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CHAPTER 1

Introduction

The title of this thesis is “Numerical analysis of some saddle point formulation with X-FEM type
approximation on cracked or fictitious domains”. It concerns the mathematical and numerical
analysis of convergence and stability of mixed or hybrid formulation of constrained optimization
problem with Lagrange multiplier method in the framework of the eXtended Finite Element
Method (X-FEM). We begin by introducing the incompressible and compressible elastostatic
problems. Then we present the unilateral contact condition in the elastostatic cracked domains.
After that we give some general aspects of the eXtended Finite Element Method (X-FEM).
Finally we present the outline of this thesis.

Contents

1.1 Incompressible and compressible elasticity problem . . . . ... ... .. 1
1.1.1 Basic concept for the linear elasticity . . . . . . ... ... ... .. ..... 1
1.1.2  Compressible strong and weak formulations . . . . . . ... ... ... ... 2
1.1.3 Incompressible formulation . . . . ... ... ... ... ... ... 3

1.2 Contact condition . . . . . . . . . . o 0 i i i ittt e e e e e e e e e e 7
1.2.1 Frictionless unilateral contact condition in cracked domain . . . . . . . . .. 8
1.2.2  Frictional unilateral contact condition in cracked domain . . .. ... ... 8

1.3 X-FEM: General aspects . . . . . v v v v v v v v v v v vttt v v v v v 8
1.3.1 Example introducing the concept of enrichment . . . . . . . . .. ... ... 8
1.3.2 C(Classical X-FEM enrichment . . . . . . ... ... . ... ... ....... 10
1.3.3 Fixed enrichment area and convergencerate . . . . . . .. .. .. ... ... 12
1.3.4 X-FEM with a cut-off function . . . .. ... ... ... .. .. ....... 13

1.4 Outline of thethesis. . . . . . ... ... i, 14

1.1 Incompressible and compressible elasticity problem

1.1.1 Basic concept for the linear elasticity

Let us consider the deformation of an elastic body occupying, in the initial configuration, a
domain € R? where plane strain assumption are assumed. Let u be the displacement field
that satisfies the assumption of small perturbations : small displacements and transformations,
respectively

Ou;

ax; <1 inQ withi,je{1,2}

u = (u1,uz) with |u|< L and |
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Chapter 1. Introduction

with L is a characteristic length of the solid.
The linearized strain tensor is defined by

. 1 6u, 8Uj
cij = 5(8% + 81'1)

in Q withi,je {1,2}.

The stress tensor o is given by the anisotropic material behavior law
o(u) =C:e(u), in Q,

with C a fourth order elastic tensor characterizing the material rigidity.
In the case of an isotropic material (i.e., which behaves in the same way in all directions) the
law of material behavior is reduced to the Hooke’s law

(1.1) o(u) = Atre(u) I +2u e(u),

with A and p are the Lamé coefficients, which are positives and defined by

Ev
2(1+4v) (141 -2v)’

E' is the Young modulus and v the Poisson’s ratio.

1.1.2 Compressible strong and weak formulations

I'p

F N

Figure 1.1: Domain

In this section, the equations of the general problem of a cracked solid are recalled. Let
Q C R? be the cracked domain, I'. denotes the crack and I' the boundary of Q. We assume
that I' \ T is partitioned in two parts: 'y where a Neumann surface force t is applied and
I'p where a Dirichlet condition u = 0 is imposed (see figure 1.1). We assume that we have a
traction free-condition on I'.. Let f be the body force applied on 2. The equilibrium equation,

2
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1.1. Incompressible and compressible elasticity problem

constitutive law and boundary conditions are given by

(1.2) —div o(u) =f, in Q,
(1.3) o(u)=C:eg(u), in Q,
(1.4) u=0, on I'p,
(1.5) o(u)-n=t, on Iy,
(1.6) o(u)-n=0, on T..

with n is the outside normal to the domain 2.
Let us define the space H'(Q) = HY(Q,R?) = [H'(Q)]? where H'(Q) denotes the classical
Sobolev space. Let V' be the space of admissible displacements given by

V={ueH(Q) ; u=0 on Ip}.
Taking the inner product of the equilibrium equation (1.2) with v € V, and integrating over 2

—/diva(u)-de:/ f-vdQ.
Q Q

Using Green’s formula for elasticity, we obtain

/Qa'(u):e(v)dQ_/Qf-de—i—/m (W) n-vdo.

Taking into account the boundary conditions, the previous equation reads

leads to

/a(u):s(v)dQ:/f-de—l—/ t-vdQ Vv e V.
Q Q o0
By using equation (1.3), the weak formulation can be written

Find u € V such that a(u,v) = L(v) Vv ev,

with

a(u,v) = /Q e(v): C:e(u)dQ,

L(V):/ VdeQ+/ vt do.
Q o0

Given f € L?(Q) and t € L?(I'y), thanks to Korn’s inequality which implies the coercivity of
a(u,v), the existence and uniqueness of the solution to the weak formulation are garanteed by
Lax-Milgram’s Lemma [1]

1.1.3 Incompressible formulation

For incompressible elasticity problems, the classical formulation is unsatisfactory. Indeed, the
discretized problem leads to locking solution. To solve this problem, Hermann proposed a partic-
ular form of the principle of Hellinger-Reisner |2|. He reformulated this principle by decoupling
the volume and deviatoric contributions of stress and strain. If we assume that the deviatoric
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Chapter 1. Introduction

part is calculated from the displacement and the hydrostatic pressure is an independent variable,
we find the mixed formulation in u and p.
The problem of linear elasticity is given by the system:

—dive =1, in €,

o=C:eg, in Q,

u=_0, on I'p,
o-n=t, on [y,
o-n=0, on I..

Let p be the hydrostatic pressure defined in two dimensions by:

Now we decompose the stress tensor o in two parts: the spherical part and the deviatoric part
o given by:
o’(u) = o(u) + pI = 2ue(u),
where .
div(u)

eiu) = e(w) - =

I

For a linear isotropic materials we have:
o = A(divu)I + 2pe(u),

where A and p are the two Lamé coefficients which are assumed to be positive.

E
Let £ be a bulk modulus given by: K = ————— Then
3(1—2v)

tr(o) = tr(A(divu)I + 2pe(u)) = A(divu) tr(I) + 2u tr(e(u))
= B\ + 2p)(divu) = 3k(div u).
Therefore

(1.7) p=—kdivu.

When the material is incompressible (v = 0.5), the bulk modulus tends to infinity. This means
that the displacement field must be divergence free when the behavior tends to be incompressible
and

o(u) = od(u) +pl
Then the strong mixed formulation is written as follows
(1.8) —divje? —pI]=f in Q

1
(1.9) divu + P = 0 in Q.
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1.1. Incompressible and compressible elasticity problem

When k goes to infinity, the problem (1.8) and (1.9) becomes the incompressible problem

(1.10) —divf[e? —pI]=f in Q
(1.11) divu=0 in

Let V={veH(Q) withu=00onTp} and Q = L*(2).

Multiplying the first equation (resp. the second equation) of the strong formulation by a test
function v € V (resp. ¢ € Q). On applying Green’s formula for elasticity, we find the weak
mixed formulation

Find (u,p) € (V, Q) such that:
Jool(u):e(v)dQ — [, pdivvdQ = [, f-de+fFN t-vdl, VveV,
Jo qdivudQ =0, Vg € Q.

Subsequently, the weak mixed formulation of the isotropic incompressible linear elastic problem

1s written as:

Find (u,p) € (V, Q) such that:
(1.12) a(u,v) —b(v,p) = L(v), Vv eV,
b(u7 q) =0, Vg € Q,
with:
a(u,v) = [o%(u) : e(v)de,
b(v,p) = [, pdivvdQ,
L(v)=[qf -vdQ+ fFN t-vdl.

Proposition 1 ([1]). Leta: V@V — R and b:V ®Q — R be two continuous bilinear
forms that satisfy:

e The bilinear form a(-,-) is coercive on ker B,i.e.,

Ja >0 ;oa(v,v)>alv ||%Q Vv € ker B.

o There exists a constant B > 0 such that the following inf-sup condition holds:

. b(v,q)
inf sup =
9€Q vev [ a ool v 10

Then there exists a unique solution (u,p) of the weak formulation (1.12).

Remark: The coercivity condition follows from the Korn’s inequality. To show the inf sup
condition it suffices to show that Im B is closed.
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Chapter 1. Introduction

1.1.3.1 Discrete problem

Discretization of the elasticity problem follows the usual steps. We approximate (u,p) by
(up,pn) € Vi, ® Qp. The subspaces Vj, and @y, are finite dimensional that will be defined later.
The discretized problem is then:

Find (up, pr) € (Vi, Qp) such that
(1.13) a(up,vp) = b(Vh, pr) = L(va), vy, € Vi,
b(up, qn) =0, Yan, € Q.

Proposition 2 (Existence and uniqueness of the discrete problem [1]|). Under the following
conditions:
e The bilinear form a(-,-) is coercive on ker By, i.e.;

da >0 ;a(vp,vp) > ol v H%Q Vvy, € ker By,.

o There exists a constant By, > 0 such that the following inf-sup condition holds:

b
inf sup (Vh: gn) > Bh
a€Qn vev, || an o1l va [l

There exists a unique solution (up,pr) of the discrete weak formulation (1.13).

Remark: The constant 8, appears in the error bound so that we can loose the convergence of
the discrete solution to the continuous solution. To avoid this problem we must show that:

b
inf sup (Vh,aqn)

Z /60 > 07
9€Qn vev, || an lloo |l va ll1e

with By independent of h. This condition it is the Ladyzhenskaya-Brezzi-Babuska condition
(LBB) sometimes called ins-sup condition [1].

1.1.3.2 Stability of the mixed formulation

Proposition 3 ([1]). Under the assumptions of existence and uniqueness of solutions (u,p)
and (up,pn) of continuous and discrete problems (1.12) and (1.13) and if the LBB condition is
satisfied then:

u—u + — <c| inf u—v + inf — .
lu=un e+ p=pnloa<e| inf u=vilia+ il |p=a oo

1
The constant ¢ appearing in the preceding proposition depends, among other things, on —
@

1
and — hence the importance that the latter constant does not depend on h. Therefore, despite

0
the inf-sup condition is satisfied, we do not have always converge towards the exact solution. The
preceding proposition is valid only if the LBB condition is verified. However, the verification of

6
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1.2. Contact condition

this condition for a couple (V3,@},) is very difficult to prove in practical situations. Therefore,
the numerical evaluation of the inf-sup has been widely studied (see Chapelle and Bathe [3]).
The numerical evaluation gives an indication of the verification of the LBB condition for a given
finite element discretization. The numerical inf-sup test is based on the following proposition.

Proposition 4 ([3]). Let [B], [M]y, and [M],, be the matrices associated with the bilinear form
b(-,-), the H'-inner product in Vj, and the L2-inner product in Qj and Let iy, the smallest
nonzero eigenvalue of the eigenvalue problem :

[BI" [M],4 [BIV = i [M]y, V.
Then the value of By in the LBB condition is simply fimin -

The numerical test proposed in [3| is to check the stability of the mixed formulation by
calculating (;, with increasingly refined meshes. Indeed, if log(5,) continuously decreases as h
tends to 0, Chapelle and Bathe [3] predicted that the finite element violates the LBB condition.
Otherwise, if ), stabilizes when the number of elements increases, then the numerical inf-sup
test is verified.

1.2 Contact condition

I N

Figure 1.2: Cracked domain

The contact phenomenon was introduced by Léonard de Vinci in the fifteenth century. How-
ever, the mathematical study of the contact phenomenon is quite recent. In 1882, Hertz [4] solved
the contact problem of two elastic bodies with curved surfaces. In 1933 Signorini formulate the
general problem of the equilibrium of a linearly elastic body in contact with a rigid frictionless
foundation. The unilateral contact condition was formulated by Signorini in 1959 [5]. The first
rigorous analysis of a class of Signorini problems was done in the work of Fichira [6] where the
Signorini problem was solved by using variational inequality. In this work, we are mainly inter-
ested in the elastostatic unilateral contact problem in cracked domain: frictionless or frictional
unilateral contact.
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Chapter 1. Introduction

1.2.1 Frictionless unilateral contact condition in cracked domain

The frictionless unilateral contact condition is expressed by the following complementarity rela-
tion:

(1.14) [un] <0, op(u) <0, oy(u)fu,] =0, o(u)=0,

where [u,] is the jump of the normal displacement across the crack I'c (see Fig 1.2).

The inequality [u,] < 0 shows that there is no penetration between the crack lips. The rest of
this condition shows that if there is no contact (i.e., [u,] < 0), then there is no reaction between
the crack lips of the crack, i.e. o,(u) = 0; if there is contact (i.e., [u,] = 0), then there is a
normal compression force (o,(u) < 0) between the crack lips. The absence of the tangential
forces of friction is expressed by o.(u) = 0.

1.2.2 Frictional unilateral contact condition in cracked domain

The simplest friction law is the Tresca friction. It allows to write the unilateral contact problem
as a constrained optimization problem. It reads as follows:

|ot(u)] <s, ae. onlg,
(1.15) if [w] =0, then |o/(u)l <s,

if [u;] #0 then o (u) = —s‘%%l,

where s € L?(I'¢), s > 0 denotes the given slip threshold supposed independent of the normal
stress. This condition expresses two physical situation: slip when [u;] # 0 and stick when
[[llt]] =0.

Often, especially in engineering literature, the slip threshold s is chosen as:

s = Floy(u)|
where F is the coefficient of friction. This choice leads to the classical version of Coulomb’s law:

01(w)] < —Fou(w), ae. onTe,
(1.16) if [w] =0, then |oi(u)|<—Fop(u),

1.3 X-FEM: General aspects

1.3.1 Example introducing the concept of enrichment

To introduce the concept of discontinuous enrichment, we present an academic example |7]. Let
Q be the cracked domain. This domain is meshed by the classical finite-element method as
indicated in Fig. 1.3.

A classical finite-element approximation associated with the duplicated mesh nodes is:

10
uy,(x) = ZuiNi(x)
i=1

8
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1.3. X-FEM: General aspects

1 D) 3
1 7
Ay
9 4 x 5
L 8
3 4
§ 7 ;]

Figure 1.3: Finite element mesh near a crack tip, the circled numbers are element numbers

1 2 3
1 )
=
11 4 3 B
3 4
6 7 g

Figure 1.4: Regular mesh without a crack

with u; is the displacement at node ¢ and N; is the scalar shape function associated with this

node.
Set a = w, and b = y then : ug = a+ b and ujp = a— b and we can express uy
in terms of a and b by:
8
(1.17) up(x) = Y wiNi(x) + a (No(x) + Nig(x)) + b (No(x) + Nig(x)) H
i=1

where H is the jump function defined by:

T 1 if y>0
H —
G =14 vz
In the enriched finite-element method the nodes 9 and 10 shown in Fig. 1.3 are replaced by

the single node 11 as shown in Fig. 1.4. By setting N1 = (Ng + Njg), the finite element
approximation (1.17) has the following form:

8
w,(x) = > wiNi(x) +aNi(x) + b Niy(x)H (x),
=1

Cette thése est accessible a I'adresse : http://theses.insa-lyon.fr/publication/2013ISAL0007/these.pdf
© [S. Amdouni], [2013], INSA de Lyon, tous droits réservés



Chapter 1. Introduction

where the two terms on the left represent the classical finite-element approximation, and the
third term represents the enrichment at the discontinuity. Hence, the notion of enrichment of
the classical discretization space is introduced to enable the decoupling between the mesh and
the domain discontinuities. We note that the X-FEM mesh (see Fig. 1.4) is performed without
the geometrical discontinuity of the crack.

1.3.2 Classical X-FEM enrichment

Figure 1.5: Cracked domain with FEM mesh

In the presence of a crack, there are two types of discontinuities: a strong discontinuity that
results from a geometrical discontinuity of the studied domain and is reflected by a discontinuity
in the displacement field; and a weak discontinuity at the crack tip which is manifested by the
presence of a singularity in the stress field at the crack tip (see Fig. 1.5).

To represent these two types of discontinuities, the space of classical finite element discretization
is enriched by two types of enhancements:

e Heaviside enrichment.
o Westergaard enrichment.

This enrichment procedure was introduced for the first time in 1999 by Mdes et al. |7, 8].

1.3.2.1 Heaviside enrichment

To represent the jump of displacement across the crack I'c, Moés et al. used the Heaviside-like

function:
1 if (x—x*)n>0
H(x) =
(x) { —1 elsewhere

where x* denotes the crack tip position vector and n is the outward unit normal to the crack.
Indeed, all the nodes for which the support of their shape functions are completely cut by the
crack (nodes represented by a circle in Fig. 1.6) are enriched by the Heaviside-like function.

10
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1.3. X-FEM: General aspects

B Singular enrichment
® Discontinuous enrichment

Figure 1.6: X-FEM enrichment

1.3.2.2 Enrichment with singular functions

To represent the singularity at the crack tip, the approximation of the displacement field is
enriched with Westergaard functions based on asymptotic expansion of the displacement field of
linear fracture mechanics [9] . For an isotropic homogeneous material, these functions have the
following form [9]:

1 T .

Uy = o\ 2n [KI cos(g) ((5 - cos(@)) + K1 Sln(%)(5 + 24 cos 9)] )
1

W=7, 72; [KI sin(%) (6 — cos(0)) + Ky cos($) (6 — 2 + cos 9)] -

with:

K7 and Kjj are the stress intensity factors,

r and 0 are the polar coordinates with respect to the crack tip,
3 —4v for plane strain,

0= 3 —

v
14+v
These functions can be generated by the basis given by the four elementary functions:

for plane stress.

9 6 6 0
F= {\/?sinQ,\/Fcos 2,\/?sin281n9,\/1700525in9}.

We note that only the first function of this basis is discontinuous across the crack. The other
functions of the basis are added to improve accuracy.

For this type of enrichment, the set of nodes whose support of the shape function is partially
cut by the crack (nodes represented by a square in the Fig. 1.6), are enriched by the Westergard
functions.

1.3.2.3 Space discretization

The strategy for enrichment in classical X-FEM has two main steps:

11
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Chapter 1. Introduction

e The nodes for which the support of their shape function is completely cut by the crack are
enriched by the Heaviside-like function.

e The nodes for which the support of their shape function contains the crack tip are enriched
with the singular functions of Westergaard.

Thereafter, the space discretization of X-FEM is the direct sum of a classical finite element
method V}, and the enrichment space associated to X-FEM such as:

Vi, = {Wh; wp(x) = Z u;p;(x) with u; € RQ} ,

el

4
Bp={en;en(x) =Y aiHX)pi(x)+ > Y b Folr,0)Ni(x) with a;, b € R? },

i€ly i€lp a=1

where Iy and Ip are the sets of node indices enriched by the function H and the functions
F,, respectively. N;(x) and ¢;(x)) are the scalar shape functions associated with the classical
finite-element method of order 1 and order k, respectively.

Consequently, the X-FEM enriched space can be written as:

Vh=FE, ® V.

Hence the displacement field is written as follows:

4
w(x) =) wei(x) + Y a HX)pi(x) + > Y b Fu(r, 0)Ni(x).

el ZEIH iGIF a=1

1.3.3 Fixed enrichment area and convergence rate

The classical X-FEM, while reducing the error level, does not improve the convergence rate
compared to a classical finite element method (see [9] and [10]). This can be explained by the
fact that the topological enrichment only affects one layer of elements in the crack tip. So, when
h goes to 0, the size of the zone of influence of the enrichment also tends to 0. To remedy this
problem a geometrical enrichment is introduced. The idea is to enrich by the singular functions
all the degrees of freedom contained in a whole fixed area around the crack tip (see Fig. 1.7).
This variant of X-FEM reduces the errors with respect to the classical X-FEM and improves the
convergence rate. In fact, one gains an optimal convergence (of order h for the H'-norm with a P
finite element). However the conditioning of the associated linear system becomes higher when
the number of degrees of freedom increases (see [11]). The X-FEM with fixed enrichment area
is an expensive strategy since a large number of degrees of freedom is enriched by the singular
functions.

12
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Figure 1.7: Geometrical enrichment

The crack tip triangle Non-enriched
(non enriched by H) V.‘ o triangles

enriched by H enriched by H
@ Heaviside enrichment

Figure 1.8: Enrichment strategy

1.3.4 X-FEM with a cut-off function

This enrichment was first introduced in 2006 by Chahine et al. (see [12]|). This method gives
optimal convergence results without increasing significantly the computational cost and without
degrading the condition number of the linear system. This is done by using a cut-off function to
localize the singular enrichment area. This means that with this function we enrich the entire
area of crack tip, see Fig. 1.8.

1.3.4.1 X-FEM cut-off enriched space

As for the classical X-FEM, the X-FEM cut-off enriched space can be written as:
Vi =Ep © V.

with

4
By =S enien(x) = > aiH(x)pi(x) + Y ca Falr,0)x(r) with a;,cq €R”H,
a=1

i€l
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Chapter 1. Introduction

Figure 1.9: Cut-off function example

and y is a cut-off function (see Fig. 1.9). The cut-off function is identical to a polynomial of
order 5 between ro and Ry such that:

x(r)=1 ifr<ry
(1.18) { x(r)=0 ifr>n

Then, the displacement field takes the following form:

4

uy(x) = Z w;pi(x) + Z a; H(x)pi(x) + Z Co Fo(r,0)x(r).

el i€lyg a=1

1.3.4.2 Convergence of X-FEM cut-off

Chahine et al. [12] have proved analytically that for shape functions of order 1, the rate of
convergence is of order h. They also proved this result numerically for shape functions of order
1 and 2. In addition, this enrichment strategy keeps the optimal convergence without increasing
the computational cost and without degraded the conditioning of the associated linear system.

1.4 Outline of the thesis

We consider saddle-point systems of equations resulting from the approximate numerical solution
of PDEs (incompressible elastostatic problem, unilateral contact problem and elliptic bound-
ary value problem) with Lagrange multiplier in the framework of the eXtended Finite Element
Method X-FEM. Independently of the physical problem to be solved, the approximation spaces
of the primal variable and the Lagrange multiplier can not be chosen independently from each
other. Indeed, compatibility conditions (the onerous Inf-sup (or LBB) condition) must be satis-
fied to have convenient approximation. This condition ensures that discrete solutions converge
to the exact solution as the mesh size h goes to zero. The purpose of this thesis is to find a way to
prove or to overcome the onerous Inf-sup condition for such problem coming from the resolution

14
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1.4. Outline of the thesis

of constrained optimization problem with Lagrange multiplier. Except the first chapter, each
chapter of this thesis corresponds to a published or submitted paper.

This thesis is organized as follows. In Chapter 2, we present a mathematical and numerical
analysis of convergence and stability of the mixed formulation for incompressible elasticity in
cracked domains. The goal is to extend the analysis of the X-FEM cut-off, done in the case of
compressible elasticity, to the incompressible one. A mathematical proof of the inf-sup condition
of the discrete mixed formulation with X-FEM is established for some enriched fields. We also
give a mathematical result of quasi-optimal error estimate. Finally, we validate these results
with numerical tests. In Chapter 3, we present a priori error estimates on the approximation
of contact conditions in the framework of the eXtended Finite-Element Method (X-FEM) for
two dimensional elastic bodies. This method allows to perform finite-element computations on
cracked domains by using meshes of the uncracked domain. We consider a stabilized Lagrange
multiplier method whose particularity is that no discrete inf-sup condition is needed in the con-
vergence analysis. The contact condition is prescribed on the crack with a discrete multiplier
which is the trace on the crack of a finite-element method on the uncracked domain, avoiding the
definition of a specific mesh of the crack. Additionally, we present numerical experiments which
confirm the efficiency of the proposed method. In chapter 4 a new consistent method based on
local projections for the stabilization of a Dirichlet condition is presented in the framework of
finite-element method with a fictitious domain approach. The presentation is made on the Pois-
son problem but the theoretical and numerical results can be extended straightforwardly to any
elliptic boundary value problem. A numerical comparison is performed with the Barbosa-Hughes
stabilization technique. The advantage of the new stabilization technique is to affect only the
equation on multipliers and thus to be equation independent. In chapter 5, we propose a local
projection stabilized Lagrange multiplier method to approximate the two-dimensional linear elas-
tostatics unilateral contact problem with Tresca friction in the framework of the eXtended Finite
Element Method (X-FEM). This last method allows to perform finite-element computations on
cracked domains by using meshes of the uncracked domain. We study the existence, uniqueness
and a priori error estimate of several hybrid discrete formulations.

15
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CHAPTER 2
Numerical convergence and stability of
mixed formulation with X-FEM cut-off

This chapter has been published in The European Journal of Computational Mechanics [13].
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2.1 Introduction

The presence of a crack in a structure reveals two types of discontinuities: a strong discontinuity
that requires an adapted mesh to the shape of the crack, hence the domain is meshed at each time
step; and a weak discontinuity that requires refinement at the crack tip. These two operations
lead to a huge computational cost. In order to overcome these difficulties we use the eXtended
Finite Element Method (X-FEM). This method allows to model cracks, material inclusions and
holes on nonconforming meshes. It was introduced by Moés et al. [7]. It consists in enriching the
basis of the classical finite element method by a step function along the crack line and by some
non-smooth functions representing the asymptotic displacement around the crack tip. To obtain
an optimal accuracy, Chahine et al. introduced a new enrichment strategy [12]: the so called
X-FEM cut-off. This enrichment strategy uses a cut-off function to locate the crack tip surface.
In their work, Chahine et al. have shown that the X-FEM cut-off has an optimal convergence
rate of order h and that the conditioning of the stiffness matrix does not deteriorate. In this
work, we extend the numerical results given by Chahine et al. [12] to an incompressible isotropic
linear plane elasticity problem in fracture mechanics. In particular, this formulation must satisfy
the so-called inf-sup or “Ladyzhenskaya-Brezzi-Babuska condition” (LBB) condition.
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Chapter 2. Mixed formulation with X-FEM cut-off

2.2 Model problem and discretization

F N

Figure 2.1: Cracked domain

Let 2 be a two-dimensional cracked domain, I'. denotes the crack and I' the boundary of €.
We assume that I"\ T'. is partitioned into two parts: I'y where a Neumann surface force t is
applied and I'p where a Dirichlet condition u = 0 is prescribed (see Fig. 2.2). We assume that
we have a traction-free condition on I'.. Let f be the body force applied on §2. The equilibrium
equation, constitutive law and boundary conditions are given by

(2.1) —div o(u) =f, in Q,
(2.2) o(u) = Atre(u) I +2ue(u), in Q,
(2.3) u=0, on I'p,
(2.4) o(u) -n=t, on Iy,
(2.5) o(u) -n=0, on T..

1
with e(u) = i(Vu + Vu?) and n is the outside normal to the domain Q.

Let V = {v € H'(Q) withu=0on FD}, Q = L2(Q) , 0 the deviatoric part of o and p the
hydrostatic pressure. By a classical way we find the weak mixed formulation [1]

Find (u,p) € (V, Q) such that:

(2.6) a(u,v) —b(v,p) = L(v), Vv ev,
b(u,q) =0, Vg € Q,
with a(u,v) = [, 0? (v)dQ, b(v,p) = [ pdivvdQ, L(v)= [, f- de—l—fF t-vdl.

Discretization of the elast1c1ty problem follows the usual steps. Let 7, an affine mesh of the non
cracked domain Q. We approximate (u, p) by (up,pn) € Vi, X Qp. The subspaces V}, and Qy, are
finite dimensional spaces that will be defined later. The discretized problem is then:

18
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2.3. X-FEM cut off approximation spaces

Find (uh7ph) € (Vh> Qh) such that
(2.7) a(up,vp) — b(va,pn) = L(vy), Vv, € Vi,
b(up, qn) =0, Van € Q.

The existence of a stable finite element approximate solution (uy, py) depends on choosing a pair
of spaces V, and @y, such that the following LBB condition holds:

inf sup b(vh: Gn) > Bo,

a€Qnh v, eV, H ah HO,Q H Vh HLQ

where By > 0 is independent of h [1]. The satisfaction of this condition for a couple (Vj,,Q},) is
very difficult to prove in practical situations. Therefore, the numerical evaluation of the inf-sup
has been widely used [3]. It gives an indication of the verification of the LBB condition for a
given finite element discretization.

2.3 X-FEM cut off approximation spaces

The idea of X-FEM is to use a classical finite element space enriched by some additional functions.
These functions result from the product of global enrichment functions and some classical finite
element functions. we consider the variant of X-FEM which uses a cut-off function to define
the singular enrichment surface. The classical enrichment strategy for this problem is to use the
asymptotic expansion of the displacement and pressure fields at the crack tip area. Indeed, the
displacement is enriched by the Westergaard functions:

v = {F;"(.I),l <j< 4} = {\/?sing,\/;cosg,ﬁsingsine,ﬁcosgsiDG},

where (r,0) are polar coordinates around the crack’s tip. These functions allow to generate

the asymptotic non-smooth function at the crack’s tip [11]. For the pressure, the asymptotic

. .. . _ 2K; [} 2K1r i O
expansion at the crack tip is given by p(r,0) = 3vorr COS 3 + oy S g where K; and Kj; are

the stress intensity factors. This expression is used to obtain the basis of enrichment of the
pressure in the area of the crack’s tip [14]:

FP— {Ff(:c),l < 32} - {\};cosg;\};sing}.

The displacement and pressure are also enriched with a Heaviside-like function at the nodes for
which the support of the corresponding shape functions is totally cut by the crack. Using this
enrichment strategy, the discretization spaces Vj, and @, take the following forms:

4
Vi=Svih=> axthur+ Y BHtur+ > %Fix: By € R ¢,

el iely j=1

2
Qn=Spn=_ pPivpi+t > WHepi+ Y EFIx; pi,tf,&eRy,

iel iely j=1
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Chapter 2. Mixed formulation with X-FEM cut-off

(2

(),

Figure 2.2: Domain decomposition

with I the set of node indices of 7, Iy the set of node indices of 75, for which the supports
of the shape functions are totally cut by the crack, ¢, ; (resp. ¢p;) being the scalar shape
functions for displacement (resp. for pressure), 1, ; being the vector shape functions defined

Pu,i - k+1
) f —
(0 ) it ="

by ¥,k = , H(-) is the Heaviside-like function used to represent

(0 > ifti— X
Pu,i 2

: o . +1  if (x—x*)-nt >0,
the discontinuity across the straight crack and defined by H(x) =

-1 otherwise,

and x being a %€!-piecewise function which is polynomial of degree 3 in the annular region

ro < r < rq, and satisfies x(r) = 1if r < ro and x(r) = 0 if » > r1. In our case we take
2r3 — 3(ro + 11)r% + 611707 + (ro — 37173

x(r) = 3

(ro —r1)

if 1o <r <ry with ro = 0.01 and 1 = 0.49.

2.4 Proof of inf-sup condition and error analysis

In this section we prove that the LBB condition holds for the Py /Py element without the singular
enrichment of the pressure. In order to simplify the presentation we assume that the crack cuts
the mesh far enough from the vertices. We use a general technique introduced by Brezzi and
Fortin [1].

2.4.1 Construction of a H;-stable interpolation operator

The proof of the LBB condition requires the definition of an interpolation operator adapted to
the proposed method. Since the displacement field is discontinuous across the crack on €2, we

divide  into € and 3 according to the crack (I';) and a straight extension (I'.) of it (Fig. 2.2).
Let u® be the restriction of u to Q, k € {1,2}. As u € H(Q) then there exists an extension
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2.4. Proof of inf-sup condition and error analysis

@* in H'(Q) of u” to Q such that:
(2.8) 18" 10 Ok [l u* [l1qy,
where C}, is independent of u [15].

Definition 1. Given a displacement field u € HY(Q)) and two extensions ' and 0 of u' and
u? in HY(Q), respectively, we define ITiu as the element of Vi, such that:

(2.9) IIu= Z Qjp; + Z 1805 H1 + ;05 Ha].
jel\Iy j€ly
with
1 Zf XGQl,
Hi(x)= Hy(x) =1—- Hi(x),
1) {0 oo, MO)=1-MG)
a 1/~kd'f e, B 1/~1d
i = u'dr ifx; ks i = u dx,
A | Ja, | A ] 4,

1 -
v = A /A ude, Sj = U{S € 75, 1 supp(p;) NS # 0},

where A; is the mazimal ball centered at x; such that A; C S and {Xj}}-le are the interior nodes
of mesh Ty,

This definition is inspired by the work of Chen and Nochetto [16].

Lemma 1. The interpolation operator defined by [2.9] satisfies Vu € H}(€2)

(2.10) | IIu |10

)

(2.11) | u—Ihul.q

)

Cllulle,
Ch™ |ulle, r=1{0,1}.

NN

Proof: In the proof we take i € {1,2}, k = 3 — i and § the union of all elements surrounding
the elment s of 7,.

In order to prove this Lemma, we calculate the above estimates locally on every different
type of triangles: non-enriched triangles, triangles cut by the straight extension of the crack,
triangles partially enriched by the discontinuous functions, triangles containing the crack tip and
triangles totally enriched by the discontinuous functions. Before, let us establish the following
intermediary result:

Lemma 2. Let § be a cracked square of size h centered at the crack tip (see Fig. 2.3) and
f € HY(S) with f(z) =0, Vo € T.(\6 (where T, is the extension of the crack T.). Then, there
exists ¢ > 0, independent of h such that:

(2.12) | fllos<ch|Vflos-

Proof: Dividing the square into two parts 67 (above the crack) and §~ (below the crack).
Let ft = f o T} defined on the reference rectangle §+ (assumed of size 1) obtained by an affine
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Chapter 2. Mixed formulation with X-FEM cut-off

5—

Figure 2.3: Centered domain on the crack tip

transformation T of the rectangle 6. Then, by construction, flr(:n) =0Vx € {xl > 0} X {332 =
0} which implies the following Poincaré inequality:

(2.13) | ¥ o< e I VF* Tl
Using inequality [2.13] and the fact that the mesh is affine we obtain:
1S Nlos+ < el det(Tr) V21 f+ g g < e | det(Tx) [V2 [ VIl g
< | det(Jie) [TV Tic fla | det(ie) V2 fligr< e | f g

where | - |; s+ the H' semi-norm on 6*. Thus

(2.14) | fllost<ch |[flis+,

Similarly we prove the same result for 6~ which finish the proof of Lemma 2.
Non-enriched triangles:

Let s be a non-enriched triangle in ;. In this case we have II;u = II;@’ on ;. Because 0
is continuous over €} this operator is equivalent to the classical operator of Chen and Nochetto
[16]. Then we have

(2.15) | T |y s=[| Tha' [|1e< e |l o’ [l
and
(2.16) | u—Thu [y = v’ = L@ [, s=] @' = " [, < b |0 1,

Triangles cut by the straight extension of the crack or containing the crack tip:
Let s be a triangle cut by the straight extension of the crack or containing the crack tip (see

Fig. 2.4(c)). Then ITju = ajp1 + aps + asps on s, with: a; = WIAI al dz |, ap =

1 ., 1 .,
mfAQu dz and oz = mngu dzx.
We remark that:

IIiu= a1 + agps + aszps + (o) — &)1 = 1_[1‘32 + (a1 — &),

22
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2.4. Proof of inf-sup condition and error analysis

(a) A triangle partially enriched by (b) A triangle totally enriched by
the discontinuous functions the discontinuous functions

(c) A triangle containing the crack
tip

Figure 2.4: The different types of enriched triangles. The enrichment with the Heaviside-like

function are marked with a bullet.

~ 1 - . . . .
with aq = m fAl @2 dz. By the triangle inequality, we may write

|| Hlu

lo—Thu lrs < [u=T082 [l + | 01 = éa | [l @1 s

1s <R |1 + | oq — 6 | || ¢

1,sy

a8 [l + [ 0% = T8 [|rs + | @1 — a1 | | @1 s,

where
| @1 ||rs < R because ¢ is the piecewise P; basis function,
| THa? s <k || 62 ||1s because @1 is continuous over 2 ,
lu—0%flos <chlu—a,

A h
lan—an | < YA e g g <o V@ @) o
| Ay | VI AT
Therefore
(2.17) | My s < o182 s+ )| @' — 3 s )
(218)  Ju—Thu e <eh (u—a i+ |8 s+ & = ),

Triangles partially enriched by the discontinuous functions:
Let s be a triangle partially enriched by the discontinuous functions (see Fig. 2.4(a)). In this
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Chapter 2. Mixed formulation with X-FEM cut-off

case we have [lju =II10; + (a2 — &2)p2 on sNQ and IIju = Il10s + (a1 — &)1 on sN Qe
1
with oy = ——— w?dz and o = —— al dz.
|A1‘fA1 ]AQ‘fAZ

In the same manner we prove that

(2.19) | T [1ene, <c (s + | 2" =@ [15),
(2.20) | u—Thu [y sne, < ch™™" ([0 s+ | 0" =@ s ).

7

Triangles totally enriched by the discontinuous functions
Let s be the triangle totally enriched by the discontinuous functions (see Fig. 2.4(b)). In this
case we have: Ilju = II;@* on s N ;. Then we have

(2.21) | Ty |1 sne, <|| T’ ||,

(2.22) la = [rsng, <[ 8" =18 1< e AT a7 s

Inequalities [2.15], [2.17], [2.19], [2.21] imply the first inequality of Lemma 1. Inequalities [2.16],
[2.18], [2.20], [2.22], imply the second and third inequalities of Lemma 1.
2.4.2 Construction of a local interpolation operator

In this subsection we prove the discrete inf-sup condition for the P,/Py element with the addi-
tional assumption, that the crack cuts the mesh far enough from the nodes.

Definition 2. Let u € HY(Q). We define llau as the element of Vj, such that
3 3
(2.23) Mu= Y > oipi+ Y Y (BieiHi +vpiH2),
S ——— hery i—1

where Trr s the set of triangle totally cut by the crack, @; is the classical finite element shape
function of order 2 associated to node i being the center of the edge e; of the element K and with

€; u - feiﬁQ1 u . feiﬂQQ u

) B - ’ Vi = '
fei i ’ feiﬂﬁl wi ' femﬂz Pi

aQ; =

Lemma 3. Suppose that the crack cuts the mesh far enough from the nodes then the interpolation
operator defined by [2.23] satisfies Vu € Vj,

/ div(u — IlIou) =0 Vs € Tp,
s\I¢

| Tou [l sne, < e (B[ @ flos + [0 [15) Vs €.
Therefore, the discrete inf-sup condition for the Py/Py element holds.

Proof: The first equation is obvious. Now let s be a triangle totaly cut by the crack. Then
by using triangle inequality, the hypothesis “crack far enough from nodes” and Cauchy-Schwarz
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inequality we have:

3 | %5 |1 7
o . J11,8NnQ;
| IIu |, —- < ¢ | IIou | A,SCZ|/A“| T— & |
1,5NQ; 1,5NQ; o Jana ’fe]/ﬂﬁ %5 |
3 3 . ~
<o [ taized [ iz 1# s
= e;N8Y; j=1 &

and by a scaling argument we have:

(2.24) | 2w [ sne, < ¢ (™1 {17 flos + | 0 [1,6)-

Now for non-enriched triangle we use the same argument to prove:

(2.25) | Tu 1< e (b7 | u|

0,s + ‘ u |1,s)7

which finishes the proof of Lemma 3.

2.4.3 FError analysis

We suppose in this section that the non-cracked domain  has a regular boundary, and that f,
t are smooth enough, for the solution (u,p) of the mixed elasticity problem to be written as a
sum of a singular part (ug,ps) and a regular part (u — ug, p — ps) in Q satisfying u — u, € H?
and p — p, € H.

Proposition 5. Under the assumption of existence and uniqueness of solutions (u,p) and
(up,pn) of the continuous [2.6] and discrete [2.7] mized elasticity problems, and if the LBB
condition is satisfied, then:

lu—w e+ p=pnlloe<ch [[lu=xus 2o+ p—xps e ],
where x is the cut-off function.

Proof. By using the equivalent Céa lemma (see [1]) we have Vv, € V" and ¢, € Q"

(2.26) la—w o+ [Ip=pnlloo<e[lu=valie+1p=anlloa]-
Now let ITpu be the classical interpolation operator introduced by [17] then we have:

(2.27) [u—TIpulo<ch [[u—xus |20 -

Let IIyp = IIip + 222:1 ciFip x = IIp + x ps, where II is the interpolation operator defined in
Section 2.4.1. Then:

(2.28) | p—IIpp

00=[ pr = Ihip, [loo< ch | pr 10

Finally, the result of Proposition 5 can be obtained by choosing vy = IIpu and ¢, = Ip in
[2.26] and by using equations [2.27] and [2.28].
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(a) Cracked specimen (b) Position of the crack.

Figure 2.5: Cracked specimen and position of the crack

2.5 Numerical study

The numerical tests are made on a non-cracked domain defined by Q =] — 0.5,0.5[x] — 0.5, 0.5,
and the considered crack is the line segment I'. =] — 0.5;0[x{0} (see Fig. 2.5(a)). To remove
rigid body motions, we eliminate three degrees of freedom (see Fig. 2.5(a)). In this numerical
test, we impose only a boundary condition of Neumann type (see Fig. 2.5(a)), in order to avoid
possibility of singular stress for mixed Dirichlet-Neumann condition at transition points. The
finite element method is defined on a structured triangulation of €. The von Mises stress for this
test is presented in Fig. 2.6(b). As expected the von Mises stress is concentrated at the crack
tip. The notation P; (resp. P;") means that we use an extended finite-element method of order
i (resp. with an additional cubic buble function) and P; disc means that we use a discontinuous
extended finite-element method. The reference solution is obtained with a structured P»/P1
method and h = 1/160.

2.5.1 Numerical inf-sup test

In this section we numerically study the inf-sup condition and its dependence on the position of
the crack. First, the inf-sup condition is evaluated using gradually refined structured triangula-
tion meshes. The evolution of the numerical inf-sup value is plotted in Fig. 2.6(a) with respect
to the element size. From this figure we can conclude that the numerical inf-sup value is stable

1
— ns
B
5
o
e 4
—— P2+/P1 disc
—=— P2+/P1 3
———t— P2/P1 -
—>— P2/P0 5
4
5 a o5 1

0.01 0.1 .
h -0

LBB

(a) Evaluation of the inf-sup condition (b) von Mises stress

Figure 2.6: Evolution of the inf-sup condition for mixed problem and von Mises stress (§ = 0)
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0 0.1 0.2 0.3 0.4 0.5 0.6 0 0.1 0.2 0.3 0.4 05 0.6
delta/h delta/h
(a) h=1/10 (b) h=1/100

Figure 2.7: Evolution of the inf-sup condition as a function of the position of the crack

for all studied formulations. Let § be the crack position as shown in Fig. 2.5(b). To test the
influence of the position of the crack on the inf-sup condition, we check the LBB condition by
decreasing 6. The tests are made, on a P;"/P; formulation, with h = 1/100 (see Fig. 2.7(a)) and
h =1/10 (see Fig. 2.7(b)). The results presented in Figs. 2.7(a) and 2.7(b) show that the inf-sup
condition remains bounded regardless of the position of the crack. Hence, one can conclude that
the formulation is stable independently of the position of the crack.

2.5.2 Convergence rate and the computational cost

0.01+ 0.1+
0.001 4 o
5 5
5 & 0.014
. =
0.0001 4
——+—— XFEM fixed Zone (slope 2) ¥ |——e—— XFEM fixed Zone (slope 1.03)
=== XFEM cut off (slope 1.8) ——a—— XFEM cut off (slope 0.99)
1E-05 0.001 .
0.01 01 0.01 0.1
h h
(a) L2-displacement error (b) H'-displacement error
1
0.14
C
e
i
o~
-
0.01 -
—— XFEM fixed Zone (slope 1.2)
e X FEM cut off (slope 1.31)
0.001 J
0.01 0.1

h

(c) L*-pressure error
Figure 2.8: Errors for the mixed problem with enriched P;"/P; elements.

Figures 2.8(a), 2.8(b) and 2.8(c) show a comparison between the convergence rates of the X-FEM
fixed area and X-FEM cut off for the L2-norm and H'-norm (P17 /P, element are used). These
errors were obtained by running the test problem for some values of the parameter ng, where ng
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Chapter 2. Mixed formulation with X-FEM cut-off

Number of cells in each Number of degrees of freedom
direction X-FEM fixed enrichment area | X-FEM Cut Off
40 13456 11516
60 30046 25666
80 53376 45416

Table 2.1: Number of degrees of freedom for enriched P»/P1 element

——t—— XFEM cutoff (slope -2.7)
{ =
1000000000000 —=— XFEM fixed zone (slope -6.9)
2 10000000000 1
z
o
2
5 100000000 1
o
@)
1000000 1
10000 ]
0.01 0.1

Figure 2.9: Conditioning number of the stiffness matrix for enriched P,/P1 element

1
is the number of subdivision (number of cells) in each direction h = —. Figure 2.8(b) confirms
n

that the convergence rate for the energy norm is of order h for both variants of the X-FEM:
with fixed area and cut-off. Figure 2.8(a) shows that the convergence rates for the L?-norm in
displacement is of order h? for both variants. Figure 2.8(c) shows that the convergence rates
for the L?-norm in pressure is h for both variants. Compared to the X-FEM method with a
fixed enrichment area, the convergence rate for X-FEM cut-off is very close but the error values
are a bit larger. In order to test the computational cost of X-FEM cut-off, Table (2.1) shows a
comparison between the number of degrees of freedom for different refinements of the classical
method X-FEM with fixed enrichment area and the cut-off method. This latter enrichment
leads to a significant decrease in the number of degrees of freedom. The condition number of the
linear system associated to the cut-off enrichment is much better than the one associated with
the X-FEM with a fixed enrichment area (see Fig. 2.9). We can conclude that, similarly to the
X-FEM with fixed enrichment area, the X-FEM cut-off leads to an optimal convergence rate and
also reduces the approximation errors but without significant additional costs.

The numerical tests of the higher order X-FEM method (P; /Py disc, Py /P1, P»/P; and
P,/Py) do not give an optimal order of convergence (see Figs. 2.10(a), 2.10(b), 2.10(c) and
2.10(d)). This means that the enrichment function does not capture the behavior of the solution
at the crack’s tip. This result was expected as the asymptotic displacement at the crack tip
belongs to H3/ 2=1(Q)) for all n > 0. Then, for the X-FEM cut-off, the convergence rate remains
limited to h3/2 with high order polynomials. To have an optimal convergence rate, one must
make an asymptotic expansion of order 2 to find the correct expression of the enrichment basis
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Figure 2.10: Convergence rate for the high-order elements (logarithmic scales)

for the displacement and pressure.

2.6 Conclusion

From this study we can conclude that the X-FEM cut-off mixed formulation is stable, regardless
of the position of the crack. Similarly to the X-FEM with fixed enrichment area, the X-FEM
cut-off gives an optimal convergence rate but without significant additional costs. For shape
functions of higher order, the convergence rate is limited to h32. This result was expected as
the main singularity belongs to H%/2-7(Q) for all > 0.
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CHAPTER 3

A stabilized Lagrange multiplier
method for the enriched finite-element
approximation of contact problems of
cracked elastic bodies

This chapter has been published in ESAIM:Mathematical Modelling and Numerical Analysis
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3.1 Introduction

With the aim of gaining flexibility in the finite-element method, Moés, Dolbow and Belytschko
[7] introduced in 1999 the XFEM (eXtended Finite-Element Method) which allows to perform
finite-element computations on cracked domains by using meshes of the non-cracked domain.
The main feature of this method is the ability to take into account the discontinuity across the
crack and the asymptotic displacement at the crack tip by addition of special functions into the
finite-element space. These special functions include both non-smooth functions representing the
singularities at the reentrant corners (as in the singular enrichment method introduced in [19])
and also step functions (of Heaviside type) along the crack.

In the original method, the asymptotic displacement is incorporated into the finite-element
space multiplied by the shape function of a background Lagrange finite-element method. In
this paper, we deal with a variant, introduced in [12], where the asymptotic displacement is
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Chapter 3. A stabilized L.M.M. for E.F.E of contact problems of C.E.B

multiplied by a cut-off function. After numerous numerical works developed in various contexts
of mechanics, the first a priori error estimate results for XFEM (in linear elasticity) were recently
obtained in [12] and [17]: in the convergence analysis, a difficulty consists in evaluating the local
error in the elements cut by the crack by using appropriate extension operators and specific
estimates. In the latter references, the authors obtained an optimal error estimate of order h (h
being the discretization parameter) for an affine finite-element method under H? regularity of
the regular part of the solution (keeping in mind that the solution is expected to be at most in
H2% for all e > 0).

Let us remark that some convergence analysis results have been performed on a posteriori
error estimation for XFEM. A simple derivative recovery technique and its associated a poste-
riori error estimator have been proposed in [20, 21, 22, 23]. These recovery based a posteriori
error estimations outperform the super-convergent patch recovery technique (SPR) introduced
by Zienkiewicz and Zhu. In [24], an error estimator of residual type for the elasticity system in
two space dimensions is proposed.

Concerning a priori error estimates for the contact problem of linearly elastic bodies
approximated by a standard affine finite-element method, a rate of convergence of order h3/4
can be obtained for most methods (see [25, 26, 27] for instance). An optimal order of h (resp.
hy/|log(h) | and hy/|log(h) |) has been obtained in [28] (resp. [25] and [29]) for the direct
approximation of the variational inequality and with the additional assumption that the number
of transition between contact and non contact is finite on the contact boundary. However, for
stabilized Lagrange multiplier methods and with the only assumption that the solution is in
H?(Q), the best a priori error estimates proven is of order h%* (see [30]). This limitation may
be only due to technical reasons since it has never been found on the numerical experiments. It
affects the a priori error estimates we present in this paper.

Only a few works have been devoted to contact and XFEM, and they mainly use two methods
to formulate contact problems: penalty method and Lagrange multiplier method. In penalty
method, the penetration between two contacting boundaries is introduced and the normal contact
force is related to the penetration by a penalty parameter [31]. Khoei et al. [32, 33| give the
formulation with the penalization for plasticity problems. Contrary to penalization techniques,
in the method of Lagrangian multipliers, the stability is improved without compromising the
consistency of the method. Dolbow et al. [34] propose a formulation of the problem of a crack
with frictional contact in 2D with an augmented Lagrangian method. Géniaut et al. [35, 36|
choose an XFEM approach with frictional contact in the three dimensional case. They use a
hybrid and continuous formulation close to the augmented Lagrangian method introduced by
Ben Dhia [37]. Pierres et al. in [38| introduced a method with a three-fields description of the
contact problem, the interface being seen as an autonomous entity with its own discretization.

In all the works cited above, a uniform discrete inf-sup condition is theoretically required
between the finite-element space for the displacement and the one for the multiplier in order
to obtain a good approximation of the solution. However, a uniform inf-sup condition seems
to be very difficult to establish on the crack since it does not coincide with element edges and
since it is even impossible to establish with some pairs of finite element spaces when the crack
coincides with element edges. Consequently, we consider a stabilization method which avoids
the need of such an inf-sup condition. This method, which provides stability of the multiplier
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by adding supplementary terms in the weak formulation, has been originally introduced and
analyzed by Barbosa and Hughes in [39, 40]. The great advantage is that the finite-element
spaces on the primal and dual variables can be chosen independently. Note that, in [41], the
connection was made between this method and the former one of Nitsche [41]. The studies in
[39, 40| were generalized to a variational inequality framework in [42] (Signorini-type problems
among others). This method has also been extended to interface problems on non-matching
meshes in [43, 44] and more recently for bilateral (linear) contact problems in [45] and for
contact problems in elastostatics [30].

None of the previous works treats the error estimates for contact problems approximated by

the XFEM method. The rapid uptake of the XFEM method by industry requires adequate error
estimation tools to be available to the analysts. Our purpose in this paper is to extend the work
done in [30] to the enriched finite-element approximation of contact problems of cracked elastic
bodies.
The paper is organized as follows. In Section 2, we introduce the formulation of the contact
problem on a crack of an elastic structure. In Section 3, we present the elasticity problem
approximated by both the enrichment strategy introduced in [12] and the stabilized Lagrange
multiplier method of Barbosa-Hughes. A subsection is devoted to a priori error estimates fol-
lowing three different discrete contact conditions (the study is restricted to piecewise affine and
constant finite element methods) . Finally, in Section 4, we present some numerical experiments
on a very simple situation. We compare the stabilized and the non-stabilized cases for different
finite-element approximations. Optimal rates of convergence are observed for the stabilized case.
The influence of the stabilization parameter is also investigated.

3.2 Formulation of the continuous problem

We introduce some useful notations and several functional spaces. In what follows, bold letters
like u, v, indicate vector-valued quantities, while the capital ones (e.g., V,K,...) represent
functional sets involving vector fields. As usual, we denote by (L?(.))¢ and by (H*(.))%,
s > 0,d = 1,2 the Lebesgue and Sobolev spaces in d-dimensional space (see [15]). The usual
norm of (H*(D))? is denoted by || - ||s,p and we keep the same notation when d = 1 or d = 2.
For shortness, the (L?(D))%norm will be denoted by || - ||p when d =1 or d = 2. In the sequel
the symbol | - | will denote either the Euclidean norm in R?, or the length of a line segment, or
the area of a planar domain.

We consider a cracked elastic body occupying a domain Q in R?. The boundary 99 of Q,
which is assumed to be polygonal for simplicity, is composed of three non-overlapping parts I'p,
'y and I'c with meas(I'p) > 0 and meas(I'c) > 0. A Dirichlet and a Neumann conditions
are prescribed on I'p and I'y, respectively. The boundary part I'c represents also the crack
location which, for the sake of simplicity, is assumed to be a straight line segment. In order to
deal with the contact between the two sides of the crack as a contact between two elastic bodies,
we denote by I'cy and I'c_ each of the two sides of the crack (see Fig. 3.1). Of course, in the
initial configuration, both I'cy and I'c_ coincide. Let n = n™ = —n~ denote the normal unit
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Chapter 3. A stabilized L.M.M. for E.F.E of contact problems of C.E.B

outward vector on I'cy.

Figure 3.1: A cracked domain.

We assume that the body is subjected to volume forces f = (f1, f2) € (L?(£2))? and to surface
loads g = (g1,92) € (L?(T'y))?. Then, under planar small strain assumptions, the problem of
homogeneous isotropic linear elasticity consists in finding the displacement field u : Q — R?

satisfying

(3.1) dive(u)+f = 0 in ,
(3.2) o(u) = A, tre(u)l+2u, e(u), in Q,
(3.3) u =0 on I'p,
(3.4) oclun = g on I'y,

where o = (0y5), 1 <i,j < 2, stands for the stress tensor field, e(v) = (Vv+Vv' )/2 represents
the linearized strain tensor field, A\, > 0, p, > 0 are the Lamé coefficients, and I denotes the
identity tensor. For a displacement field v and a density of surface forces o(v)n defined on 92,
we adopt the following notations:

vi=uint +oft, v =v,n +v;t and o(v)n=o0,(v)n+o(v)t,
where t is a unit tangent vector on I'¢, vt (resp. v7) is the trace of displacement on I'c on the
I‘JCC side (resp. on the I'; side). The conditions describing the frictionless unilateral contact on
I'c are:
(3.5) [un] = uf +u, <0, on(u) <0, on(u) - Ju,] =0, ot(u) =0,

where [u,] is the jump of the normal displacement across the crack T'¢c.

We present now some classical weak formulation of Problem (3.1)—(3.5). We introduce the
following Hilbert spaces:

V:{ve(Hl(Q))Q: V:()onI‘D}, WZ{vn’FCZVGV}a
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and their topological dual spaces V', W’  endowed with their usual norms. We also introduce
the following convex cone of multipliers on I'c:

M_:{,LLGW,Z <M,¢>W,WZO forall v € W,9 <0 a.e. onFC},

where the notation (-, )y, stands for the duality pairing between W’ and W. Finally, for u
and v in V and p in W’ we define the following forms

a(u,v) = /Qo'(u) e(v) dQ, b(p,v) = {p, [[U"H>W',W

L(v) = /f-de+/ g-vdl.
Q I'n

The mixed formulation of the unilateral contact problem (3.1)—(3.5) consists then in finding
u e Vand A € M~ such that

a(u,v) —b(\,v) = L(v), Vvev,
(3.6)
b — A,u) >0, VYpueM™.

An equivalent formulation of (3.6) consists in finding (u, \) € V x M~ satisfying
L) < LN < LMY, WEV, Ve M,

where Z(-,-) is the classical Lagrangian of the system defined as

L(v,pu) = %a(v,v) — L(v) —b(u,v).

Another classical weak formulation of problem (3.1)—(3.5) is given by the following variational
inequality: find u € K such that

(3.7) a(u,v—u) > L(v —u), Vv e K,

where K denotes the closed convex cone of admissible displacement fields satisfying the non-
interpenetration condition

K={veV: [v,]<00nT¢c}.

The existence and uniqueness of (u, \) solution to (3.6) has been established in [46]. Moreover,
the first argument u solution to (3.6) is also the unique solution of problem (3.7) and one has
A =op(u)isin W'

3.3 Discretization with the stabilized Lagrange multiplier
method

3.3.1 The discrete problem

We will denote by V* € V a family of enriched finite-dimensional vector spaces indexed by h
coming from a family 7" of triangulations of the uncracked domain Q (here h = maxpcyn hr
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Chapter 3. A stabilized L.M.M. for E.F.E of contact problems of C.E.B

where hp is the diameter of the triangle 7'). The family of triangulations is assumed to be
regular, i.e., there exists § > 0 such that VI' € T", hy/pr < 8 where pr denotes the radius of
the inscribed circle in T' (see [47]). We consider the variant, called the cut-off XFEM, introduced
in [12] in which the whole area around the crack tip is enriched by using a cut-off function
denoted by x(-). In this variant, the enriched finite-element space V" is defined as

4
Vh’ = {Vh € (%(Q)y : Vh = Z a;p; + Z biH(,Oi +XZCij7 ai,bi,cj € RQ} Cc V.
iENY, iENH j=1

Here (%(9))? is the space of continuous vector fields over Q, H(-) is the Heaviside-like function
used to represent the discontinuity across the straight crack and defined by

H(X)_{—H if (x —x*)-nt >0,

-1 otherwise,

where x* denotes the position of the crack tip. The notation ¢; represents the scalar-valued shape
functions associated with the classical degree one finite-element method at the node of index i,
N}, denotes the set of all node indices, and N }{{ denotes the set of nodes indices enriched by the
function H(-), i.e., nodes indices for which the support of the corresponding shape function is
completely cut by the crack (see Fig. 3.2). The cut-off function is a €' piecewise third order
polynomial on [rg,r;] such that:

x(r)=1 if r < ro,
x(r)e(0,1) ifrg<r<ry,
x(r)=0 if r>ry.
The functions {Fj(x)}1<j<4 are defined in polar coordinates located at the crack tip by
, .0 0 .0 6 .
(3.8) {Fj(x), 1<j <4} =<{+/rsin 2 /7 cos 5,\/7781n§sm9,\/776085s1n9 .

These functions allows to generate the asymptotic non-smooth displacement at the crack tip (see
[48] and Lemma A.1).

An important point of the approximation is whether the contact pressure o, is regular or
not at the crack tip. If it were singular, it should be taken into account by the discretization of
the multiplier. Nevertheless, it seems that this is not the case in homogeneous isotropic linear
elasticity. This results has not been proved yet, and seems to be a difficult issue. However, if we
consider the formulation (3.6) and if we assume that there is a finite number of transition points
between contact and non contact zones near the crack tip, then we are able to prove (see Lemma
A.1in Appendix A) that the contact stress o, is in H/?(T¢).

Now, concerning the discretization of the multiplier, let xq,...,xy be given distinct points
lying in T'¢ (note that we can choose these nodes to coincide with the intersection between 77
and I'c). These nodes form a one-dimensional family of meshes of I'c denoted by TH. We set
H = maxo<ij<n—1 |Xit1 — X;|. The mesh TH allows us to define a finite-dimensional space W#
approximating W’ and a nonempty closed convex set MH~ c WH approximating M ~:

M- = {,uH e wH . ,uH satisfy a “nonpositivity condition" on FC}.
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3.3. Discretization with the stabilized Lagrange multiplier method

The crack tip triangle Non-enriched
(non enriched by H) Y,‘ oA triangles
H

Triangles totally A" Y riangles partially
enriched by H enriched by H
@ Heaviside enrichment

Figure 3.2: A cracked domain.

Following [30], we consider two possible elementary choices of WH:

WOH = {NH S LQ(Fc) : MH‘(xi,xi+1) € Po(Xi,Xi_;,_l),VO <t <N - 1},

wi = {MH SANIE ,uH|( € Pr(xi,%xi41),V0<i < N — 1},

Xi,Xi41)

where Py (E) denotes the space of polynomials of degree less or equal to k on E. This allows to
provide the following three elementary definitions of M ~:

(3.9) M- = {MHEWOH:MHSOon I},

(3.10) M= = {,uHEWlH:quOon I'c},

(3.11) Mf*_:{uHeW{{:/ unHdFZO,Vz/;HeMlH_}.
NG}

Now we divide the domain €2 into 1 and 2y according to the crack and a straight extension of
the crack (see Fig. 3.3) such that the value of H(-) is (—1)* on Q, k = 1,2. Now, let Rj, be an
operator from V" onto L?(I'¢) which approaches the normal component of the stress vector on
I'c defined for all T' € T" with T NT¢ # () as

T
O'n(V’f)a 1f|Tﬂ91|2‘2‘,
h _
Rh(V )|TQFC - ‘ T |
on(vh), i TN >,

h _ vh h _ h
where v =v o and vy = V" .
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Chapter 3. A stabilized L.M.M. for E.F.E of contact problems of C.E.B

This allow us to define the following stabilized discrete approximation of Problem (3.6): find
u" € V" and A\ € M#~ such that

a(u”,v") — b\, vh) + /’y()\H — Ry (uM) Ry, (v dl = L(vh), vvh e v
Fe
(3.12)

bt = Ay [t AT Ry () > 0, Yt € M-,
le

where 7 is defined to be constant on each element 1" as v = yphr where 79 > 0 is a given constant

independent of h and H. Problem (3.12) represents the optimality conditions for the Lagrangian

£, ) = Sa(v" ") = L) = b vh) = 5 [2( = Ra(v")Pa

We note that, without loss of generality, we can assume that I'c is a straight line segment
parallel to the z—axis. Let T € 7" and E = T NT¢. Then, for any v € V" and since o, (v?)

i
is a constant over each element, we have

T
||Rh(vh) 0E = ||O'n(V£L)H07E, with ¢ such that |T° N Q| > ‘2’,
= Hayy("?)HO,Ea
B/ h
W”%y(vi) 0,7NQ; >

_1
= hT2 ||‘7yy(v?)‘|0,Tme
1

¥ -2
_ <%> o0 o

Here and throughout the paper, we use the notation a < b to signify that there exists a constant
C > 0, independent of the mesh parameters (h, H), the solution and the position of the crack-tip,
such that a < Cb.

By summation over all the edges F C I'c we get

(3.13) Iv2 Ry (v")

2 hy( 2 hy2
0,l¢ S ”yoHUyy(V ) 0,9 < vllv 1,0
Hence, when g is small enough, it follows from Korn’s inequality and (3.13), that there exists

C > 0 such that for any v* € V%

a(vh V") — /F A (Ry(v")2dT > CV" 2 .
C

The existence of a unique solution to Problem (3.12) when 7y is small enough follows from the
fact that V" and M~ are two nonempty closed convex sets, L(-,-) is continuous on Vix WH,
L, (v").) (resp. L.(-, uf)) is concave (resp. strictly convex) for any v* € V" (resp. for any u! €
MH=) and myhevh yvh),, —oo L (v",0) = +oo (resp. lim,ncpm L0, uf) =
—0), see [46, pp. 338-339|.

ol gy =00
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3.3. Discretization with the stabilized Lagrange multiplier method

3.3.2 Convergence analysis
First, let us define for any v € V and any pu € L?(I'¢) the following norms:

vl = a(v,v)"/?,

1/2
vl = (V12 + 20l e.)

In order to study the convergence error, we recall the definition of the XFEM interpolation
operator IT" introduced in [17].

Figure 3.3: Decomposition of £ into Q1 and Q.

We assume that the displacement has the regularity (H?(£2))? except in the vicinity of the
crack-tip where the singular part of the displacement is a linear combination of the functions
{Fj(x)}1<j<a given by (3.8) (see [49] for a justification). Let us denote by u, the singular part
of u, u, = u — Yuy the regular part of u, and u” the restriction of u, to Q, k € {1,2}. Then,
for k € {1,2}, there exists an extension u* € (H?(Q))? of u” to Q such that (see [15])

1 lloq < llupll20,

8 llm < urll20.-

Definition 1 ([17]). Given a displacement field u satisfying u—us € H?(Q), and two extensions
ul and 02 in H*(Q) of ul and u2, respectively, we define II"u as the element of V" such that

Ma = Z a;p; + Z b;Hp; + xus,
€N, ieNH

where a;, b; are given as follows for y; the finite-element node associated to p;:

ifi € {/\/‘h\/\f,{{} then a; = u,(y;),
ifi e NP andy; € Qy, for k € {1,2} then forl =3 —k:

a: = 5 (whv) + ).

b= (uhy) - i)
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Chapter 3. A stabilized L.M.M. for E.F.E of contact problems of C.E.B

(a) A totally enriched triangle (b) A partially enriched triangle (c) The triangle containing the
crack tip

Figure 3.4: The different types of enriched triangles. The enrichment with the heaviside function
are marked with a bullet.

From this definition, we can distinguish three different kinds of triangle enriched with the
Heaviside-like function H. This is illustrated in Fig. 3.2 and in Fig. 3.4. A totally enriched
triangle is a triangle whose finite-element shape functions have their supports completely cut by
the crack. A partially enriched triangle is a triangle having one or two shape functions whose
supports are completely cut by the crack. Finally, the triangle containing the crack tip is a
special triangle which is in fact not enriched by the Heaviside-like function. In [17], the following
lemma is proved:

Lemma 3.3.1. The function II"u satisfies
(i) TT"u = I™a, + yu, over a triangle non-enriched by H,
(ii) T"u|rng, = I"aF + xus over a triangle T totally enriched by H,

where I" denotes the classical Lagrange interpolation operator for the associated finite-element
method.

It is also proved in [17] that this XFEM interpolation operator satisfies the following inter-
polation error estimate:

(3.14) lu — "] S Aflu — xus]l2,0,

For a triangle T' cut by the crack, we denote by ErfpuT the polynomial extension of Hhur|TnQi
on T (i.e. the polynomial I"u,|rng, extended to T'). We will need the following result which
gives an interpolation error estimate on the enriched triangles:

Lemma 3.3.2. Let T an element such that TNT'¢ # 0, then for i € {1,2} the following estimates
hold:

“ﬁfﬂ - E%“ur

or < h%(nﬁ:; ot | B W |2,B(x*,hT>>,

16— Biu e < hT(Hﬁi|rz,T+ | = 2 |a pee o )

where hr is the size of triangle T and B(x*, hr) is the ball centered at the crack tip x* and with
radius hp.
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3.3. Discretization with the stabilized Lagrange multiplier method

The proof of this lemma can be found in Appendix B. Let us now give an abstract error
estimate for the discrete contact problem (3.12).

Proposition 3.3.3. Assume that the solution (u,\) to Problem (3.6) is such that A € L*(I'¢).
Let o be small enough. Then, the solution (u”, M) to Problem (3.12) satisfies the following
estimate

vhevh

(o a—xm)|* < [inf <’H<u—vh,an(u)—Rh(vh)>H‘2+\\7_1/2([[%]]—[[UZH)H(QJ,FC>

+ inf [ (u— M) [u,]dT
HEM™ Jro

R (R R TR Rh<uh>>>dr] .

Proof. (This proof is a straightforward adaptation of the proof in [30]) We have
172N = M) If r = /der —~ 2/7)\>\Hd1“ + /fy(AH)QdF.
’ o o o
From (3.6) and (3.12) we obtain

/fwdr < /’y)\,udl“ + /(u — M) [ug]dl’ — /’y(,u — Nop(u)dl, ¥ e M™,

e I'c I'c e}

Jropar < [axtutar [ - ARALE — [2( - X Ry, ¥ i €

o T'c I'c Te
which gives

V2= A )lere < /Fz(u — AT + /Fz(uH — M)ATdL + /F(CN = A)un]dl
= 2t Now(dr + [ (= NORIr ~ [5(u - XRy ()
To I'c o]
— = NOddr [ = 0[]+ A~ Ri(a®)))dr
Tc e
- /F YO = ) (0 (w) — Ry (u"))dT
(3.15) +/(>\H — N ([un] = [ul]dl, VYpe M~ ,Vuft € M.
o]

According to (3.12) for any v € V* we have

||u—uh||2 = a(u—uh,u—uh)
= a(u—u",u—v") +a(u—u v —u
= a(u—u"u—-v") + /()\ ~ M) ([0 = [uh])ar
NG}
(3.16) +/FV(AH — Rp(u")) Ry (v — uP)dT.
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Chapter 3. A stabilized L.M.M. for E.F.E of contact problems of C.E.B

From the addition of (3.15) and (3.16), we deduce
[(a=wrr= a7 < ata=uhu= v [0 AT )l + [ (s = AT undr
T'c e
[ = 1k + A - Ry
(3.17) +/ny()\ — M (on(n) — Ry (vh))dl + /ny(/\ — Rp(u")) Ry (v — uM)dr,

for all v/ € V* e M~ and pff € MH~. The last term in the previous inequality is estimated
by using (3.13) and recalling that A = o,,(u) as follows

/ny()\ — Rp(u") Ry (v — u)dr

< 7"2(0n(w) = Ru(@*)lororg IR (Ru(v" = u)o,
S IV ="l (I 0n(@) = BaM) lore + 5 11 2(Bn(" = 0 lorc )
S (lv" = w2 + 7" 2(on(w) = Rav™) B, )

(3.18) 5 (vollw— |+ q0llu — V¥ + [y 20 (w) — Ru(v) )

By combining (3.17) and (3.18), and using Young’s inequality we come to the conclusion that if
~o is sufficiently small then

[l a-wtr=x)|

S | nt, (= v+ 1920n(w = Ba") B + Iy 2 ([u] - DI o )
+ inf (= MD[ua D+ in / (1 = N ([ul] + v — Rh<uh>>>dr] ,
HEM™ Jrg pHeMH- I'e
and hence the result follows. O

In order to estimate the first infimum of the latter proposition, we first recall the following
Lemma of scaled trace inequality: the following scaled trace inequality (see [50]) for 7' € T" and
E=TnNT¢:

Lemma 3.3.4 ([50]). For any T € T" and T the reference element let 7. the affine and invertible
mapping in R? such that T = 7,.(T ) Suppose that we have:

o I'c is a lipschitz continuous crack,
o V7l S by and ||V Yoo S iyt

then the following scaled trace inequality holds:

(3.19) lello.renr S (Bl + i *IVellor ), ¥ € BY(T).
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3.3. Discretization with the stabilized Lagrange multiplier method

These two hypotheses of Lemma 3.3.4 are satisfied for regular families of meshes provided
that I'¢ is Lipschitz-continuous.
We can deduce the following estimate :

72 (Tl = [T"0) -0Dlloe < Iy~ (La] — [IT"u])llo.e,
<y P =Ty Do + [y (w2 — Tuyg llo.s,
< Iy MRy - g Dllos + Iy V2@E — Ty, )o.e,
S by Phg IS - Biulor + by Phy? |V - VERw o,

+hy Php! I — Biwllog + hy' P hyl* | VR = VERu, o,
and by using Lemma 3.3.2 (see Appendix B) we have:
Iy 2 ([ua] = ("0 0Dl S br([arler + 187 o+ | & = G 2, 50m5) )-
By summation over all the edges we obtain
(3.20) Iy 2 ([ua] = [(1"0) - n]) oo S hllu— xug]20.

It remains then to estimate ||y'/2(o, (1) — Rp,(I1"u))|lor.. Still for T € 7" and E = T N T,
assuming, without loss of generality, that I'c is parallel to the z—axis and by using the trace
inequality (3.19) we have

. . T
|lon(u) — Rh(Hhu)HOE = |lon(u,) — an(Hhur\Tin) with ¢ such that [T°NQ;| > ’2|,

= |lon (@ — "u,|7r0,)]0,5,

_1 B .
< ( oy (& — Bhu,) o + | Voy (& Eépunuw),

1 .
_ ( H0y (@ — B0 + hl| Vo (@ ;>||0,T),

_1

< ( i Tun)

Then, by summation over all the edges and using again Lemma 3.3.2 the following estimate holds

(3.21) IV (on () = Ry (")) fore S hllu = xus)20.

Putting together the previous bounds (3.14), (3.20) and (3.21) we deduce that

n, ([ (o= vontw = Rt [ 12 - 12D )

vhevh
(3.22) < R lu— xus|3 0.
Finally, we have to estimate the error terms in Proposition 3.3.3 coming from the contact ap-
proximation:
(3.2) inf, [ = V(] 2O~ Ry
pHeMi- Jp,
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Chapter 3. A stabilized L.M.M. for E.F.E of contact problems of C.E.B

and
(3.24) inf [ (u— M) [un]dr.
HEM™ Jreo

In order to estimate these terms, we need to distinguish the different contact conditions (i.e.,
we must specify the definition of M ). We consider hereafter three different standard discrete
contact conditions.

3.3.2.1 First contact condition: M7~ = Méq*

We first consider the case of nonpositive discontinuous piecewise constant multipliers where M~
is defined by (3.9). The error estimate is given next.

Theorem 3.3.5. Let (u,)\) be the solution to Problem (3.6). Assume that u, € (H%(Q))2.
Let o be small enough and let (W, \) be the solution to the discrete problem (3.12) where
MHE- = Méq—. Then, for any n > 0 we have

[ (w =t x = N ||| < (rlla—xus 2+ B 22 A o e+ HE 2 a5 0N 2 1))

Proof. Choosing p = 0 in (3.24) yields

inf [ (u— M) [u,]dl < —/)\H[[un]]dl“ <0.
HEM— I'c I'c

In (3.23) we choose u = wlfA where 7l denotes the L?(I'c)-projection onto Wi, We recall
that the operator 7! is defined for any v € L*(T¢) by

v e W, / (v —mlvypdl =0, YueWl,
I'ec
and satisfies the following error estimates for any 0 < r <1 (see [25])
(3.25) H™2 |l = mgoll 1200 + lo = w5 vllore S H [0]lrre

Clearly, i\ € M~ and

it [ (= (0] 9O = R < [ (affa - 0 fudlar
o]

}LHEMJI_ I'e

(3.26) +/ (X = NN — Ry (u"))dr.
NG}
The first integral term in (3.26) is estimated using (3.25) as follows

/ (diA - N[ut]dr = / (w2 = N)([u] — [un])dT + / (el — \)[un]dT
I'c Te

Te

/F (w8 — N)([u] — [un])dT + / (A = N)([un] — & [un])dT

Te
< lmg' A= Mziyzre I ul] = [ualllizre + 17672 = Mlo,re Il [un] = 73 [un]llo,re
< H|Mujorelu—u| + 2N o 1 tn]ll1—n,re
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3.3. Discretization with the stabilized Lagrange multiplier method

Therefore, for any a > 0 we have

/ (mdf A — N)[ul]dr
Te
(327)  Safu—-u"?+ a T H2(IAF o, + 04—1H3/2_UH)\H%/2,FC + OCHS/Q_nHqu/%n,Q-

For the second integral term in (3.26), by using the estimates (3.25), (3.13), (3.21), we have
/ (X = NN — Ry (uh))dl = / (N = NN — X)dr
I'e |Ne]
+/ (7N = N)(on(u) — Ry, (T1"u))dl’
NG}

T / (X — \) (R (ITu) — Ry, (u"))dr
o]

AN

7o "Vl A = Allora IV 2T = Mllore

0" 1w A = Mo |y (0n(w) = Ru(I"w))floxe
70 W2t A = Mo I/ R (1T = u") o
73/2h1/2H1/2H)\||1/2,FC||71/2()‘H = Mlore

70 2R 2HY 2N 1o p o bl = x|l
—I—’}/ohl/QHl/QH)\Hl/Q,FC [u® — )|

N

Since ||u® — M| < lu — u”|| + Alju — xu,

2,0, for any a > 0 sufficiently small, we deduce

[ A= O = Ry
|Ne]
(328) S allu— "2+ ol 20T = N|Br, + ah?lu - xulq + o BHINZ 5

Then, by using the inequalities (3.22), (3.26), (3.27), (3.28) and Proposition 3.3.3 the proof of
the theorem follows. n
Remark: Note that if we take h = H the rate of convergence proved in Theorem 3.3.5 is h3/4~7/2

3.3.2.2 Second contact condition: M~ = M~

Now, we focus on the case of nonpositive continuous piecewise affine multipliers where M7~ is
given by (3.10).

Theorem 3.3.6. Let (u,)\) be the solution to Problem (3.6). Assume that u, € (H%*(Q))2.
Let o be small enough and let (0", \) be the solution to the discrete problem (3.12) where
MHE- = MIH*. Then, we have for any n > 0

[ (w=wt A= XY || pllu = xwsllza + 72+ B re + B 7R ully 0.
Proof. We choose = 0 in (3.24) which implies

inf [ (u— M) [u,]dl < —/)\H[[un]]df <0.
BEM™ Jro T'c
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Chapter 3. A stabilized L.M.M. for E.F.E of contact problems of C.E.B

In the infimum (3.23) we choose u* = 0. So

inf / (1 — N)([u] + 4\ — Ry (u)))dr
NG}

pHeMI=

< - / AWE] + 5 = Ry (u)))ar
- / H([ul] + (N = Ry (u)))dT

= A O = ) = T 2O Rl )
< / (Th] + v = Ri(u)) = v ([ul] + v (A — Ry(u?)))dr

(3.29) = / A [ul] - [ul )T + / G (M — Ry(u))) — y(AH — Ry (u?)))dr,

T'e NG}

H

where 1 : L1(Tg) — WlH is a quasi-interpolation operator which preserves the nonpositivity

defined for any function v in L'(I'¢) by

rHy = Z ax (v)x,

xeNH

where N represents the set of nodes xg, ...,xy in I'c, ¥y is the scalar basis function of WIH
(defined on T'¢) at node x satisfying ¥x(x') = dx x for all X' € N and

o= ([ ) ([ )"

The approximation properties of r are proved in [51]. We simply recall hereafter the two
main results. The first result is concerned with L2-stability property of r!!

Lemma 3.3.7. For any v € L*(T¢) and any E € TH we have
H
[ olloe < lolloqes
where ¥g = Ut pern. prppo)

Proof. Let E € TH and 11, 9 the clasical scalar basic functions related to E. Using the
definition of ax(v) and the Cauchy-Schwarz inequality we get:

I vlloe < arllviflore + collvellore

41115 1
HVHOKYEW +
o]

v/l

23 r.
VE fr‘c w2 dr

IN

v ‘0
S

O

Note that the proof of this lemma is also given in [51] using the additional assumption that the

mesh TH is quasi-uniform. The second result is concerned with the L2-approximation properties
of rH
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3.3. Discretization with the stabilized Lagrange multiplier method

Lemma 3.3.8. For anyv € H'(I'c), 0<n <1, and any E € TH we have

(3.30) lo—rTollog < H"llyye,

where yg = U{FeEg: FnE;é@}F'

Consequently, the first integral term in (3.29) is estimated using (3.30) as follows

/F A un] = [up])dl - < A ([un] = [unl) = ([up] = [ual))dl + | A [un] — [un])dT,

Pe T'e
Moo HY 2w —u™[| + Moo H " [undlli—nre

<
S Iz HY = o+ Ay Y ] e
n
1—— _n
S H M psrelu =0+ H 2N yare H# [ [unllh-nre-

Therefore, for any a > 0 we write
[ A1) - fulpar
e
(3.31) S alu—u"P+aH Ml 0+ (HTT+ H) AR o p,-

Now, we consider the second integral term in (3.29):

/F AGH (M — Ry(u))) — 3 — Ry (u")))dT

< Allore I (v = By () = v = Ra(@"))lore

S IAllorelhO™ = Ru(a))lore

S % o |12 (W =) + on(w) = Ry('w) + Ry(a — )|
L C

S W22 (072 = Mllore +hllu = xuglz.0 + 9/ = ")

As a consequence, for any a > 0 we have

/F G (v (M = Ry(u))) — (A — Ry (u?)))dT

(332) S a(lu—u"P+ VPO = NF o) +ah?u—xus3q +a T BIA o -

~

The proof of the theorem then follows by using the inequalities (3.22), (3.29), (3.31), (3.32)
and Proposition 3.3.3. 0
Remark: Note that if we take h = H the rate of convergence proved in Theorem 3.3.6 is h'=3

3.3.2.3 Third contact condition: M7~ = Mﬁ{:

This choice corresponds to “weakly nonpositive" continuous piecewise affine multipliers where
MH= is given by (3.11).
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Chapter 3. A stabilized L.M.M. for E.F.E of contact problems of C.E.B

Theorem 3.3.9. Let (u,)\) be the solution to Problem (3.6). Assume that u, € (H%(Q))2.
Let o be small enough and let (0", \) be the solution to the discrete problem (3.12) where
MH- = Mf*_. Then, for any n > 0 we have

[ (w=ut x = M| < Bl = xsllz e + B2+ BN o+ B 2H 0

Proof. By setting = 0 in (3.24) we obtain

inf [ (u— M) [u,]dl < —/)\H[[un]]dl“,
HEM— I'c I'c

_ / M (TH [un] — [un])dT — / M TH [y, T
T'e Te
H/tH — M
< /F)\ (I Tun] — [un])dT,

C

- / (A — X) (I [un] — [un])dT + / AT [un] — [tn])dT,
r I'c

C
V2O = Mllore 2T [un] = [ual)llore
HIAlo,ro 117 [wn] = [unlllo,re
S HTRT s gl PO = Mllore + 1M 200 allze .0,

IN

where I is the Lagrange interpolation operator onto W{. The operator I is defined for any
v € (') and satisfies the following error estimates for any 1/2 < r < 2:

lo = I vllore < H[|v]lrro-

Therefore, for any o > 0 we have

inf [ (u— N [u,]dr
peEM™ Jrg

(3.33) S ah T HT 3, o + a7 (02O = VI re + RIAR 2re)

In the infimum (3.23) we choose uff = 7\ where 7{ denotes the L?(T'¢)-projection onto Wi,
The operator 71 is defined for any v € L?(I'¢) by

iy e WH, /(v—ﬂ'{{v),udI‘:O, Ve Wi,
NG}

and satisfies, for any 0 < r < 2, the following error estimates

(3.34) H™2|lo = wf'ol| 1200 + lo = 7 vllore < CH[v]lre-

Clearly 7\ € Mf**, so that

inf (" = N)([ul] + v\ = Ry (u)))dr
pHeMy Jre
(3.35) < / (wH A = A)[u]dr + / YN — NOF = Ry (u))dr.
I'c o]
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3.3. Discretization with the stabilized Lagrange multiplier method

The first integral term in (3.35) is estimated using (3.34) as follows

/ (e — N[ ]dT = / (H 2 — N)([u] — [un])dT + / (f A — A)[un]d,
I'c e

e

Te

/ (e = N)([u] — [un])dT + / (ef X — ) ([un] — 7 [un])d,
Te

< m A= Al z1zre Ilul] = [unlllizre + 11710 A = Mlore Tun] = 7 [unlllo.re
S H|AMjzrellu— u”|| + Hl/QH/\H1/2,FCH1777H‘1H3/2717,Q-

Therefore, for any a > 0, we have
[ = nuiar
e
(336) < a(fu— P H Ry ) o (4 H AR
For the second integral term in (3.35) by using the bounds given in (3.34), (3.13), (3.21) we get
/ y(THEX = NN — Ry (uh))dl = / (mHEXN = NN — N)dr
I'c el
+/ Y(THEX = N (on(u) — Ry (IT"a))dl’
INe]

[ A= ) By ()

N

202 B2 X = Allo.re I F = Nllo.re

0" 1w\ = Mo |y (0n(w) = Ru(I*w))flore
0 B2 A = Alore |7 B (1u = u") o,

Yo PRV 22| o 72 = Nlo.re

0 W22 Al o re bl = xusllz.o
+y0h2HY2 A1 re 0" = Tl|.

N

Since |[u® — TTMu|| < [Jju — u”|| + Chllu — xus||2,0, for any small a > 0 we get

/F (A — N — Ry (uh))dT

(337) < afu—u"? +ally 2T = NI r. + ah®llu - xusl3q + o RHIA o

~

Finally, the theorem is established by combining Proposition 3.3.3 and the inequalities (3.33),
(3.35), (3.36), (3.37) and (3.22). O
Remark: Note that if we take h = H the rate of convergence proved in Theorem 3.3.9 is h1/277
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Chapter 3. A stabilized L.M.M. for E.F.E of contact problems of C.E.B

3.4 Numerical experiments
The numerical tests are performed on a non-cracked square defined by
Q= [0,1] x [-0.5,0.5],
and the considered crack is the line segment I'c = ]0,0.5[ x {0} (see Fig. 3.5). Three degrees

\

Figure 3.5: Cracked specimen.

of freedom are blocked in order to eliminate the rigid body motions (Fig. 3.5). In order to have
both a contact zone and a non contact zone between the crack lips, we impose the following body
force vector field

Ba,y) = ( 3.52(1 — x())ycos(27rx) ) '

Neumann boundary conditions are prescribed as follows:

0
pu— = - . < < .
g(z,—0.5) = g(x,0.5) = < 8 > 0<z<1.

An example of a non structured mesh used is presented in Fig. 3.6. The numerical tests are
performed with GETFEM-++, the C++ finite-element library developed by our team (see [52]).

3.4.1 Numerical solving

The algebraic formulation of Problem (3.12) is given as follows

Find U € RN and L € " such that
(3.38) (K- K,)U—(B-C,)TL=F,
(L-L)T(B-C)U +DyL)>0, VLe M,

where U is the vector of degrees of freedom (d.o.f.) for u”, L is the vector of d.o.f. for the
multiplier A, M is the set of vectors L such that the corresponding multiplier lies in MH—
K is the classical stiffness matrix coming from the term a(u”,v"), F is the right-hand side
corresponding to the Neumann boundary condition and the volume forces, and B, K., C,, D, are
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3.4. Numerical experiments
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Figure 3.6: Non-structured mesh.

the matrices corresponding to the terms b(A?, v"), fl“o YRy (uP) Ry, (v dT, ch YA Ry (vh) T,

[ YA dr, respectively.
C
The inequality in (3.38) can be expressed as an equivalent projection

(3.39) L=P_, (L—r((B-Cy)U+D,L)),

where 7 is a positive augmentation parameter. This last step transforms the contact condition
into a nonlinear equation and we have to solve the following system:

Find U € RY and L € M7~ such that
(K—K)U—(B-Cy)'L—F=0,

(3.40) .
— [L ~P_, (L—7((B~C)U+D,L))| =0.

r M

This allows us to use the semi-smooth Newton method (introduced for contact and friction
problems in [53]) to solve Problem (3.40). The term ‘semi-smooth’ comes from the fact that
projections are only piecewise differentiable. Practically, it is one of the most robust algorithms
to solve contact problems with or without friction. In order to write a Newton step, one has to
compute the derivative of the projection (3.39). An analytical expression can only be obtained
when the projection itself is simple to express. This is the case for instance when the set M7~
is chosen to be the set of multipliers having non-positive values on each finite-element node of
the contact boundary (such as M({{_ or MIH_) In this case, the projection can be expressed
component-wise (see [54]).

In order to keep the independence between the mesh and the crack, the approximation space
WH for the multiplier is chosen to be the trace on I'c of a Lagrange finite-element method defined
on the same mesh as V" (in that sense H = h) and its degree will be specified in the following.
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Chapter 3. A stabilized L.M.M. for E.F.E of contact problems of C.E.B

Let us denote X" the space corresponding to the Lagrange finite-element method. The choice of
a basis of the trace space WH = X h[rc is not completely straightforward. Indeed, the traces on

I'c of the shape functions of X" may be linearly dependent. A way to overcome this difficulty is
to eliminate the redundant functions. Our approach in the presented numerical experiments is as
follows. In a first time, we eliminate locally dependent columns of the mass matrix fI‘c Pit;dl,
where 1; is the finite-element shape functions of X", with a block-wise Gram-Schmidt algorithm.
In a second time, we detect the potential remaining kernel of the mass matrix with a Lanczos
algorithm.

3.4.2 Numerical tests

In this section, we present numerical tests of the stabilized and non stabilized unilateral contact
problem for the following, differently enriched, finite-element methods: P»/Py, Py/ Py, Py + /Py,
P /Py, Pi/Py. The notation P;/P; (resp. P+ /P;) means that the displacement is approximated
with a P; extended finite-element method (resp. a P; extended finite-element method with an
additional cubic bubble function) and the multiplier with a continuous P; finite-element method
for j > 0 (resp. continuous P; finite-element method).

ey x10°
8
0.47
0.27 6
0.8
of =
4 0.5
-0.27
2
-0.47
' ' ' ' ' ’ 0
-0.2 0 02 04 068 08 1
(a) Von Mises stress for the reference solution (b) Normal contact stress for the reference solution

Figure 3.7: Von Mises stress and normal contact stress for the reference solution

The numerical tests are performed on non-structured meshes with A = 0.088, 0.057, 0.03, 0.016,
0.008 respectively. The reference solution is obtained with a structured P/P; method and
h = 0.0027. The Von Mises stress of the reference solution is presented in Fig. 3.7(a). Its
distribution shows that the Von Mises stress is not singular at the crack lips. The normal
contact stress of the reference solution is presented in Fig. 3.7(b). The normal contact stress is
not singular at the crack lips which confirms the theoretical result presented in Lemma A.1.
Without stabilization: The curves in the non stabilized case are given in Fig. 3.8(a) for
the error in the L?(2)-norm on the displacement, in Fig. 3.8(b) for the error in the H({)-
norm on the displacement and in Fig. 3.8(c) for the error in the L?(I'c)-norm on the contact
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3.4. Numerical experiments
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Figure 3.8: Convergence curves in the non stabilized case
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Chapter 3. A stabilized L.M.M. for E.F.E of contact problems of C.E.B

stress. The P;/P; method is not plotted because it does not work without stabilization. The
P,/ Py and P;/Py versions generally work without stabilization even though a uniform inf-sup
condition cannot be proven. Fig. 3.8(a) shows that the rate of convergence in the error L?(£2)-
norm is of order 2.4 for the P,/P; methods and of order 2 for the P;/P; methods. This rate of
convergence is close to optimality because the singularity due to the transition between contact
and non contact is expected to be in H5/2_77(Q) for any n > 0 (under the assumptions of lemma
A.1). Theoretically, this limits the convergence rate to 3/2 — n in the H'(Q)-norm. Fig. 3.8(b)
shows that the rate of convergence in energy norm is optimal for all pairs of elements considered.
Fig. 3.8(c) shows that, except the P;/Py method, the rate of convergence in the L?(I'¢)-norm
is optimal but there are very large oscillations. For the P; /Py method the rate of convergence
in the L?(T'¢)-norm is not optimal (of order 0.42). It seems that the presence of some spurious

modes affects this rate of convergence.
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Figure 3.9: Convergence curves in the stabilized case
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3.5. Conclusion
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Figure 3.10: Influence of the stabilization parameter in L?(I'¢)-norm of the contact stress

Stabilized method: The curves in the stabilized case are given in Fig. 3.9(a) for the error
in the L?(Q)-norm on the displacement, in Fig. 3.9(b) for the error in the H'(2)-norm on the
displacement and in Fig. 3.9(c) for the error in the L?(I'¢)-norm of the contact stress. Similarly
to the non stabilized method, Fig. 3.9(b) shows that we have an optimal rate of convergence,
with a slight difference, for the error in the H'(2)-norm on the displacement. Concerning the
error in the L?(Q)-norm the rate of convergence is affected by the stabilization for the quadratic
elements P,/P; and Py/Py. For the error in the L?(I'c)-norm of the contact stress, Fig. 3.9(c)
shows that the Barbosa-Hughes stabilization eliminates the spurious modes for the P;/P; and
Py /Py methods. For the remaining pairs of elements, the stabilization also allows to reduce the
oscillations in the convergence of the contact stress.

The stabilization parameter is chosen in such a way that it is as large as possible but keeps
the coercivity of the stiffness matrix. To check the coercivity, we calculate the smallest eigenvalue
of the stiffness matrix. For the L?(I'c)-norm on the contact stress, the value of the stabiliza-
tion parameter can be divided into two zones. A coercive area where the error decreases when
increasing the stabilization parameter vy and a non-coercive zone where the error evolves ran-
domly according to the stabilization parameter (see Fig. 3.10(a) and 3.10(b)). Fig. 3.11 shows
that the stabilization parameter has no influence on the error in L?(2) and H'(£2)-norms of the
displacement.

3.5 Conclusion

Concerning the three contact conditions we considered theoretically, the given a priori error
estimates are obviously sub-optimal. This limitation of the mathematical analysis is not specific
to the approximation of contact problems in the framework of XFEM. It is in fact particularly
true for the approximation of the contact condition with Lagrange multiplier. This is probably
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Chapter 3. A stabilized L.M.M. for E.F.E of contact problems of C.E.B
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Figure 3.11: Influence of the stabilization parameter for P; /Py method

due to technical reasons. The approximation with Lagrange multiplier is made necessary here
to apply the Barbosa-Hughes stabilization technique (see [30]).

In the numerical tests we considered, the stabilized methods have indeed an optimal rate
of convergence. More surprisingly, the unstabilized methods have also an optimal rate of con-
vergence concerning the displacement (except the P;/P; method whose linear system was not
invertible). This may lead to the conclusion that no locking phenomenon were present in the
numerical situation we studied despite the non-satisfaction of the discrete inf-sup condition. The
fact that such a locking situation may exist or not in the studied framework (contact problem
on crack lips for a linear elastic body) is an open question.
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CHAPTER 4

A local projection stabilization of
fictitious domain method for elliptic
boundary value problems

This chapter is submitted for publication |55]
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Introduction

The fictitious domain method is a technique allowing the use of regular structured meshes on
a simple shaped fictitious domain containing the real domain. Generally, this technique is used
for solving elliptic problems in domains with unknown or moving boundary without having to
build a body fitted mesh. There exist two main approaches of fictitious domain method. The
“thin” interface approach where the approached interface has the same dimension as the original
interface. This approach was initiated by V.K. Saul’ev in [56]. In this context, there exist different
techniques to take account of the boundary condition: the technique where the fictitious domain
mesh is modified locally to take account of the boundary condition (see for instance reference
[56, 57]); The technique of penalization which allows to conserve the Cartesian mesh of the
fictitious domain (see for instance reference [58, 59]) and the technique of Lagrange multiplier
introduced by R. Glowinski et al. |59, 60, 61, 62| where a second mesh is considered to conserve
the Cartesian mesh of the fictitious domain and to take account of the boundary condition.
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Chapter 4. A local projection stabilization of F.D.M for E.B.V.P

The second approach of fictitious domain method is the “Spread” interface approach where
the approximate interface is larger than the physical interface. The approximate interface has
one dimension more than the original one. It was introduced by Rukhovets [63]. For example,
the following methods can be found in this group: Immersed boundary method [64, 65] and Fat
boundary method [66, 67].

Recently, fictitious domain methods with a thin interface have been proposed in the context
of the extended finite element method (X-FEM) introduced by Moes, Dolbow and Belytscko
[7]. Different approaches are proposed in [68, 69, 70] to directly enforce an inf-sup condition on
a multiplier to prescribe a Dirichlet boundary condition. Another possibility is the use of the
stabilized Nitsche’s method [71] which is close to a penalization technique but preserving the
consisting and avoiding large penalty terms that would otherwise deteriorate the conditioning of
the matrix system [72]. We can cite also the method introduced in [73] which uses a stabilized
Lagrange multipliers method using piecewise constant multipliers and an additional stabilization
term employing the inter-element jumps of the multipliers. Finally, let us mention [74] where an
a priori error estimate for non-stabilized Dirichlet problem is given and an optimal method is
developed using a Barbosa-Hughes stabilization (see [39, 40]).

In this paper, we perform a study similar to [74] for a local projection stabilization applied
to the fictitious domain method inspired by the X-FEM. To our knowledge, this technique was
used for the first time by Dohrmann et al. [75]. Recently, this new technique was proposed
and analyzed by Burman [76] in the context of the Lagrange finite element method and by
Barrenechea et al. [77] in the context of a more classical fictitious domain approch (uncut
mesh). The principle of the used local projection stabilization is to penalize the difference of the
multiplier with its projection on some pre-defined patches. The advantage of this technique is
of at least threefold: the method is asymptotic consistent, there is no use of mesh other than
the (possibly Cartesian) one of the fictitious domain and the additional term concerns only the
multiplier and is not model dependent such as the Barbosa-Hughes stabilization technique.

The paper is organized as follows. In Section 1 we introduce the Poisson model problem
and in Section 2, the non-stabilized fictitious domain method. We present our new stabilization
technique in Section 3 together with the theoretical convergence analysis. Finally, Section 4 is
devoted to two and three-dimensional numerical experiments and the comparison with the use
of Barbosa-Hughes stabilization technique.

4.1 The model problem

For the sake of simplicity, the presentation and the theoretical analysis is made for a two-
dimensional regular domain €2, although the method extends naturally to higher dimensions.
Let Q C R? be a fictitious domain containing € in its interior (and generally assumed to have a
simple shape). We consider that the boundary I' of 2 is split into two parts I', and I' , (see Fig.
4.1). It is assumed that I, has a nonzero one-dimensional Lebesgue measure. Let us consider

o8
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4.1. The model problem

Figure 4.1: Fictitious Q and real Q domains.

the following elliptic problem in €:

Find u : Q — R such that:
—Au=f in €,
u=0 onl',,

(4.1)

Oht =g onT,,

where f € L?(Q2) and g € L?(T',,) are given data. Concidering a Lagrange multiplier multiplier
to prescribe the Dirichlet boundary condition, a classical weak formulation of this problem reads
as follows:

Find v € V and A € W such that
(4.2) a(u,v) + (A, v)wx =1lv) YveV,

where

V:H%m,X:{weﬁ@g:%euw:q%},tvzxx

a(u,v):/Vu.Vde, l(v):/fv dQ+/ gvdl,
Q Q r

N

and (u, v)w x denotes the duality pairing between W and X. Let 1 = {v eV:fp vdl = 0}.
D

Then, a direct consequence of Peetre-Tartar lemma (see |78]) is that a(.,.) is coercive on Vj i.e.
there exists a > 0 such that
(4.3) a(v,v) > alvl|} Yo € V.
From this, the existence and uniqueness of a solution to Problem (4.2) follows. Classically,
Problem (4.2) is also equivalent to the problem of finding the saddle point of the Lagrangian

1
(4.4) £(0,12) = H0(0,0) + (1, 0)wx —1(0),

defined on V' x X. The existence and uniqueness of a solution to Problem (4.2) is obtained by
standard techniques.
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Chapter 4. A local projection stabilization of F.D.M for E.B.V.P

4.2 The fictitious domain method

The fictitious domain approach requires the introduction of two finite-element spaces on the
fictitious domain Q. Namely V" ¢ H!(Q) and whc L2(2). Note that  may always be chosen
as a sufficiently large rectangle (a,b) x (c,d) such that Q C (a,b) x (¢, d) which allows V" and
W" to be defined on the same structured mesh 7" (see Fig. 4.2). In what follows, we shall
assume that

(4.5) Vh={oh e C(Q): o' € P(T) VT € T,

where P(T) is a finite-dimensional space of regular functions satisfying P(T") 2O Py (T") for some
integer k > 1.

0.5¢

Figure 4.2: Example of a real domain and a structured mesh of the fictitious domain.

For the approximation on the real domain €2, we consider the following restriction of V" and
WhonQandT > respectively:

h _ trh h _ 117h
Vh=Vg, and Wh=T

which are natural discretization of V and W. An approximation of Problem (4.2) is then defined

as follows:
Find «" € V" and \* € W" such that
a(u, ") +/ MNohdl = 1(0") vt e V7,
(4.6) r,
/ phuldl =0 vuh e wh
r

D

60
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4.3. A local projection stabilized formulation

We choose W" and V" in such a way that the following condition is satisfied:

(4.7) L €Wh
Let us define the following space:
(4.8) Vi =" evh: / phohdl =0 vt e why.

I'p

Then a(.,.) is V{*-elliptic since Vg* C V5. Without any additional treatment, the following result
is proved in [74]:

Proposition 6. Let vh defined by (4.5), assume (4.7) is satisfied and, in addition

4.9 inf ||\ — plw <K, B>1/2.
(4.9) Mhlgwh\l wllw < B=>1/

(4.10) ot ewh: / avhdl =0 Yo' e VI =" = 0.
FD

Then, one has the following error estimate:
[u" —ully < CVh, h— 0+.

This means that, without any treatment, the guaranteed rate of convergence is limited to
O(v/h) which is confirmed is some numerical situations. This reflects a certain kind of numerical
locking phenomenon.

4.3 A local projection stabilized formulation

In this section, we present a stabilization technique consisting in the addition of a supplementary
term involving the local orthogonal projection of the multiplier on a patch decomposition of the
mesh.

Let S" be the one-dimensional mesh resulting in the intersection of 7" and T',,. The idea is
to aggregate the possibly very small elements of S in order to obtain a set of patches having a
minimal and a maximal size (for instance between 3h and 6h). In practice, this operation can
be done rather easily (even for three-dimensional problems). A practical way to obtain such a
patch decomposition will be described in the next section. An example of patch aggregation is
presented in Fig. 4.3.

Let H be the minimum length of these patches and denote by S the corresponding subdi-
vision of I' ;. Let

wH = {uf e L*(T,): MH‘S € Py(S), VS € Sy},

be the space of piecewise constants on this mesh. A classical result, presented in [61], states
that under a reasonable regularity assumption on I',, an inf-sup condition is satisfied between
WH and V" for minimal size of 3h for the patches. This implies in particular that an optimal
convergence can be reached if the multiplier is taken in W# . However, this assumes a relatively
coarse approximation of the multiplier. Our approach is to use this result in order to stabilize
the approximation obtained with the multiplier defined on the finer discretization W".
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Chapter 4. A local projection stabilization of F.D.M for E.B.V.P

Let us first recall the result of Girault and Glowinski in [61|. Under the assumption that I',
is of class €' and a condition for the patches S € S¥ to be approximated by a fixed set of
line segments having approximatively the same length (see [61], condition (4.17)) with a length
greater or equal to 3h then the following inf-sup (or LBB) condition holds for a constant 5* > 0,
independent of h and H:

h H
(4.11) G e, AT
A .

In the following, we will assume that the conditions to obtain this inf-sup condition are satisfied.

0.5

Figure 4.3:  Ezample of a patch aggregation (in red and green) of size approzimatively 2h of the
intersection of the boundary of the real domain and the mesh. Note the practically inevitable
presence of very small intersections.

Let Py ube the local orthogonal projection operator from L?(T ) onto WH which is defined
by

1
2 H —
Vu e L3(T,), VS e s Pyyn(p) | = e /Sp,dr.

The stabilized formulation consists in approximate the Lagrangian (4.4) by:

£ ) = £ = [ o= Py (),

D
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4.3. A local projection stabilized formulation

where, for the sake of simplicity, v is a chosen constant. The corresponding optimality system
reads as follows:

Find " € V" and \* € W" such that
a(u®, v™) +/ MNphdD = 1(o") Vo € VI,
I

D

/ phuldl — ’y/ (A = Py M) (P = Pyu (u))dl = 0 Yl € Wh.
I T

D D

Lemma 4.3.1. Assume that (4.7) and (4.11) hold, then for any v > 0 there exists a unique
solution of the stabilized problem (4.12).

(4.12)

Proof. Suppose (u?, \}) and (ul, \}) are two solutions to Problem (4.12). Let us denote
al = uf — b, M= A — N2 and M = Pyu(\}) — Pyyu(ME). Then, from Problem (4.12) we

obtain

a(a", a") +/ Mahar = o,
(4.13) ) o o

/ MNeghdl — 7/ A= X2ar =0 vt e Wl

FD FD
Consequently,
(4.14) a(a", a") + 7/ (AP = MY24r =0,
1—‘D

which implies that @* = 0 and A\* = A\ (i.e. M € WH). Moreover, it follows from (4.11) that
there exists v" € V" such that

(4.15) / Myt > B3 o oy,

I'p

and thus

_ 1 _
N < M phdr =
IV ar, < /F R

- 1
Mphdl = a(@" ") = 0.
ol /p ol

This implies the uniqueness of the solution and, since the dimension of the linear system (4.12)
is finite, the existence as well. ]

4.3.1 Convergence analysis

In this section, we establish an optimal a prior: error estimate for the following standard finite
element spaces:

(4.16) Vh = {vh e C(Q) : o\ € P(T) VT € T'},

(4.17) Wh = {u" e L3(Q) : W'y € PT)VT € T"),

where P(T) (resp. P'(T)) is a finite-dimensional space of regular functions satistying P(T") 2
Py(T) (vesp. P(T) 2 P,/(T)) for an integer k > 1 (resp. K >0).
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Chapter 4. A local projection stabilization of F.D.M for E.B.V.P

Theorem 4.3.2. Let VI and W" be defined by (4.16) and (4.17), respectively such that (4.7)
is satisfied. Let (u,\) be the solution of the continuous problem (4.2) such that v € H*(Q) and
A€ Hl/Q(FD). Assume that (4.11) is satisfied and assume also the existence of a constant n > 1
with H < nh. Then, the following estimate holds for C > 0 a constant independent of h:

(4.18) [| (= x = am)]|| < C’h(||u 20+ ||)\H1/27FD>,

where ||| (u, \)|||> = |ullZ + ”)‘”2_1/2r and (u, \") is the solution to Problem (4.12).

D
Proof. Let A = Pyu(A\"). As u and u” are both in V0 then for all v € V" and pff € WH we
have:

a(ul —u,u" —u) = a(u — u, v —u) + auh — u,u — o),

Ml — ully|lo" — ully - / (AR = X)(ul — vP)r,
T

D

IN

of[u” —ulf},

IN

udr + / (A" — N (" — w)dT,
I

D D

_ M||uh—u||v||vh—u|v—/ )\huhdF+/
r, r

= Ml =l o = uly =N = A, + [ (=" =
D
+/ (A" — N (" — w)dr,
I

D

because in particular / (/\h —Au dl' = 0. Then, still for all v" € V* and p € W we deduce
r

D
that
g Ol AN R < M =l el
A = 1 1o, lut = wlly + N = Al o, u = oty
Besides,

/ (A = Mohdl = a(u” — u, ™) Vol e VI
FD

and therefore one obtains
(4.20)/ (" — Mhdl = a(ul — u, ") + / (A" — Aodl Wl e VR vt e Wi
l_‘D FD

Now, for pff = A — pfl ¢ WH with g = Pyu(i"), the inf-sup condition (4.11) ensures the
existence of v" € V" such that together with (4.20) we get

1
B* )\H_ -H B < / —H_)\H vhdF,
H n H 1/2,FD thHV r, (/’[’ )
1
< o @A [ A (At
[o"lv Jr, [o"lv Jr,
< Ml —ully + |7 = Al yzr, + 127 = 2T = (3" = A1 jor -
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4.3. A local projection stabilized formulation

As a consequence, one has

BHIAT — Ml=1jer, < BA— ﬂHH—l/Q,FD + Ml —ully + ||p" - All=1/21,
+| " - /thfl/Q,FD + [IAT - )‘thl/Z,FDv

and

BRIN = M2 or, < 5MPlu— "5 + 587N = 5712 o 45N = B2 o
(4.21) +5) " — ﬂh||2—1/2,rD +5[|A7 — )‘hHQ—l/Q,FD Vi e wh,

By combining inequalities (4.19) and (4.21) one obtains for all i* € W", uff € WH and v" € V"

(@ = 5M20) u —u"|[} + 08" (A = A2 o+ (7 = BON* = A2y p

< Ml — " — ully + 1A= 57 o, e — ully 4 1A= Ay flu— oy
+508*%|| A — ﬂH”2—1/2,FD + 50[|A = ﬂh||2—1/2,FD + 58] i — ﬂHH2_1/2,FD,
03 hp2 L hy2 o, 0 hp2 L Hy2 £ hi2

< Millu—wllly + oellu = vy + G llu = utlly + o5 lIA = w1z o p )+ SIA = Ay ar

1 hy2 2 —H2 —h||2 —h _ —Hj?2
‘i‘?g““_ﬂ 1V + 508X — H—1/2,1“D + 56[|A — i ||—1/2,FD +54|a" — R H—1/2,FD'

2
Let 0 and & be such that 6 < min (ﬁ; %) and £ < min (263*%;2(y — 54)), then, still for

all g e Wh, y# € WH and v" € V", one deduces that

11M? +1 3 2 €
(o = 5= lw =} + (7 = 56 = N = M2,y + (387 = DA = N2 o
11 iz 1 o w2y _ oH |2 h|2
< (% + i)HU—’U Iy + %H)\—N ”—1/2,I‘D +88(A - p H71/2,FD +80[A —p ”*1/27%

+86]|a" — ﬂH||2—1/2,FD7 Vi ewh

Denoting by IT" (resp. Py ) the Lagrange interpolation operator (resp. the L2(T',,)-projection)
in V" (resp. in W), we have the following standard finite-element estimates:

lu— T"ully < Chllull2,0,
A= Pyrn(Ml-1j2r, < ChlA1j2r,,
A= Pwu(N)ll-12r, < CH[A12r,-

Finally, the theorem is established by taking v" = IT"u, i" = Pyu()\) and pff = Pyu()). O
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Chapter 4. A local projection stabilization of F.D.M for E.B.V.P

0.5

-0.5
-0.5 0 0.5

Figure 4.4: Example of a two-dimensional triangular structured mesh used for the numerical test
and partition of the boundary for Neumann and Dirichlet conditions.

4.4 Numerical tests

In this section, we present 2D and 3D-numerical tests for a fictitious domain being Q= | —
1/2,1/2[¢ for d = 2 and d = 3, respectively. The two-dimensional exact solution is chosen to

be u(z) = —5(R* — r4(2.5 + 1.5sin(860 + %ﬂ))) where r = /2] + 235, R = 0.47 and the three-
dimensional one is u(z) = 5(p> — R3) with p = \/2? + 23 + 23. In both cases, the real domain
is @ = { € R? : u(z) < 0} and the Dirichlet and Neumann boundary conditions are defined
onl, =T Nn{zeR:25<0and Ty, =T N {z € R?: 24 > 0}, respectively. The
two-dimensional domain is represented in Fig. 4.4 with an example of a triangular structured

04 0.25
02
0.2
0.15
02
-0.4 0.1
05
05 -
0
0
o

-05 -05

mesh. The exact solutions are shown in Fig. 4.5.

o

(a) Two-dimensional exact solution (b) Three-dimensional exact solution

Figure 4.5: Exact solutions
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4.4. Numerical tests

The numerical tests are performed with GETFEM++-, the C++ finite-element library devel-
oped by our team (see [52]).

4.4.1 Numerical solving

The algebraic formulation of Problem (4.12) reads

Find U € RY and L € R such that
(4.22) KU+ BTL =F,
BU — M,L =0,

where U is the vector of degrees of freedom for u”, L the one for the multiplier \*, N, and
N, the dimensions of V" and W", respectively, K is the stiffness matrix coming from the term
a(u",v"), F is the right-hand side corresponding to the term /(v"), and B and M, are the
matrices corresponding to the terms [, A"0"dl and 7 [ (A" — Py (M) (u — Py (0))d,
respectively. K K

Before presenting the numerical experiments, we shall describe in details two important
aspects of the implementation of the method. Namely, the extraction of a basis for W and the
repartition of the elements having an intersection with I',, into patches.

The extraction of a basis of W could be non-trivial in some cases, except when a piecewise
constants (FPp) finite-element method is used to approximate the multiplier or in some other cases
when I' ) is curved. Indeed, if one selects all the shape functions of Wh whose supports intersect
r,,
to eliminate linearly dependent shape functions, the choice here is to consider the mass matrix
fFD P;p;jdl’ where the 1; are the finite-element shape functions of Wh. A block-wise Gram-
Schmidt algorithm is used to eliminate local dependencies and then the potential remaining
kernel of the mass matrix is detected by a Lanczos algorithm. In the presented numerical tests,

some of them can be linearly dependent, especially when I',, is a straight line. In order

since curved boundaries are considered the kernel of the mass matrix is either reduced to 0 or is
very small. In [18] some numerical experiments are presented for a straight line in 2D using the
same technique. The selection of a basis of W using this technique took far less computational
time than the assembly of the stiffness matrix.

The decomposition into patches is made using a graph partitioner algorithm. In the presented
numerical tests we use the free software METIS [79]. The nodes of the graph consist in the
elements having an intersection with I', and the edges connect adjacent elements. Additionally,
a load corresponding to the size of the intersection is considered on each elements. The partition
is a very fast operation.

4.4.2 Comparison with the Barbosa-Hughes stabilization technique

In our numerical test, we compare the new stabilization technique to the one studied in [74] in
the same framework which use the technique introduced by Barbosa and Hughes in [39, 40]. For
the self consistency of the paper, we briefly recall the principle of the symmetric version of the
Barbosa-Hughes stabilization technique applied to Problem (4.6) as it is presented in |74].
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Chapter 4. A local projection stabilization of F.D.M for E.B.V.P

This technique is based on the addition of a supplementary term involving an approximation
of the normal derivative on I',,. Let us assume that we have at our disposal an operator

R': VM — LA(T,),

which approximates the normal derivative on I, (i.e. for vh € VP converging to a sufficiently
smooth function v, Rh(vh) tends to O,v in an appropriate sense). Several choices of Rl are
proposed in [74]. To obtain the stabilized problem, the Lagrangian (4.4) is approximated by the
following one

['h(vhvuh) = ‘C(vhauh) - ’;A (:U’h + Rh(vh))QdF7 Uh € Vh?:u’h € Wh7

D

where the stabilization parameter v depend on the mesh parameter v := h~yg, with vy a positive
constant over 2. The corresponding discrete problem reads as follows:

Find v € V" and A" € W" such that
a(u, ™) +/ MNhdr — 7/ (A" R (W) RM(oM)dD = 1(0") Wl e VI,
T T

D D

/ phutdr — 7/ (M + RM(uM))phdl =0 vul € Wh.
r r

D D

(4.23)

More details and a convergence analysis can be found in |74]. Note that this is also a
consistent modification of the Lagrangian and that a close relationship between Barbosa-Hughes
stabilization technique and Nitsche’s one [71] has been explained in [41].

4.4.3 Two-dimensional numerical tests

A comparison is done between the non-stabilized problem (4.6), the local projection stabilized
problem (4.12) and the Barbosa-Hughes stabilized one (4.23) in the two-dimensional case. Addi-
tionally, we test different pairs of elements for the main unknown w and the multiplier. Namely,
we test the following methods: P»/Pi, Pi/Py, P1/Py, P1/Ps, Q1/Qo and Q1/Qp. The nota-
tion P;/P; (resp. Q;/Q;) means that solution u is approximated with a P; finite-element method
(resp. a @; finite-element method) and the multiplier with a continuous P; finite-element method
(resp. continuous @; finite-element method).

Without stabilization. A solution is plotted in Fig. 4.6 for a P;/P, method. Of course,
for this pair of elements, a uniform discrete inf-sup cannot be satisfied since the multiplier is
discretized with a reacher element than the main unknown. As a consequence, a local locking
phenomenon (Fig. 4.6(a)) on the Dirichlet boundary (flat part of the solution) holds together
with a very noisy multiplier (Fig. 4.6(b)). This indicates the presence of spurious modes. Some
similar results can be observed with the P;/P; and P;/Py methods.

The convergence curves in the non-stabilized case are given in Fig. 4.7(a) for the error in
the L2(Q)-norm on u, in Fig. 4.7(b) for the error in the H!(2)-norm on u and in Fig. 4.7(c) for
the error in the L?(T',,)-norm on the multiplier. One notes that the convergence rate for the
Py/P,, Pi/P; and P;/P,y methods in H'(Q)-norm are close to 0.5 which is in good agreement
with the general result of Proposition 6. In this cases, there is no convergence of the multiplier
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4.4. Numerical tests

(a) Solution on Q with no stabi-
lization for the P; /P, method.

(b) Multiplier on I',, with no sta-
bilization for the P;/P; method.

t &l Il
‘ | I] ,
i

Figure 4.6: Non-stabilized case with the P, /P, method.
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Chapter 4. A local projection stabilization of F.D.M for E.B.V.P

(still due to the presence of some spurious modes). Conversely, for the Py/Pj, Q2/Q1 and
@1/Qo methods, one observes a nearly optimal convergence rate. This do not imply that a mesh
independent inf-sup condition is systematically satisfied in these cases. In [74], some numerical
experiments show that the solution can be deteriorated in the vicinity of very small intersections
between the mesh and I', (especially for the multiplier).

(a) Solution on € with Barbosa- (b) Multiplier on I', with
Hughes stabilization for the Barbosa-Hughes stabilization for
P;/P; method. the P;/P; method.

Figure 4.8: Barbosa-Hughes stabilized case with the P;/P; method.

Barbosa-Hughes stabilization. Fig. 4.8 shows that the Barbosa-Hughes stabilization
technique eliminates the locking phenomenon (Fig. 4.8(a)) and the spurious modes on the
multiplier (Fig. 4.8(b)). The convergence curves in the Barbosa-Hughes stabilized case are given
in Fig. 4.9(a) for the error in the L?(Q2)-norm on u, in Fig. 4.9(b) for the error in the H'()-
norm on u and in Fig. 4.9(c) for the error in the L?(T',)-norm on the multiplier. The rate
of convergence for the error in L?(Q)-norm (resp. H'(£2)-norm) on u with Barbosa-Hughes
stabilization are optimal: of order 3 (resp. of order close to 2) for both P,/P; and Q2/Q1
and of order 2 (resp. order 1) for the remaining pairs of elements. Fig. 4.9(c) shows that the
approximation of the multiplier is considerably improved. Concerning the error in L? (T',)-norm
for the multiplier the rate of convergence is also close to optimality for all pairs of elements.
We refer to [18] for the study of the influence of the stabilization parameter. A rather small
influence is noted on the error in L?(Q2) and H'(Q)-norms on u. Concerning the error in L*(T'p)-
norm of the multiplier, the value of the stabilization parameter can be divided into two zones.
A coercive zone where the error decreases when the stabilization parameter 7y increases and a
non-coercive zone for large values of the stabilization parameter where the error evolves randomly
according to the stabilization parameter.

Local projection stabilization. Similarly to the Barbosa-Hughes stabilization, the local
projection stabilization gives some optimal rates of convergence for all pairs of elements and
eliminates the locking phenomena (Fig. 4.10(a)) and the spurious modes on the multiplier (Fig.
4.8(b)). The convergence curves are shown in Fig. 4.11(a) for the error in the L?(Q2)-norm on
u, in Fig. 4.11(b) for the error in the H!'(£2)-norm on v and in Fig. 4.11(c) for the error in
the L?(I',)-norm on the multiplier. The rate of convergence for the P;/Ps, Pi/P;, Pi/Py and
Q1/Qo methods are in good agreement with the theoretical result of Theorem 4.3.2. For the
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Figure 4.9: Convergence curves in the Barbosa-Hughes stabilized case.

(a) Solution on Q with local pro- (b) Multiplier on I',, with lo-
jection stabilization for the Py /P cal projection stabilization for the
method. Py /P; method.

Figure 4.10: Local projection stabilized case with the P;/P; method.
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Figure 4.11: Convergence curves in the local projection stabilized case.
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4.4. Numerical tests

P,/ Py and Q2/Q1 methods, the rates are close to optimality. For these methods, if one tries
to extend the result of Theorem 4.3.2 to a H3(f2) regular exact solution, one find that the rate
of convergence of the error estimate depends on the interpolation error of the local orthogonal
projection which limits the rate of convergence to 3/2 for the H!(€)-norm and 1 for the L?(T',)-
norm on the multiplier (The same observation was shown in the case of Stokes and Darcy’s
equations by Burman [80]). This limitation is observed on Fig. 4.11(c) on the multiplier of the
Q2/Q1 method, but not for the P»/P; method (for an unknown reason).

Concerning the error in L?(T'p)-norm the value of the stabilization parameter can also be divided
into two zones (see Figs. 4.12, 4.13 and 4.14). The first zone where the error decreases when the
stabilization parameter v increases. The second zone, for large values of the parameter, where
the error increases (Figs. 4.13, 4.14) or remain almost constant (Fig. 4.12). Figure 4.12 for the
Py /Py elements indicates that a large value of the stabilization parameter does not affect too
much the quality of the solution. This behavior has been noted whenever a piecewise constant
multiplier is considered. Conversely, for all remaining couples of elements, an excessive value of
the stabilization parameter leads to a bad quality solution (see Figs. 4.13, 4.14).

Now, concerning the minimal patch size, the inf-sup condition is proven to be satisfied in [61]
for a size equal or greater to 3h. Numerically, the inf-sup condition seems to be satisfied for
smaller values of the minimal patch size. In our numerical experiments we found an optimal
value between h and 2h. For the P;/Py method, a minimal patch size equal to h seems to be
inadequate (Fig. 4.12(a)). A value of 2k is found to be more optimal (Fig. 4.12(b)). Conversely,
a value of h is slightly more optimal for the P1/P1 pair of elements (Fig. 4.13).
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Figure 4.12: Influence of the stabilization parameter for the error in the L?(I',)-norm of the
multiplier for the Pj/Py-element.
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Figure 4.13: Influence of the stabilization parameter for the error in the L?(I',)-norm of the
multiplier for the P;/Pj-element.
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4.4. Numerical tests

4.4.4 Three-dimensional numerical tests

In this section, we compare the non-stabilized three-dimensional case to the local projection
stabilized three-dimensional case with the following pairs of finite-element methods: P»/Py,
Pi/Py, Pi/Py, P1/ P2, Q2/Q1 and Q1/Qo.

Without stabilization. Convergence curves in the non-stabilized case are shown in Fig.
4.15. Perhaps due to the simple chosen geometry and exact solution, no locking phenomenon
is observed for the P;/P», P;/P; and P;/Py methods. However, in these cases, the multiplier
does not converge probably due to the presence of spurious modes. The rate of convergence
in the H'(Q)— norm on u is optimal for the P,/P;, P;/Py, Pi/P, and Q1/Qo methods (see
Fig. 4.15(b)). For the remaining elements (Q2/@Q1 and P»/P;) the rate of convergence is limited
to 3/2.
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Figure 4.15: Convergence curves in the three-dimensional non-stabilized case.
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Chapter 4. A local projection stabilization of F.D.M for E.B.V.P

Local projection stabilization. The local projection stabilization gives an optimal rate
of convergence for all pairs of elements and eliminates the spurious modes for the P;/P;, P,/ P
and P; /P, methods. Especially, the rate of convergence in the H'(2)-norm for the Q2/Q; and
P,/ Py are improved compared to the non-stabilized case.

Except for the Q2/Q; pair of elements, the convergence rate for the L?(I',)-norm for the
multiplier are optimal (more than 1.5). For the QQ2/Q1 pair of elements, the convergence rate for
the L?(T',,)-norm is optimal but limited to 1.1 (we did not find any interpretation for that). The
rate of convergence in the L?(Q)-norm is limited to 2 for all methods. For quadratic methods, the
that we used level set function of order 1 to approximate the curved domain limits theoretically
the rate of convergence to 3/2.
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Figure 4.16: Convergence curves in the three-dimensional local projection stabilized case.

4.5 Concluding remarks

In this paper, we presented a stabilization technique based on local projections for the fictitious
domain method inspired by the X-FEM introduced in [72, 74].
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4.5. Concluding remarks

A main advantage compared to some other stabilization techniques like the Barbosa-Hughes
one, is that it only affects the multiplier equation in a manner that is independent of the problem
to be solved. This makes the extension to other linear or nonlinear problems very easy.

The two-dimensional theoretical result does not ensure an optimal rate of convergence when
a quadratic finite element is used for the main unknown due to the fact that the local projec-
tion is made on piecewise constants. The method could be generalized to the projection on
(discontinuous) piecewise affine or piecewise quadratic functions for high-order approximations.

The extension to the three-dimensional case of the theoretical result is of course subject to
obtaining an inf-sup condition of the same kind of the one obtained in [61].
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CHAPTER 5

A local projection stabilized extended
finite element approximation of cracked
bodies subject to contact with Tresca
friction
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5.1 Introduction

The modeling of contact phenomena presents a great challenge for industrial applications.
This phenomenon played an important role in the behavior of structures: deformations,
movements and distribution of efforts. Taking into account this contact condition presents
serious difficulties: conceptual, mathematical and computational. These difficulties come from
the non-linearity of the contact conditions. The accuracy of the approximated method depends
essentially on the manner in which it applies the contact condition. Indeed, this condition may
be prescribed strongly or relaxed and expressed in the weaker sense. In the context of isotropic
linear elasticity, small deformations and contact with rigid foundations (Signorini problem)
different studies were made. Under HZ2-regularity on the displacement, we summarize these
results as follows:

In the case of the frictionless contact problem, when primal formulation (displacement is the
only unknown) and conforming or non conforming discretization are considered, an order of A%/

Cette thése est accessible a I'adresse : http://theses.insa-lyon.fr/publication/2013ISAL0007/these.pdf
© [S. Amdouni], [2013], INSA de Lyon, tous droits réservés



Chapter 5. A local projection stabilized X-FEM

was obtained in the works of Haslinger et al. |81, 82, 46]. This result is ameliorated recently,
an order of hy/|log(h) | was obtained in the paper of Renard [83] without any assumption.
Using the supplementary assumption that we have a finite number of transitions between
contact and non-contact zones, an order of hy/| log(h) | (resp. h+/| log(h) | for only conforming
discretization) was proved in the paper of Ben Belgacem [29] (resp. Ben belgacem et al. [25]).
An order of h was obtained in the work of Hiieber [84] using the same supplementary assumption
and an additional modified Lagrange interpolation operator. For the mixed formulation of the
frictionless contact problem Lhalouani et al. [85] proved that the rate of convergence is of
order h3/* if we use piecewise constant multiplier. Coorevits et al.[86] show that the rate of
convergence is of order h3/4 if we use weakly linear multiplier (see also [25]), of oder h'/* for
piecewise linear multiplier with the additional assumption that there exists ¢ > 0 sufficiently
small such that the multiplier is contained in the Sobolev space Hot1/2 of order hy/| log(h) | if
we use weakly piecewise linear multiplier with the additional assumption that we have a finite
number of transitions between contact and non-contact zones, and of order h if we use weakly
piecewise linear multiplier with some additional assumptions. In 2003 Ben begacem et al. [25],
show an order of h'/? with weakly piecewise linear multiplier. Also, in the same reference, an
order of hy/| log(h) | is proved for the same formulation with the additional assumption that
we have a finite number of transitions between contact and non-contact zones. An optimal
rate of convergence of order h is proved in [87] for the piecewise linear multiplier with specific
finite element approximation method and the additional assumptions that a finite number of
transitions between contact and non-contact zones.

In the case of Tresca contact problem with a given slip stress s € L?(T'¢), an order of R3/% is
proved using continuous piecewise linear normal multiplier and weakly continuous piecewise
linear tangent multiplier [88] and an order of hy/|log(h)| is proved with the additional
assumptions that we have a finite number of transitions between contact and non-contact zones,
the jump of the displacement on I'c is in W1 the tangent stress \; € L>°(I'¢) and the given
slip s € L®(I'¢). In the same context of [88] an order of h!/? is proved using piecewise constant
shape function (see [89] and [90]). This estimate can be improved (a convergence rate of order
h3/ 4) under the additional assumption that the slip bound s is a positive constant on I'c (see
[89] and [90]).

In all the works cited above, a discrete compatibility condition between the finite-element
space for the displacement and the one for the multiplier is required in order to obtain a good
approximation of the solution. To overcome these difficulties many method are used. We can
cite the Barbosa-Hughes stabilization where the stability is assured by adding a supplementary
term involving an approximation of the normal derivative of the primal variable on I'c (see [50]
and [18]). The local projection stabilization technique introduced in [55] where the difference of
the multiplier with its projection on some pre-defined patches is penalized to ensure the stability
of the problem. This stabilized technique is asymptotic consistent and affects only the multiplier
equations in a manner that is independent of the problem to be solved. Note that in our case
the presence of the crack presents a supplementary difficulty.

The purpose of this contribution is to apply the local projection stabilization technique to the
enriched finite-element approximation of contact problems with Tresca friction of cracked elas-
tic bodies. In Section 5.2, we introduce the formulation of the unilateral contact problem with
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5.2. Formulation of the continuous problem

Tresca friction on a crack of an elastic structure. In Section 5.3, we present the elasticity problem
approximated by both the enrichment strategy introduced in [12] and the local projection sta-
bilized Lagrange multiplier method [55]. We show the existence and uniqueness of the solution
of the stabilized formulation. Also we prove a priori error estimates following three different
discrete contact conditions (the study is restricted to piecewise affine and constant finite ele-
ment methods). Finally, in Section 5.4, we present some numerical experiments on a very simple
situation. We compare the stabilized and the non-stabilized cases for different finite-element
approximations. The influence of the stabilization parameters is also investigated.

5.2 Formulation of the continuous problem

We introduce some useful notations and several functional spaces. In what follows, bold letters
like u, v, indicate vector-valued quantities, while the capital ones (e.g., V,K,...) represent
functional sets involving vector fields. As usual, we denote by (L?(.))¢ and by (H*(.))%,
s > 0,d = 1,2 the Lebesgue and Sobolev spaces in d-dimensional space (see [15]). The usual
norm of (H*(D))? is denoted by || - ||s,p and we keep the same notation when d = 1 or d = 2.
For shortness, the (L?(D))%norm will be denoted by || - ||p when d = 1 or d = 2. In the sequel
the symbol | - | will denote either the Euclidean norm in R?, the length of a line segment, or the
area of a planar domain.

Let us consider the deformation of a cracked elastic body occupying, in the initial configura-
tion, a domain © in R? where plane small strain are assumed. The boundary 0§ of the domain
Q is assumed to be polygonal (for simplicity) and consists of three non-overlapping parts I'p,
I'y and I'c with meas(I'p) > 0 and meas(I'¢) > 0. The body is clamped on I'p. It is subjected
to volume forces f = (f1, f2) € (L?(2))? and to surface loads g = (g1,92) € (L?(I'y))%. The
boundary part I'c (or the crack location) is supposed to be a straight line segment. We denote
by I'cy and I'c_ each of the two sides of the crack (see Fig. 5.1). We suppose that we have a
frictional contact between I'cy and I'c_ as a contact between two elastic bodies. Of course, in
the initial configuration, both I'cy and I'c_ coincide. Let n = n™ = —n~ = (ny,ny) denote the
outward normal unit vector on I'cy and t = (—ng,n1) an associated unit tangent vector.

Figure 5.1: A cracked domain.
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Chapter 5. A local projection stabilized X-FEM

Under plane small strain assumptions, the problem of homogeneous isotropic linear elasticity
consists in finding the displacement field u :  — R? satisfying

(5.1) dive(u)+f = 0 in Q,
(5.2) o(u) = A, tre(u)l+2u, e(u), in ,
(5.3) u =0 on I'p,
(5.4) oclun = g on I'y,

where o = (0y5), 1 <i,j < 2, stands for the stress tensor field, e(v) = (Vv+Vv')/2 represents
the linearized strain tensor field, A\, > 0, p, > 0 are the Lamé coefficients, and I denotes the
identity tensor. For a displacement field v and a density of surface forces o(v)n defined on 02,
we adopt the following notations:

vi=vint+oft, v =v,n +ov;t and o(v)n=o0,(v)n+ o (v)t,

where v (resp. v™) is the trace of displacement on I'c: on the I'; side (resp. on the ' side).
The conditions describing the normal contact on I'¢ are:

(5.5) [un] = ub +u, <0, on(u) <0, on(u) - [u,] =0,

where [u,] is the jump of the normal displacement across the crack I'c. Denoting by s > 0 the
given slip stress coefficient on I'c (which is assumed to be constant for the sake simplicity). The
static Tresca friction condition reads as follows:

lor(u)| < s, a.e. on o,
(5.6) if |oy(u)| <s, then [u] =0,
if |oi(u)]=s, then there exist v > 0 such that [u:] = —voy(u),

To give some classical weak formulation of Problem (5.1)—(5.6), we first introduce the fol-
lowing Hilbert spaces:

V:{VE (Hl(Q))Q: v =0 on FD}, WN:{[[UH]]’FC :VEV}, WT:{HW]]]FC 2V€V}

and their topological dual spaces V', W}, W7, endowed with their usual norms. Next we define
the convex set of Lagrange multipliers denoted:

M(s) = My x Mrp(s),
My = {,un € WJ'V : <“n’U">W]’V,WN >0 forall v, € Wn,v, <0 a.e. on FC},

Mrp(s) = {,ut € Wi : <Mt7[vt>Wéw,WT + <8, |Ut‘>W’T7WT >0 forall v, € Wy, a.e. on Fc},

where the notation (-, -)W]/\”WN stands for the duality pairing between Wp, and Wy. The mixed
formulation of the Tresca contact problem (5.1)—(5.6) consists then in finding u € V and A €
M(s) such that

a(u,v) — b(A\,v) = L(v), Vvev,
(5.7)
b — A u) >0, Vi € M(s),
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5.3. Discretization with the stabilized Lagrange multiplier method

where

a(u,v) = /Qo'(u) e(v) dQ, b(p, v) = (pin, [[v”]]>W{V7WN + (it II’Ut]]>WP}7WT

L(v) = /f-de+/ g-vdl.
Q Ty

An equivalent formulation of (5.7) consists in finding (u, ) € V x M(s) satisfying
Z(u,p) < ZL(u,A) < Z(v,A), Vv eV, Vu € M(s),

where Z(-,-) is the classical Lagrangian of the system defined as
1
(58) g(") IJ‘) = ia(vv V) - L(V) - b(“a V)'

Another classical weak formulation of problem (5.1)—(5.6) is given by the following variational
inequality: find u € K such that

(5.9) a(u,v—u)+j(s,v) —j(s,u) > L(v — u), Vv e K,

where j(s, v) = (s, |[[ve] ’>W’ w,. and K denotes the closed convex cone of admissible displacement
T

fields satisfying the non-interpenetration condition
K={veV: [v,]<00nT¢}.

Moreover, the first argument u solution to (5.7) is also the unique solution of problem (5.9) and
one has A\, = o, (u) in W}, and A\; = o¢(u) in W .

5.3 Discretization with the stabilized Lagrange multiplier
method

5.3.1 The discrete problem

We shall now describe the enriched finite elements used in the approximation of the mixed
problem (5.7). For any given discretization parameter h > 0, let 7", be a partition of the
untracked domain © with a maximal size h, Q = Urern T. Moreover, T" is assumed to be
regular, i.e., there exists # > 0 such that VT € T", hr/pr < 8 where pr denotes the radius of
the inscribed circle in T" (see [47]). We consider the variant, called the cut-off XFEM, introduced
in [12] in which the whole area around the crack tip is enriched by using a cut-off function
denoted by x(-). In this variant, the enriched finite-element space V" is defined as

4
Vvh = {vh (@@ - v =Y A+ Y biHei+x Y ¢F), aibic; e RZ} cV.
€N, iENH J=1

Here (4(Q2))? is the space of continuous vector fields over Q, H(-) is the Heaviside-like function
used to represent the discontinuity across the straight crack and defined by

He = T x>0,
X) =
-1 otherwise,
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Chapter 5. A local projection stabilized X-FEM

The crack tip triangle Non-enriched
(non enriched by H) V 1 triangles
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enriched by H enriched by H
@ Heaviside enrichment

Figure 5.2: A cracked domain.

where x* denotes the position of the crack tip. The notation ¢; represents the scalar-valued shape
function associated with the classical degree one finite-element method at the node of index i,
N}, denotes the set of all node indices, and N, }f{ denotes the set of nodes indices enriched by the
function H(-), i.e., nodes indices for which the support of the corresponding shape function is
completely cut by the crack (see Fig. 5.2). The cut-off function is a €' piecewise third order
polynomial on [rg,r1] such that:

x(r)=1 if r <rg,
(T‘)E( ) ifT0<T‘<T1,
x(r)=0 if r>ryq.

The functions {Fj(x)}1<j<4 are defined in polar coordinates located at the crack tip by

(5.10) {Fj(x), 1<j<4}= {\/Fsin g, /7 cos g, /7 sin g sin 6, /7 cos g sin 9} )
These functions allows to generate the asymptotic non-smooth displacement at the crack tip (see
[4s]).

An important point of the approximation is whether the normal and tangent contact pressure
(0, and oy) are regular or not at the crack tip. If it were singular, it should be taken into
account by the discretization of the multiplier. Nevertheless, it seems that this is not the case
in homogeneous isotropic linear elasticity. This results has not been proved yet, and seems to
be a difficult issue. However, if we consider the formulation (5.7) and if we assume that there is
a finite number of transition points between contact and non contact zones near the crack tip,
we can easily extend the proved result in the case of frictionless contact [18], to show that the
normal and tangent contact stress o, and o; are in H/2(I'¢).

Now, concerning the discretization of the multiplier, let xg, ..., X5 be given distinct points lying in
T'c and comming from the intersection between T" and T¢. These nodes form a one-dimensional
family of meshes of I'c denoted by S”. The mesh S” allows us to define a finite-dimensional space
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5.3. Discretization with the stabilized Lagrange multiplier method

W approximating Wy or Wy and a nonempty closed convex set M% C W (resp. M2(s) C W)
approximating My (resp Mr(s)). We consider two possible elementary choices of TW":

Wi = {u" € L*(To) sy ) € Ro(xiyxin), VO < i < N =1},

XiyXi+1

Wth{,u,hECg(Fc)IMh“ €P1(X¢,Xi+1)7VOSiSN—1}7

Xi,Xi+1)
where Py (E) denotes the space of polynomials of degree less or equal to k on E. This allows to
provide the following three elementary definitions of M and M} (s):

(5.11) M, = {,ﬂ eWl:p"<0on FC} ,

(5.12) Mo (s) = {,uh e W |u" < son FC},

(5.13) Ml = {M cW!:u"<0on FC} :

(5.14) My (s) = {u" € Wi+ || < s on To ),

(5.15) Mpy, , = {uh c W /F phaphdl > 0,¥ " e M}{,l} .
o

510 i = {uewls [

Te

Mw%r+s/ wﬂzowwHGW¢}-
o]

Let W' = Wh x W" and W = Wy x Wy. In the forthcoming convergence analysis, we
will need more information on the compatibillity between the spaces V* and W”. To overcom
this dificulty, we use the local projection stabilization technique introduced in [55]. This tech-
nique congists in adding a supplementary term, involving the local orthogonal projection of the
multiplier on a patch decomposition of the mesh, to the discrete mixed formulation. The set of
patches is build from S”. Indeed we aggregate the possibly very small elements of S” in order
to obtain a set of patches having a minimal and a maximal size (for instance between 3h and
6h). In practice, this operation can be done rather easily (even for three-dimensional problems).
A practical way to obtain such a patch decomposition will be described in the next section. An
example of patch aggregation is presented in Fig. 5.3. Let H be the maximum length of these
patches and denote by S the corresponding subdivision of I'c. Let

wh = {u" € L*(T¢) : MH|S € Py(9), vS e "},

be the space of piecewise constants on this mesh and let WH = WH x WH _ Similarly to the
classical result presented in [61], we prove that an inf-sup condition is satisfied between V" and
WH for minimal size of 3h for the patches (see Appendix C: This proof, done with scalar field,
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Chapter 5. A local projection stabilized X-FEM

can be straightforwardly generalized to vector field). This implies in particular that an optimal
convergence can be reached if the multiplier is taken in W*. However, this suppose a relatively
coarse approximation of the multiplier. Our approach is to use this result in order to stabilize
the approximation obtained with the multiplier defined on the finer discretization W".

Let us first recall the result in Appendix C. Under a condition for the patches S € SH to
be approximated by a fixed set of line segments having approximatively the same length with
a length greater or equal to 3h, the following inf-sup (or LBB) condition holds for a constant
£* > 0, independent of h and H:

H h
(5.17) vVl e WH, sup blu,v7)

m 2 Bl lw
vievh  [[V*lv

We will assume in the following that the conditions to obtain this inf-sup condition are satisfied.

0.5R
0.4
0.3

0.2

0.1 i
Z E

0.2 0.4 0.6 0.8 1

Figure 5.3:  Ezample of a patch aggregation (in red and green) of size approzimatively h of the
intersection between crack and the mesh.

Let Py ube the local orthogonal projection operator from L?(T'¢) onto W which is defined
by

1
2 H =
V,LL c L (Fc), vS e S PWH(/-L) |S - mes(S) /gudr

and Py wrbe the vector local orthogonal projection operator from L?(I'c) x L?*(T'¢) onto W
which is defined by Pywr () = (P (pn), Pya (), Yo = (pin, ) € L?(De) x L?(T¢). The
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5.3. Discretization with the stabilized Lagrange multiplier method

stabilized formulation consists in replacing the Lagrangian (5.8) by the following one:

1
£(o" 1) = 3l V) L) b =T [ =Py ) a0 [ =P )P

c c

where, v is a constant. Let M"(s) = M% x MI(s) then the corresponding optimality system
reads as follows:
(5.18)

(Find u" € V" and X" = (A", \") € M"(s) such that:
a(u,vh) —b(\" v = L(v"), vvheVh

b(p" — A" ul) + 7/ (A% = P ) (g =A%) = (P (1) — Py (A7)))dD

(&

ﬂ/r.(/\? = Py () (1 = A) = (P (i) — Py (Af)dL 2 0, ¥ " = (uy, ') € M (s),

5.3.2 Existence and uniqueness of the solution of the stabilized problem

Lemma 5.3.1. For any v > 0 there exists a unique solution of the stabilized problem (5.18).
Proof. Let u" = (u", u}) € M"(s) and u” be the solution of the following problem:
a(uhvvh) - L(Vh) = b(,u'h7vh) = </L27 [[UTI;I:]]>W}1/7W}L + </L?7 [[U?H>Wh’7wh vvh € Vh

then using the fact that the inf-sup condition is satisfied in the ortogonal of the kernel of b(.,.)
(which contains W") we prove that there exists a constant C such that:

(5.19) Cllu*|lv + [ Lllv: > || Pws (") |lw
We have
1
Ll ) = Galuu) = L) < b o) = 7 [ (o= Py P
C

i
3|l = Py,
INe;

Lo h

Y Y
S e / (1 — Py ()20 — / (Wl — Py ()2,
2 2 Te 2 T'o

L Yioh h Yook h
—5”11 I3 - 5”% — Py ()5 re — §||Mt — Py ()15,

When ||u”||w+ — oo we have || Payr (1”)||[wr — oo (using inequality (5.19) we have ||u”||v — 00)
or/and ||pu" — Pyr (u")||w+ — 0o, which implies that

lim L,(u", puh) = -0
preMP(s), |||l —o0

Now the existence of a solution to Problem (5.18) follows from the fact that V" and
M"(s) are two nonempty closed convex sets, L,(-,-) is continuous on V" x W' L (v' )
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Chapter 5. A local projection stabilized X-FEM

(resp.  L,(-,u")) is concave (resp. strictly convex) for any v € V" (resp. for
any ph € M") and Hmyneyn |jvh)n—o0 L,(vh0) = +oo for any p" € M"(s) (resp.
B h e (s), 68 |y — 00 L,(uh, p") = —o00 ), see [46, pp. 338-339]. The strict convexity of a(.,.)
imply the uniqueness of the first argument u”. Now let A? and A% two solution of (5.18) then
we have:

b(X; — A u") + 7/ (AL = Py (A1) (N5 = ML) = (P (M) = Py (A3,)))dl

c

+ / (Nl — Py (M) (M — Xiy) — (P () — Py (A3)))dl > 0

N = M)+ [ O P OB0) (W, = ) = (P O) = Py V)

re

""Y/F ()‘gt — Pyu ()\gt))(()‘}llt - >‘]21t) - (PWH ()‘gt) — Pyu ()\]ft)))df‘ >0
and by summation of the last two inequalities we have:
1T = A50) = (Pwr (AD) = Pun (A3 I5.re + (AT, =A%) — (P (M) — Povsr (A5)) I p <0
therefore A}, — A& = Pyu(\3)) — Pyu (A—Z{”) and A\, — \B, = Pyu(\3,) — Piv},{H()\}ft) (ie. Ab, —
M€ WH and Ap, — Mb, € WH). Let X' = (\h, — Mo M\ — 2\B) and A7 = (Pye(\P) —
Py (A8), Py (A},) — Pyu (ML), From inequality (5.17) there exists v € V/ such that

NH * NH

(5.20) AT, V) = B AT [w vl

and thus

1
—a
v llv

1

WV = e
Vv

sy H 1
BHIA lwr < = b(A

hy __
Vv )

b, vh) = (@, v =o0.

,V
This implies the uniqueness of the second argument A" therefore (5.18) has a unique solution.

5.3.3 Convergence analysis

In order to study the convergence error, we recall the definition of the XFEM interpolation
operator IT" introduced in [17].

Figure 5.4: Decomposition of £ into Q1 and Q.
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5.3. Discretization with the stabilized Lagrange multiplier method

We assume that the displacement has the regularity (H2(£2))? except in the vicinity of the
crack-tip where the singular part of the displacement is a linear combination of the functions
{Fj(x)}1<j<a given by (5.10) (see [49] for a justification). Let us denote by u, the singular part
of u, u, = u — Yu, the regular part of u, and u” the restriction of u, to Q, k € {1,2}. Then,
for k € {1,2}, there exists an extension u¥ € (H2(Q2))? of u¥ to Q such that (see [15])

||ﬁi\|2,§ 5 ||u71”||27917
16250 < lu?ll20,-

Here and throughout the paper, we use the notation a < b to signify that there exists a constant
C > 0, independent of the mesh parameter h, the solution and the position of the crack-tip, such
that a < Cb.

Definition 2 ([17]). Given a displacement field u satisfying u—us € H?(2), and two extensions
ul and 02 in H*(Q) of ul and u2, respectively, we define II"u as the element of V" such that

M"u = Z ajp; + Z biHy; + xus,
i€EN, ieNH
where a;, b; are given as follows for y; the finite-element node associated to p;:
if i € {NR \ N1} then a; = u,(y;),
if i EN{I and y; € Qi for k € {1,2} then for | =3 —k :

a; = 5 (wh(y) + 23
k
b= 0 (w) -~ w3)

This XFEM interpolation operator satisfies the following interpolation error estimate [17]:
(5.21) [u — "] < Al — xull2.0.

Lemma 5.3.2. Let (u,A) € V x M(s) be the solution of (5.7) and (u, \") € V" x M"(s) be
the solution of (5.18). Then we have:

allu’ =P < Mlu" — ufl[v* =l + [ = X yjarolle— v + bl — A, u* — )

(5.22) +o(A" — p u™) + b — A u) +b(A = A" u), Wt e VI uh e Wh
BT = Ay < 8MP lu—u”||* + 85" A — g |[fyr + 8l|A — 2" [y
(5.23) 8[| — B Ry +8INT = Ny va" = (i, af) € W

with M = Py (M), g = Pyu ().

Proof. For all v € V* u" € W" one has

a —u,u" —u) = e —u,v"—u)+au” —u " —vh
a(u" —u,v" —u) + (A" — A u" —vh)
= a(u" —u,v" —u) +bA" = X u - v") + (A" — A u" — u)
= a(u" —u,v" —u) + b(A" — X\ u —vP) + b(p" — A u —u)
+O(A" — p u™) £ b(p — A u) + (A — AP, u)
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Chapter 5. A local projection stabilized X-FEM

From the V-ellipticity and the continuity of the bilinear form a(.,.) we prove the first inequality
of Lemma 5.3.2. Now we shall give an estimate of the second inequality of Lemma 5.3.2. Noticing
that

/ (A=A [vM]dl = a(u” —u,v") W e V"
Te
one obtains
[ =X = a - u
e
(5.24) +/ (" = X) - [v']dr, Y(v", @) € VI x W
Te

Now, for pff = X — g1 ¢ WH with g = Pyn (") the inf-sup condition (5.17) ensure the
existence of v € V* such that together with (5.24) we get

* — 1 —
B AT — W < IV s (" = XT) - [v"] ar,
C
1 _ 1 N _
< Taps (5" =AM - V'] dr‘*’m g (B = AT — (" = AM) - [v"] dr,
C C

< Mu" —u| +[|@" = Mlw + |27 = 2T = (@" = A"l
As a consequence, one has
BT = Nlwr < B A = T |lwr + M|[u" — || + | 5" — Allwr
" = B we+ (IAT = 2w,
and
BN = ARy < 8MP[lu—u"|? +88"||A — 57 |3y + 8 A — 2" |3y
(5.25) +8|| @ — @3 + 8IAT — A%, vah e W

O
In order to estimate these terms, we need to distinguish the different contact conditions (i.e., we
must specify the definition of M"(s)). We consider hereafter three different standard discrete
contact conditions.

5.3.3.1 Conforming piecewise discontinuous discretization for multiplier Mk, = M]}\L,O
and MJ(s) = My (s)

We first consider the case of nonpositive discontinuous piecewise constant multipliers where M ]f\L,
is defined by (5.11) and M (s) is defined by (5.12). It is a conforming discretistion on multiplier
as M, C My and M (s) C My(s).

Theorem 5.3.3. Let (u, ) be the solution to Problem (5.7). Assume that u, € (H?(Q2))? and
A€ (HYX(T¢))? Let (u, X¥) be the solution to the discrete problem (5.18) where M% = M,
and MJ(s) = MR, (s). Then, for any n > 0 we have

3_n
o= ufl + A = Nllwe < bl = xusllze + Hi72 (Jullz 20 + [Alzre)-
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5.3. Discretization with the stabilized Lagrange multiplier method

Proof. In (5.22) we choose pu" = Py () = (Pyu(\n), Py (X)) We recall that the operator
Pyyu is defined for any v € L?(T'¢) by

Pyu(v) € WH, / (v — Pyu(v))pfldl =0, vYuff e W,
e

and satisfies the following error estimates for any 0 < r <1 (see |25|)

(5.26) H2lv = Pyysr (v)l| —1j2.0¢ + 0 = P (0)lore S H [[0]lrre-
Clearly, u" € M"(s) and using the inequality comming from (5.18) we have
(5.27) bA" — ', u") < =y A" = AT,
with A = Pyyu (A") = (Pyu (A1), Py (M), Moreover
(5.28) (" — A, u — ) = b(Poyar(A) — A, — ) < || Py (A) — Allwe[Ju’ —
and

it =A) = [ (P O) = M) BaadT+ [ (P ) = A fuar

c c

= [ Pun ) = Au)([ta] — Py ([ ])ar

+ / (P () — M) (] — Pryrr ([e]))dT
T'e

< NPy (An) = Anllw lfun] = Pys ([unl) lw
I Pwr (Ae) = Adllwr | Tue] = Py (Tue) e

(5.29) < [[Pwr(A) = Allwe(|[u] — Py ([u])lw
Noting that M}\L[O C My and M%O C My wich implies
(5.30) b(A — A" u) <0.

Using inequalities (5.22), (5.27), (5.28), (5.29) and (5.30) we have
alu” —ul? + 4N = AT Fp, < Mju® —ull[v" = u] 1A = Xwella - ")
+|Pyrr (A) = Allw [[u" —
(5.31) +{ Py (A) = Allw[Tu] — Py ([u])llw
By combining inequalities (5.23) and (5.31) one obtains for all @” € W" and v € V*
(o = 8M25)|Ju —u"||* + 052X = X[y + (v = 8) A" = ATy,

< M — [V~ )l [Py = Allwe =l [N X lju - v
P () = Niwell [u] — Py ([ w -+ 8562111 — 5 By,
8018 — Ay + 83" —
o 1 4] 1

< SMu— P+ offu— P2+ Sl =t A= P (N Ry

13 1
5 IA = X[y + iHu = V7 + [1Pwr (X) = Allwr|[[u] — Payn [u]lw
+838°2X — B |Gy + 83|IA — B[Ry + 80lla" — A1
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Chapter 5. A local projection stabilized X-FEM

Then, for all @" € W" and v € V", we deduce

17TM?% +1
(a_é%)||u_u}b”2+(’7_85_g)HAh_)‘HH%V/+(56*2_g)”)\—)\HH%V/
1 1 | ) " s
< (= 4+ — _ L B / B ,
< (g5t gl = VI + g5 1 Pwir (A) = Al + 835™1IA — A7 |l

+[ Py (N) = Allwr||[u] = Py ([a]) |l w + 88X — " |Gy + 85| B" — |3y
we recall the following standard finite-element estimates:

lu — "l < Chlluy |20,

1
[u— Pyu ()]l < CH2"|ul[1-prc-
A = Pyn(N)[|—1/2 < Ch[A[l1 /2,005
A = Pwr(N)|l—1/2 < CH||A[l1/2r0-

2a i . *2,
m; g), ¢ < min (255 ,2(’}’—85)),
vl = IT"a and " = Py (N). O

Finally, the theorem is established by taking § < min (

5.3.3.2 Conforming piecewise continuous discretization for multiplier M} = M]’;L,I
and M (s) = Mb, (s)
Now, we focus on the case of nonpositive continuous piecewise affine multipliers where M ]}\L, is

given by (5.13) and M2(s) is given by (5.14)

Theorem 5.3.4. Let (u, ) be the solution to Problem (5.7). Assume that w, € (H?(Q))? and
A€ (HY2(T))?. Let (u",A") be the solution to the discrete problem (5.18) where MR = M,
and Méﬂ = Mj’ll. Then, for any n > 0 we have

1
o —u[ + [IX = X lwr S Allu = xus|lz0 + Hi([[ullspno + [IX1y20e)-

Proof. We choose p = r*(X) = (rP\,,7")\;) in (5.22) where r" : LY (T¢) = W{ is a quasi-
interpolation operator which preserves the nonpositivity defined for any function v in L'(T'¢)
by

rhy = Z ax(v)Yx,

xeNH

where N” represents the set of nodes Xg,...,xy in I'c, ¥« is the scalar basis function of Wlh
(defined on T'¢) at node x satisfying ¥x(x') = dxx for all X' € N* and

o[ ) ([ )"

The approximation properties of 7" are proved in [51]. We simply recall hereafter the two
main results. The first result is concerned with L?-stability property of r".
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5.3. Discretization with the stabilized Lagrange multiplier method

Lemma 5.3.5. For any v € L?(T¢) and any E € T" we have

Hrhv

0.2 S [0llos
if |v] < s then |r"v| < s onT¢,

where vg = U{FeTH: FnE;A(Z)}F'

Proof. Let E € TH and 41, 1 be the clasical scalar basic functions related to E. Using the
definition of ax(v) and the Cauchy-Schwarz inequality we get:

I vllo, e < arllvillore + azllvellore
[KEF 2l
< Nvlloye 7= + IVlloqe 77— e
YE frc Tz)l dl—\ YE fFC 1!}2 dF
S vlloqg-

Using the definition of ax(v) and the partition of unity we have the second inequality:

|rhv| = |Z ax(v)wa

xeNH

< Z |le(v)|¢X7
xeNH

< s

O
Note that the proof of the first inequality of this lemma is also given in |51] using the additional
assumption that the mesh T” is quasi-uniform. The second result is concerned with the L2-
approximation properties of .

Lemma 5.3.6. For anyv € H'(I'c), 0 <n <1, and any E € T" we have

(5.32) v — 7P

0. S W

~

[nes
where vp = U{FeEg: FnE;é(Z)}F'

Noting that A, < 0 on I'c (resp. |\{| < s on I'¢) then "\, < 0 on I'c (resp. |r"\| < s on
['c) which implies 7"\, € M%, (vesp. 7"\, € MR, (s)). Using the inequality coming from (5.18)

we have
N ) < [ X - X — (- AT,
= NN+ [ - At
T
v v
(5.33) < N AT " = s
Moreover

(5:34)  b(u" — A u" — ) = br"(A) — A u" —u) < [ (A) = Alorefu" — ul.
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Chapter 5. A local projection stabilized X-FEM

Then we have

b(p" — X u) = / (r"Ap — M) [un]dl + / ("X — Xo)[ue]dL,
T'ec Ie

17" A0 = Anllo,re ITunlllo,e + 7 A — Ae

12" (X) = Aljo,re|I[u]llo,re-

We have M]'\l,1 C My and Mjhn C My then

< orc I uedllo,redr,
<

(5.35)

(5.36) b(A — A" u) <0.
Using inequalities (5.33), (5.34), (5.35) and (5.36) we have
g
afu —ul? + ZIX* = NG r, < Mu® = [V ull+ A" = Allwllu = v
HIr(X) = Allore u” = ull + [[£"(A) = Ao, [ u]llo,re

g
(537) + 2l — B

By combining inequalities (5.23) and (5.37) one obtains for all @ € W” and v* € V"

(= 8320) [ — w2 + 6672 = A [y + (5 = 88) X" = Ay,

< Ml — V"~ + A = Nwellu = v+ ) = Ao [u” ]
) = Mo IEuloro + 855°21% — ¥ [y, + 81X — " [y,
_ - i
881" — B Ry + 2w — I
5 1 5 1 ¢
< SMPu— P o= PP+ S =t ) = Al + SIA = AR

1
ol - VI 4 11" (N) = Allo.re 1 [u]

Vi
ore +5lle" = 15 re
+838" X — "Ry + 83|IA — "Ry + 83|l 8" — IS

Then, for all " € W" and v € V", we deduce

17TM? + 1
(0= 0 D — w2 4 (2~ 85— S)IN ARy + (582 — S)Ix - N Ry,
L1 hy2 . Loy h Yok HY 2
< (g5 + gl = VI + g5l () = Allore + 15" = e lullore + 31" = " r

+838" X — B %y + 83| — " [Rys + 801" — BT

2 .
%; 116), 5 < min (2(5ﬁ*2, vy — 165),

vl = IT"a and p" = Pyn(N). O

Finally, the theorem is established by taking § < min (

5.3.3.3 Nonconforming piecewise continuous discretization for multiplier Mf\b, =
M]]%fl,* and M’?‘ = M%l,*(s)

This choice corresponds to “weakly nonpositive" continuous piecewise affine multipliers where
Mb = M, | is given by (5.15) and M} = MR, (s) is given by (5.16).
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5.3. Discretization with the stabilized Lagrange multiplier method

Theorem 5.3.7. Let (u, ) be the solution to Problem (5.7). Assume that u, € (H?(Q2))? and
A€ (HY2(T¢))?. Let (uP, X)) be the solution to the discrete problem (5.18) where MY, = Mkfl,*
and Mh = M%L*(s). Then, for any n > 0 we have

n

2

1_
lu ="+ [IX = Nlwr < hllu = xusllzae + H272 ([ulls o0 + 1Al200)-

Proof. In (5.22) we choose p" = Pynr(A) = (Pyn(An), Pyn(A)) where Py denotes the
L?(T'¢)-projection onto W{. We recall that the operator Py is defined for any v € L?(I'¢) by

Run(w) € WP, [ (0= Rya(e)ndr =0, e wh,
el

and satisfies the following error estimates for any 0 < r < 2 (see [25])

(5.38) H™2|lo = Pyn(0)l| 212,00 + [0 = Pwn(0)llore < CH[[o]]r,ro-
Clearly, Pyn(\) € M"(s) and using the inequality comming from (5.18) we have
BN = ) <y [ NGt - A = (= N

= N ATty / (A" — AH) (" — pH)r,

c

(5.39) < —%W Y

Y
3,Fc + §Hﬂh - NHH?J,FC'
Moreover

(5.40)  b(u" — A0 — ) = b(Py (X) = A, 1" — ) < || Py (A) = Allw [0 — .

and
b(p" — X u) = /FC(PWhAn—An)[un}]err/Fc(PWhAt—At)[[ut]]dr,
= [ Punda = A)(feal = Rn L)
4 [ (B = 2(fua] = P ),
INe}
< [PwnAn = Anllwy (1un] = Py [un]llwy
1 PownAe = Aellwe [1Tue] — Pn [ue] [ wr
(5.41) < |[Pwn(A) = Allw [[[u] — Py ([u])|lw-
We have
— A u) = — Ak (7 t — ? Ut .
(5.42) b(A — A", u) /FC(An A n]]dl“+/rc()\ D) [ug]dl
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— M [ = — "
/ch N [un T /FcAnu Jr,
< / N (1 ([un]) — [un])T

Te

h_ h Un|) — (Un h Unl) — [Un s
< /Fcun N ([un]) — [ ]])dF+/FCA(I ([n]) - [tn])dT
< IV = Aallwg 17 (Lunl) — LDl
(5.43) allor T ([nl) — undllore

[ Oe=atuddr = [ = Nl = PTa)dr + [ O = X furldr
T'c e

el

—/FC N [w]dl — S/Fc|ﬂut]]|dl“,

</ O M)~ I ([ + / A f]) ~ [t
w [ (2 ()| = Il
</ O M)l Iy + / () ~ )
+s Fc|fh([[ut]]) — [ue]|dr,
< 1 = Mellwg Tl = ([l
(5.44) Adllore Tl = I ([ueD)lloxe + slifue] = *(Fuel) loce.

Using 5.43 and 5.44 we have

b(A =M u) < A= Nwl[u] — I*[u]llw + [ AorcITul = *([u])flo.re
(5.45) +s[ue] = I"([ued)llore.

Using inequalities (5.39), (5.40), (5.41) and (5.45) we have

alla —ul? + AN = AR < Mt =l =l A = Al =
Py () = Allwe [u* v
Py (A) = Mlwe [[u] = Py (Tl lw
A = X lw [ a] = 2" [ullw
Ao 1 Tal = 1" (Fal) lo.re
(5.46) +slllud = " ([ud)lore + 51" = 1™ r,..
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5.4. Numerical experiments

By combining inequalities (5.23) and (5.46) one obtain for all @ € W" and v € V"

(@ —8M2)|Ju —u"|* + 652X = Xy + (v — 88) A" — AT |3y,

< Mu" —afl|v* =l + A" = Allw @ = V" + || Payn (A) = Allw [[u" —
+| Py (A) = Allw[I[u] — Py ([u])llw + 86521 — ™15y
HIA = X fwll[u] = I [a]llw + [ Mllo,re | [u] = 7*([u]) lore
vy _ _ _
s [ue] = 1 (TuDllore + 5 16" = w75 re + 801X = By + 86]1 A" — A" [y,
4] 1 4] 1
< M u -+ 2t VI Sl = a4 5512 = P (NI

el =12+ [P 3) = Nlw ] ~ Povaalllw + 513 = X'y
+836° (1A — B [y + 83]IA — "Ry + 80lIA" — B[Ry

+5IA= Xl + 5l — [l + [Alore ] = 7" ([ fore
Folllued = " ([l lore + 51" — G .

Then, for all " € W" and v € V" we deduces

17TM? +1 .
(o= 6= [u—u"|* + (5 = 85 = OIIN" = M By + (382 = )| = Ay,
1 1 1
< (g5 + gu = V"I + g5l P ) = Mlore + [P (A) = Mlwelful = Pys [ul lw

gl . _ _ h
+§Huh — 3 re + 808X — B[Ry + 8OlIX — B |3y + 83|l B" — B |3y

+21£||[[U]] — I"[u] | + [IXo.re | [u] = " ([ul)llo.re + sl [ued = 1" ([ue]) oo

2
Finally, the theorem is established by taking § < min (Wg—kl; 116)’ ¢ < min ((5ﬁ*2; % — 86),
vl = IT"a and p" = Pyn(N). O
Remark: Let us remark that if we suppose that u € (H?(£2))? in Theorem 5.3.7 the proved rate
of convergence becomes h3/%.

5.4 Numerical experiments
The numerical tests were performed on a uncracked square defined by

Q= 1[0,1 x [-0.5,0.5],

and the considered crack is the line segment I'c = ]0,0.5] x {0} (see Fig. 5.5). Three degrees of
freedom are blocked in order to eliminate rigid body motions (Fig. 5.5). In order to have both a
contact and non contact, slip and non slip zones between the crack lips, we impose the following
body force vector field

Bla.y) = ( 3.52(1 —x())ycos(Qﬂ'x) ) '
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&

Figure 5.5: Cracked specimen.

Neumann boundary conditions are prescribed as follows:

0
= = - . < < .
g(x,—0.5) = g(z,0.5) = ( g ) 0<z<I1.

We assume that the slip bound is constant (s = 0.09). An example of a non structured mesh
used is presented in Fig. 5.6. The numerical tests are performed with GETFEM++, the C++
finite-element library developed by Y. Renard’s team (see [52]).
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Figure 5.6: Non-structured mesh.
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5.4. Numerical experiments

5.4.1 Numerical solution

The algebraic formulation of Problem (5.18) is given as follows

Find U € RN, Ly € My and Ly € Mi(s) such that
KU — ByLy — BpLy = F,

(In — Ly)T(BNU + DyyLy) > 0, VIy € My,
(Lr — L)1 (ByU + DpyLy) > 0, VIg € Mip(s),

(5.47)

where U is the vector of degrees of freedom (d.o.f.) for u”, Ly (resp. L) is the vector of d.o.f.
for the normal multiplier A" (resp. for the tangant multiplier \}), M};\, (resp. Mg(s)) is the set
of vectors Ly (resp. Lr) such that the corresponding multiplier lies in M% (resp. in M2(s)),
K is the classical stiffness matrix coming from the term a(u”,v"), F is the right-hand side
corresponding to the Neumann boundary condition and the volume forces, and By, By, Dy,
Dy, are the matrices corresponding to the terms b(A", v7), b(Al, v, v frc()\ﬁ — Py (A (uh —
An)dL and 7y [r. (A} — Py (A9))(py — A )dT, respectively.

The inequalities in (5.47) can be expressed as an equivalent projection

(5.48) LN :PM};\’(LN—T(BNU-FDN,YLN)),
(549) Ly = Pﬁh< )(LT — T‘(BTU + DT'yLT)>7
T S

where r is a positive augmentation parameter. This last step transforms the contact conditions
into nonlinear equations and we have to solve the following system:

;

Find U e RN Ly € M% and Lt € M; such that
KU — ByLy — BpLy — F =0,

1
(5.50) —[LN—PMh (LN—T(BNU—FDNA/LN))] =0,
N

r

1
_Z [LT — P (Lp—r(BrU+ DTWLT)):| = 0.
r M (s)

This allows us to use the semi-smooth Newton method (introduced for contact and friction
problems in [53]) to solve Problem (5.50). The term ‘semi-smooth’ comes from the fact that
projections are only piecewise differentiable. Practically, it is one of the most robust algorithms
to solve contact problems with or without friction. In order to write a Newton step, one has to
compute the derivative of the projection (5.48) and (5.49). An analytical expression can only be
obtained when the projection itself is simple to express. This is the case for instance when the
set M"(s) is chosen such that the contact condition is satisfied on each finite-element node of
the contact boundary (such as M} (s) or M?(s)). In this case, the projection can be expressed
component-wise (see [54]).

In order to keep the independence between the mesh and the crack, the approximation space
W for the multiplier is chosen to be the trace on I'c of a Lagrange finite-element method defined
on the same mesh as V" and its degree will be specified in the following. Let us denote X" the
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Chapter 5. A local projection stabilized X-FEM

space corresponding to the Lagrange finite-element method. The choice of a basis of the trace
space Wh = X h|1“c is not completely straightforward. Indeed, the traces on I'c of the shape

functions of X" may be linearly dependent. A way to overcome this difficulty is to eliminate the
redundant functions. Our approach in the presented numerical experiments is as follows. In a
first time, we eliminate locally dependent columns of the mass matrix ch Pip;dl’, where 1); is
the finite-element shape function of X®, with a block-wise Gram-Schmidt algorithm. In a second
time, we detect the potential remaining kernel of the mass matrix with a Lanczos algorithm.

The decomposition into patches is made using a graph partitioner algorithm. In the presented
numerical tests we use the free software METIS [79]. The nodes of the graph consist in the
elements having an intersection with I'c and the edges connect adjacent elements. Additionally,
a load corresponding to the size of the intersection is considered on each elements. The partition
is a very fast operation.

5.4.2 Numerical tests

In this section, we present numerical tests of the stabilized and non stabilized unilateral contact
problems for the following, differently enriched, finite-element methods: P»/ P, P2/ Py, P1+ /Py,
P /Py, Pi/Py. The notation P;/P; (resp. P+ /P;) means that the displacement is approximated
with a P; extended finite-element method (resp. a P; extended finite-element method with an
additional cubic bubble function) and the multiplier with a continuous P; finite-element method
for j > 0 (resp. continuous P finite-element method).

The numerical tests were performed on non-structured meshes with h =
0.108, 0.057, 0.03, 0.016, 0.008 respectively. The reference solution is obtained with a
structured P/P; method and A = 0.0021. The Von Mises stress of the reference solution is
presented in Fig. 5.7(c). Its distribution shows that the von Mises stress is not singular at
the crack lips. The normal and tangent contact stress of the reference solution are presented
in Fig. 5.7(a) and Fig. 5.7(b) respectively. The normal and tangent contact stresses are not
singular at the crack lips which confirms the theoretical result.

Without stabilization: The curves in the non-stabilized case are given in Fig. 5.8(a) for the
error in the L?(£2)-norm on the displacement, in Fig. 5.8(b) for the error in the H!(2)-norm on
the displacement and in Fig. 5.8(c) for the error in the L?(T'¢)-norm on the contact stress. The
Py /Py and P,/Py versions generally work without stabilization even though a uniform inf-sup
condition cannot be proven. Fig. 5.8(a) shows that the rate of convergence in the error L?(Q)-
norm is approximatively of order 2.2 for the P»/P; methods and of order 1.6 for the P;/P;
methods. Note that the singularity due to the transition between contact and non contact is
expected to be in H5/2_77(Q) for any n > 0. Theoretically, this limits the convergence rate to
3/2 —n in the H(Q)-norm.

Fig. 5.8(b) shows that the rate of convergence in energy norm is approximatively of order 2
for the P,/P; methods and of order 1.2 for the P;/P; methods. Fig. 5.8(c) shows that, the rate
of convergence in the error L?(I'¢)-norm is optimal for the P,/P; methods (of order 1) and not
optimal for the remaining couple of elements (approximatively of order 0.3 for the P,/P; and
Py /Py methods and approximatively of order 0.7 for the P; + /P, method). It seems that the
presence of some spurious modes affects these rates of convergence.
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Figure 5.7: Von Mises stress and contact stress for the reference solution (Note that the presence
of friction in the non-contact zone (i.e. A\, # 0) is du to the use of Tresca model).

Stabilized method: The curves in the stabilized case are given in Fig. 5.9(a) for the error
in the L?(Q)-norm on the displacement, in Fig. 5.9(b) for the error in the H'(2)-norm on the
displacement and in Fig. 5.9(c) for the error in the L?(I'c)-norm of the contact stress. Similarly
to the non stabilized method, Fig. 5.9(b) shows that we have an optimal rate of convergence, with
a slight difference, for the error in the L?(€Q)-norm and the H'(Q)-norm on the displacement.
For the error in the L?(I'¢)-norm of the contact stress, Fig. 5.9(c) shows that the local projection
stabilization eliminates the spurious modes for the Py /Py, P;/Py and P, + /P, methods.
Concerning the error in L?(I'¢)-norm the value of the stabilization parameter can also be divided
into two zones (see Fig. 5.10(a), and Fig. 5.10(b)). The first zone is where the error remains
almost constant when the stabilization parameter v increases. The second zone is where the error
increases when the stabilization parameter 7 increases. Note that for a relatively large mesh size,
the local projection stabilization has no influence. Now, concerning the minimal patch size, the
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Figure 5.8: Convergence curves in the non stabilized case
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Figure 5.9: Convergence curves in the stabilized case

inf-sup condition is proven to be satisfied in [61] for a size greater or equal to 3h. Numerically,
the inf-sup condition seems to be satisfied for smaller values of the minimal patch size. In our
numerical experiments, we found an optimal value between h and 2h. For this interval of values
we have the same result, with a slight difference, as presented in Fig. 5.10(a) and Fig. 5.10(b).
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Figure 5.10: Influence of the stabilization parameter in L?(I'¢)-norm of the contact stress

5.5 Conclusion

We adapt the local projection stabilization technique to the nonlinear small strain elastostatics
problem with Tresca frictional contact. A main advantage compared to some other stabilization
techniques like the Barbosa-Hughes one is that is only affects the multiplier equation in a manner
that is independent of the problem to be solved.

We have obtained an existance and uniqueness results for the approximated Tresca frictional con-
tact problem in elasticity. Concerning the three contact conditions we considered theoretically,
the given a priori error estimates are obviously sub-optimal. This is probably due to technical
reasons.

In the numerical tests we considered, the stabilized methods have indeed an optimal rate of con-
vergence. Similarly to [18], the unstabilized methods have also an optimal rate of convergence
concerning the displacement. This may lead to the conclusion that no locking phenomenon was
present in the numerical situation we studied despite the non-satisfaction of the discrete inf-sup
condition. The fact that such a locking situation may exist or not in the studied framework
(contact problem on crack lips for a linear elastic body) is an open question.
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(zeneral conclusions

In this Ph.D. we gave a mathematical and numerical analysis of convergence and stability of
some mixed or hybrid formulations resulting from the numerical solution of some constrained
optimization problem with Lagrange multiplier method in the framework of the eXtended Finite
Element Method (XFEM). Except the first chapter, each chapter of this thesis is the subject of
a published or submitted paper. In Chapter 2 we saw, by using a general technique introduced
by Brezzi and Fortin, that the mixed formulation with P»/Fy is stable whent the crack cuts the
mesh far enough from the vertices. We have given a mathematical result of quasi-optimal error
estimate. We have shown numerically that the X-FEM cut-off formulation is stable, regardless of
the position of the crack. Similar to the X-FEM with fixed enrichment area, the X-FEM cut-off
gives an optimal convergence rate but without a significant additional costs.

The second axis, which present the main content of the thesis, is dedicated to the use of some
stabilized Lagrange multiplier methods. The particularity of these stabilized methods is that the
stability of the multiplier is provided by adding supplementary terms in the weak formulation.
In chapter 3 we studied the Barbosa-Hughes stabilization of the hybrid formulation of frictionless
contact problems for cracked elastic bodies in the framework of X-FEM. Theoretically, the given
a priori error estimates of the three contact conditions are obviously suboptimal. This limitation
of the mathematical analysis is not specific to the approximation of contact problems in the
framework of XFEM. It is in fact particularly true for the approximation of the contact condition
with Lagrange multiplier. This is probably due to technical reasons. In the numerical tests we
considered, the stabilized methods have indeed an optimal rate of convergence and no locking
phenomenon was present in the numerical situation we studied despite the non-satisfaction of
the discrete inf-sup condition.

In chapter 4, we presented a new consistent method based on local projections for the stabilization
of elliptic boundary value problems in the framework of extended finite element method with a
fictitious domain approach. A main advantage compared to some other stabilization techniques
like the Barbosa-Hughes one is that it only affects the multiplier equation in a manner that is
independent of the problem to be solved. This makes the extension to other linear or nonlinear
problems very easy. In the contex of this new stabilized method we proved the existence and
uniqueness of the stabilised approximated problem. A priori estimates are given. This result
does not ensure an optimal rate of convergence when a quadratic finite element is used for the
main unknown due to the fact that the local projection is made on piecewise constants. The
method could be generalized to the projection on (discontinuous) piecewise affine or piecewise
quadratic functions for high order approximations. In chapter 5 we adapt the local projection
stabilization technique to the nonlinear small strain elastostatics problem with Tresca frictional
contact. We have obtained a result of existence and uniqueness for the approximated Tresca
frictional contact problem in elasticity. Concerning the three contact conditions we considered
theoretically, the given a priori error estimates are obviously sub-optimal. This is also probably
due to technical reasons. In the numerical tests we considered, the stabilized methods have
indeed an optimal rate of convergence. The unstabilized methods have also an optimal rate
of convergence concerning the displacement. This may lead to the conclusion that no locking
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General conclusions

phenomenon was present in the numerical situation we studied despite the non-satisfaction of
the discrete inf-sup condition. The fact that such a locking situation may exist or not in the
studied framework (contact problem on crack lips for a linear elastic body) is an open question.
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APPENDIX A

Appendix

Appendix A : Singularity of the contact stress

Lemma A.1. Assume that we have a finite number of transition points between the contact and
the non contact zones on the crack lips, then the contact stress oy, is in H'/?(T'¢).

Proof. Let m be a transition point which delimits two zones of nonzero length, a non contact
zone (u, < 0) and a zone where the contact is effective (u,, = 0). Moussaoui et al. [48] show that

the asymptotic displacement near this transition point is no more singular than r3/2sin 59

where (r,6) are the polar coordinate relative to m and the transition point. Consequently, the
normal contact stress is not singular near the transition points between the contact and the non
contact zones. This analysis, done for the scalar Signorini problem, can be straightforwardly
generalized to the Signorini problem for two dimensional elasticity. In order to shorten the proof
we present only the analysis for the vicinity of the crack-tip.

We can restrict the study to the case of a contact occurring on a neighborhood of the crack-tip,
since g, = 0 if there is no contact at the crack-tip.

Using the div-rot lemma, we rewrite the stress components in terms of an Airy function ¢ as
follows:

0%¢ % 0%¢

Oz = =5, Oyy = ——5, Opy= 0Oy = — )
oy’ Y ox?’ vy Oxdy

In two-dimensional isotropic elasticity, the Hooke’s law is given by:

Oz = (A, +20,)€z0 + A Eyy,
Uyy = ()\L + 2:UJL)€yy + )\LE:IID’
Oy = fiy(Ezy + €ya) = 20, Eqy.
So
R
W Ty 2u, Oxdy’
1 ?¢p  0%¢
€pg = —————| (N, +2u,) =5 — A= |,
dp, (A, +py) <( . ML)é‘yQ 3962)
1 0% 0%¢
= — A — (A 20, )—= | .
Eu 4M(>‘L + :U’L) ( " 8y2 ( 2 ML)a‘%Q)
The compatibility relations
D%err  O’eyy D*eqy

_9 —
Oy + Ox? Oxdy 0

Cette thése est accessible a I'adresse : http://theses.insa-lyon.fr/publication/2013ISAL0007/these.pdf
© [S. Amdouni], [2013], INSA de Lyon, tous droits réservés



Appendix A. Appendix

lead to the bi-harmonic equation:

A2, [0 0% e 1 ,
Ay (A, + ) 8$4+6y4+2ax28y2 =0 <= A%%=0,

whose general solution in polar coordinates is a linear combination of the following elementary

functions:
rtlcos(s —1)0, r*Tlcos(s +1)0, rTlsin(s — 1), r*sin(s + 1)6.

Let oy, 0gg and 0,9 be the polar stress components. By using e, = (cosf,sinf), eg =
(—sin#,cosf) and the fact that (e,,ep, k) is direct and V¢ A k is independent of x, y, we
obtain

19%¢ 19¢ 9% 109 1 0%

2oz Trar 90T g2 90T 550 T v aeor

Opy =

Besides, we have

Oy, ou
ovs = (Nt 2m)FE AL

ou Ouy
oy = (A, + 2“L)7ayy A

Ony = pp(Eay +Eya) = iy <8y + O

0 0 10 1 1 10
and Vu = ﬂer + ﬁeg ® e, + fﬂer + —u,ep — —uge, + *ﬁeg ® ey where u, and
or or r 00 r r r 00

ug are the radial and angular components of the displacement. So in polar coordinates, it becomes

ou, A 0
o = O o) G+ 2 (0 50,

or 00
(A F2u,) Jug ou,
e G AT
o — % 4 laur _ lu
o = B\ T ee T )
Consequently,
1 0% 10¢ our A Oug
T4 = (M 2 L . —
2002 v or (L+“L)ar+r(“+aa>’
0%¢ (A, +2u,) Jug Ouy
oz = \"T e ) TMG
19 _19% Oug  10ur 1.
r200 rooor  "F\or r 00 b
In [49], Grisvard gives the corresponding displacement in polar coordinates with
21,
p=1+4Fr .
ALty

ur = r(asin(s+1)8 +bcos(s+1)0 + c(p — s)sin(s — 1)0 — d(p — s) cos(s — 1)6),
ug = r°(acos(s+1)0 —bsin(s+ 1)0 — c(p+ s) cos(s — 1)§ — d(p + s) sin(s — 1)0),
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where a, b, c,d are generic constants. The P; finite-element method will not optimally approx-
imate the terms of this form which are not in H%(Q2). So we have to determine the terms for
which the real part of s is such that 0 < Re(s) < 1.

The boundary conditions for the effective contact without friction on the crack with § = 7 can
be expressed as:

up(r, ™) — up(r, —m) = 0,
099(7“, 7T) — 0'99(7’, —7T) = 0,

O—TH(Ta 7T) = Ura(ra _ﬂ—) =0.

The first equality expresses the contact condition: the jump of the normal displacement is equal
to zero because we are not in the opening mode, the second equation represents the action-
reaction law and the last equality expresses the absence of friction.

By using (A.1), these conditions read as:

ug(r,m) —ug(r,—m) = 2r°(=bsin(s+ 1)m — d(p + s)sin(s — 1)m)
2r®(bsin(sm) + d(p + s) sin(s7)),
org(r,m) = p, 71 (2ascos(s 4 1)m — 2bssin(s + 1)m — 2¢s? cos(s — 1)

—2ds*sin(s — 1))
= 2u, 7" Y (—ascos(sm) + bssin(sm) + cs® cos(sm) + ds® sin(s7)),
org(r, —m) = 2u, 7 (—ascos(smw) — bssin(sm) + cs? cos(sw) — ds*sin(sT)),
ogo(r, ™) — oge(r, —m) = 171\, (2assin(s + 1) + 2¢(p — s)ssin(s — 1)
+(A, +2u, ) (—2assin(s + 1)7 + 2es(p + s — 2) sin(s — 1)7))
= " Y(4p, assin(sm) — desp, (s + 1) sin(s)).

The determinant of the corresponding linear system can be written as:

0 1 — cos(sm) — cos(sm)

1 0 sin(sm) — sin(sm)

0 —s—1 (s—1)cos(sm) (s—1)cos(sm)
p+s 0 (s —1)sin(sm) —(s—1)sin(sm)
= 128,u3 3p45=3(p 4 1) sin®(ms) cos(s).

D = 32u3 3p4s=3 sin?(s7)

So D = 0 reduces to sin®(7s) cos(sm) = 0 and the only solution satisfying 0 < Re(s) < 1 is
1
s=—.
2 1
For s = > we obtain:
3c
=—,0=0,d=0
2
which means that only one singular mode is present. For this singular mode we have also:
ogg(r,m) = ogg(r,—m) = 0. This property corresponds to the classical Neumann boundary
condition on the crack lips. The consequence is there is no supplementary singular mode to the
classical shear mode and the normal stress component is not singular on the crack lips.
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APPENDIX B

Appendix

Appendix B : Proof of Lemma 3.3.2

In order to prove Lemma 3.3.2, we distinguish three cases: totally enriched triangles, partial
enriched triangles and the triangle containing the crack tip.

First, for a totally enriched triangle (Fig. 3.4(a)) we have 1", |7nq, = IMil|rnq, (see Lemma
3.3.1). Then, Eiu, = I"al and we have

&~ B for = |6 - I

S PPl
[0, — Bruir < hlwgller

Second, for a partially enriched triangle and considering the particular case shown in Fig. 3.4(b)
we have:

I |rne, = ub(xi)er + ul(x2)es + up (x3)es,
"a) + () (x2) — up(x2))pa,

I"ur|rno, = ub(xi)er + up(x2)es + U2 (x3)03,
= "0 + (W2 (x1) — up(x1))er-

In this case Etu, = I"al+ (0l (x2) —u2(x2))p2 and EZu, = 1"a2 + (0?(x;) —ul(x1))p1. Then
we have:

= |ul - I"a) — (@) (x2) — uZ(x2))p2llo.r
8 — 0k Jor+ | Th(x2) — ul(x2) | [lw2lo.r,
8y — Ak |yt | Gl (x2) — up(x2) | -

(Gt

[y — Epug|yr

Furthermore, we have from [17]:
|8y (x2) —wi(x2) | S hr | Oy =87 o, B )
and since |[|p2||0,7 S h we can conclude that:
G - Bhulor S 0 (18 it |8 % bawea )

I8 - Bru e < hT(Hﬁrum = @ s ) )
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Appendix B. Appendix

In the same way we have:

7

S 1 (1@t |8 - @ b )
@ Brulur S he([@hrt |8 @ Lo )
A similar reasoning can be applied to the other situations of partially enriched triangles to obtain

the same result.
Finally, for the triangle containing the crack tip, and in the particular case described in Fig. 3.4(c)

we have:
Hhur|Tm§21 = 1( D1 +u; (Xz) 2 + U, (X3)<P3,
"0} + (uf(x2) — U, (x2))p2 + (up(xs) — 0, (x3))es,
M rro, = ulh(x1)pr + ui(x2)p2 + ui(x3)es,

= I"a7 + (up(x1) — 8 (x1))r-

Thus, we have Etu, = IT"u} + (u?(x2) — 0l (x2))p2 + (u2(x3) — ul(x3))ps and F2u, = [1"a2 +
(u }n(xl) — u2(x1))p1. Note that we have (see [17]):

. I . "
’ u;(Xj) - ur(xj) ’ 5 hr | u71" - u72" ’2,B(x*,hT)7

with j € {1,2,3}, i € {1,2}, l = 3 —i and x; a node belonging to a partially enriched triangle
or triangle containing the crack tip. Then, by the same way in the case of partially enriched
triangle we have the following result for ¢ € {1,2}:

16 - Erulor < h%(uﬁ;||z,T+ ! = @2 s ) )
I8 - Brulir < hT(Hﬁ:;\|z,T+ !~ @ s ) )

This concludes the proof, since a similar reasoning can be applied to the other situations of a
triangle containing the crack tip. U
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APPENDIX C

Appendix

Appendix C : Proof of the Inf-sup condition

Lemma A.2. Assume that the length of segment of SH is not less than 3h. Then, there exists
a constant 5* > 0, independent of h and H, such that

b h , h
(C.1) vl € (WY, sup MO s gy
whevn [[0" v
. h  hy _ h h
with b(v™, u'") = <N v ]]>W’,W

Proof. In order to proof this condition we use a general technique introduced by Brezzi and
Fortin in their book [1]. This technique can be summarized in the following proposition:

Proposition 7 ([1]). Suppose that

b(v,
(C.2) vuew,  supZ%H S g e,
S o T

and assume that there exists a family of uniformly continuous operators Il from V into V"

satisfying:
(C.3a) b(Ilw —w,pu") =0,  Yuh e (WY,
(C.3b) [ Tpv [lv< e[l vl

with ¢ independent of h. Then we have

h , h
(C.4) Vol e (Why, sup bv?, i)

> ko [|" |
vhevh I vh ||Vh ’

with ko = é
C

In our case the inf-sup condition (C.2) is true. Indeed, in the rest of this chapter, we proof
the LBB condition relying on Proposition 7.

We have the length of each segment of S is not less than 4h, then similarly to [61] we can
find a node ag such that the macro-element Ag consisting of the six triangles of 7" with common
vertex ag satisfies the following properties:

e S intersects at least one interior segment of Ag at a distance from ag that is no larger then
half the length of this segment.
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Appendix C. Appendix

e The end point of S do not belong to the interior of Ag.

e If S and S are any two segments of S7, Ag (NAg is either empty or reduced to a node
or a segment of 7", in the other worlds, the macro-elements related to S¥ do not overlap.

Let IT; the Hj-stable interpolation operator of V}, defined in Chapter 2. Then for any v € H(Q),
we propose the following restriction ITjv:

(C.5) Myw=1Iv+ Y CsHepas,
SesH

where ¢, denotes the basis function of VP, with support Ag, that take the value 1 at the node
ag and 0 at all other nodes of 7", H is the Heaviside function and each constant Cyg is chosen
such that

(C.6) /S [Tu]dT = /S [hv]dT.

It remains to show that such constant C's exist and to establish the stability inequality C.3a.
Using the definition of IT;v we have

/S[[Ulv]]—[[v]]dFJr Z C’k/sgoakdf‘:().

keSH

Using the properties of Ag we have

1
(C.7) Cs = —m /S[[Hlv]] — [v]dr.

To derive an upper bound for the numerator of C.7, we require the next two lemmas.

Lemma A.3. [61] Let T denote the reference unit triangle and letl be any straight line segment
that intersects T. Then, there exist a constant C independent ofl such that

(C38) vae H\T), |l < Clal,

Lemma A.4. [61] Let | be a straight line segment that intersects a non degenerate triangle T
and let 1 be its image on the reference unit triangle T by the affine transformation that maps
T onto T. Let Jp denote the Jacobian matriz of this transformation and let || det(Jr)|| be its
FEuclidean norm. Then,

{
(C.9) H < lrl
Using this two last lemma we can prove
Lemma A.5. [61] We always have:
(C.10) / ar> - n
. Sgoas Wik
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Now let us show that the operator IIv defined by C.5 satisfies the stability estimate C.3b
with a constant C independent of h and H. For any v € H'(2), we have

|| IIpv

Lo <Mvllia+1 ) CsHeaglhe,
SesH

As each ¢, has support Ag and these supports are all disjoint, we have

1/2
IS Cstonslhia < (3 (OsPllonslia,)

SeSH SesH

we can see easy as in [61] that there exist a constant Cs independent of h and H such that

(C.ll) H‘PasHl,As < a3-

Next let us find a bound for C's. Let [; denote the straight line segments of S and T; the element
of T" intersected by I;. We denote by E' (resp. E?) the continuous extension of IT 19q, (resp.

Ulv| Qs ) defined by:

{Elv =D jeny Q5 T Xjer, Biei in (0,
EQU = ZjGI\IH ajgoj + ZjEIH 7i90jH2 in QQ,
with

) — 1 ik F G N il
o _IAi\fAiu dz ifx; € Oy, Bi_|Ai|fAiUdX’

Yi = |A1” fA,- u?dz, Sj :=J{S € 7, : supp(yp;) N S # 0},

where A; is the maximal ball centered at z; such that A; C S; and {xj}‘jle are the interior
nodes of mesh 7.
From C.7 and C.10, we have for all S € S

s < 22 [ - plar]|

442
< T <’/SH1’U‘Q1 —’Uldr‘—i-’/sﬂﬂ)mQ —vngD,
42
< == <Z\ziyl/anlv|Ql = villog, + D 12 Ty, —vguo,,]),
i J
<

)

42 . .
“h (Z ‘li,l/zunlvml - UIHO,li + Z ’lj‘l/2HH1U|QQ - UQHOJJ')’
J
Then switching to the reference element and applying Lemmas A.3 and A.4, we obtain

4V2 = = - =
Cs| = —-C (Z!lill/QllJTiHl/QHElv—UlHl,erZ!lj|1/2||JTj||1/2HE2U—U2||1,f)»
i j

115

Cette thése est accessible a I'adresse : http://theses.insa-lyon.fr/publication/2013ISAL0007/these.pdf
© [S. Amdouni], [2013], INSA de Lyon, tous droits réservés



Appendix C. Appendix

where C is the constant of Lemma A.3. Now, switching back to T; and T}, we have

4\/5/\ _ _ - 1/2
s < S=C ( L2 T2 et I [TV (1Y = Bl + 1P EN = Bl )

7

(C.12) 32T, 2 det T |2 (1B — T
J

2 2 ~ 1/2
o1, + 11, 121 B30 — all11) )
As the triangulation 77 is trivial regular, C.11 and C.12 yield

1/2 2 1/2
1~ j ~ ; ~

(S esPlonlias) <30VE (X X UBh- Tl + 1B -BlEr) )

SesH j=1 ST OTe£0
Using the same argument of the proof of Lemma 1 of chapter 2 we show easy that

1/2
2 2 A
(3 1esPlonsla,) = Calllha
SesH

Using this last result with Lemma, 1 of chapter 2 we have inequality C.3b wich finishes the proof
of Lemma A.2.
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Abstract: This Ph.D. thesis was done in collaboration with “La Manufacture Francaise
des Pneumatiques Michelin”. It concerns the mathematical and numerical analysis of con-
vergence and stability of mixed or hybrid formulation of constrained optimization problem with
Lagrange multiplier method in the framework of the eXtended Finite Element Method (XFEM).
First we try to prove the stability of the X-FEM discretization for incompressible elastostatic
problem by ensured a LBB condition. The second axis, which present the main content of the
thesis, is dedicated to the use of some stabilized Lagrange multiplier methods. The particu-
larity of these stabilized methods is that the stability of the multiplier is provided by adding
supplementary terms in the weak formulation. In this context, we study the Barbosa-Hughes
stabilization technique applied to the frictionless unilateral contact problem with XFEM-cut-off.
Then we present a new consistent method based on local projections for the stabilization of a
Dirichlet condition in the framework of extended finite element method with a fictitious domain
approach. Moreover we make comparative study between the local projection stabilization and
the Barbosa-Hughes stabilization. Finally we use the local projection stabilization to approxi-
mate the two-dimensional linear elastostatics unilateral contact problem with Tresca frictional
in the framework of the eXtended Finite Element Method X-FEM.

Keywords: XFEM, Fictitious domain, Unilateral contact, mixed formulation, Stabilization.

Résumé: Ce mémoire de thése & été réalisée dans le cadre d’une collaboration scientifique avec
“La Manufacture Francgaise des Pneumatiques Michelin”. Il porte sur 'analyse mathé-
matique et numérique de la convergence et de la stabilité de formulations mixtes ou hybrides
de problémes d’optimisation sous contrainte avec la méthode des multiplicateurs de Lagrange
et dans le cadre de la méthode éléments finis étendus (XFEM). Tout d’abord, nous essayons de
démontrer la stabilité de la discrétisation X-FEM pour le probléme d’élasticité linéaire incom-
pressible en statique. Le deuxiéme axe, qui représente le contenu principal de la thése est dédié a
I’étude de certaines méthodes de multiplicateur de Lagrange stabilisées. La particularité de ces
méthodes est que la stabilité du multiplicateur est assurée par ’ajout de termes supplémentaires
dans la formulation faible. Dans ce contexte, nous commencons par I’étude de la méthode de
stabilisation de Barbosa-Hughes appliquée au probléme de contact unilatéral sans frottement
avec XFEM cut-off. Ensuite, nous construisons une nouvelle méthode basée sur des techniques
de projections locales pour stabiliser un probléme de Dirichlet dans le cadre de X-FEM et une
approche de type domaine fictif. Nous faisons aussi une étude comparative entre la stabilisa-
tion avec la technique de projection locale et la stabilisation de Barbosa-Hughes. Enfin, nous
appliquons cette nouvelle méthode de stabilisation aux problémes de contact unilatéral en élasto-
statique avec frottement de Tresca dans le cadre de X-FEM.

Mots clés: XFEM, Domaine fictif, Contact unilatéral, Formulation mixte, Stabilisation.
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