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TAKE MY HOME, TAKE MY LAND
TAKE ME WHERE I CANNOT STAND

I DON’T CARE, I'M STILL FREE

YOU CAN'T TAKE THE SKY FROM ME
TAKE ME OUT TO THE BLACK

TELL THEM I AIN’T COMIN’ BACK
BURN THE LAND AND BOIL THE SEA
YOU CAN'T TAKE THE SKY FROM ME
THERE’S NO OTHER PLACE I CAN BE
SINCE I FOUND SERENITY

— Firefly : <« The Ballad of Serenity =, Joss Whedon.
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INTRODUCTION

Dans cette thése nous nous sommes intéressés a deux aspects concernant les
espaces de Sobolev des fonctions a valeurs dans la sphere unité : singularités et
relevements. Le manuscrit est divisé en deux chapitres qui correspondent chacun a I'un
de ces deux sujets. Ainsi, le premier chapitre porte sur le probléeme de minimisation d’une
énergie de Dirichlet & poids continu pour des fonctions u € Wh» & valeurs dans la sphere
$7aux singularités prescrites. Dans le deuxieme chapitre nous étudions le probleme des
estimations optimales de relevements des fonctions u € W$P a valeurs dans le cercle
$!. Chaque chapitre commence avec une introduction en francais dans laquelle nous
présentons le sujet, des résultats déja connus dans le domaine et des généralisations et
des résultats nouvelles que nous avons obtenus. Ils continuent avec une partie en anglais
qui a fait le sujet d’une publication, respectivement.

Le premier chapitre, intitulé « Le probleme des singularités prescrites », traite la
relation entre les singularités des fonctions et l'infimum de leur énergies. Les fonctions
concernées sont des applications u définies sur un domaine ouvert et régulier 2 de R™*"
qui prennent les valeurs dans la sphere unité $” ¢ R™*! et qui appartiennent a ’espace de
Sobolev W1, I’ensemble des singularités de ces fonctions, qui empéche qu’elles soient
approchables par des fonctions lisses, est prescrit par le bord d'une variété
m-dimensionnelle d’aire finie dans €2 ou, plus généralement, par le bord I' d'un courant
rectifiable de masse finie et de la méme dimension. Fixé un tel I', la correspondance avec
I’ensemble singulier de w se fait a 1’aide du Jacobien généralisé, ou distributionnel, *Ju
de u. Plus précisément, nous imposons la condition

wJu = Ty,
n+1
L’énergie utilisée dans ce probleme est de la forme

Er.(u) = /Q Fa(yv) |Du(z)|" dz.

I s’agit donc d’une énergie de type Dirichlet avec un poids a(:) positive et a priori
mesurable, mais qu’on va considérer continue. La question que nous nous sommes posée
est de minimiser Er ,.

Ce probléeme & été étudié d’abord par Brezis, Coron et Lieb (1986) dans le cas
particulier o n =2, m =1, a(-) = 1. Alors les singularités sont donnés par un ensemble
fini des points a; dans €) et on fixe le degré topologique de u autour de chacun de ces
points (comme application entre des spheres de R3) ou, équivalent, on associe aux a; des
multiplicités entieres. Le minimum de 1’énergie dans ce cas est donné par

87 min {¢(C) | C = connexion qui joint les singularités de u},

ol les connexions sont définies d’'une maniere rigoureuse en tenant compte de la
multiplicité des singularités ponctuelles a;.
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Puis, Almgren, Browder et Lieb (1988), Alberti, Baldo et Orlandi (2000) et Millot
(2005) ont continué ’étude de ce probleme pour des dimensions n et m quelconques et
pour une énergie avec poids. Ainsi le résultat initial a été généralisé successivement, aussi
que le cadre fonctionnel ou le probleme et placé et les méthodes pour estimer 1’énergie.
Enfin, en adaptant les méthodes utilisées dans les travaux mentionnés, nous montrons que

inf Br o (u) = n™?0,, inf M(M L a)

ou l'infimum du membre droite est pris pour les courants rectifiables M de dimension
m +n de bord égale a I'. Ce résultat représente, naturellement, une généralisation des
résultats connus précédemment.

Le deuxieme chapitre, appelé « Relevements des applications a valeurs dans le
cercle » est centré sur le probleme de trouver les meilleures estimations des relevements
des applications unimodulaires, en termes des semi-normes et dans le cadre des espaces
de Sobolev fractionnaires W#». Plus précisément, nous considérons cette fois les fonctions
u définies sur un domaine ouvert et régulier de R™ a valeurs dans C et de module 1.

Le point de départ représente le travail de Brezis, Bourgain et Mironescu (2000,
2002) qui ont investigué d’abord les espaces WP pour lesquelles chaque u € W#P(); 1)
admet une fonction ¢ € WP(;R) telle que u = exp(ip) : appelé relevement, argument
ou phase de u. Les auteurs ont completement répondu a cette question selon les valeurs
de s, p et n. Il se distinguent trois régimes différentes de I'existence du relevement : sp < 1
et s < 1 (preuve constructive), sp > n et s < 1, et finalement sp > 2 avec s > 1 (unicité
du relevement). Il s’'impose alors la question de I'estimation de la semi-norme |p|ws» en
fonction de |u|ws.», voir une estimation optimale (en général & une constante indépendante
de s pres).

Nous présentons ici I'un de plusieurs résultats que nous avons obtenus. Il s’agit du
cas le plus délicat : sp< 1, s < 1. L’estimation de la forme

1
lplwsr < C(n, p) ——ulws»,
s(1-sp)

est valable pour tout p > 1 et optimale pour p > 1. Ce résultat représente une amélioration
de lestimation fournit par la construction dyadique proposée dans la preuve de
I'existence. En revanche, il est obtenu a partir de cette construction a l’aide d’une
méthode des moyennes inspirée par le travail de Garnett et Jones (1982). Cette
estimation était déja connue dans le cas p = 2 par Brezis, Bourgain et Mironescu mais
I'utilisation de l'analyse de Fourier ne permettait pas une généralisation directe au
cas p quelconque. Par des techniques nouvelles, nous la démontrons aussi pour p # 2.
L’optimalité avait été obtenue aussi dans le cas p = 2 par une preuve élaborée qui utilise,
parmi d’autres outils, le comportement des constantes optimales dans des plongements
de Sobolev. Nous simplifions cette preuve a 'aide d’'une inégalité de réarrangement de
Garsia et Rodemich (1974) qui est en plus valable pour tout p > 1. Finalement, dans le
cas p = 1, 'estimation optimale est donnée par

|olwsr < C(n, p)2fulwsr,

qu’on obtient en utilisant 'approche de Davila et Ignat (2003) pour les relevements BV.
En plus, nous avons donné des estimations optimales aussi dans les deux cas restantes,
des fois en généralisant les cas particuliers connus, des fois en utilisant des techniques
nouvelles.
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CHAPITRE 1 LE EROBLEME DES
SINGULARITES PRESCRITES

1.1. Présentation du probleme

Soient 2 un domaine ouvert et régulier strictement inclus dans R3, a un point fixé
dans 2 et d un nombre entier. Considérons les applications u: Q2 — $2 qui sont de classe C!
sur €2 sauf au point a. $? désigne la sphere unité de R3.

La singularité topologique unique d’une telle fonction u est prescrite par sa position
dans € et par son degré. Ici, le degré au point a de u représente le degré topologique de u
vu comme une application continue de $2 en $2. Plus précisément, nous restreignons u a
une petite sphere B3(a,r) c €2, ensuite nous composons u |sps () avec une homothétie
affine en vue d’obtenir une application @ € C(%52;%?), et nous posons deg(u,a) = deg.
Cette quantité ne dépend pas du choix du rayon r. Par ailleurs (voir [15]), si @ est en plus
de classe C!, le degré de @ peut étre donné par la formule explicite

_ 1 _
deg@ = (5T /532 det Ju(x) dH*(z),

ou H? désigne la mesure de Hausdorff 2-dimensionnelle et Ju est le determinant de la
2 x 2-matrice Jacobienne de .
La solution du probleme de minimisation de I’énergie Dirichlet de u est

(1.1) inf{/Q |Dul?(x) dz

deg(u,a) = d} =8 |d| dist(a,0R),

ol |Du| est la norme Euclidienne de Vu.
Il faut préciser que le probleme est trivial si Q = R3. Dans ce cas-ci, pour que

/ |Du|? soit fini, le degré de u doit étre forcément nul, ce qui permet ainsi que u soit
R3

continue sur R? est donc 'infimum dans (1.1) est nul.

Le résultat (1.1) a été démontré par Brezis, Coron et Lieb dans [16]. Les auteurs
ont aussi étudié et démontré plusieurs généralisations de ce probleme que nous présentons
dans la suite.

Supposons maintenant que nous avons deux singularités ai,as € R3 aussi que leur
degrés (entiers) associés dy < dp qui vérifient

(12) d1+d2 =0.
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Les fonctions admissibles sont alors u € C(R3 \ {ay,az2};%?%) et I'énergie minimale est

(1.3) inf{/RS Dul(z) da

deg(u, a1) = - deg(u, az) = d} = 8 |d] as — ag).

La condition (1.2) est nécessaire, comme avant, pour que / |Du|? < co. En effet,
R3

d’une part le degré de u restreint a une sphere de rayon assez grand doit étre nul, et d'un
autre part il représente la somme des degrés de u aux points a; et as.

Par ailleurs, I'infimum de (1.3) n’est pas atteint : si u,, est une suite minimisante,
alors [Du,|? converge *-faiblement (au sens des mesures) vers la mesure de Hausdorff sur
le segment [ag,as] ([16, section VI]).

Si nous considérons le probleme sur ©Q ¢ R3, alors (1.2) n’est plus nécessaire, et
nous avons le résultat

inf {/ |Dul?(x) dz
Q
(1.4) . :
< {dm |a1 — as| + |d1 + do| dist(ap;,0Q) si sgnd; = —sgnds
=87

deg(u,ai) = di; 1= 172}

|dy| dist(ay,00) +|ds| dist(asz, Q) sgnd; =sgnds

ou d,, = min{|dy|, |da|}, dasr = max{|di|,|da|} et aps est la singularité a; telle que |d;| = dyy;.
On verra qu’en réalité les formules (1.3) et (1.4) ont une expression commune plus simple
dans le cas général.

Pour le cas de n singularités aq,...,a, € R3, supposons d’abord que les degrés
dy,...,d, € Z satisfont la condition
i=1

L’étude du probleme de minimisation associé conduit a la notion de longueur d’une
connexion minimale, définie en [16] de la maniere suivante.

Nous commencgons par nommer les a; des points positifs ou des points négatifs
selon le signe de leur d; ; les points de degré nul ne jouent (a nouveau) aucun role. Puis
nous formons des couples « (point négatif, point positif) » de sorte que chaque point «;
appartienne a |d;| paires; ici nous voyons bien le role de (1.5). La collection résultante est
appelée connexion admissible pour la configuration donnée de points et de degrés. Sur
I'ensemble de toutes les connexions C' = {(a;,a;)};; admissibles, la longueur L est définie
ensuite comme la somme des longueurs des segments associés aux éléments de C' :

(1L6)  L(C) =Y lai - ).

Finalement, nous appelons connexion minimale une connexion qui minimise L(-). Donc
une connexion minimale est I'une qui joint de la fagon la moins couteuse les points
ai,...,a, en tenant compte de leur multiplicité (fournie par leur degrés topologiques
associés).

Le résultat du probleme de minimisation de I’énergie pour les fonctions admissibles
uwe C(R3~ {a;};%?%) est

(1.7) inf{/ |Duf?(z) da

Dans le cas d'un domaine Q ¢ R3, nous n’avons plus besoin de supposer (1.5).

deg(u,a;) = di} =8 mCiYn L(O).

Le raison pour cela est que le bord de € tient place d’une singularité de degré
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mn

d = _Zdi' Soit une connexion admissible pour une telle configuration. Aux paires
i=1
qui contient la « singularité » 0S2, nous donnons le sens suivant : (a;,00) = (a;, Pyoa;)

avec Pyga représentant la projection du point a € 2 sur 0£2. Avec cette interprétation, la
formule (1.6) garde son sens; en plus, cela explique la formule (1.4). Pour les fonctions
admissibles u € C(Q ~ {a;},;%?) Iénergie minimale est encore donnée par la formule
(1.7).

La généralisation a une énergie a poids a été étudiée par Millot en [39]. Le poids est
donné par une fonction a : {2 — R qui est mesurable, bornée et minorée par une constante
strictement positive. Millot a obtenu, dans ce cadre, ’analogue de (1.6). Sa formule fait
intervenir une connexion minimale ad hoc, prenant en compte la présence de a(-). Dans
la définition (1.6), la distance |a; —a;| est remplacé par I'infimum des longueurs pondérées
des lignes polygonales reliant a; a a;. La longueur pondérée d'une aréte [p, q] est définie
par l'intégrale moyenne de la fonction a(-) sur ’ensemble Z(p, ¢; €) obtenue a partir du
segment [p,q] auquel nous rajoutons une épaisseur € - 0 :

1
l(p,q) =liminf —2/ a(z) du.
0 T Je(pge)
Retournons au probleme sans poids, nous considérons des extensions en dimensions
supérieures. Dans cette direction, la premieére extension naturelle de (1.7) a été déja étudiée
dans [16]. Elle fait intervenir des fonctions u: RP - $P~! et I'énergie

E(u) ::/Q|Du|p1(x) dz.

L’infimum est pris a nouveau sur I’ensemble des fonctions u continues sauf aux points
ai,...,a, € ) prescrits par leurs degrés dy,...,d, de somme nulle. Dans ce cadre, nous
avons le résultat

inf E(u) = HP($P)(p - 1)1/ mcin L(O).

Un autre type d’extension de (1.7) est de changer la dimension de ’espace ou
vivent les fonctions u. Par example, soit {2 un domaine de R? et I' une courbe de Jordan
rectifiable et orientée dans 2. Nous considérons les fonctions u & valeurs dans $t, continues
en dehors de I'. Ici, la notion de degré de u le long de I' se définit de maniere suivante :
soit © € I' et soit C un petit disque orienté qui intersecte transversalement I' au point
z et dont l'orientation est consistante avec celle de Q (c.-a-d. si T,I' = Vect{t;, T2} et
T,C = Vect{u}, alors (t1,To,pt) est un repere direct de RR3). Nous prenons ensuite
d = deg(u,I') = deg (u |¢). Cette quantité ne dépend ni du rayon de C ni du choix de z.
En plus, dans cette situation, la valeur de d € Z n’est soumise a aucune contrainte.

L’énergie minimale associée a telles applications u est alors

(1.8) inf/ IDu|(z) dz = 2n|d|inf {#?*(S) | S surface de bord 98 =T}
0

([16] pour T' courbe plane).

Le probleme (1.8) se pose aussi en dimensions et codimensions arbitraires. Pour
Q2 un domaine de R™*", M une variété (m — 1)-dimensionnelle sans bord dans Q avec
degré associé d € Z, et pour des fonctions u : {2 - 5" qui ont M pour ensemble singulier,
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quelle est ’énergie minimale

(1.9)  Ep(u) :=/Q|Du|”(x) dz?

Quand M est polygonal, Almgren, Browder and Lieb ([4]) donnent la réponse et une
esquisse de preuve a l'aide des courants entiers (qui sont des généralisation des surfaces) :

(1.10) inf Ep(u) = n™?H™(S") inf {M(T) | T courant entier avec 0T = M},

ou M(T) représente la masse d’un courant 7.

Plus tard, le probleme lui-méme est posé dans le contexte des courants
rectifiables par Alberti, Baldo et Orlandi ([3]). Leur but était d’étudier I'image du
Jacobien distributionnel (ou généralisé) Ju pour les fonctions u appartenant a ’espace
Whn(Q,$m). Les auteurs ont montré une identification entre Ju et le bord d’un courant
rectifiable T" de codimension n dans 2. D’une part, pour chaque u, il existe un 7" tel que

1
(111)  Ju=0T ——H"($")
et qui vérifie
(1.12)  ¢(n,m)M(T) < /Q |Dul*(x) d.
D’autre part, étant donné T, il existe une application u qui vérifie (1.11) et
(1.13) /Q|Du|”(x) dz < C(n,m)M(T).

En combinant les résultats présentés ci-dessus, les idées et méthodes utilisées dans
leur preuves, nous avons amélioré (1.12) et (1.13) en montrant que la formule (1.10) reste
vraie dans le contexte général des courants rectifiables et au cas d’une énergie a poids
continu.

1.2. Le Jacobien distributionnel Ju

Le Jacobien distributionnel a été introduit, sous la forme que nous utilisons ici,
dans [33]. Pour une fonction u: {2 - R""1, avec §2 c RP, le Jacobien distributionnel Ju est
la (n +1)-forme différentielle sur @ définie (au sens distributionnel) par :

(1.14) Ju:= d(ulw),

n+1

deés que cette formule est bien définie. Ici, ufw est le tiré en arriere par du de la forme
volume wy sur la sphere $". Plus précisément, pour y € 57,

n+1 n+1

w(y) = Z(_l)i_lyi JZZ = Z(—l)i_lyi dyy A Adys, Adyia A AdYnsa,
i=1

i=1
donc (1.14) peut se récrire sous la forme

1
n+1

(1.15) Ju= d > det(Oay,. .., On,u,u) dzo, A Adg,

ael(n,p)

(oﬁ I(n,p) est ensemble usuel de multi-indices ordonnés a = (ayq,...,®,) € [[1,p]]”).
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La formule (1.15) est bien définie si u € WhrnLee(Q; R**1). Si, en plus, u € Whntl
alors nous pouvons différentier chaque terme de la somme du membre droite de (1.15) et
donc

(1.16) Ju= > (Bayt;-.., 00, u) Ao, A AdTg,,,;

) Y Qn4l
ael(n+1,p)

pour un tel u défini sur Q c R"*! cette formule revient au Jacobien classique
Ju = det(Du) dz.

D’autre part, si u appartient & Wn*! et prend ses valeurs dans $”, alors Ju = 0 (les
determinants dans (1.16) étant tous nuls). Dans le cas général, quand u e Wi (Q; Rn*1)
le Jacobien distributionnel Ju décrit, en un sens, les singularités topologiques de u. Les
résultats suivants décrivent cette propriété.

Le premier résultat dans cette direction appartient a Bethuel. Dans [7], Bethuel
montre que u n’a pas de singularités topologiques si (et seulement si) le jacobien de u est
nul.

Théoréme ([7]). — Soit Q c R™! et ue Whn(Q,%"). Alors u peut étre approchée dans
la norme Whm par des fonctions réguliéres u;: Q2 — 3" si et seulement si Ju = 0.

Souvent, il est plus convenable d’utiliser le courant «Ju a la place de la forme
différentielle Ju. L’opérateur x représente l'opérateur de Hodge et transforme une
(n + 1)-forme en (p —n — 1)-courant. Le théoréme, enoncé et utilisé dans [3], donne la
formule de xJu dans le cas ou u est continue hors d’une sous-variété.

Théoréme. — Soient Q c RP et u € WL (Q,3") continue en-dehors d’une sous-variété

(p —n —1)-dimensionnelle S. Alors «Ju = %Sl) deg(u,S) S.
n

Ici, nous notons par S l'intégration sur S. La preuve de ce résultat n’apparait pas
dans la littérature lorsque p, n et S sont arbitraires. Toutefois, le résultat a été démontré
dans des cas particuliers : pour p = n + 1 dans [16], pour n = 2 et S un disque (p - 3)-
dimensionnel par Pakzad, [49], pour p =3 et n =1 par Jerrard et Soner ([33]).

La variante suivante du théoreme précédent a, en revanche, été établie pour tous
n, p et S.

Théoréme. — (voir [3, Theorem 3.8]) Soient Q@ c RP et u € Win(Q,3"). Soit N, le
courant rectifiable associé a l’ensemble de niveau u='(y) dont on enléve les points ot u
n’est pas approximativement différentiable.

H"(S")

Alors xJu = (-1)P"*———=0N,,, pour H"-presque tous y € $".
n+1 Y

Un autre résultat qui peut se révéler utile dans ce contexte est :

Théoréme (x). — Soit Q c RP un domaine borné, régulier et conneze, et soit
ue Whn(Q;&"). Alors u peut étre approchée dans la norme WL par des fonctions
u;: ) — 5" régulieres sauf sur I'; = Gu;.l(y), pour H"™-presque tous y € .

Un résultat similaire peut étre trouvé dans [8, Théoreme 4]. Une preuve de ce
résultat qui est inspirée par celle du résultat d’approximation de Bousquet ([14, section 5]),
est donnée dans la section 1.5 a la fin du chapitre.
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1.3. Apercgu du résultat

Le résultat que nous avons obtenu est le suivant (voir [46, Theorem T1]).

Soit 2 ¢ R™*" un domaine borné et connexe. Soit I' = 9M, le bord d’un courant
rectifiable My c 2 de dimension dim My = m et masse M(M;) finie. Nous considérons la
classe suivante de fonctions admissibles :

* Ju=——-—=

£(T) = {u e WL (Q:5) H;(ff) r}.

A chaque fonction u € £(T") nous associons I’énergie & poids suivante :

Er(ua) = / o) Du(z)|" d,

ol le poids a: 2 - R, est une fonction continue qui vérifie inf a > 0.
Considérons aussi le sous-ensemble suivant des courants rectifiables

C(T)={MeR(R™™")|OM =T ,M(M) <oo0}.
Alors, la formule de I’énergie minimale est donné par :

: — /29y (qn :
(1.17) uel(?(fF)Ep(u,a) n™EH™ (S )Mlelgfr)M(Ml_a),

ol M La signifie que la fonction de multiplicité du courant M est multipliée par la fonction
mesurable a(+).

La preuve consiste a montrer 1'égalité (1.17) par double inégalité, donc elle est
divisée en deux parties. La borne supérieure de l'énergie est obtenue a l’aide d'une
construction d’'un <« dipéle », idée introduite dans [16]. Si les singularités sont des
points, alors un dipole représente un presque-minimiseur de 1’énergie qui est concentré
autour des segments [a,b] appartenant a une connexion minimale. La construction se
généralise aisément dans le cas ou I’ensemble singulier est une courbe plane. L’extension
au cas du bord d'un courant rectifiable utilise un résultat d’approximation par des
courants polyédraux et un raisonnement par induction, méthode présentée dans [4]. Nous
introduisons un type de mesure de Hausdorft a poids H” qui permet d’obtenir les mémes
résultats pour 1’énergie avec un poids continu a(-). Cette mesure définie ad hoc constitue
une compensation pour le fait qu’a cause de a(:), les fonctions vivent dans un cadre
hétérogene. L’idée de modifier la mesure classique est similaire & celle vue dans [39] pour
un poids mesurable. Il faut remarquer que, sous la forme présentée, notre preuve ne
marche que dans le cas particulier ou a(-) est continue. Par contre, la définition de H? a
un sens si a(-) est seulement mesurable, et donc elle pourrait représenter ’outil pour la
preuve dans ce cas plus général.

Pour la borne inférieure, la preuve repose sur une formule de type co-aire présentée
dans [3] et inspirée par [4].



CONTRIBUTIONS A LA THEORIE DES ESPACES DE FONCTIONS 19

1.4. Preuve du résultat

Cette section contient le travail qui fait 'objet d'une publication en novembre 2012

([46]).

PRESCRIBED SINGULARITIES WITH WEIGHTS

Abstract: We find the minimal weighted energy /a(x)|Du(:z:)|” dz of maps u:Q) - "

Q
with prescribed singularities, where @ ¢ R™™ and a(-) is a continuous positive weight.
Our result extends previous ones of Brezis, Coron and Lieb (1986), Alberti, Baldo and
Orlandi (2003), and Millot (2005).

1.4.1. Introduction. — The problem of determining the minimum energy of a map u
with values in the unit sphere and with prescribed singularities was first investigated by
Brezis, Coron, and Lieb in Harmonic Maps with Defects ([16]), and it can be seen as a
starting point in the analysis of some problems with applications in physics, like the ones
concerning liquid crystals. The two-point problem was the following: given two points
Aj and Ay in Q, and a positive integer d € 7,

minimize Ey, 4,(u) = / |Du(z)|* dz, when ue C(Q\ {A}, Ay} c R?*$?),
Q

and deg(u, A;) = —deg(u, Ay) =d,

where deg(u, A;) is the usual topological degree of the restriction of u to a small sphere
S c Q surrounding the point A; (and is independent of the specific choice of S). The
answer to the problem was given as

inf EAi,di(u) =8nd diSt(Al, Az),

with the infimum not being, in general, achieved.

In this paper, we will treat a minimal energy problem that arises from a sequence
of generalizations of the one above. Several variations were already proposed in [16],
and the following three are of interest to us. The first one was to consider more than
two singularities (still a finite number of them), which lead to the concept of minimal
connection between singularities with assigned degree. It was shown ([16, Theorem 1.1])
that the solution of the problem corresponding to the points Ay,..., Ay and the degrees
di,...,dy € Z that satisfy Y d; =0, is

(2

(1.18) inf B4, 4,(u) =87L, where L is the length of a minimal connection.

The key step in proving the inequality “ < 7 is the dipole construction, that is, the
construction of an almost minimizer concentrated around each line segment associated to
a minimal connection.

A second generalization consisted in placing the problem in a higher dimension,
taking u € C(Q2~ {Ay,..., Ay} c RP; Br71), and it was proved that the least energy is
given in this case by

(1.19) i%f/ IDu(z)]P! da = o, (p - 1)P-D12L,
RP
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where o, represents the (p — 1)-dimensional measure of the sphere $7~! ¢ RP. The third
extension of the two-point problem, relevant here, was to consider a situation where the
energy has the homogeneity of an area ([16, section VIII.C]), for example minimize

Er(u) = / Du(z)|dz, forueC(Q\TcR?; $') with deg(u,I') =d,
R3

where I' is a given rectifiable, oriented Jordan curve in R3, and d € Z is fixed. In the
special case where the curve is planar, it was proved that

(1.20) inf Fr(u) = 2n|d| inf {area(S) ; S surface in R?, S =T}.

Moreover, the authors raise the same question in arbitrary dimension and codimension,
more specifically

minimize Ej, (u ::/ Du(x)|" dz,
(1.21) (1) Q| ()]

for u e C(Q~ My c R™™;8"), and deg(u, My) =d,

where My is an (m — 1)-dimensional boundaryless manifold in R™*", and d € Z. Here,
deg(u, My) represents the degree of the restriction of u to a n-dimensional sphere S that
links with My (i.e., S is the boundary of a well-oriented (n + 1)-dimensional disk that
transversally intersects M in a single point), and does not depend on the choice of S.
They suggest that the solution should have the same form as (1.20), but the formula
was afterwards rectified by Almgren, Browder, and Lieb in the paper Co-Area, Liquid
Crystals, and Minimal Surfaces ([4]).

In [4], the authors first provide a new proof of the inequality “ > ” in (1.18), which
uses the coarea formula and current slicing, and which can more easily be extended to
higher dimensions. In the main theorem, they give the solution of the problem (1.21),
put in the context of integral currents, and then give an outline of the proof. The result
obtained was, roughly, that

inf By (u)=n"?0,,,, inf{mass(T) ; T is an integral current with 97 = d M,}.

A similar setting for this problem is given in the article by Alberti, Baldo and
Orlandi entitled Functions with prescribed singularities ([3]). Their main interest was
to study the image of the distributional Jacobian Ju, which is known to describe in
some sense the topological singularities of the map u. They have shown an identification
between »Ju, the current associated, via the Hodge-type operator , to the distributional
Jacobian of a $"-valued map, and the boundary of a rectifiable current of codimension n.
More precisely (see [3, Theorem 3.8 and Theorem 5.6]), they have proved, on one side,
that given u e Whn(Q,%"), there exists a rectifiable current 7" that satisfies the inequality

(1.22) 0,41 xmass(T) € / |Du(z)[" dx
0

On+1

and the condition »Ju = 0T, and, conversely, that for a given current T, there exists

n+
a map u that verifies the above condition on its distributional Jacobian, and is such that
(1.23) / Du(2)|" dz < c(m, n) x mass(T),
Q

where ¢(m,n) is a constant that depends on m and n.
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Their approach was the following: for the proof of the upper bound, they used
a dipole construction together with a result concerning the approximation of integral
currents by polyhedral ones, and a rather elaborate induction argument. The lower bound
of the energy was obtained, in short, in the same manner as in [4], through the use of the
coarea formula. They presented the proof in much more detail though, giving a variant of
the coarea formula that involves the distributional Jacobian, or more generally — for a map
taking values in a Riemannian manifold M — the pullback of the volume form on M. This
allows them to prove that the current 7" in (1.22) can be taken to be the slice determined
by u at a point y € 3" in the subset of 2 where u is approximately differentiable.

In our paper, we will place the problem in the same setting proposed in [3], but we
discuss the associated weighted energy problem. We will also follow closely their strategy
and see that, for the upper bound, replacing the dipole construction in [3] with the one
originally introduced in [16], and being careful at the estimates obtained in the induction
process, their method actually yields ¢(m,n) = ¢(n) = n"/?0,,; in (1.23), which is exactly
the constant from (1.19). Also, inequality (1.22) is still valid for this larger constant,
instead of o,,41.

The problem of the weighted energy was studied, in the classical context, by Millot
in Energy with weight for $%-valued maps with prescribed singularities ([39]), where he
considered the problem (1.18) with energy

Paa(wa) = [ a@)IDu(@)P da,

for a measurable function a(-) that satisfies 0 < A < a(-) < A, for some given constants
A and A. He showed that the formula (1.18) still holds, provided that the distance function
used in the expression of the length of the connection is conveniently chosen. He adopted
the following definition for the length of a segment (A, Ay) in R3:

1
ga(Aly Ag) = liminf — CL(JJ) dI’,
€20 TET Jz(4y,405¢)
where =(A1, Ag; €) denotes the set {z € Q ||z —xo| <€, for some xg € (Ay, Ay)} obtained
by thickening the segment (A1, Ay). The new distance was then defined by

N
(1.24) dist,(A, B) =inf 3 Co(Ag, Apsr),
k=1

where the infimum is taken over all the polygonal lines (Ai,..., Ays1) connecting the
points A and B, such that dist; is the usual Euclidean distance in R3.

We will consider the case where the function a(-) is continuous, but where, as in
[3], the dimension and codimension are arbitrary. The exact statement of the main result
will be given at the end of the next subsection. As we already mentioned, the strategy
used is the one from [3]. However, in order to be able to take into consideration the fact
that we are placed in a heterogeneous setting, we will have to define a new measure on
2, by analogy with the distance dist, defined in [39]. Naturally, the area of S in (1.20)

must be replaced with the integral / a(x) dH?(z), so we will define a modified Hausdorff

S
measure H” (which in fact makes sense even if a(-) is only £"-measurable), and which for

a = 1 becomes the usual h-dimensional Hausdorff measure on R™.
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1.4.2. Preliminaries and statement of the Theorem. — In this subsection we
present the background of the problem. We will consider €2 to be a bounded and smooth
open subset of RP, and M a smooth oriented m-dimensional submanifold of R™*!, with
the dimensions satisfying m <n+1 < p.

1.4.2.1. Rectifiable currents. — We recall here the definitions and the basic properties
of the currents with which we are concerned. For further details, see [50, Chapter 24],
[47, Chapter 4], [30, Chapter 2, Section 2|, and, of course, [26].

Basically, a h-dimensional current is a generalization of a distribution, where the
place of the test functions C (€2, R) is taken by the h-dimensional differential forms with
compact support D*(Q2). More precisely, D, (Q2), the space of h-dimensional currents on
2, is the topological dual of D"(€)) with respect to the topology induced by the family of
semi-norms vi.(m) := sup |D’/n(z)| on each D% (Q) := {n € D"(Q) ; suppn c K}. The

<, xe K
vector space Dy () is then endowed with the weak-* topology, where a sequence (T;);
converges to a current 7 if and only if T;(n) - T'(n), Vn € D"(Q). The mass of T is

defined by M(T) = sup |T'(n)|- Here, |[n(x)| denotes the usual Euclidean norm on
In(z)[<1,vz

the space of h-covectors in RP.

The boundary of T is the current 9T € D;_1(Q2) defined by 0T (u) := T'(du), for
every € DP1(Q), in consistency with Stokes’ theorem.

The class of rectifiable currents R, (€2) consists of currents 7' that can be expressed
by an integral formula

(1.25) T(n)z/THT(:U) Mm(x),tr(x)) dH" (x), V¥neD"(Q).

where T is a compact, h-rectifiable subset of , 67 : T — 7, is a H'-measurable function

called the multiplicity of T, and Tr is an orientation on T'. The mass of T' then becomes

(1.26) M(T) =/0T(x) M (z).

Given an H"-integrable function a(:) : 2 - R, we can define another current 7' L a
belonging to R"(2), by the formula

T a(n) = / a(2)0r () (N(z) T (x)) AH (), ¥ e DH(Q).

If a(-) is the characteristic function of a H"-measurable set A, then T'L x4 is also written
as T'L A, and is called the restriction of T to A.

Given a h-rectifiable set S c € oriented by Tg, we let [S] denote the current
associated to S through the same expression as in (1.25), where the multiplicity is
considered equal to 1. If S is a smooth oriented compact manifold, then, by Stokes’
theorem, we have that 9[S] = [05].

A current T € Ry (Q) is called integral, and we write 1" € I,(2), if the boundary
OT is also rectifiable. By the Closure Theorem [26, Theorem 4.2.16], a necessary and
sufficient condition for a rectifiable current to be integral is that its boundary has finite
mass.

The class of integral flat currents F,(€2) is defined as the set of currents 7" that can
be written as the sum P+ 0Q), with P € R;(Q2), and @ € Rp,1(2). The flat (semi-)norm
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on F,(€2) is defined by
F(T):=inf { M(P)+M(Q); T=P+0Q,PeRy(Q),Q € Ry:1(N)}.

The space of integral polyhedral currents Py, (£2) consists of rectifiable currents that can be
written as a finite sum of h-dimensional simplexes with constant integer multiplicities. It
represents a dense subset of F;,(€2), with respect to the flat norm. The inclusion relations
between the previous classes of currents are the following:

Pu(2) < I,(Q) c Ru(Q) < Fu(Q) c Du(Q).

1.4.2.2. The pullback ubw of the volume form of an oriented manifold. — Denote by w
the (standard) volume form on M, that is, the differential m-form on M which associates
to each point y € M the m-linear alternating map on T, M that satisfies

w(y)(Te, .., Tm) = 1,

for any {T1,...,Tn,} positively oriented orthonormal basis of T,M. Since the top-
dimensional forms constitute a 1-dimensional vector space, we see that w is necessarily
given by

w(y)(wla s 7wm) = det (wb ey Wiy Ve, 7Vn7m+1)7

for every y € M, wy, ..., wy, € TyM, and any {vi,...,Vy_ms+1} € R™! a positively oriented
orthonormal basis of N,M = T, M+*. The value of the above determinant is independent
of the choice of basis of the normal space since passing to another one leads to the
multiplication of the matrix in the right-hand side by an orthogonal matrix of determinant
equal to 1.

Suppose u : 2 > M is a differentiable map. We can then consider the pullback of
the volume form w with respect to u, which is the m-form on €2 defined by

(W) (2) (v1, ..., vp) = wu()) (dug(vy), . .., dug(v,)),

for every x € Q and vy, ..., v, € RP. Remark that in [3], the notation J,u is used instead
of ufw, to emphasise the role that it plays in the definition of the distributional Jacobian.

For every x € €2, the form (ufw)(x) is an element of the space A™(IRP) of the m-
covectors in R?, which can be endowed with the Euclidean norm, meaning that if we let

I(m,p) denote the set of ordered multi-indices o = (ay, ..., ay,) with 1 <ag <+ < ay, < p,
and {dzy,...,dz,} is the dual base of an orthonormal basis {es,...,e,} of RP, then
(u'w) () = Z (W'w)(z)(eays- - Cay ) ATay A+ Adg,,
ael(m,p)
and

(W)@ = X |(uw)(@)(eay,- - €a, )

ael(m,p)

With this, we can see that |(ufw)(x)| is simply the Jacobian [Du(x)] of the m x (n +1)-
matrix Du(x) of the differential of w at x, that appears in the classical coarea formula,
that is,

() ()] = [Du(a)] = [det (Du(z) Du(x)")] 2.
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Indeed, writing the matrix of the differential of u in & with respect to the canonical basis
{€1,...,ep} in R? and an orthonormal basis {T1,...,Tp} in Tywu)M,

dux(ei):Z)\jﬂjzki-(’tl,...,’rm), Vizl,...,p,
j=1

clearly gives us

(Ww)(@)? = > |det (Aay,- .-, Aay) [P = [Du(z)]?.

ael(m,p)

Remark that the quantity |(ufw)(z)| is called the m-dimensional Jacobian of u at x in
[4]. We will later make use of the following estimate:

(1.27)  (w'w)(z)| < m™2 x |Du(z)[", for all €,

that can be found also in [4, Appendix A.1.3]. In fact, it was obtained before that in
[16, (8.5)] in the case where M = $™. In that context, we have |(utw)(z)| = |D|, with D
representing the vector field (Dy,...,D,) that is defined by

Dj = det (81u,. .. ,aj,lu,u,ajﬂu,. .. ,8pu), jE [[1, .. ,p]]

To verify inequality (1.27), suppose first that u is a submersion at the point = € €2, that
is, the differential

dugC :RP - Tu(x)M

is surjective and so its null space has dimension (p—m). If we choose {ey,...,e,} to be an
orthonormal basis in R? such that ker(du,) = span{e,1,...,e€,}, then only one term in
the expression of |(ufw)(x)| is non zero, namely the one indexed by « = (1,...,m), hence

|(u'w) ()] = ‘det (dum(el), oo dug(en), v, . ,vn,m+1)|,

where {Vi,...,V, 41} is an orthonormal basis in Ny@yM. By Hadamard’s inequality
and the arithmetic-geometric mean inequality we obtain

(W) (@) < [duq(en)] .. - |duy ()

m g\ m
<[l(|dux(el)|2+---+|dux(em)|2)] =(M) |

m m

If however, du, is not surjective, then any m vectors du,(eq,),...,du,(e,,, ) are linearly
dependent, and so, |(ufw)(z)| is zero.

Notice that everything remains true almost everywhere if we suppose u: € - M
is only Lipschitz. Also, the definition of the pullback of w makes sense if u is merely in
Wim(Q M), and then |(ufw)(-)| belongs to L().

Rather than the form ufw, the associated current *ufw will be of more interest in
what follows. The action of the Hodge-type operator » on ufw is given by

()@= Y sen(o, @) (W) () (Ca - 1Ca) far A Aoy
aEI(p—m,p)

which thus becomes a (p —m)-current on 2. Here, 3 denotes the multi-index in I(m, p)
that complements the element S € I(p —m,p).
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1.4.2.3. An integral representation of the current ulw wvia the coarea formula. —
Suppose u : Q - M is a Lipschitz map. The coarea formula (see [25, Theorem 3.1],
[24, Section 3.4]) states that given an LP-integrable function a(:) : Q@ - R, and an
LP-measurable set A c RP, we have that, for H™-almost every y € M, the level set u=!(y)
is HP~™-rectifiable, and

(1.28) /Aa(x)[[Du(x)]] dz = /M(/_l( - a(z) d?-lpm(w)) dH™(y),

hence, also, for any continuous function p: M - IR,

(1.29) / o(u(x))[Du(x)] da = /M p(y) M (u™ (y) 0 A) dH™(y).

assuming that the left-hand side of (1.29) is integrable.

If we choose the set A conveniently, we see that for HP~™-almost every y in M, the
Jacobian [Du(x)] = Jutw(x)| is defined and is non zero, for HP~™-almost any = in u~!(y).
At every such points x, the differential du, vanishes on the tangent space of the level set
u~1(y), and so, using a basis {ey, ..., e,} of RP for which Tan,u"!(y) = span{es, ..., €p-m},
we have

*ulw(r) = w(u(z))(dug(epmqi1),- - dug(ey)) e A Aepm,

hence, after normalisation, »ufw defines an orientation of the rectifiable set u=!(y). Thus,
u~(y) becomes a rectifiable current of multiplicity equal to 1, that is,

*ulw(x)

(n<x> ) - (z),

[ (x)](n) = /1( ) [ uko(x)

for all n e DP~™(Q2), and for H™-almost every y € M. Equivalently, [u=!(y)] is the RP~—™-

*ulw(z)

valued measure HP~™ L {u"(y)}, so its total variation is

| * ulw ()]
[[w (I =™ L {u ()},

meaning that for all p € C.(Q2), we have

T (0)]I(e) = / () AR (2).

u=l(y)

By approximating ¢ with simple functions, we see that
/ o(z) dHP"™(x) is H-measurable
u(y)

(as pointwise limit of H™-measurable functions), that is, the mapping y ~ [[u~!(y)]] is
weak-+-measurable. Applying the coarea formula and the monotone convergence theorem,
we obtain that, for any ¢ € C.(2),

(1.30) / p(u(2))] - [uteo(a)| () d = /M o) [T )]I(¢) dH™ (3).
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The integrals are finite, because we have

[ 1ol @) @) <suple [ ot 17t ) ai o)
~suplel [ Ip(u(a))|-luf(w)] do

<P suplelsuplol [ Du(e)” da,
Q M Q

which is finite, since € is bounded, and thus, the map [[u='(-)]| is weak-x- integrable.
The same can be said about the function |ufw(-)|, as it belongs to L!(Q2), and so, we can
express the equality (1.30) in short as

b (pw)| = /M ()]l ()] 4™ (),

*

the integral sign meaning that it is a weak-» (also known as Gelfand) integral.

Furthermore, since the identity (1.30) is in fact true for every bounded function ¢ € L1 (£2),
we can take ¢ as defined by the duality product

2 = (%t (pw)(x &)
o) = it p)(o). 1 ).

for any n e DP-m (), and we get

/ (rt (o) (2), () de
Q

) /M Pw) [/u‘l(y) (*u“w(m), Iu?cgfﬂ)i)l> de_m(x)] ()

This can be also written as
(131) (o) = [ o)l ()] A" ().
M

Suppose now that the map u belongs to W1(€, M). In order to deduce an analogue
of the coarea formula for Sobolev functions from the classical one, it is natural to try to use

some Luzin type approximation results. We begin by covering €2, up to a Lebesgue null
set I c (), by a disjoint sequence 2; of measurable subsets in IR? with the property that
the restriction u; of u to every such set is Lipschitz (using for example [24, Theorem 3,
Section 6.6.3]). We can then apply formula (1.28) to every u; : Q; - M, to obtain

/Amszj a(m)luto(a)| do = /M (/ml(y)manA =) dem(x)) e,

for any LP-measurable set A c Q2 and LP-integrable function a(-) : Q — R. Taking the sum
over all 7, we get,

/A a(z)|utw ()| dz = /M ( / 71(y)\EmAa(:v) d?#’m(@) dH"™(y),

at least when a(-) is nonnegative, where, in the left-hand, we used the fact that the set
E has Lebesgue measure zero. However, since the restriction u|g is not Lipschitz, it need
not have the Luzin N-property, hence HP~"(u"!(y) n An E) is not necessarily equal to
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zero, so in the analogue of the coarea formula for u we have to keep in mind that we have
to remove the set £ from the usual level set u~!(y). What we can say about this set E is
that the function u is almost everywhere approximately differentiable on its complement
QN E, since every Lipschitz function is approximately differentiable almost everywhere.
But in fact, as presented in [3], in view of [26, Thm.3.1.8] (see also [30, Theorem 3,
Section 3.1.4]), we can take, in the above, E to be exactly the set of the points of non-
approximate differentiability of u. By using the notation N, = u~!(y) \ E, we have thus
arrived to the following coarea formula

(1.32) /Aa(x)|uuw(a:)|dx=/M(/Nyma(a:)d’ﬂpm(x)) dH™(y),

and also, by the same argument as before, viewing N, as a rectifiable current of constant
multiplicity 1, we deduce the representation formula

(133) ~u(pw) = [ p()IN] A" (o),
M
where the maps a(-) and p satisfy the same properties as before.

1.4.2.4. The distributional Jacobian. — If u is a bounded map in Wt»(Q,R™1), the
distributional Jacobian of u is defined as the (n+1)-form on 2 given, in the distributional
sense, by

1
(134) Ju = m d(uqu),

where wy represents the volume form of the sphere $". Since we have

n+1
wol(y) = Z(—l)i‘lyi dy;, for every ye$",
i=1

where (Ty\l =dyiA. .. dy;c1Adya AL .. dy,er, it means that

Ju = ! d( > det [Oa,u,. .., Oa,u, ul dwal/\u-/\dman)

n+1 ael(n,p)

The paper [2] presents a review of the distributional Jacobian. We recall here a couple of
basic properties of Ju. First of all, if u is more regular, say it belongs to Win+1(Q Rn*1),
then

Ju= Y det[Onu,...,00,. u] dTa, A+ AdTa,,,,

ael(n+1,p)

so, if p=n+1, then Ju is simply det(Du) dz. This explains the choice of the factor N
n

in the definition. Secondly, if u € Win*1(Q,$7), then the partial derivatives of u being
pointwise linearly dependent, we necessarily have Ju = 0.

A useful remark, given by [3, Prop.7.9], is that, in the identity (1.34), we can
replace wy by any differential n-form n = pwy with p : $* - R a smooth function with
average equal to 1. Indeed, the integral over $" of the n-form (1-p)wy equals zero, which
implies that it is an exact form on $" (see for example [34, Theorem VII.B.6]). Then
the conclusion follows, since the exterior derivative d commutes with the pullback and
dod=0.
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The distributional Jacobian Ju describes in some sense the topological singularities
of the map u. To exemplify, concerning u € WI(Q2 c RP,$"), the following are true:

(i) In the case p = n + 1, the map u can be approximated, in the W'» norm, by a
sequence (u;); c C(£2,3") if and only if Ju = 0.

(i) There exists a sequence (u;); ¢ C*(Q2~T';,5") such that u; — w in WH?, where
[ = 0(u;'(y)), for H -almost every y € "

(iii) If the mapping u is continuous outside a (p—n—1)-dimensional submanifold S, then
On+1
Ju = d SHST.
rJu=—= eg(u, S)[S]

(iv) In general, xJu = (—1)1’*”%8[[]\@]] for H"-almost all y € 5.
n

The property (i) is the main result of [7] (see Remark 2 therein). The approximation
result (ii) can be proved by following the same argument used in [14, Section 5]
to prove the density of the class R in W4(SV $1) (for s,q > 1 with 1 < sq < 2,
[14, Theorem 2]). The property (iii) is stated in [3, Subsection 3.7] and it was previously
proved, for p=n+1 in [16, Theorem B.2, Remark B.2], for n = 2 and S a (p - 3)-
dimensional disk in [49, Corollary 1], and for p = 3, n = 1 in [33, Example 3.4]. And
finally, (iv) is one of the conclusions of [3, Theorem 3.8], and we detail below its proof.

1
We have seen that the Jacobian of u is given by Ju = 1 d(uf(pwp)), where p is
n

any real smooth function on 5" with average equal to 1, and wy is the volume form on
$”. Hence, by the properties of the x operator, we have

(1.35) *Ju= %8(*uu(pwo)).

We fix a point z € 3" where y — [N,] is weak-+ approximately continuous. This
is in fact true for H"-almost all z, because, as we have seen, the map y ~ [N,] is weak-*
Hr-measurable. So, if we consider {n;} a dense countable subset of D™(£2), then, for every
n e D™(Q), y —» [N,](n) is H™-measurable, hence H"-almost everywhere approximately
continuous. Thus, for H™ almost all z, the map y — [N,](n;) is approximately continuous
in z, for every ¢, and, by density, it follows that all such points z are actually points of
weak-+ approximate continuity of [V,].

Let p; : 5" — R be a sequence of positive smooth functions with compact support
which approximate the Dirac measure at z, such that

supp(p:) = B(z,m) nS", / pi(x) dH"(x) =1, and
S’I’L
sup sup {[p:(x)] H*(supp(p:))}=: o < oo.

Then, using the formula (1.33), we have that, for any n € D" (Q),
[+l (puan)(n) - VIOV = | [ o) N1 ) - [
< [ ) 1N - [ND )] ()

<af, NI - NI dH ()
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which converges to 0 when 7; tends to 0, hence »uf(p;wg) converges, in the weak-*
topology, to [N.]. Since the boundary operator is continuous, this implies that

(136) o[N]SR+ D g

On+1

noting that we have to use ¢,.1p; in place of p in the relation (1.35).

We can now state the main result of the paper.

Theorem 1.1. — Let Q) be a bounded and connected smooth open set in R™™",  and
suppose I' is the boundary of a rectifiable current in €2, of dimension m and finite mass.
Consider the following class of admaissible functions

*JUZ%F}’
n+1

To each map u in E(I'), we associate the weighted energy

Fr(u,a) - / o(z)[Dua)]" da,

E) = {u e Wh(Q,$™)

for any strictly positive, continuous function a(-) on Q, with infa(-) > 0. Then, the
minimum energy of u is given by

1. inf E = n"/? inf M(M
( 37) uelér'l(F) F(uaa) n""0n+1 Mlelcl(F) ( La),

where the infimum in the right-hand side is taken over the following class of integral
currents,

C(T) := {M € Rpp(R™™) | M(M) < 00, OM =T} |

1.4.3. The proof of Theorem 1.1.— The first step is the construction of the dipole
which will be used in the proof of the upper bound of the energy. This intermediate
result, given in Lemma 1.5, follows the one in [16, Section VIII, 1. The Upper Bound],
concerned with the case m =2, n = 1. In order to take into account a continuous weight
function, we define the following modified spherical Hausdorff measure.

Definition 1.2. — For any positive Efo/gn—measurable function w(-) on RP, let H denote
the outer measure on RP defined by

N m/p D p balls that r A
‘ pmleg,, r € R? open balls that cove
meAY = f —_— m ; ’
H(A) S&Eop in {k; mogl/p |wlverm(py) diam Dy < 0

for every A c RP.

Since H™ is obtained, like the usual Hausdorff measure, via the Carathéodory
construction, it is indeed a (metric) outer measure on RP, and the following result shows
the connection between H™ and H™.

Proposition 1.3. — If w(:) is a continuous positive function, then
Hir L A=w(-)H™L A,
for any H™-rectifiable set A c RP.
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Proof. — First we see that, if w(-) is constant, then the above equality is satisfied,
because, by [26, Theorem 3.2.26], the Hausdorff and spherical measures coincide on H™-
rectifiable sets. Next, remark that the two measures, H™ L A and w(-)H™ L A, are both
Radon measures since, by hypothesis, H™(A) < oo, and so, also H7(A) < co. The sets of
null H™ and H™-measure coincide, so it is enough to prove

HI(A) = / w(z) dH™(2),

for any set A that is Borel H™-rectifiable and compact.

We will apply the Vitali-Besicovitch covering theorem (see [5, Theorem 2.19]), to
cover A, up to a set of small H™-measure, with a disjoint family of small balls. For this,
first, for any ¢ > 0, we choose 7 > 0 so that w(-), which is uniformly continuous on A,
satisfies |w(z) —w(y)| < €, whenever |z —y| <. Then, for any ¢ > 0, we can find a finite
number of balls such that

N
Hm(A\ UB%.(xj)) <0, where ~;<7,z;€A Yj=1,...,N.
j=1
With this, we have
N
/ w(z) dH™(x) < dsupw(-) + eH™(A) + Y, w(z;)H™ (B, (z;) N A)
A A j=1
and, knowing that
w(z))H" L A=Hj, yL A, forallj, and
w(z;) <e+w(x), forall xeB,, (r;),
we arrive to
/ w(x) dH™(x) <dsupw(-) + 26 H™(A) + HI'(A).
A A
On the other hand, we get, in the same manner, that

HIM(A) < dsupw(-) + 2e H™(A) + / w(z) dH™(x),
A A

so, by taking ¢, 6 - 0, we have obtained the desired equality. O

We assume, from now on, the hypotheses of Theorem 1.1. Following the previous
lemma, we could define a new mass M, on R,,(R™™) by substituting H™ for H™ in the
integral representation of the mass M, see (1.26) in Subsection 1.4.2. Specifically, for a
current T € R, (R™*") associated to the H™-rectifiable set T and the multiplicity 07, we
set

M (T) = /~9T(x)7-[21.
T
With this, formula (1.37) can be written as

inf Er(u,a) =n"%0,,, inf M,(M),
ue&(T) MeC(I')

which is in agreement with the observation in [16] that different generalizations of the
original problem should all yield the same kind of formula for the minimum energy,
provided that the distance, in this case the measure, is properly defined. The same
approach was taken in [39], where the Euclidean distance in R3 was replaced by dist,
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whose definition we specified in the Introduction, formula (1.24). Considering the
proposition below, it is clear that Theorem 1.1 gives, for the case m =1, n = 2, the same
formula, as does [39, Theorem 1.1], for a(-) continuous.

Proposition 1.4. — Suppose I is a polyhedral current. Then, in the formula (1.37) of
Theorem 1.1, we can assume that the currents M are polyhedral, i.e.,

inf (M(MvLa)|MeC(T)}=inf ( M(MLa)|MeC(T)nP,(R™"))}.

Proof. — We need to show that, given M € R,,,(R™*"), with finite mass and boundary
OM =T, we can find, for every ¢ > 0, a polyhedral current P, that has the same boundary,
and which satisfies

M(PLa)<M(MLa)+e.

It suffices to show this for a(-) = 1, as the general case follows by applying the Vitali-
Besicovitch theorem as in the precedent proof.

Let n > 0. By the approximation theorem [26, Theorem 4.2.22|, there exists a
polyhedral current Py € P,,(R™*"), and two rectifiable currents R and @, of dimension m
and m + 1, respectively, such that

M=Py+R+0Q, with M(R)<n, and M(P)<M(M)+n.

We may assume 0 < 1 < ¢/2 is small enough so that, using the deformation theorem
[26, Theorem 4.2.9] we can write R as the sum P; + 0S, between a polyhedral current
Py satisfying

M(P) < 5

and the boundary 9S of a (m + 1)-dimensional integral current S. Therefore, by taking
P =Py + P, we have

M=P+3(Q+S), with M(P)<M(B)+M(P) < M(M) +e,
and OP =0M =T. ]
The following lemma gives the analogue of the dipole introduced in [16].

Lemma 1.5. — Suppose E = E,.(&y,Tg) is an oriented disk of dimension m in Q. Then,
for any 6 >0, and any fized point yy € $", there exists a map u e E([OE]), that is locally
Lipschitz in O~ OF, constantly equal to yo outside the ball B,.(&y) in R™", and whose
enerqgy satisfies the following inequality

(1.38) / o(z) [Du(@)]" dz < n"20 o HP () + 6.
Q
Proof. — Without loss of generality, we may restrict to the particular case where
E={(z,0) e R™ x R" with |z| <7},
Tp = e§m+n) Ane™ e R™ xR,  and g = (0,1) e R" xR,

because the general case will then follow through an isometry of R™* and a rotation
of S
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The map u will be constructed in two steps, just as described in [16]. The first
step is to take a function v: R™ — 5" that satisfies the following properties:

(1.39) w(-) is Lipschitz on R™ and constant outside a small ball,
(1.40) degwv(-) =1, and
(1.41) / IDu(z)[* dz < n™?0,,,1 +1,

]:R’ﬂ

for a given n > 0. For example, we can consider the function from [21, proof of Lemma 2]
(see also [39, Lemma 3.2]), which, in our case, becomes

1

2— 2 4
£4+—|:E|2(2€ T, |af* - &%), |z <€
v(e.) = (f—|A<|x|>,\/1—A2<|:c|>), ol e [e,2¢]
X
(0,1) e R" xR, |z| > 2¢

where T = ((-1)"*'xq,x9,...,2,) is used to control the sign of degwv(e,-), the map A(:)
is an affine map chosen such that v(e,-) is continuous, that is,
2 N de
r
e2+1  e2+1’

and ¢ > 0 is a small parameter that we will conveniently fix later.

A(r) = -

for r >0,

The meaning of degwv(e,-) is that of the degree of v(e,-) which is viewed as a map
from the sphere S to itself, obtained by identifying R™ u{oco} and $” through the use of
the stereographic projection 7. So degwv(e,-) is given by

degu(e,m()) =~ [ det [o(e. (). 0 0(e (). .0y, (e (0))] A (1)

n+1
1
(1.42) - / det [0(e, ), 0, 0(e, 7). .., D v(e, 7)] da,
On+1 m
where y; ..., y, are the coordinates of the point y € $" in an orthonormal basis of T,5".

The function v(e,-) clearly satisfies (1.39), and we next check that, provided e is
sufficiently small, properties (1.40) and (1.41) are also verified. Since

2¢2 \"
(—£4+|x|2) , lz| < e

2 At (]xl)

X Y
e+l fafrty/1- A% (Ja])

we have, after the appropriate change of variables, that

o 1/e Tn—l 2e/(e2+1) -1
1.43) degu(e,-) = —— 2"/ —dr+/ dr].
( ) gule) On+1 o (L+r2)n 0 V1-r2

We notice that the derivative with respect to € of degv(e,-) vanishes on the interval (0, 1).

det(v, 0y, v, ..., 0;,v)(€,2) =

] € [, 2],

Since the degree depends continuously on ¢, we find, after another change of variables,
that

o Lynf2-1 L n/2-1
1.44) d ) =d 1,-)=—"-|27 —dt —=dt].
(1.44) deguv(e,-) =degv(1,-) S0 ( /0 a0 + Ty )
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The second integral is an Euler integral, and its value is

1
1 y PG G)
/ $n/2-1(1 — )12 dt:]g(ﬁ _)zg
0 272 F(n 1)
_+_
2 2

where B(+,-) and I'(:) are the classical Beta and Gamma functions, respectively. For
the first integral in (1.44), we consider the hypergeometric function in its Euler integral
representation, that is,

Fla.5:7i8) = gy | £ -0 - e

INC)INGE

(see for example [6, Theorem 2.2.1]; here «, 3,7 > 0 and & € R\ {0}), and then use
Kummer’s formula

F(a—ﬁ+1)1“(%+1)
F(a+1)F(%—ﬁ+1)

(see [6, Corollary 3.1.2]). This gives us

F(a,B;a-+1;-1) =

' F(%+1)F(g)
/ 21+ t) T dt =
0

I(n+1) ’

1
and, using the property F(Z)F(z + 5) = 21722, /7 '(22) satisfied by the Gamma function,
we conclude that (1.40) is verified, that is,
(1.45) degw(e,-) =1, for any €€ (0,1).

In order to verify (1.41), we compute the differential of v(e,-). We have that

2¢2
1/2 <
| )| L | <€
4 x 1 + (n - 1) A%(|]) |z| € [, 2¢]
(e2+1)2  1-A2(|]) |2 ’ T

Thus,

et+1r?

£ 2e2 \"
/ |Dv(s,x)|”dx:n”/20n/ ( ) L dr = n"20,2" x I (),
lz|<e 0

where I(¢) is the first integral in (1.43). From the fact that deguv(e,-) = 1, and recalling

(1.43), we can deduce that

1 2e/(e2+1)

I(e)=2mt _ —
2%,

2" Jo V1-1r2

for every € € (0,1), and so

lim |Du(e, )" dx = n2g,.,,.
£—0 |IE|S£
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On the other hand,

/ |Du(e, z)[" dz
e<|z|<2e

[ 1 (2e-r)2\"* |
‘2""/5 ((€2+1)2—4(2£—r) +(n- )7«2(52+1)) rdr

n/2
1 n—-1
< 2%, en +
7 ((1—.52)2 £2+1)

which tends to 0 when ¢ — 0. So, we can choose ¢ > 0 sufficiently small for (1.41) to be
verified, and for this function v(e,-) we will just use the notation v(-).
The second step is to define, for every k > 1, the function v : Q ~ OFE — $" by

kx

v — |, Z,7) € (prrmf x R") N Q)

R ) IR U
(0,1) e R"x R, elsewhere .

We compute the differential of u to get

P12 (r—kﬁl)[(r'—:ﬂgl) o Dv(rﬁﬁ) |

if (Z,2) € prgm £ x R™. For k sufficiently large, and 1 conveniently chosen, we have

1/2

X

/ a(z)|Du(x)|” dz
Q

DN
el 2 ] e )
prrm EnQ \J R"NQ k k
<nn/2gn+1/ a(z,0) dz +6 = n"o,  HY'(E) + 6,
ermEﬂQ

so inequality (1.38) is satisfied.
Since the map u belongs to Wllog(Q,S”), and is locally Lipschitz outside OF, we
know that

On+1
= E)|[0F
eJu= 2L eg(u, OF) [OF],

where the degree of u along the curve 0F means the degree of the restriction of u to the
boundary of any disk D c R™*" of dimension (n + 1), that intersects transversally 0F in
only one point, and whose orientation Tp is such that

Top NTp = eﬁ”“") AR eﬁrﬁ;n),
Ty being the orientation of the boundary OF induced by that of E. If we choose
m+1

- {5 = 2™ o e g e with | - re{™™) < r} :

then it can be easily seen that deg(u,0D) = degv(-) = 1, and, consequently, the map u
belongs to the class E([OE]). O
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Remark 1.6. — We could also compute the degree of the map v(e,-) o :I" - I by
using, instead of (1.42), the formula

(1.46) deguv(e,m(-))= > detJ(vom)(x),
we(vom) =t (y)
where y € $" is any regular value of v o . Remark that, since v o 7 is Lipschitz,
(1.46) makes sense if the sum is taken over the points x where the function is
approximately differentiable and this definition coincides with the classical definition
of the degree ([30, Sections 3.2, 3.3] ).
Fory:=(0,-1) e R* xR, we have (vom)(y) ={y} and
1

= €2n7

det J(vom)(y)

which is strictly positive, and hence, using (1.42), we find (1.45).
Yet another way of obtaining (1.45) could be to find a homotopy between v o (¢, -)
and the identity of $™.

For passing from the boundary of a disk to the general case of the bound-
ary of a rectifiable current, we will need the following result, which is a variant of
[3, Corollary 7.13].

Theorem 1.7. — Let T be a current in R,,(2) with finite mass, and suppose that
a(-):Q2 = (0,00) is a bounded continuous function. Given p(-) a strictly positive function
on Q, and s > 1, there exist, for any € >0, a rectifiable current R € R,,(2), and finitely
many m-dimensional disks E,,(x;) ¢ Q of radii v; < p(x;), which satisfy the following
properties:

(a) OT = sza[[Er(xl)]] +0R;

(b) S HI(Er, (7)) < % M(T L a);
(¢) M(RLa) < (1— Siﬂ) M(TL a):

(d) the balls B.,,(x;) are pairwise disjoint and contained in Q.

Proof. — This result is a direct consequence of [3, Theorem 7.12] (which, in turn, is
proved using the approximation of integral flat currents by integral polyhedral currents —
[26, Thm. 4.2.22]).

We begin, just like in the proof of proposition 1.3, by applying the Vitali-Besicovitch
covering theorem. Since a(+) is uniformly continuous on the compact support of T, then,
for any n > 0, we can find v > 0 such that, |a(z) - a(y)| < 1 whenever |z - y| < 7, and,
considering T' given by the integral representation (1.25), we cover T, up to a set of small
‘H™-measure, by a finite and disjoint family of small balls

. P _
Hm(T\ UBW(EJ-))S)\, where A>0, v, <7, &€T.
=1

The theorem mentioned above states that the currents 7L B, (&;) can be ap-

»
proximated in the flat norm by finite sums ZJ[[Epij(xij)]] of m-dimensional disks with
-1

1=

radii p;; < p(2;;) and such that By, (z;;) are pairwise disjoint and contained in B, (z;).
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This implies that, for any § > 0, there exist rectifiable currents R; € R,,(B,,(7;)) and
Qj € Rimi1(B4,;(x;)), that satisfy

(147) TL B, (&,) = 1By, (2)] + R, + 00,

i=1

(1.48) M(R;)<dM(TLB,,(&)), and

(1.49) i%m(ﬁjp”(:p@)) <(1+6)M(TL B, (&)), Vj=1...,p

We rescale the radii by taking r;; := p;;/s. Define Ry := T'L A, where the measurable
set A represents the difference T ~ f) B,,(&;), and consider the following m-dimensional
rectifiable current &

p Dj

Z Z ([[Epz](xl])]] - [[Erij (JZ”)H) + Rj + Ry.

After summing the identities in (1.47), we obtain
p Pj
ZZ ii(wi)] + R+ )00,
g=1i=1 j

so we need only to apply the boundary operator, and reindex the finite number of disks
E,, (75), to get the first property required.

To arrive at the second one, we approximate a(z) with a(&;) on each B, (&;), and
use the inequalities in (1.49), that give us

Zp;i?-lm( B, (2i5)) < Zp;i(a(&j) T MH™(E,, (zi;))
1_4-5(M(T La)+2nM(T)).

Then, using also the inequalities (1.48), and the fact that A has small H™ measure, we
see that

3

i

M(RLa) =3 3 [M([Ep,, ()] - a) = M([E,, ()] - a)]

g=114=1

AMNS

M(RjLa)+M(RoL a)

B
1l
=

< [(1 _ Sim) (1+6)+ 5] (M(T L a) +2qM(T)) + Ao,

where Ao approaches 0, as A tends to 0. With a proper choice of small 1 and ¢, these two
last inequalities yield the properties b. and c. in the statement of the theorem. O

1.4.3.1. Proof of the upper bound. — Making use of the two results from above, we will
see that the exact strategy from [3, Theorem 5.6] works effectively for proving the precise
upper bound of the weighted energy. Let M be a current in C(I') and let § > 0, and
s € (1,2). The result is obtained by finding sequences of maps u; € Win(§,3"), closed
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subsets S; c Q of dimension m - 1 such that u; € Lip,,.(2\ 5;), and currents R; € R,,(£2)
with the following properties:

On+1
1. = Il (R,
(1.50)  *Ju; ntl (I' - OR;)
(151) M(R]LG) < ]M(Rj,ll_a), with 1 < 1
(1.52) /Q a(x) [Du; () = Dy 1 ()" da < & M(R,, L a),
Co )

_ n/2

=n" 0, ¥ ——.
1_01/71) 1T M(M Ca)
will be constructed by induction, starting from ug constant, Sy = @ and Ry = M.

with ¢; and ¢y constants verifying ( These sequences

Let’s see first how these sequences help us prove the upper bound. From (1.51)
and (1.52) we deduce that (Du;); (modulo a subsequence) converges in L7(2, R"*!), so
we can assume that (u;); converges to some map u in W"(€, $7). Hence, *Ju; ~ *Ju,

loc
so, by (1.50) and (1.52), we get «Ju = Uﬁ:ll I and, by (1.51) and (1.52) and the condition
n
on the constants ¢; and ¢y, we have

/ a(z)Du(z)* dz < ™20, M(M L a) + 6.
Q

For the construction of the sequences, suppose we have u;_;, S;_; and R;_; with
the desired properties, for a fixed j. Since S;_; is closed, for each z € {2\ .S;_; we can find
r(2) > 0 such that B,y (z) c 2\ S;_1. The function u;_ is locally Lipschitz outside S;_1,

so we have |Duj_i|L=(p,, () < 0 and we can define

r(z)

. [(r(x) s-1 _
(1.53) 0<p(x):= mm{T ' g |Duj—1||L1°(Br($)(x))}7

for every x in 2\ S;_;. Then, by Theorem 1.7, applied with 7" = R;_;, for every small
e > 0 we get finitely many m-dimensional disks E, (z;) in R™" with r; < p(z;) and a
rectifiable m-current R; c 2 such that the balls B,,,(z;) are pairwise disjoint, and

(a) 8Rj_1 = ;OHETZ(IZ)]] + 8R]

(b) SH(E, (1)) < s M(R; 1 L)

1

Sm+1

() M(R; La) < (1 _ ) M(R, 1 L a).

On every E, (x;) we insert the dipole given by Lemma 1.5. More precisely, for any

n > 0, we take some maps v; € Whn(,$"), which are locally Lipschitz on QN 0E,. (z;),
constantly equal to some yo € u;_1 (B, (;) \ B,,(7;)), and that satisfy

[ @) Dup () do < g1 (B, (22)) 4
Q
and thus,

On+1
;= Er- i)
*Ju; 1 OE, ()
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Because v; agrees with one of the values of w;_; on the annulus By, (z;) \ Eri(a:i),
for each i, we have

-1 ||L°°(Bsri(gci)\§” (z:))
< osup o Jua (@) —uia(E)l = sup fuja(E+ ) —uji (&)
z,8€Bsr, (T €Basr,

E,EBST.(xi)
h| = 2sr;

< sup [ Dujoy|Le=(s.., ) D1 L= (8., (2:)) -

hGBQS”

By the choice of p, this implies |u;_y —v;] < s -1 <1 a.e. on By, (z;) \ B,,(x;), and the
balls Bs,,(x;) being pairwise disjoint, we can repeatedly apply Lemma 5.4 in [3] to get
the maps w; e Whn(Q,$") with

{vi, on By, (x;)
w; =

, where wg = u;_;.
Wi-1, on £\ Bsn(xi)

Since there are a finite number of balls B,,(z;), we can take u; to be the last w;, that is,

V4, on B, (z;), Vi

U, = .
J Uj-1, on )\ UBsn(xz) ’
%

moreover, Lemma 5.4 in [3] also gives us Ju; = Ju;_; + Y Ju;, and

2 3s-1 )
DUl .., (2B, (1)) € %?”Duj—lnL“(Bsri(xi))a Vi.

By construction (see the proof of Lemma 5.4 in [3] and recall that r; < p(x;) with
p(-) given by (1.53)), the function u; is locally Lipschitz outside S; := | JOE,, (2;) U S;_1.
Properties (a) and (c) show that w; satisfies the required conditions (1.50), and (1.51)

with ¢; =1- respectively, and it remains to check (1.52). We have the estimate

17
1/n
( / a(2)|Du; () = Dy 1 ()| dx)
0
1/n
(x/ @t a3 [ aou )
) B (Ii)\ET (xz) T‘ wl)

1/n
+(> a(x)|Dujq " d:v)

i J Ber, (z4)

IN

[ n 1/n
3s -1 1
( 3 ) Z—n/B o )a(x) dz +n"?0,.4 Z’H;”(En(xz))+2n‘|

r;

1/n
-1 1
2 (Z —/ a(x) dx) .
2s el Bri(zz‘)

K3 (2

Taking into account property (b), it is clear that there exist ¢ >0, n >0 and s € (1,2),
such that condition (1.52) is verified, with the constant ¢y also satisfying the required
inequality relative to c;.
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1.4.3.2. Proof of the lower bound. — As we mentioned in the introduction, the lower
bound can be obtained with the help of the coarea formula, like in [3], and, before that,

as seen in [4]. Let u: — 3" be an element of £(T"), that is, u belongs to W (), $")

U”HlF. We can choose, recalling (1.36), a point z € $" such that

and it satisfies *Ju =
n+

wJu =2 [N.], and which verifies the inequality

n+1

/ o(z) dH™(2) < Ojﬂ / n ( /N @ d’]—lm(m)) AH" ().

z

By the coarea formula (1.32), and inequality (1.27), we have

/ (/ a(x) d?—[m(x)) dH"(y) = / a(x)|utwy(x)| dx < n‘"/2/ a(z)Du(z)|” dz.
Since the current My := (-1)™[N.] belongs to the class C(I'), we have

/ a(z) dH™(x) = M(MyL a) = M([N,La]) > Mie%(fl“) M(M L a),

z

and therefore we have obtained

D "dz > n™?0,,, inf M(MLa),
/Qa(x)| u(x)" dz > n"*o 1MlerCl(F) (ML a)

which completes the proof of the theorem.
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1.5. Preuve du Théoréme (*)

Cette section contient la preuve du théoreme (x) de la section 1.2. Nous reprenons
ici I'énoncé:
Theorem (*). — Let Q2 be a smooth, bounded and connected open set in R™*"  and let
ue WL (Q;&"). Then, u can be approximated in the WL norm by maps uy belonging to
WL (Q; &) n Co(Q N T'y; "), where Ty is the boundary of a surface in R+,

Moreover, for almost every y € $", we have 0(u;'(y)) = Tk.

The proof follows closely the proof in [14] of the density of the class Z# in
Wep(SN SL).

Proof. — We start by approximating v with smooth functions v, (extend u to the
whole space and then convolute with a regularizing sequence) and such that vy - u and
Dwv — Du almost everywhere and dominated.

For fixed points a € R"*!, consider the projections
Ty ]Rm—l - Sn, 7Ta(l’) = uj
|z —al

and define
VR = Tg © V.

The maps v are smooth outside v;*(a), which, by Sard’s Theorem, for almost all a, is a
smooth manifold of dimension m —1 in R™*. For |a|] < 1/2, we denote by j, the smooth
inverse of the restriction of 7, to $”, and we define the maps

WY = Jo O V.
Then w¢ belongs to W (£2,S") and are smooth outside v;*(a). Also, we show that wf

converges to u in Wb for almost all a € B{L/El Indeed, as u takes values in $", we can

write u = j, o m, o u and then, by dominated convergence, we find that w{ — u in L™. On
the other hand, we have

IDw; () = Du()] < [D(ja 0 ma) (ur(2)) = D(ja 0 70) (u(z))] - |Dug ()]
+|D(Jo 0 ma) (u(z))| - [Dug () = Du(z)| = Ix(x,a) + Jp(x, a).

1
We note that |D(j, 0 m,)(y)| S —al therefore
y -

al
/ Je(x,a)" dz g / |Dug(x) = Du(x)|* de — 0
0 0

1
for all a with |a| < 3" We now turn to the term Ix(x,a). Since

lo ()] < Z} — 0 when k - o

and the integral / ly — a|™ da converges and can be majorated by a constant

1
B,

independent of y for any y € Bi*!, we have

(1.54) / / Ii(z,a) dxrda— 0.
Byat I v (x)|<3/4]

1/2
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On the other hand, on BP*1 Bg/tll the map j, o 7, is smooth, and hence, by dominated

convergence, we also have

(1.55) / / Ii.(z,a) de da — 0,
Byat I v (x)[>3/4]

1/2

By combining (1.54) and (1.55), we obtain that w{ — u in Wn(,S"), for almost all
ae Bf/gl

The preimage of a point y € $" under the map w¢ is the set v;'(D,(y)), where
D,(y) is the ray with origin a which passes through y. It is a smooth m-dimensional
manifold with boundary and 0(w¢)=1(y) = v;*(a). Indeed, if a is such that vy, is transversal
to D,(y)~{a}, then, by the Preimage theorem for manifolds ([32, p. 28]), v;'(D.(y)~{a})
is a (boundaryless) manifold of dimension m. Also, if a is a regular value of vy, then,
for each point x € v;'(a) we have that rankd(vy), = n+ 1, so locally the map vy, is
equivalent to the projection on R"*! and therefore v;'(D,(y)) becomes a manifold with
boundary and its boundary is v;!(a). Since the set of such points a is dense in R™*!, by
Sard’s Theorem and a consequence to the Transversality theorem for families of mappings
([32, p. 69]), the conclusion is obtained with uy = w{, for a conveniently chosen. O






cuApiTRE 2 RELEVEMENTS DES
APPLICATIONS A VALEURS
DANS LE CERCLE

2.1. Introduction

Soit 2 un domaine de R™ régulier, borné et simplement connexe. Considérons les
applications mesurables u: ) - S, c’est-a-dire u(z) € C et |u(z)| = 1, pour presque tout
x €. Siu est de classe CF (ou k € IN), le théoréme classique du relevement nous donne
'existence (et unicité modulo un multiple de 27r) d'un relevement de classe C* de u : une
application :Q) - R qui vérifie

(2.1)  wu(z) =exp(ip(x)), VzeQ.

Nous disons alors que les espaces X = Ck(Q;$') ont la propriété du relevement : toute
application u € X admet un relevement ¢ de la méme régularité que u. L’application ¢
s’appelle aussi phase ou argument de wu.

La propriété du relevement des espaces de Sobolev W*2({2; $1) a été étudié en détail
par Bourgain, Brezis et Mironescu dans [10]. Les auteurs ont donné une caractérisation
complete des WP qui satisfont cette propriété, selon les valeurs de s et p :

Théoréme ([10]). — Soit 1 < p < oo. Les espaces W*P(§2; %) ont la propriété du
relevement si et seulement si s et p se trouvent dans ['une des situations ci-dessous :
(i) 0<s<letsp<l;
(ii) 0<s<1letspzn;
(i) 1< s< o0 et sp>2.
La condition suffisante (iii) coincide pour s = 1 avec un résultat de Bethuel et Zheng
([8, Lemma 1]).

Le cas (ii) est traité de maniere suivante. Dans le cas ou sp > n, la phase peut étre
définie ponctuellement :

o(x) = -ilnu(z).

Cela est une conséquence du fait que, par le théoreme du plongement de Sobolev,
WsP — (0 si sp > n et donc il existe une détermination continue de Inwu. Dans le cas ou
sp =n, apres des extensions répétées de u en augmentant s a chaque fois, le probleme se
réduit finalement & une application de (iii).
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Le cas le plus délicat est (i). La preuve est constructive : les auteurs proposent une
construction itérative de la phase ¢ (avec un passage a la limite). Nous reviendrons sur
cette construction dans la Section 2.2. Les auteurs soulevent aussi la question du controle
de |plws» par |ulws». L'estimation qui résulte directement de la construction montre une
dépendance linéaire

(2.2)  lplwsr < C(s,p,n) |ulwsr.

Cette relation n’existe pas dans le cas H'/2 ou, plus généralement, quand sp = 1. En effet,
il y a des exemples de suites (uy); uniformément bornées dans W'/PP dont les phases
(uniques) vérifient |pg|yi/pp = +00.

Les semi-normes | - |ws» employées dans (2.2) et tout au long du chapitre
représentent une semi-norme équivalente a la norme habituelle sur 'espace quotient
WsP/C. En général, la semi-norme utilisée dans le cas 0 < s <1 est celle de Gagliardo :

o= [

Remarquons qu’il n’y a pas de sens de considérer des vraies normes dans les estimations
de la forme

(2.3)  lplwsr < F (lulwsr)

car si o est une phase de u, alors ¢ + 27 est aussi une phase de u, donc il faut que |@|ws.»
ne tienne pas compte des constantes additives.
La quantité C(s,p,n) dans (2.2) est de la forme

1
(2.4)  C(s,p,n)=c(p,n) m

Se pose maintenant la question de 'optimalité de cette estimation : est-ce qu’il existe une
autre dépendance de la forme (2.4) telle qu’elle soit vérifiée pour chaque u € WP, avec
sp < 1, et pour une des phases possibles de u ? Nous nous sommes intéressés principalement
au comportement de C'(s,p,n) au voisinage du cas critique sp = 1. Le p et le n sont donc
supposés fixés et nous suivons une éventuelle baisse de la puissance de 1 — sp dans (2.4).

I1 s’avere qu’'un controle meilleur que celui donné par (2.4) est possible, mais pour
une autre phase de u que celle construite dans la preuve de (i). Il s’agit d’'une estimation
améliorée qui pour p = 2 est de la forme

1
(2.5) el < m i,

ou C' = C(s,p,n) indépendant de s — 1/2. Ce résultat a été démontré dans [10] a 'aide
d’une méthode des moyennes que nous présentons aussi dans la section suivante.
Nous avons montré dans [43] que (2.5) s’étend au cas 1 < p < co quelconque :

26 5,p < C s —_— s5,p.
( ) |90|W (p n) S(l —Sp)l/p |U|W

La preuve de ce résultat reprend 1'idée des moyennes. Par contre, comme (2.5) s’appuie
sur des techniques d’analyse de Fourier, propres au cas L2, il a été nécessaire de développer
des méthodes alternatives pour (2.5).

Il reste ainsi d’établir I'optimalité de (2.5) et, en général de (2.6). L’optimalité des
estimations de la forme (2.3) signifie qu’il existe une application u € W*» et une phase ¢
de u qui vérifie (2.3) avec égalité & une constante multiplicative pres.
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Pour le cas p = 2, n > 2 cela a été démontré déja dans [10], et dans le cas plus
délicat n =1 le résultat d’optimalité a été démontré par les mémes auteurs dans un article
ultérieur [11]. La preuve utilise 'analyse de Fourier sur L' (multiplicateurs de Fourier) et
repose sur le comportement de la meilleure constante dans le plongement W}=¢(]0,1[) -
LY¢(]0,1[). Dans [43], nous avons démontré que 1'optimalité de la constante dans (2.6)
reste valable dans le cas plus général p > 1. Méme si les arguments de ces deux résultats
sont apparentés, la nouvelle preuve est plus simple que celle initiale pour p = 2.

Le seul cas dans lequel l'estimation (2.6) n’est pas optimale est p = 1. Dans ce
cas-ci, il existe toujours un relevement ¢ de u € W1(T") tel que le quotient entre les
semi-normes de ¢ est de u soit uniformément borné (par rapport a 0 < s < 1). En effet,
I'inégalité (2.6) peut étre amélioré a

(27)  phwer <2 fubyer

([43, Proposition 1.6]). D’autre part, I'inégalité réciproque |¢|ws» > |u|ws» est toujours
vraie, car

lo(z)=e(y)l-

|exp(ip(z))-exp(ip(y))| = 2 Sin(gp(m) - 90(3/))

p(z) - w(y)‘ _
2 2

SQ‘

Donc (2.7) est clairement optimale (du fait que nous nous n’intéressons pas au
constantes multiplicatives absolues). La preuve de ce résultat suit celle de l'existence
des relevements BV de Dévila et Ignat ([23]) et d’une simplification de la preuve de ce
résultat par Merlet ([38]).

2.2. La construction d’une phase quand sp <1 et la méthode des
moyennes
Pour une simplification d’ordre technique, nous considérons €2 = (0,1)" = R®/Z" =T

et les applications u:§2 - $! périodiques. Les normes et les semi-normes d’une telle ap-
plication sont donc prise sur une période de longueur 1. Par ailleurs,

Julwer = / / (@) —ulz = 1P 44,

|h|n+sp

Toute fonction W*»((0,1)") peut étre prolongée a une fonction périodique sur (-1,1)".
Ainsi, hypothese de périodicité ne restreint pas la généralité des résultats ou des preuves.
Il faut préciser que les phases associées a des applications unimodulaires périodiques ne
sont pas nécessairement périodiques.

Comme déja mentionné, la preuve de I'existence d'un relevement W#? dans le cas
s €]0,1[, sp < 1 est une preuve constructive. L’idée de cette construction est la suivante.
Nous prenons d’abord des partitions dyadiques sur le tore T",

P, = {Q;-nzn[mg,mg+1[ mye0,27 1],V L e [[1,n]]}, VjeN.

/+1

L’unique cube @Q); € &; qui contient I'élément x € T est noté Q; (). Ensuite, nous prenons
la moyenne de u sur chacun des cubes @); :

28 ww=[
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il est clair que les fonctions constantes par morceaux w; approchent u dans LP. Les
u .

applications ﬁ (en utilisant la convention 0/0 = 1) sont unimodulaires donc admettent

u;

des relevements ¢;. En procédant par induction, les applications ¢; peuvent étre choisies

de facon qu’elles satisfassent une condition de la forme

(D < ﬁ — Uj-1

29 les=eml <@ ( || |uj—1|) '

A Taide d'un résultat d’équivalence entre la semi-norme usuelle et une semi-norme
dyadique que nous discutons dans la Section 2.5, (2.9) permet de conclure finalement
que la suite ¢; converge dans L? vers une application ¢ appartenant a W*?, qui est alors
un relevement de u. Nous appelons cette méthode de construire une phase ¢ de u, la
construction de Bourgain. Comme nous 'avons précisé, cette construction fournit déja
un controle de la semi-norme de la phase ¢ en fonction de la semi-norme de u :

1
(2.10)  |plws=r < C(p, n)s(—

1- Sp) |u|ws,p.
Mais cette estimation n’est pas optimale.

Une méthode d’obtenir une meilleure estimation de |p|wsr est la méthode des
moyennes, utilisée dans [10], et inspirée par [27]. Remarquons d’abord que le désavantage
de la construction précédente est que, méme si les partitions de T" sont de plus en
plus fines, les sommets des cubes dyadiques ont pour composantes toujours seulement les
points de la forme m2~7 avec m € IN. Donc si u a une oscillation forte sur un voisinage
d’un point irrationnel, une autre configuration des sommets de la partition &?; pourrait
réduire les semi-normes des phases ¢; qui en résultent. Grace a I’hypothese de périodicité,
on peut effectivement translater la partition initiale; cette opération est équivalente a
une translation de la fonction u. L’existence d’un vecteur de translation convenable y
s’obtient par intégration en y sur T". La méthode des moyennes consiste alors a effectuer
la construction de la phase par la méthode de Bourgain pour toutes les translations
T,u = u(-—y) de u, ce que fournit, pour chaque y fixé, une phase ¢¥ de t,u. Nous avons
le schéma suivant :

T,U T, U
U —> Tyu—> —> 7 phase de Y verifiant I’analogue a (2.9)
[Tyul T ul
! — ¥ @Y phase de T,u = T_,p¥ phase de u.
j—o00

Jusqu’ici, la construction de la famille des phases ¢¥(-+vy) de u ne dépend pas des valeurs
de p. Enfin, le but est d’estimer la moyenne de |p¥ |y, pour y € T™. Le résultat obtenu est

[ulysp-

P
(2.11) /Tn |0 [ye dy < C(p,n)m
Cela implique l'existence d’une phase ¢ de u qui vérifie (2.6) et qui améliore (2.10).
La différence entre la preuve de (2.11) pour p = 2 donné par [10, Théoreme E.1] et la
preuve pour p > 1 de [43, Théoréme 1.3] est que le cas p = 2 convient tres bien aux
calculs utilisant les séries de Fourier, mais, par contre, il n’est pas possible d’étendre
la méthode au cas p quelconque. Nous obtenons le cas général par des nouveaux
arguments non-L2? qui s’averent plus simples que ceux initiaux. Un résultat-clef est un
lemme ([43, Lemme 3.1]) qui permet d’estimer en moyenne (en fonction de la position
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de la grille dyadique) la différence entre une fonction et ses approximations par fonctions
constantes par morceaux.

La méthode des moyennes s’est montrée utile dans I’étude de la relation entre les
normes BMO et les normes BMO dyadiques ([27]). Aussi elle est utile dans la construction
d’une phase optimale de u: T" — $'. L'un des ingrédients de 'estimation de cette phase
est une équivalence entre la semi-norme usuelle et des semi-normes dyadiques sur W5,
résultat di & Bourdaud (voir [10, Appendix A], [9]). Il est alors naturel de s’attendre & une
possible amélioration des constantes dans les rélations de cette équivalence, en utilisant la
méthode des moyennes. En effet, nous obtenons un résultat intéressant sur I’équivalence
des semi-normes, présenté dans la Section 2.5.

2.3. L’optimalité des estimations dans le cas p>1, sp<1

L’estimation (2.6) (qui provient de (2.11)) est enfin une estimation optimale. Le
sens de cette optimalité est qu’il existe un u € WP dont tous les relevements satisfont
I'inégalité

1
(1-sp)l/r

qui est I'inégalité réciproque de (2.6) du point de vue sp ~ 1. L'existence d'une telle
application u est obtenue en trouvant un exemple explicite : u est définie par

———|u|wsr < C(p,n)|p|lwsr (du moins si 1 - sp < 1),

u= exp(iy),

pour un relevement ¢, choisit convenablement. D’une part, u vérifie
(2.12)  ¢c(p,n) < |ulwse < C(n,p),

avec une preuve plutot technique ([43, Lemma 8.14]). D’autre part, si ¢ € WP est une
autre phase quelconque de u, elle vérifie

1
(1-sp)tr

Notre preuve de (2.13) pour le cas p > 1 ([43, Théoreme 1.5]) simplifie d'une certaine

(2.13)  elwer > C(n,p) 7 ——=77

maniere celle pour p = 2 dans [11]. Cela a été possible grace au fait que [11, Théoreme 2]
n’utilise pas toute la force de I'inégalité qui décrit Wi=¢(]0,1[) = LY¢(]0,1[). En effet,
il suffisait de 'appliquer seulement pour les fonctions indicatrices des sous-ensembles
mesurables A :

1
AFFAF < Ce / / — L dsay
Aea |z —y|>

Nous avons obtenu cette inégalité par une méthode alternative : en utilisant un théoreme
de réarrangement de Garsia et Rodemich ([28]). En particulier, ce théoréme montre que le
réarrangement décroissant d’une fonction défini sur un intervalle de R est aussi décroissant
pour les semi-normes de Sobolev fractionnaires. Plus précisément, si f est une fonction
définie sur U'intervalle 0, 1[ et positive, et f*:]0,1[— R, est le réarrangement décroissant
usuel de f :

f(@)=imf{XeR ] v [{te[0,1[; A< F()}},
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alors par [28, Théoreme I.1],

| f*lwerqoap < [ flwerop-

Sur R entier, ce résultat est dit a Riesz (voir [35, section 3.3]).

Toutefois, méme si la méthode des moyennes nous donne 'existence d’une phase
qui satisfait une meilleure estimation que celle vérifiée a priori par une phase obtenue par
la construction de Bourgain, il reste encore la question suivante. Est-ce que (2.10) peut
étre améliorée si nous considérons seulement les phases construites par cette méthode?
Nous nous entendons a une réponse négative a cette question. Le raison pour cela est
qu'un ingrédient important dans la preuve de l'estimation (2.10) est une inégalité des
semi-normes qui est optimale ([10, Lemma A.3]). Cependant, ce fait ne suffit pas pour
conclure a l'optimalité du couple « construction de Bourgain — estimation (2.10) ». Nous
aurions besoin d'un exemple d’application u et de phase ¢ construite par cette méthode
qui satisfassent

1
—_— s, < O 5 s, ’
8(1—$p)|U|W p (p n)|g0|w p

mais nous n’avons pas encore un tel exemple.

2.4. Estimations optimales dans le cas sp > 1

1.
n

Nous considérons maintenant v € WP(T"; $!) avec 0 < s < oo, 1 <p< oo et sp>
Nous rappelons que nous avons la propriété du relevement dans les cas 0 < s <1, sp >
ou s 2 1, sp 2 2. En plus, par la nature de la preuve de I'existence d'une phase ¢, qui n’est
pas constructive (contrairement au cas sp < 1), les estimations de la forme (2.3) doivent
étre intrinseques a 'identité (2.1).

Si s> 1 est un entier, nous différentions (2.1) une fois et, a I'aide des inégalités de
Gagliardo-Nirenberg et de 'inégalité de Poincaré, nous obtenons l’estimation linéaire

(2.14)  Jolwsr < C(s,p,m)|ulwer.

Le cas s non-entier est plus délicat et utilise les décompositions de Littlewood-Paley, mais
I'estimation (2.14) reste valable.

Pour le cas s = —, comme nous 'avons déja précisé, il n’y a pas de controle du type

(2.3). Mais pour les autres cas restants, c’est-a-dire n =1, sp> 1 oun > 2, sp > n, il existe
un controle de la forme

(215) [iphwer < C(s,0,m) ([uhwes + [l -

L’estimation (2.15) est due a Merlet pour le cas uni-dimensionnel. Nous montrons qu’elle
reste valable pour n > 1 quelconque. La preuve de Merlet ([38]) repose sur des arguments
uni-dimensionnels ce qui requiert une nouvelle méthode pour démontrer (2.15) quand
n > 2. Il s’agit de la méthode de la factorisation que nous présentons dans la Section 2.6
et qui a a la base une construction d'une fonction ¢; qui est « presque » une phase de
u. Ici est le seul endroit ou les estimations pour sp > 1 sont obtenues d’une maniere
extrinseque a (2.1).

Naturellement, la méme méthode fournit une nouvelle preuve de (2.15) pour le
cas n = 1. Revenus ainsi a (2.15) en dimension 1, nous y donnons encore deux preuves.
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L’une est une simplification de I'argument de Merlet. L’autre est inspirée par le travail
de Nguyen dans [48] et, contrairement a notre premier argument, est une preuve non
constructive; elle utilise la théorie de la dualité des espaces de fonctions, aussi que des
propriétés de I'extension harmonique et de la fonction maximale.

Quant a la question d’optimalité des estimations (2.14) et (2.15), comparativement
au cas sp < 1, le probleme est beaucoup simplifié grace au résultat suivant de [10]. Si
sp 2 1, les applications dans WP (T"; Z) sont constantes. Cela implique I'unicité modulo
27 de la phase d’une application u € W*P(T™; $!). Donc, pour démontrer 'optimalité des
estimations, il suffit de montrer qu’ils ne peuvent pas étre améliorées pour un certain ¢
et u = exp(ipg).

Par ailleurs, précisons ce que nous entendons par '« optimalité » dans ce cas. Pour
s 2 1, vu que l'estimation (2.14) est linéaire, elle est dite optimale si

|plws
|ulwer

>0 quand |¢|wsr = 0, ou quand |u|ws» = 0.

Pour le cas s < 1, 'optimalité concerne a nouveau le caractere linéaire de (2.15) quand
|u|ws.r est petit, et, quand |u|ws.» est grand, 'optimalité de (2.15) se traduit en 'optimalité

de la puissance — dans le deuxieme terme de (2.15).
s

2.5. Une équivalence des semi-normes de W#?

Soit f e WsP(T";C) avec 0 < s <1, 1 <p<oo et sp<1,etsoient f; les moyennes
de f sur chaque cube dyadique (voir (2.8)). L’équivalence des semi-normes

2 16 (/n /n |f|(;) y|{;£i)| a:dy) (ZQSpj|fj_fj—1|€p)p ~ (Zzspj|f_fj“€p)p

jzl 720

|f|wsp:X(f) :Y(f) :Z(.f)

est bien connue (voir [10, Théoréme A.1]). Si nous mettons en évidence la dépendance
de s des constantes d’équivalence dans (2.16), alors nous trouvons les formes quantitatives

suivantes :
(2.17) sPZ <ci(p,n)Y; Y <2Z; Z < ea(p,m) X
et
(2.18) X <ey(pn) Y
) <cs(p,n)———m——
3\p sP(1 - sp)P

([43, Lemma 8.3]; voir aussi [10, preuve de Théoreme A.1]). Seulement (2.18) a
effectivement besoin de l'hypothese sp < 1. Les inégalités de (2.17) sont valables
indépendamment de cette condition et nous pouvons, de ce point de vue, identifier les
semi-normes Y et Z.

Nous montrons que I'estimation (2.16) peut étre améliorée en moyenne :

219) x(1) <ctom)| L (S2)7 ] [ yuma
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([43, Section 7]). La méthode utilisée est la méthode des moyennes vue dans la Section 2.2.
La preuve est assez technique et utilise premierement une approche discrete : ainsi, nous
montrons d’abord, en dimension n =1 que
Nl
i p 1-s
> 2P s f = flT oy < c(p) (E)

2
g>1 S

/TY(fy) dy.

C’est ici que se trouve 'idée essentielle de l'estimation (et la difficulté de la preuve).

Un aspect important de (2.19) est qu’elle est valable sans aucune condition sur sp.
Ce qui implique le fait que, en moyenne, I’équivalence des semi-normes (2.16) est valable
pour tous s €]0,1[ et p > 1.

En plus, (2.19) est aussi vraie quand s = 1 et p = 2. Cela peut inspirer une étude
sur 'analogue de (2.18) pour s > 1.

Quant a l'optimalité de 'estimation (2.18), nous ne ’avons pas encore examinée.
Toutefois, il est clair qu’elle n’est pas optimale dans le cas p = 1 car la constante dans
(2.18) a une croissance exponentielle quand s ~ 1, plus rapide que celle de la constante

1
dans (2.5) qui est juste de I'ordre de T
-5

2.6. La méthode de la factorisation — estimations optimales pour
le cas sp > 1; construction d’une phase quand sp<1

La méthode suivante de la factorisation d’une application a valeurs dans $' est
due a Mironescu ([40]). Nous présentons dans la suite les idées principales de la méthode
ainsi que le fagon dans lequel nous avons appliqué cette méthode dans [43] pour deux
situations différentes.

Soit u € WsP(T™; &) avec s €]0,1[, p € [1,00[ tels que sp > 1. La méthode de la
factorisation consiste en décomposer u comme un produit de la forme

(2.20)  wu=exp(ip;)v

ou 1 € Ws»('T"; R) avec
(2.21)  |p1lwsr < C(p,n)|ulwsr
et v e WP (T $1) avec
(222) Johwens < cp,m)lull

La construction de ¢; est I'ingrédient central de la méthode. Elle se fait en plusieurs
étapes. Nous prolongeons d’abord u a R™ entier d’'une maniére convenable (a I’aide de
l'opérateur de prolongement habituel). L’extension de u qui en résulte (appelée encore u)
vérifie, par ailleurs, que u € WsP(IR"?; Dy )NL*°, u restreint a une voisinage de 0 est a valeurs
dans 5! et u est constant loin de 0. Puis nous étendons u & R"x ]0,00[ par convolution
avec pe, une suite régularisante appropriée :

w(x, ) =ux*p:(x).

Nous considérons ensuite une presque-projection sur le cercle : une fonction lisse TT
qui est égale a la projection sur $' sauf sur un petit disque centré en 0 :

e C*(R% R?), M(z) = si zeR*\Dyp.

z
2]
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Soit v la projection approzimative de w sur 3! :
v(z,e) =TTow(z,e¢).

Finalement, 'application ¢; est définie par

p1(z) = /Ooo det (%,v) (z,€)de,

ou l'intégrale est convergente presque pour tout x € T™. Nous pouvons dire que ¢
représente une phase de la partie de w qui a des oscillations de petite
amplitude, et cela dans le sens que, si les valeurs de u se trouvent toutes dans une bande
suffisamment fine autour de $' alors ; est précisément une phase de u. En effet, soit un
tel u. Alors w a lui-aussi des valeurs proches de $! et donc v est une application (lisse)
a valeurs exactement dans $!. Il résulte donc que v = (v1,Vvy) admet une phase (lisse) :
v =exp(iy)). En différentiant cette identité par rapport a €, nous avons
av_,ﬁ_@bv 8—7’0—\/1%—\/2%:@‘5( ’0_\/)

e oe — e Ve Oe V' De

Supposons qu’en intégrant la derniere identité pour ¢ € ]0, co[ nous obtenons une intégrale
convergente — alors, en passant a I’exponentielle, nous trouvons que

exp(iga(2)) = iy v(a,€) (Jim v(a.e))

Comme les valeurs de u sont toujours de module proche de 1, alors le deuxieme terme est
égale a 1 et

exp(ipy (7)) = u(z),

presque pour tout x € T, par le théoreme de différentiation de Lebesgue.

En plus, ¢1 € WP, v == uexp(—ip;) € WhsP et les deux vérifient les estimations
(2.21) et (2.22) (]40]). A I'aide de la factorisation (2.20), nous pouvons obtenir maintenant
facilement l’estimation (2.15) pour n > 2, sp > n. En effet, comme v € WhsP('T") et sp > 2,
alors v admet une phase @y € WhsP('T") qui appartient ainsi aussi a W#P(T"). Donc
©1 + g est I'unique phase (modulo 27) de w. Enfin, (2.21) et (2.22) impliquent (2.15).
D’une maniere similaire, (2.15) peut étre obtenu aussi dans le cas n =1, sp> 1.

Une deuxieme application de la méthode de la factorisation intervient dans le cadre
sp < 1. I faut noter que la construction précédente de ; ne dépend pas des valeurs de
s et de p, et lestimation (2.21) est valable aussi dans le cas sp < 1 (seulement (2.22)
nécessitait la condition sp > 1). Nous montrons cette fois-ci que

(2.23) ©ve WPL(T"§).

Comme les preuves de (2.21) et (2.22), la preuve de (2.23) n’est pas facile; elle utilise
I’extension harmonique, des inclusions de Sobolev et la théorie des espaces de Sobolev a
poids. Par la preuve de (2.7), v admet une phase ¢y € W*P! qui est aussi bornée. Cela
implique le fait que ¢ appartient aussi & W*» (par les inégalités de Gagliardo-Nirenberg)
et donc ¢y + 9 est une phase de wu.
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2.7. Preuves des résultats

Cette section contient le travail en collaboration avec P. Mironescu, qui fait objet
d’une publication acceptée dans Ann. Inst. H. Poincaré Anal. Non Linéaire en avril 2014

([43]).

PHASES OF UNIMODULAR COMPLEX VALUED MAPS:
OPTIMAL ESTIMATES, THE FACTORIZATION METHOD, AND
THE SUM-INTERSECTION PROPERTY OF SOBOLEV SPACES

en collaboration avec P. MIRONESCU

Abstract: We address and answer the question of optimal lifting estimates for unimodular
complex valued maps: given s >0 and 1 < p < oo, find the best possible estimate of the
form |@lws» S F (lexp(io)yye.)-

The most delicate case is sp < 1. In this case, we extend the results obtained by
J. Bourgain, H. Brezis and P. Mironescu (2000, 2002) for p =2 (using L? Fourier analysis
and optimal constants in the Sobolev embeddings) by developing non L2 estimates and an
approach based on symmetrization. Following an idea of Bourgain, our proof also relies
on averaged estimates for martingales. As a byproduct of our arguments, we obtain a
characterization of fractional Sobolev spaces with 0 < s <1 involving averaged martingale
estimates.

Also when sp < 1, we propose a new phase construction method, based on
oscillations detection, and discuss existence of a bounded phase.

When sp > 1, we extend to higher dimensions a result on optimal estimates of Merlet
(2006), based on one dimensional arguments. This extension requires new ingredients
(factorization techniques, duality methods).

2.7.1. Introduction. — Our motivation is provided by the following problem:

Lifting estimate question. Let €2 c¢ R™ be smooth bounded simply connected, and let
0<s<oo, 1 <p<oo. Assume that WsP(Q;S!) has the lifting property, i.e., that every
u € WsP(€; &) has a phase ¢ € W*P(2;R). Which is the best possible estimate of
the form

Here, A < B means A < C'B, with C' possibly depending on p and on the space dimension
n, but not on s or u.

Estimate (2.24) can be seen as a reverse estimate for superposition operators.
Superposition operators are mappings of the form

T(I,(go):q)O(p, VQDEXa

with X a function space. Classical questions concerning such operators are: under which
regularity assumptions on ® we have Tg: X — X, and existence of estimates of the form

(2.25)  [Ta(p)lx < G(lelx);
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see e.g. [51] for a detailed account of these topics. The questions we discuss in the present
chapter are related to a sort of converse of (2.25), namely existence of estimates of the form

(2.26) [elx < F(|Ta(e)lx)

(or of a similar estimate where the full norm | - | x is replaced by a semi-norm |- | X).
Clearly, (2.26) cannot hold for every ®, even smooth (take ® =0). A hint is given by the
analysis of the case where X = W1, The fact that

[V(®o @)l =2 (¢) Ve L
suggests that, in order to have both (2.25) and (2.26), a reasonable condition is that
0<a<|®|<b< oo

This suggests considering the model nonlinearity ®(t) = exp(it), which satisfies |®'| = 1,
and then the corresponding problem is given by (2.24).

For simplicity, we consider only periodic maps w:T" - $! where T™ = R*/Z" (but
it will be transparent from the proofs that the constructions and arguments we present
extend to maps defined on Lipschitz bounded domains). If w:T™ - $! is smooth, then u
has a smooth phase :[0,1)” > R. Of course, such a phase need not be Z"-periodic and
thus cannot be identified with a smooth map on T". However, for notational simplicity,
we still write most of the times ¢: T™ — R.

The maps we consider are normed in the standard way (over a period); e.g., we let

[flee = 1f e oaymy-

Before presenting our contribution, let us briefly recall some previously known
results concerning the existence of phases :[0,1)" - R of maps w:T" - $! and the
corresponding estimates. First, the characterization of s and p such that W*»(€; $!) has
the lifting property was obtained in [10] and is the following,.

Theorem 2.1 ([10]). — The space W*P(T™; ') has the lifting property precisely in the
following cases:

1. sp<1.
2. sp2n.
3. 521 and sp > 2.

Concerning optimal estimates of the form (2.24), two qualitatively different
situations are to be considered. As an illustration, let us assume that we have an
estimate of the form (2.24) at our disposal, and also that the equality |polwsr = F (|t|yys.p)
holds for some ¢y € WP, with u = exp(ipg). Starting from this, we would like to assert
that (2.24) is optimal. This is easily obtained when sp > 1. Indeed, in this case, if
u = exp(ip1) = exp(ipz) with @1, ps € WP, then ¢1 = o (mod 27) [10, Theorem B.1];
thus the phase (if it exists) is unique. Consequently, there is no phase ¢ € W*» of u such
that |p|lwse < F (Ju|lws»), and thus (2.24) is optimal. We will present in Subsection 2.7.4
the optimal estimates corresponding to the range sp > 1; for the time being let us only
mention the strategy. First, an inspection of the construction of phases in [10] and [40]
leads to estimates of the form (2.24). Next, we test these estimates on typical Ws»
functions (like @ ~ |z|*, with (a + s)p < n) and conclude to their optimality. (Special
cases of the results in Subsection 2.7.4 were obtained by Merlet [38].)
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Much more involved is the case where sp < 1. Indeed, assume that we have
established an estimate of the type (2.24) and that we want to prove its optimality.
This time, if ¢ is a W*P phase of u, then so is ¢+ 271 4, with A a smooth compact subset
of Q. Thus even if the estimate (2.24) cannot be improved for a specific ¢, it could be
possible to obtain another phase of u satisfying a better estimate.

Optimality when sp < 1 and p = 2 was investigated in [10] and [11]; the
corresponding optimal estimates have implications in the analysis of the Ginzburg-Landau
equation ([12]) and were part of the original motivation in studying (2.24). In order to
explain the results obtained in [10], [11], we first recall a phase construction method due
to Bourgain and presented in [10]. Assume that sp < 1 and let u € WsP(T";$!). For
j €N, we let 2; denote the set of the (dyadic) cubes of the form 277 [ [[my, my + 1), with

1=1
m = (my,...,my) € Z". Thus each z € R" belongs to exactly one cube Q;(x) € &;, and

we have Q](x) Qj-1(z) if j> 1. If we L] (R™), then we let
(2.27)  w;(z) = Eju(r) denote the average of u on Q;(x).

We let & denote the set of functions which are constant on every cube of ;. For a given

u e WeP(Tn; $1), the construction of a phase ¢ goes as follows. Let u; be as in (2.27),
. Ui

and set U’ = ﬁ € &;, with the convention 0= 1. We then let ¢° be any real number
Uj

such that U° = exp(ip?) and next construct inductively a phase ¢/ € & of U’ such that
(2:28) |’ -/ S U7 - U,

The arguments developed in [10] imply that the sequence (¢7); converges in LP to a
phase ¢ of u satisfying the estimate (2.29) below.

Theorem 2.2 ([10]). — Assume that sp < 1. Then every u € W*P(T"; &) has a phase
p € WsP satisfying

(2.29)

|80|W5PN p(]_ | |Wsp

Sp)p

Here, |- |ws» is the standard Gagliardo semi-norm,

- [ [LDLWE g,

|[B y|n+sp

As explained above, when sp < 1 the phase is not unique, and this raises the question
of the optimality of (2.29). It turns out that (2.29) is not optimal. (It is proved in [10,
Appendix A] that the estimates used in the proof of Theorem 2.2 are essentially optimal
and thus cannot lead to an estimate better than (2.29). However, this does not imply
that the phase obtained via the iterative construction in formula (2.28) does not satisfy an
improved estimate. We do not have an example of u such that the corresponding ¢ does
not satisfy (2.30).) When p > 1, an improved estimate is provided by the following result.

Theorem 2.3. — Let 0<s<1 and 1 <p< oo be such that sp< 1. Let ue WsP(T";J1).
Then there exists a phase ¢ of u satisfying the estimate

1
(2.30)  [ehysn S p(1—|u|ww

sp)
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When p = 2, the above result is due to Bourgain ([10, Theorem 3.1]). Bourgain’s
proof relies on an averaging method, reminiscent of Garnett and Jones ([27]). The idea
is to perform the dyadic construction explained above starting from u¥ := u(- — y) instead
of u, and obtain a corresponding phase ¢¥. Then prove that, for some y € T™, p¥(- +y)
(which is clearly a phase of u) satisfies the improved estimate (2.30). While the first part
of the proof (construction of ¢¥) does not depend on p, the argument leading to the last
part (existence of an appropriate y) in [10] is based on L? Fourier analysis. Thus, in the
proof of Theorem 2.3, our main task was to develop new, non L?, arguments.

We continue with a digression related to the use of the averaging method. In [10],
the proof of (2.29) (and of the corresponding phase existence result) is based on the
semi-norm equivalence ([10, Theorem A.1])

(2.31)  |fRvew ~ 22715 = fima [T

3>1
Here, the averages f; are as in (2.27) (with u replaced by f). It is easy to see that
the above semi-norm equivalence cannot hold when sp > 1. Indeed, let 0 < s < 1 and
1 < p < oo be such that sp > 1. Let f be (the periodic extension of) the characteristic

1\7
function of [0, 5) . Then the right-hand side of (2.31) is finite (since f; = f, Vj > 1) but
f ¢ WsP_ as one may easily check. However, we have the following result, proving that

the semi-norm equivalence (2.31) is valid in average when 0 < s < 1, irrespective of the
assumption sp < 1.

Theorem 2.4. — Let 0<s<1 and 1 <p<oo. Let f¥(x):=f(x-y). Then we have

(232) |ffyew~ [ 2227 |(F); = (), dy-
T” j>1
This leads to the following picture, reminiscent of the connection discovered in [27]
between BMO and dyadic BMO semi-norms:

1/p
1. The dyadic semi-norm (Z 2597 f: = fi ||€p) is equivalent to the standard semi-norm
j>1
| - [ws» precisely when sp < 1 . This is Bourdaud’s result [9, Théoreme 5]. We note
that this equivalence requires 0 < s < 1, and for such s it holds only for some p’s in the
range [1,00).
2. However, in average, the two semi-norms are equivalent in the full range 0 < s < 1,
1<p<oo.

We next turn to the question of the optimality of the estimate (2.29), settled in
[10, Remark 7] for p=2 and n > 2, and in [11, Theorem 2] for p=2 and n = 1.

Theorem 2.5. — Assume that 1 <p < oo. Then estimate (2.30) is optimal.

Here, optimality means that (2.30) cannot be improved to

e(s)
Srsw § ————ultys
|90|Wsap Sp(l _ Sp) |u|W P
with €(s) - 0 as sp ~ 1.
The original argument in [11, Theorem 2] relies on an involved result: the behavior
of the best constant in the embedding W'-51((0,1)) = LY¢((0,1)). We develop here a

related, but simpler, argument, whose main ingredient is the fact that the nonincreasing
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rearrangement on an interval does not increase the fractional Sobolev norms. This is
well-known on the real line, and goes back to Riesz when p =2 ([35, Lemma 3.6]); on an
interval, the corresponding result is more recent and is due to Garsia and Rodemich ([28]).

As it turns out, the proofs of Theorems 2.3 and 2.5 we present below are slightly
simpler than the original ones even when p = 2.

The reader may wonder about the role of the assumption p > 1 in Theorem 2.5. It
turns out that this result is wrong when p = 1. Instead, we have the following improved
estimate.

Proposition 2.6. — Let 0 < s < 1. Then every map u € WS(T™; &) has a phase ¢
such that

(2.33)  |plws < 2lulws..

Estimate (2.33) is essentially optimal, since we clearly have |u|ys.: < |@|ws.1. The
proof of Proposition 2.6 follows the approach of Dévila and Ignat ([23]), who established,
for BV maps u: T — 3!, the existence of a BV phase ¢ satisfying the (optimal) estimate
ol < 2ulpy.

This section is organized as follows. Subsection 2.7.2, 2.7.3 and 2.7.4 are devoted
to optimal estimates. In Subsection 2.7.2, we prove Theorem 2.3, which leads to an
optimal estimate when sp <1 and p > 1, and Proposition 2.6, giving an optimal estimate
when s < 1 and p = 1. Subsection 2.7.3 contains the proof of Theorem 2.5, which asserts
the optimality of the estimate in Theorem 2.3. In Subsection 2.7.4, we examine optimal
estimates when sp > 1.

Subsections 2.7.5 and 2.7.6 are devoted to further developments. In Subsection
2.7.5.1 we discuss the existence of a bounded phase when sp < 1. In Subsection 2.7.5.2, we
describe a new method for constructing phases when sp < 1. This construction combines
a factorization technique developed by the first author [41], [42] with an averaging idea
due to Dévila and Ignat [23]. Subsection 2.7.6 is devoted to the proof of Theorem 2.4.

The final Subsection 2.7.7 gathers various useful auxiliary estimates.

2.7.2. Optimal estimates when sp < 1. Proof of Theorem 2.3. — We start with
some preliminary results. We recall that @;(x) is the unique cube in &; such that

reQ;(x). Weset f;(x) = ][ f(2)dz, T f(x) = f(x - h), and we associate with f,
Qj(x)
s and p the following quantities:

(2.34)  X(f) = |fByen = /n/n|f($) f(y)|pd dy /n/n|f($) T f (z)]P dadh,

|z — y|rrer [P
(2.35) Y(f)= 2125” 1f5 = fi-aI7s,
72
(2.36) Z(f)= 2(3)25”' |f = fillTs
Jjz

When sp < 1, we have that X(f), Y(f) and Z(f) are equivalent semi-norms in
Ws2(T™). This fact was established by Bourdaud ([9]); see [10, Theorem A.1] for a
quantitative form of this equivalence. We briefly recall in Subsection 2.7.7.1 the result in
[10] with a slightly different proof; see Lemma 2.27.
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It can be easily shown that the phases ¢’ given by (2.28) satisfy the following
inequality ([10, (1.5)]):

(2.37) ¢/ =@ S lu—uy| +u -], Vil

In [10], estimate (2.29) is obtained by combining (2.37) with the (quantitative form of)
the equivalence between X (u), Y (u) and Z(u) (with X, Y and Z as in (2.34) — (2.36)).

The proof of the improved estimate (2.30) is more subtle. In order to obtain (2.30),
we follow the approach in [10], which is itself inspired by a result of Garnett and Jones
([27]) showing that one can recover the standard BMO norm of a function u from the
dyadic BMO norm of a suitable translation t,u of u. More specifically, the argument

goes as follows. Let u¥ = T, u and let ¢¥ be the phase of u¥ obtained via Bourgain’s
y

construction, i.e., ¢¥ := lim ¢¥7. Here, @¥7 € & is a phase of —&-

j—o00 | |

I satisfying

(2.38) [0 =" S ¥ | + [u¥ ], Vi1
In the spirit of [10], we will prove that

1
2- yps d S— s,p*
239) [ 1Bty Sorslul

Indeed, for every measurable function f:T" — C we clearly have

“id
| Flen = // (o |h1|n2;];($)| dzdh

<3 2t / / (T = id) f(2) dadh,
et

720
: L 1 fi hat th f |pYfp b i d b
where [; = [ﬁ’ 2_]) We find that the average of |¢¥[jy., can be estimated by

2.40 VP, dy < 2(n+sp)(5+1) T, —id)Y|” dzdhdy.
T W T |h|el; J T

" j20
In order to estimate the right-hand side of (2.40), we start from
(2.41)  |(tp —id) Y| < ‘(’th - 1d)<py7‘ + |(Th —1id) (go goy])‘ , Viz0.

Consider now p = IL(_

)n,andset pe(x )=ip( ) Ve>0, Ve, We define

=

1
29

Ak {ilj' eT™

dist(z,0Q) < for some () € ﬁk}

By Lemma 2.30 in Subsection 2.7.7.2, when |h| € I; we have

S —id) (9% = 1)

k=1

|t = id)?7| = |(T - id) ("7 = *0)| =

(2.42) j
Z ‘(Th -id) ( il 1)‘ S Z |80y’k - ¢y7k_1| * Pg2-k L g, .
=1

Before going further, let us note that

2.43 Po2-k S Pa3-k and Ak i C Ak+1 B
»J »J
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By (2.38), (2.42) and (2.43), we thus have
o
|(Th - id)(pyﬂ‘ S |uy - uz‘ * Pgsk Ly, -
le=0
Hence
j p
(2.44) |(Th - 1d)90y9(x)‘ (Z ‘uy - uz| * Do3-k ]lAM’j(x)) = Jy;(x,y).
k=0
On the other hand, (2.38) implies

[ (e =1d) (¢ - ")}, 5 ¥ WHLP\/ (Z v () = vk 1(1")\)

k>j+1

(2.45)
S/ (Z|Uy($) —UZ($)|) dz = J5,;(y).
T \ kzj
By combining the estimates (2.44) and (2.45) with (2.40) and (2.41), we find that

/ 0¥y Ay S / > 21 ] ;(x,y) dydx + >, 2% 05 5(y) dy = Ly + L.
Tn n

" 530 T" j30
We first estimate the term Lo via a Schur type estimate (Corollary 2.26) and Lemma 2.27:
P
> 291 ], i (y) = S D0 25078 (2% |uv (2) — ufl(@)]) | da
720 Tn 520 \ k2j
Z 27 [ = i, = —Z (u) § —X (u?) = Iulww
for all y € T™. Consequently,
Lo

(246) LQ S S—p|U|WS,p.

(As in [10], the integration with respect to y does not play any role in the estimate
satisfied by L,.)

We now turn to L;. We decompose the sets Ay ;, which are increasing with &, as
a finite disjoint union of sets by defining

Bk = Ak:j N\ Ak—l o Vk>2 and BLj = Al,j-
Thus, Ax; = | | B:; and we have

1<tk

| el
L1:225”j/ / (ZJ: 3 |uy uk‘*p24 #lp,, (:r)) dydz
n n 1

720 0 t=
g+l P
-2y [ Y ()| de
520 t=1J By j |[k=t-1 LE(T™)

Using Minkowski’s inequality and noting that |B, ;| <|As;| < 2877, we find

gl P
s P82 ( 3 s -l oo Dy ) -

320 t=1 k=t-1 <

Now comes the key estimate.
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Lemma 2.7. — Assume that 0 < s< 1. Let ue WsP(T"), and define g;: T"xT" - R by

(@, y) = [u? = uf] * pyis(2).

Then " af < 2[ufy..,, where
k>0

a = 2" sup |gp(2,) Lo, VE20.
Proof. — Holder’s inequality combined with the fact that the integral of p equals 1 gives
(2.47) / lgx(x, y) P dy < / / |u - u%‘p (z — 2)paar(2) dydz.
’]I‘TL ’I‘n ’I‘n
We next note that

p
ju? [ (z-2) =

][ (v (x - 2) —u¥(w)) dw
(2.48) Q=)

< 2”'“/ [u¥(z - 2) —u¥(w)|’ dw;
B(z-2z,27F)

here, we use Holder’s inequality together with the fact that Qy(x - 2) ¢ B (z - z,27%).
Integration of (2.48) over y leads to

/ |uy—uZ‘p (r-2) dy<2”k/ / ju¥(z - 2) — u¥(w)’ dydw
T " J B(z—2,27F)

(2.49)
= 2”’“/ / lu(t) —u(t - h)Pdhdt, Vax,zeT".
n h|<27k

Using (2.47), we obtain
Y ab < Z/ / 2Pk |y, () — u(t — h)[P dhdt
k>0 k>0 JTn J|n|<2-*
_ / S 20k (r) — u(t - b dhds

n ST kg

cof [ Oy,
n n |h|n+sp

with
c=c(n,s,p) = sup|h["** Z o(n+splk 9,
|hl<1 2k<|h|1
Therefore, we have Y a} < 2|ulfy.... O
k>0

Proof of Theorem 2.3 completed. — By the above lemma and Corollary 2.26 we
have

. ) »
L § ZQ(SP—I)j]§2t( i: 2—skak) - Z Z (sp (G t)( Z 9- s(k— t)a )

320 t=1 k=t-1 t>1 j2t-1 k=t-1

1 P 1
S 2 8<’“‘t>ak) S ——— > ap § ———ufly,
1_3p;(k>t1 sP(1 - sp) k>0 g sP(1-sp) wer
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By combining this with the estimate (2.46) of Lo, we find that

1
Uosp dy § ———|ulf . O
[ 1 dus Sl
Proof of Proposition 2.6. — As mentioned in the introduction, we rely on an

argument devised for BV maps by Dévila and Ignat ([23]). Let u € Ws(T";$'). For
every a € 8! we define ¢, = 0,(u), where 0,(z) represents the unique argument of z € $!
in the interval (o — 2w, «]. The functions ¢, are clearly measurable phases of u. We
claim that there exists a € $! such that |, |ws1 < 2|ulws1. For this purpose, we estimate
the average of |pq|ws1 over St

f l0alws do = f (/ / () = £a(y)] d:z:dy) da
g1 g1 n n |ZL’ - y|n+8

/[ —=( | 18a(u(a)) = Ou(u(w)lda ) ddy

Applying Lemma 2.36 and using (2.50), we obtain

(2.50)

][1 |(pa|WS’1 da < 2|U|Ws,17
5

which proves the claim and completes the proof of the proposition. O

2.7.3. Optimality when sp < 1. Proof of Theorem 2.5. — The next result
quantifies the asymptotic optimality of Theorem 2.3 in the special case where n = 1,

—& . . .
l1<p<ooand s =——, with ¢ > 0. As we will see, the general case is an easy conse-

quence of Proposition 2.8.

1
Proposition 2.8. — For every ¢ € (O, 5), there exists ue € W=/pr(T; 8 such that
any phase o € W=9/pr((0,1);R) of ue satisfies

lolwa-ome 2 m|ue|w<1—a>/p,p.

The above proposition is a variant of [11, Theorem 2]. In turn, [11, Theorem 2]
relies on a very involved result ([11, Theorem 1]) providing the asymptotic behavior of
the best Sobolev constant in the embedding W'-&1((0,1)) < L/¢((0,1)). We present
below a cousin argument, based on an inequality involving non-increasing rearrangements
of functions, obtained by Garsia and Rodemich ([28]).

Proof of Proposition 2.8. — Asin [11, Proof of Theorem 2], the key step consists in
establishing the following estimate

1/e
1

(2.51) |A| |CA|<(CE// —Q_Sda:dy) )
Adea |x—y|
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1
for every ¢ € (0, 5) and every measurable set A c (0,1). Here, ¢A is the complement of A,
and C' is an absolute constant.

Step 1. Proof of (2.51).

Recall that, if f:(0,1) - R, is a measurable function, then its non-increasing
rearrangement f*:(0,1) - R, is defined by

f*(x):inf{AeR||{te[0,1)|f(t)>)\}|<$}, Vae(0,1).

It is easy to see that, when A c (0,1) is a measurable set, we have (14)" = L+, with

A* = (0,|A]). Thus

Cdady Al dzdy —|ADE+ A -1 Al + A -
(2.52) - — = =
v Jeqany [T - y| ¢ A T —yl* e(1-¢) e(l-¢)

On the other hand, we have
(2.53) [AF[FAF s (1-[A])"+ A -1

(see Lemma 2.37 in Subsection 2.7.7.4).
In view of (2.52) and (2.53), in order to establish (2.51) it suffices to prove that

/*/(A* = y|2€d$dy<//A|x y|2£dxdy

This is precisely the rearrangement inequality of Garsia and Rodemich ([28, Theorem I.1])

// ( (p() Z)(y))dxdy<// (f;””(l_f;()y))dxdy,

applied with f = 14, p(t) = [¢[2-¢ and () = |¢|.

Step 2. Proof of Proposition 2.8 completed.

This part follows closely [11, Proof of Theorem 2], with some slight simplifications. We
also detail some arguments which are only sketched in [11].

1
For 0 € (0, 5), we define the phase

1
0 < =
) z 2
2¢ -1 1 1
(2.54)  ps(x) :=<%, if §<x<§+(5.
1
27T, §+5<5B

1
We next choose § = 6(¢) = . For this choice of §, the map u.(z) = exp(ips(z)),
for x € (0,1), satisfies

(255) |u|w(1—a)/p,p((071)) ~1 whene—0

(see Lemma 2.38 in Subsection 2.7.7.4).
In order to prove Proposition 2.8, it suffices to show that any lifting ¢ of . satisfies

1 1
lolwa-orme 2 SV for € ¢ (07 5)
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1
Arguing by contradiction, we assume that, for every 11 > 0, there are some ¢ € (O, 5) and
o € W-a)/pr((0,1); R) such that u, = exp(ip) and
n
(256> |(p|€v(17£)/p,p < -
We set 1) = %. Since both ¢ and s are liftings of u., the function ¢ takes its values
T

into 7. Straightforward calculations (see Lemma 2.39) show that

1 26 1 9
,—+—), orif x,yely:= (—+—,1).

2 3 2 3

We next invoke the following result, whose proof is postponed to Subsection 2.7.7.4.

(257) (@) -o(y)| < (@) - ()| ifzyel = (o

Lemma 2.9. — Let I c R be an interval and let 1:1 - 7 be any measurable function.
Then there exists some k € Z such that

» 1/e
|{xe[|w(x)¢k}|<4(Cs/l dedy) ,

o |r-yFE

1
for all € € (0, 5), where C' is the absolute constant in (2.51).

Step 2 continued.
Applying Lemma 2.9 with [ = I} and with [ == I; respectively, and using (2.57) together
with (2.56), we obtain that there exist m,mq € 7Z such that

(2.58) [“Ail<4(Cm)* and Ay <4(C)'",
where

Ay ={zel |Y(x)=m1} and Ay={xely|(z)=ms}.
1
V24Ce

o(e c
|A1 ﬁA2| = |A1 ﬂAQ ﬂ[l ﬂ]2| 2> |[1 ﬂ[g| — |C(A1)| — |C(A2)| 2> % — S(CT])I/ > O,

We now choose 1 > 0 such that n < . With this choice of 1, we have (using (2.58))

and thus we must have m; = my. We may further assume that m; = my = 0.
Consider the following sets:

5= re (o) [rea) <o)

1
By = {xe (%+(5,1) ’¢($)¢O}c (§+5,1).
We clearly have

and

p=@s on °B and p=ps on °DBy

and, in addition, by (2.58) we also have
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By the definition of (s, we then find

oo, > /B1 /32 |*0((”;) y‘t)”z(ya)\”d dy _[Bl [BQ |806((i) y@)@;s(ay)lpd N

> (2m)P —dmd .
( ) [Bl [BQ (x - y)27£ y

It is easy to see that the latter quantity does not increase if the sets By and B, are replaced

respectively by the intervals
1 ~ 1 1
—) and Bs:= (§+6,§+(5+|Bg|),

~ 1
B;=--|B

1
see Lemma 2.40. Hence, using (2.59) and the fact that § = e We obtain
e

1/2-6/6 p1 1 (27T)p 1
2.60) ol iops 2 27rp/ / —————dxdy = (1——+01),
( )| |W( e > (2) 0 124706 (T —y)** e(1-¢) € L)

when ¢ - 0. For an appropriate choice of n, (2.60) contradicts (2.56). O

Proof of Theorem 2.5. — The optimality of the estimate (2.30) in Theorem 2.3 means
that for every 0 < s <1 with 1-sp « 1 there exists a map u € WsP(T"; $!) such that any
lifting p € WsP((0,1)";R) of u satisfies

1
(2.61) |80|Wsp 4 1—|U|W5p

This is true in dimension n = 1 by the above Proposition 2.8. In order to prove (2.61)

in arbitrary dimension, we use a dimensional reduction argument. More specifically, for

11
every s € (2—, —) we define
p P

U(I’) = U(Il,I‘Q, . ,,I‘n) = u(xl,xl) = us(xl)’ VY xeT".

Here, u, is a map in WP(T;$!) that satisfies the property that for any lifting
w € WsP((0,1);R) of us we have

(2'62> |‘P|€vs,p((o71)) 2 :Wswvs,p(qr)‘

Note that the existence of ug follows from Proposition 2.8.

Consider an arbitrary lifting ¢ € WP((0,1)";R) of u. Clearly, for almost every
x' = (29,...,2,) € (0,1)"1 the map z; — ¥(x1,2") = @ (x1) is a lifting of u,, and thus
satisfies the estimate (2.62). By combining this fact with Corollary 2.43, we find

1
(2.63) |w|€\]s,p((071)n) ~ |9096’|I\))V.w((0,1)) < 1— Sp|u8 evs’p(T)'

On the other hand, we have, again by Corollary 2.43, that |u|ws»(rn) # |ts|wsr(T), Which,
together with (2.63), leads to

|,[7Z)|I\)N5,p((0,1)n) 2 1——5p|u|€vs’p(’]rn) .



64 CHAPITRE 2. RELEVEMENTS DES APPLICATIONS A VALEURS DANS LE CERCLE

2.7.4. Optimal estimates when sp > 1. — As we will see below, when sp > 1,
two quantitatively different types of estimates occur: linear estimates of the form
|olwsr S [ulwss, and superlinear estimates of the form

(2.64)  [plwsr S fulwsr + [ulfyr,

with a > 1.

The linear regime corresponds to the case where s > 1. When s = 1, we actually
have the identity |p|wi» = |u|w1.r, and optimality is irrelevant. When s > 1, several natural
semi-norms |- |ws» can be considered (where a natural semi-norm is a semi-norm modulo
constant functions and equivalent to the standard norm on the quotient space Ws?/C),
and optimal estimates do depend on the choice of such a semi-norm. Therefore, we
restrict ourselves to a more modest task, which consists in proving that optimal estimates
are indeed linear.

When s < 1, we will obtain superlinear estimates of type (2.64). In this case, we
focus on the optimality of the exponent o (when |u|ws» is large) and of the linear term
|u|lws.r (When |ulws» is small).

Theorem 2.10. — Let s > 1, 1 <p < oo be such that sp > 2. Let u e WsP(T"; &) and
let o e WsP(T™; R) be a lifting of uw. Then

(2.65) |olwsr < C(s,p)|ulwsr.

Moreover, the above estimate is optimal in the sense that

lim sup lilwer >0, and limsup [Plwes > 0.
phwsp—0 [U[wer Julws.p—oo [Ulwar
Proof. — Since the estimate (2.65) does not depend on the choice of the semi-norm, we

can work for convenience with the semi-norm |f|ws» = |V f]lws-1..

Step 1. Proof of (2.65).

Since s > 1, we may differentiate once the equality u = €'¥ and find that V¢ = uavVu (recall
that (uy +iug) A V(v1 +1iv2) = u1 Vg — uzwjl). Thus we have to establish the estimate
lu A Vul|ws-10 S |ulwse. We first extend u to a map in R” using a standard extension

operator P: W#P(T") - W#P(IR"). This goes as follows. We first define v := P (u - / u),

which belongs to W*P(IR") and then w = v + / u is an extension of u. We next note

’I‘n
that
(v + / u) A Vv

S v A Vo[wersmn + | Vo wserp@n)

HU/ AN vu”stl,p(’I‘n) < ||w AN vw”w\sfl,p(Rn) =

stl,p(Rn)

= ||U N vv”wsfl,p(]Rn) + |U|Ws,p(Rn).
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fu

i -y $ folhweocaey = [P (= [ a)

In the last inequality we used the fact that

< 1. Therefore, by Lemma 2.45, and by

u - u
n

the fact that |v] < 2, we obtain

AN

Ws,p(]Rn) Ws,p(Tn)

S [ulws-1o(pn)
(the last inequality following from Poincaré’s inequality).
Step 2. Optimality in dimension n = 1.
The optimality of (2.65) needs to be checked for |p|wsr = 0 and for |u|ws» — oo, that is,
we need to show that:

1. There exists (¢;),,, in W*P(T;R) such that @]y, > 0 and [u;|y.., S [@jlyer. Where
u; = el

2. There exists (u;),,, in W#P(T;$") such that |u;|
@; is the (unique modulo 27) lifting of u;.

— 00 and |ujys S [05] where

Ws»p Wsp)

1
For the optimality “at zero”, we let f e C*((0,1);R), and define ¢; = = f, and
J

u; = e'¥i. Clearly, we have

” 1 )
(2:66) [oshgrs = 2 01 0 s jooo, Wrs0
J

J

Using (2.66) and a straightforward induction, it is easy to see that, when k£ > 1 is an
integer, we may write

1
(2.67) DFu; = gi ju;, for some gy ; € C((0,1); C) such that |ge|yr, S =, Vr>0.
J

We now establish item 1 for the above choice of ¢; and u;. Assume first that s is an
integer. Then by (2.67) we have

(268) [tslyer = [Vtlrp = 3 [DFus]y, 8

1<k<s
By (2.66) and (2.68), we find that |u;|yy., S 05w

Assume next that s is not an integer and set o = s—[s] € (0,1). By (2.68), we have

(2.69) HD%%MPS%, V1<k<[s].

(R

As a consequence of (2.69) with k =1, we also have

1
2.70)  |wjlwep S =, Vre(0,1).
JIWTP j

—_

In order to conclude, it suffices to establish the estimate ‘D[S]uj‘w(j,p < —. This

.

estimate is an immediate consequence of (2.67), of (2.70) and of the inequality

1

p p
(271) DMyl S TuiRyen + 19051l en S slen + >
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In turn, (2.71) follows from

90515 (@) (@) = 9115w (V)] < |gps1.5 ()| [ (@) = ws ()] + |g11,5 (%) = 91575 (W)
S uj(2) = wi ()] + |91, (%) = 91575 ()] -

In order to prove the optimality of (2.65) “at infinity” we take ¢; to be a sum of j
copies of a properly scaled Ce function. More precisely, we fix f € C>((0,1);R) and we

7-1
define the functions ¢, = Z f(zj—k), Vj>1, whose semi-norms can be estimated by
k=0

(2.72)  |pjlwsr ~ j°

(see Lemma 2.44 and recall that A ~ B stands for B $ A < B). Next, we take g = ¢elf — 1,
which belongs to C=((0,1);C), and

J-1

uj=>y glzj-k)+1, Vj>1.
k=0

-1 1 .

Since u;(z) = Y () —1) + 1 = [T e/ = #i(®)  the function ; is “the” lifting of
k=0 k=0

uj. On the other hand, by Lemma 2.44 we have

By (2.72) and (2.73), we have |u;|ws» ~ |@;lwsr = 00 when j — oo, which proves item 2
when n = 1.

Step 3. Optimality in higher dimension.
Let ¢;, u; be as in Step 2. As in the proof of Proposition 2.8, we let:
(2.74)  Yj(z1,2") = pi(21), vj(wy,2") =u;(z)) =¥ VY eT, o' eT L

Then v; = i and, by Corollary 2.43, we have the equivalence of norms [¢;|\y.., & [©;|yys

and [vj]yyep ® [Uj]yys,- Therefore, since ; and u; were chosen such that [u;ly., S |¢j|wen

we also have |v;]yys, S V)]s -

We next turn to the case where 0 < s < 1. In view of [10] (see also Subsection 2.7.1),
when 0 < s <1, W#P has the lifting property if and only if sp > n. We start by presenting
an exceptional case, already observed in [10], where there is no possible estimate of ¢ in
terms of u. More specifically, we have the following:

Proposition 2.11. — ([10]) Let 1 < p < oo. Then there is no estimate of the form
[olwimr < F ([ulwips)-

Let us briefly recall the argument in [10]. Let @5 be as in (2.54) and set ug = €¥5.
Then it is easily checked that |us|wies $ 1 and |@|wips = 00 as 6 - 0. Since gs is the
unique phase (mod 27) of us, we obtain the non-existence of an estimate of the form
[Pl < F([ulyips).

As we will see below, this is the only exceptional case. In the remaining cases, we
will establish several positive results. We start by recalling an elementary estimate, due
to Merlet [38, Theorem 1.1], and whose proof is postponed.
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Theorem 2.12 ([38]). — Let n=1. Assume that 0 <s<1, 1 <p<oo and sp>1. Let
ue Ws2(T;S8) and let o e WoP(T;R) be a lifting of u. Then

(2.75)  |olwer $ [ulwes + [ulifs,.

In higher dimensions, we obtain the same result as the one in Theorem 2.12; but
the corresponding proof is much more involved.

Theorem 2.13. — Let n > 2. Assume that 0 < s <1, 1 < p < oo and sp > n. Let
ue WsP('T™; S1) and let ¢ e WsP(T™; R) be a lifting of w. Then

(2.76)  |plwer S [ulwes + [ulifs,.

We start with the

Proof of Theorem 2.13. — Estimate (2.76) will be obtained via the factorization
method presented in [40]. More precisely, the arguments in [40], that we will detail
below, lead to the existence of some ¢, € WP(T™; R) such that

1
Lsp S ‘u|\7\/75‘51p °

o1y $ lulwer  and ||V (ue )

The construction of the map ¢; goes as follows. First, by suitably extending u (as in
Step 1 in the proof of Theorem 2.10) we may identify u with a map in R”, still denoted
u, with the following properties:
1. |U|W5,p(Rn) S |U|W5,p(’ﬂ"n)
2. |ul<2.
3. u is Sl-valued in (-3,4)".
4. u is constant outside (—4,5)™.
We next consider a mollifier p € C(R") satisfying: p > 0, / p =1 and

suppp c B(0,2) ~ B(0,1). We then let

(2.77) w(z,e) =uxp(x), VzeR" Ve>0,

and define
« 0
(2.78) ¢1(x) = —/ MMow(z,€) A aﬂ ow(x,¢e)de.
0
Here,
1
(2.79) TTeC*®(R*%R?) and TI(2) = ﬁ when |z| > 5
z

We now explain the motivation behind this construction. Intuitively, ¢; encodes the
small amplitude oscillations of u, while the remainder u e 1 encodes the large amplitude
oscillations (as those contained in the topological singularities of type ﬁ) The reason

z

is the following. Assume that u has only small amplitude oscillations, say around the
value 1. Then the extension w of u is still close to 1, and thus the restriction of TTow

to T™ x (0, 00) is a smooth $!-valued extension of u. It follows that ITow has a smooth
phase 1. By differentiating the identity TTow = €%, we find that

(2.80) %w(x,s):]Tow(x,e)/\%(ﬂow)(x,s), VzeT™ Ve>0.
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Assuming in addition that TTow converges sufficiently fast to 1 as ¢ - co, we may integrate
(2.80) and find that

u(x) = lirrolw(:c, e) = 1@ for a.e. z, with o, given by (2.78).

Therefore, ¢; gives (under some reasonable assumptions) a phase of u provided u
has small amplitude oscillations. In general, 4 need not have small amplitude oscillations,
and the remainder u e %1 measures what is left, i.e., the large amplitude oscillations.

We now turn to the implications of this construction for the proof of Theorem 2.13.
The next two results are from [40].

Lemma 2.14. — Letn>1,0<s<1and1<p<oo. Let u:R* - C satisfy items 1, 2
and 4 above. Let ¢y be as in (2.78). Then:

1. The function ¢ is well-defined a.e. on T™, in the sense that the integral in (2.78) is
absolutely convergent for a.e. x € T".

2. p1 € Wo2('T") and
(281) |901|W5’p S |U|Ws,p.

Lemma 2.15. — Letn > 1, s >0 and 1 < p < oo be such that sp > 1. Let wR"™ - C
satisfy properties 1-4 above. Let oy be as in (2.78).
Then ue™?t e Whsp(T™; 1) and

1/s

(282) HV (Ue_wl) Lsp(T™) S |u|W5!P(T")'

Proof of Theorem 2.13 completed. Let ¢y be as in (2.78). By Lemma 2.15, the map
ue %1 belongs to the space WhsP('T";&1). Since sp > 2, by Theorem 2.1 we may write
ue %1 = ei¥2 with ¢y € WhsP('T™). Since sp > n, we have WhsP(T7) - WsP('T"), and thus
u = e¥ with ¢ = p1 + ¢y € WoP(T";R). Since sp > 1, ¢ is the unique (mod 27) phase
of u in W#? (by [10, Theorem B.1]). Moreover, using (2.81) and (2.82), we can estimate
|| ws» as follows.

lolwse S |Q01|ws,p + |<P2|W5,p S |ulwse + |902|W1,sp = |ulwsr + | V2

o S Julwes + [ul.

Lsp

(2.83)

= [ulwes + |V (ue™)

We now turn to Theorem 2.12 and present three different proofs, with different
flavors. The first one is a variant of the proof of Theorem 2.13. The second one simplifies
Merlet’s original argument. The third one is non constructive (unlike the proof of Theorem
2.13) and is inspired by an argument in Nguyen [48].

First proof of Theorem 2.12. — The following argument is similar to the one in
Theorem 2.13. We consider the phase ¢, defined therein. This time, we have ue %
in WLsP(T; ) with sp > 1. Since (by Theorem 2.1) in dimension n = 1 all the Sobolev
spaces do have the lifting property, we can write ue™%1 = el*2 with ¢, € WHP(T). Since
sp > 1, we have WHP(T) & W#P(T), and thus u = e'¥ with ¢ = ¢ + ¢y € WsP(T;R). We
now obtain the estimate (2.75) following the argument leading to (2.83). ]
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Second proof of Theorem 2.12. — The starting point is the estimate (2.84) below,
due to Merlet [38]:

(289) lp(@) ~ p)P $ u(@) ~u@)P + (g~ 2P Pl 0<T<y<L

(For a simplification of Merlet’s original argument leading to (2.84), see the proof of
Lemma 2.49.)

Dividing the inequality (2.84) by (y — x)'**P and then integrating in x and y, we
find that

Wer((z,y))
witha=1+sp-p + —. Next we note that, since s < 1, we have LN p and therefore
s S

/ /-
(286)  [ulyer((ay) < [uhver(ry [hyer ()

On the other hand, since s < 1 and sp > 1, we have o < 2. We obtain

// |U|(\;]sp;(my))d dy ~ // — x) //|u(z t;ﬁt dtdzdady
YY) -

< /0 0 |“((j) t;ﬁgv / /t omrT x) dedydtdz

<C |u|WS7p(T).

0,1
1
Here, C' = / / ( ) dzdy < oo (since a < 2). The above inequality together with
-1 y-x)”
(2.85) and (2.86) implies @[, S [uffy., + 42, Thus (2.76) holds. 0

Third proof of Theorem 2.12. —
Step 1. Proof of (2.76) when u is smooth and has a smooth periodic phase.

Suppose that u belongs to C*®(T;%') and that we may write u = €%, with
@ € C°(T;R) (this is equivalent to deg(u;T) = 0). In this case, we will prove the
existence of two linear maps, 77 and 75, such that for every C € C*(T;R) we have

L. /Tga'(x)C(x) dz =T1(Q) + T2(Q).

2. Ti(1) = To(1) = 0.

3. T (O] ¢l ol

4. 1O S |Clw-so [ulwo.

Assume for the moment that items 1 to 4 are proved. Using the dualities (L("‘p)')’P = 1P,

respectively (Wl‘svp')* = Ws=Lp we find that there exist some 1; € L*? and 1, € Ws~Lp
such that

a) ¢’ =11 + 1y in the distributional sense.
b) / "(/}1 =0 and "Lpg(l) =0.
T
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1/s

C) ”le Wsp -
d) [¥2]lyerp S fu
Item d) requires a proof. In view of item 4, of the Poincaré inequality

u- ][u S Julwea (with 0 <o <1 and 1< ¢ < o0) and of the fact that T5(1) = 0, we
W

find that [T5(Q)| = |T» (C—][C)

By estimates ¢) and d) and by property b), we may find some p; € WP and
py € WoP such that @] = ; and ¢} = 1. In addition, we note the estimates
1w S |u|W,, and |palysp S |ulwsr. By construction, we have ¢ = @1 + o (up
to an additive constant). Using the Sobolev embedding W1sP(T') - W#r('T'), we obtain

Lop S |u

W

S | wi-sw|ulwse S ||C]lwizser [ulwsr. This leads to item

1/s
Ws:p»

|olwsr < Jp2 wse T |1 Ws.p S S lpalws» + |901|w1 w S ulwss + |u

which is the desired conclusion.

So let us construct 7} and T3 satisfying items 1 — 4. We identify T with the
boundary $' of the unit disc D and we identify the derivative on T with the tangential
derivative on $!'. Let & be the harmonic extension to D of ¢, and let w = @y + ity be
a smooth extension of u = u; +1iuy to D (the choice of @ will be specified later). Noting
the fact that the Jacobian determinant Jac(f,g) = det(V f,Vg), f,g:D — R, satisfies the
identities

[ 13- [ dactf,) and Jac(f,gh) = hJac(£.9) +g Jac( 1),

for all f,g,h e C1(D;R), we find that
/ L= / / (052 - (52| - / [Jac(Th &, ) - Jac(Tt, )]
Sl D

:2/ &Jaci[+/ [Ty Jac(&,a) — up Jac(&, Uy )]
D D

:2/ E,Jac'ﬁ+/ VE A (T A V) = Ty(C) + To(0).

We next prove that, for an appropriate choice of w, the maps T} and T5 satisfy items 2, 3
and 4 above.

Proof of item 2. We clearly have T5(1) =0 and / @' =0. This leads to T1(1) = 0.
T

Proof of item 3. Let M denote the maximal function of (. Recall the inequality
(2.87) sup |E(rw)| < M{(w), YweS?

0<r<1

(see Lemma 2.50). We have
1 1
SOl [ [e@)actte)ide = [ [ fe(o)Jacatre) rdrds
D s1J0
1 1
S/ / |E,(7‘w)||Jac'1Z(rw)|drdw</ sup |&(rw)| |Jacu(7w)|drdw
1.0 s

1 0<r<l

< [ oo | | Jaci(r)| drds = / 1<Mc>(w>e<w>dw.
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1
Here, e(w) = / | Jac@(rw)|dr. Applying Holder’s inequality, we obtain
0

Lo S | Cllpenr €] s

1
(2.88) S ITL(O] < [MCfpeor e

by the maximal function theorem.
We now specify u. Let v be the harmonic extension of u to ID. Let TT be as in
(2.79). Then we set

(2.89) w:=TTow.
The key estimate is
(2.90) e

Lev S |u|\1)\/]ip

(see Lemma 2.51). This estimate, combined with (2.88), leads to |11 (C)| $ | <[l e [l

i.e., item 3 holds.
Proof of item 4. We have

Ty(0)| < /D VE A (@A V) |(2) d < /D VE()|[ViE(z)| dz

_ /D () [VE@)]) (h(2)|[VE()]) de,

where h(x) will be specified afterwards. By Hoélder’s inequality we obtain

1/p

290 11015 ([ W7 iwetr ) [ rynpas)

In order to estimate the right-hand side of (2.91), we rely on Lemma 2.55, which implies
that

(2.92) /D (1 [y V()P de § [l

and

(2.93) / (1= ) VE@)P do 5 |2
D

By combining (2.92), (2.93) and (2.91) (applied with h(z) = (1 - |z|)1=5-1/P), we obtain
the desired estimate |T2(C)| < |Cyyr-so |t wer.

Step 2. Proof of (2.76) in the general case.

We assume now that u € Ws?(T;%!) and that ¢ € WsP((0,1);R) is a phase of u. In
order to use the result from Step 1, we proceed as follows. By extending ¢ by reflection
and 2-periodicity we obtain a function ¢ which belongs to Wy?(R;R) and is periodic.
We define w = e¥. We clearly have |w|ws» & |ulwsr. If p is a mollifier, then the maps
e =1 * p. and w, = ¥ are smooth and verify 9, - ¢ and w, - w in WP, as ¢ — 0.
The convergence w, — w relies on the continuity of the map WsP(T™; R) 3> ¢) — €V €
Wer(Tm; &) when 0 < s <1 and 1 < p < oo ([51, Theorem 1, Section 5.3.6]). By the
previous step, we can write ¢, as the sum of two functions ¢, ; and 92 in W*?(T;R)

that satisfy the estimates

|¢£,1|WS»P S |w£|%]\//"\ss,p and |¢£,2|W5’P S |we|W5vP-
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Since |we|wse = [w|ws.r, we can apply Fatou’s lemma to find some convergent subsequences
Y1 — ¥y and ;2 = P9 in LP such that

|w1‘ws,p pS hmlnf |'lpj’1‘ws,p and |¢2‘W34’ pS hmlnf |wj’2‘ws,p.
J J

We thus have 1) = ¢, +1,. Consequently, we may write ¢ = @1 + @, with ¢ = 110 1)
belonging to WsP(T;R) and ¢, = ts|01) belonging to W*P('T;R) and satisfying the
estimates

eilwer S Jwhgsn ~ [ulir,  and  |@slwes S [wlwes » fulwer. O

We end this subsection by establishing the optimality of the estimates (2.75) and
(2.76).

Proposition 2.16. — The estimates (2.75) (when n =1) and (2.76) (when n > 2) are

optimal in the sense that limsup 7——— llwe= >0 and limsup |SO|¥>ZP
[elwer—0 [Uwe fulws.p =00 [t 5

Proof. — When n = 1, the optimality of (2.75) “at oco” was obtained by Merlet
[38, Theorem 1.1]. We reproduce here its argument. Let f e C((0,1);[0,1)) be such
that f #0. Define, for j > 1, ¢; = jf and u; = e¥s. Clearly, we have

(2.94)  [@jlwer = jlflwsr % j.
In computing |u;|ws», we use the estimates
Juj(2) —u; (W)~ jlf (@) = f(y)]  when  |o—y[<1/],

1-h
1
/ |f(x+h) - f(x)|*dz ~ |h|%, Vhe (0,5) (with a € R fixed),
0

and
luj(z) —ui(y)| 1 when |z -y[>1/j.

Thus we have

I // _ dzdy <lu
|z—y|<1/5 |.T y|1+(s Lp ™~ Y W "

<jp// _dady // _dady o P
i lz—y|<1/j |.T y|1+(s p lz-y|>1/5 |£L‘ y|1+sp

In particular, we have |u;[iy., = 00 when j - co. Moreover, (2.95) together with (2.94)
. 1/s
yield |uj|V\/,S7p ~ | lws-
The above example extends to higher dimension as in the Step 3 of the proof of
Theorem 2.10.
The optimality “at zero” is obvious since |€?|ys.» < |p|ws» for any ¢ € WoP(T™; R).
[

(2.95)
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2.7.5. Further thoughts when sp<1. —

2.7.5.1. Existence of bounded phases and the sum-intersection property. — We address
here the following question (also discussed in [17]).

Question () Let 0<s<1,1<p<oobesuch that sp<1. Let ue WsP(T7; $1).
Is there some ¢ € WsP n L (T";R) such that u = e'¥?

The motivation behind this question is the following. The phase ¢ whose con-
struction is described in the introduction depends only on wu, not on s or p. This has the
following consequence. Let 0 <6 <1, 0<s<1and 1 <p< oo be such that sp < 1. Let
u € WsP(T7;$'). Then u belongs to all the spaces W¢2/¢(T; &1) (by the Gagliardo-
Nirenberg embeddings) and thus ¢ € W?2/? vV € (0,1]. We find that

pe [ Worlf cwwm(ﬂ Lq).
0<6<1 g<oo
It is then natural to ask whether the above conclusion can be improved to ¢ € WP n L.

We start by noting that the answer to (@) is positive when p = 1. Indeed, an
inspection of the proof of Proposition 2.6 shows that the phase constructed there is
bounded.

We next turn to the relevant range 0 < s <1, 1 < p < 00, sp < 1. Our main result
here is the reduction of (@) to a sum-intersection property of function spaces. In order
to describe this property, we start with a very simple case which requires no technology.
If feL? then feL!+L> (since [L',L*];, = L?) and thus L2 c L' + L. Thus each
map f € L2 splits as f = f1 + fo, with f; € L! and f, € L*. But more can be said.
Indeed, we have f = f1 + fg, with f1 = f]l{|f‘>1} e L2nL! and fQ = f]l{|f\<1} e L2nL*. Thus
L2 = (L2nL'Y)+(L2nL*>). This is the sum-intersection property for the triple (L2, Lt L*°).
This property also extends to other function spaces. Here is an example from [40]. If
o >1 is not an integer and p > o, then

WL = (WA 0 W) o (W  Wed)
We are now ready to reformulate (Q).
Proposition 2.17. — (Q) holds if and only if (R) holds, where (R) is the property
(R)  W2(T™R) = (W20 L) (T R) + (W n W) (T R).
Proof. — We may assume that p > 1, since both (@) and (R) hold when p = 1.
Implication “(Q) = (R)”.
Let ¢ € WsP(T™:;R). Let u = e'¥. Consider some ¢ € WP nL*(T";R) such that u = el¥.

Then ¢ = + 27 f, where f = p —92r € WsP(T";Z). The following is a straightforward
inequality. If 0<s<1, 1<p<oo and if f € WP is integer-valued, then

(2.96) | flwsr1 <[fRyesr-

Using (2.96), we obtain that ¢ = ¢ + 2w f, with ¢ € WP n L and 27f € WP n Wsp.L,
Therefore, (R) holds.
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Implication “(R) = (Q)”.
Let u € WeP(T™;81). Let ¢ € WsP(T™;R) be such that u = e¢'*. Write ¢ = o1 + o,
with ;1 € WP nL>® and ¢y € WP n W*P.l. Set v = elv2 € W1, Then v = ei¥3 for
some 3 € WPl n L= (by the proof of Proposition 2.6). By the Gagliardo-Nirenberg
embeddings, we have @3 € WP nL>®. Thus u = ¥, where ¢ = o1 + o3 € WsP n L. O

We do not know whether (R) holds. It is easy to see that a weaker form of (R),
where L* is replaced by the slightly larger Besov space B is valid:

WP = (WP n BY, ) + (WP n W)

(see Lemma 2.56).

2.7.5.2. Lifting via the factorization method. — In this subsection, we propose a new
lifting construction in the case where sp < 1. Our method relies on three ingredients:

o The factorization method (explained in Subsection 2.7.4, and used in the proof of
Theorem 2.13).

o The averaging method of Dévila and Ignat [23] (which proved useful in Subsection 2.7.2,
in the proof of Proposition 2.6).

o The theory of weighted Sobolev spaces, due among others to Uspenskii [54] (for
the results we use here, see also [37, Section 10.1.1, Theorem 1, p. 512] and the
comprehensive discussion in [44]).

Let us explain the construction. Let w:T" — $1. We first extend u to R™ as
explained in the proof of Theorem 2.13, and define ¢; as in (2.78). Recall that ¢; € Ws»
(Lemma 2.14). The key is the following substitute of Lemma 2.15.

Lemma 2.18. — Let 1<p< oo and 0 < s <1 be such that sp < 1. Let ue WsP(T"; 1)
and let ¢y be as in (2.78). Then we have uwe™?t e WspL('Tn; $1).

Assuming Lemma 2.18 proved for the moment, we complete the construction of a
phase of u as follows. Set v := ue ¥1. Since the map v belongs to W1 we find that
v has a phase @9 in the space W*P1 n L (by the proof of the Proposition 2.6). The
Gagliardo-Nirenberg embeddings and the fact that oo belongs to W#P: n L*° imply that
we also have py € WP, In conclusion, ¢ = 1 + (5 is a W*? phase of u.

It remains to proceed to the

Proof of Lemma 2.18. — A first ingredient of the proof is the following flat version
of [13, Lemma 1.3]. For a related result, see Lemma 2.52. Let w be given by (2.77). For
reR", set

(2.97) Ax) = inf{e 50 ‘ w(z, )| = %}

Then ) satisfies

1
2.98 / ——dx s ulf., + 1.
( ) (~2.3)n )\Sp(l‘) | ’W
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Estimate (2.98) is established in [40]. Alternatively, (2.98) can be obtained by adapting
the proof of Lemma 2.52.

A second ingredient is provided by the following local estimate in the spirit of the
theory of weighted Sobolev spaces.

Lemma 2.19. — Let 0<o < 1. Let U:T" x (0,00) = C be a smooth map. Assume that
(2.99) f(z):= lir% U(x,e) ezists for a.e. x € T".
Then

(2.100) | flwen o) § / e |VU (z, ¢)| dude.
T7x(0,1)

The proof of Lemma 2.19 is postponed to Subsection 2.7.7.6.
We will apply Lemma 2.19 with ¢ = sp and U(z,¢) = TTow(z,¢) e @) Here, w
is as in (2.77), TT satisfies (2.79), and we set

(2.101) 9(z,€) ::—/ ﬂow(x,t)/\%ﬂow(x,t)dt, VzeR",Ve>0.

We now explain how these ingredients lead to the conclusion of Lemma 2.18.
Step 1. U is smooth and (2.99) holds with f = ue %t

Indeed, since u equals a constant C' in the set R™ \ (=4,5)", we have

(2.102)

wer.)=Cogy [ 0T tw-Clay=co [ oY) w-Clay

On the other hand, a straightforward induction on |a| leads to

(2.103) o° (einp(x;y)) - O(ﬁ), Ve N,

By combining (2.102) with (2.103) and with the fact that u is bounded, we find that

109) e = [ o (ip (m - y)) [u(y)-C]dy = O (E%Q) Wae NI (o).

en £
In view of (2.104), we obtain by induction on |a| > 1 that

(2.105) 0°(MTow)(z, ¢) - o( n1|a|)+0(ﬁ),\1ae}l\]"“ < {0},

This shows that i defined by (2.101) is smooth, and thus so is U. For further use, we
also note that all derivatives of ¢ are obtained by differentiating under the integral sign.
On the other hand, by Lebesgue’s differentiation theorem we have lirrol w(x,€) =

E—

u(x) for a.e. x € R*. In addition, Lemma 2.14 7 implies that lin%z/)(w,a) = ¢1(z) for
£E—>
a.e. v € T We find that 1iITOl U(zx,e) =u(z)e @ for ae. xeTn.

Step 2. Basic estimates.

Let us note the fact that the inequality |u| < 2 implies that, in addition to (2.104), we
have

1
(2.106) 0" w(x, )| o7, VaeN™L
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In turn, (2.106) and formulas (2.77) and (2.79) lead, by induction on |a/, to
1

(2.107) [0*(TTow)(z,¢€)| S T Vae N

Finally, (2.107) combined with the definition (2.101) of ¢ leads to

1
(2.108) 07U (2, €)| § o7, VaeN™.

Step 3. The role of A(x).

Let A(x) be as in (2.97). In this step, we establish several identities valid at a point (z, ¢)
with € < A\(z).
To start with, it follows from the definition (2.97) of A(z) and from (2.79) that

(2.109) [TMow(z,e)| =1 in the open set V= {(x,e) e R" x (0,00) |0<e<A(z)}.
By differentiating the identity (2.109), we find that
(2.110) v(ITow)(z,¢) LTTow(x,€), V(x,e)e).
By combining (2.110) with the identity
y=iw(wAy), VyeC, VweS' such that y L w,
we find that
(2.111) V(Mo w)(x, &) =i(TTow(z,e)) [TMow(z,€)) A (V(ITow)(x,¢))] in V.

On the other hand, (2.110) implies that in V the partial derivatives of TTo w are
mutually parallel. This leads to

J

(2.112) (%(ﬂow))/\(ai(ﬂow))(x,a):O iV, Vjell,n].

We are now in position to compute VU in V.
First, using (2.101) and (2.111) we find that

0 0 , 0 ,
_ - —ip(z,e) _ 2 —ip(z,¢)
asU(I,E) 5 (TTow)(z, €)e 18£¢(x,s)ﬂow(x,£)e

(2.113) - (smew) o) -iMowte, o) [(Tew) a (£ Mo w) )| . 0)

x e (@8 = in V.
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We next note that an integration by parts combined with (2.101) and (2.112)
leads to

()= [ Mowa (5o (Tow) o

_/:o (%j(now)) A (%(ﬂow)) (1) dt

= (Mow) A (%(ﬁow)) (x,¢)

-2/:0(—(11010)) (—(ﬂow))(:v 1) dt

= (Mow) A (—(ﬂow))(w €)

—2/}\:)(8%(17011))) ( ﬁow)) (z,t)dt in V.

A calculation similar to the one leading to (2.113) yields (using (2.114))

(2.114)

(o]

| 9
2115) Tl/(2,0) =50(e) [ - (Talllow)) 2 (a‘” o w)) (z,1) dt.

ou
Step 4. Estimate of e

By combining (2.108) with (2.113), we find that

0 * 1
2.116 / e P | — dzde < / / e~ 1 dedr <
( ) Tnx(0,00) Oe n JA(z) T A(2)5P

U(x,¢€)

Step 5. Estimate of V, U

This time, (2.108) combined with (2.115) and with the fact that sp < 1 leads to

[ ermueedues [ [ et
T7x(0,00) n J2(z)

A(z) oo 1
(2.117) +/ (/ e de) (/ —th) dx
= \Jo A(z)

1
< dx
n AM()%P

Step 6. Final conclusion.

By combining Step 1 and Lemma 2.19 with estimates (2.98), (2.116) and (2.117), we find
that uwe ¥t e Wsp,1('T™), which is the conclusion of Lemma 2.18. O
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2.7.6. Another application of the averaging method. Proof of Theorem 2.4.
— In this subsection, we prove a quantitative version of Theorem 2.4. We start with the
case n = 1, which is easier to follow. In this case, the main ingredient is Proposition 2.20.
Once this proposition is obtained, the one dimensional case follows easily; see the proof
of Theorem 2.21.

Our first result in this subsection is a sort of averaged “discrete” semi-norm
estimate.

Proposition 2.20. — Let 0<s<1,1<p<oo and f e WsP(T). Then

O\
P e -id) e 5[ (1) | [y

721 S
Proof. — By Lebesgue’s differentiation theorem we have, for a.e. x € T,
z+27F z+27F z+21F
f(x) = Jim ][ f(2)dz= Y (][ £(2)dz —][ f(z)dz) +/ £(2)dz
(2.118) § R B

=Y o-r f( sc)+/ f(2)dz.
k>1
T+2€
Here, 0. f(x) : ][ f(z)dz - ][ f(z)d=.
Let j > 1. Applying the operator To-; —id to the identity (2.118), we obtain
(o5 —1id) f(x) = (195 —id) (Z 52-kf(x)), for a.e. z € T.
k>1

By Minkowski’s inequality and the above estimate, we obtain that

(2.119) [ (Tos —id) fllp < D [(Tmi —1d) Ggore fl1 -

k>1

We split the sum in (2.119) as Y = Y 4+ Y =5+ S, (with £ integer to be
k>1 INAYE k>j—0+1
determined later). On the one hand, we estimate S; via Lemma 2.34. On the other hand,

we estimate S, using the trivial inequality

(2.120) [[(n = id)glre < 2[g]Lr-
By combining (2.119), Lemma 2.34 and (2.120), we obtain

[(ros =id) fle s 30 257 I(toe =id) fllpo + 3 1004 f L

1<k<j—¢ k>j—t+1

Hence for every j > 1 we have

(2121) 29 (e —id) fllpe ) 250V (o —id) fllp + D0 2 850 flps -

1<k<j—¢ k>j—t+1

Raising the inequalities in (2.121) to the power p and summing over j we find

Z 2P [(Tg-s —id) f” Z ( Z 2k~ (1=5)j |(To-x —id) f”Lp)

j>1 J21 \1gkgj—£

. z( > mfum) |

721 \ k2j—4+1

(2.122)
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In what follows we use the notation X = 2% |(To-; —id) f|;, and Yy = 25 [g-r f |1, In
terms of X; and Y}, (2.122) reads

(2.123) ZXfSZ( > 2—<1-S><j—k>xk) +Z( 3 28<J'—k>yk).

j>1 g>1 \1<k<j—¢€ 321 \k>j—6+1

In order to estimate the sums in the right-hand side of (2.123), we apply Corollary 2.26.
By combining (2.123) with Corollary 2.26, we obtain

2-(1-s)¢ p 9st P
sxrea(E) () e
S

=1 k>1
Hence
2-(1-s)¢ p 9st p
(2.124) l1 Cl( ) ]ZXP<( ) Y YL
721 k>1
We may choose a fixed real M and an integer ¢ = ¢(s,p) such that
log, (1 - M +o(1 2-(1=)e\P
(2.125) € =- O%i(_ S)S) + 1+_0§ ) and 1 —C’l( — ) =S +o(1) ass /L.

With this choice of ¢, (2.124) and (2.125) lead to

‘ | 1 1 p/(1-5)
2227 |ty ~id) [, +o<1>)( e 2M*"<”) X 27 |01 s

j>1 (2 k>1

1 1 p/(1-s)
(2.126) <(3+ 0(1)) ( 2M“’(1)) > 277 [ 8yk fITs
- 3) k>1
1 C 1/(1-5)7P
w[H(2) ] meian,
S - S k>1

By Lemma 2.31, we have

(2127) 6,4 f[2, <2 /T 1), = (s d

We complete the proof of Proposition 2.20 by combining (2.126) with (2.127). H

We now state and prove a quantitative form of Theorem 2.4 with n = 1.

Theorem 2.21. — Let 0<s<1, 1<p<oo and f e WsP(T). Then

X(f) s ls% (1C_ps)l/(1—s):|p/qry(fy) »

Proof. — We first note that

x(- [ LI g s [ MO,

h1+sp 5o h1+sp

(2.128)
ol-j
<P [ - i) di
g

21 -J
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1 1
Let j > 1. For every h € [5, F) and k > j, we denote by €ex(h) € {0,1} the &t binary
digit of h; thus

2120y =y S s 1

: 9k
k>j k>j, ex(h)=1

We also note that
(2.130) [0,1) 3 A ||(ty —id) f|lL» is subadditive.

(This follows from |(Tpse —id) f| < |Ta(Te —1d) f| + |(T), — id) f] together with Minkowski’s

inequality.) From (2.129) and (2.130), we obtain that

(2131) (v —id)flur < 30 [(Tor =id) fle < 30 1ok —id) flln,  Vhe[27,27).
k>j k>j

Ek(h)ZI

Inserting (2.131) into (2.128), we find that

X(f) < 200w /2 (Z | (Toe - id) fHLp) dh

j=1 -J k>j

(2.132)

=§pw(zubk4®ﬂm)=212?““@*Kuk4®ﬂmﬂ-

=1 k>j 71 Liz;
If we estimate the last sum in (2.132) via Corollary 2.26, we find that
1
(2.133) X(f) s 5 227" [(tow —id) [,
k>1

We complete the proof of Theorem 2.21 by combining (2.133) with Proposition 2.20. [

We now consider the case of an arbitrary n.
We start by adapting Proposition 2.20.

Proposition 2.22. — Let 0 < s <1, 1 <p<oo and f € WsP(T"). Let {e;};., be the
canonical basis of R™. Then, for everyie [1,n],

‘ , 1[G\
9sPj e, —id vy S L= —— Y (fY) dy.
S e ) e 5|1 (125) | [y ma
Proof. — We start by noting that, for a.e. x €T,

o f p@esy(f | f@a-f e

x+(0,27k)n k>1

v [ 1= Ro@)+ [ 1)

k>1

(2.134)

Here, 6. f(x) ::][ o )nf(z) dz—][ 0 )nf(z) dz.

Let j > 1 and i € [1,n]. Applying the operator Ty, —id to the identity (2.134),
and then Minkowski’s inequality, we obtain
(2.135) (2, i) Flyp gy € 31 (Torse, ~ i) St ey -

k>1
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As in the proof of Propostion 2.20, we split the sum in (2.135) as Z =51 +S5y =
k>1

Z et Z ---, with £ an integer to be determined. We estimate S via Lemma 2.35,
1<k<j—L k>j—4+1
and Sy using the trivial inequality

(2.136) (S, i) gl < 2llioceny
Therefore, by combining (2.135), Lemma 2.35 and (2.136), we obtain

(2.137) I(tzse, =1d) Flppepny D0 27 W(Toney 1) fllpnepay + 25 102 fllioepny -

INANE kzj—L+1

As in the proof of (2.122), this leads to

p
Z 95P] || To-ie, ld) f”Lp(Tn ~ Z( Z 2k=(1-9)i ”(TQ*kei - id) f”Lp(Tn))

j>1 j>1 \ 1<k<j—¢

+Z( >, 27 |52kf”LP(T"))'

721 \k2j—£+1

(2.138)

Using the notation X7 = 29 || (T3, — id) Fllioerny and Yi = 2% [ o f |1 o (pny, (2.138) reads

(2.139) Z(X;i)pgz( D 2-<1—5><J'-’f>X,§) +Z( > 28<J'-k>Yk) .

j>1 §21 \1<k<j—¢ 321 \k>j—6+1

As in the proof of (2.126), Corollary 2.26 combined with (2.139) leads, for an appropriate
choice of /, to

1({C, 1/(1-s) i
2100) 291w =0 ey <[ (1 2) | B2 0 e

=1 s\l-s k>1

We complete the proof of Proposition 2.22 by combining (2.140) with the inequality

(2.141) 8o fI7 oy < /T 1) = ()l o rny dy

(see Lemma 2.33). O

Proof of Theorem 2.4. — Let f e Wsr(T"). Since [0,1)" 3 v = ||(T, —id) f|re(Tny is
subadditive, we can estimate X (f) by

| (to =1d) fI T (pny
X(f) = | |n+SpL e ~ Z

Tn

“ (Tvie, ld)f“Lp(']I‘n

o (U, v e

vy ...dv,

(2.142) ,
| (The, =1d) fITp

n 21-J
3 >M<zzmeA,um@lmﬂww

i-1 j>1 -J

In (2.142), we rely on Corollary 2.43 in order to justify the second inequality.
Following the proof of (2.133), we obtain, for every i € [1,n], the estimate

21-J
. , 1«
(2.143) Z 97 (1+sp) / | | (The, - 1d)f|\€p(Tn) dh < - Z 9spk | (o- ke, —1d) f”LP(T" )

j>1 2-J k>1

By combining (2.142) and (2.143), we find that

(2144) X(F) 3 325 (T, ~ i) f -

=1 k>1
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Applying Proposition 2.22 to (2.144), we obtain

(2.145) X(f) < |ﬁi2 (1C_ps)1/(1s):|p/n Y () do.

hence the conclusion. O

Remark 2.23. — It would be interesting to obtain the analog of Theorem 2.4 when s > 1.
Here is a hint suggesting that such an analog should exist. Using Fourier series, il is easy
to see that the right-hand side of (2.32) converges when f e W12 = H! and that we have
the estimate

(2.146) |fBo1n € / > 2% | (£1), - (), 4], dy.

T" j>1

Here, we consider e.g. the semi-norm

2
Z Cm€2i7rm-x — Z |m|2|cm|2'

mezZ™ W12  meZn

The analog of (2.146) for other values of s > 1 and p has not been investigated.

Remark 2.24. — The quantitative form of Theorem 2.4 is not optimal, at least when
p = 1. Indeed, when p =1 estimate (2.145) deteriorates exponentially fast when s » 1,
while we know from estimate (2.150) that the growth is of the order of 1/(1-s). We do
not know the optimal blow up rate when 1 <p<oo and s / 1.

2.7.7. Toolbox. — We present here the proofs of several auxiliary estimates used in
the previous subsections.

2.7.7.1. Schur’s criterion and applications. — The material presented in this subsection
was mainly used in the proof of Theorem 2.3.

We start by recalling (a slight generalization of) Schur’s condition — or Schur’s
criterion — on the boundedness of integral operators and by presenting some of its
consequences of interest to us. For a further discussion on Schur’s criterion, see e.g. [31,
Appendix I].

Lemma 2.25. — Let (X,u) and (Y,v) be two measure spaces, and let p, q be
conjugated exponents. Consider the integral operatorl" associated with a measurable kernel

kX xY — ©, defined formally by
Tu(x) = [ K(ul)dv(e). VY -
Y
Let f: X xY — C be a measurable function on X, and set g(z) = Hf(x, ) |k(z, -)|1/qHLq(Y).

9 k()|

from LP(Y") into LP(X), with |T| < M.
In particular (with the choice f =1) we have

(2.147) |T| < M0,

is finite, then T defines a bounded operator

If M = esssup
v LP(X)

where M = esssup/ |k(z,y)|dv(y) and My = esssup/ |k(x,y)|du(z).
T Y Y X
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Proof. — By a standard argument, it suffices to establish the bound
|Tulrr € M|u|» when k, f and w are non negative. We assume that p < oo; the
case where p = oo is similar. By a suitable application of Holder’s inequality, we find that

[romrm] (i, 2 v

<) [ rlo0) s v

Therefore,

/X (Tu(z))” dp(z) < /Y ( ; fgiix:)y)ﬁ(x,y)du(x))up(y)dv(y)SMpHuHip(Y).

The special case is obtained by noting that, when f =1, we have g < M11 / ¢ which implies
that M < MM, m

By taking f =1 in the above lemma, we obtain the following consequence.

Corollary 2.26. — Let (a;)jks0 be an infinite matriz, and let 1 < p < co. Consider the

operator T formally defined by T'(xx)ks0 = Z ajk:vk) )
k>0 320

=) [eS) p-1 l/p
If the quantity M = sup(z | (Z |aj7k|) ) is finite, then T is continuous
20\ j=0 k=0
from (P into €7, with |T| < M.
In particular, we have, for 1 <p < oo,

1/q 1/p
||T||<(supz|aj,k|) (sup2|aj,k|) |
J ok kg

We continue with a quantitative form of the equivalence X (f) ~ Y (f) ~ Z(f) when
sp< 1. Here, X(F), Y(f) and Z(f) are given by (2.34) — (2.36). The next result and its
proof follow closely [10, Appendix A].

Lemma 2.27. — Let 0<s<1 and 1<p<oo. Let f e LP(T"), and let X(f), Y(f) and
Z(f) be as in (2.34) - (2.36). Then

(2.148) s"Z(f) SY(f) <2Z(f),
(2.149) Z(f) s X(f)
and, if sp<1,

1

(2.150) X(f) g m

Y(f)-

Proof. —
Step 1. Proof of (2.150).

We have that

25 x()- [ [ LBt HOE g 200 | (=i, an

|h|n+sp eI




84 CHAPITRE 2. RELEVEMENTS DES APPLICATIONS A VALEURS DANS LE CERCLE

where I; =[277,2-G-1). Since f; - f in LP(T"), and f, = f is constant, we have
Tn

(2.152) |[( —id) flrr =

53 (T —1d) (fx — fx- 1)

<N fien)

We next invoke [10, Lemma A.2] in the following form:
Lemma 2.28. — Let f €&, j>1 and h e T™ be such that |h| < 2'7. Then

(2.153) [[(ta —id) flr S Bjell e,

where

1, if <k
(2 154) B]k o .
(2)1le, if >k
Step 1 completed.
Let @g = 2% | fy = fo-1lpy VE 21, (so that Y (f) = |(zx)rs1]}) and set = 25093, .
We note that

1 1 1 1 1
2.155 = Y= + S5t s '
( ) ;ag,k % &5k 1-2-s 9s-1/p_1 3(1 - Sp)

s 1-sp

Next, Lemma 2.28 combined with (2.151) and (2.152) gives

(2.156) X(f)gi(iaj,m) |

=1 \k=1
We obtain (2.150) by combining (2.156) with Corollary 2.26.
Step 2. Proof of (2.148).
Since [ f; = fi-1llp, = 1E5 (f = fi-)lpe <[f = fi=1ls, we find that
Y(f)<2PZ(f) <2Z(f).

On the other hand, we have

1F=Fil = S (= F)| < s = faarllors
k>j+1 e k>i+l
and thus
"
Z(f)<Y | Y 220Dy | s =Y (f)
550 \ksj+1 sP

(the last inequality following from Corollary 2.26).

Step 3. Proof of (2.149). By Hélder’s inequality we have

=it [ (fve-soia) ars [ - ror s



CONTRIBUTIONS A LA THEORIE DES ESPACES DE FONCTIONS 85

Therefore,

2)< g2 [ [ (5@ sl dyd

J=0

In order to evaluate the above expression between brackets, we fix x # y in T™ and we let
k be such that |z —y| € ;. Then

k-1

|.I' _ y|n+sp Z 2(n+sp)j1]_Qj(x) (y) < |ZE _ y|n+sp Z 2(n+sp)j < 1’
J20 3=0

which implies (2.149). O

For further use, let us recall the following cousin of Lemma 2.27 [10, Corollary

Al

Lemma 2.29. — Let 0<s<1 and 1 <p< oo be such that sp<1. Let f7:' T - R be a
sequence of functions such that f7 € £;, ¥ j (we recall that &; denotes the class of functions
which are constant on each dyadic cube of P;). If

22 = L < oo,

j=1

then fi converges in LP to a function f € WP, In addition, we have

R 8 227 | 7= P71

j>1

2.7.7.2. Estimates for averages. — The material in this subsection was used in the proofs
of Theorems 2.3 and 2.4.
We start with a version of [10, (E.17)].

Lemma 2.30. — Let [ belong to &, p = L(_1j2,1/2)", and pe(z) =e™"p (f), Ve>0, V.
€
Let h satisfy |h| < 277, where j > k. Then
|Thf - f| < 22n+1|f| * p22’k:H'Ak,j7
where

Apj= {x e T ‘ dist(z,0Q) <27 for some Q € «@k}

Proof. — Since f is constant in each cube @) € &, and |h| < 27%, we have

(2.157) 1 f]() f /] <2 / /] < 27 / 1
Qr(z-h) B(z-h,27F) B(z,21-k%)

We note also that

(2.158) |f] * pos-s () = 202 / I

B(z,21-k)

By combining (2.157) with (2.158) we obtain
(2.159) |t f] < 22| f] * po2-s.
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By letting A - 0 in (2.159), we find that
(2.160) [] < 22"|f] * oo
By (2.159) and (2.160), we obtain

[tnf = FI< e f |+ 11 <227 f] * e

Now the conclusion follows by noting that, when = does not belong to Aj; we have

Qr(x = h) = Qx(x), and thus T, f(z) = f(x). O
We next turn to Lemmas 2.31-2.35 which were used in Subsection 2.7.6.

Lemma 2.31. — Let 1<p< oo and feLr(T). Let é. be the operator given by

2¢e

(2.161) 6. f(x) = ]fef(awz) dz - flx+2)dz.

0

Then, for every k > 1,
1
H(fy)k B (fy)kquip(qr) dy > 5 ”62*’“.]0“51)(]’) :
T 2

Recall that fv(z) = f(z —v).

Proof. — We first note that for every x € T, the dyadic cube (interval) of x of order k
is given by
Qu(x) =277 [2kz] +[0,27%).

Note also that if = belongs to an interval of the form Ji, = [217%¢,27%(2¢ + 1)) with
¢ € 0,281 — 1], then we have 2'-F[2k-1x] = 27% [2kz]. Thus, for every such z and every
y €T, we have

27k
Y - y = Yy —k[ok
f o r@af  pea-f e e

21—k

_ ]f fY(z+2VF 2 1)) de = Spn fY (277 [282])

(2.162)

We next note that d. f¥(x) = 0. f(x—y), Va,y € T If x € Ji 4, then by integrating (2.162)
with respect to y we find that

Y(z)dz - Y(z)dz| dy = 8ok fU(27% [282]) [P d
/wa)ﬂ ) fQH(x)f ()| dy= [ forep (]}l ay
(2.163) = / |65 f (27% [282] - )| dy

_ /T Bk ()P dy.

We obtain the conclusion by integrating the left-hand side of (2.163) with respect to
X € Jk,g, Ve ]
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Remark 2.32. — It is not difficult to see that the following extension of (2.162) holds
for every x e T:

f f9(2) dz - ][ fu(z)dz
Qi (x) Qr-1(x)

Hence the conclusion of Lemma 2.31 can be improved to

= [ fr (27 [ 28]

/T 1) = el oy g = 18os f s

However, the advantage of the Lemma 2.31 stated as above is that its proof can be easily
generalized to higher dimension.

Lemma 2.31 has the following n-dimensional analog.

Lemma 2.83. — Let 1<p<oo and feLP(T"). Let 0. be the operator given by

f(a:+z)dz—][ flz+2)d=.

(0,2¢)™

(2.164) 5. f(x) = ][

(0,6)"

Then, for every k > 1,

1
I CF) - (fy)k—lnllip(jrn) dy > o ||52-kf‘|€p(qrn) :
- 2
The proof of Lemma 2.33 is identical to the proof of Lemma 2.31.
Lemma 2.34. — Let f e LP(T) and let 5 the operator given by (2.161). Then
: h :
[ (T, —id) 8 f e < EH(TE —id) fle, Vhe[0,e].

Proof. — Let 0 < h<e. For every x € [0,1), by the definition of d, we have

(Th—id)égf(x)=2—1£ 2[:hf(x+z)dz—/_2£_hf(x+z)dz)

h

—% 2/0 f(x+z)dz—/0 f(x+z)dz)
:2_15 /_Zf(:v+z)dz—2/;hf(:c+z)dz+/:;f(x+z)dz)

! /Of(:c+z)dz— Ef(.7c+z)dz)
-h e-h

T2 .

1 € 2¢e
_% /E_hf(x+z)dz—/25_hf(x+z)dz)

! /jh(’tg—id)f(x+z)dz— 8 (Ts—id)f(:p+z)dz:|.

T2

2¢e—h
Hence, for every x € T, we have

2¢

(2.165) |(Th—id)5€f(x)|<2—18[/:h|(15—id)f(:c+z)|dz+/2 \(Tg—id)f(x+z)|dz].

e—h
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t+h/2
We note that for any F' € LP('T') and for p = 1(_1/2,1/2) we have Fxpy(t) = 7 / F(z)d=.
t=h/2

Thus

1 £ 2¢

: (/ (e —id) f(x + )| dz +/ (re —id) f(x + z)|dz)

_ 2e-h

(2.166)

= |(te —id) f(z + ) * pnle = hf2) +[(te —id) f(z +-)| * pn(2e = h/2)
= |(te —id) f] * oz + € = h/2) + |(Tc = id) f] * pp(2 + 2¢ = h/2).

Since the L? norm on T is independent of translations, we obtain from (2.165) and (2.166)
that

. h . h
It =) 8 i <2 5 (v = i)+ Pl < 2 NCme = i) s oo
h
= 2 (- id) s 0

The same argument leads to the following n-dimensional version of Lemma 2.34.

Lemma 2.35. — Let [ € LP(T") and let . the operator given by (2.164). Then, for
every i € [1,n],

[ (The, =1d) be fll1o ey < H(Teez id) fllppepny. Yhel0e].

2.7.7.3. A lemma on cuts. — The following lemma is due to Merlet [38], and was used
in the proof of Proposition 2.6. We reproduce the argument in [38].

Lemma 2.36. — Let a € S'. For every z € $t, we let 0,(2) be the unique 6 € (o — 2w, «]
such that z = e??. Then, for every z,w € $!,

/ 0o (w) = 0,(2)| da = 2|2w|(27 - |Zw]) < 47|z — w.
g1

Here, Zw is (one of ) the geodesic arc(s) that connects z and w on the circle, and |Zw| is
the geodesic distance on the circle.

Proof. — It is easy to see that

21 —|Zw|, if «ezZw
|9a(z) - ea(w)| =), -
|z,

o ¢ Zw .

Hence

(2.167) / \Ga(w)—ea(z)\da:/ |z’11)\d04+/ (27 - |zZw]) de = 2|2w| (27 - |Zw]).
Sl a¢zw aeiw

We now use the inequality sinx > z(1 — z/7), valid for every z € [0,7/2], to find that

sin 22 >2|Z“’|(1 'Z“’|) 2zl (2n - |7m),

2 2

|z —w| =2

which together with (2.167) proves the lemma. O
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2.7.7.4. Toolbox for the proof of Theorem 2.5. — We gather here the auxiliary results
used in the proof of Theorem 2.5 in Subsection 2.7.3, as well as the proof of Lemma 2.9.
We start by establishing estimate (2.53), that we recall in the next statement.

Lemma 2.37. — Let a,e € (0,1). Then
(1-a)+a"-12(1-¢)a’(1-a).

Proof. — By symmetry, we may assume that a < 1/2. By the mean value theorem, we
have, for some & € (0,a),

1-(1-a) =ea(1-E&)EY <ea
(since 1 - &> a and therefore (1-&)*! < aﬁ‘l). Thus
(1-a)+a*-12(1-¢)a’2(1-¢)a’(1-a)". O

We continue with a proof of the estimate (2.55); this is the purpose of the next
lemma.

1 )
Lemma 2.38. — Let 1 <p<oo. Set §(¢) = 7 for every 0 < € < 1, and u, = €%,
e

where s is given by (2.54). Then |ue|wa-cyme ~ 1.

Proof. — We start with the following obvious estimate of ||y -e)/pp:

1/2 1/2+5| i2m(2-1/2)/6 _ 1|P
|U£|W(1 /pp ~ / / (.1' y)2 c dxdy

1246 ,1/2+6 elzw(:p 1/2)/6 _ gi2r(y-1/2)/6 |P
/ / dxdy
|z —y[*e
1/2+6 |6127r(x 1/2)/6 _ 1|P
/ / o dlL‘dy = ]1+Ig+]3.
1/2+6 y - :L') ¢

We next estimate each of the three integrals I, I, and I3, using simple calculations and

1
the fact that 0° = —. To start with, we have
e

/1/2+5 /1/2+5

/Tr/(25)+7r/7r/(26)+7r|81n(x y)| Lo
ray

B 7T ©/(26) /(26) v —y|**
5\E w/(26)+m w[(28)+m-y | . tp T lsin tlp

= (—) / / |SH21_£| dt |dy »~ / |SH21_£| dt ~ 1
) Jrxj(20) ©/(28)—y 1 [t

the latter conclusion uses the fact that p > 1.

W(flf y))

s1n
0 dxdy
| —y[*e
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We next estimate I; as follows.

(z - 1/2)
1/2+6 Sln sin?
dxdy ~ / / dxdy
/ / (- y)Q ¢ —7/(26) (90 y)*e
z+m/(28) Py T
/ / SH; dtdz ~ / sin? x( - . e) dz
¢ 0 xf (x+7r/(25))

=/0 sin” z dz+o0.(1) - / (:CJrj:/n(];Z(S))l€

p
=/ Smxdx+0£(1)+0(6) /Sm dz +0.(1) ~ 1.
0

Similarly, we have
7r(x 1/ 2))
/(26) P
0 dxdy ~ / ﬂ dxdy

1 1248 sm
) /1/2+5/ (y- )% o (y-—x)*

w  pr/(20)-z P T 1 1
:/ / SH; xdtdxm/ sinpa:( — - 1_£)d$~1.
0 Jra 2 0 (m—2)'  (7/(20) - x)

By the above estimates of 1, I, and I3, we conclude that |uc|ywa-cyme # 1 as € = 0. O

We next present a proof the Lemma 2.9, in the spirit of [11, Lemma 2].

Proof of Lemma 2.9. — By scale invariance, we may assume that I = (0, 1).
For every ( € Z, we define the sets A, := {zx eI |¥(x)<{}. Since (A,) is a non-
decreasing sequence with |A, — 0 when ¢ - —oo and |Ay| > 1 when ¢ — oo, there exists

1 1
some k € Z such that |Ag| < = and |Agia| > = 5
Note that

(2.168) [Y(x)-v(y)|>1, VLeZ VNxeA,Vye(A).

Hence, by applying inequality (2.51) first to Ay and next to Ag,1, and by using (2.168),

we get
1/e
1 1
—|Ag] € (C’s/ / —2dxdy) (C’a/ / () - f(yﬂdxdy)
2 A Jeqay [z —ylPe ApJeay e —yPe

1 1 1/e
> (A < (Ce/ / —_— dxdy)
2 : Agr S (Agy1) |£L’ B y|2 )

[ (z) =¥ (y)l
(CE/AM /(Ak+1) |z —y|> drd )

p 1/e
[¥(x) - ¥(w)| dxdy) g

and

We find that:

|z —y|*

|{xef|¢<x>¢k}|=|Ak|+|c<Ak+1>|<4(cs/I [
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Lemma 2.39. — Let ¢ be a lifting of u = €%, where s is given by (2.54), i.e.,

1
0 -
, x < 5
2x -1 1 1
@5($)3=<%, if §<x<§+(5.
1
27, §+5<x
Let o= 270
o ) 16
Then, if x,y € (O, 3 + ?)’ orif x,ye (5 + 3 1), we have
(2.169) |(z) v (y)| < le(z) - (y)l-
. . 1 26\ .
Proof. — We will verify (2.169) when z,y € (0, 3 + E), since the proof when x and y

both belong to the second interval is similar. Estimate (2.169) being clear when 0 < x < 3
1 1
and 0 <y < 3» We may assume that y > 3"

11 29 1 20
To summarize, we will establish (2.169) when y € (5, 5 + 3) and x € (0, 5 + 3)
Two cases will be considered: x € (O, %] and x € (%, % + %5)
Since  and @y are liftings of the same function u, for every x there exists an integer
k(x) such that p(z) = @s(x) + 2mk(x). Same for y. We may always assume, with no loss

of generality, that k(y) = 0.
1
To start with, assume that x € (0, 5] Then (2.169) is equivalent to

(2y-Dm

(2.170) [k(2)| < 27k (2) - ==

|- k() - v,

2y -1 4
M. Note that 0 <Y < % If k(z) <0, then (2.170) is obviously

true. In the case where k(z) > 0 is nonnegative, (2.170) becomes

where we let YV =

(2.171) (27— k() 2 Y,

and follows from Y < %T

11 26
Suppose next that we have x € (5, 3 + 3) Then (2.169) becomes
2(x -y)m
(2.172) |k(z)] < — 2k (x)| = | X + 27k(x)|,
2(x —y)m 47

4
where X = . Note that —?ﬂ <X < 3 We investigate the validity of (2.172)

when X > 0; the case where X < 0 is similar. When X > 0, inequality (2.172) is always
true if k(z) is non negative. When k(z) <0, (2.172) amounts to

2r - 1)(-k(x)) 2 X,

which holds since X < 4% ]
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Lemma 2.40. — Let A, B c (a,b) be such that “A is on the left of B”, i.e., y < z,
VyeA, Ve B. Define Ay = (a,a+|A|) and B, = (b-|B|,b). Lett>0.
Then

[tz [, [, eyt

Proof. — It suffices to establish the inequality

(2.173)/ dy t?/ dy -, Vae(a,b)such that y <z, VyeA.
ale=y)t = Ja, (@-y)

Indeed, assume that (2.173) holds. Then by symmetry we have
dx dx
2.174 /—} ———, Vye(a,b) such that x >y,VreB.
R eI e A
By (2.173) and (2.174), we have

/B( \ <x(iyy>t) dr> /B( B (;yy)t) =, (/ <d—y>) ‘
Z/AZ/Tﬁdxdy.

It remains to prove (2.173). We first note that (2.173) is true when A is an interval
(by explicit calculation of both sides in (2.173)). By a standard argument, we find that
(2.173) holds: first when A is an open set, next when A is compact, and finally for every
measurable A. O

Lemma 2.41. — Let 0<s<1 and 1 <p<oo. Then, for any ¢ € WoP(T"; R), we have

(2.175) o

gvst(Tn) > |<p(-,:c2,...,xn)\€vs’p(m dzy...dx,.
’I‘nfl

Proof. — Let A denote the integral in the right-hand side of (2.175), that is,

N _ n|p
A =/ / / |Q0(.f61,13) go(zl,x )| dxldzldx'.
Tn-1JTJT |fl71 - Zl|1+3p

We will use the notation x = (x1,2’) and z = (21,2'), with x1,2; € T and 2/ € T L.
Integrating the inequality

() = ()P <277 (Jp(2) = W) + |o(y) —p(2)F), VyeT™,

r+z T — 2|
2 4

A</ /][ () - 901(+y)| dydz;dz.
n ST B2 ey T = 2P

Noting that B (x ; Z, |xl4;zl|

le »
A5 // /xl bl y‘/smwx) - o(y)If dydx
/ / lo(@) )P dyde. .
n n |Q; y|n+sp

with respect to y € B ( ), we find that

) cB (3:, W), we find that
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Lemma 2.42. — Let0<s<1 and 1<p<oo. Set

1
K™"(x1,y1) = da'dy’, Vai,y €T,
(21,91) /T /T ORI e A

Then we have

K" (xlayl)

" ‘ T —y1|1+8p

Proof. — Set t:=x1 -y, and 2’ =2’ —y’. Then

K ( ) = / / da:’dy / / dz'dz’
x’
PIVE Tm(m - w w1 Jppen 16 2P

<
~ /R" 1 |(t zl)|n+sp ~ |t|1+sp

Corollary 2.43. — Let s >0 and 1 < p < oo. Let f € WsP(T;C) and consider the
function F:'T" - C defined by F(x1,2') = f(x1), Vo= (x1,2") € T".
Then F € Ws,p(’]rn; (D) and ‘F|Ws,p(']fn) N ‘f|W57P('I[‘)-

Proof. — If k is an integer and k < s, then we clearly have
(2176) ||DkF||Lp(']I‘n) = ||DkaLp(']I‘)

In particular, the conclusion of the lemma holds when s is an integer.
Suppose now that s is not an integer and write s = [s] + o, with ¢ € (0,1). By
Lemma 2.41, we have

DUy 2 [ DG oyt = [ DR
(2.177) W@ Jpna W ™ werm

|D |WU p(T)

On the other hand, using Lemma 2.42 for s = o, we obtain

DEIF (yy, y')P

DEVFE, pns / / Py, ) - YIP qrdy

| |W P (T™) N " |fL‘ y|n+ap
(2.178) - / / DI £ (1) - DI f () P (0, 1) gl

"D f (1) - DELf ()
I e L

From (2.176), (2.177) and (2.178), we have |F|wsr(rn) # | flwsr (). O
2.7.7.5. Toolbox for optimal estimates when sp > 1. — In this subsection, we establish

the auxiliary results required in Subsection 2.7.4.

Lemma 2.44. — Let s>0 and 1 <p<oo. Let f € C*((0,1);C), f #0. Consider the
functions f; = Z flzj—k),Vjiz1. Then

0gk<j-1

(2.179) [filwsr (o)) # J°-
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Proof. — 1f s, k are integers and k < s, then we have
(2.180) |D¥f;| ~ 5*

In particular, (2.179) holds when s is an integer.
Suppose now that s ¢ N and let 0 :=s—[s] € (0,1). Then we have

j-1
(2.181) DIV, =38P 3 Iy,

k,0=0

D)3 DL (D) (7~ 1) = (D
]M_/ / [fED (@) = 1) = fOD (yj - k)" dudy
7

‘.CC y|1+ap

1o HFED(X) - fED(Y)P
_ axdy.
J /0 o |[(—k+X Y|

with

If £ # ¢, then I, can be estimated as follows.

([sDpP L
(2.182) Ip, < sup|fEDP |€ kPw
(When [¢-k| > 2, estimate (2.182) follows from the fact that [(—k+X - Y|~ |[(—k|. When
|0 - k| =1, we rely on the fact that f e C>((0,1)), and thus there exists some ¢ > 0 such
that | fIsD(X) = fIsD(Y)] =0 when |{ -k + X - Y| <¢.)

Thus
. -1/-1 7-1 1
(2.183) S Lo 5 577 L
’; WANY| ;I;) k,)1+ap (-] Z kl+0’p J; kop) J

On the other hand, for k = ¢ we obtain
(k+1)/5  p(k+1)/5 | £([s]) ([s])
Ikk—/ / fED (g - k) - fED (s - k) dudy
k/j

|[L’ y|l+0'p

cop—1

— ]JP 1 ‘f( )‘WSJ)((OJ)) ~

Therefore, we have

j-1
(2184) Z I&k R jgp.

k=0
By combining (2.180) — (2.184), we find that |D[S]fj|w(,ﬂp((0 1y ~ J°, and therefore
| filwer(o,1)) ® J° O

The next result is a variant of [10, Lemma D.2].
Lemma 2.45. — Let s> 1, 1<p<oo and ve WsP(R") nL>(R"). Then

(2185) v A Volwe i [0l [olwes.

The proof of Lemma 2.45, as well as the one of Lemma 2.56, relies on Littlewood-

Paley decompositions. We gather here some standard properties of such decompositions.
Let (e Ce (B(0,1);R,) be such that

(2.186) Czling(o,g) and SuppCCB(O,%).
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Define ¢;, j > 0, by
(2.187) Bo(&) = C(&) and, for every j > 1, (&)= C(&/27") - ¢ (&/27).

Given fed&’, welet f = Z fi= Z f*¢; be its Littlewood-Paley decomposition, and recall
([63, Section 2.3.1, Definition 2, p. 45|, [53, Section 2.5.7, Theorem p. 90]) that

(2.188) [ flng . ~sup |l
J

(2.189) [ f[%yew ~ D 2P| fV,, Vs>0,¥1<p<oo, smnon integer.
J

Recall also the following Nikolskil type inequalities [55]. Set Cy = B(0,2) and, for
7>1,C = B(0,271) ~ B(0,2-1). If fi ¢ 8’ and
(

2.190) supp fI c L C, for some fixed £,

16-jl<k
then
(2.191) |[>° f/ Ssup || f/] L=
J BY, ., J
and

(2.192) Z fI

S 2| fI|F,, Vs>0,Y1<p<oo, snon integer.
Ws:p J

Remark 2.46. — The inequality (2.192) also holds if the assumption (2.190) is
weakened to supp f7 ¢ B(0,27*) for some fizved k ([18, Lemma 1]; see also [55]).

We next recall the following standard inequalities; see e.g. [22, Lemma 2.1.1] for
the first result, and [18, Corollary 1, Lemma 2] for the next one.

Lemma 2.47. — Let f € 8'(R") be such that supp f ¢ B(0,R). Then, for any1<q< oo,

|V flre < C(@)R] f1s-

Lemma 2.48 — Let 1< q< oo and f e L4(R™). Let f =) f; be the Littlewood-Paley
decomposition of f. Then

> fr

k<j

<C(@)Nf e

La

Proof of Lemma 2.45. — Suppose first that s > 1 is an integer. Then we have
s p
[0 AV sy $ [0 A VU, + D10 A TR,

p
Slolf=lvolf, + 3 [D*AD], .

ol +|Bl=s

(2.193)

By applying the Holder and the Gagliardo-Nirenberg inequalities, we find that, for every
my, mo € N with my + msy = s,

[D™ v AD™2 0], $ [D™ ] spsmy [D™20] 1 spms
S (ol o) (ol Do)
= ol ID*vls $ Toloe o fwer,

which, together with (2.193), proves (2.185).
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We next assume that s > 1 is not an integer. In this case, the proof uses the same
idea as in [10, Lemma D.2]. We consider the Littlewood-Paley decomposition of v in
S'(R"), v = Y v; = Y v * ;, with the functions ¢; previously defined by (2.186) and

720 720

(2.187).
We next define

T ::vj/\Vka, Vji21, rg:=0, and sj:=ka/\ij, Vj20.
k<j k<y

Then we have vAVv = Y (r;+5;). Note that supp (7} + 5;) ¢ B(0,2/*?) and that s-1> 0.
70

Hence, by (2.192) and Remark 2.46, we have that

p
[o A volh, = |30 +55) $ 226709 4 557,
(2.194) 720 wete 520
S 2207 ([T, + ss1Ts) -
320

We will now estimate |rj|r» and |sj|» using Lemmas 2.47 and 2.48. First, since

supp Z@ c B(0,27*"), we have
k<j

Vka

k<j

S 2 vy
Loo

|7l < sl S 2)|vj e 0] e

D, Uk

k<j

Te°

Next, since supp 0; ¢ B(0,27*), we have

D,k

k<j

|V;]ee $ 27
LOO

D, vk

k<j

lvilue $ 27 ol v Lo
LOO
Combining the two above estimates with (2.189), (2.192) and (2.194), we find

Is5]wr <

[vAVUlyas S T0l7e Y027 0175 S [0l [0 1fyen- O
320

We now turn to the the proof of some estimates used in the different proofs of
Theorem 2.12 (Lemmas 2.49-2.55).
The next result appears in Merlet [38]. We present below a simplified argument.

Lemma 2.49. — Let 0<s<1 and 1<p<oo be such that sp>1, and let 0 <x<y<1.
Let ue Ws»(T; &) and let ¢ € WP(T;R) be a lifting of u. Then
_ _ _ \p-1/s|,,P/s
lp(2) = e(W)P S Ju(x) —u(y)PP + (y - 2)? |U|ws,p((m,y))-
Proof. — We will show that

(a) () —e(y)| < T = lo(z) - e(y)| $ [u(z) - uly)|-
(b) o) - o ()] > 7 = () - )] § (g - )y Verfullls,
The first case is obvious. Indeed, if |p(z) — ¢(y)| < 7, then

o(x)-p(y)| =
= EIU(w)—U(y)I-

Consider now the case where |p(x) — ¢(y)| > 7. We may assume that ¢(z) =0. In
addition, using the monotonicity in y of the right-hand side of (b), it suffices to establish

[p(7) = (y)| < 7 |sin
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(b) when y is replaced by z € [z, y] such that |p(2)| = I[nax|g0| Therefore, with no loss of
generality we may assume that p(y) = max || Let a be such that 7 < o < min{|p(y)|, 27},

and decompose the interval [x,y] as

[xay] = [xo,%] U [961,902] u...u [$J7$J+1],

with

ro=x, J:= [M], Tj1 =Y

(%

(2.195)
x; = the smallest solution t of p(t) = jo, V7€ [1,J].

We then have J > 1 and, by (2.195),

(2.196) Jo(z) —p(y)l = o(y) <a(J+1) S J.

We next note, as in [38], the following quantitative form of the continuous embed-
ding
Wee((t,2)) < CO=1p([t,z]), with sp>1 and 0 <t < 2 < 1:

(2.197) |u(z0) — u(to)| < e (2 =) VPlulwew((ery, VOSt<ty<zo<z<l,

where ¢ = ¢(s,p). Estimate (2.197) follows e.g. from [29, Lemma 1.1] (with W(¢) = [t
and p(t) = [t]**1/).
When |p(2) — ¢(t)| > 7 for some t < z, (2.197) implies that we necessarily have

1
(2 =) Plubwen(a,zy) >
1
(with c as in (2.197)). Indeed, argue by contradiction. If (2 —#)*™?|u|wew((1.2)) < o then,
by (2.197), we have
(2.198) |u(zo) —u(to)| <1, VOSt<tg<zyg<zgl

Using (2.198) and the continuity of w and ¢, we find that |¢(zo) — ¢(to)| < g for every tg

and zg as above. In particular, we obtain the contradiction ¢(z) — p(t) < 7.
Therefore, for every 1 <7 < J, we have

o 1
(2.199) (33]' - -Tj—l) Lp |U|W5’p((f€j—1@j)) > E

Using (2.199), we find that

s 1 s -1/s 1/s
(2:200) J =t 30 <t 37 (wy— i) T LT

1<j<J 1<

Applying in (2.200) Hélder’s inequality with the exponents and sp, we obtain

1-1/sp 1/sp
St (z-3500) > luly S (y—a)tter |U|l/s
S j~ Tj-1 Wer((z)-1,2;)) ~ Y Wer (z,y)”

158 1<5<J

This combined with (2.196) proves the assertion (b). O
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We next establish several estimates used in the third proof of Theorem 2.12.

We start with the proof of (2.87). This estimate is certainly well-known to experts,
but we were unable to find it in the literature and we present an argument for the sake
of completeness.

Lemma 2.50. — Let f e LY(S;C) and let f be the harmonic extension of f. Let M f
be the maximal function of f. Then we have

1fOrw)| < Mf(w), VYweS', Vrel0,1].

Proof. — Let ]23(:13,3/) be the DPoisson kernel on the unit disc, i.e.,
1-r
P(x,y) = SR E—E
P(x,-) is positive and “symmetric with respect to Ow and decreasing in y”. More
specifically, if y and 3’ are symmetric with respect to Ow, then P(z,y) = P(x,y’). On
the other hand, P(x,-) decreases with the distance from y to w. This allows us to mimic
the proof in [52, Chapter II, Section 2.1, formula (17), p. 57] and obtain the estimate

Here, z = rw, w € $', r € [0,1], and y € $'. We note that

F@l< [ 1 @IPE)dy<af@) [ Play)dy= i) 0
S s
We continue with the proof of the estimate (2.90), that we restate here.

Lemma 2.51. — Let 1 <p<oo and 0 <s <1 be such that sp > 1. Let u € WsP(S!; T1)
1
and let @ be given by (2.89). Define e(w) ::/ |Jact(rw)|dr, Vwe$'. Then
0

(2.201) [e]er S Julifs,.

In the proof of the above lemma, we will need the following cousin of [13, Lemma
1.3].

Lemma 2.52. — Let 1 < p < o0 and 0 < s < 1. Let u € WsP(T;8') and let
v e Ws*t/P»(D; D) be its harmonic extension. Define

d(w) = sup {r €(0,1)

1
lv(rw)| < 5}, Vwe$?
1
(with the convention d(w) =0 if [v(rw)| > 5 for every r). Then

1
2202) [ ——dws|ufy., +1.
2202) || gy e 5o

Proof of Lemma 2.52. — We may estimate the integral in (2.202) as follows:

/ —1 dw < / —1 dw+1
w S w .
g1 (1-d(w))sr (d(w)>12y (1= d(w))®

1
Thus it suffices to consider the w’s such that d(w) > 5 and to prove, instead of (2.202),
that
1

2.203 / . _dwg|u,.
( ) (dw)>1/2}y (1 =d(w))sP vy
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We next note the following norm equivalence. In the domain D\ D, /2 (Where D, /2 is the
1
disc {x eC | |z| < 5}) we have

1

(2204) |’U|€Vs+1/p,p(D\D1/2) N /g;l |U(w)|€vs+1/?ap((1/2,1)) dw + /1/2

|v(7a.)|€vs+1/p,p($1) .

The above equivalence is standard in the flat case, where D \ Dy, is replaced by
1

R™ x (5, 1), and $! is replaced by R™ x {1} ([1, Theorem 7.46]). Estimate (2.204) is a

straightforward variant of its “flat analog”. We now note that (2.204) implies that for

1 1
a.e. w €Sl the map (5, 1) > 7+ v(rw) belongs to Ws+/p» ((5, 1)), and the latter space

1
embeds into C%* ([5, 1]) In particular, for a.e. w € $' we have d(w) < 1. Therefore, we

have

[v(w) - v(d(w)w)| w(rw) - v(tw)|
< sup = |v(-w)|cos (12,
(2.205)  (1-d(w))* i R R [o(-w)cos(1/2.17)

S (W) lwssrma((1/2,1))-

Since |v(w) — v(d(w)w)| 2 [v(w)] - [v(d(w)w)| = %, we obtain from (2.205) that

1

< . p 3 P
(2.206) (I-d(w))* "~ Jv(w) —v(d(w)w)lphj(“)|ws+lfpvp<(1/2,1>) S W) Ryarinn(12.0))-

Integrating the above estimate, and using (2.204), we find that

1
p p D
(2.207) Al (1-d(w))s» dws /g,l W Ry 12y W S Whyssrson p gy € U Rysrima)-

Finally, since the Poisson extension operator is bounded from W#?(8') onto W*+/P»(D)
([63, Thm. 4.3.3 (i)]), we have [v|ysc1/mpp) S [Ulwsr(s1), Which combined with (2.207)
gives (2.203). O

Proof of Lemma 2.51. — We start by establishing (2.201) when |u|ws» < 1. In this
case, by the continuous embedding W#P($!) - VMO($!) (valid when sp > 1), we also
have |u|lgymo << 1. Next we use the following property of the harmonic extension v of an
$!-valued function:

dist (v(x), Sl) S lulpmo, Yz eD
(see Lemma 2.54 below). By combining the above estimate with the fact that |u|pmo < 1,

1 1
we find that dist (v(z),$') < 1 V2 € D. Therefore, [v(z)| > 3 V2 € D. Recalling the

definition of @, this implies that [a] = 1 in D and thus |Jacu(z)| = 0, V& € D. Thus the
estimate (2.201) is trivially satisfied when |u|ws» << 1.

Suppose now that |u|ws.» is greater than some constant C. In this case, it suffices
to prove, instead of (2.201), the following weaker estimate

1 Sp
(2.208) / (/ |Jacﬂ'(7w)|d7’) dw < Juftyss + 1.
st \Jo

Again considering the definition of @, we note that |Jac@(z)| < [Vu(z)[?, and that the

1
Jacobian Jac@(z) vanishes whenever |v(z)| > 5 Since the map v:ID - D is harmonic,
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1 1
its gradient satisfies the estimate |Vo(x)| < = = . Consequently, using the
dist (z,%8') 1- |z

notation d(w) given in Lemma 2.52, we have

1 d(w) d(w)
/ |Jacﬂ(rw)|dr=/ |Jac'ﬁ(rw)|dr$/ [Vo(rw)|?*dr
(2.209) *° 0 0

<)t
o  (1-72 " 1-dw)

Using (2.209) together with Lemma 2.52, we obtain (2.208). O

Remark 2.53. — By the Gagliardo-Nirenberg embedding Ws» n L « Wos»/0 (<0< 1
(valid except when s =p=1), it is possible to remove the condition s <1 in the statement
of the Lemma 2.51.

In contrast, if we remove the condition sp > 1, then the first part of the proof of
Lemma 2.51 does not hold anymore. However, the second part of the proof is still valid,

Lop S |u|i,\/,ss,, +1 (valid whether the semi-norm |ulys.»

and leads to the weaker conclusion | e
is small or not).

The next result was used in the proof of Lemma 2.51.

Lemma 2.54. — Letu e VMO (3';81) and let v:ID — D be its harmonic extension to D.
Then

dist (v(z),%") S [ulsmo, VaeD.

Proof. — Let I(w,0) = Bs(w) NS, Vwe S, V0O < < 1. By [20, Lemma A3.1], there
exists an R € (0,1) such that

v(rw) - ]g(w,l—r) u(x)dx

a crucial point is that R does not depend on w.
On the other hand, from [19, equation (7), p. 206] we have

(2.210)

S|U|BMQ, VT>R,Vw681;

(2.211) dist (][ u(x)de, Sl) Slulpmo, VweS V<2
I(w,d)

By combining (2.210) and (2.211) we find that
(2.212) dist (v(rw),8") S Julsmo, V7> R, VweSh
It remains to obtain the conclusion of the lemma when |z| < R. For this purpose, we

proceed as follows. We integrate the inequality dist (v(z),S!) < |[v(z) —u(2)|, Vz € B,
and find that

dist (v(:c), $1) < ]{51 lv(z) —u(z)|dz = ]él ’/351 P(x,y)u(y) dy —u(z)| dz;
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we recall that P(z,y) denotes the Poisson kernel. Since /
s
find that

dist (v(2).8) < £ | [ Pl - u()ay
s 1 £, Pl - u(@)ldy:

P(z,y)dy =1 and |z| < R, we
1

dz

< ][ lu(y) - u(2)] dydz $ lulsyio,
sl Jgl

where the next to the last inequality comes from the fact that P(x,y) is uniformly bounded
when |z| < R and y € $'. This estimate together with (2.212) concludes the proof. O

We now establish the following result, in the spirit of the theory of weighted Sobolev
spaces ([54], [53, Section 2.12.2, Theorem, p. 184]). For related results, see also [40],
[45].

Lemma 2.55. — Let 1 < p< oo and 0 < s < 1. Given u € C2(T;C), let v be the
harmonic extension of u and let W be given by (2.89). Let 6(x):=1-|x|, Ve eD. Then

(2.213) /5(x)p3p1|Vv(x)\pdx§ |ultys, and / S(z)P P va(z) P de $ [ulhys.p-
D D

Proof. — We start by noting that it suffices to prove the first inequality in (2.213).
Indeed, we have @ = TT o v, with TT smooth, and therefore |V@| $ |[Vo|. Therefore, the
second estimate in (2.213) is a consequence of the first one.

Let P(z,y) denote the Poisson kernel in the unit disc D. Since v is the harmonic

extension of v in D and / V.P(z,y)dy =0 (following by differentiating the identity
Q1

/ P(z,y)dy = 1), we have
Sl

(2.214) vu(z) = /$1 V. P(z,y)u(y)dy = /&1 Ve P(z,y)[u(y) —u(w)]dy, VYweSh

We next pass to polar coordinates into the first integral in (2.213). Using the fact that
r < 1, we obtain

1
(2.215) /5(x)p_5p_1|Vv(x)|pdx§/ / S(rw)P= P Vo (rw)P dwdr.
D 0 Jst

We next estimate |Vu(rw)|. For this purpose, we rely on the following properties of
Ve P(2,y):

(2.216) |V, P(x,y)| s VeeD, VyeS!

1
o(x)?’
and

1
(2.217) |V.P(rw,y)| s [P
y_

B VweS, Vrel0,1),VyeS such that |y - w| > d(rw).
w

The above inequalities are obtained as follows. We start from the straightforward
estimates

11— 1
2.218) |V.P(z,y)| < + S .
(2.218) | S o TP S P
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Then (2.216) is a consequence of (2.218) combined with |z -y| > §(z). On the other hand,
we have |y —rw| > 1 —r and therefore

(2.219) |y -w| <y —rw|+|w—rw| =y —rw|+ 1 -r <2y — rw|.

Estimate (2.217) is a consequence of (2.218) and of (2.219).
We return to (2.214) and we split the integral as follows:

)P < ([ 19:P0w o) - @) dy)
(2220 ([ ImePtelut) - uwla)

([ PPl - u@lay) = A+ ).

Then estimates (2.215) and (2.220) lead to

(2.221) /ﬂ)é(x)p_5p_1|Vv(x)|p dz g /0 /51 S(rw)P P I (r,w) + Ly(r,w)] dwdr = J; + J,.

It remains to estimate J; and Js.
Using (2.216) and Hoélder’s inequality we find

u() ~u(@)] .1 u(y) - u() dy)
neeye(f M) o ([ -]

1
< 5rwp_1/ u(y) —u(w)P dy
S [ ) )

¥
=— u(y) —u(w)|P dy.
o(rw)r+t |y—w|<§(rw)| () -uiw)]

Inserting the above estimate of I;(r,w) in the expression of J;, we find that

! 1
J S/ / —/ lu(y) — u(w)? dydwdr
' 51 0(rw) P2 Jyy_ujes(rw)

(2.222) /?s /S (/1 " i)sw dr) lu(y) — w(w)|P dydw

$tJgt

|?/ w|5p+1 Wepe

Similarly, for I, we use (2.217) and Holder’s inequality as follows:

1 P
h(rw) < ( / o T u(w>|dy)
(2.223) = ( /y st Mw—wra dy)

ly — w|*

p-1
u(y) —u(w)|P —an/ (p—
) / LORIC P ( / I 1>dy) |
ly—w|>é(rw) |y_w| ly—w|>é(rw)
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1
Assuming that o > 1 - —, the last integral in (2.223) can be estimated as follows:

/ ly = w7 D) dyy < §(ray)-opl (=D
ly-w|>5(rw)
Hence, returning to (2.223), we have

I(r,w) s 5(rw)—ap+p—1/ M d

ly—w|>6 (rw) |y - w|(2—a)p

Using the above estimate of I5(r,w) in J; we find

1 y—wlso(rw) Y~ w|( —a)p

1 1
By the above, if we choose a € (1 -—,2-5- —), then we obtain Jo $ |ufiys,. This
p p

estimate, together with (2.222) and (2.221), leads to / S(x)P P vu(z)Pde § uffy.,. O
D

(2.224)

2.7.7.6. Toolbox for “further thoughts”. — This subsection contains the lemmas needed
in Subsection 2.7.5.

We start by proving that property (R) discussed in Subsection 2.7.5.1 holds in the
following weaker form.

Lemma 2.56. — Let 0<s< oo and 1< p<oo be such that s and sp are not integers.
Then

(2.225) W*2((0,1)") = (W*2((0,1)") n BY, ., ((0,1)")) +(W*?((0,1)™) n W*((0,1)™)).

Proof. — By a standard extension argument, it suffices to prove that the above holds
when (0,1)" is replaced by R™.

In order to obtain the analog of (2.225) in the whole R", we rely on Littlewood-
Paley decompositions (but alternatively, we could use wavelets as in [36]). Let n and A be

two maps in C(B(0,1); R, ) such that n=1in B( ;l) and A\=1in B (0 ;l) \B (O, g)
Define v;, j 2 0, by
@\O(E,) =n(&) and, for everyj > 1, @(E,) = )\(E,/Zj).

It is easy to check that, with ¢; given by (2.186) and (2.187), we have @;i; = &},
and thus

(2.226) wj*xj=w; V.
On the other hand, we have
(2:227) [yl = [(CF " Nasls = [F A, V5> L.
Let f e WP, We split f; = gj+h;, where g; = fj17,<1y and hy = fj1 51y Clearly,

(2.228) |lgjlee <[ filwe,  lgilie <1, (Al <50
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Using (2.226), (2.227) and (2.228), we obtain
fi=Ti*j=g; %+ h;«1;=G;+ Hj,
with
(2.229) [Gjlwe S [ fille,  1Gjlue s 1, [ Hjloe S 15515
and
(2.230) supp é;, suppE c supp@ cCjuCj;.

By (2.191), (2.192), (2.229) and (2.230), we find that f = g + h, where g = > G; and
h = Z H; satisfy

(2.231) ge WP n BY, o, he WP WL gpo ST, |gliyes + [Rlwsrs S [f[Ryep- O

00,00

We now prove Lemma 2.19, used in Subsection 2.7.5.2 for constructing a lifting in
Wsp(Tn: $') when sp < 1.

Proof of Lemma 2.19. — Assume first that U is smooth in T" x [0,1]. In this case

we have f(z) = U(x,0). Let z,y € T™ and set r = |y — x| € [0,1] and w := %, which
y-x
satisfies |w| = 1. We have
1f () = f@)<[f(y) - Uy, )l +f (@) = U(z,r)[+|U(y,r) - U(z,7)|
(2.232) </ VU (y, ¢)| de +/ VU (2, )| de +/ VU (2 + e, )| de
0 0 0

= F(x,rw).

Integrating (2.232), we find that

(2.233) /n|f(ac+rw)—f(x)|dx</ F(z,r,w)dx.

n

Assume next that U is not necessarily smooth up to € = 0. Then we may assume that

/ e 7|\VU(z, ¢)|dzde <0,
Tnx(0,1)

for otherwise there is nothing to prove. Then U ¢ WhI(T" x (0,1)). By a standard
approximation procedure, we find that (with f = trU) inequality (2.233) still holds for
such U.
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By combining (2.233) with the formula of the Wo! semi-norm and passing to
spherical coordinates, we find that

- xXr
|f|wo',1(’]I‘n) :/ w dl‘dy
Trxrn |Y =7

1 el
5/ Ty — znto (/ \VU(x,s)|ds) dzdy
prxrn |Y = 2| 0
1 ly—z| B
+/ ﬁ(/v VU(;(]-}—M’@_J:l)
T Y = T 0 T
1 .,
S/ / 1+ / |VU (z,¢)|dedrdz
n 0 T o 0
1 ] .
+/ / / L+ / VU (@ + ew, r)| dedwdrda
™ Jo Jgn1 777 Jg
|
: /T"X(O 1) (/g rlto dr) VU (2, )| dzde
1
+/ I (/ (/ VU (z + 8w,r)|da:) dwds) dr
(0.1) e Sn=1x(0,r) n

S / e ’|VU (x,¢)|dxde,
T7x(0,1)

that is, (2.100) holds and Lemma 2.19 is proven. O

ds) dxdy







ABSTRACT

Dans cette these nous étudions quelques aspects des certains espaces de fonctions.
Plus précisément, nous nous intéressons aux singularités des applications Whn & valeurs
dans la sphére $” et aux relevements des applications W5» & valeurs dans le cercle $t. La
these contient deux parties, associées chacune a I'une des themes précédentes.

La premiere partie concerne le probleme de minimisation suivant :

inf/ﬂa(ac)|Du(a:)|” dz,

ou les fonctions admissibles sont : u € WL (Q;$"), pour un domaine 2 ¢ RP borné et
lisse, qui vérifient *Ju = T" H™"($")/(n + 1). La fonction a(-), qui est continue et positive,
représente un poids fixé. Le Jacobien Ju fourni ’ensemble des singularités topologiques
de u, qui empéchent que u soit approchable par des fonctions lisses, et il est prescrit en
termes d’un courant rectifiable I' de dimension m = p —n donnée.

Nous obtenons une formule exacte de cet infimum :
n"2H"($") inf {mass(M L a) ; M courant rectifiable de bord I'} .

Ce résultat améliore un résultat d’Alberto, Baldi et Orlandi de 2003. A son tour, ce
résultat est une extension dans une liste des généralisations considérées a partir d’'un
probleme proposé et étudié par Brezis, Coron et Lieb en 1986, et par Almgren, Browder
et Lieb en 1988.

La deuxieme partie porte sur le probleme suivant : trouver la meilleure estimation
de la forme

[lwer < F(lulwsr),

ol ¢ est un relevement d’'une application u a valeurs dans C donnée, c.-a-d. u = exp(1).
La fonction F' va dépendre de s et de p, et ce qu'on entend par “meilleure” estimation
dépend du type des estimations correspondants aux s et p donnés.
Dans le cas sp < 1 nous obtenons ’estimation optimale sous la forme
1
sp & O ———|ulws.
ol 8(1—8p)‘ s,

ce qui représente une généralisation des résultats obtenus par Bourgain, Brezis et
Mironescu en 2000 et 2002 pour le cas p = 2. A I'aide des mémes méthodes utilisées
pour la preuve du résultat mentionné, on obtient en plus une semi-norme dyadique sur
les espaces de Sobolev fractionnaires WP avec 0 < s < 1, équivalente a la semi-norme
habituelle. Pour le cas sp > 1 nous obtenons les estimations optimales suivantes :

| olwer < Clulwes sis>1 et |plwer < C(|u|ws,p + |u|\1,¢i,p) sis<1.

Cela représente une extension d’un résultat de Merlet de 2006 aux dimensions supérieures.
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