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Résumé

Dans cette these nous étudions deux problemes issus de la relativité générale : la construction
de données initiales pour le probleme de Cauchy des équations d’Einstein et le théoreme de la
masse positive.

Nous construisons tout d’abord des données initiales en utilisant la méthode dite conforme
introduite par Lichnerowicz [ 1, Y. Choquet-Bruhat-J. York [

] et Y. Choquet-Bruhat-J. Isenberg— D. Pollack [ ]. Plus
particulierement, nous étudions les équations —de contrainte conforme— qui apparaissent dans cette
méthode sur des variétés riemanniennes compactes de dimension n > 3. Dans cette theése, nous
donnons une preuve simplifiée du résultat de [ ], puis nous étendons et nous
généralisons les théoremes de M. Holst—G. Nagy—G. Tsogtgerel [ ] et de D.
Maxwell [ ] dans le cas de données initiales a courbure moyenne fortement non-
constante. Nous donnons au passage un point de vue unifié¢ sur ces résultats. En parallele, nous
donnons des résultats de non-existence et de non-unicité pour les équations de la méthode con-
forme sous certaines hypotheses.

Pour le second probleme, nous étudions le théoreme de la masse positive sur des variétés
asymptotiquement hyperboliques. Plus précisément, nous montrons que la positivité de la masse
sur une variété asymptotiquement hyperbolique est préservée par les chirurgies de codimension au
moins 3. Par conséquent, nous étendons I’un des résultat principaux de 1’article d’E. Humbert et
A. Hermann [ ] aux variétés asymptotiquement hyperboliques en mon-
trant que le théoreme de la masse positive est vrai sur les variétés asymptotiquement hyperboliques
de dimension n > 5 pourvu qu’il le soit pour une seule variété asymptotiquement hyperbolique
simplement connexe non spin de dimension 7.

Cette these ne requiere aucune connaissance particulieére hormis un bagage minimal en analyse
géométrique.

Mots clés :  équations d’Einstein, méthode dite conforme, théoréme de la masse positive
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Abstract

The aim of this thesis is the study of two topical issues arising from general relativity: finding
initial data for the Cauchy problem with respect to the Einstein equations and the positive mass
theorem.

For the first issue, in the context of the conformal method introduced by Lichnerowicz [

], Y. Choquet-Bruhat—J. York [ ] and Y. Choquet-Bruhat-J.
Isenberg-D. Pollack [ 1, we consider the conformal constraint equa-
tions on compact Riemannian manifolds of dimension n > 3. In this thesis, we simplify the proof
of [ , Theorem 1.1], extend and sharpen the far-from CMC result proven by Holst—
Nagy—Tsogtgerel [ ], Maxwell [ ] and give an unifying viewpoint
of these results. Besides discussing the solvability of the conformal constraint equations, we will
also show nonexistence and nonuniqueness results for solutions to the conformal constraint equa-
tions under certain assumptions.

For the second one, we are interested in studying the positive mass theorem on asymptotically
hyperbolic manifolds. More precisely, we prove that positivity of the mass of an asymptotically
hyperbolic manifold is kept under a finite sequence of surgeries of codimension at least 3. As a
consequence, we extend one of main results of Humbert—-Hermann [ ,
Theorem 8.5] to asymptotically hyperbolic manifolds, that is the positivity of the mass holds on
all asymptotically hyperbolic manifolds of dimension n > 5, provided it is so on a single simply
connected non-spin asymptotically hyperbolic manifold of the same dimension.

This thesis is mainly self-contained except for minimum background in Geometric Analysis.

Keywords :  Einstein constraint equations, non-constant mean curvature, conformal method,
positive mass theorem.
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General Introduction

Albert Einstein introduced his theories of special relativity in 1905 and of general relativity
in 1915. Both these theories were more breakthroughs since they reconsider the intuitive idea
of space and time as two distinct unalterable objects. Special relativity originated as a mean to
reconcile Newton’s theory of motion with the Galilean principle and Maxwell’s theory of electro-
magnetism. Its main idea may look naive yet extremely profound: if every inertial observer is to
measure the same speed for light independently of his velocity with respect to any other observer,
this means that the way that distances and/or time are measured depends on the observer.

Hermann Minkowski interpreted the coordinate transformations corresponding to a change of in-
ertial observer introduced by Hendrik Lorentz and that form the ground of special relativity as
isometrics of R**! endowed with the quadratic form

n = —dt* +dx* + dy* + dZ*.

As we saw, special relativity was proposed as a natural framework for electromagnetism. But soon
after the question of introducing other forces arose, in particular, the gravitational force, which
was the only other fundamental force known at that time. It took eight years (from 1907 to 1915)
for Einstein to develop a coherent theory. General relativity stands on the following —equivalence—
principle. The inertial mass, which makes heavy objects harder to move than light objects, is equal
to the gravitational mass, namely the strength with which an object interacts with the gravitational
field. Gravity shares this property with the non-inertial forces such as the centrifugal force so it
is possible to find non-inertial frames where the gravitational field is (almost) zero such as the
“zero-gravity” flight or to create artificial gravity in accelerated reference frames as Tintin rocket
or fighter planes.

Thus, general relativity has to do with arbitrary changes of coordinate system and hence is an
adaptation of the then newly born theory of Riemannian geometry.

More precisely, in general relativity, a space-time is a (n+1)—dimensional Lorentzian manifold
(M, h) (Lorentzian meaning that / has signature — + + ... +), with n > 3, which satisfies the
Einstein equations

Scaly, 8nG
Thﬂv = C_4T/1w (D
where Ric”, Scalj, are respectively Ricci and the scalar curvatures of of &, G is Newton’s constant, ¢

is the speed of light and T is the stress-energy tensor of non-gravitational fields (i.e., matter fields,

 h
Ric,, -

11



GENERAL INTRODUCTION

electromagnetic field...).

Einstein equations are roughly speaking hyperbolic. Hence all solutions can be obtained from
their initial values at some “time t=0", the metric g induced on a spacelike hypersurface M c M,
and its initial velocity, the second fundamental form K of the embedding M c M. It follows from
(1) and by the Gauss and Codazzi equations that the choice of (M, g, K) must satisfy the so-called
Einstein constraint equations. In a scalar-field theory; e.g, the expression of T involves a scalar
field ¥ and a potential V, namely,

1
Ty =V, PV, ¥ - (Eld‘ﬂz + V(‘I’)) Ry
the constraint equations read

o ~AN2 A ~
Scalg — IR} + (trgR)" = 2 + |dif} + 2V (i),

o . . )
divék — d (trK) = #di,

where L& = Y|y is the restriction of ¥ to M and & = V, W is the time derivative of ¥. This system
is the so-called Einstein-scalar field equations.

Constructing and classifying solutions to this system is an important issue. For a deeper dis-

cussion of (2) , we refer the reader to the excellent review article [ ]. One
of the most efficient methods to find initial data satisfying (2) is the conformal method developed
by Lichnerowicz [ ] and Y. Choquet-Bruhat-Jr. York [

]. The idea of this method is to effectively parameterize the solutions to (2) by some reason-
able parts and then solve for the rest of the data. More precisely, we assume given some seed data:
a compact Riemannian manifold (M, g), a mean curvature 7, a transverse-traceless tensor o (i.e.,
a symmetric, trace-free, divergence-free (0, 2)-tensor), two functions ¢, 7 and a potential V. Then
we look for a positive function ¢ and a 1-form W such that

A

N T N _ . .
g=¢""g, K=’;¢N 20+ o+ LW), Y=y, =9 Vn

is a solution to the Einstein-scalar field constraint equations (2). Here N = nZT"Z and L is the
conformal Killing operator defined by

2
LW,']' = Vin + VjW,‘ - —(diVW)g,'j.
n

Equations (2) are now reformulated into the following coupled nonlinear elliptic system for ¢ and
w:

4n—-1
( > )Atp + Ry = BT’,p(pN_l + (|O’ + LW|2 + 71'2) (p_N_l [Lichnerowicz equation]  (3a)
n —
1 -1
_EL*LW = n—gDNdT — ndy, [vector equation], (3b)
n

where A is the nonnegative Laplace operator, L*is the formal L*~adjoint of L and Ry, B, are
given by

2+ 2V(Y).

Ry = Scal® — |2, Bry = —=

12



GENERAL INTRODUCTION

These coupled equations are called the conformal constraint equations. Before going to further
statements about the system (3), we give standard conditions for initial data and introduce some
notations used in this thesis as follows.

Initial data. Let M be a compact manifold of dimension n with n > 3. Our goal in this the-
sis is to find solutions to the conformal constraint equations (3). The given data on M consists
of

e aRiemannian metric g € C?

e ascalar field function ¢ € W'” and its potential V € C*(R),

e afunctionrw € LP, 4)
e afunction T € WhP,

e asymmetric, trace- and divergence-free (0, 2)—tensor o € W7,
with p > n, and one is required to find

e a positive function ¢ € w21,

e al-formW € Wz’g,
which satisfy the conformal constraint equations (3). We also assume that

e (M, g) has no conformal Killing vector field,

o (6. £ 0,0ifY, >0, §)

where Y, is the modified Yamabe constant of the conformal class of g; that is

2 ISPy + J (Seal — ldy) /°

100 2
f€§$(()M) ”f”LN(M)

\yg:

We use standard notations for function spaces, such as L?, C*, and Sobolev spaces wkr Tt will
be clear from the context if the notation refers to a space of functions on M, or a space of sections
of some bundle over M. For spaces of functions which embed into L™, the subscript + is used to
indicate the cone of positive functions.

We will sometimes write, for instance, C(a1,a?) to indicate that a constant C depends only on
aq and Q.

Since the treatment of the system (3) depends on the sign of B, we divide our discussion into
two cases.

e The vacuum case: During the past decades, existence of solutions to (3) in the vacuum
case; i.e., ¥ = m = 0and V = 0, was extensively studied. When the mean curvature 7
is constant, the system (3) becomes uncoupled (since dr = 0 in the vector equation) and
a complete description of the situation was achieved by J. Isenberg [ ]. The
near CMC case (i.e., when dr is small) was addressed soon after. Most results can be found
in [ ]. For arbitrary T however, the situation appears much harder
and only two methods exist to tackle this case:

13



GENERAL INTRODUCTION

- (Holst—Nagy-Tsogtgerel [ ] and Maxwell [ 1) Assume
that (M, g) has positive Yamabe invariant. Then for any 7, there exists an e(g,7) > 0
such that if

0 <max|o| < e (6)

the system (3) has (at least) one solution.

- (Dahl-Gicquaud—Humbert [ 1) If 7 has constant sign and if the limit

equation
1 -1 d
oLV = a2 E )
2 n T

has no non-zero solution, for all values of the parameter @ € [0, 1], then the set of
solutions (¢, W) to (3) is nonempty and compact. This criterion holds true e.g. when
(M, g) has Ric < —(n — 1)g and H%H o0 < y/n. It is worth noting that this result was
successfully extended to asymptotically hyperbolic manifolds by Gicquaud-Sakovich

[ 1.

Conversely, nonexistence and nonuniqueness results for (3) are fairly rare for non-constant

7. We refer to arguments of Rendall, as presented in [ 1,
Holst—Meier [ ], and Dahl-Gicquaud-Humbert [ ] for
attempts to obtain such results. In the vacuum case, the only model of nonuniqueness of
solutions is constructed on the n—torus by D. Maxwell [ ] while the only
nonexistence result, achieved by J. Isenberg—Murchadha [ ]
and later strengthened in [ ] and [ ], states that the

system (3) with o = 0 has no solution when Y, > 0 and dt/7 is small enough. This asser-
tion together with experimentations on the torus led D. Maxwell to ask whether the non-zero
assumption of o is a necessary condition for existence of solution to the conformal equa-
tions (3) with positive Yamabe invariant (see [ D.

From the results above, one may ask different questions:

1.1 Is the condition (6) sharp?

1.2 What role does the sign of 7 play in the arguments of Dahl-Gicquaud—Humbert [
1?

1.3 Can the parameter « in the limit equation (7) be assumed to be 1?
1.4 TIs the system of (3) solvable for all o # 0? If a solution to (3) exists, is it unique?

1.5 What is the answer to Maxwell’s question?

After briefly sketching basic facts on the Lichnerowicz equations in Chapter 1, which in-
clude the special case of (3) when 7 is constant, these questions will be addressed in the next
two chapters. The following is a summary.

14



GENERAL INTRODUCTION

Chapter 2:

We first introduce two new methods for solving (3) in Chapter 2. The first relies on the
Leray-Schauder fixed point theorem while the second is based on the concept of half-
continuity. These methods are used as main tools for addressing properties of solutions
to (3) along the thesis. In particular, we will show in Chapter 2 that they not only sim-
plify two far-from CMC results of Holst-Nagy—Tsogtgerel [ ] and Dahl-
Gicquaud-Humbert [ ] respectively, but also give unifying viewpoint of
them. Furthermore, we obtain the following interesting results: one is a sharping of the
smallness assumption of o in (6) and the other shows that the principal estimate in argu-
ments of Dahl-Gicquaud—Humbert [ ] for getting a non-trivial solution to
(7) may fail when 7 changes sign, and this gives an answer to our first two questions.

Theorem 1 (Small TT-tensor). Let data be given on M as specified in (4) associated to the
vacuum case and assume that conditions (5) hold. Assume further that the Yamabe invariant
Y, > 0. Then there exists €(g, 1) > 0 such that if

0< f lo?dv < €, (8)
M

the system (3) has (at least) one solution.

Proposition 2. Let (M, g) be a compact Riemannian manifold of dimension n > 3. Suppose
g€ C? and 1 € C°. For given a € [1/N, +o0], we denote

||90||va,
Ay = sup ——————,
(e.W)eL Max{||LW||e, 1}
where

L= {(4,0, W) e Wi’p X L : (@, W) satisfies the vacuum Lichnerowicz equation (3a )} .

Then A, is bounded if and only if |t|* € L.

Chapter 3:

Chapter 3 may be understood as a continuation of the previous one. More precisely, we
will continue using both methods introduced in Chapter 2 to try to address all remaining
questions. In fact, we show that:

Theorem 3 (Control of the parameter). Let data be given on M as specified in (4) associated
to the vacuum case, and assume that conditions (5) hold. If T has constant sign, then at least
one of the following assertions is true

15



GENERAL INTRODUCTION

(i) The conformal constraint equations (3) admit a solution (¢, W) with ¢ > 0. Further-
more, the set of solutions (¢, W) € Wi’p X W2P, with p > n, is compact.

(ii) There exists a nontrivial solution V.€ W*P to the limit equation

1 “1  d
— oLV = v = 9)
2 n T

(iii) For all continuous functions f > 0 or f = R if Y, > 0, the (modified) conformal
constraint equations

An -1 -1
n-Dagsfe = ~irg T Lwpg ! (10)
— n
| -1
—w = T Nar (10b)
2 n

have a (non-trivial) solution (¢, W) € Wi’p x WP, Moreover if the corresponding
Yamabe invariant Y, > 0, then there exists a sequence {t;} converging to 0 s.t. the
conformal constraint equations (3) associated to seed data (g, t;T,0) have at least two
solutions.

Comparing with the original version of Dahl-Gicquaud—Humbert [ ], the
price to pay to set the parameter « = 1 in (7) is the addition of (iii). We will see that this
assertion is necessary because of the following result.

Theorem 4 (Nonexistence of solution). Let data be given on M as specified in (4) associated
to the vacuum case, and assume that conditions (5) hold. Further assume that T has constant
sign and that there exists ¢ = c(g) > 0 s.t. |L (d—:)| < c|d—:|2. Let U be a given open
neighborhood of the critical set of 7. If o # 0 and supp{oc} € M \ U, then both of the
conformal constraint equations (3) and the limit equation (9) associated to the seed data

(g, 7%, ko) admit no (nontrivial) solution, provided a, k are large enough.

It is worth noting that [ , Proposition 1.6] provides the existence of such
assumptions. In fact, our proof for Theorem 4 is an extension of arguments in [
, Proposition 1.6].

As direct consequences of Theorem 3 and 4, we also obtain the following results.

Corollary 5 (Nonuniqueness of solutions). Assume that (M, g, 7, 0, a, k) is given as in The-
orem 4. If Y, > O, then there exists a sequence {t;} converging to 0 s.t. the conformal
constraint equations (3) associated to seed data (g, t;7%, ko) have at least two solutions.

16
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Corollary 6 (An answer to Maxwell’s question). Let (M, g, T) be given as in Theorem 4. If
Y > 0, then the conformal constraint equations (3) associated to (g, 7%,0) have a (nontriv-
ial) solution for all a > 0 large enough.

e The scalar field case: In the presence of a scalar field case; i.e., for a general (¢, V,n),
the system (3) becomes much more difficult because 8, may become positive in the Lich-
nerowicz equation. This appears to be problematic since one loses the maximum principle.
It makes the methods used in the vacuum cases above not working any longer, and then
seems to tell us to seek different approaches for this case. Thus, there are less results in
this situation. Perhaps, the most natural approach for the problem is to try to extend known
results in the vacuum case to the scalar field one. However, not all of them are true in full
generality, for instance, we will see in Chapter 1 that the Lichnerowicz equation, understood
as the CMC case, can admit zero or several solutions if B, > 0. For deeper discussions
of the problem, we refer the reader to Choquet-Bruhat-Isenberg—Pollack [

], Hebey-Veronelli [ ] and Chrusciel-Gicquaud [
] for the CMC case and to Premoselli [ ] for the near-CMC
case. Until now all results remained limited to the near-CMC case.

In Chapters 4 and 5, we will turn our attention to the properties of solutions for the far-
from CMC case. More precisely, we will extend Theorem 1 to the scalar field case and
show a nonuniqueness result for solutions to the (actual) system (3) as B,y > 0. In fact, a
summary of these results may be stated as follows.

Chapter 4: (joint work with Romain Gicquaud)

In this chapter, we use a method based on the calculus of variations to show that the small-
ness of (o, 7) in L? is a sufficient condition for existence of solutions to (3):

Theorem 7 (Small TT-tensor). Let data be given on M as specified in (4) and assume that
(5) holds. Assume further that 4(n”__21 )A+R¢ is coercive. Then there exists € = (g, ¥, 7, V) > 0
such that if

2, 2
0<fM(|0'| +7r)dv<6,

the system (3) has (at least) one solution.

It is also worth noting that another way to obtain the far from CMC-result in the vacuum
case, adding a parameter ¢ in some neighborhood of 0, has been recently presented by
Gicquaud-Ngo [ ] using the implicit function theorem. In Chapter
4, we will also follow this technique that gives another viewpoint on Theorem 7.

Theorem 8 (Another viewpoint on Theorem 7). Let data be given on M as specified in
(4) and assume that (5) holds. Assume further that %A + Ry is coercive. Then there
exists t* = t*(g, 7, ¢, V,o,m) > 0 such that for all t € (0,t"), the system (3) associated to

17
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(g, 7, V¥, to, tn) has a solution (¢;, W;). Moreover, t‘ﬁtp, is uniformly bounded for all
t € (0,r).

Theorem 8 will be directly used for getting the first solution to (3) with 8,y > 0 in an ef-
fort to show a nonuniqueness result for solutions to the (actual) system (3), which we will
present in the next chapter.

Chapter 5:

This chapter is a combination of ideas in the previous chapters to obtain existence and
nonuniqueness results for solutions to (3). For existence results, we are interested in giving
another proof of Theorem 7 by using the half-continuity method introduced in Chapter 2.
Next we will show a nonuniqueness result for solutions to (3) as 8.y > 0, which is stated
as follows.

Theorem 9 (Nonuniqueness of solutions). Let (M, g) be a closed locally conformally flat
Riemannian manifold of dimension n, with3 < n < 5. Assume that the seed data (V, 7,y 7, o)
given on M are smooth and (M, g) has no conformal Killing vector field. Assume further
that B,y > 0, and that 4(:__21)A + Ry is coercive. If m % O, then there exists a sequence {€;}
converging to 0 s.t. the system (3) associated to (g, T, ¥, V, €0, €;1) has at least two solutions.

The idea to prove this theorem is that for all € > 0 small enough, by Theorem 8 the system (3)
associated to (g, 7, ¥, €0, €7) has a solution (¢¢, W) s.t. e‘ﬁgoe is uniformly bounded. Thus,
it is sufficient to find a solution (¢;, W;) to (3) associated to (g, 7,¥, V, €0, €) satisfying

_2
€ N2 1|pj]| L — 0. This will be solved by arguments similar to Chapter 3.

Another issue also arising from general relativity is the positive mass theorem. A preamble
to this problem may be expressed as follows. The mass of an asymptotically Euclidean manifold
(M, g) is an invariant at infinity that appeared first in the context of general relativity as a measure
of the total energy of the gravitational field (see [ 1). In the 80’s, R. Schoen
showed that the mass naturally appears in conformal geometry and in particular in the solution
to the Yamabe problem (see [ ]). The most important result about the mass is
the positive mass theorem which states that if (M, g) has non-negative scalar curvature then the
mass is non-negative and is zero iff (M, g) is isometric to R". This theorem is known to be true
when the manifold has dimension less than 8 (see R. Schoen-S.T. Yau [ ]) or
when the manifold is spin (see E. Witten [ ], R. Bartnik [ ]). However,
the non-spin case remains completely open in higher dimension. Asymptotically hyperbolic man-
ifolds; i.e., manifolds whose model at infinity is the hyperbolic space, are also of great physical
importance and the associated mass was introduced by X. Wang [ ] and P. Chrusciel—-
M. Herzlich [ ]. The corresponding positive mass theorem is known
to hold in the spin case but, as for asymptotically Euclidean manifolds, the non-spin case is still
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open; see however [ ]. Recently, E. Humbert—A. Hermann have showed that
if the positive mass theorem is true on a closed simply connected non-spin manifold of dimension
n = 5, then so it is on all closed manifolds of the same dimension (see [

, Theorem 8.5]). This provides a significant reduction: to show the positive mass theorem
for closed manifolds of dimension n > 5, it suffices to study a single closed simply connected
non-spin manifold of the same dimension. It is then natural to ask if a similar result exists for
asymptotically hyperbolic manifolds. In the last chapter we are interested in this question.

Chapter 6:

We consider the positive mass theorem for Cz’“—asymptotically hyperbolic manifolds of dimen-
sion n > 5. The precise definition of such a manifold together with the corresponding statement
of the positive mass theorem will be given in Section 6.2. In this context, we will give an answer
to the question raised above. We will only partially address the rigidity case of the positive mass
theorem so we concentrate mostly on what we call the weak positive mass theorem (weak PMT),
namely the fact that the mass vector is future pointing timelike or lightlike. The way that we
obtain this answer is similar to the approach of Humbert-Hermann to proving [

, Theorem 8.5] in the case of compact Riemannian manifolds. However, the difficulty is
here that the technique based on the Green functions of certain second order elliptic operator used
in [ ] cannot be applied for asymptotically hyperbolic manifolds. The
result we obtain is the following.

Theorem 10. Let (N", go) be a C%’a—asymptotically hyperbolic manifold of dimension n > 3
w.rt. a given diffeomorphism © from the exterior of a compact K ¢ M to H" \ FRO, for some
(,0) € (0,1) X (n/2,n). Assume that M" is obtained from N by a surgery of codimension q > 3.
If go does not satisfy the weak PMT, then there exists an asymptotically hyperbolic metric g on M
such that Scal® > —n(n — 1) on M and g does not satisfy the weak PMT.

Now, by the arguments analogous to [ , Theorem 8.5], the answer to
our question is givens as follows.

Theorem 11. If the weak PMT is true on a simply connected non-spin C%’“—asymptotically hy-
perbolic manifold (M, ®) of dimension n > 5, with (a,7) € (0,1) X (n/2,n), then so is it on all
asymptotically hyperbolic manifolds of the same dimension.

To end this chapter, we also give a discussion on the rigidity statement of the positive mass
theorem for asymptotically hyperbolic data, which gives us a more interesting view of the relation
between the weak positive mass theorem and the strong one.

Theorem 12. Let M be an open manifold and © be a diffeomorphism from the exterior of a com-
pact K C M to H" \ERO. Assume that the positive mass theorem for asymptotically Euclidean man-
ifolds is true. Assume further that M satisfies the weak PMT. If there exists a Ci’"—asymptotically
hyperbolic metric g on M whose mass vanishes, then g is isometric to the hyperbolic metric.
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Chapter 1

The Lichnerowicz Equation

1.1 Introduction

The Lichnerowicz equation is the first equation of the system (3). Particularly, it is the special
case of (3) when 7 is constant (the CMC case). Therefore, the study of the Lichnerowicz equation
plays an important role in addressing the system (3). While a complete description of the solutions
of the Lichnerowicz equation in the vacuum case was achieved by Isenberg [ ], the
one with a scalar field remains an open problem in general.

In this chapter, we review some standard facts on the Lichnerowicz equation on a compact n—manifold

M:
4n-1)

-2

We remind the reader that Ry, = Scal® — |a’¢|§ and B, = —%72 + 2V(¥). Because treatment of
(1.1) depends on the sign of B;,, we divide our discussion into two cases.

Ap + Ry = Beyg" ™+ (jo+ LWP + 77) ™. (1.1)

1.2 The Vacuum Case

In the vacuum case; i.e., ¥y = 7 = 0 and V = 0, the Lichnerowicz equation (1.1) can be

rewritten as

-2 n

- QN+’ (1.2)
with R = Scal® and w = |0 + LW|. Note that 7 is here a function. Given a function w and p > n,
we say that @, € W=7 is a supersolution to (1.2) if

4n—1) n-1 w?
) Aps + Ro, + PV > ——.

+

A subsolution is defined similarly with the reverse inequality.

Proposition 1.2.1 (see [ 1, [ D). Assume g € W2P and w,t € L*F
for some p > n. If p_,p, € WE’ are a subsolution and a supersolution respectively to (1.2)
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1.2. THE VACUUM CASE

associated with a fixed w such that ¢_ < @, then there exists a solution ¢ € Wi’p to (1.2) such
that p_ < ¢ < @5.

The next lemma plays an important role in the study on (1.2). It is called the conformal
covariance of the Lichnerowicz equation.

Lemma 1.2.2 (see [ 1,1 1. Assume g € W2P and w, T € L*P for some
p > n. Assume also that 6 € Wi’p . Define

g= HN_zg, w=0"w, t=1

Then ¢ is a supersolution (resp. subsolution) to (1.2) if and only if $ = 0~ ¢ is a supersolution
(resp. subsolution) to the conformally transformed equation

4n -1 - 12
(n )A§¢+Rg,¢v+n A

= . 1.3
n-2 n 7 PN+l (1.3)

In particular, ¢ is a solution to (1.2) if and only if § is a solution to (1.3).

Proof. Let g’ = ¢V ~2g, and let Ry be its scalar curvature. Then it is well known that

_ N+ [4n-1)
n

Ry =¢ — Ag¢+Rg¢).

But g’ = (6‘190)N_2 8, then

Ry =6V~ (%Ag (67'¢) + Ry (9‘1¢)).

Hence
dn-1) . n-
—5 MNP+ Rep +
4n-1)

=MD (07) + Re(07'9) + L (o) T i (o)

;!\_2¢N—1 _ W2¢_N_l

4(n -1 -1
= g1 (—;”_ 5 o+ RgsO) 4 GN I N L 2o

_ 4n—-1) n—1 _ N
:0N+1(—n_ Agp + Ry + - ngoNl—wztle).

The result now follows by noticing that 6~V*! > 0 everywhere. |

We are now ready to prove the main theorem in this section.

Theorem 1.2.3. (see [ 1) Assume w,t € L* and g € W>P for some p > n. Then
there exists a positive solution ¢ € Wi’p to (1.2) if and only if one of the following assertions is
true.

1. Yy>0andw %0,
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1.2. THE VACUUM CASE

2. Y,=0andw %0, 720,

3. Y, < 0 and there exists § in the conformal class of g such that Ry = —%72,

4. Yy=0andw=0,7=0.

In Cases 1 — 3 the solution is unique. In Case 4 any two solutions are related by a scaling by a
positive constant multiple. Moreover, Case 3 holds if Y, < 0 and the set of all zero-points of T has
zero Lebesgue measure (see [ , Theorem 6.12]).

Proof. e Existence of solution: By Lemma 1.2.2 without loss of generality we may assume that
R > 0or R =0orR < 0 depending on the sign of the Yamabe invariant. Since the situation 4) is
trivial, we may assume that at least one of w and 7 is nonzero and then divide our arguments into
two possibilities.

Cases 1 and 2: Since (R + %‘rz) is non-negative and not identically zero, there exists a solu-
tion 1 € W>? to

4(n—-1 -1
(n )Agol + (R + 1 72) Q1 = w2,
-2 n
Since w # 0, if follows from the maximum principle (see [ , Lemma 2.9 and Propo-
sition 2.10]) that ¢; > 0. For any given A € N*, we have that
4n—-1) n—1 _ N
; — AU + R(g) + —— ()" = w? ()™

== L ()" = Agr) + w? (1= () ™).

Therefore, it is easy to see that A¢p; is a supersolution to (1.2), provided A is large. Similarly, we
also have that 1~y is a subsolution to (1.2) for large A. It then follows from Proposition 1.2.1
that (1.2) admits a solution ¢ satisfying

0<Ap <p<agr.

To prove the opposite direction, we need to show that if there is a solution with Y, > 0, and if
at least one of 7 = 0 or w = 0, then either Y, > 0 and w # 0 or Y, = 0 and w and 7 both vanish
identically. In fact, if a positive solution ¢ to (1.2) exists, we can set § = ¢V 2g and w = ¢ Mw to
obtain

-1
Ry=w- 17 (1.4)

n
If w = 0 and therefore w = 0, then we obtain from (1.4) that ¥Y; < 0. Since Y, > 0 we have
Y, =Y; =0and 72 = 0. On the other hand, if 72 = 0 and w # 0, then we obtain Y, >0
(see [ , Corollary 3.4]).

Case 3: In the situation w = 0 there is nothing to prove. We can then assume that w # 0. First
suppose that there exists a conformal factor ¢y > 0 such that gg = ¢"V~2g satisfies R, = —”n;lrz.
Since Y, < 0 this implies in particular that 7 # 0. Solving the Lichnerowicz equation by Lemma
1.2.2 reduces to solving

4n— 1) n-1 n=1, y N~
A - P2p=— T2¢N1+W(2)‘p/v1,

n—
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1.2. THE VACUUM CASE

with wg = go(‘)N w. Let ¢; € W>? be the unique solution to
4n-1) n-—1 5

2
P Agop + - T = wy.

Since 7 # 0 and since wg # 0, the solution exists and is positive. Similarly to arguments
above, we obtain that Ag; (resp. 17'¢;) is a supersolution (resp. subsolution) to (1.2), and then by
Proposition 1.2.1 there exists a solution ¢ to (1.2) s.t.

0< Ao << g

For the converse, assume that ¢ > 0 is a solution to (1.2). We wish to find a solution to the equation

4n—-1 -1
(n )Av + Ry = _ AL (1.5)
n-2 n

Since Y, < 0 (i.e. R < 0 by Lemma 1.2.2), Re + %TzeN‘l < 0 for small € > 0, and hence vy = €
is a subsolution to (1.5). On the other hand, notice that ¢ is also a supersolution, thus for some
given small € < min ¢ we have by Proposition 1.2.1 that (1.5) has a solution vs.t. 0 <vo < v < ¢
as claimed.

e Uniqueness of solution: Assume that ¢;,¢» > 0 are solutions to (1.2). Let g = ¢11\"2g,
W = ¢;¥wand ¢ = ¢2/¢). Then ¢ solves

4(n—1 ~1 ~1
(n—1) L 2p = WG N1 T 10

— Agp + W — ; T = N-T

2

Hence ¢ — 1 satisfies

4n-1)
n—-2

Alp—1)+ (wz - ETZ) (e-D=w (g™ =1)- n-1p. (" '-1). (16
n n

Multiplying (1.6) by (¢ — 1)* and integrating over M we have

dn—-1 -1
[ P @e-n5e- - [ [w2 (6™ =)o 1)+ "L (o ) o 1>} .
@>1 n-2 >1 n

If ¢ > 1 then (go‘N‘l - go) (¢ —1) < 0and (go - goN‘l)(go — 1) < 0. So the integral on the right
hand side of the inequality above must be non-positive. Since the integral on the left hand side is
non-negative, we conclude

4(n -1
f =D 9= 1),V (= )edv =0
o>1 n—2

1.7)
0l N n—1 _
f [wz(so Vo) o- D+ — (e —¢" ) (e 1>}dv=0.
@>1 n
A similar argument using (¢ — 1)~ as a test function shows
4n—-1)
| (Vg =1).9 (o= Dygdv = 0
<l n—2
! (1.8)
A —N— n-—
f [wz(goNl—go)(ga—l)+ - TZ(QO—(,ON)((,D—I)}dV:O.
p<l1
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1.2. THE VACUUM CASE

From the continuity of ¢ — 1 and the first equations of (1.7) and (1.8) we conclude ¢ is constant
and therefore ¢; is a constant multiple of ¢,. Suppose that ¢; # ¢, so ¢ # 1. Then from the
remaining equations of (1.7) and (1.8) we obtain

fM [Wz (¢ " -0) (@

and therefore w = 0, 7 = 0 and Y, = 0. The proof is completed. O

- ¢"") e~ 1>] dv =

From the techniques in [ ], we also get the following remark, which
allows us to assume that R has a constant sign without loss generality.

Remark 1.2.4. Theorem 1.2.3 guarantees that given any w € L*P \ {0}, there exists a unique
solution ¢ € Wi’p to (1.2). In addition, by direct calculation, we compute for any k > N

ft,bkdv§=f9N_kukdvg and fv?zkdv§=f0N(l_k)wkdvg,
M M M M

where (g, 9, W) is given as in Lemma 1.2.2. It follows that
Nk n . N—k
(max 6) * llellyg < ligllze < (min®) © il

and
(max 9) IIWIILk < IIWIILk (min 9) IIWIILk

Without loss of generality, we can assume moreover that R > 0orR=00rR = —"n;lrz depending
on the sign of Y, (in the case Y, < 0, we refer to Case 3 of Lemma 1.2.3). Under this assumption,
it is also helpful to keep in mind that the term R + =1 1 2NN s uniformly bounded from
below for all positive functions ¢ € L™ and all k > 0 In fact, if R > 0, it is obvious that
RpfH! 4 ";—17290]‘*1\’_1 >0. IfR=-"= 172, then =1 1 Zgok” ((pN_z - 1) > —%(max [t])%, which is

our claim.

The following lemma will be used throughout the thesis.

Lemma 1.2.5. Assume that ¢, ¢ are a supersolution (resp. subsolution) and a positive solution
respectively to (1.2) associated with a fixed w. Then

¢ > ¢ (resp. <).

In particular, assume that ¢ (resp. 1) is a positive solution to (1.2) associated to w = wy (resp.
wi). Assume moreover wy < wi. Then ¢g < ¢;.

We give a simple proof of this fact based on Theorem 1.2.3 (even if the proof of Theorem
1.2.3 requires the maximum principle). Another proof, independent of Theorem 1.2.3, can be
found in [ ].

Proof. We will prove the supersolution case. The remaining cases are similar. Assume that ¢, ¢
are a supersolution and a positive solution respectively of (1.2) associated to a fixed w. Since ¢ is
a solution, ¢ is also a subsolution, and hence, as easily checked so is ¢ for all constant 7 € (0, 1].
Since min ¢ > 0, we now take ¢ small enough s.t. t¢ < v. By Proposition 1.2.1, we then conclude
that there exists a solution ¢’ € W?” to (1.2) satisfying t¢ < ¢’ < ¢. On the other hand, by
uniqueness of positive solutions to (1.2) given by Theorem 1.2.3, we obtain that ¢ = ¢’, and hence
get the desired conclusion. O
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1.3. THE SCALAR FIELD CASE

1.3 The Scalar Field Case

In the scalar field case; i.e., for a general (i, V, ), for shortened notation, we may rewrite the
Lichnerowicz equation as follows:

A + hp = BV + Ap™V!, (1.9

where h = 4(';;_21)9%, B = ‘K’;;_ZI)BW and A = 4("}1;_21) (Io’ + LW + 712). Unlike the vacuum case,
where we know exactly for which seed data the Lichnerowicz equation admits solutions, there
remain many unanswered problems for the scalar field case. As evidence for the complications of
this case, we will review some recent results which show that (1.9) may have no solution, exactly
one or at least two solutions under certain conditions. With the notation A* = max{h, 0}, we first

consider the possibility of nonexistence.

Proposition 1.3.1 (Hebey—Pacard—Pollack [ 1. Let (M, g) be a smooth compact
Riemannian manifold of dimension n > 3. Assume that h, B and A are smooth functions on M. If

A,B > 0and
+\1 n
max [ L)) o n (1.10)
M \ABr1 (n— 1)1

on M, then the Lichnerowicz equation (1.9) has no smooth positive solution.

Proof. We argue by contradiction. Assume that ¢ is a smooth solution to (1.9). Let mg be any
minimum point of ¢. Since Ap(mgp) < 0, we have from (1.9) that

he(mo) > {Be" ™" + A~} (o).
Since both A and B are positive, it follows from the inequality above that
h > {BgoN 24 AQD_N_Z} (mo),
and then by standard calculation we obtain that

()" "
A Bn—l >

max > ,
M ( (n— 1!

which is a contradiction with (1.10). The proof is completed. |

We now obtain another nonexistence result involving the Lebesgue norms of the functions #,
B and A.

Theorem 1.3.2 (Hebey—Pacard—Pollack [ D. Let (M, g) be a smooth compact
Riemannian manifold of dimension n > 3. Assume that h, B and A are smooth functions on M. If
B>0on M, and

n+2
n A n+ 3n— ntz —n
((HT) fAzsz%fdwf(m) £ B ay, (1.11)
n-— M M

then the Lichnerowicz equation (1.9) has no smooth positive solution.
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1.3. THE SCALAR FIELD CASE

Proof. Let ¢ be a smooth positive solution to (1.9). Integrating (1.1) over M we obtain that
N-1 A
By dv + v dv = hedv. (1.12)
M MYt M

n—

4

n+ n n+2 n+2

f hody < (f (th)Tz Bzﬁ*dv) (f BgoN_ldv) .
M M M

Again by using Holder’s inequality,

By Holder’s inequality,

[N]

3n=2 n+2

n+! 3n— KD [i 4n
f ATnzBlnde < (f BgoN_ldv) (f —T 1a’v) .
M M Mt

Collecting these inequalities and using (1.12), we get

n+2 _ 3n-2 ”% 1-n + nt2  2-p %
X+ AW Bwdv| X'« (") * B7 dv| (1.13)
M M

4

n+2

X:(f B<pN_1dv) .
M

The study of the minimal value of the function X which appears on the left hand side of (1.13)

implies that
4n 4n
n" nt2 302 n+2 2 2 n+2
_— A% B4 dy < (W) * B3 dv .
(n—1)1 \Ju M

This completes the proof of the theorem. O

where we have set

We next recall existence results for (1.9). For the proofs of theorems below we refer the reader

to [ ]and [ ]. Before going further, we introduce the following
necessary definitions. Assume that /4 is chosen s.t. A + & is coercive. Then we may define
1
2, 2\ 0\
gl = (f (IVeP + he )dv) : (1.14)
M

We also denote by Sy, = S(M, g,¥) > 0, the Sobolev constant defined as the smallest constant
Sl// > 0 s.t.

N
2
fM N dv < Sl/,( fM (VP + h<p2)dv) (1.15)

for all ¢ € H'(M).

Theorem 1.3.3. (see [ , Theorem 3.1]) Let (M, g) be a smooth compact Rieman-
nian manifold of dimension n > 3. Assume that h, A, B are smooth functions, A + h is coercive,
A > 0 and max B > 0. There exists a constant C = C(n) > 0 such that if

A c
[T f —dv < —————— (1.16)
h u n-1

M (Sw max |B|)
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1.3. THE SCALAR FIELD CASE

and

f BuVdv >0
M

for some smooth positive function u > 0 in M, where ||.||H’1 isasin (1.14) and Sy is as in (1.15),
then the Lichnerowicz equation (1.9) has at least one smooth positive solution.

As a remark, it can be noted that when fM Bdv > 0, then we can take ¢ to be constant in (1.16).
In particular, this existence result has the following corollary.

Corollary 1.3.4. Let (M, g) be a smooth compact Riemannian manifold of dimension n > 3.
Assume that A + h is coercive, A > 0, maxB > 0 and fM Bdv > 0. There exists a constant

C =C(n,g,¥) > 0 such that if
n—1
(max |B|) f Adv < C,
M M

then (1.9) has a smooth positive solution.

When A > 0 and B > 0, we can also take ¢ = A% in (1.16), so Theorem 1.3.3 has the
following corollary.

Corollary 1.3.5. Let (M, g) be a smooth compact Riemannian manifold of dimension n > 3.
Assume that A + h is coercive, A > 0 and B > 0. There exists a constant C = C(n, g,¥) > 0 such

that if
N 1
f Azdv < C,

The next result provides nonuniqueness of solutions to (1.9). For a given f € L™, we define

(max B)"! ||A%

then (1.9) has a smooth positive solution.

. Joy IVelPdv .
Yy = { inf eqc e ifK#0 (1.17)

+00 K =0,
where
7(:{906H1(M): >0, pz0, f |B_|<pa’v:0}.
M
We have the following theorem.

Theorem 1.3.6 (Nonuniqueness of solutions, see [ D). Let (M, g) be a smooth com-
pact Riemannian manifold of dimension n > 3. Assume that B is a smooth function s.t. fM Bdv <0,
sup B > 0 and |h| < Y where Yp is given in (1.17). Suppose that

1 (n-1\"" Ih| f B
Ad B| dv.
fM v<n—2(n—2) (fM|B‘|dv) M| | av

Then there exists a number C > 0 such that if

B
sup_ <
[,y 1Bl dv

the Lichnerowicz equation (1.9) has at least two solutions.
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1.3. THE SCALAR FIELD CASE

To end this chapter we would like to review a result proven by Premoselli [ 1,
which gives us a more general view of the set of all solutions to (1.9). A shortcoming of this result
is, however, that it is only proven on compact Riemannian manifolds of dimension 3 < n < 5; the
remaining cases are still unknown.

Theorem 1.3.7 (see Premoselli [ 1. Let (M, g) be a compact Riemannian manifold
of dimension n, with 3 < n < 5, and assume that A, B and h are smooth functions on M. Assume
further that A + h is coercive, A # 0 and max B > 0. Then there exist 0 < 6| < 6, < +oo such that
Equation (1.9) associated to (h, B,0A) has:

e at least two solutions if 6 < 6,
e at least one solution if ) < 6 < 65,
e no solutions for 6 > 0,.

Moreover if B > 0 on M, then 6, = 0, < 400, and hence there exists 6* € (0, +o0) such that the
associated (1.9) has at least two solutions if 6 < 0%, exactly one solution if 6 = 6%, and no solution
ifo > 6.
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Chapter 2

Applications of Fixed Point Theorems to
the Vacuum Einstein Constraint
Equations with Non-Constant Mean
Curvature

2.1 Introduction

We may say that until now the two most striking results to the vacuum conformal constraint
equations (3) in the far-from-CMC regime have been the following:

Theorem 2.1.1 (Holst-Nagy—Tsogtgerel [ ] and Maxwell [ 1. Let
data be given on M as specified in (4) associated to the vacuum case and assume that conditions
(5) hold. Assume further that the Yamabe invariant Y, > 0. Then there exists €(g,7) > 0 such that

if
0 <llolli~ <, 2.1

the system (3) has (at least) one solution.

Theorem 2.1.2 (Dahl-Gicquaud—Humbert [ ). Let data be given on M as spec-
ified in (4) associated to the vacuum case and assume that conditions (5) hold. Furthermore,
assume that T > 0. Then at least one of the following assertions is true

o The constraint equations (3) admit a solution (¢, W) with ¢ > 0. Furthermore, the set of
solutions (¢, W) € Wi’p x W>P is compact.

e There exists a nontrivial solution W € WP to the limit equation

1 1 d
— SL'LW = a | —— LW, 2.2)
2 n T
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2.2. ANEW PROOF FOR THEOREM 2.1.2

The main tool these authors use for obtaining the theorems above is the Schauder fixed point
theorem.

In this chapter, we will introduce two other fixed point theorems which turn out to be more efficient
than the Schauder fixed point theorem for solving (3): Leray-Schauder’s fixed point theorem and a
generalization of Schauder’s fixed point theorem for half-continuous maps. As an early indication
of this statement, our main aim in this chapter is to use these methods for showing a stronger result
and a simpler proof respectively to the two theorems above. Furthermore, we also give unifying
viewpoint of them.

The outline of this chapter is as follows. In Section 2.2, we will give another proof of Theo-
rem 2.1.2. Next we will deeply discuss this result (see Proposition 2.2.4-2.2.10); for instance,
Proposition 2.2.4 and 2.2.5 show that the non-vanishing assumption of 7 plays an important role in
the proof, and hence the proof fails to extend Theorem 2.2 for a general 7. As a second example,
we also obtain in Proposition 2.2.10 a situation where both assertions in Theorem 2.1.2 are true.

In Section 2.3, we first review fixed point theorems for half-continuous maps, which may be a little
strange for the reader. Next we will apply this concept to prove L"—near CMC results as stated
by Dahl-Gicquaud—Humbert [ ] or Gicquaud—Sakovich [

] for asymptotically hyperbolic manifolds; i.e. the vacuum conformal constraint equations
(3) has a solution, provided dt/7 is small enough in L". Finally, we will prove two theorems in
this section, which show efficiency of the half-continuity method. The first is a sharpening of the
estimate (2.1) in Theorem 2.1.1, while the latter shows that the assumption of the existence of
global supersolutions used in [ ]and [ ] to solve the vacuum system
(3) can be weakened: the existence of local supersolutions, whose definition is given in Subsection
2.3.3, is sufficient here. More precisely, we have the following results:

Theorem 2.1.3 (Small TT-tensor). Let data be given on M as specified in (4) associated to the
vacuum case and assume that (5) holds. Assume further that the Yamabe invariant Y, > 0. Then
there exists €(g, 7) > 0 such that if

0< f loPdv < e, (2.3)
M

the system (3) has (at least) one solution.

Theorem 2.1.4 (Local supersolution). Let data be given on M as specified in (4) associated to
the vacuum case and assume that (5) holds. Assume further that 6 € LY is a local supersolution
to (3). Then (3) admits a solution.

Efficiency of these two methods will also be apparent in the next chapters.

2.2 A New Proof for Theorem 2.1.2

In this section we show how Schaefer’s fixed point theorem can be applied to give a sim-
pler proof of the main result in [ ]. We first recall its statement (see [
, Theorem 11.6]).
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Theorem 2.2.1. (Leray-Schauder’s fixed point) Let X be a Banach space and assume that S : XX
[0, 1] — X is a continuous compact mapping, satisfying S (x,0) = 0 for all x € X. If the set

K ={xe X| Jre[0,1] such that x = S(x,1)}
is bounded, then S = S (., 1) has a fixed point.

Corollary 2.2.2. (Schaefer’s fixed point) Assume that S : X — X is continuous compact and
that the set

K ={x e X| 3r € [0, 1] such that x = tS (x)}

is bounded. Then S has a fixed point.

Before going further, it is worth reviewing that Dahl-Gicquaud—Humbert’s proof for Theorem
2.1.21in [ ] goes as follows: first, they apply Schauder’s fixed point theorem to
solve a subcritical system, that is a small perturbation of the system (3) involving subcritical ex-
ponents. This provides a sequence () of subcritical solutions which is expected to converge to a
solution to (3) when € tends to 0. A study of the sequence (u.) shows that this actually happens
when the limit equation (2.2) has no non-trivial solution.

In the proof we present here, we show that Shaefer’s fixed point theorem can be applied as soon
as (2.2) has no non-trivial solution, leading directly to the existence of a solution to (3). This sim-
plifies the proof.

Similarly to [ ] and [ ], first we need to introduce the following
map. Throughout this chapter, we define the map T : L* — L as follows. Given data on M as
specified in (4) and assuming that (5) holds, for each ¢ € L™, there exists a unique W € W>” such

that
1 n-—1
——L'LW =

2

<pN dr,

and there is a unique 6 € Wi’p satisfying (see Theorem 1.2.3)

4(n-1 -1
=D pg s Ro= ~"ZL2gV 4 o 4 LN,
n—2 n
We define
T(p) = 6.
Proposition 2.2.3 (see [ ], or [ 1. T is continuous compact and

T(p) > 0forall p € L.

We are now ready to give the proof.

Another proof of Theorem 2.1.2. Let T be the continuous compact operator given as above. Set
S={pelL” Are[0,1]1: ¢=1tT(p)}.
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If S is bounded, we get a solution to (3) by Corollary 2.2.2. If § is not bounded, there exists a
sequence (t;, ¢;) € [0.1] X L™ with ||¢;||z~ — oo such that

4n-1 -1
= Dpgrre = "=Ll2gv b o4 Lwpe (2.42)
n-— n
1. n—1
—SL'LW; = ¢Nar, (2.4b)
where 6; = T(¢;) and ¢; = t;6;. We modify the main idea in [ ] to obtain the

(non-trivial) solution to the limit equation. We set y; = ||6;]l and rescale 6;, W; and o as follows:

0:=v'6;, Wi=y "W, 7=y "o
It may be worth noticing that y; = ||6ilcc = zl,-”‘/’i”w — oo as i — oo. The system (2.4), with ;
replaced by #;0; in the vector equation, can be rewritten as

1 [(4n-1)
,),5\7—2 n—2

-1 .
I 5+ LW (2.52)
n

AT+ Ra,.)

1 - 1
-5 L'LW, T NeVar. (2.5b)

Since ||F67,-||00 = 1, we conclude from the vector equation that (Wi)i is bounded in W?” and then by

the Sobolev embedding, (after passing to a subsequence) Wi converges in the C'-norm to some
We. We now prove that

— 1

- LWoo N .

0,»_>( n_| ') in L*. (2.6)
n-1 r

Note that if such a statement is proven, passing to the limit in the vector equation, we see that Weo
is a solution to the limit equation with (after passing to a subsequence) g = lim tfv € [0,1]. On
the other hand, since ||5,~||oo =1 for all i, Woo # 0 from (2.6) and then by the assumption that (M, g)
has no conformal Killing vector field, we obtain that @g # 0 which completes the proof.

For any € > 0, since % € CY we can choose @ € Ci S.t.

’a—( n |LWM|)’1V €

< 5 2.7)

n-1 7

To show (2.6), it suffices to prove that

6; — 0l <

N m

for all i large enough. We argue by contradiction. Assume that the previous inequality is not true.
We first consider the case when (after passing to a subsequence) there exists a sequence (m;) € M
S.t.

0,0m;) > w(m;) + g (2.8)
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By Lemma 1.2.5 and Inequality (2.8), w + 5 is not a supersolution to the rescaled Lichnerowicz
equation. As a consequence, since A is here assumed to be the nonnegative Laplace operator, there
exists a sequence (p;) € M satisfying

1 [4(n D, (

,yg\/—Z n—2

mLNCT (5 + g)N_l )

o+ R(@+ 5o+

_ -N-1
< |eip + LWi(pi)|2 (5 + g) (pi)-

Without loss of generality, we can assume that there exists p., € M such that p; - ps. Since
(a + %) and 7 are positive, the previous inequality can be rewritten as follows

n(@+ g)N” () [4(,1 -, (

(n—D2(pyN 2| n-2 )(p’) +R(w " )(p’)] (5 * g)w (P

Fi(pi) + LWipo)| 72(py).

Taking i — oo, due to the facts that w € C%, mint > 0, y; — oo and Wi - Ww in C'=norm, we
obtain that

(~+£)N+l( )
nlw+ 5 Di [4(n—1)A(

(= D2y 2| n-2 3) 0+ R(@+ 3 )(P’)} 0

@+ g)w () (@+ g)m (peo)

and

— ~ LW
)+ LWipo| 72(p) > —— (' ') (peo)s

LW
B(pe) + 5 (\/ _1' '] (Peo):

which is a contradiction with (2.7).

This proves that

For the remaining case; i.e., when there exists a sequence (m;) € M s.t. w(m;) — % > E(mi),
w~— 5 is not a subsolution to the rescaled Lichnerowicz equation on B, = {m eEM: wim)-5 > O}

(here note that 0 > 0, then w(m;) — > Oand w— % < 6 on 0B, if B € M). By similar arguments
to the first case, we also obtain a contradlctlon O

The condition T > 0 plays an important role in the proof of the main theorem in [
] (or Theorem 3.1.1). Indeed, this condition implies that for any (¢, w) satisfying (1.2), we
have
" < C(g,7,0) max{|wlleo, 1)

(it is a consequence of the maximum principle), which plays a crucial role in the proof. When 7
vanishes, this inequality does not remain true as shown by the following proposition:
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Proposition 2.2.4. Let v : M — R be a C° function. For any k > 1, we denote by ¢; > 0 the
unique solution to (1.2) associated to w = k. Assume that T vanishes somewhere. Then

llpllte
k —

0o ask — oo.

Proof. Set ¢ := ¢ /k%. Then ¢y is a solution to the following equation:

1 (4n-1) _  _\ n—-1,, 1
— A R = . 29

Given A > 0, we set

— . n ﬁ
YA = mm{(m) ,A} (210)

Fix € > 0 small enough. We first prove that
Oa < @ +2€, Yk ka, .11

for some k4 large enough depending on A. We proceed by contradiction. Assume that this is not
true, so there exists a subsequence {my;} € M s.t.

pa(my) = 2€ > @r(my). (2.12)

Next since g4 € C?, we can choose ¢4 € C? s.t.

s — Gal < €/2. (2.13)
Then it follows from (2.12) that _
pa(my) — € > r(my). (2.14)

Set By = {m eM: EA —€> 0}. Since ¢ > 0, we deduce from (2.14) that ?JA — €18 not a
subsolution to (2.9) in B4 and hence there exists a sequence {px} € By s.t.

1 [4(;1— 1)

v | n-2

n—1

(i) (64 - G)N_l (Pr) > —

A (EA - 6) (Pi) + R(pi) (64 — €) (pe)
(¢A —€

+

) o)

or equivalently,

n

+

-1 ~
20 (@ —€) () > 1.
n

- N+1
—€) P [4n-1) ~ ¢,
(¢A e) Pk [4(11 I)A(¢A _ E) (p) + R(pr) (¢A - 6) (P)

K n—2

Taking k — oo and assuming (after passing to a subsequence) p; — po, we obtain that

(64-¢)"" (o [4(n -,

= — A (81— €) (P + R(pi) (4 — €) <pk>} -0
and
n-1,

2 (64 -e¢)" (po) -

n

— sz(poo) (EA - G)ZN (P)s
n n
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This shows that

-1 _
(o) (P4 - e)ZN (Peo) > 1. (2.15)

On the other hand, we have

L) (B4 - &) (po0) <

-1 » 2N
Pe(E-5) e by@13)

2
< 2(poo)(¢ (poo) — (;)ZN)
< 2(poo)( )ZN
<1,

which is a contradiction with (2.15), and then (2.11) holds, as claimed. Now if ¢; < C, we deduce
from (2.11) that max g4 < C +2¢, which is false when A — +oo since T has some zeros. The proof
is completed. O

We can be more precise. This is the content of the next proposition
Proposition 2.2.5. Let 7: M — R be a C° function. We set
= {((p, w) € Wf’p X L : (p,w) satisfies (1.2)}.

. ||¢>||
Givena > + N> SUP(g w)eL W is bounded if and only if |t|® € L.

Proof. Applying Lemma 1.2.5 with wy = w and w| = |[w||c, We have

||‘p||LN(I ||S0||LN(Y

sup ——————— sup ——=———
@ewer Max{|wlleo, 1} (o )er. max{lwl, 1}
w constant

lprlYy,
= sup ,
1k
llpll™,
where ¢y is the unique positive solution to (1.2) associated tow = k. Therefore, sup, e %
| ||
oo if and only if —*— “ is uniformly bounded for all £ > 1. Moreover note that with C = C(g, 1)

large enough and not depending on k, kv /C is a subsolution to (1.2) associated to w = k, and
hence forall k > 1,

\%
2=

Pk (2.16)

1
c C
We first prove that |7|7* € L'isa necessary condition. Set ¢ = @i/ kv and we let @4 be given by
(2.10). As in the proof of Proposition 2.2.4, we obtain that for all k large enough and depending
onA,
YA < @it e

Assume that @ is uniformly bounded in LN?, so is @4 by the previous inequality. On the other

hand, it is clear that ¢4 converges pointwise a.e to ( u ) [T~ ¥ as A — oo. Hence the monotone

37



2.2. ANEW PROOF FOR THEOREM 2.1.2

L _1 S .
convergence theorem implies that |7|~% € LN?, which is our claim.

We now prove that the condition is sufficient. Assume that |7~ € L'. Multiplying (1.2) by

goiv @+N+1 and integrating over M, we have

4n-1 —1
(Vl_ ) SDkNMNHA‘Pde+f Rt,DkNa+N+2dV+ n_f ) N@+2) g, sz (pkN“dv. 2.17)
n-2 Ju M n M M

As observed in Remark 1.2.4, R(,aN a+N+2 4 o 2T2¢kN(a+2) is uniformly bounded from below by a

constant { = (g, 7) which does not depend on k since we assume that R > 0 or R = —%72.
Moreover, we have
Na+N+1 _ z 2
f];[npk Agrdv = (N(HN 12 f Vo |“dv.
These facts combined with (2.16)-(2.17) lead to
f P < (€ Ok f oNoay. (2.18)
M M
On the other hand, we get that
e i
f oNedy < ( f |T|-“dv) ( f LA <‘”2>dv) (by Holder inequality)
M M M
an
< C(Cy, 1) (sz gokN“dv) (by (2.18)).
M
It follows easily that for all £ > 1
[
7 <Gy,
which completes our proof. O

The fixed point theorem above has some other consequences that we describe now. First, we
have the following proposition.

Proposition 2.2.6. Let data be given on M as specified in (4) and assume that (M, g) has no
conformal Killing vector field and o % 0. If Y, > O, then there exists a constant @ = a(g,T,0) €
(0, 1] such that the constraint equations w.r.t. the new data (g, at, o) admits a solution.

Remark 2.2.7. In the proof, we apply Leray-Schauder’s Theorem 2.2.1 and not Corollary 2.2.2 as
in the proof of Theorem 3.1.1.

Proof. By Remark 1.2.4, we may assume R > 0. We construct a compact map T:L®x[0,1] -
L* as follows. For each (¢, 1) € L™ X [0, 1], there exists a unique W, € W2P s.t.

1 -1
LW, = 2 Var

2
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2.2. A NEW PROOF FOR THEOREM 2.1.2

and there exists a unique positive 8 € W>” satisfying

4n-1 -1
=D pgro= "LV 4ok L oV
n—2 n
(see [ , Lemma 2.2] and notice that R > 0). Then we define

T(p,1) = 16.
The continuity and compactness of T is clearly a direct consequence of the continuity and com-

pactness of T’ (¢, 1) == @ =4.

Note that 7'(¢, 7) = T1(G(g). ). Here G(¢) = |LW, + o £ 0and Ty : L x [0,1] — W2 is
defined by T(w, t) = 0, where

4(n—1 -1
=D g rg= LN pgn-t 20Nt (2.19)
n-— n
As proven in [ ], G is continuous compact, so the continuity and compactness
of T’ and hence that of T, will follow from the continuity of 7. Actually, we prove more: 77 is a
C'-map. Indeed, define F : L x [0, 1] x W>F — L2 by

An—1 -1
Fw,1.0) = 21 2)A0 RO+ LT pN2gN-1 _\29-N-1
n— n

It is clear that F is continuous and F(w,t, 71 (w,1)) = 0 for all (w,1) € L™ x[0,1]. A standard
computation shows that the Fréchet derivative of F w.r.t. 8 is given by

4n-1) (N -1)(n- l)tzNTzeN—2

Fo(w, D(u) = ———=Au + Ru + . u+ (N + DHw2e V2,

We first note that Fy € C (L°° x [0, 1], L(W>P, LP)), where L(W%P, LP) denotes the Banach space

(gf all linear continuous maps from W>” into L”. Now, given (wy, tp) € L™ x [0, 1], setting 6y =
T1(wo, ty), we have

4in-1 N-Dn-1
Foy(wo, 20)(u) = ;n > )Au + (R + %%NTS%VJ +(N + ])WS%N—z) »

Since

N-1mn-1
R+ wt(Z)NT%QSJ—Z + (N + I)W%Q(;N_z > minR > 0,
n

we conclude that Fyg,(wo, to) : W2P — LPis an isomorphism. The implicit function theorem then
implies that Ty is a C ! function in a neighborhood of (wy, #9), which proves our claim.

Next applying Leray-Schauder’s Theorem 2.2.1 to T, we obtain as a direct consequence that
there exist ¢g € L™ and ty € (0, 1] s.t.

An—1 ~1
& 2)A00+R00 = LNV 4o+ LN !
n
1 -1
S LLWy = gl
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with ¢g = 198 € W?2P_ Indeed, set
K ={p e L| 3t [0,1] such that ¢ = T(g, 1)}

It is clear that T(go, 0) = 0 for all ¢ € L™. Assume that such (fo, tp) does not exist. Then K = {0}.
By Leray-Schauder’s Theorem 2.2.1, there exists ¢ s.t. ¢ = T(¢, 1) = T(¢) which belongs to K.
So ¢ = 0 which is impossible since T (¢) # 0.

Now replacing ¢g by #p8y in the vector equation, we get that (6, W) is a solution to (3) w.r.t.
the new data (g, at, o), with a = tg’ . O

Proposition 2.2.6 is a direct consequence of the small-TT case (i.e. a smallness assumption on
the transverse-traceless tensor) in [ ] and [ ]. More precisely, we
can easily check the following, which is developed further in [ ].

Remark 2.2.8. (<p,2W) is a solution to the conformal equations w.r.t. the seed data (g,2 T,0)if gmd
N+ N- N+
only if (C™ ¢, C~"2 W) is a solution to the conformal equations w.r.t. the data (g,C"2 17,C™ 2 o)

for all constant C > 0.

Proposition 2.2.9 (see [ Jor| 1). Let data be given on M as spec-
ified in (4) associated to the vacuum case. Assume that Y, > 0, (M, g) has no conformal Killing
vector field and o % 0. If ||o||r~ is small enough (depending only on g and 7), then the system (3)
has a solution (¢, W).

From Remark 2.2.8, with C = a‘ﬁ, Proposition 2.2.6 is equivalent to the fact that (3) w.r.t. the
new data (g, T, avs o) admits a solution, and this holds for @ small enough by Proposition 2.2.9.

In particular, this approach has the advantage to give an unifying point of view of the limit

equation method in [ ] and the far-from CMC results in [ 1,
[ land [ ].
The main theorem in [ ] (or Theorem 3.1.1) says that the nonexistence of non-

trivial solutions to the limit equation (2.2) implies the existence of a solution to (3). The opposite
question naturally arises whether the existence of a solution to (3) implies the nonexistence of
(non-trivial) solution to the limit equation. The following proposition shows that this is false.

Proposition 2.2.10. There exists seed data (M, g, 7, o) such that both the corresponding (3) and

(2.2) admit (non-trivial) solutions.

Proof. In[ 1, Dahl-Gicquaud—Humbert prove that there exist (M, g, 7,0) and g €
(0,1] s.t. Y, > 0 and the corresponding limit equation

1 “1 4
S L'LW = ag+| —— LW S
2 n T

admits a nontrivial solution W € W2” (see [ , Proposition 1.6]). Now note that for
all @ > 0,

doz‘r_ﬁ

at T
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so the limit equation for the 4-tuple (M, g, at, o) also admits a non-trivial solution. Taking @ given
by Proposition 2.2.6 provides (M, g, at, o) as desired. O

2.3 Half-Continuous Maps and Applications

In this section we introduce the theory of half-continuous maps and its applications to solving
the constraint equations. We summarize results on half-continuous maps in the next subsection.
For the proofs we refer the reader to [ Jor|[ ].

2.3.1 Half-Continuous Maps

Definition 2.3.1. Let C be a subset of a Banach space X. A map f : C — X is said to be
half-continuous if for each x € C with x # f(x) there exists p € X* and a neighborhood W of x in
C such that

P f»=-»>0
forally e Wwithy # f(y).

The following proposition gives a relation between half-continuity and continuity.

Proposition 2.3.2 (see [ ], Proposition 3.2). Let X be a Banach
space and C be a subset of X. Then every continuous map f : C — X is half-continuous.

Remark 2.3.3 (see [ 1). There are some half-continuous maps
which are not continuous. For example, let f : R — R be defined by

2 otherwise.

f(x)z{ 3 ifxel0,1),

Then f is half-continuous but not continuous.

Theorem 2.3.4 (see [ 1, Theorem 3.9 or [ ], Theorem
3.1). Let C be a nonempty compact convex subset of a Banach space X. If f : C — Cis
half-continuous, then f has a fixed point.

A direct consequence of Theorem 2.3.4 is the following corollary, which is our main tool in
the next subsection.

Corollary 2.3.5. Let C be a nonempty closed convex subset of a Banach space X. If f : C —» C
is half-continuous and f(C) is precompact, then f has a fixed point.

Proof. Since f(C) is nonempty compact and X is a Banach space, conv(f(C)) is a nonempty
compact convex subset of X (see [ ], Theorem 3.20). Moreover, since C is a closed
convex subset of X and f(C) c C, we have conv(f(C)) c C, and hence f (conv(f(C))) c f(C) C
conv(f(C)). Now restricting f to conv(f(C)) and applying the previous theorem, we obtain the
desired conclusion. O
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2.3.2 Existence Results for Modified Constraint Equations

Here we apply the concept of half-continuity to improve recent existence results for (3) (see

[ Jor[ D.

The first non-CMC result for (3) is the near-CMC case, which is presented by many authors:

if = 'l‘gl is small enough, then (3) admits a solution (see [ ]). Recently,
Dahl-Gicquaud—Humbert [ ] improved this result. They show that (3) has a solu-
tion, provided ||d77|| 1 1s small enough (see [ , Corollary 1.3 and 14]). However, for

a smooth vanishing 7, these assumptions never hold. Therefore, we treat a generalization of (3),
with dt replaced by a 1-form & € L™ in the vector equation. Namely, let data be given on M as
specified in (4) and choose also a 1-form ¢ € L*™. We are interested in the following system.

4n—1 -1
(n : DAp+ Rp = - L2 N1 1oy LN 2.21a)
- n
1 1
orLw =TTV (2.21b)
2 n

Note that all the methods described above can be applied in this context when 7 > 0. A nat-
ural question is then whether this coupled nonlinear elliptic system has a solution under a similar
condition; i.e., ||§||Ln is small enough. As 7 vanishes, it becomes more complicated to apply the
method of global supersolution introduced by Holst-Nagy—Tsogtgerel [ ] because
the construction of a supersolution to the Lichnerowicz equation seems to fail with their method
near the zero set of 7, which from now on is denoted by Z(7). Before going further, we establish a
useful estimate for (3).

Let 7 be the family of all solutions of (3) associated to the vacuum case for fixed given data
(g,7,0). Provided T > 0, it was obtained in [ ] by induction that there exists a
positive constant C = C(M, g, T, 0) s.t.

1

lello < Cmax{ILWIY,, 1}, V(p, W) € 1.

For a vanishing 7, there is no reason to get the estimate above. However, by a slight change in the
proof, we have the following proposition.

Proposition 2.3.6. Let data be given on M as specified in (4) associated to the vacuum case and
assume that (5) holds. Assume further that Z(t) has zero Lebesgue measure if Y, < 0. Given [ > 0,
there exists a positive constant C = C(M, g, o, 1,1) s.t. for any (¢, W) € I satisfying |[LW||;2 <]
we have

llelle < C.

Proof. For simplicity, we assume that 7 € C'(M). We begin with the observation that, to prove
the proposition, it suffices to show that there exists a constant ¢ = ¢(n, g, 7,0, [) > 0 s.t. for any
(¢, W) € I satisfying |[LW||;> < [ we have ||LW||e < c. In fact, assume that this is true. Then,
from Lemma 1.2.5, we have that ¢ < ¢., where ¢, is a unique positive solution to the Lichnerowicz
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equation (1.2) associated to w = ¢ + ||0|~, and hence taking C = max ¢,, the proposition follows.

Now we will prove the boundedness of ||LW||. as mentioned above. Set g; = 2 (N +2) for all
i € N. We first show inductively that if |LW]| is uniformly bounded in L% —norm by r; > 0, then
|LW| is bounded in L9+! by riyy = riv1(n, g, 7,0, i, i) > 0. In fact, multiplying the Lichnerowicz
equation by ¢%‘1 and integrating over M, we have

4(n -1 (N+2)g; (N+2)q; -1 (N+2) i
(1) o 2 : ~TAgdy +f Ry 2 : dv+n f AR “ 24y
M

n— 2 M
2 (N+2)(¢;=2) 2)
|0' + LW 2
49i=2

) N+2)q; i
<o+ LW”Lq; ¢ 2 dv
M

(by g; > 2 and Holder inequality)

qi

(N+2)g; 4
MMm+MMmﬂf¢z¢ﬂ .
M

(2.22)
Since 8 (N +2) 2
W+2; +2)g; — f (N+2>q,
2 T Apdy = >0, 223
fM ¢ 2 W+ 27 Ve (2.23)
(N+2)q; (N+2 q;

and since the term fM Ro~ 7 dv+ 1L fM 2Nt ~2dv is uniformly bounded from below as

observed in Remark 1.2.4. we obtain from 2. 22) that

4i=2

W+2)g; 5 (N+2)g; T4
Vo 7 |"dv<ci(g1,q)+ 28, 7.0,qi, 1) ¢ 7 dv ,
M M

and then

N+ )1,

(N+2)g;
+ o™

(N+2)q;
o™ l7x < c3(M,g) (”Vgo T % %2) (by the Sobolev inequality)

g 22 2 (2.24)
<3 (cl+czllso " e ”Lz)

To show that ||¢ e ||z~ is bounded, by (2 24) it suffices to assume that

(2.25)

N+2)q;
<3C3||90 s

|I<p
and to prove that ||<,0 2 || ;2 is bounded. We study two cases.

e Case 1. Y, > 0: By Remark 1.2.4, we can assume that R > 0 and then it is clear from
(2.22)-(2.23) that

9i—2

(V23 2 (V+2)g; 4
2 2
f dv < .(WMﬁﬁ)f¢2 dv|
M min R M
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which implies the boundedness of ||<p 7 || 2

e Case 2. Y, <0: Given k > 0, we define

(N+2)q;

Bk={m€Mi p F (m)> —||s0 ”L2}

Let y g, denote the characteristic function of B;. We have

(N+2)g; (N+2)g; (N+2)g;
_ p 2 XBp 2 g 2
l_f (N+2)g; 2 dv <f (N+2)g; 2 dv + (N+2)g; 5 dv
Ml |2, Ml |2, Ml |12,

™7 |2
¢ N 1
Wﬁvwwk) v+ k—Vol(M\Bk)
o117,

(by Holder inequality and the definition of By)
1
9c3 Vol(Bk)f + k—Vol(M) (by (2.25)).
Taking ko > 2Vol(M) + 1, it follows that Vol(By,) = 2ca(n, c3) > 0. On the other hand, since

Z(7) is a closed, subset of M with zero measure, there exists a neighborhood B; of Z(7),
depending on ¢4 s.t. Vol(B;) < c4. Next we get by (2.22)-(2.23) that

q;=2
(N+2)q; n—1 v+ ) i (N+2)g; g
f R‘:"quv " f T290N 4i 2dy < (||o-||iqi + r,2> (f o 2 4 dv) .
M n By, \Bi M
(2.26)
W g
Set 7; = infypp, || > 0. Since ¢~ 3 Ellgo 7 |lz2 on By, and since Vol (B, \ B;) > ca,

it follows from (2.26) that

(g;+2)(N+2)-8
i~

n—1 ||<,0(N+42)qi Il2 ( e ) Wig 4
L
c4t? L <2(lllify + rf)( f ¢ 2 dv) :
n ko M

qi—2 <l< (i +2)(N+2)-8
qi qi(N +2)

S

(N+2)q 2
RNzl 7 1+

Since

for all i € N, we get from the previous inequality that ||¢ P |l;2 is bounded by ¢5 =
¢cs(n, 8,7, 0, i, ca, ko, i)

In both cases, we have showed that ||<p 7 || 12 < ¢5 and hence by (2.25) that

W +2)q,

lle™* Nl < co(cs, c3). (2.27)
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Now by the Sobolev embedding theorem, from the vector equation, there exists c; = ¢7(M, g) s.t.

ILWI _sgvn < crllg™drll aeon
1 (n-+2)g)* L4

< C7”dT||oo||(,0N||L(N+2)qi (since TE Cl)
7

- o (2.28)
<cslenlle T Il
< co(cs, ¢6) (by (2.27)).
.

Here (4n — (N + 2)g;)* = max{4n — (N + 2)g;,0} and L@-®+24)" is understood to be L™ if 4n <

(N + 2)g;. Since
ngi(N + 2)

(4n— (N +2)g)*

it follows from (2.28) that ||LW/||rgn < riy1(n, g, T, 0, qi, ;) as claimed.

qgi+1 <

Finally, note that NTJ“Z > 1. We can then take iy large enough depending only on n s.t. g;, >

%] + 1. Thus, applying inductively (2.28) for i < ig, provided ||LW||re0 = ||[LW]|;2 < [, we obtain

that [LW| is uniformly bounded in L™ by ¢ = ¢(n, g, 7, 0, [) > 0, which completes our proof. O

We are now ready to prove the second main result of this chapter.

Theorem 2.3.7 (Near-CMC). Assume that T € L™, £ € L™, g € w2r (p > n), (M, g) has no
conformal Killing vector field, and o # 0 if Y, > 0. Assume further that Z(t) has zero Lebesgue
measure if Y, < 0. If ||§|| 1 is small enough, then the system of equations (2.21) admits a solution

(p, W).

Proof. Recall that T, defined in Section 2.2 (where d7 is replaced by £ in the vector equation), is a
continuous compact map and T(p) > 0 for all ¢ € C°. As explained in Remark 1.2.4, there exists
a constant k1 = k1(g, 7) s.t.

2
RT(@N? + L2270V > «1, Ve O, (2.29)
n

Set x = max {l/q l, fM |0'|2dv}. Let S be given by

_ [ min{T(¢),a} if ILW|;2 < vk,
Stp) = { 0 otherwise, (2.30)

and set € = {tp eC’:0<¢p< a}, where a will be determined later.

Since T is a continuous compact map from C° to C? and since by definition 0 < S(¢) < a
for all ¢ € ¥, S maps ¥ into itself and S (%) is precompact. Assume for the moment that the
half-continuity of S is proven. By Corollary 2.3.5, S has a fixed point ¢g. Note that ¢g is not
zero; otherwise 0 = ¢p = S (¢o), hence ||[LWy |2 = 0 < vk. We get from the definition of S that
S (po) = min{T (¢p), a} > 0 which is a contradiction with S (¢g) = 0. Since ¢y % 0, so is S (¢p), the
definition of S implies that ||[LWll;2 < vk and
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wo = min{T'(¢o), a} < T (o). (2.31)

Set
K ={g: ILWl;2 < vk and ¢ < T(p)}.

Arguing as in the proof of Theorem 2.3.6, we obtain that if any ¢ € K satisfies ||[LW,||zs < r; for
some constant r; > 0, then

(N+2)q;

HT(tp) s

S 7i(n, g, 7,0, 1i,qi), (2.32)

where g; = 2 (NT”)l for all i € N. Therefore, by the Sobolev embedding theorem, we have from

the vector equation that

Hﬂwniﬂﬂi<dmww%uw%

1 (Gn-(N+2)g)*

<NHMMWM@% (since & € L)
(N+2)g; iN -
< Hélleolie™ 115" (2.33)
e ||
< sl [T Gy <16
< riv1(€, 1, Fi) (by (2.32)),
nq;(N+2)

where (4n — (N + 2)g;)* = max{4n — (N + 2)g;, 0} and L#-®+24)" is understood to be L™ if 4n <
(N + 2)g;. As in the proof of Theorem 2.3.6, we obtain inductively from (2.33) that for all ¢ € K,
there exists a constant C = C(n, g, 7,&, k) > 0 s.t.

ILWll~ < C,

and hence by Lemma 1.2.5 the set 7(K) is bounded by max 8¢, where ¢ is the unique positive so-
lution to the Lichnerowicz equation (1.2) associated to w = ||o||z~+C. Thus, taking @ = max 6¢+1,
since ¢g € K, we also obtain from (2.31) that ¢y = T(¢o), which proves the theorem.

We now prove the half-continuity of S. Since T is continuous, sois S at ¢ satisfying [[LW,||;2 #
Vk. For ¢ s.t. ILW,||;> = vk, multiplying the Lichnerowicz equation by T(p)¥*! and integrating
over M, we have

4n—-1)(N+1)

. -1
- f IVT(0)"2 Pdv + f RT(o)V*2dv + 2= f ?T(p)*Ndv = f o + LW, *dv
(n=2)(§+1) Ju M noJm M

= f lor2dv + f \LW, |*dv
M M

= f lodv + k.
M
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Therefore,

f ?T(e)*Ndv < n (f lodv + k — (f RT(o)N*2dv + n-2 f TZT(QD)ZNdV))
M M M n M

<n (L lo[dv + k + |K1|) (by (2.29)) (2.34)
< 3nk.
On the other hand, we get from the vector equation that
K= fM ILW,I*dv < Cs(g) ||W¢||;2% (by Sobolev imbedding)
< Co(g: CILLWI o,
22 (2.35)

P
< C7(Co) |22 dy
M

<Gy

2
£ f 20" dy  (by Holder inequality).
Jm

.
2
¢ f72¢2Ndv.
rJm

T

By (2.34) and (2.35), we obtain that

f TZT(<p)2Ndv < 3nCy
M

2
If HS;HLH is small enough s.t. 3nC5 Hg”m < 1, it follows from the previous inequality that there

exists m € M s.t. 0 < T(p)(m) < @(m) (note that T(p) € Cg). Therefore, since T is continuous,
there exists 0 = 0(¢) > 0 small enough s.t.

0 < T(@)(m) < 6(m), Y0 € B(p,0) NE,

and hence from the fact that

—(min{T'()(m), a} — 6(m)) i |ILWyll,2 < vk,
60(m) otherwise,

—(S(0)(m) — 6(m)) = {
we conclude that
- (S(0)(m) — 6(m)) > 0 (2.36)
for all 6 € B(g,0) N €.

Now let p : C°® — R be defined by p(f) = —f(m) for all f € C°. Itis obvious that p € (CO)*.
Moreover, Inequality (2.36) tells us that p(S(8) —6) > 0 for all 6 € B(p,8) N €, and then by
definition § is half-continuous at ¢ as claimed. The proof is completed. O

Our next existence result deals with the far-from-CMC case. It makes progress compared with
the statements of Holst—Nagy—Tsogtgerel [ ] and Maxwell [ ] (see
Proposition 2.2.9), where the smallness assumption on o is in L*. Here our assumption is on the
L?-norm of 0.
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Theorem 2.3.8 (Far-from-CMC). Let data be given on M as specified in (4) associated to the
vacuum case. Assume that Y(g) > 0, (M, g) has no conformal Killing vector field and o # 0. If
llollz2 is small enough (depending only on g and t), then the system (3) has a solution (¢, W).

Proof. Regarding Remark 1.2.4, we may assume that R > 0. We define

2
. oo AN+ N(N+2) N
S(g) = minlT(p).a) if (fvfz)z)yg(sto 2 dV) <2 [ lofdv (2.37)
0 otherwise,

where a is to be determined later. Let
% ={peC®M): llglls <al.

As in the previous proof, S maps ¢ into itself and S (%) is precompact since 7 is a compact
map from C® into C?. Assume that the half-continuity of S is proven. Then Corollary 2.3.5
implies that § admits a fixed point ¢g. Note that ¢¢ is not zero. Indeed, if 0 = ¢y = S(¢p), it

2

N(N+2)

follows that 4(N+1)Mg (fM @ dv)N =0<2 fM |o|?dv, and hence from the definition of S we

(N+2)?
get that S (¢g) = min {7 (¢p),a} > 0 which is a contradiction with S (¢g) = 0. Since ¢y # 0, so is
S (o), and the definition of S implies that

4 N 1 N(N+2) N
gyg f @y * dv| < 2f lo?dv and @g = S (o) = min{T (o), a} < T(p).
(N +2)? M M

On the other hand, the first condition on ¢g and the smallness assumption on ||o||;> implies that

f ILW,,[Pdv < f o dv.
M M

f ILW,,[*dv < C(9)llgh dll* ,, (by Sobolev imbedding theorem)
M Ln+2

Indeed,

@+2p=2n
n,

2nNp »
<C IIdTIIi,, ( f t,o(()”m” - dv) (by Holder inequality)
M

N(N+2) N+2
<C IIdTII%,, ( f @ a’v) (by Holder inequality and p > n)
M

2N
(N+2)? \V2 22
2 (— llorll 3

< Clld7llz, XN+ Y, 2 V[M |0'|2dv (by the first condition on ¢g)
< | lofav,
M
(2.38)
Na2) % 2AN-2)
where the last inequality holds provided ||o7||;2 is small enough so that C ||dT||%p (ﬁ) llo| Lzzwz <
8

1. Setting
K={p: LWl <l and ¢ < T(p)},
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similarly to the proof of Theorem 2.3.7, we then obtain that 7(K) is uniformly bounded in L™ by
C = C(g,7,0). Thus, taking a > C, since ¢g € K, we obtain from the second condition on ¢ that
©wo = T'(¢0), which completes our proof.

Now we prove the half-continuity of S on %. Since T is continuous, so is S at ¢ satisfying

2
4N +1) f N2 )N f )
—_— d +2 dv.
(N+2)2yg( wt w7

2

For the remaining ¢; i.e., when ?](VAJ: ;)12 Y, ( fM Q0N<%+z> dv)ﬁ _9 fM lo2dv. first note that, arguing
as done to get (2.38), we have
f ILW, |*dv < f lo*dv. (2.39)
M M

Next we prove that there exists m € M s.t. ¢(m) > T(p)(m). We argue by contradiction.
Assume that it is not true; then

4N+ D N2) v 4N+1) N2 %_ 5
[l 8 0] = o

> f lo2dv + f ILW|*dv  (by (2.39)).
M M

(2.40)

On the other hand, multiplying the Lichnerowicz equation by T(¢)¥*! and integrating over M, we
obtain

16(”_1)(N+1)f N2 o f N2, =1 f 2 2N f 2 f 2
VT (p) 2 |“dv+ | RT ()" “dv+—— T T(p)dv = lo[“dv+ | |LW,| dv.
n-WN+27 Ju' T n Ju" Y M (241) '

Since

16(n—1)(N+1) N2 f Va2
(n—2)(N +2)? fM VT(p) =" Fdv+ | RTG)""dv
AN + 1) (4n -1 w2 |
> (1(\7 ++2)2) ( ;n_ 3 ) fM IVT(p) 2 [*dv + LRT((p)NJ’ZdV) (since R > 0)
AN + 1)
~ (N +2)2

> f lor*dv + f \ILW/|*dv, (by (2.40))
M M

N(N+2) %
Y, ( f T(p) 2 dv) (by the definition of V)
M

it follows from (2.41) that [, T2T(¢)*Vdv < 0, which is a contradiction.

Now let m € M s.t. 0 < T(p)(m) < @(m) (note that T'(¢) € Cg). By the continuity of 7', we
obtain that there exists 6 = 8(¢) s.t. for all 8 € B(¢,6) N %,

0 < T(O)(m) < 6(m),
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and hence from the fact that

=ho

(S @)m) — O(my) = | ~(min(T@(m).a) = 6(m)) if FF52Y, ( I e%mdv) <2 [, lofdv
6(m) otherwise,

we conclude that —(S (8)(m) — 6(m)) > 0, VY6 € B(g,6) N €.

Hence, by the definition of half-continuity applied with p(f) = —f(m) for all f € C°, we
obtain that S is half-continuous at ¢. The proof is completed. m|

(N-2)
N+2

Remark 2.3.9. From the proof above, a more precise assumption for Theorem 2.3.8 is that ||dt||r||o| 2

is small enough, only depending on (M, g).

2.3.3 A Sufficient Condition to the Existence of Solutions

We note that the main ingredient to prove the half-continuity of S in the two proofs above is
the existence of m € M s.t. T(p)(m) < ¢(m). This leads us to propose a sufficient condition for the
existence of a solution to (3), which is much weaker than the concept of a global supersolution (see
[ Jor|[ 1). We will begin with the notion of a local supersolution.

Definition 2.3.10. Let data be given on M as specified in (4) and assume that (5) holds. We call
0 € LY a local supersolution to (3) if for every positive function ¢ satisfying ¢ < 6 and ¢ = 0
somewhere, there exists m € M such that T (¢)(m) < @(m).

Recall that 8 € LY is called a global supersolution to (3) if for all m € M,

sup T(p)(m) < O(m).
¢<0,
@eLy

It follows immediately that

Proposition 2.3.11. A global supersolution is a local supersolution.

Proof. Assume that 6 is a global supersolution to (3). Let ¢ be an arbitrary positive function
satisfying ¢ < 6 and ¢ = 6 somewhere. Taking m € M s.t. ¢(m) = 6(m), by definition of a global
supersolution, it is clear that

T(p)(m) < 6(m) = p(m),

and hence 6 is a local supersolution. |

Theorem 2.3.12. Let data be given on M as specified in (4) and assume that (5) holds. Assume
that 6 € LY is a local supersolution to (3). Then (3) admits a solution.

Proof. Let € be given by
‘5={¢6C0:0<cp<b},

with b large enough s.t.

sup [|T(@)lleo < b.
p<0
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Here recall that from the vector equation, the set {LWw HES 0} is uniformly bounded in L® by
by = b1(M,g,0,7). Then, by Lemma 1.2.5, {T(¢) : ¢ < 6} is uniformly bounded (in L*) by
max g, where 6 is the unique solution to (1.2) associated to w = b + ||0||, and hence b is well-
defined.

We define
[ T(p) ife<6
Stg) = { 0 otherwise. (2.42)

By Proposition 2.2.3, T is a compact map from C? into C?. Then S maps ¥ into itself and S (%)
is precompact. Assume for the moment that the half-continuity of S is proven. By Corollary
2.3.5, S has a fixed point ¢g. We claim that ¢y # 0. Indeed, if is not true, then 0 = ¢y = S (¢p),
hence ¢g = 0 < 6. We get from the definition of S that S (¢g) = T'(¢o) > 0 which is a contradiction
with S (¢g) = 0. Since ¢g # 0, sois S (¢p), and the definition of S implies that ¢y = S (¢g) = T (o).

Now we prove the half-continuity of S on %. Since T is continuous, so is S at ¢ satisfying
¢ < 0 everywhere or ¢ > 6 somewhere. The only remaining work is to show that S is half-
continuous at ¢ s.t. ¢ < 6 and ¢ = 8 somewhere.

For such a ¢, assume that there exists my € M s.t.

T (¢)(mp) < (my).

By the continuity of 7', we can choose § = 6(¢) > 0 s.t. for all 5 € B(g,6) N E,

T (n)(mgp) < n(mp),
and hence from the fact that

—(T(m)(mo) — n(mg)) ifn<o
n(mo) otherwise,

—(S (m(mo) = n(mo)) = {

we obtain that —(S (7)(mo)—n(mg)) > 0, ¥n € B(p, 6)NE . Now, by the definition of half-continuity
applied with p(f) = —f(mg) for all f € C°, we conclude that S is half-continuous at .

It remains to study the case when ¢ < T(¢). Since 0 is a local supersolution, there exists m

s.t. T(p)(m) < @(m) and since ¢ < T(¢), we have T(¢)(m) = ¢(m). Because the case T'(¢) = ¢ is

trivial [(p, W,,) is then a solution to (3)], we can assume that there exists ¢ € M s.t. T(¢)(q) > ¢(q).
Let A, B > 0 satisfying

Ap(m) — Bo(g) > 0. (2.43)

Note that since ¢(m) = T(p)(m) > 0 (T(p) € CQ), such A, B exist. On the other hand, by the
assumptions on g and m,

— A(T(p)(m) — p(m)) + B(T(¢)(q) — ¢(q)) = =A.0 + B(T(¢)(q) — ¢(¢)) > 0. (2.44)

By (2.43), (2.44) and the continuity of 7', there exists 6; = d1(¢) > 0 small enough s.t. for all
neBlp,6)NE
An(m) — Bn(g) > 0
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and
—A (T (n)(m) —n(m)) + B(T(n)(q) —n(q)) > 0.

Therefore, by the fact that

—A (T (m)(m) —n(m)) + B(T((q) —n(g) ifn<6

—A(S (n)(m)—n(m))+B(S (M) (q)-n(q)) = { An(m) — Bn(q) otherwise,

we obtain that —A(S ()(m) — n(m)) + B(S (7)(q) — n(q)) > 0 for all n € B(p,51) N €. Now, by the
definition of half-continuity applied with p(f) = —Af(m) + Bf(g) for all f € C°, we can conclude
that S is half-continuous at ¢. The proof is completed. O

A direct consequence of Theorem 2.3.12 is the following:

Corollary 2.3.13. If T(¢) < ¢ somewhere for every ¢ € L% large enough, then (3) admits a
solution.
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Chapter 3

Nonexistence and Nonuniqueness
Results for Solutions to the Vacuum
Einstein Conformal Constraint
Equations

3.1 Introduction

The possibilities of nonexistence or nonuniqueness of solutions to (3) are studied by many
authors in some particular situations for the scalar field case. For instance, as presented in Chapter
1, the Lichnerowicz equations seen as the CMC case of the system (3) can have zero or several
solutions.

Conversely, nonexistence and nonuniqueness results for (3) in the vacuum case are fairly rare.
While the first one relating to nonuniqueness results, addressed by Maxwell [ 1,
shows that on the n—torus there exists a model leading to nonuniqueness of solutions to the vacuum
system (3), the other, achieved by Isenberg [ ] and later strength-
ened in [ LI ], states that the system (3) with Y/, > 0 and
with o = 0 has no solution, provided dr/7 is small enough. This second assertion led Maxwell
in 2009 to ask whether the non-zero assumption of 7 is a necessary condition for the existence of
solutions to system (3) with positive Yamabe invariants (see [ D.

In this chapter, we are interested in using the Leray-Schauder fixed point theorem for exhibit-
ing a nonexistence and a nonuniqueness result for solutions to the vacuum system (3). The key in
our treatment is an extension of Theorem 2.1.2 reproven in the previous chapter, which allows us
to control the parameter a in the limit equation (2.2). More precisely, we have that

Theorem 3.1.1 (Control of the parameter). Let data be given on M as specified in (4) associated
to the vacuum case, and assume that conditions (5) hold. If T has constant sign and o # 0, then at
least one of the following assertions is true

(i) The conformal constraint equations (3) admit a solution (¢, W) with ¢ > 0. Furthermore,

53



3.1. INTRODUCTION

the set of solutions (¢, W) € Wi’p x W>P, with p > n, is compact.

(ii) There exists a nontrivial solution W € WP to the limit equation

1 “1  d
— oL LW = A/ = (3.1)
2 n T

(iii) For all continuous functions f > 0 or f = Rif Y, > 0, the (modified) conformal constraint

equations
4(n -1 -1
. 2)A90+f90 = 2N e (3.2a)
- n
1 -1
——rw = T Nar (3.2b)
2 n

have a (non-trivial) solution (¢, W) € Wi’p x WP, Moreover if Y ¢ > 0, then there exists a
sequence {t;} converging to 0 s.t. the conformal constraint equations (3) associated to seed
data (g, t;T, o) have at least two solutions.

Comparing with the original version of Dahl-Gicquaud—Humbert; i.e., Theorem 2.1.2, the
price to pay to set the parameter @« = 1 in (2.2) is the addition of (iii). We will see that this
assertion is necessary because of the following result.

Theorem 3.1.2 (Nonexistence of solution). Let data be given on M as specified in (4) associated
to the vacuum case, and assume that conditions (5) hold. Assume further that T has constant sign
and there exists ¢ > 0 s.t. ’L(%)‘ <c ’%|2 Let U be a given open neighborhood of the critical
set of 1. If o # 0 and supp{o} € M \ U, then both of the conformal constraint equations (3) and
the limit equation (3.1) associated to seed data (g, %, ko) admit no (nontrivial) solution, provided
a, k are large enough.

It is worth noting that [ , Proposition 1.6] provides the existence of seed data
(M, g, 7, 0) satisfying the assumptions. In fact, our proof for Theorem 3.1.2 is an extension of
arguments in [ , Proposition 1.6].

As direct consequences of Theorem 3.1.1 and 3.1.2, we also obtain the following results.

Corollary 3.1.3 (An answer to Maxwell’s question). Let (M, g, 7) be given as in Theorem 3.1.2.
If Y, > O, then the conformal constraint equations (3) associated to (g,7¢,0) has a (nontrivial)
solution for all a > 0 large enough.

Corollary 3.1.4 (Nonuniqueness of solutions). Assume that (M, g, 7,0, a, k) is given as in The-
orem 3.1.2. If Y, > 0, there exists a sequence {t;} converging to 0 s.t. the conformal constraint
equations (3) associated to data (g, t;7%, ko) has at least two solutions.

Note that there is a small difference between Theorem 3.1.1 and related results claimed in the

general introduction of this thesis. It is the addition of the assumption that o # 0. This is with the
aim of simplifying the arguments and will be removed if ¥/, < 0 by Remark 3.2.2.
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3.2 Proof of Theorem 3.1.1

In this section, we will use the Leray-Schauder fixed point theorem introduced in the previous
chapter for obtaining another version of Theorem 2.1.2.

Before going further, it is worth making the following remark.
Remark 3.2.1. In this section, we will study a modified version of (1.2):

4n—-1) n—1, y w?
P A§0+(IR+(1—t)f)§0+TT(,D =W

3.3)

where t € [0, 1] is a parameter and f > 0 is a given continuous function. Since (f,t) € CQ x [0, 1],
standard facts stated above are still valid for this equation. For instance, given 6 € Wi’p , similarly
to the proof of Lemma 1.2.2, @ is a supersolution (resp. subsolution) to (3.3) if and only if p = 6~ ¢
is a supersolution (resp. subsolution) to the following equation

4n-1)

n-2

~2
TGN+
¥

Ago+(R+ (1 =f)@+ .

where f = N2 f and (8, W, ©) is given as in Lemma 1.2.2. Thus, the conformal covariance still
holds in our situation.

As a second example, we will see that existence and uniqueness of solutions given in Theorem

1.2.3withY4 <0 (i.e., R < 0by Remark 1.2.4) are still true here. In fact, assume thatw € L?P\{0}.
Then let ¢y > 0 be the unique positive solution to

4(n—1) n-1, v W
) Ap + Ryp + P __QDN“

3.4)

with Ry = sup; (max{tR + (1 — 1) f}) > O (here existence and uniqueness of ¢y is proven similarly
to Case 1 of Theorem 1.2.3). It is easy to see that ¢ is a subsolution to (3.3). On the other hand,
let ¢ be the unique positive solution to the corresponding original Lichnerowicz equation (1.2).
Since f > 0 and t € [0,1], ¢ is a supersolution to (3.3), and then the (modified) Lichnerowicz
equation (3.3) admits a solution by the method of sub- and super-solution (note that since ¢ is also
a supersolution to (3.4), ¢ > ¢ by Lemma 1.2.5). Uniqueness of solutions follows by the same
method as in [ , Proposition 4.4]. Similarly, it is not difficult to show that Lemma
1.2.5 remains valid for the (modified) Lichnerowicz equation by the same argument.

We are now ready to prove our main result.

Proof of Theorem 3.1.1. We divide the proof into three steps

Step 1. Construction of a continuous compact operator: Given any continuous function f > 0
or f = Rif Y, > 0, we define the map Ty : L™ x [0,1] — L* as follows. For each (p,?) €
L* x [0, 1], there exists a unique W, € W?2P such that

1 -
- SL'LW, = T M, (3.5)

55



3.2. PROOF OF THEOREM 3.1.1

and, by Remark 3.2.1, there is a unique ¢, € Wi’p satisfying

4n-1) n—1 _ _N—
A+ [(R+ (1 = 1)f] ppr = —TﬂNT%ﬁt Yo+ LW e
We define
Tf(QD, t) = t¢%[.
Following [ ] and [ 1, the mapping G : L® — C! defined by

G(p) = W, with W, uniquely determined by (3.5) is continuous and compact. Thus, to show

that 7'y is compact and continuous, it suffices to prove the continuity of Tf : C'x[0,1] - Wf’p
defined by f"f(W, ) = ¢, where

4(n—-1 -1
(n 5 )A¢ R+ (1= 0)f] ¢ = —2——PN2gN=D 4|5 4 LWPRgNL. (3.6)
n- n
We combine the techniques from [ , Lemma 2.3] and Proposition 2.2.6 to prove

that Tf is continuous. Set # = In Tf(W, t). We have from the definition of f"f that

4n-1)
n—2

(Au— ldu?) + [tR + (1 = )f] = —%

IZNT2€(N_2)M + |O' + LWIZe_(NJrZ)“.

Next, we prove that In Tf is a C'—map through the implicit function theorem. In fact, define
F:C'x[0,1]x W*P — LP by

4n-1)
n—-2

-1
F(W, t,u) = (Au—|dul?) + [R+ (1 - 1)f] + BT NN o g LW Pe N2
n

It is clear that F is C' and, under our assumptions # = In (Tf(W, t)) is the unique solution to
F (W, t,u) = 0. A standard computation shows that the Fréchet derivative of F' w.r.t. u is given by

4n-1
n—2

v+ (N +2)|o + LW|Pe N +Duy,

Fu(W,0) = ) (n= DIV - 1>’§N ~2) on 2 -2

(Av = (du,dv)) +

We first note that F, € C (C I'x [0, 1], L(W>P, LZP)), where L(W??, [?P) denotes the Banach space

of all linear continuous maps from W27 into L. In particular, setting 1y = In (ff(W, t)) we have

4n—-1)
n-2

~1)(N=-2
Fuo(W.H(v) = (Av — (du, dv))+(wt21v 2eN"DM0 4 (N +2)|o + LW|2e-<N+2>"0) V.
n

Since

f lo + LW e N2 gy > o= (N+2) max|uo] f lo + LW|Pdy = e~ N+ maxul ( f lo[2dv + f |LW|2dv) >0,
M M M M

the non-negative term (("_l)nﬂtw 2eN=210 4 (N + 2)|o- + LW[?e™ N +2)“0) is not identically 0.
Then we can conclude by the maximum principle that F,,(W,#) : W>P — L*/ is an isomorphism
(see [ , Theorem 8.14]). The implicit function theorem then implies that
In off is a C'—function in a neighborhood of (W, f), which proves our claim.
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3.2. PROOF OF THEOREM 3.1.1

Step 2. Application of the Leray-Schauder fixed point theorem: We now set
K ={p e L| 3t e[0,1] such that ¢ = T(g. 1)}

By the Leray-Schauder fixed point theorem, if K is bounded, then the system (3) associated to
(g, T, 0) admits a solution, which is our first assertion.

Assume from now on that K is unbounded. So there exists a sequence (¢;, W;, t;) satisfying

A _21)A90i +[tR+ (1 —t)f] i

1 -1
—SL'LW; = ”n Nolar, (3.7b)

1
DN o+ LWV (37a)
n

with [|j]|r= — 400 (see Proposition 2.2.6). We need to discuss the following four possibilities.

e Case 1. (after passing to a subsequence) t; — ty > 0: Arguing similarly to the proof of
Theorem 2.1.2 given in Section 2.2, we obtain existence of a nontrivial solution V € W?” to

the limit equation
1 . n—1 dr
—=L'LV = ILV|—,
2 n T

o Case 2. (after passing to a subsequence) t; — 0: Note that Equations (3.7) say that the
(modified) conformal constraint equations associated to the seed data (g, tf.v 7,0) have a so-
lution (¢;, W;). To derive the last two assertions, we need to free 7 of #; in the seed data. Then,
rather than considering (g, tf.v 7,0), by Remark 2.2.8 (with appearance of f and #; cause no
problem here), we can equivalently work on more suitable seed data, allowing to remove
t; from the mean curvature 7, and hence by straightforward calculations as seen below the
sequence {f]¢;}ien Will naturally appear and play an important role in characterizing our
case. In this context, there are three situations arising depending on whether (after passing
to subsequence) 17[|¢;l|~ converges to +o0, 0 or a positive constant. We will address each of
them.

which is our second assertion.

In the first situation; i.e., 7!'||g;||L> — +oo, by Remark 2.2.8, the system (3.7) may be rewrit-
ten as

n(N+2)

4n—1 2
(n—1) t o-+LWi‘ % V"1(3.8a)

n—2

_ _ n—1 ,_n_
Ag; + [tiR+ (1 -1)f]g; = —TTZ‘P?”"'

1., — n—1_
—5LLW; = N

(3.8b)

|

RS
Y
bl

n(N+2)

where @, W) = (fgit; © Wi)and [Blle= = #llgils — co. Again, taking i — oo we

argue similarly to Case 1 and obtain that there exists a nontrivial solution Wo, € W to the
limit equation (3.1) as stated in (ii).
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3.2. PROOF OF THEOREM 3.1.1

The next situation; i.e., /[l¢illL= — 0, cannot happen. In fact, also by Remark 2.2.8 the
system (3.7) may be rewritten as

4 _ -1 _N:2 ~?
0D NG+ [k + (- 1015 = ”—r?Nvﬁv*ZT%fV*H]yi 2<r+LWi‘ 5" 3.9
n
1 —~ -1 N2
SSLLW, = iy, gl (3.95)
n

— N2

where y; = |lgillL~ and (@;, W;) = (yi‘ltpi,yi > W;). We recall that by Remark 1.2.4, R
is assumed to be positive if Y/, > 0, and then we may assume that f > 0 without loss of
generality. At any maximum point m; of ¢; (i.e., ¢;(m;) = 1), we have from (3.9a) that

2
(m;).

_+2
2

(R + (1 —1;)f] + ZNyN 2 2) (m;) <

However, since |[g;ll;> = 1 and t'y; — 0, we obtain from the vector equation (3.9b) that
IILWiII 1~ — 0, and then by the fact that t; — 0 and y; — +o0, taking i — oo we conclude
from the previous inequality that O < min f < 0, which is a contradiction as claimed.

For the last situation; i.e., /|l¢ill.~= — ¢ for some ¢ > 0, by Remark 2.2.8, we again ob-
tain the system (3.8) where the condition |[¢;]|z> — +oo is replaced by ||90,||Lm - c It
follows from (3.8b) that (after passing to a subsequence) W; converges to Wy in C'. Re-
garding Remark 1.2.4, we may assume that f > 0. If LW, = 0, at any maximum point m; of
¢; we have by (3.8a) that

2
(m,-) - 0.

n(N+2)

ti 2 O'+LW1'

0< ([th +(1-t) 1oV + . 172¢3N) (my) <

This is a contradiction since
_ -1 n-—1
([t,R + A=) f18 "+ — T%o?N) (mi) = fmo)e™*? + ——c2"r(mg) > 0,

where by compactness of M (after passing to a subsequence) m; converges to mg € M. Thus,
we obtain LW, # 0. Now we can let ¢, be the unique positive solution to the equation

4n-1) n-—1 _ — 5 _N-
— Mg+ fo = =T+ LWL

(Here since f > 0, existence and uniqueness of ¢, is proven similarly to Case 1 of Theorem
1.2.3). To show that (%,Wo) is a (nontrivial) solution to system (3.2), which is the first
statement of our last assertion, it suffices to show that g, — @, in L*. In fact, since LW, % 0,
arguing 51mllarly to the continuity of Tf in Step 1, we obtain that the map Tf o Uy, X

[0,1] — WJr defined by Tf(w, ) = @ is continuous, where UWO is any small enough open
neighborhood of [LW| in L* and ¢ is the unique positive solution to the equation

4n -1 _1
(n 2)A¢+ [tR+(1-0)f]¢= _”_T2¢N_1 +wlp Nl
n

n—

n(N+2)

Combining this and the fact that (ti, t,?

o+ LW‘ 0 |LW0|) we obtain ¢; — @, as

claimed.
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3.3. APPLICATIONS OF THEOREM 3.1.1

To complete our proof, the remaining work is to treat nonuniqueness results for the conformal
constraint equations with positive Yamabe invariants.

Step 3. Nonuniqueness of solutions: Assume that Y, > 0. If neither (i) nor (ii) is true, taking
f = R, arguments above then tell us that there exists a sequence {#;} converging to 0 s.t. the system
(3) associated to (g, tfv 7,0°) has a solution (¢;, W;) satisfying ||¢;|lz= — 0. On the other hand, we
know that provided ¢ > 0 is small enough, the system (3) associated to (g, d7, o) admits a solution
(¢s, Ws) such that ||gs|lz~ < ¢; for some constant ¢; > 0 independent of § (see Remark 2.3.9
or [ , Theorem 2.1]). This completes the proof of Theorem 3.1.1. |

Remark 3.2.2. If Y, < 0, we can omit the assumption o # 0 in Theorem 3.1.1. In fact, let {o;} be
a sequence of non-zero transverse-traceless tensors converging to 0. Applying Theorem 3.1.1 for
o = oy, if neither assertion (ii) nor (iii) is satisfied for all i € N, the system (3) associated to o = o
has a solution (¢;, W;). Moreover, these solutions must be uniformly bounded since we assumed
that the assertion (ii) is not satisfied. Note that by Case 3 of Theorem 1.2.3 and Lemma 1.2.5 we
have that ¢; > min ¢g > 0, where g is the unique positive solution to the Yamabe equation

dn -1 -1
(n ) n 2

Ag + Rp = ——— 12V
5 A¢+ Ry

¥

Thus, taking i — oo, we obtain our claim.

3.3 Applications of Theorem 3.1.1

In this section, we show a nonexistence and nonuniqueness result and answer a question raised
in [ ] (see the middle paragraph of page 630) as stated in the beginning of this
chapter. For convenience, we will repeat the statements and give the corresponding proofs. We
first exhibit a class of seed data such that the corresponding equations (3) and (3.1) have no (non-
trivial) solution.

Theorem 3.3.1. (Nonexistence of solution) Let data be given on M as specified in (4) and assume
that conditions (5) hold. Furthermore, assume that there exists ¢ > 0 s.t. ’L (d—TT) < 2c ‘d7_7|2, LetV
be a given open neighborhood of the critical set of . If o # 0 and supp{c} € M \ V, then both
the conformal constraint equations (3) and the limit equation (3.1) associated to the seed data

(g, 7%, %) have no solution, provided a', ea > 0 are small enough.

Examples where the assumptions of this theorem hold are given in [ ]. Let us
sketch briefly their construction. Let M be the sphere S” endowed with the round metric. Choose
T = exp(x) so that (dt/ T)ﬁ is a conformal Killing vector field for the round metric Q on S". The
critical set of 7 then consists of the points (+1,0,...,0). Let V be an arbitrary neighborhood of
these points such that S" \ V has non-empty interior. By a result of [ ], we can
deform the metric Q2 on S” \ V to a new metric g so that g has no conformal Killing vector. The
condition |L ( %)
support were constructed in [ ]. His construction shows that there exists oo £ 0 whose
support is contained in S" \ V.

< 2c |d?T|2 is then readily checked. Non-trivial TT-tensors with arbitrarily small
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3.3. APPLICATIONS OF THEOREM 3.1.1

Proof of Theorem 3.3.1. We argue by contradiction. Assume that for each (a,€) s.t. a!,ea > 0
are small enough, there exists (¢c 4, We ) satisfying the conformal constraint equations

4n-1) n—1 (o _
A‘ﬁe,a + R‘;De,a = —— Zatpival ‘— + LWea QOEIQV l, (3.10a)
n—2 n €a
1, n-1
_EL LW, = ‘PeadT (3.10b)
We will use the rescaling idea of Dahl-Gicquaud—Humbert [ ] to show that such
existence yields a contradiction. In fact, we rescale ¢, 4, We,, as follows
— 1 ~
Vea = €ENPeas Wea = eWey.
The system (3.10) may be written as
— 4 1 -1 2
esoivil( "= )A¢ea+Rtpm) = ——Tg ‘—+LWM : (3.11a)
n—2 n
1 ~ -1_
L' LW, = = P L (3.11b)

2

We divide our proof into two cases.

Case 1. lim._ ”@a“ 1 < 00 Arguing as in the proof of Theorem 3.1.1, taking € — 0 we
obtain that there exists W, € W>” satisfying

1, n—1|o dr®
—S L' LW, = ’— LW,| —
(3.12)
= \/—— oo+ alLW,| —
However, (3.12) cannot happen for all a > 0 large enough by [ , Proposition 1.6].
In fact, take the scalar product of this equation with dr/7 and integrate. It follows that
-1 2 1
N T av=—3 f (LW, L(d/7))dv
" M (3.13)

fdrz
c
M

Combining this with the fact that | + aLW,| > a|LW,| — |o|, we conclude that for ¢; = /-Z=c¢

n—1
< f
M

Since the right-hand side of the inequality above is bounded, we must have

2
lim |[LW,|dv = 0. (3.14)
a—oo M

T
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3.3. APPLICATIONS OF THEOREM 3.1.1

It then follows from (3.13) that

2
lim dv =0.
a—o0o0 M

Since |%| > don M\ V for some ¢ > 0 independent of a, we then have by the previous inequality
that

lim loo + aLW,|dv = 0. (3.15)
a—0oo M\V

On the other hand, since supp{c} € M \ V, we get that

‘f (o, 0 + alLW,)dv
M

< llolze f lo + aLW,|dv.
M\V

Together with (3.15), this shows that

a— oo

lim (a' alW,ydy = f o dv. (3.16)
M
However, since o is divergence-free, we must have

f (oyalWy)dv =0
M

for all a > 0, which contradicts (3.16).

= +00: Set Yeq = ||g“0}a|| [0> We rescale Pe.a Weas Oeq again

Case 2. lim._, ||§Ea|’ o

s P — N —~ _ N
Yea = YeaPear Wea =VeqWear and Teq =Y, 0

The system (3.11) may be rewritten as

— 2
, 4n—1) n—1, .
6 Yea A 2);516\/;—1 ( n—2 A‘Pe,a + Rae,a) = - n TZaSDEIZ + LWE“ ’ (3178)
1 — -1
L LWeu = 7 dr, (3.17b)

Arguing as in the proof of Theorem 3.1.1, and taking € — 0 we again obtain that there exists
a nontrivial solution W, € W>? satisfying the limit equation

ILW | (3.18)

a =

Our treatment for this limit equation is also similar to the previous case. In fact, take the scalar
product of this equation with d7/7 and integrate. It follows that

N L

dr|?

= 1f<LWa,L(dT/T)>dV
(3.19)
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3.3. APPLICATIONS OF THEOREM 3.1.1

Then assuming a > +[/=¢, we obtain that [ [LW,||%|* dv = 0, and hence [LW,||<| = 0. Thus,
we obtain from (3.18) that W, = 0, since (M, g) has no conformal Killing vector field. This is a
contradiction with the fact that W, is nontrivial.

Since Case 2 coincides with the situation of nonexistence of solution to the limit equation (3.1). O

As direct consequences of Theorem 3.1.1 and 3.3.1, we have the following results.

Corollary 3.3.2. (An answer to Maxwell’s question) Let (M, g, 7) be given as in Theorem 3.3.1.
If Y, > 0O, then the conformal constraint equations (3) associated to (g,7%,0) have a (nontrivial)
solution for all a > 0 large enough.

Proof. Taking f = R in the proof of Theorem 3.1.1, we have by Theorem 3.3.1 that for all a!, ea >
0 small enough, seed data (g, 7, ) satisfies neither (i) nor (ii) in Theorem 3.1.1, provided o is
given as in Theorem 3.3.1. Thus, our corollary is proven by the first statement in the assertion (iii)
of Theorem 3.1.1. The proof is completed. |

Corollary 3.3.3. (Nonuniqueness of solutions) Assume that (M, g, 7, 0, a, €) is given as in Theo-
rem 3.3.1. If Y4 > O, then there exists a sequence {t;} converging to 0 s.t. the conformal constraint
equations (3) associated to (g, t;7°, %) have at least two solutions.

Proof. The same arguments as in Corollary 3.3.2 works here. More precisely, the only difference

from the previous corollary is that we use the second conclusion in the assertion (iii) of Theorem
3.1.1 instead of the first, and then the corollary follows. |
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Chapter 4

Solutions to the Einstein-Scalar Field
Constraint Equations with a Small
TT-Tensor

4.1 Introduction

In this chapter and in the next one, we will treat the Einstein constraint equations in the scalar
field case. The most natural approach to (3) is to extend known results in the vacuum case to the
scalar field one. However, the difficulty is that the methods used in [ LI

] cannot work any longer since the Lichnerowicz equation may admit no or multiple solutions
when 8. has arbitrary sign as shown in Chapter 2. This seems to tell us to seek new methods.
So far, no studies have gone beyond the near-CMC recently presented by Premoselli [

] under an assumption that the generalized conformal Laplacian

4n-1)
n—2

Ley:¢ Ap + Ry .1

is a coercive operator, meaning that there exists a constant ¢ > 0 such that

Vo e w2, f Loy > Bl .
M

This chapter is a joint work with Romain Gicquaud. In the next sections, we will show that the
assumption above also plays a role analogous to one that the metric g has positive Yamabe invari-
antin [ , , ] for constructing solutions to (3) with
freely specified mean curvature, and hence gives the first existence result for solutions to the scalar
field system (3) in the far-from-CMC cases.

The outline of this chapter is as follows. We will present the extension of the result of [

]in Section 4.2; see Theorem 4.2.1. Next, we address the much more difficult
extension of the method of [ ] in Section 4.3; see Theorem 4.3.1. In the course
of the proof, we prove Theorem 4.3.2 which shows existence of solutions to the Lichnerowicz
equation in our context.
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4.2. AN IMPLICIT FUNCTION ARGUMENT

4.2 An implicit function argument

In this section, we show that the method introduced in [ ] can be straight-
forwardly generalized to the system (3).

Theorem 4.2.1. Let (M, g) be a compact Riemannian manifold, and let t € WP,y € WP, T € LP
and o € LP be given. Assume further that the operator Ly, defined in (4.1) is coercive and that
(M, g) has no non-zero conformal Killing vector field. There exists an €y > 0 such that for all
€ € (0, ), the system (3) with

o=€0, M=e€n

has a solution (¢, W) € W25 x W27 with ¢ > 0.

As in the article [ ], we divide the proof into several steps:

. . .= »
Step 0. There exists a unique solution Wy € W>72 to

1 _
— SLLW = 7dy. 4.2)

Proof. The argument is standard; see e.g. [ , Proposition 5]. Note that 7dy € L2,

The operator
1

~5LL: Wi L2

is Fredholm with zero index. Its kernel is, by a simple integration by parts argument, the set
of conformal Killing vector fields which is reduced to {0} by assumption. Hence —%L*L is an
isomorphism. O

Step 1. There exists a unique solution 250 € W25 10 the following equation:

~ 12
- T+ LWo| +7?
400y gy T

1
pa— 4.3)

¢N+l
Proof. We set
— = ~ 2
A= |0' + ]LWO‘ + 7
for convenience. Since Wo € Wz’g, LWO e Whi — [P Indeed, from the Sobolev injection,

whi < L2, where
_ np S
- (@n-p)t

(here g = +o0 if p > 2n). It follows that A€ L7. We first prove that there exists a unique positive
solution @ to

q p

4n—-1)
n—2
We remark that, integrating the right-hand side, we get

f Adu® = f (15 +7) dut + f ILW? dus
M M M
> f (15 +7) du
M

> 0.

Ap + Ry = A. (4.4)
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We rely on the Lax-Milgram theorem. Since L,y is coercive, there exists a unique weak solution
@ to (4.4) which is uniquely characterized by

f(2(n )ld—| +R_‘p _A¢)d#g_ m1n F(¢),
M\ N 2 o<

where

2 —
F(¢) = f ( 20D g + ‘”¢2—A¢)dug.
M n-—

Since A > 0, we have F(l¢|) < F (¢) for any ¢ € W2, As a consequence @ being the unique
minimizer of F, ¢ > 0. By elliptic regularity, we have that ¢ € W27 In particular, ¢ is continuous.
It can be argued by contradiction that ¢ > 0. Indeed, if the set Q = {p = 0} were not empty, it
would follow from the Harnack inequality we borrow from [ , Theorems 1.1 and
5.1] applied to u = p and f = 0 in a ball Bg centered at a boundary point of Q that ¢ = 0 on By,
which is a contradiction.

Setting a := miny, ¢, b := maxy, ¢, one can readily check that the function

— N+1

¢, =a Ny (resp. Q_ = b_NTﬂﬁ),

is a supersolution (resp. a subsolution) for Equation (4.3). Existence of a solution to (4.3) fol-
lows then from the standard sub- and supersolution method; see e.g. [ ,
Lemma 3.4] or [ ]. Uniqueness of 50 is also classical; see [ ]. How-
ever, here we can simply remark that the functional

. 2(n—1) 2, A
G(9) —fM( 0D g+ B +N¢N]dﬂ

is strictly convex on the set of positive H'-functions (i.e., so that there exists € > 0 such that ¢ > €
a.e.) Its critical points being exactly the solutions to (4.3), we conclude that the solution to (4.3) is
unique. This idea will be developed further in Section 4.3.1. m|

Step 2. There exists € > 0 and a C'-map

[0,6) — W25 x W25
4 (P2, Wy)

such that

° 5,1 and W/l solve

An-1) ~ — . o+LW,| +7m
) A(b/l + Rw¢,} = /128T¢/¢,l %, (458)
1, = n ~N —
—EL LW, = dt + dy. (4.5b)

° 5,1 - 50 and W/l - Wo when A — 0, where Wo and 50 are as defined in Steps 0 and 1.
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Note that Equations (4.5) interpolate between the original conformal constraint equations (3)
when A = 1 and Equations (4.3)-(4.2) when 4 = 0.

Proof. The proof is via the implicit function theorem. Let ® : R X W22 x W27 — L% x L7 be the
following operator:

o (2) - ((—Aa RE L )
w — L' LW - =L agNdr — wdy
Its differential with respect to the variables (5, W) at(1 = 0,50, Wo) is given by the following
block upper triangular matrix:

_ 4(n-1) LW o e = o
DO, Ty = | 52 A+ Re+ (V4 DI g (7 + Lo, L) |
0 ~1L"L-

Each diagonal block is Fredholm with zero index and has, by assumption, a trivial kernel. This
proves that DD, —o(¢g, Wp) is invertible. The existence of the curve of solutions to (4.5) on some
interval [0, €) is then guaranteed by the implicit function theorem. m|

The last step is a straightforward calculation.

Step 3. Let (¢, W) be as in Step 2. Setting

o

$a 1= AN2P,,
N+2 —
W/l = AN-2 iR
N+2 __
o) = AN20,
N+2__
Ty = AN2TT,

then (¢, W,) solves the system (3) with o = oy and n = 7.

N+2 N+2

The proof of Theorem 4.2.1 follows by setting €y = /IF and € = AN-2.

4.3 An existence result for o and 7 small in 12

In this section, we adapt the method of [ , s ]to
our context. The first step is to prove an existence result for solutions to the Lichnerowicz equation
(3a) in the presence of a scalar field. Very nice existence results for solutions to this equation are
givenin [ 1 , Jand [ ].
We prove here an existence result suited to our applications. See Theorem 4.3.2. We then study
the full system (3) and obtain the following theorem:

Theorem 4.3.1. Let data be given on M as specified in (4), and assume that conditions (5) hold.
Assume further that the operator Lg , is coercive. Then the system (3) admits at least one solution
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(&, W) e W25 x W25 provided that

fwfwﬂwg

is less than some small constant (depending on the remaining seed data).

4.3.1 The Lichnerowicz equation

Here and in what follows, we define the following norm. Given ¢ € H' (M, g), we set

An—1
w%=f(m Nwhwwﬁw.
M n—2

Since we assumed that the modified conformal Laplacian is coercive, there exists a constant s > 0
such that for any ¢ € H', we have

gl > sl - (4.6)

The aim of this section is to prove the following theorem:

Theorem 4.3.2. Assuming that |o + LW/ +n2 € Lg, there exists a (small) constant u = u(s,
0 such that if

BWHLDO) >

0<f (|0'+LW|2+772)d,ug <u
M

the Lichnerowicz equation (3a) admits a solution ¢ € H' which is a stable minimizer for the

functional
1 4n-1) B,
Iy(9) = 5 ol + Ry¢? |t — | = gV dps
2 M n— 2 M N
5 4.7
lo + LW)? + 72
+ ————dub.
M NN

and whose energy satisfies

2
N+2

lpll; < € ( f (l0 + LW + ) dﬂg)
M

for some constant C = C(s, HBW“L(X, , ).

A much more detailed analysis of the Lichnerowicz equation was performed in [

] assuming that the coefficients are continuous and 3 < n < 5. The spirit of the proof of
Theorem 4.3.2 is different from [ ]. The point being that we want to obtain a
stable solution ¢, meaning that ¢ is a stable local minimum for the functional 7 defined in (4.7),
while [ ] uses the mountain pass lemma. Stability will ensure that the minimum
¢o varies continously with respect to the parameters. This will turn out to be very important when
applying the Schauder fixed point theorem in Section 4.3.2.

The proof of Theorem 4.3.2 will be carried out in the remainder of this section. For conve-
nience, we denote
Ay = o+ LW + 7%,

We also denote by Bg, the ball of radius Ry > 0 centered at the origin in H I for the norm || - ||,
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Lemma 4.3.3. There exists an Ry > 0 depending only on g and W such that the functional

4 1 B
T(¢) = = f ( 0D ko + Ry )du f 2 N gyt 48)
M n-— M N

has Hess 7((;5)(14, u) > % ||u||,21 for all ¢ € Bg,(0) and all u € H'.

In particular, we have
7 I|¢|Ih 1(¢) (4.9)
for all ¢ € Bg,. Indeed, applying the Taylor—Lagrange theorem to the function

[0 = 1),
we get that there exists 7y € (0, 1) such that
F() = f(0) + £ (0) + %f”(to)-
Since f(0) = f’(0) = 0 and f”’(t9) = Hess I(tod)(¢, ¢) > % ||¢||,21 , we obtain Estimate (4.9).
Proof of Lemma 4.3.3. The Hessian of I at ¢ € H' and in the direction u € H' is given by

4n—-1)
[ 5 ldu * + Ryu? — (N = DBrylgV2u* | dus.

Hess 1(¢)(u, u) = f

M

We estimate the Hessian as follows:
- 4n-1) . » N=2 .12
Hess I(@)uw,u) > | | ——=ldul® + Ryu® | dpu = (N = 1) [|Bry | . 16157 el
e
> Jlulf? - T_ 1Beo | NI el

-1
> (1 - NT B ||¢||1LVN‘2) Juf; -

s
Thus, if ||¢l|; v < (W)N the Hessian of 7 satisfies the assumptions of the lemma. From
T ||
Equation (4.6), the conclusion of the lemma holds with

1

Ro=s?[—3 )" (4.10)
2(N = )Bry

We now introduce the following functional:
1 B
@)= 3 [ (0P + Roa?) it~ | =iop

fN(¢+e)N W f¢Nd“’
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where ¢_ := —min{¢, 0}. Note that the two terms we added are convex on the set
Qc:={pecH ¢>-€/2ae). (4.12)

This set is convex and closed for the H'-norm. Indeed, we have

€
QE=O{¢€H1,fo¢dﬂg>—5fodug},

where we took the intersection over the set of (say) continuous positive functions f. In particular,
the set Q. is compact for the weak topology on H'.

Continuity of I}, is easy to prove. Indeed, the only difficult term to prove continuity of is

A—W g
fM N+ o ¥

But, given ¢g € Q. and v > 0, there exists A > 0 so that

12\ %

—|- Awdu® < —.

N(g) fz;w?/\ et 4
So, for any ¢ € Q, we have

Aw f Aw
_ AW g | AW e
UM NG+ T Sy Nigo+ o8
A A
< f —WNdIJg _ f —WNd,ug
Aw<r N(@ + €) Aw<A N(Po + €)
A A
f —WNd/‘g f —WNdllg
AwzA N(P +€) AwzA N(Po + €)

AW _ AW 2 v
s fAW<A(N<¢+e>N N<¢o+e>N)d” "2

+ +

+

X

: 1
< d — d0)Awdu®
£W<A (jo‘ (td + (1 — Do + €)N*1 t)(¢ d0)Awdu

\SRIRS

_N- v
<A g = ol + 3
Hence, provided [|¢ — ¢oll;1 < ﬁeN“, we have

<V

Aw f Aw
W gt - | —ZV a8
fMN(¢+e>N 7 ) Ngo + oV *

The H'-norm being stronger than the L!-norm this concludes the proof of the continuity of I,
Note that / itself is continuous a priori only on | J..o e Which is not closed. This is one of the
reasons why we need to regularize /.

Now note that since [j, is (strictly) convex and continuous on ¢ N Bg, it is weakly lower
semi-continuous. In particular, there exists a unique ¢, € Q. N Bg, such that

I = inf I5,(¢).

w(de) st w(®)
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The ¢_-term in the definition of [§;, together with the strict convexity of the functional [j;, ensures
that ¢ > 0. Indeed, we see that I3, (¢) > I}, (|¢]) where the inequality is strict unless ¢ > 0 a.e..

It follows from elliptic regularity that ¢ € W27 and from the Harnack inequality that ¢ > 0. In
particular ¢, € Qp N Bg,.

To estimate the norm of ¢., we evaluate [, on constant functions ¢ = 1 > 0:

A AN A+e)™N
IG(A)z—fRdug——fB,duM—f loo + LW|? + 7%) dué
W 2 Ju Y N J, ™ N M( )

a, by ¢ N
A vy fa ,
U -yt Tyire

where
a= f Rydus, b= f Brydu®, c= f (la’ +LWP + 712) dus.
M M M

Some simple analysis shows that the stable minimum of /y(4) is attained at some value 4 ~
1
(g)”*z. We thus have

1($e) < Iy (¢e)
<s{(z)7 -

1
(1] ¢\ b(c)NNn (c)m+a2
<lz+=|l— -—|- —ae| - —€°.
2 NJ)\aV N \a a 2
1

Choosing € < (g)m and using Inequality (4.9), we get

1
1 5 _ 1 1 C2 N+2
1 lPelly, < 1(ge) < 3 + NI\~ .

It is important to remark at this point that the estimate we got for ||¢e||i is actually independent
of e.

Following [ ], we construct a (positive) sub-solution to the equation for the
critical points of the functional (4.11):

dn-1)
n—2

lo + LW + 72

Ag + RW¢ = Bm//(]ﬁN_l + @+ €)N+1

(4.13)

Note that the set Q, has empty interior in H' so one cannot speak about the Hessian of [}, restricted
to this set. Critical points are here to be understood as points for which the Gateaux derivative of
the functional I, vanishes in the direction of smooth functions. Nevertheless Equation (4.13) is
satisfied by the function ¢, as long as [|¢c|l, < Ro because one then has that ¢ + £ € Q. N Bg, for
any smooth function £ as long as |¢| is small enough.

Since the construction of a subsolution will be useful later, we collect it in a lemma:
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Lemma 4.3.4. There exists a positive subsolution ¢, € W22 independent of € to all (4.13).
Further, ¢y can be chosen as small as we want in H L If dsup and ¢ satisfy

s N-2
llellzn  llésublly < [(N— 1)“BT,¢,||LM) ’

we have ¢e > Pgup.

Proof. Defining 8_ := min{B.,, 0}, and given some « to be chosen later, we solve the following
equation for u:

4(n-1)

n—

Au+Ryu = o+ LW + 7* + aB_. (4.14)

Note that if @ = 0, this equation was already studied in Step 1, Section 4.2. The corresponding
solution u was continuous and positive; hence, choosing @ > 0 small enough, we still get a positive
solution to (4.14).

We now set ¢y := 6u for some 6 > 0. As in the proof of Theorem 4.2.1, it can be checked that,
provided 6 is small enough (depending only on max(u)), ¢sup is a subsolution to (4.13), namely:

Nt o+ LW + 72

4n-1)
A¢sub + Rw¢sub < BT&//¢sub + (¢ b+ E)N+1 '

n-2

Indeed, the condition for gy, to be a subsolution reads

(00" ™) Ay + 208 — B, 0" ! <0,
which follows from

01— ") Ay + B_ (a0 - 0"V <0,

This last condition is fulfilled by choosing 8 > 0 such that

1
af

We define (¢pe—dsup)— = min{0, ¢pe—pgup}. Subtracting Equation (4.13) for ¢ with the previous

Nel
g~N-2y~N-1, 0 < (max u)N+2 ,
o -
0 <

QN—IMN—l

Vv A

1
™2 (max u)N-2 .
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inequality satisfied by ¢y, multiplying by (¢ — ¢dsup)— and integrating over M, we get:

4n-1
f ( (n ) |d(¢e - ¢sub)—|2 + Rw(¢e - ¢sub)g)dﬂg
M n-—2

< jﬁ‘/[ BTW (¢i‘v_1 - ¢i\1’1f,1) (¢E - ¢sub)—d,ug
2., 2 1 B 1 B .
* f]l; (|O- " LW| o )((¢e + E)N+1 ((bsub + €)N+1 ) (¢E ¢Sub)_dlu ’

1
< (N - l)f B‘r,lﬁ (f(; (t¢6 + (1 - t)‘psub)N_zdt) (¢e - ¢sub)%d,ug
M

1
—~(N+1) f (lo +LWP + %) ( f (te + (1 = Dpup + e)‘mdr) (P — Poun)2dpet,
M 0

N-2

1 e v
SN =1D|Bey |- ( fM ( fo <z¢g+<1—r)¢sub>N—2dt) dug]

X (f (¢e — ¢sub)1—vd/1g)N >
M

s (f (Pe — ¢sub)ydﬂg)N
M

<N = DBy o (maxiligello, llpsuplln) ™ ( fM <¢e—¢sub>¥dug) :

We conclude that if (N — 1) ||Bry ||« (max{ligellry. llgsulliv) ™ < s, (@e = doup)- = 0 which is
equivalent to saying that ¢ > dgyp. O

We now let € go to zero. From the fact that Qy N Bg, is weakly compact, there exists ¢g €
Qo N Bg, which is the weak limit of some sequence (¢, )i>0, where g — 0. We can also assume
that ¢, — ¢o a.e..

Since all ¢, are greater than or equal to @y, We have ¢y > dgup and

o + LW + 7% o +LWP +2% .
N+1 - N+1 in L
(¢ez + Ei) ¢0

E .
for any g < 5 since |

(¢e,~ + fi)N+1
is uniformly bounded in L* and
1 1

4 a.c
AN+1 N+1
(¢Ei+el) * ¢0+

As a consequence ¢ satisfies the Lichnerowicz equation (3a) in a weak sense. Elliptic regu-
larity shows that ¢g € W27 and 1‘64,(¢e) — I(¢p). Since I;V < I on Bg, N Qp, we have

It (¢e) = min I, < inf I.
w ¢€ BROOQO BROOQO
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This means that I(¢g) = inf Bry Q% I: ¢o is a minimizer for /. From the fact that Bg, N €y is
convex and [ is strictly convex on Bg, N o, we deduce that ¢g is the unique positive solution to
the Lichnerowicz equation on Bg,.

4.3.2 The coupled system

We now study the coupled system. As in [ ], the operator

—2
¢ 3”_1 Ag + Ryb

n
naturally appears. We make the assumption that this operator is coercive and let s’ be some positive
constant so that

3n-2 ,
uall? ::f ( — \du)? +7€¢u2)dyg > s |lull?y - (4.15)
w\ =

We shall even assume that Ry, is positive. This assumption can be removed by performing a con-
formal change of the metric g; see [ , Proposition 1], and working with
the conformal thin sandwich method which is explicitly conformally covariant and differs from the
conformal method by the introduction of a lapse function. We refer the reader to [ ]
for an extensive discussion of this fact.

It should be noted however that the proof we present here uses the York splitting. Namely for
any TT-tensor o and any 1-form W, we have

f (o, LW)Ydu® = 0;
M

i.e., the set of TT-tensors is L?-orthogonal to the image of L. This has the following consequence

f lo + LW| duf = f lo? dud + f ILW| du®
M M M

that is used in establishing Estimate (4.16).

In the conformal thin sandwich method, LW is replaced by ﬁLW both in the Lichnerowicz
equation (3a) and in the vector equation (3b), where 7 is the lapse function; see [ ,
Section 6]. In particular, the previous identities do not apply. Still, we can rely on the estimate

f lo + LW| du < 2( f o du® + f ILW| d,ug).
M M M

to get an analogue to Estimate (4.16) with a coefficient 2 appearing in front of fM lordus.

We are going to use a fixed point argument. Starting from ¢y € LV?, we solve the vector
equation (3b) with ¢ = ¢y and get W € W4, where é = Il, + 1 which we plug in the Lichnerowicz
equation. Assuming that LW is small enough in L?, Theorem 4.3.2 yields a unique ¢ > 0 in
Bg, C H' which, by elliptic regularity, belongs to W22 ¢ L® c LNP. We call this mapping

(wherever it is defined) ®.

We first prove the following lemma:
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Lemma 4.3.5. There exists a uy > 0 and a constant R > 0 such that, provided

[ (1o + ) dut <o

the mapping © is well defined on the set

_ {¢€LNp’f ¢2Nd’ug<R}
M

and C is invariant under the mapping ©.

In the course of the proof, we will use the following fact: There exists a constant y > 0 such
that for any W € H', we have

2/N
f |LW|2dug>y( f |W|Ndﬂg) :
M M

Proof. We contract the vector equation with W and integrate over M. We obtain:

% j}; |LW|2d,ug=—% fM " (dr, W) + fM 7 {dy, W) du®
”_l(a f o2V + ~ f |dT|2|W|2dﬂg)
2n
+%(ﬁ f 2dy + f IdeZIWIZdu)
_ dr 2/n 2/N
o 1[ f¢2ng lldl[? (f|W| dg) l
1 ) lld wn”” AL
+§ﬁf7rd,ug ﬁ (LlWl d,ug)
2/n
[ f ¢2Nd g L” f |LW|2d gl
2/n
+lﬁf S ld dflan f|LW|2dg]
M

2

[__n Izl || wnL f|LW|2d .

2 2n  ay
1
a 2N + —ﬂf mdud.
M 2 Jm

Choosing @ and S large enough, we conclude that there exist constants c¢; and ¢, such that

f (lo + LW + %) dpsf < f loPdus + ¢ f #2Ndus + (1 + ¢2) f redys. (4.16)
M M M M
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This proves that, if ¢g € L*N and , o € [* are small enough, LW is small in L? so Theorem 4.3.2

applies; giving a solution ¢ to the Lichnerowicz equation.

Next, we multiply the Lichnerowicz equation by ¢"*! and integrate by parts the Laplacian:

3 —
P
= f gT,¢¢2Ndﬂg+ f (|0'+LW|2+7r2)d,ug
M M
<l [t [ (of+ v en)at e | Vo
M M M

N-=2 2
N . N
<lgnall- ([ o) ([ 0P

+f (|0'|2 +(1+ c2)7r2) dud + ¢ f qﬁgNd,ug.
M M

Hence, introducing the norm || - ||¢ (see (4.15)),

W”Lw (f N ) _2] Narl)?

— p ¢ d 8 ¢2
[ IO ¢ (4.17)
< f (IO'I2 +(1+ cz)nz) dué + ¢y f q%Nd,ug.
M M

From the Sobolev embedding together with the Holder inequality, we get:

4N
N+2
IN

¢1+%

f #*Ndu® < Vol(M, g)v+2
M

4N
N+2
k

< Vol(M, g)¥3 (s') %% ||+

Thus, assuming that ||@||;~ is small enough

N-2
-~ 1 (S/)]/N
(fA:I 2 ”B‘r,zp“Lm

N+2

’ . 2N
2 Nol(M, g) ™ ( f ¢2Ndug)
2 "

<f (|0'|2+(1+cz)7r2)dyg+clf ¢V dus
M M

we conclude that

Denoting
y= f ¢*Ndys, resp. yo = f o5 dut,
M M

we obtain an inequality of the following form for y

N
X C1 N+2
+ = , 4.18
y < (/l Ayo) (4.18)
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where ’
x= f (IO’I2 +(1+ Cz)ﬂz)d/.lg and 1 = > Vol(M, g) 5 .
M 2

We denote by f(yg) the right-hand side of (4.18). Note that f is an increasing function. We seek R
such that R > 0, R < 1 and f(R) < R. This would have the consequence that the set

C = {¢ € LNp,f ¢V du® <R}
M

is stable for the mapping ®. Indeed, we would then have that, given ¢ € C,
| ae < f( | ¢3Ndug) < f(R) <R
M M

2N
From a simple Taylor expansion, we see that R = 2 (ﬁ) N2 fulfills the inequality f(R) < R provided
that x is small enough. |

The remaining steps of the proof go as in [ ]. There is however a subtlety
appearing here. Continuity of the solution ¢ of the Lichnerowicz equation (3a) with respect to LW
is usually obtain by the implicit function theorem. But the set Qy = {¢ € H', ¢ > 0 a.e.} has empty
interior. Hence working on the set C is not enough.

Proposition 4.3.6. Assuming that

fM (I + 7%) dpaf < pao,

where ug > 0 is as defined in Lemma 4.3.5, there exist sequences (g;)i=0 and (R))iz0, q¢i = 2,
qi — o and R; > 0 such that, setting

k
Cri=CnN ﬂ {¢ € LN \igll e, < Riforall i,0 < i <k},
i=0

® maps Cy, into Cyy1 C Cy.

We use an induction argument which is quite similar in spirit to the one used in [
s ]. Note that, however, in these references, the Laplacian term is
discarded because it vanishes for large solutions. Here it will play an important role.

Proof of Proposition 4.3.6. We define sequences g; > 2, R; inductively so that
sup {||¢||LNqi ,P € q)i(C)} < R;.

From Lemma 4.3.5, we can choose ggp = 2 and Ry = R'/2N

Given ¢ € C;, we set ¢ = O(¢g). Note that ¢g € C;_; (or ¢g € C if i = 0); hence, by induction,
¢ € C; (when i = 0, this is Lemma 4.3.5).

The solution W to the vector equation

1 -1
-SL'LW = T Ndr + ndy
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belongs to W2'i, where r; is given by

1 1 1

— =+ —>

1
rp n g n

By elliptic regularity, together with the Sobolev embedding,

ILWlle: < Rilldtllpn + llmdipll

(4.19)
SR+ |lmdillpn -

We multiply the Lichnerowicz equation for ¢ = @(¢g) by ¢V*1+2k for some k; > 0 to be chosen
later and integrate over M to get:

4n—1) N+ 1+2k; Norl+k; 2 f N4242k
n-2 (%+1+kl~)2fM|d(¢2 )| dus + MRM[; dus

(4.20)
= L 8T,¢¢2N+2k"dyg + L (|0' +LW)P + 712) ¢
Since we assumed that Ry, > 0, there exists a constant s; > 0 so that
2
4n—1) N+ 1+2k; N
veen 20D s [ s [ meea s s [ ean)
n= (% +1+ ki) M M M
Applying this inequality to (4.20) with & = (ﬁ*“ki, we get
. 2/N
Si (f ¢N(2+1+ki)dﬂg)
M
<lealle [ 6t [ (oW )
M M
I-x ks x (421)
< B, (f ¢2Nd’ug) (f ¢2N+X'dﬂg)
M M
@ 2 . -2
A qi 4 qi
+ (f (lo- +LWP + 7r2) : d,ug) (f ¢2k’ a2 d,ug) ,
M M
where x € (0, 1) is some constant to be chosen later. From Equation (4.19), we have that
. 2
qi i
( f (lo +LWP + %) dug) < llollg, + Nz, + LW,
M
is bounded from above independently of W by some constant C;. We choose k; so that
Zkii = qu';
qi —2
ie.,
N
ki = E(q,» -2)>0. (4.22)
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Note that since ¢ = ®(¢g) € C;, we have that

1-2
2hk; s 4 qi—2
(f]l; ¢ ! Zd#g) < Rl .

We now come back to the choice of x. We let x be such that

2k; N
2N+—’:N(—+l+k,~);
X 2
that is to say
2k; 2
X=— < —.
Nk+N(§¥-1) N

We finally arrive at the following inequality:

2/N
5; (f ¢N(’;’+1+k1)dﬂg)
M

X
< “BW”Lw RI=* (L ¢N(12V+1+k")dﬂg) +Cl~R?"‘2,

Since x < % we immediately deduce that, setting g;+; = % +1+k;,

||¢||LN%'+1 < Ri+1

for some R;; independent of ¢g € C, we have

N N N
Qi+1=5+1+E(Cli—2)=§(%—1)+1

sog; =1+ (%)l goes to infinity with i.
We point here that we were slightly sloppy. Namely for i = 0, kp = 0 and x = 0 which is not

allowed in our calculation. Note however that multiplying the Lichnerowicz equation with ¢™*!
and integrating over M, we get, as in the proof of Lemma 4.3.5, that

3n—2f |d¢%+1 zdﬂg +f R¢¢N+2d/~1g
n—1 M M
< ||Beyl|, - f o™V dus + f (lo + LWP + 2%) dps®
M M

<R||Bryl|, + fM (lo + LW + 7°) du®

so the argument still applies. O

We now choose & so that g > p and set C := Cx. We come back to the subsolution introduced
in Lemma 4.3.4. This lemma is taken from [ ].

Lemma 4.3.7. There exists n > 0 so that all ¢ = ®(¢g) with ¢o € C satisfy ¢ > 1.
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Proof. We study in more detail the proof of Lemma 4.3.4. We can write u = u; — auy, where u;
and u, solve

4(n-1
( 5 )Aul +Ryuy = o+ LWl2 + 772,
4n—-1)

3 Auy + R/,uz = B,.

The Green’s function G(x, y) of the modified conformal Laplacian

4n—1
(I’l 2)A+R¢

n —_—
is positive and continuous outside the diagonal of M x M where it blows up. Hence, there exists a
constant € > 0 such that G(x,y) > €. This implies that

w0 = [ Gyl LWE +7) 02
> € f (lo + LW + 7°) (0)ddpes ()
M
> € f (I + LW + 7°) duf
M

2, .2
>eL(|a’| +7r)d,ug.

So u; is bounded from below independently of W so « in the proof of Lemma 4.3.4 can be chosen
independently of W so thate.g. u > 5 fM (|0'|2 + 712) du8. Since we assumed that ¢ € C, we also
have that
o+ LW + 2

is bounded from above by some constant depending on R’ in L/? so u is bounded in W25 < L™
independently of the choice of ¢ € C.

Hence, the constant 6 so that ¢g,, = 6u is a sub-solution to the Lichnerowicz equation can be
chosen independently of W.

Setting
_ €0 2 2 g
1=5 [ (o +r)de,
we have ¢gup = 1750 ¢ > 1. O

Lemma 4.3.8. Under the assumptions of the previous lemma, the mapping ® : C — C is contin-
uous and compact.

Proof. We first prove continuity of the mapping ®. Assume we have a given sequence (¢;);, ¢; € C
such that ¢; = ¢oo in LNP.

We denote with a prime their images under the mapping ®: ¢} = ®(¢;), ¢, = P(p). We also
denote by W; (resp. Wy) the corresponding solutions to the vector equation:

1 ~1
-5L°LW, = L= oVar + ndy,
| By
L LWe = 2N dr + ndy.
2 n
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4.3. AN EXISTENCE RESULT FOR o AND 7 SMALL IN L2

We have W; — W, in W24, % = 1—17 + %, SO |]I_4Wl~|2 — |]LWOO|2 in L7. Since the Hessian of Iy, is
more coercive on B, than that of I, we have from Lemma 4.3.3

Ly, . , ,
1”¢V‘QJM<IWA%D—hmA¢Q

for some constant A > 0. It follows from Lemma 4.3.7 that ¢ > n for all i (resp. @7, > 1). As a
consequence,

» < Ty (60 — I (4L,)
< (w89 = Iw,(8)) + (Tw, () — Tw (@)

Al - ol

-N
< T Iwi? - Wbl + sup (@) - w. (@)
¢eB

€ ROﬂQ,Qﬂ
n N 2 2
<2— |LWil* = ILWl||,, -
N
where to pass from the second line to the third, we used the fact that the map “infimum” is 1-

Lipschitzian. Thus we get that ¢; — ¢, in H I"and in particular ¢, — ¢, in LN. Convergence in
LNP follows from elliptic regularity. Indeed, looking at the Lichnerowicz equation for ¢

4n-1)
n—2

lo + LW;|> + 2
(N *1

AG, + Ryt = By ()N +

’

we see that the right-hand side is bounded in L2 independently of i, as a consequence of Lemma
4.3.7. So the sequence (¢/) is bounded in W2T s L™, By interpolation, (¢) is a Cauchy sequence
in L7 whose limit in L is ¢/,. We conclude that ¢ — ¢, in LNP,

Compactness of the mapping @ is fairly simple to verify since we noticed that the set (O(C ))¥
is bounded in H' (this is Estimate (4.17)) so ®(C) embeds compactly in LN by the Rellich the-
orem. Then notice that pursuing one step further the proof of Proposition 4.3.6, the set ®(C) is
bounded in LN+ Compactness of ®(C) for the LNP-norm follows by interpolation. O

Theorem 4.3.1 then follows by applying the Schauder fixed point theorem. Namely, the convex

hull of ®(C) c C is compact, convex and stable for the mapping ®. So ® admits a fixed point
¢ € C which is in turn a solution to the conformal constraint equations.
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Chapter 5

Existence and Nonuniqueness Results
for Solutions to the Einstein-Scalar
Field Conformal Constraint Equations

5.1 Introduction

The question of existence of solutions to (3) associated to a given scalar field was studied by
many authors. At least in some situations we are successful in extending known results of the
vacuum case to the scalar field case. For instance, under some certain assumptions existence is
obtained, provided 7 is constant, near-constant, or freely chosen as proven in the previous chapter.

Conversely, although nonuniqueness of solutions to (3) in the scalar field case was addressed
earlier for the Lichnerowicz equation, that is a special case of (3) when 7 is constant (see [

1 [ ). Until now there has been no result providing this property for the
(full) scalar field system (3); i.e., T is non-constant.

This chapter may be understood as an application of both methods introduced in Chapter 2 to
the Einstein-scalar field conformal constraint equations. In Section 5.2, we will give another proof
of Theorem 4.3.1 using the half-continuity method. In the spirit of Theorem 3.1.1 we will show in
the last section that uniqueness of solutions to the scalar-field system (3) fails under some condi-
tions. More precisely, we will prove the following result.

Theorem 5.1.1 (Nonuniqueness of solutions). Let (M, g) be a closed locally conformally flat
Riemannian manifold of dimension n, with 3 < n < 5. Assume that the seed data (V, 7T, ¥, x,0)
given on M are smooth and (M, g) has no conformal Killing vector field. Assume further that
By >0, and %A + Ry is coercive. If m % 0, then there exists a sequence {€;} converging to 0
s.t. the system (3) associated to (g, T, ¥, V, €0, ) has at least two solutions.
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5.2 [Existence of Solutions

In this section we reprove the existence result for solution to the system (3), shown in the
previous chapter, by using the half-continuity method introduced in Chapter 2.

Another proof of Theorem 4.3.1. Without loss of generality, we may assume by [
] and the arguments similar to Remark 1.2.4 that R, > 0.

Let k¥ = max{||o||;2, lI7ll;2} > 0 and a = a(n,g,¥,7,V) > 0 be a constant to be chosen later.
For each ¢ € LY, there exists a unique W, € W2P such that

1 -1
—EL*LW¢ = nTtdeT — ndy,

and, arguing as in the proof of Theorem 1.2.3 in the case Y, > 0, there is a unique 6 € Wi’p
satisfying

4n—1
(n 2)A0+R¢,9+Bg¢9’v‘l =B+ (|O’+LW|2 +n2)0_N_1,

H—
where
B g = max {BW,O} and B, = —min {.‘BW,O}.
Therefore, we may define
T(p) =0.

Similarly to the proof of Proposition 2.2.6, T is proven to be continuous and compact by using the
implicit function theorem.

Next, for any given Q € N* we define the map S as follows:

N(N+2)

S :{ min{T(e), 0} if [, "% dv < ax, 5

0 otherwise.

Setting
‘5={906C0 : 0<90<Q},

it is obvious that since T is compact, S (%) C ¢ is precompact.

Assume for the moment that S is half-continuous on ¢". By Corollary 2.3.5, S has a fixed point
po < Q. If oo = 0, then by the definition of §, it follows that 0 = §(0) = min{7(0), O} > 0,
which is a contradiction. Therefore, from the definition of S we must have that

4(n-1)

—A0g + Ry + B, 00" = 8f,(min{fy, ON"" +lo+ LWgPa," " (5.2a)
1 -1
-SL'LWo = 2=~ (min {0g, OV dr — ndy, (5.2b)
n
where
N(N+2)
¢o = min{6p, Q} and f 9o’ dv<ax. (5.3)
M
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5.2. EXISTENCE OF SOLUTIONS

Now, from the estimate in (5.3), and using an induction argument similar to the one given in the
proof of Proposition 4.3.6, we obtain that 6y < co(n, g, V,7,¢), provided « is small enough (de-
pending only on g, 7, ¥, V and a), and hence the theorem follows if we take Q > co.

Thus, from arguments above it suffices to show that S is half-continuous on %. In fact, since T is
N(N+2) N+2 N( N+2)
continuous on %, we obtain that so is S at ¢ s.t. fM 2 dv > akor fM dv < ak. For the

N(N+2)

remaining case; i.e., fM dv = ak, we will show that there exists m € M s.t. p(m) > T(¢)(m).
We argue by contradiction. Assume that it is not true; then 7'(¢) > ¢. In particular,

N(N+2) N(N+2)
aK:fga 2 dv fT(go) 5.4
M

We claim first that there exists ¢ = ¢(g, V, 7, ) > 0 such that

1

ILW,li 2 < cx¥.

Indeed,

(by Sobolev embedding theorem)

N
LN-T

n—1
ILW,ll;2 < c1(n, 8) "Tder — ndy

N-1

< catm e ([loVr] , + il ., )

< ¢ |lldTll e (f N P-ldv) + ||dyl|r (f aN-Tpr-Tdy (by Holder inequality)
M M
& :
< 2 |lldrl|er ( ) + |ldyl| e ( 2dv) (by Holder inequality and p > n)
M

N(N+2)

dv = ak)

<) (@ +4b) by [0
< 2C3K%,

(5.5)

-n

where the last inequality holds provided « < a

Now, multiplying the Lichnerowicz equation by T'(¢)V*! and integrating over M, we obtain

4n-1)

f T(@)NAT (@)dv + f Ry T ()N 2dv + f B, T(@)*Ndv = f B, " TN dv
M M M

+ f (|0‘ + LWI2 + 712) dv.
M
(5.6)
Since we assumed that Ry, > 0, it follows from the Sobolev inequality that

4(n—1)f T(‘p)N+1AT(¢)dV+f Ry T ()" 2dv > 4(N+1) ||V @7
n-2 Jy M

> e5(3.¥) ||T(¢)T*

N+2 2

(mln Rw “T(go)

(5.7)
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5.2. EXISTENCE OF SOLUTIONS

Combining this and (5.6), we obtain that

2
N AN +  N-1 N+1 2 2,2
s T(p) 7 dv| < ngo T()" "dv+ (|O’| + |[LW| +7r)dv
M M

M

< fM B0 T(0)" P dv + 3c§/<% (by (5.5) and ¢ < T(p))

N(N+2) % N(N+2) & 5 2 R . .
< (max BW) f o 2 dv f T(p) 2 dv] +3c3kV (by Holder inequality)
M M

2(N-2) NN+2)

2
. N
= (ak) v+ (max Bw) ( f T(p) N@2) dv) + 3C§K% (by fM ¢ 2 dv=ax).
M

(5.8)
It follows that

N(N+2) % 9,2
cs fT(cp) 7 dv] < 6c3kV,
M

_ N(N+2)
2 max BZ(; ) 2N-2)

-1

provided « < a . On the other hand by (5.4), we obtain from the previous

cs
inequality that

2 2

cs(ak)V < 6c§1<ﬁ

’

or equivalently,
N
z

{60%]
as<|—1 . 5.9

¢s

However, it is worth recalling that c3, ¢s only depend on (n, g, V, ¢, 7). Then (5.9) gives a contra-
diction if we choose a large enough such that the inverse inequality above holds.

Now we are are ready to prove the half-continuity of S. We have just proven that there exists
m € M s.t. 0 < T(p)(m) < ¢(m). Then, since T is continuous on &, there exists § = 6(¢) > 0 small
enough s.t.

0 < T(w)(m) < w(m), Yw € B(p,5) NE,
and hence from the fact that

N(N+2)

(S (@) — ) = { — min{T(@)(m), O} + w(m) if [, ™" dv < ax

w(m) otherwise,

we conclude that
=(S (w)(m) - w(m)) > 0
for all w € B(p,5) N ¢, which implies the half-continuity of S at ¢. Namely, this comes from the

definition of half-continuity applied with p(f) = —f(m) for all f € C° (note that p € (C°)*). The
proof is completed. m|
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5.3 Nonuniqueness of Solutions

In this section, we will prove Theorem 5.1.1, which shows nonuniqueness of solutions to (3)
in the scalar field case with freely specified mean curvature.

Proof of Theorem 5.1.1. It follows from Theorem 4.2.1 that for all € > 0 small enough the system
(3) associated to (g, 7, ¥, V, €0, emr) admits a solution (¢, W) satisfying e_ﬁgaE < ¢, for some
constant ¢ > 0 independent of €. Thus, to show our theorem, it suffices to show that there exists
a sequence {¢;} convenging to 0 s.t. the system (3) associated to (g, 7, ¥, V, €0, €) has a solution

(i, W;) satisfying € ™ [|g;||;~ — co.
In fact, since B,y > 0 and & # 0, we may let k be a fixed constant large enough s.t.

n" % n+2 3:";2 + % %
(—(n - 1)n_1) fM (k) > B4 dv > fM (Ry) © 8., dv.
It follows by Theorem 1.3.2 that the Lichnerowicz equation

4n-1)
n—2

Ap + Y = Bey" " + (ko + LW + (km)*) g~V D

has no solution for all W € C!, and hence the system (3) associated to (g, 7, , V, ko, kx) admits no
solution.

Next we construct an operator 7 as follows. For each (¢, ¢) € [0, 1] X L*™, there exists a unique
W, € WP such that
n-—1

1
_EL*LW"D = ONdt — kndy,

and arguing as in the proof of Theorem 1.2.3 in the case Y, > 0, there is then a unique 6 € Wi’p
satisfying

4n -1
(n > Jpo+ Ry = "1 By + (ko + LW, + (km)?) 7.

n —_—
Therefore, we may define
T(t,¢) = 0.

Similarly to the proof of Proposition 2.2.6, we obtain that 7 is a continuous compact.

Note that by the way of choosing k, the map 7(1,.) has no fixed point. It then follows from
the Leray-Schauder fixed point theorem that there is a sequence {(#;, ¢;)} satisfying

4n—1) . N
Mg+ Rypi = N Beyel ! + (ko + LWl + (kr)?) V! (5.10a)
1 ~1
—SLLW, = 2= NeNdr — kndy, (5.10b)
where
llgillLe — co. (5.11)
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5.3. NONUNIQUENESS OF SOLUTIONS

On the other hand, Premoselli showed in [ ] that if (¢, W,) is a solution to the Einstein
equation (3) associated to the seed data (V, To, ¥y, Te, 0o ), Which satisfies that

—_—
Ve = Vollez + e — Tolles + Ve — Yolle2 + lIma — mollco + lloe — oollco @ — 00 0,

for some (Vo, 70, Y0, 70, , 070) € C* x C* x C? x C% x CO with B, 4y v, > 0, Ry, > 0 and 7y % O,
then (after passing to a subsequence) (¢, W,) converges to some solution (¢g, Wy) of the Einstein
equations (3) associated to the seed data (Vy, 79, ¥, 9, 09). In particular, the sequence {p,} is
uniformly bounded. Therefore, we must have in our current situation that #; converges to 0.

Setting
6 = I?(N+2)/2 k.
and by a straightforward calculation similar to the last step in the proof of Theorem 4.2.1, we obtain

\2/(N+2) .
5) ®i %Wi)-

from (5.10) that the system (3) associated to (g, 7, ¢, V, €;0, ;1) admits a solution (( 7

Combined with (5.11), this completes the proof.
O
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Chapter 6

On the Positive Mass Theorem for
Asymptotically Hyperbolic Manifolds

6.1 Introduction

The mass of asymptotically hyperbolic manifolds introduced first by Wang [ ] and
Chrusciel-Herzlich [ ] plays an important role in the study of general
relativity. Indeed, as explained in [ ], the mass of an asymptotically hyperbolic

manifold is a vector that encompasses both the energy of the gravitational field and the location of
the center of mass at least for asymptotically anti-de Sitter spacetimes.

A conjecture in this context, the so-called positive mass theorem (PMT), states that the mass
vector is timelike future directed or zero for all complete asymptotically hyperbolic manifolds with
scalar curvature greater than or equal to that of the hyperbolic space, Scal > —n(n — 1). Further,
the mass vector is zero only if the manifold is isometric to the hyperbolic space. This conjecture is
known to hold in the spin case but, as for asymptotically Euclidean manifolds, the non-spin case
is still open. For deeper discussions of these results, we refer the reader to Wang [ 1,
Chrusciel-Herzlich [ ], Andersson—Cai—Galloway [

] where the PMT is proven in dimension less than 8 under a fairly restrictive assumption on
the geometry at infinity of the metric, and to Dahl-Gicquaud—Sakovich [ ].

Recently, E. Humbert and A. Hermann in [ ] have proven an inter-
esting result on the PMT for closed Riemannian manifolds. They showed that if the PMT is true
for all metrics on one closed simply connected non-spin manifold of dimension n > 5, then it
holds on all closed manifolds of the same dimension. This provides a significant reduction; i.e., to
show the PMT for closed manifolds of dimension n > 5, it suffices to study a single closed simply
connected non-spin manifold of the same dimension. It is then natural to ask if a similar result
exists for asymptotically hyperbolic manifolds.

In this chapter, we are interested in this question. We show that if there exists one manifold
M of dimension n > 5 such that all asymptotically hyperbolic metric with scalar curvature greater
than or equal to —n(n — 1) on M have timelike or null future oriented mass vector (this is what we
will call the weak PMT), then this property holds for all asymptotically hyperbolic manifold of the
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same dimension. The proof relies on surgery theory; see e.g. [ ] for an introduction.

It should be noted that, since all 3-manifolds are spin, the positive mass theorem holds for
all asymptotically hyperbolic 3-manifolds. Still, the case of non-spin 4-dimensional manifolds
remains open in full generality. It is expected that the arguments developed in [ ]
can be generalized to prove the positive mass theorem for all asymptotically hyperbolic manifolds
of dimension less than eight.

We show that a certain rigidity statement of the positive mass theorem also holds. Namely,
if the mass vector of some asymptotically hyperbolic metric is zero, then the metric is isometric
to the hyperbolic metric. The idea of the proof uses an argument taken from [ ]
to prove that metrics for which the mass vector is zero are static metrics. Then adapting a result
of [ ] which shows that the only complete static metric having the round sphere as
conformal infinity is the hyperbolic space, we deduce the rigidity of the positive mass theorem.
Note however that the argument is not robust enough yet to address the possibility of a lightlike
mass vector.

The outline of this chapter is as follows. In Section 6.2, we introduce the basic definitions that
will be used all along the chapter. Section 6.3 contains the first result of the chapter, namely that
the category of manifolds for which the weak PMT holds is stable by surgeries of codimension
greater than 2. Section 6.4 contains the proof of the rigidity statement of the positive mass theorem
assuming only the weak form of the PMT.

6.2 Preliminaries

We denote by (H", b) the n—dimensional hyperbolic space, with n > 3. We fix a point in
H" as an origin. Then, in geodesic normal coordinates at this point, the hyperbolic metric reads
b = dr?* + sinh? ro-, where o is the standard round metric on S"~! and r is the distance from the
origin. We also denote the open ball of radius R centered at the origin and its closure by Bg and
Bp, respectively.

Two other models of the hyperbolic space will be used:

o The hyperboloidal model: The hyperbolic space can be embedded isometrically into Minkowski
space R”™! as the hypersurface

H" = {0, 2 ) e R -0 + () + o+ () = -1,x0 > 0},

e The ball model: Another useful model of the hyperbolic space is the Poincaré ball model.
The hyperbolic space (H", ) can be viewed as the unit ball B{(0) of R” endowed with the
metric

where ¢ is the Euclidean metric and p =
sphere S 1(0).

is the standard defining function for the
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Given some a € (0, 1) and 7 € (5, n), a Riemannian manifold (M, g) is called C%’“-asymptotically
hyperbolic if there is a compact subset K C M and a diffeomorphism @ : M\ K — H" \ Bg, for
which @, g and b are uniformly equivalent on H" \ B and

f |Scal® + n(n — 1)| cosh(r) du” < oo,
H"\Br (6.1)

llel| -2 = Sup e llellcra g o.s240) <
C>*(H"\Bg,S2M) 2eH" B (B1(), )

where e := ®,g—b. The diffeomorphism @ is also called a chart, or a set of coordinates, at infinity.

Now we follow the work of Chrusciel and Herzlich, [ ] and [
], to define the mass of an asymptotically hyperbolic manifold (M, g). Let N =
{V € C®(H") | Hess”? V = Vb}. This vector space gets identified with restrictions to the hyper-

boloid H" of linear forms on R’!. In particular, it has a basis consisting of the functions
V(o) = cosh(r), V(1y = x' sinh(r), V() = x" sinh(r),

where the functions x', ..., X" are the coordinate functions on R” restricted to S”~!. The vector
space N is equipped with a Lorentzian inner product 5 characterized by the condition that the
above basis is orthonormal: 7 (V(g), V(o)) = 1, and (V(y), Vi5)) = —1 fori = 1,...,n. We give N
a time orientation by specifying the vector Vg to be future directed. The subset N* of functions
bounded from below by a positive constant then coincides with the interior of the future lightcone.

The linear functional Hp on N is defined by

Ho(V) = Hy(V) = lim | (V(div’e—dt”e)+ (v’ e)aV —e(VV..)) (v)du’ (6.2)
roe Jg,

is called the mass functional of (M, g) with respect to @. [ , Proposition
2.2] tells us that the limit involved in the definition of Hg exists and is finite when the decay con-
ditions (6.1) are satisfied for some 7 > n/2. Since Hg is a linear form on the dual of R™! it gets
identified with a unique element of R™!.

As for asymptotically Euclidean manifolds, we introduce the following concept.

Definition 6.2.1. Let M be an open manifold and ® be a diffeomorphism from the exterior of a
compact K ¢ M to H" \ ERO. We say that (M, @) satisfies the weak positive mass theorem if for
any metric g on M which is C%’”—asymptotically hyperbolic w.rt. the diffeomorphism ®, with
a € (0,1) and v > n/2, and such that Scalg = —n(n — 1) + O(e™"=1%9") for some small constant
&> 0, we have

Ho(V) > 0, (6.3)

for all non-zero V > 0. In addition if the equality in (6.3) is achieved only for g being isometric to
b, we say that (M, @) satisfies the strong PMT.
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6.3 The main results and proofs

In this section, we shall obtain a result analogous to [ , Theorem 8.5]
for asymptotically hyperbolic manifolds, which allows us to prove that it suffices to consider the
PMT on a single simply connected non-spin manifold rather than a general one. The key point
in the argument of Humbert-Hermann is that the property of satisfying the PMT is not affected
by doing a finite sequence of surgeries. To obtain this for closed manifolds, they characterize
the Green’s functions associated to certain second order elliptic operators. No such formulation is
known for the mass of an asymptotically hyperbolic manifold so we need to modify their argument.
This will be presented in the following propositions.

Proposition 6.3.1. Let (M", g) be a Cz’a-asymptotically hyperbolic manifold of dimension n for
some n = 3, with a € (0,1) and T € (n/2,n). Assume that g does not satisfy the weak PMT. Then
given any compact subset K of M, there exists a metric ¢ on M such that

Scal® > —n(n—1) on M, Scal® > -n(n—1) on K
and g does not satisfy the PMT.

Proof. Since g does not satisfy the weak PMT, there exists a function V € N'* such that Hg)(V) <
0. We first modify g so that it has nonpositive scalar curvature.

Denote by U the open subset U := {m e M : Scal®(m) > 0}. Applying [ ,
Theorem 1] to U and the function f = min{0, Scal®}, and for ¢ > 0 small enough, we obtan a
metric g on M s.t.

g=geonM\Ucsand —n(n—1) < Scal® < f on U,,
where U, is the e—neighborhood of U w.r.t. g. In particular, we have that

—n(n—1) < Scal® < 0. (6.4)

Since Scal® — —n(n — 1) at infinity, U must be bounded, so g, coincide with g outside a com-
pact set. In particular, we conclude that Hfl’f(V) < 0. As a consequence, we may assume further
that —n(n — 1) < Scal® < 0 without loss of generality.

Now let y > 0 be a smooth nonnegative function s.t. y has compact supportin M and y = 1
on K. Next we define F : R x C>® — C% by
4n—-1)
n—2
where N = 2n/(n — 2). Obviously, we have that F(0,0) = 0 and standard computation shows that
the Fréchet derivative of F w.r.t. u at (0, 0) is given by

4n - 21) Av — (N = 2)Scal®v. (6.6)

F(A,u) = A(u + 1) + Scal®(u + 1) — (Ay + Scal®) (u + DV, (6.5)

DF(0)(v) =

By [ , Theorem C], DFy(0) : c%" — C?’" is Fredholm with zero index provided 7 €
(3. n) (in fact, it is true for all 7 € (=1,n)). Moreover, since Scal® < 0 and Scal® # 0, DF(0)(.)
has a trivial kernel. Namely, DFy(0)(.) is an isomorphism by the maximum principle.
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The implicit function theorem then implies that there exists a sequence {1, ux} converging to
(0,0) (with A > 0 and uy # 0) satisfying

4(n - 1)

AQug + 1) + Scal®(ug + 1) = (Agy + Scal®) (ug + DV L.

)N—2

Therefore, taking g; = (uy + 1 g, it follows that

Scal®* := Axy + Scal®

satisfies the first two conditions of our assertion. On the other hand, using the formulas from

[ , page 114] we have that with R large enough

|HE: (V) - HS (V)| = f (v[ divP(ex — ) — d tP(ex - )| + tr’(ex — e)dV = (ex — &) (V*V..) )(VR)d,ub
s

R

+ f (V (Scal®* — Scal®) + Q(ex, V) — Q(e, V))d,ub
H™\Bg

(see also [ , Proposition B.1]). Since Scal = Scal® outside the (compact) support
of y and i tends to 0 in C%’“ as k — oo, and since Q(e, v) is quadratic in ¢ and Ve, we may take
k large enough s.t. all these terms are as small as we want. This means that Hf’I’)k (V) < 0. Hence
‘¢ = g is our desired metric. O

Proposition 6.3.2. Let (N", gg) be an asymptotically hyperbolic manifold of dimension n for some
n > 3, and let M" be obtained from N by a surgery of codimension q > 3. Assume that gy does
not satisfy the weak PMT. Then there exists an asymptotically hyperbolic metric g on M such that
Scal® > —n(n — 1) on M and g does not satisfy the weak PMT.

Proof. Suppose that 7 is a given embedded sphere in N of codimension ¢ = n — p > 3, with
trivial normal bundle and on which we are going to do a surgery. Our situation is similar to the
well-known surgery theorem proven by Gromov-Lawson [ , Theorem A]
and Rosenberg-Stolz [ , Theorem 3.1], which ensures that the positivity
of scalar curvature on a given closed Riemannian manifold can be preserved after doing a surgery.
Thus, our next arguments follow the proof of [ , Theorem 3.1], which is
sketched out as follows.

Let K be an arbitrary compact set containing S? in its interior. By Proposition 6.3.1, we may
construct a metric g; on N s.t.

Scal®' > —-n(n—1) on N, Scal® >-n(n-1) onkK (6.7)

and g; violates the weak PMT. The proposition will follow if we can construct a metric g on M
which coincides with g; outside of K and keeps the second property in (6.7) after doing the surgery.

Set g = n — p. By the exponential map we can specify a tubular neighborhood S? x D?(5) of
SP? for some 5§ > 0 such that the radial coordinate s on D4(5) measures distances from S? x {0}
w.r.t. the metric g;. All of our work will then take place in this neighborhood. Upon reducing 5,
we may further assume that S” x D4(5) c K without loss of generality.
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We next consider a hypersurface T of the Riemannian product N X R, defined by
T={x,0eSPxDIE)xR: (t,5=|x]) €y},
where 7y is a smooth curve in ¢ — s plane, satisfying the following properties:

1. 7y lies in the region 0 < s < 5 of  — s plane,
2. vy begins at one end with a vertical line segment f = 0, s; < s < 5,
3. y ends with a horizontal line segment s = 5o, With s, “small”,

4. In the region se < s < s1, vy is the graph of a function s = f(¢) which is decreasing and
(weakly) concave upward.

5. 7 is chosen so that the scalar curvature of T is strictly greater than —n(n — 1).

One may wonder whether T is well-defined. To ensure this, we need to show that such a
smooth curve 7y exists. In fact, there is no problem with the first four conditions. The last one will
be obtained by arguments similar to [ , Theorem 3.1]. We first note that
since T is a hypersurface of N X R, it follows from the Gauss equation that

- 2 2
0 0
Scaly = Scal®! + O(1)sin® 0 + (g - 1)(g - 2) 5~ — (q - D
h)

P O(s)(g — Dksind, (6.8)

where Scalr is the scalar curvature of 7, « is the curvature of  (as a curve in the Euclidean plane),
and 6 is the angle between y and a vertical line. See [ , Appendix] for complete detail.

Since Scal®! > —n(n — 1) on S? x D9(r) C K, we can choose a constant k9 > O such that
Scal®' +n(n—1) > (g— ko on S? x D4(5). We then get from (6.8) that to satisfy the last condition,
it is sufficient to find y satisfying

ing
(1+e15)k < (-2 + k= — ca55in 6, (6.9)
) sin
where the constants ¢, ¢, come from the O(1) term and the O(s) term in (6.8).

The situation arising here coincides with the one in the proof of [ , The-
orem 3.1] so the interested reader can consult there the details of the proof.

We now show how the ¢ — s plane works in the construction of the metric g. By the second
condition on I'" the metric on T is isometric to a portion of N in a collar of one component of 97 .
We can then glue T onto N \ (S? x D4(%)) to obtain a Riemannian manifold (N’, g’) with a single
boundary component S” x S 77! (s4,) such that

e Scal® > —n(n—1)on N,

e ¢’ is the product metric in a collar neighborhood of the boundary.
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Note that since ¢ — 1 > 2 and s > 0 is very small, [ , Lemma 2] shows
that there exists an isotopy dsl2 (i.e., a 1-parameter family of metrics with scalar curvature being
strictly greater than —n(n — 1)), 0 < [ < 1, between the current metric on S¥ X § 4-1(s5.,) and the
product of two standard spheres S” x S !(s). Then, if we consider the metric dslz/u +dI?> on

W =8P x859 1 (55) % [0, a], we will see that the associated scalar curvature Scaly on this cylinder
is greater than —n(n—1), provided a is large enough. In fact, a calculation (see [
, Lemma 3]) shows that for a given (x, ) € (SP X S‘f‘l(sm)) % [0, al,

Scalw(x, ) = kj74(x) + O(1/a),

where «j,, 1s the scalar curvature of S¥ X § 9=1(54,) for the metric ds%/a.

We now glue this cylinder onto N’ to get a Riemannian manifold (N”’, g”’), whose boundary
SP x §971(s4) is the Riemannian product of two standard spheres, such that:

e Scalt” > —n(n-1)on N”,
e ¢’ is the product metric in a collar neighborhood of the boundary.

Finally, we continue to glue onto N”” a Riemannian product DP*! x §971(s,), where the disk D”*!
has a metric which is a Riemannian product S? X [0, b] in a neighborhood of the boundary. The
endproduct of the construction is our desired metric. O

We are now ready to state and prove our main theorem.

Theorem 6.3.3. If the weak PMT is true on a simply connected non-spin asymptotically hyperbolic
manifold (M, ®) of dimension n > 5, then so it is on all asymptotically hyperbolic manifolds of the
same dimension.

Proof. We first need to construct a compact manifold M from any (M, @) as follows. We recall
that for € > 0 small, ® : M\ K — H"\ Bg = B{(0) \ B1_¢(0) is a diffeomorphism. Then we may
let ~ be the equivalence relationin M [[ B S (0) given by

4

pPEM ~ qEB% if(I)(p):| 2
s q

Now the compact manifold M is defined by

:(MUBﬁ(O))/~.

This construction corresponds to closing the end of M. Next, our assertion will follow the proof
of [ , Theorem 8.5]. Assume that M satisfies the weak PMT. We will
prove that M i:t(—]VI) satisfies the weak PMT by contradiction. In fact, assume that it is not true,
then M [] (—M) #M does not satisfy the weak PMT. Since MH(~M)EM can be obtained from

M ]_[( A) ﬁM by connected sum (i.e., a surgery of dimension 0), it follows from Proposition

6.3.2 that MﬁMﬁ( M) does not satisfy the weak PMT. On the other hand, since MﬂMﬁ( M) is
cobordant to M and both are non-spin, M can be obtained from MEME(-M) by finitely many
surgeries of dimension k = {0, ...,n — 3}.
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Therefore, we also conclude from Proposition 6.3.2 that M does not satisfy the weak PMT,
which is a contradiction.

Now let (N, W) be any given asymptotically hyperbolic manifold of the same dimension. We
will show that N satisfies the weak PMT. We argue again by contradiction. Assume that our
claim is not true. Then N ]_[(—]V) does not satisfy the weak PMT. Moreover, since Nﬁ(—ﬁ) can
be obtained from N ]_[(—]V ) by a surgery of dimension 0, it follows from Proposition 6.3.2 that
NH#(=N) does not satisfy the weak PMT. However, since N§(—N) is cobordant to M#(—M) (they
are both cobordant to a disk) and both are non-spin, we have that M ﬁ(—M) can be obtained from
Nﬁ(—ﬁ) by finitely many surgeries of dimension k£ = {0, ...,n — 3}, and then by Proposition 6.3.2
we again conclude that Mﬁ(—M) does not satisfy the weak PMT, which is a contradiction. The
proof of Theorem 6.3.3 is completed. O

6.4 On the rigidity case of the positive mass theorem

The aim of this section is to prove the following result:

Theorem 6.4.1. Assuming that the positive mass theorem for asymptotically Euclidean manifolds
is true, let M be an open manifold and ® be a diffeomorphism from the exterior of a compact
K c MtoH"\ ERO. Let g be a Riemannian metric on M such that e .= ®,g —b € Cﬁ’“. If (M, ©)
satisfies the weak PMT and g has vanishing mass; i.e., if Hg)(V) = 0 for some V € N*, then g is
isometric to the hyperbolic metric.

Before proving Theorem 6.4.1, we need to establish some preliminary results. In order to keep
notations simple, we will not indicate pullbacks and push forwards with respect to the diffeomor-
phism ®. Note also that, by changing the coordinate system at infinity, we can assume, without
loss of generality, that V = cosh(r).

Lemma 6.4.2. Assume that (M, g) is a Cf’a—asymptotically hyperbolic manifold. Then for any
¢ € C% ¢ = @(r), we have

A% - Ag| < O(e™™) max {|Vp

p ¥ ¢} (6.10)

where a prime denotes a derivative with respect to r.

Proof. We have that
APy — A4,0| < ’g_lﬂb |Hessg ¢ — Hess? g0|b

(6.11)
+ |g‘1 - b_lﬂb |Hessb cp'b.
By straightforward computation, we get that
Hess‘fj w- Hessf’j Y= (Fffj(b) - Ff.‘j(g)) Orp
and since e € C%’“, we obtain that
Hess® ¢ — Hess” ¢|, < [[(b) - T(g)l, |[V7¢|, < O(e™) |[V’¢), . (6.12)
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For estimating the second term in the right hand side of (6.11), we let (i, v) indicate directions
tangential to the spheres of radius r, so the associated second fundamental form is then written as

S 4y = cothrby,.

Since
Hessl(p—1)=¢”,  Hessh,(¢—1)=0 and Hess)(¢—1)=5,,¢,

we have that
g7 = b7, [Hess"(p = D], = |7 = 57", (") +1ISP’ (w’)z)% 613
< 0(e™) ((go”)2 + (go')2)% (since e € C*%) '
Finally, combining (6.11)-(6.13) we obtain (6.10). |

Lemma 6.4.3. Assume that (M, g) be a C%’a—asymptotically hyperbolic. Assume further that
Scal® > —n(n — 1). Then there exists ro > 0 s.t. for all € € (0, 1),

e =1—€e — e Dr
is a supersolution to the Yamabe equation
4n-1
(”_ : ) Ap+ Scalfe = —n(n — 1) (6.14)

on M\ By,

Proof. We need to prove that there exists ry > 0 s.t.

4n-1)
(n=2)

Age + Scalfp. + n(n— ¥ >0 on M\ By, (6.15)

for all € € (0, 1). Note that Inequality (6.15) may be rewritten as
4n—1)
(n-12)

Since Scal® > —n(n — 1) and since ¢! — 1 > (N — 1)(¢e — 1), the previous inequality will be
satisfied provided that

Age + (Scal® + n(n — 1)) + Scal® (e — 1) + n(n — 1) ((,01!_1 - 1) > 0.

Alpe —1)+n(pe—1) > 0. (6.16)
Now we have by straightforward computation that
AP(pc — 1) +n(pe — 1) = en(n — 1) (1 — coth r) e
+€(n+2—(n? = 1)(cothr — 1)) ™" (6.17)

> Ee—(n+l)r’

where the last inequality holds since coth 7 = 1 + O(e?") and r is large enough independently of
€.
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On the other hand, by Lemma 6.4.2, we get that

APge - Ape| < O(e™™ ) max {|VPp.
< €0 (e_("”)’ ) .

AL (6.18)

Finally, since 7 > g > 1, we conclude from (6.17)-(6.18) that there exists ry > 0 large enough s.t.
(6.16) is satisfied on M \ B, for all € € (0, 1). m]

Lemma 6.4.4. Assume that (M, g) be a Cz’“—asymptotically hyperbolic. There exists a unique
solution V8 to the equation

A8V8 = nVé (6.19)
such that V8 — V| = O(e~T=Vr) at infinity.

Proof. We have from Lemma 6.4.2 that
ASV = APV + O(e™™)e" = nV + f(r) + 0177,

This equation may be rewritten as

A8V +nV =0, (6.20)
with 6 € C(T)’_“l. Here we assume that V has been extended in some irrelevant way to the whole
of M. On the other hand, since T — 1 € (-1, n), we have from [ , Theorem C] that there
exists a unique u € Cf_"l s.t.

ASu + nu = 0. (6.21)
Now, we set V8 = V — u. It is not difficult to see from (6.20) and (6.21) that V& is our desired
function. The proof is complete. O

We are now ready to prove the main result of this section.

Proof of Theorem 6.4.1. Assume that there exists non-zero function V € N* st. Hg(V) = 0.
Composing the diffeomorphism @ with a Lorentz transformation, we may assume without loss of
generality that V = A cosh(r(x)) for some constant A > 0. Hg being linear in V we can also assume
that V = cosh(r). We divide the proof into three step.

Step 1. Scal® = —n(n — 1):

By [ ], there exists a unique solution ¢ > 0 to the Yamabe equation
4n—-1
(n : ) Ag+ Scalfe = —n(n — 1) (6.22)

satisfying that ¢ — 1 € C%"’. This means that § = ¢"~2g has constant scalar curvature Scal® =
—n(n —1). To show Step 1, it suffices to show that ¢ = 1. We argue by contradiction. Assume that
Scal® > —n(n — 1) and Scal® £ —n(n — 1). First we will prove that there exists e > 0 satisfying

@< o = 1 — e — ™" (6.23)

near infinity. In fact, since 1 is a supersolution to (6.22), we obtain ¢ < 1 on M, and then by
the strong maximum principle ¢ < 1. Now by Lemma 6.4.3, there exists R > 0 large enough
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S.t. e =1 — ge" — ee"Dris a supersolution to (6.22) on M \ Bg for all € > 0 small enough.
Therefore, taking €y € (0, 1) s.t.

max ¢ < 1 — ge™™® — ge DR,
B

we obtain by the maximum principle that ¢ < ¢, as claimed.

Now, by definition we have that

HY(V)=lim | (V(div'e-du”e)+ (v’ 2)av —&(V'V,.)) (vdy’,

roeo Jo
where
6=0,8-b=0,(¢" %) -b
=" b +e) -
= e+(cpN_2— 1)b+(<pN_2— l)e.

Since e € C2 Y(M,S?M) and Scal® = —n(n — 1) + O(e~"1%97) for some & > 0, we get that
¢—1¢€ C>(M,S?M). Then the term (gpN 2 - 1) ee C2 * gives no contribution in the limit H5 (V).
This means that

HS (V) = lim {V |div? (e + ("2 = 1)b) - dte® (e + ("2 - 1) b))

+ (0 (e+ ("2 = 1)b))dV = (e + ("2 = 1) b) V'V .)}(v,)d,ub

= lim (V (divb e—dtr’ e) + (trb e) dv —e (VbV, )) (vr)dub (6.24)
r—oo Jg :
+ (= 1) lim f [(¢" 2 = 1)avir) - VP (V2 = 1) (vp)| du

N 2 _
= H V)~ —1) [ V2V (—1) vy
T S, \%

Since V = cosh r, we have by straightforward computation that

QDN_2 1 2r 9DN—2 -1
lim VZVb(T)(vr)d,ub = lim {r—‘ f [ f Vsz(T)(vr)d,ub]dt}
roe Jg r—oo r '
= lim {r_1 [f V((,DN_2 - l)dub - f V((,DN_2 - 1)d,ub]}
r—eo Sor Sy

_ 2 (i n—1
i ] f N 21V, (V (sinhr) )d,ub
By \B V

rooo (sinh r)""!

_ 2 (i n—1
i f PN 21V, (V (sinh r) )d,ub
roe gV (sinh ry"! ’
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since both integrals
f V(" - 1)du’ and f V("2 = 1) du”
Sar S,

converge to the same limit when r — co. We know that ¢ < 1 — e’ for some g > 0 so we have

f N2 1V, (V (sinh 7))
BZr\Br

dub < 0.
v (sinh r)"! H

HS (V) = lim 7!

r—oo

This contradicts the weak PMT, so we conclude that Scal® = —n(n — 1).
Step 2. g is an complete static metric:

In this step we will follow the arguments of Dahl-Gicquaud-Sakovich in [ 1.
Let y be an arbitrary smooth compactly supported function. We define the metric

Hess® V&
e ng) (6.25)

gu'=g+uy (Ricg -

This is where the regularity assumption e € Cf’“ appears since the metrics g, satisfy e, .= g, —b €
Cf’“. Taking uy > 0 small enough, [ , Lemma 3.8] shows that for any u € [—ug, up],
there exists a unique positive functions ¢, on M s.t. the metric

4

Ay = 903_2 8u
has constant scalar curvature —n(n — 1). We also have by [ , Lemma 3.9 and 3.10]
that the associated map u — H(u) = H&l)“(V) is a C? function and the derivative of H at u = 0 is
given by
. ., Hess® V¢ 2
H(0) = f VEéy |Rick — A ng| dus. (6.26)
M Vs

On the other hand, we know from the weak PMT for M that H(s) > O for all s. Combining this
and the fact that H(0) = 0, we conclude that H(0) = 0. Then, we obtain by (6.26) that

Hess® V8

=0,

X ’Ricg + ng

and, since y is arbitrarily chosen, we get that

Hess® V8

Ric# +ng =0.

This means that g is a complete static metric as claimed.

Step 3. g is isometric to b:

The idea of this last step is to use a result from [ ]. Namely, (assuming that the
positive mass theorem is true for asymptotically Euclidean manifolds) the hyperbolic space is the
only complete static metric which is conformally compact with the round sphere as conformal
infinity. The regularity required in his theorem does not appear clearly but since calculations are

98



6.4. ON THE RIGIDITY CASE OF THE POSITIVE MASS THEOREM

similar to the ones in [ 1, one might require that the metric g is C***-conformally compact
for the arguments in [ ] to work. However, we only know that g — b € Ci’“ but that
suffices for the proof of [ ] to work.

It should be noted that a similar result was proven for spin manifolds in [ ]. The

proof given there is based on the positive mass theorem for asymptotically hyperbolic manifolds
so it is not suited for our purpose.

We set g := (V& + 1)"2g. The scalar curvature of g is given by
Scalf = n(n — 1) ((V¥)? = [dVE - 1).

Some calculations show that the function v := (V&)? — [dV3 |§ — 1 satisfies the following Bochner-
type formula (see [ ] for the derivation):

av
Av = 2 |Hess(V®) - Vgg|2 - <7,dv> . (6.27)
8

We are going to check that v — 0 at infinity. It then follows from the strong maximum principle
that v > 0 so the metric g has non-negative scalar curvature. Note that in the case g = b, we have
V& = coshr so v = 0. From the proof of Lemma 6.4.4, we have V8§ -V = u € Ci_‘ll Hence,

(V&)? = V2 =2Vu+u’ e Czj"z Similarly, we have
dVE[; — |dVI; € C1°.
Adding things up, we obtain that
- 2 2 1,
v= (V& - dVé, - 1€ C5,.

Since we are assuming that n > 5 and 7 > n/2, we have 7 > 2, so v tends to zero at infinity.

We next note that p == (V + 1)7! = % is the standard defining function for the sphere

of radius 1 in R” and the metric (V + 1)72b is the Euclidean metric. In particular, using the
diffeomorphism @, we can glue to M a sphere to get a smooth compact manifold with boundary
M.

From now on we assume that « is such that 2 +a < 7. We check that g extends to a C>® metric
on M and that [g — ¢|; = O(pz). Note that

Ve +1 u

— C2,a.
V+l Vil oT

It follows from [ , Lemma 3.7] that ¥ € C2(M) and that ¥:L = 1 + O(p").
2.«

The tensor e = g — b is twice covariant so it has rank 2 and we have p’e € Cs
again [ , Lemma 3.7] we have that pze € C>*(M) and Ipzel(s =lelp = O(p").

The metric g can be written as follows

Using once

— _ Ve + 1\
g=(VE+1) g = (ﬁ) (6 + pe).
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The previous arguments then show that g is a C>®-metric on M and [g — 6|, = O(p?). In particular
g induces the round metric on the sphere S”~! = M \ M and the second fundamental forms of !
computed with respect to g and ¢ coincide.

The lzit part of the argument is to g}ue R™ \ B;(0) (the outside of the unit ball in R") to the
manifold M so we get a new manifold M endowed with a metric ¢ that coincide with g on M and
with § on R" \ B;(0). The metric g is smooth on M \ §1(0) and is globally Cc2.

From the rigidity part of the positive mass theorem for asymptotically Euclidean manifolds, the
manifold (]\7 , &) is isometric to the Euclidean space, meaning that the metric g is flat. The metric g
is then conformally equivalent to the hyperbolic metric g = ¢V 2b with e = (¢V~2 = 1)b € C>? so
p—1¢€ C%’“. Since both g and b have scalar curvature —n(n — 1), we conclude by the uniqueness
of the solution to the Yamabe equation

4n—-1)

-2

Ab¢ —nn—1)p = —n(n — l)(;SN_1

(seee.g. [ D that¢ =1 and g = b. O
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