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Théorémes limites de la théorie des probabilités dans les systémes dynamiques
— Limit theorems of probability theory in dynamical systems

Résumé

Cette thése se consacre aux théorémes limites pour les suites et les champs aléatoires strictement
stationnaires, principalement sur le théoréeme limite central et sa version fonctionnelle, appelée
principe d’invariance.

Dans un premier temps, nous montrons a ’aide d’un contre-exemple que pour les processus
strictement stationnaires S-mélangeants, le théoreme limite central peut avoir lieu sans que ce
ne soit le cas pour la version fonctionnelle. Nous montrons également que le théoreme limite
central n’a pas nécessairement lieu pour les sommes partielles d’une suite strictement stationnaire
[-mélangeante a valeurs dans un espace de Hilbert de dimension infinie, méme en supposant
I'uniforme intégrabilité de la suite des sommes partielles normalisées.

Puis nous étudions le principe d’invariance dans ’espace des fonctions holderiennes. Nous
traitons le cas des suites strictement stationnaires 7-dépendantes (au sens de Dedecker, Prieur,
2005) ou p-mélangeantes. Nous donnons également une condition suffisante sur la loi d’une suite
strictement stationnaire d’accroissements d’une martingale et la variance quadratique garantis-
sant le principe d’invariance dans ’espace des fonctions holderiennes, et nous démontrons son
optimalité a 'aide d’un contre-exemple. Ensuite, nous déduisons grace a une approximation par
martingales des conditions dans 1’esprit de celles de Hannan (1979), et Maxwell et Woodroofe
(2000).

Nous discutons ensuite de la décomposition martingale/cobord. Dans le cas des suites,
nous fournissons des conditions d’intégrabilité sur la fonction de transfert et le cobord pour
que ce dernier ne perturbe pas le principe d’invariance, la loi des logarithmes itérés ou bien la
loi forte des grands nombres si ceux-ci ont lieu pour la martingale issue de la décomposition.
Dans le cas des champs, nous formulons une condition suffisante pour une décomposition ortho-
martingale/cobord.

Enfin, nous établissons des inégalités sur les queues des maxima des sommes partielles d’un
champ aléatoire de type ortho-martingale ou bien d’un champ qui s’exprime comme une fonc-
tionnelle d’un champ i.i.d. Ces inégalités permettent d’obtenir un principe d’invariance dans les
espaces holderiens pour ces champs aléatoires.

Mots-clés :

Processus stationnaires; Théoréeme limite central; Principe d’invariance faible; Approximation
par martingales; Critéeres projectifs; Systemes dynamiques; Suites mélangeantes; Espaces de
Holder; Champs aléatoires; Ortho-martingales; Champs bernoulliens ; Inégalités de queues.
Classification AMS :

28D05; 37A05; 60B12; 60F05; 60F15; 60F17; 60G10; 60G42; 60G48; 60G60.
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Abstract

This thesis is devoted to limit theorems for strictly stationary sequences and random fields. We
concentrate essentially on the central limit theorem and its invariance principle.

First, we show with the help of a counter-example that for a strictly stationary absolutely
regular sequence, the central limit theorem may hold but not the invariance principle. We also
show that the central limit theorem does not take place for partial sums of a Hilbert space valued,
strictly stationary and absolutely regular sequence, even if we assume that the normalized partial
sums form a uniformly integrable family.

Second, we investigate the Holderian invariance principle. We treat the case of 7-dependent
(Dedecker, Prieur, 2005) and p-mixing strictly stationary sequences. We provide a sufficient
condition on the law of a strictly stationary martingale difference sequence and the quadratic
variance which guarantee the invariance principle in a Holder space. We construct a counter-
example which shows its sharpness. We derive conditions in the spirit of Hannan (1979), and
Maxwell and Woodroofe (2000) by a martingale approximation.

We then discuss the martingale/coboundary decomposition. In dimension one, we provide
sharp integrability conditions on the transfer function and the coboundary for which the later
does not spoil the invariance principle, the law of the iterated logarithm or the strong law of
large numbers if these theorems take place for the martingale involved in the decomposition. We
also provide a sufficient condition for an orthomartingale/coboundary decomposition for strictly
stationary random fields.

Lastly, we establish tails inequalities for orthomartingale and Bernoulli random fields. We
prove an invariance principle in Holder spaces for these random fields using such inequalities.

Keywords:

Stationary processes; Central limit theorem; Weak invariance principle; Martingale approx-
imation; Projective criteria; Dynamical systems; Mixing sequences; Holder spaces; Random
fileds; Orthomartingales; Bernoulli random fields ; Tail inequalities.

AMS classification:
28D05; 37A05; 60B12; 60F05; 60F15; 60F'17; 60G10; 60G42; 60G48; 60G60.
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Introduction

Avant-propos

La compréhension du comportement asymptotique des sommes partielles d’'un processus aléa-
toire est un enjeu important en théorie des probabilités. Les résultats décrivant ce comportement
sont appelés “théoremes limite”car on s’intéresse a une limite, que ce soit en loi ou presque sire.

Théorémes limites

Dans toute cette these, les suites impliquées seront strictement stationnaires, ce qui signifie
que la loi de la suite est invariante par translation du temps. Soit (€2, F, ) un espace proba-
bilisé. Etant donnée une suite strictement stationnaire ( fo TJ)]_>O ouT: Q — Q préserve la

mesure, on s’intéresse au comportement de la suite (S,(f)),>; = (Z?:Ol fo Tj> lorsque n
~ - n>1

=

est grand. Méme lorsque (f o T7);>0 est indépendante et identiquement distribuée (i.i.d.), la
suite ((Sy(f)),>, ne converge pas (sauf si f est dégénérée). Il faut donc normaliser la suite des
sommes partielles pour espérer une convergence. Si la fonction f est intégrable, alors on sait
que pour presque tout w € Q, la convergence S, (f)(w)/n — E[f] a lieu. En supposant toujours
la suite (f oT7) ;>0 i.i.d., la normalisation de la n-éme somme partielle par \/n donne lieu & une
convergence vers une loi non dégénérée si f est centrée et de variance non nulle : la loi normale.
C’est ce que l'on appelle théoréme limite central. On peut chercher également une version plus
fine de ce résultat, appelée théoréme limite central fonctionnel ou encore principe d’invariance.
Ceci consiste a étudier la convergence en loi du processus donné par (1.3.4) dans l'espace des
fonctions sur [0, 1] vers un mouvement brownien. Les fonctions aléatoires considérées SP!(f, )
tiennent compte, a w fixé, de toutes les sommes partielles S;(f)(w) pour les i < n. Ceci contraste
avec le théoreme limite central ot ’on ne tient compte que de la n-eme somme partielle, sans se
soucier de I'historique, c’est-a-dire des valeurs prises par les sommes partielles précédentes. Le
principe d’invariance reste valide pour les suites i.i.d. centrée & variance finie (Donsker, [Don51]).
L’hypothése d’indépendance de la suite (f o TV )j>0 fournit un cadre idéal pour les théoréemes
limites. Cependant, cette hypothese n’est pas nécessairement vérifiée. 11 est donc nécessaire de
sortir du cadre i.i.d. Nous traiterons le cas stationnaire non nécessairement indépendant.

Approximations par martingales

Les martingales de carré intégrable a accroissements strictement stationnaires (voir Défini-
tion 1.1.9) jouent un réle clé pour l'obtention de théorémes limites. En effet, celles-ci jouissent
de bonnes inégalités sur les maxima des sommes partielles (voir la Proposition 1.1.1 ou encore le
Théoréme 11.1.1). Celles-ci sont trés pratiques pour vérifier les critéres de tension du processus
défini par (1.3.4) dans différents espaces fonctionnels. Le Théoréme 1.2.2 donne le théoréme
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limite central pour de telles suites, et le méme argument fournit la convergence des lois fini-
dimensionnelles. De nombreux résultats concernant les théorémes limites pour les martingales
figurent dans [HHS&0].

Si on dispose d’une suite strictement stationnaire (f o 77 )jGZ’ on peut donc chercher & savoir
si les sommes partielles sont proches dans un certain sens d’une martingale a accroissements
strictement stationnaires. Gordin [Gor69] fut le premier & exploiter cette idée. Il existe des
conditions suffisantes mettant en jeu l’espérance conditionnelle de f o T* par rapport & ce qui
est mesurable avant le temps initial (voir la Sous-section 1.2.2 pour les conditions exactes).

Contexte

Ce travail de recherche se décline en deux volets indépendants : le premier est dédié aux
théoremes limites pour les suites strictement stationnaires, le second pour les champs aléa-
toires strictement stationnaires. On étudie une action de Z? qui préserve la mesure sur un
espace probabilisé, avec d = 1 pour les suites. Souvent, les suites ou champs considérés seront
ergodiques.

Théoremes limites pour les suites de variables aléatoires

Comme nous 'avons vu dans la section précédente, le premier théoreme limite central fonctionnel
est dii & Donsker [Don51]. Il concerne les suites indépendantes et identiquement distribuées. De
puis, 'extension de ce résultat aux suites strictement stationnaires non nécessairement indépen-
dantes est devenue un enjeu important. En général, lorsque 'on suppose que ||.S,(f)||, — oo,
on fera des hypothéses sur la dépendance et/ou sur les moments.

Dans [Ros56], Rosenblatt propose une maniére de quantifier la dépendance d’une suite
de variables aléatoires a l'aide des coefficients dits d’a-mélange. Il existe d’autres types de
coeflicients de mélange que nous exposons dans le Chapitre 2. Comme pour le a-mélange
(cf. [DMR94]), il existe des résultats optimaux pour les suites p-mélangeantes [Pel87] ou
p*-mélangeantes [Bra92]. De méme, les conditions de type Hannan, Maxwell-Woodroofe et
Dedecker-Rio sont optimales parmi les conditions mettant en jeu les mémes quantités. De nom-
breux travaux ont donné des inégalités sur les queues ou les moments des sommes partielles pour
les suites mélangeantes : [Rio00] pour le a-mélange, [Vie97] pour le S-mélange, [Sha95] pour le
p-mélange, [PG99] pour le p*-mélange et [DP04] pour la 7-dépendance. Le cas des conditions
projectives a été bien étudié également : [Wu07] pour la condition de Hannan, [PUWO07] pour
la condition de Maxwell-Woodroofe (1.2.10), [MP13] pour un autre critére projectif mettant en
jeu lespérance conditionnelle de S,,(f)? sachant le passé et [Rio00] sous une condition mettant
en jeu les quantités dans (1.2.9). D’autres structures de dépendance ont été considérées dans la
littérature, comme les suites associées [L.S02]

Cependant, d’autres théorémes limites ont bénéficié d’une attention moindre, comme le
principe d’invariance dans les espaces holderiens. Des résultats optimaux ont été trouvés [RS04b)
pour les suites i.i.d. ainsi que pour les champs i.i.d. [RSZ07]. Cependant, peu de résultats con-
cernant les suites ou champs strictement stationnaires dépendants sont connus. Le résultat
d’Hamadouche [Ham00] concernant les suites a-mélangeantes ne redonne pas le résultat optimal
lorsqu’on applique aux suites i.i.d. (ce-dernier est postérieur aux travaux d’Hamadouche).

Les applications concernent la détection de point de rupture, comme expliqué dans [RS07a,
RS07b, RS06]. L’idée est de tester si un des parameétres d’un échantillon supposé indépendant a
changé au cours du temps. L’utilisation de statistiques liées a la norme hélderienne du processus
sommes partielles permet de détecter un changement de parametre.
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Théoremes limites pour les champs aléatoires

Les théoremes limites pour les champs aléatoires ont été activement étudiés. Pour ces processus,
I’ensemble d’indexation est I’ensemble des d-uplets d’entiers naturels ou relatifs. Celui-ci peut
étre muni d’une relation d’ordre total, mais en dimension plus grande que deux, celui-ci n’est
pas aussi utile dans 1’étude des sommes de champs aléatoires. En particulier, contrairement a la
dimension un, il est délicat de définir la notion de passé et futur d’un champ aléatoire. La théorie
des temps d’arréts, qui donne des résultats puissants pour les martingales (voir par exemple
[Bur73]), ne fonctionne pas en I’état. De plus, de nombreux résultats classiques pour les suites
comme le lemme de Kronecker ou le théoreme de convergence des trois séries de Kolmogorov
ne s’étendent pas directement aux champs aléatoires. En particulier, la démonstration de la loi
forte des grands nombres pour les champs i.i.d. n’est pas une conséquence immédiate ou une
simple adaptation du résultat en dimension un. Il en va de méme des autres théoremes limites
comme la loi des logarithmes itérés ou bien le théoréeme limite central fonctionnel.

Dans [Kue68, Wic69], la question de la convergence du processus (3.3.3) pour un champ
aléatoire i.i.d. est traitée. L’une des richesses des champs aléatoires est que la formule (3.3.2)
peut se généraliser, en considérant & la place de [0,t] un borélien de [0, 1]¢ appartenant & une
certaine classe A. Le théoréme limite central a été étudié dans ce contexte (voir par exemple
[Bas85, AP86, Ded98, EVW13]). Dans le mémoire, nous nous concentrerons sur le cas particulier
ot A est la classe des quadrants [0,t],t € [0,1]¢. Dans [Ded01], Dedecker donne un principe
d’invariance sous une condition projective. Cependant, I'obtention du principe d’invariance
exige des moment d’ordre strictement plus grand que deux, ce qui n’est pas le cas du résultat
obtenu par Basu et Dorea [BD79]. La question du théoréme limite central pour les ortho-
martingales au sens de Cairoli [Cai69] est longtemps restée sans réponse. Les généralisations des
conditions de Hannan [VW14] et Maxwell-Woodroofe [WW13] ne concernent que les champs
aléatoires qui sont fonctions de champs i.i.d. En effet, contrairement au cas des suites, le
théoreme limite central n’est pas acquis pour les martingales comme le montre 'exemple de
la Remarque 3.3.4. Le probleme vient de I’absence d’ergodicité de toutes les transformations
T;, 1 < i < d. Cependant, si on suppose que 'une des transformations est ergodique, alors le
théoréme limite central a lieu (voir le Théoreme 3.3.5 extrait de [Vol15] pour un énoncé précis).
Les résultats de [WW13, VW14] ont donc lieu dans un contexte plus général que celui des
champs bernoulliens. D’autre types de champs aléatoires jouant le réle de martingales multi-
dimensionnelles ont été étudiés dans [NP92].

La liste des champs aléatoires strictement stationnaires pour lesquels le principe d’invariance
(pour les quadrants) a été étudié n’est pas exhaustive, les champs associés [Sha08, Bal05] ou
mélangeants [KS95a, KS95b, Tonll] ont été considérés. L’attention a également été portée sur
d’autres théorémes limites comme la la loi des grands nombres [Gut78] ou la loi des logarithmes
itérés [Bas85, Leo76].

Résultats et plan du mémoire

Notre mémoire est composé de cinq parties. La premiere est dédiée a une présentation des
objets mathématiques qui interviennent dans les résultats : les suites strictement stationnaires,
les martingales, les suites mélangeantes, et les champs aléatoires de type accroissements d’ortho-
martingale ou bien bernoulliens. Nous y définissons également les théoremes limites considérés
dans le mémoire, et nous rappelons les résultats existants les concernant. Dans les parties
suivantes, nous donnons les résultats obtenus.
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Contre-exemples au théoréeme limite central et théoreme limite central
fonctionnel

En toute généralité, le principe d’invariance dans l'espace des fonctions continues sur U'intervalle
unité implique le théoréme limite central classique. Si on dispose d’une suite strictement sta-
tionnaire qui vérifie le théoreme limite central, il est raisonnable de se demander si elle véri-
fie de plus le principe d’invariance. Il est possible que cette suite ne vérifie pas les condi-
tions suffisantes classiques d’approximation par martingale ou bien de mélange. Si la suite
(Ya)psy = (maxigjcn | foT7| /an(f))n21 ne tend pas vers zéro en probabilité, on sait que le
principe d’invariance ne peut pas avoir lieu. Herrndorf montre dans [Her83b] que la condition
Y,, — 0 en probabilité n’est pas nécessairement vérifiée par une suite ¢-mélangeante de carré
intégrable. Herrndorf a également montré que si Y;, — 0 en probabilité, la suite (f o Tj)j>0 est

¢-mélangeante et vérifie le théoreme limite central avec la normalisation o, (f), alors le principe
d’invariance a lieu. On remarque que ce résultat n’exige pas des moments finis d’ordre plus
grand que deux pour f. Le ¢-mélange étant une condition restrictive, il est naturel de se de-
mander si le résultat s’étend a des classes plus larges de processus mélangeants. Dans [GV14b],
en collaboration avec Dalibor Volny, nous donnons un exemple de suite S-mélangeante, a vari-
ance linéaire, admettant des moments finis de tout ordre, qui vérifie le théoréme limite central
mais pas le principe d’invariance dans ’espace des fonctions continues sur l'intervalle unité. En
particulier, avec les notations ci-dessus, Y,, — 0 en probabilité. Nous nous sommes également
intéressés a la vitesse de convergence des coefficients de S-mélange. La version du Théoréme A
dans [GV14b] permet de construire, pour un § > 0 fixé, le contre-exemple avec S(N) de l'ordre
de N°=1/2. Ceci a été amélioré dans [Girl5a], o les taux sont de Pordre N°—' & § > 0 fixé.
Au vu du résultat de [DMR94], on ne peut pas espérer des taux de mélange de 'ordre de N—¢
pour ¢ > 1. Dans le Théoreme A’, nous construisons le contre-exemple de maniére a avoir une
convergence arbitrairement rapide le long d’une sous-suite, i.e., pour une suite (cy)n>1 qui
décroit vers 0, on peut trouver un sous-ensemble infini I de I’ensemble des entiers naturels tel
que B(N) < ey pour tout N € I. Puisque le processus construit posséde des moments de tout
ordre finis, on ne peut obtenir 'inégalité précédente pour tous les entiers naturels. En effet, le
résultat d’Tbragimov [Ibr62] impliquerait le principe d’invariance si par exemple ¢y = N~7 pour
q strictement plus grand que 1.

Dans le chapitre 5, nous avons traité la question du théoréme limite central en dimension
infinie. Les articles [Den86, MY86, Vol88] montrent que pour une suite strictement stationnaire
a valeurs dans R?, d > 1, centrée et a-mélangeante (f o T%);>o telle que [|S,(f)[, — +oo,
la convergence en loi de la suite (S,(f)/||Sn(f)|ls)n>1 vers une loi normale centrée réduite

est équivalente a 'uniforme intégrabilité de la famille {Sn(f)2/ ||Sn(f)||g = 1}. On peut se

demander si ce résultat peut s’étendre en dimension infinie. La validité du théoréme limite
central pour une suite i.i.d. de variables aléatoires & valeurs dans un espace de Banach dépend
de sa géométrie et de son type. C’est pourquoi nous restreignons notre recherche aux espaces
de Hilbert. Nous les supposerons séparables afin d’éviter les problémes de mesurabilité. Le
chapitre 5 reprend Darticle [GV14a], dont le résultat principal est le Théoréme B. Dans celui-ci,
nous construisons un processus strictement stationnaire S-mélangeant, a valeurs dans l’espace
de Hilbert des suites réelles de carré sommable, qui admet des moments de tout ordre, dont
I'espérance du carré de la norme de la n-éme somme partielle S, (f), notée o, (f)?, tend vers
Pinfini lorsque n tend vers Uinfini, et la suite <||Sn(f)||2 /O'n(f)Z) . est uniformément intégrable

>

mais pour laquelle la suite (S, (f)/0,(f)),>1 n’admet aucune sous-suite équi-tendue. De plus,
on montre qu’aucune normalisation ne convient : si (ay),>1 est une suite qui tend vers 'infini,
ou bien S, (f)/a, tend vers 0 en loi, ou bien la suite (S, (f)/an)n>1 n'est pas équi-tendue.
Pour un § > 0 donné, on peut construire un processus vérifiant les propriétés précédentes avec
B(N) = O(N°~'). Comme dans le Chapitre 4, nous pouvons construire le processus avec
des taux de mélange arbitrairement rapides le long d’une sous-suite (voir le Théoréme B’). De
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plus, on peut modifier la construction de maniére & ce que la quantité on(f) tende vers linfini
arbitrairement lentement lorsque N tend vers 'infini.

Principe d’invariance dans les espaces holderiens pour les suites

Dans la partie 111, nous étudions le théoréme limite central fonctionnel dans les espaces holde-
riens. Définissons H, [0, 1] I'espace des fonctions z: [0, 1] — R telles que ||z, := suppcscsc () — 2(s)] / [t — 5"+
|z(0)| soit fini. Pour tout « strictement compris entre 0 et 1/2, le mouvement brownien stan-
dard a (presque stirement) des trajectoires holderiennes d’exposant a. Les fonctions aléatoires
définies par (1.3.4) sont a-holderiennes pour les mémes «. La question du principe d’invariance
dans Pespace H,, est légitime. Lamperti [Lam62] fut le premier & traiter cette question en vue
d’applications statistiques.

Etant donnée une suite (f o T%);>0 qui vérifie le théoréme limite central fonctionnel dans
I’espace des fonctions continues sur l'intervalle unité, on peut se demander si ceci a lieu dans
Pespace H, [0, 1]. Puisque I’espace H,[0, 1] n’est pas séparable, nous allons plutdt travailler avec
le sous-espace H2,[0, 1] des fonctions : [0,1] — R telle que supj,_ 5 |[2(t) — x(s)| /[t — 5]* = 0
lorsque ¢ converge vers 0, qui muni de la norme ||-|| ,, est séparable. Les lois fini-dimensionnelles
caractérisant une mesure de probabilité sur H2 [0, 1], la démonstration du théoréme limite central
fonctionnel dans cet espace repose sur I'équi-tension de la suite (a; *SP!(f ))n>1. Lorsque a, =
\/n, une condition nécessaire pour 1’équi-tension est (1.3.23). Dans le cas i.i.d., ceci est équivalent
att/(/2=a) L f| > t} — 0 quand t — +o00. Comme 1/(1/2 — «) est strictement supérieur & 2,
la fonction f a des moments finis d’ordre strictement plus grand que 2, donc il y a un certain
“prix & payer” pour obtenir 'équi-tension de (n='/2SP!(f)),>1 dans H[0,1].

Nous disposons d’'un critére de tension (voir Théoréme 1.3.7) qui donne une condition suff-
isante sur les moments des sommes partielles. Il permet de retrouver ’approche utilisée par
Lamperti [Lam62]. Cependant, il s’avére qu'il ne fournit pas le résultat optimal dans le cas i.i.d.
trouvé par Rackauskas et Suquet [RS03], qui montre que la condition t'/(/2=) y {|f| >t} — 0
quand t — +oo est nécessaire et suffisante pour la convergence en loi de (n='/2SP!(f)),>, vers
un mouvement brownien standard. Leur approche utilise un critére de tension qui repose sur
une décomposition de Schauder de 'espace H3,[0, 1].

Dans le Chapitre 6, nous reprenons les résultats de [Gir15b]. Nous commengons par donner un
critére de tension général dans H2[0,1], 0 < a < 1/2, pour le processus sommes partielles associé
a une suite strictement stationnaire (voir (6.1.3)). Lorsque I'on normalise ce processus par y/n, ce
critére a une forme plus simple (cf. (6.1.4)). Les inégalités de Nagaev pour les suites i.i.d. [Nag79]
couplées au critére (6.1.4) permettent de retrouver le résultat de Rackauskas et Suquet. Nous
étendons celui-ci au cas des suites T7-dépendantes ainsi que celui des suites p-mélangeantes. Pour
les suites 7-dépendantes, nous obtenons une condition mettant en jeu la fonction de quantile de
la fonction f ainsi que l'inverse généralisée des coefficients de 7-dépendance (cf. Théoréme 6.2.1).
En utilisant une comparaison entre ces-derniers et les coefficients d’a-mélange, nous obtenons
une condition dans esprit de celle de Doukhan, Massart et Rio (cf. [DMR94]), donnée dans
le Corollaire 6.2.2. Nous montrons également qu’en gardant la méme hypothese sur la loi de
f que dans le cas i.i.d., mais en remplacant I’hypothese d’indépendance par la convergence
de la série > p(2"), le principe d’invariance a lieu dans #H,[0,1]. Enfin, nous montrons qu’il
est en général préférable de travailler avec des inégalités sur les queues des sommes partielles
plutét que sur les moments. En effet, si (f o T%);>0 est une suite strictement stationnaire telle
que la suite (n728,(f))n>1 est bornée dans P pour un p > 2, on peut montrer grice au
Théoréme 1.3.7 que f vérifie le principe d’invariance dans Hg[0, 1] pour tout § < 1/2 — 1/p.
En revanche, I'exemple donné dans la démonstration du Théoreme 6.2.6 montre qu’il n’est pas
possible d’en déduire le principe d’invariance dans H;/2_1/,[0,1]. La stratégie qui consiste a
montrer le caractére borné dans P de la famille des sommes partielles normalisées ne donne
donc pas de résultat optimaux. En résumé, & moins que les inégalités de moments pour la suite
considérée ne soient “trés bonnes” (c’est-a-dire de type Rosenthal), il vaut mieux travailler avec
des inégalités sur les queues des sommes partielles. Comme cette approche fonctionne aussi
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dans le cas des suites vérifiant des inégalité de moments de type Rosenthal, nous privilégierons
I’approche basée sur des inégalités sur les queues des sommes partielles.

Outre les suites mélangeantes ou faiblement dépendantes, les suites strictement station-
naires d’accroissements d’une martingale ont un réle prépondérant dans la compréhension des
théorémes limites pour les suites strictement stationnaires. Afin de déterminer si une fonction
f vérifie le principe d’invariance dans 'espace H,[0, 1], on peut, comme pour ’espace des fonc-
tions continues, essayer de voir si on peut approximer dans un certain sens le processus sommes
partielles par celui associé a une martingale. Cependant, il est nécessaire de savoir quelle type
de condition imposer sur les moments de la suite d’accroissements d’une martingale (moT%);>0.
Comme les suites i.i.d. de loi commune intégrable et centrée sont des accroissements d’une
martingale, il est nécessaire que t'/(1/2=%) ; {|m| >t} tende vers 0 lorsque ¢ tend vers I'infini.
Contrairement au cas i.i.d., il s’avere que cette condition n’est plus suffisante. Nous constru-
isons un contre-exemple dans la démonstration du Théoreme 7.2.1. Cependant on obtient la
conclusion voulue en imposant de plus une condition d’intégrabilité sur la variance quadratique
(voir le Théoréme 7.2.2). Comme la variance quadratique est constante dans le cas i.i.d., on
retrouve le résultat de Rackauskas et Suquet. La démonstration repose sur le controle de la
norme holderienne du processus sommes partielles a ’aide de m et de la variance quadratique.
Enfin, nous donnons une condition de type Hannan qui garantit le principe d’invariance dans
H2[0,1]. Ces résultats ont fait objet d’un article [Girl5c].

Enfin, dans le Chapitre 8, nous donnons une condition dans U'esprit de celle de Maxwell et
Woodroofe (cf. (1.2.10)). Dans le cas des suites i.i.d., le principe d’invariance dans I’espace
Hal0,1] (0 < @ < 1/2) impose une condition sur la queue de la loi commune qui est plus
restrictive que la finitude du moment d’ordre deux. On ne peut donc pas espérer que (1.2.10) en
I’état donne le principe d’invariance dans ces espaces. Au vu de ce que la condition de Hannan
(1.2.8) pour le principe d’invariance dans espace des fonctions continues est devenue pour
Pobtention du principe d’invariance dans les espaces holderiens (voir (7.2.8)), il est raisonnable
de conjecturer que remplacer la norme L2 dans (1.2.10) par la norme L'/(1/2=2) donne le principe
d’invariance dans H,[0,1]. Dans le Théoréme 8.1.1, nous démontrons cette conjecture via une
approximation par martingales. Nous traitons également le cas non-adapté. Enfin, comme 'ont
fait Peligrad et Utev [PUO5], nous justifions loptimalité de la condition trouvée parmi celles
faisant intervenir les quantités [[E[S,(f) [ M][l1,1/2—q) en reprenant I'exemple de [PUWO7].
Ces résultats ont fait ’'objet d’un article soumis [Girl5d].

Décomposition (ortho-)martingale cobord

L’obtention de théorémes limites pour une suite strictement stationnaire (foT"), peut se
faire via une approximation par une martingale a accroissements strictement stationnaires. Un
cas particulier est le suivant : la fonction f ne differe de m, ot (m o T%);>0 est une suite
d’accroissements d’une martingale, que d’'un cobord, c’est-a-dire d’une fonction de la forme
g—goT, ou g est une fonction mesurable. Dans ce cas, pour tout entier n > 1, ’égalité
Sn(f) = Sp(m) +g—goT™ alieu. Il est donc raisonnable d’espérer que les bonnes propriétés
de la suite (n™1/2S,,(m)),>1 se transmettent & la suite (n~1/2S,,(f))n>1. Cependant, les choses
ne sont pas aussi simples. Certes, le fait que la suite (n=/2(g — goT™)),>1 converge vers 0 en
probabilité permet de déduire le théoréme limite central si m est de carré intégrable. Cependant,
lobtention du principe d’invariance dans 'espace des fonctions continues sur [0, 1] ne peut se
faire que si (n™'/2 max;¢jcn ‘g o T7) tend vers 0 en probabilité. Ceci n’a pas nécessairement
lieu, méme si la fonction g — g o T est de carré intégrable (voir [VS00]). Similairement, la loi
des logarithmes itérés et la loi forte des grands nombres ne sont pas garanties. Il est néanmoins
possible de formuler des conditions d’intégrabilité sur les fonction g et g — g o T garantissant
ces théoremes limites. Plus précisément, si g € LP et g—goT € L™, oul < p < 2 < r,
quelle condition imposer sur p et 7 pour que n~1/2 maxigj<n ‘g oT7 ‘) — 0 en probabilité ? Une
réponse a été donnée par Volny et Samek dans [VS00]. Les résultats de l'article ne couvrent
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pas les cas de tous les couples (p,r) : certains sont traités par la condition suffisante, d’autres
par un contre-exemple, et si (r —1)/(r —3/2) < p < (r + 2)/r on ne peut pas conclure. Dans
le Chapitre 9, nous montrons que si p > r/(r — 1), g € LP et g — go T € LL", alors les suites
(n="?maxi<j<n |g o Tj|)n>1 et ((nloglogn)=/2go T”)n>1 tendent vers 0 en probabilité. Si
p < r/(r — 1), nous fournissons un contre-exemple. Nous obtenons des résultats similaires pour
la loi forte des grands nombres.

Le Chapitre 10 est dédié a la décomposition ortho-martingale cobord pour des champs aléa-
toires strictement stationnaires. Les résultats ont été obtenus en collaboration avec Mohamed
El Machkouri et font 'objet d’un article [EMG]. Dans le cas des suites, la décomposition mar-
tingale/cobord permet d’approximer les sommes partielles par celles d’une martingale, pourvu
que l'on arrive a montrer que celles du cobord sont négligeables. La question de ’extension de
cette approche & Z? oti d est un entier supérieur ou égal & 2 est naturelle. Cependant, nous nous
heurtons a plusieurs difficultés. D’abord, il faut définir ce qui joue le role de martingale. Ensuite,
il faut déterminer le type de filtration considéré. Dans notre travail, nous nous intéresserons
aux ortho-martingales au sens de Cairoli [Cai69] (voir aussi Khoshnevisan [Kho(02]) par rapport
a des filtrations complétement commutantes (voir Définition 3.1.7). Dans le Théoréme 10.2.4,
nous obtenons une condition suffisante (cf. (10.2.2)) pour obtenir une décomposition de type
ortho-martingale/cobord, donnée par (10.2.3). Elle est constituée de 2¢ termes. Le premier

est une “vraie” différence d’ortho-martingales, le dernier est un “vraie” cobord. Les autres
termes sont “hybrides”, au sens suivant : si J est un sous-ensemble de {1,...,d} non vide et
différent de {1,...,d}, le terme associé & ce sous-ensemble est une ortho-martingale par rapport

aux applications Tj, j € {1,...,d} \ J, et un cobord par rapport aux opérateurs Tj, j € J.
Un résultat similaire a été obtenu par Gordin [Gor09]. Son approche repose sur la résolution
d’équations de Poisson, et fait intervenir les adjoints des opérateurs de Koopman. La décompo-
sition ortho-martingale/cobord permet de traiter efficacement les sommations sur les rectangles,
pour lesquelles nous établissons une inégalité de moments (voir la Proposition 10.2.8). L’idée
est que pour chaque terme de la décomposition, les coordonnées associées au cobord jouent
souvent un rdle négligeables si le terme my (cf. (10.2.3)) a de bonnes propriétés d’intégrabilité,
tandis que la sommation par rapport aux autres coordonnées peut étre traitée par la propriété
d’ortho-martingale. La condition suffisante peut étre facilement vérifiée par un processus linéaire
(voir la Proposition 10.2.14). Nous retrouvons également le principe d’invariance de Volny et
Wang [VW14]. Cependant, notre condition est en général plus restrictive. Nous proposons une
application au principe d’invariance dans les espaces holderiens (voir le Théoréme 10.2.16). Ce
résultat sera amélioré dans le Chapitre 12.

Inégalités de queue pour les champs aléatoires

Les inégalités sur les queues des sommes partielles de suites strictement stationnaires sont tres
utiles pour établir des théoréemes limites. Elles interviennent dans les critéres de tension. Apres
avoir traité le principe d’invariance dans les espaces holderiens pour des suites, la question de
I'obtention de résultats similaires pour les champs aléatoires est naturelle. Nous étudierons deux
types de champs aléatoires : les ortho-martingales (au sens de la Définition 3.1.1) & accroisse-
ments strictement stationnaires et les champs qui sont des fonctionnelles de champs i.i.d., dits
bernoulliens (voir la Définition 3.2.1).

Dans un premier temps, nous redémontrons le Théoréme 1 de [Nag03]. Il s’applique aussi
aux sous-martingales, mais la démonstration peut étre simplifiée dans le cas des martingales.
La Proposition 11.1.2 contient une majoration uniforme en n de la queue de la variable aléatoire
n~Y2 maxi<;<n |Si(M)| pour une martingale (S;(M));>1 & accroissements strictement station-
naires. On peut donner une inégalité a l'aide des queues de la variance quadratique E[M? | TM]|
ou bien simplement en fonctions de celles de M. En utilisant le fait que pour tout ¢ € {1,...,d},
et pour tous {”l};éq C Nfixés, la suite (Mp),,en est une martingale (& un parametre) par rapport

a la filtration F(@ (donnée par (3.1.4)), on obtient une majoration de la queue des maxima des
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sommes partielles d’'un champ aléatoire de type ortho-martingale & accroissements strictement
stationnaires. La encore, on dispose d’un résultat mettant en jeu la queue d’une des variances
quadratiques (I'inégalité (11.1.36)) et 'autre seulement la queue de m (voir (11.1.37)). Il est
possible d’obtenir un contréle de la norme IL? du maximum des sommes partielles d’une ortho-
martingale a accroissements strictement stationnaires pour p > 2. Pour les champs bernoulliens,
nous exprimons 'inégalité de queue a 1’aide de projecteurs définis par (3.2.10). La démonstra-
tion est inspirée de [LXW13]. Nous utilisons une décomposition des sommes partielles & l'aide
de ces projecteurs, des propriétés de martingales pour traiter les maxima et les inégalités sur les
queues de sommes de suites m-dépendantes.

Dans le Chapitre 12, nous fournissons un critére de tension dans l’espace des fonctions
hélderiennes de [0,1]? dans R pour le processus sommes partielles défini par (3.3.2) (voir la
Proposition 12.1.2). Celui-ci met en jeu les maxima des sommes partielles sur les rectangles,
et les inégalités (11.1.36) et (11.2.10) permettent de contrdler ces quantités. Ceci meéne au
Théoréme 12.1.5. Nous montrons que dans le cas des champs de type ortho-martingale a ac-
croissements strictement stationnaires, la condition sur la loi commune du cas i.i.d. n’est pas
suffisante (Théoréme 12.1.4). Enfin, nous donnons des conditions de type Hannan : une a laide
des opérateurs de projection donnés par (3.1.10) (voir (12.1.20)), une autre avec ceux donnés
par (3.2.10) (voir (12.1.23)). La premiére ne permet pas de retrouver le résultat du cas i.i.d. car
elle ne prend pas en compte les variance quadratiques. Cependant, elle s’applique & un champ
aléatoire linéaire (cf. (3.2.2)) ot les innovations (£;);cz« ne sont pas nécessairement i.i.d., mais
des accroissements strictement stationnaires d’ortho-martingale. La condition (12.1.23) redonne
le résultat de [RSZ07] concernant les champs i.i.d.



Part 1

Préliminaires






Chapitre

Théoremes limites pour les suites
strictement stationnaires

Dans ce premier chapitre, nous définissons les principaux objets qui interviennent dans ce mé-
moire. Nous commencgons par présenter les suites strictement stationnaires, qui interviendront
dans les Parties IT et I1T ainsi que le Chapitre 9. Une attention particuliere est donnée aux suites
strictement stationnaires d’accroissements d’une martingale. Nous définissons ensuites les théo-
remes limites étudiés dans cette thése. Nous rappelons les résultats existants qui les concernent
et qui sont en lien avec ceux de la Partie III et le Chapitre 9.

1.1 Suites strictement stationnaires

1.1.1 Une représentation générale

Dans tout le manuscrit, nous noterons par (€2, F, 1) un espace probabilisé, ce qui signifie que
est un ensemble non vide muni d’une tribu F et d’une mesure de probabilités p.

Définition 1.1.1. La suite de variables aléatoires (X;);>0 est dite strictement stationnaire si
pour tout entier d, les vecteurs (Xo,...,Xq) et (X1,...,Xq41) ont la méme loi.

SiT:Q — Q est une application préservant la mesure, on appelle (2, F, u,T) un systéme
dynamique.

Pour toute fonction f: Q — R, la suite (f 0 T%);>1 est strictement stationnaire. Réciproque-
ment, toute suite strictement stationnaire (X;);>0, il existe un systéme dynamique (2, F, u,T')
tel que les suites (X;)i>o et (f oT");>0 ont la méme loi (voir p. 178 de [CFS82] ou bien [Doo53],
p. 456, deuxiéme paragraphe).

Signalons qu’il existe aussi une représentation a ’aide des fonctionnelles de chaines de Markov
(par exemple, voir [Vol10]). Celle-ci est particulierement pratique lors de I’étude des théorémes
limites dits quenched, mais nous n’étudions pas ce type de résultats dans cette these. La re-
présentation via les systemes dynamiques sera utilisée dans la grande majorité des cas. Ceci
permettra d’utiliser des outils de la théorie ergodique.

Nous continuons cette sous-section par des résultats connus sur les systemes dynamiques et
qui seront utilisés tout au long de la thése. Nous nous fixons donc une fois pour toute un systéme
dynamique (9, F, i, T).

Définition 1.1.2. Soit f: Q@ — R une fonction mesurable. On note Ur(f) la fonction définie
sur Q, & valeurs réelles, telle que Up(f)(w) = f (T (w)). On définit ainsi un opérateur Ur sur
lespace vectoriel des fonctions mesurables. Cet opérateur est appelé opérateur de Koopman.

11
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Lorsqu’il n’y aura pas d’ambiguité, on notera simplement U. Celui-ci est 1ié a ’espérance
conditionnelle de la maniére suivante.

Lemme 1.1.3. Soit M une sous-tribu de F et f une fonction intégrable. Alors
UE[f | M]=E[Uf|T'M]. (1.1.1)

Si f: Q — R est une fonction mesurable et : Q — Q une application qui preserve la mesure
1, on définit les sommes partielles par

n—1 n—1
S, (0, f) := Zfoﬂj = ZUgf. (1.1.2)
=0

=0

Lorsque le 6 considéré est T, on notera simplement cette quantité S, (f). Nous allons nous
intéresser aux comportement asymptotique de ces sommes partielles.

L’un des premiers résultats dans cette direction est le théoréme ergodique de Birkhoff.

Avant de ’énoncer, rappelons la définition la tribu des invariants, notée Z : il s’agit de la
collections des éléments A € F tels que T71A = A.

Définition 1.1.4 (Fonction maximale). Pour une fonction f mesurable et 6: Q — Q une ap-
plication qui preserve la mesure pu, on note

M*(0, f) = supw. (1.1.3)

n>=1 n
La encore, on notera simplement M*(f) dans le cas § =T.

Théoréme 1.1.5. Soit f: Q@ — R une fonction intégrable. Alors la suite (S, (f)/n),, converge
dans L' et presque sirement vers E[f | Z].
De plus, pour tout A strictement positif, l’inégalité suivante a liew :

MM (f) > A} < /{M*(f)»\} fdu. (1.1.4)

La premiere partie du Théoréme 1.1.5 est die a Birkhoff (voir [Bir31]), la seconde a Wiener
[Wie39], Yosida et Kakutani [YK39].

Définition 1.1.6. Le systéme dynamique (Q,F,u,T) est dit ergodique si les éléments de la
tribu L sont tous de mesure 0 ou 1.

Si le systéme dynamique est ergodique, alors S, (f)/n — E[f] presque stirement.

Définition 1.1.7. Un systéme dynamique de Lebesgue est dit apériodique si pour tout entier
k #0,
p{weQ \Tkw:w}:O. (1.1.5)

Il existe une définition plus générale pour des systémes dynamiques généraux.

Lemme 1.1.8 ([Hal56]). Soit (Q, F, u,T) un systéme dynamique ergodique et apériodique. Pour
tout entier n et tout réel positif ¢, il existe un ensemble mesurable A = A(n,e) tel que les

ensembles (T'A)'= soient deur a deuz disjoints et j (Ui;01 TiA) >1—e.

Ce résultat a été démontré dans le cas ou 'espace probabilisé est non-atomique par Ka-
kutani et Rokhlin respectivement dans [Kak43] et [Roh48]. Dans la suite, nous désignerons le
Lemme 1.1.8 par « lemme de Rokhlin ».



§ 1.1 — Suites strictement stationnaires 13

1.1.2 Accroissements de martingales
Commengons par rappeler la définition de martingale en toute généralité.

Définition 1.1.9. Soit (F;),5, une suite croissante de tribus et (S;)i>0 une suite de variables
aléatoires intégrables. On dit que la suite (S;)i>o0 est une martingale par rapport a la filtration
(‘Fi)i>0 si pour tout i > 1, la variable aléatoire S; est F;-mesurable et B[S; | Fi—1] = Si_1.

Pour le moment, nous ne faisons aucune hypothese de stationnarité. Méme dans ce contexte,
les martingales jouissent de la propriété remarquable suivante concernant la queue de leur
maxima. Celle-ci est liée & la queue des maxima des accroissements (notés X; := S; — S;_1
pour ¢ > 1 et Xg = Sp), ainsi qu’a celle des variances quadratiques E [X? | ]—'Z-,l].

Proposition 1.1.1. Soit (S;);>0 une martingale par rapport a la filtration (]:i)i>o~ Alors pour
tous réels X\ >0, B >1et0< < —1 et pour tout entiern > 1,

(B—0
2,2 ‘
+M{E E[X 1] > 6°A } {121%%\/|Xl >5/\} (1.1.6)

Ce résultat figure dans l'article [Bur73], équation (11.4) ainsi que dans [HH80] page 28. Il
permet de controler les moments des maxima de la martingale a ’aide de ceux des maxima des
accroissements et des sommes des variances quadratiques. En effet, en multpliant des deux cotés
de (1.1.6) par pAP~! pour p > 1, il vient

2
,u{lmax |S;] >ﬁ/\} 6) { max, |S;i| > )\}-‘r

52 P
B LE%'” } SB=o-1et LE%'S }

N p/2
1 2 p
+ %E (Zl E[XZ |]:i1]> + (WE |:112118%X |X ‘ :| (1.1.7)

En choisissant 4 tel que % < (8—&—1)2P, on obtient que pour une constante C}, ne dépendant
que de p,

E{max B } C,E (iE[XE |in_1]>p/2 +C’E[m22x |X; |”] (1.1.8)

1<iKN

Dans le cas particulier ou la suite (X;);>1 est indépendante et & moyenne nulle, le terme E[X? |
Fi—1) est E [X?] donc (1.1.8) devient

N p/2
2 P
E [1I<nlax |S;] } C,E (; ]E[XJ) +C,E Lrgnizzv | X | } : (1.1.9)
Démonstration de la Proposition 1.1.1. Fixons un réel strictement positif A et posons
k
Ey = {)\ < | Jnax [S;i] < ﬁ)\ Jnax. |X | < ZE[XE | Fici] < 52/\2}.
i=1
Posons T; := Efc:l 1g, Xj. L’inclusion suivante a lieu :

{max 1] > BA; Z]EX2|E 1]\&} c {1@?§n|ﬂ>(ﬂ—5—1)>\}.

1<i<
=1
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Soit en effet w dans le membre de gauche et i I'indice ¢ minimal pour lequel |S;| > BA.
Puisque

io—1
T; = Si, — Xip + Z Leen{x>ary<or} Xk,
k=1
alors
Go—1
T3 > BA = 6A — | > X
k=1

puisque w ¢ Ej pour k < ig — 1.
Remarquons que Ej € Fi_1, ainsi (T, Fp)n>1 est une martingale. On en déduit, par l'inga-
lité maximale de Doob et I'inclusion précédente

) 2
({2 o {7 s <1} )

<(B-0-1)"2AT2E(T?). (1.1.10)

En utilisant encore le fait que Ej € Fj_1, il vient

ZlEk (X7 | Fe- 1]].

k=1

E(T?) =

Posons fj, := Zle E[X? | Fi—1] et Fj, := { fr < %A%}, avec fo:=0.

Puisque
B, C { max |S;| > )\} N Fy,
1<i<N
alors
N N
Z]-Ek]E[Xlg | Fr—1] <1 {1I<11fg§v|5 |2 A} Zle fe = fe-1) (1.1.11)
k=1 k=1
N _
=1 {13@%'5 | > }z;h fi— Z} 1., fj (1.1.12)
j= -
1{1r<nlzgv|5| } 1ry fn + Z ro)fi | (1113)

Comme Fji1 C F; pour tout j € {1,...,N — 1} et f; < 622, il vient

N—1 N—1 N—1
> Uk =1p,)fi =Y lpnrfi KON D 1pip,, =N (1p —1g,). (1114
i=1 i=1 i=1

En reportant ceci dans (1.1.13), nous déduisons

N
> 1 EIXE | Fit] <071 {m>§v 5> } (1.1.15)
donc
2] < 52\ il = . 1.
E[T7] <&\ u{lr\nizngz > /\} (1.1.16)

Au vu de (1.1.13), nous obtenons (1.1.6). O
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On considére un systéme dynamique (2, F, u, T).

Définition 1.1.10. On dit que la filtration (}—i)@o est stationnaire s’il existe une sous-tribu M
vérifiant F; = T~ M pour tout i > 0.

Considérons une filtration stationnaire (T’i/\/l)po et une fonction m: @ — R que l'on

suppose M-mesurable. Si E [m | TM] = 0, alors le Lemme 1.1.3 permet de déduire que la suite
(S0(f)) >0 est une martingale par rapport a la filtration (17" M), .

1.2 Théoréme limite central

1.2.1 Définition et cas des martingales

Lorsque (X;);>1 est une suite indépendante identiquement distribuée telle que E[X;] = 0 et
E[X?] est finie, alors la suite (nil/ LD Pra XZ-) converge en loi vers une variable aléatoire
normale centrée réduite.

Placons nous a présent dans le contexte de la Section 1.1.

n=1

Définition 1.2.1. On dit que la suite strictement stationnaire (f ) Ti)i>0 vérifie le théoréme

limite central avec normalisation (an)n>1 s'il existe une suite (by)n>1 telle que

1
— (Sp(f) = br) = N en loi quand n — oo. (1.2.1)

an

Une suite i.i.d. vérifie le théoréme limite central avec la normalisation (y/n),>1. C’est égale-
ment le cas des martingales a accroissements strictement stationnaires ergodique.

Théoréme 1.2.2. Soit (moT*),>q une suite ergodique d’accroissements d’une martingale telle
que o2 := E[m?] soit fini et strictement positif. Alors la suite (Sn(m)/(V/no)), s, converge en
loi vers une loi normale centrée réduite lorsque n — +00.

Ce résultat fut démontré indépendament par Billingsley [Bil61] et Ibragimov [Ibr63].

1.2.2 Approximation par martingales

Le résultat de Billingsley et Ibragimov permet de déduire le théoreme limite central pour des
processus dont les sommes partielles sont proches de celles d’une suite strictement stationnaire
d’accroissements d’une martingale. Le premier résultat dans cette direction est dii & Gordin (voir
[Gor69]). Il consideére un systéme dynamique ergodique muni d’une filtration stationnaire (Fy)
et note Hy, la collection des fonctions Fi-mesurables et de carré intégrable, et @) 'ensemble des
fonctions Y telles qu’il existe des entiers ¢ < k pour lesquels Y € H; © Hy.

Théoréme 1.2.3. Si f € L2 est centrée et si

inf limsup %E [(Sn(f - h))ﬂ =0, (1.2.2)

heQ n—ooo
alors (Sp(f)/v/n)n>1 converge en loi vers une variable aléatoire normale centrée.

Définition 1.2.4. On dit que la fonction f admet une décomposition martingale-cobord s’il
existe une filtration stationnaire (T‘iM)iGZ et des fonctions m, g telles que

f=m+g—goT, (1.2.3)

ot m est une fonction M-mesurable vérifiant E[m | TM] = 0.
Le terme g — go T est appelé cobord, et la fonction g est dite « fonction de transfert » .



16 Chapitre 1 — Théorémes limites pour les suites strictement stationnaires

Supposons que f admette la décomposition (1.2.3) avec m € L2. Alors S,,(f) = Sn(m)+g—
goT™ Comme T"™ préserve la mesure p,

p{lg—goT"|/Vn> 2} <2uilgl >evn}, (1.2.4)

et on peut déduire du Théoreme 1.2.2 que f vérifie le théoréme limite central avec la normali-
sation (v/1),,5 .-

Définition 1.2.5. Soit (F;),., une filtration stationnaire. On dit que la fonction f est réguliére
si elle est mesurable pour la tribu engendrée par les F;, i € Z et si E [f | Mz Fo ] =0.

Théoréme 1.2.6 (Voluny, [Vol93, Vol06al]). Soit f une fonction réguliére par rapport d une
filtration stationnaire. Pour tout p € [1,00][, les conditions suivantes sont équivalentes :

1. f admet la décomposition (1.2.3) ot m et g appartiennent a LP ;

2. les séries
ZE U™ f | Fol etZ T —E[UTf | Fo)) (1.2.5)

convergent dans ILP.

On dispose d’un critere permettant de déterminer si une suite strictement stationnaire ergo-
dique d’accroissements d’une martingale est de carré intégrable.

Théoréme 1.2.7 (Esseen et Janson, [EJ85]). Soit (moT%);>o une suite ergodique d’accroisse-
ments d’une martingale. Les conditions suivantes sont équivalentes :

1. la fonction m est de carré intégrable ;
2. liminf, oo n=Y2E|S,(m)| est finie.

En rassemblant les résultat précédents, on obtient la condition suffisante suivante pour le
théoréme limite central avec normalisation (v/n),>1 :

1
f admet une décomposition martingale-cobord dans L' et liminf —RE|S,(f)| < co. (1.2.6)
n

n—00

Dans la suite de cette sous-section, nous considérons une filtration stationnaire (F;),., et
nous supposons que le systeme dynamique est ergodique. Définissons les opérateurs de projection

Pi(f) =E[f | F] =E[f | Fj-1]. (1.2.7)
Par les articles [Han73, Hey74], on sait que si f est réguliére et centrée, la condition

S IP(F)lly < o0 (1.2.8)

€L

est suffisante pour obtenir le théoréme limite central avec la normalisation (v/7)n>1-
Si f est une variable aléatoire centrée et JFy mesurable, Dedecker et Rio ont montré dans
[DROO0] que si
FE[S.(f) | Fo] converge dans L', (1.2.9)

alors le théoréme limite central a lieu avec la normalisation (y/7)n>1.
Enfin Maxwell et Woodroofe (cf. [MWO00]) ont démontré que pour une fonction f centrée et
Fo-mesurable, le théoréme limite central a lieu avec la normalisation (y/n),>1 sous la condition

1B [Sn(f) | Folllo
Z n3/2 < 0. (1.2.10)

Nous n’avons mentionné que les conditions suffisantes qui interviendront dans le cadre de
cette these. Il existe d’autres moyens d’obtenir le théoréme limite central dans le contexte des
systémes dynamiques (voir par exemple [Der(6]).
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1.3 Théoréme limite central fonctionnel

Dans [EK46], Erdos et Kac ont remarqué que la loi limite du maxima normalisé des sommes
partielles d’une suite i.i.d. (X;) ne dépend pas de la loi commune (pourvu que X; soit centrée
et de carré intégrable).

Ceci a été généralisé par Donsker [Donb1] :

Théoréme 1.3.1. Soit (X;);>1 une suite i.7.d. ot X1 est de moyenne nulle et de variance finie
2. Alors le processus

[nt]
1
o~ ;X + (nt — [nt]) X1 (1.3.1)

t€[0,1]

converge en loi vers la mesure de Wiener dans l’espace des fonctions continues sur l’intervalle
[0, 1] muni de la norme uniforme.

On rappelle qu’un processus {W(¢t),t € [0,1]} est distribué suivant la mesure de Wiener si
ses accroissements sont indépendants et pour tout ¢ € [0, 1], W (t) suit une loi normale centrée
de variance ¢. On dira aussi que (W(t)),c[o 1) est un mouvement brownien standard.

La encore, le processus limite est le méme quelle que soit la loi de X7, pourvu que X;
soit centrée et de carré intégrable. La convergence du processus (1.3.1) en loi vers la mesure
de Wiener sera par conséquent appelée principe d’invariance. On emploiera aussi le terme de
théoréme limite central fonctionnel.

Cette section est consacrée a l'extension du Théoréme 1.3.1 au contexte des systémes dyna-
miques, et a ’étude de tels processus dans des espaces fonctionnels différents.

1.3.1 Espace de Skorohod

On se donne un systéme dynamique (€, F, u, T'). Pour une fonction f: @ — R, on pose
Sfpz)b(fvt) = S[nt](f)vt € [0, 1]; (132)

ou [z] désigne la partie entiére inférieure du réel x. Les lettres « ps »signifient « partial sum ».

Pour tout w € ) fixé, la fonction ¢t — SP3(f,t) est continue & droite et admet une limite
a gauche en tout point de |0, 1] (cadlag). La collection des fonctions cadlag peut étre munie
d’une métrique qui en fait un espace métrique séparable complet, noté D0, 1] (voir [Bil68]) . Le
Théoréme 1.3.1 reste valide dans ce contexte, en remplagant le processus (1.3.1) par

ﬁ > X : (1.3.3)

te[0,1]

1.3.2 Espace des fonctions continues

Considérons un systéme dynamique ergodique (2, F, u,T). Comme le mouvement brownien
posseéde des trajectoires (presque siirement) continues, on peut faire I’étude du théoréme limite
central fonctionnel dans 'espace des fonctions continues sur lintervalle [0,1]. On munit cet
espace vectoriel de la norme uniforme. L’extension de la définition du processus (1.3.1) aux
suites strictement stationnaires est la suivante :

SEN(f,1) = Spany(f) + (nt — [nt]) f o T, t € [0,1]. (1.3.4)

Les lettres « pl »signifient « polygonal line » car pour tout w € € fixé, le graphe de la fonction
t = SPL(f,t)(w) est affine par morceaux.
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FIGURE 1.1 — La fonction ¢ +— n=*/2SP!(f,t) pour n = 8
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Définition 1.3.2. Soit (E, ||-||z) un espace de fonctions d valeurs réelles définies sur lintervalle
[0,1], muni d’une norme ||-|| 5. On dit que la fonction f vérifie le principe d’invariance dans E
avec la normalisation (an)n>1 st la convergence

1
—Sgl(f, ) = W en loi dans E quand n — +00 (1.3.5)
QA

a lieu, ou W est un mouvement brownien standard. Autrement dit, pour toute fonction F': E — R
continue et bornée, la convergence en loi

lim E {F (alns,f;l(f, ))} =E[F (W)] (1.3.6)

n——+oo

a lieu dans R®.

Dans la section précédente, nous avons vu des conditions suffisantes pour le théoreme limite
central. Elles fournissent également la convergence des lois fini-dimensionnelles du processus

(n_l/QSgl(ﬁ t),t € [0, 1])n>17 c’est-a-dire que pour tout entier d > 1 et tous t1,...,tq € [0,1], la
convergence
d
(n288 (1)) = (Wt (1.3.7)
i=1

a lieu. Commme les lois fini-dimensionnelles caractérisent une mesure de probabilité sur C[0, 1],
il faut montrer I’équi-tension de la suite (n’1/2551(f, t))n>1 dans l'espace C10, 1], ce qui se fait
a l'aide d’inégalités de moments sur les maxima des carrés des sommes partielles.

Supposons que f admette la décomposition (1.2.3) avec m et g de carré intégrable. Heyde
a démontré (cf. [Hey75]) que dans ce cas, la suite (n='/25P!(f)) _, converge en loi vers un
mouvement brownien. Il s’avére qu’il n’est pas nécessaire que g soit de carré intégrable : si

1 .
f=m+g—goT ,mel?et 7n max. |goT7| = 0 en probabilité, (1.3.8)

alors la méme conclusion a lieu.

Hannan a montré que la condition (1.2.8) est suffisante pour obtenir le principe d’invariance
dans C10, 1] (cf. [Han73, Han79]) avec les restrictions suivantes : une hypothése de mélange sur le
systéme dynamique et le fait que le processus soit adapté. La premiere a été levée dans [DMO3],
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et le cas non-adapté a été traité dans [DMVO07]. Si la fonction f est réguliere, la condition
(1.2.8) est donc suffisante pour le principe d’invariance dans C0,1]. La démonstration dans le
cas adapté repose sur 'inégalité

EL@%LS } 4n<Z|P ||2>2. (1.3.9)

Le caracteére suffisant pour le principe d’invariance de la condition (1.2.9) a été établi dans
[DROO]. IIs ont établit et utilisé I'inégalité maximale suivante :

E [max Si(f)Q} <8nE [f?] +16 Y E|fE[Sk(f) | Foll. (1.3.10)

1<i<n
X k=2

Dans [PU05], Peligrad et Utev ont montré que le principe d’invariance a lieu dans D]0, 1] sous
la condition (1.2.10) pour une fonction f adaptée et centrée. Ils ont utilisé une approximation
par martingale, qui fonctionne grace a 'inégalité maximale suivante. Pour tous entiers n et r
tels que 2" 71 < n < 27,

r—1

E[lrgiagnsxf)ﬂsn 2 flly+ (1+V2) D> 2772 |E (S (f) | Folll, | - (1.3.11)

Jj=0

Ces arguments permettent aussi d’établir le principe d’invariance dans l'espace C[0,1]. Le cas
non-adapté a été traité dans [Vol07] en supposant que la fonction réguliere f vérifie en plus de
(1.2.10) la condition

Z”S E[Sulf) | Fallls _ (1.3.12)

n3/2

Gordin et Peligrad (cf.[GP11]) ont donné une approche unificatrice de ces résultats & 1’aide
des inégalités (1.3.9), (1.3.10) et (1.3.11) et d’un critére permettant de déterminer si pour une
fonction f, il existe une martingale (M, )n>1 a accroissements strictement stationnaires telle que

n—oo N 1<j<n

1
lim —E [ max (S;(f) — M;)?| = 0. (1.3.13)
Nous énongons leur résultat. Pour une fonction f: 2 — R, on pose

An(f) = —E[Sn(f) | Fol, (1.3.14)

et pour une fonction h: Q — R,

max |Sk(h)]

max (1.3.15)

1
bl :=limsup —
Il o= timsup
Théoréme 1.3.3 (Théoréme 1, [GP11)). La fonction f admet l’approzimation par martingales
(1.3.13) avec (Mn)n21 a accroissements strictement stationnaires si et seulement si la suite

2

([[Am(f)]l}) converge vers O quand m — +oo.

Dans la partie 3 de [GP11], les auteurs retrouvent les démonstrations du principe d’invariance
dans C[0, 1] sous les conditions de Hannan, Dedecker-Rio et Maxwell et Woodroofe en majorant
| Am (f)Il; grace aux inégalités (1.3.9), (1.3.10) et (1.3.11).

On notera que dans (1.3.13), on normalise par /n. Il est possible d’approximer par martin-
gales avec d’autres choix de normalisation, voir par exemple [Vol06a].
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1.3.3 Espaces de Holder

Il est connu que le mouvement brownien possede des trajectoire presque stirement holderiennes
d’exposant a pour tout o € (0,1/2). Comme les fonctions aléatoires définies par (1.3.4) sont
elles aussi holderiennes, on peut s’intéresser a la convergence dans les espaces de Holder de

(n_l/QSEI(fv .))n>1'
Définition 1.3.4 (Espaces de Holder). Soit 0 < o < 1. On note Ho[0,1] Uespace vectoriel des

fonctions x: [0,1] = R telles que la quantité

el == le(@)] + sup HO =TI (1.3.16)

ogs<t<1 |t —s|®
soit finie.

L’espace H4[0, 1] muni de la norme |[|-||, n’est pas séparable. En effet, posons pour a € [0, 1],
24(t) == |z — a|®. Alors pour a # b,

|20(b) = 2a(b) — 25(a) + a(a))|
b—al”

2y — 24, = =2. (1.3.17)

Il est préférable de travailler avec des espaces vectoriels normés séparables.

Définition 1.3.5. Soient 0 < a < 1, x € H,[0,1] et 6 €]0,1[. On définit le module de régularité
holderienne, noté wy(x,9), par

t —
wa(z,6) = sup ZD =)
o<s<t<1 |t — |
t—s<9d

(1.3.18)

On remarque que pour tout & €]0, 1[, application 2 € Hq[0,1] — wq(x,d) est continue. A
I’aide de ce module de régularité holderienne, on peut définir un sous-espace séparable de H,,.

Définition 1.3.6. Soit 0 < ao < 1. On note HS [0, 1] I’espace vectoriel des fonctions x: [0,1] — R
telles que

lim wq (z,6) = 0. (1.3.19)
0—0

On munit également #H2[0, 1] de la topologie induite par la norme |||, .
A Dinstar des démonstrations du théoréme limite central fonctionnel dans Pespace C [0, 1],
on aimerait utiliser la stratégie suivante pour obtenir le principe d’invariance dans H,[0,1] :

« montrer la convergence des loi fini-dimensionnelles vers celles d'un mouvement brownien
(voir (1.3.7);

« montrer 'équi-tension dans H,[0,1] de la suite (n=1/2SE!(f, ~))n>1.

On verra qu’il faudra faire des hypotheses plus restrictives que la finitude du moment d’ordre
deux pour obtenir un principe d’invariance dans H,[0,1]. En particulier, ces hypotheéses en-
trainent le principe d’invariance dans I’espace des fonctions continues, donc la convergence des
loi fini-dimensionnelles. L’équi-tension sera établie dans 'espace HZ,[0, 1]. Ce n’est pas restrictif
car I'injection canonique de H2[0, 1] dans H[0, 1] est continue. La raison principale de ce chan-
gement d’espace est que H2[0, 1] est séparable. En particulier, la tribu borélienne de #H3[0, 1]
est la tribu engendrée par les formes linéaires continues sur HZ [0, 1]. Par conséquent, on peut
démontrer que deux mesures de probabilité sur 2 [0, 1] ayant les mémes lois fini-dimensionnelles
sont égales. Pour plus de détails, on pourra consulter la démonstration de la Proposition 3 dans
[HamO00).
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En résumé, la difficulté principale pour obtenir le théoréme limite central fonctionnel dans les
espaces de Holder réside dans la démonstration de I’équi-tension de la suite (n’l/ 28PL(f, ~))n>1
dans H2 [0, 1]. B

Avant de voir les critéres de tension, commencons par identifier le type de restriction que le
principe d’invariance dans H%[0, 1] impose. Supposons donc que f soit une fonction telle que la
suite (n~1/2SPl(f, -))n>1 converge vers un mouvement brownien dans #9[0, 1]. Pour un § €]0, 1]

fixé, la fonction z — ws(x,d) est continue, ce qui implique que

(\fs;; (f,-),é) — wa (W(),9). (1.3.20)

Remarquons que pour n > 1/§ + 1, l'inégalité

Wa (fspl(f, ), >/ 11/1) 1<k<n|f o T*| (1.3.21)

a lieu, et on déduit par (1.3.20) que pour tout ¢ > 0,

. k
h,‘}ljo%p“{ T (A x |foTF| > 1} < p{wa (W(),8) > 1}, (1.3.22)

Comme W est un élément de Hg pour un § €]a, 1/2[, le membre de droite de (1.3.22) converge
vers 0 lorsque ¢ tend vers 0. En conclusion, on obtient que

. 1 k
nlgrolou{ 7 1<k<n|foT | > 1} =0. (1.3.23)

Si la suite (f o T*)g>0 est indépendante, alors (1.3.23) est équivalente a

1 p _—
Jim 7 {lf] >t} =o. (1.3.24)

Nous disposons d’un premier critere de tension.

Théoréme 1.3.7 (Kerkyacharian et Roynette, [KR91]). Soit (§a(t)),,51 (0,17 une suite de pro-
cessus s’annulant en 0. On suppose qu’il existe v > 0, § > 0 et ¢ > 0 tels que pour tout A > 0 et
tous s,t € [0,1],

c
p{la(8) = &) > A} < 5 1= s (1.3.25)
Alors pour tout o €]0,6/7[, la suite (§n(1)),,51 1ej0,1) €St équi-tendue dans HE[0,1].

Comme le processus sommes partielles donné par (1.3.4) s’annule en 0, il est possible d’utiliser
ce résultat avec &,(t) := n~'/2SP!(f,t). Prenons dans un premier temps t := k/n et s := j/n.
Le membre de gauche de (1.3.25) vaut p {|Sy — S;| > Ay/n}. En utilisant la stationnarité, il faut
d’abord voir s'il existe des v > 0, § > 0 et ¢ > 0 tels que pour tout A, tout entier n et tout

ie{l,...,n}, s
c (1
) < (X . 3.
ulsi > i) < £ (1) (1.3.26)

En prenant ¢ = n, il faudrait donc que pour tout entier n,
c
w{1Sn] > A/n} < SXR (1.3.27)

Si tel est le cas, alors

i\7/2
1 A{1S:] > A/n} < Af/\/) ;V(n> , (1.3.28)
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et si v/2 > 1+ 4, alors (1.3.26) a lieu. La vérification de (1.3.25) pour les autres s et ¢
peut se faire de la maniére suivante. D’abord, si j/n < s < (j + 1)/n, on majore la quan-
tité p{|€((F +1)/n) — &u(s)| > A} en utilisant Pexpression (1.3.4). Puis dans le cas ol j/n <
s<(+1)/n<k/n<t<(k+1)/n, on écrit

{16 (t) = &nls)] > 3A} < p{lEn(t) — &n(k/n)| > A} +
+pflEn(k/n) = En((G +1)/n)] > A} + p{l€n((G + 1)/n) = &als)| > A} (1.3.29)

Soit «y vérifiant (1.3.27) pour tout n. La seule restriction trouvée sur ¢ pour que (1.3.25) soit
vérifiée est que v/2 > 1+46. Au vu de la conclusion du Théoréme 1.3.7, il est préférable de choisir
d aussi grand que possible, donc 6 := /2 — 1.

En résumé, on vient d’obtenir le

Corollaire 1.3.8. Soit (f o T7);5¢ une suite strictement stationnaire telle que pour un v > 2,

supsup A {|Sn ()] > A} < 0. (1.3.30)
n A>0

Alors pour tout o €]0,1/2 — 1/7], la suite (n=/2SE!(f,-)) , est équi-tendue dans Hg[0,1].

n>=

Remarquons que la condition (1.3.30) implique que la suite (||Sn( /7l p) est bornée
n>1

pour tout p € [2,~[. Si la suite (HS’n(f)/\/ﬁHp) est bornée, alors la conclusion du Corol-
n>1

laire 1.3.8 a lieu, puisqu’on peut l’appliquer pour tous les 7/ strictement compris entre 2 et
~. Comme cette condition est vérifiée pour les suites i.i.d. ayant un moment d’ordre v fini,
Kerkyacharian et Roynette ont ainsi retrouvé le résultat de Lamperti [Lam62] :

Théoréme 1.3.9. Soit a €]0,1/2[ et (X;)i>1 une suite i.i.d. centrée, vérifiant E|X1|" < oo pour
un certain p > 1/(1/2 — «). Alors le processus défini par (1.3.1) converge en loi vers E[XZ]W
dans lespace HC[0,1].

Pour récapituler : soient o €]0,1/2[ et p(a) := 1/(1/2 — a) et (f o T?);>¢ une suite i.i.d.
centrée.

e SiE|f]? < oo pour ¢ > p(«), alors f vérifie le principe d’invariance dans H2 [0, 1].
e Si f vérifie le principe d’invariance dans H2[0, 1], alors lim;_, o, tP(® p {|f| > t} = 0.

Avec ces résultats, nous ne pouvons pas déterminer si une suite i.i.d. (f o T%);>¢ telle que
limy o0 P {| f| > t} = 0 vérifie le principe d’invariance.
La condition nécessaire et suffisante fut donnée par Rackauskas et Suquet [RS03] :

Théoréme 1.3.10. Soient o €]0,1/2[ et p(a) = 1/(1/2 — «) et (f o T?);>0 une suite i.i.d.
centrée. La fonction [ vérifie le principe d’invariance dans H2[0,1] si et seulement si
; p(a) —
Jim 7@ {|f] > 1) = 0. (1.3.31)
La démonstration de ce résultat repose sur un critére de tension qui ne fait intervenir que
les maxima des sommes partielles. Nous suivons I'approche de [Suq99].

1.4 Théoremes limites presque siirs

Dans les deux sections prédédentes, nous avons évoqué le théoreme limite central et sa version
fonctionnelle dans différents espaces. Ceux-ci concernent la loi de certaines fonctionnelles des
sommes partielles et non leur comportement presque siir. Il existe des versions conditionnelles
de ces théorémes, mais nous ne les évoquerons pas dans la suite. Nous ferons référence a deux
théoremes limites classiques : la loi forte des grands nombres et la loi des logarithmes itérés.
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1.4.1 Loi forte des grands nombres

En 1963, Baum et Katz ont démontré que si p > 1 et si (f o Ti)1,>0 est une suite i.i.d. vérifiant
E[f]=0cet E|f]’ < oo, alors

“+ o0
Z nP=2u {sup |Sk| /k > 5} < oo pour tout € > 0 (1.4.1)
n—1 k>n

(voir le Théoréme 1 de [BKG63]). Ceci donne une vitesse de convergence pour la loi forte des
grands nombres. En effet, si 1 < p < 2, alors nP~!u {supk>n |Sk| /k > E} — 0 lorsque n tend
vers l'infini.

Dans [BK65], les mémes auteurs ont montré que si 1 < p < 2, f est centrée et E|f|” log™ |f]| <
o0, alors

Jio |Sk‘>s < tout € > 0 (1.4.2)
- sup ——— o0 pour tou s N
n=1 nlu kEE kl/p P

Ceci entraine que la suite (Sn /nl/ p) converge vers 0 presque slirement.

n>1

Définition 1.4.1. Soit 1 < p < 2. On dit que la fonction f vérifie la p-loi forte des grands
nombres si pour tout a € [1/p, 1], la convergence

+oo
Zno‘pzu{ max |Sg(f)| = Eno‘} < 400 (1.4.3)
n=1

1<k<n

a lieu pour tout € strictement positif.

Ce type de résultats fut étendu aux martingales a valeurs dans certains espaces de Banach
par Woyczynski dans [Woy76].

1.4.2 Loi des logarithmes itérés
Soit (£2, F, 1, T) un systéme dynamique.

Définition 1.4.2. On dit que la fonction f: Q — R vérifie la loi des logarithmes itérés s’il
existe une constante C(f) telle que pour presque tout w € Q,

lini)inf(\/nloglogn)_lSn(f) = —C(f) et limsup(y/nloglogn)~'S,(f) = C(f). (1.4.4)
n (oo} n—roo

On dit que la fonction f: Q — R vérifie la loi des logarithmes itérés fonctionnelle si la suite
((v/nToglogn)~tSEl(f, ~))n>1 est relativement compacte dans C[0,1] et I’ensemble des valeurs

d’adhérence coincide avec l’ensemble des fonctions absolument continues x € C|0,1] telles que
2(0) =0 et fol(x’(t))2dt <1, ot o’ désigne la dérivée par rapport a la mesure de Lebesgue.

La loi des logarithmes itérés fonctionnelle pour une suite i.i.d. centrée, & moyenne nulle a
variance finie fut établie par Strassen [Str64]. Son extension aux accroissements ergodiques d’une
martingale de carré intégrable est diie & Basu [Bas73]. Comme pour le principe d’invariance, une
approximation par martingales est possible. Par exemple, si la décomposition (1.2.3) a lieu avec
m et g dans L2, alors la fonction f vérifie la loi des logarithmes itérés (voir [HHS0]). La condition
de Hannan (1.2.8) donne la méme conclusion. Zhao et Woodroofe ont donné une condition dans
Pesprit de (1.2.10) (cf. [ZWO08]).
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Chapitre

Suites faiblement dépendantes

Dans ce chapitre, nous nous intéressons au théoréme limite central et & sa version fonctionnelle
pour des suites faiblement dépendantes. Nous allons considérer les suites mélangeantes classiques
(o, B, p, p*) ainsi que les suites T-dépendantes et -dépendantes. L’idée générale est de quantifier
la dépendance d’une suite en mesurant la dépendance entre la tribu engendrée par les variables
de la suite avant un instant ¢ et celle engendrée par les variables apres un instant ¢ + n. Cela
forme une suite indexée par n (nulle lorsque la suite est indépendante) et décroissante. La
suite stationnaire considérée aura des propriétés d’autant plus proches de celles d’une suite
indépendante que les coefficients de dépendance tendent rapidement vers 0. En combinant les
hypotheses sur les coefficients avec celles sur la queue de la loi commune, il est possible d’obtenir
de bonnes inégalités de covariance et de déviation du maximum des valeurs absolues des sommes
partielles.

Ce chapitre est organisé de la maniere suivante : dans une premiere section, nous donnons
les définitions des coefficients de dépendance et leur comparaison ; dans la seconde section, nous
rappelons les résultats concernant le théoreme limite central pour les suites mélangeantes aussi
bien & valeurs réelles que dans un espace de Hilbert séparable. Finalement, nous évoquons les
résultats concernant le principe d’invariance dans C|0, 1] pour les suites faiblement dépendantes
a valeurs réelles.

2.1 Définitions et comparaison

2.1.1 Coefficients de mélange

La définition des coefficients de mélange repose sur la mesure de dépendance de deux tribus. Si
(Q, F, 1) est un espace probabilisé et A et B sont deux sous-tribus de F, une premiere fagon de
mesurer la dépendance est de définir

a(A,B) :==sup{|u(ANB) — u(A)u(B)|, A€ A, B € B}. (2.1.1)

Ce coefficient, dit d’a-mélange, a été introduit par Rosenblatt dans [Ros56]. Volkonskii et Ro-
zanov [VR59] ont défini les coefficients de S-mélange par 1’égalité

ol le supremum est pris sur les partitions finies {A4;,1 <i< I} et {B;,1<j<J} de Q ne
contenant respectivement que des éléments de A et B.

25
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Il est également possible de comparer les corrélations entre les fonctions A-mesurables et
B-mesurables. Il s’agit de 'approche de Hirschfeld [Hir35]; plus précisément,

p(A, B) := sup {|Corr(f,g)|, f € L2(A),g € ]LQ(B)} , (2.1.2)

ott Corr(f,g) = [E(fg) — E(HE@] I/ — E()llz g — Elg) =]

Ibragimov [Ibr59] a introduit les coefficients de ¢-mélange, définis par la formule :
6(A, B) = sup {|u(B | A) — u(B)|, A € A, B € B,u(A) > 0}

On notera que contrairement aux coefficients d’a, 5 ou p-mélange, le réle des tribus A et B n’est
pas symétrique dans le cas du ¢-mélange. En effet, reprenons I’exemple p. 101 de [Bra07]. On
considére € €]0,1/2]. Soient X et Y des variables aléatoires de loi jointe pu{(X,Y) = (0,0)} =
l—&, u{(X,Y)=(0,1)} =0, u {(X,Y) = (1,0)} =e—e? et u{(X,Y) = (1,1)} = €%. En posant
A:=0(X) et B:=0(Y), on peut vérifier que ¢(A,B) = —c? et (B, A) =1—e.

Les inégalités suivantes ont lieu pour toutes les sous-tribus A et B de F :

20(A, B) < B(A,B) < 6(A, B), a(A,B) < p(A,B) < 21/6(A, B). (2.1.3)

Nous renvoyons le lecteur & la Proposition 3.11 de [Bra07] pour une démonstration.

L’exemple suivant (p. 100 de [Bra07]) montre que les mesures de dépendance « et 8 peuvent
étre petites sans que p et ¢ ne le soient. Pour € €]0,1/2], on considére des variables aléatoires X
et Y dont la loi jointe est donnée par p{X =Y =0} =1—cet u{X =Y =1} = &. En posant
A:=0(X) et B:=0(Y), les égalités

a(A,B)=¢e(1—¢€);B(A,B)=2(1—¢);p(A,B)=1et p(A,B)=1—¢ (2.1.4)

ont lieu.
Tout ceci concerne la dépendance entre deux tribus. Pour mesurer la dépendance d’une suite
(Xk)kez’ on définit pour —oo < J < L < 40 la tribu

Fhi=o(Xp,J<Ek<L). (2.1.5)

Puis, pour un entier positif n, on pose

a(n) :==supa (FL o, Fiv), (2.1.6)

JEL
et de la méme maniere

B(n) = sup B (FL oo, Fi) s (2.1.7)
JEZ

p(n) =supp (FL o, Fi); (2.1.8)
JEZ

¢(n) == sup ¢ (FL o, Fi55) - (2.1.9)
JEZ

La suite (X%),., n'a pas été supposée strictement stationnaire dans les définitions prédé-
dentes. Dans le cas stationnaire, celles-ci se réduisent a

) (2.1.10)

B ); (2.1.11)

p(n) = p (F° o, FiFe); (2.1.12)
) ) (2.1.13)
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Dans ces définitions, la suite de variables aléatoires considérée est indexée par les entiers relatifs.
On peut définir les coefficients de mélange de la suite (Xk),@1 en posant X, = X pour k > 1
et X}, = 0 pour k < 0, et en définissant a(n) comme le n-eéme coefficient d’a-mélange de la suite
(X1.) ez Les coefficients de 3, p et ¢-mélange sont définis de la méme maniere.

Une autre condition de mélange est le p-mélange entrelacé, qui est définie différemment des
autres conditions. Si (X})rez est une suite de variables (non nécessairement stationnaire), on
définit Fj:=o(Xp, k€ I) et

p*(n) :=sup {p(}—h]{]) | ieilnjfeJ li —jl = n,I,JC Z} . (2.1.14)

Pour les coefficients de p-mélange classiques, on restreint le supremum aux ensembles I et J de
la forme | — 0o, J], [J 4+ n, +oo[ donc pour tout entier n, p(n) < p*(n).

Définition 2.1.1. On dit que la suite (X}),c, est a-mélangeante (respectivement 3, p, ¢ et
p*-mélangeante) si lim «a(n) = 0 (respectivement lim fx(n) =0, lim px(n) = 0 and
n—-+oo n—-+oo n—-+oo

Jm  ¢x(n) =0).

Notons qu’'une suite indépendante est nécessairement mélangeante (que ce soit au sens ¢ ou
p*, et donc «, B ou p). La littérature contient des éléments de comparaison des différentes types
de suites mélangeantes.

o Dans [Bra99], Bradley construit une suite strictement stationnaire, gaussienne, centrée,
qui est a la fois p et f-mélangeante mais pas p*-mélangeante.

o Dans [Ros71] (p. 214, ligne 3 & p. 215, ligne 15), Rosenblatt donne un exemple de suite
strictement stationnaire p-mélangeante mais non S-mélangeante. L’exemple 7.16 de [Bra07]
donne un exemple de suite strictement stationnaire p*-mélangeante (donc p-mélangeante)
mais non [B-mélangeante.

o L’exemple 7.11 de [Bra07] donne un exemple de chaine de Markov strictement stationnaire
sur un espace d’états dénombrable, S-mélangeante mais non p-mélangeante.

o Dans [Bra97], il est conjecturé que toute suite ¢-mélangeante est p*-mélangeante. Cette
conjecture n’est a notre connaissance pas résolue, méme pour les chaines de Markov stric-
tement stationnaires.

Parmi ces conditions de mélange, la moins restrictive est I’a-mélange. Cependant, il existe
des exemples de chaines de Markov qui ne sont pas a-mélangeantes. Par exemple, Andrews
[And84] a montré que si (¢;);5, est une suite iid. ot €1 suit une loi de Bernoulli, alors la
solution stationnaire (X;);>o de I’équation

1
X, = 3 (Xn—1+¢n),Xo est indépendante de (g;);5, (2.1.15)

vérifie a(n) > a (0(Xo),0(X,)) = 1/4.

2.1.2 Suites ¢ et 7-dépendantes

Il existe des mesures de dépendance définies a l'aide des lois conditionnelles : les coefficients
de 6 et 7-dépendance. Les premiers furent introduits dans [DL99], les seconds dans [DP04].
Celles-ci permettent de conserver la plupart des propriétés des suites mélangeantes et présentent
I’avantage de s’appliquer a une classe de processus plus grande.

Pour définir les coefficients de 8 et T-dependence d’une suite strictement stationnaire, nous
avons d’abord besoin d’un lemme sur les lois conditionnelles (voir le Théoréme 33.3 de [Bil95]).
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Lemme 2.1.2. Soient (2, F, 1) un espace probabilisé, M une sous-tribu de F et X une variable
aléatoire d valeurs réelle de loi px . Il existe une fonction px ap de B(R) x Q dans [0,1] telle que

1. pour tout w € Q, px|pm(-,w) est une mesure de probabilité sur B(R).
2. Pour tout A € B(R), puxam(A,-) est une version de B [1{xeay | M].

A présent, introduisons les coefficients de 7-dépendance comme dans [DP05]. Notons A (R)
la collection des fonctions 1-Lipschitz de R dans R et définissons la quantité

W (juxan) 2= sup {‘ [ rmaiman) - [ s@px(a

,f € Al(R)}.

Pour une variable aléatoire intégrable X et une sous-tribu M, le coefficient 7 est défini par
(M, X) = ||[W(uxim)|]; - (2.1.16)

Cette définition peut s’étendre aux variables aléatoires a valeurs dans un espace vectoriel de
dimension finie. Si d est un entier naturel strictement positif, on munit R? de la norme ||z —y|| :=
Z?Zl |z; — y;| et on note Aq(RY) la collection des fonctions 1-Lipschitz de R? dans R.

Définition 2.1.3. Soit (Q, F, 1) un espace probabilisé, M une sous-tribu de F et X une variable
aléatoire a valeurs dans R%. On définit

(M, X) :=sup {|[E[f(X) | M] —E[f(X)]ll, . f € M (RY)}; (2.1.17)
T(M, X) :=sup{T(M, f(X)), f € AMi(E)}; (2.1.18)
O(M, X) = sup {r(M, (X)), f € Ay(B) |l < 1}. (2.1.19)

On peut a présent introduire les coefficients de € et 7-dépendance pour une suite de variables
aléatoires a valeurs réelles.

Définition 2.1.4. Soient (X;);>1 suite de variables aléatoires a valeurs réelles et (M;)i>1 une
suite de sous-tribus de F.Pour un entier k strictement positif, on définit

. 1 L .
7(i) == max 7 sup {TMp, (Xjp,-- -, Xj))p+i< 1 <--- <4} (2.1.20)

On définit 6(i) de maniére similaire.

Dans la suite, on se concentrera sur le cas M; := o(Xy, k < i).

Notation 2.1.1. Soit X: Q@ — R une variable aléatoire. Notons Qx(-) la fonction de quantile,
cest-a-dire Qx (u) = inf {t, u {|X| >t} <u}. Si (f 0 T7);>0 est une suite strictement station-
naire et (a(n))n>1 la suite de ces coefficients d’a-mélange, on désigne par a~!(u) le nombre
d’indices n pour lesquels a(n) > u. Plus généralement, si (d;);>0 est une suite décroissante de
nombres positifs, on définit 6! (u) := inf {k € N, 6 < u}.

Il est possible de comparer les coefficients de 0 et 7-dépendance avec ceux d’a-mélange. Nous
énoncons le Lemme 7 de [DP04] dans le cas strictement stationnaire.

Lemme 2.1.5. Soit (f oT7);>0 une suite strictement stationnaire. Alors pour tout entier i, les
inégalités suivantes ont lieu :

2a(i)
0(i) < (i) < 2/0 Q;(w)du. (2.1.21)

Dans [DP04], "Application 1 : causal linear processes" (p. 871), Dedecker et Prieur ont fourni
un exemple de processus dont les coefficients de 7-dépendance convergent vers 0 comme du 27*
mais a(i) = 1/4 pour tout entier i.
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2.2 Théoreme limite central pour les suites mélangeantes

Dans la Section 1.2 du Chapitre 1, nous avons donné des conditions suffisantes pour qu'une suite
strictement stationnaire vérifie le théoréme limite central. La méme question peut se poser pour
les suites mélangeantes.

2.2.1 Cas de la dimension finie

Commencgons par le cas des suites a-mélangeantes. Il convient de donner une caractérisation des
limites en loi potentielles des sommes partielles normalisées d’une suite strictement stationnaire
a-mélangeante. On rappelle qu'une mesure de probabilité p sur R est dite infiniment divisible si
pour tout entier positif m, il existe une mesure de probabilité v, sur R telle que vy, *- - - vy, = p,
ou v,, apparait m fois.

Théoréme 2.2.1. Soit (X)rez une suite strictement stationnaire telle que a(n) — 0 quand
n — 00. Supposons que

o 1 est une mesure de probabilité sur R ;
e () est un sous-ensemble infini de l’ensemble des entiers naturels;
o pour tout n € Q, a, est un nombre réel et b, est strictement positif;
e b, = +o00 lorsque n — oco,n € @ ; et
e (Sp—an)/by — p en loi lorsque n — oo, n € Q.
Alors p est infiniment divisible.

Ce résultat est contenu dans [Cog60] (p. 122, Théoréme 12).

Lorsque la convergence en loi (S, — a,,)/b, — p a lieu pour toute la suite, la loi limite y
est nécessairement de loi stable. On rappelle qu'une mesure p est dite de loi stable si pour tout
entier n, il existe s > 0 et t € R tels que pour toute variable aléatoire Y de loi (™, la loi de
sY +t est u. Dans ce cas, en notant ¢ la fonction caractéristique de p, il existe des uniques
constantes ¢ > 0 et p € (0,2] telles que pour tout ¢ € R, |¢(t)| = exp(—c|t|’). Le nombre p est
appelé exposant de la loi stable (non dégénérée) u.

Définition 2.2.2. Une suite (h(n))n>1 de nombres réels strictement positifs est dite 4 variation
lente si )
. min,, <ngom A(n)
lim
m—00 MaAXym<n<2m H(n)

=1. (2.2.1)
Théoréme 2.2.3. Soit (X;)rez une suite strictement stationnaire telle que a(n) — 0 quand
n — 00. Supposons que

o 1 est une mesure de probabilité non-dégénérée sur R ;

e pour tout n € N, a,, est un nombre réel et b, est strictement positif ;

e b, = +00 lorsque n — oo ; et

e (Sp—an)/by — p en loi lorsque n — 0.

Alors i est de loi stable. De plus, en notant p lexposant de u, b, = n*/Ph(n) ot (h(n))ns1 est
a variation lente.

La premiére partie est diie & Ibragimov (voir [Ibr62]), la seconde & Philipp (cf. [Phi80]), qui
a étendu le résultat aux variables aléatoires a valeurs dans un espace de Banach séparable.

On note o2 (f) :=E [S,(f)?], N une variable aléatoire de loi normale et N(0,1) une variable
aléatoire de loi normale centrée et réduite.
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Théoréme 2.2.4. Soit (f o T).cz une suite strictement stationnaire de variables aléatoires
centrées, & variance finie, telles que E [Sn(f)2] — o0 lorsque n — +oo et a(n) — 0. Les
assertions suivantes sont équivalentes :

1. la famille {S,(f)?/E [Sn(f)?] ,n € N} est uniformément intégrable ;
2. 8. (f)/on(f) = N(0,1) quand n — oo.

De plus, si l'une des assertions 1 ou 2 ont lieu, alors 2 =n-h(n) ot (h(n))n,>1 est a variation
lente.

L’équivalence est contenue dans [Cog60], Théoréme 13 et [DDP86]. Le Théoréme 2.2.4 fut
démontré dans [Den86]. et [MY86].

Théoréme 2.2.5 (Herrndorf, [Her83al). Soit (g(n))n>1 une suite décroissante de nombres réels
strictement positifs telle que g(n) — 0 lorsque n — oo. Il existe une suite strictement stationnaire
(Xk)rez telle que

1. E[Xo] =0 et E[X2] =1;
pour tout n > 1, E[XoX,] =0;

pour tout n = 1, a(n) < B(n) < g(n);

inf,>1 p{S, =0} >0;
5. la suite (Sp),,, est équi-tendue.

Théoréme 2.2.6. Soit (Xj)rez une suite strictement stationnaire de variables aléatoires telle
que E[Xo] = 0, E[X3] < 00, a(n) — 0 lorsque n — oo et

+oo  na(n) )
Qjx,(w)du < oo. (2.2.2)

n=1
Alors :
1. 0% :=E[X3]+2) 7 E[X0X,,] eziste dans [0, 400 et la série est absolument convergente.
2. De plus, si * > 0, alors (S, /(v/no)) converge en loi vers une loi normale centrée réduite.
Le premier point se trouve dans [Ri093], le second dans [DMR94].

Théoréme 2.2.7 (Peligrad, [Pel87]). Soit (Xj)rez une suite strictement stationnaire telle que
E[Xo] =0, E[XZ] < 00, 02 = E[S?] — 0o quand n — oo et p(n) — 0. Supposons qu’il existe une
fonction croissante g: Ry — Ry telle que

1. E[X3g(|X0])] < oo et
2. pour un certain A > 2,

flog, n

]
1 .
limsup —————exp | A E 27 < 400 lorsque n — oo. 2.2.3

Alors Sp/on, — N(0,1) en loi quand n — oo.

+oo

Remarque 2.2.8. e Supposons que ijl p(27) soit finie. Dans ce cas, les hypotheéses du Théo-

reme 2.2.7 sont vérifiées car il suffit de prendre une fonction g = 1.
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|2+6

e Supposons que E [|X0 ] soit finie pour un certain J strictement positif. Sous les hypo-

theses du Théoréme 2.2.7, la condition (2.2.3) est vérifée.

Concernant le p*-mélange, les Théorémes 1, 3 et 4 de [Bra92] donnent le résultat suivant.

Théoréme 2.2.9. Soit (Xi)kez une suite de variables aléatoires strictement stationnaire telle
que E[Xo] =0, E [XZ] < oo et p*(n) — co quand n — .

1. Alors 02 :=lim,,_,oo n'E [Sfl] existe dans [0, 0ol.

2. Si de plus E [S2] — oo quand n — oo, alors 0 > 0 et la suite S,,/(y/no) — N(0,1) en loi
quand n — 00.

Peligrad [Pel96] a montré qu’en remplacant p*(n) — 0 par p*(n) < 1 pour un certain n et
a(k) = 0, k — oo, la suite (S, /0,) converge en loi vers une loi normale centrée réduite.

Dans les années 60, Ibragimov a conjecturé ’énoncé suivant, connu sous le nom de « conjec-
ture d’Ibragimov »(voir [IL65, IL71], p. 393, Problem 3) :

Si (Xk)kez est une suite strictement stationnaire, ¢-mélangeante de variables aléatoires telle
que E[XZ] < oo et Var(S,) — oo quand n — +oo, alors S, est asymptotiquement normale
quand n — +00.

Peligrad a démontré dans [Pel85] que si on suppose la suite centrée et que de plus, lim +inf J,QL /n
n—-+0oo

est strictement positive, alors S, /o, — N(0,1) en loi lorsque n — oo, ou 02 = E[S?].

Pour une suite décroissante § = (8;);>0, la fonction u + §~1(u) a été définie dans la Nota-
tion 2.1.1. Posons pour une variable aléatoire integrable Y la fonction Gy comme étant I'inverse
généralisée de  — [ Qy (u)du. Dans [DDO03], la finitude de la quantité

X1
D4, X) := /o 6 Hu)Qx o Gx(u)du (2.2.4)

est considérée. Le Corollaire 1 de [DD03] combiné avec (2.1.21) fournit les implications
D(7,Xo) < 00 = D(0,Xp) < co=(1.2.9), (2.2.5)

ot (X),ez st une suite strictement stationnaire.
Le théoréme limite central a donc lieu sous la condition D(7, X() < oc.

2.2.2 Espaces de Hilbert

Dans [Tonl1], Tone a établi théoréme limite central pour des champs aléatoires & valeurs dans
‘H sous une condition de p*-mélange.

Politis et Romano [PR94] ont montré que si pour un § > 0, E || X4 ||3j5 estfiniet ), ax (j)ﬁ
converge, alors la suite (n~!/2 > 75—y Xj) converge vers une variable aléatoire gaussienne ', dont
Popérateur de covariance S vérifie

+o0
E [(N,1h)?] = (Sh, h)3 = Var((Xq, h)) + 2 Cov (X1, h), (X141, 1))

i=1

Un résultat similaire fut obtenu par Dehling [Deh83].
Rappelons I'inégalité de Rio [Rio93] : étant données deux variables aléatoires réelles X et YV
ayant un moment d’ordre deux fini,

a(o(X),0(Y))
E[XY]-E[X]E[Y] <2 / Qx (1) Qy (u)du.
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Cette inégalité fut étendue par Merlevede et al. [MPU97] : si X et Y sont des variables aléatoires
a valeurs dans H, de fonctions de quantile respectives QHXHH et QHYHH’ alors

EX, Y)ad — E(X]E ¥l < 18 [ Qe Qv s

ot a = a(c(X),o(Y)).
De cette inégalité, ils déduisent un théoréme limite central pour une suite (Xj),;,, de variables
aléatoires centrées a valeurs dans H sous la condition

1
/0 ail(u)QﬁXOHH(u)du < 00, (2.2.6)

ot ™! est la fonction inverse de z — ax(|z]).
Le Corollaire 1.2 de [Rio00] montre que ce résultat implique celui de Politis et Romano.

2.3 Principe d’invariance

2.3.1 Conditions suffisantes

Dans la section précédente, nous avons vu des conditions suffisantes pour le théoréme limite
central en terme de coefficients de mélange. Il est naturel de se demander si celles-ci garantissent
aussi le principe d’invariance dans D[0,1] ou C0,1].

Le principe d’invariance sous les hypothéses du Théoréme 2.2.7 a été démontré par Shao
dans [Sha89].

Peligrad a montré que le principe d’invariance dans D0, 1] reste valide sous les conditions du
Théoréme 2.2.9 ainsi que sous les hypothéses mentionnées & la suite de ce résultat (voir [Pel98]).

2.3.2 Implication du principe d’invariance par le théoréme limite cen-
tral

Soit (f o T%);>0 une suite strictement stationnaire. On suppose que (a,, *SP'(f))n>1 converge
en loi vers un mouvement brownien W. Comme la fonctionnelle 71 : 2 — 2(1) est continue sur
C[0,1], 1a suite (a;,; 'S, (f))n>1 converge en loi vers une loi normale. En utilisant la fonctionnelle
Ty, ta(x) = (24,)%_1, on observe que la convergence des lois fini-dimensionnelles a lieu. En
utilisant la continuité sur C[0, 1] des fonctionnelles  — w(z, d), on peut montrer que

1 .
— max ’f o T]‘ — 0 en probabilité quand n — oo. (2.3.1)
Ap 1<j<n

En effet, pour n > 1/4, nous avons

LI |foT?| <w(a;,'SE(f),1/5). (2.3.2)

Ay 1<j<n

Comme 'union des points de discontinuité des fonction de répartition de w(W,1/1) I > 1 est au
plus dénombrable, il suffit de montrer que p {maxlgjgn }f o Tj| > ean} — 0 pour chaque € > 0
qui est un point de continuité des fonctions de répartition de tous w(W,1/1) I > 1.

Pour de tels g, nous déduisons par continuité de x — w(z,1/5) linégalité

U {lgl%n |foT?|> mn} < p{w(W,1/5) > €}. (2.3.3)

En faisant tendre j vers 0, nous obtenons (2.3.1).
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En résumé, le théoréme limite central fonctionnel dans C[0, 1] implique la convergence des loi
fini-dimensionnelles et une condition sur les maxima des accroissements des sommes partielles
(2.3.1). La question de la réciproque survient alors :

Question. Soit (f o T%);>0 une suite strictement stationnaire centrée ayant une variance
finie. Supposons qu’il existe une suite (a,)p>1 de réels strictement positifs telle que les lois
fini-dimensionnelles de (a;, 1SE!(f))n>1 convergent en loi vers celles d’un mouvement brownien
W et vérifiant (2.3.1). Quelle condition sur le mélange faut-il imposer pour garantir le principe
d’invariance dans C[0,1]?

Cette condition ne doit pas garantir a elle seule le principe d’invariance.

Le ¢-mélange est une réponse a la question. Herrndorf a montré dans [Her83b] que si
Sy (f)/on converge vers une loi normale centrée réduite, E[f] = 0 et E [ f?] < oo et (2.3.1) a lieu,
alors f vérifie le principe d’invariance dans D|0, 1] avec la normalisation o,,. L’idée clé est d’utili-
ser le fait que ¢(m) < 1 pour un certain m, et de contrdler la quantité p {maxi<j<n |S;|an > 3A}
par 1 {|Sn|an > A}, p{maxicj<n | f o T7] an > A} et ¢(m). Plus précisément, le Lemme 3.1 écrit
dans le cas stationnaire de la maniere suivante : pour tout entier ¢ > 1, tout a >0 et r > g+ 1,

- - - S, , <
(1 ¢(q) — max p{|S, — 8| > a}> 1 {12?3 1551 > 3@} <
< u{lS] > a} +u{(q 1) max |foT| > } C(23.4)

IIRT
L’inégalité (2.3.4) est ensuite utilisée pour établir 'équi-tension de la suite (o, *SE!(f))

dans ’espace DI0, 1].
Nous traiterons le cas des suites S-mélangeantes dans le Chapitre 4.

n>1
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Chapitre

Principe d’invariance pour les champs
aléatoires strictement stationnaires

Dans ce chapitre, nous rappelons les définitions et résultats existants concernant le théoréme
limite central et le principe d’invariance pour des champs aléatoires strictement stationnaires.

3.1 Champs aléatoires de type différence d’orthomartin-
gale

La notion de martingales a été introduite dans le Chapitre 1. Lorsque les accroissements sont
strictement stationnaires, on a vu que le théoréme limite central fonctionnel a lieu sous une
condition de variance finie. Une stratégie pour démontrer un théoréme limite consiste donc a
approximer les sommes partielles par des martingales & accroissements strictement stationnaires.
On aimerait suivre cette approche dans le cadre des champs aléatoires, mais on se heurte a une
premiére difficulté : comment définir une martingale ? La définition de martingale en dimension
un repose sur 'ordre naturel sur les entiers relatifs. Dans cette thése, nous nous concentrerons
sur les ortho-martingales.

3.1.1 Définitions générales

Soit (€2, F, 1) un espace probabisé et T, ¢ € {1,...,d} des applications de © dans lui-méme qui
préservent la mesure. On suppose que ces applications commutent, i.e., T; o T; = T} o T; pour
tous i,7 € {1,...,d}. On supposera de plus que ces applications sont bijective et bi-mesurables.
On note pour i = (i1,...,iq) € Z4,

T =T o-- 0Tk, (3.1.1)
On dira que T est une action de Z¢ sur © qui préserve la mesure.

Définition 3.1.1. On note Z la tribu des invariants, c’est-a-dire la collection des ensembles
A € F tels que pour tout k € Z¢, T¥A = A.

Définition 3.1.2. On dit que (Q, F, u,T) est ergodique si tous les éléments de T sont de mesure
nulle ou égale a 1.

On note également pour une fonction mesurable f: 2 — R et w € 2

(U f)(w) = f(T'w). (3.1.2)

35
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Définition 3.1.3. Le champ aléatoire (Xy)xeza est dit strictement stationnaire si pour tout
(k,n) € Z4x N* et tous (i1, .. .,in) € 29", les vecteurs (Xi,, ..., Xi,) et (Xiy 11, - - - Xi1k) ont
la méme loi.

Avec ces notations, le champ aléatoire (Uj f)j cza €St strictement stationnaire.

3.1.2 Filtrations commutantes
Etant donnés deux éléments i et j de Z%, on dit que i < j si iq < jq pour tout ¢ € {1,...,d}.

Définition 3.1.4. La collection de tribus (Fi)ycza est une filtration si F; C Fj pour tous
i,j € Z vérifiant i < j. Cette filtration sera dite commutante si de plus, pour tous k,1 € Z2 et
toute variable aléatoire intégrable et Fi-mesurable Y,

E[Y | Fx] = E[Y | Fxn] presque sdrement. (3.1.3)
Le terme « commutante » peut s’expliquer de la maniére suivante : pour ¢ € {1,...,d},
considérons la tribu
]:l(q) _ \/}—i7 leZ. (3.1.4)
iez?
ig<l
ot (Fi)yeza est une filtration commutante. Alors pour toute permutation = de {1,...,d} et

toute variable aléatoire intégrable Y, ’égalité

ir(1) ix(2) in(d)

E [E {E [Y | f.(”“”} |]:(”(2))} . f(”(d”} —E[Y | A (3.1.5)

a lieu pour tout i € Z¢ (voir [Kho02] page 36, Corollaire 3.4.1).

Un exemple important de filtrations commutantes est celui de filtrations engendrées par un
champs i.i.d. (€;)eza. En effet, si F; := o(gj,j < 1), alors la filtration (Fj);czq est commutante.
Pour le vérifier, on peut s’appuyer sur le

Lemme 3.1.5. Soient G1,G2,Gs des sous-tribus indépendantes. Alors pour toute variable aléa-
toire intégrable X, ’égalité

EE[X [G1VGa] |GV Gs] =E[X|G] (3.1.6)
a lieu.

Nous avons aussi dans le méme esprit le lemme suivant, qui ne sera cependant pas utilisé
dans la suite de cette sous-section.

Lemme 3.1.6. Soient G;, i € {1,2,3} des sous-tribus de F telles que G3 est indépendante de
G1 V Go. Alors pour toute variable aléatoire intégrable X, l’égalité

E[E[X |Gi]| GV Gs) =E[E[X | Gi] | Ga]. (3.1.7)
a lieu.

Etant données des applications Ty, 1 < g < d qui commutent et préservent la mesure, on
aimerait pouvoir former une filtration commutante & 1'aide d’une tribu M telle que pour tout

gefl,....d}y, T,MC M.

Définition 3.1.7. Soient T, 1 < ¢ < d des applications bijective, bi-mesurables de ) dans
lui-méme, qui préservent la mesure et commutent deuxr a deux. Soit M une sous-tribu de F
telle que pour tout g € {1,...,d}, TZM C M. On dit que la filtration (F;);cza = (Tﬁi./\/l)iezd
est complétement commutante si elle vérifie (3.1.3) pour tout k,1 € Z% toute variable aléatoire
intégrable et Fi-mesurable Y.



§ 3.2 — Champs aléatoires bernoulliens 37

3.1.3 Définitions, opérateurs de projection

Afin d’énoncer la définition des orthomartingales, nous aurons besoin des notations suivantes :
EHJ:ELIELJGZdaEfTL:ELLﬂﬂyqe{L“wd%leZ (3.1.8)

Definition 3.1.1. La collection de variables aléatoires (My),cna st appelée ortho-martingale
par rapport 4 la filtration commutante (]-"i)iEZdJr st :

e pour tout n € N, la variable aléatoire My, est Fn-mesurable, intégrable et
o pour tous i,j € Zi tels que i <% j,

E[M; | Fi] = M. (3.1.9)

De maniere équivalente, étant donnée une filtration commutante (]:i>ieZi , une collection de
variables aléatoires (Mp)pene forme une ortho-martingale si pour tout g € {1,...,d}, et pour
tous {nl};ﬁq C N fixés, la suite (Mpn)n,en est une martingale (& un parametre) par rapport a la
filtration (f,SZ)) . (voir [Kho02], p. 37, Théoréme 3.5.1).

ng€

La définition est donnée pour une filtration commutante. Cependant, la restriction aux fil-
trations complétement commutantes est plus adaptée au contexte des champs strictement sta-
tionnaires.

Pour conclure cette sous-section, nous définissons les opérateurs de projection par

d

p=1[P" jez’ (3.1.10)

q=1

ol pour [ € Z, Pl(q): LY (F) — LY(F) est donné par

POf) =E? [f) — E{?, [f]. (3.1.11)

3.2 Champs aléatoires bernoulliens

3.2.1 Définition et exemples

Nous appelerons « champs aléatoires bernoulliens » les champs aléatoires strictement station-
naires qui sont des fonctionnelles de champs i.i.d.

Définition 3.2.1. On dit que le champ aléatoire (Xi)icza est bernoullien s’il peut s’écrire sous
la forme
Xi=g(eis,s €2, i€Zf (3.2.1)

0t (€1);cga €St un champs aléatoire i.i.d. et g: R%Z" 5 R est une fonction mesurable.
Donnons des exemples de tels champs aléatoires.

« Champs aléatoires linéaires. Etant donné un champ aléatoire i.i.d. (€i)jeza OU €0 est
centrée et de carré intégrable, le champ aléatoire linéaire X = (Xk)yczq est défini par

Xy 1= Z ai€k—i, (3.2.2)
iezd
olt (@4);¢zqe est une famille de carré sommable. Ici, la fonction considérée est g: (21)1ez4 —
> icza a1z1. Notons que par le Théoreme 5.2 de [Klel4], le terme de droite dans (3.2.2)
converge presque siirement au sens ou la limite limyin n— oo an <ixn Gifk—i existe presque
slirement.
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e Champs de Volterra. Les processus de Volterra du second ordre sont définis de la
maniére suivante : soit (€j);cz« un champ aléatoire i.i.d. centré et de carré intégrable. On
pose

Xk = Z sy s5€k—s1Ek—s2) (3.2.3)

s1,52€Z%

ou la famille (as, s;) . est de carré sommable telle que as, s, = 0 si s; = s2. Nous

$1,82€Z
utilisons aussi le Théoréme 5.2 de [Klel4] pour garantir I'existence du membre de droite

de (3.2.3).

3.2.2 Mesures de dépendance

Dans l'optique d’étudier les sommes partielles de champs aléatoires bernoulliens, il convient
de quantifier la dépendance. Ceci peut se faire a l'aide de la mesure de dépendance physique
introduite par Wu [Wu05]. Nous considérons un champs aléatoire i.i.d. (£;)jcze et une copie
indépendante (g});eza. Pour i € Z%, on définit la version couplée X; par

X7 = g(ef_g;8 € 2, (3.2.4)
otl, pour tout j € Z<,
G140
& = {53 51370, (3.2.5)
gg sij=0.

Définition 3.2.2 (Mesure de dépendance physique). Soitp > 1 eti€ Z%. Si X; € LP, on pose
5i,p = HX, - Xl*Hp (326)
Définition 3.2.3. On dit que le champ bernoullien (X;)icza est p-stable si

Api= by < +oc. (3.2.7)
iezd

Soit p > 2. Supposons que (g;);jeze est un champ aléatoire i.i.d. centré ayant un moment
d’ordre p fini. Pour les exemples de champs bernoulliens donnés dans la sous-section précédente,
on peut donner une majoration des coefficients de dépendance physique.

» Considérons le champ linéaire (3.2.2). Comme 6, = |ai|[[co — £g|,,, le champ aléatoire
défini par (3.2.2) est p-stable si la famille (a;)jeze est sommable.

o Considérons le champ de Volterra (3.2.3). Posons pour k € Z<,

Ay = Z (a’gl,k + a‘l2(,sz) et By 1= Z (|a51>k|p + ‘ak,sz‘p) . (328)

s1,82€Z4 s1,82€7Z4

Une application de 'inégalité de Rosenthal fournit la majoration
* 1/2 1 2
Siep = 1% = Xitll, < CpA? Izl llsoll, + CopBY'” llolly (3:2.9)

donc le champ de Volterra est p-stable si les familles (All(/ Mkeza et (Bll(/ P eza sont som-
mables.

o Plus généralement, si K: R — R est une fonction lipschitzienne et (Xy)kez un processus
p-stable, alors le processus (Yx)yxeze défini par Yy := K (Xx) est p-stable.
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En dimension 1, il est connu (cf. [Wu05], Théoréme 1) que pour tout i € Z, || P;(f)|l, < 02,
o P; est donné par (1.2.7). En général, la condition de Hannan (1.2.8) est donc moins restrictive
que la 2-stabilité. De plus, la Proposition 6.1 de [VW14] fournit un exemple de suite strictement
stationnaire d’accroissements d’une martingale qui ne vérifie pas la condition de 2-stabilité. Ceci
explique pourquoi il est préférable de travailler avec une condition de type Hannan plutét qu’avec
la 2-stabilité.

Pour mesurer la dépendance, nous allons utiliser des projecteurs, dont la définition differe
de (3.1.10). Nous considérons (&j)jeze un champ i.i.d., une fonction g: RN - R et un champ
aléatoire (Xy)yxeze défini par Xy := g(ex_s,s € N). On pose

d
Qi=J]QY, jez! (3.2.10)
q=1

ou 'opérateur Qg.g): L' — L! est défini par
Q0 (h) :==E[h| o (e1.ig = —jg)] — E[h| 0 (e1,iq > —jg + 1)]. (3.2.11)

Il s’agit en fait des opérateurs P; (donnés par (3.1.10)) relatifs a la filtration (Fj)jeze définie par
Fi=o0(e5,j = —i).

3.3 Théoréme limite central fonctionnel

Pour une suite strictement stationnaire (f o Ti)i>0, nous pouvons définir un processus sommes
partielles par (1.3.4). Dans cette section, nous rappelons la définition de I'extension aux champs
aléatoires ainsi que certains résultats concernant les champs aléatoires strictement stationnaires
dépendants.

3.3.1 Principe d’invariance dans C([0, 1]%)

Notons pour i = 1,

d
Ry = []liq — 1,4). (3.3.1)

q=1

Pourni=1, f: Q = Rett € [0,1]% on pose

Sa(f,t):= Y A([0,n-t]NRy)U'f, (3.3.2)

1<i<n

ot A désigne la mesure de Lebesgue sur R? et [0,n - t] = HZ:1[07 ngtql. Il s’agit d’un processus
dont les trajectoires se trouvent dans I’espace des fonctions continues sur [0, 1]%.
Pour n € N%, notons |n| := HZ:I n; et minn := minjggd Ng-

Question. A quelle(s) condition(s) le processus

1
——Su(f.t 3.3.3
( Vv |n‘ (f )>t6[0,1]d ( )

converge en loi dans C([0,1]%) lorsque minn — 400 ?

Ici, espace C([0,1]¢) est muni de la norme uniforme.

Comme en dimension 1, on va supposer que le champ est centré, i.e., E[f] = 0. Kuelbs
[Kue68] a étudié le probléme lorsque le champ (f o TX),cye est indépendant et identiquement
distribué. Il a obtenu une condition qui met en jeu les moments d’ordre 6 des variables aléatoires
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tronquées f1{|f] < R} (qui est impliquée par la finitude de moments d’ordre 3 + § pour un
d > 0). Puis Wichura [Wic69] a montré que la finitude du moment d’ordre 2 de f est une
condition suffisante pour que le processus défini par (3.3.3) converge en loi dans C([0,1]9) le
long de la suite (n1),>1 vers un drap brownien : un processus (By)¢c(o,1)¢ tel que By est de loi

normale centrée et Cov(Bg, By) = HZ:1 min {s,,t,} pour tous s, t € [0,1]%. Le résultat a lieu si
I’on considere la convergence lorsque minn — 4o00. Nous avons vu que la finitude du moment
d’ordre 2 de f est suffisante pour que le processus défini par (3.3.3) converge dans C([0, 1]¢) vers
un drap brownien lorsque min n — +o00. Comme dans le cas des suites, la question de ’extension
aux champs aléatoires stationnaires mais non indépendants est naturelle.
Basu et Dorea ont donné une définition de champs de type d’accroissements d’une martingale.
Soit (€n)peze un champ aléatoire. Si n = (ny,...,nq) et n; > 1, on pose

On =0 (&p,p; 21,1 <j<d, etilexistei e {1,...,d} tel que p; <n;).

Théoréme 3.3.1 (Basu et Dorea, 1979). Soit ({n)neza un champ aléatoire strictement station-
naire ergodique, de carré intégrable, tel que

E[én | Gm] =0 p.s. sim < n. (3.3.4)
Alors le principe d’invariance a lieu.

On pose
foT* | F
B = 3| at

d g1/2
keNd Hi:l k’L
ot Fix = o(ei, i 2 k) et (g5)jeze est un champ i.i.d.

Théoréme 3.3.2 (Wang, Woodroofe, [WW13]). Si Aya(f) est fini alors (f o T );ena vérifie le
théoréme limite central.
Si A p(f) est fini pour un p > 2, alors (f o T')iene vérifie le principe d’invariance.

Puis ce résultat a été amélioré.

Théoréme 3.3.3 (Volny, Wang, [VW14]). Supposons que F; soit engendrée par un champ i.i.d.,
f est M-mesurable et que

DB, < oo (3.3.5)
JjENd
Alors le principe d’invariance a lieu.

Remarque 3.3.4. On notera que ces résultats ne concernent que le cas des champs ergodiques.
En général, on ne peut pas espérer un théoreme limite central pour les champs de type accrois-
sements d’'une martingale. Si (f1 o TF)x>0 et (f2 0 T4)k>0 sont deux suites i.i.d., indépendantes
entre elles et de loi normale centrée réduite, le champ (UX(f1f2))kezz est un champ de type
accroissements d’ortho-martingale. La convergence de (m~'/2n=1/28, . (f1f2)) a lieu vers un
produit de gaussiennes indépendantes donc la limite en loi n’est pas gaussienne. L’action de
T; j(z,y) := (Tiz,Tjx) sur Z* est ergodique alors que les transformations T} o et Ty 1 ne le sont
pas.

Théoréme 3.3.5 ([Vol15]). Soit f € L2 une fonction telle que (foT%);cza est un champ aléatoire
de type accroissements d’orthomartingale par rapport a une filtration complétement commutante
(Fi)ieza. St Vune des transformations T,, 1 < ¢ < d est ergodique, alors le théoréme limite
central a lieu, i.e., quand ny,...,ng — 00,

iSn(f) (3.3.6)

V/n|

converge vers une loi normale centrée de variance Hf||§
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Dans la Remarque 1 de [Voll5], il est précisé que le résultat de [VW14] reste valide pourvu
que l'action de T vérifie les conditions du Théoréme 3.3.5.

Les travaux de Dedecker [Ded98, Ded01] fournissent une condition projective qui reste va-
lable sans aucune hypothese d’ergodicité. Le processus limite n’est pas nécessairement un drap
brownien. Nous reprenons les notations de ces articles. L’ordre lexicographique est considéré :
siiet jsont des éléments distincts de Z<¢, on dira que i <jey j si, soit i; < j;, soit il existe
p€{2,...,d} tel que i, < jp et ig = jq pour 1 < g < p.

Pour i € Z¢ et k € N*, on définit

V= {j €29 <iex i} (3.3.7)
et pour k > 2,
VE = Vin {j VA Q,?é‘duq —Jql = k} . (3.3.8)
Pour I' € Z4, on pose Fr := o(Xx, k € I') et si h(X;) est intégrable, on écrit
Ex[h(X0)] = E[A(X5) | Fyl. (3.3.9)

Théoréme 3.3.6 (Dedecker, [Ded01]). Soit (f o T%);cza un champs aléatoire strictement sta-
tionnaire centré. On suppose qu’il existe p > 1 tel que que HX%HP soit finie et

Z ||Xk1EmaX1<q@|kq|[X0]Hp < +o00. (3.3.10)
keVy

Alors :
1. la série Yy ca |E[XoXk | Z]||, converge;

2. notons 1 la variable aléatoire définie par légalité 1 := 3 ) c;a E[XoXx | Z]. Alors la suite
(n=%28,1(f,t),t € [0, 1]d)n>1 converge en loi dans C([0,1]%) vers /W, ot W est un
drap brownien indépendant de 1.

On peut se demander ce qu’il est possible de déduire lorsque p = 1 dans (3.3.10). Dans la
Remarque 1 de [Ded01], les observations suivantes sont faites.

e Sid =1, alors la conclusion du Théoréme 3.3.6 a lieu.

o Les martingales au sens de Basu et Dorea (voir la condition (3.3.4)) de carré intégrable
vérifient (3.3.10) avec p = 1.

e La question de la validité de la conclusion du Théoreéme 3.3.6 avec p = 1 reste ouverte.

3.3.2 Principe d’invariance dans les espace holderiens

Nous définissons pour d > 2 et a €]0, 1] les espaces H ([0, 1]¢) et H% ([0, 1]¢) de maniére analogue
au cas uni-dimensionnel.

Erickson [Eri81] a montré que pour « €]0,1/2[, les trajectoires d’un drap brownien appar-
tiennent & l'espace H ([0, 1]¢). L’étude du principe d’invariance dans H2 ([0, 1]¢) a donc du sens.

Question. A quelle condition sur f le processus défini par (3.3.3) converge en loi vers un
drap brownien dans H2([0,1]¢) quand minn — +oc0 ?

La convergence en loi dans ce cadre est équivalente a la convergence

olim F (\%5,4 f, .>> = F(W) (3.3.11)
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pour toute fonctionnelle F': H2(]0,1]¢) — R continue et bornée. En particulier, (3.3.11) a lieu
pour toute fonctionnelle F': C([0,1]9) — R continue et bornée. Les hypothéses faites sur f
devront donc au minimum impliquer le principe d’invariance dans I’espace C([0, 1]%).

Comme en dimension 1, notons pour « €0, 1[, p(a) := (1/2 — a)~! (remarquons que p(a) >
2). Dans [Eri81], Erickson a montré que si (f o T%);cza est un champ i.i.d. centré, la finitude du
moment d’ordre ¢ pour un ¢ > d - p(«) garantit la convergence (3.3.11) pour toute fonctionnelle
F:H2([0,1]%) — R continue et bornée.

La méme approche que dans le cas uni-dimensionnel montre que si f vérifie le principe
d’invariance dans H9 ([0, 1]9), alors

d
nl_l/p(a) H nj_l/2 1121;:}(“ |f o Tj| — 0 en probabilité quand minn — +oo. (3.3.12)
j=2 IS

Dans le cas ol (f o T%);czqe est indépendant, (3.3.12) est équivalente a

sup tP)  {| | > t} < 4o0. (3.3.13)
>0

Comme p(«) est strictement supérieur & 2, la condition (3.3.13) implique l'existence de moments
d’ordre ¢ pour 2 < ¢ < p(a).

Sid=2,et (foT")ieze est indépendant, Rackauskas et Zemlys ont montré que (3.3.13) est
également suffisante (cf. [RZ05]). Le caractére nécessaire et suffisant de (3.3.13) fut étendu aux
dimensions supérieures ou égales & deux par Rackauskas, Suquet et Zemlys dans [RSZ07].
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Chapter

A strictly stationary S-mixing process
satistying the central limit theorem but
not the weak invariance principle

In 1983, N. Herrndorf proved that for a ¢-mixing sequence satisfying the central limit theorem
and lim inf,_, 02 /n > 0, the weak invariance principle takes place. The question whether for
strictly stationary sequences with finite second moments and a weaker type («, 3, p) of mixing
the central limit theorem implies the weak invariance principle remained open.

We construct a strictly stationary fS-mixing sequence with finite moments of any order and
linear variance for which the central limit theorem takes place but not the weak invariance
principle.

4.1 Introduction and notations

Let (2, F,u) be a probability space. If T: Q —  is one-to-one, bi-measurable and measure
preserving (in sense that p(T71(A)) = u(A) for all A € F), then the sequence (f o Tk)kez is
strictly stationary for any measurable f: 2 — R. Conversely, each strictly stationary sequence
can be represented in this way.

n—1
For a zero mean square integrable f: Q@ — R, we define S, (f) := Z foTi o2(f) :=
j=0

E(S,(f)?) and SEY(f,t) := S| (f) + (nt — [nt])f o T"*) where |z] is the greatest integer
which is less than or equal to z (where "pl" stands for polygonal line).

We say that (f o T7);>1 satisfies the central limit theorem with normalization a, if the
sequence (a, 1S, (f))n>1 converges weakly to a strandard normal distribution. Let C0,1] de-
note the space of continuous functions on the unit interval endowed with the norm ||g|| :=

sup [g(t)|.
tel0,1]

Let D[0,1] be the space of real valued functions which have left limits and are continuous-
from-the-right at each point of [0,1). We endow it with Skorohod metric (cf. [Bil68]). We
define SP*(f,t) := S|y (f) (Where "ps" stands for partial sums), which gives a random element
of D[0,1].

We shall say that the strictly stationary sequence ( foTi >j>0 satisfies the weak invariance
principle in C[0,1] with normalization a, (respectively in DI0,1]) if the sequence of C|0, 1] (of

D[0,1]) valued random variables (a,, ' SP5(f, -))n>1 (resp. (a,'SE!(f, -))n>1) weakly converges
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to a Brownian motion process in the corresponding space.
Let A and B be two sub-o-algebras of F, where (Q, F, 1) is a probability space. We define
the a-mixing coefficients as introduced by Rosenblatt in [Ros56]:

a(A,B) :==sup{|u(ANB) — u(A)u(B)|, A€ A, B e B}. (4.1.1)

Define the S-mixing coefficients by

where the supremum is taken over the finite partitions {A4;,1 <i < I} and {B;,1 <j < J} of Q
of elements of A (respectively of B). They were introduced by Volkonskii and Rozanov [VR59].
The p-mixing coefficients were introduced by Hirschfeld [Hir35] and are defined by

p(A, B) := sup {|Co1rr(f7 )|, fel?A),ge ]LQ(B)} , (4.1.2)

where Corr(f, g) := [E(fg) = E(/)E(9)] I f — E(H)rz g — E(9)ll2]
Ibragimov [Ibr59] introduced for the first time ¢-mixing coefficients , which are given by the
formula

¢(A,B) :=sup{|u(B | A) —u(B)|, A € A, B € B,u(A) > 0}.

Taking f and g as characteristic functions of elements of F°__ and F.; > respectively, one
can see that a(n) < p(n), hence p-mixing condition is more restrictive than a-mixing condition.
To sum up, we have the inequalities

20((A, B) < B(A,B) < ¢(A,B), (A, B) < p(A,B) < 2v/¢(A, B). (4.1.3)
For a strictly stationary sequence (X),c, and n > 0 we define
ax(n) = a(n) = a(F°, F) (4.1.4)

where F! is the o-algebra generated by X; with v < k < v (if u = —o0 or v = o0, the
corresponding inequality is strict). In the same way we define coefficients Sx (n), px(n), dx(n).

Definition 4.1.1. We say that the sequence (Xy),, is a-mizing (respectively 8, p, and ¢-
mizing ) if nll)rfoo ax(n) =0 (respectively nll)rfoo Bx(n) =0, nEI—QI—loo px(n)=0
and liIJIrl ¢x(n) =0). The term "absolutely reqular" will refer to S-mizing sequences.

n—-+0oo

«, § and ¢-mixing sequences were considered in the mentioned references, while p-mixing
sequences first appeared in [KR60].

4.2 Main results

If (an)n>1 and (by)n>1 are two sequences of positive real numbers, we write ay < by if there
exists a positive constant C such that for each N, C lay < by < Can.
The main results are

Theorem A. Let 6 be a positive real number. There exists a strictly stationary real valued

process Y = (Yk)k>0 = (f ) Tk)k>0 satisfying the following conditions:

a) the central limit theorem with normalization \/n takes place;

b) the weak invariance principle with normalization \/n does not hold;
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¢) we have on(f)? < N;
d) we have for some positive C, By (N) < C/N'=9;
e) Yo € LP for any p > 0.

Alternatively, we can construct the process in order to have a control of the mixing coefficients
on a subsequence.

Theorem A’. Let (¢;)j>0 be a decreasing sequence of positive numbers. Then there exists a
strictly stationary real valued process Y = (Yk)k>o = (f o Tk)k>0 satisfying conditions a), b),
¢), e) in Theorem A, and:

d’) there is an increasing sequence (my)k>1 of integers such that for each k, By (my) < Cm,, -

Remark 4.2.1. Herrndorf proved ([Her83b], Theorem 2.13) that if (§,,)n>1 is a strictly stationary
¢-mixing sequence for which o, — oo, S, /0, converges in distribution to a standard normal
distribution and o, ! max;<;<n |§| — 0 in probability, then the weak invariance principle takes
place. So Herrndorf’s result does not extend to -mixing sequences.

Remark 4.2.2. Rio et al. proved in [Rio00] that the condition fol a Huw)Q?*(u)du < oo implies
the weak invariance principle, where a~!(u) := inf {k, a(k) < u} and Q is the right-continuous
inverse of the quantile function t — p {|Xo| > ¢}. If the process is strictly stationary, with finite
moments of order 2+7, r > 0, the latter condition is satisfied whenever >°° | (n+1)%/"a(n) < oo
(Ibragimov [Ibr62] found the condition $°°7 | a(n)!=2/" < o). Since Yy € LP for all p < oo, we
have that ) a(N)" = 400 for any r < 1, hence in Theorem A’ we can thus hardly get such a
bound as in d’) for the whole sequence.

Remark 4.2.3. Ibragimov proved that for a strictly stationary p-mixing sequence with finite
moments of order 2 4+ ¢ for some positive J, the weak invariance principle holds, cf. [Ibr75].
In particular, this proves that our construction does not give a p-mixing process. Shao also
showed in [Sha89] that the condition ), p(2") < oo is sufficient in order to guarantee the weak
invariance principle in D[0, 1] for stationary sequences having order two moments. So a potential
p-mixing counter-example has to adhere to restrictions on the moments as well as on the mixing
rates.

About the method of proof

In proving the result we will use properties of coboundaries h = g—goT (g is called a transfer
N-1

function). For a positive integer N and a measurable function v, we denote Sy (v) := Z Ul
§=0

(Here and below, U’v := voT7.). Because S,,(g—goT) = g—goT™", for any sequence a,, — 0o
we have (a,) 1S,(g — goT) — 0 in probability hence adding a coboundary does not change
validity of the central limit theorem. If, moreover, g € L2 then n=1/2||SE*(g —go T)| ., — 0
a.s. hence adding of such coboundary does not change validity of the invariance principle (if
norming by \/n or by o, with liminf, 02/n > 0), cf. [HHS80], pages 140-141. On the other
hand, if g ¢ L2, adding a coboundary can spoil tightness even if g — g o T' is square integrable,
cf. [VS00]. A similar idea was used in [DMV07]. In the proof of Theorem A and A’ we will find
a coboundary g — g o T which is S-mixing and spoils tightness. The coboundary has all finite
moments but the transfer function is not integrable. We then add an m such that (m o T%);cz
and (h o T%);cz are independent (enlarging the probability space), and m o T? is i.i.d. with
moments of any order (in particular, it satisfies the weak invariance principle).

The proof uses the fact that |u(AN B) — p(A)u(B)] < p(A). The method does not seem to
apply to processes which are p-mixing and for this kind of processes the problem remains open.
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4.3 Proofs

4.3.1 Construction of h

Let us consider an increasing sequence of positive integers (ny) k>1 such that
1
ny > 2 and — < o0, 4.3.1
1 = ggg7lk ( )

and for each integer k > 1, let A, , A be disjoint measurable sets such that p(A, ) = 1/(2n3) =
p(AY).

Let the random variables e, be defined by

1 ifwe Aﬁ,
ep(w) =1 -1 ifweA,, (4.3.2)

0 otherwise.

We can choose the dynamical system (2, F, p,T) and the sets A',:,A,; in such a way that the
family (ex o T%)g>1.icz is independent. We define Ay, := AZ UA_ and

n—1 ng—1

“+o0o
hi= Y UTler—=U" > Uer, hi=)_ hy. (4.3.3)
=0 1=0 k=1

Since p{hy # 0} < 2/ny, the function h is almost everywhere well-defined (by the Borel-
Cantelli lemma).

It will be useful to express, for N > ny, the sum Sy (hg) as a linear combination of UPey.
ne—1

Denote sy, := Z U Je,. As N > ny, and hy, = s — U " s, we have
j=0

N-1
Sn(he) =) (Usp — U " sy)
=0
N-1 Nenj—1
= Ujsk — Z UjSk
j=0 J=—nk

-1 -1
= Z Ulsy +UN Z U sy,

J=—nk J=—nk
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We also have

—1 n
Z UjSk = i:U_jSk
j=1

Jj=—nk
ni—1 ng—1
= Uy Ue (4.3.4)
i=0 §=0

nE—1lng—1

—_y! Z Z Uf(i+j)6k

i=0 ;=0
Nk ] nkfl )
=yUl—2m ZjUJ_lek + Z (nk — j)Unk—H_lek (4.3.5)
j=1 j=1
—1 ne ni—1
S Usp=U" | jUer+ > (g — U™ ey | . (4.3.6)
Jj=—ng Jj=1 =1
The previous equations yield
Sn(he) =Y JUTTN e+ " (g — JHUTTN vy,
j=1 j=1
ng ) ’I’kal )
= U e = Y (g — U e (4.3.7)
j=1 j=1
ng—1
Each hy is a coboundary, as if we define v := Z U sy, then vy —U oy, = s, —U " sp, = hy,
j=0
(so in this case the transfer function is —U ~1vy).
+oo
Since p{vg # 0} < 2/ny, Borel-Cantelli’s lemma shows that the function g := — Z Uy,
k=1

is almost everywhere well defined under our assumption that ), 1/n; is convergent. Because
h=g—Ug, h is a coboundary.

4.3.2 Mixing rates

We show that the process (U'f);ez is S-mixing. In doing so we use the following proposition
(cf. [Bra07], Theorem 6.2).

Proposition 4.3.1. Let (X ;)i, k = 1,2,... be mutually independent strictly stationary pro-
cesses with respective mizing coefficients Br(n), let X; =Y po | Xy; converge. The process (X;);
is strictly stationary with mizing coefficients S(n) < Y pey Br(n).

This reduces the proof of S-mixing of (U?f);cz (in Theorems A and A’) to that of (Uh);ez
and thereby to that of (Uthy);ez for k > 1.
In the following text we denote by Bx(n) the mixing coefficients of the process (hy 0 T%);cz.

Lemma 4.3.2. For k > 1, we have the estimate 51 (0) < 4/n.
Proof. Suppose k is a positive integer. For —oco < j <1 < oo, let Hé- denote the o-field generated

by U'hy,j <i <1, (i € Z), and let G} denote the o-field generated by U'ey, j < i <1, (i € Z).
Define the o-fields B; = g:i:fk, By = QQanH and Bz := G°. Now H®_ C By V By and

—00
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HE® C By V Bs. Therefore 8;,(0) < (B1V Bz, BV Bs). The o-fields By, Ba, Bs, are independent;
hence the o-fields By V Bs and B2 V By (with index 2 in both places) are independent; this implies
by a result given e.g. in [Bra07, Theorem 6.2],

B(ByV Bs, By V B3) < B(B1,B3) + 5(Ba, Ba) = 0+ B(B2, Bs).
Thus B, (0) < B(Ba, B2). Also, the o-field By has an atom Py := ﬂq {Uiek = O} that

] i=—2np+1
satisfies p(Py) = 1 —2/ny, (since p(U'ey, # 0) = 1/n? for each 7). By Lemma 2.2 of [Bra85], if B
is a o-field which has an atom D, then (B, B) < 2[1 — u(D)]. Hence (B2, B2) < 2[1 — u(FPo)] <

4/ny. This finishes the proof of Lemma 5. O

Denoting by S(N) the mixing coefficients of the sequence (h o T%);cz, Proposition 4.3.1,
Lemma 4.3.2 and the fact that 8;(N) =0 when N > 2n;, yield

Corollary 4.3.3. For each integer k, we have
4
(M) <Y BN < ) —. (4.3.8)
j>1 ji2n;=N 7

Now we can prove d) and d’). Let i(/N) denote the unique integer such that n; ) < N <
ni(N)+1- For sequences (un)n>1, (vn)nz1 of positive numbers, uy S vy means that there is
C > 0 such that for each N, uy < C -vy.

Proposition 4.3.4. Let § € (0,1) be fized. Let n be such that 1/(1+mn) =1 — 0. With the
choice ny, == [204M 1| we have d).
Proof. We deduce from (4.3.8)
Bam) < 3 £ 3|20 T < glkwe,
=50
Consequently,
4 < 1 < 1

ni) Tl T NV

B(2N) < B(2nin)) S

Hence d) is fulfilled.

Proposition 4.3.5. Given (c;.c),@1 as in Theorem A’, one can recursively choose a sequence
(ng)k>1 growing to infinity arbitrarily fast, such that for the construction given above, one has
that for each k > 1, 5(2ny) < can, -

Proof. Suppose that the sequence (ny)r>1 satisfies

8
Nkl = and ng1q =>2ng, k> 1.
C2nk

Then

an Z ﬁj 2nk Z /8]

j=k+1 j=k+1

and, by Lemma 4.3.2 and the condition n;; > 2'n; for j,1 > 1, we derive

> 4 8
B(2n) < Z — <
k+

j= 1 TLj le+1

The assumption ngy1 > 8/cay, yields 8(2ng) < cap, for each k > 1
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This proves d’) with my, := 2ny.
Remark 4.3.6. The sequence of integers (ny)r>1 can be chosen to meet all other conditions
imposed in this chapter.

4.3.3 Proof of non-tightness
Lemma 4.3.7. There exists Ny such that

u{ max _|Sn(hg)| = nk} >1/4 (4.3.9)

angNgni

whenever ng, > Ny.
Proof. For 2ny, < N < n2, thanks to (4.3.7), we have
{|Sn(hi)| = nk} D {‘UNinkek-| = 1} N ﬂ {Ujek = 0} N ﬂ {Ujek = O},
jeI JjEIN
where I = [1 —2n,—1]NZ and Jy = ([N —=2n; +1,N =1 —ng]UN +1—ng, N —1]) N Z.
We define

—1—nyg —1
Brwi= UV e =130 () (0¥ e=0pn (] {07 Ver =0}
J=1-2ny j=1l—nyg
— (el = 1) 0 ) {Uec=0).
JEIN

. , n2
We have |Sy (hy)| = ng on ﬂjel {Ujek = O}HBN,;C and the sets ﬂjel {Ujek = 0}, UN’“:%k By k
belong to independent o-algebras. Therefore

1 2ng ni
u{ max _|Sy(hi)| = nk} > (1 — 2) ] U By | - (4.3.10)

2
I SNSny Lz N=2n;,

Recall Bonferroni’s inequality, which states that for any integer n and any events Aj,j €
{1,...,n}, we have

m UAj >ZM(AJ-)_ > u(Ain4j). (4.3.11)

1<i<jgsn

It can be proved by induction. Notice that

1 1\ 1 2
W(Bn.k) = ol (1 — 2) > — <1 — )

k g g Nk
and for ¢ # j
. _ ) _ 1
H“(BH-an—l,k ﬁBj-ﬁ-an—l,k) < ‘u{|Uz+nk 1€k| = 1}u{|Uj+nk 1ek| — 1} _ n74
k
hence
n (nk—1)%
L U By | = U Byiong—1,k
N=2ny N=1

1 2
> ) 2 (1 - n) - > (Bistan, -1,k N Bjron,—1,k)
k k 1

Li<j<(ng—1)2
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which together with (4.3.10) and the inequality (1 — 1/n3)?"* > 1 — 2/n;, implies that

u{ max _|Sn(he)| = }
2nk<N<n

whenever n,, > Ny, where Ny > 3 is such that (1 —2/n) [(1—2/n)*—1/2] > 1/4 for n >
No. O

(4.3.12)

m»—

Proposition 4.3.8. Assume that the sequence (ny),, is such that

there exists n > 0 such that for each k, npy1 = n,lfn. (4.3.13)

Then we have for k large enough

ng anéNgni

M {1 max _|Sy(h)| > 1/2} > 1/8. (4.3.14)

Proof. Let us fix an integer k. Let us define the events

A:—{l max |sN(h)|>;}, (4.3.15)

Nk 2ng gNgni

1
—  max |[Sy Zhj >15 and (4.3.16)

Nk 2np<NKn?

1
—  max |Sy Z hi || <

Nk 2np <KN<Kn?
NEIIVIN, j<k—1

(4.3.17)

[N

Since the family {ek oTHk>1,i¢€ Z} is independent, the events B and C' are independent.
Notice that BN C C A hence

M(A)=u{1 max |SN<h>|>}>u<B>u<c>.

Nk 2ng KNN3 2

In order to give a lower bound for p(B), we define Ej, := UZ’Q‘:QM Ujsir1 {Sn(hy) # 0}; then

w(B) > u(B N EY) (4.3.18)

1
= Sy (hi)| =>1%nES 4.3.19
u<{nk mlggﬁn IS (ha) } k) ( )

> <{ L max  [Sh ()] > 1}) — u(E). (4.3.20)

ng 2nk<N<n

N-1
Let us give an estimate of the probability of Ey. Fix j > k. Writing Sn(h;) = Z U'sj —
i=0
N*’I’Lj*l
> U'sj, where s; := St U~e;, we can see that
n2
k .
U {Sn(hj) #0}c  |J T7'4 (4.3.21)

N=2ny i=—2n;+1
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takes place for j > k, hence

i n; +2n;
pl| U vy #0} | < 25—~ poa (4.3.22)
NiQTLk 7
and it follows that
+oo
2
u(Ey) < =% (4.3.23)
j=k+1 Y

By (4.3.13), we have nj < n;/(H") for j > k, hence by (4.3.23),

+o0 n
p(Ep) <2 ) ny T (4.3.24)
Jj=k+1

As condition (4.3.13) implies that ny > 2* for k large enough, we conclude that the following
inequality holds for k£ large enough:

+oo
wEp) <2 Yy 27T (4.3.25)
j=k+1

Thus, by Lemma 4.3.7 and (4.3.25), we have for k large enough

1 1
—  max Sny(h)| = =
'u{nk 2nk<N<n§| n(h)] = 2}

1 = . 1
> E—QZQﬂW 1—p¢ — max SN Zhj >

(4.3.26)
N 2np<N<n?
j=Fk+1 k e SNSny j<k—1

N |

> %}, it is enough to prove that

SN (Ejgkfl hj)

lim ¢ = 0. (4.3.27)

k—o0

. o 1
Defining ¢i := {,Tk MaXop, <N<n2

Using (4.3.7) (accounting N > 2ny > n; for j < k), we get the inequalities

k—1
1 1
< — Sn(hy)| > =——— 4.3.28
< u{nk mrg]a\;;ni\ ~(hy)l Q(kl)} ( )

k—1
o s e
Jj=1

+ I { max U
- 2np <KN<n?
j=1 k
. n
k
> —_

k—1
N

‘e >} (4.3.29)

njfl
max UY E iU'€;
2nk§N<nz i=1

nj

Z iUiej

i=1

n;—1

Z z'Uiej

i=1

8k

k—1
<np Zu{

Jj=1

> "’“} . (4.3.30)
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Notice that for each j < k —1,
njfl

R ng
u{Ztej >8k}<,u{
i=1

Condition (4.3.13) implies the inequality 16k - ny_1 < ny for k large enough, hence keeping in
mind that U™ e; is bounded by 1, inequality (4.3.31) becomes for such k’s,
njfl

J) ng il i ng
,u{ g iU;| > Sk} < p { E iU'e; } . (4.3.32)
i=1 i=1

~ 16k
Combining (4.3.30) with (4.3.32), we obtain for each z > 0,

g

e ng
Ute. _r
z;z ej| > 16k 16k

1=

} +u {|njU"fej| > &} . (4.3.31)

k—1 nj
e < 2n2 Z“{ Y iUie| > ﬁskk} (4.3.33)
j=1 i=1
k—1 n; p
16k)? ,
2 .
< 2ng 2 E ZzUZe] , (4.3.34)
j=1 i=1

where p > 2 4+ 1/n. By Rosenthal’s inequality (see [Ros70], Theorem 1), we have

n;j p n;j n; p/2
B> ilU'e;| <Cp| Y iEle;|+ (ZE[ﬁe;]) (4.3.35)
=1 =1 =1
< Cp(n T2 4 P2 ) (4.3.36)
<200t} (4.3.37)

as p > 2. Therefore, for some constant K depending only on p,

k—1 p—1

e
o <K g PRPY nb TS K - RPT (4.3.38)
j=1 ny
and by (4.3.13),
o < K - kptiphim e, (4.3.39)

Sincep—1—(p—2)(1+n)=1—(p—2)n <0 and ng_1 > 28! for each k > 2, we get
cr < K - kprigU=(p=2mk=1) (4.3.40)
This concludes the proof of Proposition 4.3.8 hence that of b). O

The previous lemma yields together with Theorems 8.1 and 15.1 of [Bil68] and the conver-
gence to 0 of the finite dimensional distributions of (N~1/25%*(h)) s and (N~Y/2SR (h)) N1
the following corollary.

Corollary 4.3.9. If (ng)i>1 satisfies (4.3.1) and , then the sequences (N~Y/2S%(h,-))ns1 and
(N*I/QS]%I(h, ))N>1 are not tight in their respective spaces.

Let 6 > 0. Then the choice ny, := |27 +1 | satisfies the conditions (4.3.1) and .

Under assumptions of Proposition 4.3.4 (the choice of ny) we get d) in A and because (4.3.1),
(4.3.13) are satisfied, we get b) in A.

By Remark 4.3.6, we can construct in Proposition 4.3.5 the sequence (nj)r>1 in such a
way that it also satisfies (4.3.1) and (4.3.13); this yields b) in Theorem A’, and of course from
Proposition 4.3.5 itself, property d’) in Theorem A’ also holds.
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4.3.4 Proof of the central limit theorem and linear variance
Let us denote by 0% the variance of Sy (h), that is, E[Sy(h)?].
Proposition 4.3.10. Under the conditions (4.3.1) and (4.3.13), we have 03 < N.
Proof. From (4.3.7) and (4.3.13), we deduce that
() (V)
D E[Sn(h)] S D ny < 2y S N. (4.3.41)
j=1

j=1

Recall that hy = (I — U™")s;, with sy := Z:L:"O_l U~'ey. Therefore, when ny > N, we have by
a similar computation as for (4.3.6),

N—-1 N
Sn(hi) = (I =U™) Y " jU7 " + UN e + N(I = U™) Y U/ ey, (4.3.42)
j=1 j=N

The first term has a variance of order N3 /n?, and the variance of the second term is (at most)
of order N2ny/n?. We thus have that for ny > N, E[Sy(hx)?] < N?/ny, hence by (4.3.13),

Y oSS Y

‘ ‘ N
ki(N)+1 k2i(N)+1

SNy Mo My L)

THL iy R TN JZi(N)+2

therefore,

> E[Sn(m)’] SN (4.3.43)
E>i(N)+1

Combining (4.3.41) and (4.3.43), and using (for a fixed N) the independence of the sequence
(Sn(hj))j=1, we conclude that 0% (h) = 0% (9 —goT) S N.

When we add a mean-zero nondegenerate independent sequence (m o T%);cz with moments
of any order greater than 2, the variance of the Nth partial sum of ((m + h) o T%);>1 is bounded
above and below by a quantity proportional to N, hence c) is satisfied in Theorems A and A’.
By the observation in the paragraph "About the method of proof”, a) holds. O

4.3.5 Moments of the coboundary and the transfer function

One can wonder to which IL” space can g and g — g o T belong.

Proposition 4.3.11. Under the conditions (4.3.1) and (4.3.13), we have g € LP for 0 <p <1
and g—goT €LLP for each p > 0.

nk—l nk—l
Proof. Let g, := U~ 'vy, where v, = Z U s, and s = Z U~ Jej. Recall that g =
j=0 j=0

— > pey gk For 0 < p <1 and any two non-negative real numbers a and b, we have (a + b)? <
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aP 4+ bP. This gives, using (4.3.6),
"k ni—1
Bl < (3 lrenl+ 5 o Bl
Jj=1 j=1
1 neg—1
_ P p
=5 [ nf+2
n2 T, Z J
1 p+1
< 5 (’I”Lk + 2n )
N,
< 3n§‘1.
By (4.3.13), we have nj > k! - nqy hence the series Zk>1 E |gx|” is convergent. This proves that

gelPfor0<p<l1.
Corollary 2.4. in [BT10] states the following: given positive integers ¢ and p, Xi,..., X
independent random variables such that ¢ {0 < X; <1} =1 for each j € {1,...,t}, then

E(X)” < B, - max {E(X), (E(X))"}, (4.3.44)

where B, is the p-th Bell’s number (defined by the recursion relation B,y1 = >} _ (7)Bi and
By=By=1)and X := Y, X;.

We shall show that the series >, ; [|hxl|, is convergent for any integer p. Fix k > 1, and let
t:=2ng, X |UJ 2”kek| Applying (4.3.44), we get

Hhk”i < B, - max {anzl, (2n,:1)p} =2B,- n;l,
hence ||hy|, < (2B,)Y/7 - nlzl/p and condition (4.3.13) guarantees the convergence of the series
Dok n,?l/ P One could also use Rosenthal’s inequality. O

Since the added process has moments of any order, Proposition 4.3.11 proves e) in Theo-
rems A and A’.

Proposition 4.3.12. The transfer function g does not belong to L'.

Proof. Fix an integer k, and define for 1 < j < ng:

£y = {JU e = 1)1 ﬂ {Uec =0} () (=0}

ie{1,....2n,—1}1\{5} 14k

Since these sets are pairwise disjoint, g = >, gk, with g, :== U~ DD ty-i [ Z":Bl U_hek}
and gj(w) =0ifl # k and w € Uj:1 7, we have the equality of functions

Nk

ol - 1| U E5 | = 2 lowl - 1(E3)
:ZI(EJ)
j=1
:Zl(
j=1
= Z] . 1(EJ)

nk—l

nE—1
. U*l Z U*i kZ U*h
ngE— 1nk_ 1 "

15 S e = S am e

i=0 h=0 =1
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and hence
Nk Ng
gel - L{ U E ||| =D n(E). (4.3.45)
=1 =1

1

As (1- 1/71%)_1 — 1for k — +oo and [];5, (1- 1/n§)2nj is positive, we get

1 1 2”}071 1 277,[ c
w(E;) > o 1- 2 IT(r- 2 > 2 (4.3.46)

1#£k

for some positive constant ¢ independent of k£ and j.

Let us define Fy, := inl E; for k > 1. Notice that the event Fy, k > 1 are pairwise disjoint
because Fy C {gr # 0} N[,z {g1 = 0}. Therefore, combining (4.3.45) and (4.3.46), we obtain
for each k£ > 1,

Eflg[1(Fy)] = E[lgk|1(Fr)] = c/2.

It then follows that
Elgl > ZEHQkU(Fk)] = 00,
k

proving Proposition 4.3.12.
O
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Chapter

A counter-example to the central limit
theorem in Hilbert spaces under a strong
mixing condition

We show that in a separable infinite dimensional Hilbert space, uniform integrability of the
square of the norm of normalized partial sums of a strictly stationary sequence, together with a
strong mixing condition, does not guarantee the central limit theorem.

5.1 Introduction and notations

Let (V. ||-[|) be a separable normed space. We can represent a strictly stationary sequence (X);
by X; = foT7, where T: Q — § is measurable and measure preserving, that is, u(71(S)) =
u(S) for all S € F (see [Doob3], p. 456, second paragraph)
-1
Given an integer N, we define Sy (f) := Z foTo and (on(f))? :=E [||SN(f)H2} The
§=0
mixing coefficients were defined in Section 4.1.

When V =R it is well-known that if ( foTJ ) satisfies the following assumptions:

720
1. limy 400 on(f) = +o0;
2. [ fdu=0:

3. limy, 400 a(n 0;

=

) =
the family { Qf E By; SN > 1} is uniformly integrable,

then ( S N(f )) converges in distribution to a Gaussian law. It was established for d =1
N>1
by Denker [DenSG], Mori and Yoshihara [MY86] using a blocking argument and Volny [Vol88].
When R is replaced by R? d € N*, the sequence (ﬁmsN( f)) does not necessarily
N>1

converge to a Gaussian, but the limiting behavior involves "wobbling limit law" (cf. [Bral2]).
A natural question would be: what if we replace R? by another normed space?

First, we restrict ourselves to separable normed spaces in order to avoid measurability issues
of sums of random variables. Corollary 10.9. in [LT91] asserts that a separable Banach space B

59
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with norm ||-|| 5 is isomorphic to a Hilbert space if and only if for all random variables X with
values in B, the conditions E [X] = 0 and E {HXH%] < oo are necessary and sufficient for X to

satisfy the central limit theorem. By "X satisfies the CLT", we mean that if (Xj)j>1 is a sequence

of independent random variables, with the same law as X, the sequence (n’l/ ED D Xj)

n>=1
weakly converges in B. Hence we cannot expect a generalization in a class larger than separable
Hilbert spaces. Such a space is necessarily isomorphic to H := ¢?(R), the space of square

summable sequences (z,),,, endowed with the inner product (z,y)y = Z:ﬁ ZTnYn. We shall
denote by e, the sequence whose all terms are 0, except the n-th which is 1. Bold letters denote
both randoms variables taking their values in ‘H and elements of this space.

General considerations about probability measures and central limit theorem in Banach
spaces are contained in Araujo and Giné’s book [AGS80].

5.2 Main results

Notation 5.2.1. If (an)n>17 (bn, )n>1 are sequences of non- negative real numbers, a,, < b, means
that a, < Cb,,, where C does not depend on n. In an analogous way, we define a,, 2 b,. When
an Sb an, we simply write a,, < by,.

'ILN

Our main results are

Theorem B. There exists a probability space (Q,F,u) such that given 0 < ¢ < 1, we can
construct a strictly stationary sequence X = (f o TF) = (X&) pen defined on 2, taking its values
in H, such that:

a) E[f] =0, E[|[f|[5,] is finite for each p;
b) the limit imy_ o on(f) is infinite;

c) the process (Xy),cy is B-miving, more precisely, fx(j) = O (.—);

d) the family {”SN(%‘” N > 1} s uniformly integrable;

e) if I C N is infinite, the family {UNEQ,N € I} is not tight in H; furthermore, given a

sequence (CN)N>1 of real numbers going to infinity, we have either

. £ 3 L
e limy_y 100 UJ;’IS) =0, hence (Sf—zi))]vx converges to 0y in distribution, or

e limsupy_, o Z N5 >0, and in this case the collection {Slcvjif) N > 1} is not tight.

cN
Theorem B’. Let (by)n>1 and (hn)n>1 be sequences of positive real numbers, with Nlim by =
—00

0 and A}im hy = oco. Then there exists a strictly stationary sequence X := (f o TF)pen =
—00

(Xk)ken of random wvariables with values in H such that o), d), e¢) of Theorem B and the
following two properties hold:

b’) we have o3 (f) < N - hy and o3, (f) /N — oo;

¢’) the process (X)cy 95 B-miring, and there is an increasing sequence (ny)r>1 of integers
such that for each k, Bx(ng) < bn, .

Remark 5.2.2. Theorem B shows that Denker’s result does not remain valid in its full generality
in the context of Hilbert space valued random variables.

Furthermore, a careful analysis of the proof of Proposition 5.3.3 shows that for the con-
struction given in Theorem B, we have o%(f) = N - h(N) with h slowly varying in the strong
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sense. Theorem 1 of [MPO06] does not remain valid in the Hilbert space setting. Indeed, the
arguments given in pages 654-655 show that the conditions of Denker’s theorem together with
the assumption that 0%, = N - h(N) with h slowly varying in the strong sense imply those of
Theorem 1. These arguments are still true in the Hilbert space setting.

Remark 5.2.3. Theorem B’ gives a control of the mixing coefficients on a subsequence. When
by := N2 for example, the construction gives a better estimation for the considered subsequence
than what we get by Theorem B.

Tone has established in [Tonll] a central limit theorem for strictly stationary random fields
with values in H under p’-mixing conditions. For sequences, these coefficients are defined by

o B g~ (B[ Elgul
oin): p{ 1602 ) Tl }

where the supremum is taken over all the non-zero functions f and g such that f and g are
respectively o(X;,j € S1) and o(X;,j € S3)-measurable, where S; and Sy are such that
minges, tes, |s —t| = n, while L?(H) denote the collection of equivalence classes of random
variables X: @ — # such that ||X||3{ is integrable.

So 'interlaced index sets" can be considered, which is not the case for a and S-mixing
coefficient. Taking f and g as characteristic functions of elements of F° __ and F, > respectively,
one can see that a(n) < p/(n), hence p’-mixing condition is more restrictive than c-mixing
condition.

A partial generalization of the finite dimensional result was proved by Politis and Romano

[PR94], namely, the conditions E || X4 ||3{'HS finite for some positive § and }_; ax(j) = guarantees

the convergence of n=1/2 Z;-lzl X; to a Gaussian random variable A/, whose covariance operator
S satisfies
+oo
E [(N, h)?] = (Sh,h)y = Var((X1,h)) + 2 Cov ((Xy,h), (X141, h)).
i=1

Similar results were obtained by Dehling [Deh83].
Rio’s inequality [Rio93] asserts that given two real valued random variables X and Y with
finite two order moments,

a(o(X),0(Y))
E[XY]-E[X]E[Y]| <2 / Qx (u)Qy (u)du.

It was extented by Merlevede et al. [MPU97], namely, if X and Y are two random variables with
values in H, with respective quantile function Qx| (that is, @x (u) :=inf {t € R, p{[|I X[y, > t} < u})
and QIIYHHv then

X, Yo~ (B E[Yd <18 [ Qux, Qv s

where a := a(0(X), o (Y)).
From this inequality, they deduce a central limit theorem for a stationary sequence (X;)
of H-valued zero-mean random variables satisfying

JEL

/0 a_l(u)QﬁXOHH(u)du < 00, (5.2.1)

where a1 is the inverse function of = — ax(|z]).
Discussion after Corollary 1.2 in [Rio00] proves that the later result implies Politis’ one.
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Relative optimality of condition (5.2.1) (cf. [DMR94]) can give a finite-dimensional counter-
example to the central limit theorem when this condition is not satisfied. Here, the condition of
uniform integrability prevents such counter-examples.

Defining as x(n) 1= sup;s s, a(F°.,0(Xi, X;)) and Qx, the right-continuous inverse of
the function ¢ — p {||Xol;, > t}, Dedecker and Merlevede have shown in [DM10] that under the
assumption

oo raz x(k)
Z/ Q§(0 (u)du < oo,
k=170

we can find a sequence (Z;);.y of Gaussian random variables with values in H such that almost

surely,
n
Sn— > Z
i=1

= o(V/nloglogn) .

H

5.3 The proof

5.3.1 Construction of f

In order to construct a counter-example, we shall need the following lemma, which will be proved
later.
We will denote U the Koopman operator associated to T', which acts on measurable functions

by U(f)(x) := f(T(x))-

Lemma 5.3.1. Let (ux);», C (0,1) be a sequence of numbers. Then there exists a dynamical
system (0, F, 1, T) and a sequence of random variables (&), such that

1. for each k> 1, p(§p = 1) = p(§p = —1) = % and p(& = 0) =1 — ug;
2. the random variables (U'€y, k > 1,i € Z) are mutually independent.

Recall that ey, is the k-th element of the canonical orthonormal system of H = ¢?(R). We
define

ne—1 400
fk = Z U_lfk and f := kaek, (531)
i=0 k=1
where the &;’s are constructed using to Lemma 5.3.1 taking uy := n,:z. Conditions on the

increasing sequence of integers (ny) k>1 Will be specified latter.

Then Xy := f o T* is a strictly stationary sequence. Note that ||f ||§{ is an integrable random
variable whenever . ni is convergent. In the sequel, the choice of n; will guarantee this
k
condition.

5.3.2 Preliminary results

We express Sy (fx) as a linear combination of independent random variables. By direct compu-

tations, we get
—1

fe=m&+T=U) Y (n+i)U%, (5.3.2)

i=1—ng
hence

N-1 -1 N-1

Sn(fi)=m Y Ui+ > (m+ UG~ > (n+i—N)U&.

7=0 i=1l—ny i=N—np+1
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This formula can be simplified if we distinguish the cases N > ny and nx < N (we break the
third sum at the index i = 0 if necessary). This gives

N—-1 N*"k —1
Sn(fe) =Y (N=DUV&+ > (e +)U&+N > U, ifN<n, (533)
7=0 j=1l—ny j=14+N—ny
N*’I’Lk ) N-—-1 ) —1 )
Sn(fe)=nk Y U+ Y (N=jU&+ Y (+i)U'& ifN=>n (534)
7=0 j=N-—-np+1 j=1l—nyg

The computation of the expectation of the square of partial sums gives

N
r%i 23 %+ (ng — N - 1)N? if N < ny,
=1
o (fr) = ! . (5.3.5)
ar | ROV = +1) + 2 2; P2l N>
iz

Notation 5.3.2. If N is a positive integer and (le)k>1 is an increasing sequence of integers,
denote by i(N) the unique integer for which n; n) <N < ni(n)41-

Proposition 5.3.3. Assume that (nk)r>1 satisfies the condition
there is p > 1 such that for each k, njy1 > nk. (©)
Then o3 (f) < N -i(N).

Proof. Using (5.3.5), the fact that M3 < Zjle j% and 0% (f) = doks1 o3 (fx), we have

i(N) i(N)
ox(£) =Y oX(fi) <N Y 1=N-i(N). (5.3.6)
k=1 j=1
From (5.3.5) in the case ny > N, we deduce
N? N2 NZ 1
Y. oS D < + — (5.3.7)
k>i(N)+1 k>i(N)+1 F ANFL psivy41 R T

Since n;(vy+1 = N and the series >, -, n,l;p is convergent (by the ratio test), we obtain

Y. NI ENEN Y]

k>i(N)+1 k>i(N)+1

1

=
g

SSN (5.3.8)
Combining (5.3.6) and (5.3.8), we get

i(N)
N-i(N)SoR(B) S o)+ D, oXl(fi) SN-i(N)+ N SN-i(N).  (5.3.9)
k=1

Proposition 5.3.4. Assume that ), n,“ is convergent for any positive real number a. Then

for each integer p, ||f||,, has a finite moment of order p.
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Proof. We shall use Rosenthal’s inequality (Theorem 3, [Ros70]): there exists a constant C
depending only on ¢ such that if M is an integer, Y7, ..., Yy, are independent real valued zero
mean random variables for which E|Y;|? < oo for each i, then

2
q Y M q/

M
ED V| <C|Y EY|"+ > E[Y]] : (5.3.10)
j=1 j=1 j=1

If ¢ = 2p is given then we have
E|fe]” <ngt+n,” Snpt (5.3.11)

~

We provide a sufficient condition for the uniform integrability of the family

2

S = w,N >15. (5.3.12)
oy (f)

Proposition 5.3.5. If (ng)k>1 satisfies (C), then S is uniformly integrable.

Proof. Let ig be such that for each integer k, ngy;, > ni For N > 1, we have:

ISyl _ "= IS [Sv(Fian)® | 1S i)l [Su (£l
o3 (f) ]; o3 (f) + % (f) N o3 (f) Jrj%(%—ﬂ X)) 7

. 2 .
Since E [E;g):ml %} < ,10 it is enough to prove that the families

m |SN f/c)\
Co%(f)

Sy ::{|S fZ(N) NZl} =:{un,N > 1},

812: ,N}l ;

|Sn (fiwy+1)|” fz(N)+1 2
Sz := yN>15={vn,N >1}, and
o \SN(f )|
Sy = Z 2 JN>1
k>i(N)+2

are uniformly integrable. For §; and Sy, we shall show that these families are bounded in P
for p € (1,2] as in (C).

o for &i: using the expression in (5.3.4) and (5.3.10) with ¢ := 2p > 2, we have

P
] -n LNYE N — ng)n?
[\SN(fk 2p} <C 22 7“ +C 22272—’_%
k j=1 k k
1 1
< o (T (V= mni?) o (o (V= i)
k k
_ anp anip
ni ip
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hence

p—1

1Sn ()2, S NYPn 7+ N,

which gives

i(N)—i i(N)—i 21
ISl | EAETOW e, T+ )
2 20 | 7 0% (F)

P
. 222 .
NYPi(N)ng ), + Ni(N)
~ o (f)
n2 o\
< i(N)—1g 1
From (5.3.6), we get
p—1
i(N)-1 2 N _
Z ISN2(fk>| 5”1(1\?) +1:nﬁ 4 1.
= on() ni() 1)
p

Since p — 2 < 0, we obtain that &7 is bounded in L hence uniformly integrable.
o for Sy: using (5.3.4) in the case ny < N and Proposition 5.3.3, we get

N < 1

lunll; £ 55— < ——. (5.3.13)
LY oR () Y i(N)
Since |lun||; = 0 and uy € L* for each N, the family S, is uniformly integrable.
o for S3: using (5.3.3) in the case n;, > N and Proposition 5.3.3, we get
N? N
lowlly S e S (5.3.14)

ni(N)+10N(f) ~ N . Z(N)
Since ||uy||; — 0 and vy € L! for each N, the family Ss is uniformly integrable.

o for 8: as for Sy, we shall show that this family is bounded in L? with p € (1,2]. We have,
using (5.3.3) and (5.3.10)

E [1Sw ()] £ 5 (N2 N2 (g, — N)) + 5 (N + (i~ N)N?)?

2p
nk nk
N?»  N?P
ni nk
N?2p
<
~Y
N

as N < ng. We thus get that

ORCE/AIE PG P—

k>i(N)+2 k>i(N)+2 Tk

Also, using (5.3.5), we have
1
o) Z N > —.
k>i(N)+1 F

The condition ngyq > ni gives boundedness in L of Sy.
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This concludes the proof of d). O

Proposition 5.3.6. Assume that (ny)k>1 is such that S is uniformly integrable and ), n,;l is

convergent. Then for each I C N infinite, the collection { Ef;’N € I} is not tight in H. Its

finite-dimensional distributions converge to 0 in probability.
Furthermore, if (cn)N>o0 is a sequence of positive numbers going to infinity, we have either

o limy_ oo U’Cvjsf) =0, hence (S’CV—A(]f))N converges to Oy in distribution, or

>1

o limsupy a]g]\(,f) > 0, and in this case the sequence {Sjc\’(f),N > 1} is not tight.

N

Proof. We first prove that the finite dimensional distributions of SN Efg converge weakly to 0.

For each d € N, we have % — 0 in distribution. Indeed we have by (5.3.2) that

(Sn(f),eq)n = ng ZN Uit + (I — UMY (ng +i)Ui¢;. We conclude noticing that

1=1—ng

on(£)7Y(I — UN)Zl 1—n,(na +1)U'¢4 goes to 0 in probability as N goes to infinity, using
Proposition 5.3.3 and the estimate

This can be extended replacing eq by any v € H by an application of Theorem 4.2. in
[Bil68]. By Proposition 4.15 in [AG80], the only possible limit is the Dirac measure at 0.

2
Assume that the sequence {SN 6 N> } is tight. The sequence (@2%) is a uni-
N>1

(£)° o (£)
formly integrable sequence of random variables of mean 1. A weakly convergent subsequence
would go to 0y. According to Theorem 5.4 in [Bil68], we should have that the limit random
variable has expectation 1. This contradiction gives the result when I = N\ {0}. Applying this
reasonning to subsequences, one can see that for any infinite subset I of N\ {0}, the family
{f”gg ,IN € I} is not tight.

Let (CN)N>1 be a sequence of positive real numbers such that limy_, o cy = +00.

ON (f)
CN

IS~ (B)11?
%

o first case: converges to 0. In this case, the sequence ( ) converges to 0
N>1

in L', hence the sequence (S’;’—I\(f)> converges in distribution to 0.
N>

"Igl\(lf) > 0. Hence there is some r > 0 and a sequence of integers

(£ .
Ulcl( ) > 1, that is, ¢;, < roy,(f).

o second case: limsupy_,

l; T oo such that for each 4,

Si, (f)

Assume that the family { ,b 2 1} is tight. This means that given a positive €, one

can find a compact set K = K(g) such that for each i, u { 5.0 ¢ K} >1—¢e. We can

assume that this compact set is convex and contains 0 (we cons1der the closed convex hull
of K U {0}, which is compact by Theorem 5.35 in [AB06]). Then we have

e x - (G = ain)
)

and we would deduce tightness of {figg - 1}, which cannot happen.
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Remark 5.3.7. In the second case, it may happen that the finite dimensional distributions does
not converge to degenerate ones, for example with ¢y := N.

O

5.3.3 Proof of Theorem B

Notice that if ngy1 > nﬁ for some p > 1 and n; = 2, then ny > 2pk hence the condition of
Proposition 5.3.4 is fulfilled. We get a) since each fi has expectation 0.
We denote |x]| :=sup{k € Z,k < x} the integer part of the real number x.

Proposition 5.3.8. Letp > 1. Withny := L2pkj (which satisfies (C)), we have for each positive
integer 1,

| =

Bx(l) <

S =

l

Proof. We define B (n) as the n-th S-mixing coefficient of the sequence (fx o T%);>0.
By Lemma 5 of [GV14c], we have the estimate 8;(0) < 4n, ! for each k. Ubing then Propo-
sition 4 of this paper (cf. [Bra07] for a proof), we get that fx(ng) < Zpk for each integer

k. Since p’ > i for i large enough,

YDESS SEENEY SELIPS S
]>k i= 02pl+k =0 217117 =0 21 217 - 2Pk7
we get
Bx(N) < Bx (i) § —— = —— < 7.
Mi(N) ni(;})ﬂ N1/p

O

This proves ¢). For any p, the choice ny := L2pkj satisfies the condition of Proposition 5.3.5,
which proves d). We conclude the proof by Proposition 5.3.6.

Remark 5.3.9. For each of these choices, 0% (f) behaves asymptotically like N loglog N. Theo-
rem B’ shows that we can construct a process which satisfies the same asymptotic behavior of
partial sums and has a variance close to a linear one.

A question would be: can we construct a strictly stationary sequence with all the properties
of Theorem B, except b) which is replaced by an assumption of linear variance?

5.3.4 Proof of Theorem B’

Let (hy) n>1 be the sequence involved in Theorem B’. We define for an integer u the quantity
h=Y(u) :=inf {j € N, h; > u}.
If (b)k>1 is the glven sequence (that can be assumed decreasing), we define inductively

k
Ngt1 = mMax {ni, Lsz,h_l(k)} . (5.3.15)
ny

Let N be an integer. We assume without loss of generality that the growth of the sequence
(hn)N>1 is slow enough in order to guarantee that there exists k such that N = h=1(k). We
then have i(N) < k+ 1 < hy + 1, hence using Proposition 5.3.3, we get b’).
We have ny > 22" hence by a similar argument as in the proof of Theorem B, a) is satisfied.
By a similar argument as in [GV14c], we get Sx(nk) < by, , hence ¢’) holds.

Remark 5.3.10. By (5.2.1), we cannot expect the relationship 8x(-) < b. for the whole sequence.
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Since for each k, nyy1 > n}, Proposition 5.3.5 and 5.3.6 apply. This concludes the proof of
Theorem B’.

Proof of Lemma 5.3.1. Let Q := [0,1]N %% where [0,1] is endowed with Borel o- algebra and
Lebesgue measure, and €2 with the product structure.

For (k,j) € N* x Z and S C [0,1], let Py ;(S) := [I1, in)en-xz it ia» Where S, 4, = S if
(i1,42) = (k,Jj) and [0, 1] otherwise. Then we define

Ay = P (0,27 (we) ™),
Ay = Prg (27 (w) ™ (k) 7)),

0 _
AR = P ([(u) 1 10),
the map T by T ((xk,j)(kJ)GN*XZ> = (xk,j+1)(k7j)€N*XZ, and
= Lap, — g,

O
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Chapter

Holderian weak invariance principle for
strictly stationary mixing sequences

6.1 Introduction

6.1.1 Context and notations

Let (X;) >0 be a strictly stationary sequence of real valued random variables with zero mean
and finite variance, and for an integer n > 1, S, := Z?’Zl X; denotes the n-th partial sum. Its
variance is denoted by o2. Let us consider the partial sum process

[nt]

SPU(t) =D Xj+ (nt — [nt]) Xpngs1, n =1t €0,1]. (6.1.1)
j=1

We are interested in the asymptotic behavior of o, 1.SP!(.) viewed as a random function in some
function spaces.

Notation 6.1.1. If T: Q — () is a bi-measurable measure preserving map, we define for f: Q@ — R
and a positive integer n the nth partial sum S,,(f) := Y7, f o T7 and o (f) := E[S7(f)] -
(E[S,(f)])? denotes its variance. We shall also consider SP!(f) defined in a similar way as in
(6.1.1), that is,

SEN(f,t) i= Sy (f) + (nt — [nt]) f o TIMIFY, (6.1.2)
and W, (f,t) :=n~Y2SPY(f,1).

In all the paper, the involved sequences of random variable are assumed to be strictly sta-
tionary.

When (X;);>0 is an independent identically distributed sequence with unit variance, Donsker
showed (cf. [Don51]) that (n~*/2SP'),~1 converges in distribution in the space of continuous
functions on the unit interval to a standard Brownian motion W. An intensive research has
then been performed to extend this result to stationary weakly dependent sequences. We refer
the reader to [MPUOG] for the main theorems in this area.

In this chapter, we rather focus on the convergence in distribution of the partial sum in other
function spaces.

6.1.2 Holder spaces

It is well known that standard Brownian motion’s paths are almost surely Hoélder regular of
exponent « for each « € (0,1/2), hence it is natural to consider the random function defined

71
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in (6.1.2) as an element of H,[0,1] and try to establish its weak convergence to a standard
Brownian motion in this function space.

Before stating the results in this direction, let us define for o« € (0,1) the Hoélder space
Ha[0, 1] of functions z: [0, 1] — R such that sup,, [z(s) — z(t)| /|s — t|* is finite. The analogue
of the continuity modulus in C[0, 1] is w,, defined by

we(x,0) =  sup 7|1:(t) — x£5)|
0<|t—s|<é |t — s

We then define HE [0, 1] by HS[0,1] := {z € H[0, 1], lims_,o wa(z,d) = 0}. We shall essentially
work with the space H2[0,1] which, endowed with ||-||, : @ — wq(z,1) + |2(0)], is a separable
Banach space (while H,[0,1] is not). Since the canonical embedding ¢: H2[0,1] — H4[0, 1] is
continuous, each convergence in distribution in H9[0, 1] also takes place in H4[0, 1].

In order to prove such a convergence, we need a tightness criterion. Combining Theorem 14
in [Suq99] in the particular case of the partial sum process (6.1.2) with Lemma 3.3 in [MR10],
the condition

log[nd]
. o .
lim lim sup — 27 - 99y b — 1.
¥e>0, limlimsup 3 ; u{lgkgl%w&(f)l > o e([nd]2™7) } 0 (6.1.3)

is sufficient for tightness of the sequence (o, 1(f)SE(f))n>1 in H2[0,1]. Here and in the
sequel, log denotes the binary logarithm.
In the particular case of linear variance (that is, 02 ~ cn as n — oo for some constant c), we

will normalize by v/n. Using the change of indexes k = log[nd] — j (so that 277 = 2¥/[nd]), this
leads to the following tightness criterion for (W, (f))n>1 in H2[0,1]:

log[né]
lim li 2k : okapl/pl — 1.4
Ve >0, limlimsupn ; “{@2’;'54]0” > g2k, 0, (6.1.4)

where « = 1/2 — 1/p.

As mentioned before, the random function defined in (6.1.1) can be viewed as an element
of Ha[0,1], a € (0,1/2) and we can try to establish the weak convergence of the sequence
(0, 1SP(f))n>1 to a standard Brownian motion in this function space. To the best of our
knowledge, it seems that the study of this kind of convergence was not as intensive as in the
space of continuous functions or the Skorohod space. The first result in this direction was
established by Lamperti in [Lam62]: if (X;);>0 is an i.i.d. sequence with E[X,] =0, E[XZ] =1
and E | Xo|” is finite, then the sequence (n~*/2SP),,>1 converges to a standard Brownian motion
in H5[0,1] for each v < 1/2 — 1/p. Later, Rackauskas and Suquet improved this result (cf.
[RS03]), showing that for an ii.d. zero mean sequence, a necessary and sufficient condition
to obtain the invariance principle in 7, [0,1] is lim; o0 tPp{|Xo| > ¢} = 0 (in [RSO4b]
they considered the case of more general Holder spaces, where the role of ¢ — t* is played by
t — t*L(t) with some conditions on L).

Thus, establishing the weak convergence of the partial sum process in Holder spaces requires,
even in the independent case, finite moment of order greater than 2 and the moment condition
depends on the exponent of the considered Holder space. It is a natural question to ask about
generalizations of the result by Rackauskas and Suquet for dependent sequences. In this paper,
we focus on strictly stationary sequences satisfying some mixing conditions (see next section).

6.1.3 Mixing conditions

We present the mixing conditions involved in the paper.
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Let A and B be two sub-o-algebras of F, where (2, F, 1) is a probability space. We define
the a-mixing coefficients as introduced by Rosenblatt in [Ros56]:

a(A,B) == sup {|W(ANB) — p(A)u(B)|, A € A, B € B}.
The p-mixing coefficients were introduced by Hirschfeld [Hir35] and are defined by
p(A, B) := sup {|Corr(f, g)|, f € L*(A), g € L*(B), f # 0,9 # 0} ,

where Corr(f,g) := [E(fg) — E(/)E(9)] [Ilf — E(f)llyz llg — E(g)ll]
The coefficients are related by the inequalities

da(A, B) < p(A, B). (6.1.5)

For a strictly stationary sequence (Xy), ¢z and n > 0 we define ax (n) = a(n) = a(F° o, F°)
where F! is the o-algebra generated by X; with v < k < v (if u = —o0 or v = o0, the
corresponding inequality is strict). In the same way we define coefficients px (n).

When there will be no ambiguity, we shall simply write a(n) and p(n). We say that the
sequence (Xp), oy is a-mizing if nli}rilooa(n) = 0, and similarly we define p-mixing sequences.

a-mixing sequences were considered in the mentioned references, while p-mixing sequences
first appeared in [KR60]. Inequality (6.1.5) translated in terms of mixing coefficients of a se-
quence states that for each positive integer n,

4a(n) < p(n).

In particular, a p-mixing sequence is a-mixing.

6.1.4 r7-dependence coefficient

In order to define the T-dependence coefficients of a stationary sequence, we first need a result
about conditional probability (see Theorem 33.3 of [Bil95]).

Lemma 6.1.2. Let (2, F, 1) be a probability space, M a sub-c-algebra of F and X a real-valued
random variable with distribution px. There exists a function px i from B(R) x Q to [0,1]
such that

1. For any w € Q, px|m(-,w) is a probability measure on B(R).

2. For any A € B(R), pxim(A,-) is a version of E[1xcay | M].

We now introduce the 7-dependence coefficients as in [DP05]. We denote by A;(R) the
collection of 1-Lipschitz functions from R to R and define the quantity

W (juxan) = sup {‘ [ @i - [ s@px(a

For an integrable random variable X and a sub-o-algebra M, the coefficient 7 is defined by
T(M, X) = [W(ixip)]] - (6.1.6)

This definition can be extended to random variables with values in finite dimensional vector
spaces. If d is a positive integer, we endow R? with the norm ||z — y|| := Z?Zl |z; —y,| and
define A;(R9) as the set of 1-Lipschitz functions from R? to R.

Definition 6.1.3. Let (Q, F, 1) be a probability space, M a sub-c-algebra of F and X an R9-
valued random variable. We define

T(M, X) :=sup {7(M, (X)), f € A (E)}. (6.1.7)
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We can now introduce the 7-mixing coeflicient for a sequence of real-valued random variables.

Definition 6.1.4. Let (X;);>1 be a sequence of random variables and (M;);>1 a sequence of
sub-o-algebras of F. For any positive integer k, define

. 1 L .
7(i) == Imax 7 sup {T(Myp, (Xjys -, X)) p+i< g1 <--- <Ji}. (6.1.8)

In the sequel, we shall focus on the case M; := o(Xk, k < 7).

Notation 6.1.5. Let X: Q@ — R be a random variable. We denote Qx(-) the inverse function
defined by Qx (u) := inf {t, u {|X| > t} < u}. If (foT7);>¢ is a strictly stationary sequence and
(a(n))n>1 is its sequence of a-mixing coefficients, we denote by a~!(u) the number of indices
n for which a(n) > u. More generally, if (d;);>0 is a non-increasing sequence of non-negative
numbers, we define § ! (u) := inf {k € N, 6 < u}.

We can compare the 7-dependence coefficient with the a-mixing coefficients. The following
is a simplified version of Lemma 7 of [DP04].

Lemma 6.1.6. Let (f oT7);>0 be a strictly stationary sequence. Then for each integer i, the
following inequality holds:

2a(1)
7(1) < 2/0 Q(u)du. (6.1.9)

In [DP04], "Application 1: causal linear processes" (p. 871), Dedecker and Prieur provide an
example of a process whose 7-dependence coefficients converge to 0 as fast as 27 but a; = 1/4
for each positive integer 1.

6.2 Main results

6.2.1 Mixing sequences

In this subsection, we give sufficient mixing conditions which guarantee the convergence of the
sequence (W, (f))n>1 to a Brownian motion in the space HY o 1/p [0,1], p > 2.
We refer the reader to Notations 6.1.5 and 6.4.2.

Theorem 6.2.1. Let p > 2 and let (f o Tj)j;() be a strictly stationary centered sequence such
that

lim =1 /01 Q;(u)1 {((7/2)‘1 o G;l) (W) Qs (u) > t} du = 0. (6.2.1)

t—o0
Then
Wa(f) = o(f)W in distribution in HY ;5_; ,,[0,1], (6.2.2)
where o%(f) = Var(f) +2Y 5=, Cov(f, foT¥).

Using the comparison between « and 7, we can deduce a condition in the spirit of that of
Doukhan, Massart and Rio (see [DMR95]). One can also derive it from the tightness criterion
(6.1.4) and Theorem 6.2 of [Rio00].

Corollary 6.2.2. Let p > 2 and let (f oT7);>0 be a strictly stationary centered sequence such
that

1
tllglo tp_l/o Qr(w)1{a  (u)Qs(u) >t} du=0. (6.2.3)
Then
Wa(f) = o(f)W in distribution in HY ;5_; ,,[0,1], (6.2.4)

where o%(f) = lim, o0 02(f)/n.
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Remark 6.2.3. Assume that the sequence (fo7T7);5¢ is independent and that t#u {|f| > ¢} — 0.
Then the condition of Theorem 6.2.1 is satisfied. Indeed, since Qf(U) is distributed as |f| if U
is uniformly distributed on [0, 1], both conditions (6.2.2) and (6.2.4) read

Jim #E(|f|1{]f] > )] = 0. (6.2.5)
As

PEFL{f] > 0] = / T W] > max {u, 1)} du

= Pu{lf] > t}+tp-1/t {11 > u} du
<P {lfl > 0+ supsu{lf] > 5} /(o= 1),

condition (6.2.5) is satisfied hence we can derive the result by Rackauskas and Suquet in the
ii.d. case from Theorem 6.2.1.This contrasts with Theorem 17 of [Ham00], from which we can
only deduce the result by Lamperti (cf. [Lam62]) in the i.i.d. case.

Remark 6.2.4. Assume that Q;(u) < Cu~'/® for some a > p (this is the case if f admits a finite
weak moment of order a). If a(k) = o(k=2®=1/(@=P)) or 7(k) = o(k~(@=DP=1)/(a=P)) then
condition (6.2.1) holds. If f is bounded, these sufficient conditions can be weakened respectively
to a(k) = o(k~ =) and 7(k) = o(k=(P~1).

We conclude this subsection by a result on p-mixing sequences.

Theorem 6.2.5. Let p > 2 and let (f o Tj)j>0 be a strictly stationary centered sequence such
that tPp{|f] >t} = 0 ast — 400 and Y 1o, p(2) < co. Then

Wa(f) = o(f)W in distribution in HY ;5 ,,[0, 1], (6.2.6)

where o%(f) = lim, o0 02(f)/n.

6.2.2 A counter-example

In this subsection, we show that boundedness of the sequence of pth moments of the normalized
partial sums is not enough to guarantee tightness in H; /51 /,[0, 1].

Theorem 6.2.6. Let p > 2. There exists a strictly stationary sequence (f o T7) ;>0 such that

e the finite dimensional distributions of (Wy(f))n>1 converge to those of a standard Brow-
nian motion,

o the sequence (E|S,(f)|” /nP/?),>1 is bounded and

e the process (Wy(f))nz1 is not tight in Hqjo_q,,0,1].
Remark 6.2.7. The constructed process has no reason to be a-mixing. However, this proves that
in general, establishing tightness in H¢,,_;/,[0,1] of (Wy(f)),>; cannot be done by proving
boundedness in L? of the sequence (W,,(f)),>,. Thus other methods need to be used.

Let us recall that a sequence (cp)n>1 is slowly varying if there exists a continuous func-
tion h: RT — R such that ¢, = h(n) for each positive integer n and for each positive z,
lim; o0 h(tx)/h(t) = 1.

Remark 6.2.8. If p > 2 and (f oTY )j>0 is a strictly stationary centered sequence such that
the finite dimensional distributions of (o, 1SP!(f)),>1 converge to those of a standard Brown-
ian motion, the sequence (07.(f)/n)n>1 is slowly varying, and the sequence (E[S,(f)" /%), 5,
is bounded, then for each v < 1/2 — 1/p the sequence (o, 'SE!(f))n>1 converges in distribu-
tion in H2[0,1] to a standard Brownian motion. This can be seen using tightness criterion
(6.1.3), Markov’s inequality and boundedness in L? of (o, maxi<j<n |Sj(f)|)n>1 (by Serfling
arguments, see [Ser70]).
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6.3 Proofs

Proof of Theorem 6.2.1. Notice that (6.2.1) implies finiteness of fol Q?(u)(7/2)*1 o G;l(u)du
hence condition (5.5) in [DP04]. This implies the convergence of (c2(f)/n) 1 O a(f). Since
0(k) is smaller than 7(k), Corollary 1 in [DD03] shows that the function f satisfies the projective
criterion by Dedecker and Rio (see [DR00]), from which the convergence of the finite dimensional
distributions follows. It remains to check tightness of (Wy(f))n>1 in HS /5, ,,[0,1]. We shall
check that (6.1.4) is satisfied. To this aim, we apply Theorem 6.4.3 for each k € {1,...,log[nd]}
with some 7 > p, N := 2% and X\ := 2**n!/P | This gives

log[né) log[né] r
n Z 2” /4{ max, Si(f)] > 562’“"711/”} <n Z 2Ry 2 g0 (f)T (sZko‘nl/p) +
k=1 1SS k=1

log[né]

+n Z (e2Font/P)= / Q(u u) > &2k 1/”/r}du

By (6.2.1), the quantity C' := fOHf”l (7/2) 1 (w)Qf 0 G(u)du is finite. In view of (6.4.3), we thus
have

log[né) log[né] .
ka 1/p U <y . r/2mr/2 —kokr/2 ko, 1/p
nZ? u{lgix|5()|>552n }\4(47") C n;Q 2 (52n > +
log[nd]
—|—n1_1/p (e2ke)- / Qu ) > 2t n?frddu = (1) + (IT). (6.31)
A simple computation shows that
(1) < K(r,p,2)"/77, (6.3.2)
and for the second term, we have the upper bound
1
(I1) < K(a,e)n®=D/P /0 Qu)1 {(7/2)*1 o G7 ' (w)Q(u) > en'/” /r} du. (6.3.3)

Since r > p, the condition (6.1.4) is satisfied in view of (6.3.1), (6.3.2), (6.3.3) and (6.2.1).
O

Proof of Corollary 6.2.2. Tt suffices to check that condition (6.2.3) implies (6.2.1). Notice that
by (6.1.9), we have for a fixed v,

inf {i | 7(i)/2 < v} <inf {i |G™" <wv}=inf{i|a() < G(v)/2} (6.3.4)
hence (17/2)"(v) < a G (v)/2) Takmg v=G"1 (u) for a fixed u, we get
(7/2) o G u) < a7 (u/2). (6.3.5)

Since the function u + a~1(u) is non-increasing, the inclusion

{0727 e G Q) >t} € {0 (u/2)Qs(u/2) > 1}

takes place. As a consequence, we obtain
1
tp—l/o Qr(u)l {((7/2)—1 ° G;l) (u)Qy(u) > t} du <

1
tpfl/o Qs (u/2) {a™ (u/2)Qf(u/2) >t} du, (6.3.6)

which concludes the proof of Corollary 6.2.2. O
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Proof of Theorem 6.2.5. Theorem 4.1. of [Pel82] guarantees the existence of the limit of the
sequence (02 /n),>1 and [Sha88] gives the convergence of the finite dimensional distributions.
Therefore, the proof will be finished if we check the convergence (6.1.4). We apply Theorem 6.4.4
for each 1 < k < log[nd] with a ¢ > p, N := 2%  := £2k*n!/P and A := 2k*n'/Py, where 7 is
fixed (notice that since

+oo
BIALAA > A = AullfI > A+ [ ullf| > hat<O@pA™. (63)
we have for n > n(n,p, ¢, f) and 1 < k < log[nd],
2-2° E[If|1{|f] > A}] < 2C(p, )(12"*n!/?)1 77 < e2*n! /P = o, (6.3.8)

hence (6.4.5) is satisfied). This yields

log[né) log[né]
2~ Si(f)| = e2kont/r b < { > gha 1/;;}
3> d mag 15:07)] > 22 0 3 u{is 2}y

00 log[nd]
 Kexp (xzp@i)) n Y ka2 ekt | pa 4
1=0 k=1
log[né]

it 3 e 13 ) tont e i <L )

Since for some constant C' depending only on f and p, the bound
q
Hfl {|f| < ananl/P}H < C(n2konl/pya—p (6.3.10)
q

is valid, we derive from (6.3.9) the inequality

log[nd] [e%S)
DY u{ max_[S:(f) >ezkan1/l’} <en sup pd{lf] >4y Y27

1<ig2k t>nl/p

1
+ K exp <KZP )6‘1/“ s =1 Ifl5+

=0
log[né]
+ KCe™In™? Z exp <K2p2/q )2’“”0‘.

k=1 =0

Since limy—, oo tPp {|f| > t} = 0, we obtain for each ¢ and 7

log[nd]
lim sup n Z Z_ku{ max |S;(f)] > €2kan1/p} <

1<i<2k
[eS) ) oo k )
) M (O L) B
1=0 k=1 =0

from which (6.1.4) follows (the convergence of the last series is ensured by the ratio test and the
convergence to 0 of p?/7(2F)). O

Proof of Theorem 6.2.6. We assume that (2, F,u,T) is a non-atomic invertible measure pre-
serving system. We shall first construct a function g such that:
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1. the sequence (E|S,(g —goT)|” /n?/?),>1 is bounded and
2. the process (Wy(g9 — g o T))pn>1 is not tight in H ), ,, [0,1].

We then consider f :=m+g—goT, where m is such that (m OTj)j>0 is a martingale difference
sequence with m € IL? and m # 0. This will guarantee the convergence of the finite dimensional
distributions of (W,,(f))n>1 to those of a scalar multiple of a standard Brownian motion, and
Burkholder’s inequality ensures boundedness of the sequence (E|S,,(f)[F /n?/?),>1. We use a
construction similar to that given in [VS00]. Let us consider two increasing sequences of integer
(K1)i>1 and (IVp)i>1 satisfying for each [ > 2:

LlinooNlZKl//Nl/ —0 (6311)
>l
ANTYP LN <14 (6.3.12)
l
ST <K (6.3.13)
i=1
+
K
S <o (6.3.14)
K}/?
=1 +1

We also assume that 4K; < N for each .
Let us fix an integer /. Using Rokhlin’s lemma, we can find a set A; € F such that the set

T'A;, 0 <i < N; — 1 are pairwise disjoint and p (UNL ! TZAZ) > 1/2. We define
Nl/]) K, )
hy = 1/l2+1/p ‘1 U TNIA |
K, j=1
K;—1 Nl/p K, 2K;—1
Z hyoT? 1/2+1/p 211 (TVA)+ Y K — )1 (TN A
J=Ki+1

+o00o
9= g
I=1

Assume that w € 4; and N; — K; <i < N; — 1. Then g; o T%(w) = N; — i. Consequently, for
i7il € {Nk _Kl7"'7Nl _1},

Nl/p
L i — i 1(A).

groTi—goT" >W|'
Kl P

Applying U~* on both sides of the previous inequality for 0 < k < N; — K; and taking the
maximum over these k, we obtain

1 Nyi—
OT'L k OTZ”*]C > “/ o | N /v 1 U
gt — 9 Z =t Kl/2+1/p

ma
O<k<Nl K,

This implies

1 ‘QZOTZ —ngl Ni—K,
>1| J ") (6.3.15)
Nl/P 1<1H<1?7<Nl (’L 71)1/2 1/p = l . 0.
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For I’ < [, noticing that |g;/| < Nll,/ PK 11// 2-1/p , the following inequality takes place:

max |gu o T — gy o Ti| < QNZ%/pKll/_l/p,

1ISI<GS
therefore,
Z, gl’OT Z, gl/OT‘
}/ max — 1/2- l1/<l < 1/ > 2N Iy < AN TN
N}MPagi<igm (¢ —1) P NP =
By condition (6.3.12), we conclude that
1 ‘Zl/<lgl' oT? Zl’<lgl’ oT" ‘ 5 6.3.16
Nll/p 1<1'H<1%}éNl (’L 71)1/2 1/p / . ( 3. )

Moreover, notice that

o Bt Swer]
H ! 1<2n<1?’}éNl (i — )1/2 1/p

< E 7! max
1<i<i' <Ny

groT" —gz/oTi‘ 7&0} <N Y pfgr #0},

>l =
hence
1 ’Zl'>l guv ° TV - Zl’>l g ° Ti’
a NP I<iSPEN, (i — i)L/2=1/p 70 < 2N ZKZ’/NZ’~ (6.3.17)
! >l
By (6.3.16) and (6.3.17), we get
‘goTi/—QOTi 1/p
| IS <
I T 2Nz
> ‘Zl?l(gl’ oT" — gy oTY) > NP
Z Y i, (i" — i)1/2=1/p z Ny

(groT" —gqoT?)

> max
ZHY 1SN, (i —q)1/2=1/p

> NP5 2N > Ky /Ny

>l
Combining the previous inequality with (6.3.15), we obtain for each integer I,
goT" —goT: U 1
> > _— ’ ’ LO.
ey 2 N /2025 2N, IZ;le /Ny, (6.3.18)

and by (6.3.11), the inequality

i % 1
‘goT gOT Nl /p
(6.3.19)

1
max > > —
H 1<i<i’<N - (7 —i)1/2*1/P D) -8
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holds for [ large enough. We deduce that for such integers [ and each § € (0,1),

1 1
_ —— SN (g—goT),0) >1/2¢ > —, 6.3.20
s (SR -g01)0) 2 1/2) > § (6:3.20)
hence the process (W, (g — g o T))n>1 cannot be tight in H; /51 /,[0,1].

It remains to show that the sequence (n=*/2(g — g o T™)),,>1 is bounded in L. Notice that
for a fixed integer [ > 1, the equalities

Nl/P 2K, .
90— gro T| = b — hy o T"| = i L Jr¥a
l j=1
take place. This implies that
Nl/P 2K, . 1/p
||gl_glOTHp:W' M UTNfJAl
l j=1

1 1
- Nl /p (2Kl> /p:21/pK71/2
KPP N Lo

hence for each integer n > 1, [|gy — g1 o T"|, < 21/anf1/2. Let us define

Nl/P K
Te— l . N —j
i = 7y 2 LTI AY.
1 =1
If K; < n, then
Nl/P K .y K, .
Gi=GioT" = iy | 2T TA) = AT T
Kl j=1 j=1
Nl/P Ky ) n+K; .
= gy | 2 TNTIA) = 3T (- mUTN A |
Kl J=1 j=n+1
hence
Nl/p K N n+K; .
|gl —4q OT”| < ﬁ Z]l(T l—JAl) + Z (.7 —n)l(T z—J—nAl) ,
Kl j=1 Jj=n+1

and the following upper bound follows:

K,
Elg —gioT"P <20 1Y K, PR <ok,
Jj=1

Treating in a similar manner the function g; — g;, we observe that the following inequality holds:

nK,? K, >n

6.3.21
K ll/ 2 otherwise, ( )

gt = groT"||, < Cp {

where C), depends only on p (neither on n, nor on ). For a fixed integer n, we denote by i(n)
the unique integer satisfying the inequalities Kj(,) < n < Kj@)41-
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By (6.3.21), we have

o0
lg—goT™, <> llg—gioT"|,

i(n)—1 400
<G| D KK 40K 2+ > kY
=1 l=i(n)+2

< 3C,Vn+ Cpv/n Z K1/2

l=i(n)+1 1+1

(s )

l+1

where we used (6.3.13) in the second inequality and condition (6.3.14) ensures finiteness of the
right hand side in this inequality.
This concludes the proof of Theorem 6.2.6. O
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6.4 Appendix

For the reader’s convenience, we state deviation inequalities for 7-dependent and p-mixing se-
quences.

Notation 6.4.1. If (f o T7) ;>0 is a (strictly stationary) sequence of random variables, we define

N N )
f)::zz |Cov(foT, foT9). (6.4.1)

Notation 6.4.2. Let Y be an integrable random variable. We denote by Gy the generalized
inverse of z — [ Qy (u)du.

The following Fuk-Nagaev inequality was established in Theorem 2 of [DP04].
Theorem 6.4.3. Let (f o T7);5¢ be a strictly stationary sequence of centered and square inte-

grable random variables. Let R := ((7/2)~1 oGEl)Qf and S = R™'. For any X\ > 0, any integer
N2>1and anyr > 1,

22 /2N SO
> < —_— —_— 4.
u{1r<nla<>§v|5( )|/5)\}\4<1+r5?\,(f)> + \ /0 Qf(u)du, (6.4.2)

and

111y
4N/ (/2" (W)Q; o Gy (u)du (6.4.3)

For p-mixing sequences, Shao (Theorem 1.2, [Sha95]) showed the following inequality.
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Theorem 6.4.4. Let (foT7);0 be a strictly stationary sequence of centered random variables
and q = 2. Then there ezists a constant K depending only on q and the sequence (p(n))n>1 such
that for each integer N and x > 0,

[log N]

; > < > —q q/2 i q
i s SO < N 1512 4 Kot (N2 |32 002 ) 1513+
(log N] _
e (K32 27 Il < Al | (640
=0

where A satisfies
2N E[f|1{f] > A}] <. (6.4.5)



Chapter

Holderian weak invariance principle
under a Hannan type condition

7.1 Introduction

One of the main problems in probability theory is the understanding of the asymptotic behavior
of Birkhoff sums S, (f) := ZT,L:_Ol foT? where (Q,F,u,T) is a dynamical system and f a map
from Q to the real line.

One can consider random functions contructed from the Birkhoff sums

SPY(f,t) == Sy (f) + (nt — [nt]) f o T ¢ € [0,1]. (7.1.1)

and investigate the asymptotic behaviour of the sequence (SEI( 1 t))n>1 seen as an element of a

function space. Donsker showed (cf. [Don51]) that the sequence (n='/2(E(f2))~'/2SPY(f))n>1
converges in distribution in the space of continuous functions on the unit interval to a standard
Brownian motion W when the sequence (f o T%);>¢ is i.i.d. and zero mean. Then an intensive
research has then been performed to extend this result to stationary weakly dependent sequences.
We refer the reader to [MPUO06] for the main theorems in this direction.

Our purpose is to investigate the weak convergence of the sequence (n~'/2SP!(f)),>; in
Holder spaces when (f oT%);>¢ is a strictly stationary sequence. A classical method for showing
a limit theorem is to use a martingale approximation, which allows to deduce the corresponding
result if it holds for martingale differences sequences provided that the approximation is good
enough. To the best of our knowledge, no result about the invariance principle in Holder space
for stationary martingale difference sequences is known.

7.1.1 The Holder spaces

It is well known that standard Brownian motion’s paths are almost surely Hoélder regular of
exponent « for each a € (0,1/2), hence it is natural to consider the random function defined
in (7.1.1) as an element of H,[0,1] and try to establish its weak convergence to a standard
Brownian motion in this function space.

Before stating the results in this direction, let us define for o« € (0,1) the Hoélder space
Ha[0, 1] of functions x: [0, 1] — R such that sup,, [z(s) — z(t)| /|s — t|* is finite. The analogue
of the continuity modulus in C[0, 1] is w,, defined by

We(z,d) = sup l2() = 2(s)] (7.1.2)

o<jt—s|<s |t —s|”

83
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We then define HY [0, 1] by H2[0,1] := {z € H,[0,1],lims_0 wa(z,§) = 0}. We shall essentially

work with the space HZ[0,1] which, endowed with [|z|/, = wa(x,1) + |2(0)], is a separable

Banach space (while H,[0,1] is not separable). Since the canonical embedding ¢: H2[0,1] —

H4[0,1] is continuous, each convergence in distribution in H2 [0, 1] also takes place in H[0, 1].
Let us denote by D, the set of dyadic numbers in [0, 1] of level j, that is,

Dy:={0,1}, Dj:={(2-1)27%1<1<27'} j>1 (7.1.3)
If r € D; for some j > 0, we define r* :=r+277 and r~ :=r —27J. Forr € Dj, j > 1, let
A, be the function whose graph is the polygonal path joining the points (0,0), (r—,0), (r,1),

(r*,0) and (1,0). We can decompose each z € C[0,1] as

r=> Az A_ZZ/\ (7.1.4)

reD 7J=0reD;
and the convergence is uniform on [0,1]. The coefficients A,.(z) are given by

z(rt) +x(r7)

Ar(z) = 2(r) — 5 ,

reD;j>1, (7.1.5)
and Ao(z) = z(0), A (x) = z(1).

Ciesielski proved (cf. [Cie60]) that {A,;r € D} is a Schauder basis of H2 [0, 1] and the norms
I|-||, and the sequential norm defined by

][5 == sup 27* max [\, (x)|, (7.1.6)
>0 reD;
are equivalent.
Considering the sequential norm, we can show (see Theorem 3 in [Suq99]) that a sequence
(€n)n>1 of random elements of H? vanishing at 0 is tight if and only if for each positive ¢,

lim limsup u {sup 20 max |)\ (&n)| > 5} =0. (7.1.7)
J—=00 nosoco i=J reD
Notation 7.1.1. In the sequel, we will denote 74 ; := k277 and wuy ; := [nry ;] (or 7, and uy

for short). Notice that ugy1; — ug,; = [nre,; + n2=9] — Up,j < 2n277 if j < logn, where logn
denotes the binary logarithm of n and for a real number z, [z] is the unique integer for which
2] <z < [z]+ 1

Remark 7.1.2. Since for each x € H1/5_1/,[0,1], each j > 1 and each r € D;,
[z(rF) —a(r)| | |z(r) —z(r7)|

|Ar(2)] < 5 + 5 <max {|z(r™) —a(r)|, |z(r) —2z(7)|}, (7.1.8)

for a function f, the sequential norm of n~*/ 28PL(f) does not exceed

X aj,—1/2 Sp! )
sup 2/ omax [ SP(f, ) = SE(f )| (7.1.9)

Now, we state the result obtained by Rackauskas and Suquet in [RS03].

Theorem 7.1.3. Let p > 2 and let (foT7);5¢ be an i.i.d. centered sequence with unit variance.
Then the condition
75lim Pu{|f| >t} =0 (7.1.10)
—00

is equivalent to the weak convergence of the sequence (n=/2SPY(f)),>1 to a standard Brownian
motion in the space HS 5 ,,[0,1].
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7.1.2 Some facts about the LL»*° spaces

In the rest of the paper, 1 denotes the indicator function. Let p > 2. We define the ILP**° space
as the collection of functions f: 2 — R such that the quantity

11500 = iggtpu{lfl >t} < oo. (7.1.11)

This quantity is denoted like a norm, while it is not a norm (the triangle inequality may fail, for
example if X = [0, 1] endowed with the Lebesgue measure, f(z) := z~%/? and g(z) := f(1 — z);
in this case [|f +gll, ., = 21+1/p hut [ £1l,.00 + 191l o = 2). However, there exists a constant
kp such that for each f,

1Flly oo < sup  p(A)"FVPE[F[14] <k |If
A:p(A)>0

(7.1.12)

P,

and Np(f) = supa,,(a)>o0 w(A)~1H1/PE[|f| 1.4] defines a norm. The first inequality in (7.1.12)
can be seen from the estimate tu {|f| >t} <E[|f|1{|f] > t}]; for the second one, we write
+oo

+oo
E[|f|14] = / w({If] > 1} N A)dt < / wmin (u{|f] > 1}, w(A)}dt,  (7.1.13)

and we bound the integrand by min {t_p 115 00 ,M(A)}.

A function f satisfies (7.1.10) if and only if it belongs to the closure of bounded functions
with respect to N,. Indeed, if f satisfies (7.1.10), then the sequence (f1|f < n|),>1 converges
to f in LP*°. If N,(f — ¢g) < € with g bounded, then

limsup P {|f] >t} <limsupt?u {|f — g| > t/2} < 2Pe. (7.1.14)
t—o0 t—oo

We now provide two technical lemmas about L”*° spaces. The first one will be used in
the proof of the weak invariance principle for martingales, since we will have to control the
tail function of the random variables involved in the construction of the truncated martingale
(cf.(7.3.111)). The second one will provides an estimation of the L”"*° norm of a simple function,
which will be used in the proof of Theorem 9.2.6, since the function m is contructed as a series
of simple functions.

Lemma 7.1.4. Iflim; o, tPu{|f| > t} =0, then for each sub-o-algebra A, we have
tlim Pu{E[|f] | Al >t} =0. (7.1.15)

Proof. For simplicity, we assume that f is non-negative. For a fixed ¢, the set {E[f | A] > ¢}
belongs to the o-algebra A, hence

tu{E[f | Al >t} <E[E[f | AL{E[f | A] > t}] = E[f1{E[f | A] > t}]. (7.1.16)
By definition of Ny,
E[f1{E[f | A] > t}] < N, (f1{E[f | A] > t}) p{E[f | A] > 1}' V7, (7.1.17)
hence
P {E[f [ Al >t} < N, (FL{E[f | A] > t})". (7.1.18)
Notice that
Vs> 0, N, (fL{E[f | A > t}) <sulBIf | A > 17 4 N, (F1{f > s}, (T1.19)
hence
h?iing[fl {E[|f| | Al > t}] < Np(fL{f > s} < kpsupzPu{f > z}. (7.1.20)

By the assumption on the function f, the right hand side goes to 0 as s goes to infinity,
which concludes the proof of the lemma. O
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Lemma 7.1.5. Let f := Zf\;o a;1(A;), where the family (A;), is pairwise disjoint and 0 <

any < ---<ag. Then

J

p p .

1111500 < max, o] Z;,U(Az)~ (7.1.21)
i—

Proof. We have the equality

J

N
plf >t} = Z 1(aj+17aj](t) ZM(Ai)’ (7.1.22)

=0 i=0
where ay 41 := 0, therefore
J
u{f >t} < A al 2; 1(A;). (7.1.23)

7.2 Main results

The goal of the paper is to give a sharp sufficient condition on the moments of a strictly stationary
martingale difference sequence which guarantees the weak invariance principle in H%[0, 1] for a
fixed «.

We first show that Theorem 7.1.3 does not extend to strictly stationary ergodic martingale
difference sequences, that is, sequences of the form (m o T%);>¢ such that m is M measurable
and E[m | TM] = 0 for some sub-o-algebra M satisfying TM C M.

An application of Kolmogorov’s continuity criterion shows that if (mo7T%);>¢ is a martingale
difference sequence such that m € LP19 for some positive § and p > 2, then the partial sum
process (n~1/25P(m)),>; is tight in HY o_1/,[0,1] (see [KRI1]).

We provide a condition on the quadratic variance which improves the previous approach
(since the previous condition can be replaced by m € ILP). Then using martingale approximation
we can provide a Hannan type condition which guarantees the weak invariance principle in
He [0, 1].

Theorem 7.2.1. Let p > 2 and (Q, F, u, T) be a dynamical system with positive entropy. There
ezists a function m: 0 = R and a o-algebra M for which TM C M such that:

o the sequence (m o T"%);>o is a martingale difference sequence with respect to the filtration

(TﬁiM)i>0;
o the convergence limy_, oo tPp {|m| >t} = 0 takes place;
e the sequence (n~'/2SPY(m)),>1 is not tight in H g1 /,(0,1].

Theorem 7.2.2. Let (Q,F,u,T) be a dynamical system, M a sub-c-algebra of F such that
TM C M and T the collection of sets A € F such that T~1A = A.

Let p > 2 and let (mo TV, T_j/\/l)j>0 be a strictly stationary martingale difference sequence.
Assume that tPu{|lm| >t} — 0 and E[m? | TM] € LP/2. Then

n~Y28P(m) — - W in distribution in HY j2—1/p10,1], (7.2.1)
where the random variable n is given by
n= lim E[S?|Z]/n in L (7.2.2)
n—oo

and 1 is independent of the process (Wy)iejo,1)-
In particular, (7.2.1) takes place if m belongs to LP.
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The key point of the proof of Theorem 7.2.2 is an inequality in the spirit of Doob’s one,
which gives n™'E [max;<;<n S;j(m)?] < 2E[m?]. It is used in order to establish tightness of the

sequence (n~'/2SP!(m)),>1 in the space C[0,1].

Proposition 7.2.3. Let p > 2. There exists a constant C), depending only on p such that if
(moT");>1 is a martingale difference sequence, then the following inequality holds:

sup
n>=1

s

<Gy (Ilmllim +E (E[m” | TM])”/Q) . (7.2.3)

p,o0

HY o1/p
Remark 7.2.4. As Theorem 7.2.1 shows, the condition lim;_, tPu {|m| > t} = 0 alone for mar-
tingale difference sequences is not sufficient to obtain the weak convergence of n=*/2SP!(m) in
H2[0,1] for « = 1/2 — 1/p. For the constructed m in Theorem 7.2.1, the quadratic variance is
xkm? for some constant x and m does not belong to the IL? space.

By Lemma A.2 in [MSR12], the Holder norm of a polygonal line is reached at two vertices,
hence, for a function g,

oTI —goT:

Hn_1/2551(g —go T)H =n /P max % (7.2.4)
H§/271/zz ISi<isn (‘7 - Z) ?

< 2n7YP max |g o Tj’ . (7.2.5)

1<j<n

As a consequence, if g belongs to P, then the sequence (|}n1/2551(g —goT)|,. >
1/2—1/p TL>1

converges to 0 in probability. Therefore, we can exploit a martingale-coboundary decomposition
in LP.

Corollary 7.2.5. Let p > 2 and let f be an M-measurable function which can be written as
f=m+4+g—goT, (7.2.6)

where m, g € LP and (moT");>o is a martingale difference sequence for the filtration (T ~*M);>0.
Then n~Y2SP(f) — oW in distribution in HYjo—1,p10,1], where 1 is given by (7.2.2) and
independent of W.

We define for a function h the operators Ei,(h) := E[h | T*M] and P;(h) := E;(h) —E;11(h).
The condition Y ;= ||P;(f)||, was introduced by Hannan in [Han73] in order to deduce a central
limit theorem. It actually implies the weak invariance principle (see Corollary 2 in [DMV07]).

Theorem 7.2.6. Let p > 2 and let f be an M-measurable function such that

ElﬂﬂTW

i€

=0 and (7.2.7)

STIPA)I, < oo (7.2.8)

i>0

Then n~Y28P(m) — oW in distribution in 7—[‘1’/2_1/p[O, 1], where n is given by (7.2.2) and
independent of W.

7.3 Proofs

7.3.1 Proof of Theorem 7.2.1

We need a result about dynamical systems of positive entropy for the construction of a counter-
example.
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Lemma 7.3.1. Let (2, A, u,T) be an ergodic probability measure preserving system of positive
entropy. There exists two T-invariant sub-o-algebras B and C of A and a function g: Q@ — R
such that:

o the o-algebras B and C are independent;

e the function g is B-measurable, takes the values —1, 0 and 1, has zero mean and the process
(g 0o T™)pnez is independent;

o the dynamical system (Q,C,u,T) is aperiodic.

This is Lemma 3.8 from [LVO01].
We consider the following four increasing sequences of positive integers (I;);>1, (Ji)i>1,
(n1)i>1 and (L;);>1. We define k; := 27177t and impose the conditions:

(o)

1
Z — < o0 (7.3.1)

L
=1

L
lim J; - {|N| > 4l/r 2 } =1; (7.3.2)
I—oo g1l
lim J;2~ /2 =0, (7.3.3)
l—o0
kq
i M _0- 3.
llgloanm 0; (7.3.4)
>1
-1 1/p
ki rni\YP m

for each I, Z I (211') <5 (7.3.5)

i=

Here A denotes a random variable whose distribution is standard normal. Such sequences can
be constructed as follows: first pick a sequence (L;);>1 satisfying (7.3.1), for example L; = [2.
Then construct (J;);>1 such that (7.3.2) holds. Once the sequence (J;);>1 is constructed, define
(11);5, satisfying (7.3.3). Now the sequence (k;);>1 is completely determined. Noticing that
(7.3.4) is satisfied if the series ) . kjn;—1/n; converges, we construct the sequence (n;);>1 by
induction; once n;,i < [ — 1 are defined, we choose n; such that n; > [2kyn;_; and (7.3.5) holds.

Using Rokhlin’s lemma, we can find for any integer [ > 1 a measurable set C; € C such that

the sets T7'Cy, i = 0,...,n; — 1 are pairwise disjoint and p (U?;gl T*iCl) > 1/2.

For a fixed I, we define .
k=200 0< <, (7.3.6)

ky o= 2030 << J; and

1 J—1 n 1/p ki,g—j-1—1
. »
= — 1 T'C; | +
=1 ZO (th) -,U . l
Jj= 1=k, g, —j
1/p ki, =1
1 ny —i
+ — 1 T='Cy |, (7.3.7
L (kz,Jl> iL:JO : (7.37)
+oo
fi= Zfl’ m:=g-f, (7.3.8)

=1
where g is the function obtained by Lemma 7.3.1.

Proposition 7.3.2. We have the estimate || fillp,co < /{;Ll_l for some constant k;, depending
only on p. As a consequence, limy_,o tPu {|m| >t} = 0.
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39

Proof. Notice that

ki g, —1 p

P

1 ([ n >1/P _ 1 1
— 1 T7'C) ==k - p(C) < .
L (kl,Jz ZL:JO Ly ki Ha) Ly
;00
Next, using Lemma 7.1.5 with
1 o \'P Rt
N:=J,—1,a; := — dA;:= T7'CYy,
! 4 L (kl Jl—j> ane ‘ U !
’ 7f:kl,Jl—j
we obtain
Ji—1 1/p ki g —i—1 b 1/p
1 ng . 1 ng
— 1 T'C < —
LzZ(sz—) , U ! 0T 1 (Lz (li—) )
=0 »J1—=J 7f:kl,Jl—j oo sJ1 =7
1 m = ki
S P oieq1 k i P
l SIS laJl_] i=0 n
1 I oliti
- ff Ogg‘nga‘]}lifl — o11+j
< 2
~ ng7
hence by (7.1.12), (7.3.9) and (7.3.13),
1 n 1/p ki, —1
fillpoo <N, ( l) 1 TC | | +
|| ||p, p I kl,Jl ZL:JO

_|_
=

| —
&
M2
Y
3
SN—
=

=
-
3
Q

j=0 i=ki, g, —j
ki g 1
1 n )1/19 i B
<ky||l— [ — 1 T7'C, +
I (kl Ji ZL:JO
P,00
1 J—1 n 1/p ki,g—j—1
l _
+~K — 1 T ZC[
gz ZO <k‘z,Jz—]) U
Jj= =k, g, —j

P,

1
< g (1+2)

We thus define n; = Kp (1 + 21/1’).

(7.3.9)

(7.3.10)

(7.3.11)

(7.3.12)

(7.3.13)

(7.3.14)

(7.3.15)

(7.3.16)

(7.3.17)

(7.3.18)

We fix e > 0; using (7.3.1), we can find an integer lo such that >, ; 1/L; < e. Since the
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function Zi‘;l g1 is bounded, we have,

lo P
t
limsup tPp {|m| > t} < limsuptp,u{ ngl > 2} + 2P Zgﬁ (7.3.19)
t—o0 t—o0 =1 I>lo oo
P
=27 > " gf (7.3.20)
>l p,00
p
< <2 > Np(fl)> (7.3.21)
I>1o
1 p
/
< K, (Z Lz) (7.3.22)
1>1p
< Fpe?, (7.3.23)

where the second inequality comes from inequalities (7.1.12). Since € is arbitrary, the proof of
Lemma 7.3.2 is complete. [

We denote by M the o-algebra generated by C and the random variables g o T%, k < 0. It
satisfies M C T~ M.

Proposition 7.3.3. The sequence (m o T%);>o is a (stationary) martingale difference sequence
with respect to the filtration (T~'M);>o.

Proof. We have to show that E[m | TM] = 0. Since the o-algebra C is T-invariant, we have
TM=0o(CUoc(goT* k< —1)). This implies

Em|TM]=E[gf | TM] = f -Elg | TM]. (7.3.24)
Since g is centered and independent of T'M, Proposition 7.3.3 is proved. O
It remains to prove that the process (n~/2SP!(m)),>1 is not tight in H jg_1/p[0,1].

Proposition 7.3.4. Under conditions (6.3.13), (6.3.12) and (6.3.11), there exists an integer lg
such that forl >l

L |Su+'u<gfl) — Su(gfl)| 1
fr=n nl/p1<u§n)1(—kz v1/2-1/p 1= E (7.3.25)
1<v<ky

Proof. Let us fix an integer [ > 1. Assume that w € T—5C}, where k; < s < n; — 1. Since T"w
belongs to T-6=W) () we have for s —ny < u < s

1 n 1/p .
fz(kz;l) , if s =k <u<s;
U _ 1/p
(fl OT )(w) - [% (ﬁ) , ifs_kl7j_1 <u < s_kl,j) and 1 gjg Jl7 (7326)
0, ifs—m <u<s—k.

As a consequence,

0,0 L |Ss—ky,111(9f1) = Ss—r,, (9f1)] S 1
nll/p 1< (krj—1 — 1 — kg z)t/2-1/p -
|Ss—kl,]-,1+1(g) - SS—k‘L,j (g)|

=T°C;N{ max o >Ly. (7.3.27)
IISI (kyyy — 1)V2-1rk) P
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Since for k; +1 < s <y —kiand 1 < j < J, we have 1 < s —k;; < n—Fk and 1 <
kij—1—1—k;; < ki, the inequality

1(T_SCl) . max |szkl,j—1+1(gfl) - SS*kl,j (gfl)|

I<G<A (kpj—1— 1=k ;)1/2-1/p

< 1(T_6(Cl)) max ‘Squv(gfl) - Su(gfl)|

1<usn; —k pl/2=1/p
1<v<k

(7.3.28)

takes place and since the sets (T’SCZ)Zio_l are pairwise disjoint, we obtain the lower bound

ny —le

P> Z u(T_(S+kl)(Cl)ﬂ

s=1
{ - |Ssthi—ti;_1+1(9f1) = Ssri—ii,; (9f1)] > 1}) . (7.3.29)

1< (kpj1— 11—k j)1/2=1/p

Using the fact that T is measure-preserving, this becomes

P> (g —2k) - (T_’“%Oz) n { sy 1St 01 = S, 010] 1}> B

1< (kpjo1—1— kg )/2=1/p

and plugging (7.3.27) in the previous estimate, we get

St 1—1(9) = Styir -
P> (n—2k)p | T7%(C) N4 max [Stuts1-1(9) ’“Zl/k’v-7(g)‘ >Ly ). (7.3.31)
LISh (k= DY P

Sky—ky —Sk,_k,
[t (;Z’J’ll;l/(i)l/p:l/’;“ @) > Ll} and T~ C; belong to the independent
Li™ 1,j—1

The sets {maxlgjg]l

sub-o-algebras B and C respectively, hence using the fact that the sequences (g o T%);>o and
(9o T~%);>0 are identically distributed, we obtain

Sy — Sy
P, > (ng —2k)u (Cy) p{ max [k 2 -1(9) k”i’/(g)‘ >L . (7.3.32)
SIS (R — 1)k
By construction, we have n; - u(C;) = u (U:igl T‘iCl) > 1/2, hence
1 k Sk i1 — Sk,
P>- (1 _9 z) 1 max | kiy—1-1(9) klij (9)‘ > (7.3.33)
2 ny LG (g — 1)1/2=1/pE) ;1:1

It remains to find a lower bound for

P = ,u{ max ’Skl’j_rl(g) ~ iy ) > Ll} . (7.3.34)

I<GST (fy — 1)1/2—1/pki§{1

Let us define the set

A |Sk‘z,.7‘—1*1(9) _Skl,j(g)‘ > I
’ (kg — V)21 ?

Since the sequence (g o T%);cz is independent, the family (E;)1< <y, is independent, hence

(7.3.35)

Ju
Plz1- ][]0 - uE)). (7.3.36)

j=1
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We define the quantity

L ki1 1/p
pe N> —— ( : (7.3.37)
{ lglly \ Ky —1
(we recall that N denotes a standard normally distributed random variable). By the Berry-
Esseen theorem, we have for each j € {1,...,J;},
1 1 2
lu(E;) — ¢j| < V2 9~ 1i/2, (7.3.38)

<
3 = 3
lgll3 (ktj—1 = Y2 |lgll3

Plugging the estimate (7.3.38) into (7.3.36) and noticing that for an integer N and (a,)_,,
(b,)N_; two families of numbers in the unit interval,

N
IT e - H bn Z |ty — bl (7.3.39)
n=1 n=1
we obtain
Jy Jy Jy
P z1-[[a-nE)+ [ -e)-J[1-e) (7.3.40)
j=1 j=1 j=1
Ji
>1-[Ja-¢) Zm ) — ¢l (7.3.41)
j=1
Ji
>1-[[a-¢) - JILQ 1/, (7.3.42)
1 9l
Notice that y
1
1 ]1;[1(1 cj) =1 | ax (1—¢j) (7.3.43)
and since (I})> is increasing and I; > 1, we have
kij—1 _ 2 2

<4 (7.3.44)

= <
k=1 1k} ~1—-2°7

it follows by (7.3.37) that ¢; > {|J\f| 41/p Ll } for 1 < j < J;. We thus have

.]]
P/ >1- <1 — {|/\/| > 4Y/P ”Lll' }) Jl”‘/”§2fl/2. (7.3.45)
2 gl

Using the elementary inequality

n(n —1)

1-(1-t)">nt—
(=t >t -

t2 (7.3.46)

valid for a positive integer n and t € [0, 1], we obtain

2 L 2 2
Pl > Jiu {|N| > 44/p } /s (u {IN > 41/ }) JliTW?. (7.3.47)
llgll 2 llgll lglls

By conditions (6.3.12) and (6.3.13), there exists an integer I{, such that if [ > [{, then

1 d max |Skl_] 1— 1(9) — Skzg( )| >0 8>
IS (R y — 1)1/2- 1/pk1/p = =z

(7.3.48)



§ 7.3 — Proofs 93

Combining (7.3.33) with (7.3.48), we obtain for [ > ],

1 k;
P> 1—2 7.3.49
> ( n) (7.3.49)

By condition (6.3.11), we thus get that P, > 1/16 for | > Iy, where Iy > I, and k;/n; < 1/4 if
1> lp.
This concludes the proof of Proposition 7.3.4. O

Proposition 7.3.5. Under conditions (7.3.1), (7.3.2), (7.3.3), (7.3.4) and (7.3.5), we have for
l large enough

L |Sutv(m) = Su(m)] _ 1 1
> 5 > 00" ..
H ni/p 1<52‘1}f ke vl/2-1/p Z9(7 32 (7.3.50)
! 1<v<ky

Since the Holder modulus of continuity of a piecewise linear function is reached at vertices,
we derive the following corollary.

Corollary 7.3.6. Ifl > Iy, then

1 k 1 1
_— gpl 7l > - > 1
H {W1/2_1/p (\/TTIST” (m)7 nl) = 2} = 32 (735 )

Therefore, for each positive §, we have

1
. ) gpl s>V = 7.3.52
1T?Lbolipu{w1/2 l/p(f (m), ) 2} 32 ( )

and the process (n~Y/2SPY(m)),>1 is not tight in HY jg—1,,10,1].

Proof of Proposition 7.3.5. Let [y be the integer given by Proposition 7.3.4 and let | > 5. We
-1 00
define m; :=>",~ gf; and m}' := ZLH_I gfi-
We define for i > 1,

_ ! Suro(gfi) = Sulgfi)|
M ;= - /p1<1fr<1%>l( . 121/ (7.3.53)
l 1<v<k;
Let ¢ be an integer such that ¢ < [. Notice that for 1 <u < n; — k; and v < k;, we have
|Suto(9fi) = Sulgfi)l = U*(1Su(9f)]), (7.3.54)
where U(h)(w) = h (T (w)) and since
ki /ng\1/P
i < L < — T, 0.
1Su(gfi)l < vllgfille < 7 (2,1,) 7 (7.3.55)
the estimate y y
l n; P
Mo () 756
L Lmll/p oI ( )
holds. Since .
1 ‘Su-i-v(mz) — Su(m;” -
nl/plg’lfgnl—kl U1/2_1/p < : Ml7ia (7357)
l 1<v<k i=1

we have by (7.3.506),

/
1 m ‘Su+v(ml) ml 2 :

nMP1<usng—k vl/2— 1/17 = Lin 1/P
l 1<k i=1

( i )1/,,. (7.3.58)
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By (6.3.14), the following bound takes place:

1 |Su+v(m;) — Su(m;)‘ < 1

Tll/p 1Susn —k; vl/2=1/p =
l 1<v<ky

[\

The following set inclusions hold

1 |Su+v(m;/) — Su(m?”

nl/p 1<ungli}f—kl vl/2—1/p 7é 0, C U {Ml,i 7é O}
l 1<v<k; i>l
ny
cJ U uHas) # 0}
i>lu=1
We thus have
1 |Su+v(m2/) — Su(m?)‘
: Wlsunsln)fm vl/2=1/p 70rs an gl #0}
1<v<ky i>l
<m Y p{fi #0}
i>l
= Y (ks + )p(C)
i>l
k;
<2 —.
o
i>1
and by (6.3.11), it follows that
1 |Su+v (mgl) — Su (mg/)| 1
a nl/plétfg?%}zgkz vl/2=1/p 700 s 32
l 1<v<ky

Accounting (7.3.59), we thus have

1 |Sutv(m) — Syu(m)]

1

K 1/ 1/2—1/ D)

n/Pigus<m—k v P 2
l 1<v<ky

1 max |Su+v(gfl + mﬁl) - Su(gfl + mfl)\

> R >1
Z K nL/P1<u<n—ky v1/2=1/p -
l 1<v<ky
> 1 ax |Su+v(gfl) - Su(gfl)| >1
ZH /P 1<usn —k vl/2=1/p -
l 1<v<ky
—u 1 |Su+v(m2/) — Su(m;/”
n/P1<usn —k v1/2=1/p
1<v<k

(7.3.59)

(7.3.60)

(7.3.61)

(7.3.62)

(7.3.63)

(7.3.64)

(7.3.65)

(7.3.66)

(7.3.67)

hence combining Proposition 7.3.4 with (7.3.66), we obtain the conclusion of Proposition 7.3.5.

Theorem 9.2.6 follows from Corollary 7.3.6 and Propositions 7.3.2 and 7.3.3.

O
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7.3.2 Proof of Theorem 7.2.2 and Proposition 7.2.3

Proof of Proposition 7.2.5. Let us fix a positive t. Recall the equivalence between ||z||,, and
[|lz>°* and Notation 7.1.1. By Remark 7.1.2, we have to show that for some constant C' depending
only on p and each integer n > 1,

P -— ¢P o 204]' —1/2 p /pl 4 <
(Tl,t) i {?1;[1) n Og}fg{z] ’S My Tht1 ]) Sn (m’rk7])| >t
<O (Imlfy o +E Elm* | TM)"?)  (7368)

In the proof, we shall denote by C), a constant depending only on p which may change from
line to line.

We define
Pi(n,t) := u{ sup 290712 max |S§l(m,rk+17j) - Sgl(m,rk7j)| > t} , and  (7.3.69)
1<j<logn 0<k<2d
Py(n,t) := ,u{ sup 2%n71/2 max |Sp M, Tht1,5) — Sﬁl(m,m,jﬂ > t}, (7.3.70)
j>logn 0<k<29
hence
P(n,t) < tPPi(n,t/2) + tP Py (n,t/2). (7.3.71)

We estimate Pa(n,t). For j > logn, we have the inequality
Thi1y —Thyj = (E+1)277 — k279 =277 < 1/n, (7.3.72)
hence if rj ; belongs to the interval [I/n, (I + 1)/n) for some [ € {0,...,n — 1}, then
o either ryy1; € [[/n, (I +1)/n), and in this case,

|S§1(m,rk+17j) — SPY(m, 4 )| = }mOTl+1| 279n < 27 Jnlrilla<xn|U m)|; (7.3.73)

o or rit1,; belongs to the interval [(I + 1)/n, (I 4+ 2)/n). The estimates

|SE (m, g ) — SE(my e )| < |SBHm, rrga ) — SB(m, (14 1) /n)| +
+ |8 (m, (L+ 1) /n) — S (m, 7y ;)| < 2770 max |U'(m)| (7.3.74)

1<i<n

hold.

Considering these two cases, we obtain

Py(n,t) < u{ sup 2%9n2'7Ip~Y2 max |Ul (m)| > t} (7.3.75)
j>logn 1<I<n
<p {271“ 1/2 max U (m)| > t} (7.3.76)
< np {Qn_l/p |m| > t} (7.3.77)
oD
< —supzPu{|m| > z}. (7.3.78)
tP x>0

Therefore, establishing inequality (7.3.68) reduces to find a constant C' depending only on p such
that
supsup ? Pi(n,t) < C <||m||£ o T E (E[m? | T/\/l])p/Q) (7.3.79)
n t ’
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We define uy, ; := [nrg, ;] for k < 27 and j > 1 (see Notation 7.1.1).
Notice that the inequalities

|Su,w. (m) — Sgl(m,r;w-)| < |U“’“’f+1(m)‘ and (7.3.80)
‘Sﬁl(m,rkﬂ,j) = Surir (m)’ < |U“’“+1vf+1(m)| (7.3.81)

take place because if j < logn, then
Uk,j STk S Uk ; + 1 < Upg1; < Nrgg1,j < Uktr,; + 1 (7.3.82)

Therefore, P (n,t) < P11(n,t) + P12(n,t), where

— i —1/2
Piai(n,t):=p {lgglgalﬁgnw]n / ogi);j |Suss, (M) = Sup, (M)] > t/2} , (7.3.83)
— g, —1/2 !
Pia(n,t):=p {lgrjngal?gWZ n Jnax U (m)| > t/4} . (7.3.84)
Notice that
Pio(n,t) < p {na_l/Z max |U'(m)| > t/4} (7.3.85)
<np {\m\ > nl/Pt/4} (7.3.86)
< 4Pt PsupaPu{|lm| > =}, (7.3.87)
x>0

hence (7.3.79) will follow from the existence of a constant C' depending only on p such that
supsup t? P 1(n,t) < C <||m||§;OO +E (E[m” | TM])p/z) . (7.3.88)
n t :

We estimate Pj 1(n,t) in the following way:

logn

J _ 1/260—1—aj
Pii(nt) < Zl 2 max p {|Suk+1,j (m) = Suy , (m)] > tn/22 } (7.3.89)
J:

We define for 1 < j < logn and 0 < k < 27 the quantity
P(n,j, k,t) = { |Sursr (M) = Sy, (m)] > ml/Qz—l—aﬂ'} : (7.3.90)

If (f oT7);50 is a strictly stationary sequence, we define

n 1/2
Qfn(u) = ,u{ max |foT7|> u} +p (Z U'E[f? | TM]) >u . (7.3.91)
i=1

1<j<n

The following inequality is Theorem 1 of [Nag03]. It allows us to express the tail function of a
martingale by that of the increments and the quadratic variance.

Theorem 7.3.7. Let m be an M-measurable function such that Ejm | TM] = 0. Then for each
positive y and each integer n,

1 {ISa(m)] > v} < c(g,) / Qun (gt - y)u~du, (7.3.92)

where ¢ > 0, n >0, g4 :=n/q and c(q,n) := gexp(3ne™™ —n—1)/n.
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We shall use (7.3.92) with ¢ := p+ 1, = 1 and y := n'/2271=%/¢ in order to estimate
Pln.j. k. 1):

1
P(n,j,k,t) < C’p/ 1 {1<'< max v U (m)| > n1/221°‘jtuep+1} uPdu
0 RIKUEKH1,5 —Uk,j

1/2
Uk41,5 /

1
+Cp /0 0 Z UE[m? | TM]) > nl/227 1 yte, b uPdu. (7.3.93)

i:uk1j+1

Exploiting the inequality ugy1,; — ug; < 21277, we get from the previous bound

P(n,j,k,t) < C, / 1<z123352 ; ‘Ul ’ > n1/22_1_°‘jtusp+1}updu
2n277 1/2
JrC'p/ Z UY(E[m? | TM]) > nl/227 1Y tye, b uPdu. (7.3.94)

We define for j <logn, t > 0 and u € (0,1),

P/ - = ’L 1/22—1—aj 3.
(n,j,t,u) == p {1<E23§2 B ’U ‘ >n tuept1 o, and (7.3.95)
2n277 1/2
P'(nj,t,u) i=pq | Y UEmM® [ TM)) > nl/20 1 Yue, b (7.3.96)
i=1

Using the fact that the random variables U i (m),1 <i< 2n2=7 are identically distributed, we
derive the bound

P'(n,j,t,u) <2n2 9y {|m| > n1/22_1_ajtu5p+1} , (7.3.97)
hence
P'(n,j,t,u) < 20277 (02271 tue, 1) 7P |ml|P
= P Hle Pl P/2I (C PR TRy P P (7.3.98)

Since « and p are linked by the relationship 1/2 — 1/p = «, we have pa = p/2 — 1 hence
1 .
/ P'(n, j, t,u)uPdu < Cpt Pnl=p/221(®/22) [mll} o - (7.3.99)
0

Notice the following set equalities:
2n277 1/2
> UNE[m® | TM]) > g,y unt/?271700;

i=1

2n277

- 2n2 7 Z U'(E[m* | TM]) > 2 % ,w2%/742 & (7.3.100)
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and that n277 > 1 (because j < logn), hence
w277 1/2
Z UY(E[m? | TM]) > e, unt/?2717%9t 5 C
i=1

N
1 . ) ‘
- U {N E UE[m? | TM]) > 2 35§+1u2223/”t2},
i=1

N>2
from which it follows
2n277 1/2
7 Z UYE[m? | TM)) > gpunt/?271700 4 <
i=1

N
1 . .
<ulsup — > UYE[m? | TM]) > 2732, u22%/742
M{N;N;_l (E[m* | 1) b1

Combining (7.3.99) and (7.3.102), we obtain

P L kt) < C,t7P 1-p/29j(p/2-2) p
02}32{2]‘ (najv 9 ) P n ||m p,00
1 1 N
+ Cp/ W sup — ZUl(IE[m2 | TM]) > 2—3512)“”222]/%2 uPdu,
0 N2 N i—1

hence by (7.3.89) and (7.3.90),

logn
Pya(n,t) < Cpt P [m|? Z 939 (p/2-2);1-p/2 |
j=1
1 logn 1 N
TG /o 2 2 {zsvu>p2 N > U'(E[m® | TM)) > 2_3512>+1u2223/pt2} uPdu.
j:1 = i=1

From the elementary bounds

logn
3 2i0/2 1o/ (1 9iop/2)
j=1
ZZju {|g\ > 22j/p} < 2E |g\p/2 ,  for any non-negative function g,
j>1
with
1
g:=2%%u"? sup ; U'(E[m? | TM]),u € (0,1)
we obtain

p/2

Pyi(n,t) < Cpt P mlP  + Cpt™?

N
1 )
su 7§ UYE[m? | TM
N>p2Ni_1 (Efm” | ) p/2

(7.3.101)

(7.3.102)

(7.3.103)

(7.3.104)

(7.3.105)

(7.3.106)

(7.3.107)

(7.3.108)

As the Koopman operator U is an L-IL° contraction, Theorem 1 of [Ste61] gives the existence

of a constant A, such that for each h € Lp/2,

N
1 .
sup — U’ (h <A, |lh .
oy LU <Al

J p/2

(7.3.109)
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Applying (7.3.109) with h := E[m? | TM], we get by (7.3.108)
Pri(n.t) < Cypt ™ [ml”  + Cpt PE (E[m? | TM))"?, (7.3.110)
which establishes (7.3.79). This concludes the proof of Proposition 7.2.3. O

Proof of Theorem 7.2.2. The convergence of finite dimensional distributions can be proved using
the result of [Bil61]. Its proof works for filtrations of the form (7~*M);>¢ where TM C M and
also in the non-ergodic setting by considering the ergodic components.

We deduce tightness in Theorem 7.2.2 from Proposition 7.2.3 by a truncation argument. For
a fixed R, we define

mg :=ml{|m| < R} —E[m1{|m| < R} |TM] and (7.3.111)
m'y :=ml{|m| > R} — E[m1{|lm| > R} | TM|. (7.3.112)

In this way, the sequences (mp o T%);>o and (m’, o T%);>( are martingale differences sequences
Y q > R > g q
and m = mpg + m'.
Since |mpg| < 2R and (mpg o T");>¢ is a martingale difference sequence, the sequence
(n‘l/QSEI(mR))n>1 is tight in Hg/H/p[o, 1]. Consequently, for each positive e, the following
convergence takes place:

lim lim sup p {sup 20 max |Ar (Sf;l(mR)ﬂ > 5n1/2} =0. (7.3.113)

—00 n—o0 i=J reD;
Using Proposition 7.2.3, we derive the following bound, valid for each € and each R,

lim lim supu{sup 2% max |\, (SB'(m))| > 6”1/2} <

J—=00 p—oo i=J reD;

< Cpe™? (suptp,u{|m| 1{|m| > R} >t} +supPu{E[|m|1{|m| > R} | TM] > t}) +
20 >0
+ePCLE ((E[m21 {Im| > R} | TM])p/2> . (7.3.114)

The first term is sup; g t?p {|m| > t}, which goes to 0 as R goes to infinity.
The second term can be bounded by sup,  t*u {E[[m| | TM] > t}. Indeed, if t > R, we use
the inclusion
{E[m|1{|m| > R} | TM] >t} C {E[lm| | TM] > t}, (7.3.115)

and if ¢ < R, then accounting the fact that the random variable E[|m|1 {|m| > R} | TM] is
greater than R, we get

Efllm[1{[m| > R} | TM] = E[[m[1{|m| > R} | TM|1{E[/m| | TM] > R}
< E[|m| | TM]1{E[jm| | TM] > R}, (7.3.116)

from which it follows that
tPuA{E[lm|1{|m| > R} | TM] >t} < RPu{E[|m|| TM] > R}. (7.3.117)
By Lemma 7.1.4, the convergence
lim sup t?u{E[|m||TM] >t} =0 (7.3.118)
R—o t>R
takes place.
The third term of (7.3.114) converges to 0 as R goes to infinity by monotone convergence.

This concludes the proof of tightness in Theorem 7.2.2.
O
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7.3.3 Proof of Theorem 7.2.6

By (7.2.7), the equality f = Zz;o P;(f) holds almost surely. For a fixed integer K, we define
fx = ZiK:O Pi(f). Then fx satisfies the conditions of Corollary 7.2.5.
Indeed, we have the equalities
Pi(f) = Po(U'f) =E[f | T"M] = E[U"f | M] = E[f | """ M] + E[U"f | TM]  (7.3.119)
= (I —-UHE[f | T°M] — (I — UHE[f | T M] (7.3.120)
and the later term can be expressed as a coboundary noticing that (I —U?) = (I —U) 2;10 U*.
Since P;(f) belongs to the P space, we may write fx — Zfio Py(U'f) as (I — U)gk where

gx belongs to the L? space. Defining my := ZZK:O Po(UY(f)), the sequence (mg o T%);>¢ is a
martingale difference sequence hence for each positive ¢,

lim limsup p {supQ J max ’)\ (Spl fx) | > enl/? } =0. (7.3.121)
J—=00 nooo i=J reD

Now, we have to show that the convergence in (7.3.121) holds if fg is replaced by f — fx. To
this aim, we use the inclusion

{sup2 J max |)\ (Spl(f Ik )| > 5n1/2} -
i=J re

C {SupQ‘” max |)\ ( SP(f — fK))| > anl/Q}, (7.3.122)

j=1 reD
hence
P
1
u{sup2 J max ’/\ (Spl(f fx))| > en 1/2 } <e? \/>Sn (f— fK)H (7.3.123)
i=J re HS o1 /p b
P
1
—erfl s | S R ,
vn i>K+1 2o
1/2—1/p 1l
from which it follows that
,u{sup2 ]maX’)\ (Spl(f fx) )| > enl/? }
j=J re
P
<e | > HSPI( (f))H . (7.3.124)

Ho

i2K+1 1/2—1/p P00

Notice that for a fixed 4, the sequence (U'(P;(f)))i>1 is a martingale difference sequence
(with respect to the filtration (T~*~!M);>0). Therefore, by Proposition 7.2.3, we obtain

1
—SP(P; H <C,||P; : 7.3.125
| s ) R (7.3.125)

Plugging this estimate into (7.3.124), we obtain that for some constant C' depending only on

b,
p

u{sup2 J max ‘)\ (SEN(f = fx))| > en' } < Ce™? Z 121, | - (7.3.126)

re
izJ i>K+1
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Combining (7.3.121) and (7.3.126), we obtain for each K:

lim limsup p {sup 204 max |Ar (Sﬁl(f))’ > nl/za} <Ce™? Z 12O, | - (7.3.127)

—00 n—0co i=J reD SR
Since K is arbitrary, we conclude the proof of Theorem 7.2.6 thanks to assumption (7.2.8).
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Chapter

Holderian weak invariance principle
under Maxwell and Woodroofe condition

8.1 Introduction and main results

Let (Q,F, ) be a probability space and let T: Q@ — € be a measure-preserving bijective and
bi-measurable function. Let M be a sub-g-algebra of F such that TM C M. If 0 is a measure
preserving operator and f: @ — R a measurable function, we denote S, (0, f) := Z;l;ol fot
and

When 6 = T we shall often write S, (f) and W(n, f,t). We denote M, the o-algebra generated
by Uiez T°M and M_,, = Nicz T*M. We say that the function f € L! is regular if f is
M -measurable and E[f | M_.] = 0.

An important problem in probability theory is the understanding of the asymptotic behavior
of the process (n=Y/2W (n, f,t),t € [0,1]),>1. Conditions on the quantities E[S,,(f) | TM] and
Sn(f) =E[Sn(f) | T~"M)] have been investigated. The first result in this direction was obtained
by Maxwell and Woodroofe [MWO00]: if f is regular, M measurable and

n3/2

then (n='/2S,,(f))n>1 converges in distribution to 72N, where N is normally distributed and
independent of 7. Then Volny [Vol06a] proposed a method to treat the nonadapted case. Peligrad
and Utev [PU05] proved the weak invariance principle under condition (8.1.2). The nonadapted
case was addressed in [Vol07]. Peligrad and Utev also showed that condition (8.1.2) is optimal

among conditions on the growth of the sequence (|[S,.(f) | TM|,),~,: if

§2 , [E (5.0 | T, 513

3/2

n=1 n /

for some sequence (a,),>1 converging to 0, the sequence (n~/28,(f)),>1 is not necessarily

stochastically bounded (Theorem 1.2. of [PU05]). Volny constructed [Vol10] an example satis-

fying (8.1.3) and such that the sequence (||Sn(f) H;l Sn(f)> admits two subsequences which
>1

=

converge weakly to two different distributions.

103
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We denote by H,, the space of Holder continuous functions, that is, the functions z: [0,1] — R
such that

[2ll3, = sup |a(t) —z(s)] /(t = )" + [x(0)] (8.1.4)
0<s<t<1

is finite. Since the paths of Brownian motion belong almost surely to H,, for each « € (0,1/2) as
well as W (n, f, ), we can investigate the weak convergence of the sequence (n=/2W (n, f,))n>1
in the the space H,, for 0 < a < 1/2. The case of i.i.d. sequences and stationary martingale
difference sequences have been addressed respectively by Rackauskas and Suquet (Theorem 1 of
[RS03]) and Giraudo (Theorem 2.2 of [Girl5c¢]). In this chapter, we focus on conditions on the
sequences (E[S,(f) [ TM]),,5, and (Sn(f) — E[Sa(f) [ T7"M]),,5,-

Theorem 8.1.1. Let p > 2 and f € LP be a regular function. If
— |[E[Sk(f) | TM], 18%(f) = E[Sk(f) | T7* M|,

Z k372 Z 1372 < o0, (8.1.5)

k=1 k=

then the sequence (1L‘1/2V[/(n,f))n>1 converges weakly to the process n*W in Hi/2-1/p, where
W is the Brownian motion and the random variable n is independent of W.

The expression of 7 is given in Theorem 1 of [MTKO08]. Of course, if f is M-measurable,
all the terms of the second series vanish and we only have to check the convergence of the first
series.

Remark 8.1.2. If the sequence (f o T7),>¢ is a martingale difference sequence with respect to
the filtration (7-*M), then condition (8.1.5) is satisfied if and only if the function f belongs to
LL?, hence we recover the result of [Girl5c]. However, if the sequence (f oT7),5 is independent,
(8.1.5) is stronger than the sufficient condition #?p{|f| >t} — 0. This can be explained by
the fact that the key maximal inequality (8.2.7) does not include the quadratic variance term
which appears in the martingale inequality. In Remark 1 after Theorem 1 in [PUWO07], a version
of (8.2.7) with this term is obtained. In our context it seems that it does not follow from an
adaptation of the proof.

Remark 8.1.3. In [Girl5c], the conclusion of Theorem 8.1.1 was obtained under the condition
Z [E[f | T"M] =E[f | T M]|, < oo (8.1.6)

Using the contruction given in [DV08, Dur(09], in any ergodic dynamic system of positive entropy
one can construct a function satisfying condition (8.1.5) but not (8.1.6) and vice versa.

Remark 8.1.4. For the p-mixing coefficient defined by
p(n) = sup {Cov(X,Y)/(| X[l Y ],), X € L*(o(foT"i<0),Y € L*(o(foT"i>n))},

Lemma 1 of [PUWO07] shows that for an adapted process, condition (8.1.5) is satisfied if the series
S p*/P(2™) converges. However, the conclusion of Theorem 8.1.1 holds if tPu {|f| > ¢} — 0
and Y7, p(2") converges (see Theorem 2.3, [Girl5b]), which is less restrictive.

It turns out that even in the adapted case, condition (8.1.5) is sharp among conditions on

IE[Sk(f) [ TM]|, in the following sense.
Theorem 8.1.5. For each sequence (an)n>1 converging to 0 and each real number p > 2, there
exists a strictly stationary sequence (f o T7);>0 and a sub-o-algebra M such that TM C M,

o0

> —373 IEWSa () [ TM]]l,, < o0, (8.1.7)

n=1

but the sequence (n’l/QW(n, 7, t)) is not tight in Hyja—1/p-

n>1
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Remark 8.1.6. Using the inequalities in [PUWO07] in order to bound ||E [S,(f) | TM]||5, we can
see that the constructed f in the proof of Theorem 8.1.5 satisfies the classical Maxwell and
Woodroofe condition (8.1.2) (the fact that p is strictly greater than 2 is crucial), hence the weak
invariance principle in the space of continuous functions takes place.

However, it remains an open question whether condition (8.1.7) implies the central limit
theorem or the weak invariance principle (in the space of continuous functions).

8.2 Proofs

The proof of Theorem 8.1.1 will follow the same strategy as in [PU05]. We start by the adapted
case. We want to approximate the partial sum process (n='/2W (n, f)),>1 by a similar process
associated to a stationary martingale difference. The approximating martingale is the same as
in Section 2.4 of [PU05], and we have to check that it approximates (n™*/2W (n, f)),>1 in the
sense of the topology of Hy/2_1/,. To this aim, we establish a maximal inequality which allows
to control the LP*°-norm of the Holderian norm of the function ¢t — W (n, f,T). We then exploit
ideas of [KV07] to address the non-adapted case.
Notice that condition (8.1.5) implies by Theorem 1 of [PUWO07] that the sequence

(n"'28,(f))n>1 is bounded in LP; nevertheless the counter-example given in Theorem 2.5 of
[Gir15b] shows that we cannot deduce the weak invariance principle from this.

8.2.1 A maximal inequality

For p > 2, we define
1
h = —E[|h|14]. 8.2.1
1711, 00 SUp AT (7] 14] (8.2.1)
n(A)>0

This norm is linked to the tail function of h by the following inequalities:

1/p 1/p
(s> 0) <l < 25 (swpeu @l =) . (s22
>0 ’ p—1\0
As a consequence, if IV is an integer and h, ..., h, are functions, then
p 1/p
i < — i . 2.
max {h] poo\p—lN 02X 175,00 (8:2.3)

For a positive n > 1, a function f: 2 — R and a measure-preserving map 6, we define

Mn, £,6) = max 12000 =50 /)]

0<i<j<n (j — @‘)1/2*1/p

(8.2.4)

By Lemma A.2 of [MSRI12], the Holderian norm of polygonal line is reached at two vertices,
hence

M(n, f,0) =n'/>7Y7 |W(n, f,0,) (8.2.5)

||Hl/2—l/p
Applying Proposition 2.3 of [Girl5c], we can find for each p > 2 a constant C),, depending
only on p such that if (m o T");>1 is a martingale difference sequence, then for each n,

|M (n,m, T)||,, o < Cpr'/?[Iml],, . (8.2.6)

I,

In the sequel, fix such a constant C,, and define K, := 4 + 21/7.
The goal of this subsection is to establish the following maximal inequality.
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Proposition 8.2.1. Let r be a positive integer. For each measure-preserving map T: Q1 —
bijective and bi-measurable, each sub-o-algebra M satisfying TM C M, each M-measurable
function f: Q — R and each integer n satisfying 271 < n < 27,

r—1
IM(n, £, ), 00 < Con® [ 1f =E[f | TM]||, + K, > 272 ||E[Sy (f) | TM]

=0

). 827

The proof is in the same spirit as the proof of Theorem 1 of [PUWO07], which is done by
dyadic induction. To do so, we start from the following lemma:

Lemma 8.2.2. For each positive integer n, each function h: Q — R and each
measure-preserving map T: Q — €, the following inequality holds:

M(n,h,T) <6 max |hoT"|+ W;_WM ([g} ,h+hoT,T2) . (8.2.8)

0<k<n

Proof. First, notice that if 1 < j < n, then j =2 [%] orj=2 [%} + 1, hence

. _ ) k
lsj(h) 52[%](;1)‘ < max |noT|. (8.2.9)
Similarly, we have
Si(h) = Syjizz] (h)’ <2 max [ho . (8.2.10)

It thus follows that

[Sap)(h) = Sopega ()

< k 2.
M(n,h,T) \401£g§n|hoT |+0<1}13jx<n T (8.2.11)
Notice that if j > i + 4, then
j i+2] i
1< (2] = < , 8.2.12
5[5 <5 212
and we derive the bound
52[%](’1)—52[%](’1)‘ 1 [Su(T? b+ hoT) = Su(T% h+ hoT)|
0<iSien (G0 UE S 2 g ) (0 — w72 1/p
o |Sypy1 () = Sopeg(h)]
J<i+4

Since for j < i + 4, the number of terms of the form h o T'? involved in SQ[%] (h) — SQ[i+2] (h) is

2

at most 2, we conclude that

52[1](h) - Sz[ﬁ}(h)‘ 1 n
2 2 < i 2
oérzn?jxén (j —a)t/2=1/p = 21/2*1/17M ([2} hthol,T ) +
+2 max |hoT"|.
0<k<n

Combining this inequality with (8.2.11), we obtain (8.2.8), hence the proof of Lemma 8.2.2 is
complete. O

Now, we establish inequality (8.2.7) by induction on r.
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Proof of Proposition 8.2.1. We check the case r = 1. Then necessarily n = 1 and the expression
M(n, f,t) reduces to f. Since C, and K, are greater than 1, the result is a simple consequence
of the triangle inequality applied to f —E[f | TM] and E[f | TM].

Now, assume that Proposition 8.2.1 holds for some r and let us show that it takes place
for r + 1. We thus consider an integer n such that 2" < n < 27!, a function f: Q — R, for
each measure-preserving map 7T: 2 — ) bijective and bi-measurable, and a sub-o-algebra M
satisfying TM C M and we have to show that (8.2.7) holds with r 4+ 1 instead of r. First,
using inequality M (n, f,t) < M(n, f —E[f | TM]) 4+ M(n,E[f | TM]) and Lemma 8.2.2 with
h:=E[f | TM], we derive

1
+21/27_1/,OM<B} Ef [TM]+E[S | TM]oT,TQ), (8.2.13)

hence taking the norm ||-|| we obtain by (8.2.2) that

p,00?

IM(n, £, 1), . < |M(n,f~E[f | TM],T)||, . +6(n + 1)1/191%1 IELf | TM]|, +

1 HM(H ’E[f|TM]+E[f|TM]oT,T2) 8.2.14)

+ 21 > Hp,m (

By inequality (8.2.6) and accounting the fact that 6 - (n + 1)1/Pp/(p — 1) < Cpn'/P, we obtain

1M (n, £, D), 0 < Con/PIIf —E[f | TMI, + Con /P E[f | TM]||, +

1

+ gy |M ([5]-BU I TM +ELF | M) oT7T2)HW. (8.2.15)

Since 2" ! < [n/2] < 2", we may apply the induction hypothesis to the integer [n/2], the function
h:=E[f| TM]+E[f|TM)]oT, the operator T? and the o-algebra T M. This gives

n1—1/p n
5 (5] )], < ol 7,
r—1
+Cp Ky Yy 272 |[B [S00(T%h) | TP M]]|, . (8:2.16)
j=0

Notice that ||h —E [h | T°M]|| < 2]|hll, < 4|[E[f | TM]]
TM)), hence using the fact that T3 M C T M, we derive

» and that Sy; (TQ, h) = ng+1(E[f |

ny—1/p n 9
5] ()], L < aciEs 1A, +
r—1
+ CpKp Y 272 B [Syrir (TLELf | TM]) | TM]],
=0

= 4G, [[E[f | TM]],,

+220, K,y 272 |E (S (T,E[f | TM]) | TM]],

j=1

and we infer

(3077

n\1/p
<(3) Ta-K)G B | TMI,

+n!/P22VPC KN "9 B[Sy, (T, f) | TMI|, . (8.2.17)
j=0
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Pluggling this into (8.2.15), we derive
1M (n, £, Tl oo < Con P If =ELf | TMI, + Cpn'/P(L+ (4 = K,)27YP) [E[f | TM]|l, +

+n'PCLK, Y 272 B[Sy (T, f) | TM]||, (8.2.18)
j=0

The definition of K, implies that 1 + (4 — K,,)27'/? = 0, hence (8.2.7) is established. This
concludes the proof of Proposition 8.2.1.
O

8.2.2 Martingale approximation

In this section, we recall the construction of the approximating martingale given in [PU05] and
we shall derive tightness of (n=Y2W (n, f,T))n>1 in Hijo—1/p-
For a fixed positive integer r we define the functions

r—1
fri= YL oTI, myi= = (f = Bl | T M), (32.19)

Notice that E[m, | T"M] = 0, hence the sequence (m,.0T"");> is a strictly stationary martingale
difference sequence for the filtration (T~ M);>o. Therefore, by Theorem 2.2 of [Girl5c], the
process n_1/2W(n, m,,T") converges in distribution in H;,5_1,, to 7. W, where 7, is indepen-
dent of the Wiener process W. By the arguments after equation (12) in [PU05], the convergence
lim, o0 Hﬁ — \/?]H , =0 takes place. Therefore, we have to check in view of Theorem 4.2 of
[Bil68] that

lim limsup¢(r,n) =0, (8.2.20)

T—00 n—oo

where

1 1 n
clryn) = ||||—=W(n, [, T) — —=W|[|—|,m.,T" (8.2.21)
Lt o (2] )

Hiyz-1/plly oo

For each r,n > 1, we have

o s
r s -w (@ nm,,, )

+

(8.2.22)

By Proposition 8.2.1, we have

(1_ \/E) % (N I~ o

+oo
<<1— ﬁ) Cp [ If —ELf | TM]|, + K, > 2792 |E[S (f) | TM]||, |, (8.2.23)

Jj=0

r

hence it suffices to show that
lim limsupc(r,n) =0, (8.2.24)

T30 n—oo



§ 8.2 — Proofs 109

where

1

VT

By (8.2.19), we have \/r - m, = f,. — E[f, | T" M| hence

d(ryn) = (8.2.25)

oo (2] )

‘7i1/2—1/p

p,00

o< ponsn-w(@lar,, | -
+ [1] |w (5] Bl |70, 77) ‘H/ =t v, 3220
wr 172-1/p ll oo

We shall use the following elementary lemma several times.

Lemma 8.2.3. Let p > 2 and let f be a function in ILP. Then

k
max |foT"|

=0. (8.2.27)

p,00

lim n= /7
n— oo

Proof. Let R > 0 be fixed; then

e, |7 0T < ot g |91 411> B o 7.

0<k<n

hence using inequality (8.2.3), we get

n~1/p

R p [(n+1\""
2 () 1> Rl

= nl/P

k
max |foT"|

p,c0

Taking the limsup as n goes to infinity and using the fact that [|g[|, ., < [|g/[, for any function
g, we infer that

lim sup n~ /P
n—oo

k
max |foT"|

p
< Lo > By,

p,o0

We conclude by monotone convergence as R is arbitrary. O

o Control of a(r,n): let us define for n > r the sets

I::{;HE{O,...,n}} and J := {[fl]ue{om}} (8.2.28)

Notice that the random function W (n, f,T)—W ([n/r], fr, T") is piecewise linear, and the
vertices of its graph are at points of abscissa in I U J, hence

atrom) = — | sup {IW(n,f,TJ)—W([Z],fr,TT,t)_
/[ﬂ] ’ 37ts€;£tUJ ‘S _ t|1/271/p

T

_ W(n7f7T7 S) _W([%] VfrvTT,5)| } —=: max {a/(r’n),a”(’r,n)}, (8.2.29)

Is _t|1/271/p

p,o0
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where in a'(r,n) (respectively a”’(r,n)), the supremum is restricted to the s,t € I UJ such
that |t — s| > 1/n (respectively < 1/n), which entails

nl/2=1/p

a'(r,n) < 2——— sup ‘W(n,f, T,t)—W ({ﬁ} ,fr7TT,t) H . (8.2.30)
[2] r tEIUJ r P;00
For each i € {0,...,n}, we have
[[5]5]-1

. . i—1 -
w (n7.f7Tvz) -w ( ﬁ 7fr7Tryz)‘ = foTl - fTOTlT— (8231)
w (e ) ([ e = [Srer -

_ (m - m n]) fy o l[E]4]

<l D> foTl+r&%§yfoTﬂ,(&23m

and since the number of indices in the sum is at most 7(1 + 1/n) < 2r, we derive that

sup |W (n, f,T,t) — W ({%} 7f,ﬂ,TT,tN < 3r max ’f o Tk’ . (8.2.33)

tel o<k<n

Treating the supremum over J in a similar way, we obtain, in view of (8.2.30),

'(rn) < 2 T 2.34
a(r,n)\ﬁﬂ-? Orgn]?é(n|fo | p,oo7 (8.2.34)
hence )
ligsolip a'(r,n) < 6r lig;sol(l)p Y Orgnl?%(n |f o Tk| - (8.2.35)
By Lemma 8.2.3, it follows that
limsup a’(r,n) = 0. (8.2.36)
n—oo
Next, we bound a”(r,n) by
1 |W(n,f7T,t)—W(n,f,T,s)|
b 1/2=1/p
[2} r || sterug |s — ¢t
T I[t—s|<1/n P00
1 w o 9 T7Tr7t -Ww o 9 ’I“uTT7
X p WELET D W () ]|
[ﬂ] r || siterug |s — ¢t /2=1/p
r [t—s|<1/n

p,o0
Let s,t € T U J be such that 0 < t — s < 1/n. Then we either have k <ns <nt < k+1
ork—1<ns<k<nt<k+1forsomek e {0,...,n—1}. In the first case,

|W(n7f7T,t) — W(n,f,T,s)\
|S _ t|1/2—1/p

|/ o ]
|57t|1/2—1/p
n(t — 3)1*(1/2*1/17) |f ° Tk|

n'/271/P max ‘foTj
0<j<n

= (nt — ns)

NN

)
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and in the second one, we have
|W(’I’L f7 ) (TL f? )‘ | (nvat)_W(nvak/n”+|W(n7f7k/n)_w(nvas)|
| t|1/2 1/p < ‘tik/n‘l/Zfl/p |k/n78|1/271/p
(nt—k)|foT* (k—mns)|foTF |

It — k/n|1/2—1/p (k/n — s)1/2=1/p

< 2n!/?7YP max |foTJ|
o<jisn

As a consequence, the following inequality holds:

1 sup |W(n,f,t)—W(n,f,s)| < 2\/R max | OTJ| nfl/p'
[Q} r || siterug \3 — t|1/2_1/p [ﬂ] 0<j<n oo
7’ |[t—s|<1/n 0o T

(8.2.38)

Using a similar bound for the second term in (8.2.37), we obtain by Lemma 8.2.3, that for
each r > 1,
lim a”(r,n) = 0. (8.2.39)

n—oo

By (8.2.29), (8.2.36) and (8.2.39), we finally obtain

lim limsupa(r,n) = 0. (8.2.40)

=0 noo

Control of b(r,n): by Proposition 8.2.1, we have the following upper bound:

b(n,7) < Cp | —= IS, (£) | TM], pzzmnE S () 1 TM]I, | . (8.2.41)

7
To conclude, we recall Lemma 2.8 of [PUO05]:

Lemma 8.2.4. Let (Vy,)n>1 be a subadditive sequence such that Zzozl Von =32 < 0.
Then

. r2k o
Jim \TZ oiz =0 (8.2.42)
In particular, V,./\/r = 0 as r — oo.

Since the sequence (||E[Sn(f) \ T./\/l||p> . is subadditive, from inequality (8.2.41) and
nz

Lemma 8.2.4 we derive
lim limsup b(n,r) = 0. (8.2.43)

T30 nooo

Combining (8.2.40) with (8.2.43), we obtain (8.2.24).
This concludes the proof of Theorem 8.1.1 in the adapted case.

8.2.3 The non-adapted case

In [VolO6a], a method to prove the central limit theorem under the condition

IELSk(/) | Ml _ 14(£) ~ BISk(/) | T7*M], _
Z 13/2 Z k3/2

(8.2.44)
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is proposed. The idea is the following: one writes f = f'+ f”, where f' = E[f | TM] and applies
a transformation V to the process (U’f”) in such a way that (U'V f”) is a adapted sequence.
The mapping V is defined as
Vh:=Y U 'RU', (8.2.45)
=7
where Py(h) :==E[h | M] —E[h | TM].

Notice that the operator V is not necessarily a point mapping (see section 3 of [KVO07]).
Therefore, deducing the non-adapted case from the adapted one is not immediate.

Volny proved the functional central limit theorem under (8.2.44) in [Vol07]. The idea is
to write the maximal inequality (5) in [PU05] with the notion of contraction. We follow this
approach and begin by recalling the definition of contraction operators. Let H be a subspace of
P for which UH C H. We associate to the operator U a semigroup of contraction operators
(Prx)k>1 on H which satisfy:

1. Ppx = Pk for each k > 1;
2. PpU = I (where [ is the identity operator);
3. if Prf =0, then (U'f);>0 is a martingale difference sequence.
Writing Pr =: P, we are able to write Proposition 8.2.1 in a more general form.

Proposition 8.2.5. There exist constants Cp, and K, depending only on p such that for each
f€H and eachn > 1,

[logs n] 271
1M (1. £, Tl o < ConP ( |[f =UTTP(A)|, + Ky Do 2772 Y Pl ] (8.246)
j=1 i=0

P

The proof can be done in a similar way as that of Proposition 8.2.1. The later corresponds
to the particular case H = LP(M), Pr(f) = E[Uf | M] and the operator U is then replaced by
U~!. From this, we may deduce the following:

Corollary 8.2.6. Let f € H be such that

o s pi
Zw<w' (8.2.47)

n=1

Then the sequence (n='/?W(n, f, T))nx1 is tight in Hyjo—1/p. In particular, if f € LP is M-
measurable, E[f | M] =0 and

<. ||5i() ~ ElSi(s) | T4M]l, _

7 0, (8.2.48)

k=1
then the sequence (n=Y2W (n, f,T))n>1 is tight in Hija_1/p-

Proof. We define H := {h € LP(M,),E[h | M] =0} and Ppvh := U *h —E[U*h | M]. Tt is
checked in the proof of Proposition 2 of [Vol07] that such a Pr satisfies the conditions (1)-(2)
and (3) of the definition of a semigroup of contractions. We then conclude in a similar way as
in the adapted case. [

End of the proof of Theorem 8.1.1. The proof of the convergence of the finite-dimensional dis-
tributions under condition (8.2.44) is addressed in Theorem 1 of [Vol07]. It remains to check
tightness. We define f' := E[f | M] and f” := f — E[f | M] and we have to check that the
sequences (n™Y/2W (n, f',T))n>1 and (n=Y2W (n, f”,T))n>1 are tight in Hi/2-1/p- Tightness
of the first sequence follows from the results of Subsection 8.2.2. That of the second sequence is
a consequence of Corollary 8.2.6. This concludes the proof of Theorem 8.1.1. O
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8.2.4 Counter-example

We take a similar construction as in the proof of Proposition 1 of [PUWO07]. We consider a
non-negative sequence (a,)n>1, and a sequence (uy)x>1 of real numbers such that

wp = 1l,up = 2,ui/2+1 +1 < upqq for k>3 and ay < k=2 for t > uy,. (8.2.49)

Notice that since p > 2, the conditions (8.2.49) are more restrictive than that of the proof of
Proposition 1 of [PUWO7]. If i = u; for some j > 1, then we define p; := cj/u;+p/2 and p; =0
otherwise. Let (Yj)r>0 be a discrete time Markov chain with the state space Z* and transition
matrix given by pyr—1 =1 for k > 1 and pg j—1 := p;j, 7 = 1. We shall also consider a random
variable 7 which takes its values among non-negative integers, and whose distribution is given

by pu(r = j) = p;. Then the stationary distribution exists and is given by

T = o Z pi,j = 1, where mo = 1/E|[7]. (8.2.50)
i=j+1
We start from the stationary distribution (7;);>0 and we take g(z) := 1,—9 — 7, where my =
pu{Yy = 0}. We then define foT9 = X; := g(Y;).
It is already checked in [PUWO7] that the sequence (X,);>o0 satisfies (8.1.7), where M =
o(Xk, k< j)and S, = Z?Zl X,. To conclude the proof, it remains to check that the sequence

(n‘l/QW(n, /s T))n>1 is not tight in #H;/2_1/,. To this aim, we define
T0:O,Tk:min{t>Tk_1 ‘ )/t:()}, Tk:kaTk_l,kQ].. (8251)
Then (7)k>1 is an independent sequence and each 7, is distributed as 7 and

k
STk = Z(l — 7T07-j) =k — 7‘[‘0Tk. (8252)

Jj=1

Let us fix some integer K greater than E[r]. Let 6 > 0 be fixed and n an integer such that
1/n < §. Then the inequality

1 1S; — S| 1
<
(nK)l/Poggzg,gK (] 72')1/271/1) = (nK)l/Pl{Tn < KN} X
J—isn
Sp, — S
< max 19T 5] 1{|T\ — Th1| <6} (8.2.53)

1<k<n (Tk — Tk_l)l/Qfl/P
takes place. By (8.2.51) and (8.2.52), this can be rewritten as

1 1S; — S| 1

(nK)l/pogirgJagnK (j —i)t/2=1/p = (nK)l/p
j—i<nd

1{T, < Kn} x

|1 — 7T()Tk|

Defining for a fixed C' the event

1 —mo7
An(C) = {7_1/2?/1)| > C(Kn)l/p} N{r < nd}, (8.2.55)

we obtain by the remark before equation (8.2.52)

1 S; —S; n
(71[{)1/1’0<52?§n,l((]'|—]i)1/2_1/1’ 2C o >21-(1-p(A4,(C))" —p{T, > Kn}. (8.2.56)
j—i<nd

1
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By the law of large numbers, we obtain, accounting K > E[r], that

. 1 |S; — S o n
Jj—i<nd

We choose C' := my/(2K'/P). Considering the integers n of the form [u§p+2)/2], we obtain in
view of (8.2.57) :

lim su 1 max 155 = 5l > 0
n_mopﬂ (nK)l/pogKK%K(j _i)1/2_1/p Z oKl (7
j—ign
u(vp+2)/2]
J
> timsup 1= (1 u(A ey (mo/ KD ) (3258)
J—0o0 J

Since 7 > 1 almost surely, the following inclusions take place for n > (2/m)?:

Ay (mo/(2K'/7)) D {WoTl/QH/” — AP Wo/(2K1/p)(Kn)1/p} N{r < nd}
14 mon!/?/2

5 {Tl/zﬂ/p >
o

} N{r < nd}
) {TUQH/Z) > nl/p} N{r < nd}
_ {n2/<p+2> <7< n5} .

Consequently, for j large enough,

2/(p+2)
A [gprars) (0 K)o { (w221 < < [ur ] 5} (.2.59)

Since 7 take only integer values among w;’s and [u§p+2)/2} d < ujt1 (by (8.2.49)), we obtain in
view of (8.2.58), that

lims ! a 19 — S > 0
im su ————  max > >
ool 1) ()P o<i<iank (j — i)1/2=1/p = 2K1/p
j—i<nd
] [u+2/2]
> limsupl — (1 — p {7 =u;})Ll" (8.2.60)
j—o0

If a sequence (zy)y is such that xj/k — 0 and x3, — oo as k goes to infinity, then (1 — zy,/k)*
converges to 0. Consequently, the right hand side of (8.2.60) is equal to 1, which finishes the
proof of Theorem 8.1.5.
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Chapter

Integrability conditions on coboundary
and transfer function for limit theorems

9.1 Introduction and notations

Let (Q, F, ) be a probability space and T: Q@ —  be a bijective bi-measurable and measure
preserving map. We assume that the dynamical system is ergodic (that is, if 7=t A = A for some
A € F,then u(A) € {0,1}). If n > 1isan integer and f: Q@ — R, we denote S,,(f) := Z;.L:_Ol foT’
and for a fixed ¢, define

SEN(f,1) == Sty (f) + (nt = [nt]) f o Tt € [0, 1], (9.1.1)

where [z] denote the integer part of the real number x. Then for each w €  and each integer
n > 1, the map t — SP!(f,t) is an element of the space of continuous functions in [0, 1], denoted
by C0,1].

Let us state the limit theorems we are interested in.

Definition 9.1.1. Let f: Q@ — R be a measurable function.

o We say that the function f satisfies the invariance principle if the sequence
(SPY(f,)/v/N)n>1 weakly converges in C[0,1] (endowed with the topology given by the supre-
mum norm ||x||,, := sup,e(o17 [(t)]) to a scalar multiple of a standard Brownian motion.

o We say that the function f satisfies the law of the iterated logarithm if there exists a
constant C(f) such that for almost every w € €,

: Sn()w) e Sn(Hw)
gt v A e

o We say that the function f satisfies the functional law of the iterated logarithm if the
sequence ((v/nloglog n)_lSEI(f,~))n>1 is relatively compact and there exists a constant

C(f) such that the set of its limit points coincides with the set of all absolutely continuous

functions © € C[0,1] such that £(0) = 0 and fol(x’(t))th < C(f), where x’ denotes the
derivative with respect to the Lebesgue measure.

o Letl < p< 2. We say that the function f satisfies the p-strong law of large numbers if for
any o € [1/p, 1] if

+oo
ap=2 > en® . 1.
Ve > 0, Zln M{lgll?énwk(f)' >en }<+oo (9.1.3)

117
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If it is possible to find a decomposition of the function f
f=m+g—goT, (9.1.4)

where ¢g: 2 — R is a measurable function and m satisfies one of the previous limit theorems,
then one can wonder if we can deduce the same result for f.

A known situation is when the sequence (moT");>¢ is a square-integrable martingale differ-
ence sequence. A necessary and sufficient condition to have (9.1.4) with such an m and a square
integrable g is known (see Theorem 2 in [Vol93]). If (m o T%);>¢ is a square-integrable martin-
gale difference sequence, then the functional law of the iterated logarithm and the invariance
principle take place.

If 1 < p<2and m € LP, then Theorem 5 by Dedecker and Merlevede [DMO07] implies that
m satisfies the p-strong law of large numbers. Actually, their results holds in a more general
setting than strictly stationary sequences, as they only require a stochastic domination on the
martingale difference sequence (X;);>0. A similar result as (9.1.3) takes place for a = 1 if
we require a conditional stochastic domination (see [BQ15], Theorem 2.2). A necessary and
sufficient condition for (9.1.4) to hold with m,g € L, 1 < p < 2, is given by Volny in Theorem 1
of [Vol06b], and in this case, (9.1.3) is satisfied (see Theorem 6 of [DMO07]).

We call a coboundary a function of the form g — g o T', where g: 2 — R is a measurable
function. The function g is called a transfer function. The following result is Theorem 1 of
[VS00]. Tt gives a necessary and sufficient condition on the transfer function to preserve the
limit theorems mentioned in the previous definition. Sufficiency for the invariance principle and
the law of the iterated logarithm was established in [HHS80], pages 140-142).

Theorem 9.1.2 (The equivalence theorem,[VS00]). Let us suppose that for the process (m o
TY);ez the invariance principle, the law of the iterated logarithm (functional law of the iterated
logarithm) respectively, holds true. Let g be a measurable function and

f=m+g—goT. (9.1.5)
Then for the process (f o T%)icz

e the invariance principle holds if and only if

1
—— max |goTk| — 0 in probability; (9.1.6)
n—oo

V/n 1<k<n

o the law of the iterated logarithm as well as the functional law of the iterated logarithm holds
if and only if

1 n
WQOT njooo a.s. (9.1.7)

Both conditions (9.1.6) and (9.1.7) take place when the function g is square-integrable. If
1 < p <2, Theorem 6 in [DM07] shows that (9.1.3) holds if g belongs to LP.

However, it may happen that we obtain a decomposition (9.1.4) where m € L2 but the
function g is only integrable (see [VS00] for explicit counter-examples, and [EJ85] for a condition
which guarantees the square integrability of m) and in this case, the weak invariance principle
does not need to hold. We investigate conditions on the functions ¢ — u{|g| >t} and t —
u{lg —goT| >t} which guarantee (9.1.6) or (9.1.7). In order to state these conditions in a
more concise way, we introduce the so-called weak LL?-spaces.

Definition 9.1.3. Let g be a real number strictly greater than 1. We denote by L9 the space
of functions h:  — R such that

1h]1g o := supt?p{[h| >t} is finite. (9.1.8)
’ t>0

The subspace of LY which consists of functions h such that , ligrn tu{|h| >t} =0 is denoted
—400
by L.
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9.2 Main results

In this section, we state the main results of this note. In the first subsection, we give a sufficient
condition on the functions ¢ — u{|g| >t} and t — p{|lg—goT| >t} in order to preserve
the weak invariance principle, the law of the iterated logarithm and the p-strong law of large
numbers respectively. In the second subsection, we construct counter-examples which show that
the found conditions are sharp when the considered dynamical system is aperiodic.

Volny and Samek showed in [VS00] that the conclusion of Theorems 9.2.1 and 9.2.2 (see the
next subsections) holds when p > (r+2)/r and that of Theorem 9.2.6 when p < (r—1)/(r—3/2).
In the case r > 2, we cannot conclude if (r —1)/(r —3/2) <p < (r+2)/r.

In this section, we assume that (m o T%);>o is a square-integrable martingale difference
sequence.

9.2.1 Sufficient conditions

Theorem 9.2.1. Let 1 <p <2 <7 be such thatp > r/(r — 1) and let g: Q — R be a function
such that g € L™ and g—goT € Ly™. Then the function f =m+g—goT satisfies the weak
invariance principle in C10, 1].

A similar result has been obtained for the quenched functional central limit theorem (see
[BPP15], Corollary 7).

Theorem 9.2.2. Let 1 <p <2 <7 andlet g: Q@ — R be a function.

(i) If p > r/(r—1), g € LP>* and g — go T € L™, then the function f =m+g—goT
satisfies the law of the iterated logarithm;

(i) ifp=r/(r—1),g €L and g—goT € L", then the function f =m + g — goT satisfies
the law of the iterated logarithm.

Theorem 9.2.3. Let 1 < g < p <1 < 2 be real numbers and let g: 2 — R be a function such
that g € LY and g —goT € L". If g = (p— 1)r/(r — 1), then the function f =m+g—goT
satisfies (9.1.3).

Remark 9.2.4. In [VS00], LY spaces are involved. It turns out that in the setting of Theo-
rems 9.2.1 and 9.2.2, (i), we may work with weak LL9-spaces. For the case (ii) in Theorem 9.2.2,
it is an open question to determine whether strong moments are actually needed.

Remark 9.2.5. Ergodicity of the dynamical system is required for the "only if" direction in the
equivalence involving the law of the iterated logarithm of Theorem 9.1.2. Therefore, the results
of this subsection remain valid in the non-ergodic setting.

9.2.2 Counter-examples

Theorem 9.2.6. Assume that the dynamical system (Q, F, pu, T) is aperiodic. Let 1 <p<2<r
be real numbers such that p < r/(r—1). Then there exists a function g € LP such that g—goT €
L™ and the function f = m+4 g — goT satisfies neither the invariance principle nor the law of
the iterated logarithm.

Theorem 9.2.7. Assume that the dynamical system (0, F,p,T) is aperiodic. Let 1 < p < 2
and let 1 < ¢ < p < r be real numbers such that ¢ < (p — 1)r/(r —1). Then there exists a
function g € L9 such that g — go T € " but the sequence (n='/?S,,(g — g o T))n>1 does not
converge almost surely to 0.
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9.3 Proofs

If h: Q — R is a measurable function, we define M*(h) := supys, N~ [Sn(h)].
The following lemma about Birkhoff averages will be used in the proof.

Lemma 9.3.1. Let ¢ > 1 and let h: Q — R be a measurable function.
(i) If h belongs to LE™ then the function M*(h) belongs to L™ ;
(i) if h belongs to LY, then so does M*(h).

Proof. By the maximal ergodic theorem, we have for each positive t,

t-u{M*(h) >t} <E[h]-1L{M*(h) > t}]. (9.3.1)
(i) The expectation can be bounded by
+oo
/ min {u(At),s*q ||ho1(At)||q,Oo}ds, (9.3.2)
0
where
Ay = {M*(h) > t}. (9.3.3)
Therefore, we infer the bound
E (] - 1(A)] < p(A) V9 h1(A) |, o + (9.3.4)
+oo
1l 1(A) goo/ s1ds
1A s m(Ar) T
= u(A) b (A 0 + (9.3.5)
(1A 1Al o0 p(Ag) 1/ 9)1
+ 17 - 1A G y
) q— 1
_ 17 - 1(Ae)llg o 1(AL)
= u(A) 77 1Al o pa (9.3.6)
q _
= ﬁﬂ(z‘lt)l Y- 1A g oo - (9.3.7)
Plugging this into (9.3.1), we obtain
* q
Eop M () > < e LA (9:3.8)
hence is is enough to prove that
; q _
t_l}+moo ig}gs w({lh| = stNA) =0. (9.3.9)

To this aim, fix a positive ; by assumption, there exists a positive real number sy such
that for s > s, we have s9u {|h| = s} < &, hence

sup s?u ({|h] = s} N A;) < max {e, shu(As)}, (9.3.10)

s2

which is smaller than e for ¢ large enough.

(ii) This follows by multiplying (9.3.1) by t9=2, integrating over [0, +00) with respect to the
Lebesgue measure and switching the integrals.

This concludes the proof of Lemma 9.3.1. O

We now give the proofs of the main results, which combine Lemma 9.3.1 with the ideas of
[VS00].
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9.3.1 Proof of sufficient conditions

Proof of Theorem 9.2.1. In view of Theorem 9.1.2, we have to show that the sequence
-1/ T 311
<TL 1I£Ja<xn |g ° |)n>1 (93.11)

converges to 0 in probability.
Let € be a positive fixed number. Let k,n be positive integers such that k& < n. Denoting
Pn = {maxlgjgn ’g o TJ| > 2€n1/2}, the following estimates take place:

Pn S max max |gOT’k‘+|gOTJ—QOTZk|>2€n/
I [R]+1 k<I<(i+ 1)k

E
k

Z { max |90Tj—gOT“€‘>5n1/2}

k<j<(i+1)k

gu{ max |gOTik| >€\/ﬁ}

1<i[g )41

()t} (2] g e -]

< ([F]+1)ufial > en2) + (3] 1) gous, Hissto - gomi>

This yields

pn<(m]+gu{m>eﬁﬂ}+(m}+gu{M%ggdm>eﬁf}. (9.3.12)

By the assumption on p and r, the inequality

r/2—1 r—1-—r/2 r D
= —1-—>1-= 31
r—1 r—1 2(r—1) 2 (9:3.13)
takes place, hence we may choose a number « such that
2—-1
1P cag 270 (9.3.14)

25 T -1
We now use (9.3.12) with k := [n®]. This yields, for some constant ¢ depending only on p and r:
pn <c-ntT%u {|g| > enl/z} +c-ntTo {M*(g —goT) > snl/%a} , (9.3.15)
and, by (9.3.14),
pn < enP?p {\g| > snl/g} + (9.3.16)
+ cnl’“’r(l/z’o‘)n(l/z’“)ru {M*(g —goT) > Enl/zfa}
:cnp/z,u{\g| > anl/Q}—i— (9.3.17)
4 eplr/2elr=1) ) (1/2—)r {M*(g —goT)> 8711/2—()1}
< enP?p {\g| > snl/z} + en(M/2=ry, {M*(g —goT) > snl/z’o‘} . (9.3.18)

Since g € L™ and g —go T € Ly™, we conclude by item (i) of Lemma 9.3.1 that the sequence
(Pn)n>1 converges to 0.
This concludes the proof of Theorem 9.2.1. O
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Proof of Theorem 9.2.2. In view of Theorem 9.1.2, we have to prove that the convergence in
(9.1.7) takes place. Let o € (0,1) be a number which will be specified later. We define

my = 1%, > 1. (9.3.19)

Notice that for some constant x depending only on «, we have

ja+1

— <m; < KjOT G > 1. (9.3.20)

By the Borel-Cantelli lemma, we have to prove the convergence of the series

“+oo
ij, with p; = p

1
max ——
= 0<i<[j*] y/my log logm;

for each positive . To this aim, we start from the inequalities

|goT™i+| > 5} (9.3.21)

1
pj<u{|gonf|>e/z}+

/m;jloglogm;

|go Tt — 1| >5/2}

=p

1
+ max ———————
s {KK[J’“‘] /m;loglogm;

1
——g| > /2 +
v/m;loglogm;

+

lgoT" — g >6/2},

1
44 max ————————————
0<i<[j*] y/m; loglog m;

from which we infer

1
pj<ﬂ{9|>6/2 +
v/mjloglogm;

1 €
+ — M*(g — T) > - . (9.3.22
N{\/mjloglogmj (9=goT) 2[;70‘}} ( )

(i) Assume that p > r/(r —1). Using the definition of [-||, ., and inequality (9.3.20), we
obtain

1 1
——|g| > /2 ) < c(p, e, w72 g|I? — 9.3.23
N{ m; log log m; |91 / } (p ) llgll 00 (at1)p/2 ( )

where ¢(p, €, ) is independent of j. Using (9.3.20) and (9.3.8), we derive

1 €
—_— M*(g—qgoT) > —— » <
s { v/m;jloglogm; (9=9g°T) 2[5 }

<clr,e,a)kP/? g — go T jor—(o+Dr/2  (9.3.24)

ry00 )
where ¢(r, €, ) is independent of j.
Combining (9.3.22), (9.3.23) and (9.3.24), we deduce the upper bound

1 (1—a)r
P <clpr,a.€,9) (J(QH)W +507 /2> : (9.3.25)
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We have to take o such that
(a+1Dp/2>1and (1 —a)r/2>1. (9.3.26)

This is equivalent to
a>2/p—land a<1—2/r. (9.3.27)

Since 2/p—1 < 1—2/r, inequalities (9.3.26) are satisfied and in view of (9.3.25), the series
defined by (9.3.21) is convergent for any positive . This conclude part (i) of Theorem 9.2.2.

(ii) Assume that p =r/(r—1). We pick o := 2/p—1 =1—2/r. In this case, for some constant
¢ depending only on p and r, the inequality

pi <u{lal > e+ p{ Mg = g o T) > et} (9.3.28)
= u{lgl > ee/r} 4 p{arr(g = go 1) > ecj-/2} (9.3.29)
=p {Ig\ > ca‘j””} +u {M*(g —goT) > acjl/"} (9.3.30)

takes place. By item (ii) of Lemma 9.3.1, we conclude that the series defined by (9.3.21)
is convergent for any positive ¢ and this concludes part (ii) of Theorem 9.2.2, hence the
proof of Theorem 9.2.2.

O

Proof of Theorem 9.2.5. Let us fix a positive € and « € [1/p,1]. Let 1 < k < n be integers. By
similar inequalities which leaded to (9.3.12) (we replace the exponent 1/2 by «), we derive

,u{ max |g—goT/| >5n°‘} <2([%} +1)u{\g| >en®/4} +

1<5<n

[e%

42 ({%} + 1) u {M*(g _goT) > 5;{} . (9.3.31)
Let us choose k := [nﬂ], where

(P—@a<B<alr—p)/(r—1) (9.3.32)

(the existence of such a 8 is guaranted by the assumptions on p, ¢ and r). Then we have to
check that for each positive constant ¢, the series

+oo
Y= Z nP 18 {|g] > en®} and (9.3.33)
n=1
+oo
Yo = Z P P M (g—goT) = en P} (9.3.34)
n=1
are convergent. The convergence of ¥ is equivalent to the integrability of the function |g|” -8/ *
this holds since (9.3.32) implies ¢ > p — 8/«
Note that the second series converges if
pa—p
E [(M*(g —goT))s 7 | < +c0. (9.3.35)

Notice that inequality (9.3.32) implies that (pa—8)/(a—f8) < r, hence we derive the convergence
of Sy by item (ii) of Lemma 9.3.1 (with the exponent (pa — 8)(a — 8) > 1 since p > 1).
This concludes the proof of Theorem 9.2.3. O



124 Chapitre 9 — Integrability conditions on coboundary

9.3.2 Counter-examples

Proof of Theorem 9.2.6. We recall the construction given in the proof of Theorem 3 of [VS00].
We choose a real number a such that

7<a<1f§. (9.3.36)
This is possible because
1P _ r—2 1(2p7"—1—1>
2 2(r—1) 2 r—1
;(1_p+ril>:;<ril—p>>o. (9.3.37)

For each i > 1, we define n; := 2 and k; := [2”]. By the Rokhlin lemma, one can find a set
A; € F such that

sets A;, TA;,...,T" A, are pairwise disjoint and (9.3.38)
ni—l )
pl| U 1A >1/2 (9.3.39)
j=0

In particular, the quantity p(A;) can be bounded as follows:

< (A < —. 9.3.40
o p(A;) . ( )

We then define for ¢ > 1,

v/n;loglogn; b . i st . —
gii= S L(THTA) + > (2K — )L (T A | (9.3.41)

=1 j=ki+1

and g := Zj:f Ji-

Since it has been shown in [VS00] that the function f satisfies neither the invariance principle
nor the law of the iterated logarithm, it remains to prove that the constructed function g belongs
to L? and that the coboundary g — g o T belongs to L.".

By (9.3.38) and (9.3.41), the equality

p [ ki 2k;—1
p [ Vi log log n; . —— o ——
lgil" = <k> Z]pl (T A,) + Z (2k; — j)P1 (T 77 A)) (9.3.42)
Jj=1 j=k;+1
takes place, hence integrating and accounting (9.3.40), we derive the estimates
Vi loglogn; \* b R 1
|P Yy oo i .5 -
Blal? < (YRR ) (Y Y eh-an) | o (9343
j=1 j=ki+1
P/2=1 105100 1, P/ 2
<2l (ngog”l) s (9.3.44)
ki
= 2n?* " (log log n; )P/ %k, (9.3.45)

hence
lgill, < 2/Pn}? VP (loglog n;)/2k; /7. (9.3.46)
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By definition of n; and k;, one can find a constant ¢ depending only on « (hence on p and r)
such that for 7 large enough,

lg:ll, < c- 2/(1/2=1/P) (1og §)1/2 . 210/P = ¢ (logi)'/? - 2¥(a=1+P/2)/p (9.3.47)

By (9.3.36), the series Y (log4)1/2 - 2i(e=14P/2)/P i5 convergent, and we conclude by (9.3.47)
that g belongs to LLP.
It is proved in [VS00] that by construction, the equality

v/n; loglog n; 2ki
i 108 gzl UTnl—jAl

l9i —gioT| = » (9.3.48)
I3 j=1
holds. By (9.3.38) and (9.3.41), we have
Vniloglogn; (2k:\'/"
lgi — gio Tl, < w —) (9.3.49)

hence by the definition of n; and k;, we have for i large enough and a constant ¢ depending only

on «, . 4
lgi —gioT||, < c-2i1/2=1/mgial/r=1)(1og4)1/2 (9.3.50)

from which we infer (by (9.3.36)) the convergence of the series Z:;of llgi — gi o T||, hence the
fact that the function g — g o T belongs to LL".
This concludes the proof of Theorem 9.2.6. O

Proof of Theorem 9.2.7. The construction is similar to that of the proof of Theorem 9.2.6.
For each ¢ > 1, we define n; := 2¢ and k; := [2”], where 3 satisfies

r—p q
— <A<l == 9.3.51
p(r—1) P ( )
Such a choice is possible since
r—p rr—p_pr=1)—@p@-Lr—r+p
g — —(p—1 — = =0. .3.52
p=q—— > 1)y~ p— 0 (9.3.52)

We take a set A; € F such that (9.3.38) and (9.3.39) hold. We then define for 7 > 1,

1/p ki 2k;—1
n; . e . I
9i =1 E JUT™ 7 A) + E (2k; — )L(T™ 7 Ay) | (9.3.53)
to\g=t j=ki+1

and g := 3% g;.
The proof will be complete if we show the following three assertions:

1. the function g belongs to LL¢;
2. the function g — g o T belongs to L";
3. the sequence (nil/pg o T™),>1 does not converge almost surely to 0.

The first two items follow by completely similar computations as in the proof of Theorem 9.2.6.
To show the last item, we notice that the sequence (27%/7 maxyi<j<ai+1 g © T');>1 does not
converge to 0 in probability. To see this, one can note that

nifki

M{Q—i/P max ¢g; OTl > 1} > U Tj(Ai) >

2i<l<2i+1

1
o (9.3.54)
=1

This finishes the proof of Theorem 9.2.7. O
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o 1 )

Orthomartingale-coboundary
decomposition for strictly stationary
random fields

The chapter consists of the paper [EMG|. We provide a new projective condition for a stationary
real random field indexed by the lattice Z% to be well approximated by an orthomartingale in
the sense of Cairoli (1969). Our main result can be viewed as a multidimensional version of the
martingale-coboundary decomposition method whose idea goes back to Gordin (1969). It is a
powerful tool for proving limit theorems or large deviations inequalities for stationary random
fields when the corresponding result is valid for orthomartingales.

10.1 Introduction and notations

In probability theory, a powerful approach for proving limit theorems for stationary sequences
of random variables is to find a way to approximate such sequences by martingales. This idea
goes back to Gordin [Gor69]. It is a powerfull method for proving the central limit theorem
(CLT) and the weak invariance principle (WIP) for stationary sequences of dependent random
variables satisfying a projective condition (see (10.1.1) in Theorem C below). More precisely, let
(X)rez be a sequence of real random variables defined on the probability space (2, F, u). We
assume that (Xy)gez is stationary in the sense that its finite-dimensional laws are invariant by
translations and we denote by v the law of (Xg)rez. Let f : RZ — R be defined by f(w) = wp
and T : R? — R% by (Tw)r = wiy1 for any w in R? and any k in Z. Then the sequence
(f oT*)1ez defined on the probability space (R%, B(R?), v) is stationary with law v. So, without
loss of generality, we can assume that X, = f o T* for any k in Z. For any p > 1 and any
o-algebra M C F, we denote by ILP(Q, M, u) the space of p-integrable real random variables
defined on (£2, M, 1) and we consider the norm |[-[|,, defined by ||ZHZ = Jo 1Z(w)[Pdu(w) for any
Z in LP(Q, F, ). We denote also by LP(€2, F, ) ©LP(2, M, u) the space of all Z in LP(Q, F, )
such that E[Z | M] =0 a.s.

Theorem C (Gordin, 1969). Let (Q,F, ) be a probability space and let T : @ — Q be a
measurable function such that y = Tu. Let also p > 1 and M C F be a o-algebra such that
M C T7IM. If f belongs to LP(Q, M, u) © LP(2,N;jezT~*M, i) such that

dY_IEFITM], < o0 (10.1.1)

k>0

127
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then there exist m in LP(2, M, u) © LP(Q,TM, ) and g in LP(Q, T M, p) such that
f=m+g—gol. (10.1.2)

The term g — g o T in (10.1.2) is called a coboundary and equation (10.1.2) is called the
martingale-coboundary decomposition of f. Moreover, the stationary sequence (m o T%);cz is a
martingale-difference sequence with respect to the filtration (T~‘M);cz (see Definition 10.2.1
below) and for any positive integer n,

Sn(f) = Sn(m) +g—goT" (10.1.3)

where S,,(h) = S2""" hoT* for any function h : @ — R. Combining (10.1.3) with the Billingsley-
Ibragimov CLT for martingales (see [Bil61] or [Ibr63]), one obtain the CLT for the stationary
sequence (f o T*)rez when the projective condition (10.1.1) holds. Similarly, combining (10.1.3)
with the WIP for martingales (see [Bil68]), we derive the WIP for the stationary sequence
(f o T*)1ez. Thus, Gordin’s method provides a sufficient condition for proving limit theorems
for stationary sequences when such a limit theorem holds for martingale-difference sequences.
Our aim in this work is to provide an extension of Theorem C for random fields indexed by the
lattice Z? where d is a positive integer (see Theorem 10.2.4).

10.2 Main results

Definition 10.2.1. We say that a sequence (Xg)kez of real random wvariables defined on a
probability space (Q, F,p) is a martingale-difference (MD) sequence if there exists a filtration
(Gr)rez such that G, C Gri1 C F and Xy belongs to LY(Q, Gi, i) © LY, Gr_1, 1) for any k in
7.

The concept of MD sequences can be extended to the random field setting. One can refer for
example to Basu and Dorea [BD79] or Nahapetian [NP92] where MD random fields are defined
in two differents ways and limit theorems are obtained. In this paper, we are interested by
orthomartingale-difference random fields in the sense of Cairoli [Cai69]. A good introduction
to this concept is done in the book by Khoshnevisan [Kho02]. Let d be a positive integer. We
denote by (d) the set {1,...,d}. For any s = (s1,...,54) and any t = (¢1,...,t4) in Z¢, we write
s <t (resp. s <t,s=tands > t)if and only if s < tg (resp. sk < tg, Sk = tx and si > tx)
for any & in (d) and we denote also s At = (s1 At1,...,84 Atqg).

Definition 10.2.2. Let (Q, F,u) be a probability space. A family (Gi)icza of o-algebras is a
commuting filtration if G; C Gy C F for any i and j in Z¢ such that i< j and

E[E[Z|Gs] | Gl =E[Z ]| Gsnt] a.s. (10.2.1)
for any s and t in Z¢ and any bounded random variable Z.
Definition 10.2.2 is known as the "F4 condition".

Definition 10.2.3. Let (2, F, i) be a probability space. A random field (Xx)xeza s an
orthomartingale-difference (OMD) random field if there exists a commuting filtration (Gi)ieza
such that Xy belongs to LY (Q, G, u) © LY(Q, G, p) for any 1% k and k in Z2.

Let k be fixed in Z? and Sy = > o<i<k Xi where (Xj)ijeze is an OMD random field with
respect to a commuting filtration (G;)jeze. Then Sk belongs to L'(, Gk, p) and E [Sk | Gi] = Si
for any 1 < k. We say that (Sk)yxeze is an orthomartingale (OM) random field.

Arguing as above, without loss of generality, every stationary real random field (Xyx)xeza
can be written as (f o T%)ycze where f: Q — R is a measurable function and for any k in Z,
T%: Q —  is a measure-preserving operator satisfying T o T3 = T for any i and j in Z¢. For
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any s in (d), we denote Ts = T where eg = (egl), cey egd)) is the unique element of Z? such that

e.®) =1 and e;() = 0 for any i in (d) \ {s} and U, is the operator defined by Ush = h o T} for
any function h: Q@ — R. We define also U as the product operator ¢ ;U for any 0 C J C (d)
and we write simply U for Uygy = UyoUzo---0Uqg. For any ) C J C (d), we denote also by
|J| the number of elements in J and by J¢ the set (d)\J. Finally, the set of nonegative integers
will be denoted by N. The main result of this chapter is the following.

Theorem 10.2.4. Let (2, F, 1) be a probability space and let T*: Q — Q be a measure-preserving
operator for any 1 in Z* such that T' o T3 = T for any i and j in Z¢. Let p > 1 and
let M C F be a o-algebra such that (T~ M);cza is a commuting filtration. If f belongs to
LP(Q, M, p) © LP (Q, NyenaTEM, ) and

Do IE[FITM]|], < +o0 (10.2.2)

keNd

then f admits the decomposition

d
f=m+ > J[a-v)m,+ ][0 -0.yg, (10.2.3)

0CIC(d) s€T

where m, g and my belong to LP (Q, M, p), LP (Q,ngl TS/\/L/L) and LP (Q, [T e, TsM, )
respectively and (Uim)iezd and (U}CmJ)iezd,‘Jl are OMD random fields for O C J C (d).

Remark 10.2.5. One can notice that condition (10.2.2) is exactly Gordin’s condition (10.1.1)
when d = 1. Tt is well known that condition (10.1.1) is not necessary for f to admit a martingale-
coboundary decomposition. In fact, in dimension d = 1, a necessary and sufficient condition for f
to admit the martingale-coboundary decomposition (10.1.2) is the convergence in LP(Q, M, u) for
p > loftheseries ) ;o E [U*f | M] (see [Vol93], Theorem 2, condition (7)). So, let (§;);>0 be a
decreasing sequence of real numbers such that Zg;o (5]2- < oo and define az; = 0; and agjy1 = —0;
for any j > 0. If (g;)iez is a sequence of iid real random variables with zero-mean and unit
variance and f o T = > is0 @jek—j for any k in Z (we say that (f o T*)k>1 is a linear process)
then > -, E(U* f| M) converges in L.2(€2, F, 1) while the decay of the sequence (Zpk a?)k>1
can be arbitrarily slow such that the series >, -, HE(ka | ./\/l)”2 does not converge. That is,
=2 i>0ai—; is a function which admits the martingale-coboundary decomposition (10.1.2)
even if Gordin’s condition (10.1.1) does not hold. Finally, it will be interesting to investigate
a necessary and sufficient condition for the orthomartingale-coboundary decomposition (10.2.3)
when d > 2. This question is still an open problem and will be considered elsewhere.

Remark 10.2.6. If d = 2 then (10.2.3) reduces to
f=m+{T-U)mi+{T—-U)me+ (I—Up)(I—Us)g, (10.2.4)

where m, my, ms and g belong to LP(2, M, ) such that (U'm);cz is an OMD random field and
(USmy) ez and (UFma)gez are MD sequences. If d = 3 then (10.2.3) becomes

f =m+ (I — Ul)ml + (I — UQ)’ITLQ + (I — Ug)mg
+ (I — Ul)([ - UQ)TTL{LQ} + (I — Ul)(f - Ug)m{Lg} + ([ — UQ)(I — U3)’ITL{273}
+{ = U)( = Us)(I — Us)g

where m, my, ma, msz, myy 2y, My1 31, My2,3) and g belong to LP(€2, M, i) such that (Uim);ezs,
(UEQ,S}ml)iEsz (U;lys}mg)iep and (Uhg}mi’»)ieZ? are OMD random fields and (U{Cm{g’g})kez,
(Ufm{1,3})kez and (U?]fm{l’g})kez are MD sequences.
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Remark 10.2.7. A decomposition similar to (10.2.3) was obtained by Gordin [Gor69] but with
reversed orthomartingales and under an assumption on the so-called Poisson equation.

Proposition 10.2.8. Let (Xj)jcz¢ be an OMD random field. For any p > 2 and any n in N9,

1/2

S x| <p2 3D Ix? (10.2.5)

O0k=<n 0<k=<n
P
and the constant p¥? in (10.2.5) is optimal in the following sense: there exists a stationary
OMD random field (Zx)xeze with || Zol||,, =1 and a positive constant k such that for any p > 2

1/2

infeC>05 || Y Zdl <C| > l4ll| VYneN}>rp'2 (10.2.6)
0<kxn » o<k=<n

Combining Proposition 10.2.8 and Theorem 10.2.4, we obtain the following result.

Proposition 10.2.9. Let (Xi)icze be a stationary real random field defined on a probability
space (Q, F, ) and (Fi)ieze be a commuting filtration such that X; is Fi-measurable for each i
in Z2. If there exists p > 2 such that Xo belongs to LP(Q, Fo, 1) © LP(Q, Nyena F—x, i) and

> E[Xo | Foadll, < o0 (10.2.7)
keNd
then for any n = (ny,...,ng) in N%,
> Xkl < Cap™? D7 E[Xo | Fodll, (10.2.8)
0<k=<n » keNd

where |n| = H?Zl n; and Cy is a positive constant depending only on d.

Remark 10.2.10. A Young function 1 is a real convex nondecreasing function defined on R*
which satisfies lim¢_, o 9(t) = oo and (0) = 0. We denote by L (2, F, ) the Orlicz space
associated to the Young function v, that is the space of real random variables Z defined on
(Q, F, p) such that E [1(| Z]/c)] < oo for some ¢ > 0. The Orlicz space Ly (Q, F, i) equipped with
the so-called Luxemburg norm || - ||, defined for any real random variable Z by || Z||, = inf{c >
0; E[¢(]Z|/c)] <1} isaBanach space. For any p > 1, if ¢, is the function defined by ¢, (z) = z?
for any nonegative real = then ¢, is a Young function and the Orlicz space L, (€2, F, u) reduces to
L?(Q, F, 1) equipped with the norm |||| - For more about Young functions and Orlicz spaces one
can refer to Krasnosel’skii and Rutickii [KR61]. Combining (10.2.8) and Lemma 4 in [EVW13],
we obtain Kahane-Khintchine inequalities: for any 0 < g < 2/d, there exists a positive constant
C depending only on d and ¢ such that for any n in N?,

Y X <Cp? ) E[Xo | Fidlly,, (10.2.9)
o<k=<n be keNd

where 3(q) = 2q/(2 — dq) and ), is the Young function defined for any x € R™ by

Vo) = exp((z + ha)®) —exp(h®)  with he = (1 —a)/a)Y*1{0 <a <1}  (10.2.10)
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for any real @ > 0. Using Markov inequality and the definition of the Luxembourg norm, we
derive the following large deviations inequalities: for any 0 < ¢ < 2/d, there exists a positive
constant C' depending only on d and ¢ such that for any n in N? and any positive real z,

I ZXk>z§
o<k=<n

q
a X
<(1+e)exp | — +h . (10.2.11)
( ) ( <C|”|d/22keNd IE [Xo [ Folly,,,, q))

Finally, one can check that (10.2.9) and (10.2.11) still hold for ¢ = 2/d if X is bounded.

Proposition 10.2.11. Let (Xj)ieza be a stationary real random field defined on a probability
space (Q, F, ) and (Fi)ieze be a commuting filtration such that X; is F;-measurable for each i
in Z%. If Xo belongs to L2 (Q, Fo, i) © L? (2, NeenaF-x, ) and >y cna [|[E [Xo | Foi]ll, < 00
then Y ycza |E[XoXk]| < 0o and

lim  |n|7'E > X = E[XoXy] (10.2.12)

min n—+oo
0xk=<n kezd

where minn — 400 means that min;<;<qn; — +00.

Now, we are able to investigate the WIP for random fields. Let (Xj);jczae be a stationary real
random field defined on a probability space (2, F, u). Let also A be a collection of Borel subsets
of [0,1]¢ and consider the process {S,(A); A € A} defined by

Sn(A)= > AnAN Ry)X; (10.2.13)
ie(n)d
where R; =|i; — 1,41] X -+ - x]iq — 1,44 is the unit cube with upper corner at i = (i1,...,i4) in

(n)® and X is the Lebesgue measure on R%. The collection A is equipped with the pseudo-metric
p defined by p(A4, B) = \/A(AAB) for any A and B in A. Let € > 0 and let H(A, p,e) be the
logarithm of the smallest number N (A, p, ) of open balls of radius e with respect to p which form
a covering of A. The function H (A, p,.) is called the metric entropy of the class .4 and allows
us to control the size of the collection A. Let (C(A),||.||.4) be the Banach space of continuous
real functions on A equipped with the uniform norm ||.|| 4 defined by || f||a = supac4 |f(A)]. A
standard Brownian motion indexed by A is a mean zero Gaussian process W with sample paths
in C(A) such that Cov(W(A), W(B)) = A(AN B) and we know from Dudley [Dud73] that such
a process is well defined if fol VH(A, p,e)de < co. We say that the WIP holds if the sequence

of processes {n~%28,(A); A € A} converges in distribution in C(A) to a mixture of A-indexed
Brownian motion. The first weak convergence results for Qg-indexed partial sum processes
were established for i.i.d. real random fields where Qg is the collection {[0,t]; t € [0,1]?} of
lower-left quadrants in [0,1]?. They were proved by Wichura [Wic69] under a finite variance
condition and earlier by Kuelbs [Kue68] under additional moment restrictions. If d = 1, these
results coincide with the original invariance principle of Donsker [Don51]. Many others WIP
have been established for dependent random fields indexed by large classes of sets. One can
refer for example to [Ded01], [EM02], [EMOO06] or [EVW13]. In the sequel, we are going to
apply Theorem 10.2.4 in order to establish a WIP (Theorem 10.2.12) for Q4-indexed partial sum
dependent random fields. Let n be a positive integer. For simplicity, we denote S, (t) = S, ([0, t])
for any [0,t] in Q4. More precisely, for any t in [0, 1],

Su(t) = > A([0,nt] N Ry)X; (10.2.14)

ie(n)d
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Recall that the standard d-parameter Brownian sheet on [0, 1]% denoted by B = (Bt);c(o,1) is a

mean-zero Gaussian random field such that Cov(Bs,Bt) = H?zl s; Nt; for any s = (s1,...,84)
and t = (t1,...,tq) in [0,1]%. Since the CLT does not hold for general OMD random fields (see
[WW13], example 1, page 12), we restrict ourselves to the case of a filtration generated by iid
random variables which is necessarily a commuting filtration (see Proposition 8.1 in [WW13]).

Theorem 10.2.12. Let (&j)jeze be an i.i.d. real random field defined on a probability space
(Q, F, ). Denote by (Fi)icza the commuting filtration where F; is the o-algebra generated by
gj forj<iandiin Z%. Let (Xi)jeze be a stationary real random field such that Xo belongs to
L2(Q, Fo, 1) © L2(, Nena F i, 1) and (10.2.7) holds for p = 2. Then the sequence of processes
{n=428,(t); t € [0,1]%} converges in distribution in C(Qq) to \/nB where B is a standard
d-Brownian sheet and 1 = 3 ) 5. E[XoXy].

Remark 10.2.13. El Machkouri et al. [EVW13] and Wang and Woodroofe [WW13] obtained
also a WIP for random fields (Xk)yeze which can be expressed as a functional of i.i.d. real
random variables but under the more restrictive condition that X¢ belongs to LP(Q, F, u) with
p > 2. In a recent work, Wang and Volny [VW14] obtained the WIP for p = 2 under a multi-
dimensional version of the so-called Hannan’s condition for time series. Their condition is less
restrictive than (10.2.7) but condition (10.2.7) gives also an orthomartingale approximation for
the considered random field which is of independent interest (see Theorem 10.2.4). In particular,
(10.2.7) provides not only a WIP but also large deviations inequalities (see Proposition 10.2.9
and Remark 10.2.10).

Proposition 10.2.14. Let (gi)icze be an i.i.d. real random field defined on a probability space
(Q, F, 1) such that g9 has zero mean and belongs to LP(Q, F, ) for some p > 2. Consider the
linear random field (Xy)xeza defined for any k in Z¢ by Xy = > jend @j€k—j where (aj)jena is @
family of real numbers satisfying 3 ey an < 0o. Then the condition (10.2.7) holds if and only

if
S D et <o (10.2.15)

keNd | j=k

Remark 10.2.15. Proposition 10.2.14 ensures that the conclusion of Theorem 10.2.12 still hold for
linear random fields with iid innovations under assumption (10.2.15). Let (Xk)xeze be a linear
random field defined as in Proposition 10.2.14. In [WW13], Wang and Woodroofe obtained
a WIP for (X}j)peze under a weaker condition than (10.2.15) but again with the additional
assumption that g belongs to LP(Q, F, 1) with p > 2. In [BD14], Biermé and Durieu obtained
also a WIP under the so-called stability condition ), .ya |ak| < oo which is less restrictive than
(10.2.15). In fact, let ax = k;®...k;® for 1 < o < 3/2 and k = (k1,...,kq) in N? then the
linear process (Xk)yeze satisfies the stability condition but (10.2.15) does not hold. Indeed,
(10.2.15) is equivalent to the convergence of the series > .5, 4/> ;> ; 72> and this last one is

not convergent since there exists a positive constant Cy such that >, 172* > C, j' 72 for

each j > 0. Nevertheless, (10.2.15) provides the orthomartingale-coboundary decomposition

(10.2.3) while it is not the case for the stability condition even when d = 1. In fact, let (bi)r>0

be a decreasing sequence of real numbers such that b, goes to zero as k goes to infinity and

> oks0 i = +00 and let ag = by — bgyy for any k > 0. So, we have Y-, - [ax| < oo but if Fo is
2

the o-algebra generated by all ¢; for j < 0 then Hsz\il IE(XZ-\]:O)H2 =Y so(biys = biyn)? for

any positive integer N. Since, for any positive integer L, we have

L L
Slj\llp Z(bl—H - bl+N)2 > Zblz+17
1=0 1=0

2

we obtain sup ”Zfil E(X;|M) H = +o00. Consequently, the martingale-coboundary decompo-
2

sition (10.1.2) does not hold.
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We now provide an application of Theorem 10.2.4 to the WIP in Hélder spaces. We consider
for 0 < v < 1 the space H.,([0,1]%) as the space of all continuous functions g for which there
exists a constant K such that |g(s) — g(t)| < K||s — t||” for each s and t in [0,1]¢ where ||-||
denotes the Euclidian norm on R?. We endow this function space with the norm ||g|| := |g(0)| +
SUPg gefo,1]4,s2¢ [9(t) — g(s)|/[[t — s||” and we consider the partial sum process (Sn(t))¢epo,1)2
defined by (10.2.14) as an element of H., ([0, 1]¢).

Theorem 10.2.16. If the assumptions of Theorem 10.2.12 hold with p > 4 x (logy(4d/(4d —
3)))~! then the sequence of processes {n~%2S,(t);t € [0,1]%},>1 converges in distribution
in H,([0,1]%) to /iB for each v < 1/2 — d/p where B is a standard d-Brownian sheet and
N= ez B [XoXu]-

Remark 10.2.17. In [RSZ07], a necessary and sufficient condition was obtained for iid random
fields to satisfy the WIP in Hélder spaces. Our result provides a sufficient condition for stationary
real random fields which can be expressed as a functional of iid real random variables.

10.3 Proofs

In this section, the letter x will denote a universal positive constant which the value may change
from line to line. The proof of Theorem 10.2.4 will be done by induction on d. We shall need
the following lemma.

Lemma 10.3.1. Let (2, F, ;1) be a probability space. Let d be a positive integer and T': £ — €
be a measure-preserving operator for any 1 in Z9t such that TP o T3 = T for any i and j in
7Y Letp> 1 and M C F be a o-algebra such that (T~iM)icga+r is a commuting filtration.
Assume that f belongs to LP(Q, M, u) © LP (Q, Nenet1 TEM, u) and

> ELFITM]]], < oo (10.3.1)
keNd+1
Then there exist M € LP(Q, M, p) 6 LP(Q, Ty 1M, 1) and G € LP(Q, Ty 1 M, u) such that
F=M+G-GoTy (10.3.2)

5 e imon | + [efo1mo0m]| <. (0

keNd P

Proof of Lemma 10.3.1. First, the decomposition (10.3.2) is a direct consequence of Theorem A
(see section 1). Moreover, a careful reading of the proof of Theorem A (see Volny [Vol93]) gives
the following expressions of M and G:

M=) "E[U; f| M =E[UJ, f | TaaM] and G =) E[Ul f|TusaM]. (10.34)
j=0 j=0

Let k = (ky,...,kq) be fixed in NZ. Since

E {M | T(k,O)M} - ZE[Ugl'Hf | T(k,O)M] _ ZE[UCJI}J | T(k,l)M]’

320 =0

we derive

o o 70| <2 et 1 7800] <23 s 1700
P ix0 P z0 P



134 Chapitre 10 — Orthomartingale-coboundary decomposition for random fields

Finally, using (10.3.1), we obtain

3 H]E [M | T(k’o)/\/l} H <2 Z S HE £l T(kmM]H . (1035)

keNd keNd 520

Similarly, we have also ) ||IE [G | T(k’o)/\/l] Hp < 00. The proof of Lemma 10.3.1 is complete.
O

Proof of Theorem 10.2.4. We are going to prove Theorem 10.2.4 by induction on the dimension
d. First, for d = 1, the result reduces to Gordin’s martingale-difference coboundary decompo-
sition (see Theorem C above). Let d be a positive integer. We assume that our result is true
for d and we have to show that it is true for d + 1. We thus consider a measure-preserving
operator T': Q@ — Q for any 1 in Z*! such that 7% o 79 = T for any i and j in Z4H!.
Let p > 1 and let M C F be a o-algebra such that (T7IM);czas1 is a commuting filtration.
Assume that f belongs to LP(Q2, M, ) and satisfies (10.3.1). By Lemma 10.3.1, there exist
M eLP(QM,pu) oLP(Q, Tgr1 M, p) and G € LP(Q, Tg41 M, p) such that (10.3.2) and (10.3.3)
hold. So, by the induction hypothesis, we have

M=m'+ Y J[U- UmJ—i—HI Us) (10.3.6)
0CJIC(d) s€J

G=m"+ Y [[a-vom} +HI Us) (10.3.7)
DCJIC(d) sE€J

where
o m/ and m” belong to LP(Q, M, u) ©LP(Q, T; M, 1) for each ¢ in (d).
o m/; and m’} belong to L? (Q [Lcs TSM,M) oLr (Q,Ti HseJTsM,,u) for each i in (d) \ J.
e ¢ and ¢ belong to L? (Q,ngl TSM,,u>;

Since E[M | Ty4+1M] = 0 and using (10.3.6), we derive

Efm' | TygpM] =~ > ElH(IUS)mHTdHM

0CIC(d) Lses

d
-E lH(I —U,)d' | TdHM] . (10.3.8)

s=1

Let § € J C (d) be fixed and recall that |A| is the number of elements of A for any A C J. So,

E|[J(-U)m) | Td“/\/l} =E|> (- JJvm) | TdHM]
seJ ACJ s€A

= > (D)E [ v | TazaM
ACJ seEA

=> [ uE

ACJ sEA

my | 1] TsTdHM]

seA
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where we used the convention [[ .y Us = I and the property E[Ush | G] = UE[h | T,G] for
any s in (d), any o-algebra G C F and any integrable function h. Let A C J be fixed. Since
(T M)yega+1 is a commuting filtration, we have

EF

Using the measurability of m/; with respect to ]

m'; | HTSM

sEA

Ts M, we obtain

E [mf] | [ 7TapaM

sEA

|nHM}

sEA

E lmi] | H TSTd+1M] = E[mf] | Td+1M].

s€eA

Consequently,

E

[Ta-vom) | TdHM] =[[I - U)E[m} | TusaM]. (10.3.9)

seJ seJ

Similarly, since ¢’ is Hle TsM-measurable, we have also

d d
E|J[¢-Ud | TdHM] = [ -V Elg | TurrM). (10.3.10)
s=1 s=1
Using (10.3.8), we derive
d
Em' | Tap M) =~ > [[U-UJE[m} | TaraM] - H Elg | TapaM]. (10.3.11)

PCIC(d) s€J

So, denoting m := m/ — E[m' | Ty+1M] and combining (10.3.6) and (10.3.11) we obtain

M=m+ > J[U-U.)m)—Em}| ToaM]) +
0CJIC(d) s€J
d
+ [T -U) (¢ —Elg | TusaM)). (10.3.12)
s=1

Moreover, m is M-measurable and E[m | TxM] = 0 for each s in (d 4+ 1). Combining (10.3.7)
and (10.3.12), one can write

femt+ 3 U =U) 0y~ Bl | TaeaM) + [[( = U2 (¢ =Bl | T M)

(DCJC yseJ s=1
+ (I =Ug) [m"+ > [T - Um+HI U)g" |,
0CJC(dy sed

which is of the form (10.2.3) for d + 1 instead of d. Indeed, let § C J C (d + 1) be fixed. If
d+1 € J, we denote

m' if J={d+1}
my = : (10.3.13)
! {m(;\{dﬂ} if J\{d+1} #0
and if d+ 1 ¢ J, we denote
my = m'J—IE[mf]|Td+1M] ifJ#<d> (10.3.14)
G-Elf | TapM] it J = (d)
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Finally, denoting g = ¢, we obtain

d+1

f=m+ > JJUu-U)ms+ ][~V

PCJIC(d+1) sET
The proof of Theorem 10.2.4 is complete. O

Proof. Proof of Proposition 10.2.8 For simplicity, we consider only the case d = 2. Let (X j)(;,j)ez>
be an OMD random field with respect to a commuting filtration (F; ;)¢ j)ez2. Let (n1,n2) be
fixed in N* and consider (Y;)iez defined for any 4 in Z by Y; = 372 X ;. One can notice that
(Y:)icz is a MD sequence with respect to the filtration (V;ezF; j)icz. Consequently, by Rio’s
inequality (cf. [Rio09]), we have

ni no ni 1/2
SO>S X4l <rvp (Z llm,%) :
1=0 j=0 » =0

Moreover, since for any ¢ in Z, (X;;)jez is a MD sequence with respect to the filtration
(ViezFij)jez, we have also

s s 1/2
2
Yill, = || D Xig|| <mvp | Do I1Xusll;
j=0 j=0
P
Consequently, we obtain
1/2
ny N2 ny n2
2
SN x| < DN Ix2 | (10.3.15)
i=0 j=0 i=0 j=0

p

In order to prove the optimality of the constant p in (10.3.15), arguing as in Wang and Woodroofe
[WW13] (Example 1, page 12), we consider a sequence (7;);ez of i.i.d. real random variables
satisfying pu(no = 1) = p(no = —1) = 1/2. Let also (});cz be an independent copy of (7;)icz
and consider the filtrations (Gg)kez and (Hy)rez defined for any k in Z by G, = o(ns; s < k) and
Hi = o(nl;s < k). For any (i,5) in Z?, we denote Z; ; = minj. Then (Z; ;)¢ jyeze is an OMD
random field with respect to the commuting filtration (F; ;) j)ez> defined by F;; = G; vV H;
for any (i, ) in Z2. Let C be a positive constant such that for any (nq,ns) in N2,

ni no ni no ny no 1/2
2ml| < ml =12 Zul| <O Ml | < Ovmm
i=0 |lp =0 |, i=0 j=0 , i=0 j=0

Applying the CLT for i.i.d. real random variables, we derive C' > |N ”127 where N is a standard

normal random variable. Since there exists £ > 0 such that ||V ”127 > kp, we derive (10.2.6). The
proof of Proposition 10.2.8 is complete. O

Proof of Proposition 10.2.9. We start with the following lemma.

Lemma 10.3.2. If f is a function satisfying the assumptions of Theorem 10.2.4 for some p > 2
then there exists a constant Cq depending only on d such that

masc {[lml, , llml, g, } < Ca Ba(f.p). (10.3.16)

where m, g and m; are defined by (10.2.3) and Aq(f,p) := D e

E[f | T*M]]|

P
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Proof of Lemma 10.5.2. We prove this lemma by induction on d. The case d =1 is a direct
consequence of (10.3.4). Let d be a positive integer and let p > 2. We assume that Lemma
10.3.2 is true for d and we are going to prove that it is true for d + 1. Assume that Agz1(f,p)
is finite. Using Lemma 10.3.1 and arguing as in the proof of Theorem 10.2.4, we have

d+1

f=m+ Z H(I_Us)mJ+H(I_Us)g
s=1

0CJC(d+1) seJ

where m is given by (10.3.13) and (10.3.14), g = ¢"” and m := m/ — E[m’ | Ty11M] (see the
last part of the proof of Theorem 10.2.4). Keeping in mind (10.3.2) and arguing as in the proof
of Lemma 10.3.1 (see (10.3.5)), we derive

max {Ad(M7 D), Ad<G7p)} < 2Ad+1<f7 p)' (10'3'17)

The induction hypothesis yields ||m/[|, < CaAq(M, p). Since [|ml|, < 2|m/||
we obtain

p» using (10.3.17),

[ml, < 4CaAa+1(f,p).

Similarly, we have
lgll = lg"1l, < Cala(G,p) < 2CaAat1(f,p).

Let J be a nonempty subset of (d + 1).

e If d+1 € J then using (10.3.13) and the induction hypothesis, we have [m,|, <
CyA4(G,p). Hence by (10.3.17),

[mull, < 2CaAay1(f,p).
o Similarly, using (10.3.14), if d+ 1 ¢ J and J # (d) then
Imall, < 2[Imll, < 2CaAa(M,p) < 4Calar1(f,p)
and [|mg) ||, < 2l¢'ll, < 4Caldas1(f,p).
Finally, it suffices to define Cyy1 := 4Cy. The proof of Lemma 10.3.2 is complete.

Without loss of generality, one can write X; = f o 7% for any i in Z? where f = X and
(T%);cz4 is a family of measure-preserving operators on  such that 7% o T! = T**! for any k
and 1 in Z%. Let n be fixed in N%. In the sequel, we denote A\, = {i € N?; 0 < i < n} and
Sn(h) = Zi@\n h o T for any function h defined on . Applying Theorem 10.2.4, we have

d
Su(f) = Sa(m)+ Y Sa (H(I Us)mJ) + S (H(I - Us)g> : (10.3.18)
0CJIC(d) s€J s=1
Let § C J C (d) and k = (ky, ..., kq) € N? be fixed and define k) = (k;);c(ay, 7. We have
S <H(I Us)mJ> =[Ju-vry > II vFm..
s€J seJ o<k gn) ie(d)\J
Since the operator ], (I — U™t1) may be written as a sum of 27! isometries, the inequality

Sn <H(I - US)mJ>

seJ

< 2l > II vfm, (10.3.19)

» 0<k(D xn@ i€ (d)\J

p
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takes place and an application of Proposition 10.2.8 yields

1/2
> I UFmg|| <rp™? (H ns> lmsll, -

0<k@) <@ ie(d)\J , seJ

Combining (10.3.19) and (10.3.20), we get

Sn (H(I - Us>mJ>

seJ

< 2Vlp® |2 [[my]l,, .

P

Moreover, since
d d
Sy (H( > H Un+1
s=1 s=1

and ngl(I — Un*1Y) is a sum of 27 isometries, if follows that

d
SH (H(I - Us)Q)

s=1

< 2%p® |2 g]], -

p

By Proposition 10.2.8, we have also
1Sa (M), < p™Z0|"/2 [|m]|,,.

Combining (10.3.18), (10.3.21), (10.3.22) and (10.3.23), we obtain

1Sa(AIl, < mp™ 2 [ mll, + Y 2P myl, + 2% |gll,
0CIC(d)

Finally, applying Lemma 10.3.2 yields

1Sa(H)]l, < wp¥2n2Cara(f,p) [ 14+ S 2Vl 424
0CIC(d)

The proof of Proposition 10.2.9 is complete.

Proof. Proof of Proposition 10.2.11 First, since (Xk)xeze is stationary, we have

D IEXoXa] | <29 ) [E[XoXi | < [ Xolly Y B [XolF ][l < oo

kezd keNd keNd
Let n = (ny,...,ng) be fixed in N¢. Then,

2

| B D X = > In|7An N (An — k) |E(XoXy)

kEAn kezd

(10.3.20)

(10.3.21)

(10.3.22)

(10.3.23)

(10.3.24)

where A, = {ie N*; 0 i< n}and A, —k={i—k;i€A,} for any k in Z?. Moreover,

07 An 0 (An = R)|[E(XoXi)| < [E(XoXk)|

and limy|— 400 0|7 AN (An—k)| = 1 for any k in Z?. Finally, it suffices to apply the Lebesgue

convergence theorem. The proof of Proposition 10.2.11 is complete.

O
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Proof. Proof of Theorem 10.2.12
Let (Q, F, i, {T®}xeza) be a dynamical system (that is, (€2, F, u) is a probability space and
Tk: Q — § is a measure-preserving transformation for any k in Z¢ satisfying 7% o 77 = T*tJ
for any i and any j in Z9) and let (£;);cz¢ be a field of i.i.d. real random variables defined on
(Q,F,un). Let M C F be the o-algebra generated by the random variables ¢; for i < 0 and let
f:Q — R be M-measurable. We consider the stationary real random field (f o T"%);cza and the
partial sum process {Sn(f, t); te|o, 1]‘l}n>1 defined for any integer n > 1 and any ¢ in [0, 1]¢
by -
Su(fit)= > A[0.nt] N R;)f o T* (10.3.25)
1€(nyd

where ) is the Lebesgue measure on R? and R; =Ji; —1,i1] x - - - X]ig— 1,44] is the unit cube with
upper corner i = (i1,...,iq) in (n)% As usual, we have to prove the convergence of the finite-
dimensional laws and the tightness of the sequence of processes {n_d/zSn(f, t); telo, 1]d}n>1.
We start with the tightness property: it suffices to establish for any € > 0, -

lim lim sup p sup 0" Y2S,(f,8) — Su(f,t)] >e| =0

6=0 n—oo s,t€[0,1]¢
|s—t|<d
where |z| = maxyeqy |Tx| for any @ = (z1,...,24) in [0, 1]¢. For simplicity, we are going to
consider only the case d = 2. By Theorem 10.2.4, we have

where m, my, ms and g are square-integrable functions defined on Q such that (U'm);cz2 is an
OMD random field and (U¥m)kez and (UFma)kez are MD sequences. In the sequel, for any
real o, we denote by [x] the integer part of x. Let n > 1 and t = (t1,t2) in [0,1]2. For any
1 <i<[nt1)+1and any 1 < j < [nts] + 1, we denote A; ;(t) = A ([0,nt] N R, ;). We have

nt1]+1 nt2]+1

S, (I —Uy)my,t Z Z Xij (UG — U )m (10.3.27)

nt2]+1 [’I’Ltl Jrl

Z gz Aij () (Uima — U™ my) (10.3.28)

Using Abel’s transformation and noting that Aj41,;(t) = A; ;(¢) for any 1 <4 < [nt1] —1 and
any 1 < j < [nte] + 1, we obtain that S, ((I — Uy)m,t) equals

[nt2]+l [’I’Ltl]
Z U% /\[ntl]-i-l,j(t) (U1m1 — Ul[ntl]+2m1) — Z (U1m1 — U11+1m1) ()‘H‘Lj(t) — /\id(t))
j=1 i=1
[’ntg]Jrl

; Ug {)\[ntl]+1,j(t> (Ulml _ Ul[nt1]+2m1) B

- (U1m1 - Ul[mlmml) (Apta] 41,5 () — A[nn],j(f))}
[’n,tg Jrl
— v, (1-uf) Z Anta1,5 () Uy -

[’I’Ltz]Jrl

(= U ST a1 () = Apu 5 (0) Ugma.
j=1
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Moreover, since \; j(t) = A;1(¢) for any 1 <i < [nt1]+ 1 and any 1 < j < [nta], we derive

[’I’Ltz]

Su((I = Uy t) = Us(1 = U )N Z Ugm,

+ U (1 - U )/\[nt1]+1,[nt2]+1(t) Uit
ntz

- Ul(I - U{ntl]) ()‘[ntl]-',-l,l( ) >\[nt1 Z U mi
— UL (= U™ (Nt 1 ) o1 () — A[ntl],[mg]ﬂ(f)) U i,

So, we obtain

k
_ < ! J . 3.
tes[g}f]z‘s”(u Up)ma, t)| <4, _max UUS my | + 4 L max Ul ;Uzml (10.3.29)

Let x > 0 be fixed. Since m; € L2(Q, F, ), we have
1<Lk<n+2

] ( max ULUY|my| > na:) < kn’p (mi > n?z?) = 0. (10.3.30)

In the other part,

k
I max U} E Ugmi| >an | =
1<l k<nv2 |4
J=1
2

= Ui Us >na? | . (10.3.31
Bl ididne n1<r1£1<ar)f+2 Z 3 ne ( )

Lemma 10.3.3. Let (Z,)n>1 be a uniformly integrable sequence of real random variables. For
any s in (dy,

lim sup p ( max Up... .Ul

n—00 1<, isSn

Zn| > ns) =0.

Proof of Lemma 10.5.5. Let n be a positive integer. For any s in (d), we denote

pr(s) == p ( max Uj...U¥|Z,| > ns> .
1<y,

SCTRNAN

Let R be a positive real number. We have
2R s 2R
pols) < 24w (1201020 > ) > 5 ) < 22 4 2wpE 2 112 > RY).
n 2 n?® k>1

R—)oo

Consequently, lim sup,,_, o pn(s) < 2supy>, E[|Zx 1{|Z| > R}]
10.3.3 is complete.

0. The proof of Lemma

) 2
Lemma 10.3.4. The sequence {(\/lﬁ maxi<k<n+2 ‘Z?:l Ugmll) Pn = 1} is uniformly inte-
grable.
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Proof of Lemma 10.5.). Since (U¥mi)rez is a MD sequence, using Doob’s inequality, we

derive
n+2

<2(D UIma| < mvn|mall,.
j=1

k
max E U%ml
J=1 2 = 2

1<k<n+2
, 2
So, {(\/177 MAaxX] < k<nt2 ‘Zle Ugmll) > 1} is bounded in L'(Q, F, ). Let M be a fixed
positive constant. We have my = m} + m{ where
my =mi1{jmi| < M} —E[mi1{jmi| < M} | ToM]
m{ =mi1{m1| > M} —E[m11{|m| > M} | ToM].
Moreover, if A belongs to F then

2 2
k

k
1 - 1 »
— max Uimi| | dp < 2/ — max Usmi| | dp
/A Vi 1<ksn+2 |4 A\ /1 igk<nt2 ;

J
2

k
1 _

2 — E Udmf d.

* /A 1<k ta = 2" a

Since (Usm)kez and (USmY)rez are MD sequences, using Schwarz’s inequality, we obtain

2 2
1 L 1 oo
— max E Ulm du < 2||— max E Ulm) A
/A Vi sk<ne [T BS 2N 1knya |4 <2 w4
j= j=
4
i 2
1 g "
+2||— max E Usmy
/n 1<k<ny2 |4 -
]:

2
Keeping in mind that m/ is bounded by M and using again Doob’s inequality, there exists a
positive constant kg such that

2
k

1 J 2 2
/A ﬁé;?fﬁz ;Ugml dp < Ko (M Vi(A) + E [mi1{|m| >M}])

Let € > 0 be fixed and let M > 0 such that roE [m31{|mi] > M}] < £. One can choose the

5.
measurable set A in F such that koM?\/u(A) < 5 and consequently

2
1 L

su —  max Ulm du < e.

p/A \/ﬁlskgnmjz::l 27 Hs

n>1
The proof of Lemma 10.3.4 is complete.

Combining (10.3.29), (10.3.30), (10.3.31), Lemma 10.3.3 and Lemma 10.3.4, we obtain

limsupp | sup [|S,((I —Ur)mq,t)| >zn | =0. (10.3.32)
n—00 t€[0,1]2
In a similar way, we derive also

lim sup p ( sup |Sn((I — Uz)ma,t)| > xn) =0. (10.3.33)

n—00 te[0,1]?



142 Chapitre 10 —

Orthomartingale-coboundary decomposition for random fields

Now, noting that A; ;(t) = X;1(¢) for any 1

Sn((I = Uy)(I — Ua)g,t) equals

nt1]+1 nt2]+1

2 2 At

[7“51]4'1
= > UlI-t)
=1
[nt1]+1
= Us(I - U™ Z Aialt

Since \; ;(t)

Su((I = U)(I — Uz)g, 1)

Thus

sup [Sp(( = U)(I = Uz)g, t)| <

te[0,1]?

and for any positive z,

lim p ( sup |S,((I —Uy)(I —Ua)g,t)| > xn) < kn’p(g° > n’2?) = 0.
n—r00 t€(0,1]2

= Ay,;(t) for any 1 <

< i < [nt1] +1 and any 1 < j < [nt2], we have

) USI(I — U (I —Us)g

Aia( ZUJ UZ)g + A ftag 41 (U 2T = Uy)g

[nt1]+1

—Uithyg —i—U[ntQ]+1 I—-1Us) Z i frta]+1( —-Uithg.

i < [nt1] and any 1 < j < [nte] + 1, we derive

= M (U (I = U0 (I = U™

+ A 11 (OU(I = U™ hu™ T 1 — 1) g
ALt 41 (OUS2HT — U) UL (1 - U
+ )‘[ntl]+1,[nt2]+1(t)Uz[mzHl(I — U)UM N (T — Uy)g.

UFUslg|

max
1<k, 1<n+2

(10.3.34)

Now, it suffices to prove the tightness of the process {5, (m,t);t € [0,1]*},>1. That is, for any

positive x,

lim lim sup p

=0 nooo

Let n be a positive integer and let s = (s1,52) and t = (t1,t2) be fixed in [0, 1]2.
Sn(m,t) and for any ¢ and j in (n),

Ap(s,t) = Sp(m,s) —

Bij = Nij(s) —

An(s,t) = Al (s, 1)

Al (s,t) =

AZ(’S,t) =

Aij(t)

Noting that 3;; = 0 for any 1 <
+ Al/(s,t) where

[n(sl\/tl)]-i-l

sup |Sp(m,s) — Sp(m,t)] >an | =0. (10.3.35)
s,t€[0,1]2
|s—t|<d
We denote

=X ([0,ns] N R )) — A([0,nt] N R, ) -

i < [n(sy Aty)] and any 1 < j < [n(s2 A t2)], we have

[n(s2Ata2)]+1

> > B Um and (10.3.36)
i:[n(sl/\tl)]-‘rl Jj=1

[n(siAt1)]+1 [n(s2Via)]+1

> > B U (10.3.37)

i=1 J=[n(s2At2)]+1
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Moreover, A7 (s,t) = A7, (s,t) + A5 . (s,1) + A3 . (s,t) + A}, (s,t) where
[n(s1Vt1)] [n(s2At2)] N
All,n(sa t) = Z Z ﬁi,j U(l’])m
i:[n(slAtl)]+2 j=1
[n(s2At2)] _
Al?vn(s’t) - Z Bn(sivin))+1, U s Vil g,
j=1
[n(s2At2)] ‘
Aé’n(s’t) - Z ﬂ["(sl/\tl)]-‘rl,j UIn(sint)l+1.5)y,
j=1
[n(s1Vt1)]+1
ANp(st)= D Bim(santayr UGN g

i=[n(s1At1)]+1

Let a in {—1,+1} such that §; ; = a if [n(s1 At1)]+2 < < [n(s1 V)] and 1 < j < [n(s2 Ata)]

So,
[n(s1Vt1)]  [n(s2At2)]
A/17n(87 t) =« Z Z U(W
i=[n(siAt1)]+2 J=1
and for any positive z,
(3] n(ké+7)] p

pl| sup AL (s )] > | <Y u
s,t€[0,1]2 k=0
|s—t|<d

Since [n(kd + r)] —

p| sup  |A](s,t)] > nx
s,t€[0,1]2

|s—t|<d

where we used the notation E 4(2)

Lemma 10.3.5. The family < max 1<p<n
1<g<[nd]

formly integrable.

Proof of Lemma 10.5.5.

max
1<psn
rel0,d]

max
1<psn
rel0,d)

z2
)

max
1<p<n
1<g<[nd]

max
1<psn n
1<g<[nd]

1<q<([nd]

Z ZU(” m| > nx

i=[nkd]+2 j=1

[n(ké+r)]—[nkd]—1 p

Z Z UG,
i=1 j=1

[nkd] — 1 is an integer smaller than [nr], we obtain
<(1+ 1
< 5 ) H
— (141

146
<(%
=E[Z1{|Z] > A}] for any A > 0 and any Z in L1 (Q, F, ).

(52

q

‘ -

S

i=1 j=1

max
1<p<n
SPS i=1 j=1

zq:zp: GCDm| > na
1 =1
ZZU(M)m

\[ Z Z Ui m

> nx
2
> z
0
2

. 2
5:1 U(W)m) in>1,0 > 0} is uni-

The proof follows the same lines as the proof of Lemma 10.3.4

using Cairoli’s maximal inequality for orthomartingales (see [Kho02], Theorem 2.3.1) instead of
Doob’s inequality for martingales. It is left to the reader.
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So, we obtain

lim limsupp | sup  |A],(s,t)] > nz | =0. (10.3.38)
=0 n—oo s,t€[0,1]2
|s—t|<6

In the other part, since B, (s,ve,)+1,5 = Bin(siver)+1,1 for any 1 < j < [n(s2 A ta)], we have

[n(s2/t2)]
s1ViE1)]+1 j
A;,n(svt) = ﬁ[n(sl\/tl)]—i-l,lUl[n(glv o] Z Ugm
j=1
and consequently
sup |A},(s,t)] < max Uf ZUgm :

s,t€[0,1]? 1’272“
|s—t]<d SIS

So,
2

!

AL (st < v — DN U] >na? | . (10.3.39

a8 tzl[?l]zl bu(s,t) >z | <p| | max UF | max f Z Jm na® | . ( )
|s—t|<d B

Since (Ué“m)kez is a MD sequence, arguing as in Lemma 10.3.4, the sequence

2

1 j
ax f ZUQm (10.3.40)

n>1

is uniformly integrable. Combining (10.3.39) and Lemma 10.3.3, we derive that for any ¢ > 0,

limsupp | sup |Ay (s, t)| > nz | =0. (10.3.41)
n—00 s,t€[0,1]2
|s—t|<d
Similarly, we have also
limsupp | sup  |Az . (s,t)| >nz | =0 (10.3.42)
n—oo s,t€[0,1]2
|s—t|<d

for any ¢ > 0. Moreover, for any [n(s1 At1)] +1 <@ < [n(s1 V t1)], we have B3 n(synt0)]+1
Bin(sint)]+1,[n(s2Ata)]+1 and consequently
[n(s1Vt1)]
A} 1 (8,1) = Bin(siaty)]+1,[m(s2Ats)]+1 ylr(snt2)l Z Uim
i=[n(s1At1)]+1

+ Bln(siven)+Ln(sante) 41 U VI L (At )y

and
2
A (5.0 > | < Uk ) e
su S nx max max —— m —_—
oveom S 2 e Ve = 20
|[s—t|<d

2,.2
+2n°p (m2 > nf)
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, 2
Arguing as in Lemma 10.3.3, the family {(max1<l<[n5] \/% ‘22:1 Ufm’) in>=1,0 > 0} is

uniformly integrable since (UFm)iez is a MD sequence. By Lemma 10.3.4, we obtain for any

6 >0,
2

!
1 ,
lim sup max US| max —— g U{m >— | =0.
H 5 | & 1

2
n— o0 1<k<n+1 1<K [nd]

"24‘”2) goes to zero as m goes to infinity since m belongs to L2(2, F, u).
Consequently, for any ¢ > 0,

limsupp [ sup |A), (s, )] >nz [ =0. (10.3.43)
n—00 s,t€[0,1]2
[s—t|<5

Combining (10.3.38), (10.3.41),(10.3.42) and (10.3.43), we obtain

lim lim sup p sup |Al(s,t)] >nz | =0. (10.3.44)
070 n—oo s,t€[0,1]2
|s— t\<5

Similarly, one can check that

lim limsupp | sup [|Al(s,t)| > nz | =0. (10.3.45)
020 n—oo s,t€[0,1]?
|s— t\<5

Finally, keeping in mind A,,( + A”(s,t) and combining (10.3.44) and (10.3.45),
we obtain (10.3.35). Now, we are gomg to prove the convergence of the finite-dimensional laws.
In fact, combining (10.2.3), (10.3.32), (10.3.33) and (10.3.34), we have

lim sup p ( sup |Sp(f —m,t)| > mn) =0. (10.3.46)

n—00 te[0,1]2
Let (t,n) be fixed in [0,1]? x N? and denote A, (t) = [0,nt] N N2, We have
Sp(m,t) — Z moT' = Z aimoT’ (10.3.47)
i€AL(t) iEWn (t)

where a; = A([0,nt]NR;)—1 {z € A, ()} and W, () is the set of all i in (n)? such that R;N[0, nt] #
0 and R; N (R*\ [0,nt]) # 0. Noting that |a;| < 1 and combining (10.3.47) and Proposition
10.2.8, we obtain

1/2

Y. moT| <Clmly| D af] <ClmlyV/IWa()]  (10.3.48)

€A (t) ) €W, (1)

where C' is a positive constant and |W,,(¢)| denotes the number of elements in W, (t). Since
|[W,.(t)] = O(n), we derive

nH|Su(m,t) = > moT! :O(\}E). (10.3.49)

€N, (L) 9
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Finally, combining (10.3.46), (10.3.49) and Proposition 10.2.11 and arguing as in the proof of
Theorem 4.1 by Wang and Woodroofe [WW13], we derive the convergence of the finite dimen-
sional laws of {n=1S,,(f,t); t € [0,1]?}. The proof of Theorem 10.2.12 is complete. O

Proof. Proof of Proposition 10.2.14 Since Xo = ) jona aje—j Where (a;)jena is a family of real
numbers satisfying ZjENd aj2 < 00 and (€j)jeza is an i.i.d. zero-mean real random field, we have

E(Xo | Fx) = Y aze_; (10.3.50)
jizk

where k € N? and F_y is the o-algebra generated by ¢; for any i < —k. We recall the Rosenthal’s
inequality ([HH80], Theorem 2.12): for any p > 2, there exists a positive constant C' depending
only on p such that if (¥;),>1 is a sequence of mdependent zero-mean random variables and n
is a positive integer then

p/2 p/2

p
n 1 n n n n
SEVH| + e SEYIP<ED Y| <C D EN| +C) EY;P. (10.3.51)
j=1 j=1 j=1 j=1

j=1

Combining (10.3.50) and (10.3.51), we obtain that (10.2.7) holds if and only if (10.2.15) holds.
The proof of Proposition 10.2.14 is complete. O

Proof. Proof of Theorem 10.2.16 We shall use Theorem 1 in [K1i07] which states that if a sequence
of random processes {Y,,(t); t € [0,1]%},>1 whose finite dimensional distributions are weakly
convergent and for some constants «, § and K such that

2
Be(0,1] and aff > —F—
logQ( 4d3)
and P
uAlYa(t) = Ya(s)l 2 e} < s — 4|7 (10.3.52)

for any s and ¢ in [0,1]%, any € > 0 and any positive integer n then (Y,,(-))n>1 converges
weakly to some process in H, ([0,1]¢) where 0 < v < 8 — d/a. Since the finite-dimensional
laws of the process {n=%28S,,(t); t € [0,1]?},,>1 are weakly convergent (cf. Theorem 10.2.12), it
suffices to convert the moment inequality given by Proposition 10.2.9 into an inequality involving
1{1Sn(t) — Sn(s)| = n?2c} in order to check that condition (10.3.52) is satisfied with a = p,
B = 1/2 and Y, (t) = n~%28,(t). We shall do the proof for d = 2. Let s = (s1,s5) and
t = (t1,t2) be fixed in [0,1]? and n be a positive integer. Without loss of generality, we assume
that s1 > t; and sp < ¢ (similar arguments can be used to treat the general case). Let s} = k1 /n
and t} = (I3 +1)/n where (ki,1;) is the unique element of (n)? such that ki /n < s; < (k1 +1)/n
and 1 /n <t < (l1 + 1)/n. In other words, keeping in mind that [.] denotes the integer part
function, we have s§ = [ns1]/n and ¢} = ([nt1] +1)/n and similarly, we define s = ([ns2]+1)/n
and t5 = [ntz]/n. With these notations, we have

|Sn(t) = Sn(s)] = [Sn(t1,t2) — Sn(s1, s2)]
< |Sn(tist2) = Snltr, ta)] + [Sn(t], t5) — Sa(te, t5)]
+ [Sn(t1,t5) — Sn(s1, 53) + |Sn(s1, 53) — Sn(s], 52)]
+ [Sn(s),82) — Sn(s1,52)].

Since
[ntl]

|Sn(t1,t2) = Sn(tr,th)] = (t2 = t5) | > Xinea) + (#1 = 1) Xty 41, nta]

i=1
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and to — t, < 1/n, by Proposition 10.2.9, there exists a positive constant C' such that

E | Sy (t1, ta) — Sn(ty, th)[F < CpP(ta — th)PnP/? < CpP(ty — th)P/2. (10.3.53)
Similarly,
E S, (t),th) — Sn(t1, th)[F < CpP(ty — t1)P/? (10.3.54)
E S, (s}, sh) — Sn(s),52)|7 < CpP(sh — s2)P/? (10.3.55)
E S, (s}, s2) — Sn(s1,s2)|” < CpP(sy — s4)P/2. (10.3.56)

Moreover, from Proposition 10.2.9, for any positive integer n and any i and j in (n)?, we have

lg (Z) g <J>
n n n n

Combining (10.3.53), (10.3.54), (10.3.55), (10.3.56) and (10.3.57) and using the elementary con-
vexity inequality (a1 + as + az + as + as)? < 597 (a} + ab + af + a}] + ak) for any nonnegative
ai,as,as,as and as, we derive

p p/2

<Cpp 171

10.3.
. (10.3.57)

E|[S,(t) = Su(s)” < klls — ¢

Finally, using Markov’s inequality, we obtain (10.3.52). The proof of Theorem 10.2.16 is com-
plete. O
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Part V

Probability inequalities for
strictly stationary random fields
and applications

149






e 1 1

Probability inequalities for stationary
random fields

In this chapter, we establish some probability inequalities for the maxima of partial sums of
some classes of strictly stationary random fields: orthomartingales with respect to a completely
commuting filtration and Bernoulli random fields. For the first class, the probability is bounded
by the tail function of the increment and that of quadratic variances. In the second case, the
bound is expressed in terms of projection operators.

11.1 A maximal inequality for stationary orthomartingale
difference random fields

11.1.1 The one dimensional case

A lot of inequalities for martingales involve the maxima of increments and the quadratic variance.
Let us mention the following result by Nagaev, which links the tail function of the maxima of a
martingale with that of the increments and the quadratic variance.

Theorem 11.1.1 (Theorem 1, [Nag03]). Let ¢ > 0 and C(q) := g3 /qet™! and let (S, Fr)
be a martingale. Then

t
>ty < —a ¢t 1.
u {1?]?%2819 > t} < C(g)t /0 Q (u) ui™ du, (11.1.1)
where
n 1/2
— 2
Qu) == p {113?2(” | X5| > u} + 1 (;E[Xk | ]-'k_l]> >u . (11.1.2)

Let us focus on the stationary case. If ¢ is a real number greater than 2, we take § = d(¢q) > 0
such that 6(1 40 +/6)7 = 1.
We define on the positive real line the functions

3 _
9(q,v) = qu 11(0,1)(v) + 011 00) (v); (11.1.3)
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3 12. 29 B
h(q,v) = (53+q + ra(g = 2)2) v 0572 (0)+

3
(logv +log(2/9) + 1) + 5) 1i5/2,00)- (11.1.4)

48
+ (=
Proposition 11.1.2. Let T:  — Q be a measure-preserving map. Assume that F is a sub-o-
algebra such that TF C F and that (M oT%);>1 is a martingale difference sequence with respect
to the filtration (T~'F);>0. Then for each real number t, each g > 2 and each positive integer
n, the following inequalities hold:

1
e 1500015 20} < S [ (1015 2 o

1<ign

+/O g(qvv)u{(E [m? | TF])"* > \/ﬁvt} dv; (11.1.5)

+oo

/,L{lrg%xnwi(Mﬂ > \/ﬁt} g/o L {|M] > t0} h(g, v)dv. (11.1.6)
While this can be deduced from a combination of Theorem 11.1.1 and the maximal ergodic

theorem, we shall give a complete proof for the following two reasons. First, Nagaev’s result also

applies for supermartingales and in the martingale case, his proof can be simplified. Second, the

constant C(q) obtained in the general case can be improved when restricted to martingales.
We shall use the following lemma.

Lemma 11.1.3. Assume that X and Y are two random mon-negative variables such that for
each positive X, we have Ap{X > A} <E[Y1{X > A}].
Then for each t, we have

—+oo
p{X > 2t} < / u{Y > st}ds. (11.1.7)
1

Proof of Lemma 11.1.3. Rewriting the expectation as

—+o0 —+o0
E[Yl{X}Qt}]:/ u{Yl{X}Qt}>u}du§tu{X}2t}+/ u{Y > u}du,
0 t
(11.1.8)
we derive by the assumption the bound
—+o0
2tp{X > 2t} <tpu{X > 2t} +/ w{Y > u}du. (11.1.9)
t
We conclude using the substitution ts := u. O

Proof of Proposition 11.1.2. If (S; = ngiXi,]-'i) is a martingale, then for each g8 > 1, § €
(0,8 —1) and A > 0, and each integer N > 1, the inequality

2

)
. < - - .
u{lglizch|Sz| > Bx\} ST 5 1)2u{1r<nia<xN|Sz| > )\} +

N
2| T 22 ,
+p {Z E[X? | Fic1] > 60X } +u{1rgnizg§V|Xz| > 5>\} (11.1.10)

i=1
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takes place (see [THS0], p. 28). Let us consider a positive § such that §(1 + + /)9 = 1.
For fixed x, and a non-negative integer m, we define

Ym = (146 + Vo)™ (11.1.11)

By (11.1.10) applied with 8 =1+ & + /3, it follows that for each m,

u{ wax [Si(M)| > ym} < cm{ wax [Si(M)| > ym_l} Q). (11.1.12)

1<ign 1<ign

where @ is defined by (11.1.2) (with X, = M o T*¥ and F; = T~'F). Denoting by a,, the
quantity a, := """ p{maxicicn |Si(M)| = Ym}, we have ap, < @m—1 + Q(0Ym—1), hence

m—1
. ANsm—i—1 . m
u{llgggnlsz(M)|>ym}< > Qs +M{1rgggn51(M)l>w}5 . (1113)

Since Q(dy;) < 2 and § < 1, we derive the bound

m—1
u{ max |S;(M)| > ym} <D QOy)dm T 4 30, (11.1.14)

1<i<n ‘
i=1

Since the function u — @Q(u) is non-increasing, we have
Yi Yi
Q(éyz)/ u?tdu < Q(ou)u? du,
Yi—1 Yi—1

hence

Q6w < [ Qwurau (- i) (11.1.15)

Pluging this estimate and (11.1.11) into (11.1.14), we obtain

m—1 .

1 " -1\ ! —i— m

“{1@?’2‘ |Si(M)] > ym} S Q(6u)u’ du - yd, ((yz— — yi1)y! 1) §mIml 436,
SIsn moi_1 Jyi1

(11.1.16)
Now, since §(1 4§ +/8)? = 1, it follows that

-1 q .
_ —ie Y Y
vl (= gy 1) omit =

= (1+6+V5)m=a (140 +Vo)yia sm—i-1
0+ \/g)yiq
_ 1454V
5(6 + /3)
3
< 520

hence by (11.1.16), we derive

Ym—1
,u{ max |S;(M)| > ym} < q3 5 / Q(6u)u?*du + 36™. (11.1.17)
1<ign 0
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Let y be such that y,,, <y < ym+1; then

1<ig<n

o e 15001 o} < e { s 15001 > 0
3

Ym—1
5 / Q(6u)u? *du + 36™
0

< ng(p ( m+1> / Q(ou)u?™ Ldu + 36™

(5+\f /Q5uuq Ydu + 36™,

and using again the equality 6(1 + § + /)7 = 1, we derive

3 Y _
d e 155001 0 1) < 225 [ @0 0 11y )+
0

1<ign

+3 Z 0™ A 1psvaym a(rarvaymen(¥). (11.1.18)

m=0

Since z is arbitrary and § € (0, 1), the second term converges to 0 as = goes to 0, hence

u{ max |S;(M)| = y} yq(53/ Q(6u)u? *du. (11.1.19)

1<i<n

By definition of @) and the fact that T' is measure preserving, we obtain

u{max |S:i(M)]| = Z\ft/d} 53 /()M{|M|>2\/ﬁuy}uq_1du+

1<i<

+ i u nt ZUJ E[M? | TF]) > 4u®t*  u? 'du. (11.1.20)

By the maximal ergodic theorem, inequality (11.1.8) holds with X = supn™'S, (E[M? | T.F])
n>=1

and Y = E[M? | TF], hence by Lemma 11.1.3 the estimate
n ' +o0
n~' Y U7 (BIM? | TF)) > 4u*t? g/ p{E[M? | TF] > 2u?s}ds  (11.1.21)
4 1

is valid for any n. We can deduce from inequalities (11.1.20) and (11.1.21) that (11.1.5) is
satisfied (after switching the integrals).

By Markov’s inequality, one can see that (11.1.8) is satisfied with X = E[M? | TF] and
Y = M?, and using again Lemma 11.1.3, it follows that

+oo +oo
‘IZU7 E[M? | TF]) > 4u?t? / / p{M? > u’t*s1s0} dsidsy, (11.1.22)
j=1

which, combined with (11.1.20), yields
3
— g—1
u{lrga<x |S; (M)] 22\/ﬁt/5} < 53n/0 w{ M| = 2y/nut} u? 'du+
3 1 “+o00 “+o00
+ 5—3/ / / p{|M| > ut\/s1y/s52} dsidsou?tdu.  (11.1.23)
0o J1 1
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We now simplify the second term. Using the substitution v = wu./s1./s2 and switching the
integrals, we obtain

1 400 400
/ / / p{|M| > ut\/s1\/53} dsidsou?™ du =
0 J1 1
+o0o
= // / 1{/5152 = v} (s189) Y 2p{|M| > tv} v7 'dvdsidsy.  (11.1.24)
1,400)2 J0

Define for a fixed v the quantity J ffl [1,400)2 Jo | {,/5152 > v} (3132)—(1/2d31d32. If
€ (0,1), then J(v) = <f1+°° s*qﬂds) = (q/2 —1)"% and if v € [1, 00), then

+o00o +oo 1
max{1, v/xl} ‘Tl fg
+oo  ptoo
/ / dl‘lde'Q +/ / d$1d$2 (11126)
v/z T
= / (v/x1)%79/(q — 2)}%da, +/ 1Ty - 0?7 (11.1.27)
1 1
=v*"ogw/(q—2) +v*71/(q — 2), (11.1.28)

hence

“+o0
// / 1{/5152 > v} (s152) V2 p{| M| > tv} v? *dvds;dsy =
[1,+00)2

+oo
— <1/ w{|M| > tv} dv—l—/ v(logv + D {|M]| > tv}dv) . (11.1.29)
“q—2\g-2) 1

In view of (11.1.23), (11.1.24) and (11.1.29), we have

u{max |S: (M )|>2\/ﬁt/5}<533n/O p{|M| > 2vnut} u? dut

1<i<

12

1 /1 4 /+oo )
+ M| > totv? do + v(logv + 1 M| >tv}dv |, (11.1.30
g (25 | w1z ) [ vogo D (101] > w}av) . (11.130)

which can be rewritten as

3 1
,u{ max |S;(M)| > \/ﬁt} < gn/O p{|M| = 2v/nuts/2} uwi™ dut

1<ign

12

1 1
+ / M| > tév/2} v7 dw
5%q2)(q2 (o> to02)

+oo
—1—/1 v(logv + D {|M| > tév/2} dv) . (11.1.31)

In the first term of the right hand side of (11.1.31), we use the substitution v := y/nud, and in
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the second and third terms, we use w := év/2. This gives
3 1\ v .
: > <—-n|— > -
u{1%?§n|SZ(M)|/\/ﬁt} < 5371(5\/5) /0 p{|M| > to}v9 do+

24 94—1 5/2 -
"5 g-2) 5q—1(q_2)/0 w{IM]| > tw} witdw+

2 [+
5 w (logw + log(2/d) + 1) dw) . (11.1.32)
5/2

We now bound the first term independently of n. If v < §/2, then n'~9/2¢v9711 {v < \/né} <
v9~1 and if v > §/2, then n' =929 11 {v < \/nd} < w69~ 2. Pluging these bounds into (11.1.32),
we obtain

3 1229 o2 1
; > < > -
u{lrglagxnwl(Mﬂ > \/ﬁt} S (53+q + §3Fa(q — 2)2> /0 w{|M| > to}v?  do+

oo 48 3

which concludes the proof of Proposition 11.1.2. O

11.1.2 The general case

We briefly recall the definition of orthomartingale random fields. Let (Tq)g:1 be bijective, bi-
measurable and measure preserving transformations on (2, F, u). Assume that T, 0Ty = Ty 0Ty,
for each ¢,¢' € {1,...,d}. Let M be a sub-c-algebra of F such that for each ¢ € {1,...,d},
M C Tq_lM. In this way, F; := T7IM, i € Z¢, yields a filtration. If for each k,1 € Z? and each
integrable and JFj-mesurable random variable Y,

E[Y | Fx] = E[Y | Fxn1] almost surely, (11.1.34)

the transformations (Tq)g=1 are said to be completely commuting.

The collection of random variables {Mn,n € Nd} is said to be an orthomartingale with
respect to the completely commuting filtration (T~ M) if for each n € N%, M, is F,,-measurable,
integrable and for each i,j € Zi such that i < j,

E[M; | F] = M;. (11.1.35)

Here i < j means that i, < j, for each ¢ € {1,...,d}.
Recall the definitions of the function g and A in (11.1.3) and (11.1.4) respectively.

Proposition 11.1.4. Let (moT%);cza be a strictly stationary orthomartingale difference random
field with respect to the completely commuting filtration (T’i./\/l)iezd and q > 2. Then for each
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t, each n € N% and each j € {1,...,d}, the following inequalities take place:

d
ﬂ{fﬂ?fnls = HW}

d d
3
<6—3nj/ pA Im| > tv2y/ny H w (logv)d_QHh(q,wl)dwdv
RY ,
4 I=1,1#£j I=1
oo 2 1/2
| T;M)) >tvf]'[wl
R{ =1
d
(logv)*2g(q,w;) [ | kg, w)g(g, wy)dwdv, (11.1.36)
=1,
I#j

where w = (w1, ..., wq) and
d
H{lnzﬁf Sitm)] > 4 HW}
+00 d d
< / / i {|m| > tv le} (logv)4=2 H h(q,w;)dwdv. (11.1.37)
R{ J1 =1 =1

Corollary 11.1.5. Let p > 2 and m a function as in Proposition 11.1./ and such that E|m/|"
is finite. Then the family

F i {77 g [53(0m)7 o 1 (11.1.39)

15j<n
s uniformly integrable.

Remark 11.1.6. For a fixed p > 2, one can deduce multidimensional Burkholder’s inequality
(see [Faz05]) by applying Proposition 11.1.4 with ¢ > p. Indeed, we multliply on both sides
of inequality (11.1.36) by pt?~! and integrate on [0, +0c) using the convergence of fol v~ P~ ldy
and floo vlogwv - v Pdv (because 2 < p < q).

However, in this way, the obtained constant is certainly not optimal.
Remark 11.1.7. It seems that Proposition 11.1.4 is not efficient for second moments. In partic-

ular, the uniform integrability result in [VW14] does not appear as a consequence of (11.1.37).
This is due to the fact that the integral fo v=2h(q,v)dv is divergent.

Proof of Proposition 11.1.4. We shall do the proof when j = 1; the general case can be deduced
by switching the roles of the operators T;. Observe that for each fixed i € {2,...,d}, the sequence

gjlaécn| Sitredi i, nd| is a sub-martingale. Therefore, using repeatedly Lemma 11.1.3,
XNy

I<i ni>1
we derive

d
“{121?5 Si(m)] > 4 HW}

/[ . H{1<H1da<><d|5n1,...,ndm >t2d51...sd_1}dsl...dsd_l. (11.1.39)
1.00)d—1 SRS

/A
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Using the substitution v := s ...s4_1 for fixed s1,...,S4_2, we obtain
> 49 t
“{fﬂf‘i‘n's Hf }
e 1
< g a1 t < 7d dv. (11.1.4
/0 “{132‘%}5 R v}/loo)d ] Hsg = sdv.  (11.1.40)
Since s; > 1 for each j € {1,...,d — 1}, we have the upper bound

1

/ 1{s1...84-0 <v} ———ds;...dsg_2 <
[1,00)4—2 S1...84-2

d—2
1
< / | I <1 {s; <wv} dsj) = (logv)¥™2, (11.1.41)
[1)Oo)d—2 i=1 Sj

hence by (11.1.39), we have

> 44 | | Vvt
“{JEI“E‘JS }
o
</ u{ max |Sn1,...,nd_1,id| >t2dv} (logv)?=2dw. (11.1.42)
0 1<ia<ng '

Now, by Proposition 11.1.2 applied with M := Sy, .. n,_,.0(m), we get

d
“{fﬂf‘i‘n's = HW “}

Using again Proposition 11.1.2, we derive that

d
u{lrga} |Si(m)] > (4/5)dH\/771t} <
=1
d

d
< / 1 {|Sn1,o,4..,o| > tv2y/ny H wl/é} (log )2 H h(g,w;)dws . ..dwgdv. (11.1.44)
d
=2

RS =2

It remains to apply inequalities (11.1.5) (respectively (11.1.6)) in order to obtain (11.1.36)
(respectively (11.1.37)). O

Proof of Corollary 11.1.5. The uniform integrability of F is equivalent to

lim sup E {|n| —p/2 max |Sj(m )pl{max 1S5(m)| = zk/P|n1/QH =0. (11.1.45)

k—o0 ni=1 15j< IESES

Writing {maxHHn |Sj(m)| = 2k/P |n|1/2} as the disjoint union of the sets

{|n| 2 max |S;(m)| € [2”1’,2““)/1’)}, 1>k (11.1.46)

15j<n
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we notice that it is sufficient to prove that

lim sup »  2'u {121%1 |S;(m)| = 2P |n1/2} =0. (11.1.47)

k—o0 nx=1 >k
=

To this aim, we apply inequality (11.1.37) with t = 4=92/? and a ¢ > p. This gives

u{ max [Sy(m)]| > 2l/p|n|”2} <

1<j<n
00 d d
</ / ,u{m > 4_d21/”vai}Hh(q,wi)log(v)d_2dvdw, (11.1.48)
R{ J1

i=1 i=1

and since the right hand side is independent of n, it suffices to establish the convergence of the
series

[e's) ) d d
Z 2! / / 1 {|m| > 4799l/py H wi} H h(q, w;)log(v)*~2dvdw. (11.1.49)
=1 JRiJ1 i=1 i=1

Since for a non-negative random variable Y, we have
o0
S 2 {|Y| > 21/1’} < 2E(YP), (11.1.50)
=1

the term (11.1.49) does not exceed

-p 4

00 d
2 /Rd /1 (UHU)’> L] 7(a, wi) log(v)?~*dvdw, (11.1.51)
+ 1=1

i=1

which is finite since [ v™"h(g,v)dv and f1+oo v~P(log v)?dv are finite. This concludes the proof
of Lemma 11.1.5. O

11.2 A tail inequality for Bernoulli random fields

11.2.1 Notations

Assume that {€i7i € Nd} is an i.i.d. collection of centered random variable with finite pth

Zo<i/<n/ Z;'d:o Eirj D

moment and N € N¢, Using the fact that the sequence (maxoﬁnng/

id>0
is a sub-martingale, we obtain by Doob’s inequality that
P L
max i < —— || max v illl - 11.2.1
0<n<N Z N T p—1{osn'xN Z Z v ( )
oxign » 0<i’<n’ j=0 »

Repeating this argument, we get

d
p
oax Y el < (pl) > ol (11.2.2)
P 0 P
By Rosenthal’s inequality, it follows that

Jmax 0; all| <Cm.d) (N1...N)"? |leoll, + Cp,d) (N1 ... Ng)'/* |leoll, . (11.2.3)
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This inequality is use in [RSZ07] for Hilbert space valued i.i.d. random field in order to establish
tightness of the partial sum process.

Now, let us consider a random field (Xy)xeze of the form Xy = g(ex_i,i € N?) where
g: RN* 5 R is measurable. One would like to extend inequality (11.2.3) to partial sums of
Xyx’s. Proposition 1 of [EVW13] gives a moment inequality for weighted sums of a strictly
stationary random field which can be expressed as a functional of i.i.d. However, when applied
to rectangles and an i.i.d. random field, we do not recover (11.2.3). In the one dimensional
case, Liu et al. extended Rosenthal inequality to stationary sequences which are functional of
iid. ([LXW13], Theorem 1). Their result is expressed in terms of physical dependence measure
defined in [Wu05]. The idea of the proof is to approximate the partial sums by that of an
m-~dependent process which is also a martingale difference sequence. A tail inequality is also
obtained. Since the tightness criterion for stationary sequences is expressed in term of tails of
maxima of partial sums, it would be preferable to obtain a probability inequality instead of a
moment inequality. Using successive applications of Lemma 11.1.3, we have

pq max Z gl > 2% </ 1 Z gil = s1...84t pdsy...dsg. (11.2.4)
SPST 0%i<n [Li4o0)? 0<ixN

Then using inequality (11.1.19), it follows that

1
max Z gl =29 % < iNl...Nd w{leo] = 51...sdut}uq*1duds
63 [1,4+00)2 JO

0<n<N
7 loxgixn

d
3 _
Jr@(Nl...Nd)q/2 (/[1 oo)a: qdaz) E[e5], (11.255)

where ds :=ds; ...dsq.

11.2.2 The result and its proof

The main result of this subsection is an extension of (11.2.5) to random fields (Xy)xeza of the
form Xy =g (Ek_i,i IS Nd) where g: RY" 5 R is measurable. We define

d
Q=J]QY, jez! (11.2.6)
g=1
where the operator Q§Z): L' — L' is defined by
Q0 (h) :==E[h| o (1. = —jg)] — E[h | 0 (e1,7q > —jg + 1)]. (11.2.7)

Actually, these operators are linked to the P’s for the filtration (Fj)jcze given by F; :=
o (j,j = —i), where

d
p=1P?. jez (11.2.8)
qg=1

where for | € Z, P\: L}(F) — L!(F) is defined by

PiO(f) = EB{? [f] - E{, [f]. (11.2.9)
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Theorem 11.2.1. Let {r:i,i € Zd} be a collection of independent identically distributed random

variables and UXf = Xy = g(ex_1,i € N?) where g: RN — R is measurable and k € Ne.
Assume that r > 2, X¢ is centered and has a finite weak rth moment. Then for each positive d
and each N € N?, the inequality

1 1_r<na<XN Z Xg| >t Tdt_ HNT/2<Z ||Q )

i€ BN

d /r+1)\ T
+Crdt [N, | D (||Q1 - Hmax{zq,l}”? 1) +
q=1 O<IN q=1
d d
+omde TN S s Y H max {{,, 1}) 71
q=1 0<ISN q=1
/(r+1)\ "
> <Q1 WH (max {l,,1})"/?~ 1) (11.2.10)
0<IN
takes place, where C(r,d) depends only on r and d and
En:={i€ 7% iy = Ny +1 for some q € (d)}. (11.2.11)
In particular, the following inequality holds
r r/2
max > Xi| >ty <Crd)t” HN (Z |Qi(f ) +
0<k<n I€En
d 1/(r+1)\ "1
+Cmat [N D2 <||Q1 TOOH max {1,,1})"/%~ 1) . (11.2.12)
g=1 0<ISN
Proof. We start from the decomposition
F=> (/) (11.2.13)
i=0
- Y amn+ Y e (11.2.14)
i€EN 0<ixN
=Y ahH+ >, «ahH+ > Qi (1), (11.2.15)
icEn 15igN JC(d) 1<k;<n;

where for J = {jl, e ,jm} C (d), and k € ZV! k7 is the element of Z? whose gth coordinate
is ks if ¢ = js for some s € {1,...,]J|} and O otherwise. We would like to use martingale
properties in order to remove the maxima. But by definition of the operators );, the random
field (U3Q;(f)) jeza is a reversed orthomartingale-difference. To this aim, we proceed in a similar
way as in [LXW13]. We use the inequality

13}?}1\15 @M< D Lo - > Stkarige sy +N,1(gesen (Qi()] - (11.2.16)
JC(d) 32] j—n; Skj<N;

jeJ
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To see this, we start from the inequality

[Snrng (Qi(F))] < | max [ Swr v, (Qi(f))] +

max
1< (n’,ngq)<(N’/,Nq) 1<n/xN’

+ max  max Z Uk Sn o(Qi(£))|, (11.2.17)

1n/<N’ OéjdéNdfl
=Ng—Jja

and treat in a similar way the two terms. We also obtain

1£<nna<XN Sn Z Z Qrs(f) || <

JC(d)y 1<k, <N;
jeJ

<Y > L mex > Starteenyen1fgery | Y Qi (f) (11.2.18)

JC(dy ICT ber Ni—n;<l;<N; 1<k, <n;
el jed

Combining (11.2.15), (11.2.16) and (11.2.18), we derive

 max. |Sn(f Z Z Lo max Z| (ko1 (g€} Ny1{aese}) (Qi(f))] +
i€EN JC d) heg Ni—n; <k;<N;
JjeJ
+ Z 1<7L]<NJ Z S(kql{qu}Jqul{qGJc}) Z Qi(f) ||+
JC{d) jed NJ 713§f1<N 1iN
IS

+ Z Z 1<nr1n<N 1 Z S(lql{qGI}+Nq1{q€IC}) ZQkJ(f) 3 (11219)

J,Q(d) IcJ el N;—n; <L;<N; 1<k.]<n_]
el JjeJ

hence for each positive t,

T d '
u{linnawa (f )|>(1+2-6d)t} <t <1+T_1> (Z SN(Qi(f))IIT,m> +

i€cEN

d
g Y Statensvatesy | 2 Qilf) ]| = 4%+
;g, N;—n;<k;<N; 1<ixN
jed

+ Z >ou L max > Starieery+naaggery | Y Qur(f) || = 2%

yICJ icl Ni—n;<Li<N; 1<k <ny
iel jed
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Using repeatedly Lemma 11.1.3, it follows that

u{lmﬂ WMﬂ|>ﬂ+ﬂ~Wﬁ}<t”<1+ - )d<§: &NQﬂﬁHMw>{+

1<n=<N r—1
i€cEn

3 [ allsn | X @) = ts g togsmevin sy
Jc(dy” [1:%0)

1<i<N

+ Z/ SN ZQkJ(f) >ts p (logs)™@ /M —1ds (11.2.20)
JC(dy / 1oo) 1<k, <n;
JjeJ

We now have to bound the three terms in (11.2.20).
First term. We use the fact that (U3Q;(f))jene is a reversed orthomartingale difference
random field in order to derive that

d
1SN (QiND o0 < Crd) [T VNG QU0 (11.2.21)
q=1

for some constant C(r,d) depending only on r and d. As a consequence, we obtain

d T
T (1 + . i 1> ( Z ||SN(Q1(f))||7,oo> S

i€eEN

d r
<C(rat "2 <Z Qi(f)||r7oo> . (11.2.22)

g=1 icEn

Second term. Let (Ai)1<ixn be a family of positive real numbers such that Zl<i<n Ai < 1 (which
will be specified later). Then

pllSn | D @ || =tsp < >0 n{ISn(@Qi()] > tshi} (11.2.23)

1<ixN 1<ixN

Let us fix i such that 1 < i < N. We define I, := [N,/i4] + 1 and

Yj = > US(Qi(f), 1<i=<1, (11.2.24)

1+(j—1)isk<min{ij,N}

where the product is taken coordinatewise. We now write the set {j | 1 < j < 1} as the disjoint
union of the following set

Frp:={jl1<xj=<land j,isevenifand only if g€ J}, JC{1,...,d}. (11.2.25)
With this notation, we have
Sn(@i() =D DY, (11.2.26)
JC(d) jeFy

hence

p{ISN(Qi(f))] = 2%sh} < Y pud | D Vi > tship . (11.2.27)
Jc(d) JEF;
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Observing that for a fixed J C (d), the collection of random variables (Yj); . is independent,
we obtain by that

r/2

pID Y| = ey <Cd)Esh) | D Il + [ D I3 . (11.2.28)

JEF, JEF; JEF;

By Burkholder’s inequality, we have

d
1Y, 00 < CCrod) TT (min {igiqs N} = ig(ig = )" Q)] 00 <
qg=1

d
d) [T 11Qs(f)l, 0o and  (11.2.29)
q=1

d
1%ll, < C(r,d) [] (min {igjq, N} —ig(ig — 1)* 1Qs(H)]l, <
qg=1
d
C(rd) [ i? 1Qi(Hll,, (11.2.30)
q=1

hence by (11.2.27) and (11.2.28) (and the fact that the cardinality of F; is smaller than
d .
2! T1g=1 Na/ia),

pAISN(Qi ()] = 2%t} < O(r, d)(tshi) (HN i QNI

q=1

d
FII ||@i<f>||;> 23

g=1

Pluging this estimate into (11.2.23), we obtain

pISn | DD @) || =tsp < D Crd)(tsh) (HN@’”/21|Q AL

1<ixN 1<ixN

+ H Ny ||Qi(f)||£> . (11.2.32)
q=1

We now choose

1/(r+1) 1/(r41)
(IIQ WHZ’“/Q 1) : Z(Ql rooHl’“/Q 1) . (11.2.33)

=1

in such a way, >, ;. Ai < 1 and we can assume that Q;(f) # 0 (otherwise we remove it in
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> 1<i<n Qi(f)), hence each \; is positive. In view of (11.2.32), this choice entails
pelSn | D Qi) )| =tsp <
1N
d 1/(r+1)\ "
LA IRAPY (“Ql ree Hl’"/z ) '
g=1 =1
d d d "
—-r T r+1) = r r/2—
) TIN | @l /o 1 Fanl N DSI-XRIIN § e
= 1>=1 qg=1 1>=1 q=1
(11.2.34)

We finally obtain

Z / L SN Z Ql(f) > ts (IOgS)max{lJl’l}_ldS <
[

Jc(dy ? [100) 1<ixN
d 1/(r+1)\ "1
<Ot [T Ng [ D (IIQl |7 00 H Ly 1) +
q=1 =1

d d 2—r
r?/(r - T
+ O TN o Il /D T <||cz1 WHW ) (11.2.35)

q=1 I'=1 q=1

Third term. We follow the same strategy as in the bound of the second term of (11.2.20). This
explains the presence of the terms max {l, 1} instead of I4.

The estimates of the three terms of (11.2.20) yield (11.2.10), which concludes the proof of
Theorem 11.2.1. O
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o 1 2

Application to the invariance principle in
Holder spaces

In this chapter, we investigate the weak invariance principle in Holder spaces for strictly sta-
tionary random fields. We shall study first orthomartingale random fields and then Bernoulli
random fields. We establish a tightness criterion for the partial sum processes defined by

Sa(fit):= Y A(0,t] NR)U'S, (12.0.1)
1xi<n

d

where \ denotes Lebesgue measure on R%, [0,t] = H;izl[(),ti] and Ry = [[,_lig — 1,i,]. We

establish a sufficient condition for the asymptotic tightness of the net (\n|_1/ % Sulf, )) in
nx>=1
the space of Hélder continuous functions H ([0, 1]%).

12.1 Notations and results

12.1.1 The Holder space

In this subsection, we recall the properties of the Holder spaces. For 0 < a < 1, we denote by
H2([0, 1]¢) the vector space of function x: [0,1]¢ — R such that

llz||,, :== |2(0)| + wa(z, 1) < oo, (12.1.1)
with :
Walz,8) == sup w —0asd— 0. (12.1.2)
o<lt-sj<s [t —s]
Set for j > 0, ' '
W= {k277,0 <k <27} (12.1.3)
and
Vb = WQ, ‘G = Wj \ Wj—17j = 1. (1214)
We define for v € V; the pyramidal function A;+ by
Ajv(t) =A@ (t—v)), teo,1]% (12.1.5)
where
— _ o . — ()¢ — d
A(t) := max{O, 1 g}%a%(\tA Itril%(|tz|}, t=(t;)i—, € [-1,1]% (12.1.6)

167
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For z € H2([0,1]¢), we define the coefficients \;v(x) by Aov(z) = 2(v), v € Vp and for j > 1
and v € V},

Ajv(z) =z (v)— % (z(v7)+z(vh)), (12.1.7)

where v and v~ are define in the following way. Each v € Vj is represented in a unique way
by v = (k;277)%L,. Then vt := (v;")%, and v~ := (v )L, are defined by

?

_ Vi — 27]‘, if k; is Odd, + Vi + 27]., if k; is Odd,
v, = ] ) v, = ) ) (12.1.8)
v;, if k; is even V4, if k; is even.
The sequential norm is defined by
] = sup2a3 max Ajv(@)], =€ H(0,1]%). (12.1.9)

Jjz

By [RS04a], the norms |-[|3*% is equivalent to |-||, on HS ([0, 1]¢).

12.1.2 Tightness of the partial sum proces

In this subsection, we give a sufficient condition for tightness of the partial sum process asso-
ciated to a strictly stationary random field. No other assumption is done but of course, some
dependence will be required for this condition to be satisfied. A general tightness criterion is
available.

Theorem 12.1.1 (Theorem 6, [RSZ07]). Let {(y,n € N?} and ¢ be random elements with
values in the space Hqo([0,1]1). Assume that the following conditions are satisfied.

1. For each dyadic t € [0,1]%, the net {(,(t),n € N?} is asymptotically tight on R.

2. For each positive €,

lim limsup ,u{supZ Jnéax|)\]v(gn)| > E} 0. (12.1.10)

J—00 minn—o0 i=J

Then the net {Cn, ne Nd} is asymptotically tight in the space Ho([0,1]%).

Proposition 12.1.2. Let f: Q@ — R be a measurable function. Then for each n € N¢, J > 1
and x > 0, the following inequality holds

s 2 Ay (Sul7 )] > 0 <
i=J vev,

d

, ¥ —a

<Zn,u Og}ﬁgm Z U f| > Cazn; H v+
i=1 i |0 < d\{i}

d n;
2 27,4 249 s Vg 12.1.11
* ZZ a L<li 21 1<lx Sy Z Ut > CmH o )
i=1j=J ki 1xs<1

where C' depends only on d.
Therefore, if f is such that for each i € {1,...,d},

d

limsup n;u max E Ui f| > H Vun; ¢y =0, (12.1.12)
min n— oo 0 Sng, 14 0/ <t =1
EVIES =
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and that for each positive €

logn; d
lim limsup E 2714 42%  max  max E Usf|>¢ H Vg ¢ =0, (12.1.13)
J—=00 minn—soo * 1<l; <ni2-7 1< <y

i=J ki |11 q=1

then the net (|n|71/2 San(f, )) is asymptotically tight in Hy/9-1/,([0,1]%).

Remark 12.1.3. 1. Assume that f is such that for some ¢ > p, [[maxoizn [Si()ll, <
C |n|1/ % for each n € N? (where C is independent of n). Then the partial sum pro-

cess (|n\_1/2 Sn(f, t)) i is asymptotically tight in H1/5_1/,([0,1]%). This can be seen
ne
by a direct application of Proposition 12.1.2; where conditions (12.2.41) and (12.2.42) can

be checked by Markov’s inequality.

2. If we merely assume uniform integrability of the family

S {|n|"’/2 max () 0= 1}, (12.1.14)

1<j<n

then (12.1.12) is automatically satisfied in view of the elementary estimate

s/ _ 1 2
nif max E U f| >n; *n| 24 <
N . K2
0 <ny, l#1 oy
0<j; <

< [l e 15001 1 {Inf ™2 e Iy > 0l 7] 12 11s)

1<j<n

On the other hand, the link between uniform integrability of the normalized maxima of
partial sums and condition (12.1.13) does not look obvious.

12.1.3 Holderian invariance principle by martingale approximation

When we try to extend a limit theorem for i.i.d. random to strictly stationary orthomartingale
difference random fields, it is natural to determine whether the sufficient condition on the com-
mon law in the i.i.d. still is sufficient. In the case of the Holderian weak invariance principle,
like in the one dimensional case, the answer is negative.

Theorem 12.1.4. Let (Q, F, 1) be a probability space, T a Z%-measure preserving action. We
assume that the dynamical system (Q, F, u, T) is ergodic and of positive entropy. For eachp > 2,
there exists a sub-o-algebra F such that (T"iM)icza is a commuting filtration, a function m
and an increasing sequence of positive intergers (Ny);>1 such that

1. limy oo tPp {|m| > ¢} = 0;

2. (m o TY)ieza is an orthomartingale difference random field with respect to the filtration

(T_iM)iEZd;
3. the sequence ((Nlldfl)fl/2 SNy 1, a(m, )) is not tight in Hi /21 /,([0, 1]9).

Theorem 12.1.5. Assume that T: Q — Q is a Z%-measure preserving action with Ty ergodic
and M is a sub—o-algebra such that (T’i/\/l)iezd is a commuting filtration. If m is an or-
thomartingale martingale difference random field with respect to (T~'M);cza such that for some
p>2,
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1. limt_,_,_oo tpu{\m\ > t} = O,'
2. for each q € {1,...,d}, E[m? | T,M] € LP/?,

then the convergence

1 min [e’) 3 . . . ]
Wsn(ma ) BT m|, W oin distribution in Hi/2-1p([0, 1% (12.1.16)

takes place. In particular, if m € LP, then the convergence (12.1.16) holds.

Remark 12.1.6. Ergodicity of the map T3 is not needed to guarantee asymptotic tightness of
(Inf="/2 Su(m, )
ne(N\{0})4

dimensional distribution.

in Hy/o-1,([0, 1]4). This is used for the convergence of the finite

Remark 12.1.7. If (moT%);cza =: (€3)ieza is an i.i.d. random field, then we do not exactly recover
Theorem 2 of [RSZ07]. Indeed, in this case, the conditions of Theorem 12.1.5 are equivalent to
w{|m| >t} = o(t~P), while that of Theorem 2 of [RSZ07] is u{|m| >t} = O(t™P).

Using a martingale approximation argument, we may formulate a sufficient condition for the
multiindexed Hoélderian invariance principle.

d
p=1]P?, jez (12.1.17)

where for | € Z, P\: LY(F) — L!(F) is defined by

PO(f) =B [f] - B\ [f] (12.1.18)
and
EV=E | |\/F|,qe{l,....d},l € Z (12.1.19)

Theorem 12.1.8. Let p > 2 and let f be a Feo,... oo-measurable function such E[f | Fi] — 0 in

P as minge(q) iq — —00. Assume that one of the transformations Ty, q € {1,...,d} is ergodic
and that
DB, < o (12.1.20)
iezd
Then
1 min n—oo 3 . . . .
|n|71/25n(f’ ) B 62W in distribution in Hio—1/,([0, 1%, (12.1.21)
where
2
C=E|| X RUD| | (12.1.22)

i€zd
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12.1.4 Bernoulli random fields

Theorem 12.1.9. Let (e5,i € Z%) be i.i.d. random variables, p > 2 and let UXf = X =

g(ex_i,i € N¥), k € Z%, where g: RN — R is a measurable function, be centered random
variables. Assume that

d 1/(p+1)
> <|C21(f)||f,’,oo [ [ (max {1, 1})P/2—1> < 0. (12.1.23)

10

Then the net (|n|_1/2 Sa(f, )) converges to oW in Hi jo_1,,([0,1]%) as minn goes to infin-
nx>=1

ity, where
o? =" Cov(Xo, X). (12.1.24)
kezd

When we apply this result to g: ((Z‘J ); eNd) — 29— [go], we recover the result by Rackauskas,
Suquet and Zemlys [RSZ07].

12.2 Proofs

12.2.1 Tightness criterion

Consider for s := (sa,...,54) € [0,1]7! and ¢,# € [0, 1] the quantity

A, (t,ts) == |Sn(f, (t',8)) — Su(f, (t,8))] (12.2.1)
We recall the following lemma:

Lemma 12.2.1 (Lemma 11, [RSZ07]). For any t',t € [0,1], t' > t, we have

[n1t]
1 .
sup  A,(t,t',s) < 3% {t’ —t> — max E Z U'fl+
s€[0,1]¢-1 ny 1<ki<ng || -

7 2<i<d  |f=[nat]+1 1Sash

2<I<

+3%min {1,n;(# —t)} max  max E U'fl. (12.2.2)
1<ii<ng 1<k <y -
2<1<d 1< <k
2<i<d

Now, if we define for ¢ € (d) and s = (s1)ie(ay\(q} € [0, 1771,

Aglq)(tvt/v S) = |Sn(f7 (517 D) Sq—latla Sq+1y--+s Sd)) - Sn(f7 (515 ) 5q‘—17t7 Sq+1y-- ) 5d))| )
(12.2.3)
we have in view of Lemma 12.2.1 and
By definition of );, and Vj, the inequality

3 sup 2% max [\ (Sn(f, )| > 2%13% 5 <
j>J  vev; 7

d
Zu sup 27 max AW (41, tr; 51) > 2 - 3% (12.2.4)
j=J  0<k<2d

4 0<1<27
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take place, where t; = k277 and (Sl)ie(d>\{q} = (l¢27j)ie<d>\{q}.
We have in view of Lemma 12.2.1 that for each ¢ € (d),

H Sl>18 2“;21}“32)(295?)(%“7%; s1) > 2z |n|1/2
J=2 I
o=xi<2?
1 [nq(a+1)277]
< S a 2”1 277 > = a Ul
Supomp s 202 h e S STU

1#£q ig=[nqa2=9]4+1 1<i;<ky
I#q

+min{1,7,277} max max Z Utf >2:17|n|1/2
1<ig<ng 1<k <y

l 1< <k
#4q Iy
1 [nq(a+1)277]
< p{sup max 2%914277 > — max E E u'f >:c|n|1/2 +
j>J0<a<2d Ng 1<kisng || ) -
I#q ig=[nqa2=7]+1 1<l”<kl

#q

- 1/2
+u j1>1p 2% min {1,n,277} 1<r111qagan | Dnax Z U'f| > z|n] . (12.2.5)
= e | ISiiSk

q

Since the indicator in the first term of the right hand side of (12.2.5) vanishes if j > logn,, we
have

[ng(a+1)277]

. 1
@] sup max 24914277 > — 1t max Z Z U'f| > x|n|"/?
j=J 0<a<29 Ng 1<ki<ng |,
I£q ig=[nqa29]4+1 1< <k
I#q
[nq(a+1)277]
<p sup max 2% max Z Z Uuf >ar:|n|1/2
J<j<logng 0<a<2d 1<ki<ng | " -
I#£q ig=[nqa2=7]4+1 1< <k
l#q
logng ["q(a+1)27j]
< 27 max 2% max Uif| >z |n|'/? 12.2.6
Z 02acss 1<k <y Z . Z f ] o )
I#£q ig=[nqa2=7]4+1 1< <k
l#q
and by stationarity, it follows that
1 [nq(a+1)2’j]
sup max 291277 > — max Ui f| >z |n)'/?
H ]>80<a<21 { i nq} 1<k <ny Z Z f | ‘

1£q ig=[nqa2=7]4+1 1< <k
l#q

logng

< 27 27 max max Uifl > zmn/? Y. (1227
= Z H 0<ig<2nqg2—7 1<ki<ny Z f | ( )
I£q 1§lll<kz

#q
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For the second term of the right hand side of (12.2.5), notice that

sup 2% min {1,n,277} < n. (12.2.8)
izJ

Indeed, if j < logng, then 2/ < n, hence 2% min{l,an’j} < ng, and if j > logn,, then

2 > ng, hence min {1,nq2’j} = nq2*j and for such js, we have 20‘jnq2’j = nq2’(1*°‘)j < ng,
since v < 1. As a consequence, after having bounded the probability of the max over i, by the
sum of probabilities and used stationarity, we obtain

o . . 1/2
1} sup 24/ mln{l,an ]} max  Imax E U'f| > x|n] /
i=J 1<ig<ng 1<k <y -
14 1<lzl§k'1

a #q

< i V2 p—al 2.
< ngp 1<Hlila§m Z U'f| >x[n| " n, (12.2.9)
I#q 1ISu<k

I#q

Combining inequalities (12.2.5) with (12.2.7) and (12.2.9), we obtain (12.1.11).
The second part of Proposition 12.1.2 follows by Theorem 12.1.1.

12.2.2 Counter-example

In this subsection, we prove Theorem 12.1.4. The construction will require a result on dynamical
systems of positive entropy.

Lemma 12.2.2 (Lemma 1,[EV03]). There exist two T-invariant sub-o-algebras B and C of F
and a function g defined on Q such that

o the o-algebras B and C are independent;

e the function g is B-measurable, zero-mean, with values in {—1,0,1} and the random field
(g 0T*)yepa is independent (identically distributed);

e the dynamical system (0,C, pu, T) is aperiodic: for each k € Z%\ {0},

p{we Q| T*w=w} =0. (12.2.10)

Moreover, there exists 0 < a < 1 such that u{g =1} =p{g=—-1}=a/2 and p{g =0} =1—a.

We consider four increasing sequences of positive integers (1;),5, (Ji1);>1, (L1);>; and (n7),5,
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such that
1.
Z T8 convergent ; (12.2.11)
1>1
lim Jlu{|N| > } 0; (12.2.12)
[0 llgll
lim .J;271/2 = 0; (12.2.13)
=00
olit+Jijd—1
hm n — =0 (12.2.14)
=00 T,
>l
—1 oli+ji
for each I > 1 7 (12.2.15)
=1
T, 1/p g nl/p
(%) "7 < “L— and (12.2.16)
Ak < n (12.2.17)

By the multidimensional version of Rokhlin’s lemma (see [Con73]), we can find for each [ a
measurable set C; such that the family

(T'C}) o<iv<mi—1 is pairwise disjoint and (12.2.18)
0<iq<l,q22

: 1

L U G| > 5 (12.2.19)
nglgmfl
0<ig<l,q>2

We define

olj+i+1

d
S CONED STl SHND SRRY Cb | CE) IR

=201+3 0<iq<1,g22 q=2
and the function m by the equalities
f=> fh m=gf, (12.2.21)
1>1
where g is the function obtained in Lemma 12.2.2.
We define the o-algebra M by the equality
M:=0c(goT"1<0)VC. (12.2.22)

By Lemma 12.2.2, the o-algebra C is T-invariant, hence for each i,j € Z? such that i < j, the

inclusion T~ M C T—7 M takes place, hence (T‘i./\/l)iezd is a stationary filtration.

Proposition 12.2.3. The filtration (T_iM)iezd is commuting and the random field (Uim)

iezd
is an orthomartingale difference random field with respect to this filtration. '

Proof. Denoting for j € Z, Fj = TIM, we have to check that for each i,j € 7% and each
bounded random variable X,

EEX [ A]|F] =E[X | Fungig) - (12.2.23)
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To this aim, we write Fj = Fingij) V Fi 4, Where

i
]-‘i’}j =0 (g oTh1xj, lq = min {4, j,} for some ¢ € (d}) . (12.2.24)
An application of Lemma 3.1.6 with G := Fj, Go := Fryingij) and Gz := ]:i/,j yields
EE[X | FA]| Fl=E[E[X | Al | Funggy V Fiy)l (12.2.25)
=E[E[X | A | Fuinfiy) (12.2.26)

which proves (12.2.23).
In order to prove the second part of Proposition 12.2.3, notice that for each ¢ € (d), we have
by (12.2.21) and (12.2.22) that

E[m|T,M]=E[fg|o(goT"l< —eq) VC]. (12.2.27)

Since the function f is C-measurable and the function ¢ is independent of o (g oTl 1< —eq) VC,
the terms in (12.2.27) are zero. This concludes the proof of Proposition 12.2.3. O

Proposition 12.2.4. The function m satisfies lim;_, 4 P {|m| >t} = 0.

This follows by adapting the proof of Proposition 7.3.2.

Now, we have to prove that the sequence ((Nlld_l)fl/2 SNZJWJ(m7~)) is not tight in
Hl/g_l/p([O, 1]4). The first step in this direction is

Proposition 12.2.5. Forl large enough, we have

~ 1 ax max [Sutores (940 = Sulgfi)l o o L (12.2.28)
n/Prd—1  0<ur<ni—k; 0<ig<l, pi/2=1/p 16
l 1<oi<ks 2<q<d 1

I

Proof. We fix I > 1. Assume that w belongs to C;. Let j € {1,...,J;}. If k is such that
g —ky+ 1 =20+ <k < ny — k; — 20749 then T#+% (w) belongs to the set

ol +i+1 d

n;—1 20—
J U melina
i1=20117 0<iq<l,q22 q=2

hence

nl—k,l —21l+‘7

Sty —2n+ip1 (T, g f1) (W) = S g1 —anier (Th, 9.f1) (W) = > (9/i(Tf (w))
k:nl—kl+1—211+j+l
ol —l+j

1 n 1/p i/pd—1 e k
== (2} gi/ppa- T
Ly (/fl) Z;_,H“go 1)
k=n,+1—201—ki+i

1/p
1 [y I rd—
= (kl) 2P 1= (S onwi e (Th, 9) (W) = Sy gy 41—onit (Th, ) (w)) . (12.2.29)

Consequently, for each j € {1,...,J;}, we have the equality
1Cl ’ (Sm*kl*QIl"'jJrl(Tl’gfl) - Snszl+1f21l+-7'+1(T1agfl)) =

1/p
1 /n .
= 1Cz . fl (k;) 2J/pld_1 (Snl7k172ll+j+1(T1,g) - S’nz,fk‘l+17211+j+l (Tl,g)) 5 (12230)



176 Chapitre 12 — Application to the invariance principle in Hélder spaces

and applying the operator U; ** HZZQ Ug ™ for 0 < 81 < ny — 2k and 0 < sq <l for g > 2, we
obtain

]'Tscl -U® (Snl—sl—kl—21l+j+1(Tlagfl) - Snl—sl—kl+1—211+j+1 (Tlvgfl)) =

1/p
1 /[y . s
=lrc, L (lcz) 21U (S, gy ot 11(T1,9) = Sy — gy —pyp1—antse1 (T1,9))

(12.2.31)
where s’ := (0, 52,...,84). Since 0 <ny —s; —k;+1 =200+ <y — gy + 1 =20 H+H Ly — iy
and 21717 < k;, we have the inequality

‘Usl (Sni—sy—m—2nti41(T1, 9.f1) — Snl—sl—kl+1—211+j+1(Tlagfl))‘
1< 9T +5)(1/2-1/p) S
Su vie - Su
<max  max [Suton 1(ffl) @Sl (19,939
0<ur <ni—ki 0<ig <! v1/2*1/p

1<vi <k q=>2

Combining (12.2.31) with (12.2.32), we derive that for each s := (s1,..., s4) such that 0 < s1 <
ny — 2k and 0 < sq < [ for ¢ > 2,

1/p
]. nl d—1
Trec, - — (24}
" (k?l> 155

’US/ (Snl7517k17211+j+1(T17g) - Snlfslfkl+172ll+j+l (T17g))’

e S
Su vie - Su
< max max [Suro, 1(?]0[) (gfl)|. (12.2.33)
0<ur <ny—ky 0<ig <l 01/2—1/17

lgvlgkl q>2

By (12.2.18), we obtain

1 max ‘SU+U1E1 (gfl) B Su(gfl)‘ > 1

— max
n/Pld—1  0<ui<ny—ky 0<iq<L, /21
! 1<vi<ks 2<q<d 1

WV

I

S i (17 - S g+1 (11,
> (n — le)ld_lﬂ C;N< max ‘ mi—ki=201+1(T1,9) n,l_kl+1_2h+ + (T g)| > L ,
1<G<A V2Ii+i

and since C; and {maXlgjgjl |Snl—kl—21l+j+1<T1ag) — Snlfkl+1721l+-7‘+1(T1’g)’ V2-li=j > Ll}
belong to independent o-algebras, we get by (12.2.19):

p 1 max A |Sutvie (9f1) — Sulgfi)l >8>
n/Prd—1  0<ui<ni—k; 0<i <, pl/2-1/p
! 1ok 2<q<d 1
k S _on+is1(Ti,9) =S, 1 oq_on+itr (11,
> (1 —2nll> M{lgagf]l ‘ ni—k; 2IZ+J+1( 1 g?/QTJ:zjl k141 2Iz+7+1( 1 g)‘ > Ll}7 (12235)
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and using (12.2.17), we derive

1 ‘Su+v1e1(gfl) _Su(gfl)‘

—— max max >1 >
H nl/Pld—1  0<ui<ni—ki 0<iq<l, v}/2-1/p - -
! 1<k 2<g<d !
> 1 |Sn[—k‘l—2ll+j+1(T17g) - Snl—kl+l—211+j+l(Tlvg)| > L 12 2
> —p<{ max , >L;p, (12.2.36)
4 1<5<J; \2Li+j

By similar arguments as in the proof of Theorem 7.2.1, we obtain that for [ large enough,

{ max ‘Snlfklfzfﬁjﬂ(Tlag) - Snlfk,+172h+1‘+1(T1,g)’ > Ll} > 1 (12.2.37)
1<, \oILi+i 4

We obtain (12.2.28) in view of (12.2.36) and (12.2.37), which concludes the proof of Proposi-
tion 12.2.5. O

Corollary 12.2.6. Forl large enough,

1 S m) — Su(m 1
————  max max [Sutvier (m) u(m)] >13 > —. (12.2.38)
nl/Pld—l 0<uy <ni—ki 0<ig<l, U1/271/p 32
! 1<v <k 2€q<d 1

I

Remark 12.2.7. Since for each k € Z¢, o (f oThi# k) Co (g oTli# k) V C, the random field
(U i f)i ez is strong martingale random field in the sense of Nahapetian and Petrosian.

12.2.3 Proof in the orthomartingale case

We already know by [Voll15] that the finite dimensional distributions of |n|71/ % Su(m, ) converge
to that of |lm||l, W. The rest of the proof is thus devoted to asymptotic tightness in H2 ([0, 1]9)
of the net (|n|71/2 Sn(m, ))ns1-

To this aim, we have to check conditions (12.1.12) and (12.1.13). Actually, we shall prove
the following proposition, which links the Holderian modulus of continuity of the partial sum
process associated to an orthomartingale difference random field with its tails and those of the
quadratic variance.

Proposition 12.2.8. Assume that the conditions of Theorem 12.1.5 hold. Then for each n € N¢
and each positive real number x, the following inequality takes place:

d
1 {sup 2% max |\j v (Sn(m, )| > anll/z} <
1=1

j>1 vevV;
< C(p,d)z™? <||m§7oo + max ||E [m* | T,M] ||Z§> (12.2.39)

where the constant C(p,d) depends only on p and d. In particular,

< Clp,d) |ml, . (12.2.40)

Haja-1/p (019 ||, oo

d
[T 2 Sa(m, )
=1

Corollary 12.2.9. The net (|n|71/2 Sa(f, )) . is asymptotically tight in Hq5-1/,([0,1]%).
n;=

=
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Proof of Proposition 12.2.5. In view of the equivalence of the sequential and classical norm in
Hi/2-1/p([0,1]%) and inequality (12.1.11) with J = 1, we have to prove the existence of a constant
C(p,d) such that for any n € N¢ and i € (d), the following two inequalities take place:

nipi 4 max. S Um|>an” [ vy <Cood)a™ |mlb s (12.2.41)
NG o<ir<in te(@)\{i}

1<;<n279 1K <ng,

n;
Z2ju 29 max max Z Um >:::|n\1/2 <
j=1 ki 1<sx1

<,y (Imll} oo + |[E [m? | TM][273) - (12.2.42)

e Proof of (12.2.41). For simplicity, we shall do the proof in the case i = d; we switch
the roles of the operators (Tq)qe(d> to treat the other indexes. Since (U®9m);cya-1
is an orthomartingale difference random field with respect to the commuting filtration
(T~ 09 M);ena-1, we can apply inequality (11.1.36) in this setting with a ¢ > p; this gives

d—1
i 1
ngp { max E U'm >and/pH\/nl <
0<ji<mu —
I<d |0<u<g =1

d—2 d—2
< ng / L {m > xn}i/pni/j H wl} log ™ (wq_1)* 3 H h(q,w;)dw; ... dwg_1,
Ry =1 =1

and using the bound
-p

d—2 d—2
W {|m| > xn(l/pni/j H wl} < (xn}/pn(l/zl H wl> Imll} o (12.2.43)
=1 =1

we finally get

d—1
i 1
ng 4 max g U'm >and/pH\/nl <
0<7 i< —
I<d |0su<n =1

d—2
< Ol d)ja Py}’ g wyw™dw | - / (log™ v)?2 v Pdv =
Ry R,
< C(g,d)(minn)~#/2. (12.2.44)
(we used the convention that H?:l =1 in the case d = 2). In view of Remark 11.1.6, the

term Hfl:_f fR+ h(g, w)w Pdw - fR+ (log™ v)4=2 . v~Pdw is bounded by a constant indepen-
dent of n. This concludes the proof of (12.2.41).
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e Proof of (12.2.42). Using (11.1.36) with a ¢ > p, we obtain

logn;

d
E 22p<2%  max  max E Usm| > 4% H Vg ¢ <
° 1<Li<n 279 IS Sng

j=1 ki 1<sx1 q=1

logn; d d
<nyg Z / i {|m| > x2°‘j\/n7lev} (log™ v)?4=2 H h(q,w;)dwdv+
j=1 /R{ = =1
logn; 12
J m2 J/p
C(q,d Z 2 /d+1 { |T/\/l]) > xv2 ll_[lwl}
d
- (log™ v)¥2g(q, w;) H h(gq,w;)dwdv. (12.2.45)
1=1,l#1

we

Bounding {|m| > x?’o‘j\/ﬂnleyl#j wlv} by (a:2*”‘j‘/m H;izu;éi ww) [|m||?
derive that

p,007

logn; d d
n; Z / 1 {|m| > :z:2aj\/n7lev} (log™ v)4—2 H h(g,w;)dwdov <
j=1 /RY 1=1 1=1

logn; d -p d
<ny PPpp [mll} o Z 21(p/2=1) /Rd (H ww) (log™ v)?=2 Hh(q,wl)dwdv
j=1 + \l=1

=1
= C(p, )z |m|? . (12.2.46)

Using for a non-negative random variable Y the bound > /-, 2 {Y > 2%/P} L2E[YP/?),
we derive

d
‘LL{(E [m2 | EM})l/Q > xUQj/prl} .
=1

d
- (log™ v)¥2g(q, w;) H h(g, w;)dwdv <
1=1,l#1

<2077 ||[E [m? | TM] |73

d
/ / v~ P(logv)2g(q, w; Hh ¢, w)w; Pdwdo.  (12.2.47)
R{ =1
Combining (12.2.46) and (12.2.47), we obtain (12.2.42) in view of (12.2.45).
This concludes the proof of Proposition 12.2.8. O
Proof of Corollary 12.2.9. We use a truncation argument. For a positive fixed constant K, we

define
my := Pp (m1{|m| < K}) and (12.2.48)

mhe = Py (m1{|jm| > K}). (12.2.49)
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In this way, the random fields (U'm )jeze and (Ulm/ )jcze are orthomartingale difference ran-
dom fields with respect to the commuting filtration (Tﬁi./\/l)i czd and m = mg + m/y, hence

,u{supQ Jmeax|)\]v(5 (m, )| > 28} <

i=J v

i {sup 2% max [A\j v (Sn(mg, )| > 5} +pu {sup 2% max |A\j v (Sn(mf, )| > 8} (12.2.50)
j=J vevV; j=J veV;

Since (U imK)i cza 18 an orthomartingale random field which admits moments of any order, we
deduce by Remark 12.1.3 and Proposition (12.2.8) that

lim limsup p {supQO‘j max\)\jv(Sn(m, N> 26|n|1/2} <

J—00 min n—+oo i=J vev,

1<i<d

< C(p,d)e™? (|m’K||§ + max ||E [(m/)? | TM]HP/2>. (12.2.51)
O

12.2.4 Proof of the Hannan type condition

The convergence of the finite dimensional distributions of <|n\71/2 Sn(f, )) to that of o2W

where o is given by (12.1.22) is implied by the result of [VW14] and the Remark 1 of [Vol15].
Notice that the assumptions of Theorem 12.1.8 imply that

7= Y RO, (12:2.52)

i€zd

where the summation converges in ILP. For a fixed positive integer k, let us introduce the
following functions:

m = Z PO(Uif), m®F) .= Z Po(Uif) and (12.2.53)
iezd —k-1isk-1
= 5" B (12.2.54)
—k-1<igk1

We shall prove the asymptotic tightness of the net (|n|71/ 2 Sa(f, )) by using the following
nx1

relationship:
f=Ff—f% 450 _p®) Lp®) gy, (12.2.55)

We divide the proof into three steps.

1. In this first step, we prove the

Proposition 12.2.10. For each k > 1, the function f* —m®) satisfies (12.1.12) and
(12.1.13).

Proof. By Theorem 4.1. of [VW14], the function f*) —m(¥) admits an orthomartingale-
coboundary decomposition of the form (10.2.3) (here we work for a fixed k with the filtra-
tion G; given by G; := T—%171) i ¢ Z% instead of the initial one). As a consequence, by
Corollary 11.1.5, the family

{|n|_p/2 max

15j<n

S (f<k) _ m(k)) ‘p nx 1} (12.2.56)
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is uniformly integrable. It follows from item 2 of Remark 12.1.3 that condition (12.1.12)
is satisfied. We have already seen that (12.1.13) holds for an orthomartingale. It thus
remains to check it for the other terms of the orthomartingale-coboundary decomposition.
For the last term of (10.2.3), we note that

w4 2%  max max Z USHI Uy)g >en)?} <

1<l <n 279 1<lk <ng

#i 1<sx1 q=1
g ag1/2
<29 max  max ‘goTl‘ > 27 |n| /
1<lign2—7 1<li<ny
ki

<20 [n27u {lg| > 279 [n]"/2} < 29 n' #2200 D g 7 (12.2.57)
hence

ng

E 27 2% max max E USf|>e¢ | I g p <
, H 1<l;<ni2—J 1<lk<nk =
Py S F |

1—p/2 1
<2ﬂmgm|p/§jwm
j=J

d
<20 |gl2 In" P2 a2 =20 g2 ] n 7% < (minn)7P/2ED - (12.2.58)
1=1,1%#i
Since d > 2 and p > 2, we get (12.1.13).
Assume now that J C (d) is a non-empty set and consider i € (d) and m like in (10.2.3).

e If i belong to J, then

i 1/2
@] 2% max max g Us H(I —Ug)my| > ¢|n| 24 <
1<li<n 279 ISe<ng
k#i 1<sx1 keJ

< 2MIn, 277 H o max Z USmy ><€|n|1/22_0‘j

1< <y

keJ\{i} ke(d)\J |11
. .\ —P
< 2Mlp, 277 H ng <5|n|1/227'”)
keJ\{i}

1 2 i
max E Usmy| 1 max E USmy| > en|/?2727 4|
1<lk<nk 1<l <N
ke(d)\J 1<s<1 ke(d)\J 1<s<1

(12.2.59)

and accounting ¢ € J and j < logn;, we have the bound

—p/2 1/2 56—«
n|”?E | max E Usmy| 1 max E Usmy| > e |n|"/? 27
1<lk<ﬂk 1<p<ng
ke(d)\J 1<s=<x1 ke(d)\J 181

<[ n""s (sni/p> (12.2.60)

keJ
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where
P
5(R):=  sup IN|""?E | max Z Umy
Ne(N*)d=17I felfdg)@‘ 1<s<1
1{ max | Umy|>|NI'"ZR . (12.2.61)

1<l <Ny
kel{d)\J |1l

The combination of (12.2.59) and (12.2.60) yields

logn;

. ) 1/2
E 21 ¢2%  max ~ max g Us H(I —Ug)my| > ¢|n| 24 <
; 1<l <N 279 1K<

k#i 1<sx1 keJ

logn;

< 2l H g Z gipa H n;p/za (mg/p> <
keJ j=1 keJ
< 2Vlc(p) [ ny 0" (gn}/ﬂ’) <2Ylo(p)s (e(min n)l/p> . (12.2.62)

keJ
By Corollary 11.1.5, (R) goes to 0 as R goes to infinity hence (12.1.13) follows
directly from (12.2.62).

o Assume that ¢ ¢ J. In this case, we write

j 1/2
@] 2% max max E Us I |(I—Uk)mJ > ¢ |n| 2L <
1<;<n 279 1< <ng,
k#i 1<sx1 keJ

nipd 2%  max max Usm| > e |n|'/? 12.2.63
H i 1<l;<n279 1< <ng Z e | ‘ ( )
JjeJ kg{i}uJ 1<s<1

and by (11.1.37), we have

; 1/2
1wy 2% max r?ax E US” (I —Ux)my >5|n|/ <
1<li<ng2—7 1<I<
Shisni ra " |1ss<1 ked

Hnﬂ/ / {|mJ| > 474 Hn svaz} logv)d’QHh(q,wl)dwdv,

keJ =1

We now bound the quantity p {\mJ| >4~ erJn €v Hl 1 wl} by Markov’s in-
equality in order to check that ], . ;(I — Ugx)m, satisfies (12.1.13).

We thus obtained (12.1.13) for m*) — f(®) " This concludes the proof of Proposition 12.2.10.
O

2. By definition of m and m®) (see (12.2.53)), (Ut (m — m(k)))iezd is an orthomartingale
random field with respect to the commuting filtration (T~'M);cze and m — m(¥) belongs
to L. By Theorem 12.1.5, the net (|n|_1/2 Sn(m —m*), )) is asymptotically tight in

n>=1
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Hi/2-1/p([0,1]%) hence in view of Propositions 12.1.2 and 12.2.10 and equality (12.2.55),
we have for each positive integer k,

lim_lim sup u{supzafmguﬂ(s (f. ) >3€|n1/2} <

J—00 min n—oo i=J v

< lim limsup p {supZ I max ‘/\jﬂ)(Sn(f - f(k),~))‘ >e |n|1/2}. (12.2.64)

— 00 min n—o0 i=J veV;

3. At last, we have to estimate the right hand side of (12.2.64). To this aim, we start from
the elementary inequality

s 2 ma 3, (507 = 1. )] > sn|1/2} <

jzJ v

1 p
f R )|
n| 0|2 i=J VeV oo
and using (12.2.52) and (12.2.54), we obtain
“{5““%»« N Salf = £, >>\>en|“2}<
i=J veV;
p
< | 2 | iz sup 2 max Ay (Sa(Bi(f). )| . (12.265)
iel, [n|"/= = Vj boe

where I, := {i € Z%,iy| > k for some q € (d)}. Since (UI(Pi(f)))jeza is an orthomartin-
gale difference random field with respect to a commuting filtration (with finite pth mo-
ments), we deduce by a combination of (12.2.40) and (12.2.65) that

p
u{suanij‘L;{‘)\]u( n(f— f(k '))‘>5|n1/2}<5_p0p’ <Z|P ) ’

i=J veV; i€l
(12.2.66)
hence, by (12.2.64),

lim limsup p | sup 2% max | A (Sn(f, ) > Selnll/Q} <

J—00 min n—o0 {J>J S
p
< e PO(p,d) (Z | Pi(f ) . (12.2.67)

i€l

Since the estimate in (12.2.67) is valid for any k, the asymptotic tightness of the net
<|n\‘1/2 Sn(f,~)) | follows from (12.1.20).
nz>

This concludes the proof of Theorem 12.1.8.

12.2.5 Bernoulli random fields

The proof will be done by an m-dependent approximation. We define for a positive integer m
and j € Z% the o-algebra

gj(m) =0 (&1 : |jqg — iq] < m for each g € (d)), (12.2.68)
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and we introduce Xj(m) =F [Xj | gj“”)] = U'E [Xo \ Q(()m)] In such a way, for a fixed m, the
random field (X J.(m)) =: (U3fm). . is (2m + 1)-dependent. We shall use the following
jezd Jez

notations:

1
Ya(t) := |n|71/2;3*,1(]»‘,0, te[0,1]%n =1, (12.2.69)

and
1 m
Y™ (1) = IIWSH (IE {XO 1 6§ )} ,t) . te[0,1]%n = 1. (12.2.70)
n
We divide the proof into two parts: finite dimensional distributions and tightness.
e Finite dimensional distributions

We have to prove that for any integer k and any t1,...,tx € [0,1]?, the convergence
(Ya(ta)zy ™57 o (W), (12.2.71)

takes place. Notice that for each m, since the process (X j(m)) S is (2m + 1)-dependent,
je
centered with finite variance, the convergence

k .
(@), " o (W) (122.72)

i=1

takes place for any m, where

(m) _ (m) m1]) 9
o kgdcov(m[xomo ],E[Xk\gk D (12.2.73)

We derive from the convergence of 3 ;o [|Qs |, that lim,, (M) = g and that for each t €

[0,1]¢, suppeq ‘ Ya(t) — yiim (t)]| — 0 as m goes to infinity, from which the convergence
. 2

of the finite dimensional distributions follows.

o Asymptotic tightness
We shall prove that f = X satisfies conditions (12.1.12) and (12.1.13).

Since the random field (Xj(m)> . is strictly stationary, (2m+1)-dependent and centered,

i€
we can check in a similar way as in the independent case that (12.1.12) and (12.1.13) are
satisfied when f is replaced by f(™).

The following lemma will help us to control the terms which appear in the right hand side
of (11.2.12).

Lemma 12.2.11. For each integer m and each i € Z2, we have
Q) =E|Qi() 165™]. (12.2.74)

In particular, the following inequalities hold:

|@its = 1], <20l and |@us = £ <21@lp- (122.75)

)
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— Proof of (12.2.41): by the previous observation, we have for each positive integer m,
each i € (d) and each positive R that

d
limsup limsup RPu max Z Uj,f >R H NS

R—o0 minn—oo 0<isSng,l#i 0< /< =116
d
< 2Plimsup limsup RPp max Z U’ (f - f(m)> >R H N
R—00 m(n)—oc NN 0<4/<4i =11

(12.2.76)

Let us fix ¢ € (d). We now use inequality (11.2.12) with r :=p, N; = n; if j # ¢ and
Ni=1,and t :== RI[{, 1, /At

d
P o< iz Z U (f=1 >R H ‘\/nﬁ <
0<; < =1 1

where
p
A(n) = > HQl(f*f(m))H : (12.2.78)
1€En_ (n;—1)e; L
1 r4+1
B™Mm):=| 3 <HQ1(f—f(m)>H:oo|max{l,1}|T/21>T+1 . (12.2.79)

01N

P
In view of (12.2.75), A(n) does not exceed 2P (ZleE’ ||Q1(f)\|p7oo> and since

d > 2, the later quantity converges to 0 as minn goes to infinity by (12.1.23). There-
fore, equations (12.2.76) and (12.2.77) imply that for each m,

n—(n;—1)e;

d
lim sup limsup RPpu max Z U'fl >R H vV p <

R—oo minn—oo 0 jisny,l#i 0< /< I=1,1#i
< sup B™(n).  (12.2.80)
n=1
: T d 21 1/(r+1) . .
Notice that »Z._q (||Ql (7.0 Tg=1 (max {g, 1)/ ) is finite and for each

1= 0, HQl (f - f(m))Hr’oo — 0 as m goes to infinity. By (12.2.75), we deduce by

dominated convergence that lim,, o Sup,,q B(™ (n) = 0, hence, by (12.2.80), the
function f satisfies (12.1.12).

— Proof of (12.1.13): let us fix ¢ € (d). We recall that since the random field (Xj(m)) »
i€

is strictly stationary, (2m+ 1)-dependent and centered, we can check in a similar way

as in the independent case that (12.1.13) is satisfied when f is replaced by f(™). The
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proof thus reduces to

logn;

lim sup lim sup E 27.
m—o00 minn—oco j=1

j 1/2
cp 2% max max E Us (f—f(m)> > ¢ |n| /2% =0,
1<Li<n279 ISl Snge
ki 1<sx1

and using the change of index u := [logn;] — 7, this can be rewritten as

logn;

lim sup limsup n; Z 274

m—00 min n—o00
u=1

s _ (m)) 1/2 1/}7*1/2 ua \ _
max  max | 3 U (f FN| > e |2 n) 2 0. (12.2.81)
ki 1sx1

We apply inequality (11.2.12) with r := p, N; := n; if j # 4, N; := 2% and t :=
1/2 ,n}/f’_l/QQu
K3

¢ |n] , which gives

N

- 1/2 _1/p—1/2
2% < max max E Us (f_f(m)) > ¢ |n| / ni/p /29ua
1<6<2% 1<le<n

k#i 1<sx1

< C(p, d)2—u (8 |n|1/2 n;/P—l/QQQu) -Pp |n|p/2 ni—p/22up/2-
p
> Jaw-rm| )+

p,o0
leE“+(2” —n;)eq

p+1

2 <HQ1(f - f(m>)HZ’OO |max {1, 1}|p/“) i ., (12.2.82)

01n+ (2% —n;)e;
By (12.2.75), and using the fact that pa = p/2 — 1, this becomes

logn;

n; Z 27 1max max Z Us (f_f(m)> > e\n|1/2 n;/P—1/22uo¢
u=1

<2 1<pSng
k=i 1xsx1
= 2°:7PC(p,d)A (n) + e PC(p,d)B™ (n), (12.2.83)

where »

logn,

A(n) := Z Z ||Ql<f)||p,oo ]

u=1 lEEn+(2u7ni)ei

p+1

1 ) 1
QBT pFI

=3 % (Jaw-rmf wegape)

u=1 \0<lxn+(2%—n;)e;

Noticing the inclusion

Eni(2u—ni)e; C {1 € Z% 1, > n; for some q # i} =: E}, (12.2.84)
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p

we may bound A(n) by (ZIGE, ||Q1(f)||p700) , which converges to 0 as minn goes
to infinity.

Since for each n,

, 1/(p+1)
5 )< | X (floutr = o] max 1ap) (122.85)

1’0

we obtain by dominated convergence that limg, . Supyy1 B(™) (n) = 0, hence the
convergence (12.2.81) holds.

This finishes the proof of asymptotic tightness.
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Contre-exemples mélangeants

Processus p-mélangeants

Les résultats obtenus dans le chapitre 4 montrent qu’une suite strictement stationnaire, (-
mélangeante, vérifiant le théoréme limite central et maxi<;<n |f o T%|/v/n — 0 en probabilité
ne vérifie pas nécessairement le principe d’invariance. Bien siir, puisqu’une suite S-mélangeante
est a-mélangeante, ceci reste valable pour les suites a-mélangeantes. Concernant les suites p-
mélangeantes, la question de 'implication du principe d’invariance par le théoréme limite central
et la convergence vers 0 en probabilité de maxi<i<n | fo Ti| /+/n semble ouverte. Aucun des
contre-exemples construits dans le chapitre 4 n’est p-mélangeant (sinon, la présence de moments
d’ordre strictement plus grand que deux donnerait le principe d’invariance).

Les conditions pour le théoréme limite central mentionnées dans le Théoréme 2.2.7 donnent
aussi le principe d’invariance. Il faudrait donc voir §’il existe une condition suffisante pour les
suites p-mélangeantes qui garantit seulement le théoréme limite central, et pas nécessairement
le principe d’invariance.

Variance linéaire dans le contre-exemple au TLC dans les espaces de
Hilbert

Dans chaque contre-exemple construit dans le chapitre 5, nous avons E [||S N(f)||§_1} /N — 400

quand N tend vers l'infini.
On peut se demander si le Théoréme B (respectivement B’) reste vrai si on replace b)
(respectivement B’) par

im 20 ()

existe et est strictement positive. (12.2.86)
N—oo

Principe d’invariance dans les espaces holderiens

Extension a des modules de régularité plus généraux

Soit p: [0,1] — R une fonction croissante, nulle et continue & droite en zéro, et strictement
positive sur ]0,1] On peut définir la quantité

wp(z,8) :=sup J2(t) = z()] (12.2.87)
5,t€[0,1] p(t —s)
0<t—s<3
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pour toute fonction x: [0, 1] — R, ainsi que l'espace Holderien

Hy = {m: [0,1] = R | %i_r)%wp(x,é) = O} . (12.2.88)

Dans toute la partie I11, nous avons étudié la convergence du processuss (n=/2SP(f))n>1
dans I'espace HS, out p(h) = h® et 0 < a < 1/2. Dans [RS04b], Rackauskas et Suquet ont étudié
ce probléme dans le cas i.i.d. pour des modules de régularité plus généraux. Ils ont considéré la
classe R des fonctions p vérifiant

1. pour un certain 0 < o < 1/2 et une fonction strictement positive L & variation lente

p(h) = h*L(1/h), 0<h<1; (12.2.89)

2. 0:t— t/2p(1/t) est de classe C* sur [1,+o0] ;

3. il existe B > 1/2 et un a > 1 tels que la fonction ¢ +— 0(¢)(In(t))~” est croissante sur
[a, +oo.

Soit (f o T%);»0 une suite i.i.d. centrée et p un élément de R. Le Théoréeme 8 de [RS04b]
fournit une condition nécessaire et suffisante pour que (n_l/ 28pL(f ))n>1 converge en loi vers un
mouvement brownien dans l'espace H{ :

1
pour tout A >0, lim tu {|f > AtY?p ()} =0. (12.2.90)
t—-+oo t

En particulier, si p(h) = h'/2 (log(c/h))? avec 8 > 1/2, la condition (12.2.90) devient
pour tout d >0, E {exp (d|f|1/5)} < +o0. (12.2.91)

On peut envisager d’étendre ce résultat a des suites strictement stationnaires non indépendantes.

e Accroissements de martingales. On peut essayer de généraliser le Théoréeme 7.2.2 en re-
placant p: h +— h* avec 0 < a < 1/2 par un élément de la classe R. Bien sfir, une condition
suffisante doit étre plus restrictive (12.2.90). Etant donné que cette condition n’est pas
suffisante lorsque p(h) = h*,0 < o < 1/2, il doit étre possible de donner un contre-exemple
analogue a celui du Théoréme 7.2.1 lorsque p(h) = h*L(1/h) pour 0 < a < 1/2. 1l faudra
donc faire une hypotheses sur la variance quadratique.

Pour les modules définis par p(h) = h'/? (log(c/h))ﬁ avec 8 > 1/2, adaptation du contre-
exemple du Théoreme 7.2.1 ne semble pas fonctionner. Il faudrait donc voir dans un
premier temps si la condition (12.2.91) est suffisante pour les accroissements d’une mar-
tingale.

o Suites T-dépendantes, a-mélangeantes. Dans le Théoréme 6.2.1 (respectivement le Corol-
laire 6.2.2), nous avons obtenu une condition mettant en jeu la fonction de quantile et
linverse généralisée de la suite des coefficients de 7-dépendance (respectivement d’c-
mélange). Comme indiqué dans la Remarque 6.2.3, celles-ci redonnent la condition néces-
saire et suffisante dans le cas i.i.d. On pourrait chercher une extension de ces conditions
aux modules de la classe R.

o Suites p-mélangeantes. Au vu du Théoreme 6.2.5, il est raisonnable d’essayer de remplacer
I'hypothese d’indépendance par la convergence de la série ) . p(2°) dans le Théoreme 8 de
[RS04b].
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Condition projective de Dedecker-Rio

D’apres les résultats de la partie 11, le principe d’invariance dans H¢ J2-1/p [0, 1] sous des con-
ditions projectives de type Hannan ou Maxwell et Woodroofe peut s’obtenir en remplacant la
norme L? par la norme LP. Il semble donc raisonnable de conjecturer que (n='/2SP!(f)),>1
converge vers nW, ou 7 est une variable aléatoire indépendante de W, si la condition

(f - E[Sn(f) | M]),5, converge dans LP/? (12.2.92)

est vérifiée. Comme on considére p > 2, (12.2.92) implique (1.2.9) et par conséquent la con-
vergence des lois fini-dimensionnelles de (n=/2SP!(f)),>1. Le probléme est donc d’établir la
tension de la suite (n~/28P!(f)),>1 dans 'espace H7 )a_1,,10,1]. Pour cela, une possibilité serait
d’établir une inégalité sur les queues des sommes partielles dans 1’esprit du Théoreme 11.1.1, ot

le terme max;<i<n | X;| serait remplacé par
1/2
max max . (12.2.93)
1<i<n i<i<n

Cependant, il est possible qu’il ne soit pas nécessaire de passer par une inégalité sur les queues
des sommes partielles, comme ce fut le cas pour la condition de Maxwell et Woodroofe.

l

X; > E[X | Fi]
k=i

Variables aléatoires a valeurs dans un espace de dimension infinie

Les résultats de la partie I1I ne concernent que les variables aléatoires a valeurs réelles.

Le Théoréme 1 de l'article [DMO6] contient une inégalité de type Fuk-Nagaev pour les suites
T-dépendantes & valeurs dans un espace de Banach dit “(2, D)-smooth”, voir [Pis75] pour la
définition. Donc on peut obtenir un résultat semblable a celui obtenu dans le Théoreme 6.2.1
pour des suites a valeurs dans de tels espaces de Banach (dont les espaces de Hilbert séparables
font partie).

La question des martingales semble plus délicate. L’inégalité obtenue au Lemme 4.2 de
[Pin94] (pour les espaces de Banach “(2, D)-smooth”) permet de répondre & la question lorsque
les accroissements m o7V ont une loi conditionnelle symétrique par rapport & -0~ M. Cepen-
dant, une généralisation du Théoréme 7.2.2 a de tels espaces de Banach constitue un probleme
ouvert.

Champs aléatoires

Cas non-adapté de la décomposition orthomartingale-cobord

Notre résultat concernant la décomposition orthomartingale-cobord ne s’applique que si la fonc-
tion f est M-mesurable. En dimension un, il est possible de formuler une condition nécessaire
et suffisante pour la décomposition martingale-cobord (voir le Théoréme 1.2.6) pour les suites
réguliéres non-nécessairement adaptées. On peut essayer d’étendre la condition (10.2.2) au cas
ou f n’est pas nécessairement M-mesurable. Méme en cherchant une condition “avec la norme a
Iintérieur” | savoir ce qui joue le role des termes Hf —E [f | T‘k/\/l} Hp en dimension supérieure

a deux n’est pas clair. On peut définir les opérateurs Ey(f) := E[f | T¥M)] pour k € Z% et
conjecturer que la condition

pour tout J C (d), > ([] Ere; [ (I = Ene) f|| <+o0 (12.2.94)

keNd ||jeJ le(d)\J »

est )sufﬁsante pour la décomposition (10.2.3) (sans la condition de [[,c ; TjM-mesurabilité de
my).
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Théoreme limite central pour les rectangles

Lorsque la décomposition (10.2.3) a lieu dans L2, si I'une des transformation T} est ergodique,
alors le théoréeme limite central a lieu. Ceci peut aussi étre déduit de la condition de Han-
nan (3.3.5) qui est moins restrictive que (10.2.2). En dimension 1, il est possible de déduire le
théoréme limite central & partir d’une décomposition martingale cobord dans L' (sans avoir la
condition de Hannan). Pour cela, il suffit que la quantité liminf, o, n~Y/2E|S,(f)| soit finie
(voir le Théoréme 1.2.7) afin de garantir Pappartenance & L? de la martingale. On aimerait
obtenir un résultat similaire pour la dimension d. Plagons-nous en dimension 2, et supposons
que la condition (10.2.2) soit vérifiée pour p = 1. Si les transformation 7; et T sont er-
godiques et la quantité liminf, . n~ 2R [S, (T}, f)| est finie pour i € {1,2} alors on peut
déduire I'appartenance a L? des fonctions m + (I — Uy)my et m + (I — Uz)mg dans (10.2.4).
11 faudrait trouver une condition supplémentaire sur f pour garantir appartenance a L? de la
fonction m.

Approximation par orthomartingales pour le principe d’invariance

En dimension un, I'introduction de [|-|| . (voir (1.3.15)) permet de donner une condition nécessaire
et suffisante pour pouvoir approximer les sommes partielles par une martingale a accroissement
strictement stationnaires. Celle-ci peut se vérifier sous les conditions de type Hannan, Dedecker-
Rio ou Maxwell-Woodroofe. Dans ’optique d’obtenir un principe d’invariance dans ’espace des
fonctions continues sur [0, 1]¢ pour les champs aléatoires strictement stationnaires, une approche
pourrait consister a chercher un résultat analogue a celui de [GP11] en dimension d. Si on suppose
que l'une des transformations parmi T3, ¢ € {1,...,d}, est ergodique, ceci permettrait d’obtenir
le principe d’invariance.

Loi des logarithmes itérés

La question de la loi des logarithmes itérés pour des champs i.i.d. a été étudiée par Wichura
[Wic73]. Pour d > 2, la condition

e[ (log* 1)

< +o0 (12.2.95)
log " log™ |f| }

implique que

limsup ——22H g (& 1)) (12.2.96)
n—+oo 4/|n|loglog |n|
Dans [L1.07], d’autres normalisations que 1/|n|loglog |n| ont été étudiées. Dans [Jia99], Jiang
a traité le cas des champs aléatoire de type ortho-martingale en dimension deux. Ses résultats
exigent la finitude de moments d’ordre strictement plus grand que deux. Il est donc naturel
d’essayer de voir si c’est nécessaire en dimension deux, et d’essayer de formuler une extension
aux dimensions arbitraires.
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Théorémes limites de la théorie des probabilités dans les systémes dynamiques
— Limit theorems of probability theory in dynamical systems

Résumé

Cette thése se consacre aux théorémes limites pour les suites et les champs aléatoires strictement
stationnaires, principalement sur le théoréeme limite central et sa version fonctionnelle, appelée
principe d’invariance.

Dans un premier temps, nous montrons a ’aide d’un contre-exemple que pour les processus
strictement stationnaires S-mélangeants, le théoreme limite central peut avoir lieu sans que ce
ne soit le cas pour la version fonctionnelle. Nous montrons également que le théoréme limite
central n’a pas nécessairement lieu pour les sommes partielles d’une suite strictement stationnaire
[-mélangeante a valeurs dans un espace de Hilbert de dimension infinie, méme en supposant
I'uniforme intégrabilité de la suite des sommes partielles normalisées.

Puis nous étudions le principe d’invariance dans ’espace des fonctions holderiennes. Nous
traitons le cas des suites strictement stationnaires 7-dépendantes (au sens de Dedecker, Prieur,
2005) ou p-mélangeantes. Nous donnons également une condition suffisante sur la loi d’une suite
strictement stationnaire d’accroissements d’une martingale et la variance quadratique garantis-
sant le principe d’invariance dans l’espace des fonctions hoélderiennes, et nous démontrons son
optimalité a I'aide d’un contre-exemple. Ensuite, nous déduisons grace a une approximation par
martingales des conditions dans l’esprit de celles de Hannan (1979), et Maxwell et Woodroofe
(2000).

Nous discutons ensuite de la décomposition martingale/cobord. Dans le cas des suites,
nous fournissons des conditions d’intégrabilité sur la fonction de transfert et le cobord pour
que ce dernier ne perturbe pas le principe d’invariance, la loi des logarithmes itérés ou bien la
loi forte des grands nombres si ceux-ci ont lieu pour la martingale issue de la décomposition.
Dans le cas des champs, nous formulons une condition suffisante pour une décomposition ortho-
martingale/cobord.

Enfin, nous établissons des inégalités sur les queues des maxima des sommes partielles d’un
champ aléatoire de type ortho-martingale ou bien d’un champ qui s’exprime comme une fonc-
tionnelle d’un champ i.i.d. Ces inégalités permettent d’obtenir un principe d’invariance dans les
espaces holderiens pour ces champs aléatoires.

Abstract

This thesis is devoted to limit theorems for strictly stationary sequences and random fields. We
concentrate essentially on the central limit theorem and its invariance principle.

First, we show with the help of a counter-example that for a strictly stationary absolutely
regular sequence, the central limit theorem may hold but not the invariance principle. We also
show that the central limit theorem does not take place for partial sums of a Hilbert space valued,
strictly stationary and absolutely regular sequence, even if we assume that the normalized partial
sums form a uniformly integrable family.

Second, we investigate the Holderian invariance principle. We treat the case of 7-dependent
(Dedecker, Prieur, 2005) and p-mixing strictly stationary sequences. We provide a sufficient
condition on the law of a strictly stationary martingale difference sequence and the quadratic
variance which guarantee the invariance principle in a Holder space. We construct a counter-
example which shows its sharpness. We derive conditions in the spirit of Hannan (1979), and
Maxwell and Woodroofe (2000) by a martingale approximation.

We then discuss the martingale/coboundary decomposition. In dimension one, we provide
sharp integrability conditions on the transfer function and the coboundary for which the later
does not spoil the invariance principle, the law of the iterated logarithm or the strong law of
large numbers if these theorems take place for the martingale involved in the decomposition. We
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also provide a sufficient condition for an orthomartingale/coboundary decomposition for strictly
stationary random fields.

Lastly, we establish tails inequalities for orthomartingale and Bernoulli random fields. We
prove an invariance principle in Holder spaces for these random fields using such inequalities.
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