY _ gheg L,).
Traerai0e (VIFt@ls™e) + o (VIdloT) - ¢**u(La)
We note that
1
|det(g)|g"t =———=(9LL9vv — guLgUL)
|det(g)] = B
grLryg -
= +0(Frr)0(9)
V%¢WU+O@rﬂO@)
=g + +0(g7r7)0(9)-

Therefore (3.5.2) yields
= 1
049 < |99 + ——|g|-
10a90u| < 1091 + 119l
We commute with the vector fields Z to conclude. ]
Thanks to the bootstrap assumptions, we obtain the following corollary.

Corollary 3.5.3. We have the estimates for ¢ <0

9 3

072 qur| S ————, 1072707 S —  forI <N —15, (3.5.3
| | (1+s)27r | | (1+s)(1+][g)2z" )
~ g 13
0Z%g17| S ——5—, 10Z'guv| S , forI <N —13, (3.5.4)
(1+s5)272% (1+5)(1+g))2 2
. e/ 1+ |q . €
102" g7 < (1+s)3|7 02" guu| S Ts for I <N —12, (3.5.5)
_ e(1+ g+ _ e(1 + Jgl) 2+
i S g AR
and for g > 0
g 13
8ZI§L7— 5 ) 8ZI?UU 5 ) fO’l" 1 S N —5.
| | (1+]g))2 0= (1+5)3 | | (14 lg)+o=o (1 +5)

Proof. As mentioned in Remark 3.4.10, the metric coefficients gy,7 do not depend on the choice of
decomposition between (3.4.6), (3.4.7) and (3.4.8). Thanks to Proposition 3.5.1 and 3.5.2, and the fact
that )

oul < ——1|Z

0ul < 1—17ul,

we may write

~ 1 ~
0Z"g17] m\zl+1g7’v|~ (3.5.7)

The bootstrap assumptions (3.4.16) and (3.4.18) in the region ¢ < 0 yield

3

m, fO’rJSN*].Z.L,

1Z7 91| <

Jory < —— = <N _
|Z7g1v| S EPIET for J < N —12.
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Therefore we obtain, in view of (3.5.7)

9

02" g7 < R for I <N —15,

102 G,7| < ﬁ for I <N —13.
Corollary 3.4.9 yields the following estimate for ¢ < 0

1
1Z7g7v] S 11qu’ for J <N —11,
~ 1 I+p

Z7grv| £ %7 for J <N —4.

Therefore we obtain in view of (3.5.7)
1
|3ZI§L7—| < €(1++)|3| for I < N —12,
S)2
. 1 1+
102" g7 < m for I <N —5.

For ¢ > 0 and I < N — 4, we have in view of Corollary 3.4.9

~ g
| Z"97v| S

VIFs(1+ gzt

which together with (3.5.7) yields

~ €
|8qZIQLT| <

for I < N —5.
(1+gh)zF=o(1+5)%

We now estimate Z'gy . As for Z'gy7, Proposition 3.5.2 yields
1
07 guy| S ——1Z"11g).
| guul S 1+ 5| gl

Therefore, the estimates of Corollary 3.5.3 are a direct consequence of the estimates of Corollary
3.4.11. O

Thanks to Lemma 3.1.11, since § — o > % we obtain the following corollary

Corollary 3.5.4. We have the estimates for ¢ <0

Z'g07| S m | Z"guu| S W, for I < N —15, (3.5.8)
VAXTRERS m 1Z 00| < W for I <N —13, (3.5.9)
VATRERS W VAR w, for I <N —12, (3.5.10)
Zirl 5 SEE g s LA g pevos s
and for g > 0
VATZERS w, 12 guul S s for I <N —5. (3.5.12)

(1+s)% (14 s)(1+q])°=’
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3.6 Angle and linear momentum

We call angle and linear momentum the three first coefficients of b, by, b1,b2. These coefficients can
not be prescribed arbitrarily, they are given by the resolution of the constraint equations (see Theorem

3.1.3). We need b to satisfy
—, for I <N —4. (3.6.1)

o (b<9>+ / (am?rdq) =
T,0 L2

This is used crucially to estimate kg in the proof of Proposition 3.7.2. The heuristic of it is discussed
in Section 3.3.2 (see (3.3.15)). The estimate (3.6.1) is satisfied with b replaced by IIb thanks to the
bootstrap assumption (3.4.4). For the angle and linear momentum, this is the object of the following
proposition, which says that the relations of Theorem 3.12.1 are asymptotically conserved by the flow
of the Einstein equations.

52

Proposition 3.6.1. We have

1 5
b(8)dd + = 0:0)2 + |Vol?) (t,z)dx| < ,
[0+ [ (@ +1968) (ajin] 5
2
5
b(0 0)do — Orp0 t,z)dr| < ,
[ercostorin - [ @npone) t.oris| 5
2
‘ / b(0) sin(0)do — / (Drpdap) (t, 2)da| < —e.
R2 1+4+1¢
To prove this proposition, we need the following lemma.
Lemma 3.6.2. The equation for g,, can be written under the form
93 (x(¢)a) £2
G, = —20,¢00, —2b9qM,,+O< ) 3.6.2
'm nPOoLP ( ) , 7 (1+t)%(1+|q\)%_2” ( )

where the tensor M, corresponds to dqg?.

~—

Proof of Lemma 3.6.2. We recall the quasilinear equation for g, (see (3.2.4)

gaﬁaaaﬁ@u/ - Hé)apg,uu = 726#3001/@ + Q(Rb),uu + Ppu(agv ag) + ﬁpu(gv gb)'
The worst term in

gaﬂaaaﬁg;w - Dgpu
is, according to Remark 3.2.2,
gLL8§ G-
We distinguish two kinds of contributions :
gLLaggl and gLLagho.

To estimate the first term, we use (3.5.8) of Corollary 3.5.4, which gives

o] < S0t 1)
~(14s)ir

We estimate then

1
92| < ——— > 12%3,
(10l 2
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and we use the bootstrap assumption (3.4.16) for I < N — 14

AT
|Z7g1] < —

(1+s)

[SIE

to obtain

52

1+s)2722(1+q|)

We now estimate the second term. To estimate 92hg, we recall (3.4.19) for I < N — 6

|9LL3§§1| S ( (3.6.3)

g

9
+ :
VIts  (L+]g))i=*

1Z"ho|

Consequently
€ €

(+laDViTs T+l

The first contribution can be estimated like 3.6.3. To tackle the second contribution we need to use
the estimate for gz, which gives the most decay in s : we use (3.5.10) of Corollary 3.5.4, which yields

07hol <

e(1+1q)?
.

<
lgrrl S 1+ 9)

This, together with the estimate (3.6.3), yields

e? e?

A1) 0t1g)i %  Ars7 20 +]a) (3.6.4)

l9L.292ho| <
q

The semi linear terms P, (0g, 0g) are estimated similarly. We now turn to the crossed terms. Thanks
to Section 3.2.5, the worst contribution is (3.2.11), which gives a contribution of the form £0grr in
the region g > 0. We estimate thanks to (3.4.32) of Corollary 3.4.9 in the region ¢ > 0

13
(1+8)2(1+|g)to—c

0grL] <

Therefore we obtain

5 5
1y50-85 ‘ < . 3.6.5
‘ 7>07 9gLL (1+s)2(1+|q|)%+57” ( )
We now estimate (Rp),,,. Thanks to (3.1.7) and (3.1.8), we may write
6(0)53(qx(q)) T1<g<oe?
y = ——— M, == 6.
(R) . p +O< (1“)2) (3.6.6)
Thanks to (3.6.3), (3.6.4), (3.6.5) and (3.6.6) we conclude the proof of Lemma 3.6.2. O

Proof of Proposition 3.6.1. We want to integrate equation (3.6.2) for (u,v) = 0,0 over the space-like
hypersurfaces of ¢ constant. To deal with the term 0?ggo, we use the wave coordinate condition

1
ga'gaﬁgao = §9aﬁatgaﬁ + (Hy)o-

We can rewrite it, by definition of (Hj)o

« 1 o « 1 «
(9°% — (96)*")98ga0 + g; #5900 — 05(9h)a0) = 5(9 b —gp PY0igas + 2% B (819ap — Oi(gb)ap) + Fo.
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By definition, F' contains only terms of the form gdy gy, so we can estimate

elyso(l+q|), ~ g2
ZF| < 20 TV ZG] < 3.6.7
where we have used (3.4.47) to estimate |Zg|. We note
aBa ~ Lo apo~ 1 ~ ~ ~ ~ ~
m*”0ggao — 5m OtGap = 5(*@900 — 01911 — O1Ga22) + 01901 + 02902,
and we estimate
(9°" = (9)*")0sga0 = (g"F = m")dLgro + f1,
1 -
5( 920V 9as = (g"L — m"L)0, gL + fo,
(m® —Qbﬁ)aﬁgao = fa
(m®? = g7°)8:Gap = fs,
where the f; contain terms of the form
grrogvy,  guvoTgTV, 2 duguv,
They satisfy the following estimate
&2
1Zfil S (3.6.8)

(1+5)%(1+|q)z—2"

We note 20,91 = 0rgrr +0rgrr and 2910 = grr + grr- Consequently

LL

(g% — m"E)(0L910 — 0:grL) = O (GrLOLgrL + GrLoLirL)

satisfies the same estimate (3.6.8) than the f;. Therefore the wave coordinate condition gives

1

5(*3@00 — 0ig11 — 01Ga22) + 01901 + D2goz = f5

where f5 satisfies (3.6.8). Therefore, differentiating this equation with respect to ¢, and using (3.6.2)
for (p,v) = (0,0),(1,1), (2,2) we obtain

Agoo + Agi1 + Agaz — 2010:g01 — 2020, 902

200+ 0+ a0 - 00) TN 0 (o E )

Integrating on the space-like hypersurface ¢ constant we obtain, since fooo 9?(qx(q))dr =1,

~5 [0 +1veP = [bo)is+0 (m) : (3.6.9)

To obtain the next relation we do the same reasoning but with (3.6.2) for (u,v) = (0,1) and (p,v) =
(0,2). We only detail the case (u,v) = (0,1) as the other one is treated in the same way. Recall the
wave coordinates condition

1
9°P03ga1 = §9a5819a5 + (Hyp)y.
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We can rewrite it, by definition of (Hp)q

% 1 a % ]- [e%
(97 = (9)°*)0p o1 + 95" (9p901 = Dp(gr)an) = 5 (9% = 05)0190p + 565" (P90 — Or(gh)as) + F1

‘We note

T S U
m* 0pga1 — om 501Gap = —0Go1 + 01G11 + Oagra — 5m 501G

and we estimate

(gaﬂ - (gb)aﬁ 08Ga1 = (QLL - mLL)agng + fe,

)
§(gaﬂ - Q?B)algaﬁ = (g"F = m")dgrL + fr,
(m? — gy")95Gor = fs,
(m*? — g7)01Gap = fo,
where the quantities f; satisfy (3.6.8). We note 201grr, = —cos(0)0rgrr + Ogrr and 201911 =

—0g(cos(0)grr) + g7 Therefore we obtain

~ - - 1 -
—0tgo1 + 01911 + O2g12 — §ma5319a5 = fio,

where f1o satisfies (3.6.8). Differentiating with respect to ¢ and using (3.6.2) for (pu,v) = (0,1) we
obtain

_ ~ ~ 1 ~
Agor + 010:g11 + 020:g12 — §maﬁ313t9aﬂ

= — 20,001 + 2b(6) cos(e)M 10 ( 352 - ) .
r (I+s)2(1+]q])>

Integrating on the space-like hypersurface t constant we obtain
&2
Orpdrp = | b(0 0)do+ O (| — |, 3.6.10
[ oveone = [ooycostoran+ 0 () (3.6.10)

and similarly
2

€
OppOap = | b(0)sin(0)d0 + O | — ) . 3.6.11
[ ouetne = [oysinas+ 0 (=) (3.6.11)
Estimates (3.6.9), (3.6.10) and (3.6.11) conclude the proof of Proposition 3.6.1 O

Corollary 3.6.3. We have the estimates

‘ / b(0)do + /Z T(8q<p)2rdrd0

A

A

’ / b(0) cos(6)d0 + /E cos(6) 2yp) v

A

SRS R

‘/b(@) sin(G)d9+/ZT sin(0)(9,)?rdrdd

Proof. We may write
Orp = —0gp + Dsp,
O = cos(0) g + cos(0) s — sin(0)dy
O = sin(0) g + sin(0)dsp + cos(8)dy .
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Moreover, thanks to the bootstrap assumption (3.4.15)

2

£
Zo|? < ,
261" = Tspa e

_ 1
0pdp| < —m8 —————
9002 S T+ )

and consequently

2
- €
<
‘/(&p&p) (t,z)dz| < e
Therefore
2
2 [ (8,0)2da — 80)? + [Vol?)dz| <
[ @eds = [ @)+ Vo) S g
2
€
0)(0,0)*dx + Orpdrpda| S ,
[ eosto)oueras+ [ ogonpds| < g
2
in(6)(9y)%d DrpOrpda| S ——.
[ sm@ouerar [ oot < 1oy
This concludes the proof of Corollary 3.6.3. O

Corollary 3.6.3 and the bootstrap assumption 3.4.4 directly imply the following corollary.
Corollary 3.6.4. We have, for I < N —4

o (b(e) " / <aqso>2rdq>

3.7 The transport equation (3.4.10)

2
S —=.
VT

In this section we will estimate hg, (Jhg and h.

3.7.1 Estimations on hg

We recall the equation (3.4.10)
dgho = —2r(04)* — 26(0)93 (x(9)a),
h0|t:0 =0.

The solution of this equation is

ho(s, Q,0) = /Q (2(aq<p)2 - 2W> rdg. (3.7.1)

r
All the estimates we will perform in this section take place in the region r > % since we will always
apply the cut-off function Y (%) to hg.

Proposition 3.7.1. In the region r > % we have the estimates on hg, for g <0

62 2 82

1S ———, |ho| S —+
(1+9)3 VIts  (L+q)>®

|ash0

and for ¢ > 0

52 2

9
dshol < ool S ey
‘ 0| ~ (1 + S)%(l + |q|)%+2(5"’) | 0| (1 + |q|)2+2(57c7)
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Proof. We write the wave operator in coordinates (s, g, 0)
1 1 5
0 = 49,0, + ;(65 +0,) + 728“"
We calculate
9 1 1 1 5
0504ho = 05(—21(04)%) = —1r04¢p | 40504 + ;(%cp = —rdyp | Op — O — T—Qaw ,

where we have used
9:(—26(0)97 (gx(q))) = 0.

Therefore we have

oo = [ (=0 + Louo+ Logo) ayerdq + 0 =
sofS *SDJr;sSOJF?Tza‘P praq + (I4s)372 )

where we have used

dsholi=o = —0gholi=o = (2r(94)” + 2b(0)% (x(9)a)) li=0 = O <(1+ES)3+25> :

The bootstrap assumption (3.4.15) gives

1 1 €
—0s| + |5 050| S VAIIBS :
‘T P r2 0(10‘ ~ (1+S>2| 99| ~ (1+5)g(1+|q|)%—4p
and
€
el S Zel S Eppt
19241 1+|q|| | (1+s)2(1+]q))2~%
Therefore

< e’
~ (14 8)2 (1 + |g])2 8

1 1
’( s + ﬂag‘P) Oqpr

r
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(3.7.2)

(3.7.3)

(3.7.4)

(3.7.5)

To estimate Oy we write Oy = (O —0,)¢. Thanks to Remark 3.2.2, in the region ¢ < 0 it is sufficient
to estimate g, La§<p. We start with the region ¢ < 0. To obtain all the possible decay in s, we use the

estimate (3.5.10) of Corollary 3.5.4 for I < N — 11, which gives, for ¢ < 0

e(1+1q)?

<
lgrrl S L

The bootstrap assumption (3.4.15) imply

€

AP - :
(T+lghz"*V1+s

therefore .
(1 +q))2
(1+5)3(1+|g)*=%"

9007 0040| <

and we obtain

53

(L+s)2(1+ g2
Thanks to (3.7.5) and (3.7.6), in the region ¢ < 0 we have

|(Ep)dgr| S

&3

1+5)2(1+[q])37%

1 1

<
(

(3.7.6)

(3.7.7)
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We now estimate the integrand in the region ¢ > 0. Estimate (3.4.38) yields, for ¢ > 0 and I < N —3

£

VI+s(l+]g))zto-’

VATBS

and estimate (3.5.12) yields for ¢ > 0

1+ q %+075
lgrcl S %
(1+3))
In the region ¢ > 0, Oy — [, contains also terms of the form Lr(q)ggo (see (3.2.13) in the discussion of
Section 3.2.5). We can neglect them since we already take into account terms of the form %88<p+ T%agga
in (3.7.3). Consequently for ¢ > 0

52

< - = . 3.7.8
T (L4 s)2 (14 |g) it 378

1 1
‘ <D<p + —0sp + 26§<p> Ogeor
r r

Therefore, (3.7.4) and (3.7.8) yield for ¢ > 0

2

3
dsho| < , 3.7.9
Ol S T T e

1
(1+]q)3 =%

and (3.7.4), (3.7.7) and (3.7.8) yield for ¢ < 0, since is integrable,

2

BN —

T3 (3.7.10)

wlw

Integration path for g<0 s

= ;

Integration path for g>0

Figure 3.1: Integration of hg

Thanks to Corollary 3.6.4 we have

82

S
T

b(9) + /Z (8q<p)2rdr

S
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Moreover 0,hy = 0yho + 0sho and therefore (3.7.10) and (3.7.9) yield

2

Brho = —2r(9yp)* — 2b(0)97 (x(9)q) + O ((1i5)3> : (3.7.11)

Therefore, on the line ¢t = T, with fixed # we obtain the following estimate for hg in the region r < t
by integrating (3.7.11)

ho(T, R, 0) = — /: (—2r(8q<p)2 +0 <(7‘+€2TS>> + 20(6)

)2
:/OR 2r(Dyp) dr + O (%)

o () rovies)

To estimate hg elsewhere in the region r < t, we can integrate the estimate (3.7.10), at fixed ¢, as
shown in left of the figure 3.7.1. To estimate hq in the region r > ¢ we integrate the transport equation
from ¢ = 0, as shown in the right of the figure 3.7.1 : we rely on formula (3.7.1) and the estimate for

qg>0
€

S
We obtain
82
to=0 () >0

h O e 0 2 ;
0= (W>+ <(1+q)28p>7(]< .

Next we derive an estimate for Z7hy.

Proposition 3.7.2. Let I < N — 5. We have the estimate for ¢ < 0

Zlho| < S & 0.7 he| < —= 0,7 ho| < —=
0 ~ PRl s 0l ~ 5, 3> 0l ~ 779 | |.N\2—4,"
VIits  (1+]g)t=* (1+s)2 ! (1+[g])2=4
and for g > 0
2 2
12" ho| S g 10,2 hol S d

(1+ |g])2+20=0)” (1+5)%(1 + |q)1+2(6—a)'

Observe that
S = 50, + g0, Qs = g, Qou = cos(60) (9 — q0,) — ;sin(ﬁ)ag, Qo = sin(0) (59, — qd,) + ;COS(G)%.

Hence Proposition 3.7.2 is an immediate consequence of Proposition (3.7.3).

Proposition 3.7.3. We assume Let j+k+1 < N —5 then in the region r > % we have the estimates
on hg, forq <0, if j,k>1

62

$IF3 (1 4 |g|)kt1-20

040, 95hol <
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and ) )
€ 1 1 , €
9% ho| < ( + ) Mohy| < ————.
| q“0 O‘N (1+\q|)k m (1+‘q|)1—4p ‘ sY0 O‘N (1+s)%+3
For g > 0 we have, with j > 1
g2 g2

|04 96hol <

(010, Ohol <

ST (L [ql PR (T + a2

Proof. We assume first j = 0 and k£ > 1. We assume [ + k < N — 3. Then we can write
Dy dpho = —205104 (r(04)* + 02 (ax(q))b(0)) -

Therefore we can estimate
r 1
05O hol S e S0 127 (D4p)? | + iy OB,
O R P < A A (R V) e

The terms in Z7(9,¢)? are of the form 9,279,272, where J; < % < N — 15 therefore we can
estimate, thanks to the bootstrap assumption (3.4.15)
€

(1+[ghz*VI+s

and we estimate 8qZJ2<p thanks to (3.4.28) of Proposition 3.4.8 since Jo <l+k—1< N —4

[RAREIRS

3
ALl P —
1% | V1+gVI+s

Consequently we have shown that for k+1 < N -3, k> 1

52

< - 3.7.12
= Ty (37.12)

105 %ho

In the region ¢ > 0 we have the better estimate for ¢ = 1,2 thanks to (3.4.31) of Proposition 3.4.8

9

(1+|gh)zto—yI+s

[CVARIRS

SO 5
19

(1+ |g|)++2+26-20"

We now assume k& > 1, j > 1 and estimate 8?;8565%, for j+k+1< N —4. Thanks to (3.7.3), we
can write

0K Ohhol < (3.7.13)

. ) 1 1
8;28!;8@}10 = —8;716571% (rﬁqgo <D<p — ;834,0 - 102834,0)) .
We estimate

; 1 1 1 ; 1 1
J—1ak—14l - 92 < J+k+1—-2 - L 92
88 8q 80 (’I“anO <r8589 + 2 80@))’ ~ (1 T |q|)k*1(1 T |S|)j71 Z <’I“aq§0 (rassp + 2 69¢>>’

1
< i E ZJ1+2 9ZJ2+1 5
(L4 g1+ [s])? | |
J1+J2

<j+k+1-2

We can assume J; < % In the region ¢ < 0, (3.4.15) and (3.4.35) yield

|Z‘h+2<p|< € |ZJ2§D‘<5\/1+|Q|.
Y VI Fs(1+ gz ~ V1l+s
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Consequently, for ¢ < 0

52

i—1 ak—1 4 1 Lo
0170, 0 <7“8qg0 <T85<p + 7’7280%0 < s (3.7.14)

To estimate the contribution of Oy, we write as before D¢ = (O — Oy ). Following Remark 3.2.2, it
is sufficient to estimate

< ! |z
(1 )R+ [s])7
1
< y |ZJlgLL8 ZJ2+1<p8 ZJ390|.
(ERrIETEar P I W
GRS

|3§-713§713é (rgLraed;e) k=2 (

r90L040029) |

We have J; + Jo +J3 < j+k+1—2< N —5. We separate in two cases
o J; < % —2and Jp < % — 2 : then we have thanks to (3.5.10), (3.4.15) and (3.4.28)

3
e(1+ 2
Z7 gLl S ((1+|q)|2 ,
S)2
13 13
9,27 | < o 10427 S ————.
AR e S A

The case J; < % —2and J3 < % — 2 can be treated in the same way.

o Jp < % —2and J3 < % — 2 then, since |J;| < j+k+1—2 < N — 4 we have thanks to (3.5.11)
and (3.4.15)

e(1+ [g|)>t* €
W)™ 5270 <

(1+s)2 VI+s(l+]g))2

1Z7 911l S

. for J=Jy+1,Js5.

In the first case we obtain

3

(148)3(1+|q)z=%’

|27 grL0, 27 00,27 | < (3.7.15)
and in the last case we obtain

63

(1+5)3 (14 |g)t=se=n

| Z7g100,27 00,27 | <

We have p+ 4p < % Consequently, we have in the region ¢ < 0

83

(1+ [ghF+a =4 (1 + [s])7=2

0371010} (rgrLdgwdZe)| < (3.7.16)

Estimates (3.7.14) and (3.7.16) yield, in the region ¢ < 0 for j+k+1 < N —4, j k> 1

2
&9k ho| < —— — 3.7.17
0500 S 7.7

In the region ¢ > 0, thanks to (3.4.31) and (3.5.12) we have the better estimate, for J < N — 5

_ =1+ [0t

9,727 p| <
‘q @l < = (1+S)%

\Z7grr )

13
VIFs(1+]g))2to—o’
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so we have
&2

1+ S)j+%(1 + |q|)k+%+2(6fo)'
We now assume k = 0 and j > 1. We obtain an estimate on §705hg for ¢ > 0 by integrating

(8.7.18) for k =1 with respect to ¢, from the hypersurface t = 0. We obtain for j +1 < N —4, 7 > 1,
q>0

0708 0hho| < (3.7.18)

62

T Ohho| < . 7.1
|029pho] S (1t s) i1+ g0 (3.7.19)
For ¢ < 0, we integrate (3.7.17) from ¢ = 0. We obtain for j +1 < N —4, j > 1,
. 2
|070bho| S ————. (3.7.20)
(1+4s)i*=

We now estimate %ho for I < N — 5. Recall from Corollary 3.6.4 that

o (b(@) +/2 (8q<p)2rdr>

Moreover, we can write, thanks to the estimate (3.7.20)

62

T

<

N

2
0, 0pho = 0,0hho + 0s0ho = 0 (—2r(04)?) — 207 (qx(9)) b + O ((1is)3> .

Therefore, by integrating this on the line t = T', we have
l f l g2
Opho(T, R, 0) = 0qy0phodr + O ,
0 0( ) /0 q90'"0 ( T+T T>

and consequently, thanks to (3.7.12) we have the estimate, for | < N —4 and ¢ <0

52

82
| < + )
VI4+T  (1+]g)t=*

To have an estimate everywhere, we integrate (3.7.20) for j = 0 with respect to s, as shown in the
figure 3.7.1. We obtain, for | < N —5

|Obho (T, 7, 6)

2 2

€ €
Ihhol S - : 3.7.21
| 0 0|N /71_‘_5 (1+‘q|)1—4p ( )
In the region ¢ > 0, we just integrate (3.7.19) from ¢ = 0, and we obtain
2
|0hho| < (3.7.22)

(1 + ‘q|)2+2(5—0) !

In view of (3.7.17), (3.7.18), (3.7.12), (3.7.13), (3.7.20), (3.7.19), (3.7.21), (3.7.22) we conclude the
proof of Proposition 3.7.3. O

3.7.2 Estimation of 0T (%)ho
Proposition 3.7.4. Let I < N — 7 We have the estimate for ¢ <0

(00 () - () (2 ") )

and for ¢ >0

7 (0x (7)) -7 ;) (-aer 21250 0))

< .
T (14 8)3 (14 |gl)2+20-)
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Proof. We have in view of (3.4.10), (3.7.2) and (3.7.3),

O (T (g) ho) =7 (t) (45 Ogho + — (a ho + Ogho) + agho) +VY (%) Vho + hoOY (%)

1

1 (1) (~e (mw ~ 00— 08¢ ) + 1 (20, — 2O (@) )

)
+T (%) < dsho + 80h0> +VY (%) Vho + hoOY (%)
)

o (2 0% <>>>_ 7 () 0606 + £(s.0.0),

r

where
r D3¢ r r
F(5,0,0) =T (g) (43,1@ (3599 + ) + Z0,ho + agh(]) + VT (E) Vho + hoOT (E) .
We can estimate Z! f, noticing that when Y’ (%) # 0 we have r ~ t ~ |g|. We obtain

1 1
2SS 12 el 3 12020)10,2% )
J<I+2 +511+12§I

Proposition 3.7.2 yields, for I < N — 7

1 g2
§ |Z1h0| S )
(L+9)* ;s (1+ )21+l

and as usual we may estimate, thanks to (3.4.28) and (3.4.15),

2
21200, 7"¢| < : ,
e A S T s )

therefore we obtain )

i —————
(1+5)%/1+|q]
In the region ¢ > 0, we have the better estimate
&2

1Z'f| <

T+ 2L+ g2

To estimate [y we write, as before
Ue = Op — Oge.

It is sufficient to estimate a term of the form g, La§<p. Therefore we write, like in estimate (3.7.15),

&3

12" (rg110,0020)| S 5 > 1Zguloz gloz el <

3 3 _ :
e (1+5)3(1+|g)3 %

In the region ¢ > 0, we have the better estimate

3
€
ZH(ro,e0e)| < :
|27 (rogele)| < (1+s)%(1+|Q|)2+2(5J)

This concludes the proof of Proposition 3.7.4. O
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3.7.3 Estimation on £

We recall that h satisfies the equation

Oh =0 (T () ho) + T (5) 9205 ho + 27 (5) (949)* = 2(Ro)ag + T () Qrr(ho, 9),
(h, 0:h)|t=0 = (0,0),

where Q1 is defined by (3.4.12).

Proposition 3.7.5. h satisfies, for < N — 7

62

A pe———
(L+s)3

Proof. Proposition 3.7.4 gives for I < N — 7 and ¢ < 0

62
3
2

S — (3.7.23)
(1+s)2(1+q])

1 r r 2 _ ‘ <
|27 (00 (5) ho+27 (%) (00)? — 2(Ru)ay )| £
where we have used that thanks to (3.1.7)

2
li<g<oe

W02 (ax(a)
MR

r

‘(Rb)qq

To estimate Z! (gLLQ?ho) we use the transport equation for hg

910020 = g11.0,(—2r(9g)* — 20(0)92(qx(q))

We estimate the first term as in the proof of Proposition 3.7.4.

52

(L+8)2(L+g)) %

|2 (rgLL0gp0z )| S

To estimate the second term, we note that the terms of the form x)(q) decay faster than any power
of ¢, so thanks to (3.5.11),

62

(g1 1.b(0)0? ST
1Z" (92..b(0)92(ax(q))) | 0+ )

Consequently we have proved

62

5 e (3.7.24)
(1+8)2(1+ gz

7 (r (§) ntim) | <

We now estimate @@(ho,ﬁ). We note than in the region g < 0 the only term is 05gr,0rho. We use
again the transport equation for hg

9491.1.9¢ho = 94911 (=2r(9g)* — 2b(0)9; (ax(q))-
Consequently, for similar reasons than for (3.7.24), we obtain in the region ¢ < 0
2

13
(1+s)2(1+]q))2—%"

)Zi (x (g) 8quL8qho)‘ < (3.7.25)
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Thanks to (3.7.23), (3.7.24) and (3.7.25), we have in the region ¢ < 0 for < N —7

62

0z § ————.
(1+5)3(1+q)

(3.7.26)

In the region ¢ > 0, we have to estimate in @@(ho, g) the term Oy (gp)vuOLgLr, which is of the form
Mﬁqgg;. Thanks to (3.4.32) we have

’ZI (X(qz"b(e)gquL)’ : 1+ 3)3(1542— ) (3.7.27)

The other terms give contributions similar to the one of Proposition 3.7.4. Consequently, for ¢ > 0 we
have the better estimate for I < N — 7

52

(1+5)2(1+ g3 +o=
We now use lemma 3.7.6, whose proof is given at the end of this section, to conclude.
Lemma 3.7.6. Let B,a > 0, such that 8 —«a > p > 0. Let u be such that
1 1
Du| < 5 , forg<0 [Oul 5
(I+s)27%(1+q]) (14 8)27(1+|g)'+7P

and (u, Oyu)|;—o = 0. Then we have the estimate

02" S (3.7.28)

,forq>0,

lu| < @+ +t)a+p.
~ VJ1+s

Thanks to (3.7.26) and (3.7.28), the conditions of Lemma 3.7.6 are satisfied with a = 0 and
B = 3 +0—o0. Moreover, the initial data for Z'h are given by the right-hand side of (3.4.11) (i.e. they
are quadratic), therefore, for I < N — 7 at ¢t = 0 we have

62

(L4r)ree”
Consequently, Lemma 3.7.6 and Proposition 3.1.5 yield for I < N — 7
e2(1+t)r

Vits

This concludes the proof of Lemma 3.7.5. ]

|ZTh| + (1 4 7)|0: 27| <

1Z"h| <

Proof of Lemma 3.7.6. Let to > 0. We consider times ¢ < ¢y. In the region r < 2t we have |q| <t < g
and s < 3t < 3tg. Therefore
(1+tg)>tr

(1+ a2 (1 +s)2 75
In the region r < 2¢, we have § <|[g| <7 and r < s < %, therefore

a—+p a-+p
O § ——— g LW (T
(L )30 ™ (L ) Fe? ™ (L fg) R (L4 )36

provided g +p < % + B —a, ie. f—a > p. Consequently, the L — L estimate yields, for ¢t < ¢y

Oul S

lul S A+ k)™
~oV1l+s
If we take t = to we have proved
lu| < (LEpre
~oVi4s

which concludes the proof of Lemma 3.7.6. O



122 CHAPITRE 3. STABILITY IN EXPONENTIAL TIME

3.8 Commutation with the vector fields and L*>° estimates

3.8.1 Estimates for ] < N — 14
Proposition 3.8.1. We have the estimates for for I < N — 14
Coe + Ce?
(1+s)77
Coe + Ce?
T+s(1+]g)z—%

|ZI§1| <

|Z7p| <

This proposition is a consequence of L> — L estimates and the following propositions.

Proposition 3.8.2. We have the estimate for I < N — 14

82

(14 5)2=%(1+ |q])

€2

0.
(It s2(1+ g 17

0Z%| < , g <0,

BZ%¢| <

Proposition 3.8.3. We have the estimate for I < N — 14
02| -
027G S ——————— <0,
(1+5)%(1+]ql)

62

(14 5)2(1+|q|)2+o=°

8275 £ ,q¢>0.

We first assume Proposition 3.8.2 and 3.8.3, and prove Proposition 3.8.1.
Proof of Proposition 3.8.1. We have

e? e?

<
(1+5)27%(1+[g]) ~ (1+8)2~4(1+ |g))'

0Z%¢| <

therefore the L>® — L estimate, combined with Proposition 3.1.5 for the contribution of the initial
data yields

Coe Ce?
27| < : + —,
VItsy/1+]gl  VI+s(1+|q)z=%
where C' is a constant depending on p.

The estimate g; follows from Lemma 3.7.6 with a =0, 8 = % + § — o combined with Proposition
3.1.5

215, < Coe N Ce?
1l = )
VItsy/1+]g (1+s)277
which concludes the proof of Proposition 3.8.1. O

Proof of Proposition 3.8.2. We first estimate (0Z¢ in the region ¢ < 0
Z'0p = 72" (Op — Oyp) .

In the region ¢ < 0, thanks to Remark 3.2.2, it is sufficient to estimate Z' (gLLaggo)

12" 79100} 27 0| S |12 gLl |27 g).

v
(L+al)
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IfJ< % we have J + 2 < % +2 < N — 14 so, thanks to (3.4.15)
€

(L+8)2(1+ g2

and since I — J < N — 14 we have thanks to (3.5.9)

1Z7 2| <

|ZI?JQLL|< 5(1+|QI) )
T (14s)z%

Therefore
&2

(1 922+ )T
If I —J < X514 < N — 15 we have thanks to (3.5.8)

|ZI?J9LL<9§ZJ<P| S

_ e(1+
12" gre| S (7@7
(I+s)z2=r
and since J + 2 < N — 12 we have thanks to (3.4.17)
ZJ+2 < #
1Z7 | £ TR
In the two cases, we have for ¢ < 0
2
125 9100277 0| < = (3.8.1)

~ (L) (L al)
In the region ¢ > 0 we have the better estimate thanks to (3.5.12) and (3.4.32)

52

(T4 2L+ g2

In the region ¢ > 0 we also have to take into account the crossed term. These terms are described by
(3.2.13) in Section 3.2.5. It is sufficient to estimate

z! (b(&)’@&sga) .

Since they occur only in the region ¢ > 0, we can estimate, thanks to (3.4.38)

|2 900227 | S (3.8.2)

€
127l < :
T+ s(1+g))2+0
Therefore
B) 2 2
Zzb(g)mas ’ < I < - (3.8.3)
’ (1+8)2(1+g))2T07o ™ (1+8)2(L+|g])' 077

Estimates (3.8.1), (3.8.2) and (3.8.3) conclude the proof of Proposition 3.8.2. O

Proof of Proposition 3.8.3. We write the equation for g;. We have, thanks to (3.2.4) and (3.2.7)
= r
) = — 20,000+ 2By + (0, 0T (7)o
r\ 1
+7 () =5 (uhu (8)ho + 2, (6)9uho) (3.8.4)

+ P (9)(09,99) + P (G, 0b),

and therefore 0Z(g1) = fuw, where the terms in f,, are of the forms
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e the quasilinear terms : thanks to Remark 3.2.2 it is sufficient to study ZI(QLL@?@),

e the terms coming from the non commutation of the wave operator with the null decomposition:
they are calculated in (3.2.7) and they are of the form Y(%)-599Z7hy,

e the semi-linear terms: following section the worst term is the term Z7 (8Lg@8LgLL) appearing
in ZI P (see (3.2.9)).

e the crossed terms with the background metric g: the worst term is the term Z7 (8£(gb)UU8LgLL)
appearing in Z!Pp, (see (3.2.11)).

The quasilinear terms We estimate

ZI (gLLaggl) = Z ZI?JQLLZJ&?&I-
J<I

We have

12" gLL0727 1| S ( 12" gLLl| 27 ).

CE—
1+ q])?
If J < 851 we have J +2 < 851 4+ 2 < N — 14 so thanks to (3.4.16)

ZJ+2~ < € ’
| gl|N(1+s)%7P
and since I —J < N — 14 we have thanks to (3.5.9)
_ e(1+
71 gy g Sl
(14 s)i2
If I —J < X514 < N — 15 we have thanks to (3.5.8)
- el +
12" gLl S (7@_)7
ESSERT
and since J + 2 < N — 12 we have thanks to (3.4.18)
ZJ+2~ < € .
| gl < (1+s)5-2

In the two cases, we have

€2

(14 5)232(1 + |q|)°

VAR TR IVARTIRS (3.8.5)

The term coming from the non commutation of the wave operator with the null structure
We have to estimate

- (f) 002
t r?
Since I < N — 14, we have I + 1 < N — 5 so thanks to Proposition 3.7.2

GRS

g2 g2

< < : . 3.8.6
T2+l T (1) (1 +a]) (350
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The semi-linear terms We estimate Z' (5LQQ8L9LL). For this, we have to estimate, using the
decomposition (3.4.6)

ZI (aLhoaLgLL) and ZI (8L§16L9LL)

The first term has been estimated in (3.7.23). For the second term, we write

1
1+

|ZI (aéglaLgLL) | S |q| Z |ZJ+1§1||8217J9LL‘7

J<I

and we estimate if J < &5 thanks to (3.4.16) and (3.5.4)

2GS —  and |07 g S ——
PGS st 2ol S
If I — J < X514 thanks to (3.4.18) and (3.5.3) we have
127G € e and 102" g S
(1+5)272% (1+s)2=°

In the two cases we have

62

| S :
T (14 s)2% (14 [g])
This estimate and (3.7.23) yields for I < N — 14

1z (5L§1 aLgLL)

62

(1+5)3(1+|q))z%"

12" (0L9:10L911) | S (3.8.7)

We have now estimated (JZ7(g1),,, in the region ¢ < 0. Thanks to (3.8.5), (3.8.6) and (3.8.7) we
have, for g <Oand I < N — 14

62

(14 5)2737(1 + |q])

[nrARS (3.8.8)

The crossed terms The crossed term are only present in the region ¢ > 0. The estimate of

Z" (94(gv)vv0q9LL)

is done in (3.7.27). The other terms give better contributions in the region ¢ > 0 (see Remark 3.2.3).
Therefore we have for g < 0Oand I < N —4

2

€
0271 < : 3.8.9
| gl'w (1+s)%(1+\q|)%+5_” ( )
The estimates (3.8.8) and (3.8.9) conclude the proof of Proposition 3.8.3. O

3.8.2 Estimates for / < N — 12
Proposition 3.8.4. We have the estimates for [ < N — 12

Coe + Ce?
(1 + S)%—z,ﬁ
Coe + Ce?

1ZTp| <

Z"q1| £
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This proposition is a straightforward consequence of Lemma 3.7.6, Proposition 3.1.5 and the fol-
lowing propositions.

Proposition 3.8.5. We have the estimate for I < N — 12

82

(1+5)272(1 +ql)
52
(1+8)2(1+[g))t+o-

Proposition 3.8.6. We have the estimate for I < N — 12

0Z%¢| < , <0,

827 <

—, q¢>0.

82

(1+8)272(1+ gl

52

(1+s)2(1+ g2+

|DZI§1|S )a q<07

827 £

,q¢>0.

Proof of Proposition 3.8.5. We first estimate ¢
Z'0p = Z" (@Op — Oyp) .
In the region ¢ < 0, it is sufficient to estimate Z' (gLLaggo)
1
ZIfJ aZZJ < ZlfJ ) ZJ+1
\ 9grLrLY, 80|N71+‘q|| 9rrll0, |

If J< % we have J + 1 < N — 14 so thanks to (3.4.15)

€
(145)2(1+a))2 %"
and since I — J < N — 12 we have thanks to (3.5.10)

celitla)
~ 14

027 | <

Z" g1

Therefore

52

(1+5)2(1+[g))2 4
IHr—-Jg< w < N — 15 we have thanks to (3.5.8)

12" 9000227 | S

21y 5 S0l
Y (14s)zr’

and since J + 1 < N — 12 < N — 4 we have thanks to (3.4.28)

027+ | S : .
V1+sy/(1+|q])

In the two cases, we have

52

(1+s)277(1+1q])
The main contribution in the region ¢ > 0 is like (3.8.3) in the proof of Proposition 3.8.2. This
concludes the proof of Proposition 3.8.5. O

12" 79100} 27 5] S

Proof of Proposition 3.8.6. We estimate g;. We only deal with the quasilinear and semilinear terms
in the region ¢ < 0, as the control obtain in the proof of Proposition 3.8.3 is sufficient to deal with the
others (see (3.8.6) and (3.7.27)).



3.8. COMMUTATION WITH THE VECTOR FIELDS AND L* ESTIMATES 127

The semi-linear terms We estimate Z7 (3L9@3L9LL)- For this, we have to estimate

ZI (8Lh08LgLL) and ZI ((‘Eﬁlaégud)

The first term has been estimated in (3.7.23). For the second term, we write

1 ~ _
> 12 G102 grul,

|Z" (0£910rgrr) | <
(OuiiL9:2) L+lql 5=

and we estimate if J < %512 thanks to (3.4.16) and (3.5.5)

VAl
s < and |aZI_JgLL| < evitldl |3‘
(15 s)br (159

If I — J < %512 thanks to (3.4.44) and (3.5.3) we have

1Z7 g <

£

VARRY RS d |oz1=7 L —
| g1l Se and | 9LL|N(1+S)%7P

In the two cases we have

62

(1+s)27(L+]ql)

12" (0L910L91L) | S
This estimate and (3.7.23) yields for I < N — 12

52

12" (0910091L) | S . (3.8.10)
(OLidpors) (14 9)277(1+q])
The quasilinear terms We estimate Z/ (gL Laggl). We have
_ ~ 1 _ -
12" gL00227 1| S 1+|q‘\ZI T911l0,27 1.
IfJ < % we have J +2 < % +2 < N — 14 so thanks to (3.4.16)
AT — :
o (1+s)277(1+ |q])
and since |I — J| < N — 12 we have thanks to (3.5.10)
_ 1+ ql)
ZI J < E( )
127 grel S =5
If | — J| < %52 < N — 15 we have thanks to (3.5.8)
_ e(l+
7y 5 S0H )
(1+s)i
and since J +1 < N — 11 we have thanks to (3.4.44)
) ZJ+1~ < L
In the two cases, we have
2
: (3.8.11)

2" 79100727 1| S 5 .
| ! (1+s)277(1+ |q])

The equation (3.8.10) and (3.8.11), together with (3.8.6) proved during the proof of Proposition 3.8.3
conclude the proof of Proposition 3.8.6 for ¢ < 0. The estimate for 027§, in the region ¢ > 0 is given
by (3.8.9). This conclude the proof of Proposition 3.8.6 for ¢ > 0. O



128 CHAPITRE 3. STABILITY IN EXPONENTIAL TIME

3.9 Weighted energy estimate

We consider the equation
Ogu = f,

where g = ¢, + ¢ is our space-time metric, satisfying the bootstrap assumptions. We introduce the
energy-momentum tensor associated to g

1
Qap = Oqudpu — §gagg“”8ﬂu81,u.

‘We have
DaQaﬁ = fagu

We also note T' = 0y, and introduce the deformation tensor of T
Tag = DoTs + DT,
where D is the covariant derivative. We have
D*(QupT”) = fOru + Qupm®”. (3.9.1)

We remark that 1
Qrr = 5 ((0ru)? + |Vul?) + O((0u)?).

Proposition 3.9.1. Let w be any of our weight functions. We have the following weighted energy
estimate for u

% (/ QTTw(q)> +C’/w/(Q) ((3su)2 + <aiu>2> S 1it/w(q)(8u)2 +/w(q)|f6tu|.

Moreover, if we use the weight modulator o defined in (3.4.22), we obtain

& ([ armaru)+e [auta) ((asuf " (a“‘)> S o [ v@©0 [ aul)l ol

Proof. We multiply (3.9.1) by w(q) and integrate it on an hypersurface of constant . We obtain

4 ([ @rro@) = [ o) (10004 Qusn) + [ GraD®u. (39.2)

‘We have
QraDu = =20 (q)9* Qra = W' (¢)Qrr + gr7w (q)(Ou)?.

We calculate

1
Qre =Dyu(Byu +0,0) = 5 (~(O)® +|Vul®) + g2 (Ogu)? + 911 (O)® + st
1 o\ >
2 <(as“)2 T <i> ) + 90L(0qu)* + grr(0su)® + s.t.

where s.t. denotes similar terms. Consequently, with the help of the bootstrap (3.4.16), (3.4.19) and
the estimate (3.5.8) we have

QraD™u - <<asu>2 +(2) ) (10w (@) + 0 (T o2,
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and since |w'(q)| <
QroDu = ((&,u)z + (89“>2> (1+0()w'(q) + O (m@(au)z‘) . (3.9.3)
r (1+6)27°
We now estimate the deformation tensor of 7. We have
Tas = L19Yap = 0tgas-
We obtain

o)
(1+1)z=7(1+ |q|)

(

TrL = Orgrr = O <(1 TRl + |q|)> ’
(
(

€
7T7L = 8Tg7L = O 3 )
(L+1q))z="
0 b(6 €
rov = Orguy = 2alax(@)b(0) +0< _ ) ’
r (L+s)(1+q))z77
Consequently, the terms Q*“7; and QULQy 1, give contributions of the form
€
———(0u)*. 3.9.4
@ (394)

We can calculate
1
Qrr = dpudru — J9IL (29"£0rudpu + (Oyu)?) + g77(0u)? + s.t. = (yu)? + g77(0u)® + s.t.

Consequently the term Q7L 1 gives contributions of the form

£
(1+lgh(1 +t)z=°

(0u)?. (3.9.5)

The terms QLLry;, and QLY 7y give contributions of the form

E —
—————(0u)?, (3.9.6)
(1+ g2
and the term QUYmy s gives contributions of the form
%(ax(@))5O) 5,5, c  _ Budu. (3.9.7)
r (I+s)(1+]g))=""
Thanks to (3.9.2), (3.9.3), (3.9.4), (3.9.5), (3.9.6) and (3.9.7) what we obtain is
: dpu’)®
& (Jerru@) +5 [vw <<asu>2 () )
(3.9.8)

<(]_+t)zﬂ/ (Q)(au) /(:lﬁvgf))gp(au)z—l—&‘/W(q)]lq,;l8uau|+/’w(q)|fatu|
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In the region ¢ > 1, we have % < Moreover, all our weight functions satisfy

1

t+1°
D) <),
A+ lg)Fr

therefore, for € small enough, we can subtract from our inequality the term

[ M
(I+1q))27"
and we obtain

- (/QTTw(q)> e [wi ((fﬂsu)2 - (aff‘>2> S5y [w@@er + [u@lsoul

This conclude the first part of the proof of Proposition 3.9.1.
Next, we perform the estimate with the weight modulator a. If we replace w by a?w in (3.9.8),
a*w(q)
(1+]gh 57

4 ([ @rratu@) + 4 [@or) <<asu>2+ (a@“)>

a?w(q)lys1
gm_((;gﬂ,/QQW(Q)(au)z*/(7,)(1|3U5U|+/a2w(q)|f8tu|.

and we absorb as before the term ¢ | (Ou)? we obtain

We write

Lot o Lgon(1+d))?
roT AL lg)E
and so we estimate, since in the region ¢ > 1 we have a(q) = (1 + |¢|)~°

E/O‘Q((Z)U)(Q)]lq>1|8uau| SS/ a(q ) w(q)Lg>1 10 8u\
r (1+ )2+ (1+|q))?

< oo [ L@@ + < [ 100D @y

% < (a?w)’. Therefore

4 ([ arreru@) + ¢ [y ((asuf . (89“)>

g

St [ @@ + g [1ew@ @0 ¢ [way(@@u? + [ atuo) ol

(1 n)ir

Moreover 1,1

2

We note that with our weight functions and the definition of a, we have a?w’ ~ (a?w)’. For ¢ small

enough, we can absorb the term

: / w'(q)0? (g)(Fu)?
to obtain
() cfsonfor- ()
S ] w1+ [ et som

which concludes the proof of Proposition 3.9.1. O
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3.10 Commutation with the vector fields and L? estimate

3.10.1 Estimation for I < N
We note for J < N

1 1 ~ 1
E; =Y llwo(a)?0Z"¢ll72 + |lwa(0)202" G372 + lws(q)2 02" |7

1
= e(1+1)

and

Ex =Y llaswo(@) 202" o|22 + laswa(q) 2 02 a2
I<N

1 1
+ ————lasws(q) 22 h||2. + aows(q)z0Z k|2

1
e(1+1) e(1+1)

We also note for J < N
Ay = llwi(q)2 02" |3 + +llwh(q)2 02 Gsl[3- + lwh(q)29Z" R 3

1
= e(1+1)

and
An = lloaw)(q)2 027 |3 + +|lanw(q) 292" Gal|
<J

1s 1 1z
laawsy(q)20Z" hl|72 + ————[laaws(q) 202" k|7

1
M) 110

131

Remark 3.10.1. Because of the decompositions (3.4.8) and (3.4.9) for the metric, and the non com-
mutation of the wave operator with the null decomposition, we have to deal with terms of the form

Oph

<4t in the equation for g4 or gz. Written like this, these terms are not quadratic. However, since we
choose for h zero initial data, and since the equation for h is quadratic, h in itself is quadratic. To
carry this information along the proof, we may divide in the energies Ey the norms involving h and k

by €. Since the initial data for h and k are zero, we have
Er(0) < C3e2.
Proposition 3.10.2. We have the estimates for [ < N,
Br < (C3e® +3)(1+1)°V5,
and for k> ¢

t 1 )
— Ay < gec.
/o<1+t>ﬁ e~

This is a straightforward consequence of the following proposition.

(3.10.1)

Proposition 3.10.3. We have the inequality, up to some negligible terms defined in Lemmas 3.10.4,

3.10.5 and 3.10.6 for I < N

d NG e3
B+ A< Y E .
TS TP T T

We first prove Proposition 3.10.2, admitting Proposition 3.10.3.
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Proof of Proposition 3.10.2. We have proved

d NG €3
SE<c E, +C
p T B

therefore, if we note Er = G(1 +t)°VE, we have
d €3
—G<C————.
dt— = (1+¢)HCve

After integrating, we obtain

82

G(t) < G(0) + &% — ooV

and hence
Er < (Er(0) +e?)(1 +)°VF < (C2e2 + %) (1 + 1)OVE.

Moreover, we have
5
2

d Ve 5

—FE+A <C—~—F T

a T ST T
therefore if we multiply this inequality by ﬁ we obtain

d [ E; Aj 1 d NG Ces Ces
— < B+ 4 )<—Y"_FE < ,
dt <(1+t)~) Taror S ator (dt r ’) S a1 A S (1+t)tHn—CveE

Therefore, if C'v/e < k, the right-hand side is integrable and so

/ ﬁAI < e?.
This concludes the proof of Proposition 3.10.2. O
Proposition 3.10.3 is a direct consequence of the three following lemmas.
Lemma 3.10.4. We have the inequality,
3

d 1 =5 1 =" 13 1= — 13
allazw(q)éaZ%Hiz +llazw'()20ZN gl|22 € —— En + ellaxw)y(q) 202V g2 + T¢

~14t
where E]\\’Tp — ZNy is composed of terms of the form
X(9)g9¢p8; " 'b
guu ’

and we have L
lozwg d(ZN g — ZN )| 12 < €.

For I < N we have

d 1 1= € 1a 7~
llwo(a) 07" el3: + (@027 1 S T By + ellun(a) 02753z

Lemma 3.10.5. We have the inequality,

d 1 1 57 1 1 ="
% (Et||042w3(q)2aZNh”%z> + m”ag’u}é(q)ZazNhHiz
\/5 L —~ gg
<7 Nt Vellazwy® ()27 gal|7: + 50
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where ZNh — ZNh is composed of terms of the form
X(¢)a0hdy b
guu ’

and we have L
lazwg 0(ZVh — ZNh)| 2 < VI TL.

We have a similar estimate for k

d 1 1=
& (Bllasua@?02%b12: ) + -t s lasut) 02l
1By + Vel @07 gl

Moreover for I < N

ﬂ . 1 1 / 57172
i (Sle@rozn.) + —(Ht)nws(q) o2'hl;

A\

1 +t
Lemma 3.10.6. We have the estimate

E z!
1+ Vel @D gl +

d Lo~ L o<
Jla2wa(9)20ZV g7z + [lasw)(a)? 02N gull7:

S ﬁEN-i‘\E

1= 1z
s (lazwh(a) 202 b2 + llazwi(a) D27 k32

e(l+1)

where ZN Gy — ZNGy is composed of terms of the form

 x(9)99929) " 'b
guu

. hzZNgpLdgds

and we have
1 - N~ 2 % N~
laowG d(ZNgy — ZV ga)|lL2 S e + el|lwwd ZVgrr| e
For I < N, we have

d 1 - 1 - 5
D s 02 Gal13 + g 0)2027 513 < By + VB

1 . lm
— |lwh(q)2DZ K2,
T+t 8(1H)||1113(f1)2 172

We prove Proposition 3.10.3.
Proof of Proposition 3.10.3. Therefore, if we combine Lemmas 3.10.4, 3.10.5 and 3.10.6 we obtain

d \f
—FE;+ A E A
pTRats +Ar < e +VeAr+ — +t
and therefore 3
d Ve 2
—F 1-— A E
el C\f)lwl_H I+1+t
If £ is small enough, we have 1 — C'\/e > %, which concludes the proof of Proposition 3.10.3. O

It is sufficient to prove these three lemmas for I = N. For I < N everything work in the same
way. The weight modulator as is only needed to estimate a particular term for I = N and is no longer
needed for I < N.
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Proof of Lemma 3.10.4. We start with the estimates for ¢. We use the weighted energy estimate for
the equation

0,28 = > (2'9°°) (Z270a0s0) + > Z'HLZ70p. (3.10.2)
I+J<N I+J<N
J<N—1 J<N—1

It yields

d 1 1a
= (llazwo(@)2027 I3 ) + llazwh(a) 202N g |

1 £ 1
S |Jeewo0y ZN | laawo(q) 202N | 2 + mHOZWO(Q)zaZN@HQLZ-

Estimate of the first term Thanks to Remark 3.2.2, it is sufficient to estimate

1
> 29110} 77 0| S REST)) > 12"9000,27 ).
I+J<N W 2N
J<N—1 J<N—1

If I <4 < N —15, we can estimate thanks to (3.5.8)

‘ZIgLL| 5 M
(1 + t)i—/’
SO
% 1
Q2w € 1
PR R il 0,27 ¢l 12 (3.10.3)
L2
If J < &, we can estimate
€
|0q0] < :
T (U g VT
Therefore,
« w% € QoW (q)% c o 'U(q)%

2% I J 210 I ) ,
=2 9L, 2" ¢ V- _Zlgll < CELOEP .
(1+1ql) 4 L T+t (1+]|q)z2 . T il 1+d B

where

{U(Q)—lforq<0,

apie
q|)2
v(a) = {i3jily = (1+ )+ for g > 0.

We do not keep all the decay in ¢ in the region ¢ > 0 in order to be in the range of application of the
weighted Hardy inequality and we obtain

1
W

1
(T +1al) levzv(a)2 0,2" g 2

Z'9100,27¢| <

€
V14t

L2
We use Proposition 3.5.1, which gives
anNgLL ~ 5ZN(§LL +3977)- (3.10.4)

Consequently, thanks to Remark 3.4.10, we have 8,2 g1, ~ 0Z" g4. Moreover, we calculate

{ i) = bt fora <
wh(q) = (2+20)(1 +[g])' ™2 for ¢ > 0.
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Therefore, v < w} and we obtain
1
Wy 2

071 91,0.0,27 ¢
(1+1ql) !

laowo(q) 202N || 12 <
L2

T llaswo(@) 2027 gl[fa e[| azus ()2 027 g

2’

(3.10.5)

Estimate of the second term The second term contains only the crossed term, which occur only
in the region ¢ > 0. Thanks to the discussion of Section 3.2.5, it is sufficient to estimate (3.2.13),
which gives a contribution of the form

ZN (0(gp) v ) .

For I < N — 2 we have
el
|Z"0(g)vu| S ;>0

and consequently

lagwg 0Z% (gs) v dZN |12 < ?Hong@ZN TolLa. (3.10.6)
In 021 (gy)vv0,ZN 1 with I > N — 2, we have to note the presence of terms of the form
8N+lb 0
x(9)ad " 0) (3.10.7)
r

which require a special treatment since 8év Jrlb(9) does not belong to L?. To deal with these terms we
write

Z 0Z%¢| | (1050 + |05~ "0]) + s.t.

2
,
guu 1<2

o, (x(q)qaév_lb%) x(q)an“b(H)

We can estimate, thanks to the estimate (3.4.31) for de,

N

13
< Vbl <& 3.10.8
2 H VIFs(l+g)s+2e” (3105

~

L2

Jubo(xto

—_— . N-—-1
Therefore, we may perform the energy estimate for ZNp = ZN¢p — X@)a90% b ynstead of ZN p. We

are reduced to estimate Y
2 I N-—1 € N N—1
wd 0261 | (o5 + 105 0) | % |yt o o)
IZQ oo iasnse p
< €
~Ml4t
(3.10.9)

The other terms in 0Z(gy)yy0Z~ 1 with I > N — 2, give contributions similar to (3.10.9).

Remark 3.10.7. We introduce the weight modulator as to deal with the term (3.10.7) which is only

present for I = N. It is no longer needed for I < N. To see this, let us estimate %ﬁvbw)&p which
is the analogue of (3.10.7) for I = N — 1.

x(9)q9}'b
21+ sy/1+ g

1 ONb(6
Hwoz X(Q)(ZTQQ ( )&p

\/E2||30 bllz2(s1),

1
S llwgozl o] e
L2 1<2
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where we have used the weighted Klainerman-Sobolev inequality

1 1
¢l < m Z [|wg 7' ¢l| 2,
1<2

jw?
0

and consequently
2

<= VEs. (3.10.10)

N
x(q)q0;, b(0) D
L2 1+t

r2

1
2
Wy

Thanks to (3.10.3), (3.10.5), (3.10.6), (3.10.9) we obtain

3

% (lazwo(@20ZVI2) + llaw' @2 0ZVI3s € 1 B + ellazub @) 0I5 + 1. (3:10.1)
which, with the estimate (3.10.8) for Z/J\VTD — ZN» concludes the proof of Lemma 3.10.4. O
Proof of Lemma 3.10.5. We now estimate h. The equation for ZVh writes

O,2'h= > (2"g"") (270a0sh) + > Z'HZ'0,h
TN N (3.10.12)

+ Z"((840)% + (Rb)gq + Qrr(h, 9))-

Estimate of the first term Following Remark 3.2.2, it is sufficient to estimate ZIgLLasZJh. For
I < &, similarly than (3.10.3) we have

9 1
S m“agwg(q)zanJhHIﬁ. (31013)

azws(q)?

Z g100,Z27h
(1+lql) !

L

For J < &, we have the estimate, thanks to (3.4.42),

10,270 S,
(T+1gl)>7
)
azws(Q)%ZszLa 770 s ( w3 (q) )2 Zlgis
(Tl 2 002 S T \ T ) .
‘We have
wg(q) { W fOT q < O7
(L+1g[)3=20 = L A+ gh)* =2 < (14 g)***  for q>0.

This yields
wB(Q) < ol
(U gy ~ 2

Therefore the weighted Hardy inequality and the wave coordinate condition give, similarly than for
(3.10.5),

asws(q)?

1 1 _
1+ q]) S ellaowh(q)20,2" grille S ellawwy? (q)Gul| 2 (3.10.14)

ZIgLLanJh

L2
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Estimate of the second term The second term contains crossed terms, which can be studied
exactly in the same way than for ¢. Similarly than (3.10.6), we have for I < N — 2

1
lows 02" (go)uv0ZN ~"h||L2 S —it\\agw%(‘?ZN_IhHLz. (3.10.15)
Like for ¢ the following term require a special treatment.
(3.10.16)

N+1
X((J)qaf2 b(0) oh.

We have
N—-1 N+1
0, (X990% ~bpy | _ X% " 06) gy < XD (51715 ) (105 + 03 1b]) + s
guu r 1+s =

We can estimate, thanks to the estimate (3.4.33) for Oh,

<eV1+t. (3.10.17)

g
<ll— = 9Ny
Lz~ H(H |g[)1+20—o 77

L2

1
Joeuui o (xtayaonay )
N-—-1
x(9)q0hdy —"b instead of ZNVh. We

Therefore, we may perform the energy estimate for ZNh = ZNp — oo
are reduced to estimate
1 x(q) T N N-1 H € N N—1
Qowg ——=— 0Z"'h 0y bl + 10, b < 0y bl + 19, ~7b
2 31+S ;‘ ‘ (|0 | |9 |) (1+S)(1+|q‘)1+g(|0 | ‘0 D L
= L2
3
<_°
V14t
(3.10.18)

The other terms in 0Z(gy)yydZN~Th with I > N — 2, give contributions similar to (3.10.18).

Estimate of ZV(9,p)?> We have

loaws(@)2 ZY (00)?) Iz S Y. Nawws(q) 29,2700, 27 ol 2.
I+J<N

We can assume < & and estimate thanks to (3.4.28)
€

AR [ S —
R VI+]gVI+t

Then, since
1
w3

U5 <y,
1+ q|

(3.10.19)

we obtain
1 1> 1
laaws(q)2 ZN (0g0)* |12 S > llaawo(q) 70,27 || 2.

VvV1+t I<n
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Estimate of ZV(R,;),, Thanks to (3.1.7), the main contribution in (R})4q is

92 (qx(q))b(0)

r

which is supported in 1 < g < 2. We estimate

arta(q)} 2 (W(qxw)

r

(3.10.20)

1 g2
< T a—
L ijtéNlleHL(s)N T

Estimate of ZV¥Qp1(h,g) We recall from (3.2.12) that
Qrr(h,g) = 0Lgrr.Oph + 0pgrL0Lh + Or(gv)vvOLgLL-

The terms ZV(0pgr10ph) and ZN(dpgr,0Lh) may be treated in a similar way than the quasilin-
ear term, giving contributions similar to (3.10.13) and (3.10.14). The term Z~(9r(g»)vvOL9LL)
is a crossed term, hence it is supported only in the region ¢ > 0. It is sufficient to estimate
OL(g)vv0rZN grr,. We have

el el
10 (g0) | S 22 < el

T Y VT /14 g

SO we can estimate

1
1 g a2w32 ]lq>0 N g 1 N
« w26 b UU(’)ZN LL 2 S 82 LL S — Ha wZaZ LLH ;
[[eawg Bq(g) grele Tt | Vit Q,LQ WA Rk R 24| P
and consequently, since gr,1, = (g4) . we have
3 N £ 397N~
oz 0y(an)vv0Z N grslir S e |azwiozVa| . (3.10.21)

In view of (3.10.13), (3.10.14), (3.10.15), (3.10.18), (3.10.19), (3.10.20), (3.10.21), the energy in-
equality yields

d 1 TN 1 TN
@”%U&(q)zaZNhH%z + [lagws(q)20ZNhl|7

€ 1 15 N~
< (1+t|042U)§3ZNh||L2 +5”&2’“’5((1)§C()ZNQ4HL2

2

e
+ >+7
Vv1+t

1 1 ~
(llazwg 0,27 ¢lln + lloaws 8,27 G| o2

€
v1i+i

We note that

1
) llagw3 0, ZNh| 12 + s.t.

1 1 d 1
orf 02N ) < it llened 02

1
dt (5(1+t) T e(l+t)dt

and we calculate
1
< € laows 0y Z7 h|%.

1
58 ZNh 2
|a2w3 q HL2 = 14¢ E(1+t)

)

;|
s+ 12

1 1 1~ 1
lazwy? (q)0Z™ Gal| 2 | 0aw3 9, 2V bl 12 < VElazwy? (9)0Z gull7> + lagw3 0, Z™ |7,

1
Ve o2

1
Slloaows 9,27 h)[3 .

1
AL+ 1)

€
e(1+1)

€ 1 1 z A
Sy oE 028 0a2” Pz lorweg 0,2 bl < Vw0, 27l +
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This yields

d 1 L 1 15587
& (S loaws@OZ¥HE: ) + s lasut(a) 92V

1+t
, el+1) (3.10.22)
g /=S —~ £2
57 +tEN + Vellagwy® (9)02" gal|7 2 + T5¢

The estimate for ZVk is totally similar. This, with the estimate (3.10.17) concludes the proof of
Lemma 3.10.5. O

Proof of Lemma 3.10.6. We now go to the estimate for ZV gs. We write 0,Z"gs = f,,,. The energy
estimate writes

d 1 ~ 1= ~ 1 1 ~
pn (||042w2(Q)23ZN!J4||%2) + [loew) (9)2 02N gall7 > Slloaawa(q)? fruwllp2llaowa(q)? 027 gal| 12
€

_c 292,12,
+ (1 +t) HCVQ/LUQ(Q) g4||L2
We recall that the terms in f,, consist of

e the quasilinear terms,

e the terms coming from the non commutation of the wave operator with the null decomposition:
it will be sufficient to study the term Y (%)%89Z"h,

e the semi-linear terms: it is sufficient to study the term ZV (¢XL8, g1, 0rh). We note that thanks
to our decomposition, the term Z™ (0 gr0ph) is absent,

e The crossed terms: their analysis is similar to the one for ¢.

The quasilinear terms We consider

~ 1 -
S 29002275 gm N° Zlg108,27 .

I+J<N N

J<N—1 THIsN
If I < &, we can estimate

1Z0g11] < e+ a)
YAtz
SO
% 1
QW _ e 1 N
At jg? oe0?’o) = TR 0427 a2 (3.10.23)
L2

IfJ< %7 we can estimate, thanks to Proposition 3.4.8 and since the difference between g, and g3 is
contained in gry, which is equal to (g3)Lu,

€

VI+lgvi+t

Therefore, if we apply Hardy inequality we obtain

VAN (3.10.24)

1 1
w5 I J~ € Qwy I
—— =7 gLLa A ga 5 8 A grL
(1+q]) LT VIEE (et L




140 CHAPITRE 3. STABILITY IN EXPONENTIAL TIME

1

Thanks to (3.10.4) and the fact that m wle)l < wh(q)z we obtain
+lal)2

1
2
e ZIQLL anJ§4

1 ~ 3 1 ~ 1
(1+lql) laowa(q) 202N gall L2 S 7 Ilw2(9)2 2V Gal|72 + ellazwy Dgal|7

L. 1+t

(3.10.25)

The term coming from the non commutation of the wave operator with the null decom-
position We note that @ is a tangential derivative Oh. Therefore

1 1
< ——|lagw3 OZVh|| 2

1 r\ 1
oWy (Q)T (;) VTQGGZNh Lo S 1+t

We calculate .
{ wi(q) = 2pgpgyres for ¢ <0,
wh(q) = (3+20)(1 +[q])*™2 for ¢ > 0.

Therefore wy < w4 and we obtain

() b

1 1=
4 S T llaaw @) 02 Rl

2~ 14t

This yields

1 r\ 1 ~
asws (q)T (;) TzaezNhH llovows (q)0ZN Gal| 12
L2
(3.10.26)

1 1= \/E 1
S ——— 5(q)20ZN b7, + ~— 202N g7,
S T leews(@ 22+ 15 loawa(a) 2027 Gl 1

The semi-linear terms We now estimate ZV (gLéaLgLLaéh). We first estimate
lwa(q) 202" grLdZ"2 | 12
for Iy + Iy < N and ; < N — 1. If I; < & we estimate

e(1+la) _ (1+]gl)?

~ 1
102" gr1| < lehHQLLl <

+s (14537~ (1+8)2
Therefore
15 € 1 € 1
lazwa(q)2 02" grr0Z"2 |12 S m”azwz@z(1+|Q\)’)5212h||L2 S m\\azws@zazbhﬂm-
If I < & we estimate, thanks to (3.4.42)
07"h] < ",
(L+1g)==°
therefore
1
_ s
lazws(q) 302" grpdZ 0|12 S & | — 22 072" gy,
(I+ql)z7" L2
1
€ Qwy Ii+1
S Z7 gL
Lt |[(1+g))2 L2
1
e | awd o
< 1
~ T gLL
LHt|[(11 g2 L
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where in the third inequality we have used the weighted Hardy inequality. Consequently

1z 15 1 ~
|ows(q)2 02" gLLdZ k|12 < 1Tt||a2wg(q)é<9zh+1g4||m. (3.10.27)

It is not possible to do the same reasoning for I; = N. To treat the term g“L9; Z" g1, 0ph, which
appears only in Py, we will write

O,(hZNgrr) = D*Do(hZN gr1) = MO, ZN grr + ZN (90.0)0gh + ¢*P 0,105 ZN g1

We estimate
lwa(q)20(hZN grr)llLe S ellwa(@)2 02N gril|L2, (3.10.28)

x(9)q0319, ~'b
guu
ZNG4, where the last term is here to deal with the troublesome crossed term which is the equivalent

of (3.10.7). We have now to estimate h(yZNgr, + ZN (911)0gh + 0ZN g1, ,0h. We estimate first

therefore, we can perform the energy estimate for ZNg, = ZNgy — hZNgrr, — instead of
1 a £ 1
losws(@)207Y g110h] 12 < 1 lw2(@)* 02  grr| 1o (3.10.20)

We have Ogh = —2(9,¢)? + 9,h0qgL1 + ... therefore

2

13
Ogh| < —no——
Bohl = T na )
and
1 e Oég’wg(q)% N 3 1 N~
27N g 1 Oohl| e < nthah Vi <= 207 2. 3.10.30
w2 (q) grrghllrz < T+ | T+ 1a) grr|| S 1+t|\w2(q) gallz ( )

To estimate the last term, we have to note that since ¢“£9;,ZN gy, Oph appears only in Prp, it is
absent from DgZN grr- However, we have terms appearing from the non commutation of the wave
operator with the null decomposition. They are of the form %haZ Ngrr. We estimate

11 = € 1 ~
aswr(@)* hZNgur|| < llenws (@202 G oo (3.10.31)

21

The other terms in [y 7 N g1 have already been estimated.

Remark 3.10.8. This reasoning would not have been possible to treat terms of the form OygrrOgh.
It is why we have introduced the function k, which is allowed to decay less.

Thanks to (3.10.23), (3.10.25), (3.10.26), (3.10.27), (3.10.29), (3.10.30), (3.10.31) the energy esti-
mate yields

d 1, o 12T
= (lazwa(@)2027G1 |22 ) + oz (@) 027G 3

<\/g

~1+t

1 ~ 1 1

<|O‘2w2(q)25‘ZNg4lliz HEEn LR 8h|%2> (3.10.32)
! 15 1= N~

tve <M'a2wé<Q>282NhH%z + ||a2wg<q>zazNg4|2Lz> st

This, together with the estimates (3.10.28) concludes the proof of Lemma 3.10.6. O
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3.10.2 Estimates for I < N — 2
Proposition 3.10.9. Let I < N — 2. We have the estimates
lawo(q) 202" ¢|| 2 < Coe + Ce?,
low(q) 2027 hl| 2 < Ce?(1+1),
lawa(q)2027Gs]| 2 < Coe + Cef.

Moreover .
| s @0zl <
We prove the proposition by using the energy estimate for ¢, h and gs.
Proposition 3.10.10. Let I < N — 2. We have
1

d 1 L c o
=D 2027l 0()20Z7¢||7. S €° > H (q)2027
di J<1H04w0(Q) <P||L2+Jz<:1‘|awo(Q) olli: Se (1+t)1+0'—C\/5+(1+t)U 2 w((q)

Proposition 3.10.11. Let I < N — 2. We have the estimate
d 1 =
7 2 lows(@)2027h|[72 + > aws ()27 hl[Z: S &
J<I J<I
Proposition 3.10.12. Let I < N — 2. We have

5
£2

SV ARRY"
S g e 002

&3 lawn(@)}0275s 3 + 3 lawh(a) 027Gl <

J<I J<I
We admit for the moment Propositions 3.10.10, 3.10.11 and 3.10.12 and prove Proposition 3.10.9.

Proof of Proposition 3.10.9. We estimate . Since o > C'/e for ¢ > 0 small enough, by integrating
the inequality of Proposition 3.10.10 with respect to ¢t we obtain

S lawo(a) 0272 + / S lawh(a) 0272

J<I 0 g<r
Logl 2 3 J
< 3 Joun(a) 02" GO + C* 4.0 A T o Jitatoz

Thanks to Proposition 3.10.2, we have

/(1+7)02H“’0 toz’

J<I

and therefore
ZHawo 8ZJ¢\|L2 < Cae® 4 Ce.

J<I

We now estimate h. We integrate the inequality of Proposition 3.10.11 with respect to . We obtain,
since we take zero initial data for h, and therefore, initial data for Z1h of size €2

S laws(q) 077 A2 + / S Jawh(@dZ Rl S 21+ 1).

J<I J<I
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We now integrate the inequality of Proposition 3.10.12 to estimate g3. We obtain

t
Y llaws(q)2027 G372 + / > llawy(q)2 027 G| 7
0

J<I J<1
t
1 ~ 5 € 15 ~
< Z lawa(q)2 027 §5(0)|[3- + Ce* +/0 m”awé(ﬁéazlﬂgﬂﬁr
J<I

Proposition 3.10.2 yields

t
1 1z ~
/0 e @202 Gl < <7,

Therefore
Lo~ (12 ! I NE I~ 12 2.2 2
> llows(q)2 02" Gs||7 +/ > llawh(q)202"Gs||7. < Cie® + Ce>.
I<N—1 0 7<N-1
This concludes the proof of Proposition 3.10.9. O

Proof of Proposition 3.10.10. We follow the proof of Lemma 3.10.4. Let I < N — 1. We use the
weighted energy estimate for the equation (3.10.2). It yields

d 1 1= 1
9 (ow(a)?0210[3) + o' (@92 ol 5|0y 2" . ()02 o]

c PN (3.10.33)
+ WHUNGZ (pHLz.
We first estimate
1
Z VA TN A VACIDS REND) Z |21 g1.1,0,2" ).
L +1,<I q I +1:<I
I,<I—1
Ifn < %, we can estimate
e(l+
1Z"grr| S (7@
(1+t)z=r
SO
1
awg € 1
arlan? oeeeZe Sm||awo(q)zaqzlz<p|\p. (3.10.34)
L2
If I < %, we can estimate
1 £ 1- g
10,22 ¢| < , forq <0, 10,272 < , forq>0.

(1 +la)E VI (1) Fo VI

We apply the weighted Hardy inequality, but in order to be in its range, we cannot keep all the decay
in ¢ in the region ¢ > 0.

v(q)% I

1
awo(q)? g I € € 1 I
=290, 2 || S grr|| = [v(9)204Z  grr| 12
(1+1q]) ! Lo VIt | (L4 ]dl) VIt !

where

v :% or <07
{ (@ e Jora (3.10.35)

v(q) = % = (L+1g)*™ for q>0.
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We use (3.10.4), which gives 9,2 g, ~ 0211 g4 so

1
VARRRY AR 3.10.36
(1+t)zt7(1+ \qI)%*"| o ( )

1 -
042" gr1| < mwhﬂgd <

Therefore, we obtain

£

awo(g)* -
~(14t)tte

U(‘Z)% gL+l
(1+lql)

1

(1+1ql)277 L2
1 1 ~
Il (1 + 1g)) 2770, 2" a2

legLLanIQQO

L2
<_ &
~ (1 4t)tte

where we have used again the weighted Hardy inequality. We calculate

o(9)(1+1gD)'*27 = == for ¢ <0,
v(g)(1+ |g))' 27 = (1 + |g])***+>7 for ¢ > 0.

Therefore if 1 — 4p — 20 > p and 6 + 20 < 2§ we have v(q)(1 + |¢|)' 727 < w, so we obtain, together
with Proposition 3.10.2,

e2(1+1)°ve
(1 +t)+e

aw % 1 .
1 i(]]q)n Z"gL10,2" ¢ |wa(9)2 82" Gull L2 S (3.10.37)

< ;|
S At

L2

We now estimate the crossed terms, for which the weight modulator o has been introduced. They are
of the form (3.2.13). It is sufficient to estimate, for I/ < N —1

el 1=
%wa(q)wo(q) 2077

L2
We obtain

< 3

2 (L+t)ate

el 1=, ,N—
%Oa(Q)wo(Q)zaZN o

1
and consequently, since in the region ¢ > 0 we have w"l(i)‘; < wj(g) 3

elg>o0 la,N-1 5ol |2 € 5ol |2 € 1 NLF N=1 |2
— 207 307 S — 307 — 207
Ela(auo(@) 07" | low0Z' el £ e llowd 07" plit s lwi(a) 02V el
(3.10.38)
The last term which appears in (3.10.33) can be estimated thanks to Proposition 3.10.2
ezl (3.10.39)
(14 ¢)t+e 1072 P2 ~ (e —cve S

The estimates (3.10.33), (3.10.34), (3.10.37), (3.10.38) and (3.10.39), together with the bootstrap
assumption (3.4.25) which imply

1
lowo(q)20Z ¢l 12 Se,

conclude the proof of Proposition 3.10.10. O

We now estimate h
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Proof of 3.10.11. The equation for Z!h is given by (3.10.12). We estimate first

awé Z (lego‘ﬁ) (Zh@aagh)
I +1><I
IZSI*1 L2

As before, we can estimate, for I; < %, thanks to the bootstrap assumption (3.4.25),

1
2 2

aw; I I € I €
— 7" 0y Z"%h < ——Jaw 8 Z?h —_ 3.10.40
(T+lg)” 2% L (L4t)sr gl e % (L+)tr ( )
For I, < %, we have the estimate
€ €
9,220 < ————— forqg<0, |0,Z2"h < — " forq<O0,
‘ q |N (1+|q|)%_p forq ‘ q | < (1+|q\)2+57‘7 forq
SO
: v
aws I I I
— 7 1gLL6 Z2h —Z 1gLL
(1 + la]) N R () p

where v is defined by (3.10.35) and with Hardy inequality and the same reasoning than for ¢

1
2
aws

1 1
T SelvEo 2 grillre S e |lwa(q) 20211 Gy]| 12,

L2 (1+t)zte

and thanks to Proposition 3.10.2 we obtain

71 g100,72"h

1
2
Qwsg

e2(141)°ve
(1+[al)

(14t)zte

<

~

LQ

ZMg110,2"h (3.10.41)

We estimate the second term

1 € 1
S Y llawi0,2" 00,2 ¢l| 2 S > lowg 9,2 ¢l 2
L+1,<I V1+t J<I

so thanks to (3.4.25) we obtain

1
Haw?f ZI((?qcp)Z‘

L2

&2

< .
L2~ 141t
The semi-linear term J1,¢7,1,0ph, appearing in @11, can be estimated in the same way at the first. The
crossed term Jr (9»)vOrgrr appearing in Qrr and the term (Rp)4q can be estimated in the same way
than in the case I < N. The crossed terms of H}0,h can be estimated in the following way

1
Haw§ ZI(quo)z‘

(3.10.42)

2

ﬁ Vitt

Thanks to (3.10.40), (3.10.41), (3.10.42) and (3.10.43), and the bootstrap assumption (3.4.25), the
energy inequality yields (we use here the first inequality of Proposition 3.9.1)

1 1
>0 w2 92 h law2dZ h| <

5 (3.10.43)

*||aw§aZIhHL2 + |lawy(q)202" b))} < |aw§6 Z'h||2 + — Haw;a Z'h|72 S €°,

which concludes the proof of Proposition 3.10.11. O
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We now estimate g3
Proof of Proposition 3.10.12. We write DgZI§3 = fuv. The energy estimate yields

d 1 - 15 7~ ~
& (llowa(@)2 0275132 + o (0)2 02" Goll3e Sllaws(a) fuv 22 laws ()02 Gl 12

9 1
—_— 2071Gs|)%..
+ (1+t)o'”w2(Q) gSHL2

We recall that the terms in f,, are

the quasilinear terms,

the terms coming from the non commutation of the wave operator with the null decomposition:
it will be sufficient to study the term x(%)-50pZNh,

the semi-linear terms: it is sufficient to study the term ZZ0ygr, LOLh,

the crossed term: their analysis is the same than for ¢.

We first estimate the quasilinear term.

. 1 .
Z ZthLagZIzg4 SW Z ‘ZflgLLanngﬂ
bl W 1 in<r
<o

Ifrn < %, we can estimate

(1 +ql)
zh < ST
|[Z%gre| S T
SO
% 1
aw _ c 1 N
Al 00?0 5 il WATATE (3.10.44)
2

If I, < &, we can estimate, thanks (3.10.24) and (3.4.42)

3 1
€ € 2 €
0,25 < ( ) < :
107511 VI+ty/1+]q] (1+q)3—" (L+8)35(1+ g%

Therefore,
3 3 3
aws I I~ € aws I € aws I
T 20902 s S T4 9|l S 1|7z 9Z4 ||
(1+1al) IRaRTE ICEPEE Lt || laD)E L2

where we have used the weighted Hardy inequality, noting that in the region ¢ > 0

a2w2

o 20—20—
Axlahrr (1+1ql) 7

so the condition § > o + p + % ensure that we can apply the weighted Hardy inequality. We use the
wave coordinate condition, (3.10.4) which gives 9,21 g11, ~ 0Z" g3. We obtain

1 - 1
EAATIARS 17|le+194|

Z11+1~
+s 0P+ i

al-
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It yields, by using Hardy inequality again
O[’U)Z% ZIlg a leg < € OéwQ% 11+1§
TN LL 4 N 5 4
(1+al) ! Lo LD (14 g5 L
1
€ oaw; Il
ST grgiee s ol
Consequently, since i — g — o0 > 0 we have
awy ; L~ € I+1 e2(14)9Ve
=7 g0, 2" <— 282 2 S 3.10.45
e e P A N (eI (3:109)

where we have used Proposition 3.10.2. We now estimate the term coming from the

non commutation

1
with the wave operator ||aws (¢)Y (%) 599 Z"h||r2. On the support of T (%), we have r ~ t and hence

1 < 1
P AT i
Therefore
1
1 1 1 2
aws (q)Y (f) —2&92[h < . aw2;_ VARRY)
t/r (L+8)2F || (1+g[)z—7 12
1

awg (14 |g) 702"+

S
(L+)3+e
where we have applied the weighted Hardy inequality. We calculate

2 1420 (L+1g))*7=2* for ¢ <0,
a“wa (14 |q]) { (1+‘q|)3+26 for g > 0.

If o < p we have a?ws(1 + |g])1T27 < w3 and

1 1
S 5 |lws(q)20Z T h| 2 S

e t
L (1+t)%+0 (1+t)+o

whan (1) 007"

where we have used Proposition 3.10.2 which yields, for I < N — 2
1 3 1
lwa(@) 202" Rz S €3 (1+1)2TOVE,

We now estimate Z7 (0 gr0rh). We have

(141)°ve
1+

2 )

(3.10.46)

)

lows(q)? 2" (Ougrrdch)le S D llows(q)2 02" gLL0 2"l .

I, +1,<I

Ifn < % we estimate

_ 1 e(1+ 1+ |q])PTe
07 gra] S —|zh gy, g ST o (Ll

1+s (143"~ (14t)zte
Therefore

1z € 1
laws ()2 02" 9,..02"h 12 5 mllaw;(l + )"+ 02" hl12 <

(@)20Z%h]) 12,
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and consequently
2

laws(q)2 821 g1 02" h|2 << t% (3.10.47)
If I, < & thanks to (3.4.42) we estimate
02"2h] < %7
(1+1q)2=r
therefore
1
— 5 —
laws(@)202" 102" h| 12 S & | —"E—02" gus
(L+1lghz" L2
1
€ aws
< 2 I1+1
~ — grr
(L+t)zto || (1 +[g])2—P=e Lo
1
€ aws
< 2 aZ11+1
Y4zt ||+ gt gL Lo
€ 15 ~
S - lawy(q)2 021 gyl 2

T (1+t)zte

where in the last inequality we have used the wave coordinate condition. Therefore

3
15,0 I N € Lo hi+1~ 12 €
llows(q)? 027 gLL0Z™ h| 12|l 0wz (q)? 02" gs|| < mllaw’z(q) 0Z7 " gallz» DR
(3.10.48)
The estimates (3.10.44),(3.10.45), (3.10.46), (3.10.47) and (3.10.48) conclude the proof of Proposition
3.10.12. O
3.10.3 Estimates for / < N — 8
Proposition 3.10.13. We have for [ < N — 8
w1 (q)20Z Gs| 12 < Coc(1 + t)°F, (3.10.49)
law (q)20Z'Gal| 2 < Coe + Ce?, (3.10.50)
and for I < N —9
w(q)202 G| 12 < Coe(1 + )¢, (3.10.51)
law(q)2 02 Gs| 12 < Coe + Ce?. (3.10.52)

This is a consequence of the following two propositions.
Proposition 3.10.14. We have for I < N — 8
&3

€ 1 ~
+ 1 2 @027l -,
1+
L+t "1+t i~

d 1 - 1= 7~
=3 @202 Rl + 3wt (@)} 0275l 3 S
J<I J<I
(3.10.53)

and

d 1 - 1= 7 g3 1= -~
o Z |\aw1(q)282‘]92||%2+2 ||04w/1(fI)25'Z‘]92H2L2 S W"‘ff”awé(@zazlﬂgs\\%% (3.10.54)
J<I J<I
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Proposition 3.10.15. We have for I < N —9

d ) 23
— 5 ZJN 2
dt ;j ||w0(q HLz + J;I ”wo 92HL2 ~ 1 +t)1+‘7 1 —|—t ;j [lwo(q) 9272,
(3.10.55)
and
g 7 e I+1

Z lawo(q) 2027 |72+ low(q)2027 g2 < 71”+6||aw1(q) DZ g2, (3.10.56)
i J<I (L+1)

We assume Proposition 3.10.14 and 3.10.15 and prove Proposition 3.10.13.

Proof of Proposition 3.10.13. The inequalities (3.10.49) and (3.10.51) are straightforward consequences
of (3.10.53) and (3.10.55). To prove (3.10.50), we integrate (3.10.54). We obtain

S llow: (9) 20275 2 + / S llaw) ()4 0275 |30

J<I J<I

t
1 ~ 1= ~
<Y flawi(q)0275,(0) 3 + C<® + Cf/ llowy(q)2 927+ G| 2 dr.
J<I 0

Thanks to Proposition 3.10.9, we have

[ laws@207+ g < 2
and consequently
> " llaws(q) ZJ§2HL2+/ > low) (q)2027 g3 2dr < CFe® + Ce®, (3.10.57)
J<I 0 g<r

which proves (3.10.50). To prove (3.10.52), we integrate (3.10.56)

3 llawola)202°Galf + [ 3 llawpla)}02° Gl

J<I J<I

t
gZ||aw0(q)%azJ§2(o)||2L2+053+Oe/ lloaw! (q)2 D2+ g, |2 dr.
0

J<I

Thanks to (3.10.57), we have for I < N —9

/Hawl(q 02" gy 1pdr < €%,

and consequently
> llow(9)2027g32 < Cie® + C<*,
J<I

which concludes the proof of Proposition 3.10.13. O

Proof of Proposition 3.10.14. It is sufficient to estimate the terms in the region ¢ < 0, since in the
region g > 0, we have wy = w; = ws so the estimates are strictly the same than in the previous section.
Once again, the weight modulator « is used to tackle the crossed terms, which create a logarithmic
loss in the estimates. However, in the region ¢ < 0, since @ = 1, we write everything with the weight
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wy, and do everything as if no terms were present in the region ¢ > 0, since the influence of these
terms have already been tackled.
We first estimate the term coming from the non commutation of the wave operator with the null

decomposition,
r\ 1 I ~
T (E) 002" (ho + ).

Since I +1 < N — 7, we can use the Propositions 3.7.2 for Z'*1hy and Proposition 3.7.5 for Z1+1,

We obtain ,

ZH 1 (kg +h < 67.
| IS
Therefore
() Loz ()l s E s
n T2 0 0 1 ~ (1+t)]+a t (1+ ‘q|)%_p7ﬂ170. L ~ (1+t)1+o-7 . .
where we have used the calculation
2
T 1 7\ 2 1
(e R 10). ’
H e M A P
dq
S 27 W < +Oov
ifp+o< %
We now estimate Z!(9ygr0Lh). We have
1gcowi(q)? 2" (Ougrrdh)lze < > gcowi(q)?02" gLL0Z"h| 12
I +1,<I
Ifn < % we estimate
. 1 e(1+ 1+ [q])P*
|aZthL| S/ |ZII+19LL| 5 ( ‘g'i) S, ( |q|)§ )
1+s (1+5)2 P (1+t)2+‘7
Therefore
15 £ (L+ gD+ o s
[ycowr(q)20Z1 g1 1,022k 12 S ———— 0o———————0Z"2h
st ST T .
€ 1
S o om0z
ifp4+o< i, and consequently
2
1= 3 3
||]lq<0w]_(q)2(9ZIlgLLaZIZh||L2 g W (31059)
If I, < & we estimate, thanks to (3.4.42)
02"h] < ——
(1+lg))z=°
therefore
1q<0

Hﬂq<0w1(q)%5ZIIQLLaZIQhHLz 56 5ZIIgLL

(1+|g)z+z—r L2
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We estimate

= 1 1
07N grr| < Zh | < Zh ).
P S TSl e S e e
We obtain
15 € Ty<o I1+1
T,<0wi(gq 28Z119LL8ZI2]’L 2 5 1 VA gLL
H q< ( ) HL (1+t)%+a' (1+ |q‘)2+%—p—0 12
€ 1
< q<0 8Z11+1
RECEERCE (TR e
€

s—
L+

1z ~
1q<0wl2(Q) 2 82]1“93 HL2

where in the last inequality we have used the wave coordinate condition, and the fact that, since for

q<0

wh() =
2= A gz

we have
1

— <w
(1+]ghtta=rme
fo+p+up< i. Therefore

3
Y I N 3 Lo L+l 12 3
[1g<owi(q)202" grr0Z"h|r2|wi(q)? 02" ga|| S WHLKOU’IQ(Q) 0Z7 " gsllz2 + (D
(3.10.60)
In view of (3.10.58), (3.10.59) and (3.10.60), we conclude the proof of Proposition 3.10.14. O
Proof of Proposition 3.10.15. We have already proved
w(g)z Y (f) 1 Zl(ho+h)|| < e (3.10.61)
q i) 29 0 sz(l—l—t)l*"' .10.

We now estimate Z7(0ygr0rh). We have

lw(q)? 2" Ougrrosh)ll: <Y Ilw(q)202" gL dZ"h| 2.
I +1,<I

Ifrn < % we use the estimate

= 1 1 1 pto
|aZthL| 5 |ZII+1QLL‘ 5 E( + |5q|) /S E( + |Q|1 .
1+s (1+s)27° (141t)2te

Instead of estimating ||w(q)2dZ7 gr,8Z2h|| 2 we estimate
lw(q)202 gL 02" (ho + h)|| 12 and |w(q)29Z" g1L0Z G 2.
We can also estimate since Is +1 < N — 7, thanks to (3.4.19) and (3.4.21)

~ g
07" (ho + 1) $ 5
(1+1ql)z="
Therefore
e r (14 |g)P*
Locowo(q)202" g1 0Z%2h|| 2 < e?||1gcoY (= :
[1q<owo(q) grL 2 S q<0 (t) (1+s)%+0(1+|q|)%*ﬂ L

62

< & 1
~(14t)tte

1
OV (1 [gl)E 2

L2
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and consequently
2

1z €
||w0(Q)%aZthL3212hHL2 S W (3.10.62)
We estimate also
2
15 - 1 - €
lwo(q) 2021 gLLdZGa |12 < muwo(q)zazhggum < e (3.10.63)
If I, < % we estimate, thanks to (3.4.42)
027h] < —
(1+1gl)=""
therefore
_ 1 B
11 y<owo(@)2 02" grLdZ"h| 2 S e |0 82091,
(1+1gh)=7 12
€ 1
< q<0 I +1
S~ +t)Ete |1+ Jg)2ee gL,
€ 1
< 9<0 o7+l
S @b [t lghee I L

<

3 1z ~
S WHW(Q)Z@ZHHWHB

where in the last inequality we have used the wave coordinate condition, and the fact that, since for
q<0

1
wi(q) = ———,
Y 214 ]g)
we have
1 L
S wl(q)2:

(I+lght=r— ™
if o +p <1 and ¢ <0. Therefore

1 Tg<owo(q)2 82" g1LOZ™2h| 12 |wo(q)2 02 Gol| S el Lg<ow) () 20211522+ 3.10.64)

D

The estimates (3.10.61), (3.10.62), (3.10.63) and (3.10.64) conclude the proof of Proposition 3.10.15.
O

3.11 Improvement of the estimates for I

In order to conclude the proof of Theorem 3.1.12, it still remains to ameliorate the bootstrap assump-
tions (3.4.4) and (3.4.5). To this end, we will set

b (9) =11 /Z (8,0)%rdq. (3.11.1)

Proposition 3.11.1. We assume that the time T satisfies

Tgexp<fg>.
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There exists (¢, g?) solution of (3.1. 1) in [0,T] in the generalized wave coordinates Hyw), such
that, if we write ¢ = g2 + g, then (02, 5?)) satisfies the same estimate as (p,7), and we have the

estimates for b
o} (Hb@)(ﬁ) + H/ (8q¢(2))2rdq>
Y70

105b(0) |2 < 2C2¢%, for I < N.

el
<C—, forI < N —4,

VT

L2

The rest of this section is devoted to the proof of Proposition 3.11.1.
We solve the constraint equations with parameter b(2). The initial data we obtain, constructed in
Theorem 3.1.3 are of the form

9= gy +9?

where we write

b =53 £ bP + 5 cos(0) + b5 sin(6),
with b((]g), b§2), ng) given by Theorem 3.1.3. We have the following estimates for the initial data at t = 0

2

\/7

15— 5PN gz +110:7 = 03Pl g+ S 16 =5 a2 <

thanks to (3.4.4), and
19 = 3Pl ver + 1009 — 03P |y, S €°

We solve, on an interval [0, Ts], the system (3.2.4) in generalized coordinates given by g,2). We note
(¢®),3)) the solution.

We want to estimate the difference between (¢(?), 5?)) and (p, 7). However, it will not be possible
to estimate the difference with the same norms than when we estimated ¢ and g. When we estimated
ho we were able to use the condition

62

~ \/T’

to obtain decay in \/11T|q\ for hg. However we want to keep the factor % in the estimates of the

b+ 11 / (9y0)°
X710

(2) ; 1
hy m\/rlq‘

We will prove Proposition 3.11.1 with a bootstrap argument.

difference. To this end, we will loose the decay of hg — and consequently in g — g,

3.11.1 Bootstrap assumptions for ©® — ¢ and §® — g
L>® estimates First some L™ estimates on ¢ — ¢(?).

20()62

Ty — o3 _
127 (¢ =) < NGV for I <N —20, (3.11.2)
I (2) 20052
1Z (e =97 < N TESIE=T for I <N —18. (3.11.3)
We use the decompositions
9(2) =gy + T (g) (h((f) +%(2))dq +g(2) (3.11.4)

where th) satisfies the transport equation

2
9,h$? = =21 (9,@)" — 26 (8)92 (x(q)a),
h(2)| =0
0 It=0 )
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and h(® satisfies the linear wave equation

~ 2 ~ ~
{ DA = Oh$ + 920020 +2 (939)" = 2(Ry))gq + Qrr(h$ . 5),

(77/(2)a at,}vl(Q))ltIO = (07 0)7

We assume the following estimates on hg — héz) for ] < N —12
I (2) e?

Z (hog —h < 2C .

| ( 0 0 )‘ = 0 ﬁT

We introduce the two weight modulators

{ ﬁl(Q):]w q1>0’
51(Q):W’ q<0,

and
ﬂQ(q) = 17 q1> 07
Ba(q) = ez 4< 0

with 0 < k < 1. We assume for I < N — 15

|Brwioz' @ -3 , < 2\0/(;2 (1+18)°
Haﬁfw%azj(% - 5&2))‘ L < 26\/’0;2
and
[pavtor= (a-5), < 25" e
“0452101%321\,714 (§2 - ﬁf))‘ Lo < 2?/(;2.

We use the decomposition
r ~
92 =gy + T (Z> hPdg® + 57,

where h(? is the solution of

Oy h® = =2(039)? + 2(Ry2)gq + QL (h®,5®),
(h(2)7 ath(Z))|t:() - (0, 0)

We assume for I < N — 6

1 1 ~ ~
Haﬂgwg o7 ((p B (p@)) HL2+HQ52%2 a7 (93 B g:(;z))’

1
o= |
2 Tt

and for I < N —5

1
vV1+t

1 1 ~ ~
Haﬂﬂ’g 0z' (80 - 90(2)) HL2+H052UJ22 oz' (93 - 9:(32))’

+
L2

We use the decomposition

@ g T @) 0 ™ @) —(2)
g gb<>+T<ﬁ>h dg +T(t)k rdgdd + 352,

w027 (h _ h<2>) ]

Haﬂ2w§ 07! (h - h<2>) H

(3.11.5)

(3.11.6)

(3.11.7)

(3.11.8)

(3.11.9)

(3.11.10)

L2 VT '

2 = /T
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where k3 is the solution of .
O,k = 0pg; 10,02,
(h(2), 8th(2))‘t:0 — (O7 0)
We assume for I < N — 4

1 i ~ ~
fospebon (o o) ¢ ooz (- 57)

L2

< 20082

azBowi 82! (n—n) ‘ LS

Haﬁgwéazf (k _ k:(Q))’

(1+1t)°.
(3.11.13)

1 1
+—— | +
Viti 2 1+t
To improve the estimates, we follow the same steps than when we ameliorated the bootstrap
assumptions of Section 3.4. The difference of our new bootstrap assumptions compared with the

V/1+|q|
T

estimates of Section 3.4 is at worse a factor - in the region ¢ < 0. In the region ¢ > 0 the decay
is the same and we have won a factor % Therefore we can restrict our study to the region ¢ < 0:

we will perform our estimates as if no term was present in the region ¢ > 0. We will follow the same
steps as before, but with much less details since the mechanisms are the same.

Remark 3.11.2. As long as the bootstrap estimates for (2 — ¢ and g — G are satisfied, ¢® and
32 satisfy the same estimates as ¢ and g.

L™ estimates using the weighted Klainerman-Sobolev inequality The following estimates are
a direct consequence of the bootstrap assumptions and the weighted Klainerman-Sobolev inequality.
For I < N — 8 we have

2

‘azl (<p(2> - w)( < \/T\/m(fl et (3.11.14)
‘azl <§§2) - 53)' < 52(1&%”&, (3.11.15)
‘azl (n® - h)) < W (3.11.16)

and for I < N — 17

2 K
07! (72 _ 7| < —_c 0 +1d) . 3.11.17

3.11.2 Improvement of the estimate of iy — h(()z) and h® — 710
Estimate of hy — héQ) The quantity hg — h((f) satisfies the transport equation
{ 0y (1§ = ho) = =21 ((99®)" = (2,9)°) =2 (4 (6) — b(9)) 2 (x()a),
(h§” = ho)li=o = 0.

We write this equation under the form

0y (1§ = ho) = =2r (9,9® + 0, (9,2 = y0) = 2 (b2)(0) — b(0) ) D2(x(a)a).
For k+1 < N —7, k > 1, the equivalent of estimate (3.7.12), that we obtain using (3.11.2) and
(3.11.14) to estimate 9(¢ — ¢(2)) and (3.4.15) and (3.4.28) to estimate d(¢ + ¢(2)) corresponds to

T e/1+]q|
(3.7.12) multiplied by N

g3

V(L + |g)Ft2t0

‘agag (ho - hg2>)\ <



156 CHAPITRE 3. STABILITY IN EXPONENTIAL TIME

We obtain the estimate for & = 0 by integrating the previous one with respect to g. We obtain, for
I<N-8

3
1>
Obhol < —.
|90|N\/T

For k+1+j<N—-8,k>1and j> 1 the equivalent of (3.7.17) is

3

9195 (ho — b ]< -~ .
12105 (= 4) |5 T

Consequently we have proved that for I < N — 8 we have

3
I _ @)\ <« &
(Z (ho h§ )‘N\/T (3.11.18)

Estimation of h(?) — 710 The quantity h2 - Eo satisfies the linear equation
7@ _7\ o (p@ @)\? >
O (@ = 7) =0 (b~ ho) +2 ((0:62) = 049)?) — 2Ry g + 2(Fo)ag
+ 91200 = 92195 ho + Quo(h§”,5®) - Qu(ho, 7).

(h® — .0 (K = 1)) li=0 = (0,0).
Proceeding as for the estimate of (3.7.26), and in view of the bootstrap assumptions for ¢ — ¢(2) and
G — g® we obtain the analogue of (3.7.26) for O (ZIE(Q) — ZIE)7 where the corresponding right-hand
side gets multiplied by 67‘};‘(1'. We obtain, for I < N — 10 and ¢ <0

3

O(z'h® - z'h ‘5 c .
’ ( ) VT(1+5)3(1+|q))*

Therefore if we perform the weighted energy estimate we obtain
23

3
< H i 1 el +1)
L2 VT (1 +5)2(1+|q])2

2 VT +t)]

‘w%a (ZIE@) . ZIE) ’

il
dt
and therefore for I < N — 10 we have
&3

VT

The weighted Klainerman-Sobolev inequality yields, for I < N — 12

Hwéa(Z’E@) —Z’E)HLZ < 4ty (3.11.19)

~ ~ 3 P
‘a (th<2> - th)‘ L ) (3.11.20)

N VTV +s/14 g

3.11.3 Improvement of the L>® estimate for ¢ — ¢®
We write the equation satisfied by ¢(?) —

af
mp (sﬁ - 90(2)) = ((9(2)> - gaﬁ) 0a0pp®) + (Hye — Hy)” 0,0
We limit ourselves to the region g < 0. We estimate for I + J < N — 20

z' (g(LZL) - gLL) zZ79%p.
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With the wave coordinate condition and the estimate (3.11.17), we obtain, for I < N — 17
2(1+|g)) 3"
2" (g - g1e)| e+ g 3.11.21
‘ 9rrp —9LL )| X (1t S)g ( )
Moreover we have, for J < N — 20 thanks to (3.4.15)

2

5
ol S :
VTVIFs(1+|q))2—%

1270%¢| < |27+

(1+[a)?
Consequently
3 3
ZJ((Z)_ )ZJ82 ’5 : S y '
2 (a2 s IS VT s a2 S VIt 9250 (1 g+

We now estimate for I +J < N — 20

2191127 (90 _ 99(2)) .

We have, thanks to (3.5.8) and (3.11.3)

|ZIgLL‘SE(L|3q|),
(1+s)27°
2
0o~ ) 7 - £ T
(1+1q)? VT(1+ 5)2720725(1 4 |q|)?

Consequently

3

71 ZJ82( B (2))‘ < €

’ grLrL Y- ~ (1 + S)2—5p72n(1 + |q|)1+p

and the L™ — L estimate yields for I < N — 20, since the initial data for ¢ — ¢(®) are zero.

3
’ZI (so - 50(2))‘ < Jris S);(Cl'i e (3.11.22)

We now estimate for I +.J < N —18, thanks to (3.11.21) an (3.4.15) for the first inequality, and (3.5.8)
and (3.11.14) for the second inequality

2(1+|g) 34" £ &3
ZI((2)7 )ZJ82’§ 6( < 1>§ bl
‘ e : VI(1+5)2 ) \(1L+ 1)~ (1 +5)2 )~ VT(1+5)27%(1 + |¢|)+»
)ngLLZJaQ ((p_@@))’ < ( (1 +1a]) > ( e?(1+ g™ > - e ‘
M+ ) VT + |a)ivViTs) ~ VI +8)2 01+ g2
Consequently, for I < N — 18 and ¢ < 0 we have

3

027 (o — @ ‘< c
oz’ (¢ - )’“mws)%-ﬂ-%(mq\)

and Lemma 3.7.6 yields, for I < N — 18, since the initial data for ¢ — ¢ are zero.

Ce?
I —_ @) <
’Z <‘p v )‘ S VT(1 4 5)i- 220

(3.11.23)
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3.11.4 L? estimates
L? estimate for 97! (552) — ﬁg) with I < N —15 We have

9 (@ = (@),,) = fuv

where the terms in f,,, are

e the terms coming from the non commutation of the null decomposition with the wave operator:
it is sufficient to study the term T (5) 59 (A — ho + ) ~ ),
o the semi-linear terms: it is sufficient to study dz(h)du (gLL — g(LL)> and Oy grroL (h(2) — h),

e the quasilinear terms: it is sufficient to study the terms g7 (9 — ) and (g(L ) _ gLL) 077,

e the crossed terms: they do not occur in the region ¢ < 0.

We estimate the first term. Thanks to (3.11.20) and (3.11.18) we have, for I < N — 15
~ ~ e3(1+|q])”
Therefore, we can estimate in the region ¢ < 0,

and consequently

r el

L2 : HT (5) VT(1+s)2(1+ g7l

Brwd T G) %ang (th> —ho+h® — %)

1 r 1 2) ~(2 ~ 83
wQ’I‘(f) —0p2" (h( —h +h<)—h) L — 3.11.24
‘Bl 0 t ,,,.2 0 0 0 12 \/T(1+t)1+n—p ( )
We now estimate the semi-linear terms. For I < N — 13, we have, thanks to (3.4.43)
OL(Z' W] §
a (1+g))2—%
Therefore we can estimate, for I +.J < N — 15 in the region ¢ < 0
3 € (2)
Brwd 2" o2 90 (90 - 92|, 5 H 27 (gee o)
Jproszton o 1+ \q|>§*2ﬂ+"~<1 +5) "
o977+1 (gLL g ))
H 1 + ‘q|)572p+n(1 —|—8) LL L

1 arJ+1 [~  ~(2)
02 (3 - )

(1+t)2+0 L?

and consequently

< 9

Hﬁ1w0%216£(h)ZJGU (gLL — Q(LL)) o m

H@)Foz7+ (3 - g8) HL2 . (3.11.25)

where we have used the wave coordinate condition and the fact that, for ¢ < 0

1 1

/32w/1(q)% = 4+2 > 1—2 .
T (P
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For I < N — 14 thanks to Proposition 3.8.6, we have

(1 +lq))
Z'oy S .
\ gLl S (1455

In order to estimate .
HﬁlwgﬁUZIgLLGLZJ (h(Z) — h) ‘

L2
we will perform the estimates with (h(z) — h) replaced by (h(()z) — ho), (71(2) — 71) and (gf) — ﬁg)
We estimate, in the region ¢ < 0, thanks to (3.11.18),

) S| e+ la)'
Brwg oy 2! az-’(h(QLh). g’
oo onsonz” (W7 = o). 5 57 (1+5)572(1+[]) ]
< e’

S VTaea
thanks to (3.11.19)

1 = . 1 11—k = .
H,@lwg O 72 grroL 2’ (h<2> - h) ‘ <[l "y g (h<2> - h)
N Lz (I4s)2720 = L2
3
s e
VT 1 6320
and thanks to (3.11.6)
1 2~ e(1+g))' ™" ~2) _~
5o 71 6ZJ((2)_ )' < | aZJ(<2>—)
Hﬂlwo R U D) PN e S U]
3
S 573
VT +1t)577
Consequently, we have
1 3
J0uztg0z” (WD —n)| S = 3.11.26
Hﬁlwo U 9gLLorL 2~ \/T(l—'—t)%_p < )

The other terms are similar to estimate. Thanks to (3.11.24), (3.11.25) and (3.11.26), the energy
inequality yields for I < N — 15
d 1 - N2 I 2
a Hﬁlwozazl (952) - 92) HL2 + Hﬂlw(/)(‘J)ZOZI (9&2) - 92)‘
3

L2

€ : ~(2)  ~ € folaoel [~ ~@)]?
< 07" (gt - ‘ _c Y570+ (7, — ‘
SURA T e Bruwg (92 gg) s e 1P @ (92 9 ) L (31127)
£ Lo (=2 = \|°
—I—W Biwg 02 (92 —92)’112.

L? estimate for 0Z' (552) — 52) with I < N — 14. We follow the same steps as in the previous
paragraph. First we still have

3

1 ry\ 1 2 ~ ~ r €
w2 Y (=) =052 (B? —hg+1® — <HT z
‘/32 ' (t)rz ’ (0 ’ ) JEa (t)ﬁ(1+s)2(1+\ql)i”””’ L
83
L —

VT(1+1t)%
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We estimate the second terms for I +J < N — 14

%Zla hZJa ( _ (2))‘ < € ZJ+1( _ (2))
HBQUH L() v\9LL — 911, 12~ (1+|q\)%_2"+%+2“(1+5) gLL — 9,1, L
g 2)
S 0z’ (gLL — 4! )
H<1+|q>i2ﬂ+2~<1+s> M
€ 1 =
5 1 5 OZJ+1 (53 - §(2))
(L+0)3+7 [ (14 [g) T-202eme -
e

s—
(1+0)3te

Bowhy(q)2 D77+ (53 - 5;(32))‘

b

L2

where we have used the wave coordinate condition and the fact that
1 1

wh(q)? = > : .
P T = g

The other terms are similar to estimate than for I < N — 15. The energy inequality yields for
I<N-14
d 1 » N2 . - N2
o HBwaﬁZI (952) - 92) HL2 + Hﬁzw’l(q)26ZI (9&2) - 92)‘
3
L
\/T(l + t)lto

L2
£ 2
RN

frwi 02" (35 = 32 )|

fawy(0)202"+" (32 - 7))

(3.11.28)

L2

2
+

powi 07" (35~ 32 )|

&
(1 + t)1+0 1 .
L? estimates for 027 (@(2) — <p) with I < N —6. We estimate for I +J < N -6, J <N — 7,

|Bawi 2" (962 — 910 ) 0227 |

2’

Ifr< % we can estimate, thanks to (3.11.21)

2 S+k
(2 ,<%
27 ok~ o) = S

)

and therefore, if we restrict our quantities to ¢ < 0

|Bowi 2" () = gur) 02276, < SU+la)E
2Wo LL LL q 2~ \/T(]. +s)%(1 + |q|)1+21¢, L
< e w2zt ‘
Y VT4t llre
3
<&
Y VT4t
The case J < % can be treated as in Section 3.10.2.
We now evaluate X
HﬁzngfgLLagZ'] (90(2) - 90)‘ Lo

forI—l—JSN—GandJS%. Wehave,since¥+2§N—20

822‘]( @ _ )‘5 c .
9727 (¢ VIV T 5(1+ [ql)F 502"

2
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Therefore we can estimate

1 €
szI 82zJ( (2) _ >’ 5 ZI
HﬂQ 05 Il P~ Vv s+ 1) 7ML
€
S ——0Z"gr1
VIVTHs(1+ |qf)2 7> L2
2
S/ 36 3_¢ I+1§3
VT(1+s)2(1+|q))z=5 L
2
5 3 1 ZI+1§3
VT(1+5)2(1+|q|)z=5° L2
52 1 63
< |wioz 15| | < .
~ VT +t)z5en 2 P3| ~ VT (1 +t)5 =51
The case I < Y6 can be treated similarly than in Section 3.10.2. The weighted energy estimate yields
Al %oor(, @ 2 37T (o2 ’ e )
el _ _ < .= _
i R (% o)+ttt o2 (o8 ~ o). = g o (47 =),
(3.11.29)
Consequently, since the initial data for <p( ) — ¢ are zero we have
Hﬂ w%azf( @ _ )‘ < (3.11.30)
2Wg P2 P2~ JT L

L? estimates for 927 (h(Z) — h) with I < N —6. We write the equation satisfied by h(?) — h
0, (h = h®) = 20,62 ~ 200,9)* + 2(Ro)aq ~ 2Ry )au + Q) ~ Quu(h®,5).
We first estimate for I +J < N —6 and I < %. We recall that we restrict all the quantities to g < 0

(therefore w3 = wy).

&2
Z']ga

Hﬁgwozé) 7zt (gp @(2)) Oq z7

1+ s(l +lg)z-

L2
3
S VAL TP
\fx/i 6 % VTVi+t

We now estimate the quasilinear term
o 2" (o1 = ou2) 2272,
for I+ J <N —6and <25 We have

E
2(1+ ‘q|)2+ azj+1h
T(1+s)%(1+ )1+
2
<
VT (1 4 t)1+~
3

<—
Y VT(1+t)zte

1
H/32wo2 z" (922]% - gLL) 92

L2

1
wg 8ZJ+1hH
L2
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The other terms can be treated as in the proof of Proposition 3.10.11. The energy inequality yields

dily 301 (@ 2 L Eagl (1@ 2 e e
— 2 — 2 — <
it |z’ (w7 = )|+ paiiioz” (n? = )|, < iy [pedo” (167 - ) .
Consequently, since the initial data for hg2) — h are zero, we have
1 e3V1+t
Yozl (n - n)| s = 3.11.31
HBZ'LUO < 2 ) 2~ JT ( )

L? estimates for 077 @(2) — ﬁ) with I < N —6. As usual we estimate the following contributions

e the terms coming from the non commutation of the null decomposition with the wave operator:
it is sufficient to study the term Y (%) 59y (h® — h),

o the semi-linear terms: it is sufficient to study 0z (h)du (gLL — g(LzL)> and Oy gL (h® —h),

e the quasilinear terms: it is sufficient to study the terms g1.07 (9® —7) and (g(L L) gLL) d79.

We estimate the first term. We recall that we restrict all the quantities to ¢ < 0.

1 ry\ 1 1
Bayw? x (7) —8p7" (h<2> - h) < |18 71+ (h<2> - h)
‘ 2Nt/ 2 L2 (14 5)2(14|q|)ztH 2
1
< (|82 s YARE (h(Z) - h)
(14 5)279(1 4 |g|)n—° L2
1
57@%— (h(z)_h” 2’
(141t):2 L
We estimate the second term
1
Hr32w12 Zlag(h)zjaU (gLL - Q(LIZ)‘ 2
for I+ J <N —6andJ < ~-% We have, thanks to (3.11.21)
2(1+ |ql)s*=
ZJa o (2) ’ ’2J+1 (2) ‘ E( )
‘ v (gLL gLL) 1+s (g gLL) VT(1+ )
Therefore we can estimate
: 2(1 4 [q)
wi 210, (h) 77 ( - ())' < e i Z'h
”62 22°0L(MZ" 00 (gre = 911 12 V|| VT(1+ )3 (1 + |g) 2 rmtes & .
< HEQa 71
- \/T(l + s)%+u+m = L2
2 &3
H'UJ 8LZ h||L2

€
< - - -
N VT(1 +t)stets Y VT(1 4 t)intr
The other terms are treated as in the proof of Proposition 3.10.12. We have proved, when we restrict
ourselves to ¢ < 0

4 pantort 5~ + [ iaton 63|

L2

@802 ()

< e + €
“M\VTA+t)He (1 4t)zte L2 (3.11.32)

Jpantoztss (=), ) pmetort (23],

-

_’_7
(1+1)2
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L? estimates for I < N —4 We can prove, following Section 3.10.1 that, since we do as if no
quantity was present for ¢ > 0,

@mwf@¢%u+Mww@4dwy

ws 0771 (k: k(2))‘

)

ws 0771 (n- h(2>))

ol el

+]|gaut(@207" (o= o) +||eutiar? @02 (3 - 52) |

L2

bt [ @0z (=)} s stz (k- k)
< 22 ([putort (o), + Jador -3
+ﬁHﬁzw§aZf(h h(2))) +Tt)HBzw§aZf(k k(2))HL2>+O<T(fit)

(3.11.33)

3.11.5 Conclusion of the proof of Proposition 3.11.1

Estimate (3.11.18) gives us for I < N — 8

o187 <

Estimate (3.11.22) gives us for I < N — 18

Ces
VT(1+5)%(1 4 |g) 20072

#(r =)

Estimate (3.11.23) gives us for I < N — 16

3
’ZI <('0 v )‘ \/T(l_,_cse);szn'

Therefore, if Ce < C we have ameliorated the L™ estimates (3.11.5), (3.11.2) and (3.11.3). Estimate
(3.11.33) implies, following the proof of Proposition 3.10.2,

Jwtozt (o o), + b ()

1 1
. s
1+t e e(1+1)

< \F (Coe? +2) (1 +1)°VE.

Therefore, if we had chosen Cy > 2 and C'/e < p we have ameliorated this estimate (3.11.13) and
(3.11.12). Moreover we have

Lo
)ﬁgwé YAl (k - k(Q))‘

H Baws 821 (h - h<2>)

L2

m\o

oz 1) = S oo
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Estimate (3.11.33) also implies

/Ot(ljt)g )3az! (g _@(12))

and consequently, estimate (3.11.32), together with the bootstrap assumption (3.11.11) yields

84

< =
2™~ T

d ) 2 2 ~\|?
[Pz 07" (3 )—93)\\ +pasiartoz’ (@7 -m)|,
9
2 1
< 2 ZJ+1 ~ ~(2) ‘
STt e (1+t) 3)'0 (94 )Lw
Therefore, when we integrate we obtain
-2 2 [ N 51 (22 ’
|peutozt (5 ~a)| ), + [ |(Baud) 02 (37 - )
L 0 L2
0354 252
C
T +

Therefore, for Ce? < o this, together with (3.11.31) and (3.11.30) improve the estimate (3.11.11).
We proceed in the same way to ameliorate the remaining estimates, using (3.11.28) and (3.11.27).
Consequently, the solution (¢(?), §(?)) exists in [0, 7] and we have the following estimate for ¢ — ()

Ce?
I (2 _
1Z7(p — )| < NN =T for I <N -20 (3.11.34)
14 )Cve
lazwdZ! (¢ — )| < L OV , for I <N —4. (3.11.35)

VT

We now go to the amelioration of the estimate for b. In view of the definition (3.11.1) of b we

have for I < N — 4.
b (E@)(e) —II / (8q<p(2))2rdr>
X709

o1t [ ((0u)? ~ @up®)?) v
3.0

= ) 1 I (D + By )DL Dy — Dy P )rdr.
ILi+1,<J ¥1.0

We estimate, for I; < &

Gél (Oq0 + 8,190(2))6612 (Oqp — 6q<p(2))rdr

37,0

L2(sh)

HaéQ (Ogp — 8{190(2)) ‘

< €

~ /zm VIFs(1+|q)2—4

- (') 62 %
S </o A+ ) 1 [g)Po ”“")

Then the estimate (3.11.35), with the condition (1 + T)¢V# < 1 yields for I < N — 4

ah (E@)(e) -1 /E (aqgo(z))Qrdr>
T,0

rdr
L2 (Sl)

8205 (Do — 0|

2

- ;4
—. 3.11.36
~ ﬁT ( )

L2(s')
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The case I < % can be treated similarly thanks to (3.11.34). To conclude, we estimate

/ Z aqé‘;l <p8q89]2 erdr
0

Ii+Io=I

|5
L2(S?)

L2(Sh)
</OO C()E
T Jo VI+s(1+g)zt

1
C2e? z
= </ (1+ s)(lo—i- |q|)38prdr> HaqaeIzSDHL?

< 202¢?

||aqaé2g0||L2(Sl)TdT

where we have used again (1 + T)C\E < 1. This concludes the proof of Proposition 3.11.1, and the
proof of Theorem 3.1.12.

3.12 Appendix

3.12.1 Construction of the initial data

Theorem 3.1.3 is a consequence of the following result on the constraint equations, proved in Chapter
2. The method of solving is inspired from the conformal method in three dimension. We look for
space-like metrics g of the form § = e>*¢. We introduce the traceless part of I,

1
Hij = Kij — 5705
and the following rescaling
A
p= %agu, H=e¢H, +#=e¢r.

We also introduce the notation

_( cos(20) sin(20) [ —sin(20) cos(20)
Mo = ( sin(20)  — cos(20) ) » No= ( cos(20)  sin(20) )

Theorem 3.12.1. Let 0 < 6 < 1. Let ¢?,|Vy|? € Hﬁ;l and b € WN-2(S!) such that

/ b(0) cos(0)do =/ b(0) sin(0)do = 0.
Sl Sl

We note
e? = /sb2 +|Vel?.
We assume
Hsz”H;Y;Zl + H|VSD‘QHH§;;1 + ol S &2
Let B € WN2(SY). We assume
[Bllw~a S et
Let U € Hé\_ﬁl be such that [ = 2r. If £ > 0 is small enough, there exist o, p,n, A, J,c1,co in R, a

scalar function e H§V+1 and a symmetric traceless tensor He HéYH such that, if r,0 are the polar
coordinates centered in c1,ca, and if we note

A= —ax(r)In(r) + A,

H = —(b(0) + pcos(d — n))@Me + cf)‘m <(J — (1 —a)B(#))Ny —

B'(0)
2r r2 2

M9> +E’7
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then \,e*H are solutions of the constraint equations with

7= (b(6) + pcos(f — n))@ + e*)‘B'(G)% + A,

Moreover we have the estimates

a=-1 / (¢ + [Vel?) + O(cY),

4
1
peos(n) =+ [ gorp+ 0,
. 1 .
psin(n) = - / O + O(EY),

1 .

o= [o1 (& + V) + 0,
1

2= [ o2 (& + V) + O,

1
7= or [ G0no+ Llcacostn) - exsin(n) + O(&"),
™ «

A= —% /@7‘37-<P+ % (/ X’(r)rdr) /5(9)0[6—1— O(eh),

and

Rl gves + 1B gy, <<

We will use the notation
b = pcos(6 —n) + b(h). (3.12.1)

The end of this section is devoted to the proof of Theorem 3.1.3.
Lemma 3.12.2. The second fundamental form of the space-time metric
Ga = —dt? — 2Jdtd0 + r~2*(dr® + (r — bV (0)r*t)%d6?) — 2B (A)td6* + 4(1 — a)B(O);drdO. (3.12.2)

1s given att =0 by
1
Kij = Hij + E(ga)ijTy

with
L0 B)
17 = —=s )01, 1 (7 - (1 ) B(6) XD, — 02y

Proof of Lemma 3.12.2. The metric induced by ¢, on the space-like hypersurface ¢ = 0 is r~2%5. The
shift is given by By = —J and the lapse is given by N = 1. Therefore we calculate

1
Kij = =5 (0:3i5 = 0i3; = 0;5:).
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We infer
Ky =— % < <2Tai(l)(9) + 25:2(0)> sin?(0) — w cos(0) sin(8) + i—;f cos(0) sin(@)) ,
(- 2 b () | 2B'(6) cos? w cos(0) sin(0) — 2] cos(0) sin
Koo =5 (- (2D 4 2B o)+ =08 o) - 25 con(o)snd)).
roo (1) / —«
Ko =— ;( <2 l; ©) + 21302(9)> cos(f) sin(f) + 41 -BO) QTQ)B(O) (cos®(A) — sin?())

We calculate 0
. b(o B'(0
= g”Kij = ro ( ) 4 7,,204 (2 )

r r

so we obtain exactly

H = 4—%0)(9)%@1\4@ +(J—(1- a)B(O))%Ne - B’(G)%Ma

O

Lemma 3.12.3. The metric g,, defined by (3.12.2) is isometric to gy + g where at t = 0 we have

1 1
gV =0 (7&) , oM =0 (73) :

and gy is defined by (3.1.6), where

b (F(6))
b(0) = 3.12.3
J(0) =2JF'(0), (3.12.4)
with I the inverse function of
0
01— 0+ / (a — b (0")adb';
0
provided the following relations hold
a:—/aw (3.12.5)
Jo™M ()
0) = . 12
S (3.12.6)

Proof. During all the proof, the notation g ~ ¢’ stands for g is isometric to ¢’ + g where g = O (%)
and d,g = O (T%) . In polar coordinate r, 6, this means neglecting the metric terms of the form

dr? dfdr

r2’ r

do?,

tdr?  tdodr  tdo?

r3’ rz ’ r
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We perform some changes of variable in g,s. First of all we introduce r’ such that

r = ,dr’ = r~%dr.

The metric g, becomes
G ~ —dt* — 2Jdtd0 + (dr)? + (r(1 — o) — bV (0)t)2d6? — 2B’ (9)td6* + 4B(9)fdrd9,
T

where we keep writing r instead of 7’. We now make the change of variable

J J
=0 - ——— dd=d¥ + —————.
(1—a)2r’ + (1 —a)?r2

Since we will neglect the contributions to the metric decaying like %2 we obtain

J ! (1) N _ B J
(17a)2r2d0dr, b (6) ~ b(0') bw)r(pa)?'

We keep also writing 6 instead of §'. We infer

do* ~ (d')? + 2

Ga ~ — dt* — 2J(dt — dr)df + dr® + (r(1 — «) — b (0)t)%d6?

Jv'(0) , 9 J t
2 —2B —4pM(9)—— + 4B - .
+ < = a) (0) ) tdo* + b ((9)1 o +4B(0) rdrd@
We choose

b (0)

l—a

B(6)

With this choice we obtain
G ~ — dt? = 2J(dt — dr)d6 + dr® + (r(1 — o) — bV (0)t)2d6*
~ —dt? = 2J(dt — dr)df + dr?® + (r — (0 (8) + a)r + b (0)(r — t))%db>.

o= —/b<1>(9) = —/5(9).

Therefore we can find f(#) such that

We impose

f1(0) = =0 (0) + a).
We perform the change of variable
0 =0+ f(0).

We note I’ the inverse function of
00— 0+ f(0),

so that # = F(6'). Then g, becomes

(1) / 2
Ga ~ —dt? — 2JF'(0')(dt — dr)db’ + dr® + (T +1- Z —(lil()g(l)g(@)) (r— t)) GRS

We set b(l)(F(G’))
b(el) = 1—a_bD (F(e,)) >

J(O) =2JF'(9").
Let us note that J is at the same level of regularity than b. O




3.12. APPENDIX 169

We are now ready to prove Theorem 3.1.3.
Proof of Theorem 3.1.3. We consider the map
@ : b IIb,
where

o b e WN2 ig such that

/5005(9) = /Bsin(G) =0, a= —/1_7(9),

where « is given by Theorem 3.12.1,
e bis given by formula (3.12.3), where b(") = pcos(6 —n) +b, and p, n are given by Theorem 3.12.1.

e II is the projection
T W2V (S = {ue W2N(SY), /u _ /cos(o)u _ /sm(e)u —0}. (3.12.7)

It is easy to see that ® is invertible for € small enough. Therefore, for b€ W2 such that

/Zz/zcos(e):/zsm(e):o,

we apply Theorem 3.12.1 to ®~1(b). Thanks to Lemma 3.12.2 and 3.12.3 we can find (90)i; € HNT!
and (Ko);; € HJY. | such that (gy);; + (g0)s; and (Kp)q; + (Ko)i; satisfy the constraint equations, where
we have noted K the second fundamental form associated to g,. We complete the initial data as
follow. We write our metric in the form g = g, + ¢. The initial data for g are the following

e gi; is given by gi; = (90)ij»
e goo and gy; are taken to be 0!
e 0,7;; is given by the relation dyg;; = —2NK;; and K;; = (K3)ij + (Ko)ij-

e 0;go0 and 0:go; are chosen such that the generalized wave coordinate condition is satisfied at
t=0.

Let us describe the last point. The generalized wave coordinate condition writes
g)\ﬁr())fﬁ =Hy = (gb)w(rb)f\yﬁ + F?,

Therefore, if we write it for « = ¢ we obtain a relation for 0;g¢; and if we write it for « = 0, we obtain
a relation for 0;ggp. However, if we write g = g, + ¢, the term

9T — (9)M (Th)%5

contains crossed terms of the form
. _0pb(0)
99ugs ~ g —

which do not belong in H ﬁl because we are missing a derivative on b, since b € W2~ . Therefore, we
will take F“ as defined in (3.1.9). With this choice, the generalized wave coordinate condition imply
that 0;goo and 0;go; are given by a sum of terms the form

,
Ko, Vgo, g6Ko, 9V g0, @90-

With this choice, 9;go; and 9;goo belong to H é\il. O

IThe lapse ans shift are given by gp: we have N =1 and 8, = 0 and By = —J.
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3.12.2 The generalised wave coordinates

In a coordinate system, the Ricci tensor is given by

Ry = 01, — 0,08, + 15,0y — 0T (3.12.8)

voo?

where the T') 5 are the Christoffel symbols given by

1
Tas = 597 (9adps + OpGpa — Oplas) - (3.12.9)

R, an operator of order two for g. In order to single out the hyperbolic part, we will write
H® = g*T%,, (3.12.10)
which can also be written

1
HS — _a)\g)\a _ ig)\uaag/\u.

We compute R, in terms of g and H.

1 (03 1 (0%
R :iaa (g p(augpu + az/gpu - apg;w)) - 5(9” (g p(augpa + aagpu - apgua))
1
+ ZgapgAB <6pgpu + augpp - 6pg;w)(a>\gﬂa + 0ag[3>\ - 869(1)\)

1 (0%
- Z.g pg/\ﬁ(augp)\ + 8)\ng - 8pgz/)\)(8pgaﬂ + 8&96# - 6Bgau)a

1 1 1 1
R;w = _§gapaozapg;w + §Hp6pg;w + 5 (gupaqu + gl/palep) + aplw(g)(agv ag)v (3'12'11)

with

1 . 8o 1
le (g) (aga 89) :ig pgﬁ <augpoaozg,3u + augpoaag,ﬁu - 8,Bgupaagua - 2auga[ﬁal/gpo> ( )
3.12.12

1
+ ggaﬁg/\paagupaﬁgup
Proposition 3.12.4. If the coupled system of equations

7%901[)80(8/)9;“/ + %Fpapg;w + % (gupaqu + gupaqu) + %Pp«u(g)(a% ag) = aﬂ‘:oau()o
90,0, — FPO,0 =0

with F a function which may depend on ¢, g, is satisfied on a time interval [0, T] with T > 0, if the
initial induced Riemannian metric and second fundamental form (g, K) satisfy the constraint equations,
and if the initial compatibility condition

F =0 = H"|t=0, (3.12.13)

is satisfied, then for all time, the equations (3.1.1) are satisfied on [0,T], together with the wave
coordinate condition
F*=H®.

Proof. We use the twice contracted Bianchi Identity

1
D (RW - 2ng) =0.
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with H defined by (3.12.10). Since in [0, 7], we have

1 1 1
—igaﬂaaa,,gw + §F”8pg,w + 3 (91p0u FP + 90,0, F") + P, (9) (99, 0g) = 0,90, .

Thanks to (3.12.11) we obtain

1 1
§(F” — H”)0pg0 + 3 (9upOu (F? — HP) + g, 0, (FP — H”)) = 0up0up — Ry

Consequently, since D* (R;w — %ng) =0 and D* (8M<p8yg0 — %gwaa@aagp) = 0 and we obtain the
following equation on F* — HP

1 1
0 =D" <2 (gupau(Fp - Hp) + gvpau(Fp - Hp)) - Zg;wgaﬂ (gapaﬁ(Fp - Hp) + gapaﬂ(Fp - Hp))

1 1 « [e3 «
+ 9 (Bpgm, ~ 59 ﬂapgaﬁ> (F*—H ))
Multiplying by ¢g¥* we obtain
Oy (F* = H*) + BYP95(FP — HP) + CS(FP — HP) =0,

with Bg"ﬁ , Oy coefficients depending on g, ¢, well defined in [0, 7. This is an equation in hyperbolic
form, therefore if the initial data (F'* — H%)|;—¢ and 0,(F'* — H*)|;—¢ are zero, then the solution is
identically zero on [0, T]. Since we assume (3.12.13), we only have to check

at(Fa - Ha)|t:0 = 0
Since the constraint equations are satisfied, we have
Roi = dopdiep,
1 1 "
Rop — 59003 = ooy — 5900a @O .
Therefore, using once again equation (3.12.11) and (3.12.13) we obtain

0 =gip0,(F'* — H”),
O :2gop8t(Fp — Hp) — gooat(FO — HO)

This system can be written as

goo 2901 2902 Oy (F° — H°)

gor g1 912 O,(F*—HY) | =0.

go2 912 922 Oy (F? — H?)
It is invertible so Oy (F? — HP);—o = 0. Therefore in [0, 7] we have F* = H” and equation (3.12.11)
implies that the Einstein Equations (3.1.1) are satisfied. O

3.12.3 The L*® — L*° estimate

For the sake of completeness, we give here the proof of the L — L estimate by Kubo and Kubota
(see [35]).

Proposition 3.12.5. Let u be a solution of

{ Ou=F,
(U, atu)|t:0 = (070)5
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The L — L™ estimate writes: for u >

[SleY)

,v>1
lu(t, )| (14t + |2])2 < Cu, )My, (F)(1 + [t — |z]||) =2 T2

where
My (f) = sup(L + [y| + s)" (1 + [s — [y[])"|F(y, s)|,

and we have the convention AP+ =1n(A).

Proof. We write the solution u of
Ou=F,
(U, atu) |t:0 = (07 0):

with the representation formula

t
1
UfL',t — [ — S, — d dS.
(1) // DI

With M, ,,(f) = sup(1 + |y| + s)* (L + |s — |y||)"|F(y, s)|, we can write

t 1 1
u(z, )| < M, (f // dyds.
Al N NNy s -y - RS P RS VG e Py g [

It is therefore sufficient to study the quantity

) /t 1
Z, =
0 Jiyl<i—s /(t —8)2 = [y[2 (L + [z —y[+s)*(1 +[s — |z —y[])”

I( dyds.

We begin with a lemma on spherical means.

Lemma 3.12.6. Let b € CY(R?). We have the following equality for p > 0

ptr
/ b(|ar + poo|)deo — 4/ AR, p, 1),
Jw|=1

[p—m]

where we note r = |z| and
WA pr) = (N = (0= 1)%) F ((p+ 1) = X2)
= (AT =p) P (P ==

Proof. By eventually rotating the axis, we can assume x = (r,0) in (21, 22) coordinates. Therefore we
have

2m T
/ b(|z + pw|)dw = / b ((r2 +p% + 2TpCOS(9))%) df = 2/ b ((T2 + 0%+ 2rpcos(6’))%) do.
lwl=1 0 0

[N

(SIS

We make the change of variable A = (r2 4 p2 + 2pr cos(0))2, for 6 € [0, 7[. Then we have

1
d\ = P sin(0)d6

1 (A2 = 72 — p2)2 3
(1= g
A’”( (20r)?

= (o) = 2 == )
= —% (2p7" — N2t pz)% (2pr + N2 —p? - 7“2)% de.

We have therefore df = —2\h(\, p, r)dA, which concludes the proof of Lemma 3.12.6. O
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We use Lemma 3.12.6 to calculate I
¢
1
I(2,) :/ / __r /
<t—s \/(t—5)2 = p2 Jjwj=1 L+ [z + pw| + 8)H(1+ |s — |z + pw|[)”
h(X, p,7)

_4/ /<t s\/m/w (L+A+8)r(1+ s = A])¥

We exchange the integration in p with the integration in A, noticing that

dwdpds

AdAdpds.

LLjp—ricagpotr = Lla—rj<p<atrs

and we make the decomposition I = I + I, separating the region A\ +r <t —sfrom A\+r >t —s.

dpd)\ds,

; /t r/t s—r A+r ()\ p77,)
b A Z(S A) Jpp=r] V(= 8)2 —

t—s+nr t—s
I = // A A p’) pdpd)ds,
A=

max(t—s— ’!’O)Z S )\) [A—r]| m

where z(s, ) = (L + A+ s)*(1 +|s = \|)".

3.12.3.1 Estimate of I;

We write
/“T B 1) i 1 ]
pdp
rrl V=8P =2 a=rl V/(E=8)2 = P2 /(N +1)2 = p2\/p? — (A = 7)?
b

du
o« Vd—uVb—uyu—a’

with a = (A —7)2, b= (A+7)? and d = (t — s)%. Recall that in the integration region of I, we have
A+1r<t—ss0b<d. This yields

/ du 1 /" u _ 1 /1 ..
a\/d—u\/b—u\/u—a_\/d—ba\/b—u\/u—a_\/d—boﬁ\/l—v_\/d—(b. )
3.12.14

Consequently we have

A
I 5/ / dMds.
0 0 VE=38)2 = (A+7)2(1+ A+ s)4(1+]s— A
We make the change of variable a = s — A\, 8 = A+ s. We obtain

I<<t—r 6d6 ><tr da )
N\ Vi =B+ 8 )\ ViFr—a(l+ ) )

We estimate the first factor. We note that if t —r < 1, this factor is bounded. We assume therefore
that t —r > 1.

e Bdp T Bdp L Bdp
o VEr=B+Br  Jo VE—r=BA+B)r S VE—r =B+ B
2 pds o [T a8
sa=l wr e L =
- (t —r)l2=rs

~ Vi—r
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We estimate the second factor

t—r dov /min(t_gr,tT) do /tT do
= +
et Vt+r—a(l+|al)V —t Vi+r—a(l+|al) min(t27 t—r) VI + 17— a(l+ |a])”

- 1 /min(té",t—r) do N 1 /t—r da

- Vi+Tr Jry (1+‘O‘Dy (1+t+r)y min(HTT,tfr) Vi+r—a
1

<

t+7r’

;

where we have used in the last inequality the fact that » > 1. We have proved

- (1 + [t — 7]+
b Vitttr/lt—r

3.12.3.2 Estimate of I

As in the estimate of I;, we write

/f—s h(X, p, 1) b 1/d du

A—r| \/(t—5)? —,02p =3 o Vd—uvb—uu—a’

with a = (A —7)%, b= (A+7)? and d = (t — s)?. In the region A +r >t — s, we have b > d, therefore
as for (3.12.14) we get

du <

l/d 1 /d du
2 ) Vd—uvb—uyu—a~ Vb—dJ, Vd—uyu—a

and so

/ts h(X\, p,7) 1
————"pdp < .
a—r V/(t = )% = p? V)2 = (t—s)?

Therefore we have

t t—s+r )\
I ,S/ / dAds.
0 JA=max(t—s—r,0) \/()\+7’)2 - (t*5)2(1 +)\+5)”(1+ |5*)\|)V

We make the same change of variable o = s — A\, § = A 4+ s. We obtain

I - /t+r ﬁd/@ (/t dOZ >
2 .

max(0,t—r) \/ ﬂ - (t — 7’)(1 + ﬁ)# —r—t m(l + |Oé‘)”
We estimate the first factor. We first assume ¢ — r > 0.

e Bdp - /27" (p+1+t—r)t "
0

e B (LB Nz

27

. Tre—r (] 1—p
5(1+|t_r|)%fu/ At+w)*
0 Vu
SA+[E—r)2r,
where we have made consecutively the changes of variable p = 8 — |t — r| and u = ﬁw\? and where

-
we use in the last inequality the fact that % is integrable.
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We now assume t — r < —1. Then

t+r Bdﬁ 3 = p
Slt—rl2 dp
0o BHIt—7r|(1+ 8 0 VI4+p(l+ |t —r|p)*
t+r
: Tt—r]
Sle-rpio [T ap
o V()
S (Ut =2t Bom
where we have made the change of variable p = G 8 r and also used the fact that p > %
We estimate the second factor
t dox _ /mm(tvt?) dor . /t da
eVt —al+ o)) ) Vi+r—a(l+ o) min(t,t57) VE+ 1 —a(l + |af)”
- 1 min(t, ") da 1 ¢ da
~Y + B
\/t+r/,,_t (I+]a)  (A+t+r)¥ min(r, 47 VE+ 71—
< 1 ,
~VEt+r

where we have used the fact that v > 1. We have proved therefore that

O )z H2-us

s Viti+r ’
SO
[<q 41, < Qtlt=-rhtr
T VIt |t
The proof of the L™ — L estimate is now complete. O

3.12.4 Hardy inequality with weight
Proposition 3.12.7. Let a < 1 and § > 1. We have, with g =r — t,

/qu(q)rdrdH < C(ayp) /(aru)Qg(q)rdrdG
where

fla)=Q0+1g)’ 2 qg>0
= (1+1g)*? ¢<0

9(@)=1+1q)?, ¢>0
=(1+1qg)* ¢<0

Proof. We look first at the region r > t. We can assume, by a density argument that u is compactly
supported. We calculate

O (rl+r—t) ) =04+r—t) '+ B-Dr(l+r—t) 2 =r(14+r—1t)~? <1+;_t + 8- 1)

We want to find ¢ > 0 such that
1+r—t
— 4+ pf-1>c
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This condition is satisfied if
t<l+r(—c

which is the case if § — ¢ > 1. Since § > 1 we can find such a ¢ > 0. Therefore

/Oo /Qﬂ w (1 + 7 — ) 2rdrdd
/ /27T 1+r7t) )drd&
<E (—/t /OQT((?TUQ)(l +r — )P trdrdd + [/:ﬂ u?(r,0)(1 +r — t)ﬁlrdG} OO) .

t
Since u is compactly supported,

[ee]

UO% w?(r,0)(1 +r — t)B_lrdG] <0

t

therefore

oo 27
/ / uw (147 — )~ 2rdrdo
¢ Jo

2 oo 27
- / / ludyu|(1 4 r — )P~ Lrdrdd

(/ /27r (1+7—1t)°~ 2rdrd0> </ 2Wau) L+7— )rdrd6>

We have proved

0o 27 00 27
/ / wr(14r — )P 2rdrdd < C(a) / (Dyu)(1 4 r — t)Prdrds. (3.12.15)
t Jo t Jo
We now look at the region r < t. We calculate

O (rl+t—r)* N =Q+t—-r) "+ 1—-a)yr(l+t—7r)*"2

Therefore

27 o

/ / 1 +t— )a 2rd’rd9 < o / / 7»(1 +t— ) 71) drdf
27 o .
/ / — (0u?) (1 +t —r)*"Lrdrdd + U w214t — r)—pr}
11—« o Jo : )
1 t 2 27

(2/ / ‘“a’““Kl“*T)o‘_lrdrd@H/ uQ(t,e)d9>.

I-a o Jo 0

t 27
/ / [ud,u|(1 +t — ) trdrdd

g(//% (14t — )“%drd@) (/ 2ﬁau) 14+t— )rdrd@)

IN

We have
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and

2w [e'S) 2m
t/ u?(t,0)do St/ / |0 (u?)|drdd
0
2
< 2t/ / |ud, u\ (1+t-r)
+t—r)

2m % 0 2m %
<2 (/ / W (147 — t)_ﬂrdrd9> (/ (Oru)*(1 47 — t)ﬁrdrd9>
t Jo t Jo

Since B > 1, we have 8 > 2 — . Thanks to the estimate (3.12.15) in the region r > ¢, we obtain

t 2m
/ / w?(1+t—r)* 2rdrdd
o Jo

t 2 [e'S)
<C(p,) (/0 ; (Opu)*(1 +t — r)*rdrdd +/t

drdf

m\m N1

r
t

2
(D) (1 + 7 — t)ﬁrdrd9>
0

This concludes the proof of Proposition 3.12.7. O

3.12.5 Weighted Klainerman-Sobolev inequality
Proposition 3.12.8. We have the inequality

1 1
|f(t, x)v (o] — )] < oz (. — ) Z" f]| 2.
\/1+t+|:z:|\/1+Hx|—t|I;

Proof. We introduce the decomposition

f=rf+fa

ia () mm (D)

and y is a cut-off such that x(p) = 1 for p < 1 5 and x(p) =0 for p > % Since the quantities Z7y are
bounded, it is sufficient to prove the proposition for f; and fs.
For f;, we introduce the function f; = f;(¢,tx). The Sobolev embedding H? < L> gives

Ifellze S D IV fillza

<2

1
ST IV flze.

o <2

where

In the region r < % we have —t <7 —t < —%, therefore
[tV S1r =1Vl $ > 1Z¢l.
Zez
Moreover, in this region v(|z| — t) ~ v(t), so

<Y )2 il

1<2

|f1(t,@)o? (2| - 1)

w\»—l

A

1 !
S vz (. =) 2" ful e
\/1+t+|x|\/1+Hx|—t|IZS2
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For fy we write
L+t +r) A+t =)ol =) (f2(t,7,6))?

S /: Op (L+t+p)(L+ [t —pl)v(p—t)fa(t, p,0)*) dp

2

S Z /:/Oﬂwg*a,, (L4t +p)(1+ |t — phv(p — ) falt, p, 0)%) |dpd6

0<a<l1

where we have used the Sobolev embedding W11 (S!) < L°°(S') . We estimate the terms appearing
when we distribute the derivation 0, from left to right.

[(L+ [t = pl)v(p — )05 f3] < plv(p — )05 3,
[(L+t+ p)o(p— )05 f3] < plv(p — )05 f3],
(L4+t+p) A+ [t —pDv'(p— )05 5] S pl(L+ [t —p)0' (0 =005 5] < plolp— )05 f3],

(L4t + p)olp — )L + |t = p) D05 £31 S plo(p = )] D 1205 f3),
zZezZ

where we have used in the third inequality |sv'(s)| < v(s). Therefore

(L4 t+r) (1 + [t =rDor = (0P < S S 10208 Zf:13: £ v 2! 3.

0<a<l ZeZ <2

This concludes the proof of Proposition 3.12.8.



Chapitre 4

Non CMC solutions to the constraint
equations in the compact hyperbolic
case

This chapter is a joint work with Romain Gicquaud. It is independant from Chapters 2 and 3. We
give it here in its original form [22].

4.1 Introduction

General relativity describes the universe as a (34-1)-dimensional manifold M endowed with a Lorentzian
metric g. The Einstein equations describe how non-gravitational fields influence the curvature of g:

Scal
Ric,, — o8 = 57T,

where Ric and Scal are respectively the Ricci tensor and the scalar curvature of the metric g and T,
is the sum of the energy-momentum tensors of all the non-gravitational fields. R

Einstein equations can be formulated as a Cauchy problem with initial data given by a set (M, g, K),
where M is a 3-dimensional manifold, g is a Riemannian metric on M and Kisa symmetric 2-tensor
on M. g and K correspond to the first and second fundamental forms of M seen as an embedded
space-like hypersurface in the universe (M, g) solving the Einstein equations.

It turns out that the Einstein equations imply compatibility conditions on g and K known as the
constraint equations:

Scalg + (trg K)? — | K| = 2p, (4.1.1a)
divg K — d(trg K) = 7, (4.1.1b)
where, denoting by N the unit future-pointing normal to M in M, one has
p=38rT, N'N", j;=8rT; N".

We assume here that p and v go from 0 to 3 and denote spacetime coordinates while Latin indices
go from 1 to 3 and correspond to coordinates on M.

In this article, to keep things simple, we will consider no field but the gravitational one (vacuum
case). As a consequence, we impose T = 0. We will also assume that the spacetime possesses a
Sl-symmetry generated by a spacelike Killing vector field. This allows for a reduction of the (3 +
1)-dimensional study of the Einstein equations to a (2 + 1)-dimensional problem. This symmetry

179
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assumption has been introduced and studied by Y. Choquet-Bruhat and V. Moncrief in [11] (see also
[8]) in the case of a spacetime of the form 3 x S! x R, where ¥ is a compact 2-dimensional manifold
of genus G' > 2, S' corresponds to the orbit of the S'-action and R is the time axis. They proved the
existence of global solutions corresponding to perturbations of a particular expanding spacetime. In
[11], they use solutions of the constraint equations with constant mean curvature (CMC, i.e. constant
try K ) on the spacelike hypersurface 3 x S! x {0} as initial data. The construction of such solutions is
fairly direct. In this article we shall generalize their construction to more general initial data allowing
for non-constant mean curvature.

The method which is generally used to construct initial data for the Einstein equations is the
conformal method which consists in decomposing the metric g and the second fundamental form K
into given data and unknowns that have to be adjusted so that g and K solve the constraint equations,
see Section 4.2. The equations for the unknowns, namely a positive function playing the role of a
conformal factor and a 1-form, are usually called the conformal constraint equations.

These equations have been extensively studied in the case of constant mean curvature (CMC) since
the system greatly simplifies in this case. We refer the reader to the excellent review article [4] for
an overview of known results in this particular case. The non-CMC case remained open for a couple
of decades. Only the case of nearly constant mean curvature was studied. Two major breakthroughs
were obtained in [27], [42] and [16] concerning the far from CMC case. A comparison of these methods
is given in [23].

In this article, we follow the method described in [16]. Namely, we give the following criterion: if a
certain limit equation admits no non-zero solution, the conformal constraint equations admit at least
one solution.

This approach has been generalized to the asymptotically hyperbolic case in [24] and to the asymp-
totically cylindrical case in [18]. The asymptotically Euclidean case [17] and the case of compact
manifolds with boundary [21] are currently work in progress since new ideas have to be found to get
the criterion.

The outline of the paper is as follows. In Section 4.2, we show how the Einstein equations reduce
to a (2+ 1)-dimensional problem in the case of a S'-symmetry and exhibit the analog of the conformal
constraint equations in this case. We also state Theorem 4.2.1 which is the main result of this article
and Corollary 4.2.3 which gives an example of application of Theorem 4.2.1. Section 4.3 is devoted to
the proof of Theorem 4.2.1. Finally, Section 4.4 contains the proof of Corollary 4.2.3.

4.2 Preliminaries

4.2.1 Reduction of the Einstein equations

Before discussing the constraint equations, we briefly recall the form of the Einstein equations in the
presence of a spacelike translational Killing vector field. We follow here the exposition in [8, Section
XVL3|.

We recall that we want to write the Einstein equations on the manifold M = X x S' x R, where &
is a Riemannian surface and R denotes the time direction, for some metric g which is invariant under
translation along the S'-direction. We let 2® denote the coordinate along the S'- direction (seen as
R/Z), choose local coordinates x!, 2 on ¥ and denote by z° the time coordinate.

A metric g on M admitting 03 as a Killing vector field has the form

g=g+¢c7 (dm3+A)27

where g is a Lorentzian metric on ¥ x R, A is a 1-form on ¥ x R and ~ is a function on ¥ x R. Since 03
is a Killing vector field, g, A and v do not depend on 3. We set ' = dA the field strength of A. The
Ricci tensor Ric of g can be computed in terms of §, 4 and 7. In the basis (dz?, dat, da?, da® + A),
the vacuum Einstein equations (Ric = 0) become
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— 1 ~
0 = Ric,p = Ricap — 5627Fa AFgx — V2 57— VarVsy, (4.2.1a)
1 ~
0 = Rices = 5¢ Vg (e2F,P), (4.2.1b)
1 . A~
0 = Ricsz = —e~ 27 <4627FQ5F0‘B + 5PV VY + go‘ﬁViﬁ*y> , (4.2.1¢)

where the indices «, § and A go from 0 to 2, and the indices are raised with respect to the metric g.
The equation (4.2.1b) is equivalent to d(*e3>7F) = 0. So we are going to assume that 37 F is an exact
1-form. Therefore, there exists a potential w : ¥ x R — R such that e37F = dw.

Defining § = €27g, we obtain the following system for g, v and w:

Ogw — 4V 4 V,aw = 0, (4.2.2a)

1 pea =
Ogy — 5e*‘“v WwVaw =0, (4.2.2b)

[ . 1 .
Ricas = 2Va VY = 5o~ " VawVaw =0, (4.2.2¢)

=2 . . . o ST e L
where Uy = g8 V4.5 is the d’Alembertian associated to the metric g, Ric is its Ricci tensor and
the indices are raised with respect to g. We introduce the following notation

u = (y,w),

together with the scalar product

1
Ot - Ogu = 20,7087 + 56_478aw83w.
We are going to consider the Cauchy problem for the system (4.2.2). As for the general Einstein
equations, the initial data for this system have to satisfy some constraint equations.
4.2.2 The constraint equations
We write the metric g under the following form:
g =—N2dt* + g;; (dz' + pidt) (da’ + B dt)

The coefficient N is called the lapse, while the vector 3 is called the shift. ¢ is the Riemannian
metric induced by g on the slices of constant t. We consider the initial data for the spacelike surface
> which is the constant ¢ = 0 hypersurface of ¥ x R. We also use the notation

8t:80*£,37

where Lg is the Lie derivative associated to the vector field 5. With this notation, the second funda-
mental form of ¥ C ¥ x R reads

1
Kij = =537 0:9is-
We denote by 7 the mean curvature of X:
T = ginij-

The constraint equations are obtained by taking the 9; — 9, and the 9; — 9; components of the
Einstein equations:
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——  Scal_

Ricty — ——0u = N (0;7 — D'K;;) = Oyu - O;u, (4.2.3a)

——  Scal N2 N2
Ricy — S%gtt =5 (Scal —|K|* + 7'2) = Oyu - Oyu + TE‘Xﬁ@uu - dgu, (4.2.3b)
(4.2.3¢)

where Scal is the scalar curvature of the metric g and D is its Levi-Civita connection. Equation
(4.2.3a) is called the momentum constraint while Equation (4.2.3b) is known as the Hamiltonian
constraint.

4.2.3 The conformal method

In order to construct solutions to the system (4.2.3), we are going to use the well-known conformal
method which we explain now.
Given a Riemann surface ¥ of genus G > 2, we let gy be a metric on ¥ with constant scalar
curvature Scaly = —1 and look for a metric g in the conformal class of go:
9= 62“090
for some function ¢ : ¥ — R. We also decompose K into a pure trace part and a traceless part,

T

Kij = 59i + Hij,
and, following [11], we set
2u
U= %&u.
The system (4.2.3) then becomes
. 62‘19
VZHZ‘J‘ =—u- aju + 7(9]‘7', (4.2.4a)
1 1 21
AQO + 67299 <2u2 + 5 |H|2> = 62¢TZ — 5 (1 + |VU‘2) y (424b)

where V denotes the Levi-Civita connection of the metric gg, A is the Laplace-Beltrami operator of
go and from now on, unless stated otherwise, all norms are taken with respect to the metric go.

In order to solve Equation (4.2.4a), we split H according to the York decomposition (see Proposition
4.3.2 for more details):

H=0+LW,

where o is a transverse traceless (TT) tensor, i.e. try, o = 0 and Vio;; = 0, and LW denotes the
conformal Killing operator acting on a 1-form W:

LWU = VZ‘WJ -+ VjWZ‘ — kakgoij.

The system (4.2.4) finally becomes

1 . e2®
—§L*LW =—u-du-+ 7(17', (4.2.5a)
1 1 S|
Ap+e 2 (2%'&2 +olo+ LW|2> =2l =2 (14 vuf) (4.2.5D)
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where L* is the formal L?-adjoint of L:
1 * 7
—EL LW; = V'LW;;.

The equations of this system are commonly known as the conformal constraint equations. Equation
(4.2.5a) is called the vector equation and Equation (4.2.5b) is named the Lichnerowicz equation.

Given u, u, 7 and o we are going to construct solutions to the system (4.2.5) for the unknowns ¢
and W without any smallness assumption on 7. We follow the approach of [16]. The main theorem
we prove is the following:

Theorem 4.2.1. Given i € L*(X,R), u € Wh* (X R) 7 € WHP(Z,R) and 0 € WP a TT-tensor,
where p > 2, and assuming that T vanishes nowhere on 3, then at least one of the following assertions
18 true:

1. The system (4.2.5) admits at least one solution (p, W) € W2P(Z,R) x W2P (%, T*Y),

2. There exists a non-trivial solution V.€ WP (X, T*X) of the following limit equation

1 V2 dr

LW =X LW (4.2.6)
2 2 | 7]

for some « € [0, 1].

Remark 4.2.2. Since the surface ¥ is of genus G > 2, there is no conformal Killing vector fields on X.
Therefore LW = 0 imply W = 0. In particular, there cannot be any non-zero solution to (4.2.6) with
a = 0, since in this case we would have

1 1
o:/ <W,—L*LW> dpse :_7/ |LW |? dpfo
) 2 2 /s

which immediately implies that W is a conformal Killing vector field.

The proof of this theorem is the subject of Section 4.3.
Corollary 4.2.3. Assume that the mean curvature T is such that

dr

T

<1
L= (8,T*%)

then there exists a solution to the conformal constraint equations (4.2.4).

See Section 4.4 for the proof of this corollary.

4.3 Proof of Theorem 4.2.1

Before tackling the full system of equations in SubsectionsecCoupled, we first study the properties of
each equation individually, in Subsection 4.3.1 for the vector equation and in Subsection 4.3.2 for the
Lichnerowicz equation.

4.3.1 The vector equation

The main result to study Equation (4.2.4a) is the following:

Proposition 4.3.1. Given a 1-form Y € LP(X, T*Y), there exists a unique W € W2P (3, T*Y) such

that )
_iL*LW =Y.

Moreover, W satisfies

IWllweo s S VLo res) -
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Proof. We can write

1 .
—§L*LWj = V' (V;W; + V,;W; — V*Wygoij)
= AW] + VIVJWZ — V]VZWZ
= AW] + RiCijWi
1

1

where we used the fact that in dimension 2, Ric = S‘;al 9oij- This Bochner formula will be useful in

Section 4.4.
On Wh2(X, T*¥), we introduce the following bilinear form

a(V,W) = / (LV, LW) dp%.
b
We have

a(V,W) = / (V, L* LW dps°
b

1
= 72/ <V, AW — W> dp°
E 2

- / (2 (VV, W) + (V. W) dpse
>

It follows immediately that the bilinear form a satisfies the assumptions of the Lax-Milgram theo-
rem: it is continuous and coercive. So given Y € LP(X, T*Y) € (W12(X,T*X))" there exists a unique
W € WL2(3, T*Y) such that —%L*LW =Y. It follows from elliptic regularity that W € W2 (X, T*%)
and that \|W||W2‘p(E,T*Z) < ||Y|\LP(E7T*E). O

In particular, we get the following result:

Proposition 4.3.2. Given a symmetric traceless tensor H € WP, there exist a unique TT-tensor o
and a unique 1-form W such that
H =0+ LW.

Proof. From the previous proposition, there exists a unique solution W € WP of
1, .
fiL LW =divy, H.
Setting 0 = H — LW, we have
1
divg, o = divy, H — divg, LW = divy, H + §L*LW =0.

Therefore, o is a TT-tensor. O

4.3.2 The Lichnerowicz equation
The aim of this section is to prove the following proposition :

Proposition 4.3.3. Let 4, u and T be given as in Theorem 4.2.1. For any given symmetric traceless
2-tensor H € L™, there exists a unique positive function p € W2P(X R) solving Equation (4.2.4b).
Further ¢ depends continuously on H € L™ and is bounded from below by a positive constant wg which
1s independent of H.
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Before proving the proposition, we need to recall a general lemma on semilinear elliptic equations.
This is a simple version of the so-called sub and super-solution method we took from [46, Chapter 14].

Lemma 4.3.4. Given an open interval I C R, we consider the following equation for ¢ on X:

Ap = f(z,0,N), (4.3.2)

where A\ € A is a parameter belonging to A, an open subset of Banach space, and f is a function
belonging to L= (X, R) @ CY(I x A,R). We assume further that

e there exist constants ag,ay € I (that may depend continuously on \), ag < ay, such that, for all
x €3, f(x,a0,\) <0 and f(x,a1,\) > 0.

Then the equation (4.3.2) admits a unique solution ¢ € W2P(X,R), 2 < p < oo, for all \ € A. Further,
o depends continuously on A.

Proof. We first prove the existence of a solution for all A € A. We denote by Q the closed subset of
L>°(M,R) defined by
Q={p e L*(MR),a0<p<ar}.

We choose a constant A = A(\) > 0 such that

A> sup %(x, o, A)

(z,p)EX X [ao,a1] 850

and define a map F' : Q@ — L (M,R) as follows. Given ¢y € Q, we define F(pg) = ¢1, where
1 € W2P(3,R) is the (unique) solution to the following linear equation:

—Ap + Apy = Apg — f(x, 00, A).
We argue that 1 € Q as follows. We have
—Ap1 + Apr = Apo() — f(z, 0, A)

wo(x) of
:/ <A—(£L‘,Q0,)\)) d(p+Aa0—f(x,a0,)\)
a0 Jyp

>0
> Aag — f(x, a0, )
> Aag;
—A(p1 —ag) + A(p1(z) —ag) > 0.

We set (¢1—ag)— = min{0, ¢1 —ag}. Multiplying the previous inequality by (p1 —ag)— and integrating
over 3, we get

/2 {—(@1 —ag)-A(p1 —ag) + A(pi(x) — ao)z_} du? <0
/z [|V(901 —ag)_ > + A (g1 (z) — ao)q dus <0,

from which we immediately conclude that (¢1(x) —ag)_ =0, i.e. that 1 > ap. A similar argument
proves that ¢ < a;. Hence F' maps €2 into itself.
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We note that for fixed A, F' maps €2 into a bounded subset of W?2P?. This comes from the fact that
¥ X [ap, a1] is a compact set over which f(-,-, \) is continuous so f(x, ¢, \) is bounded independently
of p € Q and = € X. Hence, by elliptic regularity

IEOw2pmr) S 17 (@0, ML~ s r)

<1

Denoting by € the closure of the convex hull of F(Q2), it follows from the Rellich theorem that €’
is a compact convex subset of L (X, R). By the Schauder fixed point theorem, F' admits a fixed point
. @ then satisfies

—Ap+ Ap = Ap — f(z,0,])
And ASD = f(anDaA)
Hence ¢ is a solution to (4.3.2) and by elliptic regularity, ¢ € WP (X, R).

We next prove that the solution to (4.3.2) is unique given A € A. It follows then that ag < ¢ < ay.
Assume given ¢1, @2 two solutions to (4.3.2). We have

0= _A(<p2 - 901) + f($><p2’)‘) - f(x,(Ph)\)

1
= —A(p2 — ¢1) + (p2 — 901)/0 %(% 1+ y(p2 — 1))dy,

>0

from which we immediately conclude that ¢1 = ps.
We follow a similar strategy to prove that ¢ depends continuously on A. We fix an arbitrary Ao € A.
There exists a > 0 such that

0
%(%%)\0) >a

for all (z,¢) € ¥ x [ag(Xo),a1(Ao)]. There exist an 179 > 0 and af,a} € I such that B, (Ag) C A,
af, < ap(N), af > ay(N) for all A € B, (A\g) and

af «
%($7<P7)\)> 3

on ¥ x [ag,a}] X By, (Ao). We denote by ¢q the solution to (4.3.2) with A = A¢.
For any € > 0, there exists 7 > 0, 7 < 1 such that

(e
|f(x58007)‘1) - f(xa§007)\0)‘ < 3

for all z € ¥ and all A € B, (A\g). We denote by ¢ the solution to (4.3.2) with A = A for an arbitrary
Al € Bn()\())Z

A1+ f(x,01,\1) =0

Subtracting both equations, we get

{_A@0+f($7900a>\0) 0

0= —A(p1 — wo) + f(@, 01, 1) — f(z, 00, o)
= —A(p1 — o) + f(@, 01, \1) = [(2, 00, A1) + f(z,00, A1) — f(2, o, Ao)

1
0=—A(p1 — o) +/0 %(l’, w0 +y(p1 — o), \)dy(er — o) + f(x, 00, A1) — f(, 00, Xo). (4.3.3)
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From our assumptions, we have

1
B
/0 %(:ﬂ,e@o +y(01 — o), M )dy > %

Multiplying Equation (4.3.3) by (p1 — o — €)4 := max{0,p; — po — €} > 0, and integrating over
>, we get

/z (f (@, 00, Ao) = f(z, 00, A1) (1 — Po — €)+-dp®
= /E {W(‘Pl =0 =€)+, V(p1 —po —€)+)

d/lgo,

1
0
+ /o %(I; ©o +y(e1 — o), M)dy(p1 — o) (p1 — wo — €)+
€
/ - (P1 =90 — €)1 du
5
2 «
> [ [IV(er =00 =+ G o1 = ) = g0 = )]
«
0> /z UV(% —po— €42 + 3 ((p1 — 0 — €)+)2} dp9°

Hence ¢ — ¢¢ < €. Similarly, o1 — pg > —e. This proves that the function ¥ mapping A to ¢ solving
(4.3.2) is continuous from A to L°(X,I). It then follows at once from elliptic regularity that ¥ is
continuous as a mapping from A to W2P(X, R). O

We refer the reader to [41, Section 6] for much stronger versions of the sub and super-solution
method. We can now give the proof of Proposition 4.3.3:

Proof of Proposition 4.3.3. The Lichnerowicz equation (4.2.4b) can be rewritten in the form (4.3.2):

1 1 21
Ap = —e2% (2112 + 3 H2> + 62"9% —3 (1 + \Vu|2) .

=f(z.9)

Since 72 is bounded away from zero, the assumption % > 0 is readily checked. Choosing ag :=

—maxIn|7|, we have

7_2

2(10
e — <
4 =

1 =

So )
21 N 11 1
<2a0f77(1 )<777<77,
fw,a0) < e =5 (I+Vul) < g =5 = =3
Since f is increasing with o, we immediately get that if ¢ < ag, then f(x,p) < 0. Let now a3 > 0 be
such that )
2a min 7 1 2 1. 2 1 2
e 2l > S (14 IVuln ) + 5 lallfe + 5 1 -

Using the fact that we choose a3 > 0, it is a simple matter to check that

f(z,a1) >0

and hence if ¢ > a1, f(z,¢) > 0.
As a consequence, the Lichnerowicz equation satisfies the assumptions of Lemma 4.3.4. This
completes the proof of Proposition 4.3.3. O
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4.3.3 The coupled system

Following [44], we use Schaefer’s fixed point theorem to study the coupled system (see [25, Chapter
11]):

Theorem 4.3.5. Let X be a Banach space and ® : X — X a continuous compact mapping. Assume
that the set

F:={zxeX,3pel0,1],z=pP(z)}
1s bounded. Then ® has a fixed point:
dr e X,z = ®(x),
and the set of fized points is compact.

We choose X = L*°(X,R) as a Banach space and construct the mapping ® as follows:
Given v € X,

e From Proposition 4.3.1 there exists a unique W := W (v) € W?2? solving

1, . v?

which is Equation 4.2.5a with e¥ = v. Further W depends continuously on v € L* for the
W2P-norm.

e W € W?P can then be continuously mapped to H := o + LW € Wh»

e and, in turn, H can be compactly embedded into L°°.

e Proposition 4.3.3 yields a unique ¢ € WP solving the Lichnerowicz equation (4.2.4b) with the
H we previously found.

Setting ®(v) := e¥ € L, we loop the loop providing a continuous compact map ® : X — X.
Thus, we are almost under the assumptions of Theorem 4.3.5. All we need to check is that the set F’
is bounded. This is the content of the next proposition:

Proposition 4.3.6. Assume that the set
F:={ve L*(X,R),3pc[0,1],v = pP(v)}
is unbounded. Then there exists a constant py € [0,1] and a non-zero W € WP such that

1 V2 dr
——L*LW = —po |LW| —.

2 2 P ILWIE
Proof. Assuming that F'is unbounded, we can find sequences (p;)i>o and (v;);>0 such that 0 < p; <1,
v; = pi®(v;) and |v;]| e — 00. Setting ¢; = log(®(v;)) (i.e. v; = pse¥), and defining W; as the

solution to (4.3.4) with v = v;, we get the following equations:

1 e2vi
—G L LW, = —i- du + p?Tdr, (4.3.5a)
— 20, 1 .9 1 2 2 .7—2 1 2
Api+e | -+ -|lo+LW,|" | =e “’1*77<1+|VU| ), (4.3.5b)
2 2 4 2
Following [16, 24, 44|, we set 7; 1= ||e¥?]|;  and we introduce the following rescaled objects:

—~ 1
i = @i —log(vi), Wi == ?Wz

i
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Note that since we assumed that ||v;|; = piys — 00, with 0 < p; < 1, we also have that v; — co.

We will assume without loss of generality that v; > 1. The following equations for v; and WZ follow
from the definition:

1, — 1. 52V
*iL LW; = *7i2u'du+pi Td77 (4.3.6&)
1 1 1 —|? 21
EI NI 2 Lo il (1 ) 4.3.6b
72 Y +e (27,4“ +2 2 f e 22 + |Vl ( )

= 1. Hence, from Proposition 4.3.1
LOO

It follows from the definition of ~; that ||e‘¢’i L
applied to (4.3.6a), we have

W, L dus 20
H HW”N *?u~ ustpigdr|
7||U dul| ., + [ldT| s
1
<1

Consequently, W; is bounded in W?2*. Since the embedding W*? < C! is compact, we can assume,

up to extraction, that Wz converges to some W € W2P for the C'-norm. We can also assume that
L7

I

pi — poo € [0,1]. All we need to do is to prove that e?¥i converges in L™ to fo, := /2
Indeed, passing to the limit in Equation (4.3.6a), we get that Woo satisfies

- L*LWoozpio—f;dT
V2 9 —~ | dTt
— V22 LW | 4.3.
AT |ﬂ (4.3.7)

Hence, VIN/OO satisfies the limit equation with o = p% . Since €?¥* has L>-norm 1 and converges in
L™ to fs, we have || foo|l o = 1. In particular, LW, # 0 which proves that W, # 0.
To prove convergence of €2% to fuo, we show that for any e > 0, there exists an i such that

’ewi — foo‘ <e
for all i > i5. We do it in two steps:

e We first show the upper bound
e < foo t €

by selecting a smooth function f; such that
€
foo+5§f+§foo+5

and proving that for ig large enough, v, = %10g(f+) is a super-solution to (4.3.6b):

1 1 1
— AP Fe | P+ 2|5
2 29F" T 2|4

N\ 1 (1+|v |2) (4.3.8)
<e 122 ul”) . 3.
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Since foO >0, fy > § so ¢y is a smooth function. In particular, At | is bounded. Moreover,
since W — Woo in C’l and ~; — 0o, we have

o —|? —~ |2
72+LW,;’ —>‘LWOO‘

as 7 tends to infinity. So the condition (4.3.8) can be rephrased as
1), = |2 2
o) + 5 [LWa| = T-p2 <0,

where o(1) denotes a sequence of functions tending uniformly to 0 when i — co. We have
€\ 2 €
e e e

This yields, for ¢ big enough,

2 2 2
o)+ e - T <o+ T - T <f2 : > <o(1) - 2= <0,
where 78 := infyx, 72 is positive by assumption. Therefore 1, is a super-solution to Equation

(4.3.6b) and we obtain, for ¢ big enough

52

_ 9y, U 1] — o
Ay — 1) < — (e —e72¥) <W+2'LWi+2

2 2
)2 e e

IN

™ S ! v
?e2w1(¢+_¢i)/ e2A (e =1i) 7\
0
@ 1], = ol !
+ +2‘LW1»+72 e_2¢i(1/)+—¢i)/ e AW+ =) g\
i 0

29}
2 1 2 1
[7'262«1%/ 2A W+ —vi) 1y 4 <2 7+5 ‘LW 4+ = ) 672%/ 62>\(¢+7/Ji)d)\‘| (g — ;).
0 v 0

K2

IN

>0
The maximum principle implies that v¢; < ¥, for i big enough, so

e’V < Joo T €

e Second, we show the lower bound
€2wi 2 foo -

We have to be more careful than for the super-solution, since f., can vanish somewhere. Let f_
be a smooth function such that

Vimax(f2, = €,0) < f- <y [max(f2, - ,0).

We will work on the open domain A defined by
A={zeX f_(x)>0}.

On A, we can define ¢_ = %ln( f—). We want to show that the following inequality is satisfied
on A:
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1 1o —~
fmp + e V- W+ < |— + LW,
v VAN B '

2 21 7—2 1
> -— 1 4.3.
e Lahman as)

K3

Since e?¥~ > 0 on A, that is equivalent to showing

1 L, 1 ) 1 1o —

)

2 7_2
—_et-1 >,
) ‘ 4 ;

We calculate )
VI
f

We can assume that 0.4 is the disjoint union of smooth curves and denote by r the signed distance
function to 0.4 which is positive where fo, > €. We choose f_ such that f_ = 0 whenever r < 0
and f_ = ee"Y/" if r > 0 is sufficiently small for some positive e. For such a choice of f_,
e2¥- Ay_ is bounded on A.

Therefore, as for the upper bound, the condition (4.3.9) can be written

e Ay = % [A fo—

7_2

o(1) + 7|LW | - Zzo
On A we have eV~ < f2 < f2 — £ This yields for i big enough
1 72 72 72 € 72 €
1)+ S |LWe|? — =T > o1 —2——(2—7)> N+ >0
o(1) 4 LWl = e T > o)) + T = T (12 Y > o)+ 5 20

Since ¢_(x) — ;(x) = —oco when x — dA, _(x) —1;(x) attains its maximum on A. Therefore,
since v _ is a subsolution, we can apply the maximum principle on A, to deduce that ¢ < ;.
This yields

max(f2 —¢€,0) < e*¥i.

This concludes the proof of the convergence in L™ of ¢*¥ towards fao. O

4.4 Proof of Corollary 4.2.3

To prove Corollary 4.2.3, all we need to do is to prove that the limit equation (4.2.6) admits no non-zero
solution under the assumption
dr

T

< 1.
L= (S,T*%)

We take the scalar product of the limit equation with W and integrate over ¥. From the Bochner

formula (4.3.1), we get:
1 2
—5/ |LW|* dp9° —a—/ |LW< >d,ug°
b
1
[rowe a3 [ e g <ave | vaWdugo
D 2)s s T

g0

< a/ VW dpuse + <
. 2

1 2 (0%
S WP < £
2/,:' 2 o <

d 2
= [iweaue,
Lo JX
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where we used the well-known inequality ab < “2—2 + % with a = v2|VW| and b = |4 | |W|. The last

<1landae€l0,1].

inequality immediately yields that W = 0 since we assumed that H d{ HQLOC
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