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Chapter 1

Introduction

In quantum mechanics a many-particle system is completely characterized by the wave-
function W(x1, Xa, ..., Xy; t), which is solution of the time-dependent Schrodinger equa-
tion

0
ia‘l’(xh X, ..., XN 1) = H(8)V(x1, Xa, ..., Xn3 1),

where the Hamiltonian H () consists of a kinetic energy operator, a (time-dependent)
potential operator and a two-particle operator. Here the coordinates x; comprise the
space-coordinate r; and the spin-coordinate s;. The many-body wavefunction depends
on three spatial variables for each of the N electrons; the problem hence becomes
quickly hard to solve, if not intractable, with increasing system size. However, in gen-
eral, we are not interested in the complete wavefunction but rather in the expectation
value of some physical observables. The wavefunction, thus, contains a large amount of
information, most of which is washed out when calculating the observables of interest.

In condensed-matter physics, important formalisms for predicting and interpreting
material properties, such as Density Functional Theory (DFT), Many-Body Pertur-
bation Theory (MBPT) and Dynamical Mean Field Theory (DMFT), avoid the use
of the wavefunction and use simpler quantities, such as the electron density or the
one-body Green’s function (1-GF). The price to pay for such a simplified framework
is that one has to introduce effective potentials in which the complexity of the original
problem is hidden. These potentials comprise the many-body effects of the system
and, in general, need to be approximated. Moreover, there is also the issue of the
observables, whose expression in terms of the fundamental variable of the problem is
not always known. Of course the more information is contained in the basic variable
the easier it is to deal with these two aspects.

Let us consider DFT [54, 58], for example. In this framework one replaces the in-
teracting system with a fictitious system of non-interacting particles, the Kohn-Sham
(KS) system, in which, under the influence of an effective potential (the Kohn-Sham
potential), the electron density of the interacting system is reproduced. One then
only has to solve a set of single-particle equations. These equations have to be solved
self-consistently since the KS potential is a functional of the density. However, the KS

11



12 Introduction

potential is in general unknown and finding approximations is a difficult task because
the KS system does not have a clear physical meaning. Moreover only a few observ-
ables are known as functionals of the density. This is the case for the ground-state
total energy or the fundamental gap, but in some other cases one relies on approxima-
tions. For example, the KS eigenvalues are in general different from the quasiparticle
energies of the interacting system; nevertheless, empirical evidence shows that in many
circumstances the single-particle KS spectrum is in good agreement with experimental
direct and inverse photo-emission spectra. However, for strongly correlated systems,
the results of the DFT approach are in disagreement with experiment. Let us con-
sider the example of NiO as a prototypical strongly correlated material. This material
is an antiferromagnetic insulator below the Néel temperature and it remains an in-
sulator in the paramagnetic phase. The photoemission spectrum is very similar for
the paramagnetic and the antiferromagnetic phases, with a band gap of about 4.3 eV
[96, 107]. This clearly indicates that the magnetic order is not the leading mechanism
responsible for the gap. The occurrence of the gap is the result of the strong Coulomb
repulsion between electrons in the narrow partially-filled d states [86, 120]. The physics
underlying the origin of the gap can be understood using the example of the Hubbard
dimer at half filling in the atomic limit. In the symmetric dimer (singlet ground state)
electrons localize on either site with equal probability (unless a small perturbation is
present). Therefore the exact spectral function, which is related to the photoemission
spectrum, shows two peaks: a removal peak at zero and an addition peak at U (the
on-site Coulomb interaction), for both spin-up and spin-down channels. In this case it
is important that an additional electron knows whether it meets a spin-up or a spin-
down electron on a given site. In other words, it is a problem of correlation between
two spins. DFT, within the standard local density approximation (LDA) [87], predicts
NiO to be an insulator if spin polarization is taken into account [106], although the
band gap is severely underestimated, but it predicts a metal in absence of magnetic
ordering [72].

Another popular approach is Many-Body Perturbation Theory (MBPT) based on
Green’s functions. At the equilibrium, the one-body Greens function (1-GF) yields the
ground-state expectation values of one-body operators, and the total energy. More-
over, it gives access to photoemission spectra through the imaginary part of the 1-GF
(i.e., the spectral function). The 1-GF, therefore, contains more information than
the simple electron density. MBPT is computationally more demanding than DFT,
however it has the advantage that approximations with a clearer physical meaning
can be more easily designed than in the context of density functionals. Within the so
called GW approximation [50] to electron correlation, MBPT has become the method
of choice for the calculations of quasiparticle band structures [6, 7, 79, 113, 114, 117]
and direct and inverse photo-emission spectra [17, 30, 37, 67, 84] of many materials
improving substantially over the results provided by static mean-field electronic struc-
ture methods. However GW suffers from some fundamental shortcomings for example,
self-screening [80, 95], lack of full self-consistency (in extended systems) [15, 102, 112],
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lack of size-consistency [25] and, in particular, it does not describe strong correlation
(without imposing a magnetic ordering) [95]. For example paramagnetic NiO is de-
scribed as a metal also by GW. This is because GW, besides exchange, gives a classical
description of the system and of its response to an additional electron or hole [95].

A different approach based on GF's which can treat the missing physics is Dynam-
ical Mean Field Theory (DMFT). This theory is based on mapping the complicated
problem of a lattice model (the Hubbard model) onto a problem of a single site embed-
ded in an effective medium which is determined self-consistently [39]. When applied
to real materials an effective Hamiltonian for strongly localized electrons in d or f
states is used, that is determined by the s and p electrons of the system. Much effort
is devoted towards an ab initio calculation of the effective interaction between d or
f electrons [12]. Since DMFT treats local correlations explicitly it is a powerful tool
for the study of strongly correlated systems. Within this framework NiO is correctly
described [59, 60].

In between the density and the 1-GF there is another quantity of interest, the one-
body reduced density matrix (1-RDM), which is the basic variable of Reduced Density-
Matrix Functional Theory (RDMFT). Within RDMFT, the ground-state properties
of a physical system are functionals of the ground-state 1-RDM [44, 69], thanks to the
one-to-one mapping between the (non-degenerate) ground-state wavefunction of the
system and the corresponding 1-RDM [44]. In particular the ground-state total energy
is a functional of the 1-RDM and energy minimization under the constraint that the
1-RDM is N-representable determines the exact 1-RDM. This procedure is, in gen-
eral, computationally less expensive than calculating the 1-GF. The main advantage
of RDMFT over DFT is that the kinetic energy functional is known exactly as a func-
tional of the 1-RDM, only the exchange-correlation energy has to be approximated.
Once the 1-RDM of the system is determined by means of a variational principle,
all the observables of the system can be calculated, provided that their expression as
functional of the 1-RDM is known. This is not the case for the photoemission spectra.
Recently, an approximate procedure to calculate quasiparticle energies and photoemis-
sion spectra within RDMFT has been proposed [99], which is inspired by Koopmans’
theorem. When applied to a series of transition-metal oxides, the method seems to
capture the essential physics of strong electron correlations. These are, however, only
empirical evidences, and an in-depth analysis is missing. It is therefore important to
study these aspects in a systematic way in order to advance our understanding of an
approach which is used all over physics and chemistry.

In this thesis we focus on the description of spectroscopy, in particular photoemis-
sion, and strong correlation within RDMF'T.

Photoemission spectroscopy

Experimentally, direct and inverse photoemission spectroscopies (PES/IPES) give di-
rect insights in the electronic structure of the materials. Figure 1.1 shows a schematic
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Evac T
hv
h et X Figure 1.1: Schematic representation of
Er — Ep ——— direct photoemission (PES) and inverse
cap photoemission (IPES) spectroscopies.

representation of PES and IPES experiments. In PES the sample is exposed to a beam
of monochromatic radiation inducing photoelectric ionization [27, 53]. Photoelectrons
are emitted with kinetic energy €y, given by

ex = hv + 6P, (1.1)

where hv is the energy of the impinging photon and € is the quasi-particle energy of
the level 7, calculated with respect to the vacuum level, that the electron was occupying
before being extracted from the sample. In inverse photoemission experiments the
sample is exposed to a beam of electrons, the impinging electrons can lose their energy
and be captured by the system via the emission of photons, whose energy is given by
Eq. (1.1).

In a photoemission experiment the electrons extracted from the system are mea-
sured by a detector. The photocurrent, Jyi(w), is the probability per unit time of
emitting an electron with momentum hk when the sample is irradiated with a photon
of angular frequency w. According to Fermi’s golden rule the photocurrent is given by

R 2
Jk(w):Z’<N—1,l;k|A|N> d(ex — € — w),
I

where A is the dipole transition operator. The perturbation induces a transition from
the initial state |[N) with N electrons in the ground state to the final state |N — 1,1; k)
in which the sample with N —1 electrons is in the excited state [ and the photoelectron
has momentum Ak. The energy conservation requires that

ex =hv+ E(N)— E(N —1),

therefore, knowing the frequency of the photon and measuring the kinetic energy of
the photoelectron, one can determine the binding energy ¢, = E(N) — E(N —1). If
we consider the photoelectron state completely decoupled from the sample, according
to the sudden approximation, we can write |N — 1,l;k) = ¢ |N — 1,1), where éL is

the creation operator. Expanding the dipole transition operator in a complete set of
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single-particle wavefunctions we have A = Z A cz ¢;, which can be used to evaluate

(N —=1,1;k|AIN) =(N -1 l|ckZA” éle; [N
:ZAkj _17l|cj|N>7
J

where we used the fact that ékéjéj = OkiC; +é;réjék, obtained using the anticommutation
relation of ¢, and cZT, and we assumed that the ground state has no component in the
state |k), i.e., éx|IN) = 0, as this state is a very high energy state. Let us introduce
the matrix elements

Agi(w) = Z (N|&l N =1,1) (N = 1,1| & |N) 6(w — &);
[

the photocurrent Jy(w) can thus be rewritten as

= Z AkiAz‘j (Ek — M)Ajk.
ij

If we assume that the matrix elements of the dipole transition operator A are constant
and that the diagonal elements of A are the most relevant, we obtained

w) = |A|22Aii(ek —w). (1.2)

The photocurrent is thus given by the product of the trace of A and A. In Chap. 3
we will see that A;j(w) are the matrix elements of the spectral function, and can be
directly obtained from the imaginary part of the 1-GF.

Strong correlation and Hubbard model

NiO was taken by Mott as a paradigmatic material for Mott-Hubbard insulators, which
can be described in terms of the Hubbard model [55]. According to this model, a solid
is described as a regular lattice with one orbital per site and takes into account both
the itinerant and the localized nature of electrons. The Hamiltonian of the Hubbard
model, in second quantization, reads as

ﬁ:_tzz chja+ ZZ Civ “7/010’010—'_60220 Cza+‘/()

(i,9) © i

1
Here c;,

and ¢;, are the creation and annihilation operators for an electron at site
i with spin o, U is the on-site (spin-independent) interaction, —¢ is the hopping ki-
netic energy and ¢, is the orbital energy. The summation i) 18 restricted to the
nearest-neighbor sites. The Hamiltonian further contains a potential Vf that can be

chosen to fix the zero-energy scale. The physics of the Hubbard model arises from
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the competition between the hopping term, which prefers to delocalize electrons, and
the on-site interaction, which favors localization. The ratio U/t is a measure for the
relative contribution of both terms and is the intrinsic, dimensionless coupling con-
stant of the Hubbard model. Depending on this ratio the system can be a metal or
an insulator. When the hopping term dominates (¢t > U) the interaction can be ne-
glected and the energy levels then form a band; the system is metallic, except when
the band is completely filled. In the opposite case (U > t) electrons are distributed
in such a way to minimize doubly occupancies, thus electrons distribute as uniformly
as possible. If we deal with an half-filled system, at each site there is exactly one
electron and hopping is suppressed. Thus, in this limiting case the half-filled system
is an insulator. Between these two limiting cases there exists a critical value of U at
which a metal-insulator transition (Mott transition) takes place [77].

This model can be solved exactly for small clusters [24], for the infinite one di-
mensional chain [66] and for infinite dimensions [38]. We will resort to this model
throughout the thesis to illustrate the underlying physics of various approximations
to electron correlation and to observables. We will also use it for benchmarking.

Outline of the thesis

In this thesis we study how spectroscopy and electron correlation are described in
Reduced Density-Matrix Functional Theory. To do this we will exploit the link between
reduced density matrices and Green’s functions. The thesis is organized as follows.
The first two chapters are devoted to the presentation of the theoretical background.
In chapter 2 we introduce the basic concepts of Reduced Density-Matrix Functional
Theory (RDMFT). We discuss the Hohenberg-Kohn theorem, for local and non-local
external potentials, which states that there exists a one-to-one mapping between the
(non-degenerate) ground-state wavefunction of the system and the corresponding 1-
RDM. As a consequence of this theorem all the ground-state properties of a physical
system are functionals of the ground-state 1-RDM. We discuss the variational principle
which allows one to determine the 1-RDM. In practice, however, approximations to
the exchange-correlation energy are needed. Finally some of these approximations are
discussed.

In chapter 3 we introduce the basic concepts of Many-Body Perturbation Theory,
whose basic variables are the Green’s functions. In particular we focus on the one-
body Green’s function and its link to observables, such as the density, the 1-RDM,
and the photoelectron spectrum. We discuss the Dyson equation to determine the
one-body Green’s function in terms of an effective potential, the so-called self-energy,
which contains the many-body effects of the system. Various approximations to the
self-energy are discussed, namely GW, Hartree-Fock, second Born and T matrix.

In chapter 4 we explore the performance of approximations to electron correlation in
RDMFT and of approximations to the observables calculated within this theory using
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the Hubbard model. This allows us to analyze the underlying physics and to elucidate
the origin of the observed trends. In particular we explore how degeneracies and
spin-symmetry breaking are treated in RDMFT and we show how the spectroscopic
properties change with different spin structures.

In chapter 5 we derive a method for the calculation of photoemission spectra in
terms of reduced density matrices. We start from the spectral representation of the
1-GF, whose imaginary part is related to photoemission spectra, and we introduce an
effective energy that accounts for all poles of the 1-GF. We test simple approximations
to this effective energy both on model system and the realistic case of bulk NiO.

Chapter 6 is more explorative and deals with time-dependent phenomena within
RDMFT. The time evolution of the 1-RDM is related to the 2-RDM. The difficult task
is to find approximations to the 2-RDM. We explore new approximation by exploiting
the link between reduced density matrices and GFs. These approximations, however,
depend on GFs and, moreover they can break down at strong correlation. We therefore
derive an adiabatic approximation from the exact ground-state 2-RDM of the two-
level Anderson model, which is suitable to study strong correlation. We illustrate the
performance on the simple two-level Anderson model.
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Chapter 2

Reduced Density-Matrix
Functional Theory

In this chapter we introduce the basic concepts of Reduced Density-Matrix Functional
Theory (RDMFT). We discuss the Hohenberg-Kohn theorem for local and non-local
external potentials, which states that there exists a one-to-one mapping between the
(non-degenerate) ground-state wavefunction of the system and the corresponding one-
body reduced density matrix (1-RDM). As a consequence of this theorem all the
ground-state properties of a physical system are functionals of the ground-state 1-
RDM. We discuss the variational principle which allows us to determine the 1-RDM.
In practice, however, approximations to the exchange-correlation energy are needed.
We will discuss some of them at the end of this chapter.

2.1 Preliminaries

Let us consider a stationary system of NV interacting electrons. The quantum mechan-
ical behavior is completely described by the Schrodinger equation

H|U) = E|0). (2.1)

where |U) is an eigenstate and E the corresponding eigenenergy of the N-particle
system. Here H is the Hamiltonian operator of the system and is given by

A A

H=T+V+W, (2.2)

where 7', V and W are the operators corresponding to the kinetic energy, the external
potential and the two-particle interaction, respectively. In second quantization they

19



20 Reduced Density-Matrix Functional Theory

are explicitly given by

7 - [axitoo (- 3) i,
V= [ x5 ).
W = 5 [ axax 0016 (e, 1)) o),

where x is a combined space-spin coordinate x = (r,s) and [dx =), [dr. ¥ (x) and
W(X) are the field operators in the Schrodinger picture and we assumed that particles
interact via the Coulomb potential v.(r,r’) = 1/|r —r’|. We note that atomic units are
used throughout this work. Here we consider a non-local external potential vey(x, x)
as it will be useful for the following discussion. Non-local potentials are encountered
if one wants to deal, for example, with spin-dependent potentials, magnetic fields or if
one wants to study valence electrons using a pseudopotential to treat nuclei and core
electrons.

The density matrix I'Y) for a pure state of N electrons is defined, in second quan-
tization, as

T (xy, oo X33 X, o, Xy) = (0T ()T ()0 (1) b () [T)
This is equivalent to
T (xy, . xyi X, xy) = NV (L x) U (%, . X))

where V(xy,...,Xy) = (X1,...,xny|¥) is the wavefunction corresponding to |¥). The
n-body reduced density matrix (n-RDM) is defined as

DO (xy, ., X X, X0) = (U] (X) b (X)) (x1). (%) | D)

N!
e m/dxn+l-.-dXN\p*<X/1,...7X,/n7xn+17...,XN)
X \Ij(Xl,...,XN), (23)

In particular for the two-body reduced density matrix (2-RDM) and the one-body
reduced density matrix (I-RDM) v = I'))| definition (2.3) reduces respectively to

T (x1, %0 x], %)) = (W] T (x5) T () )2h (3¢1) o (x2) [ 0)
— N(N —1) /dxg...de\Il*(X'l,X’Q,Xg, o X8 )W (X, s Xv),s
(2.4)
and
Y(x,x) = (P[P (X)) (x) [¥)
- N/dxg...dewx',xQ,...,XN)\IJ(X,XQ,...,XN). (2.5)
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According to these definitions the 1-RDM normalizes to the total number of electrons

Trvy(x,x') = /dx*y(x, x) = N.

From the definition (2.3) one can see that the n-body and the (n — 1)-body reduced
density matrices are related via

1
N—-n+1

n Lo /
X /dan( Xy, ooy X1, X Xy X Xy).

(n—1 ! / o
r )(Xl,...,xn_l,xl,...,xn_l) =

In particular for n = 2

1
v(x,x") = m/dxﬂ‘@)(x, X2; X', Xa). (2.6)
It is also worth noting that
p(x) = y(x,x) = N/dXQ...dXN\I/*(x, X2, ooy XN )V (X, X2, ..., XN ), (2.7)

i.e., the diagonal of the 1-RDM gives the electron density p.
We can now express the total energy of the system, £ = (V| H|V), in terms of
reduced density matrices. It reads as

2
E:/dx lim <—%) (x,x) —i—/dxdx’vext(x, x)v(x,x")

x/—x
1
+§/dxdx'vc(r,r’)F(2)(x, x';x,x'), (2.8)

where we used Eqs (2.4) and (2.5). This means that the total energy of the system is
completely determined by the 1-RDM and the diagonal of the 2-RDM.

Using Eq. (2.6) the total energy can be rewritten as a functional of the 2-RDM
alone. One might think to minimize this functional with respect to the 2-RDM to ob-
tain the ground-state total energy. However there is a major obstacle in following this
direction. The trial 2-RDMs must correspond to some antisymmetric wavefunction,
i.e., they must be N-representables. The set of necessary and sufficient conditions for
the 2-RDM to be N-representable is not known. Recently a set of necessary conditions
has been derived which is however not sufficient [73, 74]. Varying the 2-RDM with-
out imposing sufficient constraints can lead to a lower energy than the ground-state
energy.

The set of necessary and sufficient conditions for the 1-RDM to be N-representable
is, instead, known and it turns out to be extremely simple as it will be discussed in
the next section. One can, thus, use the 1-RDM as fundamental variable and express
the total energy (2.8) and the ground-state expectation value of any operator as a
functional of the 1-RDM. This is justified by a theorem, similar to the Hohenberg-
Kohn theorem [54] of Density Functional Theory (DFT), which guarantees a one-to-
one mapping between the 1-RDM ~ and the ground-state wavefunction V.
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2.2 Hohenberg-Kohn theorems

Before proving the map v <> ¥, in the general case of a nonlocal external potential
Vext (T, T'), it is instructive to review the case of a local external potential vey(r,r’) =

Vext (1) (r — 17).

2.2.1 Local potentials

In the case of external local potentials the first Hohenberg-Kohn theorem states that
there exists a one-to-one mapping p <> vex (in case of a non-degenerate ground state).
The proof is as follows. First we notice that the map ve — p is provided by the
time-independent Schrodinger equation (2.1) and Eq. (2.7). The external potential,
indeed, determines the ground state Wy, from which p is calculated through Eq. (2.7).

The inverse map p — Ve can be proven by reductio ad absurdum. First we show
that two potentials vey and v/, differing by more than a constant, will not lead to

the same wavefunction (W — vex). Let us assume that both potentials give the same
ground state Wy. The Schrodinger equations are

f?(po = Z?OQDO, (2.9)
H'U, = E)W,, (2.10)

/
ext?

where H and H' contain the potentials veyy and v respectively. Subtracting Eq.

(2.10) from Eq. (2.9) we get
(H — H')o = (Ey — Ey) Vo,
from which it follows that
(V= V)W = (Ey — E))W,. (2.11)

Since V and V' are multiplicative operators (because we look at local potentials),
we see from Eq. (2.11) that if in some region vey # vl + const. then ¥, must
vanish in that region for the above equation to hold. The wavefunction ¥, cannot
vanish on a set with nonzero measure [65], so we can divide by ¥, arriving at the
contradiction V — V' = const. Therefore, local potentials that give the same ground-
state wavefunction cannot differ by more than a constant.

We now need to prove the map p — Wy. Let vey and vl

differ by more than a constant. Since the corresponding wavefunctions ¥ and ¥’ are

be two potentials that

different by the previous theorem, we have
E = (Uo| H [Wo) < (W H W)

— (wh| T | + / [t (1) — vl (1)) (1)

—E+ / [t (1) — v (1)) (2).
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/

ot We have

Interchanging the roles of vey and v

B < Bt [ drli(r) =~ oo

Adding the two inequalities we obtain

/ [t () — et (0] [ (£) — p()] < 0.

If the two ground-state densities were the same, we would have the contradiction
0 < 0; therefore different ground states must have different ground-state densities.
This defines the map p (— Wy) — vk, and thus the one-to-one map p <> vy is
constructed.

This theorem has an important consequence: the ground-state wavefunction can
be written as a functional of the density, Wy[p]. As a consequence, the ground-state
expectation values of any operator O is also a functional of the density

Olp] = (Wo[p]| O [Wo[p]) -
In particular, the total energy functional can be written as
Elp] = (Vo[p]| T+ V + W [o[p])

= (Wolp)| T+ W |Wolol) + / i p(X) e (1)
— Flo+ / e p(r) et (1),

where F'[p] is defined independently of the external potential and, thus, it is a universal
functional of the density.

Let pg be the ground-state density corresponding to the potential vey, then thanks
to the variational principle we have for an arbitrary p

Elp] = (Uo[p]| T + Vo + W [To[g])
(Wolpo)| T + Vo + W [Tgpo]) = Elpo)-

v

This proves the second Hohenberg-Kohn theorem, which states that the exact
density minimizes the ground-state energy functional:

B = inf {(Wall| 7+ 7 [00l) + [ deple)eni)},

where the infimum should be restricted to all pure-state v-representable densities p.
A density is said to be pure-state v-representable if it is the density associated with
the antisymmetric ground-state wavefunction of a Hamiltonian with some external
potential ve(r). The conditions for a density to be v-representable are unknown.
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However DFT can be formulated in a way that only requires the density to be N-
representable (see, e.g., Ref. [85]). A density is N-representable if it can be obtained
through Eq. (2.7) from some antisymmetric wavefunction. The conditions for a density
p to be N-representable are [44]

p(r) > 0, / drp(r) = N, and / dr|V p(r) 22 < oo,

2.2.2 Non-local potentials

Gilbert [44] provided a generalization of the Hohenberg-Kohn theorem to the case of
nonlocal potentials. The first difficulty one encounters is that it is not possible to
show the existence of a one-to-one mapping between the external potential and the
ground-state wavefunction. This is a consequence of the fact that the potential is
not a multiplicative operator [44]. However one can show that the map between W,
and 7y is one-to-one, which is sufficient to justify a Reduced Density-Matrix Functional
Theory. The proof follows the same line of argument as for the case of local potentials.
First, Uy determines v through the definition of the latter (see Eq. (2.5)). This is the
Uy — v map. The inverse map v — ¥, is demonstrated by reductio ad absurdum.

' .« be two potentials that generate two distinct ground-states ¥q and
U{, respectively. By the variational principle we have

Let vext and vy,

E = (Wo| H |Wo) < (Wy| H |¥})

(W B W) + / X oot (%, %) — Vg (%, X)) (%, %)

=F + /dxdx’[vext(x7 x') — vl (%, X))y (x,x).

/

oxt, We have

Interchanging the roles of vey and v
E' <E+ /dxdx'[véxt(x, X') = Vet (%, X) ]y (x, X').
Adding the two inequalities we obtain

/ 3 [y (3%, X') — s (3, )] [7 (36, X') — (3, )] < 0.

If the two ground-state 1-RDMs were the same, we would have the contradiction 0 < 0.
Therefore different ground states must have different 1-RDMs. This concludes the
proof that the relation between the ground-state wavefunction and the ground-state
1-RDM is one-to-one (¥q <> 7).

This theorem implies that the ground-state wavefunction can be expressed as a
functional of the 1-RDM, Wy[y]. Therefore the expectation values of any ground-state
operator can be written as a functional of the 1-RDM

Ol = (To[y]| O [Wo[r)) -
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In particular the total energy functional is given by

El] = (Toy]| T+ V + W [Wg[~])

= [ e, X, x) + (Wl [ ) (2.12)

where
v2

h(x,x) = 6(x — x') (—ﬁ) + Ve (x, X)

is the one-body part of the Hamiltonian. Here it is evident the advantage of using
the 1-RDM instead of the density p as a basic variable: the kinetic energy term is a
well-known functional of the 1-RDM. This is not the case in DFT.

Let us now suppose that 7 is the ground-state 1-RDM corresponding to the external
potential vex, and 4" the ground-state 1-RDM corresponding to a different v.,,. Using
the variational principle, we have

Ely] = / dxcdx'h(x, %) (x,5¢) + (Tl )| W [ T[]}

= (Tol]| T+ V + W [Wo[v])
> (Uo[Y]| T+ V + W [Wo[h]) = E[y].

The exact 1-RDM, thus, minimizes the total energy functional. The ground state
energy can be found as

Ey = il;lf {(llloh]\ W |Wo[y]) + /dxdx’h(x, x')y(x, x’)} : (2.13)

Note that the energy functional (2.12) is defined only for pure state v-representable
1-RDM, thus the infimum should be restricted to this class of 1-RDMs. However the
conditions for a 1-RDM to be v-representable are unknown.

The problem is solved by minimizing the functional (2.13) over a larger set of
1-RDM, i.e., the ensemble N-representable 1-RDMs. By definition, a 1-RDM ~ is
said to be ensemble N-representable if a set of pure states |V;) and weights w;, with
>, w; = 1, exists such that

v(x, %) = Z w; (V] &T(X/)Qﬂx) 03

The states |U;) form a mixed state characterized by the density matrix operator ™ =
5w [0 (W] with y(x, x') = Tr [PO4 (x' ) ()]
For ensemble N-representable 1-RDM the functional W] can be defined as
W= inf Tr[T™MW], (2.14)

I(N) 5y
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where now the infimum goes over all the ensemble density matrices which yield the
given 1-RDM +. If the ground-state is non-degenerate, the minimum of (2.14) corre-
sponds to a pure state. In case the ground-state is degenerate, the minimization will
give a linear combination of the 1-RDMs with the lowest energy [44].

The advantage of this extension is that the necessary and sufficient ensemble N-
representability conditions for the 1-RDM are known and they turn out to be particu-
larly simple [21, 69]: given the spectral representation of 7 in terms of its eigenvalues
n; (occupation numbers) and eigenfunction ¢; (natural spin orbitals, or for simplicity
natural orbitals)

7(X7 Xl) - Z nz¢z (X)d): (X,)7
the 1-RDM is ensemble N-representable if

and

> ni=N. (2.16)

Condition (2.15) is related to the fact that an orbital cannot be occupied by more than
one electron, according to Pauli principle. While condition (2.16) simply reflects the
fact that the total number of electrons is equal to N.

2.3 Energy as functional of the 1-RDM

As discussed in the previous section, the total energy can be expressed as a functional
of the 1-RDM

Ely] = Eun[V] + Eext[7] + Eins[7],

where Fiin, Foyt and Ejy are respectively the kinetic, external and interaction energies.
The kinetic and external energies have a simple functional dependence in terms of the
1-RDM. The main advantage of RDMFT over DFT is that the kinetic energy is known
exactly as a functional of ~

Bualo] = [ ax i (=5 ) 1)

x/—x

The energy due to the external potential can also be expressed in a simple way in
terms of the 1-RDM

Eeily] = /dxdx'vext(x, x)v(x,x").

Only the interaction part cannot be easily expressed in term of the 1-RDM. We
can rewrite the interaction energy as a sum of the following contributions

Eni[Y] = Euly] + E:[7] + Ee[y].
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The first term is the Hartree energy and reads as

Euly] = % / v (r, 1)y (%, )7 (3, 7). (2.17)

It is referred usually as the classical part of the interaction, in fact it can be regarded as
the potential energy associated to a charge distribution p(x) = v(x,x). The exchange
energy also can be expressed easily in terms of the 1-RDM and reads as

E.[v] = —% /dxdx’vc(r,r’)y(x,x/)y(x',x). (2.18)

Only the remaining correlation energy E.[y] needs to be approximated.

Most of the approximate functionals proposed in literature are implicit functionals
of the 1-RDM; they are explicit functional of the occupation numbers n; and natural
orbitals ¢;, E[{n;},{¢:}]. Some of the approximations proposed in literature will be
presented in Sec. 2.6.

2.4 Energy minimization

The total energy functional E[{n;}, {¢;}] has to be minimized under the constraints
that the 1-RDM is ensemble N-representable (0 < n; <1, >.n; = N) and under the
orthonormality requirement for the natural orbitals,

(@) = [ dxoi(x00,(x) =
Bounds on the occupation numbers can be enforced, for example, setting n; = cos? 0;

and varying 6; without constraints. The other two conditions can be taken into account
easily using the method of Lagrange multipliers. We can define the auxiliary functional

QU{0:}, {0:}] = El{ni(0:)}, {o:}] — <Z cos™ 0 — N) - Z Ajk ({051 Px) — Ojn) -

(2.19)
The functional (2.19) has to be stationary with respect to variations in {6;},

{¢i(x)}, and {9} (x)}
00 = Z sin(26)) [u — gfi } 50,
SE
—i—;/dx 5on(x)
+ Z / dx (x)

=S Am;;(x)] 561(x)

§F
55 Zk: )\ikgbk(x)] = 0. (2.20)
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The stationarity with respect to 6; brings to the relation

oF
in(26; — =0, 2.21
sin26;) [~ 5| 221)
where the partial derivative 0F/dn; is taken holding the natural orbitals fixed. There
are two possible solutions to Eq. (2.21). The first is

sin(26;) = 0,

which is satisfied by ¢; = 0 or 6; = /2, which correspond to n; = 0 or n; = 1,
respectively. The states corresponding to occupation numbers either 0 or 1 are usually
referred as “pinned” states [52]. If an occupation number is equal to one it means
that the corresponding natural orbital is present in all the determinants with non-zero
coefficient in the full CI expansion. This situation is rather exceptional for the exact
wavefunction of a system of interacting particles. However most of the approximate
1-RDM functional known produce occupation numbers equal to one for most of the
core states.
The second solution is

gfl = hy; + aaET:lt =, (2.22)
where hy; = [ dxdx'¢}(x)h(x,x")¢;(x'). Equation (2.22) is satisfied only by partially
occupied orbitals.

For a fixed set of occupation numbers {n;}, the equations resulting from the vari-
ation with respect to the natural orbitals {¢;} and their complex conjugates {¢;} are
respectively

T [ aentd 0 + = T (2.23)

di(x) 5l
and SE SF,
55 /dx h(x, x')pi(x) W““ Z)\qubk (2.24)

In principle one has to solve the system of equations consisting of Eqs (2.22), (2.23),
and (2.24) combined with the additional constraints for the Lagrange multipliers. This
system of equations is nonlinear, so it is a formidable task to solve it in a direct way.
In practice the minimum of the functional (2.20) can be found using a conjugate
gradient scheme where the gradient is evaluated using (2.22), (2.23), and (2.24) at
each iteration. But in this case particular attention should be paid to the fact that
this scheme does not guarantee that the global minimum is reached.

Piris and Ugalde proposed an alternative method for the optimization with respect
to the natural orbitals [89]. The optimal natural orbitals are obtained through an
iterative diagonalization of an Hermitian matrix derived from the Lagrange multipliers
Aij of Egs (2.23) and (2.24).
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2.5 Spin treatment

In the previous section we considered a combined space-spin variable x = (r,s). The
natural spin orbitals can be written explicitly as two component spinors

¢i(x) = anpi(r)xr + aiypi (r)x,

where x4 = ((1)) and x| = ((1]), and |aj|? + |aj;|* = 1 to guarantee the normalization.
The 1-RDM assumes the form of a 2 x 2 matrix

(%, %) = ( (e, )y (r,r) )

Y (e, ')y (r,r)

and the spectral representation is given by
Yoo (1, 1) =Y 13t} Pl (1) pia (1),
i

However in many physical circumstances the treatment can be significantly sim-
plified. If the Hamiltonian does not mix the two spin channels, as would be the case
for the spin-orbit coupling or inhomogeneous external magnetic fields, and we do not
have to deal with spontaneous symmetry breaking, the two spin channels decouple. In
the case of homogeneous magnetic fields we can work with spin-dependent occupation
numbers and natural orbitals, i.e., we have two sets of occupation numbers and natu-
ral orbitals, one for each spin channel. As an intermediate approximate step we could
consider spin-dependent occupation numbers but spin independent natural orbitals,
this if often referred to as restricted open-shell treatment. For closed-shell systems
both spin channels are completely equivalent so a restricted spin treatment is possible,
in which both occupation numbers and natural orbitals are independent of the spin of
the electron.

2.6 Approximations for Ey.[v]

As discussed in the previous sections the functional dependence of the Hartree and
the exchange energies is known exactly in terms of the 1-RDM (see Eqs (2.17) and
(2.18)). In terms of occupation numbers and natural orbitals the Hartree-Fock energy
reads as

Buel{ni} (0)] = 5 3" mme [ dxix's; (x)7 )l )6, () 0n(x)
IS / a6 (%) 67 (<)o (0, 1) 8 ()65 ().

The correlation energy functional E.[v], instead, is not known and thus needs to
be approximated. It is important to note that, although the exact E. is not known,
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some exact constraints that it should satisfy are known [19]. This knowledge can be
used to construct physically meaningful approximations. Most of the approximations
combine exchange and correlation parts in simple expressions of the form

Exc[{nz {sz = __Zf ng, ng /dXdX/¢;(X)¢Z(X/)UC<r7 r/)¢k(x)¢j(xl)v (2'25)

i.e., they have the form of the exchange energy modified by the function f(n;, ny). This
kind of functionals are usually referred to as of J-K type, as they only involve direct
Coulomb (J) and exchange (K) integrals over the natural orbitals. In the following we
discuss in more detail the J-K type functionals which will be used in the next chapters
of the thesis.

2.6.1 Muller functional

Many of the approximations proposed in literature can be traced back to the work of
Miiller [78]. He proposed the following factorization for the 2-RDM

F(2)(X1,X2;X/17X/2) = 7(x1, X)) y(x2, X))

=30 R T (x0)0 (X0 (k) (x4), (2.26)
i

with —1/2 < p < 1/2. As shown by Miiller, with the form (2.26), the probability of
finding an electron at r when a second one is at r’ becomes negative in the neighborhood
of r'. This unphysical negative probability is minimal for p = 0. In this case, the Miiller
approximation reduces to

N

1
F(Q)(XMX?; X/17X,2) = 7(X17X,1)7(X27X,2) -7 (X27X/1)72(X11X/2>a

where 7'/2 can be defined using the spectral representation of the 1-RDM
1
72 (X1, X2) Zn ¢i(x1)9; (%2).

This factorization for the 2-RDM results in an exchange-correlation energy of the form
(2.25) with

MEler () = /. (2.27)

Interestingly Buijse and Baerends arrived at the same functional following a different
approach [14]. The Miiller functional severely overestimates the correlation energy of
all the systems it has been applied to [18, 23, 62]. It provides a lower bound to the
total energy as was shown by Frank et al. [33].
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2.6.2 Goedecker-Umrigar functional

The Miiller functional only partially cancels the interaction of the electron with itself
in the Hartree energy, due to the square root and the fractional nature of occupation
numbers. Goedecker and Umrigar [45] proposed a correction to the Miiller functional
by explicitly removing all terms with j = k, resulting in the formula

FG (g, ny) = gy, — Gje(ng —nj).

This functional is orbital self-interaction free, i.e., the interaction of an orbital with
itself is excluded. However due to the fractional nature of occupation numbers a
particular electron can be distributed over several orbitals, thus it is not possible
to completely exclude self interaction. However in many practical cases occupation
numbers are often close to either zero or one, and, therefore, the orbital self interaction
is close to the total self interaction.

For atoms and molecules at equilibrium geometry the GU functional gives much
better correlation energies than the Miiller functional. But it fails to reproduce the
correct dissociation limit of small molecules [103]. When applied to the homogeneous
electron gas (HEG), the GU functional, as the Miiller functional, leads to rather inac-
curate correlation energies [62]; moreover they fail to reproduce the fundamental gap
for band as well as Mott insulators [98].

2.6.3 Corrected Hartree-Fock functional

Csanyi and Arias [23] derived a functional starting from a tensor product expansion of
the 2-RDM. They called their approximation Corrected Hartree-Fock (CHF). It reads

as
FOE (g, mp) = nyng + /(1 — ny)v/ne(1 —ny,).

When applied to the HEG [23], the CHF functional coincides with the Miiller
functional in the low density limit. When density increases, however, the CHF severely
overestimates correlation and the solution tends quickly to the HF solution. The same

is also observed for other systems. For example, for Hy at equilibrium CHF gives the
HF solution [20].

2.6.4 Power functional

Recently Sharma et al. [98] proposed a generalization of the Miiller functional (2.27)
which reads as
fPower(nj’ nk) — n?nz7

with 1/2 < o < 1. This simple form interpolates between the uncorrelated HF
limit (o = 1) and the overcorrelated Miiller (o« = 1/2), thus « can be considered
as a mixing parameter. This functional has been tested both on finite and extended
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systems [62, 63, 98, 99]. This functional was shown to perform very well in predict-
ing ground-state properties and photoemission spectra for solids. In particular band
gaps for semiconductors and insulators, including transition metal oxides, are in good
agreement with experiments [98, 99]. A few optimal values of « have been proposed
in literature: o = 0.525 for stretched Hy, @ = 0.578 for molecules at equilibrium,
a = 0.55 for the HEG, 0.65 < a < 0.7 for solids [63, 98]. The optimal value for a thus
depends on the kind of system considered.



Chapter 3

Many-Body Perturbation Theory

In this chapter we introduce the basic concepts of Many-Body Perturbation Theory
based on Green’s functions [1, 32, 46, 51]. In particular we focus on the one-body
Green’s function and its link to observables, such as the electron density, the one-
body reduced density matrix, and the photoelectron spectrum. We discuss the Dyson
equation to determine the one-body Green’s function in terms of an effective potential,
the so-called self-energy, which contains the many-body effects of the system. Various
approximations to the self-energy are reported, namely GW, Hartree-Fock, second
Born and T matrix.

3.1 Green’s functions

At zero temperature the time-ordered equilibrium n-body Green’s function (n-GF) is

defined as

(Wo| T [ (1) ()l ()0 (1)] W)

GM™M(1,2,...n: 1.2, ....n)= (="
( )= (Wo|Wo)

, (3.1)

where 1,2, ...,n stand for combined space-spin-time coordinates, i.e., 1 = (ry, s1,t1),
etc.; [Wo) is the ground state of the system in the Heisenberg picture, ¥y and 1/}2, are
the field operators in the Heisenberg picture

b (1) = e1(x,)e M, (3.2)

where @E(Xl) is the field operator in the Schrodinger picture. 7' is the Wick time
ordering operator, which, when applied to a product of operators, arranges them in a
chronological order of their time arguments with a multiplicative factor £1 depending
on whether the chronological order is an even or odd permutation of the original order.
In the following, to simplify the notation, we will assume that |¥) is normalized, i.e.,
(Wo|Wg) = 1.

The one-body Green’s function (1-GF), according to Eq. (3.1), is defined as

G(1,1') = =i {Wo| T[{n (1)} (1)] [ W) - (3.3)

33
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The time-ordered product can be written explicitly as

~

o G fort >t
Tlyr(1)vy(1)] = { —1&}](1/)1/{;(1) for t1, > 4,

from which

)
) (3.4)

where 6(t) is the Heaviside step function. Equation (3.4) suggests a simple interpre-
tation of the 1-GF: it expresses the probability amplitude for an electron (hole) which
at time ] (¢1) is added to the N-electron system (in its ground-state) at position r}
(r;) with spin s} (s1) to be found at position ry (r}) with spin s; (s}) at time t; > ¢}
(t) > t1).

Even if the 1-GF does not contain all the information of the ground-state wave-
function, we can still obtain from it all the observable properties of greatest interest,
namely the ground-state expectation value of any one-particle operator, the ground-

G(1,1") = —1i0(ty — t1) (P &H(l)l/}}{(ll) |
N

Vv
+i0(ty — t1) (ol @ZL( Nibr(1) [¥o

state total energy, and the one-particle excitation spectrum of the system. Let us
discuss these properties in more detail.
Given a one-particle operator O in second quantization form

0= / i (x)o(x)1)(x).

where o(x;) is the single particle operator in first quantization form,! the ground-state
expectation value can be evaluated as

(ol O |,) Z/dxo(x) (Wo| T (x)3)(x) | Wo)
= lim [ dxo(x) (Wo| ' (x)2b(x) [¥0)

=—ilim lim [ dxo(x)G(xt;xt"),
X/ —=x t/—tt

where 1 stands for ¢+4, with 0 an infinitesimal positive real number. Note that in the
last step we used the definitions (3.2) and (3.4). Thus the 1-GF allows us to calculate
the ground-state expectation value of any one-particle operator. For example, the
electron density of the system is the diagonal in space, spin and time of the 1-GF,
n(x) = —iG(xt;xt"), whereas the one-body reduced density matrix (1-RDM) is the
diagonal in time of the 1-GF ~(x,x’) = —iG(xt,x't").

The 1-GF can also be used to calculate the total energy, which in principle contains
a two-body operator. The Galitskii-Migdal formula [36] gives the total ground-state

IFor simplicity we consider here a local operator.
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energy in terms of the 1-GF, and it reads as

o 1 . . . a /4!
Ey = 5 /dxtlhﬁrl;r xl/linx [1(% + h(r)] G(xt,x't'), (3.5)
where h(r) = —V?2/24vey(r) is the one-particle Hamiltonian, with vey a local external

potential.

The relation of the 1-GF with the one-particle excitation spectrum will be dis-
cussed in the next subsection, where the Lehmann representation of the 1-GF will be
introduced.

3.1.1 Lehmann representation

In the following we will write the 1-GF in such a way to make clear its connection
with the excitation energies of the system.

In absence of a time-dependent external potential, due to the homogeneity of time,
the 1-GF depends only on the time difference 7 = t; — t|. Introducing, in Eq. (3.4),
the resolution of the identity Y, >°,, |WM) (¥} | =1 in the Fock space, where |¥}/)
indicates the k-th eigenstate of the M-electron system, we obtain

G(x,x';7)= —1i0(r Z <\Ifo|¢H (xt) ‘\I/N+1> < bt (X,t/)‘\I/0>

+i0(=7) > (ol (") [ 1) (UN [ du (xt) W), (3.6)

n

where we have used the fact that field operators select only states with N 41 particles if
7 > 0 or with N — 1 particles if 7 < 0. We can explicitly indicate the time dependence
of the field operators in Eq. (3.6) using Eq. (3.2) and obtain the following expression
for the 1-GF

G(x,x;7) =—i0(r) > (

m

+i0(=7) 3 (ol () [T 1) (0| z@<x>\mo>e—i<EéV—Eﬁ*>f.

n

E%Jrl)’l'

x)|Wo)e't”

(3.7)

The terms
x) = (Wo|d(x) [Wp*h),
and
= <\Ij7]zv*1| &(X)|‘I’o>
are generally referred to as the Feynman-Dyson amplitudes. Thus Eq. (3.7) assumes
the more compact form

G(x,x';7) me ¢S ~Bm )T

+i0(— Z gn(x )e B BT (3.8)
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Figure 3.1: Singularities of G(x,x’;w) in the complex plane. The removal energies E(])V —
EXN=1 are located above the real axis, whereas the addition energies EXY *1 — EIN are located
below. The chemical potential j lies inside the band gap AE,.

Note that the amplitudes f,, as well as g,, are, in general, not orthogonal nor linearly
independent. One can only prove that the total set is complete:

Y () + Y ga(x)gn(x) = 8(x - X). (3.9)
Using the following relation

/ dt [0(£t)e” "] €' = lim +l

oo n=0t W — o k£ in’

we can obtain the Fourier transform of Eq. (3.8). We arrive at the Lehmann represen-
tation in frequency space for the 1-GF

n—0+ EN+1 — EN) +in EY — EN-1) —ip
(3.10)
From Eq. (3.10) it becomes clear that the 1-GF has poles at the electron addition
(ENTY — EJ) and removal (B} — EN~1) energies of the system.
In Fig. 3.1 it is depicted the polar structure of the 1-GF. The smallest electron
removal energy gives the ionization potential IP = —(E} — E)'~1), while the electron
affinity is defined as EA = E}Y — EN*™!. If the system under study is a metal, then

IP=EA is the chemical potential p. If, instead, the system is insulating, then one can
define the band gap AE, as

Gl x'sw) = lim [Z - (fm(X)fi%(X’) Py (gn<x>g;z<x'>

AE, =1P —EA = E)'*' + £V —2E].

In this case, the chemical potential p lies somewhere inside the band gap.
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3.1.2 1-GF in a basis set

Let {¢:(x)} be a complete set of orthonormal orbitals in the one-particle Hilbert space,
then we can express the field operators in this basis as

= Z Pi(x)¢
= qu;-*(x)éT

The operators ¢; and ¢ are known as the creation and annihilation operators respec-
tively.
We can then write the 1-GF as

G(x,x;w) ZGW ( ",

with
Gij(w) :/dxdx’qﬁf(x)G(x, x';w)p;(x)
‘1’0’ Ci & [Wo) (ol & [wh=1) (wh |‘I’0>
_Z EN+1 Egv)+m Zn: w—(EN EN-1) —ip

In this way the space-spin variables are discretized. Note that if we deal with a non-
interacting system, for which the Hamiltonian reads as H = >,[=V3 /2 4 vexi (15)]
then the 1-GF can be written as

G(x,x';w) = Z W — e¢jr( Sjgné);)

e (3.11)

where ¢; and € are the independent-particle wavefunctions and the corresponding
energies, respectively.

3.1.3 Spectral function and connection with experiments

It is convenient to define the spectral function in terms of the imaginary part of the
1-GF according to

Ax,x'sw) = lSign(,u —w)ImG(x,x;w). (3.12)
7r

Using the Lehmann representation for the 1-GF (Eq. (3.10)), the spectral function
reads as

AGK3)= 3 S, 003 0= (B = B)) 42 (X))~ (B — )
’ (3.13)
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The full 1-GF can be obtained back from the spectral function using the relation

K 1o, 0o I
G(x,xw) =/ dw’m+/ dw’m
o

. / . .
e W =W —1n w—w +1n

This means that the spectral function contains the same information as the 1-GF, but
it has the main advantage of being a positive real-valued function, while the 1-GF is
in general a complex function.

The spectral function satisfies the following normalization condition

/ dwA(x,x;w) = §(x — x'), (3.14)
which can be obtained by integrating Eq. (3.13) with respect to w and using the
completeness relation (3.9). Several observables have a simple link to the spectral
function. For example the ground state electron density p(r) can be calculated as

m

) = [ doA(rric),

— o0

while an expression for the ground-state energy in terms of the spectral function can
be derived from the Galitskii-Migdal formula (3.5) and reads as

1 12
Eo =3 Z /_oo dw [wi; + hij] Aji(w), (3.15)
ij

where we introduced a complete set of orthonormal one-electron wavefunctions {¢;},
and defined the matrix elements of the spectral function and the one-particle Hamil-
tonian as

Aij(w) = /dxdx'gb;‘(x)A(x,X';w)qu(x'), (3.16)

and

hiy = / x5 (x)h(x) (%),

respectively. Using Eq. (3.16) together with (3.14) we obtain the sum rule

/:: Ajj(w) = 1.

Moreover, one can obtain from the spectral function the distribution of one-electron
states as p
n; = (Ul cle; |0y) = / dw Agi (w).
—0oQ
If for example we choose the states ¢ to be the momentum eigenstates, we obtain the
momentum distribution, a key quantity in, e.g., Compton scattering [56, 81].
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Aii (w)

non-interacting ———

interacting \

Figure 3.2: Example of spectral function. In a non-interacting system, excitations are a
series of delta peaks (eY). When interactions among electrons are taken into account, each
peak is shifted, and, since the lifetime of the excitation is finite, it is broadened. This is the
Py
(2

quasiparticle peak (e/”). In addition to the main quasiparticle peak, new features, called

satellites (e*'), can appear.

Finally the spectral function gives information about the photoelectron spectrum
of a system, as one can see comparing Eq. (3.13) with Eq. (1.2). Using Eq. (3.11), the
spectral function for a non-interacting system takes the simple form

A X50) = 32 6,001 (x)3( — ).

Thus for a non-interacting system the matrix elements A;;(w) defined in (3.16) have
a simple d-peak located at the non-interacting energy €.

In case of an interacting system the single-particle energies !
an effective complex-valued non-local and frequency-dependent potential ¥ (see next

section) which takes into account the many body effects of the system. If for simplicity

are corrected by

we neglect the non-diagonal part of G and I, we have

1
W — EQ — E”(W)

)

G“(w) =

The spectral function then takes the following form

1 | Im ¥ (w)]
Aii(w) = T [w — € — Re Xy (w)]? + [Im By (w)]?

As shown in Fig. 3.2, A;;(w) has a main peak, called the quasiparticle (qp) peak, at
e’ = )+ Re Xy (). The width of this peak is Im X;;(¢;”) and is related to the inverse



40 Many-Body Perturbation Theory

lifetime of the excitation 7. As a consequence of the frequency dependence of the self-
energy, an interacting system may have extra peaks that are not directly related to
one-particle excitations, i.e., they are not quasiparticles. These extra features of the
spectral function are called satellites.

3.2 How to determine G?

The definition (3.3) is not very useful for determining the 1-GF, since it assumes that
the ground-state | W) is known, which, in general is not the case. A practical route to
get the 1-GF is by its propagation in time.

3.2.1 Equations of motion

The equation of motion for the 1-GF can be obtained by differentiating the definition
(3.4) with respect to ¢; (for more details on the derivation, see, e.g., Refs [22, 57, 104]).
One can use the equation of motion of the field operators in the Heisenberg picture
(1) o
—_ = 1),H
1 atl [¢H( )’ ]7
and similarly for &L Using the Hamiltonian operator H given in Eq. (2.2) we can
evaluate the commutator. This yields the following expression
0G(1,1)

T 5(1—1)+h(1)G(1,1)

a/wmﬁwmmm%@wwmmwymwm (3.17)

where v.(1,2) = ve(x1,X2)d(t; — t2) is the Coulomb potential. The expectation value
of the time-ordered product in the last term on the right-hand side can be related
to the 2-GF, if a positive infinitesimal time 0 is added to t, in ¢},(2) and the limit
0 — 0 is inserted in the integral sign. Now that there are two different indices 2 and
2% the time ordering operator is defined unambiguously and we can permute the field
operators in order to obtain the 2-GF,

(Wol T} (25)m(2)dm (1)} (1)] [Wo) = — (Wol T[0n (1)dn (2)0 (270 (1)] o)
= GP(1,2;1,2").

Equation (3.17) then becomes

%%“%m%mﬂwﬁ/@Mﬁammmznfrwu—w. (3.18)

In a similar manner we can obtain the equation of motion for the n-GF, in terms
of the (n + 1)-GF and the (n — 1)-GF [22, 57]. So we have an infinite set of coupled
equations which is completely equivalent to the Schrodinger equation.
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In practice one should truncate this hierarchy to close the system of equations at
a given order n. It is therefore necessary to express the (n + 1)-GF in terms of lower-
order GFs. This can be very involved and, moreover, it is not obvious how to cut the
hierarchy. This can be avoided by introducing an effective potential which has folded
in it this hierarchy.

3.2.2 Dyson equation and self-energy

As a preliminary step, in order to rewrite Eq. (3.18) in a more convenient form for the
following discussion, it is useful to define the non interacting 1-GF, Gy(1,1’), as the
solution of

{ia% - h(l)] Go(1,1) =6(1—1)). (3.19)

Using Eq. (3.19), the equation of motion of the 1-GF can be recast in the following
integral form

G(1,1) = Go(1,1") — i/d2d2’G0(1, 2V (2F,2)GP (2, 2:17,27), (3.20)
where G determines the appropriate initial condition in time.? An equivalent form can

be obtained multiplying both sides of Eq. (3.20) by G~(1’,2)Gy(3,1),® integrating
with respect to 1 and 1’ and changing the name of the variables, it reads as

Gy'(1,1) +i/d2d2’vc(1+,2)G(2)(1,2; 2. 2HG1(2,1) = G7(1,1).
This last equation suggests the introduction of the self-energy > defined as
¥(1,1) = —i/d2d2’vc(1+,2)G(2)(1,2;2’,2+)G1(2’,1’), (3.21)
so that Eq. (3.20) can be rewritten as
G(1,1") = Go(1,1") + /d2d2’G0(1, 2)%(2,2)G(2',1). (3.22)
This is the well-known Dyson equation for the 1-GF; it is a closed equation if ¥ is

known. The self-energy plays the role of an effective potential in which the effects
of the rest of the system are folded. That is why it is a complicated object: it is in

2The non-interacting 1-GF must satisfy the Kubo-Martin-Schwinger conditions, which means that
there is only one solution Gy to the equation [d2G;'(1,2)Go(2,1) = (1 — 1’). For an extensive
discussion see Ref. [57].

3The inverse of the 1-GF, G~! is defined according to

/d2G(172)G‘1(2, 1) = /d2G—1(1,2)G(2,1’) =45(1-1").
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general a non-local frequency-dependent complex-valued function. The self-energy is
not known in general and approximations are needed. The advantage of the Dyson
equation is that, if one approximates Y, even at low order in the interaction, solving
the Dyson equation for the 1-GF produces contributions to all orders, as one can see
by iterating Eq (3.22)

G(1,1") = Go(1,1") + /d2d2’G0(1, 2)3(2,2"Go(2',1")
+ / 42042/ d3d3/ Go(1, 2)5(2, 2)Go (2, 3)5(3, 3)G(3, 1) +
To make more explicit the physical content of ¥ we can use the Schwinger relation®
(see Refs [71, 97])
0G(L15[p])
S (2)

which relates the 2-GF to the 1-GF and its variation with respect to a fictitious external
potential ¢. Thus, we can express the self-energy given by Eq. (3.21) in terms of the

~GA(1,2,1, 2% [p]) + G(L, 13 [])G (2,273 [)]), (3.24)

4A fictitious time-dependent external potential ¢ has to be introduced in order to evaluate the
variational derivative of the quantities of interest with respect to this potential. At the end of the
derivation this potentlal is made to vanish. In presence of an external potentlal the Hamiltonian
reads as H = Hy + H where Hy is the unperturbed Hamiltonian and H'’ contains the external
potential. The generahzatlon of definition (3.3) reads as

(W] T[S (00, —o0; [ b (1))} (1)] [ W)

G(L,1;[¢]) = (Wy| S(oo, —o0; [¢]) [Wo)

, (3.23)

where we made explicit the functional dependence on the external potential . Here 1& 7 and 1[1} are
the field operators in the interaction picture, and S(t,tg) is the time evolution operator defined as

Sttt 1) =[x (i / ariyrileD)

iy lel) = [ ol 1) x, i 7).

By taking the functional derivative of (3.23) with respect to the external potential we can obtain the
Schwinger relation (3.24). For the details of the derivation, see Ref. [22].

Note that the state vectors and operators in the interaction and Schrodinger pictures are respec-
tively related by

with

[W(t)), = ol [W(t)) g,
and ) o R
O;(t) = etHot ) ge—1Hot

In the interaction picture the operators satisfy the following equation of motion

d

2.01(t) = [01(1), Fo| +i 90()

ot




3.2. How to determine G? 43

1-GF alone using relation (3.24). We arrive at

0G(1,2s [¢])
590(2) =0

where vy (1) = —1 [ d2v.(1,2)G(2,27) is the Hartree potential. The following relation®

S(1,1) = vy (1)5(1 — 1) +i/d2d2’vc(1,2) G2, 1), (3.25)

5G(1,2: [¢]) 0G~1(3,4; [¢])
5o(2) op(2)

can be used to rewrite the self-energy (3.25) in an alternative way which reads as

_ / d3d4G(1, 3: [)) G4, 2 ) (3.26)

0G—H(3, s [¢])
590(2) (p:O .
The functional derivative §G~1/d¢ in the last term on the right-hand side of Eq.

(3.27) can be performed using G~! obtained from the Dyson equation, which in pres-
ence of an external potential, reads as

S(1,1) = v (1)5(1 — 1) — i/d2d3vc(1+, 2)G(1,3) (3.27)

GHL s [p]) = Go ' (1,1) — p(1)o(1 — 1') = B(1, 1 [¢]). (3.28)
Using Eq. (3.28) we can rewrite Eq. (3.27) as

Y(1,1) = vy (1)5(1 — 1) +iv.(17,1)G(1, 1)
0X(3, 1% [¢])
0p(2) (p:O’

and applying the chain rule §%/5p = (02/0G)(0G/dp) we finally arrive at

+ i/d2d3 ve(17,2)G(1, 3)

S(1,1) = vy (1)6(1 = 1) +iv.(11,1)G(1, 1)

+i/d2d3d4d5vc(1+,2)G(1,3)5(3, 5:1,4)L(4,2;5,27)  (3.29)

where the effective interaction =(3,5;1’,4) = 63(3,1")/6G(4,5) and the generalized
response function L(4,2;5,2") = 0G(4,5)/6p(2',2) have been introduced. This way
of writing the self-energy immediately shows the physics behind it: the particle can
scatter against the density of the system (Hartree term), it can exchange with another
particle of the system (exchange term), and it can perturb the system, i.e., it can have
an effective interaction with the system (Z), the system responds (L), and the particle
feels this response through the Coulomb interaction.

Approximations to = and L give various approximations to ¥, as we will show in
Sec. 3.2.4. Before discussing the approximations, we take a more conventional route
to tackle the problem of finding a suitable approximation to 3: the Hedin equations.

®This relation can be obtained considering the identity [d2G(1,2;[p])G(2,1';[¢]) = 6(1 — 1)
and taking the functional derivative with respect to .
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3.2.3 Hedin’s equations and GW approximation

Hedin derived a set of coupled equations that in principle yields the exact self-energy
[50]. The basic quantities entering these equations are the interacting 1-GF and the
dynamically screened Coulomb interaction W. In a many-electron system, W is much
weaker than the bare Coulomb interaction v., therefore its use in a perturbative de-
velopment is well motivated. In the following we will omit the functional dependence
on the fictitious external potential ¢ to simplify the notation. It is also assumed that
at equilibrium all functional derivatives involving ¢ are evaluated at ¢ = 0.

First, we can introduce the local classical potential V = vy + . We can regard X
as a functional of V' instead of ¢, and making use of the chain rule we can rewrite Eq.

(3.27) as

5G1(3,1") 6V (4)
0V(4)  0p(2)

S(1,1) = vy (1)5(1 — 1) — i/d2d3d4vc(1+, 2)G(1,3)

We can introduce the time-ordered inverse dielectric matrix

_1 _ovV(1)
e (1,2) = m,

from which we can define the dynamically-screened Coulomb potential
W(1,2) = /d351(1, 3)ve(3,2). (3.30)

W is the potential at point 1 due to the presence of a test charge at point 2, including
the effect of the polarization of the system. It represents the effective interaction
between two electrons and it is much weaker than the bare Coulomb potential v, if
the polarization is large. We further introduce the scalar irreducible vertex function

. 5G-(1,1)

r1,1:2) =— ) (3.31)

Here the term irreducible refers to the fact that the derivative in Eq. (3.31) is performed
with respect to the total potential V. The self-energy > can then be rewritten as

S(1,1) = v (1)8(1 — 1) 4 Sye(1, 1)

= vy (1)6(1 = 1) + i/d3d4G(1,3)W(4, 19)1(3,1:4),

where we introduced the exchange-correlation part of the self-energy ¥,. = ¥ — vy.

To evaluate the irreducible vertex function ', we can start from the definition
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(3.31) and using the Dyson equation G~! = G;' — V — %, we obtain

[(1,2;3) = 6(1—-2)8(2 - 3) + 52%%)2)

= a1 =210~ + [ asas T O

0% (1,2)
3G(4,5)

=0(1—2)6(2—3) + / d4d5d6d7 G(4,6)G(7,5)(6,7;3).

(3.32)

The second line is obtained making use of the chain rule 63./0V = (6% /0G)(6G/5V),
whereas in the third line we used Eq. (3.26) with ¢ replaced by V. Equation (3.32) is
a closed integral equation for the 3-point vertex function in terms of a 4-point kernel
03 /0G.

We now need an equation for the inverse dielectric matrix e™! = §V/dp which
enters in the definition of W. It can be worked out as follows

e 1(1,2) =0(1-2) — i/d3vc(1,3)%
_51—2) +/d3@c(1,3)x(3,2), (3.33)

where the reducible polarizability x is defined as
1,1+ 1
op(2)  0p(2)

and it gives the change in the electron density upon a change in the external field. Here
the term reducible refers to the fact that the derivative is performed with respect to
the external potential ¢. In a similar way one can define an irreducible polarizability
0G(1,17F op(1

IV (2) IV (2)
The relation which links the two polarizabilities can be obtained by using the chain
rule

L[ 6G(1L1M) 6V (3)
w2 =i [ S

= ¥(1,2) +/d3d4>z(1,3)vc(3,4)x(4, 2). (3.34)

The irreducible polarizability can now be expressed in terms of the 1-GF and I' again
using relation (3.26)

5G-1(3,4)
3V (2)

— —i/d3d4G(1,3)G(4,1)f(374; 2).

¥(1,2) = i/d3d4G(1,3) G(4,1)
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Figure 3.3: Feynman diagram representation of
the GW self-energy. The bold straight line repre-

Yaow = i:l sents the interacting 1-GF, and the wiggly line the
screened Coulomb potential .

Summarizing the results obtained above, we have Hedin’s set of coupled integral
equations [50, 51]:

G(1,1) = Go(1,1') +/d2d2’G0(1,2)2(2,2’)G(2’,1’), (3.35)

3(1,2) = vy (1)6(1 —2) + i/d3d4G(1,4)W(3, 111(4,2;3), (3.36)
F(1,2:3) =6(1 — 2)5(2 — 3) + / dadsdedr = :2) (EL 2))G(4,6)G(7,5)f(6,7;3),

X(1,2) = —i/d3d4G(1,3)G(4,1)f(3,4;2), (3.37)

W(1,2) = ve(1,2) + /d3d4vc(1 3)X(3,4)W (4,2). (3.38)

Equation (3.38) has been obtained working out the definition (3.30) together with Eqs
(3.33) and (3.34). The irreducible vertex function I' and the dynamically-screened
potential W satisfy Dyson-like equations, like the 1-GF. This set of equations should
in principle be solved iteratively: starting with some hypothesis on ¥ and G, one can
evaluate I, then X, W and ¥. Now one can calculate a new G and start again the
same procedure. In principle, repeating an infinite number of times this iteration, it
gives us the exact solution.

In practice, however, one uses approximations. For example by setting f(l, 2;3) =
d(1 —2)(2 — 3) one gets the so-called GW approximation, ¥ = vy + iGW. One has
then to solve self consistently only the set of Eqs (3.35)—(3.38). However also this can
be quite involved, especially in solids. A commonly used approach is one-shot GW,
in which one stops at the first iteration. The GW self-energy is depicted in Fig. 3.3
using Feynman diagrams.

3.2.4 T matrix, second Born and Hartree-Fock

The GW approximation can also be derived from Eq. (3.29). In situations where
the screening is important we can use a good approximation to L and for = the
rough approximation = ~ dvy/dG. This leads to GW. Other approximations to =
and L yield other approximations to ¥ [94]. In the following we briefly discuss the
approximations which, besides GW, will be used in this thesis, namely, T matrix,
second Born, and Hartree-Fock.
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Figure 3.4: Feynman diagram repre- Q ,
I
sentation of the particle-particle T-matrix ol - i T

self-energy. The bold straight line repre-

sent the interacting 1-GF, the dashed line

the Coulomb potential v.. RN | Ty
|

3.2.5 T-matrix approximation

In situation where the screening is not important, but it is rather the quantum nature of
the electron to emerge, we can use the rough approximation L ~ GG, and concentrate
on a clever approximation for =. Using for the self-energy the ansatz

n(1,1) = / d204G(4,2)T(1, 2: 1, 4),

one can do the approximation

55(3,1') ,
— =T 01,4
sGas) S TEs0Y)

in Eq. (3.29). In this way one can find the following Dyson equations for 7' = T} + T
T1(1,2;1,4) = —iv.(1,2)6(1 — 1')6(4 — 2)

+i/d3d5vc(1,2)G(1,3)G(2,5)T1(3,5;1’,4),

T5(1,2;1',4) = iv.(1,2)0(2 — 1")0(4 — 1)
+i/d3d5vc(1,2)G(1,3)G(2,5)T2(3,5;1’,4).
The four-point interaction T' = T} 4+ 15 can now be identified with the particle-particle
T matrix [36, 57]. In a similar way one can derive the electron-hole T matrix [94].
The Feynman diagram representation of the particle-particle T matrix is reported in
Fig. 3.4.
Hartree-Fock approximation

The expansion to first order in the Coulomb potential of the T-matrix self-energy,
gives the Hartree-Fock self-energy

Shr(1,17) = — i6(1 — 1) /d2vc(1,2)G(2,2+) (1, 1)G(1,17)
— o (D5(1 = 1) + iw(1, 1)G(1, 1), (3.39)
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a) Ygr = ' 4+ e
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b) Yop = '+ e e+ el

Figure 3.5: Feynman diagram representation of the a) Hartree-Fock and b) second Born
self-energies. The bold straight lines represent the interacting 1-GF, the dashed lines the
Coulomb potential v..

The first term is the Hartree potential, while the second is the Fock exchange self-

energy
So(1, 1) = iv (17, 1)G(1, 1),

where the sign “+” for times has been moved in a consistent way, since the Coulomb
interaction is instantaneous. The  function in time contained in v, selects only con-
tributions of the 1-GF from negative times, i.e., from removal energies. Moreover the
fact that v. is instantaneous yields a self-energy which is static in frequency space.
The Hartree-Fock self-energy is depicted in Fig. 3.5(a).

Second Born approximation

An expansion to second-order in v, of the T matrix gives the second Born approxima-
tion
Sap(1,1) = Spe(1, 1) + 2@ (1, 1),

where Yyp is the Hartree-Fock self-energy given by Eq. (3.39) and
Y@(1,1) = 291, 1) + 2@ (1, 1),
is the sum of the two terms

EQWLV):—FGQJ@/@&Bmuﬂxxz@G@@ﬁu&r;

and

EWMJUzﬁ/wwG@mmaaagmaaym@Jy

These terms are usually referred to as the second-order direct and exchange terms.
They are depicted in Fig. 3.5(b).



Chapter 4

Correlation and spectroscopy in
Reduced Density-Matrix
Functional Theory

In this chapter we explore the performance of approximations to electron correlation in
Reduced Density-Matrix Functional Theory (RDMFT) and of approximations to the
observables calculated within this theory. Our analysis focuses on the calculation of
total energies, occupation numbers, removal /addition energies, and spectral functions.
We use the exactly solvable Hubbard dimer at 1/4 and 1/2 fillings as test systems. This
allows us to analyze the underlying physics and to elucidate the origin of the observed
trends. For comparison, we also report the results of the GW approximation, where the
self-energy functional is approximated, but no further hypothesis are made concerning
the approximations of the observables. In particular, we focus on the atomic limit,
where the two sites of the dimer are pulled apart and electrons localize on either
site with equal probability, unless a small perturbation is present: this is the regime of
strong electron correlation. In this limit, using the Hubbard dimer at 1/2 filling with or
without a spin-symmetry-broken ground-state, allows us to explore how degeneracies
and spin-symmetry breaking are treated in RDMFT. We find that, within the used
approximations, neither in RDMFT nor in GW the signature of strong correlation is
present, when looking at the removal /addition energies and spectral function from the
spin-singlet ground-state, whereas both give the exact result for the spin-symmetry
broken case. Moreover, we show how the spectroscopic properties change from one
spin structure to the other.

4.1 Introduction

Within Reduced Density-Matrix Functional Theory (RDMFT), as we discussed in
Chap. 2, the ground-state properties of a physical system are functionals of the ground-
state one-body reduced density matrix (1-RDM) ; thanks to the one-to-one mapping
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between the (non-degenerate) ground-state wavefunction of the system and the cor-
responding 1-RDM . In particular the ground-state total energy is a functional of
the 1-RDM () and energy minimization under the constraint that « is ensemble N-
representable determines the exact v. In practice, however, approximations to the
exchange-correlation energy FEi.[y] are needed. Several approximations have been
proposed and most of them are implicit functionals of the 1-RDM; they are explicit
functionals of the natural orbitals ¢; and occupation numbers n;. The total energy is
then a functional of ¢; and n;. Once the 1-RDM of the system is known, all the ob-
servables of the system can be calculated, provided that their expression as functional
of the 1-RDM is known.

Such a functional has not been found yet for the spectral function, which deter-
mines, for example, photoemission spectra. Various ways to calculate removal /addition
energies have been proposed [88, 99]. For example, removal energies can be calculated
by using the method proposed by Pernal and Cioslowski [88], which is based on the
extended Koopmans theorem (EKT) [26, 75]. So far, the method has been used only
for finite systems. Numerical evidence suggests that EKT is at least exact for the
lowest ionization potential [42, 43, 76, 105]. In Ref. [99] an approximate procedure to
calculate quasiparticle energies and photoemission spectra within RDMFT has been
proposed, which is also inspired by Koopmans theorem. When applied to a series of
transition-metal oxides, the method seems to capture the essential physics of strong
electron correlations. These are, however, only empirical evidences, and an in-depth
analysis is missing. This is not simple because several approximations are involved:
(i) an approximate exchange-correlation energy functional, (ii) an approximate expres-
sion for the removal and addition energies, and (iii) an approximate expression for the
spectral function. It is therefore important to study these aspects in a systematic way
in order to advance our understanding of an approach which is used all over physics
and chemistry.

To do this, we need a simple system, preferably with a known exact solution for
benchmarking, with a direct link between the molecular orbitals and natural orbitals
and with the possibility to study quasi-degeneracies and (spin and charge) symme-
try breaking. An ideal candidate is the Hubbard dimer: it is exactly solvable, the
natural orbitals correspond to the bonding/antibonding orbitals, and the atomic limit
t — 0 offers a playground to explore degeneracies and symmetry breaking. In the
atomic limit, when the two sites are pulled apart, electrons localize on either site
with equal probability, unless a small perturbation is present. In this limit, explicit
correlation between particles is crucial: this is the regime of strong electron corre-
lation. In this limit, all the eigenstates of the system at 1/4 filling acquire equal
energy and they become degenerate with the charge-symmetry broken states; at 1/2
filling the spin-singlet ground-state becomes degenerate with the spin-triplet state
as well as with the spin-symmetry-broken states (see Tables I and II in Ref. [95]).
This scenario is general and common also to other molecules, such as, e.g., Hy at
dissociation, which is a paradigmatic example in quantum chemistry (see, e.g., Refs.
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8,16, 25, 34, 41, 82, 93, 101, 102, 119]). Analogies can be found also in infinite systems,
as, for example, in the homogeneous electron gas (HEG). In the HEG the analogous
of the bonding/antibonding orbitals are the eigenstates of the perfectly translation-
ally invariant system, which are also the natural orbitals. At low densities, electrons
localize to minimize the electron-electron interaction and the translational symmetry
is spontaneously broken.

In the following, therefore, we will use the Hubbard dimer at 1/4 and 1/2 filling as
a test case, and we will suggest extrapolation to real systems when appropriate.

The chapter is organized as follows. In Sec. 4.2 is shown how the occupation
numbers are related to the multi-determinant nature of the wavefunction. In Sec.
4.3 the methods currently used to compute the spectral function within RDMFT
are reviewed and analyzed. In Sec. 4.4 MBPT and RDMFT results for occupation
numbers, total energy, removal /addition energies, and spectral function are compared
to exact results and analyzed. In Sec. 4.6 we discuss how correlation is related to
the measurements a physical system is subjected to. Finally we extrapolate these
considerations to real systems. Conclusions are given in Sec. 4.7

4.2 QOccupation numbers, 1-RDM and ground-state
wave function

Natural occupation numbers are strictly related to the multideterminant nature of the
wavefunction of a physical system. To illustrate this, let us expand the many-body
wavefunction in terms of Slater determinants constructed from the eigenfunctions of

the 1-RDM {¢;}, ¥o(x1,...,xn) = >, Ci®i(x1, ...,xn). The 1-RDM then reads as [40]

v(x,x') = N/dxg...deZC;CJ-CI)?(X’,XQ,...,XN)CIDj(X, X2, ey XN)

ij

= Z |Ci’27i(xa X/)>

where v;(x,x') = Y, ¢4 (%) (x) is the 1-RDM associated to the i-th Slater determi-
nant. If the wavefunction of the system is described by a single Slater determinant,
as in the case of a single (spin-polarized) electron (see the Hubbard dimer at 1/4
filling in Sec. 4.4.1), then the natural occupation numbers are either 1 or 0. If in-
stead more determinants are involved, the natural occupation numbers, in general,
take fractional values between 0 and 1. This can be nicely illustrated by considering
a two-electron system with a singlet wavefunction Wy (x;,x3) = 21‘:1,2 Ci®;(x1,X2),
where &, = |b1,b]) and &3 = |a T,a ) are Slater determinants constructed from
bonding and antibonding orbitals {¢;}, respectively (see the Hubbard dimer at 1/2
filling in Sec. 4.4.1). Note that the bonding/antibonding orbitals in the Hubbard dimer
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correspond to the natural orbitals. The 1-RDM reads as

Vo6 x) =GP D di(x)6i(x) +1Cal* Y di(x)e(X)
i=b1,b) i=at,al
= > mbix)e;(x),
i=b1,bl,at,al
2 and ngp = ngy = |Cs)?, and |C1]* 4 |Cy]* = 1 since the wave-
function Wy is normalized. In general, the relation between C; and natural occupation

with Npr = Npp = |Ol

numbers is more complicated than in this example, but the fact that fractional oc-
cupation numbers reflect the multideterminant nature of the wavefunction and hence
the degree of correlation in a system remains still valid.

4.3 Spectral function in RDMFT

Recently, Sharma et al. [99] proposed the following approximate expression for the
spectral function within RDMFT:

Aw) ~ Z [nid(w — ;) + (1 —n;)d(w +€)] (4.1)

i

where € = EY — EN*! with E) the ground-state energy of the N-electron system
and EN*! the i-th state energy of the (N 4 1)-electron system. To arrive at Eq. (4.1),
one starts from the exact expression A(w) = sign(y — w)Im G(w)/7 (see Sec. 3.1.3)
and approximates the ground and excited states of the (/N 4 1)- and (/N — 1)-electron
systems by adding an electron, [UN*1) = —L_c!| TN, or a hole, [TV ) = L]0,

Vi-n; i NG
to the ground-state of the N-electron system. This is in the spirit of Koopmans

theorem and it is an approximation, because, in general, the set of states obtained in
this way are not eigenstates of the (N + 1)- and (N — 1)-electron system, respectively,
and do not form a complete set. Along the same line, the energies ¢; and ¢ in Eq.
(4.1) are calculated in an approximate way as

& = —6& =& = E[{n}, {oi}]l,, o1 — Elni}, {6}l =0 (4.2)

where E[{ni},{¢:i}]],, -1 (E{ni},{¢i}ll,, o) is the total energy for the N-particle
system with all the occupation numbers fixed at their optimal value (i.e., the value
that minimizes the energy functional) except for the occupation number ny which is
fixed to 1 (0). We will refer to this method as DIF, to keep contact with other works
on the subject [123]. Using (4.2) for the calculation of removal and addition energies,
the expression of the spectral function in (4.1) simplifies to A(w) = >, d(w — &).

We note that the energies calculated using Eq. (4.2) have both removal and addition
characters, because, in general, the state k is partially filled. Equation (4.2) can,
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indeed, be rewritten as the sum of two contributions

ek = (Elmi} AN lyms — B} {0} ]y )
+ (Bl 10l — Bl (01],0) 13)

where n"" are the occupation numbers which minimize the total energy. The first
term on the right-hand side of Eq. (4.3) corresponds to the addition of a fraction of

electron equal to 1 — nzpt while the second to the removal of a fraction of electron

equal to ny™".

Moreover, the number of energies calculated using (4.2) equals the number of oc-
cupation numbers (i.e., the dimension of the natural orbital basis set), which is in
general smaller than the exact number of removal and addition energies; it equals,
indeed, the number of noninteracting states and hence the number of quasiparticles.
Note that quasiparticle peaks in the spectral function can be directly linked to peaks
in the non-interacting spectral function, whereas satellites are additional structures
which are generated by the frequency-dependence of the self-energy and, therefore,
have zero spectral weight for vanishing interaction. The spectral weight of a quasipar-
ticle peak, instead, remains constant or might decrease by increasing the interaction,
the weight being transferred to the satellites. This can be illustrated using the Hub-
bard dimer. As shown in Sec. 6.3 for this model system the basis of natural orbitals
{¢;} diagonalizes also the 1-GF for any frequency; therefore, one can write

G(x1, X0 w ZG )0i(x1) 95 (x2),

and for the occupation numbers, one gets

dw iwo™
n; = —1/ 27rG (w)e“™ . (4.4)

If G; has more than one pole, then the total number of removal/addition energies that
one should find is larger than the number of occupation numbers. Therefore, equation
(4.2), in general, describes a mixture of quasiparticle and satellite energies, as will be
illustrated in Sec. 6.3.

The total energy difference, Eq. (4.2), can be further approximated as

El{n:} A6}l 1 — El{ni} 6)]], o ~ 2L

, (45)
M [, =172

which is justified if the total energy is nearly linear in the occupation number ny
[64]. This method will be referred to as DER. Using Eqgs. (4.1) and (4.5), the spectral
function of several transition metal oxides has been calculated, showing that some
experimental features are captured [99].
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As an alternative to Eq. (4.2) (or (4.5)), removal energies can be calculated by
using the EKT as proposed by Pernal and Cioslowski [88]. The method is based on
the diagonalization of the Lagrangian matrix,

1
Aij =

2
\/W nzh]z—"E nggmv}kml )
Tl
x),

kim

e = / dx; dxydx dxes T (%], X %1, %2) 6%, (X2) b7 (X1 ) dp (35) 4 (),

and
Vit = / dxcr o} (51 B (%0 (1, T2) b (1) b1 (32).

The eigenvalues of A are the removal energies. The underlying physics of this method
is similar to that of the approximations used to derive Eq. (4.1), although more ad-
vanced: in the EKT, the (IV — 1)-electron states are obtained as a linear combination
of states obtained by removing an electron from the ground-state of the N-electron
system, |[UN1) = >~ Bic;|UlY); the energy of the so obtained (N — 1)-electron states
is minimized with respect to the coefficients B;, unlike in the DIF/DER method. In
practice, the EKT has only been applied to finite systems. For the Hubbard dimer
at 1/4 and 1/2 fillings, it delivers the exact removal energies when combined with the
exact exchange-correlation energy functional. Therefore, in this work, we will use it to
test approximations to the xc energy functional. Note that the lowest addition energy
can be obtained from the highest removal energy of the (N + 1)-system (if the latter
is stable).

4.4 Correlation in the Hubbard dimer

In this section, we will illustrate the physics behind different approximations to cor-
relation as well as to observables in RDMFT and show how it compares with the
standard GoWy method used in MBPT. To this purpose we use the Hubbard dimer, a
simple prototype of a strongly correlated system that can be solved exactly [55]. The
Hamiltonian of the Hubbard dimer reads as

Het 3 S cheo+ 0 30 S e o0 30 3 chocio + Vi

ij=12 o =12 0,0 =12 o
i#j
Here, ¢! and ¢;, are the creation and annihilation operators for an electron at site

with spin o, U is the on-site (spin-independent) interaction, —t is the hopping kinetic
energy, and ¢ is the orbital energy. The Hamiltonian further contains a potential V
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that can be chosen to fix the zero-energy scale. The physics of the Hubbard model
[55] arises from the competition between the hopping term, which prefers to delocalize
electrons, and the on-site interaction, which favors localization. The ratio U/t is a
measure for the relative contribution of both terms and is the intrinsic, dimensionless
coupling constant of the Hubbard model, which will be used in the following.

We refer to App. B for the exact results of the model at 1/4 and 1/2 filling, respec-
tively. Here, we will use both the bonding/antibonding basis set, which is conceptually
similar to a molecular-like basis set, and the site basis, which can be considered as an
atomic-like basis set (see App. A). The bonding/antibonding basis diagonalizes the
1-RDM of the fully symmetric dimer, 7.e., this basis set is the basis of natural or-
bitals. The site basis, instead, is the basis of natural orbitals for the symmetry-broken
dimer. The site basis offers a clearer picture of electron addition and removal for the
Hubbard model, where the electron-electron interaction is on site. The eigenstates
of the Hubbard Hamiltonian are given as linear combinations of Slater determinants
built from the bonding/antibonding or the site basis functions. In the following, the
notation |Ao, Bo’,...) indicates a Slater determinant with on its diagonal an electron
in the orbital A with spin o, an electron in the orbital B with spin ¢’, and so on. In
the case of one electron, the Slater determinant |Ao) is a one-electron function.

4.4.1 Total energy and occupation numbers
1/4 filling

In the case of the Hubbard dimer at 1/4 filling, the ground-state wavefunction reads
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|Wo) = |b1) in the bonding/antibonding basis, i.e., one single Slater determinant with
one spin-up electron in the bonding orbital (equivalently, the spin-down situation could
be chosen). The exact 1-RDM is idempotent for any U/t value at zero temperature,
with the occupation number of the bonding (antibonding) orbital ny = 1 and nyp =0
(nat = ng, = 0) (see Fig. 4.1, upper panel'). When projected on the site basis, one
gets |Wo) = (|1 1) +[21)) /v/2. This means that the electron has equal probability
1/2 of being on site 1 or site 2. Often, the electronic structure is probed by electron
addition or removal, like in inverse or direct photoemission experiments. In the atomic
limit (small hopping ¢ — 0, for which U/t — oo for U fixed), one can imagine that
the electron spends a long time on one site; there are therefore two possible addi-
tion energies: one at ¢y when the addition electron goes to the unoccupied site and
one at €y + U when it goes to the occupied one. In this case, there is no correlation
in the ground-state, since the occupation numbers are zero or one, but electron ad-
dition leads to two strongly correlated electrons: the added electron has to see the
electron in the system. When we use the Miiller functional, the optimal occupation
numbers ny and ngp tend to 0.5 with increasing U/t (see Fig. 4.1, upper panel). By
increasing a up to 1 (Hartree-Fock) one approaches the exact situation; this is be-
cause exchange and Hartree energies completely cancel each other in the case of one
electron. For comparison, we report also the results obtained using the functional pro-
posed by Goedecker and Umrigar (GU) [45] and the so-called corrected Hartree-Fock
(CHF) functional proposed by Csanyi and Arias [23], which are variants of the original
Miiller functional. The GU functional slows down the eventual merging of bonding
and antibonding occupation numbers at 1/2, whereas the CHF is on top of the HF
results for small interaction and tends towards the Miiller results when increasing the
interaction. Interestingly the occupation numbers calculated from the GoW, 1-GF are
almost on top of the GU functional results. To obtain GyW; occupation numbers, we
use Eq. (4.4), with the GoW, 1-GF on the right-hand side.

Total energy results are reported in the lower panel of Fig. 4.1. All the approxima-
tions used underestimate the total energy, the exception being the Miiller functional
when fed with exact occupation numbers (obtained from Gy at 1/4 filling?), which is
on top of the exact result (“Miiller+Gy” in Fig. 4.1). This finding is also observed at
1/2 filling. However, at one fourth filling, the exact occupation numbers being 1 or 0,
any 0 < a < 1 would give the exact total energy. For comparison, we also reported
the total energy obtained using the Galitskii-Migdal equation (3.5) with the GoWj
Green’s function, which is similar to the results obtained using the GU functional
below (U/t)'/* ~ 2. In the atomic limit, however, the GoWj total energy tends to the
exact one as was already noticed in Ref. [95], whereas the GU functional gives a lower

'Note that here and in Fig. 4.2 we use (U/t)'/* on the horizontal axis to facilitate the comparison
with Ref. [82] at 1/2 filling.

2For one electron, the hole part of the non-interacting Green’s function, i.e., the part related to
removal energies, is exact, because the removed electron does not interact with other electrons in the
system; the exact occupation numbers can hence be calculated from Gy according to Eq. (4.4).
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energy. For the CHF functional, we observe the same trend as for the occupation
numbers.

In conclusion, at one fourth filling, we find that the Hartree-Fock approximation
gives the exact occupation numbers, whereas the Miiller functional gives results which
quickly depart from the exact ones. Using the GU functional gives results in between
these two extremes for any U/t; GoW, occupation numbers are almost on top of the
GU functional results. Finally, the CHF results are on top of the HF results at weak
interaction, whereas they tend to the Miiller results for strong interaction. Concerning
the total energy, all Miiller-like functionals fed with exact occupation numbers give the
exact results. All the other approximations tend to underestimate the total energy.

1/2 filling

The wavefunction at 1/2 filling reads as |Wo) = /ny [b 1,0 ]) — /g |a T,a ]) (with
ny = npr = npy and n, = Ngp = ngy) in the bonding/antibonding basis. Note that
|Wo) depends on the square root of the occupation numbers; the success of the Miiller
functional with a = 0.5 at 1/2 filling is linked to this. This functional is indeed
closely related to the exact reduced density-matrix functional for two-electron systems,
which is the Lowdin-Shull functional [70]. The exact 2-RDM for such systems has
an expansion in coefficients which are the square roots of the natural occupation
numbers up to a sign [111]. A proper selection of the signs (which, in general, is
unknown) gives the exact result for two-electron systems, which, for the Hubbard
dimer, reads as '® = U/2—U,/nyn,. At U/t = 0, the wavefunction is the single Slater
determinant |Wy) = |b1,b]); increasing U/t, also the antibonding orbital becomes
important, and eventually the full wavefunction becomes a linear combination of the
Slater determinants |bT,b|) and |a 1,a }) with equal weight (see Fig. 4.2, upper
panel). When projected on the site basis, the ground-state wavefunction reads |Vy) =
AT, 24) = 14, 29) + BOLE 14— 14 11), with A = (/i + v/iig)/2 and
B = (\/ny—+/Na)/2 (see App. A and Ref. [95]). This means that for the noninteracting
case (ny, = 1 and n, = 0), each of the two electrons is equally distributed between the
two sites, while increasing the interaction (ny, n, — 1/2), double occupancies become
less probable.

From Fig. 4.2, we see that the optimal occupation numbers for the Miiller func-
tional are the exact ones. The occupation numbers obtained using the CHF functional
become quickly exact by increasing the interaction. Using the GU functional as well
as varying « in the range 0.5-1 spoils this result. Again, GoW, occupation numbers
are very similar to the GU results. Note that GyW, produces fractional occupation
numbers with increasing U/t; eventually, they go to 1/2 at ¢ = 0, but they go too
slowly. This means that at strong interaction, GoWW, does not manage to well localize
the two electrons, each on one site, and spurious double occupancies are still present.

Total energies are reported in the lower panel of Fig. 4.2. The total energy within
the Miiller approximation is exact. The CHF total energy is on top of the HF total
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energy at weak interaction and merges with the exact result when increasing the
interaction. The GoWj result is similar to the result obtained using the GU functional
below (U/t)}/* ~ 3; for stronger interaction, they differ, but both overestimate the total
energy. Our GyWj result is in line with previous GW calculations on the Hy molecule
[16, 102], which show GW to be very accurate close to equilibrium but to dramatically
overestimate the total energy in the dissociation limit®. Comparison with recent total
energy calculations on the Hubbard dimer [82] using the correlation energy expression
obtained with the adiabatic-connection technique (see, e.g., Ref. [93]) shows that RPA
and beyond RPA approximations including excitonic effects give better results than
GoW, at strong interaction®.

In conclusion, at one half filling, the Miiller functional gives the exact occupation
numbers. The CHF functional gives results similar to HF at weak interaction but
rapidly similar to the exact results by increasing the interaction. GoW, and the GU
functional give similar occupation numbers, which merge with the exact ones at t = 0,
but at a lower speed than the exact values. This reflects the fact that these two ap-

3Note that at 1/2 filling, we use the particle-hole form of the Hubbard Hamiltonian [94]. In the
GoW, removal/addition energies, the particle-hole symmetry is lost for U # 0 due to the lack of self-
consistency; we restore this symmetry by absorbing the static part of the self-energy (U/2) into the
chemical potential. This alignment of the chemical potential corrects for the lack of self-consistency
[50, 90].

4Note that in Ref. [93], the authors chose ¢ = 0 and V = 0 in the Hubbard Hamiltonian. A GoWj
calculation in this case gives a total energy better than the RPA total energy; in our calculations,
instead, by restoring the particle-hole symmetry [94], the GW spectral properties are improved, but
the total energy worsens.
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Figure 4.3: Removal and addition energies w/t as function of U/t at 1/4 filling: exact vs.
EKT method used with the Miiller functional (the label “Miiller+ EKT 1/4” refers to the
removal energies, whereas “Miiller+ EKT 1/2” to the lowest addition energy calculated from
the highest removal energy of the system at 1/2 filling). The labels w; indicate the exact
energies. The color gradient (from white to black) of the exact curves indicates increasing
spectral weight; the energy wg is hence a satellite, since it has vanishing spectral weight at
vanishing interaction. The addition energy “Miiller+ EKT 1/2” is on top of the exact energy
we, which goes to a constant at strong interaction (right panel).

proximations have difficulties to localize the two electrons, one on each site, missing
the atomic physics of strongly correlated electrons. Concerning the total energy, both
GoWy and GU similarly overestimate the exact values, whereas the Miiller functional
gives the exact result. The CHF functional becomes rapidly exact with the interac-
tion. Increasing « leads to higher total energies, with HF giving the worst agreement
(Eo/U = =2t/U + 1/2).

4.4.2 Removal/addition energies and spectral function

Exact removal and addition energies are reported in Figs. 4.3, 4.4, 4.7, and 4.8. We
analyze various ways to compute removal/addition energies within RDMFT, which
elucidate the role played by an approximate exchange-correlation energy functional
and by an approximate expression for the removal/addition energies. First, we test
the Miiller-like approximations to the xc functional by combining the latter with the
method proposed by Pernal and Cioslowski (EKT) [88] for the calculation of removal
energies. This method, based on the extended Koopmans theorem, gives the exact
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Figure 4.4: Removal and addition energies w/t as function of U/t at 1/4 filling: exact
vs. DIF and DER methods used with the Miiller functional. The labels ¢; indicate the
bonding/antibonding energies obtained using the DIF/DER methods. The color gradient of
the exact curves has the same meaning as in Fig. 4.3. The energies ¢, and ¢, calculated
with the DIF method are on top of those obtained with the DER method and go as U/(2t)
at strong interaction (right panel); the energies €, and €, calculated with the DER method
reach a constant value at strong interaction (right panel).

removal energies of the Hubbard dimer at 1/4 and 1/2 fillings, when combined with
the exact exchange-correlation energy functional. This allows us to study the accu-
racy of the xc functional approximations. Second we test the DIF/DER method for
the calculation of removal/addition energies by combining it with the exact xc func-
tional. We then test the combination of the DIF/DER method and the Miiller-like

approximations to the xc energy functional.

Finally we combine the DIF /DER method and the Miiller-like functionals with the
approximate expression for the spectral function given in Eq. (4.1). This is the ap-
proach used for the calculation of spectral functions of transition metal oxides already
mentioned before [99].

Exact, GoW)y, and DIF/DER (within the Miiller functional) spectral functions are
compared in Figs. 4.6 and 4.9.

The DER method is supposed to be a good approximation to the DIF method,
provided the energy functional is nearly linear in the occupation number n;. This is
the case for extended systems as pointed out in Ref. [99] but it is not generally true
for finite systems [123]. In the Hubbard dimer at 1/2 filling, for example, the total
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black dashed line, while the DER energy
by the slope of the tangent at n, = 1/2
0.0 | 05 | 1.0 (red dashed line).
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Figure 4.6: Spectral function at 1/4 filling: exact vs. GoWp, and DER and DIF methods
using the Miiller functional.

energy functional is not linear in n; as can be seen in Fig. 4.5, where the total energy
is reported as a function of the bonding occupation number n;,, while the antibonding
occupation number n, is held fixed to its optimal value. However, even if the functional
is not linear, the DER method gives a good approximation of the DIF method.

1/4 filling

At 1/4 filling, the Hubbard dimer shows five quasiparticle energies (one removal, la-
beled w; in Fig. 4.3, and four addition energies, labeled wsy, w3, w4, ws) and one
addition satellite energy (wg). Satellites are weak removal or addition energies which
acquire spectral weight with increasing interaction, whereas the intensity of quasipar-
ticles decreases or remains constant. If the exact energy functional is used (which,
for one-electron, is just £ = Fy, + Eey ), then the EKT method produces the exact
removal energy €y — t (w; in Fig. 4.3). Using the Miiller functional, instead, the EKT
produces two removal energies (see result “Miiller+ EKT 1/4” in Fig. 4.3). This is due
to the fact that within this functional, the antibonding occupation number 744 is not
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zero®, and therefore more degrees of freedom are added to the problem. The energies
do not match well with the exact results. In the limit U/t — oo, the two removal
energies merge together at a value well off the exact one (see right panel of Fig. 4.3).
In this limit, the exact energies merge towards €, and €y + U this reflects the fact that
in this limit, the electron has equal probability to localize on one site or the other of
the dimer; therefore one can have removal and addition energies (for a spin-down or a
spin-up electron added to the empty site) at €y and an addition energy at ¢y + U (for
a spin-down electron added to the site with one spin-up electron already present). We
note that improvements are obtained changing « from 0.5 to 1 (Hartree-Fock) as the
exact functional is approached. Hartree-Fock, indeed, gives the exact total energy at
1/4 filling, due to an exact cancellation between Hartree and exchange energies. If the
lowest addition energy is calculated from the highest removal energy of the system at
1/2 filling, the EKT yields the exact result (see result “Miiller+ EKT 1/2” in Fig. 4.3)
but only because the Miiller functional gives the exact total energy and occupation
numbers at 1/2 filling ((N + 1)-electron system).

The DIF/DER method (Egs. (4.2) and (4.5)) performs as the EKT if the exact xc
functional is used: it produces the exact removal energy and the exact second lowest
addition energy. With the Miiller functional, it gives four energies (see result “Miiller+
DIF/DER” in Fig. 4.4): only two energies are in good agreement with the exact ones
(epr and €44, calculated from nyy and ngq, respectively), whereas for the other two (e
and €, ), we observe that each is approximately an average of two exact ones, namely
€, is an average of wy and wg® and €, of wy (or, equivalently, w,) and ws. This can be
understood considering that the Gy and Gy components of the 1-GFs have only one
pole, whereas Gy and G, have two poles each; the corresponding occupation numbers
(see Eq. (4.4)) hence reflect these features.

In general, the spectral function profile is in overall good agreement with the exact
one at moderately strong interaction U/t. For the spin-down channel (right panel
of Fig. 4.6), GoW, is slightly superior. It shows a very weak spurious satellite due
to self-screening [95] in the spin-up channel, but it correctly describes the spin-down
satellite. In the atomic limit (¢ — 0), both DIF and DER methods show the same
failure as GoWj: for the spin-down spectral function, the poles merge at €, + U/2,
unlike the exact result which shows a gap equal to U. We observe the same scenario
increasing the number of sites (not shown). The GU functional does not add any
significant improvement to the picture, whereas the CHF functional gives the HF
result for any ¢. If the lowest addition energy (spin-down channel) is calculated from
the highest removal energy of the (N + 1)-electron system (1/2 filling), the method
produces a gap, unlike the exact result, where the lowest addition energy coincides
with the highest removal energy (€p). A similar error is found also in GIW and it is a
consequence of the self-screening error GW suffers from [95].

®Note that at U = 0, nss = 0 and the corresponding removal energy calculated with the EKT
does not have a meaning. At U = 0 the EKT yields only the exact removal energy.
6Note that at U = 0, wg has zero spectral weight.
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Figure 4.7: Removal and addition energies w/t as function of U/t at 1/2 filling: exact vs.
EKT method used with the Miiller functional (the label “Miiller+ EKT 1/2” refers to the
removal energies, whereas “Miiller+ EKT 3/4” to the lowest addition energy calculated from
the highest removal energy of the system at 3/4 filling). The labels w; indicate the exact
energies. The color gradient (from white to black) of the exact curves indicates increasing
spectral weight; the energies w1, wo, w7, wg are hence satellites, since they have vanishing
spectral weight at vanishing interaction.

In conclusion, combining the Miiller-like functionals with the DIF/DER method
significantly improves electron addition and removal energies seen as poles in the spec-
tral function with respect to the case where this functional is used with the more
advanced EKT. This indicates that there is a cancellation of errors between the ap-
proximate Miiller functional and the DIF/DER method, at least at 1/4 filling.

1/2 filling

At 1/2 filling, there are four quasiparticle energies (labeled ws, wy, ws, we, in Fig.
4.7) and four satellites (w1, wa, wr, wg). Using the Miiller functional, which, in this
case, gives the exact total energy and occupation numbers, the EKT gives two doubly
degenerate energies: these are the exact removal energies, including a satellite. To
get the lowest addition energy, one has to look at the (N + 1)-electron system (3/4
filling); in this case, the Miiller functional does not reproduce the exact total energy
and occupation numbers and, consequently, the EKT gives an addition energy that
strongly departs from the exact one as U/t increases.

Both DIF and DER methods give only two energies per spin channel, but their
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Figure 4.8: Removal and addition energies w/t as function of U/t at 1/2 filling: exact
vs. DIF and DER methods used with the Miiller functional. The labels ¢; indicate the
bonding/antibonding energies obtained using the DIF/DER methods. The color gradient of
the exact curves has the same meaning as in Fig. 4.7.

nature is in fact a mixture of quasiparticle and satellite energies and of electron addition
and removal; for example, we found that the energy e, in Fig. 4.7 is roughly a weighted
average of the satellite and quasiparticle energies w3 and wy, respectively. Again this
can be understood by considering that the components Gy, and G,, have two poles
each, and therefore the corresponding occupation numbers reflect these features in the
excitation energies €,, and €,,. The results are quite different from the EK'T, where
one has both the removal quasiparticle and satellite energies. Since at 1/2 filling, the
Miiller functional is exact, there is not the same cancellation of error as observed at
1/4 filling, and the DER/DIF method introduces, hence, quite a large error.

In Fig. 4.9, we report the exact spectral function in comparison to the spectral
functions obtained with GoW, and DIF/DER using the Miiller functional. Only two
peaks appear in the DIF/DER spectra, which merge in the ¢ — 0 limit both for
the DIF and DER methods. We note that the GU functional tends to open the
gap, but it is not enough in the strongly correlated dissociation limit, whereas the
CHF functional gives the HF results for any ¢. Changing o does not improve the
situation. DIF and DER, therefore, perform as bad as GoWj in the atomic limit,
whereas GoW, is significantly superior at moderately strong interaction. We note that
this conclusion is not restricted to the Hubbard dimer; we find the same scenario by
increasing the number of sites, as illustrated in Fig. 4.10 for a chain of 12 sites at 1/2
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Figure 4.10: Spectral function for a chain
of 12 sites at 1/2 filling: exact vs. GoWo, M h ﬁ
and DER method using the Miiller func- EX
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filling. However, if the lowest addition energy is calculated from the highest removal
energy of the (N + 1)-electron system, the DIF/DER method yields a gap at best half
of the exact one in the atomic limit.

In conclusion, using an exact xc functional, the method of Ref. [99] has a large
deviation from the exact results, both in the values and nature of the removal and
addition energies. For moderately strong interaction, GoWj is clearly superior. In the
atomic limit, no gap is observed, as in GW, unless the (N + 1)-electron system is
considered for the calculation of the lowest addition energy.

4.5 RDMFT for a spin-symmetry broken dimer

In the case of the spin-symmetry broken dimer at 1/2 filling, any Miiller-like functional
gives the exact result for the total energy, the occupation numbers and the spectral
function calculated using the DIF method. Using the DER method, one gets the
exact spectral function with o = 1 and 1/2. This is due to the extreme simplicity of
the system in presence of symmetry breaking. In this case, indeed, the ground-state
wavefunction reads as |[¥o) = |1 1,2 {) (or, equivalently, |¥g) = |1 |,2 1)), the natural
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orbitals are the site orbitals, and the occupation numbers are n;4 = ng, = 1 and
niy = ngy = 0. The total energy, using a Miiller-like functional, reads as

Bl )] = Y hymso + 0 3 mpnye — 03" 0,
0 j,0,07 J,o

where h; = ¢y and the sum runs over the sites. One can check that for the DIF method
one gets
€ic = hi + Unigz,

where & is the spin opposite of ¢, for any 1/2 < a < 1, from which €4 = €3; = ¢y and
€1y = €2y = €9 + U, as the exact result. For the DER method one gets

€ie = h; + (Uan/ — aUn?ﬁ‘*)

For « = 1 and 1/2 the DER equation reduces to the DIF equation, which gives the
22(1—1

nie=1/2

exact spectral function. For other values of o, one gets €14 = €9) = ¢g+U/2—alU/
and € = €y = €14 + U, which gives the exact band gap of U.

4.6 Occupation numbers and correlation

Occupation numbers are an indicator of correlation. However, what is observed is
a result of measurements, and measurements change the system. One hence cannot
look only at the occupation numbers of the initial system to understand observed
correlation effects. For example, in Sec. 4.4.1, the Hubbard dimer at 1/4 filling has
exact occupation numbers that are either zero or one. This is a clear example in which
the occupation numbers indicate no correlation in the system, but there are correlation
effects in the electron addition spectrum that one would measured, e.g., in inverse
photoemission. In this case, indeed, the spectrum shows, besides quasiparticle peaks,
also a satellite (wg in Fig. 4.3), which is a pure signature of correlation. Therefore
whether a system “is” correlated or not depends on how one looks at it.

Let us examine this point further, by looking at the Hubbard dimer at 1/2 filling
as example. In the atomic limit, the spin-singlet ground-state |¥o) = 1/v/2[|1 1,2 |) —
|1 1,2 1)] becomes degenerate with the spin-symmetry broken state |Wg) = |1 1,2 /)
(or, equivalently, |Wy) = |1 ],2 1)), which is also an eigenstate of the system in this
limit. We note that in the spin-symmetry broken case, both GoW, and RDMFT within
the Miiller functional give the exact result for total energy, occupation numbers, and
spectral function” (see Sec. 4.5). In this case the electrons have fixed positions and

"To be precise, RDMFT gives the exact total energy and occupation number for any Miiller-like
functional; the DIF method gives the exact spectral function for any Miiller-like functional, whereas
the DER method gives the exact results using Miiller and HF
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one does not need to consider explicitly the correlation between two particles. One
can hence think that there is little correlation in this state. In reality, the system is
correlated, but part of the correlation is included in the symmetry breaking.

4.6.1 Spectral function

Let us first focus on the spectral function. From Fig. 4.9 we see that the exact spectral
function of the spin singlet (lowest right panel) shows two peaks, one at ¢, and one
at eg + U, both for spin-up and spin-down channels. For the spin-symmetry broken
case, the components of the 1-GFs show the spin-symmetry breaking nature of the
ground-state, i.e., G # GY, and G, = G%,, GY, = G, and hence are different from

the ones of the singlet case (all diagonal components are the same, all off-diagonal

components are the same). However the spin-resolved total spectral function, i.e.,
Aolw) = = 3 sign(p — ) Tm G5(w)
o(w) =— sign(p — w) Im G, (w),
s gnipu

is the same for the two spin structures: one can remove a spin-up or spin-down electron
with energy €y, and can add a spin-up or spin-down electron with energy ¢y + U.%

4.6.2 Momentum distribution

Can the occupation numbers distinguish between the spin-singlet and spin-symme-
try broken states? For the spin-singlet structure, the natural orbitals are the bond-
ing/antibonding orbitals and the occupation numbers are ny = n, = 1/2 and
Nat = Mgy = 1/2 (see Fig. 4.2). For the spin-symmetry broken structure, char-
acterized by a single Slater determinant, the natural orbitals are the site orbitals
V16/20 = (Pbe £ Pac) /+/2 with occupation numbers ni+ = ngy = 1 and ny; = ngp = 0.
Spin-resolved occupation numbers are, hence, different for the two spin structures. It
is now interesting to examine whether this difference could be measured.

The most direct experimental route to access occupation numbers is Compton
scattering. The Compton profile gives information about the momentum distribution,
i.e., the probability to observe a particle of momentum p (see, e.g., Refs [56, 81]).
This can be expressed in terms of the Fourier transform in momentum space of the
density matrix, as

n(p) /drdr’e_ip'(r_r/)'y(r,r’), (4.6)

where we defined y(r,x") =>"_ > xi(s)v(x, X )x,(s"), with x,(s) the spin function,
which is defined as x4+(1/2) = x;(—1/2) = 1 and x4+(—1/2) = x,(1/2) = 0. The Fourier

81n real materials, this is often observed. For example, in NiO no significant changes in the valence
band structure are detected passing from the paramagnetic to the antiferromagnetc phase [108].
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transform (4.6) gives the matrix elements of the density matrix in a basis of plane waves
bpo (1, 8) = 1/v/QeTx,(s), which are the exact one-electron eigenfunctions of the free
electron gas, i.e., the perfectly translationally invariant system. The question is hence
what one could observe looking at matrix elements of the density matrix in the basis of
plane waves. The analogous basis for the Hubbard dimer which reflects the symmetry
of the system is the bonding/antibonding basis {¢y/4s}. Since this basis is the basis
of natural orbitals for the spin-singlet system, in this case the analog of the Compton
profile gives the occupation numbers n, = 1 (with ny = npy = 1/2) and n, = 1 (with
Nat = Ng, = 1/2). One gets the same result for the spin-symmetry broken structure.
Note, however, that in this case, unlike for the spin-singlet structure, this distribution
corresponds to density-matrix elements that are not occupation numbers. This is
because the bonding/antibondig basis in which the density matrix is projected is not
the basis of natural orbitals for the spin-symmetry broken structure. In fact, not even
a spin-resolved “Compton profile” would distinguish between the two spin structures,
since for the spin-broken symmetry structure, one gets the density-matrix elements
Nbofas = [ dxdX'd;, (%) [Zi:n,u v (%)} (X/)} Pro/ac(X') = 1/2, as for the spin-
singlet case. To distinguish between the two cases one should measure other aspects
of the density matrix, for example, carry out a spin- and space-resolved measurement
of the density matrix elements. In this case, the density matrix is projected in the
site basis, which gives the density matrix elements nyt = ngy = ny = ng = 1/2 for
the spin-singlet and the occupation numbers ny+ = ngy = 1, nyy = ngp = 0 for the
spin-symmetry broken case.

4.7 Conclusions

We analyzed the results for total energy, natural occupation numbers, removal/ad-
dition energies, and spectral function for the Hubbard dimer at 1/4 and 1/2 fillings
by using Reduced Density-Matrix Functional Theory and Many-Body Perturbation
Theory within standard approximations to electron correlation, namely Miiller-like
functionals and GyW,, respectively. In general, there is no Miiller-like functional
which works well at both one fourth and half filling: for the former the Hartree-Fock
functional gives the exact total energy and occupation numbers, whereas for the latter
the original Miiller functional does the job. Other Miiller-like functionals underesti-
mate the total energy at 1/4 filling and overestimate it at 1/2 filling, like GoWy. The
same behavior is found for the occupation numbers, which deviate in a similar way as
GoW, from the exact results.

We also analyzed various approximate methods to obtain removal/addition ener-
gies and spectral functions from RDMFT. Our results using the extended Koopmans
theorem confirm its reliability for the calculation of removal energies and the lowest
addition energy (for finite systems), if a good approximation to the two-body density
matrix is used. However, the calculation of the addition energy relies on the (N + 1)-
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electron system; in this case, one has an anion, which might not be stable. Moreover,
the EKT does not give higher addition energies nor the spectral function. These can
be obtained using the approximate DIF /DER method. However, our results suggest a
cancellation of errors between this method and Miiller-like approximations to electron
correlations. Moreover, we find that the spectral peaks are fewer than the exact ones
and can have a mixed removal and addition nature as well as a mixed quasiparticle
and satellite nature. These findings indicate that although an ab initio simulation
of the spectral function of a real material using the DIF/DER method could be in
agreement with experiment, the underlying physics is not correct.

At moderately strong interaction, the GoWy method is superior. In the strongly
correlated electron regime, which is obtained by stretching the dimer (atomic limit), we
found that both the DIF/DER method and GoW) fail for a spin-singlet ground-state,
whereas they give the exact results for the spin-symmetry-broken case.

Our analysis shows that the failure of the DIF/DER method is mainly due to the
approximation of removal/addition energies, rather than to the approximation of the
spectral function itself. Therefore one should focus on better approximations to these
energies, to improve the description of photoemission spectra. This will be the subject
of Chap. 5

Because the Hubbard dimer is a simple test case, it shines light on the content,
successes and limits of current RDMFET approaches and we believe that arguments like
those based on symmetry and symmetry breaking can be safely generalized to improve
our understanding of real systems.
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Chapter 5

Photoemission spectra from
reduced density matrices

We present a method for the calculation of photoemission spectra in terms of reduced
density matrices. We start from the spectral representation of the 1-GF, whose imag-
inary part is related to photoemission spectra, and we introduce an effective energy
that accounts for all the poles of the 1-GF. Simple approximations to this effective
energy give accurate spectra in model systems in the weak as well as strong correla-
tion regimes. To illustrate our method on real materials we apply it here to Reduced
Density-Matrix Functional Theory, which is an efficient method to calculate one- and
two-body reduced density matrices. We calculate the photoemission spectrum of bulk
NiO, which is a paradigmatic example of strongly correlated materials: our method
yields a qualitatively correct picture both in the antiferromagnetic and in the param-
agnetic phases, contrary to currently used mean-field methods, which give a metal in
the latter case.

5.1 Introduction

Photoemission is a powerful tool to obtain insight into the electronic structure of
materials. The interpretation of the experimental data is, however, a complicated
task. Theory represents, hence, an essential tool for the analysis of the experiments
as well as the prediction of material properties. One of the most popular approaches
in condensed-matter physics is Many-Body Perturbation Theory (MBPT) based on
Green’s functions. Within the so-called GW approximation [50] to electron corre-
lation, MBPT has become, over the last two decades, the method of choice for the
calculations of quasiparticle band structures [6, 7, 79, 113, 114, 117] and direct and
inverse photo-emission spectra [17, 30, 37, 67, 84] of many materials, improving sub-
stantially over the results obtained with static mean-field electronic structure methods.
However GW suffers from some fundamental shortcomings [15, 80, 91, 95, 102, 112],
and, in particular, it does not describe strong correlation (without imposing a magnetic

71



72 Photoemission spectra from reduced density matrices

ordering). A deep problem is, indeed, the description of the paramagnetic phase. A
paradigmatic example is the case of paramagnetic NiO, which is described as a metal
by GW (and by standard band structure theory). Qualitatively new approaches are
hence needed and much effort is devoted to this goal both by going beyond standard
methods [47-49, 68, 94, 100, 124] and by exploring novel routes to calculate Green’s
functions [11, 61]. In this context, promising results for solids have been reported us-
ing Reduced Density-Matrix Functional Theory (RDMFT) [99], which allows for the
calculation of all the ground-state expectation values as functionals of the one-body
reduced density matrix (1-RDM), provided that the functional is known. This is not
the case for photoemission spectra, for which approximations are used. The RDMFT
framework offers the advantage of being computationally more efficient than MBPT.
However a systematic analysis of the currently used approximations for the calcula-
tion of photoemission spectra showed that the underlying physics is not correct, in
particular in the strong correlation regime (see Chap. 4).

Describing strongly correlated systems with no magnetic ordering is beyond the
state-of-the-art approximations employed in RDMFT and MBPT and it is nowadays
one of the greatest challenge for condensed matter theory. In this work we derive an
expression for the spectral function, which is related to photoemission spectra, in terms
of reduced density matrices (RDMs). These latter can be very accurately calculated in
quantum Monte Carlo (see, e.g., [13, 83]). We show that simple approximations, which
require the knowledge of the lowest n-RDMs only, can provide accurate photoemission
spectra in model systems at moderate as well as at strong electron correlation. With
the realistic example of bulk NiO we show that our method opens a gap both in the
antiferromagnetic and paramagnetic phases.

This chapter is organized as follows. In Sec. 5.2 we derive a method to calculate the
spectral function in terms of RDMs; the physical meaning and some general aspects
of the method are discussed in Sec. 5.3. The method is applied to Hubbard rings in
Sec. 5.4 and to bulk NiO, as an example of a strongly correlated real material, in Sec.
5.5.

5.2 The effective-energy technique for the spectral
function

The spectral function can be expressed in terms of the imaginary part of the 1-GF as
A(w) = sign(p —w) Im G(w) /7 (see Sec. 3.1.3). Our goal is to derive an expression for
A(w) in terms of RDMs only. We start from the spectral representation of G at zero
temperature, which reads as (see Sec. 3.1.2)

BkR BkA
Gij(w)zzw_E +Zw_€ . (5.1)
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Figure 5.1: A pictorial representation of

the idea of the effective-energy technique: the
frequency-dependent effective energy 07*(w) is
introduced to account for all the poles ekR of
elt the removal part of the 1-GF.

where eff = By — By 7', et = EN T — By, BE™ = (Uo|ch TN 1) (TN & | W), BE =
<\Ifo|éi|\llfcv+1><\11,iv+1|é}|\Ifo>, with Fy and ¥ the ground-state energy and wavefunction
of the N-electron system and E,]{V *1 and \112’ *1 the energies and wavefunctions of the
N =+ l-electron system. Here ¢ and ¢ are the creation and annihilation operators.
The subscripts ¢+ and j combine both space and spin indices. The superscripts ‘R’ and

‘A’ in (5.1) indicate the removal and addition parts of G, respectively.

In the following we concentrate on the diagonal elements of G, which are needed
to calculate photoemission spectra. We choose to work in the basis of natural orbitals
¢i, i.e., the orbitals which diagonalize the 1-RDM, v(x,x) = Y. n;¢;(x) ¢} (x'), where
n; are the occupation numbers. In this basis 3, B’ = n; and 3, B = (1 —n,).

Let us first concentrate on the removal part. Inspired by the effective-energy tech-

nique (EET) proposed in Refs [9, 10] to get rid of the infinite sum over unoccupied
states in the self-energy, we introduce an effective energy 6(w) such that

kR kR
2: B;; o ZkBii _ 14

= = : 5.2
— W — el w—0Fw) w-—df(w) (5:2)
The diagonal part of the 1-GF is thus given by
n.
GR = ! 5.3

The effective energy 6 (w) accounts for all the poles of the removal part of G;; (see
Fig. 5.1 for an illustration of this idea).

If we know 6(w) we can get all the (removal) poles of G. How can we determine
67 (w)? From Eq. (5.2) we have

7

1 1
> B —~ = 0.
— Lu —elt w— R (w)
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After putting everything on common denominator we arrive at

Gli(w)
By" Byt
i1 5R — 1 R
Zk:w—eg o) Zk:w—ekRek
|y W )
- w— el
N (Tl ) (e e, Al .
=> — , (5.4)
- w— €,

where we introduced the Hamiltonian operator H, and from its action on the (N —1)-

electron and N-electron wavefunctions we get By — B ' = e, From Eq. (5.4) we

get

N1y (g N-11a f 0
1 Z(%IZ!% ><‘1’kR|[z>HH‘I’>_ (5.5)

We note that Eq. 5.5 is an exact expression for §f(w).
Similarly for the addition energies one gets

G‘-“.(w)
kA kA
B B
5A i1 A
zk:w—ek (w) = Zk:w—e;jek
Z ‘I’0|Cz"I’N+1><‘I’N+1’5T\‘I’O>
N - w— el i
(Wol[cs, ]|‘I’N+1><‘I’NH!5T|‘I’>
- Z g (5.6)

From Eq. (5.6) we get

Z ‘I’O ¢, H ’\PN+1><‘I'NHW“IJ>

5A

(5.7)

ZZ k

Note that §7 # 04, so that we have an effective energy for the removal part and an
effective energy for the addition part.

Using Eq. (3.12) together with Eq. (5.3) (and an analogous expression for the
addition part), the spectral function can then be written as

]

Aii(w) = nid(w = 0 (w)) + (1 = n)d(w — 67 (w)), (5-8)

which satisfies the well-known sum rule [*° Aj(w)dw = 1 (see Sec. 3.1.3). We note
that this expression is similar to the one obtained by Sharma et al. [99] through a
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different derivation in the context of RDMFT. What is different in our approach is the
way to determine the removal and addition energies. In the approach of Ref. [99] they
are calculated in an approximate way as functional derivatives of the ground-state
total energy with respect to the occupation numbers, so that one has as many energies
as occupation numbers, which, in general, are less than the true number of energies
(see Chap. 4). In the following we will refer to this approach as the DER method.
Our approach is based on Eqgs (5.5) and (5.7), which are exact, but not very useful
in practice because one needs |Wo), ¥ *') and GS/A(w). Approximations to 5f/A(w)
are therefore needed. In the following we show how to find them.

5.2.1 The method

Here we derive approximate expressions for 6%(w) and 6/}(w) and we relate them to
RDMs.

A. Approximations for §(w)

Equation (5.5) can be rewritten as

where we introduced the quantity

- (Wolel |y ") (" (e, H][ )
i) = 32 Pl ) I L),
k

k
We also define the following quantity

it =Y (Wolel W ) (W~ [, H]|Wo) = (Wolél[es, H][ W), (5.10)
k

where we used the completeness relation ), ’\Ifiv ’1><\IJ£] ’1’ = Ni We can now use the

same trick for G(w), by introducing another effective energy 6*(w). We get

Gji(w) = w— 3R (@)’ (5.11)
from which it follows that
“R(\F (Wol A, ][ Wy ™) (W[, H][Wo)
R (w) =) ’“w_ ekRk . (5.12)
k
From Eq. (5.12) we obtain the relation
- GE(w
0 (w) = —éﬁiw;’ (5.13)
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with
s (o[, W) (U fe, H] W) AF
; w— e w — F(w)

In the last step we introduced the the effective energy 6%(w) and the term

nf = Zwom,éﬂ}w-lx &, H]
= (Wo|[H, &l][&, H][Wo), (5.14)

where we used again the completeness relation. Combining Egs (5.3), (5.9), (5.11) and
(5.13) we arrive at

7R
Ak GR<W> GE(w)
L ~R —
§R() = 2@ _ Tehe  ATY T Gl
w— 6R( ) G: (w) nZ W — (w)
“Telw) Giw)

In principle, one can continue this procedure ad infinitum. In practice, however,
one would like to truncate this series to have something that is simple to calculate.
This can be done in various ways. Here we choose a truncation similar, but not the
same, to the one adopted in the original paper on the effective energy technique [9],!
which guarantees the exact result for the Hubbard dimer at all orders n > 1, as we
will discuss in Sec. 5.4. Here we give the first two approximations to §7(w), which

read as
“R
gRm - M (5.15)
1
SR
~R o
R,(2 ni w n;
5O () = = (5.16)
) — ﬁ’k
B. Approximations for §/(w)
One can derive similar relations for §(w):
Ghw)
= A
A (O
oA (w) = —2
e e VYR
T Gl

I In the original paper the various commutators with the Hamiltonian are worked out to separate
the one-particle part. For example [¢;, ] = hyé; + (&, V], where V is the two-particle interaction
operator. For (1) this is equivalent to our formulation, but it gives a different expression for % (")
with n > 2. We found that the formulation adopted in this chapter gives a simpler physical meaning
to the approximate ¢'("). This is discussed in Sec. 5.3.
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with
Z (Wollés, W) (W el wg) A
- w— el w— 02 (w)’
and
=D (Wollés, AU (W |ef|Wo) = (Wo[&:, H]e][Wo) (5.17)
k

where we used the completeness relation >, [Ur ) (U ™| = 1. At the second order

we have
~ /] @NJrl \IIN+1 H AT /]
Gy — 3 Wl AN Y A i) R
" YT w — 0fg(w)
with
nt = (Wol[e, H|[ WY)W (WY [H, él][Wo) = (ol[ér, H[H, é][To),  (5.18)
k

where we used again the completeness relation. Several approximations to §2(w) can

be obtained. The first two read as
sAM _ T 1
7 1 . nz7 (5 9)
A af
A,(2 ﬁz W= I—ZTLi
6P (w) = 1 ;ﬂ, (5.20)
TLZ w ,;;L_ZA

C. 6f(w) and 0(w) in terms of reduced density matrices
In the following we express 51 A(w) in terms of RDMs. Let us consider the following

many-body Hamiltonian
H=H,+V = Zh” ¢G4+ = ZV’J“C cleen (5.21)

zgkl

where ¢; and ¢; are the creation and annihilation operators in the basis of natural
(r)¢;(x) are the matrix elements of the one-

orbitals ¢;(x). Here hy; = [ dx¢;(x)h(r
particle noninteracting Hamiltonian A(r) = —V?/2 4 v (r), and

Vijet = / ' 1 (X) 8 Yo, ) B ()1 (),

are the matrix elements of the Coulomb interaction v.. Using the Hamiltonian (5.21)
we can evaluate the commutators in Eqgs (5.10), (5.14), (5.17), and (5.18) (see App.

D) obtaining the following relations

ki
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nf = h2n; + hi (V;jklri(j;‘i + V;dijrz(j’l)k>

jkl
3
+ Z Vklzg‘/mqsrqslk + Z ‘/klij‘/;pqsréjlplka (523)
jklgs Jklpgs
T~L;4 = + Z ‘/Z]Zjn] Z V;jjlnj Z ‘/z]klrkl]p (524)
Jkl

At = BA(L—ng) + 2k »_ (Viging — Viagng) — 3 Vi Do — 3 Vil

J jlk jlk
(2)
+ Z Vijkt Viiigng — Z Vijka Vikigng + Z 5kaijkz%qisFlsqj
jkl jkl jklspq
(2)
- Z ‘/ijkl‘/;)qis (5lprksq] + 5qusl]p + 51(] k5]p>
Jklspgq
3
- Z ijl‘/ll’qisrl(cliqu‘ (525)
Jklspgq
where Fg,)d — (Wo| &félee; | o) and I‘Uklmn — (Wo|él el élene;é| W) are the matrix

elements of the 2-RDM and 3-RDM, respectively. Using Eqs (5.22)-(5.25) in Egs
(5.15),(5.16) and (5.19), (5.20), we get the expressions of 5R/A( and 513/’4’(2) in terms
of RDMs. Here for simplicity we give only the expressions of 5R/ A( ) , they read as

§EW = py 4 — Z%szkw (5.26)

i jkl

A7
0; W = hy; (Z Vijighj — meny ZVW“F%@‘) : (5.27)

jkl

Using Eq. (5.8) together with 6%/4:(" we can finally express the spectral function in
terms of RDMs.

Before showing how these approximations perform in Sec. 5.4, in the next section
we will discuss some general aspects of the method and its physical meaning.

5.3 General aspects and physical meaning

It would be interesting to understand the physical content of the effective energy
(513 /A0 1 the following we get some insight into this aspect.

5.3.1 Relation between approximate and exact poles

Let us first show how the approximate poles of the 1-GF obtained using 5f A are

related to the exact poles ek/ Let us start looking at and 5R/ () . Using Eq. (5.10)
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one can rewrite Eq. (5.15) in the following way

7

1 . B .
50 = S (ol YW s, A o)
vk
1 IS — —1~
=;Z<%|CM N )l

s
Z kR )
k

where in the first step we used the fact that from the action of the Hamiltonian in the

commutator on the (N —1)-electron and N-electron wavefunctions we get Eo— Ep ' =

elt. Therefore, for each component GE, 52R ) gives a weighted average of all exact

removal poles €. In other words §Z-R Mg equal to the first moment of the spectral

function, which we defined as uﬁi = Y, Ffe, with FP = BEF/n,. A similar

relation can be derived for 6
These considerations can be extended to ¢, We found that that the first
2),R/A

and second moments of the approximate spectral function generated by (5 are

R/A,(2)

equal to the first and second moments of the exact spectral function. Here by second
moment we mean the quantity ,ufi = > Ff’R(e,If)Q. For §%/4(" with n > 2 higher

moments are involved.?

5.3.2 Total energy

We will now show that, thanks to the fact that the first moment ,ufi of the approximate
spectral function is equal to the exact one, the total energy calculated using the 1-GF
(5.3) is exact, provided that the exact RDMs are used. Indeed, using the Galitski-
Migdal formula (3.15) together with the exact 1-GF, the total energy can be expressed
in terms of pf'; and n;

i

Here we used the fact that Eq. (3.15) does not depend on the basis set, so we chose
the natural orbital basis. Since the approximate (513 /4, n) (n > 1) produces the exact
first moment, the total energy obtained from the corresponding approximate 1-GF is
exact.

5.3.3 Relation to the self-energy

At the level of Hartree-Fock (HF), (5R/ A1) vield the same removal/addition energies

as the HF self-energy. In this case, indeed, 5R (1) — 5 (as it can be checked using

2We verified numerically that similar expressions are satisfied for n > 2, at least up to n = 4.
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the HF 2-RDM, Fg}d = n;n;(640;x — 6ikdj1), in Eqs (5.26) and (5.27)) and

R/A,(1
5! /A1) _ hi; + Z [Viging — Vijzingl ,
J

(as it can be seen from Egs (5.15) and (5.22)), which corresponds to the poles of G
obtained using the HF self-energy. Beyond HF the link with the self-energy is not
straightforward. However, using the Dyson equation G = Gy + GoXG for G* and
G4 separately, with Gy the non-interacting G and ¥ = —iv,G?G~! the self-energy
(G® being the two-particle Green’s function), one can derive 6%/4() assuming the
non-interacting Green’s function diagonal in the basis of natural orbitals and G® and
G instantaneous.

5.4 Application to Hubbard rings

First we use the Hubbard model as a test system. Sufficiently small Hubbard clusters
can be solved with exact diagonalization methods [3, 24] and, in particular, we can
calculate the exact n-RDM. In the following we will test the EET method, both with
exact and approximate RDMs.

5.4.1 Hubbard rings: exact reduced density matrices

For the Hubbard dimer at 1/2 filling the method is exact for all OR/AM) withn > 1 (see
App. E). Note that a similar result has been found for the HEG in Ref. [9] where the
effective energy technique is applied in another context. The case with more sites at 1/2
filling is highly non trivial. However, for small chains, the simple approximation ¢%/4-(1)
suffices to give an accurate spectrum at any interaction strength. As illustration we
report the results for a four-site ring at 1/2 filling in Fig. 5.2. There are two striking
features of the results obtained with our method: (i) the appearance of satellites, even
with a static approximation (6™")), i.e., more energies than the number of occupation
numbers; (ii) the description of the gap in the atomic limit without breaking the
symmetry of the system (i.e., without localizing the electrons each on a site). The first
feature can be understood by looking at the spectral weights in the spectral function
(5.8), which are n; for the removal energies and 1 — n; for the addition energies. As
long as the occupation numbers are 0 or 1, as in the noninteracting case, for each
n; one gets either a removal quasiparticle energy or an addition quasiparticle energy.
When, instead, 0 < n; < 1, then, for each n; one gets both a removal and an addition
energy. It is essential to have two different expressions for (1) and 64 for each
orbital in order to get two energies. These two energies are related by

A1) _ <R(1) 1 2),
=T (i — 1) > Vil ez (5.28)
LAY Gkl
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Figure 5.2: Spectral function for a 4-site Hubbard ring at 1/2 filling: (left) exact (lower
panel) vs. EET (6 and 6, with exact 1-, 2- and 3-RDMs) (middle and upper panels,
respectively); (right) the spectral function is resolved by components in the natural orbitals
basis set; for each component §(1) (dashed blue lines) and §(2) (dashed red lines) are compared
with the exact spectral function (black solid lines).
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where FE?lei is the correlation contribution to the 2-RDM. In the Hubbard dimer at

1/2 filling (see App. E), for example, ijl V;jklrffk);lji = —Un,;, which, when used in
Eq. (5.28), opens a gap of U in the atomic limit (in this limit the occupation numbers
tend to 1/2, as shown in Fig. 4.2).

As already discussed in Sec. 5.3 for each component GF (G#), 61-}%’(1) (5;47(1)) gives
a weighted average of all exact removal (addition) poles; at 1/2 filling this produces a
slight overestimation of the band gap, however the spectral shape is in good agreement
with the exact one as a consequence of the fact that these averages, in this case, are
close to the predominant poles for any U.

When we consider larger chains, at the level of V), the spectral shape is still
acceptable, however the overestimation of the band gap is more evident, as can be

seen in Fig. 5.3, where we present the case of a 12-site ring. For extended real systems
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Figure 5.4: Spectral function for a 6-site Hubbard ring at 1/6 filling: (left) exact (lower
panel) vs. EET (6() and 6, with exact 1-, 2- and 3-RDMs) (middle and upper panels,
respectively); (right) the spectral function is resolved by components in the natural orbitals
basis; for each component 6! and 6@ are compared with the exact spectral function.

one may expect a similar trend. One has to go to 6®), which requires the knowledge
of the 3-RDM as well, to correct this overestimation (there is in fact a slight tendency
to underestimate the gap). In this case the spectral shape improves in the gap region
(see the range —2 < w < 2 in Fig. 5.3). However two structures appear (around
w = £3) which are not present in the exact spectrum, in which the spectral weight is
distributed more uniformly in this region.

Away from 1/2 filling, one has to go to 6®®(w) to have good spectra in the atomic
limit (see Fig. 5.4). Indeed, in this limit, §!) opens a band gap around w = 0; in the
exact case there is only one peak which is a superposition of a removal and addition
peak. This indicates that §!) is not a good approximation in metallic systems, because
it tends to open a gap, unless a = 1. Using (¥ (w) tends to correct these errors.

5.4.2 Hubbard rings: approximate reduced density matrices

We now see how the EET method performs with approximate RDMs. Here we con-
centrate on 6(!) and we use the power functional to approximate the 2-RDM, both in
the total energy functional and in the expression for ). Total energy minimization
provides us with the occupation numbers to feed into 5.

In Fig. 5.5 we illustrate the results of the EET method at the level of 6, with
approximate RDMs using the Miiller functional both at 1/2 and 1/6 filling. When
used with our method this approximation gives good results for the Hubbard model
at 1/2 filling, and, in particular, it opens the gap in the atomic limit (for o = 0.5
we retrieve the correct gap), without recurring to any symmetry breaking (see Chap.
4). However we observe that the gap width strongly depends on the value of a, being
maximal at a = 0.5 and disappearing at @ = 1. The maximum gap, obtained for
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Figure 5.5: Spectral function for a 6-site Hubbard ring at 1/2 filling (left) and 1/6 filling
(right): exact (lower panel) vs. EET (6(1)) with exact 1- and 2-RDMs, EET (6&1), a =0.5)
with approximate 1- and 2-RDMs, and DER method (a = 0.5).
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E Figure 5.6: Spectral function with EET
§ L=38 (6() method and approximate RDMs (o =
) || - 0.5) for the Hubbard ring at 1/2 filling for
. . . - IL= 4 various ring sizes L: the fundamental gap
4 0 4 only slightly depends on the ring size.

a = 0.5, is comparable to the gap obtained using the exact RDMs. For comparison in
Fig. 5.5 we report also the results obtained using the DER method: in the atomic limit
this method does not open any gap (unless the symmetry of the system is broken, as
we saw in Chap. 4). At 1/6 filling (see right panel of Fig. 5.5), as in the case of exact
RDMs, our method opens a gap around w = 0 in the atomic limit. We observe similar
trends for longer rings and the fundamental gap at 1/2 filling depends only slightly on
the ring length as can be seen in Fig. 5.6.

Finally, in Fig. 5.7 the ground-state energy per site Fy/(tN,) and the fundamental
gap AFE,, calculated using the EET method, are given as a function of the Coulomb
repulsion strength U for the half-filled Hubbard model on infinite 1D, 2D square and
3D simple cubic lattices (see App. F). Results are given for different values of «. For
the 1D Hubbard model, the EET results are compared to the exact Bethe-Ansatz
solution [66]. For 2D the EET results are compared with exact results for finite-size
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Figure 5.7: Ground-state energy per site Ey/(tN,) (left) and fundamental gap AE, (right)
of the half-filled Hubbard model as a function of the Coulomb repulsion U: 1D lattice (top),
2D square lattice (center), and 3D simple cubic lattice (bottom). Solid lines with markers
are obtained from RDMFT, with different values of o, and () for the band gap. The black
solid line in the upper panel is the exact result derived from the Bethe-ansatz solution [66].
The triangles, circles, and squares in the middle panel are finite-size exact calculations for
the 2x2, 4x2, and 4x3 2D Hubbard clusters, respectively.

2D Hubbard clusters. In 2D and 3D, in absence of long range magnetic order and
small U, the system is a metal (the HF solution, & = 1) up to a critical interaction
strength U where a metal-insulator transition, characterized by a typical three-peak
structure in the spectral function, occurs (see, e.g., [35, 116]). For large U the exact
band gap goes as U.

We see that for each value of U the EET method can produce the correct band
gap by properly tuning a. Of course, in a real system, in absence of experimental
results, one could risk to use the wrong value of «, which would make the theory
non-predictive. Similar trends of the EET results are observed for the 3D system. In
this case finite-size exact calculations are not reported, since they are computationally
very demanding.
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Figure 5.8: Paramagnetic (left panel) and antiferromagnetic (right panel) bulk NiO: exper-
imental photoemission spectrum vs. EET spectrum ((5(1), with power functional, «=0.65).
The color map and the distribution f(n) = 8, Nydé(ny — n), with Nj the occurrence of
ng, and 8 = n for the removal and 5 = 1 — n for the addition part, illustrate the occupation
numbers 0 < n < 1 which play a role into the spectrum for the reported energy range.

5.5 Real systems: the example of NiO

In the following we illustrate our method together with RDMFT in real gapped ma-
terials using 6%/4™M . We implemented our approach in a modified version of the full-
potential linearized augmented plane wave (FP-LAPW) code ELK [28] and we apply
it to bulk NiO. This system shows antiferromagnetic behavior below the Néel temper-
ature, and the photoemission spectrum is very similar for the paramagnetic and the
antiferromagnetic phases, with a band gap of about 4.3 eV [96, 107]. Whereas the
spectrum in the antiferromagnetic phase can be well described by GW [31] as well as
RDMEFT using the DER method [99], the paramagnetic phase is more problematic,
and these methods produce a metallic spectrum. Our method produces qualitatively
good spectra and opens a gap, although too large, even in the paramagnetic phase.
The results are reported in Fig. 5.8. For the calculations we used the experimental lat-
tice constants and the power functional (o = 0.65) with the self-interaction correction
proposed by Goedecker and Umrigar [45]. From the analysis of the occupation num-
bers it emerges that the physics underlying the band gap opening in the two phases is
different: in the antiferromagnetic case it is mainly due to occupation numbers around
one or zero, whereas in the paramagnetic phase the occupation numbers around 0.5
play a crucial role. This is in line with an analogous analysis on the Hubbard dimer
(see Chap. 4). It still remains to improve the band gap, which is now largely overesti-
mated in our method. This finding is in line with the results on long Hubbard rings,
which indicate that this overestimation is due to the use of 6. The use of 6 could
improve significantly the spectrum and reduce the band gap.

For comparison in Fig. 5.9 we report the results obtained with the DER method.
The spectrum of the antiferromagnetic NiO is in good agreement with the experiments;
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Figure 5.9: Paramagnetic (left panel) and antiferromagnetic (right panel) bulk NiO: exper-
imental photoemission spectrum wvs. DER spectrum (with power functional, a=0.65). (see
caption of Fig. 5.8 for the explication of the color map and the distribution f(n).)

although the physics is similar as in our method, the band gap is better reproduced.
This can be understood by inspecting the expression for removal/addition energies in
the DER method [99]. Using the power functional these energies are obtained as

R_ _ A _ OEo[{ni}, { P}

€. = .
7 7 87%

n;=1/2
a—1 «
> Viging — ang ™ty " Vigns
j j

This expression, which is the same for both removal and addition energies, is similar to
the expression for the removal energies (5iR ’(1), which, with the power functional, reads

(SZR’(U = h“ + Z V}jijnj - n?il Z ‘/ijjin?' (530)
j J

J

= hiy; + (5.29)

n;=1/2

The difference between the two expressions resides in the prefactor « in the last term on
the right-hand side of Eq. (5.29), which is one in Eq. (5.30), and the use of n; = 1/2 in
Eq. (5.29) instead of the value which minimizes the total energy Ey,® as in Eq. (5.30).
This tends to reduce the band gap width with respect to our method by carefully
choosing ar. We also note that with a = 1 (HF), the two methods coincide. In this
case, indeed, 5;%,(1) = 6;4’(1), as one can see from Eq. (5.28), and 523’(1) = et as it is
clear from Egs (5.29) and (5.30) using a = 1.

In the paramagnetic phase, instead, the DER method does not open any gap. The
occupation numbers mainly involved in the band gap region are again those around
0.5, however they accumulate in the band gap region, whereas our method separates
them and opens a gap.

3Note that in practice in the ELK code only the exchange-correlation contribution in (5.29) is
evaluated at n; = 1/2.
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5.6 Conclusions and outlooks

We derived an expression for the spectral function in terms of RDMs. Simple approx-
imations can give accurate spectra for model systems in the weak as well as in the
strong correlation regime. In particular the method correctly reproduces the atomic
limit without breaking the symmetry of the system. This is an exceptional result,
since state-of-the-art methods such as GW fail in this regime. We applied a simple
approximation depending only on the one-body and two-body RDMs to bulk NiO
within the computationally efficient Reduced Density-Matrix Functional Theory. Our
method produces qualitatively good photoemission spectra for the antiferromagnetic
and paramagnetic phases, although the band gap is largely overestimated. Our re-
sults on the Hubbard model indicate that this is due to the use of V). To improve
the spectrum one should use §®:; in this case, however, an approximation for the 3-
RDM should be introduced. If, instead, one wants to remain at the level of 6! one
could introduce some effective screening to take into account higher order terms in
the approximation of §(w). Preliminary tests on NiO with a modified approximation
I (x,x;x,x) = y(x,x)y(x,x) — By¥(x,x')y%(x',x), with an effective screening
0 < B < 1, show a global improvement of the spectrum.

One could also explore other ways to truncate the §'/4 series. Work in these
directions is in progress. We think that this method has a great potential and opens the
way to a more accurate and computationally efficient description of strongly correlated
materials.
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Chapter 6

Time-Dependent Reduced
Density-Matrix Functional Theory:
an exploration of memory effects
and strong correlation

This last chapter is more explorative and deals with time-dependent phenomena within
Reduced Density-Matrix Functional Theory (RDMFT). In general the time evolution
of the reduced density matrices is given by the Bogoliubov-Born-Green-Kirkwood-
Yvon (BBGKY) hierarchy of equations, in which the equation of motion of the n-
body reduced density matrix is given in terms of the (n + 1)-body reduced density
matrix. The first equation of the hierarchy relates the one-body to the two-body
reduced density matrix. The difficult task is to find approximations to the two-body
reduced density matrix. Commonly used approximations are adiabatic extensions of
ground-state approximations. We explore this issue by looking at new approximations
derived from Many-Body Perturbation Theory (MBPT) based on Green’s functions as
well as from the exact solution of the two-level Anderson impurity model in its ground
state. Our first results on the two-level Anderson model subject to various external
potentials show some interesting, although contradictory, features, which might be a
pathology of the small test model used. This indicates to explore these approximations
also for larger model systems.

6.1 Introduction

Advances in experimental techniques offer the opportunity to explore properties and
phenomena of increasing complexity. For example, the progress in laser technologies
opens the way to the investigation of a broad spectrum of dynamical phenomena that
are far beyond the mere analysis of the ground-state properties, such as photoion-
ization, excited-state relaxation, structural modifications, violent collective electron

89
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motion and Coulomb explosion. Complementing experiments with theory can provide
a profound understanding of the fundamental mechanism of these phenomena. How-
ever, modelling these complex phenomena becomes a difficult task, since the theory
has to describe many complicated physical processes. Besides the increasing demands,
theoretical treatments are limited also by practical aspects like numerical costs. In
this situation Reduced Density-Matrix Functional Theory (RDMFT) offers a promis-
ing framework to treat dynamics. RDMFT has been used to overcome some problems
of Density Functional Theory (DFT) related to electron correlation, such as the dis-
sociation of diatomic molecules. It has also been applied to the calculation of the
fundamental gap [98] and photoemission spectra [99] in solids. Within RDMFT the
central variable is the one-body reduced density matrix (1-RDM), v(x,x’), instead of
the density p(x) = v(x,x) as in DFT. As a consequence the functional form of the ki-
netic and exchange energies are known exactly in terms of the 1-RDM, unlike in DFT,
and one has to find approximations to the correlation part only. The exact 1-RDM
minimizes the ground-state energy functional of the many-body system, and, thanks
to the one-to-one mapping between v and the (non-degenerate) ground-state wave
function [44], all the ground-state expectation values of the system can in principle be
obtained from the 1-RDM. RDMFT has been recently extended to time domain and
successful applied to treat double excitations in the linear response of finite systems
[41]. Here we go beyond the linear response. In general the time evolution of the
RDMs is given by the Bogoliubov-Born-Green-Kirkwood-Yvon (BBGKY) hierarchy
of equations, in which the equation of motion (EoM) of the n-RDM is given in terms
of the (n + 1)-RDM. The first equation of the hierarchy reads

. a / / /
1 E’Y(Xlaxﬁ t) — [h(xl,t) - h(Xthr)] Y(x1,x)5t) =

+ /dx2 [Ve(X1, X2) — ve(x], %2)] TP (x1, X9: %], %05 8),  (6.1)

where we indicate with v and I'® the 1- and 2-RDMs, respectively (see Sec. 6.2
for the definitions). Here h(x,t) = —V?/2 + vex(x,t) is the one-body Hamiltonian,
with ve a general local time-dependent external potential, and v. is the Coulomb
potential. The coordinates are written as combined space-spin variables, x = (r, s).
A similar equation exists for I'® and higher-order RDMs. To solve Eq. (6.1) we
hence need to know all the higher-order reduced density matrices. In practice the
BBGKY hierarchy is truncated, and approximations are introduced in order to have
a closed set of equations to solve. However, how to truncate the hierarchy is not
trivial and the truncated set of equations can lead to instabilities or violation of
sum rules [2]. One could also extend ground-state approximations for the 2-RDM
to the time-domain in the same spirit as the adiabatic approximations used in Time-
Dependent Density Functional Theory (TDDFT) [121, 122]. However the lack of
memory effects (caused by the adiabatic approximation) causes some shortcomings,
such as static occupation numbers [5]. This can be easily understood by project-
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ing Eq. (6.1) onto the set of (time-dependent) natural orbitals {¢;(x,t)}, i.e., the
orbitals which diagonalize the 1-RDM (where the eigenfunctions ¢;(x,t) form a com-
plete set at each point in time).! For simplicity, in the following the index i conden-
sates both space and spin indices; they will be explicitly indicated only when neces-
sary. Inserting the spectral representation of v(xy,x};t) = >, ni(t)¢i(x:1t) ¢ (x1t) and
T®) (xq, %9; X4, X5 1) = 0 Fg?,ll(t)¢i(x2t)¢j (x1t) @5 (X1 1) (x5t) in (6.1) we arrive at

ing(t) =Y T8 () Vg () — cc. (6.2)

ki

where Viju(t) = [ dxidxa¢} (x1t) ¢} (Xat)ve(r1r2)dp(X1t)dr(Xat). Most of the ground-
state approximations to I'® have the same structure of the Hartree-Fock approxima-
tion (as discussed in Sec. 2.6)

If we consider the time domain the occupation numbers on the right-hand side acquire
a time-dependence. One can verify that this kind of structure for the I'® | when used
in Eq. (6.2), leads to static occupation numbers (the first term on the right-hand side
is exactly canceled by its complex conjugate [5]). Besides memory effects, which in
general become important in case of highly non-adiabatic external potentials, another
important aspect to consider is the description of strong electron correlation, which is
already a difficult task at equilibrium.

In this work we will explore these two issues from a specific perspective, i.e., us-
ing lattice model systems. These models occupy a special place in condensed matter
physics, due to their simplicity and to the fact that many of them can be solved exactly,
hence providing exact data for benchmarking. Here we will focus on the Anderson im-
purity model [4], as a particularly interesting example for applications. We will first
combine Time-Dependent Reduced Density-Matrix Functional Theory (TDRDMFT)
with Many-Body Perturbation Theory (MBPT) based on Green’s functions, and we
will derive approximations to I'® from commonly-used many-body approximations,
namely GW, second Born, and T matrix. The advantage of using many-body ap-
proximations is that they have memory effects already built-in. We will study how
these approximations perform for the case of slow varying external potentials as well
as strongly nonadiabatic external potentials, and in case of weak and strong correla-
tion regimes. There are two main drawbacks of these MBPT-based approximations to
I'®): (i) they depend on the non-equilibrium one-body Green’s function; (ii) since they
are based on perturbation schemes, they may break down in case of strong electron
correlations. We, therefore, explore also another approximation: along the same line
followed in Ref. [109] for the ground state, we derive an adiabatic approximation to
I'® from the exact ground-state functional of the two-level Anderson model. It is

!Note that the set of orbitals which diagonalize the reduced density matrix ~ is not the same at
each point in t, that is why the natural orbitals depend on time.
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clear that within this approximation the occupation numbers will not change in time;
however, one can explore how the site densities are described.

This chapter is organized in the following way. In Sec. 6.2 we show the link between
the EoM of the 1-RDM and the non-equilibrium one-body Green’s function, and how
approximations to I'® can be obtained from common many-body approximations.
Next we derive a new approximation to I'®)| based on the two-site Anderson impurity
model, along the same line of Ref. [109] for the ground state. In Sec. 6.3 we illustrate
how these new approximations perform for the two-level Anderson impurity model,
for various external potentials and strengths of the electron-electron interaction. We
finally summarize our findings in Sec. 6.4.

6.2 Theory

We consider a N-electron system described by the time-dependent Hamiltonian (in
second quantization)

() = [ dxi omx. 500 + 5 / A a1 (<), 1) () ).

We can define the time-dependent p-RDM, T'®)| for such a system as
D0 (1, X3 X, o X3 1) = (U ()] 7 (). 0T (X)) (1) D (3) [W(1))

where |U(t)) is the normalized wave function of the system. In particular in the
following we will deal with the one-body (y = I'™) and the two-body (I'®) reduced
density matrices. The equation of motion of the 1-RDM, Eq. (6.1), is obtained from
the commutator [4, H] , where 4 = ¢f(x])1(x;) is the 1-RDM operator.

We consider the following spectral representation of

Yk, X5 t) = ()i (x1) ] (%)),
]
where the stationary eigenfunctions ¢; form a complete set. We further consider the
following spectral representation for the 2-RDM

F(Q)(XhX?;X,pXQv Zrz]kl pi(x1);(%2) 05 (X2) ] (1)
ijkl
2 Mt a A )
Note that 7;(t) = (U(t)|eie;[U(t)) and T2, (t) = (U(t)|¢fefée;é;(t)). Inserting the
spectral representation of v and T'® | respectively, in (6.1), multiplying both sides by
o5 (x1)¢i(x]) and integrating over x; and x) we arrive at

19i5(t) = Z hie () ks (£) — Z P (8) Yk (2)

- Z ‘/zklm lm]k "‘ Z ‘/lmjk’]‘—‘zklm (63)

lkm klm
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where Vi1 (t) = [ dridrop; (x1) 0} (X2)ve(X1, X2) 0k (X1)1(x2). The question now is how
to get approximations to I'®(¢), which appears on the right-hand side of (6.3). Two
ways are discussed in the following sections.

6.2.1 Approximations from Many-Body Perturbation Theory

One can also get the EoM (6.1) by subtracting the two following EoM of the 1-GF

[ ai - h(1 >] G(1,1) +i /d2vc<1,2>G< (1,250,277 =601 - 1),

[—1 % —h(1 )} G(1,1) +i /d2vc(1’, 29GP (1,277;1,27) = 6(1 - 1),

and then taking the limit ¢} — ¢]. One gets

{1 a% +i ({%} G(1,1') — [h(1) — h(1")] G(1, 1))

+1i /d2vc(1,2)G<2>(1,2+;1’,2++) —i /d2vc(1’,2)G(2)(1,2“;1’,2‘) =0, (6.4)
which for #; — ¢ becomes (6.1), where
1’\(2) (X17 X9, Xll, X9, tl) G(Q) (Xlth X2t1 3 X1t+++, XQtIFJr).

We can hence derive approximations to I'® from common MBPT approximations to
G®@. For example, within the well-known GW approximation, G® reads as

GP(1,2:1',27) ~ G(1,1)G(2,27) — /d3G(1,3)51(3, 2)G(3,1), (6.5)

where e7! = 1 + v.), with y the (reducible) polarizability, is the time-ordered inverse
dielectric matrix. Using Eq. (6.5) in (6.4) and taking the limit ¢} — ¢ we arrive at

(X 0) = s, 1) = (4 1)1 et X 1) =
/d2 [(W(1+,2) = W(xt1,2)] G(1,2)G(2,xt]), (6.6)

where in hy we have included also the Hartree potential. From this equation we get
the following EoM for the occupation numbers

i nz tl Z / dt2 zjmn(tla tZ)GmJ (tla t2 )Gm (t27 t+)

jnm

- ijin<t17 tQ)Gij(tla t;)Gnm(t% tii_)] (67)
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where Wi (t,t') = [ dxdx'¢}(xt) ¢} (x't")W (xt, x't") gy (xt) ¢ (x't") and for the GFs we
used the spectral representation G(xt,x't") = > .. Gi;(t,t")di(xt)¢;(x't)). If we con-
sider an instantaneous Wj;;(t1,t)) = W;j;;:0(t1 — t}), than the 1-GF reduces to the
1-RDM which is diagonal in the basis of natural orbitals, one can thus show that
the right-hand side becomes zero and the occupation numbers do not change in time.
This is the same structure that one gets with the commonly used (ground-state-based)
approximations to I'®. We should hence keep a dynamically screened Coulomb po-
tential. This prevents one to use the 1-RDM on the right-hand side, one has instead
to work with the full 1-GF. This means that the EoM is not closed, and that in order
to calculate the occupation numbers one needs to calculate the time evolution of the
1-GF as well. Therefore, as such, Eq. (6.7) is not very useful, since one can directly
use the formalism of non-equilibrium Green’s functions instead of solving Eq. (6.7).
However, it (and similar equations obtained with other many-body approximations)
could be used as starting point for approximations based on the 1-RDM only. Here we
first explore how common many-body approximations, namely, GW, second Born, and
T matrix, perform for the site densities and the occupation numbers of the two-site
Anderson model.

6.2.2 Approximations from the two-level Anderson model

In Ref. [109] Téws and Pastor derive an explicit analytical form for the Coulomb
interaction-energy functional W[y] of the Lattice Density Functional Theory (LDFT)
of the Anderson impurity model. The derivation is based on the exact functional of the
two-level Anderson model. Application to finite Anderson rings yields very accurate
results for various ground-state properties, such as total energy and occupation of
the local impurity orbital, for weak as well strong correlations. Here we derive an
(adiabatic) approximation for the I'®[y] functional along the same line of Ref. [109].
The purpose is to derive an approximate analytical expression for the functional I'?) ]
in Eq. (6.1) by looking at a two-level system at half filling (singlet state) consisting
of a localized impurity orbital f and a delocalized orbital s in the presence of a time-
dependent external potential ve(t) on the impurity site. The two-level Anderson
model is described by the following Hamiltonian

HM () =) [Efﬁfa 0 (61, fo + flsn) + Vext (0)rge | + Utvppingy,

g

where we explicitly indicated the spin index o. Here we introduced the impurity site
energy €y, the hybridization parameter v,y and the on-site Coulomb interaction U.
The equation of motion (6.6) then becomes

I9F5(t) = vspyep () = vap (E)7(1), (6.8)
9%(8) = vy () — vap (E ) (1), 6.9
P47 (8) = var 17 (1) = [ + vt (VTR (1) = vas (NG + UTSF77(8), (6.10)
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where ¢ indicates a spin opposite to o. The functional I’g)ﬁc&a&(t) is approximated by

its exact ground-state expression evaluated at the time-dependent 1-RDM components
vrr(t) and 7ys¢(t) (see App. G for details). This reads

w0 [ 0 } i [1,7(8)] > 4330

025007 (t) = L P OF
D377 () if | ()] < 33 (0),
with
F(2),a&aa,oo(t) _ { 0 if ypp(t) <1
s/ —er(t)/2 i () > 1,
2 () = { V275 (O = 74 (1) if ypp(t) <1
*f V202 = O]yrs(t) =1 i ypp(t) > 1,

and 72 (t) = \/7s(t)[2 — v5£(t)]. Note that here ~; = > ~7. These equations
are valid only for an integer particle number N = 7, + 75y = 2. To extend the
formulation to the case with more conduction bands, one should extend the two-
level functional (6.11) to fractional particle numbers N € [0,4], to take into account
the charge fluctuations due to the presence of the other conduction-band orbitals.
Moreover, one can adopt an effective two-level model approximation having the density

matrix
~ 2),0
o2l __ Vss ng)
’y - (2)70 * a )
(sta ) Vrf
where Fg)’g and A%, are given in Eqs (22) and (24), respectively, of Ref. [109], and

coincide with 7¢; and g, in the case of two levels. Here we will focus only on a pure
two-level Anderson model.

6.3 Illustration on the two-level Anderson impu-
rity model

We will now explore how the approximations derived above perform on the simple
two-level Anderson model, which can be solved exactly.

6.3.1 MBPT

We first start to look at the performance of GW | second Born, T-matrix approxima-
tions for the impurity site density 77, and the occupation numbers. For comparison
we also report the HF results. The time evolution of the non-equilibrium GFs has been
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T 5 10 15 onset/offset.

time

obtained by propagating the equation of motion according to the scheme proposed in
Ref. [92, 115].

For t < 0 the system is in its ground state. At ¢t > 0, a time-dependent ex-
ternal perturbation wve(t) is applied. In the following we consider both a step-
like perturbation ve(t) = V/2{1 + tanh[(t — t;)/o]} and a Gaussian perturbation
Vext (1) = Voexp|[—(t — t9)?/(20?%)], which for 0 — 0 tend to the Heaviside step func-
tion and the Dirac-delta function, respectively. Varying ¢ allows us to consider per-
turbations with a slow or fast onset/offset, whereas Vj controls the strength of the
perturbation. An example is reported in Fig. 6.1.

Site density

Figure 6.2 shows the time-dependent density per spin channel 7 f(t) at the impurity
site after a slow (Figs 6.2(a)-6.2(d)) or a fast (Figs 6.2(e)-6.2(h)) step-like perturba-
tion is applied at the impurity site. In case of weak electron correlation (left panels
of Fig. 6.2) all MB approximations perform rather well, except in presence of a fast
strong perturbation (panel (g)) for which damping is observed over time. Damping in
finite systems, when using approximations with memory, has already been observed in
literature in the context of Many-Body Perturbation Theory [92, 115] or also in density
functionals (see, e.g., [29, 110, 118]). This is due to the fact that these approximations
produce an infinite number of excitations, which is correct in infinite systems, but
not in finite systems, where the number of electrons and holes which the system can
accommodate is finite. This results in an artificial bath with which the system is in
contact during the time evolution. Also HF performs well, and, moreover, being an
instantaneous approximation, it does not show any damping. In case of strong corre-
lations (right panels of Fig. 6.2) 2B, GWA, and TMA perform much better than HF,
but the agreement with the exact results worsens over time: they show an increasing
dephasing with the exact density and, in case of a fast strong perturbation (panel (h)),
damping occurs. Similar trends are observed when considering other perturbations,
as shown, for example, in Fig. 6.3, where the time-dependent density for both a slow
and a fast Gaussian perturbation is reported.
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Figure 6.2: Time evolution of the density at the impurity site for the Anderson model after
a slow (top) and fast (bottom) step-like external perturbation is applied on the impurity
side: exact (thick solid black lines) vs. Hartree-Fock (HF, dashed-dotted red lines), GW
(solid green lines), second Born (2B, dashed blue lines), and T-matrix (TM, dotted orange
lines) approximations.
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Figure 6.3: Time evolution of the density at the impurity site for the Anderson model after
a slow (top) and fast (bottom) Gaussian external perturbation is applied on the impurity
site: exact (thick solid black lines) vs. Hartree-Fock (HF, dashed-dotted red lines), GW
(solid green lines), second Born (2B, dashed blue lines), and T-matrix (TM, dotted orange
lines) approximations.
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Figure 6.4: Time evolution of the lowest occupation number for the Anderson model
after a slow (top) and fast (bottom) step-like external perturbation is applied on this side:
exact (thick solid black lines) vs. Hartree-Fock (HF, dashed-dotted red lines), GW (solid
green lines), second Born (2B, dashed blue lines), and T-matrix (TM, dotted orange lines)
approximations.

Occupation numbers

In Fig. 6.4 and Fig. 6.5 we reported the lowest occupation number ny, (the other
one being ng, = 1 — ny,). We observe that in general the trends are not as good
as for the site density ~;s. As expected, within HF the occupation numbers do not
change in time and are equal to 0 or 1, (n1, = 0). At weak correlation and for
a step-like perturbation (left panels of Figs 6.4) TMA performs overall much better
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Figure 6.5: Time evolution of the lowest occupation number for the Anderson model
after a slow (top) and fast (bottom) Gaussian external perturbation is applied on this side:
exact (thick solid black lines) vs. Hartree-Fock (HF, dashed-dotted red lines), GW (solid
green lines), second Born (2B, dashed blue lines), and T-matrix (TM, dotted orange lines)
approximations.

than the other MBAs, in particular over small time, before completely departing from
the exact results in case of fast and strong perturbations (panel (g) of Figs 6.4). For
a Gaussian-like perturbation, instead, the 2B gives better results (left panels of Fig.
6.5). In case of strong correlations (right panels of Figs 6.4 and Fig. 6.5) the situation
is rather dramatic: all many-body approximations deviate at ¢ = 0. This is because
already the ground state is not correctly described.
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Figure 6.6: Time evolution of the density at the impurity site for the Anderson model
after a slow (top) and fast (bottom) step-like external perturbation is applied on this side:
exact (thick solid black lines) vs. (adiabatic) Pastor functional (PF, dashed-dotted red lines),

second Born (2B, solid green lines) and Hartree-Fock (HF, dashed blue lines).

6.3.2 Adiabatic Pastor approximation

In the following we illustrate the performance of the approximation derived in Sec.
6.2.2. We solved numerically the EoM given by Eqs (6.8)-(6.10) with the adiabatic
approximation (6.11) (the adiabatic Pastor functional) using a one-step Euler method.
We also checked the convergence with more accurate methods.
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Figure 6.7: Time evolution of the density at the impurity site for the Anderson model
after a slow (top) and fast (bottom) Gaussian external perturbation is applied on this side:
exact (thick solid black lines) vs. (adiabatic) Pastor functional (PF, dashed-dotted red lines),
second Born (2B, solid green lines) and Hartree-Fock (HF, dashed blue lines).

In Figs 6.6 and 6.7 we compare the time-dependent density 7§, obtained with the
adiabatic Pastor approximation with the exact, 2B and HF solutions. In the weakly
correlated case (U = 1) and for a slow perturbation (Figs 6.6(a), (c) and 6.7(a), (c))
the Pastor functional performs well and it is comparable to the MBAs. When a fast
perturbation is considered, the agreement remains good only for weak perturbations
(6.6(e) and 6.7 (e)). For strong perturbations (Figs 6.6(g) and 6.7(g)), instead, the
Pastor solution follows the exact one only for small times, moreover we note that it
is very close to the HF solution and, being adiabatic, does not present the damping
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Figure 6.8: Time evolution of the density at the impurity site (a) for the Anderson model
after the adiabatic step-like external perturbation represented in (d) is applied on this side:
exact (black solid lines) vs. (adiabatic) Pastor functional (dashed red lines). In panel (b)
are reported the exact 2-RDM, the adiabatic Pastor functional evaluated at the exact time-
dependent density matrix elements 7333} and ’y;’}{ (orange dashed line, on top of the exact
result) and at the approximate density matrix elements obtained solving the EoM (6.8)-
(6.10) with the Pastor functional. In panel (c) is reported the difference AI‘?}‘;FUE between
the exact 2-RDM and the adiabatic Pastor functional evaluated at the exact density matrix

elements.

problem of 2B.

For strong interaction the Pastor functional is not superior to 2B, except for the
case reported in Figs 6.6(h) and 6.7(h), where the performance of 2B is highly worsened
by the damping.

The performance of the adiabatic Pastor functional, in particular in the strong
correlation regime, is not what one would expect, considering the very good results
obtained for the ground state [109]. In order to better understand our results we
look at the case in which the perturbation is very slowly switched on at the impu-
rity site f. The form of the perturbation is reported in Fig. 6.8(d). For sufficiently
slow perturbation, the system under study can be seen as if it remains always in its
instantaneous ground-state (consistently with the adiabatic theorem). In this case
the adiabatic Pastor approximation should give, hence, the exact result, since it is an
adiabatic extension of the exact ground-state functional. In Fig. 6.8(a) we present the
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time evolution of the site density at the impurity site; the exact result is compared
with the solution of the EoM using the adiabatic Pastor approximation. We observe
that, even if the perturbation is switched on adiabatically, the approximate site density
deviates from the exact one at relatively short times. We checked that the dynamics

(2),0605

fulfills time-reversal symmetry. To analyze this discrepancy let us inspect I' /7. In

Fig. 6.8(b) we compare the exact 2-RDM Fgc)ﬁcaa& (black solid line) with the adiabatic
Pastor functional evaluated at the exact time-dependent 1-RDM elements 7§} and 5}
(blue dotted line, on top of the exact result) and at the approximate 1-RDM elements
obtained solving the EoM (6.8)-(6.10) with the Pastor functional (red dashed line).
The same trend observed for the site density occurs: the approximate solution devi-
ates appreciably from the exact one at relatively short times. If evaluated at the exact
density matrix elements, at each time, the Pastor functional gives a value close to,
but not the same as, the exact one. The difference between the exact 2-RDM and the
Pastor functional evaluated at the exact density matrix elements is plotted in panel
(c) of Fig. 6.8; the maximum deviation is of the order of 1077, which occurs at the
point of largest change (maximum slope) in the perturbation. When we consider the
EoM this small deviation is amplified and the approximate site density deviates from
the exact one.

Although the situation seems quite dramatic for the adiabatic Pastor approxima-
tion, we should also consider that here we look at a very small system, which might
be quite pathological, and that going to larger systems might mitigate some of these
pathologies. Our findings also raise the question whether a nonlocal and adiabatic ap-
proximation, such as the one we use, may violate some fundamental constraints when
applied on a lattice. This clearly requires some further analysis.

6.4 Conclusions and outlooks

In this chapter we explored new approximations to the electron correlation in Time-
Dependent Reduced Density-Matrix Functional Theory. We did this using as test case
the two-site Anderson model, which is suitable for studying the effects of electron
correlations. We derived approximations to the two-body reduced density matrix (2-
RDM) which enters into the equation of motion of the one-body reduced density matrix
(I-RDM) from two different perspectives. First, we derived approximations from well-
known approximations (GW, second Born, and T matrix) to the self-energy of Many-
Body Perturbation Theory (MBPT). The advantage of these approximations is that
memory effects are automatically built-in. The disadvantage is that approximations
to the 2-RDM derived from MBPT depends on the one-body Green’s function (and
not on the 1-RDM), which requires to evolve the one-body Green’s function as well;
moreover, given their perturbative nature, these MB approximations might break down
at strong electron correlation. Tests on the Anderson model showed that in general
second Born and T matrix perform quite well for the site impurity density, except in
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presence of a fast strong perturbation, where they show damping (GW as well), and
at strong correlation, where they perform initially well, but then suffer an increasing
dephasing with respect to the exact density. The situation is less positive in case of
occupation numbers, in particular at strong correlation.

Along a completely different line, we derived the analytic expression for the exact
ground-state 2-RDM of the two-site Anderson and we extended it to the time domain
in an adiabatic fashion. Clearly in this case memory effects are not taken into account,
but the approximation depends on the 1-RDM only and it is supposed to deal well with
strong correlations. However our results do not show the expected trends: at strong
correlation the agreement with the exact results is poor. We analyzed the origin of this
problem and we found that, even with an adiabatic switch on of the perturbation, the
site density deviates from the exact one. The comparison of the 2-RDM approximate
functional calculated with the exact time-dependent 1-RDM and the approximate 1-
RDM shows small deviations which are amplified in the time evolution. These findings
suggest to explore this approximation on larger systems, which are probably more
forgiving than the small two-site Anderson model.
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Conclusions and outlooks

The description, comprehension, and prediction of material properties is the ultimate
goal for the theoreticians of condensed matter. The difficulty lies in the fact that one
deals with so-called many-body phenomena, intrinsically due to the interaction among
all the (~ 10%) electrons in a system. The existing approaches allowed us to advance
the comprehension, and even to describe a wide range of materials in a realistic way:.
Nevertheless, the present level of approximations does not provide yet with a predictive
theory that can design materials without relying too much on hypotheses. A way to
treat the many-body problem is to use a reduced quantity, such as the electron density
p(r) for example, which is simpler than the full many-body wavefunction, but it still
provides us with the necessary information about the N-electron system. However the
price to pay for such a simplified framework is the need for approximations to effec-
tive potentials that describe electron correlations. An example of such an approach is
Density Functional Theory (DFT) which allows one to calculate all the properties of
interest in terms of the density alone. However in this case an accurate description of
correlation will require very complicated approximations. Moreover, the expression of
the physical observables as functional of the density is not always known. A remedy
can be sought using a reduced quantity with more information than only the density,
to have a better tool to build approximations. A well suited quantity is the one-body
reduced density matrix v (1-RDM), which is the fundamental variable of Reduced
Density-Matrix Functional Theory (RDMFT). Thanks to the one-to-one mapping be-
tween the ground-state wavefunction of a given system and the corresponding 1-RDM,
all the ground-state physical properties of the system can be calculated as functionals
of the 1-RDM. In particular the total energy. Total energy minimization under the
constraint of an ensemble N-representable v, delivers the exact 7. In practice one
has to make approximations to the energy functional. The advantage over DFT is
that now the kinetic energy part is known in terms of the 1-RDM, and one has to
make approximations only to the exchange-correlation part. Various approximations
to electron correlation have been proposed in literature. Most of them are functionals
of the natural orbitals and occupation numbers (i.e., the eigenvectors and eigenval-
ues, respectively, of v), and many can be traced back to the work of Miiller, who has
proposed an approximation to the correlation which is similar to the Hartree-Fock
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approximation but which can produce fractional occupation numbers. This is not al-
ways sufficient. Moreover, the expression of the observables of the system in terms
of the 1-RDM is not always known. This is the case, for example, for the spectral
function, which is closely related to photoemission spectra. In this case there are error
cancellations between the approximation to correlation and the approximation to the
observable, which can weaken the theory.

In this thesis we addressed the description of electron correlation as well as physical
observables within the context of RDMFT. To this aim we exploited the link between
reduced density matrices (RDMs) and Green’s functions (GFs), which are the basic
variables of Many-Body Perturbation Theory (MBPT). The advantage of using MBPT
is that one has to approximate only the electron correlation, whereas most of the
observables of interest in this thesis have an exact expression in terms of the one-
body GF (1-GF). In particular the spectral function is obtained from the imaginary
part of 1-GF. Nevertheless, MBPT is in general computationally more expensive than
RDMEFT and, moreover, state-of-the art approximations to electron correlation, such
as GW, do not describe strong correlation (without using spin polarization). Take as
an example NiO, which is an antiferromagnetic insulator below the Néel temperature,
and a paramagnetic insulator above. The GW approximation (as well as static mean-
field theories as DFT within the local density approximation (LDA) and Hartree Fock)
gives a metal in the paramagnetic phase. To illustrate the physical contents of the
various approximations studied in the thesis as well as for benchmarking we used the
Hubbard model, which in many cases can be solved exactly, and which is suitable to
describe strong correlation.

First we analyzed the currently used approximations to correlation and observables
within RDMFT. We used Miiller-like functionals to describe electron correlation. As
regards the observables, removal/addition energies and spectral functions are approx-
imated. Our results using the extended Koopmans theorem confirm its reliability
for the calculation of removal energies and the lowest addition energy (for finite sys-
tems), if a good approximation to the two-body density matrix is used. However,
the calculation of the addition energy relies on the (IV + 1)-electron system; in this
case, one has an anion, which might not be stable. Moreover, the EK'T does not give
higher addition energies nor the spectral function. These can be obtained using the
approximate DIF /DER method. However, our results suggest a cancellation of errors
between this method and Miiller-like approximations to electron correlations. More-
over, we found that the spectral peaks are fewer than the exact ones and can have
a mixed removal and addition nature as well as a mixed quasiparticle and satellite
nature. These findings indicate that although an ab initio simulation of the spectral
function of a real material using the DIF/DER method could be in agreement with
experiment, the underlying physics is not correct. For comparison we also reported
the GoWj results. At moderately strong interaction, the GoWy method is superior. In
the strongly correlated electron regime we found that both the DIF /DER method and
GoW, fail for a fully symmetric ground-state, whereas they give the exact results for
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the spin-symmetry-broken case.

Our analysis shows that the failure of the DIF/DER method is mainly due to the
approximation of removal/addition energies, rather than to the approximation of the
spectral function itself. Therefore one should focus on better approximations to these
energies, to improve the description of photoemission spectra. We therefore looked
for more accurate approximations by exploiting the link between RDMs and Green’s
functions. We started from the spectral representation of the 1-GF and we introduced
two effective energies, 6 and 64, which account for all removal and addition energy
poles of the 1-GF, respectively. These effective energies are represented as series of the
one-body, two-body, and higher-order density matrices. In practice one has to trun-
cate these series and several ways to do this are possible. Our choice guarantees the
following features for the approximate 0%/4: i) the first moment up to the n-th one of
the spectral function generated by the approximation §%/4(™  which involves the 1- up
to the (n + 1)-RDMs, correspond to the exact moments; ii) the total energy obtained
from the approximate GF is exact for each 6%/4( with n > 1, provided that the
exact RDMs are used; iii) the energies generated by the approximation §%/4(1) which
involves the 1- and 2-RDMs, are clearly linked to the poles obtained with the Hartree-
Fock self-energy, when the Hartree-Fock approximation is used for the 2-RDM. We
showed that simple approximations (6741 and §%/4:(2)) can give accurate spectra for
the Hubbard model in the weak as well as in the strong correlation regimes. In partic-
ular the method correctly reproduces the atomic limit without breaking the symmetry
of the system. This is an exceptional result, since state-of-the-art methods such as
GW fail in this regime. We used the simple approximation depending only on the 1-
and 2-RDMs to calculate the photoemission spectrum of bulk NiO within RDMFT.
Our method produces qualitatively good photoemission spectra for the antiferromag-
netic and paramagnetic phases, although the band gap is largely overestimated. Our
results on Hubbard chains indicate that this is due to the use of 6%/4(1)  Indeed the
approximation based only on the 1- and 2-RDMs tends to overestimate the band gap
with increasing system size, although the spectral shape remains good. Going be-
yond the 2-RDM and including also the 3-RDM tends to close the gap. One could
think of including the effects of higher order RDMs in an effective way. Preliminary
tests on NiO with a modified approximation show a global improvement of the spec-
trum. Another possibility is to explore other ways to cut the 6%/ series. We think
that this method has a great potential and opens the way to a more accurate and
computationally efficient description of strongly correlated materials.

In the last part of the thesis we explored new approximations to the electron corre-
lation in Time-Dependent Reduced-Density-Matrix Functional Theory (TDRDMFT).
We did this using as test case the two-site Anderson model, which is suitable for study-
ing the effects of electron correlations. We derived approximations to the 2-RDM which
enters into the equation of motion of the 1-RDM from two different perspectives. First,
we derived approximations from well-known approximations (GW, second Born, and
T matrix) to the self-energy of Many-Body Perturbation Theory (MBPT). The main
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advantage of these approximations is that memory effects are automatically taken into
account. The disadvantage is that approximations to the 2-RDM derived from MBPT
depends on the 1-GF (and not on the 1-RDM), which requires to evolve the 1-GF
as well; moreover, given their perturbative nature, these MB approximations might
break down at strong electron correlation. Tests on the Anderson model showed that
in general second Born and T matrix perform quite well for the site impurity density,
except in presence of a fast strong perturbation, where they show damping (GW as
well), and at strong correlation, where they perform initially well but then suffers an
increasing dephasing with respect to the exact density. The situation is less positive
in case of occupation numbers, in particular at strong correlation.

Along a completely different line, we derived the exact expression for the ground-state
2-RDM of the two-site Anderson model and we extended it to time domain in an
adiabatic fashion. Clearly in this case memory effects are not taken into account, but
the approximation depends on the 1-RDM only and it is supposed to deal well with
strong correlations. However our results do not show the expected trends: at strong
correlation the agreement with the exact results is poor. We analyzed the origin of this
problem and we found that, even with an adiabatic switch-on of the perturbation, the
site density deviates from the exact one. The comparison of the 2-RDM approximate
functional calculated with the exact time-dependent 1-RDM and the approximate 1-
RDM shows small deviations which are amplified in the time evolution. These findings
suggest to explore this approximation on larger systems, which are probably more for-
giving than the small two-site Anderson model. They also raise the question whether
a nonlocal and adiabatic approximation, such as the one we use, may violate some
fundamental constraints when applied on a lattice. This clearly requires some further
analysis.



Appendix A

Bonding/antibonding basis and
eigenstates for the Hubbard dimer

The bonding/antibonding basis is defined as follows

1 1
’b0>=E’10>+E\20>,
ac 1 10)—L|20>
|ac) \/§| 7 129

where |1o) and |20) are the elements of the site basis. Here 1 and 2 indicate the site
and o =T, ] the spin.

1/4 filling

The coefficients of the transformation from the site basis to the bonding/antibonding
basis are given in Tab. A.1. The eigenstates of the Hamiltonian at 1/4 filling are
b 1), b)), laT), |ad) with energies ey — ¢, €9 — t, €g + t, €y + t, respectively. We
chose as ground state |b 1) (one can imagine to remove the spin degeneracy with a
small magnetic field). The coefficients of the transformation from the site basis to the
bonding/antibonding basis are given in Tab. A.1.

1/2 filling

The coefficients of the transformation from the site basis to the bonding/antibonding
basis are given in Tab. A.2. The eigenstates of the Hamiltonian at 1/2 filling in
the bonding/antibonding representation are given in Tab. A.3. We defined ¢ =
V1624 U2, a = /2[16t2/(c — U)? + 1] and b = /2 [16t2/(c + U)? + 1]. In particular
the ground-state ket, in site basis, reads as
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1) b)) la?) la )
1ty 1/vV/2 0 1/v2 0
1y 0 1/V2 0 1/v2
21 1/V/2 0 —1/V2 0
21y 0 1/V2 0 —1/V2

Table A.1: Coefficients of the transformation from site to bonding/antibonding basis for 1
electron (1/4 filling).

by brat) ptad) blat) bhad) latad)

11,20 1/2 0 -1/2 -1/2 0 -1/2
14,21 -1/2 0 1/2 -1/2 0 1/2
I14,21) 0 -1 0 0 0 0
114,2) 0 0 0 0 -1 0
1) 1/2 0 1/2 -1/2 0 1/2
24,20 1/2 0 “1/2 1/2 0 1/2

Table A.2: Coefficients of the transformation from site to bonding/antibonding basis for 2
electrons (1/2 filling).

with C = 4t/[a(c — U)] and Cy = 1/a. In the bonding/antibonding basis the ground-
state ket reads as |Vo) = B|b1,b]) + Alat,al) where B = [1+ 4t/(c — U)|/a and
A=[1-4t/(c—-U)l/a.
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Appendix B

Hubbard dimer: exact and
non-interacting 1-GF

For the Hubbard dimer, the exact and the non-interacting 1-GF can be constructed
directly from the definition (3.10). The eigenstates |Wo), |[¥x "), and [¥)~'), which
enter in the definition of the Feynman-Dyson amplitudes, and the corresponding en-
ergies Fy, E,]CV +1 and E,iv ~! can be obtained diagonalizing the Hamiltonian for the
system with N, N +1 and N — 1 electrons, respectively.

B.1 Hubbard dimer at 1/4 filling

Exact 1-GF
At 1/4 filling the exact 1-GF in the site basis reads as

(—1)" 1 ] |

— + :
w—(e+t)+in w—(e—1t)—in

Gh) =3 |

2 2
Gi(w> — 1 a% (1+ citU) + bL2 (1 B cj‘-tU)
K 2 |lw—(e0+(U—0¢))2+t)+in w—(e0+ (U+c)/2+1t)+1in
(—1)i_J[ 1 1 ]
+ — + — |
4 w—(eg+U+t)+in w—(e+1t)+in

where ¢ = V162 + U2, a = /2[16t2/(c — U)? + 1], b = \/2[16t*/(c + U)? + 1]. The
1-GF is spin diagonal; the spin-down block has only the addition part, whereas the
spin-up block has both removal and addition parts.

The exact 1-GF in the bonding/antibonding basis can be obtained using the transfor-
mations of App. A. It reads as

1

) _
Gplw) = w— (e —t)—in’
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1 at )2 1 at )2
G () = » (1+25) N (- 5%)
bb w—(e+(U—c))24+t)+in  w— (o + (U+c)/2+1) +in’
1
Gla(w): i’
w—(e+1t)+in
1 1 1
GJ/ - = N + . 9
() 2lw—(eo+U+1t)+in w—(e+1t)+in
Zb: Zazo'

As it can be noted the 1-GF is diagonal in the bonding/antibonding basis.

Non-interacting 1-GF

The non-interacting 1-GF in the site basis can be obtained from the interacting 1-GF
taking the limit U — 0. It reads as

1 1 (-1
Gg,ij(w) - 2 |:w_ (60—t> _jn . w — (60+t)+1n1 ’
1 1 (1)
Gé,z‘j(“}) T2 [w— (€0 —t)+in = (€o+t)+i77} '

The non-interacting 1-GF in the bonding/antibonding basis reads as

1
Glp(w) =
O,bb(w) w—(eo—t)—in’
1
w— (e —t)+in’
B 1
Cw—(e+t)+in

Gé,bb(w) =

G o) = G 40(w)

B.2 Hubbard dimer at 1/2 filling

Exact 1-GF
At 1/2 filling the exact 1-GF in the site basis reads as

Gli(w) = G(w)

1 [ 0-2) (1+ 2)° ]

202 (w—(eg+t+(c+U)/2)+in w—(eg+t—(c—U)/2)—1in

(_1)iij [ (1 - citU)Q (1 B cftU)Q ]
w— ( '

2a? eo—t—i—(c—i—U)/Q)—l—in+w—(60—t—(c—U)/2)—in

+
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The exact 1-GF in the bonding/antibonding basis reads as

L (1-25)° (1+25)°
a? w—(60+t+(c+U)/2)+in+w—(eo—|—t—(c—U)/2)—in ’

Gla(w) = Ggy(w)

! L_( (14 2 (1- 2 ] |

a? eo—t—l—(c—l—U)/Z)—l—in+w—(eo—t—(c—U)/2)—in

Non-interacting 1-GF
The non-interacting 1-GF in the site basis reads as

Gij(w) = Go5(w) = % L, o, 1_ £) — in} * (_12)” Lu — (e i t) + in} '

The non-interacting 1-GF in the bonding/antibonding basis reads as
1

w— (e —1t)—in’

B 1

S w—(e+t)+in

G(T),bb(w) = Gé,bb(“) =

Gg,aa (w) = Gé,aa (w)



118 Hubbard dimer: exact and non-interacting 1-GF




Appendix C

Hubbard dimer: exact RDMs

The matrix elements of the exact 1-RDM can be directly obtained from the definition
75 = (Yo é}aéw |Wy) or alternatively from the 1-GF derived in App. B, using the fact
that 47, = —i [ dw/(27)GY; (w)e0™,

C.1 1-RDM

At 1/4 filling the matrix elements of the 1-RDM in the site basis read as ’yfl = ’Ygz =
1/2 and ~), = 44, = 1/2, while for the spin down channel the 1-RDM vanishes.
Diagonalizing the 1-RDM we obtain the occupation numbers

ny = 1,
Ny = n(w == nw == 0,

and the natural orbitals are the bonding/antibonding states given in App. A.
At 1/2 filling the matrix elements of the 1-RDM in the site basis read as

o L 2+1 A
T T2 T g, c—U 2a? c—=U) "’

0_0_11+4t2114t2
T2 =0 = 2a? c—U 2a? c—U)

Diagonalizing the 1-RDM we obtain the occupation numbers

1 at \?
an:nw:? 1+C—U s

1 4t \?
n(ﬁ:nw:? l_C—U .

The natural orbitals are the bonding/antibonding states given in App. A.

Here we note that the coefficients A and B introduced in App. A can be easily re-
lated to the occupation numbers; we have B = |/n; and A = —,/n,. Thus the ground-
state ket in the bonding/antibonding basis is [WVo) = /n [b 1,0 1) — /nala T,a l).
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C.2 2-RDM

The matrix elements of the 2-RDM can be evaluated using the definition

(2),Ui0'jakal _ /\'i‘ AT A A
r ijkl = (U Clo,Ckay, Cio; Cios

\I/0> .

At 1/4 filling we have I'® = 0. At 1/2 filling the only non-zero matrix elements of
the 2-RDM in the bonding/antibonding basis are

2),0660
Fz(;bz);b = B? =y, (C.1)
L0007 = A% = n,, (C.2)
Diae " = Tonis " = AB = —/myna, (C:3)

where ¢ is the spin opposite to o.

C.3 Total energy functional

Using Eqgs (C.1)-(C.3) we can calculate the exact total energy functional, which reads
as

El{nis, }, {#:}] :/d:xdx’é(x — x)h(x)y(x,x') + /dxdx’vc(x,x')F(2) (x,x";x,x")

SDIDIIIIEL'D S SUES DI IV e

Jj=ab o Jj=ab o Jk=ab oj
J#k

Here we note that the Miiller functional, which, for the Hubbard dimer, reads as
U U 0 @
Blmich 03] = 3 S by + 7 3 o miee =7 O D nin,
j=ab oj J,k=a,bojoy J,k=ab oj

reduces to the exact functional (C.4) when we restrict ourselves to ensemble N-
representable 1-RDMs. This means, for the Hubbard dimer, to consider the constraint
Negs — 1-— Npo -
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ﬁZR/A ~R/A .
density matrices

R/A

_ A
Here we show how n; /

<R
and n;

and n in terms of reduced

can be expressed in terms of reduced density ma-

trices. First, we derive some useful relations by using the anti-commutation relations

of the creation and annihilation operators
{en ey = {e.d} =0,

{éj,é]} - 513

Let us evaluate the following commutator

Taking the Hermitian conjugate of Eq. (D.2) one arrives at

[l eler) = —duet.

(D.2)

(D.3)

In evaluating the commutators of the annihilation operator ¢; with the interaction
potential operator V' one has to deal with commutators of the kind [¢;, é}é;émél], which

can be worked out as follows

(i, clefemcr] = (6, le)Onm — (6, €lemeter)

_ s ata (A Atal_ [a ata 14t
= OkmdijC1 — cjcm[ci, éall — 16, cjcm]ckcl
_ 5 Sth s 7
= Okm0ijCr — 5ikcjcmcl — 0;jCmCrCl

_ ; T TRY
= Okm0ijCt — 0irCiCmC — 0ij(Omk — CtCm )y

_ Aa o o
= — 0ikCiCmCy + 0ijC1.CmCl,
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where we used Eqgs (D.1) and (D.2). Taking the Hermitian conjugate of Eq. (D.4) one
arrives at the following relation

[CT cTchmcl} = — ilé}é,tém + 5imé}ézél.

The commutators involving the operator H can now be evaluated. We first separate
the Hamiltonian into the non-interacting part Hy and the interacting part V', obtaining

(61, H] = [¢5, Ho] 4 [¢5, V] = hygéi + [é5, V], (D.5)

where we made use of Egs (D.2) and (D.3). From Eqgs (D.5) and (D.6) it follows that

élles, H) = hyéle, + élle;, V),
&, H|el = hy(1 — éley) + [¢, V]el,
[, e, H) = h2eles+ ha (elle, V1 + [V, élle) + 1V, el V)

2

e H]UL él] = 13,1 = éle) + b ([, VIel + [V, l]) + [, VIV, ]

We then evaluate the following commutator

[Cia V] = 5 Z ijlm[Ci, C;C;Tgcmcz]

jklm

=5 E V}klm k‘c CmC + 5’chk-cmcl)

]klm

== Z ]zk:lé Gk + ‘/zgklc ¢16x)
jk‘l
1 A a
=5 Z(mG + V%jkl)C;CzCk
jkl
= Viuélacy, (D.7)
jkl
where we used the fact that Vi, = Vjux, which follows directly from the definition of
the matrix elements Vijy = [ dxdx'¢;(x)¢}(x')ve(r, r')¢p(x)di(x') interchanging the
indices. From the Hermitian conjugate of Eq. (D.7) we arrive at the following relation

Z ]klékclcj kalljckclcj (D.8)

jkl jkl

Here we used the fact that V]kl = Viij, which follows from the definition of the
Coulomb matrix elements.
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The terms appearing in Eqs (5.14), (5.17), and (5.18) can be worked out using Eqs
(D.7) and (D.8) giving the following expressions

A ulr Afata ata o
[V7 Ci] [CU Vk‘ll] ipgsCrLCy Cj CT Cqu
Jkipgs
_ AT AT Ata VA A
- E Vklijv;pqsckcl (5jp - CpC])Cqu
Jkipgs
_ At A
= Z Vit VijasCp€) CsCq
Jklgs

AAAAAAAA

Jklpgs

o At O
¢, V]e) = Vijri€iCiCkC

jkl
= E Vzgklc Cl (5m é c )
jkl
= E ‘/Uzlc Cp — E ‘/mklc (01 — ley)ey,
jkl
= E szC Cp — E VzﬂmC C + E Vzgkzc e,
jkl
= g leC Cp — g Vwmc Cr — E Vzgkzc Czck,
gkl
&, V][V, el = ViielV, cccTT
i3 ikl Vpqis 1CLC D q
Jklspgq
- Z Af A At A \ata
= V;jkl%qiscjcl(akp - C;Ck)cgcs
Jjklspq
— E 5kp zyk:l‘/pqzsc (5lq C Cl E ‘/Uk:l‘/pqzsc (5lp —C CZ)CkCTCs
jklspq Jklspq
= At s At o
— 6kp5lq‘/ijklv;3qiscjcs - 5kp zjk:lqus JrClcs
Jklspgq Jklspgq
- E 5lp zjkl‘/pqlsc (6kq - C Ck Cs + E ‘/;jkl%qzs -C Cl((skq - CTCk)C
jklspq Jklspq
= At s st s o
- 5kp5lq‘/ijkl‘/pqiscjcs - (Skpvtijklv;oqiscjcqclcs
jklspq jklspq
- § 5lp6kq ijl‘/;)qlsc Cs+ E 5lp z]kl‘/pqzs :;Ckc
jklspq jklspq

+ E 6kq zgkl‘/;)qzs C Clcs E ‘/ijkl‘/pqis (5lq —C Cl>ckcs
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-3 o= 0 A
— 5kp5lqv;jkl‘/;)qiscjcs - 6lp5kq‘/;jkl‘/;)qiscjcs

Jklspq Jklspq

- § : 5kp z]kl‘/;?qzsc C Clcs E 5lp zjkl‘/pqzsc C Ckcs
Jklspq Jklspq

+ z : 61‘3‘1 2]k’l‘/pqzs CC § 6lq ij’l‘/pqzs C Cs
Jklspg jklspq

+ E V;]leqlsc c CyCiCrCs-
Jklspq

Equations (5.22)-(5.25) can be obtained from Eqgs (5.10), (5.14), (5.17), and (5.18)
respectively making use of the expressions so far derived. We have
aft = (Wl él[e;, H) W)
= hii (Wo| éle; W) + > Viju (Wol el eherén [Wo)
Jkl
= hsin; + Z ‘/ijklrl(j;p
jkl

nit = (ol [H, el (e, H] [Wo)

= h2 M T+ hii (‘/ijlrl(clzz + Vklw z]lk) Z Vklzanqu(ﬁk + Z Vklw qusrq]splk’

gkl Jklgs Jkipgs

3

= (‘I’o| [éz'> A]AT |‘I’0>

- hm n’L + Z ‘/Z_]’Ljn] Z ‘/;j]’tn_] Z ‘/z]klrklﬂ;

Jjkl

= (Wl [é5, H][H, &]] |Wo)
= %1 =) + 2k > (Vigigng — Viiigng) — > Vi T\, -> Vir§i)s

J jlk jlk
(2)

+ E Vijkt Virijng — E ViiktVikijng + E 5kaijsz};qisFlsqj

gkl gkl Jklspq

} : (2)
- V;jklv;nqis (5lprksq] +6kq sl]p+5lq ksyp

Jklspq

} : (3)
- %jkl%qisrklsqu7

Jklspq

where we used the definitions FE ,)C = (Wo| &félee; | o), and

Fz(jl)clmn <\IJO|C Cl CkC] CZ|\I]0>



Appendix E

EET on the Hubbard dimer

E.1 Exact density matrices

Here we derive the expressions for 6%/4(1) for the Hubbard dimer at half filling, using
the exact 2-RDM given in App. C. Using Egs (C.1)—(C.3), Eq. (5.22) gives

~ U o000 o000
gl = hoso + 5 (Tiogy 7 + i)

U
= hbbnbg + 5(32 + AB),

U U logogoden
ﬁfa = haaNaos + — 9 (Fgl)agaw + 5 9 F((li)l;b )

U
= hgallao + E(A2 + AB),
while Eq. (5.24) gives

ﬁg‘a = hbb(l — nbg) + — v Z Nig;, — an nba

i0;

u U
= hbb(l — nbg) + 5 - E(BQ + AB),

~A U ~R
Moo = haa(l — Nao) 5 Mio, = 5 E Nig — Ty
7

10

= Raa(1 — ngo) + % — %(A2 + AB).
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We finally obtain

5$(1):Z—i:eo—t+%B;A,
6$(1):Z—§::eo+t+%A;B,
= e e 55T
oA :% zeo+t+%BT?A.

Using the definition of the coefficients A and B, given in App. A, we retrieve the exact
poles of the 1-GF (see App. B). We found that also using 64 with n > 2 we
retrieve the exact solution.

E.2 Approximate density matrices

Here we derive the expression for §%/4(1) for the Hubbard dimer at half filling, using
an approximate 2-RDM. Inserting in Eqs (5.22) and (5.24) the power functional

(2)»‘77ﬁ0’0’0’7ﬁ . o o

we obtain

7Lt (0% (0%
Nig, = hiinig, + E E Vijki (nwinjgéikéjl — ”wi”jafsil(sjkéaai)

jkl o
f— .o . o ee e . . JE— o e e o 64
= h”nwi + g g ‘/;,]Z]nZO'in]O' E V;]]lniainjai
7 o J
U Z
= hunwi + 5 Nig, E E Njo niai nj(fi
J o J

U o [0}
= hiinwi + 5 (nwi]\/' — nwi an01> s (E].)

J
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-5:103

0 5 10 0 5.103 104
U/t U/t

Figure E.1: Addition and removal energies for the Hubbard dimer at 1/2 filling: exact vs.
EET (6(V)) with approximate density matrices for different values of a.

where N is the total number of electrons. Here we used the fact that Vi;;; = V;;;; = U/2
for the Hubbard dimer in the bonding/antibonding basis. For the addition we have

~A ~R
iy = his(1 = mig) + Y > Vijinjo = Vigjinjo, — iy,
i e j

= hii(1 —nio,) + % (Z Z”ja - Z”j0i> - ﬁf,
j o J

U
= hii(1 —np,) + 5 (N —=N,,) — ﬁﬁri

U o o
= hi(1 — nip,) + 5 (N — No;, = Nig, N +niy,. anai) , (E.2)

J

where NN,, is the number of electrons with spin ¢;. Using Eqs (E.1) and (E.2) in Eqgs
(5.15) and (5.19), respectively, we get (N = 2, N,, = 1 at half filling)
U
R,(1 a— «

J

and

A1) U 1 o o
! J
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If we use in Eqs (E.3) and (E.4) the occupation numbers obtained from the mini-
mization of the total energy functional within the Miiller approximation (a = 0.5), we
obtain the exact removal and addition energies. In Fig. E.1 we compare the removal
and addition energies obtained using 6(V), for various values of the parameter «, with
the exact energies. For a = 1 we have n,, = 1 and n,, = 0, which give the removal
and addition energies (55,’(1) =€ —t+U/2 and S = ey +t + U/2. For 0.5 <a<1
we have an intermediate situation were the gap is smaller than the exact one.



Appendix F

RDMFT and EET for the infinite
Hubbard model

Let us consider the infinite Hubbard model. Here we will restrict ourselves to the
case of a 1D, 2D square and 3D simple cubic lattices. The 1-RDM is diagonal in
momentum space, i.e., the natural orbitals are the momentum operator eigenstates
'k, 0); the 1-RDM is thus given by

Voo (K, k') = 6(k — k')00rm4 (K).
The total energy functional within the power-functional approximation reads as
El{n,(k)} = — QtZ/ di Zcos(k‘)n (k')
’ ] Gy 2o

U dk’  dk”
- - , k/ p k// - ocl k/ a” k// 60/0,/ 7
" 2 gf;/ (2m)P (2m)P (o (g (K7) = s (K)o (i) ]

(F.1)

where D = 1, 2,3 is the dimension of the k-space considered and k; is the i-th com-
ponent of the D-dimensional vector k. Here we will consider only the case of a spin-
symmetric system, i.e., ns(k) = n; (k) = n(k). In this case the functional (F.1) reduces
to

Eln(k)] = — 4t / (;;/D S cos(k)n(K)

U dk’  dk” N QL0 (1
+ 5/ (2m)P (27T)D[4n(k Jn(K") = 2n%(k)n" (k7)].

Moreover, the momentum distribution function n(k) is normalized in such a way that

/ (;f:;Dn(k) - g (F.2)
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with n = N/Ny the ratio between the number of electrons N and the number of the
sites of the lattice N;. Using (F.2), the integrals in the Hartree term can be performed
giving

Bl = 4t [ s S conlin€) + Gt =0 [ A ey ),

The stationarity condition (2.22) with respect to the variation in n(k) reads as

JE{n(k)}] 4 cos(h) - 22U e dK o
on(k) (QW)D; (k) (2m)P (k)/(gw)D (k) =n, (F.3)

where 4 is the Lagrange multiplier introduced in Eq. (2.19). The common coefficient
1/(2m)P is unessential, as the constant u can be redefined in such a way to make it
disappear (i = (27)”u). Equation (F.3) can be formally solved with respect to n(k)
giving

[ —4t) cos(ky) — fa o
n(k) - |:204dek,/(27T)Dna<k’):| .

The optimal n(k) can be now found iteratively: we start with some guess for n(k) (e.g.,
the Hartree-Fock solution), f is then calculated with an iterative bisection method until
J dk/(2m)Pn(k) converges to n/2. Once fi is obtained, we can calculate the new n(k).
The procedure can be repeated until the global convergence is reached. At each step
the condition 0 < n(k) < 1 is imposed by setting n(k) = 1 (n(k) = 0) if n(k) > 1
(n(k) <0).

In Fig. F.1 we report the momentum distribution function n(k) for the 1D, 2D
square and 3D simple cubic lattices for various values of the interaction strength U/t
and «. The ground-state energy and the fundamental gap are shown as a function
of the interaction strength in Fig. 5.7 in Chap. 5. Using the momentum distribution
function n(k) we can calculate the EET (at the level of () removal and addition
energies, and the spectral function. The EET (at the level of §(!)) spectral functions
for the infinite Hubbard model on 1D, 2D square and 3D simple cubic lattices are
reported in Fig. F.2 for different values of the Coulomb repulsion U. The results refer
to the power functional (o« = 0.5,0.6,1). As can be noticed the EET method with the
power functional and 0.5 < o < 1 produces always a gap at 1/2 filling for any U/t # 0.
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Figure F.1: Momentum distribution function n(k) for the 1D (top left), 2D square (top
right) and 3D simple cubic (bottom) lattices for various values of the interaction strength
U/t, obtained from the minimization of the power functional with different values of . For
the 2D square and 3D simple cubic lattices the momentum k follows a path along high
symmetry directions of the respective first Brillouin zone.
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Figure F.2: Spectral function of the infinite 1D (top left), 2D square (top right) and
3D simple cubic (bottom) lattices Hubbard model at half filling, for different values of the
interaction strength U/t, calculated using the EET method with the power functional.



Appendix G

Derivation of 2-RDM in the
two-level Anderson model

In this Appendix we derive the two-body reduced density matrix element Fg?ff for
the ground (singlet) state of a two-level Anderson model. First we focus on pure-state
N representable density matrices v at half filling and then we extend the functional
to ensemble N representable . More details can be found in Ref. [109]. The singlet
ground-state of the system reads

) = anélyel 0) + aafif110) + 72 (Flel, — 7lel;) o).
with

2a§ + ag =Yfs
20(%—0—05% = 2—’}/ff,
\/§(CY1 + ag)as = sy,

from which

_ ) 1—
F(Q),Gcroa . (65162 . Vsf 1 + Yif . (Gl)

sfff - -
v2 o A4 1= /10 = g2

Note that here v;; = >°_~7. We note that in the uncorrelated limit, for which v,; =

Yo = V(2 = vf) [109], Eq. (G.1) reduces to the HF solution Fif)f‘;“& ~ =77
To extend the functional (G.1) to ensemble N representable v we follow the same
arguments of Ref. [109]. We arrive at Eqs (6.11)-(6.13).
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