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opologil insultors re nd insultors whih re fundmentlly di'erent from tomi insultorsF ynly nonElol quntity lled topologil invrint n distinE guish these two phsesF he quntum rll e'et is the (rst exmple of topologil insultorD ut the sme phse n rise in the sene of mgneti (eldD nd is lled ghern insultorF sn the presene of strong intertionsD topologil insulE tors my host exoti exittions lled nyonsF he frtionl quntum rll e'et is the only experimentlly relized exmple of suh phseF sn this mnusriptD we study the onditions of emergene of di'erent types of frtionl topologil insultorsD using numeril simultionsF e (rst look t the frtionl quntum rll e'et on the torusF e introdue new projetive onE strution of exoti quntum rll sttes tht omplements the existing onstrutionF e study the low energy exittions on the torus of two of the most emlemti quntum rll sttesD the vughlin nd wooreEed sttesF e propose nd vlidte model wve funtions to desrie themF e pply this knowledge to hrterize the exittions of the vughlin stte in ghern insultorsF e show the stility of other frtionl quntum rll sttes in ghern insultorsD the omposite fermionD rlperin nd xe sttesF e explore the physis of frtionl phses with no equivlent in quntum rll systemD using two di'erent strtegiesX (rst y hoosing model with higher vlue of the topologil invrintD seond y dding timeEreversl symmetryD whih hnges the nture of the topologil invrintF
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SFPFI tility of the frtionl phse t hlf (lling with pseudospin onservtion F F F F F F F F F F F F F F F F F F F F F F F F F F F F IRS SFPFP tility of the frtionl phse t hlf (lling without pseuE dospin onservtion F F F F F F F F F F F F F F F F F F F F F F F F ISH SFQ rnsition etween the timeEreversl symmetri ps nd the ilyer pgs F F F F F F F F F F F F F F F F F F F F F F F F F F F F F F F F F F F F ISR SFQFI he ilyer frtionl ghern insultor F F F F F F F F F F F F F ISR Introduction gtegorizing nd understnding the di'erent phses of mtter is one of the primry gols of physisF etions s trivil s oiling pot of wter or wthing ie melt in glss provide us with the dily illustrtion of phse trnsitionF iven fousing on solids yields ountless di'erent phsesF e solid n indeed e desried y its mgE neti propertiesD or its ility to ondut eletriityD mong other propertiesD whih ll ome with mny nunesF gondensed mtter physis ims t understnding the properties of ll di'erent types of ondensed phses @solids nd liquidsAF wost ofE tenD these properties rise from the olletive ehvior of mny tomsD nd hve no equivlent in fewEprtile systemsF his illustrtes the onept of emergeneD wherey 4the ehvior of lrge nd omplex ggregtes of elementry prtiles FFF is not to e understood in terms of simple extrpoltion of the properties of few prtiles4 RF he omplexity origintes in the intertion etween individul onE stituents @eletrons in mny sesAD ndD t lrge slesD mkes it extremely hrd to derive ny ondensed mtter property from (rst priniplesF o pproh ondensed mtter prolemsD one thus most often relies on e'etive models nd (eld theoriesF vndu9s theory of phse trnsitions is prdigmti exmple of suh n e'eE tive theory of ondensed mtterF ithin this frmeworkD one n de(ne physil quntity lled order prmeterD whose men vlue hnges t the phse trnsitionF por exmpleD the net mgnetiztion tkes nonEzero vlue in ferromgneti stteD nd vnishes in the prmgneti phseF e key property of vndu9s order prmeE ter is its lol hrterX in our exmpleD the mgneti nture of the phse is diretly relted to the )ututions of the local mgnetiztion t the mirosopi levelF he positive orreltion of the lol mgnetiztion t two di'erent points of the sysE tem de(ne the presene of ferromgneti orderF he notion of order prmeter is strongly tied to tht of symmetry rekingF sndeedD disordered system is invriE nt under lrge set of ontinuous trnsformtionsD orresponding to ontinuous symmetry groupF pon orderingD the system is no longer invrint under some of these trnsformtionsF sn ferromgneti solidD for exmpleD the nonEzero net mgE netiztion spontneously reks the rottionl invrine of the system y hoosing privileged diretion for the orienttion of the mgneti momentsF vndu9s theory of symmetry reking hs een very suessful t desriing mny types of phse trnsitionsD suh s the liquidEsolid trnsitionD or the trnsition from the ordinry ondutor to the @fgA superondutorF he integer nd frtionl quntum rll e'etsD respetively disovered in IWVH VQ nd IWVP ITPD oth fll outside of this prdigmF hese phses rise t low temperture when gs of eletrons is on(ned to two dimensions nd suE jeted to strong perpendiulr mgneti (eldF sn these onditionsD n eletri urrent trversing the smple provokes the pprition of n eletri voltge in the perpendiulr diretionF pon vrying the strength of the mgneti (eldD the sE soited trnsverse ondutivity ! or rll ondutivity ! forms plteus while the longitudinl ondutivity vnishesF yn eh plteuD the rll ondutivity is equl to rtionl @integer in the se of the integer quntum rll e'etA multiple of the quntum of ondutneF he ulk of the system ehves like n insultor @hrterized y gpA ut di'ers from n tomi insultor @de(ned s solid where the eletroni density is highly lolized round eh tomD with negligile eletroni density in etween tomsAF sn spite of this di'ereneD no lol mesureE ment n mke distintion etween the two phsesF sn other wordsD no lol order prmeter n e de(ned to distinguish themF roweverD glol prmeter lled topologil invrint n e used to hrterize these phsesF fy de(nitionD topologil invrint is quntum numer tht n e omputed in ny gpped system @insultorAD nd is insensitive to the mirosopi detils of the systemF st stys invrint for ny diti perturtion of the systemD s long s this perE turtion does not lose the gpF e phse tht is hrterized y nonEtrivil topologil invrint is lled topologil phseF sn the se of the integer qunE tum rll e'etD the numer of topologilly proteted edge modes is topologil invrint whih is di'erent on eh ondutivity plteuF st n e determined y trnsport experimentD nonElol mesurementF he tomi limit insultor is trivil insultorD sine ny edge mode it my hve n e gpped outF he quntum rll e'et ws the (rst exmple of topologil insultorF eE entlyD more topologil insultors hve een de(nedD nd sometimes oserved exE perimentllyF pirstD it ws predited in IWVV TH tht phses nlogous to the quntum rll e'et ould e relized in the sene of mgneti (eldF hese phsesD dued ghern insultorsD re desried y the sme topologil invrint @the ghern numerA s the integer quntum rll e'etD nd thus fll in the sme universlity lssF hey were oserved experimentlly for the (rst time in PHIQ in solid stte systems QPF hue to the hirlity of their edge modesD integer quntum rll nd ghern insultor systems rek time reversl symmetryF he theoretiE l predition in PHHSEPHHT UUD PQ @nd susequent experimentl oservtion in PHHU VSD VRA of topologil insultors preserving this symmetry ws ig step in this (eldF st opened the door to the reliztion of topologil phses in other diE mensionsD sine topologil insultors preserving the timeEreversl symmetry n lso exist in three dimensionsD unlike the quntum rll e'etF woreoverD imposing other symmetries on system ! suh s hrge onjugtion or prity ! llows to relize other types of topologil phsesF ell nonEinterting topologil phses hve een lssi(ed ording to the numer of sptil dimensionsD nd their preserved symmetries IRSD VHF glssifying the interting topologil phses is muh more omplitedD open prolemD whih omes t the intersetion of two of ondensed mtter most interE esting (eldsX topologil phsesD nd strongly orrelted phsesF he frtionl quntum rll e'et is the (rst exmple of topologil phse where the strong intertions etween eletrons use n entirely new topologil phse to emergeF he vrious plteus of the rll ondutivity ttest to the existene of severl suh frtionl phsesF yne of the most striking fetures of the frtionl quntum rll e'et is the nture of its exittionsD whih ehve like frtions of eletronsD lled nyonsF sndeedD their hrge is frtion of the eletroni hrgeD nd their exE hnge sttistis is neither tht of oson nor tht of fermionF he wve funtion of group of identil prtiles returns to itself up to phse fter two prtiles re exhngedF his phse is respetively 0 nd π for osons nd fermionsD ut tkes di'erent vlues for nyonsF por even more exoti nyonsD lled nonEelin nyonsD the knowledge of eh nyon9s oordintes is not enough to speify the stte of the systemD nd the form of the wve funtions fter suessive exhnges depends on the order in whih these exhnges re performedF he formtion of nyons ! proess sometimes lled fractionalization ! is ompnied y n extremely roust degenery of the ground stteD whih only depends on the genus of the surfeD not on the detils of its geometryF he expression topological order is often used to qulE ify phse where frtionliztion tkes pleF fesides their fsinting propertiesD nonEelin nyons ould hve potentilly revolutionizing pplitions in the (eld of quntum omputingF sndeedD s theorized y uitev UWD the quntum stte formed y system of nonEelin nyons ould e used s unit storge of informtionD or quitF he exhnge of two prtiles ! unitry opertion ! ould e used s logil gte to modify the stte of this quitF he ft tht no lol mesurement n lift the system degenery gurntees tht no lol perturtion will hnge its stteD nd would onstitute protetion ginst deohereneF prtionl quntum rll phses my host oth elin nd nonEelin nyonsF hey re in ft the only redile ndidte for the reliztion of these exoti exE ittionsF pollowing the exmple of nonEinterting topologil phsesD we n very well imgine tht they re merely the representtives of some universlity lssesD nd tht nlogous phses n e relized in other systemsF sn the sene of interE tionsD ghern insultors re extremely similr to the integer quntum rll e'etF hen intertions re turned onD they re thus the primry ndidtes to relize topologil order in di'erent settingF he sene of need for mgneti (eld would mke them more verstile mterils for the engineering of eletroni deviesF sn ftD shortly prior to the eginning of my hhD severl simple ghern insultor lttie models were proposedD nd numerilly shown to host the simplest of ll frE tionl quntum rll sttes IIHD IRTD IQID the vughlin stteF his frtionl phse ws dued frtionl ghern insultorF sn this ontextD severl questions relted to the reliztion of topologilly ordered phses in the sene of mgneti (eld riseF he (rst nturl question onerns the limits of the nlogy etween the frE tionl quntum rll e'et nd its lttie reliztion in ghern insultorsF fesides the vughlin stteD is it possile to relize other frtionl quntum rll sttes in ghern insultorc st is prtiulrly importnt to quntify the stility of these new phsesD y identifying the lttie models in whih they might riseD the form of the intertion tht fvors themD nd the rnge of prmeters tht gurntee their stilityF he stility of phse is diretly relted to the nture of its low energy exittionsD nd this question should thus lso e explored in pgssF xonE elin phses hve een numerilly identi(ed in frtionl ghern insultorsD ut mostly in the presene of rther unrelisti intertions PRD ITTF he question of the reliztion of these phses in relisti lttie models is thus lso extremely relE evntF elsoD n ghern insultors host entirely new phsesD tht hve no frtionl quntum rll equivlentc woving further wy from the frtionl quntum rll physisD topologil insultors with dditionl symmetries @suh s timeEreverslA o'er new ground for the explortion of strongly orrelted topologil phsesD nd we will try to identify some of these new phsesF he results presented in this mnusript im t o'ering etter understnding of these questionsF o explore the physis of topologilly ordered phsesD s relied on (nite size lultionsD whih re neessry to ssess the stility of phseF sn prtiulrD s used ext digonliztionD whih llows one to otin the low energy spetrum nd eigensttes of rmiltonin without mking ny ssumptions on the nture of the ground stteF his is prtiulrly useful to ssess the nture nd stility of phseD to void ny is towrds the frtionl phse or ny ompeting phseF he drwk of this method is the limited sizes tht n e rehed using ext digonliztionF hrwing onlusions tht hold in the thermodynmi limit from results otined with very few prtiles @N 10A is the min di0ulty of this methodF sn these onditionsD one hs to work with mximlly symmetri systemsD to redue the dimension of the e'etive spes to e digonlizedF es resultD s performed ll of my numeril simultions in losed systemsD whih hve the mximl symmetryF por 2D lttie systemD it mens using periodi oundry onditions in oth diretionsD to preserve the trnsltion symmetriesF portuntelyD frtionl quntum rll systems re known to hve short orreltion lengthD llowing the oservtion of the signtures of these phses even in very smll systemsF he physis of the frtionl quntum rll e'et on the torus n e n exE tremely useful guide to the physis of frtionl ghern insultorsF e will see tht not ll ghern insultors n eome frtionl ghern insultors when intertions re turned onF st n therefore e insightful to lrify the properties of the frtionl quntum rll e'et in the system where it ppers in its purestD most stle formF he torus is n pproprite hoie for mny resonsX it is losed surfe nd hs nonEtrivil genus 1F wost importntlyD it hs the sme genus s lttie system with periodi oundry onditionsD the geometry tht s used for ll pgs numeril simultionsF his point is ruilD sine the physis of topologilly ordered phses depends on few prmeters ut the genus of the surfeF o explore the low energy exittions ove the vughlin stte on the torusD s developed generliztion of the single mode pproximtion on the torus IQVF his pproh RWD SH desries the low energy exittions of frtionl quntum rll stte s some density modE ultions of the ground stteF his study served mostly s guide to replite the single mode pproximtion in pgssF pinding relisti model for the reliztion of nonEelin exittions in pgs is omplited tskD the ompletion of whih goes eyond the sope of this mnusriptF roweverD the projetive onstrution QH of the nonEelin quntum rll sttes in ontinuous system might e promising (rst stepF sndeedD s proposed in efsF IPVD IIPD IQWD IUD IIWD ITQD IVQD RUD WWD IPQD nonEelin order ould emerge in ilyer systems thnks to this onstrutionF st uilds the nonEelin edEezyi sttes of the frtionl quntum rll e'et usE ing the simpler vughlin stte s uilding lokF hile the onstrution is well known on the sphereD di0ulties rise on the torusF s relized tht the projetive onstrution ws not omplete in (nite size on the torusD nd prtiipted in uildE ing the tools tht would mke it omplete in the osoni se IQUF s numerilly implemented these new toolsD nd generted the tril sttesD so tht they ould e systemtilly ompred to the sttes otined from ext digonliztionF o tht endD s wrote n optimized ext digonliztion ode for the nEody ontt interE tion on the torusD whih is the model intertion for the edEezyi sttesF s used this ode to generte the edEezyi sttes on the torusD s well s ll numerilly essile qusihole sttesD whih llowed me to prove the vlidity nd ompleteness of the onstrutionF s lso used this ode to otin the low energy exittions of the wooreEed stteD one of the sttes of the edEezyi seriesF epresenting this spetrum in meningful wy llowed me to identify the low energy mode ove the wooreEed stte s single modeF s lso showed tht the tril sttes otined using the single mode pproximtion were exellent pproximtions of these ext sttesF pousing on frtionl ghern insultorsD s (rst worked on the identi(tion of the omposite fermion sttesD whih re frtionl quntum rll sttes di'erent from the vughlin stteD in these modelsF sing the models tht hd lredy een identi(ed s good hosts to the vughlin stteD s used ext digonliztion to (nd evidene of the omposite fermion sttes in the low energy spetrum of these systems WVF he omprison of the numer of qusihole sttes of these phses to their numer in the equivlent pr system ws strong test for the reently developed mpping PRF intnglement spetrosopy WUD ISQ ! numeril method to otin informtion on the exited sttes using only the ground stte ! proved espeilly helpful to on(rm the nture of the phseF s lso performed n extensive numeril study of the vughlin stte on the ruy lttie ghern insultor modelF s further developed nd numerilly implemented the method introdued in efF VW to de(ne tilted oundry onditions of the lttieF his method llows for lrge freedom in the hoie of the geometri spet rtio of the systemD quntity tht n gretly in)uene the vlue of the mnyody gpF s used this method to show tht even smll systems hve very little (nite size e'etD nd thus justify the extrpoltion of (nite size results to the thermodynmi limitF sing this ext digonliztion studyD s worked on generlizing the single mode pproximtion to frtionl ghern insultorsD thus providing insight into the nture of the low energy exittions of this phseF he dispersion reltion of these low energy exittions ws previously hidden in the inomplete informtion provided y the energy spetrumF efter pointing out the similrities of frtionl ghern insultors with the frtionl quntum rll e'etD s worked on the frtionl phses tht were supported y ghern insultors with ghern numer lrger thn one ISRF sn some onditionsD these systems host phses tht hve no frtionl quntum rll e'et nlogF ome of these phses were not ompletely understood t the timeD ut prompted more nlytil s well s numeril reserh IURD IUTD ISP tht unveiled their sutle propertiesF pinllyD s studied n interting topologil insultor where timeEreversl symE metry is preservedF e simple model for suh system onsists in gluing together two opies of ghern insultor with opposite hirlitiesF fy dding strong intertions in eh opyD one n relize two vughlin sttes with opposite hirlitiesF his system is trivilly gppedD sine the opies re deoupledD nd the existene of gp in the totl system is gurnteed y the presene of gp in eh individul opyF s studied the in)uene of di'erent types of oupling etween the two opies on the stility of this phse IQTF s performed n extensive ext digonliztion studyD nd showed tht the hosen model hosted very roust phseD even more roust thn the phse relized y gluing together two opies of the vughlin stte with the sme hirlityF his mnusript is orgnized s followsF he (rst hpter introdues the physis of nonEinterting topologil insultorsD fousing on the integer quntum rll efE fetD ghern insultorsD nd topologil insultors preserving time reversl symmetryF he seond hpter is n introdution to the physis of strongly interting topologE il phsesF he third hpter fouses on the edEezyi sttes of the frtionl quntum rll e'et nd their low energy exittionsD s relized on the torusF he fourth hpter is devoted to frtionl ghern insultorsF he (fth hpter proposes strongly interting topologil insultor model preserving the time reversl symE metry nd nlyses its stilityF his mnusript is sed on the (ve rtiles tht s hve ontriuted to ISRD IQVD IQUD WVD IQTF he (fth hpter is solely sed on efF IQTD ut the third nd fourth hpters present di'erent spets of the reE mining rtiles to provide more uni(ed perspetive on the topis s hve worked onF 1.3.1 Introduction to the quantum spin Hall eect . . . . . . . . . 32 1.3.2 Quantum spin Hall eect in HgTe-CdTe quantum wells . . . 33 1.3.3 Protected helical edge states and Z 2 invariant . . . . . . . . . 37 gondensed mtter physis ims t understnding the wys in whih mtter orE gnizes itself depending on the externl onditions suh s tempertureD pressureD eletri or mgneti (eldD etF qsesD liquidsD solids or mgnets re some of the most ommonly known phses of mtter ut loser exmintion using the lws of qunE tum mehnis yields multitude of other phsesF uperondutorsD foseEiinstein ondenstesD hrge density wvesD ntiferromgnets re mong the mny exmples of phses tht hve een theoretilly studied nd experimentlly oserved in the twentieth enturyF ell of these phses shre fundmentl propertyX they n e understood using the onept of symmetry reking introdued y vndu in the IWQHsF his theory postultes tht di'erent phses of mtter n e hrterized y lol order prmeterD whih is invrint under the trnsformtions of given symmetry groupF por instneD the density distriution in liquid hs ontinuous rottionl invrineD whih is roken when the toms order to form solidF he disovery of the integer quntum rll e'et shed light on new type of phsesD whih ould not e desried within the theory of vndu symmetry rekE ingF he integer quntum rll e'et is indeed the (rst exmple of topologil 2 Chapter 1. Single-particle physics of topological insulators

B I I V H V L x z y R H B
pigure IFIX fsi setup for rll experimentF e voltge di'erene V L is pplied on the smpleD resulting in urrent IF e mgneti (eld B pplied long the z diretion results in voltge drop V H in the diretion trnsverse to the urrent IF he rll resistne R H = V H /I thus mesured is proportionl to the mgneti (eldF phseD phse tht nnot e desried y lol order prmeterD ut is rther de(ned y topologil invrintF he gol of this hpter is to introdue the physis of nonEinterting quntum rll systemsD nd to understnd how it (ts in the more generl frmework of phses tht shre the sme topologil invrintD the ghern numerF s will lso present its timeEreversl equivlentD the quntum spin rll e'etD nd show tht it n e desried y nother type of topologil invrintF

1.1 The integer quantum Hall eect 1.1.1 Experimental observation sn IVUWD iF rll disovered TQ tht pplying mgneti (eld nd n eletri (eld on ondutor leds to urrent perpendiulr to these two (eldsF gonverselyD pplying urrent I to smple sujeted to mgneti (eld retes trnsverse voltge drop V H F pigF IFI gives the si experimentl setup for this oservtionF his phenomenon now lled the lssil rll e'et n e entirely understood using lssil mehnisX s it is elerted through the smple y n eletri (eld ED n eletron of hrge -e is sujeted to the in)uene of the vorentz fore

F L = -e (E + v × B) @IFIA
por trnsverse eletri nd mgneti (elds E = Ee x nd B = Be z @see pigF IFIAD it resultsD in sttionry regimeD in drift veloity perpendiulr to the urrent diretion

v = E × B B 2 @IFPA
he resulting rll urrent density is j = -eρv where ρ is the eletroni densityF rene the rll resistivity @whih in two dimensions is equl to the resistneA 1.1. The integer quantum Hall eect 3 wesuring the rll resistne R H = V H /I s shown in pigF IFI is onvenient wy to otin the hrge sign nd density ρ of rriersD sine R H is proportionl to these quntitiesF hnks to this reltionD the rll e'et enled the disovery of holes s rriers in pEonduting semiondutorsF o this dyD using rll e'et sensor is still one of the preferred wys to mesure the mplitude of mgneti (eldF eout entury fter the disovery of iF rllD in IWVHD on ulitzing etF lF VQ disovered tht the eletri response in rll experiment ould drstilly di'er from the lssil ehvior in some spei( onditionsF hen the geometry of the onduting smple is suh tht the eletrons re on(ned to two dimensionsD t very low temperture @T < 4KA nd high mgneti (eld @ few teslAD the integer quntum rll e'et oursX the rll resistivity ρ xy = R H is not proportionl to the mgneti (eldD ut rther quntizedD forming plteus t vlues h pe 2 D where p is n integerD nd h is the lnk onstntF wenwhileD the longitudinl resistivity ρ xx vnishesF he results of the experiment of efF VQ re shown in pigF IFPF st is lso useful to de(ne the ondutivity tensor σ ij D whih is the inverse of the resistivity tensor ρ ij F hen the longitudinl resistivity vnishesD the rll ondutivity σ xy is just the inverse of the rll resistivity ρ xy F elizing n integer quntum rll e'et experiment lls for the on(nement of n eletroni gs in two dimensionsF emong the di'erent implementtionsD this n e hieved y refully growing @using moleulr em epitxy ! wfiA one type of semiondutor @qesA on top of nother @el x q 1-x esAF hese two mteriE ls re hosen for their similr lttie onstntsD ompnied y slightly di'erent nd gpsF pon dopingD the eletrons re trpped in the tomilly thin interfe etween the two ompoundsD thus e'etively reting Ph gs of eletronsF he quntized vlue of the rll resistivity is hieved with n extreme uryD to degree tht is unpreedented in ondensed mtter physis @ reltive error of the order of 10 -9 is oserved WD QWD USD UHD IPRAF his ury is so remrkleD tht it is now used in metrology to de(ne the fundmentl unit of resistneD or on ulitzing onstnt

R K = h e 2 = 25.812806kΩ @IFRA
his vlue is independent of the devie in whih the integer quntum rll e'et oursX it does not depend on the disorder or onentrtion of impurities in the smpleF xor does it depend on the mteril itselfX the integer quntum rll e'et hs een oserved in mterils s diverse s elqesD qx heterostruturesD strined i quntum wells in iEiqe heterostruturesD nd grpheneF e quntity whose vlue does not depend on the mirosopi detils of the mteril is the physil de(nition of well de(ned mthemtil oneptX the topologil invrintF his point will e further detiled lter in the mnusriptF 

H = 1 2m e ( p + eA (r)) 2 @IFSA
where m e is the mss of the eletronD -e the hrge of the eletronD A is the vetor potentil tht genertes the mgneti (eld B = ∇ × A (r)F p = ( px , py ) nd r = (x, ŷ) re the onjugte momentum nd position opertors of the eletronD tht verify the nonil ommuttion reltions

[x, px ] = i , [x, py ] = 0 @IFTA [ŷ, py ] = i , [ŷ, px ] = 0
por uniform mgneti (eldD A (r) is liner funtion of the prtile oordintesF es result of this sptil dependenyD the momentum does not ommute with the rmiltoninD nd the system is not trnsltionlly invrintF edditionllyD p is guge dependent opertor @sine A (r) is de(ned up to guge hoieAF e de(ne the opertor

Π = (Π x , Π y ) = p + eA (r) @IFUA
whih is more physilly relevnt quntityD sine it is proportionl to the eletron veloityD nd thus guge independentF sn terms of the guge independent momenE tumD the rmiltonin simply writes

H = 1 2m e Π 2 x + Π 2 y @IFVA he two omponents of Π hve nonEvnishing ommuttorX [Π x , Π y ] = e ([ px , A y ] -[ py , A x ]) @IFWA = e ∂A y ∂x [ px , x] + ∂A y ∂y [ px , ŷ] - ∂A x ∂x [ py , x] - ∂A x ∂y [ py , ŷ]
where we hve used the reltion

[O 1 , f (O 2 )] = df dO 2 [O 1 , O 2 ] @IFIHA
Chapter 1. Single-particle physics of topological insulators whih is vlid for ny opertors O 1 , O 2 whose ommuttor is numerF sing iqF @IFTAD we (nd tht

[Π x , Π y ] = -ie ∂A y ∂x - ∂A x ∂y = -ie (∇ × A) • e z = -ie B = -i 2 l 2 B @IFIIA
where we hve introdued the mgneti length

l B = eB @IFIPA
es resultD Π x nd Π y re nonilly onjugte opertorsD nd the rmiltonin iqF @IFVA is tht of oneEdimensionl hrmoni osilltorD where Π x nd Π y ply the respetive roles of stndrd osilltor9s position nd momentum opertorsF e onvenient wy to solve this rmiltonin is to introdue ldder opertors

a = l B √ 2 (Π x -iΠ y ) a † = l B √ 2 (Π x + iΠ y ) @IFIQA
suh tht they oey the nonil ommuttion reltion a, a † = 1. @IFIRA sn terms of the ldder opertorsD the rmiltonin writes

H = 2 m e l 2 B a † a + 1 2 = ω c a † a + 1 2 @IFISA
where ω c is the ylotron frequeny nd writes

ω c = m e l 2 B @IFITA
st follows tht the eigenvlues of the rmiltonin re those of the numer opertor a † aF he spetrum of the twoEdimensionl nonEinterting eletron gs in mgneti (eld thus onsists of series of energy levelsD ll seprted y the sme energy gp ω c D lled vndu levelsD nd leled y positive integer n

E n = ω c n + 1 2 @IFIUA
he lowest energy level @n = 0A is lso lled lowest vndu level @vvvAF 1.1. The integer quantum Hall eect

7 E m 3ħω c /2 -2 -1 0 1 2 ħω c /2 5ħω c /2
pigure IFQX inergy spetrum of nonEinterting idimensionl gs of eletrons immersed in trnsverse mgneti (eldF he spetrum onsists of perfetly )tD degenerte vndu levelsF ih level is split into two due to the eemn e'etF sn the symmetri guge @see iqF @IFPPAAD the sttes in eh vndu level re leled with positive integer mF xote tht we hve omitted the eemn term in the rmiltoninD whih lifts the degenery etween eletrons of opposite spinX

H Z = gµ B S • B = -gµ B S z B @IFIVA
where µ B is the fohr mgnetonD g is the vndé gEftorD nd S is the spin ngulr momentum of the eletronF sn qesD the vlue of the gEftor is g -0.4D using splitting of the vndu levels ∆E Z 0.33B [T ] KD whih is muh smller thn the vndu level seprtion in this sme mterilX ω c 24B [T ] KF es resultD eh vndu level will split into two nds with given vlue of S z D ut the vndu levels will not mix due to the eemn e'etF xote tht this smll energy splitting is tully inresed y the intertionsF he eletroni mnyEody wve funtion must e ntisymmetriD whih n e hieved if the sptil prt is ntisymmetri @with symmetri spin prt of the wve funtionAD or symmetri @in whih se the spin prt must e ntisymmetriAF ine repulsive intertion is etter sreened y sptilly ntisymmetri wve funtionD there is tendeny towrds ferromgneti orderingD nd doule ouptions orrespond to higher energyF he eemn gp is thus inresedD with orretive ftor of the order of the goulom intertion

e 2 εl B 4.6 B [T ] @IFIWA
he split vndu levels re represented in pigF IFQF 8

Chapter 1. Single-particle physics of topological insulators 1.1.2.2 Degeneracy he(ning the ldder opertors is enough to otin the eigenvlues of the rmiltoE ninD ut it does not su0e to fully determine the quntum sttesF sndeedD the initil rmiltonin @IFSA ws written in terms of two ommuting pirs of onjugte opertorsX x, px D nd ŷ, py F iqF @IFISA uses only one suh pir @a, a † AD so there must e n dditionl pir of onjugte opertors tht ommute with HD a nd a † D nd the vndu levels must e degenerteF sn similr mnner to iqF @IFUAD we de(ne the pseudoEmomentum

Π = Πx , Πy = p -eA (r) @IFPHA
whose omponentsD while eing seprtely guge dependentD hve nonil omE muttion reltionsX Πx , Πy = i

2 l 2 B @IFPIA
Πx nd Πy do not generlly ommute with Π x D Π y D nd thus with the rmiltoninF roweverD the tretment of the rmiltonin ws ompletely guge independent until this pointD nd we n hoose guge tht (xes this issueF he mixed ommuttors Πi , Π j vnish in the symmetri gugeD whih is de(ned sX

A S (r) = B 2 (-ŷ, x, 0) @IFPPA
hnks to the nonil ommuttion reltion @IFPIA of Πx nd Πy D we n de(ne the new ldder opertors similrly to those of iqF @IFIQA b

= l B √ 2 Πx + i Πy b † = l B √ 2 Πx -i Πy @IFPQA
whih gin verify the nonil ommuttion reltion b, b † = 1F ine the system is invrint under ny rottion round the z xisD the z omponent of the ngulr momentum L z is onservedD nd ommutes with the rmiltoninF sn terms of the numer opertors a † a nd b † bD it writesX

L z = a † a -b † b @IFPRA
e n thus digonlize H nd L z simultneouslyF e ll -m the eigenvlue of L z X m is n integer tht n tke ny vlue superior to the opposite of the vndu level index -n @see pigF IFQ for representtion of the energy levels s funtion of n nd mAF sn the symmetri gugeD the eigensttes of H re thus leled with two integers nD mD nd writeX 

|n, m = b † m+n (m + n)! a † n (n)! |0, 0 @IFPSA
φ 0,m (r) = r|0, m = z m e -1 4l 2 B z z l m B √ 2π2 m m! @IFPTA
where z = x-iy1 nd z = x+iyF sn the lowest vndu levelD prt from qussin ftorD the eigensttes of L z nd H re monomils in zF eny wve funtion n e written in this sisD nd is thus polynomil in zF he orresponding density only depends on the distne to the enter rD nd writes

ρ m (r) = |φ 0,m (r) | 2 = r 2m e -1 2l 2 B r 2 l 2m B 2π2 m m! @IFPUA
he mximum density of proility for n eletron in the oritl m of the symmetri guge is long irle of rdius √ 2ml B D nd most of the eletroni density is lolized long this irleF hile the physil mening of Π is not ovious from the de(nition of iqF IFPHD the pseudoEmomentum hs semiElssil interprettionF vet us (rst express the position opertor s funtion of the guge independent momentum nd the pseudoE momentumD in the symmetri gugeX

ŷ = Πx eB - Π x eB @IFPVA x = - Πy eB + Π y eB
he lssil eqution of motion for n eletron in mgneti (eld writes m e r = -e ṙ × B @IFPWA e otin the expression of the veloity y integrting this eqution

ẋ = -ω c (ŷ -Y ) @IFQHA ẏ = ω c (x -X)
where R = (X, Y ) re integrtion onstntsD nd represent onstnt of motionX it is the guiding enter of the eletronF woreoverD we know from iqF @IFVA tht the veloity n lso e expressed s funtion of the guge independent momentum ṙ = Π/m e F gonsequently

ŷ = Y - Π x eB @IFQIA x = X + Π y eB 10 
Chapter 1. Single-particle physics of topological insulators gompring iqsF @IFPVA nd @IFQIAD we immeditely see tht in the symmetri gugeD the pseudoEmomentum is proportionl to the guiding enter oordintes

X = - Πy eB Y = Πx eB @IFQPA
e n thus dedue the ommuttion reltion of the oordintes of the guiding enter from those of Πx nd Πy @see iqF@IFPIAAD ssoited with the orresponding reisenerg inequlity

[X, Y ] = il 2 B ∆X ∆Y ≥ 2πl 2 B @IFQQA
sn quntum rll systemD quntum stte thus oupies miniml surfe of 2πl 2 B X in given vndu levelD the eletron n never e fully lolizedF his inequlity llows us to ompute the numer of sttes llowed on given re A

N φ = A ∆X ∆Y = A 2πl 2 B = AB h/e @IFQRA
where h/e is the mgneti quntum )ux unitD nd AB is the mgneti )ux through the surfe AF he numer of sttes in vndu level for given surfe is thus equl to the numer of mgneti )ux qunt tht piere this surfeF 1.1.3 Eigenstates in the torus geometry sn the previous setionD we derived the spetrum of free eletron on(ned in two dimensions in mgneti (eld using gugeEindependent methodD nd introdued the symmetri guge @IFPPA so tht we ould de(ne the ldder opertors bD b † D nd hve omplete set of quntum numers to determine the eigensttesF hile very onvenient for rottionlly invrint systemsD this tretment is more umersome for systems with trnsltionl invrineF his is the se of mny of the systems presented in this thesisX mong the diverse twoEdimensionl systems tht s hve studied during my hhD most hve periodi oundry onditionsF o re)et this orienttionD s will derive here the wve funtion for single eletron on retngulr torus spnned y the vetors L x e x nd L y e y D sujeted to mgneti (eld Be z F he vndu guge is the most onvenient one for system with trnsltionl invrine A L (r) = B (0, -x, 0) @IFQSA sn this gugeD the rmiltonin @IFSA does not depend on the seond position oorE dinte yD nd the eigenvlue k y of the momentum opertor py is good quntum numerF he yEdependent prt of the wve funtion is thus plne wve e ikyy F e otin the rmiltonin of oneEdimensionl hrmoni osilltorX

H = 1 2m e px 2 + (-eB x + k y ) 2 , @IFQTA
nd the orresponding eigenfuntion writes

φ n,ky (x, y) = N n e ikyy e -1 2l 2 B (x-l 2 B ky) 2 H n x -l 2 B k y l B @IFQUA
where n is the vndu level indexD N n is normliztion onstntD nd H n re rermite polynomilsF he wve funtion @IFQUA tkes into ount the periodiity of the system long the y diretionD ut not long the x diretionX it is thus vlid wve funtion on the ylinderD ut not on the torusF e now need to impose the periodi oundry onditions of the torusF vet us denote T a = e ia• p the opertor tht trnsltes the eletron y vetor a in rel speF he usul oundry onditionsD de(ned in terms of T a D nnot e onsistently enforedD euse T a does not ommute with the rmiltoninF snstedD we de(ne the mgneti trnsltion opertor

T a = e i e c A(a)•r T a @IFQVA
whih veri(es [H, T a ] = 0F he mgneti trnsltion opertors ssoited with di'erent vetors a nd b do not neessrily ommuteD ut rther follow the qirvinE ltzmnnEwhonld SH @qwA lger

[T a , T b ] = -2 sin 1 2l 2 B e z • (a × b) T a+b @IFQWA
his fundmentl property of the quntum rll e'et n e seen s nother mnE ifesttion of the impossiility to fully lolize wve funtion @see the unertinty priniple @IFQQA onerning the guiding enter oordintesAF sndeedD T a n e interE preted s the opertor tht trnsltes the guiding enter y vetor aF xote tht e z • (a × b) is the re enlosed in the prllelogrm (a, b)F he rgument of the sine funtion in iqF @IFQWAD whih is equl to

e z • (a × b) B h/e π @IFRHA
is the numer of )ux qunt enlosed in the prllelogrm (a, b) times πF es resultD T a nd T b ommute s soon s the )ux enlosed in (a, b) is n integerF enother interesting onsequene of the qw lger is the ehronovEfohm phse tht singleEprtile wve funtion piks up when it goes round loopF iqF @IFQVA implies tht

T a T b = T b T a e -i l 2 B ez•(a×b)
. @IFRIA por losed yle ab (-a) (-b)D the produt of mgneti trnsltion opertors thus writes

T a T b T -1 a T -1 b = e -i l 2 B ez•(a×b)
@IFRPA he wve funtion of the eletron thus piks up phse equl to the mgneti )ux enlosed y its pth when it goes round loopF xote tht while these results were derived in spei( gugesD they sty vlid in ny guge euse they only involve guge invrint quntitiesF efter trnsltion of the eletron round the full torusD the wve funtion my umulte some phseF e wnt to impose tht this phse does not depend on the order of trnsltions long the two diretions of the torusF his onstrint imposes T Lxex , T Lyey = 0F por retngulr torus @e x • e y = 0AD this writes B h/e L x L y = N φ D where N φ is n integerF e reognize the unit )ux quntum h/e in this equtionX the numer of )ux qunt N φ piering the torus must e integer vluedF e n write the previous equlity in terms of the mgneti lengthD suh tht for retngulr torus

L x L y = 2πN φ l 2 B @IFRQA
he wve funtions φ n,ky (x, y) of iqF @IFQUA do not respet the periodi oundry onditions in oth diretionsD ut n e reomined into sttes tht doF e note Φ n,ky the eigensttes of oth the rmiltonin nd the trnsltion opertorsF sing the expression of the mgneti trnsltion opertor iqF @IFQVAD this writes

Φ n,ky (x, y) = T Lxex Φ n,ky (x, y) = e iLxy/l 2 B Φ n,ky (x + L x , y) @IFRRA Φ n,ky (x, y) = T Lyey Φ n,ky (x, y) = Φ n,ky (x, y + L y )
he seond eqution imposes the quntiztion of the momentum quntum numerX k y = 2π Ly k y D where k y is n integerF o oey the (rst equtionD it is neessry to mke the wve funtion of iqF @IFQUA periodiF his writes

Φ n,ky (x, y) = N n ∞ m=-∞ e i(l 2 B ky+mLx)y/l 2 B e -1 2l 2 B (l 2 B ky+mLx-x) 2 H n l 2 B k y + mL x -x l B
@IFRSA where N n is normliztion onstntF st is esy to see tht k y nd k y + N φ yield the sme wve funtion @the dditionl term n lwys e sored y shifting the sum index m y oneAF ell the vndu levels thus hve the sme degenery N φ on the torusF sn the lowest vndu level @n = 0AD H 0 = 1D nd the wve funtions re lolized t positions x = l 2 B k y D with gussin deyD while eing ompletely delolized in the y diretionF 1.1.4 Transport properties of a quantum Hall system he disussion in eF IFIFP is the sis to understnd the integer quntum rll e'etF vet us de(ne the (lling frtion νD the numer of oupied vndu levels @ non integer vlue of ν orresponds to prtilly (lled vndu levelsA

ν = ρ h/e B @IFRTA
where ρ is the density of eletronsF st n lso e expressed s funtion of the totl numer of eletrons in the smple N divided y the numer of )ux qunt piering it ν = N N φ @IFRUA sn terms of the (lling frtionD the lssil rll ondutne @see iqF @IFQAA writes pigure IFRX i'et of disorder on the quntum rll e'etF A hemti potentil lndspe for (nite smple with hrged impuritiesF he equipotentil lines re losed in the ulk @lolized sttesAD nd open t the edge @extended sttesAF A hensity of sttes in disorder systemF he degenerte vndu levels roden into nds in the presene of disorderD with extended sttes in the enterD seprted y lolized sttesF he plteus of the rll resistivity oserved experimentlly orrespond to ν integerD nd thus to fully (lled vndu levelsF hile this drws onnetion etween the plteus nd the energy levelsD it does not explin the quntiztion of the resistivity when the vndu levels re prtilly (lledF por thtD it is essentil to tke into ount the disorder tht exists in ny smpleD s well s its (nite extentF vet us onsider semionduting heterostruture ! suh s elqes ! tht relE izes good pproximtion of two dimensionl eletron gsF he potentil lndE spe is not perfetly )t unlike wht ws impliitly ssumed in eF IFIFPF pigF IFR represents the equipotentil lines of plusile potentil lndspeF pirstD there is on(nement potentil ssoited with the (nite extent of the smpleF elsoD the presene of hrged impurities in the mteril retes potentil hills @for negtive impuritiesAD s well s s potentil vlleys @for positive impuritiesAF his speE dependent potentil uses the vndu levels to widenF roweverD not ll sttes within the rodened vndu levels ontriute to the trnsport in the sme wyF he on(nement potentilD whih is onstnt in the ulkD drmtilly inreses t the edge of the systemF he equipotentil lines re)et this ehvior y stying openD onneting one end of the smple to the otherF he edge sttes re thus delolized @or extendedAD nd ontriute to the ondutneF hue to the mgneti (eldD the edge sttes re hirlX the urrent )ows in one diretion on one edge of the smpleD in the opposite diretion on the opposite edgeF sn the ulkD howeverD most equipotentil lines re losedD resulting in lolized sttes tht do not ontriute to the eletril ondutne of the smpleF he gp tht seprtes two vndu levels is thus (lled with lolized sttesD nd lled moility gp @see pigF IFRAF he hirlity of the edge sttes n e understood using the semiElssil piture of n Chapter 1. Single-particle physics of topological insulators B pigure IFSX emiElssil piture of the motion of n eletron in (nite twoE dimensionl smple in mgneti (eldF sn the ulkD the eletron goes round losed orits nd thus does not ontriute to trnsportF et the edgeD the on(neE ment potentil prevents the eletron from undergoing losed loopD resulting in 4ouning4 motionF he diretion of the mgneti (eld imposes ounterlokwise loopD resulting in the hirlity of the edge trnsport modesF eletron in mgneti (eld performing skipping orits t the edgeD s depited in pigF IFSF o explin the ehvior of the rll resistivityD let us onsider system with n integer (lling frtion νF es the eletron density inresesD more lolized sttes eome oupiedD with no modi(tion to the rll ondutneD until the extended sttes strt (lling upF he rll ondutne then inreses linerly with the eletron densityD until the nrrow nd of extended sttes is ompletely (lledD nd the next plteu hs een rehedF hese rguments explin the qulittive ehvior of the trnsverse nd longiE tudinl ondutivities σ xx nd σ xy D ut does not explin why the vlue of the rll ondutivity is so perfetly quntized to the sme vlue in ll systemsF his ltter phenomenon relies on the topologil nture of the rll ondutneD whih will e explored in the next setionF 1.2 Chern insulators sn the previous setionD s hve explined the pprition of plteus of the rll onE dutivity σ xy when strong mgneti (eld is pplied to twoEdimensionl eletron gsF hile this rgumentt is orretD it does not onvey the topologil hrE ter of σ xy F sn efF ISVD houlessD uohmotoD xightingle nd den xijs @uxxA showed tht the rll ondutne ould e expressed s funtion of n integer ! the ghern numer ! independent of the detils of the mirosopi modelD thus (tting the de(nition of topologil invrintF his insensitivity to mirosopi detils is the origin of the roust quntiztion of the rll ondutne mentioned in eF IFIFIF his property mkes the integer quntum rll e'et the (rst exmple of topologil phseD phse not hrterized y lol order prmeterD ut y topologil invrintF es shown y rldne TH in IWVVD the rgument of uxx n e generlized to systems tht hve zero net mgneti (eldD ut still rek timeEreversl symmetry @whih mgneti (eld does for freeAF his phenomenon ! nonEzero rll ondutne in the sene of vndu levels ! is lled nomlous quntum rll e'etD nd ppers in systems nmed ghern insultorsF ghern insuE ltors re nd insultorsD where one @or moreA floh nds hve nonEzero ghern numer nd ply the role of vndu levelsF hey ould potentilly e oserved in esier experimentl onditionsX sine the ylotron energy is proportionl to the mgneti (eld BD oth high mgneti (eld nd very low temperture re reE quired to oserve the quntum rll e'etF ghern insultorsD on the other hndD do not require ny mgneti (eldD nd ould even e oserved t high temperture if the nd gp is lrge enoughF heir (rst experimentl oservtion in solid stte system is very reentX efF QP reported the oservtion of the nomlous quntum rll e'et in mgneti insultors in PHIQF iven more reentlyD they were engineered in old toms y few independent groups UTD PD IHPF sn this setionD s fous on lttie ! rther thn ontinuous ! systemsF s show tht the rll ondutivity is relted to numer tht does not depend on the mirosopi detils of the systemF his derivtion onstitutes de(nition of the ghern numer s topologil invrintF s give n interprettion of the ghern numer s n ostrution to the tokes theoremD whih serves s proof tht the ghern numer is n integerF s then desrie two simple mirosopi lttie models with nonE trivil topologyD with nd without net mgneti )ux through the lttieF pinllyD s give two exmples of the experimentl oservtion of ghern insultorD one in solid stte systemD the other in old tom lttieF 1.2.1 Denitions for the lattice systems 1.2.1.1 Lattice Hamiltonian e onsider nonEinterting eletrons on N x × N y twoEdimensionl trnsltionlly invrint lttie with m oritls per unit ellF he only other onstrint on the rmiltonin is tht it must hve nd gp @the system is n insultorAF e implement periodi oundry onditionsD resulting in the quntiztion of the pseudoE momentum

R H = h νe 2 @IFRVA
kX k = (k x , k y ) = 2π N x k x , 2π N y k y , k x = 0, ...N x -1, k y = 0, ...N y -1 @IFRWA
hnks to the disrete trnsltionl invrineD the rmiltonin is lokEdigonl in momentum speF st writes

H = k c † k,α h αβ (k)c k,β @IFSHA
where c † k,α @respetively c k,α A retes @respetively nnihiltesA n eletron in the oritl α = 1, ..., mD t momentum kD nd h(k) is m × m mtrix @there is n Chapter 1. Single-particle physics of topological insulators impliit summtion on the oritl indexes α nd βAF higonlizing h(k) gives us the dispersive nds of the rmiltonin ε µ (k)D s well s the floh vetors |µ, k D where µ is the nd indexF he digonlized rmiltonin writes

H = k m µ=1 ε µ (k) |µ, k µ, k|
@IFSIA e ll |0 the vuumF c † k,α |0 is stte of momentum kD lolized on the toms α of the lttieD while |µ, k represents stte of momentum k in the nd µF hese two types of oritls re relted y the mtrix u(k)D whose elements write

u α µ (k) = 0| c k,α |µ, k @IFSPA por eh vlue of the nd index µD the vetor u µ (k) is n eigenvetor of the mtrix h(k)F h(k)u µ (k) = ε µ (k)u µ (k) @IFSQA
1.2.1.2 Flat-band limit he gol of this prgrph is to introdue useful mthemtil trikD the )tEnd limitD whih onsists in )ttening the nds of dispersive rmiltoninF fy de(E nitionD the topologil properties of the rmiltonin do not depend on its energiesD only its eigensttesF hnks to this propertyD working in the )tEnd limit does not 'et the topologil properties of the rmiltoninF e onsider system with (nite ulk gpD nd ple the permi level ε F inside the insulting gpF e ll p the numer of (lled ndsD suh tht for ll kX

ε 1 (k) ≤ ... ≤ ε p (k) < ε F < ε p+1 (k) ≤ ... ≤ ε m (k)
@IFSRA e pik two ritrry energies ε G @for ground stteA nd ε E @for exitedA respetively elow nd ove the permi level

ε G < ε F < ε E @IFSSA
e re now equipped to de(ne the interpoltion of ll energies elow @respetively oveA the permi level to ε G @respetively ε E AD ontrolled y the interpoltion pE rmeter tX

E µ (k, t) = ε µ (k) (1 -t) + ε G t 1 ≤ µ ≤ p ε µ (k) (1 -t) + ε E t p + 1 ≤ µ ≤ m @IFSTA
st is ruil tht the gp remin open throughout the interpoltion proedureD s is tht none of the energy nds ross the permi level for ny tF he rmiltonin interpoltes etween the originl system of iqF @IFSIA nd the )tEnd systemD ut with unhnged eigensttes

H (t) = k h t (k) @IFSUA h t (k) = m µ=1 E µ (k, t) |µ, k µ, k| he )tEnd rmiltonin orresponds to the t = 1 limitX h 1 (k) = ε G p µ=1 |µ, k µ, k| P G +ε E m µ=p+1 |µ, k µ, k| P E @IFSVA
where we hve de(ned two opertorsD P G nd P E s the projetors onto the oE upied nd empty ndsF es per their projetors ntureD they verify the following propertiesX 

P G + P E = I P G P E = 0 P 2 G = P G P 2 E = P E @IFSWA
σ xy = ie 2 L x L y n>0 ψ 0 | vx |ψ n ψ n | vy |ψ 0 -ψ 0 | vy |ψ n ψ n | vx |ψ 0 (E 0 -E n ) 2 @IFTHA
where v = (v x , v y ) is the veloity opertorF sing this formlismD uxx ISV hve shown tht the rll ondutne n e n e expressed s the integrl over the whole phse spe of vetor (eld F F sn the se of lttie systemD the integrl runs over the frillouin zoneF F is lled the ferry urvture nd writes

F • e z := -i 2π p µ=1 ∂ ∂k x µ, k| ∂ ∂k y |µ, k - ∂ ∂k y µ, k| ∂ ∂k x |µ, k @IFTIA
where the sum runs over ll p oupied ndsF st is remrkle tht this quntity depends only on the floh sttes |µ, k D nd not on their energiesF he ferry urvture F writes s the url of vetor potentil A B lled the ferry potentil

F = ∇ × A B @IFTPA
where the ferry potentil writes

A B := -i 2π p µ=1    µ, k| ∂ ∂kx |µ, k µ, k| ∂ ∂ky |µ, k 0    @IFTQA
he rll ondutivity is thus the integrl of the ferry urvture over the frillouin zoneD for ll oupied ndsF

σ xy = e 2 h dk x dk y (∇ × A B ) • e z @IFTRA
Chapter 1. Single-particle physics of topological insulators his quntity does not depend on the energies of the systemX the spetrum n e ontinuously deformed into di'erent oneD s long s the nd gp does not lose in the proessF sn prtiulrD the )tEnd limit introdued in the previous prgrph n e used to ompute the rll ondutivityD thus gretly simplifying the lultion PHF sf we llowed the gp to loseD the floh sttes of the oupied nds would e le to mix with those of the exited ndsD thus modifying the vlue of the ferry urvtureF he integrl in iqF @IFTRA is thus topologil invrintD lled the ghern numerF 1.2.2.2 Edge states of a Chern insulator he reltion of the rll ondutivity with topologil invrint explins the exE tremely preise quntiztion of σ xy D whih is mesured to e extly the sme in diverse mterilsF sndeedD no perturtion @suh s disorder rmiltoninA n hnge the vlue of the ghern numer ! s long s it does not lose the ulk gpF sn the vnduerEfuttiker pproh to trnsportD the quntiztion of σ xy revels tht the trnsport ours in C distint hirl ondution hnnelsD without ny disE siptionF he sene of dissiption indites tht ksttering is impossile in the edge sttesD whih is due to the hirlity of the edge sttesF xumerillyD the simplest wy to oserve the edge sttes is to use the ylinder geometryF he ylinE der hs periodi oundry onditions in the x diretionD suh tht the momentum quntum numer k x is still good quntum numerD ut open oundry onditions in the y diretionF he edge sttes re thus lolized t oth ends of the ylinder @see pigF IFTAF he typil spetrum of ghern insultor is shown in pigF IFTF st revels tht the two edge sttes trversing the ulk gp hve opposite veloityD nd re thus hirlF sn the se of trivil insultorD there re no edge sttes trversing the ulk gp @see pigF IFTAF 1.2.2.3 The Chern number as an obstruction to Stokes' theorem over the Brillouin zone he floh wve funtions in the (lled nd of n insultor hve U (1) guge degree of freedomF he topologil hrter of ghern nd is hrterized y the fundmentl impossiility to de(ne smooth guge throughout the whole frillouin zoneF e explore this ostrution in this prgrph y studying generi twoE oritl modelD the simplest exmple of nd insultorF sn suh systemD the vetor u µ (k) de(ned in iqF @IFSPA is twoEdimensionlF o remove the phse miguityD we hoose the (rst omponent u 0 µ (k) to e rel nd positiveF his hoie only mkes sense when u 0 µ is nonEzeroD nd we need to de(ne n lterntive guge hoie when this is not the seF et ny point in the frillouin zoneD t lest one of the vetor omponents u 0 µ or u 1 µ must e nonEzeroF por ny momentum k s suh tht u 0 µ (k s ) = 0D there is thus viinity of k s where u 1 µ (k) = 0F e regroup ll suh viinities in one suset R ε s of the frillouin zoneX pigure IFTX ghern insultor lttie system on ylinderF A he trnsport in ghern insultor is due to the presene of edge sttes t oth ends of the ylinderD represented y the lue nd red rrows t either end of the ylinderF A fnd struture of typil ghern insultor on the ylinderD represented s funtion of the momentum k x in the periodi diretionF wo edge sttes with opposite hirlities onnet the vlene nd ondution nd of the ulkF he edge sttes re physilly seprtedD nd they respetively orrespond to the lue nd red edge sttes of AD with the sme olor odeF A ypil nd struture of trivil insultor on the ylinderF xote the sene of edge sttesF where ε is the smllest rdius of ll viinitiesF he guge n e (xed to one onvention on R ε s @u 1 µ (k) rel nd positiveAD nd di'erent one on the rest of the frillouin zone @u 0 µ (k) rel nd positiveAF wore formllyD this writes

R ε s = k ∈ BZ || |k -k s | < ε, u 0 µ (k s ) = 0, u 1 µ (k) = 0 @IFTSA y (a)
u 0 µ (k) ∈ + if k ∈ BZ -R ε s u 1 µ (k) ∈ + if k ∈ R ε s @IFTTA
e re now set up with zoning of the frillouin zoneD with one well de(ned ferry potentil in eh zoneF yn the oundry etween the two zonesD these potentils re relted y guge trnsformtion

A R ε s = A BZ-R ε s + ∇χ(k) @IFTUA
where χ(k) is the phse tht di'erentites the vetors in the two regions

u µ (k) R ε s = e i2πχ(k) u µ (k) BZ-R ε s @IFTVA
e n now determine the rll ondutne @whihD s n oservle quntityD is guge invrintA using the tokes theorem in oth domins @they hve identil oundries with opposite orienttionsAX

σ xy = e 2 h BZ-R ε s ∇ × A BZ-R ε s + R ε s ∇ × A R ε s @IFTWA = e 2 h O dk • (A R ε s -A BZ-R ε s )
where O is the oriented oundry of the R ε s zoneF es resultD the ghern numer is equl to

C = O dk • ∇χ(k) @IFUHA 20
Chapter 1. Single-particle physics of topological insulators he floh wve funtions must e singleEvluedX they return to their initil vlue fter losed loop in the frillouin zoneF his property must e true in ny gugeD whih implies @using iqF @IFTVAA tht e i2πχ must return to its initil vlue fter loopF his writesX

χ(k + ) -χ(k -) = n @IFUIA
where χ(k + ) nd χ(k -) re the vlues of χ(k) fter nd efore going round the loopD nd n is n integerD lled the winding numer of χF ine the ontour O is mde of one or more losed loopsD the ghern numer is the sum of ll winding numers round eh loop of the ontour OD nd is thus n integerF wore generillyD the integrl of the ferry potentil on given pth P is lled the ferry phseF

γ B = P A B • dl @IFUPA
por n diti evolution in prmeter speD the ground stte of the rmiltonin piks up phse tht is the sum of the dynmil phse 1 E(t)dt nd the ferry phse γ B F er the ove rgumentD the ferry phse for losed pth P is guge independent nd n integerF por instneD the ehronovEfohm phse of eF IFIFQ is form of ferry phseD emphsizing the similr nture of the ferry potentil A B nd the vetor potentil AF

Two microscopic models

hile the onsidertions in the previous prgrph pply to quntum rll systemD there is no expliit referene to the mgneti (eldF therD the ghern numer ppers s property of the floh sttesD independently of the underlying systemF sn the next prgrphD s desrie how the presene of mgneti (eld modi(es the rmiltonin of lttie systemF his will give us the ingredients to uild lttie model with nonEzero ghern numer in the sene of mgneti (eldF 1.2.3.1 Square lattice in a magnetic eld es detiled in eF IFIFQD pplying mgneti (eld onto system modi(es its trnsE ltion properties drmtillyD s the usul trnsltion opertors do not ommute with the rmiltoninF snstedD we hve de(ned mgneti trnsltion opertors @see iqF@IFQVAAD whih ommute with the rmiltoninD nd oey the qw lger deE (ned in iqF @IFQWAF st is insightful to investigte the implitions of these properties for lttie rmiltoninF e onsider squre lttie spnned y the vetors ae x nd ae y D where a is the lttie onstntF sn the vndu guge @s de(ned in iqF@IFQSAAD the mgneti opertors tht trnslte prtile y lttie vetor respetively write 

T x (m, n) = e -i a 2 n l 2 B T x (m, n) @IFUQA T y (m, n) = T y (m, n)
H = -t m,n c † m+1,n c m,n + c † m,n+1 c m,n + h.c. @IFURA = -t m,n T x (m, n) + T y (m, n) + h.c.
o tke the mgneti (eld into ountD one n simply sustitute the mgneti trnsltion opertors for the usul trnsltion opertorsF his opertionD lled eierl9s sustitutionD results in the oneEprtile wve funtion umulting the ehronovEfohm phse due to the presene of the mgneti (eld when it goes round lttie unit ellF xote tht if the mgneti )ux enlosed in the lttie unit ell is multiple of the )ux quntum @a 2 /l 2 B = 2πn φ D n φ integerAD the phse in the de(nition of T x nelsD nd there is no hnge to the rmiltoninF sfD howeverD this quntity is rtionl frtion @a 2 /l 2 B = 2πp/qD p nd q reltive primesAD the mgneti trnsltion opertors do not ommuteD ut only power of them does T q

x T y = T y T q x @IFUSA he presene of the mgneti (eld thus results in hnge of the periodiity of the lttieX the mgneti unit ell is enlrged q times suh tht it ontins n integer numer of mgneti quntum )uxesF gonsequentlyD the re of the (rst frillouin zone is redued y ftor of qD nd the numer of nds is multiplied y qF his model is lled rofstdter modelD nd gives rise to the elerted rofstdter utter)y energy spetrum when the numer of mgneti )ux qunt piering lttie unit ell is n irrtionl numerF 1.2.3.2 The two-orbital square lattice Chern insulator model sn IWVVD rldne introdued the (rst model of ghern insultor THD whih onsists of honeyom lttie with omplex next nerest neighor hoppingF his omplex hopping is the essentil ingredient tht llows the ghern numer to e nonzeroX it is the equivlent of the eierl9s sustitution introdued in the lst prgrphD in the sene of net mgneti (eldF snsted of the rldne modelD we introdue simpler modelD the squre lttie model with two oritlsD nd omplex interEoritl hoppingF vet us onsider system mde of squre frvis lttie nd P oritls per unit ellF es noted in the lst prgrphD omplex hopping term is equivlent to enlosing non trivil mgneti )ux inside the lttie plquettesF hile the eierl9s sustitution reks trnsltionl invrineD it is possile to hoose the hopping mplitudes phses in suh wy tht the lttie periodiity is preservedF his n e hieved y enlosing stggered mgneti )uxD insted of homogeneous oneX

x y -it 1 it 1 t 1 t 2 -t 2 + M -M -t 1
pigure IFUX he twoEoritl squre lttie modelF he two oritls A nd B re olored in red nd greenD respetivelyF he nerest neighor hopping terms etween oritls of the sme type hve n mplitude ±t 2 F he mplitude of the interoritl nerest neighor hopping term is ±it 1 in the x diretionD long the rrowD ±t 1 in the y diretionF he ounterlokwise @respetively lokwiseA rrow yles enlose π/2 @respetively -π/2A )uxD resulting in zero net mgneti (eldF his (gure ws slightly dpted from efF IUP the opposite ontriutions of the mgneti )ux in djent plquettes dd up to zero net mgneti (eldF his is suh system tht s desrie hereF he rmiltonin onsists of mss term of mplitude M nd of nerest neighor hopping termsD whose mplitude is rel for the hopping etween oritls of the sme typeD nd n e omplex or rel for the hopping etween oritls of di'erent type depending on the hopping diretionF

H = t 2 m,n c † m+1,n,A c m,n,A + c † m,n+1,A c m,n+1,A -c † m+1,n,B c m,n,B -c † m,n+1,B c m,n,B + it 1 m,n c † m+1,n,A c m,n,B -c † m+1,n,B c m,n,A + h.c. @IFUTA + t 1 m,n c † m,n+1,A c m,n,B -c † m,n+1,B c m,n,A + h.c. + M m,n c † m,n,A c m,n,A -c † m,n,B c m,n,B
where c † m,n,α @respetively c m,n,α A retes @respetively nnihiltesA n eletron t lttie oordintes (m, n) on oritl α = A, BF pigF IFU represents the twoEoritl squre lttie modelD with the vrious hopping termsF he lttie hs (nite sizeD with respetively N x nd N y unit ells in the x nd y diretionD nd periodi oundE ry onditionsF o digonlize this rmiltoninD we write it in pourier spe @see iqF @IFSHAAF he 2 × 2 floh rmiltonin writes

h(k) = 2t 1 sin k x σ x + 2t 1 sin k y σ y + (M -2t 2 (cos k x + cos k y )) σ z @IFUUA
where the σ i re the uli mtriesD nd k i ws de(ned in iqF @IFRWAF his twoEnd rmiltonin is gpped exept t the vlues of M where (M -2t 2 (cos k x + cos k y )) 2 = 4t 2 1 sin k x 2 + sin k y 2 F his eqution hs solutions in the frillouin zone when

• M = 4t 2 X (k x , k y ) = (0, 0) • M = 0 X (k x , k y ) = (0, π), (π, 0) • M = -4t 2 X (k x , k y ) = (π, π)
e wnt to determine the vlue of the ghern numer in the lowest ndD for the di'erent vlues of M F e hnge in the ghern numer is topologil phse trnsiE tionD whih n only hppen if the gp losesF he gp remins onsistently open for M > 4t 2 nd M < -4t 2 X these phses re thus respetively equivlent to the M → ±∞ limitsD iFeF the tomi limitF sn this limitD the two sultties A nd B n e ompletely deoupled into two independent singleEnd insultorsD nd the insultor is trivil oneF es onsequeneD ll nds rry zero ghern numer in the intervls M > 4t 2 nd M < -4t 2 F e only need to determine the nd topology in the intervl -4t 2 < M < 4t 2 F es M dereses from the tomi limit M → ∞ to M = 4t 2 D the gp ollpses t the Γ = (0, 0) pointD while ll the other points remin gppedF gonsequentlyD the ferry urvture is ontinuous funtion of M through the gp losing nd reopening everywhere ut t the Γ pointD nd we only need to nlyze its evolution in the viinity of tht prtiulr pointF he linerized rmiltonin reds

h(k) = 2t 1 k x σ x + 2t 1 k y σ y + (M -4t 2 ) σ z @IFUVA
he ground stte is hrterized y the following energy nd eigenfuntionX

       E -= -4t 2 1 k 2 + (M -4t 2 ) 2 Ψ -= 1 2 √ 4t 2 1 k 2 +(M -4t 2 ) 2 ( √ 4t 2 1 k 2 +(M -4t 2 ) 2 -(M -4t 2 )) (M -4t 2 ) -4t 2 1 k 2 + (M -4t 2 ) 2 2t 1 (k x -ik y )
@IFUWA prom the eigenfuntionD we nlytilly derive the expression of the ferry potentilX

A x = -2t 1 k y 2 4t 2 1 k 2 + (M -4t 2 ) 2 ( 4t 2 1 k 2 + (M -4t 2 ) 2 + (M -4t 2 )) @IFVHA A y = 2t 1 k x 2 4t 2 1 k 2 + (M -4t 2 ) 2 ( 4t 2 1 k 2 + (M -4t 2 ) 2 + (M -4t 2 ))
whih yields for the ferry urvtureX

F xy = (M -4t 2 ) 2((M -4t 2 ) 2 + 4t 2 1 k 2 ) 3/2
@IFVIA e integrte this over disk D of enter Γ nd rdius KF

1 2π D d 2 k F xy = (M -4t 2 ) 4 K 2 0 d(k 2 ) ((M -4t 2 ) 2 + 4t 2 1 k 2 ) 3/2 @IFVPA = 1 2   sign (M -4t 2 ) - (M -4t 2 ) (M -4t 2 ) 2 + 4t 1 K 2   -→ M →4t 2 sign (M -4t 2 ) 2
K should e hosen suh tht D is inluded in the frillouin zone @0 < K < πAD ut its prtiulr vlue is not importntD s we only need to ompute the di'erene of ghern numers t the trnsition

∆C = C M -4t 2 <0 -C M -4t 2 >0 @IFVQA = 1 2π BZ d 2 k F M -4t 2 <0 xy -F M -4t 2 >0
xy nd not their solute vlueF ine the ferry urvture is ontinuous funtion of M everywhere ut t the Γ pointD the ferry urvture di'erene is only nonEzero 1.2. Chern insulators 25

M=2t2 -3 -2 -1 0 1 2 3 K x -3 -2 -1 0 1 2 3 K y M=4t2 -3 -2 -1 0 1 2 3 K x -3 -2 -1 0 1 2 3 K y M=6t2 -3 -2 -1 0 1 2 3 K x -3 -2 -1 0 1 2 3 K y -4 -2 0 2 4 E -6 -4 -2 0 2 4 6 E -4 -2 0 2 4 E C = 0 C = -1 C = +1 C = 0
pigure IFVX fulk nd struture of the twoEoritl squre lttie model t msses M = 2t 2 , 4t 2 , 6t 2 F foth phses t M = 2t 2 nd 6t 2 re gppedD nd the gp loses for M = 4t 2 D t the Γ point (0, 0)F he phse t M = 6t 2 is trivilD while the one t M = 2t 2 is topologilD ut it is impossile to dedue this from the nd strutureF t the Γ pointF gonsequentlyD the integrtion intervl n e redued to DD nd the hoie of K is ritrryF et the gp losing nd reopening trnsitionD the hnge in ghern numer is thusX

∆C = 1 2π D d 2 k F <0 xy -F >0 xy @IFVRA = sign(M -4t 2 ) <0 2 - sign(M -4t 2 ) >0 2 = -1
ine the stte M > 4t 2 hs zero ghern numerD the ghern numer of the phse 0 < M < 4t 2 is C = -1F imilrlyD to ompute the ghern numer of the -4t 2 < M < 0 phseD we inrese M from the tomi limit M → -∞D until the gp loses t M = -4t 2 nd (π, π)F ixmining wht hppens t this pointD we onlude to ghern numer C = +1 for tht phseF pigF IFV gives the ulk nd struture of the squre lttie ghern insultor for di'erent vlues of M F here is no wy to tell tht these spetr orrespond to rmiltonins with di'erent topologil propertiesD sine the ghern numer is property of the eigensttes loneD s seen in eF IFPFPF he ghern numer n however e dedued from the energy spetrum on the ylinderD whih is represented in pigF IFTX the numer of edge sttes t either end of the ylinder gives the vlue of the ghern numerF 1.2.4 Experimental realizations he predition of the quntum nomlous rll e'et rises numerous experimenE tl possiilitiesF ine there is no need for mgneti (eldD it ould e oserved in esier experimentl onditions thn the integer quntum rll e'etF his moE tivted the engineering of solid stte ghern insultorsD whih hve een oserved very reently for the (rst time in ferromgneti semiondutorsF ltrold tomi gses re nother experimentl route for the reliztion of ghern ndsD nd re sometimes fvored for their verstilityD whih llows (neEtuning of the nd pE rmetersF hile the oservtion of the insulting ehvior remins elusive euse of too lrge tempertureD the ghern numer of eh nd n e mesured using indiret methodsF sn this prgrphD s give n exmple of oth types of systemsD nd explin how the nonEtrivil topology of the system is mesuredF 1.2.4.1 Observation of the quantum anomalous Hall eect in ferromagnetic materials wo min ingredients re needed to otin ghern insultorX lrge gp @omE pred to the tempertures tht n e rehed experimentllyAD nd reking of timeEreversl symmetryD with omplex hopping lttie tunneling term tht enE loses nonEtrivil )uxF ith dedes of experiene in the (eld of semiondutorsD ondensed mtter experimentlists hve lredy produed mny solutions to (nd the (rst ingredient in solid stte systemF perromgneti long rnge order is then required to rek timeEreversl symmetryF he omplex hopping term rises from spinEorit oupling through mehnism lled nd inversion tht will e detiled in eF IFQFPFIF he quntum nomlous rll e'et hs een oserved in grEdoped thin (lms of mgneti semiondutors QQD VTD QRD VUD where gr plys the role of mgneti impurity tht retes ferromgneti orderF o detet the topology of the eletrons in the (lmD one n simply ondut fourEpoint trnsport experiment similr to the one used to detet the quntum rll e'etF hen the mgneti (eld is vriedD the mgnetiztion of the ferromgneti thin (lm follows hysteresis yleD nd onsequentlyD so do the rll @σ xy A nd the longitudinl @σ xx A ondutivitiesD s shown in pigF IFWD whih reports the experimentl results of efF VUF por negtive mgneti (eldD the rll ondutivity is on σ xy = -e 2 /h plteuD whih persists when B = 0D reveling topologil insulting nd with ghern numer C = -1F et the oerive (eld @B 0.15T AD it goes through short σ xy = 0 plteuD orresponding to the vnishing of mgnetiztion @nd thus to trivil insultorAF he topology of the insultor is restored for nonEzero mgnetiztionD nd the rll ondutne jumps to plteu orresponding to C = 1 ghern ndF hen B deresesD the plteu persists for vnishing mgneti (eldF et low tempertureD the longitudinl ondutivity σ xx is lmost zeroD in greement with dissiptionless onduting modeF st inreses drmtilly t the pproh of the oerive (eldD nd rehes shrp mximum t the trnsition etween the vrious plteusF xote tht the tempertures required to oserve the σ xy = 0 plteu re still muh lower thn those employed in regulr integer quntum rll e'et experimentF sndeedD s shown in pigF IFWD T = 1.9K is the highest temperture t whih σ xy shows n in)etion t zero vlueD while even the originl results of on ulitzing etF lF were otined t T = 4KF 1.2.4.2 Measuring the Chern number in optical lattice systems ltrold toms in optil ltties onstitute idel systems to study ondensed mtE ter models in wellEontrolled environmentF he toms n e trpped in threeE dimensionl lttie orresponding to tightEinding rmiltonin whose tunneling pigure IFWX ivolution of the trnsverse @eA nd longitudinl @fA ondutivities of the grEdoped (BiSb) 2 Te 3 mgneti topologil insultor with vrying mgneti (eldsD s reported in efF VUF hree rll plteus n e lerly distinguishedD orresponding to C = -1, 0, 1F he inversion of the ghern numer is due to the inversion of the mgnetiztion of the topologil insultorF he longitudinl ondutivity rehes shrp pek t eh plteu trnsitionD nd is otherwise negligile t low tempertureF terms n e tuned with high degree of preisionF imulting mgneti (elds in neutrl old tom systems is hllenge tht n e resolved y reting rti(il guge (elds QUF hese methods tke dvntge of the geometri phse tht n reE sultD for instneD from tomElight intertionD nd tht mimis the ehronovEfohm phse indued y mgneti (eldF eriodilly driven systems @desried y ploquet theoryA re n exmple of suh methodsF everl theoretil works VPD SRD IIQD SI hve proven tht irulrly polrized light ould open gp t the hir ones of honeyom lttieD leding to ghern insultor kin to the rldne modelF he ghern numer of the lowest nd of this model ws reently experimentlly mesured UT in system of ultrold fermionsF tksh nd oller UR proposed nother wy of produing rti(il guge (eldsD whih relizes the rofstdter model of eF IFPFQFIF st onsists in tuning the phse di'erene etween the two mn lsers reting the optil lttie in suh wy tht the hopping term etween dE jent sites hs wellEdetermined phseF sn this prgrphD s desrie the priniple of the proposl of tksh nd ollerD nd its reent experimentl reliztions in efsF PD ID IHPF he si ide of the proposl of efF UR is to (rst rete stndrd twoE dimensionl xy optil lttieD inhiit the hopping in the x diretion nd restore it in ontrolled wy @with omplex mplitudeAD with the use of dditionl lsersF he resulting system relizes the rrperErofstdter rmiltonin with omplex hopping in the x diretionD nd rel hopping in the y diretionF he initil @trivilA lttie is reted y stnding wve lser (elds tht generte potentil of the form

V (r) = V 0x sin (k s x) 2 + V 0y sin (k s y) 2 + V 0z sin (k s z) 2 @IFVSA
where k s = 2π/λ s is the wvevetor of the lightF he depth of the lttie in the z pigure IFIHX wesuring ghern numer in n optil lttieF X yptil lttie setupF tnding wve (elds rete twoEdimensionl squre lttie with lttie onstnt aF unneling long the x diretion is inhiited y stggered potentil of mplitude ∆D whih retes two types of oritlsD e @(lled dotsA nd f @empty dotsAF he resonnt tunneling is restored independently on the red nd lue links y two pirs of running wve ω r nd ω b lsersD reting Φ = π/2 )ux in eh plquetteF he mgneti unit ell is highlighted in gryF X fnd struture of the Φ = π/2 rofstdter modelF he two intermedite nds touh t severl points in the frillouin zoneD thus forming one e'etive superndF X he mesurement of the ghern numer relies on the nomlous @trnsverseA veloity resulting from the fore F F hese (gures were reprodued from efF PF diretion is ssumed to e so lrge tht hopping long this diretion due to kineti energy is prohiitedD nd the nlysis n e restrited to single xy plneF woreE overD we ssume tht the tomi gs is very diluteD so tht the intertions etween toms n e negletedF por firly deep lttie potentilD eh tom is minly loE lized round one lttie siteD nd we n desrie this set up with tightEinding rmiltoninX

H 0 = - m,n J 0x c † m+1,n c m,n + J 0y c † m,n+1 c m,n + h.c. @IFVTA
where c † m,n nd c m,n re osoni retion nd nnihiltion opertors t the site of lttie oordintes (m, n)F he terms J 0i=x,y orrespond to the tunneling mplitudes etween djent sites

J 0i = dr i w * (r i + l i a) - 2 2m d 2 dr 2 i + V 0i sin (k s r i ) 2 w (r i + (l i -1)a) @IFVUA
where φ (r) = w (x) w (y) is the wve funtion desriing single tom of mss m sujeted to the lttie potentilD nd a = λ s /2 is the lttie onstntF en dditionl stnding wve lser with twie lrger wvelength λ L = 2λ s is superimposed in the x diretion to rete stggered potentil in this diretionF he energy mplitude ∆ of this stggered potentil is muh lrger thn the re lttie hopping J 0x D thus douling the lttie onstnt a x = λ L /2D nd e'etively 1.2. Chern insulators 29 seprting the lttie sites into two groups A nd B @see pigF IFIHAF he next step is to restore resonnt tunnelingD through the use of two dditionl pirs of lsersD eh pir i generting moving wve of the form

V i (r) = κ cos (k l x + φ i ) cos (-k l y + ω i t) @IFVVA
where κ is the driving mplitudeD k L = 2π λ L F he frequenies ω i re set to ω i = ±∆/ so tht the tunneling indued y one pir of lsers is resonnt for hlf the x onds @in pigF IFIHD ω r is resonnt for the red ondsD ω b is resonnt for the lue ondsAF he phses φ i n e tuned independently so s to djust the phse of the hopping term for eh type of ondF sn the high frequeny limit ω >> J 0x , J 0y D this system n e desried y the following timeEindependent tightEinding rmiltoninX

H = - m,n J x e inΦ c † m+1,n c m,n + J y c † m,n+1 c m,n + h.c. @IFVWA
where J x = J 0x κ √ 2∆ nd J y J 0y D nd Φ is (xed to π/2 in efF PF his orresponds to rofstdter model where eh lttie plquette is piered y one qurter of mgneti )ux quntumF his frtionl numer of )ux qunt results in the douling of the lttie unit ell in oth diretionsD to inlude full )ux quntum in the new unit ellF gonsequentlyD the (rst frillouin zone is reduedD nd the energy nds split into four sunds @the nd struture of this model is represented in pigF IFIHAF he lowest nd is seprted y n energy gp from the rest of the spetrumD nd its ghern numer is 1D whih ws reently oserved experimentlly in efF PF fefore reporting the (ndings of efF PD we should note tht it does not onstitute n oservtion of ghern insultor per seX the optil lttie ws loded with osonsD whih would ondense t very low tempertureD not form n insultor @the point here is rther to use the ondenste s proe of the nd struture topologyAF wore generllyD rehing low tempertures ompred to the nd gp remins hllenge of this (eldD preventing the oservtion of n insulting ehviorD even in fermioni systemsF roweverD it is possile to mesure the ghern numer of the lowest nd y mesuring the trnsverse @rllA drift resulting from the pplition of fore F @see pigF IFIHAF e fore of strength F pplied in the y diretion hs ontriution to the veloity v µ x (k) long the x diretion of prtile in the µ nd tht is proportionl to the ferry urvture F µ of this ndX

v µ x (k) = - F F µ (k) @IFWHA
he nd dispersion reltion uses n dditionl veloity v µ band (k)D whih verges out in the uniformly (lled nd on(gurtion of efF PF he ontriution of n tom in the µ th nd to the enter of mss motion perpendiulr to the fore thus writes in terms of the nd ghern numer C µ pigure IFIIX hi'erentil enterEofEmss displements nd nd popultions η µ (t) versus floh osilltion @fyA timeD s reported in efF PF A he lk solid line is liner (t to the dt for t ≤ 35msF he dshed line depits the idel evolution for C 1 = 1 nd the sme initil nd popultionsF A hree di'erent situtions re depitedX no )ux @Φ = 0AD stggered )ux @Φ = (-1) m π/2A @lue pointsAD nd Φ = π/2 @gry pointsAF he nd struture is expeted to e trivil in the (rst two sesD nd the sene of rll drift re)ets this previsionF por Φ = π/2D the drift pro(le is symmetri with respet to the fore F D nd hs een (tted with n exponentilF he smll (gures on the right hnd side represent the density pro(le of the tomi gsF A ivolution of the nd popultionsF where the ftor 4a 2 omes from the fourfold enlrgement of the unit ell due to the Φ = π/2 )uxD nd τ B = h/ (F a) is the hrteristi time sle of the floh osillE tionsF he enter of mss shift nd the nd popultion η µ @supposed to e onstnt for short drift timesD nd homogeneous in k speA re mesured independentlyF he totl shift writes

x µ (t) = - 4a 2 F h C µ t = -4aC µ t τ B @IFWIA
x (t) = 4 µ=1 η µ x µ (t) @IFWPA = - 4at τ B 4 µ=1 η µ C µ
por prtileEhole symmetri nonEinterting rmiltonin with n ndsD the ghern numer of nds µ th nd (nµ) th nds re the smeF gonsequentlyD we n use the ft tht the rrperErofstdter rmiltonin is prtileEhole symmetri to 0rm tht the lowest nd highest nds hve the sme ghern numer C 1 = C 4 F woreoverD the nds 2 nd 3 re tully not seprted y gpD nd form one supernd with twie s mny sttesD nd ghern numer C 2 F ine our model hs (nite numer of ndsD the sum of the ghern numers of ll nds hs to e zero VD suh tht C 2 = -2C 1 F gonsequentlyD the totl rll displement writes

x (t) = - 4at τ B C 1 (η 1 + η 4 -η 2 ) @IFWQA
1.3. Time reversal symmetric topological insulators 31 he oservtions of efF P re reprodued in pigF IFIID nd yield C 1 = 0.9(2)F he experimentl ghern numer omes loser @C 1 = 0.98(12)A to the expeted unit vlue when the evolution of the nd popultionsD s well s the sturtion of the trnsverse veloity re tken into ountF sn this setionD s hve shown the onnetion etween the rll ondutne nd n integer topologil invrintD the ghern numerF his onnets the quntum rll phses with lrger lss of topologil phsesD the ghern insultorsF hese systems my hve nonEzero rll ondutneD nd thus rek timeEreversl symmetryD ut the presene of mgneti (eld is not requiredF hile the onept of ghern insuE ltor t zero mgneti (eld ws introdued s erly s IWVV y rldne THD it only sprked modest interest until the lte PHHHsF henD the predition nd susequent experimentl oservtion of timeEreversl preserving topologil insultors revived the (eld of topologil phsesD nd ghern insultors eme entrl topi in this (eldF his explins the more reent experimentl reliztion of ghern insultorsF sn spite of this hronologyD ghern insultors n lso e seen s one of the uilding loks of timeEreversl symmetri topologil insultorsF s will explin this imge in the next setionF 1.3 Time reversal symmetric topological insulators ime reversl symmetri @A systems were long onsidered unsuitle for the pprition of topologilly nonEtrivil physisF ine the rll ondutne σ xy is odd under timeEreversl T @hnging the diretion of the mgneti (eld will reverse the sign of σ xy AD the ghern numer of system is lwys zeroF insultors n nonetheless host vriety of interesting topologil phsesF topologil insultors re oserved in idimensionl mterilsD ut lso in QhD where no qunE tum rll e'et existsF fy de(nition of topologil insultorD they hve hrge exittion gp in the ulkD nd they support topologilly proteted edge sttes @or surfe sttes in QhAF he topologil protetion is ensured y timeEreversl symmeE tryD mening tht only timeEreversl reking perturtion my gp out the edge sttes without losing the ulk gpF sn PhD this phenomenon is lled quntum spin rll @rA e'etD nd losely resemles the quntum rll e'etF e spin urrent reples the hrge urrent of the quntum rll @rA e'etD nd is ssoited with ounterpropgting pirs of edge modesF Qh topologil insultorsD on the other hndD support metlli surfe sttes in the form of spin loked hir onesF feyond the exiting serh for new phses of mtterD topologil insultors ould hve powerful tehnologil pplitionsF hey llow for the diret eletri mnipultion of the spin degrees of freedom without mgneti (eldD mking them good ndidtes for the onstrution of spintroni deviesF woreoverD the ssoited spin urrent )ows without dissiptionD opening the route to reversile quntum omputtionF Qh topologil insultors more spei(lly o'er even more exoti possiilities with the potentil emergene of nonEeelin topologil order t their 32 Chapter 1. Single-particle physics of topological insulators
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pigure IFIPX oy model for the quntum spin rll e'etF @A e ilyer system where eletrons in eh lyer experiene n opposite mgneti (eld relizes the quntum spin rll e'etF @A hen n eletri (eld is pplied to the smpleD spin up eletrons umulte on the upper edge of the smpleD while the sme numer of spin down eletrons umulte on the other sideF oundry with n ordinry superondutorD nother stepping stone on the wy to uilding fultEtolernt quntum omputerF sn this setionD s will give n introdution to the physis of nonEinterting two dimensionl topologil insultorsF Qh topologil insultors re eyond the sope of this mnusriptD therefore s will not explore this topi ny furtherF s will give rief desription of the (rst experimentl oservtion of the quntum spin rll e'etF his phse is hrterized y topologil invrint tht dmits only two di'erent vluesF s will give de(nition of the Z 2 invrint for Ph systemsD s well s its reltion to mesurle physil propertiesF 1.3.1 Introduction to the quantum spin Hall eect he simplest model of Ph topologil insultor onsists of two deoupled opies of the quntum rll e'etD or Ph gs of eletrons with spin 1/2 degree of freedom @see pigF IFIP for shemti representtion of this toy modelAF sn the followingD we will refer to this degree of freedom s spinD even though it is not neessrily physil spinF he spin up nd spin down eletrons re sujeted to opposite mgneti (eldsD to ensure tht there is no net mgneti (eld trversing the smple @nd onsequently tht timeEreversl symmetry is preservedAF he spetrum of this system is omposed of spin degenerte vndu levels @see eF IFIFPAF e onsider the se where the lowest vndu level is (lled with n equl numer of spin up nd spin down eletronsD thus onstituting two opies of the integer quntum rll e'et with opposite hirlitiesF es seen in eF IFPFPD the eletron gs of eh spin speies hs hirl mode t the edgeF ine they experiene opposite mgneti (eldsD eletrons with di'erent spins re ssoited with edge modes with opposite hirlitiesF he pir of spinEpolrizedD ounterpropgting modes ! lso lled helil edge sttes ! is responsile for the ondution in the smpleF pigF IFIP represents sitution where urrent I )ows through the smpleF nlike the quntum rll e'etD there is no hrge umultion on either side of the smpleD nd the rll ondutne σ xy is zeroF therD there is n umultion of spin up on one edge @the upper edge in our exmpleAD nd of spin down on the other edgeF vet us ll S z the projetion of the totl spin long the quntiztion xis @given y the diretion of the mgneti (led in this exmpleAF he spin imlne orresponds to spin rll ondutne σ H xy D de(ned s

σ H xy = e 2 h ( S z L -S z R ) @IFWRA
where S z L @respetively S z R A is the expettion vlue of S z for the left moving @respetively right movingAF S z L = -S z R to mintin timeEreversl symmetryF sn our exmpleD S z L = 1/2D sine there is single ondution hnnel for eh spinD resulting in spin rll ondutne σ H xy = e 2 h F xote tht the quntiztion of the spin rll ondutne is spei( to our simpli(ed modelD nd not generl feture of the r e'etF sndeedD the r e'et does not require the onservtion of spin UVD nd ould still exist if mixing term ws introdued @fortuntely soX in relisti mterilD S z n never e n ext quntum numer due to the existene of spinEorit ouplingAF pinllyD note tht the urrent I )ows without dissiptionD s long s timeEreversl symmetry is preservedF sndeedD the only ksttering llowed would hve to e ompnied y spin )ipD whih only timeEreversl reking @mgnetiA impurity n trigger @this point will e further justi(ed in lter prgrphAF ther thn prtiulr vlue of the spin rll ondutneD it is the stility of the edge sttes ginst loliztion tht de(nes the r e'etF e will de(ne how this stility is relted to topologil invrint in eF IFQFQF he toy model presented in this setion is onvenient to ly out the theoretil foundtions of the r e'etD ut is of ourse in no wy relistiF ingineering mterils where theoretilly predited e'et will rise is one of the iggest hlE lenges of the (eld of topologil phsesF sn the next prgrphD we desrie the (rst experimentl reliztion of Ph topologil insultorD rggde quntum wellsF 1.3.2 Quantum spin Hall eect in HgTe-CdTe quantum wells une nd wele UU showed tht spinEorit oupling in grphene ould rete insulting phse with nonEzero spin urrentF hile their predition provided useful theoretil frmework for the r e'etD it ws lter shown IHID IUW tht the gp opened y spinEorit oupling in grphene ws too smll @of the order of 10 -3 meA to e experimentlly notieleF pollowing the theoretil proposl of fernevigD rughes nd hng PQ in PHHTD the r e'et ws experimentlly oserved for the (rst time in rggde quntum wells y uönig et al. VSD VR in PHHUF sn the following prgrphD s give simpli(ed ount of this histori experimentF 1.3.2.1 Band inversion in HgTe/CdTe quantum wells vet us onsider semiondutor quntum well mde of thin lyer of rge enpE sulted in gde rrier @see pig IFIQAF he gp of oth of these semiondutors is smllest in the viinity of the Γ pointD with energy sles suh tht the low energy pigure IFIQX @A rgeGgde quntum wellF e thin lyer of rge onstitutes the wellD while gde is the rrier mterilF @A fulk nd struture for rge nd gde round the Γ pointF A impli(ed ulk nd struture of rgeGgde quntum wellsF e nd inversion ours for well thikness of d c = 6.3 nmF @pigures dpted from efF PQ physis of the quntum well n e understood from onsidertions round the Γ point loneF sn this region of the frillouin zoneD oth mterils feture n sEtype Γ 6 nd pEtype Γ 8 nds round the typil permi levelD ut these nds di'er in their respetive orderF sn gdeD the suession of di'erent nds round the permi level is onsidered 4norml4D with Γ 6 lying ove Γ 8 F sn ontrstD the nd order in rge is lled invertedD s Γ 6 lies elow Γ 8 F his prtiulr nd on(gurtion is ruil to the emergene of the r e'etD euse it gurntees tht nd inversion will ourX for thin wellD the nd struture is mostly tht of the rrier mteril @eFgF gdeAD nd is thus normlF es the well grows thikerD the physis eomes dominted y the @invertedA nd struture of the well mteril @eFgF rgeAF here is thus ritil thikness d c of the quntum wellD for whih the ulk gp losesF pollowing efF PQD we n derive simpli(ed rmiltonin for this systemD sed on symmetry onsidertionsF e onsider trnsltionlly invrint systemD suh tht we n write the rmiltonin in the floh form H = k∈BZ H (k)D where the sum is over ll momentum vetors k in the frillouin zoneF ime reversl T is ntiunitry opertorD mening tht for ny two sttes |Ψ 1 nd |Ψ 2 in the rilert speD the following equlity is veri(ed

T Ψ 1 |T Ψ 2 = Ψ 2 |Ψ 1 @IFWSA
por hlf integer spinsD timeEreversl moreover veri(es the property

T 2 = -1 @IFWTA
T ts on ny opertor s the produt of omplex onjugtion nd the reversl of spinF por the rmiltonin H to e timeEreversl invrintD the floh rmiltonin H (k) must stisfy the equlity

T H (k) T = H (-k) @IFWUA
e wnt to write the simplest rmiltonin tht respets these onstrints nd is good model for the rgeGgde quntum wellF pirstD we simplify the model y 

H(k) = h(k) 0 0 h * (-k) |↑ |↓
@IFWVA e now need to write h(k) in wy tht re)ets the physis of the rgeGgde quntum wellF he nd struture of rgeGgde results from the omintion of the following six si tomi sttes of rge nd gde @see pigF IFIQAD given y their nd nd ngulr momentumX

|Γ 6 , 1/2 , |Γ 6 , -1/2 , |Γ 8 , 1/2 , |Γ 8 , -1/2 , |Γ 8 , 3/2 , |Γ 8 , -3/2 @IFWWA
hese six nds omine to give the spinEup nd spinEdown sttes of the three quntum well sundsF yne of these nds is well seprted from the other two nd n e negleted in this nlysisF he resulting model is twofold degenerte twoEnd modelD whose spinEup prt is represented y the floh rmiltonin h(k)D 2 × 2 mtrixF gonverselyD the spinEdown prt of the floh rmiltonin is h * (-k)F ithout loss of generlityD two nd floh rmiltonin n lwys e written

h(k) = ε(k)I + 3 α=1 d α (k)σ α @IFIHHA
where I is the identity mtrix nd σ α re the uli mtriesF he quntum well nd struture omes from the oupling of two types of tomi oritls with opE posite symmetries under twoEdimensionl sptil re)etionX the s tomi oritls re even under this re)etionD nd the p oritls re oddF es resultD the oupling etween the s nd p oritls must e n odd funtion of the momentum k @sine the ontriution of ny even term would verge outAF his imposes tht the o'E digonl elements of h(k) ! d 1 (k) nd d 2 (k) ! e odd funtions of kF vikewiseD the digonl terms ! ε(k) nd d 3 (k) ! must e evenF eround the Γ pointD these onstrints trnslte into floh rmiltonin of the form of iqF @IFUUAD the squre lttie rmiltonin nlyzed in eF IFPFQFPF he quntum well is thus similr to ilyer squre lttieD with opposite hirlity for the two lyersF he inverted regime orresponds to the region of the ghern insultorD where the lowest nd is nonEtrivil @0 < M < 4t 2 AF he lowest nds |s, ± of the e'etive model thus respetively rry ghern numers +1 nd -1D nd the system is topologilly equivlent to the toyEmodel of the previous prgrphF 

V g = V th F
vrious thikness dF e gte voltge V g is pplied on the devie to ontrol the permi level ε F nd drive it from the nEonduting regime @ε F in the ondution ndA to the pEonduting regime @ε F in the vlene ndAF he longitudinl voltge drop µ 3 -µ 2 is mesured s urrent )ows through the smpleF he orresponding longitudinl resistne R xx is represented s funtion of the gte voltge in pigF IFIRF st is miniml in the nE nd pE onduting regimesD where the density of sttes is lrgeF here is n intermediry regime when ε F is inside the ulk gpD where R xx is lrgerD nd di'ers gretly for quntum wells with thikness d ove or elow the ritil thikness d c 63ÅF por d < d c D the nd struture is normlD nd the insultor is trivilD resulting in lrge resistne R xx of severl wΩF por d > d c D the nd struture is invertedD nd the insultor is topologilF es n e seen in pigF IFIRD the onduting edge sttes result in (nite resistneF xote tht the sttering of eletrons with the voltge proes t the ontt points results in n inrese of the resistneF o hve ler oservtion of the r e'etD one lso hs to prove tht the urrent in the inverted regime is due to the edge modesF pigF IFIR shows the evolution of the longitudinl resistne s funtion of the gte voltge for smples in the inverted regime with vrious widths W @see pigF IFIR for the de(nition of W AF he resistne in the nEonduting regime vries gretly when W goes from 0.5µm to 1µmF por smller gte voltgeD howeverD the resistne is the sme in oth devies even though their widths di'er y ftor 2D proving tht the ulk trnsport is negligile ompred to the edge trnsportF woreoverD the vlue of the resistne in this regime proves ! through the vnduerEfuttiker formul ! tht the urrent is trnsported in two lmost perfet nlsF pinllyD we lso note tht the r signl is roust ginst hnge of tempertureD s long s k B T is smll ompred to the the ulk gpF 1.3.3 Protected helical edge states and Z 2 invariant 1.3.3.1 Kramer's degeneracy urmer9s theorem is fundmentl theorem for ll systemsD t the origin of the topologil protetion of the edge sttes in topologil insultorsF st sttes tht ny singleEprtile stte in system with T 2 = -1 hs to e douly degenerteF gonsequentlyD ll sttes pper s pirsD lled urmer9s douletsF por hlf integer spinsD the timeEreversl opertor veri(es the equlity T 2 = -1F vet us write |Ψ n eigenstte of the rmiltonin HD with energy EF ine T ommutes with the rmiltoninD T |Ψ is lso n eigenstte of H with energy EF vet us now ompute the overlp etween these two sttesD using (rst the ntiunitrity of T @see iqF @IFWSAAD nd then

T 2 = -1X Ψ|T Ψ = T (T Ψ)|T Ψ @IFIHIA = -Ψ|T Ψ
es resultD |Ψ nd T |Ψ re orthogonlD nd the spetrum of H is douly deE generteF por system with trnsltionl invrineD the degenery reltes sttes of opposite momentumF por the points in the frillouin zone where k nd -k re the sme @modulo trnsltion of the lttie reiprol vetorsAD there is douly degenerte stteF sn PhD this gurntees tht no gp n e open etween the two sttes of urmer9s pir t moment (k x , k y ) = (0, 0), (π, 0), (0, π), (π, π)F e hve thus proven tht the miniml model for topologil insultor is fourE nd modelD sine twoEnd model nnot e gppedD nd ll nds must pper in pirsF 1.3.3.2 Backscattering in the edge states of a TRS system he existene of metlli edge sttes tht re roust ginst loliztion is the key feture of Ph topologil insultorsF o explore this propertyD let us now onsider n open idimensionlD systemF es we just showed in the lst prgrphD eh edge mode hs to e ompnied y its urmer9s onjugteD with these two nds eing mirror symmetri of one nother in kEspeF st mens tht round ny given momentum kD one memer of the pir orresponds to leftEmoving exittionD nd the other one to rightEmoving exittionF sf these edge sttes ross the permi levelD the edge sttes re metlliF o exmine whether disorder n gp out the edge sttesD we ompute the ksttering mplitude of singleEprtile stte |Ψ Chapter 1. Single-particle physics of topological insulators
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pigure IFISX AD AX idge sttes of Ph timeEreversl invrint insultorF eriodi oundry onditions re implemented in one diretion @orresponding to the moE mentum k on the x xis of the grphsAD while open oundry onditions re in e'et in the other diretionF here is one pir @redGlueA of urmer9s pirs on one side @solid lineAD one pir on the other side @dshed lineAF A rivil insultorX no mtter wht the position of the permi level ε F isD eh edge stte rosses it n even numer of timesF A opologil insultorX eh edge stte rosses the permi level n odd numer of timesF A impli(ed nd struture of the quntum well rgeGgdeD in the quntum spin rll e'et regimeD s derived in efF PQF pigures re dpted from efF VR into its timeEreversl onjugte |T Ψ y perturtion H per

T Ψ| H per |Ψ = T (H per Ψ)|T 2 Ψ = -T (H per Ψ)|Ψ = -H per (T Ψ)|Ψ = -T Ψ| H † per |Ψ = -T Ψ| H per |Ψ
where we hve used the ntiunitrity of T t the (rst stepD nd the hermitiity of H per t the lst oneF st follows tht the proility of leftEmoving eletron to e ksttered into rightEmoving eletron vnishesF he timeEreversl opertor n e de(ned to t on mnyEody rilert speD insted of the single prtile speF por N Eody rilert spe of nonEinterting spinE1/2 fermionsD it veri(es the property

T 2 N = (-1) N @IFIHPA
gonsequentlyD if n odd numer N of pirs of edge sttes rosses the permi level of insultorD these edge sttes will remin gpless thnks to the timeEreversl symmetryF yn the other hndD if the numer of urmer9s pirs rossing the permi level is evenD they n lwys e gpped out y disorderF he prity of N is thus Z 2 topologil invrintD de(ning two tegories of insultorsX topologil for N oddD trivil for N even @see pigF IFISAF sn topologil insultorD protetion ginst ksttering di'erentites the edge sttes of topologil insultor from the 4identl4 onduting edge sttes of trivil insultorF o illustrte this de(nitionD we n go k to the introdutory exmple of eF IFQFIF ine the totl spin S z is onserved quntum numer in this exmpleD the urmer9s degenery is equivlent to the spin degeneryF here is one edge stte for eh spinX in other wordsD N = 1D nd the insultor is topologilF rd we hosen fourElyer system with two opies of the quntum rll e'et for eh spinD we would hve N = 2 urmer9s pirs of edge sttesD orresponding to trivil insultorF en pproximte tightEinding model for rgeEgde quntum wells ws derived in efF PQF higonlizing this model for open oundry onditions in the inverted regime @d > d c A leds to the singleEprtile spetrum of pigF IFISF here is single urmer9s pir of edge sttes trversing the ulk gpD whih leds to the predition of the oservtion of the r e'et in this mterilF sn this ghpterD we hve introdued the physis of the quntum rll e'etD s well s its two zero mgneti (eld ousinsD ghern insultors nd the quntum spin rll e'etF he gpped nds of these phses re hrterized y topologiE l invrintD respetively the ghern numer nd Z 2 topologil invrintD whih mkes them topologil insultorsF e ruil property of topologil insultors is their proteted dissiptionless edge trnsport modesD whih my hve importnt pplitions in the (eld of lowEonsumption eletroni deviesF edding intertions into topologil insultor my led to even more exiting propertiesD with poE tentilly revolutionizing pplitions for quntum omputingF trongly interting topologil insultors shre some properties with their nonEinterting ounterprtsD suh s the quntiztion of ondutne nd the protetion of edge sttes ginst loliztionF roweverD their hrged exittions hve ompletely di'erent ntureX insted of hving the sme riding sttistis s the individul onstituentsD they n frtionlize into qusiprtiles tht re neither osons nor fermionsF hese prtiulrly interesting properties re the fous of the next hpterF xonEinterting topologil phses my host n rry of properties tht distinE guish them from trivil phsesD suh s the existene of proteted dissiptionless edge modesF hey re hrterized y topologil invrintD quntity tht tkes quntized vlues nd n e relted to physilly mesurle quntityF hifE ferent types of topologil invrints @suh s the integer ghern numerD or the Z 2 invrint disussed in the previous hpterA orrespond to di'erent lsses of topoE logil phsesD whih hve een studied systemtilly to give rise to lssi(tion of topologil insultors IRSD VHF es resultD we now hve good understnding of whih topologil invrints n e de(ned @nd thus whih topologil phses n e expeted to riseA for system with given numer of sptil dimensions tht is invrint under given disrete symmetry groupF he interply of topology nd strong intertionsD howeverD gives rise to muh lesser known physisD desried y the notion of topologil orderF opologil order is term tht is minly used to desrie the mnyEody quntum sttes supporting frtionlized exittionsF fy de(nitionD their intrinsi quntum numers @suh s the eletri hrgeD or the spinA my e frtionlized @iFeF frtion of the vlue of the mirosopi onstituent9s quntum numersAD nd their sttistis is neither fermioni nor osoniF hile there is no omprehensive lssi(tion of topologil orderD it is oserved in well known experimentl systemD the frtionl quntum rll e'etF he (rst prt of this hpter fouses on the frtionl quntum rll e'etF s will introdue the onept of model wve funtionD powerful tool to understnd the frtionl quntum rll physisF s will use the model sttes9 exittions s exmples to disuss the onept of frtionliztionF e will see tht similr properties n in priniple e oserved in strongly orrelted ghern insultor in the sene of mgneti (eldF pinllyD s will introdue some numeril tools tht n e used to detet topologil orderF 2.1 Fractional quantum Hall eect 2.1.1 Experimental observation and role of the interactions ynly two yers fter the disovery of the integer quntum rll e'etD suiD tormer nd qossrd ITP reported the oservtion of new plteu of the rll resistneD t R H = 3h/e 2 D in heterostruture of qes sumitted to strong mgneti (eld t very low tempertureF wore generillyD the frtionl quntum rll e'et orresponds to the oservtion of plteu of the rll resistne t

R H = h νe 2 @PFIA
where ν is rtionl numerF ith the improvement of experimentl onditions @higher moilities in the smple due to perfeted growing tehniquesD stronger mgE neti (eld nd lower tempertureAD multitude of new frtions ν were oserved @see pigF PFIAF o this dyD more thn (fty frtions elow unity hve een oservedF he results of the previous hpter do not llow us to understnd the frtionl quntum rll e'etX the plteus oserved t nonEinteger ν orrespond to prtilly (lled vndu levelsD nd thus to phses expeted to e ompressile in the nonE interting pitureF he goulom intertion etween eletrons must use the opening of moility gp inside vndu level @impurities ting t the singleE prtile level nnot e invoked euse the frtionl quntum rll e'et is only oserved in high moility smplesAF he ground stte of ompletely (lled vndu level is single nonEdegenerte stteD nd ny exittion involves trnsition of n eletron into the next vndu levelF sn this ontextD the intertion my e treted perturtively ompred to the exittion energyD the ylotron energy ω c F pigure PFIX ivolution of the trnsverse resistne R H nd its longitudinl ounE terprt R s mgneti (eld is pplied onto the smpleF R H shows plteus t vlues h/(νe 2 )D where ν is rtionl numer printed on the (gureF R vnishes on the plteusD nd shows shrp peks t the trnsition etween plteusF pigure reprodued from efF ISS Chapter 2. Strongly interacting topological insulators his onstitutes the limit of the pproh of the previous hpterD whih stys vlid s long s the mplitude of the goulom intertion V is smll ompred to the ylotron energyF por prtilly (lled vndu levelD howeverD there re plenty of zero energy exittionsD s one eletron n lwys go from one oritl to the other with no kineti energy ostF he frtionl quntum rll e'et ppers when the ylotron energy is lrge ompred to V D whih must e itself dominnt ompred to the impurity potentil strength t ω c V t @PFPA he typil distne etween two eletrons in the presene of mgneti (eld is given y the mgneti length l B = /(eB)D leding to typil goulom energy

V = e 2 εl B 50 B (T )K @PFQA
while the ylotron energy writes

ω c 20B (T ) K @PFRA
he onstrint of iqF @PFPA n thus e respeted for lrge enough mgneti (eldsF sn this seD the intertion n never e treted perturtivelyX the nlysis n e restrited to the highest prtilly (lled vndu levelD nd V eomes the only energy sle in the prolemD whih mkes it irrelevntF nless otherwise notedD we will restrit our nlysis to the lowest vndu level @ν < 1AF e will lso ssume tht the intertion etween eletrons of opposite spins uses vndu level splitting lrge ompred to V D suh tht the lowest vndu level is fully polrizedF yur system onsists of N prtiles interting vi pirwise potentilD projeted onto the lowest vndu levelF sn terms of the projetion opertor P LLL D the e'etive rmiltonin writes

H = P LLL   1≤i<j≤N V (|r i -r j |)   P LLL @PFSA
his very simple rmiltonin is lso very di0ult to solveX the intertion nnot e perturtively hndledD strting from n initil nonEinterting ground stteD sine the rmiltonin only ontins one termF gonsequentlyD the only wy to (nd its energies nd eigenstte is to numerilly digonlize the N Eody prolemD or to guess them @vritionl pprohAF e few nstz hve een proposed to desrie the frtionl quntum rll e'etD the most suessful of whih re presented in this setionF

Haldane pseudopotentials

rldne SU introdued wy to prmetrize ny pirwise intertion projeted onto the lowest vndu level @vvvAD s long s it only depends on the distne eE tween two prtilesF st n e used to write relisti intertion @suh s goulomA in terms of n in(nite ! ut disrete ! numer of prmetersD or to de(ne simpli(ed rmiltoninF es we will seeD the frtionl quntum rll e'et n rise in oth osoni nd fermioni systemsF por this resonD we onsider the two sttistis in this setionF he wve funtion for system of two nonEinterting osoni @respetively fermioniA prtiles n e written s the symmetrized @respetively ntisymmetrizedA produt of two singleEprtile wve funtionsF por rottionlly invrint systemD in the lowest vndu levelD these wve funtions hve respetive ngulr momentum m 1 nd m 2 nd re de(ned in iqF @IFPTAF e generi twoEody wve funtion writes

Ψ m 1 ,m 2 (z 1 , z 2 ) = N (z m 1 1 z m 2 2 ± z m 1 2 z m 2 1 ) e -1 4l 2 B (|z1| 2 +|z 2 | 2 ) @PFTA
where z 1 nd z 2 re the omplex oordintes of prtiles 1 nd 2D nd N is normliztion onstntF st n e rewritten in terms of the reltive nd enter of mss oordintes z

= (z 1 -z 2 )/ √ 2 nd Z = (z 1 + z 2 ) / √ 2 Ψ M,m (z, Z) = z, Z|M, m = N Z M z m e -1 4l 2 B (|z| 2 +|Z| 2 ) @PFUA
where the integers m nd M re the reltive nd enter of mss ngulr momentF xote tht m must e odd @respetively evenA for fermioni @respetively osoniA prtiles to respet the ntisymmetry @symmetryA of the wve funtionF e n write the vvvEprojeted twoEody intertion V in this sisF ine it only depends on the reltive oordinteD V does not depend on M F por n isotropi intertionD the reltive ngulr momentum is lso onservedD yielding

M , m V |M, m = M |M m V |m = δ M ,M δ m,m m| V |m @PFVA
e note V m the expettion vlue of the intertion for twoEprtile stte with reltive momentum mF V m = m| V |m @PFWA he oe0ients V m re lled rldne pseudopotentilsD nd represent the energy penlty to populte stte with reltive momentum mF sn other wordsD they re the energy spetrum of the twoEody prolem in the lowest vndu levelF hey ompletely speify the intertion in the vvvX

V = M,m M ,m M , m M , m V |M, m M, m| = M,m V m |M, m M, m| @PFIHA
xote tht depending on their osoni or fermioni sttistisD identil prtiles re only sensitive to the pseudopotentils with given prity of mF wo fermions nnot hve n even reltive momentum @otherwise the wve funtion would e 

V m = Γ (m + 1/2) 2l B Γ (m + 1) @PFIIA
where Γ is the iuler qmm funtionF hey re represented in pigF PFPF gonverselyD one n write the intertion Vl = M V l |M, l M, l| orrespondE ing to given pseudopotentil V l in rel speF V 0 is ssoited with the ontt intertion etween two prtiles

V0 (r 1 , r 2 ) = V 0 δ (2) (r 1 -r 2 ) @PFIPA
V1 is slightly longer rnge intertionD whih is sometimes lled the hollow ore intertionD sine it does not penlize hving two prtiles t the sme positionF sn rel speD it writes ITH

V1 (r 1 , r 2 ) = -V 1 ∇ 2 δ (2) (r 1 -r 2 ) @PFIQA
2.1.3 The Laughlin wave function and its excitations 2.1.3.1 The Laughlin ground state he impossiility to (nd n pproximte solution to the frtionl quntum rll prolem perturtively only leves us with options suh s the guessing of plusile nstzsF sn IWVQD vughlin proposed wve funtion WI to desrie the inomE pressile sttes oserved t frtions 1/qD q odd @rememer tht 1/3 ws the (rst oserved frtionAF ingleEprtile sttes in the vvv re written in the symmetri guge in iqF @IFPTA s monomils of the omplex oordinte z = x -iyD up to qussin ftorF his implies tht mnyEody wve funtion in the lowest vndu level must e nlytil in ll of the prtile oordintes z i D nd write

Ψ (z 1 , ..., z N ) = F A ({z j }) e -1 4l 2 B j |z j | 2 @PFIRA
where F A ({z j }) is polynomil of the z i s ntisymmetri under the exhnge of ny two z i nd z j F emong the mny polynomils verifying this onstrintD the gol is to (nd one tht minimizes the goulom intertionF he pproh of vughlin roughly follows these stepsX

• vughlin ws in)uened y the suess of tstrowEtype wve funtions to deE srie super)uid heliumF hese sttes hve pirwise orreltionsD leding to the following form for the polynomil

F A ({z j }) = j<k f (z j -z k ) @PFISA
• he wve funtion should e n eigenstte of the totl ngulr momentum Lz @euse Lz ommutes with the goulom intertionAF j<k f (z j -z k ) should thus e polynomil of the sme degree L for eh z j D whih is only possile if eh term f (z j -z k ) hs de(nite ngulr momentumF

• he funtion f must e ntisymmetri to ensure the ntisymmetry of the full wve funtionX f (z) = -f (-z)

his set of onstrints imposes tht

f (z) = z q @PFITA
where q is n odd integerF his produes the vughlin wve funtion

Ψ L 1/q (z 1 , ..., z N ) =   j<k (z j -z k ) q   e -1 4l 2 B j |z j | 2 @PFIUA
xote tht our system is priori in(niteD even for (nite numer of prtilesD s we hve not de(ned ny on(nement potentilF roweverD it is e'etively (niteD eE use of the limited extension of the singleEprtile wve funtions in the symmetri gugeF sndeedD we hve seen in iqF @IFPUA tht the eletroni density in n oritl m in the symmetri guge ws minly loted round irle of rdius √ 2ml B F he system is thus e'etively limited to disk of rdius √ 2m max l B D where m max is the lrgest index of ny oupied oritlF sn the symmetri gugeD m max is given y the degree of the polynomil of the mnyEody wve funtionF he polynomil j<k (z j -z k ) q hs degree (N -1)q in eh vrile z j F he mximl momentum of singleEprtile stte involved in this wve funtion is thus m max = (N -1)qF es onsequeneD the system supporting the vughlin stte @PFIUA is e'etively limited to disk of rdius 2(N -1)ql B = 2N φ l B F he density pro(le of the vughlin stte is tully uniform on disk of rdius 2N φ l B @see pigF PFQAD s n e derived y omputing the density numerillyF he sphere SU is nother (nite geometry tht is onvenient to study the frE tionl quntum rll e'etF yn this geometryD oth the rdius of the sphere @∝ N φ A nd the numer of oritls in the lowest vndu level N φ +1 re (xed y the strength of the mgneti monopole t its enterF hrough the stereogrphi projetionD ll wve funtions written on the disk my esily e written on the sphere y setting z = u/vD where u = cos (θ/2)e iφ/2 nd v = sin (θ/2)e -iφ/2 re the spinor oordintes with spheril oordintes θ nd φF here is lso glol ftor tht reples the qussin ftor suh tht the sphere vughlin wve funtion reds

Ψ L,sphere 1/q (u 1 , v 1 , ..., u N , v N ) = j<k (u j v k -u k v j ) q @PFIVA
en dvntge of working on the sphere is the dditionl SU (2) symmetry whih is respeted y the rmiltonin on this geometryF es resultD the totl ngulr momentum L is good quntum numerD nd mnyEody wve funtions on the sphere re leled y oth L z nd LF he vughlin phse orresponds to N prtiles oupying (N -1)q + 1 oritlsF his de(nes the reltion etween the numer of )ux qunt N φ nd the numer of prtiles for the vughlin stte on the disk @or equivlently sphereA geometry

N φ = N q -q @PFIWA
he (lling frtion ws de(ned in iqF @IFRUA s the rtio of the numer of prtiles living on surfe nd the numer of )ux qunt piering it in the thermodynmi limitF king iqF @PFIWA to the thermodynmi limit leds to (lling frtion ν = 1/q for the vughlin 1/q stteF he disrepny etween the (lling frtionD whih is de(ned in the thermodynmi limitD nd the rtio N/N φ in (nite size orresponds to the shift δ de(ned s

N φ = N ν -1 -δ @PFPHA
he shift of the vughlin stte on the disk or the sphere is δ = qF hile it ppers here s some (nite size rteftD the shift hs importnt physil signi(neD sine it is relted to the rll visosity IQHD topologil quntityF qoing k to the thermodynmi limitD for q = 3D the vughlin wve funtion desries the stte oserved y suiD tormer nd qossrd t (lling frtion ν = 1/3 @see pigF PFIA with high uryF he ext digonliztion of the goulom intertion yields stte with very lrge overlp with the vughlin stte TID RQ @99% for N = 12AF his is remrkleD espeilly in the sene of ny vritionl prmeterF st is interesting to note tht the vughlin wve funtion n e written in terms of the nonEinterting mnyEody wve funtion t ν = 1F e onsider n eletron gs on disk @or sphereA piered y N φ )ux quntF he lowest vndu level of this (nite system hs degenery (N φ + 1)F e ompletely (ll the lowest vndu level with N = N φ +1 prtilesF he mnyEody wve funtion of this system writes s lter determinnt of ll lowest vndu level singleEprtile sttes

Ψ ν=1 (z 1 , ..., z N ) = z 1 |0 ... z 1 |N -1 z 2 |0 ... z 2 |N -1 ... ... ... z N |0 ... z N |N -1 @PFPIA
ustituting the singleEprtile wve funtions y their expression leds to @up to normliztion onstntA

Ψ ν=1 (z 1 , ..., z N ) = 1 z 1 ... z N -1 1 1 z 2 ... z N -1 2 ... ... ... ... 1 z N ... z N -1 N × e -1 4l 2 B j |z j | 2 @PFPPA
he (rst ftor of this produt is n der wonde determinntD whih is equl to j<k (z j -z k )F he fully (lled vvv wve funtion is thus no other thn the vughlin wve funtion for q = 1F gonverselyD for generi qD the polynomil prt of the vughlin wve funtion is just the polynomil prt of (lled vndu level rised to the power qF pinllyD one of the most importnt properties of the vughlin stte is to e the ext ground stte of some model rmiltoninD expressed very simply in terms of the rldne pseudopotentilsF he wve funtion of pir of prtiles with reltive momentum q nd totl momentum M = 0D writes (z 1 -z 2 ) q F st follows tht q is the smllest reltive momentum tht two prtiles n rry in the vughlin wve funtionF vet us de(ne the fmily of model rmiltonins tht penlize only the pirs of prtiles with reltive ngulr momentum lower thn q V l > 0, l < q V l = 0, l ≥ q @PFPQA he vughlin stte is n eigenstte of this rmiltoninD with energy 0F st is moreover ground stteD sine the rmiltonin is positive semiEde(niteF st is in ft the unique ground stte of the rmiltonin iqF @PFPQA t (lling frtion ν = 1/qF e n esily see tht the vughlin stte is the densest zero energy eigenstte of @PFPQAX for ll pirs of prtiles j nd kD the di'erene (z j -z k ) must enter the ground stte Ψ t @t lestA the power qD otherwise there would e pirs of prtiles with reltive momentum lower thn qF his sets ν = 1/q s the lowest (lling ftor for zero energy eigenstte of @PFPQAF he ove property lso imposes tht the ground stte wve funtion n e ftorized into the produt of j<k (z j -z k ) q nd nother ftorF he other ftor F S ({z j }) must e symmetriD sine j<k (z j -z k ) q is symmetri @respetively ntisymmetriA for q even @respetively q oddAF he generl lowest vndu level wve funtion exluding pirs with momentum l < q thus hs the formX

F S ({z j }) j<k (z j -z k ) q e -1 4l 2 B j |z j | 2 @PFPRA 50
Chapter 2. Strongly interacting topological insulators

x ρ ρ x
pigure PFQX epproximte eletroni density of the vughlin ground stte @leftD see iqF @PFIUAA nd the vughlin wve funtion with one dded qusihole @rightD see iqF @PFPSAA sf F S supplied ny dditionl power of z j D it would lower the (lling frtion of the overll wve funtionF es resultD F S must e equl to oneD nd the vughlin stte is the unique densest ground stte of the model intertion iqF @PFPQAF sing thisD nd the deomposition of the goulom intertion into series of pseudopotentilsD one n understnd why the 1/3 vughlin stte reprodues the goulom ground stte t ν = 1/3 with suh high uryF sndeedD V 1 is muh lrger thn V 3 D nd tht higher l V l pseudopotentils VQD s n e seen in pigF PFP @we rell tht eletrons re only sensitive to odd index pseudopotentilsAF por osoni systemsD the vughlin funtion q = 2 is the unique ground stte of rmiltonin whose only nonEzero pseudopotentil is V 0 D the ontt delt intertion @PFIPAF 2.1.3.2 Charged excitations to the Laughlin state ilementry exittions to the vughlin stte re otined y shifting the (lling ftor slightly wy from ν = 1/mF his n e done y hnging either the eletroni densityD the mgneti (eldD or the smple reD to hve di'erent numer of )ux qunt piering the smpleF vet us onsider the following exited stte nstz introdued y vughlinD where w 0 is omplex prmeterX

Ψ qh 1/q (z 1 , ..., z N ) =   j (z j -w 0 )     j<k (z j -z k ) q   e -1 4l 2 B j |z j | 2 @PFPSA
he dditionl ftor j (z j -w 0 ) @ompred to iqF @PFIUAA rises the degree of the polynomil prt of the 1/q vughlin wve funtion y 1 for eh oordinte z j F his is equivlent to hnging the numer of )ux qunt y oneF en importnt property of this nstz is tht it is n ext zero energy ground stte of the rmiltonin of iqF @PFPQAD sine the dditionl ftor does not supply ny pir of prtiles with reltive ngulr momentum lower thn qF sf w 0 = 0D this exited stte is equl to vughlin wve funtion where ll singleE prtile oritls hve een pushed y one unitD nd no prtile hs momentum m = 0F wore generillyD the eletroni density in the exited stte Ψ qh 1/q hs zero t omplex oordinte w 0 D nd desries qusihole lolized t w 0 @see pigF PFQAF o ompenste the ddition of quntum )ux unit nd go k to (lling 1/qD one would need to dd frtion 1/q of n eletronF gonsequentlyD the vughlin

a) b) c) d)
pigure PFRX he omposite fermion onstrution with n = 2 )ux qunt tthed to eh fermionF A yne (lled vmd level @p = 1AF his orresponds to the vughlin ν = 1/3 ground stteF A he vughlin ν = 1/3 stte with one qusiholeF A he vughlin ν = 1/3 stte with one qusieletronF dA he vughlin ν = 1/3 stte with one exiton @neutrl exittionAF e model wve funtion for ny of these on(gurtions n e written within the omposite fermion formlismF qusihole desried in iqF @PFPSA hs hrge e * qh = e q @PFPTA he hrge of the vughlin qusihole n lso e derived y lulting the ehronovEfohm phse umulted y the wve funtion of iqF @PFPSA when the qusihole goes round loopD s pointed out in efF UF he frtionl nture of the elementry hrged exittions in the quntum rll e'et hs een on(rmed experimentlly in shotEnoise experiments IRRD QVD where one mesures the squre )ututions of the urrent to infer the rrier hrge y proportionlity reltionF gonverselyD dding qusiprtile of hrge -e/m @opposite to tht of the vughlin qusiholeA into the system n e done y lowering the numer of )ux qunt N φ y oneF vughlin proposed n nstz to desrie this exited stteD ut the overlp of this stte with the ext qusieletron sttes tully dereses rpidly with the system sizeF he omposite fermion desription of the frtionl quntum rll e'etD whih will e detiled in the next prgrphD provides etter vritionl wve funtions for the qusieletron sttesF 2.1.4 The composite fermion construction vughlin9s nstz wve funtion ws rekthrough tht gretly improved the unE derstnding of the frtionl quntum rll e'etF roweverD it does not give full ount of this phenomenonD s it does not explin ll of the oserved frtionsD even in the lowest vndu level 1 F tin proposed simple heuristi piture UQ to explin the series of inompressile sttes oserved t (lling frtion ν = p 2p+1 F tin9s ide ws to reple interting eletrons y wekly interting omposite qusiprtilesD lled omposite fermions @gpAD formed y the inding of n eletron nd n mgE neti )ux quntF he gp ply the role of the eletrons in the integer quntum rll e'etX they form vmd levelsD new type of vndu levelsD suh tht ompletely (lled vmd levels orrespond to n inompressile stteF por p (lled vmd levelsD tin9s wve funtion writes

Ψ CF p,n (z 1 , ..., z N ) = P LLL   j<k (z j -z k ) n Ψ ν * =p (z 1 , ..., z N )   @PFPUA
where j<k (z j -z k ) n tthes n mgneti )ux qunt to eh eletronD nd Ψ ν * =p is the wve funtion desriing N nonEinterting gp ompletely (lling p vmd levelsF Ψ ν * =p is esily otined y writing lter determinnt with the singleE prtile sttes otined in the previous hpterF efter the )ux tthmentD the gp re sujeted to redued mgneti (eld

B * = B -nρφ 0 @PFPVA
where ρ is the eletroni densityD nd φ 0 the unit )ux quntumF his results in vmd level (lling frtion

ν * = N N * φ = N N φ (1 -nν) = ν 1 -nν @PFPWA
where N φ nd N * φ re respetively the originl nd e'etive numers of )ux quntF por fully (lled vmd levels ν * = pD this yields the (lling frtion

ν = p np + 1 @PFQHA
pigF PFR shows shemti representtion of this onstrution for n = 2 nd p = 1F xote tht the gp indeed hve to e of fermioni sttistis @otherwise they would not form n inompressile stte y (lling n integer numer of vmd levelsAF sn the se where the underlying prtiles re fermions @whih is the se for the frtionl quntum rll e'et of eletronsAD this implies tht the numer of tthed )uxes n must e evenF imilrlyD if the elementry prtiles re osonsD n must e oddF por one vmd level fully (lled @p = 1A with omposite fermions mde y tthing n = q -1 )uxes to eh eletronD the gp wve funtion @PFPUA is extly the ν = 1/q vughlin wve funtion @PFIUAF sndeedD this se orresponds to Ψ ν * =1 (z 1 , ..., z N ) = j<k (z j -z k ) @iFeF the wve funtion of fully (lled lowest vndu levelD whih ws derived in iqF @PFPPAAF he projetion onto the lowest vndu level ts trivilly onto this stteF ith two )uxes tthed per eletron @n = 2AD nd respetively p = 2 or p = 3 (lled vmd levelsD one gets the frtions ν = 2/5 nd ν = 3/7D whih n e oserved in pigF PFIF he gp onstrution thus provides simple piture to explin most of the oE served plteusF sts min dvntge is tht it provides prtil wy to write mny frtionl quntum rll wve funtionsD inluding those for the ν = 1/3, 2/5, 3/7 plteusF hese funtions re not in generl the ext eigensttes of model miroE sopi rmiltonin @exept for ν = 1/3AD ut they hve very good overlp with the ext sttes in (nite sizeF he gp onstrution lso provides n urte wy to desrie the elementry exittions of the ground stteF sn pigF PFRD we show some exmplesD inluding the gp representtion of qusiholeD qusieletronD nd neutrl exitonF 2.1.5 The Moore-Read and Read-Rezayi states he gp wve funtion proposed y tin is very suessful in explining the existene of numer of inompressile sttesF st lso predits the existene of ompressile stte t ν = 1/2F st orresponds to situtionD for n = 2 tthed )uxes per eletronD where ll the mgneti )ux qunt hve een sored to form omposite fermionsD suh tht the e'etive ylotron gp etween vmd levels vnishesF his stte n thus e desried s permi liquid of gpD nd is metlliF his is onsistent with the sene of rll ondutivity plteu t ν = 1/2D s well s the ft tht most rll frtions hve n odd denomintorF sn IWVUD howeverD illett etF l ITW disovered plteu t ν = 5/2 @see lso efF IIUAD orresponding to hlf (lled seond vndu levelF hile the (rst interprettions lened towrds spinE single stte TPD it is now onsensus tht the stte t 5/2 is spin polrizedF he prtilly (lled seond vndu level n e modeled s the lowest vndu levelD with modi(ed goulom intertion @ssuming the lower vndu levels re ompletely (lled nd inertAF his e'etive intertion my use the piring of omposite fermionsD t the origin of the instility of the permi liquidD similr to the fg @frdeenEgooperEhrie'erA instility giving rise to superondutivityF e wve funtion ws proposed y woore nd ed IHS @nd independently y qreiterD enD ilzek SPD SQA to desrie the inompressile stte t ν = 5/2F he wooreE ed wve funtion ws susequently proven TT to e pEwve pired stte of omposite fermionsF st writes

Ψ P f 1/2 (z 1 , ..., z N ) = P f 1 z i -z j i<j (z i -z j ) 2 e -1 4l 2 B j |z j | 2 @PFQIA
where P f stnds for f0nF he f0n is de(ned for ny N Edimensionl @with N evenA ntisymmetri mtrix A s

P f (A) = σ ε σ A σ(1)σ(2) A σ(2)σ(3) ...A σ(N -1)σ(N ) @PFQPA
where the sum runs over ll permuttions of indexes σD nd ε σ is the signture of the permuttionF P f 1 z i -z j is ntisymmetri under the exhnge of two prtilesD suh tht the wooreEed wve funtion desries fermioni stteF his wve funtion n lwys e divided y tstrow ftor i<j (z i -z j ) to desrie osoni stteF he fermioni nd osoni wooreEed wve funtions respetively desrie stte t (lling frtions 1/2 nd 1F xumeril simultions in (nite size systems IRH hve shown tht the wooreEed f0n stte ws very relisti ndidte to desrie the 5/2 quntum rll plteuF hile the (lling frtion 1/2 is its own prtileEhole onjugteD the f0n wve funtion is not prtileEhole symmetriF sts prtileEhole onjugteD the ntiEf0nD is lso good ndidte to desrie the 5/2 phseF sndeedD (nding out whih one of the f0n nd ntiEf0n wve funtions provide the est desription for the 5/2 plteu is still very tive (eld of reserh ITSD IRID IITD IPHF everl yers fter the proposl of woore nd edD gppelli PW showed tht their wve funtion ould e written s the ntisymmetrized produt of two orreE lted vughlin sttesF ymitting the qussin ftorsD this writes

Ψ P f 1/2 (z 1 , ..., z N ) = A   1≤i<j≤N/2 (z i -z j ) 3 N/2<i<j≤N (z i -z j ) 3 1≤i≤N/2<j≤N (z i -z j )  
@PFQQA where A opertes the ntisymmetriztion over ll prtile oordintesF he osoni wooreEed stte t ν = 1 isD even more simplyD written s the symmetrized produt of two deoupled vughlin liquids

Ψ P f 1 (z 1 , ..., z N ) = S   1≤i<j≤N/2 (z i -z j ) 2 N/2<i<j≤N (z i -z j ) 2   @PFQRA
where S opertes the symmetriztion over ll prtile oordintesF gppelli etF lF QH showed tht this n e generlized to the symmetrized produt of k vughlin liquidsD yielding the Z k edEezyi IPW stte t (lling frtion ν = k/2

Ψ k (z 1 , ..., z N ) = S   0≤j<k Ψ L 1/2 z 1+jN/k , ..., z N +jN/k   @PFQSA
where Ψ L 1/2 is the vughlin stte ν = 1/2 de(ned in iqF @PFIUAF he osoni edE ezyi sttes re the ext densest ground sttes of model intertionD the (k + 1)E ody ontt intertion

H k+1 B = i 1 <...<i k+1 k j=1 δ (2) z i j -z i j+1 @PFQTA
his is the (k+1)Eody generliztion of iqF @PFIPAD the twoEody ontt intertion orresponding to the pseudopotentil V 0 F he edEezyi sttes oey some very spei( vnishing propertiesX ll osoni Z k edEezyi wve funtions vnish when (k + 1) of the N osons re rought to the sme positionF por instneD the osoni vughlin nd wooreEed wve funtions respetively vnish when luster of two @respetively threeA prtiles is formedF hese properties re the origin of the edEezyi sttes eing ext ground sttes of the rmiltonin PFQTF he fermioni edEezyi sttes n e dedued from their osoni ounterprts y multiplition y tstrow ftorF hey re the ext ground sttes of the (k + 1)Eody hollow ore intertionD the generliztion of the V 1 pseudopotentil intertion @PFIQA IPWF gonsequentlyD for eh osoni edEezyi stte t (lling frtion ν B D there is fermioni edEezyi stte verifying ν -1 F = 1 + ν -1 B F he k = 3 edEezyi stte @orD more preiselyD its prtileEhole onjugteA is one of the ndidtes to explin the rll ondutivity plteu oserved t ν = 12/5 IUUD IVPD IHRF 2.2. Anyons and topological degeneracy 55 pigure PFSX wo indistinguishle prtiles in PhF e losed pth tking one prtile round the other @leftA is not equivlent to the loop tht does not enirle the other prtile @rightA 2.2 Anyons and topological degeneracy sn the previous setionD we hve reported the experimentl oservtion of the frE tionl quntum rll e'etD nd given some nstz wve funtions to understnd this phenomenonF hile it is importnt to understnd the origin of the frtionsD we hve left out the most interesting nd novel spet of the frtionl quntum rll e'etD whih is its nyoni ! elin nd nonEelin ! exittionsF 2.2.1 Abelian anyons in the fractional quantum Hall eect sn three dimensionsD prtiles re hrterized y n exhnge sttistis tht n only e osoni of fermioniF vet us pitureD for two indistinguishle prtilesD the possile pths tht ring k one prtile to its originl positionF ell suh losed pths n e ontinuously deformed into point without enlosing the seond prE tileF es resultD the wve funtion of this twoEprtile system must e unhnged fter one prtile goes round loopF e onsider trnsltionlly invrint sysE temX s resultD hving one prtile go round the other is equivlent to permuting the two prtiles twieF he twoEprtile wve funtion must e the sme @if the prtiles re osonsAD or the opposite @if they re fermionsA fter one permuttionD so tht it is unhnged fter two permuttionsF sn two dimensionsD howeverD not ll losed loops re equivlent WQD ITV @see pigF PFSAX pth through whih one prtile enirles the other is not equivlent to pth through whih it does not @these pths nnot e trnsformed into one nother without going over the seond prtileAF es resultD the wve funtion desriing this twoEprtile stte need not return to itself fter the loopD ut rther n e modi(ed y ny phse 2θ

Ψ (r 1 , r 2 ) → e 2iθ Ψ (r 1 , r 2 ) @PFQUA
θ is the exhnge phse piked up y the wve funtion under the ounterlokwise exhnge of the two prtilesF

Ψ (r 1 , r 2 ) → e iθ Ψ (r 2 , r 1 ) @PFQVA
sf θ = 0 or πD the prtiles re osons or fermionsD respetivelyF rtiles with di'erent vlue of the sttistil ngle θ re lled nyonsF his shows tht the existene of nyons is possile in priniple in two dimensionsF ine we live in 56 Chapter 2. Strongly interacting topological insulators threeEdimensionl worldD no elementry prtile n e nyoniF therD frtionl sttistis my pper s n emergent property in mnyEody systemF he frtionl quntum rll e'et provided the (rst experimentl reliztion of nyoni prtilesF he vughlin qusiholesD for exmpleD re nyons with sttistil ngle θ = π/qF vet us show this property y onsidering ν = 1/q vughlin liquid with two qusiholes t omplex oordintes w 0 nd w 1 F sing the onstrution of iqF @PFPSAD we n write the wve funtion of this system s

Ψ 2qh 1/q (z 1 , ..., z N ) = N . (w 0 -w 1 ) 1/q .   j (z j -w 0 ) (z j -w 1 )   . Ψ L 1/q (z 1 , ..., z N )
@PFQWA where N is normliztion onstntF st n e shown WHD TSD SSD IRUD IPU tht N dose not depend on the di'erent qusihole positions s long s they sty fr prt @|w 0 -w 1 | l B AF hen exhnging the two qusiholes w 0 nd w 1 D we see tht Ψ 2qh 1/q piks up ftor e iπ/q from the ftor (w 0 -w 1 ) 1/q F he vughlin qusiholes thus hve n nyoni sttistis UD with sttistil ngle π/qF opologil (eld theory provides more generl frmework to disuss the nyE oni properties of the frtionl quntum rll elementry exittionsF hngD rns nd uivelson IVID following seminl work y qirvin nd whonld RVD deE sried the vughlin frtions in terms of ghernEimons (eld theoryF vopez nd prdkin IHH extended this theory to ritrry omposite fermion frtions using men (eld pproh of tin9s onstrutionF sn this lngugeD the inding of )ux to the eletrons is represented y ghernEimons term in the vgrnginF st is then possile to reover the riding sttistis of the sttes9 exittions using generl priniples of topologil (eld theoryF he elementry exittions of ν = p/q @p nd q reltively primeA omposite fermion ground stte re found to e π/q nyonsF xote tht this pproh relies on the existene of gp ove the quntum rll ground stteD whih is relted to the properties of the goulom rmiltoninD not just the properties of the ground stteF 2.2.2 Non-abelian anyons in the fractional quantum Hall eect xonEelin sttistis our when the position of the prtiles is not su0ient to speify quntum stteF vet us onsider g dimensionl degenerte suspe of the N Eody riert speD spnned y the orthonorml sis {Ψ α } 1≤α≤g F he exhnge of two of the N prtiles n result in more thn phse hnge of eh wve funtion Ψ α D ut n send the system into di'erent stte with the sme prtile on(gurtionF qenerillyD prtile exhnge orresponds to liner trnsformtion on the sis {Ψ α } 1≤α≤g @the group of suh trnsformtions is lled the rid groupAF sf the suspe is nonEdegenerte @g = 1AD then the rid group is the unitry group U (1)D nd ll trnsformtions ommuteF roweverD for g > 1D the representtions of the rid group re g × g mtriesD nd do not neessrily ommuteF e ll E ij the representtion of the rid group tht exhnges prtiles i nd jF he exhnge of 2.2. Anyons and topological degeneracy 57 prtiles i nd j results in the following wve funtion hngeX

Ψ α → β E αβ ij Ψ β @PFRHA
sf the E ij mtries do not ommuteD the rid group is nonEelinF he qusiprtiE les desried y this rid group re then lled nonEelin nyonsF friding them will use nonEtrivil rottions within the suspe of degenerte sttes {Ψ α } 1≤α≤g F purthermoreD no lol opertion n lift the degenery etween these sttes @y defE initionD ll Ψ α re desried y the sme quntum numersAF friding is thus the only wy to perform nonEtrivil opertion on these sttesF xonEelin nyons were mostly very interesting physil uriosity until uitev UW proposed to exE ploit this property to uild quntum omputerF re showed tht the degrees of freedom of degenerte nonEelin nyons ould e used for nonElol storge of informtion @quitsAF sn this ontextD riding opertion would t s unitry quntum gteF ine the degenery of nonEelin nyons is extremely roust @no lol perturtion n lift itAD these quits ould e used to uild fultEtolernt quntum omputerF his justi(es the urrent experimentl nd theoretil interest in nonEelin nyonsD nd the serh for system tht would support themF woore nd ed predited IHS tht the exittions of their ndidte wve funtion for the 5/2 plteu were nonEeelin nyonsF vikewiseD the edEezyi sttes my support nonEelin nyons of di'erent ntureF he zero energy ground sttes of the model rmiltonin iqF PFQT for eh vlue of k @in other words the vughlinD wooreEed nd edEezyi wve funtionsA ll n e written RSD IHS s the orreltors of some onforml (eld theory IVD IHTD RH @gpA opertorsF he riding sttistis of their qusiholes were predited y using onjeture IHS tht links the riding sttistis of the qusiholes with the nture of the orresponding gpF xote tht system with nyoni prtiles generlly hs di'erent types of nyonsF por exmpleD the ound stte of two elin nyons with sttistis θ form n elin nyon with sttistis 4θF he proess of ringing together two nyons to form new one is lled fusionF e omplete desription of the system must inlude the higher order nyons resulting from the fusion of two nyonsF he fusion of two nyons my result in more thn one type of nyonX these di'erent possiilities re lled fusion hnnelsF wultiple fusion hnnels re the hllmrk of nonEelin nyonF por exmpleD the wooreEed stte is desried y n ssing gpD whih hs three di'erent types of nyonsD noted 1D σ nd ΨF e note a × b the fusion of two nyons a nd bD + seprtes di'erent fusion hnnelsF he fusion rules of the ssing nyons re

σ × σ = 1 + Ψ, σ × Ψ = σ, Ψ × Ψ = 1, @PFRIA 1 × Ψ = Ψ, 1 × σ = σ, 1 × 1 = 1
yne n note similrity of these rules with the fusion rules of two SU (2) ngulr momentD where 1D σ nd Ψ respetively orrespond to totl momentum S = 0D 1/2 nd 1D with truntion t S = 1F por this resonD these fusion rules re lso lled SU (2) 2 F wore generillyD the Z k edEezyi sttes re written s orreltors of gp whose nyons follow SU (2) k fusion rulesD the nlog of the SU (2) fusion rules of ngulr momentumD with truntion t S = k/2F

enlytil rguments n e used to derive the riding properties of the vughE lin @see previous setionA nd wooreEed SSD IPUD PV wve funtionsF roweverD these rguments rely on the sreening properties of the system to lolize the qusiE holesD whih n only e veri(ed numerillyF he sttistis of pr qusiholes n lso e veri(ed diretly y numeril ridingF he limited system sizes essile to numeril simultion often limit these omputer experimentsD espeilly sine the riding is only well de(ned for distnt qusiholesD onstrint tht requires relE tively lrge systemsF he inresing omplexity of the fusion rules of the Z k nyons mkes this even more hllenging for higher kD sine lrger numer of qusiE holes is required to explore the inresing numer of fusion hnnelsF he riding properties of the wooreEed qusiholes hve een veri(ed numerilly using ext digonliztion nd wonte grlo tehniques ITID IPSD IHF hese tehniques do not llow to reh the system sizes neessry to detet the riding properties of the Z 3 qusiholesF hese were thus only veri(ed reently IUQD with the help of mtrix produt sttesD numeril method tht ws only developed in reent yers for the frtionl quntum rll e'etF sn spite of the gret experimentl dvnes QD IUH to determine whether the 5/2 stte supports nonEelin ssing exittionsD diret onlusive evidene is still lking F roweverD given the suess of the wooreEed stte to desrie the ν = 5/2 stte in numeril simultionsD it is likely to e the seF vikewiseD the 12/5 frtionl quntum rll stte @whih is likely well desried y the Z 3 stteA is plusile ndidte for the reliztion of SU (2) 3 @pioniA nyonsF 2.2.3 Topological degeneracy on the torus he existene of frtionlized @elin or nonEelinA exittions in system is ssoited with type of order lled topological orderF vike the topologil invrint of the nonEinterting phses studied in the (rst hpter of this thesisD topologil order nnot e deteted y ny lol mesurementF he presene of topologil order in system is signled y the nonEtrivil degenery of the low energy sttesD whih depends on the genus of the surfe on whih it is de(nedF wost strikinglyD the ground stte of ny topologilly ordered phse is degenerte on nonEzero genus surfeF his degenery is prtiulrly roustD nd nnot e lifted y ny lol perturtionF he torus is the simplest exmple of surfe where the topologil degenery oursD nd is prtiulrly onvenient for numeril simultionsD sine it simply orresponds to periodi oundry onditionsF 2.2. Anyons and topological degeneracy 59 2.2.3.1 Many-body quantum numbers on the torus and center of mass degeneracy untum rll systems t rtionl (lling frtion ν = p/qD where p nd q re relE tive primes hve n ext qEfold degenery on the torus geometryF his degenery is onsequene of the mgneti trnsltion lger @iqF @IFQWAAD whih n e seenD following rldne SVD y nlyzing the mnyEody symmetries of the rmiltonin on the torusF sn system of N prtilesD we n deompose the trnsltion of prtile i y vetor a into enter of mss @gwA nd reltive @relA prt

T i (a) = T rel,i (a) T CM (a/N ) T rel,i (a) = T i (a) N j=1 T j (-a/N ) @PFRPA T CM (a) = N i=1 T i (a/N )
he enter of mss trnsltion y n ritrry vetor ommutes with the rmilE toninD ut not neessrily with the singleEprtile opertors T i (L j e j ) , j = x, yF ine we used these opertors to de(ne singleEprtile sisD it is useful to de(ne the following enter of mss opertorsD whih ommute with ll T i (L j e j )

T CM,x = T CM L x e x N φ , T CM,y = T CM L y e y N φ @PFRQA
e lso de(ne the following set of reltive trnsltion opertors

T rel,x = T rel,i (pL x e x ) ,
T rel,y = T rel,i (pL y e y ) @PFRRA e note tht T rel,x = ((T CM,x ) q ) † @nd likewise with T rel,y AF his justi(es dropping the index iD sine these reltive opertors do not depend on the prtile iF es powers of enter of mss opertorsD the ove de(ned reltive trnsltion opertors ommute with the rmiltoninF he enter of mss trnsltion opertors themselves do not ommuteD ut hve simple ommuttion reltionD whih follows from the lger of mgneti trnsltionsD the qw lger iqF @IFQWAF heir ommuttion reltion writes T CM,y T CM,x = T CM,x T CM,y e -i2πp/q @PFRSA e hoose to lel the mnyEody eigensttes of the rmiltonin with the enter of mss momentum k y D whih is just the sum of the singleEprtile moment modulo N φ D suh tht e -2πiky/N φ is n eigenvlue of T CM,y F ine [T CM,y , T rel,x ] = 0D we n lso digonlize T rel,x simultneouslyF e ll N 0 the gretest ommon divisor of

N nd N φ N 0 = GCD (N, N φ ) @PFRTA 𝓣 𝑥 𝓕 𝑥 𝓣 𝑥 𝓣 𝑦 𝓣 𝑥 -1 𝓣 𝑦 -1 a) b)
pigure PFTX usiprtile riding nd topologil degenery on the torusF A F x represents the threding of unit )ux quntum in the hole of the torusF T x orreE sponds to the retion of qusiprtileEqusihole pirD followed y the trnsltion round the torus of the qusiprtileD nd their nnihiltionF por nyoni qusiprE tilesD these opertions do not ommute @see iqF @PFRVAAF A friding qusiprtile round nother on the torusF he torus is symolized y retngle whose prllel sides re relted y periodi oundry onditionsF e note tht (T rel,x ) N 0 = T rel,i (N L x e x ) = 1F T rel,x thus hs N 0 distint eigenvlues e 2πikx/N 0 D where k x = 0, ..., N 0 -1 is n integerF e re equipped with twoE dimensionl momentum quntum numerD de(ned in N 0 × N φ frillouin zoneD to lel the mnyEody eigensttes of the rmiltoninF pinllyD we n use the ommuttion reltion iqF @PFRSA to derive the enter of mss degenery on the torusF vet us onsider n eigenstte Ψ kx,ky of the rmiltoE nin nd of the reltive nd enter of mss opertors T CM,y nd T rel,x F iqF @PFRSA implies T CM,y T CM,x Ψ kx,ky = T CM,x e -i2πp/q T CM,y Ψ kx,ky @PFRUA = e -i2πp/q e -2πiky/N φ T CM,x Ψ kx,ky yne n thus rete q di'erent eigensttes of T CM,y y suessive pplitions of T CM,x F ine [T rel,x , T CM,x ] = 0D k x is not 'eted y the tion of T CM,x F woreoverD ll q sttes hve the sme energyD sine T CM,x ommutes with the rmiltoninF he stte T CM,x Ψ kx,ky hs enter of mss momentum (k y + N 0 ) moduloN φ F he N 0 × N φ mgneti frillouin zone n thus e divided into q degenerte zones of size N 0 × N 0 F he region N 0 × N 0 is lled redued frillouin zoneF 2.2.3.2 Topological degeneracy from fractionalization sn the previous setionD the degenery of frtionl quntum rll sttes on the torus ppered s onsequene of the mnyEody mgneti trnsltion lgerF por instneD this tells us tht the vughin 1/m stte must hve degenery tht is multiple of mF sn ftD the vughlin stte is extly mEfold degenerteF vikewiseD the omposite fermion sttes t ν = p/ (2np + 1) re 2np + 1Efold degenerte on the torusF por nonEelin sttesD the degenery is higher thn the enter of mss degeneryX for instneD the osoni wooreEed stte t (lling frtion ν = 1 is threefold degenerteF qenerillyD the degenery of stte on the torus geomeE try is equl to the numer of di'erent qusiprtiles @nyonsA tht onstitute the theoryF por exmpleD vughlin 1/q hs q di'erent qusiprtilesD hrterized y the sttistil ngles 2πl/q where l is positive integer smller thn q @0 ≤ l < qAF he osoni wooreEed stte hs three qusiprtiles 1D σ nd Ψ @see iqF @PFRIAAD nd is indeed threefold degenerte on the torusF s will not demonstrte the generl property hereD ut s would like to give some rgumentsD following efsF IISD IIRD to illustrte the fundmentl onnetion etween frtionliztion of the quntum numers @hrge nd sttistil ngleA nd topologil degeneryF e onsider system of eletrons on the torusD with (nite gp ove the ground stte@sAD nd elementry qusiholeGqusiprtile exittions of frtionl hrge e * = e p q @where p nd q re oprimesAF e note F x the opertor tht relizes the insertion of unit )ux quntum through the hole of the torusD thus induing vetor potentil in the x diretionF e ll T x the opertion of reting qusiprtileEqusihole pirD thred the qusiprtile round the torus long the x diretion nd pirEnnihilte it with the qusiholeF e shemti representtion of these two opertors is given in pigF PFTAF F x nd T x do not ommuteD due to the ehronovEfohm phse olleted y the qusiprtile when enirling the dditionl )ux used y F x F therD we hve

T x F x = F x T x e 2πip/q @PFRVA
where the nonEtrivil phse is used y the frtionl hrge p/q rried y the qusiprtileF xote thtD stritly spekingD the rmiltonin is not intt fter the unit )ux insertionD ut is relted to the initil rmiltonin y unitry trnsforE mtion @the sme thing hppens to T x AF he ove reltion is thus orret if the )ux insertion is ompnied y guge trnsformtionF he two proesses T x nd F x should mp ground stte to ground stteF he lger iqF @PFRVA leds to degenery of the ground stte tht is multiple of qF he sme onstrution in the y diretion yields T y F y = F y T y e 2πip/q @PFRWA sf the opertions in the x nd y diretions were independentD this would led to degenery tht is multiple of q 2 F hepending on the prtile sttistisD this my not e the seF sn the se of n elin qusiprtile of sttistil ngle θD the riding of two suh nyons leds to

T x T y = T y T x e 2iθ @PFSHA
@this n esily e understood y onsidering one nyon performing loop T -1

x T -1 y T x T y round the other oneD s represented in pigF PFTA xote tht hereD the nonEtrivil ommuttion reltion of T x nd T y omes from the frtionl sttisE tis of the qusiprtilesF sn the se of fermions θ = π or osons θ = 0D the two lger iqsF @PFRVA@PFRWA re equivlentD nd the degenery of the ground stte must e multiple of q 2 F por nyoni qusiprtilesD howeverD this not e the seF sn ftD we know tht the degenery of the vughlin stte is qF sn this seD en nd xiu ITU hve rgued tht T x indues )ux through the torusD just s F y doesF hereforeD s fr s the tion on the ground stte is onernedD we n identify T x nd F y together @likewise with T y nd F -1

x AF his leds to the result of efF IISX on the torusX the degenery of ground stte supporting exittions with frE tionlized hrge ep/q must e multiple of qEfold degenerteF his highlights the intrite onnetion etween frtionl hrgeD frtionl sttistisD nd topologil degenery on the torusX these three properties nnot exist seprtelyF 2.2.4 Haldane's exclusion principle permioni nd osoni sttistis re ssoited with onstrints on the ouption of the singleEprtile oritls @the uli exlusion prinipleAD whih determine the dimension of the ssoited mnyEody rilert speF his onept trnsltes to nyoni systemsX system with given numer of nyoni prtiles hs spei( rilert spe dimensionD whih depends on the nture of the nyoni nture of the exittionsF yne sys tht the numer of sttes ssoited with given numer of nyoni prtiles is signture of the topologil orderF sn IWWID rldne ST introdued the onept of generlized exlusion priniple for prtiles with nyoni sttistisF vet us onsider N Eody system whose singleEprtile oritls n e leled y n extensive quntum numerF rldne9s exlusion priniple ims t prediting the ounting of nyoni exittions in this system y imposing rules on the oritl ouptionF e (k, r)Edmissile prtition lels pok stteD whose ouption on(gurtion hs no more thn k prtiles in r onseutive oritlsF he (k, r) exlusion priniple is thus generliztion of the uli prinipleD whih limits the ouption of eh oritl to single fermionD iFeF k = 1D r = 1F he numer of zero modes in frtionl quntum rll system with given numer of qusiholes is signture of its topologil orderF he generlized exlusion priniple predits the numer of qusihole exittions of frtionl quntum rll stte in mny situtionsF yn the plneD fernevig nd rldne PPD PI showed tht severl osoni quntum rll sttes re equl @up to qussin ftorA to symmetri polynomils lled the tk polynomilsD nd verify (k, r) lustering propertyF e (k, r) lustered stte is stte tht vnishes t power r when luster of (k + 1) prtiles is rought to the sme positionD nd orresponds to (lling frtion ν = k/rF hey showed tht the numer of (k, r) lustered sttes is equl to the numer of (k, r)Edmissile prtitionsF he ν = 1/q vughlin stte is lustered stte with k = 1D r = qF he numer of vughlin qusiholes for given numer of prtiles N nd numer of )ux qunt N φ n thus e predited y the (1, q) generlized exlusion prinipleF por instneD the vughlin 1/3 ground stte with N = 6 fermions orresponds to unique (1, 3)Edmissile prtition on the plneD whih writes 1 0 0 1 0 0 1 0 0 1 0 0 1 0 0 1 @PFSIA where eh integer represents the ouption of n oritl @hereD 0 or 1 sine we 2.3. Fractional Chern insulators 63 re onsidering fermionsAF sn the prtition oveD the oritls re impliitly leled with their ngulr momentum l z = 0, 1, ..., N φ D from left to rightF ine the ngulr momentum is n extensiveD onserved quntum numerD eh dmissile prtition hs well de(ned totl ngulr momentum L z D nd the exlusion priniple yields ounting tht is resolved in L z F he wooreEed nd Z k edEezyi sttes lso re lustered sttesD nd the numer of their qusihole exittions is given y (k, r = 2) ounting ruleF he rldne exlusion priniple n e generlized to the torus geometry in the se of the vughlinD wooreEedD nd edEezyi sttesF sn this seD one hs to tke into ount the periodi oundry onditions on the torus to determine the dmissiility of prtitionD in order to otin the numer of qusihole exittionsF por instneD the threefold degenery of the 1/3 vughlin stte on the torus is relted to the existene of three dmissile prtile prtitionsF e prtition is written s series of integersD eh desriing the ouption of n oritl of momentum quntum numer k y = 0, ..., N φ -1F por N = 6D the dmissile prtitions of the 1/3 vughlin stte on the torus write 1 0 0 1 0 0 1 0 0 1 0 0 1 0 0 1 0 0 @PFSPA 0 1 0 0 1 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 1 0 0 1 xote tht for on(gurtion on the torusD the exlusion priniple should e unE derstood with periodi oundry onditionsD iFeF the (rst nd lst oritls of the on(gurtions re onsidered onseutiveF 2.3 Fractional Chern insulators 2.3.1 Motivations and challenges on the experimental side sn the previous hpterD we sw tht the physis of the quntum rll e'et ould e oserved in lttie system in the sene of mgneti (eldF wore preiselyD the floh nds of lttie system my e desried y nonEzero ghern numerD nd nd hrterized y ghern numer C = 1 is kin to the lowest vndu level of twoEdimensionl system sujeted to mgneti (eldF qiven these similrities in the nonEinterting regimeD we expet ghern insultors to host fetures similr to those of the frtionl quntum rll e'et one intertions re turned on nd the ghern nd is prtilly (lledF por lttie with N x × N y unit ells nd periodi oundry onditionsD the numer of singleEprtile oritls in given nd is equl to N x N y F he (lling ftor in ghern insultor is de(ned y referene to its quntum rll e'et nlogD s

ν F CI = N N x N y @PFSQA
hen ν F CI is rtionl numerD in the presene of strong intertionsD ghern insuE ltors my host phses with frtionlized exittionsF sndeedD the sene of need for mgneti (eld would mke these mterils more suitle thn the frtionl quntum rll e'et to e used s quitsF hile there is n rry of nlytil nd numeril evidene to support the existene of frtionl ghern insultorsD they hve not yet een oserved experimentllyF his is not surprisingD given the di0ulty to oserve the rll plteus in ghern insultor t integer (lling @see eF IFPFRFIAF sndeedD the gps opened t frtionl (lling in the frtionl quntum rll e'et re muh smller thn the gps oserved t integer (llingD nd their oservtion reE quires smller temperture nd higher moility smplesF gurrentlyD the onditions of oservtion of the quntum nomlous rll e'et re muh hrder to hieve thn those for the frtionl quntum rll e'etF here might e more hopeful perspetives in relizing frtionl ghern insultors in optil lttiesD with the help of rti(il guge (elds @see eF IFPFRFPAD sine these re more ontrolled systemsF tillD diverse heting proesses QT urrently prevent suitly low tempertures from eing rehed in these systemsF 2.3.2 Emergence of a fractional Chern insulator iven t zero tempertureD in perfet system with no disorderD the existene of n inompressile phse t frtionl (lling in strongly interting ghern insultor is not gurnteedF por exmpleD no numeril evidene IUP of suh phse hs een found in the twoEoritl squre lttie model of eF IFPFQFPF he onditions for the emergene of suh phse re rih nd tive topi of theoretil ondensed mtter physisF he generl ide is tht n inompressile phse is most likely to pper in ghern nd when its properties mke it most similr to vndu levelF ine the vughlin stte is one of the most stle pr sttesD one n expet tht it might e the esiest phse to relize in frtionl ghern insultorF e onsider the two opertors tht trnslte prtile y lttie vetorD projeted onto the topologil nd of ghern insultorF he lger formed y these opertors @the nlog of the qw lger @IFQWAA does not lose IPIF es resultD the pseudopotentil onstrution PFIFP does not holdF hile it is possile to write the vughlin wve funtion in the floh sis of ghern insultor IURD writing mirosopi model rmiltonin for this wve funtion is omplited tsk WPD nd the resulting rmiltonin strongly depends on the lttieF yn the lttieD the ontt intertion @PFIPA of osons n e repled y n onEsite rurd term

H b int = U i : ρ i ρ i : @PFSRA
where ρ i = c † i c i is the density opertor on site iD nd :: represents norml orderingF por fermionsD nerestEneighor intertion

H f int = U <i,j> : ρ i ρ j : @PFSSA
is good pproximtion of the hollow ore intertion @PFIQA V 1 F es for the kineti prt of the rmiltoninD one n hoose mong the multiple lttie ghern insultor models tht hve een proposedF ristorillyD the rldne

1 2 3 4 5 6 b 2 b 1 U V a 1 a 2 1 2 3 c) a) b)
pigure PFUX he rldne @A nd ruy @A nd kgome @A lttie ghern insultor modelsF A he rldne model is sed on the honeyom lttie @tringulr frvis lttie with two toms per unit ellAF st onsists of nerest neighor nd next nerest neighor hopping terms of respetive mplitudes t 1 nd t 2 e iφ D s well s mss term ±M F A he ruy lttie is sed on tringulr lttie with 6 toms per unit ellD with nerest nd next nerest neighor hopping termsF A he kgome lttie is sed on tringulr lttie with 3 toms per unit ellF e limit ourselves to nerest neighor hopping of omplex mplitude t 1 + iλ 1 F sn ll three (guresD the diretion of the rrows gives the onvention for the sign of the phse of the omplex hopping termsF he gry en onEsite @U A nd nerest neighor @V A rurd intertion re represented y n ornge ellipse on top of the lttie struture of the rldne modelF model TH is the (rst exmple of ghern insultorF st is supported y honeyom lttie @see pigF PFUAD whih is tringulr lttie with two toms per unit ellF he hopping etween nerest neighors on the lttie hs rel mplitude t 1 D while the hopping etween next nerest neighors hs omplex mplitude t 2 e iφ in the diretion of the rrows of pigF PFUF enother exmple of ghern insultorD whih will pper lot in this mnusript is the ruy lttie model UIF he ruy lttie model hs 6 toms per unit ell nd is spnned y b 1 nd b 2 @see pigF PFUAF he six sites re denoted from 1 to 6D nd the floh rmiltonin is

|1 |2 |3 |4 |5 |6 h(k) =               0 h.c. t * 1 0 t t * 1 e -i(k 1 +k 2 ) 0 t 4 (1 + e ik 1 ) t t * 1 e ik 1 0 t * t 4 (1 + e -i(k 1 +k 2 ) ) t t 1 0 t 1 e ik 1 t * t * 4 (e i(k 1 ) + e i(k 1 +k 2 ) ) t t * 1 e i(k 1 +k 2 ) 0               |1 |2 |3 |4 |5 |6 @PFSTA
where 

k 1 = k • b 1 nd k 2 = k • b 2 F e lso
|1 |2 |3 h(k) =      0 (t 1 + iλ 1 )(1 + e -ikx ) (t 1 -iλ 1 )(1 + e -iky ) 0 (t 1 + iλ 1 )(1 + e i(kx-ky) ) h.c. 0      |1 |2 |3 @PFSUA
he rmiltonin resulting from ghern insultor tightEinding model nd the intertion H b int for osons @respetively H f int for fermionsA my hveD in some onE ditionsD t (lling frtion 1/2 @respetively 1/3AD ground stte with the sme topologil nture s the vughlin stteF xumeril simultions re neessry to on(rm the existene of suh frtionl ghern insultor phse in given systemF sing nlogies with the quntum rll e'et n guide us to (nd the emergene onditions of frtionl ghern insultorD through simple energeti rgumentsF he nd mixing due to the intertion etween prtiles should e minimlD so tht the system n e pproximted y single C = 1 nd resemling the lowest vndu levelF his requires the intertion strength V to e smll ompred to the energy gp ∆ etween the lowest nd seond ndsF et the sme timeD the intertions 

V ∆ @PFSVA
hile the ove inequlity ensures onditions similr to the frtionl quntum rll e'etD it should not e understood s strit onstrintF sndeedD numeril simultions VV hve shown tht frtionl ghern insultor phse ould rise in some prtiulr models for intertions fr exeeding the nd gp @V ∆AF sn the rest of this mnusriptD we will however hoose to respet iqF @PFSVAF hile it is possile to (neEtune the tunneling prmeters of given model so tht the nd width is smller thn the gpD it n e dvntgeous to work in the idel limit of dispersionless modelD or )tEnd limitD s desried in eF IFPFIFPD to void the e'ets of nd dispersion ltogetherF purtherD we n get rid of nd mixing y projeting the intertion onto the lowest ndD leding to the projetedD )tEnd rmiltonin

H = ε G k∈BZ |0, k 0, k| + k,k ∈BZ |0, k 0, k| V 0, k 0, k @PFSWA
where V is the intertion opertorF iven in this idel limitD the emergene of gpped phse t frtionl (lling is not gurnteedD whih is preisely why working in this limit is usefulF sndeedD it n llow us to understnd the in)uene of di'erent prmeters independentlyD without the omplitions rought y nd mixing nd nd dispersionF fesides the existene of nd dispersionD the di'erene etween vndu level nd C = 1 ghern nd in ghern insultor is the ferry urvtureD whih )utuE tes lot in the topologil nd of ghern insultorD while it is onentrted t one point of the mgneti frillouin zone in vndu levelF ghern insultor models pigure PFWX vow energy spetrum of the frtionl ghern insultors with N = 10 osons on 5 × 4 lttie @hlf (lling of the lowest ndAD otined y ext digE onliztion of n onEsite rurd intertion projeted onto the lowest ndF he twofold lmost degenerte ground stte with mnyEody gp to higher energy exE ittions is hrteristi of the vughlin 1/2 phseF A uy lttie ghern insultor modelF A rldne ghern insultor modelF he ground stte degenery is lerly liftedF generlly do not hve uniform ferry urvture in (nite sizeD ut numeril simulE tions hve shown tht the frtionl ghern insultor phses seem to e most stle in systems where its )ututions re reltively smll IUPF his is in greement with the ide tht frtionl phses re stle in ghern insultor system when the ghern nd most losely resemles vndu levelF 2.3.3 Numerically identifying a Chern insulator phase xumeril simultions re neessry to ssess the stility of frtionl ghern insuE ltor phseF sn prtiulrD the stility of vughlinElike phse hs een extensively studied in severl tightEinding ghern insultor models with periodi oundry onE ditions IIHD IRTD IQI @see lso efsF IWD IPP nd referenes thereinAF e gpped phse ppers t (lling ν = 1/3 for fermions @ν = 1/2 for osonsAD when V tkes the form of short rnge rurd intertionD suh s nerestEneighor twoEody intertionD or onEsite intertion for osons @see pigF PFUAF he (rst numeril signture of vughlinElike frtionl ghern insultor is qEfold lmost degenerte ground stte t (lling ν = 1/qD seprted y gp from higher energy exittionsF he pproximte degenery hs the sme origin s the topologil degenery of the vughlin stte on the torusD sine lttie system with periodi oundry onditions is topologilly equivlent to torusF hue to the )ututions of the ferry urvture in ghern ndD the lttie trnsltion opE ertors projeted onto the ghern nd hve di'erent properties thn their pr ounterprtsD the mgneti trnsltionsF sn prtiulrD their ommuttions reltions re not desried y the qw lger @IFQWA @in the thermodynmi limitD it n e shown IPID IHV tht the trnsltion opertors projeted onto topologil ghern nd form losed lger reminisent of the qw lgerD ut only pproximtelyD in the long wvelength limitAF por pr systemsD we hve seen in eF PFPFQFI tht the qw lger leds to the ext qEfold degenery of eh stte in the speE trumF por frtionl ghern insultorsD the degenery of the ground stte is thus not ext in (nite size euse there is no ext enter of mss degeneryF st is expeted @nd numerilly supportedA tht the ext degenery e reovered in the thermodynmi limitF sn pigF PFWD we hve represented the spetrum of two osoni frtionl ghern insultorsD respetively sed on the rldne @see pigF PFUA nd ruy lttie models @see pigF PFUAD with well hosen mirosopi prmetersD t (lling frtion ν = 1/2F ine there is no mgneti (eldD the lttie trnsltion symmetry @s long s they re not projeted onto given ndA re preserved nd ommuteF he enter of mss momentum in the x nd y diretions k x nd k y re thus good quntum numersD nd the spetrum n e represented s funtion of the linerized lttie quntum numer k x + N x k y F sn pigF PFWD it is pprent tht the degenery lifting of the ground stte in (nite size is highly model dependentF yn top of the topologil degenery of the ground stteD the nonEtrivil degenerE y of hrged @qusihole nd qusiprtileA exittions is hllmrk of topologil orderF usiholes n e dded to the system y removing prtilesD or y dding unit ellsD strting from the system with (xed (lling frtion ν = p/qD p nd q oprime numersF ixt digonliztion gives us ess to the low energy mnifoldD whih ontins the qusihole or qusiprtile sttesF sn the ses where the gp is well de(nedD we n ount the numer of sttes elow itX totl ounting identiE l to the numer of hrged exittions in the orresponding frtionl quntum rll e'et phse is sign tht these sttes hve the sme topologil orderF hile these two systems do not hve the sme symmetriesD it is possile to relte their respetive quntum numersD to predit the momentum resolved pgs ountingF he frtionl quntum rll frillouin zone is GCD(N, N φ ) × N φ retngleD nd thus hs more momentum setors thn the pgs N x × N y = N φ frillouin zoneF es shown in efF PRD mpping the pr frillouin zone onto the pgs one onsists in folding the redued pr frillouin zone onto region of smller sizeF vet us de(ne two integers

N x0 = GCD(N, N x ) N y0 = GCD(N, N y ) @PFTHA
he redued pr frillouin zone is folded onto redued pgs frillouin zone of size N x0 × N y0 D suh tht the folded quntum numers write

k FCI x = k x modulo N x0 k FCI y = k y modulo N y0 @PFTIA
where k FCI j D k j D j = x, y re integers relted to the momentum quntum numers y k F CI j = 2πk FCI j /N j D k j = 2πk j /L j @the lttie onstnt is equl to 1AF he full N x × N y pgs frillouin zone is then pved y repeting this redued zone q x = N x /N x0 times in the x diretion nd q y = N y /N y0 times in the y diretionF pinllyD the qEfold topologil degenery of the pr on the torus is tken into ount y ttriuting n dditionl q/ (q x × q y ) degenery onto eh stteF en exmple of the mpping is given in pigF PFIHD orresponding to the systems whose spetr re

N x0 = 5 N y0 = 2 N x = 5 N y = 4 k x k y k x FCI k y FCI
pigure PFIHX polding of the pr redued frillouin zone of system with N = 10 prtiles nd N φ = 20 )ux qunt @leftA onto the 5 × 4 lttie (rst frillouin zone @rightAF he pr redued frillouin zone is folded onto N x0 × N y0 zoneD where N x0 = GCD(10, 5) = 5 nd N y0 = GCD(10, 4) = 2F his zone is douled to form the 5 × 4 (rst frillouin zoneF he red dots represent the position of the vughlin ground stteD showing how their lttie momentum n e predited from their pr quntum numersF he vlidity of this mpping n e oserved in the spetr otined numerilly for the sme system sizeD nd shown in pigF PFWF shown in pigF PFWF his mpping llows to relte the momentum resolved ounting of hrged exittions of the vughlin stte in the pr nd pgs sesD s long s they re well seprted from the higher energy exittionsF 2.4 Entanglement spectroscopy for the fractional quantum Hall phases 2.4.1 Entanglement entropy opologil order is new type of order tht nnot e deteted using ny lol mesurementF st is thus ruil to de(ne new quntities to detet its presene in systemD t lest numerilly @if not experimentllyAF he degenery of the ground stte on nonEzero genus surfeD s well s the degenery of the hrged exittions re signtures of given type of topologil orderF roweverD the energy spetrum of some other @nonEtopologilA phses ! for exmple symmetry reking phse suh s hrge density wve ! my hve the sme fetures @t lest in (nite sizeAF elsoD the degenery of exittions my e di0ult to otin numerillyF intnglement entropy is promising quntity to extrt informtion out the 2.4. Entanglement spectroscopy for the fractional quantum Hall phases 71 topologil order of given phseD strting from the ground stteF e onsider the iprtite entnglement etween two prts A nd B of systemD desried y its ground stte |Ψ F he prtition is desried y the redued density mtrix

ρ A = T r B |Ψ Ψ| @PFTPA
sn its most populr de(nitionD the entnglement entropy is the on xeumnn enE tropy ssoited with ρ A nd writes

S A = -T r A [ρ A ln ρ A ] @PFTQA
por system in d dimensions with (nite orreltion length lD the entnglement entropy grows linerly with the re of the oundry etween A nd B IRWF his property is lled the re lwD nd writes

S A αL d-1 @PFTRA
where L l is the typil length of AD nd α is nonEuniversl onstntF por twoEdimensionl phsesD efsF VID WT showed tht the (rst orretion to the re lw γ is signture of the topologil order

S A αL -γ @PFTSA
γ is lled the topologil entnglement entropy nd is relted to the topologil nture of the ground stte vi its totl quntum dimension DD whih is ssoited to the growing rte of the rilert spe per numer of qusiprtilesF por the topologil setor ssoited with the qusiprtile iD the totl quntum dimension writes γ = ln D/d i @PFTTA where d i is the quntum dimension of the qusiprtile iF st n e omputed knowing the quntum dimension d i of ll of its qusiprtiles

D = i d 2 i @PFTUA
his reltion n e espeilly useful to identify given phseF roweverD note tht di'erent types of topologil order n hve the sme topologil entnglement enE tropyF por instneD the quntum dimension of n elin qusiprtile is 1D nd the vughlin 1/q stte hs topologil entnglement entropy γ = √ q @sine it hs q elin qusiprtilesAF he osoni wooreEed phse hs two elin qusiprE tilesD nd one nonEelin qusiprtile with quntum dimension √ 2F es resultD oth the osoni vughlin 1/4 nd osoni wooreEed @t (lling ν = 1A phses hve topologil entnglement entropy γ = ln 2 in the vuum setorF unowing the (lling frtion @or the topologil entnglement entropy in the other topologil setoreA would llow us to distinguish themD ut it might not e the se in more omplited exmplesF he other limittion of this tehnique to detet nd identify topologil orderD is tht it requires the omputtion of γ y liner interpoltion with gret quntittive preisionF his is only possile if the entnglement entropy S A is omputed for severl di'erent system sizesD whih n e numerilly hllengE ingF por instneD ext digonliztion only llows the omputtion of the ground stte for smll numer of system sizesD s will e disussed in the lst setion of this hpterF intnglement spetrosopy n ring solution to this prolemD y nlyzing the full spetrum of ρ A D insted of reduing ll of the informtion to single numerF 2.4.2 Particle entanglement spectrum he entnglement spetrum ws introdued y vi nd rldne WU in the ontext of the frtionl quntum rll e'etD nd hs triggered numerous studies onerning di'erent topologil phsesF rious system prtitions n e mdeD proing di'erE ent properties of the phseF por instneD vi nd rldne hve onjetured tht the entnglement spetrum of gpped phse for rel spe prtition is diretly relted to the energy spetrum of the edge sttes long this utD nd tht these spetr re identil in the thermodynmi limitF his onjeture n e veri(ed numerilly in mny sesD inluding the frtionl quntum rll sttesF he oritl entnglement spetrum introdued y the sme uthorsD where the ut is mde in oritl speD is nother powerful tool to proe the topologil nture of the systemF sndeedD oritl nd rel spe uts re losely relted in the spei( se of the frtionl quntum rll e'etF rereD we fous on nother type of iprtitionD the prtile utD wherey the geometry of the system is kept inttD while the density mtrix is tred over the positions of N B = N -N A prtilesF he prtile prtition ws introdued s n entnglement entropy iprtition in efsF TUD IVSD nd lter pplied to ompute entnglement spetr in efF ISQ to proe the ulk exittions of phse from its ground stteF por generi wve funtion written in (rstEquntized nottion Ψ (x 1 , ..., x N )D the redued density mtrix for prtile prtition writes

ρ A x 1 , ..., x N A , x 1 , ..., x N A = N B i=1 dx N A +i Ψ (x 1 , ..., x N A , x N A +1 , ..., x N ) × Ψ x 1 , ..., x N A , x N A +1 , ..., x N @PFTVA
he dvntge of the prtile prtition is tht it preserves ll of the sptil symmeE tries of the originl systemF sn the se of qEfold degenerte ground stte @thinkD for instne of the vughlin stte de(ned on the torusAD the following density mtrix ommutes with the symmetry opertors @suh s the mgneti trnsltion opertorA pigure PFIIX rtile entnglement spetrum @iA of the threefold degenerte groundstte of N = 8 fermions on torus piered y N φ = 24 )ux qunt on the torusD nd prtile prtition N A = 4F A vughlin stte @ext ground stte of the model twoEody intertion iqF @PFPQAA A goulom ground stteF here is (nite entnglement gp ∆ ξ etween the low entnglement energies @universl prt of the entnglement spetrumA nd the high entnglement energiesF he numer of sttes per k y A setor elow the entnglement gp is the sme s in the vughlin iF leled y the sme quntum numers s the energy spetrumF sn prtiulrD for frtionl quntum rll stte on the torusD the entnglement spetrum is leled with the vlue of the enter of mss momentum k y A F por model wve funtionD the ounting of nonEzero eigenvlues of the redued density mtrix is nonEtrivil @iFeF it does not sturte the rilert spe dimensionA nd does not depend on the geometryD only on the genus of the surfeF his propertyD lredy demonstrted in the se of n oritl ut WU is lso true for prtile ut ISQF purtherD efF ISQ notied tht this numer is equl @per momentum setorA to the numer of qusihole sttes in the system with n equl numer of )ux qunt nd N A prtilesF hen the stte is the extD unique ground stte of model rmiltoninD one n prove tht the ounting of nonEzero entnglement eigenvlues must e ounded y the numer of qusiholesD ut the sturtion of the ounting remins onjetureF ine this onjeture ws veri(ed numerilly in lrge numer of sesD it is generlly dmitted to hold in most sesF his is n extremely powerful tool for the identi(tion of topologil phseF hen the wve funtion is not the ext ground stte of model rmiltoninD the nonEuniversl prt of the entnglement spetrum ppers t (nite entnglement energyF he seprtion etween the universl nd nonEuniversl prts of the enE tnglement spetrum de(nes n entnglement gp ∆ξF por instneD the prtile entnglement spetrum of the goulom stteD whih is very similr to the vughlin 1/3 stteD hs (nite entnglement gpF fut the ounting of sttes elow it is exE tly the sme s the numer of nonEzero eigenvlues of the redued density mtrix for the vughlin 1/3 stte @see pigF PFIIAF wore generillyD s long s the entnE glement gp does not loseD the ounting n e used to identify given topologil order y ompring the ounting with tht of the orresponding model stteF por instneD one n identify the vughlin stte in frtionl ghern insultor y omE pigure PFIPX ghrteriztion of the vughlin 1/2 stte in osoni frtionl ghern insultorD relized in 4×3 kgome lttieF A rtile entnglement spetrum of the N = 6 twofold ground stte t ν = 1/2D with prtile prtition N A = 3F here is (nite entnglement gp ∆ ξ etween the universl @low ξA nd nonEuniversl prts of the spetrumF he ounting of sttes per momentum setor elow the entnglement gp is equl to the numer of qusihole exittions in the N = 3 systemD shown in AF A vow energy spetrum of the frtionl ghern insultor with N = 3 osonsF puting nd digonlizing the redued density mtrix of the qEfold qusiEdegenerte ground stteF ine this ground stte is not extly the vughlin stteD there is (nite entnglement gp in the entnglement spetrumF sing the prEtoEpgs mpping of quntum numers @see eF PFQFQAD one n verify tht the ounting eE low the entnglement gp is the sme per momentum setor s the ounting for the ext vughlin stteF st lso orresponds to the ounting of qusihole exittions in the system with N A prtiles nd the sme geometry @see pigF PFIPAF xote tht in (nite sizeD the energy spetrum of the system with qusihole exittions might not lwys e gppedD s the degenery splitting etween low energy sttes n use the gp to lose for lrge numer of qusihole sttesF he i thus ppers s wy to proe the hrged exittions of the system diretly from the ground stteF woreoverD it llows to distinguish the topologil phse from hrge density wveD whih my hve the sme energeti signtures PTF 2.5 Exact diagonalization xumeril simultions re n essentil tool of the study of strongly orrelted sysE temsD due to the extreme di0ulty to do ny nlytil lultionF he frtionl quntum rll e'et is no exeption to this ruleF wodel wve funtions nd (eld theory re powerful methods to investigte the topologil order of the priD ut nnot e used to predit the existene of n inompressile phse t given (lling frtionD or ompute ny energeti quntityF o otin oth the eigensttes nd energy spetrum of rmiltoninD one n use ext digonliztion @ihAF he priniple of ih is firly simpleF pirstD one hs to generte ll the rilert spe on(gurtions orresponding to numer of prtilesD numer of )ux quntD 2.5. Exact diagonalization 75 ndD optionllyD the vlue of some quntum numer @if the rmiltonin ommutes with given opertorD they n e oth digonlized simultneouslyAF yne then omputes the mtrix elements tht onnet ll spe on(gurtionsD nd (nlly use digonliztion lgorithm @suh s vnzosA to otin the lowest eigenenergies nd eigenvetors of this mtrixF sf the rmiltonin is invrint under some symmetryD (xing the vlue of the orresponding quntum numer results in lokEdigonl rmiltonin whose loks n e digonlized seprtelyF his method is espeilly helpful to otin the low energy spetrum of rmiltoninD ut is limited y the exponentil growth of the rilert spe dimensionF yn the torus geometryD the numer of singleEprtile oritls in the lowest vndu level is given y the numer of )ux qunt N φ tht piere the torusF sf there re N fermions interting on the torusD the totl numer of sttes is thus the inomil oe0ient C N N φ F por instneD the vughlin stte n e oserved for N = 8 fermions living on the torus piered y N φ = 24 )ux quntD whih orresponds to dimension of 735471F fy tking into ount the trnsltionl invrine on the torusD one only hs to digonlize loks with dimension of the order of 3840F hen onsidering the fesiility of n ih lultionD there re two min ftors tht one hs to onsiderF he (rst is the mount of memory tht is needed to store ll of the rmiltonin mtrix elementsF ine vnzos is n itertive lgorithm tht uses these mtrix elements t eh itertionD it is often dvntgeous to store them in the rndomEess memory @ewA of the omputerD so tht they only hve to e omputed oneF his riterion n pper to e quite restritiveX storing the mtrix elements of the twoEody hollow ore intertion for N = 13 nd N φ = 39 @to otin the fermioni vughlin stteA requires 125Gb of ewD pity only ville on some powerful work sttions or speilized omputing lustersF xote tht the model intertion for the frtionl quntum rll sttes is highly lolD resulting in quite sprse rmiltonin mtrix @ut still muh denser thnD syD the rurd model or spin hin with nerest neighor ouplingsAF his mkes the pri good ndidte to e studied with ihD sine more dense rmiltonin would result in more mtrix elements to e storedF he seond ftor to onsider is the speed of the proessorsX if storing ll of the mtrix elements is not n optionD one n envision reomputing them t every stepD whih is only vile if the proessors re fst enoughF sn ny seD ih odes re prllelized so tht multiple proessors n perform simultneous opertionsF he interprettion of ih results inevitly relies on the nlysis of (nite size dtF es snity hekD it is thus neessry to ompre the results otined for the few essile system sizesF e similr ehvior ross vrious system sizes my justify the extrpoltion to the thermodynmi limitF he short orreltion length @iFeF lrge gpA ompred to the size of the system is n essentil ingredient of the pri physis tht ensures rpid onvergene of the mesurle quntities @suh s the energy gpA s we will see in the next hptersF sn this hpterD we explore the physis of series of frtionl quntum rll sttes in the ontinuumF e re prtiulrly interested in the low energy exitE tions of the vughlin stteD s well s the edEezyi sttes nd their low energy exittionsF hese wve funtions re interesting in tht they re exellent pproxE imtions of some phses of the frtionl quntum rll e'etF he edEezyi sttes present n dditionlD more exoti interestD sine they host nyoni exitE tions with nonEelin sttistisF he omplexity of the frtionl quntum rll e'et lls for the use of numeril methodsD to evlute the ury of the proE posed nstzD or test the vlidity of e'etive (eld theoriesF es pointed out t the end of the previous hpterD ext digonliztion ! the numeril method used throughout this mnusript ! is limited y the exponentilly growing size of the rilert spe of the desried systemD nd is est t desriing losed systemsD with mximl sptil symmetryF he sphere introdued y rldne SU nd the torus re the simplest losed twoEdimensionl surfesD nd re used in mny numeriE l simultionsF he sphere is simpler hoie thn the torus in mny respetsD whih explins why most preexisting works fous on the sphereF here is simple mpping of the singleEprtile oritls from the plne to the sphere geometry @only Chapter 3. The Z k Read-Rezayi states and their neutral excitations on the torus the normliztion di'ersAD leding to polynomil mnyEody wve funtions on the sphereF yn the torusD there re lso some numeril omplitions due to the periE odi oundry onditionsD whih mke the rute fore lultion of the intertion rmiltonin extremely ostly for nEody intertionF yn the other hndD the topologil degenery of the ground stte ppers on the torusD ut not on genus 0 surfe like the sphereF he similrity of the torus with lttie systems @whih re typilly de(ned with periodi oundry onditionsD nd will e the fous of the next two hptersA onstitutes n dditionl motivtion to study the frtionl quntum rll e'et on the torusF his hpter is strutured in the following wyX (rstD we fous on the edE ezyi sttes @ground stte nd qusihole exittionsA on the torusD nd see how they n e written in terms of simpler quntum rll wve funtionsD using projetive onstrutionF henD we review the generl properties of the neutrl low energy modes ove the two simplest of the edEezyi sttesD the vughlin nd wooreE ed sttesF pinllyD we study the spei(ities of the low energy exittions ove the vughlin nd wooreEed sttes on the torusD nd propose pproximte wve funtions for these modesF he ury of the pproximtion is tested through n extensive numeril studyF 3.1 Projective construction of the Read-Rezayi states 3.1.1 The bosonic Read-Rezayi states on the torus he osoni Z k edEezyi stte Ψ k is the densest zeroEenergy ground stte t ν = k/2 of the (k + 1)Eody ontt intertion expressed in iqF @PFQTA projeted into the lowest vndu levelF his model rmiltonin n lso e written in seond quntized nottions

ρ = 1 q q i=1 |Ψ i Ψ i | @PFTWA
H int,k = d 2 r : [ρ(r)] k+1 : @QFIA where ρ(r) = ψ † (r)ψ(r), @QFPA
is the density opertor written in terms of the (eld opertor ψ † (r)D tht retes oson in the lowest vndu level t position rD nd :: represents the norml orderingF yn the torus the Z k edEezyi ground stte ppers t (lling frtion ν = k/2D tht is to sy if the numer of prtiles N nd the numer of )ux qunt N φ oey kN φ = 2N. @QFQA his reltion nnot e stis(ed for ll system sizesD sine oth N nd N φ hve to e integerF por exmpleD if k is odd nd N φ is oddD there exists no ground stteF sf ground stte existsD it n exhiit topologil degenery on the torusF his degenery is hllmrk of the spei( topologil orderD s ws disussed in eF PFPFPF he topologil order relized y osoni Z k edEezyi stte is lelled y the 0ne vie lger (2) k nd ontins (k + 1) irreduile represenE ttionsD orresponding to (k + 1) topologil nyon exittionsF husD on the torus

k odd k even (k x , k y ) deg. (k x , k y ) deg. N φ odd - (0, 0) 1 N φ even (0, 0) k+1 2 (0, 0) k 2 (0, N φ /2) k+1 2 (0, N φ /2) 1 (N φ /2, 0) 1 (N φ /2, N φ /2) k 2 -1
le QFIX qround stte degeneries nd moment of the Z k edEezyi stte on the torusF por k odd @respetively evenAD the momentum quntum numers k x , k y thus elong to N φ /2×N φ @respetively N φ ×N φ A frillouin zoneF hese momentum quntum numers re de(ned in the vndu xEguge with vetor potentil A(r) = (0, -Bx)F ee eF PFPFQFI for the de(nition of the momentum quntum numersF with n even numer of )ux qunt N φ D ny Z k edEezyi stte is (k + 1)Efold degenerteF he momentum quntum numers of the degenerte ground sttes re given in F QFIF here is fundmentl di'erene etween k even nd k oddF por k oddD N must e multiple of k for the (lling frtion to e ν = k/2F hen k is evenD there re two lterntivesX N is either n integer multiple of k @nd N φ is evenA or hlfEinteger multiple of k @nd N φ is oddAF sn the ltter seD there is unique Z k stteF xote tht this feture is spei( to the torus geometry @or ny surfe of genus 1AD nd sent on the sphere @ surfe of genus 0AF his disrepny is rooted in the topologil order of the edEezyi sttesD ut simple onsidertions on the (lling ftor n help understnd itF e hve de(ned the shift δ in iqF @PFPHA in reltion to the disrepny etween the (lling frtion in (nite size nd in the thermodynmi limitF here is no shift on the torusD suh tht iqF @QFQA is true for ny system sizeF yn the sphereD howeverD the shift for the osoni edEezyi sttes is δ = 2D resulting in the following equlity

N = k 2 (N φ + δ) @QFRA
gonsequentlyD the prtile density of the osoni Z k edEezyi sttes is lrger on the sphere thn on the torusF his imposes stronger onstrints on the numer of prtiles for whih these sttes n e oservedF yn the sphereD the Z k edEezyi sttes @in their densest version tht veri(es iqF @QFRAA pper only when the numer of prtiles N is multiple of kD nd it is not degenerteF pinllyD if one devites from the (lling ftor ν = k/2 y inresing the numer of )ux quntD qusihole exittions re nuletedF heir wve funtions orrespond to the zero energy sttes of the model rmiltonin @QFIAF he numer of zero energy sttes @nd their quntum numersA for given numer of prtiles nd given numer of )ux qunt n e dedued from the lustering properties of these sttes PPD PIF his numer is lso relted to the numer of prtitions oeying the (k, 2) generlized exlusion prinipleD s detiled in eF PFPFRF Chapter 3. The Z k Read-Rezayi states and their neutral excitations on the torus

Numerical challenges

o perform n ext digonliztion lultionD we need to write the rmiltonin in the ouption sisF he (k+1)Eody ontt intertion rmiltonin @PFQTA n e written generilly s funtion of the pourier trnsform of the density opertor projeted onto the lowest vndu level ρ q F por simpliityD we de(ne n = k + 1 in this setionF he rmiltonin writes

H = q 1 ...qn
: ρq 1 ...ρ qn : δ q 1 +...+qn,0 @QFSA where :: represents norml orderingD nd δ q 1 +...+qn,0 is uroneker symol tht enfores the onservtion of momentumF he sum runs over disrete moment

q i = (q xi , q yi ) = 2πs i L x , 2πt i L y @QFTA
where s i nd t i n tke ny integer vlue @positive or negtiveAF fy de(nitionD ρq is the pourier trnsform of the projeted density opertor ρ(r) ρq = d 2 r e -iq•r ρ(r) @QFUA nd ! using the expression iqF @IFRSA of the singleEprtile eigensttes on the torus ! n e onveniently expressed s

ρq = e -l 2 B |q| 2 /4 N φ -1 j=0 e -2πis N φ (j+t/2) c † j c j+t @QFVA
where c † j @respetively c j A retes @respetively nnihiltesA oson in the oritl j of momentum 2πj/L y @see eppendix e for the derivtion of this formulAF he generi expression for ny nEody rmiltonin is the following

H = j 1 ,j 2 ,...j 2n V j 1 j 2 ...j2n c † j 1 ...c † jn c j n+1 ...c 2n @QFWA
sn the se of the ontt intertionD the oe0ient V j 1 j 2 ...j2n n e derived using iqF QFVF e need to ompute the vlue of V j 1 j 2 ...j2n for ll sets of 0 ≤ j i < N φ tht respet the onservtion of momentum j 1 + ... + j n = (j n+1 + ... + j 2n ) mod N φ F e ll ρ j,s,t the mplitude of the ontriution of c † j c j+t to ρq D where the reltion etween sD t nd q is given in iqF @QFTAF xote tht while the oritl indexes j i re de(ned modulo N φ D nd n only tke (nite numer of vlues @0 ≤ j i < N φ AD the projeted density opertor n e written for n in(nite numer of moment qD suh tht the sums tht pper in iqF @QFSA re in(niteF he expression V j 1 j 2 ...j2n in terms of the oe0ients ρ j,s,t must re)et this nd ontin in(nite sumsF he intertion oe0ient writes where ll summtion oe0ients n tke ny integer @positive or negtiveA vlueF feuse of the uroneker symolD three of the summtion oe0ients re tully onstrined to unique vlueF his leves us with 2(n -1) nested in(nite sumsF por smll N φ D the mplitude of the density opertor dereses rpidly with the moE mentumD thnks to the rpid dey of the qussin ftorF his limits the tul numer of terms to e dded to otin the sumF por n = 2 @model intertion to generte the vughlin stte nd its exittionsAD omputing the intertion oe0E ients is not the limiting ftor to determine the mximl numer of )ux qunt N φ tht n e rehedD ut for n ≥ 3D the omplexity O(N

V j 1 j 2 ...j2n = l δ j 1 +...
2(n-1) φ
) of omputing V j 1 j 2 ...j2n limits the system sizes tht n e simultedF o remedy this prolemD one n tke dvntge of the trnsltionl symmetry of the system to ftorize the sums into two ftors involving n-1 nested sums ehF his pproh ws used in efF IIV to ftorize the twoEody intertion @n = 2AF e give in eppendix f the ftorized intertion oe0ient for ontt nEody intertion with no demonstrtion @the se n = 3 is derivedAF sn the ftorized expression of the rmiltoninD the trnsltionl invrine of the system ppers expliitlyD sine enter of mss nd reltive momentum oordintes n e seprtedF he omplexity of the lultion hs een redued to O(N n-1 φ )F his is ruil improvementD espeilly sine we need to ompute the nEody intertion for n ≥ 3F xote tht one this ftoriztion is implementedD the digonliztion of the rmiltonin mtrix itself eomes the most time onsuming prt of the lultionD for ny n or N φ F por rilert spes of omprle dimensionsD the digonliztion time inreses with the vlue of nF his is due to the ft tht the rmiltonin is less nd less sprse s n growsF 3.1.3 The projective construction on genus 0 surfaces sn eF PFIFSD we introdued the osoni Z k edEezyi sttes s the result of the symmetriztion QH over the opy index of k independent opies of the vughlin stteF he proedure of iqF @PFQSA is in ft generiD nd the osoni Z gk edE ezyi stte n e otined y symmetrizing over g opies of the Z k stteF o mke things more spei(D we ll S g→1 the opertor tht symmetrizes over g opies Chapter 3. The Z k Read-Rezayi states and their neutral excitations on the torus of the Z k edEezyi stteF

|Ψ gk = S g→1 |Ψ k ⊗ • • • ⊗ |Ψ k g times . @QFIQA
he tion of S g→1 ws written expliitly in rel spe in iqF @PFQSAD with S ≡ S g→1 for k = 1F rereD we n piture the diret produt of |Ψ k sttes s eing de(ned on g lyers of the sme mnifoldF por instneD we n onstrut Z g edEezyi stte for ny g y symmetrizing over g lyers of ν = 1/2 osoni vughlin sttesF es simple exmpleD onsider two lyers of the ν = 1/2 osoni vughlin stte with two prtiles ehF e fous on the polynomil prt of the wve funtion onlyD given y Ψ 1 (z 1 , z 2 ; z 3 , z 4 ) ≡ (z 1 -z 2 ) 2 (z 3 -z 4 ) 2 D when prtiles I nd P re in one lyer nd prtiles Q nd R re in the otherF rereD z i = x i -iy i is the omplex oordinte of prtile i on the diskF ymmetriztion mounts to summtion over ll possile even distriutions of the four prtiles over the two lyers

Ψ 1 (z 1 , z 2 ; z 3 , z 4 ) S 2→1 -→ Ψ 1 (z 1 , z 2 ; z 3 , z 4 ) + Ψ 1 (z 1 , z 3 ; z 2 , z 4 ) + Ψ 1 (z 1 , z 4 ; z 2 , z 3 ) = 2Pf 1 z i -z j 4 i<j (z 1 -z j ).
@QFIRA e reognize the lst line of iqF @QFIRA s the wooreEed stte of iqF @PFQIA for R prtilesD up to normliztion ftorF his gives prtil de(nition of the symmetriztion opertor for (rstEquntized mnyEody wve funtionsX sum the wve funtion over ll possile distriutions of the prtiles in the g lyers tht keep the prtile numer in eh lyer (xedF prom this de(nitionD we n esily see why the onstrution worksD sed on the vnishing properties of the edEezyi sttesD expressed in eF PFIFSF e onsider system mde of two opies of the vughlin ν = 1/2 stteD nd ring three prtiles of this system to the sme positionF sn every distriution of the prtiles etween the two opiesD one of the opies hosts luster of t lest two prtilesD ensuring tht ll terms in the symmetriztion sum vnish @sine eh term is produt of two vughlin sttesAF sf we ring only two prtiles to the sme pleD some terms of the sum @orresponding to one of these prtiles in eh lyerA do not vnishF he resulting stte thus hs the vnishing properties of the wooreEed stte @it vnishes when t lest three prtiles re rought to the sme positionAD nd is zero energy eigenstte of the model rmiltonin iqF @PFQTAF ine the (lling ftor is douled y the symmetriztion proedureD the symmetrized stte is hrterized y ν = 1D nd is equl to the wooreEed stteF sn seond quntiztionD the equivlent opertion ting on singleEprtile operE tors n e de(ned s followsX vet Φ † j,l e the singleEprtile opertor tht retes oson in oritl j of lyer l = 0, • • • , g -1F @e ssume tht ll lyers re equivlent nd the oritls re leled in the sme wyFA henD the symmetriztion S g→1

Φ † j,l S g→1 → Φ † j .
@QFISA mps these opertors to the singleEprtile opertors φ † j in single lyer system @hene we n suppress the lyer indexAD iFeFD it simply erses the lyer index of the opertorsF e note tht there is fundmentl prolem with the symmetriztion onstruE tion @QFIQA for systems of (nite sizeF sf densest ground stte |Ψ gk hs prtile numers N tht is not divisile y gD this prtile numer nnot e spred eqully over g densest sttes |Ψ k F o give simple exmpleD onsider the osoni wooreE ed stte |Ψ 2 with N = 7 prtilesD whih is zeroEenergy ground stte of the rmiltonin @QFIA on torus with N φ = 7 )ux qunt @(lling ν = 1AF yn the sme torusD the osoni ν = 1/2 vughlin stte |Ψ 1 does not exist s zero energy ground stteD sine N φ = 7 is not divisile y twoF yne ould onsider symmetrizing over vughlin qusihole stte with N = 3 nd vughlin qusieletron stte with N = 4 @the ltter eing t (nite energy sine its (lling ftor is lrger thn tht of the vughlin stteAF roweverD this onstrution n t est yield n pproximtion of the desired |Ψ 2 ground stte @we heked numerilly tht the orresponding overE lp ws of the order of 0.998 for N = 17AF st might e possile to otin the ext stte y using the omposite fermion UP expression of the qusieletron sttesD ut these re very hrd to otin on the torus TWD RRF e similr ostrution ppers for ll Z k edEezyi sttes with k even on torus with odd N φ F his ostrution to uild the Z k edEezyi sttes from lyered onstruE tion lso ours when looking t qusihole exittionsF edding )ux qunt to the originl ν = k/2 system is wy to nulete qusihole exittions of the Z k edE ezyi sttesF hile the ostrution disppers for su0ient numer of dded )ux quntD not ll qusihole sttes re immune to this issueF he system with 7 prtiles on torus piered y N φ = 5 )ux qunt hs (lling frtion stritly lower thn 3/2D nd thus dmits zero energy sttes of the 4Eody intertion of the Z 3 edEezyi stteF roweverD the 7 prtiles n t est e spred into two lyers with 2 prtiles @vughlin qusihole stteA nd one lyer with 3 prtiles @vughlin qusieletronAD resulting in nonEzero energy stte fter symmetriztionF sn generlD we see tht for odd N φ nd the lrgest N suh tht N/N φ ≤ k/2D the Z k sttes nnot e onstruted using the symmetriztion tehniqueF 3.1.4 The projective construction with a twist sn this setionD we will demonstrte tht n lterntive symmetriztion sheme on the torus n remedy this ostrutionF he key ide is to hnge the oundry onditions etween the lyers from periodi to twistedD s depited in pigF QFIF iquivlentlyD this n e seen s introduing topologil defet line tht permutes the lyer indies IRD IPD IQD IID ISUF imilrly to the symmetriztion over multiE ple independent lyersD our onstrution with twisted oundry onditions in one diretion etween the lyers lone does not yield the omplete Z k mnifoldF o otin the omplete mnifoldD two of the three symmetriztion shemes @untwisted multilyerD twist in x diretionD twist in y diretionA hve to e ominedF his onstrution is vlid not only on the torusD ut in ny geometryF wore detils n Chapter 3. The Z k Read-Rezayi states and their neutral excitations on the torus

L x L y L x L y L y L x (a) (b) (c)
pigure QFIX filyer system with di'erent types of topologil defetsF A filyer system with no defetF A filyer system with twist defet long the y diretionF sf the system hs periodi oundry onditionsD it is trnsformed into monolyer torus with douled length in the x diretionF A filyer system with defet long the x diretionF sf the system hs periodi oundry onditionsD it is trnsformed into single lyer torus with douled length in the y diretionF e found in efF IQUF es mnifoldD doule lyer torus of size L x × L y with twisted oundry ondiE tions in the xEdiretion @respetively yEdiretionA is equivlent to single lyer torus of size 2L x × L y @respetively L x × 2L y AF xote tht the mgneti (eld is preservedD nd the numer of )ux qunt piering the two times enlrged torus is thus 2N φ F st is possile to show tht tht this equivlene etween mnifolds is lso respeted y the model rmiltonin @QFIA for the edEezyi stteF o e more preiseD let us fous on k = 1 nd onsider ilyer system of size L x × L y with twisted oundry onditions in the xEdiretionF feuse of the twistD it is not possile to lel the two lyers with glol indexD ut lollyD one n lwys distinguish two di'erent lyersF he N osons living on this mnifold intert vi the twoEody ontt inE tertionD whih ts on two osons with the sme lyer indexF yn the other hndD we onsider N osons living on single lyer torus of size 2L x × L y D interting vi the twoEody ontt intertion of iqF @QFIAF he two systems desried here re in ft equivlentD nd the sene of interlyer intertion in the originl rmiltonin is key to proving itF his equivlene rries over to the g lyer torus @see pigF QFP for n illustrtion of di'erent possile oundry onditions of three lyersAF ther thn proving this property @the detiled demonstrtion ws provided in efF IQUAD we will fous on giving prtil de(nition of the symmetriztion proedure on the g times enlrged torusD in (rst nd seond quntized nottionsF sn ftD we will see tht simple rguments ! sed on writing the tion of the symmetriztion opertor in rel spe ! llow us to derive the vnishing properties of the symmetrized sttesF e de(ne T s the retngulr torus of size L x × L y D nd (gT ) i s the torus enlrged g times in the i diretion @for exmpleD (gT ) x is the retngulr torus of size gL x × L y AF he symmetriztion opertor S (gT ) i →T ts on mnyEody wve funtion de(ned on (gT ) i D i = x, y nd yields mnyEody wve funtion de(ned on the torus T F e strt y writing the tion of S (gT ) i →T in (rst quntized nottionF he trnsltion opertor T j L i e i @s de(ned in eF PFPFQFIA trnsltes the prtile j y L i e i on (gT ) i D i = x, yF he symmetriztion identi(es positions tht re relted y ny trnsltion of vetor δL i e i D where 0 ≤ δ < gD δ ∈ ZF trting from 3.1. Projective construction of the Read-Rezayi states 85 mnyEody wve funtion Ψ on (gT ) i torusD the symmetrized wve funtion reds

S (gT ) i →T Ψ (r 1 , • • • , r N ) = {0≤δ j <g}   N j=1 T j δ j L i e i   Ψ (r 1 , • • • , r N ) .
@QFITA where r j denotes the oordintes of the jEth prtile restrited to the L x × L y regionF ith our guge hoie @see iqF @IFRRAAD mgneti trnsltions in the y diretion T j δ j Lyey identify with simple sptil @not mgnetiA trnsltionsF es resultD the trnsltions in the y diretion re not ompnied y phse hngeD nd iqF @QFITA hs n even more expliit expression for S (gT )y→T

S (gT )y→T Ψ (r 1 , • • • , r N ) = {0≤δ j <g} Ψ (r 1 + δ 1 L y e y , • • • , r N + δ N L y e y )
@QFIUA he vnishing properties of the symmetrized wve funtion n immeditely e dedued from those of ΨF sndeedD if Ψ is vughlin wve funtion @or one of its qusihole exittionsAD it vnishes when two prtiles re t the sme pointF here re terms in the sum of iqF @QFIUA where δ 1 , • • • , δ g re ll distint integersF sf we put the g (rst prtiles t the sme positionD these terms do not need to vnishF e now ring the (g +1)Eth (rst prtiles t the sme positionF sn eh term of the sumD t lest two integers δ i mong δ 1 , • • • , δ g+1 re equlD ensuring tht Ψ is evluted t position inluding two equl oordintesF hus S (gT )y→T Ψ vnishes when g + 1 prtiles re t the sme positionD proving it is zero energy eigenstte of the (g+1)E ody ontt intertion @QFIAD iFeF Z g edEezyi wve funtion @or one of its qusihole exittionsAF e similr rgument holds true for the symmetriztion on the (gT ) x torusD inluding iqF @QFITAF riting the tion of the symmetriztion opertors in rel spe is useful to derive the vnishing properties of the symmetrized sttesD ut it is not very prtil for numeril purposesF por thtD we need to derive their tion on the singleEprtile opertorsF trting from the singleEprtile sttes Φ (gT ) i j D j = 0, ...gN φ -1 on the g times enlrged torus (gT ) i D we wnt to uild sis of singleEprtile wve funtions Φ T j D j = 0, ...N φ -1 on the torus T F pirstD we fous on (gT ) x D the torus enlrged g times in the x diretionF sing the ommuttion properties @IFRIA of the singleE prtile trnsltion opertorsD we write

T ey T Lxex Φ (gT )x j = e 2πiN φ /Ly T Lxex T ey Φ (gT )x j @QFIVA = e 2πi(j+N φ )/Ly T Lxex Φ (gT )x j
hus on the (gT ) x torusD trnsltion of prtile y vetor L x e x shifts the oritl index y N φ F

T Lxex Φ (gT )x j = Φ (gT )x (j+N φ )modulo(gN φ )
@QFIWA Chapter 3. The Z k Read-Rezayi states and their neutral excitations on the torus

L x L y L x L y L x (a) (b) (c)
L y pigure QFPX rilyer system with di'erent types of topologil defetsF A rilyer system with no defetF A rilyer system with defet long the y diretion onE neting the two upper lyersF ith periodi oundry onditionsD this system is equivlent to ilyer torusD with the (rst lyer hving spet rtio PD nd the seond lyer hving spet rtio IF A rilyer system with defet long the y diretion onneting respetively lyers I @lueA nd P @redAD P nd Q @greenAD Q nd IF ith periodi oundry onditionsD this system is equivlent to torus with spet rtio QF e vlid singleEprtile stte on the T torus must verify the periodi oundry onE ditions of iqF @IFRRAD in prtiulr

T Lxex Φ T j = Φ T j @QFPHA
@the periodi oundry onditions in the y diretion re utomtilly veri(ed y de(nition of Φ (gT )x j AF Φ T j n thus e written s liner omintion with equl oe0ients of g singleEprtile sttes on (gT ) x regulrly distriuted in momentum spe @see pigF QFQ for n exmple with g = 2AF

Φ T j = 1 √ g g-1 s=0 [T Lxex ] s Φ (gT )x j @QFPIA = 1 √ g g-1 s=0 Φ (gT )x ( j+sN φ ) @QFPPA
o write these sttes s funtion of the singleEprtile sttes on the (gT ) y torusD we n use the ft tht in the y diretionD the singleEprtile wve funtions ehve like plne wves F his implies

T Lyey Φ (gT )y j = e 2πij/g Φ (gT )y j @QFPQA es resultD Φ (gT )y j
is invrint under mgneti trnsltion T Lyey whenever the prtile momentum j is multiple of gD nd the wve funtions

Φ T j = Φ (gT )y g j @QFPRA
re vlid singleEprtile sttes on the torus T F 3.2. Physics of the neutral modes 87 he ove disussion of the trnsltionl properties of the singleEprtile sttes holds for the singleEprtile opertorsD nd gives prtil implementtion of the symmetriztion opertor in seond quntized nottionF por g times enlrged torus in the x diretionD the dded ouptions of the g oritls (j +N φ )modulo(gN φ ) give the ouption of the j th oritl on the T torusF yn the other hndD the ouption of the (gj) th oritl on the (gT ) y torus eomes tht of the j th oritl on j th F hese onstrutions re summrized in the se of twie enlrged torus in pigF QFQF his prtil implementtion of the symmetriztion llowed us to test it in (nite size systemsF o enhmrk our onstrutionD two seprte questions re relevntF pirstD wht re the properties of the onstruted sttesD nd in prtiulrD re these sttes the ext sttes tht we re trying to reprodueD or some pproximtionc sf Ψ is zero energy eigensttes of the (k + 1) ontt intertion @QFIA we know from the vnishing properties tht the symmetrized sttes must e zero energy eigensttes of the (gk + 1) ontt intertionF his nswers the question in the se of edEezyi ground stte or qusihole stteX the onstrution yields sttes tht re extly the Z gk sttesF hen Ψ is low @ut nonEzeroA energy exittion of Z k edEezyi stteD we will show in eF QFQFPFP tht the symmetrized sttes re good pproximtions of the neutrl low energy exittions of the Z gk edE ezyi stteF he seond question onerns the ompleteness of the desriptionF es pointed out in eF PFPFRD the numer of qusihole sttes for given frtionl quntum rll stte is signture of the topologil orderF feing le to write ll qusihole sttes within the projetive onstrution is thus ruilF his lso rings us k to our originl motivtion for this studyD the ft tht some sttes were missing in the deoupled multilyer onstrutionF e thus generted numerilly @using ext digonliztionA the Z k qusihole mnifolds for k = 1, 2, 3, 4 nd ll essile N nd N φ F e ompred the mnifolds resulting from the symmetriztion of the Z k qusihole sttes with the Z gk qusihole mnifolds otined using ext digonliztionD nd found tht these mnifolds were identilD iFeF the desription is omplete @see efF IQU for detilsAF sn this setionD we presented n ext onstrution of the Z k edEezyi sttesD fousing on the zero modes of the model rmiltonin @QFIAF sn the rest of the hpterD we will turn to the physis of the low energy exittion ove these ground sttesF e look t k = 1 nd k = 2D iFeF the neutrl exittions ove the vughlin nd wooreEed ground sttesF wost of the existing literture studies these exited sttes on the sphere geometryD nd will give n ount of previous results on the sphere in the following setionD efore moving on to the torus geometryF 3.2 Physics of the neutral modes 3.2.1 The collective excitation mode above the Laughlin state he ground stte of the goulom intertion t ν = 1/3 is understood to e gppedD sine it orresponds to plteu of the rll ondutivityF st is interesting to invesE tigte its lowest energy exittionsD to gin some insight s to why there is gpD Chapter 3. The Z k Read-Rezayi states and their neutral excitations on the torus

L x L y 2L x 2L y j L x L y j j j + 1 j + N a) b) c)
pigure QFQX hemti representtion of the symmetriztion proedure to otin the ground stte on the T torus of dimensions L x × L y piered y N φ )ux quntF he oritls olored in red hve eome equivlent fter symmetriztionF A he T torus ilyer of lengths L x × L y D piered y N φ )ux quntF A he (2T ) x torus of lengths 2L x × L y D piered y 2N φ )ux quntF A he (2T ) y torus of lengths L x × 2L y D piered y 2N φ )ux quntF nd wht mehnism my ompromise the stility of this gpF qirvinD whonE ldD ltzmn RWD SH proposed tril wve funtion to desrie the low energy exittion ove the ground stte t (lling 1/3F heir pproh ws inspired y peynmn9s onstrution of phononElike exittions in super)uid reliumF he prinE iple of this onstrutionD lled single mode pproximtion @weA is tht the low energy exittion should e density modultion of the ground stteF essuming the neutrl exited sttes indeed form density wveD the we gives us their wve funtion s funtion of the ground stte wve funtion

Ψ SM A (k) = 1 √ N ρk Ψ (r 1 , ..., r N ) @QFPSA
where ρk is the pourier trnsform of the density opertor projeted into the lowest vndu levelD nd Ψ (r 1 , ..., r N ) is n nstz for the ground stteF yne n use the ext ground stteD s otined y ext digonliztionD or model wve funtion suh s the vughlin stte of iqF @PFIUAF he lowest vndu level projetion is useful to ensure there is no mixing with higher vndu levelsD s should e the se for low energy exittion t high mgneti (eldF gonsidertions on the neutrl modeD s well s the we extend to osoni systemsD with (lling frtion ν = 1/2F he energy of this tril wve funtion ws evluted numerilly on the sphere geometry for the goulom nd the model rmiltonin of iqF @PFPQAD nd shows gret greement IUV with the ext energies of these modelsD espeilly t long wveE lengthF sn prtiulrD it reprodues orretly the roton minimum tht ppers in the dispersion reltionD nd tht gives its nme to the neutrl modeX mgnetoEroton @see pigF QFR for plot of the mgnetoEroton in (nite sizeAF he qw pproh predits deepening of the roton minimum s the (lling frtion deresesD nd losing of the gp t ν 1/6.5 t wve vetor mplitude k W @see efF RWAF his is omptile with the symmetry reking tht ours t low (llingD orresponding to the formtion of igner rystlF sn prtiulrD the position of the roton minimum k W is omptile with the lttie onstnt of the igner rystlF he suess of the qw pproh vlidtes the understnding of the mgnetoE roton mode s density wveF st is sign tht the mgnetoEroton mode emerges from the intertion of qusieletronEqusihole pir with the vughlin liquid kE groundF ithin this interprettionD the mgnetoEroton sttes n e viewed s sttes tht minimlly violte the generlized exlusion priniple of eF PFPFRF efF IUV vlidted this interprettion y proposing tril wve funtions for the neutrl mode within this pprohF his provides model wve funtions greeing with the we t long wvelengthD nd re even etter pproximtions of the mgnetoEroton sttes for ll momentF 3.2.2 The neutral modes above the Moore-Read state vike the vughlin stteD the wooreEed stte hs well de(ned olletive exittion modeF he wooreEed stte eing pired stte @see eF PFIFSAD its properties nd tht of its exittions drmtilly depend on the prity of the numer of prtilesF yn the sphereD the wooreEed only ppers t even numers of prtilesF here is neutrl mode ove this stteD whih is lso lled mgnetoEroton modeD euse it ers strong similrities to the mgnetoEroton mode ove the vughlin stteF sndeedD it is well desried y the singleEmode pproximtion IUVF por n odd numer of prtilesD no zero energy ground stte of the threeEody ontt @respetively hollow oreA rmiltonin is found t (lling frtion ν = 1 for osons @respetively ν = 1/2 for fermionsA on the sphereF sn spite of the sene of zero energy stteD there is neutrl low energy mode with dispersion di'erent from tht of the mgnetoEroton modeD s numerilly shown in efsF IHQD PUF his mode ws dued neutrl fermion modeF foth the mgnetoEroton nd the neutrl fermion modes n e viewed s sttes tht minimlly violte the generlized exlusion prinipleF sn the mgnetoEroton modeD the violtion ppers s qusieletronE qusihole pirD similr to the vughlin seF sn the neutrl fermion modeD the violtion onsists of single unpired prtile in kground of pired prtilesF he tk polynomil pproh of efF IUV ws lso dpted in the sme work to the neutrl modes ove the wooreEed stteD thus vlidting the ove interprettionF pinllyD tril sttes for the mgnetoEroton nd neutrl fermion modes n e written on the sphere using the projetive onstrution of frtionl quntum rll sttes presented in eF QFIFQF ithin the projetive onstrutionD the neutrl modes n e pproximted IRPD ISHD ISI using elementry exittions of the vughlin stte @qusieletronD qusihole nd exitonAF xote tht the qusieletron nd exiton @qusieletron E qusihole pirA sttes n e pproximted using the omposite fermion onstrution on the sphereD thus filitting the projetive pprohF pigure QFRX ixt digonliztion results for the model twoEody intertion on the torus t (lling ν = 1/2F A vow energy spetrum for up to N = 13 osons nd N φ = 2 × N )ux quntD s funtion of the modulus of the momentum kD whih ws de(ned in iqF @QFPVAF A ling of the mnyEody gp s funtion of the inverse numer of prtilesF e see tht the (nite size e'ets eome negligile for reltively smll systems @N > 7A

olletive modes orresponding to the model rmiltonin of iqF @QFIA @the osoni vughlin nd wooreEed sttes re ext ground sttes of this rmiltonin for respetively k = 1 nd k = 2AF e use the model intertion for simpliityF elsoD in osoni systemsD the ontt twoEody intertion is more relisti thn ny longer rnge intertionD sine the most relevnt experimentl system for the osoni frtionl quntum rll phses re old tomi gsesF woreoverD on the sphereD efF IHQ showed tht the neutrl modes ppered most lerly if one used the model threeEody intertion insted of ny more relisti twoEody intertionF his motivtes using the threeEody intertion on the torus s wellF e strt y digonlizing the model rmiltonins of the osoni vughlin nd wooreEed sttesD t respetive (ling ftors ν = 1/2 nd ν = 1D s written nd ftorized in eF QFIFPF e show tht the single mode pproximtion @weA n esily e dpted to the torus geometryF elsoD the new form of the projetive onstrution n e used to pproximte the neutrl modes ove the wooreEed stte with high uryF 3.3.1 Neutral mode above the Laughlin state on the torus

Exact diagonalization results

e fous on (lling frtion ν = 1/2 of the lowest vndu levelF xote tht while ll numeril results re given for ν = 1/2D the nlytil expressions in this setion re vlid generilly for ny (lling frtion ν = 1/q where q is n even integerF e need to properly hoose the quntum numers ginst whih to plot the spetrumD to unveil the dispersion reltion of the neutrl modeF es seen in eF PFPFQFID the trnsltions on the torus n e ftorized into the produt of enter of mss @gwA nd reltive trnsltionF he gw trnsltion opertor long the y xis nd the reltive trnsltion opertor long the x xis ommute with eh other nd with the rmiltoninF he eigensttes of the rmiltonin thus rry the orresponding momentum quntum numers k tht elong to the pr frillouin zone BZ FQH

BZ FQH ≡ k = 2π L x k x ẽx + 2π L y k y ẽy k x = 0, • • • , GCD(N, N φ ) -1; k y = 0, • • • , N φ -1} . @QFPTA
where qgh stnds for the gretest ommon divisorD nd ẽx , ẽy re two unit vetors in the reiprol lttieD suh tht e i • ẽj = δ i,j F sn the followingD we shll only onE sider ses where N φ = qN @orresponding to the (lling frtion 1/q of the vughlin stteAD so tht BZ FQH onsist of N × N φ pointsF he enter of mss degenery inE trodued in eF PFPFQFI reltes q sttes tht di'er y gw momentum trnsltion k y → k y + N modulo N φ F yn the sphereD the mgnetoEroton is oserved when the spetrum is plotted s funtion of the ngulr momentum LF enlogouslyD on the torusD the spetrum should e plotted s funtion of |k|F o void redundnies due to the enter of mss degeneryD k should e hosen in the redued frillouin zone SWD whih is of size

N × N t (lling ν = 1/q BZ red,1/q FQH ≡ k = 2π L x k x ẽx + 2π L y k y ẽy k x = 0, • • • , N -1; k y = 0, • • • , N -1} .
@QFPUA hile the q topologilly degenerte ground sttes pper t di'erent moment K α ∈ BZ FQH D with α = 0, • • • , q -1D they ll mp to momentum k = 0 in BZ red,1/q FQH F his wyD ll their mgnetoEroton dispersions oinide t the sme momentF golE lpsing dt for vrious system sizesD pigF QFR lerly exposes the mgnetoEroton mode s n exittion mode ove the ground stte nd elow the ontinuum of higher energy exittionsF he dt is then plotted s funtion of |k|D iFeFD

|k| = 2π √ N sin θ r -1 k 2 x + rk 2 y -2 cos θ k x k y , @QFPVA
where r = L x /L y is the spet rtioD nd θ is the ngle formed y e x nd e y D the vetors spnning the torusF e oserve in pigF QFR tht the mgnetoEroton dispersion does not show mgnetoEroton minimumD ut rther )ttens out for moment |k| > 2F his ehvior n e ttriuted to the shortErnge nture of the pseudopotentil intertionF sn ontrstD for the goulom intertionD deep minimum would e visile @see efF IUV for omprison etween short rnge intertions nd the goulom intertionAF por wide rnge of system sizesD the pr mgnetoEroton modes ll fll on the sme urveD s shown pigF QFRF sndeedD the gp etween the ground stte nd the (rst exited stte @whih elongs to the mgnetoEroton modeA exhiits lmost no (nite size e'etD strting from N = 7F e extrt the mnyEody gp of the pr systems nd plot it s funtion of 1/N in pigF QFR F he thermodynmi extrpoltion of the gp yields vlue of 92 Chapter 3. The Z k Read-Rezayi states and their neutral excitations on the torus ∆ = 0.615(5) × V 0 D where V 0 is the sle of the twoEprtile intertion energyF he sling of the gp on the sphere geometry ws studied in efsF IQPD IQQD nd shows more importnt (nite size e'et thn we oserve on the torusF he extrpolted gp of the vughlin ν = 1/2 system on the sphere is 0.60(1) × V 0 D in greement with our vlue on the torus geometryF xote tht the sling on the sphere ssumed liner ehvior s funtion of 1/N D whih my underestimte the thermodynmi vlue of the gpF 3.3.1.2 Single mode approximation on the torus o use the we @QFPSA on the torusD we hve to tke into ount the qEfold degenE ery of the vughlin stte on this geometryF sn this ontextD the we provides vritionl expression for the low energy exittions ove the topologilly degenE erte ground sttes |Ψ α D α = 0, • • • , q -1 of the 1/q vughlin stteF he tril stte is given y

Ψ SMA k,α = ρk |Ψ α . @QFPWA
where the pourier trnsform of the density opertor projeted onto the lowest vnE du level ρk ws expressed on the torus in iqF @QFIIA F he momentum of Ψ SMA k,α is given y the momentum K α of |Ψ α shifted y kF qiven the sttes Ψ SMA k,α D one n otin n pproximtion to the dispersion of the mgnetoEroton mode vi

E mr k = Ψ SMA k,α H Ψ SMA k,α Ψ SMA k,α Ψ SMA k,α , @QFQHA
where H is the mnyEody rmiltonin of the pr systemF sn the expression of ρk @QFIIAD we do not restrit k to elong to BZ FQH D s ws pointed out in efsF QID IHWF therD for every k ∈ BZ FQH D there exist severl linerly independent opertors ρk+G with the reiprol lttie vetors

G = 2π N (G x /L x , qG y /L y ) T , (G x , G y ) ∈ Z 2 . @QFQIA
wore preiselyD ρk+G = ρk+G if there exists pir of integers (g x , g y ) suh tht

G x -G x = q g x @QFQPA
G y -G y = g y his gives rise to q distint density opertors ρk+G for every k ∈ BZ FQH F reneD the ρk spn the sme N 2 φ Edimensionl spe of opertors s the oson iliners c † q y c qy D with q y , q y = 0, • • • , N φ -1F eting with the ρk opertors on the qEfold degenerte ground sttes ording to iqF @QFPWA thus yields sis of qN 2 φ linerly independent vritionl sttes Ψ SMA k+G,α D spnning wht we ll the iliner suspeF ht isD for every of the N × N φ good quntum numers k ∈ BZ FQH D we n uild q 2 vritionl sttes with the help of the density opertor @QFIIAF rereD one ftor of pigure QFSX A vow energy spetrum of the pr systems with up to N = 13 osons on the torusD t hlf (llingF he vritionl energy of the we sttes re ompred to the energies otined through ext digonliztion @ihA of the rmiltoninF por N = 13D only one eigenvlue per setor hs een omputed vi ihF Ahe dots show the overlp etween the we tril stte nd eh ext mgnetoEroton stteD s funtion of |κ|D for the pr on the torus with up to N = 13 osons t hlf (llingF q is due to the q degenerte ground sttes leled y α tht one n t onD nd seond ftor of q omes from the distint shifts y reiprol lttie vetors GF sn ontrstD the mgnetoEroton mode onsists of t most one stte in every of the N × N φ setors of k @see efF IQV for detilsAF husD the nive we s given y iqF @QFPWA provides ftor of q 2 more vritionl sttes thn needed to desrie the mgnetoEroton modeF por eh k ∈ BZ FQH D we propose the following rule to selet one of the q 2 we sttes

Ψ SMA k+G,α ≡ ρk+G |Ψ α , α = 0, • • • , q -1, @QFQQA
s the vritionl stte for the mgnetoEroton modeX he vritionl mgnetoEroton stte is given y

Ψ mag-SMA k = Ψ SMA k+G 0 ,α 0 , @QFQQA
where α 0 lels the ground stte t momentum K α ∈ BZ FQH nd G 0 is the reipE rol lttie vetor for whih the momentumEspe distne

|k + G -K α | @QFQQA
is minimized for (xed k ∈ BZ FQH F en illustrtion of this seletion rule for the simplest se of q = 2 is given in pigF QFTF his rule is motivted y the ft tht the we is n pproximtion t smll momentum |k| of the mgnetoEroton modeF e tested the vlidity of this pproh y omputing the energy of the sttes Ψ mag-SMA k F st is represented on the sme grph s the ext digonliztion results in pigF QFSF e oserve tht the we vritionl energies only slightly 94 Chapter 3. The Z k Read-Rezayi states and their neutral excitations on the torus overestimte the mgnetoEroton mode energy t smll moment |κ| < 2πD in wy tht urtely preserves the shpe of the dispersion reltionF por moment |κ| > 2πD the we energies inrese nd (nlly merge with the ontinuum of exited sttesD while the mgnetoEroton mode )ttens out to onstnt vluesF xote tht neither the mgnetoEroton mode nor its pproximtion show ny visile (nite size e'etF he estimted vlue of the exittion gp from the we dispersion is 0.74(2)D whih orresponds to reltive error of 20% s ompred to the ext digonliztion resultF sn ordne with the ehvior of the we vritionl energiesD the overlp etween the we stte seleted y riterion @QFQQA nd the respetive ext mgnetoE roton eigenstte t given k ∈ BZ FQH is high @ 0.9A for smll mgnitudes of |κ| < 2π of the resled momentum κD nd drops signi(ntly for |κ| > 4π @see pigF QFSAF pinllyD to hek the vlidity of the seletion riterion @QFQQA for we sttesD we digonlized the interting rmiltonin t every k ∈ BZ FQH in the full q 2 suspe of we sttes @QFQQAF he q 2 energy eigenvlues per momentum setor re superimposed with the ext nd we spetr in pigF QFSF e oserve tht the enlrged spe of vritionl sttes does not further improve the pproximtion to the mgnetoEroton dispersion tht ws otined with the vritionl sttes seleted y riterion @QFQQAF sn prtiulrD the )ttening of the mgnetoEroton dispersion t lrge |κ| is not ptured in this pproh eitherF his is supported y the overlps of the full we suspe with the mgnetoEroton mode eing not signi(ntly lrger thn the overlp of the single we stte seleted y riterion @QFQQA in eh momentum setor @see pigF QFSAF 3.3.2 Neutral mode above the Moore-Read state on the torus

Exact diagonalization results

e now hrterize the neutrl modes ove the wooreEed stte vi the ext digonliztion of the threeEody ontt intertionF es reported in efF IPHD on the torusD oth types of neutrl exittion modes ove the wooreEed stte pper irrespetive of the prity of N F e show tht they re tully di'erent prts of one ommon neutrl exittion mode @see pigF QFUAF qenerillyD in the low energy spetrum of the threeEody ontt intertionD we oserve ptterns of low energy modesD with up to four distint dispersing rnhes tht merge with the ontinuum of sttes ner the four inversion symmetri moment of the pr frillouin zone BZ FQH

k 0 = 0, k 1 = πẽ x , k 2 = πẽ y , k 3 = πẽ x + πẽ y .
@QFQRA xote tht k 1 D k 2 nd k 3 re not vlid essile moment when N is oddD ut rther re de(ned s referene points in the frillouin zoneF yn the torusD the ontinuous rottionl symmetry of the quntum rll prolem is only roken y the oundry onditionsF tillD the physis governing the neutrl exittion modes should e dominted y shorter length sles omprle to the mgneti lengthF e n thus expet tht the dispersion of the neutrl exittion

k F QH y N Φ N 0 k F QH x 0 N α 0 =0 α 0 =0 α 0 = 1 α 0 = 1 α 0 =1 α 0 =1 α 0 = 0 α 0 = 0 G 0 = (0,0) G 0 = (0,0) G 0 = (N,0) G 0 = (N,0)
pigure QFTX hemti representtion of the we onstrution rule iqF @QFQQA in the pr frillouin zone BZ FQH F he position of the ground sttes is mrked y lk dotsF sn the viinity of the origin @redAD the mgnetoEroton sttes re well pproximted y we sttes stemming from the (rst ground stte @α 0 = 0AF gonE verselyD round (k x , k y ) = (0, N ) @lueAD the mgnetoEroton sttes re pproximted y we sttes originting from the seond ground stte @α 0 = 1AF sn the upper reD one should use the density opertor t k + G 0 with G 0 = (N, 0) to otin the mgnetoEroton stteF sn the lower reD one should use the density opertor t k + G 0 = kD where k ∈ BZ FQH F 96 Chapter 3. The Z k Read-Rezayi states and their neutral excitations on the torus

k x k y E 1 0 0.5 ⇡ ⇡ 0 0 N = 16 k y E 1 0 0.5 k x N = 17 a) b) ⇡ ⇡ 0 0
pigure QFUX hispersion of the neutrl exittion mode ove the wooreEed ground sttes on the torus s funtion of the enter of mss nd reltive moment of the mnyEody sttes in the pr frillouin zoneF snterpoltions of the dispersions re otined from energy eigenvlues of (nite size systems for A N = N φ = 16 nd A N = N φ = 17F sn ordne with the momentum setors F QFID these systems feture three ground sttes nd one ground stteD respetively @lk dotsAF por energies lrger thn E ∼ 1D ontinuum of exited sttes ppers @not shownAF he dispersions re entered round the inversion symmetri momentF he slight nisotropy of the dispersive prt of eh mode ner these moment is (nite size e'etF e lerly oserve two types of neutrl exittions depending on the presene or sene of zero energy stte t the enter of the dispersive prtF sn the presene of ground stte t the inversion symmetri pointD the neutrl mode is represented in yellow nd lled mgnetoEroton modeF sn the sene of ground stteD the neutrl mode hs muh more pronouned minimumF st is represented in green nd lled neutrl fermion modeF modes is lmost rottionlly symmetri nd n e plotted s funtion of oneE dimensionl momentum κF o unveil this dispersionD we hve to ount for the momentum shifts with respet to the inversion symmetri moment @QFQRAF e lso inlude the geometri ftor L x L y /N tht ws introdued in iqF @QFPVAD in order to otin the dt ollpse with ll system sizesF e thus de(ne κ s the miniml distne to ny of the inversion symmetri moment

κ := min { |k -k i | | i = 0, • • • , 3} .
@QFQSA e show the low energy spetrum of the threeEody ontt intertion in pigF QFV for systems with up to N = 17 osonsF por lrityD we represent the three inequivlent regions of the frillouin zone entered round k 0 D k 1 / k 2 D nd k 3 in seprtely pnels AD A nd AD respetivelyF e n lerly identify two modes with di'erent dispersion reltionsF eove the four ground sttesD there is mode )ttening out t lrge momentum without forming n energy minimum seen in pigF QFV A for ll N nd in pigF QFV A for N evenF his mode is similr to the mgnetoEroton mode oserved ove the vughlin stte RWD SHF eondlyD round inversion symmetri moment tht do not hror ground stte for given N D there is nother type of neutrl mode tht fetures ler ut soft energy minimum efore )ttening out seen in pigF QFV A for ll N nd in pigF QFV A for N oddF hese hrteristis of mode without minimum nd mode with minimum re similr to those of the mgnetoEroton nd the neutrl fermion modes s oserved for the threeEody ontt intertion on the sphere geometryD for n even nd odd numer of prtilesD respetivelyF purtherD we oserve tht the (rst mode shows notiele (nite size e'etD while the seond one is fr etter de(nedF his is onsistent with the interprettion given to either mode in terms of wekly interting elementry exittions on the sphereF sn kground of pired qusiprtilesD the mgnetoEroton mode is interpreted s the dispersion reltion of n interting qusiprtileEqusihole pir @iFeFD two σ qusiprtiles of the underlying ssing (eld theoryAD while the neutrl fermion mode orresponds to the energy of n unpired qusiprtile @iFeFD one ψ ssing qusiprtileAF ine two qusiprtiles indue more (nite size e'et in system thn oneD the mgnetoEroton mode shows more (nite size e'ets thn the neutrl fermion modeD s ws oserved for exmple in efF IHQF his interprettion is reltively nturl on the sphereD where the mgnetoEroton mode @respetively the neutrl fermion modeA only ppers t n even @respetively oddA numer of prtilesF st is however less ovious tht this holds on the torus geometry where oth the mgnetoEroton nd the neutrl fermion modes re oserved t the sme (llingF 3.3.2.2 Approximating the neutral mode using the projective construction sn efsF IRPD ISHD ISID tril wve funtions for the neutrl modes ove the wooreE ed stte were otined y symmetrizing over exittions of the vughlin stte on the sphereF sf one lyer is in vughlin ground stteD while the other is in Chapter 3. The Z k Read-Rezayi states and their neutral excitations on the torus pigure QFVX vow energy spetrum of the model threeEody ontt intertion @wooreEed stteA on the torus s funtion of the oneEdimensionl momentum κ de(ned in iqF @QFQSAF sn eh grphD we show di'erent domin of the frillouin zoneD whih is highlighted in grey in the insetF he lk dots @respetively rossesA in the inset represent the wooreEed ground sttes for N even @respetively oddAF A por oth N even @dotsA nd N odd @rossesAD there is zero energy eigenstte lying t k 0 = 0F ell points fll onto the sme urveD de(ning neutrl exittion @the mgnetoEroton modeAF A e zero energy stte is found t eh inversion symE metri momentum in this domin for N even onlyF he neutrl exittion energies fll onto two distint urvesD with the reprtition determined y the prity of N F A xo zero energy ground stte is found t k 3 = (π, π)F ell neutrl exittion energies fll onto the sme urveF mgnetoEroton stteD one otins n pproximtion to the wooreEed mgnetoE roton stte IRPD ISHF yn the other hndD if one lyer is in vughlin qusihole stte nd the other is in vughlin qusieletron stteD the symmetrized stte pproximtes neutrl fermion stte ISIF o test this ilyer onstrution on the torus geometryD we hve performed n extensive numeril studyF e found tht either periodi oundry onditions or twisted oundry onditions n e used to otin omplete set of tril sttes for the entire neutrl exittion rnh of the wooreEed stte on the torusF e otined good quntittive greement oth regrding the dispersion of the neutrl exittion modes s well s the wve funtion overlpF e now ompre the symmetriztion onstrution of the neutrl modes with the results from ext digonliztionF

Neutral excitations from the bilayer torus with periodic conditions e strt with the osoni wooreEed stte on the torus with n even numer of prtiles N F es tril wve funtion for its neutrl exittions we use

|Ψ ex 2 = S 2→1 (|Ψ 1 ⊗ |Ψ ex 1 ) , @QFQTA
iFeFD the symmetrized produt of one lyer with the vughlin ground stte |Ψ 1 nd one lyer with its neutrl exittion |Ψ ex 1 D the mgnetoEroton modeF sn efsF IRPD ISID |Ψ 1 nd |Ψ ex 1 were otined using the omposite fermion onstrution UPF rereD we use the sttes resulting from ext digonliztion of the model twoEody ontt intertionD sine the omposite fermion onstrution on the torus is t est tedious tsk TWD nd is restrited to relly smll sizesF xote tht the symmetriztion proedure does not preserve the k x quntum numerF pei( liner omintions of the resulting sttes hve to e formed to otin eigensttes of the orresponding trnsltion opertor T rel

x F he overlp of the sttes onstruted this wy with the wooreEed neutrl exittion mode is of the order of 0.99 for wellEde(ned mgnetoEroton sttesD iFeFD sttes elow the ontinuum of exittions tht re found ove ritil κF his is the sme order of mgnitude s the overlps otined on the sphere in efsF IRPD ISIF hen the numer of prtiles N is oddD we use the following tril stte

|Ψ ex 2 = S 2→1 Ψ qh 1 ⊗ |Ψ qe 1 , @QFQUA
iFeFD the symmetrized produt of one lyer with one vughlin qusihole stte Ψ qh 1 nd one lyer with vughlin qusieletron stte |Ψ qe 1 @otined using ext digoE nliztionAF iqution @QFQUA n e used to generte tril sttes for the wooreEed ground stte |Ψ 2 s well s its neutrl exittions |Ψ ex 2 F elthough this method does not yield ny ext zero energy stte of the threeEody ontt intertionD the pproximtion it provides for the wooreEed ground stte is firly good @with n overlp of 0.998 with the wooreEed ground stte for N = 17AF vikewiseD Ψ ex 2 is good pproximtion of the neutrl exittion sttes @with overlps of the order of 0.99 for sttes well into the neutrl modeAF he energies of the tril sttes for oth 100 Chapter 3. The Z k Read-Rezayi states and their neutral excitations on the torus N even nd odd re represented in pigF QFW long with the ext energiesF reneD this method yields very stisftory tril sttes for the neutrl exittions ove the wooreEed stte on the torusF sn the followingD we will see tht the lterntive symmetriztion with twisted oundry onditions developed in eF QFIFR lso yields good pproximtion of the neutrl modes ove the wooreEed stteF

Neutral excitations from the bilayer torus with twisted boundary conditions es tril wve funtion for the neutrl exittion sttes ove the wooreEed stteD we now use the following wve funtion

Ψ ex 2,x = S (2T )x→T |Ψ ex 1 . @QFQVA
his is the result of the tion of the symmetriztion opertor on vughlin mgnetoEroton stte de(ned on twie enlrged torus (2T ) x F imilrlyD pplying the symmetriztion opertor S (2T )y→T on vughlin mgnetoEroton stte de(ned on the (2T ) y torus yields nother tril stte for the wooreEed neutrl modeF hese sttes hve high overlp with the ext neutrl mode sttes @of the order of 0.99 for N = 13AF por given system sizeD the overlps with the tril sttes provided y the di'erent symmetriztion onstrutions see iqsF @QFQTAD @QFQUAD nd @QFQVA hve very similr vluesF e plot the energies of Ψ ex 2,x in pigF QFW @ Ψ ex 2,y yields the sme spetrum up to one perent uryAD nd ompre them to the ext spetrum of the threeEody rmiltoninF e hve thus veri(ed tht the symmetriztion methods provided stisftory pproximtions to the neutrl modes ove the wooreEed stte on the torusF es expetedD the symmetriztion sheme previously known on the sphere is eqully vlid on the torusD ut n lso e extended to torus with twisted oundry onditionsF st is however hrder to reh lrge system sizes with this new shemeD euse it would imply lulting the vughlin mgnetoEroton sttes for lrger numer of prtilesD gret numeril hllengeF he sme limittion rises when pproximting the neutrl mode for lrger kX we expet the symmetrized vughlin mgnetoEroton sttes on g times enlrged torus to yield good tril sttes for the Z g neutrl modeF roweverD it is numerilly very di0ult to ompute the vughlin neutrl mode for more thn N = 13 prtilesF por this numer of prtilesD the neutrl modes ove the Z g sttes with g > 2 still show lrge (nite size e'etsF pigure QFWX vow energy spetrum of the pr on the torus s funtion of the modulus of the momentum κD for the model threeEody ontt intertionF e ompre the energy of the tril sttes otined y symmetriztion @hollow squresA to the result of ext digonliztion @(lled squres nd rossesAF he vritionl sttes re otined y symmetrizing deoupled ilyer system @D D A or single lyer system de(ned on the (2T ) x torus @dD eD fAF he energies of these lst sttes di'er y less thn perent from the energies of the sttes otined y the symE metriztion of system de(ned on the (gT ) y systemF e thus only show the formerF ee eF QFIFR for detils on the onstrution of the tril sttesF sn eh grphD we show di'erent domin of the frillouin zoneD whih is highlighted in gry in the insetF he lk dots @respetively rossesA in the inset represent the wooreEed ground sttes for N even @respetively oddAF sn eh dominD κ is de(ned s the distne to the enter of the domin @see lso iqF @QFQSAAF ghern insultors were introdued in eF IFP s the equivlent of the quntum rll e'et in lttie systemD in the sene of mgneti (eldF es we hve seen in eF PFQD ghern insultors n host topologilly ordered phses when the intertion etween prtiles is strongF hese phses re lled frtionl ghern insultors @pgssAF sn prtiulrD phse kin to the vughin stte hs een predited nd numerilly oserved in severl ghern insultor modelsF vikewiseD one n wonder whether other fetures of the frtionl quntum rll e'et re present in pgssF sn this hpterD we explore some spets of frtionl ghern insultors eyond the vughlin stteF sn most sesD we will use the frtionl quntum rll e'et @in its ontinuum versionA s sis to understnd the physis of frtionl ghern insultorsF por exmpleD there is low energy mode ove the vughlin qusiE degenerte ground stte in pgssF sn the (rst setion of this hpterD we will nlyze it nd unveil its nlogies with the mgnetoEroton mode ove the vughlin stte in the ontinuum disussed in eF QFPFIF enother relevnt question is tht of the emergene of other frtionl quntum rll model sttes in pgssF fesides the vughlin stteD 104 Chapter 4. Fractional Chern insulators beyond the Laughlin state the frtions explined y tin9s theory of omposite fermions @s summrized in eF PFIFRA re some of the most stle phses of the frtionl quntum rll e'etF e numerilly show the existene of these phses in ghern insultors in the seond setion of this hpterF pinllyD ghern insultors o'er the possiility of relizing topologil nd with ghern numer lrger thn one without ny dditionl degree of freedomD feture tht is sent in the quntum rll e'etF e study suh C > 1 ghern insultors in the strongly interting regime in the lst setion of this hpterF e numerilly oserve severl topologilly ordered phsesD nd drw onnetion etween these spinless phses nd some spinful sttes of the frtionl quntum rll e'etF 4.1 Magneto-roton mode above the Laughlin state 4.1.1 Identication of the neutral mode es disussed in eF QFPFID there is neutrl low energy mode ove ny vughlin 1/q stte in the ontinuumF ithout loss of generlityD we n restrit our nlysis to the osoni ν = 1/2 vughlin stte es highlighted in eF PFQFQD severl ghern insultor lttie models n host the osoni vughlin stte t (lling ν F CI = 1/2D suh s the kgome lttie ISTD ruy lttie UI nd rldne TH models @see lso pigF PFU for depition of these lttie modelsAF sn this prgrphD we exmine their low energy exittionsD nd prove tht they re the lttie equivlent of the mgnetoEroton mode on the torusD s studied in eF QFQFIF e onsidered three representtive models for ghern insultorsX the ruy UI nd kgome IST lttie modelsD nd the rldne model THF ell three models hve lowest floh nd hrterized y ghern numer 1F he tight inding prmeters tht we use re de(ned in efF WV @ruy lttie modelAD efF IQT @kgome lttie modelA nd efF RI @rldne modelAF ine the ruy lttie model is used extensively in this studyD we rell its de(niE tionF st hs 5 di'erent hopping prmetersD orresponding to the rel nd imginry prts of the hopping mplitude etween di'erent sitesF he nerest neighor hopE ping mplitude is t = t r + it i for sites hving the sme prityD nd t 1 = t 1r + it 1i for sites hving opposite pritiesF he hopping mplitude on the digonl of the squre is rel nd is noted t 4 F hese vrious hopping terms led to the floh rmiltonin iqF @PFSTAF o hoose their vlueD we spnned the prmeter spe to (nd whih vlue of the prmeters yielded the lrgest mnyEody gp @the de(nition of this gpD nd in prtiulr the orresponding mnyEody rmiltonin will e spei(ed lter in this setionAF he optiml vlues re di'erent for fermioni nd osoni systems nd respetively re

t r = 1, t i = 1.2, t 1r = -1.2, t 1i = 2.6, t 4 = -1.2 for fermions t r = 1, t i = 1, t 1r = -1.4, t 1i = 2.4, t 4 = -1.46 for osons @RFIA
hile we did not study numerilly the neutrl mode ove the fermioni vughlin stteD these optiml vlues will e useful in lter setion of this hpterF hen 4.1. Magneto-roton mode above the Laughlin state 105 using these prmetersD the two lowest nds of this six nd model re seprted y gpD nd the lowest nd hs ghern numer equl to 1F e onsider N osons on ghern insultor lttie system with N x × N y unit ells nd periodi oundry onditionsD nd use the lttie nottions of eF IFPFIFIF hey intert vi the onEsite densityEdensity intertion @PFSRAD whih is projeted onto the lowest nd vi the proedure desried in iqF @PFSWAF he (lling frtion is de(ned with respet to the lowest ndD iFeFD ν F CI = N/ (N x N y )D nd hosen to e ν F CI = 1/2 for ll numeril lultions in this setionF st hs een estlished tht the ground stte of these systems is vughlinElike phse @see eF PFQFQAF heir typil low energy spetrum @see pigF PFWA is twofold lmost degenerte ground stteD seprted y gp from low energy exittionsF sn the ses of the ruy lttie modelsD the ground stte energy splitting is rely notieleD proving tht it is less 'eted y (niteEsize e'etsF e nd of low energy exited sttes pper with low density of sttesD in ontrst with the high density of sttes in the ontinuum of higher energy exittions @whih ppers round energy E 0.2 in the ruy model ! pig PFWD nd round E 0.25 in the rldne model ! pig PFWAF hepending on the modelD the low energy exited sttes form di'erent ptternsX in the ruy model spetrumD nrrowD high density nd @E 0.1A sits elow sttered loud of sttes @0.1 < E < 0.2AF sn the se of the rldne modelD no suh sutle pttern n e distinguishedD nd the sttes t energies 0.15 < E < 0.25 ll pper with rther low densityF hespite this model dependenyD we wnt to show tht the nd of low energy exited sttes is similr to the neutrl mode of the frtionl quntum rll e'etD more preisely the mgnetoEroton mode ove the vughlin stte desried in eF QFQFIF es pointed out in eF PFQFQD the quntum numers of the pgs nd those of the frtionl quntum rll e'et on the torus do not oinideF wore preiselyD the enter of mss degenery provides n dditionl quntum numer on the ontinuous torusD whih is key to the identi(tion of the mgnetoEroton modeD s we explin in the following prgrphF e ll BZ FCI the lttie frillouin zone de(ned in iqF @IFRWAD whih onsists of N x × N y = N φ pointsF yn the other hndD the redued frillouin zone for (lling frtion 1/2 on the torus BZ red,1/2 FQH ws de(ned in iqF @QFPUA nd ontins N 2 pointsF rereD we will dopt slightly di'erent nottion for the momentum qunE tum numers tht elong to BZ red,1/2 FQH D nd dd the supersript F QH to the usul k = (k x , k y ) nottion of the previous hptersF his should prevent ny onfuE sion etween the lttie quntum numers (k x , k y ) ∈ BZ FCI @ssoited with the enter of mssD nonEprojetedD trnsltion opertorsAD nd the pr quntum numE ers k down to BZ FCI F pollowing this proedureD we show the folded pr mgnetoEroton spetrum for N = 10 osons in pigF RFI F sn this representtionD the mgnetoEroton mode onsists of highly degenerte low energy nd @hereD round E 0.6V 0 AD with few sttes lying in the gp ove the ndF hese more isolted sttes onstitute the dispersive rnh of the modeF he folding ples sttes with short nd long wvelength @in the pr senseA in the sme setorsF his osures the identi(tion of the mgnetoEroton mode s single dispersing rnh of sttesF sndeedD looking only t pigF RFID we ould not identify the mgnetoErotonD s there is no 4unfolding4 proedure tht would llow us to go k to pigF RFIF his demonstrtes the di0ulties we will fe to idenE tify the dispersion reltion of potentil mgnetoEroton mode in pgs spetrumF qenerillyD pgss do not hve enter of mss trnsltion symmetry tht mkes the reltive momentum k F QH x 1 good quntum numer in the pr seF es resultD the pgs spetrum nnot e unfolded or resolved in this extr quntum numerD nd nnot e plotted s funtion of |k

F QH = (k F QH x , k F QH y ) ∈ BZ
F QH | with k F QH ∈ BZ red,1/2 FQH F
rving noted these di0ultiesD we show tht the low energy mnifold of pgs exited sttes n nevertheless ! to some extent ! e identi(ed to the pr mgnetoE roton mnifoldF por well hosen (nite size pr systemD there is n energy sepE rtion etween the mgnetoEroton nd the ontinuum sttes @round E 1 in pigF RFIAD due to the quntiztion of momentumF sn this seD the numer of pr mgnetoEroton sttes is wellEde(nedF he sme oservtion is vlid in the pgs sysE tem of pigF RFID with n energy seprtion round E 0.16F sn ftD the numer of suh sttes is the sme in eh momentum setor in pigF RFI nd pigF RFIF wore generillyD the numer of low energy exited sttes in ll the pgs spetr tht we looked t mthes the numer of mgnetoEroton sttesD s long s oth these numE ers re well de(nedF sndeedD suh omprison relies on ler seprtion etween low nd high energy exited sttesD whih most often exists in the ruy nd kgome lttie modelsD ut not in the rldne modelD where the (nite size e'ets re more importntF xote tht to otin the sme ountingD the torus twisting ngle θ hs to e the sme s the ngle de(ned y the reiprol lttie vetors of the pgs @θ = π/3 for the kgome lttie nd rldne modelsD θ = 2π/3 for the ruy lttie modelAF he equlity etween the numers of sttes strongly suggests tht the low energy exited sttes of the pgs spetr hve the sme nture s the mgnetoEroton sttes of the prF sn the se of the ruy lttie modelD where the (nite size e'ets re lest importntD oneEtoEone identi(tion of some sttes is even possile in the dispersive prt of the mgnetoEroton spetrumF his ppers lerly in pigF RFID in the respetive energy rnges 0.11 < E < 0.16 @pgs spetrumD pigF RFIA nd 0.65 < E/V 0 < 1 @pr spetrum @pigF RFIAF e extrt the mnyEody gp of the ruy lttie system @see pigF RFPAF e wnt to extrpolte its thermodynmi limit vlueD s we did for frtionl quntum rll system in pigF QFRF he extrpoltion is more di0ult for pgs systemF es ws initilly pointed out in efF IQID nd disussed in gret detils in efsF PT nd VWD oth extents N x nd N y of the lttie should e lrge enough to prevent the formtion of hrge density wve phseF es onsequene for (nite nd generlly smll system sizeD the spet rtio of the lttie gretly in)uenes the vlue of the gpF sn order to minimize this e'et while studying the evolution of the gp with the system sizeD we follow the pproh introdued in efF VWD nd use tilted oundry onditions @see lso efF IQT for more detiled desriptionAF por ny numer of unit ells N s = N x × N y D this method llows us to otin n spet rtio lose to the desired vlueF e look t the evolution of the gp for systems with spet rtios r lose to I nd for systems r 0.58 in pigF RFPF he hoie of the vlue r 0.58 is rther ritrryY it orresponds to the lrgest nonEtilted lttie tht we n numerilly rehD nmely with N = 12 prtiles @N s = 24 = 6 × 4AF hile one expets tht r 1 should minimize the (nite size e'etsD our system tully shows smll size dependene t either spet rtioF st suggests tht the orreltion length in our system is smll ompred to oth hrteristi dimensions of the lttieD even for r 0.58F xote tht the energy sle of the intertion in 1 We recall that in this chapter, k F QH x and k F QH y denote the FQH momentum quantum numbers, associated with the relative and center of mass translations in the lowest Landau level, and correspond to the kx and ky of the previous chapter. the pgs is not s well de(ned s in the pr seF he energy sle is prmetrized y the gp in the spetrum of the interting twoEprtile prolemF he pr twoE ody spetrum only hs one single nonEzero energy per momentum setorD whih is lmost k F QH independent @see the inset in pigF RFPAF he pgs systemD on the other hndD hs nonEzero energy sttes with lrger )ututions @see pigF RFPAF his prevents us from performing n ext resling of the pgs spetr with respet to the twoEprtile energy sleF xeverthelessD tking the verge two prtile nonEzero energy E 2body s the energy sle leds to n extrpolted gp of 0.60(3)D vlue only 2% di'erent from the pr oneF 4.1.3 Writing a single mode approximation for fractional Chern insulators st is ler from eF RFIFI tht the low energy mode ove the vughlinElike stte in frtionl ghern insultor is the equivlent of the mgnetoEroton mode of the vughlin stte on the torusF sn eF QFQFIFPD we sw tht this mode ould e well pproximted in the limit of long wvelengths y the soElled single mode pproxE imtion @weAF ixtending the we to pgs systems is nturl endevorD given the similrity of the two systemsF he results derived in this setion re vlid for generi ν = 1/q (lling ftorF eording to iqF @QFQQAD the we vritionl sttes re otined y pplying the density opertor @projeted onto the lowest vndu levelA onto the vughlin stteF e use the nottions of eF IFPFIFI for the lttie opertors nd sttesF o de(ne density opertor @nd susequently projet it to the lowest nd µ = 0AD geometril hoie out the emedding of the oritls α = 1, • • • , m @where m is the numer of toms per unit ellA hs to e mde y (xing the position oordinte r α of eh tom in the lttie unit ellF e de(ne n emedding s the set {r α } m of these oordintesF por instneD we hoose the emedding of the kgome lttie model s

{r α } m = {(0, 0), (1/2, 0), (0, 1/2)}, @RFPA
in units where the lttie sping is unity @this is the sme emedding s the one repE resented in pigF PFUAF sn the sme unitsD the ruy lttie model hs the emedding orresponding to pigF PFUX

{r α } m = 1 3 + √ 3                            -1 , -1+ √ 3 2 , 1 , 1+ √ 3 2 , -1 - √ 3 , -1- √ 3 2 , 1 , 1- √ 3 2 , -1 , -1- √ 3 2 , 1 + √ 3 , 1+ √ 3 2                            .
@RFQA 110 Chapter 4. Fractional Chern insulators beyond the Laughlin state he hoie of emedding is n extr piee of informtion tht is not ontined in the rmiltonin nd determines whether or not the density opertor shres ertin sptil disrete symmetries with the rmiltoninF por exmpleD the hoie iqF @RFPA preserves the inversion symmetry of the kgome lttie rmiltoninF he density opertor ρk D nd its orresponding projetion ρ k in the nd µ = 0 re given y

ρk = r∈Λ α e ik•(r+rα) c † rα c rα , @RFRA ρ k = q∈BZ FCI α
e ik•rα u 0 * q+k,α u 0 q,α |0, k + q 0, q| @RFRA hen q = 2π N i ẽi @i = x, yAD the rketed ftor in iqF@RFRA n e identi(ed to the ferry potentil A B (k) • ẽi F reneD A B (k) lso depends on the emeddingD piee of informtion not ontined in the e'etive rmiltoninF tillD s ws disussed in efF IUSD the emedding hs to e properly hosen to otin lrge overlp of the model wve funtions with ext digonliztion sttesF por ny spei( modelD we will use the sme emedding tht mximizes the overlp with the model stteF wore preiselyD we will use the emedding de(ned in iqF @RFQA for the ruy lttie modelD nd the emedding of iqF @RFPA for the kgome lttie modelF hese hoies llow the density opertor to preserve the inversion symmetryD whih is symmetry of the rmiltoninF xote tht ρ k does not go k to itself when k is shifted y reiprol lttie vetor

G = 2π (G x /a x , G y /a y ) , (G x , G y ) ∈ Z 2 @RFSA
if the emedding displements r a re not integer in units of the lttie spingF husD k in iqF @RFRA is not limited to BZ FCI F sn the se of the kgome lttie with the emedding @RFPAD

ρ k+G = ρ k+G @RFTA if G x -G x mod 2 = 0 G y -G y mod 2 = 0
yielding 4N s independent density opertorsF he mximl numer of linerly inE dependent density opertors @iFeF the numer of vlues of k tht give linerly independent density opertorsA is limited y the numer of iliner opertors |0, k + q 0, q|F ine oth k nd q n tke s mny di'erent vlues s there re unit ells in the system @N s AD there re N 2 s suh iliner opertorsF he emE edding of the ruy lttie @s de(ned in iqF @RFQAA is not ommensurte with the lttie spingD yielding the mximl numer of independent density opertors N 2 s F he numer of linerly independent density opertors thus depends on the model9s prtiulr emeddingD nd there is n ritrriness in using spei( emedding to otin ρ k F nless otherwise spei(edD we will work with inommensurte emedE dings in the rest of this setionF es with the se of the pr e'etD we tril stte is otined y ting on ground stte α with the density opertor ρ k

Ψ SMA k,α = ρ k |Ψ α .
@RFUA gomining ll N 2 s possile vlues ρ k D nd ll q possile ground sttes yields totl of qN 2 s tril sttesF es lredy spei(ed t the end of eF RFIFID the totl numer of sttes in the pgs mgnetoEroton is equl to the totl numer of pr mgnetoEroton sttesF sn the pr lngugeD this numer ws N N φ = N 2 φ /qD whih eomes N 2 s /q in the pgs lngugeF eginD we hve q 2 more vritionl we sttes thn needed to desrie the mgnetoEroton modeF roweverD in ontrst to the pr e'etD more thn one mgnetoEroton stte n reside in setor of given k ∈ BZ FCI F feuse of this dditionl degree of freedomD we need n dditionl index i to speifyD for given setor k ∈ BZ FCI D whih stte we im to reprodueF o otin given stte i in the momentum setor kD we propose to t on the ground stte α i with the density opertor

ρ k+G i Ψ mag-SMA k,i = Ψ SMA k+G i ,α i = ρ k+G i |Ψ α i . @RFVA
where the reiprol lttie vetor G i nd the momentum setor K α i of the ground stte α i must stisfy the onstrint

|k + G i -K α i | < K max , @RFVA
rereD K max is uto' tht is not (xed prioriD ut sets sle tht a priori does not depend on the system sizeF e give shemti representtion of this onstrint for the ruy system with N = 10 osons in pigF RFQF ine K max does not seem to depend on the system sizeD the re de(ned in iqF @RFVA is (xedD nd ontins numer of points tht sles linerly with N s F he numer of pirs (α i , G i ) tht stisfy iqF @RFVA thus grows more slowly thn the numer of sttes in the mgnetoE roton mode @whih sles like N × N s AF sn spite of thisD it will eome ler in the next setion tht the numer of sttes accurately desried y the we is the sme in the pr nd the pgs systemsF pinllyD we note the similrity etween iqF @RFVA nd its pr ounterprt iqF @QFQQAF he min di'erene is tht the we to the mgnetoEroton mode for the pgs ontins more free prmetersD suh s the emedding nd the uto' K max F his is the result of the lower trnsltionl symmetry nd the higher degree of model dependeneF e shll see in the next prgrph tht the we for the pgs mgnetoEroton mode does not stnd ehind the pr weD even quntittivelyF 4.1.4 Numerical benchmarking of the SMA for FCIs e now wnt to numerilly test the ury of the we s n pproximtion to the pgs mgnetoEroton modeD nd in prtiulr the vlidity of the riterion iqF @RFVAF hile this enhmrking is in priniple similr to tht performed for the we on the torus in eF QFQFIFPD it is in prtie more omplitedD s we will see elowF

α = 0 α = 1 k x k y
pigure RFQX hemti representtion of the we onstrution rule iqF @RFVA for the ruy pgs model with N = 10 prtiles round the (rst ground stte α = 0F he dshed lines represent the reiprol lttieD while the solid lines represent the limits of eh frillouin zone @G tkes di'erent vlue in eh of these zonesAF he old lines mrk the limits of the (rst frillouin zone BZ FCI @G = 0AD while the grey re orresponds to the (rst frillouin zone when onstruted s the ignerEeitz ell of the reiprol lttieF he enter of mss momentum of eh of the two ground sttes is indited y lk dotF e drw red squre for eh we stte stisfying |k + G -K 0 | < K max D with the position of K max represented y irleF xote tht the density opertor t zero momentum is equl to the identityD suh tht there is no we stte in the setor of the ground stteF sn the immedite viinity of the ground stte @six points hereAD there re we tril sttesD ut their overlp with the ext sttes re low sine the mgnetoEroton mode merges with the ontinuum t these momentF xote tht oth these fetures re ommon to the pgs nd pr weF 4.1. Magneto-roton mode above the Laughlin state 113 sn evluting the ury of the we to the mgnetoEroton mode of the pr sttesD we were le to tke dvntge of the ft tht sttes for whih the we is good or poor pproximtion re nturlly seprted into smll nd lrge moment k F QH in the frillouin zoneD respetivelyF he story is not s simple for pgssF es illustrted in pigF RFID the spetrum of the pgs mgnetoEroton mode on the ruy lttie model n e very well reprodued y folding the spetrum of the pr mgnetoEroton mode on the torus down to the frillouin zone of the pgsF nfortuntelyD the seprtion of smll nd lrge moment is lost under this foldingD euse oth smll nd lrge k F QH ∈ BZ red,1/2 FQH my fll on the sme k ∈ BZ FCI F sn other wordsD even if the we s n pproximtion to the mgnetoEroton mode in the pgs performs s good s in the pr seD it is in generl not possile to estlish orrespondene etween the @foldedA mgnetoEroton nd the we sttesF es ws lredy stressed in this setionD it is impossile to unfold the eigensttes of the pgs to n enlrged frillouin zone in ny meningful wyD euse of the lower trnsltionl symmetry of the pgsF st is thus impossile to reonstrut nonE degenerte mgnetoEroton dispersion @with one eigenstte per momentum quntum numerA for the mgnetoEroton mode from the exact eigenstates of the pgsF sn ontrstD we should rememer tht the SMA states of the pgsD s determined y the seletion riterion @RFVAD rry the reiprol lttie vetor G s n dditionl momentum quntum numerF his dditionl informtion llows to unfold the we spetrumF sndeedD G orresponds to the informtion tht is lost in the modulo opertion of iqF @PFTIAD during the foldingF sing the retrieved GD we n write the unfolded quntum numers

k x F QH = k x + G x N x @RFWA k y F QH = k y + G y N y
e n thus ess the unfolded we reltion dispersion y representing the we energy s funtion of the norm of the vetor k + G @see pigF RFRAF he ext eigensttes do not rry vetor GD so tht no suh proedure ould e pplied to themF xote tht the word 4quntum numer4 should e used with ution when referring to GD sine it does not orrespond to n ext symmetry of the prolemF tritly spekingD G is not quntum numerD ut merely leling of the sttesF e now turn to the interprettion of the uto' K max introdued in iqF @RFVAF sn generlD the projeted density opertor ρ k is not periodi under k → k + GD with G reiprol lttie vetorF roweverD two we sttes generted with density opertors t k nd t k + G re not orthogonl nd n in ft hve lrge overlpF por the ruy lttie modelD nd for ll system sizes tht we hve looked tD we (nd tht the we sttes Ψ SMA pigure RFRX wgnetoEroton mode of the pgs system with up to N = 12 osonsD t hlf (llingD otined using the we s de(ned in iqF @RFVAF e only show the sttes tht oey the inequlity de(ned in iqF RFVF de(ned y G 0 = (2π, 0) @RFIIA @or equivlently G 0 = (0, 2π)A thus nturlly sets the vlue of the utEo' prmeter

K max to K max = |G 0 -K α | @RFIPA
s represented in pigF RFQ for K α i = 0F king into ount the sling prmeter introdued in iqF @QFPVA due to the ngle θ = 2π/3 of the reiprol lttie vetors of the ruy modelD this leds to

K max = 4π 3 1/4 @RFIQA 9.5 @RFIRA
e represented the we dispersion reltion in pigF RFR ordinglyD leving out the points flling outside of the irle of enter K α i nd rdius K max F xote tht within this irleD we sttes with the sme k -K α i D ut di'erent Gs hve very smll overlps @ Ψ SMA k+G,α i |Ψ SMA k+G ,α i < 0.1AF rving spei(ed this set of rulesD we re now equipped to evlute the numeril ury of the we to the pgs mgnetoEroton modeF e ll |κ| the norm of the 4.1. Magneto-roton mode above the Laughlin state

115 momentum vetor k + G -K α |κ| = |k + G -K α | @RFISA
hen the vritionl energy of the pgs we sttes seleted y riterion @RFVA re plotted s funtion of |κ|D one otins n exellent greement with the we dispersion of the pr see pigF RFS @AF emrklyD the minimum of the pgs nd pr mgnetoEroton modes fll extly t the sme vlue of |κ|F imilrly to the pr seD only the we sttes with |κ| < 2π urtely pproximte n ext eigenstte tht elongs to the mgnetoEroton modeF snterestinglyD lmost no (nite size e'et is visileD even though pgss re in generl more suseptile to (nite size e'ets thn pr systemsF es pointed out in the previous setionD imposing uto' K max leds to generting less we modes thn there re mgnetoEroton sttesF portuntelyD this does not redue the numer of mgnetoEroton sttes tht re accurately desried y the weD s the uto' lies t lrger vlue of |κ| thn the minimum of the modeF e extrt the energy minimum of the we modeD nd ompre it to the vlue otined in eF RFIFIF his vritionl vlue overestimtes the vlue of the gp y out 20%D similr to the pr weF e note tht the overlp vlues re not signi(ntly smller in the pgs se thn their pr ounterprtsF yn vergeD the pgs overlps re 5% smller thn the pr overlpsF o ddress the question of the vlidity of the seletion rule iqF @RFVAD we n onsider the lrger vritionl suspe otined y pplying ny iliner opertor onto eh ground stteD s ws performed in eF QFQFIFP in the pr seF roweverD digonlizing the rmiltonin in the full iliner suspe is not oneivle in the pgs seF sndeedD this method mixes lrge nd smll |k+G| in the sme momentum setorsF his leves us with spetrum tht nnot e unfoldedD nd the vritionl sttes tht give n eptle pproximtion of the mgnetoEroton mode nnot e identi(edF roweverD one n ompute the overlp of eh ext mgnetoEroton eigenstte with the full iliner suspeF imilrly to the pr seD this overlp is only few perents higher thn tht of the we sttes with the ext eigensttesD vlidting the we pprohF pinllyD we would like to highlight ruil di'erene etween the ses of the pr e'et nd the pgsX the density opertor used to onstrut the we is uniquely de(ned for the formerD while it ontins the freedom to hoose n emedding for the ltterF he hoie of emedding will in generl in)uene the qulity of the weF rtiulrly pthologil is the se in whih the oritl displement vetors r a is 0F henD the projeted density opertors shre the periodiity of the reiprol lttie in momentum spe nd will not su0e to uild enough vritionl sttes for the weF o our knowledgeD no model for whih suh n emedding is nturl hosts roust vughlinElike phseF he kgome lttie model hs hlf integer r a in units of the lttie onstntD nd thus presents some ommensurility e'etF roweverD even in this seD ll we sttes within irle of rdius K max = |G 0 -K α | re linerly independentF nfortuntelyD its mgnetoEroton mode is not s well de(ned s tht of the ruy lttie systemF nsurprisinglyD the eigensttes hve smller overlp with the iliner suspe @HFV t estAD nd there is lot of mixing etween 116 Chapter 4. Fractional Chern insulators beyond the Laughlin state pigure RFSX A wgnetoEroton mode of the pr nd ruy lttie pgs systems t hlf (llingD with respetively up to N = 13 @prA nd N = 12 @pgsA prtilesD s omputed using the weD for |κ| < K max F por pgs systemsD |κ| ws de(ned in iqF @RFISAF por pr systemsD it is just the norm of the vetor k F QH F he pgs energies hve een shifted y the ground stte energyD nd renormlized y the energy of the twoEody prolem E 2body @s de(ned in pigF RFPAF A yverlp of the we sttes of the pr nd pgs systems with the eigensttes otined y ext digonliztion plotted s funtion of |κ|F sn the pgs seD there my not e one to one orrespondene etween the we sttes nd the ext eigensttesF e therefore give the overlp with the whole pgs mgnetoEroton suspeD while the pr overlps re with individul sttesF the sttes originting from di'erent ground sttesF he vritionl we sttesD in turnD hve mximum overlp of 0.53 with the ext eigensttesF yur e'orts to tune the emedding wy from the vlue given in iqF @RFPA did not improve these overlps signi(ntlyF xote tht tuning the emedding for the ruy model would rely improve the overlps in this se eitherF sndeedD they re lredy lose to the mximl vlues tht n e rehed using ll the iliners originting from the sme ground stteF 4.2 Numerical observation of the composite fermion states in fractional Chern insulators he vughlin 1/3 stte nd its osoni 1/2 ounterprt re the most stle of ll frtionl quntum rll sttesX it is thus not surprising tht these were the (rst frtionl ghern insultors to e numerilly oserved IIHD IRTD IQIF usequentlyD the wooreEed nd edEezyi sttes were oserved using mnyEody interE tions PSD ITTD IUPF es we sw in eF PFIFRD the omposite fermion onstrution explins the existene of series of frtionl quntum rll sttes t (lling frtion ν F CI = p/(2p + 1) for fermions @nd ν = p/(p + 1) for osonsAF e investigted numerilly the existene of series inompressile phses t (lling 2/5 nd 3/7 for 4.2. Numerical observation of the composite fermion states in fractional Chern insulators 117 fermions @2/3 nd 3/4 for osonsAF sing n rry of numeril evidene sed on ext digonliztion nd entnglement spetrosopyD we proved tht these phses ppered with high degree of stility on the ruy lttie modelF 4.2.1 Microscopic model e use the ghern insultor ruy lttie modelD s depited in pigF PFUD nd deE sried in eF PFQFPF e use the tightEinding prmeters de(ned in iqF @RFIAD whih yield gpped lowest nd with ghern numer equl to 1F he fermions intert vi densityEdensity nerest neighor intertion H f int D whih ws written in iqF @PFSSAF he osons intert vi n onEsite densityEdensity intertion H b int @see iqF @PFSRAAF o get rid of the e'et of nd mixingD we projet the intertion onto the lowest ndF purtherD we void the e'et of dispersion y working in the )tEnd limitD whih ws detiled in eF IFPFIFPF his leds to the following projetedD )tEnd rmiltonins @similr to iqF @PFSWAAD for fermions nd osonsD respetively

H f = k,k ∈BZ |0, k 0, k| H f int 0, k 0, k @RFITA H b = k,k ∈BZ |0, k 0, k| H b int 0, k 0, k @RFITA
where |0, k re the floh sttes of the lowest ndD nd were de(ned in eF @IFPFIFIAF por omprisonD we will lso need the spetrum @nd eigensttesA of the orE responding frtionl quntum rll sttes on the torusF hey re otined y digonlizing n intertion rmiltonin @the pseudopotentil rmiltonin V0 for osonsD V1 for fermions ! see iqsF @PFIPA nd @PFIQA ! or the goulom intertionA projeted onto the lowest vndu levelF 4.2.2 Identifying the composite fermion states 4.2.2.1 Characterizing the ground state from its degeneracy sn efF WVD we performed the ext digonliztion of the rmiltonin @RFITA t (lling frtion ν F CI = 2/5 nd 3/7 for fermions @2/3 nd 3/4 for osonsAF e look for the signtures of n inompressile stte in the energy spetrumD iFeF low energy mnifold seprted y lrge gp from the low energy exittionsF yn the torusD the omposite fermion frtionl quntum rll sttes t (lling frtion ν = p/(np + 1) @n = 2 for fermionsD n = 1 for osonsA hve n ext degenery np+1D whih is due to the enter of mss degenery @see eF PFPFQFIAF sn (nite size frtionl ghern insultorD we thus expet to (nd qusiEdegenerte gpped ground stteD with qusiEdegenery equl to np + 1F e show the low energy spetrum of the rmiltonin @RFITA resulting from our ext digonliztion study in pigF RFTF e oserve the expeted 5Efold @pigF RFTAD 7Efold @pigF RFTAD 3Efold @pigF RFTA 
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pigure RFTX vow energy spetr on the ruy lttie for @from left to rightD top to ottomA X N = 8, 10, 12 fermions t ν = 2 5 nd N x = 5, 5, 6 @AD N = 9, 12, 15 fermions t ν = 3 7 nd N x = 7@AD N = 8, 10, 12 osons t ν = 2 3 nd N x = 4, 5, 6@A nd N = 9, 12, 15 osons t ν = 3 4 nd N x = 4, 4, 5@dAF he energies re shifted y E 1 D the lowest energy for eh system sizeF e only show the lowest energy per momentum setors in ddition to the degenerte groundstte @exept for N = 15 where we only show one energy stte per momentum setorAF por N = 12 in pigsF @A nd @dAD ll groundsttes our in the momentum setor K x = K y = 0 nd re lmost perfetly degenerteF nd 4Efold @pigF RFTdA lmost degenerte ground sttesF xote tht the momentum setors of the qusiE degenerte ground sttes mth with the setors tht n e predited using the prEtoEpgs mpping desried in eF PFQFQF hese fetures of the low energy spetrum @qusiEdegeneryD presene of the gpA re onsistent for ll the system sizes for whih they ould e omputedF ettempting to extrpolte the mnyEody gp in the thermodynmi limit seems omplited hereF sndeedD the gp is very sensitive to the spet rtio of the system @ property we lredy disussed in eF RFIFIAD whih vries y gret mount in the systems tht were studied hereF his is minly due to the ft thtD in efF WVD the spet rtio ws set to N x /N y D where N x nd N y re the numers of unit ells in the x nd y diretionD due to the hoie of oundry onditionsF es ws lter mentioned in efF VW @nd explined in detil in efF IQTAD the use of tilted oundry onditions n relx this onstrint nd llow more freedom in (xing the hoie of the spet 4.2. Numerical observation of the composite fermion states in fractional Chern insulators 119 rtioF nfortuntelyD this method ws only developed fter this work ws lredy mdeD nd thus hs not e used to extrpolte the gp t the timeD ut only lter to extrt the thermodynmi vlue of the gp ove the vughlin stte on the ruy lttie @see pigF RFPAF 
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pigure RFUX vow energy spetr for N = 10 fermions on (N x , N y ) = (6, 4) ruy lttie @A nd its pr ounterprt for fermions on torus with the goulom inE tertion nd N Φ = 24 )ux qunt in the redued frillouin zone @AF foth systems re one )ux @or one siteA less thn the ν = 2 5 groundstte nd thus emed two qusieletronsF por the pr plotD we only disply the setors tht re not relted y the IPEfold enter of mss trnsltion symmetryF he numer of sttes per moE mentum setor elow the gp @depited y the dshed lineA in the pgs spetrum n e dedued from the pr spetrum using the prEpgs mppingF he momentum quntum numers leling the pr spetrum re the reltive momentum long the x diretion nd enter of mss momentum long the y diretionD s de(ned in eF PFPFQFIF e now turn to the hrteriztion of the hrged exittions of the ground stteF es ws disussed in eF PFPFRD the numer of sttes for given numer of qusiprtile or qusiholes is signture of topologil orderX given topologil order is ssoited with spei( numer of qusihole nd qusiprtile sttesF xuleting qusiprtile or qusihole exittions n thus help us to identify the topologil order of the ground stteF iven in the ontinuumD there is no exlusion priniple to predit the numer of qusiprtile or qusihole exittions of omE posite fermion stteF e thus rely on the diret omprison of the numer of sttes on the ontinuum @frtionl quntum rllA nd lttie @frtionl ghern insultorA sides to determine the topologil nture of the pgs phseF usiholes n e nuleted in frtionl ghern insultor system y removing prtiles from the systemD or y enlrging the system @iFeF y dding unit ells to the originl systemAF vikewiseD qusiprtiles re nuleted y inresing the numer of prtiles or y removing unit ellsF por exmpleD one n generte two qusieletrons t (lling ν = 2/5 with N = 10 fermions y looking t the system on 6 * 4 ruy lttie @iFeF one unit ell less thn the groundstteAF pigF RFU shows the orresponding low energy spetrum whih possesses ler gpF e ompre it to the energy spetrum of the identil pr system @see pigF RFUAX the prE pgs mpping perfetly reltes the two ountings elow the gpF e hve oserved similr results for oth osons nd fermionsD for oth qusieletrons nd qusiholesF hile the oservtion of these fetures is requiredD it is not de(nitive proof of the topologil nture of these sttesF es disussed in efFPTD hrge density wve @ghA stte ould hve similr ounting strutureF 4.2.2.3 Entanglement spectroscopy pigure RFVX i of osoni pgs on the ruy lttie @A nd pr system with delt intertion @A t ν = 2 3 D N = 10 nd N A = 3F e oserve severl gps in oth spetr @eh depited y lineAF he ounting elow eh of these gps oeys the prEtoEpgs mppingF he ounting elow the lrgest @nd topmostA gp orresponds to the numer of wooreEed qusihole sttesF he numer of sttes elow the middle gp is relted to the q'nin IRV stteF o remove the miguity etween possile gh stte nd frtionl ghern insultorD we n use the entnglement spetrosopy methods detiled in eF PFRF wore spei(llyD we use the prtile entnglement spetrum @iA of eF PFRFPD whih llows us to proe the qusihole exittions using only the lmost degenerte ground stteF he density mtrix is written s sum of the projetors onto the qusiE degenerte ground stte @see iqF @PFTWAAF e otin the redued density mtrix ρ A y tring over N B = N -N A prtiles of the system @see iqF @PFTVAAF e note e -ξ the eigenvlues of the redued density mtrix ρ A F ine there is no formul to ount the numer of qusihole exittions of omposE ite fermions sttesD we diretly ompre the i of the pgs to tht of the pr stteF iven in the ontinuumD the omposite fermion sttes hve (nite entnglement gp ! unlike the vughlin stteD nd other sttes tht re the ext ground sttes of 
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pigure RFWX ivolution of δE 1 ∆ with inresing twoEody nerest neighor repulsion V in the osoni ruy lttie system for N = 8 nd N = 10 t (lling ftor ν = 2/3 on N x = N/4, N y = 4 lttieF @A e use the nd prmeters de(ned in iqF @RFIA tht produe the lowest rtio δE 1 ∆ when only the onEsite intertion is ppliedF @A e hve set the nd prmeters to the vlues desried in efF UI tht led to the )ttest lowest nd in the ruy lttie modelF por oth pigs nd D the horizontl line is guide for the eyes tht gives the symptoti vlue when U = 0F lol model rmiltoninD suh s the wooreEed nd edEezyi sttesF por omposite fermion sttesD it is not even gurnteed tht the entnglement gp stys openF he lower prt of the spetrum @elow the gpA is the relevnt prt of the iD sine it orresponds to the highest weights in the redued density mtrixF e n expet the i of the pgs omposite fermion sttes to hveD t estD the sme @if not smllerA entnglement gp s the pr omposite fermion stteF por exmpleD the i of the ν = 2/3 osoni system with N = 10 nd prtile prtition with N A = 3 displys ler entnglement gp @depited y the lk line in pigF RFVAD with smller gps elow the gp @depited my red nd lue lineAF his struE ture ppers lerly for oth the pr nd pgs iF yne n use the prEtoEpgs mpping of quntum numers to see tht the numer of sttes elow these gps re onsistentD for ll di'erent gpsF xote tht the numer of sttes elow these smller gps re respetively given y (2, 2) @lue lineA nd (2, 3) @red lineA exlusion prinipleF 4.2.3 Eect of a longer range interaction e lso studied the stility of the osoni gp stteD fousing on the ν = 2 3 seD with n dditionl nerestEneighor repulsion of mplitude V > 0F he totl interE tion is projeted onto the lowest ndD nd we work in the )tEnd limitD suh tht the totl rmiltonin is still given y iqF @RFITAD where

H b int = U i : ρ i ρ i : +V <i,j>
: ρ i ρ j : @RFIUA he osoni gp stte t ν F CI = 2 3 is hrterized y nerly QEfold degenerte groundstte seprted from the rest of the spetrum y mnyEody gp ∆D whih 122 Chapter 4. Fractional Chern insulators beyond the Laughlin state n either e diret or indiretF pon introdution of nerestEneighor repulsionD the gp ∆ deresesD nd the groundstte degenery is lifted even moreD with n energy spred δE 1 de(ned s the di'erene etween the lrgest nd the smllest energy in the ground stte mnifoldF e hve looked t the rtio δE 1 ∆ when inresE ing the nerest neighor intertion sle V F es shown in pigF RFWD inresing V yields to progressive destrution of the gp stteF hile we n still distinguish etween the threefold degenerte groundstte nd the (rst exited stte t lrge V D the symptoti vlue of δE 1 ∆ seems to eome lrger with the numer of prtiE lesF es resultD gpElike sttes re not stle ginst longer rnge intertion of lrge mplitudeF his is in greement with similr oservtion t the (lling ftor ν = 1/3 IRTD IUPF his result is not relly surprisingF iven in the pr regimeD the ddition of longer rnge intertion to the vughlin model intertion @using the rldne9s pseudopotentils of eF PFIFPA will destroy the vughlin phseF he instility tht we oserve in pigF RFW hs the sme origin thn the one in prF xote tht lrge mplitude V of the nerest neighor intertion is neessry to destilize the phseF st n e ompred to the mount of longer rnge intertion tht is neessry to destroy the omposite fermion phse of the pr on the torus t ν = 2/3F yn the torusD we onsider the intertion

V = M V 0 |M, 0 M, 0| + V 2 |M, 2 M, 2| @RFIVA
whih penlizes the pirs of prtiles hving reltive momentum 0 or 2 @s in iqF @PFIHAD the summtion is on the totl momentum of the pir of prtilesAF e phse trnsition ours when the gp ove the threefold @extly degenerteA ground stte vnishesF he evolution of the gp for pr system with respetively N = 8 nd 10 osons on the torus is shown in pigF RFIHF e see tht the gp loses round V 2 0.25V 0 for oth system sizesF his gives the rnge of stility of the pr ν = 2/3 stte on the torusD result tht is originl result to this mnusript @in prtiulrm it ws not pulished in efF WVAF xote tht it is di0ult to qunE tittively ompre the stility of the pgs nd pr phsesD sine the mpping of the intertion @from the rel spe intertion on the lttie to the pseudopotentil lngugeA hs omplited form WP @in prtiulrD the rtio V /U is not identil to the rtio V 2 /V 0 AF e would like to stress the mening of 4long rnge4 in this onE textF sndeedD the goulom intertion @whih est stilizes the omposite fermion sttesA is often onsidered long rnge intertionF roweverD the projetion of the goulom intertion to the lowest vndu level onsiderly redues its rngeD eE use of the qussin dey of the eletroni densityD yielding smll V 2 /V 0 rtio @see pigF PFPAF xote tht hnging the prmeters of the tightEinding model will lso use the rtio δE 1 ∆ to dereseF sn ftD this quntity ws used to optimize the nd struture prmetersD nd the vlues de(ned in iqF @RFIA re those tht give the lrgest rtio δE 1 ∆ t ν F CI = 2/3 for osons @nd t ν F CI = 2/5 for fermionsAF qoing k to the e'et of longer rnge intertionsD we note tht using nother set of nd prmeters @those identi(ed in efF UI to produe )ttest lowest nd in 4.2. Numerical observation of the composite fermion states in fractional Chern insulators 123
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pigure RFIHX ivolution of the gp ove the osoni ν = 2/3 stte on the torusD for V 0 = 1 nd di'erent vlues of V 2 D where V 0 nd V 2 re rldne pseudopotentilsD for systems with N = 8 nd 10 osonsF por oth system sizesD we oserve phse trnsition @phse losingA round V 2 0.25V 0 F the ruy lttie modelAD we (nd slightly di'erent resultF edding some mount of V @here V 1.35U A seems to minimize δE 1 ∆ @see pigF RFWAF his minimum is of the sme order s in the se of the optiml nd prmetersF his suggests tht one n ply with omintion of either the intertion form or the nd struture to optimize given pgsF e thus numerilly identi(ed the 2/5D 3/7 fermioni phsesD s well s 2/3 nd 3/4 osoni phses in frtionl ghern insultor modelD the ruy lttie modelF sn ef FWVD we lso showed tht other ghern insultor models my host these phsesD ut with more visile (nite size e'etsF hese frtionl topologil phses were identi(ed y relying on energeti signtures @degenery of the ground stte nd its hrged exittionsAD s well s entnglement spetrosopyF his work ontriuted to the numeril on(rmtion of the emergene of frtionl sttes in ghern insultorsD nd s suhD hd reltively lrge imptF st ws mde shortly fter the prEtoE pgs mpping ws proposed in efF PRF st vlidted the mpping s wy to relte pgs nd pr quntum numers wy from the sttes of the edEezyi seriesD sine it ws the (rst time it ws used in sitution where the numer of exittions ould not e predited y ounting prinipleF hese sttesD s well s other frtionsD were independently identi(ed in efF VWD whih on(rmed their stility in slightly lrger systemsD nd in other ghern insultor modelsF pinllyD it ompleted n nlytil study of the omposite fermion sttes in frtionl ghern insultors IHWD IHVF 124 Chapter 4. Fractional Chern insulators beyond the Laughlin state sn the sene of intertionsD C > 1 nd is similr to C nds with ghern numer unityF hen strong intertions re turned onD we n thus expet to reprodue some of the phses of the spinful frtionl quntum rll e'etF e will see tht even t the singleEprtile levelD C > 1 topologil nd is not stritly equivlent to C unit ghern numer ndsF es resultD ghern insultors with C > 1 nd my host some ompletely new phsesD di'erent from those of the frtionl quntum rll e'etD when intertions re turned onF e will sustntite this lim with numeril evidene from ext digonliztion nd deep look t the entnglement spetrumF 4.3.1 Chern insulators with C > 1 in the absence of interactions 4.3.1.1 Wannier orbitals for the Chern insulators he floh sttes re eigensttes of the singleEprtile rmiltoninD nd of the operE tors tht trnslte the prtile y lttie vetorF st n sometimes e dvntgeous to work in sis of lolized sttesD or nnier sttesF here re mny wys to de(ne the nnier sttesD due to the U (1) guge freedom of the floh sttesD ut ll de(nitions involve sptil pourier trnsform of the floh sttes to otin eigenE sttes of x nd ŷD the position opertors projeted onto the nd of interestF e onsider n insultor with lowest nd tht hs ghern numer C = 0F ine the projeted trnsltion opertors long two nonEequivlent diretions of the lttie do not ommute @like the guiding enter oordintes of prtile in vndu level in iqF @IFQQAAD it is not possile to de(ne nnier oritls tht re eigensttes of oth x nd ŷF here re thus no sttes tht re lolized in oth diretions in the C = 0 nd of ghern insultorF roweverD there is no ostrution to de(ning nnier oritls tht re lolized in one diretion nd extended in the other diretion IPTD QS @see pigF RFII for shemti representtion of the nnier oritls on ylinderAF por C = 1D the Ih nnier sttes re similr to the lowest vndu level quntum rll wve funtions φ 0,ky de(ned on the ylinder in iqF @IFQUAF he oritls φ 0,ky=2πky/Ly @where k y = 0, ...N φ -1A re lolized round the line x = 2πl 2 B ky Ly = Lxky N φ D while eing ompletely delolized @plne wvesA in the y diretionF he insertion of unit )ux quntum long the ylinder xis @x diretionA orresponds to the ddition of vetor potentil A long the y diretion

A = - 2π eL y e y @RFIWA
his opertion mounts to shifting the momentum k y in the rmiltonin iqF @IFQTA y 2π/L y F he lowest vndu level wve funtion φ 0,ky (x, y) of iqF @IFQUA thus eomes φ 0,ky+2π/Ly (x, y)D whih is equl to φ 0,ky (x -L x /N φ , y)F qoing k to ghern insultors with n ritrry ghern numerD frkeshli nd i IT detiled the singleEprtile physis of ghern insultors with C > 1 using this nnier sttes formlismF vet us ll |W (k y , n) the nnier stte lolized round the position n in the x diretion @n = 0, ..., N x -1AD nd with momentum k y in the y diretion @k y = 2πk y /N y D with k y = 0, ..., N y -1AF frkeshli nd i showed tht the nnier sttes |W (k y , n) of ghern insultor oeyed twisted oundry onditions

|W (k y + 2π/N y , n) = |W (k y , n + C) @RFPHA
iquivlentlyD the diti insertion of unit )ux quntum long the x diretion uses the nnier oritls to shift y C lttie spingsF xote tht we proved this property in the previous prgrph for C = 1D in the se of the quntum rll wve funtions φ 0,ky F e n illustrte this periodiity property for C > 1 ghern insultor y looking t the expettion vlue of the projeted position opertor x for the nnier oritlsF pigF RFII represents the evolution of the expettion vlue of x for the nnier oritls s mgneti )ux quntum is inserted long the ylinder xisD for C = 2 ghern insultorF hnks to the periodiity property iqF @RFPHA of the nnier sttesD one n thus disentngle C opies of C = 1 ghern insultorD nd ssoite (titious SU (C) degree of freedom to eh opyF sn the se of C = 2 ghern insultorD pigF RFII shows how the nnier oritls n e seprted into two groupsD the (titious degree of freedom eing represented y the olor red or lue of the oritlF xote tht pigure RFIPX he pyrohlore lttie ghern insultor model with p = 2 lyers of the kgome lttieF A he lttie modelF he two kgome lyers re represented in red nd lueD respetivelyD nd the tringulr lyer in yellowF A hree lowest nds of the singleEprtile spetrum of the pyrohlore lttie model with the tunneling prmeters de(ned in iqF @RFPIAF he nd immeditely ove the lowest nd is gpped nd hs ghern numer C = 2F

this piture is vlid in the thermodynmi limitD ut for (nite size system with periodi oundry onditions in oth diretionsD ommensurility e'ets might riseF sndeedD if the numer of unit ells N x in the x diretion is not multiple of CD the seprtion into C opies is no longer possileD sine the insertion of )ux will mix the di'erent (titious degrees of freedomF por exmpleD in pigF RFIID N x = 5D nd the rightmost red nnier oritl eomes the leftmost lue nnier oritl fter insertion of unit )ux quntum long the ylinder xisF sn suh (nite systemD the (titious degree of freedom nd the trnsltions projeted onto the lowest nd re tully entngledD giving rise to physis with no quntum rll e'et equivlentF 4.3.1.2 A simple microscopic model of a C > 1 Chern insulator sn our numeril studyD we mostly used the simpli(ed pyrohlore lttie model inE trodued in efF ISWF st onsists of p kgome lyers oupled through intermedite tringulr lyersF he kgome lttie ghern insultor model IST ws desried in eF PFQFP @see in prtiulr iqF @PFSUA for its floh rmiltonin nd pigF PFU for the lttie strutureAF st ontins nerest neighor tunneling terms of omplex mplitude t 1 + iλ 1 F fetween two kgome lyersD there is n tomi plne forming tringulr lttieF he kgome nd tringulr lyers re ligned in suh wy tht eh tom of the tringulr lttie flls t the sme position s the tom 3 of eh kgome lttie unit ell @see pigF PFU for the numering of toms in the unit ell of the kgome lttieAF pigF RFIP depits the pyrohlore model for p = 2 kgome lyersF he numer of nds in this model is equl to 3 + 4(p -1) @3 nds for eh single kgome lyerD 1 dditionl nd for eh tringulr lyerAF he tringulr lyers re oupled to the kgome lyers vi nerest neighor tunneling term of rel mplitude t ⊥ F por wide rnge of prmetersD the (p -1) th nd of this model is gppedD nd hs ghern numer equl to the numer of kgome lyers @C = pAF e hoose the following tunneling prmetersD nd p = 2 or p = 3

t 1 = 1, λ 1 = 0.83, t ⊥ = -1.03 @RFPIA
hese prmeters yield reltively )t (p -1) th nd @where the lowest nd hs lel 0A with ghern numer C = pF he three lowest nds of the singleEprtile spetrum of this system is represented for p = 2 in pigF RFIPF 4.3.2 Model SU (C) fractional quantum Hall wave functions sn the previous prgrphD we hve seen tht in some sesD C > 1 ghern nd is equivlent to unit ghern numer topologil ndD hosting prtiles with (titious SU (C) degree of freedomF sn the strongly interting regimeD we thus expet the C > 1 ghern insultors to host phses similr to the SU (C) frtionl quntum rll e'etF e review these phses in this prgrphF he generlized rlperin [m, n] sttes TR re series of elin wve funE tions whih generlize the vughlin stte to system where the prtiles rry n dditionl SU (C) degree of freedomF hey write

Ψ SU (C) [m,n] = Φ intra m Φ inter n e -i C α=1 Nα kα=1 |z (α) kα | 2 /(4l 2 B ) @RFPPA
where Φ intra m is the produt of C vughlin sttesD one for eh omponent α

Φ intra m = C α=1 kα<lα z (α) kα -z (α) lα m , @RFPQA Φ inter n
gives the orreltion etween omponents

Φ inter n = α<β Nα kα=1 N β k β =1 z (α) kα -z (β) k β n @RFPRA nd z (α)
kα is the omplex oordinte of the k th prtile of omponent αF m nd n re two integers tht hrterize the strength of the orreltions etween prtiles of the sme nd di'erent omponentD respetivelyF he SU (C) [m, n] rlperin sttes represent sttes with totl (lling frtion

ν = C m + (C -1)n @RFPSA
where the (lling frtion for multiomponent system is de(ned s the sum of the (lling frtions for eh omponentF yn the torusD these sttes hve degenery

d = (m -n) C-1 (m + (C -1)n) @RFPTA
128 Chapter 4. Fractional Chern insulators beyond the Laughlin state hen n = m -1D the rlperin sttes re SU (C) spin singletsF sn this seD the (lling frtion is

ν = C (m -1)C + 1 @RFPUA
nd the degenery of the ground stte on the torus is

d = (m -1) C + 1 @RFPVA
es seen in eF QFIFQD the vughlin stte n e used to uild the nonEelin edEezyi sttesD using the soElled projetive onstrutionF he projetive onstrution n e generlized to write nonEelin SU (C) spin singlet sttes T @xeEkA strting from the SU (C) [m, m -1] rlperin sttesF st onsists in sepE rting the prtiles into k groups of N/k prtilesD writing SU (C) [m, m -1] rlperin stte for eh groupD nd symmetrizing over the prtile oordinte

Ψ SU (C),k m = S k-1 i=0 Ψ SU (C) [m,m-1] z (1) 1+iN/k , ..., z (C) (i+1)N/k @RFPWA
where S opertes the symmetriztion over ll prtile oordintesF his stte pE pers t (lling frtion

ν = Ck C(m -1) + 1 @RFQHA hen m = 2D Ψ SU (C),k m=2 
is simply lled the xe @nonEelin spin singletAF his stte introdued in efF T for C = 2D nd generlized to C = 4 in efsF IQRD IQSF he [m, m -1] SU (C) rlperin sttes nd xeEk sttes re the ext zero energy sttes of some model rmiltoninsF hese model intertions re the SU (C) symmetri versions of the model intertions of the U (1) ounterprts of these sttesD the vughlin nd Z k edEezyi sttesF por exmpleD the model intertion of the [m, m -1] SU (C) rlperin stte n e written in terms of pseudopotentils @see eF PFIFPA s

V l > 0 if l < m -1 V l = 0 if l ≥ m -1 @RFQIA
suh tht it penlizes ll pirs of prtiles with reltive momentum l stritly lower thn m -1D no mtter wht spin they rryF vikewiseD for osonsD the model intertion of the Z k edEezyi sttes n e generlized to the spinful seF sn this seD the ontt intertion iqF @PFQTA ouples k+1 osonsD irrespetive of their spins @for fermionsD the intertion is slightly more omplited SAF he xeEk stte is the ext ground stte of this model intertionF he numer of ground sttes nd qusihole sttes for the rlperin nd xeEk sttes n e predited using n exlusion priniple TD RPD whih is generliztion of the spinless exlusion priniple of eF PFPFRF sn the spinless se @see eF PFPFRAD we hve de(ned dmissile (k, r) prtitions using the ouption sisF e n use nother nottion whih de(nes eh prtition λ s set of integers {λ i } 1≤i≤N stisfying λ i ≤ λ i+1 @RFQPA suh tht stte of the pok sis is proportionl to S z λ 1 1 , ..., z λ N N @s usulD the opertor S symmetrizes over ll prtile positionsAF sn this lngugeD the (k, r) priniple trnsltes into λ i -λ i+k ≥ r @RFQQA sn the spinful seD the prtition λ desriing pok stte @s de(ned in eF PFPFRA is repled y dressed prtition (λ, σ)F he dressed prtition gives the oritl index λ i @with i = 1, ..., N A nd spin @σ i = 1, ..., CA of the oupied oritsD suh tht

       λ i > λ i+1
or de(ned in iqF @RFPWA is the SU (C) generliztion of the Z k edEezyi stteD nd oeys (k, 2) C exlusion prinipleF pinllyD note tht for ny given N nd N φ D ny dmissile (k, r) C dressed prtitions (λ, σ) n e onverted into spinless prtition λ D suh tht for ll i = 1, ..., N

λ i = λ i+1 nd σ i ≥ σ i+1 @RFQRA e (k, r) C dmissile prtition is SU (C) dressed prtition tht veri(es the ddiE tionl ondition        λ i -λ i+k ≥ r or λ i -λ i+k = r -1 nd σ i < σ i+k @RFQSA sf we set C = 1D
λ i = Cλ i + σ i @RFQTA
st n e shown tht the set of prtitions λ otined from iqF @RFQTA is the sme s the set of prtitions oeying the (k, C(r -1) + 1) 1 exlusion prinipleF 4.3.3 Numerical study of some C > 1 fractional Chern insulators pigure RFIQX vow energy spetrum on the pyrohlore lttie with C = 2 @A nd C = 3 @AD s otined y ext digonliztion of twoEody onEsite intertion projeted onto the lowest nd @see iqF @RFQVA with k = 1AF e oserve (C +1)Efold lmost degenerte ground stteD with gp to higher energy exittionsF por k = 1D H b int,k is equl to H b int D the twoEody densityEdensity intertion de(ned in iqF @PFSRAF e ssume tht the p th lowest nds re (lled nd inertF eginD the intertion is projeted onto the nd of interest @whih hs nd index µ = p -1AD nd the e'et of dispersion is negleted using the )tEnd limit @see iqF @PFSWAAD suh tht the rmiltonin writes

H b k = k,k ∈BZ |p -1, k p -1, k| H b int,k p -1, k p -1, k @RFQVA
xote the di'erene of de(nition for the (lling frtion of the frtionl ghern insultor nd the SU (C) frtionl quntum rll e'etF he (lling frtion ν F CI in frtionl ghern insultor is de(ned with respet to the prtilly (lled ndD nd does not depend on the ghern numer C of sid ndF yn the other hndD the (lling frtion for the SU (C) frtionl quntum rll e'et orresponds to the totl (lling frtion for ll vlues of σ = 1, ..., CD suh tht the (lling frtion of omprle pgs nd pr systems re relted y

ν F CI = ν C @RFQWA
e perform the ext digonliztion of the rmiltonin iqF @RFQVAF e (rst use twoEody intertion @k = 1AD nd (lling frtion

ν F CI = 1 C + 1 @RFRHA
por oth C = 2 nd C = 3D we oserve C + 1 qusiEdegenerte ground stteD with ler gp to higher energy exittionsD for ll numers of prtiles tht re numerilly essile @see pigF RFIQAF e n nulete qusihole exittions in this system y dding unit ells to the originl systemF e veri(ed numerilly tht pigure RFIRX vow energy spetrum on the pyrohlore lttie with C = 2 @A nd C = 3 @AD s otined y ext digonliztion of threeEody onEsite intertion projeted onto the lowest nd @see iqF @RFQVA with k = 2AF e oserve sixfold lmost degenerte ground stte for C = 2D with gp to higher energy exittionsF por C = 3D we oserve tenfold lmost degenerte ground stte when the numer of prtiles N is evenF xo ler pttern n e extrted from the low energy spetrum when the numer of prtiles is oddF pigure RFITX vow energy spetrum on the pyrohlore lttie with C = 3D s otined y ext digonliztion of twoEody onEsite intertion projeted onto the lowest nd @see iqF @RFQVA with k = 2AF A N = 7 osons on 3 × 5 lttie @one site dded ompred to the ν F CI = 2/4 ground stteAF A N = 7 osons on 4 × 4 lttie @two sites dded ompred to the ν F CI = 2/4 ground stteAF this opertion leds to gpped spetrumD where the totl numer of sttes elow the gp is given y the (1, C + 1) 1 ounting priniple @see pigF RFISAF his ounting suggests n elin spinless stteD ut ould just s well e interpreted s spinful SU (C) stteF sndeedD the (1, C + 1) 1 ounting is relted to the spinful (1, 3) C exlusion priniple @whih predits the numer of osoni SU (C) [2, 1] rlperin sttesAD vi the mpping iqF @RFQTAF xote tht the (lling frtion nd the form of the intertion re omptile with the interprettion of our pgs phse s spinful stteF sndeedD the (lling frtion ν F CI = 1/(C + 1) n e ompred to the (lling frtion ν = C/(C + 1) of the osoni SU (C) [2, 1] rlperin stteF woreoverD the onEsite densityEdensity intertion iqF @RFQUA is similr to the delt intertionD whihD in its SU (C) symmetri version @expressed in terms of pseudopotentils in iqF @RFQIA with m = 2AD is the model intertion for the [2, 1] rlperin singlet stteF hue to the equivlene iqF @RFQTA etween spinless nd spinful ounting priniplesD it is di0ult to determine the spinless or spinful nture of the pgs ground stteF elsoD we oserve tht only the totl numer of sttes etween the spinful pr nd spinless pgs mthesX the prEtoEpgs mpping @see eF PFQFQA fils to predit the ounting per momentum setorF e similr oservtion n e mde for threeEody intertion @k = 2AD nd (lling frtion

ν F CI = 2 C + 1 @RFRIA
for oth C = 2 nd C = 3F et this (lling frtionD we oserve gpped ground stteD whih is lmost sixfold degenerte for C = 2D nd lmost tenfold degenerte for C = 3 for n even numer of prtiles @see pigF RFIRAF yne qusiholes re nuleted in the systemD we lso otin gpped low energy spetrum @see pigF RFITAF he totl degenery of oth the ground stte nd qusihole sttes is omptile with (2, C + 1) 1 exlusion prinipleF his ounting rule ompres to the (2, 2) C spinful exlusion ruleD whih predits the numer of xe sttes nd of their qusihole exittionsF eginD the (lling frtion ν = 2C/(C + 1) of the xe stte is omptile with tht of the oserved pgs stteD nd so is its model intertion @the (k + 1)Eody ontt intertionAF xote tht for C = 2D the (lling frtion ν F CI = 2/(C + 1) = 2/3 n only e relized for n even numer of prtilesF yn the other hndD for C = 3D the (lling frtion ν F CI = 2 C+1 = 1/2 n e relized for either prity of the numer of prtilesF he ft tht the tenfold ground stte only ppers for n even numer of prtiles suggests pired stteD in greement with the possile interprettion of this stte s xeF pinllyD we notie the sene of ny ommensurility e'et etween the numE er of prtiles N nd the ghern numer C in the ground stte degeneryF sndeedD the SU (C)Esinglet rlperin stte ppers only when N is multiple of CF yn the other hndD when C = 2 nd k = 1D the threefold qusiEdegenery ppers even for N oddF vikewiseD the fourfold qusiEdegenery of the C = 3D k = 1 ground stte ppers even when N is not multiple of 3F e similr oservtion holds true when k = 2X the neessity to distriute ll (titious degrees of freedom eqully ross ll prtilesD oupled with the piringD would hve us expet di'erene etween the se where N is multiple of 2CD nd the se where it is just multiple of 2F e oserve no suh di'ereneD whih gin limits the vlidity of the nlogy of the C > 1 frtionl ghern insultors with the SU (C) frtionl quntum rll sttesF he ove numeril simultions nd disussion revel the di0ulty to lerly identify the pgs C > 1 stte s spinful or spinless stteD using only energeti rgumentsF hile there is n pprent similrity etween these sttes nd the pr SU (C) singlet sttesD other rguments @like the sene of ny ommensurility e'et etween the numer of prtiles nd the ghern numerA limit the vlidity of this nlogyF sn the next prgrphD we use prtile entnglement spetrosopy to gin more insight into these phsesF 4.3.3.2 Entanglement spectroscopy e strt y noting the spei(ities of the spinful pr model sttes ! ompred to their spinless ounterprts ! with regrd to prtile entnglement spetrosopyF es seen in eF PFRFPD the prtile entnglement spetrum @iA of the spinless pr model stte with N prtiles nd N φ )ux qunt hs prtiulr strutureX for prtile prtition with N A ≤ N/2D the numer of nonEzero eigenvlues of the redued density mtrix ρ A is equl to the numer of qusihole sttes in the system with N A prtiles nd the sme numer of )ux qunt N φ F his ounting is equl to the numer of (k, r) dmissile prtitionsF por spinful SU (C) pr stteD howeverD onstrints on the internl degree of freedom n modify the i ountingF vet us onsider the se of SU pigure RFIUX (1, 2) 3 dmissile prtitions in the SU (3) se @using the redD green nd lue olors for eh possile vlue of the internl degree of freedomA nd their (1, 4) 1 ounterprts @in gryAF rere we hve hosen red to e σ = 0D green σ = 1 nd lue σ = 2F @A displys typil dmissile on(gurtion for the groundstte of the SU (3) rlperin stteF @A is n dmissile on(gurtion for the qusihole sttes tht is present when omputing the i for the N = 6 prtile groundstteF @A is lso n dmissile on(gurtion for the qusihole sttes ut nnot e essed through the i from the N = 6 prtile groundstteF the ground stte must ontin the sme numer N/C of prtiles of eh spin σF epresenting eh spin σ with di'erent olorD we give n exmple of suh prtition in pigF RFIU in the se where C = 3F hen ounting the numer of (k, r) C @(1, 2) C in our exmpleA dmissile prtitionsD one should disrd the prtitions with more thn N/C prtiles of the sme spinF sndeedD these prtitions do not exist in the ground stteD nd thus nnot pper in the iF pigF RFIU nd pigF RFIU oth show (1, 2) 3 dmissile prtitionsD ut only the prtition in pigF RFIU should e tken into ount to predit the i ountingD sine pigF RFIU hs more red prtiles thn pper in the ground stteF he SU (C) symmetry thus lowers the numer of sttes in the i of SU (C) ground stteD ompred to wht is expeted from the (k, r) C exlusion prinipleF yn the other hndD no suh onstrint exists for the qusihole sttesD whose degenery is still given y the spinful (k, r) C or spinless (k, C(r -1) + 1) 1 exlusion prinipleF xote tht no disrepny n e oserved for C = 2D sine the numer of sttes in the prtition A is lwys limited to N A ≤ N/2 = N/CF por C = 3D howeverD there re prtile prtitions suh tht N/C < N A ≤ N/2D suh tht the e'ets of the dditionl onstrint n e oserved in the i of the ground stteF e hve omputed the i of the lmost degenerte ground sttes of ll of our pgs systems @the proedure to otin the i of degenerte ground stte ws detiled in eF PFRFPAF sn ll the ses where there is ler ground stte qusiE degenery in the energy spetrumD we oserved n entnglement gpD nd were le to ount the numer of sttes elow itF por C = 2D the previous omment implies pigure RFIVX A i of the low energy groundstte mnifold for N = 9 osons on 6 × 6 pyrohlore lttie with C = 3 nd two ody intertionD with N A = 4F he numer of sttes elow the dotted line is 14364F his is 1575 sttes less thn the (1, 4) 1 ountingF his ounting mthes the ounting otined through the rlperin iF A i of the low energy groundstte mnifold for N = 6 osons on 6 × 4 pyrohlore lttie with C = 3 nd two ody intertionD with N A = 3F he numer of sttes elow the dotted line is 680F st is lower thn the (1, 4) 1 ountingD ut does not mth the i ounting of the orresponding SU (3)Esinglet rlperin stteF tht the i ounting of the SU (2) pr sttes nd their spinless ounterprts mthF gonsequentlyD we do not expet the i to rule out or on(rm the neessity of n internl SU (2) degree of freedom to desrie the C = 2 pgs ground stteF e veri(ed tht the numer of sttes elow the entnglement gp ws onsistent with our oservtions of the eF RFQFQFIF por C = 2 nd k = 1D the numer of sttes elow the entnglement gp mthes the spinful (1, 2) 2 qusihole ountingD s well s the spinless (1, 3) 1 qusihole ountingF his on(rms the topologil nture of the ground stteF xote tht the ounting of the qusihole sttes in the energy spetrum is not su0ient to identify the phse sine the spetrum of hrge density wve ould hve the sme ountingF es expetedD the numer of sttes is onsistent with n interprettion of the ground stte s SU (2) rlperinElike stteD ut lso s spinless stteF vikewiseD for C = 2 nd k = 2D the numer of sttes elow the entnglement gp mthes the spinful (2, 2) 2 ountingD s well s the spinless (2, 3) 1 ountingF e now turn to the se C = 3D nd twoEody intertion @k = 1AF his is prtiulrly interesting seD sine it is the smllest vlue of C where we n relize the inequlity N A > N/CF por N A ≤ N/CD we oserve ler entnglement gp ove the expeted (1, 2) 3 @or equivlently (1, 4) 1 A ountingF por N A > N/3D there is n entnglement gpD ut the ounting elow this gp is generlly not given y (1, 4) 1 ounting ruleF e (rst fous on the sitution where oth N x nd N y re integer multiples of CF e oserve the numer of sttes redution predited ove for the SU (C) pr singletsF sn this se the numer of sttes elow the gp is the sme s the numer of sttes of the [2, 1] SU (3)Esinglet rlperin iF por exmpleD the i of the N = 9 osons on 6 × 6 lttie for N A = 4 hs ler entnglement gpD with 14364 sttes elow it @see pigF RFIVAD the sme numer of sttes s the rlperin stte iF roweverD outside of these very spei( onditions 136 Chapter 4. Fractional Chern insulators beyond the Laughlin state @when t lest one of the integers N x , N y is not multiple of CAD the i ounting is not tht of the rlperin stteF he numer of sttes elow the entnglement gp is either equlD or lower thn the (1, 4) 1 ountingF es seen in eF RFQFIFID ghern insultors with mximl ommensurility @iFeF N x nd N y re oth multiples of CA re equivlent to SU (C) quntum rll systemsF sn these systemsD the nnier oritls n e deoupled into C groups of olored oritlsD eh mimiking the quntum rll oritls with given spin σ = 1...C on the ylinderF st is thus not surprising to otin the SU (C)Esinglet rlperin sttes in these systems when SU (C) symmetri intertions re turned onF he i ounting in the otherD less ommensurte ses ws originlly not understood in efF ISRF roweverD susequent rtiles IUTD IUS hve provided ler explntion for these sttesF hen one of the lttie dimensions N x or N y is multiple of CD the olor degree of freedom of the nnier sttes nd their trnsltion quntum numers n e disentngleF he prie to py is shift of the nnier sttes long the ylinder xisD whih depends on their olorF his system is equivlent to the multiomponent quntum rll system where spinEdependent mgneti )ux hs een inserted long the ylinder xisF rlperin sttes orresponding to this piture n e writtenD nd efF IUT showed tht our results in C > 1 frtionl ghern insultors were onsistent with the i of these sttesF hen oth N x nd N y re inommensurte with CD the olor degree of freedom of the nnier sttes n no longer e disentngled from their trnsltion quntum numersF he nonEinterting system ehves like multilyer system where topologil defet onnets the di'erent lyersF his piture is very similr to tht of multilyer system with twisted oundry onditionsD s desried in eF QFIFR nd depited in pigF QFI for C = 2F st is thus temptingD following the rguments of the previous hpterD to try to unfold this twisted system into C times lrgerD defetEfree torusF xote tht hereD the SU (C) invrint intertion would ouple the di'erent lyersD preventing simple trnsposition of the rguments of eF QFIFRF roweverD in our numeril resultsD we lmost lwys oserve (1, C + 1) 1 vughlin ounting elow the i entnglement gpF his suggests onnetion etween the C > 1 frtionl ghern insultor nd the vughlin stte living on some unfolded version of the ghern insultorD whih would e interesting to exploreF sn onlusionD the i results ring dditionl rguments to support the reE liztion of frtionl phses in ghern insultors with C > 1F sn some sesD the ground stte n e identi(ed to n equivlent SU (C)Esinglet frtionl quntum rll stteF he numeril results otined for threeEody intertion @k = 2AD while not shown hereD strongly suggest the pprition of nonEelin stte whih ompres to the xe stte in the se where oth diretions of the lttie re omE mensurte with CF yur numeril dt lso lerly shows the emergene in ghern insultors of frtionl phses with no simple frtionl quntum rll equivlentF feyond the identi(tion of these sttesD our nlysis shows the power of prtile entnglement spetrosopyF sndeedD the use of i llowed us to gin some ruil informtion on the nture of the phses tht would e impossile to otin from energeti signtures loneF sn the previous hpters of this mnusriptD we hve desried systems tht rek timeEreversl invrine either expliitly @due to the presene of mgneti (eldA or impliitly @when the lowest nd of n insultor rries nonEzero ghern numerAF e now fous on systems where timeEreversl invrine is not only preservedD ut is lso t the root of the topologil nture of the phseF he physis of nonEinterting twoEdimensionl topologil insultors ws detiled in eF IFQF sn this hpterD we will study these systems in the presene of strong intertionsF sndeedD these systems my host interestingD novel phsesD with properties s vried nd rih s those of their timeEreversl reking ounterprts @studied in ghptersF PDQDRAF o frD ll the properties oserved experimentlly in timeEreversl invrint topologil insultors re explined with singleEprtile physis rgumentsF nlike the frtionl quntum rll seD we thus nnot rely on ny experimentl oservtion to guide us in our serh of frtionl topologil phsesF yn the nlytil sideD most models re sed on pir of hirlEntihirl frE tionl quntum rll sttesF he simplest exmple of suh phse onsists of two osoni vughlin 1/2 sttes with opposite hirlitiesD model whih relizes the 138 Chapter 5. Fractional topological insulators with time-reversal symmetry douleEsemion topologil order @ semion model ! the vughlin 1/2 stteD for inE stne ! relizes topologil order with only two topologil setorsD orresponding to two elin qusiprtilesAF hile there re preditions WRD WS onerning the stility of this phse ginst perturtionsD numeril simultions re neessry to mesure the extent of this stilityF st rises the question of how to relize the toy model of pig IFIP in somewht relisti mnnerF sndeedD how do we relize n experimentl sitution where di'erent speies of eletron @rrying (titious spin degree of freedomA re sujeted to opposite mgneti (elds @see the sitution desried in eF IFQFIAc e will see tht ghern insultorsD sine they suppress the need for mgneti (eldD provide good solution to this prolemF wore spei(llyD we study phse mde of two opies of frtionl ghern insultor with opposite hirlitiesD with strong intertions within eh opyD suh tht eh opy relizes the vughlin stteF 5.1 Microscopic model es seen in eF IFQFID the simplest wy to relize timeEreversl invrint topologil insultor is to onsider two opies of the quntum rll e'et with opposite hirlitiesF por more relisti settingD we onsider two opies of ghern insultor insted of the ontinuous quntum rll systemF por exmpleD the model whih desries the rgeGgde topologil insultor in eF IFQFPFI is sed on two opies of the squre lttie model with two oritls per unit ellF roweverD s shown in efF IUPD this ghern insultor model does not host very stle vughlin phseF yur gol here is to study the in)uene of diverse oupling terms on this simple type of psF e thus need to strt from model exhiiting ler signture of this phse in the deoupled limitD otherwise modelEdependent rtifts might osure the e'ets of the ouplingF gonsequentlyD our ghern insultor hoie should e motivted y the possiility to relize roust vughlin phseD rther thn the pursuit of the most relisti modelF sn tht senseD the kgome lttie model IST desried in eF PFQFP nd depited in pigF PFU is good hoieD sine it hosts stle osoni vughlin phse t ν F CI = 1/2D s well s stle fermioni vughlin phse t ν F CI = 1/3 IUPD with smll (nite size e'etsF he other reson to hoose this model is its simpliityD sine nerestEneighor hopping terms with the proper omplex mplitude re su0ient to see ler signture of the vughlin phseF he simplest frtionl topologil phse we ould study is mde of two opies of the vughlin 1/2 stte @for osoni phseA or two opies of the vughlin 1/3 stte @for fermioni phseAF qenerting the energy spetrum for the fermioni phse or for the osoni phse hs very similr omputtionl ostF sndeedD the numer of on(gurtions with N osons t hlf (lling is C N 3N D nd is thus the sme s the numer of fermioni on(gurtions t third (lling with the sme numer of prtilesF e hoose the osoni modelD whih will llow us to hoose simpler intertion termF es seen in eF PFQFPD the simplest intertion terms llowing the 1/2 @osoniA nd 1/3 @fermioniA vughlin sttes to pper re respetively the onEsite nd nerestEneighor intertionsF es resultD the simplest oupling intertion etween opies is purely onEsite intertion for osonsD nd is thus prmetrized y single numerF por fermionsD we ould in priniple hoose purely onEsite oupling term s wellF roweverD there is no reson not to onsider nerestEneighor intertion oupling the fermions in di'erent opiesD sine the fermions within one opy intert vi this intertionF 5.1.1 One-body model he kgome lttie ghern insultor is the uilding lok of our modelF e de(ne the mplitude of the nerestEneighor tunneling term @noted |t 1 + iλ 1 | in iqF @PFSUAA s the energy unitF ithout loss of generlityD we n thus (x this mplitude to 1D nd write e iϕ the complex mplitude of the tunneling termF sing this nottionD the floh rmiltonin iqF @PFSUA of the single opy writes

|1 |2 |3 h CI (k) =      0 e iϕ (1 + e -ikx ) e -iϕ (1 + e -iky ) 0 e iϕ (1 + e i(kx-ky) ) h.c. 0      |1 |2 |3 @SFIA
where 1D 2 nd 3 denote the oritl indexes @see pigF PFU for the leling of the oritls in the kgome lttieAF ixept for ϕ = 0 nd ϕ = ±2π/3 @t whih the system is gplessAD the model hs two nonEtrivil nds with ghern numer C = ±1D in ddition to trivil nd @C = 0A @see pigF SFIAF por the ske of simpliityD we set ϕ = π/4F he model with ϕ = π/4 is known to stilize vughlinElike phse when intertions re swithed onD s shown numerilly in the fermioni se in efF IUPF o uild two dimensionl timeEreversl invrint topologil insultorD we put together two opies of this modelF e de(ne pseudospin opertor ŝD nd we use the eigenvlues s z = ±1/2 of its projetion to lel the two opiesF he i th toms of oth pseudospins re geometrilly t the sme position s depited in pigF SFIF he tion of the timeEreversl opertor T on wve funtion desriing one prtile depends on its spinX T 2 = -1 for hlf integer spinsD T 2 = 1 for integer spins PHF tritly spekingD the timeEreversl symmetry should thus t s T 2 = 1 on the spinless osons in eh opy of our modelF roweverD we hoose to de(ne T s the ntiunitry disrete symmetry tht )ips the pseudospin index of the osonsF ine the pseudospin ŝ hs the lger of n ngulr momentum with s = 1/2D the disrete symmetry opertor T is properly de(ned nd veri(es the property

T 2 = -1 @SFPA
his will llow us to use the results of eF IFQFQD in prtiulr the urmer9s theoremD prerequisite to the de(nition of the Z 2 topologil invrintF hile this is misnomerD we will keep the nme timeEreversl opertor for T for simpliityF pigure SFIX A fnd struture of the kgome lttie model with nerest neighor hopping phse ϕ = π/4F he three nds re seprted y n energy gpD nd hve ghern numer C = -1, 0, +1 respetivelyF A hemti representtion of the intertion in our ps kgome lttie systemF he intertion strength is U etween osons within the sme lyer @identil pseudospinA nd V etween osons in di'erent lyers @opposite pseudospinAF he single prtile floh rmiltonin for this model n e written in the form of lok mtrix where the top left lok ts on the prtiles with pseudospin up only while the ottom right lok ts on the prtiles with pseudospin downF imeE reversl symmetry imposes on the floh rmiltonin the onstrint iqF @IFWUAF his onstrins the two digonl loks to e relted y the reltion iqF @IFWVAF king this onstrints into ountD the floh rmiltonin writes

|↑ |↓ H R (k) = h CI (k) R R t h * CI (-k) |↑ |↓ @SFQA
he lttie hs N s = N x × N y unit ells with periodi oundry onditionsF hen intertions re swithed onD the geometri spet rtio of the system hs ritil in)uene on the mgnitude of the mnyEody gpD s mentioned in the se of pgss in eF RFIFPF sn order to minimize this e'et while studying the evolution of the gp with the system sizeD we follow the pproh introdued used to otin the sling of the gp ove the vughlin stte in the ruy lttie in eF RFIFP nd use tilted oundry onditionsF sing this tehniqueD we hoose system geometry where the spet rtio is very lose to one for ny numer of unit ells N s F sn pigF SFPD we speify the geometry of ll the systems used in this numeril studyF 5.1.2 Coupling via the band structure he o'Edigonl 3 × 3 ntisymmetri mtrix R of the floh rmiltonin iqF @SFQA is term tht ouples the two opies t the singleEprtile levelF he timeEreversl invrine ondition fores this term to e ntisymmetri

R = -R t @SFRA T 1 T 2 N s = 8 T 1 T 2 N s = 10 T 1 T 2 N s = 12
pigure SFPX qeometry of the (nite size systems used for ext digonliztionD mE terilized in gry on the tringulr frvis lttieF he system is periodi under ny trnsltion of the vetors T 1 nd T 2 F por N s = 12 unit ellsD T 1 nd T 2 re olliner to the frvis lttie vetorsF por N s = 8 nd N s = 10 unit ellsD we hoose tilted oundry onditions @iFeF T 1 nd T 2 re not olliner to the frvis lttie vetorsAF sn relisti systemsD the sh e'et emerges from spinEorit oupling @see eF IFQFPFIAD nd is momentum dependentF sn this rtileD we wnt to proe the e'et of term tht ouples the two lyers t the single prtile levelD thus expliitly reking the pseudospin symmetry @ndD in most sesD the inversion symmetryA of the systemF ine we re not tied to physilly relisti modelD we will reple the sh term with relD kEindependent mtrixD to redue the numer of prmeters to minimumF sing this pproximtionD nd the ft tht R t = -RD the oupling term is ontrolled y three prmetersF e will study their in)uene independentlyF ixmining how R trnsforms under sptil symmetry trnsformtions shows us tht there is nturl hoie for one of the xesF he following oupling mtrix

R 1 = 1 √ 6   0 1 -1 -1 0 1 1 -1 0   @SFSA
preserves the C 3 rottionl invrine present in the kgome lttie modelF por this resonD we hoose R 1 to e one of the xes of the phse digrmF e de(ne the two

other diretions R 2 nd R 3 so tht (R 1 , R 2 , R 3 ) is n orthonorml sis under the slr produt (M, M ) → T r(M M t )F R 2 = 1 √ 12   0 1 2 -1 0 1 -2 -1 0   @SFTA R 3 = 1 2   0 1 0 -1 0 -1 0 1 0   @SFUA
he totl oupling term s funtion of the mtries R i is given y

R = α 1 R 1 + α 2 R 2 + α 3 R 3 @SFVA
Chapter 5. Fractional topological insulators with time-reversal symmetry where α 1 D α 2 D α 3 re rel prmetersF xote tht generllyD R reks the inversion symmetryD even for α 2 = α 3 = 0F he oneEody rmiltonin hs two symmetries with respet to α 1 D α 2 D α 3 tht we mke expliit in the followingF ! Symmetry under the transformation R → -R he rmiltonins with opposite oupling terms H R nd H -R re relted y the following unitry trnsformtion

H R = U t H -R U @SFWA with U = I 3 0 0 -I 3 @SFIHA
where I 3 is the 3 × 3 identity mtrixF herefore the trnsformtion R → -R is symmetry of the rmiltoninF ! Symmetry under the transformation α 3 → -α 3 otting the lttie y n ngle 2π/3 nd interhnging the sultties 1 nd 3 leves the system invrintF sn the rmiltoninD this trnsformtion hnges the sign of α 3 F gonsequentlyD the trnsformtion α 3 → -α 3 is symmetry of the rmiltoninF sing oth of these symmetriesD we n redue the prmeter spe to spn y (xing the sign of two prmetersF e hoose α 1 , α 3 > 0F sn prinipleD we do not expet tht dding intertions to topologilly trivil insultor will rete frtionl phseF hereforeD we need to ddress the stility of the topologil phse t the single prtile level efore ttking the prolem of the stility of frtionl topologil phseF hen R = 0D the single prtile model is mde of two deoupled ghern insultor opiesD where one opy hs ghern numer +1D the other -1F eording to eF IFQFQFPD the deoupled model is thus nonE trivil insultor @the vlue of the Z 2 topologil invrint of the two lowest nds is oneAF ine R only ontins relD kEindependent termsD inresing its strength to in(nity will drive the system into trivil phseF sn the generi se @R = 0AD the Z 2 invrint n e e'etively omputed using the method developed in efF IVHF pigF SFQ shows some slies of the three dimensionl phse digrm long the α 1 xisF xote tht for |α 1 | > 7D our model is trivil for ny vlue of α 2 nd α 3 F 5.1.3 Form of the interaction e onsider N osons interting vi n onEsite intertionF he onEsite intertion etween osons with the sme pseudospin is neessry to the emergene of the douleEsemion phse in the deoupled limitF e note U its strengthF here is lso n intertion term of mplitude V etween osons with opposite pseudospinsD whih ouples the two vughlin opiesF nlike the tunneling term RD this term ouples the two opies without reking the pseudospin symmetryF pigF SFI gives shemti representtion of this intertionF he intertion rmiltonin writes

H int = U i,σ : n iσ n iσ : + 2V i : n i↑ n i↓ : @SFIIA α 1 = 0.0 -2 0 2 α 2 -2 0 2 α 3 α 1 = 1.0 -2 0 2 α 2 -2 0 2 α 3 α 1 = 2.0 -2 0 2 α 2 -2 0 2 α 3 α 1 = 3.0 -2 0 2 α 2 -2 0 2 α 3 α 1 = 4.0 -2 0 2 α 2 -2 0 2 α 3 α 1 = 5.0 -2 0 2 α 2 -2 0 2 α 3 α 1 = 6.0 -2 0 2 α 2 -2 0 2 α 3 α 1 = 7.0 -2 0 2 α 2 -2 0 2 α 3
pigure SFQX hi'erent uts of the single prtile phse digrm long the C 3 invrint xisF he one ody model is nonEtrivil in the lk region of the phse digrmF α 1 is the mplitude of the C 3 invrint term nd rnges from -7 to 7D limits for whih the kgome lttie model insultor is trivil for ny vlue of α 2 nd α 3 F where :: denotes the norml orderingD nd σ represents the pseudospin index @up or downAF pollowing the sme onventions s for the pgs systemsD we de(ne the (lling frtion in timeEreversl symmetri topologil insultor with respet to the prtilly (lled two lowest ndsD whih together rry Z 2 invrint I

ν F T I = N 2N s @SFIPA
xote thtD s lredy pointed out in eF RFQFQFID in onventionl pr systemsD the (lling frtion is usully de(ned with respet to the fully polrized vndu level ν = N/N s = 2ν F T I F sn eF RFQFQFID we used the )tEnd limit @de(ned in eF IFPFIFPA nd projeted the intertion to the lowest nd @see eF PFQFPA to remove the e'et of nd dispersion nd nd mixing in ghern insultorsF e n de(ne very similr opertion for timeEreversl symmetri topologil insultorF he kgome lttie model with pseudospin 1/2 hs six ndsF he originl floh rmiltonin is 

H(k) = n E n (k)P n (k) @SFIQA
Γ K M Γ -4 -2 0 2 4 6 E/t α 3 = 1.0 Γ K M Γ -4 -2 0 2 4 6 E/t α 3 = 2.0 Γ K M Γ -4 -2 0 2 4 6 E/t α 3 = 3.0 Γ K M Γ -4 -2 0 2 4 6 E/t α 3 = 3.4 Γ K M Γ -4 -2 0 2 4 6 E/t α 3 = 4.0 Γ K M Γ Γ M K ∼ a 1 a 2 ∼
pigure SFRX fnd struture of the kgome lttie model with timeEreversl symmetry long the high symmetry points ΓD K nd M F he oupling term etween the two kgome opies is set to R = α 3 R 3 where R 3 is de(ned in iqF @SFUAF por α 3 = 0 @deoupled kgome opiesAD there re three pirs of extly degenerte ndsD nd the spetrum is identil to tht of the singleElyer kgome modelF sntroduing some oupling etween the two kgome opies lifts this degeneryD exept t the inversionEsymmetri points Γ nd M F sndeedD the degenery of these points results from urmer9s theorem nd is proteted y timeEreversl symmetryF he phse trnsition etween the topologil nd trivil models is mrked y losing of the gp etween the seond nd third lowest nds t α 3 3.4F he position of ΓD K nd M in the (rst frillouin zone is spei(ed in the ottom pnelF ã1 nd ã2 re the reiprol lttie vetorsD suh tht two points relted y n integer liner omintion trnsltion of these two points re equivlentF pigure SFSX rlf (lling ps phse t N = N s = N x = 8 @N y = 1AD in the se where there is no nd struture ouplingD nd with n interlyer intertion of strength V /U = 0.5F Left panel vow energy spetrumF e oserve n lmost fourEfold degenerte ground stte lying in momentum setors (k x , k y ) = (0, 0) @two sttesA nd (k x , k y ) = (4, 0) @two sttesAD with gp ∆ to higher exittionsF he highest nd lowest energy sttes of the ground stte mnifold hve n energy splitting δF Right panel i of the ground stte mnifoldD for prtition with N A = 4 prtilesD in the setor S zA = 0F he numer of sttes elow the lowest gp is 400F he numer of sttes etween the two dotted lines is 640F foth ountings re simply relted to the numer of sttes in the i of the pgs system with N ↑ = 4 osonsD N s = 8D nd N ↑ A = 2 osons in the A prtitionF 5.2 Phase diagram of a fractional topological insulator 5.2.1 Stability of the fractional phase at half lling with pseudospin conservation 5.2.1.1 Energy spectra e (rst fous on systems where the two ghern insultors opies re only oupled y the intertionD nd not t the nd struture level @R = 0AF e de(ne S z s the di'erene of popultion etween the two lyersX

S z = N ↑ -N ↓ 2 @SFISA
where N ↑ @respetively N ↓ A is the numer of prtiles with pseudospin up @respeE tively downAF S z is good quntum numer s long s no interlyer tunneling is llowed @R = 0AF e digonlize the intertion de(ned in iqF @SFIIAF ine the intertion hs een projeted onto the two lowest ndsD whose energies hve een rti(illy set to 0D we n (x the vlue of U to 1 without loss of generlityF e study the in)uene of the mplitude of the oupling intertion V on the low energy spetrum of the systemF hen V = 0D the energy spetrum n e trivilly dedued from the spetrum of the pgs with the sme numer of unit ellsF ih pgs opy hosts n lmost twofold pigure SFTX ivolution of the mnyEody gp of the systems with N = 8, 10, 12 osons in system with geometri spet rtio lose to one nd N s = N unit ellsF he gp is plotted s funtion of the mgnitude of the intertion etween osons of opposite pseudospin @V /U AD for the timeEreversl invrint ps @A nd for the ilyer pgs @AF he shded re in @A orresponds to full polriztion of the ps systemD for N = 10, 12 @light greyA nd N = 8 @drk greyAF he ilyer pgs system only eomes fully polrized for vlues of V /U tht re eyond the sope of this grph @the trnsition hppens for 20 < V /U < 30 depending on the system sizeAF degenerte vughlinElike ground stte mnifold noted {Ψ σ 1 , Ψ σ 2 } @where σ =↑, ↓ is the pseudospin indexAF sn the deoupled limitD the ground stte mnifold of the two opies thus onsists of four lmost degenerte sttesD whih respetively write

           Ψ ↑ 1 ⊗ Ψ ↓ 1 Ψ ↑ 1 ⊗ Ψ ↓ 2 Ψ ↑ 2 ⊗ Ψ ↓ 1 Ψ ↑ 2 ⊗ Ψ ↓ 2 @SFITA
xote tht due to the timeEreversl symmetryD the down pseudospin wve funtions re relted to their up pseudospin ounterprts y n opertion of omplex onjuE gtion

Ψ ↓ i = Ψ ↑ i * i = 1, 2 @SFIUA
e ll ∆ the gp etween the highest energy ssoited to this fourfold ground stte nd the (rst exittionF hen we dd some onEsite intertion etween osons of opposite pseudospinsD the gp is still lerly trele @see pigF SFSAD ut deE resesF e plot ∆ for di'erent vlues of V /U @see pigF SFTAF e n lso notie tht the energy spred δ etween the highest nd lowest energy sttes of the ground stte mnifold inresesF e keep trk of the momentum setors where the ground stte mnifold liesF hese quntum numers n e dedued from the ground stte momentum setors of the pgs systemD whih re known from the pr on the torus pigure SFUX yverlp of the fourfold ground stte wve funtion with the wve funtion of the deoupled systemF ivolution of the overlp of the systems with N = 8, 10, 12 osons nd N s = N unit ells with respet to the mgnitude of the intertion etween osons of opposite pseudospin @V /U AD for the timeEreversl invrint ps @A nd for the ilyer pgs @AF he shded res orrespond to the fully polrized phse s disussed in pigF SFTF e set the overlp to zero s soon s one of the four lowest lying sttes flls out of the expeted momentum setorsF through the prEtoEpgs mpping desried in eF PFQFQF e set the gp to zero whenever t lest one of the four lowest lying sttes in the spetrum does not lie in the expeted momentum setorF hen V is su0iently lrger thn U D it eomes more dvntgeous for the system to rete some popultion imlne etween the two lyersF sn this seD the ground stte is no longer hrterized y vnishing vlue of S z D sitution whih orresponds to spontneous reking of the timeEreversl symmetryF here is limit where V /U is lrge enough tht the system eomes fully polrized @ll osons oupy the sme lyerAD s seen in pigF SFT t V /U = 1.8 for N = 8 nd t V /U = 2.0 for N s = 10, 12F yur results show tht the gp mplitude dereses slowlyD nd does not vnish until V /U 1.0F his suggests tht the ps phse is remrkly roust to the introdution of oupling intertionF hese results rely exhiit ny (nite size e'etD s the rnge of stility does not show ny signi(nt vrition from 8 to 10 to 12 prtilesF e lso omputed the overlp of the ground stte eigenvetors with the eigenE vetors iqF @SFITA of the deoupled system @see pigF SFUAF his shows tht s long s there is well de(ned ground stteD the overlp remins lose to ID ut drops to vlue lose to zero when the gp eomes smllerD thus on(rming the results given in pigF SFTF eginD the results do not show ny (nite size e'etF pigure SFVX ivolution of the entnglement gp of the systems with N = 8, 10, 12 osons nd N s = N unit ells for prtition N A = N/2D for the timeEreversl invrint ps @A nd for the ilyer pgs @AF V /U is the mplitude of the interlyer intertionF he shded res orrespond to the fully polrized phse s disussed in pigF SFTF entnglement spetrum @iA n mke this distintionF e onsider prtile prtition tht keeps N A prtiles in the redued systemD where N A n e omposed into the sum of N ↑ A prtiles with pseudospin up nd N ↓ A with pseudospin down

N A = N ↑ A + N ↓ A @SFIVA
es seen in eF PFRFPD the prtile prtition preserves the geometril symmetries of the originl stteF yn top of the usul momentum quntum numersD noted k xA , k yA D the popultion imlne in the redued system

S zA = N ↑ A -N ↓ A 2 @SFIWA
is lso good quntum numerD s long s S z is good quntum numer in the originl systemF hen the entnglement spetrum is gppedD the numer of sttes elow the gp is signture of given topologil phseD euse it is relted to the numer of qusihole exittionsD hllmrk of the frtionl phseF his sttement ws mde in eF PFRFP nd re0rmed throughout the mnusriptF sndeedD it helped us identify the omposite fermion sttes in pgss in eF RFPFPFQD nd ws ritil to hrterize the frtionl phses in C > 1 ghern insultors in eF RFQFQFPF e expet this property to rry over to the ps phseF e note the existene of n entnglement gp in the deoupled limit @V = 0AF he numer of sttes elow this gp n e predited y the numer of sttes elow the entnglement gp of the pgs iF vet us (rst onsider one pgs opy t hlf (llingD sy the pseudospin up pgs opyF e ll N FCI (N ↑ A , k ↑ A ) the numer of sttes elow the entnglement gp in the momentum setor k ↑ A = (k ↑ xA , k ↑ yA ) of this single opyF e n lso de(ne similr ounting N FCI (N ↓ A , k ↓ A ) for the pseudospin down pgs opyF sn terms of the pgs quntum numersD the ps quntum numers writeX

k xA = (k ↑ xA -k ↓ xA ) mod N x @SFPHA k yA = (k ↑ yA -k ↓ yA ) mod N y @SFPIA
he minus sign in iqsF @SFPHA nd @SFPIA omes from the timeEreversl invrine of the systemF st hs the sme origin s the sign in the oneEody rmiltonin tht ts on the pseudospin down h * CI (-k)F por given N A nd given S zA D iqsF @SFIVA nd @SFIWA (x the vlues of N ↑ A nd N ↓ A F xivelyD the ps i ounting with ut (N A , S zA ) is thus the following in the k A setor

N FTI A (k A ) = k A =k ↑ A -k ↓ A N FCI A (N ↑ A , k ↑ A ) × N FCI A (N ↓ A , k ↓ A ) @SFPPA
where the sum hs to e tken over ll the pgs momentum setors tht stisfy the onstrints of iqF @SFPHA nd @SFPIAF he symol mens tht the momentum onstrint hs to e tken modulo (N x , N y )F es pointed out in eF RFQFQFPD dditionl onstrints n redue the numer of eigenvlues of the i when the ground stte mnifold possesses n dditionl symmetry preserved y the prtile prtitioningF rere the ground stte hs S z = 0D whih results in the following onstrint

N ↑ A + N ↑ B = N ↑ = N/2 @SFPQA N ↓ A + N ↓ B = N ↓ = N/2
where the the B indies refer to the B prtitionF xote tht for ground stte with degenery d = 1D the i ounting is not the sme in prtitions e nd f

N FCI A (N ↑ A , k ↑ A ) = N FCI B (N ↑ B , k ↑ B ) @SFPRA es resultD N FTI A (k A ) = N FTI B (k B )D
nd the numer of sttes elow the gp in the ps system redues to

N FTI = min N FTI A , N FTI B @SFPSA
e hek tht in the fully deoupled seD the i hs the expeted ountingF e note ∆ ξ (N A ) the smllest of the entnglement gps in ll setors (S zA , k A ) @see pigF SFSAF

∆ ξ (N A ) = min{∆ ξ (N A , S zA , k A )} @SFPTA
e follow the evolution of ∆ ξ (N A ) upon inresing interlyer intertion V /U F sn ddition to the persistene of the entnglement gpD the onsistent ounting elow this gp with inresing V /U llows us to onlude to the stility of the ps phse in signi(nt intervl of V /U F sn pigF SFV we show the evolution of the entnglement gp for three system sizes @N = 8, 10, 12AF e show the evolution of pigure SFWX tility of the ps phse t hlf (lling upon ddition of C 3 symmetry preserving oupling term of mplitude α 1 D in the sene of interlyer intertion @V /U = 0D nd AD nd with V /U = 0.5 @ nd dAF he systems hve N = 8 nd N = 10 prtilesD N s = N unit ellsF he shded re orresponds to the region where the oneEody model is trivil insultorF nd X ivolution of the mnyEody gp with α 1 F nd dX ivolution of the i gp with α 1 D for prtile prtition N A = N/2F ∆ ξ (N A = N/2)D s this gives the most onservtive estimtion of the stility of the phse @N A = N/2 gives the smllest entnglement gpAF hese results on(rm the topologil nture of the fourfold ground stte for vlues of the interlyer intertion up to V /U 0.8D with negligile (nite size e'etsF xote tht similr results were otined in reent pper RT using ontinuous modelF 5.2.2 Stability of the fractional phase at half lling without pseudospin conservation e now investigte the system where the two kgome lttie lyers re oupled vi oth the intertion nd the inversion symmetry reking term RF e study here the in)uene of the mgnitude of this oupling term on the stility of the frtionl phse t hlf (llingF S z is no longer good quntum numerD whih drsE tilly inreses the omputtionl e'ort ompred to the sitution in the previous prgrphF por instne t N = 12D the dimension of the lrgest suspe ws 1.3 × 10 7 previouslyD it is now 7.0 × 10 7 F por N = 10D the dimension of the lrgest suspe rises from 4 × 10 5 to 2 × 10 6 F wenwhileD we hve lrger prmeter spe to exploreD with α 1 , α 2 D α 3 D nd V /U tht n ll vry independentlyF e will limit ourselves to systems with N = 8 nd 10 prtilesF e (rst study the stility of the topologil phse in the diretion α 2 = α 3 = 0D for di'erent vlues of α 1 F sn this seD the inversion symmetry is rokenD ut the C 3 rottionl invrine is preservedF he evolution of the gp ∆ is represented pigF SFWD for the systems with respetively N = 8 nd N = 10 prtilesF e lso ompute the i of these systemsF he evolution of the entnglement gp is represented in pigF SFWD d for prtitions with N A = N/2 prtilesF e use two di'erent vlues of the interlyer intertionX V /U = 0 @ nd A nd V /U = 0.5 @ nd dAF e oserve tht the energy gp nd the entnglement gp survive in roughly the sme regions @the gp losing ours round α 1 3.0AF xote tht the energy gp ∆ vnishes for similr vlues of α 1 for oth intertionsD lthough it tkes very di'erent vlues t V /U = 0 nd V /U = 0.5 when R = 0F he stility region of the ps lies well within the topologil region of the oneEody model @whih is roughly α 1 ∈ [0, 6.5]D s seen in pigF SFQAF snterestinglyD it overs signi(nt prt @more thn thirdA of the nonEinterting topologil insultor stility zoneF e lso look t the stility of the topologil phse t hlf (lling long two di'erent plnesX α 2 = 0 nd α 3 = 0F e plot the gp ∆ @see pigF SFIHA nd the i gp @see pigF SFIIA of the N = 10 systemF he oundry etween the trivil nd topologil regions in the oneEody model is shown s dotted line on the sme grphF eginD the ps stility regions overs lrge prt of the oneEody s stility zoneF hse digrms re presented for oth V /U = 0 nd V /U = 0.5F e n then see how the ps phse survives the introdution of oth types of interlyer oupling @iFeF intertion nd inversion symmetry reking termA for signi(nt mplitude of oth termsF snterestinglyD the gp vnishes for similr vlues of α 1 D α 2 nd α 3 for oth vlues of the intertionD lthough for R = 0D the gps t V /U = 0 nd t V /U = 0.5 hve very di'erent vluesF sndeedD the rtio of the gps t V /U = 0 nd t V /U = 0.5 is 0.56 t N = 8 nd 0.69 t N = 10F es expetedD the ps stility regions re of similr re nd lie in the sme zone of the phse digrm for oth the N = 8 @not representedA nd N = 10 @pigF SFIHA systemsF his is good indition tht the ps phse might survive the oupling eyond the (nite size seF 152 Chapter 5. Fractional topological insulators with time-reversal symmetry

a) α 3 = 0, V/U = 0 0 1 2 3 4 5 α 1 -3 -2 -1 0 1 2 3 α 2 TI c) α 3 = 0, V/U = 0.5 0 1 2 3 4 5 α 1 -3 -2 -1 0 1 2 3 α 2 TI b) α 2 = 0, V/U = 0 0 1 2 3 4 5 α 1 0 1 2 3 α 3 TI d) α 2 = 0, V/U = 0.5 0 1 2 3 4 5 α 1 0 1 2 3 α 3 TI 0 0.5 1 Δ/Δ max,V
pigure SFIHX qp of the kgome lttie model topologil insultor t hlf (lling with N = 10 osonsD in the plne α 3 = 0 @ nd A nd in the plne α 2 = 0 @ nd dAD for V /U = 0 @ nd A nd V /U = 0.5 @ nd dAF∆ max,V is the mplitude of the gp in the se where R = 0D with n interlyer intertion is V F e use the symmetries of the system with respet to the oupling elements α i nd show only the zones α 1 > 0 nd α 3 > 0F he dotted line indites the oundry etween the trivil nd topologil insultor phses in the nonEinterting modelF

a) α 3 = 0, V/U = 0 0 1 2 3 4 5 α 1 -3 -2 -1 0 1 2 3 α 2 TI c) α 3 = 0, V/U = 0.5 0 1 2 3 4 5 α 1 -3 -2 -1 0 1 2 3 α 2 TI b) α 2 = 0, V/U = 0 0 1 2 3 4 5 α 1 0 1 2 3 α 3 TI d) α 2 = 0, V/U = 0.5 0 1 2 3 4 5 α 1 0 1 2 3 α 3 TI 0 0.5 1 Δ ξ (N/2)/Δ ξmax,V (N/2)
pigure SFIIX i gp of the kgome lttie model topologil insultor t hlf (lling with N = 10 osonsD in the plne α 3 = 0 @ nd A nd in the plne α 2 = 0 @ nd dAD for V /U = 0 @ nd A nd V /U = 0.5 @ nd dAF ∆ ξmax,V (N/2) is the mplitude of the i gp in the se where R = 0D with n interlyer intertion is V AF he numer of prtiles in the prtition is N A = 5F e use the symmetries of the system with respet to the oupling elements α i nd show only the zones α 1 > 0 nd α 3 > 0F he dotted line indites the oundry etween the trivil nd topologil insultor phses in the nonEinterting modelF 154 Chapter 5. Fractional topological insulators with time-reversal symmetry 5.3 Transition between the time-reversal symmetric FTI and the bilayer FCI 5.3.1 The bilayer fractional Chern insulator he study we rried out n e repeted for system of two ghern insultors with identil hirlities for pseudospin up nd downF he physis of this system is the sme s the physis of the ilyer frtionl quntum rll e'etF e limit ourselves to the se where S z is good quntum numer @no interlyer tunneling termAF he singleEprtile rmiltonin reds

|↑ |↓ H Bilayer (k) = h CI (k) 0 0 h CI (k) |↑ |↓ @SFPUA
where h CI (k) is de(ned in iqF @SFIAF his system reks timeEreversl symmetryF gonsistently with the de(nition of ν F T I D its (lling frtion is de(ned with respet to the two lowest ndsD nd is thus di'erent from the pr ilyer (lling frtion ν y ftor of two @ν biF CI = ν/2AF he intertion rmiltonin is unhnged nd given y iqF @SFIIAF et ν biF CI = 1/2 nd V = 0D the ground stte of the ilyer pgs is similr to the SU (2) [2, 0] rlperin stte TR @see iqF @RFPPAAD whih is fourfold degenerte on the torusF hen the two lyers re ompletely deoupledD the energy spetrum of the ilyer pgs nd tht of the ps re identilD due to the inversion symmetry of the kgome lttie modelF hereforeD the strting point of the stility nlysis is extly the sme in oth ses from n energetis perspetiveF por the sme resonsD the i of the two phses re lso identil in the deoupled limitF e perform ext digonliztions on the ilyer pgs systemF eginD we expet fourfold qusidegenery of the ground stteF e look t the mnyEody gp ∆D nd t the ground stte mnifold energy splitting δ to see how well de(ned the ground stte isF he evolution of the gp for systems with N = 8, 10 nd 12 prtiles is shown pigF SFTD nd lso exhiits negligile (nite size e'etsF et V /U 0.5D it is no longer possile to distinguish ler low energy mnifold from higher energy exittionsF his trnsition ours ner V /U 1.0 in the ps systemF e lso looked t the overlp of the low energy mnifold with the ground stte of the deoupled system @see pigF SFUAF es expetedD the overlp dereses fster in the se of ilyer pgs thn in the se of psF xote tht for V /U = 1.0D the ilyer system reovers full SU (2) symmetryF uh symmetry is sent in the ps seF sndeedD the nonEinterting timeEreversl symmetri topologil insultor reks the SU (2) symmetryD suh tht the ps sysE tem is never SU (2) symmetriD even when the intertion iqF @SFIIA isF his tends to indite tht the stility of the ps is not trivilly supported y the stility of the pgs phseD ut rther tht the timeEreversl invrine plys ruil roleF e onjeture tht the reltive lk of stility of the ilyer pgs phse might e 5.3. Transition between the time-reversal symmetric FTI and the bilayer FCI 155 explined y the emergene of ompeting SU (2) symmetri phseF e model wve funtion sed on the tin spin singlet stte IHU ws proposed to desrie the nlogous ontinuum pr system t the SU (2) symmetri pointF efF IUI showed tht some longer rnge intertion @orresponding to the V 2 rldne pseudopotenE tilA ws required to stilize this phseF xote tht in ontinuum pr systemD the SU (2) symmetry is preserved y the ddition of pseudopotentil intertion term V 1 oupling the osons in di'erent lyers @the osons in the sme lyer re not sensiE tive to this intertionD s pointed out in eF PFIFPAF he intertion ontining oth the V 0 nd V 1 pseudopotentils ws reently proposed to stilize the wooreEed stte in ilyer pr system in efF IVRF roweverD in our modelD we hve not oserved ny oherent signture of either the tin spin singlet or the wooreEed stte @or ny ground stte mnifold with well de(ned qusidegeneryAF here is nother striking di'erene etween the ilyer pgs nd the ps phse digrms t lrge interlyer intertionF es disussed in eF SFPFIFID t lrge V /U D we expet the system to e fully polrizedF sn the ps seD suh trnsition ours round V /U 2F por the ilyer pgsD the trnsition hppens t vlue tht is one order of mgnitude greter @V /U = 26.4D 21.8 nd 19.6 for respetively N = 8, 10, 12AF his is nother fundmentl hrteristi tht di'erentites the phse digrms of these two systemsF e lso omputed the i of the ground stte of the pgs ilyer system disE ussed in setion SFQFIF he numer of sttes elow the gp is the sme s for the timeEreversl invrint psD due to the inversion symmetry of the kgome lttie modelF es we n see in pigF SFVD ∆ ξ (N A = N/2) dereses muh fster thn it does in the timeEreversl symmetri se for ll the system sizes tht we hve looked tF his on(rms the results from the energy spetrum studyD in so fr s it gives dditionl evidene tht the timeEreversl invrine is ruil to the stility of the ps phseF 5.3.2 Interpolation of the bilayer FCI and FTI phases es pointed out in the previous setionD when the two pgs opies re deoupledD the energy spetr of the ps nd ilyer pgs systems re identilF woreoverD when the interlyer intertion V /U is su0iently lrge to otin fully polrized phse @S z = N/2AD these two systems re lso equivlentF sndeedD in these onditionsD the ps hosts hirl phse whih is the sme @up to n overll omplex onjugE tionA s the phse ppering in the ilyer systemF he ojet of this prgrph is to further revel the symmetry etween the ps nd the ilyer pgs systems y studying the trnsition etween themF his lso serves s test of the ulk stilE ity of the ps phse ginst perturtive reking of the timeEreversl invrineF e use rel prmeter λ to tune the trnsition t the oneEody level from the timeEreversl invrint system @λ = 0A to its ilyer pgs ounterprt @λ = 1AF gomE ining the rmiltonins de(ned in iqsF @SFQA nd @SFPUAD the interpolting oneEody rmiltonin writes

H λ (k) = (1 -λ) H R=0 (k) + λH Bilayer (k) @SFPVA 156 
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λ = 0 λ = 1/2 λ = 1 -B +B +B B = 0 +B +B
pigure SFIPX hemti interprettion of the interpoltion proedure etween ps nd ilyer pgs system in terms of pr ilyer system with vrying mgneti (elds yur system is similr to ilyer pr system where the mgneti (eld B ↑ ting on the upper lyer would e onstnt nd equl to BD while one would tune the mgneti (eld B ↓ in the lower lyer from -B @λ = 0A to +B @λ = 1A s depited in pigF SFIPF xote tht the se λ = 1/2 orresponds to zero mgneti (eld @iFeF to topologilly trivil phseA in the seond lyerD nd thus to phse trnsition of the oneEody modelF elthough this is onvenient nlogyD some di0ulties would rise in the numeril implementtion of this proedure in pr systemF sndeedD one nnot tune the intensity of the mgneti (eld in one lyer while keeping the (lling frtion nd the re of the system onstntD s these quntities re mutully onstrinedF his is the mjor dvntge of our setup sed on two ghern insultorsD s opposed to ontinuous model suh s the one used in efsF RTD IRQD where only the two extreme ses @timeEreversl invrint ps nd ilyer pgsA ould e studiedF he intertion rmiltonin is unhnged nd given y iqF @SFIIAF e repet the ext digonliztion study of esF SFPFIFI nd SFQFID with vrying interlyer intertion V /U nd vrying λF e look t the gp ∆ to see how well de(ned the fourfold qusidegenerte ground stte isF he resulting phse digrm is given in pigF SFIQF es expetedD the deoupled system @V /U = 0A is invrint under the trnsformtion λ → (1 -λ)D stressing the symmetry etween the ps nd the ilyer pgs phsesF snterestinglyD for V /U < 0.4D oth systems re 'eted similrly y hnge in λY their respetive gps lose round λ 0.4 @psA nd λ 0.6 @ilyer pgsAF yne ginD we oserve tht the ps phse is more stle thn the ilyer pgs oneD s funtion of oth λ nd V /U F imilr fetures n e oserved in the phse digrm plotted using the system with N = 8 osonsF pigure SFIQX qp of the ilyer kgome lttie system with N = 10 osons undergoE ing trnsition @prmetrized y λA from timeEreversl invrint ps @leftA to the ilyer pgs phse @rightAD for vrying vlues of the interlyer intertion V /U F xote tht the oneEody gp loses t λ = 1/2D trnsition line whih is mrked in white on the phse digrmF he white dot mrks the position of the SU (2) invrint pointF ∆ max is the mplitude of the gp of the deoupled system with λ = 0F elong the line V /U = 0D the digrm is symmetri under the trnsformtion λ → 1 -λF

Conclusion

huring my hhD s tried to determine the emergene onditions of topologilly orE dered phses hosting exoti frtionlized exittionsF hese phses my e used s quits for deohereneEfree quntum omputtionD gret motivtion for this type of reserhF he frtionl quntum rll e'et is so fr the only experimentl exmple of suh phseD nd (nding other systems tht support frtionlized exE ittions is one of the min gols of this (eldF hile the experimentl reliztion of frtionl ghern insultors remins out of rehD their theoretil predition in vrious modelsD nd the etter understnding of their emergene is ig progress in this diretionF s hve studied the frtionl quntum rll e'et on the torus s guide to the physis of frtionlized phses on genus 1 surfeF s foused on the edE ezyi sttes on the torusD nd in prtiulr how they ould e written strting from the vughlin stteF qiven tht the multilyer pproh of previous works misses severl of these sttesD s highlighted the neessity to onsider system with twisted oundry onditionsD nd provided prtil implementtionF sndeedD unfolding this system into single lyer torus llowed me to write very simple implementtion of the projetive onstrutionD whih holds in ny geometryF xote tht the projetive onstrution is more thn mthemtil uriosityD nd suggests tht nonEelin phses ould e experimentlly relized using multilyer elin systemsF he key is to (nd relisti physil phenomenon tht implements the projetionX it hs een proposed tht oupling the lyers with tunneling or intertion term might led to this resultD ut strong evidene of this phenomenon remins elusiveF sn ny seD my results suggest tht one might need to dd topologil defets to this multilyer desription to get the full pitureF woreoverD the new projetive onstrution might hve some prtil onsequenesF he edEezyi sttes n e written s mtrix produt sttes @wAD very powerful pproh for the vughlin stteD ut tht requires lot more e'ort for the higher rnk memers of the edEezyi seriesF he new form of the projetive onstrution would e rther esy to implement in the w lngugeD nd would llow us to write the edEezyi sttes in muh less ostly wyF s lso studied the neutrl low energy modes ove the vughlin nd wooreEed sttes on the torusD using ext digonliztionD vritionl pproh @the single mode pproximtionAD nd the projetive onstrutionF s used my new understndE ing of the single mode pproximtion @weA on the torus to generlize it to lttie systemF snterestinglyD this pproh introdues n dditionl degree of freedom tht llows one to unfold the pgs frillouin zone into frillouin zone similr to the pr oneD n opertion tht nnot e performed from the ext spetrumF epplying the single mode pproximtion to pgs stte yields dispersion reltion with ler minimumF sn pr systemsD this minimum is the preursor of the gp losing tht ours t the trnsition with the igner rystl phseF tudying similr phse trnsition in pgss would e espeilly insightfulD in prtiulr to determine the presene or sene of ommensurility e'et etween the lttie sping of the igner rystl nd tht of the underlying lttieF he we n e pplied to stte otined using ext digonliztionD with the limits of this tehnique in terms of system sizeF fy writing wve funtion for the vughlin stte on the lttieD we ould lso use the we to otin vritionl mgnetoEroton sttesF wonteEgrlo simultions would then llow us to otin the pproximted low energy spetrum for muh lrger system sizesF s numerilly studied the emergene onditions of the omposite fermion sttes in frtionl ghern insultorsD using ext digonliztions s well s entnglement spetrosopyF his ws the (rst oservtion of frtionl ghern insultor tht ws not in the sme universlity lss s the vughlin stteF st rought more evidene of the gret stility of frtionl ghern insultorsD nd of the vlidity of the mpping etween pr nd pgs quntum numersF s then turned to ghern insultors with ghern numer lrger thn oneF sing similr toolsD s proved tht these models host phses kin to the multiomponent frtionl quntum rll e'et @or rlperin sttesAD ut lso phses with no equivE lent in the frtionl quntum rll e'etF here is strong nlogy etween the C > 1 ghern nd of lttie system with numer of unit ells inommensurte with C nd the twisted torus introdued in ghpter QF hile unfolding this torus in the presene of n SU (C) symmetri intertion seems omplitedD rguments sed on the numer of numerilly oserved qusihole sttes seem to indite profound reltion etween this phse nd the vughlin stte de(ned on single lyerF wore generllyD s would like to study the relisti implementtion of topologE il defets in interting topologil phsesF ine theoretil proposls IS exist in trditionl ondensed mtter systemsD it would e interesting to look for similr onstrutions in old tomsF pinllyD s studied the stility of frtionl topologil insultor with the time reversl symmetryF s showed tht the douleEsemion phse present in the deoupled limit survived t reltively lrge vlues of the intertion oupling strengthD s well s reltively lrge vlues of the tunneling termD whih expliitly reks the S z symmeE tryF eording to efF WRD WSD the douleEsemion phse hosts ounterEpropgting edge sttes tht re topologilly proteted ginst kstteringF ixt digE onliztions re not very well suited to the simultion of open systemsD euse the numerilly essile systems re too smll to void the rossEtlking of the two physil edgesF e thus did not study the stility of edge sttes in our modelF his question will neessitte the development of new numeril toolsD suh s methE ods sed on the density mtrix renormliztion group @hwqAD whih re etter t simulting systems with ylinder geometryF por twoEdimensionl systemsD this tehnique llows to onsider long @or even in(niteA ylinders with moderte perimeE terF sing entnglement mesurementD we my unveil the edge informtion enoded in the ulk of the systemF e my thus hope to see signture of the two outerE propgting edge modesD s ws reently done in the ontext of the osoni integer quntum rll e'et TVF Appendix A Fourier transform of the density operator on the torus projected onto the lowest Landau level e onsider quntum rll system de(ned on retngulr torus T of lengths L x × L y F sn rel speD the density opertor projeted onto the lowest vndu level writes ρ

(r) = 0≤j,j <N φ Φ * 0,j (x, y) Φ 0,j (x, y) c † j c j @eFIA
where Φ 0,j (x, y) is the wve funtion desriing singleEprtile with momentum 2πj/L y in the lowest vndu levelF sing iqF @IFRSA with n = 0D Φ 0,j (x, y) writes

Φ 0,j (x, y) = N 0 ∞ m=-∞ e i ( l 2 B 2πj/Ly +mLx ) y l 2 B e -1 2l 2 B (l 2 B 2πj/Ly+mLx-x) 2 @eFPA he omponent k = ( 2πkx Lx , 2πky 
Ly ) @k x nd k y integersA of the pourier trnsform of the projeted density opertor thus writes @up to some normliztion ftorA

ρk = T dx dy e -i 2πkxx Lx e -i 2πkyy Ly N φ j,j =1 Φ * 0,j (x, y) Φ 0,j (x, y) c † j c j @eFQA = T dx dy e -i 2πkxx Lx e -i 2πkyy Ly 0≤j,j <N φ ∞ m,m =-∞ e i 2πy Ly (j -j)+(m -m) LxLy 2πl 2 B e -1 2l 2 B ((l 2 B 2πj/Ly+mLx-x) 2 +(l 2 B 2πj /Ly+m Lx-x) 2 ) c † j c j
where c j nd c † j respetively nnihilte nd rete prtile in oritl jF e (rst ompute the integrl I y over the oordinte yF e n use the qunti(tion of the numer of mgneti )uxes on the retngulr torus L x L y = 2πN φ l 2 B @see iqF @IFRQAA to express it s

I y = Ly 0 dy e i 2πy Ly (j -j+(m -m)N φ -ky) @eFRA = L y δ j -j+(m -m)N φ -ky,0
Ly omponent of the pourier trnsform of the density opertor projeted onto the lowest vndu levelF sing the expression @eFIHA of ρq derived in eppendix eD nd setting l B = 1D we n write @fFSA e -2πi N φ
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[s 1 (j 4 -j 3 +t 2 /2)] e -2πis 1 s1 e -2πi N φ

[s 2 (j 5 -j 3 +t 1 /2)] e -2πis 2 s2

s 2 1 + s 2 2 + s 1 s 2 is the squre norm of vetor s of oordintes s 1 nd s 2 D on plne spnned y two sis vetors forming n ngle of π/3 rdinsF e hnge of oordintes to n orthonorml sis llows us to seprte the qussin ftorsF e ll (a, b) the oordintes of s in the new sisD suh tht

s 2 1 + s 2 2 + s 1 s 2 = ||s|| 2 = a 2 + b 2 @fFTA e hoose the following a nd bX a = s 1 cos π 12 + s 2 sin π 12 @fFUA b = s 1 sin π 12 + s 2 cos π 12 @fFVA gonverselyD s 1 = 2 √ 3 a cos π 12 -b sin π 12 @fFWA s 2 = - 2 √ 3 a sin π 12 -b cos π 12 @fFIHA
where we hve used the identity
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2 9 (Y 2 + Z 2 + Y Z) + 1 2 (X 2 t 1 + X 2 t 2 + X t 1 X t 2 ) = 1 9 (Y + 3 2 X t 1 ) 2 + (Z + 3 2 X t 2 ) 2 + (Y + 3 2 X t 1 )(Z + 3 2 X t 2 ) +(Y - 3 2 X t 1 ) 2 + (Z - 3 2 X t 2 ) 2 + (Y - 3 2 X t 1 )(Z - 3 2 X t 2 ) @fFIUA
sing this identity llows us to seprte retion nd nnihiltion indexes in the expression of the intertion V j 1 ...j 6 ∝ l δ j 1 +j 2 +j 3 , j 4 +j 5 +j 6 +lN φ @fFIVA s1 ,s 2 t1 , t2 e -A 2 0 e -A 2 1 e -A 0 A 1 e -A 2 0 e -A 2 1 e -A 0 A 1 166 Appendix B. Factorization of the three-body contact interaction

where

A 0 = 1 3   (2s1 -s2 + t2 -2 t1 ) kr L x + 2X j 1 -X j 3 -X j 2    A 1 = 1 3   (2s2 -s1 + t1 -2 t2 ) ks L x + 2X j 2 -X j 1 -X j 2    A 0 = 1 3   (2s1 -s2 + t1 + t2 ) k r L x + lL x + 2X j 4 -X j 5 -X j 6    A 1 = 1 3   (2s2 -s1 + t1 + t2 ) k s L x + lL x + 2X j 5 -X j 4 -X j 6   
he sum over s1 , s2 , t1 , t2 n e repled y sum over k r , k s , k r , k s where ll of these indexes must hve the sme rest in the euliden division y QF V j 1 ...j 6 ∝ l δ j 1 +j 2 +j 3 ,j 4 +j 5 +j 6 +lN φ @fFIWA g=0,1,2 kr,ks=g mod 3 e -A 2 0 e -A 2 1 e -A 0 A 1 k r ,k s =g mod 3 e -A 2 0 e -A 2 1 e -A 0 A 1 e similr proedure n e used to ftorize the hrd ore intertion of n ritrry numer n of osonsF e give here the result of this ftoriztion without demonstrtionF por n prtiles with moment X j 1 ...X jn D the reltive momentum of the prtile i writes

Xj i = X j i - 1 n n l=1
X j l @fFPHA por generi nEody ontt intertionD the ftorized intertion oe0ient writesX 
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where A i nd A i n e written using the reltive momentum Xj i of eh prtile 

A i = 1 N k r i L x + N Xj i @fFPPA A i = 1 N (k r i + l)L x + N
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One could easily absorb the minus sign in the denition of z by changing the sign of the magnetic eld, to obtain the more conventional z = x + iy.

The so-called hierarchy construction[57, 64, 65] takes the Laughlin state as a building block to explain the odd denominator fractions of the fractional quantum Hall eect. However, it does not predict the phenomenon observed at half lling, which will be detailed in this section

Appendix A. Fourier transform of the density operator on the torus projected onto the lowest Landau level where δ is the uroneker symolF xextD we use the identity

whih is vlid for ny two rel numers a nd bD to write the rgument of the qussin ftor in iqF @eFQA s

where we hve used the onstrint jj + (mm)N φ -k y = 0 from iqF @eFRAF he pourier trnsform of the density opertor thus writes

Ly (j+ky/2)+mLx-x (j+ky/2) c † j c j+ky @eFWA sn onlusionD the pourier trnsform of the projeted density opertor writes

Factorization of the three-body contact interaction he threeEody hrd ore rmiltonin writes

: ρq 1 ρq 2 ρ-(q 1 +q 2 ) : @fFIA where ρq is the q i = 2πs i Lx , 2πt i