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Chapter 1

Introduction

1.1 Introduction en francais

Soit E une courbe elliptique sur Q et p > 3 un nombre premier fixé; si on suppose que E est ordinaire en

p, alors il existe une fonction L p-adique Ly (s, E) interpolant les valeurs spécials L&é)& ), lorsque € parcourt

Pensemble des caracteres de conducteur une puissance de p et Q.(E) dans C* est une période explicite. En
particulier, on aen s =0

L(1, E)

L0, ) = (1= a7") e,

P

ol a, désigne la racine unitaire du polynome de Hecke en p associé a E. Si E a mauvaise réduction multi-
plicative déployée en p, alors a, = 1 et L,(0,E) = 0 méme si L(1, E) n’est pas nul. Soit ¢g dans Q, telle
que

— —X
EQ,) =Q, /dz;
dans [MTTS86] les auteurs formulent une conjecture sur le comportement de L,(s, E) en s = 0 dont une
forme faible est la suivante
dL,(s, E)
ds

pour L(E) = log,(qr)/ord,(qr). Cette forme faible de la conjecture a été démontrée dans [GS93] et a ouvert
les portes & une série de conjectures sur le comportement des fonctions L p-adiques en présence des zéros
triviaux, généralisant la conjecture de [MTT86]. On va maintenant énoncer cette conjecture formulée en
premiére instance par Greenberg [Gre94b] dans le cas ordinaire et par Benois [Ben10] dans le cas semistable
ou potentiellement cristallin.

Soit K un corps p-adique, Gg := Gal(Q/Q) et

V. G@ — GLn(K)

une représentation continue, irreductible et semistable en p que 'on suppose motivique; c’est-a-dire qu’il
existe un motif dont la réalisation p-adique coincide avec V. On peut donc associer a V une fonction L
analytique L(s, V') de la variable complexe s. On suppose de plus que L(s, V') satisfait I’équation fonctionelle
predite par Deligne [Del79], que s = 0 est critique et qu’il existe une période de Deligne Q(V) telle que
L(s,V)/Q(V) € Q.



Sous ces hypotheses, Coates et Perrin Riou [CPR89, PR95] ont conjecturé I’existence d’une fonction L p-
adique L,(s,V,D) (pour D un sous (¢, N)-module semistable de Dy (V')) interpolant les valeurs spéciales
de V tordue par des caracteres de Dirichlet de conducteur une puissance de p.

En particulier, on conjecture que

L(0,V)
Qv) -

L,(0,V, D) = E(V, D)

pour E(V, D) un produit fini de facteurs eulériens en p, explicitement décrit dans [Benl3]. On suppose
maintenant que L(0,V) # 0.
Il pourrait bien se passer qu'un facteur de E(V, D) s’annule; dans ce cas, on dit que des zéros triviaux

. . s - L(0,V) . S
apparaissent. Comme ce qui nous intéresse est la valeur spéciale Qg7 > on voudrait pouvoir récupérer des

informations sur cette valeur & partir de L,(s, V, D). En étudiant ce probleme, Greenberg et Benois ont défini
un nombre £(V) qui ne dépend que de la cohomologie galoisienne de V' (dans le cas ordinaire) resp. que de
la cohomologie du (¢, I')-module Diig(V) (dans le cas semi-stable). Ce nombre, qu’on appelle l'invariant £,
est conjecturé comme étant non nul et il apparait dans la conjecture suivante.

Conjecture 1.1.1. Soit g le nombre de facteurs de E(V, D) qui s’annulent, alors on a

AL, (s, E)| . L(0,V)
st |, LV)E*(V, D)W,

ot E*(V, D) est le produit des facteurs de E(V,D) qui sont non nuls.

On ne connalit pas beaucoup de représentations V' pour lesquelles la conjecture a été démontrée : a part le
cas mentionné ci-dessus, on connait la conjecture pour un caractére de Dirichlet [FG79], une forme modulaire
dont la représentation automorphe est Steinberg en p [Stel0] ou cristalline [Ben12], le carré symétrique d’une
courbe elliptique & mauvaise réduction multiplicative en p (Greenberg et Tilouine, non publié), les puissances
symétriques de formes modulaires CM [Har12, HL13] et pour les généralisations aux corps totalement réels
de certains cas précédents [DDP11, Mok09, Spil3a, Spil3b].

Le but de cette these est la généralisation du résultat de Greenberg et Tilouine dans deux cas : le premier,
pour une courbe elliptique E ordinaire sur un corps totalement réel, sous I’hypothese qu’il y a un seul ideal
premier au dessus de p et, le deuxieme, une forme modulaire de poids pair k& > 2 dont la représentation
automorphe est Steinberg en p (noter aque si k > 2 alors f n’est pas ordinaire).

Plus précisément, on a les théoremes suivants

Théoréme 1.1.2 (Théoreme A). Soit F' un corps totalement réel tel qu’il y a un seul idéal premier p au-
dessus de p ; soit [ une forme modulaire de Hilbert de poids paralléle 2, de Nebentypus trivial et de conducteur
IMp. On suppose N et p premiers entre eux et N sans facteur carré et divisible par tous les ideauz premiers
au-dessus de 2. Alors la Conjecture 1.1.1 est vraie pour Ind%Sme (H).

Théoréme 1.1.3 (Théoreme B). Soit f une forme modulaire elliptique de poids k, de Nebentypus trivial et
de conducteur Np, avec N et p premiers entre eux et avec N sans facteur carré. Alors la Conjecture 1.1.1
est vraie pour Sym?(f)(k — 1).

Nous donnons maintenant une esquisse des démonstrations dans les deux cas, qui suivent la méthode de
Greenberg et Stevens. On pose V = Ind%Sme(f)(l) ou V = Sym?(f)(k — 1) selon que l'on considere le
premier cas ou le deuxieme.

Tout d’abord, on remarque que la forme peut étre déformée dans une famille p-adique, soit de Hida, soit de
Coleman. On note cette famille par F(k) (k est la variable du poids) et on suppose F(0) = f.

On construit donc une fonction L p-adique, que 'on voit comme une fonction analytique en deux variables
L,(s,k) telle que



o L,(s,0)=Ly(s, V),
o L,(k,k)=0.
La deuxieme égalité nous donne

AL, (s, k) _dLy(s,k)
ds k=s=0 dk k=s=0

ce qui permet de réduire le probleme du calcul de la dérivée par rapport a s au calcul de la dérivée par rapport
a k. Pour calculer cette dérivée on remarque que le facteur qui donne le zéro trivial est la spécialisation en
k = 0 de la fonction analytique (1 —a,?(k)), ol a,(k) est la valeur propre de la famille pour Popérateur U,,.
On arrive donc a démontrer une factorisation

Ly(0,k) = (1 — a,* (k) Ly (k)

localement au voisinage de k = 0 pour une fonction L;‘,(k) et analytique au voisinage de 0 et telle que

Ly(0) = Lfg(()"/v)). On peut donc conclure grace au théoreme di & Hida (dans le cas ordinaire) resp. Mok et
Benois (dans le cas semistable) qui donne ’égalité

L(V) = —2dlog,(ay(k)).

Remarquons que dans le cas d’une forme de Hilbert il est tres important de travailler avec la représentation
induite, c’est-a-dire avec une représentation de Gg, pour pouvoir calculer I'invariant L.

Insistons sur la robustesse de cette méthode qui peut étre utilisée dans plusieurs situations. En fait, il suffit
de pouvoir déformer V p-adiquement et que la fonction L p-adique a plusieurs variables corréspondante
satisfaisse les trois propriétées precédents :

e spécialisation & L,(s, V),
e annulation le long une droite,
e factorisation.

Malheureusement, cette méthode semble difficile & généraliser au cas des zéros trivaux d’ordre supérieur ;
c’est pour cela que 'on doit supposer pour le moment qu’il n’y a que un seul premier au dessus de p dans F'.
Une option pour étudier les dérivées d’ordre supérieur, par exemple dans le cas d’une forme modulaire de
Hilbert, pourrait étre d’utiliser le fait que f admet des déformations en famille & [F' : Q] variables. L’ obstacle
principale est alors que en général la valeur propre a,(k) n’est plus une fonction analytique de k; il est donc
tres difficile de trouver un analogue de la factorisation comme on I'a fait dans le cas précédent.

Avant d’expliquer les hypotheses sur le conducteur, rappelons comment la fonction L p-adique est construite
dans le cas du carré symétrique. La clef est la formule intégrale

L(s,V®e) :/X - f(2)0(z,€)Ex(z,s,€)du (1.1.4)

ou L(s, V') désigne la fonction L de V & laquelle on a enlevé des facteurs eulériens en les premiers divisant le
niveau et en 2 (et qu’on appellera dans la suite imprimitive), et 8(z) et Ex(z, s) sont respectivement une série
théta et une série d’Eisenstein de poids demi-entier. [Comme les formes de poids demi-entier ne sont définiés que
par les niveaux divisible par 4, il faut considérer f comme une forme de niveau divisible par 4. Cela nous fait perdre
un facteur d’Euler en 2 qu'’il est difficile de rétablir en général. On verra dans le Chapitre 5 comme le rétablir.]

La méthode la plus naturelle pour construire L, (s, k) est donc d’utiliser un produit de Petersson p-adique
analogue & 1.1.4 comme dans [Hid91, Pan03], en prenant une convolution de deux mesures & valeur dans



certains espaces de formes modulaires p-adiques. La construction de L;(k) est faite de la méme facon que
dans [HT01] ; on remplace la convolution des deux mesures par le produit d’une forme fixée et d’une mesure
d’Eisenstein.

Malheureusement, on n’arrive a démontrer une factorisation le long de la variable du poids que pour la
fonction imprimitive et les facteurs qui manquent sont souvent nuls. Les hypotheses sur le conducteur de f
garantisssent qu’il n’y a pas de facteurs eulériens qui manquent.

La structure de la these est la suivante : dans le premier chapitre on traite le cas d’une forme modulaire de
Hilbert ordinaire et de poids parallele 2 et dans le deuxieme le cas d’une forme elliptique de poids k > 2 et
Steinberg en p. Dans le troisieme, on donne la définition de I'invariant £ a la Greenberg et a la Benois et on
calcule 'invariant £ dans le cas du carré symétrique.

Donnons plus de détails sur le contenu des chapitres : le Chapitre 2 est un compte rendu publié dans
Comptes Rendus Mathématique, Vol. 351, nA° 7-8, p- 251-254 et fait d’introduction au Chapitre 3. Il com-
mence avec des rappels sur les formes modulaires de Hilbert de poids entier ou demi-entier et sur les familles
de formes quasi-ordinaires. Ensuite on définit I'espace (naif) des formes de Hilbert p-adiques de poids demi-
entier et on construit des mesures a valeurs dans cet espace. Soit § le default de la conjecture de Leopoldt
pour F et p. On construit donc une fonction L p-adique en [F': Q] + 14§ qui interpole les valeurs spéciales
de la fonction L primitive du carré symétrique, en généralisant des travaux de Hida [Hid90] et Wu [Wu01].
Par la méthode de Dabrowski et Delbourgo [DD97] on démontre, que, si la famille de formes qu’on consideére
n’a pas de multiplication complexe par un caractere quadratique imaginaire, cette fonction L p-adique est
holomorphe en dehors d’un nombre fini de points correspondant aux intersections de la famille avec d’autres
familles. Soulignons que dans le cas FF = Q on a un resultat nouveau, puisque on traite le cas p = 3
précédement exclu dans [Hid90]. On peut donc démontrer le Théoreme 1.1.2 dans la fagon esquissée avant.
Ensuite, on démontre que la Conjecture 1.1.1 est vraie pour tous les changements de base abéliens h d’une
forme de Hilbert f comme dans le Théoreme 1.1.2. Pour cela, on utilise le fait que la fonction L p-adique de
h admet, comme la fonction L complexe, une factorisation comme produit de fonctions L p-adiques associées
a f. L’intérét de ce résultat est qu’on a une preuve de la Conjecture 1.1.1 dans des cas de zéros triviaux
d’ordre supérieur, c’est-a-dire pour g > 1.

On conclut avec un paragraphe qui explique comment le Théoreme 1.1.2 permet de compléter la preuve de
la conjecture principale de Greenberg-Iwasawa par Urban [Urb06] dans le cas F = Q.

Dans le Chapitre 4, on commence par rappeler la toute récente théorie des formes modulaires quasi-
surconvergentes de Urban [Urb], en soulignant comment cette théorie peut étre utilisée pour construire
des fonctions L p-adiques.

Plus précisément, dans le cas ordinaire on dispose d’un projecteur ordinaire défini sur tout ’espace des
formes modulaires p-adiques qui permet de se ramener & un espace de dimension finie ou ’on peut définir
par des méthodes d’algebre lineaire un produit de Petersson p-adique. Dans le cas de pente finie, Panchishkin
[Pan03] arrive & construire un produit de Petersson p-adique défini seulement sur le sous-espace des formes
p-adiques qui sont surconvergentes. Cela provient du fait que U, agit sur ce sous-espace comme un opérateur
complétement continu. De 'analyse fonctionelle p-adique élémentaire permet de projeter cet espace sur le
sous-espace de dimension finie correspondant aux formes de pente finie.

Malheureusement, les formes 0(z)Ej(z, s) ne sont pas surconvergentes ; dans [Urb], Urban construit 'espace
des formes quasi-surconvergentes qui contient les formes 6(z)Ej(z, s) et ou U, agit de fagon complétement
continue. Cela suffit pour généraliser la construction de Panchishkin et pour constuire un produit de Peters-
son p-adique quasi-surconvergent et par conséquent la fonction L p-adique pour le carré symétrique d’une
famille de formes de pente finie. On démontre par la méme méthode que [DD97] que la fonction qui inter-
pole les valeurs spéciales de la fonction L primitive est holomorphe en dehors d’un nombre fini de points
correspondants aux intersections avec d’autres familles de formes quasi-surconvergentes.

Une telle fonction L p-adique a été déja construite dans [Kim06] & I’aide d’un projecteur distinct de celui
d’Urban, mais on préfere donner une nouvelle preuve par la théorie de formes quasi-surconvergentes pour
pouvoir faire la factorisation le long du diviseur s = 0.
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Par rapport & [DD97], on arrive & construire une fonction L p-adique d’une variable aussi pour les formes
dont la pente « est grande par rapport au poids (c’est-a-dire 2a > k — 2). La distribution définie dans
[DDI7] est, dans la terminologie de Amice-Vélu, (2a.+ 1)-admissible et pour qu’elle définisse de fagon unique
une fonction analytique on a besoin de connaitre au moins 2o + 2 moments de la distribution. Les entiers
critiques pour le carré symétrique sont k — 1 et donc quand 2a > k£ — 2 on peut pas déterminer la fonction
L p-adique seulement en term d’interpolation de valeurs spéciales avec leur construction.

Dans le Chapitre 5 on utilise la méthode de Bbecherer-Schidmt [BS00] (qui exploit une formule de pullback)
pour construire la fonction L, (k). Il nous permet d’enlever 'hypotheése de conducteur paire (et de traiter le
cas p = 2).

Le Chapitre 6 a deux parties : dans la premiere on rappelle la définition de Greenberg de l'invariant £ et les
calculs de Hida de cet invariant dans le cas du carré symétrique d’une forme de Hilbert quasi-ordinaire.
Dans la deuxiéme partie on rappelle la définition de I'invariant £ de Benois (qui généralise celle de Greenberg
au cas non-ordinaires) pour I'invariant £ et son calcul dans le cas ot le (¢, I')-module de la représentation de
V est une extension de R(|z|x™) par R(x~™), o R est 'anneau de Robba et m > 1, n > 0 deux entiers. Ce
type de représentations détermine 'invariant £ dans le cas du carré symétrique d’une forme qui est Steinberg
en p. Une application de ce résultat est le calcul de l'invariant £ de la représentation standard associée a
une forme de Siegel qui est de type Steinberg en p.
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1.2 English Introduction

Since the seminal work of Euler on the value of Riemann zeta function ((s) at the positive even integers,
mathematicians have been deeply fascinated by the behaviour of {(s) at the integers. Thanks to the func-
tional equation, we know that its values at negative odd integers are well understood rational numbers. More

explicitly, we have ((—n) = — irj:»ll .

Let p be an odd prime number and let n, m be two positive integers. Suppose that n = m mod p'(p — 1)
and n Z m mod p — 1. In 1895, Kummer discovered the following remarkable congruences:

BnJrl Bm+1
1-p" 1—p™
(- (1-p")

= mod pttt.
n+1 p

In 1964, Kubota and Leopoldt understood that these congruences allow one to define a p-adic analytic func-
tion (,(s) which can be thought of as the p-adic avatar of the classical Riemann zeta function.

In the twentieth century, mathematicians associated to interesting objects such as Dirichlet characters, Hecke
characters and modular forms a complex function, usually called the L-function. These functions are defined
similarly to ((s) as an infite product over all primes of certain polynomial factors which encode arithmetic
properties of the object we are interested in. Many important theorems about their properties and behaviour
at the integers have been proved.

These results lead Deligne to formulate in 1979 an impressive set of conjectures on the L-function of
motives. A motive M can be thought of as an interesting arithmetic object, such as a variety defined over
Q, and it is possible to associate with it an L-function L(M, s). Deligne conjectured that for certain integers
associated to the motive, the so-called critical integers, there exists an almost canonical non-zero complex

number Q(M, s) such that ég%i; is an algebraic number.

If Deligne’s conjecture is true, it makes sense to ask about the p-adic valuation of the algebraic numbers

ég%i; . In 1989, Coates and Perrin-Riou conjectured that for any motive there should exist a p-adic analogue

of the complex L-function L, (M, s) which interpolates the algebraic part of the values of L(M, s).

As in the case of the Kubota-Leopoldt p-adic L-function, conjecturally, to interpolate the special values of
L(M, s) we need to remove certain factors at p. It may happen that some of these factors vanish and we say
that we are in the presence of trivial zeros. Motivated by conjectures of Birch and Swynnerton-Dyer and
Bloch and Kato which use the L-functions and their special values to express certain important arithmetic
properties of the motive, Greenberg and Benois formulated a precise conjecture to explain these trivial zeros.
Before giving the exact form, we offer an example.

Let E be an elliptic curve over Q and p > 3 a fixed pime number. If we suppose that F is ordinary
L(1,E,e)
Q(E) 2
between Dirichlet characters of conductor a power of p and Q. (E) in C* is an explicit period. In particular,

at s=0

at p then there exists a p-adic L-function L, (s, E) interpolating the special values where € ranges

L(1,E)
QE)

Ly(0,E) = (1—-a,")

where a,, is the unit root of the Hecke polynomial at p associated to E.

If E has split, multiplicative reduction at p then a, =1 and L,(0, E) = 0 even if L(1, E) is not zero. Let gg
in Q, such that

E@,) =Q, /d5.



In [MTTS86] the authors make a conjecture concerning the behaviour of Ly (s, E) at s = 0 and a weak form
of it is the following:

dL,(s, E)

for L(E) = log,(qr)/ord,(qE).

This weak form of the conjecture has been proved in [GS93] and opened the door for the study of p-
adic L-functions which present trivial zeros, generalizing the conjecture of [MTT86]. We now state this
generalization as proposed by Greenberg [Gre94b| (resp. Benois [Benl0]) in the ordinary (resp. semistable
or potentially crystalline) case.

Let K be a p-adic field, Gg := Gal(Q/Q) and

V: GQ — GLn(K)

a continuous, semistable p-adic representation which we suppose motivic. That is, there exists a motive
whose p-adic realization coincides with V. Consequently, we can associate to V' a complex analytic L-function
L(s,V). We suppose moreover that L(s, V') satisfies the functional equation conjectured by Deligne [Del79],
that s = 0 is critical and that there exists a Deligne’s period Q(V') as before such that L(s, V)/Q(V) € Q.

Under these hypotheses, Coates et Perrin Riou [CPR89, PR95] conjectured the existence of a p-adic
L-function L,(s,V, D) (for D a regular (¢, N)-submodule of D (V') interpolating the special values of V
twisted by characters whose conductor is a p-power.

In particular, it is conjectured that

L(0,V)
V)

Ly(0,V, D) = E(V, D)

for E(V, D) a finite product of Euler factors at p, explicitly described in [Benl3]. We suppose now that
L(0,V) #£0.
It could happen that one of the factors of E(V, D) vanishes; in this case, we say that trivial zeros appear. As

L(0,V)
Q(V)

from L,(s,V, D). Studying this problem, Greenberg and Benois define £(V'), depending only on the Galois
cohomology of V. This number, called the L-invariant, is conjecture to be non-zero and it appears in the
following conjecture.

what we are interested in is the special value , we would like to be able to recover information about it

Conjecture 1.2.1. Let g be the number of vanishing factors of E(V,D). We have then that

dIL,(s, E)| . L(0,V)
g!dsg s:O_’C(V)E (‘/;D) Q(V) )

for E*(V, D) the product of non-vanishing factors of E(V, D).

We do not know many V’s for which the conjecture has been proven. Aside from the above mentioned
case, we know the conjecture for Dirichlet characters [FG79], modular forms which are Steinberg [Stel0]
or potentially crystalline [Benl2] at p, the symmetric square of an elliptic curve with bad multiplicative
reduction at p (Greenberg et Tilouine, unpublished), symmetric powers of CM forms [Har12, HL13] and
certain generalizations to totally real fields of some of these cases [DDP11, Mok09, Spil3a, Spil3b].

The goal of this thesis is the generalization of the work of Greenberg and Tilouine in two cases: the first
one, for an elliptic ordinary curve E over a totally real field, under the hypothesis that there is only one
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prime above p and, the second, a modular form of even weight & > 2 whose automorphic representation is
Steinberg at p (note that if & > 2 then f is not ordinary).
More precisely, we have the following theorems:

Theorem 1.2.2 (Theorem A). Let F be a totally real field where there is only one prime ideal p above p; let
f be a Hilbert modular form of parallel weight 2, trivial Nebentypus and conductor Iy, for N et p coprime.
We suppose N squarefree and divisible by all the prime ideal above 2. Then Conjecture 1.2.1 is true for
Ind%Sym?(f)(1).

Theorem 1.2.3 (Theorem B). Let f be an elliptic modular form of weight k, trivial Nebentypus and con-
ductor Np, with (N,p) =1 and N squarefree. Then Conjecture 1.2.1 is true for Sym?(f)(k —1).

We now sketch the proof, which follows the method of Greenberg et Stevens. We set V' = Ind(%Sym2 (H)
or V = Sym?(f)(k — 1) according to whether we are in the first or the second situation.
First of all, we note that in both cases f can be deformed into a p-adic family. We shall denote this family
by F(k) (k is the weight variable) and we suppose F(0) = f.
We construct a two variable p-adic L-function which we see as an analytic function Ly (s, k) such that

o L,(s,0)=Ly(s, V),
o L,(k,k)=0.
The second property gives us

dL, (s, k) _dLy(s,k)

ds k=s=0 dk k=s=0 .

This allows us to calculate the derivative with respect to s in terms of the one with respect to k. To calculate
the latter we remark that the Euler factor is the specialization at k = 0 of the analytic function (1—a,?(k)),
where a,(k) is the eigenvalue of F(k) for U,. We can prove a factorization

Ly(0,k) = (1 = a; (k) Ly (k)

L(0,V)
Q) -
theorem, due to Hida (in the ordinary case) and Mok and Benois (in the semistable case), which says

locally around k = 0, for an analytic function Ly (k) satisfying L7 (0) = We can conclude with the

L(V) = —2dlog,(ap(k)).

We remark that it is important, in the Hilbert case, to work with the induced representation, that is, with
a representation of G, to calculate the L-invariant.

This method is quite robust and easily adaptable in many situations. Unluckily, it seems a hard problem to
generalize to higher order zeros. It is for this reason that we have to suppose that there is only one prime
above p in F'.

We refer to Chapter 5 for a deeper discussion on the subject. Before explaining the hypothesis on the
conductor, we recall an integral formulation of the symmetric square L-function. We have

L(s,V®e)= /X - f(2)0(z,e)Ex(z,s,¢)du (1.2.4)

where L(s,V) is the L-function of V from which we remove some Euler factors at 2 and the bad primes of
f (that we shall call imprimitive), and 6(z) and Eg(z,s) are respectively a theta series and an Eisenstein
series of half-integral weight. [As half-integral forms are defined only for level divisible by 4, we have to consider
f as a form of level divisible by 4. This makes us lose an Euler factor at 2 which is hard to restore in general. We
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shall restore it in Chapter 5.]

The most natural method to construct L,(s, k) is to use a p-adic Petersson product as in [Hid91, Pan03],
taking the convolution of two measures with values in the space of half-integral weight p-adic modular forms.
The construction of Ly(k) is performed in the same spirit of [HTO01]; we replace the convolution by the
product of a fixed form and an Eisenstein measure.

We can only prove a factorization along the weight variable for the imprimitive function, the missing Euler
factors often vanish and the hypotheses on the conductor of f are sufficent to ensure that no Euler factor is
missing.

The structure of the thesis is the following: Chapter 2 is a compte rendu published in Comptes Rendus
Mathématique, Vol. 351, n 7-8, p. 251-254, and is an introduction to the following chapter in which we deal
with the Hilbert case. In Chapter 4 we treat the case of a form of finite slope. In Chapter 5 we always deal
with the case of finite slope, but we construct the p-adic L-function using a pullback formula, inspired by
[BS00]. This allows us to remove the hypothesis on 2 (and also to consider the case p = 2). In Chapter 6 we
give the definition of the L-invariant a la Greenberg and d la Benois and we compute the L-invariant for the
symmetric square following [Ben10, Mok12, Hid06]. We also compute the L-invariant for a genus two Siegel
modular form. This last result was not known.

We refer to the introduction of each chapter for more details.
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1.3 Nederlandse Inleiding

Zij E een elliptische kromme over Q en p > 3 een vast priemgetal; als we veronderstellen dat E ordinair is

bij p, dan bestaat er een p-adische L-functie L,(s, E') die de speciale waarden Lf(zl’(%)e ) interpoleert, wanneer

e de verzameling karakters doorloopt met conductor een macht van p, en Q. (E) in C* een expliciete periode
is. In het bijzonder geldt in s = 0 dat

L(1, E)

Ly(0.B) = (1 - a ") e,

p

waar a, de unitaire wortel is van de Heckeveelterm bij p geassocieerd met E. Als E gespleten multiplicative
reductie heeft bij p, dan a, =1 en L,(0, E) = 0 zelfs als L(1, E') verschillend is van nul. Zij ¢z in Q, 26 dat

— —X
E@,) =T, /45
In [MTTS86] formuleren de auteurs een vermoeden over het gedrag van L,(s,E) bij s = 0, waarvan de
volgende uitspraak een zwakke vorm is:
dL,(s, E)
ds

voor L(E) = log,(qr)/ord,(qr). Deze zwakke vorm van het vermoeden is bewezen in [GS93] en heeft de
deur geopend naar een reeks vermoedens over het gedrag van de p-adische L-functies wanneer er triviale
nulpunten zijn. Deze veralgemenen het vermoeden in [MTT86]. We formuleren nu een veralgemening uit
Greenberg [Gre94b] (het ordinaire geval) en Benois [Ben10] (het semi-stabiele of potentieel kristallijne geval).
Zij K een p-adisch veld, stel Gg := Gal(Q/Q) en zij

V:Gg — GL,(K)

een continue representatie, irreducibel en semi-stabiel bij p. We nemen aan dat de representatie motivisch is.
Dit betekent dat er een motief bestaat waarvan de p-adische realisatie gelijk is aan V. We kunnen dus aan
V een p-adische L-functie L(s, V') toekennen, met complexe veranderlijke s. We veronderstellen bovendien
dat L(s, V') voldoet aan Delignes functionaalvergelijking [Del79], dat s = 0 kritisch is en dat er een Deligne-
periode Q(V) bestaat zodat L(s,V)/Q(V) € Q.

Onder deze voorwaarden voorspellen Coates en Perrin Riou [CPR89, PR95] het bestaan van een p-adische
L-functie Ly(s,V,D) (voor D een semistabiele (¢, N)-deelmodule van Dy (V)) die de speciale waarden
interpoleert van V', getwist met Dirichletkarakters met conductor een macht van p.

In het bijzonder verwachten we dat

L(0,V)
Q) ’

L,(0,V, D) = E(V, D)

met FE(V, D) een eindig product van Eulerfactoren bij p, expliciet beschreven in [Benl3]. We nemen nu aan
dat L(0,V) # 0.

Het is goed mogelijk dat één van de factoren van E(V, D) nul is; in dat geval zeggen we dat er triviale

nulpunten voorkomen. Omdat we geinterreseerd zijn in de speciale waarde ng?";) , zouden we graag informatie

over deze speciale waarde verkrijgen uit L,(s,V, D). Om dit probleem te bestuderen, hebben Greenberg en
Benois een waarde £(V') gedefinieerd die alleen afthangt van de Galoiscohomologie van V' (in het ordinaire
geval), resp. de cohomologie van de (¢, T')-module Diig(V) (in het semistabiele geval). Van deze waarde, die
we de L-invariant noemen, vermoeden we dat hij verschillend is van 0. Bovendien komt de L-invariant voor

in het volgende vermoeden.
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Vermoeden 1.3.1. Noteer met g het aantal factoren van E(V, D) die gelijk zijn aan 0. Dan hebben we

L, (s,B)| \ L(0,V)
W SZO*E(V)E (V,D) Q)

waar E*(V, D) het product is van de factoren van E(V, D) verschillend van 0.

Er zijn niet veel representaties V' waarvoor het vermoeden is bewezen: behalve de gevallen die hierboven
zijn vermeld, is het vermoeden waar voor een Dirichletkarakter [FG79], een modulaire vorm waarvan de
automorfe representatie Steinberg is bij p [Stel0] of potentieel kristallijn [Ben12], het symmetrisch kwadraat
van een elliptische kromme met multiplicatieve reductie in p (Greenberg et Tilouine, ongepubliceerd), sym-
metrische machten van CM vormen [Harl2, HL13] en voor veralgemeningen naar totaal reéle velden in een
aantal van de voorgaande gevallen [DDP11, Mok09, Spil3a, Spil3b].

Het doel van dit proefschift is het resultaat van Greenberg et Tilouine te veralgemenen in twee gevallen: ten
eerste, een elliptische kromme F over een totaal re€el veld, met de hypothese dat er slechts één priem ligt
boven p; en ten tweede, een modulaire vorm van even gewicht £ > 2 waarvan de automorfe representatie
Steinberg is bij p (merk op dat f niet ordinair is als k > 2).

Meer precies bewijzen we de volgende stellingen:

Stelling 1.3.2 (Stelling A). Zij F een totaal reéel veld zodat er slechts één priemideaal p boven p ligt;
zij f een Hilbert modulaire vorm wvan parallel gewicht 2, met triviaal Nebentypus en conductor Jp. We
veronderstellen dat I en p copriem zign, en N kwadraatvrij en deelbaar door alle priemen boven 2. Dan is
Vermoeden 1.3.1 waar voor Ind?;Sym2(f)(1).

Stelling 1.3.3 (Stelling B). Zij f een elliptische modulaire vorm van gewicht k, met triviaal Nebentypus en
conductor Np, met N en p copriem, en N kwadraatvrij. Dan is Vermoeden 1.3.1 waar voor Sym?(f)(k—1).

We geven nu een schets van de bewijzen in de twee gevallen. Onze bewijzen volgen de methode van
Greenberg et Stevens. We definiéren V' = Ind%Symz(f)(l) of V = Sym?(f)(k — 1), naargelang we het eerste
of tweede geval beschouwen.

Om te beginnen merken we op dat in beude gevallen f kan worden vervormd in een p-adische familie; hetzij
een Hida-familie, hetzij een Coleman-familie. We schrijven F(k) voor deze familie (k is de variabele van het
gewicht) en we nemen aan dat F(0) = f.

We construéren een p-adische L-functie, die we zien als analytische functie L,(s, k) in twee veranderlijken
zodat

o L,(s,0) =Ly(s, V),
o L,(k,k)=0.
De tweede eigenschap geeft ons

dL,(s, k) _dLy(s, k)

ds k=s=0 dk k=s=0 ,

en dit herleidt de berekening van de afgeleide ten opzichte van s naar de berekening van de afgeleide ten
opzichte van k. Om deze laatste afgeleide te berekenen, merken we op dat de Eulerfactor die de triviale
nulpunt geeft de specialisatie is bij & = 0 van de analytische functie (1 —a,*(k)), waar a,(k) de eigenwaarde

van de familie F'(k) is voor de U, operator. We bekomen een ontbinding van de vorm
Ly(0,k) = (1 — a,* (k) Ly (k)

in een omgeving van k = 0 met Ly (k) een analytische functie in een omgeving van 0 zodat Ly (0) = ng?"/v)).

De stelling van Hida (in het ordinaire geval), resp. Mok en Benois (in het semi-stabiele geval), zegt nu dat

L(V) = —2dlog,(ap(k)).
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We merken op dat het in het geval van een Hilbert modulaire vorm om de invariant £ te berekenen erg
belangrijk is om te werken met de geinduceerde representatie, dat wil zeggen met een representatie van Gg.
We benadrukken dat onze methode robuust is, en in verschillende situaties nuttig kan zijn. Inderdaad, het
volstaat om de representatie V p-adisch te vervormen zodat de corresponderende p-adische L-functie met
meerdere veranderlijken de volgende drie eigenschappen heeft:

e specialisatie bij Ly(s, V),
e nul worden langs een rechte,
o factorisatie.

Jammer genoeg lijkt deze methode moeilijk te veralgemenen naar het geval van nulpunten van hogere orde;
daarom moeten we veronderstellen dat er slechts één priem in F' boven p ligt. Een mogelijkheid om hogere
orde afgeleiden te bestuderen, bijvoorbeeld in het geval van een Hilbert modulaire vorm, zou kunnen zijn dat
f deformeert in een familie met [F : Q]-variabelen. Het belangrijkste obstakel is dan dat in het algemeen de
eigenwaarde a,(k) geen analytische functie van k is; het is dus erg moeilijk een ontbinding te vinden zoals
we die vonden in het geval [F: Q] = 1.

Voordat we de voorwaarden op de conductor verklaren, leggen we uit hoe de p-adische L-functie geconstrueerd
is in het geval van de symmetrische kwadratische macht. De sleutel is de integraalformule

L(s,VQe) :/X - f(2)0(z,€)Ex(z, s,€)du (1.3.4)

waar L(s,V) de L-functie van V is waarbij we Eulerfactoren bij 2 en de slechte priemen van f verwijderen,
en 0(z) en E,(Z, s) zijn respectievelijk een thetareeks en een Eisensteinreeks van half-geheel gewicht. [Omdat
de vormen van half-geheel gewicht alleen gedefinieerd zijn voor niveau deelbaar door 4, moeten we f zien als een vorm
van gewicht deelbaar door 4. Hierdoor verliezen we een Eulerfactor bij 2, die in het algemeen moeilijk te herstellen
is. We zullen in Hoofdstuk 5 zien hoe je deze factor terugvindt.]

De methode die het meest natuurlijk is om L, (s, k) te construéren is om een p-adisch Peterssonproduct te
gebruiken zoals in [Hid91, Pan03], waarbij we een convolutieproduct nemen van twee maten met waarden
in bepaalde ruimten van p-adische modulaire vormen. De constructie van Ly (k) gebeurt op dezelfde manier
als in [HTO01]; we vervangen de convolutie van twee maten met het product van een vaste vorm en een
Eistensteinmaat.

Helaas slagen we er enkel in om de factorisatie langs de gewichtsvariabele te bewijzen voor de imprimitieve
functie; de factoren die ontbreken zijn vaak nul en de hypothesen op de conductor van f garanderen dan dat
er geen Eulerfactoren zijn die ontbreken.

De structuur van dit proefschrift is als volgt: in het eerste hoofdstuk behandelen we het geval van een gewone
Hilbert modulaire vorm en parallel gewicht 2 en in het tweede hoofdstuk het geval van een elliptische vorm
van gewicht k > 2 en Steinberg bij p. In het derde hoofdstuk geven we de definitie van de L-invariant a la
Greenberg et a la Benois en we berekenen de L-invariant in het geval van de kwadratisch symmetrische macht.

De thesis is opgebouwd als volgt. Hoofdstuk 2 is gepubliceerd in Comptes Rendus Mathématique, Vol.
351, nA° 7-8, p- 251-254 en vormt een inleiding tot Hoofdstuk 3. Het begint met een overzicht van de
theorie van Hilbert modulaire vormen van geheel of half-geheel gewicht en families van quasi-ordinaire vor-
men. Vervolgens definiéren we (naief) de Hilbertvormen van half-geheel gewicht en contruéren we maten met
waarden in deze ruimte. Zij § de correctieterm in het Leopoldt-vermoeden voor F en p. We construéren een
p-adische L-functie in [F': Q] + 1 + § variabelen die de speciale waarden van de primitieve L-functie van de
kwadratisch symmetrische macht interpoleert. Dit veralgemeent het werk van Hida [Hid90] en Wu [Wu01].
Via de methode van Dabrowski et Delbourgo [DD97] bewijzen we dat, als de familie van vormen die we
beschouwen geen complexe vermenigvuldiging met een imaginair kwadratisch karakter heeft, deze p-adische
L-functie holomorf is buiten een eindig aantal punten die corresponderen met intersecties van de familie met
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andere families. We benadrukken dat we voor F' = Q een nieuw resultaat bekomen, omdat we ook het geval
p = 3 behandelen dat is uitgesloten in [Hid90]. We kunnen dus Stelling 1.3.2 bewijzen op de manier die we
hierboven hebben geschetst.

Vervolgens bewijzen we dat Vermoeden 1.3.1 waar is voor alle abelse basisveranderingen h van een
Hilbert-modulaire vorm f, zoals in Stelling 1.3.2. Hiervoor gebruiken we dat de p-adische L-functie van h,
net als de complexe L-functie, een ontbinding heeft in een product van p-adische L-functies geassocieerd met
f. Dit resultaat is interessant omdat we een bewijs hebben voor Vermoeden 1.3.1 ingeval er nulpunten van
hogere orde zijn, dat wil zeggen voor g > 1.

We leggen nu uit hoe je Stelling 1.3.2 kan gebruiken om het bewijs van het Hoofdvermoeden van Greenberg-
Iwasawa door Urban [Urb06] ingeval F' = Q te vervolledigen.

In Hoofdstuk 4 introduceren we de recente theorie van quasi-overconvergente modulaire vormen van Ur-
ban [Urb], in het bijzonder leggen we uit hoe deze theorie gebruikt kan worden om p-adische L-functies te
contruéren.

In het ordinaire geval maken we een ordinaire projector gedefinieerd op de gehele ruimte van p-adische mo-
dulaire vormen. Dankzij deze projector kunnen we reduceren naar een ruimte van eindige dimensie, waar we
lineaire algebra kunnen gebruiken om een p-adisch Peterssonproduct te definiéren. In het geval van eindige
helling (slope), lukte het Panchishkin [Pan03] enkel om een p-adisch Peterssonproduct te definieren op de
deelruimte van overconvergente p-adische vormen. Dit komt omdat U, op deze ruimte werkt als complete,
continue operator. Dankzij elementaire p-adische functionaalanalyse kan je deze ruimte projecteren op de
eindigdimensionale ruimte van vormen met eindige helling.

Helaas zijn de vormen 6(z)Ej(z,s) niet overconvergent; in [Urb] construeert Urban de ruimte van quasi-
overconvergente vormen die de vormen 6(z)Ej(z, s) bevat, en waar U, compleet continu werkt. Dit volstaat
om de constructie van Panchiskhkin te veralgemenen en om een quasi-overconvergent p-adisch Peterssonpro-
duct te definiéren, en dus de p-adische L-functie voor het symmetrisch kwadraat van een familie van vormen
van eindige helling. We bewijzen met dezelfde methode [DD97] dat de functie die de speciale waarden van
de primitieve L-functie interpoleert holomorf is buiten een eindige verzameling van punten corresponderend
met intersecties van andere families van quasi-overconvergente vormen.

Een dergelijke p-adische L-functie was al geconstrueerd in [Kim06] met hehulp van een projector, verschillend
van die van Urban, maar we geven liever een nieuw bewijs in termen van de theorie van quasi-overconvergente
vormen, om de ontbinding langs de divisor s = 0 te verkrijgen.

Ten opzichte van [DD97] lukt het ons om een p-adische L-functie te construéren met één variable, ook
voor de vormen waarvoor de helling « groot is ten opzichte van het gewicht (dat wil zeggen: 2a > k — 2).
De distributie gedefinieerd in [DD97] is, in de terminologie van Amice-Vélu, (2« + 1)-admissibel et opdat ze
op een unieke manier een analytische functie zou definiéeren, moeten we ten minste 2a + 2 momenten van
de distributie kennen. Het kritieke gehele getal voor het symmetrisch kwadraat is k£ — 1; dus als 2a > k — 2
kunnen we de p-adische L-functie niet uitdrukken als een interpolatie van speciale waarden.

In Hoofdstuk 5 gebruiken we de methode van Boecherer-Schidmt [BS00] (die een pullback formule ge-
bruikt) om de functie L,(k) te construéren. Hierdoor kunnen we de hypothese dat de conductor even is
wegwerken (en het geval p = 2 behandelen).

Het Hoofdstuk 6 heeft twee delen: in het eerste deel herhalen we de definitie van Greenberg voor de invari-
ant £ en de berekeningen van Hida van deze invariant, in het geval van een symmetrisch kwadraat van een
quasi-ordinaire Hilbert modulaire vorm.

In het tweede deel herhalen we de definitie van de invariant £ van Benois (die de invariant van Greenberg
veralgemeent naar het niet-ordinaire geval) voor de L-invariant in het geval van het symmetrisch kwadraat
van een vorm die Steinberg is bij p. Een toepassing van dit resultaat is de berekening van de L-invariant
van de standaardrepresentatie geassocieerd met een Siegelvorm die Steinberg is bij p.

19



Chapter 2

Dérivée en s =1 de la fonction L
p-adique du carré symétrique d’une
courbe elliptique sur un corps
totalement réel

2.1 Introduction

Dans la théorie de 'interpolation p-adique de valeurs spéciales de fonctions L, on a des conjectures tres
précises sur les propriétés que les fonctions L p-adiques doivent satisfaire ; en particulier, il y a une conjecture
de Greenberg qui prédit le comportement de la fonction L p-adique lorsque des zéros triviaux apparaissent.
Le but de cette note est de donner ’esquisse de la preuve de cette conjecture dans un cas particulier.
Avant d’expliciter la conjecture, on fait quelques rappels sur les fonctions L p-adiques; soit M un motif, et
soit L(s, M) la fonction L complexe associée a M selon la recette de Deligne [Del79]. Pour tout caractere
d’ordre fini €, soit L(s, M, ¢) la fonction L du motif M tordu par . Si s = 0 est critique pour L(s, M,¢), au
sens de [Del79], on suppose lexistence d’une période (0, M, ¢) tel que

L(0,M,e) —
Q0,M,5) - &

Fixons un nombre premier p et un corps p-adique K contenant les coefficients de M, et soit O 'anneau des
entiers de K. Soit u un générateur topologique de 1+ pZ, et identifions O[[1+ pZ,]] avec 'algebre d’Iwasawa
O[[T]] via u +— 1+T. Si on suppose que M est ordinaire en p (voir [Gre94b]), on conjecture l'existence d’une
série formelle G(T, M) telle que pour tout caractere € de 1 + pZ, d’ordre fini on a

L(0, M,¢)

G(e(u) —1,M) = C(O,M,E)E(O7M7E)m,

ou C(0,M,¢e) est un nombre algebrique non-nul et E(0, M,e) est un produit explicite de facteurs de type
d’Euler en p [Gre94b]. Il est possible, quand € = 1 est le caractére trivial, que certains facteurs de E(0, M, 1)
s’annulent et dans ce cas la formule d’interpolation ne donne aucune information sur la valeur qui nous
intéresse. Quand on a un tel phénomene, on dit que la fonction L p-adique a un zéro trivial. Soit L, (s, M) =
G(u® — 1,M); dans [Gre94b] l'auteur formule la conjecture suivante sur le comportement de L,(s, M) en
s=0.
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Conjecture 2.1.1. Soit g le nombre des facteurs de E(0,M,1) qui s’annulent. On a

L(0, M) s? mod s91!

L,(s,M)=L(M)E*(0, M)m

oty L(M) est un terme d’erreur non nul défini en termes de la cohomologie galoisienne et E*(0, M) est le
produit des facteurs de E(0,M,1) qui ne s’annulent pas.

Il n’y a pas beaucoup de cas connus de cette conjecture : quand M est le motif d’'une courbe elliptique
sur un corps totalement réel ayant mauvaise réduction multiplicative scindée exactement a une place au-
dessus de p [GS93, Gre94b] et quand M est le motif du carré symétrique d’une courbe elliptique sur Q ayant
conducteur pair et sans facteur carré et mauvaise réduction multiplicative en p (Greenberg et Tilouine, non
publié). Récemment, Dasgupta a annoncé une preuve de la conjecture dans les cas ou M est le motif du
carré symétrique d’une forme modulaire elliptique ordinaire, sans restriction sur le conducteur.

2.2 Le cas du carré symétrique d’une forme modulaire de Hilbert

Soit F' un corps totalement réel de degré d et f une forme modulaire de Hilbert de poids k = (k1,...,kq) et
de niveau 91. Soit £° le maximum des k; et ko le minimun des k; ; on suppose que k; = kg mod 2 pour tout i
et ko > 2. On pose 2v := (k% —kq, ..., kY — kq). Suppons que f soit propre pour l'action de I'algebre de Hecke
engendrée par tous les opérateurs T'(q), et soit Ky un corps de nombres qui contient les coefficients de Fourier
de f. On fixe un nombre premier p, p > 2 et des plongements Q — @p et Q — C; soit K la complétion
de Ky dans Q par rapport au plongement fixé et O 'anneau des entiers de K. On peut associer & f une
représentation galoisienne pg : Gal(F/F) — GLa(K), dont le determinant est ¥y* 1, ot 1 est un caractere
de Hecke d’ordre fini qui correspond au Nebentypus de f et x est le caractére cyclotomique p-adique. Pour
tout q idéal premier de F', notons a,(f) la valeur propre de T'(q) sur f et aq et 84 les racines du polynome
caractéristique de T'(q).

Soit Sym? (Ms) le carré symétrique du motif M associé a f, et soit € un caractere de Hecke d’ordre fini; on
peut associer & ces données, selon la recette de Deligne, une fonction L notée par L(s, Sym?(f), ) et définie
par un produit eulérien sur F. Le facteur en ¢, pour presque tous g, est

(1= e(@agN (@) ™) (1 — e(@)aqg BN () =) (1 — (@) BEN () 7).

Soit n un entier dans D'intervalle [k° — ko + 1,k° — 1] tel que &,(—1) = (=1)""" pour tout v | co. D’aprés
[Im91], on connait Pexistence de périodes Q(n, Sym?(f), ¢) telles que

L(n,Sym?(f),e) —
Q(n, Sym?*(f), ¢) '

Supposons que f soit quasi-ordinaire, c’est-a-dire que p divise le niveau de f et la valeur propre de I'opérateur
de Hecke normalisé Ty(p) = p~"T'(p) sur f est une unité p-adique. Soit w le caractere de Teichmiiller de Z;.
On a le résultat suivant [Ros13a] :

Théoreme 2.2.1. Il existe une série formelle G(T,Sym?(f)) dans O((T))[p~'] telle que pour presque tout
caractére d’ordre fini e de 1+ pZ, et n entier tel que k° —ko+1<n<k°—1ona

L(n, Sym?(f), ew' ™)

Q(n, Sym?(f), ewl—")

G(e(u)u™ — 1,Sym?(f)) = C(n,ew' ™) E(n, cw™")

lfn) lfn)

ot C(n,ew est un nombre algébriqgue non-nul et E(n,cw est le produit des facteurs d’Euler en p

prédit par [Gre94b].
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En particulier, ce théoréme nous donne des fonctions L p-adiques (au sens de 'introduction) pour les Q-
motifs tordus & la Tate (Ind(Sym?(M¢)))(—n). Dans la suite on pose Ly (s, Sym?(f)) := G(u® — 1, Sym?(f)),
avec s € Z, (sauf un nombre fini de valeurs).

Le preuve du théoreme suit la méthode classique utilisée par Hida dans [Hid91] et se déroule de la fagon
suivante ; on définit la fonction L imprimitive £(s, Sym?(f), ) comme En(s,e)L(s, Sym?(f),¢), ot En(s,e)
est un produit fini de certains facteurs d’Euler pour des idéaux premiers divisant 9t et 2. La fonction
L(s, Sym?(f), €) peut étre écrite comme le produit de Petersson de f avec le produit de deux formes modulaires
de Hilbert quasi-holomorphes de poids demi-entier : une série théta () et une série d’Eisenstein E(k, s, ¢).
On a que les coefficients de Fourier de ces deux formes définissent des fonctions p-adiques continues quand s et
€ varient p-adiquement. On peut ainsi construire deux mesures - une mesure théta et une mesure d’Eisenstein,
a valeurs dans les formes modulaires Hilbert p-adiques de poids demi-entier; on conclut en appliquant le
produit de Petersson p-adique (voir [Hid91]). On utilise la méthode de Schmdit [Sch88] pour démontrer que,
quand f n’a pas multiplication complexe, la série formelle G(T, Sym?(f)) appartient & O[[T]][p~].

Sous certaines hypotheses sur F', cette méthode a déja été exploitée dans [WuOl] pour la construction de la
fonction L p-adique associée & Sym?(Mg).

Dans le cas du carré symétrique d’une forme de Hilbert, les zéros triviaux apparaissent quand la forme f a
Nebentypus trivial en p et n = k° — 1.

Soit E une courbe elliptique modulaire sur F'; c’est-a-dire qu’il existe une forme modulaire de Hilbert f de
poids (2,...,2) telle que pg soit la représentation de Galois associée au module de Tate de E. Supposons
p > 5 et inerte dans F'; on a alors le théoréme suivant :

Théoréeme 2.2.2. Suppons que le conducteur de E soit sans facteurs carrés et divisible par 2 et p. Alors

L(1, Sym®(f))

dLy (s, Sym®(f))
Q(1, Sym*(f))’

I = £(Symt(£)E"(1,1)

Avant d’esquisser la preuve du théoréeme, on remarque que I’hypothese sur le conducteur de E en p nous
donne a,(f) = %1, et donc f est ordinaire. On sait qu’il existe une extension finie et plate I de O[[X]], une
famille I-adique de formes de Hilbert ordinaires F et un idéal premier P> de I au dessus de X + 1 — 2
telle que F mod P, = f. On construit alors une fonction L,(T") € I[[T]]; comme lextension I/O[[T]] est
étale en Py, on peut voir L,(T) comme une fonction analytique Ly (s, k), avec s dans Z, et k voisin de 2
p-adiquement. On a les propriétés suivantes :

i) L,(s,2) = Ly(s, Sym*(f)),
ii) L,(s,k) est identiquement nulle sur la droite s = k — 1,

iii) Lp(1,k) = (1 — a,(F)~?(k))Ls(k) dans un voisinage de 2,

iv) Ly(2) = fram.

Une telle fonction étant construite, la démonstration du théoréme suit la méthode de [GS93]; i) et ii) nous
permettent de relier la dérivée de L,(s, Sym?(f)) par rapport & s & la dérivée de L,(1,k) par rapport a k. Le
calcul de cette dérivée est fait avec iii) et iv), et on conclut avec un résultats de [Mok09] qui relie la dérivée
par rapport a k de a,(F)(k) & l'invariant £, que 'on sait étre non nul grace & un théoreme de théorie des
nombres transcendants [BSDGPI6].

La construction de la fonction L,(T) est faite comme dans le théoréme 2.2.1 via le produit de Petersson
p-adique de F avec la convolution d’une mesure théta et d’une mesure d’Eisenstein. La construction de la
fonction L;(k) est faite en généralisant la construction de Greenberg-Tilouine; dans ce cas, on prend le
produit de Petersson p-adique de F avec un produit d’une série théta fixée et d’une mesure d’Eisenstein.
On remarque que la fonction L;(k) a priori n’interpole que la valeur spéciale de la fonction L imprimitive

L(s,Sym?(f)) et que les hypotheses sur le conducteur de E nous assurent que £(s, Sym?(f)) coincide avec
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L(s, Sym®(f)).
L’hypothese que p soit inerte est due au fait que cette méthode ne semble pas se généraliser au cas des zéros
triviaux d’ordre supérieur.
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Chapter 3

Derivative at s =1 of the p-adic
L-function of the symmetric square of
a Hilbert modular form

3.1 Introduction

The aim of this paper is to prove a conjecture of Greenberg on trivial zeros of p-adic L-functions [Gre94b],
generalizing the classical conjecture of Mazur-Tate-Teitelbaum [MTT86] to more general, ordinary motives.
Let V. = {V;} be a compatible system of continous, finite-dimensional l-adic representations of Gg =
Gal(Q/Q). Let us denote by V* the dual motive whose l-adic realizations are V;* = Hom(V, Q;(1)).

We can associate with V' in a standard way a complex L-function L(s, V'), converging for Re(s) > 0; we
suppose that L(s, V) extends to an holomorphic function on the whole complex plane and that it satisfies
the functional equation

L(s,V)I'(s,V) =e(s)L(1 — s, V*)I'(s, V™)

where I'(V, s) is a product of complex and real Gamma functions and £(s) a function of the form (N?, for ¢
a root of unity and N a positive integer. We suppose moreover that both I'(0, V) and I'(1, V*) are defined;
in this case s = 1 is critical & la Deligne [Del79] and we suppose in addition the existence of a Deligne period
Q such that

L(V,0)

0 € Q.

Let us fix a prime number p; we will fix once and for all an isomorphism C = C,,. This in particular defines
an embedding of Q in C and C,. We say that V is ordinary at p if V,, as Go, = Gal(@p /Q,)-representation
admits a decreasing and exhaustive filtration Fili’Vp such that I, acts on Grin as Xf:ycl’ where Xcyc denotes
the p-adic cyclotomic character.

Let us denote by K the coefficient field of V}, and by O its valuation ring. Under these hypotheses, Coates
and Perrin-Riou [CPR89] have formulated the following conjecture:

Conjecture 3.1.1. There exists a formal series G(T, V') in O[[T]] such that for all finite-order, non-trivial
characters € of 1+ pZ, we have
LV 0
Gt +p)-1.7) = .2 220,
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here C¢ is an explicit determined algebraic number. Moreover

L(V,0)
Q

G(0)=&(V)

where £(V) is a finite product of Euler type factors at p.

A description of £(V') when V), is semistable can be found in [Benl13, §0.1].
It is clear from the above interpolation formula that if one of the factors of £(V') vanishes, then the p-adic
L-function does not provide any infomation about the special value w. In this case, we say that we
have an “exceptional” or “trivial” zero. In [Gre94b], Greenberg proposes a conjecture which generalizes the

well-known conjecture of Mazur-Tate-Teitelbaum.
Conjecture 3.1.2. Let us denote by g the number of factors of E(V') which vanish. We have then

L(v,0)T9
Q g

G(T,V)=L(V)E*(V) + (191

where £*(V) denotes the non-zero factor of E(V) and L(V) is a non-zero error factor.

The factor £(V'), usually called the L-invariant, has a conjectural interpretation in terms of the Galois
cohomology of V,,. At present, not many cases of this conjecture are known; up to the 1990’s, the conjecture
was only known where V' is a Dirichlet character [FG79], or an elliptic curve over Q with split multiplica-
tive reduction at p [GS93], or the symmetric square of an elliptic curve with multiplicative reduction at p
(Greenberg and Tilouine, unpublished).

Recently, several people [DDP11, Mok09, Spil3a, Spil3b] have obtained positive results on this conjecture
in the case where V is an induction from a totally real field of the Galois representation associated with a
Hecke character or a modular elliptic curve; these cases can be seen both as an attempt to test the conjecture
for higher rank V' and as a (highly non-trivial) generalization of the known cases. The natural next step
is the case of the induction of the symmetric square representation associated with an elliptic curve over a
totally real field; this is the main subject of this paper.

Let F be a totally real number field and v its ring of integers, let I be the set of its real embeddings. Let f
be a Hilbert modular form of weight k = (ks ), , ks > 2 for all 0. Let K C C, be a p-adic field containing
the Hecke eigenvalues of f and let O be its valuation ring. It is well known [BR89, Tay89] that there exists
a 2-dimensional p-adic Galois representation

pr :Gal(F/F) — GLy(0)

associated with f. Let Sym2(pf) be the symmetric square of pg, it is a 3-dimensional Galois representation.
For almost all primes q of t, the Euler factor of L(s, Sym?(pg)) is

(1= a(@)’N(@) ") (1 = aB@N(a)~*)(1 - Ba)°N(a) ™)

where a(q) and S(q) are the two roots of the Hecke polynomial of f at q.

We define similarly the twisted L-function L(s,Sym?(ps),x) for x a grossencharacter of AY. We shall
write L(s,Sym?(f),x) = L(s,Sym?(p¢), x). Let us denote by k° = max(k,) and kg = min(k,); in [Tm91],
Im proves Deligne’s conjecture for this L-function, i.e. he shows for any integer n in the critical strip
[k® — ko +1,k% — 1] such that x,(—1) = (=1)"™" for all v | oo the existence of non-zero complex number
Q(f,n) such that the ratio

L(n,Sym*(f), x)
Q(f, n)
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is an algebraic number. This algebraic number will be called the special value of L(s, Sym?(f), x) at n.

We can make a “good choice” of the periods Q(f, n) such that the special values can be p-adically interpolated.
In fact, there exists a power series G(T',Sym?(f)) in O[[T]] constructed in [Wu01] and in Section 3.7 of the
present work which satisfies the following interpolation formula

G(E(l +p)(1 _|_p)n - 1’ SymZ(f)) :Ca,nE(n,& f)W

for n critical. Here ¢ is a finite-order character of 1 + pZ,, C; , is a non-zero explicit number, and E(n, ¢, f)
is a product of some Fuler-type factors at primes above p as predicted by the above conjecture.

Let us pose L,(s, Sym?(f)) := G(u® — 1,Sym?(f)). The trivial zeros occur when the Nebentypus of f is
trivial at p and s = k° — 1. In this case the number of vanishing factors is equal to the number of primes
above p in F. The problem of trivial zeros for the symmetric square has already been studied in great detail
by Hida [Hid00a, Hid06, Hid09]. Hida calculated the L-invariant, defined according to the cohomological
definition of Greenberg [Gre94b], in [Hid06]. It is difficult to show that it is non-zero, but we know that it
is “frequently” non-zero when f varies in a p-adic family which is Steinberg for all primes above p except
possibly one.

The main result of the paper is the following

Theorem 3.1.3. Let p > 3 be a prime such that there is only one prime ideal p of F' above p and let £ be
a Hilbert cuspidal eigenform of parallel weight 2 and conductor Np such that the Nebentypus of f is trivial.
Suppose that N is squarefree and divisible by all the primes of F' above 2; suppose moreover that w(f), is a
Steinberg representation. Then the formula for the derivative in Conjecture 3.1.2 is true.

In the case where f corresponds to an elliptic curve, such a theorem has been claimed in [Ros13c]. We
were able to substitute the hypothesis p inert by there is only one prime ideal of F' above p thanks to a
abstute observation by Eric Urban to whom we are therefore indebted.

In this particular case of multiplicative reduction, the £-invariant depends only on the restriction of V, to
G, and was already calculated in [GS93]. By the “Théoreme de Saint-Etienne” [BSDGPY6], we know that
L(Sym?(f)) is non-zero when f is associated with an elliptic curve.

In reality, we could weaken the hypothesis on the conductor slightly; see Section 3.8 for an example.

We point out that this theorem is a generalization of Greenberg and Tilouine’s unpublished theorem
where F' = Q. In fact, our proof is the natural generalization of theirs to the totally real case.
Recently, again in the case F' = QQ, Dasgupta has shown Conjecture 3.1.2 in the case the symmetric square
of modular forms of any weights. He uses the strategy outlined in [Cit08] which suggests to factor the three
variable p-adic L-function L, (k,, s) associated with the Rankin product of a Hida family with itself [Hid88c]
when k£ = [. To do this, he employs the recent results of Bertolini, Darmon and Rotger relating p-adic regu-
lators of Beilinson-Flach elements (and circular units) to the value of L,(k,l, s) evaluated at forms of weight
2 and non trivial Nebentypus. Evidently at this moment such a method is almost impossible to generalize
to an arbitrary totally real field.

The proof of Theorem 3.1.3 follows the same line as in the work of Greenberg and Stevens for the standard
L-function.
We view the p-adic L-function L,(s,Sym?(f)) as the specialization of a two-variable p-adic L-function
L,(s,k). Such a function vanishes identically on the line s = k — 1 so that we can relate the derivative
with respect to s to the one with respect to k. In order to evaluate the derivative with respect to k, we find a
factorization of L,(1, k) into two p-analytic functions, one which gives rise to the trivial zero (it corresponds
to the product of some Euler factors at primes above p) and one which interpolates the complex L-value (the
improved p-adic L-function in the terminology of Greenberg-Stevens). The construction of the improved
L-functions is done as in [HT01] by substituting the convolution of two measures used in the construction
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of L,(s,m) by a product of a function and a measure.

The main limitation of this approach arise from the fact that we are using only two variables and so, such a
method can not go beyond the first derivative without a new idea. In fact, one can define a p-adic L-function
associated with the nearly ordinary family deforming f which has d 4+ 2 + ¢ variables; however, we can only
find a factorization of this multi-variable p-adic L-function only after restricting it to the ordinary variable.
This is because the Euler factors which we remove from our p-adic L-functions are not p-adic analytic func-
tions of the nearly ordinary variables. Moreover, this method works only when f is Steinberg at p and such
representation at p in the nearly ordinary setting can appear only when the weight is parallel and equal to
2t.

Still, we want to point out that in the case when f is Steinberg at all primes above p we can show a formula
similar to one in Conjecture 3.1.2 but for the derivative with respect to the weight. Relating this derivative
to the one with respect to s appears to be a quite a challenging problem.

As this method relies on Shimura’s integral formula which relates the symmetric square L-function to a
suitable Petersson product, it can be generalized to all the cases of finite slope families, assuming similar hy-
pothesis and the existence of the many-variable p-adic L-function. In particular, thanks to the recent work
of Urban [Urb] on families of nearly-overconvergent modular forms, this method can now be successfully
applied in the case where F' = Q. This is the main subject of [Ros13d].

We point out that understanding the order of this zero and an exact formula for the derivative of the p-adic
L-function has recently become more important after the work of Urban on the main conjecture for the
symmetric square representation [Urb06] of an elliptic modular form. We shall explain how this proof can
be completed with Theorem 3.1.3.

We shall also extend the result of Theorem 3.1.3 to the base change of a Hilbert modular form as in Theorem
3.1.3, providing examples of the conjecture for trivial zeros of higher order.

This paper is the result of the author’s PhD thesis and would never have seen the light of the day without

the guidance of Prof. Jacques Tilouine and his great assistance. The author would like to thank him very
much.
The author would like to thank also Arno Kret for his great patience in answering all the author’s questions
and Prof. Ralph Greenberg, Prof. Haruzo Hida, Chung Pang Mok, Prof. Johannes Nicaise, Prof. Eric Urban
and John Welliaveetil for useful discussions and suggestions. Part of this work has been written during a
stay at the Hausdorff Institute during the Arithmetic and Geometry program; the author would like to thank
the organizers and the institute for the support and for providing such optimal working conditions.

The structure of the paper is as follows: in Section 3.2 we recall the theory of complex and p-adic
modular Hilbert modular forms of integral weight and in Section 3.3 we do the same for the half-integral
weight, presenting our definition of p-adic modular form of half-integral weight. In Section 3.4 we review
the definition of the L-function for the symmetric square of f and relate it to the Rankin product of f with
a theta series. In Section 3.5 we present some operators which will be used in the construction of p-adic
L-function, and in Section 3.6 we summarise briefly the theory of p-adic measures. In Section 3.7 we use
Hida and Wu’s method to construct a many-variable p-adic L-function for the symmetric square (relaxing
also some of their hypotheses) and the improved one, while in Section 3.8 we prove Theorem 3.1.3. In Section
3.9 we deal with the case of base change. In Section 3.10 we explain how our result allows one to complete
the proof of the main conjecture given by Urban. Finally, in Appendix 3.11 and 3.12 we prove a theorem on
the holomorphicity of the p-adic L-functions constructed in Section 3.7.

3.2 Classical Hilbert modular forms

In this section we review the theory of complex and p-adic Hilbert modular forms.
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3.2.1 Complex Hilbert modular forms

As our interest lies more in Hecke algebras than in modular forms per se, we look at adelic Hilbert modular
forms. Let F be a totally real field of degree d and v its ring of integers. Let I be the set of its real embed-
dings. An element w € Z[I] is called a weight. For two weights k = > __; k,0 and w = ) __; w,, we say
that k > w if k, > w, for all o in I. In particular £ > 0 if k, > 0 for all o in I. Define t = ZUEI o.
Let m > 0 be an integer and v in Z[I]. Consider a Hilbert cuspidal eigenform f of weight k = (m + 2)t — 2v
and define ko as the minimum of k, for o in I. Let d be the different of F' and Dy = N F/Q(D) the discrimi-
nant of F. By abuse of notation, we shall denote by 0 also a fixed idele which is 1 at the primes which do
not divide the different, and is a generator of the local different at the primes dividing it.
We denote by Ap the adeles of F', and we factor Ap = Fy x F into its finite component and infinite
component. For y in Ap, we denote by y; resp. Yoo the projection of y to Fy resp. Fi.
Let GLy be the algebraic group, defined over F, of 2 x 2 invertible matrices. For y in GLy(Afr), we denote
by Y, resp. Yoo, the projection of y to GLa(F) resp. GLa(Foo).
Let S be a compact open subgroup of GLa(Apg) and let GLa(Fs)™ be the connected component of
GL3(AF,o) containing the identity. Let H be the upper half plane then GLa(F. )T acts on H! by lin-
ear fractional transformation. Let Ci 1 be the stabilizer of the point zg = (i,...,4) in %! under this action.
Fix two elements k and w of Z[I] such that £k > 0. Let t = > ;0. We say that an element of Z[I] is
parallel if it is of the form mt with m an integer.
We use the multi-index notation; for # in F and k =" _; koo, 2* will denote [, ., o(2)*.
We define My ,,(S,C) as the space of complex-valued functions on GLz(Ar), holomorphic on GL2(Ap o)
such that

f(axu) = £(2)ji.w(Uos, 20) " for a € GLy(F) and u € SCoy.,

a b
c d
We say that f is cuspidal if

where ji .z ) = (ad — bc)"“(cz + d)*, under the multi-index convention.

/ f(ga)da =0 for all g € GL2(AFp);
F\AF

we shall denote by Sy, ., (S, C) the subset of cuspidal modular forms.

Fix a pair (n,v) such that £ = n + 2t and w = t — v, and suppose that n + 2v = mt (otherwise there are
no non-zero Hilbert modular forms). The choice of v € Z[I] guarantees that the Fourier coefficients of f,
defined below, belong to a number field.

For an element k € Q[I], we will denote by [k] the integer such that k = [k]¢ if k is parallel or 0 otherwise.
We define some congruence subgroups of GLy(Ar). Let t be the profinite completion of v, then let

To(M) = {( “! ) € CLy(8)[c € snf},

Uo (M, M) = {( ‘C‘ Z ) e UMb e sz},
() = {( “! ) € Up(9)|d = 1 mod ‘ﬂf},
o) = {(Z 2>ev1(m)az1modmf},

. b

U9, M) = “ € UM)|b € Mk and a = d = 1 mod NME
c d

for two integral ideals 91,9 of t. The subgroup U (9, M) is isomorphic to U(MIM) and we will use it in the
following to simplify some calculations in the construction of the p-adic L-function.
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We say that S is congruence subgroup if S contains U (M) for a certain ideal M. For such a S , We pose
detS = {det(s)|s € 5} C A% ¢, and decompose the ideles into

h(S)
Aj = F*aidetSpF} . (3.2.1)
i=1

Here h(S) is a positive integer and {a;} is a set of ideles such that the {a; = a;r} form a set of representatives.
We can and we will choose each a; such that a; , = 1 and a; . = 1. When S = U(M), we will use the notation
h(M) for h(S), as in this case h(S) is the strict class number of F of level 91. Define now

E={eetXle>0}, v*(MN) ={e €tXle =1mod N},
EM) = ENt*(M) and

f[‘ﬁ,a]z{(i Z)e(; :)|ad—bceE,}.

In this way we can associate to each adelic form f for U(M) exactly h(9) complex Hilbert modular forms,
fi(z) = jk,w(uomz)f(tium) =y'f (ti ( ySO xloo ))
where u, is such that us(20) = z. Each f; is an element of Mk’w(l:‘E Na,, a;l]), where

I=[Na;,a; ] = {( “ Z ) ef[m,anazdmodfﬁ,}.

c
This allows us to define the following isomorphism

In' s M, (UM),C) — @, My, (T=Da;,a;'],C)
f — (fl,...,fh(cﬁ))

We point out that each f;(z) is a Hilbert modular form on a different connected component of the Shimura
variety associated with U(M).
Each f;(z) has a Fourier expansion

fZ(Z) = a(o7fi) + Z a(gv fz)eF(gz)

0k€€an—1

As in the classical case, f is cuspidal if and only if a(0,f;|y) = 0 for ¢ = 1,..., A(MN) and all the matrices
a € GLo (Foo)+

Let Ky be a finite extension of the Galois closure of F', and suppose that in its ring of integers all the integral
ideals of F' are principal. We choose a compatible system of generators {y?} for all ideles y as in [Hid88b, §3
]. Let K be the p-adic completion of K, with respect to the embedding of Q in C,, fixed in the introduction.
When we will be working with coefficients in K, we will suppose {y} =1 if y is prime to p.

We define now functions on F| AXJF; let y be an integral idele, by the decomposition given in (3.2.1) write
y = &adu, for v in Up(N)F ., and define

a(y,f) = a(&,£:) {7} € laily ",
ap(ya f) = G,(g, fi)y;vaNp(a'i)_l
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and 0 if y is not integral. Here NV, is the cyclotomic character such that NV, (y) = yp’t lys |g1. If the infinity-part
and the p-part of a; are 1 as we chose before, then

ap(y,f) =a(y,f){y"}y,".

Multiplication by £Y is necessary to ensure that these functions are independent of the choice of the decom-
position of y. We define also the constant term

a0(y,£) = a(0, £)|ail}, ", a0 (3, £) = a0y, )N, (5o~ )",
and we can now state a proposition on the Fourier expansion of f.

Proposition 3.2.2. [Hid91, Theorem 1.1] Let £ be an Hilbert modular form of level Vi(N), then f has a
Fourier expansion of the form

‘ (( g T )) =[yla {ao(ya’fﬂy&[y]+

+ Y aleoy, {6y} (Eyse) Ve (ibysc)er(Ex) ¢ - (3.2.3)

oger >

and by formal substitution we obtain a p-adic q-expansion

£ =N, (1) {ao,o Dyl + Y a6y, )¢
0KEEF X

Here ef is the standard additive character of Ap/F such that €x(Too) = exp(2mizoo).
We define
£ () = |Dp| =2 () (oo, 20) et ()

f* is the unitarization of (the complex conjugate of) f. If f is of weight (k,w), f* is of weight (k, k/2).
For arithmetic applications, we define the normalized Fourier coefficient as

Claf) = ¢/ 2a(¢, ),
where we have a = £a; '. From [Hid91, (1.3 a)(4.3 b)] we have the relation
C(a,f) = a(&, £)N (a) ™ ev a7 (3.2.4)
00
0 1
groups will be denoted by the same symbol without the tilde. The advantage of this choice is that the Fourier

expansion of a Hilbert modular form f for V;(91) is now indexed by totally positive elements in t instead of
totally positive elements belonging to the fractional ideal d~!.

From now on, following Shimura, we conjugate all the previous subgroups by ) The conjugated

3.2.2 The p-adic theory

In [Hid88b, Hid89b, Hid02] Hida develops the theory of nearly ordinary modular forms. It is constructed via
the duality between modular forms and their associated Hecke algebra. Let v > 0 and k£ > 0 be a couple of
weights and m > 0 an integer such that mt = k — 2t — 2v; let w =t —v. Let S be a compact-open subgroup
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of GLa(t), Up(M) D S D U(M). We suppose N prime to p.
Let K be a p-adic field containing the Galois closure of F' and O its ring of integers. For all integral domain
A which are O-algebra we define :

Mk:,w(Sa A) = {f € Mk,w(Sa (C) | aO(ya f)v a(y7 f) € A} )
Sk,w(sa A) = {f € Sk,w(sv (C) | a(y7 f) € A}a
mk,w(Sa A) = {f S Mk,w(S7 (C) | a(ya f) € A} .

For all y € Af ¢, we define the Hecke operator T'(y) as in [Hid88b, §3] and we pose To(y) = {y~ "} T(y).
T(y) is an operator on My, ,, (S, A) and my, ,,(S, A) and, if {y~"} belongs to A for all y, then Ty(y) acts on
both spaces. Furthermore, we define T'(a,b) as in [Hid91, §2].

We define the Hecke algebra Hy, ., (S, A) (resp. hg (S, A)) as the sub-algebra of Enda(My (S, A)) (resp.

End4(Sk,w(S, A))) generated by T(y) and T'(a,b).
For a positive integer «, we pose S(p®) = S NU(p*) and define:

My (S(p%), A) =lim My, (S(p%), 4),
Sk,w(S(p%), A) =lim i (S(p%), 4),
my,,, (S(p™), A) =limmy ,(S(p), A),

hk,w(S(poo)v A) =lim hk7w(5(pa), A),

Q

Q

ka @ka aA)

Hida shows in [Hid89b, Theorem 2.3] that when k& > 2¢ we have an isomorphism hy ,(S(p*°), A) =
hy; . (S(p™), A) which sends Tp(y) into Tp(y). Let hz;ffd(S(p‘”) A) be the direct summand of hy, ., (S(p™), A)
where Ty(p) acts as a unit. We will drop the weight from the notation in what follows.

We let e = lim,, Ty(p)™ be the idempotent of h(S(p>), A) which defines h™°(S(p>), A).

Let S™°r4(S(p>), A) be defined as €Sy, ., (S(p>°), A), where the line denotes the completion with respect to
the p-adic topology on the function a,(y,f). This completion is independent of (k,w) as shown in [Hid91,
Theorem 3.1].

Let now Sp(p*) = S N Up(p*). We define

G =S(p*)t™ /So(p™)r™,
G = @1 G~

(03

Let Sp (vesp. S(p®)p) be SNAL; (resp. S(p) OA;%f) and

Cls(p L m Spt™ /S (p®) gt
From [Hid89b, Lemma 2.1] we have an isomorphism G = )¢ x Clg(p*) via the map
Sos=( " ld 2
ds={ . 4 )~ (a, dp,a). (3.2.5)

If S = U(M), then Clg(p™) = Cln(p™); in general, Clg(p™) is always a subgroup of Cly(p™) of finite index.
We have an action of G® on My ,,(S(p®), A); the couple (a,z) acts via T(z,2)T(a"1,1). In the fol-
lowing, we will denote T'(z,2) by (z). For two characters ¢, ¢’ of finite order modulo 9p*, we define
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S‘,;;ffd(S(p“),w,w’; O) as the forms on which (a, z) acts via ¥ (2)N(2)™’(a)a’ and h‘,;;furd(S(pa),w,w’; 0)
in the obvious way.

We let W be the torsion-free part of G. Let A be the Iwasawa algebras of W; we have that h™-°r4(S(p>), A)
is a module over A and O[[G]]. We say that a O-linear morphism P : O[[G]] — O is arithmetic of type
(m,v, ¥, if P(z,a) =¥(2)N(2)™Y'(a)a’ for m > 0 and 1, ¢’ finite-order characters of G*.

We have the following theorem, which subsumes several results of Hida [Hid89b, Theorem 2.3, 2.4], [Hid91,
Corollary 3.3], [Hid02, §4]

Theorem 3.2.6. Let S as above, then h™°"(S(p™>), A) is torsion-free over A, and for all points P of type
(m,v,v,¢") we have

B (S (), 0)p/ PR (S(5), 0)p LSS (™), v, 05 O).

Moreover, there is a duality as O-module between Sy, .,(S(p™), O) (resp. My ., (S(p>°), 0)) and h(S(p>), )
(resp. H(S(p*°),0)). When S = U(M), then for all points P of type (m,v,1,v’) we have also

§2(S(p), O)[P) 2L (S (), 0 0).
If moreover p{6DF, then h™°* (U (MN)(p>), O) is free over O[[W]].

In the following, we will concentrate on the case S = V1 (), in what follows we will use the notation
h#-ord(91, O) for h*ord (Vi (M) (p™), ©). We will denote by h°*4(N, O) the ordinary part of the Hecke alge-
bra. Via the above mentioned duality, it corresponds to the Hilbert modular forms of parallel weight; it is
a module over O[[Clyx(p>)]]. We have h°™d(91, 0) = h™ord(9N, 0) /P4 where P is the ideal of O[[G]]
corresponding to the projection on the second component G — Cly (p™).

Let K be a field extension of Frac(A) and I the integral closure of A in K. By duality, to each morphism
A hmord(91, O) — 1 corresponds an I-adic modular form F which is characterized by its I-adic Fourier
coefficient a,(y, F) = A(Tp(y)). To such a A corresponds an irreducible component of Spec(h™°4(91, 0)),
determined by the prime ideal Ker()). Let X(I) be the set of arithmetic points of Spec(I), i.e. the Q,-
points that restrained to A correspond to an arithmetic point of type (m,v,%,4"). By the previous theorem,
to each arithmetic point P corresponds a Hilbert modular eigenform fp = P(F) such that a,(y,fp) =
P(\To(y))), fp|T(a=t,1) = a®¢’(a)fp and fp| (2) = N™(2)1(2)fp. In particular, the center of GLa(t) acts
via A (= )i(—).

Following [Hid89a, Theorem I], we can associate to each family of nearly ordinary Hilbert modular forms
with coefficients in a complete noetherian local integral domain of characteristic different from 2 (i.e. to each
A hmord(91,0) — A), a 2-dimensional semisimple and continuous Galois representation py, unramified
outside p such that for all ¢ ip, we have

det(1 = pa(Frq)) =1 = X(T(a))X + AM(a)) N (9)X>.

Moreover this representation is nearly-ordinary at all p|p. For the exact definition of nearly ordinary, see
[Hid89a, Theorem I (iv)]. Essentially, it means that its restriction to D,, the decomposition group at p, is
upper triangular and unramified after a twist by a finite-order character of I,.

As in Section 3.8 we will discuss the relation between the analytic and the arithmetic L-invariant, we give
now briefly the definition of the cyclotomic Hecke algebra h®¥°!(91, 0); it has been introducted in [Hid06,
3.2.9]. Roughly speaking, h®°/(0N, O) corresponds to the subspace of h™°*4(91, O) defined by the equation
Vs, = Vg, for o1 and oy which induce the same p-adic place p of F.

Consequently, we say that an arithmetic point P is locally cyclotomic if P, as a character of T'(Z,) =

{( g 2 ) € GLz(tp)}, factors through the local norms, i.e.,

P|T(Zp) = H(N(ap)vpv-/\[(dp)mp)v

plp
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up to a finite-order character.
From the deformation-theoretic point of view, requiring that a Hilbert modular form f belongs to h®°/(N, O)

is equivalent to demand that, for all p | p the local Galois representation at p, pr, is of type ( 6(;’ (;k >,
P
with the two characters ¢, and ¢, of fixed type outside Gal(F} (upe)/Fy) ([Hid06, (Q47)]).

3.3 Hilbert modular forms of half-integral weights

In this section we first recall the theory of Hilbert modular forms of half integral weight, with particular
interest in theta series and Eisenstein series. We will use these series to give, in the next section, an integral
expression for the L-function of the symmetric square representation. In the second part of the section, we
develop a p-adic theory for half integral weight Hilbert modular forms which will be used in Section 3.6.

3.3.1 Complex forms of half-integral weights

We will follow in the exposition [Shi87]. Half-integral weight modular forms are defined using the metaplectic
groups as defined by Weil. One can define M}, as a certain non trivial extension of SLs(Ap) by the complex
torus S! with a faithful unitary representation (called the Weil representation) on the space L?(Af).
Similarly, for any place v, M, is defined as a certain extension of SLo(F,) by the complex torus S! together
with a faithful unitary representation on L?(F,). We denote by the same symbol pr the projection of My
onto SLy(Ar) and of M, onto SLa(F,). In the following, we will sometimes use G to denote the algebraic
group SLs.

Denote by Py, the subgroup of upper triangular matrices in SLa(Ap) and by Q4. the subset of SLy(AF)
consisting of matrices which have a bottom left entry invertible.
The extension My, is not split, but we have three liftings r, rp and rq of SLy(F'), Py, and 4, such that
pr o7 is the identity, for 7 = (), P, Q. Their explicit description is given in [Shi87, (1.9),(1.10)] and they are
compatible in the sense that r =rp on G N Py, and r =rg on GN Ny,

For z in GLQ(AF,f) % GLQ(FOO)+ and z in H! we define j(z, z) = det(xoo)—l/2(cz+d)7 where o, = ( i Z )

is the projection of  to GLa(Fu)™. For 7 in My, we pose j(7,z) = j(pr(r), 2).
We define C’ as the matrices v in G(Ap) such that -, belongs to the group C; defined as follows
{v € SLy(F,)|vi =i} if v|oo
I
Co= {7 € SLy(F,)|y € ( 20*,1 20, )} if v finite
v

*
Let 19 be defined by

1 if v|oo

_ _~N—1
(10)o = (DO °0 ) if v finite

C" is define as the union of C’ and C'ny. By [Shi87, Proposition 2.3], we can define for 7 in pr=!(Py,C")
an holomorphic function h(7, z) such that

h(r,2)* =C(7, 2),

where (; is a certain fourth root of 1.
Let T be a congruence subgroup contained in C”G(F ), we define a Hilbert modular form of half-integral
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weight k + %t, k in Z[I] and k > 0, as a holomorphic function on H! such that

Flreyer(2) = F(32)i(1,2) " *h(7,2) 7" = f(2)

for all v in I'. Contrary to the case of GLg, such complex modular forms are the same as the functions
f: My — C such that

f(azw) = f(x)j(w,zo)_kh(w,zo)_l for all o € SLy(F),w € pr~'(B),

where B is a compact open subgroups of C”.

In fact, we can pass from one formulation to the other in the following way: to such a f we associate a Hilbert
modular form f on G N BT by f(z) = f(u)j(u, z0) "h(u, z) " for any u such that u(zo) = z. Conversely,
to such f we can associate f such that

f(ax) = fl (x4 11 (20) for all v € SLy(F), 2 € pr Y (BG(AF.))-

Let 91 and 9 be two fractional ideals such that 9191 is integral and divisible by 4. Congruence subgroups
of interest are D(1,90) which are defined as the intersection of G(A) and Up(M, M) x SO(2)2. The inter-
section of D(M, M) with G shall be denote by T[N, 9]. In particular, assuming 4 | N, h(—, 2) is a factor
of automorphy and the map x_1 : 7 — (2, for the root of unit ¢, defined above, is a quadratic character of
D(M,4) depending only on the image of d,, modulo 4.

Let k¥ = k + t, with k € Z[I] and k > 0 and choose a Hecke character ¢ of A} (i.e. ¢ in trivial on

F>*) of conductor dividing 9 and such that ¢ (—1) = (—1)2”61 o Let on = [T,jon %o We define

M (T[T, 90,9, C) (resp. Sy (TN, M],+,C) ) as the set of all holomorphic functions f (resp. cuspidal)
such that

fley = Yonm(ay) f for all v € o, om.

This definition implies that the corresponding adelic form f satisfies f(zy) = ¥(d,)f(x) for v € D(D,M).
To have a non-zero Hilbert modular form on D(M,t), we need to suppose that 4 | 91. So we will define
My (N, 1, C) = My, (T1[27191,2], 4, C) and similarly for S (I, , C)

We can define a Fourier expansion also for half-integral weight.

Proposition 3.3.1. Let k € Z[I] and let f be a Hilbert modular form in My (M, 4, C), for k' = %—&- k, orin
Mk,_k/g(Uo(Q’l‘J’t, 2),1,C), then we have (ignore rp if the weight is integral)

(e (5 )00)) =Rl ™ Sxe st e i/ (une/2),
The following properties hold
e M&mf ) #A0 onlyiféem 2 and =0 or €0,
o A&V, m;f ) = bFaho (B)A(E, bm; £,4)) for all b € F*.

In particular

F(2) =D ME v, 9)en(62/2)

£EF

We can compare with the previous Fourier expansion when f has integral weight and we have

v

A&y £,0) =0 )y aw?e £){ye ) (12,0 (3.3.2)

34



Proof. The Fourier expansion and the first properties are contained in [Im91, Proposition 2.1]. For the last

-1
20 (1) > with £/ a Hilbert modular form for V; (91).
f

(65 )=(5 )% )

—m

and, if the central character of f is 1| [ ™, we obtain the formula by comparison with 3.2.3. O

formula, we point out that f can be written as f’|(

Then we note that

The interest of this adelic Fourier expansion is that it can give rise to the Fourier expansions at all cusps.
Let 91 be an integral ideal such that 4|9t and n a finite idéle representing 91: nt = 91 and n is 1 at the place
outside M. We shall define now two operators [n?] and 7(n?) which will be useful to simplify the calculations
of Eisenstein series and p-adic L functions we shall perform later. The latter operator will be used to define
a Hecke equivariant pairing on integral weight modular forms. Let k' = % + k. We set

f|[n?](z) :N(n)_%f <x7’p( ngl 2 )f) .

This operator sends a form of level group D(€,90) into one of level group D(EN? N~29M) and its the
analogue of [Hid90, §2 h3]. It is easy to see how the Fourier expansion changes;

A& e £ [n?],9) =M€ n s £,9). (3.3.3)

In particular, we have from [Im91, Proposition 2.1 (i)] that a necessary condition for (&, ; f|[n?],¢) # 0 is
that ¢ € n? and € > 0. We write f resp. f’ for the complex version of f resp. f|[n?]; we easily see that the
Fourier expansion at infinity is

FE = > AMenT'ufd)ex(€2/2).

0K EeFX ten?

If moreover N = (b), for a totally positive element b, then f’(z) = b¥ f(b%2).
n2

Important remark: in the next section we shall often use a similar operator [T] . This operator is defined

exactly as above with the difference that 4 does not represent the ideal 4t, but 4 is diagonally embedded in F.

We define the half-integral weight Atkin-Lehner involution

n
| 0 —20'n!
—Hral o-1py 0 5

The matrix 7 is 79 conjugated with the matrix ( (2) (1) ) (embedded diagonally).
f

f|7'(n2) :f772|7’p< nO )
f

This second operator sends My (912,14, C) to My, (92,4~ C), since the corresponding matrix normalizes
D(271912,2). Note that 7(n?) is almost an involution:

firtyrod) =1 (0 ) = o
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3.3.2 Theta Series

We give now a first example of half-integral weight modular forms which will be used for the integral
formulation of the symmetric square L-function. We follow [Shi87, §4]. Recall that we have a unitary action
of My, on the space L?(Ar). For a Schwartz function on the finite adeles n and n € Z[I], we define a

function for T € My,
) =Y Tnn(8,4)
fer
where we define for € in Ap and w in H!

nn(gaw) = U(ff) H an,, (gaawa)v

oel

On, (EoyWs) = y;;L”/QHnG(\/Zlﬂynﬂ ¢, )e(E2w, /2), where H, is the n-th Hermite polynomial. It is the adelic
counterpart of the complex form

On(2,m) = (4my) 23" 0 i) Ho(v/Amy€ e (£22/2)
cer
Choose a Hecke character x of F' of conductor 9t such that xoo(—1) = (—1)21 "7 we denote also by x

the corresponding character on the group of fractional ideals. Recall that we defined ¢t =}, o; forn =0,¢
we have

=Y Xeo(O)x(€v)e (6%2/2)

1393

=3 X (OX(ED)E e (€22/2).

I3

From now on 6, (x) := 0,:(x); 0,(x) is holomorphic. Moreover, from [Shi87, Lemma 4.3], we have that for
all v in T'1[2972, 2] we have
O OO | (nt1/2)¢7 = Xamz (a)0n(X)-

This tells us that 6,,(x) is a modular form in M, (42, X;}ltz,, C). The explicit coefficients, given by [Shi87,
(4.21)], are as follows:

2o (Mx(mm)E™ i 0#E=n* em™2,
)‘(Evmaen(X)7X) = X(m) if0=¢,f=rvand n=0,
0 otherwise.

For a Hecke character x, we define, following [Shi93, (4.8)], the Gaufl sum of x

G = Y. xeol®)xs(@d)er(z).

zef~1o—1/o-1
We conclude with the following proposition which generalizes a well-known result for F' = Q.

Proposition 3.3.4. Let x be a Hecke character of conductor . Then
0(r,)|7(4n%) = C()0(T, x ")

for C(x) = GRON ) x (o).
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Proof. We decompose

0 —otn7t\ [o7In7l 0 0 -1
no 0 o 0 no 1 0 J°

As in [Shi87, Lemma 4.2] we have

( ? _01 >Xf(r) = N(@) 2N () Gx)x(om)x ;! (ona).

Now, we are left to study the action of the diagonal matrix on x. As this matrix is in Pa,, we can use
[Shi87, (1.12)] to reduce ourself to local calculations

" ln7t 0 71—[ p"In7t 0
rp 0 n Xf = rp 0 no UXv-

With [Shi87, (1.9)] we see that the action of this diagonal matrix sends x,(z) to [on], /2y, (25 'n; 12), then

T(4n?)x s (z) = GOON () " x (@) 7! (2).

3.3.3 Eisenstein series

We give a second example of half-integral weight forms which we shall use in the next sections. The aim
of this section is to find a normalization of these series which shall allow us to p-adically interpolated its
Fourier coefficients 3.3.10.

Let us fix an integral weight k& € Z[I], a congruence subgroup of level ¢, a Hecke character ¢ of finite

conductor dividing ¢ and of infinite part of type (z/|])". Decompose

GNP, D 'M2)= [[ PaT'[27'M,2,
a; €CI(F)

t;

where P is the Borel of G and j; = ( 0 1

), for ¢; an idele representing a;.

We pose

YR 2y, 2) iy, 2) "
)|25t*k‘ ?

E(Z,S;k,’(/J,C) = Z N(ai)28+% Z ¢(d7a:1)1/)00(d7)

a; €CI(F) ~EP\B;T1[2—10,2] |j(% z

where P; = P N BT 27190, 2)3; . We follow mainly the notation of [Im91, §1], but we point out that our
Eisenstein series E(z, s; k, 1, ¢) coincides with Im’s series E evaluated at s + 1/4 and a = 2~ !¢, and we refer
to loc. cit. for the statements without proof which will follow.

Take an element 7; in SLy(F) such that ;' € Z(Ap)no and an element 7 in My, such that pr(ij) = no;
we can define

E'(z, 83k, 4, ¢) =E(z, s1k,1, )| 1m1-
We can see E(z, s;k,1,¢) as an adelic form, as in Section 3.3.1: for all non-negative integers p we define

J(r,2) = h(7,2) "1 (j(7,2)/1j(r. 2)))*
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and a function f on My as
F(7) = p(dp)oe(dy, )] (7, 20)| T (7, 20)
if 7 =puwisin Py,D(27¢0,207!) and 0 otherwise. We define moreover, for 7 in Py, C, 7 = pw', §, = |dp|a

and for 7 € pr=1P,,C, 6, = Opr(r)-

The adelic Eisenstein series is defined by

Bul€s 2o+ 1)/2 k)= 30 flg)dge

geP\SLs(F)
We have therefore E(z, s;k,¥,¢) = Ea(u, s;1/2,k, 1, ¢)J(u, 20), where u is such that z = u(z). Moreover,
1
B/ (2, sik,9,€) = Ep(uil, 5 5k, 1,00 (u, 2).

For k = kt, k > 0 and s = k/2 we have:

E(z,5/2; 5t, 9, ¢) €My (640 Y),

E'(2,K/2; Kt 9, ¢) €M 1 (2,27 gy ).
We define a normalization of the previous Eisenstein series

g/ (Z’ S; k’ /(/}’ c) :LC(4S7 w2)E/ (Z7 87 k? w? c) Y

where Lc(s, ) stands for L(s, ) [, (1 — P(QN(q)" 7). We define &€ (z,s;k,1,c) analogously. Let A =

() Dp LN (2¢1)id7d29(+3)  We consider now the case when s is negative; we have the following result
on the algebraicity of these series

Theorem 3.3.5 ([Im91], Proposition 1.5). The series A~1E'(z, 1_7”;/%,1/1, ¢) has the following Fourier de-
velopment
K

L(1=2r)+ > Le(l— 5, vwe)B <g, L ; ) e (E),

0kge2¢ !

where we is the Hecke character associated with F(\/€) and

2 —2s 1—4s
B&s)= > pla)ypwe(a)w (o)’ N (o) N(a) "
N
The fact that the Fourier expansion is shifted by ¢ is due to the fact that we are working with forms for
the congruence subgroup D(2,271¢). Similarly, if ¢ is the square of a principal ideal in t and ¢g an idele rep-
resenting this ideal, we can deduce the Fourier expansion of N'(¢o2~ 1) "A71E/ (2, 1555 kt, 1), ¢)[¢34 7] simply
by taking the same sum but over all 0 < & € 27 ¢,

We introduce now the notion of nearly-holomorphic modular form. It has been extensively studied by
Shimura. Let k be in Z [3] [I], and v in Z[I] when k is integral. Let I' be a congruence subgroup of GLg(Fx)
or SLo(F), according to the fact that the weight is integral or half-integral, and ¢ a finite-order character
of this congruence subgroup. Let 8 € Z[I], 8 > 0, we define the space of nearly-holomorphic forms of degree
at most S, Nfﬂ)(l—‘, 1; C) as the set of all functions

fH > C
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such that f|p.,v(z) = ¥(7)f(z) for all v in " and f admits a generalized Fourier expansion

B oo 1
F=Y S

i=0 (47Ty)i

at all cups for T'.

In case of integral weight, it is possible to define adelic nearly-holomorphic forms for compact open subgroups
of GLy(Apy¢) as in [Hid91, §1]; to each such form we can associate form an h-tuple of complex forms as we
defined. ,

We warn the reader that the function g;(z) = ZZO aSZ’ )q” are not modular forms for I', except when i = 3.
Let now be [ in Z[I], A in R and o in I, we define a (non-holomorphic) differential operator on H! by

aU —i A _|_i
AT omi \ 20y, dz )

812 = H (6gg+2la—2 ’ "812’5) )

o€l

and here z, = x, + 1y, is the variable on the copy of H indexed by o.
Let f be in N} ,(I',4;C), if k > 2s (when F' # Q this condition is automatically satisfied) then we have the
following decomposition

f= Z a}i—Qifi
i=0

with each f; holomorphic and modular. A proof of this, when F' = Q, is given in [Shi76, Lemma 7] and for
general F' the proof is the same.

For such a form f we define the holomorphic projection H(f) := fo. For any f in Niﬂ)(l"7 1; C) we define

the constant term projection ¢(f) = go. If we see f as a polynomial in W, ¢(f) is then the constant term.
We will see when the weight is integral that ¢(f) is a p-adic modular form. This two operators will be used
to calculate the values of the p-adic L-function in Section 3.7.

We have the relation

O (flrwy) =0k ) kt21,0-17 (3.3.6)

which tells us that 0% sends nearly-holomorphic modular forms for T' of weight (k,v) to nearly-holomorphic
modular forms for T' of weight (k + 2r,v — r).

This operator allows us to find some relation between Eisenstein series of different weights. Let k, [ be in
Z[I], k,1 > 0. Then we have by the proof of [Im91, Proposition 1.1]

_ k 1
5]l€+%tE(z, s;k, 0, ¢) =(4m) b, <2 — (5 + 2) t) E(z,s;k+21,v,¢) (3.3.7)
where
lo—1
bi(z) = H H (x5 — §) for z = (z,) € CL.
oel j=0

If k = kt and 2s = 1 — k then we obtain b;(—t) = (—1)Zl” [Toeallo)
In particular, in the case we will need later, this coefficient is not zero. Let &k = m 4+ 2t — 2v > 0 be an
integral weight, let kg be the minimum of the k,’s and s an integer such that m — kg — 1 < s, we have that

b (25221 £ 0,
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For z in RY, we pose oo (z) = [[,c; I'(zs).
Let kK =m+ 2t —2v > 0 be an integral weight, let kg be the minimum of the k,’s and s an integer such that
m+1<s<m+ky—1,and n € {0,1}, n # s(2) and ¢(—1) = (=1)k~d—nd,

In the notation of [Shi85, Lemma 4.2] we pose, for o in I, o, = ==t g — somohodntl

Proposition 3.3.8. For k, s, m, n and i as above we have

& ,S_m;k_ ’ 7):14/ (k, s, Fw(l_a_j)/rw(l_a)
) R S ]

where
Al :i(n+1/2)dfkﬂ_aroo(Oé)*12kf(n+%>d(71)*d("+1)+za(kc)X
X POIN (@)™ N (2¢ e ([F : Q]/8),
ej(k,s, )= > &PTgp(E (s —m)/2)Le(s — m, Ywae)en (€2).
£e2c1.630

S

Here g¢(&,8) is a product over the primes q dividing {c but prime with ¢ of polynomials in ¥ (q)N (q)°.

Proof. We just have to explicitate the Fourier coefficients denoted by y®¢(y, &; a, 3) in [Shi85, Theorem 6.1].
They are essentially hypergeometric functions.
Notice that our definition is different from his; in fact we have

E' (z,8,k — (n+ 1)t,9,¢) = y*2 Bl (2, 5,1/2, k, ).

Note that in our situation the a,’s are positive half-integers and the [,’s are non-positive integers, for all o.
Using [Hid91, (6.9 b)], the evaluation of 77 ¢(ys, &5 0y, B ) Teduces to the following cases: if £, > 0, we find

if7 = (2m) 4 T (o) T 27 €0 T e T TS P (AT, 0, B

for W the Whittaker function given in [Hid91, page 359]

W(ya aaaﬂd) - F(ﬂa’)ilyiﬁa /+ eiyw(lﬂ —+ 1)040711.[3071'
R

If £, = 0 we find:
B _ F(ﬂg + oy — 1) 1—
Bo—0s, 0o as+Ps Qo
7 T2 —_— (4
Moo (B, ™)
If £, < 0 we find :

ifr =00 (2m) 77T (B,) 12Ty T g, |0 T e TS R (< Ay, By, ).

Notice that W(y, 1, 8,) = 1.

If € is not zero and not a totally positive element, then for at least one ¢ the corresponding hypergeometric
function is 0 (because of the zero of I'(8,) ).

So we are reduced to evaluate these W’s only for £, > 0. By [Shi82, Theorem 3.1] we have W (y, o, 8,) =
W(y,1 =By, 1 —a,). As1— 5, > 1, we can use [Hid91, (6.5)] to obtain

—B
yPE(y, &, B) =17 nT(a) 120 e Y <

Jj=0

_5> Foo(l —« +J) é-a—l—j
J Fo(l—a) (4my)’
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We point out that &’ (z, %; kot, v, c) is an holomorphic Hilbert modular form for all ky > 1.
Suppose now ¢ = n?, we are interested now in the Fourier expansion of £'(z, =5k — (n + 1)t,1, M?)|[n?].

Let us define, for all u in Ap, t(u) =rp ( (1) zlL ) and recall the function on M,

F(r) = wp(dp)toe(dy I (1, 20) [ (1, 20) 71 (7 = pw)

0 -1 . y'? I I
defined above. Let ¢ := rq 10 .LetzZ=rp 0 42 fory = (y,) € Ry and z = (z,) € R".
f

We give now a useful lemma

Lemma 3.3.9. For u in Fy, we have f(ut(u)zr(n?/4)) # 0 if and only if u € 20~ v, and then

—2s5—1 _ 1\ —2s—2 —2s—1
FOr®/A)srmz/nly~ 2 = ¢r @7 N (027 FO0)185750 |
forwl, = (un?471) v = ut(u)Z and v = ut(v)z.

Proof. For all finite place v, we have
9 [ —(271om), 0
(tt(u)T(n"/4)), = ( (u2—10n)v _(20—1n—1)v .

We have by definition that (&) # 0 if and only if £ € Py, D(27'0%0,2). Let us write then

wt(u)z7(n2/4) :rp< 3 Z )m ( z 2 )

We know that d can be chosen as a v-adic unit for all v | 90%; combining this with the explicit expression of
tt(u)27(n?/4), we obtain u € 20~ !v and this proves the first part of the lemma.

Concerning the second part of the lemma, the right hand side has been calculated in [Shi85, Lemma 4.2].
We have (compare this formula with [Shi85, (4.19)])

Sutuyr(nz/ay), = [un27Hy = N(n/2)[u'd],
and h(1(n?/4), z) = j(r(n?/4),2) = 1. If we write

x % * %
Lt(u/)no = TP( 0 e/ )TQ ( C/ d/ )a

le’ and d = d’, and this allows us to conclude. O

we see we can choose e = 2n~
We can now state the following proposition:

Proposition 3.3.10. Let k, s, m, n and ¢ as in Proposition 3.3.8, we have

(o smm ) [7] = sy (=0 =0)/Te(1 =)
& <Z7 9 ,k (n+1)t,’l/),n > | |:4:| A00<jz<ﬁej(k757¢) (47Ty)J

where
Ao :i(nqt%)dfkﬂal—woo(a)712k7(nJr%)d(il)*d(nJrl)JFZa(ka) %
x (o2 DpN(on271) e ([F : Q]/8),
6;(]@', S, ”éff) :LC(Q(S - m) - 17 wwl’f) + Z fiﬁijgf(gv (S - m)/2)Lc(s —m, waE)eoo(gz)'

£€27 1,60

m—s—1
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Here gf(&,s) is a product over the primes q dividing 2§ but prime with 2 of polynomials in 1 (q)N (q)*.
Moreover, let k be an integer, Kk > 2, then

ate (o ) [ ] = n -2+ L - mwe0s (625 emlen)
0 2, 2 yRL, Y, 4 - c K c R, w§ 9 2 o \ST),
o<gez—!
for Ag = 474245~ 3)h  (an2~ 1) DpN (on2~1)" 2
Proof. We give a proof only of the first formula as the proofs of the two formulae are identical.
The fact that the Fourier expansion is indexed by £ > 0 and ¢ in 27!t can be proved exactly as in [Shi83,

page 430]. Using the adelic expression, [Shi85, pag. 300] and Lemma 3.3.9, we see that up to a factor
wf(anl)N(n2*1)m_s_1, the sum which gives &'(z, *5™;k — (n + 1)t,9,n?)|[n?/4] is the same as the one

for £'(z, *5™;k — (n + 1)t,4, ¢) which can be found in [Shi85, pag. 300]. We can calculate than the Fourier

coefficients as in [Shi85, §5]; we choose a measure on F, which gives volume 1 to the valuation ring of F,.
Then we have, in the notation [Shi85, §5], for o € 2710 !r,

cv(oys) = 12|k, v|2n

This implies that we have to substitute the factor A (2n~2) which appears in the factor A defined in
Proposition 3.3.8 with 2-?¢. The integrals at the other places are unchanged. O

3.3.4 The p-adic theory again

We want now define the notion of a p-adic modular form of half-integral weight. This is done in order to
construct in Section 3.6 some measures interpolating the forms introduced in the previous section and which
will be used to construct the p-adic L-function in Section 3.7. In particular, we shall construct a p-adic
trace 3.3.14 to pass from “SLy”-type p-adic modular forms (such as the product of two half-integral weight
forms) to “GLg"-type p-adic modular forms. This is done interpolating p-adically the traces defined in [Im91,
Proposition 4.1].

We will construct half-integral weight p-adic modular forms as in [Wu01]; we will define them them via
g-expansion. Although this approach is hardly generalizable to more general context where no g-expansion
principle ia available, it will be enough for our purpose.

For a geometric approach using the Igusa tower, we refer the reader to [DT04].

We fix as above an ideal 91 of v such that 4 | 91 and let k£ be an half integral weight. For all f in M (9,4, C),
consider the Fourier expansion from Proposition 3.3.1

F(2) =) ME v, v)ex (€2/2).

£eF

This gives us an embedding (because of the uniqueness of the Fourier expansion and the transformation
properties of f) of M (91,4, C) into C[[¢]].

For a subalgebra A of C we define M (91,1, A) as My (0N, ¢, C)N A[[¢]]. By the g-expansion principle [DT04,
Proposition 8.7, if p is unramified, we are indeed considering geometric modular forms of half-integral weight
defined over A.

Let K a finite extension of Q, and O its ring of integer, choose a number field Ky, of the same degree as K,
dense in K for the p-adic topology induced by the fixed embeddings chosen at the beginning and let Oy its
ring of integers. We define

Mk:<m7 ’(/}7 O) :Mk:<m7 ’(/}7 OO) Y Oa
Mk(mvwv K) :Mk(mvwv O) ® K.
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It is possible, multiplying by a suitable 6 series, to show the independence of the choice of K and that these
spaces coincide with the completion w.r.t. the p-adic topology of My (M, v, Og) and My (N, ¢, Ky). The
p-adic topology is defined as the maximum of the p-adic norm of the coefficients in the g-expansion. We
define

Mpae(,0) = > U M.o0w,4,0),

KEZ[I]+ 1t TE€N>0,9

My (9, K) = Z U M, (Mp”, 9, K).

kez[I]4+ 4t T€N> 0,

If p is unramified in F, this is again compatible with the geometric construction [DT04, Application page
608]. From the considerations in [DT04, §9], it could be possible in most cases to prove that the reunion on
both p-level and weight is superfluous.

The same construction allows us to define Syait(M, O) and Spa(N, K).

Let x be an Hecke character of conductor ¢ of finite-order. We consider it both as an idele character
X = XfXoo for two character of A;ﬁi and FZ such that y is trivial on F* and as a function on t/¢ which is

the character xc =[] xq on (t/¢)™ and 0 otherwise.

Lemma 3.3.11. Let x be an Hecke character of Cl(c) and

=Y M f9)q
13

be an element of My(M,v,C), k an half-integral weight. Then

D XEOAE, T £,4)q
€

belongs to My (Nc2,¢x?, C) and we will denote it by f|x.
Proof. We proceed as in [Hid91, §7.F]. We define

x =600 S x| ( Lo ) |

u

for u € v, which runs over a set of representative of ¢=12071/2071. We have

A& s FIx, ) =GO) ™ A&y £,9) Zx w)er (y*éu/2)

Recall that eq(zq) = 1 if 4 is in 9!, for q a non-archimedean place, and )_, x(u) = 0 if x is not trivial.
We have in particular A€, & fly, ¢) = x()ME: £,) m

Let C(t,/p®, O) be the set of functions from t,/p® to O, as a O-module it is spanned by the characters
of vy /p” and the constant function. So we can define the operator |¢ for all function ¢ in C(t,/p®, O). Let
C(tp, O) be the set of continuous functions from ¢, to O, the locally constant function are dense in this set.
For all ¢ in C(ry, O) we define the operator |¢ on Mp,¢(9, O) in the following way: let {¢,,} be some locally
constant functions such that ¢ = lim,, ¢,,, then we pose f|¢ = lim,, f|¢,,.

We can also define on Myt (91, O) the differential operator d”, for o € I; take y in t,, we have the continuous
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map ()7 :y — y°. We define d°f = f|( )?. We have then A\(¢,v;d7f, 1)) = €&, f,40). Asy sy tisa
continuous map, we can define also d”7 such that

A6 d™E, 1) = ()7 TME v £, ),

where 1,(§) = 0 if (p,€) # v and 1 otherwise. We define for all r € Z[I] the operator d" =[], ., d”"".
We have an action of ¢ on Mpar(9, O); it acts via the Hecke operator T'(b,b~"') defined in 3.2.2. T'(b,b™")

acts by right multiplication by the matrix rp ( 0 b1 > , as this element normalizes the congruence
!
subgroup D(27!',2). This actions commutes with the action of (v/9Mp"t)* via the diamond operators. We

can describe this action in the complex setting as follows.
Let (b/,b) in (t/9)” x v and take by in A% which is projected to (b',b). For f in Mg(9p", 4, O) we pose
I, b) = b* f|y, with 73 € SLo(F) such that

v, trp bo 91 € D(27'0, 2)SLy(Fly)
0 b' ),

and then extend it by continuity on the whole My.;;(M, O). Here we are implicitly assuming that the coef-
ficients ring O contains all the square roots of elements of ;.

Such an action is compatible with the action of SLy(t) on the forms of integral weight as defined in [Hid91,
§7.CJ.

Take now f in Mk1+%(m, Y1, A) and g in Mk2+%t(m, 9, A); the product fg is a modular form in
My, 1ot (DH27IN, 2], 19b9x 1, A) where x_1 is the quadratic character modulo 4 defined before via the
automorphy factor h(7y, z).

It is clear that this product induces a map

Mk?ﬁr% (m7 O) X Mszr% (m7 O) - Mkl-i-kz-l-t(rl [2719’17 2}7 O)
which on the level of g-expansion is just multiplication of formal series.

We point out that when F' = Q, the congruence subgroups which are considered for the integral weights
and the ones for the half-integral weights are the same, because in Z the only totally positive unit is 1, while
when F' # Q the totally positive units are of positive rank.

This poses a problem because in the sequel we shall need to consider the product of two half-integral weight
modular forms as a “GLa-type modular form” whereas it is only a form of “SLo-type”.

We follow the ideas of [Im91, Proposition 4.1] to work out this problem.

For simplicity, we pose ['[0] := T'[27191,2] and T''[N] := I'}[271N,2]. Let k,v be integral weights and A a
p-adic O-algebra of characteristic 0, we define

M (T, A) = () M 0], ¢, A),
r€N>0,%0
M, (T, A) = | MW, ¢, A),
TEN>0,9,9’
(T, 4) = Y M,(T1[9], A), (3.3.12)
kez[I)
M0, A) = > My, (T[], A),

kwez(I]

<|
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where completion is taken w.r.t. the p-adic topology defined as the maximum of the p-adic norm of the
coeflicients in the g-expansion.
We consider now the three following tori of GLa(t/Mp"t):

ro={(§ 2 )lae o],
1 ={(§ " )lae o],
’]l‘a{( 0 1 >|a€(t/‘ﬁprt)x}.

Let 1) resp. 1, ¥’ be a character of the torus Ty, resp. Tz, T,. We say that they form a compatible triplet

) 2 )

Proposition 3.3.13. Let vg, 1 and ' as above forming a compatible triplet. Suppose that ¢ factors through
(t/Np"t)" JE. Let w € Z¢ be such that k — 2w = mt, m > 0 and pose, as in Section 3.2.1, v =t — w.
We have a map

QO 2

a
0
a
0
a

o

Trgls (v, 0) : M(I'Y,0) = Myo(U[],0)
which is equivariant for the action of U[N] and v} and such that if f is a modular form in My (T [0p"], O; 1ho),
then Trgﬁz"’ (v, 0" (f) is a modular form in My, ,(U[Mp"], O;¢,¢’).

Proof. We point out that we are adding just one variable, namely m.

We extend f to ET![N] simply requiring that it is invariant for the diagonal action of the units.
Let R be a set of representatives of ['[Mp"]/ET1[Np"] = E/E?, we define

1 _
TI'E(f) = 9d—1 E wl(Ei 1)f|k,w5i~
e,€ER
0 .
1 ) acts via

For all v in I’y [Np"], we have ;v = v1¢;, with ¥g(y) = ¥o(71). Moreover, the matrix ( 8

Y’ (e).
We call the space of such forms My, ,(T[9p"], O; v, ¥').
It is easy to see that Trp commutes with the following inclusions:

M, (T [Np"], O3 9h0) =My (T [Np" 1, 05 400),
Mk,v(r[mpr]a O, w07 1/)/) ;)Mk,v (F[mpr+1}> Ov ¢07 l//)

At the beginning of Section 3.2.1 we decomposed the space My .,(U(Mp")) of adelic modular forms for
U(9p") into complex ones. Let a; be a set of representatives for the strict class group of F' modulo 9p". As
1 factors through (v/Mp"t)™ /E, we can see it as a character of C1(p"). We define

Z: My, ¢0,¢") — Moo (U (D), ¥, ¢)
f = I‘ﬂpr(.f""aw_l(ai)f?"'71/)_1(ah(9'1p“"))f)7

where Z,r is the isomorphism defined in Section 3.2.1. We can choose a; in a compatible way when r grows
such that it is compatible with the obvious inclusion

M., (U(Op")) < My (U0 1))
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and compatible also with the Nebentypus decomposition.
We define Trgfj (v,9") := ZToTrg. We can extend this map to the space of p-adic modular forms Nebentypus
by Nebentypus and then to the completion, as it is clearly continuous. It is equivariant by construction.

O

Let us show that the trace morphisms defined above vary p-adically continuously. We decompose t as

the product of a torsion part g and its free part W’ which we identify with (1 + pr)d. Fix elements a; for
j=1,...,d which generates W'.

Choose as before a set R of representative (independent of r) for T[0p"]/ET1[Mp"]. Let ¢ = pf and s big
enough such that all the torsion of v is killed by (¢ — 1)p*. Fix 1o, ¢ and ' as above, then we have if
v =" mod (¢ — 1)p®

Trg(v, ') f =2d171 Zz//(s{l)det(ai)wf
R

1 B w, .
a1 Zi//(fi det(g:)" flr,08s mod p
R

k,0€i

=Trp(v',4') f mod p°.

This shows that the trace morphism Trg(v,1)’) can be p-adically continuously interpolated over ¢,
For each y in ¢, we write the projection of y to W' as ((y), ..., (y),), we have by definition

( >j :azogp((yh)/logp(aj).

Let us identify O[[W’']] with O[[X1,...,Xy]], in such a way that a; corresponds to 1 + X; and define
g; = det(g;). We pose

Trgp + My(I'[91], 0) = Mi(U(N), O[[e]))

p

foI (2;_1 > V(e A, (X)f|k,osi>
R

where A,(X) =[[;(1+ Xj)logp(<y>,-)/10gp(aj).
For all points P of Spec(O[[t]]) of type a + 9’(a)a”, we obtain a commutative diagram

ML (1 [91), 0) —% o N, (U/(3), O[[e])
T |
Tr§2 (v,0)

My, (T[0T, o, O) ——= M (U(N), ¥, ¢, O)

for ¢/ (¢) = ¢/ (¢)¢™Y ([Hid91, page 337]).

Consider the action of t)* defined above, we see exactly as in [Hid91, page 334] that b € t) acts via b*.
This shows that the sum over k in (3.3.12), before taking completion, is a direct sum. Substituting in the

above definition Ay, (X) flx,0e: by f|T(g:, 1), for T'(g;,1) the Hecke operator defined in Section 3.2.2, we can

extend Trg%; to the map below

Trgl? : M(T' 9], 0) — M(U(M), O[[t]]). (3.3.14)

46



We show now some compatibility with the Hecke action; Shimura in [Shi87, §5] has defined Hecke oper-
ators T"(p) in the half-integral weight case.
There is a correspondence between the integral weight Hecke operator Tp(p?) and the half-integral weight
Hecke operator T"(p). Notice that we can define an operator T'(p) on My, (I'[91], O) because T'(p), as defined
in Section 3.2.2; does not permute the connected components of the Shimura variety associated with Vi (7).
Using [Hid91, Proposition 7.4] (note that there is a misprint in the expression of a(y, |7 (p)) and that the
correct expression can be found in [Hid91, (2.2b)]), we see that Ty(p™) is given by

F=Y al& NP =T =™y ™ Y] a@"é N
0KLEeF™ 0KEeF X
Using [Shi87, Proposition 5.4] we see that the operator T”(p™) defined by Shimura is given by
F= Y al&NEP =T @) =p ™ > a(™E et

0Kger~ oger >

So we have then T'(p?") = N(p")(m+2)T’(p"). We can think of 7”(p™) as the operator on “unitarized”
Hilbert modular forms (for which v = —k/2).

This compatibility allows us to notice the following; let x be a Hecke character of conductor p™ and f and
g two forms in Mkﬁ%(‘ﬂ, 1, 0) and Mkﬁ%(‘ﬁ, 9, 0), then as in [Hid91, Proposition 7.4] we obtain

To(p™)(f 9lx) =Xoe (=1)To(®™)(f]X 9)-

A similar statement applies to linear combinations of characters. In particular for the idempotent e of Section
3.2.2 and all r in Z[I] we have

e(f gld") =(=1)"e(fld" g).

3.4 The L-function for the symmetric square

Nothing new is presented in this section; we shall first recall the definition of the symmetric square L-function
and present in details the Euler factors at place of bad reduction for f. We explain in formula 3.4.5 the origin
of one of the Euler type factor at p which appears in the interpolation formula of the p-adic L-function 3.7.2.

3.4.1 The imprimitive L-function

Let f be a Hilbert modular form of level ¢, weight (k,w). We put v =t — w, and let m be the non-negative
integer such that (m + 2)t = k + 2v. Suppose that f is an eigenvector for the whole Hecke algebra and let ¢
be the finite-order character such that f|T(z, z) = ¢)(z)f. Let A be the morphism of the Hecke algebra such
that f|h = A(h) and pose

2 W =TI a-xT@WN@ ™+ @M@ )

mCr qeSpec®(r)

We decompose each Euler factor as

(1= MT(@))N (@)~ + L(@N (@)™ 7>) = (1 — a(@)N(q)"*) (1 = Ba)N(q)~*).

Take a Hecke character y of F such that xoo(—1) = (—1)" with 0 < n < 1 and nt = k mod 2. The L-
function of the symmetric square of the Galois representation associated with f coincides, up to some Euler
factor at the bad primes, with

-1

L= [ Dax@N(@)™)

qeSpec®(r)
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where

Dg(X) =(1 = a(q)*X)(1 — a(a)B(@)X) (1 — B(q)*X).
The following elementary identity holds
L(s, £, x) =Lm(25 — 2, N?"9°x*) > AT (m?))x(m)N (m) .

We want to express such a L-function in terms of the Petersson product of f with a product of two half-
integral weight modular forms. We define now the Rankin product of two modular forms for a congruence
subgroup of SLa(Ap) following [Im91, §3]. Let f be a modular form of integral weight k and g of half-integral
weight I/ = [ + %, using the Fourier coefficients defined in Proposition 3.3.1, we define the Rankin product

D(s,f,g) as
(s.f,g) ZA €omi £, 0)A(E m; g, @) RN (m?)

where W is the set of classes (£, m), modulo the equivalence relation (£, m) = (£€2,&; 'm). Notice that we
have changed the definition of Im, as we do not conjugate the coefficients of f.
Suppose now that we have f of weight k£ and g = 6,,:(x) with n = k mod 2, we obtain

D(s, £, 0,( ZA m; £)2x00 ()X (Em)EFN (€ m?)
=Z (L, €m; £)2x (Em)N (E2m?)
w

= A1, m;f)2x(m)N (m?) "

mCrv

—1
If f = (fi, - ,f,n)) is a modular form for U(N), then define £ = f| < 2 0 > .
f

0 1
We have then f1(2)(z) = f,(2z). Similarly to [Im91, Proposition 2.2], using (3.3.2) for f(*) we obtain that
ALy f1(22),9) = 279 (N () 7"y ap (v, £). (3.4.1)

Using the explicit form of A(T'(q)) in terms of the Fourier coefficient given in 3.2.2, we conclude

D(s,£1(22), 0, (x)) =271 Y MT(m?))x (m)A (m) =72,
L(s+1,f;:x)
Ly (25 — 2m, 9p2x2)’

D (3_7;_1 f1(22), en(x)> =2 vtt (3.4.2)

We quote the following proposition [Im91, (3.13)] which gives an integral expression of the Rankin product
defined above

Proposition 3.4.3. Let f be a Hilbert modular form in My (L1270, 2],41,C) for an integral weight k,
and g a Hilbert modular form of half integral weight I in My (M, 9, C). Define

R={yeT'27'M,2]|a, =1 mod N} .
and let ® be a fundamental domain for R\ H!. Then

_ —d(s—34)— kLl E+l 1
R e N (P T S EI G
(o]
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where
B=2[I"[27'91,2]: {1} R| N(207 "),

£ =€ (Z,S; k-1 — ;taX—ﬂ/Jﬂ/ﬁ_l,‘ﬁ) .

Let x be a Hecke character of level ¢ and g be the associated primitive character of conductor ¢y. Let
us investigate now the relation between D(s, f1(22),6,(x)) and D(s, f1(2z),6,(x0)) in order to make explicit
some of the Euler factors at p (more precisely, the one denoted by E;) which will appear in the interpolation
formula of the p-adic L-function of Section 3.7.

Suppose that p divides the level of f and suppose that ¢/cq is divisible only by primes above p. Let [eQ] be
the operator defined in 3.3.4 and suppose et|p, we have

D(s,£1(22), 0ne (x0)| [¢*]) =27 D x(md™H)A(T(m?))N (m) 27"

mCert
_ 2 —2s—m—2qv 1£(28+m+27f7X)
=X(T(e*))N(e) 2UF Lom(ds +2,052) (3.4.4)
and using the formula
Ot (X) = D 1(e)x0(€)0s (x0)|[¢?]
e[p
we can conclude that
D(s,£1(22), 0ue(x0) = [] (1= MTG2DN ()22 D(s, £1(22), 6 () (3.4.5)

pile/co

In [Im91, Theorem 5.3] it is shown, for a Hilbert modular form f of weight (k, —k/2), the algebraicity
and Galois equivariance of the values L(so, f, x) when divided by suitable periods, where so ranges over the
critical integers (in the sense of Deligne [Del79]) for the symmetric square.

Let ko be the minimum of k, for ¢ in I and n € {0,1} such that x(—1) = (=1)"". Using Deligne’s formalism,
one finds (see [Im91]) that the critical integers are

{0<s<ky—n—3/2,s=ky—n(2)or —ko+n+1/2<s<-1,5s%ky—n(2)}.

As L(s,f,x) = L(s —m —1,f*% x), supposing that m > s > 0, we have that s + 1 is a critical integer when
sZnmod2and m+ 1< s <m-+ ky— 1. The other half of the critical values corresponds to s = n mod 2
andm—ko+n+2<s<m.

For any p two dimensional representation, Ad(p) denotes the adjoint representation of p on sly, the Lie
algebra of SLy. It is known that Ad(p) is the twist of Sym?(p) by the inverse of the det(p). We can define a
naive L-function L(s, Ad(f), x) for Ad(p¢) which is then

L(s, Ad(F), x) =L(s, £, XN "™ 1y~
(s 3 AT (),

N(m)s+m+l

mCrt

We have introduced the L-function of Ad(p) because in the next subsection we will describe explicitly the
Euler factors at the bad primes for it and in the literature such a classification is given in term of the adjoint
representation, and we prefer to follow the classical references.
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3.4.2 The completed L-function

Let f be a Hilbert modular form of weight (k,v), with (m + 2)t = k + 2v, and of character 1. Let A be the
corresponding morphism of the Hecke algebra and let 7(f) be the automorphic representation of GLy(Afr)
spanned by f. In [GJ78], the authors construct an automorphic representation of GL3(Ap) denoted 7(f)
and usually called the base change to GL3 of w(f). It is standard to associate to 7(f) a complex L-function
A(s,n(f)) which satisfies a nice functional equation and coincides, up to some Euler factors at the primes for
which 7(f) is ramified and factors at infinity, with £(s, Ad(f)). We explicit now the functional equation as
we will need it in the Appendix 3.11 to show that the p-adic L-function that we will construct is holomorphic
(unless f has CM).

For a Hecke character of F', the automorphic representation 7 (f) ® x is defined via its L-factor at all primes.
For any place v of F', we pose

Ly(s,7(f), ® xo x 7(f),,)
Ly(s,xv) ’

where ~denotes the contragredient and w(f), x 7(f), is a representation of GLa(F,) x GLy(F,).
The completed L-function

Ly(s,7(f),x) =

A(Svﬁ(f)v)() :HLv(svﬁ(f)7X)

is holomorphic over C except in a few cases which correspond to CM-forms with complex multiplication by
x [GJ78, Theorem 9.3].

In addition to the original article by Gelbart and Jacquet, two very good references for the classification of
the L-factors at bad prime are [Sch88, §1] for F' = Q and [HT93, §7], where the authors work in the context
of nearly-holomorphic forms.

Let 7 = «(f) and let q be a place where 7 ramifies and let mq be the component at q. By twisting by a
character of I, we may assume that mq has minimal conductor among its twist. In fact, this does not change
the factor at g, as one sees from the explicit calculation given in [GJ78, Proposition 1.4]. We distinguish the
following four cases

(i) mq is a principal series 7(n, ), with both 7 and v unramified,
(i) mq is a principal series m(n, v) with n unramified,
(iii) mq is a special representation o(n, ) with 7, v unramified and nv=! = | |,

(i

We will partition the set of primes dividing the conductor of f as 31, --- ;34 according to this decomposition.
Let wy be a uniformizer of Fy. Just for the next three lines, to lighten notation, we assume, by abuse of

)
)
)
v) mq is supercuspidal.

notation, that when a character is ramified its value on w, will be 0. The Euler factor Lq(7q ® X4, 8)71 is
then

(i) (1= xqv™ n(@wq)N (@) 7*)(L = Xq(@q)N () ~*) (1 = xqvn ™ (@q)N (2) %),
(i) (1 —xqv™ ' n(@wq)N(0)7*)(1 = xq(@q) NV (a)"*) (1 = xqvn ™ (@g)N (a)*),
(iif) (1= xq(=m)N (@)™,

The supercuspidal factors are slightly more complicated and depend on the ramification of x4. They are
classified by [Sch88, Lemma 1.6]; we recall them briefly. Let q be a prime such that 7, is supercuspidal,
and let £ be the unramified quadratic character of Fy. If Xﬁ is unramified, let A; and A the two ramified
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characters such that x4)\; is unramified (for completeness, we can suppose A1 = x4 and A2 = xq&q). We
consider the following disjoint subsets of ¥4, the set of cuspidal primes:

Y9 = {q € 84 : x4 is unramified and 7 = 7, @ &},

Z}L = {q € Xy Xﬁ is unramified and mq = 74 ® A; for ¢ = 1,2}7

Zi = {q €Yy X?; is unramified and mq 2 74 ® Ay and T4 = Tg ® )\2}7

Ei = {q €Yy xi is unramified and 7q 2 74 ® A2 and Ty = TE ® /\1} .

If q is in ¥4 but not in XF, for i = 0,--- , 3, then Ly(s, g, xq) = 1. If q is in Y, then

Lq(svﬁ'quq)_l =1+ X(wq)N(q)is

and if q is in %, for i = 1,2, 3 then

Lq(s, 7 Xq) " = I[I - xaN@)N(@™).

J S.t.ﬂ"q ENPIPY

If o is an infinite place, the L-factor at ¢ depends only on the parity of the character by which we twist.
As we are interested in the symmetric square, we consider the twist by 1, X, X as before. We suppose that
the parity of 91X, is independent of 0. Let x = 0,1 according to the parity of m, from [Sch88, Lemma 1.1]
we have L(s — m — 1,75, Xo¥s) = T'r(s — m — k)T'c(s — m — 2+ k,) for the complex and real I-functions

Ir(s) =n—%/?D(s/2),
Te(s) =2(2m) °T(s).
We define

En(s,f,x) = [J(1 = x(@AT(@)° NV (a)"*) Lals —m — 1, 74,95 Xaq)-
q[9n

Note that A(T'(q)) = 0 if 7 is not minimal at g or if w4 is a supercuspidal representation. We multiply then
L(s,f,x), the imprimitive L-function, by Ex(s,f, x) to get

L(s,Sym*(f),x) :=L(s —m — 1, #(f) @ xv)
=L(s,f,x)En(s,f,x).

We can now state the functional equation

A(s, &(£), x) = e(s, 7(£), )AL — s, 7(F),x 1),
A(s, Symz(f)7 X)=¢e(s—m—1,7(f), x)A(2m + 3 — s, Sme(fc),X_l).

For a finite place q of F', let us recall the proper normalization 4 of the e-factor which makes it algebraic
and Galois equivariant. In [GJ78], the authors use the Langlands normalization, see [Tat79, §3.6], which we

will denote by ey, 4. For a fixed place g, it gives to Op, the measure |0Fq/@q\_1/2. This is not the e-factor

we want to use, so we multiplying €y, 4 by the factor N(an /Qq)fsﬂ/z

This is the e-factor used in [Sch88].
If g is such that 74 is a principal series m(n, v) or a special representation o (7, v), we have explicitly [GJ78,
Proposition 1.4, 3.1.2]

and we denote this new factor by .

e(s,mq @ Xqn~1)e(8,7q ® Xqv )
5(37 Xq)

£q = &(s, g, Xq) =
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In fact, if 74 and x4 are both unramified, then e(7q, x4) = 1.
We know from [BHO06, §6.26.1, Theorem]| that if 74 is a principal series

e(s,mq @ xqn~ ") = (s, Xq)E(s, vxqn ")

and that if m; = St is a special representation and Y is ramified then

2
E(3a7"'q o Xq) = 5(57Xq) .

For a supercuspidal 74 we do not need an explicit formula for the e-factor.

For all prime ideal g, we know from [GJ78, page 475] that eq,1,(s, 71,4 X 2,q) s N(q°) " ®eq,0(0, 1,4 X T2,q),
where c is a positive integer such that q¢ is the exact conductor of m1 4 X T 4.

The e-factor at infinity is given by [Sch88, 1.12] &(s, oo, Xoo) = (—1)mdx(—1)_1/2.

Our interest is to see how the e-factor changes under twist by grossencharacters x’ of p”-level. This behavior
is studied in [Sch88, Lemma 1.4 b)], but there the form f is supposed to be of level prime to p. We have
then to make explicit the e-factor (s, xq); let ay be the conductor of x4 and eq the ramification index of Fj
over Qq. If we define

Gl =3 F) Y valder, (=)

o€atagq
x mod wqaq
we have then
Fagy—$ 1/2
e(s,xa) = N (@5 ™) "N (@) *Glxa).

We can summarize this discussion in the following lemma

Lemma 3.4.6. Let 7 be the automorphic representation of GLs(Ar) associated with f. Suppose that m, :=
®p|pTp i a product of principal series m, = w(n,v) or special representations m, = o(n,v). Let x be any
grossencharacter and x' a finite-order character of the class-group modulo p™°, we have
C N TPC(wxxg) T C (v xe)
e(s, 7, xx) =e(s, 7)) [ (o) = ( prqzs ( . Xpi(f) X
" Clxp) "Clvxg) "Cr~txp)
Gxpxp) Gxpxa) G xpxp)
G(xp)G(rxq)G(r—'xp)

3.5 Some useful operators

We define in this section certain operators which will be useful for the construction of p-adic L-functions in
Section 3.7.

3.5.1 The Atkin-Lehner involution on GL,

Let 91 be an integral ideal and n a finite idéle which represents 91: nv = 1.
Let f be an element of My, (Up(D1), ¢, ¢’), where k and w are two integral weights. We define

£7/ (n) =~ (det(x))f (x( R ))

This operator does not change the level but the Nebentypus of f|7/(n) is (71, 1//71).
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Take an in integral ideal £ prime to p, and a finite idele [ such that £ = lv and [, = 1. We define a level
raising operator

[[]:f»—)N(E)_lf|< o )

If the level of f is big enough, at least V7 (91), we have independence of the choice of I.
Which is the relation between 7/(n), [I] and 7/(nl)? We have

fir ) =0 e e (=« (1)) (e o))
=N 1) (al).
If me|ne we have also
] () (@) = ()~ 8] (),

The operator 7/(n?) differs from the operator of half-integral weight 7(n?) defined at the end of Section
3.3.1 by a constant which corresponds to the central character of f: f|7/(n?) = 1(n0)N (nd)™f|7(n?).

Suppose now that I’ is an half-integral weight, I’ =1 + %7 and let n,m be two ideles which represent 9
and 91, with 9tMN. For the operators 7(n?) and [m?] defined at the end of Section 3.3.1, we have

FIm?|7(n?) = flr(n®m =) (900) 712,
Flr(m®)|[m?] =fr(n®m?) A (o) /2.
3.5.2 Some trace operators

We recall some trace operators defined in [Hid91, 7.D,E]. Let 91 and £ two integral ideals of level prime to
p such that £91 = 9, we define a trace operator

Tronm : M, (UM, L) — M, ., (U(N)) .
f = Y seume) v flT

It naturally extends to p-adic modular form if p is coprime with 9.
We define then a twisted trace operator

T =Trawme () )5 MiulUOW) > Mo, U),

where [ and n are two ideles representing the ideals £ and 1.

3.5.3 The Petersson product

We recall briefly the definition of the Petersson inner product given in [Hid91, §4]. For f and g in
My, ., (Uo(M),,9"), we define

.8ho = | o, TRt din(z),

where Xo(9) is the Shimura variety associated with Uy(M)Cost and pm is a measure on Xo(9) which is
induced from the standard measure on the Borel of GLy(Ar). Let us point out that we do not divide by the
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volume of the corresponding Shimura variety.
Let h be the strict class number of F' and a; a set of representatives, using the decomposition

h
Xo(M) = JH' /T[N, 0771,
i=1
we have
h

=> (£, 8o,

i=1
where

(6. 8)s, = N(0)" [ £ ()i () du(2)
HT/T[Na;,a; 7]

y = Im(z) and p(2) is the standard measure on H! invariant under linear fractional transformations.
Denote by f¢ the Hilbert modular form whose Fourier coefficients are the complex conjugate of f. If we define
(f,g) = (f°|7’(n),g) (we dropped from the notation the dependence on the level), we have then that the
Hecke algebra is self-adjoint this Petersson product (—, —). We have, [Hid91, 7.2], the following adjunction
formula

(£, 8l Te/m)g ={L/M T "N(L/M)' ™ (£|[m], &)
and consequently, if £ and 91 are prime to p,
<f|T/([)7 g|T‘ﬁ/2>m = <f|7—/(n>, g>£ .

Let f be a Hilbert modular form in My, (Ug(2791p",2),4,4’) and g be a Hilbert modular form of half
integral weight I’ in M, (91p", 12, C), we can now restate Proposition 3.4.3 in the following way

<fc Trg 2 (v, ) (gs (z,s;k—l’ - ;t7x_1w2ww"27m)>> =
N

=24 D% (2m) 74~ X

et

3.6 Arithmetic measures

In this section we recall the notion of an arithmetic measure and construct some of them, in the spirit of
[Hid90, Wu01]. We will first construct a many-variable measure £X~" x ©,|[*] which will be used for the
construction of the p-adic L-function in [F : Q] + 2 + ¢ variable; then, we will construct a one variable
measure EX T will be used for the construction of the “improved” p-adic L-function (see Section 3.7).

An arithmetic measure of half integral weight is a measure from a p-adic space V' on which vX acts to the
space of p-adic modular forms of half-integral weight which satisfies certain conditions (cfr. [Hid90, §4 ]).
More precisely, an arithmetic measure of half integral weight is a O-linear map p : C(V,0) — Myt (9, O)
such that
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A.1 There exist a non-negative integer x such that for all ¢ € LC(V, O), there exists an integer r such that

p(@) EM (1 1), (MW", O)
A.2 There is a finite-order character 1 : t)\ — O such that for the action | of ¢ defined in Section 3.3.4,

u(9)lb = b E Y (b)u(o]b),
where ¢|b(v) = ¢(b~1v).

A.3 There is a continuous function v : V.— O such that
(v]b)(v) = B'w(v) and d"(u(6)) = p(ve).

We say that such a measure is supersingular if 1, = p and cuspidal if p has values in Spar(N, O). Under
some hypotheses, such as Leopodt’s conjecture (but even under weaker hypotheses, cfr. [Hid91, (8.2)]), it is
possible to show that supersingular implies cuspidal as in [Hid90, Lemma 4.1].

We can define an arithmetic measure of half-integral weight for Cly (p) after obvious changes in the prop-
erties A.1 - A.3. Note that the action of v, is trivial on the closure of global units.

Before giving some examples, we recall that we have the following theorem on the existence of p-adic L-
function for Hecke character of a totally real field [DR80]

Theorem 3.6.1. Let x be a primitive character of finite-order of conductor ¢. For all ¢ € Cly(p™), we
have a measure (. on Cln(p™) such that

/C o) P(2)(Np(2)) Ay e(2) =1 = XN ()" TT (@ = @x)o(0)N (1)) L(—n, (¥x)o).

plp

for all n > 0 and for all finite-order character 1, where (x¥)o denotes the primitive character associated
with x.

Here N, is the p-adic cyclotomic character. As in the case of Kubota-Leopoldt p-adic L-functions, if x
is odd, then the above measure is 0 for all n. In the sequel, fix ¢ € Cly(p™) such that (N, (c)) generates the
free part of the p°>°-cyclotomic extension of F'.

It is possible to interpolate the values of the imprimitive L-function. What we have to do is to remove the
factor at prime ideals ¢, for q prime to p and ranging in a fixed finite set of prime ideals. We multiply the
measure Cy, . by the factor

(1= (¥x)o(@)An, () (X))

for q in this fixed set. Here A.(X) denotes the formal power series (1 4 X)'8»(2)/10gx(t),

Let us explain how this theorem implies that the Eisenstein series of Theorem 3.3.5 can be p-adically
interpolated, by interpolating their Fourier coefficients as p-adic analytic functions.

Fix an integral ideal 97 of F' prime to p and divisible by 4. Up to enlarging 9, we can suppose that it is
the square of a principal ideal. Call a, and b, the image of a and b in N, (Clyx(p*)).

The first Eisenstein measure (of level ) which we define is

/ VBN ()= > ¢*? > pu(a)we (a) NV (b) D1(apb3)dCywe e
Clon (p=) o< Ecr, aZ02|e Clon (p=)
(&, p) =0 a, b prime to p9N
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Here the action of z in Clyn (p™) on C(Clon(p*), O) is given by ¢|z(v) = (2~ 1v).
We see that for a character ¢ of Clon(p™) of finite order of p-conductor p®, a = (o)
prime ideal p, we have

olp? with ap, > 0 for all

EX ()N ()™ 1) =(1 — w " x¥(c)N (e)™) Ay ' %

1 _
x & (z Qm;mt,wx,im%zs) [m*@* ¥4~ |u,,

€ Mmt+%t(m2p2aa X_lw_l)a

for Ay = i’”dﬂd?(m_%)dw(OnQ_l)DFN(Dlﬂ_l)m*Q of Proposition 3.3.10.

Here w is a product of fixed uniformizers at p; for p;|p. In general, we shall use the notation p® = [];_; p",
with @ = (;) and py, ..., p. the divisors of p in t.

We define then the measure £X on G = Clon(p™) x t,; let 1 be a finite-order character of Clax(p>) and ¢’
a finite-order character of v, which we supposed induced by a finite-order Hecke character of F' which we
denote by the same symbol. We define for the function a4’ (a)y(z)Np(2)™

/ Y(2)Np(2)"a"Y' (a)dEX (2,a) =d™" </ w<z)w'2(z>Np<z>de§s,c> :
G C

Lo (po)

Note that such a functions are dense between the continuous function on G. We have that £X is an arithmetic
measure of half-integral weight. In fact, it verifies A.1 with k = 1.
For A.2, we define an action of b € t)* on C(G,O) as ¢1(a)p2(2)|b = ¢1(ab™?)¢a(zb). To show that

EX(01, d2)|b = EX((1, 92)[b)

it is enough to check the formula on functions of type a¥¢’(a)y(z) with ¢ and ' characters of finite-order.
Notice that (7 f)|b = b2°d? (f|b); we have then

EX(a"P () (2)|b =(d ™V EX, (¥ "w(2))|b
=AY A7 (E (2,08, 00, M) [P m24 Yy b)
:A/b_Qud)—lw/?(b)d—vg/ (2,0;t7w¢/—27m2p2a) [ m24~" e,
=EX((a"P'(a)(2))1b),

for A" = (1 — w0 (c)N(c)™) A"
Then A.3 is verified by (a,z) — a™".

Furthermore, we define a third Eisenstein measure EX* on Cly(p™). Let x be a Hecke character of
finite order, we define EX' as the restriction on the divisor D := (Y +1— (N, (¢)) (X + 1)?) of the following
measure [
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/ 61(21)ba(z2)dp =(1 - X(ON,(&)(1 + X)) / $2dGe2 ot
Clin (p)?

Cln (p>)

+ (1= XN (A+Y)) Y ¢
E£>>o
€ v

S l@we(@N (o) / 6118,620Crc

2,2 Cly (p=°)

We define now a theta measure; fix a Hecke character y of level ¢, we pose
@X : C(Clc(poo),O) — Mhalf(4c2,o) ,

a &

€ = D eso XE(ON() g T,

where a € {0,1} and € a character of finite order of conductor p*, such that xye(—1) = (—1)“. We have seen
that ©,(¢) € St 4 (4c°p*, xe).

We define now the convolution of two measures of half-integral weight; let p; and ps be two measures,
defined respectively on G and Cly(p®), the convolution py * ug is defined by

/Clm<p°°> (/c; A “)d#ﬂ) dpia,

for 21 € Cln(p*), (2,a) € G = Cln(p™) x v, and @ : Clyn(p™)* — C(G, O) a continuous morphism. Here
* denotes the O-dual. If we let G acts on Cly(p>®) x G via

(ZO, ao)(zlﬂ 2, a) = (2120_17 220, aaal)a
we see that this action is compatible with the action of v\ on C(G, O) defined above if we send
o S b (b1 07) € Cln(p™) x ).

Let x be a character of conductor ¢ and 91 a fixed ideal (which in what follows will be the level of our
Hilbert modular form), and pose 9 = lem(4, ¢2, M?) Let us write £2 = % and let [ be an idele representing
£. We take py = 2% (of level M) and py = O, |[1?]. Recall that y_; is the character corresponding to the
extension F(i) defined in Section 3.3.1. We have then that £XX" % ©,|[[?] is a measure which takes values
in My, (T'[90], 0).

We compose now with rl‘rSGLLQ2 and we see that such an action is compatible with the action of G on
m(M(p>), 0), so what we have just constructed is a morphism of O[[G]]-modules.

3.7 Some p-adic L-functions

In this section we construct two p-adic L-functions for the symmetric square (Theorem 3.7.2); to do this, we
first recall the definition of the p-adic Petersson product I, which is a key tool in the construction of p-adic
L-function a la Hida.

Let us denote by § Leopoldt’s defect for F' and p; the first p-adic L-function £,(Q, P) has [F : Q] + 2+ 26
and to construct it we use the method of Hida [Hid90] as generalized by Wu [Wu01]. We improve the result
of Wu (which requires the strict class number of F' to be equal to 1) and correct some minor errors.

We construct also a one variable p-adic L-function E;f (Q, P) which we call the “improved” p-adic L-function.
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It is constructed similarly to [HT01]; instead of considering the convolution of measures, we multiply the
measure EX'T of the previous section by a fixed theta series (x). By doing so, we lose the cyclotomic
variable but in return we have that when x is not of conductor divisible by p we do not have to consider
theta series of level divisble by p. As a consequence, in the notation of Theorem 3.7.2; the factor E1(Q, P)
(whose origin has been explained in 3.4.5) does not appear. These two p-adic L-functions are related by
Corollary 3.7.3 which is the key for the proof of Theorem 3.1.3; indeed, F1(Q, P) is exactly the Euler factor
which brings the trivial zero for f as in Theorem 3.1.3.

We recall that we defined A = O[[W]], for W the free part of G. Let I be a finite, integrally closed
extension of A and let F be a family of nearly-ordinary forms which corresponds by duality to a morphism
A h™ord(0, O) — T as in Section 3.2.2. We suppose that \ is associated with a family of D-new forms.
In the follow, we will denote by h°d, resp. I°™d F°'d the ordinary part of h®°™d resp. I, F, i.e. the
specialization at v = 0.

Such a morphism A induces two finite-order characters 1, resp. ¢’ of the torsion part of Cly (p), resp. t,;.
We define, following [Hid91, §9], the congruence ideal of A. By abuse of notation, we denote again by A the
following morphism

A:h™ (0, 0) @, T — 1

which is the composition of multiplication I® I — I and )\ ® ids.
Let K be the field of fraction of I; such a morphism A induce a decomposition of A-algebra

hord(m, 0) 9y K =2 K @ B,

where the projection on K is induced by A and B is a complement. Let us call 1) the idempotent corre-
sponding to the projection onto K and proj the projection on B. We define the congruence ideal

C(A) =T @ proj(h™*™4 (9N, 0) @4 1))/ (M™4(N, 0) @4 1).
We know that C'(\) is a I-module of torsion and we fix an element H of I such that HC'(\) = 0.

Let us define S(Mp™>, 1,4, O) as the part of S(Mp>°, O) on which the torsion of G acts via the finite-order
characters ¢ and v’ defined as above. Write I = Homy (I, A); we have a O-linear form

Iy : SOWP™®, 4,0, 0) @, T = O.

Let us denote by X (I) the subset of arithmetic points of Spec(I); let P be in X (I) such that P resticted to A
is of type (mp,vp,ep,es). Let p* be the smallest ideal divisible by the conductors of ep and 5. The point
P corresponds by duality to a form fp of weight (kp = (mp +2)t —2vp =3 ., kp,0,wp =t —vp), level
Np® and character Yp = Yw™"ep, Pp (¢, w) = ep(w)y'(()(", where we have decomposed t)\ =y x W' as
in the end of section 3.3.4, and a € t, corresponds to (¢, w). When there is no possibility of confusion, in
the follow we will drop the subscript p.

We have an explicit formula for I, := P ol given by [Hid91, Lemma 9.3]

(6|7 (15, 8y

(5 (n™), Ep) e

l)\P (g) :H(P

for all g € Sk, wp (Mp*, P, ¢¥p, Q). Here w denotes the product over p | p of some fixed uniformizers w,.

It is clear that we can extend this morphism in a unique way to My ., (9p*°, O), using the duality with
Hj, ., (Dp>, O) [Hid91, Theorem 3.1] and then projecting onto hy, ., (9p>°, O). We have
Lemma 3.7.1. Let fp and \ as above, let g € My, v, (NP, 1p, s, Q) with B > . Then
—1 <f}C)|T(nwﬁ)7g>ﬁ

{Ep|7(nw®), fp).,

I (8) = H(P)MT(w”%))
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Proof. This is proven in [Mok09] on pages 29-30 in the case v = 0. If & = § it is clear. Otherwise, we write
g = g|To(p”~*) and proceed as in [Hid85, Proposition 4.5]

H(P)  ATo(=" ) la, (8) = b, (&)
(I e).g),
(tp|m (nw®), fp),
(Ep|7 ()| T (07~), &) 4
(tp|m (nw®), Tp),
- {wfvwfa)} (ol (n") ),
(5| (nm), £p),

We can now state the main theorem of the section

Theorem 3.7.2. Fiz an adelic character x of level ¢, such that xo(—1) = 1 for all olcc. We have two
p-adic L-functions L,(Q, P) in the total ring of fractions of O[[X]|®L and L} (P) in the fraction field of I°™
such that the following interpolation properties hold

i) for (almost) all arithmetic points (Q, P) of type (sq,eq; mp,ep,vp,€p), withmp—kpo+2 < sg < mp
(for kpo equal to the minimum of kp ,’s) and such that the p-part of the conductor ofwsaélx_lwpz/}}f2
is p%, «a positive integer, the following interpolation formula holds

29L(sg + 1, fp, Eélst x 1)
(2m)dsQ(fp) ’

L,(Q,P)=C1E1(Q, P)E>(Q, P)

where the Euler factor E1(Q, P) and E2(Q, P) are defined below.

Suppose now that x is of conductor not divisible by all p|p. Suppose moreover that A ciy, (pe) = PP ymo
with ¥®) of conductor coprime to p, then we have a generalized p-adic L-function L,(P) in the fraction field
of I°7% satisfying the following interpolation property

it) for (almost) all arithmetic points P of type (mp,ep), with mp > 0 and mp = momod p — 1, the
following formula holds

L(la fPa XO)

L,(P) = C1E{(P)FE,(P) Q)

where the Euler factor Ej(P) and E2(P) are defined below.

The term C; = C1(Q, P) can be found in the proof of the theorem and it is a non-zero algebraic number;
Q(fp) is the Petersson norm of fp, the primitive form associated with f,, times (2m)* 2,
We want to point out that number of independent variables of £,(Q, P) is [F' : Q] +1+ 4, as along the lines
sg —mp = c, for c a fixed integer, this function is constant.
In the statement of the theorem we have to exclude a finite number of points which are the zeros of an
Iwasawa function interpolating an Euler factor at 2 for which the interpolation formula, a priori, does not
hold. If 2 divides the conductor of fp or x, then this function is identically 1. If 2 does not divide neither
the conductor of fp or of y, then a zero of this Iwasawa function appears for P such that fp is not primitive
at p and @ = (mp,1). In the Appendix we will weaken this assumption.
The power (27r)d5 corresponds essentially to the periods of the Tate’s motive; this corresponds, from the
point of view of L-functions, to consider the values at s + 1 instead that in 1.
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According to Deligne’s conjecture [Del79, §7], we would expect as a period for the symmetric square, instead
of Q(fp), the product of the plus and minus period associated with f via the Eichler-Harder-Shimura isomor-
phism (see for example [Dim13a, Definition 2.9]); but it is well-known that the Petersson norm of fp differs
from Deligne’s period by 74~2¥ and a non-zero algebraic number (see [Yos95, Main Theorem]). The power
72¥ gives (part of) the factor at infinity of the automorphic L-function of Sym?(fp) (see Section 3.4.2).
The term E;(Q, P) and E5(Q, P) are the Euler factor at p which has to be removed to allow the p-adic
interpolation of the special values as predicted by Coates and Perrin-Riou [CPR&9].

The factor E5(Q, P) contains the Euler factor of the primitive L-function which are missing when fp is not
primitive; we define, if fp is not primitive at p;

EPi (Q7P) :<1 — (X_lgélwswp)o(pi)N(pi)mfs)X
X (1= (e w B )o (P MT (p,)) >N ()" 7)

and if fp is primitive at p; then E,,(Q,P) = 1.
The factor Eq(Q, P) is consequently

E2(Qap) :HEPL(Q7P)

pilp

The factor FE1(Q, P) comes from the fact that we are using theta series of level divisible by p but whose
conductor is not necessarily divisible by p. For two points QQ and P as above, let us denote by p? the
minimum power of p such that the conductors of all the characters appearing in @ and P and the ideal wt
divide p?, and let us denote by p®® the p-part of the conductor of xeqw™®. We have

Ei(Q, P) =MT(w** 2N (= =20) TV T (1 = (xequ™)o (BN (9) A(T(2)) ).

plp

The factor F; is the Euler factor which gives the trivial zero in the case of Theorem 3.1.3 and that we
remove in the second part of the above theorem. The factor Ef(P) which appears in that second part is
)\(T(w2a—2ao))/\/‘(wa—ao)_2.

We point out that the factor E; is in reality the second term of the factor Fs when evaluated at 2m +3 — s
(so it an Euler factor of the dual motive of Sym?(f)).

This theorem deals with the imprimitive L-functions. We will show the analog of Theorem 3.7.2, i) in
the Appendix 3.12 for the p-adic L-function interpolating the primitive one.

As an immediate consequences we have the following

Corollary 3.7.3 (Important Corollary). Let Qg be the point (0,1) of Spec(O [[Cln(p™)]]), then we have
the following factorization in the fraction field of I°™:

L£,(Qo, P) = [T(1 = AT (@) ") L5 (P). (3.7.4)

pilp

Note that a similar formula could be proved for all fixed v.

Theorem 3.7.5. Let f = fp be a nearly ordinary form of Nebentypus (1,v") and weight k > 2t which we
decompose as k = m—+ 2t —2v. Let x be a Hecke character of level ¢, such that x,(—1) =1 for all c|co. Then

we have a a formal series G(X, f,x) in O((X)) [ﬂ such that for all finite-order character € of 1+pZ, = u”»,
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of conductor p®®, and s € [m — ko + 2, m] with n = s which are not a pole of G(X) we have

s

G(&(u)’us - ]-7 f? X) :Z(SJrl)d*kQ*d 27” S!D;—% %
Gilxews * i (™02 xewy * (e )N (m)" x

DEma N ()N () o

MT (@28~ ))W'(£)S(P) [T, 12y I1, Go)

2L (s + 1,f, x e lw?)
(2m) 4 )(£)

X

El(S + 1)E2(S —+ 1)

Jor = wie Tyl 72,

Here 5 = ay if € is not trivial, and 8 = 1 otherwise. The factors E;(s+ 1) and F3(s+ 1) are the factors
E1(Q, P) and E5(Q, P) above, for P such that fp = f and @ of type (s, ). The factor S(P) is defined below.
We explain the p-part of the fudge factor. Fix a prime p dividing p and let 7, be the local component of
7(f), as in Section 3.4.2. Then m, = w(n,v) or m, = o(n,v), according to the fact that m, is a principal
series or a special representation. In particular we have f|T(w,) = n(w)f.

Let vy, be the local component at p of ¥'. We know that ni;, is unramified. Let us denote by ws " the

conductor of v;,. Then p® is the p-part of the conductor of the representation m(f) @ ¢
The factor S(P) is defined in [Hid91, page 355] as a product over p|p and each factor depends only on

the local representation at p; if 7, is special the factor is —1, if m, is a ramified principal series, the factor
;=1

’
("), |

isn~ » and finally if 7, is unramified the factor is

(L=~ w(wp)lapl, (L =0~ v(wp)).

Moreover, let us denote by f* the unitarization of f, as defined in Section 3.2.1, and if we suppose f primitive
of conductor Mp* then we know that £*|7'(mw®) = W(£)f*“<, for an algebraic number W (f) of complex
absolute value equal to 1 (here ¢ stands for complex conjugation). Moreover W (f) can be written as a
product of local Wy(f), and we write it as W (f) = W/(f) I, W,(f). For the explicit expression of Wy (f),
nv(dp)
(2]
W,. The remaining part of W, is incorporated in the Hecke eigenvalue A(T'(w® )).

We warn the reader that the proof of Theorem 3.7.2 is computational, and the reader is advised to skip it on
a first reading. We recall in the following lemma some well-known results which we will use when evaluating
the p-adic L-function; recall from Section 3.3.3 that we have defined H, the holomorphic projector, 9], the
Mass-Shimura differential operator, for o € I, d7, the holomorphic differential operator on H’, and ¢, the
constant term projection of a nearly-holomorphic modular form.

Lemma 3.7.6. Let f € Sp(I''[N]), g € leii(l‘l[fﬁ]) and h € N:+L(I‘1[‘ﬁ, a]) with k,l,m € Z[I] and
2 2

I > 2s1, m > 2sy (recall that these two condition are automatic if F # Q). Let r € Z[I].
Then we have

we refer to [Hid91, §4]. From the formulae in loc. cit. we see that the factors and G(vy') come from

(£ H(g)) ={f,9),
H (g, h) =(~1)" H(D], , gh),
eH(g(‘?;+%h) =e(gd"h).
Proof. The first formula is [Shi78, Lemma 4.11].
The second formula can be proven exactly as [Hid91, Proposition 7.2].

The last one can be shown as in [Hid91, Proposition 7.3], writing 0,,,: in term of d’ for 0 < j < r (in Z[I))
and noticing that e(d? f) = 0 for all ¢ in I. O
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Proof of Theorem 3.7.2 i). We pose 9 = lem(4, ¢2,M?) = 4¢2£? as in the end of Section 3.6. Fix two ideles
m and [ such that m? represents 91 and [ represents £. We suppose moreover that m[~! represents ¢. To
lighten the following formulae, let us pose

TI'l = Tgﬁ/m ,TI'Q = T?"gﬂf.
For each q dividing 2 in v, we pose

Ea(X.Y) =(1 = 2y 2() 4320, (X) Ay (V)),

EX,Y) =]]&(X.Y),
q/2

where X is a variable on the free part of Z; in Cly(p>) (it corresponds to the variable @) and Y on the
free part of Z; embedded in the fist component of G = Clan(p™) x t,’ (it corresponds to the variable m of
pP).

As in the end of Section 3.3.4, we have A,(X) = (1 + X) &3/ 198:(1) 5,4, a fixed topological generator of
1+ pZ,.

We pose moreover A(X,Y) = (1 — 1/)'72)(,1)(11/1(0)./\[(0)%) where, as in Section 3.6, ¢ is chosen such
that (N(c)) correspond to the generator u fixed above.

We define a first p-adic L-function

Ly = (AX,Y)E(X,Y)H)  heTry (Tra(EXX " # O,[[1P])]))E2)

whereEQ:(g (1)) .
f

The operator Ey is necessary as the family F is of level U() while our convolution of measures is of level
U271, 2).

This p-adic L-function is an element of the total fraction field of O[[Cly (p™)]]&I. In fact, I is a reflexive
A-module as it is integrally closed and finite over A. We want to evaluate £, on an arithmetic point
(@, P) € X(Cln(p™)) x X(I) of type (s,eq;m,ep,v,ep) with s < m. We let ¢¥p and ¢} as in the beginning
of this section. Let n € {0,1}, n = s mod 2, we evaluate

9 =(AX,Y) 7' % 0,|[*])(Q, P)
=A(Q,P)”! ((/ 5Qws(zl)Np(Zl)sdex(zl)> ] %
Cln (p>)

< [ G NG ) Y @ e )

= A7 () (@26, (e )| 7] %

xd™ <5’ (z, 5 2m;sot,n> |[m2w2ﬁ41}>)

for s =m—s+1,n = wssg)lxjxflwpw}_a B such that the conductors of eg, ep and ¢, and the

level of fp divide p” and, we recall,
Ay = n(mwo‘DZ_l)DFN(mwﬁDQ_l)m_s_lis"dwde(SU_%).

For an integral idele y we use, by abuse of notation, the expression A/(y) to denote the norm of the corre-
sponding ideal yr.
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Here we have used the relation d*[[2] = A/(1)*[12]d’. We use Lemma 3.7.6, formula (3.3.6), the property that
e commutes with the operator Z and Tra, as seen at the end of Section 3.3.4, and the formula (3.3.7) applied
two times to obtain

(£pI7 (nw®®), eTr1(Tr2(9)|22)) gy 20
(f& |7 (nw®), fp>mpa
(fpl7(m*@??), Tra(g)|=2)
(fp|7' (@), fp) g pa
(fp1125 7, hIT(mQWQﬁ»mpw

EE ] (™), Ep )

)

EP(Qv P) =

Mp2b

)

b

for

s—m

h =0, (xew™®)| [’] x € (z, 5
C :wp(mwﬁb)I‘oo(([s/Q] + 1)15 - U)22v—sd+nd—ds()+%dﬂ_v—[s/2]d—dz-(s+l)d—kX

77—1(mwab2—1)N([)*2[8/2]J\/‘(mw/32—1)1/2N(mwﬂa2_1)s)\(T(wa_QB))

ik — (n+ 1)t 77) |T(mw2/3)7

where we used the formula for the change of variable for the Petersson product and the relation

= — 0 -2
Eor'(m?)=; " = ( 2-12m2 0 >f-

We apply the duplication formula of the I" function to the factors I' (( [%] +n+ %) t— v) coming from

Propostion 3.4.3 and to the I' factor appearing in the constant C' above, to obtain, for z = [%] — vy + L

that ’
T(2)(z +1/2) = 2277 5(s — 2v,) /7.

We are left to evaluate 0, (xew*)| [?] |7(m?w??). Let us denote by X’ the primitive character associated
with yew™% and let us denote by p® the p-part of the conductor of x’. Recall the relations given at the end
on Section 3.5.1, Proposition 3.3.4 and the formula

Bu(xew™) = D ule)x ()8 (x)I[¢°].

et|p

We have then

0 ()| [] I (m2e) =GN (2 me) ™) e )N (7 70)

X Zu(e)x’(e)/\/(e)—lgn(xl—l)|{ w28 }

wZOé(] e2
We know from [Hid91, Lemma 5.3 (vi)] an explicit expression for (f3|7'(n@w®),fp)y o in terms of the

Petersson norm of the primitive form fg associated with fp (and ¢).
We refer to the discussion after Theorem 3.7.5 for the notation, we have then
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<fc |7_/(nwa)’ fP> e —(a—a')m a—a’
~ <f;’f103> 1 —N(W) ( ) /2)‘(T(w ))1/)00(71)X
H

where J is the set of p|p such that 7, is a ramified principal series.
We can conclude that

N’

(@)1 5

£,(Q,P) = (s T d—kgl+2v— (s+m)d+nd7d53"7r2v7d(s+1)( QU),Dé 3/2,
G(xewy *)n~H(mw®02™ ) xewy * (0cw® ) p(dmew? ) x
N2 A () N () 0P S

X
MT (2= )W (£)S(P) T, sty T1, G Yoo (1)
L(s+1,fx 1551@")
E P)E P
1(@7 ) 2(@7 ) 9d—2v <fo f0>mwa
The factors E1(Q, P) and E5(Q, P) are the ones defined after 3.7.2. To obtain the explicit expression of
E1(Q, P) we have used the formula (3.4.5). O

Proof of ii). We define the improved p-adic L-function on the ordinary Hecke algebra; let I°™d be the ordinary
part of I, i.e. the fiber above v = 0. It is a finite flat extension of O[[Wy]], where Wy is the free part of
Clin (p™>) corresponding, via class field theory, to the cyclotomic extension.

We pose M = lem(4, 2, N?) = 4¢2£2 as above. We fix the same two ideles m such that m? represents O
and [ which represents £ as before. We pose again

Try = Tonym , Tro = Trg?
For each q dividing 2 in ¢, we pose
Eq(Y) =(1 = *xq 2(0) Ay (V)

E(Y) :HEq(Y

q/2

where Y is a coordinate of O[[W]] (it corresponds to the variable m of the weight).
As before we set

AY) =1 = x—1x (N () (1 +Y),
A'(Y) =1 = x(e) PN (e)* (N (e)) (1 +Y)%

We define the improved p-adic L-function
Lh= (A(Y)A' (Y)E(Y)H) ' 1xeTry (T (0(x0)| [P] EY)) |2 € 1.

It can be seen that it is an element of I°™ as in [Mok09, §6.2] from the duality of [Hid91, Theorem 3.1].
Let P be an arithmetic point of type (p, m), such that ep factors through the cyclotomic character. Let
k =m + 2, we have

(fp|7" (nww®), eTry (Trag|=s))

D€ (T 0 Trab(x0) | [F] BV)IE2 =5 v v
P 3
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for
_ 2 Bo—1y"1/2 (1 2—k —1._ -1 20
9 =0(x0)| [F] N (me"271) A E 2, ——, (k= Dt dbpxy X ) 7 (me™).
With calculations analogous to the previous one we obtain

a—ao!

_3 «
X-1Xg (@@ m27 ) xo(deww ™) D ? 21 F 2N (o) 2 m><

b = AT (w200 =" ) YW/ (£p)S(P) [T, Q2L T, G (v
(T(w NW(Ep)S(P) I, ety I Gvd)
L(Lfx")

i1 G(xo)vp ' (2)

@2m) (£, £8) gy
O

Before the end of the section, we give a proposition about the behavior of £,(Q, P) along the element

AXY) = (1 - x‘ix%’zw(‘f)/\f(c)ﬂ() '

Proposition 3.7.7. Suppose that wx_1¢w’_2 is quadratic imaginary, that its conductor is prime to p and
that the family associated with A has CM by this character. Then L,(Q,P) has a pole along A(X,Y) =0 of
the same order as the p-adic zeta function. Otherwise L,(Q, P) is holomorphic along A(X,Y) = 0.

Proof. We proceed as in [Hid90, Proposition 5.2]. First of all, notice that A(X,Y) has a simple zero along
s=m+1,eqg =¢ep =¢p =1 if and only if the p-part of wx_lz/np’_2 is trivial.
The &-th Fourier coefficient of the Eisenstein series is a multiple of fcm(pOO) <Np(z)>_1d(n, where n =

wxflwi//%w_g and w_¢ is the primitive quadratic character associated with F'(v/—§). So if T
not imaginary quadratic, then

[ i) =0
Cln (p>)

for all £&. In fact, we can take sy = 0 mod p", sg odd, and we have then
[ ) g = - s,
Clo (p>)

which is 0 as 1 is even. We know then that the Eisenstein series we obtain is 0.

If o)’ -2 X~ ! =w_g,, then the value of this integral is a non zero multiple (because the missing Euler factors
at primes dividing 9 but not the conductor of w_¢, do not vanish) of the p-adic regulator of the global units
of F' [Col88|.

Let

J —s 2 —v 1 -
g =(d0(xw™))| [I*) x d (5'<z,2;sOt,n>|[m2w2ﬁ4 1}>;

we have to show that if fp has not CM by a w_¢, then g is killed by the Petersson product with fp.

A necessary condition for A(€,t; g, ptpp?) to be different from 0 is & = €3 + €3¢, with &, and & in v. Then
¢ is a norm from F'(1/—&y) to F. Take £ such that £t is a prime ideal of F' which remains prime in F(v/—&p)
(i.e. it is not a norm) and such that Ap(T'({r)) # 0. So T'(&v) acts as a non-zero scalar on fp and as 0 on g,
and g must be orthogonal to fp. O

If A has CM by w_¢,, then Leopoldt’s conjecture for p and F is equivalent to the fact that £,(Q, P) has
a simple pole along A(X,Y) = 0.
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3.8 A formula for the derivative

We can apply now the classic method of Greenberg and Stevens [GS93] to the formula (3.7.4) in order to
prove Theorem 3.1.3 which has been stated in the introduction and which we recall now.

Theorem 3.8.1. Let p > 3 be a prime such that there is only one prime ideal of F above p and let £
be a Hilbert cuspidal eigenform of parallel weight 2, trivial Nebentypus and conductor Ip. Suppose that
N is squarefree and divisible by all the primes of F above 2; suppose moreover that w(f), is the Steinberg
representation. Then the formula for the derivative in Conjecture 3.1.2 is true (i.e. when g =1).

We fix a Hilbert modular form f of parallel weight 2 and of Nebentypus v trivial at p.

Let I°" be the integral closure of an irreducible component of h°™d and let Pr be an arithmetic point of
X (I°*4) corresponding to f. Let us denote by \ the corresponding structural morphism from h™ to I°d.
Let Lgrd(Q7 P) be the p-adic L functions obtained by specializing the p-adic L-function of Theorem 3.7.2
to O[[Cly(p™)]]@I°". In particular, we have that, up to some non-zero factor, L™ (s, Pr) coincides with
L,(s,Sym?*(f)), the p-adic L function associated with f.

We remark that if f is primitive, then the first statement of Theorem 3.2.6 tell us that I is étale at P
over A.This allows us to define a I°*%-algebra structure ¢ (which depends on the point P) on the field of
meromorphic functions around 2 of fixed, positive radius of convergence Mer(D5), which is a subfield of

Namely we consider the continuous group homomorphism
wo: Cly(p>®) — Mer(D(2))* s
a = (k= N (a)(N(a)" ).

This morphism extends to a continuous algebra homomorphism
wo: O[[Cly(p>™)]] — Mer(D(2)).

Let us denote by I‘I)J‘"fd the localization-completion of I°°d at Pg.
As I°'d is étale around Pr over O[[X]] and because the ring of meromorphic functions of fixed, positive radius

of convergence is henselian [Nag62, Theorem 45.5] we have that it exist a morphism ¢ such that

134 — > Mer(D(2))

b=

Ol[Cln(p™)])-

As I°" is generated by a finite number of elements A\(T(q)), we deduce that there exists a disc of positive
radius around 2 such that ¢(i) is convergent for all 7 in I°*d.
For each k in this disc, we can define a new point Py of I°"%; Py (i) = o(i)(k). It is obvious that Py = P;.
So, it makes sense now to derive elements of I°"? with respect to k.
For all arithmetic points P of I°"¢ and 4 in I°"™!, we have that P(i) = ¢(i)(2).
We can do the same also for the cyclotomic variable, that is we define

¢ Clp(p>©) —  Mer(D(0))*
a = (s (NV(a)”),

where Mer(D(0)) denotes the ring of meromorphic functions of fixed, positive radius of convergence around
0, and then we extend ¢’ to a continuous algebra homomorphism

¢ O[[Cln(p™)]] — Mer(D(0)).
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We define then
e O[[Clu(p)]2I™ = Mer(D(0,2).

where Mer(D(0, 2)) denotes the ring of meromorphic functions of fixed, positive radius of convergence around
(0,2). We consider Mer(D(0,2)) as a subring of Q,((s,k — 2)). Let us denote by Ly(s,k) the image of
Lor(Q, P) through ¢ ® ¢’ (notice that we have a change of variable s — s — 1 from the p-adic L function
of the introduction).

Before proving the theorem, we recall some facts about the arithmetic L£-invariant of the Galois representation
of Indg (Ad(ps)); it has been calculated, under certain hypotheses, in [Hid06, Theorem 3.73] following the
definition given in [Gre94b].

Untill further notice, suppose p unramified. The main hypothesis required in the proof of [Hid06, Theorem
3.73] is the so-called R = T theorem ([Hid06, (vsl)]). Namely, let h<}(91,O) be the cyclotomic Hecke
algebra (defined in Section 3.2.2 of this paper). Let

Defs;,: CLN(O) — Set

be the deformation functor from the category of local, profinite O-algebra with same residue fields as O into
sets which associate to A in CNL(O) the set of A-deformations which satisfy certain ramification conditions
outside p and an ordinarity condition at p dividing p. Let R be the minimal versal hull for Def;, and let
m be the ideal of R'" corresponding to pg. Let T¢ be the localization-completion of h¥°!/(MN, O) at Pr. We
have then a morphism w : R¥" — T;. Let R be the localization-completion of RV*" at m and let T be the
localization-completion of T¢ at m. Then the above mentioned condition (vsl) states that v : R — T is an
isomorphism.

Such a condition holds in many cases thanks to the work of Fujiwara [Fuj06]. For the Hilbert modular form
of Theorem 3.1.3, a proof can be found in [Hid06, Theorem 3.50].

Let I9¢! be the irreducible component of h®!(9, O) to which f belong and let A*°! be the corresponding
structural morphism; I is finite flat over O[[zy]]p,. The L-invariant is expressed in term of partial
derivative of A¥!(Tj(p)) with respect to z,. This is not surprising, as from its own definition, the £-invariant
is defined in term of the Galois cohomology of the restriction of the representation to Gal(Q/Q(up~)) and,
as we said at the end of Section 3.2.2, the cyclotomic Hecke-algebra takes into account only modular forms
whose local Galois representation at p is of fixed type outside Gal(F}, (pp )/ Fp).

In the particular case of an elliptic curve F with multiplicative reduction at all p|p, the calculation of the
L-invariant does not require to consider all the all the cyclotomic deformations, but only the ordinary, as
explained below.

If E has split multiplicative reduction at p, let us denote by @, the Tate period of E over F}, and pose
ap = N, /q,(Qp). If the reduction at p is not split, then A (T (ww,))(2) = —1; we consider a quadratic
twist Egq such that Fy4 has split multiplicative reduction and we define @), and g, as above. We have then a
Galois theoretic formula for the L-invariant [Hid06, Corollary 3.74]

n Q o logp(QP)
magnoe) =TT

The right hand side as been calculated by Mok in term of logarithmic derivative of the character
A:hord 1o,
We obtain from [Mok09, Proposition 8.7]

A o)\ () (2) 7 =~ e )
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where f, = [F, : Fp).

We remark that the proof of [Mok09, Proposition 8.7] works without any change when p is 2, 3 or ramified
in F.

The presence of f,, has been explained in the introduction of [Hid09] and is related to the Euler factors which
we removed at p in the formula presented in Conjecture 3.1.2. More precisely, in this formula appears the
product E*(m+1, ) of all the non-zero Euler factors which have to be removed to obtain p-adic interpolation.
Among the factor which we removed, there is (1 — p(1=%)f») for the primes p such that )\(T(wp))f2 =1. We
can rewrite this as ng,% (1—¢p*~*). In the case of the elliptic curve E, we have the trivial zeros at s = 1;
hence the factor £*(1,f) should then contain Hl;éceufp 1-¢) = fp.

We remark that the fact that the L-invariants of pr and Ad(pg) are the same is not a coincidence. Let W
be the part of Hodge-Tate weights 1 and 0 of this two representations restricted to Gal(Q,/Q,) (which are
isomorphic); we have that W is a non-split extension of Q, by Q,(1) and this ensures that the L-invariant
is determined only by the restriction to W (as said at the end of page 169 of [Gre94b)).

Proof of Theorem 8.1.8. Using the interpolation formula of 3.7.2 we see that L,(k—2,k) = 0. In particular,

we apply the operator % and we get

dL,(s, k) dL,(s, k)
ds dk

If we suppose that 2 divides the level of f, than we have that F5(0,k), defined in the proof of Theorem
3.7.24), is identically 1. Let ¥, be set of p | p such that f is a Steinberg representation at p, and II, the set
p | p such that f is a principal series representation at p. Let us denote by g1 the cardinality of ¥, from the
factorization in 3.7.4, we also have

_on T YT (@)(2) (Tl ()2 LD
Ly(0,k) =2 pH L) @) ,,gf AT (0)(2) ) Ep(Qo, ) =gy (b = 27+

+ ((k —2)7 ).

‘s:k—Z = - |s:k—2~

If we suppose that the Nebentypus of f is trivial and that the conductor of f is squarefree, then we have that
f is Steinberg at all primes dividing its conductor. Using the explicit description of the Euler factors at the
ramification primes for f given in Section 3.4.2, case (iii), we see that there aren’t any missing Euler factors
and consequently the primitive L-function and the imprimitive one coincide.

Using the explicit expression of the L-invariant in term derivative of Hecke eigenvalue given above, we obtain
for f as in the theorem

dL,(s,2)
ds

L(l,Sme(f))

‘5:0 = ‘C(Ind%(Ad(pf)»fp Q(f)

O

We remark that we have something more; if there is at least a prime p at which f is Steinberg and g > 2,
then the order at s = 0 of L,(s,Sym?(f)) is at least 2 (keeping the assumptions on the conductor outside p).
Let us point out that the hypothesis that 2 divides the conductor of f is necessary, as the missing Euler factor
at 2 which we remove when interpolating the imprimitive L-function is zero. But a more carefull study of
the missing Euler factor at 91 could allow us to weaken the hypothesis on the conductor of Theorem 3.1.3,
as not all the missing Euler factors have to vanish.

For example, we could prove Conjecture 3.1.2 for L(s, Sym?(f), x) when the character x is very ramified
modulo 291.

Let us give now the example of an elliptic curve E over Q. Let g be a prime of potentially good reduction of
E, we have to exclude the cases when one of the missing Euler factor at ¢ is (1 —¢'~%). We have that in this
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case the missing Euler factors have been explicitly calculated in [CS87]; let I be an auxiliary prime different
from 2 and ¢, Q,(E]l]) the extension of Q, generated by the coordinates of the torsion points of order I of
E and I, the inertia of Gal(Qq(E[l])/Qq). By [CS87, Lemma 1.3, 1.4] we have that there is no Euler factor
of type (1 — ¢'=%) at ¢ if and only if one of the following is satisfied:

a) I, is not cyclic,
b) I, is cyclic and Q,(E[l])/Q, is not abelian.
We have the following corollary:

Corollary 3.8.2. Let E be an elliptic curve over Q and let f be the associated modular form. Suppose that
E has multiplicative reduction at p, even conductor and that for all prime of additive reduction one between
a) or b) is satisfied, then 3.1.2 for f is true.

3.9 A formula for higher order derivative

In this section we want to provide an example of 3.1.2 in which g > 2. We begin considering a form f has
in 3.1.3 and we show that 3.1.2 is true (under mild hypothesis) for Sym?(g), where g denotes an abelian
base change (is a sense we specify below) of f. We follow closely the strategy of [Mok09, §9]. Let F be a
totally real number field as before, and E a totally real abelian extension of F' of degree n. For this whole
section, we will suppose for simplicity that p is unramified in E, even though we belive this is not necessary,
to simplify the calculations. We fix, for this section, H = Gal(E/F). Let f be a Hilbert modular form for F,
following [AC89, Chapter 3, §6] we can define its base-change g to E. Let q’ be a prime of E above a prime
q of F, suppose that f at q is minimal but not supercuspidal, then a(q’, g) = a(Ng,r(q'),f). Let us denote

by H the group of characters of H; via class field field theory, we can identify each element of H with a
Hecke character of F' factoring through F*Npg,r(Af). We have then

L(s,Sym*(g)) = [] L(s,Sym*(f), ¢).
pch

Note that if f is nearly-ordinary (resp. ordinary), then g is nearly-ordinary (resp. ordinary) too.
Assuming that Conjecture 3.1.2 holds for f we shall show that the same is true for g by factoring the p-adic
L-function Ly(s, Sym?(g)) in terms of Ly(s, Sym?(f), ¢).

Lemma 3.9.1. Let x a grissencharacter of F of conductor ¢ and xp = x o Ng/p. Assuming Dg/p and ¢
coprime, for the Gauf8 sum defined before Proposition 3.5.4, we have

G(XE) = X(DE/F)G(X)n~

Proof. As in [Mok07, Lemma 9.4], we use the functional equation for an Hecke character which we recall in
Appendix 3.11 and the factorization L(xg, s) in term of L(x¢, s), for ¢ in H.

We let ¢y, be the conductor of x¢ and f4 the conductor of ¢. Using the formula for the discriminant in tower
of extensions

Dg = Npjo(Dg/r)DF,

we obtain the equality

H G(xO)Nryoles) " = G(XE)NE/Q(C)_SNF/Q(OE/F)_S+1/2.

peH
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As ¢ in unramified in F, we can split the Gaufl sums and the conductor of x¢ for all ¢ into a c¢-part and a
prime-to-c-part. We conclude with the following formulae from class field theory [Neu99, §7 (11.9),(6.4)]

[1 s =De/r. [ G@®) =Nrja(Dy))-

peH ol
O

Let us denote by S(f) (resp. S(g)) the factor S(P) defined after Theorem 3.7.5 for P the point corre-
sponding to f (resp. g). We show now the following

Proposition 3.9.2. For E, F, g, f as above. Let x be a finite-order Hecke character of F', and suppose that
the conductor of £ and x are both unramified in the extension E/F. We have then, for all point u®e(u) — 1
in the interpolation range of Theorem 3.7.5,

Gu’e(u) — 1,8, xg) =C H G(u’e(u) — 1,1, x¢),

ocH

where G(X, £, x¢) (resp. G(X,8g,xr)) is the Iwasawa function of Theorem 3.7.5 giving the p-adic L-function
Ly (s, Sym?(f), x¢) (resp. L,(s,Sym*(g), xr)) and

(SEOW(E)Q(F)"
S(g)W(g)Q(g)

Proof. We use Theorem 3.7.5 to evaluate both sides and show that they coincide.

We note that we are implicitly identifying the Z,-cyclotomic extension of E with the one of F' via Ng/p; in
particular if p® is the conductor of the character ¢, seen as a character of Cly (p>°) of F, then the conductor
of e is p™@°. This is important to write correctly the evaluation formula of 3.7.5.

We see that the contributions of the factors with 2 and ¢ match as dg = ndr. The complex formula for the
L-function of Symz(g) gives the equality of the L-values. We use Lemma 3.9.1 and the relation between D
and Dg to control the contribution of the Gaufl sums and discriminants. O]

C = Nrjo(Dgsr) ™

In particular this tells us that Q(f)" and Q(g) differ by a non-zero algebraic number. We suppose that
the conductor of f and x are both unramified in the extension F/F to simplify the calculation, although it
may not be necessary.

It is well known that for F/F an abelian extension of Galois group H and for p a prime ideal of F' which is
unramified in F, we have

Hq/)éfis.t. o(p) :1}‘ =g,

where g is the number of primes of E above p.
From now on, suppose that p is inert in F. Let p be a prime ideal of E above p and let us denote by f, the
residual degree of F,, we have the following

Theorem 3.9.3. Let E, F, g, f be as in Proposition 3.9.2. Suppose that f satisfies the hypothesis of
Theorem 3.1.3. Then we have

d9L, (s, Sym*(g))
ds9

2
oo =CL(Ind2(Ad(pg))) fng(vaS(y;)l@))7

where g denotes the number of primes above p in E and C is a non-zero algebraic number.
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Proof. First of all from [Mok09, Proposition 8.7] we obtain

L(Ind3(Ad(pg))) = L(Ind 3 (Ad(pr)))’.

Let us denote by f, the residual degree of Fj,; whenever ¢(p) = 1, we can show, in the same way as we
proved Theorem 3.1.3, that

dL,(s, Sym*(f), ¢)
ds

L(1,Sym*(f), ¢)
Q(f)

=0 =CyL(Ind 5 (Ad(pr))) f
If ¢(p) # 1, we have instead

L(1,Sym’(f), ¢)

Ly(0.8ym?(£), 9) = Co(1 = ¢(p) =~

If we write f = n/g, we have that
II a-emy=r
P H b (p)#1
then we use Proposition 3.9.2 and the fact that f, = f,f to conclude. O

We remark that this method does not work for an abelian base change h of g. In fact, if we want to
apply the same strategy as in the proof of Theorem 3.9.3, we would need a formula for the derivative of
L,(s,Sym?(g),v). But for the complex L-function L(s,Sym?(g),) there is no factorization in term of
L-functions of Sym?(f) (unless ¥ is a base change from F t00).

3.10 Application to the Main Conjecture

In the introduction we said that Theorem 3.1.3 has application to the main conjecture for the symmetric
square and the aim of this section is to explain how.
We suppose now F = Q; let G(T, Sym?(f)) be the Iwasawa function for f of Theorem 3.7.5. We shall write

17, Sy () = ST G sy r)),

for OF the + period associated with f via the Eichler-Shimura isomorphism. This change of periods is nec-
essary for what follows and is due to the fact that our p-adic L-function has a denominator Hg. Moreover,
the evaluations of L™ (T, Sym?(f)) are compatible with Deligne’s conjecture on special values and periods.

Let L;I(T, Sym?(f)) be the algebraic p-adic L-function defined as ¥(s) in [Hid00a, Theorem 6.3]; it is the char-
acteristic ideal of a certain Selmer group. The Greenberg-Iwasawa main conjecture for Ind%i(Sym2 (f)) says
that the ideal generated by La(T, Sym?(f)) in O[[T]] is the same as the one generated by LT, Sym?(f)).
In what follows we will denote by L2!(0, Sym?(f))* resp. LiN(T, Sym?(f))* the first non-zero coefficient of
L;I(T, Sym?(f)) resp. L3N(T, Sym?(f)).

Let 1 be the characteristic ideal of the Pontryagin dual of Sel(Ad(p¢)) (defined as in [Hid00a]); in [Hid0Oa,
Theorem 6.3 (3)] it is shown that ordy—oL2!(T, Sym?*(f)) = 1 and

Ly (T, Sym*(£))" | L(Ad(pe))n.

From the work of Urban [Urb06] we know that, in most of the cases for F' = Q (for example when f is as in
Theorem 3.1.3), L2"(T, Sym?(f)) divides L2/(T, Sym?*(f)) in O[[T]][T~].
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We have, from works of Hida and Wiles, a formula which equals the p-adic valuation of the special value
L3 (0, Sym?(f)) and of  [Urb06, 1.2.3]. For totally real fields, we mention that in [Dim09] the special value
is related to the cardinality of the Fitting ideal.

If in addition we also know Conjecture 3.1.2, then we deduce that the two series have the same order at T’
and

al 2 *| 7an 2 * s
L (0,Sym™(£))*|L," (0, Sym™(f))* in O.
We can write La(T, Sym?(f)) = A(T)Lz“((),Symz(f)), with A(T) in OJ[[T]]; the above divisibility tells us

that A(0)"" belongs to O, i.e. A(T) is a unit (because its constant term is a unit) and the main conjecture
is proven.

3.11 Holomorphicity in one variable

In this sectio, we want to show that the p-adic L-function of Theorem 3.7.2 i) can be modified (dividing by
suitable Iwasawa functions interpolating the missing Euler factors) into an Iwasawa function interpolating
special values of the primitive complex L-function.

To do this, we follow an idea of Schmidt [Sch88] and Dabrowski and Delbourgo [DD97]; first we construct
another p-adic L-function which interpolates the other half of critical values and then we relate the two
p-adic L-functions via the functional equation of Section 3.4.2. We shal use this results in the second part
of the appendix to show that the many-variable p-adic L-function is holomorphic too, following [Hid90].
Before doing this, we recall the functional equation satisfied by L(s, x), for a primitive unitary grossencaracter
x. Let f be its conductor, we define the complete L-function

A0 =11 (W_(s+p"’)/2r (SJ;p”»L(S’ X):

o]oo
for p, = 0 or 1 such that x,(—1) = (=1)"". It is well known since Hecke (see also Tate’s thesis [Tat67]) the
existence of a functional equation
As,x) =e(s, )AL = s,x71)
for e(s, x) = i2=v p”xoo(—l)G(X)N(f)_s|J\/'(D)\7S+1/2 where as before
G = Y. Xeol@)xs(xdf)er(z)

zef~1o—1/0-1

:HG(Xq),

Gl =7 @) Y xa@er, (e ) -

o
z mod wg

for ey the ramification index of Fy over Q; and g such that q®¢ divides § exactly. We can now modify
Theorem 3.6.1 to see

Proposition 3.11.1. Let x be a character of finite order of conductor f. Suppose xo(—1) =1 for allo € I.
For all ¢ € Clp(p™), we have a measure (), . on Cln(p>) such that, for all finite-order characters ¢ and for
all s > 0, we have

/cn oy SN G (2) =1 = o @M ) TTO = oIV () ) <

plp

Hp|p G((X€0)p)

< e o)

L(1+s,(x" "¢ o)
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where (xe), is the primitive character associated with the character xe of v/ep®, p*° is the p-part of its
conductor, and

(= HHR2D (5 41 4 1) /2))"
(ns=R)/2D(~(s — 5)/2))"

" sl
Q(ex, s) =i dDRp T2exao(—1)

for Kk =0,1, congruent to s modulo 2

Proof. Let {7 be the conductor of y outside p and let 9”) (resp. 9,) be the prime-to-p part (the p-part)
of 9. Let us denote N (9,) by Dr, and N(2P)) by D%. From Theorem 3.6.1 and the functional equation
above, we simply divide by the functions Ay i) (X)), N(0)~%/? and the GauB sums for q|f’. O

We recall that for an element ¢ of Cly (p>°), we have defined (N, (c)) = w™1(N,(c))N,(c) and that (N, (c))
is an element of 1 + pZ,, so it makes sense to define

A (0 (X) =(1 + X\t (NN 08, (0)

where u is a generator of 1 4+ pZ,. In case we have to consider the L-values of imprimitive charac-
ters, we can obtain the p-adic interpolation of the values Ly (1 + n, (e)~!) simply multiplying by (1 —

(e)ola) (NG (@) A, () (X) ).

Fix now f, a nearly ordinary form of Nebentypus (¢,%¢’) and weight k > 2¢ which we decompose as
k= (m+ 2)t — 2v as in Theorem 3.7.5. Suppose that ¥’ comes from a character of Cly(p™). We give now
the analogue of Theorem 3.7.5 for the other critical values, namely the one in the strip [m + 2m + ko.

Theorem 3.11.2. Fix a primitive adelic character x of level ¢, such that x,(—1) = 1 for all oloo. We
have a p-adic L-functions L, (Q) in the fraction field of O[[Cln(p™)]] such that the following interpolation
property hold; for all arithmetic points Q of type (s,eq), withm—ko+2 < s < m the following interpolation
formula holds
L(2m+2 —s,f,eqw Y 2x)

(2m)%=Q(f)

The Euler factors E; (Q) and E; (Q) at p could be thought as the factors E1(Q) and Ey(Q), for Q =
Eél(u)u2m_2_s — 1, the symmetric of Q; more precisely, they are

L, (Q) =CoEy (Q)E; (Q)Es(Q)

s—2m—2

Er(Q) =N(T (w722 )N (w”~2)
x [T = M Peg w)omN ()P M(T () ),

plp

E5(Q) =T = (xequw™v™ o(@N(p)* ™ 1) x

plp
x (1= (xeqw™*)o (AT (wp)) *N(@)").
The Euler factor F3(Q) is defined as

I G tp)A = (DN ()™ )
(L= ()N (P

for n = EQw_SX_lxw_lw’_z. The constant Cy can be found the following proof of Theorem 3.11.2.

Let us point out that this symmetric square p-adic L-function interpolates the imprimitive special values,
but that none of the Euler factors which we have removed outside p is zero. This means that if we could
find a formula for the first derivative of it as we did in Theorem 3.1.3, we could then prove Conjecture 3.1.2
in the case in which p is inert without any assumption on the conductor of f.

)

plp
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Proof. We use the same notation of Sections 3.5 and 3.7. In particular we have 9t = 4¢2£2.

We let « such that f is of level p®. Let @ be a point of type (s,eq), with m — ko +2 < s < m and gg a
finite-order character as in the statement of the theorem; in what follows, we shall write € for eg. We can
define an Eisenstein measure EX'~ on Cly(p™) similarly to Section 3.6; let us define its value on Q as

/L NN AEET() =1 @M s D

[TG0 ") x N ()™= (k, s0,m) v,
plp

where i = ew™5y_1x¥ " ¢’ ", B is such that 7 is a character modulo t/9p? (we do not assume 7 primitive),
Bo is the exact p-power of the conductor of 19 and so = 2m + 1 — s and v is the continuous function on v,
defineon £ € F, £ > 0 by

v (f) — HP\P(l - (n_1w§)0(p)_/\/’(p)so—m—1)
Q lep(l - ((Ugn)O(p)N(p)m—so) .

We recall from Proposition 3.3.10

66 (ka S0, 77) = Z 672vgf (57 S0 —m, 77) me(So —m, nw2£)q§-
£€271,630,(p,&)=t

Let us point out that it is a p-adic measure as its Fourier coefficients are the p-adic L-functions of Proposi-
tion 3.11.1 (twisted by £(z) — e~ !(2) (N,(2)™2)) and some exponential functions as in Section 3.6. The
presence of the twist by the function vg is due to the fact that the factor appearing in the interpolation
formula of Proposition 3.11.1 for x = nwsa¢ is not independent of &.

The value of this measure corresponds, up to some normalization factors, with the constant term projection

(cf. Section 3.3.3) of & (2252, k — (n+ 1)t,7) [m?w?? /4], with n = 0,1 and n = s mod 2.

Let €y be the conductor (outside p) of x~'¢? and let ¢y be an idele representing it. Let ©,,2 be the
theta measure of Section 3.6 which we consider now of level €. We define @erwz (6) = Oy 142 (e71) and

then we define the product measure y := @;,1w2| [T—;} x EX~ as p—1 measures p; on 1+ pZ,; for s in Z>,
z >

s =t mod p — 1, we pose

[ ol auta) =
1+pZy

2
_ ( / w—ng(z)d@;W(z)) | [2‘4 x / o N, (=) dEX .
Cly (p>) i) Cly (p>)

Evaluating at ) as above we obtain

Q=Y so—m—1)
X
N(w)*(SO*mfl)ﬁo

I m? sp—m _
<00 e ) [ e (€ (25 b - (0 Dl 271)) )
0

Ao (1= (N ()™

74



where Aq is given in Proposition 3.3.10 and is equal to
Ay =iF—(tDdga'p (o/)_12k_(”+%)d><

x n(mw?02 YN ()™ TN (mwP2 !
a,_(m—s—i—l—n)t—i—k
= 5 :

—so—1
)m So ,

Let us denote by X’ the primitive character associated with w®e =1y 142, We use the relations given in
Section 3.4.1 to obtain
2 2

b w'e 1Y) [Z‘] r(me?) = COON @ e )~ PN 0)
0

wQﬁ
SN (©u(ex (00| [ } |

w20¢0 62
elp

For each q dividing 2 in v, we pose

Eg (X) =(1 = 72X *(q) ARy (X)27777)
& (X) =[] &5 (20,

q[2

where X is a variable on the free part of the cyclotomic extension in Cly(p®) and corresponds to the variable
Q. We put moreover A=(Y) = (1 — X,lx’lw’lw’ﬂ(C)Np(c)m+2(1 +Y)™") where ¢ is chosen such that
(N(c)) correspond to the fixed generator u.

We define a p-adic L-function

L, (X) =(A™(X)E (X)Hp) ™ IeTry(Tra®, x EX 7 [Ea).

P

where
Try = TEJ;Tt/m 7Tr2 = TTSII;;Z (Ua 1//)7

and Hy is the congruence number of f (the specialization of H, defined at the beginning of Section 3.7, at
the point corresponding to f).

Let us point out that we can move the twist by vg from the Eisenstein series to the theta series as we did
to prove the formulas at the end of Section 3.3.4, and that on 9()(10.)56511/12)\ [mz} this twist is simply

iz
multiplication by 9® (x®)) =1y _; (p®°) E3(Q).
We have then for Q@ = X + 1 —e(u)u®

1) e (et — 1 NP2 T E@)00 50— m — 1)
£y (el = 1) =& (el 1) S T

(
<f“’, Try o Try <9n(x’)| [%} (25 k— (n+1)t,n) T(m2w26)>

Mp2B

(fc\T’(nwa),ﬂmpa ’
ow L(so +1,f,eqw*y>x)
*TpEl (Q)EQ (Q)ES(Q) <f0afo>mpa '
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Here we have

@ :21—Ui(n+1)d_k2(n7g)d,kwwFOO ((m —s—n+1)t+ k) y

2
o (QW)%POO ((m—s—;n)t+k> o

1 m+3—s
x n  m@Po2 HN (@)™ T TN (mwP2 ) mhETey
9(77717 m— S)
X .
N(w)(s—m)ﬁo
x N (2" Yomw?) " ih(mw?d)
:i(n+1)d7k21+d(s+n74m+%7u)72v7r(sfm)d7k2(sfm+1)d7k((m —s— 1)t +k)lx

GOON (M2 PN ()

x ! (mew? 02 ) (ma Q)N (2) T TN () MR
X Gw'e X)Wy w2><acow °)
x Q! ,m—s>N<m>2’”+1 ’

Cp =N (= >*<a*“’>m/2A< T(w QH’)) (1)

x W'(fp)S H - G(y),

where we applied the duplication formula
r (m—s—n+1)t+k I (m—s+n)t+k\
* 2 * 2 B
=T ((m — )t + k)24t m D =kgl/2,

O

We can now construct the primitive symmetric square p-adic L-function as a one variable Iwasawa
function.
Recall the factor En(s, f, x) defined in Section 3.4.2 and the partition of the set of primes dividing 91 in the
four subsets i), ii), i), v).
For each prime q dividing 0N, let f; be a twist of f which is minimal among all the twists at q (in the sense
of Section 3.4.2), and let A\q(7'(q)) be the Hecke eigenvalues of f; at T'(q). In this case, let us denote by oy
and 4 the two roots of the Hecke polynomial at q. The existence of a global character 7 such that f ® n is
of the desired type at q is guaranteed by [Che51].
We define the following factors; if g belongs to cases i) or i) we have two possibilities, according to A(T'(q)) = 0
or not. Only for these two cases, we mean x(q) = 0 if x is ramified. In the first case, we put

&5 (%) = (1= X @a2N (@) Aty () (1= ox H@N (@) Al (X)) x
1=y (@)aq(T(@) *N(@)™™ ARk, (),

(
(1= ¥ @a2N (@) " A (X)) (1= 07 (@ (@) " A (X)) x
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while if A(T(q)) # 0
&5 (X) = (1= ex @M@ Axkg (X)) (1= 63 @A (T(@) >N (@) ARl (X))
E5(X) = (1= X@N (@) " A () (1= x(@Ag(T(0) *Axq) ().

If q is in case ), recall that there are several subcases; if (wx)2 is ramified, we do not need to define any
extra factors.
If ¢ is unramified, we define

EF(X) =1+ ox QN ()" Ay (X)),
ET(X) =1+ xo 2 (@N(q) " Ap(q) (X).

For the remaining case, (¢X)2 unramified and ¢y ramified, recall that in Section 3.4.2 we have defined two
characters \;, i = 1,2, such that ¥x\; is unramified. The extra factor we need to define are

EL(X) =1 = ox T N(@N (@)™ An) (X) 7

E(X) = 1= x¢ NN (@)™ Aoy (X),
and then

i S.t.ﬂq%ﬂ'q®>\i
E5(X) = II E,4(X).
7 S.t.wq%ﬂ'q@))\i

Let G(X) the formal Laurent series of Theorem 3.7.5. Then the p-adic L-function interpolating the primitive
values is

—1
F(X):=GX)[[&&x) .
qln
We give the following proposition;
Proposition 3.11.3. Let f be a neearly-ordinary Hilbert eigenform. For all fixed s in the interpolation range
and € a finite-order character of 1+ pZ,, we have the following identity
Fe(u)u® —1) = C. L, (e(u)u® — 1) Hé’q_ (e(u)u® — 1)_1,
q|n

with L, (X) of Theorem 3.11.2 and Cs in K.

Proof. We fix s in the interpolation range and we compare the two evaluations formula given in Theorem
3.7.5 and 3.11.2 at points of type (e, s) such that € is not trivial and its conductor is bigger than the p-part
of the conductor of f, ¥ and x.

We will then use the complex functional equation given in 3.4.2.

Recall that the factors at infinity that we need are

stl—m+r 1— _
FR,m(5+1*m*HS):W7 - 2+Sroo <M>7

2
F(C,oo(s -—m—-1+ k) :22078d(8t . 2v)!ﬂ2u—d(s+1)’

Tioo(m + 3 — kg) =nd 2571 (m 2 5 o “'S) ,

Teo0(m — s + k) =20 mDd=kpls=m)d=k . 4 (1 _ 5 — 1)t)],

7



where kg = 0, 1 is congruent to s+m modulo 2 (notice that we are evaluating the functional equation at s+1).

In the notation of Theorem 3.7.5 and 3.11.2 we have then 8 = a = 8y = ag and

F(X) H_q\‘ﬁ g‘;(X) :i(sfn)d23mdfzsd+ngiff?)m%D%Zsﬂm*lX
Ly (X) P
NP A (m) 22 A (0253 G o)
G(x e lwsy?)xptw=se(wte) [T, Gxp 'tpe1w®)
(xew™%)o(0cww®)xew sy~ (dmw*2~1)
(xle=twsy?)g(dcow®)x e~ lwsyp(dmw>2-1)
" Iroo(s+1—m—ks)Tcoc(s —m—1+4+k)
Ik oo(m+3—ks)coo(m—s+k)
L(s +1,Sym?(f), x ‘e~ 'w*)
L(2m — s + 2, Sym?(f¢), yew—*)"

The occurence of the quotient of real gamma factors comes from the expression of the period Q(n=!,m — s)
in the evaluation formula of Proposition 3.11.1 (noticing that if x = 0,1 is such that n(—1) = (=1)", we
have kK = 1 — kg). As we have

A(s +1,8ym?(f), x e~ 'w?)

— _ ,A f, -1_-1 s
A(2m — s + 2, Sym?(f), yew—*) (s —m & (), x"e W y)

we can use Lemma 3.4.6 and after noticing that (in the notation of Lemma 3.4.6) v = )4 we obtain that the
only part on the right hand side which depends on € or p is

O e o\ o) M
(@G (@ G (@ G0 NG NG, )

where o (resp. ag, ag) is the conductor of x, (resp. szb;?, Xpd)p’l). If we choose w, such that x,(w,) =
Yp(wp) = 1 and N (@f) = p?, we obtain that this quantity is independent of & and we are done. O

The main theorem of this section is the following;

Theorem 3.11.4. Let f = fp be a nearly ordinary form of Nebentypus b and weight k > 2t which we
decompose as k = m + 2t — 2v. Let x be a Hecke character such that xo(—1) = 1 for all o|oco. Suppose

that £ has not CM by x1»~! (resp. has CM), then we have a a formal series F(X,f,x) in O[[X]] [l] (resp.

o[ X]] [I,W}) such that for all finite-order character € of 1+ pZ, = u®», of conductor p®, and

s € [m — ko + 2,m] with n = s we have

F(e(u)u® — 1,£,%) —;(s+)d+kg2v— (s+m)d+nd75+"d($t_2v)|D5 zx
G(xewy 5)n~ Hmw® 027 1) yew *(0eww™) x
PEme )N ()N (@) T
(T (@2 =)W' (£)S(P) T, 22 1, G(v)
L(s +1,Sym?(f), x ‘e~ 'w*)
(2m) 4 )(£)

El(S —+ ].)EQ(S —+ 1)

forn = wsa’lelelwb” and, we recall, o such that w® is the conductor of f and 8 such that @® is
divisible by the l.c.m. of w® and w™°
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Proof. Recall the functional equation of Proposition 3.11.3

F(X + Du® = 1) = CoLyy (X + 1t = 1) [T €5 ((X + 1w — 1)
q|n

We shall show that the possible poles of the left hand side and right hand side are disjoint (are reduce to
X = u™*tt — 1if f has CM by ¥~ 1y).

Take for example u = p+ 1. The possible poles of F'(X) are the zeros of [[ o & (X), £2(X) and A(X). We
recall that

£2(X) = ] (1 = w*x (@A) (ON(@)™™),

ql2
AX) =(1 = XN (@™ 1+ X)),
Therefore the possible poles must be either
e s =m (occurring in one of the factors £ where neither A(T'(q)) nor a4 do not appear),
e or s =m + 1 (occurring in the factor A(X)),
e or s such that there exists a p>-root of unit ¢ such that one the following occurs:
A (@) Kg N @) AR (Cut — 1) =1,
XN EPN () A (Cut = 1) =1,
for Kq = X\q(T'(q)) or ay.
On the other hand, the possible poles of the right hand side are instead
e s =m+ 1 (occurring in one of the factors £ where A(7'(q)) does not appear),
e or when there is a p>°-root of unit such that as
X(@Eq ™ Anq) (Cu = 1) =1,
V(KGN ()77 A (X) (Cu” — 1) =1,
for Kq = X\q(T'(q)) or ay.

From Weierstrass preparation theorem, we know that there is only a finite number of possibilities of the
above cases.
We proceed now exactly as in [DD97, §3.1]. Let q be a prime ideal such that

X@MT (@) Ay (Cu™ = 1) = 1
and q’ a prime ideal such that £ has a zero at s = m, e(u) = (. Write (N (q)) = u*3, so
An(q)(X) = (X +1)™.
Recall that \/\q(T(q))@ = N(q)™"!. In particular, we obtain the following relations: |[u™|c = N(q’)™ and

|u™|c = N(q)™!. But this is a contradiction as |u|c # 1. The other cases are similar.
The case s = m + 1 has already been treated in Proposition 3.7.7, and we can then conclude. O
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3.12 Holomorphicity in many variables

In this section we will show that the many-variable p-adic L-function constructed in Theorem 3.7.2 is
holomorphic (when the family has not complex multiplication). We adapt to the totally real case the
strategy of proof of Hida [Hid90, §6].

Fix a family of I-adic eigenforms F and let A be the structural morphism as in Section 3.7; let us denote
by 1 the restriction of A to the torsion of Cly(p>). Before defining the functions interpolating the missing
Euler factors, we have to show that we can interpolate p-adically the correct Satake parameter at the primes
q at which F is not minimal.

Let Fy be a twist of F by a character 7, such that F is minimal at q and primitive outside p. This family
corresponds to an I;-family of eigenforms, where I is finite flat over the Iwasawa algebra in d+14-§ variables
(here ¢ is the default of Leopoldt’s conjecture for p and F).

Since we have A\q(T'(q")) = 14(q")MN(T'(q")) for almost all prime ideals q’, we see that, after possibly enlarging
the coefficients ring O, we have I, = I. For all arithmetic points P of Spec(I), we have then an element
Xq(T'(q)) € I such that the values A\q(7'(q)) mod P are the Hecke eigenvalues, still denoted by A\q(7'(q)), of a
form fp which is minimal at q. For the prime ideal g for which F is not minimal, let us denote by a4 and
Bq the two roots of the Hecke polynomial at q. After possibly enlarging I by a quadratic extension, we may
assume that oy belongs to I.

We can now define the functions interpolating the missing Euler factors; as in the proof of Theorem 3.7.2
we use X (resp. Y) to denote a variable on the free part of Z) inside Cly(p™) (resp. Cly(p™) embedded
in G = Cly(p™) x t,).

We recall that in Section 3.4.2 we partitioned the set of primes dividing 9% in the four subsets i), i), iii),
w). If q belongs to cases i) or i1) we have two possibilities, according to A(T'(q)) = 0 or not. Only for these
two cases, we mean x(q) = 0 if y is ramified. In the first case, we put

EF (Y = (1= X @a2N @) ARl (X)) (1= ox @) Anig (N ARl (X)) x

(1= v @ag N (@) AR (VAR (1)
&7 (XY) = (1= 47 2(@a2N (@) 2452 (V) Ay (X)) (1= x(@)ag An) (X)) x
(1= ™ @N (@) ARy (D) Aw (X))

while if A(T(q)) # 0
&5 (XY = (1= ux 7 (@) A (VAR ) (X)) (1= 02 @Aa(T@) N (@) A3 (V) ARk (X))
& (X, = (1= @A (@) Ak (D) Aw (X)) (1= X@A(T(0) > Anq) (X))

If q is in case ), recall that there are several subcases; if (w)()2 is ramified, we do not need to define any
extra factors.
If 4 is unramified, we define

ES(XY) =1+ 9x (@) An(a) (V) Axg) (X),
E7(X,Y) =1+ xt (N (a) T Aty (V) Ana) (X).

For the remaining case, (1@()2 unramified and ¢y ramified, recall that in Section 3.4.2 we have defined two
characters \;, i = 1,2, such that ¥x\; is unramified. The extra factor we need to define are

EL(XY) =1 —4dx " Ni(@) An(q) (V) An(q)(X) 7,
E,/(X,Y) =1 = x¢ " N(@N (@) Aty (V) Aw(q) (X),
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and then

EF(X,Y) = H EL(XY),
i St.mgma®N;
Exyvy= [ &ax.Y).

7 S.t.wq =y RN
We define

EEXY) =[5 (x,Y).
q|n

We refer to Section 3.7 for all the notation used in the following theorem.

Theorem 3.12.1. Fiz an adelic character x, such that x,(—1) =1 for all o|oc and fix F, a I-adic family of
Hilbert eigenforms. If xyp—1 is imaginary quadratic, suppose that F has not (resp. has) complex multiplication

by x~1; then we have a p-adic L-functions H(P)Ly(Q, P) in O[[X])&I (resp. O[X]|QI[(1+ X) —u(l1+Y)""])
such that, for all arithmetic points (Q, P) of type (sq,eq;mp,ep,vp,ep), with mp —kpo+2 < sg < mp
(for kpo equal to the minimum of kp,’s) such that €'» factors through Clyn(p™) the following interpolation
formula holds

2?L(sq + 1,Sym?(fp), Eélst x Y

LP(QaP) :ClEl(Q7P)E2(Q7P) (QW)dSQ(fp)

It is clear that this is generalization of [Hid90, Theorem].
Remarks:

i) If Leopoldt’s conjecture for F' and p does not hold, then L,(Q, P) is holomorphic also in the case where
F has CM by yy 1.

i) If E7(X,Y)E(X,Y) = 0 mod (Q, P) and sqg = mp, then we are in the case of a trivial zero and the
formula above for this point is not of great interest.

iii) If we could show an holomorphic analogue of Theorem 3.7.2 i), we could prove Conjecture 3.1.2 for
simple zeros without any assumption on the conductor.

Proof. We follow Hida’s strategy [Hid90, §6]. We define

LoQ.P) = 20

We shall denote E1(X,Y)E(X,Y) (resp. £7(X,Y)) by A(Q, P) (resp. B(Q, P)). Let us define

60(7}'5 Xﬁlw) = H&?(O,ffq, lqu;l)y

atp
AN(Cr ) (X) A, (X)
) = e A, (V)
C(X,Y) :N( ) m)( )AN l)( )DI AQD%,(Y)A?\/(Q)(X)7

(V)28943, (X)N ()" ALy ) (X)

N(m)
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where Cy ,, is the conductor outside p of #®1x 1, and, as above, D/ is the prime-to-p part of the discriminant

and m = 2[c is an idele representing l.c.m. (M, 4, ¢) where ¢ is the conductor of x .
It is plain that ¢(X,Y) and C(X,Y) are units in O[[X]]®I. We define

L;;(Qv P) = anCst(Qv P)E()E(X7 Y)C(X7 Y)

Suppose that P € X(I) is such that fp is not primitive at p, then mp is in a fixed class modulo p—1 and ep
is trivial. We see, using the formula in Proposition 3.11.3, that CsB(Q, P)L,(Q, P) = L, (Q) mod P, where
L, (Q) is the p-adic L-function of Theorem 3.11.2 for f = fp.

Let us denote by R the localization of O[[X]]®T at ((1 4+ X) —u(1 +Y)). As B(Q,P)L,(Q,P) mod P
belongs to O[[X]][p~1] (or to O[[X]][p~", (1 + X —u™+1)~'] if F has CM by y¢»~1), arguing as in [Hid90,
pag. 137], we see that there exists H' in I such that H'(P)B(Q, P)L,(Q, P) belongs to R, (i.e. the possible
denominators do not involve the variable X); from the construction in Theorem 3.7.2 we see that the choice
H' = H, the congruence ideal of the family F, works.

We know then that

R[B™Y(Q,P)H '(P)] 5 L,(Q, P) = L,(Q, P) € RIA™Y(Q, P)H '(P)],

where = means equality up to a unit.

It remains to show that A(Q, P) and B(Q, P) are coprime. As in [Hid90, Lemma 6.2], we know that a prime
factor of A(Q, P) (resp. B(Q, P)) is of the form (1 + X) — (1 +Y) (resp. (1+ X) —Cu~ (1+Y)), for ¢ a
p-power-order root of unit, or it is of the form (1+ X ) — « with « in I such that o = CKC|2./\f(q)71 mod P or
a= O\q(T(q))_Q./\/'(q)Qm's_1 mod P (resp. a = C)\q(T(q))_2 mod P or a = CK?I./\/(q)_Qm_2 mod P), where
is a root of unit and Kq = Aq(T'(q)) or aq.

Let us denote by wg a uniformizer of O, then Sqi (X,Y) # 0 mod wgk. By contradiction, suppose that it is
not true, then we would obtain 14+ X = a mod wg. But this is not possible as X does not belong to I/wgk.
If (1+ X) — «a is a factor of both A(Q, P) and B(Q, P), we must have a = (u= (1 +Y) (or a = ((1+Y)).
Reasoning with complex absolute values as in the proof of Theorem 3.11.4, we see that this is a contradiction.
The behavior at ((1 + X) — u(1 4+ Y')) has been studied in Proposition 3.7.7 and we can conclude the first
part of the theorem.

The interpolation formula at points (Q, P) for which £1(X,Y)&(X,Y) = 0 mod (Q, P) is a consequence of
Theorem 3.11.4. O
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Chapter 4

A formula for the derivative of the
p-adic L-function of the symmetric
square of a finite slope modular form

4.1 Introduction

The aim of this paper is to prove a conjecture of Benois on trivial zeros in the particular case of the symmetric
square representation of a modular form whose associated automorphic representation at p is Steinberg.
We begin by recalling the statement of Benois’ conjecture. Let Gg be the absolute Galois group of Q. We
fix an odd prime number p and two embeddings

Q—C,, Q=C,

and we let Gg, be the absolute Galois group of Q,. Let

V: Gy — GL,(Q,)

be a continuous, irreducible, p-adic Galois representation of Gg. We suppose that V' is the p-adic realization
of a pure motive Mg of weight 0. We can associate a complex L-function L(M, s). Let M* = Hom(M, —)(1)
be the dual motive of M. Conjecturally, if M is not trivial, L(M, s) is a holomorphic function on the whole
complex plane satisfying a holomorphic functional equation

L(M,s)T'(M,s) =e(M,s)L(M*,1—s)I'(M*,1— s),

where I'(M, s) denotes a product of Gamma functions and (M, s) = (N?, for N a positive integer and ¢ a
root of unit. We say that M is critical at s = 0 if neither I'(M, s) nor I'(M*,1 — s) have a pole at s = 0.
In this case the complex value L(M,s) is not forced to be 0 by the functional equation; we shall suppose,
moreover, that L(M, s) is not zero. Similarly, we can say that M is critical at an integer n if s = 0 is critical
for M(n).

Deligne [Del79] has defined a non-zero complex number Q(M) (defined only modulo multiplication by a non
zero algebraic number) depending only on the Betti and de Rham realizations of M, such that conjecturally

L(M,0) —
aon %
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We now suppose that all the above conjectures are true for M and all its twists M ® ¢, where € ranges among
the finite-order characters of 1 + pZ,. We suppose moreover that V' is a semi-stable representation of G, .
Let D4 (V') be the semistable module associated to V; it is a filtered (¢, N)-module, i.e. it is endowed with
a filtration and with the action of two operators: a Frobenius ¢ and a monodromy operator N. We say that
a filtered (¢, N)-sub-module D of D (V) is regular if

D (V) = Fil’(Du(V)) P D.

To these data Perrin-Riou [PR95] associates a p-adic L-function Ly (s, V, D) which is supposed to interpolate

the special values %, for € as above. In particular, it should satisfy

L(M,0)
where E,(V, D) denotes a finite product of Euler-type factors, corresponding to a subset of the eigenvalues
of ¢ on D and on the dual regular submodule D* of Dy (V*) (see [Benl3, §0.1]).
It may happen that some of these Euler factors vanish. In this case, we say that we are in the presence of
a trivial zero. When trivial zeros appear, we would like to be able to retrieve information about the special
value ngé\ﬁ;) from the p-adic derivative of L,(s,V, D).
Under certain suitable hypotheses (denoted by C1 — C4 in [Benl0, §0.2]) on the representation V', Benois
states the following conjecture:

Conjecture 4.1.1. [Trivial zeros conjecture] Let e be the number of Euler-type factors of E,(V, D) which
vanish. Then
L D
lim 22V Ds8) _ L(V*,D*)E*(V, D)

5—0 sce!

L(V,0)
Qv) -

Here L(V*, D*) is a non-zero number defined in term of the cohomology of the (¢,T")-module associated with
V.

We remark that the conjectures of Bloch and Kato tell us that the aforementioned hypotheses C1 — C4
in [Benl0] are a consequence of all the assumptions we have made about M. In the case V is ordinary
this conjecture has already been stated by Greenberg in [Gre94b]. In this situation, the L-invariant can be
calculated in terms of the Galois cohomology of V. Conjecturally, the L-invariant is non-zero, but even in
the cases when £(V, D) has been calculated it is hard to say whether it vanishes or not.

We now describe the Galois representation for which we will prove the above-mentioned conjecture.

Let f be a modular eigenform of weight £ > 2, level N and Nebertypus . Let Ky be the number field
generated by the Fourier coefficients of f. For each prime A of Ky the existence of a continuous Galois
representatation associated to f is well-known

P - GQ — GLQ(K()’)\).

Let p be the prime above p in Kj induced by the above embedding Q <+ C,, we shall write p; := py .

The adjoint action of GLy on the Lie algebra of SLy induces a three-dimensional representation of GLg
which we shall denote by Ad. We shall denote by Ad(py) the 3-dimensional Galois representation obtained
by composing Ad and py.

The L-function L(s, Ad(pys)) has been studied in [GJ78]; unless f has complex multiplication, L(s, Ad(py))
satisfies the conjectured functional equation and the Euler factors at primes dividing the conductor of f are
well-known. For each s = 2 —k,...,0, s even, we have that L(s, Ad(pys)) is critical & la Deligne and the
algebraicity of the special values has been shown in [Stu80].
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If pt N, we choose a p-stabilization f of f; i.e. a form of level Np such that f and f have the same
Hecke eigenvalues outside p and U, f= Ap f, where Ap is one of the roots of the Hecke polynomial at p for f.
From now on, we shall suppose that f is of level Np and primitive at N. We point out that the choice
of a p-stabilization of f induces a regular sub-module D of Dg(ps). So, from now on, we shall drop the
dependence on D in the notation for the p-adic L-function.

Following the work of many people [Sch88, Hid90, DD97], the existence of a p-adic L-function associated to
Ad(ps) when f is ordinary (i.e. v,(A,) = 0) or when 2v,(X,) < k — 2 is known.

In what follows, we shall not work directly with Ad(py) but with Sym®(ps) = Ad(py) ® det(py). For each
prime [, let us denote by «; and [; the roots of the Hecke polynomial at [ associated to f. We define

Dy(X) = (1= af X)(1 — i X)(1 = 7 X).

For each Dirichlet character & we define
£(s,Sym’(f),€) == (1 = €222 [ Du(e =) ™.

l

This L-function differs from L(s, Sym?(p 7) ® &) by a finite number of Euler factors at prime dividing N
and for the Euler factor at 2. The advantage of dealing with this imprimitive L-function is that it admits
an integral expression (see Section 4.3.3) as the Petersson product of f with a certain product of two half-
integral weight forms. The presence of the Euler factor at 2 in the above definition is due to the fact that
forms of half-integral weight are defined only for levels divisible by 4. This forces us to consider f as a form
of level divisible by 4, thus losing one Euler factor at 2 if ¥£(2) # 0.

Let us suppose that A, # 0; then we know that f can be interpolated in a “Coleman family”. Indeed, let us
denote by W the weight space. It is a rigid analytic variety over Q, such that W(C,) = Hom ont(Z;, C\).
In [CM98], Coleman and Mazur constructed a rigid-analytic curve C which is locally finite above W and
whose points are in bijection with overconvergent eigenforms.

If f is a classical form of non-critical weight (i.e. if v,(Ap) < k — 1), then there exists a unique irreducible
component of C such that f belongs to it. We fix a neighbourhood Cr of f in this irreducible component,
it gives rise to an analytic function F(x) which we shall call a family of eigenforms. Let us denote by A, (k)
the Up-eigenvalue of F(x). We know that v,(\,(k)) is constant on Cp. For any k in Z,, let us denote by [k]
the weight corresponding to z + z*. Then for all 5’ above [k] such that v,(\,(x)) < k — 1 we know that
F(r') is classical.

Let us fix an even Dirichlet character £&. We fix a generator v of 1+ pZ, and we shall denote by (z) the
projection of z in Z)' to 1 + pZ,. We prove the following theorem in Section 4.4.3:

Theorem 4.1.2. We have a function L,(k, k") on Cg x W, meromorphic in the first variable and of loga-
rithmic growth h = [2v,(X\p)] + 2 in the second variable (i.e. Ly(k,[s])/ H?:o log, (u*~" — 1) is holomorphic
on the open unit ball). For any point (k,e({z))z®) such that k is above [k], € is a finite-order character of
1+ pZ, and s is an integer such that 1 < s <k —1, we have the following interpolation formula

L(s, Sym®(F(k)),€ e 'w' ™)
TS (F(k))W/(F(k)) (F°(k), F° (k)

Ly(k,€((2))2°) = Crw E1 (5, £') B2 (k, &)

Here Fi(k, ') and Es(k, k') are two Euler-type factors at p. We refer to Section 4.4.3 for the notations.

Here we want to point out that this theorem fits perfectly within the framework of p-adic L-functions for
motives and their p-adic deformations [CPR&9, Gre94a, PRI5].
Our first remark is that such a two variable p-adic L-function has been constructed in [Hid90] in the ordi-
nary case and in [Kim06] in the non-ordinary case. Its construction is quite classical: first, one constructs
a measure interpolating p-adically the half-integral weight forms appearing in the integral expression of the
L-function, and then one applies a p-adic version of the Petersson product.
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Unless s = 1, the half-integral weight forms involved are not holomorphic but, in Shimura terminology,
nearly holomorphic. It is well known that nearly holomorphic forms can be seen as p-adic modular forms
(see [Kat76, §5.7]).

In the ordinary case, we have Hida’s ordinary projector which is defined on the whole space of p-adic mod-
ular forms and which allows us to project p-adic forms on a finite dimensional vector space where a p-adic
Petersson product can be defined.

If f is not ordinary, the situation is more complicated; f is annihilated by the ordinary projector, and there
exists no other projector which could possibly play the role of Hida’s projector. The solution is to consider
instead of the whole space of p-adic forms, the smaller subspace of overconvergent ones.

On this space U, acts as a completely continuous operator, and elementary p-adic functional analysis allows
us to define, for any given o € Q>, a projector to the finite dimensional subspace of forms whose slopes with
respect to U, are smaller than . Then it is easy to construct a p-adic analogue of the Petersson product as
in [Pan03].

The problem in our situation is that nearly holomorphic forms are not overconvergent. Kim’s idea is to con-
struct a space of nearly holomorphic and overconvergent forms which projects, thanks to a p-adic analogue
of the holomorphic projector for nearly holomorphic forms, to the space of overconvergent forms. Unfortu-
nately, some of his constructions and proofs are sketched-out, and we prefer to give a new proof of this result
using the recent work of Urban.

In [Urb], an algebraic theory for nearly holomorphic forms has been developed; it allows this author to
construct a space of nearly overconvergent forms in which all classical nearly holomorphic forms appear and
where one can define an overconvergent projector to the subspace of overconvergent forms. This is enough
to construct, as sketched above, the p-adic L-function.

We expect that the theory of nearly overconvergent forms will be very usefully applies for the conscturction
of p-adic L-functions; as an example, we can give the generalization of the work of Niklas [Nik10] on values
of p-adic L-function at non-critical integers to finite slope families, or the upcoming work of Eischen, Harris,
Li and Skinner on p-adic L-functions for unitary groups.

A second remark is that for all weights such that k& > h we obtain, by specializing the weight variable, the
p-adic L-functions constructed in [DD97]. They construct several distribution p;, for i = 1,...,k — 1, satis-
fying Kummer congruences and the p-adic L-function is defined via the Mellin transform. The p; define an
h-admissible measure p in the sense of Amice-Vélu; in this case the Mellin transform is uniquely determined
once one knows y; for i =1,..., h.

If k£ < h, then the number of special values is not enough to determine uniquely an analytic one-variable
function. Nevertheless, as in Pollack-Stevens [PS11], we can construct a well-defined one variable p-adic
L-function for eigenforms such that k < h (see Section 4.4.3).

Let ko be a point of Cr above [kgl], and f := F(xg). We shall write

Ly(s,Sym*(f),€) := Ly(ro, [s]).

We now deal with the trivial zeros of this p-adic L-function. Let x be above [k] and suppose that F'(x) has
trivial Nebentypus at p, then either E;(k,x’) or Es(k, ') vanishes when x/(u) = u*~1. The main theorem
of the paper is:

Theorem 4.1.3. Let f be a modular form of trivial Nebentypus, weight kg and conductor Np, N square-
free, even and prime to p. Then Conjecture 4.1.1 (up to the non-vanishing of the L-invariant) is true for
Ly(s, Sym*(f),w? ko).

In this case, the form f is Steinberg at p and the trivial zero is brought by F;. The proof of this theorem is
the natural generalization of the (unpublished) proof of Greenberg and Tilouine in the ordinary case (which
has already been generalized to the Hilbert setting in [Ros13a]).

When we fix xj(u) = uF° we see that E(k, xj) is an analytic function of x. We can then find a factorization
Ly(k, kp) = E1(k, k) Ly (k), where Ly (k) is an improved p-adic L-function in the sense of [GS93] (see Section
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4.4.3 for the exact meaning). The construction of the improved p-adic L-function is similar to [HT01]; we
substitute the convolution of two measures with the product of a modular form with an Eisenstein measure.
We note that the two-variable p-adic L-function vanishes on the line xk = [k] and &’ = [k — 1] (the line of
trivial zeros) and we are left to follow the method of [GS93].

The hypotheses on the conductor are to ensure that £(s, Sym?(f)) coincides with L(s —k +1,Ad(py)). The
same proof gives a proof of Conjecture 4.1.1 for Sym2( f)®¢& for many &, and f not necessarily of even weight.
We refer to Section 4.5 for a list of such a &.

Recently, Dasgupta has shown Conjecture 4.1.1 for all weights in the ordinary case. He uses the strategy
outlined in [Cit08].

This paper is part of the author’s PhD thesis and we would like to thank J. Tilouine for his constant
guidance and attention. We would like to thank E. Urban for sharing his ideas on nearly overconvergent
forms with the author, and also for inviting him to Columbia University.

We would also like to thank D. Benois, R. Brasca, P. Chojecki, A. Dabrowski, M. Dimitrov, R. Greenberg,
A. Sehanobish, D. Turchetti, S. Wang, and J. Welliaveetil for useful conversations.

Part of this work has been written during a stay at the Hausdorff Institute during the Arithmetic and
Geometry program, and a stay at Columbia University. The author would like to thank these institutions
for their support and for providing optimal working conditions.

4.2 Nearly holomorphic modular forms

The aim of this section is to recall the theory of nearly holomorphic modular forms from the analytic and
geometric point of view, and construct their p-adic analogous, the nearly overconvergent modular forms.
We shall use them in Section 4.4 to construct a two variable p-adic L-function for the symmetric square,
generalizing the construction of [Pan03]. We want to remark that, contrary to the situation of [Pan03], the
theory of nearly overconvergent forms is necessary for the construction of the two variable p-adic L-function.
We will also construct an eigenvariety parameterizing finite slope nearly overconvergent eigenforms. The
main reference is [Urb]; we are very grateful to Urban for sharing this paper, from its earliest versions, with
the author. We point out that there is nothing really new in this section; however, we shall give a proof
of all the statements which we shall need in the rest of the paper in the attempt to make it self-contained.
We will also emphasize certain aspects of the theory we find particularly interesting. For all the unproven
propositions we refer to the aforementioned paper.

4.2.1 The analytic definition

Nearly-holomorphic forms for GLy have been introduced and extensively studied by Shimura. His definition
is of analytic nature, but he succeeded in proving several algebraicity results. Later, Harris [Har85, Har86]
studied them in terms of coherent sheaves on Shimura varieties.

Let T' be a congruence subgroups of GL2(Z) and k a positive integer. Let H be the complex upper-half
plane, we let GL(Q)" act on the space of C* functions f : H — C in the usual way

Fler(z) = det(7)*?(cz + d) T f(1(2))

a

c cz+d*

where v = < Z > and v(z) = Z£% We now give the precise definition of nearly holomorphic form.

Definition 4.2.1. Let r > 0 be an integer. Let f : H — C be a C*®-function, we say that f is a nearly
holomorphic form for T' of weight k and degree r if

i) for all v in T, we have f|xy = f,
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i1) there are holomorphic f;(z) such that

for y =Imz,
i) f is finite at the cusps of T.

Let us denote by N (I',C) the space of nearly holomorphic forms of weight k and degree at most r for
I'. When r = 0, we will write M(T",C).
A simple calculation, as in the case of holomorphic modular forms, tells us that k& > 2r.
Finally, let us notice that we can substitute condition i) by

() =0

for e the differential operator —4y2%. If f belongs to N} (T, C), then e(f) belongs to N}~ (T, C).
We warn the reader that except for ¢ = r, the f;’s are not modular forms.
Let us denote by d; the Maaf3-Shimura differential operator

Sk: NI(T,C) —  NI(T,C)

k+2
1 (8 k
For any integer s, we define

65 NI(,C) — N[ES (T, C)

k+2s
f = Ok42s—20---00Lf.

Let us denote by Es(z) the nearly holomorphic form

Sy where Vn > 1oy(n) = Z d

1 oo
Ey(2) = o T Zol(n)q" +
n=1 d|n,d>0

It belongs to N3 (SLa(Z),C). It is immediate to see that for any I and for any form f # 0 in N3 (T, C), it
does not exist a nearly holomorphic form g such that dypg(z) = f(z). This is an exception, as the following
proposition, due to Shimura [Shi87, Lemma 8.2], tells us.

Proposition 4.2.2. Let f in N (T',C) and suppose that (k,r) # (2,1). If k # 2r, then there exists a
sequence (g;(2)), 1 =0,...,r, where g; is in My_2;(T,C) such that

f(z) = Zalic—%gi(z)v
i=0

while if r = 2k there exists a sequence (g;(2)), i =0,...,r —1, where g; is in Mg_2;(T',C) and ¢ in C* such
that

F(2) = h0igi(2) + c05 Ea(2).
i=0

Moreover, such a decomposition is unique.
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The importance of such a decomposition is given by the fact that the various 6};_21»91-(2) are nearly
holomorphic forms. This decomposition will be very useful for the study of the Hecke action on the space
N[ (T, C).

We can define, as in the case of holomorphic modular forms, the Hecke operators as double coset operators.
For all [ positive integer, we decompose

We define f(2)[xT; =12~ > f(2)|kai. We have the following relations
16k (f(2)|Th) =0k f)|k+2T1,
e(fxTy) =l(ef)|k—2Ti-

Lemma 4.2.3. Let f(z) = > i o 0k—2:9:(z) in N (T) be an eigenform for Tj of eigenvalue As(1), then g; is
an eigenform for T} of eigenvalue I=*A¢(l).
Proof. Tt is an immediate consequence of the uniqueness of the decomposition in the previous proposition

and of the relation between d;, and T;. O

Following Urban, we give an alternative construction of nearly holomorphic forms as section of certain
coherent sheaves. Such a description will allow us to define a notion of nearly holomorphic forms over any
ring R.

Let Y = Y(I') be the open modular curve of level I' defined over Spec(Z), and let E be the universal
elliptic curve over Y. Let us consider a minimal compactification X = X(T') of Y and the Kuga-Sato
compactification E of E. Let us denote by p the projection of E to X and by w the sheaf of invariant
differential over X, i.e. w = p*Qlﬁ/X (log(E/E)).
We define

Hin = R'p.2  (108(E/B));

it is the algebraic De Rham cohomology. Let us denote by 7 : H — H/T" the quotient map, we have over
the C*°-topos of H the splitting

THER 2woo2wowY

Let us denote by 7*E the fiber product of H and E above Y. The fiber above z € H is the elliptic curve
C/(Z + 27). If we denote by T a coordinate on C, the first isomorphism is given in the basis dr, d7, while
the second isomorphism is induced by the Poincaré duality. Let us define

Hy = w7 @ Sym" (Hig).
The above splitting induces
Pkt Wk
We have the GauB3-Manin connexion
V : SymF(Hiz) — SymF(Hiz) ® Qk/Z[N,l](log(Cusp)).

We recall briefly how it is defined. For sake of notation, we shall write Q% ,  for Q% _(log(E/E)) and

_ E/X E/X
Q% jzv-1) for Q;(/Z[N_ll(log(Cusp)). We shall denote by Q;::;)’( the complex Q]’;:/X shifted by i degrees to

the right. We have an injection

1

P Qv = QU x
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and consequently for avery i a map

0% x o) P Uxyzv-1 = U -

We shall denote by Im (Q]'::/_;( Bo &) P*Qéf/Z[N*O the image of the above map. We have a short exact
sequence
0%/x
°,—2 B *O2
0% Com P Yz

We apply the functor Rp. to obtain a long exact sequence of complexes of sheaves on X. We let

—>Q;:/X — 0.

o —1 *
0= Q2+ o) P Uxyzin-1] =
Im (

. o —1 * _ )
V:R'p.Qy = Rp. (QE/X Bo®) P Qﬁf/Z{N*]) = R'p.QY,  ®ox) Ux/zin )
be the connection homorphism from degree one to degree two (for the equality on the right hand side have
used the projection formula). For any f in Ox and e in Rlp*Q]'é x e have from the definition
V(fe)=df ® e+ fV(e).
In particular, V defines a connection. We have also the following exact sequence
QY L @i PTOY
° —2 B * ()2 E/X O(E) X/Z[N—1]
0288 x ®o@) P Lx/ziv-1 = P (T D ———
( 8/x YoE) P X/Z[N—1]>

o —1 5 *)l

We define
Vi Rlp*ﬂé/x ®O(X) Q%(/Z[Nfl] — Rlp*Qé/X ®O(X) Q?}(/Z[Nfl]

to be the connecting morphism from degree two to degree three. From the construction we have Vi oV =0
and consequently V is integrable. This connection is usually called the GauB-Manin connexion. We have
the following, more concrete, description of the Gaufl-Manin connection. Let us denote by z a variable on
H and let us write 7*E as C/(Z + zZ). Let us fix the basis 1, 72 of Hi(7*E, Z) given by the paths from 0
to 1 and from 0 to z. The connection V corresponds to the following action of ;—Z on Hip(m*E);

d

— [ w= [ Vw, Ywé€ Hizx(n*E),i=1,2.
dz Vi

Vi
We shall denote by the same symbol and call it by the same name the connection induced on Sym” (Hig)-
Recall the descending Hodge filtration on Sym” (HéR) given by

Fil*~" (Symk (H(lm)) = H.
In particular, we have
0wk = H SHIZL—o0.
By definition, V satisfies Griffiths transversality;
VFil*~" (Symk (’HéR)) c Filk—t (Symk (HéR)) ® Qk/Z[N,l](log(Cusp)).

Recall the Kodaira-Spencer isomorphism Q% JZIN-1] (log(Cusp)) = w®?2; then the map V induces a differential
operator

S . yr r+1
(5k; . Hk: — Hk:+2’

We have the following proposition [Urb, Proposition 2.2.3]
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Proposition 4.2.4. We have a natural isomorphism H° (X, H;) 2 N (T,C). Once Hecke correspondances
are defined on (X,H},), the above isomorphism is Hecke-equivariant.

Proof. Let us denote Ryp.Z = Hom(R'p.Z,7Z). Via Poincaré duality we can identify
T Hig = Hom(R1p.Z, O),
where Oy denote the sheaf of holomorphic functions on H. For all z € H, we have
7 (Rip«Z), = H\(C/(Z + 22),Z) = L + 2.

Let us denote by « resp. [ the linear form in Hom(R;p.Z, O) which at the stalk at z sends a + bz to a
resp. b. It is the dual basis of 1, 72. Let n € H°(X,H}), we can write

r k—1i 7
T = Z fi(z)dr® B,
i=0

We remark that we have g = %. Using the Hodge decomposition of H;; P given above, we project 7*n
k
onto w® and we obtain

o« fil2)

It is easy to check that f(z) belongs to N} (I',C) and that such a map is bijective. O

This proposition allows us to identify & with the differential operator e and 5, with the MaaB-Shimura
operator dg.

We now give another description of the sheaf 7} ; for any ring R we shall denote by R[X], the group

of polynomial with coefficients in R of degree at most r. Let us denote by B the standard Borel of upper
triangular matrices of SLy. We have a left action of B(R) over A'(R) C P!(R) via the usual fractional linear

transformations
a b aX +b
(3 5 )xmist

We define then a right action of weight k£ > 0 of B(R) on R[X], as

P(X)|k< 8 aél ) =a"P (a7>X +ba™').

If we see P(X) as a function on A(R), then

P(X)|py = a*P (( “; 2 ) .X) .

We will denote by R[X],.(k) the group R[X], endowed with this action of the Borel. We now use this
representation of B to give another description of Hj.
We can define a B-torsor T over Yz,, which consists of isomorphism v : H})R/U = OU)®O(U) such that

on the first component it induces O(U) = w,y and on the quotient it induces O(U) = w}’U, for U a Zariski

open of Y. That is, T is the set of trivialization of H} which preserves the line spanned by a fixed invariant
differential w and the Poincaré pairing. We have a right action of B on such a trivialization given by

(w,w) ( g aél ) = (aw,a W + bw).
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We can define similarly an action of the Borel of GLy(R) but this would not respect the Poincaré pairing.
Then we define the product 7 x? R[X],.(k), consisting of couples (¢, P(X)) modulo the relation (ty, P(X)) ~
(t, P(X)|ky™1), for v in B. It is isomorphic to H} as R-sheaf over Y. In fact, a nearly holomorphic modular
form can be seen as a function

f: T — R[X].(k)

which is B-equivariant. That is, f associates to an element (E, p,w,w’) in T (u denotes a level structure)
an element f(E, pu,w,w’)(X) in R[X], such that

f(E, p,aw,a w +bw) =a " f(E, p,w,w')(a®X — ba).

We are now ready to introduce a polynomial g-expansion principle for nearly holomorphic forms. Let
us pose A = Z[+]; let Tate(q) be the Tate curve over A[[g]], wean the canonical differential and cveqr the
canonical N-level structure.

We can construct as before (take Tate(q) and A[[q] in place of E and X) the GauB-Manin connection V,
followed by the contraction associated to the vector field qdiq

d
\Y% (qdq) : Har (Tate(q) /a((q)) — Har(Tate(q) /a((q)))-

We pose Ucan := V (qdiq) (Wean ). We remark that (Wean, Ucan) is a basis of HéR(Tate(q)/A((q))) and that ucan

is horizontal for the GauB-Manin connection (moreover uc.y is a basis for the unit root subspace, defined by
Dwork, which we will describe later). For any A-algebra R and f in N} (T, R), we say that

f((LX) = f(Tate(Q)7ﬂcanawcanaucan)(X) € R[[QH[X]

is the polynomial g-expansion of f. If we take a form f in N} (T, C) written in the form Y f;(2)
obtain

1
(—ami) Ve

. . 1
— . (3 - w __n -
f(a, X) —;f@(@x (ie. X =" =7 00).
For example, we have
1 . X
EQ(Q,X)—*Q+ZU1(H)Q -5

n=1
We have the following proposition [Urb, Proposition 2.3]

Proposition 4.2.5. Let f be in N} (T, R) and let e(f) in N*=2(T,R). Then for all (E,p,w,w’) in T we
have

Note that if r! is not invertible in R, then ¢ is NOT surjective. We have that E5 is defined over Z, for
p>5. As e(2E2(gq, X)) = —1 we have that —2FE»(g, X) gives a section for the map ¢ : Hir — w.

Remark 4.2.6. There is also a representation-theoretic interpretation of ydy in term of Lie operator and
representation of the Lie algebra of SLy(R). More details can be found in [Bum97,§2.1,2.2].
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4.2.2 Nearly overconvergent forms

In this section we give the notion of nearly overconvergent modular forms a la Urban. Let N be a positive
integer and p a prime number coprime with N. Let X be X (T') for I' = 'y (N) NIy (p) and let X,y the generic
fiber of the associated formal scheme over Z,. Let A be a lifting of the Hasse invariant in characteristic 0.
If p > 5, we can take A = E,_;, the Eisenstein series of weight p — 1. For all v in Q such that v € [0, ﬁ]
we define X (v) as the set of z in X(I'y(N))rig such that |[A(z)| = p~. The assumption that v < -5 is
necessary to ensure the existence of the canonical subgroup of level p. Consequently, we have that Xy (v)
can be seen as an affinoid of X,z via the map

U(E7/’LN) — (E7/’(’N70)7

where C is the canonical subgroup. Let us define X (v) := u(Xn(v)). We define Xoq as the ordinary
multiplicative locus of X,ig, i.6. Xora = X(0). For all v as above, X (v) is a rigid variety and a strict
neighborhood of Xg.q.

We remark that the set of = in X, such that |A(z)| > p~" consists of two disjoint connected component,
isomorphic via the Fricke involution, and that X (v) is the connected component containing co. We define,
following Katz [Kat73], the space of p-adic modular forms of weight k as

rigs

k

MPTPUNY =HO (X, w® ).

We say that a p-adic modular form f is overconvergent if f can be extended to a strict neighborhood of X 4.
That is, there exists v > 0 such that f belongs to H°(X (v), w®k). Let us define the space of overconvergent
modular forms

ME(N) =lim HO(X (v),0®"). (4.2.7)

In the same way, we define the set of nearly overconvergent modular forms as

NTH(N) = lim HO(X (o), H})-
v>0

The sheaf H}, is locally free and as the fact that Fs(q, X) give a splitting of H}y we can find an isomorphism
HO(X(v),H}) = O(X(v))M. For v/ < v, these isomorphisms are compatible with the restiction maps
X (v) = X (v"). The supremum norm on X (v) induces a norm on each H°(X (v), H}) which makes this space
a Banach module over Q,. This allows moreover to define an integral structure on H°(X (v),H%). For all

Zp-algebra R, we shall denote by ML(N JR), N/ ’T(N , R) the global section of the previous sheaves when

they are seen as sheaves over X (v),g.
Cp
2N
X (v) X(v).

We have a correspondence
On the non-compactified modular curve, over Q,, C, is the rigid curve classifying quadruplets (E, un,C, H)
with |A(E)| > p~", un a I'1(N)-structure, C' the canonical subgroup and H a subgroup of E[p| which
intersects C' trivially. The projections are explicitly given by

Pl(E,/iN,Ca H) :(EaﬂN,C)v
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We remark that the theory of canonical subgroups ensure us that if v < o 7 then Ep]/H is the canomcal
subgroup of E/H (and the image of C modulo H, of course). The map p2 mduces an isomorphism C,, =
x(2).
P
We define the operator U, on H°(X (v), H}) as the following map

r AT Trace 1 r
HO(X (v), Hy) = HO(X (), piHy) * T 10X (0), 1),

The fact that p, is an isomorphism implies the well known property that U, improves overconvergence.
We can construct correspondences as in [Pil13, §4] to define operators T; for [ { Np and U; for [ | N.
Let A be a Banach ring, and let U : M; — M be a continuous morphism of A-Banach modules. We pose

U] = sup U(m)|

m#£0 |m|

This norm induces a topology on the module of continuous morphisms of A-Banach modules. We say that
an operator U is of finite rank if is a continuous morphism of A-Banach modules such that its image is of
finite rank over A. We say that U is completely continuous if it is a limit of finite rank operators. Completely
continous operators admit a Fredholm determinant [Ser62, Proposition 7].

We give to HO(X (v),w®") the structure of Banach space for norm induced by the supremum norm on X (v);
the transition maps in 4.2.7 are completely continuos and we complete M ,I () for this norm. It is known that
U, acts as a completely continuous operator on this completion; its Fredholm determinant is independent

of v, for v big enough [Col97, Theorem B]|. Similarly, we have that U, is completely continuous on N ,:’T(N ).
Indeed, U, is the composition of the restriction to X (%) and a trace map.
On g-expansion, U, amounts to

r
S X o Y Y X
i=0 n i=0 n

We now recall that we have on Hlp /Xora splitting w @ U. Here U is a Frobenius stable line where
the Frobenius is invertible. Some authors call this splitting the unit root splitting. It induces H;, JXowd =

w® @@ U @w® . We have then [Urb, Proposition 3.2.4]

Proposition 4.2.8. The morphism

k

HY(X(v),H}) — H°(Xowa,Hi) — H(Xoa,w®)

f(X) = f(X)) = f(0)

ord

is injective and commutes with q-expansion.

Note that the injectivity of the composition is a remarkable result. A consequence of this is that every
nearly overconvergent form has a unique degree r [Urb, Corollary 3.2.5].
We remark that we have two differential maps

e NOTD) — NT(D),
S NUT(D) — N,;"jg ().
Both of them are induced by functoriality from the maps defined in Section 4.2.1 at the level of sheaves.

We want to mention that Cameron in his PhD thesis [Cam11, Definition 4.3.6] gives an analogue of the
MaafB-Shimura differential operator for rigid analytic modular forms on the Cerednik-Drinfeld p-adic upper
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half plane. It would be interesting to compare his definition with this one.
The above mentioned splitting allows us to define a map

O MLN) % NLLIV) = M)
which at level of g-expansion is qdiq. We have the following application of Proposition 4.2.8
Corollary 4.2.9. Let f be an overconvergent form, then ©f is not overconvergent.
We have the following proposition [Urb, Lemma 3.3.4];

Proposition 4.2.10. Let (k,r) different form (2,1) and f in ./\/',:’T(N, R). If k # 2r, then there exist g;,
1=0,...,7,in M,I_%(N, R) such that

F=> k2
i=0

while if r = 2k there exists a sequence (g;), i = 0,...,r — 1, with each g; in M,L%(N7 R) and ¢ in R such
that
r—1

f= Z Ok—2igi + ¢85 Eo.

i=0
Moreover, such a decomposition is unique.
We conclude with a sufficient condition for a nearly overconvergent modular form to be classical;

Proposition 4.2.11. Let k be a classical weight, f in /\/',:’T(N) an eigenform for U, of slope oo. Thenr < a.
If a <k—1+r, then f is classical.

Proof. The first part is a trivial consequence of the above formula for U, acting on g-expansion. For the
second part, the hypotheses of Proposition 4.2.10 are satisfied. We apply " to f to see that g, is of degree
0, slope o — r and weight k — 2r. It is then known that g, is classical. We conclude by induction on the
degree. O

Let o € Q>0 and r > 0 be a positive integer such that » < a. We say that a positive integer £ is a non
critical weight with respect to a and 7 if « < k— 1+ 7.
In particular if « = 0, we have r = 0. This should convince the reader of the fact that the ordinary projector
is a p-adic analogue of the holomorphic projector.

4.2.3 Families

In this subsection we construct families of nearly overconvergent forms. We start recalling the construction
of families of overconvergent modular forms as done in Andreatta-Iovita-Stevens [AIS12] and Pilloni [Pil13].
The authors of the first paper use p-adic Hodge theory to construct their families, while Pilloni’s approach
is more in the spirit of Hida’s theory. We will follow in our exposition the article [Pil13].

Let us denote by WV the weight space. It is a rigid analytic variety over Q, such that W(C,) = Homcon:(Z,', C)).
For all integer k, we denote the continuos homomorphism z ~— 2* by [k].

Let A = pp—q if p> 2 (resp. A = pg if p=2) let B(1,17) be the open unit ball centered in 1. It is known
that W is an analytic space isomorphic to A x B(1,17); let us denote by A(W) the ring of analytic function
on W. We define for ¢ in (0, c0),

W(t) :={(C.2) eW(Cp)l|z— 1| <p'}.
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Let A be the cyclic group of g-roots of unity. We define &, the universal weight, as
ke Ly = (ZAJ[SI)

log, (%)

(¢2) = {1+ 8P,

where ¢ is the image of ¢ via the tautological character A — (Z,[A])*. We can sce & as a local coordinate
on the open unit ball {1} x B(1,17).

For any weight ko, both of the aforementioned papers construct an invertible sheaf w"® over X (v) whose
sections over X (v) correspond to overconvergent forms of weight xg. This construction can be globalized
over W(t) into a coherent sheaf w” over X (v) x W(t) (for suitable v and ¢) such that the corresponding
sections will give rise to families of holomorphic modular forms.

We describe more in detail Pilloni’s construction. Let n,v be such that 0 < v < there exists

p"*z%pﬂ);
then a canonical subgroup H, of level n over X(v). It is possible to define a rigid variety F.*(v) above
X (v) whose C,-points are triplets (z, y;w) where z is an element of X (v) corresponding to an elliptic curve
E,, y a generator of HP (the Cartier dual of H,) and w is an element of e*Qp, c, (for e the unit section
X (v) — E,) whose restriction to e*Qp /¢, is the image of y via the Hodge-Tate map [Pil13, §3.3]. Locally,
FX(v) is a trivial fibration of X (v) in p"~*(p — 1) balls.

On F,(v)* we have an action of (Z/p™)”. This induce an action of Z, . For each t, there exist v and n
satisfying the above condition such that any k¢ in W(t) acts on F,*(v). Let us denote by m,(v) the projection

from F*(v) to X (v); w"° is by definition the k¢ eigenspace of (m,(v),OF;(v)) (which we shall denote by
(wn (0),Opx (U)> (ko)) for the action of Z. If k is a positive integer, then wlfl = w®k for w the sheaf defined
in Section 4.2.1.

A family of overconvergent modular forms is then an element of

M(N,AW(1))) =lim H® (X (v) x W(t),w"),

W = (70(0). (O (,)@Ow)) (k).
The construction commutes to base change in the sense that for weights kg € W(¢)(K) we have
W' R, K = w/“})(

The operator U, defined in the previous section is completely continuous on M(N, A(W(t))). Let
Qo(k,T) be its Fredholm determinant; it is independent of v and belongs to Z,[[]][[T]] [CM98, Theo-
rem 4.3.1].

This definition includes the family of overconvergent modular forms & la Coleman. Let (*(k) be the p-adic
(-function, we pose

E(r) = C*éﬁ) +> on(k)g", (4.2.12)
where o7 (k) = 31 < g, (ap)=1 k(d)d—1, and
2 ~
E(k) = C*(K)E(H).

It is known that the zeros of F(k) are far enough from the ordinary locus [Col97, B1], in particular it exist
v such E(k) is invertible on X (v) x W(t). In [Col97, B4] a family of modular forms F(x) is defined as an

element of AW(¥))[[g]] such that for all k € W(t), we have ggg in H°(X (v) x W(t), Ox(s)xw)- The fact

that E(k) is invertible induces an isomorphism

HO(X(0) x W(L), Ox(uyxw) 28 HO (X (0) x W(E),w") .
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Let us define the following coherent sheaf
Hy =07 @ Sym” (H);
we define then for all affinoid & C W(¢) the family of nearly overconvergent forms of degree r

NT(N, AU)) :@HO(X(U) x U, H,@0y).

We remark that we can choose v small enough such that H°(X (v) x U,w!™" @ Sym" (Hig)®OU)) is iso-
morphic via multiplication by E(k) to H°(X (v) x U, H". ® O(U)). We shall call the elements of the former
space families of nearly overconvergent forms d la Coleman.

We can define N°°(N, A(U)) as the completion of U, N" (N, A(U)) with respect to the Frechet topology. For
the interested reader, let us mention that there exist forms in N> (N, A(U)) whose polynomial g-expansion
is no longer a polynomial in X but an effective formal series. Indeed, we can trivialize HJ, /X (0)xW(t) 38
O_ow" =21 and take a sequence of f, = (fr0s---, frr)s fr in NT(N, A@U)), such that f.; = fri1,; and f.,
smaller and smaller for the norm induced by X (v).

There is a sheaf-theoretic interpretation of N°(N, A(U)). Let An(Z,) be the ring of analytic function on
Z,, with values in A(U); we can define the vector bundle in Frechet space

H® =T xB An(Z,).

As in the rest of the paper we will work with nearly overconvergent forms of bounded slope, there is no
particular interest in taking r = oo, as we have already mentioned the degree gives a lower bound on the
slopes which can appear. However, we think that the case r = oo could have some interesting applications,
both geometric or representation-theoretic.

We can see that U, acts completely continuously on N (N, AW(t))) using [Col97, Proposition A5.2], as
it is defined via the correspondence C,. We have on N (N, AOWV(t))) an action of the Hecke algebra
T"(N, A(W(t))) generated by the Hecke operators T, for I coprime with Np, and U; for I dividing Np. We
will denote by @, (x,T) the Fredholm determinant of U, on N (T, AOW(t))). To lighten the notation, we
will write sometimes Q,.(T") for @, (x,T) if there is no possibility of confusion.

Lemma 4.2.13. For any t € (0,00) and suitable v (see [Pill3, §5.1]) small enough and t big enough,
HO(X (v) xW(t), H". @ Ow) is a direct factor of a potentially orthonormalizable A(W(t))-module (see [Buz07,
page 7] for the definition of potentially orthonormalizable).

Proof. The proof is exactly the same as [Pill3, Corollary 5.2], so we only sketch it. Let
M = H°(X(v) x W(t), H. @ Ow), A:=AW(L)).

Let us denote by B the function ring of X (v) and by B’ the function ring of (H2)™ above X (v). We know
that B’ is an étale B-algebra of Galois group (Z/p"Z)*. As M is a direct summand of M’ = M ®p B', it
will be enough to show that the latter is potentially orthonormalizable. Let (U;),_,  ; — (H}7) " be a finite
cover by open sets such that for all i’s I} (v) X x () U; is a disjoint union of p"~(p — 1) copies of U;. The
augmented Cech complex associated to this cover is then

0= M — M —--M;—0

and it is exact. Let k > 1 be an integer and ¢ be a subset of {1,2,...,I} of cardinality k. By construction
Mj, is a sum of modules of the type M'®p: B; for B; = ®;¢;0(U;) where the tensor product is taken over
B'. By the choice of U;, each one of these modules is free of rank r + 1 over A®B;. As B; is potentially
orthonormalizable over Q, we know that A®B§ is potentially orthonomalizable over A. We can conclude by
[Pil13, Lemma 5.1].

O
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We can thus apply Buzzard’s eigenvariety machinery [Buz07, Construction 5.7]. This means that to the
data

(AV(), NT(N, AV (1)), T" (N, AWV (1)), Up)

we can associate a rigid-analytic one-dimensional variety C"(¢). Let us denote by Z the zero-locus of Q,.(T')
on W(t) x A} (see [Urb, §3.4]). The rigid-analytic variety C(t) is characterized by the following properties.

e We have a finite map C"(t) — Z.

e There is a cover of Z by affinoid Y; such X; =Y; xz W(t) is an open affinoid of W(t) and Y; — X; is
finite.

e Above X; we can write Q,(T) = R,(T)S,(T) with R,(T") a polynomial in T" whose constant term is 1
and S,.(T) power series in T coprime to R,.(T).

o Let R(T) = Tdee(E- (MR, (T~1). Above X; we have a Up-invariant decomposition
NN, A(X3)) = NT(N, A(X3)" PN (N, AX)',

such that R(U,) acts on N (N, A(Xi))/ invertibly and on N"(N, A(X;))" is 0. Moreover the rank of
N7 (N, A(XD) on A(X;) s deg(Ro(T)).

—_~—

e There exists a coherent sheaf N7(N, AOV(t))) above C"(t).

e To each K-point x of C"(t) xz Y; above x(z) € W(t) corresponds a system of Hecke eigenvalues for
T7 (N, K) on J\/,:(x)(Np, K) such that the U,-eigenvalue is a zero of R (T) (in particular it is not zero).

e To each K-point x as above, the fiber N"(N, A(W(t))),, is the generalized eigenspace in N, (Np, K)
for the system of eigenvalues associated to x.

Taking the limit for ¢ which goes to 0, we obtain the eigencurve C" — W. When r = 0 this is the Coleman-
Mazur eigencurve which we shall denote by C.

For a Banach module M, a completely continuous operator U and a € Qx¢, we define M=% resp. M>¢
as the subspace which contains all the generalized eigenspaces of eigenvalues of U of valuation less or equal
than « resp. strictly bigger than . Then the above discussion gives us the following proposition which is
essentially all we need in what follows;

Proposition 4.2.14. For all a € Qs we have the a direct sum decomposition
NT(N, AU)) = N"(N, AU))=* @ N (N, AU))™,

where NT(N, A(U))=“ is a finite dimensional, free Banach module over A(U). Moreover the projector on
NT(N, AU))=* is given by a formal series in U, which we shall denote by Pr=®.

<«

Remark 4.2.15. As N"(N, AU))=" is of finite rank and A(U) is noetherian there exists v such that
NT(N, AWU))=Y = HO(X (v) x U, HL&0,) ="

If we want to consider forms with Nebentypus ¢ whose p-part is non-trivial, we need to apply the above
construction to an affinoid U of W where 9 is constant. This is because finite-order characters do not define
Tate functions on W.

It is well known that on a finite dimensional vector space over a complete field, all the norms are equivalent.
In particular the overconvergent norm on N (N, A(U))=" is equivalent to sup-norm on the coefficients of the
g-expansion. We call it the g-expansion norm; a unit ball for this norm defines a natural integral structure
NT(N, AU))=*, which coincides with the one defined in the previous subsection.

We now give a useful lemma.
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Lemma 4.2.16. Let f be a nearly overconvergent form in ./V',:’T(N) and let < be its projection to N,:"T(N)_a.

If f(q, X) € p"Zylq)][X], then f<*(q,X) € p"Zy[q]][X].

Proof. Let f be as in the statement of the lemma, then we have U, f(q, X) € p"Z,[[q]][X]. As f<@ = Prsef,
we conclude. O

Let A°(U) be the unit ball in A(U). We have the following proposition which, roughly speaking, guar-
antees us that the limit for the g-expansion norm of nearly overconvergent forms of bounded slope is nearly
overcovergent.

Proposition 4.2.17. Let F(r) = Y.._, F;(k) X", with Fi(r) in A°(U)[[q]]. Suppose that for a set {x;} of
Q,-points of U which are dense we have F(r;) € Ngi(N,@p)Sa. Then

F(rk) € NT(N, AU))=°.

Proof. Tt is enough to show that for every kg in U, F(kg) is nearly overconvergent (and the radius of
overconvergence can be chosen independently of kg by Remark 4.2.15).

We follow the proof of [Til06, Corollary 4.8]. We have for all £ in U the Eisenstein series E(k). It is know
that F(x) has no zeros on X (v) for v > 0 small enough.

We will write f = 0 mod p™ for f(q, X) € p"Z,[[¢q]][X].

Let kg be a L-point of U, and fix a sequence of points k;, i > 0, of & such that x; converges to kg. In
particular, F'(k;) converges to F'(kg) for the g-expansion topology. Let us consider the nearly overconvergent

F(ri)E(ko) <a

modular forms G(k;) := — By of weight ko, we want to show that G(ki)=" converge to F(kg) in the

g-expansion topology. This will prove that F(kg) is nearly overconvergent because, as already said, in the
space of nearly overceonvergent forms of slope bounded by « all the norms are equivalent.
If |k; — kol < p~™, we have E(k;) = E(ko) mod p”, hence E(k;)”" = E(ko) " mod p"; consequently, it is
clear that G(r;) = F(x) mod p™. We apply Lemma 4.2.16 to the forms G(x;) — F(k;) to see that G(r;)=*
is a sequence of overconvergent forms of weight ko and bounded slope which converges to F'(kg) for the
g-expansion topology.

O

We remark that in [Pan03, §1] the author defines rigid analytic nearly holomorphic modular forms as
elements of A(U)[[q]][X], which on classical points give classical nearly holomorphic forms. It would be
interesting to compare his definition with the one here, especially understanding necessary and sufficient
conditions to detect when a specialization at a non classical weight of a rigid analytic nearly holomorphic
modular form is nearly overconvergent or not.

One application of the above proposition is that it allows us to define a Maaf}-Shimura operator of weight
k as follows. Let us define

log, (k(u"
log(k) = lgopg( (S,LT)))

for u any topological generator of 1+ pZ, and r any integer big enough.
For any open affinoid ¢ of W and kg in W(C,), we define the ko-translate Uro of U as the composition

U — W with W 5 w.

Proposition 4.2.18. We have an operator

O : NT(N, A(U))Sla — NT+1(N,A(U[2]))§Q+1 |
Z;:O Fi(r) X" Z;ZO OF; (k)X + (log(k) — 1) F;(r) X1

which is A(U)-linear.
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Note that d,; is not A(X (v))-linear.

Proof. 1t is an application of the fact that for classical Q,-points of U above [k] we have [k + 2](6,.) = 0k [K]
and Proposition 4.2.17. O

We point out that there are other possible constructions of the Maaf}-Shimura operator on nearly over-
convergent forms which are defined on the whole space N" (N, A(U)) and not only on the part of finite slope.
In [HX13], the authors construct an overconvergent Gaufl-Manin connection

T r+1
H,, — HH[Q]

using the existence of the canonical splitting of Hly /X (v) Siven by Ey (which exists because X (v) is affinoid,

[Kat73, Appendix 1]).
Let 7 > 0 be an integer, we define

Let us denote by IC(U) the total fraction field of A(U); we define
N (N, KU))= =N (N, AWD)= @ ) KU)-
Proposition 4.2.19. Let F(r) in NT(N,K(U))=®, then
r (5; _ le(K/)
F(r) =y~
iz log" (k)
for a unique sequence (Gi(k)), i =0,...,r, with G;(k) in M(N,KC(U[-2i)])).

Proof. The proposition is clear if r = 0. For » > 1, we proceed by induction; write
T
F(r) =) Fi(k)X",
i=0

we have then e"F (k) = r!F,.(k), so F,.(x) is a family of overconvergent forms.
We pose G, (k) := F,.(x) and we see easily that

O 51 Gr(K)
F(r) - 2
log™" (k)

has degree r — 1 and by induction there exist G;(k) as in the statement.
For uniqueness, suppose

S e Cil)
i=0 IOgM (KV)
by applying " we obtain G, (k) = 0 and uniqueness follows by induction. O

We have the following corollaries.
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Corollary 4.2.20. We have an isomorphism of Hecke-modules
D 5L pog MIN, KU[=2i])=" 7" = N7 (N, KU))=*
i=0

and consequently the characteristic series of Uy, is given by Q,(k,T) = []i_, Qo(k[—2i], p'T).

——)
[T5- log(r:[—3])

by sending F(k) to Go(k). It is called the overconvergent projection.

Corollary 4.2.21. We define a projector

H:N" (N, AU))=* - M (N, AU)

Proof. We use the same notation of the proof of Proposition 4.2.19. If F(x)(X) has g-expansion in A(U)[[q]][X],

we can see by induction on the degree that then the only possible poles of G (k) are the zero of H?;o log(k[—7])-
' O

It is clear that this projector is a p-adic version of the classical holomorphic projector.
We remark that it is not possible to improve Proposition 4.2.19 allowing holomorphic coefficients, as shown
by the following example; let us write ES"(z) for the critical p-stabilization E5(z) — E2(pz). We have that
the polynomial g-expansion of E$*(z) is

cr pil m np™
By (%X):WX*' Z poi(n)g" .

nan7(n7p):1
Recall the Eisenstein family E(x) defined in (4.2.12). We have
ES (¢, X) =0, E(k)|n=1,

as the residue at k = 1 of {*(k) is == m . The fact that the overconvergent projector has denominators in the
weight variable was already known to Hida [Hid85, Lemma 5.1].
We now give the following proposition

Proposition 4.2.22. Let F'(k) be an element of N"(N, AU)) and suppose that F(r) is an eigenform for
the whole Hecke algebra and of finite slope for U,. Then F(r) = 0.G(k), for G(k) € M(N, (K(U[-2r]))) a

family of overconvergent eigenforms.

Proof. Let Ap(n) be the Hecke eigenvalue of T},; we have from Proposition 4.2.19 that
X) = Z 62[721‘]Gi("f)
i=0

with G; (k) overconvergent. Moreover, we know from Proposition 4.2.3 that G;(r) = ag(G;) Y iy n” Ap(n)q™.

We have then
ao(Gi) o
Gi(k) = O" G, (k).
( ) aO(Gr) ( )

By restriction to the ordinary locus and projecting to w”™ by X +— 0 we find:

F(r)(0) = (Z “OEgD O"Ga(w).

a
i—0 0

This is the same g-expansion of (Z: 0 ZE (gq)))(;’:[ 2r G (k); hence we can conclude by Proposition 4.2.8. [
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For any a < oo and for i = 0,...,r we define a map s; : CS* — C=" induced by

<a+i

8L s M(N, AU))=" — N (N, AU[24)))
The interest of the above proposition lies in the fact that it tells us that C" minus a finite set of points (such
as EST) can be covered by the images of s;. The images of these maps are not disjoint; it may indeed happen
that two families of different degrees meet.
Here is an example; let k > 2 be an integer, we have that 6% , = ©F (see formula 4.4.6). It is well known that
©F preserve overconvergence [Col96, Proposition 4.3]. Let F(k) be a family of overconvergent forms of finite
slope, then the specialization at k = [1 — k] of the nearly overconvergent family 6* F'(x) is overconvergent
and consequently belongs to an overconvergent family.
From the polynomial g-expansion principle for the degree of near holomorphicity [Urb, Corollary 3.2.5], we
see that intersections between families of different degrees may happen only when the coefficients of the
higher terms in X of §¢ vanish. It is clear from Formula 4.4.6 that this can happen only for points [1 — k],
for ¢ > k > 2. Note that these points lie above the poles of the overconvergent projection H. This is not a
coincidence; in fact H (68 F(k)) = 0 for all points in W for which H is defined. If we could extend H over

the whole W, we shou ave then _ — = ut we have just seen that op _ — 18
he whole W hould h hHéﬁk]Flk 0b h j hdf‘ik]Flk'

already overconvergent.

4.3 Half-integral weight modular forms and symmetric square L-
function

In this section we first recall the definition and some examples of half-integral weight modular forms. Then
we use them to give an integral expression of L(s, Sme( 1),€). We conclude the section studying the Euler
factor by which £(s, Sym?(f), &) and L(s, Sym?(f),€) differ.

4.3.1 Half-integral weight modular forms
We recall the definition of half-integral weight modular forms. We define an holomorphic function on H
9(2’) — an2> q= eQTriz.
ne”Z

Note that this theta series has no relations with the operator © of the previous section. We hope that this
will cause no confusion.
We define a factor of automorphy

0(~(2))
0(2)

h(7,z) = v €To(4),z € H.
It satisfies
h(v,2)? = o_1(d)(c + zd).

Let k£ > 0 be an integer and I a congruence subgroup of SLo(Z). We define the space of half-integral weight
nearly holomorphic modular forms N} L 1(I',C) as the set of C*-functions
2

f:H—->C

such that
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o flipsv(2) = FOr(Dh(7,2) " e+ 2d) ™" = f(2) for all y in T,
e f has a finite limit at all cusp of T,

e there exist holomorphic f;(z) such that

When r = 0, one simply writes M, 1 (T',C) for the space of holomorphic forms of weight k + %
As T is a congruence subgroup, then there exists NV such that each f;(z) as above admits a Fourier expansion
of the form

£(2) =S an(fia¥
n=0

This allows us to embed N, (I',C) into C[lq]]l¢™, X]. For all C-algebra A containing the N-th roots of
2

unity, we define
N,y (0, 4) =N, (0,0) 1 Allglllg ¥, X].

For a geometric definition, see [DT04, Proposition 8.7]. In the following, we will drop the variable z from f.
Let us consider a non trivial Dirichlet character x of level N and let 5 be 0 resp. 1 if £ is even, resp. odd.
We define

0(&) = > nPE(n)g™ € Mg, 1 (T1(AN?), € ZICN)).

Another example of half-integral weight forms is given by Eisenstein series; we recall their definition. Let
k > 0 be an integer and x be a Dirichlet character modulo Lp” (L a positive integer prime to p) such that
x(—1) = (=1)F ", we set

i1 )a(z8x)
k—1/2\%» Z

- k-1 —2k+1 —2s
U — h h
L(2s + 2k — 2, x2) Xorpro—1" (V)h(7,2) |h(v,2)[ ™,

YET o \T'o(LpT)

Ey_1/2(2,m;x) = Cn ke {(Qy)%E;_yz(z, —m; X)} lk—1/2TLpr

Cons = (2) "B 1) #2722

where 7, is the Atkin-Lehner involution for half-integral weight modular forms normalized as in [Hid90,
§2 hd] and o, is the quadratic character corresponding via class field theory to the quadratic extension
Q(vn/Q).

If we set Ey_1/2(x) = Er—1/2(2,3 — 2k; X), then Ej_;/5(x) is a holomorphic modular form of half-integral
weight k —1/2, level Lp" and nebentypus x. Let us denote by p the Mébius function. The Fourier expansion
of Ej_1/2(x) is given by

o0
k2
LipB=2kX*) + Y ¢ "Ly 2= koxxa) D>, plt)x(tBitd)xa(t)ba(tat3)
n=1 t3t3|n,
(t1t, Lp) =1,
t1 > 0,t5 >0
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where Lyp(s,x) = 1, 1,(1 — x0(¢)a™*)L(s, xo0), for xo the primitive character associated to x .
Let s be an odd integer, 1 < s < k — 1. We have the following key formula, for the compatibility with the
Maafl-Shimura operators as defined in Section 4.2.1;

s+1_q

5kis+%Ek—s+%(X) = Ek—%(z7 2k — s — 25 X)

s+l _

In particular Ej_1(z,2k —s —2;x) € N2 1(I‘l(NpT), X, Q).

If g1 resp. g¢o denotes a form in N1:11+1(F1(N)’¢1’A) resp. N’:jil(rl(N),ng,A), then g;g92 belongs to
2 2

N/Zfi;z;(rl(N)a%wQU—hA)

4.3.2 An integral formula

In this subsection we use the half-integral weight forms we have defined before to express £(s, Sym?*(f),¢)
as the Petersson product of f with the product of two half-integral weight forms. Let f be a cusp form of
integral weight & and Nebentypus 1, g a modular form of half-integral weight (/2 and Nebentypus 1. Let
N be the least common multiple of the levels of f and g and suppose k > [/2. We define the Rankin product

f f and
e 2y @, fa(n, g)
D(s, f,9) = Ln(2s = 2k — 1+ 3, (¥€)") D = 5=

n

The Eisenstein series introduced above allow us to give an integral formulation for this Rankin product.

Lemma 4.3.1. Let f, g and D(s, f,g) as above. We have the equality

(4m)"*2D(s/2)D(s, £.9) = (£ 9B ia(z5 + 2 = 2k ntbao_n )y /D 0)

= (—i)k <fc|kTNa glij2™n (EZ?Z/Q(,Z'7 s+ 2—2k; w1¢207N)y(5/2)+1—k) |k—l/2TN>N

Here (f,g) denotes the complex Petersson product
(o) = [ T dedy
X(I)

and it is defined for any couple (f, g) in N} (N, (C)2 such that at least one between f and g is cuspidal.
If we take for g a theta series 6(£) as defined above we have then

D(B + s, £,0(€)) = L(s,Sym(f),€),

for £(s,Sym?(f), €) the imprimitive L-function defined in the introduction. The interest of writing £(s, Sym?(f), €)
as a Petersson product lies in the fact that such a product, properly normalized, is algebraic. This allowed
Sturm to show Deligne’s conjecture for the symmetric square [Stu80] and it is at the base of our construction

of p-adic L-function for the symmetric square. We conclude with the following relation which can be easily
deduced from [Hid90, (5.1)] and which is fundamental for the proof of Theorem 4.1.3.

Lemma 4.3.2. Let f be an Hecke eigenform of level divisible by p and let £ be a character defined modulo
Cp of conductor C. Let us denote by & the primitive character associated to &, then

D(Sa fa 9(5)) = (1 - )‘?ypl_s)D(sv f79(€l>)
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4.3.3 The L-function for the symmetric square

Let f be a modular form of weight & and of Nebentypus 1) and 7(f) the automorphic representation of
GL3(A) spanned by f. Let us denoted by A, the associated set of Hecke eigenvalues. In [GJ78], the authors
construct an automorphic representation of GL3(A) denoted 7(f) and usually called the base change to GL3
of 7(f). It is standard to associate to #(f) a complex L-function A(s,7(f)) which satisfies a nice functional
equation and coincides with £(s, Sym2(f), ¥~1) up to some Euler factors. The problem is that some of these
Euler factors could vanish at critical integers. We recall very briefly the L-factors at primes of bad reduction
of A(s,7(f)) in order to determine in Section 4.5 whether the L-value we interpolate vanishes or not. We
shall also use them in section 4.7 to generalize the results of [DD97, Hid90]. For a more detailed exposition,
we refer to [Ros13a, §4.2]. Fix an adelic Hecke character §~ of Ag. For any place v of Q, we pose

Lu(s,7(f), ® & X 7(f),)
LU(S, fv)

where “denotes the contragredient and w(f), x 7(f), is a representation of GL2(Q,) x GL2(Q,).
The completed L-function

LU(Saﬁ—(f)af) -

Y

is holomorphic over C except in a few cases which correspond to CM-forms with complex multiplication by
¢ [GJ78, Theorem 9.3].

Let # = m(f) and let ¢ be a place where 7 ramifies and let 7, be the component at ¢. By twisting by a
character of Q;, we may assume that 7, has minimal conductor among its twist; this does not change the
L-factor 7ty. Let ¢’ be the Nebentypus of the minimal form associated with f.

We distinguish the following four cases

(i) mq is a principal series 7(n,v), with both 1 and v unramified,
(i) mq is a principal series m(n, v) with 1 unramified,
(iii) , is a special representation o(n,v) with 7, v unramified and nv=1 = | |,

@i

We will partition the set of primes dividing the conductor of f as 3,---,34 according to these cases. Let
us denote by £ the primitive Dirichlet character corresponding to . When 7, is a ramified principal series

)
)
)
v) mq is supercuspidal.

we have n(q) = )\qq% and v = 7]*11[/[, where ¢ is the adelic character corresponding to ¢’. In case i), if

£, is unramified, the Euler factor L, (7, ® &, 8)71 is
(1= &~ n(@)g™) (1 = &(a)a™*) (1 — &rn~ (@)g ™)
and 1 othewise. In case i) we have that L, (7, ® &, 3)71 equals
(1= (€0 p(@Aga" ) (1 = €(a)a™) (1 = (€0)g ()N 2a" )
While in the third case if éq is unramified we have (1 — &,(q)g~*"!) and 1 otherwise. The supercuspidal

factors are slightly more complicated and depend on the ramification of £,. They are classified by [Sch88,
Lemma 1.6]; we recall them briefly. Let ¢ be a prime such that 7, is supercuspidal. If 53 is unramified, let Ay
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and Ay the two ramified characters such that £,); is unramified. We consider the following disjoint subsets
of 241

YW={gex;: &, is unramified and 7, = 1, @ &4},

Y= {q €3y 53 is unramified and m; =2 7, ® A; for i = 1,2} ,

2 = {q €3y 53 is unramified and 74 2 7, ® A1 and Ty = T @ )\2} ,

22 = {q €Yy 53 is unramified and 7, 2 7, ® A2 and Ty = T, @ /\1} .

If ¢ is in 34 but not in Xi, for i =0,---,3, then Ly(s, 7, &,) = 1. If ¢ is in XY, then

Lq(svﬁ'qagq)_l =1+ 5(1(‘1)(]78
and if ¢ is in %%, for i = 1,2, 3 then
. -1 s
Ly(s,7.6) " = [ (Q-&N@a).
J S.t.ﬂ'q%"n'q®>\j

If v = oo, the L-factor depends only on the parity of the character by which we twist. Let x = 0,1
according to the parity of .®eo, from [Sch88, Lemma 1.1] we have L(s — k + 1, oo, othoo) = Tr(s — k +
2 — k)T'c(s) for the complex and real I'-functions

Ir(s) =n~%/?D(s/2),
Te(s) =2(2m) °T(s).
We define
Hq|N(1 - f(Q)/\(T(Q))Qq_S)Lq(S —-—m— 1v7%q7¢q_1£q)
(1 — 2€2(2)22k—2-25) :

Note that A(T'(¢)) = 0 if 7 is not minimal at ¢ or if 7, is a supercuspidal representation. We multiply then
L(s, f,£), the imprimitive L-function, by Ex(s, f, &) to get

L(s,Sym?*(f),€) :=L(s — k + 1, 7(f) ® &)
:‘C(S7 f7 g)gN(Sa fa 5)

5N(57f7£) =

We can now state the functional equation
A(Sv,fr(f),g) = E(S,’IAT(f),f)A(]. - Svﬁ(f)7£71)7
A(s, Sym?*(f),€) = e(s — k + 1,7 (f), E0)A(2k + 1 — s, Sym?(f€), £ ),
for e(s, w(f),€) of [DD97, Theorem 1.3.2].

4.4 p-adic measures and p-adic L-functions

The aim of this section is to construct the p-adic L-functions which we have described in the introduction. We
first review the notion of an h-admissible distribution, and we generalize this notition to measures with values
in nearly overconvergent forms; we then produce two such distributions. We shall use these distributions in
the sequel in order to construct the p-adic L-functions for the symmetric square.
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4.4.1 Admissibility condition

We now give the definition of the admissibility condition for measures with value in the space of nearly
overconvergent modular forms. We will follow the approach of [Pan03, §3]. Let us denote by A a Q,-Banach
algebra, by M a Banach module over A and by Z;, the p-adic space (Z/LpZ)™ x (1 + pZ,). Let h be an
integer, we define C"(Zr, A) as the space of locally polynomial function on Z, of degree strictly less than
h in the variable z, € 1 + pZ,. Let us define C!(Z, A) as the space of functions from Z;, to A which are
polynomial of degree stricty less than h when restricted to ball of radius p™. It is a compact Banach space
and we have

Ch(ZLa A) - thZ(ZLa A)
If h < h/, we have an isometric immersion of C,’;L(ZL7 A) into C,’;‘,(ZL, A)
Definition 4.4.1. Let p be an M -valued distribution on Zp,, i.e. a A-linear continuous map

w:CY(Zy, A) — M.

We say that (i is an h-admissible measure if p can be extended to a continuous morphism (which we shall
denote by the same letter) u: C"(Zy, A) — M such that for all n positive integer, any a € (Z/Lp"7Z)™ and
h =0,...,h—1 we have

= o(p~"" =),

/ (zp — a)hl dp
a+(Lp™)

If we denote by 1y the characteristic function of a open set U of Z},, we shall sometimes write fU dp for
p(1y).
The definition of h-admissible measure for A = Oc,, is due to Amice and Vélu.
There are many different (equivalent) definitions of a h-admissible measure; we refer to [Coll0a, §II ] for a
detail exposition of them.
The following proposition will be very usefull in the following ([Coll0a, Proposition I11.3.3]);

Proposition 4.4.2. Let pu be an h-admissible measure, let h > h be a positive integer, then p satisfies

/ (2p — ap)h/dﬂ = 0(p_n(h/_ﬁ))
a+Lpm

for anyn € N, W €N and a € (Z/Lp"Z)™.

It is known that any h-admissible measure is uniquely determined by the values [ 7z, X(z)e(zp)zph/dp, for

all integers k' in [0,...,h — 1], all x in (Z/LpZ)™ and all finite-order characters ¢ of 1 + pZ,.
Let us fix now U, an affinoid subset of WW. We have the following proposition about the behavior of U, on
NT(Np"™, A(U))

Proposition 4.4.3. Let n > 1 be an integer, we have that U sends N"(Np™+*, AU)) into N"(Np, AUL)).
In particular, the map

Prece™ s UL N (NG L AW) = UnZg N (VL AQ)
G(r) = U PrEtURG(),

is well-defined and induces an equality N™(Np™, AU)) =" = N7 (Np, AU))=“
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Proof. The same proof as [Pan03, Proposition 1.6] applies, so we shall only sketch it. The first part is due
to the fact that U, induces a map

NT(Np™ Tt AU)) — NT(Np™, AUU)). (4.4.4)

This is checked on classical points.
Let G(r) € Up_o N"(Np" ™', A()) and n € N such that U}'G(k) belongs to N"(Np, A(U)). For all i > 0
we have

—i—n <arrn+ti _ rr—i—m7Tt <arrn
U, " "Pr="Uy""G(k) = U, " "U,Pr="U}G(k)

because Pr=® commutes with U, and U, is invertible on the part of slope less or equal than «. The final

statement is a straightforward consequence of the fact that U, ™ is the inverse of the map 4.4.4. O

We remark that the trick to use U, to lower the level was already known to Shimura and is a fundamental
tool in the study of family of p-adic modular forms. We conclude the section with the following theorem,
which is exactly [Pan03, Theorem 3.4] in the nearly overconvergent context. Let U be an open affinoid of
W; we let A = AU) and M = N"(T, AU)).

Theorem 4.4.5. Let « be a positive rational number and let us, s = 0,1,..., be a set of distributions on
CY(Zyr, M). Suppose there exists a positive integer hy such that the following two conditions are satisfied:

ps(a+ (Lp™)) e N™ (Lphl”,.A(Z/{))7

03 () o mtact (2| <

i=0 »

Let h be such that h > hia + 1; then there exists an h-admissible measure p such that

L o ) = U (1)
a pT

4.4.2 Nearly overconvergent measures

In this subsection we will define two measures with values in the space of nearly overconvergent forms. We
begin by studying the behavior of the Maaf-Shimura operator modulo p™. We have from [Hid88¢, (6.6)] the
following expression of the Maafl-Shimura on polynomial g-expansion

s /s L'k +s) 5= v
5kao<j>1‘(k:+s—j)@ X7, (4.4.6)

for © = qdiq as in Section 4.2.2. We now give an elementary lemma

Lemma 4.4.7. We have for all integers s

o) < (7)1 o5 =)
forall1<j<s.

Proof. Simply notice that the valuation of (k+s—1)---(k+ s — j) is bigger than that of j! and s|(s!/(s —
- O

The following two propositions are almost straightforward;
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Proposition 4.4.8. Let k, k' be two integers, k = k' mod p™(p — 1) and fi and fir two nearly holomorphic

min(n,m)

modular forms, algebraic such that fi = frr mod p™. Then 0k fr = 6k frr mod p .
Proof. Direct computation from the formula in Proposition 4.2.18. O

Proposition 4.4.9. Let k, k' be two integers, k = k' mod p™(p — 1) and fi and fir two nearly holomorphic
modular forms, algebraic of same degree such that f;, = fi mod p™. Let s, s’ be two positive integers,
s'=s+sop™(p—1). Then (6] fi)|tp = 03 frr mod p™.

Proof. Iterating the above proposition we get 63 fi, = 05, frr mod p™. But s’ —s = 0 mod p™, so by the above

lemma and (4.4.6) we have 62;__2‘15,‘2]“;6 = 05 %6%, frr. We conclude as ©% —5 = tp mod p". O

Before constructing the aforementioned measures, we recall the existence of the Kubota-Leopoldt p-adic
L-function.

Proposition 4.4.10. Let x be a primitive character modulo Cp", with C and p coprime and v > 0. Then
for any b > 2 coprime with p, there exists a measure (y, such that for every finite-order character € of Zp,
and any integer m > 1 we have

/Z e(2)2m Gy n(2) = (1 — €y (D)™ Lip(1 — m, xe),

where x' denote the prime-to-p part of x.

To such a measure and to each character ¢ modulo Np”, we can associate by p-adic Mellin transform a
formal series

G(S,e,x,b) = /Z e(2)(1+ 5)d¢yb(2)

in Ok|[S]], where K is a finite extension of Q,. We have a natural map from Og[[S]] to A(W) induced by
S — (k + k(u) — 1). We shall denote by L,(k, €, x,b) the image of G(S,¢, x,b) by this map.
We define an element of A(WV)[[q]]

Exle) = Z L,(k[-2],&,0p,b)q" Z 725 3ty )e(t1td) o (t) k(t113).
n=1,(n,p)=1 t2¢2|n,
(tytg, Lp) =1,
t1 > 0,ty >0
If k = [k], we have then [k](E.(e)) = (1 — s’(b)bkil)Ek_% (ew™)|tp, where ¢, is the trivial character modulo
.
We fix two even Dirichlet characters: ¢ is primitive modulo Z/Cp°Z (6 = 0,1) and % is defined modulo
Z/pNZ. Fix also a positive slope o and an integer L which is a square and divisible by 4, C? and N.
Let h be an integer, h > 2o + 1. For s = 0,1,... we now define distributions ps on Z; with value in

NT(L, A(W))=“. For any finite-order character e of conductor p" we pose

s—B

p0) = Preu (o(esw)l | 15 | 07y Eucatvea )

with 8 = 0, 1 such that s = 8 mod 2. The projector Pr=% is a priori defined only on NT(L, AU)), but it
makes perfect sense to apply it to a formal polynomial g-expansion, as it is a formal power series in U, and
we know how U, acts on a polynomial g-expansion.

Define ¢y € Q to be the smaller rational such that z,ljog('{) converges for all z, in 1 + pZ, and x in W(to).
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Proposition 4.4.11. The above defined-distributions ps define an h-admissible measure p with values in

NT(L, AW(to) x W))=°.

Proof. We have to check that the two conditions of Theorem 4.4.5 are verified. The calculations are similar
to the one of [DD97, Theorem 2.7.6, 2.7.7] or, more precisely, to the one made by [Gor06, §3.5.6] and [CP04,
§4.6.8] which study in detail the growth condition. We have the discrete Fourier expansion

1 _
Loy tprz, (1) = 1 > elay ')

By integration, together with the fact that each p,(g) belongs to N7 (Lp*", A(U)), we obtain ).
For the estimate i), we have to show that for alln >0,0<s<h—1

Uy ; (}) o utas ()| <o

P

where the norm | |, is the g-expansion norm defined in Section 4.2.3. The coefficients of Y7 (3)(—ap)* " p;(a+
(Lp™)) are a combination of Ly(k,e,¥&o_1,b)’s and log(x[—2i]). Weierstrafl Preparation Theorem applied
to the Tate algebra AOWV(t)) tells us that L,(x, &, x,b) = P(k)S(k — 1) where P is a polynomial and S a
unit power series. This is enough to show that |L,(k,&, x,b)|w < C;. On the contrary, the p-adic logarithm
log(k) is not bounded on W; the maximum modulus principle [BGR84, §3.8.1, Proposition 7] tells us that
|log(x)lw) < Ct for all 0 <t < oo.

We now have to study more in detail the coefficient of X7¢", for j > 1. We shall call this coefficient 4/,
Explicitly, from (4.4.6), we have

S

=3 (3 i (2 ) ool L g,

. (3
=0

where a(i,n) = [ z;dun, for v, a measure, namely a linear combination of Kubota-Leopoldt p-adic L-
functions. For # =0, 1 and for j > 1 we shall write:

; 0 g 0 ,
Dl = log(k?)—2-_Y -1 Y -1 Y _14+p+2j-2log(x)
K, (Zp 82,, “p 8zp P 8217 “p ’

where we have applied 8% J-times and multiplied j — 1 times by z, 1. We note that we have for any positive
P
integer 1:

DI 4(z) =log(k™?[i+ 14 B+2]) - -log(k*[i + 1 + B + 24]) 2},

Similarly,

Summing up

i <§)(ap)”<:2.6) 1og(n[7# —1))- mwy# — )z =

1=0
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We have that |%(zp — ap) Lot (zpm)lp = PV, As p,, is a measure, we have

/ Q-I]i,B‘D;]i,ﬁ ((Zp - ap)s) d,u,n = o(p_”(s_Qj)).
a+(Lp™)

p

As we have

1=0,i=1 mod 2
we deduce the same estimate on |b/,|, because

i o S . .

25 (178 =Dl (3G ) + (-~ )] +
. . 1 s s

#2300 (56— )" = (=) ).

Recall that Ug"Xj = p?>™ X7, Then for all s > 0, n > 0 we have the growth condition of Proposition 4.4.5.
This assures us that these distributions define a unique h-admissible measure p with values in A(W(to) X
W(t))[[g]]. We can see using Proposition 4.4.9 that ps(e) satisfies the hypothesis of Proposition 4.2.17 and

hence f1,(¢) belongs to N7 (L, AOW))=*. We take then the limit for ¢ which goes to 0. The Mellin transform

K & (w)*dp(2)
Zy

gives us the desired two variables family. O

Note that if & = 0, we do not need to introduce the differential operators ) . and D’ o and the above
families are defined over the whole W x W (see also the construction in [Urb, §4 3]).
We define then an improved one variable family 0.E(k) = 0.E(b,&',"). We call this measure improved
because it will allow us to construct a one-variable p-adic L-function which does not present a trivial zero.
Fix a weight ko and, to define .F(k), suppose that & = &w?~%0 with & a character of conductor C such
that ¢'(—1) = (—1)*. We define

pre (e(g’n {4(@2} 6 ey o€ ))

where

Ea () = (1= X' (0)s(b)b~ ) Ly (k2[4 — 2ko), X%, 1, b)+
(1= () O)r 20~ S™ L (5[kol, x. 7. b)g"
n=1

x > £ 2ty P u(t)x(tit3)on () w(ta3).
t%t%\n,
(t1to, Lp) =1,
t1 > 0,t0 >0
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Let F'(k) be a family of overconvergent eigenforms with coefficients in &. We define a linear form Iz on
M(N,K(U))=* as in [Pan03, Proposition 6.7]. Note that the evaluation formula holds also for weights which
are, in Panchishkin’s notation, critical, i.e. when a = (ko — 2)/2, because at such point C is étale above W.
In [Pan03] this case is excluded because a trivial zero appears in his interpolation formula. Such a trivial
zero is studied in [Stel0], where Conjecture 4.1.1 for p¢(ko/2) is proven.

We can define linear forms for nearly overconvergent families, in a way similar to [Urb, §4.2] but without the
restriction N = 1. For this, let T7(N, K(U))™ be the sub-algebra of End,c(u)(NT(N,lC(L{))Sa) generated
by the Hecke operators outside Np. It is a commutative and semisimple algebra; hence we can diagonalize
NT(N,K(U))S for the action of this Hecke algebra. Let F be an eigenform for T"(N, KU))™, we have
a linear form [}, corresponding to the projection of an element of N (N, IC(Z/I))SO‘ to the IC(U)-line spanned
by F.

We say that a family F(k) is primitive if it is a family of eigenforms and all its specializations at non critical
weights are the Maaf-Shimura derivative of a primitive form. This implies that the system of eigenvalues
for T™(N, K(U))(Np) corresponding to F() appears with multiplicity one in N7 (N, K(U))=®. We can see I7,
as a p-adic analogue of the normalized Petersson product; more precisely we have the following proposition.
We recall that 7y is the Atkin-Lehner involution of level N normalized as in [Hid90, h4]. When the level
will be clear from the context, we shall simply write 7.

Proposition 4.4.12. Let F (k) be an overconvergent family of primitive eigenform of finite slope «, degree
r and conductor N. Let k be a classical non critical weight, then for all G(k) in N™(N,KU))=* we have

(F'(k)°|7, G(F))

(G = F el 7Ry

Proof. Let f be an element of N/ (N, C), the linear form

(el )
97 )

is Hecke equivariant and takes the value 1 on f. It is the unique one with these two properties.

For any pairs of forms g; and go of weights k — 27y and k — 2r3, 71 # 72, using Proposition 4.2.2 and Lemma
4.2.3, we see that 5,21_27_1 g1 and 6;{27_2 g2 are automatically orthogonal for the Petersson product normalized
as above.

Then, as k > 2r, we have for any f in N (N,C) a linear form

(flr,9)

ey
(felm, f)
which is Hecke equivariant and takes the value 1 on f. Moreover if f is defined over Q then both linear
forms are defined over Q.
Let I} ;) be the specialization of I, at weight k. As we have l;(k)(F(k)) = 1, we deduce that I% ;) must
coincide, after extending scalars if necessary, with the previous one and we are done. O

In particular, we deduce from the above proof the p-adic analogue of the theorem which say that holo-
morphic forms are orthogonal to Maaf-Shimura derivatives.
We have the following lemma

Lemma 4.4.13. Let H be the overconvergent projector of Corollary 4.2.21 and F (k) a family of overcon-
vergent primitive eigenforms, then

lpoH =1},
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Proof. Let us write G(k) = Y.._,d*,_,.G;(k). The above proposition tells us I%.(G(k)) = I'(Go(k)). By
[—21] F F

i=0 "k
definition, I}, = Iy when restricted to M(N, K(U))=* and we are done. O

We remark that [ is defined over IC(U) but not over A(U).
The linear forms [r defines a splitting of K(Uf)-algebras

T"(N, AW()))=* @ KU) = K(U) x C

and consequently an idempotent 1 € T"(N, AW(t)))<* ® K(U). Tt is possible to find an element Hp (k) €
A°(U) such that Hp(x)1p belongs to T™(N, A(W(t)))<®. Then we can say that [ is not holomorphic in the
sense that it is not defined for certain  in U. We hope that the above lemma helps the reader to understand
why the overconvergent projectors cannot be defined for all weights.

We will discuss later some possible relations between the poles of [ and another p-adic L-function for the
symmetric square.

4.4.3 The two p-adic L-functions

We shall now construct the two variable p-adic L-function L, (x, ") of Theorem 4.1.2 and, in the case where

€ = ¢'w? ko with ¢ a character of conductor C such that &'(—1) = (—1)’907 an improved p-adic L-function
Ly (k). We call this p-adic L-function, in the terminology of Greenberg-Stevens, improved because it has no

trivial zero and at kg is a non zero multiple of the value £(kg — 1, Sym?(F(x)), &' ").

These two p-adic L-functions are related by the key Corollary 5.4.3. Allowing a cyclotomic variable forces
us to use theta series of level divisible by p even when the conductor of the character is not divisible by
p; Lemma 4.3.2 tells us that the trivial zero for f as in Theorem 4.1.3 comes precisely from this fact. The
construction of the one-variable p-adic L-function is done in the spirit of [HT01], using the measure 6.F(k)
which is not a convolution of two measures but a product of a measure by a constant theta series whose
level is not divisible by p. We warn the reader that the proof of Theorem 4.4.14 below is very technical and
is not necessary for the following.

Before constructing the p-adic L-functions, we introduce the generalization to nearly overconvergent forms
of the twisted trace operator defined in [Hid88c, §1 VI]. It will allow us to simplify certain calculations we
will perform later.

Fix two prime-to-p integers L and N, with N|L. We define for classical k,r

Trngk: Ni(Lp,A) — N/ (Np, A)
f = (L/N)k/QZ[ry]eF(N)/F(N,L/N) flk ( é L?N ) kv
As L is prime to p, it is clear that 7,y , commutes with Uj. It extends uniquely to a linear map
Tyn: N*(Lp, AU)) — N*(Np, A1)

which in weight k specializes to Ty /n 1. In particular, it preserves the slope decomposition.

Let us fix a p-stabilized eigenform f of weight % as in the introduction such that k — 1 > v,(\,). Let Cr be
a neighbourhood of f in C contained in a unique irreducible component of C. It corresponds by duality to a
family of overconvergent modular forms F'(x). We have that the slope of U, on Cr is constant; let us denote
by « this slope. We shall denote by A, (x) the eigenvalue of U, on Cp.

Let u be a generator of 1 + pZ, such that u = bw~!(b), where b is the positive integer we have chosen in
Proposition 4.4.10. Let us define

A, ') = <1 — v (b) bz(z‘i)) :

Ao(k) =(1 = &9 (b)b~ 0 k(w)) (1 — €9/ (b)b 20~ ki(w)?).
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The two p-adic L-functions that we define are

Ly(k,5") =L~ Ak, &) 1p (T w0+ B(s, 1)) € K(Cp x W),
L3 (k) =L7 Ao (k) " 1p(Trn0.E(k)) € K(Cr).
We say that a point (k, k') of A(Cp x W) is classical if k is a non-critical weight and &'(z) = ((z))z*, for
¢ a finite-order character of 1 + pZ, and s an integer such that 1 < s+ 1 < k — 1. This ensures that s 4+ 1
is a critical integer & la Deligne for Sym?(f) ® w™°. We define certain numbers which will appear in the
following interpolation formulae. Suppose that (k, ') is classical in the above sense and let n be such that ¢

factors through 1+ p"Z,. Let ng = n resp. n = 0 if € is not trivial resp. is trivial. For a Dirichlet character
1, we denote by 19 the associated primitive character. Let us pose

By (r,57) =M (5) 72" (1 = (§2w”)o(p)Ap (1) %)

if F(k) is primitive at p we define Es(k, ') = 1, otherwise

Bs(k, k') =(1 = (€7 e w9y (p)p" 7 7%)
(1= (€7 e w95 (p)Ap (k) 2" 57%).

We shall denote by F° (k) the primitive form associated to F'(k). We shall write W’ (F'(k)) for the prime-to-p
part of the root number of F°(x). If F(k) is not primitive at p we pose

S(F(r)) = (-1 (1 - w@p) (1 oot ) |

p(K)? Ap(k)?

and S(F(k)) = (—1)* otherwise. Let L be a positive integer divisible by 4C? and N, we shall write
L =4C?L'. Let 8 =0, 1 such that s = 8 mod 2, we pose

Crr = shi*G(€ew’)C(Eew®)* NHAL T 9720 koh,
Cm = Cﬁ,[ko,g] .

Theorem 4.4.14. i) The function Ly(k, k") is defined on Cp X W, it is meromorphic in the first variable
and of logarithmic growth h = [2a]+2 in the second variable (i.e., as function of s, Ly(k, [s])/ H?:o log,, (u*~"—
1) is holomorphic on the open unit ball). For all classical points (k, k'), we have the following interpo-
lation formula

L(s+1, Sme(F(Ii)), £ le71w9)

Lol 1) = e B0 W) B0 M)y G o W (F (1)) (o (), o ()

ii) The function Ly (k) is meromorphic on Cp. For k > ko—1, we have the following interpolation formula

E(k’o - 1’Sym2(F("€))>§/_1)
TR LS (F (k)W (F (k) (F°(k), F° (k)

Ly (k) = CuEa(r, [ko — 2])

If @ = 0, using the direct estimate in [DD97, Theorem 2.7.6], we see that we can take h = 1 and the first
part of this theorem is [Hid90, Theorem].
The poles on Cg of these two functions come from the poles of the overconvergent projection and of Ip; if
(k, k") corresponds to a couple of points which are classical, then locally around this point no poles appear.
Let us fix a point k of Cr above [k] and let f be the corresponding form. If k > 2cc+2 then, by specializing at
k the first variable, we recover the one variable p-adic L-function of the symmetric square of f constructed in
[DDI7] (up to some Euler factors). If instead k < 2a+2, the method of [DD97] cannot give a well-defined one
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variable p-adic L-function because, as we said in the introduction, the Mellin transform of an h-admissible
measure p is well-defined only if the first A + 1 moments are specified. But in this situation the number of
critical integers is k — 1 and consequently we do not have enough moments. What we have to do is to choose
the extra moments [ e(u)u®dy for all e finite-order character of 1+ pZ, and s = k —1,...,h. We proceed
as in [PS11]; the two-variable p-adic L-function L,(k, ') is well defined for all (k, k'), so we decide that

LP(S’ Symz(f)vg) = LP(K’ [S])

This amounts to say that the extra moments for y are

/e(u)usd,u = L,(k,e((2))2%).

To justify such a choice, we remark that if a classical point x” of Cr is sufficiently close to x, then k” is
above [k"] with &” > h + 1. In this case L,(x",e((2))2*) interpolates the special values L(s, Sym?(f") @ )
which are critical a la Deligne. We are then choosing the extra moments by p-adic intepolation along the
weight variable. Fix f as in Theorem 4.1.3 and let k¢ in U such that F(kg) = f. We have the following
important corollary

Corollary 4.4.15. We have the following factorization of locally analytic functions around ko in Cp:

Ly(r, [ko —1]) = (1 = €' (0)\p (k) 2P 72) L} (k).

We recall that this corollary is the key for the proof of Theorem 4.1.3.
The rest of the section will be devoted to the proof of Theorem 4.4.14

Proof of Theorem 4.4.14. Let (k,x’) be a classical point as in the statement of the theorem. In particular
k(u) = vk and K'(u) = e(u)u®, with 0 < s < k — 2.

We point out that all the calculations we need have already been performed in [Pan03, Hid90].

If € is not trivial at p, we shall write p™ for the conductor of . If € is trivial, then we let n = 1. Let 5 =0, 1,
B =smod 2.

We have

(F(K)e|rnp, T v p Uy 2 HIPr=eU 2 —1g)
(F(r)e|7, F(£)) ’
g :9(5§w3)|[L/4C2]Ek7L2+1(2k —s— B —3,8p0_1w™%e)]Lp.

Ly(k,K') =L71

We have as in [Pan03, (7.11)]
<F(k)c|TNpa Up72n+1PrSaU5nflg> — )\p(li)172np(2n71)(k71) <F(H)C|7Np|[p2n71], g> ,

where f|[p*~1](2) = f(p®"~'2). We recall the well-known formulae [Hid88c, page 79]
n k n
(1™, Toyneg) =(L/N)" (fII(p*"L)/N]. g) ,

on—1 —k/2
_ D L
gl L) /N =( )

N
(F(r) |, F(r))
(F(r)°, F(r)°)

=(=1)*"W'(F(r)p®F/2x, (k) x
Y(p)pt! Y(p)ph—2
X<1_ Ap("ﬁz)(l_ )‘p(’fz).
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Combining these with Lemma 4.3.1, we have

Ly(s, ') =L 12 5 R () =55 (o) T (5 s 5) r (8 2o B) x

2 2
2s—2k+5

x Ap(r) ! 2pn D ED (LN (Lp?) T %
D(B+ s+ 1, f,0(Ew’e)[[L/(4C?)]| 7 (Lp*"))
(F(k)|r, F(K)) :

Let nn = {w®e. We recall from the transformation formula for theta series (see [Hid90, (5.1 ¢)])

(_i)B(Cpn)il/QG(nW(n b if n primitive mod p
o(p
2

0(n)|Tacapen = —( 1z'>ﬁ<cp>‘”2 (n)no(p) % £ 1ot
x(0(ng ') = P71y (p)0(ng )I[P?)
We have the following relations for weight 25; L.
_2641
Topn =TT, (L] s = mace (L)1

when 7 is trivial modulo p we obtain
DB+ s, £,0(0)|7acepen) =(=0)7(Cp) /21 = Ap(1)2p'~*ng ' (p)
We recall the well-known duplication formula

L(z) (z + ;) = 2172271/2p(22).

Summing up, we let § = 0 resp. § = 1 if g has conductor divisible resp. not divisible by p. We obtain

2s—283
4

Ly(k k) =L~ 5 i*NF/2CPg=s—3-kgl=s—1gx

% (—1) " A (5) 72 (1 = Ap(K) 2 *ng  (9))0(p)
o L(s+1,Sym?*(F(k)), & e tw™)
X B K ) SR ()W (F () (o (), Fo ()

We now evaluate the second p-adic L-function; we have

F(&)°|mNp, TL/N,kPrSa9>
(F(k)°|, F(K)) ’

L] ks
g=0(¢")] [ } Oy o éEkfkg—l(Uflwlf/)-

Ly(x) _

The relation
28+1

e [432] Iy = (422) 4 0(&) ITacalplp ™t

gives us

28+1 ko—1 02 213:1
D (8+k = 11860 | 16| Ir ) = F 000 () T iy
x CY2G(D(B + ko — 1, 006 1)).
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We now give a proposition on the behavior of L, (x,«’) along A(k,«’). We say that F(x) has complex
multiplication by a quadratic imaginary field K if F(x)|T; = 0 for almost all [ inert in K. In particular, if
F (k) has complex multiplication it is ordinary; indeed, all the non critical specializations are classical CM
forms and a finite slope CM form of weight & can only have slope 0, (k—1)/2 or k— 1. As we supposed that
the slope of F(k) is fixed, then it must be zero.

Proposition 4.4.16. Unless yéw™! is quadratic imaginary and F (k) has complex multiplication by the field
corresponding to Yéw ™1, H(k)Ly,(k, k') is holomorphic along A(k, k'), except possibly for a finite number of
points.

Proof. The proof is essentially the same as [Hid90, Proposition 5.2].
The poles of A lies on the line K = £'[—1] inside W x W. So we are left to evaluate g := 6 x F(x, k[1]). The
well-known formula

Ly(|—1],x,0n,b) = _ .
p([=1] x ) {_¢(g(%)é;>) log, (w L)b)  otherwise.

tells us that g = 0 unless we have Yéw™! = o_,,, for a certain m.

If Yéw™ = o_,,, the only non zero Fourier coefficients of ¢ could possibly be the one of the form n =
02% + md?; in particular n is norm in Q(v/—m). If F(x) has not complex multiplication by ¥éw=1, we
can find a prime [ such that a;(F(x)) # 0 and [ inert in Q(y/m) (i.e. it is not a norm). The first condition
implies that F(x)|T; # 0 while the second implies g|T} = 0.

If F(k) has complex multiplication by o_,, this is [Hid90, Proposition 5.2] O

We want to point out that L,(k, ") could have a pole on a point of type ([k], [s + 1]). Indeed, it could
happen that the family F'(k) specializes to a CM form. If the form is moreover critical, then it is known to
be in the image of the operator ©*~1 and therefore should correspond to a zero of Hp(k). Moreover such a
point on Cp is ramified above the weight space [Bell2b, Proposition 1].

4.5 The proof of Benois’ conjecture

In this section we shall prove a more general version of Theorem 4.1.3. Once one know Corollary 5.4.3, what
we are left to do is to reproduce mutatis mutandis the method of Greenberg-Stevens. We remark that we
have a shift s — s — 1 between the p-adic L-function of the previous section and the one of the introduction.
From the interpolation formula given in Theorem 4.4.14, we see that we have a trivial zero when s = kg — 2
and (w2750 €)o(p) = 1. Let us denote by £(f) the L-invariant of Sym?(f) ® (kg — 1) as defined in [Ben11].
We have the following theorem

Theorem 4.5.1. Fiz f in My, (Np, 1)) and suppose that f is Steinberg at p. Let & = £'wko=2 be a character
such that £(—1) = (=)™ and &(p)=1. Then

2
s—ko—1 S — ko + ].

L(s, Sym*(f), &)
mho T W ()S(HRUS)

We shall leave the proof of this theorem for the end of the section. We now give the proof of the main
theorem of the paper.

= L(f)

Proof of Theorem 4.1.3. Welet ¢’ = 1. Assuming Theorem 4.5.1, what we are left to show is that £(s, Sym?(f))
coincides with the completed L-function L(s,Sym?(f)).
As we said in Section 4.3.3, the two L-functions differ only for some Euler factors at primes dividing 2N .
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As 2 | N, we have (1 —%?(2)) =1 as 1(2) = 0.
We have seen in Section 4.3.3 that when m(f), is a Steinberg representation, the Euler factors at ¢ of
L(s,Sym?(f)) and L(s,Sym?(f)) are the same.
As the form f has trivial Nebentypus and squarefree conductor, we have that = (f), is Steinberg for all ¢ | N
and we are done. O

More precisely, we have that Theorem 4.5.1 implies Conjecture 4.1.1 any time that the factor En(k —
1, f,x) is not zero, for the same reasoning as above. This is true if, for example, the character £ is very
ramified modulo 2N.
If we choose £ = ¢!, we are then considering the L-function for the representation Ad(ps). In this case the
conditions for Ex(k — 1, f, x) to be non-zero are quite restrictive. For example 2 must divide the level of f.
If moreover we have that the weight is odd, then there exist at least a prime ¢ for which, in the notation of
Section 4.3.3, m, is a ramified principal series. From the explicit description of the Euler factors at ¢ given
in Section 4.3.3, we see that Ly (0,7#(f)) ™" is always zero.

The L-invariant for the adjoint representation has been calculated in the ordinary case in [Hid04]. This
approach has been generalized to calculate Benois’ L-invariant in [Benl0, Mok12]. These results can be
subsumed as follows

Theorem 4.5.2. Let F'(k) be a family of overconvergent eigenforms such that F(ko) = f and let A,(k) be
its Uy etgenvalue. We have

3 2dlog Ap(K)

dk Ir=ro-

L(f) =

We remark that it is very hard to determine whether £(f) is not zero, even though the above theorem
tells us that this is always true except for a finite number of points.
If we suppose ko = 2, we are considering an ordinary form and in this case pf|g, is an extension of Q,
by Q,(1). The L-invariant can be described via Kummer theory. Let us denote by ¢y the universal norm
log ;
Gl
f,in [GS93, §3] the two authors give a description of ¢ in term of the p-adic uniformization of Ay. When Ay

is an elliptic curve, then gy is Tate’s uniformizer and a theorem of transcendental number theory [BSDGP96]
tells us that log,(qy) # 0.

associated to the extension py|g,; we have then L£(f) = Let A be the abelian variety associated to

Proof of Theorem 4.5.1. Let kg be the point on C corresponding to f. As the weight of f is not critical, we
have that w : C — W is étale at kg. We have w(ko) = [ko]. Let us write tg = (2 = w™F0(2)2%0); ¢ is a
local uniformizer in Oyy, x,—1]- As the map w is étale at ko, to is a local uniformizer for Oc ,. Let us write
A = Oc i /(TE), for Ty = k — to. We have an isomorphism between the tangent spaces; this induces an
isomorphism on derivations

Der g (Ow,[ko—-1]> Cp) = Derg (Oc xy, Cp)-

The isomorphism is made explict by fixing a common basis %.

We take the local parameter at [kg — 2] in W to be t; = (z + w™koF2(z)zko=2),

Let £ be as in the hypothesis of the theorem and let L,(k, k") be the p-adic L-function constructed in Theorem
4.4.14. We can see, locally at (ko, [ko—2]), the two variable p-adic L-function L, (k, x") as a function L, (¢, t1)
of the two local parameters (to,t1). Let us define to(k) = (2 — w0 (2)2%) resp. t1(s) = (2 = w™F0F2(2)2*%)
for k resp. s p-adically close to kg resp. ko — 2. Consequently, we pose Ly(k,s) = Ly (to(k),t1(s)); this is a
locally analytic function around (ko, ko — 2).
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We have a% = log, (u)al%g%. The interpolation formula of Theorem 4.4.14 i) tells us that locally L(k, k—2) =
0. We derive this identity with respect to k to obtain

OL(k, s) _ OL(k,s)
Os

S:kofl,k:ko ak S:kofl,k:ko

Using Corollary 5.4.3 and Theorem 4.5.2 we see that
Ly(k, ko = 1) = L(F)Ly (ko) + O((k = ko)*)

and we can conclude thanks to the second interpolation formula of Theorem 4.4.14. O

4.6 Relation with other symmetric square p-adic L-functions

As we have already said, the p-adic L-function of the previous section L,(k,x’) has some poles on Cp
coming from the “denominator” Hp (k) of I}. In this section we will see how we can modify it to obtain
an holomorphic function using a one-variable p-adic L-function for the symmetric square constructed by
Kim and, more recently, Bellaiche. The modification we will perform to L,(k,«’) will also change the
interpolation formula of Theorem 4.4.14, changing the automorphic period (the Petersson norm of f) with
a motivic one. We shall explain in the end of the section why, in the ordinary case, this change is important
for the Greenberg-Iwasawa-Coates-Schimdt Main Conjecture [Urb06, Conjecture 1.3.4].

We want to point out that all we will say in this section is conditional on Kim’s thesis [Kim06] which has
not been published yet.

In the ordinary settings, overconvergent projector and ordinary projector coincides and it is known in many
cases, thanks to Hida [Hid88a, Theorem 0.1], that Hr (k) interpolates, up to a p-adic unit, the special value

L(k, Sym?(F(x)),v")

(k= DI (P () B3 ) S o ),

where W/(F(k)) is the root number of F°(x) and F3(k) = 1 if F(k) is primitive at p and

(1 _ W) (1 _ W)

Ap(r)? Ap(r)?
otherwise (note that, up to a sign, it coincides with S(F'(x))). Here QT = QT (F(x)) and Q= = Q™ (F(k))
are two complex periods defined via the Eichler-Shimura isomorphism.
Kim in his thesis [Kim06] and recently Bellaiche generalize Hida’s construction to obtain a one variable
p-adic L-function for the symmetric square. The aim of this section is to confront the p-adic L-function of
section 4.4.3 with theirs.

Kim’s idea is very beautiful and at the same time quite simple; we will sketch it now. Its construction relies
on two key ingredients; the first one is the formula, due to Shimura,

Ly (k,Sym? -1
(.17 = (e - D) )

(4.6.1)

The second one is the sheaf over the eigencurve C of distribution-valued modular symbol, sometimes called
the overconvergent modular symbol, constructed by Stevens [PS11, Bell2a]. It is a sheaf interpolating the
sheaves Sym" 72(Z12,) appearing in the classical Eichler-Shimura isomorphism. When modular forms are seen
as sections on this sheaf, the Petersson product is induced by the natural pairing on Symk_Q(Zi). Kim’s
idea is to interpolate these pairings when k varies in the weight space to construct a pairing on the space of
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locally analytic functions on Z,,. This will induce a (non-perfect) pairing ( , ), on the sheaf of overconvergent
modular symbol. For a family F(x) we can define two modular symbols ®*(F(k)). Kim defines

Ly P (k) = (@7 (F(r)), @ (F(r))), -
This p-adic L-function satisfies the property that its zero locus contains the ramification points of the map
C — W [Kim06, Theorem 1.3.3] and for all classical non critical point x of weight k we have the following
interpolation formula [Kim06, Theorem 3.3.9]

(k — D)Ly (k, Sym?(F(k)), 1)
N222kﬂ.k+1Q+Q— .

Ly P (k) = B3 ()W (F (k)

The period 27Q~ is the one predicted by Deligne’s conjecture for the symmetric square motive and it is
probably a better choice than the Petersson norm of f for at least two reasons. The first one is that, as we
have seen in (4.6.1), the Petersson norm of f essentially coincides with L(k,Sym? ¢~!) and such a choice
as a period is not particulary enlightening when one is interested in Bloch-Kato style conjectures.

The second reason is related to the the Main Conjecture. Under certain hypotheses, such a conjecture is
proven in [Urb06] for the p-adic L-function with motivic period. In fact, in [Urb06, §1.3.2] the author is
force to make a change of periods from the p-adic L-function of [CS87, Hid90, DD97] to obtain equality of
p-invariant.

It seems reasonable to the author that in many cases, away from the zero of the overconvergent projection,
we could choose Hp (k) = LEP (k); in any case, we can define a function

Ly(k, k") = LfB(H)Lp(n, k)

which is locally holomorphic in k and at classical points interpolates, up to some explicit algebraic number
L(5,Sym?(F(r)),e tw®™ 1)
TsQTQ— .

which we do write down explicitly, the special values

4.7 Functional equation and holomorphy

The aim of this section is to show that we can divide the two-variable p-adic L-function constructed in
Section 4.4.3 by suitable two-variable functions to obtain an holomorphic p-adic L-function interpolating the
special values of the primitive L-function, as defined in Section 4.3.3.

The method of proof follows closely the one used in [DD97] and [Hid90]. We shall first construct another
two variable p-adic L-function, interpolating the other set of critical values. The construction of this two
variables p-adic L-function has its own interest. The missing Euler factors do not vanish, and if one could
prove a formula for the derivative of this function would obtain a proof of 4.1.1 without hypotheses on the
conductor.

We will show that, after dividing by suitable functions, this p-adic L-function and the one of Section 4.4.3
satisfy a functional equation. We shall conclude by showing that the poles of these two functions are distinct.
We start recalling the Fourier expansion of some Eisenstein series from [Ros13a, Proposition 3.10];

B 1(2,0;X) =L1p(2k = 3,X%) + > ¢" Ly (k= 1,x05) x

n=1

1—k

X > p(t1)x (t183) o (£ )2 (t123)
t2t3|n,

(t1tg, Lp) =1,

ty > 0,t0 >0
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We have for 0 < s < k/2
6Z+%Ek+% (2,0,x) = Ek+23+% (2,28,x).
We give this well known lemma,;

Lemma 4.7.1. Let x be a even primitive character modulo Cp", with C' and p coprime and r > 0. Then
for any b > 2 coprime with p, there exists a measure (;b such that for every finite-order character e of Zy,
and any integer m > 1 we have

/Z E(2)2mACE(2) = (1— X (™) (1 — (ex)o ()P 1)

. GlEX)p) Li(m, x"Te™h)
pl=me — Qm)

where X' denote the prime-to-p part of x, xp the p-part of x and c, the p-part of the conductor of xe. If we
let a =0, 1 such that ex(—1) = (—1)", we have

L(=53)

Q(m) = Q(m,ex) = iaﬂl/%mr(lfimﬂz)'
2

As before, we can associate to this measure a formal series
GHS.&x00) = | EE)1+8)7AC0 ()
L

We shall denote by L} (k,§, x,b) the image of G*(S,¢, x,b) by the map S — (k — r(u) —1).
We define an element of A(W)[[q]]

EF00 = Y. Lis[-2x.onb)d” > Bu(t)x(tatd)on(t)r T (t1t3).
n=1,(n,p)=1 t2t2|n,

(tyte, Lp) =1,
t;] >0,tp >0

If k = [k], we have then

[k’}(g:(X)) :p(z—gc(:é)&;)_ 1) (1 — X/(b)bk_l)Ek_%(Z,O,wkx_lﬂyk
o) = L= M0t

(1 —w" () (xLw=k)o(p)p2 )’

where the twist by v is defined as in [Hid90, h5]. We fix two even Dirichlet characters as in Section 4.4.3:
¢ is primitive modulo Z/Cp®Z (§ = 0,1) and ¢ is defined modulo Z/pNZ. Fix also a positive slope a and
a positive integer L which is a square and divisible by C2, 4 and N. Let us denote by Cy the conductor of
&~2 and let us write L = 4CZ L.

For s = 0,1,... we now define distributions x4 on Z,* with values in N (L, A(W))=%. For any ¢ of conductor
p"™ we pose

L —
) = et (6%t | 2 | 07l o)

with 8 = 0, 1 such that s = 8 mod 2.
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Proposition 4.7.2. For any 0 < t < oo, the distributions u7 define an h-admissible measure u™ with values
in N (L, AV (to) x W(t)))=* .

We take the Mellin transform

K K (w)*dupT(2)
Zy

to obtain an element 6 * ET(k, &') of N7 (L, AW(to) x W(t)))=.
Let F' be a family of finite slope eigenforms. We refer to Section 4.4.3 for all the unexplained notation and
terminology. We pose

Ak, k') = (1 e )2 ) .

br! (u)
We define a new p-adic L-function

L (k1) =L Ak, 8) e (Toyn 0+ BT (5,)) € K(Co x W).

Let us define
BY (5, ) =X (6) 2 (1= (€7 w92 (p)Ap () 22 0);
when F(k) is primitive at p we define F (k, ') = 1, otherwise
Ef (k") =(1 = £ e o™ (p)p" 2 7o) (1 — (Gew®)o(p)Ap (k) 2p%).
Let 8 =0, 1 such that s = 8 mod 2, we pose

C+

s

(2]{ _3_ S)!Z-kpn(3k72575)G(i/}gflsflwfs)G(wZEflgflwfs) %

K
s+B+1
2

% Cp (g/w—Q’)Qk—s—lN—k/2L6k—1— 92s+5-5k+5

Theorem 4.7.3. L;_(Ii,lﬁ/) is a function on Cp X W, meromorphic in the first variable and of logarithmic
growth h = [2a]+2 in the second variable. For all classical points (k, k'), we have the following interpolation
formula

L (ko h!) = O Eif (k, k") E (k, k") L(2k — 2 — 5, Sym?(F(k)), £ew®)

PETTD TR Ok — s — )mPhm2mS(F (k)W (F (k) (F(k), Fo (k)
Proof. The calculation are essentially the same as Theorem 4.4.14; the only real difference is the presence
of the twist by vx. We can deal with it as we did in [Rosl3a, Appendix A] so we shall only sketch the

calculations. We first remark the following; let x be any character modulo p”, then it is immediate to see
the following identity of g-expansions

Uy (Z x(n)ang" Z amqm> = X(=1)Upr (Z anq" Z X(m)amqm> .

We can write

1 p=1 _ _
=14wz (n)(x Wo@p"2+....
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We apply this to

L
O e tw™) [403} [k]énfifé]sj[fs](wg—lg—la,l)

and we see that we can move the twist v, to ()26 e~ w™*)| [;5], and we conclude noticing that

y (Ln2) _ (- (g e o 1)o(p)p 0 ?)
"\ac? (1— (Y=eo_1)o(p)p*t'—F)

is independent of n. We have

Ge telw)
p—F )0k — s — 1)

_2B8+1 _
L (s, 1) =i*C 200 Glng )L™ (L/N)2 LG ™5 (=i) (Cop™) /2
—@2n-1)k/ _ 2 s—2k—2, —1 1—2n,_ (2n—1)(k—1) (F(r) g)
xp 2(1=Xp(R)p o (P)Ap(K)~""p e TpAvas=ra
! 0 : (F(r)°|m, F(k))
B=s — S\ — s B—s
g=2"7 0(¢p *¢ew )Ek_gg;l (B—s,0 Mew®o 1)y =,

s—2k+14+8 " 2k—2s—1 2k — s —1 — ﬂ
o =(2m) = F 2 gy (E2 220,

We recall the well-known duplication formula
1 1-2z_1/2
Lz | z+ 5)= 20T AD(22)

which we apply for z = %_TG_Q Summing up, we obtain

L (1, 1) =(2k — 3 — s)lik2etd-5k+4 N —h/202k—sm1 g k1= 255

% G(wgf1571wfs)G(,ll)2€7lsflwfs)pn(?)kf%ff)))\p(l{)72n %

(1- 170_1(p)/\p(/{)QpS_Qk_Q)E;(ﬁ, K)L(2k — 2 — 5, Sym?(F(k)), Y*Eew®)
w2k 2= S(F (1)) W/(F () (F°(r), F°(k)) Qk — s — 1)

X

X

O

The interest in interpolating directly the critical values in the strip [k, 2k — 2] lies in the fact that on

the line of trivial zeros s = k — 2 none of the missing Euler factors of £(k,Sym?(F(k)),¢?¢cw?®) (which
we recalled in Section 4.3.3) vanish. To prove Conjecture 4.1.1 it would then be enough to calculate the
derivative of L} (k, k) with respect to s at (o, [ko — 2]).
To interpolate the primitive L-function we have to divide L,(k, k') by some functions which interpolate the
extra factors given in Section 4.3.3. Let F'(k) be as above and let us denote by {\,(x)} the corresponding
system of Hecke eigenvalues. For any Dirichlet character of prime-to-p conductor ¥, let us denote by F) (k)
the primitive family of eigenforms associated to the system of Hecke eigenvalues {\,(k)x(n)}. Let ¢ be a
prime number and f a classical modular form, we say that f is minimal at ¢ if the local representation
7(f)q has minimal conductor among its twist. Let x be a Dirichlet character such that F (k) is minimal
everywhere for every non critical point x. As the Hecke algebra T" (N, K(Uf)) is generated by a finite number
of Hecke operators, if K is big enough to contain the values of y, then the Hecke eigenvalues of F'(k) and
F\ (k) all belong to A(U). We shall denote by Ag(r) the Hecke eigenvalue corresponding to the family which
is minimal at ¢ and by ag(x) and 3¢(k) the two roots of the corresponding Hecke polynomial; enlarging
A(U) if necessary, we can suppose that both of them belong to A(U).
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log,, (q)

For each prime g, let us write [, = = Tog ()"

Recall the partition of the primes dividing the level of F' i), ...

iv) given in Section 4.3.3, we define
_ 1. -1
By, ) =(1 - & M (@)q a6 (') " x

) (1- 551(Q)q_lﬁg(n)Qn’(u_lq))_l (if ¢ in case i),

>_ (1= (2% Nolg)g A% (k) 26/ (ul)) " (if ¢ in case ii) |

-1
) (if ¢ in case iv)
j St mem RN

and we pose

We define also

me -1
Ef (k') = <1 — (V7% o(9) g g (r)? :(S;qu x
me -1 P ulq -1
(1= gy ) (1- 0 00es 0P S ) i s ).

K (ule)

k(ula)
CACYOR | N (U VaR Y

j s.t. MmN

> (1- (1/’715)0(Q)qfl)\;(H)fZH(ulq)n'(ulq))71 (if ¢ in case i),

=

+

—
BN
=N
I

(1 6 9)(a)q

-1
> (if ¢ in case iv)

and we pose

B(r,r') = ( e >HE+/<U<; -

u2l2

Proposition 4.7.4. We have the following equality of meromorphic functions on Cp X W
Ly(k, &) A(k, &) =(k, ') L} (5,5 B(r, 5')

where (k, k') is the only Iwasawa function such that

GO HGE ) GE ) e
G(&) ’
for C'(m ® &) the conductor outside p of & @ &1L,

L’#C/(TF ®§)s_k+124k—4s—6’

e(uf,u®) =

Proof. The explicit epsilon factor of the functional equation stated in Section 4.3.3 can be found in [DD97,
Theorem 1.3.2].
Recall from loc. cit. that
—s—1__ =4l s— a
Lo(s+1) sl(2m) " wm e T (ke
Loo(2k—2—25) (2k — 3 — S)!(Qw)—2k+2+sﬁ—mf3*2r (kflgera)
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We have, on all classical points

Ly(x, K')B(k, k') B 7T2k7572S!G(£€UJS)C(gewis)sL/ 28 27257’“7%27(2S+575k+%)pnsﬂ(k —s—1) y
Ly (5, k) AR, K)  qst1(2k — 3 — 8)IG(1pg e L) G(yp2€ e 1w=s) k51 [ k== 57" pn(2k—s-3)
L(s +1,Sym?(f), & e tw™?)
L2k —2— s, Sym?(f), p?€=wr)
pn(3(8+1)+3k+2)G(Sews)24]9745760(560‘)75)3‘[//%

_ o ~ -1 _—-1, —s
" GG e T

To conclude we use [Sch88, Lemma 1.4] and the relations
p"=GW)GW™), Girtha) = 11 (Ca)tha(C1)G (1) G (¢ha),
for 1/; a character of conductor p™ and v; a character of conductor C;, with (Cy,Cs) = 1. O

Proposition 4.7.5. The elements A(k, ") and B(k, k') are mutually coprime in A(U x W).

Proof. We follow closely the proof of [DD97, §3.1].

During the proof of this proposition we shall identify AU x W) with AU)[[T]] and we will see A(U) as a
O[[S]]-algebra via S — (k — k(u) — 1).

Consider one of the factors of A(k,x’) in which neither \;(x), nor ag(x), nor 3¢ () appear. Then such a
factor belongs to O[[S,T]] and a prime factor of it is of the form (1 +7T) — z(1 4 5), with z € pipe.

A prime divisor of the excluded factors of A(k,x’) is (1 +T) — j(k), with j(k) in AU).

Similarly, a prime factor of B(k, ') is (1 +T) — 2/(1 4+ 5), with 2 € u™ pipee or (1 4+T) — j'(k).

If a prime elements divides both elements, we must have z(1+S) = j'(k) or 2/(1+S5) = j(x). We deal with the
fist case. Suppose that this prime elements divides (1 — (W€ Y)o(q)g2 r(ule) ) and (1 - (¢_2§)0(q')q’2a2,(n)

k! (ula)

—s— —2k+2
k—s 2:<~q/$ + a;)/

ing that |af, (k)?|c = 7" we obtain |¢"52|¢ = |g |c, contradiction. All the other cases are analo-
gous. O

Specializing at any classical point (k, ') we obtain ¢ (k)2, for ¢ a root of unity. Notic-

1s—k+1

We can than state the main theorem of the section. We exclude the case where ¥€w™?! is quadratic
imaginary and F(k) has complex multiplication by the corresponding quadratic field because this case has
already been treated in [Hid90]. Recall the “denominator” Hp (k) of I}, defined at the end of section 4.4.2.

Theorem 4.7.6. We have a two-variable p-adic L-function Hp(k)Ap(k, k") on Cp x W, holomorphic in the
first variable and of logarithmic growth h = [2a] 4+ 2 in the second variable such that for all classical points
(k, k") we have the following interpolation formula

L(s+1, Sme(F(Ii)), £ lem1w9)

Al i) = Ol Ea o 6 B2l 1) S g e WP () (B2 (), ()

Proof. We pose

AP(Kﬂ /i/) = LP(Ha RI)A(Ka H/)

We begin by showing that A, (k, &) is holomorphic. We know from the definition of L, (x, ") and Proposition
4.4.16 that all the poles of L,(k, k") are controlled by Hp(k), that is Hp(k)Ly(k, ') is holomorphic in k.

We have moreover that A(k, s’ )_1 brings no extra poles; indeed, because of the functional equation of
Proposition 4.7.4, a zero of A(k, ') induces a pole of Hp(k)L} (k, ") B(k, )~'. But the only poles of the

125

2K (u'?)
n(u2lq')

)



latter could be the zeros of B(k, k). Proposition 4.7.5 tells us that the zeros of A(k, ') and B(k, k') are
disjoint and we are done.

To conclude, we have to show the interpolation formula at zeros of A(k, k’); for this, it is enough to combine
Proposition 4.7.4 and Theorem 4.7.3. L]
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Chapter 5

Derivative of symmetric square p-adic
L-functions via pull-back formula

5.1 Introduction

Let M be a motive over Q and suppose that it is pure of weight zero and irreducible. We suppose also that
s = 0 is a critical integer a la Deligne.

Fix a prime number p and let V be the p-adic representation associated to M. We fix once and for all an
isomorphism C = C,. If V is semistable, it is conjectured that for each regular submodule D [Benll, §0.2]
there exists a p-adic L-function L,(V, D, s). It is supposed to interpolate the special values of the L-function
of M twisted by finite-order characters of 1 + pZ, [PR95], multiplied by a corrective factor (to be thought
of as a part of the local epsilon factor at p) which depends on D. In particular, we expect the following
interpolation formula at s = 0;

L(V,0)
Q)

Ly(V, D, s) = E(V, D)

for (V) a complex period and E(V, D) some Euler type factors which conjecturally have to be removed in
order to permit p-adic interpolation (see [Benll, §2.3.2] for the case when V is crystalline). It may happen
that certain of these Euler factors vanish. In this case the connection with what we are interested in, the
special values of the L-function, is lost. Motivated by the seminal work of Mazur-Tate-Teitelbaum [MTT86],
Greenberg, in the ordinary case [Gre94b], and Benois [Benl1] have conjectured the following;

Conjecture 5.1.1. [Trivial zeros conjecture] Let e be the number of Euler-type factors of E,(V, D) which
vanish. Then the order of zeros at s =0 of L,(V, D, s) is e and

. L(V,0)

s—0

L,(V,D,s)
Se

— £(V,D)E*(V, D) (5.1.2)

for E*(V, D) the non-vanishing factors of E(V, D) and L(V, D) a non-zero number called the L-invariant.

There are many different ways in which the L£-invariant can be defined. A first attempt at such a definition
could that of an analytic L-invariant

Ly(V,D,s)

lim, o I’

E(V, D)8

Lan(‘/’ D) —
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Clearly, with this definition, the above conjecture reduces to the statement on the order of L,(V,D,s) at
s = 0 and the non-vanishing of the L-invariant.

In [MTTS86] the authors give a more arithmetic definition of the £-invariant for an elliptic curve, in terms
of an extended regulator on the extended Mordell-Weil group. The search for an intrinsic, Galois theoretic
interpretation of this error factor led to the definition of the arithmetic L-invariant £2*(V, D) given by Green-
berg [Gre94b] (resp. Benois [Benll]) in the ordinary case (resp. semistable case) using Galois cohomology
(resp. cohomology of (p,T')-module).

For 2-dimensional Galois representations many more definitions have been proposed and we refer to [Col05]
for a detailed exposition.

When the p-adic L-function can be constructed using an Iwasawa cohomology class and the big expo-
nential [PR95], one can use the machinery developed in [Ben12, §2.2] to prove formula (5.1.2) with £ = £2.
Unluckily, it is a very hard problem to construct classes in cohomology which are related to special values.
Kato’s Euler system has been used in this way in [Benl2] to prove many instances of Conjecture 5.1.1 for
modular forms. It might be possible that the construction of Lei-Loeffler-Zerbes [LLZ12] of an Euler system
for the Rankin product of two modular forms could produce such Iwasawa classes for other Galois represen-
tations; in particular, for V = Sme(Vf)(l), where V; is the Galois representation associated to a weight
two modular form (see also [Ber98] and the upcoming work of Dasgupta on Greenberg’s conjecture for the
symmetric square p-adic L-functions of ordinary forms). We also refer the reader to [BDR14].

We present in this paper a different method which has already been used extensively in many cases and
which we think to be more easy to apply at the current state: the method of Greenberg and Stevens [Gre94b].
Under certain hypotheses which we shall state in the next section, it allows us to calculate the derivative of
L,(V,D,s).

The main ingredient of their method is the fact that V can be p-adically deformed in a one dimen-
sional family. For example, modular forms can be deformed in a Hida-Coleman family. We have decided to
present this method because of the recent developments on families of automorphic forms [ATP12, Bral3]
have opened the door to the construction of families of p-adic L-function in many different settings. For
example, we refer to the ongoing PhD thesis of Z. Liu on p-adic L-functions for Siegel modular forms.
Consequently, we expect that one could prove many new instances of Conjecture 5.1.1.

In Section 5.4 we shall apply this method to the case of the symmetric square of a modular form which
is Steinberg at p. The theorem which will be proved is the following;

Theorem 5.1.3. Let f be a modular form of trivial Nebentypus, weight ko and conductor Np, N squarefree
and prime to p. If p = 2, suppose then k = 2. Then Conjecture 5.1.1 (up to the non-vanishing of the
L-invariant) is true for L,(s,Sym?(f)).

In this case there is only one choice for the regular submodule D and the trivial zero appears at s = kg —1.
This theorem generalizes [Ros13d, Theorem 1.3] in two ways: we allow p = 2 in the ordinary case and when
p # 2 we do not require N to be even. In particular, we cover the case of the symmetric square 11-adic
L-function for the elliptic curve Xy(11) and of the 2-adic L-function for the symmetric square of X((14).

In the ordinary case (i.e. for k = 2), the proof is completly independent of [Ros13d] as we can construct
directly a two-variable p-adic L-function. In the finite slope case we can not construct a two-variable function
with the method described below and consequently we need the two-variable p-adic L-function of [Ros13d,
Theorem 4.14], which has been constructed only for p # 2.
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In the ordinary setting, the same theorem (but with the hypothesis at 2) has been proved by Greenberg
and Tilouine (unpublished). The importance of this formula for the proof of the Greenberg-Iwasawa Main
Conjecture [Urb06] has been put in evidence in [HTU97].

We improve the result of [Ros13d] a different construction of the p-adic L-function, namely that of [BS00].
We express the complex L-function using Eisenstein series for GSp,, a pullback formula to the Igusa divisor
and a double Petersson product. We are grateful to E. Urban for having suggested this approach to us. In
Section 5.3 we briefly recall the theory of Siegel modular forms and develop a theory of p-adic modular forms
for GLy x GLso necessary for the construction of p-adic families of Eisenstein series.

Acknowledgement This paper is part of the author’s PhD thesis and the author is very grateful to his
director J. Tilouine for the constant guidance and the attention given. We thank E. Urban for inviting the
author at Columbia University (where this work has seen the day) and for the generosity with which he
shared with us his ideas and insights. We thank R. Casalis for interesting discussions on Kéhler differentials
and J. Welliaveetil for useful remarks.

5.2 The method of Greenberg and Stevens

The aim of this section is to recall the method of Greenberg and Stevens [GS93] to calculate analytic L£-
invariant. This method has been used successfully many other times [Mok09, Ros13a, Ros13d]. It is very
robust and easily adaptable to many situations in which the expected order of the trivial zero is one. We
also describe certain obstacles which occur while trying to apply this method to higher order zeros.

We let K be a p-adic local field, O its valuation ring and A the Iwasawa algebra O[[T]]. Let V be a
p-adic Galois representation as before.
We denote by W the rigid analytic space whose Cp-points are Homcont (Z;‘,,(CZ). We have a map Z — W
defined by k + [k] : 2 — z*. Let us fix once and for all, if p # 2 (vesp. p = 2) a generator u of 1+ pZ, (resp.
1 +47Z3) and a decomposition Z5 = p x 14 pZ;, (vesp Z3 = p X 1 4 4Z3). Here pp = G}*(Zy,). We have the
following isomorphism of rigid spaces:

W =Gi(Z,)" x B(1,17)
K= (mwn(u)),

where the first set has the discrete topology and the second is the rigid open unit ball around 1. Let
0<r<oo,r€R, we define

W(r) = {(¢,2)IC € G (Zy), [z = 1| <p™"}

We fix an integer h and we denote by Hj, the algebra of h-admissible distributions over 1+ pZ, (or 1+ 47Z,
if p = 2) with values in K. Here we take the definition of admissibility as in [Pan03, §3], so measures are
one-admissible, i.e. A ® Q, = H;. The Mellin transform gives us a map

H;, — An(0),

where An(0) stands for the algebra of Q,-analytic, locally convergent functions around 0. If we see Hy, as a
subalgebra of the ring of formal series, this amounts to T — u® — 1.

We suppose that we can construct a p-adic L-function for L,(s, V, D) and that it presents a single trivial
Zero.
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We suppose also that V' can be deformed in a p-adic family V' (k). Precisely, we suppose that we are given an
affinoid U, finite over W(r). Let us write m : U — W(r). Let us denote by Z the Tate algebra corresponding
to U. We suppose that Z is integrally closed and that there exists a big Galois representation V (k) with
values in Z and a point ko € U such that V = V(ky).

We define U to be the set of k € U satisfying the followings conditions:

o (k) = [k], with k € Z,
e V (k) is motivic,
e V() is semistable as Gg,-representation,
e 5 =0 is a critical integer for V (k).
We make the following assumption on /¢!
(CI) For every n > 0, there are infinitely many « in /' and s € Z such that:
o [k—rolu <p™"
e s critical for V(k),
e s =0 modp”.

This amounts to asking that the couples (k, [s]) in U x W with s critical for V (k) accumulate at (ko, 0).

We suppose that there is a global triangulation D(x) of the (i, I')-module associated to V (k) [Liul3] and
that this induces the regular submodule used to construct L,(s,V, D).
Under these hypotheses, it is natural to conjecture the existence of a two-variable p-adic L-function (depend-
ing on D(k)) Ly(k,s) € Z&Hy, interpolating the p-adic L-functions of V (k), for all £ in Y. Conjecturally
[Pan94, Pot13], h should be defined solely in terms of the p-adic Hodge theory of V (k) and D(k).

We make two hypotheses on this p-adic L-function.

i) There exists a subspace of dimension one (k,s(x)) containing (kg,0) over which L,(k, s(x)) vanishes
identically.

i4) There exists an improved p-adic L-function Ly(x) in T such that L,(k,0) = E(x)L; (), for E(x) a
non-zero element which vanishes at kg.

The idea is that i) allows us to express the derivative we are interested in in terms of the “derivative with re-
spect to k.” The latter can be calculated using ). In general, we expect that s(x) is a simple function of (k).

Let log,(z) = — Y- A=2)" for |z — 1], < 1and

n=1 n

log,, (k(u"))
L = P
g, (k) log, ()
for r any integer big enough.
For example, in [Gre94b, Mok09] we have s(k) = %Logp(w(n)) and in [Rosl3a, Ros13d] we have s(k) =
Log,(m(x)) — 1. In the first case the line corresponds to the vanishing on the central critical line which is a
consequence of the fact that the e-factor is constant in the family. In the second case, the vanishing is due

to a line of trivial zeros, as all the motivic specializations present a trivial zero.
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The idea behind i) is that the Euler factor which brings the trivial zero for V varies analytically along
V() once one fixes the cyclotomic variable. This is often the case with one dimensional deformations. If
we allow deformations of V in more than one variable, it is unlikely that the removed Euler factors define
p-analytic functions, due to the fact that eigenvalues of the crystalline Frobenius do not vary p-adically or
equivalently, that the Hodge-Tate weights are not constant.

We now give the example of families of Hilbert modular forms. For simplicity of notation, we consider a
totally real field F' of degree d where p is split. Let f be a Hilbert modular form of weight (k1,...,kq) such
that the parity of k; does not depend on i. We define m = max(k; — 1) and v; = %_k’ We suppose that
f is nearly-ordinary [Hid89b] and let F be the only Hida family to which f belongs. For each p-adic place p;
of F, the corresponding Hodge-Tate weights are (v;, m —v;). This implies that the Fourier coefficient ay, (F)
is a p-adic analytic function only if it is divided by p¥*. Unluckily, a,, (F) is the number which appears in
the Euler type factor of the evaluation formula for the p-adic L-function of F or Sym?(F). This is why in
[Mok09, Ros13a] the authors deal only with forms of parallel weight. It seems very hard to generalize the
method of Greenberg and Stevens to higher order derivatives without new ideas.

It may happen that the Euler factor which brings the trivial zero for V' is (locally) identically zero on the
whole family; this is the case for the symmetric square of a modular form of prime-to-p conductor and more
generally for the standard L-function of parallel weight Siegel modular forms of prime-to-p level. That’s why
in [Ros13a, Ros13d] and in this article we can deal only with forms which are Steinberg at p.

We have seen in the examples above that s(k) is a linear function of the weight. Consequently, one needs
to evaluate the p-adic L-function L,(V(k), s) at s which are big for the archimedean norm. When s is not a
critical integer it is quite a hard problem to evaluate the p-adic L-function. This is why we have supposed
(CI). It is not a hypothesis to be taken for granted. One example is the spinor L-function for genus two
Siegel modular forms of any weight, which has only one critical integer.
The improved p-adic L-function is said so because L;‘,(ng) is supposed to be exactly the special value we are
interested in.

The rest of the section is devoted to make precise the expression “derive with respect to x.”
We recall some facts about differentials. We fix a A-algebra Z;. We suppose that Z; is a DVR and a K-
algebra. Let Z; be an integral domain and a local ring which is finite, flat and integrally closed over Z;. We
have the first fundamental sequence of Kéahler differentials

QIl/K X1, Lo — QIQ/K — QIz/I1 — 0.

Under the hypotheses above, we can write Iy = fjgg . Then, every K-linear derivation of Z; can be extended

to a derivation of Z; and [Mat80, Theorem 57 ii)] ensures us that the first arrow is injective.

Let Py be the prime ideal of Z corresponding to the point ko and P the corresponding ideal in O(W(r)).
We take Z; = O(W(r))p and Iy = Zp,. The assumption that Z, is integrally closed is equivalent to ask
that U is smooth at xp. In many cases, we expect that Z; — Z, is étale; under this hypothesis, we can
appeal to the fact that locally convergent series are Henselian [Nag62, Theorem 45.5] to define a morphism
Zy — An(kg) to the ring of meromorphic functions around ko which extend the natural inclusion of Z;. Once
this morphism is defined, we can derive elements of Z, as if they were locally analytic functions.

There are some cases in which this morphism is known not to be étale; for example, for certain weight

one forms [Dim13b, DG12] and some critical CM forms [Bel12b, Proposition 1]. (Note that in these cases
no regular submodule D exists.)
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We would like to explain what we can do in the case when Z; — 7, is not étale. We also hope that what
we say will clarify the situation in the case where the morphism is étale.
We have that Qp/x is a free rank 1 A-module. Using the universal property of differentials

HOIHA(QA/K, A) = DerK(A,A),

we shall say, by slight abuse of notation, that 2,k is generated as A-module by the derivation %. Simi-
larly, we identify Q7 /i with the free Z;-module generated by d%' As the first arrow in the first fundamental
sequence is injective, there exists an element d € Q7, /x (which we see as K-linear derivation from Z; to Z)
which extends %. If 7y — 7y is étale, then (27,,7, = 0 and the choice of d is unique.

Under the above hypotheses, we can then define a new analytic L-invariant (which a priori depends on
the deformation V (k) and d) by

d(Lyp(0, %))

LPV) = —log,(u) d(s(k)) " d(E(k))|,_,, = — d(s(x)) ™" L3 (%)

K=K0
K=K0o

We remark that with the notation above we have 1ogp(u)% = %. We apply d to L,(k, s(k)) = 0 to obtain

0= d(Ly(r, 5())) = logy ()" Lyl 8)| () + ALyl )],y

s=s(k)

Evaluating at kK = kg we deduce

and consequently
LV) = LGN (V).

In the cases in which £ has been calculated, namely symmetric powers of Hilbert modular forms, it

is expressed in terms of the logarithmic derivative of Hecke eigenvalues at p of certain finite slope families
[Ben10, HJ13, Hid06, Mok12]. Consequently, the above formula should allow us to prove the equality
fan — Eal.
Moreover, the fact that the L-invariant is a derivative of a non constant function shows that £2* # 0 outside
a codimension 1 subspace of the weight space. In this direction, positive results for a given V have been
obtained only in the cases of a Hecke character of a quadratic imaginary field and of an elliptic curve with
p-adic uniformization, using a deep theorem in transcendent number theory [BSDGP96].

5.3 Eisenstein measures

In this section we first fix the notation concerning genus two Siegel forms. We then recall a normalization of
certain Eisenstein series for GLa X GLg and develop a theory of p-adic families of modular forms (of parallel
weight) on GLg x GL,. Finally we construct two Eisenstein measures which will be used in the next section
to construct two p-adic L-functions.

5.3.1 Siegel modular forms

We now recall the basic theory of Siegel modular forms. We follow closely the notation of [BS00] and we
refer to the first section of loc. cit. for more details. Let us denote by H; the complex upper half-plane and
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by Hs the Siegel space for GSp,. We have explicitly

Hg:{Z:(zl =2 )‘Zt:ZandIm(Z)>O}.

Z3 Z4
. . . . . A B . +
It has a natural action of GSp,(R) via fractional linear transformation; for any M = c p o GSp; (R)
and Z in Hy we define

M(Z)=(AZ +B)(CZ+ D).

Let T = Féz)(N ) be the congruence subgroup of Sp,(Z) of matrices whose lower block C' is congruent to 0
modulo N. We consider the space M, lgz)(N , @) of scalar Siegel forms of weight k£ and Nebentypus ¢:

{F ‘H, — C ‘F(M(Z))(C’Z + D) * = ¢(M)F(Z) YM €T, f holomorphic} .
Each F in My(T', ¢) admits a Fourier expansion
F(Z) — Z G,(T)eQTritr(TZ)7
T

T Ty

where T = ( T, T,

half-integer.

> ranges over all matrices T' positive and semi-defined, with T3, T, integer and T3
We have two embeddings (of algebraic groups) of SLs in Spy:

SLI(R) = ‘( ‘CL Z ) € SLy(R) b,

SLY(R) = ‘( ‘c’ Z > € SLy(R)

O O O oo+~ Oo
O OO OO o

QAL OO RO OO

S OO+ OO0 OQ

We can embed H; x H; in Hs in the following way

zZ1 0
(21,24)»—>< 0 2 >

If v belongs to SLy(R), we have

Consequently, evaluation at zo = 0 gives us a map

MP (N, ¢) < Mi(N,$) @c My(N, ¢),
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where My (N, ¢) denotes the space of elliptic modular forms of weight k, level N and Nebentypus ¢.

This also induces a closed embedding of two copies of the modular curve in the Siegel threefold. We shall call
its image the Igusa divisor. On points, it corresponds to abelian surfaces which decompose as the product
of two elliptic curves.

We consider the following differential operators on Ha:

0 10 0

8 = — = - — = —
! 0z’ 2 20z’ 4 024

We define

1
@l =Z2 (8184 — 33) — (l — 2) 82,
@f =©l+571 o,,,o@l,

D} =Dfz0-0-
The importance of @f is that it preserves holomorphicity.
Let I = < h T ) We define b7(I) to be the only homogeneous polynomial in the indeterminates

Ty T,
T1,T, Ty of degree s such that

é?elel+2T222+T4Z4 = b} (I)eTl z14+Tazs

We need to know a little bit more about the polynomial bj(I). Let us write

T 2T: T. 5 T 2T T.
@«lse 121+2T222+Tazq _ Pf(zg,f)e 121+2T222+ 4247

we have
S r S 1 82 1 1 8 S T
D = B (ea DB D) (s g + (145 5 ) 3 ) FiGa D] €0 (530
We obtain easily
1
P!z, 1) = (zzdet(I) - (z - 2) TQ) ,
b3 (1) =P (0, 1). (5.3.2)

We have
by (1) =b7 (I)by, (1) + (I + 5 — 1/2)0, P (22,1)
(45— 1/2)(~Tob5 (1) + 2P (22, 1)y o).
Let J = {J1,j2,ja}. We shall write 87 resp. z” for 07' 93?8 resp. z1'z3?z1*. We can write [BS00, page
1381
o= > o (5.3.3)
Jitizt+ia=s

s J
where cz] = % We have easily:

07 (27) =j1ljaljal2 77,
8J<etr(ZI)) :le1 ngTi4 (etr(ZI))’
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We pose

s 0,s,0

Cl ::Cl 5

s T i\ 2—2+2s—1)
(_1)01_21_11(1_1“_2)_2 @ —2+s— 1)

Consequently, for L | Ty, Ty and for any positive integer d, we obtain

47634 (1) = (—1)°4° Z C},]HTf‘lT;*jl*ﬂTf mod L7,
Ji+ja<d

5.3.2 Eisenstein series

The aim of this section is to recall certain Eisenstein series which can be used to construct the p-adic L-
functions, as in [BS00]. In loc. cit. the authors consider certain Eisenstein series for GSp,, whose pullback
to the Igusa divisor is a holomorphic Siegel modular form.

We now fix a (parallel weight) Siegel modular form f for GSp,,. We write the standard L-function of f
as a double Petersson product between f and these Eisenstein series (see Proposition 5.3.5). When g = 1,
the standard L-function of f coincides, up to a twist, with the symmetric square L-function of f we are
interested in.

In general, for an algebraic group bigger than GL, it is quite hard to find the normalization of the
Eisenstein series which maximizes, in a suitable sense, the p-adic behavior of its Fourier coefficients. In
[BS00, §2] the authors develop a twisting method which allow them to define Eisenstein series whose Fourier
coefficients satisfy Kummer’s congruences when the character associated with the Eisenstein series varies
p-adically. This is the key for their construction of the one variable (cyclotomic) p-adic L-function and of
our two-variable p-adic L-function.

When the character is trivial modulo p there exists a simple relation between the twisted and the not-twisted
Eisenstein series [BS00, §6 Appendix]. To construct the improved p-adic L-function, we shall simply inter-
polate the not-twisted Eisenstein series.

Let us now recall these Fourier developments.
We fix a weight k, an integer N prime to p and a Nebentypus ¢. Let f be an eigenform in My (Np, ¢), of
finite slope for the Hecke operator U,. We write N = NgNyss, where Ny (resp. Nygs) is divisible by all
primes ¢ | N such that U, f = 0 (resp. Uyf # 0). Let R be an integer coprime with N and p and N7 a
positive integer such that Ng | Ny | N. We fix a Dirichlet character xy modulo Ny Rp which we write as
x1X'€1, with x1 defined modulo Ny, ' primitive modulo R and ¢; defined modulo p. We shall explain after
Proposition 5.3.5 why we introduce x;.

Let t > 1 be an integer and Ft+! (w, 2, R2N?p?", ¢, u)(X) be the twisted Eisenstein series of [BS00, (5.3)].
We define

Hi o (20) =Lt + 1+ 25,0007, (FH (w,2, RN, 6,0) ™) ULz [ “Uss

for s a non-negative integer and p™ | L, with L a p-power. It is a form for I'o(N2R?p) x T'o(N2R2p) of weight
t+1+s.

We shall sometimes choose L = 1 and in this case the level is N2R?p?".

For any prime number ¢ and matrices I as in the previous section, let B, (X, I) be the polynomial of degree
at most 1 of [BS00, Proposition 5.1]. We pose

1 21+2t

B(t) = (1)
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We deduce easily from [BS00, Theorem 7.1] the following theorem

Theorem 5.3.4. The Fisenstein series defined above has the following Fourier development;

H/[“X(Z,U}”u:%,t :B( 27” Z Z

T:>0T4>0

Z b5 1 (1) (x) ' (2T2) (6x)?(det(G))|det(G) [~

GEGLy(Z)\D(I)

L(]. — t7 J—det(QI)(bX) H Bq (X(b(q)qt—Q’ G—tIG—l) €2ﬂ'i(T12+T2’w)7
qldet(2G—tIG—1)

LTy, Ty

T, LT, ) positive definite and with 215 € 7., and

where the sum over I runs along the matrices (
D(I) = {G € My(Z)|G™"IG™" is a half-integral symmetric matrix} .
Proof. The only difference from loc. cit. is that we do not apply ‘ ( (1) Ng g ) . O

In fact, contrary to [BS00], we prefer to work with T'o(N2S) and not with the opposite congruence sub-

group.
In particular each sum over I is finite because I must have positive determinant. Moreover, we can rewrite
it as a sum over Ty, with (2T%,p) = 1 and Ty Ty — T3 > 0.

It is proved in [BS00, Theorem 8.5] that (small modifications of) these functions H7 | (z,w) satisfy
Kummer’s congruences. The key fact is what they call the twisting method [BS00, (2.18)]; the Eisenstein
series F'! (w, z, RZN?p*", ¢, u)(X) are obtained weighting F**! (w, z, RZN?p®", ¢, u) with respect to x over
integral matrices modulo NRp™. To ensure these Kummer’s congruences, even when p does not divide
the conductor of x, the authors are forced to consider x of level divisible by p. Using nothing more than
Tamagawa’s rationality theorem for GLg, they find the relation [BS00, (7.13)]:

FHL (w, 2, R2N?p, 6,u) X = B (w, 2, R2N?p, 6, u) X" ‘ (id—p( oY >) :
So the Eisenstein series we want to interpolate to construct the improved p-adic L-function is
H'L o (z,w) :=L(t 4+ 14 2s L oY)D; HY (Ft"’l (w,z, R*N?p, ¢, u) s )) .

In what follows, we shall specialize t = k — ko + 1 (for ko the weight of the form in the theorem of the
introduction) to construct the improved one variable p-adic L-function.

For each prime g, let us denote by «, and 3, the roots of the Hecke polynomial at ¢ associated to f. We
define

Dq(X) (l—a X)(l_aqﬁq )(1_5q2X)~
For each Dirichlet character y we define

L(s, Sym?(f H Dy ( 1.

This L-function differs from the motivic L-function L(s,Sym?(pf) ® x) by a finite number of Euler factors
at prime dividing N. We conclude with the integral formulation of £(s, Sym?(f),x) [BS00, Theorem 3.1,
Proposition 7.1 (7.13)].
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Proposition 5.3.5. Let f be a form of weight k, Nebentypus ¢. We putt+s =k —1, s = % _t and
Hl = Il,x(zv w)'u:sl , we have

0 ~1 , Qo (51)ps, (T4 1) wsta k(N YTF
<f(“’)’<N2p2”R2 0 )’H>szzw‘x(—l)dsl<t+1> (BN.2") (N) .

X ‘C(S + 17 Symz(f)a Xﬁl)f(z)|UN2/Nl2

for
ps, (t+1) ety I (3+t_ 5)
ds, (t+1) c% [T, (s—5)
1 e Tk—t)T (k—t—3)
s (L) =t L EOE Bt
2 r(3)
Proof. With the notation of [BS00, Theorem 3.1] we have M = R?N?p?>"* and N = N;Rp". We have
that d“giﬂ;?—l’ is the holomorphic projection of the Eisenstein series of [BS00, Theorem 3.1] (see [BS00,

(1.30),(2.1),(2.25)]). The final remark to make is the following relation between the standard (or adjoint)
L-function of f and the symmetric square one:

L(1—t,Ad(f) ® ¢,x) = L(k — t,Sym*(f), ).
O

The authors of [BS00] prefer to work with an auxiliary character modulo N to remove all the Euler
factors at bad primes of f, but we do not want to do this. Still, we have to make some assumptions on the
level x. Suppose that there is a prime ¢ dividing N such that ¢ t N7 and U, f = 0, then the above formula
would give us zero. That is why we introduce the character x; defined modulo a multiple of Ng.

At the level of L-function this does not change anything as for ¢ | Ny we have D, (X) = 1.
For f as in Theorem 5.1.3 we can take N7 = 1.

5.3.3 Families for GL, x GL,

The aim of this section is the construction of families of modular forms on two copies of the modular curves.
Let us fix a tame level N, and let us denote by X the compactified modular curve of level T'y (N) N To(p).
For n > 2, we shall denote by X (p™) the modular curve of level I'y (N) N To(p™).

We denote by X (v) the tube of ray p~ of the ordinary locus. We fix a p-adic field K. We recall from
[AIS12, Pil13] that, for v and r suitable, there exists an invertible sheaf w” on X (v) x g W(r). This allows
us to define families of overconvergent forms as

M(N) := li_n>1H0(X(v) X g W(r),w").
v
We denote by w™?) the sheaf on X (v) x g X (v) x ¢ W(r) obtained by base change over W(r).
We define

ME)(N) == H (X (v) xx X (v) xx W(r),w™?)
= H(X(v) x W(r),w")@omw)H (X (v) x W(r),w");
MP(N) = lﬂMﬁ( )-
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We believe that this space should correspond to families of Siegel modular forms [ATP12] of parallel weight
restricted on the Igusa divisor, but for shortness of exposition we do not examine this now.

We have a correspondence C), above X (v) defined as in [Pill3, §4.2]. We define by fiber product the
correspondence C2 on X (v) X g X (v) which we extend to X (v) xx X (v) xx W(r). This correspondence
induces a Hecke operator UI;®2 on HO(X (v) x ¢ X (v) x g W(r),w*?)) which corresponds to U,@U,,. These are

potentially orthonormalizable O(W(r))-modules [Pil13, §5.2] and UI?Q acts on these spaces as a completely
continuous operator (or compact, in the terminology of [Buz07, §1]) and this allows us to write

<« A @
MP(N)™" = ED M (N)=" @0 () M (N)=2. (5.3.6)

artaz<a

Here and in what follows, for A a Banach ring, M a Banach A-module and U a completely continuous
operator on M, we write M= for the finite dimensional submodule of generalized eigenspaces associated to
the eigenvalues of U of valuation smaller or equal than . We write Pr=% for the corresponding projection.
We remark [Urbll, Lemma 2.3.13] that there exists v > 0 such that

< <a

ME(N)™" = M2 (N)
for all 0 < v' < v. We define similarly M,g)(Np").

We now use the above Eisenstein series to give examples of families. More precisely, we shall construct a
two-variable measure (which will be used for the two variables p-adic L-function in the ordinary case) and
a one variable measure (which will be used to construct the improved one variable L-function) without the
ordinary assumption.

Let us fix x = x1x’e1 as before. We suppose x even. We recall the Kubota-Leopoldt p-adic L-function;

Theorem 5.3.7. Let n be a even Dirichlet character. There exists a p-adic L-function L,(k,n) satisfying
for any integer t > 1 and finite-order character € of 1 4 pZ,

Lyp(e(u)[t],n) = (1 = (ew™"n)o(p))L(1 — t,ew™"n),
where 19 stands for the primitive character associated to 1. If n is not trivial then Ly([t],n) is holomorphic.
Otherwise, it has a simple pole at [0].
We can consequently define a p-adic analytic function interpolating the Fourier coefficients of the Eisen-

stein series defined in the previous section; for any z in Zj, we define [, = Ei”gzg We define also
P

ary, 1,1 (K, &) = (Z K(uar, )X~ (2T3) %

1

X 3 (6x0)2(det(G))|det (G)| R (ulieeren)

GEGL,(Z)\D(I)
Ly (K, 0_get(21)®X) H B, (¢(q)x' (ul*)g™2, G~ IG™)
qldet(2G—t1G-1)

If p = 2, then x~!(2T%) vanishes when T is an integer, so the above above sum is only on half-integral Tb
and k(uar,) is a well-define 2-analytic function. Moreover, it is 2-integral.
We recall that if p? | 71, Ty we have [BS00, (1.21, 1.34)]

4°67, 1 (I) = (=1)°4°c;;, T3 mod p?
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for s = k —t — 1. Consequently, if we define
-1
/HL(Ha H/) = Z Z aT17T47L(H[71]’%, 7Hl)qflq;4
T120T4>0

we have,

(=1)°2%¢;  AHL([K], e[t]) = 2°H]

Toxew—s (2, w) mod L",
with
A=At k,e) = B(t)(2mi)°G (xew™®) .
We have exactly as in [Pan03, Definition 1.7] the following lemma,
Lemma 5.3.8. There exists a projector
<a

Prs [ JMP (Np) = MP(N)

PrE¢(U®), independent of i > n.

which on M{® (Np) is (ng)_ .

When o = 0, we shall write Prord.

We shall now construct the improved Eisenstein family. Fix kg > 2 and sg = ko — 2. It is easy to see from
(5.3.2) and (5.3.1) that when k varies p-adically the value b}° (/) varies p-adically analytic too. We define

b3 (I) to be the only polynomial in OO(r))[T;], homogeneous of degree sy such that bft‘i (I) =b639,(1). Its

coefficients are products of Log,(xli]). We let x = x1X'w*o=2 and we define

@y, (k) = [ D620 (D)('x1) T (2T2) D (6xXx1)*(det(@))|det(G)| T (ul2ern) x
I GeGLy(2)\D(I)

X Lip (K, 0_qet(21)#X'X1) H By (¢x'x1(q)k(u')g ™%, G IG™T)
gldet(2G—tIG—1)

We now construct another p-adic family of Eisenstein series;

H (k) = Pr=o(=1)" 3 3" ad, g, (k[1 = ko))ai " a5°

T1>20T4,>0
rd
Proposition 5.3.9. Suppose « = 0. We have a p-adic family H(k, k') € M,(.gz)(]\fQRQ)o such that
1 ®2 —2 ord~ 7
H([K], e[t]) = Uy ) ProHu e (2, w).

(1) A

<«
For any o, we have H*(k) € M,g2)(N2R2)7

such that
H*([l{;]) = A*fl(—l)kUPrSaH/inX/(27w)|u=%—k+k0—l7
for

A* = B(k — ko + 1)(27)" 2G(x'x1).-
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23 ,

Proof. From its own definition we have (UI‘?2) Ix

(z,w) =M,  (z,w). We define
2 —2j
H(k, k') = @(US ) ]Prordej,X(n,n’).
J

With Lemma 5.3.8 and the previous remark we obtain

—21
Uy TPy,

5 —27
P pl,xsw—s(zaw) :4S(U;§z) jPrordH/ (va)

p7 xew™*

2 —27 .
=A(-1)°4°¢}(UF") ]Prordej([k],s[t]) mod p?,

as U, ™! acts on the ordinary part with norm 1.
The punctual limit is then a well-defined classical, finite slope form. By the same method of proof of [Urb,
Corollary 3.4.7] or [Ros13d, Proposition 2.17] (in particular, recall that when the slope is bounded, the ray
of overconvergence v can be fixed), we see that this g-expansion defines a family of finite slope forms.

For the second family, we remark that Log, (k) is bounded on W(r), for any r and we reason as above. [

We want to explain briefly why the construction above works in the ordinary setting and not in the finite
slope one.
It is slightly complicated to explicitly calculate the polynomial b, (/) and in particulat to show that they
vary p-adically when varying s. But we know that 'Dls is an homogeneous polynomial in 0; of degree s.
Suppose for now a = 0, i.e. we are in the ordinary case. We have a single monomial of i)f which does not
involve 01 and 04, namely ¢, ,05. Consequently, in bf, (I) there is a single monomial without 7} and T}.
When the entries on the diagonal of I are divisible by p’, 4°b7,(I) reduces to (—1)°4°c;,; modulo p’.
Applying U];@)Q many times ensures us that 77 and Ty are very divisible by p. Speaking p-adically, we approx-
imate @ls by 02 (multiplied by a constant). The more times we apply UE’Q, the better we can approximate

p-adically @f by 05. At the limit, we obtain equality.

-1
For a > 0, when we apply UZ‘?Z we introduce denominators of the order of p®. In order to construct a

two-variable family, we should approximate @ls with higher precision. For example, it would be enough to
consider the monomials 8”7 for j; + js < . In fact, &, and 9, increase the slope of U,; we have the relation

(U§28184> — p? (0134@?2)

IZQ =0 ‘22 =0

Unluckily, it seems quite hard to determine explicitly the coefficients ¢ 41 of (5.3.3) or even show that they
satisfies some p-adic congruences as done in [CP04, Gor06, Ros13d]. We guess that it could be easier to
interpolate p-adically the projection to the ordinary locus of the Eisenstein series of [BS00, Theorem 3.1]
rather than the holomorphic projection as we are doing here (see also [Urb, §3.4.5] for the case of nearly
holomorphic forms for GLz).

This should remind the reader of the fact that on p-adic forms the Maaf-Shimura operator and Dwork
©-operator coincide [Urb, §3.2].

5.4 p-adic L-functions

We now construct two p-adic L-functions using the above Eisenstein measure: the two-variable one in the
ordinary case and the improved one for any finite slope. Necessary for the construction is a p-adic Petersson
product [Pan03, §6] which we now recall. We fix a family F' = F(k) of finite slope modular forms which
we suppose primitive, i.e. all its classical specialization are primitive forms, of prime-to-p conductor N. We
consider characters x, x’ and x; as in Section 5.3.2. We keep the same decomposition for N (because the
local behavior at ¢ is constant along the family). We shall write Ny for the conductor of x;.
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(notCM) We suppose that F' has not complex multiplication by Y.

Let Cg be the corresponding irreducible component of the Coleman-Mazur eigencurve. It is finite flat over
W(r), for a certain r. Let Z be the coefficients ring of F' and K its field of fraction. For a classical form f,
let us denote by f¢ the complex conjugated form. We denote by 7 the Atkin-Lehner involution of level N
normalized as in [Hid90, h4]. When the level is clear from the context, we shall simply write 7.

Standard linear algebra allows us to define a K-linear form lp on M, (N )Sa ®7 K with the following property
[Pan03, Proposition 6.7];

Proposition 5.4.1. For all G(k) in M(N)=* @7 K and any ko classical point, we have

(F'(ro) |Tnvp, G(K0))
(F(k0)°|mvp, F'(K0))

p(G(R))jn=ro =

We can find Hp(x) in Z such that Hp(k)lF is defined over Z. We shall refer sometimes to Hp(x) as the
denominator of Ip.

<«
We define consequently a [C-linear form on M (N)” ®z K by
lpxr :=lp@lF
under the decomposition in (5.3.6).

Before defining the p-adic L-functions, we need an operator to lower the level of the Eisenstein series
constructed before. We follow [Hid88c, §1 VI]. Fix a prime-to-p integer L, with N|L. We define for classical
weights k:

ToNg: Mi(Lp, A) — My(Np, A)
f = (L/N)k/zZ[»y]eF(N)/F(N,L/N)f|k ( (1) L?N ) ey
As L is prime to p, it is clear that T7,n , commutes with Uj. It extends uniquely to a linear map
Tryn: Me(L) — Mg(N)
which in weight k specializes to T /-

We have a map M, (N)=* < M, (N2R2)=*. We define 1n2g2/N to be one left inverse. We define

N -
LP(I{,K/) = Wg]\hl}? & ZF ((UNZ}/N% ] 1N2R2/N) ®TN2R2/N(H(I€,I€/))) (fOI' a = 0)7
. No _ .
Ly (k) = mlp ®lp <(UN21/N§ oln2p2/n) @ Tnop2/n(H (/{)) (for oo < 400).

We will see in the proof of the following theorem that it is independent of the left inverse 1y2g2,y which we
have chosen.

We fix some notations. For a Dirichlet character 7, we denote by 7y the associated primitive character.
Let A\p(k) € Z be the U,-eigenvalue of F. We say that (k, k') € Cp x W is of type (k;t,¢) if :

® K, = (k] with k > 2,

o k' =¢ft] with 1 <t <k —1 and ¢ finite order character defined modulo p", n > 1.
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Let as before s = k — ¢t — 1. We define

Bi(k, &) =2p (1) 72" (1 = (xew ™) (p)Ap(K) ~?p%))

where ng = 0 (resp. ng = n) if xew™* is (resp. is not) trivial at p.

If F(k) is primitive at p we define Ea(k, ') = 1, otherwise
Ea(r, k') =(1 = (x e 'w )y (p)p" %) x
(1- (X_lg_lws(bz)o(p))‘p(’i)_2p2k_3_s)-

We denote by F°(k) the primitive form associated to F(x). We shall write W/(F'(k)) for the prime-to-p part
of the root number of F°(k). If F(k) is not p-primitive we pose

S(F(k) = (-1)* (1 B %) (1 B W> ’

and S(F(k)) = (—1)* otherwise. We pose

Cropr =i 771G ((Xew*‘qfl) (xew™®)o (") (N, Rp™0)* N ~k/2975,
Cy = Cl{,[k*ko+1]7
QF(r),s) = W' (F(r))(2mi)" (F°(r), F° (k).
We have the following theorem, which will be proven at the end of the section.

Theorem 5.4.2. i) The function Ly(k, ") is defined on Cp x W, it is meromorphic in the first variable
and bounded in the second variable. For all classical points (k, k') of type (k;t,e) withk > 2,1 <t <
k — 1, we have the following interpolation formula

L(s+1,Sym?(F(k)), x e 'w®)
S(F(k)QUF (), s) .

Ly(k,k") = Cy w E1(k, K')E2(k, k')
ii) The function Ly(x) is meromorphic on Crp. For x of type k with k > ko, we have the following
interpolation formula

ﬁ(ko -1, Sme(F(H)), X/71X171)
S(F(r))UF(k), ko — 2)

L;(I{) = CNEQ(H, [k — k() + 1])

Let us denote by L,(k, k') the two-variable p-adic L-function of [Ros13d, Theorem 4.14], which is con-
structed for any slope but NOT for p = 2. We can deduce the fundamental corollary which allows us to
apply the method of Greenberg and Stevens;

Corollary 5.4.3. For a =0 (resp. a > 0 and p # 2) we have the following factorization of locally analytic
functions around g in Cp:

Ly(k, [k — ko +1]) = (1 - X/X1(p)Ap(ﬁ)_kaO_Q)L;(K)

@)Ly, [k — ko +1]) = (1= X1 () (8) 2™ Ly (),

K
(resp. C = o2y 2n(4)2-7R

where C is a constant independent of k, explicitly determined by the comparison of Cy here and in [Ros13d,
Theorem 4.14].
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We can now prove the main theorem of the paper;

Proof of Theorem 5.1.3. Let f be as in the statement of the theorem; we take x' = xy1 = 1. For a = 0 resp.
a > 0 we define

Ly(Sym®(f),s) = C ' Ly(ko, [ko — ),

Ko,[1]
K(2) Ly (s, [k — ko +1])
Croo. ) (1 — 9~ 2x2r(4)272k0)

Ly(Sym®(f),s) = C

The two variables p-adic L-function vanishes on &’ = [1]. As f is Steinberg at p, we have \,(r¢)? = pFo—2.

Consequently, the following formula is a straightforward consequence of Section 5.2 and Corollary 5.4.3;
LySym*(f),s) _ _,dlogAp(x) L(Sym?*(f), ko — 1)

lim =

by p e T AT

From [Benl0, Mok12] we obtain
B 2dlog Ap(K) |
dk r=ror

Under the hypotheses of the theorem, f is Steinberg at all primes of bad reduction and we see from [Ros13d,
§3.3] that

£ (Sym?(f)) =

L(Sym®(f), ko — 1) = L(Sym®(f), ko — 1)
and we are done. O

Proof of Theorem 5.4.2. We point out that most of the calculations we need in this proof and have not
already been quoted can be found in [Hid90, Pan03].

If € is not trivial at p, we shall write p™ for the conductor of €. If ¢ is trivial, then we let n = 1.

We recall that s = k —t — 1; we have

No (F(5)%Im3ps Urd s (F(R) g, Tovame (K] 212) )

Ly(r, ') = N2R2N\(F(r)°|7, F(r))*

We have as in [Pan03, (7.11)]
<F(k)c|TNpa U;2n+1PrordU§nflg> — )\p(li)172np(2n71)(k71) <F(/<L)C\7Np|[p2”71],g> , (544)
where f|[p*"~1](z) = f(p*"~'2). We recall the well-known formulae [Hid88c, page 79]:

<f|[p2n_1]7 TNZRQ/N,kg> :(NRQ)k <f|[p2nNR2],g> y

TNp| [p2n_1N2R2] = (NR2p2n_1) 7k/27'N2R2p2n,

(F(r) [T, F(r))

—(— W F ()29 /2)\ (k
Flop, Py D) WHEE)p Ap(K) %

(- 55) (-5

So we are left to calculate

No(NR2)"* 2 (r)!~2p" D5 71)
A(-1)°¢; N1 N2R?

(PO s Uih s (P00 T moge s M e (20| amy 1) ) -
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2
We use Proposition 5.3.5 and [BS00, (3.29)] (with the notation of loc. cit. 51 = 2, ()

interior Petersson product is a scalar multiple of

L(Sym*(f), s + 1) E(r, ') Ea(r, &) F(#)|Un> 2

) to obtain that the

pkfl

(F(r)°, F(k)°) W/(F(r))pE=R/2X\,(k)S(F(k)) (5.4.5)
Here

B, ) = =71 (1= x 71w (p) A ()
if yew™* is trivial modulo p, and 1 otherwise. The factor Fy(k,k’) appears because F(x) could not be

primitive. Clearly it is independent of 1y2g2,y and we have [ (F'(x)) = 1. We explicit the constant which
multiplies (5.4.5);
. NO(NRQ)k/z/\p(H)1—2np(2n—1)(§—1)le+1(an)S+3—kN2—k Wk_t_l(—l)Qk,s(Sl)psl (t+1)
B(t)(2mi)°c;, G ((xew=*)) N2R?N, ds, (t+1)
_x N*%NONfRerl)\p(n)172np(27k)/2pn(s+1)(25)!272522t7r3/2
2420w (2mi)°G (xew ) 20 G

(1)

(1)

S

If e1ew ™% is not trivial we obtain

NENTR (6) 202G (o))
(2mi)* " 2s

=1

Y

otherwise
N7%NfRSAp(H)f1p(2fk)/2ps+15!G ((XlX,)_1>
(2mi)* 25 x1 ¢ (p)

The calculations for L7 (x) are similar. We have to calculate

No(NR2)"?

A*N2R2N;
where s; = 3 — k + ko — 1. The interior Petersson product equals (see [BS00, Theorem 3.1] with M, N of
loc. cit. as follows: M = R?N?p, N = N1 R)

*

c — c ki
<F(K/) |TNp7UN;/N12 <F(”i) ‘TNQRva(_l) UHII,Xlx’(zaw)|u=sl>>a

RMH R (N2p) T (21500 o (s1)psy (k — ko + 2)
ds, (k — ko +2) (F(K)°, F(r)°) W/(F(r))p—R172x, (0)S(F (r))

F(“)|Up|UN2/N37

so we have

L () _ Ak NEOTERRTENR (g — )1 By(r, [k — ko + 1) £(ko — 1, Sym* (F(x)), (xaix) )
? (2mi) G (x1x')2k0—2 S(E(RIW!(F(8))(F(8)°, F(5)°) '

O

We give here some concluding remarks. As F(x) has not complex multiplication by x, we can see exactly
as in [Hid90, Proposition 5.2] that Hp(k)Ly(k, ") is holomorphic along ' = [0] (which is the pole of the
Kubota Leopoldt p-adic L-function).

We point out that the analytic L-invariant for CM forms has already been studied in literature [DD97,
Har12, HL13].
Note also that our choice of periods is not optimal [Ros13d, §6].
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Chapter 6

The arithmetic L-invariant

In the previous chapters we have been concentrating on the study of p-adic L-functions and their derivatives;
the aim of this chapter is the deal with the arithmetic side of L-functions: the Selmer group. Given a a
Galois representation V', we shall recall the definition of the arithmetic L-invariant of V, following Greenberg
[Gre94b| and Benois [Benll]. This invariant, defined independently of the p-adic L-function, is conjectured
to be the error factor (sometimes called analytic L-invariant) in the interpolation formula of a p-adic L-
function for V' which presents trivial zeros. We will reproduce here the computation of the L-invariant, as
made by Hida, Mok and Benois, in the case of the symmetric square of a (Hilbert) modular form. The only
new part of this chapter is the final section where we combine a formula of Benois and the method of [HJ13]
to calculate in Theorem 6.3.3 the L-invariant of the two representations associated with a genus 2 Siegel
modular form whose automophic representation at p is Steinberg.

6.1 L-invariant in the ordinary case
Let K be a p-adic field and V' and n-dimensional K vector space. We fix a p-adic representation over K:
GQ — GLK(V).

By abuse of notation, we shall sometimes refer to this representation simply by V.

We suppose that it is motivic and sastifies all the nice properties which are conjectured (functional equation,
existence of a critical integer which we assume to be s = 0, existence of periods, ...).

6.1.1 Local condition at p

We suppose that V is ordinary at p, that is when V is restricted to a decomposition group at p it satisfies
the following conditions:

e there exists a decreasing and exhaustive filtration Fil® which is stable for the action of Go,»
e the inertia acts on Gr' := Fil’ / Fil'*! by the i-th power Xf;ycl the p-adic cyclotomic character.

It could be useful for the reader to think of ordinary representations as representations which are “upper
triangular” at p.
We make the following assumption

S) The action of Gg, on Gr” and Gr'(—1) is Frobenius-semisimple.
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For a profinite group G and a G-representation M, we shall write H'(G, M) for the continuos cohomology.
Let us denote by H. . (Gg,,Qp(1)) the image of Wm Z;/(Z; )?" via the Kummer map and let U, be the
unique extension (up to isomorphism)

0-Q,(1)—=U,—-Q,—0
such that, in the long exact sequence in cohomology, we have
Ker (H'(Gg,, Qy(1)) = H'(Ga, . Uy)) = Hhy(Gg,, Qp(1)).
We suppose moreover
U) V as Gg,-representation does not admit any subquotient isomorphic to U,,.
Let us denote Fil' by F+. From assumption S we know that we can find two subspace
Fil? c F* ¢ F+ ¢ F c Fil°

such that F% resp. F!! is maximal resp. minimal for the property that the quotient W := F%/F is
isomorphic to

Q)" e MaQ,”,

with M a non-split extension of Qp(l)t by th. In other words, W is the biggest subquotient of V' where
the Frobenius has eigenvalues 1 or p. We make the additional assumption

T) either ¢; or tg is zero.

It is under all these assumptions that Greenberg defines an L-invariant.
We shall write g for ¢ + t1 + 9.

6.1.2 Selmer groups

Let us choose a stable lattice T inside V and let us denote V/T by A; we fix some local conditions for the
Galois cohomology of A. Let us denote by Qu the cyclotomic Z,-extension of Q. Let G = Gal(Q/Qw)
and I' = Gal(Q/Q). If v is a finite place in Q4 not dividing p, let us fix a decomposition group at v in
G which we shall denote by D,,. We pose

Ly :=Ker (H'(Dy, A) = H'(I,, A)),

where [,, denotes the inertia subgroup of D,. Let us denote by FT A the image of F'T inside A, and we shall
write A := A/FtA. At the only prime above p in Q (which we shall denote bt p) we define

L, :=Ker (H'(Gy, A) — H'(I,, 4)),
Ly :=Ker (H'(Gy, A) — H'(G,, 4)) .
Here st stands for strict. We define the following Selmer groups:

S4(Qwo) 1= Ker (Hl(Goo,A) =11 Hl(f“) ,

for 7 = 0 or st. Let A := O[[[']] = O[[T]]. By normal action of I, these Selmer groups continuos discrete
A-modules. Let SZX(QOO)* be its Pontryagin dual which is a continuos compact A-module. In particular, it
is of finite type over A [Gre89, Proposition 6].

Let us denote by fa(T) the characteristic ideal of S4(Q); if it is not a A-torsion module, then f4(T) = 0.
The following proposition is meant to link all what we have defined up to now [Gre94b, Proposition 1]
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Proposition 6.1.1. Assume S, T, U, then TY | f4(T).

We are supposed to interpret this proposition in the light of the Greenberg-Iwasawa Main Conjecture
for V. One conjectures the existence of a p-adic L-function L,(T,V) € O[[T]] interpolating the special
values at s = 0 of the complex L-function of V' twisted by characters whose conductor is a power of p. The
Greenberg-Iwasawa Main Conjecture can be stated as

(Lp(T, V) = (fa(T)) C O[[T]}.

6.1.3 Trivial zeros and L-invariants

Conjecturally, the p-adic L-function of V should have a trivial zero of order g and this proposition confirms
it.

If we suppose moreover that L(0,V) # 0, we would expect

LLV) L™(V) x E*(V) x L, V),
Te |1=0 Q

where £?" denotes a possible error factor. The aim of the rest of the chapter is to give a conjectural
description of the error term independently of the p-adic L-function.
In what follows, we shall write

F'HY(D,, B) == Im (H'(D,, F*B) — H'(D,, B)),

fori =0,1,2,7=11,4,00 and B =W,V A.

To lighten the notation, we shall write H'(B) for H*(D,, B).

Let us fix a basis (log, Xcyc,0rd,) of HY(Q,) = Homeont (Go,, Qp) corresponding (via class field theory) to
the cyclotomic extension and the unramified one. We shall write

H1 (QP) cyc (QP) @ Hllmr(Qp)'
Let us define

Ly(W) = FTHY (W) x Hype (Qp(1)") x Hyyo(Qy0) € HY(W).

The dimension of L, (W) is exactly g, while the dimension of H'(W) is 2g. We define L, in H*(V) such
that its image in H'(W) is L,(W). We have

FUHYV)C L, c FOHY(V).

We define also the Selmer K-vector space over Q

1
5%(Q) := Ker | HY(Gq,V H Dl’ H(ZL),?’V) , (6.1.2)

I#p

for ? = (), st, where the local conditions are defined as before. We suppose moreover the following
o Sel) S3(Q) = S ) (@) = 0,

o NInv) HO(V) = HO(V*(1)) = 0.
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The second assumption is not particularly restricting but the first one implies, according to the conjectures
of Bloch-Kato, the non vanishing of L(0,V’). This is not verified for example if V' = V,(E), where E is an
elliptic curve over Q of positive rank. This problem can be overcome by working separately for the two cases
t1 =to =0 and ¢y # 0. We will came back to the case L(0,V) = 0 at the end of Section 6.2.5.

We shall suppose for now ¢; = 0. The case t; = 0 can be dealt working with V*(1).

It is easy to see that L3'(V) = L;t(V*(l))J'7 where | denotes local Tate duality. We deduce from the
Poitou-Tate exact sequence [Hid0Ob, Theorem 3.37] that

HY(D,,V) HYD,,V
H'(Go,V) =] (L ) « (Lsf ).
I#p ! p

Consider the K-vector spaces V = V/F*V and W = W/F+*W. Let us define T(V) C H'(Gg, V) which
. . . . . . FO°HY (V)

projects isomorphically via the above isomorphism to —p—.
p

H'(W). By definition, we have

The localization map send T(V) into

Hl (W) = Homeont (Q; y Qg) .

We shall denote by (log, Xeyel)?, (ord,)? the basis Homeont (Q; , Qg) induced from the basis of Homcont((@; ,Qp)
fixed before. A simple calculation tells us that F°°H' (W) has dimension g. Let ¢ € T(V), if ¢, € FO°H (W)
belongs to the space generated by (ord,)? then ¢, is unramified and therefore ¢ € St (Q) = 0, so ¢ = 0.
This implies that the projection of T(V) to (logp Xeyel)? is surjective. Let us denote by tcyc resp. tunr the
projection to (10g, Xeyc1)? resp. (ord,)?. We define

L=L(V) :=det(tynr 0 Lo

cyc)

where tynr © L;ylc is seen as a linear transformation of Qg with respect to the basis (logp chcl)g of the source
and (ord,)? of the target. We have a lemma

Lemma 6.1.3. Ifto =0 too, then L(V) depends only on V\G@p‘

Proof. By definition FP°H(V) is contained in H'(W). The dimension of the latter is 2ty +t. If tg = 0,
then T(V) and H*(W) have the same dimension, so they have to coincide. The second space depends only
on W and in particular only on V|GQp and we are done. O

We conclude with the following proposition [Gre94b, Proposition 3]
Proposition 6.1.4. We have ordr—o(fa(T)) = e if and only if L(V) # 0.

Let us denote by S4(Q) the p-divisible Selmer group of V' over Q defined similarly to 6.1.2.
Assuming the non-vanishing of £ and some other assumptions (see [Gre94b, Proposition 4]) Greenberg has

shown that the p-adic valuation of £ AT(GT ) |7=0 and the one of (L(V)/p°)[Sa(Q)]| coincide.

6.1.4 The L-invariant of the adjoint representation of a Hilbert modular form

In this section we recall the calculation by Hida [Hid06] of the £-invariant for the adjoint representation of a
Hilbert modular form. Let us fix a totally real field F' of degree d, and let us denote by pi,...,p, the prime
ideals above p. Let f be a Hilbert modular form of weight k& = (k,). We shall suppose that if oy : F — Q
and o3 : F — Q induce same p-adic place p, then k,, = k,,. We shall write then k, for k,. We suppose
ky, > 2 for all p and we shall denote for simplicity of notation m := max (k, — 1).

We have a two-dimensional p-adic Galois representation ps associated with f [Tay89, BR89]; let us consider
the Galois representation Vi := Ad(pg) which is a 3-dimensional Galois representation by our convention.
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We will calculate the L-invariant of V := Ind?;in. If f is nearly ordinary in the sense of Chapter 3 and if
p is unramified in F, then V is ordinary in the above sense. The convenience of working with the induced
representation is that over @, we have the above mentioned decomposition in two one-dimensional subspaces

Hl (QP) = H(}yc(Qp) @ H&nr(QP)

while for a p-adic field F, # Q, we have

H'(Gr,, Q) = Ql» @ HY ().

where one summand is higher dimensional. This creates difficulty; hence to study the L-invariant of Vi we
need to work with V. On the level of L-functions, this changes nothing.

We will see soon that it is possible to define a G, -invariant filtration on V.

Notice that if p is ramified in F then the inertia acts on the graded piece as Gr' via Xiyd times a finite
quotient. Consequently V' is not ordinary in the above sense. We believe that it should be possible to
to generalize Greenberg’s if one suppose that, for i = 0,1, the part of Gr* where I, acts as a power of the
cyclotomic character is a direct summand of Gr’. As this is not necessary for the cases we have been studying
in the rest of this thesis, we shall not bother to generalize Greenberg definition to these cases.

We begin by studying the representation Vp g - As f is nearly ordinary, we have a filtration of G, -modules:

0— F = pe = pe/Fy — 0. (6.1.5)

We fix a basis of pr adapted to this filtration. Then the representation space of Vy identifies to the space
of trace zero endomorphisms of the space of pg with respect to the above basis and 6.1.5 induces a filtration
on Vg

Vi = Fil, ™ S Fild 5 Fily" ' 50,

where Filg denotes the upper triangular matrices and Fil:;‘r1 the upper nilpotent matrices. We shall define
F/, for 7= 00,11 as in the previous section.

We introduce now some notation. For any p-adic representation Vg of Gr we fix a G p-stabel lattice Tr.
A decomposition group D for p in Gg induces a decomposition group D’ at a certain prime p above p in
F. We identify the set D \ Hom(F,Q) with the primes above p in F; for each o in D \ Hom(F, Q) let us
write D, = cDo~! and D!, = D, N Gr. The latter is the decomposition group for p,. We choose a direct
summand X, of Tr, stable under D’. We shall write £ = Hom(F,Q). Let us pose X = {XU}UED\zE? we
define

Ind2 X = EB a‘llndnga.
oceD\E

Shapiro’s lemma tells us that
HY(D,o"'Indbs X,) = HY(D., X,).

From now on Vp = Ad(pr) and we suppose f not CM.

We shall apply this formalism to X, = Fil;J for the calculation of the L-invariant of V' as defined in Section
6.1.3. The hypotheses S, T, U and H°(V) = H°(V*(1)) = 0 are easily verified. However, notice that the
condition Sel which says Sf(Q) = S%}*(l)((@) = 0, even though conjecturally true since L(0,Vr) does not
vanish, is not yet been proven in full generality, although there are many cases in which this has been proven
to be true [Hid06, Theorem 3.50], [Dim09, Theorem B]. We will therefore assume that Sel holds.

We give the following lemmas [Hid06, Lemma 3.84]
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Lemma 6.1.6. Let L be a finite Galois extension of Qp, and let K be a p-adic fields viewed as a trivial
Gq,-module, then

Homont (LX ) K)Gal(L/@p) = Homont (Q; ) K)

Lemma 6.1.7. Let K be a characteristic 0 field. Let G be a group and H a normal subgroup of G; let us
denote by G the quotient. Then we have

Res: H'(G,K[G)) = H°(G,H'(H,K[G))) = H'(H, K)
where K is a H-module with the trivial action. Moreover the image of Hom(G, K) in H'(H, K) is H*(G, H'(H, K)).

If we let FOO(Vp) = {F°}_ we remark that by definition we have

€1/D’
FOV ¢ nd2F% (V).

The above lemmas are useful to prove the following proposition which allows us to study the L-invariant,
defined for the representation V', in terms of Ve. The key point is to find the image of T(V') in the cohomology
of VF

Proposition 6.1.8. We have a commutative diagram

1 Res 1 FOovy
H'(Gg, V) T(V) H (GQP,W)
|
HY(Gr, Vi) T(Ve) 2] (i (Gp  B0)
F,VF F ceD\e 9 F,,» F,
whose vertical arrows are isomorphism.
Proof. The isomorphism on the left is simply Shapiro’s Lemma.
To define ¢, we note that
FOO FOOV
o GQD,T‘/ =H'(Gq,, @ o 'Indp; L
Ind%F+Vp reD\E PRV
FOOv
~ @ # (G )
oeD\E P

We have the short exact sequence

We have then
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It remains to characterize the image T(Vr) of T(V) as a g-dimensional subspace of

14+ [Fp:Qp]
@ (B0
FFV

oceD\E

Suppose first that F}, is Galois over Q,; we want to show that the image of T(V') via ¢, o Res lies in the
subspace of Gal(Fy,/Qj)-invariants (which by Lemma 6.1.6 is 2-dimensional). We apply Lemma 6.1.7 for
G = Gq, and H = Gp,; then G = Gal(F,/Q,) and we are done.

If F, is not Galois over @@, we can make the same consideration as before with H = G ¢a: where Fé’al
P
denotes the Galois closure of Fj,. Let us denote by Res’ the restriction from Hl(GFp, ) to Hl(GFgaz, ).
p

We have then that the image of T(V) via Res’ o tp © Res is contained in the G-invariant part, which from
00

Lemma 6.1.7 coincides with Hom (GQw 1;%) Then the image of T(V) via ¢, o Res must be contained in
P
00
Hom (Gg,, ). 0
P
The importance of the proposition is that we can calculate the space T(V') defined & la Greenberg in the
cohomology of Vi and not of V', as the latter space will be easier to describe explicitly.

Before doing this, we impose some extra conditions on f; this is done to ensure that we dispose of a modularity
theorem in what follows. We shall suppose indeed that f is non-cuspidal at each prime of ramification, and

we will write
~ 2,9 *
AP, ( 0 Mg )

for the local representation at q. We shall denote by €;  the restriction of n; 4 to I;. The ¢; 4’s are two finite
order characters.

Let us denote by CLN(QO) the category of local, profinite O-algebra A whose residue field is the same as O
and let us fix a deformation problem ® for pg; ® is a functor from C LN (O) to the category of sets such that

O(A) ={p: Gr = GLy(A)|p satisfying Q(1 —5)}
where Q(1 — 5) are the following conditions:
Q1) if m4 denotes the maximal ideal of A, p = p mod ma,
Q2) p is unramified outside pMN,
Q3) the determinant of p is Xg;/cle, for m’ € Z,
Q4) pp, = ( 563 ;p ) such that ez, 52_,'13 and 6p|1}j51_711;, factor through the p>°-cyclotomic extension of
Fy,
Q5) pip, = ( €Oq (;: ) such that if q | ¢(£)9 then &gz, = 1,4, and p|7, ® €7 ' is unramified if q | c(e).

Let us denote by hi°4(M, 1) the big cyclotomic Hecke algebra of [Hid06, §3.2.8]; it is a module over O[[I'r]],

where
Tp=[]Ty:
p

I'p =p — Sylow of Gal(Fy" (pp=)/Fy").
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We identify O[[I'r]] with O[[zp]],|, via v, — x, + 1, for v, a topological generator of Ty seen, via class field
theory, as a subgroup of 1 + pZ,.

We shall denote by T the irreducible component of hj{'/ord(m, ) to which f belongs and by pr the associated
Galois representation.

We suppose moreover that p; satisfies the following properties:

R1) ¢, F(,) is absolutely irreducible,

R2) the character of (ZX)2 defined by €1 (a)ez(d) is of order prime to p,

R3) p; is p-distinguished for all p | p (i.e. & # Ep),
R4) if f is Steinberg at g, then Peir, = ( E(; ; ) with non-trivial *.
q

We have the following theorem [Hid06, Theorem 3.50]

Theorem 6.1.9. The deformation problem ® is representable by (T, pr); moreover T is a reduced complete
intersection ring.

This theorem is not directly related to the definition of the L£-invariant but it will be necessary to produce
explicit elements of T(Vy).
Let us denote by ¢ the structural morphism T — O corresponding to f, we have then [Hid06, Proposition
3.87]

Proposition 6.1.10. We have an isomorphism
Qr/o(re) ®y O = Selp(Ar),
where Ap := Vp/Tr and * denotes Pontryagin dual.

We will not give the proof, but we want to point out that the key ingredient is the following isomorphism
already noticed in [MT90]. Let us denote by R := T[s]/(s?) the infinitesimal deformation space of T. We
consider the set

{p € ®(R)|pmod s = pr};
explicitly, a representation p in this set can be written pr & «’. If we define u(o) = v/(0)pr(o), we see that
u(or) = pr(o)u(r)pr ' (o) + u(0).

This maps clearly satisfies the cocycle condition for V. Moreover, we can think u as a cocycle with value in
Tr @1 s (recall that T is a stable lattice in V) via the exponential map. One can check that these cocycles
lie in the Selmer group thanks to the deformation conditions imposed by ®.

We conclude noticing that

{p € ®(R)|p mod s = pr} = Dero(T, O).

Let us choose some local coordinates ¢, on T such that ¢, =1+ x, — 'y{f“. Let us denote by a,(x) the Hecke
eigenvalue of Ty(p), as defined in Chapter 3. Let us denote by x the point corresponding to f (i.e. ¢ = 0).

Theorem 6.1.11. We have

L(V) = det(ap (x) /0y ),y | [ 108, (385 (1 = Fap (o) ™",
p

where [— : Fy,| denotes the local Artin symbol for Fy.
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Proof. Let us write T¢ for the tangent space at f of T. We want to identify it with T(Vg). As the two spaces
have the same dimension, it is enough to show T(Vg) C T¢. Each cocycle ¢ in T(Vp) can be written in the
form

a b
CIDp:Bp( 0 _SP )Bp

for a suitable matrix B, € GLy(K) and an additive character aj, (recall that F° consists of trace zero
matrices). From the definition of ®, we have that the elements of ®(R) are upper triangular at all p. The
representation

pr +cpss

belongs to ®(O[s]/s?) = Dero(T,O) which can be identified with the tangent space T¢. It is esay to see
that this gives us an injective map T(Vg) — Tt.
As we know that {

P, } is a basis of T¢, we can write

0
(D)pe(0) = Y epgim, oy € K.
pl

p

Explicitly, we have

ap(lp: Fyl) =6p(p: By~ Zcp,w

8l‘p/
I5)i) F,
ap([yp = Fp]) =0p(] 12% W
So
_ 1D Fy])
e e
_ _1 06 : F,
Leyle = <10gp(7p) 15;3([%: D Fyl) 1W> .
p.p

To conclude, we recall that 5p([p Fy]) = zg 0 0rp([p : Fp]) = ap(f), and that the O[[I'p]]-structure on T
induces Jp([yp F)) =1+ O

From [Hid06, Corollary 3.57] we know that if a form in the family is Steinberg at p, then d,([p : Fy])
depends only on z,. In particular, if the family is Steinberg at all primes above p except possibly one, the
L-invariant is zero only for finitely many forms in the family [Hid00a, Proposition 7.1].

6.2 L-invariant for semistable representations

In this section we want to deal with the case where V is not ordinary. Let us begin with an example: let
f be an elliptic modular forms of even weight £ > 2 and Steinberg at p. Then a,(f) = +p*F=2)/2 and
it is known that V; as a Gg,-representation is irreducible. In particular it is not ordinary, but the p-adic
L-function which has been constructed for f has a trivial zero at s = k/2 if a,(f) = p*~2)/2. Fontaine and
Mazur defined an L-invariant for this particular case in term of the filtered (i, N')-module DT(V}). In [Stel0]
Stevens proved that the derivative of this p-adic L-function is exactly the L-invariant times the special value.
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Recently, Benois [Benll] succeeded in generalizing the definitions of the £-invariant given by Greenberg and
by Fontaine-Mazur in a uniform way.

His generalization is based on the observation that p-adic representations of G, which are irreducible may
not have an irreducible (¢, T')-module (remark originally due to Colmez). In particular, if V' is semistable,
then it is trianguline, i.e. the associated (¢, I')-module is a successive extensions of rank one étale (¢,T’)-
modules (see [BC09, Remark 2.3.5, Proposition 2.4.1]). The analogy between an ordinary representation and
the (¢, I')-module of a semistable representation is now evident to the reader; the definition of the £-invariant
is then done similarly as before using cohomology of (¢, I')-modules in place of Galois cohomology.

6.2.1 Reminder of (¢, [')-modules

We begin by recalling some period rings; we fix a completion C, of @p and a valuation v, extending the
valuation on Q,; we shall denote by Oc, its valuation ring. We define

. Oc¢
Et := lim .
o 1OC,

P

Each element can be written in the form (zo,z1,2,...) with z; € Oc, and z; = sz. It is a domain,
integrally closed in its fraction field E and has a valuation vg(z) = vp(x9). We let A = W(E) be the ring

of Witt vector of E and we shall denote by [ ] the Teichmiiller character. Let ((,) be a coherent sequence
of primitive p-th roots of unity; we define [e] = (1,(p,¢>,...) and 7 = [¢] — 1. We shall denote by ¢ the

Frobenius on C, and by abuse of notation the Frobenius on A, and by T the Galois group (isomorphic to
Zy) of Qpee = U; Qp(¢pi)-

We warn the readear that I' here is different from I' in the previous section.

We have

We define B = A[p~!]; we introduce now several rings:

BHT — {f = Zanﬂnla” € Qp, such that f(X) = ZanX”

nez neEZ

is holomorphic and bounded on p~ /" < | X1, < 1} ,
Bf = JB'".

T

Note that by definition Bf ¢ B. We also define

BL’; = {f = Zanwn|an € Qp, such that f(X) = ZanX”

nez neZ

is holomorphic on p~ /" < | X1, < 1},
— T,r
R=JBl.

Note that Bf c R ¢ B. We define a w-module over BT to be a finitely generated, free Bf-module D with a
semilinear action of a Frobenius ¢ extending the Frobenius on BT.
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Let us fix a rational r = a/b, with a € Z, b > 0, a and b coprime. We define D"l as the free Bf-module of
rank b, with basis eq, ..., e, such that

@(61) = €2, (10<62) =€3,... a@(eb) = pael-

We shall call such a ¢-module pure of slope 7.
Dieudonné-Manin theory gives us the following decomposition

Deg B=>) Dl
el

The theory classifying ¢-modules over the Robba ring R is way more complicated and it has been recently
developed by Kedlaya [Ked04]. We have the following structure theorem

Theorem 6.2.1. Let D be a free, finitely generated module over R with a semilinear Frobenius, then there
exists a canonical filtration

0=DypcCcDycCc...cDp,=D

such that each graded piece D;/D;y1 contains a unique BT -submodule A; satisfying
i) A; is a @-module over BT, pure of slope r; and A @g+ R = D;/D;. 1,
i) 11 <To...<Th.

We shall say that D is pure of slope r if h =1, 1y = r. A (p,I')-module over R is a ¢-module over R
with a semilinear action of T', commuting with ¢. We shall say that a (p,T')-module is étale if it is pure of
slope 0. This is equivalent to ask that the determinant of ¢ is of valuation 0 in BT.

Let us denote by Hg, the absolute Galois group of Q.

Theorem 6.2.2. The functor
DtV DI(V) = BT o v)"®

defines an equivalence of Tannakian categories between the category of continuous, finite dimensional, Galois
representations of Gq, and étale (p,T")-module over Bt.
The functor

Dl,:V =Dl (V):=DI(V)@g: R
defines an equivalence of Tannakian category between the category of continuous, finite dimensional, Galois
representations of Gq, and (¢,T")-module over R pure of slope 0.

6.2.2 Cohomology of (p,I')-modules

Let D be a (¢,I')-module over a ring A; we recall the definition of cohomology of (¢,I')-module [Her98,
Her01]. We associate to D a complex

Cor(D):0sDLDED% D0,

where f(z) = ((1 - )z, (1 —y)z) and g(y,2) = (1 —¢)z — (1 =)y, for y in .
We shall write H?(D) for the i-th cohomology of C,, (D). For any short exact sequence

0—D'—-D— D" —0,
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we have a corresponding long exact sequence of cohomology groups. Each H(D) is a finite dimensional
Q,-vector space and there exists a cup product [Her01] which generalizes Tate duality for local fields. We
have in particular a duality

HY(D) x HY(D*(1))
(dy,dz) x (e1,€2)

after identifying H?(R(z|z|)) with Q,.
Moreover if D is a (p,T')-module over B, we have

Qp
(d2 @ y(e1) — d1 @ p(e2))

4)
’_>
HY(D) = H'(D @t R)
and for all p-adic representation V'
H'(Gg,,V) = H(D'(V)).

Let us write log 7 for a transcendent element over the fraction field of R such that

o(log ) =plog 7 + log (W(”)> ,

P

~y(log 7) =log 7 + log (7(;)) .

Note that log (‘p(”)) and log (M) converge in R. We shall write Riog for Rllogm]. We can define a

TP T

d
dlogm*

Let us write Qe ((t)) for the field of Laurent series equipped with the filtration Fil'(Qpe ((2))) := t'Qpee[[t]].
We have a natural action of T" on ¢ given by vt = xcya (7)t-
Let n > 0 and r,, = p"~!(p — 1), we have an injection

-1
monodromy operator N on Rigg: N = — (1 - %)

tn 2 Bl log ] — Qpec[¢]
characterized by v, (m) = (pn exp(t/p™) — 1 and v, (log7m) = log(tn(m)). It is known that for each (¢,TI')-
module there exists n > 0 such that D has a structure of Bii’;"—module [CC98]. We shall denote this module

T,

over B;," by D™, We can define the following filtered Q,- vector space

r
Dar(D) = (D™ @, Qe (1)) -
It is independent of n and its dimension over @, is smaller or equal to the rank of D. We pose moreover
Dy(D) = (D @ Riog[1/t])" .

It is a finite dimensional Q,-vector space contained in Dgg (D). We say that D is semistable if the dimension
of Dy (D) is equal to the rank of D.
We have a filtration on Dy (D), induced by the one on Qe ((t)), which is independent of n.

For further use, we define D.s(D) = Dst(D)N:O7 and we say that D is crystalline if the dimension of
Deris(D) is equal to the rank of D.

Remark 6.2.3. When D = D(V), D is semistable (resp. crystalline) if and only if V is semistable (resp.
crystalline) a la Fontaine.
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We introduce now the theory of filtered (¢, N)-modules. We say that a finite dimensional vector space
M over Q, is a filtered (¢, N)-module if the following are satisfied:

e there exists an exhaustive, decreasing filtration Fil' M,
o there exists a Q)-linear Frobenius ¢ : M — M,
e there is a Qy-linear monodromy operator N : M — M such that Ny = ppN.

A morphism of (¢, N)-modules is morphism commuting to ¢ and N. We can define a tensor product in this
category. We define on M @ M’ the following

o Fil'( Mo M) =Y, Fi'M @ Fi/ M,
o p(mam') = p(m)® p(m'),
e Nim@m')=m® N(m')+ N(m) @ m'.

Proposition 6.2.4. The functor Ds (D) induces an equivalence of additive and tensor categories between
the category of semistable (¢,T")-modules over R and filtered (¢, N')-modules over Q,.

We are ready now to study more in detail the cohomology of certain semistable (¢,I')-modules D. Let
a = (a,b) be an homogeneous cocycle in Z'(C,, ), we can associate to it the extension

0—-D—D,—R—0,

defined by
Do=D®Re, (p—1)e=a, (y—1e=hb.

This defines an isomorphism

HY(D) = Extk (R, D).
We say that class « in H!(D) is crystalline resp. semistable if

dimq, Deris (Do) = dimg, Deris (D) + 1

resp. dimg, Dy (Dy) = dimg, Dy (D)+1. We define consequently H } (D) resp. HL (D) as the set of crystalline
resp. semistable classes in H!(D). When D = Djig(V)7 we have that
HY(D) = H} (V) :==Ker (H'(Gg,,V) = H'(Gg,,V @ Bais)) ,
H}(D) = Hy(V) :=Ker (H'(Gg,,V) = H'(Gg,,V ® By)),

where By and Bg,is denote Fontaine’s rings.
Let us denote by tp the quotient Dar(D)/Fil°Dyr(D). We define the following complexes

C. :Dcris(Da) i> tD 57 Dcris(Da)v

CS Dat(Da) % tp @ Dat(Da) @ Det(Da) > Dat(Da)
where
f(z) =(z mod FilO(DdR(D)), (1—-9p)x),
g9(z) =(z mod Fil’(Dar (D)), (¢ — 1)z, N(z)),
h(z,y,z) =N(y) — p(e — 1)(2).
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Proposition 6.2.5. We have H°(D) = H(C?,,) = H°(C%,), H} (D) = H*(C2,.), and HL (D) = H'(C%,).

cris cris

The above proposition is useful to calculate the dimension of the space of crystalline and semistable
extensions;

Corollary 6.2.6. Let D be a de Rham (¢,T")-module, then we have
dimg, H{ (D) — dimg, H°(D) =dimg, tp,
dimg, H}, (D) — dimg, H{ (D) =dimg, Deyis(D*(1))¥~".
Moreover HY (D) is orthogonal to H} (D*(1)) for the cup product defined above.

6.2.3 Rank one (p,I')-modules

We want to study now the cohomology of rank one semistable (¢,T')-module. Let § be any continuous
character of Q, we denote by R(5) the rank one (p,I')-module Res characterized by pes = d(p)es and
ves = 0(Xeyel(7))es-

We denote by x the identity map and by |z| the character = — |z|. By the above equivalence of categories,
R(z|z|) corresponds to the p-adic cyclotomic character.

We have that R(J) is semistable if and only if there exist m € Z such that for all u € Z)* we have d(u) = u™.
We have the following proposition

Proposition 6.2.7. We have H*(R(8)) # 0 unless 6 = x=™, for m > 0, in which case HY(R(z™™)) =
Qp(t™e).
If m > 1, then, unless 6 = x™|x|, we have that H'(R(4)) has dimension one and H'(R(5)) = H} (R(4)).
If m <0, then, unless 6 = 2™, we have that H*(R(5)) has dimension one and H} (R(5)) = 0.

We are left to study the cases § = 2™ |z|, m > 1 and 6 = 2™, m < 0. This amounts to study the extension
between R(J) and R and is the main subject of [Col08§].
We introduce the differential operator d = (1 + 7). We notice now that

Op = ppd, 0y = x(7)70.

This implies that 0 induces an isomorphism of (¢, T')-modules between R(z~1J) and R(5) and, by foncto-
riality, a morphism between cocycles and in cohomology. Let us denote by Res(f) the residue at 7 = 0 of
(14 m)~ " f(x)dr. We have the following proposition

Proposition 6.2.8. If § # x|z| and § # x, then
d: H' (R(z716)) = HY(R(9))
s an wsomorphism, otherwise it is identically zero.

Proof. We begin by studying the kernel of this morphism; if § = x, #716 = 1 and H'(1) is generated by the
constants (1,0) and (0, 1) which are killed by 0.

If § = z|z|, we have that H'(|x|) is one-dimensional, generated by the class of (log @, % log %) We

have consequently

P mo(
(7r—|—1> T+ 1
=@ - )
s s
1 1
810g7()=7< +7r)_ +7
™ T m



which is a cobord.

From now on, we suppose that § # z|z| and § # x. If d(a,bd) is a coboundary, we have ¢ € R such that
da = (6(p)e — 1)c and 9b = (0(Xeya (7)Y — 1)e. As § # z|z| and ¢ # x, at least one between (d(p) — 1)
and (5(chc1(7))xc_y1d(7) — 1) is not zero. Using the fact that the image of O coincide with the series f
which satisfies Res(f) = 0 [Col08, Proposition A.6], we find that ¢ = d¢’. So, up to a constant, (a,b) is a
coboundary and we are done.

We show now that it is surjective. Let (a,b) be a cocycle in Z'(C, ,(R(z715))), we have the relation
(6(y)y=1)a = (6(p)ep—1)b. As é # z|x|, we can change (a,b) by a coboundary such that Res(b) = Res(a) = 0.
Then we can find two primitive @’ and o of a and b. The couple (a’,b') does not belong necessarily to
ZY(Cyp~(R(x715))) but satisfy the relation

O((O(1)Xeya (V)7 = )a’ = (6(p)gp™" — V) =0,
or equivalently
(6(1)Xeyer(7)y = Da’ = (8(p)ep™" — D € Q.
Changing (a’,b’) by a constant, we have then d(a’,b") = (a,b). O

Proposition 6.2.9. Suppose § = x™|x| for m > 1, then H'(R(6)) is two dimensional, generated by cl(cuy,)
and l(By,), for am and By, in Z'(Cyp (R(8))) explicitly given by

—1 mot m—1 1 1 ! !
Ay, = ((m)l)!(’) <W+2,a) es, (L=¢)a=(1-Xeya(7)7) (W""Q) ’

Suppose 6 = =™ for m > 0, then H'(R(5)) is two dimensional, generated by cl(t™,0)e and cl(0,t™)e.

Proof. We begin with the case § = z|z|. Once we find a basis for H'(R(z|z|)), the iteration of 9 will give
us a basis for HY(R(z™|z])).

For the same reasoning as in the proof of the above proposition, we have that 0 induces a surjection from
H'(|z|) into Z'(Cy (R(2|2])))Res(v)=Res(a)=0- But we have seen before that in this case 9 is identically zero,
so the map

(a,b) — (Res(a), Res(b))

is an injection of H1(R(z|z|)) into K2. We are left to exhibit two distinct elements. We have from
[Col08, Lemme 2.3 (i)] (choosing the measure A such that fZ; (14 m)"dA(z) = (¢ — 1)1) that the equation
(Xeyel (7)Y — 1)a = (¢ — 1)1 has a unique solution, and clearly Res (£ + 3) = 1 and moreover Res(a) = 0.
We have from [Col08, Lemme 2.4] that the equation (¢ —1)b = (Xeya(7)7—1) (2 + 1) has a unique solution
in 7RT. Clearly Res (1) =1 and Res(b) = 0 and we are done.
The case 6 = =™ is [Col08, Proposition 2.6] and can be done by hand.

O

We want to point out that among the cases considered above, R(4) admits an extension by R which
corresponds, via the above mentioned equivalence of category, to an ordinary 2-dimensional local Galois
representations only if 6 = z|z|or § =1 .

We are left to study H?(R(9));
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Proposition 6.2.10. If § = |z|z™, m > 1, then H*(R(z™|z|)) is one-dimensional, and the isomorphism
with Q, is induced by

inv: R() — Qp

f = —(1 - l)7110 res(ftm1dt)
» g XcyclY

and a generator is

__1\m o 1 10g XeyelY qm—1 l
W, = (—1) (1 p) Tm—1) 9"l —
Otherwise H*(R(5)) = 0.

Proof. The statement about the dimension is immediate from the duality with H°(§~z|z|).
We start checking that Ker(inv) contains all the 2-coboundaries. We let e be the basis of R(d). If a is
2-coboundary, then a must be of the form

a=xe=(1—")ye

for some z and y in R. Then z and y must satisfy = (1 — Xeyel (7)7)y. We multiply by t™~! and obtain
2t™ ™ = (1 = Xeya(7)7)(yt™ ). From [Col08, Appendix A] we have Res(yz) = x b (7)Res(z) and we
conclude res(at™~1dt) = 0. The same is true if xe = (1 — p)ye.

Clearly w; is a basis of H*(R(z|z])). The explicit calculation of ™' allows us to conclude. O

We conclude with the study of the space H{ (§); we modify slightly the above basis, let us pose

xrn = _Cl(tma 0)wm7 y;b = log chcl(’y)d(ovtm)wm
1 1

ay, = — (1 — ) clan,, B, = (1 — ) log Xeycl (7)1 Brm.
p p

Proposition 6.2.11. We have that o, generates Hf (R(z™|z|)) and z, generates H} (R(z™™)).

Proof. We have that both space are 1-dimensional from Corollary 6.2.6. It is immediate to see that z},
defines a crystalline extension. The cup product

HY(R(z™|z])) x H'(R(z'~™)) — H*(R(xlz])),

sending (a, b), (f, g) into by(f) — ap(g) defines a perfect duality. Using the definition of the isomorphism of
H?(R(z|z|)) with Q, we see that o, Uz}, _; = 0. From Corollary 6.2.6 we conclude. O

We are almost ready to define the analogue of the decomposition

Hl(GQp> Qp) = Hgyc(Qp) D H&nr(@?)'

We consider a semistable (p,T')-module D of rank g such that Dy (D)?~" = Dy (D) and whose Hodge-Tate
weight are non-negatives. We have the following theorem:;

Theorem 6.2.12. i) D is crystalline and

where k;, are the Hodge-Tate weights ordered such that k; > k;_1.
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i) HY(D) = Deyis(D) is of dimension g, H*(D) = 0, HY(D) is of dimension 2g and
1D : Deris(D) & Deyis (D) — H' (D)
induced by vp(z,y) = cl(—x,log(Xeyel (7)y)) is an isomorphism.

iii) Let us denote by tps resp. tpc the restriction to the first resp. second copy of Deis(D). Then
Im(upg) = HE (D) and vp induces a canonical splitting

H'(D) = H{ (D) €D H (D),
where HX(D) = Im(tp.c).

Proof. We prove now i) . The relation Ny = ppN combined with the fact that Dy (D)?~" = Dy (D) tells
us that N =0 and D is crystalline. We proceed by induction and we suppose now that g = 2. By twisting,
we suppose also that the Hodge-Tate weights are 0 and k. Then D corresponds, up to isomorphism, to the
class xj defined above. Let e; be a lift in D of 1 € R. Then I' acts trivially on ey because the extension
corresponds to xx. By hypothesis ¢ acts trivially too, so the extension is split.

We suppose now that i) holds for all D’ of rank d — 1. We choose a vector v in D corresponding to a
Hodge-Tate weight k4. This defines an extension

0= R(z%)—=D—D —0.

By inductive hypothesis, D’ = @9 !R(x~*). By fonctoriality
d—1
Ext'(D', R(z~")) 2 (P Ext' (R(z™"), R(z~*)).
i=1

For the same reasoning as before, we see that the extensions on the right hand side are split, and we are
done.
For i), iii) we can reduce to the case d = 1, which has already been studied in detail. O

We consider now the dual case, i.e. D' = D*(1). We have Dy (D')“a:p_1 = D (D’) and all the Hodge-Tate
weights are non-positive. We have a pairing

[ ) }D :Dcris(D/) X Dcris(D) — Qp

induced from the pairing between D’ and D.
We define

LD’ - Dcris(D/) @ Dcris(D/) — Hl(D/)

as the only linear map such that ¢p/ (o, 8) U e(z,y) = [B,z]p — [o, y]p. Comparing dimensions, we deduce
that tp/ is non-degenerated and so an isomorphism. Because H{ (D) and H}(D’) are orthogonal, we have a
decomposition as before

HY(D') = H{ (D') D He (D),

where the two direct summands are the images of the restrictions of ¢p/ to the first and second components.
Moreover, as H°(D) = Deis(D), using the cup product we identify H?(D') with Des(D’) via the unique
map invps such that

rUYy = [inVD’ (LU), y]

for all z in H*(D') and y in H°(D). For the rank one case, we have that invp coincides with the the
morphism defined before and denoted by inv,,.
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6.2.4 Definition of the L-invariant

Let us fix a p-adic representation
V. G@ — GL"(K)

where K is a p-adic field. We will suppose that V is continuous, unramified outside a finite number of places
S, semistable as a Gg,-representation.

All the above theory extends without any change to (¢, I')-modules over R®q, K. For simplicity of notation,
we shall write R instead of R ®q, K.

We can now define the L-invariant associated with V. As before, we must assume certain conditions on V'
to be able to define it. Let m > 0, k > 1 be two integers. We have a unique (up to isomorphism) crystalline
extension

0 — R(|z|z*) — Ukm — R(z™™) — 0.
For each [ # p we fix as before the same local conditions L; as in Section 6.1.2. At p we define now
L, =Ker(H'(D,,V) = H'(D,,V ®q, Bexis))-

If Diig(V) denotes the (¢,T')-module associated with V, then L, = H} (Dilg(V)). We define then the
Bloch-Kato Selmer group

Hfl(V)::Ker< (Gs,V H Gl’ >

les
We shall suppose the following properties for V'
C1) H{ (V) = H{ (V*(1)) =0,
C2) H°(Gs,V) = H"(Gs,V*(1)) =0,

C3) ¢ on Dy (V) is semisimple at 1 and p~*,

C4) D!_(V) has no saturated subquotient of type U k-

rig

It should be clear to the reader the analogy with the hypotheses in the ordinary setting. Assuming Bloch-
Kato conjectures, we have that C1 implies that the L-function of V' is holomorphic on C and C2 implies
the non-vanishing of L(0,V).

The hypothesis C3 should be a consequence of Tate’s conjecture, while C4 is the generalization of U in
the non-ordinary case (in fact, the case k = 1 and m = 0 reduces to Kummer theory). In particular if V
comes from the étale cohomology of a variety X with good reduction, then V' is crystalline (thanks to a deep
theorem of Faltings). Because of Weil conjectures for X p , the eigenvalues of ¢ are Weil numbers of the
same weight and consequently Uy, ; can not appear as subquotient of V' (because the eigenvalues of ¢ on
U are pF=1 and p=™).

We say that a (¢, N)-submodule D of Dy (V) is regular if it is isomorphic to tp_ vy, defined as before
Proposition 6.2.5, via the canonical map. We give examples of regular D for V' = p¢(j), where ps is the
Galois representation associated with a modular form f of weight £ and 1 < j < k — 1. If f has conductor
prime to p, to each eigenvalue of ¢ corresponds a unique regular submodule of Dg;(V'). In particular, we have
a bijection between p-stabilization of f and regular submodule. If f is a newform at p with trivial nebentypus,
then the only regular submodule of Dy (V') corresponds to the unique crystalline period [Coll0b, §3.1].
When V' = Ad(py), we have the regular submodules induced by the ones of p;. If f has conductor prime to
p, we have also a regular submodule D corresponding to the eigevalue 1 of ¢. To our knowledge, no p-adic

162



L-function has been constructed for this choice of D; conjecturally, this p-adic L-function should not present
a trivial zero. We wonder if such a p-adic L-function could be constructed from the would be Euler system
for fo ® fg (the tensor product of the two p-stabilizations of f) to be constructed as in [LLZ12].

For each regular submodule D we can define a filtration (D;) of Dg (V).

0 i=-2,
(I-ple YD+ N(D*=Y)  i=-1,

D; = D 1 =0,
D+Dgy(V)¥*'nN-Y(De=r") =1,

Dy (V) i=2.

We have that D;/D_; coincides with the part of Dg (V) where ¢ acts as p~! or 1. The reader should think
of D_; and D; as non ordinary F!'* and F% (note that the filtration is now increasing).

This filtration induces a filtration on D! (V). Namely, we pose

rig

F,DI.

rig

(V) =D|

rig

(V) N (Dl & Rlog[t_l]).
As in the ordinary situation, we pose
W= FD[, (V)/F1 D, (V).
We have as before
W = o i
where tg = dimg, HO(W) = rankg Wy, t; = dimg, HO(W*(1)) = rankg Wy and M sits in a non split sequence
0— My LM%M —0
such that gr®(D!

rig
rankp M = 2t.
We give now more properties of M

(V)) = Wy @ My and grl(DLg(V)) = W, ® M;. Moreover 2 rankg My = 2 rankr M, =

Lemma 6.2.13. We have dimg, H' (M) = 2 dimg, H} (M) = 2t.
Let us denote by 0; the connecting homomorphisms of the long exact sequence associated with M, and by fi
and g, the induced morphism on the H'. We have then

H' (Mp) =Im(8o) & H¢ (My),
Im(f1) :Hfl(M)a
H'(My) =Im(g1) & Hf (M)

We want to point out that the hypothesis C4 is necessary to ensure that Im(f;) = H} (M).
We are left to define the analogue of the space T(V). We consider the short exact sequence

(V)—gr*(D]

rig

T T
0— Fl(Drig(V))—>D

rig (V) = 0.

Using Proposition 6.2.5 and the fact that D corresponds to a section of ty, we deduce that gr? (Diig(V))
(V) = H}(gr®(D!._(V))) = 0. The long exact

has only non-negative Hodge-Tate weights, so H(gr? (DT rig

rig
sequence in cohomology tells us

H} (D!

rig

(V) = H (Fi(D], (V))).
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We consider now the short exact sequence

0— F_y(D!_(V))—F (D!

rig rig

(V) =W — 0.

All the Hodge-Tate weights of F_ (Diig(V)) are negative, its dual has no H and by duality H?(F_; (Diig(V))) =
0. This tells us

(V) = H'(F1(D]

HY(W) = Coker (Hl(F,l(DT rig(V)))) .

rig
Moreover

H'(F_,(D!

rig

(V))) = Hf (F-1 (D], (V).
and this allows us to apply [Benll, Corollary 1.4.6] to obtain

HH(W) = Coker (H' (F_1(D},, (V) = H}(Fy(Df, (V) -
Summing up we obtain

H\(W) _ HY(F(DL, (V)
H{ (W) — Ly,

because L, = H} (V) = H} (Dlig(V)). Note that the dimension of this space is g :=to + t1 + ¢.
Hypotheses C1 and C2 combined with the Poitou-Tate exact sequence tell us

HY(G,,V
' (G, V) = @ LT,
les

where L; as in Section 6.1.2. There exists then a unique subspace H'(D,V) in H'(Ggg,V) projecting

1 t
isomorphically to w

. . This is the non-ordinary analogue of T(V'); we chose a different notation
in order to emphasize the dependence from D.

Let us denote by k, the localization map H'(Gg,, V) — H'(G,, V). This induces an injection of H!(D, V)
into H'(W) which we shall denote by xp. A simple dimension argument as in Lemma 6.1.3 tells us that
H'(D,V) depends only on V|g, when g =t.

We suppose now

C5) W, = 0.

If Wy # 0, but W7 = 0, we can deal then with V*(1) in place of V. As in the ordinary case, we are not able
to deal with V such that W, and W; are both non zero. o
Let us denote by kp the composition of kp with the projection to W := grl(DT

rig(V)). If Wo = 0, from the
short exact sequence

0> M—->W—-W; —0

and the explicit description of H*(M) and H'(M;) we obtain
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As H} (M) C H} (W), then &p is injective. We a diagram

%\

Crlb( 4> Hl

N

(W)
HY(D,V) 22> H*(W
pcl %

DCT}S( *> H

%\

where py and p. are the only arrows making the diagram commute. From the definition of H!'(D, V) we
have that py o Kp is surjective. We can then invert p. and we define

L(V,D) = detg, (ps o pc. "),

where the determinant is calculated with respect to the basis defined in Theorem 6.2.12.

If V is ordinary and we choose the regular submodule D to be the one induced by Fill(V) (recall that the
filtration on Dy (V) is increasing, so all the indexes have to be inverted), then Benois L-invariant coincides
with that of Greenberg.

6.2.5 A particular case

In this section we want to deal with representation V' such that Diig(V) =W =M andt =1 We will
calculate explicitly the L-invariant in term of infinitesimal deformation of V. This covers the case of the
representation associated to a modular form Steinberg at p and the case of its adjoint representation.

We suppose that M is of the form

0—=R() > M—R>H) —0,

where §(z) = 2™|z|, m > 1, and ¢(x) = =™, n > 0. We have no choice for D but R(9).
We suppose that we dispose of an infinitesimal deformation V4 of V over A = K[T]/(T?) equipped with a

filtration on F’Dllg(VA) such that

F'Dl (Va) ®a1—0 K = F'D] (V).

We have then
0—R(6a) — Dmg(VA) = R(pa) =0

for §4 resp. 14 an infinitesimal deformation of d resp. . We remark that we can write tautologically
ba(x) = 3(x) + T 94

|T=0"

doayy’ (u)

Theorem 6.2.14. Suppose T #0 for any u = 1 mod p?, then

T=0

d10g5A1/)A (p)
dlog&AwA (u)

Such a theorem has been proved also in [Mok12, Hid04], and in a different way in [Col10b]. The proof is
not really different from the original one of Greenberg and Stevens [GS93].

L(V) = —log,(u)
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Proof. We write as before My resp. M; for R(d) resp. R(v). We have

N H(M) e HA(My) 0

H' (M)~ H (M) — 2~
H'(V,D)

Because Im(f1) = H} (M), we have Im(%p) = Im(g1). What we have to do is to calculate this image. We
shall consider the dual module M*(1); it sits in the exact sequence

0 — R(|z|z" ™) — M*(1) = R(z'™™) — 0.

Let t™~te,, be the basis of HY(R(z'~™)). We can write
(1" em) = acgy + 08544
where 47 is the first connecting morphism and o}, ; and 3}, are the canonical basis of H*(R(|z|z"T!)).

We have that Im(dg) is orthogonal to Ker(d;) for the pairing
HY(R(z" ")) x H'(R(x™™)) = H*(R(x|z])),

so Im(g1) = Ker(61) = ax;, | + by}, ;. By definition
L(V,D) =b""a.

Let us write Wy for Diig(VA). We have
0— R(5) = R(6a) = R(5) — 0.

Let us denote by B the connecting map H*(R(5)) — H*™1(R(J)) coming from the above exact sequence.
We have the relation B! ..,0% = —07BY,_,.,. We want now to apply inv,,1 to this relation evaluated on
|z|z 0 15z +
tm~le,,. We have for §(x) = 2™|x| and J4 as above
invin (Bj (a;,)) =10g(Xeyel (7)) ™ dlog(da (Xeyel (7)) 7=0,

invin (B3 (5;,)) =dlog(8(p))r=o-

So
(6.2.15)

Vg1 (Bl i1 65) (™ e) = alog(Xeyel (7))~ d1og(¥" (Xeyel (7)) =0 + bd log (¢ 3" () 7—0-

Let ea,m be a lift of e, to R(6%(1)). So we have
1
Bl (t" team) = fcl((ap — Dt eam, (v — Dt ream)
1 — m— m— m— — m— m—
= (05 )™ = Dt eam, (X (D01 (Xova (1) = DE™ eam)

— cl(déz1 (p) ‘Tzotmfl em, d521 =0 (Xeya (V)™ em).

We already know that
di(cl(z,y)) = l((y = 1)Z — (¢ — 1))
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where T resp. ¢ is a lift of x resp. y.
We already know that res(zt™~'dt) and res(yt™~'dt) give the coordinates of cl(x,y) with respect to the
basis z¥, and y,. If we write ejs for a lift of e, to M*(1) we have

(1~ Deast™dt) = og(xesa(2) (14 2)

res((p — Depyt™ 1dt) = (1 + ;) a.

So we have

i1, 1 (37 B ) (£ ) = —alog(Xeyer(1)d10g(85 (eyer (1))7o + bd1og (05 (P))r—o-  (6.2.16)

Summing up 6.2.15 and 6.2.16 we obtain

alog(Xeyel (’7))_1(1 IOg(w,ZléA (Xeye (7)) |T=0 = —bd log(iﬁjl@x () |T=0
O

We want to point out that to define the L-invariant in this case we do not need to assume C4. This
covers the case of V' = V,(E)(1), for E an elliptic curve with positive rank, which was not covered in the
first section.

6.3 A Siegel modular forms of genus two

The calculation of the L-invariant requires to produce explicit cocycles in H*(D,V); when V appears in
Ad(V") for a certain representation V' we can use the same reasoning as we did before Theorem 6.1.11
to produce these cocycles. This is done for symmetric powers of the Galois representation associated with
Hilbert modular forms in [HJ13]. The main limit of this approach is that most of the representations V' do
not appear as quotient of adjoint representations.

In the case Diig(V) = W = M the situation is way simpler; if ¢ = 1 we have seen above that to produce the
cocycle in H'(V, D) it is enough to find deformations of Vg, .

We want now to apply the above calculations in the case of the Galois representations associated with a
Siegel modular form of genus 2. We thank A. Jorza for pointing out that the calculation of the L-invariant in
this case is currently within reach. Thanks to the work of Scholze [Sch13], we should dispose soon of Galois
representation for (each L-packet of) Siegel-Hilbert modular forms of any genus (see for example [HJ13,
Theorem 18]), but we limit ourselves to Siegel forms of genus 2 for simplicity of exposition and to avoid
some technicalities. We are confident that the same argument should generalized, with minimal changes, to
Siegel-Hilbert modular forms of any genus, assuming p split and the form Steinberg at all prime above p.
We fix a Siegel modular form f of parallel weight k as in [BS00, Preliminaries|. It is known thanks to works
of Taylor [Tay93], Laumon [Lau05] and Weissauer [Wei05] that to such a form we can associate a spin Galois
representation Vipin whose image is contained in GSp,(K). We can define a standard Galois representation
Vita whose image is contained in GL5(K) using the isomorphism between GSp, and GSping followed by the
orthogonal representation of degree 5.

Let 7 be the automorphic representation of GSp, spanned by f. We suppose that 7 at p is not spherical, and
we suppose that the Satake parameters of f at p, normalized as in [BS00, Corollary 3.2] (note in particulat
that 7 is unitary) are (ai,as). We let o = p**~3a;'ay!. We define a = ag and 8 = . We suppose
that a; = p; this implies that m, is the Steinberg representation. As 7 is generic, using [Whi05], we can
lift 7 to an automorphic representation 7(4) to GLy4, induced from the embedding of GSp, into GL4. We
suppose also that we can lift 7 to an automorphic representation 7(® of GLs, using Arthur’s transfer.

Let V' = Vipin or Vsta. We make the following assumption
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LGp) V is semistable at p and strong local-global compatibility at [ = p holds.

These hypotheses are conjectured to be always true for f as above.
Roughly speaking, we require that

1

—1_.(n)
by T,

WD(V)**

where WD(V) is the Weil-Deligne representation associated with Vig, & la Berger, ﬂ,(,”) is the component at p

of 7™ and t,, is the local Langlands correspondence associated for GL,,(Q,) geometrically normalized (n = 5
when V is the standard representation and n = 4 when V is the spinorial representation). Consequently, the
Frobenius eigenvalues on WD(Vpin)® are o, 3,p** 3871 p?*=3a =1 while the one on WD (Vi,)®* are

( af a8 pz’“‘)'

W’B’ ’Oé’ Oéﬁ

Moreover, the monodromy operator should have maximal rank (i.e. one-dimensional kernel). (This is also a
consequence of the weight-monodromy conjecture for V).

If 7(™ is square-integrable at another finite place other than p, then 7(") is the image via the Jacquet-
Langlands correspondence of an automorphic representation on a unitary group and we can then use Cara-
iani’s theorem [Carl3] to obtain semistability and local-global compatibility.

More generally, Arthur’s transfer from Sp,, to Glag41 should allow us to apply Caraiani’s theorem in full
generality.

The Hodge-Tate weights of Vipin are then (0, k — 2,k — 1,2k — 3) while the one of Vg, are (1 —%,2—k,0,k —
2,k—1).

Thanks to work of Tilouine-Urban [TU99], Urban [Urbl1l] and Andreatta-Iovita-Pilloni [AIP12] we have
families of Siegel modular forms;

Theorem 6.3.1. Let W = Hom ons ((25)27(Cp) be the weight space. There exist an affinoid neighborhood

U of kg = ((zl, 29) — zfzéc) in W, an equidimensional rigid variety Xy of dimension 2, a finite surjective

map w: Xy — U, a character O : HNP — O(Xy), and a point xo in Xy above kg such that xoo© corresponds
to the Hecke eigensystem of f.

Moreover, there exists a dense set of points x of Xy coming from classical cuspidal Siegel modular forms of
weight (k1, k2) which are regular (i.e. (k2 > k1 > 3)) and unramified at p.

This allows us to define two pseudo-representations R; : Gg — O(X}), for ? = spin, sta, interpolating
the trace of the representations associated with classical Siegel forms [BC09, Proposition 7.5.4]. Since Vipin
is irreducible, we have, shrinking ¢/ around kg if necessary, a big Galois representation pgspin With value
in GL4(O(Xy)) such that Tr(pspin) = Rspin [BCO9, page 214]. As Vi, is irreducible too, there exists a
representation pgi, with value in GL5(O(Xy)) such that Tr(psta) = Rsta-

We proceed now as in [HJ13]. We recall the following theorem [Liul3, Theorem 5.3.2]

Theorem 6.3.2. Let p : Gg — GL,(O(X)) be a continuos representation. Suppose that there exist
k1(x), ... kn(z) in OX), Fi(x),...,Fy(z) in O(X), and a Zariski dense set of points Z C X such that

e for any x in X, the Hodge-Tate weights of p, are k1(x), ..., kn(z),

e for any z in Z, p, is crystalline,

o forany z in Z, k1(2) < ... < kn(2),

e for any z in Z, the eigenvalues of ¢ on Des(Vz) are p @ Fy(x),. .., p @ E,(z),

e for any C in R, defines Zc C Z as set of points z such that for all I,J C {1,...,n} such that
|2 ier ki(2) = X25c5Kj(2)| > C. We require that for all z € Z and C € R, Zc accumulates at 2.
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e for 1 <i<mn there exist x; : Z, — O(X)* such that xi(u) = ur®),

Then, for all x in X non-critical and reqular (k1 (x) < ... < kn(x) and the eigenvalues of ¢ on Deyis(Vy) are
distinct) there exists a neighborhood U of x such that py is trianguline and its graded pieces are Ry (x;).

We can apply this theorem to show that the (p,T")-module associated with P\, 18 trianguline. We
p

explicit now the triangulation; let U; and Us be the two Hecke operators at p normalized as in [HJ13,
Lemma 16] and let us write Fy = Fi(z) = O(Uy) and F, = Fy(z) = ©(U3)O(U;)~ L. We have that the
graded pieces of Diig(pspin) are given by Ry (6;), where

6i1(p) = F1, 6i(v) =1,

02(p) = Fa, G2(7) =972,
53(p) = Fy ', 0s(y) =71,
0a(p) = Fi ', Galy) =AM the?

While the graded pieces of Diig(psta) are given by Ry (1), for

Ui(p) = FiFy,  i(y) =",
ba(p) = Fu/Fa,  ha(y) =77,
Ys(p) =1, ¥3(y) =1,

$a(p) = Fo/Fi,  tha(y) =772,
es(p) = Fy "Fy Y, ps(y) =%

We suppose a = pF¥~3. As we supposed that the monodromy operator has maximal rank, there is only one
choice as regular (¢, N)-submodule D of D (V'), where V is one of the two representations associated with
f described above.

We begin by considering the Galois representation Vipin(k — 1) (s = k — 1 is the only critical integer); the
only choice for the regular submodule D is the one spanned by the Frobenius eigenvalue corresponding to
p'~FF, (which is the also the only crystalline period [Nak11, Corollary 3.1 (2-ii)]) and p'~*F;. According
to the conjectural description of the modifying Euler factors at p given in [Benl3], the p-adic L-function
for this representation should presents a trivial zero. We have just seen that Diig(Vspin(k — 1)) contains a
sub-module of type M which is an extension of d; by d; and the above triangulation gives (in the notation
of the previous section) the desired filtration F' i(DLg(pSpin)).

Concerning Vg, the only regular submodule D is the one spanned by the eigenvectors of eigenvalue FjFy
and Fy/F» and the corresponding p-adic L-function has a trivial zero (we will come back on this p-adic
L-function later). Similarly to the previous case, DLg
extension of ¢3 by 1. The two submodules are isomorphic (twist the first one by d, ). Summing up, we
can apply Theorem 6.2.14 to the two-dimensional subspace M to obtain the following theorem;

(Vi) contains a sub-module of type M which is an

Theorem 6.3.3. For f as above, assuming LGp for Vi,in, we have

L(Vs) = L(Vipin) = —dlog((F1/F2)(x)).

6.3.1 Speculations on analytic L-invariant

As the title says, we now want to speculate on the analytic £-invariant. We concentrate on the case of the
standard representation but we want to point out that a p-adic L-function for the spin representation could
be constructed similarly to [AG94] (in particular, see [AG94, (3.1)] for the Euler factors at p which have to
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be removed). We remark that the method of Greenberg-Stevens can hardly be adapted to study the analytic
L-invariant for Vi, without new ideas, because for each Siegel form we have only one critical value.

But the method of Greenberg-Stevens should work quite well for Vy,. For a Dirichlet charater ¢, we denote
by €¢ the associated primitive character. We have the following theorem concerning p-adic L-functions for
the standard representation [BS00, Theorem 9.5 b)];

Theorem 6.3.4. Let f an ordinary Siegel eigenform of level Np, Nebentypus v and parallel weight k which
is of finite slope for Ur. We have a distribution = py on Z; such that for all finite order character x and
s=1,...,k—2 we have

Ly(l—5,Via®e™ 1)

/ e(2)Ldu(2) = C.Br (s, ) Ea(s, )

Q(f, s)
where Ce is an algebraic number, Q(f,s) a trascendent period,
Eq(s,e) = (1 —areo(p)p™*)(1 — azeo(p)p™"),
Fa(s,c) = { 1 f primitive at p,
2 (1= a1e5 (P)p* 1) (1 — ey ()" (1 — &5 (p)p* 1) otherwise,

and Ly(1 — s, Via ® e71) denotes an “incomplete” L-function for Vi, @ e~ (see [BS00, (3.23)]).

A priori this p-adic L-function is constructed only for f ordinary and unramified at p. In our situation
f is ordinary only when k = 3, i.e. «ag = 1; the same construction holds a perfectly well defined p-adic
L-function. If k& > 3, then the distributions py are not bounded but it should be possibile to generalize
their construction, assuming either a deep knowledge of the explicit form of certain differential operators or
a complete theory of nearly overconvergent Siegel forms. We assume that such a p-adic L-function, with the
same interpolation formulae, can be constructed.
The interpolation formula for s = 1 gives a factor of type (1 — a;p~t). But a; = p and so we are in the
presence of a trivial zero. If we consider the p-adic L-function associated with a form f’ of higher weight &’
and evaluate s at 2° for s = k' — k 4 1 this factor becomes (1 — a;p*~*~1). But

alpk_k/_l _ ﬁa_lpk_k/_l _ (Flez)(fEk/)pk_S

is a p-adic analytic function of k’. Indeed, if we can construct a two-variable p-adic L-function then the
factor E1 (k' —k+1,1) can be removed as in [Ros13b]. Finally, the classical method of Greenberg and Stevens
applies because for k&’ big enough the factor F5(1,1) vanishes.

Thus we see (ignoring the fact that the p-adic L-function of [BS00] is not the completed one, as some Euler
factors are missing) a confirmation of Benois’ conjecture.
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Résumé : Dans cette these, on démontre une conjecture de Greenberg et Benois sur les zéros triviaux
des fonctions L p-adiques dans certains cas. Pour cela, on utilise la méthode de Greenberg et Stevens.
Plus précisément, on démontre d’abord cette conjecture pour une forme de Hilbert de poids paralleéle 2 sur
un corps totalement réel ou p est inerte, quand la forme est Steinberg en p et sous d’autres hypotheses
sur le conducteur. Ce résultat est une généralisation de travaux non publiés de Greenberg et Tilouine. On
démontre ensuite cette conjecture pour une forme modulaire elliptique de pente finie et Steinberg en p
et sous des hypotheses similaires. Pour construire la fonction L p-adique en deux variables (construction
nécessaire & l'utilisation de la méthode de Greenberg-Stevens), on utilise la récente théorie des formes quasi
surconvergentes d’Urban. On améliore le précédent résultat en enlevant ’hypotheése de conducteur pair et en
utilisant la construction de la fonction L p-adique de Bocherer et Schmidt. Dans le chapitre final, on rappelle
la définition et les calculs de l'invariant £ de Greenberg-Benois et on explique comment certains résultats
précédement énoncés peuvent étre généralisés aux formes modulaires de Siegel.

Abstract: This thesis is devoted to the study of certain cases of a conjecture of Greenberg and Benois on
derivative of p-adic L-functions using the method of Greenberg and Stevens. We first prove this conjecture in
the case of the symmetric square of a parallel weight 2 Hilbert modular form over a totally real field where p is
inert and whose associated automorphic representation is Steinberg in p, assuming certain hypotheses on the
conductor. This is a direct generalization of (unpublished) results of Greenberg and Tilouine. Subsequently,
we deal with the symmetric square of a finite slope, elliptic, modular form which is Steinberg at p. To
construct the two-variable p-adic L-function, necessary to apply the method of Greenberg and Stevens,
we have to appeal to the recently developed theory of nearly overconvergent forms of Urban. We further
strengthen the above result, removing the assumption that the conductor of the form is even, using the
construction of the p-adic L-function by Bocherer and Schmidt. In the final chapter we recall the definition
and the calculation of the algebraic L-invariant ¢ la Greenberg-Benois, and explain how some of the above-
mentioned results could be generalized to higher genus Siegel modular forms.

Mots clefs : Formes modulaires - Familles p-adiques de formes automorphes - Fonctions L p-adiques -
Représentations Galoisiennes - Théorie d’Iwasawa
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